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THE LORENTZ PRINCIPLE AND THE GENERAL 
THEORY OF RELATIVITY

PART I

HOMOGENEOUS PROPAGATION OF LIGHT

By

L. J Á N O S S Y
CEN TRA L R ESEA R C H  IN ST IT U T E  F O R  PH Y SIC S, BU DA PEST

(R eceived 23. X I. 1965)

This paper is the first of a series in which the  form ulation of th e  general theory of 
re la tiv ity  in  term s of the Lorentz principle is a ttem pted . In  this first p a r t the Lorentz tran s
form ation is generalized so as to be applicable to p a rts  of space where light is propagated 
homogeneously b u t possibly unisotropically. I t is show n th a t the Lorentz principle in its 
ord inary  form rem ains valid for such regions.

In troduction

§ 1. In  th e  p re sen t a r tic le  we show t h a t  th e  L oren tz  p rin c ip le  w hich 
we h av e  fo rm u la te d  in  a n u m b e r of papers [1] — [4] can  be genera lized  so as 
to  ap p ly  to  th e  p rob lem s of gen era l re la tiv ity . J u s t  as in  th e  case o f th e  special 
th e o ry , in  th e  genera lized  form  th e  princip le  leads to  a m a th e m a tic a l form alism  
e q u iv a len t to  t h a t  o f th e  g enera l th e o ry  o f re la t iv i ty . T he ap p ro a c h  th ro u g h  
th e  generalized  L o ren tz  p rin c ip le  gives, how ever, new  ph y sica l a sp ec t to  th e  
p rob lem s. In  p a r tic u la r  a lth o u g h  th e  m a th e m a tic a l fo rm alism  o f R iem ann  
g eo m e try  is m ade use of th e  co n cep t of cu rv ed  space is le ft o u t o f th e  con
sid e ra tio n s. W e hope  to  come b a c k  to  th e  p h ilo soph ica l aspects  o f  th e  prob lem  
elsew here, here  we t r y  to  re s tr ic t  ourselves to  su ch  an  e x te n t as possible to  
p h y sica l consid era tio n s only.

§ 2. O ur consid era tio n s s ta r t  from  th e  fa c t t h a t  th e  m ode o f  p ro p ag a tio n  
o f  lig h t is affected  b y  g ra v ita tio n a l fields. In  a g ra v ita tio n a l fie ld  th e  p ro p a g a 
tio n  o f ligh t can th u s  n o t an y  m ore  be regarded  to  be  iso trop ic  a n d  th e  velocity  
o f p ro p ag a tio n  m a y  v a ry  b o th  in  tim e  and  w ith  location .

So as to  be ab le  to  genera lize  th e  L o re n tz  princ ip le  to  th e  case of 
inhom ogeneous m ode o f  p ro p a g a tio n  of ligh t we sh a ll, as a f irs t s te p , generalize 
th e  L o ren tz  tra n s fo rm a tio n  to  reg ions w ith  hom ogeneous m ode o f p ro p a g a 
tio n . In  th e  p resen t P a r t  I o f th is  w ork  we shall g ive th e  g en era liza tio n  o f th e  
L o ren tz  tra n s fo rm a tio n  to  th e  case of u n iso tro p ic  b u t  w h a t w e shall call 
hom ogeneous m ode o f  p ro p ag a tio n  o f  ligh t. In  P a r t  I I  we shall fu r th e r  generalize 
th e  L o ren tz  tra n s fo rm a tio n  to  th e  case of inhom ogeneous p ro p a g a tio n  of ligh t.

I t  will be seen th a t  th e  L o re n tz  princip le w h en  in te rp re te d  in  te rm s of 
th e  L o ren tz  tra n sfo rm a tio n  th u s  generalized  y ie ld s  essen tia l p a r ts  of th e  
fo rm alism  of general th e o ry  o f re la tiv ity .
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2 L. JÁ N 0S SY

In  P a r t  I I I  we sha ll re - in te rp re t th e  co n sid e ra tio n s o f E in s te in  g iv ing 
th e  con n ec tio n  be tw een  g ra v ita tio n a l fie ld  an d  its  sou rces. W e shall th u s  give 
th e  con n ec tio n  b e tw een  th e  m ode o f p ro p a g a tio n  o f l ig h t and  th e  sou rces of 
g ra v ita tio n .

W ith  th e  co n sid e ra tio n s of P a r t  I I I  we shall a rr iv e  from  our ap p ro ach  
a t  th e  w hole of th e  m a th e m a tic a l fo rm alism  of th e  gen era l th e o ry  of re la tiv ity .

§ 3. L e t us consider p a r t  o f space  in  w hich lig h t is p ro p a g a te d  uniso- 
tro p ic a lly  so th a t  th e  v e lo c ity  of lig h t in  d iffe ren t d irec tio n s should  be d iffe ren t. 
L e t us suppose , how ever, th a t  th e  d irec tio n a l d is tr ib u tio n  is th e  sam e in 
d iffe ren t po in ts  an d  th a t  it  does n o t  v a ry  in  tim e . T h u s  suppose t h a t  th e  
v e lo c ity  of p ro p a g a tio n  of lig h t can  be w ritte n  as

. . . . in d ep en d en t o f r , f
xa(x)  fo r an y  d irec tio n  и ( )

w here  к  is a u n it  v ec to r.
F u rth e rm o re  we shall re s tr ic t  th e  fu n c tio n  а("л). Supposing t h a t  ligh t 

is p ro p a g a te d  u n iso tro p ica lly  in  th e  m an n e r as w e know  lig h t to  be  p ro 
p a g a te d  in  a hom ogeneous b u t  u n iso tro p ic  m ed iu m , we m ay  su p p o se  the  
follow ing connection  be tw een  th e  v e c to r  r  p o in tin g  fro m  a p o in t P  to  Q and  
th e  m easu re  o f tim e  t in  w hich a signal s ta r tin g  from  P  reaches Q,

rG r — cgt2 =  0, (2)

w here  G is a sy m m etric  po sitiv e  d e fin ite  te n so r w ith  com ponen ts G,-* =  G*/, 
i ,  к  =  1, 2, 3 an d  c0 is a ve lo c ity . T he p a r tic u la r  case G =  1, c0 =  c, i.e . Gl/C =  
=  óik co rresponds to  th e  iso tro p ic  p ro p ag a tio n  o f lig h t.

§ 4. So as to  generalize  (2) a l i ttle  fu r th e r ,  we m ay  su p p o se  th a t  
th e  ca rr ie r  o f lig h t m oves w ith  th e  c o n s ta n t v e lo c ity  v re la tiv e  to  our sys
te m . I f  we describe th e  p ro p a g a tio n  of lig h t w ith  resp ec t to  a sy s tem  K ' 
in  w h ich  th e  ca rr ie r  o f lig h t is a t  re s t, th e n  we f in d  fo r th e  co o rd in a tes  of 
th e  tw o  p o in ts  P  a n d  Q w hich  a re  a t  re s t w ith  re sp e c t to  th e  sy s te m  К :

Tp(t) =  a — vt, I ^

*q(0  =  a  — vt +  r ] •

I f  a signal s ta r ts  a t  t — tx from  P  an d  arrives a t  t =  í2 in  Q we h a v e  to  w rite

(rp(*i) — Fq(î2)) G (rp(tj) -  r ’Q(t2)) -  cl{tx -  t2)2 =  0.

R ew ritin g  th e  above re la tio n  an d  w ritin g  t0 — tx =  t we fin d  w ith  th e  help 
o f (3)

rG r +  2 rV  t -  c2t2 =  0,

Acta Physica Academiae Scientiarum Hungaricae 21 .1966



T H E  LO REN TZ P R IN C IP L E  AND T H E  G EN ER A L T H EO R Y  OF R E L A T IV IT Y , I. 3

w here we w ro te  Gv =  V an d  c2 =  cl — vV. T h e  above re la tio n  can also h e  
w ritte n

xgx = 0, (4)

w here we suppose x to  be a fo u r-v ec to r w ith  com ponen ts

X =  r ,  t

a n d  g is a sy m m etric  te n so r  of th e  fo u rth  o rd e r  w ith  co m p o n en ts

g = lG
(V

( 5)

In  th e  follow ing we shall say  th a t  l ig h t is p ro p ag a ted  hom ogeneously  
in  a region i f  th e  p ro p ag a tio n  inside all p a r ts  o f  th is  region can  be described  
b y  re la tio n  (4) an d  th e  te n so r  g has th e  fo rm  (5).

W e suppose th e  com ponen ts o f g to  b e  in d ep en d en t o f  x fu rth e rm o re  
we suppose —g44 =  c2 >  0.

A p a r tic u la r  case of (4) an d  (5) is th e  case considered  in  p rev ious 
w orks, (see fo r in s tan ce  [1 ]), i.e.

хГх =  0 w ith  Г

1 0  0 0 
0 1 0  0 
0 0 1 0  

V0 0 0 — c2 '

( 6 )

§ 5. Suppose re la tio n  (4) (w ith  given e lem en ts  of th e  te n s o r  g) is v a lid  
in  th e  m easures o f a sy stem  of reference K .  W e can  form  tra n sfo rm s  of th e  
co o rd in a tes , e.g.*

x ' =  S-1 x, (7 )

an d  in se rtin g  (7) in to  (4) we find

x 'g 'x '  =  01

g ' =  S g S  J
( 8 )

T h u s ta k in g  th e  tran sfo rm ed  co o rd ina tes to  re fe r  to  a system  K '  we see t h a t  
th e  p ro p ag a tio n  o f lig h t ap p ears  hom ogeneous also in th e  m easu res of K '  
h u t  th e  ten so r g giv ing th e  d e ta iled  m ode o f  p ro p ag a tio n  h as  in  general 
d iffe ren t e lem ents in  th e  re p re se n ta tio n  re la tiv e  to  K ' th a n  g rep resen tin g

* The coordinate transform ation itself m ay be an inhomogeneous transform ation, 
x as used in  relation (4) expresses a four-distance, thus it  can  be taken as th e  difference between 
two coordinate vectors e.g. x =  Xp — xq and thus its transform ation  is homogeneous.

l* Acta Physica Acaderniae Scientiarum Hungaricae 21, 1966



4 L. JÁ N O SSY

th e  p ro p a g a tio n  re la tiv e  to  К . (H ere w e denote  b y  g o th ic  sym bols q u a n 
titie s  irre sp e c tiv e  o f th e ir  re p re se n ta tio n ).

§ 6. I n  p a r tic u la r  if  w e prescribe th e  elem ents o f  th e  m a trix  g ' w e find  
a tra n s fo rm a tio n  S w hich leads from  g — g ' th u s p re sc rib ed . In d eed , p u ttin g

S =  g - V *  (9)

(8) reduces to  an  id e n tity . Thus th e  tra n s fo rm a tio n  w ith  the  m a tr ix  S as 
defined  b y  (9) seem s to  g ive  one su ita b le  tra n s fo rm a tio n , how ever, th e  t r a n s 
fo rm a tio n  m a tr ix  S d efin ed  b y  (9) h as  in  general co m p lex  elem ents. W ritin g  
g as a h y p e rm a tr ix  in  th e  form  (5) a n d  using  an an a logous n o ta tio n  fo r th e  
m a tr ix  g ' w e fin d  th a t  a m a trix  S g iv in g  th e  tra n s fo rm a tio n  (8) can  be 
w ritte n

G -И  G '1/* G-% G'K v ' V c'/c 
0  c'/c

(9a)

Since G a n d  G ' are sy m m etric  p o s itiv e  defin ite  m a tric e s , the  m a tr ix  S as 
defined  b y  (9a) has rea l e lem ents o n ly . F o r  v =  v ' o r m ore  genera lly  if

G'K v '/c ' =  GH v/c
(9a) red u ces to  (9).*

A n o th e r  tra n s fo rm a tio n  can be o b ta in e d  as follow s: denote b y  О a n d  O ' 
m a trices  w ith  th e  help  o f w hich  g re sp e c tiv e ly  g ' can  be  b ro u g h t in to  d iagona l 
fo rm ; th u s  suppose

0 -1  g O  =  D , O '—1g ' O ' =  D '.

T hus rem em b erin g  th a t  О is an o r th o g o n a l m a tr ix  o b ey in g  0  =  O “ 1 w e can 
also p u t

S =  0 'D 'K D - K Ö ,  (9b)

an d  w e f in d  th a t  (9b) a lso  satisfies (8).
B o th  tra n s fo rm a tio n s  (9a) an d  (9b) have th e  follow ing fe a tu re s :
1) I f  g ' — g th e n  S — 1.
2) T h e  m atrices th u s  defined a re  associative, i.e . if

th e n  we h a v e  also
SgS =  g ' a n d  S' g ' S' =  g"

ï" =  S "gS " .

* I am  indebted to  P. K ir á l y  for draw ing m y attention  to  th e  fact th a t the  definition (9) 
leads to  m atrices S w ith com plex elements an d  also for po in ting  out th a t th e  alternative 
definition (9a) leads to transform ation m atrices w ith real elem ents only.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



T H E  LO R EN TZ P R IN C IP L E  A N D  TH E  G EN ERA L T H E O R Y  OF R E L A T IV IT Y , I. 5

w here S, S ' an d  S "  are  all th re e  g iven  e ith er b y  expressions o f  th e  ty p e  (9a), 
or all th re e  are  g iven  b y  th e  expressions of th e  ty p e  (9b).

In  p a r tic u la r  we m ay  p u t

g ' =  r

an d  th u s  we fin d  th a t  in  th e  m easu res  of K '  th e  p ro p ag a tio n  a p p e a rs  iso trop ic . 
C onversely  even if  th e  real p ro p a g a tio n  of l ig h t is iso trop ic  w e can  c o n s tru c t 
sy stem s of references in  w hich th e  p ro p ag a tio n  o f  lig h t is c h a ra c te r iz e d  b y  an  
a rb itra r ily  given te n so r  g.

