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OPENING ADDRESS

B y

K .  N a g y

IN ST ITU TE FO R TH EO R ET IC A L PH Y SIC S, ROLAND EÖTVÖS U NIV ERSITY , B U D A PEST

L adies and  G en tlem en ,
i t  is an  h o n o u r for m e to  w elcom e you on  b e h a lf  o f th e  M athem atics 

an d  P hysics D iv ision  of th e  H u n g a ria n  A cadem y o f Sciences a n d  also o f th e  
R o la n d  E ö tvös P h y sica l S ociety , to  th is  conference on w eak  in te ra c tio n s .

As tim e  goes b y  th e  C onferences on P hysics a t  L ak e  B a la to n  a re  growing 
old enough to  h a v e  tra d itio n s . S evera l years ago a m uch  sm alle r group of 
p h y sic is ts  convened  here, a t  B a la to n v ilág o s, an d  la te r  a t  B a la to n fö ld v á r, to  
discuss top ics in  e lem en ta ry  p a r tic le  physics, w h ich  w ere th e n  o f  in te re s t. 
T he la s t  conference to o k  p lace  a t  K esz th e ly , tw o  y e a rs  ago. I t  a lre a d y  prided  
itse lf  up o n  g re a te r  p u b lic ity . A m ong its  p a r tic ip a n ts  one found  w ell know n 
p h y sic is ts  from  d is ta n t  cou n tries  a n d  a no ticeab le  re a c tio n  to  i t  fro m  ab road  
could  b e  fe lt. A ll th e se  conferences h av e  been v e ry  im p o r ta n t in  im prov ing  
ou r connections w ith  th e  p h y sic is ts  o f  foreign co u n trie s . L e t m e s in cere ly  hope 
th a t  th e  sam e w ill ho ld  for th is  conference on w eak  in te ra c tio n s . N ow adays 
ac tiv e  w ork  in  th e  n a tu ra l  sciences, especially  in  p h ysics, is inconceivab le  
w ith o u t exchang ing  ideas d u rin g  p e rso n a l co n tac t in  th e  a tm o sp h ere  o f  v iv id , 
“ open  a ir”  conferences. I t  is fa r  fro m  m y in te n tio n  to  ex ag g era te  th e  signi
ficance  o f these  conferences a t  L ak e  B a la to n , o r th e ir  ro le  in  th e  p ro m o tio n  of 
physics. B u t th e y  are s ign ifican t to  th o se  doing ph y sics  in  H u n g a ry , in  enab ling  
th e m  to  m eet em in en t persons in  th e  various fie ld s covering  th e ir  in te re s ts .

P hysics in  H u n g a ry  h as  i ts  p a s t ,  p resen t a n d  fu tu re . T h e  n am e  of 
R o l a n d  E ö t v ö s , his in v es tig a tio n s  as to  th e  eq u iv a len ce  o f g ra v ita tio n a l and  
in e r tia l m ass, a re  know n  everyw here. W e are  w itnesses to  a rev iv a l o f in te re s t 
to w ard  th is  p ro b lem , evoked  b y  re c e n t m easu rem en ts  o f D i c k e . B u t “ real 
a c tio n ”  to  enlarge th e  basis fo r re sea rch  w ork  in  H u n g a ry  w as ta k e n  o n ly  during  
th e  la s t  10 or 15 y ea rs . W e now  possess good y o u n g  p h y sic is ts  an d  th e y  are 
engaged  in  up  to  d a te  p rob lem s of m o d e rn  physics. W e do n o t u n d e r ta k e  g rea t 
th in g s , y e t  b y  f i t t in g  in , from  tim e  to  tim e , sm all b rick s  in  a r a th e r  m odest 
w ay , w e s till m ay  c o n tr ib u te  to  w h a t can  be called  th e  m ajestic  b u ild in g  of 
m odern  physics.
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6 К. NAGY

N o b o d y , in d eed , should be  ash am ed  of b e in g  overw helm ed  b y  th e  
rich es  o f  th e  m icrocosm os, rev ea led  b y  th e  rap id  p rog ress of th e  ex p e rim en ta l 
te c h n iq u e s  of re c e n t y ea rs . W e seek  to  b ring  to  l ig h t law s an d  sy m m etrie s  in 
o rd e r to  fin d  our w ay  th ro u g h  th e  ju n g le  of m icroscopic  ob jec ts . W e are led 
b y  th e  conv ic tion  t h a t  th e  w orld seen b y  a w ider v is io n  is m uch  s im p le r th a n  the  
fra c tio n  o f it  we are  a c q u a in ted  w ith  a t  p resen t. T o  m ak e  use o f a foggy  sim ile: 
we see p e rh ap s th e  p eak s  em ering fro m  th e  clouds, w ith o u t seeing th e  ridges, 
w h ich  connect th e m  accord ing  to  d eep ly  e stab lish ed  ru les. W e o fte n  m ee t th e  
u n e x p e c te d  during  o u r search  fo r th e  ridges: such  w as th e  case in  recognizing 
th e  p a r ity -v io la tio n , o r m ore re c e n tly , in  th e  e x p e rim e n ta l d isco v ery  of CP- 
v io la tio n . Now we h a v e  th e  p ro b le m  of th e  ex is ten ce  of th e  q u a rk s , and 
w h a te v e r  th e  o u tco m e  of th e  ex p e rim en ts  it  w ill be  a su rp rise . T h ere  is an 
in c e n tiv e  in tho se  su rp rises; th e y  g ive w ings to  re sea rch  w ork a n d , u ltim a te ly , 
b r in g  u s  closer to  re a li ty . P e rso n a lly , I  ten d  to  believe  th a t  th e  co n cep t of a 
sm a ll n u m b e r o f e lem en ta ry  p a r tic le s  will p ro v e  rea lis tic  an d  th e  v a r ie ty  of 
p h e n o m e n a  we a re  aw are  of a re  p ro d u ced  b y  th e  v a rio u s in te ra c tio n s .

I n  its  t i t le  o u r conference b e a rs  th e  n am e o f “ W eak  In te ra c tio n s ” . B u t 
I  h o p e  th is  conference  will be a p lace  for a p ecu lia r  m u ta tio n  o f w eak  in te r 
a c tio n s  in to  s tro n g  ones — as fa r  as scientific  co o p era tio n  is concerned .

T h a t  is p re d o m in a n t in  m y  m ind , w hen  I  open th is  conference and  
w ish  y o u  good w o rk  and  usefu l discussions.
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SESSION 1. WEAK INTERACTIONS

POSSIBLE TESTS FOR THE VIOLATION 
OF PARITY AND TIME REVERSAL IN NUCLEI

By

Z .  S Z Y M A N S K I

IN STITU TE FOR NUCLEAR RESEA RCH  AND U N IV ERSITY  OF WARSAW , W A RSA W , POLAND

The possible tests for the existence of weak nucleon-nucleon force and the violation of 
parity and time reversal in atomic nuclei are discussed.

1. Parity

In  th e  p re se n t review  th e  te s ts  fo r th e  ex is ten ce  an d  p ro p e rtie s  of w eak 
in te ra c tio n  ac tin g  b e tw een  nucleons in  a tom ic  n ucle i are d iscussed . I t  m ay  
seem  a t  f ir s t  s igh t t h a t  th e  d e te c tio n  of such an  ex trem e ly  w eak  a n d  fine force 
c a n n o t be possible in  th e  b ack g ro u n d  of th e  s tro n g  in te ra c tio n s  be tw een  th e  
nucleons in  nuclei. In  fac t, th e  re le v a n t p a ra m e te r  t h a t  e s tim a te s  th e  re la tiv e  
s tre n g th  of w eak to  s tro n g  force is

F  =
w eak  force p o te n tia l 

nu c leä r p o te n tia l
G' M R n

П
10- 7 A 1/3 , ( 1 )

w here G is a c o n s ta n t app earin g  in  th e  w eak co rrec tio n  to  n u c le a r  p o te n tia l 
(see fo rm ula  (4) below ). I t  is o f th e  o rd er of th e  w eak  coupling  c o n s ta n t G. 
In  equ . (1) R 0 d eno tes nu c lea r rad iu s .

T h e  w eak effects o f th is  size w ould  never be d e tec tab le  if  th e  in v arian ce  
p ro p e rtie s  of th e  w eak  force w ere n o t  d iffe ren t from  th o se  of th e  s tro n g  in te r 
ac tio n . T he v io lence o f p a r i ty  in v a rian ce  (P -v io lence) m akes ev e r possib le  th e  
in v es tig a tio n s  of such  effects w h ich  w ould  v an ish  if  s tro n g  force w ere p resen t 
as th e  on ly  in te ra c tio n  b e tw een  th e  nucleons.

T h e  w eak nucleon-nucleon  force arrives from  th e  se lf- in te rac tin g  nucleon 
c u rre n t. In  th e  V —A  c u rre n t-c u rre n t th e o ry  [1] i t  h as  th e  fo rm :

L self=  K8 G 1 f i  y 5
n Vn -— - p

1 +P Уп ------------n ( 2)

in th e  self-ev iden t n o ta tio n . E x p a n d in g  th is  expression  in  pow ers o f 1/c we get 
a c o n ta c t P  conserv ing  in te ra c tio n  in  zero o rder, w hile the  f irs t  o rd e r te rm
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8 Z. SZYMANSKI

p ro d u ces a  p seu d o sca la r in te ra c tio n  co n ta in in g  exp ressions like (an — ap) 
(p n — pp) te n d in g  to  a lign  th e  nucleon ic  sp in  in  th e  d ire c tio n  of th e ir  m otion . 
T h e  exp ressions h av e  b een  derived  b y  B l i n —  S t o y l e  [2] an d  M i c h e l  [3] 
an d  a re  o f  th e  fo rm :

G 1/8
8A1C ^ 'Cfp {Pp ’ ^^Xn xp)}

(3)
i ap X a n [ pp — p n , d(xn — *p) ] ) .

T h e  sim ple av e rag in g  p ro ced u re  app lied  to  th e  n u c le a r  m odel consisting  
o f  a n u c le a r  core p lu s one ou tside  n u c leo n  leads [3] to  th e  c o n tr ib u tio n  to  th e  
n u c le a r  average  p o te n tia l

u (p) =  G ' a p , (4)

w here  G is p ro p o rtio n a l to  th e  w eak  coupling c o n s ta n t  G. H ere  aga in , th e  
p o te n tia l  te n d s  to  a lig n  nucleon  sp in  a long  its  lin ear m o m en tu m . T he d e riv a tio n  
o f  th is  fo rm u la  is over-sim plified , as i t  com pletely  n eg lec ts  th e  ra d ia l depend
ence. E xpressio n s o f  a d iffe ren t fo rm  are  also p ossib le  in  p rinc ip le  (see [4]).

As a re su lt of th e  w eak , P -v io la tin g  co rrec tions to  th e  n u c lea r p o ten tia l 
we sh a ll h av e  to  d ea l w ith  n u c lea r s ta te s  w hich a re  no  longer e x a c tly  ch a rac 
te r iz e d  b y  th e  p a r i ty  q u a n tu m  n u m b e r. T he w ave fu n c tio n s  w ill th e n  con ta in  
th e  o p p o s ite -p a r ity  a d m ix tu re s ;

V reg!+  (5 )
J

w here  a  depends on  th e  m a g n itu d e  o f nu c lea r m a tr ix  e lem ents o f u ^ / F ,  
w hile  ŷ reg! deno tes th e  reg u la r p a r t  o f  th e  w ave fu n c tio n  (i.e. th e  e igensta te  
o f  a n u c le a r  H a m ilto n ia n  w ith o u t th e  co rrec tion  te rm  u (P)). T h e  o th e r  com 
p o n e n ts , ^irreg, h a v e  th e  opposite  p a r i ty  w ith  re sp e c t to  V'reg-

N ow , ow ing to  th e  ex istence  o f th a t  “ i r re g u la r”  a d m ix tu re  th e  well- 
k n o w n  p a r i ty  se lec tion  ru les fo r e lec tro m ag n etic  tra n s i t io n  will no  longer hold 
e x a c tly . I f  th e  lo w est reg u la r tra n s i t io n  is fo r ex am p le  M l  th e n  a tra c e  of 
s im u ltan eo u s  E l  m u ltip o la r ity  sh o u ld  also be seen .

T h ere  a re  tw^o im m ed ia te  consequences of th e  ex istence  o f su ch  irreg u la r 
tra n s it io n s . In  th e  case w hen  th e  n u c lea r source e m ittin g  th e  ra d ia tio n  is 
u n p o l a r i z e d  w e shou ld  e x p e c t th e  o u tgo ing  g am m a-ray  to  be  sligh tly  
c irc u la r ly  p o la rized  as th e  on ly  consequence o f P -v io la tio n . In  o th e r  w ords, 
th e  n u m b e r o f r ig h t-h a n d e d  p h o to n s  N  + is s lig h tly  d iffe ren t from  th a t  of th e  
le f t-h a n d e d  ones iV_ an d  th e re fo re  th e  p o la riza tio n

p  iv + - i v -
JV+ + iV _

is d iffe ren t from  zero.
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POSSIBLE TESTS FOR THE VIOLATION OF PARITY IN NUCLEI 9

If, on th e  o ther h a n d , p o l a r i z e d  sources are  u se d  th e n  th e  c ircu la r 
p o la riza tio n  o f  outgoing p h o to n s  occurs a n y w a y  and  is n o t  a te s t  fo rP -v io la tio n . 
H ow ever, in  th is  case th e  ex is ten ce  of th e  p seudosca la r p a r t  и (see eq u . (4)) 
causes a s lig h t a sy m m etry  in  th e  an g u la r d is tr ib u tio n  o f  th e  outgoing p h o to n s  
w ith  resp ec t to  th e  p o la riza tio n . In  o th e r  w ords, th e  exp ression  for a n g u la r  
d is tr ib u tio n  W(Q) con tains a  te rm  w ith  cos 6 :

Щ 6 ) =  1 +  F  ß  cos 0 , (6)

w here  angle 0 is m easured  fro m  th e  p o la riza tio n  d irec tion , w hile  ß again depends 
on n uc lear m a tr ix  elem ents.

As th e  ex p ec ted  sizes o f  all th e  e ffec ts  a re  v e ry  sm all ow ing to  th e  p re 
sence of fa c to r  £  in  fo rm ulae  ( 5 )  or (6) one h as  to  look fo r  th o se  su itab le  cases 
w here  th e  n u c le a r  cond itions s tro n g ly  fa v o u r  th e  irreg u la r  p a r t  of tra n s itio n  
w ith  respect to  th e  regu lar one. In  o th e r w o rd s p a ra m e te rs  a  an d  ß from  equs. 
( 5 )  a n d  (6) h a v e  to  be as la rg e  as possible. F o r  exam ple i f  th e  reg u la r tra n s it io n  
in  th e  nucleus is fo rb idden  fo r  som e n u c le a r  reasons (such  as ap p ro x im a te  
1-selection  ru le , fo r in stance) th e n  we m ay  ex p ec t th a t  th e  re la tiv e  im p o rtan ce  
o f th e  irreg u la r tra n s itio n  is m u ch  h ig h er. Follow ing th is  line B o e h m  an d  
K a n k e l e i t  [ 5 ]  used  th e  T a 181 nucleus as a te s t  fo r th e  d e te c tio n  of c ircu la r 
p o la riza tio n  of th e  482 keV g am m a ra d ia tio n . T he reg u la r M l  (-f- E2) t r a n s 
itio n  is accom pan ied  by  th e  ir re g u la r  £ 1 . A s th e  reg u la r M l  is a p p ro x im a te ly  
105 tim es fo rb id d en  in  th is  case  th e  irreg u la r  £1  is re la tiv e ly  s tro n g e r an d  th e  
m easu red  p o la riza tio n  is

P  =  (— 2 ±  0,4) • 10~4 .

T he m eth o d  o f a po la rized  source w as u sed  in  th e  e x p e rim e n t of A b o v , 

K r u p c h i c k i j , O r a t o w s k i j  [6 ]. T h ey  b o m b a rd e d  a Cd113 t a r g e t  w ith  po larized , 
th e rm a l n eu tro n s . A highly  e x c ite d  1 -f- s ta te  o f a Cd114 n u c leu s  is th e n  p ro 
d u ced , an d  th e  source is p o la rized . The 1-|---- > 0-f- reg u la r tr a n s it io n  is th e n
o f th e  M l  m u ltip o la rity . T h e  n e g a tiv e -p a rity  ad m ix tu re s  in  th e  1-)- s ta te  
cause a sligh t £1  tra n s itio n  a n d  th e n  th e  a sy m m e try  in  th e  a n g u la r  d is tr ib u tio n  
re su lts  as show n b y  equ. (6).

I n  th is  case o f  a very  h ig h  ex c ited  s ta te  o b ta in ed  b y  a th e rm a l n e u tro n  
c a p tu re  th e re  a re  m a n y  1— s ta te s  n ea rb y , w h ic h  can be m ix ed  w ith  th e  1-)-. 
T h en  th e  fac to r ß  fro m  equ. (6) is q u ite  ap p rec iab le  and  th e  m easu red  a sy m 
m e try  coefficien t is:

ß F =  ( - 3 , 7  ±  0,9) ■ 1 0 - 4 .

T h is ex p e rim en t has been  re p e a te d  fo r  C d114 a n d  som e o th e r  nuclei b y  
A b r a h a m s  e t al. [7].
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10 Z. SZYMANSKI

A n o th e r m e th o d  for te s tin g  th e  v io la tio n  o f P -in v a ria n c e  has been used  
b y  G .  S c h a r f f — G o l d h a b e r  a n d  M c K e o w n  [8]. T hey  h a v e  in v e s tig a te d  a 
58 keV gam m a line o f th e  tra n s it io n  1143 keV  (8 — ) 1085 keV  (8 -)-). H ere th e  
n u c lea r  se lec tion  ru le  fo r th e  re g u la r  E l  t r a n s it io n  (К  — se lec tion  ru le w ith  
A K  =  8) gives a h in d ran ce  fa c to r  of th e  o rd e r 10le. S uch  a h igh  degree o f 
fo rb id d en n ess  m akes possib le a d irec t com p ariso n  of th e  re g u la r  P I  tra n s it io n  
w ith  th e  ir re g u la r  M l  co m p o n en t. T he ex p e rim en ta l d e te rm in a tio n  of th e  
conversion  coeffic ien ts leads to  th e  follow ing suggested  m ix tu re :

90 %  P I  +  10%  M l .

U n fo rtu n a te ly , th e  re su lt m a y  be am biguous as th e  p e n e tra tio n  effec ts  
in  th e  e lec tro n  conversion  process offer an  a lte rn a tiv e  e x p la n a tio n  for d isc re 
p an c y  b e tw een  th e  ex p e rim en ta l an d  ca lcu la ted  conversion  coefficients.

T h e  ab o v e  nu c lea r ex p erim en ts  seem  to  be im p o r ta n t n o t  m erely  b ecau se  
th e y  te s t  th e  v io la tio n  of P -in v a ria n c e . A fte r  all, th is  fa c t h as  been  know n  fo r 
a long tim e  fro m  b e ta -d ecay  ex p erim en ts . H ow ever, th e  a b o v e  ex p erim en ts  on 
c ircu la r p o la riz a tio n  or g am m a-ray  a sy m m e try  are th e  f i r s t  o b se rva tions o f  a 
se lf- in te rac tio n  in  th e  c u rre n t-c u rre n t th e o ry  of w eak  in te ra c tio n  w hich  is 
th e n  con firm ed  v e ry  rea so n ab ly  in  th is  w ay . O n th e  o th e r h a n d  th e  ex p erim en ts  
give fo r th e  f ir s t  tim e  a m easu rem en t o f th e  w eak p rocess in  th e  f irs t o rd e r of 
th e  coup ling  c o n s ta n t. T h en , n o t on ly  th e  m ag n itu d e  b u t  also th e  sign o f  th e  
in te ra c tio n  can  be d e te rm in ed . F o r  th is  p u rp o se , as well as fo r th e  q u a n ti ta t iv e  
d e te rm in a tio n  o f th e  w eak  coup ling  c o n s ta n t G all th e  s tep s  o f a sequence h av e  
to  be  in v e s tig a te d  carefu lly :

[weak ] ( non-relativistic 1 [ average j [experimental 1
I coupling I I two-body weak I I nuclear I I effects in
Iw ith a j j force between I | weak j [nuclei (circular

constant G 1 (1) l the nucleons 1 (2) 1 potential J (3) ».polarisation, asym metry) 1

S tep s ( 1 )  an d  ( 2 )  w ere ex am in ed  b y  B l i n — S t o y l e  [ 2 ]  and  M i c h e l  [ 3 ]  

w hile s tep  ( 3 )  w as f irs t  e s tim a te d  b y  B l i n — S t o y l e  [ 2 ] ,  M i c h e l  [ 3 ] .  T h en  
W a h l b o r n  [9] has done m ore d e ta iled  ca lcu la tion  em ploy ing  th e  p re se n t 
know ledge o f  n u c lea r s tru c tu re  and  m odels. H is c a lcu la tio n  could be  easily  
re p e a te d  fo r a n y  p a r tic u la r  case (see fo r exam ple [10]). T h e  ca lcu la tio n s are 
u n fo r tu n a te ly  v e ry  invo lved . H ow ever, th e  sign of G d e te rm in ed  in  th is  w ay  is 
co m p a tib le  w ith  th e  p o ss ib ility  of th e  ex istence  o f th e  in te rm ed ia te  boson . 
T h e  o p p o site  sign o f G w ould  h av e  ru le d  o u t th a t  h y p o th es is .

2. Tim e-reversal

T h e p rob lem  o f te s tin g  in v a rian ce  w ith  re sp ec t to  tim e-rev ersa l T  has 
becom e especially  in te re s tin g  a fte r  th e  d iscovery  o f a K ° —> 2л  d ecay  w hich 
v io la tes  C P  an d  th e re fo re  also T  b y  th e  C P T -th eo rem . T he question  w h e th e r
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th is  decay  is a rea l p ro o f for th e  ex is ten ce  of in te ra c tio n s  w hich are  o d d  u n d er 
tim e-rev ersa l does n o t seem  to  be  s e tt le d  y e t. M any specu la tions h a v e  been 
in tro d u ced  in  o rder to  ex p la in  th e  p o ssib ility  of su ch  in te rac tio n s . W e shall 
n o t a t te m p t  here a d iscussion  of th e  v a rious ap p ro ach es  to  th e  p rob lem . 
A ssum ing th a t  th e  ex p e rim en ta l consequences in th e  nucleus are  essen tia lly  
th e  sam e we shall p ick  o u t one of th e  suggested  th eo ries  an d  t ry  to  in v e s tig a te  
its  consequences.

L e t us ta k e , fo r exam ple , th e  suggestion  of Zw e ig —Za ch a r ia sen  [12] 
th a t  th e  w eak -in te rac tio n  L ag ran g ian  co n ta in s  no t o n ly  V  and  A  te rm s  as in 
th e  u su a l th e o ry  b u t  also P  — S  an d  T  — T (T  — p seu d o ten so r) c u rre n ts  of 
b a ry o n s  as w ell. N ow , in  th e  o rd in a ry  b e ta  decay  or in  a n y  o th e r lep to n  decay , 
th e  c u rre n t o f  lep tons (w hich  is assum ed  to  have  only th e  V  — A  com p o n en t) 
au to m a tic a lly  picks up  th e  V  — A  p a r t  of th e  b a ry o n  cu rren t. T h en  th e  
T -v io la ting  te rm s  can occur on ly  in  non -lep ton ic  processes an d  can  also 
c o n tr ib u te  to  th e  nucleon-nucleon  force. T he sam e te rm s  are also odd  w ith  
respect to  th e  p a r ity  tra n s fo rm a tio n  P. F o r reasons o f  sy m m etry  (see [12]) 
th e  T -v io la tin g  p a r t  o f th e  L ag ran g ian  w h ich  comes fro m  P  — S or T  — T  
in te rfe ren ce  should  be ex p ec ted  to  be  o f  a m uch low er s tre n g th  co m p ared  
w ith  th e  u su a l w eak in te ra c tio n . In  th e  Zw e ig —Za c h a r ia sen  th e o ry  th e  
co rrespond ing  fac to r is of th e  o rd er of 4 0 %  (and  th is fo llow s from  th e  sq u are  
o f th e  sine o f C abibbo angle). T h en , th e  resu lting  m a g n itu d e  for th e  ra tio  
K 2 -> 2 л /К 2 -э- Зя  com es w ith  th e  r ig h t o rd e r of m a g n itu d e  as co m p ared  
w ith  ex p erim en ts  [11].

As in  th e  case of th e  u su a l w eak  L ag ran g ian  (see eq u . (2)) we m a y  t ry  
to de te rm ine  th e  n o n re la tiv is tic  nucleon -nucleon  in te ra c tio n  resu ltin g  from  
[12] as an  exam ple  of a P- an d  T -v io la tin g  th e o ry . The re s u lt  is:

V(P ,T ) _  
V 12 —

G<T> ]/8
4M C ( i ( a 2 -  ° l )  [ P i  - P l ’ Ô( X 2 —  * l ) ] ~

-  (o-j X a2) { P l  -  p , , , ô(x2 -  Xl)J),

w here  G^7) is o f th e  o rd er o f 4 %  G. T he a v e rag in g  p ro ced u re  sim ilar to  t h a t  of 
M i c h e l  [3] p erfo rm ed  in  th is  case gives:

U(P'T) =  G ' ^ r - d ,  (8 )

w hich  is th e  analogue o f equ . (4) w ith  G '(T) 4 %  G '.
T he v e ry  sm all size o f th e  ex p ec ted  in te rac tio n  m ak es ex p e rim en ta l 

te s ts  ex trem ely  d ifficu lt, if  n o t hopeless, a t  p re se n t tim e. L e t  us try ,  h ow ever, 
to  consider th e  consequences o f th e  T -v io la tio n  im posed b y  su c h  an  in te ra c tio n .

In  o rder to  b e tte r  rea lize  w h a t th e  effects connected  w ith  T -v io la tion  in  
th e  nu c lea r sy stem  are  le t us reca ll th e  w ell-know n theo rem s w hich  follow fro m  
th e  assu m p tio n  o f th e  T -in v arian ce  of th e  sy s tem . T hey  are :
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1. T h e  sy s te m  co n ta in in g  th e  odd  n u m b e r o f  ferm ions e x h ib its  an  energy  
sp e c tru m  w ith  a t  le a s t d o u b ly  d eg en era te  e ig en sta te s  (K ra m e rs  degeneracy).

2. T h e  re a l i ty  of m a tr ix  e lem en ts . In  th e  case of e lec tro m ag n etic  t r a n s 
it io n s  in  n u c le i w e m ay  m ak e  a ll th e  m a tr ix  e lem ents re a l. F o r  a s ta n d a rd  
p h a se -c o n v e n tio n  th is  is a c h ie v e d  b y  m u ltip ly in g  th e  e le c tr ic  tra n s it io n  
o p e ra to rs  b y  i X a n d  th e  m a g n e tic  ones b y  1; + 1 (A -m ultipo larity ).

3. T h e  s ta t ic  odd-A e lec tr ic  m om ents a n d  even m a g n e tic  ones v an ish . 
T h is  follows fro m  2.

N ow , i f  T -in v arian ce  is v io la te d  in  th e  nucleus w e m a y  expect t h a t  
n o n e  of th e  ab o v e  th eo rem s w ill be  v a lid  e x a c tly . As fo r th e  sp littin g  o f th e  
K ra m e rs  d eg en e racy  in  n u c le i i t  tu rn s  o u t, t h a t  th e  p rin c ip le  of ro ta tio n a l 
in v a ria n c e  (o r a t  le a s t re flec tio n  sy m m etry  in  th e  defo rm ed  nucle i) s till keeps 
th e  co rresp o n d in g  p a ir  of en e rg y  e igensta tes deg en era te . T h ere fo re , th e re  is no  
K ra m e rs  s p lit t in g  in  nuclei.

L e t us now  tu rn  to  T h e o re m  2. W e m a y  ex p ec t th e  re la t iv e  phase to  b e  
m easu rab le  in  a w hole v a r ie ty  o f  e lec tro m ag n etic  processes. A s an  ex am p le  
le t  us ta k e  482 keV tra n s i t io n  in  Т а 181. A m easu rem en t o f  p h o to n  lin ear m o 
m e n tu m  к to g e th e r  w ith  its  l in e a r  p o la riza tio n  e can  he p e rfo rm e d  as a fu n c 
t io n  of th e  a s im u th a l angle  cp in  th e  p lan e  p e rp en d icu la r  to  fc. I f  th e  in it ia l  
ta rg e t  is a lig n ed  (w ith  th e  deg ree  of o r ie n ta tio n  even) th e  n u m b er of p o la 
rized  p h o to n s  is given b y

W(<p) =  1 +  0.222 cos 2cp 1.5 • 10~5 • sin  2<p .

H ere , th e  la s t  te rm  co rre sp o n d s  to  th e  ir re g u la r  (P - a n d  F -o d d ) p a r t  o f th e  
in te ra c tio n . T h e  resu ltin g  ro ta t io n  o f a p o la riz a tio n  p a t t e r n  w ould  be  v e ry  
h a rd  to  d e te c t  because  o f th e  v e ry  sm all e x p e c te d  size o f th e  effect.

P e rh a p s  th e  b e s t p o ss ib ility  fo r te s t in g  th e  s im u ltan eo u s  P - a n d  T- 
v io la tio n  is o ffered  b y  th e  co rrec tio n s to  T h eo rem  3 if  i t  is n o t  va lid  e x a c tly . 
T h e  e lec tric -d ip o le  m o m en t o f  a n e u tro n  fo r  exam ple sh o u ld  have th e  v a lu e  
o f th e  o rd e r  of

e ■ r ■ F  ■ f ,

w here e is th e  e lem en ta ry  ch a rg e , r is th e  n e u tro n  d im en sio n , F  is th e  re la tiv e  
s tre n g th  o f  w eak  in te ra c tio n , w hile /  d e te rm in es th e  re la tiv e  s tre n g th  of 
i /p’T> co m p a re d  w ith  t /P' (see equs. (4), (8)). T ak in g  r  =  1 0~13 cm , F  =  10-7 ; 
f  =  4 %  w e g e t fo r th e  n e u tro n  electric  d ipo le  m o m en t a  va lu e  of th e  10~21 
cm  • e. P e rh a p s  th e  m e a su re m e n t of a q u a n t i ty  of th is  o rd e r  is n o t co m p le te ly  
hopeless ( th e  m e a su re m e n t of Sm it h , P u r c ell  a n d  R am sey  [13] give 
10~20 cm  • e as an  u p p e r l im it)  and  we m a y  ex p ec t t h a t  te s ts  of th is  ty p e  m ay  
be a c tu a lly  perfo rm ed  in  th e  n ear fu tu re .
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ВОЗМОЖНЫЕ ПРОВЕРКИ НАРУШЕНИЯ P- И Т-ИНВАРИАНТНОСТИ В ЯДРАХ
3 .  Ш И М А Н Ь С К И Й

Р е з ю м е

Обсуждены возможные проверки существования слабой нуклон-нуклонной силы 
h нарушения Р- и Г-инвариантности.
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RATIO C a /C v AND TIME REVERSAL INVARIANCE 
IN NEUTRON BETA DECAY

By

G .  C O N F O R T O

CERN, GENEVA, SW ITZERLA N D

The existing data on the asymmetry coefficients of the various correlations in the beta 
decay of free neutrons are applied to determine the A / V  ratio and the relative phase A,  V. 
It is shown that by using the above data the error of the generally accepted A,  V  value can 
be decreased by 25%.

1. Introduction

T he n eu tro n  b e ta  decay

n  —>■ p  -)- e +  V

is know n  to  be describ ed  by  th e  U n iv e rsa l-F e rm i-In te ra c tio n -F , A  -T heory  
[1, 2] i.e. b y  a H am ilto n ian  of th e  form

H  =  -y=- <« I Y ^ 1 +  Yb)\  v> < P IУ Д 1 +  c a Ic v Ys) \ n )  +  h. c.,

w here  Cv and  Ca a re  th e  v ec to r a n d  ax ial v e c to r  coupling c o n s ta n ts  re sp e c t
ive ly . T h e  ra tio  Сл/Су  can  be w r it te n  as

CA/C V =  oce,,p,

w here  oc an d  99 are re a l co n stan ts .
I f  tim e  reversa l in v a rian ce  h o ld s  in  n e u tro n  b e ta  decay , th e  ra tio  C a / C v 

m u st be a real n u m b e r [3] w hich m eans th a t  th e  only  possib le  va lues fo r <p 
are  e ith e r  0 or л. I t  is know n t h a t  e x p e rim en ta lly  cp =  л  [4]. H o w ev er, a f te r  
th e  d iscovery  of th e  C P  v io la tin g  d ecay  -> 2 л  [5], it  is in te re s tin g  to  re d is 
cuss th e  ex p erim en ta l s itu a tio n  to  see w hat in fo rm a tio n  is a c tu a lly  availab le  
as fa r  as tim e  reversa l in v arian ce  in  n eu tro n  b e ta  decay is concerned .

T h e  v alue  of oc h a s  recen tly  b e e n  ca lcu la ted  on  certa in  th e o re tic a l g rounds 
[6 ]. T h is n u m b er is o f fu n d a m e n ta l im p o rtan ce  in  a num ber o f  questions in 
th e  fie ld  o f w eak in te ra c tio n s  an d  its  m ost a c c u ra te  d e te rm in a tio n  is c learly  
desirab le .
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B o th  a  an d  cp c an  b e  d e te rm in ed  fro m  th e  ex is tin g  d a ta  on th e  d e c a y  of 
free  p o la rized  n e u tro n s . F u r th e r  in fo rm a tio n  on a  c a n  be  o b ta in ed  fro m  a 
know ledge of th e  n e u tro n  life tim e an d  th e  s tu d y  of 0+ —> 0+ tra n s itio n s .

I t  is th e  p u rp o se  o f  th is  p a p e r  to  use  all th e  e x p e rim e n ta l in fo rm a tio n  a t  
p re s e n t  av a ilab le  in  o rd e r to  o b ta in  th e  b e s t c o n s is te n t d e te rm in a tio n s  of 
a  a n d  cp.

2. Free neutron data

T h e values o f th e  a sy m m e try  coeffic ien ts a, A , В  a n d  D  in  th e  co rre la tio n s

1 +  a Pe ’ Pv 
Pe ' Pv

l  +  A J-Pe
J P c

( 1 )

( 2)

1 + B J -P v
j  Pv ’

(3)

1 +  D  —  • Pe x  f t 1- , (4)
J  PePv

(p e =  e lec tron  m o m e n tu m , p p =  n e u tr in o  m o m e n tu m , J  =  n e u tro n  spin), 
m easu red  in  th e  b e ta  decay  o f th e  free n e u tro n , can  b e  used  to  d e te rm in e  th e  
b e s t  va lues o f th e  q u a n tit ie s  a  an d  cp.

A ssum ing  t h a t  on ly  V  an d  A  te rm s  are  p re se n t, th e  expressions fo r th e  
fo u r considered  coeffic ien ts are  g iven  b y  [3]

1 -  a 2
a  =

1 +  3 a 2
(5)

. — 2cc2 — 2a  cos cp 
1 +  3 a 2

(6)

2a 2 — 2a  cos cp 
Jj --  •)

1 +  3 a 2
(7)

£  2a  sin  cp
~ 1 +  3 a 2 '

(8)
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T h e availab le  ex p e rim en ta l d e te rm in a tio n s  o f th e  a sy m m e try  coeffic ien ts 
are  lis te d  in  T ab le  I .

Table I

Experim ental resu lt Reference

a =  0,07 ±  0,12 [V]
a =  —0,06 +  0,13 [8]
a — —0,12 ±  0,04 [9]

A  =  —0,114 ±  0,019 [Ц
A  =  —0,09 ±  0,05 [101

В  =  0,88 ±  0,15 [4]
В =  0,96 ±  0,40 [HI

D =  0,04 ±  0,05 [4]
D =  -0,14 +  0,20 [HI

T h e  w eigh ted  averages of th e  re su lts  qu o ted  in  T ab le  I  a re  lis ted , to g e th e r  
w ith  th e  co rrespond ing  values, in  T a b le  I I .

Table II

W eighted average

a =  -  0,093 +  0,036 2,35
A  =- —0,111 ±  0,018 0,20
ß =  0,89 + 0 , 1 4 0,03
D =  0,029 ±  0,048 0,76

T he y? values o b ta in e d  in d ica te  t h a t  th e  v a rio u s m easu rem en ts  o f th e  
sam e p a ra m e te r  are co n sis ten t am ong th e m .

T he b e s t d e te rm in a tio n s  for a  a n d  <p and  th e ir  e rro rs  can  be o b ta in e d  
from  th e  fu n c tio n  (oc, q>) c o n stru c ted  b y  using fo rm ulae  (5), (6), (7) a n d  (8)
and  th e  re su lts  of T ab le  I .

M ore precisely

t  <P)

+

(a (a) +  0,098)-
(0,036)2

(B  (<%, (p) — 0 ,8 9 )2 
(0,14)2

( + (* ,y )  +  0 , l l l )2 
(0 ,018)2

( D ( a , ^ -  0 ,029)2 
(0 ,048)2

+

(9 )
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T h e  b e s t v a lu es  oc* a n d  cp* a re  th o se  for w hich  %2 (oc, <p) reach es th e  m in im um  
v a lu e .

F ig . 1 show s th e  p lo t o f th e  fu n c tio n  %2 (ос, ср* (ос)), w h ere , for each cc, 
cp*(oc) is th e  v a lu e  o f <p w h ich  m in im izes £ 2(a,ç>). T h is  cu rv e  does n o t show 
a n y  ap p rec iab le  d e v ia tio n  from  th e  cu rv e  %2(a, <p*).

x![a, if* ta).7
Free neutron correlations 

a < 2 5 0 ± m i

1,20 1.25

Fig. 1

1.30 a

A line d raw n  across th e  cu rve  a t  y ? (o c* , (p * ) -)- 1 encloses a 68%  co n 
fidence in te rv a l  (1 s ta n d a rd  d ev ia tio n ). F ro m  th e  cu rve  of F ig . 1, oc is d e te rm in ed  
to be

X =  1,250 ±  0 ,044 .

S im ila rly , F ig . 2 show s th e  p lo t o f th e  fu n c tio n  %2(oc*(cp), cp) w here, fo r  
each  (p , oc*(<p) is th e  v a lu e  o f oc w hich  m in im izes / 2(<x, cp). T h e d o tte d  cu rve  
re p re se n ts  th e  fu n c tio n s £2(a*,ç>). W ith  th e  sam e p ro ced u re  used  for th e  d e 
te rm in a tio n  o f  oc, th e  b e s t v a lu e  fo r cp is

cp =  176,1° ±  6,4° .

T h e  m in im u m  v alue  o f %2(oc, cp) is fo u n d  to  be

X2( a * , c p * )  =  0,49
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w hich  in d ica tes  th a t  th e  c o rre la tio n  d a ta  a re  v e ry  well f i t te d  b y  form ulae  (1), 
(2), (3) and  (4).

T he re su lts  o b ta in ed  sh o u ld  be  co m p ared  w ith  th e  b e s t  d e te rm in a tio n s  
a t  p resen t av a ilab le  in  th e  l i te ra tu re  [4]

x  —  1,25 0,05 (w ith  th e  a s su m p tio n  cp =  180°)

<p =  175° J r  10° (w ith  th e  a ssu m p tio n  x  =  1 ,25).

3. 0 +->  0+ transition data

A n in d ep en d en t d e te rm in a tio n  o f  x  can  be d e riv ed  from  th e  re la tio n  [1]

■ft(Q:! - > o n  1 з х ,

f t  {n) 2 2
F ro m  th e  v alues

ft{n) =  (1213,4 ±  35) sec , (11)

f t{ O14) =  (3127,3 ±  77) sec 

it  can  b e  ca lcu la ted  t h a t  [12]

a  =  1,180 ±  0,028 .
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T h e erro rs in  a  an d  i n / i ( 0 14) are a ssu m ed  to  tak e  in to  acco u n t all s ta tis t ic a l  
a n d  sy s te m a tic a l u n c e rta in tie s . T he la rg e s t c o n tr ib u tio n  to  th e  e rro r in  a  in 
a n y  case arises from  th e  e rro r  in  th e  m easu rem en t of th e  n e u tro n  life tim e  [13].

T h e  accu racy  c la im ed  fo r th is  d e te rm in a tio n  o f  oc is som ew hat b e t te r  
th a n  t h a t  o b ta in e d  from  th e  free n e u tro n  d a ta . H o w ev er i t  has to  be  p o in te d  
o u t th a t :

Free neutron correlations 
хЧа./рЧа)] *fttn)<-ft(0Kl

a)  T he  m easu rem en t of th e  n e u tro n  life tim e  has never b e e n  rep ea ted  
an d  a c tu a lly  some critic ism s o f th is  re su lt have b e e n  raised  [2]. T h e  d e te rm in 
a tio n  o f  oc from  th e  free n e u tro n  d a ta  comes, in s te a d , from  sev e ra l m easure
m e n t, all se lf-consisten t.

b)  T h e  v a lu e  o f  oc o b ta in ed  in  Section  2 com es from  m ore d ire c t experi
m e n ta l o b se rv a tio n s a n d  does n o t  d ep en d  on a n y  ca lcu la tio n  in v o lv in g  n uclear 
ph y sics  an d  w ith  v e ry  good ap p ro x im a tio n  is n o t affec ted  b y  rad ia tiv e  
co rrec tio n s [14].

A t an y  r a te , th e  tw o  v a lu es  o f oc are co m p a tib le  and  th e re  is no a p rio ri 
reaso n  w h y  all th e  availab le  in fo rm a tio n  shou ld  n o t  be used  in  th e  d e te rm in 
a tio n  o f  oc an d  cp.

E q u a tio n s  (10) an d  (IT) g ive a f if th  te rm  to  be added  in  eq u a tio n  (9).
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W ith  th is  new  d efin ition  of %2(oc, cp) one o b ta in s  th e  tw o  fu n c tio n s  p lo tte d  in  
F igu res 3 an d  4, in com plete  analogy  to  w h a t has b een  show n in F ig u re s  
1 an d  2 .

T he fin a l re su lt o b ta in ed  b y  using th e  m e th o d  d iscussed  in  Section 2 , is

a  =  1,198 ±  0,022 ,

cp = 174,3°
+  7,6° 
— 7,0° '

T he m in im um  v a lu e  of ^2(oc, cp) is fo u n d  to  be

**(«•,?•) =  2,58

w hich  in d ica tes  th a t  th e  new  in fo rm a tio n  is , in  fac t, co m p a tib le  w ith  th e  
co rre la tio n  d a ta .

4. Conclusion

To sum m arize  i t  has been  show n th a t :
a)  F o r each  co rre la tio n , th e  ex isting  m easu rem en ts  o f th e  a sy m m e try  

coeffic ien t are  co n sis ten t am ong th em .
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b)  T h e  e x p e rim e n ta l d a ta  re la tiv e  to  th e  four considered  co rre la tio n s  
a re  w ell f i t te d  b y  th e  V, A  th e o ry  (%2(a*,<p*) =  0,49).

c) T h e  free  n e u tro n  d a ta  give

a  =  1,250 ±  0,044 , <p =  176,1° ±  6 ,4° .

d ) T h e  free  n e u tro n  d a ta  are co m p a tib le  w ith  th e  v a lu e

a  =  1,180 ±  0,028

d eriv ed  fro m  th e  O14 an d  n e u tro n  f t  v a lu es  (%2(oc*, f* )  =  2,58).
e ) T h e  b e s t d e te rm in a tio n  of « a n d  <p o b ta in ed  b y  com bining th e  free  

n e u tro n  c o rre la tio n  d a ta  w ith  th e  O14 a n d  n e u tro n  f t  v a lu e s  is

* =  1,198 ±  0 ,0 2 2 , cp =  174,3° _  J ’jj“ .

T h e  a u th o r  is d eep ly  in d e b te d  to  D rs . J . B axley , J .  K . B ie n l e in , 
W . Cl e l a n d , K . K a ja n t ie  an d  M. B o o s  fo r m any  h e lp fu l discussions an d  
v a lu a b le  suggestions.
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14. Radiative corrections are not expected to influence appreciably the correlation properties 
since the leading term in radiative corrections is independent of the form of the inter
action, and terms which depend on the form of the interaction vanish in the limit 
me =  0 and a  =  1. See also for previous references S. A. B erm a n  and A. S ir l in , Ann. 
of Physics, 20, 20, 1962.

ОТНОШЕНИЕ Сд/Су И Т-ИНВАРИАНТНОСТИ В БЕТА-РАСПАДЕ НЕЙТРОНА
Д Ж . КОНФОРТО

Р е з ю м е

Существующие данные относительно коэффициентов асимметрии разных корре
ляций в бета-распаде свободного нейтрона используются для определения отношения 
A /V  и относительной фазы А, V. Показано, что, учитывая эти данные, ошибка общепри
нятого значения A /V  может быть уменьшена на 25%.
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THE VALUE OF THE FIERZ TERM AND THE 
RECENT DATA ON THE e/ß+ RATIO IN 

FORBIDDEN TRANSITIONS

By

D . B e r é n y i

IN ST ITU TE OF N U CLEA R RESEARCH (ATOM KI) OF TH E H U N G A R IA N  ACADEMY O F SCIENCES, D EB R EC EN

In connection with the finite value of the Fierz term derived recently from an e/ß* 
ratio measurement, the new data on e/ ß+ are analysed in forbidden transitions.

R ecen tly , W illiam s  ca rried  o u t m easu rem en ts  fo r th e  b ran ch in g  ra t io  
o f e lec tron  c a p tu re  to  positro n  em ission in  jh e  decay  of N a22 w ith  m uch g re a te r  
a ccu racy  th a n  in  earlie r s tud ies [1]. The 0,1041 0,00098 e x p e rim e n ta l v a lu e
d e te rm in ed  b y  h im  is less th a n  th e  0,1135 ^  0,002 th e o re tic a l v a lu e . F ro m  th is  
d a tu m  for e/ß+ h e  derived  a v a lu e  of th e  F ie rz  te rm  b =  — (2,5 ±  0,6)%  
w hich  d e fin ite ly  d ev ia te s  from  zero .

I f  th e  th e o ry  o f tw o -co m p o n en t n e u tr in o s  holds th e n  i t  dem ands th e  
F ie rz  te rm  to  be  id en tica lly  zero even  if  th e  b e ta  in te ra c tio n  h as  n o t a p u re  
V — A  ch a ra c te r . I n  th is  w ay  th e  W illia m s’ re su lt  w ould  be  v e ry  im p o r ta n t 
from  th e  v iew -p o in t o f b o th  th eo rie s  b u t  a d iff ic u lty  here  is t h a t  th e  tra n s itio n  
o f  N a22 to  th e  1275 keV ex c ited  s ta te  of N e22 w here  th e  m e a su re m e n t w as 
c a rr ie d  ou t is a /-fo rb idden  tr a n s it io n  in all p ro b ab ilitie s .

M y p re sen t sh o rt lec tu re  is to  analyse th e  recen t m easu rem en ts  on e/ß + 
fo r fo rb id d en  tra n s it io n s  in  o rd e r to  exam ine w h e th e r  th e  d e v ia tio n  o b ta in ed  
b y  W illiam s  is exp licab le  b y  th e  /-fo rb iddenness on th e  basis  o f th e  ex p eri
m e n ta l d a ta  av a ilab le .

A  com parison  betw een  th e  ex p e rim en ta l a n d  th e o re tic a l v a lu es  of e/ß+ 
fo r th e  know n th re e  /-fo rb idden  tra n s itio n s  w as m ad e  [2] ju s t  a t  th e  tim e  of 
th e  p u b lica tio n  o f [1]. I t  was s ta te d  th a t  th e re  e x is ts  a d ev ia tio n  from  th e  p e r
m itte d  v alue  a t m o st in  th e  case o f Z n65 b u t acco rd in g  to  th e  la s t  m easu rem en t 
of T a y lo r  and  M e r r it t  [3] th is  does n o t ho ld . I n  sp ite  of th e se  fa c ts  we can  
say  n o th in g  ce rta in  a b o u t th e  e x p ec tab le  d ev ia tio n  in  /-fo rb idden  cases because 
th e  n u m b e r of such  cases are v e ry  few  an d  th e  re le v a n t m easu rem en ts  are n o t 
su ffic ien tly  a c cu ra te  in  com parison  w ith  W il l ia m s ’ m easu rem en t.

H ow ever, th e  q u estio n  arises, w h e th e r som e general t r e n d  ex ists  for 
e/ß+ w ith  th e  increase  of th e  fo rb iddenness. A ccord ing  to  th e  th e o ry  [4, 5] in  
general, th e  ra tio  e ith e r  agrees w ith  th e  p e rm itte d  va lu e  or is h ig h e r for fo r
b idden  tra n s itio n s . E x p e rim en ts  h a v e  su p p o rted  th is  h y p o th esis  u n til  now 
[6, 7] a n d  w here d e v ia tio n  w as in d ic a te d  it  was in  a p o sitive  d irec tio n . As i t  is
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w ell k n o w n  e .g ., fo r th e  2~ 2+ tra n s it io n s , these  ex p e rim en ta l d a ta  w ere
c o n s is te n tly  20 — 50 %  h ig h e r th a n  th e  th e o re tic a l p e rm itte d  values [8 ].

H ow ever, d u rin g  th e  la s t  y e a r , som e new  d a ta  on  th e  e/ß+ fo r  f ir s t  
fo rb id d e n  tra n s it io n s  w ere  p u b lish ed  (T ab le  I) w hich con fused  th e  p rev io u sly  
re la tiv e ly  clear p ic tu re . T hese d a ta  a re  p a r t ly  in  c o n tra d ic tio n  w ith  each  o th e r, 
to o  (cf. T ab le  I).

Table I

Recently measured branching ratios s^jß* in first forbidden transitions

Nuclide Transitions A I, An
E ft*

End-point
energy
(keV)

Allowed 
theoretical 

value of
eKlß+ *

Experim ental
value

of ^K/ß +
Authors, year Ref.

xá |E u 5/2 +— 3/2 - 1, yes 800 47 1 0 0 +  20 

120

Avotina  e t  al.
1965

Zh elev , 
Musiol 1965

[10]

[И ]

Ч |Е и 5/2+ -* 7 /2 - 1, yes 1740 3,4 < 5

3,4

Avotina  et. al.
1965

Zh ele v , 
Mu sio l , 1965

[10]

[11]

‘« E u 5 /2 +— 3 /2 - 1, yes 433 407 160 Avotina  e t  al.
1965

[9]

'езЕ п 5/2 + -* 5 /2 - 0, yes 509 265 170 Avotina  e t  al.
1965

[9]

‘» E r 3 /2 --*  1/2 + 1, yes 820 64 400 +  200 1 Gromow  e t  al.
1965

[12]

* From the Z y r y a n o v a  tabulation [14] by linear interpolation. The calculations of 
Z y r y a n o v a  differ from those of Z w e i f e l  [15] in that in the earlier the finite nuclear size also is 
taken into account.

A  m e asu rem en t fo r E u 147, n o t  in c lu d ed  in  th e  T ab le , was also perfo rm ed . 
M cN u l t y  e t  al. [13] s ta te d  th a t  fo r th e  tw o tra n s it io n s  in d ica ted  in  T ab le  I ,  
as w ell as fo r th e  tra n s it io n  to  th e  S m 147 g round  s ta te  (5 /2+ -> 7/2 ) to g e th e r, 
th e  e x p e rim en ta l e/ß+ ra tio  is d e fin ite ly  h ig h er th a n  th e  th e o re tic a l one.

O n th e  basis  o f  th e  ex is tin g  ex p e rim en ta l a n d  th e o re tic a l re su lts  we can 
d raw  th e  fo llow ing conclusions. To m ak e  clear th e  reg u la ritie s  fo r th e  electron  
c a p tu re  — p o s itro n  em ission b ra n c h in g , i t  w ou ld  b e  v e ry  u sefu l to  perfo rm  
m ore  a c c u ra te  m easu rem en ts  fo r th e  e/ß + ra tio  fo r fo rb idden  tra n s itio n s . 
A ccu ra te  m easu rem en ts  fo r p u re  F e rm i an d  G-T  allow ed tra n s it io n s  w ould 
be  o f g rea t he lp  in  checking  th e  th e o ry  of tw o -co m p o n en t n e u tr in o s . I f  in  
su ch  ex p erim en ts  th e  F ie rz  te rm  h as  a non-zero  v a lu e  i t  is in  c o n trad ic tio n  
w ith  th e  th e o ry  o f tw o -co m p o n en t n eu trin o s  a n d  a t  th e  sam e tim e  th e  experi
m en ts  can  give in fo rm a tio n  on th e  S  or T  a d m ix tu re  to  th e  V — A  in te ra c tio n .
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F in a lly , i t  is to  be  n o ted  t h a t  th e  new  d a ta  included  in  th e  T able  h av e  a 
v e ry  im p o r ta n t b ea rin g  on th e  th e o ry  of b ra n c h in g  betw een  e lec tro n  c a p tu re  
an d  po sitiv e  b e ta -d e c ay  [6]. N am ely , for th e  n o n -u n iq u e  f ir s t  fo rb id d en  t r a n s 
itio n s w here th e  m en tio n ed  d e v ia tio n  ex ists  b e tw een  th e o ry  a n d  ex p erim en t, 
ex p e rim en ta l d a ta  h av e  been  av a ilab le  till now  o n ly  for tra n s it io n s  of 2~ —>■ 2 + , 
A I  — 0, yes ty p e . U n fo rtu n a te ly , th e  a c c u ra cy  of recen t d a ta  on tra n s itio n s  
w ith  A I  — 1, yes (cf. T ab le  I) is v e ry  poor.
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ЗНАЧЕНИЕ ИНТЕРФЕРЕНЦИОННОГО ЧЛЕНА ФИРЦА И НОВЫЕ ДАННЫЕ 
ПО ОТНОШЕНИЮ e/ß* В ЗАПРЕЩЕННЫХ ПЕРЕХОДАХ

Д. Б Е Р Е Н И

Р е з ю м е

Обсуждение новые данные по отношению e/ß+ в запрещенных переходах, в связи 
с конечным значением интерференционного члена Фирца, полученным недавно из из
мерения отношения s/ß*.
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NUCLEAR PARAMETERS FROM THE 
MEASUREMENTS OF THE /?-DECAY SPECTRUM*

By

E . B alázs
»

R ESEA R C H  GROUP F O R  TH EO RETICA L PH Y SICS OF TH E H U N G A R IA N  ACADEMY O F SCIENCES,
BU D A PEST

A general formula is given for the shape factor of the energy spectrum of the /^-decays 
forbidden in arbitrary high order. The method used allows us to take into account configuration 
mixing, too. New equations obtained from the measurements of the shape factor provide a 
possibility to learn experimentally about new matrix elements characteristic for the nuclei 
participating in the transition. The numerical discussion of the decay Cl36 —>- S30 is investigated 
as an example.

1. Introduction

I n  o rd e r to  o b ta in  in fo rm atio n  concern ing  th e  n a tu re  of w eak  in te rac tio n s  
th e  th e o re tic a l an a ly sis  o f  th e  ex p e rim en ta l d a ta  o b ta in e d  from  /1-spectroscopy  
w as o f g re a t im p o rtan ce  in  recen t d ecades. A fte r 1957 /1-spectroscopy p rov ided  
a new  p o ssib ility  to  n u c lea r  physics; a f te r  h a v in g  lea rn ed  th e  fu n d a m e n ta l 
fo rm  o f w eak  in te ra c tio n s  i t  has becom e possible to  collect usefu l in fo rm atio n  
concern ing  n uclear s tru c tu re  from  th e  observed  p ro p ertie s  o f ^ -tra n s itio n s .

A ll th e  resu lts  o b ta in e d  b y  m a n y  a u th o rs , e .g . F ier z  [1], K o n o p in s k i, 
U h l e n b e c k  [2], R o s e , O sborn  [3, 4 ], Marsh a k  [5] con ta in  ap p ro x im a tio n s  
and  th e y  give ex ac t fo rm u lae  only  fo r  second fo rb id d e n  tra n s itio n s  a t  m ost. 
T hese fo rm ulae  c o n ta in  th e  red u ced  m a tr ix  e lem en ts  as u n k n o w n  n uc lear 
p a ra m e te rs .

In  th e  case o f tra n s itio n s  fo rb id d e n  in  h ig h e r  o rder, th e  ca lcu la tio n  is 
r a th e r  co m plica ted  b y  th e  increasing  n u m b er o f u n k n o w n  p a ra m e te rs . T hus, 
th e  an a ly sis  o f th e  ex p e rim en ta l d a ta  in  te rm s o f n u c lea r  p a ra m e te rs  is ra th e r  
d ifficu lt.

O n th e  basis o f th e  ca lcu la tions carried  o u t b y  K o n o pin sk i a n d  U h l e n 
b e c k , a n d  ta k in g  in to  acco u n t th e  f a c t  t h a t  all th e  fo u r  partic les  p a r tic ip a tin g  
in  th e  tra n s it io n  a re  in  energy , p a r i ty  a n d  an g u la r m o m en tu m  e ig en sta te s , i.e. 
th e ir  e igenfunctions h a v e  th e  form

VS 00
F  к ,  ( r )  f « , M ,  (  r  )

iF'», (r ) Д м Д г ) ,
( U

* Part of this work was undertaken at the Institute for Theoretical Physics, Roland 
Eötvös University, Budapest.
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M o n tv a y  [6] p ro p o sed  a new  m e th o d  to  ca lcu la te  th e  tra n s itio n  p ro b ab ilitie s  
o f  /З-decays a n d  e lec tro n  c a p tu re  (in  E q . (1) Xj is th e  sp in -o rb ita l q u a n tu m  

t
n u m b e r, r  =  —  , f X/Mf , f 'XtMt a re  kn o w n  a n g u la r  fu n c tio n s. F Kf a n d  F'Kf are

k n o w n  e x a c tly  o n ly  fo r lep to n s). T h e  re su lts  o f th is  p a p e r  [6] refer to  tra n s itio n s  
fo rb id d e n  in  a rb i t r a ry  o rd e r b u t  o n ly  fo r nucle i w ith  one nucleon  o u ts id e  th e  
closed  shell. L a te r  on  he co m p le ted  th e se  re su lts  [7] fo r th e  case o f  nuclei 
w ith  m ore  nu c leo n s o u tside  th e  closed shell. F o r  th e  sake  o f c la r ity  th e  m ain  
re su lts  o f [7] are  g iven in  A p p en d ix  1. M oreover, h e  succeeded in  reducing  
th e  u n k n o w n  m a tr ix  e lem ents to  ra d ia l m a tr ix  e lem ents o f th e  nucleons. 

L e t us in tro d u c e  th e  n o ta tio n  fo r th e  ra d ia l m a tr ix  elem ents

R i  (*«> x v) =  J  dr r2 UXu (r) VXv ( r ) .

#2 K ,  *„) =  ( dr r2 U'Xu (T) K v ( r) ,

R 3 (* „ ,* .)  =  ]■ d r r 'U ^ r )  V ’x, (r) ,
(2)

Ä4 (* „ ,* .)  =  j  drr* U'KJ r ) V 'Xe(r)

w h ere  x u(xv) s ta n d s  for th e  sp in  o rb ita l  q u a n tu m  n u m b e r of th e  f in a l  (in itial) 
n u c leo n  s ta te . U(r) (F (r))  a re  th e  ra d ia l  p a r ts  o f  th e  “ la rg e”  co m p o n en ts  of 
th e  w ave fu n c tio n  o f th e  f in a l (in itia l)  nucleons. T h e  p rim ed  le t te r s  deno te  
th o se  o f th e  “ sm a ll”  com ponen ts a n d  R  is th e  ra d iu s  of th e  n ucleus.

T h e  tra n s i t io n  p ro b a b ility  o f  /З-decay  can  b e  expressed  in  te rm s  of these  
q u a n tit ie s  (cf. A p p en d ix  1) as

even
У  r i j  ( UV I U V ) R i Kv) R j  (*U x v) +

uv uv 
js

odd
+  2 Z  r ' i  ( UV I u v )  R i (Xu x v) R j (x u x v) ■ 

и uv
j  3

(3)

T h e  q u a n tit ie s  r,-y, r,-y are  easily  ca lcu lab le  n u m erica l coeffic ien ts . T hey  
c o n ta in  th e  k n o w n  ra d ia l in te g ra ls  o f th e  le p to n ic  w ave fu n c tio n s  as well as 
th e  a n g u la r  in te g ra ls  o f all th e  fo u r  w ave fu n c tio n s . T he o th e r n o ta tio n s  used  
in  E q . (3) a re  ex p la in ed  in  A p p en d ix  1.

T h e  tra n s i t io n  p ro b a b ility  o f  th e  e lec tron  c a p tu re  has a fo rm  sim ilar to  
E q . (3), d iffering  on ly  in  th e  n u m erica l coefficients o f  th e  u n k n o w n  p a ra m e te rs .
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In  E q . (3) th e  u n k n o w n  p a ra m e te rs  are c h a ra c te riz e d  b y  x u xv. T his 
m eans t h a t  in  th e  case o f pu re  c o n fig u ra tio n  we are  c o n fro n te d  w ith  o n ly  10 
nu c lea r p a ra m e te rs  in d e p e n d e n t of th e  o rd e r  of fo rb id d en n ess , and  th e  fo rm u la  
is also su itab le  for describ ing  tra n s it io n s  betw een  n u c le i w ith  c o n fig u ra tio n  
m ixing. ( In  th e  case o f  co n fig u ra tio n  m ix in g  th e  n u m b e r  of th e  u n k n o w n  
p a ra m e te rs  becom es in co n v en ien tly  la rge .)

H ence ta k e n  th e  va lu es  of Г {з+, a n d  th e  b ra n c h in g  ra tio s K /ß +, L /K  
from  th e  ex p erim en ts , we are able to  c o n s tru c t eq u a tio n s  fo r th em  c o n ta in in g  
th e  nu c lea r p a ra m e te rs ; th ese  eq u a tio n s , how ever, w ill n o t  be su ffic ien t for 
ca lcu la tin g  u n iq u e ly  even  th e  te n  p a ra m e te rs  occu rrin g  in  th e  case o f  p u re  
co n fig u ra tio n . T herefo re , we have to  lo o k  fo r fu r th e r  e q u a tio n s  reg a rd in g  o th e r 
m easu rem en ts  of /3-spectroscopy.

In  th e  p re sen t p a p e r  a general fo rm u la  for th e  sh a p e  fac to r  of th e  energy  
sp ec tru m  o f /З-decay  is g iven (Sec. 2) a n d  th e  second n o n -u n iq u e  fo rb id d e n  
tra n s itio n  Cl38 -> S38 is d iscussed  as an  ex am p le  (Sec. 3).

2. The spectrum  o f the /3-decay

T he energy  sp e c tru m  o f th e  e le c tro n  (positron) e m itte d  b y  /З-d ecay  m ay  
be w ritte n  in  th e  fo llow ing form :

C'
P(e) de = --- — £ pq2 F  (fi, ^  Z) Cß (e, e0 Z ) d e , (4)

2л3

F(e, ± Z )  is th e  F erm i fu n c tio n  [8], Cß (e, e0, Z) is, b y  de fin itio n , th e  sh ap e  
fa c to r  w hich  depends on th e  energy o f  th e  e lec tro n  on ly  in  th e  case of fo rb id d e n  
tra n s itio n s , p  =  J/ s2 — 1, q =  e0 — e a n d  e0 is th e  en e rg y  difference b e tw een  
th e  in itia l a n d  fin a l n uc le i. (In  all o u r  ca lcu la tions a n d  form ulae th e  u n its  
H =  me =  c =  1 are  u sed  excep t w h en  specified.)

B y  a sim ple m od ifica tio n  of E q . (A 2) one can a lso  o b ta in  th e  e x p lic it 
fo rm  of th e  shape  fa c to r  fo r tra n s itio n s  fo rb idden  in  a rb itr a ry  h igh  o rd e r. 
T he m ain  s tep s  o f th is  p ro ced u re  are  as follow s.

In  th e  l i te ra tu re , th e  energy fu n c tio n s  tsF''4' an d  (rad ia l p a r ts  o f  th e  
w ave fu n c tio n  of th e  n e u tr in o  an d  e le c tro n , re spec tive ly ) are  no rm ed  fo r  a 
sphere w ith  u n it  rad iu s  w hile our fu n c tio n s  N  and E  in  E q . (A2) are n o rm ed  
fo r energy. T h e  tra n s it io n  to  th a t  n o ta t io n  is given in  th e  fo llow ing exp ressions:

Ч -уГ (5a)
j/n 1Г- ^  ’\ n

E x = 1 —  ?*. р л
(5b)
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On th e  su rfa c e  of the  n u c le u s  we can a p p ro x im a te  (5a) w ith  th e  fo rm u la  
(cf. e.g. [6]):

^  (R) =  (q R ) '"  +  * (ql"+1 R'»+ i) • (5c)

T he ta b u la te d  functions in  [8] are M„, L v, N v and  th e  co n n ec tio n  be tw een  
th e m  an d  th e  fu n c tio n  is g iv e n  b y

a n d

fE0 2p2 R 2v+2 M v

\F02 p * R » L v
if  xe >  0
if  ке <  0

( 6 )

j F02p2 R 2v+1 N v if  
[ - F02p2 R 2V+1 N v if

y.e >  0
x e <  0

( ? )

w h ere  v — | xe | — 1, R  is th e  ra d iu s  of th e  n u c leu s  and

F0 (e ,Z )
+  g q 2

p 2 ( 1 +  1/ r ^ ^ z 2)
( 8 )

is th e  ze ro -o rd e r a p p ro x im a tio n  of th e  F e rm i function . 
In tro d u c in g  th e  n o ta tio n

e(2) =  xe

R '”+2 M v 
R-” N v 
R 2v+1 L v

or
or (9)

th e  new  fo rm  o f  th e  energy in te g ra n d s  in  E q . (A2) w ill be

^ - d s e p q 2F ( s , ± Z ) ^ l  eg).
T7.

( 10)

N ow  th e  energy  in te g ra l in  E q. (A2) c a n  be rep laced  b y  th e  in te g ra n d s  
in  E q . (9) a n d  w e can sp lit o ff  th e  fac to rs in d e p e n d e n t o f th e  variab les in sid e  
th e  b ra c k e t n o ta tio n . T h is p ro ced u re  en ab le s  us to  w r ite  th e  shape fa c to r
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(б, Z) {J f\
even

y
—

uv uv
Уз

e 0 ,  Z) as:
R 2v+2 Mv 
R2v Lv

Ri  (U, v) +  R 4 (и, V) I R x (u, v) +  R 4 (u , V)
Jr Us) I Jr Us) +  Ji (Уз) I Jt (Уз)
2{Уз}2 [Я <Уз >  +  (1 Я) (Уз) I ^ < Уз >  +

+  Í1 — Я) (Уз)]
R2' ^
R 2,+2M V

R 3 (u , v) — R 2 (u, u) I R 3 (u, v ) — R 2(u , v )

Л  (Уз) I Jr Us) +  Ji (Уз) I Jt (Уз)
. 2{Уз}2 [ -  <У з> +  (1 -  Л) (Уз) I -  <Уз> +  (1 -  А) (Уз)]

+

у ^ г г .

+

+

odd

+  2 '  
uv U V

и

R 2̂ 1 N v 
-  R 2P+1 N v

R l (« , v) +  R i ( u ,  v ) IR 3 ( u ,  v) — R 2 ( u ,  v )

J r (Уз) I Л  (Уз) +  (Уз) I Ji Us)
4{Уз}2 [Я <Уз> +  (1 — Я) (Уз) I — <Уз> + (1 — Я) (Уз)]

R 2v+1 Л ;
-  R 2”' 1 JV„

R t (и, г) - f  R 4 ( u ,  «) I R 1 (u , v ) -b R i (u, v) +

Jt (Уз) I Jr (Уз) — Jr Us) I Ji Us)
2{Уз}2 [A<yB> + (1 -  A) (Уз) I Ж У з> +  (1 -  А) (уз)]

У ^ П п

+

2 ^ 1
x„v

R 2 V + 1  Nv

- R 2”+1 N v

R 3 (и, v) — R 2 (u , v) I R 3 [u, v) — R 2(u , v )

J i  (Уз) i j г (Уз) Jr  (Уз) I J i  (Уз)

2 {Уз}2 [ — < У з>  +  (1 — Я) (Уз) I — < У з >  +  (1 -  Я) (Уз)]

+

+

У ^ Г ’1 R--+2 М„ 
R 2” L v

+ R l  (н, v) +  R i (u , v) I R 3 (u, v) — R ,  (u , v )

J  i Us) I Jr  Us) -  Jr Us  I J t  Us)

4{Уз}2 [Я < У з>  +  (1 — ^) (Уз) I — <У3>  +  (1 — Я) (У3)]

(И)
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B y  ch an g in g  th e  o rd e r o f  lines in  E q . (11) we p o in t  o u t th a t  one h as  to  
d e te rm in e  th e  coefficients o f  fu n c tio n s M v, L v, N v. F ro m  th e  angu la r m o m e n tu m  
se lec tion  ru les  discussed in  [6] i t  follow s t h a t  th e  fu n c tio n s  M v, L v, N v h a v e  to  
h e  in  th e  re la tiv e  o rd er to  each  o ther j u s t  w r it te n  in  E q . (11), i.e. if  i t  h a p p e n s  
t h a t  we h a v e  to  p u t  M v (Lv) in  th e  f irs t te rm , in  th e  o th e r  te rm s  L V, N V(M V, — N v) 
are  to  b e  w rit te n . F o r th e  sak e  of b re v i ty  in  th e  a rg u m e n tu m  of th e  n u c le a r  
ra d ia l m a tr ix  e lem ents и a n d  v are w r it te n  in stead  o f ün, xv. J, an d  J r a re  th e  
im a g in a ry  a n d  rea l p a r ts  o f  th e  q u a n ti ty  defined  in  E q . (A 4), Jf  is th e  a n g u la r

even oad
m o m e n tu m  o f th e  fin a l n u c leu s , Â =  GA/G V. 9 ^  den o te  t h a t  one  has

uvuv uv  uv  
j * j S

to  su m m arize  over th e  te rm s  w here lu -f- lv =  lu -f- lv -|- an even n u m b e r  
lu -)- lv == la -|- lv -(- an  o d d  n u m b er, re sp ec tiv e ly . T h e  < j 3]> and  ( j 3) a re  th e  
a n g u la r  in te g ra ls  w ritte n  ex p lic itly  in  E q s . (A3).

T h e  coeffic ien ts o f th e  func tions M v, L v, N v can  easily  be c a lc u la ted , i.e . 
th e  v a lu es  o f  M v, L v, N v a re  ta b u la te d  as func tions o f  th e  electron  en e rg y  [8], 
so th e re  is n o th in g  to  do b u t  to  ta k e  E q . (11) a t  as m a n y  given v a lu es  o f th e  
e lec tro n  en e rg y  as th e re  a re  fu n c tio n s M v, L v, N v c o n ta in e d  in  i t ,  o r  m ore  
a p p ro p r ia te ly , to  f i t  th e  th e o re tic a l cu rv e  to  th e  ex p e rim en ta l p o in ts  as 
closely as possib le , e.g. w ith  th e  le a s t sq u a re  m e th o d .

T h u s , w e o b ta in  a sy s te m  of e q u a tio n s  in  w hich  th e  unknow n  q u a n ti t ie s  
a re  th e  coeffic ien ts o f th e  func tions M v, L v, N v. B y  solving th is  sy s te m  o f 
e q u a tio n s  a n d  know ing  h o w  its  re su lts  depend  on o u r p a ra m e te rs  one o b ta in s  
fu r th e r  e q u a tio n s  w h ich  c a n  be  solved u n iq u e ly  . T he n u m b e r  of th e se  e q u a tio n s  
depends on  th e  o rd er o f fo rb id d en n ess  as can  be seen  fro m  E q. (8).

3. The decay C13« - * S 36

T h e  m e th o d  d iscussed  above sh o u ld  be i l lu s tr a te d  w ith  th e  d ecay  
Cl86 -h» S3e. I t  is a Jj — 2 ->  Jf  — О А П  no tra n s i t io n , i.e. it  is seco n d , n o n 
u n iq u e  fo rb id d en  (cf. [9 ]). T here  a re  fiv e  d iffe re n t m easu rem en ts  (p a r t ly  
ca rr ied  o u t, p a r t ly  u n d e r  w ay) n a m e ly  th e / i - v a lu e  o f  th e  -d ecay  [9], th e  
ra tio s  K / ß + [9, 10], L / K  [10], th e  en e rg y  sp ec tru m  o f  th e  p o sitro n s  a n d  t h a t  
o f th e  X -q u a n ta  e m itte d  b y  th e  in te rn a l  b re m ss tra h lu n g  [11].

I n  th e  course o f th is  ca lcu la tio n  we neg lect co n fig u ra tio n  m ix in g . T h e  
reasons fo r  th is  are:

1. T h e  nucleus Cl36 can  be d esc rib ed  w ith  a s ta te  v ec to r w h ich  is th e  
su p e rp o s itio n  o f 7 d iffe re n t co n fig u ra tio n s  (cf. [12, 13]). In  th is  case th e  t r a n s 
itio n  Cl36 -> S 36 can  be  rea lized  th ro u g h  tw o d iffe re n t tra n s itio n s  l d 3/2—> l d 3/2 
an d  2s1/2—>ld3!2. C onsidering  th ese  tw o  possib ilities th e  n u m b er o f  u n k n o w n  
p a ra m e te rs  w ould  b e  36 , i.e. fa r  m o re  th a n  th e  n u m b e r  of d a ta  o b ta in a b le  
from  th e  m easu rem en ts .
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2. I n  [12] an d  [13] i t  w as show n th a t  in  th e  s ta te  v ec to r  o f  Cl36 th e  w e ig h t 
o f th e  s ta te  ( ld 3/2)4 (2s1/2)4 is d o m in a n t (a b o u t 9 0 % ), i.e. th e  m ix ing  is w eak . 
T h e re  is no reason  to  ta k e  th e  m ix in g  in to  a c c o u n t and  b y  so do ing  to  lose th e  
p o ss ib ility  o f o b ta in in g  in fo rm a tio n , a t  leas t fo r  th e  d o m in an t m a tr ix  e lem en ts.

H ence  we ca lcu la te  only  th e  m ost p ro b a b le  tra n s i t io n  1 d3/2->- 1 d3/2 of 
th e  decay  Cl36 -»  S36 using  th e  gen era l fo rm u lae  (3) and (11).

a) The value ftß+

P u tt in g  th e  d a ta  of th e  in d iv id u a l n u c le i in to  E q . (A 4) i t  can be seen  
t h a t  th e  rea l p a r t  o f  J ( j 3) v an ish es . T herefo re , in  E q . (3) th e  te rm s  occu rring

odd
u n d e r  th e  sym bol v an ish . F u r th e r ,  as a consequence o f  h av in g  neg lec ted

uv u v
U

th e  con fig u ra tio n  m ix in g  uvne =  u v n e  th e re  is n o  need to  su m m arize  over th e  
in itia l an d  fina l nuc leon  s ta te s  in  E q . (11).

0,1 0,2 0,3 0,4 0,5 0,6 0.7 ~p*~

Fig. 1

T h e  general fo rm u la  o f th e  f t - \a lu e  e x p re ssed  b y  th e  sh ap e  fac to r  is

ftg+ —

w ith  th e  n o ta tio n

27i3log 2

G2 < C ß>
( 12 )

< c ' >  =  7 deepq2 F (e, ± Z ) C ß (e, e0, Z ), (13)
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«•
w here f  =  J  deepq2 Е (е , zh-Z)- In  th e  case  o f th is  t r a n s i t io n  s0 =  1 ,224, f  is

l
ca lcu la ted  b y  in te g ra tin g  th e  curve p lo t te d  in  Fig. 1 g rap h ica lly .

B y  co m p u tin g  w ith  th e  help  of E q s . (11), (12), (13) a n d  in tro d u c in g  th e  
n o ta tio n  C =  2л3 log 2/[G2 -2{y/}2 • {уз}2 Jï{j3)] th e  fo llow ing fo rm ula  is o b ta in e d :

ftg+ — C 1// G, (xu pív) R j  (*„ у.,.) 1
1 J

In  the  case o f  th e  m ost p ro b a b le  t r a n s i t io n  ld 3/2 -> l d 3/2

=  ««

j 3 =  2 a n d  J j  (dd 2) =
2 ]/3
3 1/5 '

2 i f  i , /  =  1,2, 
2 i f  i , j  =  3,4,

(14)

T h e  coeffic ien ts o f  th e  unknow n p a ra m e te rs  in  th e  case of p u re  configu  
ra tio n  a re  sy m m etrica l in  suffixes i a n d  j ,  an d  th e ir  e x p lic it form s a re :

A i  =  f - 1 [J(M0) « n  (H ) +  J  ( M , )  au  (02)],

А з  =  / “ Ч Л А Ж О А + Л А )  c12(0 2 )],

А з  =  - / - 1 [ J (N 0) c13 (11) +  J(iVx) c13 (02)],

A t  =  / - 1 [J(M 0) a 14 (11) + J ( lV 1) a 14 (02)],

A 2 =  Z '1 Д О о) 6M( H ) +  J (A )  /»22 (02)], (15)

А з  = - / - 1 [JA o) 633 (И ) +  J (L J  623 (02)],

A 4 =  A 1 [ J ( A )  C24( l l )  +  Л А )  C24 (02)],

А з  =  A 1 [J(Lo) M H ) + J ( A )  *33 (02)],

A 4 =  - / i 1 [ J ( A )  C3 4 ( l l )  +  Л А )  c 34 (02 )],

A t  =  Г 1 [J(M 0) a44 (11) +  Л А )  «44 (02)],

w ith  th e  n o ta tio n  J ( M 0), . . . for th e  in te g ra ls  o f E q . (10). The in te g ra n d s  are 
p lo tte d  in  F igs. 2, 3, 4 w h ere  th e  v a lu e s  of th e  in te g ra ls  are also sh o w n .T he
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0.1 0.2 0.3 0Л 0.5 0,6- 0.7

F ig. 2

F ig. 3

ex p lic it fo rm  o f th e  q u a n tit ie s  a,-y, fcy, Сц can  be o b ta in ed  from  th e  b o tto m  line 
of th e  f ir s t ,  second, or th i r d  te rm  of E q . (11), re sp ec tiv e ly . T he suffices a re  th e  
sam e as th o se  o f th e  p ro d u c ts  RiRj.  T h e  n u m b ers  in  th e ir  a rg u m en t in d ic a te  
th e  q u a n tu m  num bers (ln, | xe |). T he  n u m e ric a l v a lu es  o f  th e  q u a n tit ie s  a,y, 
bij, Cjj, A j j  an d  th o se  of th e  a n g u la r  in te g ra ls  <  > ,  ( ) a re  g iven in  A p p en d ix  2.
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«*r*

I
IS

w

IS

to

a 5

0,1 0,2 0,3 OA 0.5 0,6 0.7-p*~

Fig. 4

b ) The branching ratios K /ß + , L / К

W ith  th e  sim p lifica tions o ccu rrin g  b ecau se  we ca lcu la te  o n ly  th e  m ost 
p ro b ab le  tra n s it io n  in s tead  o f  E q . (3) we get

4

Гр+ =  У  r,j (xu x v \ xu xv) R t (xu x v) R j (xu xv). (16)
i,i= 1

In  [7] i t  is show n th a t  th e  expressions o f  Г к , Г L can  b e  b ro u g h t to  
a s im ila r form , d iffering  on ly  in  th e ir  n u m erica l coeffic ien ts . T h a t  is, in  o rd e r 
to  g e t th e  exp ression  of th e  tra n s i t io n  p ro b a b ility  i t  is n ecessary  o n ly  to  rep lace  
th e  w ave fu n c tio n  o f  th e  e lec tro n  m oving in  th e  Coulom b fie ld  o f th e  nucleus 
b y  th e  w ave fu n c tio n  of th e  b o u n d e d  one in  E q . (A2). In s te a d  o f su m m atio n  
o v er th e  in fin ite  va lu es  o f x n a n d  xe one h as  on ly  to  sum  o v e r x n w ith  th e  
a u x ilia ry  co n d itio n  th a t  th e  v a lu e  o f xe is f ix e d . H av in g  c a lc u la ted  th e  coef
f ic ien ts  rjj or rjj follow ing th e  p rocedure  g iven  above, th e  ra tio s  K /ß +, L /K  
can  be  ca lcu la ted .

c) The shape factor o f  the positron spectrum

T he fo llow ing  form  o f th e  shape fa c to r  can  be o b ta in e d  from  E q . (11):

Cß (e, e0, Z )  =  A{{e0 — e) [aMo M 0 (e) +  am N 0 (e) +  aLo L 0 (e)] +

+  aMi M j (e) -f- aNl N 1 (e) +  a Ll L l (e)}, (17)
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w here e is th e  energy  of th e  p o s itro n , A  =  2 {/3}2 {j/}2 ( j3), th e  fu n c tio n s
M Q, M v  . . . are ta b u la te d  in  [8]. T h e ir  u nknow n  coeffic ien ts  can be  w r itte n :

«м„ =  R 3 [« и  (И )  R l  +  2 a 14 (11) R ,  R 4 +  a 44 (11) R \] ,

a Ml =  R  [° ii  (02) jRj +  2 a 14 (02) R 1 R 4 - a 44 (02) R j] ,

«N0 =  R“ [C12 (11) R-l R* +  CZi (11) R-Z R i ~~ C13 (11) Rl R 3 C34 (11) R3 R4 ]’
(18)

aN1 =  R '1 [ C 1 2  (02) R l R l  " b  c 2 4  (02) R 2 R 4 C 1 3  (02) R l  R 3 C :S 4  (02) R 3 R 4],

« l„ =  R 2 [bn (11) Rl +  2b,3 (11) R 2 R 3 +  633 (11) Rl],

«Í! =  R 4 [b22 (02) B 2 +  2623 (02) R 2 R 3 +  b33 (02) Rl].

R  is th e  rad iu s  of th e  nucleus an d  th e  coeffic ien ts  of th e  p a ra m e te rs  a re  k n o w n  
from  E q . (14).

N um erica l va lues fo r th e  q u a n ti t ie s  aMo, . . . can  b e  o b ta in ed  b y  f i t t in g  
E q . (17) to  th e  m easu red  sp ec tru m  th u s  o b ta in in g  six  n ew  equ a tio n s fo r  th e  
p a ra m e te rs . T o g e th er w ith  E q . (15) a n d  th e  equa tions o b ta in e d  for th e  b ra n c h 
ing ra tio s  we a lread y  h av e  nine e q u a tio n s . One fu r th e r  e q u a tio n  is re q u ire d  
to  id e n tify  all te n  n u c lea r p a ra m e te rs  un iq u e ly . T h is is supp lied  f ro m  th e  
ev a lu a tio n  o f th e  in te rn a l b re m ss tra h lu n g  accom pany ing  th e  decay Cl36 —> S36.

T he ex p erim en ta l re su lts  fo r f t B+ a n d  for th e  b ra n c h in g  ra tio s  so fa r  
know n are  in su ffic ien t to  d e te rm in e  all th e  unknow n p a ra m e te rs . As an  a p p ro x 
im a tio n , how ever, we can  neg lect th o se  p a ra m e te rs  c o n ta in in g  m ore t h a n  one 
“ sm all”  com ponen t p a r t ,  i.e. we a ssu m e  th a t  th e  p ro d u c ts  RjRj v a n ish  if  
i >  l , j  >  2. T his ap p ro x im a tio n  is c o rre c t if  th e  tra n s it io n  betw een  th e  “ la rg e ” 
co m p o n en ts  is n o t fo rb id d e n  h ig h e r  th e n  th e  tr a n s it io n  b e tw e e n  th e  “ la rg e ”  
com ponen t ->  “ sm all”  com ponen t, or v ice  versa . (This is ex ac tly  th e  case  in  
th e  tra n s it io n  Cl36 -*■ S3e.)

H ence , b y  using  E q s. (14) an d  (16) as well as th e  d a ta  o f [9 ,10] a  sy s tem  
of eq u a tio n s  co n ta in in g  only  th re e  u n k n o w n  p a ra m e te rs  is o b ta in e d . I t s  
so lu tion  g ives:

] R i  I =  2,61 I R 3 I =  8,42 • 10~2 I R 3 \ =  6 ,09 • 10~2.

(F o r th e  ca lcu la tio n  th e  w ave fu n c tio n s o f  th e  electron  g iven  in  [15] w ere u sed .)
T he above resu lts  a re  u n sa tis fa c to ry  considering  th e ir  o rd e r of m a g n itu d e . 

B u t th e  ra tio s  | R 2 | /  | R x |, | R 3 | / | R x | are  in good ag reem en t w ith  th e  
a ssu m p tio n  th a t  th e  m a tr ix  e lem ents c o n ta in in g  one “ sm a ll”  co m ponen t are  
a t  least tw o  orders o f m ag n itu d e  sm alle r th a n  th e  m a tr ix  e lem ents c o n ta in in g  
only  “ la rg e”  com ponen ts.

W e hope  th a t  th e  d isc rep an cy  m e n tio n e d  above w ill van ish  if  w e are 
ab le  to  ca lcu la te  th e  com plete  system  o f eq u a tio n s.
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4. Conclusions

/З-sp ec tro sco p y  provides one  possible ch eck  on th e  sh e ll m odel o f nucle i. 
H o w ev er, th e  n u m b e r  of u n k n o w n  p a ra m e te rs  is, in g en era l, h igh  co m p ared  
w ith  th e  e x p e rim e n ta l d a ta .

In  th e  p re s e n t  p ap er w e h a v e  ca lc u la ted  th e  shape fa c to r  o f th e  energy- 
sp e c tru m  o f /З-d ecay . F rom  i ts  ex p lic it fo rm  equ a tio n s ca n  b e  derived  co n 
ta in in g  th e  u n k n o w n  p a ra m e te rs  (in ou r case  th e  p ro d u c ts  o f th e  un k n o w n  
ra d ia l  m a tr ix  e lem en ts  of th e  nucleons). T he n u m b e r  of th e se  eq u a tio n s  depends 
o n  th e  o rd er o f  fo rb iddenness.

T hus, w e m a y  hope t h a t  fo r  ce rta in  tra n s it io n s  of n u c le i w ith  con fig u r
a tio n  m ix ing  fo rb id d e n  in  h ig h  o rder i t  wdll b e  possible w ith  th e  help o f o u r 
eq u a tio n s  a n d  th e  form ulae o b ta in e d  b y  M o n tv  ay  to  c a lc u la te  th e  n u m erica l 
v a lu es  of th e  u n k n o w n  m ix ing  p a ra m e te rs  fro m  th e  e x p e rim e n ta l d a ta  u n iq u e ly .

T he c a lc u la tio n  of th e  seco n d  n o n -u n iq u e  fo rb idden  tra n s i t io n  Cl3e S36 
is g iven as a s im p le  exam ple. O n ly  th e  m o st p ro b ab le  in itia l a n d  fin a l co n fig u r
a tio n  t r a n s i t io n  w as ta k e n  in to  accoun t. T h e  fou r m easu rem en ts  (ftß+, Cß+, 
K / ß + ,L /K )  g av e  u s  n ine e q u a tio n s  fo r our te n  p a ra m e te rs . T h e  lack ing  eq u a tio n  
(o r m ore) m a y  b e  expec ted  fro m  th e  m easu rem en ts  of th e  en e rg y  sp ec tru m  o f 
th e  in te rn a l b re m ss tra h lu n g . W e hope t h a t  fin d in g  th e se  eq u a tio n s  we sh a ll 
b e  able to  g ive ex p e rim e n ta lly  te n  new  p a ra m e te rs  ch a ra c te riz in g  th e  s tru c tu re  
o f  nuclei Cl36, S3e.

T his w ill su p p o rt in fo rm a tio n  co n cern in g  th e  sm all com ponen ts o f th e  
D irac  w ave fu n c tio n s  of th e  nuc leons w hich , in  general, a re  neg lec ted  in  c u rre n t 
n u c lea r  m odel th eo ries.

T he a u th o r  w ould like to  th a n k  P ro f. P .  G ombás fo r  h is  k ind  in te re s t  in  
th is  w ork. T h a n k s  are  also d u e  to  D r. D . B e r é n y i , D r. I .  L ovas, P ro f. G. 
M a r x  an d  D r. I .  M ontv ay  fo r  th e ir  v a lu a b le  help  and  ad v ice .

Appendix 1

Transition probability o f  the ß-decay

L et us su p p o se  th a t  N  nucleons a re  o u ts id e  th e  c lo sed  shell, th e n  th e  
iV -particle fu n c tio n  describ ing  th e m  (using  th e  iso topic fo rm alism ) has th e  
follow ing fo rm

(r i» • • • » % )  =  (a  I r ]> • • • >rw - i)  fv” (r )]JTVMj4y(a7 T  j v /,,). (A l)
*J Tj, /„

T he su ffices i  and  v re fe r  to  th e  in it ia l  s ta te . R ep lac in g  th ese  b y  /  a n d  u, 
from  E q . (A l)  w e o b ta in  th e  co rresp o n d in g  eq u a tio n  fo r  th e  f in a l n u c leu s . 
I n  E q . (A l)  s ta n d s  for th e  w av e  fu n c tio n  o f  th e  d ecay in g  nucleon  w ith  th e
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z-com ponen t of th e  iso topic sp in  T „ . rx, . . ., Ï jv_ i  are th e  co o rd ina tes o f  th e  
o th e r  N —1 nucleons in  th e  (N — l)-p a r tic le  w ave fu n c tio n  Ф]'мтмт w ith  th e  
re su ltin g  an g u la r m om en tu m  ( j ,  M ) an d  iso to p ic  spin (T , M r)-  a  d en o tes  
fu r th e r  q u a n tu m  n u m b er specify ing  Фм~ х. T he  n u m e ric a l coeffic ien ts 
y(ocjT j v lv) can  be o b ta in ed  fro m  th e  coeffic ien ts  o f f rac tio n a l p a ren tag e . T h e  
va lu es  o f re su ltin g  an g u la r m o m en tu m  (j,-, M ,) and  iso top ic  sp in  (T,-, M ^j)  
co rrespond  to  th e  in itia l an d  f in a l IV -particle w ave fu n c tio n  in  E q . (A l) . 
T h is is expressed  b y  th e  n o ta tio n  [. . .]t m̂tí > i.e.

[Û j m t m t  V T” ]jTM Ti  =  У  U M  h  M , I j i  Mi)
M + MV=M{

' ФЦмТМт Vvv T M T —  t v I Tj M r,

B ased  on th e  w ave fu n c tio n  o f E q . (A l)  th e  tra n s it io n  p ro b a b ility  p e r  
u n it  tim e  is:

/ у G2 1 • 12
even
y

uv UV
U

J г (Уз) IJ г Оз) -Ь У/ (Уз) IJ i  (Уз)

2  Г d £ ( N E  I N E  +  N E '  I N E ')Kji Me J

2 {Уз}2 <  Уз >  +  (1 -  Я) (Уо >  I * <  Уз >  +
+  ( 1  —  A ) ( y 3]

+

+

R 3 (u, v) — Ro (u, V) I R s (u , v ) — R 2 (u , v )

J г (Уз) I J г (Уз) “b J  i (Уз) ! J  i (Уз)

2  Г d е (N E  I IVE +  N E '  \ N E ')
*п Me J

2 {Уз}2 [ -  <  Уз >  +  (1 -  Я) (Уз) I -  <  Уз >  +  (1 -  А) О'з)]

+  (А2)

#1 (и, v) +  i?4 (и, v) I R 3 (u , v )  — R 2 (u , v )

j г (Уз) I Jr  (Уз) +  J i  (Уз) I J i  (Уз)

^  Г de (ÍVE I ÍVE' -  N E '  \ N E )
*n ye J

4 {Уз}2 [Я <Уз >  +  (1 -  Я) (Уз) I -  <  Уз >  +  (1 -  А) (Уз)]

+
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R í (и , v) +  R t (u, v) I R x (u , v )  +  R 4 (u , v )

j i  (Уз) I ^  (Уз) Jr (Уз) I Ji (Уз) 1“

2  [ d e  ( N E  I N E '  — N E '  \ N E )
x n  x e J

2  {У з}2 [A  <  У з >  +  ( 1  -  А) (У з)  IA <  У* >  +  ( 1  -  А) ( У з ) ]  

R 3 ( и ,  v) —  R 2 ( u ,  t>) I i í 3 ( u ,  v) —  R 2 ( u ,  v )

Jt (Уз) I Jг (Уз) — J г (Уз) I -Уí (Уз) +

2  { d e N E l N E '  - N E ' I N E
x n  x e J

2 (Уз)2 [ — <Уз >  +  (1 — А) (Уз) I — <У3 >  +  (1 — А) (Уз)]

-Ri (и, v) - f  R 4 (u , v) I R 3 (u, v ) — R 2 ( u ,  v )  “J

Jt (Уз) I J T (Уз) — Jr (Уз) I Jt (Уз)

-2* Г d e (N E  I ÍVE +  IVE' | IV E ')

4 {Уз}2 [A <У3 >  +  (1 -  A) (Уз) I -  <Уз >  +  (1 -  A) (Уз)] J

+
odd

U, V U, V
h

T he b ra c k e t  n o ta tio n  u sed  in  E q . (A2) is fam iliar fro m  R ef. [6] N , N ' , E , E 1 
are  th e  ra d ia l  p a r ts  o f th e  w ave fu n c tio n s  of th e  n e u tr in o  and  e lec tron  re sp e c t
ive ly  w ith  th e ir  v a lu es  v a lid  on th e  su rface  of th e  nu c leu s (cf. R ef. [6]). G is 
th e  co u p ling  c o n s ta n t o f  th e  w eak in te ra c tio n , e is th e  energy of th e  e lec tron . 
F u r th e r  n o ta tio n s  in  E q . (A2) are , w ith  th e  a b b re v ia tio n  {% } =  V 2*+ 1:

<  Уз >  =  <  uvnej3 > =  2  <  u vn e j3a ' a >  {a'}2 ,
a, a'

(Уз) =  {uvnej  3)

<  u v n e j3 > = j (u v n e )  

(u vn e j  3) =  — I у (uvne)

I j y ( I n  l e « ' \ju  U | j  V 2 i / u a  ) \jujvj?,
0  0  0

Ооо

[ I n i n  a ] l e j c a l U n  a  1 [ j e i n  a
(A3)

l u  I J s ll l 7l n l e J  л

0 0 0 0 0 0 U n ti l  и л

j  (uvne) =  {/„} {/„} { j u} ( U  {je} {le} {jn} {In}
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a a n d  a' d en o te  a u x ilia ry  q u a n titie s  occurring  in  th e  ca lcu la tio n  o f  th e  angular 
in teg ra ls  (cf. A pp. o f  R ef. [6]).

J  (Уз) =  j  (*„ М з )  =  У M  ( -  1);' f7“7: 7.'*] (A4)l J i J f J  J
and

у  (uv) -  2  У* («У ГЛ, I«) У («У ту, g  (ТМ Т ; тц | т, м т,){тмт \  т, | г , М г, )
а ТМ?

(cf. th e  n o ta tio n  a f te r  E q . (A l)).

Numerical results

A ppendix  2

T he an g u la r in te g ra ls  <;>([, xe> ,  (xu xv ln x e) are ca lcu la ted  in  th e  
case o f th e  tra n s itio n s  l d 3/2-> l d 3/2, 2 s1/2 —> ld 3/2 fo r  /?-decay as w ell as fo r K-, 
L 1-, L 11-, L n ^ c a p tu re s . F o r  th e  ca lcu la tio n , th e  fo rm u lae  (A3) an d  th e  ta b le s  of 
[14] w ere used . T h e  re su lts  are  given in  T ab le  I ,  th e  o m itte d  va lu es  a re  zeros 
re su ltin g  from  th e  se lec tion  ru les (cf. [6]), w hile ac c id e n ta l zeros are  ta b u la te d .

T he q u a n titie s  a y ,  b y ,  C y  a re  ca lcu la ted  o n ly  for th e  tra n s itio n  
1 d3/2 ->  1 d3/2 . T he re su lts  are g iven  below :

a n ( l l )  =  7,18 • 1 0 -3 , 

°n (0 2 )  =  4,76 • 1 0 ~ \  

M U )  =  6,40 • 1 0 -3 , 

M 0 2 )  =  1,78 • 10-3 ,

a 14( l l )  =  1,88 • 10-3, 

o H(02) =  1,88 • 10-3, 

М П )  =  1,07 • 10-3, 

M 0 2 )  =  1,07 • IO -2,

«44(H ) =  4,76 • 10-*, 

a4i(02) =  7,18 • IO “ 3, 

633(H ) =  1>7 8  ' 1 ° “2> 

63з(02) =  6,40 • I O - 3,

cn ( l l )  =  6,84 • IO "3, c13( l l )  =  1,14 • IO “ 2,

cn (02) =  3,00 • IO -3, 

M i l )  =  1,79 • IO“ 3, 

c24(02) =  1,14 • IO“ 2,

M 0 2 )  =  1,79 • 10-3, 

M U )  =  3,00 • 10-3,

c34(02) =  6,84 • lO“ 3.
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Table I

(xu yv ln *,) <*tt *A*e>
On.*«)

(*«,*„) (0,2) (1.1) (2.-1) (1. -2 ) (0,2) (i.i) (2.-1) (1. -2) (0, -2) (i. - i ) (2,1) (1.2)

(2,2)
2 2 2 2 2 2 2 2
5 5 5 5 25 15 25 15

( 2 , - 1 )
2 2 2 2 1 1 1—1
5 b 5 5 25 15 9

( - 2 , - 2 ) 2 2 2 2 2 2 2 2
5 5 5 5 15 25 15 15

( - 2 Д )
2 2 2 2 1 1 1 56
5 5 5 5 3 9 15 225

( - 2 ,2 )
2 2 6 2
15 25 25 25

( - 2 , - 1 )
1 1 1 1
3 15 9

( 2 , - 2 ) 2 2 2 6
25 15 25 25

(2Д)
1 1 0 1

25 15 3

B y in tro d u c in g  th e  n o ta t io n  r,-y =  f  Ajj  a n d  using  th e  v a lu es  o f th e  rad ia l 
in te g ra ls  o f th e  lep to n ic  w ave fu n c tio n s  w r itte n  in  F igs. 2, 3, 4 , we o b ta in ed  
th e  re su lts :

rU =  5,79 r 12 = - 2 , 2 5  • IO “ 13, r 13  == 2,08 • 10 - 13 r » ' 1 4 =  8,82 • 10- 15,

Г 22 : 3,05 • 1 0 - “ , r 23 = - 2 , 0 3  • IO “ 11, Г24 - - 6 , 1 2  • 1 0 - 13,

r 3 3 =  1,53 • 1 0 - “ , r 34 = 3,87 • 1 0 - 13,

r 4 4 =  1,38 • 10 - 14.

The q u a n tit ie s

r £  = : 1,07 • 1 0 ~ 14, rfi =  - 5 ,5 1 • 10 - 1 2  r K _ 5 Г 1 3  — 9,18 • i o - 12,

t n  = = 2,50 ■ 1 0 - 15, r i2 =  — 3,52 • 10 - 1 3  rL _’ t l 3 6,06 • i o - 13

w ere  used  fo r th e  ca lcu la tio n  o f  th e  rad ia l m a tr ix  e lem ents R v  R 2, R 3 .
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ЯДЕРНЫЕ ПАРАМЕТРЫ ИЗ ИЗМЕРЕНИЙ СПЕКТРА /3-РАСПАДА

Е. БА Л А Ж

Р е з ю м е
Дается общая формула для формфакторов энергетического спектра /3-распадов, 

запрещенных в любом порядке. С помощью употребляемого метода можно учесть и кон
фигурационное смешивание. Новые уравнения, полученные на основе измерений форм
факторов, дают возможность для экспериментального изучения новых матричных эле
ментов, характерных для ядер, участвующих в переходе, как например, в подробно рас
смотренном случае распада С136 -*■ S36.
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W EAK INTERACTIONS AND UNITARY 
SYMMETRY BREAKIN G

By

P.  M ö b iu s

IN ST ITU TE FO R TH EO R ET IC A L PH Y SICS, U N IV ER SITY  CF V IE N N A , V IEN N A , A U S T F IA

A model for Ieptonic decays is considered using unitary symmetry. For the calculation 
of matrix elements a special method of unitary symmetry-breaking is applied taking into 
account all corrections due to baryon mass differences.

F o r th e  t re a tm e n t o f Iep tonic  decays a m odel is considered  using  S U  (3) 
sy m m etric  expressions fo r th e  w eak  c u rre n t of th e  h a d ro n s  an d  for th e  s tro n g  
in te ra c tio n  betw een  b a ry o n s  an d  m esons. C om puting  th e  m a tr ix  e lem en ts 
th e  u n ita ry  sy m m etry  is b roken  b y  p u tt in g  th e  e x p e rim e n ta l m asses in  th e  
p ro p a g a to rs , i.e. in  th e  c o n trac tio n  o f tw o  b a ry o n  fie ld  o p era to rs . So all 
co rrec tions due to  th e  b reak in g  of u n ita ry  sy m m etry  b y  m ass d ifferences 
o f th e  b a ry o n s  are  in c luded .

In  th e  o c te t v e rs io n  of u n ita ry  sy m m etry  th e  w eak  c u rren t h as  ten  
c o n s titu e n ts  p e rm ittin g  th e  an sa tz

J„ =  2  W  W  (L) +  (0) № (F) +; Gbr) (0) S<r) (F) +
r~ V’A (!) 

+  G<p (1) S p  (F ) +  G tf  (1) SC) (D ) ,

w here J ß(L) is th e  Iep to n ic  p a r t ,  j„ is th e  strangeness-conserv ing  p a r t  an d  
S ß is th e  s tran g en ess-ch an g in g  p a r t ,  b o th  o f F- an d  D- ty p e . In  th e  l im it  of 
e x a c t S U  (3) sy m m e try  th e  c u rre n ts  o f th e  stro n g ly  in te ra c tin g  p a r tic le s  are

u  (F ) =  Тг ( Щ  +■■■ J A D) =  2> ( Б Г д {Б,Aj +  £Я2}) +  . . .

S ,  (F) =  Tr (В  [Б , Я4 +  Í Я6])  +  . . .  S M (D) =  Tr  (Б  {Б, Я, +  » А,}) +  . . .

w here Б  an d  В  are th e  3 x 3  b a ry o n  m a tric e s  an d  th e  Я,- a re  given b y  G eu l - 
Mann  [1], Г/, is yM fo r  r  =  V  an d  у^уь fo r r =  A .  T h e  p o in ts  in d ica te  c o n tr i
b u tio n s  o f o th e r  h a d ro n s . T he te n  G’s a re  th e  co rrespond ing  u n ren o rm alized  
coupling  c o n s ta n ts , G(0) is invo lved  in  sem ilep tonic  processes w ith  A S  =  0 
an d  G (l) in  tho se  w ith  \A S | =  1. T h e  G’s a re  d e te rm in ed  b y  m ak in g  th e  fo llow 
ing assum p tio n s fo r th e  w eak  c u rre n t:
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a) T h e c o n tr ib u tio n s  o f th e  b a ry o n s a n d  lep to n s  h av e  th e  sam e “ w e ig h t”

2 "  GŸ )2 =  2  G^  ( ° )2 +  Gbr) (°)2 +  <#> ( i ) 2 +  G tf  ( l ) 2 . (3)

b) T he  le p to n ic  co u p ling  c o n s ta n ts  a re  eq u a l b ecau se  o f  th e  absence  
o f  re n o rm a liz a tio n  effects in  ц -decay

G l = G i  =  l .  (4)

c) T h e  C Y C -theorem  ex c lu d es  th e  В -p a r ts  o f th e  v e c to r  cu rren ts

g d (0) =  Go (1) =  0 . (5)

d)  F o r th e  ax ia l v e c to r  coup ling  c o n s ta n ts  th e  D /F -ra tio s  are  eq u a l fo r

A S  =  0 a n d  \A S\ =  1 p rocesses

Gd (0) =  £ GF (0) î C Ô (l)  =  f C ^ ( l ) .  (6)

a n d  i t  is f u r th e r  assum ed t h a t  th e  D /F -ra tio  is th e  sam e b o th  fo r s tro n g  a n d  
w eak  in te ra c tio n s

f  weak =  ^strong • ( 7 )

e)  T h e  ra t io  o f th e  v e c to r  coupling c o n s ta n ts  fo r p rocesses w ith  A S  =  0 
a n d  jzISj =  1 is t h a t  of th e  co rresp o n d in g  a x ia l v e c to r  coup ling  c o n s ta n ts  
in  th e  case o f  F '-coupling

G F ( 0 )  /Gp ( 1 )  =  G F ( 0 ) /  Gp ( 1 ) .  ( 8 )

T hese  are 8 co n d itio n s  fo r th e  10 coupling  c o n s ta n ts  p ro v id in g  for th e  w eak  
c u rre n t th e  ex p ressio n

J ix =  J X ( L ) + J £ ( L ) +  c o s # (2)1 cosxjX  (-F)-f-

+
l  +  £2j 

2

£ s in  x  j £  (D ) s in  &

l  +  £2
sin  x  Sfi (F) -f-

l  +  £2

U + £2J

(2)1 cos X S % (F ) +  

£ sin  x  Sfi (D )

s in  x j f i  (F ) +

(9)

w here  ê  a n d  x  a re  a rb itra ry  c o n s ta n ts , f  is th e  D /F -ra tio . T he p a ra m e te rs  
$  an d  x  a re  d e te rm in e d  b y  th e  and  К decays in v o lv in g  on ly  ax ia l v e c to r
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m a trix  e lem ents of th e  fo rm

<0| Gp (0) t f ( F )  +  СЙ (0) j£  (D ) lit) =  F x q ^  

<0| (1) Sfi (1) +  GÔ (1) S*(D) IK} =  F K q'„

( 10)

( И )

w here qß an d  q'ß are  th e  fo u r-m o m en ta  of th e  л  an d  K , F„ a n d  F K are c e r ta in  
c o n s ta n ts  (T he ir ra tio  is e x a c tly  co tan  в, w here  в is th e  C ab ibbo  angle)

В

Fig. 1. The first order diagram for the considered decays

T he d iag ram  of F ig u re  1 is co m p u ted  b y  m aking  th e  fo llow ing a ssu m p 
tio n s :

1) T he s tro n g  b a ry o n  — m eson in te ra c tio n  is g iven  b y

P

( 12)

2) A ssu m p tio n  (7) m eans

GÊ(0) Gê(l) gp
Gp ( 0 )  Gp ( 1 )  gp

(13)

3) T he c o n tra c tio n  of tw o  b a ry o n  fie ld  o p era to rs  is g iven  b y

S f (x ~ y ,  M &)) (14)
w ith

( 15 )

e 4 4  —  e 6 6 '55  —  fi77

Ец =  0 o therw ise.
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T he re su lt  is

I 2 —  (M s  +  M A) M s  +  M N

~  =  ctg&

+  2 i [ M s ~ M N] 

M 3 -j- 4 M s  +  M N

к p \ ^ M z  +  \ m a +  \ { M 3 +  M n )
Z  Z  О

(16)
- П Щ -  m n ]

+  ~  [Ms  +  M A +  M a +  M N] .

S um m ing  u p  all В  В  b u b b le  d iag ram s [3 ]  a n  ad d itio n a l co rrec tio n  is o b ta in e d  
w hich  is w ith in  1% .

T a k in g  as th e  o th e r  cond itions th e  ex p e rim en ta l a x ia l v ec to r re n o rm a li
z a tio n  o f th e  nu c lea r ^3-decay an d  th e  ra t io  betw een  ß- a n d  /i-decay  co u p ling  
c o n s ta n ts  th e  p a ra m e te rs  a re  d e te rm in ed  to

■& ~  18°, a  ~  42°, f  ~  1,5 (17)

p ro v id in g  fo r  th e  coup ling  co n stan ts  th e  v alues

G*(0) — 0,98, Gp(0) — 0 ,49 , GÉ(0) — 0,74 . (18)

T hese  re su lts  are now  co m p ared  w ith  th e  in v es tig a tio n  o f  400 000 27-decays 
done b y  W il l is , Co u r a n t , F il t h u t h  e t  al [2] using  Ca b ib b o ’s th e o ry . In  
th e ir  so lu tio n  A  th e y  o b ta in e d  for th e  p a ra m e te rs  “ F ’’’’ an d  “ _D” th e  v a lu es  
0,437 an d  0,742 w hile o u r e x tra p o la tio n  to  these  q u a n tit ie s  gives th e  v a lu es  
0,50 a n d  0,75 in d ica tin g  an  ag reem en t w h ich  is b e t te r  th a n  expec ted .
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СЛАБЫЕ ВЗАИМОДЕЙСТВИЯ И НАРУШЕНИЕ УНИТАРНОЙ СИММЕТРИИ

П. МЕБИУС

Р е з ю м е
Рассматривается модель для лептонных распадов в рамках унитарной симметрии. 

Для вычисления матричных элементов применяется специальный метод нарушения уни
тарной симметрии, учитывающий все поправки, связанные с расщеплением масс барионов.
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THE HOT MODEL OF THE UNIVERSE AND 
THE ELEMENTARY PARTICLES

By

Y.  B.  Ze l d o v ic h

ACADEM Y O F SCIENCES U SS R , MOSCOW, USSR

The recent radioastronomical observations strongly support the hot model of the 
Universe. The implications of this model are discussed, and, in particular, an estimation is 
given for the number density of the quarks.

1. The observational basis

T he o b se rv a tio n s m ade b y  rad io as tro n o m ers  during  th e  la s t  y e a r  h av e  
show n th a t  th e  h o t  m odel o f th e  U niverse  is th e  co rrec t one.

T hese o b se rv a tio n s rev ea led  th e  ex is ten ce  of a P la n c k  sp ec tru m  of 
b lack  b o d y  eq u ilib riu m  ra d ia tio n  w ith  th e  te m p e ra tu re  30± 0,3° K , iso trop ic  
in  all d irections a n d  filling a ll space. T his ra d ia tio n  is su p erim p o sed  on th e  
lig h t of th e  s ta rs  m o stly  in  th e  v isib le  p a r t  of th e  sp ec tru m , a n d  o f n o n th e rm a l 
rad io -sources p rev a ilin g  a t  X 50 cm .

T he m easu rem en ts  w ere m a d e  b y  ra d io m e th o d s  a t  X =  20 cm , 7,3 cm , 
3 cm  an d  0,25 cm . T h e  la s t p o in t belongs to  %co/kT ш  2. I t  is in d ep en d en tly  
checked  b y  th e  m easu rem en t o f  p o p u la tio n  ra t io  of tw o n e a rb y  s ta te s  o f th e  
m olecule CN. T h e  b o lom etric  a n d  co lour te m p e ra tu re s  a t  d iffe re n t w ave leng ths 
coincide an d  give 3 0± 0,3°.

A t 7 cm  th e  b lack b o d y  in te n s i ty  is som e 102 m ore, a t  0,25 som e 105 
m ore  th a n  th e  ca lcu la ted  in te n s ity  due  to  k n o w n  sources (s ta rs , rad iosou rces, 
q u as is te lla r  sources).

T he in te g ra te d  d en sity  o f e lec tro m ag n etic  ra d ia tio n  o f th e  b lack b o d y  
sp e c tru m  a t  3° K is  6 • 1 0~ 13 e rg /cm 3. I t  exceeds b y  a fa c to r  o f  30 or 50 th e  
m ean  d en sity  of ra d ia tio n  o f k n o w n  sources.

T he m ean  m a tte r  d en sity  in  th e  U n iverse  is s till little  k n o w n . T he d en sity  
o f m a t te r  in  th e  fo rm  of galax ies is sa id  to  be  5 • 10-31 g/cm 2 in c lu d in g  v isib le  
s ta rs , gas, d u s t an d  all o th e r fo rm s o f invisib le m a tte r .  This d e n s ity  is e v a lu a ted  
b y  th e  dynam ics o f  galaxies as g ra v ita tio n a lly  b o u n d  sy stem s. C osm ological 
ev idence  does n o t  exclude a m ean  d en sity  o f  2 • 10~29 g /cm 3. T h e  g re a te r  
p a r t  o f i t  in  th is  case shou ld  b e  in  th e  form  o f  a h ig h ly  ion ized  h ig h ly  t r a n s 
p a re n t  in te rg a lac tic  p lasm a a t  105 — 10e °K , h e a te d  b y  cosm ic ra y s . O f course
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th is  p la sm a  is n o t  in  eq u ilib riu m  w ith  th e  3° ra d ia tio n , b u t  is cooling very  
slow ly.

N e ith e r  th e  ra d ia tio n  from  s ta rs  o r o th e r  d isc re te  sources, n o r  th e  
r a d ia tio n  o f  th e  h y p o th e tic a l p la sm a  can  give th e  3° b la c k b o d y  ra d ia tio n .

2. The hot model

T h e  on ly  possib le  p a s t  s ta te  o f th e  U n iv erse , c o m p a tib le  w ith  th e  observed  
s itu a tio n  is th e  so-called  h o t  m odel f i r s t  p u t  fo rw ard  b y  Geo rg e  Ga m o w  in 
1947.

T h e  cosm ological th e o ry  o f A. A. F r ied m a n  (1922—24) w hich in c o rp o r
a tes  th e  H u b b le  re d  sh if t a n d  ex p an sio n  give th e  fo llow ing p ic tu re : th e re  
w as a m o m en t t =  0 (1010 y ea rs  ago) w hen  th e  d e n s ity  w as in fin ite ; fro m  th is  
m o m en t begins th e  g enera l ex p an sio n . T h e  ex p an sio n  is iso tro p ic  an d  u n ifo rm : 
all d irec tio n s in  space  a re  alike.