T hus from  th e  fa c t th a t  th e  p ro p ag a tio n  o f  lig h t ap p ears  hom ogeneous 
in  one re p re se n ta tio n , i t  follows t h a t  i t  ap p ears  so in  all o th e r  re p re se n ta tio n s  
w hich  are o b ta in ed  from  th e  fo rm e r b y  lin e a r  tra n s fo rm a tio n . T here ex is t 
a lw ays am ong th e  possible re p re se n ta tio n s  su c h  in  w hich th e  p ro p ag a tio n  
ap p ears  iso trop ic .

§ 7. One in fers from  th e  ab o v e  th a t  i t  is im possible to  d e te rm in e  th e  
e lem ents o f g from  th e  re su lt o f m easu rem en t o f  th e  tim es o f tra v e ls  o f signals 
o f lig h t. T h a t th is  is indeed  im possib le  we show  p re sen tly  b y  a  co n sid e ra tio n  
w hich  is a gen era liza tio n  of consid era tio n s g iv en  earlier [4].

§ 8. W e show  p re sen tly  t h a t  one can easily  generalize th e  co n sid era tio n s 
w hich  we have g iven  elsew here [2] fo r th e  case o f  iso trop ic  p ro p a g a tio n  of lig h t. 
C onsider for th is  p u rp o se  a n u m b e r o f clocks n e a r  po in ts P 0, P v  P 2, . . ., P n. 
W e show  th a t  ta k in g , say , th e  clock  P 0 as s ta n d a rd , we can  synch ron ize  th e  
rem ain in g  clocks u s in g  lig h t s ignals  betw een  th e  clocks an d  w e can a t  th e  
sam e tim e  express th e  com p o n en ts  o f th e  c o o rd in a te  vec to rs r0, r 15 r2, . . ., rn 
o f  th e  position  o f th e  clocks in  te rm s  of th e  observed  tim es  o f  trav e ls  o f 
lig h t signals.

§ 9. So as to  c a r ry  ou t th e  above  sy n ch ro n iza tio n , suppose  P 0 to  he th e  
s ta n d a rd  clock, w e m a y  synch ron ize  th e  ra te s  o f  th e  clocks P k к  =  1, 2, . . . 
b y  e m ittin g  signals w ith  a perio d  T  from  P 0 a n d  a d ju s t th e  r a te s  o f  th e  clocks 
P/( к  >  0 to  th e  ry th m  of th e  signals th u s rece iv ed .

T he p ro ced u re  o f  sy nch ron iz ing  th e  ra te s  o f  th e  clocks c a n  be rep ea ted  
b y  e m ittin g  in  tu r n  period ic  signals  from  th e  p o in ts  P v  P 2, . . ., e tc . and  i t  is 
to  be  expec ted  t h a t  th e  signals th u s  em itted  a n d  received b y  th e  rem ain ing  
clocks ap p ea r to  be  period ic  w h en  tim ed  w ith  th e  receiv ing clocks.

T he la t te r  p ro ced u re  can be ta k e n  as a t e s t  o f th e  a ssu m p tio n  th a t  th e  
v e lo c ity  o f p ro p a g a tio n  of lig h t is indeed  c o n s ta n t in  tim e a n d  also  a te s t  of 
th e  a ssu m p tio n  t h a t  th e  clocks P k, к  =  0, 1, 2 a re  in  p o sitions a t  c o n s tan t 
d is tan ces  from  each  o th e r. F u r th e rm o re  th e  p o ss ib ility  of sy n ch ro n iz in g  th e  
ra te s  of th e  clocks in  a co n sis ten t m an n er s u p p o r ts  th e  a ssu m p tio n  th a t  th e  
ra te s  o f th e  clocks a re  c o n s ta n t in d eed . We sh a ll com e back  e lsew here to  th e  
analysis  o f  th is  p ro b lem  in g re a te r  de tail.
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W e suppose  th u s  t h a t  th e  ra te s  o f  th e  clocks P k , к  =  0, 1, 2, . . . have 
b een  successfu lly  syn ch ro n ized . W e show  how  th e  c o o rd in a te  vec to rs rk of th e  
po sitio n s o f  th e  clocks can  be d e te rm in e d  in  te rm s o f  th e  tim es o f  tra v e ls  of 
signals b e tw een  th e  clocks so sy n ch ro n ized .

§ 10. So as to  o b ta in  d efin ite  v a lu es  fo r th e  coo rd inates w e define  a 
sy stem  o f reference w ith  th e  help  o f  th e  positions o f  fo u r of th e  c locks. L et 
us su ppose  th a t  P 0, Р г, P 2, P 3 lie on th e  corners o f a  n o n  d eg en e ra ted  te t r a 
h ed ro n . W e can  ta k e  P 0 to  fix  th e  o rig in  of К  w hile th e  po in ts P 15 P 2, P 3 fix  
th e  d irec tio n  o f th e  ax is  o f  th e  sy s tem  o f reference K .  I n  th e  system  th u s  defi
n ed  th e  c o o rd in a te  v e c to rs  of th e  p o sitio n s  of th e  fo u r  clocks can  b e  w ritten

r0 =  0; r x =  <tj, 0, 0; r 2 =  0 ,a 2, 0; r 3 =  0, 0, a 3 . ( 10)

T h e n u m erica l va lues o f  th e  co m p o n en ts  o f  th e  c o o rd in a te  vec to r rk, к =  1 , 2 , 3  
can  be  d e te rm in ed  from  th e  tim es o f  tra v e ls  of lig h t s ignals  p ro v id ed  th e  com 
p o n e n ts  o f  g re la tiv e  to  К  a re  k now n . T h is d e te rm in a tio n  can be c a rr ie d  ou t 
in  th e  fo llow ing m an n e r.

D en o te  th e  tim e  o f tra v e l o f  a signal from  P n to  P m b y  tn m; denote  
th e  r e tu rn  tim e  from  P n to  P m a n d  b a c k  b y

bi, m “f~ bn, n — 2 tnm ( И )

fu r th e r  d en o te  th e  d ifference

=  2 A t„ (12)
(in  th e  case of iso tro p ic  p ro p a g a tio n  o f  lig h t we h a v e  o f course A tnm =  0). 
W ritin g  fo r  th e  m o m en t

bt,m — bt’ bn, n = *2’ .
( I á )

rm — =  r,

th e n  we h a v e  fo r th e  tim es  of ex ch an g e  of lig h t s ig n a ls  betw een  P n an d  P m

rG r 2 Vrtj — c 4 \  =  0, (a )l
rG r — 2 Vrf2 — c2i |  =  0. (b){

(14)

Solving th e  above e q u a tio n s  in to  a n d  f2 we f in d  u s in g  th e  n o ta t io n s  (11)>
(12) a n d  rem em b erin g  (13)

t2Lnm = (rGr)/c2 -f- (V r)2/c4, (a)

A tnm =  V r/c2, (b)

r =  bn — *V (c )

( 15 )
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In  place of (15a) we m ay  also w rite

w here

(3)
C2fnm =  (rm- O g ( rm —  О ,  (a)

(3)
g =  G + ( V o V ) / c 2. (b)

(16)

O bserv ing  th e  tim es tnm, пт  =  0, 1, 2 , . . . w e are  in  a p o s itio n  to  d e te rm in e  
th e  com ponen ts of th e  co o rd in a te  vec to rs rn, n =  1, 2, 3, . . .. In  p a r tic u la r  
fo r n =  0, m  =  к =  1, 2, .3 we fin d  from  (16) an d  (10)

« л =  ciofc/fgfcfc* * =  1 ,2 ,3 .  

F u r th e r  in tro d u c in g  a v ec to r D(,,) w ith  co m p o n en ts

D in) Лkn _[on lok

2 a,.
к =  1 ,2 , 3.

W e fin d  from  (16a)
(3)

r ^ g ^ D W  "  =  0 , 1 , 2 , . . .

(17)

(18)

(18a)

H ow ever, (18a) gives on ly  a n ecessary  co n d itio n  w hich th e  coo rd inates r„ 
h av e  to  sa tisfy . W h e th e r th e  co o rd in a tes  as g iven by  (18a) in  term s o f  th e  
re tu rn  tim es indeed  sa tis fy  th e  re la tio n s (16) has to  be a sc e rta in ed  se p a ra te ly .

W e consider th e  p rocedure  in  som e m o re  detail. C onsidering th e  fo u r  
p o in ts  Pk, к =  0, 1, 2, 3 an d  a f if th  p o in t Р /, l >  3, we m a y  observe tw e n ty  
re tu rn  tim es betw een  th e  v a rious pa irs  o f th e  five po in ts. I t  follows from  (16) 
th a t  we m u st expec t

*пт =  1тп- n, m  =  0 , 1 , 2 , 3 ,/ . (19)

E q u . (19) gives th u s  te n  cond itions w hich  h a v e  to  be fu lfilled  b y  th e  o b se rv ed  
re tu rn  tim es if  our assu m p tio n s ab o u t th e  m ode of p ro p a g a tio n  of l ig h t  is 
to  be co rrec t.

S upposing  (19) to  be fu lfilled  by  th e  observed  v a lu e s , equ. (16a) p ro 
v ides us w ith  fu r th e r  te n  cond itions. H o w ev er, in se rtin g  (18) in to  (16a) re 
m em bering  (17) n ine o u t o f th e  te n  re la tio n s  reduce to  id e n titie s  and  w e are  
le ft w ith  one non tr iv ia l re la tio n , i.e.

(3)
c2*0i =  r / g r i- (2 °)

T he above re la tio n  gives th u s  a fu r th e r  ch eck  o f consistency  o f our a ssu m p tio n s .
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O ne fu r th e r  check is ob ta ined  if  w e consider th e  tim e a signal ta k e s  
to  go ro u n d  a trian g le  fo rm e d  of th re e  p o in ts . W ritin g  th u s

tklm =  / d-  */, m “t“ bn, к

we fin d  w ith  th e  help o f (12)

tklm —  l kml =  2 (A tkl +  A tlm +  A tmk) 

an d  w ith  th e  help  o f (15b) an d  (15c) w e o b ta in

lklm — *кт1 • (21 )

T he above re la tio n  can  b e  checked d ire c tly  b y  ex p e rim en t.
I f  all th e  checks d esc rib ed  above le a d  to  sa tis fa c to ry  resu lts  th e n  we 

m ay  co n c lu d e : T he fa c t t h a t  th e  ra te s  o f  th e  clocks c a n  be sy n ch ro n ized  
c o n sis ten tly , fu r th e r  th e  fa c ts  th a t  (19), (20), and  (21) a re  obeyed b y  th e  
observed  tim e s  o f tra v e ls  o f  signals s u p p o r t  th e  h y p o th e s is  th a t  in  th e  reg ion  
considered  l ig h t  is p ro p a g a te d  hom ogeneously  w ith  a p ro p ag a tio n  te n s o r  g.

H o w ev er, th e  checks do  no t rea lly  p ro v e  th a t  th e  p ro p ag a tio n  te n so r  
h as  indeed  th e  value g u se d  for th e  d e te rm in a tio n  o f  th e  co o rd in a tes  r n. 
In d eed , h a d  w e supposed  t h a t  th e  p ro p a g a tio n  was n o t  given b y  g b u t  by  
a ten so r

g ' =  SgS ,

w here S is a m a tr ix  w ith  c o n s ta n t e lem ents a n d  det S =/= 0 , th e n  th e  p ro ced u re  
described  ab o v e  w ould h a v e  led  to  c o o rd in a te  vectors

r n =  S- 1 rn . (22)

I t  is verified  easily  th a t  p ro v id e d  th e  rn o b ta in e d  assu m in g  th e  p ro p a g a tio n  
to  be g iven b y  g sa tis fy  th e  checks d esc rib ed  above, th e n  au to m a tic a lly  th e  
co o rd in a te  v e c to rs  v'n s a tis fy  th e  co rresp o n d in g  re la tio n s  involv ing  th e  t e n 
so r g '. W e see th e re fo re  t h a t  the analysis o f  tim es o f  travel o f  light signals can  
be used to ascertain whether or not light is  propagated homogeneously, but no 
in form ation can be obtained as to the com ponents o f  the propagation tensor g 
fro m  such m easurem ents.

I t  is in te re s tin g  to  n o te  th a t  i t  is u su a lly  s tro n g ly  em phasized t h a t  
observ ing  th e  re tu rn  tim es o f  lig h t signals o n e  canno t d e te rm in e  th e  v e lo c ity  
o f  th e  o b se rv e r re la tiv e  to  th e  carrier o f  l ig h t.

W e see fro m  th e  a b o v e  co n sid era tio n s th a t  th e  l a t t e r  s ta te m e n t c o n 
ta in s  only p a r t  o f th e  rea l fa c ts . The v e lo c ity  of th e  o b se rv e r re la tiv e  to  th e  
c a rr ie r  of l ig h t is co n ta in ed  in  th e  co m p o n en ts  Vk =  g ik , к  =  1, 2, 3 o f  g .
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As, how ever, none o f th e  com ponen ts o f g can b e  de te rm in ed  b y  th e  exchange 
o f lig h t signals, i t  follow s th a t  the observation o f  tim es o f  travels o f  signals are 
also unsuitable to determ ine whether or not ligh t is propagated isotropically  
relative to its carrier. T hus th e  a m b ig u ity  of th e  in te rp re ta tio n  o f  th e  resu lts  
is con sid erab ly  la rg e r th a n  i t  is u su a lly  su p p o sed  to  be.

§ 11. W e m ay  define as th e  m easu re  rnm o f  th e  d istance  b e tw een  th e  
po in ts  P n and  Pm as

(3)
rnm c^nm (*nm ë r nm) ~' (25)

T he above re la tio n  in  itse lf  is a m ere  defin ition  a n d  has no p h y s ica l co n ten ts. 
So as to  o b ta in  a ph y sica l s ta te m e n t we m ay  t a k e  a solid rod  A B ,  f ix  one of 
its  ends A  in  th e  p o in t P n and  tu r n  i t  ro u n d  in to  d ifferen t d irec tio n s. T he 
end  В  o f  th e  rod  th u s  will ta k e  u p  p o in ts  u p o n  a surface given b y  coo rd ina te  
vec to rs

r (*) =  *n +  l(x) , (24)

w here Z is a tw o -co m p o n en t p a ra m e te r  d e fin ing  th e  various o rie n ta tio n s  o f 
th e  rod . D ete rm in in g  th e  l(x) b y  observ ing  th e  b ehav iou r o f a rea l rod , we 
conclude from  (23) an d  (24)

(3)
l(x ) =  ( l(x )g l(x ) )»

w here l(x) is th e  m easu re  of th e  le n g th  th e  ro d  ta k e s  up  w hen is p o in ted  in to  
th e  d irec tio n  defined  b y  x.

F ro m  ex p erim en ts  of th e  M ichelson—M orley  ty p e  i t  fo llow s th a t  th e  
re tu rn  tim e  of a l ig h t signal tra v e llin g  b e tw een  th e  ends of a so lid  ro d  is n o t 
affec ted  if  th e  ro d  is tu rn e d  ro u n d . T his e x p e rim en ta l resu lt m a y  be  expressed  
by  s ta tin g  th a t  fo r a solid ro d  tu rn e d  ro u n d  ad iab a tica lly  w e h av e

l(x) =  1 =  in d ep en d en t o f  x (25)

T he la t te r  re la tio n  im plies th a t  w hen  i t  is tu rn e d  round  p h y s ic a l processes 
ta k e  p lace w hich m ak e  th e  solid ro d  to  a d a p t i tse lf  to  th e  m easu res  o b ta in ed  
from  lig h t signals an d  defined b y  (23).

T he observed  re la tio n  (25) can  be ta k e n  as th e  firs t s te p  in  fo rm u la tin g  
th e  L o ren tz  p rin c ip le  in  its genera lized  fo rm .

The Lorentz principle in the case of hom ogeneous propagation of li ght

§ 12. L e t us consider a sy s tem  of re fe ren ce  in w hich th e  p ro p ag a tio n  
o f lig h t can  be described  by

xgx =  0 , (26)

w ith  a given te n so r  g. W e m a y  change th e  system  of re fe ren ce  and  th u s
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o b ta in  new  co o rd in a tes  so th a t
x ' ^ M x .  (27)

(The tra n s fo rm a tio n  m u s t be ta k e n  in  th e  hom ogeneous form  as x  and  x ' 
re p re se n t fo u r-d is tan ces .)

In tro d u c in g  (27) in to  (26) we f in d

xM gM x =  x 'g x '.  (28)

W e see th u s  th a t  if  th e  m a tr ix  M is such  as to  o b ey  re la tion

MgM =  0 g  0  Ф  0, (29)

th e n  re la tio n  (26) w r it te n  in  te rm s o f  th e  co o rd in a te s  x ' reduces to

x 'g x ' =  0 . (30)

W e see th e re fo re  t h a t  th e re  e x is ts  a se t o f sy stem s of re fe ren ces K , 
K ',  . . .  in  all of w hich  th e  p ro p a g a tio n  of lig h t is expressed  b y  th e  sam e 
a lgeb ra ic  expression  o f th e  form  (26), i.e . b y  th e  sam e  p ro p ag a tio n  te n so r  g.

R e la tio n  (29) is th e  g en era liza tio n  of th e  defin itio n  of th e  L oren tz  
m a trices  [1], [4 ], i.e. o f

ЛГА =  &Г . (31)

I n  th e  follow ing we shall re s tr ic t  ourselves to  consider tra n sfo rm a tio n s  
w ith  0  =  + 1 .

§ 13. T he m atrices  M obeying (29) connect th u s  th e  system s o f re ference  
re la tiv e  to  w hich th e  p ro p ag a tio n  o f  l ig h t ap p ears  in  th e  sam e fo rm . The 
tra n s fo rm a tio n s  M fo rm  (like th e  L o re n tz  tra n sfo rm a tio n s)  a g roup . In d eed  
from

MgM =  g (32)
follow s, since  d e t g 0

d e t M =  1 • (33)

T h u s М possesses a rec ip ro cal. W e f in d  th u s  from  (32)

M - i  =  g ~ i M g ,  (34)
an d  th e re fo re

f o - * g M - > = g .  (35)

T h u s if  M is a genera lized  L oren tz  m a tr ix ,  th e n  M 1 is also such a m a tr ix .
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F u rth e rm o re  we f in d  th a t  if tw o  m atrices  M a n d  14 obey 

MgM =  g a n d  NgN =  g
th e n  we h a v e  also

(MN) g  M N =  g .

T hus th e  m a trices  M o b ey in g  (32) fo rm  indeed  a g ro u p .
§ 14. T h e  genera lized  L orentz tra n s fo rm a tio n , w h ich  was in tro d u c e d  as 

giving tra n sfo rm a tio n  b e tw een  the c o o rd in a te s  of d iffe re n t system  o f reference , 
can  — ju s t  like th e  o rd in a ry  L o ren tz  tra n s fo rm a tio n  — be g iven  a new 
m eaning.

C onsidering th e  inhom ogeneous tra n s fo rm a tio n

X* =  M X  +  m  , (36)

w here we w rite  cap ita l X fo r a c o o rd in a te  four v e c to r  so as to  d is tin g u ish  it  
from  th e  fo u r-d is tan ces  fo r  w hich w e w ro te  x.

W e m a y  consider X an d  X* as fo u r-co o rd in a tes  of tw o e v e n ts , say  @ 
a n d  (5* b o th  co o rd in a tes  re la tiv e  to  one system  o f reference K . T h u s  th e  
tra n s fo rm a tio n  (36) can  be tak en  as to  refer to  co o rd in a tes  re la tiv e  to  one 
system  o f reference o n ly  an d  thu s t h e  tra n s fo rm a tio n  orders to  an  e v e n t ® 
rep re sen ted  b y  X a n o th e r  even t ©* re p re se n te d  b y  th e  coo rd inate  X*.

C onsidering in s te a d  o f  a single e v en t @ som e physica l sy s tem  О  con
ta in in g  a n u m b e r of p o in ts  w hich m a y  be also m ov ing  re la tiv e  to  each  o th e r, 
th e n  tran sfo rm in g  th e  coord inates o f  th e  po in ts  $ß2, . . ., ĵßn o f  Cl we 
o b ta in  new  po in ts  ^ * , jß*, . . ., 5ß* fo rm in g  a new  p h y sica l sy stem  Cl*. The 
system  Cl* is o b ta in ed  fro m  Cl by  gen era lized  L o ren tz  tra n s fo rm a tio n . W e m ay  
w rite  sym bolica lly

^ ( & )  =  a * ,  (37)

w here is th e  o p e ra to r  describ ing th e  change fro m  Cl in to  Cl* a n d  ß s tan d s 
fo r th e  p a ra m e te r  ch a rac te riz in g  th e  tra n s fo rm a tio n . R e la tio n  (37) expressed  
in  its  re p re se n ta tio n  re la tiv e  to  a s y s te m  К  of re fe ren ce  m ay  be w r itte n

iÆ p (Q )  =  Q* (38)
w here

P =  KU>), Q = K(&), Q* =  K( Cl*)
are  th e  re p re se n ta tio n s  o f th e  v a rio u s q u an titie s  re la tiv e  to  K .

W ritte n  m ore ex p lic itly , if  w e d en o te  th e  re p re se n ta tio n  o f  th e  four- 
coo rd in a te  vecto rs o f a p o in t o f  Cl b y  x,

x* =  Mp x„ m  r = l ,  2 , . .  ., n .  (39)
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w here  Mp is a m a tr ix  obeying  th e  re la tio n  (32), th e  co m p o n en ts  o f p are  th e  
p a ra m e te rs  specify ing  th e  tra n s fo rm a tio n  a n d  m  is a fo u r-v ec to r w ith  c o n s ta n t 
co m p o n en ts .

§ 15. C onsidering  th e  tra n s i t io n  О  —► £1*, i.e. th e  L o re n tz  d e fo rm ation  
w ith  p a ra m e te r  g re la tiv e  to  a new  system  o f reference, th e n  w e find

X,',* =  Mp- x ' +  m ' (40)
w here  we h a v e

Mp. =  M (,)Mp (41)

h e re  M*4* is th e  m a tr ix  o f th e  c o o rd in a te  tra n s fo rm a tio n  lead ing  from  К  —► К '  
T h u s  th e  la t t e r  co o rd in a te  tra n s fo rm a tio n  w r it te n  exp lic itly

x ' =  М<ч)xr -)- p * = 1 , 2 , . . . ,  n (42)

in  p lace  o f  th e  ab o v e  re la tio n  w e m a y  also w rite

Х ' =  и Г « ( Х ) ,

w here  we h a v e  d en o ted  b y  i^ét™  th e  inhom ogeneous o p e ra to r co n ta in in g  th e  
m a tr ix  M(,) a n d  th e  v ec to r  p.

§ 16. F ro m  re la tio n  (41) w e see how  th e  d e fo rm ation  £h —► £1* is re 
p re se n te d  re la tiv e  to  v a rious sy s tem s of re fe ren ces in  w hich th e  p ro p ag a tio n  
te n so r  g h as  th e  sam e re p re se n ta tio n .

M ore p rec ise ly , we m a y  s ta te  t h a t  th e  p ro p a g a tio n  of l ig h t in  a ce rta in  
reg ion  o f sp ace  is g iven b y  a te n so r  g. T he re p re se n ta tio n  o f  g re la tiv e  to  a 
n u m b e r o f sy s tem s o f references К , K ' ,  . . ., K "  is th e  sam e, e.g.

K (9) =  K '( fl) =  K "(0) =  . . .  =  g.

C onsidering  a co o rd in a te  tra n s fo rm a tio n  o f  th e  ty p e

X =  SX +  s ,
w here

§gS =  g ф  g .

W e o b ta in  fro m  a system  o f re fe ren ce  К  a n o th e r  system  o f re fe rence  К  so 
t h a t  in  th e  l a t t e r  th e  p ro p a g a tio n  o f lig h t is described  b y  a te n s o r  g.

F ro m  th e  sy stem  o f re fe ren ce  К  we can  fo rm  a group  o f  system s of 
re ferences К , К ' ,  K " ,  . . . in  each  o f  w hich th e  te n so r  g has th e  sam e re p re 
s e n ta tio n  g. T h e  la t te r  are co nnec ted  b y  m a tr ic e s  M obeying  th e  re la tio n

MgM =  g .
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A L o ren tz  d e fo rm atio n  Q  — O * can  be exp ressed  b y  an  o p e ra to r  of 
th e  se t M if  we consider i t  in  one o f  th e  re p re se n ta tio n s  K , K ' ,  K " ,  . . .. 
W e f in d  easily  th a t  th e  connec tion  b e tw een  th e  o p era to rs  M and  M is g iven  b y

Mq =  S - 1 M ,S . (43)

T hus a L o ren tz  d e fo rm atio n  Ö  ^  Cl* c a n  be rep re sen ted  b y  a se t of o p e ra to rs

M q, Mq', M q», . . .

re la tiv e  to  system s of references K , K ' , K " ,  . . . in all o f  w hich  g is re p re se n te d  
b y  a te n so r  g.

T he sam e L o ren tz  d e fo rm ation  c a n  also be re p re se n te d  b y  o p e ra to rs

Mq , M q- , M q- ,

re la tiv e  to  system s of references K , K ' , K " ,  . . . in  w h ich  g ap p ears  to  be 
rep re sen ted  b y  a te n so r g  d ifferen t fro m  g.

C onsidering re la tio n s  (41) an d  (43) we find  a n  im p o r ta n t com m on 
fe a tu re  of a ll th e  re p re sen ta tio n s  o f a d efo rm atio n  Ö —>- £1*. In d e e d , the 
matrices

Mq, Mq', . • ., Mq , Mq' , . . .,

have all the same eigenvalues.
T he eigenvalues o f  a L oren tz  m a tr ix  can  be chosen  to  be o f th e  form  

(see [3])

e I c +  V
1 C —  V ’ c +  t

we see th u s  th a t  any representation o f  one Lorentz deform ation has the same 
eigenvalues characterized by the param eters cp and v. T h e  la t te r  re su lt holds 
— as we see — also in  th e  case o f  un iso tro p ic  p ro p a g a tio n  o f lig h t an d  
i t  holds also if  we co n sid e r system s o f references in  w hich  th e  p ro p a g a tio n  
te n so r g is rep re sen ted  b y  d ifferen t m a tric e s  g, g, . . ., e tc .

§ 17. W e are now  in  a position  to  generalize th e  L o ren tz  p rin c ip le  to  
th e  case of hom ogeneous b u t  possib ly  u n iso trop ic  p ro p a g a tio n  of lig h t.

W e s ta te :  the laws o f  nature possess such sym m etries that, provided  JQ 
is a real p h ysica l system , then any  Lorentz deformed fo r m  Ö* =  t.sâ'p (Q ) o f  £,* 
is also a possible system  obeying the sam e laws o f  as Q .

F u rth e rm o re , i f  a system  Q  is adiabatically accelerated then it changes 
its configuration into a Lorentz deform ed fo rm  o f  its original configuration .

T he above fo rm u la tio n  of th e  L o re n tz  p rinc ip le  reg ard in g  its  fo rm  is 
id en tica l w ith  th e  fo rm er fo rm u la tio n  (see [2]). We h a v e  ex ten d ed  its  c o n te n t
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b y  genera liz ing  th e  L o ren tz  tra n s fo rm a tio n  to  th e  case o f  un iso tro p ic  b u t  
hom ogeneous p ro p a g a tio n  o f  lig h t.