T h e  m ean  d e n s ity  o f  b a ry o n s  decreases like R ~ 3, w here  R  is th e  lin ea r 
scale. T h e  d e n s ity  o f  q u a n ta  decreases in  th e  sam e w a y  like R ~ 3. B u t a t  th e  
sam e tim e  th e  w a v e le n g th  o f q u a n ta  A increases like R ,  so th e ir  en e rg y  Ey =  
=  %c/X decreases like  B _1. T h e  o v era ll energy  d e n s ity  o f  q u a n ta  decreases like

eY =  nyEy =  R~* =  oT 4 .

T h is is p e rfe c tly  in  acco rd  w ith  th e  law  of a d ia b a tic  ex p an sio n . T he
4 oT3

e n tro p y  p e r  b a ry o n  is g iven  b y  Ь = ----------- , so S =  co n st co rresp o n d s to
3 nb

Ey  T 4 Tlb

T h e  d im ensionless S d iv id ed  b y  B o ltzm an n  к (en tro p y  p e r  b a ry o n ) 
to d a y  is o f th e  o rd e r o f 108 — 109. T h is  m eans t h a t  th e  n u m b er o f  q u a n ta  
p e r b a ry o n  is o f  th e  sam e o rd er o f m ag n itu d e . T h e n  fo r th e  d is ta n t  p a s t, 
w hen  th e  energy  o f q u a n ta  w as fa r  g re a te r , we o b ta in  th e  p ic tu re  o f a q u ite  
u n ifo rm  p lasm a  w ith  overw helm ing  n u m b e r an d  en erg y  o f q u a n ta . T h e  elec
tro n s  a n d  ions c o n s titu tin g  “ o rd in a ry  m a t te r ” , from  w h ich  s ta rs  a n d  p la n e ts  
are  b u il t ,  w ere a sm all m in o rity  a t  th is  s tag e  (t <  105 years). O n ly  a t  a  la te r  
s tag e  th e  te m p e ra tu re  o f th e  ra d ia tio n  d rops in  th e  course of ex p an sio n , 
th e  e lec trons an d  ions go in to  n e u tra l  a to m s, g ra v ita tio n a l in s ta b ility  g a th e rs  
th e m  to g e th e r  in  c lu s te rs , from  w hich  galax ies an d  s ta rs  a re  form ed — in  sh o rt, 
th e  p re se n t p e rio d  o f  a s tro n o m ica l ev o lu tio n  begins. W e shall n o t fo llow  these  
q u estio n s fu r th e r .

3. Nuclear reactions and the primordial com position

L e t us r e tu rn  to  th e  v e ry  b eg in n in g , w ith  v e ry  h igh  te m p e ra tu re s .
T h e  en erg y  d e n s ity  as a fu n c tio n  o f tim e  is g iven b y  th e  equ a tio n s o f m echan ics
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q u ite  in d e p e n d e n tly  of th e  com position  o f  p la sm a :

e
3

32л Gt2
5 -1 0 5

t2
И  =  ~ г  1 И  =  sec. 

cmJ

T h e on ly  a ssu m p tio n  is th a t  o f  iso trop ic  a n d  un ifo rm  ex p an sio n . A t v e ry  
h igh  d e n s ity  th e  tim e  of th e  equ ilib rium  a d ju s tm e n t is m u c h  sm aller th a n  
th e  tim e  of considerab le  d im in u tio n  of th e  d e n s ity .

So to  th e  f i r s t  ap p ro x im a tio n  th e  e x p a n s io n  goes th ro u g h  a succession 
o f equ ilib riu m  s ta te s . T he eq u ilib riu m  a t  so m e  m om ent fo r  exam ple  w h en  
t =  10 ~ 3 sec, T  —  30 MeV, does n o t  depend  on  prev ious s ta te s .  So one ca n  
foresee th a t  a t  th is  m om en t th e re  a re  no m e a su ra b le  q u a n titie s  o f  an tib a ry o n s , 
ex c ited  s ta te s  (resonances) a n d  m esons.

T h ere  are  q u a n ta , e lec tro n s, positro n s, n eu trin o s  a n d  a n tin e u tr in o s  o f 
b o th  so rts  in  com m ensurab le  q u a n titie s . C o n tra ry  to  th is , th e  n u m b er o f  
b a ry o n s  is sm all (1 0 “ 8 — 10_9 o f th e  m e n tio n e d  p artic les), th e  equ ilib rium
e+ -f- n p  -f- ve, e~ -f- p  ^  n +  ve is r a p id ly  e stab lish ed  so th a t  n/p =  
_  е-Ат-сыкт ^  j

D u rin g  th e  ex p ansion  a t  T  a=á 1 MeV, t esá 1 sec, th e  re a c tio n  ra te  is 
no lo n g er g rea t enough . The com position  1 6 %  N , 84%  P  is “ q u en ch ed ”  i.e . 
is n o t m uch  a lte re d  d u rin g  su b se q u e n t ex p an sio n  b y  th e  m e n tio n e d  reac tio n s. 
B y  su b seq u en t n u c lea r  reac tio n s o f  th e  ty p e

N  +  P  =  D +  y; P  +  D =  H e 3 +  y;

D +  D =. H e 3 +  N ; D +  D  =  T +  P ;  T  +  P  =  H e4 +  y;

H e3 +  N =  T  +  P , T +  D =  H e4 +  N ; H e 3 +  D =  H e 4 +  D

one shou ld  o b ta in  70%  H  an d  3 0 %  H e4 (by w e ig h t), w ith  10-4  -У 10~5 of D 
an d  H e3. Som e a s tro p h y sic is ts  c la im  th a t  o b se rv a tio n s  c o n firm  th is  com 
p o sitio n , b u t  th e re  are  rum ours o f  old s ta rs  w ith  a sm aller h e liu m  co n ten t.

T h e  in v e s tig a tio n  o f he lium  c o n te n t is v e r y  d ifficu lt, ow ing  to  its  h igh  
p o te n tia l  of io n iza tio n  an d  e x c ita tio n  from  g ro u n d  s ta te . A t le a s t  th e  obser
v a tio n s  do n o t d isp ro v e  th e  h o t m o d el, and  th e  ev idence from  th e  3° ra d ia tio n  
is o f  overw helm ing  im p o rtan ce .

4. “ R elic t”  th e rm al neu trinos a n d  th e ir  detection

N ea r th e  m o m e n t w hen  N  ^  P  eq u ilib riu m  is q uenched , th e  reaction  
e+ +  e~ ^  ve ve also becom es slow . I t  h a s  no  im m ed ia te  consequences
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~  3 • 1 0 -24 N  for tr itiu m -h e liu m  d e c a y  w here N  is th e  n u m b er o f  no rm al 
e lec trons.

O ne shou ld  sp ecu la te  on w h a t e ffec t re lic t n e u tr in o s  have o n  cosmic 
ra y s  or a rtif ic ia lly  acce le ra ted  p a rtic le s . The re lic t n eu trin o s  single o u t  th e  
fram e  o f reference  in  w h ich  th e  n e a rb y  galaxies a re  a t  re s t;  only in  th is  fram e 
th e y  a re  iso tro p ic  an d  w ith  E  ~  10-3  eV. In  th e  fram e  o f a re la tiv is tic  p a rtic le  
w ith  E p =  ô • MpC2; ô =  (1 —/32)~ i 2 th e  vv a p p e a r  as a g eg en stream , w ith  
E  ^  ô 8 • 10~3 eV, w ith  th e  d en sity  o f  th e  o rder o f n =  n0 Ô/2 a n d  effective 
a n g u la r  sp read  0  ~  <5_1. T he in c rease  of d e n s ity  is com p en sa ted  b y  the

* During the stay at Balaton, an interesting remark was made in a discussion with 
Ge b s h t e in : the mass of is known only to be smaller than 2 MeV by particle physics.

But cosmological evidence perhaps could put a much more stringent lim it, m (tv) <  
>  me/w0 =  5 KeV, because in the opposite case the density of the rest mass of v^ i>u would 
be too great, more than the allowed 2 =  4 -  1 0 -29.
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b ecau se  th e  te m p e ra tu re  o f  in d e p e n d e n t ve, ve and  e+, e~y  drops in  th e  sam e 
te m p o  w h en  e+ , e~ a re  re la tiv is tic , a t  T  >  0 ,5M aV . B u t  la te r  w hen e± d isa p 
p e a rs  a t  T  <( m  • c2, th e ir  en e rg y  is p u m p e d  in to  y, th e  d ro p  o f y - te m p e ra tu re  is

j 4 b 3
re ta rd e d , co m p ared  w ith  th e  d rop  of v -tem p era tu re . A s a re su lt now T ^  =  —-

l я
Ту. T o d a y , w hen  th e  T Y =  3°, th e  th e o ry  p red ic ts  t h a t  th e re  shall be an  e q u ilib 
r iu m  d is tr ib u tio n  of veve a n d  also o f VpVM co rrespond ing  b o th  to  th e  te m p e ra tu re  
Ту =  2° К .*  T h e ir energy  d e n s ity  is of th e  o rder o f 1,5 • 10~13 e rg /cm 3 == 0,1 
eV /cm 3, th e  m ean  energy  is E  5 • 10~4 eV, th e  n u m b e r d e n s ity  n ^  200 1/cm 3.

T h e  ex p e rim en ta l in v e s tig a tio n  o f  these  n e u tr in o s  is o f th e  u tm o s t 
im p o rta n c e  as a d irec t p ro o f  o f th e  v e ry  basis of m o d e rn  cosm ology. B u t  th e  
ta s k  is im m en se ly  d iff icu lt. T he v a r io u s  m ethods fo r  in v es tig a tin g  cosm ic 
n e u tr in o s  is rev iew ed in  th e  re p o rt o f G . Ma rx  a t  th e  B a la to n  school. So we 
m ak e  o n ly  a few rem ark s .

T h e  energy  f lu x  o f so la r n e u tr in o s  is e s tim a ted  to  be 5%  o f th e  to ta l  
en erg y  f lu x  (106 erg/cm 2 sec) i.e. 5 • 104 erg/cm 2 sec; i t  g ives th e  energy  d en sity  
5 • 104 c_1 =  10~6 erg /cm 3. B u t th e  en e rg y  of so lar n e u tr in o s  is o f th e  order 
o f  2 MeV so th e ir  n u m b e r d en sity  a t  th e  E a r th  is n  ~  1 cm -3 . A s is well 
k n o w n , th e re  are feasib le p ro jec ts  fo r d e tec tin g  so la r n eu trions.

T h e  m ain  d ifficu lty  in  ou r case a rises  as a re su lt o f  th e  very  sm all energy 
o f  cosm ological (“ re lic t” ) n eu trin o s .

I t  h a s  been  p ro p o sed  to  d e te rm in e  th e  effects n e a r  th e  e n d p o in t E 0 of 
ß  sp e c tru m  in  tr i t iu m  d ecay . A t E  E 0 — kT ,  w here T  =  2°, k T  =  2 • 1 0~ 4eV, 
th e  e le c tro n  n u m b e r shall be  h a lf  as sm a ll com pared  w ith  th e  n o rm a l th e o ry  
(K u rie  p lo t) . B u t i t  ap p ea rs  now  a g ro u p  of e lectrons w ith  energy h ig h e r  th a n  
E 0 from  v T  — H e3 e~. T h e ir  E  — E 0 ad 6 kT  =  1 0~ 3 th e ir  n u m b er is th e  same

Í T  \3as th e  n u m b e r  of m issing  e lec trons fro m  th e  o th e r side o f  E 0, A N  =  3 — -  N
l E n
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re la tiv is tic  tim e  d ila ta tio n , w hen  one ca lcu la tes  th e  n u m b e r  of in te ra c tio n s  
p e r u n it  le n g th  o f p a th  in  th e  la b o ra to ry  fram e. The non-specific  sc a tte r in g s  
on n eu tr in o s  are  fa r  sm alle r th a n  th e  s im ila r  sc a tte rin g  o f  th e  p a r t ic le  on 
th e rm a l e lec tro m ag n etic  q u a n ta . F o r th e  specific re a c tio n  P  v =  N  -f- e+ , 
one m u st h a v e  P  w ith  E  =  1018 eV in la b o ra to ry  fram e, a n d  still th e  e q u ilib 
riu m  n e u tro n  c o n te n t is o n ly  1018 of th e  p ro to n s, i f  o n ly  in te ra c tio n  w ith  
re lic t n eu tr in o s  is considered . T he e ffec t o f th e  sm aller n u m b er o f  m o re  
energetic  s te lla r  n eu trin o s is overw helm ing .

P e rh a p s  th e  collective coheren t effec ts are m ore  prom ising : fo r  a 
n eu tr in o  w ith  E  ^  10“~3 eV, th e  w av e len g th  Я ш  0,1 cm , all th e  e lec trons of a 
m acroscopic vo lum e s c a tte r  in  th e  sam e p h ase , and  th e  v in te ra c tio n  w ith  th e  
nuclei is o f second  o rder a n d  does no t co m p en sa te  th e  e lec tro n s. T hese effec ts  
a re  b e s t described  b y  th e  n o tio n  of th e  re frac tiv e  in d ex  o f o rd in a ry  m a t te r  
fo r n eu tr in o s .

L e t us s ta r t  from  th e  in te ra c tio n  H a m ilto n ian , H mt =  gtyeOVeWvOxp, 
(a f te r  F ie rz  tra n sfo rm a tio n ) single o u t О =  y4 and su m  th e  c o n tr ib u tio n  of 
all e lectrons у>еу,яре =  ne w here  ne th e  e lec tro n  density , c m -3 . So th e  en e rg y  
o f a n e u tr in o  w ith  given im pu lse  p  =  E J c  is a lte red  in  m a t te r  b y  th e  a m o u n t 
A E  =  gne. I t  corresponds to  th e  in d ex  o f  re frac tion  rj su ch  th a t :

л TP
Afj =  rj — 1 =  — - =  ~  10-9 fo r n„ =  6 • 1024 (gold) a n d  E 0 =  1 0 - 3eY.

E 0 e 0

T he sign  o f (rj — 1) is opposite  fo r v a n d  v . P e rh a p s  one should  s e a rc h  
fo r th e  low en erg y  ex c ita tio n s  b y  n e u tr in o s  in  a solid cooled dow n to  T  1° K . 
F o r ph o n o n  ex c ita tio n  i t  is th e  m o m e n tu m  o f n eu trin o s  w hich is lim itin g  
m ore th a n  th e ir  energy.

F in a lly , on a un ifo rm ly  m oving m acroscop ic  p a rtic le  o f г ~  Я ~  0,1 cm  
a force of th e  ty p e  of f r ic tio n  is ex p ec ted .

F  =  -  e„ r2 —  (A n f , 
c

so th a t  th e  in v erse  tim e  o f dece le ra tio n  o f  th e  order

1
T

F
m

=  3 - 1 0  42 sec 1
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(— ~  p, because  A n ^  q, as i t  m ust b e  fo r coheren t effects . T h e  sam e
l r
tim e t ch a rac te rizes  th e  o n se t o f B ro w n ian  m otion , co rrespond ing  to  2°, o f
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th e  p a rtic le  d u e  solely to  th e  in te ra c tio n  w ith  re lic t n e u tr in o s . O bv iously , 
th e s e  effects a re  q u ite  u n o b se rv ab le .

5. Q uarks in  th e  h o t  model

T lq  f e s
kT 3 /2 me
me2 n

Q—mc2 jkT.

B u t th e n  com es a m o m en t w hen  th e  re a c tio n  ra te  o f th e  e s tab lish m en t o f 
eq u ilib riu m  is to o  sm all, th e  rem ain ing  q a n d  q are “ q u e n c h e d ” . T h e ir c o n 
c e n tra tio n  is fu r th e r  d im in ish ed  only b y  th e  general ex p an sio n , th e  ra t io  o f 
qlX, q/v or q/P, N  (sho rt fo r  n q/n x . . .) te n d s  to  a fin ite  l im it. The q u a rk s  are  
s tro n g ly  in te ra c tin g  an d  th e  sm all ra te  o f  th e  reac tio n s lead ing  to  th e  d is 
ap p ea ran ce  o f  q u a rk s  is d u e  to  th e  fa c t t h a t  one m u st h a v e  alw ays tw o  q o r 
q an d  q fo r th e  reac tio n  q -f- q =  B  -f- q (B  fo r  bary o n s) o r q -\- q =  en e rg y . 
So every  o n e  g o r  g is s tab le , b u t  on th e  o th e r  side, tr ip le  en co u n te rs  3 g =  В  +  
-f- energy , 3 q =  В  en e rg y  a re  n o t n ecessa ry .

T he in v e rse  tim e  o f b im o lecu la r re a c tio n  —  =  or vnq , w here a is cross-
T

sec tio n , V v e lo c ity , n q c o n c e n tra tio n . T h is te n d s  to  zero w ith  n q ->  0 .

So th e re  ex is ts  an  nq w h ich  m akes —  <1 -----, b e in g  th e  h y d ro d y n a m ic

tim e  o f ex p an sio n . T he co rrespond ing  nq/ P  is conserved  afte rw ards (u p  to  
a n u m erica l coeffic ien t) b ecau se  during  th e  expansion

d (nq/P)
dt

=  - o v  { n J P f P

a n d  th e  j  Pdt  =  j t3 2 dt does n o t  diverge o n  th e  t =  o o  side . W h a t is im p o r ta n t
'h

is th a t  th e  co n d itio n  o f q u en ch in g  singles o u t  a de fin ite  nq — n x .
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L e t us a ssu m e  th a t  q u a rk s  ex ist as n o rm a l h e a v y  (m ) pa rtic les  a n d
• 2 _ 2 I

a n tip a r tic le s  w ith  one so rt fo r  exam ple q w ith  z =  +  -— e w ith  q w ith  — —  e
3 3

s ta b le  a g a in s t w eak  in te ra c tio n . A t th e  v e ry  b eg inn ing , w hen k T  >  me2 
th e y  w ere as n u m ero u s as a n y  o th e r p a r tic le s . D uring  cooling dow n th e ir  
eq u ilib riu m  c o n c e n tra tio n  d ro p s:
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T h e equ ilib rium  nq depends ex p o n e n tia lly  on th e  m ass of th e  q u a rk . 
B u t if  n q =  n 1 is defined , i t  m eans t h a t  th e  m o m en t of q u en ch in g  t1 a n d  th e  
c h a ra c te r is tic  te m p e ra tu re  Т г a d ju s t  th em se lv es  to  th e  m ass M .  So th e  re su ltin g  
n 1 does n o t  depend  ex p o n en tia lly  on M .  T h e  h y d ro d y n a m ic  tim e  tx ~  1/J/G 
because  q ^  — 1 /Gt2, t =  VG/q• B y  th e  q u en ch in g  co n d ition

~  ~  ]]G.
h

I f  or- (by  th e  o rd e r of m a g n itu d e ), th e n  b y  d im ension  a rg u m e n t

N 1

Gm2
~h<?

û î IO -1»,

w here is th e  n u m b er d e n s ity  of all o th e r  k inds of p a r tic le s  (y, v, . . .) a t  
th e  m o m en t of quenching .

B u t th e  n u m b er d e n s ity  o f b a ry o n s  rem ain in g  a f te r  cooling is a lso  a 
sm all p a r t  o f all k inds of p a rtic le s , o f th e  o rd e r of 10~9.

So th e  m odel p re d ic ts  t h a t  p r im o rd ia l m a tte r  c o n ta in s  some 1 0 _1° 
q u a rk s  p e r  b a ry o n  ! O f course  w e h av e  lo s t  h ere  lo g a rith m ic  fac to rs o f  th e  
ty p e  (ln Gm2/Sc)_1 ш  0,01 b u t  th e  re su lt is s till im pressive , because, fo r  
exam ple , th e  ra tio  of gold to  h y d ro g en  is now  of th e  o rd e r  o f 10-"12.

T he re su lt a b o u t q u a rk s  quench ing  is due  to  Ok u n , P ik e l n e r  a n d  th e  
a u th o r . O ne m u s t acknow ledge th a t  a t th e  t im e  o f th e ir  w o rk , th e  h o t m odel 
h a d  n o t been  p ro v ed  co rrec t b y  ra d io a s tro n o m e rs , so in  th e  orig inal p a p e r  
th e re  are  tw o  ex trem e  figu res — fo r th e  h o t  an d  fo r th e  cold  m odel. N ow  th e  
h ig h er one (for th e  h o t m odel) shou ld  b e  ta k e n .

T h e  b u rn in g  o u t o f q u a rk s  in  s ta rs  is n o t  v e ry  g re a t (see th e  o rig in a l 
p ap ers). T he la s t  w ork  b y  D omokos an d  in d e p e n d e n tly  d o n e  b y  F e in b e r g  
a n d  al. h as  show n th a t  th e  q u a rk  p ro d u c tio n  in  cosm ic r a y  en co u n ters  is 
sm all. So th e  search  for re lic t cosm ological q u a rk s  appears to  b e  m ore ap p ea lin g  
— if  q u a rk s  ex is t a t  all, o f course !

6. The charge  — q u asi-sy m m etry  o f th e  U niverse

T here  are  no signs o f charge  sy m m e try  in  th e  co n te m p o ra ry  s ta te  o f 
th e  U niverse . T he a t te m p ts  a t  a th e o ry  o f  ch arg e  sy m m etrica l U niverse w ith  
sp o n tan eo u s d iv ision  of m a t te r  an d  a n t im a t te r  are  a rtif ic ia l and  n o t in  
acco rdance  w ith  general cosm ological th e o ry .
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In  m y  o p in io n  th is  a sy m m e try  o f state (p reva lence  o f “ m a t te r ”  o v er 
a n tim a tte r )  does n o t in  a n y  w a y  c o n tra d ic t th e  know n sy m m e try  o f properties 
o f p a rtic le s  a n d  a n tip a r tic le s .

B u t in  th e  h o t m odel o f  th e  U n iv e rse  th e re  is a n  en igm a: ea rly  a t  
T  ~  MpC2, th e re  w ere a n tib a ry o n s , so t h a t  a p p ro x im a te ly

B /B  =  1 +  10 “ 8.

T h e  early  s ta te  w as almost charge  sy m m e tric a l, h u t  th e  sm all d e p a rtu re  (of 
th e  o rd er o f  10 ~ 8) from  fu ll sy m m etry  is o f  th e  u tm o s t  im p o rtan ce  fo r th e  
p re se n t s ta te . S uch  a s i tu a tio n  seems v e ry  s trange .

P e rh a p s  m ore  ap p ea lin g  is th e  a s su m p tio n  t h a t  th e re  w as a p rev io u s  
h is to ry  a t  t < i  0, before th e  singu lar s ta te  o f t — 0, q =  со , T  =  с о . O ne 
cou ld  assu m e t h a t  a t  t <  0 , th e re  w as n o  charge sy m m e try  ju s t  as now . 
N o rm al m a t te r  p rev a iled . B y  som e n u c le a r  reac tio n s a n d  o th e r p rocesses 
th e  m a tte r  w as  h ea ted . D u r in g  th e  im p lo sio n  a t  t 0 th e  p a irs  В, В  w ere  
b o rn  q u ite  n a tu ra l ly ,  th e  excess of В  o v e r  В  rem a in in g . T his excess also 
rem ain s w h en  a t  t =  0 th e  im plosion  a t  t <  0 is re v e rse d  to  th e  ex p an sio n  
a t  t >  0.

Such  a  cosm ological th e o ry  has re c e n tly  been  e lab o ra ted .
T he d iff ic u lt p o in t is o f  course n e a r  t =  0 w here a t  h ig h  densities g en era l 

re la t iv i ty  is in tim a te ly  t ie d  w ith  q u a n tu m  m echanics.
I t  is th e  b e a u tifu l w o rk  o f R oland  E ötvös w hich  is th e  basis of A l b e r t  

E in s t e in ’s g en era l re la t iv i ty  and  th ro u g h  th is  o f m o d e rn  cosm ology.
I t  is a  g re a t h o n o u r to  m ake th is  re p o r t  to  a conference  held  b y  th e  

R o lan d  E ö tv ö s  Society . B u t  i t  is also a t r ib u te  to  th e  m em ory  o f th e  g re a t 
H u n g a ria n  P h y s ic is t.
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ГОРЛЧА.Я МЭЦЗЛЬ ВСЕЛЕННОЙ И ЭЛЕМЕНТАРНЫЕ ЧАСТИЦЫ
я. Б . ЗЕ Л Ь Д О В И Ч  

Р е з ю м е

Новые радиоастрономические наблюдения дали поддержку горячей модели Все
ленной. Обсуждены следствия этой модели, и, в частности, дается оценка плотности 
числа кварков.
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NEUTRINOS, GRAVITY AND COSMOLOGY

By

G . M a r x

IN ST IT U T E  FOK TH EO R ET IC A L PHYSICS, RO LA ND  EÖTVÖS U N IV E R S IT Y , BUDAPEST

The observation of the soft cosmic neutrino and neutretto background, predicted by 
different cosmological theories, may be observed efficiently only w ith  the help of reactions 
having no energy threshold. A new method is suggested making use of local gravitational 
fields.

T he m ean  free p a th  o f  n eu trin o s  a n d  n e u tre tto s  a m o u n ts  to  lig h t y ea rs  
in  condensed  m a tte r , an d  1030 lig h t years in  th e  cosmic gas filling  th e  U n iv e rse . 
T h is has th e  consequence t h a t  th e  n e u tr in o  ra d ia tio n  o f  ex tra g a la c tic  o rig in  
is a ffec ted  n e ith e r  b y  tim e  n o r d is tan ce , so i t  c o n ta in s  v ita l  in fo rm a tio n  
concern ing  th e  U niverse  as a w hole. I t  w as P ontecorvo  a n d  Sm o r o d in sk y  
who f ir s t  em phasized  th e  cosm ological im p o rta n c e  of th e  o b se rv a tio n  o f  th e  
cosm ic n eu tr in o  b ack g ro u n d  [1].

T h e  v a rio u s cosm ological theo ries p re d ic t  d ifferen t n e u tr in o  and  n e u tr e t to  
fluxes. F o r  ex am p le  in  th e  s te a d y  s ta te  th e o ry , w here n e u tro n s  are c re a te d  
locally  a t  re s t, from  th e ir  decay  a f lu x  of in te n s i ty  I  =  106 V /cm 2s is ex p e c te d , 
co rrespond ing  to  an  av e rag e  m ass d e n s ity  q =  10~31 g c m -3 . T he en e rg y  
sp ec tru m  has its  m ax im u m  ev id en tly  a t  0,78 MeV, b u t  as a consequence  
of th e  H u b b le  sh ift on av erag e  43 %  of th e  en erg y  is lo st, so th e  m ean n e u tr in o  
energy  is w ell below  0,5 MeV. T h e  d iffe ren t H o t U n iv e rse  theories p re d ic t  
h ig h er or low er densities an d  d iffe ren t ty p e s  of n e u tr in o s . F o r ex am p le , 
Zeld o v ic h  assum ed  a th e rm a l ra d ia tio n , co rrespond ing  to  T  — 2°K  n e u tr in o  
te m p e ra tu re , in d ica ted  b y  th e  observed  th e rm a l e lec tro m ag n etic  ra d ia tio n  
o f T  =  3°K  in  th e  long w ave le n g th  rad io  reg ion  [2]. This m e a n s  £ =  10_35g c m -3 
b o th  fo r ve, Ve an d  for vß, Vß i f  th e  re s t m asses are v a n ish in g . In  th e  case  of 
a n e u tre t to  re s t m ass o f m(vß) ^  m{e) fro m  T  =  2 °K  w e should  h a v e  a 
n e u tre tto  m ass d en sity  q =  5 • 10~30 g c m -3 . A  decision am ong  th e  v a r io u s  
theories w ould  be m ade possib le  b y  observ in g  th e  so ft n eu tr in o s .

T he classical m e th o d  o f n eu trin o  d e te c tio n  is g iv en  b y  th e  in d u c e d  ß 
decay :

vc
K
V
£&

' +  A z +  E - + A z+1 +
eT
A (1)
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H e re  th e  e m itte d  charged  le p to n s  can be  co u n ted . T he c h a rg e d  lep to n s a re  
m assiv e , so th e  reac tions h a v e  a ce rta in  E min energy th re sh o ld , being o f th e  
o rd e r  of MeV fo r n eu trin o s , 100 MeV fo r n e u tre tto s . As m en tio n ed  ab o v e , 
th e  energy  o f  th e  e x tra g a la c tic  n eu trin o s  h a s  been d e g rad ed  fa r  below  th e se  
th re sh o ld s  b e c a u se  of th e  H u b b le  sh ift, so th is  classical m e th o d  m ay be  u sefu l 
in  th e  case o f  n e a rb y  sources (fo r a tm o sp h e ric  an d  so lar n e u tr in o s , w here th e  
en e rg y  E  is covered by the kinetic energy o f  the incoming neutrinos) ,  b u t  n o t  
in  cosm ological in v es tig a tio n s . I n  th e  l a t t e r  case th e  excess energy E  m u s t 
b e  supp lied  b y  th e  o th e r p a r tn e r  of th e  re a c tio n .

S. W e in b e r g  [3] su g g ested  th e  u se  o f  rad io ac tiv e  nucle i in s te a d  of 
s ta b le  ones as ta rg e t  p a r tic le s . In  th is  case  E  is liberated from  the binding 
energy o f  the nucleus. A n a ly z in g  th e  o b se rv ed  sp ec tru m  o f  H 3 W e in b e r g  
d ed u ced  th e  e s tim a tio n

p F <  103 eV/с fo r  ve ,

w h ere  p F m e a n s  th e  F e rm i m o m en tu m  o f  th e  n eu trin o  g as , assum ed  to  be 
d eg en era te . (T h is  co rresponds to  a d e n s ity  lim it q <  10 -10 g cm -3 .)

T he v e ry  sam e idea  [4] app lied  to  th e  reaction

gives
VF +  e+ +  vc

p F <i 5 MeV/с fo r  Vp .

A n o th e r  id ea , due o rig in a lly  to  B e r n s t e in , F e in b e r g  and  R u d e r - 
man  [5] is to support the energy E  needed fo r  the reaction (1) in  the form o f  the 
kinetic energy o f  the target particles. B e r n s t e in  e t al. a rg u e d  th a t  th e  m ean  
free  p a th  o f  v e ry  energetic  p ro to n s  w ou ld  b e  sh o rten ed  b y  th e  p resence  of 
a n  in ten s iv e  n e u tr in o  sea as a  consequence o f inelastic  collision

V -f- p  6 -ч>- n  +  e •

F ro m  ev idence  o b ta in ed  b y  th e  B ro o k h av en  m ach ine  we h a v e  p F <C 10s eV b o th  
fo r  n eu tr in o s  a n d  n e u tre tto s . I f  we knew  t h a t  th e  m ost en e rg e tic  cosm ic ra y  
p ro to n s  cam e fro m  o u tside  th e  G alaxy , w e shou ld  he ab le  to  push  th e  u p p e r  
lim it dow n to

P f  <  1 e V ,

co rresp o n d in g  to  q <  10 -22 g cm -3 , so m ew h at a p p ro a c h in g  th e  d e n s ity  
va lu es  o f cosm ological in te re s t .  The o rig in  o f cosmic ra d ia t io n  is, h ow ever, 
n o t  co m p le te ly  c larified , so a d ire c t search  fo r  th e  energetic  n e u tr in o s , p ro d u c e d

Acta Physica Academiae Scientiarum Hungaricae 22, 1967



NEUTRINOS, GRAVITY AND COSMOLOGY 6 1

from  soft ones b y  collision h as  been  sugg ested  [6].

~ so f t  _J_ ^energetic  ^ en erg e tic  _j_ g . ^ en erg e tic  - + p  _|_ e — ^ y e n e rg e t ic ^

T his m echan ism  is ab le to  tra n s fo rm  an in d é te c ta b le  so ft n e u tre t to  in to  an  
energe tic  n e u tr in o . T he re c e n t S o u th  A frican  ex p erim en ts  o f R e in e s  and  
h is co-w orkers [7] h av e  p u t  an  u p p e r lim it on  th e  n e u tre t to  f lu x  in  th e  100 
MeV region. C om paring  th is  v a lu e  w ith  th e  in te n s ity  o f  th e  cosm ic p ro to n  
ra d ia tio n , we h a v e  reach ed  th e  e s tim a tio n  p p  <  103 eV. T h e  accu racy  o f 
th is  d irec t m e th o d  m ay  be  im p ro v ed  b y  th e  im p ro v em en t o f th e  n e u tr in o  
ex p erim en ts  w o rk ing  in  th e  M eV —GeV d o m a in  in  th e  com ing  years.

The m ost p rom ising  d ev e lo p m en t in  th e  o b se rv a tio n a l n e u tr in o  cosm ology 
w ould  be affo rded  b y  th e  use  o f a th resh o ld less  in te ra c tio n  in s tead  o f th e  
classical w eak  tr a n s it io n  (1). I n  [8] th e  possib le  im p o rtan ce  o f  loca l g ra v ita tio n 
al fields has b een  em phasised . L e t us now  risk  a m ore q u a n ti ta t iv e  e s t i
m a tio n .

In  w eak  g ra v ity  a p p ro x im a tio n  th e  m e tr ic  ten so r can  be  given as

2 2
g i i  =  1 +  —  <P (X) > goo =  1 ------ - <P ( x )  , g / jv  ~  0 fo r f l  =£= V .

cs

H ere  <p(x) is th e  ab so lu te  v a lu e  of th e  local N ew ton ian  p o te n tia l ,  p ro d u ced  
e.g. b y  c lu ste r o f  s ta rs  or ga lax ies. <p(x) ->  0 a t  large d is tan ces . W h a t w ill 
be  th e  equ ilib riu m  d is tr ib u tio n  of a n e u tr in o  gas in  th is  g eo m e try ?  A s a 
consequence o f th e  v an ish in g  rest-m ass of n e u tr in o s , we h a v e  fo r th e  n e u tr in o  
w ave n u m b er

K  g'1" =  0 . к  = 1 +  ~^'РЫ) (2)

N ow , th e  n u m b e r of n e u tr in o s  in  a th ree  d im en sio n a l vo lu m e V  is g iven b y

N  =
dx1 dx2 dx3 d k l d k2 dk3 

(2л)3
(3)

w here , e.g ., in  th e  case o f co m p le te  degeneracy

f l h \  — Í 1 fo r < k p  ’
J[ o) -  (0 for k0 > k F . '

B y  m aking  use o f  th e  co n n ec tio n  (2), we in te g ra te  th e  ex p ressio n  (3) w ith  
re sp ec t to  k,  w ith  th e  re su lt

d N  =
4tt

(2л)3
kb 1 +  —  9>(x)/•2

d x 1 dx2 dx3.
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(T erm s o f h ig h e r o rd e r in  <p/c2 are n eg lec ted .)  T his show s th a t  in  th e  v ic in ity  
o f g ra v ita tin g  bodies th e  n u m b e r d e n s ity  o f  n eu trin o s  is increased , th e  re la tiv e  
excess o f n e u tr in o  d e n s ity  being  p ro p o rtio n a l to  epic1. E v id e n tly  th e  sam e is 
t ru e  fo r en erg y  an d  m ass d en sity . T h e  n e u tr in o  en erg y  p re sen t in  a given 
vo lum e V  am o u n ts  to

dx1 dx2 dx3 dk1 dk., dks
(2л)3

V

w here th e  n e u tr in o  energy  p°  is g iven  b y

so, fin a lly
4jt

n0 — „00 r.P --  Ő K0 >

8
dx1 dx2 dx3 ,

w hich co rresponds to  a m ass d is tr ib u tio n

e W  =  Qoo

Q00 is th e  m ass d e n s ity  o f th e  u n p e r tu rb e d  d eg en era te  n e u tr in o  sea a t  la rg e  
d is tan ces  from  th e  g ra v ita tin g  b o d y . T h e  m ass d e n s ity  excess due to  g ra v i
ta t io n a l  p o la risa tio n  o f  n e a rb y  m asses is g iven  b y

ÔQ Ы) =  —  9>(x)
c2

in  f ir s t  a p p ro x im a tio n  in  th e  c o n s ta n t o f  g ra v ity  к . T h is m ass excess am plifies 
th e  g ra v ita tio n a l s ta b ili ty  o f th e  c lu s te r . L e t th e  m ass o f  th e  c lu s te r o f  s ta rs  
o r ga lax ies be  M ,  its  ra d iu s  R,  th e  s te lla r  m ass d e n s ity  q# a p p ro x im a te d  b y  
a c o n s ta n t, so th e  p o te n tia l  cp̂  can  b e  ta k e n  in  N e w to n ia n  a p p ro x im a tio n ,

9*  (r) =
у. M  
R

( S-1 for £ >  1 ,

I Y “ T  ?  for £ <  1 ,

w here  £ =  r/JR. T he n e u tr in o  d e n s ity  excess in  f i r s t  a p p ro x im a tio n  tu rn s  
o u t to  be

ô Qv(r) =  ^re«.<P* (r) сг
an d  its  p o te n tia l
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. 24л x2 M R
<Pv (x) =  -------c2

D_
R

— -  —  £2 +  —  f 4 
9 4 4

fo r I  <  1 .

H ere  D  is th e  u p p e r  lim it o f ra d ia l  in te g ra tio n , so m eth ing  like th e  m ain  
se p a ra tio n  of th e  c lu s te rs . T he o v e r all p o te n tia l  energy o f  th e  c lu ste r is 
e v id e n tly  given b y  th e  fo rm ula

te* +<5p„) (9?» + (p v) d 3x ,

w hich  can  be e v a lu a te d , le t us say , up  to  seco n d  o rd er in  th e  c o n s ta n t of 
g ra v ity , x/c2. F ro m  th e  p o in t of v iew  o f th e  s ta b il i ty  o f th e  c lu s te r , th e  follow ing 
exp ression  is o f im p o rtan ce :

d E pot
dR

3 x M 2
J  R 2

1 +  125tt —  g .  R 2 . 
c2

W e see th a t  th e  effec tive  stab iliz in g  m ass is g iven  b y

M eff - M 1 -f- 62,5л: —  Qœ R 2 +  0  ̂ ^

E .g . th e  effective m ass is doub led  b y  th e  p re sen ce  of th e  n e u tr in o  sea if  th e  
o v era ll n e u tr in o  d e n s ity  is of th e  o rd e r

t; co •
62,5 x R 2

I t  can  b e  seen t h a t  th e  ro le o f g ra v ita tio n a l p o la risa tio n (th e  g ra v ita tio n a l 
feed b ack  com ing fro m  cosm ic n e u tr in o s)  is co m p le te ly  neglig ib le  in  th e  case 
of s ta rs , even fo r ga lax ies, b u t  fo r  a g ian t c lu s te r  o f galax ies a m o d era te  
n e u tr in o  d en sity  m a y  re su lt in  a considerab le  s tab iliz in g  effec t. L e t us p u t  
in  as c h a ra c te ris tic  v a lu e  R  =  108 lig h t y ea rs ; fo r  such  a g a la x y  c lu ste r a 
b a c k g ro u n d  d en sity  p_ =  10~2e g c m -3  m ay  b e  o f im p o rtan ce . Ow ing to  
th e  p io n eerin g  w orks o f  A m ba rtsu m ia n  and  d e  V a n c o u l e u r s , th e  em pirical 
s tu d y  o f  s ta b ility  p ro b lem s is p rog ressing , w ith  v e ry  p rom ising  p re lim in a ry  
resu lts . So th e  o b se rv a tio n  of in v isib le  m ass den sitie s  in  space m a y  be  possible 
b y  ta k in g  th e  effects o f g ra v ita tio n a l p o la risa tio n  in to  acco u n t.

I f  w e p u t  R  th e  rad iu s  of th e  U niverse , R  ^  1010 lig h t y e a rs , we o b ta in  
g ^  10~30 g cm -3  as th e  c ritica l n eu trin o  d e n s ity  w hich m a y  show  itse lf  
in  th e  g ra v ita tio n a l b eh av io u r o f th e  M etag a lax y . I n  fac t, in  th e  fram ew ork
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of re la tiv is tic  cosm ologies, b y  a ssu m in g  a v an ish in g  cosm ological co n stan t*  
a n d  b y  assum ing  h o m o g en e ity  a n d  iso tro p y , P onteco rv o  and  Sm o r o d in sk y  
c o n c lu d ed  th a t  an  average  m ass d e n s ity  h ig h er th a n  2 • 10~29 g cm -3  is h a rd ly  
possib le  acco rd ing  to  th e  a s tro n o m ic a l ev idence [1].

I n  conclusion , i t  can  be  s ta te d  t h a t  a cosm ic n e u tr in o  d e n s ity  h igher 
th a n  th e  o p tica lly  observed  m ass d e n s ity , m ay  show  itse lf  b y  its  g ra v ita tio n a l 
effec ts , if  su ff ic ien tly  so p h is tic a te d  as tro n o m ica l m e th o d s  are used .

If , how ever, th e  a c tu a l n e u tr in o  d e n s ity  tu rn s  o u t to  be low er th a n  th e  
o p tic a l recogn isab le  m ass d e n s ity  o r  th e  e lec tro m ag n etic  energy  d e n s ity  th e  
g ra v ita tio n a l m e th o d  c a n n o t b e  ap p lied . One h as  to  go b a c k  to  th e  selective 
a to m -p h y s ic a l m e th o d s . T o -d a y  one c a n n o t say  how  i t  w ould  be possib le  to  
in c rea se  th e  a to m -p h y sica l d e te c tio n  se n s itiv ity  b y  te n  or tw e n ty  o rders of 
m a g n itu d e . As can  b e  seen th e  n u m b e r  of ideas is g row ing  fa s t in  t im e  in  th is 
ro m a n tic  fie ld  o f a s tro p h y sic s , b u t  s till m ore so p h is tic a te d  concepts a re  needed 
if  w e a re  in te re s te d  in  h e a rin g  th e  b a c k g ro u n d  m usic  o f  th e  B ig D a w n  of our 
U n iv e rse , w hich  is h i-fi reco rd ed  in  th e  cosm ic n e u tr in o  fluxes.
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НЕЙТРИНО, ТЯГОТЕНИЕ И КОСМОЛОГИЯ
Г. МАРКС

Р е з ю м е

Фон мягких космических нейтрино и нейтретто, предсказываемый разными космо
логическими теориями, может быть эффективно наблюден только при помощи реакций, 
не имеющих энергетического порога. Предложен новый метод, связанный с локальными 
гравитационными полями.

* It should be noted, however, that the vacuum expectation value of the energy moment
um tensor operator may give rise just to a term < 0  | /';Ly | 0 >  =  because of the Loreutz 
sym m etry of the vacuum state.
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MEASUREMENT OF THE TIME-REVERSAL 
PARAMETER IN THE DECAY^OF THE A  PARTICLE

B y

G .  C O N F O R T O

CERN , G ENEVA, SW ITZERLA N D

A bstract

A h igh  se n s itiv ity  ex p e rim en t to  m easure th e  tim e-rev ersa l p a ra m e te r  in  
la m b d a  decay  in  progress a t  th e  C E R N  p ro to n  sy n c h ro tro n  is described . P re 
lim in a ry  resu lts  a re  p resen ted .

ИЗМЕРЕНИЕ ПАРАМЕТРА ОБРАЩЕНИЯ ВРЕМЕНИ В РАСПАДЕ Л-ЧАСТИЦЫ
дж . к о н ф о р т о  

Р е з ю м е

Описывается высокочувствительный эксперимент по измерению параметра обра
щения времени на протонном синкротроне CERN. Даны предварительные результаты.
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ON THE LEPTONIC DECAYS OF HADRONS

By

N . B r e n e , C. Cronström  a n d  L .  V e j e

N IE L S  B O H R  IN S T IT U T E , C O PE N H A G E N , D EN M A R K  

a n d

M. R o o s

CERN, G EN EV A, SW ITZERLA N D

Abstract

T h e e x p e rim e n ta l d a ta  on lep to n ic  decays o f b a ry o n s  h av e  b e e n  reexa
m in ed  in  th e  lig h t o f a tw o-ang le  C ab ibbo  th e o ry , w here  th e  tw o  angles, 0 V  
a n d  &A are c h a ra c te r is tic  o f th e  v e c to r  an d  ax ia l v e c to r  b a ry o n  cu rren ts , 
re sp ec tiv e ly . W ith  c e r ta in  a ssu m p tio n s  a b o u t th e  en erg y  d ependence  of th e  
fo rm  fac to rs  in  th e  v e c to r  (K e3) a n d  ax ia l v e c to r  {Kß2, я^2) decays o f  m esons, 
i t  can  be show n t h a t  th e  angles 0 V an d  0 a  d e riv ed  from  b a ry o n  decays are 
c o m p a tib le  w ith  th e  co rresp o n d in g  angles d eriv ed  fro m  m eson d ecay s. T here 
is no  d isc rep an cy  b e tw een  th e  in fo rm a tio n  from  h y p e ro n  an d  m eson  decays 
a n d  th e  in fo rm a tio n  from  th e  supera llo w ed  n u c lea r b e ta  decays (O 14, Cl34, . . . ) .  
F ro m  a f i t  o f a ll d a ta  on lep to n ic  decays o f h a d ro n s  we o b ta in  th e  values

0 V =  0,212 ±  0,004, 0 a  =  0,268 ±  0,001, a  =  0,665 ±  0 ,018 ,

w h ere  th e  p a ra m e te r  oc defines th e  re la tiv e  c o n te n t o f D  coupling in  th e  baryon ic  
a x ia l v ec to r  c u rre n t.

О ЛЕПТОННЫХ РАСПАДАХ АДРОНОВ
Н . Б Р Е Н Е ,  Ц . К Р О Н Ш Т Р Е М , Л .  В Е Й Е  и  М . Р У У С

Р е з ю м е

Пересмотрены экспериментальные данные по лептонным распадам барионов с 
точки зрения двухугловой теории Кабиббо, в которой два угла &v и 0 А характеризуют 
соответственно векторный и аксильный ток барионов. При помощи некоторых пред
положений относительно зависимости формфакторов от энергии в векторных (К ез) и 
аксиальвекторных (К ^ , ^ 2) распадах мезонов можно показать, что 0 У и ©А, полученные 
из барионных распадов, сравнимы с соответственными углами в мезонных распадах. Нет 
противоречий между информациями о гиперонных и мезонных распадах и данными о 
сверхразрешенных ядерных /?-распадах (О14, С134, .. ). Из всех данных касающихся леп- 
тонных распадов адронов полученные значения

в у  =  0,212 ±  0,004, в  а =  0,268 ±  0,001, а =  0,665 ±  0,018,

где параметр а определяет относительную величину ű -связи в барионном аксиальном 
токе.
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CONSISTENT THEORY OF WEAK INTERACTIONS

B y

H .  P lE T S C H M A N N

IN ST ITU TE FO R  TH EO R ET IC A L PHYSICS, U N IV E R S IT Y  OF V IEN N A , V IEN N A , AUSTRIA,

Abstract

A n S -o p e ra to r  th e o ry  o f  w eak in te ra c tio n s  will be  d iscussed  w hich  fu lfills 
all th e  req u irem en ts  o f co n sis ten cy  in c lu d in g  u n ita r i ty .  I n  an  ex p an sio n  to  
f irs t o rd er in  G th e  re su lts  are  id en tica l to  tho se  o b ta in e d  in  f irs t o rd e r p e r 
tu rb a tio n  th e o ry  from  s ta n d a rd  L ag ran g ian  F o rm u la tio n  o f  w eak  in te ra c tio n s , 
b u t  h igher o rd e r co rrec tions can  be  ca lcu la ted . T hey  a re  f in ite  a p a r t  fro m  a 
single in fin ite  p a ra m e te r  w h ich  can be ab so rb ed  in  a c o u p lin g -co n stan t re n o rm 
aliza tion . T h e  com plete  ren o rm a liza tio n  o f th e  th e o ry  will be d iscussed .

НЕПРОТИВОРЕЧИВАЯ ТЕОРИЯ СЛАБЫХ ВЗАИМОДЕЙСТВИЙ
X . П И Т Ч М А Н Н

Р е з ю м е

Рассматривается S-операторная теория слабых взаимодействий, удовлетворяю
щая всем основным требованиям, включая унитарность. В разложении по О первый 
порядок дает аналогичные результаты с первым порядком в теории возмущений с обыч
ным Лагранжевым формализмом слабых взаимодействий, но поправки более высокого 
попрядка могут быть рассчитаны. Они конечны кроме одного бесконечного параметра, 
который можно устранить с помощью перенормировки константы связи. Полная пере
нормировка теории будет изучена.
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TIME REVERSAL INVARIANCE IN BETA DECAY

By

F . J a n a u c h

FA C U LT Y  OF TECH N ICA L A N D  N U C L EA R  PH Y S IC S , P R A G U E , CZECHOSLOVAKIA

Abstract

T h e tim e  rev e rsa l in v a ria n c e  in  b e ta  d ecay  is d iscussed .

T  -  ИНВАРИАНТНОСТЬ В БЕТА-РАСПАДЕ
Ф . Я Н А У Х

Р е з ю м е

Обсуждена Т  — инвариантность в бета-распаде.
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By

B. N. V a l u e v

JO IN T  IN ST ITU TE FO R NUCLEAR R E SE A R C H , D UBNA, U SSR

Abstract*

T he re su lts  o f ca lcu la tio n  fo r w eak  e lec tro m ag n etic  p rocesses B x ->  B 2 -\- 
e~ -f- e+, B 1 B 2 -f- y  w ill be  given. ( B v  B 2 d en o te  b a ry o n s  w ith  sp in  1/2). 

C alcu lations w ere carried  o u t in  a pole ap p ro x im a tio n  (one-p h o to n  a p p ro x i
m atio n ). I n  th is  case all q u a n tit ie s  are ex p ressed  in  te rm s  o f  fou r fo rm -fac to rs.

T he expressions o b ta in e d  are  used  fo r  th e  d iscussion  o f possible te s ts  of 
CP  co n se rv a tio n  in  such processes as S + —> p  +  e~ -f- e+, S ~  ->  E~  -f- e~ -f- 
-f- e+, e tc .

РАДИАЦИОННЫЕ РАСПАДЫ БАРИОНОВ 
Б . Н. ВА ЛУ ЕВ

Р е з ю м  е**

В докладе будут представлены результаты вычислений для слабо-электромаг
нитных процессов В г Вг +  е~ +  е+, В1 ->■ В 2 у, где В и В г — барионы со спином 
1/2. Вычисления проведены в полюсном (однофотонном) приближении. В этом случае все 
величины выражаются через четыре формфактора. На основании полученных выражений 
обсуждаются возможые способны проверки СР сохранения в таких процессах как 
2> -<- р +  е~ +  е+. S'-  — Z -  +  е~ +  е* и т. д.

* For details see preprint JINR, P-2823, Dubna, 1966.
** Подробности можно найти в препринте ОИЯИ, Р-2823 Дубна, 1966.
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ON THE FORM FACTORS IN THE K l3 DECAY

By

N . Sm ie r n it z k y

ACADEMY O FjSC IE N C E S U S S R , MOSCOW, USSR

Abstract

T h e re c e n t e x p e rim e n ta l re su lts  on th e  form  fac to rs  in  th e  X /3 decay  
a re  d iscussed .

О ФОРМФАКТОРАХ В РАСПАДАХ К,3
Н . С М Е Р Н И Ц К И Й

Р е з ю м е

Обсуждены последние экспериментальные результаты по формфакторам в Kí:. 
распадах.
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SESSION 2. CP VIOLATION

C P  VIOLATION AND n + n ~  INTERFERENCE 
IN NEUTRAL К  DECAY

B y

M . N a u e n b e r g * **

CER N , GENEVA, SW ITZERLAND 

and
SLAC, STANFORD U N IV ER SITY , STANFORD, C A L IFO R N IA , USA

The elementary facts concerning the decay of neutral К  mesons and the proposed CP  
violating interactions are briefly summarized. The recent interference experiments on the 
decay mode for a coherent mixture of Щ and K s are discussed.

Two y ears  ago, a g roup  of e x p e rim e n ta l p h y s ic is ts  [1] a t  P rin c e to n  
d iscovered  th e  л + n~  decay  m ode o f th e  long liv ed  n e u tra l  К  m eson , w ith  a 
b ran ch in g  ra tio  R (K  -5» jr+ ii~)/(K  —>■ all charged) ~  2 х Ю _3. T h e  fu n d a 
m en ta l im p o rtan ce  of th is  re su lt is t h a t  i t  in d ica ted  t h a t  CP  in v a r ia n c e , th e  
com bined  sy m m etry  of p a r tic le  a n ti-p a r tic le  co n ju g a tio n  an d  p a r ity , is v io la ted  
b y  som e in te rac tio n s  in  n a tu re . As w e sha ll see la te r  on , we are s till q u ite  in 
th e  d a rk  reg a rd in g  th e  p ro p ertie s  o f th is  CP  v io la tin g  in te rac tio n . A c tu a lly  
severa l a tte m p s  h av e  been  m ad e  to  sav e  CP  in v a rian ce  b y  invok ing  a d d itio n a l 
fields or p a rtic le s , or possib le  n o n -lin ea r m od ifica tio n s o f q u an tu m  m echan ics. 
H ow ever, recen t ex p e rim en ts  have e ssen tia lly  d isp ro v ed  these  h y p o th ese s ; 
th e  ta lk  of M. R o o s  w ill cover some o f th e se  p o in ts . S ince you  h av e  received  a 
copy of th e  excellen t rev iew  artic le  o f  G. M a r x  on  th e  top ic  o f th e  lec tu res 
to d a y  [2], we shall c o n c e n tra te  th is  d iscussion  m a in ly  on  th e  re c e n t b eau tifu l 
ex p erim en ts  a t  C E R N  on th e  in te rfe ren ce  betw een  th e  я + 7t~ d ecay  m ode of 
th e  sh o rt an d  of th e  long liv ed  n e u tra l  К  mesons [3], an d  a t te m p t to  re la te  
th e  re su lts  to  th e  fu n d a m e n ta l q u estio n s concern ing  CP  v io la tio n . W e shall 
also rem ark  on som e ex p erim en ts  w hich  are  now in  p rog ress to  reso lve som e of 
th e  am bigu ities w hich we face  a t p re se n t.

To begin  w ith , le t m e rem ind  y o u  o f  some o f th e  e lem en ta ry  fa c ts  con
cern ing  th e  decay  of n e u tra l  К  m esons if  th ere  a re  CP  non -conserv ing  in te r 
ac tions. A ssum ing TCP  in v a rian ce  (on  w hich  we sh a ll com m ent a t  th e  end), 
the  sh o rt an d  th e  long liv ed  s ta te s  of th e  К  m esons ca n  be w ritten  in  th e  form

ICS =  pIC0 +  q K 0 ,

K t  =  p K 0 — q K 0 .

* Sloan Fellow.
** Permanent address: Physics Department, University of California, Santa Cruz, 

California.
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T h e se  are  th e  e ig en sta te s  of a n o n -h e rm itia n  o p e ra to r  w ith  m a tr ix  elem ents

( K , \ H \ K j ) [ +  K j  \ T +  -
\(H  о — mK +  i e )

T  I K j ; K j  =  K tí, K 0 (2)

a n d  com plex  e igenvalues ms ----------an d  ml ------------ resp ec tiv e ly , w here m is
2 ts 2t I

th e  m ass a n d  r  is th e  life tim e o f  th e  К  m eso n s; ex p e rim e n ta lly  | Am  | =

=  m
2 r ,

t; ~  600ts a n d  r s 10 10 sec. In  E q . 2 , th e  m a tr ix

e lem en ts  (n | T  \ K j )  give th e  t r a n s i t io n  a m p litu d e  fo r K j  n ,  w hile th e  o ff 
d ia g o n a l m a tr ix  e lem en ts ( K j  \ H  \ K j )  accoun t fo r  th e  possib ility  o f  a AS  =  2 
C P  v io la tin g  tra n s it io n .

F o r  th e  ra t io s  o f  th e  a m p litu d e s  of K t  an d  K s going to  th e  sam e  2 л  s ta te , 
o n e  o b ta in s  th e  re su lts

V+- =
( л +  n ~  I T I K j )  
( л +  л -  I T \ K J — eo +

w h ere

Voo
(я« л °  I T  I K j )  
(я0 л °  I T  I K s) e0 — K2 «2 ,

=  ^  an d  
+  9

Im
(A 2 e ~ iô*)

Mol
ei(Ö2-ö0)

(3)

T h e  a m p litu d e  =  (2 л , I  | T  | X 0) is th e  X 0 —>■ 2 я  tra n s it io n  am p litu d e  in  
th e  isosp in  s ta te  I ,  w here we h a v e  chosen th e  p h ase  of K 0 re la tiv e  to  th e  
1 = 0 ,  2 л  s ta te  in  such  a w ay  t h a t  A 0 =  | A 0 | e ö\  W e can  a lso  express e0 
d ire c tly  in  te rm s  o f  th e  off d iag o n a l ab so rp tiv e  p a r t  Г00 an d  th e  d ispersive 
p a r t  M 0q o f E q . 2

i Im  Moo +  Im T oo0 о 1

i l  1 1 1
( ™ S -  " * / ) - — — 1—  

2 r,

(4)

w here

Г0, б =  2  (n I T  I K °)* ( п \ Т \ К 0) л  ô(en -  m K).
П

N o te  th a t  w ith  th e  phase c o n v en tio n  described  above, th e  I  =  0 2 я  s ta te  
does n o t c o n tr ib u te  to  Im  Го,о-
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N ow  le t  me b r ie f ly  sum m arize  th e  proposed  C P  v io la tin g  in te ra c tio n s  
accord ing  to  th e ir  s tran g en ess  ch an g in g  p ro p ertie s  [4] and  in d ic a te  th e ir  
re la tio n  to  th e  am p litu d es  w hich e n te r  in  n eu tra l К  -*■ 2 л  decays. T h e  th ree  
possib ilities th a t  need  to  be considered  a re  given in  T a b le  I .

Table I

A S In teraction

2 superweak
1 weak
0 medium strong or electromagnetic

W o l f e n s t e in  [5] has suggested  t h a t  th e  CP  v io la tin g  in te ra c tio n  allows 
A S — 2 tra n s itio n s , in  w hich  case i t  shou ld  be m u c h  w eaker th a n  th e  CP 
conserv ing  w eak in te ra c tio n s . W e can  th e n  ignore th e  second te rm  in  E q . 2, 
so th a t

M,j =  (.К , I H  I Kj)  an d  r tj =  0 .

H ence , in  th is  case

i lm  (K o \ H \ K 0)
~u i 

Am  -)------ (— --------
2 r i )

Am =  m, — m s

an d  e2 =  0. W e see im m ed ia te ly  t h a t  th e  b ran ch in g  ra tio

R  l К , - + п + л -  
 ̂ K s —> n + n~ »?+- 12 _ '2

d e te rm in es |I m ( K 0 | H w ] K 0) |, and  fro m  th e  ex p erim en t o f Ch r is t e n s o n  e t al. 
[1] we h av e

\ fm  (K 0 I H  I K 0) I e i  2 X 103 zlm -|---- —
2ts

~  2 • 4 X 103 Am.

N ote  th a t  in  th is  case th e  phase <p0 o f  e0 is de te rm in ed  to  be

ta n  1 2ts A m
( 1  —  t s / t , )

~  ±  45°
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a n d  th e  b ra n c h in g  ra tio

R„
К ,  -V 2л°

К,
=  R К . ■2л°

К , + тт:-■ Лт  Л

A ccord ing  to  th e  | A I  | = —  ru le  R 0 = —-w hich is sa tisfied  ex p erim en ta lly . I t
2 2

sh o u ld  be ad d ed  t h a t  w ith  p re se n t tech n iq u es, th e  only o b serv ab le  effects 
o f  th is  su p erw eak  in te ra c tio n  a p p e a r  in  the  n e u tra l  К  decay.

Fig. 1. Coherent superposition Kg and obtained by passing a beam K; through a slab
of matter

I f  th e  CP  v io la tin g  in te ra c tio n  allows A S  =  1 tra n s itio n s  th e n  no defin ite  
p red ic tio n s  can  b e  m ad e  ab o u t cp0 a n d  R 0 un less fu r th e r  a ssu m p tio n s  are m ade.

1
In  p a r tic u la r , if  w e suppose t h a t  th is  in te ra c tio n  also sa tisfies th e  A I  =  —-

ru le , we h av e  R 0 — —  • F u r th e rm o re , if  th e  ZlS =  AQ ru le  is satisfied , th e
2

sam e p h ase  <p0 as in  th e  case of A S  — 2 in te ra c tio n s  follows, since in  th is  case 
th e  lep to n ic  m odes can n o t c o n tr ib u te  to  Г 0 g, a n d  we w ould  th e n  ex p ec t 
Im /'o  g <Щ Im  M 0 0, un less th e re  is a n  anom alously  large  CP  v io la tio n  in th e  З я  
d ecay  am p litu d es . O n  th e  o th e r h a n d , one shou ld  th e n  expect to  f in d  observable  
consequences o f CP  v io la tio n s in  decays o th e r th a n  th a t  o f th e  n e u tra l  m esons 
[6 ].

F in a lly , th e re  is th e  p o ss ib ility  th a t  th e  C P  v io la tin g  in te ra c tio n  satisfies 
th e  ZfS =  0 ru le  [4, 7]. In  th is  case th is  in te ra c tio n  is of th e  sam e o rder as 
e lec tro m ag n etic  in te ra c tio n  (since its  effect in  К  decays occur th ro u g h  second 
o rd e r  processes) a n d  no d e fin ite  p red ic tions seem  possible a b o u t e ither (p0 or 
R 0 (how ever, see P r e n t k i’s r e p o r t  in  [2]). T h e  consequences o f  CP  v io la tio n  
in  e lec tro m ag n etic  in te ra c tio n s  w ill be d iscussed  b y  M. J a c o b  in  the  n e x t  
le c tu re .

Now le t us tu r n  to  som e o f th e  recen t in te rfe ren ce  ex p e rim en ts  on th e  
л + л ~  decay  m o d e  for a c o h e re n t m ix tu re  o f  К /  and  K s. A t C E R N , tw o  
ex p erim en ts  [3] h a v e  been  c a rrie d  ou t in  w h ich  a long-lived  К  beam  is in 
c id e n t on a slab  o f  m a tte r  w hich  th e n  g enera tes a coheren t m ix tu re  of K s an d  
K ,  (see F ig . 1). B y  m easu ring  th e  jr+ л ~  in te n s i ty  from  th e  decay of th e
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co h eren t К  b eam  as a func tion  o f  th e  d is tan ce  x  from  th e  slab , th e  re la tiv e  
phase  <p0 o f K s an d  Ki  in to  я + n~  m ay  be o b ta in e d . T he a m p litu d e  for th e

_ x
7l ' n  s ta te  a t  t =  — , w here v is th e  v e lo c ity  o f th e  in c id e n t К  m eson is

V

p ro p o rtio n a l to

V + -e
i  ( m , —  J -Л  t  — i  ( m . ~  )  t\ 1 2T,; _j_ re V * 2T,) (5)

w here r] + _ is given b y  E q . 3 and  r  is th e  cum plex  K s reg en era tio n  am p litu d e

r
i 1 1m K Am -\— —

1 1
2

(1 Pk , ( 6 )

w h e re / ( / )  is th e  fo rw ard  K°, (K°) n u c lea r  s c a tte r in g  am p litu d e  a n d  N  is th e  
d en sity  of th e  re g e n e ra to r  of th ic k n e ss  d.

T he 7t+ лГ in te n s ity  is p ro p o rtio n a l to

И + -
- < / t ,

+ l>
-tlx,

И  + - r  e
- ± ( ± + ± л

2 \ т ,  t ,  J X cos (A mt 9?+_  — <pr) ,

w here cp ̂_an d  <pr a re  th e  phases o f r] ̂ ___and  r r e s p e c t iv e ly . l t  is c lear th a t  th is
ex p erim en t can  only  determ ine  th e  re la tiv e  p h a se  cpH_— <pr ,  a n d  th a t  to
o b ta in  <pr th e  p h ase  o f th e  d ifference ( /  — / )  b e tw een  th e  K °  an d  K °  fo rw ard  
am p litu d es has to  be know n. The re c e n t f its  o b ta in e d  a t  C E R N  for ç? =  + _ —
— arg  i ( f  — f )  an d  th e  v a lu e  Amrs a re  given in T ab le  I I .

Table II

C. S t e i n b e r g e r M. B o t t .
e t al. B o d e n h a u s e n  e t  a l .

<P — 4>+- — arg i ( f - f ) 80,4° ±  10° 87,5° ±  4,9°

\Am\ r s 0,445 ±  0,34 0,48 ±  0,2

I t  shou ld  be n o te d  th a t  th e  e x p e rim e n t of C. A l f f -St e in b e r g e r  e t al. is 
c a rried  o u t w ith  a co p p er reg en e ra to r  a n d  a К  b e a m  o f 2,5 ^  B eV , w hile M. 
B 0 TT-B0 DENHAUSEN e t al. use ca rb o n  reg en e ra to rs  an d  a К  beam  energy  of 
4,5 ±  2 BcY/c.

W e can n o t a rriv e  a t  an y  d e fin ite  conclusions reg ard in g  cp + _ u n til  A rg 
i ( f  — f )  is de te rm in ed . T h e  re m a rk a b le  ag reem en t be tw een  th e  p h ase  cp for 
these  tw o  recen t C E R N  experim en ts ca rr ied  ou t a t  d iffe ren t К  b eam  energies
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a n d  w ith  d iffe ren t ta rg e ts  is c o n s is te n t w ith  th e  n u c le a r  m odel ca lcu la tio n s 
in d ic a tin g  th a t  /  a n d  /  are  m a in ly  im a g in a ry  an d  th e re fo re  do n o t c o n tr ib u te  
m u c h  to  op. I n  t h a t  case, th e  su p erw eak  m odel is ru le d  o u t. H ow ever, we can 
e x p e c t in  th e  n e a r  fu tu re  to  h av e  a d e te rm in a tio n  o f A rg  i ( f  — f )  b y  m easu ring  
in te rfe ren ce  in  th e  lep to n ic  decays o f  a  co h eren t m ix tu re  of K s a n d  Ki,  and  
also  b y  a d e te rm in a tio n  of <p+-  m easu rin g  th e  л + л ~  in te n s ity  re la tiv e  to  th e  
d is ta n c e  from  th e  p ro d u c tio n  reg ion , w here  th e  s tro n g  in te ra c tio n  co n se rv a tio n  
o f  s tran g en ess  d e te rm in es th e  m ix tu re  o f  K s an d  Ki  a t  t =  0.

I  like to  en d  th is  d iscussion w ith  a b rie f  com m en t. I t  is s tra ig h tfo rw ard  
to  ca rry  o u t th is  phenom enological analy sis  w ith o u t in tro d u c in g  th e  re s tric tio n  
o f  TC P  in v arian ce . I n  th is  case e0 depends on an  ad d itio n a l p a ra m e te r  p ro 
p o rtio n a l to  th e  d ifference betw een  th e  d iagonal e lem ents of E q . 2, a n d  on th e  
d ifference (A 0 — Ä 0) an d  th e  p h ase  o f  s2 is no longer d e te rm in ed  b y  th e  
d ifference  (<52 — d0) S -w ave л л  p h ase  sh ifts . I t  w ill be  in te re s tin g  to  b ear in 
m in d  th is  p o ss ib ility  fo r th e  fu tu re .

Note added in proof: Recent experiments have ruled out the superweak model of CP 
violation. The branching ratio for К,->-2ли has been measured by two groups giving 
|^0O|= 4 - 9 ± 0 -5  X 10-3, J. Cr o n in  et al., Phys. Rev. Letters 18, 25, 1967, and ^ íó 's  x
X  10-3 , J. Ga illa r d  et al., Phys. Rev. Letters 18, 20, 1967. Furthermore, recent total K + 
and K ~  cross section measurements in Cu by Cool et al., Brookhaven (to be published), 
lead to the conclusion [see C. R u b b ia  and J. St e in b e r g e r  (Phys. Letters to be published)] 
that the angle arg i ( f - f ) is at most a few degrees.
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НАРУШ ЕНИЕ CP  И Я+Л--ИНТЕРФЕРЕНЦИЯ В НЕЙТРАЛЬНОМ К -РА СП АДЕ
М . Н А У Э Н Б Е Р Г  

Р е з ю м е

Дается краткий обзор элементарных фактов по распаду нейтральных К-мезонов, 
и предложенных взаимодействий, нарушающих СР. Обсуждается последний экспери
мент по интерференции в я+я--распаде когерентной смеси К; и Ks.
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THE STATUS OF C P  INVARIANCE IN 
К ° ^ л + л -  DECAYS

By

M. R oos
CERN, G EN EV A , SW ITZERLAND

The remaining possibilities to explain the long-lived л*  n~ decays of K °  mesons by 
CP  invariant theories are examined in the light of two recent regeneration experiments at CERN.

A m ong th e  possib le  ex p lan a tio n s  to  th e  o b se rv a tio n  [1] o f long-lived  
decays o f  K °  m esons in to  л + л ~ ,  som e con jec tu res h a v e  re ta in e d  s tr ic t  CP  
inv a rian ce . M ost o f th e se  co n jec tu res  have  a lread y  b een  p ro v ed  w rong . F o r 
th e  rem ain in g  CP  in v a r ia n t th eo rie s  [2—4] feasib le  ex p erim en ts  h av e  been  
p roposed  [5] as decisive te s ts  of CP  in v a rian ce . I n  th is  ta lk , we a re  going to  
re p o rt on  tw o  recen t reg en era tio n  ex p erim en ts  [6, 7] a t  C E R N  w hich  shed 
some lig h t on th is  q uestion .

F o r  th e  pu rpose  o f th is  ta lk  i t  is n o t n ecessary  to  d is tin g u ish  b e tw een  
th e  d iffe ren t CP  in v a r ia n t  theories [2 —4 ]; we will ju s t  call th e m  CP  th eo rie s  in 
c o n tra s t to  CP  th eo rie s  w hich v io la te  CP  in v a rian ce . As re m a rk e d  before 
[4], [5], C P  theories a n d  CP th eo ries  p red ic t in te rfe ren ce  te rm s  o f d iffe ren t 
m ag n itu d e  in  reg en e ra tio n  ex p e rim en ts , w hen th e  K°, b eam  is an  in c o h e re n t 
m ix tu re  o f  K °  and  K °  m esons. L e t th e  b eam  co n ta in  K °  an d  K °  m esons in  th e  
ra tio  Z / l  — Z  (a t th e  source), th e n  th e  in te rfe ren ce  te rm  in CP  th eo rie s  w ill be 
p ro p o rtio n a l to

(2Z  -  1) , (1)

w hereas n o  such  p ro p o rtio n a lity  occurs in CP  th eo rie s . In s te a d , CP  theo ries 
co rrespond  to  tak in g  th e  fac to r (1) e q u a l to  1.

S ince i t  is v e ry  d ifficu lt to  o b ta in  in fo rm atio n  o f  th e  value  o f Z , we have  
suggested  [5] th a t  th e  in te rfe ren ce  te rm  be  s tu d ied  as a fu n c tio n  o f th e  m e a su r
able ra tio  K +/K ~ .  T h is ra tio  is k n o w n  to  v a ry  s tro n g ly  w ith  b eam  angle  an d  
m o m en tu m , and  a lth o u g h  th e  va lu e  o f  Z  can n o t be d eriv ed  from  th e  v a lu e  of 
K + IK - ,  one w ould ex p e c t Z  to  v a ry  d e te c ta b ly  if  K +/K ~  v a rie s  stro n g ly .

B o th  C E R N  ex p erim en ts  [6], [7] h a v e , how ever, b een  ca rried  o u t a t  fixed  
beam  energy  and  angle. T hus n e ith e r  ex p erim en t has s tu d ie d  th e  v a r ia tio n  of 
th e  in te rfe ren ce  te rm  as a fu nc tion  o f Z . U n fo rtu n a te ly , b o th  ex p erim en ts  also 
claim  id e n tic a l K +/K ~  ra tio s , so th a t  no  in fo rm atio n  on  th e  Z  d ependence  can 
be  o b ta in ed  from  com bin ing  th e  ex p erim en ts .
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T h e on ly  u sefu l in fo rm a tio n  th e n  com es from  a b e s t f i t  d e te rm in a tio n  of 
th e  fa c to r  (1). T h e  fa c to r  ta k e s  th e  v alues 1,20 ^  0,14 (a 56 %  likelihood 
so lu tio n ) [6], a n d  1,08 ^  0,12 (a 9 8 ,5 %  like lihood  so lu tion) [7], re spec tive ly . 
T h e  like lihood  fo r CP  theo ries (2Z  — 1 =  1) is, in  th e  tw o  cases, 4 2 %  [6] an d  
9 8 %  [7], re sp ec tiv e ly .

I f  th e  ra tio s  K +/K ~  an d  K °/K °  a re  equa l, th e  v a lu e  o f Z  in  th e se  experi
m e n ts  is 3/4. W ith  th is  v a lu e , th e  b e s t so lu tio n  fo r CP  th eo rie s  has th e  
like lihoods 0 ,3 %  [6] a n d  0 ,5%  [7], re sp ec tiv e ly . I f  Z  is u n d e re s tim a te d  even 
b y  a sm all a m o u n t, how ever, th e  b e s t f i t  so lu tions o f  CP  theo ries g e t accep tab le  
lik e lihoods, a lth o u g h  m uch  w orse th a n  CP  th eo rie s . To d e m o n s tra te  th e  
se n s it iv ity  on th e  tru e  v a lu e  o f Z  we ta b u la te  below  th e  likelihoods for CP  
th eo rie s  as a fu n c tio n  o f Z.

Table

z
Likelihoods in %

Ref. [6] Ref. [7]

0,75 0,3 0,5
0,80 1,5 5
0,85 6 34
0,90 17 82
1,00 42 98

F ro m  th is  we conclude th a t  CP  v io la tio n  is v e ry  m uch  m o re  likely th a n  
C P  in v a rian ce , a lth o u g h  th e  CP  th eo rie s  h av e  n o t  been  ru led  o u t in  an  en tire ly  
u n am b ig u o u s  w ay .
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ВОЗМОЖНОСТЬ СР-ИНВАРИАНТНОСТИ В РАСПАДЕ К 0 -»  л + л~

м .  Р У У С

Р е з ю м е
Исследованы оставшиеся возможности для объяснения л+л;--распада долгожи

вущих К°-мезонов с помощью CP-инвариантных теорий, в свете двух новых регенера
ционных экспериментов, проведенных в CERN.
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POSSIBLE C  VIOLATION IN ELECTROMAGNETIC
PROCESSES

By

M. J a c o b

SERVICE D E PH Y SIQ U E TH É O R IQ U E , CENTRE D ’E T U D E S  NUCLÉAIRES D E  SACLAY, FRANCE*

The various ways in which C non-invariance could appear in electromagnetic inter
actions are reviewed and the pertinent experimental consequences are analyzed with a detailed 
discussion of a few typical cases.

It is stressed that, even though C invariance might be badly broken, all experiments 
one can think of, at present, in order to observe its possible consequences, appear as searches 
for a measurable effect of at most a few per cent. This is due to various reasons which are 
indicated.

I. In tro d u c tio n

D uring  th e  tw o y ea rs  w hich h a v e  now  passed  since th e  f irs t  
an n o u n cem en t o f an  a p p a re n t CP  v io la tio n  in  n e u tra l К  d e c a y  [1], th e  o n ly  
solid  piece of in fo rm a tio n  w h ich  has becom e availab le  w ith  respect to  th is  
a p p a re n tly  puzzling  fac t is t h a t  th e  long liv ed  К  zero a c tu a lly  decays in to  
b o th  th re e  p ion  a n d  tw o p ion  s ta te s , th u s  v io la tin g  in v a rian ce  u n d er CP  [2]. 
T h e  ingenious p roposals  [3] w hich  h av e  b e e n  p u t  fo rw ard  to  explain  th e  
o bserved  effect w ith  an  e x te rn a l in te ra c tio n  th ro u g h  w hich a  K 2 could tu rn  in to  
a K 1 h av e  been ru le d  ou t b y  ex p erim en t [4, 2 ] . A t p resen t, o n e  is le ft w ith  th e  
ra tio  o f tw o decay  am p litu d es co rrespond ing  respec tive ly  to  th e  К i  an d  K s 
7t+ n~  decays. T h is ra tio  is k n o w n  in a b so lu te  va lu e

=  (1 ,85 ± 0 , 1 2 ) 1 0 - L  (1)

an d  its  phase w ill be  know n soon [5, 2].
T here  is som e re lu c tan ce  to  ad m it t h a t  th e  w eak in te ra c tio n s , w hich  

o therw ise  have show n so fa r  a p e rfec t in v a rian ce  u n d e r th e  co m b in ed  o p era tions 
o f P  an d  C, should  also inc lude  CP  v io la tin g  te rm s  [7]. A lth o u g h  th is  p o ssib ility  
shou ld  be k e p t in  m ind , p en d in g  b e tte r  know ledge of w eak  reac tions w ith  
large  m o m en tu m  tra n sfe r , a n o th e r  a tt i tu d e  is to  p u t  th e  b lam e  on o th e r in te r 
ac tions th u s  p reserv in g  an  ex ac t CP  in v a rian ce  fo r  th e  p roper w e a k  in te rac tio n s . 
O ne possib ility  is to  p o s tu la te  a  CP  v io la tin g  b u t  ex trem ely  w eak  in te ra c tio n

* Address: BP n° 2, 91, Gif-sur-Yvette, France.

А (K L~ * n + n ~ )  
А  (К 5 - ^ - л + л~)
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[8] w hich  cou ld  m an ifest i ts e lf  a p p rec iab ly  only  in  th e  К ° KS t r a n s i t io n , 
ow ing to  th e  sm allness o f th e  m ass d ifference  [2]. A n o th e r  possib ility , w h ich  
does n o t req u ire  th e  in tro d u c tio n  of an  h ith e r to  un k n o w n  ty p e  of in te ra c tio n , 
is to  consider CP  v io la tio n , as expressed  b y  (1), as th e  re su lt  o f  th e  p e r tu rb a tio n  
o f b a s ica lly  C P  in v a r ia n t w eak  in te ra c tio n  b y  C v io la tin g  e lec tro m ag n etic  
[9, 10] or even  m edium  s tro n g  [11] in te ra c tio n s . T he p o ss ib ility  t h a t  C in 
v a ria n c e  cou ld  be  v io la te d  b y  m ed ium  s tro n g  in te ra c tio n s  is now  h a rd  to  
reconcile  w ith  re c e n t e x p e rim en ta l in fo rm a tio n  on a n ti-p ro to n  an ih ila tio n  [12] 
as w ell as severa l o th e r  re su lts  p e rta in in g  to  T im e-rev ersa l In v a ria n c e  in  s tro n g  
in te ra c tio n s  [9]. O n th e  o th e r  h an d , a  possib le  v io la tio n  o f C in v a r ia n c e  in  
e lec tro m ag n etic  in te ra c tio n s  is a t  p re se n t s till co m p a tib le  w ith  all k n o w n  
e x p e rim e n ta l re su lts  [9] an d  could  fu rth e rm o re  provide a n  in tu itiv e  e x p la n a tio n  
fo r th e  sm allness o f th e  K L d ecay  a m p litu d e  in to  tw o p io n s . A t f irs t guess, th is  
v a lu e  is xIn  w h ich  is q u ite  co m p a tib le  w ith  (1). T he v a r io u s  possib ilities so fa r  
m en tio n ed  h a v e  been  p re se n te d  an d  d iscussed  in  p a ra lle l b y  P r e n t k i a t  th e  
O xford  C onference [13]. E a c h  h y p o th esis  leads to  sev era l consequences beside  
th e  tw o  p io n  decay  o f th e  K L w hich each  deserve p ro p e r th e o re tic a l a n d  ex p e 
r im e n ta l a tte n tio n . T he p u rp o se  of th is  p a p e r  is m ore m o d est. I t  is to  p re se n t 
th e  v a rio u s  consequences o f  a possible C v io la tio n  in  E le c tro m a g n e tic  I n te r 
ac tio n s to g e th e r  w ith  th e  lim ita tio n s  a lre a d y  im posed  b y  th e  e x p e rim e n ts  
w h ich  h a v e  b een  done a n d  are  a t  p re se n t being  done to  te s t  th is  p o ss ib ility . 
E v e n  th o u g h  all th a t  follow s is s till a t  th e  co n jec tu re  lev e l, it  is th e  p rec ise  
m ean in g  o f an  in v arian ce  p ro p e r ty  w h ich  is a t  s tak e , a n d  th e  in ten se  e x p e ri
m e n ta l a c t iv i ty  w hich  is a t  p resen t p ro ceed in g  along  th e se  lines m ak es  th e  
w hole su b je c t w o rth y  o f f re q u e n t d iscussions. As a n a ly se d  in  d e ta il b y  L e e  in  
a re m ark ab le  series of p a p e rs  [14] th e  se lec tion  ru les w h ich  could be a sso c ia ted  
w ith  C v io la tio n  in  E lec tro m ag n e tic  processes a lread y  le a d  to  m an y  d iffe re n t 
p red ic tio n s . W e shall f i r s t  p re se n t th e  d iffe ren t th e o re tic a l possib ilities to g e th e r  
w ith  som e o f th e ir  im p lica tio n s. W e sh a ll th e n  t ry  to  e s tim a te  th e  e ffec ts  ex 
p e c te d  in  th e  decay  of m esons w hich  p ro v id e  a p p a re n tly  h an d y  te s ts .  A d is
cussion  o f each  c u rre n tly  u sab le  case w o u ld  be o u ts id e  th e  scope o f th is  p a p e r 
an d  we sha ll p u t  our em phasis  on th e  rj an d  X °  d ecays w hich  have  b e e n  m ost 
ex ten s iv e ly  s tu d ie d  so fa r . W e shall th e n  fin a lly  co n sid e r th e  ex p ec ted  effects 
in  ex p e rim en ts  invo lv ing  h ig h  energy  p h o to n s  [15]. B o th  typ es of e x p e rim e n ts  
b y  no m ean s p rov ide  an  ex h a u s tiv e  lis t. On th e  c o n tra ry  th is  o m its  m an y  
reac tio n s  w ith  w hich  s im ila r  te s ts  cou ld  b e  co n d u c ted . W e p refer h e re  to  focus 
on th e se  tw o  ty p e s  of rea c tio n s , w hich  a re  a p rio ri q u ite  ty p ica l, r a th e r  th a n  to  
give su rv ey  o f th e  m an y  reac tio n s a v a ilab le . M any m ore  reactions are  p re se n te d  
in  references [9, 14, 15]. Som e of th e se  a re  lis ted  in  a n  A ppend ix . I n  th e  w hole 
d iscussion , we shall assum e C P T  in v a rian ce . In  p a r t ic u la r ,  any  v io la tio n  o f CP  
in v a rian ce  w ill co rresp o n d  to  a v io la tio n  o f T  in v a ria n c e  and we sh a ll consider 
te s ts  o f b o th .
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I I .  C n o n -in v a ria n t e lec tro m ag n etic  in te rac tio n s

I t  m ay a p p e a r  puzzling  th a t  C in v a r ia n c e  still rem ain s a question  w h en  it 
seem s so deep ly  associa ted  w ith  E le c tro m a g n e tic  in te ra c tio n s  w hich a re  co m 
p a ra tiv e ly  ex trem e ly  well u n d ers to o d . As em phasized , h o w ev er, b y  B e r n s t e in , 
F e in b e r g  an d  L e e  [9], if  C in v a rian ce  is a b a s ic  p ro p e rty  o f  S ta n d a rd  E le c tro 
dynam ics, its  re levance  w henever h a d ro n ic  cu rren ts a re  in tro d u ced , s till 
rem ain s an h y p o th esis . I t  has often  b een  ta k e n  for g ra n te d  so far, w ith o u t 
in vo lv ing  an y  c o n tra d ic tio n , b u t  th is  m a y  be  due m erely  to  th e  fac t t h a t  it  
o ften  resu lts an y w a y  from  o th e r  co n d itions such  as L o ren tz  inv arian ce , p a r i ty  
in v arian ce  an d  gauge in v arian ce .

<p'IJ»(o)lp>= J u l p ' l  [ fy í+ f f / jy íp '- p M + ifp '- p lr f ju íp )

Fig. 1. Electron-baryon scattering

I f  one considers, for in s ta n c e , e lec tro n -b a ry o n  sc a tte r in g  in  low est o rd e r 
in  e lec trom agnetic  in te rac tio n s , as show n in  F ig u re  1, th e  w h o le  am p litu d e  can  
be  explic ite ly  w r itte n  dow n ex cep t fo r th e  m a tr ix  e lem en t o f th e  e le c tro 
m ag n etic  cu rren t o p e ra to r J ß be tw een  th e  one  b aryon  in it ia l  an d  final s ta te s

< B ( p + ) | J M( 0) | A(p)>.  (2)

I f  b o th  baryons a re  spin 1/2 p a rtic le s , (2) is expressed  in  te rm s  of th ree  in d e 
p e n d e n t functions o f th e  m o m en tu m  tra n s fe r  sq u ared  t =  —■(p ' — p )2 as [16]

<B  (P ') I J n  (°) I A  (p)> =  — i u B (p') {yM F l (t) +  (p ' — p)„ F 2 (t) +
( 3 )

+  i ( P ' — jPV Fz(t)} и a (p)-

T his is th e  m ost genera l expression  w hen  L o re n tz  in v arian ce  an d  p a r ity  in 
v a rian ce  are req u ired . I f  T  (or C) in v a rian ce  ho lds all te rm s shou ld  tra n s fo rm  
p ro p e rly  u n d er T  a n d  th is  im plies th a t  F v  F 2 a n d  F 3, as d e fin e d  in  (3), sh o u ld  
all be rea l. A re la tiv e  phase, from  w hich  p o la riz a tio n  effects w o u ld  resu lt ev en  
in  low est order, w ou ld  show a fa ilu re  of T  (a n d  C) in variance . N everthe less, a ll 
d e ta iled  ex p erim en ts  so fa r co n d u c ted  in v o lv e  on ly  nucleons fo r  th e  A  an d  В
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p a rtic le s . T h e  h e rm itic ity  o f  th e  cu rren t a lo n e  th e n  im p lies th a t  F x a n d  F 2 
shou ld  he rea l. F 3 shou ld  th e n  be pure im a g in a ry  b u t i t  is n o t  possible to  t e s t  
i ts  p resence  since i t  does n o t c o n tr ib u te  to  th e  sca tte rin g  am p litu d e  as follow s 
fro m  th e  co n se rv a tio n  of th e  e lec tron  c u rre n t. In  effect, F 3 shou ld  be zero also 
fro m  th e  co n se rv a tio n  o f th e  h ad ro n ic  c u rre n t. This co n d itio n  reads in  gen era l:

<B ( P )  I 9„ J  „ I A  (p)> =  - i u B (p ') {(M A -  M B) F , (t) +  t F 3 (*)} и a (P) =  0 

o r t F a (t) =  (M B - M A) F 1 (t)

w ith  F 3 (t) =  0 if  th e  b a ry o n s  A  an d  В  a re  iden tica l p a rtic le s . So, p re se n t 
d e ta iled  in fo rm a tio n  on e lec tro n  p ro to n  sca tte rin g  does n o t give a n y  h in t  
w h e th e r o r n o t  C in v a rian ce  is satisfied . A s exp lained  in  d e ta il in re fe rence  [9] 
such  an  a rg u m e n t can  be ex ten d ed  to  m o st experim en ts so fa r  analyzed . W ith  
d iffe ren t b a ry o n s , th e  sam e co n stra in ts  no  longer ho ld  a n d  te s ts  are possib le . 
T h e  ex p e rim en ts , how ever, are m uch m ore  d ifficu lt. A possib le  te s t co u ld  be 
p ro v id e d  b y  th e  27° ->  Л 0 -f- e+ +  e~ d e c a y  as show n in  F ig u re  2 [9] w h ic h  is 
fo rm ally  v e ry  close to  th e  one ju s t  m en tio n ed . I t  invo lves th e  m a trix  e lem en t:

<A  (p ')  ! Jp. (0) \ z  (p )> =  — i ил  (p')  |у я
t F 3 (t)

М г - м ,

+  V  (p' — P)v F 2 (0 (p) »
(5)

w here  F2 an d  F 3 are  new  fo rm  fac to rs , p ro p e r  to  th is  re a c tio n , b u t w h ich  have  
b een  defin ed  accord ing  to  (3) and  (4). W e h av e  no t in c lu d e d  a te rm  F 3{p '  — p )/1 
since i t  does n o t c o n tr ib u te  to  th e  decay  am p litu d e . A p h a se  difference b e tw een  
th e  tw o  fo rm  fac to rs  w o u ld  v io la te  T  in v a rian ce  and w o u ld  resu lt in  a p o la riz 
a tio n  o f th e  Л  n o rm al to  th e  decay  p la n e , allowed b y  p a r i ty  in v a rian ce  b u t  
fo rb id d en  b y  T  in v a rian ce  fo r a low est o rd e r decay a m p litu d e  [18]. T h e  n o rm a l
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p o la riza tio n  o b ta in e d  w ith  u n p o la rized  E, is th e n  p ro p o rtio n a l, beside k n o w n  
fa c to rs , to  t Im  {F * (t)F2(t)}/ | F 2 (t) |2 a t  le a s t fo r sm all t. I n  o rd er to  f in d  
a la rg e  effect, i t  is te m p tin g  to  ta k e  large m o m e n tu m  tra n s fe r  decays (large 
ang le  pairs) b u t  th e se  decays a re  in freq u en t. T h e  process in  a n a ly z e d  in  g re a t 
d e ta il in  reference [9] an d  gen era lized  to  a rb i t r a ry  had ro n ic  s ta te s  for A  an d  В  
in  reference  [15]. T he p re sen t l im it  is: 0,06 ^  0 ,03 , inconclusive .

E v e n  w ith  a la rg e  v io la tio n  to  s ta r t  w ith  th e  m easu rab le  e ffec t is a p rio ri 
h ig h ly  reduced  w ith  th e  im posed  k inem atics.

(a) (b)

T his b rie f d iscussion  il lu s tra te s  tw o gen era l p o in ts , th e  seco n d  of w hich  
will com e up  m any  tim es  here. T h e  f irs t is th a t  th e re  is so fa r  n o  d irec t p ro o f 
o f C in v a rian ce  in  e lec tro m ag n etic  processes in v o lv in g  h ad ro n s, th e  second is 
t h a t  m o st C v io la tion  effects w hich  could be e x p e c te d  tu rn  o u t  to  be q u ite  
sm all, an d  th is  for v a rio u s  reasons, even  if  C v io la tio n  w ould be la rg e , th a t  is C 
conserv ing  an d  C v io la tin g  coupling  te rm s  w ould  b e  com parab le  in  m ag n itu d e .

A sim ilar a rg u m e n t can be ca rried  fo r sp in less pa rtic le s , as show n in  
F ig u re  3. T he m ost gen era l exp ression  fo r th e  m a tr ix  elem ent o f  th e  E le c tro 
m ag n e tic  cu rren t o p e ra to r  now read s

/ 4  a>p. cop <b (p')  I Jp  (0) \ a ( p ) } = f 1 (t) (p +  p ' ) ^  +  / 2 (t) (p'  — р ) р , (6)

w here c u rre n t co n se rv a tio n  req u ires

(ml — m l ) f ± (t) =  tf2 (t) . (7)

O nly / j  (t) is p resen t w hen  b o th  a a n d  b p artic les a re  iden tica l. f 2 (t) does n o t 
c o n tr ib u te  to  th e  s c a tte r in g  a m p litu d e  as follows fro m  th e  co n se rv a tio n  of th e  
e lec tro n  c u rre n t. I f  J p h as  non-zero  m a tr ix  e lem en ts be tw een  tw o  e igensta tes 
of C w ith  th e  sam e eigenvalue (rj a n d  л°  say) C in v a rian ce  w ill b e  v io la ted .
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D iffe ren t p a rtic le s  are  n eed ed . T he m a tr ix  elem ent is o therw ise zero since a 
p h o to n  c a n n o t couple to  a p a ir  o f id e n tic a l spinless m esons.

As im posed  b y  (7) th is  C -v io la ting  te rm  should , how ever, b y  zero  a t  zero 
m o m e n tu m  tra n s fe r  sq u a red . Follow ing  [9] , / х is a p p ro x im a te d  as t/m2, w here 
<^r2>  =  —6 m ~ 2 m ay  b e  defined  as a charge  tra n s i t io n  rad iu s . I f  th is  ch a rac 
te r is tic  m ass is o f th e  o rd e r o f th e  v e c to r  m eson m ass, as seems to  b e  th e  case 
in  m o st m eson  decays [19] here  again  th e  k in em atic  lim ita tio n  on t, w ill also 
q u en ch  th e  effect a p rio ri.

So fa r  we h av e  in tro d u c e d  possib le  C (and  T) in v a ria n c e  on a p u re  p h en o 
m enolog ical basis , b u ild in g  up  obv ious C -v io lating  am p litu d es. L e e  has, 
how ever, h ig h ly  c la rified  th e  v a rious w ay s, in  w hich a v io la tio n  of C -invariance  
cou ld  be  b ro u g h t in to  th e  e lec tro m ag n etic  in te ra c tio n s  of th e  h a d ro n s  [14] 
a n d  we now  tu rn  to  th is  c la ssifica tion .

III. Classification of C non-invariant interactions

T h e successes o f  s ta n d a rd  e lec tro d y n am ics, a th e o ry  w hich is exp lic itly  
C -in v a ria n t, c learly  w a rra n ts  C in v a rian ce  for th e  e lec tro m ag n etic  in te ra c tio n s  
invo lv in g  charged  le p to n s , w hereas fo r  th e  h a d ro n s , fo r w hich no  d e ta iled  
th e o ry  is a t  h a n d , C -n o n -in v arian t te rm s  could be c o n s tru c te d  w ith  no  know n 
reaso n  to  be  ru led  o u t. O ne should , how ever, specify  c learly  w h a t is m e a n t b y  
C fo r th e  lep to n s an d  fo r th e  h ad ro n s . In  classical E lec tro d y n am ics  an d  also 
fo r th e  e lec tro n  an d  th e  p o sitro n , o r ц~  and  (j,+ as w ell, w hich a re  th e  only 
p a rtic le s  in v o lved  in  q u a n tu m  elec tro d y n am ics, C is basica lly  a sso c ia ted  w ith  
a change in  th e  sign o f  th e  charge a n d  th e  e lec tro m ag n etic  c u rre n t accord ing ly  
changes sign u n d e r  C. Fo llow ing  L e e  [4] such  an  o p e ra tio n  will from  now  on be 
d en o ted  b y  Cy. C harge co n ju g a tio n , as defined  fo r th e  h ad rons, sh o u ld  change 
a p a rtic le  in to  its  a n tip a r tic le  b ecau se  i t  is u n d e r  th is  o p era tio n  t h a t  s trong  
in te ra c tio n s  are  know n  to  be in v a r ia n t. I t  m igh t b e  th e  sam e o p e ra tio n  as Cy 
b u t  could  be  d iffe ren t, an d  will be  d en o ted  b y  Cgt• I n  o th e r w o rd s , w heth er 
p a r t ic le — a n ti  p a rtic le  exchange alw ays im plies th e  ch an g e  of th e  c h a rg e  in to  its 
oppo site  is s till an  open  qu estio n . I f  th e  e lec tro m ag n etic  c u rre n t is odd  under 
Cy i t  could  be e ith e r  odd  (as assum ed  so far) or also co n ta in  an  ev en  p a r t  un d er 
CSt- Cy an d  Cst w ould  th e n  be n o n -co m p atib le  as in v a rian ce  p ro p e rtie s  an d  C$t 
in v a rian ce , a p ro p e r ty  o f s tro n g  in te rac tio n s , w o u ld  be v io la ted  b y  elec tro 
m ag n e tic  in te ra c tio n s . P a r i ty  in v a rian ce  being a com m on p ro p e r ty  o f s trong  
an d  e lec tro m ag n etic  processes, th e  sam e p a r ity  o p e ra to r  P  is in tro d u c e d  for 
b o th  an d , accord ing  to  th e  C P T  th e o re m , tw o tim e  reversa l o p e ra to rs  Ty and  
T st a re  req u ired  in  o rd e r th a t  th e  H a m ilto n ian  (s tro n g  an d  e lec trom agnetic ) 
co m m u tes  w ith  th e  o p e ra to r  CY P T y — Cst P T st. T h e  tw o p ion  a n d  th re e  p ion 
decay  m odes of th e  К  m eson are  e ig en sta tes  of PCst w ith  e igenvalues -[-1 and
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— 1. A t th e  sam e tim e  th e  X J a n d  X , are d e fin e d  as e ig en sta te s  of PC$t w ith  
e igenvalues -{-1 a n d  —1. PC in v a ria n c e  for w e a k  in te rac tio n s  is th e n  specified  
as PCst [20] in v a rian ce  (for th e  le p to n s  Cy a n d  C$t are id en tica l)  an d  a p p a re n t 
v io la tio n s  m ay  re su lt  from  e lec tro m ag n etic  e ffec ts . In  g enera l, th e y  could h e  
ex p ec ted  in  w eak  in te rac tio n s  w h en ev er h a d ro n s  are inv o lv ed .

T h e  e lec tro m ag n etic  c u rre n t J ß (odd u n d e r  Cy) is th e n  se p a ra te d  in to  tw o  
te rm s  resp ec tiv e ly  odd  I„  an d  ev en  K ß u n d er C$t■ T he p resence  o f  X  ̂will le a d  
to  Cst n o n -in v arian ce  in  e lec tro m ag n etic  in te ra c tio n s . I ts  p resen ce  m igh t be  
asso c ia ted  w ith  se lection  ru les acco rd ing  to  w h ic h  its  possible e ffec t should  b e  
classified . As p o in te d  ou t b y  L e e , th e  m ain c lassifica tion , h ow ever, has to  do 
w ith  th e  charge QK associated  w ith  it. The c h a rg e  is defined  as

Qi  =  i  J  L  ( * )  d3 X ,  QK =  i ^ K i { x ) d 3x ,

an d  QK as well as Qj m igh t n o t b e  zero. The X  ch arg e  as th e  c u r re n t  den sity  is 
even  u n d e r Cst• I f  Qk  is n o t ze ro , an d  as show n  in  d e ta il b y  L e e  [14], th e re  
shou ld  th e n  ex ist a t  least one c h a rg ed  s ta te  (w h ich  can be chosen  as an  eigen
s ta te  o f  H st) w h ich  is an  e ig e n s ta te  of Cst, ] a + /> . T hrough  P C T,  th e re  w ould  
th e n  also be a n o th e r  s ta te  | a -  />  (n o t re la ted  to  i t  b y  Cst)- T h e  ex istence  of a n y  
such  s ta te  n ecess ita te s  C n o n -in v arian ce . Cs<a n d  Cy in v arian ce  a re  th e n  c learly  
in co m p a tib le . Qj a n d  QK are  show n  to  be tw o com m u tin g  o p e ra to rs  w hich a re  
se p a ra te ly  conserved  b y  th e  s tro n g  and  e lec tro m ag n etic  in tra c tio n s  [14]. 
I t  follow s th a t  all pa rtic le s  k n o w n  a t p resen t m u s t have a zero  X -charge  fo r 
Cst in v a rian ce  to  h o ld  in  s tro n g  p rocesses as i t  does. N ev erth e less , p artic les o f  
th e  a + (and  a~) ty p e  w ith  a n o n -zero  X  ch a rg e  could ex is t w h ich  w ould be  
s tab le  excep t for w eak  in te ra c tio n s  [21]. T hese pa rtic le s  could  be  produced  in  
p a irs . T h e ir n o n -o b se rv a tio n  in  th e  d a ta  so f a r  analyzed  w o u ld  p u t  a low er 
lim it o f over 1 B ev  fo r th e ir  m ass  [22]. T hese  stro n g ly  in te ra c tin g  partic les  
shou ld  be  associa ted  to  S U 3 m u ltip le ts . I f  a is a S U 3 scalar, th e  p e r tin e n t p a r t  
o f K /t w ill tra n sfo rm  like a sca la r b u t ,  as s tressed  b y  L ee  [14], i t  is also possible 
th a t  Х „ m igh t tra n s fo rm  like a sc a la r  even th o u g h  th e  a m ig h t be associated  
w ith  h ig h er m u ltip le ts  (some a w o u ld  th en  b e  n eu tra l) .

T h is p o ss ib ility  of C n o n -in v a rian ce  th u s  corresponds to  a ZiT =  0 
Iso to p ic  Spin se lec tion  rule. M an y  reactions w h ich  could b e  considered as 
d irec t proofs of C n o n -in v arian ce  [9] w ould in  e ffec t no t p ro v id e  a te s t  u n d e r  
th is  schem e. In  p a r tic u la r , th e  Ф (or со), gy d e c a y  is fo rb id d en . T he ï] -> л°  
e+ e~ decay , w hich  w e shall con sid er in  detail l a t e r  on w ould also  be  fo rb idden . 
S im ilarly  no C v io la tio n  w ould be  fo u n d  in  A  e+ e~ decay  n o r  in  N + (3;3)
(and  a n y  N + w ith  T  =j= 1/2) e lec tro p ro d u c tio n  o n  a po la rized  ta rg e t, w hich  
w ould be  one of th e  easiest p ra c tic a l  te s ts  to  do  w ith  h igh en erg y  electrons 
(Section  V .). As d iscussed  in  p a r t ic u la r  exam ples in  th e  n ex t S ec tio n , C v io la tio n  
effects w hen  allow ed, w ould th e n  o ften  show a  ra th e r  well d efin ed  p a tte rn .
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A sy m m e try  in  th e  r] —>• j t+ n~  тr° decay  m ig h t be h a rd  to  d e te c t b u t  a sy m m e try  
in  th e  rj ->  7i+ л~  у  cou ld  ap p ear.

O n th e  o th e r h a n d , QK m igh t be  zero  (no p a rtic le  such  as th e  o ’s would 
th e n  ex ist). K ß w ould  n o t be  lim ited  to  a n y  p a r tic u la r  m u ltip le t and  i ts  m a trix  
e lem en ts  cou ld  be, as p rev io u sly  done, w ritte n  on p u re ly  phenom enological 
g ro u n d s. A s lis ted  in  references [9] a n d  [14], m any  reac tio n s  can th e n  show 
d ire c tly  th e  effect o f such  C n o n - in v a r ia n t te rm s. I f  K ß as I ß is a ssu m ed  to  
tra n s fo rm  as a m em ber o f an  O c te t, m a n y  m a trix  e lem en ts  are zero in  perfec t 
S U 3 sy m m e try  an d  shou ld  be  reduced  b y  an  order o f m ag n itu d e .

D efin ed  w ith  only  th e  know n p a r tic le , th a t  is w ith o u t o ’s, E lec tro m ag n etic  
in te ra c tio n s , in tro d u c e d  in  a m in im al w ay , w ith  8^ rep laced  b y  8^ — ieAß 
ev ery w h ere  in  th e  s tro n g  in te ra c tio n  L ag ran g ian , m a y  seem  a t f ir s t  s ig h t to  
im p ly  Cst in v a rian ce . In  effect, one does n o t know  w h e th e r  such a L ag ran g ian  
ap p ro a c h  is co rrec t to  d erive  d efin ite  conclusions from  i t ,  h u t  anyw ay , as shown 
b y  L e e  [14], C n o n -in v a ria n t te rm s cou ld  be in tro d u c e d  in a m in im a l w ay 
s ta r t in g  from  a t  le a s t tw o  n e u tra l  v e c to r  m eson fie lds coupled  to  th e  E le c tro 
m ag n e tic  fie ld . T h e  C v io la tin g  te rm s  th e n  come o u t  as a m agnetic  m om en t 
coup ling  b e tw een  th e  tw o  fields.

IV . Possible C in v a rian ce  v io la tio n  in  rp a n d  X° decays

As p a r tic u la r  exam ples of th e  v a rio u s  reac tio n s  so fa r m en tio n ed , we 
now  consider how  C n o n -in v a ria n t te rm s  w ould a p p e a r  in r] an d  X  decays 
[9, 14, 23]. Such decays a re , a p rio ri, th e  sim plest re a c tio n  in w h ich  to  look 
fo r th e  effects of C v io la tin g  e lec tro m ag n etic  in te rac tio n s . The w id ths (especially  
th e  rj w id th ) are  sm all an d  e lec tro m ag n etic  te rm s sh o u ld  m an ifest them selves 
in  a consp icuous w ay  e ith e r  d ire c tly  o r as in te rfe ren ce  effects. M uch inform 
a tio n  is a lread y  av a ilab le  on th e  r] [24].

A  s tr ik in g  effect w ould  be th e  d e c a y  mode rj ->• тг° -)- e+ -|- e~ as shown 
in  F ig u re  3. T h e  h a d ro n  v e r te x  is o b ta in e d  from  th e  expression  a lre a d y  w ritten  
(6). T he decay  ra te  is th e n  easily  c a lc u la ted  as

f 2 e2 2M  f
-T] =  ——  -----------  {4о^ co2 — 2 M  (coj - f  co2) +  (M 2 — [£)} d<o1 da)2 , (8)

4 л  4л  л т 4 J

w here an d  а>2 a re  th e  e lec tron  a n d  p o sitro n  energ ies. M  and ц  a re  th e  r] and  
л  m asses. W e h av e  d e f i n e d /  =  m2f x (t)/t (t =  0) a n d  neglect th e  v a r ia tio n  of 
f x ■ m -1  defin ing  a rad iu s  (it is te m p tin g  [19] to  ta k e  m  =  q m eso n  mass). 
T h is d ecay  m ode has b een  now  th o ro u g h ly  exp lo red  [24] and  one know s th a t

Л  <: 0,007 r yy , (Гуу =  1,54ГЯ+Я-Я.) ,
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w here Г yy is th e  r a te  o f th e  rj — 2y decay  m ode. Гуу c an  b e  re la ted  th ro u g h  
S U3 sy m m etry  to  th e  л°  decay  ra te ,  {.е.Гуу =  127 ev. T h is g ives th e  fo llow ing  
h igher lim it f o r / 2,

P
4ti

m  4 
M

X  5 Д 0 - 5 . (9)

T his m ay  sound  d ecep tive ly  sm all b u t  i t  sh o u ld  be s tressed  th a t  th e  re a c tio n  
considered  co rresponds to  a c o n tr ib u tio n  fro m  К  w ith  A T  =  1 w hich cou ld  be

la) lb)
s-и ls-u)(l-s)lu-l)
trF Tn1

Fig. 4a. Dalitz plot for fj decay T  =  1,2 interference 
4b. Dalitz plot for T) decay T =  0,1 interference, final state ля interaction increases the 

density toward the low n° kinetic energy

fo rb id d en  if  a ZlT =  0 selection  ru le  holds. A lso , as po in ted  o u t b y  Ca b ib bo  [25] 
th e  process is fo rb id d en  if  K ß, as I ß tra n sfo rm s  u n d er S U 3 as a m em ber o f  an  
o c te t. T he zero v alue  o f th e  d iagona l m a tr ix  e lem en ts th e n  im p lies a zero v a lu e  
fo r th e  rjji off d iagonal e lem ents. S U 3 sy m m e try  could th e n  decrease th e  
ex p ec ted  effect b y  an  o rd er of m a g n itu d e . F e in b e r g  [26] h a s  m ad e  a d e ta iled  
analysis , assum ing  S U 3 m a trix  e lem ents a n d  X —̂rj m ix in g . T he ex p ec ted  
b ran ch in g  ra tio  /%►(»? л°  e+ е~)/Г(г/ -н>- yy) is o f th e  o rder o f  1% .

W e now  tu rn  to  th e  th ree  p io n  decay m o d e  of th e  rj. T h is  is know n to  b e  
an  e lec trom agnetic  decay . I f  b o th  th e  К  and I  p a r ts  of the  c u r re n t  are invo lv ed , 
th e  fin a l s ta te  will n o t be in g enera l an  e ig en s ta te  of C$t as th e  initial»? s ta te ,  
i.e. th e re  will be an  a sy m m etry  b e tw een  th e  n + an d  n~ en e rg y  d is tr ib u tio n s . 
T h is w ould arise from  an  in te rfe ren ce  be tw een  th e  basically  c o n s ta n t. S  w a v e  
am p litu d e  associa ted  to  th e  C conserv ing  e lec tro m ag n etic  d ecay  of th e  r? 
(T  =  1 f in a l s ta te )  an d  a C v io la tin g  a m p litu d e  (w ith  T  =  0 or T  =  2 f in a l 
s ta te s ) . As follows from  PCT  in v a rian ce , th e  tw o  decay m a tr ix  elem ents a re  
re la tiv e ly  im ag in a ry . In te rfe ren ce  can  occur on ly  th ro u g h  f in a l s ta te  in te r 
ac tio n s, here  m ain ly  th e  large S  w av e , T  =  0 p h ase  shift [26]. T h e  observed  
a sy m m etry  w ill re flec t th e  Iso to p ic  spin c h a ra c te r  of th e  in te ra c tio n . I f  no  
p a r tic u la r  selection  ru le  holds, beside w h a t is kn o w n  for th e  /  com ponen t, th e  
a sy m m e try  w ould  re su lt m ain ly  from  an  S, P  in te rfe rence  in  th e  л + л~  s ta te .
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T h is  co rresp o n d s to  a le ft r ig h t  a sy m m e try  on the  r) D a litz  p lo t (F igure  4a). 
I t  is th e n  te m p tin g  to  assum e th a t  th e  co u p lin g  betw een  th e  P  w ave tw o  p ion  
sy s tem  an d  th e  Г)л° sy stem  w ould  occur th ro u g h  a sim ple I K  in te rac tio n  [23] 
( th a t  is a one p h o to n  ex h an g e  as show n in  figure 3b). T h e  C v io la tin g  te rm  
w o u ld  th e n  co rrespond  to  T  =  2. T he a d v a n ta g e  of th is  m odel is t h a t  th e  
a sy m m e try  c a n  be ca lcu la ted  in  te rm s o f  th e  coupling c o n s ta n t f  p rev io u sly  
in tro d u c e d  (8). To do th is , w e w rite  th e  d o m in a n t S  w av e  ra te  as:

\Г0 =  I da>j da>2
(4я)3 M

( 10)

a n d  th e  le f t  r ig h t a sy m m e try  (assum ing dom inance  o f th e  C conserving m ode) 
is fo u n d  to  be

ctq — u>2 I dw1 dœ2 
F 0m2 \j da)1dco2

or

R  =  ~  =  К  A2
Го

using  (8), (10) an d  (11) w ith  К  ~  70 in d e p e n d e n t o f th e  range  m -1 .
T h e re fo re , th e  p re se n t low er lim it o f  1,1%  on Г г w ou ld  lim it th e  a sy m 

m e try  to  ~ 1 ,3 %  w hich  w ou ld  be e x tre m e ly  h a rd  to  d e te c t.  F u r th e rm o re  we 
h av e  assu m ed  m ax im um  in te rfe ren ce  w h e n  a reaso n ab le  tre a tm e n t in c lu d in g  
th e  тел p h a se  sh ift w ould  red u ce  th e  a sy m m e try  b y  a f a c to r  2 a t  le a s t. N ev er
th e less , th e  m odel is p ro b a b ly  too  re s tr ic tiv e  th o u g h  p ra c tic a l, an d  th e  n o n 
o b se rv a tio n  o f the t?  ->  л 0 e+ e~ decay  m ode  should  n o t  discourage a d e ta iled  
check  o f  th e  a sy m m etry  in  th e  th ree  p io n  m ode.

I f  th e  zlT  =  0 ru le  o p era tes  fo r К  th e  C v io la tin g  te rm  should  co rrespond  
to  A T  =  0. A t th e  sam e tim e  the?? -*■ e+ e~ decay m o d e  is excluded . I n  such 
a case th e  a n tisy m m e try  o f  th e  iso to p ic  sp in  s ta te  im p lies  a to ta lly  a n tisy m 
m etric  a m p litu d e , n a m e ly  G(s — u) (u  — t) (t — s), w h ere  s, t an d  и a re  th e  
cen tre  o f  m ass energies sq u a red  of e a c h  p a ir of л  m esons. G is a sy m m etric  
fu n c tio n  o f  s, t an d  u, i.e . a c o n s tan t w ith  a good a p p ro x im a tio n . T h e  asy m 
m e try  now  w ould  change from  one s e x ta n t  to  th e  n e x t ,  as show n in  F ig u re  4b. 
I f  th is  is th e  case, one w o u ld  expect a n  im p o r ta n t q u en ch in g  of th e  C v io la tin g  
a m p litu d e  as a re su lt o f cen trifu g a l b a r r ie r  effects. W h en ev e r we in tro d u c e  an  
ex p lic it d ependence  on th e  energy  of one  o f  th e  p ions, a>1 say , we shou ld  a c tu a lly  
in tro d u c e  a fac to r  m/m  w h ere  m is th e  in v erse  decay  ra n g e . W ith  m  o f  th e  order 
o f th e  v e c to r  m eson m ass , we are le d  to  expect s tro n g  cen trifu g a l b a rrie r  
q u en ch in g  w henever th e  m a tr ix  e le m e n t in tro d u c e d  is com plica ted . T he C 
v io la tin g  te rm  shou ld  b e  in tr in s ic a lly  v e ry  large  [23] in  order to  b rin g  a
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d e te c ta b le  a sy m m e try  effect. T a k in g  th e  ra n g e  as an  inverse  g m ass, one 
o b ta in s  an  average quenching  fa c to r  for th e  a sy m m e try  of 103 as opposed to  
a A I  =  2 tra n s itio n .

A sy m m etry  cou ld  also occur in  th e  л + я ~  y  decay  m ode b e tw een  th e  P  
w ave associa ted  w ith  th e  C in v a r ia n t  te rm  a n d  th e  D w ave asso c ia ted  w ith  
th e  C n o n -in v a ria n t one (we lim it th e  decay a m p litu d e  to  th e  lo w est possible 
w aves). T h is shou ld  occur even w ith  a u n ita ry  s in g le t c u rren t. T h is  has been 
d iscussed  in  d e ta il b y  B arrett  a n d  T ruo ng  [28]. T h e  p o in t is t h a t  th e re  is no 
large ex p ec ted  p h ase  difference b e tw een  th e  P  a n d  D w ave a t  th e  energies 
ava ilab le  (b o th  are  ex p ec ted  to  b e  ra th e r  sm all). E v en  th o u g h  th e  v io la tion  
m ig h t be  s tro n g  to  s ta r t  w ith  ( th a t  is th e  sam e a m o u n t of P  a n d  D  w ave), th e

Ы (b)

in te rfe ren ce  can n o t b u ild  up. A s show n in [28] th e  m ax im u m  asy m m etry  
w ould  com e ou t as 1 ,1 %  while th e  large  D w av e  w ould  c o n tr ib u te  a ra th e r  
large 7t° тс0 y  b ran ch in g  ra tio  Г(г] -а- л ° я 0 у)/Г(г] —=► n + л~  y) ~  0,25 w hich 
m ig h t th e n  perh ap s b e  th e  easiest to  d e tec t, th o u g h  th is  w ould b e  v e ry  h a rd  
ag a in s t th e  3tt° b a c k g ro u n d . P re se n t ex p e rim en ta l in fo rm atio n  [29] based  on 
33 ev en ts  gives a 0 a sy m m e try  (w ith  an  error of 17% ).

T h e  sam e a rg u m e n t can be ap p lied  to  th e  K L —> л + л ~  у  d ecay . E ven  
th o u g h  p a r i ty  is n o t conserved , an  a sy m m e try  b e tw e e n  th e  л + a n d  7i~ energy 
d is tr ib u tio n  w ould s till be  a p roo f o f  CP  v io la tio n  due  to  C v io la tio n  in th e  
E lec tro m ag n etic  p a r t  o f th e  decay  in te rac tio n .

I t  is to  be fea red  th a t  cen trifu g a l b a rrie r  effects m ay , in m a n y  cases, hide 
ac tu a l C v io la tin g  te rm s . A s trik ing  exam ple  is th e  n°  —> 3y decay  w here  w ith  
a decay  ran g e  of th e  o rd e r of th e  in v erse  m ass o f  th e  g , w hich seem s to  f it  
p ro p erly  th e  2y m ode [19] one w o u ld  expect a q u en ch in g  fa c to r  as la rge  as 
10~7. T he p re sen t lim it fo r Г  Ъу!Г 2y , is 5 x l 0 _e.

W e now  tu rn  to  X °  decay. S ev e ra l decay m odes could p ro v id e  evidence 
fo r C n o n -in v arian ce . A m ong the  m a n y  m a trix  e lem en ts  of in te re s t , we shall 
consider f ir s t  <(jr0 | K ß | X )  and (r) [ K /t \ X ) .  A s show n in F ig u re  5, they
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w o uld  co rrespond  to  X - >  л(г]) -)- e+ e~ and  X  л(г]) -)- л + -|- л ~ . E s ti
m a tio n  o f  C v io la tin g  effects m ay  p ro ceed  as follow s. T h e  ra tio  o f th e  л° e+ e~ 
a n d  Ъл decay  ra te s  is read ily  o b ta in e d  (the Зтг d ecay  assum ed to  proceed 
acco rd in g  to  ou r m odel). One finds t h a t  th e  q en h an cem en t m ore th a n  com 
p e n sa te s  fo r ph ase  space. N am ely

Г ( Х ~ > л °  e+ e~) ^ J L
Г ( Х - + л ° л + л ~ )  ~  5 '

T h e  Зтг decay  ra te  h as  a c o n tr ib u tio n  (second o rd e r e lec trom agnetic ) from  C 
con serv in g  te rm s b u t  w ith o u t q en h an cem en t. A ssum ing  C v io la tin g  te rm s to  
be p re se n t w ith  a s im ila r s tre n g th , w e h av e  n eg lec ted  it .

T h e re  is a t  p re se n t, an  u p p e r  lim it  for th e  л + л ~  (n eu tra ls) b ran ch in g  
ra tio  o f th e  X  [30]: 5 i  4 % . W e w o u ld  th e n  e x p e c t a b ran ch in g  r a t io  for th e  
л°  e+ e~ m ode of a t  m o st 1% . T h e  r] e+ e~~ decay  m ode  im plies a p h a se  space 
re d u c tio n  b y  a fa c to r  50. W ith  an  Xrj,  e lec tro m ag n etic  tra n s itio n  in te rfe ren ce  
b e tw een  th e  C conserv ing  (strong  in te ra c tio n ) m ode a n d  th e  C v io la tin g  e lectro
m ag n e tic  m ode w ou ld  y ie ld  an  a sy m m e try  on th e  D alitz  p lo t. A s fo r  th e  rj, 
th e  sam e m odel re la te s  th is  a sy m m e try  A to  th e  rj e+ e~ b ra n c h in g  ra tio  
th ro u g h  th e  sam e re la tio n . T he p e r t in e n t  fac to r К  is now  found to  b e  ab o u t 30. 
T h is w ould  assum e com plete  in te rfe ren ce  and  th e  a sy m m etry  sh o u ld  in  effect 
be  s till m ore red u ced .

I f  K ß tra n sfo rm s  as a u n i ta ry  singlet b o th  m a tr ix  e lem en ts  are zero 
ex cep t fo r X —rj m ix ing . I f  К ß tra n sfo rm s  like  I ß, th e  rj ->  л  e+ e~, X  ->  
-а- л  e+ e~ an d  X  -> e+ e~ ra te s  a re  a ll re la ted  [26] w ith  a X —rj m ix in g  angle 
of 0,18 [31]. T he b ran ch in g  ra tio  o f  th e  X  -> л  e+ e_ m ode shou ld  th e n  be of 
th e  o rd e r of a few  p e r  cen t, th e  ij e+ e~ m ode sh o u ld  c o n tr ib u te  a b o u t 0 ,1% . 
E x p e rim e n ta lly , th e  respec tive  u p p e r  lim its a re  1 ,3 %  and  1 ,1%  [32].

As fo r th e  rj th e  m ost in te re s tin g  te s t  sh o u ld  here also be  afforded  b y  
th e  л + л ~  у  m ode, w hich  has a b ra n c h in g  ra tio  o f  20 %  [32]. T he C conserving 
c o n tr ib u tio n  co rresponds m ain ly  to  P  w ave, w hile  th e  C v io la tin g  in te ra c tio n  
w ould  co rrespond  m ain ly  to  D  w av e . The t r a n s i t io n  is allow ed ev en  for a К  
c u rre n t w hich w ould  tran sfo rm  as a SI73 scalar. T h e  cen trifuga l b a rr ie r  effect 
shou ld  p lay  on ly  a r a th e r  sm all ro le  owing to  th e  h igh  m ass of th e  X , and  th e  
q reso n an ce  to g e th e r  w ith  a s till sm all D w ave p h ase  sh ift sh o u ld  prov ide an  
im p o r ta n t  in te rfe ren ce . F o r all th e se  reasons th e  D alitz  p lo t o f  th e  X  —> 
— л + л~  у  decay  shou ld  p ro v id e  one of th e  m o s t fav o u rab le  p ieces of d a ta  
fo r seek ing  possib le  C v io la tio n . A  d e ta iled  e s tim a te  has been m ad e  b y  B a r r et t  
a n d  T r u o n g  [28]. W ith  m ax im u m  v io la tion , i.e . eq u iv a len t P  a n d  D c o n tr i
b u tio n s , th e  ex p ec ted  a sy m m e try  soars to  18 %  as follows fro m  th e  large P  
w ave p h ase  sh ift. Such  a large D  w ave c o n tr ib u tio n  is, n ev erth e less , n o t to o  
reaso n ab le  an d  a m ore likely  f ig u re  of 10%  w o u ld  leave o n ly  a 4 %  л° л°  у /
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/л'т л ~  у  (due to  th e  D  w ave c o n tr ib u tio n ) b ran ch in g  ra tio  [28]. T h e  p resen t 
ex p e rim en ta l s itu a tio n  [32] based  on 152 events (in c lu d in g  86 in  th e  q peak) 
is co m p atib le  w ith  no a sy m m e try  b u t  th e  s ta tis tic a l e rro r  is such t h a t  a 10% 
o r less a sy m m e try  c a n n o t be ru led  o u t. F u r th e r  d a ta  on th is  decay  m ode are 
h igh ly  needed  [33].

V. Experiment involving h igh energy electron scattering

W e h av e  seen th a t  if, in  p rinc ip le , C invariance  cou ld  be easily  te s te d  in 
m eson decays, te s ts  o f T  in v a rian ce  a re  m ore read ily  av a ilab le  w ith  ferm ions. 
One shou ld  th e n  te s t  d ire c tly  T  in v a ria n c e  in e lec tro m ag n etic  in te ra c tio n s  
invo lv ing  ferm ions, C an d  T  in v a rian ce  being re la te d  b y  th e  C P T  th eo rem . 
M any such  possib le te s ts  h a v e  been p ro p o sed  and a n a ly z e d  in g rea t d e ta i l  by  
Ch r ist  an d  L e e  [15]. S evera l of th e  re a c tio n s  considered  are  fo rm ally  re la ted  
to  th e  E°  ->  Л 0 e+ e~ d ecay , a lready  m en tio n ed . The E  a n d  Л m ay  be  rep laced  
by  tw o d iffe ren t h ad ro n ic  s ta te s  w hich  can  be one o r  m ore p a rtic le  s ta te s . 
B o th  e lec tron  sc a tte rin g  a n d  p a ir  p ro d u c tio n  are con sid ered . In  m a n y  such 
reac tions, one should  sim p ly  look for a T  n o n -in v a ria n t te rm  in th e  re a c tio n  
am p litu d e . S ince th e  re a c tio n  is describ ed  up  to  a v e ry  good a p p ro x im a tio n  
b y  a one p h o to n  exchange , i t  should  th e n  correspond  to  a Г  n o n -in v a ria n t 
te rm  in th e  H am ilto n ian  [34]. This is th e  case for a c o n tr ib u tio n  o f th e  ty p e  
<(a}kXJc' to  th e  cross sec tio n  w hich w as prev iously  m en tio n ed  [18]. Such 
te rm s, as well as o th ers  [15] should  be sea rch ed  for in  m a n y  e lec tro m ag n etic  
in te rac tio n s  invo lv ing  h ad ro n s . T he rem a in in g  question  is to  select t h a t  w hich  
w ould be, a p rio ri, th e  m o st fav o u rab le .

In s te a d  o f giving a rev iew , we sha ll single ou t one  reac tio n , n a m e ly  N + 
e lec tro p ro d u c tio n  on a p o la rized  ta rg e t  a n d  analyze i ts  m ain  fea tu re s  w hich  
are  q u ite  ty p ic a l. T his m ig h t be  a feasib le  ex p erim en t a t  p resen t [35]. W e 
refer to  th e  w ork  o f Ch r ist  a n d  L e e  [15] fo r a more d e ta ile d  d iscussion as well 
a review  of re la te d  possib le ex p erim en ts . T h e  reaction  s tu d ie d  is p re se n te d  in 
F igu re  6. N + s tan d s  fo r a n y  nucleon iso b a r. For o b v ious p rac tica l reaso n s, 
p ro d u c tio n  o f th e  N + (3,3) a t  1240 M ev cou ld  be m ost easily  s tu d ied . N e v e r
the less, th e re  are  som e in d ica tio n s  th a t ,  ow ing to  th e  p a r t ic u la r  re la tiv e  v a lu e  
o f th e  form  fac to rs  inv o lv ed , th e  p o la riza tio n  effect so u g h t m igh t n o t b e  la rg e  
in an y  case [36]. F u rth e rm o re , no effect w ould  be o b se rv ed  if  C in v a ria n c e  is 
v io la ted  unless th e  c u rre n t К /( tra n sfo rm s  like an iso sca la r [14]. F o r  th e se  
reasons, it  is desirab le  to  p u sh  th e  e x p e rim en t to  h igher iso b ars  and espec ia lly  
to  th e  N + (1,3) a t  1520 M ev w hich  is also c lea rly  p roduced  in  e lec tro p ro d u c tio n  
[37].

T he p rinc ip le  of th e  ex p e rim en t is as follows: e lec tro n s are  sc a tte re d  off 
a po larized  ta rg e t  an d  th e ir  energy  sp ec tru m  a t  a fixed  an g le  is ana lyzed . T h e
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N + p e a k , due to  p ro to n s , w ill s ta n d  above th e  b ack g ro u n d  p ro v id e d  b y  th e  
t a r g e t  com pound  n u c le i as a w h o le , and its  m a g n itu d e  sh o u ld  change w ith  
in v e rs io n  of th e  p o la riza tio n  if  T  (a n d  C) in v a ria n c e  were v io la te d . A t p resen t, 
p o la riz e d  ta rg e ts  p ro v id e  a 6 0 %  p o la riza tio n , b u t  w ith  o n ly  a  3%  p ro to n  
c o n te n t  [35]. T h e  b ack g ro u n d  is th erefo re  eno rm ous. N ev erth e less  a ra p id  
im p ro v e m e n t o f  ta rg e ts  is ex p e c te d .

T he N + N y  v e r te x , w ith  a  v ir tu a l p h o to n  (F igure 6) invo lves 3 fo rm  
fa c to rs  w hich a re  co n v en ien tly  re la te d  to  th e  m a tr ix  e lem ents o f  th e  e lec tro 
m a g n e tic  c u rre n t b e tw een  d iffe re n t he lic ity  s ta te s  of th e  in it ia l  and  f in a l

b a ry o n  [38]. W e follow  here th e  analysis o f Ch r is t  and  L e e  [15], i.e. we w rite  
th e  d iffe ren tia l cross-section  in  th e  la b o ra to ry  system  d e fin in g  th e  z ax is b y  
th e  isobar m o m e n tu m  p  an d  th e  у  axis by  th e  n o rm a l to  th e  e lec tro n  sc a tte r in g  
p la n e  . 3 in d ep en d en t m a tr ix  e lem en ts  are  th e re b y  in tro d u ced  [15].

f±  =  t y ( íy+’ y ± 1l(J*i0> ± i -M°))liV’ y ) ’
X 7 (12)

F z = ( n +,

A ll o th e r m a tr ix  elem ents a re  given b y  p a r i ty  in v arian ce  [39]. The m a tr ix  
e lem ents of th e  tim e  c o m p o n en t of th e  c u r re n t are o b ta in e d  from  c u r re n t  
co n se rv a tio n , n am ely

(13
w here M  a n d  m  s tan d  fo r th e  isobar an d  n u c leo n  m ass.

I f  tim e  rev e rsa l in v a ria n c e  holds all F ' s a re  re la tiv e ly  re a l in  th e  sc a tte r in g  
p h ysica l reg io n  an d  a zero p o la riza tio n  e ffec t resu lts  [34]. O n th e  o th e r h a n d , 
a c o n tr ib u tio n  to  th e  c ross-sec tion  p ro p o rtio n a l to  th e  p o la riza tio n  n o rm a l to
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th e  p ro d u c tio n  p lan e  involves th e  im ag in ary  p a r t  o f th e  q u a n tit ie s  F f  Fj. 
T his is easily  seen since w ith  o u r choice of axis, i t  is p ro p o rtio n a l to  th e  non- 
sy m m etric  p a r t  o f th e  d en sity  m a tr ix  describ ing th e  p o la riza tio n  o f  th e  in itia l 
nucleon .

In  o rd er to  be m ore specific, w e w rite  th e  iso b a r p ro d u c tio n  d ifferen tia l 
cross-sec tion  in th e  la b o ra to ry  sy s te m  as

da
d cos 0

2n ex2 k' 
2 к m2 q2

M 2 +  m 2 +  q2
2 к . 0—  sin 2 —
m  2

2 R t +  R 2 со ta n 2

k2 -  k '2 0 \
+  P ------- -—  R 3 co tan  —  >т л 2 I

(14)

w here  P  is th e  av e rag e  p ro to n  p o la riza tio n  (e x p e c ta tio n  v a lu e  o f th e  spin 
com p o n en t) n o rm al to  th e  selected  re a c tio n  p lane , q2 is th e  m o m e n tu m  tra n sfe r

0
sq u a re d , q2 =  4 M ' sin2 , 6 is th e  sca tte rin g  ang le . T he e lec tro n  m ass has 

been  neg lected .
R e la tio n  (14) is derived  fro m  th e  w ork of Ch r is t  an d  L e e  [15] w hen 

th e ir  general re la tio n s are  specialized  to  a p a r tic u la r  isobar. R v  R 2 an d  R 3 
h av e  been  defined  accord ing  to  th e  3 fo rm  fac to rs t h a t  th e y  h a v e  chosen  (12). 
N am ely

R ,  =  \ F + |2 + | F _ | 2,

R* =
p~

F + I2 +  I F _  I2 +
4 m2q2

( M 2 +  m2 +  q2)2
(15)

R 3 =  2rj I m  {F*  F J
4m 4 q1

p 2 (M 2 — m2 +  q2)2
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M 2 I (M 2 — m 2 — q2)2
w here p , p 2 = -----  q~ +  ------------------------ - , is th e  isobar m o m e n tu m , and

m2 \ 4 M 2
w here 7] is th e  re la tiv e  p a r i ty  b e tw een  th e  nucleon a n d  th e  isobar t im e  a fac to r 
-f-(— 1) if  th e ir  sp in  difference is ev en  (odd) Tj =  — 1 fo r th e  iV+ (33) an d  -(-1 
for th e  N + (1,3).

(14) to g e th e r  w ith  (15) follow s from  th e  d e fin itio n  of th e  F ’s w hen  th e  
cross-sec tion  assoc ia ted  w ith  th e  g ra p h  of F igu re  6 is c a lcu la ted . T h e  m ost 
re a d ily  m easu rab le  q u a n t i ty  is th e  a sy m m e try  o b ta in e d  w ith  u p  a n d  dow n
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p o la riz a tio n . I t  read s [15]

A =

(к2 — к'2) R 3 co tan

m2 2R t -f- R 2 c o tan 2
(16)

W e now  tu r n  to  an  e s tim a te  o f th is  ex p ec ted  a sy m m e try  assum ing  a 
m a x im a l v io la tio n , t h a t  is Im  {F z F _ }  ~  | Fz F _  | as seen in  (14) an d  (15). 
T h e  o b se rv a tio n  o f th e  e lectron  d ire c tio n  only  y ie ld s tw o  in d e p e n d e n t functions 
[41] w hich  co rresp o n d  to  tra n sv e rse  and  lo n g itu d in a l p h o to n  po la riza tio n . 
P re s e n t re su lts  [37] c learly  show  t h a t  isobars are  consp icuously  p ro d u ced , b u t 
th e  analy sis  o f th e  d a ta  s till leaves a  g rea t u n c e r ta in ty  in  th e  know ledge of 
th e  F  fu n c tio n s . F o r  th e  N + (3 ,3), | F z |2 is co m p a tib le  w ith  zero  an d  should 
n o t  exceed  20%  o f (| F + |2 -f- | F _  |2), [41]. T he sm all value o f F z could be a 
re su lt  o f h igher sy m m etrie s  [43]. A  m ax im al effect, i.e . Im  F'z F _  ~  0,5 | F _  |2^  
~  0,5 I F + |2, w ith  800 Mev in c id e n t electrons a n d  a sc a tte rin g  ang le  of 60° 
(q2 ~  0,26 (B ev/c)2) w ou ld  y ie ld  an  a sy m m etry  A  ~  30%  as follow s from  th e  
re la tio n  o f Ch r ist  a n d  L e e .

T h e a sy m m e try  is zero in  th e  fo rw ard  d irec tio n , increases w ith  m om en tum  
tra n s fe r  to  re tu rn  to  zero in th e  b a c k w a rd  d irec tio n . T h e  co u n ting  r a te ,  how ever 
decreases sh a rp ly  w ith  q2.

A  d e ta iled  a n d  re fin ed  an a ly s is  [36] concludes w ith  a m ax im u m  asym 
m e try  o f th e  o rd e r o f  25% . T h is m a y  look fav o u ra b le  b u t ,  as we h a v e  a lready  
m en tio n ed , th is  has to  be observed  on a 2%  c o n tr ib u tio n  above th e  b ack g ro u n d  
d u e  to  th e  s till low  h y d ro g en  c o n te n t o f th e  ta rg e ts .

As m en tio n ed  a lread y , th e  p ro b ab le  sm allness o f Fz re la tiv e  to  F_  for 
th e  N + (3,3), to g e th e r  w ith  th e  possib le  A T  =  0 se lec tion  ru le , s tro n g ly  in d i
c a te s  t h a t  th e  ex p e rim e n t, if  feasib le , should  be  ex ten d ed  to  th e  N + (1,3). 
T h e  p e r tin e n t v a lu e  o f Fz cou ld  be  m uch m ore fav o u rab le  [38] a n d  a A T  =  0 
ru le  w ould  n o t fo rb id  it.

M any  o th e r  reac tio n s  h a v e  b een  p roposed  a n d  analyzed  in  g rea t d e ta il 
in c lu d in g  C om pton  sc a tte rin g  [44]. H ow ever th e y  a ll seem  d ifficu lt a t  p resen t, 
as in  th e  case fo r th e  te s t  of re c ip ro c ity  re la tio n s  in  p h o to n  reac tio n s  [15], or 
else are  expec ted  to  y ield  sm all effects.

As a genera l conclusion , i f  th e re  is y e t no d ire c t p roo f of C in v arian ce  in  
E le c tro m a g n e tic  processes in v o lv in g  h ad rons, C n o n -in v a rian ce  effects ap p ear 
to  be  a lm o st a lw ays lim ited  to  sm all co n trib u tio n s  fo r  various a n d  in d ep en d en t 
reaso n s. T h is, how ever, shou ld  in  no w ay d isco u rag e  us from  prob ing  th e  
p ro fo u n d  m ean ing  o f  th is  in v a ria n c e  princip le .

I t  is a p leasu re  to  th a n k  G. S h apiro  from  S ac lay  and  A. R o u sse t  from  
l'E c o le  P o ly te c h n iq u e  fo r d iscussions on th e  ex p e rim en ta l a sp ec ts  of th e  
d iffe re n t te s ts  a t  p re se n t being p e rfo rm ed  or p la n n e d . I  also th a n k  G. B ouch iat  
fo r a d iscussion.
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A ppendix

Several meson decays which could provide tests for C invariance in electromagnetic processes
are listed

Reaction
forbidden for

su 3
singlet

forbidden for
su3

octet

Expected  quenching as opposed to the 
dom inan t mode or C conserving one. I t  
is due to  centrifugal barrier effects or 

the weakness o f a

71° -► 3 y a, very strong
rj -*■ я° e * e~ X X

Tj —*- Tj+ Ti~ n° (asymmetry) X X strong (anyway) average (model)
rj —>■ 7i+ 7i~ y (asymmetry) average but small P  wave phase

shift
X  —*■ 7i+ 7i~ rj (asymmetry) a (Average)
X  — 7i°(r)0) e + e~ X a2
X-*-Q Я x(Q — y) a2
X  ->- jr+ n~ y  (asymmetry)
К  —► л  + n~ у  (asymmetry) average but small P  wave phase

shift

Ф — в +  У X a
Ф -* со +  У a
со — Q -Г у X a
Ф —*- 71+ 7t“ у (asymmetry) X small branching ratio
со я + л~ у  (asymmetry) X small branching ratio
р  я + я -  у (asymmetry) small branching ratio
со -► я + я-  л° (asymmetry) X a
Ф -а- тс+ 7i~ тс° (asymmetry) X a

As a s till possib le search  fo r C v io la tio n , i t  shou ld  b e  m en tio n ed  th a t :  
— a m ore precise m easu rem en t o f  th e  n e u tro n  e lec tric  dipole m o m en t 

w ould  also be  ex trem e ly  in te re s tin g . E s tim a te  w ith  C v io la tio n  [26] gives 
v alues as la rge  as 10“ 19 excm  w hen th e  p re se n t e x p e rim e n ta l lim it o b ta in e d  
b y  R a m sey  and  his co llab o ra to rs  is 10-20. W ith  a p rec ision  pushed  h ig h e r, i t  
could  easily  reveal a C v io la tin g  effect i f  p re sen t.
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production.
43. A. S a la m , R. D e l b o u r g o  and J. S t r a t h d e e , Proc. Roy. Soc. (London) A  284, 146, 1965.
44. F. T. H a d jio a n o u  et al. Preprint (1966).

ВОЗМОЖНОЕ НАРУШЕНИЕ С-ЧЕТНОСТИ В ЭЛЕКТРОМАГНИТНЫХ
ПРОЦЕССАХ

М . Ж А К О Б

Р е з ю м е
Рассмотрены разные возможные способы несохранения С-четности в электро

магнитных взаимодействиях, и дается анализ экспериментальных следствий с подробным 
обсуждением нескольких типичных случаев.

Подчеркивается, что хотя С-инвариантность может быть сильно нарушена, все 
эксперименты, которые в данный момент могут быть предложены, являются поисками 
измеримых эффектов порядка нескольких процентов. Это обстоятельство связано с раз
ными причинами, которые кратко обсуждаются.
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By

L.  Gá l f i and G. M a r x

IN ST ITU TE FO R  TH EO RETICA L PH Y SICS, ROLAND EÖTVÖS U N IV ER SITY , BU DA PEST

A theoretical upper limit on the rate of the C violating decay is given.

O ne of th e  discussed p o ssib ilities  o f (e lec tro m ag n etic ) C v io la tio n  is th e  
possib le  n° —> 3у  decay  [1]. O u r a im  was to  f in d  th e  s im p lest 7i° — 3y ve rtices  
an d  to  e s tim a te  th e  expected  b ra n c h in g  ra tio

R  Г ( л ° - + 3 у )
Г  (л° —> 2у)

fo r th e  case o f an  e lec tro m ag n etic  (or strong ) C v io la tio n . L o re n tz  sy m m etry , 
P  co n se rv a tio n , B ose s ta tis tic s  a n d  gauge in v a ria n c e  for p h o to n s  a re  assum ed. 
I t  h as  been  show n th a t  all th e  v e rtices  w ith  six  or less d é r iv â te s  v an ish  fo r 
0~ — 3y  (and  also fo r 0 + —> 3y) tra n s it io n . In d e p e n d e n t n o n -v an ish in g  vertices  
w ith  seven  d é riv â te s  are

— -  3e 3j 71° 8 F aß э7 F aß F y$ ,
m 1

(1)

“V  ду 9- л ° d»F °$ F ßy Q* F ^m ‘
(2)

~  8p Faß F ßy 3, Э7 ,
m 7

(3)

9« 9» 3e Faß F ßy 0g F yi ,
m

(4)

~~т®й 9e Faß aa FßD Be Fyb , 
rrv

(5)

~ ~  9ä 71° 8e Faß 8a Fßy 0e Fyf  . 
m ‘

(6)

8V Af, is th e  e lec tro m ag n etic  field  ten so r,

F d — в FF V f̂xvcn сгт (?)

7* Acta Physica Academiae Scientiarum Hungaricae 22, 1967
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th e  co rresp o n d in g  p seu d o ten so r, m _1 is a c o n s ta n t o f th e  d im ension  o f len g th  
( th e  so -ca lled  decay  le n g th ). T h e re  a re  severa l o th e r  in d e p e n d e n t v e rtic e s  
w here  th e  a n tisy m m e tr ic  p seu d o ten so r eMWr an d  th e  fie ld  te n so r F ap a re  n o t 
c o n tra c te d  tw ice, so th e  v e r te x  c a n n o t b e  expressed  in  te rm s  o f it0, F â , F ^  
only .

O ne o f th e  s im p le s t cases seem s to  be th e  v e r te x  (1) w hich  w as q u o te d  
a lre a d y  b y  S. B a r s h a y  [2]. F o r a p ion  a t  re s t  in  th re e  d im ensional lan g u ag e  
i t  can  be  re w ritte n  in  th e  follow ing fo rm :

p 3  m 2

-— f - [(H2 kx) {[E3 H, k2] +  [H3 Ex k2]} +
m‘

+  (Hg k2) {[Eg H2 kg] +  [Hg Eg kg]} +  (la)
+  (Hg kg) {[Eg H3 kg] -f- [Hg E3 kg]}.

T h e d ecay  ra te  co rresp o n d in g  to  th e  v e r te x  ( la )  can  be  expressed  in  a s tr a ig h t
fo rw ard  w ay . B y  m ak in g  use o f th e  <5 fu n c tio n s  severa l in teg ra ls  can  be  e v a lu a t
ed  d ire c tly ; f in a lly  tw o  in teg ra ls  su rv iv e  (w ith  re sp e c t to  th e  tw o  p h o to n  
energ ies feg an d  k2). T h e  in te g ra tio n  do m ain  is th e  c e n tra l  solid tr ia n g le  o f th e  
D a litz -d ia g ram  (F ig . 1). T he n u m erica l ev a lu a tio n  o f th is  in teg ra l re su lts  in 
th e  e s tim a tio n

Г (л °  -a- 3y) =  2 • 109 s“ 1

if  th e  decay  le n g th  m -1 is p u t  equal to  th e  pion C o m p to n  w av e len g th . This 
co rresp o n d s to  a b ra n c h in g  ra tio

R  =  3 .1 0 - 7 .

T h is n u m erica l v a lu e  m ay  be considered  to  be an  u p p e r  lim it. A m ore rea listic  
re su lt c an  be o b ta in e d  even in  th e  case o f m ax im um  e lec tro m ag n etic  C v io lation  
b y  p u t t in g  th e  Q m eson  C om pton  w av e len g th  as decay  len g th  (m  =  mg):

R  — 1 0 - 12 .
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T h e p re sen t b e s t  ex p e rim en ta l u p p e r lim its  are h igher b y  tw o  (or seven) 
o rders o f m a g n itu d e  th a n  th is  re su lt. So w e m a y  conclude b y  say ing  th a t  th e  
o b se rv a tio n  o f th e  C v io la tin g  л°  -> Ъу d e c a y  m ay  be co n sid e red  to  he r a th e r  
d ifficu lt te c h n ica lly  even fo r a m ax im um  e lec tro m ag n etic  C v io la tio n .

REFERENCES

1. J .  P r e n t k i and M. V eltm an , Physics Letters, 15 , 965, 1965.
2. S. B a rsh a y , Physics Letters, 17, 78, 1965.

ЗАМ ЕЧАНИЕ О РАСПАДЕ л» -> 3у

Л . ГАЛЬФИ и Г. МАРКС

Р е з ю м е
Дается теоретический верхний предел для распада с нарушением С-инвариантности.
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POSSIBLE CP-VIOLATION AND INTERFERENCE 
PHENOMENA IN DECAYS OF K °L AND K °s MESONS

By

E . 0 .  Ok o n o v

JO IN T  IN ST ITU TE F O R  NUCLEAR R ESEA R C H , DUBNA, U SSR

Abstract

In te rfe ren c e  ex p erim en ts  in  n o n -lep to n ic  and  lep to n ic  m odes of K% a n d  
K°L are  considered  in  connec tion  w ith  p o ssib le  C P -v io la tio n . T he in te rfe ren ce  
effects in  th e  K°stL —> л + л ~  sy stem , w h ich  occur in  th e  case  of C P -v io la tio n , 
a re  in v e s tig a te d . I t  is show n th a t  these  effec ts are v e ry  p ronounced  u n d e r  
ce rta in  co n d itio n s. T heir s tu d y  m akes it  possib le  to  solve f in a lly  th e  p ro b le m s 
concern ing  th e  ex istence o f th e  K® -> л + л ~  decay an d  th e  m odels o f  C P - 
v io la tio n . A com parison  is m ad e  b e tw een  th e  expected  effects and  re c e n t  
ex p erim en ta l d a ta . T he in fluence  of C P -v io la tio n  upon le p to n ic  decays o f  K°s 
is analysed .

Som e new  in te rfe ren ce  effects w h ich  can  be o b se rv ed  in ex p e rim en ts  
w ith  K ° K °  p a ir  p ro d u c tio n  a re  considered .

ВОЗМОЖНОЕ НАРУШЕНИЕ CP И ИНТЕРФЕРЕНЦИОННЫЕ ЯВЛЕНИЯ 
В РАСПАДАХ K l  И KS МЕЗОНОВ

э. о. о ко н о в  

Р е з ю м е
Рассматриваются интерференционные эксперименты с лептонными и нелептон- 

ными распадами Kg и KL в связи с возможным нарушением CP-инвариантности. Иссле
дованы интерференционные эффекты в системе K s .l л*я~, которые являются следст
виями нарушения СР. Показано, что при определенных условиях эти эффекты весьма 
значительны. Их изучение дает возможность окончательно решить вопрос о существо
вании Kl-*- распада и о моделях нарушения СР. Полученные экспериментальные
данные сравниваются с ожидаемыми теоретическими эффектами. Проведен анализ влия
ния нарушения СР  на лептонный распад К%-

Рассмотрены некоторые новые интерференционные эффекты, которые могут быть 
наблюдены в экспериментах с рождением К°К°■
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EXPERIMENTAL INVEST1GAT0N OF K °L л /uv AND 
K?L - + n +n - n °  DECAYS

By

P. B a s il e , J. W . Cr o n in , B . T h e v e n e t , R. T urla y , S. Zy lh er a jc h  and
A.  Zy l e e r s t e jn

CENTRE D’ETUDES NUCLÉAIRES DE SACLAY, FRANCE

Abstract

A n e x p e rim e n t on th e  charged  K ? d ecay s  has b e e n  ca rried  ou t o n  th e  
sy n c h ro tro n  S a tu rn e  in  S ac lay  w ith  a d o u b le  m agnetic  sp e c tro m e te r  and  s p a rk  
ch am b ers . 300 000 pho to s  c o n ta in in g  80 000 K°L decays h a v e  been o b ta in e d . 
T h e  id e n tif ic a tio n  of th e  л ,  ц  a n d  e has b e e n  carried  o u t b y  inv estig a tin g  th e i r  
in te ra c tio n s  in  sp a rk  ch am b ers . W e p re sen t h e re  p re lim in a ry  resu lts  concern ing  
3000 K°L -»  n ± ц  + V an d  1000 К® -> я + n ~  л °  decays. W e h av e  in v e s tig a te d  
th e  form  fa c to rs  o f th e  n/.tv m ode and  th e i r  possible en e rg y  dependence. T h e  
an a ly sis  o f th e  л °  sp e c tru m  in  th e  л + л ~  л °  m ode is c a r r ie d  o u t in te rm s  o f 
W e in b e r g ’s lin e a r  m a tr ix  e lem en t and  o f  a resonance as suggested b y  L. 
B r o w n .

ЭКСПЕРИМЕНТАЛЬНОЕ ИССЛЕДОВАНИЕ РАСПАДОВ 
K i. npv и K l  ->-л +л ~л0

П. БА ЗИ Л Ь, Ж . в. К Р О Н И Н , Б . Т Э В Е Н Е , Р. ТЮ РЛЕЙ, С. ЗИ Л Б Е Р А Ж  и 
А. ЗИ Л Б Е РС Т Е Й Н

Р е з ю м е
Проведен эксперимент по заряженный КЧ. распадам на синхротроне Сатурн в 

Саклэ с двойным магнитным спектрометром и искровыми камерами. Получены 300 000 
снимков, из которых 80 000 содержат K l  распады. Идентификация л , / т е  проведена пу
тем исследования их взаимодействия в искровых камерах. Мы сообщим здесь некоторые 
предварительные результаты на основе 3000 . ,L -» л ± p ± v  и 1000 K l -► л~л+л° распа
дов. Мы исследовали формфакторы К° л± v распадов и их зависимость от энергии. 
Анализ спектра л° в распаде К'( ±  л~ л*л°  сделан в терминах линейного матричного 
элемента Вейнберга и сг-резонанса, предложенного Л. Брауном.
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SESSION 3. QU A RK  MODELS

THE NON-RELATIYISTIC QUARK MODEL

By

G. MORPURGO

IST1TUTO DI FISICA DELL’UNIVERSITA 
a n d

ISTITUTO NAZIONALE DI FISICA NUCLEARE-SEZIONE DI GENOVA, ITALY

The classification scheme and decay properties of hadron states are investigated in the 
framework of the non relativistic quark model. The main successes and the unsolved diffi
culties of the model are presented indicating the future work which could be done to under
stand and exploit the non-relativistic quark ideas.

1. Introduction

Acta Physica Academiae Scientiarum Hungaricae 22, 1967

If , a t  som e tim e  in  th e  d ev e lo p m en t o f physics, one  h ad  k n o w n  on ly  
s ta te s  of pions or s ta te s  w ith  in te g e r iso sp in  ( th in k  of h a v in g  “ sim ply”  sw itch ed  
off th e  w eak  in te ra c tio n s  !) an d  one h a d  observed  iso sp in  co n se rv a tio n  one 
m ig h t h av e  asked  w h e th e r s ta te s  w ith  h a lf  in teg er iso sp in  ex ist; one w o u ld  
h av e  th u s  d iscovered  th e  n e u tro n  an d  th e  p ro to n , th e  lo w est re p re se n ta tio n  
o f S U 2.

O u r p re se n t s itu a tio n  w ith  S U 3 m ig h t he  sim ilar to  th e  h y p o th e tic a l 
s itu a tio n  described  above. W e do know  th e  8 an d  10 re p re se n ta tio n s  o f  S U 3, 
h u t  n o t  th e  low est one, t h a t  o f d im ension  3. D o p a rtic le s  co rresp o n d in g  to  
such  a re p re se n ta tio n , th e  “ q u a rk s” , e x is t?  [1]

I f  th is  is so one can  o f course im ag in e  t h a t  all th e  p a r tic le s  of th e  h ig h e r 
re p re se n ta tio n s  o f S U 3 th e  8 an d  10 re p re se n ta tio n s  are re a lly  b u ilt  w ith  q u a rk s , 
in  th e  sam e w ay  as F e rm i an d  Y ang  b u i l t  th e  p ion  th ro u g h  a nucleon a n d  an 
a n tin u c leo n .

T h is is o f  course th e  basic  id ea  of th e  q u a rk  m odel o f  e lem en ta ry  p a r tic le s , 
an  idea  o f w hich  I  w ill t r y  to  show  th e  u sefu lness and  th e  difficulties in  w h a t 
I am  going to  say ; i t  m u s t b e  em p h asized  th a t  th is  a p p ro a c h  m ay w ell be 
w rong  b u t  since m ore e lab o ra te  ap p ro ach es m ay  be w rong  to o , it  seem s u sefu l 
to  t r y  to  in v e s tig a te  its  consequences.

T o  be m ore specific th e  m ain  a ssu m p tio n s  o f th e  m o d e l are [2, 3 ]:
I . 2 1

1. Q uarks o f only  one k in d  do ex is t w ith  charges re sp e c tiv e ly —  , -------,
(, 3 3

1 \
— —  I. As is well know n also o th e r  m odels a re  possible w ith  d ifferen t k in d s  of
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q u a rk s ; in  th e se  m odels one av o id s  fra c tio n a ry  charges, b u t  th e y  do n o t h av e  
th e  d irec t c o n n e c tio n  w ith  S U 3 described  a b o v e ; we th e re fo re  w ill n o t consider 
th e se  m odels f u r th e r  in  th is  le c tu re .

2. T he m ass  o f th e  q u a rk  is r a th e r  la rg e  (M  >  10 G eV ); we shall com e 
b a c k  la te r  to  th is  po in t.

3. A d e sc rip tio n  of th e  p a rtic le s  in  te rm s  o f a fixed  n u m b e r of q u a rk s  
a n d  a fixed  n u m b e r  of a n tiq u a rk s  is a good d escrip tio n . B y  th is  we m ean  th a t  
a n  a p p ro x im a tio n  in  w hich say  a  p ro to n  is d esc rib ed  in  te rm s  o f  th e  co o rd in a tes  
o f  th e  th re e  q u a rk s  w hich i t  c o n ta in s  is a good  d escrip tion ; in  th e  sam e sense 
in  w hich  a d e sc rip tio n  in w h ich  H e 3 is describ ed  in  te rm s o f  th e  coo rd inates o f 
th e  th re e  n u c leo n s is a good d esc rip tio n , in  sp ite  of th e  fa c t t h a t  p ions, t h a t  is 
exchange c u r re n ts , are c e rta in ly  p re sen t in  th e  H e3 nuc leu s. In  our case p re 
su m a b ly  th e  ex ch an g e  c u rre n ts  a re  la rger t h a n  in  nuclei; so th a t  it  is b y  no  
m ean s tr iv ia l  to  u n d e rs ta n d  th e  v a lid ity  o f  th is  assu m p tio n  [4].

A s im p lify ing  fea tu re  w h ich , if  tru e , m ig h t also be u sefu l in  u n d e rs ta n d in g  
a ssu m p tio n  3. above  is now  th e  follow ing: co n tra rily  to  th e  F e r m i—Y ang  
d esc rip tio n  o f th e  p ion , i t  is n o t  im possib le, in  th e  p resen t m odel, th a t  in  sp ite  
o f  th e  h igh  b in d in g  energy, th e  m otion  o f  th e  quarks in sid e  an  e lem en ta ry  
p a r tic le  is n o n -re la tiv is tic  [2].

C onsider, in  fac t, as an  ex am p le , a p io n  described as a q u a rk -a n tiq u a rk  
sy stem . T he q u a rk  and  a n t iq u a rk  will ex ch an g e  mesons a n d  we will assum e 
th a t  th e  fo rce  th ro u g h  w hich th e y  are  b o u n d  to  form  th e  m eson  is due to  su ch  
a n  exchange. I f  th e  m esons w h ich  p rov ide  th e  b inding fo rce  are, say , v e c to r  
m esons, th e  ra n g e  of th is  fo rce  w ill be of th e  o rd e r of (5m „)-1 . L e t us th e re fo re  
re p re se n t th e  in te ra c tio n  b e tw e e n  q u a rk  a n d  a n tiq u a rk  as a  p o ten tia l w ell o f 
rad iu s  a =  (5 /пя) -1 , and  o f su c h  huge d e p th , o f  course, t h a t  th e  low est b o u n d  
level has th e  m ass  of th e  p io n . I n  th is  p o te n tia l  well th e  re la tiv e  v e loc ity  v o f  
th e  q u a rk  a n d  a n tiq u a rk  is n o n -re la tiv is tic . T he re la tiv e  m o m en tu m  p  is in  
fa c t, b y  th e  H e is e n b e r g  p rin c ip le  on ly  de te rm in ed  b y  th e  rad ius o f th e  
p o te n tia l

p &  5 m n

an d  th e re fo re  —  = ---- = -------- ; if M,  th e  q u a rk  m ass, is 10 GeV, one
c M  M

v
h as —  I .

c

I t  is o b v io u s th a t  th e  ab o v e  a rg u m e n t w ill hold fo r a n y  p o ten tia l s im ila r 
in shape to  th e  square  w ell, lik e , e.g. for a superp o sitio n  o f  tw o  Y ukaw ians n o t  
hav in g  an  a t t r a c t iv e  s in g u la r ity  a t  th e  o rig in . On th e  o th e r  h an d , as h as

a lready  b een  rem ark ed  [2], i t  does n o t h o ld  for a p u re  —  p o ten tia l (V irial
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T heorem ) n o r for a p u re  Y u k a w a  p o te n tia l, on acco u n t of i ts  s in g u la rity . 
T his la s t  p o in t can  be  ex p lic itly  checked  a n a ly tic a lly  b y  m ak in g  use of a 
H u l t h é n  p o ten tia l.

Since i t  is n o t u n lik e ly  th a t  th e  rea listic  p o te n tia l  b e tw een  tw o  quarks 
(or a q u a rk  an d  an  a n tiq u a rk )  m a y  h a v e  a repu ls iv e  core o f su ffic ien t rad ius 
to  m ak e  th e  above a rg u m e n t va lid  w e w ill n o t in sis t fu r th e r , for th e  m o m e n t, on 
th e  sh ap e  o f th e  p o te n tia l , and , fo r  e s tim a tes  o f o rd e r o f m a g n itu d e  we shall 
use in  w h a t follows a sq u a re  well p o te n tia l. In d e e d , assum ing  a sq u a re  well 
p o te n tia l  of rad iu s  (5пгл)-1  th e  d is ta n c e  betw een  th e  tw o  low est s a n d  p  s ta te s  
of a q u a rk  an d  an  a n tiq u a rk  can g ive us som e in fo rm a tio n  on th e  m ass M  of 
th e  q u a rk ; th e  low est s, p ,  d, levels in  an  in fin ite  sq u a re  w ell p o te n tia l  o f  rad iu s

(5m„)_1 are  given b y o c —^ r^ w h e re  «  =  (3,14)2 3 4 5, (4,5)2, (5,76)2, fo r s, p  and  d

s ta te s , respective ly . T h e  d is tan ce  be tw een  th e  f irs t  p  an d  s s ta te s  is

s i  250тпл • Now, e x p e rim en ta lly , th e  d is tan ce  o f th e  average m ass of th e

even  p a r i ty  m esons from  th e  odd p a r i ty  m esons is s i  500 MeV. T h ere fo re  we 
o b ta in  M  =  10 GeV. O f course th is  fig u re  depends s tro n g ly  (q u a d ra tic a lly )  
on th e  assum ed  range  o f th e  force a n d  i t  becom es 20 GeV fo r a ran g e  o f  ( 7 т я)-1 
or 5 GeV fo r a range  o f (3,5m „)-1 . I n  th e  follow ing, as a lread y  s ta te d , we will 
assum e M  =  10 GeV, w hen  n ecessary  fo r e s tim a tes  o f  orders o f m ag n itu d e .

2. A list of re su lts  and  problem s

W e will lis t now  severa l re su lts  o f  th e  m odel w h ich  can be  considered  
ra th e r  succesful. T h ey  a re :

1. T he possib ility  o f an  in te rp re ta t io n  of th e  v a lu es  of th e  p a ra m e te rs  in 
th e  G e l l -Ma n n  — Ok u b o  m ass fo rm u la .

2. T he m agnetic  m o m en ts  a n d  th e  V P y  ra d ia tiv e  decays.
3. T he N*  -a- N  —)— у  tra n s it io n s , w here N*  is an  excited  b a ry o n  s ta te ; 

in p a r tic u la r  th e  absence o f th e  E2  t ra n s i t io n  N *3 —> N  -f- y.
4. T he connection  b e tw een  В B P  a n d  V P P  v e rtic e s , w here В  is a b a ry o n , 

P  a p seu d o sca la r and  V  a v ec to r  m eson  (in p a r tic u la r  th e  connection  betw een  
th e  QjTTt an d  1V*3 N ji w id th s).

5. T he J o h n so n —T r e im a n — L i p k i n — S check  re la tions.
O ne can  ask  how  ty p ic a l th e  ab o v e  lis t o f re su lts  is o f th e  n o n -re la tiv is tic  

q u a rk  m odel. T he g enera l answ er to  th is  question  is t h a t  m ost o f  th e  above 
resu lts  can  also be derived  in  d iffe ren t w ays, b u t  on ly  a t  th e  expense o f  m ak ing  
som e specific  a ssu m p tio n  in  each case [5]. I t  ap p ears  to  m e th a t  th e  q u ark  
m odel is, so fa r, th e  on ly  w ay  in w h ich  th e  resu lts  ab o v e  can  be d e riv e d  in  th e  
sim p lest w ay  an d  w ith  a m in im um  n u m b e r  of genera l a ssum ptions.
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T h ere  are also , o f  course, th in g s  fo r w h ich , a t  p re sen t, on ly  te n ta t iv e  
an sw ers  can  be g iv en  in  som e cases.

1. C onsider th e  q u a rk -q u a rk  b in d in g ; as w e h av e  sa id  th is  is p roduced  
b y  th e  exchange o f  m eson  s ta te s ;  assum e, for a m o m e n t, th a t  th e  v e c to r  m esons 
d o m in a te  th is  p o te n tia l  an d  t h a t  th e  effect o f th e  o th e r  m esons is t h a t  of p ro 
d u c in g  a co n v en ien t repu lsive  co re. O f course w e do n o t know  if  th is  is tru e  
b u t  th is  sc h e m a tiz a tio n  enables u s  to  p u t  th e  p ro b lem . In  p rin c ip le  th e  qqV 
co u p lin g  c o n s ta n t c a n  be d e te rm in e d  from  th e  N N V  v e rtex . T h e  question  is 
no w : is th is  coup ling  c o n s ta n t la rg e  enough fo r th e  qq b o u n d  s ta te  to  have  th e  
m ass i t  m u st h a v e  ? T his is a  k in d  o f se lf-consistency  p rob lem , o r  b o o ts tra p  
p ro b le m  as one p re fe rs  to  call i t .  O f course, a  s im ila r  p rob lem  can  be  p u t  fo r 
th e  b a ry o n s  a n d  h e re  also th e  q u es tio n  arises o f  w h ich  is th e  p o te n tia l  w hich  
b in d s  th e  b a ry o n s .

2. T he s a tu ra t io n  p ro b lem : how  can one ex p la in  th e  s a tu ra tio n  o f th e  
b a ry o n s  a t  th re e  q u a rk s  ? W h y  d o n ’t  we have  m o re  b ind ing  w hen  th e  n u m b er 
o f  q u a rk s  increases ?

3. W hy  are  th e  m agnetic  m o m en ts  of th e  q u a rk s  so h ig h ly  anom alous as 
w e sh a ll see th e y  a re ?

4. H ow  can  one proceed  to  t r e a t  th e  d y n am ics  w hen th e  k in em atics  is 
r e la tiv is tic ?  T h in k  fo r  in s tan ce  o f  th e  со -> тт0—(— у  decay or g —> л  -f- я  decay  
w h ere  th e  ou tg o in g  p ions m ove a t  re la tiv is tic  speeds.

5. Do q u a rk s  e x is t?  an d  how  can one ge t a n  estim a te  o f th e ir  p ro d u c tio n  
cross sec tio n ?

6 . T ak in g  th e  charge o f th e  n  q u a rk  as — 1, w h y  is th e  e lec tro n  charge 3 ?
L e t us now  ta k e  th e  above lis ts  o f questions a n d  t ry  to  d iscuss th em  b rie fly .

3. T he b a ry o n  wave fu n c tio n s

To s ta r t  th is  d iscussion i t  is necessary  to  ex am in e  th e  in te rn a l s tru c tu re  
o f  th e  b a ry o n s. T o  c o n s tru c t th e  b a ry o n  w av e  fu n c tio n s le t us only  assum e 

3
t h a t  all th e  sp in  -—  o f  th e  d ecu p le t b a ry o n s is in tr in s ic  sp in , w ith  no  ap p reciab le

2
o rb ita l  an g u la r m o m en tu m  c o n tr ib u tio n . In  o th e r  w ords, a t  le a s t d o m in an tly , 
L  =  0 for th e  d e c u p le t b a ry o n s . I f  th is  is so th e  sp in  an d  u n i ta ry  sp in  w av e  
fu n c tio n s  o f th e  d ecu p le t b a ry o n s  m u st he co m p le te ly  sy m m etric ; and  b y  th e  
P a u li  p rinc ip le , th e  space p a r t  o f th e  w ave fu n c tio n  m ust be  com plete ly  a n t i 
sy m m etric . C alling  IP <10> th e  sp in  an d  u n ita ry  sp in  w ave fu n c tio n s  of th e  10 
p a rtic le s  (i — 1 . . . 10) o f th e  decup le t a n d  X ( r v  r2, r3) th e  space p a r t ,  
w e th e re fo re  can  w rite  for th e  d ecu p le t w ave fu n c tio n s

Df»> =  X { r v  r2, r 3) W ? ° \ (1)
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w here  X (r v  r2, r3) is an  a n tisy m m e tric  L  =  0 w av e  fu n c tio n  a n d  JF)10) are 
th e  sp in -u n ita ry  sp in  sym m etric  w ave functions.

C om ing now  to  th e  w ave fu n c tio n s  of th e  o c te t  b a ry o n s w e m a y  argue 
as follow s: if  th e  dynam ics is such  th a t  low ly ing  levels are c h a ra c te riz e d  b y  
a n tisy m m e tric  L  =  0 space w ave fu n c tio n s we sh o u ld  use th e se  space  w ave 
fu n c tio n s  to  c o n s tru c t all th e  s ta te s  w hich  th e  P a u li p rinc ip le  allow s; there fo re

n o t o n ly  th e  (d ecup le t) s ta te s  w ith  sp in
3
2

b u t also th e  (octe t) s ta te s  w ith  spin

1 . . . ,, . . . 1
— . T h e  sp in -u n ita ry  sp in  w ave fu n c tio n  w ith  sp in  —  h as (for a p ro to n , say)
2 2

th e  s tru c tu re  <xx(ß2 <x3 — ac3 ß>) an d  i f  th is  w ave fu n c tio n  has to  b e  m u ltip lied  
b y  th e  a n tisy m m e tric a l sp a tia l w ave fu n c tio n  X ( r v  r2, r3), th is  sp in -u n ita ry  
sp in  w ave fu n c tio n  has to  be sym m etric ized . T h erefo re  th e  sp in  u n i ta ry  spin 
w ave fu n c tio n  o f a p ro to n  has th e  fo rm

W<p8) =  N  Scc1 (oc2 ß3 — «з ß.2) Pl P l n3,

w here  N  is a n o rm a liza tio n  c o n s ta n t a n d  S  is a sy m m e tr iz a tio n  o p e ra to r ;  and  
in  a s im ila r w ay  w e can  c o n s tru c t a ll th e  b a ry o n  w av e  sp in -u n ita ry  sp in  w ave 
fu n c tio n s  W (ß \  W e can  fin a lly  w rite  for th e  o c te t b a ry o n  w ave fu n c tio n s

B )8) =  X  (r15 r 2, r 3) W W  , ( i =  1 . . . 8 ) ,  (2)

T hese re su lts  a re  of course th e  sam e as tho se  w h ich  one o b ta in s  from  S[76; 
b u t  w e w a n t to  em phasize  th a t  th e  m o tiv a tio n  h e re  is d iffe ren t [2 ]: ju s t  as, 
in  n u c lea r physics, th e  fa c t th a t  th e  d eu te ro n  or a  p a rtic le  w ave fu n c tio n s  are 
d o m in a n tly  S  w ave fu n c tio n s is n o t  a p ro o f o f a sp in  in d ep en d en ce  o f th e  
H a m ilto n ia n  (we know , indeed , t h a t  ten so r forces, fo r in s tan ce , a re  ra th e r  
s tro n g ): here th e  fa c t t h a t  L  is d o m in a n tly  zero is n o t  a p ro o f th a t  th e  H am il
to n ia n  is in v a r ia n t u n d e r S U e. T h ings, in  o th e r w ords, m ay  go, fo r p a r tic u la r  
co n fig u ra tio n s as if  S U 6 w ere va lid , even  if  th e  H a m ilto n ia n  is fa r  fro m  being 
sp in -in d ep en d en t. I t  h as  been  ju s t  to  em phasize th is  p o in t th a t  we h a v e  given 
th is  d e ta iled  p re se n ta tio n  o f th e  b a ry o n  w ave fu n c tio n s .

O f course th e  q u es tio n  arises w h y  th e  low est s ta te  o f a th re e  q u ark  
sy s tem  has an  a n tisy m m e tric a l L  =  0 w ave fu n c tio n . T here  are  tw o  sep ara te  
q u estio n s here:

1. w hy a n tisy m m e tric ?
2. w hy L  =  0?

I f  th e  q u a rk  forces a re  d o m in an tly  M a io r a n a  exch an g e  forces, t h a t  is a t t r a c 
tiv e  in  a n tisy m m e tric  s ta te s , th e  fa c t t h a t  th e  w ave fu n c tio n  is a n tisy m m e tric  
can  be  u n d e rs to o d . O f course, loosely  speaking , th e  k in e tic  energy  is h igher
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w ith  an antisym m etric w ave fu nction  than w ith  a sym m etric one (that is 
w h y in  nuclear ph ysics low  ly ing  sta tes possess th e  m axim um  possib le sym 
m etric space w ave functions) but in  the non-relativ istic  quark m odel the  
kinetic energy is supposed in any case to  he sm all and if  the forces are dom in
an tly  Maiorana  exchange the three quarks m ight w ell repel in  a spatially  
sym m etric state.

One should ask  at this point: w h y  Maiorana  forces? hut th e  problem  
o f the forces am ong quarks is not y e t  at a stage in  which th is question  can 
be answered.

N ow  we ask th e  second question: even assum ing th a t the forces are 
such th a t the lovest state  is sp a tia lly  antisym m etric, w hy do we have L  =  0?

H ere a remark o f T hirring  [6] is im portant. Th irring  has, indeed, 
put th is  question to  h im self and has made it  p lausible th a t, at least in a
particular m odel, i t  should not be an L =  0, b u t instead an L  =  1 state,
the lo w est spatia lly  antisym m etric sta te . The m odel considered b y  T hirring 
consists o f  three particles which are perform ing harm onic oscillations around 
the three vertices o f an equilateral triangle o f  side R. T h irring  has shown 
th at b oth  in the lim it R  =  0 and jR =  oo the low est L  =  1 antisym m etrical 
Wave function , w hich turns out to  be proportional to [7]

rt X r2 +  r3 X r± +  r2 X r3 (3)

is low er in energy than  the low est L  =  0 antisym m etrical w ave function
proportional to

(rh  -  rh )  ( rh  — Н У  ( И rh) (4

In  o u r op in ion  th is  is a rea l p ro b lem  (in c id en ta lly  i t  shou ld  be in te re s tin g  to  
solve T h ir r in g ’s m odel for in te rm e d ia te  values o f  R),  b u t  i t  is n o t an  unsolvable  
p ro b lem . In d eed  ev en  if  T h ir r in g ’s conclusion  is v a lid  for in te rm e d ia te  values 
o f R ,  th e  ten so r forces m ig h t w ell ra ise  th e  L  =  1 s ta te  over th e  L  =  0 s ta te . 
O f cou rse  th e y  w ou ld , a t  th e  sam e  tim e , in tro d u c e  a m ix ing  am ong  s ta te s

w ith  different L  (for instance the sta te  w ith L  =  1 m ight be m ixed , for J  = —  ,
Li

w ith  th a t of L  =  0 through the interm ediary o f  som e state w ith  L  =  2) but 
th is m ight be sm all as it is in th e  deuteron problem ; the 3% deviation  of the

ratio o f the proton and neutron m agnetic m om ents from the v a lu e —-can  be
Li

in te rp re te d  in  sev e ra l w ays b u t  m a y  perh ap s in d ic a te  som e a d m ix tu re . W h a t 
T h ir r in g ’s p ro b lem  show s is t h a t  re la tiv e ly  low  ly ing  b a ry o n  s ta te s  w ith  
L  — 1 an d  p a r i ty  -|- shou ld  ex is t. W e shall com e b a c k  to  th is  p o in t in  some 
d e ta il la te r  (S ec tion  5).
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4. The m agnetic m om ents of baryons and the F - v P - f  y M l
transitions

W ith  th e  w ave fu n c tio n s  o f b a ry o n s  discussed above one can c a lc u la te  
th e  m ag n etic  m om ents o f b a ry o n s , in  te rm s  of q u a rk  m a g n e tic  m o m e n ts . 
To show  th is  we f irs t re m a rk  th a t ,  as is easily  seen, S U s im plies t h a t  th e  
m agnetic  m o m en ts  of th e  q u a rk s  are p ro p o rtio n a l to  th e ir  charges

~ßi =  p  —  ot i =  1, 2, 3 (5)
e

th ro u g h  th e  sam e p ro p o rtio n a lity  c o n s ta n t p.  On ca lcu la tin g  th e  e x p e c ta tio n  
va lu e  of th e  m agnetic  m o m en t o p e ra to r S /p i  in  th e  n e u tro n  a n d  p ro to n  s ta te  
we o b ta in  for th e  m agnetic  m om en ts a n d  2Jip of n e u tro n  and  p ro to n :

( 6 )

И- (?)
3

T herefo re  n o t only do we get th e  fam o u s r a t i o ------- am ong  th e  p ro to n
2

g
an d  n e u tro n  m ag n etic  m o m en ts , b u t  we also  o b ta in  Д = S R  P =  2 ,7 9 -------------

й 2 M p C
i.e. we have  th e  values of th e  m ag n etic  m o m en ts  of th e  q u a rk s . W ith  a k n o w 
ledge o f th e  m ag n etic  m o m en ts  o f th e  q u a rk s  we can ca lcu la te  [8], in  th e  sam e  
w ay  as in  n u c lea r  physics, sev e ra l p u re  m a g n e tic  dipole tra n s it io n s  of in te re s t ;  
in  p a r tic u la r  th o se  co rrespond ing  to  th e  ra d ia tiv e  decays o f  v ec to r m esons 
in to  p seu d o sca la r m esons: V  ->  P  -f- y. T h e  resu lts  are g iven  in  T ab le  I; as 
fa r  as we know , th e  w —> л  +  у  tra n s it io n  is in  b eau tifu l ag reem en t w ith  th e  
ex p erim en t.

T here  is on ly  one co m m en t w hich w e w a n t to  m ake h e re  on th is  k in d  o f 
ca lcu la tio n , re fe rrin g  fo r a n y  o th e r  de ta ils  to  th e  orig inal p a p e r  [8]. F o r  th is  
p u rp o se  le t  us c o n cen tra te  on a p a r tic u la r  t ra n s i t io n , for in s ta n c e  g+ -> л + y. 
W h a t one ca lcu la tes  is th e  m a tr ix  e lem en t o f  th e  m agnetic  m o m en t o p e ra to r  
b e tw een  a g+ s ta te , described  b y  th e  w av e  fu n c tio n  x 1 a j  / ( r )  an d  а л + s ta te

described  b y  th e  w ave fu n c tio n  -r=r (« j — ßi а г ) / ( г) -  B ecause  th e  sp a c eК  2
w ave fu n c tio n  f (r )  o f q an d  л  is assum ed to  be  th e  sam e, th e  m a tr ix  e lem en t 
(g  I л )  in  q u es tio n  is e n tire ly  kn o w n ; we h a v e

2
< Q  I Л >  I 

av

w here average  m eans av erag e  on th e  g p o la riza tio n .
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Table I

Process ry (MeV) t y r

(O Л  ° +  У 1 Д 7 1,2 I O ' 1

CO r\ +  у 6 ,4 1 0 “ 3 6 ,8 i o - *

e -*■ я  +  у 1,2 1 0  1 1,1 1 0 - 3

e° —  V +  V 4 ,4 1 0 - 2 4 ,1 5 1 0 ~ 4

К*+ - + K +  +  у 7 1 0 “ 2 1,4 1 0 - 5

к*° - V  K °  +  у 2 ,8 1 0 “ 1 1,6 1 0 - 3

<P—  V +  V 3 ,0 4 10  1 1 0 " 1

Column 1: the process.
Column 2: the V  -> P  +  y  width.
Column 3: the branching ratio.
The w ave functions assumed for <p, со, and r] in giving the figures of this Table are: 

<P =  D l,  со =  —L- (D} +  D |) , r, = _ i - ( D l  +  D l - 2 D I ) .

A discussion of this point is given in ref. [8].
The X  -> oy, X  -> coy and <p -> X y  decays are calculated in ref. [13] by the same 

method with the results: Г ( Х  -v  oy) =  155 KeV, Г ( Х  -> coy) =  18 КеУ, Г(ср ->■ Х у)  =  1 KeV.

Now i f  th e  tra n s itio n s  w ere n o n -re la tiv is tic  we sh o u ld  sim ply  m u ltip ly  
th is  m a tr ix  e lem en t sq u are  b y  th e  (n o n -re la tiv is tic ) p h ase  space to  o b ta in  th e  
ra te  of th e  g —> jr -f- y tra n s i t io n . H o w ev er, th e  p ion  is re la tiv is tic . W e m u s t 
there fo re  in te rp re t  th e  m a tr ix  ca lcu la ted  ab o v e  as th e  lim it of th e  re la tiv is tic  
m a tr ix  e lem en t w hen th e  p io n  m ass a n d  th e  g m ass a re  equal. Now w h a t is 
th e  form  o f th e  re la tiv is tic  m a tr ix  e lem en t ? T here  is o n ly  one in v a ria n t in te r 
ac tion  le a d in g  to  a t r a n s t io n  V  -> P  -f- y.  I t  is

f  dxA pdy V b P . (8)

T he m a tr ix  e lem en t of th is  in te ra c tio n  c o n ta in s  th e  m ass o f  th e  g, M g a n d  th e

m ass of th e  p io n  тл o n ly  in  th e  form th e  non  re la tiv is tic  lim it o f  th is

fac to r is u n iq u e , being  1 w h e th e r  we m a k e  M g ->  mn o r v ice  versa . T h is  is a 
fo r tu n a te  s itu a tio n  w hich  allow s us to  re la te  u n iq u e ly  f 2 in  (8) to  th e  no n - 
re la tiv is tic  m a tr ix  e lem en t | <g | ?t) |2 c a lc u la ted  above. O ne can th e n  p ro ceed  
to  th e  c a lc u la tio n  of th e  r a te  b y  th e  re la tiv is tic  in te ra c tio n  (8). T he re su lts  o f 
T ab le  I  h a v e  been  o b ta in e d  in  th is  w ay .

W e h a v e  in sisted  a l i t t le  on th is  p o in t  because i t  c lea rly  shows th e  n eces
s ity  of im p ro v in g  th e  tech n iq u es  u sed  in  such  a w ay  as to  ta k e  re la tiv is tic  
k in em atics  in to  acco u n t n o t  only in  th e  p h ase  space . F o r  in stan ce , in  th e  
V  -> P  -f- P  p rob lem , w h ich  we shall co n sid e r in  a m o m en t, th e  tra n s i t io n  to
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th e  non re la tiv is tic  lim it analogous to  th e  one p erfo rm ed  above fo r th e  
V P  -f- y  p rob lem  lead s to  ce rta in  am b ig u itie s ; th e se  can  be  avo ided  o n ly  
b y  using  a re la tiv is tic  d esc rip tio n  of th e  w ave fu n c tio n s , i.e. know ing  how  a 
w ave fu n c tio n  w hich is w r it te n , say , as a x 0C |/(r) in  th e  re s t  system  m u s t be 
w ritte n  w h en  we are m oving  a t  re la tiv is tic  speeds w ith  re sp ec t to  th e  re s t  
sy stem . I t  is th is  p ro b lem  w hich w as lis te d  (problem  4) in  th e  second sec tio n  
and w hich  w e m u st leav e  open  in  th is  le c tu re .

W e sh a ll only s ta te  [16] th a t  th e  B a r g m a n — W ig n e r  d escrip tion  is, fo r 
tw o free p a rtic le s  b o th  h av in g  th e  sam e m o m en tu m , a k in e m a tic  tra n s fo rm a tio n  
of th e  re q u ire d  k in d ; b u t  i t  is s till u n c lea r  to  me how  to  perfo rm  th e  t r a n s 
fo rm atio n  w hen  th e  tw o  p a rtic le s  are b o u n d .

5. E lectrom agnetic transitions between baryon states

I t  w as rem a rk e d  b y  B eg , Lee and  P ais [9] th a t  th e  tra n s it io n  m a g n e tic  
m om ent N 33ÎM1  ̂ N  -f- y  is re la te d  to  th e  m ag n e tic  m o m en t o f  th e  n u c leon , b y  
S U 9. O f course  th e  sam e re su lt holds in  th e  n o n -re la tiv is tic  q u a rk  m odel. 
T he ag reem en t be tw een  th e  ex p erim en ta l d a ta  an d  th e  p red ic tio n  ap p e a rs  to  
be w rong b y  a fac to r ^ 1,6 in  th e  m a tr ix  e lem en t b u t  th e  p o in ts  to  con sid er in  
th is  com parison  are m a n y  an d  we refer to  th e  p ap er o f D alitz and  Su t h e r 
land [10] fo r a discussion o f th is  p rob lem .

A n a d d itio n a l p red ic tio n  of th e  m odel [11] is t h a t  th e  q u ad ru p o le  
tra n s itio n

N  *3eJ N  -f- y
is fo rb id d en .

This is co n sis ten t w ith  th e  p re sen t d a ta . I  will show  v e ry  b rie fly  how  
th is  p red ic tio n  is o b ta in ed  because th is  he lps m e in  t r e a t in g  th e  tra n s itio n s  to  
th e  L  — 1 b a ry o n ic  ex c ited  s ta te s  w ith  p o sitiv e  p a r ity  m en tio n ed  in  S ec tion  3.

T he E 2 e lec tro m ag n etic  tra n s itio n  o p e ra to r  consists o f tw o p a r ts :  th e  
f irs t p a r t  is in d e p e n d e n t o f th e  q u a rk  sp in , th e  second p a r t  (u sually  n eg lec ted  
in low energy  nuclear spectro scopy) co n ta in s  th e  spin , b u t  is p ro p o rtio n a l also 
to  a space v ec to r . W hen  we in se rt th e  E2  o p e ra to r  b e tw een  th e  B (10) an d  B (8> 
w ave fu n c tio n s  described  in  Section  3 th e  f ir s t  p a r t  gives a v an ish in g  m a tr ix  
elem ent because  of th e  o r th o g o n a lity  of th e  sp in -u n ita ry  sp in  fu n c tio n s, a n d  
th e  second p a r t  is also zero because we a re  dealing  w ith  an  L  =  0 to  L  =  0 
s ta te  tra n s itio n .

N ow  we w an t to  show  th a t  if, as d iscussed  in  S ection  3, we assum e th a t  
re la tiv e ly  low  ly ing  L  =  1 b a ry o n ic  ex c ited  s ta te s  of p o s itiv e  p a r i ty  e x is t an  
a rg u m en t s im ila r to  th a t  above show s t h a t  th e ir  e x c ita tio n  or decay  e ith e r  
e lec tro m ag n etica lly  or th ro u g h  single p seu d o sca la r m esons is v e ry  sm all. S ince 
th is  a rg u m e n t m igh t p ro v id e  a new  in te re s tin g  te s t  o f  th e  m odel, we w ill 
describe i t  in  som e d e ta il.
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L et u s , th e re fo re , assu m e, as d iscussed  in  section  3, in  connection  w ith  
th e  T h ir r in g  a rg u m e n t, t h a t  low  ly ing  b a ry o n ic  exc ited  s ta te s  do ex ist h av in g  
L  =  1, p o s itiv e  p a r i ty  and  belong ing  e ith e r  to  an  8 or to  a 10 re p re se n ta tio n  
o f  S U 3. L e t u s  call В  (1 -K  a) th e  w ave fu n c tio n  of one o f th e se  s ta te s  w here  1 
re fe rs  to  th e  o rb ita l  an g u la r m o m en tu m , -f- is th e  p a r i ty  a n d  a rem inds us 
t h a t  th e  sp ace  p a r t  o f th e ir  w av e  fu n c tio n  is a n tisy m m e tric . T hese s ta te s  m a y

г 1 3 5
h a v e  to ta l  a n g u la r  m o m e n tu m  J  = —  (tw ice) or — or — b u t  a good p a r t

2 2 2
o f th e  a rg u m e n t to  be g iven ho lds for a n y  one o f these  v a lu es  o f J  so t h a t  we 
n e e d  n o t sp ec ify  a t  th is  p o in t th e  value o f J  w ith  w hich  we are  dealing.

N ow  th e  m a tr ix  e lem en t fo r th e  tra n s i t io n  from  a s ta te  o f th e  n o rm a l 
b a ry o n ic  o c te t  (say  a p ro to n ) £№  in to  one o f  th e se  s ta te s  В  (l-{-, a) is in  genera l 
a  sum  o f te rm s  each  o f w hich  is p ro p o rtio n a l to  a fac to r  o f  th e  ty p e :

<XL=0 (r, , r 2 , r3) j T  j X £*=1 (rx , r 2 , r3)> . (9)

H ere  X L=0 ( r 1? r2, r3) is th e  sp ace  w ave fu n c tio n  o f th e  n o rm a l o c te t (L =  0) 
a n d  X f =1 ( r15 r 2, r3) is th e  sp ace  w ave fu n c tio n  o f th e  ex c ited  b a ry o n , w ith  
L  — 1 (an d  2 co m p o n en t M ); T  is th e  o p e ra to r  in d uc ing  th e  e lec tro m ag n etic  
o r  pionic t r a n s i t io n  w hich w e w ish to  consider.

W e n o w  exam ine se p a ra te ly

a)  an  e lec tro m ag n etic  tra n s it io n  (J3(l-f-> a) -> В -|~ y);
b) a p seu d o sca la r  m eson  tra n s itio n  (B ( l- ( - , a) —> -В® +  P).

T he e lec tro m ag n e tic  o p e ra to r  T em h a s  th e  genera l fo rm

T em =  ^  ' £‘ exP* r‘ ~i a‘ ^  X £) exP * ^ri ( 10)

H ere , th e  f i r s t  te rm  is due  to  th e  c u r re n t an d  th e  second  to  th e  m ag n e tic  
m om en ts o f th e  q u a rk s . In  th e  second te rm  $U£p is th e  p ro to n  m ag n e tic  m o m en t

ß .
(w e recall t h a t  S lip—  is th e  m ag n etic  m o m e n t of th e  i - th  q u a rk ). N ow , w hen  

e
in se rted  in  (9), th e  second te rm  does n o t  c o n tr ib u te  (because th e  m a tr ix  
e lem en t <X  =  0 + | exp ikr | L  =  1 + )  v an ish es). T he f i r s t  te rm  p ro v id es  a 
c o n tr ib u tio n  w h ich  in  th e  lo n g  w ave le n g th  a p p ro x im a tio n  is given, b y  th e

e (h
m a trix  e le m e n t o f th e  o rb ita l  m ag n etic  m o m en t o p e ra to r  i L  • к  X e.

I f  th e  m ass o f  th e  q u a rk  in s id e  th e  b a ry o n  is its  rea l m ass (we are  say ing  “ i f ” 
because w e a re  th in k in g  now  for in s ta n c e  o f th e  a rg u m e n t p roposed  b y  
T a v k h e l id z e  [12] as a possib le  ex p la n a tio n  o f th e  an om alous q u a rk  m ag n e tic  
m o m en t — see, how ever, o u r p o in t of v iew  o n  th is  p o in t in  S ec tio n  1 0 )th e  c o n tr i
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b u tio n  o f th e  f irs t te rm  is ex trem ely  sm all owing to  th e  large  m ass o f th e  
q u a rk , a n d  th e  tra n s it io n  is p ra c tic a lly  fo rb idden .

N o te  in  a d d itio n  t h a t  th e  tra n s i t io n  due to  th e  f ir s t  te rm  in (10) to  th e

decu p le t L  =  1+ ex c ited  b a ry o n s s
3
2

is in a n y  case fo rb id d en  because

of th e  o rth o g o n a lity  o f  th e  sp in —u n ita ry  spin fu n c tio n s .
I t  sh o u ld  be f in a lly  rem ark ed  t h a t  in  th e  a b o v e  a rg u m e n t concern ing  

th e  e lec trom agnetic  tra n s itio n s , we h a v e  n o t considered  th e  exchange c u rre n t 
c o n tr ib u tio n  to  th e  e lec tro m ag n etic  tra n s i t io n  o p e ra to r . T h is is a d m itte d ly  an 
om ission b u t  i t  is p e rh a p s  b e tte r  to  w a it  fo r som e d a ta  befo re  considering  th is  
p rob lem .

W e now  consider a B (l-f- , a ) -f- P  tra n s i t io n . In  th e  s ta tic  lim it 
w hich sh o u ld  be a p p ro p ria te  in  v iew  o f our n o n -re la tiv is tic  d y n am ics, th e  
coupling  o f q u ark s w ith  p seudosca la r m esons P  is o f  course p ro p o rtio n a l to

T p s ос Oj • VP (xt) =  a I ■ к exp i к r i . i l l )

T h is coup ling  has th e  sam e form  as th e  second te rm  in  T em (10) a n d  th e  sam e 
a rg u m en t u sed  th e re  show s th a t  th e  tra n s i t io n  B ( l- |- ,  a ) - > B ^  -{- P  is fo rb id d e n .

I f  th e  above a rg u m e n ts  are co rrec t th e  d e tec tio n  o f  th e  low  ly in g  L  — 1+ 
b a ry o n ic  s ta te s  considered  here  should  be  v e ry  d ifficu lt. T h e y  shou ld  n o t  ap p ea r 
as peaks in  p io n  sc a tte rin g  o r in  p ion p h o to p ro d u c tio n . T h e y  shou ld  n o t  decay  in 
B (8) -f- one P  m eson o r  in  -f- one P  m eson. T h e y  m ig h t p e rh a p s  be  p ro 
duced in  nuc leon  collisions, b u t  even th e re  th e y  w o id d  be p re su m a b ly  v e ry  
in h ib ited .

O f cou rse , th e  s itu a tio n  described  above ho lds if  th e se  s ta te s  are  pu re  
L  — 1+ s ta te s  and  do n o t  co n ta in  an  a d m ix tu re  of w av e  fu n c tio n s , co rre sp o n d 
ing to  o th e r  va lues o f L;  an d  if  th e  o c te t  b ary o n s a re  p u re  L  =  0 s ta te s  w ith  
no  a d m ix tu re  of o th e r  L ,  to o . If , as w e h av e  suggested , th e  L  =  1+ s ta te s  are 
p u sh ed  ab o v e  th e  n o rm a l L  — 0-f- s ta te s  b y  te n so r forces th e y  c o n ta in  p re 
su m ab ly  ad m ix tu re s  o f  s ta te s  w ith  d iffe ren t L.  I n  such  case th e  essen tia l 
p a ra m e te r  d e te rm in in g  th e  o b se rv ab ility  o f these  s ta te s  as resonances in  p ion 
reac tio n s or p h o to p ro d u c tio n  reac tions w ill be th e  deg ree  o f a d m ix tu re .

W e close th is  d iscussion  w ith  th e  follow ing re m a rk : if  we h a v e  concen
t ra te d  our a tte n tio n  h ere  on th e  L  =  1-)- s ta te s  i t  has c e r ta in ly  n o t been  because  
in  th e  l i te ra tu re  th e re  a re  m an y  p o s itiv e  p a r ity  s ta te s  [13]; on th e  c o n tra ry  
v e ry  few  p o sitiv e  p a r i ty  s ta te s  are  k n o w n ; i t  is n o t  im possib le , b u t  b y  no 
m eans c lear t h a t  th e  re so n an ce  suggested  b y  B e l l e t t in i  e t al. a t  1450 MeV [14] 
is one o f th e se  l-f- p a r i ty  s ta te s ; th e  s itu a tio n  a p p e a rs , how ever, rea lly  too  
obscure to  say  m ore th a n  th is . On th e  o th e r  h an d , th e re  is a g re a t v a r ie ty  of 
— p a r i ty  s ta te s  on w h ich  we shall n o t  e n te r  here. T h e y  h av e  been  discussed , 
u n d e r c e r ta in  specific assu m p tio n s concern ing  th e  w av e  fu n c tio n s , b y  D alitz  
[13] and , as fa r  as th e ir  p h o to p ro d u c tio n  is concerned , b y  M o o r iio u se  [15].
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6. On the co n n ection  between B B P  and V P P  vertices [16]

In  th e  q u a rk  m odel th e  д л л  decay  can  be  seen as a tra n s i t io n  from  a 3S X 
q u a rk  a n tiq u a rk  s ta te  (p) in to  a 1S 0 q u a rk  a n tiq u a rk  s ta te  л  w ith  th e  em ission 
o f  a p ion . I n  o th e r  w ords a q u a rk  in  th e  g flip s its  sp in  a t  th e  sam e tim e  em ittin g  
a  p ion . O f cou rse , in  th e  sam e  w a y  we can  consider a n y  o th e r  V P P  process, 
s a y  <p K  -f- К  o r К * -> К  л .  L e t us c o n c e n tra te  on th e  g° л + л ~  decay , 
fo r  defin iten ess . O nce a q u a rk -q u a rk  p ion  in te ra c tio n  has b e e n  w ritte n  th e  
c a lc u la tio n  p a ra lle ls  v e ry  closely  t h a t  of th e  g — л  -j- у  p rocess sk e tched  in  
S ec tio n  4. T h e  qqл in te ra c tio n , in  th e  s ta tic  lim it h as  n ecessarily  th e  form

Hqn =  K2 —  ( r _ ff • V Ф (я)) +  h. c . ,
P

( 12)

Л  =  т / -
(13 )

W ith  th is  know ledge of f q one can  ca lcu la te  tw o  q u a n titie s :
a)  th e  N *3 ->  N  -f- я  w id th : th e  ca lcu la tio n  is s tra ig h tfo rw a rd  and  th e  

re s u lt  is:
4Я f 2 n3 M

R a te  ( N & - + N +  л) = ----------------------L ^ 8 0 M e V
V 3 ; 25 4л: it* M *

to  be  co m p ared  w ith  an  e x p e rim e n ta l v a lu e  ^ 1 0 0  MeV.
b)  th e  g ->  л  +  л  decay  w id th : th is  ca lcu la tio n  needs a  l i t t le  m ore a t 

te n tio n . To p re se n t i t  in  th e  s im p le s t w ay  le t  us f ir s t  w rite  th e  m o st genera l 
fo rm  for th e  g ->  л л  re la tiv is tic  m a tr ix  e lem en t (in  th e  re s t sy s te m  of th e  g). 
F o r  a p° w ith  sp in  up  i t  is [17]

M. e 4 i =
2g  (Px -  ipy)

\ 2 V 8 M e œ l
(14)

w here g is a phen o m en o lo g ica l coup ling  c o n s ta n t;  th e  o b serv ed  value of th e  
д л л  w id th  is o b ta in e d  w ith

&
(15)
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w h ere  / ? is th e  ддтг coup ling  c o n s ta n t  to  be d e te rm in ed , an d  fi is th e  n u m erica l 
v a lu e  of th e  p io n  m ass.

I t  is c lea r t h a t  i t  is p o ss ib le  to  express (16), a p p ro x im a te ly , th e  p ion
/ 2

n u cleo n  co u p ling  c o n s ta n t -----— 0,08 in  te rm s  o f f q. O ne th u s  gets th e
4 л

(a p p ro x im a te )  re la tio n
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p  in  (14) is th e  m o m en tu m  of one p io n . T he o th e r  sym bols a re  obv ious. Now 
if we ca lcu la te  th e  sam e m a trix  e lem en t w ith  th e  m odel we get

ДТ V _  4Л  Px ipy1V1. -Cj.modei — -----
P 1/2 Y2a>K

(16)

P u tt in g  cop =  ----— in  b o th  (14) a n d  (16) and  e q u a tin g  (14) w ith  (16) we get
2

fo r g2/4 л  th e  expression :

4л  25 [ p 4 л  ' * ;

H ere  w e f in d  th e  a m b ig u ity  w hich w as a lread y  m e n tio n e d  in  S ec tion  4 .; E q . (17) 
is v a lid  on ly  a t th e  n o n -re la tiv is tic  lim it. B u t do w e o b ta in  th e  n o n -re la tiv is tic  
lim it b y  p u ttin g  M g =  280 MeV (tw ice  th e  p ion  m ass) in  (17) or p u t t in g  M g =  
=  750 MeV (its re a l va lue) an d  im ag in in g  to  in c rease  th e  p io n  m ass to  375 
M eV? N o te  th a t ,  c o n tra ry  to  th e  case o f th e  V  P  +  y  d ecay s, th e se  tw o 
cases are  d iffe ren t, b ecau se  th e  v a lu e  o f  p  in  (17) is fixed ; i t  is th e  v a lu e  (140 
MeV) w hich  appears in  th e  n o n -re la tiv is tic  lim it o f  th e  p ion—nucleon  in te ra c tio n . 
In  v iew  o f th e  ab o v e  a m b ig u ity  w e can  only  sa y  t h a t  th e  va lu e  o f  g2/4тг w hich 
we o b ta in  is in  b e tw een  1 and  7,5. I t  is sa tis fa c to ry  th a t  th e  co rrec t v a lu e  of 2 
is com prised  in  th is  range.

In  sp ite  of th e  am b ig u ity  ju s t  m en tio n ed  w e consider th is  re su lt ra th e r  
s ig n ifican t; i t  is e ssen tia lly  th e  sam e re su lt of Gu r s e y , P ais an d  R adicati [18] 
(these  a u th o rs  also h a v e  som e a m b ig u ity  w hen  th e y  use a “ c e n tra l”  m ass p00 
for th e  m esons) b u t  i t  is o b ta in ed  w ith o u t assum ing  [18 ,19] th a t  th e  “ re la tiv is tic  
c o m p le ted ”  m eson S U 6 ten so r m u s t g lobally  cou p le  to  th e  b a ry o n s  a n d  w ith o u t 
assum ing  as these  A u th o rs  do th a t  th e  v ec to r co u p ling  o f th e  g to  th e  isospin 
c u rre n t is un iversa l.

W e realize o f course th a t  a n u m b e r of p ro b lem s arise w hen  one w ishes 
to  im p ro v e  th is  ca lcu la tio n ; one p ro b lem  has a lre a d y  been  m en tio n ed ; i tis  a 
co rrec t t re a tm e n t o f  th e  w ave fu n c tio n s  o f p a r tic le s  m oving a t  re la tiv is tic  
ve locities; th e  o th e r  is how  to  avo id  tre a tin g  (in  th e  g —> я л  dceay) one p ion  
as a fie ld  an d  th e  o th e r  as a q u a rk -a n ti  q u a rk  sy s te m .

7. The Johnson— Treim an—Lipkin— Scheck relations

As is well know n L ipk in  and Scheck have recently  shown [20] th at the  
J o h nso n—T reiman relations [21] together w ith  a set o f m any other relations 
betw een cross sections can be derived b y  sim ple considerations according to the
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ideas ty p ic a l o f th e  m odel. T he g en era l idea is t h a t  th e  fo rw ard  sc a tte r in g  
a m p litu d e  fo r, say , n N  s c a tte r in g  m a y  be  w r itte n  sim ply  as th e  su m  of th e  
fo rw ard  sc a tte r in g  am p litu d es  o f th e  q u a rk s  or a n tiq u a rk s  w hich  th e  p ion  an d  
n u c leo n  co n ta in . B y  red u c in g  th e  fo rw a rd  a m p litu d e s  of a c e r ta in  n u m b e r of 
p h y sica lly  accessib le  reac tio n s to  a sum  o f q u a rk -q u a rk  or q u a rk -q u a rk  
fo rw a rd  a m p litu d e s  a n d  using  in  som e cases S U 3 to  re la te  these  q u a rk -q u a rk  
a m p litu d e s  one o b ta in s  a v e ry  in te re s tin g  se t o f re la tio n s  w hich a re  lis te d  an d  
co m p ared  w ith  th e  ex p e rim en ta l d a ta  in  th e  p a p e r  of Lipk in  a n d  S check. 
T h e  ag reem en t w ith  th e  e x p e rim e n ta l d a ta  ap p ears  to  be  fa ir an d  in  som e cases 
good. W h a t h a s  s till to  be  ju s tif ie d  in  m uch m ore  d e ta il is th e  a d d itiv e  as
su m p tio n  o f  th e  fo rw ard  a m p litu d e s . T h is is p ro b a b ly  co n n ec ted  w ith  th e  
tra n s p a re n c y  in  th e  in d iv id u a l q u a rk -q u a rk  collisions as p o in te d  o u t b y  
K o k k edee  a n d  Va n  H ove [22]. B u t th e se  q u a rk s  a re  ex trem ely  o ff  shell an d  
w hile  som e k in d  o f  im pu lse  a p p ro x im a tio n  sh o u ld  be va lid , i t  is d o u b tfu l 
w h e th e r  tw o  q u a rk s , b o u n d  say  in  a p io n  m ov ing  w ith  m o m en tu m  p  can  be 
described  w hen  th is  p ion  collides w ith  so m eth in g  else, as tw o fre e  pa rtic le s

p  . f  p  2 /n 2
w ith  m o m en tu m  —  each  an d  w ith  a n  energy  / —  +  —7- w here m  is th e

2

m ass o f  th e  p io n ; i.e . as tw o  free  p a rtic le s  o f m ass

As a lre a d y  s ta te d  in  Section  4 (see also [16]) su ch  an  assu m p tio n , i f  possible, 
w o u ld  enab le  us to  ta k e  in to  a c c o u n t th e  re la tiv is tic  k in em atics  o f  b o und  
s ta te s  b y  a B argm an—W igner  d esc rip tio n  a n d  w ould , th e re fo re , sim plify  
th in g s  v e ry  m u ch . W e c an n o t, a t  th e  m o m en t a s se r t th a t  such an  assu m p tio n  
is im possib le  b u t  in  o u r opinion i t  is a v e ry  im p o r ta n t  p roblem  to  u n d e rs ta n d  
i f  a n d  w hen  i t  is possib le. W e do n o t  th in k  th a t  th e  h igh  value o f th e  m agnetic  
m o m en t o f th e  q u a rk  (in q u ark ic  m ag n e to n s) is n ecessarily  re la ted  to  assum ing  
a sm all e ffec tive  m ass (in th e  above sense) o f s tro n g ly  b ound  q u a rk s .

8. The p rob lem  of the  m asses

To conclude th is survey o f th e  main results o f the quark m odel and 
before passing to  problem s which are in a sense open, we should speak  of the  
question  of th e  m asses. W e shall confine ourselves to a few com m ents here 
because D alitz has discussed th is problem  in som e detail [13] and we m ay  
refer to  his d iscussion.

The success o f the Gell-Ma n n  — Okubo m ass formula does n o t mean 
th a t the mass problem  is understood. Indeed one has to understand:

1) the reason for th is success;
2) the va lues o f  the param eters which appear in the Ge l l -Mann  — 

Okubo  m ass form ula.
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In  th e  q u a rk  m odel, since Zw eig  [1], th e  p rin c ip a l reaso n  for th e  m ass 
sp littin g s  inside a m u ltip le t is a t t r ib u te d  to  th e  m ass d ifference am ong  q u a rk s ; 
th e  m ass M '  o f th e  À q u a rk  3 is a ssu m ed  to  be  h e a v ie r  th a n  th e  com m on v a lu e  
of th e  m ass M  of th e  q u a rk s  I an d  2. T his fa c t alone exp la in s a good p a r t  o f 
th e  success of th e  Gell-Ma n n — Okubo  m ass fo rm u la ; in d eed  i t  exp la ins 
th e  fa c t  th a t  th e  d o m in a n t S U 3 v io la tin g  te rm  in  th e  H a m ilto n ia n  is of th e  
fo rm  T 3. In  ad d itio n  a p e r tu rb a tiv e  ca lcu la tio n  o f th is  m ass d ifference te rm  
is e q u iv a len t to  an  e x a c t ca lcu la tio n  since th is  te rm  co m m u tes , in the non 
relativistic model, w ith  th e  S U 3 in v a r ia n t  p a r t  o f  th e  H a m ilto n ia n .

H ow ever th e  m ass difference effect is n o t  th e  on ly  e ffec t lead ing  to  
sp littin g s  inside a m u ltip le t as is obvious

a)  from  th e  E  — A  m ass d ifference;
b)  from  th e  fa c t t h a t  w hen one exam ines th e  values o f th e  m ass d ifferen

ces o b ta in e d  for th e  v a rio u s  m u ltip le ts  th e re  a re  som e d ifferences am ong  th e  
v alues o b ta ined .

T hese d ifferences are  to  be exp la ined  as an  effect of S U 3 v io la tin g  
p o te n tia ls , as we shall discuss in  a m om en t. T o  see th is  le t us te m p o ra r ily  
assum e th a t  th e  d ifference o f m ass am ong  q u a rk s  is th e  only  effect responsib le  
fo r th e  m ass sp littin g s . O ne o b ta in s  fo r th is  m ass  difference A =  M '  — M  
the  follow ing values

1) B aryon  —  +  o c te t A =  190 MeV;
2
3

2) B aryon  —  4- decu p le t A =  146 MeV;

3) V ecto r m esons (w ith  lin ea r m ass fo rm u la ) A =  130 MeV;
4) 2 + m esons (w ith  linear m ass fo rm ula) A — 80 MeV.

I have  n o t lis te d  th e  excited  b a ry o n  s ta te s  because  th e  s itu a tio n  appears 
to  m e so fa r  too  confused ; and  I h a v e  n o t l is te d  th e  p seu d o sca la r m esons 
because  th e ir  A depends v e ry  m uch on w h e th e r we use th e  lin ea r  or q u a d ra tic  
m ass fo rm ula , be ing  in  th e  f irs t case ^  350 MeV, in  th e  second  ^  120 MeV. 
W e en tire ly  agree w ith  SocoLOW a n d  MacF arlane  [23] t h a t  th is  question  
of th e  lin ea r  or q u a d ra tic  m ass fo rm u la  fo r th e  m esons has to  be  se ttle d  experi
m en ta lly . I  shou ld  also like to  be m ore  sure th a n  I  am  th a t  th e  X °  a t  960 MeV 
is effec tively  th e  n in th  p seudosca la r m eson. I  am  som ew hat pu zz led  b y  th e  
large sep a ra tio n  o f th is  u n ita ry  s in g le t from  th e  o th e r m esons.

T h e  q uestion , a t  th is  p o in t, is to  u n d e rs ta n d  th e  reason  fo r th e  d ifferences 
am ong  th e  values o f A lis ted  abo v e ; th ese  v a lu e s , th o u g h  h a v in g  th e  sam e 
o rd er o f m ag n itu d e  are  som ew hat d iffe ren t an d  o u r purpose is to  u n d e rs ta n d  
th ese  d ifferences. W e sha ll co n c e n tra te  our a t te n tio n , from  now  on , on th e  
b a ry o n s  an d  our p u rp o se  w ill be to  u n d e rs ta n d , follow ing D alitz [13] (see 
also K u o  and  R adicati [24]), th e  d ifference b e tw een  th e  190 MeV v alue  of
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A o b ta in e d  fo r th e  b a ry o n  o c te t an d  th e  146 MeV v a lu e  o b ta in ed  for th e  b a ry o n  
d e c u p le t.

As w e said  th e  m ass d ifference effect am ong q u a rk s , th o u g h  th e  larg est 
e ffec t, is n o t  th e  on ly  one responsib le  fo r  th e  m ass sp littin g s  inside a m u ltip le t. 
A lso th e  p o te n tia l b e tw een  tw o  A q u a rk s  i an d  к (call i t  U3 (ik)) m a y  b e  som e
w h a t d iffe re n t fro m  th e  p o te n tia l  b e tw een  a A q u a rk  an d  an  n o r p  (call it 
U2(ik)) an d  th is  in  tu rn  m a y  be  d iffe ren t from  th e  p o te n tia l (call i t  U^ik))  
b e tw een  tw o  q u a rk s  n  or p .  W e h a v e  assum ed, in  th e  above, tw o b o d y  forces 
o n ly  am o n g  q u a rk s .

I t  is now  c o n v en ien t to  w rite  th e  H a m ilto n ia n  o f  a b a ry o n  using  th e  
fo rm alism  o f u n i ta ry  sp in  in  th e  sam e w ay  as one w o u ld  w rite  th e  H am ilto n ian  
o f  a th re e  b o d y  sy s tem  using  th e  fo rm alism  o f iso top ic  sp in  [2]. I n  th e  sam e 
w ay  as one w o u ld  in tro d u c e  th e re  th e  p ro jec tio n  o p e ra to rs  fo r p ro to n  and

n e u tro n , re sp ec tiv e ly 1 d r  тз 
2

, one c a n  in tro d u ce  h ere  th e  p ro jec tio n  o p era to rs

fo r  p ro to n , n e u tro n  an d  A q u a rk s ; th e y  are , re sp ec tiv e ly

2 -j- 3t, +  A8 2 — 3r3 +  A8 , 2 — 2A8
a n d  ------------

w here  Ag is th e  d iag o n a l m a tr ix  w ith  elem ents 1, 1, —2. 
In  th is  n o ta tio n  th e  H a m ilto n ia n  can be w r itte n  [2]

H  =  H 0 +  H , , (18)

w here  H 0 is an  S U 3 in v a r ia n t H a m ilto n ia n , w h ich  we do n o t n eed  to  w rite  
dow n ex p lic itly , an d  H x is th e  p a r t  w hich  v io la tes S U 3. I t  is c o n v en ien t to  
d iv ide  f/ 1 in to  tw o  p a r ts  Н г =  H l(  +  H i  H ere

Щ  = { M  — M ' ) Y  +
1 i

p2i Pi ]
2 M 2 M 'J

(19)

describes th e  effect o f th e  m ass d ifference am ong  th e  q u a rk s , p ro p o rtio n a l 

to  th e  h y p e rch a rg e  Y  =  —  ^  Ag a n d , th e re fo re , co m m u tin g  w ith  th e  rem ain ing

H a m ilto n ia n ; a n d  a second k in e tic  te rm  w hich  is r a th e r  sm all ( ^  5 MeV) in  
th e  n o n -re la tiv is tic  m odel.

T h e  second o f p a r t  H v  t h a t  is H i  describes th e  effect of th e  S U 3 v io la tin g  
p o te n tia l  energy . I t  can  b e  w rit te n , in  th e  n o ta tio n  a lread y  in tro d u c e d ,

H U =  2  linear ( Щ  ( Ц Р  +  т
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w here
Щ oc 2 и г -  U2 -  U3 (21)

and
Wq oc U x -  2 U2 +  U3 . (22)

In  o rd e r th a t  no q u a d ra tic  te rm  (o f th e  k in d , in  te n so r n o ta tio n  T 33) appears 
in th e  m ass fo rm u la  i t  is n ecessary  th a t  W q Gsí 0 i.e.

U te * - U '  +  U±
2 2

a condition already conjectured b y  Zweig [1]. The problem o f the splittings 
is then determ ined b y  (M  — M ') Y ,  by the second term in H{ and by the  
first term  in Hi .

T h e second te rm  in ca n  be o m itte d  fo r sim p lic ity : th e  ensu ing  
d iscussion is no t a ffec ted  by  its  p resence . W e can  th erefo re  confine ourselves 
to  ca lcu la te  th e  e x p e c ta tio n  v a lu e  o f

w =J£JTHik)(4° +  4 k))i, к

for th e  v a rio u s s ta te s  ind ica ted  as a  o f th e  d e c u p le t and  o c te t b a ry o n s . Now, 
i f  we ta k e  our d ecu p le t an d  o c te t b a ry o n  w ave fu n c tio n s w hich  co nsist o f th e  
p ro d u c t o f  a p u re ly  an tisy m m etric  space p a r t  ( th e  sam e fo r th e  o c te t as for 
th e  d ecu p le t)  an d  a sym m etric  sp in  u n ita ry  sp in  p a r t  an d  if  w e assum e th a t  
Wi(ik) in  (20) is in d e p e n d e n t o f th e  spin , th e  ex p e c ta tio n  v a lu e  <  W  > a 
is s im p ly  p ro p o rtio n a l fo r all th e  s ta te s  in  q u es tio n

< lF )a = < iF > Y a , (24)

w here is th e  h y p e rch a rg e  of th e  s ta te  a u n d e r  considera tion  a n d  <  W >  
is a c o n s ta n t.

T herefo re , fo r b o th  th e  d e c u p le t and  o c te t  s ta te s  th e  p a r t  o f th e  m ass 
fo rm ula w hich  d e te rm in es  the  sp littin g s  w ould  be

[ ( M - M ' )  +  ( W y \ Y a . (25

T h is m eans t h a t  we should o b ta in , b o th  fo r  th e  decup le t a n d  th e  o c te t 
a sp littin g  p ro p o rtio n a l sim ply  to  th e  h y p erch arg e , th e  coefficient (M  — M ') +  
4" (W y  b e ing  th e  sam e  fo r oc te t a n d  decup le t. I n  p a r tic u la r  one w ould  have 
no 27 — Л  m ass d ifference. A w ay  to  o b ta in , in  te rm s of c e n tra l tw o  body  
forces, such  a m ass difference is to  assum e th a t  th e  expression W (ik)  in  (20)

Acta Physica Acatlcmiae Scientiarum Hungaricae 22, 1967



122 G. MORPURGO

h as  a p a r t  w h ich  is sp in  d ep e n d e n t, i.e . th a t  i t  is d iffe ren t w hen tw o  quark s 
a re  in  a sing le t o r in  a tr ip le t  s ta te  [25].

I n  th is  case th e  e x p e c ta tio n  v a lu e  (IF > a is g iven  b y  an  ex p ressio n  of 
th is  k in d :

< W \  =  <Wù Y  +  < W ù ( .2  °i ok ( 4 °  +  4 Л))>* • (26)/»к

T h is  exp ression  c o n ta in s  o n ly  tw o  c o n s ta n ts  <(W x)> a n d  ( IF 2) ;  th e re fo re , on 
a d d in g  th e  te rm  (M  — M ')  Y , th e  sp littin g s  b o th  in  th e  d ecu p le t an d  in  
th e  o c te t are  d e te rm in e d  b y

( ( M ' - M )  +  (IF ,»  Ya +  <IF2> < 2 ’ a, ■ ak (A « +  4 «)>a . (27)
l,к

N ow  th e  ex p ressio n  ( ^  at • ak (Ah’) -|- А ^» ) can  b e  e v a lu a te d  as

C +  -  Y  +  2 \ I ( I  +  1 ) ------- Y 2
4

w ith  a d iffe ren t C b u t  th e  sam e coefficien ts of Y  a n d  o f { } b o th  fo r th e
d ec u p le t an d  th e  o c te t. I t  follow s t h a t  th e  m ass sp littin g  fo rm u la  becom es

((M -  M ');+  -  <IF2»  Ya +  2 <IF2> t a t x +  l ) -
Y 2

(28)

th a t is, more concisely , as already discussed b y  D alitz [13], and using  now  
his notation:

(29)

w ith  a an d  b b e in g  th e  sam e fo r d ecu p le t an d  o c te t. N ow  th e  o c te t  m asses 
d e te rm in e  a — — 190 MeV as a lread y  sa id  an d  b =  37 MeV. F o r th e  d ecup le t 
fo rm u la  (29) red u ces to

a -f- Y

a n d  we h av e  a -f- — b =  135 MeV to  be  com pared  w ith  th e  a lread y  m en tio n ed
2

e x p e rim e n ta l v a lu e  o f  —146 MeV. A s n o te d  b y  D alitz th e  ag reem en t is n o t 
p e rfe c t b u t  r a th e r  good since we h a v e  o m itte d  Coulom b effects a n d  effects 
o f  o rd e r T 33 a ris in g  from  sm all v io la tio n s  of (23); we n o te  also t h a t  possible 
te n so r  forces effects an d  co n seq u en t L  =f= 0 ad m ix tu re s  m ay  affect th e  s itu a tio n .
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I t  m u st be  n o ted  fin a lly  t h a t  the s ta r t in g  p o in t o f th is  d iscussion h as  been 
th e  m ass d ifference b e tw een  th e  q u a rk s . I t  is now  e v id e n t, how ever, t h a t  all 
one can  k n o w  is M  — M '  +  ( W i )  a n d  th a t  M '  — M  th o u g h  p re su m ab ly  
la rger th a n  W x , c an n o t b e  know n w ith  p recision  w ith o u t a d d itio n a l a rg u m en ts .

9. The problem o f saturation

W e h a v e  listed  in  S ec tio n  3 p ro b lem s to  w hich o n ly  a te n ta t iv e  so lu tio n  
can be g iven; in  th is  S ec tio n  and  in th e  n e x t one we sha ll consider on ly  p a r t  
o f these  p ro b lem s; fo r in s ta n c e  we sh a ll n o t consider th e  f ir s t  p ro b lem  in  th e  
lis t of Section  3 since we h a v e  n o t ye t a su ffic ien t know ledge of th e  qq or qq p o te n 
tia ls ; in  th is  Section we sha ll c o n c e n tra te  ou r a t te n tio n  on th e  s a tu ra tio n  
p rob lem  [26]. T he q u es tio n  is, of course, w hy  3 q u a rk s  a re  so s tro n g ly  b o u n d , 
to  form , say , a p ro to n , a n d  four or m o re  q u ark s, if  b o u n d  a t  all, give rise  to  
ob jec ts  w h ich  a re  ce rta in ly  m u ch  h eav ie r th a n  th e  p ro to n . In d e e d , assum ing  th a t  
th e re  are  o n ly  tw o b o d y  forces b e tw een  q u ark s a n d  n eg lec ting , as one can  
do as a f ir s t  ap p ro x im a tio n  in  th e  n o n -re la tiv is tic  m odel, th e  average  k in e tic  
energy  w ith  resp ec t to  th e  average p o te n tia l  energy , th e  average  p o te n tia l 
energy  of a p a ir  of q u a rk s  in  th e  p ro to n  is

\V\ ^ M - — M p ,  ;30)
3

w here M  is m ass of th e  q u a rk  and  M P th e  m ass of th e  p ro to n . O ne sees from
(30) th a t  a b iq u a rk  w o u ld  h av e  a m ass  m uch  la rg e r th a n  th a t  o f th e  p ro to n

M 2 =  2 M  — M  -\------M P  » (31)

in fac t, M 2 has a value n e a r  to  th e  mass o f  one q u a rk .B u t a sy stem  of 4 q u a rk s , 
for in stan ce , shou ld  h av e  a m ass (rem em b er th a t  th e re  a re  6 p a irs  o f q u a rk s  
in  a 4 q u a rk  ob ject)

M 4 =  4M  — 6 \V\ (32)

and  th e re fo re , on using (30),

M 4 =  - 2 M  +  2 M P

a neg a tiv e  v a lu e  for m ass !
T his o bv iously  a b su rd  conclusion show s th a t  th e re  is so m eth ing  w rong 

in  th is  a rg u m en t. In  fac t, i t  is easy to  rea lize  th a t  if  a 3 q u a rk  sy s tem  is so
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s tro n g ly  b o u n d  as to  h av e  fo rm ed  a p ro to n  w h ich  is a v e ry  l ig h t o b jec t in  th e  
q u a rk  m ass scale , th e  d y n am ics o f  a 4 q u a rk  o b jec t c a n n o t b e  tre a te d  non- 
re la tiv is tic a lly . T o  see th is  le t  u s  consider th e  4 q u a rk  o b jec t fro m  th e  follow ing 
p o in t  o f v iew : as a q u a rk  w h ich  is b o u n d  to  a th re e  q u a rk  su b sy stem .M o re  
sp ec ifica lly  le t  u s  consider a p a r tic u la r  m odel o f b in d in g  (one w ould say , in  
th e  v a r ia tio n a l lan g u ag e  a p a r t ic u la r  t r ia l  w av e  fu n c tio n ) in  w hich  we h a v e  
a lre a d y  o u r th re e  q u a rk  sy s tem  fo rm ing  a p ro to n  an d  we a re  try in g  to  b in d  
th e  fo u rth  q u a rk  to  i t .  In  th is  case th e  m ass fo rm u la  (32) is m ore  co n v en ien tly  
w ritte n

M,; =  M P +  M  -  3 IV I (33)

since th e  fo u r th  q u a rk  can in te r a c t  w ith  all th e  th re e  q u a rk s  o f th e  p ro to n .
I t  is now  su ffic ien t to  re m a rk  th a t  th e  p ro to n  m ass is o f th e  sam e o rd e r 

o f  m a g n itu d e  as th e  inverse  ra n g e  o f th e  forces ho ld ing  th e  p ro to n  to  th e  
fo u r th  q u a rk  to  conclude t h a t  th e  re la tiv e  m o tio n  o f th e  fo u r th  q u a rk  w ith  
re sp e c t to  th e  p ro to n  is n ecessarily  re la tiv is tic . N o n -re la tiv is tic  concep ts 
c a n n o t, th e re fo re , be  app lied  a n d  we shou ld  in te r r u p t  ou r d iscussion  a t  th is  p o in t 
n o tin g  on ly  t h a t  th is  conclusion  is in d e p e n d e n t o f th e  p a r t ic u la r  m odel o f  
b in d in g  co nsidered  above.

H o w ev er, w e m a y  t r y  to  go a l i ttle  fu r th e r  assum ing  t h a t  w e can  co n tin u e  
to  discuss on th e  basis  o f a n o n -re la tiv is tic  fo rm u la  like (33). Since w h a t 
we have  ju s t  le a rn t  is t h a t  th e  q u a rk  m o tio n  inside a fo u r  q u a rk  sy s tem  
c a n n o t be t r e a te d  n o n -re la tiv is tic a lly , we h a v e  no  ju s tif ic a tio n  fo r su b s ti tu tin g  
in  (33) fo r I V  I th e  non  re la tiv is tic  v a lue  (30) o b ta in e d  fro m  th e  b in d in g  o f  
th e  p ro to n . I t  m a y  well h a p p e n  th a t  th e  p o te n tia l  b e tw een  tw o  q u a rk s , w h ich  
is s tro n g ly  a t t r a c t iv e  w hen  th e y  m ove n o n -re la tiv is tic a lly  depends on th e  
re la tiv e  v e lo c ity  a n d  becom es m uch  less a t tr a c t iv e  or even  repu lsive fo r  
re la tiv is tic  v e loc ities. A long th e se  lines a possib le  e x p la n a tio n  o f  th e  s a tu ra t io n  
p ro b lem  can  be  g iven; fo r m ore  d e ta ils  we re fe r to  a p u b lish e d  n o te  on th e  
su b je c t [26], n o tin g  here  t h a t  th e  above a rg u m e n t on ly  show s th a t  a co n s is ten t 
s itu a tio n  in  w h ich  sa tu ra t io n  is reach ed  in  th e  w ay  it  is (a t  th ree  q u a rk s)  
can be g e n e ra te d  in  a q u a rk  m odel; i t  is a d iffe ren t q u e s tio n  an d  becom es a 
k in d  of co n sis ten cy  p ro b lem  to  show  th a t  s a tu ra t io n  must e ffec tiv e ly  be reach ed  
a t  three q u a rk s .

10. The problem o f m agnetic m om ents

A n o th e r  p rob lem  w h ich  m u st be u n d e rs to o d  is t h a t  o f  th e  m ag n e tic  
m o m en ts  o f  q u a rk s . I t  is easy  to  show  th a t  in  non violated S U 3 th ese  m a g n e tic  
m o m en ts  a re  p ro p o rtio n a l to  th e  charge o f th e  q u a rk s . I n  fa c t th e  e le c tro 
m ag n e tic  c u r re n t  is th e  T \  co m p o n en t of an  irred u c ib le  S U 3 te n so r  and  th e  m a g 
n e tic  m o m en ts  o f th e  q u a rk s  are  th e re fo re  p ro p o rtio n a l to  | T \  \ qf), w here  q,
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(i =  1, 2, 3) a re  th e  th re e  q u a rk  s ta te s . O bserve now  th a t  T \  belongs to  th e  
re p re se n ta tio n  8 an d  t h a t  th e  p ro d u c t 3 x 3 *  co n ta in s , o f course, 8 o n ly  once. 
T herefo re, th e  th ree  e x p e c ta tio n  v a lu e s  | T [ | g,/> can  all be ex p ressed  in  
te rm s of a single red u ced  m a trix  e le m e n t; th e  p ro p o rtio n a lity  c o n s ta n ts  can  
be d e te rm in ed  b y  s im p ly  tak in g  =  Q ( th e  ch a rg e ); hence th e y  a re  2/3, 
- 1 /3 ,  - 1 / 3 .

N ote  th e  d ifference w ith  th e  S U 2 case (isospin) w h ere  th e  e lec tro m ag n etic  
c u rre n t does n o t tra n s fo rm  accord ing  to  a d iffe ren t re p re se n ta tio n  o f th e  
isospin  g roup , b u t is th e  su m  of a sc a la r  p lus th e  th i rd  co m p o n en t o f a v e c to r  
in  isospin  space.

The re a l p rob lem  w ith  th e  m ag n e tic  m om ents o f  th e  q u ark s is w h y  th e y  
are so la rge . T he L an d e  g  fac to r o f th e  q u ark s is

g — 5 ,58
M

M D

w here M  is th e  q u a rk  m ass  and  M P th e  p ro to n  m ass. T he la rg e r th e  q u a rk  
m ass, th e  m ore  an om alous is th e  m a g n e tic  m om en t. T o  ex p la in  th is  la rg e  g 
fac to r  th e  a t t i tu d e  is o f te n  th a t  th e  q u a rk s , w hen s tro n g ly  b o u n d  as in  th e  
p ro to n  have  a sm all e ffec tive  m ass, a n d  i t  is th is  sm a ll effective m ass, call 
it  M * , w hich  de te rm in es th e  m agnetic  m o m en t of th e  q u a rk  inside a p ro to n  

eh M p
a s ----------. F o r  in s tan ce , il  M *  =  -------- one w ould  h a v e  a g fa c to r  o f  a b o u n d

2M* c 3 S
M

q u a rk  equal to  6 ------ .
.Vfp

A ccord ing  to  th is  p o in t of v iew  th e  m agnetic  m o m en t of a free  q u a rk
eh

shou ld  be v e ry  sm all, o f  th e  order ^ — an d  the  la rg e  an o m aly  is p ro d u ced

in th e  b ind in g . W e do n o t  sh are , a t th e  m o m en t, th is  p o in t  o f view . W e observe  
th a t  if  a v e ry  h eav y  p a r tic le  such as th e  q u a rk  is co u p led  s tro n g ly  to  m uch  
lig h te r  p a rtic le s  such as m esons th e  m a g n e tic  m om en t is essen tia lly  d e te rm in e d  
b y  th e  m eson cloud. I t  is en tire ly  u n n a tu ra l  to  m easure  th is  m agnetic  m o m en t 
in  B o h r m ag n e to n s o f th e  h eav y  p a r tic le ;  one can do so, o f course, b u t  one 
m u st n o t be am azed  w hen  one finds v e ry  anom alous v a lu es  for th e  m ag n e tic  
m om en t. T hese  value tu r n  o u t to  be “ an o m alo u s”  s im p ly  because m easu red  
in “ an o m alo u sly ”  sm all u n its .