§ 18. W e m ak e  a co n c lu d in g  rem ark . T h e  fo rm u la tio n  o f  th e  L o ren tz  
p rin c ip le  in  its  re s tr ic te d  fo rm  as was done in  a prev ious w o rk  is based  on th e  
fa ilu re  of a series of ex p e rim en ts  to  observe effects of tra n s la tio n a l m o tio n . 
T h is fa ilu re  is a t t r ib u te d  to  a p ecu liar sy m m e try  of law s o f  n a tu re  w h ich  
sy m m e try  causes th a t  to  a n y  e ffec t w hich m ig h t arise from  th e  tra n s la tio n a l 
m o tio n  re la tiv e  to  th e  a e th e r , o th e r  effects a p p e a r  w hich e x a c tly  com pensa te  
th e  fo rm er. T h is sy m m etry  i ts e lf  could be describ ed  a d e q u a te ly  b y  th e  L o ren tz  
princ ip le .

T he ea rlie r  co n sid e ra tio n s are  b ased  on  th e  assu m p tio n  th a t  l ig h t is 
p ro p a g a te d  iso tro p ica lly  re la tiv e  to  its  c a rr ie r , th e  ae th e r.

T he gen era lized  c o n sid e ra tio n s  show  t h a t  supposing  lig h t  was a fte r  a ll 
n o t  ca rried  iso tro p ica lly  in  th e  a e th e r b u t  i f  th e  p ro p a g a tio n  be  of th e  m ore  
gen era l ty p e  w h ich  we d e n o te d  as hom ogeneous, even th e n , th e  sy m m e try  
d iscussed  ab o v e  m ig h t p e rs is t a n d  th is  sy m m e try  m igh t p re v e n t us n o t o n ly  
to  loca te  th e  d is tin g u ish ed  sy s te m  of reference K 0 w hich is a t  re s t  to  th e  c a rr ie r  
o f th e  lig h t, b u t  i t  equally  p re v e n ts  us to  d e te rm in e  th e  p ro p a g a tio n  ten so r g0 
w h ich  describes th e  p ro p a g a tio n  of ligh t re la tiv e  to  its  c a rrie r.

T he ex ten s io n  of th e  sy m m e try  p ro p e rtie s  of n a tu re  in  th is  fash ion  is 
b ased  on p u re  sp ecu la tio n . E x p e rim e n ta lly  th e  ad eq u acy  o f  th is  ex tension  
cou ld  be ch eck ed  if  we cou ld  c a rry  ou t ex p e rim en ts , say  w ith  a M ichelson 
in te rfe ro m e te r  in  a region o f sp ace  w here w e h a v e  good reaso n  to  believe th e  
p ro p a g a tio n  o f  lig h t to  be u n iso tro p ic . I f  an  ex p erim en t in  such  a reg ion  
w ere  to  lead  to  a n eg a tiv e  e ffec t in  sp ite  o f  th e  u n iso tro p y , th e n  th is  re su lt 
w o u ld  d ire c tly  ju s t ify  th e  e x ten s io n  of th e  L o ren tz  p rinc ip le .

A t th e  m o m e n t such  ex p e rim en ts  do n o t  ex ist. T he gen era liza tio n  o f th e  
L o ren tz  p rin c ip le  we h av e  g iven  here can  be  in  sp ite  o f th e  lack  of d ire c t 
ev idence  be ju s tif ie d .

In d eed , w e shall show  t h a t  th e  g en era liza tio n  of th e  L o ren tz  p rinc ip le  
w e h av e  g iven  h ere  is a n ecessa ry  in te rm e d ia te  s tep  to  its  fu r th e r  genera liza
t io n  to  th e  case  o f inhom ogeneous p ro p a g a tio n  o f ligh t. I n  th e  case o f th e  
inhom ogeneous p ro p ag a tio n  o f  lig h t o b se rv ab le  effects a re  found  and  th e  
th e o ry  of th e se  effects can  be  o b ta in e d  b y  a s tra ig h tfo rw a rd  fu r th e r  genera liza
t io n  w hich we discuss in  th e  second  p a r t  o f  th is  paper.
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П РИ Н Ц И П  Л О РЕН Ц А  И О БЩ А Я  Т Е О Р И Я  ОТНОСИТЕЛЬНОСТИ
Часть I.

л .  я н о ш и

Р е з ю м е

Н астоящ ая работа является первой из серии работ, в которых предлагается фор
мулировка общей теории относительности на основе принципа Л оренца. В этой первой 
части преобразование Лоренца обобщается так, что оно становится применимым к  об
ластям  пространства, где свет распространяется однородно, но быть мож ет неизотропно. 
Показано, что для  таких областей принцип Лоренца остается верным в своей обычной 
форме.
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THE LORENTZ PRINCIPLE AND THE GENERAL 
THEORY OF RELATIVITY

PA RT II

INHOM OGENEOUS PROPAGATION OF LIGHT 

By

L.  J Á N O S S Y
C EN TR A L RESEA RCH  IN S T IT U T E  FOR PH Y S IC S , BU DA PEST 

(Received 22. XII. 1965)

The generalization of the Lorentz transform ation to  regions where ligh t is propagated 
inhom ogeneously is given and  it  is shown th a t the Lorentz principle can be m aintained in  
its o rdinary  form provided the Lorentz transform ation is taken  in  its m ore general form 
form ulated  for such regions. The well-know'n equations for th e  geodetic lines in  a gravitational 
field are obtained from  the Lorentz principle thus generalized.

Generalized definition o f  the Lorentz transformation

§ 1. In  th is  sec tio n  we shall fo rm u la te  th e  L o ren tz  p rincip le  fo r regions 
of space w here lig h t is p ro p a g a te d  inhom ogeneously . W e shall assum e, how ever, 
th a t  even  if  th e  p ro p a g a tio n  a t la rg e  is inhom ogeneous still in  su ffic ien tly  
sm all regions th e  p ro p ag a tio n  rem ain s hom ogeneous. T hus we su p p o se  th a t  a 
lig h t s ignal s ta r tin g  from  a p o in t P  w ith  co o rd in a tes  r a t th e  tim e  t arrives 
in  a p o in t Q w ith  co o rd in a te  v ec to r  r -|- p a t th e  tim e  t -)- т so th a t

Çg(*)Ç =  o, (l)
w here

X =  r, t a n d  S' =  p, T

p ro v id ed  th e  com ponen ts of \  are  su ffic ien tly  sm all so th a t  th e  change of 
g(x) w hile X changes b y  Ç should  b e  negligible.

As a f irs t s tep  we generalize th e  L oren tz  tra n s fo rm a tio n  to  th e  case of 
inhom ogeneous p ro p a g a tio n  of ligh t.

L e t us consider to  s ta r t  w ith  an  a rb itra ry  tra n s fo rm a tio n  o f co o rd in a tes . 
Suppose th e  co o rd ina tes x an d  Ç refe r to  a system  K .  W e in tro d u ce  a sy s tem  K '  
in  w hich  th e  fo u r c o o rd in a te  vec to rs a re  given b y

x ' + Ç ' = « ( x  +  Ç), (2)

w here f  h as fou r co m p o n en ts  f v, v =  1, 2, 3, 4 a n d  all fou r co m p o n en ts  are 
supposed  to  be slow ly v a ry in g  fu n c tio n s  of th e ir  a rg u m en t. M ore p recisely  
we shall consider on ly  su ch  values o f  Ç for w hich  we can w rite  in  a good
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a p p ro x im a tio n

f ( x + Ç )  =  f(x) +  ^ Â .
Эх

W ritin g  m ore ex p lic itly

=  S„M v,[i =  1, 2, 3, 4 .

T he tra n s fo rm a tio n  (2) can  also be w r itte n  as

=  Si; a n d  x ' =  X +  (X , (3)
w here

p  =  f(x) — x . (3a)

T he tra n s fo rm a tio n  (2) should  possess a u n iq u e  inverse  and  th e re fo re  we 
suppose

d e t S=f= 0. (4)

§ 2. T he p ro p a g a tio n  o f l ig h t  in  th e  v ic in ity  o f th e  p o in t P  c an  th u s 
be exp ressed  re la tiv e  to  K '  expressing  (1) in  te rm s o f  th e  tran sfo rm ed  v ariab les. 
N eg lec ting  sm all te rm s  we fin d  th u s

Ç 'gV )Ç ' =  o , (5)
w here

g '(x ')  =  S~1g (x )S -1. (6)

T h ere  ex is t co o rd in a te  tra n s fo rm a tio n s  w hich le a v e  th e  co m p o n en ts  of g(x) 
u n ch an g ed . W e consider these  tra n s fo rm a tio n s  as th e  genera lized  L orentz  
tra n sfo rm a tio n s . T h u s  a genera lized  L o ren tz  tra n s fo rm a tio n  ^Ж  (x, p) is 
exp ressed  w ith  th e  help  of a sh if t p  an d  a m a tr ix  M such th a t

x ' =  x +  p  (7a)
an d

Mg(x +  p )M  =  g (x ). (7b)

I t  m u s t be em phasized  th a t  th e  tra n s fo rm a tio n  Ж ?  does n o t change th e  
co m p o n en ts  of g(x) in  th e  fixed  p o in t x b u t  i t  m a y  change th e  v a lu e s  g (x -|- Ç) 
in  th e  v ic in ity  o f  x an d  th e re fo re  i t  m a y  change th e  deriv a tiv es  o f  g(x) in  x 
(see P a r ts  IV  a n d V )

T he tra n sfo rm a tio n s  defined  b y  (7a) a n d  (7b) form  a s tru c tu re  w ith  
th e  follow ing p ro p e rtie s . C onsider tw o  tra n sfo rm a tio n s  ^ Ж (x  -)- P i) and
Ж '  (x -f- p j ,  p 2), w e have  th u s

Mg(x +  p 1)M  =  g ,  (a )l

Ng(x +  g-i +  (*2) N =  g(x +  p j ) . (b)J
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M ultip ly ing  (8b) from  th e  left b y  M a n d  from  th e  r ig h t b y  M we fin d

(NM) g(x +  P-! +  p.2) NM =  g(x) .

T hus NM an d  p.x -)- p.2 define  a tra n s fo rm a tio n  (x, -)- p.2) all<i  NM is
th u s  itse lf  a L oren tz  m a tr ix .

T hus L oren tz  tra n sfo rm a tio n s  co n secu tiv e ly  ap p lied  g ive again  L o ren tz  
ran sfo rm a tio n s , how ever, a g iven  L o re n tz  tra n s fo rm a tio n  re fers to  th e  fix e d  
p o in t, say  x an d  p roduces a sh ift to  a n o th e r  p o in t, say  x '.  T herefo re  a p p ly in g  
a L oren tz  tra n s fo rm a tio n  w hich  p ro d u ces  a sh if t x —*- x ' w e can  ap p ly  on  th e  
tra n sfo rm e d  q u an titie s  on ly  such f u r th e r  tra n s fo rm a tio n s  w hich p ro d u ce  
sh ifts  from  x ' —>- x " .  T herefo re , if  x =f= x ',  th e n  th e  tw o  tra n s fo rm a tio n s  are  
o f d iffe ren t categories. T hese  tra n s fo rm a tio n s  fu lfill th e  p o s tu la te s  of a p a r t ia l  
algebraic  s tru c tu re  an d  m a y  be d e n o te d  a sem i-group .*  In  th e  case o f  a 
hom ogeneous p ro p ag a tio n  of lig h t th e  d ependence  of th e  tra n s fo rm a tio n  on 
th e  co o rd in a tes  of th e  p o in ts  upon  w h ich  i t  is to  be ap p lied  d isap p ears  an d  
so th e  sem i-group  d eg en era tes  in to  an  o rd in a ry  group — in  th is  w ay  th e  
sem i-groups o f L oren tz  tra n s fo rm a tio n s  d efin ed  fo r th e  inhom ogeneous case 
d eg en era te  in to  th e  L o ren tz  group if  th e  in h o m o g en e ity  d isap p ears .

§ 3. T h e  generalized  L oren tz  tra n s fo rm a tio n  can  also  be in te rp re te d  
(like th e  m ore  special tra n sfo rm a tio n )  to  g ive  n o t a c o o rd in a te  tra n s fo rm a tio n  
b u t  to  describe  a d e fo rm atio n  of som e p h y s ica l sy stem  jQ. Suppose th u s  Ci 
to  be a p h y sica l system  in  th e  v ic in ity  o f  x  =  r ,  i; v a rio u s  p o in ts  )ß2, . . .

of D  can be  described  b y  fo u r  vec to rs

X +  Ç* * =  1 , 2 , . . .  .

T h u s th e  p o in t iß,, as re p re se n te d  in  К  m oves along an  o rb it  w hich  a t  a tim e  
t -)- T has a d is tan ce  p (r) from  r .

T he defo rm ed  system  iQ* consists o f  p o in ts  iß*, iß*, . • . w ith  c o o rd in a te  
vec to rs

x* +  Ç* * =  1 , 2 , . . .  ,

* The expression semi-group is used som ew hat loosely. In  the u sua l sense the stru c tu re  
we use is th a t known as a B r a n d t  gruppoid w ith  u n it element, i.e. a special type of p a rtia l 
algebraic structu re . I f  an algebraic structure is p a rtia l, then the p ro d u c t ab does no t ex ist 
for an  arb itra ry  pair ab of its elem ents. In  our case of the semi-group, if  a, b, c are any th ree  
elem ents of it  and ab =  c holds, th en  any of the  elem ents a, b, c is uniquely  determ ined b y  the 
o ther two. If  ab and be exist, th e  product abc m ay  be w ritten  w ithout parenthesis, th u s th e  
associativity  law  holds. A lthough in  the case of B r a n d t  gruppoid every elem ent has uniquely  
determ ined righ t and left u n it elem ents, and conversely for two u n it elem ents et , e2 * here 
is an  elem ent whose right and  le ft u n it elem ents are et and e2, in  our case every elem ent 
in th e  gruppoid has the same left and righ t u n it elem ents. The existence of th e  inverse elem ent 
is needed too. Gruppoid was introduced by B r a n d t . (H . B r a n d t : “ Ü ber die Axiome des 
Gruppoids” . V ierteljahrsschrift der N aturforschenden Gesellschaft in  Zürich, L X X X V  
[1940], 95—104.)