In  o th e r  w ords, acco rd in g  to  o u r p o in t o f view  [27], th e  o rd er o f m a g n i
tu d e  o f th e  m ag n etic  m o m e n t of a free q u a rk  m igh t be  ca lcu la ted , fo r in s ta n c e , 
in  a fixed  source  th e o ry , in  a w ay s im ila r  to  th a t  u sed  som e tim e  ago fo r  th e  
nucleon (com pare  e.g. [28]). I t  is n o t  e x tra o rd in a ry  th e n  th a t ,  since th e  
coupling o f th e  pion ( ju s t  to  consider one of th e  m esons) to  th e  th e  q u a rk  
has th e  sam e o rd e r of m a g n itu d e  as th e  coupling  of th e  p ion  to  th e  nucleon
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(co m p are  e q u a tio n  [13]), also th e  m ag n e tic  m o m en t o f th e  q u a rk  an d  th e  
n u c leo n  tu r n  o u t  to  h av e  th e  sam e o rd er o f m ag n itu d e . In d e e d , assum ing  
t h a t  th is  k in d  o f  ex p la n a tio n  is co rrec t, w e m a y  reverse i t  to  say  th a t  th e  
couplings o f  th e  q u ark s to  th e  m esons a re  n o t  genera lly  e x p e c te d  to  h a v e  
a  su b s ta n tia lly  d iffe ren t o rd e r o f m ag n itu d e  from  th e  couplings o f  th e  nucleons 
to  th e  m esons. I f  th is  is so, th e  fa c t th a t  th e  b in d in g  energy  in  th e  b a ry o n s , 
fo r  in s tan ce , is so m uch  h ig h er th a n  th a t  o f  nucleons in  n ucle i m ig h t he due  
to  th e  fa c t t h a t  th e  p o te n tia l  b e tw een  tw o  q u a rk s , like t h a t  b e tw een  tw o  
nucleons, is v e ry  deep a t  sm all d istan ces  (b u t alw ays w ith  su ch  a repu ls iv e  
co re  as to  a llow  n o n -re la tiv is tic  m o tion) an d  t h a t  q u ark s b e in g  m u ch  h eav ie r 
th a n  nucleons can  rem ain  p ra c tic a lly  a t  re s t a t  sm all d istances, w ith  a neglig ib le 
zero  p o in t m o tio n .

(T here is n o  need  to  s tre ss  a t  th is  p o in t  t h a t  all th e se  a re  only v e ry  
q u a lita tiv e  a n d  te n ta t iv e  suggestions.)

11. Final questions

All th e  q u es tio n s  posed  in  th e  in tro d u c to ry  Sections h av e  b een  considered  
m ore  or less a t  len g th , e x c e p t fo r th e  la s t  tw o :

a)  w h y , n o rm aliz ing  th e  charge  o f th e  n q u a rk  as — 1, th e  e lec tro n  
charge  is 3 ? a n d

b) do q u a rk s  ex ist ? a n d  how  can  one g e t an  es tim a te  o f th e ir  p ro d u c tio n  
cross sec tion  ?

T he fa c t  t h a t  no answ er a t  th e  m o m en t can  be g iven to  questio n  a)  is 
a b ru ta l  w a y  o f  recognizing t h a t  we h av e  no  id ea  o f th e  co n n ec tio n  b e tw een  
s tro n g  an d  w e a k  in te ra c tio n s ; th is  is n o t ty p ic a l of th e  q u a rk  m odel, b u t  th is  
q u estio n  rem a in s  an d  becom es in  a sense m ore  acu te  w ith  th e  in tro d u c tio n  
o f  th e  q u a rk s . W h y  are le p to n s  n o t com posed  o f q u a rk s?  O r does som e 
k in d  of le p to n ic  q u a rk  e x is t to o ?  W e do n o t  know , a lth o u g h  it  is d iff i
c u lt to  conceive  w eak ly  in te ra c tin g  lep to n ic  q u a rk s  w h ich  are s tro n g ly  
b o u n d . I f  one  w ere to  be o p tim is tic  a t  all costs  one m igh t ev en  say th a t  th e  
ex istence  o f  b a ry o n ic  q u a rk s  h u t  n o t o f  lep to n ic  q u ark s can  ex p la in  th e  co n 
se rv a tio n  o f nucleon ic  n u m b e r. In  fac t, a q u a rk , hav ing  fra c tio n a ry  ch arg e , 
c a n n o t d ecay  in to  a lep to n  -f- y  or in to  le p to n s  an d , th e re fo re , a p ro to n  is 
s tab le  if  i t  is assum ed  th a t  th e  to ta l  decay  a m p litu d e  of a p ro to n  is th e  sum  
o f th e  a m p litu d e s  from  th e  th re e  q u ark s.

B u t th is  is a to o  o p tim is tic  w ay  of seeing  th e  s itu a tio n ; th e  real s ta tu s  
of w hich is a com ple te  lack  o f  u n d e rs ta n d in g  o f th e  re la tio n  b e tw een  le p to n s  
an d  s tro n g ly  in te ra c tin g  p a rtic le s .

C om ing now  to  th e  second  questio n : do q u a rk s  e x is t?  i t  is obvious t h a t  
th e  m odel w h ich  we have  d esc rib ed  im plies th e  rea l ex istence  o f  q u ark s. I t  is
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th ere fo re  v e ry  im p o r ta n t to  f in d  th e m , e i th e r  in  cosm ic ra y s  from  e x p e rim e n ts  
■with fu tu re  accelera to rs o r in  te r re s tr ia l m a t te r  [30]. T h e  p ro b lem  is com p lic 
a te d  b y  an  ab so lu te  lack  o f  know ledge o f  th e  cross sec tio n  for q u a rk  p ro 
du c tio n , o f w hich  it  is e x tre m e ly  d iff ic u lt to  give a re liab le  e s tim a te . T he 
on ly  pu b lish ed  estim a te  w h ich  we k n o w  o f is a s ta t is t ic a l  e s tim a te  b y  
D omokos a n d  F ulto n  [29] w hich  gives a n  exceedingly  sm a ll v a lu e  o f th e  cross 
section  for q u a rk  p ro d u c tio n  in  p p  collisions a t  energies w h ere  th e  p ion  p ro d u c 
tio n  cross sec tio n  in th e  sam e reac tio n  is ad 40 m b (aq a^ 10 ~7 /гб fo r M  =  
=  9 GeV).

H ow  re liab le  a s ta t is t ic a l  e s tim a te  is w hen  i t  g ives rise  to  such  sm all 
num bers we do n o t  know , since som e form  o f d irec t reac tio n  (to  use th e  lan g u ag e  
o f n u c lea r reac tio n s) can  w ell be  m ore im p o r ta n t . In  a n y  case i t  is essen tia l 
to  t r y  to  h a v e  th e o re tic a l e s tim a te s  of th e se  q u a rk  p ro d u c tio n  cross sec tions 
(th e  sim plest process fo r th is  pu rpose  is perh ap s p  p  ->  q - f  q) in  o rd e r 
to  he ab le to  u n d e rs ta n d  th e  m ean ing  o f  th e  ex p erim en ts  perfo rm ed  o r to  
he  m ade in  fu tu re . T hese ex p erim en ts  a re  in  progress a t  v a rio u s  lab o ra to rie s  
w ith  th e  d iffe ren t m e th o d s lis ted  above, b u t  th e ir  su rv e y  w ould  lead  u s  to o  
fa r  aw ay an d  i t  seems a p p ro p r ia te  to  en d  th is  re p o rt h e re  [31].
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Р е з ю м е
Исследованы схема классификации и распадные свойства адронов в рамках стати

ческой модели кварков. Изложены главные успехи и нерешенные проблемы модели, 
указывая задачи, которые должны быть решены для лучшего понимания и использования 
нерелятивистских идей.
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The basic ideas and methods of the quark model of the elementary particles, and the 
main results of the model, including the new applications to high energy scattering are sum
marized and partly discussed in detail. Also the quark models of weak interactions are briefly 
commented.

I .  In tro d u c tio n

In  th e  p a s t few  m o n th s , q u ite  a  n u m b er o f in te re s tin g  ca lcu la tio n s  
have  been  done u n d e r m ore  or less d ire c t in sp ira tio n  o f a sim ple q u a rk  m odel 
o f s tro n g ly  in te ra c tin g  p a rtic le s . To m y  know ledge, th e  th e o ry  o f w eak  in te r 
ac tio n s h as  le a s t b e n e fite d  from  th is  w ork . T hus, th e  on ly  ju s tif ic a tio n  fo r 
in c lu d in g  a lec tu re  on q u a rk  m odels in  a conference on w eak  in te ra c tio n s  
is th e  hope th a t  a d esc rip tio n  of som e o f th e  recen t ap p lica tio n s o f th e  q u a rk  
m odel elsew here in  p a rtic le  physics w ill lead  som eone in  th e  au d ien ce  to  a 
usefu l idea  a b o u t th e  w eak  in te ra c tio n s . M ost of th is  ta lk  will concern  ap p lic 
a tio n s o u ts id e  w eak in te ra c tio n s ; o n ly  a few re m a rk s  a b o u t q u a rk  m odels 
o f w eak in te rac tio n s  w ill be found a t  th e  end.

I  assum e th a t  th is  audience is fam ilia r w ith  th e  S U (3) g roup  an d  its  
re p re se n ta tio n s , and  is aw are  of th e  k in d s  of p rob lem s in  p a rtic le  phy sics  to  
w hich i t  h as  been  app lied .

A p a r t  o f th is  le c tu re  w ill be b a se d  on still u n p u b lish e d  m a te ria l, an d  I  
w a n t to  m ak e  sure th a t  p ro p e r c red it is given. I  h a d  th e  p leasu re  o f v is itin g  
th e  W eizm an n  In s t i tu te  o f Science, R eh o v o th , Is ra e l, tw o  m o n th s  ago, an d  
I  w as g re a tly  s tim u la te d  b y  d iscussions w ith  P ro fesso r H a r r y  L i p k i n , D r. 
H ector  R u b in s t e in  a n d  D r. F l o r ia n  S ch eck . I  am  ta k in g  th e  l ib e r ty  of 
p resen tin g  som e of th e ir  ideas an d  ca lcu la tio n s here , t ru s t in g  th a t  th e  w ork  
will be co rrec tly  a t t r ib u te d  to  th e m .

I  m ak e  no claim s to  being  aw are  o f all o f th e  p u b lish ed  li te ra tu re  on 
q u a rk  m odels, m uch  less o f th e  u n p u b lish e d  li te ra tu re . F u rth e rm o re , o f th e  
a rtic les know n  to  m e, th o se  d iscussed  below  are a sam p le  chosen w ith  con-

* National Science Foundation Postdoctoral Fellow.
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sid e rab le  a rb itra r in e s s . I  h ope  no  one w hose w o rk  is n o t m en tio n ed  will feel 
o ffended .

T h is le c tu re  w as w ritte n  a t  C E R N , w here I  h a v e  en joyed  th e  h o sp ita lity  
a n d  th e  in sp ir in g  p resence o f  L . V a n  H o v e . I  h a v e  also b e n e fite d  fro m  helpful 
co n v ersa tio n s  a t  C E R N  w ith  N . Ca b ib b o , J .  H a r t e , J .  J .  J .  K o k k e d e e , 
Y . N e ’e m a n  a n d  J .  P r e n t k i .

II. H istory o f  the quark model

A b asic  id ea  o f  th e  q u a rk  m odel is t h a t  th e  know n  s tro n g ly  in te ra c tin g  
p a rtic le s  can  b e  u se fu lly  v iew ed  as com posite  p a rtic le s . T h is id ea  can  be traced  
a t  le a s t as fa r  b a c k  as F er m i’s a n d  Y a n g ’s suggestion  [1] t h a t  th e  я  m esons 
m ig h t be d eep ly  b o u n d  s ta te s  o f  a nucleon  a n d  an  an tin u c leo n . Sakata [2] 
e x te n d e d  th is  id ea  to  in c o rp o ra te  h y p e rch a rg e , d escrib ing  all m esons as deeply  
b o u n d  s ta te s  o f  th e  nucleon , th e  la m b d a , an d  th e ir  a n tip a r tic le s , a n d  his m odel 
led  to  th e  f i r s t  ap p ea ran ce  o f  S U  (3) in  p a rtic le  physics. T h e  F e r m i—Sakata 
id e a  has led  in  tw o  d irec tio n s, dow n tw o  d iffe ren t ro ad s. O ne d irec tio n  led to  
Ch e w ’s id ea  o f  “ n u c lea r d e m o c ra c y ”  w here  all o f  th e  s tro n g ly  in te ra c tin g  
p a rtic le s  a re  v iew ed  as com posites o f one a n o th e r  [3]. T his ro a d  w ill n o t be  
ex p lo red  h e re . T h e  o th e r d ire c tio n  also led  to  th eo rie s  w h ich  equalize th e  
ro les o f m esons a n d  b a ry o n s , b u t  in  a d iffe ren t sense. I t  led to  th eo rie s  in  w hich 
th e  know n  b a ry o n s  an d  m esons are  a ll m ad e  o f something else.

T h e fa r th e s t  o u tp o s t a long  th is  second ro a d  to d a y  is th e  literal “ q u ark  
m o d e l” , acco rd in g  to  w hich  e n tire ly  new  p h y sica l ob jec ts , called  “ q u a rk s”  
b y  Ge l l -M a n n , a re  supposed  to  h av e  an  in d e p e n d e n t ex is ten ce  in  n a tu re , 
a n d  th e  b a ry o n s  a n d  m esons a re  u n d e rs to o d  to  be  b o u n d  s ta te s  o f th e se  q u ark s. 
P eop le  h a v e  se t  o u t  to  look fo r th e se  q u a rk s , a n d  th e y  h av e  n o t  p roved  easy  
to  fin d . T h e  sea rch  co n tin u es. W e shall n o t h a v e  to  go q u ite  th is  fa r dow n 
th is  ro ad , h o w ev er, fo r we sh a ll n ev e r need  to  assum e t h a t  q u a rk s  have  an  
in d e p e n d e n t ex is ten ce . I n  p a r t ic u la r , we sha ll n o t  need  to  in tro d u c e  a free 
q u a rk  m ass, b ecau se  we sh a ll a lm o st co m p le te ly  avo id  an y  d iscussion  of th e  
d y n am ics f ro m  w hich  b o u n d  s ta te s  o f th e  q u a rk s  arise . N eedless to  say , even 
tu a lly  q u a rk  d y n am ics w ill h a v e  to  be  faced  m ore  d irec tly .

T h e  f i r s t  s tep  dow n th e  ro a d  from  th e  Sakata  m odel to  th e  q u a rk  m odel 
w as ta k e n  b y  Gell-Ma n n  [4] a n d  N e ’em an  [5], w ho w ere seeking a n  
e x p la n a tio n  fo r  th e  ex istence  o f  e ig h t sp in  1/2 b a ry o n s . I f  th e  e ig h t p seu d o sca la r 
m esons w ere b o u n d  s ta te s  o f  a t r ip le t  o f p a rtic le s  an d  a t r ip le t  o f a n tip a rtic le s , 
p e rh a p s  th e  e ig h t b a ry o n s  w ere  also. ( In  th e  b a ry o n  case, o f  cou rse , th e  tw o  
p a r tic le  tr ip le ts  w ould  h a v e  to  be  d is tin c t.)  T hese  tr ip le ts  m ig h t have  on ly  
a m a th e m a tic a l ex is ten ce ; in  a n y  e v en t, th e y  d id  n o t h av e  to  be  iden tified  
w ith  an y  k n o w n  p artic le s .
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T h e n e x t s tep  dow n th is  ro a d  cam e w ith  th e  id en tif ic a tio n  o f  one S U  (3) 
m u ltip le t  w hich w as n o t  an  o c te t :  th e  d e c u p le t o f spin 3/2 s ta te s .  T his id e n 
tif ic a tio n  w as m ad e  secure b y  th e  d iscovery  o f  th e  Q ~ , th e  t e n th  m em ber, 
a t  ju s t  th e  p re d ic te d  m ass [6]. F o r  our s to ry , th e  im p o rtan ce  o f  th e  id e n tif i
c a tio n  o f th is  d ec u p le t lies in  th e  fa c t t h a t  i t  suggested  a d iffe ren t m odel 
fo r th e  b a ry o n  octet. A  decu p le t c a n n o t he m a d e  from  a t r ip le t  a n d  an  a n t i 
tr ip le t .  H ow ever, b o th  an  o c te t a n d  a d ecu p le t c an  be m ade fro m  th re e  o f th e  
sam e k in d  of q u a rk s . Gell-Ma n n  [7] and  Zw eig  [8] proposed  su ch  a m odel, 
in  w h ich  th e re  is o n ly  one tr ip le t  o f  q u ark s, w ith  sp in  1/2 an d  b a ry o n  n u m b e r 
1/3, a n d  th e  m esons a re  q u a rk -a n tiq u a rk  b o u n d  s ta te s  while th e  know n o c te t 
an d  d ecu p le t are  b o th  b o u n d  s ta te s  of th re e  q u a rk s .

T h is p o in t o f  v iew  ach ieved  m a jo r co n firm a tio n  in 1964, w ith  th e  S U (6) 
th e o ry  [9]. In  p a r t ic u la r  th e  g ro u p in g  of th e  b a ry o n  o c te t w ith  th e  d ecup le t 
w as con firm ed  b y : i) th e  a v a ila b ility  of th e  56  re p re se n ta tio n  w h ich  ex ac tly  
acco m m o d a ted  th e se  s ta te s , an d  ii) th e  d e r iv a tio n  of th e  ra t io  o f th e  s ta tic  
m ag n e tic  m om ents o f  th e  n e u tro n  a n d  p ro to n  [10]. T he la t te r  c a lcu la tio n  wre 
shall re p e a t in d e ta il  below.

T h e re  are o th e r  q u a rk  m odels besides th e  Gell-Ma n n — Zw eig  one- 
tr ip le t  m odel. In  p a r tic u la r , n o th in g  we have sa id  so fa r ( th o u g h  som e of w h a t 
we sh a ll say  su b seq u en tly ) req u ire s  th e  m esons a n d  th e  b a ry o n s  to  be m ade 
o f th e  sam e k in d  o f q u a rk -s tu ff . T h e re  are a n u m b e r  of o th e r  m odels w hich  
b eg in  w ith  a t r ip le t  a n d  a s in g le t or tw o t r ip le ts .  To m y know ledge, such  
m odels do n o t re a d ily  lead  to  th e  co rrec t p ro to n -n e u tro n  m a g n e tic  m om en t 
ra tio . T hou g h  th is  is p ro b a b ly  n o t  su ffic ien t re a so n  to  dism iss th e se  m odels, 
we sh a ll n o t m e n tio n  th e m  fu r th e r .

III. Baryon and m eson “ w ave functions”  in terms o f quarks

In  o rd er to  do m o st q u a rk  m o d e l ca lcu la tio n s , we m ust k n o w  som eth ing  
a b o u t th e  w ave fu n c tio n s  o f th e  b a ry o n s  an d  m esons in  te rm s o f  q u ark s. W e 
assum e th a t  these  w av e  fu n c tio n s  factor in to  a  p a r t  co n ta in in g  th e  in te rn a l 
q u a rk  q u a n tu m  n u m b e rs  an d  q u a rk  sp ins, an d  a n o th e r  p a r t  d e p e n d e n t on th e  
q u a rk  positions (a n d  p e rh ap s  velo c ities). P a r tic le s  belonging to  th e  sam e 
S U (6) su p e rm u ltip le t a re  assum ed  to  have th e  sam e spa tia l w av e  fu n c tio n s, 
in  gen era l n o t n eed ed  here.

M ost o f th e  s ta te s  w hich h a v e  been  successfu lly  classified in  th e  SU(3)  
th e o ry  h av e  also b e e n  classified  in  th e  SU(6)  th e o ry . T here  is a  56-p let o f 
b a ry o n s  ( th e  fu lly  sy m m etric  th re e -q u a rk  rep re se n ta tio n ) a n d  a 35-p let o f 
m esons, m ade of a q u a rk  an d  a n  a n tiq u a rk . I n  b o th  cases, th e  q u a rk s  are  
assu m ed  to  be in a to ta l  o rb ita l a n g u la r  m o m en tu m  zero s ta te , w h ich  is a n o th e r 
w ay  o f say ing  th a t  th e  sp in  of th e  com posite  p a r t ic le  is acco u n ted  fo r en tire ly  
b y  th e  sp ins of th e  q u a rk s .
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T he p ro p e rtie s  o f th e  fu n d a m e n ta l q u a rk  t r ip le t  a re  given in  th e  T ab le  
below :

Q uark I r. Charge Hypercharge

p 1/2 1/2 2/3 1/3
1/2 — 1/2 - 1 / 3 1/3

Я 0 0 - 1 / 3 —2/3

A ll q u a rk s  h a v e  a  sp in  o f one-half. T h e  tw o ch a rg e  s ta te s  w ill b e  d en o ted  
b y  ( + )  fo r S z=  -f- 1/2 an d  (—) for S z=  — 1/2. T h e  ch a rg e , h y p e rch a rg e , and  
I z assig n m en ts  o f th e  a n tip a r tic le s  are  o b ta in e d  b y  a ch an g e  of sign. T h e  th ird  
in te g ra l v a lu es  o f ch arg e  an d  h y p e rc h a rg e  are re q u ire d  to  keep th e  tr ip le t  
re p re se n ta tio n  centered (m ean ing  t h a t  th e  average  ch arg e  an d  h y p e rch a rg e  
e q u a l zero). T h is, in  tu rn ,  is req u ired  if  th e  su p e rm u ltip le t c o n s tru c te d  ou t 
o f  th re e  q u a rk s  is also  to  be  cen te red  (w hich  th e  p h y s ic a l 56 h ap p e n s  to  be). 
N o te  t h a t  th e  n o ta tio n  p ,  n, A, is in te n d e d  to  rem in d  us th a t  th e  q u a rk s  have 
th e  sam e v a lu es  o f I  a n d  I z as th e  p h y s ica l b a ry o n s  w ith  th e  sam e nam es. 
W e shall t r y  to  use th e  c a p ita l le tte rs  P, N ,  Л,  w hen  w e refer to  th e  p hysica l 
b a ry o n s .

W e can  a rriv e  a t  th e  b a ry o n  w av e  fu n c tio n s  in  m ore th a n  one  w ay. 
A sim ple w ay  is th e  fo llow ing: to  c o n s tru c t  th e  p ro to n  s ta te  w ith  S z =  -(- 1/2, 
w e n eed  to  u se  tw o p  q u a rk s  an d  one n  q u a rk , tw o  sp in n in g  up  an d  one  dow n. 
W e o b ta in  a s ta te  o f  sp in  1/2 b y  f ir s t  co m b in in g  tw o  q u a rk s  to  m ake sp in  zero, 
a n d  th e n  a tta c h in g  th e  th ird :

[p ( + M —) — p(—M + ) ] p  (+ )  •

T h e  s ta te  w hich  belongs to  th e  56 is th e n  o b ta in e d  b y  fu lly  sy m m etriz in g , 
t h a t  is, ad d in g  to g e th e r  th e  six  p e rm u ta tio n s  o f  each  te rm  ab o v e . W e get

I P ( + ) > - =  ( IS )“ 1'2 [ 2 p (  +  ) P  ( + )  n  ( - )  +  2 p ( + ) n  ( - ) p  ( +  ) +

+  2 n ( —)jP ( +  ) /> (  +  ) — P ( +  ) P  ( — ) n ( + )  —

— P ( —) n ( + ) P  ( +  ) — n ( + ) p (  +  ) p ( ~ )  —

— P ( ~ ) P  ( + )  n ( + )  — P ( + )  n ( +  ) P  ( - )  -

— n i + ) P  {— ) P  ( +  )] >

w here  th e  ra d ia l (18)_1 2 assures t h a t  no rm alized  q u a rk  s ta te s  le a d  to  n o r
m alized  p h y sica l s ta te s .
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W e o b ta in  th e  rem a in in g  s ta te s  o f  th e  sp in  1/2 o c te t  as follow s:
a)  th e  S z =  — 1/2 s ta te s  are  o b ta in e d  b y  a spin re flec tio n , in te rc h a n g in g  

( + )  an d  (—);
b)  th e  n e u tro n  s ta te s  are  o b ta in ed  b y  a charge re flec tio n , in te rc h a n g in g  

p  an d  n;
c)  th e  E + s ta te s  o b ta in e d  from  th e  p ro to n  and  th e  S °  from  th e  n e u tro n  

b y  a U  sp in  re flec tio n , in te rch an g in g  re an d  A .
d)  th e  E ~  an d  E~  s ta te s  are o b ta in e d  b y  a ch a rg e  re flec tio n  o f  th e  

E + an d  E°  s ta te s ;
e)  th e  E° an d  Л  s ta te s  a re  c o n s tru c te d  b y  beg inn ing  w ith  th e  c o m b in a tio n  

(for S z =  +  1/2 )

[ p ( + ) ^ ( —) — p( — ) ^ ( + ) ] n ( + )  ±  [n ( + ) ^ ( —) — n ( — ) ^ ( + ) ] p ( + )  »

w here th e  u p p e r  sign gives I  — 1 an d  th e  low er sign g ives I  — 0. S y m m etriz in g  
an d  no rm aliz in g  we ge t

I * ° ( + )  >  =  ( 3 6 ) -1/2 [2 p ( + ) r e ( + ) A ( - )  -  p ( + ) r e ( - ) A ( + )  -

— jp(—M + W  +  ) +  perm s.] ,

I A  ( + )  >  =  (12) 1 " [p (+ )re (— ) A ( + )  — p {—)n ( + ) ^ ( + )  +  p erm s.] ,

w here “ p e rm s”  m eans: a d d  th e  five a d d itio n a l p e rm u ta tio n s  of each  te rm .
In  a s im ila r w ay , b u t  w ith  less w o rk , we m a y  c o n s tru c t th e  fo r ty  

sp in  3/2 d ecu p le t s ta te s . F o r  exam ple , th e  A ++ s ta te  w ith  S z =  +  1/2 h as  
th e  q u a rk  re p re se n ta tio n :

(3) 1 ~Ip ( + ) p ( + ) jP(—) +  p{+)p(—) p ( + )  +  p{— )j°(+)jf>(+)] •

T he o th e r s ta te s  are c o n s tru c te d  in  a s im ila r  m anner.
T he p seu d o sca la r a n d  v e c to r  m eso n  w av e  fu n c tio n s  a re  m ade fro m  one 

q u a rk  an d  one a n tiq u a rk . F o r  m any  a p p lica tio n s , one h a s  to  be ca re fu l to  
d is tin g u ish  o rd in a ry  sp in  a n d  JF -sp in  (a  crucia l m inus sign  creeps in  w h en  
a n tiq u a rk s  a re  invo lved  [11].) F o r o u r  p u rposes, we o n ly  need th e  q u a rk  
content o f th e  charged  m esons an d  n e u t r a l  К  m esons:

я + > e+ : (p , n ) ,

я Г ,  q~ : ( re , p )  ,

K+, K*+ : ( p ,  A) ,

K°,  K*°  : (re, A) ,

K°,  K*°  : (A, n) ,

K - ,  K * -  : (A, p) .
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M any o th e r  s tro n g ly  in te ra c tin g  s ta te s  a re  know n. W h a t is to  be  d o n e  
w ith  th e m ?  A n  h o n e s t an sw er is: we do n o t  know . W e p ro b a ly  shall n o t  b e  
a b le  to  ta lk  a b o u t  th e ir  q u a rk  co n ten t u n t i l  we a t  le a s t id e n tify  th e  S U  (3) 
re p re se n ta tio n  to  w hich  th e y  belong . B u t a t  th is  tim e  o n ly  one m ore S U  (3) 
re p re se n ta tio n  h as  been id e n tif ie d  th a t  p eo p le  genera lly  believe  in . T h is  is 
th e  o c te t a n d  s in g le t of sp in  2 + m esons [12]. Tw o d is tin c t q u a rk  p ic tu re s  
fo r  these  m esons a re : i) s ta te s  m ade o f tw o  q u a rk s  an d  tw o  a n tiq u a rk s , w ith  
no  o rb ita l a n g u la r  m o m en tu m  b e tw een  th e  q u a rk s . (The co rresp o n d in g  SU(6)  
m u ltip le t can  h a v e  a d im ension  o f  e ith e r 189 o r  405. T he 405 requ ires tw e n ty -  
sev en  m ore 2 + m esons. B o th  189 an d  405 req u ire  m a n y  m ore  ax ia l v e c to r  
a n d  sca lar m esons.) ii) s ta te s  m ade o f one  q u a rk  an d  one  a n tiq u a rk , w ith  
o n e  u n it o f  o rb ita l  an g u la r m o m e n tu m  a n d  one  u n it o f sp in  coupling to  g ive 
to ta l  spin 2. (T h ree  u n its  o f  o rb ita l a n g u la r  m o m en tu m  a re  also possib le .) 
I t  is n o t k n o w n  if  e ith e r  o f  th e se  p ic tu re s  is co rrec t, a n d  even  th o u g h  th e  
e x p e rim e n ta l s i tu a tio n  is so m ew h a t u n c e r ta in , i t  ap p ea rs  t h a t  all o f th e se  
p ic tu re s  sh a re  a  com m on d iff ic u lty : th e y  a ll give a r a t io  o f th e  s tre n g th  
o f  th e  sp in  2 co u p lin g  to  a v e c to r  an d  a p seu d o sca la r m eson  to  th e  s tre n g th  
o f  th e  sp in  2 m eson  coupling  to  tw o p se d o sc a la r  m esons, w h ich  is to o  sm all 
b y  a fac to r  o f  tw o  [13].

H ow ever, even  if  we o n ly  know  th e  q u a rk  c o n te n t o f  tw o  SU(6)  m u l
t ip le ts , th e se  m u ltip le ts  in c lu d e  m ost o f  th e  s ta te s  we a re  u su a lly  in te re s te d  
in , an d  all o f  th e  s ta te s  w h ich  are  s ta b le  u n d e r  th e  s tro n g  in te ra c tio n s , so 
le t  us p ro ceed  to  ap p lica tio n s .

IV. Group theoretic results: mass formulae and baryon magnetic
moments

I t  is n e c e ssa ry  to  d is tin g u ish  tw o  v a r ie tie s  of re su lts  o b ta in ed  fro m  
th e  q u a rk  m o d e l. F irs t, th e r e  are  a s e t  o f  re su lts  w h ich  a m o u n t to  f in d in g  
a m ore p ic tu re sq u e  language  in  w hich to  desc rib e  a g roup  th e o re tic a l c a lc u l
a tio n . T hese d e riv a tio n s  h a v e  a h e u ris tic  v a lu e , for o f te n  th e  p ic tu re sq u e  
language w ill su g g est fu r th e r  ca lcu la tio n s. I n  p a r tic u la r , th e  language  o f q u a rk s  
p ro v id es  a s im p le  an d  a p p e a lin g  w ay to  d iscuss b ro k e n  sy m m e try . S econd , 
th e re  are  r e s u lts  w hich c a n n o t be  re d u ced  to  a group th e o re tic a l s ta te m e n t. 
A m ong th e se  a re  re la tio n s b e tw e e n  m eson a n d  b a ry o n  p ro p e rtie s , since m esons 
a n d  b a ry o n s b e lo n g  to  d iffe re n t su p e rm u ltip le ts , an d  re la tio n s  w hich p re s u p 
pose  some d e f in ite  q u a rk  d y n am ics . In  th is  S ection  we sh a ll describe th e  f i r s t  
k in d  of re s u lt ,  a n d  in  th e  n e x t  Section  th e  second k ind .

As a f i r s t  exam ple  o f  a  g roup  th e o re tic  ca lcu la tio n  in  q u a rk  lan g u ag e , 
le t  us consider mass formulae  v a lid  in  th e  ab sen ce  of e lec tro m ag n etism . A sim p le  
q u a rk -lan g u ag e  s ta te m e n t w o u ld  be “ a ll b a ry o n  m asses w o u ld  be th e  sam e
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ex cep t t h a t  Я q u ark s a re  h eav ie r th a n  n  an d  p  q u a rk s ;  th e  e x tra  m ass  is 
p ro p o rtio n a l to  th e  n u m b e r  of Я q u a rk s ” . This s ta te m e n t  is su ff ic ie n t to  
“ ex p la in ”  th e  equal m ass spacing in  th e  decup le t. I t  corresponds to  th e  
s ta te m e n t in  group th e o ry  language t h a t  th e  m ass o p e ra to r  tra n sfo rm s  like 
a 35 o f SU(6) ,  since th e  m ass o p e ra to r  m a y  be w r it te n

M  =  M 0 -f- M j [ a ^ +) а ц +) +  a/(-> ал(-)] »

w here  a +, a a re  th e  c re a tio n  and  d e s tru c tio n  o p e ra to rs  fo r q u a rk s , w hich  
them selves tra n sfo rm  like  th e  basic 6 a n d  6* re p re se n ta tio n s , so th a t  b ilin e a r  
form s tra n s fo rm  like a 35.

T he m ass o p e ra to r  above does n o t  acco u n t fo r th e  S  — Л  sp l i t t in g  or 
th e  sp littin g  betw een  o c te t  and  d e c u p le t m asses, a n d  i t  is well k n o w n  th a t  
we allow  a d d itio n a l te rm s  in  th e  S U ( 6) m ass fo rm u la . R ecen tly , F e d e r m a n , 
R u b in s t e in , an d  T a lm i fo u n d  a p ic tu re sq u e  language  fo r  these  e x tra  te rm s . 
Suppose t h a t  “ m ass differences are  also  caused b y  in te rac tio n s  b e tw een  
pairs  of q u a rk s , th e  p a ir in g  energy d ep en d s  b o th  on th e  k in d s of q u a rk s  an d  
w h e th e r th e y  a re  in  an  S  — 0 or an  S  =  1 s ta te , a n d  th e  n e t effect on  th e  
p a rtic le  m asses is th e  su m  o f th e  s e p a ra te  pa iring  en e rg ie s” . W e can  guess 
th e  re su lt in  ad v an ce , b ecau se  p a irin g  te rm s  in th e  m ass  o p era to r, a +a +aa, 
tra n s fo rm  like th e  405 o f  S U ( 6) an d  th e  g roup  th e o re tic  ca lcu la tion  h as  been 
done before  ( th a t  is, th e  Cl e b s c h — G o r d a n  coeffic ien ts h a v e  been ta b u la te d ) . 
T h e  m ost g enera l m ass o p e ra to r  for th e  56 of S U (6) w h ich  neglects e le c tro 
m ag n etic  effects has e ig h t te rm s:

M  =  M(  1, 1) +  M (35 , 8) +  M (405 , 1) +  M (405, 8) +

+  M (405, 27) +  M  (2695, 8) +  M (2695,27) +  M (2695,64) ,

w here th e  SU(6)  an d  S U ( 3) re p re se n ta tio n s  are g iven in  pa ren th eses . I n  th e  
language o f  th e  q u a rk  th e o ry , th e  405 te rm s  correspond  to  p a irin g  in te ra c tio n s  
an d  th e  2695 te rm s co rresp o n d  to  th e  th re e -q u a rk  in te ra c tio n s . N eg lec tin g  
th e  th re e -q u a rk  in te ra c tio n s  gives th r e e  m ass fo rm u lae .

3 *  -  У* =  3  -  27, (1. a)

Q -  Л =  3(3* -  Y*)  , ( l . b )

(У *  — A) -  (Q  — 3*) =  (3 Л  +  E  — 2 3  — 2 N ) .  (1 . c)

T he f irs t is a fam ous SU(6)  resu lt. T h e  second is w ell k n o w n  as th e  w eak e r 
form  o f th e  equal spacing  law  w hich s ti l l  ho lds w hen  th e  co n v en tio n a l o c te t  
S U ( 3) b reak in g  is t r e a te d  to  second o rd e r. T he th i rd  m ass fo rm ula  e q u a te s  
tw o  co m b in a tio n s of m ass d ifferences, e ach  tra n sfo rm in g  like  th e  I  == Y  =  0
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m e m b e r of th e  27 o f S 17(3). I t  is n o t o fte n  m en tio n ed  as a  m ass fo rm ula . 
E x p e r im e n ta lly , b o th  sides o f  (1. c) h av e  th e  sam e sign. ( I t  is well kn o w n  
t h a t  th e  Л  is to o  h eav y  an d  th e  Q~  is to o  l ig h t  to  sa tisfy  th e  G e l l -Ma n n — 
O k u b o  fo rm u la  ex ac tly .)  A lth o u g h  one is c o m p arin g  q u a n tit ie s  w hich d ep en d  
co n sid e rab ly  on  electromagnetic e ffec ts , an d  o n e  is n o t sure w h a t so r t of av erag e  
o f  charged  s ta te s  to  in se rt in  (1 . c), i t  is p ro b a b le  th a t  th e  r ig h t-h a n d  side 
o f  (1. c) is a b o u t  fiv e  tim es as  la rg e  as th e  le f t-h a n d  side.

T he G e l l -M a n n — Ok u b o  fo rm u la  ( th e  v an ish in g  o f  b o th  sides o f E q . 
(1 . c)) does n o t  fo llow  from  th e  p a ir in g  a ssu m p tio n  alone. F e d e h m a n , R u b i n 
s t e i n , and  T a l m i fin d  th a t  i t  does follow i f  one  m akes th e  a d d itio n a l a ssu m p 
t io n  th a t  all S  =  1 pa irin g  fo rces  have  th e  sam e  s tre n g th . ( In  fa c t a w eak er 
a d d itio n a l a s su m p tio n  is su ffic ie n t — see th e  A ppend ix .) R u b in s t e in  [15] 
n o te s  th a t  i f  o n e  ex tends th is  a ssu m p tio n  to  in c lude  q u a rk -a n tiq u a rk  p a irin g  
fo rces  as w ell, one o b ta in s

Ф — K* — K* — Q =  S *  — Y*,  (2)

(u sin g  m eson masses) ,  w hich is q u ite  well sa tis fied . T his is a n  exam ple o f a 
q u a rk  m odel re s u lt  o f th e  seco n d  k ind  fo llow ing  from  a q u a rk  m odel re su lt 
o f  th e  f irs t k in d , for (2) h a s  no  obvious g ro u p  th eo re tic  o rig in s.

The p r in c ip a l sign ificance o f  th e  idea  o f  p a irin g  forces is t h a t  it  p rov ides 
a  q u a s i-d y n a m ic a l e x p la n a tio n  fo r th e  o b se rv ed  m ass sp e c tru m . O ne h a d  
a lre a d y  n o tic e d  th a t  in  SU(3)  th e  “ o c te t sp li t t in g ”  is la rg e r  th a n  th e  „27  
s p li t t in g ”  a n d  t h a t  in  S U (6) a lso , th e  sm a lle r  th e  re p re se n ta tio n , th e  la rg e r  
i ts  c o n tr ib u tio n  [16]. The S U ( 3) s itu a tio n  h a d  been  ex p la in ed  b y  p o s tu la tin g  
a  sy m m e try  b re a k in g  in te ra c tio n  tra n s fo rm in g  like an  o c te t ;  i t  w as th e n  
d iff ic u lt to  e x p la in  w hy lo w est o rd er p e r tu rb a tio n  th e o ry  w o rk s  so well. O ne 
c a n  now  sp e a k  in s te a d  o f o n e -q u a rk  effec ts , p a irin g  effec ts, a n d , e v en tu a lly , 
th re e -q u a rk  e ffec ts , in c rea s in g ly  u n im p o r ta n t  in  d e te rm in in g  th e  p h y sica l 
m ass  [17].

As an  e x a m p le  of th e  u se  o f  th e  q u a rk  w ave fu n c tio n s p re sen ted  in  th e  
p rev io u s se c tio n , th e  p a ir in g  ca lcu la tio n  is w orked  o u t in  de ta il in th e  
A p p en d ix .

As a seco n d  exam ple o f  a d e riv a tio n  o f  a  group th e o re tic  re su lt from  th e  
q u a rk  m odel, consider th e  b a ry o n  m a g n e tic  m om ents [18]. T h e  w ell-know n 
re su lts  are  “ o n e -q u a rk ”  re su lts  in  th e  sense ju s t  exp la ined  ab o v e . One beg ins 
ag a in  w ith  an  a d d itiv ity  a ssu m p tio n : t h a t  th e  m agnetic  m o m en t o p e ra to r  
M  is th e  su m  o f th e  m a g n e tic  m o m en t o p e ra to rs  fo r th e  se p a ra te  q u a rk s :

M z =  2  К ч + ) «<■(+) -  a H-> «<■(-)] A4/ ♦
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w here i =  p ,  n, A an d  pt is th e  m ag n etic  m o m en t of th e  co rrespond ing  q u a rk . 
U sing th e  w ave fu n c tio n s g iven  above a n d  ta k in g  e x p e c ta tio n  values, we f in d  
for th e  sp in  1/2 b a ry o n :

Pp =  (4>pp — / 0 / 3  , (З .а)

Mn  =  (4/“n — / О /3 ’ (З.Ь)

(3-е)

№  =  (4p p — / 0 / 3  , (3-d)

=  (2pp +  p n — / О / 3 , (3-е)

Г д =  (— (UP +  / O / F 3 , (3-f)

РтГ =  (4/bi — / О / 3  » (3-g)

/*н° =  (4^х — ИрУ3 > (З.Ь)

Рв" =  (4^х — / 0 / 3  • (3-i)

T he tr a n s it io n  m o m en t p s*A governs th e  ra te  for 27° ->■ Л  -f- y  , w h ich  
is n o t well kn o w n  ex p e rim en ta lly . ( I t  is in te re s tin g  th a t  i t  m a y  be ex p ressed  
in  te rm s o f pp  an d  p N w ith o u t fu r th e r  assu m p tio n s.) T h e  m ag n e tic  m o m en ts  
of th e  Л  a n d  27+ are now  know n a p p ro x im a te ly . M aking  no a ssu m p tio n s  
ab o u t th e  re la tiv e  m ag n itu d es  of th e  q u a rk  m agnetic  m o m en ts , one o b ta in s  
from  (3a) — (3d):

( 3 / ^ +  +  / О / 4  =  ( V p  +  / О / 5  • ( 4 - a )
I f  we assum e t h a t  th e  m ag n e tic  m om en ts o f  th e  p  and  n q u a rk s  are  p ro p o rtio n a l 
to  th e ir  charges (pp =  —2pn), we ge t th e  a d d itio n a l re la tio n

[ x p =  — (3/2) p N  (4 .b)

w hich is th e  ce leb ra ted  S U ( 6) re su lt. F in a lly , if  we also d em an d  th a t  th e  
m agnetic  m o m en t of th e  A q u a rk  has th e  sam e c o n s ta n t o f  p ro p o rtio n a lity  
(so th a t  p n =  p x) we g e t th e  S U ( 3) p re d ic tio n s :

pL+ =  p p (4.С

Pa =  \ h n - (4 -d )

W e shou ld  expec t (4a) to  hold  b e t te r  th a n  (4c) o r (4d), since in  (4a)
we are  allow ing fo r som e o f th e  m ed iu m  s tro n g  sy m m e try  b reak in g . T h e  n
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a n d  A q u a rk s  m ig h t h av e  d iffe ren t m a g n e tic  m om en ts because  th e y  h a v e  
d iffe ren t m asses . E x p e rim e n ta lly

ur+ =  4,3 ^  1,5 ,

/<л =  —0,69 i  0,13

in  u n its  o f nucleon B ohr m ag n e to n s . B e t te r  ex p e rim en ta l accu racy  w ill be  
req u ired  b e fo re  i t  will be possib le  to  say  w h e th e r  (4.a) is in d eed  b e tte r  sa tis f ied  
th a n  (4.c) o r (4 .d ). I f  (4.b) tu r n s  ou t to  be  b e t te r  satisfied  th a n  (4.a), th is  w o u ld  
in d ica te  t h a t  th e  m ed ium  s tro n g  sy m m e try  b reak in g  is m ak ing  its e lf  fe lt  
elsew here th a n  in  a d ifference  betw een  th e  A an d  n m a g n e tic  m om ents.

W e see h e re  th a t  even w h e n  d iscussing a “ o n e -q u a rk ”  effect like m ag n e tic  
m om en ts, th e  q u a rk  m odel p ro v id es  a n a tu r a l  language in  w hich to  d iscuss 
sy m m etry  b re a k in g . S e ttin g  fin =f= u} is e q u iv a le n t to  a llow ing  U  spin v io la tio n . 
A ccura te  te s ts  o f 17-spin co n se rv a tio n  do n o t  ex ist as y e t ,  and  it  w ould  b e  
in te re s tin g  to  perfo rm  th e m .

I t  tu rn s  o u t  th a t  th e  e lec tro m ag n e tic  decays o f th e  d ecu p le t re so n an ces 
p rov ide  a se n s itiv e  te s t  o f [/-sp in  co n se rv a tio n . T he m ag n e tic  m om en ts fo r 
d e c u p le t-o c te t tra n s itio n s  a re  o f  course g iv en  in  te rm s o f th e  q u ark  m ag n e tic  
m om ents u n d e r  th e  sam e a ssu m p tio n s . O ne finds

[1А+ p =  (2 ][2 /3) (n p fj,n) , (5 .a)

/V jv — (2 Y2 /3 ) — ftp) » (5 .b)

/1 y ’ +z + =  (2 K2 /3) ([ip — Hj) , (5.C)

íMv'"£° — (K2 /3) (fip +  Цп — 2/J-Î), 75.d)

H‘Y*°A =  (Кб /3) (flp — fin) , (5.e)

/гу *-£-  =  (2 ][2/3) (fin — fi,) , ( 5 . f )

/Л3.»3» =  (2 /2 /3 )  (fix ~ [ n p) , (5 -g)

Из*~з~ =  (2 /2 /3 )  (f*x — f*n) , (5 .h)
w here

Ä 1+ p =  <  Л+> S z =  у2 I M z I P  , sz =  y2 > , e tc ,

W e see t h a t  ц п =  fo rb id s  th e  decays S * ~  ->  3 ~  +  у  a n d  Y* ~ -> Z -  +  y ,  
w hich is th e  w ell-know n U  sp in  re su lt. T h e  ca lcu la ted  r a te s  for S '*0 -f- у  a n d  
Y*+ ->27+ +  у  b o th  tu rn  o u t to  be so m ew h at g re a te r  th a n  0,1 MeV. In  th is  case, 
th e  e lec tro m ag n etic  decay  ra te s  m ay  be  m easu rab le  ( th e  S *  w id th  is o n ly  
7 MeV) a n d  th e  degree o f  suppression  o f  th e  n eg a tiv e ly  charged  reso n an ce  
decays m a y  b e  a sce rta in ed  [19].

Acta Physica Academiae Scientiarum Hungaricae 22, 1967



RECENT RESULTS FROM TH E QUARK MODEL 1 3 9

V. Non-group-theoretic results: high energy scattering

In  a d d itio n  to  th e  g ro u p -th eo re tic  re su lts  d esc rib ed  in  th e  p rev io u s  
Section , th e  q u a rk  m odel h as  y ie ld ed  a n u m b e r  of re su lts  o f  a m ore d y n a m ic a l 
k in d . A n ex am p le  is th e  L i p k i n — S check  [20] and  L e v i n — F r a n k f u r t  [21] 
w ork  on h igh  energy  sc a tte r in g . T h is w ork , in  m y  op in ion , is th e  m ost in te r e s t
ing  ap p lica tio n  o f th e  q u a rk  m odel th u s  fa r  an d  alone ju s tif ie s  fu r th e r  s tu d y  
of th e  q u a rk  m odel.

T here  now  ex ists  a la rg e  a m o u n t o f a c cu ra te  d a ta  on  h igh  energy  to ta l  
cross-sections, fo r a v a r ie ty  of in c id en t p a rtic le s  w ith  p ro to n  an d  w ith  n e u tro n  
(deu te ron ) ta rg e ts . A ssum ing  ch arg e  sy m m e try , te n  in d e p e n d e n t p rocesses 
are m easu red  in  th e  la b o ra to ry : K + P, K +N ,  K ~ P ,  K ~ N ,  л +Р, л ~ Р ,  PP,  
N P ,  P P ,  P N .  C harge sy m m e try  allows u s  to  im agine t h a t  we alw ays h a v e  
a proton ta rg e t  an d  are s c a tte r in g  th e  th e n  partic les  ( K +, K°,  K ~ , K° ,  n +, 
л ~ , P, N ,  P,  N) .  T hese fu lly  eq u iv a len t processes can  be  discussed w ith  a 
sim plified  n o ta tio n : h en ce fo rth  “ К °”  will re fe r  to  K ° P  a n d  K + N  s c a tte rin g , e tc .

L ip k in  an d  S c h e c k , a n d  also L e v in  a n d  F r a n k f u r t , m ade th e  e x tre m e ly  
sim ple a ssu m p tio n  th a t  a t  h igh  energies th e  m eso n -b ary o n  a n d  b a ry o n -b a ry o n  
elastic  sc a tte r in g  a m p litu d es  could  be a p p ro x im a te d  b y  th e  sum  of th e  e la s tic  
sc a tte rin g  am p litu d es o f th e  c o n s titu e n t q u a rk s . In  th is  a p p ro x im a tio n , one 
neglects th e  effects of q u a rk  sp in  an d  all d e ta ils  o f th e  q u a rk  w ave fu n c tio n s . 
L e ttin g  th e  q u a rk  an d  p a r tic le  nam es s ta n d  fo r th e  q u a rk -p ro to n  and  p a rtic le -  
p ro to n  e lastic  sc a tte rin g  am p litu d es , we m a y  th en  w rite :

K+ = p  +  l , (6 .a)

K °  =  n +  X , (6 .b)

K -  =  A +  p , (6 .c)

K °  =  A +  f i , (6 -d)

л + =  p  4 - n , (6 .e)

71 =  П —(— p  , (6 .f)

P  =  P +  P +  n > (6-g)

N  =  p  +  n +  n , (6 ,h)

P  =  p  +  p  +  n » (6 .i)

N  =  p  +  n  +  n  . (6-j)
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T h is  gives u s  fo u r re la tio n s  am ong th e  p a r tic le -p ro to n  e lastic  sc a tte r in g  
a m p litu d e s :

K +  +  Л -  +  K °  =  K -  +  Я+ +  K ° , (7.a)

K+ -  K °  =  P  -  N , (7.b)

K -  - K °  =  P  -  N  , (7.C)

3 (n+ +  Л - )  =  P  +  N  +  P  +  N  . (7-d)

T hese re la tio n s  may  h o ld  fo r all v a lu e s  of th e  m o m e n tu m  tra n s fe r  a t  
su ffic ien tly  h ig h  energies. T h e y  are  m o s t easily  co m p ared , how ever, in  th e  
fo rw ard  d ire c tio n , w here th e  im a g in a ry  p a r t  o f  th e  e lastic  s c a tte r in g  a m p litu d e  
is re la te d  to  th e  to ta l  c ross-sec tion  [22]. E q u a tio n  (7 .a), w h ic h  invo lves o n ly  
m e so n -b a ry o n  cross-section , is fo u n d  to  b e  sa tis fied  to  b e t te r  th a n  one p e rc e n t 
fo r  six o u t o f  seven  e x p e rim e n ta l va lues o f  th e  in c id en t m eson  m o m en tu m , 
b e tw een  6 a n d  18 GeV/c. [23]. I t  is n o t y e t  possib le  to  m ak e  u se fu l q u a n ti ta t iv e  
te s ts  of e q u a tio n s  (7.b) a n d  (7 .c), b ecau se  ex p e rim en ta l e rro rs  in  th e  to ta l  
b a ry o n  c ro ss-sec tio n  are o f  th e  o rd er o f  th e  sp littin g s th em se lv es . H ow ever, 
i t  does a p p e a r  t h a t  th e  b a ry o n  d ifferences ap p earin g  in  (7 .b ) and  (7.c) a re  
c o n s is te n tly  la rg e r  th a n  th e  m eson d iffe rences; also th e  tw o  ex p e rim en ta l 
m ass d iffe rences ap p earin g  in  (7.c) show  a  ten d e n c y  to  h a v e  opposite  signs, 
b u t  th e  e rro rs  h e re  are p a r t ic u la r ly  large . T h e  le ft-h an d  side  o f  (7.d) is 150 ±  2 
m b  a t 12 GeV/с , som ew hat sm a lle r  th a n  th e  r ig h t-h a n d  s id e , w hich  is 185 5
m b  a t  12 GeV/с  an d  173 ^  10 m b a t  18 GeY /c. T h a t (7 .b) — (7.d) are  less well 
sa tisfied  th a n  (7 .a) is a t t r ib u te d  to  d ifferences in  th e  q u a rk  p ro p ertie s  in sid e  
b a ry o n s  a n d  m esons.

I t  is w ell to  b ea r in  m in d  th a t  in  te s t in g  re la tio n s b e tw e e n  m eso n -b ary o n  
a n d  b a ry o n -b a ry o n  a m p litu d e s , we need  to  com pare  th e  co llisions a t  th e  sam e 
cen tre -o f-m ass energies o f th e  quark-quark sy stem s. I t  is rea so n ab le  to  a rg u e  
t h a t  since a n  in c id e n t b a ry o n  carries th re e  q u a rk s  w hile  a n  in c id en t m eson  
carries tw o  q u a rk s , th e  quarks  in  th e  tw o  s itu a tio n s  h a v e  th e  sam e energies 
w h en  th e  b a ry o n  in c id en t e n e rg y  is ro u g h ly  th ree -h a lv es  o f  th e  m eson in c id e n t 
energy . I t  is in te re s tin g  a n d  p ro b a b ly  s ig n if ic a n t th a t ,  fo r  a ll re la tio n s o f  th is  
k in d  d e riv ed  fro m  th e  q u a rk  m o d el, th e  a g re e m e n t w ith  e x p e rim e n t is im p ro v ed  
w hen  b a ry o n  a n d  m eson m o m e n ta  are  ch o sen  to  be in  a  3-to-2  ra tio  r a th e r  
th a n  in  a 1 - to - l  ra tio  [24].

M o tiv a te d  b y  th e  success of th e se  re la tio n s , L i p k i n  [25] w en t o n  to  
exam ine  w h e th e r  an y  re la tio n s  am ong th e  q u a rk -q u a rk  am p litu d es cou ld  
b e  found . F o r  th is  p u rp o se , w e m u st decom pose th e  p ro to n  ta rg e t in to  its  
c o n s titu e n t n  a n d  p  q u a rk s . T h e re  are  th e n  eleven q u a rk -q u a rk  am p litu d es ,
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o f w h ich  six  are in d e p e n d e n t b e cau se  we are  in s is tin g  on c h a rg e  re flec tio n  
sy m m e try :

(.PP) =  nn) =  P'>
(p n ) =  n' .

(pA) =  (nA) =  A',

(pp) =  (nfi) =  p ' ,

(pn) =  (np)  =  n ,

(pi)  =  («Ä) =  A',

w here we ad o p t a co m p ac t n o ta tio n  a t  th e  r ig h t. I n  te rm s of th e se  am p litu d es , 
th e  p h y sica l a m p litu d es  becom e:

K+  =  2 p ’ +  n'  +  ЗД', (8 .a )

K° =  p '  +  2 n'  +  З Д ', (8 -b)

7i+ = 2  p '  +  n '  +  p '  +  2 re', (8.C)

л ~  =  p '  -(- 2 re' -f- 2 p '  -|- h ’ (8 .d )

K °  =  3 A' + p '  + 2  n' , (8 .e )

K ~  =  3 A' +  2 p '  -f- n ', (8 . f )

P  =  5 p '  +  4 re', (8-g)

in+"ft.II (8-h)

P  =  5 p '  +  4 « ' , (8-i)

JV =  4 p '  +  5 n'. (8-j)

O f course, E qs. (7 .a) — (7.d) a re  s till o b ta in e d . B u t suppose  w e use th e  
e x p e rim e n ta l values o f  th e  to ta l  cross-sections to  solve for th e  to ta l  q u a rk - 
q u a rk  cross-sections. W e begin  w ith  th e  m eso n -b ary o n  sc a tte rin g , using  th e  
e x p e rim e n ta l to ta l  cross-sections a t  14 GeV/с as a ty p ic a l h igh  en e rg y  v a lu e :

K+ =  17,4 ±  0,1 m b .

K°  =  17,5 ±  0,4 m b.

ti +  =  23,9  0,2 m b.

л ~  =  25 ,4  ^  0,3 m b .

K°  =  20,1 ±  0,4 m b.

K ~  =  21,5 ±  0,2 m b.

[A t th is  energy , E q .(7 .a )  happens to  b e  sa tisfied  e x a c tly  b y  th e  c e n tra l  va lues.]
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O ne fin d s  t h a t  th e  six  q u a rk -q u a rk  a m p litu d e s  are  now  ex p ressed  in 
te rm s  o f a com m on  p a ra m e te r . T h e  to ta l  q u a rk -q u a rk  cross-sections, in  milli- 
b a rn s , w ith  e rro rs  o f  a b o u t ^  0,2 m b , are :

p '  =  3 ,6  — x , (9.a)

n '  =  3,7 — x , (9 b)

A' =  2,4 -  « , (9.C)

p '  =  5,3 +  x , (9.d)

h'  =  3,8 -|- x , (9.e)

A' =  2,1 -f- x , (9.f)

w here  a  c a n n o t be  d e te rm in ed  un less we m ake use o f  th e  d a ta  on  bary o n - 
b a ry o n  sc a tte r in g .

T he e q u a lity  o f  th e  p  — p  an d  p  — n to ta l  cross-sections is seen  to  be 
in d e p e n d e n t o f  th e  p a ra m e te r  a  . L ip k in  ta k e s  th is  eq u a lity  to  m ean  th a t  
one is in  an  a sy m p to tic  reg ion  w here  one can  n e g le c t th e  effects o f  charge 
exch an g e  in  q u a rk -q u a rk  sc a tte rin g . O n th e  o th e r  h a n d , th e  p  — p  a n d  p  — n 
cross-sec tions a re  q u ite  d iffe ren t, in d ica tin g  t h a t  h ere  charge exch an g e  is 
s till s ig n ifican t. L ip k in  supposes t h a t  th e  fa c t t h a t  th e  a sy m p to tic  reg ion  for 
q u a rk -q u a rk  s c a tte r in g  is a t  a low er en erg y  th a n  fo r q u a rk -a n tiq u a rk  sc a tte rin g , 
is a re flec tio n  o f  th e  fa c t t h a t  a n n ih ila tio n  ch an n e ls  are  open in  th e  la tte r  
case. W e m ig h t reca ll th a t  a t  th e se  energies one h as  a  su b s ta n tia l cross-section  
fo r  n u c leo n -an tin u c leo n  an n ih ila tio n .

W e n o tice  t h a t  i f  x  is near zero, we h av e  tw o  ad d itio n a l a p p ro x im a te  
eq u a litie s :

n '  ^  n ' , (10.a)

A' ~  Г  . (10.b)
D y n am ica lly , th e se  eq u a litie s  a re  a s ta te m e n t o f  th e  P o m e r a n c h u k  th eo rem  
fo r n — p  a n d  A — p  q u a rk  s c a tte r in g . T his is a n o th e r  p h en o m en o n  of th e  
a sy m p to tic  reg ion . T h e  fa c t t h a t  we do n o t s im u ltan eo u sly  o b ta in  p '  =  p ' , 
(i.e ., th e  e q u a lity  o f  th e  p  — p  an d  p  — p  to ta l  c ross-sections) is a t tr ib u te d  
b y  L ip k in  to  th e  im p o rta n c e  o f  th e  an n ih ila tio n  ch an n e l w ith  1 = 0 .

B u t is X n e a r  ze ro ?  W e m a y  express th e  b a ry o n -b a ry o n  to ta l  cross- 
sec tions (in m illib a rn s) in  te rm s  o f  x:

P  =  32,8 -  9a , ( П а )

N  =  32,9 -  9a , ( l l .b )

P  =  41,7 +  9a , ( l l .c )

N  =  40,2 +  9a . (11.d)
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T hese cross-sections a re  u n ifo rm ly  8 to  10 m b lo w er th a n  th e  ex p e rim en ta l 
va lues a t  14 GeV/с, a n d  th e  b a ry o n -b a ry o n  to ta l  c ross-sections a re  decreasing  
su ffic ien tly  slowly t h a t  th e  s itu a tio n  is n o t a p p re c ia b ly  im p ro v ed  b y  using  
in c id en t b a ry o n  m o m e n ta  closer to  21 GeV/с. B u t  th e  fou r cross-sections 
(11.a) — (11. d) are a p p ro x im a te ly  c o rre c tly  spaced. I f  w e solve f o r a  b y  f ittin g  
to  th e  ex p e rim en ta l difference b e tw een  P P  and  P P  to ta l  c ross-sections a t  14 
GeV/с, (w hich  is 11,6 ^  1,5 m b), w e o b ta in  a  =  0 ,1 ; i f  we e x tra p o la te  to  21 
GeV/с, (w hich  is so m ew h at bey o n d  th e  h ighest w e ll-m easu red  a n tip ro to n  d a ta ) , 
we ge t a  =  0,0 .

I n  L i p k i n ’s p a p e r  [25], th e  a rg u m e n t is rev e rsed  re la tiv e  to  t h a t  given 
above. H e  begins b y  supposing  p '  =  n' ,  in  w hich case he  ob ta ins

K+  =  K ° . (12)

A dding  th e  assum p tio n s n'  =  n' ,  X' =  Д', he o b ta in s

jr+ — я ~  =  K°  — K °  . (13)

T he e q u a lity  (12) has a lw ays been  a challenge to  a n y  th e o ry , b ecau se  these  
to ta l  cross-sections d iffe r b y  less t h a n  3%  dow n to  in c id en t m o m en ta  below  
6 GeV/с . E q u a tio n s  (7 .a) an d  (13) a re  th e  J o h n s o n —T reim a n  re la tio n s  [26], 
w hich h ere  follow from  som e p lau s ib le  dynam ics. [A ctua lly , w e see th a t  
n'  — X' =  n'  — I '  is su ffic ien t to  d e riv e  (13).] [27].

N o te  th a t  we h a v e  n o t used a n y  S U ( 3) p re d ic tio n s  to  re la te  th e  quark - 
q u a rk  am p litu d es. T hese  re la tions, n '  =  X' and  n'  =  J ' ,  are  in  fa c t seen  to  be 
b ad ly  v io la te d . W e use  SU (3) o n ly  to  arrive a t  th e  q u a rk  c o n te n t of th e  
physica l s ta te s , an d  th e n  m ake use o f  a p lausib le  q u a rk  dynam ics in  w hich 
SI7(3) is b ro k en  in  o rd e r to  go fu r th e r . In  th e  end , te n  physica l cross-sections 
are g iven  in  te rm s o f th re e  q u a rk -q u a rk  cross-section  (p ', p ' ,  Д').

Successful re la tio n s  betw een  b a ry o n  an d  m eson  p ro p ertie s  p rov ide  
po sitiv e  ev idence fo r th e  ex istence o f  a sim ple ty p e  o f  h ad ro n ic  q u a rk  m a tte r . 
T here a re  several o th e r  app lica tio n s o f  th e  q u ark  m odel w h ich  also give ev idence 
for a com m on q u a rk -s tu ff  o u t o f w h ich  b o th  b a ry o n s  an d  m esons m ig h t be 
com posed. O f these , I  w ill m en tio n  h ere  th e  successfu l ca lcu la tio n  of th e  
e lec tro m ag n etic  decay  r a te  m -> n°  +  y  in  te rm s o f  th e  nucleon  m ag n e tic  
m om en t b y  B ecchi  an d  M orpurgo  [28] and  th e  an a ly s is  o f p ro to n -a n tip ro to n  
an n ih ila tio n  in to  m esons b y  R u b i n s t e i n  [29].

VI. T ow ards a q u ark  m odel of w eak  in te rac tio n s

Tw o so rts  of h y p o th ese s  ab o u t q u a rk s  have  c o n tin u a lly  ap p e a re d  in  our 
discussion o f ap p lica tio n s in  th e  p re v io u s  tw o S ec tions. O ne is th e  additivity 
h y p o th es is , w hich s ta te s  t h a t  th e  a m p litu d e  fo r som e in te ra c tio n  of th e

Acta Physica Academiae Scientiarum Hungaricae 22, 1967



144 E. H. SOCOLOW

s tro n g ly  in te ra c tin g  pa rtic le s  is th e  sum  of th e  am p litu d es fo r processes 
in v o lv in g  th e  c o n s titu e n t q u a rk s . T h e  second is th e  idea t h a t  sing le-quark  
processes sh o u ld  p re d o m in a te  o v er m u ltip le  q u a rk  processes, so t h a t  a reason 
ab le  p e r tu rb a tio n  th e o ry  is p ro v id e d  b y  o rdering  q u a rk  effects acco rd in g  to  th e  
n u m b e r  o f q u a rk s  w h ich  p a r tic ip a te . Can e ith e r  o f  th ese  h y p o th e se s  help to  
c o n s tru c t a q u a rk  th e o ry  o f th e  w eak  in te ra c tio n s?  W e confine ourselves to  a 
v e ry  b r ie f  d iscussion  of th is  q u es tio n .

T he s tro n g ly  in te ra c tin g  p a rtic le s  decay  lep to n ica lly  an d  n o n -lep to n ica lly . 
T h e  decays in to  le p to n s  are k n o w n  to  be  described  b y  a H a m ilto n ia n  d ensity  
J ,  +j ß, w here  j ß is th e  lep to n  c u r re n t an d  Jß is th e  h ad ro n  c u rre n t. J ß is one of 
th e  m ost e x h a u s tiv e ly  s tu d ie d  o b jec ts  in  p a rtic le  physics. O ne h as  re la tions 
b e tw een  its  b a ry o n  an d  m eson p a r ts  v ia  b o th  th e  conserved  v e c to r  cu rren t 
a n d  p a r tia lly  co nserved  ax ia l v e c to r  c u rre n t h y p o th eses . O ne h as  re la tions 
b e tw een  th e  s tran g en ess  ch an g in g  a n d  s tran g en ess  conserv ing  p a r ts  v ia  th e  
C ab ibbo  th e o ry . O ne know s how  to  ca lcu la te  m a n y  of th e  ren o rm a liza tio n  
effects v ia  th e  S U (3 ) X SC7(3) a lg eb ra  fo rm ed  from  its  v ec to r a n d  ax ia l vec to r 
co m p o n en ts  (an  a lg eb ra  w hich , in  tu r n ,  w as su g g ested  b y  th e  p ro p e rtie s  of th e  
c u rre n ts  c o n s tru c te d  from  free  q u a rk  fields).

T he q u a rk  m odel acco u n ts  fo r som e o f th e  fac ts  o f th e  le p to n ic  decays 
w h ich  h a v e  b een  b u il t  in to  th e  m ore  so p h is tic a te d  th e o ry . I f  th e  lep ton ic  
d ecay s are  to  in v o lv e  only  a sing le  q u a rk , th e n  one is re s tr ic te d  to  th e  p ro 
cesses

n —> pl~ V,

X -*■ pl~  V

an d  th e  co rresp o n d in g  a n tip a r tic le  decays in to  p ositive  le p to n s . T hus one 
a u to m a tic a lly  h as  a | A Y  \ < | 1 law  an d  a A Y  =  AQ law  fo r th e  hadron ic  
tra n s itio n s . O ne guesses t h a t  th e se  processes a re  u n iv e rsa l a n d  hence  is less 
su rp rised  th a n  in  th e  absence o f  a q u a rk  m odel w hen one f in d s  a com m on 
ra tio  o f s tre n g th s  o f  s tran g en ess  chan g in g  a n d  s tran g en ess  con serv in g  in te r 
ac tions in  b o th  m eson  an d  b a ry o n  decays. (W ith o u t fu r th e r  assu m p tio n s, one 
m ig h t n o t ex p ec t th e  e q u a lity  o f th e se  ra tio s  fo r  v ec to r a n d  ax ia l v ec to r 
tra n s itio n s .)  A ll o f  th is  an d  m ore  is o f course b u i l t  in to  th e  Ca b ib b o  th eo ry .

W hen  we tu r n  to  th e  n o n -lep to n ic  d ecay s, we h av e  g re a te r  hope of 
g e ttin g  new  re su lts  from  th e  q u a rk  m odel, la rg e ly  because  a sa tis fac to ry  
th e o ry  is s till  lack in g . Tw o p a ra m o u n t reg u la ritie s  a p p ea r in  th e se  decays, 
th e  I A Y  I <[ 1 law , w hich  a p p e a rs  to  be rig o ro u sly  sa tisfied  (in  v iew  of th e  
m a g n itu d e  o f  th e  K L — K$  m ass  d ifference), a n d  th e  A I  =  |  law , w hich is 
a p p ro x im a te ly  sa tisfied . (T he d e cay  K + —> л + л°  p rov ides a m easu re  of its  
v io la tio n , a n d  suggests  v io la tio n s  o f  5%  in  th e  am p litu d e .)  T h e  f irs t law ,
] A Y  j <[ 1, follow s from  t h a t  h a s  genera lly  b een  reg a rd ed  as th e  m ost likely  
n o n -lep to n ic  in te ra c tio n  H a m ilto n ia n , J ß+ J ß, w here  J ß is th e  sam e cu rren t
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as in  th e  lep to n ic  decays. T he law  is rigorous i f  th e  lep to n ic  se lection  ru les 
I d Y  I 1 an d  A Y  =  AQ are rig o ro u s. H ow ever, th e  second law , A I  =  1/2, 
does n o t  follow in  an y  s tra ig h tfo rw a rd  w ay  from  th e  c u rre n t-c u rre n t in te ra c tio n .

T h e  q u a rk  m odel p rov ides one  ad d itio n a l s in g le -q u ark  tra n s it io n

A -»  n ,

w hich does n o t a p p e a r in  th e  lep to n ic  tran s itio n s  because  th e  lep to n ic  c u rre n t 
is charged . A nd th e  q u a rk  m odel a ll b u t  dem ands t h a t  th is  tra n s i t io n  ap p ears  
w hen i t  has an  o p p o r tu n ity  to  do so. I n  n o n -lep to n ic  decays, th e  A —> n t r a n s 
itio n  is a o n e-q u ark  effect, w hile th e  c u rre n t-c u rre n t in te ra c tio n  is a tw o- 
q u a rk  effect, (A p)  ->  (pn).  F ro m  w h a t we have  a lre a d y  seen, w e ex p ec t th e  
sin g le -q u ark  tra n s it io n  to  p red o m in a te .

W e are  led to  th e  follow ing p ic tu re  of th e  n o n -lep to n ic  decays. T here  
are  two m echan ism s b y  w hich th e se  decays can p ro ceed , show n p ic to ria lly  
below :

T

B o th  in te rac tio n s  p reserv e  th e  | A Y  | < / 1 law , w h ich  we th e n  e x p e c t to  
be  rigorous. O nly  th e  f ir s t  in te ra c tio n  sa tis fie s  a p u re  A I  = | l a w ,  w h ich  we 
th e n  expec t to  be b ro k en  b y  th e  second  in te rac tio n . T h e  second in te ra c tio n  
should  be w eaker, so th e  A I  =  |  law  sh o u ld  be a p p ro x im a te ly  va lid .

A ccording to  th is  p ic tu re , th e  c u rre n t-c u rre n t in te ra c tio n  shou ld  co r
rec tly  re la te  only  th e  A I  =  |  p a r ts  o f th e  non -lep to n ic  decays. T he A I  =  |  
p a r ts  shou ld  be  d o m in a ted  b y  th e  s in g le -q u a rk  tra n s it io n . T here shou ld  b e  no 
A I  =  g tra n s itio n s  to  low est o rder, a p red ic tio n  w h ich  will e v e n tu a lly  be  
te s te d  b y  th e  К  decays in to  tw o pions.

I t  is te m p tin g  to  im ag ine  th a t  CP  v io la tio n  is in tro d u c e d  a t th e  q u a rk  
level b y  a d ifference in  p h ase  b e tw een  th e  o n e-q u ark  a n d  tw o -q u a rk  te rm s  in  
th e  w eak H am ilto n ian . T h is w ould req u ire  th a t  no CP  v io la tio n  be seen  in  
an y  lep ton ic  in te rac tio n s  or in stran g en ess-co n serv in g  non-lep to n ic  in te r 
ac tions. I t  w ould  also p re d ic t th a t  th e re  w o u ld  be no CP  v io la tio n  in  A I  =  |  
non -lep ton ic  decays, b u t  how  th is  could b e  v e rified  is n o t c lear since A I  =  |  
decays alw ays acco m p an y  A I  =  |  decays.

L e t me conclude on a s till m ore fan c ifu l no te . T h ere  a p p ea r to  be  tw o  
fu n d am en ta l w ays in  w hich  th e  q u a rk  c o n te n t  o f h a d ro n ic  m a tte r  can  be  
changed . T he f ir s t  is q u a rk -a n tiq u a rk  p a ir  c rea tio n  an d  d e s tru c tio n ; th e se  
processes allow th e  fo rm atio n  o f resonances a n d  m a n y -p a rtic le  fina l s ta te s  in
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h ig h  energy  sc a tte r in g . T h e  second is quark change, b y  w hich  we m ean  th e  
th r e e  fu n d a m e n ta l p rocesses p  n, p  ->  A, n -> A. B ecause of s t r ic t  charge 
c o n se rv a tio n , th e  f ir s t  tw o  processes only  occur in  th e  presence o f  lep tons. 
B u t  a ll th re e  processes m a y  h av e  a co m p arab le , slow  ra te , w h ich  gives th e  
c h a ra c te r is tic  fe a tu re s  o f th e  w eak  in te ra c tio n s  [30].

T he u su a l w eak  in te ra c tio n  coup ling  c o n s ta n t, w h ich  is 10~5 w h en  m eas
u re d  in  u n its  o f  th e  p ro to n  m ass, is o f o rd e r u n i ty  w hen  m e asu red  in  u n its  
o f  a p a rtic le  w hose  m ass is 300 GeV. F a r  dow n th e  ro a d  w hich th e  q u a rk  model 
h a s  led  us a long , fa r  b ey o n d  o u r fa r th e s t  o u tp o s ts  to d a y , m ig h t th e re  lie a 
c a lc u la tio n  o f  th e  w eak  in te ra c tio n  coupling  c o n s ta n t in  te rm s  of q u ark  
p a ra m e te rs  ?

A ppendix

The baryon self-energies

W e w a n t to  w ork  o u t a sim ple  c a lcu la tio n  in  som e d e ta il in  o rder to  
i l lu s tra te  th e  use o f  q u a rk  w ave fu n c tio n s. F o r  th is  p u rpose , w e express th e  
se lf-energy  o f  th e  b a ry o n  o c te t a n d  d ecu p le t s ta te s  as a sum  o f single te rm s  
a n d  p a ir in g  te rm s , as d iscussed  in  S ection  IV . T h e  p a irin g  te rm  req u ires  a sum  
o v er th e  energ ies o f in te ra c tio n  o f all p a irs  o f q u a rk s  co n ta in ed  in  th ese  s ta te s .

T h e  b a ry o n s  a re  th re e -q u a rk  system s, a n d  hence  fo r each  q u a rk  configura
tio n  th e re  a re  th re e  d iffe ren t p a ir in g  in te ra c tio n s  w hich m u s t  be sum m ed. 
T h e  b a ry o n  w av e  fu n c tio n s  a re  lin ea r  co m b in a tio n s  of d is t in c t  q u a rk  co n 
fig u ra tio n s , a n d  we m u st sum  o v er th e se  as w ell. B ecause th e  w ave fu n c tio n s 
are  sy m m etrized  w ith  re sp ec t to  th e  th re e  c o n s titu e n t q u a rk s , i t  is su ffic ien t 
to  ca lc u la te  th e  p a irin g  energy  due to  th e  in te ra c tio n  of th e  f i r s t  and  second  
q u a rk , fo r ex am p le , an d  th e n  to  m u ltip ly  th e  re su lt b y  th r e e  to  o b ta in  th e  
to ta l  in te ra c tio n .

W e assum e iso top ic  sp in  an d  o rd in a ry  sp in  co n se rv a tio n . T hus, i t  is 
n ecessa ry  to  rew rite  th e  w ave fu n c tio n s  in  su ch  a w ay  th a t  th e  f irs t  and  second  
q u a rk s  a re  in  e ig en sta tes  o f  sp in  an d  isosp in . F o r  exam ple , consider th e  A ++ 
s ta te  w ith  S z =  3/2:

M ++ > =  [ p (+ )  p ( + ) ] p ( + ) -

H ere  th e  p a ir in g  energy  is th re e  tim es  th e  p ( + ) p (  +  ) in te ra c tio n  en erg y . 
U sing  th e  n o ta tio n  of [14] we call th is  energy  D w h ere  th e  f ir s t  an d  
second  u p p e r  ind ices re fe r  re sp ec tiv e ly  to  th e  sp in  a n d  isospin  o f  th e  
tw o -q u a rk  sy s tem . N a tu ra lly , th e  p a ir in g  energy  is th e  sam e for th e  o th e r  
ch arg e  a n d  sp in  s ta te s  o f  A.  W e w rite :

E(A)  =  3 ш л +  3 D & , (A .l)
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w here  we in c lu d e  in  th e  se lf en erg y  E(A)  b o th  th e  o n e -q u a rk  c o n tr ib u tio n  (a 
su m  over c o n s titu e n t q u a rk  m asses) an d  th e  pairin g  c o n tr ib u tio n .

F o r th e  p ro to n  and  Л  s ta te s  w ith  S z =  1/2, we re a r ra n g e  th e  te rm s  o f 
th e  w ave fu n c tio n  given in  S ec tio n  I I I  as follow s:

I P (+ ) >  =  (18)-» (2 [p (+ ) p ( + ) M - )  +

+  ~  [ p ( + ) n (—) +  P ( ~ ) n ( +  ) +  n ( Jr ) p ( — ) +  n{— ) p ( + ) ] p ( + )  +

+  Y  [p(+)n{—) -  p(—)n( +  ) -  n( +  )p( — ) +  n(—) p( +) ] p ( +) —

— [p(+)p(—) +  Р(~)р( +  )]и(+) — lp (+ )re(+) +  re(+)p(+)]p(—)}>
I Л ( + )  >  =  (1 2 ) -»  {[P( + H - )  -  p ( - ) » ( + )  +  i » ( - ) p ( + )  -

— n ( + ) p ( ~  ) Ш + )  +  W + ) p ( + ) ] re(—) — [ ^ ( + ) n ( + ) ] p ( — ) —

— [ n ( + ) ^ ( + ) ] p (  — ) +  [р (+ Ж + )]« (—) +

+  y  [n (—) ^ ( + )  +  n ( + ) ^ ( —) ] p ( + )  +  y  —

— n (+ )A (—) ] p ( + )  +  y  W + ) re(—) +  — )re( + ) ] p ( + )  +

+  y  W + M - )  -  А ( - И + ) ] р ( + )  -  \  [A(+)p ( - )  +

+  (̂—)p (+ )M + )  + y W + ) i>(-) — ^(—)p ( + ) M + )  —

— Y  [p (—) ^ ( + )  +  p ( + ) ^ ( — )]n ( + )  +  y  M ( + ) —

— p ( + ) ^ ( —) ] « ( + )  •

T h e  expressions in  b ra c k e ts  now  h a v e  d efin ite  sp in  and  iso sp in , so we m ay  
w rite  dow n th e  self-energy  b y  in sp ec tio n :

E  (P ) =  3m„ +  3 X ~  [4D ”  +  D ”  +  9D°° +  2D ”  +  2 D ” ] =
lo

=  3mn +  ^ -  D"n +  D°°n , (A.2)
Z Z

E  (A)  =  3mn+  m l + 3 x - ^  [4 D “  +  u D t f *  +  2В Ц *  +  2 Щ * \  =
J- Z

=  2m n +  mx +  D Z  +  ~  D W  +  -J- Щ1 '2. ( A.3)
Z Z
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T h e  o th e r self-energies are  fo u n d  in  e x a c tly  th e  sam e w a y , and  we sim p ly  
s ta te  th e  re su lts :

E  (Y *) =  2m,, +  mx +  D *  +  2D^ ' 2 , (A .4)

E  (2*) =  m n +  2mx +  2 D ^ 2 +  , (A .5)

Е ( й )  =  Зтх +  ЗР%,  ( A .6)

E  ( 2 )  =  2m„ +  mx +  D *  +  - I  D ^ 2 +  ~  D T , (A.7)
Zi Zj

E (2 )  =  m„ +  2 т д +  -L  T>„1/2 +  D ^ 2 +  DJS, ( A .8)
—i Lj

F ro m  eq u a tio n s  (A .l)  — (A .8), w e m a y  verify  t h a t  we o b ta in  e q u a tio n s  
( l .a )  — ( l .c ) o f  sec tio n  IY , an d  no o th e r re la tio n s . I f  w e a lso  assum e th e  follow 
in g  re la tio n  b e tw een  S =  1 q u a rk -q u a rk  in te ra c tio n s :

D "  +  -DiS =  2DU12, (A.9)

th e n  we ge t th e  fu ll eq u a l-sp ac in g  law  fo r  th e  d ecu p le t a n d  th e  G e l l -M a n n — 
O k u b o  fo rm u la  fo r th e  o c te t. E q u a tio n  (A .9) is a w e a k e r  assu m p tio n  th a n  th e  
a ssu m p tio n  t h a t  all q u a rk -q u a rk  p a ir in g  energies a re  e q u a l. U sing th e  s tro n g e r 
assu m p tio n :

D&  =  D \ l 12 =  Щ  (A .10)

does n o t lead  to  an y  fu r th e r  re la tio n s b e tw een  th e  e ig h t b a ry o n  m asses . H ow 
ever, (A .10) suggests  th e  fu r th e r  a ssu m p tio n  (see [15]) t h a t  th e  S  =  1 q u ark - 
q u a rk  and  q u a rk -a n tiq u a rk  p a irin g  energ ies are e q u a l. U nder th e  a d d itio n a l 
v e ry  reaso n ab le  a s su m p tio n  th a t  th e  Ф is а ЯЯ s ta te ,  th is  yields a n  in te re s t
ing  re la tio n  b e tw een  m eson an d  b a ry o n  m ass d iffe ren ces, nam ely  e q u a tio n  (2) 
o f S ection  IY .
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НОВЫЕ РЕЗУЛЬТАТЫ ИЗ МОДЕЛИ КВАРКОВ 
Р .  X . с о к о л о в

Р е з ю м е
Излагаются основные идеи и методы кварковой модели элементарных частиц. 

Дается обзор, и частью подробное обсуждение главных результатов, включая новое 
применение модели к рассеянию при высоких энергиях. Кратко рассмотрены также 
кварковые модели слабых взаимодействий.
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THE BARYON MODEL AS A TETRAHEDRON 
OF QUARKS AND ONE ANTIQUARK

By

Y . B . Ze l d o v ic h  an d  A . D . Sa k h a r o v

ACADEM Y OF SCIEN CES U S S R , MOSCOW, USSR
<

A b a ry o n  model consisting  o f 4 q u a rk s  a n d  one  a n tiq u a rk  is proposed .

T he idea  o f q u ark s has g iven a c lea r physical p ic tu re  u n d e rly in g  th e  
S U (3) an d  S U (6) sym m etries . T h e  low est energetic  s ta te s  o f m esons h a v e  th e  
s tru c tu re  q, q in  s -s ta te  w ith  to ta l  sp in  0 o r 1. C oncern ing  th e  b a ry o n s  one 
u su a lly  assum es th a t  th e y  are  b u ilt  up  from  3q. The lo w est energetic  s ta te s  
(o c te t +  d ecu p le t =  56 in S U ( 6)) have  w av e  functions to ta l ly  sy m m e tric  in  
sp in  an d  u n ita ry  spin . F ro m  th e  P au li p rin c ip le  th e n  fo llow s th a t  th e  space 
w ave fu n c tio n  o f th ree  q u a rk s  m u s t be to ta l ly  a n tisy m m e tric . I t  is te m p tin g  
to  assum e th a t  th e re  are a t t r a c t iv e  forces b e tw een  q a n d  q, a n d  repu ls iv e  ones 
b e tw een  tw o  q u a rk s . H ow ever, in  th a t  case i t  c an n o t b e  u n d e rs to o d , how  
th re e  q u a rk s  can  form  a b a ry o n ; new , m o re  or less a r tif ic ia l a ssu m p tio n s are  
n ecessary , like th e  h y p o th es is  o f a t t r a c t io n  betw een  tw o  q u ark s a t  g re a t 
d istances an d  repu lsion  a t  sm a ll ones, o r  t h a t  concern ing  th ree -b o d y  fo rces
[L] [2].

W e propose a b a ry o n  m odel consisting  o f 4 quarks a n d  one a n tiq u a rk  [3]. 
T he a n tib a ry o n  gives a com m on a t t r a c t iv e  field , in  w h ich  th e  q u a rk s  are  
m oving . T he low est one-p artic le  s ta te s  in  th is  fie ld  are a n  s -s ta te  an d  a th re e  
tim es deg en era te  p - w ave. T h e  q u a rk s  p re fe r to  be on d iffe re n t energetic  lev e ls  
because of th e  repu lsion  b e tw een  th em . (T he  P au li p rin c ip le  w ould n o t  g ive 
th is  re su lt a t  all, as th e  q u a rk s  h a v e  th re e  charge  s ta te s  a n d  tw o spin s ta te s . 
O n th e  c o n tra ry , th e  P au li p rin c ip le  leads to  th e  considered  sp in -u n ita ry  sp in  
s tru c tu re  on ly , if  th e  dynam ics g ive th e  d esrib ed  space w av e  func tion .) T h e  
co n fig u ra tio n  w ith  1 q on th e  s-level co rresponds to  th e  m eso n , while th e  sp3 
con fig u ra tio n  gives th e  s tru c tu re  4q, q, i.e . th e  baryon . T h u s  one gets a u to 

m a tica lly  (4 — 1) q =  З5 for th e  b a ry o n , t h a t  m eans, th e  q u a rk  has В  =
1
3

O ur m odel allow s an  in te re s tin g  geom etric  in te rp re ta tio n . N am ely , fro m  
th e  s an d  p -fu n c tio n s  one can  b u ild  — like  in  organic c h e m is try  — lin e a r  
co m bina tions, so called  и-fu n c tio n s, w hich  h a v e  p re fe rred  axes d irec ted  to  
th e  v e rtices  of a te tra h e d ro n . So w e m ay  co n sid e r th e  b a ry o n  as a te tra h e d ro n
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w ith  quark s in  each  v e rte x , an d  th e  a n tiq u a rk  is m oving  sy m m etrica lly  a ro u n d  
th e m . T he p riv ileg ed  ch a ra c te r  o f  th e  n u m b er 4 is connected  w ith  th e  fac t t h a t  
th e  te tra h e d ro n  is th e  sim p lest re g u la r  figu re  in  o u r th ree-d im en sio n a l space. 
So we p refe r P y t h a g o r a s’ h e llen is tic  ideas in s te a d  of th e  eigh tfo ld  w ay of 
B u d d h a .

T he d ifficu lties  of th e  m o d e l are th e  follow ing.
1. T he q u a rk s  should  be  p la c e d  in th e  v e rtic e s  of th e  te tra h e d ro n  w ith  

th e  m ax im al p ro b a b ility . B esides th a t ,  th e  w av e  func tion  h a s  to  change sign  
(a n d  n o t on ly  go th ro u g h  th e  m in im um ) w h en  in  th e  process o f  in te rch an g in g  
tw o  quark s th e  sy s tem  passes th ro u g h  a co n fig u ra tio n , in  w h ich  all th e  fo u r 
q u a rk s  are in  th e  sam e p lane . I t  is possible t h a t  fo r th a t  p u rp o se  th e  repu lsion  
b e tw een  tw o q u a rk s  is n o t su ffic ie n t, and  w e h a v e  to  consider d iffe ren t effective 
in te ra c tio n  p o te n tia ls  for th e  sy m m etric  a n d  an tisy m m e tric  cases [2].

2. As i t  w as p o in ted  o u t b y  R . Socolow , th e  a d d itiv ity  p rin c ip le  for to ta l
2

cross sections a t  h igh  energies [7 ,  8] gives in  o u r m odel — fo r  th e  ra tio  o f th e
5

m eso n -b ary o n  cross section  to  th e  b a ry o n -b a ry o n  or a n tib a ry o n -a n tib a ry o n
2

cross section . T h e  ra tio  — , w h ic h  is g iven b y  th e  usual 3q b a ry o n  m odel, f i ts
3

m u ch  b e t te r  th e  ex p erim en t.
T he b e s t  p ro o f for th e  4 q, q m odel w o u ld  he th e  d isco v ery  of b a ry o n  

resonances w ith  electric  c h a rg e  Q =  + 3  o r Q =  —2 (an d  s trangeness S  =  0) 
o r resonances w ith  stran g en ess  S  =  -f-1 o r S  =  —4. R eso n an ces w ith  a n  u n u 
su a l s tran g en ess  h av e  n o t b e e n  discovered so fa r. The b a ry o n  resonance N + + + 
(1580 MeV) w h ich  is decay ing  i n t o p  -f- л + +  n + is m e n tio n e d  in  th e  l i te r a tu r e  
[5, 6], b u t  i t  is n o t  clear, w h e th e r  it  is a re so n an ce  or an  in te rfe ren ce  e ffec t o f  
th e  л + w aves in  th e  s im u ltan eo u s  decays o f  A ++ an d  g+ .
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БАРИОН КАК ТЕТРАЭДР ИЗ КВАРКОВ И ОДИН АНТИКВАРК
Я. Б. ЗЕЛЬДОВИЧ и А. Д. САХАРОВ

Р е з ю м е
Рассматривается модель бариона, состоящего из 4 кварков и одного антикварка.
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MASS FORMULAS FOR MESONS AND RARYONS 
IN THE QUARK MODEL

By

Y . B. Ze l d o v ic h  and A. D . Sak h aro v

ACADEMY O F SCIENCES U SSR , MOSCOW USSR

A unified mass formula is given, linear both for mesons and baryons. The spin-spin 
interaction and the annihilation interaction of strange quark pairs is proposed to be much 
weaker than that of non-strange quark pairs.

F o r th e  charged  p seu d o sca la r an d  v ec to r m esons (q, q) an d  fo r  th e  56-plet 
o f b a ry o n s  th e  fo llow ing m ass fo rm u la s  of s im ila r fo rm  are p ro p o sed :

;o +  c 2  1 1 +  c0 ( f xj /1 2) ,
i = i , ( i)

1 2  1 s t 1 +  c x 2  (Я  p k ) •
1=1,2,3 i,K =  1,2,3 (2)

N o te  th a t  th e  fo rm ula  (1) is w ritte n  fo r  th e  m ass (a n d  n o t for th e  m ass square) 
o f  th e  m eson. H ere S,- is th e  s tran g en ess  of th e  i- th  q u a rk  or a n tiq u a rk ;  th u s  th e  
coeffic ien t b =  180 M eV (th e  sam e in  b o th  e q u a tio n s  (1) and  (2)) gives th e  
m ass difference be tw een  th e  Я q u a rk  a n d  th e  p  a n d  n q u ark . T h e  coefficients 
c0 an d  cx charac terize  th e  sp in -sp in  in te ra c tio n  o f q u a rk s  and  so le a d  to  th e  
m ass sp littin g  betw een  th e  vec to r m esons and  p seu d o sca la r m esons, an d  the  
b a ry o n o c te t and  d ecu p le t re sp ec tiv e ly .

T h e  ex p erim en ta l re su lts  p re d ic t  c0 =  620 MeV an d  <q =  206 MeV. The 
d ifference is u n d e rs ta n d a b le , if  we ta k e  in to  a cco u n t, th a t  in  a m eso n  th e  q 
an d  q are  in  an  s-s ta te : ip(r12 =  0) =/= 0 w hile in  a b a ry o n  th e  w ave fu n c tio n  is 
to ta l ly  an tisy m m etric , i.e . y>(r12, r 13, r23) is equal to  zero , if  any  гцс =  0 .

W e assum e, th a t  th e  sp in -sp in  in te ra c tio n  o f  th e  s tran g e  Я q u a rk  is 
w eaker th a n  th a t  of th e  p ,  n  q u ark s . T herefo re  we w rite

Hi =  Oi (1  —  «  I S t I ) ,

w here о,- is th e  spin  of th e  i - th  quark . T h e  b e s t f i t  w ith  th e  ex p erim en t is given 
b y  th e  v a lu e  oc =  0,42 fo r b o th  th e  m eso n s and  b a ry o n s .

T h e  difference b e tw een  th e  sp in -sp in  in te ra c tio n  o f  th e  Я an d  th e  p ,  n 
leads to  th e  m ass sp littin g  o f  Y0 and  Л 0, hav ing  th e  sam e q u a rk  s tru c tu re
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(A, p ,  n). In d e e d , i t  can  be  seen, th a t  fo r th e

1 _  _ _  1 
< ap an >  =  ~  1 <  (TP (TX >  =  <  >  = -  —

4  LL

an d  fo r  A 0
3 _  -  -  n< a pan >  =  — — , <  apax >  =  <  on ox >  =  0 .
4

In  th e  case of b a ry o n s th e  only d ifference  betw een  th e  fo rm u la  (2) a n d  th a t  o f 
G e l l -M a n n — Ok u b o  is t h a t  th e  coeffic ien t of ( оя сгл> is (1 — a )2 in s te a d  of 
(1 — 2*). T h e  com parison  o f th e  th e o re tic a l and e x p e rim e n ta l re su lts  is given 
in  th e  fo llow ing T ab le  fo r  th e  va lu es  a0 =  608, a x=  1083, b =  180, c0 =  620, 
cx - 206, «  =  0,42:

Table I

particle
masstheory (MeV) 
masseXp (MeV)

л
143
137

К
500
494

p

763
750

К*
878
890

CU

763
780

<P
1020
1020

particle N л Z S A Y* S* Q-

m a s s t h e o r y '  (MeV) 928 1108 1195 1340 1238 1375 1520 1675
massexp (MeV)] 939 1115 1193 1317 1238 1385 1530 1675

L e t us consider now  th e  n e u tra l  m esons, th e  q u a rk  s tru c tu re  o f  w hich is 
th e  su p erp o sitio n  o f p p ,  nn an d  АД. I t  is useful to  re c a ll th e  an a lo g y  o f th e  well 
u n d e rs to o d  system s consisting  o f  charged  p a r tic le s  like p o s itro n iu m  e+ e~ , 
m u o n iu m  p + e~  a n d  an tim u o n iu m  p ~  e + or p + p ~ .

Fig. 1

In  th e  sy s tem  p + e~  th e  C oulom b in te ra c tio n  betw een  p A  an d  e~  p la y s  
th e  fu n d a m e n ta l ro le (see F ig . 1). This d ia g ra m  contains also  th e  m ag n e tic  
in te ra c tio n  o f th e  spins o f p  a n d  e, w hich lead s  to  th e  sp littin g  o f th e  1S 0 a n d  
3S X m uonium  s ta te s .
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In  th e  case o f p o s itro n iu m  we h a v e  to  ta k e  in to  ac c o u n t th e  a n n ih ila tio n  
d iag ram  o f th e  e+ e~ p a ir  (F ig . 2). I t  is w ell know n t h a t  th is  process is possib le  
on ly  fo r th e  o rth o p o s itro n iu m  3S V as th e  e lec tro m ag n etic  fie ld  is a v e c to r  field . 
T h e  an n ih ila tio n  p rocess gives a co rrec tio n  to  th e  en e rg y  o f  th e  p o s itro n iu m , 
w hich  is m easu red  an d  is in  excellen t ag reem en t w ith  th e  th e o re tic a l re su lt.

Fig. 2

A ssum ing th e  ex istence  o f /г+ (x~ p a irs  we have  to  consider d iag ram s 
like in  F ig . 3.

W e can  conclude th a t  th e  o rtho  e+ e~ an d  o rth o  lu + p,~ are m ixed  in  
th e  sup erp o sitio n . (H ere we n eg lec t th e  fa c t t h a t  th e  m ass d ifference of ц + p,~ 
an d  e+ e~ is m ore th a n  th e  b in d in g  energy o f  p o sitro n iu m .) O n th e  o th e r h a n d , 
p a ra  f i+ fi~ an d  p a ra  e+ e~ a re  n o t m ixed , because  in  e lec tro d y n am ics th e re

are no d iag ram s w ith  a p seu d o sca la r n e u tra l  in te rm e d ia te  s ta te .  |w e  do n o t

e2 1
consider d iag ram s h igher th a n  f ir s t  o rder in  .

%c J
O n th e  c o n tra ry , fo r th e  n e u tra l  m esons i.e. for pa irs 

p p  =  t ', nïi =  r2, XX =  r3 .

T he  ex p erim en ta l re su lts  show  th a t  in  th e  case o f v ec to r m esons (th e  analogue 
o f  o rth o -p o sitro n iu m , sp in  1) th e re  are  no a n n ih ila tio n  p rocesses. T hus r3, i.e . 
th e  cp m eson is an  e ig en sta te ; th is  can  be p ro v e d  b y  th e  fa c t t h a t  (p decays 
m o stly  in to  К  a n d  K.
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T h e rx a n d  r2 s ta te s  are  d eg en e ra te , a n d  a  v e ry  w eak in te ra c tio n  (w hich 
m u s t  n o t be ta k e n  in to  accoun t fo r  r 3 and  r 12) is enough  to  sp lit  ( r x —r2) / |/2= P °  
a n d  (rx +  r2) / f 2 =  со. T he m ass sp littin g  b e tw e e n  g° and  со is sm all. As in  th e  
sy s te m  o f Q°, со a n d  rp th e re  is n o  considerab le  an n ih ila tio n , w e give th e  m asses 
o f  th e  n e u tra l  m esons in  T ab le  I  to g e th e r w ith  th e  ch a rg ed  m eson m asses.

L e t us co n sid e r now  th e  p seu d o sca la r n e u tra l  m esons. T h e  an n ih ila tio n  
te rm  in  th e  H a m ilto n ia n  is

H ik r f  rk ,

w h ere  r f  is th e  p ro d u c tio n  o p e ra to r  of th e  r - th  pa ir; rk is th e  an n ih ila tio n  
o p e ra to r  o f th e  fc-th pair.

T he o th e r  in te ra c tio n  te rm s  in  th e  H a m ilto n ia n  are o f th e  ty p e  of H xl; in  
t h a t  case rx =  p p  goes in to  rx =  p p  again. S u ch  a process is c learly  possib le fo r  
ch a rg ed  p a irs  as p n ,  w hich a re  n o t  co n ta in ed  in  rv  r2r3, . T h u s  we can say , t h a t  
th e  n o n -d iag o n a l te rm s in H ik are c h a ra c te r is tic  for a n n ih ila tio n  processes.

T he u n i ta r y  sy m m etry  g roup  S U (3) is in  ag reem en t on ly  w ith  su ch  a 
H a m ilto n ia n  H tк — g, w hich does n o t d e p e n d  on any  in d ices , e.g.

T h e  u su a l in te ra c tio n

H  =
g g g 
g g g 
g g g

Нцс — f ^ i k

is allow ed o n ly , i f  th e re  is su ch  a te rm  f  in  th e  energy o f  ch arg ed  p a irs  lik e  p n  
also. In  t h a t  case we h av e  a n  S U (3) s in g le t:

X —
ri +  r2 +  r3

КЗ

an d  tw o  d eg en e ra te  s ta te s

m = f + 3 g

70= —!
K2

a n d m  = / .

As th e  a n n ih ila tio n  in te ra c tio n s  ex is t fo r  p seu d o sca la r m esons (an d  n o t  for 
v e c to r  m esons) th e y  are  in  ag reem en t n o t  o n ly  w ith  S U ( 3) b u t  w ith  S U(6) also.

F in a lly  le t us consider th e  SU(3)  sy m m e try  b reak in g  (isospin is conserved) 
caused  b y  th e  m ass d ifference  be tw een  X an d  p,  n. W e w ill assum e, t h a t  r3is 
alw ays m u ltip lie d  b y  (1 —• ß), so

Hi,c =  g
1 1 ( 1 - / 5 )
1 1 ( l ~ ß )  '

( 1 - / 5 )  (1 — iff) ( 1 - / 3 )2
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C onsidering  th e  u su a l in te ra c tio n , in  w hich  (in th e  ab sen ce  of an n ih ila tio n ) 
th e  d iffe ren t m ass an d  sp in  in te ra c tio n  o f  Я is ta k e n  in to  acco u n t (see (1)), we 
ge t a secu lar eq u a tio n  fo r th e  n e u tra l p seu d o sca la r m esons. I t  gives

/По =  m +  .П П 7

rj =3= 0,54 r x 4- 0,54 r2 — 0,65 r3 , 

X  =  0,46 r1 +  0,46 r2 -f- 0,76 r3 .

To f i t  th e  ex p e rim en ta l va lu es  mn =  548 MeV and  m x  =  958 MeV we ta k e

g =  580 MeV , ß =  0,75 .

T h a t  m eans t h a t  n o t  on ly  th e  sp in -sp in  in te ra c tio n , b u t  especia lly  th e  a n n i
h ila tio n  in te ra c tio n  o f r3 =  ЯЯ is m uch  w eak e r th a n  th a t  o f  th e  n o n -s tran g e  
q u a rk  pa irs . T h is re su lt is in  good ag reem en t w ith  th e  sm a lle r  cross sec tion  o f 
Я sc a tte rin g  an d  sm aller p ro b a b ility  of s tra n g e  partic le  p ro d u c tio n  in  th e  
a d d itiv ity  th e o ry  o f sc a tte r in g  (see th e  le c tu re  o f  R . H . S o c o l o w  a t  th e  S u m m er 
School a t  L ak e  B a la to n ).

N o te  th a t  th e  sign o f th e  an n ih ila tio n  in te ra c tio n  is  th e  sam e as fo r  
th e  o rth o p o sitro n iu m  i.e. it is as if  th e re  w o u ld  ex ist an in te rm e d ia te  p seu d o 
sca la r boson w ith  zero m ass. As such  a boson  does n o t seem  to  ex ist, we h a v e  
to  assum e th a t  th e  an n ih ila tio n  processes co rrespond  to  s im p le  four-ferm ion  
d iagram s.

M ost o f th e  ideas in  th is  w o rk  w ere a lre a d y  m entioned  b y  o th e r au th o rs . 
T h e  lis t o f references is g iven in  [1].
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МАССОВЫЕ ФОРМУЛЫ ДЛЯ МЕЗОНОВ И БАРИОНОВ В КВАРКОВОЙ
МОДЕЛИ

Я . В . З Е Л Ь Д О В И Ч  и  А . Д . С А Х А Р О В

Р е з ю м е
Построена единая массовая формула, линейная в массах мезонов и барионов. 

Спин-спиновое и аннигиляционное взаимодействие с участием странных кварков пред
полагается ослабленным в одинаковой степени для мезонов и барионов.

Acta Physica Academiae Scientiarum Hungaricae 22, 1967





Acta Physica Academiae Scientiarum Hungaricae, Tomus 22 (1—4), pp . 159—162 (1967)

A RELATIVISTIC QUARK MODEL WITH 
APPLICATION TO MESON DECAY RATES

By

J .  H arte

CERN , G EN EV A, SW ITZ ER LA N D

The pseudoscalar and vector mesons are assumed to be quark-antiquark bound states. 
By using the B e t h e — S a l p e t e r  equation, the wave functions of mesons are determined and, 
in turn, these wave functions are applied to calculate several meson decay rates. For the 
Q 2л  decay we get Г  =  200 MeV which is roughly in agreement with the experimental value.

A t th is  C onference we h a v e  h ea rd  sev era l rep o rts  on th e  successes a n d  
fa ilu res  of th e  s ta t ic  q u a rk  m odel. I  should lik e  to  re p o rt now  on  som e of th e  
consequences o f a re la tiv is tic  q u a rk  m odel o f th e  h ad rons. T h e  w ork  is m o ti
v a te d  b y  th e  p ro b ab le  large b in d in g  energy o f  quark s in h a d ro n s  and  th e  
co n seq u en t d ifficu lties o f ach iev ing  n o n -re la tiv is tic  q u ark  m o tio n  in  a d ynam ical 
m odel. W e shall assum e th a t  th e  h ad ro n s are describ ed  b y  a p p ro p r ia te  b o u n d  
s ta te  so lu tions to  th e  B e th e  — Sa l p e t e r  e q u a tio n  w ith  q u a rk s  ta k e n  as th e  
c o n s titu e n t p a rtic le s . B ecause o f  th e  d ifficu lties associa ted  w ith  th e  th ree - 
b o d y  prob lem , o u r a t te n tio n  here  w ill be re s tr ic te d  to  th e  m esons w hich w ill 
be  assum ed  to  be q u a rk , a n tiq u a rk  b o und  s ta te s .

T h e  B e t h e  — S a l p e t e r  w av e  fu nc tion  e q u a tio n  [1] fo r a fe rm io n -an ti
fe rm ion  b o u n d  s ta te  reads

S f)i (P, P ) X ( P ,  P) (P,  p)  =  j d * q l  (P, p ,  q) X (P, q) ■ (1)

w here ^ is th e  B e th e —S alp e te r w av e  fu n c tio n  w hich  is, in g en e ra l, a 4 x 4  
m a tr ix , S F is th e  q u a rk  p ro p a g a to r , an d  I  is th e  in te ra c tio n  k e rn e l.

T h e  v a riab les  P  an d  p,  q re fe r  to  th e  sum  a n d  difference re sp ec tiv e ly  of 
th e  q u a rk  fo u r m o m en ta . W e sh a ll assum e th e  la d d e r  a p p ro x im a tio n  for th e  
in te ra c tio n  k erne l a n d  ta k e  th e  b in d in g  m ech an ism  to  be t h a t  o f m eson 
exchange.

In  o rd er to  sim p lify  th e  d y n am ics and  allow  us to  o b ta in  e x a c t so lu tions 
read ily , we shall se t th e  m ass of th e  exchanged  m eson  and  th e  t o ta l  centre-of- 
m ass fo u r m o m en tu m  of th e  b o u n d  s ta te  equal to  zero. This m a y  b e  a reason
able a p p ro x im a tio n  if  th e  q u a rk  m ass is su ffic ien tly  large, in  w h ic h  case our 
so lu tions m ay  re p re se n t th e  f irs t te rm  o f an  ex p an sio n  of th e  fu ll w a v e  function  
in pow ers of th e  p a ra m e te r  M meson/ M quark. W e re fe r  th e  re a d e r to  [2] for a
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m ore co m p le te  d iscussion o f th is  p o in t. T h e  so lu tions o f  E q . (1) are  s till  n o t 
u n iq u e ly  d e te rm in ed  a n d  th e re fo re  we im p o se  tw o a d d itio n a l cond itions o f  th e  
w ave fu n c tio n .

F ir s t  we assum e a se lf-consistency  o r b o o ts tra p  co n d itio n  w hich  s ta te s  
th a t  th e  exchanged  m eson  is id e n tic a l to  th e  b o u n d  s ta te . T his co n d itio n  
im plies t h a t  th e  coupling  c o n s ta n t, g, w h ich  appears in  th e  in te ra c tio n  kernel 
in  th e  fo rm  (neglecting  sp in  com p lica tio n s)

1 (p ,p ,q ) A t_ _ _ L _ ;
(2л)4 (p -  q)2 — /.i2 ( 2)

is eq u a l to  th e  effec tive  coupling  c o n s ta n t  for th e  b o u n d  s ta te  to  an n ih ila te  
in to  a q u a rk , a n tiq u a rk  p a ir. U sing th e  re la tio n  b e tw e e n  th e  v e r te x  fu n c tio n  
an d  th e  B e t h e  — S a l p e t e r  w ave fu n c tio n , we can  fo rm u la te  th is  cond itio n  
b y  w ritin g

g  =  (2jzY  S f t  (P , p)  X (P, P) S~F]2 (P ,  p),  (3)

w here th e  r ig h t-h a n d  side is e v a lu a te d  fo r  m o m en tu m  v ariab les  co rresp o n d in g  
to  on-shell q u a rk  a n d  a n tiq u a rk .

S econd ly , we im pose  a n o rm a liz a tio n  cond ition  on  th e  b o u n d  s ta te  w ave 
fu n c tio n  w hich  has b e e n  derived  b y  m a n y  au th o rs  [3] an d  reads

T r j J 'd4 p  X (P, P) ~  [S~F\  (P, p) S~F]2 ( P ,  p)] X (P , p)

Э

э Pr

W e sh a ll o m it here  th e  m in o r co m p lica tio n s w hich  a rise  in  w ritin g  th e  m u lti
ch an n e l g en era liza tio n s o f E q s. (1), (2), (3), (4) a p p ro p r ia te  to  in te ra c tin g  S U 3 
m u ltip le ts  o f p a rtic le s  an d  sim ply  s ta te  th e  re su lts ;  fu r th e r  d e ta ils  can be 
fo u n d  in  [2].

F o r  th e  p seu d o sca la r m esons w e o b ta in  th e  w av e  function

-  \ d i P d i q x ( P , p ) [ I ( P , p , q ) ] x ( P , q )  } =  2iP ^ . (4)

=  <h У5 F  (3 /2 , 3/2; 3/2; 2; p 2/™ ?), (5)

w here F  is a h y p erg eo m etric  fu n c tio n , and  mq is th e  q u ark  m ass, while for 
th e  v e c to r  m esons, w ith  p o la riza tio n  v ec to r sr , we o b ta in

X v = c ,  p - e r
In P2 — ml

1 ml
V P2 (p2 — ml)  p 4 (6 )
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Cj an d  c2 are d e te rm in ed  f ro m E q . (4). W e shall now  ap p ly  th ese  w av e  fu n c t
ions to  th e  ca lcu la tio n  o f severa l m eson  decay  ra te s .

W e consider f i r s t  th e  g —>■ 2 л  decay  ra te , o r, in  general, th e  r a te  for 
V  —> P P .  T he sim p lest d ynam ica l m echan ism  to  assum e fo r th is  p rocess is th a t  
show n in  F ig . 1. T h e  sh ad ed  blobs re fe r  to  th e  w ave fu n c tio n s fo r th e  v e c to r

an d  p seudosca la r p a rtic le s  an d  th e  th re e  in te rn a l q u a rk  lines will be  d esc rib ed  
b y  free p a rtic le  p ro p a g a to rs . The in te g ra tio n  a ro u n d  th e  loop is co n v e rg en t 
because o f th e  fa ll-o ff o f  th e  w ave fu n c tio n s  a t  in f in ity  in  m o m e n tu m  space 
an d  th e  re su lt, for th e  g m eson w id th , is

2* =  200 +  0 ra+neson
m quark ,

MeV . ( ? )

T he f irs t  te rm  in th is  expression  is in d e p e n d e n t of a n y  a d ju s ta b le  p a ra m e te r  
such  as th e  q u a rk  m ass or a cu t-o ff c o n s ta n t an d  depends on ly  on th e  g a n d  л  
m asses a n d , of course, th e  d ynam ica l a ssu m p tio n s  d iscussed  above. T h e  ro u g h  
ag reem en t w ith  th e  e x p e rim e n ta l v a lu e  Г в ~  125 MeV is sa tisfy ing .

W e can  also ca lcu la te  th e  decay  ra te s  л + -> /u,v, л + ->  л° év in  o u r m odel. 
W e assum e fo r th e  w eak  H a m ilto n ian  an  expression  of th e  form

Я ш =-' [G qn ■ )+  (1 -  b y6) qp +  G' qx уM (1 -  b' y h) gp] j ' , (8)

w here b a n d  b' m easure  th e  ax ia l v e c to r  ren o rm aliza tio n  o f th e  A S =  0 an d  
A S =  1 h ad ro n ic  c u rre n ts , resp ec tiv e ly  a n d j )t is th e  lep to n ic  c u rren t. T h e  p ro 
cesses i llu s tra te d  in F igs. 2 an d  3 will be  assum ed  to  d o m in a te  th e  decay  ra te s . 
I t  is m ost con v en ien t to  com pare  th e  ca lc u la ted  ra tio  л + ->  л° e г /я + —»■ цг  w ith  
ex p erim en t. W e th e n  fin d  ag reem en t w ith  th e  ex p erim en ta l ra tio  of 10-8 i f  th e  
cond ition

m , b2 =  80 BcY (9)

is sa tisfied . T h e  p a ra m e te r  b is expec ted  to  be of th e  o rd e r o f m ag n itu d e  o f  1, 
an d  hence th e  q u a rk  m ass is p red ic ted  to  be o f th e  o rder o f m ag n itu d e  o f 100 X
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th e  n u c leo n  m ass. T h e  ca lcu la tio n  o f  o th e r  m esonic  decay  ra te s  is in  progress.
W e w ish to  em p h asize , in  conclusion , t h a t  th e  descrip tio n  o f th e  m esons 

t h a t  w e h av e  a t te m p te d  here c a n n o t he co n sid e red  to  be co m p le te  even if 
th e  e x a c t so lu tions o f  E q . (1) cou ld  be  o b ta in ed  w ith  p h ysica l m ass p a ram e te rs .

T h e  reason  is t h a t  b ecau se  of th e  sing u la r n a tu re  o f  th e  m eson exchange force 
a n d  th e  assum ed  la rg e  q u a rk  m ass , our w av e  fu n c tio n s  describe  h igh ly  con
d en sed  or localized  m esons. T h u s  w e are  d esc rib in g , a t  m o st, th e  m eson core. 
I f  th e  “ ra d iu s”  o f  th e  physica l m eson  is o f th e  o rd e r of l /M meson, i t  m ay  be 
n e c e ssa ry  to  in c lu d e  qqqq an d  p e rh a p s  m ore co m p lica ted  c o n tr ib u tio n s  to  th e  
w av e  fu n c tio n s [4]. N ev erth e less , i t  m ay  s till b e  v a lid  to  ca lc u la te  p rocesses 
in v o lv in g  in te rn a l p a ir  p ro d u c tio n  of q u ark s su c h  as th a t  il lu s tra te d  in  F ig . 1 
i f  th e  p ro d u c tio n  occurs p r im a rily  from  th e  m eson  core. T he processes illu s tra te d  
in  F igs. 2 an d  3, h o w ever, w o u ld  b e  ex p ec ted  to  receive a s ig n ifican t c o n tr ib u 
t io n  from  th e  p e r ip h e ra l s tru c tu re  of th e  m eson . I t  w ill be  o f  in te re s t  to  ca lcu l
a te  n o n -lep to n ic  h y p e ro n  d ecay s in  th is  m o d el, since th e  s im p le s t m echan ism  
to  assum e fo r th e s e  processes is th e  p a ir  p ro d u c tio n  m echan ism  of F ig . 1.
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4. Another possibility for surmounting this difficulty and also to avoid additional unpleasant

features o f the marginally singular B e t h e — S a l p e t e r  equation would be to introduce 
a core in the binding force via appropriate form factors in the exchanged meson vertices.