I am  g re a tly  in d eb ted  to  M r. J .  D én e s  fo r h a v in g  p u t  a t  m y d isp o sa l th e  above in fo rm 
a tio n .
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w here
x * = x  +  p ,  (9a)

a n d
Ç* =  X =  1, 2, 3 , . . .  (9b)

a n d  M an d  p, a re  th e  p a ra m e te rs  of a tra n s fo rm a tio n  M (x, p.) w hich g ives 
th e  d e fo rm a tio n  ö  —► О* in  te rm s  of re p re se n ta tio n  in  K .

T he L o re n tz  p rinc ip le  c a n  now  be fo rm u la te d  fo r  reg ions w ith  in h o 
m ogeneous p ro p a g a tio n  o f  l ig h t  as follow s. The laws o f  nature possess such  
fo rm s  that p rov ided  is a real system  obeying certain law s , then any Lorentz  
deformed system  C * obeys the same laws.

F u rth e rm o re  we m ay  a d d : i f  a system  is accelerated adiabatically then  
it changes its configuration as a result o f  the acceleration in to  a Lorentz deform ed  
configura tion  =  M (Q ).

T he ab o v e  fo rm u la tio n  o f  th e  L o ren tz  p rincip le  is id en tic  in  fo rm  to  
fo rm er fo rm u la tio n , h ow ever, its  c o n ten ts  are  en larged  as i t  is su pposed  to  
be  va lid  to  th e  generalized  fam ily  o f L o ren tz  tra n sfo rm a tio n s  M (x, p.). 
W e show  in th e  follow ing t h a t  th e  la t te r  fo rm  of th e  p rin c ip le  leads to  re su lts  
w hich  are  o b ta in e d  u su a lly  fro m  th e  gen era l th e o ry  o f re la tiv ity .

§ 4. I t  m a y  ap p ear as a defic iency  o f  th e  L o ren tz  tra n s fo rm a tio n  as 
defined  ab o v e , th a t  i t  can  h e  app lied  to  sm all system s o n ly , i.e. to  sy s tem s 
w hich  o ccu p y  su ch  p a r ts  o f  space  in  w h ich  effects o f th e  inh o m o g en eity  o f 
p ro p a g a tio n  o f  lig h t can  b e  neg lec ted . H ow ever, th is  a p p a re n t  defic iency  is 
n o t  a rea l one , i t  sim ply  re flec ts  upon  m a te r ia l  p ro p ertie s  o f  physical sy s tem s.

In d e e d , considering  a sy s tem  w hich  is so large t h a t  th e  p ro p a g a tio n  of 
lig h t in side  th e  space o ccu p ied  b y  th e  sy s te m  is inhom ogeneous to  a n o ticeab le  
e x te n t, th e n  g ra v ita tio n a l s tre sses  will a p p e a r  in  th e  sy s te m  and  its  s ta te  o f 
eq u ilib riu m  w ill be d e te rm in e d  p a r tly  b y  th e  g ra v ita tio n a l field , b u t  also  b y  
th e  m a te r ia l p ro p ertie s  (co m p ressib ility , r ig id ity , e tc .) o f  th e  system . I f  we 
sh if t such  a sy s te m  to  d iffe re n t p a rts  o f space , th e n  i t  w ill re a d ju s t i ts e lf  to  
th e  fie ld  o f  th e  new  su rro u n d in g s  and  th e  change of co n fig u ra tio n  w hich  th u s  
arises d ep en d s  v e ry  m u ch  on  th e  a c tu a l p h y sica l p ro p e rtie s  of th e  sy s tem . 
I f  th e  L o re n tz  tra n s fo rm a tio n  depends o n ly  upon  th e  d is tr ib u tio n  o f  th e  
g ra v ita tio n a l f ie ld , th e n  i t  c a n n o t p o ssib ly  describe th e  m a te ria l changes of 
a large sy s te m  th e  changes o f  w hich d e p e n d  — a p a r t  f ro m  th e  g ra v ita tio n a l 
fie ld  — also  u p o n  th e  m a te r ia l  p ro p ertie s  o f th e  sy s tem . W e see th u s ,  t h a t  
i t  w ould  h e  u n reaso n ab le  to  ex p ec t th e  ex is ten ce  of a g en era l tra n s fo rm a tio n  
w hich  d escrib es  th e  changes o f large p h y s ica l system s w h en  m oved a b o u t in  
g ra v ita tio n a l fie lds — sin ce  changes th u s  arising  d ep en d  v e ry  m uch  on  th e  
a c tu a l m a te r ia l  p ro p ertie s  o f  th e  system .

T h e  fa c t  th a t  L o ren tz  tra n s fo rm a tio n s  a re  su itab le  to  express th e  changes 
sm all p h y s ic a l system s su ffe r  w hen tr a n s p o r te d  a d ia b a tic a l ly  in to  reg ions in
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w hich  th e  g ra v ita tio n a l fie ld  d iffers, shows t h a t  th e  reac tio n  o f  m ic ro -s tru c tu re s  
u p o n  g ra v ita tio n a l fie ld  obey  genera l law s.

W e h av e  here  an  ana logy  o f th e  c ircu m stan ce  th a t  th e  L o ren tz  d e fo rm 
ations described  b y  th e  special th e o ry  o f re la t iv i ty  are in d e p e n d e n t o f th e  
m a te ria l p ro p e rtie s  of th e  system s p ro v id e d  th e  in te rfe ren ces causing  th e  
d efo rm ations are  ad iab a tic .

§ 5. T he L oren tz  tran sfo rm a tio n s  M (x, ft) can  be d iv id ed  in to  tw o  
k in d s: 1) tra n sfo rm a tio n s  w ith  p. =  0, th e  l a t te r  m ay  he d e n o te d  local tra n s
fo rm a tio n s , as th e y  p roduce  no im m ed ia te  sh if t o f th e  sy stem  £l. 2) W e m a y  
consider tra n sfo rm a tio n s  M0 (x, p.) w hich p ro d u c e  a para lle l sh if t, i.e. a sh if t, 
w ith  as l i t t le  changes a p a r t  from  th e  p a ra lle l d isp lacem en t, as i t  is possib le .

C oncerning th e  local tra n sfo rm a tio n s  w e fin d  from  (9a, b) th a t  th e y  
co n ta in  m a trices  M obeying

M g(x)M  =  g (x ) . (10)

T hus th e  m a trices  o f th e  local tra n s fo rm a tio n s  are  ex ac tly  th o se  w hich a re  
o b ta in ed  fo r th e  case o f hom ogeneous p ro p a g a tio n  of lig h t, th e se  m a trice s  
w ere considered  in  P a r t  I  — we ex p la ined  th e re  th a t  th e  L o re n tz  p rin c ip le  
can  be supposed  to  be v a lid  fo r such  tra n sfo rm a tio n s .

The local tra n sfo rm a tio n s  in  d is ta n t p o in ts  have , h o w ev er, d iffe ren t 
fo rm s. C onsider a n u m b e r of locations x15 x2, x3, . . .. L et us d en o te

g(x /() =  g к • ( 1 0 a)

F u r th e r  we w rite  M* fo r th e  tra n s fo rm a tio n  m a tr ix  re la tin g  to  tra n s fo rm a 
tio n s  in  Xfc. T hus we suppose

М/. g/, M fc =  g , , , к  = 1 ,  2 ,3 . (1 1 )

T h e  m atrices M 1? M2, . . . define local tra n s fo rm a tio n s  n ear Xj, x2, . . .  A co n 
n ec tio n  b e tw een  th e  m atrices  fo r d iffe ren t к  can  be fo u n d . D enote

g T * g ?  =  S/fc, (12)

or alternatively, if  th u s  defined  possessed com plex  e lem en ts , th e n  (12) 
can  be rep laced  b y  m atrices  defined  in  e q u a tio n s  (9a), or b y  th o se  defined  
b y  (9b); th e  la t te r  h av e  rea l e lem ents only a n d  beh av e  a lg eb ra ica lly  sim ilar 
to  th e  m a trices  (12).

W e m ay  p u t
М ;,- =  $Тк М/ s ,k . (13)

In tro d u c in g  (13) in to  (11) we fin d  w ith  th e  h e lp  o f (12)

g, M, =  g ; .
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T h u s re la tio n  (13) can  be  ta k e n  as th e  tra n s fo rm a tio n  fo rm ula b e tw een  
m atrices  o f  loca l tra n s fo rm a tio n  in  d iffe re n t locations.

§ 6. T h e  m atrices  can  be ta k e n  to  define p a ra lle l sh ifts. T h e  Sik are  
m atrices  co rresp o n d in g  to  L oren tz  tra n s fo rm a tio n s  p ro duc ing  sh ifts  from  
x k — X/. In d e e d  w ith  th e  help  of (12) w e o b ta in

S№g ,S ;fc =  g fc. (14)

R em em b erin g  th e  d e fin itio n  (10a) an d  co m p arin g  (14) w ith  (7b) we see th a t  
Sik is in d eed  a m a tr ix  p ro d u c in g  th e  s h if t  x k —► x;.

W e n o te  th a t  acco rd in g  to  (12) th e  m atrices S/ft o bey  th e  re la tio n

^Ис^ш =  ^lm (14a)
an d  also

sr« = smi. (14b)
I f  we m ak e  th re e  p a ra lle l sh ifts w hich  co m p en sa te  each  o th e r, i.e. xk —► x(, 
X; —► x m a n d  fin a lly  xm —*■ x„, th en  th e  co rrespond ing  m a tr ix  is fo u n d  to  be

^klfilm Smk =  1 • (15)

I f  in s tead  o f  (12) a l te rn a tiv e  defin itions o f  S in acco rd an ce  w ith  (9a) o r (9b) 
of P a r t  I  a re  ta k e n , th e n  re la tions (14a), (14b) an d  (15) rem ain  v a lid . T hus 
if  we c a rry  o u t a n u m b e r of ad ia b a tic  p a ra lle l sh ifts  w ith  a sy stem  jQ such 
th a t  we r e tu r n  in  th e  en d  to  th e  o rig inal positions, th e n  th e  co n fig u ra tio n  of 
th e  sy s tem  iQ also re tu rn s  to  its  o rig in a l form .

T h e  l a t t e r  s ta te m e n t in  th is  fo rm  h a s , how ever, n o  rea l p h ysica l co n te n t. 
In d eed , a sh if t  xk —*■ x; ta k e s  some t im e  to  ca rry  o u t an d  th ere fo re  w e have 
n ecessarily  x ki <  х ц .  W h en  carry ing  o u t  a series o f  sh ifts  we c a n n o t a rriv e  
hack  to  th e  f irs t  p o s itio n  xk from  w h ich  we s ta r te d .

H o w ev er, re la tio n  (14) expresses th e  real p h y s ica l fac t; i t  follow s from  
(14) th a t  sh iftin g  SQ f ir s t  from  xk —*• x; a n d  th e n  fro m  хг —► x m wc o b ta in  th e  
sam e re su lt  as if  we h a d  ca rried  o u t d ire c tly  a p a ra lle l sh ift xk —*■ X(. I .e . th e  
para lle l s h if t  here  d efin ed  is a tru e  p a ra lle l sh ift a n d  the result o f  such a sh ift 
does not depend  on the p a th  along which the sh ift is carried out as long as the end 
po in ts are kep t fix e d .

§ 7. T h e  m ost g en era l form  o f th e  L oren tz  tra n s fo rm a tio n  is o b ta in e d  
b y  co m b in in g  a local tra n s fo rm a tio n  a n d  a para lle l sh if t. W e m a y  p u t

Mlk =  Slk M k (16a)

or in se rtin g  fo r Mfc th e  expression  (13), th e  id en tica l re la tio n

M lk =  M l Slk . (16b)
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T he tra n sfo rm a tio n s  M (хл; X/ — Хд) possess m a trices  each  of w hich  can  he 
w ritte n  in  th e  fo rm  (16a) resp ec tiv e ly  in  th e  form  (16b). W e see th u s  t h a t  any  
tra n sfo rm a tio n  M (x, p.) can  be ta k e n  as to  consist o f a local tra n s fo rm a tio n  
MA. a t xfc an d  a para lle l sh if t p. — b u t  i t  can  also be  rep re sen ted  b y  a para lle l 
sh ift M( in  th e  fina l p o s itio n  X/. The co n n ec tio n  b e tw een  th e  local tra n s fo rm a 
tions Мд an d  M; w hich lead  to  the  sa m e  fin a l re su lt is g iven b y  re la tio n  (13).

Small displacem ents

§ 8. L e t us consider th a t  ap p ro x im a tio n  o f th e  L oren tz  tra n s fo rm a 
tio n  w hich is va lid  in  th e  case of sm all sh ifts. W e consider as a sm all sh ift 
one w hich m ig h t be v e ry  m uch la rg e r  th a n  th e  d im ensions of th e  system  
su b jec ted  to  th e  sh ift, b u t  w hich is sm all on a cosm ical scale, i.e. a sh if t p 
such th a t  we have  in  a good ap p ro x im a tio n

, , , . 9g(x)
g(x +  g) =  g ( x ) + p .  ■ox

A sm all sh ift in  g en era l can be expressed  by  a m a tr ix

w here we suppose
S =  1 +  о p .,

op =  2 <J^y.x .

(17)

(18)

(19)

In tro d u c in g  (18) in to  (7b) an d  n eg lec ting  te rm s o f  h ig h e r o rder we f in d  for 
th e  co n d ition  th a t  S sh o u ld  be a L o re n tz  m a trix

T hus we fin d

oM g ■ I gaM

iW =  — -  2 - 1 Qg_
3xv

_8g _
9xx 

- f  AM ( 20 )

w here A<>!* (for an y  v a lu e  o f x) is an  a rb itr a ry  a n tisy m m e tric  m a tr ix , i.e. a 
m a tr ix  obeying

AM =  — AM. (20a)

A sm all sh ift is th u s  produced  b y  a tra n s fo rm a tio n  con ta in ing  th e  m a tr ix

S =  1 3g_
0X

p +  A ( 21)
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T h e  p a ra lle l sh if t is o b ta in ed  fo r A  =  0. F o r  A  0 we o b ta in  a para lle l sh ift 
su p erim p o sed  on a local tra n s fo rm a tio n  w h ich  differs from  u n i ty  only b y  
te rm s  of th e  o rd e r  o f p .