РЕЛЯТИВИСТСКАЯ МОДЕЛЬ КВАРКОВ И ЕЕ ПРИМЕНЕНИЕ 
К РАСПАДАМ МЕЗОНОВ

ДЖ . ХАРТ 

Р е з ю м е

Предполагается, что псевдоскалярные и векторные мезоны являются связанными 
состояниями кварк-антикварк. С помощью уравнения Бете—Сольпитера определяются 
волновые функции мезонов, и потом эти волновые функции применяются для вычисления 
вероятностей некоторых мезонных распадов. Для распада q -*■ 2 л  получается Г  =  200 
Мэв, это приближенно соответствует экспериментальному значению.
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ON THE CROSS SECTION OF QUARK 
PRODUCTION

By

S. S. G e r s t e in

S E R P U K H O V , U SSR

It is shown that in certain circumstances the cross section of quark production may 
be much larger than that predicted on the basis of the statistical model.

F ro m  p ap e rs  of F a in b e r g  e t al. a n d  D omokos a n d  F ulto n  i t  follow s 
th a t  th e  cross-section  o f q u a rk  p ro d u c tio n  is v e ry  sm all. O n th e  basis o f  th e  
s ta tis tic a l m odel th e y  p re d ic t

_  2M
a ~ e  T , (1)

w here M  is th e  q u a rk  m ass, an d  T  is c o n s ta n t.
I f  th a t  is tru e , th e n  th e  search  fo r q u a rk s  w ith  large  m ass w ill be hopeless 

even a t  cosm ic energies.
I  shou ld  like to  m a k e  a sh o rt re m a rk  an d  em phasize  t h a t  p re d ic tio n  (1) 

m ay  be w rong.
In  th e  s ta tis t ic a l  m odel a com pound  sy s tem  is su p p o sed  to  be p ro d u ced . 

In  such a sy s tem  th e  s ta t is t ic a l  w eight o f m eson ic  s ta te s  in creases  e x p o n en tia lly  
w ith  th e  energy . T h u s th e  cross-section  o f  q u a rk  p ro d u c tio n  becom es sm all.

A s im ila r co n sid e ra tio n  m ay  be  ap p lied  for in s ta n c e  to  e lastic  p  — p  
sca tte rin g  a t  la rg e  angles. In d e e d , H a g e d o r n  an d  o th e rs  h av e  o b ta in ed  fo r 
th e  cross-section  o f e las tic  p —p  s c a tte r in g  th e  follow ing fo rm u la :

( 2)

w here T  — 0,15 — 0,16 GeV, a n d  E  is th e  en e rg y  in  th e  c. m . system .
T his fo rm u la  describes w ell th e  en e rg y  dependence  o f  th e  cross-section  

a t  an  angle n e a r  90°. O n th e  o th e r h a n d , in  th e  ran g e  fro m  30° to  80° th e  
ex p erim en ta l d a ta  a re  described  b y  O r e a r ’s fo rm ula :

—  _  e-P  sin  ® / r  ^  -  y - ,  it
dQ

11

(3 )
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w h e re  t is th e  m o m e n tu m  tra n s fe r .
W hen t d ecreases , we h a v e  d iffrac tio n  sc a tte rin g  w ith  a cross-section  

e q u a l  to

d(T------  ЛчУ
d o

„At (4)

A t  an  energy  o f  30 GeV th e  cross-sec tion  decreases by  10 o rd ers .
I t  m u s t b e  s tressed  t h a t  th is  d ep en d en ce  can be o b se rv ed  n o t on ly  in  

e la s tic  sc a tte r in g , b u t  in  som e ine lastic  p rocesses too , e.g.

P +  P -> D +  л+ , 

p  +  p  N  +  p  .

S uppose  now  t h a t  we h av e  so m e reac tio n s in  w hich q u a rk s  can  be p ro d u ced , 
fo r  in stan ce :

я  +  P P +  Ç +  ?>

N + N - > N + N  +  q-\-c[,

N + N - >  q +  ?

a n d  th a t  th e  en e rg y  is m uch  la rg e r th a n  th e  m ass of th e  q u a rk s .
T hen  th e  m o m en tu m  tra n s fe r  is

У- t  ~  (:2Mq)2/ 2 E  2AÇ i 2 .

A t su ffic ien tly  la rg e  energ ies th e  m o m e n tu m  tra n s fe r  can  be  sm all, a n d  we 
sha ll be in  O r e a r ’s reg ion . I f  O r e a r ’s fo rm u la  is va lid , th e n  th e  cross-section  
o f  q u ark  p ro d u c tio n  m ay  be  m uch  la rg e r th a n  th a t  p re d ic te d  b y  th e  s ta tis t ic a l  
m odel w ith  th e  energy  in  th e  c. m. sy s tem .

О Б  Э Ф Ф Е К Т И В Н О М  С Е Ч Е Н И И  Р О Ж Д Е Н И Я  К В А Р К О В

С. С. ГЕРШТЕЙН

Р е з ю м е
Показано, что при некоторых обстоятельствах эффективное сечение рождения 

кварков может быть намного больше того, что предсказывается статистической моделью.
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By

H . PlETSCHMANN

IN STITU TE OF TH EO R ET IC A L PH Y SICS, GÖTEBORG, SW ED EN  

and

IN STITU TE FOR TH EO R ET IC A L PH Y SIC S, V IEN N A , AUSTRIA

The radiative decay widths for pseudoscalar and vector mesons are calculated in the 
static quark model.

1. Introduction

T he fo llow ing review  o f th e  s ta tic  q u a rk  m odel could  p e rh a p s  be  c h a ra c 
te r iz e d  as “ an  o u ts id e r’s v iew ”  on th is  su b je c t because th e  a u th o r  w ill n o t  
show  an y  p a r tic u la r  eagerness in  defending  som e of th e  r a th e r  d ra s tic  a ssu m p 
tio n s  en te rin g  th e  m odel. R a th e r , aim  is m ad e  a t  show ing th e  co h e ren t p ic tu re  
o f m a n y  d iffe ren t p h ysica l p rocesses and  e x p e rim e n ta l fa c ts  w h ich  th is  m odel 
p ro v id es  w ith  o n ly  v e ry  few a d ju s ta b le  p a ra m e te rs .

Since th is  is a conference on  w eak in te ra c tio n s , i t  w ill n o t  be assum ed  
th a t  e v e ry b o d y  is fam ilia r w ith  th e  concep t o f  q u a rk s ; a sh o rt-h a n d  in tro d u c 
tio n  h as  to  suffice , how ever, to  leav e  am ple t im e  for re su lts  an d  p red ic tio n s.

T h e  idea t h a t  m esons could  be a c tu a lly  b o u n d  s ta te s  o f a fe rm io n — 
a n tife rm io n  sy s tem  is r a th e r  old an d  goes b a c k  to  E . F e r m i an d  C. N . Y ang  
[1]. L a te r  on, one tr ie d  to  red u ce  th e  n u m b er o f  “ fu n d a m e n ta l p a r tic le s”  even  
fu r th e r ;  in  th e  Sakata  m odel, i t  w as assum ed  th a t  all e le m e n ta ry  p a rtic le s  
are  fo rm ed  as b o u n d  s ta te s  o f o n ly  3 fe rm io n s, th e  2 nuc leons an d  th e  Л-  
h y p e ro n  w hich can  th e n  be g ro u p ed  in  a t r ip le t

P).u
( 1 )

T he S  [ /3-sy m m etric  version  of th e  Sakata  m odel [2] w as e v e n tu a lly  ru led  o u t 
b y  ex p erim en ts . ( I t  p red ic ts , fo r exam ple , o d d  27 — Л  p a r ity .)  B u t its  fo rm al 
b e a u ty  in sp ired  peop le  n o t to  d isca rd  it  a lto g e th e r.

T h e  2 d iag o n a l g enera to rs o f S U 3 will b e  defined  b y

( 2 )
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I n  th e  S  U 3-sy m m etric  version  o f th e  Sa k a t a  m odel, th e y  are  re la te d  to  th e  
3 rd  co m p o n en t o f  isosp in  an d  to  h y p e rc h a rg e  b y

3 я , , Y  =  2(Я 2 +  hl3) , (3)

w here  h is som e q u a n tu m  n u m b e r  e q u a l to  zero fo r th e  re p re se n ta tio n s  8, 
10, 27, . . .  w hich we now  k n o w  to  be re le v a n t fo r  th e  c la ss ific a tio n
o f e le m e n ta ry  p a rtic le s . H ow ever, h — I  fo r  th e  tr ip le t  re p re se n ta tio n  o f  S U 3. 
T h e  ch a rg e  is th e n  g iven  b y  th e  g e n e ra lized  Ge l l -M a n n — N ijish im a  fo rm u la

Q =  f 3  H ,  +  H 2 +  Л/3 • (4)

J u s t  as h y p e rc h a rg e  h as  to  be ad d e d  to  J 3 to  keep th e  ch arg e  in teg e r a lso  for 
th e  fu n d a m e n ta l re p re se n ta tio n  o f  S  U2, one here  has to  ad d  th e  new  q u a n tu m  
n u m b e r  h. In  n a tu re  th e re  is, h o w ev er, no in d ica tio n  of such  a q u a n tu m  
n u m b e r. T h is lead  G e l l -Ma n n  a n d  Zw e ig  [2] to  define  h =  0 b y  fo rce  and 
hence  to  a rr iv e  a t  a new  tr ip le t ,  ca lled  “ q u a rk s”  o r “ aces” ,

w ith  q u a n tu m  n u m b ers  show n in T a b le  I .

(5)

Table I

Quantum numbers of the fundamental particles

<? У N S I I,

p 2/3 1/3 1/3 0 1/2 1/2
n - 1 / 3 1/3 1/3 0 1/2 - 1 / 2
Л - 1 / 3 — 2/3 1/3 — 1 0 0

All bosons are  assu m ed  to  be  b o u n d  s ta te s  in  th e  q u a rk  a n ti-q u a rk  system , 
w hereas ferm ions shou ld  be m ade u p  o f  3 q u ark s.

T h e  s ta tic  q u a rk  m odel goes one s tep  fu r th e r  a n d  assum es th a t  th e  m otion  
o f th e  q u a rk s  in  th e  p o te n tia l t h a t  b in d s  th e m  to g e th e r  is n o n -re la tiv is tic . 
T h ey  a re  assum ed  to  be b o u n d  in  S -s ta te s . T he p re se n t low er lim it on  th e  m ass 
o f  th e  q u a rk s  is a ro u n d  5 GeV, so t h a t  th e  b in d in g  energy  p e r p a r tic le  is of 
th e  sam e o rd e r as th e  re s t energy . I t  follow s th a t  th e  p o te n tia l can  n o t  satisfy  
th e  v ir ia l th eo rem , o therw ise  th e  av e rag e  k in e tic  energy  w ould  be  o f  th e  sam e
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o rd e r an d  th e  m o tio n  w ould be  re la tiv is tic . D iscussions of th e se  p rob lem s a re  
fo u n d  in  th e  l i te ra tu re  [4, 5].

T h e  q u es tio n  im m ed ia te ly  arises w hy o n ly  q u a rk -a n tiq u a rk  an d  3 -q u a rk  
b o u n d  s ta te s  are  fo u n d  in  n a tu re .  A ccord ing  to  rough  a rg u m e n ts , given b y  
Morpurgo [4], 2 -q u a rk  b ound  s ta te s  for in s ta n c e  could in  f a c t  ex is t, b u t  th e ir  
m ass w ould  be o f  th e  sam e o rd e r as th e  q u a rk  m ass.

2. “ Classical” predictions of the static quark model

T h e e x trem e ly  sim plified m odel describ ed  in  th e  in tro d u c tio n  tu rn s  o u t 
to  be  r a th e r  p o w erfu l in  its  p red ic tio n s . M ost o f  th e m  coincide w ith  p red ic tio n s , 
ea rlie r derived  fro m  S U 6. This is n o t  a t  all su rp ris in g ; if  S I /e h a s  an y  ran g e  o f 
ap p lica tio n  a t  a ll, th e  s ta tic  q u a rk  m odel is th e  m ost n a tu ra l  c a n d id a te . A ll 
one h a s  to  assum e is th a t  th e  b in d in g  forces a re  a p p ro x im a te ly  in d e p e n d e n t 
of sp in  an d  u n ita ry  sp in . Since th e re  are 6 d if fe re n t q u ark  s ta te s ,  3 w ith  sp in  
up a n d  3 w ith  sp in  dow n, one p re d ic ts  36 d iffe re n t boson s ta te s  w hich  g roup  
in to  35 —(— 1 acco rd in g  to  th e  re p re se n ta tio n s  o f  S U e. L ikew ise, one has 56 
b a ry o n  s ta te s . T h e  decom position  o f these  s ta te s  in  te rm s o f  q u a rk  s ta te s  is 
given in  [6]. H ere , we only lis t a few  c h a ra c te r is tic  exam ples in  an  obv ious 
n o ta tio n

Q+ t  =  t  f ’
П P |/2 I П=  77T t  W  t

P n p

K * + t  =  t  t ,  K+ =  w  Н - И
л p j  2  X p л  p )

P  f  =
1

( 6)

]/!8
2 f  j  f + 2 f  f I +2  I t  t - t  ! t -  t  t  I

p n p p p n n p p p p n p n p

— I t t  — t i t  — t t l  — I t tp n p n p  p n p p  p p n

The n e u tro n  s ta te  w ith  spin up is o b ta in ed  fro m  th e  n egative  o f  P  f  b y  in te r 
chang ing  p  -o- n. I n  a m ore closed fo rm , th e  n u c le o n  s ta te s  can  b e  w ritte n  as 
(suppressing  space-dependence)

w here

P  f  =  S «! (« 2ß3 — «з /У  Pi  (P2 n3 — p 3 ra2)>

Лг f  =  S а г (oc3 ß2 -  а 2 ß3) n x (п 2р я -  n3 p 2),

<7g OC =  CC ,  0*3 p  =  —

(?)

( 8 )
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a n d  S  is an  o p e ra to r  sym m etriz in g  w ith  re sp ec t to  th e  indices (1, 2 , 3).
W h en  th e  A -quark is assum ed  to  h av e  a s lig h tly  h igher m ass, со — Ф 

m ix in g  is p re d ic te d  w ith  a m ix ing  ang le  a rc ta n  (1/1/2) 35,3°. S ince r) and
x°  be long  to  d iffe ren t re p re se n ta tio n s  o f  S U 6, th e ir  sp a tia l overlap  in teg ra l 
sh o u ld  v a n ish  a n d  no  r) — x° m ix ing  is p red ic ted . B o th  th ese  p red ic tio n s  come 
close to  e x p e rim e n ta l fin d in g s. F ro m  th e  decay  o f Ф q -f- n  [7], th e  со — Ф 
m ix in g  angle is o b ta in e d  to  be  a b o u t 40° a n d  th e  m asses o f  pseudosca la r m esons 
allow  fo r an  e s tim a te  o f  th e  rj — x° m ix in g  angle o f  a b o u t 10°.

Nucleon magnetic moments can  be  o b ta in ed  in  th e  s ta tic  q u a rk  m o d e l b y  
ta k in g  m a tr ix  e lem en ts of

(9)
i

b e tw e e n  th e  nuc leon  s ta te s  (7). T h e  su m  goes over a ll q u a rk s  c o n ta in e d  in  the  
s ta te s  a n d  ц Q,■ is th e  m ag n e tic  m o m en t o f  q u ark s w ith  charge Tw o re la tio n s 
a re  o b ta in e d  [6]:

=  Я > 0 °)

2
Un =  — — F-

О

E lim in a tio n  o f p  y ie ld s th e  fam ous S U 6 re su lt

Pp/Pn  =  — 3/2 (11)

w h ich  com pares fa v o u ra b ly  w ith  th e  e x p e rim e n ta l v a lu e  — 1,46. T he re s u lt  th a t  
e q u a te s  th e  to ta l  p ro to n  m ag n e tic  m o m en t to  th e  q u a rk  m agnetic  m o m e n t is a 
b i t  su rp ris in g . B ecause  o f th e  large  q u a rk  m ass, a q u a rk  m ag n eto n  is a sm all 
u n i t  a n d  to  o b ta in  eqs. (10), th e  q u a rk s  h av e  to  h a v e  a n  appreciab le  anom alous 
m a g n e tic  m o m en t. T h e  s itu a tio n  is im p ro v ed  w hen  one  tak es  in to  a c c o u n t th a t  
in  th e ir  p o te n tia l  th e  q u a rk s  m ove w ith  an  effective m ass th a t  is m u c h  lower 
th a n  th e ir  free  m ass [8].

T h e  axial vector coupling constant for /1-decay is ob ta in ed  in  th e  sam e 
w ay . O ne co m p u tes

( P \ 2 ( ° 3)‘ (r+) , \ N)  =  5/3 ( 12)
i

to  o b ta in  th e  S [ /6-resu lt

g A/gv =  -  5/3 (13)

T h is  v a lu e  is a l i t t le  b it  to o  la rge . B u t one know s fro m  ca lcu la tio n s o f  B. W . 
L e e  [9] t h a t  th e  sam e re su lt is o b ta in e d  from  c u rre n t-a lg eb ra  w ith o u t  assum 
ing  S  U6 b u t  an  a p p ro x im a tio n  w h ere  one on ly  uses th e  5 6 -rep re sen ta tio n  in
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th e  in te rm e d ia te  s ta te . O n th e  o th e r h a n d , th e  ex ce llen t ca lcu la tions o f  A d l e r  
an d  W e i s b e r g e r  [10] h a v e  show n t h a t  th e  v alue  o f  gA/gv  is too  h ig h  if  one 
on ly  ta k e s  in to  acco u n t th e  (3,3) re so n an ce  an d  n eg lec ts  h igher re so n an ces; 
all th is  is co n sis ten t an d  seem s to  p o in t  o u t th a t  one sh o u ld  n o t e x p e c t b e tte r  
ag reem en t in  eq. (13) from  th e  s ta tic  q u a rk  m odel.

3. Electrom agnetic decays

I t  w ill n o t be possib le  here  to  g ive  an  accoun t o f  a ll aspects o f th e  s ta tic  
q u a rk  m odel. E lec tro m ag n e tic  boson d ecay s  shall be ta k e n  as a re p re se n ta tiv e  
exam ple  [11].

T here  a re  essen tia lly  2 k inds o f  e lec tro m ag n etic  decays: L e p to n -p a ir  
decays o f v e c to r  m esons a n d  ra d ia tiv e  decays. To in v e s tig a te  th e  f i r s t  k in d , 
one has to  w rite  dow n th e  m o st g enera l fo rm  of th e  V — y  v e rte x  from  in v a r i
ance reasons

< * U  (*) I 0 >  =  e f Vv a, e‘P*. (14)

To co m p u te  th e  c o n s ta n t f Vr from  th e  q u a rk  m odel, one  has to  co m p are  (14) 
w ith  m a trix -e lem en ts  o f th e  q u a rk  c u r re n t

(15)
О О О

w here
r ß =  eyß +  i fi’ oßv qv (16)

an d  /л' is th e  anom alous m ag n e tic  m o m e n t of th e  q u a rk  in  its  b o u n d  s ta te . 
I t  can  th e re fo re  be o b ta in ed  from  th e  q u a rk  “ effective m a s s ”  m vl2 [8] b y

(17)
m v

T h e f irs t re su lt one can d e riv e  from  eqs. (14) an d  (15) is

f ey :/ w  =  3 : 1 : — ]/2 c , (18)

w here со, an d  Ф, refe r to  th e  “ idea lly  m ix e d ”  p artic les w ith  m ix ing  angle a rc ta n  
( l/J/D)• W ith  c =  1, th is  is th e  S [ /3-re su lt w h ich  has to  b e  o b ta in ed  as S U 3 is, 
o f course, b u il t  in to  th e  m odel. H o w ev er, sy m m etry -b reak in g  effec ts are  
inc luded  in  a n a tu ra l  w ay  b ecau se  in eq. (17), th e  p h ysica l m asses are in se r te d . 
T h is leads to  c =  0,58 due to  th e  d iffe re n t m ass of th e  Ф.  C om paring d im e n 
sionless c o n s ta n ts , one has

fm, f< pt 1,7- (19)
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I n  p rinc ip le , eg . (19) can be checked  a g a in s t m easu rem en ts  o f  th e  isoscalar 
nucleon  fo rm  fa c to rs ;  these  m easu rem en ts  a re  s till so m ew hat u n ce rta in , b u t  
th e y  agree q u a lita tiv e ly  [12].

A p a ra m e te rle ss  c o m p u ta tio n  of f Vy is u n fo r tu n a te ly  im possible, b u t  
th e se  c o n s ta n ts  ca n  he re la te d  to  som e so rt o f  rad iu s  r  o f th e  v ec to r  m esons. 
T h is rad iu s  d ep en d s , of course, on  th e  precise fo rm  of th e  w av e  fu n c tion , b u t  a 
good com prom ise  leads to

/«w —
2 ma
9 r 3 (1 +  fj,'a m ,) , ( 20 )

T h e b ra c k e t in  (20) co n tr ib u te s  a  co rrec tion  d u e  to  th e  an o m alo u s m ag n e tic  
m o m en t of 0,8 .T h e  w id th  fo r le p to n -p a ir  d ecay  is re la ted  to  f Vy b y  th e  s ta n d a rd  
fo rm u la  [13]

4л ас2 
3

I f v y
2

+  o
m f

1 m 2 m i
( 21 )

E x p e rim e n ta l d a ta  an d  th e  re su ltin g  coup ling  co n stan ts  are  show n in T ab le  I I .

Table II

V ecto r m eso n  decays in to  lep to n -p airs

V i+  l - r v ~ * i + i ~ i r v Ref. f V y l m2v

CO e + e~ 2 .К Г 4 [14] 1 /8 ,2

CO e + e~ 1 .1 0 -* [7] 1 /1 1 ,7

Q ° e + e~ 0 ,6 5  • 1 0 “ 4 [7] 3 /1 3 ,6

£?° Ц - 0 ,3  • i o - 4 [15] 3 /2 0

R ely ing  on  [15] one ob ta in s  fro m  eq. (20) r =  0,97 • 10-13 cm , a ra th e r  re a so n 
ab le  va lue .

T u rn in g  to  ra d ia tiv e  d ecay s, i t  sh o u ld  be p o in ted  o u t  th a t  th e  P V у  
v e rte x  can  b e  o b ta in ed  w ith o u t a d ju s ta b le  p a ra m e te rs . I t s  re la tiv is tic  fo rm  is

L Vpy =  2 / iVp {Pe'"'aX А,я.),е Ац, (22 )

w here th e  tra n s i t io n  m o m e n t fxVP is d e fin ed  by

Pvp =  ( P \ ^ \ V j j z =  0). (23)

I ts  va lues as o b ta in ed  fro m  th e  s ta tic  q u a rk  m odel are  l is te d  in  T ab le  I I I .
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Table III

Transition moments in units of proton moments

V

—

X° л°

в -  1/F3 /27/3 1/3

wi

\eo1 / 2/3 / 3 I
Ф,. -  2 /2 /3  /3 -  2/3 / 3 0

F ro m  T ab le  I I I  one easily  o b ta in s d e c a y  w id ths fo r V  —> P  -j- y  a n d  P  V  -j- 
-j- y.  I n  p a r tic u la r  [6, 11].

L  (to —>- 7t° +  y) — 1,2 Mev

in  a b so lu te  ag reem en t w ith  e x p e rim e n t [7].
T u rn in g  to  2y d ecay s of m easons now , one observ es  th a t  in  a  n o n re la ti-  

v is tic  p ic tu re  th e  em ission  of th e  f i r s t  y  should  ju s t  s tra ig h te n  o u t  th e  tw o 
q u a rk  sp ins an d  th e n  th e  q u a rk — a n tiq u a rk  sy s tem  can  tra n s fo rm  in to  th e  
second y.  T he  decay  w id th s  are a g a in  o b ta in ed  fro m  a s ta n d a rd  fo rm u la  [16]

L P^ y = * -  .m*P . (25)
4 m\,

In  th is  w ay , one o b ta in s
Г ( л ° - + 2 у )  =  37 ev (26)

w hich is b y  ab o u t a fa c to r  4 la rg e r th a n  th e  e x p e rim e n ta l v a lu e  [17]. I t  is 
in te re s tin g  to  observe t h a t  th e  v a lu e  o f  eq. (26) c a n  be  pushed  d ow n  if  th e  
rad iu s  o f th e  p ion is ab n o rm a lly  la rg e . T h is is c o n s is te n t w ith  c a lcu la tio n s  of
J .  K u t i [18], who co m p u ted  th is  d e c a y  in  analogy  w ith  p o s itro n iu m  decay  
an d  also fo u n d  an  a b n o rm a lly  large  p io n  rad ius. A  re c e n t m ea su re m e n t [19] 
y ie lded  an  e lec tro m ag n etic  r. m. s. ra d iu s  of th e  p ion

rn =  (1,8 ±  0 ,8) X  1 0 -“  cm . (27)

A ca lcu la tio n  o f th e  rj ->  2y decay  a lo n g  th e  sam e lines gives

r v/ r n =  46. (28)

In  a d iffe ren t m odel, in  w h ich  th e  p seu d o sca la r  m eson f i r s t  goes in to  2 v ir tu a l 
v e c to r  m esons w hich th e n  co n v ert in to  у-s, H . F a ie r  [20] o b ta in s  fo r  th e  
sam e ra tio  a v a lu e  of 6 . T h is value is p u sh e d  to  ab o u t 12 w hen r] — X °  m ix ing
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is a d d e d  to  his ca lcu la tio n s , s till le av in g  a d isc rep an cy  of a fa c to r  4. This m ay  
ju s t  show  th a t  th e  a b o v e -m en tio n ed  a p p ro x im a tio n  schem es a re  n o t too  re li
ab le .*

T here  is, h o w ev er, y e t a n o th e r  su p p o rt fo r  th e  a ssu m p tio n  o f a large 
p io n  rad iu s . A n an a ly s is  en tire ly  s im ila r to  th e  a b o v e  b u t  w ith  rep laced  b y  
th e  ax ia l v e c to r  c u r re n t  o f w eak  in te ra c tio n s  a llow s a co m p u ta tio n  of m eson 
ra d ii  from  th e  d ecay s P  -> (j, -f- v^. One o b ta in s

rK =  1,1 X 1 0 - «  cm

r„ =  1,75 X 10- 13 cm . (29)

in  consistency  w ith  th e  above assu m p tio n s.

4 . Conclusion

O ur ro u g h  su rv e y  of som e o f th e  p red ic tio n s  o f th e  s ta t ic  q u a rk  m odel 
w ere in ten d ed  to  show  th a t  th e re  is som e in te rn a l  consistency  in  th e  m odel, 
in  sp ite  o f th e  fa c t t h a t  th e  a ssu m p tio n s  are  so m etim es e x trem e ly  crude. I t  is 
th e re fo re  d esirab le  to  fin d  som e b e t te r  u n d e rs ta n d in g  of th is  fa c t.  The s ta tic  
q u a rk  m odel w ill p ro b a b ly  n o t  be  enough fo r th is  u n d e rta k in g  and  som e 
ex ten sio n s are  desirab le . A b o u t re la tiv is tic  e x ten s io n s  we a re  going to  h e a r  
a t  th is  conference a n d  I  th in k  we are  all eager to  w atch  th e  d ev e lo p m en t in  
th is  field .
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СТАТИЧЕСКАЯ МОДЕЛЬ КВАРКОВ
X . П И Т Ч М А Н Н

Р е з ю м е
Вычислены ширины радиационных распадов псевдоскалярных и векторных мезо

нов в статической модели кварков.
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MESON DECAYS IN THE STATIC QUARK 
MODEL II

By

J .  K u ti

IN STITU TE FO R TH EO RETICA L PH Y SIC S, ROLAND EÖTVÖS U NIV ERSITY , B U D A PEST

A bstrac t

T he ra d ia tiv e  decay  n ~  —> e -j- 'v y  is in v e s tig a te d  in  th e  fram ew ork  
o f  th e  s ta tic  q u a rk  m odel. A fte r h av in g  th e  se p a ra tio n  o f th e  in te rn a l brem s- 
s tra h lu n g  one is le f t w ith  tw o fo rm  fac to rs  to  ch a rac te rize  th e  s t ru c tu re  ra d ia 
tio n  w hich  is ex trem e ly  sen sitive  to  th e  in te rn a l dynam ics o f  th e  decaying  
h a d ro n  s ta te . As th e  s ta tic  q u a rk  m odel is a possib le  h ad ro n  s t ru c tu re  we are 
challenged  to  an a ly se  th e  s tru c tu re  ra d ia tio n  ju s t  to  see w h a t a re  th e  conse
quences of th e  d ra s tic  assu m p tio n s concern ing  th e  fixed  p a rtic le  n u m b e r and  
slow in te rn a l m o tio n  of q u a rk s  in side  th e  h a d ro n  s ta te . A cco rd ing  th e  CVC 
h y p o th es is  th e  v e c to r  form  fa c to r  is connected  w ith  th e  decay  ra tio  n° —у 2y  
an d  th e  ra tio  o f th e  v ec to r  and  a x ia lv e c to r  form  fa c to r  is c a lc u la ted  exp lic itly . 
M oreover, considering  th e  lep to n ic  decay  л ~  - у -f- 'v we h av e  som e in fo rm a
tio n  on th e  sp a tia l ex ten sio n  of th e  b o u n d  s ta te  w av e  fu n c tio n  a n d , th ere fo re , 
th e  fo rm  fac to rs  could  he ca lcu la ted  ab so lu te ly .

РАСПАДЫ МЕЗОНОВ В СТАТИЧЕСКОЙ МОДЕЛИ КВАРКОВ II.
Ю . К У Т И

Р е з ю м е
Рассматривается радиационный распад л~ -> е~ +  v +  у  в статической модели 

кварков. Отделив внутреннее тормозное излучение, остается два формфактора, характе- 
резующие структурное излучение, которое очень чувствительно к внутренней динамике 
распадающегося адронного состояния. Так как статическая модель кварков является 
возможной адронной структурой, следует изучать структурное излучение, чтобы увидеть, 
к каким следствиям ведет очень сильное предположение фиксированного числа частиц 
и медленного внутреннего движения кварков внутри адронного состояния. Согласно 
гипотезе о сохранении векторного тока, векторный формфактор связан с распадом л°  -» 2у, 
и соотношение векторного и аксиальвекторного формфакторов вычислено явным образом. 
Более того, из лептонного распада л~ ->■ r f  +  v мы имеем некоторую информацию отно
сительно пространственных размеров волновой функции связанного состояния, и поэтому 
можно точно определить формфакторы.
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SESSION 4. HIGHER SYMMETRIES

RELATIVISTIC S U { 6) SYMMETRIES WITH 
INFINITE MULTIPLETS

By

W . R ü h l

CERN, GENEVA, SW ITZERLAND

The group P x S L (6, C) and its physical interpretation is discussed and the predictions 
which can be derived from the model are surveyed. In conclusion it is stressed that the theories 
with infinite multiplets of the type studied here encounter great difficulties connected with  
the violation of crossing symmetry.

1. In tro d u c tio n

In  s ta t ic  SU(6)  th e o ry  th e  sp in  o p e ra to rs  are  id e n tif ie d  w ith  th e  g e n e ra 
to rs  o f th e  sp in  group  S U ( 2),

R o ta tio n s  o f th e  ro ta tio n a l subgroup  o f th e  hom ogeneous L o ren tz  g roup  
tra n sfo rm  th e se  o p era to rs  as a th re e -v e c to r  o p e ra to r

[ M k, S i] =  i eklm S m.

In  re la tiv is tic  fo rm u la tio n s  of S U ( 6) sy m m e try  th e  sp in  o p e ra to rs  m u s t 
necessarily  tra n s fo rm  as a ten so r o p e ra to r  u n d e r th e  tra n s fo rm a tio n  o f th e  
hom ogeneous L o ren tz  g ro u p . C h a rac te ris tic  for th e  a b s tra c t  g roup  ap p ro a c h  
is th e  a d d itio n a l a ssu m p tio n  th a t  th e  sp in  o p era to rs  sh o u ld  fo rm  a Lie a lg eb ra . 
This re q u ire m e n t ru les o u t such o p e ra to rs  as W i g n e r ’s sp in  o p e ra to rs  W 

T he m o st n a tu ra l choice for th e  sp in  a lgeb ra  is th e  a lg eb ra  o f  th e  w ell- 
know n group  S L ( 2, C )  (see [1]). I ts  c o m m u ta tio n  re la tio n s  are

i *>-/. ] t {g.,* У.-д Í Sv\ — Svx ,S'a/.) '

L et us f irs t n eg lec t th e  tra n s la tio n s  co m ple te ly .
I f  we coup le  these  g en e ra to rs  o f S L ( 2 ,  C )  to  th e  u n i ta ry  sy m m e try  o p e ra 

tors Aj b y  s im p ly  ex ten d in g  th e  com pact p a r t  o f S L ( 2, C ) ,  S U ( 2 )  to  th e  com plex  
dom ain , we o b ta in  th e  g ro u p  S L ( 6, C). T h is group possesses th e  g en era to rs

C ̂  cP
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re p re se n tin g  te n s o r  o p era to rs  a n d  sca la r (p seudosca la r) o p e ra to rs  u n d e r  t r a n s 
fo rm a tio n s  o f  th e  hom ogeneous L o ren tz  g roup .

L e t us n o w  assum e th a t  th e  d ynam ics is n o t  on ly  L o ren tz  in v a r ia n t , b u t  
t h a t  th e  sp in  a lg e b ra  also d efin es  a sy m m etry .

Since w e w a n t to  e x te n d  th e  s ta tic  S U ( 6) sy m m e try  i t  is v e ry  p lausib le  
to  assum e t h a t  th e  co m p ac t su b g ro u p  S U ( 6) o f  th is  SL(6, C) g roup  does no t 
ch an g e  th e  s ta te  o f  m o tio n  if  i t  is ap p lied  to  a p a rtic le  a t  re s t , b u t  tran sfo rm s 
s im p ly  s ta te s  b e lo n g in g  to  irred u c ib le  re p re se n ta tio n s  o f S U ( 6) in to  an o th e r. 
W e ta k e  th e se  re p re se n ta tio n s  to  be  idealized  p h y sica l SU(6)  m u ltip le ts  w ith  
d eg en era te  m ass . T h e  a lg eb ra  o f  SU(6)  is closed u n d e r  tra n s fo rm a tio n s  o f th e  
ro ta t io n a l  p a r t  o f  th e  hom ogeneous L o ren tz  g roup  b y  co n stru c tio n .

H av in g  f ix e d  th e  m ean in g  o f  th e  co m p ac t p a r t  o f th e  S L (6, C) g roup  o u r 
fu r th e r  a rg u m e n ts  a re  s tra ig h tfo rw a rd . L e t us assum e th a t  we h a v e  a k in em a tica l 
s itu a tio n  w ith  a ll p a rtic le s  m o v in g  in  th e  d irec tio n  o f one sp a tia l d irec tio n , 
s a y  th e  th i r d  ax is , w ith  a r b i t r a r y  velocities. W e can  c re a te  th e se  s ta te s  b y  
ap p ly in g  f in i te  tra n s fo rm a tio n s  g en e ra ted  b y  th e  e lem en t M os o f th e  L o ren tz  
a lg eb ra . T h o se  g en era to rs  o f  S U ( 6) w hich  co m m u te  w ith  M 03 w ill s till o p e ra te  
b e tw een  s ta te s  o f  th e  m u ltip le t  w ith o u t ch an g in g  th e  s ta te  o f m otion . T h ey  
fo rm  a su b a lg e b ra  o f SU(6)  as can  be seen from  th e  c o m m u ta tio n  re la tio n s . 
T h is  su b a lg e b ra  can  be u sed  to  deduce  re s tr ic tio n s  on th e  S -m a tr ix  e lem ents 
ta k e n  b e tw e e n  s ta te s  w hich  a re  e ig en sta tes  o f  th e  m o m en tu m  o p e ra to r  a n d  
fo r  w hich th e  m o m e n ta  are  co llinear in  one L o ren tz  fram e.

T his su b a lg e b ra  is th e  w ell-know n co llinear a lg eb ra  sp a n n e d  b y

(S1 i  * =  . 8 , an d  so,i2"

T he g ro u p  is S(U(3) ® U(3)) o r S U ( 3) ® S£7(3) ®
F o r th e  d e riv a tio n  o f  th is  co llinear sy m m e try  i t  is th e re fo re  n o t  n ecessa ry  

to  know  th e  d e ta iled  g roup  s tru c tu re . In  p a r tic u la r , we can  overlook  th e  p ro 
b lem s of th e  tr a n s la tio n  su b g ro u p . In s te a d  w e need  som e h e u ris tic  a rg u m en ts  
on  p a rtic le s , tra n s fo rm a tio n s  to  re s t o r to  a d e fin ite  s ta te  o f  m o tion , w hich  
h av e  to  b e  ju s tif ie d  in  co m p le te  group  m odels.

T h e re  a re  now  tw o  essen tia lly  d iffe ren t g roups w hich  p e rm it th e  sp in - 
a lgeb ra  to  possess these  tra n s fo rm a tio n  p ro p e rtie s . In  th e  f ir s t  case we can  
assum e t h a t  th e  SL{2, C) g ro u p  c o n ta in e d  in  SL(6, C) coincides w ith  th e  
hom ogeneous L o ren tz  g ro u p . Such an  a n sa tz  leads to  th eo rie s  w ith  m ore th a n  
fo u r m o m e n tu m  co m p o n en ts . In  th e  second  case th e  hom ogeneous L o ren tz  
group a n d  th e  SL(2, C) g ro u p  o f SL(6, C) a re  reg a rd ed  as in d e p e n d e n t. W e th e n  
o b ta in  a t o ta l  group o f th e  s tru c tu re

(L X  T 4) X  SL(6,  C) =  P x S L ( 6 , C), (SL(6 , C) in in v a r ia n t  subgroup),
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as th e  sim plest ex am p le . M odels o f  such s t ru c tu re  h av e  been  p rop o sed  as 
p h y sica lly  in te re s tin g  S U (6) g enera lizations b y  F r o n s d a l , see [2].

T h e  group L,  th e  hom ogeneous L oren tz  g ro u p , can  be  sp lit in to  tw o 
p a r ts  w h ich  are b o th  isom orphic  to  th e  hom ogeneous L o ren tz  g roup

L  =  L 0 -f- L r, M ßV =  L ^  s ^ ,

such t h a t  L r is a su b g ro u p  o f SL(6 , C). In  th is  w ay  w e o b ta in  a n o th e r  p o ssib ility  
of w ritin g  th e  g ro u p , nam ely  as th e  d irec t p ro d u c t

(L0 X T 4) ® S L ( 6 ,C ) .

In d e e d , i t  is tr iv ia l  to  check th a t  th e  g en era to rs  L ^  an d  com m ute .

2. The physical interpretation of the group (L X T 4) X SL(6,  C)

I f  w e w rite  th e  group  in  th e  fo rm

(L0 X T 4) <8> S L (6, C), L 0 X T 4 =  P ' ,

th e  p ro b lem  of f in d in g  re p re se n ta tio n s  for th is  g ro u p  is red u ced  to  th e  con
s tru c tio n  o f ten so r p ro d u c ts  o f u n i ta ry  re p re se n ta tio n s  fo r th e  g roup  L 0 X T 4, 
w hich h as  th e  s tru c tu re  of th e  inhom ogeneous L o re n tz  g roup , a n d  o f re p re se n t
a tio n s fo r  th e  g ro u p  SL(6, C) w h ich  we req u ire  also  to  be u n ita ry . W hereas 
th e  re p re se n ta tio n s  o f  th e  inhom ogeneous L o re n tz  g roup  are  w ell-know n to  
every  p h y sic is t th e  re p re se n ta tio n s  o f  th e  group S L (6, C) are  less p o p u la r .T h e y  
are a ll in fin ite  d im ensiona l. T he re p re se n ta tio n s  o f  th e  group  L 0 X T 4 b r in g  in  
th e  m ass M ,  w hich is com m on to  th e  com plete  m u ltip le t , an d  a sp in  S ' , d en o ted  
o rb ita l sp in .

O n th e  o th e r h a n d  th e  re p re se n ta tio n s  of S L ( 6, C) can  be re d u ced  to  an  
in fin ite  d irec t sum  o f  u n ita ry  re p re se n ta tio n s  of th e  co m p ac t su b g ro u p  SU(6)  
of S L  (6 , C).

I n  th e  ph y sica l p ic tu re  we w a n t to  deal w ith  s ta te  fu n c tio n s  w hich  
depend  on  th e  m o m e n tu m p ß and  b e lo n g  to  m o v ing  p a rtic le s  w hich  fo rm  SU(6)  
m ultip les  w ith  d eg en e ra te  m ass. M ass sp littin g  ca n  be  in tro d u c e d  b y  ad d itiv e  
te rm s in  th e  m ass o p e ra to r  w hich b re a k  th e  sy m m e try  an d  are  h a n d le d  w ith  
p e r tu rb a tio n  th e o ry . T h e  con n ec tio n  betw een  th e s e  s ta te  fu n c tio n s  an d  th e  
s ta te s  be long ing  to  th e  ten so r p ro d u c t re p re se n ta tio n s  is q u ite  sim ple in  p r in 
ciple. F o r  s im p lic ity  w e now  assum e S '  =  0 (see below ).

L e t X ch a rac te rize  th e  SL(6, C) re p re se n ta tio n , v a g iven SU(6)  m u ltip le t 
and  со a s ta te  of th is  m u ltip le t. T h en  w e m ay  d en o te  a p h y sica l s ta te  fu n c tio n  b y  I

I V, CO, p  >  .
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B y  a ro ta t io n  free  L o re n tz  tra n s fo rm a tio n  we b rin g  th is  s ta te  to  re s t , th e  
S U ( 6) s ta te  со is u n c h an g ed

] V, со, 0 >  =  Л ( р ) - 1 I v , c o , p > .

W e assum e t h a t  w e know  b y  a n y  p rin c ip le  th e  re p re se n ta tio n  т o f  SL{6, C) 
w h ic h  co n ta in s  th e  S  17(6) re p re se n ta tio n  r  as a re p re se n ta tio n  o f th e  com pact 
su b g ro u p . W c d e f in e  th e  co n n ec tio n  th e n  as

I V, со, 0 >  =  I S'  =  0, 0 >  I г , V, со >  .

W e ap p ly  on b o th  sides th e  “ b o o s te r”  Л(р)  b u t  n o te  th a t  on th e  r ig h t-h a n d  
side  we can  sp lit  th is  o p e ra to r  in to  th e  co m m u tin g  p ro d u c t

Л(р) =  л0 (P) Ц р )

w ith  Л 0(р) £ L 0, Ц р )  £ L r a  SL (6, С) .
In  th is  fa sh io n  we o b ta in

I V, со, p  >  - Л{р)  I V, со, 0 >

=  I S '  =  0, p  >  • Ц р )  I T, V, CO >  .

In  th is  m a n n e r w e h a v e  fix ed  th e  in te rp re ta t io n  o f th e  m odel:
(«) I f  w e decom pose s ta te s  a t  re s t o f re p re se n ta tio n s  fo r P '  0  SL(6, C) 

in to  SU(6)  re p re se n ta tio n s , th e se  re p re se n ta tio n s  a re  th o u g h t to  be  th e  physical 
SU(6)  m u ltip le ts . T h is id e n tif ic a tio n  is p e rm itte d  because  e lem en ts  belonging 
to  th e  c o m p a c t su b g ro u p  SU(6)  o f  SL(6,  C )tran sfo rm  one s ta te  со of SU(6)  
m u ltip le t  a t  r e s t  in to  a n o th e r  s ta te  o f  th e  sam e m u ltip le t v.

T he e lem en ts  w hich  lie o u ts id e  th e  co m p ac t p a r t  SU(6),  as e.g. th e  booster 
S ( p )  in d u ced  b y  th e  p u re  L o ren tz  tra n s fo rm a tio n  Л(р),  co n n ec t d ifferen t 
SU(6)  re p re se n ta tio n s  co n ta in ed  in  th e  SL(6,  C) re p re se n ta tio n . In d e e d , we 
m a y  w rite

2  (p) \ r , v , c o >  =  С (у', со', v, со, p)  I T,v',co' > .
V'CO'

A m u ltip le t  in  m o tio n  c o n tr ib u te s  th e re fo re  to  d iffe ren t re p re se n ta tio n s  
o f th e  co m p a c t su b g ro u p  SU(6).

T h u s w e h a v e  recogn ized  t h a t  all th e  p raem issa  needed  fo r th e  collinear 
su b g ro u p  sy m m e try  are  sa tis fied . T h e  co llinear su b g ro u p  is a good sy m m etry  
g roup  fo r th e se  in fin ite  m u ltip le t m odels, in  th e  follow ing sense:

I f  w e assum e th a t  a g iven  se t o f p h y sica l S U ( 6) m u ltip le ts  со/ are con
ta in e d  in  SL (6 , C) re p re se n ta tio n s  Т,- an d  th ese  re p re se n ta tio n s  Т/ are  know n
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to  couple  to  a t  le a s t one in v a r ia n t fo rm , th e  p red ic tio n s  o f th e  co llinear su b 
group consist in  id e n titie s  b e tw een  S [/(3 )  a m p litu d e s  w hich do n o t  all v an ish  
id en tica lly . (The sam e  s ta te m e n t can  be m ade fo r  S  [7(6,6) m odels etc .) T h is 
re su lt w as f irs t s ta te d  in  [3]. T he fa c t  th a t  one p h y sica l m u ltip le t  in  m o tion  
belongs to  d iffe ren t re p re se n ta tio n s  o f th e  c o m p a c t subgroup  is th e  reason  
for th e  n o n -co n se rv a tio n  of sp in  o r  o rb ita l a n g u la r  m o m en tu m  sep a ra ted . 
T he decays

Q —> Л  -f- 71

N * N  +  л

are rea lly  allow ed in  p rinc ip le  in  su ch  m odels.
T h e  cond itio n  S '  =  0 is m ad e  above for rea so n s  of conven ience. In  a 

search  fo r  re p re se n ta tio n s  w hich a re  to  f i t  th e  e x p e rim e n ts  one h a s  to  acco u n t 
also fo r re p re se n ta tio n s  w ith  S'  =f= 0. I n  such a case  th e  sp in  o f  a p a rtic le  a t 
re s t consists o f c o n tr ib u tio n s  from  b o th  th e  g ro u p s P ' an d  SL(6 , C). L e t us 
look a t  a 35-p let. F o r  S '  =  0 we h a v e  th e  c o n te n t

{ S '=  0,35} =  [8,1] © [8,3] ©  [1 ,3], 

w hereas fo r S'  — 1 w e o b ta in

{ S' =  1, 35 } =  [8, 3] ©  [8,5 ©  3 0  1] ©  [1,5 ©  3 ©  1] .

Since th is  bears  som e resem blance  w ith  th e  1 -ex c ita tio n  o f e le m e n ta ry  pa rtic le s  
(see [4]) we m ay  a d o p t th is  no tio n  fo r theories S ' =ф= 0. O n th e  o th e r  h a n d , we 
m ay  d en o te  th e  e x c ita tio n  im plied  b y  th e  n o n -co m p ac tn ess  of S L (6 , C) “ re la ti
v istic  S [7(6)”  e x c ita tio n . T he idea  t h a t  n o n -c o m p a c t g roups cou ld  serve to  
g en era te  an  in fin ite  sequence  of m u ltip le ts  w ith  o r  w ith o u t n o n tr iv ia l  ( th a t 
m eans n o n -p e rtu rb a tiv e )  m ass re la tio n s , goes b a c k  to  B arut [5].

3. Parity

T h e choice b e tw een  all those  re p re se n ta tio n s  w h ic h  co n ta in  a g iven  SI7(6) 
m u ltip le t a n d  w hich can  th ere fo re  b e  considered  to  be  of p h y sica l in te re s t 
can  be re s tr ic te d  b y  th e  re q u irem en t t h a t  th e  p a r i ty  o p e ra to r  m u s t be  definab le  
as a u n ita ry  o p e ra to r  on  th e  re p re se n ta tio n  space. F o r  n o n -u n ita ry  re p re se n t
ations o f SL (2, C) i t  is know n  th a t  p a r i ty  re flec tio n s  force us to  do u b le  th e  
re p re se n ta tio n  space. In d e e d , a re p re se n ta tio n  (j \ ,  j 2) goes over in to  ( j2, jq) 
u n d e r p a r i ty  an d  b o th  re p re se n ta tio n s  a re , in  gen era l, n o t eq u iv a len t.
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T h e  re q u ire m e n t t h a t  th e  re p re s e n ta tio n  sh o u ld  n o t  be d o u b led  has th e  
fo llow ing  ph y sica l o rig in . T he co m p ac t subgroup  S U ( 6) o f SL(6, C) possesses 
o n ly  g en era to rs  o f  p o s itiv e  p a r i ty , th e  g en era to rs  o f  bo o ste rs  27(jp), on  th e  o ther 
h a n d , a re  n e g a tiv e  p a r i ty  o p e ra to rs  ( th e y  co n ta in  th e  velocity ). I f  we tak e  
th e se  p ro p e rtie s  to g e th e r , we can  fo rm u la te  th e  fo llow ing s ta te m e n t:  I f  D(S)  
is a re p re se n ta tio n  o f  e lem ents S  o f S L (6, C) p a r i ty  ac ts  as

D(S)  =  P D ' ( S ) P ~ 1 ,

w h ere  D'(S)  =  U (S ~ 1+). I f  a n d  o n ly  i f  D an d  D'  a re  e q u iv a le n t, P  can  be 
d e fin e d  as a u n i ta ry  o p e ra to r  in  th e  re p re se n ta tio n  space (see [2] a n d  [6]). 
I f  D  a n d  D'  a re  n o t e q u iv a len t P  m ap s an  SU(6)  m u ltip le t of th e  re p re se n t
a t io n  D  on th e  sam e m u ltip le t o f th e  re p re se n ta tio n  D ' . E ach  SU(6)  m u ltip le t 
w o u ld  a p p ea r tw ice . W e know , h o w ev er, th a t  such  p a r ity  d o u b le ts  do n o t 
e x is t in  n a tu re .

In v e s tig a tin g  th e  consequence o f  th e  p o s tu la te  th a t  D an d  D '  shou ld  be 
e q u iv a le n t we g e t re la tio n s  fo r th e  C asim ir in v a r ia n ts  o f th e  SL(6, C) re p re se n t
a tio n s  w hich  in  th e  f in ite  exam ple  co rrespond  to  j \  =  j 2 .

4. P hysical im p lica tions of th e  m odel, I

T h e  p h y sica l p red ic tio n s o f th e  m odel a re  p rin c ip a lly  o f tw o  k inds. 
E i th e r  th e y  invo lve  from  each SL(6 , C) re p re se n ta tio n  only  one SU(6)  m u ltip le t 
o r th e y  concern  d iffe ren t S U ( 6) m u ltip le ts  from  one re p re se n ta tio n . L et us 
f i r s t  s tu d y  th e  f ir s t  k ind .

W e know  th a t  co llinear sy m m e try  is v a lid  in  th e  group m odel we are 
in v e s tig a tin g . A re th e  p red ic tio n s w hich  are  b ey o n d  those  o f th e  collinear 
su b g ro u p ?  W e sh a ll see th a t  th is  can  be  decided  o n ly  if  p a r tic u la r  rep re sen t
a tio n s  of SL(6, C) a re  considered . I t  depends on th e  n u m b er o f  in v a ria n t 
fo rm s w hich  can  be b u ilt  o u t o f th e  re p re se n ta tio n s . Two ex tre m e  cases are : 
th e  m eso n -b ary o n  v e r te x  w ith  m ax im a l possib le degeneracy , w e o b ta in  only 
one v e r te x . W ith  th is  sam e d e g e n e ra cy  of th e  m esons we o b ta in  an  in fin ite  
se t o f  in v a ria n ts  fo r th e  m eson-m eson-m eson  coup ling . W e e x p ec t, therefo re , 
new  resu lts  fo r th e  m eson-baryon  v e r te x  only.

T he co llinear subgroup  gives som e id e n titie s  for s trong  fo rm fac to rs  of 
th e  b a ry o n  o c te t, n am ely :

«m : am ■ «ш =  3 : 2 : 1 ,
an d

aF =  - 2 / 3  a f  -  5/9 a ? ,  

aD =  — a f  +  2/3 a f  .
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ac an d  am are th e  fo rm fac to rs  of c h a rg e  and  m ag n e tic  m om ent (S achs) ty p e  
for th e  v e c to r  m esons, “ a ”  are th e  fo rm fac to rs  (vector-coupling) fo r  th e  p seu 
doscalar m esons. In  ad d itio n  s ta tic  S U ( 6) gives th e  re su lt

oD =  0 a t  /и2 =  4M 2.
T he w ell-know n re su lt

aD/aF =  3/2 a t  ц2 =  0

is n o t ( !) a consequence o f th e  co llin ea r subgroup o r s ta t ic  SU(6),  b u t  can  be 
derived  on ly  if  c e rta in  p ro p erties  o f  an a ly tic  c o n tin u a tio n  of th e  re p re s e n t
a tio n s are  sa tisfied . T hese are  sa tis f ie d  for th e  inhom ogeneous SL(6 , C) group 
w ith  72 tra n s la tio n s  ( th e  an a ly tic  b e h a v io u r  is an a lo g o u s as for th e  in h o m o 
geneous L o ren tz  group) b u t  are d iffe re n t for th e  g ro u p  now  u n d er d iscussion . 
T herefo re , we expec t d iffe ren t re su lts  in  th e  p re se n t case. O ther in te re s tin g  
resu lts  a re  th e  ra tio s

aF
— —- a t jß =  0 or in genera l.

o f

F r On s d a l  an d  W h it e  h a v e  show n t h a t  th e  ra tio  aD/aF depends on  th e  re p re 
se n ta tio n  o f SL(6, C) u sed  fo r th e  m eso n s. For a p a r t ic u la r  one th e y  o b ta in  [7]

aD/ a F =  9/5
an d  as a consequence

a?lac =  — 3/25, /I2 =  0.

I t  is, th e re fo re , possib le to  enlarge th e  value  of th e  D / F  ra tio  for th e  p seu d o 
sca la r m esons w ith o u t chang ing  th e  D / F  ra tio  for th e  v e c to r  m esons to o  m uch 
from  th e  va lu e  zero.

Since fo r th is  v e r te x  only  one in v a r ia n t form  c a n  be found i t  cou ld  be 
suggested  th a t  th e  e lec trom agnetic  c u r re n t  is s im ila rly  de te rm in ed  u p  to  one 
fac to r, w h ich  w ould  im p ly  a fixed  v a lu e  for th e  m a g n e tic  m om ent. H ow ever, 
th is is n o t tru e .

In d e e d , we can im m ed ia te ly  f in d  tw o  c o n trib u tio n s  to  the  c u r re n t . F irs t 
we h av e  a convection  c u rre n t. Since th e  tra n s la tio n s  com m ute  w ith  S L (6, C) 
we can  b u ild  a fo u rv ec to r  o u t of a u n i ta r y  re p re se n ta tio n  of SL(6, C) a n d  its 
co n ju g a te , b y  f irs t fo rm in g  th e  SL(6 , C) scalar p ro d u c t an d  th en  m u ltip ly in g  
b y  th e  m o m en tu m . W e t r e a t  th e  SL(6,  C) s ta te s  like sc a la rs  ! Such a c o n v ec tio n  
c u rre n t im plies a p u re  electric  c u r re n t  for th e  SU(6)  m u ltip le ts , th e  to ta l  
m ag n etic  m o m en t is zero , see [8]. H o w ev er, we can also  define th e  m a g n e tiz a 
tio n  c u rre n t as th e  d ivergence  of th e  e x p ec ta tio n  v a lu e  fo r th e  m a g n e tiz a tio n  
o p e ra to r

J  I a - 1/2 sf 
Л/1У,3 °  a fiv,s
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ta k e n  b e tw een  s ta te s  of th e  in f in ite  m u ltip le t. So fa r  nobody  h a s  calcu lated  
su ch  an  ex p ressio n , th e  re su lt fo r  a physica l m u ltip le t  as th e  56 -p le t w ould 
c e r ta in ly  be o f in te re s t .  In  a n y  case th e  m a g n e tic  m om ent o f  th e  nucleons is 
n o t  fix e d  since th e  convection  a n d  m a g n e tiza tio n  g ive com plete ly  in d ependen t 
c o n tr ib u tio n s .

5. P h y sica l im plica tions, I I

T he o th e r  ty p e  o f p red ic tio n s  w hich can  b e  derived  from  such  a m odel 
re la te s  d iffe ren t SU(6)  m u ltip le ts  co n ta ined  in  one  in fin ite  re p re se n ta tio n  of 
S L (6 , C). S uch  p red ic tio n s  m ak e , how ever, sense on ly  if  su ch  m u ltip le ts  are 
k n o w n  to  ex is t in  n a tu re . T h is ra ises  th e  fu n d a m e n ta l p rob lem  w h e th e r th e re  
is a n y  h in t in  th e  d a ta  of p a rtic le s  an d  resonances w hich  favors th e  assignm ent 
o f  su ch  o b jec ts  to  in fin ite  m u ltip le ts . T oday , th is  question  m u s t s till be answ 
e red  in  th e  n e g a tiv e .

In d e e d , fo r  th e  m esonic resonances we k n o w  th a t  th e  3 5 ~ -p le t m ust be 
fo llow ed b y  a 405 + -p le t. T he 4 0 5 + contains

405 =  [27 ©  8 ©  1, 5] ©  [27 ©  8 ©  8 ©  10 ©  IÖ, 3] @

©  [27 © 8  @ 1, 1] .

N o m em bers o f  th e  27-p lets a re  d e fin ite ly  k n o w n . In  th e  case o f  th e  189 th e  
[27, 5] an d  [27, 3] a re  m issing, b u t  th is  sup er m u ltip le t  lies in  a ce rta in  sense 
fa r  o ff th e  35 -p le t i f  i t  is c o n ta in e d  a t  all in  th e  in fin ite  sequence .

I t  m ig h t w ell b e  th a t  th e  S L (6, C) g roup  is to o  big a g ro u p  to  generate  
th e  in fin ite  m u ltip le ts  and  th a t  SL{2, C) ® SU(3)  serves b e tte r  fo r  th is  purpose. 
I n  a d d itio n  su ch  a  sm aller g ro u p  is te ch n ica lly  sim pler to  h a n d le  and  gives 
d e fin ite  p re d ic tio n s  w hich  m ig h t also have  re lev an ce  for m ore  gen era l m odels 
in v o lv in g  in f in ite  m u ltip le ts .

Som e re su lts  a re  know n: (see [9])
(1) I f  w e c o n s id e r a la d d e r  o f oc te ts  c o n ta in in g  th e  sp in s  S  =  k0 -)- n, 

n — 0, 1, 2 , . . ., p a r i ty  (—1) , a ll th e  decay s ta te s  o f th is  m u lt ip le t  consisting 
o f  tw o  p se u d o sc a la r  m esons can  be  show n to  h a v e  s ig n a tu re  ( — l)fc0. I f  th e  
v e c to r  reso n an ces belong  to  su ch  a  lad d e r th e y  m u s t necessarily  h av e  fc0 — 1. 
O n th e  o th e r  h a n d  th e  reso n an ce  K**  (1405) f i t s  in to  a s im ila r  o c te t lad d e r 
o n ly  i f  kQ =  0 o r  2 , since i t  also decays in to  tw o  p seu d o sca la r m esons. T his 
im plies, th e re fo re , t h a t  th e  k n o w n  1_ and  2+ o c te ts  belong to  d iffe re n t ladders. 
N o ex am p le  is k n o w n , even fo r th is  sm aller g ro u p , w here tw o  SU(3)  m u ltip le ts  
cou ld  be assigned  to  one lad d er. I n  te rm s o f o u r S L ( 6, C) la d d e rs  w e can in te r 
p re t  th is  re su lt in  th e  w ay th a t  th e  1— m esons lie  in  a ladder o f S L ( 2, C) s ta r tin g  
in  th e  3 5 ~ -p le t a n d  going th ro u g h  th e  405+ w h e reas  th e  2 + reso n an ces lie in  a 
S L (2, C) la d d e r  s ta r t in g  in a 189+ m u ltip le t.
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(2) To gain  som e in s ig h t we assum e t h a t  a h y p o th e tic a l 0 + m eson a n d  
som e 2+ lie to g e th e r  in  an  in f in ite  lad d e r a n d  decay in to  tw o  p seudosca la r 
m esons. T he ra tio  fo r th e  co rrespond ing  p a r t ia l  w id ths can  b e  com puted . T h e  
w id th  o f th e  0+ tu rn s  o u t to  be  a fac to r o f 1000 bigger, so m e w h a t d epend ing  
on th e  m asses o f  b o th  p a rtic le s  (we have b ro k e n  sy m m etry  !). I f  th e  m ass o f 
th e  2 + is o f th e  o rd er of 10 GeV, 0 + m ass e q u a l 1 GeV, th is  ra tio  becom es o f  
th e  o rd er one. T h e  orig in  o f th is  re su lt is fo rm a lly  so sim ple t h a t  we m ay  v e ry  
likely  d raw  th e  conclusion  th a t  h ig h er rungs o f  a  lad d er are  v e ry  w eakly  coup led  
to  a channel w h ich  is a lread y  open  to  a lo w er ru n g  of th e  sam e  ladder. T h is  
re su lt m akes i t  u n p ro b ab le  t h a t  th e se  h ig h er ru n g s are o b se rv ab le  a t p re se n t 
an d  th e  p rin c ip a l questio n  fo r th e  ex istence  o f  ladders rem a in s  open.

6 . C oncluding re m a rk s

One of th e  aim s of s tu d y in g  these m a th e m a tic a lly  n o n -tr iv ia l m odels 
w hich generalize S  17(6) sy m m e try  in  a re la tiv is tic  m anner w as to  learn  so m e
th in g  a b o u t th e  co n trad ic tio n  o f SU(6)  sy m m etrie s  w ith  th e  u n i ta r i ty  of th e  S-  
m a trix . W e n o te  th a t  co llinear sy m m etry  a n d  s ta tic  SU(6)  sy m m e try  give n o  
answ er to  th e  u n i ta r i ty  p rob lem . T h ey  te ll u s o n ly  th a t  a co m p le te  set o f s ta te s  
m u st con ta in  a t  least one SU(6)  m u ltip le t. F ro m  th e  m odel S L (6, С) X T72 we 
deduce  th a t  one m u ltip le t is in  general n o t en ough  to  ach iev e  com pleteness; 
th e re  is a leakage o f  p ro b a b ility , fo rm ally  in to  th e  rem ain in g  68 d im ensions. 
O n th e  o th e r h a n d  th e  in fin ite  m u ltip le t m o d e l assures u s  t h a t  an in f in ite  
n u m b e r of SU(6)  m u ltip le ts  suffices to  y ield  com pleteness. T h e  n a tu ra l  q u es tio n  
o f  th e  p h y sic is t is th e n  how  th e  h ig h er SU(6)  m u ltip le ts  in  th e  com pleteness 
sum  are  w eighed, i f  we consider an  in fin ite  m u ltip le t  m odel as a good ph y sica l 
sy m m etry . T he an sw er is c o n ta in e d  in  th e  s ta te m e n t m ad e  earlie r: A g iven  
channel is m a in ly  coupled  to  th e  low est SU(6)  m u ltip le t p o ssib le . The sam e 
m u ltip le t m u st co n seq u en tly  g ive th e  m ain  c o n tr ib u tio n  to  th e  u n ita r i ty  su m  
in  th is  channel. In  o th e r  w ords: V io la tion  of u n i ta r i ty  is n o t sev ere  if  only one 
SU(6)  m u ltip le t is ta k e n  in to  acco u n t in th e  su m . This is th e  m ean ing  of th e  
n o tio n  o f “ s a tu ra t io n ”  k n o w n  from  th e  c u r re n t  a lgebra ap p ro a c h  in th is  
co m p lem en ta ry  a p p ro ach  b ased  on a b s tra c t g ro u p s . The co n flic t w ith  u n ita r i ty  
can  be  considered  as th e  c h a ra c te ris tic  d iff ic u lty  of th e  m o d e l based  on th e  
inhom ogeneous SL(6,  C) g roup . T h e  c h a ra c te r is tic  defect o f  th e  theories w ith  
in fin ite  m u ltip le ts  o f th e  ty p e  s tu d ie d  here  is co n n ec ted  w ith  c rossing  sy m m etry . 
I n  fam ilia r fie ld  th eo ries  p a rtic le s  an d  a n tip a r tic le s  are d e a lt  w ith  s im u lta 
neously  in  fields a n d  field  e q u a tio n s . In  our m odels th is  is n o t  th e  case. F ie ld s 
can  be defined . T h e y  co n ta in  on ly  partic les  s im ila r  to  fields o f  th e  W e y l  ty p e  
an d  th e  fie ld  eq u a tio n s  are  a b so lu te ly  tr iv ia l: th e y  are  all eq u a l to  th e  K l e i n — 
G o r d o n  eq u a tio n .
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A  ty p ic a l  effect o f th e  v io la tio n  o f  crossing sy m m e try  can be o b se rv ed  
in  th e  fo llow ing  fac t. In  u s u a l field th e o ry  th e  L ag ran g ian

i  j  d vx  у  ( x ) y 5 y ( x )  cp(x)

describes th e  coup ling  of th e  p ion  to  th e  n u c leo n  c u rren t as w ell as th e  a n n ih ila 
tio n  of a p io n  in to  a v i r tu a l  nucleon p a ir .  In  m o m e n tu m  space th e  p io n  is 
e ith e r  co u p led  to  th e  n u c leo n  spinors v ia  th e  m a trix

<*k (P' -  P)k

or th e  id e n t i ty  m a trix . B o th  m atrices a re  h e rm itian . T h is  p ro p e rty  c a n  be 
u n d e rs to o d  to  be  a consequence  of th e  r e a l i ty  of th e  L ag ran g ian  in  # -space .

E x a m p le s  are  kn o w n  w here h e rm ilic ity  in  one ch an n e l im plies non- 
h e rm itic ity  in  a n o th e r ch a n n e l if  we a p p ly  th e  in fin ite  m u ltip le t m odels. The 
re su lt o f th e  sy m m e try  d ep en d s  on w h e th e r  we m ake th e  v e r te x  h e rm itia n  in 
one ch an n e l a n d  co n tin u e  th e n  or c o n tin u e  f irs t and  a d d  th e  co n juga te  la te r .
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РЕЛЯТИЗИСТСКИЕ СИММЕТРИИ SU (6) С БЕСКОНЕЧНЫМИ МУЛЬТИПЛЕТАМИ
в. РЮЛЬ

Р е з ю м е
Обсуждается группа P x S L  (6, С) и ее физическая интерпретация. Резюмируются 

предсказания, которые могут быть получены из модели. В заключении подчеркивается, 
что теории с бесконечными мультиплетами типа изучаемого в данной работе, встречают 
большие трудности в связи с нарушением кроссингсимметрии.
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NON-COMPACT SYMMETRY GROUPS, 
UNITARY S-MATRIX AND QUANTUM 

FIEUD THEORY

By

N g u y e n  v a n  H ie u

JO IN T  IN ST IT U T E  FOR NUCLEAR R E SE A R C H , DUBNA, U SSR

We study the non-compact symmetry groups and their connections with field theory. 
We prove explicitly that in the symmetry with a non-compact group there exists no contra
diction with the unitarity condition of the S-matrix. We have suggested a method of describ
ing the symmetry with a non-compact group by means of the apparatus of the local quantum  
field theory. Within our method the field operators satisfy the normal commutation relations, 
and the S-matrix is crossing-symmetrical.

1. In tro d u c tio n

I n  a series o f p ap ers  [1 — 8] th e  sy m m e try  groups S L ( 6, C) an d  1/(12) 
h av e  been  suggested  as th e  re la tiv is tic  ex ten sio n s of th e  SU(6)  sy m m e try  
group , th e  SL(2, C) su b g ro u p  o f these  re la tiv is tic  sy m m e try  groups b e in g  
iden tified  w ith  th e  hom ogeneous L oren tz  g roup . In  c o n tra s t  to  th e  iso to p ic  
in v arian ce  an d  th e  u n i ta ry  sy m m etry , n o  id ea l case w ith  e x a c t sy m m e try  
ex ists for th ese  new  g ro u p s: th ese  sy m m etrie s  are in tr in s ic a lly  b ro k en . M ore 
concre te ly , i t  is im possib le to  w rite  dow n th e  w ave e q u a tio n s  even fo r th e  
free pa rtic le s  or th e  L ag ran g ian  fo r th e  free fie lds in such a m an n e r th a t  th e y  
are in v a r ia n t u n d e r th e  SL(6 , C) or th e  1/(12) groups if we do n o t consider th e  
4 -d im ensional m o m e n ta  of th e  p a rtic le s  as th e  co m p o n en ts  o f some m a n y 
d im ensional ten so rs  o f th e  co rrespond ing  groups: 36-d im ensional fo r th e  
SL(6, C) g roup  an d  143-d im ensional for th e  l  (12) g ro u p . B ecause o f th e  
b reak in g  of th e  sy m m e try  b y  th e  w ave e q u a tio n s  th e  m a tr ix  e lem ents o f  th e  
sc a tte rin g  processes are  n o t  s tr ic tly  in v a r ia n t  un d er th e  S L (6, C) or 1/(12) 
groups. I f  we req u ire  th e  e x a c t sy m m etry  o f  th e  S -m a trix , th e n  th is  r e q u ire 
m en t shou ld  lead  to  a c o n tra d ic tio n  w ith  th e  u n ita ry  co n d itio n  even in  th e  
one-partic le  ap p ro x im a tio n , i.e. in  th e  pole ap p ro x im a tio n  [9, 10]. In  o rd e r to  
ta k e  in to  acco u n t th e  in tr in s ic  b reak in g  o f  th e  sy m m etry  w e h av e  su g g ested  
a spu rion  m e th o d  [5]. A ccord ing  to  th is  m e th o d  th e  m a tr ix  elem ents o f  th e  
sc a tte rin g  processes c o n ta in  ex p lic itly  p a r tic le  m om en ta  (irreg u la r  co u p ling  
in [11]) an d  th e re fo re  could  be in v a ria n t u n d e r  th e  SL(6, C) o r U( 12) g ro u p s 
only  i f  we in tro d u ce  m an y -d im en sio n a l m o m e n ta  (a v e ry  s im ila r  m e th o d  w as 
also suggested  in  [11, 12]). In  som e special cases th e  s c a tte r in g  a m p litu d es
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o b ta in e d  w ith in  th is  fo rm alism  do n o t c o n tra d ic t  th e  u n i ta r i ty  cond ition  [12, 
13] b u t  in  th e  general case th e  above m e n tio n e d  sp u rio n  m eth o d  does n o t 
rem ove  th e  c o n tra d ic tio n  w ith  th e  u n i ta r i ty  cond itio n  [14]. I t  is p ossib le  
to  show t h a t  th is  c o n tra d ic tio n  arises b ecau se  of th e  fo llow ing  cause: e x a c t 
sy m m e try  re q u ire s  th e  ex is te n c e  of th e  m an y -d im en sio n a l m om en ta  b u t ,  in  
f a c t ,  p a r tic le  m o m e n ta  h a v e  o n ly  4 co m p o n en ts . In  o th e r  w ords, th e  in tr in s ic  
b reak in g  o f  th e  sy m m etry  is closely c o n n e c te d  w ith  th e  b reak d o w n  o f  th e  
u n ita r i ty  o f  th e  S -m a trix . I n  o rd e r to  c o n s tru c t a re la tiv is tic  S U (6) sy m m e try  
th e o ry  w ith  a  u n ita r i ty  S -m a tr ix  we h a v e  to  in tro d u ce  a  sy m m etry  g roup  
G such th a t  th e  4 -d im ensiona l m om en ta  fo rm  i t  in  ir red u c ib le  re p re se n ta tio n s ; 
th e  group G co n ta in in g  th e  hom ogeneous L o re n tz  group  a n d  th e  S U (6) g ro u p  
as  its  su b g ro u p s . One of th e  sy m m etry  g ro u p s of th is  k in d  h as  been su g g ested  
b y  Mich el  [15] an d  by  B u d i n i  and  F r o n s d a l  [16]. I t  w as s tud ied  in  a series 
o f  papers b y  F r o n s d a l , W h it e  e t al. [17], D e lb o u r g o , Sa l a m  and S t r a t h d e e  
[19, 20] a n d  R u h l  [21]. T h is  sy m m etry  g ro u p  G is th e  sem i-d irec t p ro d u c t 
o f  th e  hom ogeneous L o ren tz  group an d  th e  in te rn a l sy m m e try  group S

G = L - S ,  (1)

S  being th e  S L  (6, c) or th e  17(6,6) group . I f  we also co n sid e r th e  tra n s la tio n s , 
th e n  we h a v e  th e  group

Gp =  P - S ,  (2)

w here  P  is th e  P o incare  g ro u p , g enera to rs o f  th e  tra n s la t io n  group an d  o f  th e  
sy m m etry  g ro u p  S being  co m m u ted .

In  th e  p re se n t p a p e r  w e s tu d y  th e  s tru c tu re  o f  th e  u n ita ry  S -m a tr ix  
in  such a sy m m e try . W e a lso  consider th e  connec tion  b e tw een  th e  sy m m e try  
th e o ry  w ith  a n o n -co m p ac t g roup , and  th e  local q u a n tu m  fie ld  th eo ry . 2

2 . T he sym m etry  group

B efore s tu d y in g  th e  g ro u p  G and  th e  c lassifica tio n  o f  e lem en ta ry  p a r tic le s  
in  th e  sy m m e try  w ith  th is  g roup , we f i r s t  give som e p hysica l a rg u m e n ts  
w hich  show  t h a t  th e  in tro d u c tio n  of th e  sy m m e try  g ro u p  G in th e  fo rm  of 
E q . (1) is n a tu r a l  or even necessary . L e t us fo rm u la te  th e  conditions o f  th e  
g roup  G. I t  m u s t  co n ta in  th e  hom ogeneous L o ren tz  g ro u p  L  and  th e  in te rn a l 
sy m m etry  g ro u p  S  as su b g ro u p s , S an d  L  n o t  being  co m m u ted  because  we 
w an t to  f in d  su ch  an  in te rn a l  sy m m etry  g roup  S  t h a t  i ts  irreducib le  r e p re 
sen ta tio n s  c o n ta in  p a rtic le s  w ith  d iffe ren t sp ins. F u r th e r ,  th e  group S  m u s t 
b e  re la tiv is tic a lly  in v a r ia n t in  th e  fo llow ing sense: in  a n y  L oren tz  t ra n s fo rm 
a tio n  Я £ L  e v e ry  e lem ent a o f S  goes in to  a n o th e r e lem en t of th is  g ro u p ,
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e.g. if  a £ S  th e n  A a A-1 Ç S.  In  ad d itio n  to  th is  cond ition , w e requ ire  t h a t  
th e  irreducib le  rep re sen ta tio n s  o f  th e  g roup  G ex is t w hich can  be  id en tified  
w ith  th e  4 -m o m en ta  o f th e  p a rtic le s . W e show  th a t  in th is  case  th e  ho m o 
geneous L o ren tz  g roup  L  m u st be  isom orph ic  to  th e  fac to r-g ro u p  G/S of th e  
g roup  G w ith  re sp e c t to  th e  in v a r ia n t  su b g ro u p  S.  R em em ber t h a t  b y  d efin itio n  
a re p re se n ta tio n  o f  th e  group G is a h o m o m o rp h ism  of th is  g ro u p  to  a g roup  
R  o f th e  lin e a r  tra n sfo rm a tio n s  in  som e v e c to r  space. I f  we d e n o te  b y  N  th e  
kerne l of th is  hom om orph ism  th e n  th e  g roup  R  is isom orphic  to  th e  fa c to r  
g roup  G/N  o f th e  group  G w ith  re sp ec t to  th e  in v a ria n t su b g ro u p  N.  On th e  
o th e r  h a n d , th e  g roup  o f lin ear tra n s fo rm a tio n s  o f th e  4 -m o m e n ta  p ß w h ich  
conserve th e  sq u a re  p 2 is th e  hom ogeneous L o re n tz  group L.  T h u s  th e  4 -m om en
ta  o f th e  p a rtic le s  fo rm  an  irred u c ib le  re p re se n ta tio n  of th e  g ro u p  G only in  
th e  case w hen  th e  L o ren tz  group  L  is isom o rp h ic  to  th e  fa c to r-g ro u p  G/N  o f  
G w ith  re sp ec t to  som e in v a ria n t su bgroup  N .  B y  defin ition  N  is th e  se t o f  
all e lem ents o f G w hich  go in to  th e  id e n tity  tra n sfo rm a tio n  o f  th e  m o m en ta  
Pn in  th e  hom o m o rp h ism  G -> L.  O n th e  o th e r  h a n d , in  all th e  tra n s fo rm a tio n s  
o f th e  in te rn a l sy m m e try  group S  p a rtic le  m o m e n ta  do n o t ch an g e . T herefo re , 
th e  group  S in  genera l m ust be a subgroup  o f som e in v a r ia n t subgroup  N .  
I f  S  is n o t id e n tic a l w ith  N  th e n  in s te a d  of S  w e can  choose N  as th e  in te rn a l 
sy m m e try  g roup . T h u s , th e  in te rn a l sy m m e try  g roup  S  can  b e  chosen  in  such  
a m an n e r th a t  th e  hom ogeneous L o ren tz  g ro u p  L  is isom orph ic  to  th e  fac to r- 
g roup  G/S

L  ~  G/S .

I t  is n a tu ra l  to  suppose  L  an d  S  h av e  on ly  one com m on e lem en t, n am ely , 
th e  id e n tity  tra n s fo rm a tio n , i.e. th e re  does n o t  ex is t any  n o n tr iv ia l  L o ren tz  
tra n s fo rm a tio n  w hich  m ay  be considered  a t  th e  sam e tim e  as a tra n s fo rm a tio n  
from  th e  sy m m e try  g roup  S. In  th is  case th e  g ro u p  G is th e  sem id irec t p ro d u c t 
o f th e  in v a r ia n t su b g ro u p  S an d  th e  fac to r  g ro u p  L .

W e suppose  t h a t  th e  group S  is a s im p le  group . T hen  i t  m u s t co n ta in  
som e subgroup  S L isom orphic  to  L  . This p ro p e r ty  of S  fo llow s from  th e  
fa c t th a t  th e  L o ren tz  g roup  L  is a g roup  of au to m o rp h ism s o f S  a n d  from  th e  
th eo rem  accord ing  to  w hich ev e ry  a u to m o rp h ism  of a sem isim ple  group is 
an  in n e r au to m o rp h ism . More co n cre te ly , to  ev e ry  L oren tz  tra n s fo rm a tio n  
A th e re  co rresponds such  a tra n s fo rm a tio n  s f ro m  th e  group S  t h a t  for a n y  
o £ S

A a A-1  — s a a- 1 ,

th e  m ap p in g  A —> s be ing  a hom om orph ism . H en ce  th e  g roup  L  is a sim ple 
one, th e n  th e  m ap p in g  A ->  s is an  isom orph ic . W e suppose t h a t  th e  in te rn a l 
sy m m e try  g roup  S  is th e  SL(6, C) group o r th e  17(6,6) g ro u p . In  th is  w ay  
we o b ta in  a sy m m e try  th e o ry  w hich  is a re la tiv is tic  ex ten sio n  o f  th e  S U (6) 
sy m m etry .
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I n  s tu d y in g  th e  c lassifica tion  o f th e  e lem en ta ry  p a rtic le s , i.e. in  s tu d y in g  
th e  o n e -p a rtic le  s ta te s  i t  is suffic ien t to  consider o n ly  th e  in te rn a l sy m m e try  
g roup  S.  H ence , S  is a n o n -co m p ac t g ro u p , we h a v e  in fin ite  m u ltip le ts  if  we 
use th e  u n i ta ry  re p re se n ta tio n s  o f th is  g roup . T he id ea  o f using th e  u n ita ry  
re p re se n ta tio n s  of th e  n o n -co m p ac t g ro u p s to  c la ssify  e lem en ta ry  p a rtic le s  
w as also suggested  in  th e  p a p e r b y  D o t h a n , Ge l l -M a n n  and  N e ’e m a n  [22].

W e den o te  th e  g en era to rs  of L  b y  I pr, th e  g en e ra to rs  of th e  su b g ro u p  
S L iso m o rp h ic  to  L  b y  spv. F o r th e  co rrespond ing  in fin ite s im a l o p e ra to rs  of 
th e  re p re se n ta tio n s  o f  th e  group G w e use  th e  sam e  n o ta tio n s . W e p u t

I,u> =  I'n » +  spf ( 3 )

I t  is n o t d ifficu lt to  show th a t  I'ßV com m ute  w ith  all g en e ra to rs  of S  
an d  fo rm  th e  Lie a lg eb ra  o f a g roup  L '  isom orphic  to  L.  T hus th e  g roup  G 
m ay  b e  considered  as th e  d irec t p ro d u c t  of th e  in te rn a l  sy m m etry  g roup  S 
and  som e group L '  isom orph ic  to  L :

G =  L ’ ® S  , (4)

I /  to g e th e r  w ith  th e  tra n s la tio n  g ro u p  form s som e g roup  P '  iso m o rp h ic  to  
th e  P o in c a re  group  P ,  a n d  th e  g roup  Gp is th e  d ire c t p ro d u c t o f P '  a n d  S

Gp =  P '  <g> S . (5)

3. P artic le  c lassifica tion

W e in tro d u ce  som e n o ta tio n s . T h e  m ax im al co m p ac t su b g ro u p  of S  
w hich  c o n ta in s  th e  SU(2)  subgroup  w ith  g en e ra to rs  sy , i, j  =  1 , 2 , 3 ,  is 
d en o ted  b y  S 0 . C onsider th e  u n ita ry  re p re se n ta tio n s  o f  S  . W e d e n o te  b y  
£ th e  se ts  o f all p a ra m e te rs  c h a rac te riz in g  these  re p re se n ta tio n s . E a c h  such 
re p re se n ta tio n  sp lits  in to  a d irect su m  o f th e  irred u c ib le  (fin ite-d im ensional) 
u n ita ry  re p re se n ta tio n s  o f  S0 w hich  a re  ch a rac te rized  b y  th e  se ts  o f  p a ra 
m ete rs  j .  T h e  sets o f  th e  eigenvalues o f  th e  d iag o n a l in fin ites im al o p e ra to rs  
o f S 0 a re  d en o ted  b y  v . T h e  basis v e c to rs  of th e  irred u c ib le  u n ita ry  re p re s e n t
a tio n s o f  S  m ay  be  rep re sen ted  as £ j v )  . In  th e  fo llow ing  we call th is  basis 
th e  caco n ica l basis co rresp o n d in g  to  th e  red u c tio n  S  3  S 0 . On th e  o th e r  h an d , 
each irred u c ib le  re p re se n ta tio n  of P '  is ch a rac te rized  b y  tw o n u m b e rs : m =

=  ]/— p 2 an d  s', s' =  0 , — , 1 . . . . T h e  basis v ec to rs  o f such a re p re se n ta tio n

are  d e n o te d  b y  | p  s'  >  . H ence, as Gp is th e  d irec t p ro d u c t o f S  a n d  P,  th e  
u n ita ry  irred u c ib le  re p re se n ta tio n s  o f  Gp, i.e. th e  H ilb e r t  spaces o f th e  s ta te
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v ec to rs  o f pa rtic le s  m a y  be considered  as d irec t p ro d u c ts  of th e  re p re se n ta tio n s  
of S  an d  P' .

C onsider re s t p a rtic le s  and  d e n o te  th e ir  m o m e n ta  b y  p  : pi  =  0, p i — im  . 
S ta te  v ec to rs  of th e se  p artic les a re  of th e  fo rm

ps ' ,Ç jv> =  I p s ' >  ® I i j v > .  (6 )

In  th e  p u re  L o ren tz  tra n s fo rm a tio n  Ap<_£ in  w h ich  th e  m o m e n tu m  p  goes 
in to  p  th e  s ta te  v e c to rs  (6) are tra n s fo rm e d  in  th e  follow ing m anner

I p s ' , Ç j v > - + U ( û P̂ p ) ( p s ' , Ç jv >  =  [ / ' (AP̂ P) |p s '>  ® 17S (AP<_P) I i j  v> ,  (7)

w here
U  (A) =  e 'V V < b

U' (A) =  eu'p̂ (x), (8)
Ust(?.) =  e 'V v -« ,

a n d  copv (A) a re  th e  p a ra m e te rs  o f  th e  L o re n tz  tra n s fo rm a tio n  A . The f i r s t  
fa c to r  on  th e  r ig h t-h a n d  side of E q . (7) is th e  b a s is  v ec to r | p s ' > ,  an d  we d e n o te  
th e  second fac to r  b y  | In s te a d  of th e  genera to rs sa o f  S  (some o f  sa
are  id en tica l to  s^)  we in tro d u c e  new  o p e ra to rs  depend ing  on  p:

S* (p ) = u s ( W p) s» U s  (AP<_P)_1 . (9)

T hese o p era to rs  m a y  also be considered  as th e  g enera to rs o f  th e  g roup  S . 
T h ey  sa tis fy  th e  sam e c o m m u ta tio n  re la tio n s  as th e  g en e ra to rs  sa. I t  is n o t  
d ifficu lt to  show  t h a t  in  th e  b as is  | th e  opera to rs sa(p)  have  e x a c tly
th e  sam e m a tr ix  e lem ents as s^ h av e  in  th e  basis  | £ j  r >  . T h is  m eans t h a t  
if  I £ j  v >  is th e  canon ical basis  o f  a re p re se n ta tio n  of th e  g ro u p  S  w ith  g e n e 
ra to rs  sa th e n  I ifj~v >  is th e  can o n ica l basis  o f  th e  sam e re p re se n ta tio n  o f  S 
b u t  w ith  new  g en era to rs  sa(p). I n  p a r tic u la r , th e  sets o f p a ra m e te rs  j  c h a ra c 
te rize  th e  irred u c ib le  re p re sen ta tio n s  o f  th e  m ax im al co m p ac t su b g ro u p  
S 0(p) co n ta in in g  th e  S U (2)p g ro u p  w ith  g en era to rs

s,j (P) =  Us (Wp) stJ V s (Ap. p)-L (9')

In  o th e r w ords, pa rtic le s  w ith  d iffe ren t m o m en ta  are  c lassified  acco rd in g  
to  th e  re p re se n ta tio n s  of d iffe re n t m a x im a l com pact su b g ro u p s  of S.

T he s ta te  v ec to rs  on th e  r ig h t-h a n d  side of E q . (7) w ill be d e n o te d  
b y  I ps '  Ç j v >  • W e consider o n ly  th e  case  s ' =  0, a n d  deno te  th e  s ta te  
v ec to rs  b y  | p  |y }T >  . In  th e  L oren tz  tra n s fo rm a tio n s  Ap<_p (q2 =  p 2) th e y  
are  tra n sfo rm e d  in  th e  fo llow ing m an n er

U (Ag^p) | p f  j v >  = R m \p f  j  v’> ,  (10)

w here R vv. are  th e  m a trix  e lem en ts o f th e  W igner ro ta t io n  opera to rs.
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I n  o rd e r  to  c lassify  th e  e le m e n ta ry  partic les w e use th e  can o n ica l basis 
co rresp o n d in g  to  th e  re d u c tio n  S 3  S 0(p ), i.e. d ep en d in g  on p.  H o w ev er, in 
s tu d y in g  th e  s tru c tu re  o f  th e  S -m a tr ix  i t  is co n v en ien t to  use for all m o m en ta  
th e  can o n ica l basis co rrespond ing  to  th e  sam e re d u c tio n  S 3  S0 . I n  o ther 
w ords, w e m u st in tro d u c e  a new  b as is  | p  Ç j  v>  in  w h ich  th e  g en e ra to rs  s,, 
h av e  th e  sam e m a tr ix  e lem en ts as th e y  have in  th e  basis  for re s t  p a rtic le s  
I p i j  v > .  I t  is n o t d iff ic u lt to  show  t h a t  th is  new  basis  is re la te d  to  th e  
p hysica l o n e  in  th e  fo llow ing  m an n er:

\ p i j  v >  =  Us (ÀP̂ p ) \ p i j v > ,  (11)

th is  tra n s fo rm a tio n  n o t b e in g  a L o re n tz  one. This re la tio n  can be re w ritte n  
ex p lic itly  in  th e  follow ing m an n er

\ p £ j  v >  =  djVj,„, (Лр^р) I p Sj'  v' > .  (12)

W e re m e m b e r th a t  th e  s ta te  vectors | p  Sjr>> and  | p  £ j  r >  are o f th e  form  
o f E q . (6). T herefo re , we h av e

\ S j v >  =  dj,JV (Яр<_р) I Sj' v ' > ,  (13)

w hich  is th e  special case o f  a m ore g e n e ra l form ula

Us (Я) I Sj  v >  =  d j , jv  (Я) I Sj' v ' > ,  (14)

w here Я is a n y  L oren tz  tra n s fo rm a tio n . F ro m  th e  g ro u p  p ro p erties  a n d  th e  
u n i ta r i ty  o f  US (Я) if  follow s th a t  th e  fu n c tio n s  dfr jv (Я) sa tis fy  th e  re la tio n s

(^l) ^ ] г ”2,1з"з =  ( î 2̂)’ (13)

^ / l 'n /»  M  J»  W  =  d j *,]Л  ^P ,Í2 ’3 W  =  ^ h i i  ( 1 ^ )

th e  su m m a tio n  over th e  c o n tin u o u s  p a ra m e te rs  on th e  le f t-h a n d  sides E q s . (15) 
an d  (16) b e in g  th e  in te g ra tio n .

In  conclusion , we n o te  th a t  in  th e  space in v ersio n  some irred u c ib le  
u n ita ry  re p re se n ta tio n s  of S  go to  th em se lv es . H ow ever, rep re sen ta tio n s  e x is t 
w hich  go to  o th e r  re p re se n ta tio n s  n o n -eq u iv a len t to  them selves. F o r th e se  
la s t  re p re se n ta tio n s  th e  sp ace  inversion  in v a rian ce  lead s  to  th e  d eg en eracy  
in  p a r ity .

4. S -m a tr ix

W e now  s tu d y  th e  s tru c tu re  of th e  S -m a tr ix . W e show  exp lic itly  t h a t  
in  th e  sy m m e try  w ith  a n o n -co m p ac t g roup  n o  co n tra d ic tio n  w ith  th e  u n i ta r i ty  
co n d itio n  e x is ts . F o r s im p lic ity  we co n sid e r in  de ta il th e  elastic  s c a tte r in g  
o f a sing le t on  th e  partic les  fro m  som e m u ltip le t o f th e  group S . T h e
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4-m om en ta  o f th e  sing le t b efo re  an d  a f te r  th e  sc a tte rin g  w ill be d en o ted  b y  
q2 an d  q,, th e  4 -m o m en ta  a n d  o th e r q u a n tu m  num bers o f  th e  second p a r tic le  
before  an d  a f te r  sc a tte rin g  w ill be d en o ted  b y  p v  >j1>vl an d  p 2, Ç2, j 2, v2 , 
respective ly . M atrix  e lem en t o f th e  Т -M atrix , S  =  1 -)- i T,  is of th e  fo rm

P -2 h w - .21 T I 4 vP i  h h * i >  =  i (2 л )* <54 (Pl +  Я1 — Р2 -  Ч2) áí,íx

T- <q2,P2j2v2 1 <hpJi  v i ), £ =  h  =  h -  (17)

G oing from  th e  p h ysica l basis  \ p  £ j v >  to  th e  n o n -p h y sica l one | p  Í  j  r >  
w hich  is th e  canon ical basis  co rrespond ing  to  th e  re d u c tio n  S  Z> S 0 , i.e. 
m ak ing  th e  tra n s fo rm a tio n  (12), we can show  th a t  th e  a m p litu d e s  T f (q2, p 2j 2 vi I 
4vPiJi^ i )  ^ ave th e  fo llow ing s tru c tu re

T S (q2, p j 2vt  I qv p j ^ i) =  d)2-W* (Àp^p,  ) •

• (Лрг*-рг ) F ' (s,t), (18)

w here F^(s, t) is a sca la r fu n c tio n  of s a n d  t . This m ean s  th a t  in  th e  g iven 
case th e  s tru c tu re  of th e  sc a tte rin g  a m p litu d e  is co m p le te ly  d e te rm in ed  by  
th e  fu n c tio n s  df n j%r (A) . I n  th e  general case i t  is com plete ly  d e te rm in e d  
b y  th e  fu n c tio n s df n j  r (A) an d  th e  Cl e b s h — Go r d a n  coefficient o f  th e  
g roup  S.  W e deno te  th e  a n tih e rm itia n  p a r t  o f th e  s c a tte r in g  a m p litu d e  b y  
A i(q2p 2 J2v2 \ q2Pi  j ] iq). F ro m  E qs. (17) and  (18) i t  follows th a t

A ‘ { q » P i h  v2 1 q v P i i i vi ) =  dfiHij,  (APl<_p,) •

■ d f ^ j ,  ) I m F '  (s, t). (19)

C onsider now  th e  u n i ta r i ty  cond ition  in  th e  tw o -p a rtic le  a p p ro x im a tio n . W e 
p u t  th e  expressions (17) an d  (18) in to  th e  r ig h t-b a n d  side of th e  re la tio n

— < / |  T  — T+ I i =  >  J ?  < J  I T I n > <  n I T+ I i > , ( 20)

w here ^  deno tes th e  su m m atio n  o v e r th e  in fin ite  n u m b e r  of all in te rm e d ia te
П

s ta te s  o f th e  system  consisting  of th e  sing let a n d  th e  partic le  in  th e  given 
m u ltip le t. U sing E q . (16) we get:

AS{q»PiÍ2 v21 q ^ P i i i  vi) =  dfiVst,jy(^P +-h)

1 i'd%_i%_
•>' 9 'JPo Q̂o

dfi’ijv ( “  Í ■~  ~ 04 ( * ' +  q' -  ^  -  « i ) FS ^  **>F (  ^  *i)8 я  J 2p„ 2,

(21)

13 A da Physica Academiae Scientiarum Hungaricae 22, 196



1 9 4 NGUYEN VAN H IEU

T h u s, a f te r  th e  sum m atio n  o v e r th e  in f in ite  n u m b er o f a ll pa rtic le s  from  th e  
g iven m u ltip le t  we get fo r th e  a n tih e rm itia n  p a r t  A i(q2, p 2 j 2 v2 | qv  p x vx) 
th e  sam e s t ru c tu re  w hich w e suppose. I n  th e  g iven  case th e  u n i ta r i ty  co n d itio n  
leads on ly  to  an  in teg ra l e q u a tio n  for F s(s, t) w hich is s im ila r  to  th e  in te g ra l 
e q u a tio n  fo r  th e  scalar p a r tic le  elastic  s c a tte r in g  in th e  tw o -p a rtic le  a p p ro x 
im a tio n .

C onsider now  th e  s c a tte r in g  of tw o  a rb itra ry  p a rtic le s . W e d en o te  b y  
t l̂e  G lebsh—G o rd an  coefficients fo r  th e  group S

I s j i  V1 >  ® I f 2Л  *2>  =  2  Ceïh'i Ы Л  I f /  v>n■ (22)
фП

I n  p rinc ip le , th e  p ro d u c t o f  tw o  irred u c ib le  re p re se n ta tio n s  o f  th e  g roup  S  
can  co n ta in  som e irreducib le  re p re se n ta tio n  m a n y  tim es. I n  o rd e r to  d is t in 
gu ish  b e tw een  th e se  d iffe ren t, b u t  e q u iv a le n t re p re se n ta tio n s , we use th e  
in d ex  n . T h ese  eq u iv a len t re p re se n ta tio n s  can  be  chosen in  such  a m a n n e r  
t h a t  th e  v e c to rs  from  th e  re p re se n ta tio n s  w ith  d ifferen t n a re  o rth o g o n al. 
W e can show  t h a t  th e  sc a tte r in g  am p litu d e  is o f th e  fo rm

J  ( ? 2  £ 2 / 2  V2 ’ P 2  *?2 *2 ^ 2  ] 4 . l ^ l Í \ Vv P l H ' l  *1 H l )  =  ( À q 2<- p 2 )

) djlvuj* ) (23)

2  c £T*-w -p’c ¥ S \ ïp- (м )>
Ckxnt

w h ere  F „2ni(s, t) is an  in fin ite  n u m b e r of sc a la r  functions o f  s an d  t . N o te  
t h a t  th e  С, P  a n d  T -invariances lead  to  som e re la tio n s b e tw e e n  these  sca la r  
fu n c tio n s.

C onsider no w  th e  u n i ta r i ty  cond ition  in  th e  tw o -p artic le  a p p ro x im a tio n . 
W e p u t  th e  exp ressions in  th e  fo rm  of E q . (23) in to  th e  r ig h t-h a n d  side o f  
E q . (20) an d  su m  over all in te rm e d ia te  tw o -p a rtic le  s ta te s . U sin g  E q . (16) 
fo r  th e  fu n c tio n s  dy ^  yr t (A) a n d  th e  follow ing p ro p ertie s  o f  th e  Cl e b s h — 
G o r d a n  coeffic ien t

2  СШ &  c f » *  =  «V  ôj r  * *
tiiiu

X  rtjm  psjvtl _ s X x__ '-'{'í./Vif'üJV'a °í(í i  ° J i J  i  ° Vфп

(24)

(25)

we can  show t h a t  th e  a n tih e rm itia n  p a r t  o b ta in e d  a fte r th e  su m m a tio n  over 
a ll tw o -p a rtic le  in te rm e d ia te  s ta te s  has th e  sam e  s tru c tu re  as th e  am p litu d e  
(23), an d  th e  u n i ta r i ty  cond ition  lead s only to  a sy stem  of in te g ra l equa tions 
fo r sca la r fu n c tio n s  F ^ ni(s, t) . T h u s  in  th e  tw o -p a rtic le  ap p ro x im a tio n  th e re
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ex ists no c o n trad ic tio n  w ith  th e  u n ita r i ty  co n d itio n . This ta k e s  place ow ing 
to  th e  fa c t th a t  th e  su m m atio n  over th e  in te rm e d ia te  s ta te s  is an  o p era tio n  
in v a r ia n t u n d e r th e  sy m m etry  group. T h ere fo re , in a n y  m a n y -p a rtic le  
ap p ro x im a tio n  a f te r  th e  su m m a tio n  over all in te rm e d ia te  s ta te s  we alw ays 
o b ta in  expressions in v a ria n t u n d e r  th e  sy m m e try  group . W e can show  
ex p lic itly  th a t  in  an y  m a n y -p a rtic le  a p p ro x im a tio n  th e  sy m m e try  an d  th e  
u n ita r i ty  of th e  S -m a trix  a re  com patib le .

5. Connections with field  theory

W e now  s tu d y  th e  possib ilities  of d escrib in g  th e  sy m m e try  w ith  th e  
g roup  G o f th e  fo rm  (1) b y  m ean s  of th e  a p p a ra tu s  of th e  loca l q u a n tu m  fie ld  
th e o ry . W e show  th a t  for th e  p a rtic le s  in  th e  in fin ite  m u ltip le ts  o f th e  g ro u p  
G we can in tro d u ce  th e  co rrespond ing  q u a n tiz e d  fields in  such  a m a n n e r  
th a t  fo r th e  fie ld  opera to rs w e h av e  th e  n o rm a l co m m u ta tio n  re la tions, a n d  
th e  sc a tte rin g  am p litu d es s a tis fy  th e  crossing  sy m m etry  cond ition .

F o r s im p lic ity  we co n sid e r firs t th e  case S =  SL (2, C) and  we o m it 
th e  in d ex  f  . T h e  c rea tion  a n d  d e s tru c tio n  o p era to rs  fo r a p artic le  in  th e  
s ta te  I p  j  v>  w ill be d en o ted  b y  a +(p j  v) a n d  a(p j  v), re sp ec tiv e ly . C onsider 
th e  se t o f o p era to rs  a{p j  v) w ith  g iven  j(v  =  —j ,  —j  -f- l,  . . .  j  — l , j ) .  
U sing th e  m e th o d  suggested  b y  W e i n b e r g  [ 2 3 ]  and  dev e lo p ed  b y  F e l d 
man  an d  Ma t h e w s  [ 2 4 ] ,  we c o n s tru c t th e  co rrespond ing  f ie ld  o p era to rs  w h ich  
form  th e  n o n -u n ita ry  sp in o r re p re se n ta tio n s  of th e  hom ogeneous L o re n tz  
g roup . L e t <pai...an (p j v) b e  th e  w ave fu n c tio n s  of p a rtic le s  w ith  sp in  
j ,  n =  2 j ,  an d  w ith  spin p ro jec tio n  v .  T hese  w ave fu n c tio n s  fo rm  th e  
re p re se n ta tio n  (j, 0) of th e  hom ogeneous L o ren tz  group . F ro m  these fu n c tio n s

an d  th e  m o m en tu m  ( p ) \  we form  o th e r  re p re se n ta tio n s

( j ~  1, 1) . . .  (0 , j ) :

<paia2. ..an ( p j v ) 4>
m

<pba,...n ( p j  V)

9 Ч « 2. . Я .  ( p j v )  = —  I  <pàl ...hn_ l b ( p j v ) .
Ш

(26)

All these representations are the com ponents of the B argmann — W igner  
w ave function  U Xv ( p  j  v) ,  a, =  a, or à,; which sa tisfies the w ave equ
ation

( ip  -f- m )ct[ u<xl...ai_l + (P j V) 0 . (27)
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W e p u t

(p) =  2  (p j v) a ( p j v)•
V

(28)

T h e o p e ra to rs  A Xl̂ a (p) a re  tra n s fo rm e d  in  a L o re n tz  tra n s fo rm a tio n  as 
co m p o n en ts  o f  a sp ino r o f  ra n k  n

i/(A ) А Л1"Лп(р) U (A)”1 =  S £ l J : A Pl...pJ p ' ) ,  (29)

as has been  show n by F eldm an  and Mathew s [24].
C onsider now  som e tra n s fo rm a tio n  X  from  th e  g ro u p  S. W e h a v e

Xu ( p j v ) X  1 =  xjv, jV (p )a (  pj'v'),
an d  th e re fo re

х А Х1..Лп (p ) X - 1 =  2 ’ x * ï ±  (P) (p),
m

w here

X fî-Â (p ) =  2  ( р /  *) (p ) u ßl...ßm ( p j ' / ) ,

(30)

(31)

ra =  2j, m  — 2j'.  (32)

N o te  th a t  if  X  does n o t d e p e n d  on p  th e n  (p)  a n d  Xj,,j ,v. (p) d ep en d
on  p .  O n th e  o th e r  h a n d , w e can  choose th e  jo-dependence of X  in  su ch  a 
m a n n e r t h a t  th e  m a tr ix  e lem en ts  Xjvj ,v. in  (30) does n o t  depend  on p .

T he tr a n s i t io n  from  th e  canonical b a s is  co rrespond ing  to  th e  re d u c tio n  
S  ZD S 0(p) to  th e  canon ical b as is  co rresp o n d in g  to  th e  re d u c tio n  S Z) S 0 , i.e . 
th e  tra n s fo rm a tio n  of th e  fo rm  o f E q . (11) is a p a r tic u la r  case of th e  t r a n s 
fo rm a tio n  (3 0 ). In  th is  tra n s i t io n

(P) -  (p) =  Л 1 (P) A ßv..ßm (p).  (33)
m

In  c o n s tru c tin g  th e  m a tr ix  e lem en ts  o f S -m a tr ix  it  is co n v en ien t to  use  th e  
n o n -p h y sica l o p e ra to rs  A x a (p), because  th e y  are tra n s fo rm e d  in  a sim p le  
w ay  in  th e  tra n s fo rm a tio n s  o f  th e  group S. N am ely , if  X  Ç S  does n o t d ep en d  
o n  p ,  th e n

ХАХ1' Лп(р)Х~1=  2  X t t  (p )  ^ . . . ß j p h  (34)
m

w h ere

X a i : ^  (p)  =  2  (pj v) * w v  ü h - ßm (p j 'v ') ,  (35)
V j V '

Xjr.j’v' being  jo -in d ep en d en t.
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T he o p era to rs  А л * (p ) are th e  F o u rie r tra n s fo rm s  of th e  positive  
freq u en cy  p a r ts  (x ) o f th e  f ie ld  o p era to rs

viV ^n  ( * )  =  j  e‘px A «i-«n ( p ) ô ( p 2+ m2) 9 ( p ° ) dp■ ( 3 6 )

M aking th e  tra n s itio n  to  th e  can o n ica l basis co rresp o n d in g  to  th e  red u c tio n  
S ZD S 0 we o b ta in  new  n o n -p h y sica l o p era to rs

(37)

To s tu d y  th e  n eg a tiv e  frequency  p a r ts  (x ) ° f  t h e o p era to rs
we in tro d u ce  th e  c re a tio n  and  d e s tru c tio n  o p e ra to rs  fo r th e  a n tip a r tic le  
b+ ( p j v )  a n d  b(p j  v),  re sp ec tiv e ly , a n d  we p u t

(p)  =  У; Я*...«. (PÍV) b+ (P Î V)• (38)

T h e  n eg a tiv e  freq u en cy  p a r ts  of th e  fie ld  o p era to rs  are

V ^ l A x ) ~ ^ \ e ~ i pXB Xl. , n ( p ) ô ( p ^  +  m * ) e ( p ° ) d " . (39)

T h e  field  o p era to rs  e q u a l

W - « ,  (*) =  4>iV,.*n (*) +  (*)• (4° )

T he tra n s it io n  from  th e  canon ical b as is  co rrespond ing  to  th e  red u c tio n  S  H>S0(p) 
to  th e  canon ica l basis co rrespond ing  to  th e  re d u c tio n  S  D  S0 fo r th e  field  
o p era to rs  is o f th e  fo u r  o f  E q. (37).

0Ж f t . - A » - (41)

In  th is  tra n s fo rm a tio n  th e  o p e ra to rs  (p) аге tra n sfo rm e d  in  th e
follow ing m an n e r

(p ) -> (?)  =  2  Dt l m ( - p ) Bß>-ßm (p )- (42)

T he m a tr ix  e lem en ts  of s c a tte r in g  processes a n d  also th e  v e r te x  p a rts  
co n ta in  ex p lic itly  th e  n o n -p h y sica l o p e ra to rs  A'ai ^  a n d  a n d  th e ir
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c o n ju g a te . T h ese  o p era to rs  a re  tra n s fo rm e d  in  a sim ple m an n e r in  th e  
tra n s fo rm a tio n s  fro m  group S a n d  from  th e m  w e can fo rm  im m ed ia te ly  th e  
in v a r ia n ts  o f G . L e t th e  m a tr ix  e lem en t of som e process w ith  th e  d es tru c tio n  
o f  a p a rtic le  d esc rib ed  b y  th e  f ie ld  y>ai...an (x ) be

(43)

T h e n  th e  m a tr ix  e lem en t o f th e  co rresp o n d in g  process w ith  th e  crea tio n  o f  
an  a n tip a r tic le  is o f  th e  fo rm

M2 =  < / |  . . .  В'ч _ Mn (p)  I i >

= ...............D i l - ± ( - p ) V ßl..ßm(p).
(44)

T h e  m a tr ix  e lem en ts  (43) a n d  (44) are  c o n n e c te d  b y  th e  n o rm a l crossing 
sy m m e try  re la tio n s  (th e  s u b s ti tu t io n  law  o f L o y ).

T he d e s tru c tio n  and  c re a tio n  o p era to rs  sa tis fy  th e  n o rm a l co m m u ta tio n  
re la tio n s

à (p 2 +  m - ) ô ( p /2 +  m 2) 0 (p'°) [ a (p jv ) ,a +  (p ' j 'v ' ) ]± =  

ô (p2 +  m2) 0 ( p ' 2 +  m2) в (p ° )  9 (p '°)  [6+ (p jv ) ,  b (p ’j'v')] ± =  (45)

ô (p 2 +  m2) Ô ( p -  p ’) в ( p °) Ôjj. bm:

F ro m  these  re la tio n s  we g e t in  th e  ^ -re p re se n ta tio n

а 1а 2. . . а г (x),v,ß' - ß»(y)]± = ^  (о +  m ) i \ . . .  (5
П .  P  (« !...« „)

m )f; A ( x - y ) .  (46)

I t  is n o t  d ifficu lt to  see th a t  th e  c o m m u ta tio n  re la tio n s  of th e  fo rm  of E qs. (45) 
a n d  (46) are  in v a r ia n t  u n d e r  th e  group G. T h e  field  o p e ra to rs  ^ ai...»„(*) 
sa tis fy  th e  B a r g m a n n — W i g n e r  e q u a tio n  w h ich  is also in v a r ia n t  un d er th e  
g ro u p  G .

T he re su lts  o b ta in e d  m a y  b e  genera lized  to  th e  case S  — GL(6, C) fo r 
ex am p le . In  th is  case in s tead  o f th e  B a r g m a n n  — W ig n e r  [8 ] w av e  fu n c tio n s 
w e u se  th e  b ro k e n  1/ ( 12) w ave fu n c tio n s  I/fj'.'.'f™ ( p j  v), th e  u p p e r  and  th e  
low er indices b e in g  sy m m etrized  accord ing  to  som e Y o u n g  tab le . F ie ld  
o p e ra to rs  are

(*) =  ^ 3/2 [ W px ( p j v) < p j v)

+  e~'PX V i l i f r  (p jv )  b+ (p jv)] .  (47)

ô ( p 2 +  m2) в (p°) d*p.
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I n  th is  case, to  each  irred u c ib le  u n ita ry  re p re se n ta tio n  o f  th e  group S  =  
=  GL(6, C) we in tro d u ce  an  in fin ite  se t o f  irreducib le  f in ite  d im ensional 
rep re sen ta tio n s  o f  th e  b ro k e n  (7(12) g ro u p . T h e  tra n s fo rm a tio n  of th e  fo rm  
(42) for th is  case is

(*) («о =

"V al —ôq—. ^eci ,.a„, Yt ...Vr 
PA dx

(48)

T he new  o p e ra to rs  (%) have  th e  fo llow ing  tra n s fo rm a tio n  p ro p e rtie s
u n d e r th e  g roup  S

X w 'ßl'"ßmX ~ 1 — "V x ßl"ßm’âl"
РА

. . .ôq
VP дх

w here

(р )  =  2  u t i :  (p p ) u t i i  (.p ï  V ),
V , V '

(49)

(5 0 )

X jv j , v, being  p - in d e p e n d e n t i f  X  is p - in d e p e n d e n t.
W e can  show  th a t  th e  w ave eq u a tio n s  fo r th e  field o p e ra to rs  are in v a r ia n t  

u n d e r th e  tra n s fo rm a tio n  o f  th e  form  o f E q . (49), i.e. u n d e r  th e  g roup  S  . 
T he field o p e ra to rs  sa tisfy  th e  follow ing co m m u ta tio n  re la tio n s

[w ti: (x), (у)] ± =  -г *  " г  2n! ml p(aM
(51)

(3 +  m )«,1 • • • (3 +  ° +  rn)ßß\  . . .  ( -  о +  т ) ^ тЛ (x -  у),

w hich  are also in v a r ia n t u n d e r  th e  g ro u p  G . H ere th e  -)- sign is used  fo r 
ferm ions, an d  th e  — sign  is for bosons.

In  conclusion  th e  a u th o r  expresses h is deep g ra t i tu d e  to  Prof. D r. G. 
M a r x  for h is k in d  in v ita tio n  and  his in te re s t  in  th is  w o rk .
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НЕКОМПАКТНЫЕ ГРУППЫ СИММЕТРИИ, УНИТАРНАЯ S-МАТРИЦА 
И КВАНТОВАЯ ТЕОРИЯ ПОЛЯ

НГУЕН ВАН Х Ь Е У

Р е з ю м е
Изучаются некомпактные группы симметрии и их связь с теорией поля. Явно 

доказано, что в симметрии с некомпактной группой нет никакого противоречия с унитар
ностью S-матрицы. Предлагается метод для описания симметрии с некомпактной груп
пой с помощью аппарата локальной квантовой теории поля. В нашем методе опера
торы полей удовлетворяют нормальным перестановочным соотношениям, и сохраняется 
кроссинг-симметрия S-матрицы.
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ON THE THEORY OF UNITARY 
REPRESENTATIONS OF THE S L ( 2 C )  GROUP

By

D a O V O N G  D u e a n d  N G U Y E N  VAN H l E U  

JO IN T  IN ST ITU TE FO R  NUCLEAR R ESEA R C H , DUBNA, U SS R

The irreducible unitary representation of the noncompact SL(2, C) is discussed by  a 
method based on the use of the homogeneous functions. The m atrix elements of the fin ite  
transformations are calculated explicitly. The method is very convenient for applications in 
physics and the results o f G e l f a n d  and N a i m a r k  are obtained in a very simple way.