Geodetic orbits

§ 9. In  reg ions w here th e  p ro p a g a tio n  o f lig h t is inhom ogeneous th e re  
ex is ts , a p a r t  fro m  th e  para lle l sh if t described  ab o v e , a n o th e r  ty p e  of t r a n s 
fo rm a tio n .

In d e e d , a ph y sica l sy stem  Ö  even if  no  o u ts id e  in te rfe ren ce  tak es  p lace  
m a y  d rift aw ay  if  i t  hás an  in it ia l  ve lo c ity  v a n d  th u s  i t  m oves in to  regions 
in  w hich  th e  te n so r  g differs fro m  th a t  in  th e  o rig inal positio n . T h e  questio n  
a rises w h a t ch an g es occur due to  th e  chang ing  en v iro n m en t o f  th e  sy stem ?

I t  m ay  be  supposed  th a t  th e  changes w h ich  ta k e  p lace  in  th e  course 
o f th e  free m o tio n  o f a system  can  be described  also b y  L o re n tz  tra n s fo rm a 
tio n s . W e give p re se n tly  an  a rg u m e n t as th e  re su lt o f w hich  th e  la t te r  ty p e  
o f  L o ren tz  tra n s fo rm a tio n  can  be  de te rm in ed .

In  th e  hom ogeneous case a closed sy stem  m a y  m ove w ith  som e c o n s ta n t 
v e lo c ity  an d  su ffers no changes, th e re fo re  th e  tra n s fo rm a tio n  describ ing  th is  
m o tio n  co rresp o n d s to  M =  1 a n d  a d isp lacem en t p  =  m , t w ith  m =  \ t .

I f  we tra n s fo rm  th e  co o rd in a tes  as describ ed  in  § 1, w e o b ta in  in  th e  
new  re p re se n ta tio n  a ten so r g '(x ')  w hich  depends on x ' and  th u s  th e  p ro p a g a 
t io n  of lig h t a p p e a rs  re la tiv e  to  K '  inhom ogeneous.

C onversely , i f  in  th e  re p re se n ta tio n  К  th e  p ro p ag a tio n  ap p e a rs  in hom o
geneous th e  q u e s tio n  arises w h e th e r  i t  is possib le  by  m eans o f a su itab le  
co o rd in a te  tra n s fo rm a tio n s  to  o b ta in  a new  re p re se n ta tio n  in  w hich th e  
p ro p a g a tio n  a p p e a rs  to  be hom ogeneous.

C onsidering  th u s  th e  v ic in ity  of a fix ed  fo u r v ec to r x w e ask  w h e th e r 
i t  is possib le to  f in d  a tra n s fo rm a tio n

X' +  Ç' =  f(x +  Ç) (22)
su ch  th a t

S(x +  Ç )g 'S (x  +  Ç) =  g(x +  Ç), (23a)

w h ere  g ' has c o n s ta n t  com ponen ts an d  describes th e  hom ogeneous p ro p ag a tio n  
o f  lig h t re la tiv e  to  K ',  fu r th e r

V x  +  S) =  — • (23b)

In  th e  ab o v e  re la tions we h a v e  n o t n eg lec ted  th e  te rm s o f  h igher o rd e r 
in  \  as we w a n te d  to  define th e  tra n s fo rm a tio n  w hich leads fro m  th e  re p re 
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se n ta tio n  o f an  a p p a re n tly  inhom ogeneous region to  a re p re se n ta tio n  in  w hich 
th e  reg ion  appears hom ogeneous.

E q u a tio n s  (23a) an d  (23b) g ive  a system  o f  te n  p a r tia l d iffe ren tia l 
equ a tio n s to  th e  fou r u n k n o w n  fu n c tio n s  f v and th u s  th e  system  is as a rule 
o v erd e te rm in ed . W e m a y  therefo re  con sid er those cases w here th e  eq u a tio n s 
(23a) an d  (23b) have  so lu tions as ex cep tio n a l cases a n d  we m ay  re g a rd  them  
as rep re sen tin g  th e  cases w here l ig h t is tru ly  p ro p a g a te d  hom ogeneously . 
T hus we m a y  suppose t h a t  a p ro p a g a tio n  ten so r g(x) i f  i t  possesses a re p re se n ta 
tio n  g ' =  c o n s ta n t, th e n  g(x) re p re se n ts  hom ogeneous p ro p ag a tio n , on ly  the  
re p re se n ta tio n  is g iven in  te rm s o f cu rv ed  co o rd in a tes . W e n o te  i f  in  the  
above case we were to  c o n s tru c t co o rd in a tes  according to  th e  m eth o d s described  
in  P a r t  I  th e  la t te r  m e th o d  w ould a u to m a tic a lly  le a d  to  a re p re se n ta tio n  in 
w hich th e  p ro p a g a tio n  ap p eared  to  be  hom ogeneous.

§ 10. In  general i t  is im possib le to  “ tran sfo rm  a w a y ”  th e  inh o m o g en eity  
o f p ro p ag a tio n  of lig h t w hich  ap p ea rs  in  a given re p re se n ta tio n  K .  I t  is, 
how ever, possible to  fin d  b y  tra n s fo rm a tio n  of g(x) a  re p re se n ta tio n  g '(x ')  the  
f irs t d e riv a tiv e s  of w h ich  are  zero, th u s  a re p re se n ta tio n  in  w hich

9g'(* ' +  ^  =  0 fo r %' =  0 . (24)
8Ç'

In  th e  la t te r  re p re se n ta tio n  th e  p ro p a g a tio n  of ligh t ap p e a rs  as n e a r as possible 
to  hom ogeneous p ro p ag a tio n .

W e n o te  th a t  i f  th e re  exists a tra n s fo rm a tio n  o f th e  form  (23) w hich 
leads to  a tran sfo rm ed  g ' sa tisfy ing  (24), th e n  th ere  ex is ts  also a tra n s fo rm a tio n  
such  th a t  th e  tra n sfo rm e d  q u a n titie s  sa tisfy ing  a p a r t  from  (24) also

(25)

R ela tio n s (25) are sa tis fied  if  th e  tra n s fo rm a tio n  fu n c tio n s  obey

x ' = x ,  g ' = g ( x ) .

f ,( x )  =  and  S ,J x ) 3/„(x +  Ç)

8 f„
=  Ô.V[l-

о
(26)

D iffe ren tia tin g  (23c) in to  £x we fin d  in  th e  lim it Ç =  0 using (24) a n d  (25) 

9S 9S 9g
— - g  +  g —  =  ^ f  f o r ^ = ° -  <2 ')d ix d£x d£x

T he above equa tions a d m it so lu tions

as
+  a m ) S =  0 , (28)
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w h ere  AM for к —  1, 2, 3, 4 are  a n tisy m m e tric  m atrices  obey ing

AM =  — AM . (28a)

T h e  la t te r  tra n s fo rm a tio n  is o f th e  form  g iven  in  § 7, equs. (20) and (20a), 
h ow ever, in  th e  p re se n t case th e  m atrices А(и* c a n  be d e te rm in ed . Indeed , 
d iffe re n tia tin g  (23b) in to  we f in d

3 S VJL Q % (x  +  %)

31, 9 ^ 9 f x

T h u s  we fin d  in te rc h a n g in g  ц  a n d  x  in th e  ab o v e  re la tion

9Sw
dx Qxл fj.

C om paring  (28a) a n d  (29) we f in d

(*) _  98« __ %

(29)

J ( y . )  __ __ Wö/Ltx
dx^ Qxv

W e m ay  w rite  in  p lace o f (22)

—  =  -  — g - iC M ,
QL 2

w here

CK -
1 Í
2

CD CD

h

X«CD

(30)

(30a)

th u s  th e  CM a re  eq u a l to  th e  w ell-know n C hristo ffe l b rack e ts

V , f i , x  =  1, 2 , 3, 4.C<x) =V̂fJ,

F u rth e rm o re  u s in g  th e  u su a l n o ta tio n

3S„M _

Ж  I *

w e sha ll also u se  th e  follow ing n o ta tio n

as

(30b)

(30c)

g ( x ) h =  1 ,2 , 3 ,4 .  (30d)
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§ 11. So as to  re tu rn  to  th e  tra n s fo rm a tio n  describ ing  th e  free d r if t  o f 
a system  we re m a rk  th e  fo llow ing. C onsider som e four v e c to r  33 w ith  a re p re 
se n ta tio n  В re la tiv e  to  К  w hich  describes a fea tu re  o f Cl. T he fo u r-v ec to r  
m a y  be th e  fo u r  d is tan ce  be tw een  tw o  po in ts  o f  £1 — b u t i t  m ig h t
describe a lte rn a tiv e ly  a v e lo c ity , an  e lec tro m ag n etic  p o te n tia l , etc.

I f  th e  p ro p ag a tio n  te n so r  g as re p re se n te d  re la tiv e  to  K '  is c o n s ta n t,
i.e. if  g ' =  c o n s ta n t, th e n  in  th e  re p re se n ta tio n  K '  th e  sy s te m  Cl d rifts  free ly  
an d  deno ting  th e  co n fig u ra tio n  of О  a f te r  i t  has d r if te d  som e d is tan ce  p ' 
b y  Cl* we fin d

В *  =  B' (31)

fo r th e  rep re sen ta tio n s  o f th e  fo u r-v ec to r S3 ap p earin g  in  Q  resp ec tiv e ly  o f 
33* app earin g  in  D* th e  sh if te d  sy stem . In  th e  o rig inal rep re se n ta tio n  К  
we h av e , how ever,

B =  S - 1( x ') B ',  B* = S - 1(x ' +  p ') B '* .

F rom  (26) we fin d

S (x ') =  S ~ J(x ')  =  1 and = --------- fo r Ç =  0
Эх Эх

an d  th ere fo re  since n eg lec ting  higher o rd e r te rm s  we m ay  p u t  p.' =  p., В ' =  В

as—1
ÓB =  B * - B  I X - ------В .

Эх

T hus w ith  th e  help  of (30d) we find

ÔB =  -  Z  !ЛК <§(*) в , (32a)

we m ay  also w rite  ex p lic itly

à B v =  - Z ^ B ^ .  (32b)

§ 12. R e la tio n s (32a) o r (32b) give th e  change of th e  m easures of th e  
com ponents o f a v ec to r В in  th e  course o f  th e  d rift in  th e  p a r tic u la r  case 
w here th e  sy s tem  d  is d r if tin g  in  a hom ogeneous region a n d  there fo re  in  th e  
p ro p er re p re se n ta tio n  K '  (w here g ' =  c o n s ta n t)  th e  v e c to r  33 does n o t ch an g e  
a t  all because o f th e  d r if t. T he change ÔB reflec ts on changes of m easu res 
o f th e  com ponen ts of В w h ich  ap p ear b ecau se  th e  co o rd in a tes  in К  m u s t be 
ta k e n  to  be cu rv ed  co o rd in a tes .

T hus re la tio n s (32a) o r (32b) exp ress on ly  th e  re su lt  of a c o o rd in a te  
tra n sfo rm a tio n  if  applied  to  a region in  w h ich  th e  p ro p a g a tio n  is t ru ly  hom o-
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geneous in  th e  sense of § 8. Follow ing th e  id ea  of E in s t e in , we m ay  su p p o se  
th a t  (32) rem a in s  va lid  w h e th e r  or n o t th e  p ro p ag a tio n  o f  lig h t is t ru ly  h o m o 
geneous. T h u s  i t  m ay  be assu m ed  th a t  th e  free  d rift o f a sy s tem  Cl is c h a ra c 
te rized  so t h a t  in  a re p re se n ta tio n  K '  in  w hich

9g '(x ' +  V )

8Ç'
=  0 fo r Ç' - 0,

i.e. in  th e  re p re se n ta tio n  K '  w here  th e  p ro p a g a tio n  ap p ears  as n ear to  h o m o 
geneous as possib le  — in  t h a t  re p re se n ta tio n  th e  change o f  a v ec to r is c h a ra c 
te rized  b y

ÔB' =  0
or m ore p rec ise ly

ÓB' =  o rd e r o f  p2.

I f  th e  la t t e r  assu m p tio n  is m ad e  th e n  w e a re  led to  re la tio n  (32) irre sp ec tiv e  
of th e  t r u e  m ode of p ro p a g a tio n  of lig h t.

As w e suppose th a t  th e  in h o m o g en e ity  of p ro p a g a tio n  of lig h t is co n 
nec ted  w ith  th e  g ra v ita tio n a l field , we m a y  th u s  suppose  th a t  (32) describes 
th e  changes w hich  occur in  a system  m o v in g  freely  in  a g ra v ita tio n a l fie ld ,
i.e. th e  chan g es occurring  in  a free fa lling  system .

§ 13. I t  is v e ry  im p o r ta n t  th a t  th e  change a lth o u g h  sp o n tan eo u s sh o u ld  
ta k e  p lace  ad ia b a tic a lly . I f  a sy stem  w o u ld  be su b jec ted  to  a sudden  im p a c t 
th ro u g h  som e sud d en  ch an g e  of g ra v ita tio n a l field , th e n  i t  m igh t v e ry  w ell 
deform  n o n -a d ia b a tic a lly . T h u s  re la tio n  (32) can be ta k e n  only  to  be  v a lid  
fo r su ffic ien tly  slow changes. W e h a v e  h e re  a com plete  analogy  w ith  th e  
lim ita tio n s  o f  th e  ad ia b a tic  p rinc ip le  a t ta c h e d  to  th e  L o ren tz  p rinc ip le  in  th e  
case of hom ogeneous p ro p a g a tio n  of lig h t.