§ 1. In tro d u c tio n

T he possib ility  of u sin g  th e  u n i ta ry  re p re se n ta tio n s  o f n o n -co m p ac t 
g roups to  classify  th e  e lem en ta ry  p a r tic le s  has been d iscu ssed  in a series o f 
p ap e rs  (B a rut , B u d in i a n d  F ronsdal  [1 ], D othan, Ge l l -Mann  an d  N e ’e - 
man [2], F ronsdal  [3], D elbourgo , Salam  an d  Stra th d ee  [4], R u h l  [5], 
Michel [6], T odorov [7] a n d  N g u y en  v a n  H ieu  [8]). I t  has been show n  
th a t  in  th e  sy m m etry  th e o ry  w ith  th e  g ro u p  G

G =  P  Q  S,  S 3  SL( 2, C)

w hich  is th e  sem i-d irec t p ro d u c t o f th e  P o in c a re  group P  an d  som e in te rn a  
sy m m e try  n o n -co m p ac t g roup  S  c o n ta in in g  some S L (2 , C) su b g ro u p , no 
co n tra d ic tio n  w ith  th e  u n i ta r i ty  co n d itio n  fo r  S -m atrix  e x is ts  [8], and  in  th is  
th e o ry  we can  in tro d u ce  fie ld  o p era to rs  in  su ch  a m a n n e r  t h a t  th e  free f ie ld  
o p e ra to rs  obey  th e  n o rm al c o m m u ta tio n  o r  a n tic o m m u ta tio n  rela tions (w ith  
th e  n o rm al connec tion  b e tw een  spins a n d  sta tis tic s).

B efore s tu d y in g  th e  ex p e rim en ta l consequences o f  th is  new sy m m e try  
th e o ry  we m u s t solve som e m a th e m a tic a l p roblem s:

1. To s tu d y  th e  irred u c ib le  u n i ta ry  re p re se n ta tio n s  of th e  in te rn a l  
sy m m e try  n o n -co m p ac t g roup  S  an d  th e  sp littin g  of th e s e  re p re se n ta tio n s  
in to  th e  d irec t sum  of th e  irred u c ib le  fin ite -d im en sio n a l re p re se n ta tio n s  of 
th e  m ax im al co m p ac t su b g ro u p  of S.

2. F o r th e  u n ita ry  re p re se n ta tio n s  to  ca lcu late  th e  m a trix  e le m e n ts  
o f th e  fin ite  tra n s fo rm a tio n s  o f th e  g roup  S  w hich c o rre sp o n d  to  th e  L o re n tz  
tran sfo rm a tio n s .
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T hese p ro b lem s h av e  b e e n  considered  in  all the  ab o v e-m en tio n ed  p a p e rs , 
w here  som e p a r t ia l  re su lts  h a v e  been o b ta in e d , b u t n o n e  o f  w hich h as  b een  
solved f in a lly .

In  th e  p re se n t w ork  w e s tu d y  th e  irreducib le  u n i ta r y  re p re se n ta tio n  
o f  th e  SL (2, C) group a n d  ca lcu la te  th e  m a tr ix  e lem ents o f  th e  fin ite  t r a n s 
fo rm atio n s fo r  th ese  re p re se n ta tio n s . T h e  m ethod  d ev e lo p ed  here can  be 
genera lized  to  s tu d y  th e  g ro u p s SL(n, C) an d  SU (p ,q ) .  W e no te  t h a t  th e  
th e o ry  o f u n i ta r y  re p re se n ta tio n s  of th e se  g roups was dev e lo p ed  in  th e  w ork  
o f G e l f a n d  a n d  N a im a r k  [9]. The Ge l f a n d — N a im a r k  th e o ry  is a rig o ro u s  
one m a th e m a tic a lly . H o w ev er, th e  m e th o d  used  by  G e l f a n d  and  N a im a r k  
is n o t c o n v e n ie n t for p h y s ic a l a p p lica tio n s . H ere we a p p ly  an o th er m e th o d  
b ased  on th e  use  o f th e  hom ogeneous fu n c tio n s  to  re a liz e  th e  ir red u c ib le  
u n ita ry  re p re se n ta tio n s  o f n o n -co m p ac t g ro u p s . This m e th o d  is very  co n v en ien t 
fo r a p p lica tio n s  to  physics. T h e  possib ility  o f  using th e  hom ogeneous fu n c tio n s  
to  s tu d y  th e  re p re se n ta tio n s  o f n o n -co m p ac t groups h a s  been d iscussed  in  
references [10, 3, 5, 11]. W ith  th is  m e th o d  we can o b ta in  th e  Ge l f a n d  — 
N a im a r k  re su lts  in  a v e ry  sim ple m a n n e r .

§ 2. Unitary representations o f  the SL(2, C) group

SL(2, C) is th e  g roup  o f  all 2 X  2 com plex  m a tric e s  w ith  d e te rm in a n t 
eq u a l to  1. W e now  realize  th e  re p re se n ta tio n s  of th is  g ro u p  in th e  H ilb e r t  
space o f th e  fu n c tio n s  f ( z v  z2) depend ing  on  tw o com plex  v ariab les zx a n d  z2. 
F o r every  m a tr ix  g £ SL(2, C) we define a  co rrespond ing  o p e ra to r T g in  th e  
g iven  H ilb e r t  space of fu n c tio n s  f ( z v  z2) :

g - + l g

Tg f{ Zl’Zi) = / ( * i »  4 ) ;  za =  zbgba (а, b = 1, 2) .

I t  is n o t d iff ic u lt to  p ro v e  th a t

T  T  =  Tgl g* ■Lgl gi

( 2 . 1)

T herefo re  th e  co rrespondence  g -*■ T s is a  re p re se n ta tio n  o f  th e  group SL(2, C). 
W e now  d efin e  th e  sca lar p ro d u c t in  th e  H ilb e rt space o f  functions f ( z v  z2):

zi ) f i  (zn z i ) ' dzl dz1 • dz 2 dz2. ( 2 . 2)

In  th is  case o u r H ilb e rt sp a c e  consists o f  a ll square in te g ra b le  fu n c tio n s  o f 
tw o com plex  v ariab les . I t  is n o t  d ifficu lt to  prove th a t  w ith  th is  scalar p ro d u c t
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(2.2) th e  o p era to rs  T s are  u n ita ry :

<  Tgfv  TJ i >  =
T h u s we o b ta in  a u n ita ry  re p re se n ta tio n  o f th e  SL(2, C ) group , w hich  

is s till n o t  irred u c ib le . In  o rd e r to  get th e  irred u c ib le  re p re se n ta tio n s  we use 
th e  hom ogeneous fu n c tio n s. A fu n c tio n  f ( z 2, z2) is called  a  hom ogeneous 
fu n c tio n  of degree (Я1; A2), w here  Ах an d  A2 a re  com plex n u m b e rs , if  for a n y  
co m p lex  n u m b er a =/= 0 we h av e

f ( a z 1, a z 2) =  a ^ a ^ f ( z 1, z z) .  (2.3)

T h is  defin ition  m ak es sense o n ly  if  th e  d ifference  Ax — A2 is a n  in teger. F ro m  
th is  d e fin ition  a n d  from  (2 .1) i t  follows t h a t  i f  f ( z v  z2) is a hom ogeneous 
fu n c tio n  of degree (A1; A2) th e n  T sf ( z v z2) is also a hom ogeneous fu n c tio n  
w ith  th e  sam e degree. T hus th e  H ilb e rt space  D 2 of hom ogeneous fu n c tio n s 
o f som e degree A =  (Ax, A2) realizes a re p re se n ta tio n  of th e  g roup  SL(2, C).

F o r th e  hom ogeneous fu n c tio n s  we c a n n o t use th e  sc a la r  p ro d u c t d efin ed  
as in  (2.2). In d e e d , each fu n c tio n  f ( z v  z2) f ro m  D x is d e te rm in e d  u n iq u e ly  
b y  a co rrespond ing  fu n c tio n  o f one v a ria b le  f ( z ) =  /(z , 1), since

f { z v z2) =  & z \ * f = (2.4)

an d  th e  in teg ra l on  th e  r ig h t-h a n d  side of (2 .2) can  be w r i t te n  in  th e -fo rm  
o f th e  p ro d u c t o f  tw o  in d e p e n d e n t in teg ra ls

J f i  (zjl, z2) f ,  (zx, z2) • dz2 dz1 ■ d z , dzz =

• dz2 dz2 =

=  J / i ( z) / 2 (z) d zd z -  j  |z h +1z^ |2 dz , dz2 .

I t  is n o t d ifficu lt to  show  t h a t  th e  second in te g ra l ten d s  to  in fin ity .
T h u s, in  th e  H ilb e rt space D x we m u s t define th e  sc a la r  p ro d u c t in  

a n o th e r  m anner. Since th e  hom ogeneous fu n c tio n s  f ( z v  z2) e ffec tive ly  d ep en d  
on o n ly  one of th e  v a riab les  w e m u st use th e  com plex p a th  in teg ra l in s te a d  
o f th e  com plex su rface  in te g ra l to  define th e  sc a la r  p ro d u c t. T h a t  is, we define  
th e  sca la r p ro d u c t in  th e  fo llow ing m an n er:

< f v f i >  =  у  J/i (zp  zi ) f i  (zn  z i) di0z ■> (2 -5)

= f' z2l z2212f l h Ai
z,

Z2 I2 • d
z,
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w here  d(oz is som e m easu re  in v a r ia n t u n d e r  th e  tra n s fo rm a tio n s

« a  - *  2 a =  4  g b a  .  d e t g  =  1 .

I t  is easy  to  see th a t  su ch  a m easu re  can  be of th e  fo rm

dojz —; (z2 dzy — Zj dz2) (z2 dzx — z, dz2) . (2.6)

As in  th e  case of (2.2) i t  follow s from  th e  in v arian ce  o f  th e  m easu re  t h a t  all 
th e  o p e ra to rs  T g are  u n i ta ry  w ith  re sp e c t to  th e  sca la r  p ro d u c t (2 .5), a n d  th e  
re p re se n ta tio n  o f th e  S L (2, C) group in  th e  H ilb e rt sp a c e  D 2 is a u n i ta r y  one. 

T h e  n o rm  o f an  e lem en t / ( z 15 z2) Ç D 2 is d e te rm in e d  according to  (2.5):

I l / I l 2 =  < f J >  =  у | | / К . * 2 ) М « > г  ( 2 - 7 )
In se r tin g  th e  in teg ra l in  th e  r ig h t-h a n d  side of (2.7) za =  az'a and u s in g  (2.3) 
we get

Ц/Ц» = |о*х+ 3 ,+ *  I«. ц/il«  (2.8)

fo r a n y  com plex  а =ф= 0. T h is  re la tio n  show s th a t  A] a n d  X2 m ust s a tis fy  th e  
eq u a tio n

h  +  Д2 +  2 =  о (2.9)
th e  so lu tio n  o f w hich is

К — vo +  --------1 ’

^2 — — V0 +  --------1 *

w here  v0 a n d  q are  rea l n u m b ers . S ince — Á2 — 2 v0 m u st be an  in teg e r 
n u m b e r, th e n  v0 is an  in te g e r  or h a lf- in te g e r  n u m b er. T h u s  we h av e  o b ta in e d  
th e  u n i ta ry  re p re se n ta tio n s  of th e  SL{2, C) group in  th e  H ilb e rt sp ace  D A

iQ , .. ,o f hom ogeneous fu n c tio n s  of degrees Я = vn + !» ~ vo +

w here  v0 is a n y  in teg e r o r  h a lf-in teg e r n u m b er, a n d  q is any  rea l n u m b e r. 
T hese re p re se n ta tio n s  w ill be  d en o ted  b y  @,.0O . T h e y  are  irred u c ib le  [10] 
an d  fo rm  th e  so-called p rin c ip a l series. T oge ther w ith  th is  p rin c ip a l series 
th e re  also ex is ts  th e  su p p le m e n ta ry  one  [9, 10, 12] w h ic h  can be co n sid ered  
in  a s im ila r m an n er. H o w ev er, we sh a ll n o t  s tu d y  th is  series here.

F in a lly , we n o te  t h a t  from  (2.6) a n d  (2.9) it follow s t h a t  for th e  r e p re s e n t
a tio n s o f  th e  p rin c ip a l series th e  sc a la r  p ro d u c t d e fin e d  b y  (2.5) is id en tica l 
to  th e  sca la r  p ro d u c t in tro d u c e d  b y  G e l f a n d  and  N aimaric

1
2 л  (z) f i  (z) dz dz ■ ( 2 . 10)
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§ 3. Equivalent representations. Splitting the unitary representations 
o f the SL(2, C) group into direct sum s o f the representations 

of the S U (2) subgroup

L e t @„oe (w ith  o p era to rs  T g) an d  (w ith  o p e ra to rs  Tg) be tw o
irred u c ib le  u n ita ry  re p re se n ta tio n s  of th e  g ro u p  SL(2, C) w h ich  are rea lized  
in th e  H ilb e rt spaces of hom ogeneous fu n c tio n s :

D, ■(v.- ie
"2 -1, —Vo-f T - 1)

an d  D.

re sp ec tiv e ly . W e now  find  th e  cond itions fo r  th e  equ iv a len ce  of these  tw o  
re p re se n ta tio n s . T h e  re p re se n ta tio n s  @,,oe a n d  are ca lled  eq u iv a len t if
th e re  ex ists  an  o p e ra to r  A  w h ich  realizes a one-to-one m a p p in g  D д o n to  
D r , such  th a t

T'gA =  ATg (3.1)

fo r an y  g £ SL{2, C). F ro m  th is  defin itio n  w e see im m ed ia te ly  th a t  if  A =  A' 
(i.e. v0 — v'0, q =  o') th e n  ©J1(|„ a n d  are  eq u iv a len t. T h is  case is t r iv ia l  
an d  o f no  in te re s t, because h ere  D x and  D ?, coincide, A  =  1.

L e t / ( | 1; g2) Ç D x , f '{ V i ’ Vi) 6 W e re p re se n t th e  o p e ra to r  A  in  th e  
form  o f an  in teg ra l tra n s fo rm a tio n  w ith  som e kernel К :

/ '  (Vv Vi) =  4 f  ( fn  S2) =  y  j K(Vi,  VA Si, S2) f  {Si, S2) dmi . (3 .2)

T h en  th e  cond ition  o f  equ ivalence  (3.1) can  be  rew ritten  e x p lic itly  in th e  fo rm

T ' J '  iVvVi)  =  Y  [ K (vi ,V i,  Si, Si) Tef ( g l t S2) dco( . (3.3)

U sing  E q . (2.1) We can  rew rite  th e  la s t e q u a tio n  in  the  fo rm :

/ '  (Vx, Vi ) =  y j  К  (rjv  r)2;g L, g2) f  ( |(  f  à ) dcot ' , (3 -4 )

w here  rj'a =  Vbgba, Sa =  S'bgba ■ C om paring  E q s . (3.2) and  (3 .4) we get: 

K {V i , V 2 5 S'x,S2) =  K { v i , V A  SV S2).

T h u s, th e  kernel К  m u st be an  in v a ria n t fu n c tio n  of a n d  Va• As >s w ell 
know n  in  th e  th e o ry  of sp inor re p re se n ta tio n s  of the  g ro u p  SL{2, C) fro m  
th e  v ariab les  an d  Va we can  form  th e  fo llow ing  in v a r ia n t

SiVi — S2Vi =  i n v -
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T h e k e rn e l К  m u s t be a fu n c tio n  o f th is  in v a r ia n t c o m b in a tio n  — izVi)-
I t  m u s t also be  a hom ogeneous fu n c tio n  since f '(r jv  rj2) is hom ogeneous. L et 
К  be a hom ogeneous fu n c tio n  on tw o v a r ia b le s  ( f19 £2) o f  degree (/1v  fi2). T hen  
p u ttin g  =  crf'a in to  (3.2) we get:

J  K ( v V  Vîi  f l »  f 2 ) / i f i »  h )  dmí  =

fo r an y  com plex  a =j= 0. T herefo re , we m u s t have

/*! =  -  V -  2 =  — * 0 -  1 ,

=  — Я2 — 2 =  +  v0 - f  -----1 .
(3 .5

As has b een  n o te d , th is  fu n c tio n  is in v a r ia n t  u n d er th e  S U (2) su b g ro u p  and  
th e re fo re  ch a rac te rizes  th e  spin-zero s ta te .  In  order to  o b ta in  th e  fu n c tio n s
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T h u s, K(r)v  rj.2; f 19 f 2) m u s t be a hom ogeneous fu n c tio n  on  ( f 19 f 2) o f  d eg r e 
io 1 ÍQ -,

— vo —: ----- 1 » vo --------- •— 1 . On th e  o th e r  han d , th e  k e rn e l K(r]1, rj2; f 19 f 2)
2 2

is a fu n c tio n  o f th e  c o m b in a tio n  ( f  x rj2 — f 2 tjj) an d , th e re fo re , i t  is also a

hom ogeneous fu n c tio n  on (rj1, rj2) o f th e  sam e deg ree  — vn ---- -------I ,  vn —
2

ÎQ----- ------1 . T h is m eans t h a t  if  v'0 — — v0, q' =  — q th e n  th e  re p re se n t-

a tio n s <B„oe a n d  are  eq u iv a len t.
C onsider now  th e  s p littin g  of irred u c ib le  u n ita ry  re p re sen ta tio n s  o f  th e  

group SL(2, C) in to  d ire c t sum s o f th e  irreducib le  re p re se n ta tio n s  o f  th e  
m ax im al co m p ac t su b g ro u p  SU(2). In  th e  th eo ry  o f  sp in o r re p re sen ta tio n s  
o f th e  g roup  S L (2, C) we kno w  th a t  i f  za is tra n sfo rm e d  as a sp inor cpa th e n  
«a is tra n s fo rm e d  as a sp in o r (pa an d  th e  sum  zaza is tra n sfo rm e d  as th e  sum  
(pa(pa i.e. is an  in v a r ia n t o f  th e  SU(2)  su b g ro u p . In  th e  following we den o te  
za b y  za o r za fo r conven ience.

F o r c la r ity  we now  illu s tra te  o u r  m eth o d  b y  so m e sim ple ex am p les . 
T he g enera l case will b e  considered  in  th e  follow ing sec tion . C onsider f irs t 
th e  re p re se n ta tio n  @0e. T h is  re p re se n ta tio n  is rea lized  in  th e  H ilb e r t space

Í£_ i l  _ Л of hom ogeneous f u n c t i o n s / ^ ,  z2) of d eg ree  —----- 1, —------ 1 .

One of th e se  fu nc tions is

/oo (zp z2) M z iZ 1 +  z2z2) 2 * (3.6)
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co rrespond ing  to  th e  s ta te s  w ith  non-zero  sp in  w e m u st c o n s tru c t th e m  in 
such  a m an n e r th a t  th e y  co n ta in  som e fac to rs za a n d  zb w ith o u t su m m atio n . 
I t  is n o t d ifficu lt to  see th a t  fo r th e  spin 1 s ta te s  we have  th e  follow ing 
fu n c tio n s:

_ — -  2
f n ( zv z2) ~  (zi zl +  z2z2) 2 z i z2 for У = 1 ,  m =  l ,  (3.7)

/ю  (zn 2г) ~  (zi2 1 +  22? )  2 2 (z2i 2 — Z1 zl) f°r 7 =  1, "1 =  0, (3.8)
i l  -  2

/ l , - !  (21> Z2) ~  (zi zl +  z2z2) 2 z2 zl for /  =  1, m — — 1. (3.9)

(У an d  m deno te  th e  sp in  and  its  p ro jec tio n  on th e  z — axis.)
C onsider now  th e  re p re se n ta tio n s  @ (v0 =j= 0). S ince th e  re p re se n ta tio n s

@,,os an d  are  eq u iv a len t th e n  we can assum e th a t  v0 >  0. W e choose
th e  basis e lem ents o f  th e  re p re se n ta tio n s  in  th e  form  o f th e  p ro d u c ts

— -  2of th e  q u a n ti ty  (z jz1 +  z2z2) 2 " ( "  ^  Vq “I- 1) a n d  som e fa c to rs  Zq an d  z^
w ith o u t su m m atio n . T h e  p ro d u c ts  w ith  th e  m in im al n u m b er o f  free  fac to rs 
za an d  z are  of th e  fo rm

f ( z v  z2) ~  (z, zl 4- z2 z2) 2 1 Z a i  Z a i . . . za2vo : (3.10)

T hese func tions d escribe  th e  s ta te s  w ith  spin j n =  v0 . T he o th e r  func tions 
co rrespond  to  th e  s ta te s  w ith  sp ins j  =  v0 +  1, v0 -f- 2, . . . T h u s , th e  
re p re se n ta tio n  sp lits  in to  th e  d ire c t sum  of irred u c ib le  fin ite -d im en sio n a l 
re p re se n ta tio n s  of th e  S U (2) su b g ro u p . E ach  o f th e m  is c o n ta in e d  in  given 
re p re se n ta tio n  once and  d escrib es  a s ta te  w ith  d efin ite  sp in  j  =  j 0 +

0, 1, 2 , . .  . .

/
§ 4. Matrix elem ents o f finite transform ations

As w as n o ted  in  th e  In tro d u c tio n , in  s tu d y in g  th e  s tru c tu re  o f  th e  v e rtex  
p a r ts  an d  th e  s c a tte r in g  am p litu d es  we m ust use th e  m a tr ix  e lem en ts  of th e  
f in ite  tra n sfo rm a tio n s  o f th e  g roup  S  an d  in  p a r t ic u la r  of th e  g ro u p  S L (2, C). 
N o te  t h a t  th is  p ro b lem  w as f irs t considered  in th e  p a p e r  b y  D o l g h in o v  and  
T o p t y g h i n  [13] fo r th e  case w ith  v0 =  0. T hese a u th o rs  chose th e  an a ly tic  
c o n tin u a tio n s  of th e  4 -d im ensiona l spherica l fu n c tio n s  as th e  basis  fu n c tions, 
(see [13, 14]). O ur m e th o d  is b a sed  on th e  re su lts  o b ta in ed  in  § 2.

T he m a trix  e lem en t (g ) co rrespond ing  to  th e  re p re se n ta tio n
g —*■ Ug is defined  in  th e  follow ing m an n er:

U e I voQ'Jm >  =  DJmj'm' ( g ) I *0 e ; j '  " » ' )  -  ( 4 - 1 )
j  m-
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w here  \v0g ; j m >  is th e  canon ica l basis  of re p re se n ta tio n  @ • j  an d  m are
th e  sp in  an d  its  p ro je c tio n  on th e  z — axis. G enera liz ing  th e  re su lts  o b ta ined  
(see (3.6) — (3.10)) w e d e te rm in e  f irs t th e  can o n ica l basis in  th e  space of 
hom ogeneous fu n c tio n s  £>я _  ^  + h_ _ j _v + ^  in  th e  fo llow ing m anner:

I v0 eijj >  - + f f f  (*1. *2) =  C jj  (*! ?  +  22 ? )  ^  ~ ' ~ J  ( z y + ’° (4.2)

w here  Cjj a re  th e  n o rm a liz a tio n  c o n s ta n ts . U sing  (2.10) we g e t:

4J : 2 j , / j ? e (*)l2d z d z j
I - 1/2 =  1̂  j  (2j  +  j ) .  ] i /2

1 ( j  +  v0)l (j - v 0)l

F ro m  I voQ'ijj>  w e can  fin d  | v0q ; j m > :

I v0 в ijm> (*i> *2) =  N j m (*1, *2) ,
(.j  +  m)l  l 1'2

w here

N jm =
(2 j ) l ( j - m ) l

I  =  z, 9 F  3
3zx 3z2

(4.3)

(4.4)

(4.5)

(4.6)

F ro m  (4.2) — (4.6) w e get th e  f in a l expression fo r  (zv  z2):

f № ( z r z2) =  - U { ( 2j  +  1) ( j  +  mj! ( j  -  m)\ (j  +  ,„)! ( j  -  v0) l } ^ .
71

■ ( z ^  +  z2z2) ^  ~1 4  2  ( -  1)й- (4.7)
d

•   --------------------------------------------------------------------------------------------------------------------------------------------------- ( z 1 ) v » + m  +  d ( z 9 ) U " > - d  i g l ) d  ( z A i - ’ e - d  '

d\ (j - m -  d,\ (v0 + m  +  d)Uj  -  v0-  d)l

H a v in g  th e  ex p lic it expression  fo r th e  canon ical b as is  j v0Q ;jm >  w e can find  
th e  m a tr ix  e lem ents Dj„.j,m. (g). I t  is well know n t h a t  every  m a tr ix  g can be 
re p re se n te d  in  th e  form

g =  Uj e u 2,

w here  u 1 an d  u2 a re  u n ita ry  u n im o d u la ry  m a tric e s  w hich co rrespond  to  
th e  space ro ta tio n ;

e =
в 1 

0
(e—rea l n u m b e r)
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an d  co rresponds to  a p u re  L o ren tz  tra n s fo rm a tio n  in  th e  p lane (x3, x t). 
T h u s, w ith o u t losing g e n e ra lity  we can  consider on ly  th e  m a trix  e le m e n t

D jm j’m'(e)
F ro m  (4.1) an d  from  th e  o rth o n o rm a liza tio n  re la tio n s

y  j  f j T  W M  (z) dz d z  =  ô J j '  ■ K m '

we have

Щ («) =  у  J T,fjm (z) ’ ffm' (z) ' dz d z . (4.8)

F rom  (2.1) an d  (4.7) we get:

( s )  —

=  Km, -  |( 2 j  +  1 ) (2 Г  +  1) U  +  U -  m)- U +  'оЛ

■ U  -  v o) !  ( / '  +  m ) l  (  j '  -  m ) \  ( j '  +  V0) l  ( j ’ —  f 0 ) ! } 1 / 2 '

^ ( — l ) d+d' —
W  d ' d ' ]- { j  — m — d)l ( j '  — m — d')! (v0 +  m +  d)\

■ (vo +  m +  d ’)'. ( j  — v0 — d)l ( j ' — v0-  d')!

■ s~ 2(2d+ m+v. + ! “ i f )  . _1 j dzdz\z \^d+d'+m+v^  ■

(4.9)

- Z Ï . - 1 - ) ’ -A - l - j
•(l +  [s|2) 2 (1 + £ " 4 N2) 2

w here d an d  d '  can  ta k e  a n y  in teg e r n u m b e r w hich does n o t  en ta il each  fa c to r  
u n d e r th e  fac to ria l becom ing  a n e g a tiv e  num ber. B y  p u ttin g  2 =  ]/v eUp 
(0 <  V <C oo; 0 <  <p <  2 n )  th e  in teg ra l in  (4.9) can be re w r itte n  in th e  fo rm

I  =  л  f d v - v ^ ' + ^ o ß  +  v) 2 ~  J (1 +  r 4 r )T  "  =
0

=  n g4(d+d'+m4-v0+x) (d +  d' +  m +  v0) l ( j  + /  -  d - d ' - m  -  v0)l _
U  + Г  +  1)!

j ' +  1 H— y  , d  -(- d ’ -j- m v0 +  1 ; j  +  j  +  2 ; 1 — ь4 (4.10)
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w h ere  F(x, ß; y; z) is a h y p erg eo m etric  fu n c tio n . B y se tt in g  (4.10) in to  (4.9) 
w e get th e  f in a l  re su lt:

Dj%:]-m- («) =

=  ( У + 7 + 1 ) !  {(2У +  1} (2 / +  1} U +  m)! U ~  W)! U +  Vo)l '

• O '  -  v o ) -  W  +  m ) !  ( f  -  m ) ! ( f  +  r 0 ) !  ( f  -  v0) l } ^  £  ( -  1 ) * + *  •
d,d-

(d  -j- d ' -)- m  +  v0)! ( j  - f  j '  — d  — d ' — ; v0)!
d! d '! (j? — m — d)! (jf' — m — d')! (r0 +  m d)!(v0 -\-m  -f- d')!- 

. ( j  -  r0 -  d)! (j' -  r0 -  d')!

(4.11)

• e’ (2d'+m+,0+ i+ x ) F i - ,+  ! 4— d + d ' + m - f -  v0-f- 1; j  +  + 2; 1—e4

T h is  re su lt e x a c tly  coincides w ith  th a t  o b ta in e d  earlier b y  th e  au th o rs  in  
a n o th e r  w ay  [15].

Now w e n o te  some s im p le  p ro p erties  o f  D]m j 'm \E) •
1. P u t t in g  in  (4.11) e =  1 and  ta k in g  in to  acco u n t F(oc, ß 4, y, 0) =  1 

w e have:

D':%.j,m. ( l ) = ô j r ômm4- (4.12)

T h is  is a t r iv ia l  re la tio n . I t  m e a n s  th a t  we d e a l here w ith  th e  id e n tity  t r a n s 
fo rm a tio n .

2. M ak ing  a p e rm u ta tio n  of jm  a n d  j ’m ’ in  (4.11) an d  using  th e  
p ro p e rtie s  o f  th e  hom ogeneous functions

F(oc,ß; y ;z)  =  ( l  -  z)-» F y  — x,ß;y ,
z — I

=  ( ! - * ) - “ F х, у  — ßi у;
z -  1

(4 .13)

w e o b ta in

Dj-m’-Jm (e) — (e 1) • (4.14)

3. M ak ing  th e  p e rm u ta tio n  m —> — m, m ' -> — m ' in  (4.14), p u t t in g  
j  — v0 — d =  d x , j '  — v0 — d '  =  d[ and  u s in g  (4.13) we c a n  p rove th a t

% ■ « • ( * )  =  ( -  iy + ^ '-* 1 2->I>y>_ m j/i_ m.(E - i) .  (4 .15 )

4. F ro m  (4.12), (4.14) a n d  from  g ro u p  p ro p erties  o f  D jm. j,m. we g e t:

2  DjmJ'm4 («) Djm-, j'm- (e) =  <Vr < W -  jm

T h is  la s t r e la tio n  m eans th e  u n i ta r i ty  co n d itio n  of th e  rep re se n ta tio n .
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§ 5. G eneralized  ten so rs

F ro m  th e  canon ica l basis  w hich  w as g iven  in  (4.7) we go to  a n o th e r 
basis  called  genera lized  ten so rs  o f  th e  SU(2, C) g roup . T h ey  a re  c o n stru c ted  
in  th e  follow ing m an n e r:

/ « A - '- V  (2Hzi) =  (Zc 2 ) 2 (nf  =  1,2), (5.1)
w here

=  2 “ k / £ )  ( * «  *CY s f y  0% . . .  4 + I . . .  4 + t  * 6 * + ‘  zb< ( 5 . 2 )
s= o

oc(t, s ,k )  =  ( — l ) s ------ t l( t  +  k ) l (2 t  +  k - s ) l ------  _
si (t -  s)[ (t +  к -  s)l (2t +  k)\

S  den o tes  th e  sy m m etriza tio n  on th e  u p p e r a n d  low er indices a an d  b se p a ra 
te ly :

ç/rpb,b9,...bj ч _ _  ^  -V1 rpbibz.-.bj
■Jl-i OjOa.^Ojl —  . .  .. ^  j- aiat ...a{ ‘

I ' J  - P(a b)

( 2  s tan d s  for su m m atio n  o v er all p e rm u ta tio n s  a f  d an d  all p e rm u ta tio n s  
P(a b) 

of b).
T he tensors are sy m m etrica l in  u p p e r  an d  in  low er indices

a n d  are  traceless w ith  re sp ec t to  c o n tra c tio n  o f  an y  u p p e r in d e x  w ith  an y  
low er in d ex . T h ey  are  irred u c ib le  u n d e r  th e  S U (2) subgroup . P u t t in g  in  (5.1), 
e .g ., ax =  a2 =  . . . =  aJ+Vo =  1 , bx =  b2 =  . . . =  bj_t0 =  2 a n d  using  (5.1), 
(5.3) an d  (4.2) we ge t:

я г Г " “ =  r s  1- Ц + м ' Ц - м 1 Г л г .T f . . « , . ,  I ( У + Ш  i
T h e inverse  ex p ansion  is

zai . . .  4 + l  &  & . . .  i 6‘ =  i  ß(t, S, к) К  i ? -  S  0к +2 г  . (5-4)
s= o

w here

ß(t, s, k) = --------*!(t +  fe)! (2s +  k  +  1)!-------- . (5.5)
s !(s  +  f c ) ! ( i - s ) ! ( t  +  fc +  « + l ) !

U n d er th e  tra n s fo rm a tio n  g th e  ten so r f a 2 - ' “2 °  *s tra n s fo rm e d  as

f a l a i " (zl ’z2) T g fatal', (ZI»Z2) =

=  2 Da\a2...â~lli (s)fciCi2.Cf (zu  z2) » (5.6)
У
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w here  th e  m a tr ix  e lem ents D ba 2 ' \  djU'.. (g) a re  th e  gen era liza tio n  of 
Djm j-m- (g) • T he  e x p lic it expressions o f th ese  m a tr ix  e lem ents w ill b e  given 
in  th e  n e x t  sec tion .

A n y  hom ogeneous fu n c tio n  <p(zv  z2) from  th e  space  D^ iQ  ̂  ̂ iQ ^

can  b e  re p re se n te d  in  th e  form :

p(* i. *г) =  2  4>ci X % t x f c ^ - 4 t r  (*i* z2) •
У

(5.7)

T he co m p o n en ts  are  also sy m m etrica l in  u p p e r  an d  low er indices
a n d  trace less . T hese q u a n titie s  w ill be  called  gen era lized  ten so rs . U n d e r g 
fu n c tio n  <p(zv  z2) tra n s fo rm s  in to  T g(p(zv  z.,) w h ich  can  also be rep re se n te d  
in  th e  fo rm  o f (5 .7):

* > (* ! ,* 2) =  2  T g <pat â : : $ z  Ä  ■ (5.8)

O n th e  o th e r h a n d , from  (5.6) a n d  (5.7) i t  follows th a t

T  rn (z  z I __ > ’ q f / ' l  i д М а »  “ta* :ai+ v ,(* g T \ z p  22l I did2..Mf_Vo cic2 . . bib2...bj_Vä \ g )  Jaia2...af+Uo •
j'J

(5.9)

C om paring  (5.8) we fin d  im m ed ia te ly  th e  tra n s fo rm a tio n  law  fo r ten so rs
a l a 2 . . .  _ 

Vbjb%... •

<Ph1h2 "h,+v‘ -a- T„m?1?2-"h,+m> — "S' rv„(,j\ œc}cJ"c>Ĵv« íz. in iW i - Í H *  1 S 'rb i bt ...b1_Vt —  ^  I y c1c2...cf, +Viiib1b2...bj_ Vo \g)'Pd1di...dt,_Vt' I J . i U j
У

§ 6 . M atrix  e lem ents fo r generalized  tensors

N ow  we d e te rm in e  th e  m a tr ix  e lem ents D bafa2\\\d]dl ". (g) de fined  in  (56) 
A t f i r s t  we rew rite  (5.1) an d  (5.2) in  th e  form

-J>..

fa la tZ a ^  (2p  Z2)  =  У  oc(j —  V0, S, 2v„) ( z c Zc)  2
S = 0

■Sôba\ ô bal . . . ô ba’t 

Since u n d e r  th e  tra n s fo rm a tio n  g

- l —j+ S

a, ''« ••• •  °at *a,+1 ■ ■ • Zaj+Va 2'"T‘ • • • 2 ( 6 . 1)

2a ~ * 2a =  26 gba — zb ga i 

/ ( 2 p  4 )  7g / ( 2p  zi) =  f  (zU z 'i),
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th e n  th e  te n so r  falai'.'.', is tran sfo rm ed  in  th e  follow ing m a n n e r:

T  f b i b ‘ - b f- v ,  —J a 1a 2. . . a j+  1 g j a ^ . .  an v  —

=  É  * (j — V  s> 2vo) {zp z4 ( g  È ) ? }  2  * J + S  • ( 6 . 2 )
s = 0

•zc zc . . . zc Z ds+1 zd,+t. . . z * ^  •C* + l ce + 2 SfVo
• S  3*1 d 2̂ fib‘ r/c* t 1 r /J’ 2 ffCi+Vo A + i (,*/-•2 if/'-f.
(<Pb) ° a ‘ ° a 2 • • ■ 0 °* ^ a .+  l ^ a .  + 2 • • • & » ,+ *  g d . + 1 H  + * ■ * • g d i~ V . •

W e rep re sen t th e  2 x 2  m a tr ix  gg in  te rm s  o f th e  P a u li m a trices:

g g  =  *осто +  * =  «о(! +  /3 ); /? = -----a =  — a - 5 .
a,

P u tt in g  th is  expression  fo r gg in to  [zpzq (gg)£) 
e lem en ta ry  expansion

0 '~0 

»9 _ 1_ -i+s

(6.3)

an d  perfo rm in g  som e

~zq (g g )p4}- - W +S - a 0^ - W +S { ,Ĉ  +  ZJ ^ } ^ - W +S
(6.4)

Г
- l - j + s

IQ . .
T “ J  +  S

k = 0
kl Г

(zc¥)  2 - '~ i+S- \ z pp qHfl)k.

we can  rew rite  (6.2) in  th e  fo rm

T  g f a l t u l  =  2 ” i  « ( ;  -  "O’ S’ 2"o)s=o *=o

2 i  +  s

f c i r ( ip
I 2

-y +  s — fc

—  - 1 - j + s  ~  - 1 - 7 +  - *
2 ; (*c *c) 2

(6 .5)

■f í P l f í P2 R P k  7 7 7 7 7  - P t +i +V r -ш - J h  z<?*i?* + l»9* + 2 z 4 k +)-V„-M .
P 4 i  РЯг • • ■ Р я к z P i ZP i - ■ ■2PkZPk+i z Pk + i - • - z  2 2 ■• ■Z 2 2 • • • 2

. S d^d*2 A / t + i / i + i  Л +í+vo-« i^.+i i 6«+2 } bi~v‘
°  ° 0 l  °O s • • • 4 & 4  :.l « “ ,+  1 • • • g ° i+ v a S f e + 1  ö í t  + г • • • 6< ?*+ /-lv-»  •(a,ft)

H ere  for convenience we h av e  m ade som e changes in  th e  n o ta tio n s  o f  th e  
su m m atio n  ind ices:

5 Pi,

cs+1“ ►Pfc+1 ds+ г “ *■ ? /f+ i

cs+;s ~*-Pk+i ^s+ 2  ~ *  ik+2

c y+vo JP/C +  j + V Q — S d j—v о ~ ► ?/£+j—vo—s
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N ow  we ex p ress  th e  p ro d u c t 2Pi 2P. • • • ZPt+f+v,-. Z"' Z?2 • ' • in  term S
o f Фр̂ р']'.. b y  m eans o f (5.4) an d  we p u t  th e se  expressions in to  (6 .5). W e g e t:

T  f blb*- -bi^o —

j - y a ~  k + j - y , - s

=  J g  2  J ?  <*U — V  s > 2vo) ■ ß(k + j  -  vo —  2vo) ■
S—O k = 0 r = 0

r ^ - - j  +  s h  (

--------------T~--------------------- Г V  1 Л S • (zc * V  ßvi ßb ■ • • ßll • ( 6 .6 )
M T ^ - j  +  s - k

• s'h ôba\ô ba\ . . X \ & : i g pa:: i  •

. e  ф П Я г - Ч г  Я - ц  Aïr+2 Л 9t
P lP l- '-P r + tv , Pr + 2vo + l  Pr + 2v» + ! ■ ■ ■ P k+ i+ V r-• ’(a -b )

N o te  t h a t  th e  p ro d u c t

ißZ1 ßPlc гпк+1 аРпк+г «Jw +m í ^ i ÿ i+ i t 6/-» I .t P í l  • • • РЧ/с о « ! + 1 &a, + 2 • • • e o j t „, Ő?* + l  09*^2 • • • 6 9 i  + j .. J-../

' V  1фЧ1Чг— Ч, S 4 r k l  Л9г+г Д9*+#_»о- l  1
" ^  „ l VPlP«-P, + **t 0P, + !v, + l°P f + 4 + ! ' • • Pi+/+%-. /

P(P, 9)

can  also be  rep re se n te d  in  th e  follow ing m an n er

фЧкЧг 4 , X4r+1 A9r + 2 Â4k + i - v о .  .
*PlP«-. Pr+ÎVo UPn-2rb + l ' P r . 2ll0 I 2 • • • 'P lc - j , f0-e

• N" /Î?1 №  + 2 ffPt + /+«V« Ä6» + l «6* + 2 t 6/-»-.
, Р ч  1 • • • РЧ/с &а, + 1 g a J + 2 • • • s a #+l>(1 64k + iö 4 k+ 2  ‘ ‘ ‘ 6 4t + j~ v .-$  ‘

P(P, 9)

T herefo re , w e can  rew rite  (6 .6) in  a m ore  conv en ien t fo rm
rp  f b l bi ...b l^ „  __
1 SjPiPs-Oi+v, —

У-*. ~  fc + y -s  ь  <o

=  2 ' 2  <»,*>т  '  « R f c * Ä  • V  •s= 0  fc=0 i'=Y„

r I - I  
Г  ~2 7 +  S

• < x ( j - v 0, s , 2vo) ß ( k + j - v 0 - s , j ' — v0,2v0) -------- 7----------------------- - •  (6 .7)

Ус! Г  —  —  у  +  * —  ^

• fflj'—Vio+l ^/'-Vo+î fflk+j-—Vo—* --------------------------------------------------------------------------  •
P ,-+, t + . P , +,„ + 2 - - -  Pi + b , . - .  (У  —  0-o)! (У  +  Vo)! (fe + y _ ^ 0 _ s ) !  (fc + y  + V o _ s ) !

V  ô P i R Pk ()b l Ôb‘ <7P* i-1 tty -v »„  —  Рч1 • • ■ Р Ч к ° а 1 - ■ ^ P . S a . + i  ■■■ ë a j+Vt g 9 * + i • • • ë 4 k + i - v>-. »
P(ű; ft; P; (?)
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w here we p u t  r  -f- v0 =  j ' . F ro m  (6.7) a n d  from  d efin itio n s (5.1) a n d  (5.6) 
we ge t th e  fo llow ing expression  for ö a)a2. d [di.- ( s ) :

fy-v„s ci +vо I,,) _-Ua1a2...cij+Vo; dYd2...djt_Vfi Vö/
«»о min(y—v0, j + k —j') io г .

=  J ?  «0 2 “O' -  V  S’ 2 v0) •
k=max.(0, j ' —j) s —0

r \ f  _ j f  +  s )

• ß ( k  + j  —  v 0 — s , /  -  v„, 2r0) -------- :-------------------- - • (6.8)
kl Г  ^ - j  +  s - k

2

. _______________________ 1------------------------------------ ôd>‘~v°i-1 Ôd> - ,,» + 2 (5dM- .
( j - y oy - U + v oy . ( k + j - ^ - s y . ( k + j + v 0- s y .  c> — 1 C' ' +- +2 c*+' —

• 2 ? ßd\ ■ ■ • ßd\ ôa\ ■ ■ ■ дЪ « Л \  • • • 8аЛ1Л°~‘ 8ЬС \  ■ • • ёХ~:и~.  •
(a; ft; с, l)

P u tt in g  here  th e  exp lic it expressions (5.3) an d  (5.5) fo r a  an d  ß  we o b ta in  
th e  fin a l re su lt:

ÿ  m n a - '. J +л-Л _  _________  (2j — s)! (2jv +  1 ) ! __________
k=max1^ J’- j )  St's s! fe!(2j)! ( j ' — Va)l (У'+^о)! ( j — *0 s)!

(y + v 0—s)! { к + j —j ' — s y  ( k - \ - j - \ - j '

J ------------- J  +  S io

---------- r 2------------------ --- V  ~]~J 1 s < 5 f ; èdi ~ ^ \ . . . ■  (6 .9)

2

^  Pdi • • ■ pdk °ai ■ • ■ ua,gal+i • • • gai+Va odi + l • • ■ bdk+i. v̂ ,  •
P(a; 6 c, a)

C onsider now  some p a r tic u la r  cases:
1. I f  g is a p u re  L o re n tz  tra n s fo rm a tio n  in  th e  (хл, æ4) p lan e , i.e.

le -1 0 )
г  =  e =  , th e n
8 \ 0 e)’

+ le~2 0 1 , ,  , 2, 10  1 , _2 2Л 1 0
SS 0 e2 } 2 0 1 2 VO —lj

an d  th ere fo re

ao = v (e“2 + £2); P = £ 2 7 V 3’ (6Л°)2 e-2 +  el
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P u tt in g  (6.10) in to  (6.9) w e g e t:

f )blb2 - bi -V, C\b2y Cj'+V, {.Л _
«Iat ...al+Vt- M s -  .4, ~*

-  m i n j+k-j') ~
2  2  2 ( ~ 1Y + m -fc=max(0, j ’- j )  ,=0 m=0

__________________(2/ - s ) !  (2/ +  1)1_________________
m! s! /с! (2 j)! ( /  — v0)! ( / ' +  v0)! (7 —v0 -s ) !  (7 +  r „ -  s)! 

!(fc + 7  — j '  — »)! (* +  7 +  У  — s +  1)!

2
2A+r

Г — 7 +  s — к — m

0  S+ 1 2 ) ( 1_  gtyn+k.

. à'V-*’.-1 ôr’'~v,+t. . . Ôpk,>-V’ * ■C1'+V0+1 СУ'+Р*+* Ck+i -f P0—*

(6.11 i

. í<T0\ÿ  ó/т1 (5л* 6л*"*"1 £ *+/+*V“* g/+P0^  !0:iM • • • \ui1dk^ai • • • °a ,fca,+i • • • fc a,+„e 1 • • • И-и-».-
P(a b, c; á)

I f  we p u t  7' = 7' '  in  E q . (6.11) and

«j =  a2 =  . . .  =  a 4̂ - „ 0 =  Cj — c2 — . . .  =  Cy+ l> 0 =  1 , 
b1 =  b2 =  . . .  =  fcy_„0 — dí =  d2 =  . . .  =  dj—vo =  2 ,

th e n  we h av e
7-*„ times 7+*» times / ,-0 \

^ ( ® ) =  («) =  * 4 ' ~ ' , + 1 - i r )  •

j+v0 times j —v0 times

7 +  1 ----- --- ,7' — V,, +  1; 2j +  2; 1 — e4

T his re su lt c an  be  o b ta in ed  also from  (4 .11).
2. I f  g  is a L o ren tz  tra n s fo rm a tio n  fro m  th e  re s t fram e  o f a p a r tic le  

w ith  m ass m0 to  th e  fram e in  w hich  th is  p a r tic le  has m o m en tu m  p fi =  (p , iE )  
th e n

E  \ - m 0 — a p  + E — a p
S ~  Y2m0 (E  + Щ  ; 8 g = ~ v ^ ~

an d  th e re fo re
E  1 ___

*o =  ~ ~ ~ » ß =  - ^ r ° P -m n ht
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3. In  th e  case j  =  0 (v0 =  0) fo rm ula (6.9) becom es

D ] ï $ X ( g )  =  * о  2
Г

(2У  +  1)!

Ч>
2

Г ч> -  к

íZj- U W - Л !  ( * + > '  +  !)!

% г Л : \ - - - дк  2Р(с)

§ 7. M ost degenerate principal series o f SL(n, C)

F o r th e  m ost d eg en era te  p rin c ip a l series o f  SL(n ,  C) we ca n  im m ed ia te ly  
use th e  m e th o d  deve loped  in  §§ 5 ,6 , fo r th e  g ro u p  SL(2, C) w ith  som e sligh t 
changes. T hus, in s te a d  o f E q . (5.1) we have

fa^al. ( 2n  . . zn) =  (zc Z ) 2 2 ’ > (a, Ь =  1, 2 , ----, n)

w here  j ,  v0 are also in te g e r  or h a lf-in teg e r, h o w ev er, j  still does n o t  deno te  
th e  sp in . T he fo rm ulae  (5.2) an d  (5.4) rem ain  i f  in s tead  of th e  expressions 
(5.3) an d  (5.5) fo r ot an d  ß we ta k e

* ( t , s ,k )  =  ( — l ) s 

ß(t,s, к)

ti (t -f- k)l (21 -f- к  -f- n  — 2 — s)!
s! (t — s)! (t -f- к — s)! (2t -\- к -\- n — 2)! 

i! (t +  fc)! (2s -)- к n  — 1)!
s! (s -f- k)\ (t — s)! (t  -f- к  +  n -f- s — 1)!

In  o rd e r to  o b ta in  th e  form ula fo r m a trix  e lem en ts

Т)ь1ьг~-bt_v - CiC2 c.+ / \
Uai a2...aj+Vo] (g)

co rrespond ing  to  th e  tra n s fo rm a tio n  za -> z'a =  Zb gba we m ake th e  analogous 
p ro ced u re  as in  § 6 . T h e  only d ifference is th a t  w e m u st now e x p a n d  gg+ in  
te rm s  o f th e  m a trices  g en era to rs  Д,- o f th e  su b g ro u p  SU(n).  T h e  re su lt is:

-̂,a1a2...a/+Vo dld2...dj,_Va\g) —
-  m i n ( j —v0, j + k —j' )

2  2  ( -  ! ) s •
ft= max (0, j ' —j )  = 0

( 2 j  +  n - 2 -  s)l  (2 /  +  n  -  1)!___________
s! kl ( j  -  r0— s)! ( j +  p0— s)! (2j +  n - 2)! ( /  -  r0)! ( /  +  v0)!

■(k +  j — j' — SY- (k + j  + ] '  — s +  n — 1)!
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Г
IQ  П

—  j  +  S +  1
- J + s  S i d , .• Aa/'-ve+i^a/-vo+2 Ла*-и-*в-.

C/'+Vo + l Ci'+v0 + 2* * * C*-H+V0—f

'V1 ocl oc2 a Ck Abl Ab> aCk + l aC*P d i P d 2 - • ■ (5  Лк Оа,Оаг ■ • ■ ° a ,g a l+l ■ • • ga.
P (a, b; c\ d)

f s - t+ v ,- ,  +J. + 1 + b j-v 0
O ak + l  ’ * * 0<*Jb+j—v9-$

w here

g g  =  <x0I + J £  а ,Я ( =  « 0( 1 +  ß); ß = ~ П̂  a , Я,.
Í=1 a o Í=1

§ 8 . Space re flec tio n  fo r th e  g roup  SL(2, C)

N ow  we id e n tify  th e  g roup  SL(2, C) w ith  th e  hom ogeneous p roper 
L o ren tz  g roup  an d  co n sid e r th e  sp ace  re flec tion  P  . T he follow ing re la tions 
ex is t b e tw een  P  an d  th e  g en era to rs  o f  th e  SL(2, C) group:

P M j  p - i  =  M j ,

P N j P 1 =  — N j ,  (8,1)

P 2 =  1 ,

w here M j  a n d  Nj  a re  co m p ac t a n d  n o n -co m p ac t g en era to rs , re sp ec tiv e ly .
As is k n o w n , th e  c o m m u ta tio n  re la tio n s  fo r M j  an d  Nj are  o f  th e  form :

[Mj , Mj]  =  Ó] M f  -  d f M j ,

[ N j , N j]  =  -  d\ M f  +  ôf M j , (8.2)

[ M j , N f]  =  ô\ N f  -  ô f N j .

I t  is easy  to  see t h a t  in  th e  space o f  hom ogeneous functions w ith  canonical 
basis  (4.7) th e se  g en e ra to rs  a re 1:

8
d Z a ’

(8.3)
8

8 Za , ‘

M j =  Z j ------ _  z 1 —  •
1 1 dZ j  8 V

iN j  =  Z j  - 0— +  z> J L  
1 1 Q Z i  8  Z J

8 Za 

8
-  ôj Z°-2 ; l 8 Z„

Z a

+  Z a

1 The correspondence between our My, Nj  and II, F  in reference [12] is the following: 

M l  =  H_ , M f =  H¥ , M\ =  — Aîf =  II3 ,

JV] =  F_ , A? =  F , , A{ =  — A | =  F 3 .
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F ro m  eqs. (8.1) a n d  (8.3) i t  follow s th a t  th e  o p e ra to r  P  a c ts  in  such 
a w ay  th a t

Z a  - * ■  E a b  Z b  ,

Z" ->  Z„ £bc,
a  —  P a b  —  ( 0  1 \
b a b  —  —  V - l  o )

an d  th ere fo re
P f { Z ! ,  Z 2 ; Z \  & )  =  f { Z \  -  Z b  -  Z 2 , z,) . (8.4)

F ro m  eqs. (8.4) an d  (8.5) a fte r  som e sim ple ca lcu la tio n s  we get:

P / *  (Z , ,Z 9) =  ( - 1 )  ^  ” 1_ ; //m oe V i , ^ 2) • (8.5)

T h u s, u n d er P  th e  basis e lem en ts  of re p re se n ta tio n  @,,oe tra n s fo rm  in to  
th e  basis e lem ents o f g w hich in  i ts  tu rn  is e q u iv a le n t to @,,0 . This
m ean s t h a t  u n d e r P  o n ly  th e  sp ace  D, i? ie \ (v0 =  0) o r th e  space

( 2 2 /
P(,.0_ i( _v0_i) ((? =  0) tra n sfo rm s  in to  itse lf. M oreover, i t  is seen fro m  (8.5)
t h a t  p a ritie s  of th e  basis vec to rs f jm d iffe r from  one a n o th e r  b y  a f a c to r  ( — l / .

In  conclusion  we express o u r g ra ti tu d e  to  N . N . B o g o l i u b o v , Y a . A. 
S m o r o d i n s k y  an d  A. N . T a v k h e l i d z e  for th e ir  in te re s t  in  th is  w o rk .
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К ТЕОРИИ УНИТАРНЫХ ПРЕДСТАВЛЕНИЙ ГРУППЫ SL  (2, С)
Д А О  В О Н Г  Д Ы К  и  Н Г У Е Н  В А Н  Х Ь Е У

Р е з ю м е
В работе рассматривается непр вэди.мэе унитарное представление некомпактной 

группы SL  (2, С) методом, основанным на применении однородных функций. Матричные 
элементы конечны'с прзоэоазэваний вычисляется точно. Метод является очень под
ходящим для применений в физике и результаты Гельфанда и Наймарка получены 
очень простым путём.
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DECAYS OF THE POSITIVE PARITY MESONS
IN S U ( 6 ) w

B y

I .  M ONTVAY a n d  T .  NAGY

IN ST IT U T E  F O R  TH EO R ET IC A L PHY SICS, RO LA ND  EÖTVÖS U N IV ER SITY , BUDAPEST

SU(6)W in v a r ia n t  am p litu d e s  a re  g iven  fo r th e  decays o f th e  189 a n d  405 m eson  m u lt i 
p le ts  in to  tw o  pseu d o sca la r m esons a n d  in to  one v e c to r  m eson an d  o n e  pseud o sca la r m eson . 
T he decay  w id th s  a n d  b ra n ch in g  ra tio s  o f th e  2+ m esons are c a lcu la te d ; th e  resu lts  o b ta in e d  
fo r 189 are  closer to  th e  ex p e rim e n ta l d a ta .

In  a p rev ious p a p e r  [1] we tr ie d  to  classify  th e  p o s itiv e  p a r i ty  m eson  
resonances accord ing  to  th e  189 an d  405 re p re se n ta tio n s  o f  SU(6).  T h e  c lassi
f ica tio n  w as b ased  on sim ple m ass fo rm u lae  [2—4]. W e h a v e  concluded  th a t  
405 seem s to  be a m ore su itab le  choice, in  so fa r  as i t  allow s a g rea t m a n y  of 
th e  o bserved  resonances to  be id en tified . T h e  ex istence o f  m o s t o f th e  re p o r te d  
po sitiv e  p a r i ty  re so n an t s ta te s  [5] is, h o w ev er, ra th e r  q u es tio n ab le  [6], th e  2 + 
being th e  on ly  well es tab lish ed  m u ltip le t; th e re fo re , th e  c lassifica tion  b a se d  on 
m ass fo rm u lae  alone is n o t conv incing  enough . T he a d d itio n a l in fo rm a tio n  
w hich  is n eed ed  can  be p ro v id ed  b y  th e  in v es tig a tio n  o f  decay  w id th s  an d  
b ran ch in g  ra tio s .

In  o rd e r to  o b ta in  re la tio n s  for th e  d ecay  am p litu d es in  189 an d  4 0 5 , we 
use th e  S U (6)w fo rm alism  [7]. T he S U (6)s  s ta te s  are  lin e a r  co m b in a tio n s of 
S U (6)W s ta te s  from  v ario u s S U (6)W re p re se n ta tio n s , occurring  in  th e  
17(6) <g) 1/(6) 3  SU(6)  decom position

(15, 15*) =  189 +  35 +  1
in th e  case o f 189, and

(21,21*1 =  405 +  35 +  1

in th e  case of 405. T he SU (6)s — S U (6 )W m ix ing  for 189 a n d  405 is g iv en  in 
T ab les I  a n d  I I ,  resp ec tiv e ly . (F o r th e  d e fin itio n  of 8f  a n d  8d see [1].) I n  T ab le  
I I I  we give th e  SU (6)W in v a r ia n t a m p litu d e s  fo r all p ossib le  decays in to  tw o 
p seu d o sca la r m esons an d  in to  one v e c to r  m eson an d  one p seu d o sca la r m eson . 
(The n o ta tio n s  are  as follow s: re™’'1 d en o tes  th e  SI7(3) s ta te  | n, a > ,  w ith  
2JT 1 =  m, J z =  ц, w here J  is th e  sp in ; Cab e tc . are  th e  CG -coefficients for 
8 ® 8 = = 2 7 + 1 0  +  И)* +  8к +  8о +  1; ôa =  (—l ) ,» +1/2 i4 )  T he re su lts  
for th e  2+ m esons are  th e  sam e as in  [8 ]. T h e  27s m esons in  405 can d e cay  only  
in to  tw o  v e c to r  m esons o r in to  m ore th a n  tw o  partic les.
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T he fa c t t h a t  th e  decays o f  pa rtic le s  w ith  d iffe ren t sp in  go w ith  d iffe ren t 
o rb ita l m o m e n ta  gives rise to  am b ig u ities  w h en  m aking  a q u a n ti ta t iv e  c o m p a
riso n  w ith  th e  e x p e rim e n ta l d a ta .  F o r th is  reaso n  we sh a ll discuss on ly  th e  
decays o f th e  2 + m esons. A cco rd in g  to  [1] th e  2 + s ta te s  w h ich  can decay  in to  
th e  tw o -b o d y  s ta te s  s tu d ied  h e re  are  th o se  g iven  in  th e  fo llow ing T ab le :

Mass M ixing
(MeV) 189 405

K* 1405 |8  > l / / 5 ( / 2 l 27  > — ^3 1 8  > )

K*' 16 5 0 — 1/ŸS(Ÿ3 I2 7  >  +  fül8 > )

Л 13 2 4 I » > 1 / / 5  ( |2 7 >  —  2 |8  > )

A Í 1580 — I //5 (2 |7  >  +  8  > )

f 125 3 1 / / 3 ( | 8 >  +  Ÿ2 11 >  ) 1 I f h )  (2 7  >  —  2 |8  >  +  / 5 |1  > )

r 1 5 0 0 1/Ÿ3 ( / 2 | 8 >  —  | 1 > ) 1 / / Î 5  (3 |2 7  >  1 —  8 >  — 1/5[1 > )

f " 167 0 — l / f 3 0 ( 3 |2 7  >  +  4 |8  >  + fS \l  > )

T h e  decays can  b e  described  b y  tw o  p a ra m e te rs  b o th  in  18 9 a n d  405 (A , В  a n d  
A ' ,  B ' ,  re sp e c tiv e ly ) . B y f i t t in g  th e  w id th  o f  A 2 a n d / w e  g e t th e  re su lts  su m 
m arized  in  T a b le  IV . The d ecay  ra te s  are  co rre c ted  by  a p h a se  space fa c to r  к5, 
w here  к is th e  m o m en tu m  o f th e  decay  p ro d u c ts  in  th e  c .m . sy stem .

T he w id th s  o f  th e  u n o b se rv ed  resonances in  405 are v e ry  large. T he re su lts  
fo r  K*  an d  A 2 a re  w ell know n fro m  earlier w o rk s  (see e.g. [8]), an d  th e y  do n o t  
d is tin g u ish  b e tw e e n  189 a n d  405 . T he th e o re tic a l b ra n c h in g  ra tio s  fo r th e  /  
m eson  are  a p p ro x im a te ly  th e  sam e for b o th  re p re se n ta tio n s  an d  are in ac c o rd 
an ce  w ith  e x p e rim e n t. T h u s , th e re  rem a in s  on ly  one p o in t  w here th e  p re 
d ic tio n s o f th e  tw o  re p re se n ta tio n s  d iffer: th e  decay  o f / ' .  A n d  in  th is  case th e  
189 seem s to  b e  p re fe rred , c o n tra ry  to  th e  co n sid era tio n s based  on m ass 
re la tio n s . N ow , th e  a rg u m en ts  g iven  in  fa v o u r  o f 405 h a v e  been co n n ec ted  
w ith  th e  p o s s ib il i ty  o f id e n tify in g  th e  1+ m esons an d  S°(700). R ecen tly  th e  
e x p e rim e n ta l ev id en ce  for th e se  resonances is v e ry  b a d  [6 ]: th e  ^41(1072) an d  
B (1220) a re  a lm o s t surely  k in e m a tic  effects, w hile  K */2(1270), Атгтг(1320) an d  
S°(700) h av e  n e v e r  been w ell-es tab lish ed  re s o n a n t s ta te s . O n th e  o th e r  h a n d , 
th e  well e s ta b lish e d  C(1215), 19(1286) an d  £ (1 4 1 0 ) can b e  assigned to  189 as 
w ell as to  4 0 5 . C learly , m uch  m ore  e x p e rim e n ta l d a ta  a re  need ed  in  o rd e r to  
b e  ab le to  dec ide  w hich of th e  tw o  re p re se n ta tio n s  is co rrec t, o r w h e th e r such  
c lassifica tio n  schem es m ake a n y  sense a t  all.
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c o n tin u o u s  in te r e s t  in th is  w o rk .
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Table I

SU(6)s  — SU(6)w  mixing for 189

SU(6)s |SE/(3), SU(2); Jz> \SU(6V,SU(3),  SJ7(2); Jz >

189 |8 ,5 ;2> 18,5;2 >
11,5;2 > |1 ,5 ;2>
|8 ,5 ;1> 1/2 ( /3  |189,8д,3;1 >  — |35,8,3;1 > )

|1 ,5 ;1> —  135,1,3 ;1 >
! 8,5 ;0 > l/3 (— jl89,8,5;0 >  — /5  |189,8,1;0> +  /3  |35,8,1;0> )
11,5 ;0 > 1/3 /5 (— /5  1189,1,5:0 >  -  4 1189,1,1 ;0 >  +

+  2 / 6  11,1,1 ;0 > )
|10,3;1 > 1189,10,3 ;1 >
[ 10*3 ;1 > — |189,10*3;1>
|8f ,3 ;1> — 1/2(|189,8D,3 ;1 >  +  /3  |35,8,3;1 > )
|8d ,3 ;1> 1 /2 (/3  |189,8,5;1 >  — |189,8F,3;1 > )
110,3 ;0 > —  |189,10,3;0>
|10,*3;0> — |189,10*3;0>
|8 / 7,3  ;0 > —  |189,8F,3;0>
|8д,3;0 > 1/2 (|189,8D,3 ;0 >  — /3  |35,8,3;0>)

127,1 ;0 > — 1189,27,1;0>
|8,1 ;0 > — 1/6(2 /5  1189,8,5;0>  +  |189, 8 ,1 ;0 >  +  /Ï 5  |35 ,8 ,1 ;0>)
11,1;0 > — 1/15 ( 4 / 5  |189,1,5;0> +  7 |189,1 ,1;0>  +

+  4 /6  11,1,1 ;0 > )
35 18,3;1 > — 1/2 (1189,8,5;1 >  +  /3  |189,8F,3;1 > )

|8 ,3 ;0> — 1/2 ( /3  |189,8d ,3 ;0 >  +  |35 ,8 ,3;0>)
|8,1 ;0 > 1/2 /3 (2  1189,8,5;0 >  — /5  1189,8,1 ;0 >  —

__/3  |35 ,8 ,1;0>)

|1,3;1> —  |189,1,5;1>
|1 ,3 ;0> 135,1,3;0 >

1 11,1;0 > 1/5 /3  (2 /Г 0  1 189,1,5;0> — 4 /2  1 189,1,1;0> —
— / 3  |1 ,1 ,1;0>
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Table II

SU(6)s  — SU(6)W mixing for 405

SU(6)s  I SU(S), SU(2); Jz > |SC7(6)n„ SU(3), SU(2); Jz >
405 |2 7 ,5 ;2 > 127,5 ;2 >

18,5 ;2 > 18,5;2 >
|1 ,5 ;2 > |1 ,5 ;2 >
|27 ,5 ;1> —  1405,27,3 ;1 >
|8 ,5 ;1 > — 1/2 /6 (3  |405,8D,3 ;1 >  +  / Ï 5 |35 ,8 ,3;1>)
11,5;1 > —  |35,1,3;1>
J 27,5 ;0 > 1/3 (— |405,27,5;0> +  2 /2  |405,27,1;0 > )
|8 ,5 ;0> 1/3 /2  (— /2  |405,8 ,5;0>  +  |405,8 ,1;0>  +  

+  /Ï 5  135,8,1 ;0 > )
|1 ,5 ;0 > 1/3 ŸÎ ( - f j  |405,1 ,5;0>  +  2 /2  [405,1,1;0> +  

+  4 / 3 | l , l , l ; 0 > )

127,3 ;1 > —  [405,27,5 ;0 >

110,3 ;1 > — |405,10,3;1 >

|10 ,*3;1> |405,10,*3;1 >

18/7,3;! > 1/2 /2  ( -  /5  |405,8D,3;1 >  -f- /З  |35,8,3;1 > )

|8d ,3 ;1 > —  1/2 / 2  (/3  1405,8,5;1 >  +  /5  |405,8F,3;1 > )

1 27,3;0 > |405,27,3;0>

|10 ,3 ;0> —  |405,10,3;0>

|10 ,*3;0> —  |405,10,*3;0>

|8/r,3;0 > — |405,8F,3;0>

j8/),3;0 > l/4 (— |405,8o ,3 ;0 >  +  /Ï 5  |35,8,3;0>)

|27 ,1 ;0> 1/3 (2 f i  1405,27,5;0 >  +  |405,27,1;0>)

|8 ,1 ;0> 1/12 (2 Í2  |405,8,5;0> — 11 |405,8,1;0> +  
+ / Ï 5  |35 ,8 ,1;0>)

| l , l ; 0 > 1/21 (2 /I Ï  |405,1,5;0 >  —  17 |405,1,1;0> +  
+  4 /6  11,1,1 ;0 > )

35 18,3 ;1 > 1/2 f i  ( - Ÿ 5  |405,8,5;1 >  +  /3  |405,8F,3;1 > )
18,3 ;0 > 1/4 ( /Í 5  |405,8o ,3 ;0 >  +  |3S,8,3;0>)
|8 ,1 ;0> 1/4 /З  (2 /1 0  |405,8,5;0>  +  /5  |405,8,1;0>  +  

+  /3  |35 ,8 ,1 ;0>)
|1 ,3 ;1 > — 1405,1,5;1 >
11,3 ;0 > 135,1,3 ;0 >

1 |1 ,1 ;0> 1 /7 /3 ( 4 /7  |405,1 ,5;0>  +  4 f i  |405,1,1;0>  +  
+  /3  11,1,1 ;0 > )
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Table III

Decay amplitudes*

* For the notations see the text.
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Decay 189 405

8 ? д - 8 W 8 1 -  У з л е # [/Ï5 A ' C q£

S S ,0 -> 8 J  4 1/5/3 ЛС& -  5/3 ЛХ'Й/
^5,0 - » ■ 8 1 8 1 . -  l / f Ï B Ô a В '  ó d

27®’1 - ► e ^ e  i — 1/2 C'C®7’c
27®’° “ ► 8 ®’° 8j — 1 2 C ' C ^

IO®-1 - > 8 ® . ' 8 fti /"уМО.С
b L , ab C '  p \Q.C

°  ° a ö

10®’° - > 8 ® ’° 8 £ r r * 0 ,c
ab u  c ab

10*3,i -+8® ’x 8i /-»/"» 1 ()*,c /"»'/"»lOHí.C

10*3,o - > 8 ® ’° 8 ' -  c c ' g *  ■« b  ^ a b
o 3 ,l
b F c - > 8 ® . ' 8 ' ( 2 C  —  З А )  С д ь ( 2 C  -  2Л') Cfftc
o 3 ,°
ö F c - > 8 ® ’° 8 ' -  2 С С % -  2C 'C £

q 3» 1 
ö D c - > 8 ® ’ ’ 8 ' f b C C % 1/ l^ C 'C g f

- ^ 8 j l 3’! — l/J/2 C 1/5/2 C'

coQсо

- >  8 ®-° 8' j / 5 / C -  Л /С $ 1/1/2 ( C ' - 5Л') Cgf

- >  8  ̂ l 3’° D D '

27' ->8> 8' 1 / 2 C C Ï Ï ' 1/2 )/3 C'C^’c

-►8« 8' 1/6 ( 9 C - 5 A ) C % 1/6 1 /2  (9C' -  5y4') C{£

1' - ^  8 ' 8«, 1/4 ]/l0  (3C +  8 B) őo 1/2 f i i  (3C' 8B') áo
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T ab le  IV

Particle
Г (MeV)

D ecay
B ranching ratio  (%)

189 405 Exp. 189 405 Exp.

K* 112 84 95 +  11 K*7l 15,5 15,5 — 50
oK 4 4
w K 1 1
К л 77 77 — 50
Kr] 2,5 2,5

K*' — 212 К * л — 22,5
o K 14,5
K*r) 3,5
<рК 0,7
соК 0,5
К л 55,5

К>] 2,8

Л 90 90 90 +  10 Q7Z 64,5 64,5 91
кк 12,5 12,5 5,5

Г] 71 23 23 3,6
Ж — 113 к*к — 3

071 68
кк 13,5
7] 71 15,5

f 118 118 118 +  16 7Ъ7Т/ 98 98,8 large
К К 2 1 <  4
щ 2 • IO" 2 0,2

r 82 49 80 К * К 8 2 ~  40
ТГТС 10,5 28,5
кк 62 57 ~  60

m 19,5 12,5

r — 235 к*к — 33
7171 16
K K 36

Щ 15
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РАСПАДЫ МЕЗОНОВ С ПОЛОЖИТЕЛЬНОЙ ЧЕТНОСТЬЮ В СХЕМЕ SU (6)„.
И. МОНТВАИ и Т. НАДЬ

Р е з ю м е
Даны SU(6)iv — инвариантные амплитуды для распадов 189- и 405-мультиплетов в 

два псевдоскалярных мезона и в один векторный мезон и один псевдоскалярный мезон 
Вычислены ширины распада 2* мезонов; результаты, полученные для 189 лучше согла
суются с экспериментальныыми данными.
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A FIELD THEORETICAL MODEL WITH S L ( 6, C)  
INVARIANT INTERACTION

By

K . L a d á n y i

RESEA RCH  G ROU P FOR T H EO R ET IC A L PH Y SICS, H U N G A RIA N  ACADEMY OF SCIEN CES,
BU DA PEST

Abstract

A n o n lin ea r sp inor e q u a tio n  is considered , w h ich  is fo rm -in v a ria n t u n d er 
th e  tra n s fo rm a tio n s  o f th e  SO e-g roup . T he com p o n en ts  o f th e  f ie ld  o p era to r 
a re  th e  tr ió n  fie ld s  in tro d u c e d  b y  B a c r y , N u y t s  a n d  V a n  H o v e . T h e  form al 
in te ra c tio n  L ag ran g ian  is c h a ra c te riz e d  b y  V — A  coupling  a n d  SL(6,C) 
in v a rian ce .

МОДЕЛЬ ТЕОРИИ ПОЛЯ C SL(6, С)-ИНВАРИАНТНЫМИ 
ВЗАИМОДЕЙСТВИЯМИ

К. Л А Д А Н И

Р е з ю м е
Рассматривается нелинейное спинорное уравнение, инвариантное относительно 

группы преобразований SOe. Компонентами оператора поля явгяются триплетные поля, 
введенные Бакри, Нюитсом и Ван-Ховом. Формальный Лагранжиан взаимодействия 
охарактеризован V— А связью и SL(6, С) инвариантностью.
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SYMMETRIES OF SCATTERING INCLUDING 
MASS-SPLITTING

B y

J .  S t e r n

D EPA R T M E N T OF T H E O R E T IC A L  PH Y SICS 
FACULTY OF TECHN ICA L AND NUCLEAR PH Y SICS, PR A G U E , CZECHOSLOVAKIA*

Symmetries of scattering including mass splitting are discussed.

I t  is kn o w n  th a t  th e  u su a l p e r tu rb a tiv e  t r e a tm e n t  o f  sy m m etry  b reak in g , 
w hen  app lied  to  th e  sy m m etrie s  of s c a tte r in g , a ffords n o  p rac tica l p o ss ib ility  
to  inc lude  u n am b ig u o u sly  th e  effect o f  m ass-sp littin g . T h is fac t causes serious 
d ifficu lties w henever th e  re la tio n s am o n g  sc a tte r in g  am p litu d es h a v e  to  be 
com pared  w ith  ex p e rim en t: one does n o t  know  fo r w h a t va lu es  o f k in e m a tic  
v ariab les  th e  am p litu d es o f d iffe ren t processes h a v e  to  be co m p ared . T he 
com parison  fo r th e  sam e Ç -value u su a lly  m ade is an  ad  hoc assu m p tio n  devoid  
o f an y  th e o re tic a l fo u n d a tio n .

I  shou ld  like to  p re se n t here b r ie f ly  an  a t te m p t  to  give a new  a n d  m ore 
accu ra te  m ean in g  to  th e  n o tio n  of sy m m e trie s  of s c a tte r in g  w hich  w ould  n o t 
en co u n te r su ch  d ifficu lties. L e t me b e g in  w ith  th e  fo rm u la tio n  o f m y  basic  
assu m p tio n s.

L e t F a), . . .  be a se t o f  o p era to rs  co m m u tin g  w ith  th e  sc a tte rin g  o p e ra to r  
w ith  th e  follow ing p ro p e rtie s :

1. A ll one-p artic le  s ta te s  can b e  d iv ided  in to  subspaces (m u ltip le ts ) 
w hich  are  closed and  irred u c ib le  w itb  re sp e c t to

F W \ a >  =  v | « '  >  •

2. T h e  space of tw o -p a rtic le  s ta te s  b u ilt  up b y  ta k in g  o n e-p artic le  from  
one m u ltip le t an d  th e  second  from  a n o th e r  is ag a in  closed  u n d e r F ^

F< '> \ a , b >  =  2 \ a ' , b '  > .

3. F change th e  conserved  ob serv ab les  Q a n d  Y  b y  0, ^ 1 ,  ± 2 ,  . . .

A Q , A Y  =  0 , ± 1 , ± 2 ,  . . .

* Myslikova 7, Prague 1, Czechoslovakia.
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4. F ^  a re  ro ta tio n a lly  in v a ria n t.

[ F M , L jk]_ =  0 .

I t  is n o t  ex p lic itly  assum ed  th a t  F ^  fo rm  an  a lgeb ra  b u t  fo r  th e  m o m en t 
le t  us im ag in e  t h a t  th e y  do. C onsider v a rio u s  rea liza tio n s o f  th is  a lgeb ra  in  
te rm s  of n o rm a l p ro d u c ts  o f  c rea tio n  an d  a n n ih ila tio n  o p e ra to rs  o f in- an d /o r 
ou t-going  p a r tic le s  i.e. in  te rm s  o f  th e  sum  o f o p e ra to rs  like

j d3 d3 k 1f ( k l k,) a+ (kJ  aß (k 2) +

+  j d3 . . . .  d3 fc2, k3, k 41 a+ (fcj) a /  (fc2) ax (fc,) ae i&4) - f  . . .  .
( 1 )

T h e a ssu m p tio n s  1—4. h av e  th e n  to  be  considered  as c o n s tra in ts  w hich  
in d ica te  w h a t rea liza tio n s  express th e  sy m m e try  o f th e  S -m a tr ix .

U su a lly  one considers on ly  rea liza tio n s w h ich  are b ilin e a r  in  th e  fie ld  
o p era to rs . T h is  co rresponds to  th e  ex p lic itly  m ad e  a ssu m p tio n  th a t  tw o - 
p a rtic le  s ta te s  tra n s fo rm  like m em bers of th e  space  w hich is a d irec t p ro d u c t 
o f  o n e-p a rtic le  re p re se n ta tio n  spaces

F (í) 11 >  ® j 2 >  =  ( F (í) I 1 > )  ® |2  >  +  |1 >  ® (F<'> I 2 > ) .  (2)

In  o u r a p p ro a c h  i t  is n ecessary  to  go b ey o n d  th is  a ssu m p tio n  w henever 
w e w an t to  in c lu d e  in e lastic  processes. T his m ean s t h a t  m ore gen era l rea liza tio n s 
m u s t be u sed  a n d  th e  W ig n e r — E c k h a r t  th e o re m  can no lo n g er be app lied .

N ev erth e less , a r a th e r  sim ple general m e th o d  ex ists in  w h ich  i t  is possib le, 
on  th e  basis  o f  assu m p tio n s 1—4, to  o b ta in  w ell-defined  re la tio n s  am ong th e  
Scattering  a m p litu d e s  w h en ev er th e  c lassifica tio n  of o n e-p a rtic le  s ta te s  is 
given.

I  c a n n o t d e m o n s tra te  th is  m e th o d  h ere  b u t  only  p re se n t som e ty p ic a l 
re su lts .

As a s im p le  exam ple  we consider sp in less q u a rk s  and  a n tiq u a rk s  fo rm ing  
tw o -m u ltip le ts  in  th e  sense of assu m p tio n  1. W e shall label th e m  by  G reek 
indices 1, 2, 3 co rresp o n d in g  to  p,n ,  X an d  assum e m x < / m 3.

W hen  o n ly  Q— Q s c a tte r in g  is considered  th e  s itu a tio n  is v e ry  sim ple 
because h e re  o n ly  elastic  p rocesses can occur. T h e  re su lt is th e n

a f ( p 2) — dFi p2) ; x , ß , y =  1 ,2 ,3  (3)

w here  а ^ ( р 2) is a p a r tia l  tv*a:ve fo r th e  e lastic  sca te rin g

* +  ß —> +  ß
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as a fu n c tio n  o f  th e  c.m . m o m en tu m  sq u a re d . F o r a  = /? th is  e q u a lity  ho lds, 
o f course, fo r even p a r tia l  w aves only. I n  th is  case of p u re ly  elastic  sc a tte rin g  
re la tio n s sa tisfy in g  (2) can  s till be used .

More com plica ted  a n d  in te re s tin g  re su lts  are o b ta in e d  fo r q u a rk -a n ti
q u a rk  sc a tte rin g . In  th is  case we h a v e  a degeneracy  o f  s ta te s  | a , ec> w ith  
re sp ec t to  I 3 an d  Y  an d  th e re fo re  in e la s tic  processes like

cc +  x - + ß  +  ß

can  ta k e  p lace. N ow  inc lusion  o f tw o -p a rtic le  te rm s (see assu m p . 2) is n ecessary  
to  get n o n tr iv ia l sca tte rin g . L e t us d en o te  b y  <pfß(p2) th e  a m p litu d es  of e las tic
process

« +  ß - * *  +  ß {,*=hß)

as a fu n c tio n  of c.m . m o m en tu m  sq u a re d , an d  b y  fß 'S(s) a m p litu d es  of

* +  « —*■ ß  +  ß

as a fu n c tio n  of c.m . en erg y  sq u ared  in  th e  co rresp o n d in g  channel. T h en

<U12 (P2) =  9>/l5( P2) =  4>P Í P 2) =  • ■ • =<Pi (P2)
and

d e t [ B ( s ) - 2 4 i X 4 i )  ® 1] = 0 , 

cc =  1 ,2 ,3 ,  s >  4m |

w here B(s) is a 3 X 3 m a tr ix

B aß(s)  = f ap( s ) ( s  —  4 m 2 ) 1 ' 2 ,
w here

4 i  =  p 1 +  m  — ml  >

s =  4 (p 2 -\- mj) .

F in a lly  le t me m ak e  tw o  com m ents:
1. B esides re la tio n s  am ong s c a tte r in g  a m p litu d e s , re la tio n s am ong  

ce rta in  m a tr ix  elem ents o f appear. T h is  m eans t h a t  i f  F ^  have  to  fo rm  an 
algebra  th is  a lgeb ra  c a n n o t be  a rb itra ry . I t  is n o t even  c lear w h e th e r Fl(,) can  
form  an  a lg eb ra  a t  all. M oreover, th e  p re se n t m e th o d  does n o t exclude th e  
possib ility  t h a t  our basic  assu m p tio n s are  in co m p a tib le  w ith  n o n tr iv ia l 
sca tte rin g , as only  som e o f th e ir  consequences have  b een  derived .

2. T he m ain  q u es tio n , o f course is , w h e th e r th is  a p p ro ach  an d  its  co n 
sequences h av e  a n y th in g  to  do w ith  p h y s ic s  a t  all. U p  to  now  I  c a n n o t g ive a 
defin ite  an sw er to  th a t  q u estio n , b u t  i t  is possible to  ex am in e  th e  follow ing
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p o in t o f v iew : i t  is c lear t h a t  su ch  a sy m m e try  o f th e  S -m a tr ix  can n o t in c lu d e  
e lec tro m ag n e tic  forces o f in f in ite  ran g e . T h is is seen from

° N N  —  a P P  •

O n th e  o th e r  h a n d , i t  c a n n o t he  ex c luded  a p rio ri th a t  th e  b reak d o w n  of h ig h e r 
sy m m etrie s , in c lu d in g  [/-sp in  e tc ., can  he  p ro v id ed  b y  th e  inc lusion  o f m ass- 
d ifferences in  th e  w ay  p ro p o sed  here . H ow ever, th is  needs to  he d ire c tly  
verified . I t  is possib le  b ecau se  th e  p re se n t m e th o d  is gen era l and  can be  
app lied  e q u a lly  w ell to  such  cases as m eso n -b ary o n  or b a ry o n -b a ry o n  sc a tte rin g . 
H ow ever, th is  needs th e  in c lu sio n  o f  sp in  w h ich  slig h tly  changes th e  m e th o d  o f 
d e riv a tio n s . T h is  w ork  is now  in  progress.

СИММЕТРИИ РАССЕЯНИЯ, ВКЛЮЧАЯ РАСЩЕПЛЕНИЕ МАСС
Й . Ш Т Е Р Н  

Р е з ю м е

Обсуждены симметрии рассеяния, включая расщепление масс.
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SYMMETRIES OF QUARK-ANTIQUARK 
SCATTERING AND MESON NONETS 

MASS-SPUITTING

B y

J .  Stern and A.  V ancura

DEPARTMENT OF THEORETICAL PHYSICS,
FACULTY OF TECHNICAL AND NUCLEAR PHYSICS, PRAGUE, CHECHOSLOVAKIA*

L in ear m ass fo rm ulae  fo r  m eson  nonets a re  o b ta in ed . T he d e riv a tio n  is b a sed  on  eq u a li
ties am ong q u a rk -a n ti  q u a rk  p a r tia l  w ave s c a tte r in g  am p litu d es o b ta in e d  in th e  p reced in g  p a p e r, 
a n d  on assu m p tio n s concern ing  i ts  an a ly tica l p ro p e rtie s . T he re su ltin g  fo rm ulae  a re  in  v e ry  
good ag reem en t w ith  ex p e rim e n ta l m ass-va lues o f th e  1 ~ a n d  2 + m eson n o n e ts , b u t  fa il 
co m ple te ly  fo r pseudoscalar m esons.

1. T h e  idea  of q u a rk s  [1] as b a s ic  e lem ents o f all p a rtic le s  is r a th e r  
a ttra c tiv e . I t s  a p p licab ility  goes b e y o n d  th e  S U ( 3) o r SU(6)  c o n te n t o f th e  
orig inal p ro p o sitio n , as is w ell seen in  th e  recen t l i te ra tu re  [2]. H ow ever, all 
d ynam ica l ca lcu la tions in  q u a rk  m odels are  m ade w ith in  a n o n -re la tiv is tic  
lim it, w h a t seem s to  be  r a th e r  na ive , to  say  a t  leas t. I n  th is  p a p e r  w e sha ll 
t r y  to  ex p lo it some re su lts  o f th e  p reced in g  ta lk  b y  Stern [3] a b o u t th e  
q u a rk -a n tiq u a rk  sc a tte rin g  am p litu d e  to  o b ta in  c e r ta in  p ro p e rtie s  o f th e  one- 
p a rtic le  m eson  s ta te s .

As in  th e  orig inal p ro p o sitio n  [1 ], we ta k e  m esons to  be b o u n d  s ta te s  of 
a q u a rk -a n tiq u a rk  sy stem . W e shall sho w  th a t  from  re la tio n s  am ong th e  Q — Q 
sc a tte rin g  am p litu d es  a n d  a usual a s su m p tio n  a b o u t th e  an a ly tica l p ro p e rtie s  
o f th e  a m p litu d e  we can  o b ta in  o rd e rin g  o f m esons in to  m u ltip le ts  a n d  n o n 
tr iv ia l m ass fo rm ulae , w h ich  are v e ry  w ell sa tis fied  fo r l -  an d  2+ m eson 
n o ne ts, b u t  fa il for p seu d o sca la r m esons.

2. W e d en o te  b y  1, 2, 3 th e  th r e e  q u a rk s  p ,  n, X w ith  m 1<^ m2 <  m 3. 
T he a n tiq u a rk s  are th e n  1, 2, 3- T h e  p a r t ia l  w ave sc a tte r in g  a m p litu d e  for 
th e  process [4]

x  +  ß - ^ x + ß ;  ( x = f = x \ x , ß  =  1, 2, 3)

(elastic  sc a tte r in g  of a q u a rk  x  and  a n  a n tiq u a rk  ß) is (p*ß(p2), w here p 2 is th e  
c.m . th ree  m om en tum  o f th e  pair (a , ß).  T h e  a m p litu d e  for th e  process

x  - f  x - > ß  +  ß

* M yslikova 7, P rag u e  1, C zechoslovakia.
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i s / / “^(s); h e re  s is th e  to ta l  c .m . energy  sq u a red . T hese a m p litu d es  are  n o r 
m alized  in  su ch  a w ay  th a t  th e  d iffe ren tia l cross-section  is

an d

do*P
d.Q У  (21 + 1)

=  2  ( 2 1 + 1 )  f f .
Q

H ere  we m u s t  m ak e  a re m a rk  a b o u t th e  p a r t ia l  w ave decom position . In  [3] 
q u a rk s  w ere ta k e n  as sp in less p a rtic le s  fo r sim p lic ity , an d  l w as th e  o rb ita l 
m o m en tu m  o f th e  p a r tia l  w ave. H ow ever, th is  is inessen tia l fo r us, b ecau se  
w e expec t t h a t  th e  sam e re la tio n s  as th o se  d eriv ed  in  [3] fo r p a r tia l  w aves 
w ill be tru e  fo r th e  h e lic ity  a m p litu d es  w ith  d e fin ite  values o f sp in  an d  p a r i ty  
J p in  th e  case o f  q u a rk s  w ith  sp in . F u r th e r  on  we shall n o t w rite  th e  in d ex  l, 
a n d  shall co n sid e r all a m p litu d es  to  h av e  d e fin ite  va lues o f J p.

In  [3] i t  is show n th a t  th e  am p litu d es  cp a n d / fu lfill th e  follow ing re la tio n s

cp“P (p2) =  cp (p2) (1)
(a ll are equa l) an d

d e t [ B ( s ) - 2/ i y X 4 ,)] =  0 ,
( 2 )

A =--- s — m l, s >  4mjj,
4

w here  B(s) is a 3 x 3  m a tr ix  w ith  th e  e lem en ts

B*ß =  (s -  4ml) !/2/ ^  (s) . (3)

E q . (2) is a cu b ic  re la tio n  b e tw een  th e  a m p litu d e s  cp an d  f .  I t  can  be easily  
linearized  w h en  looked  u p o n  as a secu la r eq u a tio n  for th re e  eigenvalues
2Al[2 <p(AUl). O ne gets

Sp  B(s)  =  2 V ( A J .  (4)
a=l

T w o o th e r co n d itio n s  (one q u a d ra tic  an d  one cubic) can  be o b ta in e d  also b u t  
th e y  have  no  v a lu e  fo r us a t  p re sen t.

3. R e la tio n s  (1) an d  (4) a re  v a lid  in  th e ir  re sp ec tiv e  ph y sica l reg ions. 
In s te a d  o f m a k in g  a n y  a rtif ic ia l assu m p tio n  a b o u t th e  in te ra c tio n  o f a q u ark - 
a n tiq u a rk  sy s te m  we suppose t h a t  ou r sc a tte r in g  am p litu d es h a v e  th e  u su a l 
a n a ly tic a l p ro p e rtie s  in  th e  to ta l  c .m . energy  sq u a re d . T his is th e  on ly  dynam ic  
a ssu m p tio n  w e m ak e . M esons as q u a rk -a n tiq u a rk  b o u n d  s ta te s  w ill m an ifest
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them selves as poles in  th e  co rrespond ing  am p litu d es (w ith  specified J p). F ro m  
a n a ly tic ity  w e conclude t h a t  (1) an d  (4) can  be ex ten d ed  to  th e  no n -p h y sica l 
region and  th e  pole te rm s  can  be co m p ared .

L e t us s ta r t  w ith  (1). T he re le v a n t po le  te rm  co rresponds to  a “ c h a rg e d ”  
m eson (I J 3 I +  I У  | >  0). W e w rite  e.g.

 ̂o,32̂ 2
<p32 ( p 2) = -------——----------- 1-  no pole te rm s  , (5)

Sm(P2)  —  "» 3 2

w here

s 32 ( P 2)  =  [ ( p 2 +  m i ) 1/2 +  i f  - ' r  m i ) 1/2 ]2

and  m 32 is th e  position  o f th e  pole. As a fu n c tio n  of p 2, <p h as  a pole on th e  f irs t  
R iem an  sheet of b o th  sq u a re  roo ts w h en ev er

m'l — m | j <  m3i

is tru e . A t th e  position  o f  th e  poles w e h av e

m 32 =  (Po +  m i)1/2 +  {pi  +  m i)1/2 (6)

N ow  it  is easy  to  see fro m  (1) th a t  all q>aP (p2) m u st h a v e  a pole a t  th e  sam e 
v alue  of p 2 =  pi:

<P*p (p 2) = -------— --------- - ---- [-no  pole te r m s ,  (7)
s aß Í P 2) —

w here

sa P(P2) =  [(P2 +  m«)1/2 +  (P2 +  m2)l/2]2.
T his m eans

m *ß =  (pl  + m D112 +  (p ‘i + ( 8)
осф ß

T his can be  done for ev e ry  value o f  J p. T herefore, i t  is possib le to  id e n tify  
u n ique ly  m a/S (a =f= ß) w ith  m asses o f “ c h a rg e d ”  m esons w ith  th e  sam e J p an d  
Y,  I 3 va lues o f th e  co rrespond ing  ch a n n e l (see T ab le  I) .

Table I

J p 12 13 23

0 - n u к к°
1 - e + к* к°*
2 ~ A  + к  ** к°**
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E lim in a tin g  p i  from  (8) we get

ml  — m% =  m,ß (m ay — m ßy) 

(« Ф ß Ф Y =h a )
( 9 )

A sim ila r  p rocedure  c a n  b e  follow ed w ith  (4). T he r . h . s. o f  (4) has th re e  
d iffe ren t po les, accord ing  to  th e  p rev ious d iscussion , w hich  m u s t ap p ea r a t  
th e  1. h . s. to o . T h e ir p o sitio n  in  th e  s -v a riab le  we den o te  b y  m\,  and  choose 
m u  <[ m22 <C т -лз- W e w rite , th e re fo re ,

f*ß(s)
3

- 2V=1
VyVy
— ml

+  . . . ( 10)

H ere  again  m yy m u st h av e  th e  m ean ing  o f m asses o f b o u n d  s ta te s  — (absou te ly ) 
n e u tra l m esons — in  th e  (yy) sy stem . C om paring  positions o f  th e  poles we g e t

=  2 (pi +  ml)1'2, (11)

w here  p i  is th e  sam e as in  (8). F o rm u lae  (8) an d  (11) can  th e re fo re  be w ritte n  
in  a com m on fo rm

maß =  (po +  О 1'2 +  (P§ +  ™})112 ■ (12)

W e have now  to  fin d  th e  co rrespondence  b e tw een  b o u n d  s ta te s  (yÿ ) an d  th e  
re a l n e u tra l  m esons. I t  can  b e  chosen acco rd in g  to  th e  in c reasin g  m asses o f  
th e  m esons w ith  g iven J p. T h e  re su lts  o f th e  assig n m en t a re  in  T able I I .  W e 
re m a rk  t h a t  th is  c an n o t b e  d one  fo r p seu d o sca la r m esons.

Table II

JP 11 22 33

0- 710 ? ?
I - Q° CD Ф
2+ f A° r

F ro m  (12) we o b ta in  th re e  lin ea r re la tio n s  am ong th e  m eson m asses 
(w ith  g iven J p)

2m,ß =  m„  +  m ßß (13)

a n d  tw o q u a d ra tic  ones (w ith  (9)).

4 (ml — m}) =  ml ,  — mjß =  4m,ß (тлу — m ßy) . (14)
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F orm ulae  (13) are  ex trem ely  well sa tis fied  fo r 1 and  2 + m eson  non e ts . I f  one 
calcu la tes e.g . (using [5]) Ф a n d / '  m asses, one gets

M(<p) =  (1017 ±  6) MeV

and
M  ( / ' )  =  ( 1520 ±  20) MeV.

One can e s tim a te  also th e  e lec tro m ag n etic  m ass d ifference fo r X * -m eso n s: 

M  (K*° ) — M  ( K * +) =  —  [M (со) — M  (e0)] =  (8 ±  3) M eY .

F ro m  (14) re la tio n s  am ong  m asses of m em b ers  of d iffe ren t m u ltip le ts  follow . 
In  th is  w ay  a re m a rk a b ly  good value  fo r th e  yl2-m eson is o b ta in e d :

M ( A 2) =  (1324 ±  11) MeY.

Besides fo rm u lae  (13) a n d  (14) i t  is also possib le to  w rite  dow n severa l e q u a 
lities am ong th e  coupling  c o n s ta n ts  (gâ )2 a n d  (ry*)2 b y  co m p arin g  residues of 
th e  poles o f  cp an d  f .  T hese re la tio n s can  b e  o f  some va lu e  fo r q u ark  m odels b y  
giving in fo rm atio n  a b o u t d iffe ren t p h y s ica l q u a rk -an tiq u a rk -m eso n  coup ling  
co n stan ts .

4. In  o u r opinion th e  im p o r ta n t p o in t o f  our re su lt is n o t  th e  re la tio n s (13) 
b u t  th e  m e th o d  b y  w hich th e y  w ere o b ta in e d . I t  seems t h a t  i t  can  be genera lized  
to  m ore co m plica ted  cases.

W e m ad e  no use o f  a n y  k ind  o f p e r tu rb a tio n  m e th o d  in  our ca lcu la tio n . 
F rom  th is  p o in t o f view  th e  re su lts  o b ta in e d  are  exact. R e la tio n  (13) is e x a c tly  
th e  “ re la tiv is tic ”  version  o f th e  a d d itiv ity  ru le  for h a d ro n  m asses f re q u e n tly  
m et in  n o n -re la tiv is tic  h a d ro n  m odels.

One p o in t is r a th e r  in te re s tin g . F o rm u la e  id en tica l to  (13) w ere o b ta in e d  
b y  F o r m a n e k  [6] in  a com plete ly  d iffe re n t w ay. H e fo u n d  th a t  an  in f in ite  
d im ensional a lgebra  e x is ts , connecting  in  a n o n tr iv ia l w ay  S l/(3 )  w ith  th e  
w hole P o in ca ré  a lgebra. A m ong o th e r th in g s , i t  has re p re se n ta tio n s  su ita b le  
for c lassifica tion  of n in e  pa rtic le s  w ith  d iffe ren t m asses. T he re le v a n t m ass 
fo rm ula — also o b ta in ed  w ith o u t sy m m e try  b reak ing  — is eq u iv a len t to  (13).

B o th  th e se  ap p ro ach es are d iffe ren t, b u t  n ev erth e less  h av e  so m eth in g  
in  com m on. N am ely , th e y  are  free fro m  a n y  k ind  o f ap p ro x im a tio n , a n d  use 
no sy m m etry  b reak in g . T h is  suggests t h a t  th e re  is a d eep er connection  b e tw een  
th e  “ sp ec tru m  g e n e ra tin g ”  in fin ite  d im ensiona l sy m m e try  schem e a n d  u n 
b ro k en  sy m m e try  o f s c a tte r in g  p ro p o sed  in  [3].
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СИММЕТРИИ РАССЕЯНИЯ КВАРКОВ-АНТИКВАРКОВ И МАССОВОЕ 
РАСЩЕПЛЕНИЕ МЕЗОННЫХ НОНЕТОВ

Й . Ш Т Е Р Н  и  Й . В А Н Ч У Р А

Р е з ю м е
Выведены линейные массовые формулы для мезонных нонетов. Вывод основывается 

на приравнении амплитуд парциальных волн в рассеянии кварков-антикварков, по
лученных в предыдущей работе; далее на предположениях, касающихся их аналитических 
свойств. Ресультирующие формули очень хорошо согласуются с экспериментальными 
данными для массовых значений для мезонных нонетов Н и  2+, но этого согласия 
нет у псевдоскалярных мезонов.
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SESSION 5. CURRENT ALGEBRAS

DISPERSIVE SUM RULES FROM CURRENT
ALGEBRA

By

G. F u r l a n

ISTITUTO DI FISICA TEORICA DELL’UNIVERSITÀ DEGLI STUDI, TRIESTE, ITALY

and

C. R o ss e t t i

ISTITUTO DI FISICA DELL’UNIVERSITÁ DEGLI STUDI, TORINO, ITALY

One of the most successful and popular trends in our present approach to Elementary 
Particle Physics seems to be, beside group theory, the method based on the so called “ current 
algebra” . In these lectures we shall try to recall and summarize the main physical ideas and 
the most important results of this new approach as well as our present attitude toward still 
unsettled problems.

As the subject is a rapidly developing one, our exposition will suffer from the imperfec
tions of the theory, which is still at its heuristic stage. Nam ely, it is incomplete and the formul
ation is not the most elegant one, but, on the other hand, it offers many reasons for genuine 
enthusiasm, which we shall try to make evident. Thus, we apologize from the beginning for 
the personal plan of exposition and for the numerous interesting contributions which will 
not be mentioned explicitly.

I. General considerations

1. One of th e  m ost pow erfu l tools w ith  w h ich  to  in v e s tig a te  E le m e n ta ry  
P a rtic le  P hysics is group th e o ry . W e all k n o w  th e  v e ry  s a tis fa c to ry  c lassifi
c a tio n  of e lem en ta ry  pa rtic le s  based  on S I /(3 )  an d  S U (6) a n d  th e  o th e r o u t 
s ta n d in g  resu lts  o b ta in ed  w ith  th is  a p p ro a c h . H ow ever, w e f in d  some d iff i
cu lties in  com paring  group th e o re tic a l re su lts  w ith  rea lity . T h e  reason  is t h a t  
in  n a tu re  all th e  proposed  sy m m etries a re  m o re  or less b a d ly  b ro k e n  so th a t  an  
e s tim a te  of th e  co rrections due  to  sy m m etry -b reak in g  in te ra c tio n s  is neces
sa ry . T h is is p a r tic u la r ly  re le v a n t in  th e  case  o f groups lik e  S U ( 3) X S U {  3) 
w here th e  sy m m etry  lim it is fa r  from  re a li ty . T hus, to  ach iev e  a com plete  
u n d e rs ta n d in g  o f  th e  role o f g roup  th e o ry  w e n eed  a schem e w h ere , on th e  one 
h a n d , th e  group th e o re tic a l re su lts  are re p ro d u c e d  b u t, on th e  o th e r h a n d , a 
co n tro l on th e  “ co rrec tio n s”  is m a in ta in ed . T o  deal w ith  th e se  problem s w e 
shall p ro f it b y  th e  m eth o d s o f q u a n tu m  fie ld  th eo ry  an d  d ispersion  th e o ry  
th ro u g h  th e  “ c u rre n t a lg eb ra  a p p ro ach ” .

T he s tu d y  o f w eak p h en o m en a  has rev e a le d  th e  ap p ea lin g  fea tu re  o f an  
analogy  betw een  e lec tro m ag n etic  and  w eak  in te ra c tio n s , in  th e  sense th a t  b o th
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are  re p re se n te d  as in te ra c tio n s  of c u rre n ts . This s im ila r ity  is sh arp en ed  if  we 
assum e t h a t ,  like e lec tro m ag n etic  c u r re n t , th e  w eak (v e c to r  and  ax ia l v e c to r)  
h ad ro n ic  c u rre n ts  can  e x h ib it  a co n se rv a tio n , a t  le a s t p a r tia lly . A fte r  a se t o f 
c u rre n ts  J ^ \ x ) ,  w hich can  b e  considered  d ivergenceless in  a su itab le  sy m m e try  
lim it

Da(x) = 9 „ j p  (*) =  0

we can  d efine  a set o f charges

QAt) =  SA*4*>t)dx  ( l )

w hich are  a p p ro x im a te  c o n s ta n ts  o f m o tio n

[< ?„ tf0] =  0 .

(H 0 is p a r t  o f  th e  to ta l  H a m ilto n ia n  H) .  T h e  n e x t s te p , i.e . th e  bridge b e tw e e n  
p h y sica l h ad ro n ic  cu rren ts*  and  sy m m e try  o p era to rs  o f  th e  th eo ry , is b a sed  
on th e  fu n d a m e n ta l su ggestion  by  G e l l -Mann  [1] of id en tify in g  th e  p h y s ica l 
charges w ith  th e  g en e ra to rs  (aside fro m  a coupling c o n s ta n t)  of a sy m m e try  
g roup , w h ich  is ex p lic itly  proposed  to  b e  S l/(3 )  (fo r v ec to r  c u rre n ts )  o r 
S17(3) X S U ( 3) (for v e c to r  a n d  ax ial v e c to r  cu rren ts). I n  so doing th e  eq u a l 
tim e  c o m m u ta tio n  re la tio n s  betw een  ch arg es  and  c u rre n ts  a re  tak en  to  g e n e ra te  
th e  a lg eb ra  o f th e  co rresp o n d in g  g roup  i.e.

[Çsr’ Ç /з] ==CttByQv^
( 2 )

[ Ç a  ( 0  .  j T  (*> » )] =  c «ßy Л У) ( * •  t )  ■

w here th e  cxßy are  th e  s tru c tu re  c o n s ta n ts  of th e  a lg eb ra . A fter th is  w e can  
look a t  th e  g roup  as u n d e rly in g  th e  s tru c tu re  o fb a ry o n s  a n d  m esons e.g . in  th e  
u n ita ry  sy m m e try  schem e. A nyw ay, th e  existence o f  th e  algebra a n d  th e  
h y p o th esis  t h a t  th e  re la te d  g roup  is a sy m m e try  g roup  a re  in d ep en d en t th in g s . 
T hus we can  still ex p lo it th e  group ( th ro u g h  its  a lg eb ra ) w ith o u t a ssu m in g  
in v arian ce  u n d e r  it. In  o th e r  w ords th e  co m m u ta tio n  re la tio n s re f le c t th e  
ex istence  o f  th e  sy m m etry  g roup  for th e  h ad ro n s b u t  th e y  are  supposed  to  be 
exact an d  n o t  to  be a ffec ted  b y  th e  p resen ce  in th e  to ta l  H am ilto n ian  o f  a 
sy m m etry -b reak in g  p a r t .  T h u s , th e  c o m m u ta tio n  re la tio n s  can  be th e  to o l we 
are  look ing  for.

2. O ne im p o r ta n t p ro b lem  is, th e re fo re , to  tr a n s la te  these  exact c o m m u 
ta t io n  re la tio n s  in to  e x a c t re la tions am o n g  observ ab le  q u an titie s  i.e ., in to  
sum  ru les.

* We shall consider here the first oder in electromagnetic and weak interactions.
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T he s im p lest w ay  [2] to  do th is  is to  ta k e  th e  m a tr ix  e lem en t of an  e q u a l 
t im e  (e. t .)  c o m m u ta to r  b e tw een  o n e-p a rtic le  s ta te s  and  to  u se  co m p le ten ess

[(?«» M ß] = K ß  у М У . ( 3 )

w here Qa is a g en e ra to r  an d  M ß a n y  te n so r o p e ra to r  w ith  w ell defined t r a n s 
fo rm a tio n  p ro p ertie s  (w hich d e te rm in e  th e  c o n s ta n t haßy). T h en

h^ßy <  «1 1 M y I o2 >  — <  a j I [(?a 1 M ß] | >  —

— ^  <  ay \ Qx \ n > < n I Mß  j a2 >  — ^  < ai \ M ß \ n >  <  n \ Qx \ a2 >
П П

(4)

a n d  th is  is a sum  ru le .
Now in th e  lim it of e x a c t sy m m e try  w e can  classify p a r tic le s  as b e lo n g in g  

to  a g iven irred u c ib le  re p re se n ta tio n  of th e  g ro u p , so t h a t  once hav ing  f ix e d  
th e  irreduc ib le  re p re se n ta tio n  o f | a x~>, \ a2>  we can se p a ra te  in  th e  sum  th e  
d iag o n a l an d  n o n  d iagonal co n tr ib u tio n s . B y  diagonal w e m ean  th e  c o n tr i 
b u tio n  from  o n e-p a rtic le  s ta te s  o f th e  sam e m u ltip le t as | CL^>, | d 2> ;  n o n  
d iag o n a l o therw ise. T he fu n d a m e n ta l p o in t is t h a t  if  Qa is a p p ro x im a te ly  c o n 
serv ed , th e  ra tio  of th e  non  d iag o n a l to  th e  d iagonal te rm s  is o f th e  o rd e r o f  
th e  sy m m etry  b reak in g  X. In  fa c t, i f  m a =j= m v, i.e . | a > ,  | r >  b e lo n g  to  d iffe re n t 
m u ltip le ts , th e n

< a \n  \v > =  <°| [Q«> я ] | у>  =  i  < a \[Q«oH i]\v> =
K ~ E a E v - E a

(5)
=  0 ( A ) ;  Я  =  Я 0 +  Я Я 1.

F ro m  th is  i t  is clear th a t  w hen  X —*■ 0, th e  sum  rule c o n ta in s  only d iag o n a l 
co n trib u tio n s  w hich  rep ro d u ce  th e  group th e o re tic a l re su lt. T h en , as a c o n 
sequence of sw itch ing  o ff th e  sy m m etry  b re a k in g  p a r t  o f  Я ,  non -d iag o n a l 
m a tr ix  elem ents com e in to  th e  sum  an d  g ive  rise to  0(A) corrections. T h e  
reaso n  is th a t  a se t o f s ta te s , tra n sfo rm in g  in  th e  sy m m e try  lim it as an  i r r e 
ducib le  re p re sen ta tio n  o f th e  g roup , now  c o n ta in s  m ix tu res  o f  o th e r re p re s e n t
a tio n s  since th e  physica l s ta te s  a re  e ig en sta te s  of th e  to ta l  H a m ilto n ia n , 
co n ta in in g  b o th  sy m m etry  p rese rv in g  an d  sy m m e try  v io la tin g  p a rts .

F rom  th is  i t  also follows th a t  th e  o n e-p a rtic le  te rm  is m odified  a n d  w e 
m u st include a “ ren o rm aliza tio n  fa c to r”

<  «11 <?a I a >  =  à ( p x — p)  С (a, X, eq) r^a\  <p )  (6 )

a n d  th e  d ev ia tio n  of r^a)(p) from  u n ity  is a m easu re  of th e  sy m m e try  b re a k in g , 
ag a in  due to  non -d iag o n a l te rm s.
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In  f a c t ,  we can fin d  a sum  rule fo r  r (a\ p ) .  F rom  th e  e. t .  c o m m u ta to r  
b e tw een  o p p o site  elem ents

[ft, <?-J =  C (<*.»)&; <?_, =  <?:, (7)

w here Qj is a  d iagonal g e n e ra to r  (У  o r J 3 in  S l/(3 )), w e  o b ta in , b y  se lec ting  
th e  one p a r tic le  te rm

I r (a) (p) ]2 -f- <5r(a) (jo) =  1. (8)

W e n o tice  t h a t  th e  1 fa c to r  on  th e  r. h . s ., w h ich  tak es  in to  account th e  n o n 
re n o rm a liz a tio n  of th e  d iag o n a l g en e ra to rs , helps, to g e th e r  w ith  th e  non  
lin ea r  re la tio n  (8), to  “ fix  th e  scale”  fo r  th e  reno rm alized  coupling c o n s ta n ts  
[1]. b re p re se n ts  th e  m a n y  partic le  c o n tr ib u tio n

ôr(°b (p)  =  I <  a J Qx I n  >  |2 — crossed te r m  =

< o [Q q ,H ,]  n > \ 2

(En -  Eaf
c. t .  =  0 ( A 2) .

(9)

T his is th e  m ost g en e ra l form  o f th e  A d e m o l l o — G a t t o  [3] th e o re m  
w hich  show s th a t  th e  d e v ia tio n  of r ^  f ro m  th e  sy m m e tric  lim it 1 is o f  th e  
second o rd e r  in  A. M oreover we have sq u a re d  d en o m in a to rs  w hich im p ro v e  
th e  convergence  of th e  sum  ru le . O f co u rse  th e  d is tin c tio n  discussed h e re  has 
a p ra c tic a l v a lu e  as long as th e  sy m m e try  b reak ing  p a ra m e te r  “ A”  is sm all 
enough to  ju s t i fy  th e  d en o m in a tio n  o f co rrec tio n s for th e  m an y  p a rtic le  con
tr ib u tio n  (as fo r  S U (3) or SU(2)  v io la tio n ).

3. L e t u s  now  d iscuss a very  p e c u lia r  p o in t w h ich  arises w hen w e ta k e  
in to  ac c o u n t th e  d ependence  o f th e  sum  ru le  on th e  e x te rn a l  m om en ta  p ls p 2 
of I o1> ,  I a 2>  (one com m on m o m e n tu m ^  i f  M of E q . (3) is an  in te g ra te d  ope
ra to r) . In  th is  w ay  we ge t a  con tinuous s e t  o f sum  ru les . O f course th e  to ta l  
sum  ru le  is in d e p e n d e n t o f  “p ”  (in th e  sim p lest case o f  th e  sum  ru le  8) b u t 
d iffe ren t choices can lead  to  d iffe ren t sp littin g s  b e tw e e n  low est o rd e r  and  
h ig h er o rd e r te rm s , n am ely  th e y  can a ffe c t th e  ra p id ity  o f  convergence o f  th e  
sum  ru le . F ro m  th is  p o in t o f  view  a possib le  criterion  o f  choice is th e  s tu d y  of 
th e  re la tiv e  size of th e  co rrec tio n s an d  “ as b e s t sum  ru le ”  w e can consider th e  
one co rresp o n d in g  to  th e  “ p ”  value fo r  w h ich  br(a' is as sm all as possib le . 
As can b e  show n on th e  b as is  of som e m odels, th is  occurs for | p  | —>• o o .  
I n  th e  t e x t ,  o f  course, we assum e th a t  i t  is possible to  d o  th is  inside th e  sum .

T h e  ex is ten ce  of a c o n tin u o u s  se t o f  su m  rules is d u e  to  th e  fac t t h a t  th e  
se p a ra tio n  b e tw een  o n e -p a rtic le  and m a n y -p a rtic le  c o n tr ib u tio n s  d ep en d s  on 
th e  reference  fram e. T he fa c t  th a t  co v a rian ce  is n o t a u to m a tic  can be  easily  
u n d e rs to o d  b y  considering  th a t  we s ta r te d  from  an e q u a l tim e c o m m u ta to r  
an d  in  so do in g  we defined  a reference fra m e . The choice p  —> o o  co rresponds 
to  specify ing  in  th a t  fram e  th e  s ta te  o f m o tio n  of th e  e x te rn a l partic les.
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To ap p rec ia te  fu r th e r  th e  choice p  -»  oo le t  u s  consider a  ty p ic a l cor
rec tiv e  te rm

<  a (p)  ! A [Ça, H y 11 n (k) >  =  i j' dx <  a (p) \ D a (x) \ n ( k ) >  =
(10)

=  (2л)3 i 0 ( p  — fc) <  a (p) \  D * \n (k )  >  =  (2л)3 i ô ( p  — %)Fa (q2)
an d

q2 =  (p — k)2 — (1i p 2+  m 2 — Yp2 +  m 2)2 >  0. (9)

In  th e  lim it p  ->  oo, q2 ->  0, in d e p e n d e n t of th e  m ass  o f th e  in te rm e d ia te  s ta te  
a n d , fo r in stan ce , w e f in d  th e  fam ilia r  d efin itio n  o f  ren o rm a liza tio n  ra tio  as 
th e  lim it o f zero m o m en tu m  tra n s fe r  o f th e  fo rm  fac to r, i.e. =  / a\oo).  
T h e fa c t of avo id ing  fo rm  fac to rs  in  th e  tim e-like  reg ion  is im p o r ta n t  to  have 
som e confidence in  th e  a p p ro x im a tio n  o f  keep ing  o n ly  a few re s o n a n t s ta te s  in  
th e  to ta l  sum . In  fa c t if  p  is f in ite , q2 is tim e-like  a n d  varies w ith  m n, so th a t  
n o n -re so n an t s ta te s  also can  give im p o r ta n t c o n tr ib u tio n s  p ro v id e d  th a t  q2 
fo r a su itab le  m„, crosses a p eak  o f th e  fo rm  fa c to r  F a(q2).

F in a lly , in  th e  lim it p  -*■ oo i t  is possib le  to  give to  th e  su m  ru le  an  
ex p lic it co v a ria n t fo rm , co m ple te ly  e q u iv a len t to  a fixed  m asses  dispersion 
re la tio n . To th is  end  le t us s ta r t  from  th e  c o m m u ta to r  (3) assu m in g  fo r s im p
lic ity  M ß  to  be  a sca la r op era to r*  an d  a v  a 2 sp in less partic les  o f  e q u a l m asses:

<  «11 K?D M ß\ \ «2 >  =  < a l \ M y \az >  =  h„ßY F y (A2) , (11)

w here  we in tro d u ce  th e  q u a n titie s

p = P A = P l - p 2 . (12)

J 2 < ; o

Selec ting  th e  o n e-p artic le  te rm , we h av e :

( P i) ^ ( P j) +  2  (2 n )H  6 (P i  — Pn)  •
пфа

(13)
< a ,  [ D„  \ n >  < n  I M ß I a „ >  Л

• ------^ -------------------- ----- 1 !—---------crossed  te rm
E n — E i

an d  th e  co rrec tive  te rm  can  be w ritte n , a f te r  in tro d u c tio n  of an  a u x ilia ry  four 
v ec to r  q =  (q0, q =  0), as

* This example has only an indicative value. The use of sum rules when a scalar operator 
is involved should require a more complete discussion (see later the case of the mass formula).
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(2я )Ч<5<4> (Pl +  q — p n) < a 1 \ D a \n >
J 4a n^ a

(14)

< n \ M p \ a 2 >  -  c. t .  =  [ — e(aß4 q 0 ’P i ’P2)-
J 4o

As is a sca la r, i t  is a c tu a lly  a  fu n c tio n  o f th e  in d ep en d en t in v a ria n ts

рОч3) =  q(*P) (g2, k2, A2, v),

v =  q - P  =  q0P Q, 52 =  g2 =  - l - i (15)
•*0

k2 — (A -\- q f  =  A2 +  q2 +  2A ■ q.

W e see ex p lic itly  th e  d ependence  on  th e  reference fra m e , since d if fe re n t choices 
o f  P 0 co rrespond  to  d iffe ren t p a th s  o f in te g ra tio n  in  th e  p lan e  q2, k2, A2, v.

N ow  we p e rfo rm  th e  lim it p v  p 2 ->  °°  i.e., P  —> «=, ta k in g  A — р г —p 2 
fix ed  a n d  going to  th e  lim it o f in f in ite  m o m en tu m  along a d ire c tio n  (г say) 
o r th o g o n a l to  A. W e h a v e  th a t  th e  p a th  of in te g ra tio n  becom es th e  q2 =  0 
k2 =  zl2 one (Zl2 f ix ed ) a n d  i t  is e a sy  to  verify  t h a t  in  so doing th e  sum  ru le  
ta k e s  th e  form  of a d ispersion  re la tio n  a t  fixed  zl2 (spacelike) an d  f ix e d  e x te rn a l 
m asses

r dv'
V  Fr (Л2) =  < a  Fß ( ^ 2) +  J 6(aß) P *  A  52 =  0 , A . q =  0) . (16)

T h is re la tio n  can  be v isua lized  as co rrespond ing  to  th e  pseudoprocess o f  Fig. 1.:

O f course, i t  is c lear t h a t  th e  im p lic it hyp o th esis  t h a t  th e  exchange o f  th e  lim it 
P  —> o o  an d  of th e  su m m a tio n  over in fin ite  s ta te s  is harm less, a m o u n ts  to  a s 
sum e th e  convergence o f  th e  d isp ers io n  in teg ra l (16).

A  m ore d irec t d e riv a tio n  o f th is  re p re se n ta tio n  fo r th e  e. t .  c o m m u ta to r  
an d  som e ap p lica tio n s h av e  been  d iscussed  in  [4]. L e t us only  s tre s s  th e  fa c t 
th a t  th e  co rrec tions ca n  be  expressed  in  te rm s of th e  local o p e ra to r D a(x) w hich 
is u su a lly  ta k e n  to  b e  a  “ g en tle”  one , i.e. w ith  m a tr ix  e lem ents d o m in a ted  
b y  low  ly in g  s ta te s .
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T h e choice P  -> oo is fu n d a m e n ta l b u t  we h a v e  a price to  p a y  fo r  it :  while 
th e  s itu a tio n  p =  0 does n o t allow  th e  ex c ita tio n  o f  h igher a n g u la r  m om en ta , 
th is  is possib le w hen  | p  | ->  oo.*

4. U p to  пола we h a v e  d iscussed  sum  rules d e r iv e d  from  e. t .  co m m u ta to rs  
o f  th e  fo rm  [(), ()] or [Q, J]  i.e. an  in te g ra te d  o p e ra to r  is p re sen t a t  least once 
(th is  h as  th e  consequence th a t  a t  le a s t  one “ e x te rn a l  m ass”  is ze ro , q2 =  0). 
T h e  ex p e rim en ta l v e rifica tio n  of th e se  sum  rules re p re se n ts  a te s t  o f  th e  v a lid ity  
o f th e  assum ed  co m m u ta tio n  re la tio n s , i.e., a test o f  the algebra. In  fac t to  
d educe  th e se  co m m u ta tio n  re la tio n s w e begin w ith  a  well defined  fie ld  th eo re 
tic a l m odel (usually  th e  q u a rk  m odel) a n d  th en  we  a b s tra c t  th e  re s u lt ,  assum ing 
its  g enera l v a lid ity . I n  o th e r  w ords w e renounce ex p lic it f ie ld -th eo re tica l ex 
p ressions o f th e  c u rre n ts  of h ad ro n s  an d  in o rd e r  to  ch a rac te rize  th em  we 
ex p lo it th e ir  equal tim e  c o m m u ta tio n  re la tions.

In  th is  sp irit i t  is n a tu ra l to  look  a t  th e  m ore  specific co m m u ta tio n  
re la tio n s  betw een  n o n -in te g ra te d  q u a n titie s  i.e . be tw een  c u r re n t  densities 
co m p o n en ts  like

Doa) (* U ) , № )  ( y , *)] =  ca ßy Â v) ( x , t )  ô ( x — y) f - . . .  . (17)

I t  is clear th a t  co m m u ta to rs  w h ere  one in te g ra te d  q u a n t i ty  is involved 
a re  m ore  re s tr ic tiv e  because  possib le  g rad ien t te rm s  p resen t in  (17) d isap p ear 
in  (2). M oreover, in  th is  case th e  l in k  w ith  th e  u n d e rly in g  sy m m e try  group 
is lo s t an d  d iagonal a n d  n o n -d iag o n a l te rm s c a n n o t be  sep a ra ted .

T he con sid era tio n  of c o m m u ta to rs  b e tw een  densities in tro d u ces  th e  
co m p lica tio n  of possible ad d itio n a l g ra d ie n t te rm s  w hose presence w as orig inal
ly  in d ic a te d  b y  Schw inger  [5] in  th e  case of e le c tr ic  cu rren t d en sitie s , w hen 
space  com ponen ts are  invo lved . W e h a v e  no co m p le te  th eo ry  fo r  th e m , b u t a t 
le a s t in  som e m odels [6] i t  is possib le  to  show t h a t ,  fo r space la b e ls , th e y  have  
d e fin ite  sy m m etry  p ro p e rtie s  so t h a t  th e y  can b e  p resu m ab ly  e lim in a ted  b y  
considering  p ro p erly  sy m m etrized  c o m m u ta to rs . A nalogously  fo r  b o th  tim e  
co m p o n en ts  th e re  is, fo r in s tan ce  fro m  p e r tu rb a tio n  th eo ry , th e  ind ica tio n  
th a t  th e re  are  no g ra d ie n t te rm s.

A nytvay , le t us s ta r t  from  th e  c o m m u ta to r , w h ere  ive a ssum e th e  absence 
o f  Schtvinger te rm s

L/o0 j W  (ÿ  , I)] =  (x , t )  Ô (x -  y) . (18)

W e consider its  m a tr ix  e lem ent b e tw een  | a 1> ,  | a 2> ,w e  m u ltip ly  i t  by  e‘4ix, 
e-iQt -У, we in te g ra te  over x  and  у  an d  a fte r  in se r tio n  of a co m p le te  set of 
in te rm e d ia te  s ta te s , we find

* The last (but not the least) advantage by the choice P  -+■ oo is the possibility of neg
lecting disconnected graph contributions. In fact they correspond to states o f infinite mass, 
which on the basis of the assumed convergence are taken to be negligible.
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c«ßyFy (A>) =  ^ ( 2 л ) 30 ( р , + p fl) < a 1 | j (a> | n >  • < n \ ß n  \ a2>  — c. t. (19)
П

F ro m  th e  p rev ious d iscussion we c a n  guess th e  r e s u lt  we shall o b ta in  a fte r 
p erfo rm in g  th e  lim it  P  -> oo, ta k in g  zl2 f ix e d . In  th is  case , we have  
no  en erg y  d en o m in a to rs  and  th e  e x te rn a l “ m asses”  o f th e  p a r tic le s  will be 
fix ed  a t  th e  values q l 2 =  — q \ 2. T h u s  th e  sum  ru le  w ill be of th e  fo rm *

capy F M  (Z|2) =  J  dv'  a »  (v \  ql , ql) . (20)

w here  is a su ita b le  a m p litu d e .
5. To derive  th is  sum  ru le in  a m o re  e legan t w a y , we p re fe r to  follow th e  

a p p ro ach  given b y  F u b in i  [7], w here  ex p lic it use is m a d e  of d isp ers io n  re la tion  
tech n iq u es .

W e consider th e  tw o  q u a n ti t ie s

Tf ,  =  i $ d x  е‘я> ■ * 0  (*„) < P l  I [JM  (* ) ,  J(f)  (0)] I p 2 >

C  =  y J  dx е‘ь ' x < P i I № )(*)i>/v/î)(o)]|f 2>

( 21)

w hich  are  in  som e w ay  re la ted  to  th e  sc a tte rin g  p ro cess  of Fig. 2 ( p v  p 2 rep re 
se n t sp inless p a rtic le s ) . W e in tro d u c e  th e  k in e m a tic a l v ariab les (Pl  +  4i —
=  Pi +  4i)

D _  Pi +  Pi
2 A = P i  — P n

v =  P - q i , t =  (Pl  -  Pl f  =  A2.
( 22)

O n in v arian ce  g ro u n d s we can deve lop  T “f** and  in  e lem en tary  in v a ria n ts ,

* It can be shown that this procedure introduces a lim itation of the form Yq2 +  Yql ^  
>  / /J2 and analogous ones obtained by circular permutation.

** In this context we can recognize the S c h w in g e r  terms from another (equivalent) 
point of view. The time ordered product is not a completely covariant quantity in the sense 
that it does not transform as a second order tensor. In fact, owing to the incomplete definition 
at the origin, we can add a certain number of derivatives of ô(x —  y)  which result in a poly- 
nominal in q. This means that the true covariant amplitude given by the decomposition (23) 
and T/xv defined in (21) differ just by the S c h w in g e r  terms. It is clear that these terms can 
affect the asymptotic behaviour and therefore the non-subtraction philosophy of Eq. (25).
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n am ely
T ^  — A 1P ltP„ -j- A 2q Ц, P„ +  A 2q2flPy +  B l P  ̂qlv +  . .  . ^ 3)

— ° i  Вц В, +  ai qm К  +  аз Ц'и K  +  1̂ ^  4iv +  • • •

w here th e  sca lar fu n c tio n s  A x . . a1 depend  on v, t, q\, ql. T he  m a th e m a tic a l 
re la tio n  betw een  T ^  an d  can  be  expressed  as

Tlly =  H t , y , (24)

w here H  m eans “ H ilb e r t t ra n s fo rm ”  w ith  respect to  th e  v a ria b le  v a n d  (24) is 
u n d e rs to o d  to  hold  am ong  th e  co m p o n en ts  of T ßy an d  t ,̂,, d ev e lo p ed  in  th e  
se t o f in v a ria n ts  (23). I n  o th e r  w ords, we assum e u n su b tra c te d  d ispersion  
re la tio n s , a t  fix ed  t, fo r th e  A  fu n c tio n s :

1 Г dv'
A/(v , t )  =  —  ---------- a i (v', t ) , (25)

71 ) V'  —  V

To ex p lo it th e  e. t .  c o m m u ta to r  w e a p p ly  qlfi to  T ßv:

9 Di TMV= i $ ( - i d ,  e 'î' X) d x 0  (x0) < p x I [ J P  (x), J i ß) (0)] | p 2 >

=  — ^  О {x0) e‘4'■x dx  < p j  [DJx ) ,  J£w (0)] \p2>  — (26)

— j <5 (*0) e'?1 ‘ x dx < р г | [Jft0 ( x ) , J in  (0)] j p 2>  =  id — cyßy <  p i | J£ v) \ p 2> ,

w here  an  in te g ra tio n  b y  p a r ts  h as  b een  p e rfo rm ed , an d  we h a v e  used  th e  
c o m m u ta tio n  re la tio n

[ № ( * ) J í fí (0) k - o  =  W * w ( 0 )3 (5 ) .

W e can sum m arize  th e  re su lt o f  th is  o p e ra tio n  as

9dí Puv di 9d< tfiv (ii/i Pd Pd 9i/i) hiv ’ (̂xßy Pi ! Py i Pi •
P u ttin g :

D f  =  — j  0  ( x 0 ) e‘b x dx < p l \[D0l (x), J i ß) (0)] I p 2 >  =

— P*1 Pp +  P* 2 Ч111 +  P>3 4-Í4

d f  =  -P-j  e‘41 x dx < p l I [H a (x), J i ß) (0)] | p , >  =  d l Pß +  d2 qllÀ+  d 3 q.2/J 

i.e.
D v — H d v (29)

(27)

(2 6 ')

(28)
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an d
< P i  I Jív) I Р г >  =  2 K Jÿ-) ( t )  +  4  F 2W  ( , )

( F 2 (t) = 0  i f  is conserved )

we o b ta in  from  (26), com paring  th e  P v coefficient

(30)

v 4  +  ql ■ Q A 2 +  ?! • q2 A  A 3  —- D t — — 2caßy ( i) ,

v «1 +  9 Î • Q °2 +  5 l ' ?2 ^ « 3  —  ^  =  0

an d  from  (26’)

— j  d r '  o f »  ( , ' ,  f ,  q\ , , 1 )  =  Caßy F M  (t) ,

(31)

(32)

w here  accord ing  to  i ts  d e fin ition  (23), “a is r e la te d  to  th e  im ag in a ry  p a r t  
o f  th e  sc a tte rin g  a m p litu d e  for th e  p rocess o f F ig . 2. In  th e  sam e w ay  we can  
g e t tw o  o th e r sum  ru les  b y  co m p arin g  th e  qlv a n d  q2v coefficients.*

T h e  sum  ru le  (31) is th e  m o st general consequence  we can  deduce  from  
th e  assum ed  e. t .  c o m m u ta to r  (27). T here  a re  som e com m ents to  be m ade 
a b o u t th is  re su lt.

a)  F irs t  o f a ll o u r sum  ru le  h as  n o th in g  to  do w ith  sy m m e try  b reak in g  
because  on ly  c u rre n ts , an d  n o t ch arg es , are  in v o lv ed . As a consequence we 
h av e  n o t such  “ g e n tle ”  o p era to rs , as d ivergences, to  deal w ith . A n y w ay , if  we 
w a n t to  ge t b ack  to  th e  sum  ru les o f  th e  k in d  (16) i t  is su ffic ien t to  consider 
th e  lim it ql — q± • q2 =  0, ql =  t so t h a t  from  (31)

v
an d  E q . (32) becom es

- 1-  I dj (v', t, ql =  0 , ql =  t )  =  caßy FjW (t) (3 2 ')
2 л  J v

co m p le te ly  analogous to  (16).
T h e  second re m a rk  concerns th e  dependence  o f  th e  sum  ru le  on  ql, ql, t. 

W e k now  th a t  i t  can  be  o b ta in ed  fo r  q{, ql, t spacelike  b u t  can  we f in d  a “ b es t 
sum  ru le ”  in  th is  case also, n am ely  a  co n fig u ra tio n  co rrespond ing  to  th e  m ost 
ra p id  convergence o f  th e  sum  ru le ?  O r, m ore m o d estly , does th e  sum  ru le  
converge  for a n y  v a lu e  of th e  above m o m e n ta ?  W e h av e  n o  com plete 
an sw er to  th is  q u es tio n  [8] an d  we sh a ll lim it ourse lves to  a few consid era tio n s.

* F o r  th e s e  s u m  r u le s  th e  p re se n c e  o f  S c h w in g e r  t e r m s  is b y  no  m e a n s  e x c lu d e d .
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b)  To b e tte r  v isu a lize  th e  s i tu a tio n  le t m e consider an  e x p lic it case, 
n a m e ly  th e  c o m m u ta to r  b e tw een  isosp in  cu rren ts  —) -> (3). A f te r  selection
o f th e  one p ion c o n tr ib u tio n  we g e t

К  (0  =  F + (9?) F + (ql) +  ” J V + - \ v ' ,  t, q l  q\) dv'. (33)

As long as th e  t dependence  is co n cern ed , th e  r ig h t  h a n d  side o f  th e  p rev ious 
eq u a tio n  is an  an a ly tic  fu n c tio n  in  t w ith  given po les an d  cu ts. H ow  can th e  
le ft h a n d  side rep roduce  th e se  s in g u la ritie s?  F o r in s ta n c e , if  we a re  concerned 
w ith  th e  g-m eson pole th e  sim plest possib ility  is to  ad d  a so rt o f  su b tra c tio n  
c o n s ta n t ~  (m?„ — t) -1 , assum ing  th e  good convergence  of th e  in te g ra l, or, 
a lte rn a tiv e ly , to  deduce th e  pole in  t from  th e  b lo w in g  up to  th e  in te g ra l i.e. 
from  th e  large  v b eh av io u r o f av  In  f a c t  in  a R egge-pole  m odel, th e  a sy m p to tic  
b e h av io u r of a x is

eq (r, t) — P * “ 2 <p (t, ql, q\) (34)
an d

dv' a1 (v' ,  t)
a (t) — I

G2---------- - e
t ->m| t — m2

(35)

T h is m eans th a t  in  th e  tim elike  t reg io n  th e  d isp ers io n  in teg ra l can  prov ide 
th e  “ a sy m p to tic  ta i l”  w h ich  g u a ra n te e s  th e  co n sis ten cy  of th e  sum  ru le , 
develop ing  th e  r ig h t h a n d  side “ t ”  singu larities.*

c) T he la s t p o in t concerns th e  ql, ql dependence. As we re m a rk  from  E q . 
(32) or (33) th e  r ig h t-h a n d  side is in d e p e n d e n t of q\, ql so th a t  we m u s t  presum e 
th a t  s tro n g  cancella tions occur in  th e  le ft-h an d  side in teg ra l. (O f course our 
su m  ru le  re s ts  on th e  assum ed  s im p lic ity  of th e  e. t .  c.). To fu lly  ex p lo it th is  
fa c t, we m u ltip ly  (32) b y  (ql — ml) (ql — mß) m a, mß, being th e  m assess of 
v e c to r  m esons (th e  g-m eson in ex. 32) w ith  th e  sam e q u a n tu m  n u m b ers  of 
J ^ \  • I f  we e x tra p o la te  to  ql ->  ml,  ql —> mß, th e  r ig h t-h an d  side  becom es
zero w hile th e  in te g ra n d  o f th e  le f t  h an d  side now  involves th e  q u a n tity  
a 1(r, t, ml,  m 2p) to  be re la te d  to  th e  im a g in a ry  p a r t  o f  th e  sc a tte r in g  am p litu d e  
P2 +  ß ~ > P l  +  <X-

I dv' a t (v', t, m l , mf) =  0 . (36)

T h is is a sum  rule fo r a s tro n g -in te ra c tio n  a m p litu d e  i.e. only s tro n g  in te ra c tio n  
p a ra m e te rs  are  invo lved . T hus, s ta r t in g  from  th e  reg ion  ql2 0 w here w eak
a n d  e. m . in te rac tio n s  a re  described  th ro u g h  c u rre n ts , we go to  th e  ql 2 =  
=  m \ tp >  0 region o f  s tro n g  in te ra c tio n s . The in te re s tin g  p o in t is th a t  resu lt 
(36) is com pletely  in d e p e n d e n t of th e  fo rm  of th e  e. t .  c o m m u ta to r  (p rov ided  it

* The structure of <p(t, gf, ql) should be rather complicated. We could guess for it a form 
<P(t, q\, ql) =  a(a -  1) <p,(l, q l  ql) +  G2 g>2 (t); <p2 (m2) =  1.
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is a local o p era to r) i.e . in d e p e n d e n t fro m  cu rren t a lg eb ra . This s tro n g ly  suggests 
t h a t  a sum  ru le  lik e  (36) can  be  d ire c tly  deriv ed  fro m  th e  th e o ry  o f s trong  
in te ra c tio n s . T h is w ill be  d iscussed  in  th e  fina l p a r t .

I I .  A pplications

1. I n  th e  p rev io u s  lec tu re  we h a v e  seen a g en era l m ethod  w h ich  enables 
us to  o b ta in  sum  ru les  from  c u rre n t a lg eb ra . T he g en era l form  o f th e  sum  ru le is

1
2 л

d v '  a ( v ' , t ,  qj,ql) — F  (t) , ( 1 )

w here an  “ on m ass sh e ll”  form  fa c to r  F(t) is g iv en  as an  in te g ra l over th e  
im a g in a ry  p a r t  o f a n  “ off m ass sh e ll”  sc a tte rin g  a m p litu d e  a(v', t, q\, ql), since 
th e  q) shou ld  be consid ered  as a rb i t r a ry  “ m asses”  assoc ia ted  w ith  som e o b jec t 
s im u la tin g  p a rtic le s  fie lds.

In  th is  le c tu re  w e shall, p r im a rily , give an  a c c o u n t of th e  m o st in te re s tin g  
su m  ru les w hich  d e riv e  d irec tly  fro m  c u rren t a lg e b ra  and so in v o lv e  w eak 
in te ra c tio n  q u a n tit ie s . W e shall o b ta in  our re su lts  u s in g  th e  F u b in i  dispersive 
m e th o d , b y  an  a p p ro p r ia te  d e fin itio n  of c o m m u ta to rs  and  s ta te s . W e shall 
p o in t o u t t h a t  m a n y  of th e  re su lts  we shall i l lu s tra te  have been  o b ta in e d  b y  
th e  orig inal a u th o rs  using  d iffe ren t m ethods, n a m e ly  e ith er fo llow ing th e  
F u b in i , F urlan  [2] suggestion  o f  in tro d u c in g  com pleteness in  th e  m a tr ix  
e lem en ts of th e  e q u a l tim e  c o m m u ta to rs  of “ c h a rg e ”  an d  c u rre n ts  in  th e  
“ in fin ite  m o m en tu m  fram e of re fe ren ce” , or a p p ly in g  th e  e q u iv a le n t, b u t  
co m p le te ly  c o v a ria n t ap p ro ach  p ro p o sed  b y  F u b in i , F urlan an d  R ossetti [4].

L e t us begin  b y  b rie fly  reca llin g  th e  m ain  s te p s  of th e  m e th o d , as has 
been  ex p la in ed  in  th e  p rev ious le c tu re . O ne s ta r ts  b y  considering th e  equal-tim e 
c o m m u ta to r  b e tw een  tw o  c u rre n ts  (w hich are local opera to rs) a n d  th e n  con
s tru c ts  th e  g enera l q u a n titie s

T4*/3)x /JV i  j  dx eiQl'x в  (*0) < p j  f J<r> (a ), J (vß) (0)] I p 2 > ,

t i f>  =  I  \ d x  e iQl'x <  P l  I [ j p  ( x ) , J W  (0)] I p , > .

( 2 )

(3)

р, V are  L o ren tz  in d ex es an d  a , ß th o se  o f  in te rn a l sy m m e try , an d  th e  s ta te s  are , 
fo r th e  m o m en t, sca la r  pa rtic le s  s ta te s . In tro d u c in g  th e  k in e m a tic  v ariab les

?2 =Pi +  9i — Pi ; p  =

A = P i  — P n  v =  P - q i ,

P t +  p .

t =  A2
(4)
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one decom poses th e n , on  in v arian ce  grounds, T^,  a n d  in  th e  sam e se t of 
e lem en ta ry  in v a ria n ts , n am ely

Tf,, =  A l Pp P,  -f- A 2 qlfl P ,  -j- A 3 q.lti P ,  -f- (5)

=  «1 P? P,  +  o2 qlfi P,  +  a3q2/JP,  +  . . .  (6)

th e  in v a r ia n t func tions A ,  a, . . . dep en d in g , o f cou rse , on v, t, ql, q%. T he  A  
fu n c tio n s  are  th e n  H ilb e r t  tra n sfo rm s , w ith  re sp ec t to  th e  v a r ia b le  v, of th e  
co rrespond ing  a:

M v , t ) ' = H a t = — [ - ^ — at ( 7 )
Л J V —  V

B y  ta k in g  th e  “ d iv erg en ces”  qlfl T ^  and  qlfl tAlv, i t  can  easily  b e  show n 
t h a t  s ta r tin g  from  E qs. (2), (3) an d  a f te r  p a r tia l in te g ra tio n  th e  fo llow ing  r e la t i 
on  holds:

(<h»H  — H 4n.) +  „v =  Capy < Pí I j í y) I p 2 >  . (8 )

T o  w rite  (8) we have  ta k e n  in to  a c c o u n t th e  eq u a l tim e  c o m m u ta tio n  re la tio n

[ №  (x)Jlß> (O)]x0=o =  CxßyJ™ (0) (5 (3). (9)

B y  observ ing  th a t ,  on in v arian ce  grounds,*

<  P l I i ï Y) \P2>  = ( P l +  P 2)v F \Y) (t ) +  (P i -  p 2)v F iy)(t) ( 10)

i t  is a lm ost s tra ig h tfo rw a rd  to  d e riv e  from  (8), u s in g  th e  decom position  (5) 
a n d  (6), th e  fu n d a m e n ta l eq u a tio n

2л
a\aß~> ( r ,  t, q\ , q\) dv =  Caßy F \ y) (t) ( H )

To derive from  (11) exp lic it su m  rules, we sh a ll, f irs t of a ll, s e p a ra te  th e  
o n e -p a rtic le  te rm  fro m  th e  c o n tin u u m  of m any  p a rtic le s  c o n tr ib u tio n . T his is 
easily  done b y  w ritin g  th e  general one-partic le  m a tr ix  e lem ent o f  a  c u rre n t as

<  P i I№  I rn >  =  (P i +  m)„ PT> (??) -  qi,  F W  Ш  ; 

=  m — Pi-

( 12)

* We assume here, in order to simplify the notation, an invariant normalization for 
the states, namely

<  Pi I Рг >  =  (2?I)3 2EÔ (Pi—Рг) ■
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F ro m  (3), in tro d u c in g  a co m p le te  se t of p h y sica l in te rm e d ia te  s ta te s , an d  
se lec ting  th e  P ß P,, coeffic ien ts , in  th e  o n e-p a rtic le  c o n tr ib u tio n , ev a lu a ted  
w ith  th e  help  o f (12), i t  follow s im m ed ia te ly  t h a t  (11) can  b e  w ritte n  as:

Р Ш ) Р ? >  ( ? ! ) - ( «  \ a i (v)dv =  CaßyF\yHt).  (13)
2л J

cont

In  m a n y  o f o u r ap p lica tio n s we shall he co n cern ed  w ith  th e  p a r tic u la rly  
sim ple  k in em a tic  co n fig u ra tio n  o f  qx =  q\ =  t — 0. I f  th is  is th e  case, th e  
e v a lu a tio n  of th e  co n tin u u m  c o n tr ib u tio n  can  b e  p u t  in  th e  m o st su itab le  
fo rm  b y  observ ing  t h a t  from  (3), b y  in te g ra tin g  tw ice  b y  p a r ts , i t  follows th a t

îm  Ч-ъ, C  =  y  J e‘4l-x <  Pi I [A , (x), Dß (0)] \ p 2 > d x  =  waß (V) ; (14)

w here  w is a sca la r fu n c tio n ; on th e  o th e r  side fro m  (4) one has sim p ly

9i„ 42v =  t 2 a  (v, 0, 0 , 0)

a n d  no o th e r  c o n tr ib u tio n  ap p ea rs  since qx =  q2 =  qx • q2 =  0. O u r sum  ru le  
th e n  ta k e s  th e  fo rm

{ F ^ ( 0 ) F \ ^ ( 0 ) - ( x - > ß ) }  +  ~  [ ^ *  =  ^ ^ ^ , ( 0 ) ,  (15)
I n  J  V

cont

w here  tv can  now  b e  in te rp re te d  as th e  a b so rp tiv e  p a r t  of th e  a m p litu d e  for 
th e  s c a tte r in g  o f th e  zero m ass “ p a r tic le s”  D aji3 o n  th e  p a rtic le s  p x and  p 2.

2. B esides c u rre n t-c u rre n t c o m m u ta to rs , w e sh a ll consider a n o th e r ty p e  
o f  c o m m u ta to r  in  som e ap p lica tio n s , n am ely  t h a t  be tw een  a c u rre n t an d  a 
local sca la r o p e ra to r , say  M ß(x), ß  b e ing  an  in d e x  o f  in te rn a l sy m m etry . W e 
can  t r e a t  th is  s im p ler case e x a c tly  in  th e  sam e w ay  as we derived  th e  previous
sum  ru le . W e in tro d u c e  th e  q u a n titie s

=  i j e  dx в  (*0) <  Pl I [ ;(“) (x), M ß (0)] j p 2 >  , (17)

< ß) =  y J > lX dx < p x \ [y>> (*), M ß (0)] I p 2 >  (18)

w hich  we decom pose as

T ,  =  A P p BqX/i -j- C qw , (19)

tfl =  a P u +  bq]fl+  c q2„ . (20)
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W e th e n  derive
(qlß H  -  Я  qhi) t„ =  hxßy <  Pl \ M y \ p  , >  (21)

h av in g  ta k e n  in to  a cco u n t th e  c o m m u ta tio n  re la tion

[ j V  (*), M ß (O)]xo=0 =  K ßy M y (0) д ( x ) . (22)

T h e  r ig h t-h a n d  side o f  E q . (21) is now  a sca la r fu n c tio n , say  R (y) an d  w e o b ta in  
th e  sum  rule

- i -  f  «<•*> (V, t, q\, ql) dv =  hxßy RM  ( t ) . (23)
2j 7L j

A gain  th e  one-partic le  c o n tr ib u tio n  is easily  se p a ra te d  (b y  looking a t  th e  Р ц 
coeffic ien t in  th e  o n e-p a rtic le  c o n tr ib u tio n  to  th e  ex p an sio n  of tß th ro u g h  a 
com ple te  se t o f in te rm e d ia te  s ta te s )  a n d  we can w rite  o u r sum  ru le  as :

{ i t >  (gf) RM ( ql) -  (a  ^  ß)} +  J -  \ aW) (v) dv =  hxßy RM  ( t ) . (24)
2 л  t) 

cont

Also in  th is  case, in  th e  p a r tic u la r  k in em a tic  c o n fig u ra tio n  q\ — ql =  t =  0, 
th e  c o n tin u u m  c o n tr ib u tio n  can b e  m ore  easily ex p ressed  by  o b se rv in g  th a t

Чт1 V =  “  j eiq' x < Pl [ D ^ x ) ,  M  p(0)] \ p 2>  dx =  waß(v),  (25)
^ J

w be ing  a sca lar fu n c tio n  w hich, lo o k in g  a t  th e  d ecom position  (20), equals v a 
in  th e  considered  lim it. In  th is  p a r t ic u la r  case th e  su m  ru le  (24) c a n  th u s  be 
w ritte n  as

{F\*> (0) R M  (0) -  (а  ч— > ß)} +  —  dv =  h,ßy R M  (0). (26)
2л J v

As in  th e  prev ious case w can be  in te rp re te d  as th e  im ag inary  p a r t  of the  
sc a tte r in g  am p litu d e  fo r th e  process _Da -f- Pl  ->• Mß  +  p 2 a t th e  l im it  o f zero 
m asses fo r th e  “ p a r t icles”  D  an d  M .

U p to  now  o u r co n sid era tio n s re fe r  only to  th e  sim plest case w here  th e  
e x te rn a l partic les  P l , p 2 are  sp in less partic les. I f  w e w a n t to  genera lize  the  
m e th o d  to  h igher sp in  e x te rn a l p a r tic le s , th e  on ly  com plica tion  w h ich  w ould 
arise  w ould  be th e  ap p ea ran ce  of m o re  an d  m ore te rm s  in  th e  gen era l in v a ria n t 
decom position  of th e  k in d  (5), (6) o r (19), (20). W e sh a ll n o t t r e a t  a n y  higher 
sp in  case in  its  m ost genera l fo rm , since p a r tic u la r  k in em atic  co n fig u ra tio n s 
allow  us to  g rea tly  sim p lify  th e  d ed u c tio n  of th e  p a r t ic u la r  sum  ru le s  in  w hich 
we are  in te rested .
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L et us p o in t o u t  only t h a t  if  i t  is possible to  average  th e  sp in  o f th e  e x te r 
n a l p a rtic le s , e x a c tly  th e  sam e fo rm u lae  ho ld  as th o se  we h a v e  w ritte n  fo r th e  
s c a la r  case.

3. T h e  g en era l fo rm alism  w e h av e  d iscussed  allows us to  o b ta in  ex p lic it 
ex am p les  o f sum  ru le s , b y  on ly  p a rtic u la riz in g  th e  c o m m u ta to r  fro m  w hich we 
s t a r t  an d  th e  p h y s ic a l s ta te s  b e tw e e n  w hich i t  is sandw iched . A s f i r s t  exam ples 
w e sh a ll consider a se t of sum  ru le s  w hich p re se n t tw o  com m on fe a tu re s ; f ir s t ,  
th e  ev a lu a tio n  o f  th e  co n tin u u m  c o n tr ib u tio n  can  b e  connected  to  th e  im ag in ary  
p a r t  o f am p litu d es  fo r  a physica l p rocess th ro u g h  th e  a ssu m p tio n  o f  th e  v a lid ity  
o f  th e  PCAC (p a r t ia l  co n se rv a tio n  o f  th e  ax ia l v e c to r  cu rren ts) p rinc ip le  an d  
th u s  ca lcu la ted  fro m  ex p e rim en ta l in fo rm a tio n  on sc a tte r in g  processes; 
second ly , th e y  m u s t ac tu a lly  b e  considered  as a s o r t  of “ low en e rg y  th e o re m s”  
since  th e y  a re  d e d u ced  in th e  l im it  q\ =  qx • q2 =  . . . =  0 .

As a f ir s t  e x p lic it ap p lic a tio n  le t  us d iscuss in  som e d e ta i l  th e  fam ous 
a n d  e leg an t sum  ru le , o b ta in ed  in d e p e n d e n tly , one  y e a r  ago, b y  S. L . A d l e r  [9] 
a n d  W . I .  W e i s b e r g e r  [10], fo r  th e  ax ia l v e c to r  coupling  c o n s ta n t  ren o rm a
liza tio n  in  n e u tro n  ß  decay. T o  th is  end we m u s t  consider th e  c o m m u ta to r  
b e tw e e n  th e  tw o  o p p o site  ax ia l v e c to r  cu rren ts  h a v in g  th e  sam e in te rn a l  q u a n t
u m  n u m b ers  as th e  n + and  th e  n~  w h ich  we shall ca ll a n d A ^  =  [Aj,+']  + 
a n d  we ta k e  i t  b e tw e e n  p ro to n  s ta te s .  P u ttin g  ql — ql =  t =  0 w e h a v e  p 1 =  p A 
a n d  w e can  av e rag e  over th e  sp in  o f  th e  e x te rn a l p ro to n s so t h a t  th e  general 
t r e a tm e n t  can  be  app lied . W e sh a ll exp lo it th e  c o m m u ta tio n  ru le

[ < +) (*), A<-> (0 )]Xo=0 =  2J<3> (0) Ô (x) , (27)

w h ere  j [ 3̂  is th e  iso v ec to r p a r t  o f  th e  e lec tro m ag n etic  c u rre n t (w hich is n o t 
ren o rm alized ), w hose  m a tr ix  e lem en t b e tw een  p ro to n  s ta te s  is, a fte r an  
av e rag e  on th e  p ro to n  spin,

< р \ Л 3)\р >  =  Y  «{у/. * 4 (0 )}  И =  /V (28)

th e  iso v ec to r fo rm  fa c to r  be ing  no rm alized  to

F \  (0) =  1 .  (29)

T h u s , one im m e d ia te ly  has from  (11) th e  sum  ru le

- 1-  f a {v, 0, 0, 0) dv =  1 , 
2 л  J

(30)

w h ere  “ a ”  is th e  coeffic ien t o f th e  P^ P v =  p^ p,. te rm  in th e  decom position  o f

1
**, =  у  I e ^ - * < p |l^ [ < + ) (*), A[  4 ° ) ]  | p >  dx- (31 )
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W e rem em b er th a t  th e  gen era l form  o f th e  m a tr ix  e lem en t o f  A p b e tw een  a 
p ro to n  and  a n e u tro n  s ta te  is

< > 11 A p+) I n >  =  i û i {rA yb y fJ G (qr) -  qlM ys ß  (g?)} un , (32)

=  n — P v

w here га is th e  ra tio  b e tw een  th e  ren o rm alized  ax ial v e c to r  coupling c o n s ta n t  
g a an d  th e  b a re  one g a - =  g v :

rA  =  ё л /gv
and

G(0) =  1 . (33)

W e can  now  in tro d u ce  a co m p le te  se t o f in te rm e d ia te  s ta te s  in  (31) a n d  easily  
e x tra c t th e  n e u tro n  c o n tr ib u tio n  (w hich is th e  only  s in g le -partic le  c o n tr i 
b u tio n , since in  th e  crossed  te rm  we sh o u ld  need a tw ic e  charged  p a r tic le ) . 
W e h av e  th u s  (rem em ber t h a t  an  average  o n  th e  ex te rn a l p ro to n  is u n d e rs to o d )

1 — Г d3 n
i<?> =  —  (2n f  E  - 0{p +  q -  n) i2 u rA y 5 y„ un un

2 J { 2 n f 2 E

ГЛ У5 u =  Ô {(P +  q)2 -  mn} Y  r2A ‘

■Tr{(p  +  m p) y s yß ( p  +  q +  mn) y 6y„} =

m'h — mp 
2 8Pi- Pv+- • • =  2пта  à (v)p,,Pv • • ■

T he o n e-p artic le  c o n tr ib u tio n  to  th e  sum  ru le  (30) is th e n  s im p ly  th e  sq u a re  of 
th e  ax ia l v e c to r  ren o rm a liza tio n  ra tio ;  since we a re  considering  th e  case 
q 2 =  q 2 =  t =  0, we can  now  w rite  (30) in  a form  s im ila r  to  E q . (15), n a m e ly

2 , 1 f № W J  i
Г л + ы )  —

cont

(34)

w here in  th is  case th e  sc a la r  fu nc tion  w is g iven by

w =  e '7v x < p  I [D + (ж), D _  (0)] j p  >  dx  ; D = Q liAll. ( 3 5 )

Two com m ents now  arise : th e  f i r s t  is th a t ,  lo o k in g  a t  E q . (34) a n d  re 
m em bering  th e  general d iscussion , th e  v a lu e  1 w ould  b e  considered  as th e
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sy m m etric  v a lu e  o f  гд in  a g re e m e n t w ith  th e  fa c t  th a t ,  in  th e  sy m m etry  l im it ,  
w w ould  be  a u to m a tic a lly  zero  since th e  c u r re n ts  w ould  be  conserved  an d  th e n  
th e  D 's  w o u ld  b e  zero . In  th e  case  we a re  t r e a t in g , how ever, w e do n o t b e liev e  
in  th is  lim it, s ince  th e  u n d e rly in g  sy m m e try  g roup  is th e  S U 2X S U 2 g roup  (or, 
m ore  g en era lly , th e  S U 3X S U 3 one) an d  w e k n o w  such a sy m m e try  to  be  v e ry  
b a d ly  v io la te d , b e in g  va lid  o n ly  in  th e  l im it  o f  zero b a ry o n  m asses. In  th is  a n d  
analogous cases we can  th u s  n e v e r  d is re g a rd  th e  h igher c o n tr ib u tio n s  w h ich  
a re  of fu n d a m e n ta l im p o rta n c e . The seco n d  com m en t is concerned  w ith  th e  
fo rm  of th e se  h ig h e r  c o n tr ib u tio n s ; we w ill in d eed  p o in t o u t  t h a t  (35) h as  th e  
fo rm  of th e  e la s tic  u n ita ry  co n d itio n  w h ere  o n ly  sq u ared  am p litu d es a p p e a r  
a n d  th e y  a re  r e la te d  to  th e  im a g in a ry  p a r t  o f  a fo rw ard  s c a tte r in g  a m p litu d e  
a n d  th e n , th ro u g h  th e  o p tic a l th eo rem  to  to ta l  c ross-sec tions. Some ca re  
sho u ld , h o w ev er, be  ta k e n  in  h an d lin g  e x p e rim e n ta l d a ta  d u e  to  th e  “ s o f t”  
c h a ra c te r  o f  one  o f th e  in co m in g  p a rtic le s .

O ur f in a l  ta s k  is now  to  tra n sfo rm  th e  expression o f  th e  c o n tin u u m  
c o n tr ib u tio n  in to  a su itab le  fo rm  for p ra c tic a l  ev a lu a tio n . T o  do th is  in  th e  
s im p lest w ay  w e a d m it, as a lre a d y  m en tio n ed , th e  v a lid ity  o f  th e  PCAC p r in 
c ip le , i.e. w e assu m e  th e  v a lid i t iy  o f th e  G e l l -Ma n n , L e v y  [11] p ro p o r tio n 
a l i ty  re la tio n  b e tw een  th e  d ivergences o f th e  ax ia l cu rren ts  a n d  the p ion fie ld s ,

D ± =  Ccp± (3 6 )

a n d  we a d m it t h a t  (36) s till rem a in s  v a lid  w h en  ex ten d ed  to  zero m ass p io n s. 
T h e  v alue  o f th e  c o n s ta n t C c a n  be d ed u ced  in  various w a y s ; th e  sim p lest is 
to  consider s e p a ra te ly  th e  m a tr ix  e lem ents o f  th e  tw o sides o f (36) b e tw een  
n u c leo n  s ta te s ;  b y  rem em b erin g  (32) we h a v e  fo r th e  1. h . s. m a trix  e lem en t

< p  I D + I n >  =  — {2 m r A G(q2) +  q2 ß (g2)} ü p y 5 un (37)

a n d  from  th e  r . h . s., one h as

C <  p  | ç>+ | ra >  — C
< p \ j + \ n >

T

7 P N  1

c  / 2 GpN (q2) -
m l - q 2  игУьип- (38)

G bwK )

B y  eq u a tin g  (37) a n d  (38) a n d  le tt in g  <f go to  zero we d erive

У2 m r A m 2
StcN Gpn  (0)

(39)

w h ere  GpN (0) ta k e s  in to  a c c o u n t th e  fa c t  th a t  we are  w o rk in g  w ith  zero  
m ass p ions.
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In tro d u c in g  (36) in  (35) th e  sp e c tra l fu n c tio n  w becom es

(2 л )4
m
C 2

2
J ? { \ < P i \ j + \ n >  \*ô (p  +  9 -  Pn) — \ < p \ j - \ n > \ 2-
m

• à ( p  — q + p n)} (40)

an d  i t  can  th e n  be easily  expressed  in  te rm s  of to ta l  л ± p ro to n  cross-sec tions. 
R em em bering  th a t ,  w ith  our n o rm aliza tio n

(flux) • <Ttot =  У  ( 2 л )4 |T „ |2<5 (P,  -  P n)

and

(41)

(42)(flux) =  4 p 0 q0 J V т I ; V f  =  {(pq f  -  p 2 ?2) }/pg ql 

we h av e  th u s , a t  th e  g2 =  0 p o in t:

2  (2я )4 1 T n I2 <5<4> =  4 vatot (y, g2 =  0) =  4r [£ ,„  (O)]2 crtot (v) , (43)
П

w here we h av e  in tro d u c e d  an  in e lastic  form  fac to r  to  co rrec t th e  p h y s ica l 
c ross-sections to  zero p ion  m ass.

In tro d u c in g  (43) in  (40) and  m ak in g  th e  v alue  (39) fo r C exp lic it, w e h av e

G,„(0) 2w = 4m 2 r \

g 'ÏN Gp n ( 0)

so th a t  o u r sum  ru le  (34) a t ta in s  its  f in a l form

v  {°*°-p — а я+ p } (44)

га2 =  1 +
2m2 — atot ]

»0
(45)

w here we h av e  m ade th e  a p p ro x im a tio n  o f  ta k in g  (G; ,(0)/GpN(0) =  1 a ssu m in g  
th e  tw o  e x tra p o la te d  values to  go in  th e  sam e d irec tion .

T he sum  ru le  fo r ra in  th e  fo rm  (45), w hich is t h a t  o b ta in ed  b y  A d l e r  

an d  W e i s b e r g e r , p re sen ts , besides a t r u ly  e legant a sp e c t, th e  p o ss ib ility  of 
easily  e v a lu a tin g  th e  c o n tin u u m  c o n tr ib u tio n . T his e v a lu a tio n , b ased  on  th e  
e x p e rim en ta l d a ta  on p io n -p ro to n  sc a tte r in g  has b een  carefu lly  p e rfo rm ed  
se p a ra te ly  b y  A d l e r  an d  W e i s b e r g e r , w ho resp ec tiv e ly  give th e  v a lu e s  of

(r a )  =  1,24 a n d  ( rA) =  1,15*

* The difference between the two results can be mainly ascribed to the different pro
cedures in handling the zero mass pion limit. A d l e r  uses PCAC directly in the form (36), 
while W e i s b e r g e r  изез analytic continuation in q'~ by retaining only the pion pole. In so doing 
only physical quantities are involved, and the sum rule (45) becomes

'Ä2=  1 +
ë nN

where к is the momentum of the (physical) л  in the laboratory system.
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to  be co m p ared  w ith  th e  e x p e rim e n ta l one [12] o f

(Г д)ехр  =  Ь 2 0  ±  0 ,0 2  .

W e w ish to  em phasize th a t the convergence of the sum  rule (i.e. the  
v a lid ity  o f th e  assum ed unsubtracted  dispersion relation) is ensured by th e  
P omeranchuk  theorem  w hich w e could consider as the dynam ical m echanism  
w hich  m inim izes the corrections.*

T he re s u lt  we have o b ta in e d , n am ely  t h a t  th e  h ig h er co rrec tions to  th e  
a x ia l v ec to r  re n o rm a liza tio n  fo r  ß decay  can  b e  expressed  in  te rm s  of p h y sica l 
c ross-sec tions, d epends, o f cou rse , on th e  f a c t  th a t  th e  D ' s have  th e  sam e 
q u a n tu m  n u m b e rs  as th e  p io n s . I t  is th e n  c lea r th a t  analogous resu lts  could  
b e  o b ta in ed  b y  ex p lo iting  o th e r  c o m m u ta to rs  invo lv ing  o p e ra to rs  hav in g  th e  
sam e  q u a n tu m  n u m b e r as o th e r  physica l p a r tic le s  as e.g. К  m esons. In v e s tig 
a tio n s  of th is  k in d  have b e e n  a c tu a lly  u n d e r ta k e n  b y  sev e ra l au th o rs  [13], 
g en era lly  b y  m ean s  of th e  in f in ite  m o m e n tu m  fram e o f reference  m eth o d . 
B y  tr a n s la tin g  th e ir  language  in to  our p re se n t one, we sk e tc h , b riefly , th e  
in v e s tig a tio n  u n d e r ta k e n , fo r  in s tan ce , b y  D . A mati, C. B ouchiat a n d  J  
N u y t s . O ne s ta r t s  b y  consid erin g  th e  c o m m u ta to rs

\ A (k+) (x), А<л_) (0)] and  [ A ^ A  (x), A\,L~] ]

w here  A ^ +* — [ A ^  ^]+ an d  A^+ =  [Aj/~*]+ a re  th e  ax ia l s tra n g e  c u r re n ts  
w ith  th e  sam e q u a n tu m  n u m b e rs  as th e  K + a n d  K°,  re sp ec tiv e ly . Follow ing 
e x a c tly  th e  sam e  p rocedure  as in  th e  p rev io u s case one o b ta in s  tw o sum  ru le s  
s tr ic t ly  an a lo g o u s to  (45), w h ere  to ta l  c ross-sec tions o f c h a rg ed  or n e u tr a  
k ao n s  on p ro to n s  ap p ear. O w ing p a r tic u la r ly  to  th e  lack  o f  e x p e r im e n ta l d a ta  
th e  n u m erica l ev a lu a tio n s  a re  n o t  so good as in  th e  A d l e r  — W eisberg er  
case. T he m ain  re su lt  of th e  in v e s tig a tio n  b y  A mati, B ouchiat  an d  N uyts is 
th e  d e riv a tio n  o f  th e  ra tio  b e tw e e n  th e  sy m m e tric  (D ) an d  th e  an tisy m m etric  
a x ia l coupling  ( F ) w hich we m u s t consider in  S U s. T h e  v a lu e  o b ta in ed  is 
D / F  =  2,7 to  b e  com pared  w ith  th e  e x p e rim e n ta l one [14] o f ab o u t 2.

4. T h e  re la tio n s  we h a v e  exam ined , d e riv in g  from  th e  co m m u ta to rs  o f  
tw o  ax ia l v e c to r  cu rren ts , can  be  re fe rred  to  as “ sc a tte rin g  sum  ru les” . T he 
q u es tio n  arises sp o n tan eo u sly  i f  th e re  are  analogous “ p h o to p ro d u c tio n  sum  
ru le s” . T he n e x t  exam ple w ill, th e re fo re , d e a l w ith  such  su m  rules, w hich  
d e riv e  from  th e  c o m m u ta to r  o f  an  ax ia l v e c to r  c u rre n t w ith  th e  e lec tro 
m ag n e tic  c u rre n t. I n  p a r tic u la r  we shall o b ta in  tw o  sum  ru les fo r th e  nucleon  
anom alo u s m a g n e tic  m om en ts w hich  h av e  b e e n  derived  b y  F u b in i , F urlan

* Experimentally one can fit the high energy data with
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a n d  R o sse t t i [15], u sing  th e  c o v a ria n t ap p ro ach . B y  tr a n s la tin g  a g a in  in to  
o u r p re se n t lan g u ag e , we shall consider th e  tw o  c o m m u ta to rs

[ A ^  (x), J [ 3>8) (0 )] , (46)

(w here we h av e  a d o p ted  th e  S U 3X S U s n o ta tio n s  to  la b e l th e  iso v ec to r ax ia l 
c u rre n t (A jif ), th e  isov ec to r ( j ] 3>) an d  th e  isoscalar ( J ^ )  p a r t  o f th e  e lec tro 
m ag n e tic  c u rre n t) , ta k e n  be tw een  n u c leo n  s ta te s . F o llow ing  our g en era l con
s id e ra tio n s  we define

T /< =  1 ev J  <  Pi  I И/<3> (*)» 'Л 3,8) (0)] ! p 2 >  e‘4l'x О (x°) d x , (47)

/. =  <  Pi A iS) (*)i Л 3,8) (())] ! P i  >  eiqi'x dx  , (48)

w here  ev is an  a rb itra ry  (fo r th e  m o m en t) v e c to r  in trodu ....d  fo r conven ience  
Since, as one easily  realizes, T /t an d  tß a re  to  be  co n n ec ted  to  p h o to p ro d u c tio n  
am p litu d es , we shall look  fo r th e ir  d ecom position  to  t h a t  given b y  Ch e w , 
G o l d b e r g e r , L ow  an d  N a m b u  [16] in  th e ir  fu n d a m e n ta l p a p e r o n  p h o to 
p ro d u c tio n  th e o ry . W e can , how ever, choose th e  p a r tic u la r ly  sim ple k in e 
m a tic  co n fig u ra tio n  ql =  q\ — qy ■ q2 =  0, an d , fu r th e rm o re , we can  choose 
e v as b e in g  o rth o g o n al to  th e  p h o to n  m o m e n tu m  q2 a n d  also to  qp q1 - e  — 
=  • e =  0. In  th e  C. G. L. N . d ecom position  only tw o  te rm s  su rv iv e  in  our
lim it, n am ely

M  =  y5( y e ) ( y - q 2), N  =  y5 (y ■ e) [y ■ qx , у  • q2] (49)

so th a t  we can  decom pose T H an d  tfl as

T„ -  P M i  M +  B , N )  +  qUl(A 2 M +  B 2 N )  +  . . . , (50)

C — P/Áai M 4" lJi N) 4~ ïi/((a2 M  4- b2 N )  -j- . .  . .  (51)

In  th is  case wre o b ta in  a sum  ru le  fo r th e  in v a r ia n t fu n c tio n  av  since w e h av e

(qiß H  — H qi,t) *,< =  M  —  I a x (v) dv =  0 52)

h av in g  ta k e n  in to  acco u n t th e  c o m m u ta tio n  ru les

4 3)( * M '3’8 (0)]Xô o =  0 .

T h e sum  ru les we shall consider are th e n :

j  a<j3’8) ' v) d v  — 0

(53)

(54)

17* Acta Physica Academiae Scientiarum Hungaricae 22, 1967



260 U. FURLAN and C. ROSSETTI

T o  e v a lu a te  th e  o n e-p a rtic le  c o n tr ib u tio n  w e define th e  follow ing m a tr ix  
e lem en ts

N ow , to  ex p ress  th e  c o n tin u u m  c o n tr ib u tio n  we can  fo llow  an  analogous 
p ro ced u re  to  t h a t  used  to  o b ta in  E q . (26). I n  th is  w ay  we a re  f in a lly  led  to  
th e  tw o  su m  ru le s

B y  n e g lec tin g  th e  c o n tin u u m  c o n tr ib u tio n  in  (58), w e o b ta in , as u su a l, 
th e  sy m m e try  l im it. In  th is  case we f in d  th e  (expected)*  b ad  p rev ision
K v =  K s =  0.

H ow ever, w e do n o t h a v e  to  believe in  i t ,  since th e  ax ia l c u rre n ts  a re  co n 
sidered , a n d  w e n eed  th e  c o n tin u u m  c o n tr ib u tio n s . T h ro u g h  PCAC, th e se  are  
exp ressed  as d isp e rs iv e  in te g ra ls  over th e  im a g in a ry  p a r ts  o f  л  p h o to p ro d u c tio n  
a m p litu d es ; in  th e  p resen t case  th e y  c a n n o t, how ever, be  d irec tly  co n n ec ted  
to  physical cross-sec tions.

* It is, in fact, well known that as a consequence of the y b invariance the anomalous 
magnetic moment is zero for massless fermions.

<  P l I Aí3) I P 2 >  =  iul {Г3 Vb Ум G ( ï l )  — Ьм Vb ß  (g?)} «2 (55)

4 i ~  Pi  P i » ам* =  —  [Ум’ Уr i 

n d  fo r th e  n u c le o n  c o n tr ib u tio n  we can  th e n  derive

1
J«N ucleon (v ) d v  = -------Tj- F % ’S{ 0 ) = (57)

71 m

K s — K p  +  K N

(58)

w h ere  ce(3’8* a re  th e  coeffic ien ts o f  M  in  th e  co n tin u u m  c o n tr ib u tio n  to  q t ^ ,  
i.e . th e  a ’s can  b e  deduced  b y  selec ting  th e  coeffic ien ts o f  th e  M  te rm s from  
th e  general q u a n tit ie s

— <  Pl j J (3'8) • e I n > <  n j D3 I p 2 > ő (Pl — q2 — p n)} .
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F o r  a f ir s t  ap p ro x im a te  d iscussion  o f th e  co n tin u u m  p a r t  o f E q . (58) we 
sh a ll assum e th e  d o m in a n t c o n tr ib u tio n  to  com e from  th e  low est ly in g  re 
son an ce  N Z3, i.e. in  an  S U 3 schem e, from  th e  d ecu p le t s ta te s . T h is “ d ecu p le t 
d o m in an ce  h y p o th e s is”  is sugg ested  b y  tw o  k in d s  o f co n sid e ra tio n s . F ir s t  of 
all, in  m o st of th e  d ispersion  tr e a tm e n ts  th e  do m in an ce  of th e  33 s ta te  h as  been  
assu m ed  in  good ag reem en t w ith  ex p e rim e n t; second ly  S U Ü co n sid era tio n s 
seem  to  p u t  th e  d e c u p le t 3/2 s ta te s  on so m ew hat p riv ileged  g ro u n d  as m em bers 
o f th e  56 su p e rm u ltip le t. U nder th is  d ecu p le t dom in an ce  h y p o th es is  th e  tw o  
sum  ru le s  (58) red u ce  to

?3 K v =  c33, (60)

73K S =  0 , (61)

since, as a consequence  of isospin  c o n se rv a tio n , o n ly  in  th e  f ir s t  case can  th e
33 resonance  be ex c ited . As from  E q . (60) r3 =j= 0, E q . (61) te lls  us th a t ,  in  th is  
ap p ro x im a tio n , K s s till rem ains zero .

I n  o rder to  s tu d y  E q . (60) to g e th e r  w ith  th e  possib le  co rrec tio n s to  th e  
d e c u p le t m odel we need  to  u se  e x p e rim e n ta l in fo rm a tio n  a b o u t th e  con
t in u u m  d is tr ib u tio n . A ssum ing PCA C, we can  in tro d u c e  in E q . (58) th e  n° 
p h o to p ro d u c tio n  am p litu d es

a (3,8) =  ?з _2rrL. i m A(3,8). (62)
& ж N

an d  o b ta in  th e  tw o  sum  rules

K v -  *m‘ - | I m  A<v' > ( v ' ) ~  =  Q, (63)
§n N n  J v'

1 , dv'
k s - — I m  A<s> (v' ) ----- =  0 . (64)

8nN я  J1 V'

L e t us f irs t  s tu d y  E q . (64) u n d e r  th e  h y p o th e s is  o f a d ecu p le t dom inance . 
In  o rd e r to  h av e  an  es tim a te  o f th e se  c o n tr ib u tio n s  w e shall u se  th e  isobaric  
m odel o f Go urdin  an d  Salin  [17] w hich g ives a sa tis fa c to ry  d esc rip tio n  of 
th e  p h o to p ro d u c tio n  process. In  so doing we o b ta in

AC 2 / m  j 2 Í m 

S«n] 3 l  m n ! I  M  ,
(65)

w h ere  A an d  C a re  phenom enolog ica l c o n s ta n ts  d esc rib in g  th e  N  n N 33 and  
N  y  N a  v ertices w h ich  have th e  values*

A =  1,81 ; C =  0,345 .

* T hese v a lu es a re  n o t  e x ac tly  th o se  g iven  b y  G o u r d in  a n d  Sa l i n . F o r  a  d iscussion  
on th is  p o in t see [15].

Acta Physica Academiae Scientiarum Hungaricae 22, 1907



262 G. FURLAN and C. ROSSETTI

F ro m  (65) one o b ta in s  fo r K y  th e  v a lu e

K v =  3.98 , w hereas ( K v )exp =  3,70 .

I n  th e  sam e a p p ro x im a tio n

K s — 0 , w hereas (K s )exp =  — 0,12 .

T h e  ca lcu la ted  v a lu e s  a re  in  rea so n ab le  ag reem en t w ith  th e  e x p e rim e n ta l d a ta . 
W e can  observe  a t  th is  p o in t t h a t  w ith  o u r a p p ro x im a tio n , we o v e re s tim a te  
b o th  K v an d IC s ; th e  sam e th in g  h ap p en s  in  th e  A d l e r —W eisberg er  case: if 
one ta k e s  on ly  th e  33 c o n tr ib u tio n , th e  v a lu e  o b ta in e d  is in d eed  гд =  1,44; 
th e  c o n tr ib u tio n  o f  th e  h ig h er s ta te s  th e n  reduces th e  v a lu e  of гд a p p ro x im a te ly  
to  th e  e x p e rim e n ta l one.

To e s tim a te  th e  role of h ig h e r s ta te s  in  m o d ify ing  b o th  va lu es  o f K y  an d  
Kg,  we h av e  co n sid e red  th e  n e x t  re so n a n t s ta te , n a m e ly  th e  1V13(1515) w hich 
p la y s  an  in te re s tin g  p a r t  in  th e  A d l e r —W eisb e r g e r  re la tio n . F ro m  th e  
s ta n d p o in t  o f e x p e rim e n t th e  N 13 p lay s  a m u ch  m ore  re le v a n t ro le  in  s c a t
te r in g  th a n  in  p h o to p ro d u c tio n , so th a t  we can  e x p e c t th a t  th e  r a th e r  good 
ag reem en t g iven  b y  th e  d ecu p le t dom inance  m odel is n o t going to  be  spoiled. 
In d e e d  ta k in g  in to  acco u n t th e  13 c o n tr ib u tio n , a lw ays w ith  th e  help  of 
th e  iso b aric  m odel, w e o b ta in  th e  values

K v =  3 ,80 ; K s =  0,176 .

T h ese  re su lts  show  t h a t  th e  13 c o n tr ib u tio n  h as  th e  co rrec t sign a n d  o rd e r o f  
m a g n itu d e  to  im p ro v e  th e  a g reem en t o f  b o th  sum  ru les.

F in a lly  w e sh a ll p o in t o u t t h a t  th e  a ssu m p tio n  o f re ta in in g  o n ly  ce rta in  
s ta te s  h as  no  a b so lu te  ju s tif ic a tio n , b u t  is an  a p p ro x im a tio n  dep en d in g  on  th e  
k in d  o f th e  sum  ru le s  s tu d ied .

T h e  su m  ru le s  d iscussed  fo r  th e  nucleon  anom alous m ag n e tic  m om en ts 
w ere  re la te d  to  th e  n  p h o to p ro d u c tio n  am p litu d e . I t  is th e n  ra th e r  obvious 
t h a t  b y  considering  ax ia l c u rre n ts  h av in g  th e  sam e q u a n tu m  n u m b ers  as th e  
К  m esons, one c a n  re la te , in  an  analogous w ay , th e  anom alous m ag n etic  
m o m en ts  o f th e  h y p e ro n s  to  K  p h o to p ro d u c tio n  a m p litu d e . F o r  in s ta n c e , b y  
considering  th e  c o m m u ta to r

И /- +) (*), J T  (0 )]

ta k e n  be tw een  a S + an d  a p ro to n  s ta te s , one can  o b ta in  a sum  ru le  fo r th e  
an om alous m ag n e tic  m o m en t Ky;+ o f  th e  S + . T h is su m  ru le  h as  b een  ana lyzed  
b y  Mathur  a n d  P a n d it  [18] u n d e r  th e  d ecu p le t dom inance  a ssu m p tio n  and
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th e  ca lcu la ted  value  is

g
/<£+ =  3 ,6 --------, w hereas (1С£+)ехp =  (3,5 4  1,5) e/2m p.

2 m p

T he sam e au th o rs  derive analogously  also  th e  Л anom alous m agnetic  m o m e n t 
fo r w hich th e y  o b ta in

K A =  — 0 ,8 4 — -— , w hereas ( K A)Pvp =  ( — 0,69 -f- 0,13) e/2m„ .
2 mp

T he ag reem en t be tw een  th e  ca lcu la ted  v a lu es  and  e x p e rim e n ta l d a ta  is n o t  b a d  
even if  m a n y  fu r th e r  ap p ro x im a tio n s  a re  necessary  in  th e se  cases, su ch  as 
th a t  of connecting  th e  coupling  c o n s ta n ts  re la tiv e  to  th e  Y *  (1385) re so n an ce  
to  those  o f th e  N 33 b y  a sim ple C leb sh —G ordan  coeffic ien t, owing to  th e  
lack  of precise ex p e rim en ta l in fo rm a tio n .

6 . U p to  now  we h av e  re s tr ic te d  ourselves to  co n sid e r ql =  ql =  t =  0. 
I f  we now  re ta in  th e  re s tr ic tio n  q\ =  qx ■ q3 — 0, b u t  a llow  ql =  t =f= 0, we 
can o b ta in  sum  ru les n o t on ly  for co u p ling  c o n s ta n ts , b u t  even fo r  form  
fac to rs. As an  exam ple of th is  k in d  o f su m  ru le , we shall m en tio n  th e  tw o  sum  
ru les t h a t  can  be derived  from  th e  co m m u ta to rs

[ 4 - > ( * ) ,J W ( 0 ) ]  a n d  [ 4 3>(*), J<3> (0 )] (66)

ta k e n  be tw een  nucleon s ta te s . I t  is e as ily  recognized t h a t  we are th e n  led  to  
d ispersive in teg ra ls  in vo lv ing  e lec tro p ro d u c tio n  a m p litu d e s  in stead  o f  p h o to 
p ro d u c tio n  am p litu d es. B y  tre a tin g  th e  co m m u ta to rs  (66) in  th e  u su a l w ay , 
assum ing  PCAC an d  ap p ro x im a tin g  th e  con tinuum  c o n tr ib u tio n  u n d e r  th e  
d ecu p le t dom inance  assu m p tio n  th ro u g h  th e  Gourdin  — Salin  isobaric  m odel, 
th e  tw o  sum  rules can  be  w ritte n  as

G(t) =  F\  (t) -  t
Г  c'  (t) M  +  m

(67)
rA m l  1/3 3M 2

0 = K V F Y  (t) -f- 4m2 X’ c’ (t) M  -f- m
(68)

rA m 'í P 3 M 2

* 7 ( 0 )  = * 7 (0) =  1 ,

where X' and c' are proportional to  th e  N  n N 33 and N  y  N 33 coupling con
stants. E qs. (67) (68) have been derived in a recent paper by F urlan , J engo 
and R em id d i [20]. B y  com bining th ese  tw o equations one has

G(t) =  F?( t )
4 m'-

K y  F 2 (')• (69)
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T his e q u a tio n  allows th e  ev a lu a tio n  o f  G(t) in te rm s o f  th e  w ell-know n 
e lec tro m ag n e tic  fo rm  fac to rs  a n d  i t  shou ld  rep resen t a g o o d  ap p ro x im atio n  
fo r  n o t to o  la rg e  “ t ”  (t/m2 <  1). In  p a r tic u la r , looking a t  th e  slope a t  t — 0, 
we can  o b ta in  an  in d ica tion  o f  th e  m ass o f th e  axial v e c to r  m eson. A ssum ing 
th e  sim ple p o la r  form

G(t) =
M \ - t

(70)

a n d  using  th e  e x p e rim e n ta l f i t  fo r th e  v e c to r  form  fac to rs  w e ob ta in  M a  =  
=  0,815 BeV. I f  w e tak e  in to  acco u n t th e  e ffec t of N 13 re so n an ce  th e  re su ltin g  
m ass is M a =  0,765 BeV. T h ese  figures h a v e  to  he co m p ared  w ith  th e  re su lt 
fro m  th e  C E B N  n eu trin o  e x p e rim en t M a ^  0,7  BeV.

7. A p a r t ic u la r  case o f  o u r general su m  ru le  (13) w h ich  is rem ark ab ly  
in te re s tin g  is t h a t  in  w hich  w e assum e th e  k in em atica l co n fig u ra tio n  q\ =  
=  q2 — q2 an d  t =  0. L e t u s  illu s tra te  th is  w ith  th e  fo llow ing  exam ple. W e 
consider th e  c o m m u ta to r  b e tw e e n  tw o o p p o site  vecto r c u rre n ts

(7 i)
san d w ich ed  b e tw e e n  p ro to n  s ta te s . As t =  0 w e can a g a in  average on th e  
p ro to n  sp in , so t h a t  all th e  g en era l form ulae  w hich  we h a v e  deduced a t  th e  
b eg in n in g , a p p ly . W e can, th u s ,  w rite  a sum  ru le  of th e  k in d  (11):

——  j a (V, q2, q2, 0) dv — 1 . (72)
2 л  J

In  o rd e r to  s e p a ra te  th e  o n e -p a rtic le  (n eu tro n ) co n tr ib u tio n  we w rite  for th e  
m a tr ix  e lem ent o f  be tw een  p ro to n  and  n e u tro n  the  u su a l expression

<  P  I Jl+) lre > =  UP \ Y ß  F ï  (?2) +  i v
F 2 (g2) 

2m

so th a t  th e  n e u tro n  c o n tr ib u tio n  to  t..,, is

W  =  j ( 2 n y  i - d  [v

F ,  I

m2n — m i  \  1
—  Tr  {(/> m p) '

Yß F i — ак<> % —  ( P  +  9 +  mn) Yv F i +  ат Ч„ 2m 2 m

=  nô(v) ~ Tr {p y v PYvf I — P ffpeqeP • • •} =

=  2л  P s P ^ F f  +  -— - F 2P/up v +  . . .
4 m l
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an d  (72) becom es

1  =  { F ?  (q2)}2 +  { F ï  (?2)}2+  - i -  [ a  (V, q2) d v ,  ( 7 3 )
4m 3 I n J

cont

T his sum  ru le  h as  a lread y  been  derived  in  one form  or a n o th e r  b y  sev era l 
au th o rs  [21]. T h e  in te re s t o f (73) lies in  th e  f a c t  th a t  i t  show s (alm ost) e x p li
c itly  th e  dependence  on q2. A t q2 =  0 we h a v e  th e  triv ia l id e n t i ty  Fi  (0) =  1 
since i t  could  be  d e m o n s tra te d  t h a t  “ a ”  is p ro p o rtio n a l to  q2.

O n th e  c o n tra ry , if  we ta k e  th e  d e r iv a tiv e  w ith  re sp ec t to  q2 a t q2 =  0, 
we o b ta in :

d f
Fi(q2)\ + [ F Ï  (° )Г

4 m 2
+

1
2 л

cont

8
8 q2

a(v ,q2)\ dv =  0 . (74)

As long as th e  m an y -p a rtic le  co n tr ib u tio n  is concerned  one co u ld  d e m o n s tra te , 
as has been  show n b y  C a b i b b o  an d  R a d i c a t i  [ 1 9 ] ,  th a t  th e  su m  ru le can  b e  
f in a lly  w ritte n  as

”0

( 7 5 )

w here  < r y >  is th e  m ean  sq u are  isovec to r ch a rg e  rad ius an d  <т̂ 2 an d  03̂ 2 a re  
th e  to ta l  cross-sections fo r p ro d u c tio n  of I  =  1/2 and  I  =  3/2 s ta te s  b y  “ iso- 
v e c to r”  p h o to n s on p ro to n s. I f  we t ry  to  s a tu r a te  th e  in te g ra l b y  a few low  
ly ing  resonances th e  ag reem en t o f (75) w ith  ex p erim en t is n o t  ex cep tio n a lly  
good, since th e  c o n tr ib u tio n  o f th e  33 reso n an ce  is o f th e  w ro n g  sign. R o u g h ly  
sp eak in g , ,F2/4m 2 is eq u a l to  < r 2y >  an d  th e  c o n tr ib u tio n  o f  th e  iV33 to  th e  
in te g ra l is n eg a tiv e  an d  of th e  o rd e r of m a g n itu d e  of one h a lf  th e  anom alous 
m ag n e tic  m o m en t te rm . H ow ever, above th e  33 resonance, th e  cross-section  
is m o stly  I  =  1/2 an d  th e re  is a good ch an ce  th a t  th e  sum  ru le  is, in  f a c t ,  
sa tis fied . As fa r  as we know , n o b o d y  has g iven  a sa tis fac to ry  e v a lu a tio n  o f th e  
c o n tin u u m  c o n trib u tio n  to  <  r \  > .  T his sum  ru le  is indeed on a d iffe ren t fo o tin g  
from  th e  p rev ious ones.

8 . All th e  sum  ru les we h av e  considered  u p  to  now in v o lv e  ax ia l charges, 
i.e. q u a n titie s  w hich  shou ld  be  considered  in  th e  fram ew ork  o f  th e  S U 3X S U 3 
algebra .

T here  is a v e ry  sim ple reaso n  for h a v in g  so fa r  d is reg a rd ed  th e  sim p le r 
S U 3 a lgeb ra  b u ilt  up  from  v e c to r  cu rren ts , w h ich , m oreover, co rresponds to  a 
sy m m e try  w hich  is m uch  b e t te r  observed  in  n a tu re . W hen  w e have to  d ea l 
w ith  v e c to r  c u rre n ts  th e  e v a lu a tio n  of th e  c o n tin u u m  c o n tr ib u tio n  to  th e  su m  
ru les is m ore u n p le a sa n t.
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In  th e  axial v e c to r  case th e  e v a lu a tio n  of th e  m a n y -p a rtic le  c o n tr ib u tio n  
is b ased , in  m ost cases, on  PCAC, i.e. on  th e  fac t t h a t  th e  p seudoscalar m esons 
h av e  th e  sam e  q u a n tu m  n u m b ers  as th e  divergences D.  F or v ec to r c u rre n ts  
we do n o t  p o s tu la te  a p ro p o rtio n a lity  re la tio n  b e tw e e n  cu rren t d ivergences 
an d  p a r tic le  fields to  co n n ec t th e  m a n y -p a rtic le  c o n tr ib u tio n  to  “ p h y sica l 
a m p litu d e s” , since, u p  to  now  th e re  is no  ex p e rim en ta l ev idence on th e  ex istence  
o f a (well estab lished) fu n d a m e n ta l m u ltip le t  of scalar partic les. I t  is clear, 
how ever, t h a t  we cou ld  in tro d u ce  sc a la r  partic les  in to  th e  th e o ry , e ith e r  
believ ing  in  th e ir  ex is ten ce , or as a su ita b le  too l to  express our re su lts  in  a 
m ore c o m p a c t form , th ro u g h  sc a tte r in g  am p litu d es a n d  cross-sections; b u t 
such  a p ro ced u re  is, a t  le a s t  a t  th e  p re se n t m om ent, o f  r a th e r  academ ic in te re s t . 
In  so do ing  w e should  in d e e d  in tro d u ce  a lo t  of u n k n o w n  m asses an d  coupling  
c o n s ta n ts  w h ich  w ould b e  p resu m ab ly  v e ry  d ifficu lt to  re la te  to  kn o w n  q u a n t
ities.

To e v a lu a te  th e  m a n y -p a rtic le  c o n tr ib u tio n  w e sh a ll th u s , in  th is  case, 
ap p ly  d iffe re n t m e th o d s , fo r in stan ce , p e r tu rb a tiv e - lik e  ones. As, h o w ever, 
S U ,  gives a m uch  b e t te r  sy m m etry  th a n  S U , X  S U ,  th e  on ly  po lar te rm s  give, 
in  g enera l, a  n o t too  b a d  s a tu ra tio n  o f th e  sum  rule, so t h a t ,  even if  th e  m e th o d s  
used  to  e v a lu a te  th e  fu r th e r  c o n tr ib u tio n s  are r a th e r  ro ugh , th e  re su lts  are 
su ffic ien tly  good.

W e sh a ll now il lu s tra te  th e  sum  ru le s  com ing fro m  SU ,  a lgeb ra  w ith  a 
few  exam ples.

F ir s t ,  w e shall co n sid e r a sum  ru le  fo r th e  ren o rm a liza tio n  ra tio  fo r  the  
w eak  s tran g en ess  chang ing  v ec to r c u r re n t , w hich w as f i r s t  derived  b y  F u r l a n , 
L a n n o y , R o s s e t t i  a n d  S e g r é  [22], som e tim e  ago, u s in g  th e  in fin ite  m o m e n t
um  fram e  m ethod .

W ith  th e  p resen t m e th o d  we s ta r t  from  th e  c o m m u ta to r

[J<,K+) (*), Л к_) (0)], (76)

J<K+> =  [J Jjf' ^]+ being  th e  v ec to r  c u r re n t hav ing  th e  sam e  q u an tu m  n u m b ers  
as th e  K + , ta k e n  b e tw een  jt+ s ta te s . W e c a n  th en  choose th e  sim ple c o n fig u ra 
tio n  of q\ =  ql =  t =  0 a n d  th e n  we ca n  im m ed ia te ly  w rite  a sum  ru le  o f  th e  
ty p e  (15). F o r  th e  o n e -p a rtic le  c o n tr ib u tio n  we ta k e  in to  accoun t th a t

< я +  I J ( « +> I K 0>  =  (p„ +  p K)M F 1 ( f )  -  qtl F 2 ( ? ) ,  (77)
w here

Fi  (0) =  rKn (78)

and , to  w rite  th e  r ig h t-h a n d  side of E q . (15) we re m e m b e r th e  c o m m u ta tio n  
re la tio n

[jiK+) (*), ( 0 ) k  -  о =  j J<3> +  I  J «5 (X). (79)
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O ur sum  ru le  th e n  ta k e s  th e  form

cont

w here, accord ing  to  th e  d e fin ition  (14)

(80)

(v) =  •— (2тг)4Г „ ^ г { | < я  + I D K+\n > \ 2ô ( p 1 +  q1 p n)

. (81)
— I <n+  I D K-  I n  >  j2 ô (Pl — q2 — p n)\ .

To give an  e s tim a te  o f th e  m a n y -p a rtic le  c o n tr ib u tio n  we p erfo rm ed  a 
v e ry  sim plified  ca lcu la tio n  ta k in g  in to  acco u n t o n ly  th e  low est ly in g  tw o- 
p a rtic le  s ta te s  t r e a te d  in  a p e r tu rb a tiv e  w ay. To be  m ore ex p lic it w e observe 
th a t  in  th e  f irs t te rm  in  th e  r ig h t-h a n d  side of E q . (81) th e  s ta te s  | n  should  
be  1+ w ith  th e  sam e in te rn a l q u a n tu m  n u m b ers  as th e  K 0, w h ereas  in  th e  
second te rm  | n >  shou ld  h av e  s tran g en ess  1 a n d  charge 2. T h e  low est tw o- 
p a rtic le  s ta te s  w ith  th e se  q u a n tu m  n u m b ers  a re  com posed of a p seudosca la r 
an d  a v e c to r  m eson an d  th e se  are th e  o n ly  s ta te s  w e have  ta k e n  in to  accoun t. 
W e th e n  h a d  to  deal e.g. w ith  m a tr ix  e lem en ts o f  th e  ty p e

<  7ÏT I D^+ j Q0 K 0 > (82)

w hich  we tre a te d  in  th e  p o la r a p p ro x im a tio n  rep re sen ted  b y  th e  follow ing 
g raphs

(83)

(th e  cross s tan d s  fo r D[<+). In  th is  w ay  th e  m a tr ix  e lem ents o f th e  k ind  
(82) are reduced  to  know n  q u a n titie s , i.e. to  th e  m a tr ix  e lem ents o f th e  D 
b etw een  one-partic le  s ta te s  an d  s tro n g  coupling  c o n stan ts . In  so doing  th e  
re su lt is s till in d e p e n d e n t o f th e  tra n s fo rm a tio n  p ro p erties  o f th e  b reak ing  
H a m ilto n ia n  an d  one o b ta in s  for th e  c o n tin u u m  co n trib u tio n :

J _  C ^ L d v ^ 0 07 (34)
2 n J r2

cont
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T his n u m b e r  m u s t n o t  b e  ta k e n  to o  seriously , b u t  o n ly  as an  in d ic a tio n  o f th e  
o rd e r o f  m a g n itu d e  an d  sign o f th e  ren o rm a liza tio n  effects.* T h e y  a re  q u ite  
sm all, as one can  ex p ec t as a consequence  of th e  A dem ollo  an d  G at t o  th e o 
rem , a n d , an y w ay , to o  sm all to  ch an g e  th e  p re se n t considera tions a b o u t u n i
v e rsa lity .

9. W e shall n o w  p o in t o u t t h a t  i f  we are  in te re s te d  in  th e  re n o rm a liza tio n  
o f th e  A S  =  A Q v e c to r  c u rre n t fo r  th e  sem ilep ton ic  decays o f b a ry o n s , th e  
sam e k in d  o f p ro ced u re  can  be  ap p lied . In  th is  case, how ever, th e  ev a lu a tio n  
o f th e  m a n y -p a rtic le  c o n tr ib u tio n  c a n  be ra th e r  sim plified . L e t us ta k e  as an  
ex am p le  th e  ren o rm a liza tio n  ra tio  г^дг fo r th e  p rocess E~  -> ne~ rve. W e can  
s ta r t  ag a in  from  th e  c o m m u ta to r  (1) ta k e n  b e tw een  n e u tro n  s ta te s  a n d  assum 
ing q\ =  ql =  t =  0 we can  av erag e  on  th e  e x te rn a l n e u tro n  sp in , so th a t  th e  
gen era l fo rm u lae  h o ld .

T h u s , we re a c h  th e  re la tio n

w here now

r l  N  +

1 Ç w(v) 
2л  J  V2

cont

dv = 1 .

w (V) = l- ( 2 n y Z ^ z- {  \ < ra  I D K+1 a  >  |2 <5 ( p x +  ?i -  P*)~  

-  I < n \ D K- \ x >  I2 ô (Pl  -  q2 —p a)} ■

(85)

(8 6 )

I n  th is  case, in  an a lo g y  w ith  th e  p ro ced u re  fo llow ed in  m an y  o f th e  p rev ious 
ex am p les , th e  d e c u p le t re so n a n t s ta te s  can  be ta k e n  to  sim u la te  th e  c o n tin u u m  
c o n tr ib u tio n , using  an  a p p ro p ria te  isobaric  m odel.

T h e  e v a lu a tio n  o f th e  c o n tin u u m  c o n tr ib u tio n  will th u s  d ep e n d  on th e  
v a lu e  o f  an  u n k n o w n  p a ra m e te r  g*, s im u la tin g  th e  b a ry o n -re so n an ce  —D K + 
co u p ling  c o n s ta n t. I f  we believe in  sca la r  m esons, g* could  be c o n n e c te d  to  th e  
sca la r m eso n -b ary o n -reso n an ce  co u p lin g  c o n s ta n t, invok ing  fo r in s ta n c e  a 
PCVC re la tio n  D K ^ - 0 K,. A n e s tim a te  o f th e  v a lu e  o f  g* can  be m ad e , w ith  th e  
sam e k in d  o f a p p ro x im a tio n , on th e  g ro u n d  of u n i ta r i ty  a rg u m en ts  ap p lied  to  
th e  p seudoprocess D K+ b a ry o n  sc a tte r in g . T his v a lu e  has been  d e te rm in e d  b y  
B o iti a n d  R e b b i  in  tw o  d iffe ren t w ays. T he f i r s t  [23] applies th e  m e th o d  
su g g ested  b y  A m a ti a n d  F u b in i  [24] fo r л  — N  sc a tte r in g  to  th e  D -b a ry o n  
sc a tte r in g . One considers th e  a m p litu d e  fo r th e  D -b a ry o n  sc a tte rin g , p ro je c te d  
in  p a r t ia l  w aves, ta k in g  in to  a c c o u n t on ly  th e  c o n tr ib u tio n  of in te rm e d ia te  
b a ry o n  a n d  d ecu p le -reso n an t s ta te s . In  th e  s ta t ic  m odel, one th e n  req u ires

* We notice that the square of the term in which one breaks the sym m etry on the 
vector line is logarithmically divergent. We have evaluated it by introducing a cut-off at s = 3 
(baryon mass)2. This contribution, however, is multiplied by a rather small Clebsch-Gordan 
coefficient and, in any case, is far from being the leading corrective term.
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th e m  to  sa tisfy  th e  h ig h  energy  b e h a v io u r  p re d ic te d  b y  u n ita r i ty . T h u s one 
o b ta in s  th e  v alue

g*2 =  4 , 9 .  (87)

T he second m e th o d  re la tes th e  g* coupling c o n s ta n t to th e  w ell know n 
m eson-baryon  an d  m eso n -baryon-resonance  co u p ling  co n stan ts  b y  ap p ly in g  
an a lo g o u s c o n sid e ra tio n s  to  th e  “ p ro cess”

D  +  в  -> M  +  В  . (88)

T h e  v a lu e  so o b ta in e d  is [25]

g* =  -  2,2 -> (g * f  =  4 ,83 (89)

in  excellen t ag reem en t w ith  th e  p rev io u s one.
T h u s, assum ing  fo r g* th e  v a lu e  (89) one easily  derives, fo r th e  co n ti

n u u m  c o n trib u tio n  to  th e  sum  ru le  fo r r%N: ■

—  I dv ^  o,02 (90)
2л  I v2

cont

so th a t
r l N ^  0,98 . (91)

A gain  we see th a t  th e  second o rd e r co rrec tions, arising  from  th e  so-called 
m ed iu m  s tro n g  in te ra c tio n s  w hich b re a k  S U 3, a re  sm all.

10. As a fin a l exam ple  we sha ll consider a new  k in d  of sum  ru le s , w hich, 
n eg lec ting  th e  m an y -p a rtic le s  c o n tr ib u tio n , co incide  w ith  th e  w ell-know n 
G e l l -M a n n , O k u b o  S U 3 m ass fo rm u lae .

W e s ta r t  b y  considering  th e  co m m u ta to r  b e tw een  a v ec to r c u r re n t and  a 
v e c to r  d ivergence, b o th  h av in g  th e  sam e q u a n tu m  n u m b ers  or th e  K + meson:

[ Д к+) (*), T V  (0)] (92)

an d  we ta k e  i t  b e tw een  a K + a n d  a K ~  s ta te , in  o rd e r to  d e riv e  a re la tion  
am ong  m eson m asses. B y  choosing, as usual, q\ — ql =  t =  0, w e can  w rite  
th e  sum  ru le  in  a fo rm  of th e  k in d  (23), i.e.

I a (r, 0, 0, 0) d V — 0 (93)

since in  th e  p re se n t case*

* In handling current-divergence commutators some care is necessary. From current 
algebra one cannot indeed derive a general commutation relation of the kind [j^a\  Dp] =  
=  Ca/Sy Dy since the Da do not transform, under group operation as a basic octet. The validity 
of (94) is insured if the SI73 breaking Hamiltonian transforms like the hypercharge as it is 
usually assumed. Eq. (94), however, is less restrictive and it holds also for more complicated 
Hamiltonians.
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[ÂK+) (*). Ö K+ (0)]Xo==0 =  0 (94)

T h e  one p a rtic le  c o n tr ib u tio n s  to  E q . (93) are ea s ily  e v a lu a ted  b y  rem em bering  
th a t ,  follow ing o u r conven tion

к + \ Л к+>\ 1/Í2
1К 3 /2  j

{(Рк +  Pn,7j)n (?2) ~~ 9/< F 2 ( î 2)} (95)

a n d  th u s  (q2 =  0) (0) =  тКщ,

F + | D K,
Tj

2 "G  1„ гКзд • Ul;,
(96)

T h e sum  ru le , w ritte n  as th e  general fo rm  (26), becom es:

1 f  w (V)

I J
c o n t

гК ™2) +  3 (m2K— nig) г* =  d v ,
2 л  J  t

(97)

w h ere , accord ing  to  th e  general d efin itio n  (25) 

tv (v) =  (2л )4 <  X + j D K+ I n  >  <  n I D K+ | >  <5 ( p  +  q — p n) (98)

( th e  fa c to r  2 arises from  crossing p ro p erties).
W e rem em b er now  th a t

г'кя.г) = 1 + 0  ( / 2)

if  /  is th e  s tre n g th  o f th e  b re a k in g  o f th e  sy m m e try , and  ~  0 ( / )
b y  d efin itio n  o f f .  D isregard ing  th e  th ird  o rd er co rrec tions we can  safely p u t  
rK,nrj —  1 an d th e  sum  ru le  (97) becom es:

4 m \ -  3m2 -  m l  =  —  I - ^ - d v .  (99)
2л  J  T

cont

B y  look ing  a t E q . (98) one sees c lea rly  th a t  th e  r ig h t-h a n d  side is 0 ( f 2) and  (99 
is a c tu a lly  th e  G e l l -M a n n — O k u b o  m ass fo rm u la  fo r th e  p seu d o sca la r 
m eso n  o c te t. T he p re se n t m e th o d , how ever, p re se n ts  a t le a s t in  princ ip le , a 
p o ss ib ility  of e v a lu a tin g  th e  c o n tin u u m  c o n tr ib u tio n , i.e. th e  0 ( f 2) co rrections. 
W e c a n  t r y  to  e v a lu a te  th e  r ig h t-h a n d  side of E q . (99) using th e  sam e  ap p ro x i
m a tio n  m ade in  c a lcu la tin g  r \ n. T h is  ca lcu la tio n  h as  ac tu a lly  b e e n  done b y  
F u r l a n , L a n n o y , R o s s e t t i  an d  S e g r é  [2] .  In  th is  case, how ever, due  to  th e  
ap p e a ra n ce  of on ly  one “ d e n o m in a to r” , th e  in te g ra l is d iv erg en t. A n a tu ra l  w ay
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to  g e t r id  of th is  d ifficu lty  w ould b e  to  in tro d u ce  a s tro n g  in te ra c tio n  form  
fa c to r  in s tead  of th e  p o in t-lik e  co u p lin g  betw een  th e  v e c to r  and  th e  p seu d o 
sca la r m esons w hich we h a v e  ta k e n  in  E q . (83). H o w ev er, in  o rd er to  h av e  a 
f irs t  in d ica tio n , we h av e  sim ply  a c u t-o ff  on th e  in te g ra l, o b ta in in g :

1 |' w(v) d v =  10,55 ml  for fЛ  == 2m%
2л  J  V [0,19 ш)) [Л =  m2B

m0 a n d  тв  being th e  m ean  m asses o f  p seu d o sca la r m esons an d  b a ry o n s . These 
values a re  to  be co m p ared  to  th e  ex p e rim en ta l one o f  th e  le f t-h a n d  side of 
E q . (99):

(4m-K — 3ml, — m 2)exp =  0,36 m~ .

O ur ca lcu la tio n  show s t h a t  even a v e ry  rough  a p p ro x im a tio n  gives th e  rig h t 
sign fo r th e  co rrec tion  an d  also a rea so n ab le  o rd er o f  m ag n itu d e .

In  w h a t th e  m ass fo rm u la  for th e  b a ry o n  o c te t is concerned  th e  decom po
sitio n  of th e  basic q u a n titie s  T p an d  tß is a l i ttle  m ore com p lica ted , since in  th is  
case we m u st ta k e  th e  c o m m u ta to r  (94) be tw een  a p ro to n  and  a E~  s ta te  
an d  we c a n n o t average over th e  e x te rn a l p a rtic le  sp ins.

W e shall lim it ourselves to  w ritin g  ex p lic itly  th e  sum  ru le  d iscussed 
in [4].

1 Г U) (v)2m p -f- 2ma — 3m A — = ----- — —- d v , (106)
In J V

cont

w here now  w(v) ean be o b ta in ed  from

«  =  J  (2 Z n * A * {  < p \ D K \ n >  < n \ D K+\ E - > .  (101)

' ^ (Pl Ч- <h — p n)-crossed te rm )

b y  decom posing it  as

w =  up {»'! (v, 0 ) +  ( r  ■ ?i) n>2 (v, 0)} uB . (102

I t  is easy to see th a t  all th e  S U ( 3) resu lts  can  be red eriv ed  in  th e  c u rre n t 
a lgeb ra  fram ew ork . M oreover using  som e p a r tic u la r  m odels, like th e  decup le t 
a p p ro x im a tio n , a f ir s t , rough* in d ic a tio n  can be done for th e  size o f th e  
co rrec tions. F o r in s ta n c e , s ta r t in g  fro m  th e  c o m m u ta to r

[jiL+4 x ) d l tm4  0)1 (103)

* We should remark that for the matrix element N* —*■ ND  a / 2 transition is required.
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ta k e n  b e tw een  27+ an d  p ro to n , one can  derive  a sum  ru le  fo r th e  anom alous 
m a g n e tic  m o m e n t o f  th e  27+ in  th e  fram ew o rk  o f b ro k e n  S U 3 a lg eb ra . A ssum ing 
d e c u p le t d o m in an ce  one can  o b ta in

K s +  =  2.21 e/2mp, w h ereas  (K r  +  )exp =  (3,5 ±  1,5) e/2m p .

T his v a lu e  h as  been c a lc u la te d  in  a re c e n t p a p e r  [26] w here , u n d e r th e  
sam e  assu m p tio n s , th e  m ag n e tic  m o m en t o f a ll th e  b a ry o n s  are  ev a lu a ted . 
F o r  th e  m a g n e tic  m o m en t, com ing  from  a m ore  co m p lica ted  ca lcu la tio n , th ese  
a u th o rs  give:

fiA =  — 0,80  e / 2 m p , w h ereas  (1м1)ехр =  ( — 0 ,6 9 ^ 0 ,1 3 )  e/2m p .

Also in  th is  case th e  ca lcu la ted  co rrec tions to  th e  sy m m etry  lim it are o f th e  
r ig h t  sign an d  o rd e r  of m a g n itu d e .

In  conclusion  we shall p o in t o u t th a t  in  a n y  s tu d ied  case th e  ag reem en t 
o f  th e  resu lts  o b ta in e d  from  c u r re n t a lgeb ra  d ispersive  sum  ru les an d  ex p eri
m e n ta l d a ta  a re  good , and  in  som e cases even  sp e c ta c u la rly  so. T h is shows, in  
o u r  op in ion  a t  le a s t , th e  soun d n ess  of th e  c o m m u ta to r  d ispersion  ap p ro ach  to  
e le m e n ta ry  p a r tic le  physics.

III. Further developm ents: Strong interactions sum  rules

1. W e h o p e  th a t  in th e se  tw o  lec tu res we h av e  been  ab le  to  p re se n t a 
su ffic ien tly  im p ressiv e , a lth o u g h  in com ple te , d esc rip tio n  o f  th e  successes of 
th e  “ c u rre n t a lg e b ra ”  a p p ro ach . T here  are  som e ra th e r  in te re s tin g  resu lts  
w h ich  we h a v e  n o t  d iscussed, like  th e  t r e a tm e n t  of h igher sy m m etrie s  [27] or 
th e  specific a p p lic a tio n  o f o u r m ach in e ry  to  w eak  in te ra c tio n s [2 8 ] .

L e t us m ak e  a few re m a rk s  on th e  p ra c tic a l ev a lu a tio n  o f th e  sum  ru les. 
I n  th e  p rev ious le c tu re  y o u  h a v e  seen th a t ,  a p a r t  from  th e  h a p p y  case o f th e  
A d l e r — W e is b e r g e r  re la tio n , we are  forced to  ap p ro x im a te  th e  c o n tr ib u tio n  
o f  th e  c o n tin u u m  w ith  a few  re so n a n t s ta te s . T h e n  we are  faced  w ith  th e  tw o 
fo ld  q u estio n  o f  w h ich  s ta te s  a re  to  be co n s is te n tly  inc luded  a n d  o f th e  ev a lu a 
tio n  o f th e ir  p a ra m e te rs , in  som e cases n o t  d ire c tly  deducib le  from  ex p eri
m e n ts . As fa r  as th is  la t te r  p o in t is concerned , w e rem in d  y o u  th a t  a re la tio n  
b e tw een  th e  co u p lin g  c o n s ta n ts  gB*BD  (unknow n) a n d  gBBD  can  be  found  using  
sim p le  u n i ta r i ty  co n sid era tio n s. [See th e  d iscussion  on th e  S I/(3 )  co rrec tions.] 
W e h av e  to  keep  th is  p o in t in  m in d  for w h a t follows.

W e w a n t o n ly  to  m en tio n  th e  f irs t  p ro b lem  w hich arises w hen  we t r y  
to  e x h a u s t th e  su m  ru le w ith  a sm all n u m b e r o f  s ta te s  o f d isc re te  i.e. b o u n d  
s ta te s  or re so n an ces . This se t o f p a rtic le s  has to  s a tu ra te  th e  a lg eb ra : ta k in g
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th e  m a tr ix  e lem ent be tw een  tw o such  s ta te s , a c o n s is ten t re su lt is o b ta in e d  
b y  lim itin g  th e  in te rm e d ia te  c o n tr ib u tio n  to  s ta te s  of th e  sam e  set. T h is m ean s 
th a t  th e  low  ly ing  h a d ro n  s ta te s  sh o u ld  be , w ith  a good  a p p ro x im a tio n , 
described  as a m ix tu re  of a few  irred u c ib le  re p re se n ta tio n s . T herefo re , we h av e  
to  fin d  w h a t th ese  rep re sen ta tio n s  a re . T h is p o in t o f v iew  an d  th e  re la te d  
problem s are d iscussed elsew here [29].

2. L e t us describe in s te a d , for th e  second  prob lem , a com plete ly  d iffe re n t 
ap p ro ach  [30] w hich s ta r ts  from  th e  v e ry  a ttra c tiv e  sugg estio n  we g a in ed  a t 
th e  end  o f th e  f irs t  le c tu re . W e co n sid ered  th e re  th e  e x tra p o la tio n  o f  th e

m o m en ta  q\, ql to  th e  m asses of p h y sica l partic les  w ith  th e  sam e q u a n tu m  
num bers as th e  cu rren ts  (Thus i f  is th e  iso topic  c u rre n t th e  p h y s ic a l
p a rtic le  is th e  m eson.)

M ore p recisely  we n o tice  th a t  fo r q\ . m l,/i our a m p litu d e  is d o m in a te d  
b y  th e  g ra p h  of F ig . 4.

T hen  we can w rite  th e  ex ac t re la tio n

lim  (ql — ml) (ql — mf) a (v, q{ , q\ , t) =  c o n s t. I m d ,  ( 1)
q\ mZß

w here A  is defined  accord ing  to  th e  decom p o sitio n  of th e  ß(q2) .A  p 2 -> я (qx) -)- 
4 - Pi  s c a tte r in g  am p litu d e

T „  ф  4 «  = ( P  • e(a)) ( P  ' e(» )  A(v , t )  + -----  (2)

M oreover, th e  r ig h t-h a n d  side of E q. (31). I

^  J  d*  (*. q h q h t )  =  c , ßyf [a  { t) . (3 i)

is n o t s ing u la r in  q( 2 so t h a t  o u r sum  ru le  becom es

I d v Im  A  (г1, t) =  0 . (3)

As a lread y  s tressed  th is  re su lt is in d e p e n d e n t o f th e  ex p lic it form  of th e  e. t .  
c o m m u ta to r  be tw een  c u rre n t co m ponen ts. T h e  only re q u ire m e n t we n eed  is
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lo ca lity , i.e. th e  presence o f  ô fu n c tio n  d e riv a tiv e s  of f in ite  o rd e r. T hus, we are  
in  th e  p u re  s tro n g  in te ra c tio n s  reg ion , w here  th e re  is no tr a c e  o f w eak c u rre n ts . 
I t  is r a th e r  n a tu r a l  to  look fo r  th e  p o ssib ility  o f  deriv ing  E q . (3) d irec tly  fro m  
th e  genera l p ro p e rtie s  we a re  accustom ed  to  ascribe to  s tro n g  in te ra c tio n s , 
n am e ly  a n a li t ic i ty  (connec ted  w ith  lo ca lity ), u n ita r ity  a n d  a sy m p to tic  b e h a 
v io u r.

In  fa c t, le t  us assum e a n  u n s u b tra c te d  d ispersion  re la tio n , a t  fixed  (, fo r 
th e  fu n c tio n  A(v):

. , . I f , ,  I m  A  ( / )A (v )  =  - \ d v ' - -------- (4)
Л J V — V — IE

I f  A(v)  is su b je c te d  to  th e  a sy m p to tic  b o u n d

\ A ( v ) \  V—>-oo , ß  <  — 1 ,  (5)

w e deduce a t  once from  E q s . (4), (5)

j Im  A  (v ') d V — 0. (6)

T he c ru x  o f  th e  m a tte r  is th e  a sy m p to tic  cond ition  (5) so th a t  we m u s t 
specify  o u r p re se n t know ledge a b o u t th e  la rg e  v b e h a v io u r o f th e  sc a tte r in g  
a m p litu d e . L e t  us rem ind  y o u  th a t  for sp in less partic les  w e h av e  for th e  s c a t 
te r in g  a m p litu d e  th e  u p p e r  b o u n d  v In2 v, th e  well k n o w n  F roissart lim it
[31]. H o w ev er, i f  we consider, as we are  d o in g , spin one p a rtic le s  we sha ll see 
th a t ,  a t  le a s t  fo r  some a m p litu d e s , u n i ta r i ty  requ ires m o re  d rastic  lim ita tio n s  
such  th a t ,  fo r  in stan ce , co n d itio n  (5) can  b e  verified .

To appreciate better th e  working m echanism  let us rederive the F roissart  
bound in an heuristic w ay . A s a consequence of u n itarity  and as the to ta l 
cross-section is larger than  th e  purely elastic one, we h ave, for large s,

о

Im  A  (v, 0) >  const —  J I A  (v, t) |2 d t . (7)

N ow , a t  h ig h  energy  th e  e la s tic  sc a tte rin g  is p rac tica lly  c o n c e n tra ted  a ro u n d  
th e  d iffrac tio n  p eak  and , a ssu m in g  as a f i r s t ,  rough  ap p ro x im a tio n  a c o n s ta n t 
sh ap e  of th e  d iffrac tio n  p e a k  we o b ta in

n am ely
I A(v,  0) |2 <  const, v Im  A(v,  0) , 

I A(v,  0) j <  co n st, v .

( 8 )

(9 )

O f co u rse  th is  is o n ly  an  ind ica tiv e  d e riv a tio n  an d  to  include lo g a rith m ic  
te rm s  in  th e  a sy m p to tic  b o u n d  we have to  specify  th e  v a r ia t io n  of th e  d iffra c 
tio n  p e a k  (as in  a Regge po les m odel).
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L e t us now  consider a sc a tte r in g  process w here  sp in  1 p a rtic le s  are  
in v o lved  e.g. лд  sc a tte rin g  (neg lec ting  fo r th e  m o m en t isosp in ). T h e  g en era l 
form  o f th e  am p litu d e  is:

T  =  A ( P  ■ El)(P ■ e2) +  В  I  [ (P  • Bl)(Q ■ ez) +  (Q • вд) ( Р  • ег)]
( 10)

+  С, « ? • * ,)« ? .* ,)  +  C2 (в1. в2);<? =  5 ь ± ^

To sk e tch  sh o rtly  th e  core o f th e  p ro o f  le t  us assum e th e  oversim p lified  s itu a 
tio n  w here on ly  fo rw ard  sc a tte rin g  is consid ered  p x — p 2 =  p ,  =  <J2 =  q an d

Tßv ~  A  P„ Pv +  C2 (Q‘S1 =  Q-sz — 0). (11)

T he sum  over th e  p o la riza tio n s o f th e  in te rm e d ia te  д im p lied  b y  th e  u n i ta r i ty  
con d itio n , in tro d u ces an  a d d itio n a l f a c to r  v2. In  fac t

> ’ T„k T v v 4 °  4 r) =  (a p „p \  +  C2gnk) ■

( 12)

— gkV , 4k 4r
M 2

(A* pv  p ,  +  C* gilr) ~ \ A \ 2PflPv
M 2

T hus re la tio n  (8) fo r th e  a m p litu d e  A  n o w  becom es

vz I A  (v, 0) |2 <  c o n s t, v Im A(v,  0) (13)
i.e.

I A ( v, 0) I <  co n st, v“ 1 . (14)

O f course a m ore com plete  d e riv a tio n  is possib le  using  an  o rth o g o n a l decom po
sition  fo r T,  an d  th e  fo llow ing re la tio n s  a re  derived , assu m in g  a c o n s ta n t sh ap e  
for th e  d iffrac tio n  peak ,

I A(v,  0) I <[ const, v 1, I B(v, 0) [ <C c o n st. (15)

I C](2 (v> °) I <  const. V .

T he rem ark ab le  p o in t is t h a t  we g e t a n  im p ro v ed  a sy m p to tic  b e h a v io u r fo r 
th e  d iffe ren t am p litu d es, classified acco rd in g  to  th e  pow er o f  P ;t th e y  m u ltip ly . 
N ow  we can  be m ore rea lis tic , ta k in g  in to  acco u n t iso sp in  an d  th e  gen era l 
fea tu res  o f s tro n g  in te ra c tio n s  a t  h igh  energ ies, su m m arized  b y  a R egge pole  
m odel w ith  th e  em pirical v a lu e  o f th e  tra je c to r ie s  in  th e  sm a ll t region. O n  th e  
basis o f E q . (15) we shall assum e t h a t  i f  th e  b eh av io u r o f  a given iso sp in
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am p litu d e  fo r sp in less p a rtic le s  is r “ (co rrespond ing  to  th e  exchange of “ sp in ”  
a ) , th e  b e h a v io u rs  of A,  B,  CJ2 are

A(s,  0 ) ~ v * ~ 2 , B(s, 0 ) ~ v - 1, Cw ~  r “ . (16)

T h u s  we g e t th e  a sy m p to tic  b o u n d  (5) fo r A  if  <x <  1 a n d  for В  if  oc <C 0.
To ex em p lify  these  co n sid e ra tio n s  le t u s  in v es tig a te  in  m ore d e ta il th e  

7i — Q case. W e lim it ourse lves to  th e  t =  0 s itu a tio n  an d  th e  isospin d e p e n d 
ence leads to  th e  decom p o sitio n  o f each a m p litu d e  acco rd ing  to  th e  I  =  0, 1, 2 
va lu es  (in  th e  (-channel)

T  =  P 0 T 0 +  P 1 T 1 +  1 \  T2 (17)

being  th e  Pi  p ro je c tio n  o p e ra to rs  on isosp in  e igensta tes. A t high energies T 2 
is d o m in a ted  b y  th e  exchange  o f th e  p tr a je c to ry , an d  T 2 b y  double ch arg e  
exchange. T h e  c a n d id a te  a m p litu d e s  to  v e r ify  a sum  ru le  (3) are:

A W ,  A<2>, B<]) ,  B<2>.

E x p e rim e n ta lly  <xg (0) 0,5  <  1, so th a t  fo r A (1> we h av e

I dv Im  A 0 ) (v) — 0 . (18)

I f  we assu m e  th a t  fo r doub le  charge  exchange a 2(0) <  0 we can  s till
w rite

f  Im  A<2> (v) dv =  0 , \ d v  Im  B<2) (v) =  0 . (19)

V ' .
(A ctua lly  th e  su m  ru le A <2> tu rn s  o u t to  b e  tr iv ia l  b y  crossing.)**

F in a lly , o n  th e  basis o f  th e  assum ed  asy m p to tic  b eh av io u r and  o f th e  
crossing p ro p e rtie s , th e re  is n o th in g  a g a in s t th e  a d d itio n a l sum  rule

I v Im  A*-2) (v) dv — 0. (20)

To e v a lu a te  Im .l*1’ *, ImB*"* we assu m e  te n ta tiv e ly  t h a t  only  th e  w ell 
know n p a rtic le s  л ,  со, Ф g ive an  im p o r ta n t c o n tr ib u tio n  as in te rm e d ia te  s ta te s . 
W e o b ta in  fro m  E qs. (18), (19), (20) respectively***

** The crossing properties are A (v) =  (—l ) r A* (—v); В (у) = ( ~ 1 ) т В* (— v); 
T =  0 , 1 , 2.

*** The various coupling constants are defined by the interaction Lagrangians

Sonn eijk 71 k>
f  CO I i 1

S q71G> ^ 'jßyd 9„ I у I Qô 71 .
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I here

^  ё о л л  (ö 'jn íú  ~f" g ( f j t f ) 9

^ g o j in  ~ Ь  т ^ )  SüJIO) “ Г" (^<р ! ^  ЛJ 8ол<р1

“  8 п я п  ^6) 8(>Я<а ~Ь  ^'р 8йлф* 

vo, у — m-Q — m 2) .

The so lu tio n  is th e  tr iv ia l one

, =  g ,emp '

( IS ')

(1 9 ')

(200

( 21 )

(22 )

an d  it  show s th a t  th e  n a iv e  a p p ro x im a tio n  o f re ta in in g  o n ly  th e  above low 
ly ing  single p a rtic le  s ta te s  is n o t co m p le te ly  re liab le  (a t le a s t in  th is  p rob lem ).

3. In  th is  c o n te x t i t  is p e rh ap s  n o t  useless to  fu r th e r  recognize th e  
s im ila rity  be tw een  resu lts  derived  fro m  c u r re n t a lgebra  (a f te r  e x tra p o la tio n  to  
th e  tim e-like  region) and  from  u n ita ry  sum  ru les for p a r t ia l  w ave a m p litu d e  
s tro n g  in te rac tio n s . W e w a n t in  p a r t ic u la r  to  m en tion  th e  re la tio n  b e tw een  
th e  л  iV7V33 an d  л  N N  coupling c o n s ta n ts  g* an d  g. In  th e  c u rren t a lg eb ra  
ap p ro ach  we s ta r t  from  th e  e .t. c o m m u ta to rs  [32]

[ / , ,  A)?] -  0 , [ /+ ,  A), )] ,  2J W . (24)

W e consider th e ir  m a tr ix  e lem ents b e tw een  nucleon  s ta te s , an d  sa tu ra tin g  th e  
sum  ru le w ith  th e  N  an d  N S3 in te rm e d ia te  s ta te s  only  i t  is possible a f te r  
e x tra p o la tio n  to  ql =  t ~  m 2n to  derive  th e  re su lt,

9 ___  M - m l
2 m (M  -f- m)2 (2M  — m)

(25)

(M,  m, mn a re  th e  1V33, N ,  л  m asses).
I f  we in tro d u ce  th e  m ore fam ilia r  d e fin itio n s  fo r d ispersion  re la tio n s  

th eo ris ts  [24]
g2 4m 2 g*2 f* 23 ^
4л ml  ’ 4л: J

1 *>
m

(26)

E q . (26) can  be w ritten  

/ * a =
6 M i

(M  +  m)2 (2 M  -  m) / 2- / 2 , (27)

w hile th e  ex p e rim en ta l va lu e  is a b o u t 1,1 f 2.
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N ow  le t  u s  consider th e  n N  s c a tte r in g  am p litu d e  in  th e  J  =  T  = 3 /2  
ch an n e l (p  w av e):

/ з з  (?)
e‘s33 s in  Л

(28)

(q is th e  m o m e n tu m  in  th e  c .m . system ).
As a  consequence  o f  th e  u n i ta r i ty  co n d itio n  for p a r t ia l  w aves /  (q) <  

fo r  la rge  q. M oreover we h a v e  th e  th re sh o ld  b eh av io u r / 33 ~  q2 for sm all q. 
T h u s  we c a n  in tro d u c e  a new  am p litu d e

q-
su ch  th a t

г аАч)<ч~3 ? - > 0 0

F33 (?) ~  co n st. ? 0 •

I t  is im p o r ta n t  to  r e m a rk  th a t  b o th  th e  large a n d  sm all q b e h a v io u rs  
m u s t  be t a k e n  in to  a c c o u n t to  choose co rrec tly  th e  im p ro v ed  F 33 (q) 
a m p li u i e .

A ssu m in g  an  u n s u b tra c te d  d ispersion  re la tio n  fo r F 33 (со) we h av e

F 33 (а») =  —  Г - I m  Fa3 (<0,) - d œ '  +  —  Г Д зз (gO  d ш' t (29)
OJ Ü)

% left cu t

T h e  u n i ta r i ty  lim ita tio n  on  th e  a sy m p to tic  b eh av io u r o f  -̂ 33 enables us to  
derive fro m  (29) th e  sum  ru le

- L f
n  J

Im  F 33 (со') + d со' R 33 (o/ )  =  0. (30)

left cu t

T h ere  are  v a r io u s  c o n tr ib u tio n s  to  th e  u n p h y s ic a l le ft c u t.  I f  we lim it ourse lves 
to  th e  crossed  N  exchange , th e  second in te g ra l in tro d u ces  th e  л  N  coup lin g  
c o n s t a n t /2, w hile  th e  f ir s t  one  is, in  th e  lim it of zero w id th , e x a c t ly /* 2. T h u s  a 
re la tio n  o f  th e  ty p e  (27) re su lts . In  p a r tic u la r , n eg lec ting  nucleon  reco il, we 
find  [24]

Я 33 H ~ - - ^ / 2d(o>) (31)

an d  we o b ta in  th e  s ta tic  m odel resu lt

r 2 =  -  fn  J Q2 3
(32)
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T his exam ple  rem in d s you  again  t h a t  th e  a sy m p to tic  c o n s tra in ts  due to  u n i-  
t a r i ty  in tro d u ce  som e re s tr ic tio n s  on th e  b o u n d  s ta te s  p a ra m e te rs  [33]. 
In  p a r tic u la r  we can  h av e  s tro n g  self co n sis ten cy  req u irem en ts  w hich lead  to  
th e  so called  “ b o o t-s tra p ”  a p p ro ach  [34]. W e believe th a t  o u r sum  ru les , 
discussed a t  th e  beg inn ing  o f th is  Section , re p re se n t th e  re la tiv is tic  genera liza 
tio n  o f th e  b o o ts tra p  co n d itions, re su ltin g  in  re la tions am o n g  m asses a n d  
coupling  co n s ta n ts  of pa rtic le s  an d  resonances.

H ow ever le t  us s tre ss  th e  fa c t  th a t  w hile  in  th e  ab o v e  ap p ro ach  y o u  
h av e  to  deal w ith  th e  co m p lica ted  s in g u la ritie s  of th e  le f t c u t, th e  su p e r 
convergence  sum  ru les (18), (1 9 ) , (2 0 ) give rise  to  sim ple, a lg eb ra ic  re la tio n s  
am ong  th e  d iffe ren t p a ra m e te rs .

To conclude le t us rem in d  y o u  tw o  p o in ts : th e  f irs t one concerns th e  
crucia l role p lay ed  b y  th e  sp in  o f th e  in v o lv ed  partic les. I f  w e increase th e  
sp in , we increase  a t  th e  sam e tim e  th e  n u m b e r of coupling c o n s ta n ts  and  th e  
n u m b e r of sum  ru les, i.e. o f eq u a tio n s. This m ean s th a t  th e  m o re  com plica ted  
(i. e. w ith  m ore p a ram e te rs ) is th e  th e o ry  th e  h ig h e r is th e  n u m b e r o f co n stra in s  
we h av e  on it. I t  shou ld  be n ecessary  to  a sc e r ta in  th e  re la tiv e  r a te  of g ro w th  
of th ese  tw o sets or m ore d irec tly  to  s tu d y  th e  p rob lem  of th e  e x a c t s a tu ra tio n  
o f th e  su p erco n v erg en t sum  ru les.