R e la tio n  (32) describes th e  d e fo rm atio n s  a free fa llin g  system  su ffe rs , 
while th e  p a ra lle l sh ifts d iscussed  in  § 5 a n d  w hich are  g iven  (in th e  case  o f 
sm all sh ifts) b y  (18) arise i f  a sy stem  is sh if te d  ad ia b a tic a lly  in  such a m a n n e r  
th a t  th e  g ra v ita tio n a l a c tio n  is co m p en sa ted  b y  o u ts id e  forces and  th u s  th e  
system  is n o t  allow ed to  fa ll b u t  is m ad e  to  m ove w ith  som e sm all v e lo c ity .

F ro m  th e  above re m a rk  i t  becom es c lear th a t  a sy s tem , w hich is n o t  
allow ed to  fa ll free ly  b u t  is b ro u g h t a d ia b a tic a lly  w ith  sm all v e lo c ity  fro m  
one p o sitio n  in to  a n o th e r, w h en  th u s  t r e a te d  will ta k e  u p  in  its  fin a l p o s itio n  
a co n fig u ra tio n  w hich is in d e p e n d e n t o f th e  p a th  along w h ich  it  w as b ro u g h t 
th e re .

O n th e  c o n tra ry  if  a sy stem  Q  falls free ly  from  x* —*■ xm th e n  i t  w ill 
a rriv e  in  xm w ith  a v e lo c ity  w h ich  i t  a c q u ire d  in  th e  course o f its  fall. H o w ev e r, 
if  th e  sy s te m  is m ade f i r s t  to  fall fro m  x k —*■ x; th e n  to  fa ll from  x ; —► x m 
th e n  i t  m u s t  receive in  xm th e  in te rm e d ia te  position  x( an  im p a c t w hich m ak e
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i t  to  change its  d irec tio n  so as to  proceed  to w a rd s  xm. B ecause  o f th is  im p a c t 
th e  system  w ill a rriv e  in  x m w ith  a d iffe ren t ve locity  w h en  i t  tra v e lle d  v ia  
X; th a n  in  th e  case of th e  d ire c t jo u rn e y . T h e  d ifference o f v e lo c ity  o f JQ w hen  
i t  arrives d ire c tly  from  x/; o r w hen  i t  a rrives on a ro u n d  a b o u t w ay  xm can  be 
rep re sen ted  b y  a local L o ren tz  tra n s fo rm a tio n , nam ely  th e  one w hich co r
responds to  th e  change b e tw een  th e  tw o velocities.

F ro m  th e  above co n sid e ra tio n  we see c lea rly  th a t  th e  an a lo g y  to  th e  co n 
v en tio n a l p a ra lle l sh ift o f a sy s tem  is n o t th e  free fall b u t  th e  para lle l sh if t 
w here g ra v ita tio n a l effects a re  co m p en sa ted  b y  ou tside fo rces.

W e n o te , t h a t  in  th e  u su a l re la tiv is tic  te rm in o lo g y  th e  sh if t as a re su lt 
o f free falling  is deno ted  “ p a ra lle l sh if t”  a n d  th ere fo re  th e  p a ra lle l sh ift so 
defined  depends on th e  p a th  in  a m an n er as exp la ined  fu r th e r  above. I f  we 
define a lte rn a tiv e ly  th e  p a ra lle l sh ift as a sh if t w hich ta k e s  p lace  w hile th e  
g ra v ita tio n a l a c tio n  is co m p en sa ted  by  o u ts id e  forces, th e n  we o b ta in  a ty p e  
o f p ara lle l sh if t in d ep en d en t o f th e  o rb it. H ere  we use th is  l a t te r  defin ition .

Adiabatic orbits

§ 14. W ith  th e  help o f  re la tio n  (32) i t  is possible to  d e te rm in e  th e  o rb it 
o f a free fa lling  system . C onsider th u s  a sy s te m  th e  c e n tre  o f w hich can  be 
described  b y  som e v ec to r x (p ), i.e. we suppose  th a t  a t th e  tim e

* =  XÁP)  ( 33)
its  coord inates are  given b y

r(t) =  Xl(p ) ,  x 2(p ) ,  x 3(p).  (34)

T he m o tio n  of th e  cen tre  o f th e  sy stem  is th u s  g iven in a p a ra m e te r  re p re se n ta 
tio n . T he ve lo c ity  of th e  sy s tem  can  be w r itte n

y{p )  =  i{ p ) /x 4( p ) ,  (35)

w here th e  do t deno tes d e riv a tio n  in to  p .  F u r th e r  th e  acce le ra tio n  is given b y

a{p )  =  =  v (p )/*a(p )- ( 36)
dt

W ith  th e  help  o f (35) an d  (36) we have  also

а { Р ) = Ч Р ) - * Р ) Ъ ( Р ) ' (37)
x l ( p )
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A sy stem  le f t on its  ow n w ill th u s  m ove in  f irs t  a p p ro x im a tio n  w ith  a c o n s ta n t 
v e lo c ity . In  a tim e

it will sh if t b y

St =  x A{p) Sp , 

<5r =  i ( p )  Sp ,

an d  w e m a y  th u s  su p p o se  t h a t  i t  w ill sh if t b y

p =  Sr, S t . (38)

W e m a y  in tro d u ce  (38) in to  (32) an d  in tro d u c in g  x (p )  in  p lace of В w e f in d

d i Á P )  =  -  z \ XX\ x Á P ) x Á P ) 0PI V

or w ritin g  x v(p)  fo r S x v(p ) /S p  we h a v e

*v(p) +  EHi * Á P )* Á P )  =  0 • (39)

T he ab o v e  re la tio n  is th e  w ell-know n e q u a tio n  of th e  so-called  four d im en sio n a t 
geodetic  line . W e see t h a t  supposing  a sy s tem  if  le f t on its  ow n suffers L o ren tz l 
d e fo rm atio n s  o f th e  p a r t ic u la r  form  (32) w e are  led to  e q u a tio n  (39) fo r  th e  
o rb it o f  a free  p a r tic le  or o f  a free closed system .

S ince re la tio n  (39) co n ta in s  no specific  q u a n ti ty  o f th e  m oving  sy s te m  
th is  le ad s  to  th e  conclusion  th a t  a n y  sm all closed sy s te m  left on its  ow n, 
w ill m ove  on th e  sam e o rb it  (d e te rm in ed  only  b y  in it ia l  cond itions). T h u s 
th e  fa c t t h a t  re la tio n  (39) co n ta in s  on ly  th e  co o rd in a tes  o f  th e  m oving  sy s te m  
an d  th e i r  d e riv a tiv e s  re fle c ts  th e  g enera l law  o f th e  equ iva lence  of in e r t ia l  
and  g ra v ita tio n a l m asses.

§ 15. I t  is w ell k n o w n  th a t  th e  e q u a tio n  of m o tio n  (39) can  also  be 
d eriv ed  fro m  a v a r ia tio n a l p rinc ip le . I t  can  be show n t h a t  (39) are  th e  E u le r  
eq u a tio n s

dp =  0, ( 4 0 )

w here

ds j2 
dp

=  x g i  .
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M ultip ly ing  (40) w ith  th e  m ass m 0 of th e  p a r tic le  we m ay  w rite  if  we choose 
th e  p a ra m e te r  p  equal to  x i w ith  th e  help  o f  n o ta tio n  used  in  P a r t  I ,

ds j2
dp  J

m 0(v +  V) G(v +  V) — m 0 Ф .

T he  f irs t  te rm  can  be reg a rd ed  as a k ind  o f  k in e tic  energy ( th e  velo c ity  o f th e  
p a rtic le  being ta k e n  to  th e  a e th e r  d riftin g  w ith  a ve locity  — V). T he second  
te rm  is a k in d  o f n eg a tiv e  p o te n tia l  energy , th u s  re la tio n  (40) is rem in iscen t 
of th e  L ag range  eq u a tio n

Ô [ L d t  =  0 ,
w ith

L =  K  U .

F u rth e rm o re  i t  can  be show n th a t  (39) can  also be d e riv e d  from  th e  
follow ing v a r ia tio n a l p rinc ip le

Ô f d s  =  0 . (41)

T he la t te r  p rinc ip le  requ ires th a t  th e  o rb it o f th e  system  sh o u ld  he a fo u r 
d im ensional geodetic  line.

F ro m  th e  p h ysica l p o in t of view , we p re fe r  th e  d e riv a tio n  o f th e  e q u a 
tio n  of m o tion  (39) th ro u g h  th e  g en era liza tio n  of th e  L o ren tz  p rinc ip le  an d  
th u s  to  consider th e  ten so r g(x) as c h a ra c te r is tic  fo r th e  p ro p a g a tio n  of lig h t 
in  th e  v ic in ity  o f x. H ow ever, th e  fa c t t h a t  (39) gives m a th e m a tic a lly  th e  
so lu tio n  of a v a ria tio n a l p rob lem  is very  im p o r ta n t  from  a n o th e r  p o in t o f 
v iew . In  deriv ing  (39) we h av e  used  ap p ro x im a tio n s  an d  h a v e  considered  
sh ifts  p sm all on a cosm ical scale. A la rg e r sh if t can  be b u i l t  u p  from  th e  
succession of a n u m b er of sm all sh ifts , b u t  i t  is n o t im m e d ia te ly  obvious 
th a t  th e  sm all e rro rs co m m itted  considering  th e  sm all steps do n o t  accu m u la te .

F rom  th e  fa c t th a t  (39) is th e  so lu tio n  o f a v a r ia tio n a l p rob lem  one 
concludes th a t  th e  o rb its  o b ta in e d  as a so lu tio n  of (39) are in d e p e n d e n t of th e  
p a r tic u la r  choice of coo rd ina tes. T herefore  one is inclined to  ta k e  e q u a tio n
(39) to  he ex ac t — or a t leas t to  be s tr ic tly  in d ep en d en t o f  th e  choice of 
coo rd in a tes .

In  th e  case o f hom ogeneous p ro p a g a tio n  o f lig h t we h a v e  dg/dx  =  0 
an d  th ere fo re  all th e  C hristoffel b rack e ts  v a n ish . In  th e  la t te r  case we f in d  
x(p) =  0 an d  th u s

x =  a  p  +  ß  ,
o r e lim in a tin g  p  we have

r =  vi -f- b , (42)
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w here  v h a s  co m p o n en ts  vk =  a*/<%4, к — 1, 2, 3. T hus in  a region w ith  h o m o 
geneous p ro p a g a tio n  o f  l ig h t N ew ton’s f i r s t  law  a p p e a rs  to  be va lid . I f  we 
consider th e  sam e reg ion  in  te rm s o f tra n sfo rm e d  co o rd in a tes  x ' =  x '(x), 
th e n  in  th e  la t te r  th e  C hristoffel b ra c k e ts  will n o t v a n ish , h u t we o b ta in  
th e  ex ac t re p re se n ta tio n  o f th e  tr a n s la tio n a l m o tio n  in  te rm s of th e  t r a n s 
fo rm ed  co o rd in a tes . T h is re su lt, how ever, is only a ch eck  of consistency  of 
one a ssu m p tio n  as th e  co n cep t of m o tio n  w ith  c o n s ta n t v e lo c ity  in  th e  space  
free  of g ra v ita tio n  w as m ad e  use of in  th e  d e riv a tio n  o f  th e  eq u a tio n s  of 
m otion .

F o r p h y sica l ap p lic a tio n  i t  is o f cou rse  n ecessary  to  estab lish  th e  co n 
n ec tion  b e tw een  th e  te n so r  g(x) an d  th e  g ra v ita tio n a l fie ld  or m ore e x a c tly  
i t  is n ecessa ry  to  o b ta in  g(x) from  th e  d is tr ib u tio n  o f  g ra v ita tin g  m a tte r .  
T he la t te r  p rob lem  w as so lved  b y  E in s t e in , we give c e r ta in  aspects o f  th e  
prob lem  in  P a r t  I I I  o f th is  series.

ПРИНЦИП ЛОРЕНЦА И ОБЩАЯ ТЕОРИЯ ОТНОСИТЕЛЬНОСТИ
Часть II. 

л. яноши
Р е з ю м е

Дано обобщение преобразования Лоренца для областей где свет распространяется 
неоднородно, и показано, что принцип Лоренца может быть сохранён в своей обычной 
форме если преобразование Лоренца взять в своем более общем виде, формулированном 
для таких областей. Известные уравнения геодезических линий в гравитационном поле 
выводятся из обобщенного таким образом принципа Лоренца.
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9
The states of equivalent j  =  — nucleon configurations are classified and enum erated.

New form ulae are given for the dim ensionalities of the relevant partitions. Several general 
rules are deduced for the in te rp re ta tion  of non-standard  partitions.

1. Introduction

T his p a p e r is a d ire c t ex tension  o f  an  a rtic le  p u b lish e d  by F low ers, [1] 
in  w hich  th e  tech n iq u es o f  group th e o ry  w ere f irs t ap p lied  to  th e  p ro b lem  of 
classify ing  th e  s ta te s  of system s of e q u iv a le n t nucleons in  //-c o u p lin g . F lowers 
co m p le te ly  classified th e  s ta te s  o f e q u iv a le n t nucleon  co n fig u ra tio n s fo r  th e  

3 . 5  . 7
cases j  =  — , j —  a n d  j  =  —  . I t  is th e  p u rp o se  of th is  p a p e r  to  e x te n d  th e se

J 2
In  a d d itio n , new  fo rm u lae  a re  o b ta in e d  fo r th e  d im en siona lities IV[A] 

an d  N ( a )  of th e  p a r titio n s  [A] and  ( a )  asso c ia ted  w ith  th e  irreduc ib le  re p re 
sen ta tio n s  o f th e  u n ita ry  u n im o d u la r  g ro u p  SU (2j  -)- 1) an d  th e  sym p lec tic  
group  Sp (2j  -j- 1) resp ec tiv e ly . T hese new  fo rm ulae  red u ce  con sid erab ly  th e  
c o m p u ta tio n s  requ ired  to  o b ta in  th e  v a lu e s  o f th e  d im ensionalities _ZV[A] an d  
N ( a )  fo r  th e  various p a r ti t io n s  [Я] a n d  ( a ) .