On th e  o th e r h a n d  eq u a tio n s  like (18) o r (25) show  th e  p o ssib ility  o f a 
connection  b e tw een  coupling  c o n s ta n ts  of d iffe ren t d im ensions. T h is is im p o r t
a n t because d iffe ren t d im en sio n a lity  of coup lin g  co n stan ts  co rresponds to  
a d ifferen t degree of s in g u la rity  o f th e  th e o ry , so th a t  we could  hope to  red u ce  
m ore d v e rg en t th eo ries  to  less d iv e rg en t ones. I t  is clear th e  su p e rco n v e rg en t 
sum  ru les do n o t rep re sen t th e  com plete  so lu tio n  to  Q u a n tu m  F ie ld  T h eo ry , 
b u t  r a th e r  th e y  c o n s titu te  an  a lgebraic  ap p ro x im a tio n  to  i t  in  te rm s  of m a n y  
n a rro w  resonances.

R ea lly  a t  p re se n t i t  is n o t given to  k now  how  fa r  th e se  specu la tio n s 
can  go. W e h a d  b e tte r  to  w a it fo r th e  n e x t B a la to n -m ee tin g .
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ДИСПЕРСИОННЫЕ ПРАВИЛА СУММ ИЗ АЛГЕБРЫ ТОКОВ
Г . Ф У Р Л А Н  и  К .  Р О С С Е Т Т И

Р е з ю м е
Одним из самых успешных и популярных направлений в настоящем подходе к 

физике элементарных частиц, кроме теории групп, является так называемая «алгебра 
токов». В этой работе дается обзор основных физических идей и самых важных резуль
татов этого нового подхода, и обсуждается нынешняя позиция относительно пока откры
тых проблем.
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SOME APPLICATIONS OF CURRENT ALGERRAS

By

B.  R e n n e r

D EPARTM ENT OF A PP L IE D  MATHEMATICS AND TH EO RETICA L PH Y SICS, 
U N IV ER SITY  OF CAM BRIDGE, CAM BRIDGE, ENGLAND

The relations of current algebras to strong interaction dynamics are studied by consider
ing charge — current commutators between meson states and the vacuum.

F ollow ing  th e  general m e th o d  [1] a d ispersion re la tio n  fo r (2) in  v =  (рл • q)lmT' 
w ith  fix ed  q2 =  0 is assum ed.

(3)

Acta Physica Academiae Scientiarum Hungaricae 22, 1967

In  app lica tio n s o f c u rre n t a lgeb ras th re e  assu m p tio n s are  genera lly  m ade: 
a)  u n su b tra c te d  d ispersion  re la tio n s  w herever possib le , b)  p a r t ia l  ax ia l v ec to r  
c u r re n t con serv a tio n  (PCAC), an d  freq u en tly  c)  dom inance  o f  ce rta in  in te r 
m e d ia te  s ta te s  in  sum  ru les. I t  is genera lly  be lieved  th a t  a know ledge of 
s tro n g  in te ra c tio n  d y n am ics, b a sed  on a),  w ill m ake assu m p tio n s b)  a n d  c) 
u n n ecessa ry  an d  m ay  even ju s t ify  c u rre n t a lgeb ras, b u t  decisive ev idence m ay  
be  v e ry  fa r a t  p resen t.

T o  learn  a b o u t th e  re la tio n s  o f c u rre n t a lgebras to  s tro n g  in te ra c tio n  
d y n am ics we s tu d y  p a r tic u la r ly  sim ple cases: c h a rg e -cu rren t co m m u ta to rs  

b e tw een  m eson s ta te s  an d  th e  v acu u m . H ere  L o ren tz -in v arian ce  re s tr ic ts  th e  
sp in  o f  co n tr ib u tin g  in te rm e d ia te  s ta te s  to  zero or one, d isconnected  p a irs  are 
e lim in a ted  by  th e  ap p lica tio n  o f dispersion th e o ry  [1], th e  decom position  of 
th e  d ispersion  in te g ra l in to  in d e p e n d e n t k in e m a tic  form s p ro v id es  a fu r th e r  
selec tion .

W hen  dealing  w ith  S U 2X S U 2 we can use th e  co n se rv a tio n  o f th e  v ec to r 
c u rre n ts . B etw een  л + and  th e  v acu u m  0 we consider
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w h ere  th e  a b so rp tiv e  p a r t  a ( r ')  is th e  coefficien t o f p nß to  he p icked  from

i l2 (2n y  2  < 7 l + \ ( Я  (°))/. I n >  < n  I D f + (0) I 0 >  • <3 (p "  +  g ')
П

(4)
— <  л+ I D f + (0) I n > < n \  ( Д  (0))„ I 0 >  ô  (p71 +  g' — p n).

O n ly  v ec to r m esons c o n tr ib u te , we in tro d u ce  a m ass sp ec tru m  qV (M ) and 
re w rite  w ith o u t loss o f g en era lity

<  л + 1 Df+ (0) IV ( M )  > =  i (p* -  gi) (5)
(ml  — (q )2) Ky„(q 2)

u s in g  a p ion pole  m odel an d  co rrec tin g  fo r h ig h er co n tr ib u tio n s  b y  a form  
fa c to r  K y n(q'2) . Ky„  (ml) =  1 a n d  К у л (q 2) я« 1 ch a rac te rizes  th e  ran g e  of 
po le  dom inance  or a p p ro x im a te  v a lid ity  of PCAC. R e la tio n  (3) gives

,  _  Г Qv ( M)f„ . g Vmt( M) . f v (M)
Jn J M 2- k nVn( 0) (6)

(2 mn)

to  b e  com pared  w ith  th e  d ispersion  in teg ra l fo r th e  isosp in  c u rre n t fo rm  fac to r 
b e tw e e n  тг-m esons

1 =  _  j Qv ( M) g Vmt(M) f v (M) dM
.) M 2 ' ;

(2 m „ )

W e derive  ( К у л (0))от. =  1, an  av e rag e  v a lid ity  of PCAC as a consequence of 
c u r re n t  a lgebras a n d  u n su b tra c te d  d ispersion  re la tio n s  [2].

S im ilarly  we can  app ly  th e  c o m m u ta to r  o f an  ax ia l charge an d  an  ax ia l 
c u r re n t  be tw een  a Q+ m eson a n d  th è  v acu u m . W ith  re la te d  n o ta tio n s  th e  
in te g ra l F'M is now  sp lit in to  k in em a tic  form s

F ц(р,  q) =  A ( v ) e efl +  В  (v) (e°- • g )p% +  C(v) (efi • g) qß (8)

w ith  ^4(0) — f g w here  <  e + I I ( / /  +  (< %  I о >  =  f g e® . In  ca lcu la tin g  th e  
a b so rp tiv e  p a r t  (4) we find  th a t  th e  p ion in te rm e d ia te  s ta te  c o n tr ib u te s  only 
to  В an d  C an d  t h a t  an  iso tr ip le t o f ax ia l v e c to r  m eson s ta te s  is n ecessary  to  
s a tu ra te  th e  sum  ru le  for A ( 0).

E x p lic itly  we fin d :

J _  Г L G AeJ M ) - f A ( M ) o * ( M )
][2 J M - -  И ]
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I f  we m ake th e  ad d itio n a l a ssu m p tio n  o f  dom inance  b y  a single resonance  
co rrespond ing  to  g-m eson u n iv e rsa lity  we can  ap p ly  th e  c o m m u ta to r  of equ . 
(1) b e tw een  <^A + | an d  j 0 >  to  d e d u e e /e =  — a nd o b ta in  a re la tio n  b e t 
w een m ass an d  effective coupling  co n stan t

V2 =  GAen- f J M % -  M 0; ) - h  (10)

W ith  A 1 (1070) th e  coup ling  c o n s ta n t com es o u t to o  la rg e , b u t  th is  
m ay  on ly  show th e  lim ita tio n s  o f th e  single reso n an ce  assu m p tio n , th e  p o s tu la te  
for ax ia l v ec to r m esons is m a in ta in e d  [3].

W e can also m ake ap p lica tio n s to  S U3 v io la tio n s  to  e lim in a te  am bigu ities 
of scaling  w hen ap p ro x im a tin g  m a tr ix  e lem en ts b y  S U 3 C lebsch—G ordan  
coeffic ien ts .

So i t  is fo u n d  t h a t / e =  f K* u p  to  second o rd e r S U 3 v io la tio n s [4] an d  to  
th e  sam e accu racy  gK’K+n/gg+n+n° =  (m K~) 2/2 m 2e for d im ensionless coupling 
c o n s ta n ts  in  v e c to r  m eson decays.

F o r  th e  p seu d o sca la r m eson  decay  c o n s ta n ts  can  be fo u n d :

f KIL [ 

+  ]f2

Qv ( M ) f v ( M ) g VKn(M)
M 2

d M

' Qs ( M ) f s ( M ) g SK„(M)
M 2 -  mir

( И )

d M .

from  th e  c o m m u ta to r  [Qf ,  (./)<+)/*] (J k + )n, betw een  <  К  ' | an d  j  0 > .

S ca la r m esons (w ith  a sp ec tru m  gs (M )) m ay  c o n tr ib u te  b ecau se  (jK+)ß is n o t 
co n serv ed . W e com pare  (11) w ith  d ispersion in teg ra ls  o f fo rm  fac to rs

<  K + \ U b M n o  > = ^ ( F +( f ) ( p K + P " ) ,  +  F ~ ( f ) ) { p «  -  P% ) ,  (12)

n F+iq2) =

e v ( M )-f v ( M ) g VK„(M)  
M 2 -  Q2

d M , (13)

F -  (q2) =  (m2K -  ml)
• Qv ( M ) - f v ( M ) g VKn(M)  

M 2 ( M 2 — q2)
d M +

+
QS ( M ) f s ( M ) g SK„(M)  

M 2 — q2

(14)

d M .
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W ith  q~ =  m 2K we rederive the relation o f Callan and T reiman [5]

f , < / L = F + ( m \ )
(m v)av.

+  F  ( < ) (15)

w ith  a sm all co rrec tio n  from  th e  f in ite  ur-meson m ass. I f  we assum e dom inance  
o f v e c to r  m esons o v er sca la r ones we derive

f K/ L  =  F + ( 0 ) ;  F - ( 0 ) /F + ( 0 )
m~ — m~K 

(m v)a„.
(16)

I t  shou ld  be n o te d  th a t  sca la r m eson co n tr ib u tio n s  p ro d u ce  an  in crease  of 
f K/f„ an d  F ~ (0 ) /F + (0) over th e  v a lu es  o f equ. (16), b o th  in th e  observed  
d irec tio n . T his su p p o rts  e q u a lity  o f th e  fu n d a m e n ta l Cabibbo  ang les for 
ax ia l a n d  v ec to r  c u rre n ts  [6] an d  a t t r ib u te s  to  S U 3 v io la tio n s  an en h an cem en t 
o f  th e  ra te  K + -*■ ц  +  v re la tiv e  to  n + -> /л -\- v re c e n tly  discussed [7].
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НЕКОТОРЫЕ ПРИМЕНЕНИЯ АЛГЕБРЫ ТОКОВ
Б. Р Е Н Н Е Р

Р е з ю м е
Изучается отношение алгебры токов и динамики сильных взаимодействий, рас

сматривая коммутаторы зарядов и токов между мезонными состояниями и вакуумом.
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WEAK AND ELECTROMAGNETIC CURRENTS 
AND HADRON CLASSIFICATION

By

G.  P r epara ta
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and
SEZIONE DI FIRENZE DELL’ISTITUTO NAZIONALE DI FISICA NUCLEARE, FLORENCE, ITALY

We make a few remarks about the various possibilities of representation mixing. 
In connection with magnetic moment relations it is shown that assuming “partial conservation 
of the tensor currents” and a vector meson — axial vector meson mixing, excellent agreement 
with experiment cau be reached.

A ra th e r  w ide ju s tif ic a tio n  h as  been given to  th e  s trik in g  successes of 
S U ( 6) th e o ry  in  th e  fram e  of th e  a lg eb ra  of c u rre n ts  [1]. I t  has b een  rea lized  
th a t  th e  em ergence o f  th e  SL /(6 )-sym m etry  re su lts  fo r b a ry o n s w as lin k ed  to  
th e  s a tu ra tio n  of th e  algebra  o f  v e c to r  and  ax ia l v ec to r  c u rre n ts  b y  a few 
o n e -p a rtic le  s ta te s , w hich  b u ild  u p  a single S U ( 6) re p re se n ta tio n , n am ely  
the  56.

B y  allowing th e  s a tu ra tio n  w ith in  m ore th a n  one irreducib le  re p re se n ta 
tio n  one gets re su lts  t h a t  “ c o rre c t”  th e  SU(6)  p red ic tio n s, an d  one can  look 
a t  such  corrections in  o rder to  g a in  some in s ig h t in to  w h a t th e se  a d d itio n a l 
re p re se n ta tio n s  shou ld  be.

As L. Ma ia n i h as show n [2], w e see th a t  th e  inclusion  of a (20,1) SU(6)  <g) 
g> 0(3)/ rep re se n ta tio n , w hich is supposed  to  describe  th e  leakage of th e  ax ia l 

c u rre n t opera to rs in to  neg a tiv e  p a r i ty  b a ry o n  resonances, leads to  th e  well 
v e rified  relation

(rA =  1 D  +  F
Gv 3 D - F

( 1 )

an d  also to  a low ering o f th e  N*  — N  ax ial c u rre n t tra n s itio n  m a tr ix  e lem en t 
from  its  SU (6) va lue , w hich  is q u ite  in  ag reem en t w ith  th e  ex p erim en ts .

I n  th e  firs t p a r t  of th is  ta lk  I  shall be concerned  w ith  th e  d iscussion  of th e  
p o ss ib ility  th a t  th e  leakage  of ax ia l cu rren ts  is d ire c te d  tow ards re p re se n ta tio n s  
d iffe ren t from  th e  p rev ious p ro p o sed  (20,1); an d  th e  u ltim a te  answ er to  such a 
q u es tio n  m ust of course re ly  on th e  com parison  o f th e  te s ta b le  p red ic tio n s , if  
an y  a t  all, w ith  th e  ex p erim en ts .

A t th e  v e ry  b u d d in g  of S U ( 6) th eo ry  i t  w as proposed  th a t  th e  neg a tiv e  
p a r ity  b a ry o n  resonances could b e  arranged  in to  a 70-  re p re se n ta tio n  [3]. 
L e t m e recall th a t  th e  physica l p a rtic le s  co n te n t o f  th is  re p re se n ta tio n  is [in
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th e  n o ta tio n  (S  [7(3), J P)]:

( 8 ,1 / 2 - ) ,  ( 8 ,3 /2 - ) ,  ( 1 ,1 /2 - ) ,  ( 1 0 ,1 /2 - ) .

W e see th a t  in  th is  se t of s ta te s  th e re  can  be  a rran g ed  th e  qu ite  w ell e s tab lished  
у -o c te t, th e  possib le  1 /2_ ty o c te t, a n d  th e  sing le t Y * (1405) — w h ils t th e  1/2“ 
d ecu p le t is s till v e ry  dub ious.

W ith  th e  v e ry  sim ple m e th o d  o f m ix ing  re p re se n ta tio n s , one can  again
Ga D

q u ick ly  d erive  a re la tio n  b e tw e e n ----- a n d —  [4], i.e.
Gy F

D + F
Gv 3 F - Ű  ’

Ow ing to  th e  fa c t t h a t  — G+Gy  m u st be sm alle r th a n  its  S U ( 6) value 
5 D

—  , because o f th e  leakage of ax ia l c u rre n ts , we see im m ed ia te ly  t h a t —-  m ust

also be sm alle r th a n  th e  3/2 SU(6)  p red ic tio n , w h ich  is in  co n flic t w ith  th e  
la te s t  ex p e rim en ta l figures [5].

One can  also show  [4] t h a t  E q . (2) is also p ro v id ed  b y  ad d in g  to  th e  
(56, 0) th e  20~  re p re se n ta tio n  w ith  n eg a tiv e  p a r i ty , th o u g h  I  m u s t say  th a t  
su ch  re p re se n ta tio n  has n ev e r b een  seriously  considered , as fa r  as I  know , 
to  be a good c a n d id a te  fo r a rra n g in g  som e of th e  know n n e g a tiv e  p a rity  
resonances.

W e can  go fu r th e r  an d  ask  w h e th e r th e  sp ec tru m  gen era tin g  non -co m p act 
g roups w hich  h a v e  re c e n tly  been  p ro p o sed  [6], can  n a tu ra lly  give som e se t of 
s ta te s , w hose co n n ec tio n  w ith  th e  fam ilia r b a ry o n  o c te t an d  d ecu p le t th ro u g h  
a x ia l c u rre n ts  is ab le  to  lead  to  good p red ic tio n s o f th e  ty p e  o f E q . (1).

D o t h a n , G e l l — Ma n n  a n d  N e e m a n  [6] h av e  p roposed  th a t  th e  b aryon  
s ta te s  shou ld  be  co n ta in ed  in  a p a r tic u la r  in fin ite  d im ensional u n i ta ry  rep re 
se n ta tio n  o f th e  [7(6,6) g roup . T h is re p re se n ta tio n , w hen  ana lyzed  in  te rm s of 
its  [7(6) co m p ac t su b g ro u p , leads to  th e  follow ing sequence or “ to w e r” :

56 + , 56 “  0  700“ ...........

a n d  one m ay  con sid er th e  s a tu ra t io n  o f  th e  ch ira l a lg eb ra  w ith in  th is  huge set 
o f  s ta te s .

T he sa tu ra t io n  p rob lem  can  be solved [7] a n d  we fin a lly  g e t:

Ç a =  D + F  
Gv 9 F - 5 D

(3)
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A gain  one sees th a t  if  — GAIGV < / — , as is e x p e rim en ta lly  th e  case,
2

D  3
also <  — , w h ich  is in co n flic t w ith  th e  ex p erim en ts.

T h u s i t  seem s to  us th a t  th is  ad d itio n a l se t o f s ta te s  does n o t  lead  to  an  
accep tab le  p ic tu re  o f th e  b a ry o n s  ax ia l tra n s itio n s .

A n o th e r p ro p o sa l has been  m ade b y  Sa l a m  e t al. [6] in  th e  fram e of th e  
“ L -e x c ita tio n ”  schem e, whose o rb ita l  an g u la r m o m en tu m  p a t te r n  is p ro v id ed  
b y  an  in fin ite  d im ensional u n i ta ry  re p re se n ta tio n  of th e  g ro u p  0(3,1), th u s  
g iv ing  rise  to  th e  S U ( 6) ® 0(3) to w er:

(56,0) + , (5 6 ,1 )- , (56,2) + , . . . .

T he n eg a tiv e  p a r i ty  resonances a re  th u s  p u t in to  a (56,1), a n d  one can again  
p la y  th e  gam e o f sa tu ra tio n  w ith  such s ta te s . T he resu lts  a re  th e  follow ing:

D
¥ (4)

Ga b
w hich  are rea lly  n o t b ad , as — ----- is reduced  from  th e  —  v a lu e , w hilst th e

Gv 3
D  . . 3

ra tio  rem ains —  . H ow ever, th is  is n o t com plete ly  a c c u ra te , th o u g h  i t

m u s t b e  said  th a t  w e are a t  th e  lim its  w here SU(3)  b reak in g  effec ts could p la y  
q u ite  an  im p o r ta n t role.

A m ong th e  v a rio u s o th e r possib ilities, w e la s t  m en tio n  t h a t  th e  (70,l ) -  
m u ltip le t d iscussed  b y  D alitz  [8] leads to  no  te s ta b le  p red ic tio n , ow ing 
e ssen tia lly  to  th e  fa c t th a t  th e  m ix in g  schem e is com plica ted  b y  th e  p resence 
o f tw o  1/2 o c te ts .

As a conclusion  o f th is  b r ie f  review  I  h a v e  to  say  t h a t  we are q u ite  
co n fid e n t th a t  th e  m ix ing  of th e  o c te t and  d e c u p le t w ith  th e  resonances o f th e  
(20,1) m u ltip le t co n ta in s  a lo t o f  physica l t r u th ,  a t  least as fa r  as low energy  
p a ra m e te rs  of b a ry o n s  are concerned .

In  order to  h av e  a n o th e r co n firm a tio n  o f  th is  p o in t o f v iew , I  shall now  
co n sid e r th e  p ro b lem  of m ag n e tic  m om ents [9]. W e kno w  t h a t  th e  SU(6)

p red ic tio n s are v e ry  good for th e  o c te t b a ry o n s  li.e. = ------- , b u t  are in

d isag reem en t w ith  th e  ex p e rim en ta l value o f th e  M ( 1) N *  N  y  tra n s itio n  
[10], i.e.

(E xp .) =  (1,28 i  0,05) (S U 6 theo ry ).

T h u s SU(6)  has to  be  co rrec ted , th o u g h  n o t to o  m uch  !
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A n a tu ra l  fram e  fo r such  co rrec tio n s is th e  one we have d iscussed , and  
we can  t r y  again  w h e th e r th e y  h a p p e n  to  be in th e  r ig h t d irec tion . Before 
d iscussing  th e  re su lts  I  w ould  like to  say  a few w ords a b o u t th e  w ay  th e  
m ag n e tic  m o m en ts  a re  to  be ca lcu la ted .

T h e  fram e in  w hich  p  ->  oo, as h a s  been  d iscussed  b y  D ashen  a n d  Gell- 
Ma n n  [ П ] .  selects u p o n  th e  v a rio u s “ charges”  w h ich  b u ild  up  th e  U( 12) 
co m p ac t a lg eb ra , som e a lgeb ras of “ good charges” , t h a t  is o f o p e ra to rs  w ith  
n o n -v an ish in g  m a tr ix  e lem ents b e tw een  single p a rtic le  s ta te s .

T h e  SU (6)W a lg eb ra  is one such , a n d  also th e  17(3) ® U(3) ch ira l a lgebra  
w h ich  coincides in  th is  lim it w ith  th e  17(3) ® 17(3) co llin ea r a lgebra. O n ly  w it
h in  th e se  algebras can  we ex p ec t to  h av e  sa tu ra tio n  am o n g  sing le-partic le  s ta te s .

L e t us now  consider th e  electric  d ipole o p e ra to r

D [  =  \ d 3x Xl j l ( x )  (i =  1........ 8) ;

i t  has b een  show n [12] th a t  its  m a tr ix  e lem en ts b e tw een  b a ry o n s  are p ro p o r tio n 
al to  th e  anom alous m ag n e tic  m o m en ts . As D[ be lo n g  to  a (1,8) -)- (8,1) 
re p re se n ta tio n  o f th e  ch ira l 17(3) ® 17(3) group w ith  | A h I == 1 (h is th e  heli- 
c ity ) we can  use th e  W ig n e r—E c k a r t  th eo rem  to  co m p u te  its  m a tr ix  e lem ents. 
B y  re s tr ic tin g  ourselves to  th e  ] h =  1/2 s ta te s  we o b ta in  a re la tio n  betw een  
th e  M (l)  N* N  y  tra n s it io n  /и* an d  th e  m agnetic  m o m e n t of th e  n e u tro n , 
n am ely

* K2
cos 6

1
cos 0 (/“ * ) s l v ( 5 )

2 i/o
w here  (/m*)s[/ 6 =  —~— fip is th e  va lu e  o b ta in ed  in  SU(6) ,  and  6 is th e  m ixing 

angle  as d eriv ed  from  th e  c o m m u ta tio n  re la tions o f ax ia l charges w ith in  the
Ga 1

(56,0) a n d  (20,1) s ta te s . B y  p u tt in g  — ------=  1,18, we g e t ---------- ^  1,25 to  be
Gv cos в

co m p ared  w ith  th e  fa c to r  1,28 derived  from  an analy sis  o f N*  p h o to p ro d u c t
ion [13].

H ow ever, if  we w a n t to  h av e  consistency  b e tw een  th is  re su lt a n d  th a t  
w hich  we ge t for th e  h =  3/2 —> h =  1/2 m a trix  e lem en ts  we see t h a t  all 
an om alous m ag n etic  m o m en ts  an d  p* m u s t van ish . A v e ry  u n p le a sa n t re su lt !

In  o u r op in ion  th is  m odel has th e  ad d itio n a l d isa d v a n ta g e  o f n o t  rep ro 
duc ing  th e  well kn o w n  SU(6)  re su lts  in  th e  no-m ix ing  case, i.e. 6 =  0.

T h u s , we are  fo rced  e ith e r  in  p u t t in g  in to  d o u b t th e  c o m m u ta tio n  re la 
tio n s  b e tw een  D[ an d  th e  v e c to r  an d  ax ia l charges, b y  invok ing , for in stan ce , 
th e  ex is ten ce  of th e  so called  “ Schw inger  te rm s” , o r b y  th in k in g  th a t  the  
re le v a n t m agnetic  m o m en t o p e ra to r  is to  be id en tified  in a d iffe ren t w ay .
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T his second a lte rn a tiv e  rests  m a in ly  in  th e  so called  “ P a r t ia l  co n se rv a 
tio n  o f  th e  te n so r c u r re n ts ”  [14], w h ich  by  a ty p e  o f  Ge l l -M a n n — L é v y  
id e n ti ty  re la te s  th e  d ivergence of th e  ten so r c u rre n t to  th e  v ec to r m eson  field , 
i.e.

а =  (6)

w here i  is a SU(3)  in d ex .
B y  fu r th e r  assum ing  th a t  th e  e lec tro m ag n etic  fo rm  fac to rs a re  d o m in a te  d 

b y  such  v ec to r m esons, we can lin k  th e  m a trix  e lem en ts  of th e  te n s o r  charges 
TÓ2 an d  Т01» w hose o p e ra to r  form  in  a q u a rk  m odel is given by

TjK =  i ^ d 4 q + K y K q (K  =  1,2) (7)

to  th e  m ag n etic  m o m en ts .
A c tu a lly  one v e ry  delica te  p ro b le m  is to  dec ide  w h e th e r w e h av e  to ta l  

m ag n e tic  m om en ts o r anom alous ones. A n u ltim a te  answ er c a n n o t a t  p re sen t 
he g iven , as has been  em phasized  in  [14] and  th e  choice can he b a se d  only  on 
th e  f in a l ag reem en t w ith  th e  e x p e rim e n ta l n u m b ers .

W e n o te  a t  th is  p o in t th a t  th e  collinear 17(3) <g) 17(3) o p e ra to rs  an d  th e  
T l0k charges g en era te , in  th e  q u a rk  m odel, a SU{6) a lgeb ra  in  w h ich  F ‘3S (th e  
in te g ra te d  th ird  co m p o n en t of ax ia l v e c to r  c u rren t)  a n d  Tok h av e  th e  com m u
ta t io n  re la tio n s  o f th e  oa À‘ (x — 1, 2 , 3) S U (6) g en e ra to rs . As w e a re  a c tu a lly  
s a tu ra tin g  th ese  c o m m u ta tio n  re la tio n s  w ith  S U ( 6) m u ltip le ts , th e  m a tr ix  
e lem ents o f T^k h av e  th e  sam e SU(3)  s tru c tu re  as th o se  o f F 35 w h ich  coincide 
a t  p  —> 00 w ith  th e  ax ia l charges. T h u s  we have

D

magn. m om ents axial

an d  we g e t th e  fo llow ing p red ic tio n s :

( 8)

t*n =  -  2 ,0 5 , ^  =  ( 1 , 1 6 ) ^ * ) ^  (9)

in  n u c lea r  m agnetons.
T hese  re su lts  a re  less a c cu ra te  th a n  those  fo u n d  for th e  a x ia l m a tr ix  

e lem ents.
A  possible im p ro v em en t of th e  s itu a tio n  can  b e  ach ieved  i f  one  realizes 

th a t  th e  v ec to r  m esons in  th is  fram ew o rk  can ge t m ix ed  w ith  th e  ax ia l v ec to r 
m esons w ith  C — — 1, w hich  are c o n ta in e d  in  th e  (35,1) “ K ine tic  m u ltip le t”  
[15] an d  th a t  th is  m ix ing  from  th e  beg inn ing  has b een  neglected  in  th e  PCTC 
h y p o th esis , and  in  th e  e x tra p o la tio n  to  zero v e c to r  m eson m ass w hich is 
en ta iled  in  it.
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B y ad d in g  th is  new  te rm  in  th e  m agnetic  m o m en t m a tr ix  e lem ents (it 
co rresponds to  a [(1,8) — (8 ,1 ) ]Lj =  rfc 1 ten so r U(3) ® U(3) $  U (\ )Lt) we 
f in a lly  ge t on ly  th e  re la tio n :

] ß
Ир + ' И’П 1,26 (h * ) s u . ( 10)

in  v e ry  good ag reem en t w ith  ex p e rim en t.
T o  conclude th is  ta lk  I  shou ld  like  to  em phasize  th a t  a c o n s is ten t p ic tu re  

o f  low  energy  p a ra m e te rs  o f h a ry o n s  can  be given in  te rm s  of th e  m ix in g  schem e 
o f th e  re p re se n ta tio n s  o f th e  ch ira l a lgeb ra  a t  p  —у ° ° , and  t h a t  from  th is  
p ic tu re  th e  p rev io u s p rop o sed  (20,1) “ K in e tic  S u p e rm u ltip le t”  [16] seems 
c learly  to  em erge as a too l fo r c lassify ing  th e  h ig h e r  neg a tiv e  p a r i ty  b a ry o n  
resonances. I  be lieve th a t  m u ch  can  s till be said  fo llow ing th is  line o f  reasoning  
in  o rd e r to  classify  also th e  o th e r  p o sitiv e  p a r i ty  resonances, w hose  evidence 
is d a ily  grow ing. W o rk  is in  progress in  th is  d irec tio n .
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СЛАБЫЕ И ЭЛЕКТРОМАГНИТНЫЕ ТОКИ И КЛАССИФИКАЦИЯ АДРОНОВ
Г. П Р Е П А Р А Т А ]

Р е з ю м е
Обсуждаются разные возможности смешивания представлений. В связи с соотно

шениями между магнитными моментами показано, что предполагая «частичное сохра
нение «Тензорного тока» и смешивание векторных и аксиальных мезонов получается от
личное согласие с опытом.
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The role of the (20, L =  1) states in describing the low energy w eak and electromagnetic 
parameters of the stable baryons and of the 3/2 + resonances is discussed.

In  th e  p a s t  y e a r  tw o lines of research  h a v e  focused th e  a tte n tio n  o f m a n y  
th e o re tic a l ph y sic is ts . T he f i r s t  w as th e  sea rch  for a g ro u p -th eo re tica l c la ss ifica 
tio n  for th e  n eg a tiv e  p a r ity  b a ry o n  s ta te s  lik e  Y* (1405), N *  (1518), Yg (1519) 
an d  o th ers , for w h ich  grow ing  ex p e rim en ta l evidence w as b e in g  rep o rted . T h e  
second was th e  e x p lo ita tio n  o f  th e  p h y sica l c o n te n t of q u a rk -m o d e l c o m m u ta 
tio n  re la tio n s am o n g  w eak a n d  e lec tro m ag n etic  cu rren ts. I t  cu lm ina ted  in  th e  
d iscovery  o f th e  A d l e r —W eisberg er  sum  ru le , which a llow ed  th e  e v a lu a tio n  
o f th e  n e u tro n  b e ta -d e c ay  ax ia l coupling c o n s ta n t.

I  shall be m ain ly  concerned  w ith  th e s e  tw o a rg u m e n ts , as well as th e  
re la tio n s am ong th e m  w hich  h a v e  been w o rk ed  ou t in a se ries  of papers m a d e  
in  F lorence b y  R . Gatto, G. P reparata a n d  m yself. M oreover, I  shall c o n s id e r 
only  th e  q u a rk  m odel c o m m u ta tio n  rules o f  th e  in teg ra ted  fo u r  com ponen ts o f  
v ec to r  an d  ax ia l cu rren ts  (g en era tin g  th e  1/(3) (g) 1/(3) c h ira l algebra) a n d  o f 
th e  in te g ra te d  th i rd  co m p o n en ts  of th e  a x ia l cu rren t (w h ich , to g e th e r w ith  
v ec to r  charges, gen era te  th e  collinear 1/(3) <g> 1/(3)), w h e n  sa tu ra te d  w ith  
single p a rtic le  s ta te s  a t  p 3 — со.

I t  w as r a th e r  early  recogn ized  [1] t h a t  sym m etries lik e  SU(6)  m ay  s te m  
o u t from  a s a tu ra t io n  of th e  c o m m u ta tio n  ru les of ce rta in  algebras w ith  few  
sing le-partic le  low  ly ing  s ta te s . In  fac t, as show n by  B erg ia  an d  Lannoy  [2], 
an d  Gerstein  [3], th e  s a tu ra t io n  of th e  1/(3) ® 1/(3) c h ira l  o r collinear a lg e 
b ra s , w hen re s tr ic te d  to  th e  l / 2 + and  3 /2 + o c te t and d e c u p le t, leads d ire c tly  
to  th e  s ta tic  S t / ( 6) resu lts .

C orrections to  such re su lts  m ay  arise fro m  a v io la tio n  o f these a lg eb ra s , 
w hen  considered  as sy m m etries  o f th e  H a m ilto n ia n , in th e  sense th a t  ev en  if  
th e  im plied  co m m u ta tio n  re la tio n s  are to  b e  re ta ined , th e  physica l o c te t a n d  
decu p le t c an n o t b e  p u t to g e th e r  in  a sing le  irreducib le  re p re se n ta tio n , b u t
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becom e m ix ed , th ro u g h  th e  gen era to rs , to  o th e r  low ly in g  s ta te s . T his is , o f 
course, e q u iv a le n t to  say ing  t h a t  th e  s a tu ra t io n  of th e  c o m m u ta tio n  re la tio n s  
w ith  th e  1/2+ o c te t and  th e  3 /2 + d ecu p le t fa ils , an d  o th e r  s ta te s  h av e  to  b e  
ta k e n  in to  ac c o u n t. As a m a t te r  of fa c t, th is  is ju s t  w h a t is suggested b y  th e  
A d ler—W eisb e r g e r  sum  ru le  [4] in  w h ic h  th e  c o n tr ib u tio n  of th e  n e a re s t  
n eg a tiv e  p a r i ty  in te rm e d ia te  s ta te s  is fa r  f ro m  being neg lig ib le .

T hese co n sid era tio n s a lso  ind ica te  a possib le  w ay  to  e v a lu a te  th e  m a tr ix  
e lem ents o f a x ia l charges to  a b e tte r  a p p ro x im a tio n  th a n  S U ( 6), s im ply  on  a 
g roup  th e o re tic a l g round  w ith o u t hav ing  to  re c u r  to  d ispersion-like  tre a tm e n ts . 
O ne has to  a ssu m e  th a t  o n ly  re so n an t s ta te s  come in to  p la y  (which a m o u n ts , 
fo r exam ple , to  ap p ro x im a te  th e  c o n tin u u m  in  th e  A. W . ru le  w ith  few  re so 
nances) a n d  t r y  to  s a tu ra te  th e  ch iral o r  co llinear a lg eb ra  w ith  an  en la rg ed  
se t o f S U ( 3) m u ltip le ts , co n ta in in g  som e n eg a tiv e  p a r i ty  m u ltip le ts  b esid es  
th e  1/2+ o c te t  a n d  th e  3 /2+ d ecu p le t. T h e  p ro b lem  is th u s  red u ced  to  a p u re ly  
algebraic  one. T h e  o u tp u t  o f  such c a lc u la tio n  are th e  renorm alized  a x ia l 
s tre n g th s  am o n g  th e  s ta te s  u n d e r  co n sid e ra tio n , m any  o f th e m  being d ire c tly  
co m p arab le  w ith  th e  ex p e rim en ta l d a ta .

As i t  h a s  been  fo rm u la te d , th is  p ro g ra m m e  requires a som ew hat d e ta ile d  
know ledge o f  th e  s tru c tu re  o f  th e  n eg a tiv e  p a r i ty  b a ry o n  s ta te s . For in s ta n c e , 
a  su p e rm u ltip le t g roup ing  o f  such p a r tic le s  as th a t  in d ic a te d  b y  th e  n o n 
co m p act g ro u p  ap p ro ach  [5] [6] would in d ic a te  w hich S U (3 ) m ultip le ts a re  to  
be  p u t  in  th e  ca lcu la tio n  to g e th e r  w ith  th e  y-octe t.

On th e  o th e r  h an d , i t  is clear t h a t  su ch  an a p p ro a c h  could allow  te s ts  
o f  th e  v a rio u s  p roposed  c lassifica tion  schem es on th e  basis  o f  th e ir  p red ic tio n s  
fo r  th e  ax ia l charges m a tr ix  elem ents.

O th e r ex p ec ted  o u tp u ts  are th e  m a tr ix  elem ents am o n g  th e  s ta te s  of 
in te re s t o f o p e ra to rs , like m ag n e tic  m o m e n ts , whose c o m m u ta tio n  ru les w ith  
ax ia l an d  v e c to r  charges a re  know n. T h e  sa tu ra tio n  o f su ch  rules w ith  th e  
chosen se t o f  s ta te s  will p ro v id e  these m a tr ix  elem ents. N o te  th a t  his does not 
imply  t h a t  th e se  o p era to rs  h a v e  u n ap p rec iab le  leakage o u ts id e  th is se t.

L e t m e  re tu rn  now  to  th e  c la ssifica tio n  schem es fo r  negative p a r i ty  
b a ry o n  s ta te s .

U sing as a guide th e  w ell know n q u a rk  m odel, schem es have  been p ro p o s 
ed , accord ing  to  th e  d iffe ren t p ic tu res o f

i) b o u n d  s ta te s  of th re e  quarks w ith  one  u n it of o rb ita l  angular m o m e n t
um  ( (56, L  =  1) [6], (20, L  =  1) [7], (70, L  =  1) [8] o f S17(6) <g> 0(3) );

ii) th re e  q u a rk s  p lus a  q u a rk —a n tiq u a rk  pair (700^) [5].
A n o th e r  p roposed  p o ss ib ility  was th e  7 0 _ SU(6) re p re se n ta tio n  [9].
I  sh a ll n o t  en te r h ere  in to  th e  d e ta ils  o f all th e se  m odels, a p a r t  fro m  

(20, L  =  1). I  sha ll s im ply  re m a rk  th a t  in  all th e  p ro p o sed  su p e rm u ltip le ts  
em b arrassin g  low -lying n e g a tiv e  p a rity  d e c u p le ts  ap p ear fo r  w hich, a t p re s e n t, 
th e  e x p e rim e n ta l evidence is ra th e r  p o o r.
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T h e (20, L  — 1) h as  th e  fo llow ing co n ten t:

tw o none ts w ith  J r =  1 / 2 3 / 2  ; 

one sing le t w ith  J p =  5/2 .

C o n sisten tly  w ith  th e  m ass fo rm u lae  d eriv ed  in  th e  “ k in e tic  su p e rm u lti
p le ts ”  m odel [7], th e  3 /2-  n o n e t can  be  id en tified  w ith  th e  well k n o w n  y -oc te t 
p lus a s till lack ing  isosing le t p re d ic te d  a t  1670 i  30 MeV. T he 1 /2 “  o c te t can  
be id en tif ied  w ith  a possib le  ty o c te t  con ta in ing  th e  N  — rj (1510), th e  Л  — t] 
(1660) th re sh o ld  resonances p lus a  lack ing  iso tr ip le t  p re d ic te d  a t  1530 i  40 
MeV an d  a S*  p re d ic te d  a t  1520 i  60 MeV. T he w ell kn o w n  Y* (1405) co m p le t
es th e  1/2-  n o n e t, w hereas th e  5/2 ~ sing le t, p re d ic te d  a t  1760 ±  25 MeV is 
still m issing.

I t  is w o rthw hile  m en tio n in g  t h a t  one is a lso  ab le  to  derive  a q u a d ra tic  
m ass fo rm u la  (7) am ong th e  m asses o f  know n p a rtic le s , w hich is ex p erim en ta lly  
well verified .

H av in g  th is  su p e rm u ltip le t a t  h a n d , we p u t  i ts  S U ( 3) m u ltip le ts  to g e th e r 
w ith  th e  1/2+ o c te t an d  3 /2+ d e c u p le t in  th e  c o m m u ta tio n  ru les o f  th e  ch iral 
a lg e b ra ,a n d  looked fo ra  co n sis ten t so lu tio n  of th e e q u a tio n s  th u s  fo u n d  [10 ,11 ].

U n d e r th e  re q u ire m e n t th a t  i t  shou ld  p ro v id e , e ith e r  fo r th e  s ta b le  o c te t 
and  th e  d ecu p le t, an d  fo r th e  o th e r  S U ( 3) m u ltip le ts , th e  SU(6)  so lu tion  
in th e  lim it o f no leakage b e tw een  th e  tw o se ts , w e fo u n d  on ly  one so lu tion , 
w hich , as for th e  8 l / 2 + — 8 l / 2 + an d  8 1 /2+ — 10 3/2+ m a tr ix  e lem ents, 
depends up o n  one single p a ra m e te r . I t s  e lim in a tio n  leads to  th e  re la tio n s :

G*2 =  —

1 D +  F  
3 D - F

1 +  3 - ^ -
.-!>-* Gv

( 1 )

(2)

----------is th e  n e u tro n  ax ia l b e ta -d e c a y  co u p ling  c o n s ta n t, D  a n d  F  th e
Gv

in d ep en d en t ax ia l s tre n g th s  over th e  o c te t, G* th e  ax ia l N*  — N  s tre n g th .j  

R e la tio n s (1) a n d  (2) are  in  good ag reem en t w ith  d a ta :  in sertin g
Q

------- — =  1,18, one fin d s : a  =  D (D  -f- F)  =  0 ,69 ; G* =  1,08 to  b e  com pared
Gv

w ith  th e  ex p e rim en ta l v a lu es: a  =  0,67 i  0,03, G* 1.
Ga

N o te  th a t  p u tt in g  — —— =  5/3 one reco v ers  th e  S U ( 6) p red ic tions

D / F  =  3/2; G* =  4/3.
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T h u s, i t  ap p e a rs  th a t  th e  (20, L  =  1) p ro v id es  a fa irly  good p ic tu re  of 
th e  a d d itio n a l s ta te s  needed  to  s a tu ra te  ou r c o m m u ta tio n  ru les. I n  add ition  
i t  h a s  to  be  sa id  t h a t  th e  a lte rn a tiv e  c lassifica tio n  schem es do n o t  provide 
su ch  good re la tio n s  as eqs. (1) an d  (2) [13, 14] (on th is  a rg u m en t see th e  repo rt 
b y  G. P reparata  [15]).

T hese  la t te r  ca lcu la tio n s h a v e  been  m ad e  b y  using  an  e q u iv a le n t b u t  
m u ch  sim p ler m e th o d  dev ised  b y  H . H arari [16] and , in d e p e n d e n tly , by  
N . Cabibbo  an d  H . R uegg [14].

L e t m e b r ie fly  exp la in  th is  m e th o d  b y  w h ich  th e  ac tu a l so lu tio n  of th e  
co m p lica ted  c o m m u ta to r  eq u a tio n s  is d irec tly  b y p assed .

T h e  essen tia l p o in t lies in  th e  o b se rv a tio n  th a t  a so lu tion  of th e  c o m m u ta t
o r eq u a tio n s  w ill p ro v id e  us w ith  a reducib le  17(3) <g) (7(3) rep re sen ta tio n . 
I n  th e  absence o f  leakage one w o u ld  have , as irred u c ib le  co m p o n en ts , th e  
sam e re p re se n ta tio n s  ap p earin g  in  th e  red u c tio n  o f  (56, L  =  0) an d  (20, L  — 1) 
o f  SU(6)  ® 0(3). M oreover, th e  p h y s ica l 1/2 s ta b le  o c te t  w ould be rep resen ted  
b y  th e  1/2 o c te t c o n ta in e d  inside th e  (56, L =  0). O ne possible so lu tio n  in  th e  
p resence  o f  leakage  (an d  th e  on ly  one  w hich c o n ta in s  th e  la t te r  s i tu a tio n  as a 
lim it)  is t h a t  w hich  reduces acco rd in g  to  th e  sam e  (7(3) <S> (7(3) com ponen ts 
as b e fo re , th e  p h y sica l 1/2 s tab le  o c te t being  now  a m ix tu re  o f  th e  octets 
c o n ta in e d  in  (56, L  =  0) an d  (20, L  =  1).

O w ing to  th e  absence of d ecu p le ts  in  (20, L  — 1) th e  physica l d e c u p le t cannot 
b ecom e m ixed . In  th is  s itu a tio n  one can  w rite  th e  8 — 8 an d  8 —10 a x ia l charges 
m a tr ix  e lem ents in  te rm s  of th e  m ix in g  angle, th u s  o b ta in in g  eqs. (1) and  (2).

I t  h as  to  be  sa id  th a t  th e  re q u ire m e n t of h a v in g  th e  SU(6)  l im it  also on 
th e  n eg a tiv e  p a r i ty  s ta te s  is b y  no  m eans obv ious. I f  one om its  th is  req u ire 
m e n t [14], one f in d s  a n o th e r se t o f  s ta te s  g iv ing  th e  sam e eqs. (1) an d  (2). 
H o w ev er, going fu r th e r  to  th e  s tu d y  o f m ag n e tic  m o m en ts , one f in d s  th a t  
ag a in  th e  (20, L  =  1) is successful in  p red ic tin g  a good re la tio n  am ong  [ip, 
fin, a n d  th e  m ag n e tic  N * — N  t ra n s i t io n  s tre n g th  [15, 17, 18].

I n  conclusion , I  shou ld  like to  ad d  a few  re m a rk s . W e h a v e  seen th a t  
co m b in in g  th e  (7(3) (g> (7(3) c o m m u ta tio n  re la tio n s  w ith  th e  h y p o th e iss  of 
s a tu ra t io n  w ith  th e  s ta te s  o f (56, L  =  0) an d  (20, L  =  1), we fo u n d  a co n sis ten t 
p ic tu re  o f th e  low  energy  w eak  a n d  e lec tro m ag n etic  p a ram e te rs  o f  th e  stab le  
b a ry o n s  an d  of th e  3 /2 + resonances. N a tu ra lly , w e a re  v e ry  fa r  f ro m  having  
te s te d  all th e  p red ic tio n s  co n ta in ed  in  such  a m odel, fo r w hich we h a v e  to  w ait 
fo r m ore  a c cu ra te  d a ta  o f p h o to  a n d  n eu trin o  p ro d u c tio n  of n e g a tiv e  p a r ity  
reso n an ces. A n y w ay  th e  fa c t itse lf  t h a t  th e  o th e r  c lassifica tion  schem es are n o t 
so successful even  on th e  te s ta b le  p red ic tio n s gives us m ore con fidence  th a t  
w e a re  on th e  r ig h t tr a c k  to w ard s  fin d in g  th e  s tru c tu re  o f th e  b a ry o n  levels.

F in a lly , th e  sam e ap p earan ce  o f  th e  (20, L  =  1), a f te r  (56, L  — 0), is a 
p uzz ling  fe a tu re  o f th e  th e o ry . P e rh a p s  th is  is a n  in d ica tio n  of th e  ex istence  of 
a la rg e r  g roup  th a n  SU(6)  <g> 0(3), w ith  a single irreducib le  rep re se n ta tio n
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co n ta in in g  (56, L  =  0) to g e th e r  w ith  (20, L  =  1), (as well as o th e r  possible 
SU(6)  ® 0(3) m u ltip le ts ) . This g ro u p , a lth o u g h  b a d ly  v io la te d  as a sy m 
m e try  g roup , could h a v e  th e  ro le  of p ro v id in g , w ith  its  irred u c ib le  re p re 
se n ta tio n s  th e  b locks w hich  s a tu ra te  th e  ch ira l, o r  collinear a lg eb ras .
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ЭФФЕКТЫ СМЕШИВАНИЯ В БАРИОННОЙ СПЕКТРОСКОПИИ
Л .  М А Й А Н И

Р е з ю м е
Обсуждается роль состояний (20, L  =  1) в написании низкоэнергетических слабых 

электромагнитных параметров стабильных барионов и 3/2* резонансов.

Acta Physica Academiae Scientiarum Hungaricae 22, 1967





Acta Physica Academiae Scientiarum Hungaricae, Tomus 22 (1 —4), pp .297—300 (1967)

REMARKS ON THE WOLF n n  PHASE SHIFTS 
AND THE CALCULATION OF g Al g v  RATIO FROM 

ADLER n n  SUM RULE

By

J. P iSút

K A TED RA  TE O R E T IC K E J F Y Z IK Y  U K , BRATISLAVA, CZECHOSLOVAKIA

T h e  consistency  o f p ion -p ion  p h ase  sh if ts  recen tly  p ro p o sed  b y  G. W o l f  w ith  d ispersion  
re la tio n s  is b riefly  m en tio n ed . U sing  th ese  p h a se  sh ifts t h e g д /g y  ra tio  is c a lcu la ted  from  A d l e r  
nn su m  ru le . T he ca lcu la te d  v a lu e  is gfyjgy  =  1,08. Some p o ss ib ilitie s  o f red u cin g  th e  d isc rep an cy  
b e tw een  th e  ca lcu la ted  a n d  e x p erim en ta l v a lu es are d iscussed .

Introduction

P ion-p ion  in te ra c tio n  p lay s a n  im p o r ta n t ro le  in  th e  in te rp re ta t io n  of 
m a n y  sc a tte rin g  a n d  decay  p rocesses involv ing  s tro n g ly  in te ra c tin g  p artic les . 
M ost o f th e  ex p e rim en ta l d a ta  a re  b ased  on th e  a p p lica tio n  o f th e  m odified  
one p io n  exchange m odel to  th e  re a c tio n  n N  —> n n  N .  R e c e n tly , G. W olf 
[1] h a s  su m m arized  th e  c ross-sec tion  an d  a sy m m e try  p a ra m e te rs  d a ta  an d  on 
th is  b as is  he has p ro p o sed  a p lau s ib le  n n  p h a se -sh if t analysis [1]. I n  th e  f irs t 
p a r t  o f  th e  p re se n t p a p e r  th e  co n sis ten cy  of th e se  p h ase  sh ifts w ith  d ispersion  
re la tio n s  (D R) an d  w ith  D R  sum  ru le s  is b rie fly  d iscussed . In  th e  second  p a r t  
the  A d l e r  n n  sum  ru le  [2] fo r gAlgv  ra tio  is c a lc u la ted  using  W o l f  n n  phase 
sh ifts . T h e  th ird  p a r t  co n ta in s a d iscussion  of d isc rep an c ies  b e tw e e n  experi
m e n ta l an d  ca lcu la ted  values of g A/ g v

I. Remarks on the consistency o f W olf n n  phase shifts w ith  D R

W e shall f ir s t  in tro d u ce  th e  n o ta tio n . T h e  am p litu d e  fo r  e lastic  nn  
s c a tte r in g  in  th e  CMS system  fo r p io n s in th e  d e f in ite  iso tro p ic  sp in  s ta te  is 
w r it te n  as

F T =  —  У  (21 +  1) P , (cos &) sin  ö j  ex p  (i ôf),  (1)
4

w here  q is th e  CMS pion  m o m en tu m  v =  q2, со =  ]/j> -)- 1 an d  n u c le a r  u n its  
Й =  c =  m„ =  1 a re  used . T he e lastic  sc a tte r in g  am p litu d es fo r  p ions in
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d e fin ite  charge s ta te s  are

F + + .+ +  =  F 2 , F + - *+- =  —  F° +  —  F x +  —  F 2 ,
3 2 6

l i  1 2
F+o.+o ____F 1 4- —  F 2 F 00-00 =  —  F ° 4- —  F 2

2 2 ’ 3 3

F 00 .+ - _____ L  F ° 4- —  F 2
3 3

( 2 )

R esp ec tin g  th e  id e n tity  o f  p io n s , we ge t th e  follow ing expressions for 
e la s tic  cross-sections

a4’kl =  (4 — 2dij) o>-2 J |F '7,W|2 d Q , (3)

w here  kl(ij)  are  th e  p io n  charges in  th e  in itia l (fina l) s ta te .
F ro m  eqs. (2) a n d  (3) th e  o p tic a l th eo rem  fo r e la s tic  sc a tte rin g  am plitudes 

can  b e  easily  o b ta in e d :

Im  F  (V)
VУ2 (V +  l ) 1/2 

8л:
<7tot(v), ( 4 )

w here  F(v) is som e e lastic  s c a tte r in g  am p litu d e  in  eq . (2). T he D R  fo r  forw ard 
sc a tte r in g  w ith  tw o  su b tra c tio n s  in  th e  p o in t v =  — 1/2 are  [3]

F  ( - 1 / 2 )  +  (v +  1/2) 4 -  F  ( - 1 / 2 )  =  Re F  (v) -  
dv

(5)

(2*' +  l ) 2 „ • [v'(v' +  l ) ] 1/2 ot0t(v') , ^c0 t (F)  1
8л2 P  J (2v' +  l ) 2 v' — V v' 4- V -f- 1

о

w here  cr*04 is th e  to ta l  cross-section  fo r  th e  crossing sy m m etric  re a c tio n . In  th e  
p a p e r  [3] th e  co n sis ten cy  o f W o lf  n n  phase  sh ifts  [1] w ith  D R  [eq . (5)] was 
ex am in ed  in  th e  reg io n  3 < >  <[ 15. T h e  phase sh if ts  d a ta  an d  cross-sections 
d a ta  w h ich  are  in se r te d  on th e  r ig h t  h a n d  side o f  eq . (5) a re  k n o w n  [1] only 
in  th e  ran g e  v<^ 24. T h e  errors on th e  r ig h t h an d  side o f  eq. (5) w h ich  a re  due to  
th e  u n k n o w n  cross-sections fo r v 24 are re la tiv e ly  large b u t  w ith in  these 
e rro rs  th e  con sis ten cy  o f W olf  лл  p h a se  sh ifts w ith  D R  in  th e  ran g e  3 <[ v <  15 
is q u ite  reasonab le .

I n  p rinc ip le , i t  is o f course possib le  to  c a lc u la te  th e  r ig h t h a n d  side of 
eq. (5) also in  th e  ran g e  v <  3, b u t  in  th is  reg io n  th e  cross-sec tions, th e ir  
d e r iv a tiv e s  an d  th e  ex p e rim en ta l e rro rs  are v e ry  la rge . T he p r in c ip a l value 
in te g ra ls  are  v e ry  sen sitiv e  to  th e  d e riv a tiv e s  o f  th e  in te g ra n d  a n d  th e  errors 
o f th e  r ig h t  h a n d  side o f eq. (5) in  th is  region w o u ld  b e  g rea te r th a n  th e  values 
of it.
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T he low energy b eh av io u r of p h ase  sh ifts  is c h a rac te rised  b y  sc a tte r in g  
le n g th s . I n  analogy  to  th e  n N  sc a tte r in g  i t  is also possib le  to  derive su m  ru les 
fo r  л л  sc a tte rin g  len g th s  [5]. In  o rd er to  h av e  ra p id ly  co n v erg en t in te g ra ls  i t  
is con v en ien t to  use on ly  crossing sy m m etric  a m p litu d es  F +0'+0 an d  F 00’00. 
T h e  sum  ru le  for th e se  am p litu d es has th e  form  [5]

F ( 0 )  =  F ( - l / 2 )  +  - l  I

о

dv' l m  F  (v') 
(2v' +  l ) v ' ( v '  +  1)

( 6 )

T h e va lu es  F(0) a re  d ire c tly  re la te d  to  th e  sc a tte rin g  le n g th s , F (— 1/2) can  
be ca lcu la ted  from  eq. (5) and  in teg ra ls  can  be e v a lu a te d  using p h ase  sh if t 
d a ta  [1]. T h e  sc a tte r in g  len g th s  ca lcu la ted  in  th is  w ay  are :

a0 =  — 1,3 ±  0,6 , a2 =  0,38 ±  0,2 .

A s im ila r v a lu e  fo r th e  a0 w as o b ta in ed  b y  a d iffe ren t m e th o d  b y  H . R o th e  [6].
T hese values o f sc a tte r in g  len g th s  are  a p p ro x im a te ly  th e  sam e in  ab so lu te  

v a lu e  as W o l f’s, b u t  th e  sign is rev ersed . W o l f’s л л  p h ase  sh ift analy sis  [1] 
w as b ased  on th e  ex p e rim en ta l d a ta  o f  th e  cross-sections a +0’+0, cr+ + ,+ + an d  
<7+ ~ ’+ - . In  th e  low en erg y  reg ion  w here th e  л л  ph ase  sh if t is sm all i t  is im p o s
sible to  d e te rm in e  from  th ese  d a ta  th e  sign o f th e  <5(,0) a n d  phase  sh ifts . 
I t  is p ro b ab le  th a t  th e  signs of th ese  p h ase  sh ifts  shou ld  be  rev ersed  in  th e  low  
energy  reg ion . T he cross-sections co rrespond ing  to  o rig inal W olf л л  p h ase  
sh ifts  w ill be a lm ost th e  sam e. T herefo re , we shall use th e  orig inal p h ase  sh ifts  
in  th e  ca lcu la tio n  o f th e  gAlgv ra tio  in  th e  n e x t section .

II . A dler p ion-p ion  sum  ru le

R ecen tly , th e  fo llow ing sum  ru le  w hich  re la te s  th e  gAlgv ra tio  to  th e  л л  
cross-sec tions was p rop o sed  b y  S. A d l e r  [2]

2
{gAlgv?

1N
g 2 K NNn  ( 0 ) 2

1 I' dv
2л  J v -f- 3/4

о

K -  (v) -  a* + (v)] , (? )

w here (v), [tr^T (r)] is th e  to ta l  cross-sec tion  fo r s c a tte r in g  of a zero  m ass
7t~ [ я + ] m eson on a ph y sica l л + m eson , M N is th e  n u c leo n  m ass, gr is th e  
ra tio n a lized , reno rm alized  л  N  coupling  c o n s ta n t an d  JCNNn (0) is th e  p ion ic  
form  fa c to r  of th e  nucleon .

I f  w e neg lect in e lastic  processes an d  p a r tia l  w aves w ith  l >  3 a n d  use 
th e  A d l e r  form  for o ff m ass shell co rrec tions we can  w rite  th e  r ig h t h a n d  side
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o f  eq . (7) as
RW  +  R(0) +  R( 1) +  R( 1 ) +  Д < 2 )  +  Д ( 2 )  (

w h ere  i?;r> is a c o n tr ib u tio n  fro m  l ,  T  p a r t ia l  w ave. U sing  W olf  л л  p h ase  
sh if ts  th e  v a lu e s  o f  i?;T) te rm s  are

Д<°> =  1 ,2 0 , Я<°> =  0 ,1 1 4 , ß (D  =  0 ,7 6 0 , =  0 ,072 ,

ДСО =  _ 0 ,3 8 5  , =  - 0 ,0 3 4  .

T h e n  2 / =  1,73 and éA/gv =  1.08 .

I I I .  C oncluding re m a rk s

T here  a re  v a rio u s  p ossib ilities  fo r av o id in g  th e  d isc rep an cy  be tw een  th e  
e x p e rim e n ta l a n d  ca lcu la ted  v a lu e . F irs t  o f  a ll i t  m u st be  n o te d  th a t  th e  
te rm  ca lcu la ted  h e re  is m u ch  la rg e r th a n  A d l e r ’s e s tim a te  =  0,42. T h is  
d isc rep an cy  is d u e  to  th e  d iffe re n t g-m eson w id th  used. A d l e r  uses Г е =  105 
M eV, w hile W o l f  л л  p h ase  sh if t co rresponds to  Г в =  140 MeV. A  second  
p o ss ib ility  a rises  from  th e  fa c t  t h a t  th e  R (00) te rm  w hich d o m in a te s  th e  r ig h t  
h a n d  side o f  eq . (7) is v e ry  sen s itiv e  to  th e  sm all v a ria tio n s  o f  a0. F o r  in s ta n c e  
i f  w e use =  0,76 and  ta k e  | a0 \ =  1,1 in  th e  region 0 ■<[ v <[ 0,5 we g e t
g A lg v  =  1Д7-
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ЗАМЕЧАНИЯ О лл  ФАЗОВОМ СДВИГЕ ВОЛЬФА И ВЫЧИСЛЕНИЕ  
ОТНОШЕНИЯ gAlgv И З ПРАВИЛА СУММ А ДЛ ЕРА

Я. ПИШУТ
Р е з ю м е

Кратко обсуждается совместимость лл  фазовых сдвигов, предложенных Г. Вольф о м ,  с  дисперсионными соотношениями. Используя эти фазовые сдвиги, вычисляется 
отношение gA/gv  из правила сумм Адлера. Рассуждаются некоторые возможности для 
уменьшения расхождения между теоретическим и экспериментальным значениями.
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ELECTROMAGNETIC MASS DIFFERENCES 
AND CURRENT ALGEBRAS

By

P . SURÁNYI

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

A sum-rule for the electromagnetic mass difference o f elementary particles is derived 
using the methods of current algebras. An expression for the proton-neutron mass difference 
is given in terms of the proton-electron and neutron-electron cross-sections.

C u rren t a lgeb ras h a v e  been  ap p lied  to  m an y  p h y sica l p ro b lem s in  recen t 
tim es  [1]. B y  using th is  m e th o d  i t  w as possible in  som e cases to  d e riv e  re la tio n s 
am o n g  d ifferen t m easu rab le  q u a n tit ie s . In  g en era l, these  re la tio n s  w ere in  
sa tis fy in g  ag reem en t w ith  e x p e rim e n ta l d a ta . S ev era l e lec tro m ag n etic  p h en o 
m en a  w ere exam ined  using  c u r re n t co m m u ta tio n  re la tio n s [2]. T h e  success 
o f  th e se  ca lcu la tions encouraged  u s  to  app ly  th is  m e th o d  to  th e  ca lcu la tio n  
o f  e lec tro m ag n etic  m ass d ifferences. W e shall u se  a U(2) a lg eb ra  (isotopic 
sp in  g roup  ex ten d ed  b y  b a ry o n  g auge  group) fo r d e riv ing  closed expressions 
fo r th e  m ass d ifference o f an y  p a r tic le s  belonging  to  th e  sam e iso to p ic  sp in  
m u ltip le t. O ur re la tio n s  are  ex ac t i f  we assum e as u su a l th e  convergence  of 
a  d ispersion  in teg ra l.

T h e  U(2) a lg eb ra  consists o f  th e  g enera to rs T +, T~,  T 3 a n d  T°, w here 
T ‘ =  § j ‘0(x)d3x  . T h e  g en era to rs  T 3 a n d  T~  are assu m ed  to  be e x a c tly  conserved . 
T h e  con serv a tio n  of T + an d  T~  is v io la ted  b y  e lec tro m ag n etic  in te ra c tio n s . 
T h e  g en era to rs  T l sa tis fy  th e  u s u a l  U(2) c o m m u ta tio n  re la tio n s . W e deno te  
th e  H a m ilto n ian  of th e  system  b y  H  =  H s -f- H e m , w here

[HS, T ‘] =  0 , i =  + , —, 3 , 0  (1)

H e.m =  e J  ( Ц  (x) +  i l  (*)) a (x) d3 X. (2 )

U sing re la tio n s (1) an d  (2) w e can  o b ta in  th e  follow ing e q u a tio n  [3]:

=  i [H, T+] =  i [ H y, T ± ] =  ±  ei f j*  A ,  d3 x.

O n th e  o th e r h and
dT±

dt
Q J l
dt

d3 x  =  j  3  pj*  d3x.

(3)

(4)
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C om p arin g  e q u a tio n s  (3) and  (4) we o b ta in

I  (*) d3x =  ± i e $  j l  A„ d3 x.  (5)

I n  w h a t follow s we sh a ll use eq. (5) w ith o u t in te g ra tio n . Such a re la tio n  can 
be  d e riv ed  in  a q u a rk  m odel fo r som e ty p es  o f in te ra c tio n . W e re m a rk  th a t  
o u r f in a l fo rm u lae  c a n  be  d eriv ed  assum ing  on ly  (5) as i t  s ta n d s  an d  using 
a n o n -c o v a ria n t m e th o d  o f d e riv a tio n . N ev erth e less , we shall fo llow  th e  m ore 
e leg an t c o v a ria n t t r e a tm e n t  [4]. As u su a l we shall define  a r e ta rd e d  fu nc tion :

F ‘a b ( v >q2) =  Í  e ‘qx 0  (* o )  d i  x  <  A a ( P i ) \ [ Qn j n ( x ) ’ e A J Ï Ï \ A b ( P 2 ) > .  ( 6 )

w h ere  A a an d  A b a re  p a rtic le s  o f th e  sam e iso topic  m u ltip le t, v — q j P i +Рг)
2

F o r  th e  sake  o f s im p lic ity  we sh a ll use zero th re e -m o m e n tu m  in itia l an d  
f in a l s ta te s , P x =  (m a, 0, 0, 0 ) , p 2 — (ть, 0, 0, 0). i c a n  be chosen  as —, 
3 o r  0 . As s ta te d  th e  ex istence o f  a d ispersion  re la tio n  for F ‘ab w ith o u t su b 
tra c t io n s  w ill be a ssum ed :

w here

f ű  (.,,•) = - A
2 7 1 1  J  V — V— IE

f i b  (v, q1) =  J d* xeÁx <  A a  { p x) | [ 9 (x), e A J i ]  \ A b( p 1) > .

( 7 )

( 8)

A fte r  in te g ra tio n  b y  p a r ts  we o b ta in  from  (6)

Fib (0,0) = < A a ( p t) I eA ,  (0) [Ц (0), T - ] \ A b( p 2) > .  (9)

In se r tin g  a closed sy s tem  of p h y sica l s ta te s  inside th e  c o m m u ta to r  o f eq. (8) 
u sin g  (7) an d  (9) we a rriv e  a t  th e  follow ing exp ression  (if we p e rfo rm  our 
ca lcu la tio n s  in  second  o rd er of e i t  is enough  to  in c lu d e  in  th e  su m  over in te r 
m e d ia te  s ta te s , th e  co rrespond ing  s ta te  from  th e  A  m u ltip le t a n d  s ta te s  con
ta in in g  one p h o to n )

<  Aa I еАи \Л> T~I I Ab >  =  — R äc <  A c I e A J i  I Ab>

+  Räb <  Aa I e A . j i  I A d > +  4 —  2 :  à i(q + P l -  П 2)
J  V a,P* (10)

0  (q0 +  Pio -  P'o) [ <  Aa l i V  I a  (P')  >  <  a  (P') \ i i  I A b >

+  <  A a\ i i  I X (P') >  <  a  (P')  1У/Г \ A b >  ] •

T h e su m m a tio n  on th e  r.h .s . is u n d e rs to o d  over all possible h a d ro n  s ta te s . 
jRaCis essen tia lly  a C lebsch—G ordan  coeffic ien t, w ith  RaC — (2 л)3 < A n | j ^ \A b > -

Acta Physica Academiae Scientiarum Hungaricae 22, 1967



ELECTROMAGNETIC MASS DIFFERENCES 303

E q . (10) is o u r fina l fo rm u la  for th e  m ass differences. F o r  an y  ty p es  o f  iso topic 
m u ltip le ts  one can choose i in  such a w ay  th a t  th e  l.h .s . an d  th e  f i r s t  te rm s 
o f  th e  r .h .s . can  be exp ressed  b y  m ass differences. T h e  sum  on th e  r .h .s . can 
be  given in  te rm s o f  in teg ra ls  over cross-sections, o r m ay  be a p p ro x im a ted  
b y  a few low -lying levels.

T he s im p lest ap p lic a tio n  of eq. (10) is th a t  fo r  iso to p ic  tr ip le ts  o r  higher 
m u ltip le ts . F o r  th e  sak e  o f defin iten ess  we app ly  i t  to  tr ip le ts . I f  w e choose 
i — — th e  l .h .s .  o f eq . (10) v an ish es . U sing eq. (5) w e o b ta in  an  expression  
fo r th e  follow ing c o m b in a tio n  of m asses:

TtXĵ  “I- Ttt_— 2m 3
2

e2 (2л)3

R0 ■ R-o
J £ ó ( ( q + P i
a ,P ' ( H )

• 0  (9o +  Pio -  К )  < A - \)'И I *(P')  >  <<x(p ')jn \A + > -

W e shall ap p ly  eq. (11) in  a sep a ra te  p a p e r  [5] to  c a lc u la te  th e  m ass d ifference 
o f charged  and  n e u tra l  p ions. In  w h a t follows w e sh a ll app ly  eq . (10) to  
d o u b le ts . W e choose i =  0, so th e  l.h .s . again v an ish es . O n th e  o th e r  hand , 
h av in g  a — d an d  c =  b in  eq. (10) th e  f irs t tw o te rm s  on th e  r ig h t h a n d  side 
(we h av e  chosen th e  m em bers of o u r d o u b le t as p o s itiv e ly  charged  a n d  n eu tra l 
p artic les) give

Ri =  — y = - ( <  A +\eAJ l \ A +> -  < A o\eAJ l \ A o>)- 

T h e isoscalar p a r t  o f th e  p h o to n  source w ill n o t m ake a n y  c o n tr ib u tio n  to  R v  so

R\ =  — y ^ ( < A + \ e A J l \ A + >  -  < А о\е А ^ Л \ А о > ) ’

w here now  only  th e  iso scalar p a r t  o f  th e  p h o to n  source  c o n tr ib u te s . U sing 
iso top ic  sp in  in v arian ce , R x can  be  w ritten  as

г» , I i ’ \ a m a 1
R i =  — < A o \ e A r J r \ A + >  = — ------- “  T p 701 ' (2л )3 \ 2

w hich  gives

m 3 -  m + =  -  2 f 2  (2л )3 e3 [' —  2 '  à ( ( ,  +  P -  P J )

0  (?o +  P o -  P 'o) <  Л ip)  I j»  I «  (p ' ) >  ■
• < « ( P ' ) | y ° M + (P)>,

(1 2 )
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(T he m ass d ifference  of A 0 a n d  A + gives fo u r th  o rder effects on  th e  r .h .s . 
a n d  can  be  n eg lec ted ). E q . (12) is essen tia lly  th e  sam e as t h a t  o b ta in ed  b y  
C i n i , F e r r a r i  a n d  G atto  [6 ] fo r  th e  p ro to n -n e u tro n  m ass d ifference using  
f ie ld  th e o ry  m e th o d s . The c a lc u la tio n  of th e  one  nucleon  te rm  does n o t give 
a  c o rre c t re su lt as is well k n o w n  (w e o b ta in  m p — m n =  0,6 M eV). B ecause 
o f  th e  b a ry o n  c u r re n t  ap p earin g  in  th e  sum  ru le  o f  eq. (12) N * /2 3/J| resonance 
m ak es  no  c o n tr ib u tio n . W e m a y  ex p ec t th e  N *  (1518) re so n an ce  to  m ake 
a n  essen tia l c o n tr ib u tio n . U n fo r tu n a te ly , th e  e lec tro m ag n etic  p ro p erties  of 
th is  resonance  a re  n o t  y e t well k n o w n . T here is a fu r th e r  p o ssib iliy  th a t  non- 
r e s o n a n t m a n y -p a rtic le  te rm s m a y  m ake e sse n tia l c o n tr ib u tio n s  i f  th e y  go 
th ro u g h  one m eso n  exchange d iag ram s. C a lcu la tio n s of t h a t  ty p e  are in  
p ro g ress . W e c a n  express m p — m n th ro u g h  th e  e lec tro n -p ro to n , electron- 
n e u tro n  c ross-sec tions in  th e  fo llow ing  w ay 1. U sing  iso top ic  in v arian ce  we 
c a n  w rite

mn - m p = -  (2я)з е* f —  ô ((q +  P  ~  P ' f )  0  (q0 +  P 0 -  P ’0)
J V a,P'

[ < p  (P) I Jr  I « (П >  <  * ( П IЛ Г  \p(P) >  -

— <  n ( P )  IЯ "  I « ( P ' )  >  <  a (P' )  Iy«‘m I n  ( P ) > ] ,

w h ere  p  an d  n d e n o te  p ro to n  a n d  n eu tro n , j p m =  j p -|- j p .
W e define W pv as [7]

wiv = \  2, 2  <P(p) I K m Ia (П >
*  in it ia l « ,P' 

sp in

< x { P ' ) \ j ï m \ p { P ) > Ô ( q  +  P - P ' ) .

F ollow ing  from  L o re n tz  in v a ria n c e  and  c u rre n t co n se rv a tio n  W can he 
ex p ressed  as a l in e a r  co m b in a tio n  o f tw o sc a la r  functions

K v =Wi(q*,qP)

+  ^ 2 (?2. 4P) p » - ^ r < r
4

1 A little different sum-rule for the proton-neutron mass difference was obtained by
C o t t i n g h a m  [8 ] .
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W ± an d  W 2 d ep en d  on tw o in v a r ia n ts :  g2 an d  qP.  C om paring  (12) a n d  (13) 
we o b ta in  for th e  m ass difference

mn ~ mp =  — (2л03 e2 f  4 ^ -  {[Щ.Р ((Pi -  Pi)2’ (Pi -  P2) P)  -
J f t P  J  2p 20 I

И7? ((Pi - P 2)2’ (P i - P i )  P> (Pi -  Pi) P )] 3 +  [W% ((Pi -  P2)2, (Pi — Р 2Ю  -

( ( P l - p 2f , ( P l -  p 2) P ) ] j l - [( P i - P a ) P ] 2
™2{ P i - P i ) 2

(14)

T he to ta l  (in th e  sense, th a t  we sum  u p  over all possib le  h ad ro n  f in a l s ta te s  
a t  a g iven  fina l s ta te  e lec tron  m o m en tu m ) d iffe ren tia l cross-section  fo r e lectron- 
nucleon  sc a tte rin g  is g iven b y  th e  fo rm ula

d2 a,eN I Pa
d Q2d p 2 2л2 g4 I px \p20

+
g2 , „ E—  +  2 ----(E m  — qP)
2 m

q2W1(q2, qP)  +  

^ ( g 2,g P ) l .

(15)

In  eqs. (14) an d  (15) a  = ----- ,g 2 is th e  in v a r ia n t m o m en tu m  tra n s fe r  betw een
4л

th e  tw o  lep tons, g =  p x — p 2, p x a n d  p 2 are th e  fo u r-m o m en ta  of th e  e lectrons 
in  th e  in itia l an d  f in a l s ta te s , resp ec tiv e ly . E  is th e  p rim a ry  energy  E  =  p w. 
T he com ponen ts o f p 1 and  p 2 ap p ea rin g  in  eq. (15) are  ta k e n  in  th e  la b o ra to ry  
sy stem . T he special co m b in a tio n  o f  W x an d  W 2 ap p ea rin g  in  eq. (14) m ay  be 
expressed  as a lin e a r  co m bina tion  o f ep, en c ross-section  an d  th e ir  d e riv a tiv e s  
w ith  re sp ec t to  E  a t  c o n s ta n t q'' a n d  qP.  B y  in se rtin g  th is  lin ear co m b in a tio n  
in to  eq. (14) we o b ta in  a fte r  in te g ra tio n  b y  p a r ts

(2n)
J d E |  dQ2 j d p 2g (E,p2, co s# )

d2a,ep d2<r.

d *̂ 2̂ d I Pi  I d 1^2 d  \ Pi  ]

(2тг)5

2a
dE (16)

\2E  -f- p ,  (1 — cos # )]2
d2 a,ep d2 a„

<tö2 d j p 2 1 d Q 2 d I p 2 I
cos# =  — 1.
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T h e q u a n titie s  a p p e a rin g  in  eq . (16) are  defined  as follows

_  E M _________  E M
M  +  E  (1 — cos #) 2E  +  M

g ( E , p 2, cos 0) =  P9Z ~ C0SS ] { ( 2 E + p 2) E p 2coS { > -  4£3 _  5£*Л -  E p l +рЦ.  
(E  +  p 2)2

T h e  p re se n t e x p e rim e n ta l d a ta  a re  s till in su ffic ien t for th e  r ig h t h a n d  side 
o f eq. (16) to  be  ca lcu la ted . H o w ev er, i t  is n o t  excluded  t h a t  in  th e  n ear 
fu tu re  w e shall h a v e  suffic ien t d a ta  ab o u t th e  e lec tro n  sp ec tru m  in  inelastic  
e lec tro n -n u cleo n  sc a tte r in g  to  e v a lu a te  th ese  in teg ra ls .

T h e  a u th o r  is v e ry  m uch in d e b te d  to  D r. A . F r e n k e l  fo r v a lu a b le  d is
cussions.
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ЭЛЕКТРОМАГНИТНЫЕ РАЗНОСТИ МАСС И АЛГЕБРЫ ТОКОВ
П. Ш УРАНИ

Р е з ю м е
Получено правило сумм для электромагнитных разностей масс элементарных 

частиц, используя метод алгебры токов. Дается выражение для разности масс протона 
и нейтрона через сечения рассеяния электрона на протонах и нейтронах.
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ON LOCALIZATION OF RELATIVISTIC 
MICROPARTICLES IN SPACE AND TIME

By

D.  I.  B l o k h i n t s e v

JOINT INSTITUTE FOR NUCLEAR RESEARCH, LABORATORY OF THEORETICAL PHYSICS,
DUBNA, USSR

The present day theory in a formal way permits one particle states which are localized 
in space with any degree of accuracy. This gives the possibility to formulate conditions of 
macroscopic causality directly for S-matrix.

T he sc a tte rin g  m a tr ix  S  fo r real “ in ”  — and  “ o n t”  — sta te s  sh o u ld  
obey  ce rta in  cau sa lity  co n d itio n s . H o w ev er, th e se  cond itions can  be fo rm u la te d  
on ly  if  “ in ”  s ta te s  are  g iven  in  th e  fo rm  o f localized w ave p a c k e ts  in s te a d  o f 
p lan e  w aves.

In  th is  connection  i t  is n ecessa ry  to  co n sid er possib ilities o f co n stru c tio n  
o f narro w  w ave p ack e ts  fo r re la tiv is tic  p a r tic le s , w hich do n o t  sp read  essen tia lly

R
d u rin g  th e  tim e  T  = ----m u ch  lo n g er th a n  th e  collision tim e  т (here R  is th e

V

d istan ce  b e tw een  w ave p a c k e ts , an d  v th e ir  re la tiv e  v e lo c ity ). I t  is im p o r ta n t 
to  m en tio n  th a t  w hen  we sa y  t h a t  th e  m a tr ix  S  tra n sfo rm s  th e  s ta te  g iven  
a t  T  =  —• oo to  th e  s ta te  T  =  -1- 00 i t  is im p lied  th a t  we n eg lec t th e  te rm s  o f  
th e  o rd er t2/T 2 an d  re ta in  th e  te rm s  o f th e  o rd e r t / T .

T h u s, we a re  looking fo r w ave p a c k e ts  w hich  sa tisfy  th e  cond itions:

Rs >A$>X  ( 1)

th e  ty p ic a l w ave len g th , A th e  d im en sio n  o f w ave p a c k e t, R  th e  d is tan ce  
b e tw een  th em ) and

\ A ( T )  -  A ( -  T ) \ ^ A ( - T ) .  (P )

T h e  sm aller th e  w ave le n g th  X th e  m ore prec ise  are th e  cond itions fo r th e  
fo rm u la tio n  o f m acroscopic c a u sa lity  for S  m a tr ix .

T he fa c t is th a t  in  m a n y  papers d e v o te d  to  th e  p ro b lem  o f re la tiv is tic  
p a rtic le  loca liza tio n  i t  is a sse rte d  th a t  a sp in o r p a rtic le  c a n n o t he e x a c tly  
localized  since th e  s ta te s  o f p o sitiv e  en erg y  do n o t form  a com plete  se t o f  
func tions (see [1]). T herefo re , th e  e ig en fu n c tio n  ô ( x — x' )  o f th e  co o rd in a te  
o p e ra to r  X  c a n n o t be ex p a n d e d  in  th e  e igen fu n c tio n s co rrespond ing  o n ly  to  
p ositive  energy  s ta te s .

T he sam e is re la te d  to  sp in less p a rtic le s  obeying  th e  K le in  eq u a tion .
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W e sh a ll show  th a t  i f  q u a d ra tic a lly  in teg rab le  w av e  p ack e ts  a re  u sed  
in s te a d  o f  th e  d -function  th e n  p a rtic le s  c a n  be loca lized  in  positive  energy- 
s ta te s  to  a n y  degree o f accu racy .

A. F ir s t  we consider th e  case o f D ira c  p a rtic le s . L e t u s  ta k e  a o n e-p a rtic le  
s ta te , re p re se n te d  b y  a q u a d ra tic a lly  in te g ra b le  w ave fu n c tio n :

y> (x, t, <x) =  J  C (P) U  (P , a) e‘(P *  ~ ßi> d3 P,  (2)

w here E  =  +  1/m2 -f- P 2 , U  (P , a) D irac  sp in o r, an d

J  1 C (P ) I2 d3 P  =  1 , (3)

S P U * U  =  1. (4)

N ow  w e ca lcu la te  th e  m ean  sq u a re  v a lu e  of a co o rd in a te , fo r in s ta n c e , 
o f  Z  . A ssum ing  th a t  a t  t =  0 Z =  0 we o b ta in  a f te r  s im ple ca lcu la tio n s :

A Z 2 =ZI=J
8 C ( P )

3pz
da P  +  И C P)  ]2 S.

8 U* 8 U

Эр, Q,
CD d3 p  . (5)

T h e  la s t te rm  is c h a ra c te r is tic  o f th e  re la tiv is tic  case. 
N ow  w e rep re sen t C (P ) in  th e  fo rm :

C ( p )  =  / ( l ) i / p f  , I  =  > (6)

w here P 0 is th e  q u a n ti ty  d escrib ing  th e  m o m en tu m  d isp ers io n  in  th e  considered  
s ta te :

A P \  ^  P 2 .

T he f irs t  in te g ra l in  eq . (5) gives:

H '
dC  I2

VPz
T h e second  in te g ra l is

w here

M ( f )  =

I2
V P a

1
p i

X \ 4 2d £ M ( £ ) ,

8 U* 8 U \ d Q

9pz Эp,  J 4л

( 7 )

( 8)

( 8 ')

(8" )
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an d  M (f)  is eq u a l:

M ( f )  =

1
4 m 2 

1 4 m2 14m 2 T  T il*

I  m /P 0,

m
f t > - ----  •

Pn
(See A ppend ix  IA ).

T herefo re , we have  th a t  a t  t =  0

A Z 2 =  x  —r—r  +  ß2 — 1'1-
A P \

if  z l P |  <§ m2c2.
F o r A P |  >> m2c2 we h av e

/1 Z 2 =  a '
h2

Щ "

(9)

( 10)

( 10 ' )

w here  a , /9, a '  a re  o f th e  o rd e r o f u n ity . I t  is w ell seen th a t  a lth o u g h  in  eq. (10) 
an  ad d itio n a l te rm  %2lm2c2 ap p ea rs  as if  in d ic a tin g  th a t  th e  D irac  p a rtic le

%
c a n n o t be localized  m ore e x a c tly  th a n  w ith in  A Z  ~ -----  b u t ,  in  fa c t, i t  is

me
o f no im p o rtan ce  since a t  A P 2Z ->  ° o  eq. (10) tran sfo rm s in to  eq . (10 ').

N otice , how ever, th a t  a t  A  P | - >  o o  th e  considered  s ta te  is n o t  described  
b y  th e  fu n c tio n :

z ' (Z) =  <5 (Z — Z ' ) , (11)

since th is  fu n c tio n  is no t q u a d ra tic a lly  in te g ra b le  b u t th e  considered  s ta te  
is described  b y  q u a d ra tic a lly  in te g ra b le  fu n c tio n s . This q u a d ra tic a lly  in teg rab le  
fu n c tio n  (Z, P 0) localized a b o u t Z  =  Z ' is re la te d  to  th e  fu n c tio n  (11) as 
follow s:

Z  P r  (Z , P 0) =  Z ' w z . (Z, P 0) +  A (Z -  Z \  P 0) , (12)

A (Z  -  Z ', P 0) =  [(Z -  Z ')  (Z, P 0) P J '2] , (12 ')
i v

in th is  case
P Z'( Z ,  P 0)/P J /2 — d (Z  — Z ')

a t  P 0 — o o  . T herefo re , if  th e  fu n c tio n  !PZ, (Z) is considered  as an  “ id e a l”  
e igen function  o f th e  o p e ra to r o f th e  co o rd in a te  Z  th e n  th e  fu n c tio n  Wz , (Z, P 0) 
ap p ro x im a te s  i t  so th a t  Zl(Z — Z ',  P 0) -»-0 a t  P 0 ->  o o  (see A p p en d ix  IB ).
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В . W e now  tu r n  to  th e  spinless p a rtic le s , an d  consider again  th e  one- 
p a rtic le  s ta te . T he fie ld  <p(x) m ay be  rep re se n te d  in  th e  form :

Г  —г liKx
V (x) =  \ A  (К ) U K (x) d 3 K ,  U K =  , (13)

J  К CO

w here K X  =  К  X  — cot, со =  -f- f m 2 -(- К 2 (see A p p e n d ix  IIA ).
T h e  d e n s ity  g(x) is

Q {x) =  — [Qcp* cp -(- cp* Qcp], й = + У т п 2 — у 2 (14)
2

an d , g en era lly  speak ing , is n o n -d efin ite  even  for p o s itiv e  energy s ta te s  со =  
=  ]fmF+ K 2 .

In  th is  case i t  is also im possib le  to  rep re sen t th e  ô fu n c tio n  as a su p e r
p o sitio n  o f  w aves U ^  w ith  со > 0  .

N ow  le t  us consider localized s ta te s  w ith  in te g ra b le  den sity  g . W e 
ca lcu la te  th e  q u a n ti ty  Z l a t  t =  0 u n d e r  th e  co n d itio n :

^ g ( x ) d 3x  =  +  1 . (15)
W e h av e

TZ2=Z> =  -A - { z 2{Qcp*cp +  cp*Q<p)d*x. ( 16 )

A fter sim ple ca lcu la tions we find  t h a t :

Z 2 =
a a

а к ,
d3 К Ъ # к . .

CO*
(16 ')

T his exp ression  is n o n -d e fin ite , th e re fo re  th e  d en sity  g {x, 0) can n o t be  t r e a te d  
as a d e n s ity  o f an y  p ro b a b ility .

I t  m ig h t be  ex p ec ted  th a t  such  “ an o m alies”  in  th e  behav iou r o f  g(x)

arise on ly  w hen  th e  d e n s ity  g(x) is c o n c e n tra te d  w ith in  A x  ~ ----- . B u t th is
me

is n o t th e  case: g(x) m ay  assum e n e g a tiv e  values also  w hen  Ax  ~  K/mc (see 
A p p en d ix  I I B  an d  IIC ). T ak in g  A  in  th e  form

А  (К)  =  A  (со) — f  

we fin d

CO

Z 2 ■

l /со312, CO/ COq

I / ' I 2 -  -4£2 IЯ
Ü .
f 2

d3 | . (16)

|>m
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I t  is n o t d ifficu lt to  choose a fu n c tio n  /  such  t h a t P 4£2 ! / l 2 о
T h en  i t  is seen th a t  a t  mg -> со , Z 2 =  0 and  w e com e to  th e  s ta te  w ith  a well 
localized  d en sity  i.e. a  d en sity  w h ich  a t t =  0 is c o n c e n tra ted  w ith in  an  
a rb itr a ry  sm all reg ion  A Z  ~  h/co0 —> 0 (see A p p e n d ix  I I I ) .

T h u s , as fa r as th e  possib ility  o f loca liza tion  is concerned , th e  s itu a tio n  
is q u ite  sim ilar to  t h a t  w hich ta k e s  place for th e  D irac  p a r tic le . H ow ever, 
th e  q(x , t) for th e  spin less p a r tic le  m ig h t n o t b e  in te rp re te d  as th e  d en sity  
o f th e  p ro b a b ility  to  d e te c t th e  p a r tic le  n ear th e  p o in t x  a t  m o m e n t t .

T h e  q u a n ti ty  p(3c, i) should  be  considered  as a pu re ly  “ f ie ld ”  q u a n ti ty  
re p re se n tin g  a sp in less p a rtic le  in  space-tim e.

C. N ow  we con sid er th e  b e h a v io u r  of re la tiv is tic  w ave p a c k e ts  in  th e  
course  of tim e . All th e  s ta te ;  d iscussed  above localized  a t  t =  0 a re  sp read ing : 
th e  q u a n tit ie s  A X 2, A Y 2> A Z 2 in c rease . H ow ever, th is  increase  is such  th a t  
u n d e r  c e r ta in  co n d itio n s  i t  m ay  b e  sa id  th a t  th e  re la tiv is tic  p a c k e t  is m o v 
in g  d u rin g  a r a th e r  lo n g  tim e  T  conserv ing  its  c h a ra c te r is tic  size.

In  o th e r w ords, th e  change in  th e  p a c k e t size d u rin g  t im e  T  m ay  be 
sm a ll co m p ared  w ith  its  in itia l size even fo r lo n g  tim e  in te rv a ls . H ere  a 
lo n g  tim e  in te rv a l im p 'ie s  an  in te rv a l  such t h a t  R  =  cT § > A X ,  A Y ,  A Z  
w here  A X ,  A Y ,  A Z  a re  ta k e n  a t  t =  0, C is th e  v e lo c ity  of lig h t.

I t  is easy  to  show  th a t  th e  p a c k e t  w id th .d n  me a s u r e d  in  th e  d irec tio n  p a 
ra lle l to  th e  p a c k e t m o tio n  in c reases  w ith  f a cco rd in g  to  th e  law :

Ab (t) =  4 2I (0) +
4 2I (0) E '

V2 t* (17)

a n d  th e  w id th  A ± m easu red  in  th e  d irec tio n  p e rp en d icu la r  to  th e  p a c k e t 
m o tio n  increases acco rd in g  to  th e  law

A\{t ) A2. (0) -)------------ V212 =  A\  (0) +
lV ’ Zli(O) 1

n
m2 c2

1 m 2
A[ (0) I P

t2 . ( I T )

H ere  к is th e  p a r tic le  w ave l e n g th ,« ------ is th e  p acket  v i t oc i ty ,  m  is th e  p a r tic -
3 p

le re s t  m ass, d 2(0) is th e  value o f  A2(i) a t  t =  Э ( s e e  A p p m i ix  IV ). F ro m  
th ese  eq u a tio n s  i t  follow s th a t

if

A2 ( t ) - A 2(0) 
A2(t)

( 18)

R  = c t  <
Zl2 (0) (18 ')
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N ow  we com e b a c k  to  th e  co n d itio n s  (1), (1’) a n d  com bine th e m  w ith  th e  
re su lt  (18 '). W e f in d  th e  in eq u a litie s :

A —  >  g> d  g> Я 
Я

(19)

w h ich  can  be  rea lized  fo r a n y  t u n d e r  th e  co n d itio n  th a t  Я —>■ 0 (i. e. i> ->c).
T h is im p o r ta n t  co n d itio n  o f a possible lo n g  ex istence  o f  a localized 

re la tiv is tic  p a c k e t  is ex c lusive ly  th e  re su lt o f re la tiv is tic  effects: d e la y  of the  
c lo ck  in  a m o v in g  fram e  o f re fe ren ce  an d  in c rea se  of th e  p a r tic le  m ass 
w ith  in c rea s in g  v e lo c ity .

D . S u m m ary :
T h e  p re s e n t d a y  th e o ry  in  a fo rm a l w ay  (because  th e re  is n o  p ra c tic 

a l w a y  to  c o n s tru c t  a n  a rb itra ry  n a rro w  sp lit) p e rm its  o n e -p a rtic le  s ta te s , 
w h ich  are  loca lized  in  space  w ith  a n y  degree o f a c c u ra c y  A -> 0, a n d  for the

d 2
tim e  in te rv a ls  T  < —— - > o o  a t  Я-^-O. T h is gives th e  p o ss ib ility  to  fo rm u la te  con-

Я c
d itio n s  of m acro sco p ic  c a u sa lity  d ire c tly  for th e  S -m a trix , ta k e n  on the  
m ass a n d  en e rg y  su rface .

A ppendix I

A. T h e  sp in o r  Ur (P,<x) can  be w r it te n  for E  >  0 in  th e  fo rm  (see [5]): 

r =  1 , r =  2 ,

U (1) =  N ,  U (  1) =  0 ,

17 (2) =  0 , U (2) =  N ,

U (  3) =
m  -f- E  
P Z N  ’

1 /(3 ) =
I I*  N  
rn E

U (4) =
m E  

IA N
U  (4) =

P Z N
m  -(- E

N  = , V a
E

I I  =  P x +  i P y

( 1 )
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H en ce , i t  is seen t h a t  th e  trace s  o f b ilinear co m b in a tio n s  fo r  r =  1 and  
2 are  id en tica l. A sim ple c a lc u la tio n  gives

9 U* d U
9 P z  9 P z

E

I
8

1 I

E 2

1 +

1 +

m
E E e

P i

E j

+
E*

+
1 m2 P i 2 P i mP%

l m 2 m
E 2

m
1 +  — E e 1 H— 1 +  —

E E £

+

m P 4z
f m 2
1 +  —

E

X 1 +  1/2 m
Y

+  1/2

> 0 .

(E 2 -  m2 -  P I )  P j  
E 6

E 3

I + E

N o tin g  th a t

f in d

p2 d Q  =  — p 2
3 J

M  =
4 л .

9 U* 9 U

9 P z  9 P z
d Q

P*7 d ü  =  —  P i 
5

P  <s me 

P  's> me

4 m2

1 1
3 P 2

X

M
4 m2

1 4 ni2 1

4m2 3 P 2 f  

T h e  in te g ra l of M  (£) is o f th e  fo rm

. m
Í  X -----

h
m =  j ’  | / ( f ) i 2 i 2 d f M

p j n0

h
m =  C  ! / ( f ) | 2 £ 2 d f M + + IJ

0 P o i

( 2 )

(3)

(4)

( 5 )

( 6 )
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T h is  in te g ra l te n d s  to  zero  a t  ----- —> 0 since th e  reg io n  w here M  (£) ^  -------
P о 4m2

m m  1
red u ces  is -----. A t ------—*■ o o  i t  is f in i te  an d  e q u a l to  --------•

Po Po 4m2
B. L e t us co n sid e r th e  c o n n e c tio n  betw een  th e  w ave fu n c tio n  re p re se n t

ing  th e  s ta te  localized  ab o u t th e  p o in t  X  — X '  a n d  th e  d fu n c tio n . W e

d en o te  th is  fu n c tio n  b y  Wz , (X ,  a )  w here  a  ^ ------. I t  can be  o f  th e  form

Ï V ( X , a ) ~

_  ( X - X ' y  

e a2

I' a ( ? )

T his fu n c tio n  leads to  (X  — X ') 2 =  a2 so th a t  a t  a -*■ О, (X  — X ') 2-> 0 th e  
fu n c tio n  ipx- (X , a ) / f a  h as  a lim it ö ( X  — X ')  a t  a —>- 0

(X ,  a ) /K « -v  V x . (X ) =  à (X  -  X ') .
a-*0

T herefo re

X  4>x . (X , a) =  X ' w x . (X , a ) +  f a ( X - X ' )
f a

( 8)

(9 )

T h e la s t  te rm  te n d s  to  zero a t  a 0 ow ing to  (8) a n d  th e  re la tio n  (X  — X ')  X  

XÔ(X  -  X ')  =  0.

A ppendix  II

A. U su a lly  th e  F o u rie r  re p re se n ta tio n  for th e  sca lar fie ld  is w ritte n  in  
th e  fo rm

<P
=  f  c (IQ e 

2w

i  K X
d:i К c ( K )

f  2w
U x ( X ) d ' K  =  [ A ( K ) U z ( X ) d Q  (1)

A ( K ) ,  in  c o n tra s t to  C(K)  is n o t a scalar.
B . T h e  fa c t t h a t  th e  q u a n t i ty  q(X ,  t) is n o n -d e fin ite  is seen  from  th e  

fo llow ing exam ple . W e p u t

c ( K )
CO

c{ e
(K-K )» 

2b2

CO
+

c2 e
( K - K 2) 2 

2 b 2

CO

( 2)
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W e fin d  q(X ,  0)

<p(x) =  cx
№ + « х

2b2
d2K  +  Co1 e■J-

« Ä +iK X2 6»
d2K . (3)

F o r  s im p lic ity  we assum e th a t  (K i  — Kj, ) b. F u rth e r

b’X !

Qcp — cf e
-ÍK, X

b ' X ■

+  c*e
- i K ,  X

F ro m  here
b’X1

Q ( X x 0 )  =  —  ( Q  <p<p - f  cpQcp) =  e

+  1—— cos ( A K  X  +  cp) +  1 21 cos (А К  X  +  <p) +

(4)

w here  cp =  arg  ——. Now we believe  th a t  col §> cov  | сг| , | c2 | a re  co m p arab le .

T h en
b'X■

Q(X,0) =  e 2 + cos (A К  • X  <p) \ . ( 5 )

I t  is seen th a t  if >  1 th e n  q{X,  0) p e rio d ica lly  changes th e  sign.

T he d en sity  in  th is  case is n o t too  s tro n g ly  localized ( it  w as assu m ed  

th a t  b is sm all) an d  in an y  case th e  q u a n ti ty  A X 2 =  —  is b y  no m eans con-
b2

n ec ted  w ith  th e  C om pton  w av e-len g th  fb/mc .
C. N egative  values o f А л.2. N ow  we tu r n  to  th e  case o f  one d im ension . 

E q . (34) reads now

A Z 2 =
8 К 1/4 A 2 -

K 2
dK.

W e p u t  A  =  1 fo r со =  j/ K 2 -f- 1 <  Q g> 1

A  =  e - a2/2(<"-ß)2 m >  Q
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( th e  p a r tic le  m ass is ta k e n  to  be u n ity ) . Going over to  th e  in te g ra tio n  over 
a> we ge t

1/2 A Z 2 =  Г e - a ^ - o ) 2 a 4

n
Q

f i l  1
1/2 d to

1/4 f
(, m2 1 2 0/ n49 d соp —a 2( œ - Q ) 2J1 0>2 J w2 1

Q
[ - 2 J О)2

(a> — Q)2 1 - d a> —

( 7 )

I t  is su ff ic ie n t to  consider th e  firs t tw o  in teg ra ls .
A ssu m in g  a (со — Q) =  £ we f in d  t h a t  th e  f irs t  in te g ra l will b e  o f  th e

7Z TC
o rd er a a n d  th e  second is s im p lv  ca lcu la ted  an d  for ß g > l  is — 1/4 —  = -------- .

V ’  4 16 ’
Л ~л¥г 71 йth e  th ird  in te g ra l is f a r  sm aller. A t  a <4 —— > AZ* ~  — ------- ----- . I n  th e

16 8 m2 c2
case of th re e  d im ensions, u n d e r  th e  n o rm a liza tio n  co n d itio n  (31) w e h av e  
n o t succeeded  in  find ing  a n  exam ple w ith  A Z 2 <C 0 •

A ppendix I I I

L e t u s  consider a re la tiv is tic  p a c k e t  described b y  th e  field <p(X, t)

< p ( x , t ) = j=  f « W  ciKKX-wt) d3K  , ( 1 )

• a<p*(xl t ) э  t ■J**«*»е - Ц К Х -mt) & K ( 2)

T he d e n s ity  q(X ,  t) is d e te rm in ed  b y  th e  expression

e ( X 1 *) =  Y
d m *  9 <p '

<P -----------93 —9 1 9 1
(3)

9 <p
T he lo ca liza tio n  will be s tro n g  if  cp o r ------are s tro n g ly  localized, W e choose

9 1
(C(K)  in th e  form

(K—K,)*
c(K)  =  N e  262 , (4)
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w here N
]/bs

. T h en

Э <p (X , t)
0 Í

=  — i N  e
(K-K,)* .

26* +,KX d3K

2 a 2

f a  ’

( 5 )

w here  a  ~  — . A t a -»  0 th is  fu n c tio n  is a rb itra r ily  s tro n g ly  localized  ab o u t
b

X  =  0. T he connection  o f such a fu n c tio n  w ith  th e  ô fu nc tion  w as considered  
in  A p p en d ix  IB .

A ppendix IV

W e ca lcu la te  th e  sp read in g  o f  a re la tiv is tic  p a c k e t s ta r t in g  from  its 
re p re se n ta tio n  in  th e  fo rm  ( I I I .  1) an d  ta k e  c(K)  in  th e  form  ( I I I .  4). I f  b is 
n o t to o  large  th e n  th e  fie ld  (p(X, t) can be re p re se n te d  in  th e  fo rm :

<p (X , t) — -----e I  (X , t),
CO,

w here

I ( X , t )  =  e
( K - K  i) 

26»
+ í (K-Kl,X )-í(a>-ra i) í d3K.

0 )

( 2)

F o r defin iteness we p u t  К ! =  { K x ^  0, 0). T hen

1
2CO-L

ы — wi — — ~  4x  +  (Чх +  Чу +  4z)  — 1/г ~  Чх’
со. со?

( 3 )

w here  q =  К  — K j . A sim ple c a lcu la tio n  y ields

(x-v,o* v*+z*

I  (X x t) =  A  (t) e
i a ( X J ) - 2211,(0 2JK0 (4)

w here  A(t) is a slow ly chang ing  q u a n ti ty ,  a  is a rea l n u m b er an d  th e  q u a n titie s  
Aiiit)  an d  A2j^(t) are

A \ A t ) =  1 +  b2mi t2 . 
w  b2 co6

(5)

1 b2
rr o r

(5 ')
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P u t t in g  —  =  Zl2(0) th e se  fo rm ulae  can  be re w ritte n  in  th e  form
62

A l  (t) =  A2 (0) +  — —  —  V 2 t2 , 
zl2 (0) E 4

(6 )

j ? ( 0  =  ^ 2 (o) -1— —  f 2*2 . 
i W  W  Zl2 (0)

(6 ' )

H ere  Я =  —  , P  is th e  p a rtic le  m o m en tu m , F  = ---- is its  v e lo c ity . F rom
P  E

th e  f ir s t  fo rm u la  i t  ife seen th a t  fo r m  =  0 th e  w av e  p ack e t does n o t  sp read  
in  th e  lo n g itu d in a l d irec tio n  as is necessary  fo r p a rtic le s  w ith o u t re s t m ass 
(in  th is  case th e re  is no d ispersion  o f th e  de B rog lie  w aves). T h e  fo rm ula  
fo r  zJj(t) can  also b e  derived  from  d iffrac tio n  th e o ry  (see [6]). T h e  increase 
o f th e  beam  w id th  due  to  d iffrac tio n  is d e te rm in ed  b y  th e  m u ltip lie r

a2 sir.1 Ô i (7)

w h ere  a is th e  d ia m e te r  o f th e  d iap h ra g m , orifice , Я is th e  w av e  le n g th , ê  is 
th e  ang le  defin ing  th e  beam  w id th . T he w id th  Q =  R  sin # , w h ere  R  — Vt  
is th e  d is tan ce  to  th e  d iap h rag m .

T herefo re

-sine£ ---
e

6*
' V*i*

(8)

so th a t
À2

Л2 =  —  V 2t2 (9)

acco rd in g  to  eq. (6) for A2,.
T his fo rm u la  can  also be  rep re se n te d  in th e  a lte rn a tiv e  fo rm

Л 2
4  =  —a2

m
E

err ( 10)

w h ere  A 0 = ----- . In  th is  fo rm ula  th e  m u lt ip l ie r -----  ch a rac te riz in g  th e  delay
me E

o f th e  clock is c lea rly  seen.

Acta Physica Academiae Scienliarum Hungaricae 22, 1967



ON LOCALIZATION OF RELATIVISTIC MICROPARTICLES 319

REFERENCES

1. С. Швебер, Введение в релятивистскую квантовую теорию поля и ИИЛ, (1963), гл.
3 ,  §  3 .

2. T. D. N e w t o n  and Е. Р. W ig n e r , Rev. of Mod. Phys., 21, 400, 1949.
3. А. И. Ахиезер, В. Б. Берестецкий, Квантовая электродинамика, ГИФМЛ 1959.
4. Д. И. Блохинцев, Препринт Р—1091, Дубна, 1962.
5. В. Гайтлер, Квантовая теория излучения ИИЛ, 1956, гл. 3, §11.
6. Н. Мотт и Г. Месси, Теория атомных столкновений, ИИЛ (1951), гл. 1, §4.

О ЛОКАЛИЗАЦИИ РЕЛЯТИВИСТСКИХ МИКРОЧАСТИЦ В ПРОСТРАНСТВЕ
И ВРЕМЕНИ

Д . И . Б Л О Х И Н Ц Е В

Р е з ю м е
Нынешняя теория формально позволяет одночастичные состояния, локализован

ные в пространстве произвольной точностью. Это дает возможность для сформулиро- 
вания условия макроскопической причинности прямо для S-матрицы.
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CALCULATION OF THE n + -  n° MASS 
DIFFERENCE

By

A .  F r e n k e l , M. P o sc h , G .  S u r á n y i  a n d  P. S u r á n y i

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

A bstract

A n a t te m p t  has been m ad e  to  ca lcu la te  th e  n + — n°  m ass  d ifference 
((m + — m0)exp =  -f- 4,7 M ev) on th e  basis o f  isospin c u r re n t  algebra. T h e  
c o n tr ib u tio n  o f th e  low est л °y in te rm e d ia te  s ta te  tu rn e d  o u t to  b e  -)- 1 M ev, 
w hile t h a t  o f th e  coy s ta te  equals -f- 8,8 M ev. I n  th e  ca lcu la tio n  th e  H o fs ta d te r  
fo rm -fac to rs  h av e  been  a p p ro x im a te d  b y  fu n c tio n s  o f th e  ty p e  Л 2m 2e ( Л 2 — t) ~ 1 
(nig — i)_1 an d  fo r th e  coy case th e  fo rm -fa c to r  has been n o rm alized  to  th e  
observed  Г(со ->  л°  у) ^  1,26 M ev decay  ra te .  T he re su lt show s th a t  th e  
low est л°у  s ta te  does n o t m ake a d o m in a n t c o n tr ib u tio n  an d  t h a t  e ith er m u c h  
m ore  co n v erg en t fo rm -fac to rs or non-neg lig ib le  neg a tiv e  c o n tr ib u tio n s  to  th e  
m ass-d ifference  are  needed  to  g e t th e  e x p e rim e n ta l resu lt.

ВЫЧИСЛЕНИЕ РАЗНОСТИ МАСС л*  И л° МЕЗОНОВ
А. Ф Р Е Н К Е Л Ь , М. ПОШ , Г. Ш УРАНИ и П. Ш УРАНИ

Р е з ю м е
Оценена разность масс л+ и л" мезонов ((ни — т 0)эксп =  4,7 Мэв) на основе ал

гебры токов изоспина. Вклад низшего промежуточного состояния л °у  составляет + 1  
Мэв, а вклад wy состояния равняется +8,8 Мэв. При расчете форм факторы Гофштадтера 
были представлены функциями типа Л2т§(Л2 — í) -1(m| — /)-*, и для случая соу состояния 
форм фактор был нормирован при помощи экспериментального значения Г(ы —> л°у) 

1,26 Мэв. Результат показывает, что низшее состояние л°у  не дает доминирующего 
вклада и что для согласия с экспериментальным значением разности масс необходимы или 
форм факторы, сходящиеся намного сильнее использованных нами, или же нужны другие 
вклады со знаком минус.
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RESTRICTIONS ON THE CURRENTS AND SUM
RULES

G. PócsiK
INSTITUTE OF THEORETICAL PHYSICS, ROLAND E5TVÖ3 UNIVERSITY, BUDAPEST

A b stra c t

T h e  g enera l p ro p e rtie s  o f a se t o f  n o t n ecessa rily  conserved c u rre n ts  
in te ra c tin g  w ith  m assive  v e c to r  p a r tic le s , th e  p o s it iv ity  a n d  selected  p ro b lem s 
a re  ex am in ed .*  F ro m  th e  p o s itiv ity  so m e re s tr ic tio n s  on th e  c u rre n ts  are 
o b ta in e d . I t  is show n t h a t  all th e  c o n v en tio n a l ferm ion  c u rre n ts , e.g. 
w eak  c u rre n ts , c o n tra d ic t th e  p o s it iv ity .

ОГРАНИЧЕНИЯ НА ТОКИ И ПРАВИЛА СУММ
г. почин

Р е з ю м е
Исследованы общие свойства ряда не обязательно сохраняющихся токов, взаи

модействующих векторными частицами с массой, а также положительность и особые 
проблемы. Из положительности получены некоторые ограничения на токи. Показано, 
что обычные фермионные токи, т.е. слабые токи, противоречат положительности.

* G. PócsiK, Nuovo Cimento, 43А, 541, 1966.
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By

F .  CsiKOR a n d  G .  PÓCSIK

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST

A b strac t

R estric tio n s  on th e  c u rre n ts  arising  from  p o sitiv ity  a re  stud ied  in  b o th  
v ec to r  boson an d  co n v en tio n a l th eo ries  o f  w eak in te ra c tio n s .*  I t  is show n  
th a t  th e  u su a l d e fin ition  o f th e  c u rre n t does n o t fu lfil th e se  re q u irem en ts . 
T h e  co rrec t expression  fo r th e  c u rren t w h ich  satisfies a ll th e  p re sc rip tio n s , 
is also given.

О СТРУКТУРЕ СЛАБЫХ ТОКОВ 
Ф. ЧИ КО Р и г. п о ч и н

Р е з ю м е
Ограничения, навязаные условием положительности на токи, изучены и в теориях 

с векторными бозонами и в конвенциональных теориях слабых взаимодействий. Показано, 
что обычное определение тока не удовлетворяет этим требованиям. Дано правильное 
выражение тока, удовлетворяющее всем требованиям.

*F. CsiKOR and G. P ó c s ik , Nuovo Cimento, 42A, 413, 1966.
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Acta Physica Academiae Scientiarum Hungaricae, Tomus 22 (1 —4), p. 324 (1967)

By

N . D o m b e y

RUTHERFORD HIGH-ENERGY LABORATORY, CHILTON NEAR DIDCOT, BERKS. ENGLAND

A bstrac t

C om plex  p o te n tia l m odels of p ro to n -p ro to n  h ig h -en e rg y  large ang le  
s c a tte r in g  a re  in v es tig a ted . O n e  finds t h a t  th e re  are tw o  essen tia lly  d iffe re n t 
k in d s  o f p o te n tia l  w hich g e n e ra te  e x p o n e n tia lly  sm all s c a t te r in g  am p litu d es .

МОДЕЛИ РАССЕЯНИЯ ПРИ ВЫСОКИХ ЭНЕРГИЯХ
Н. ДО М БЕИ

Р е з ю м е

Изучены комплексные модели потенциалов для протон-протонного рассеяния на 
большие углы при высоких энергиях. Найдено, что существуют два существенно разных 
сорта потенциалов, которые приводят к экспоненциально падающим амплитудам рас
сеяния.
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Theorie der Wärmestrahlung
V orlesungen  von  M A X  PL A N C K

M it e inem  G ele itw ort von  Prof. D r. H . F a lk e n h a g e n , R ostock  

6. A uflage

1965. X I I ,  221 S e iten  m it 6 A bb ildungen  

Leinen 16,50 M DN

Unter den epochemachenden Errungenschaften auf dem Gebiete der Physik ist die 
Entdeckung und Berechnung des elementaren Wirkungsquantums h durch Max Planck 
eine der wesentlichsten. Er ist damit als Schöpfer der Quantentheorie in die Geschichte 
der Physik eingegangen. Die große Tragweite dieser Entdeckung liegt nicht zuletzt 
darin, daß bis in die neueste Zeit alle Anwendungen und Verfeinerungen der Theorien 
bedeutender Physiker wie Albert Einstein, Louis de Broglie, Werner Heisenberg u. a. 
letztlich ihre Grundlage in dieser fundamentalen Entdeckung Max Plancks haben.

Klassische Arbeiten deutscher Physiker
Herausgegeben von der Physikalischen Gesellschaft in der Deutschen 
Demokratischen Republik
Heft 1

Grudlegende Abhandlungen über die X-Strahlen

Von W. C. RÖNTGEN
1954. 42 Seiten mit einem Porträt. Kartoniert 2,70 MDN

Die Technik: Es ist sehr zu begrüßen, daß die Originalarbeiten Röntgens über seine 
Entdeckung der X-Strahlen neu herausgegeben worden sind. Das Studium der kleinen 
Schrift führt uns die Größe der Entdeckung Röntgens vor Augen und zeigt, daß er 
dank seiner Gründlichkeit bereits die wichtigsten Eigenschaften der X-Strahlen fest
stellen konnte. Das Studium der Schrift kann sehr empfohlen werden. Freyer

Heft ̂ 2
Interferenzerscheinungen bei Röntgenstrahlen

Von W. FRIEDRICH, P. KNIPPING u. M. v. LAUE
1955. 36 Seiten mit 3 Abbildungen und 4 Tafeln. Kartoniert 3 ,— MDN

Röntgen- und Laboratoriumspraxis: Nachdem im ersten H eft die grundlegenden Ar
beiten Röntgens ahgedruckt worden waren, folgt jetzt im zweiten Heft der Serie die 
originalgetreue Wiedergabe der Veröffentlichung von Laue, Friedrich und Knipping 
aus dem Jahrgang 1913 der „Annalen der Physik“ über Interferenzerscheinungen bei 
Röntgenstrahlen. Es ist außerordentlich reizvoll, den grundlegenden theoretischen  
Ausführungen zu folgen, die Laue über die vermutliche Wellennatur der Röntgen
strahlen und die Möglichkeit, sie m it Hilfe von Interferenzerscheinungen an dem 
regelmäßigen Raumgitter von Kristallen zubeweisen, in dieser Arbeit gem acht hat. Gj.
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