F u rth e rm o re , th e  fo rm u la  fo r N ( a )  p rov ides fo r th e  in te rp re ta tio n  of 
n o n -s ta n d a rd  p a rtitio n s  (a ) on th e  b as is  o f  d im en sio n a lity . This fo rm u la  is 
used  to  d ed u ce  several g en era l ru les re g a rd in g  th e se  in te rp re ta tio n s .

2. Results o f the classification

T ab les 1 to  6, p a r tic u la r ly  T ab le  6, g ive th e  re su lts  o f  th e  c lassifica tion
■k ■ 9of th e  s ta te s  o f th e  nucleon  co n fig u ra tio n  j  fo r th e  case j  =  — .T h ese  T ables
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34 J .  D. D A R L IN G  and R . G. S E Y L E R

are com pletely  analogous to th o se  presented b y  F lowers [1] for the cases 
3 5 7

j  =  — , —  , a n d  —  . T h e  len g th  o f  T ab le  6 is h ere  m in im ized  b y  n o t  rep ea tin g  th e  
2 2 2

J - s t r u c tu r e ,  w h ich  is a lread y  g iv en  in  T ab le  5 fo r each  p a r t i t io n  (a). T he  read e r 
is re fe rred  to  F lo w ers’ a rtic le  [1] or to  re f. [2] fo r b o th  th e  genera l th e o ry  
a n d  th e  d e ta ile d  tech n iq u es  o'f th e  ca lcu la tio n s.

T he s ta te  c lass ifica tio n  a n d  th e  coeffic ien ts o f f ra c tio n a l p a re n ta g e  fo r
9

th e  case o f identical j  = — particles have recently  been g iven  by Sato [4].
2

Sato’s c lassifica tio n  resu lts  co rre sp o n d  to  th o se  en tries  in  T ab le  6 fo r w hich
к s

T  — —  w ith  t =  —  .
2 2

3. Non-standard (ff) partitions and dim ensionality

3.1 Interpretation o f  those non-standard (a) partit ions w hich  occur in  state 
classification calculations f o r  selected j  values

In  th e  p e rfo rm an ce  o f  th e  red u c tio n  o f th e  irred u c ib le  rep re sen ta tio n s  
o f  SU (10) to  th e  irred u c ib le  re p re se n ta tio n s  o f Sp (10) g iven  in  T ab le  4, c e r ta in

1
(ty) sym bols o ccu r w hich h a v e  m o re  th a n  th e  allow ed v —  — (2j  -f- 1) in teg e rs .

2
Sim ilar n o n -s ta n d a rd  (a) p a r titio n s  o ccu rred  also in  F low ers’ calcu la- 

7
tio n s  [1] w ith  j <j —  , and  fo r  th e se  cases he w as able to  in te rp re t  th e  occu rring

n o n -s ta n d a rd  (or) p a r titio n s  b y  using  th e  u n im o d u la r  co n d itio n s to  o b ta in  
se ts  of e q u iv a le n t [A] p a r t i t io n s  w hich u p o n  red u c tio n  y ie ld ed  sets of e q u i
v a le n t (a) s tru c tu re s . H is in te rp re ta tio n s , b a se d  on th is  eq u iv a len t [A] p a r 
t i t io n  te c h n iq u e  [3], can be  s ta te d  in  a sing le  sen tence , w hich  we shall re fe r 
to  as F low ers’ R u le ; n a m e ly , t h a t  all n o n -s ta n d a rd  (a) p a r ti t io n s , occurring

7
in  th e  s ta te  c lass ifica tio n  ca lcu la tio n s  f o r j < [  — , are  n u ll excep t fo r th o se

2
h av in g  e ith e r  o f  th e  fo llow ing form s

(<h • • • И )  =  — {<*i • • • Ov),

К  • • • o , - i  H U )  =  — (ffi • • • «b,-1 0).

( 1 )

(2)

In  th e  p re se n t s ta te  c la ssifica tion  c a lcu la tio n  th e  fo llow ing n ine an d  te n  
row  n o n -s ta n d a rd  (cr) p a r t i t io n s  occur: (111111111), (1111111111) a n d
(211111111). O f these  th e  f i r s t  tw o  m ay  be  in te rp re te d  b y  th e  eq u iv a len t [A]
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Table 1

The dimensions of the irreducible representations of SU (10)

k M N[t]

0 [0] 1
1 [1] 10
2 [2] 55

[H ] 45
3 [21] 330

[H I] 120
4 [22] 825

[211] 990
[1111] 210

5 [221] 3300
[2111] 1848

[ Ш И ] 252
6 [222] 4950

[2211] 6930
[21111] 2310
[111111] =  [1111] 210

7 [2221] 13860
[22111] 9240
[211111] 1980
[1111111] =  [ J l l ] 120

8 [2222] 13860
[22211] 20790
[2211111 8250
[2111111] 1155
[11111111] =  [11] 45

9 [22221] 27720
[222111] 19800
[2211111] 4950
[21111111] 440
[111111111]= [1] 10

10 [22222] 19404
[222211] 29700
[2221111] 12375
[22111111] 1925
[211111111] 99
[1111111111] 1
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36 J .  D. D ARLING  and R . G. SEY LER

Table 2

The reduction of representations of SU (10) to  representations of R  (3)

к M /-structure

0 [0] 0

1 [1] 9
2

2 [2] 9 7 5 3 1

[И] 8 6 4 2 0

3 [21] 4  4  4  (- 4 ) '(4 ) ' (4 )’ (4)’ (4 f  ( i f
( 7 V  7 5 V  3 1
(.TJ (TJ T  2
21 17 15 13 11 / 9  у  7 5 3

[HI] 2 2 2 ~2 2 [2 J T  2 2
4 [22] 16 142 13 12з i p  105 93 87 74 67 54 47 32 2e 03

[211] 15 14 132 122 I I 1 104 96 8е 78 67 58 4 е 3 ’ 24 l 4
[HU] 12 10 9 82 7 63 5 43 3 22 02

5 [221] 4  4  (4Г (4)’ (4Г [4 ) ' (4)’ (4)"
j' 21 j14  ̂19 у 6 ! 17 j 18 j" 15 j 19 1" 13 j 21 j' 11 j 20 j- 9 j 19

í 7V? (5 V413V Í1!5 ItJ UJ It J { 2 J
[2111] 4 4 ( 4 ) '[ 4 Г ( 4 П 4 Г ( 4 Г ( 4 Г  

(4)" (4)" (4)" (4 )“ (т)" f f l"  (4Г 
(тГ Ш '

[ШИ] 4 4 4 ( 4 Г ( 4 ) ‘ (4Г(4Г (4Г  (í)’
í 5 Y  í  3 \ f i l
1т J (tj ít )

6 [222] 21 192 182 174 164 159 148 1314 1214 112« 1019 
927 322 730 524 528 419 324 210 l 13

[2211] 20 19 183 173 167 158 1414 1315 1223 1124 1033 
932 341 737 544 535 439 326 227 l 10 O9

[21111] 17 1 6 1 52 143 1 35 1 26 118 1010 913 814 7 le 615 
547 414 313 29 l 7 0

[111111] =  [1111] 12 10 9 82 7 63 5 43 3 22 O2
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T able 2 (continued)

к M «/-structure

7 [2 2 2 1 ] f  “  (ff ( f - r  (■?■)• (f Í  (f- ) "  ( f )■

( f  Г (т-Г (“ Г (fT (тГ (т)‘ (т)" 
(■¥■)" (-¥■ )"  (■¥■)“  (4)“ (4-Г (4-Г (4-Г С4-Г

[2 2 1 1 1 ] #  ”  ( f  )' (ff  ( ” ) ’ (т)" Иг)“ (т)" 
(f)” (f)" ( f  Г (тГ (-¥■ )“  ffl" (#Г 
(W  (ff (тГ (тГ Ш“ (т)"

[ 2 1 1 1 1 1 ] f  1  (fr ( f í  ( ■ ? ■ ) • ( “ ) • ( " Г(”Г
т т е т т ' ж ш "

HY (il
[ 1 1 1 1 1 1 1 ]  =  [ 1 1 1 ]

21  1 7  1 5  1 3  1 1  I- 9  у  7  5  3

~ 2  2~ ~2~ 1Г {T j  Т  2 2

8 [2 2 2 2 ] 2 4  2 2 2 2 1 2 2 0 5 1 9 5 1 8 11 1 7 11 1 6 20 1 5 21 1 4 32 1 3 33 
1248 i x «  l o e i  957 g 7 0 7 60 6 72 5 54 4  62 З зэ 2 41 I 14
Oie

[2 2 2 1 1 ] 2 3  2 2  2 1 3 2 О4 1 9 8 1 8 11 1 7 18 1 6 23 1 5 34 1 4 44 1 3 5S
12  63 1179  1 085 999 glOO 7109 5102 5103 486 379 2 53

139 0 8

[2 2 1 1 1 1 ] 2 0  1 9  1 8 3 1 7 4 1 6 8 1 5 9 1 4 16 1 3 18 1 2 27 1 1 29 1 0 39 
939 g 19 745 552 544 447 332 2 32 I 13 О10

[2 1 1 1 1 1 1 ] 15  1 4  1 3 2 1 2 3 1 1 4 1 0 5 9 7 8 7 79 6 9 5 9 4 8 З8 2 5 

I 4 0

[ 1 1 1 1 1 1 1 1 ]  =  [1 1 ] 8 6  4  2  0

9 [2 2 2 2 1 ] 1  ч- т ' №  ( “ ) ’ ( f ) ”  ( т Г  ( f  г

(W  (тГ (тГ (тГ (“Г (“ Г (тГ
19  j 118 1 1 7  у 27  ̂ 15  у 30 1 3  у 32 ^ 11 у 26 1" 9  у 16

( í r  ( - f r  (тПтГ1
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Table 2 (continued)

к [A] J- structure

[222111]
45 43 / 41 y  f  39 V  f  37 Y> f  3 5 ) 12 f  33 y »  /  3 1 V 5
2 2 { 2  J  1 2 J  ( г г j  ( t j  v a r J  r r j

(f г (fГ (fr (f) ■ ’ (fr (fГ (fr
( fr t fn fr w m in im “

[2211111]

(fr (fn ín irm V n íT
НГй-ГН-Ш

[21111111] f  f  (f f (fr (f Г (-f)' (fr (f )•

(imrar (4Ш
[11111111] =  [1]

9
2

10 [22222] 25 232 2 2 2 215 2 0 6 1 9 u  1812 1 722 1624 1 536 1433 
I 355 j 2 56 1 1 74 1 0 73 988 883 795 680 590 4  6 6 3 67 239 
р е  02

[222211] 24 23 223 214 209 1 9 u  1820 1725 1639 1546 146« 
I 374 J297 11104 10127 9 129 8148 7139 6150 5129 4 129 
394 284 l 40 O24

[2221111] 21 20 193 185 178 1 6 11 1518 1422 1331 1238 1147
1053 96З 364 771 569 568 459 354 236 l 26 O7

[22111111] 16 15 143 133 126 1 1 6 1010 99 8 14 7 12 6 16 5 12 
4 15 З9 2 U l 3 O4

[211111111] 9 8 7 6 5 4 3 2 1

[1 1 1 1 1 1 1 1 1 1 ]=  [0] 0

partition  techn ique w ith  the results

(111111111) =  - ( 1 1 1 0 0 )  (3)
and

• (1111111111) =  - ( 1 1 0 0 0 ) .  (4)

An interpretation  o f the non-standard partition  (211111111) by th e  
sam e technique did not appear forthcom ing, b u t it  was found  possible to
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Table 3

The dimensions of the irreducible representations of Sp (10)

s (<0 TV (or)

0 (00000) 1
1 (10000) 10
2 (20000) 55

(11000) 44
3 (21000) 320

(11100) 110
4 (22000) 780

(21100) 891
(11110) 165

5 (22100) 2860
(21110) 1408
(11111) 132

6 (22200) 4004
(22110) 5005
(21111) 1155

7 (22210) 9152
(22111) 4290

8 (22220) 7865
(22211) 8580

9 (22221) 9438
10 (22222) 4719

in fer th e  in te rp re ta tio n  o f th is  p a r t i t io n  from  th e  fo llow ing a rg u m e n t based  
on d im ensiona lity .

T h e  (a) s tru c tu re  o f  [211111111] is

[211111111] =  (211111111) +  (2111111) +  (11111111)

+  (21111) +  (111111) +  (21100) +  (11110)

+  (20000) +  (11000). (5)

Acta Physica Academiae Scientiarum Hungaricae 21, 1966
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9
R ule  can  be app lied  w ith  j  =  — , i.e ., v =  5, we o b ta in

2

(2111111) =  - ( 21111),

(11111111) =  - ( 11110),
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Table 4

The reduction of the representations of SU (10) to  representations of Sp (10)

к И (cr)-structure

0 [0] (00000)
1 [1] (10000)
2 [2] (20000)

[И ] (00000) (11000)
3 [21] (10000) (21000)

[H l] (10000) (111000)
4 [22] (00000) (11000) (22000)

[211] (20000) (11000) (21100)
[И И ] (00000) (11000) (11110)

5 [221] (10000) (21000) (11100) (22100)
[2111] (10000) (21000) (11100) (21110)
[ Ш И ] (10000) (11100) (11111)

6 [222] (20000) (21100) (22200)
[2211] (00000) (11000)2 (22000) (21100) (11110) (22110)
[21111] (20000) (11000) (21100) (11110) (21111)
[111111]=  [1111] (00000) (11000) (11110)

7 [2221] (10000) (21000) (11100) (22100) (21110) (22210)
[22111] (10000)

(22111)
(21000) (lllO O )2 (22100) (21110) (11111)

[211111] (10000) (21000) (11100) (21110) (11111)
[1111111]=  [111] (10000) (11100)

8 [2222] (00000) (11000) (22000) (11110) (22110) (22220)
[22211] (20000)

(21111)
(11000)
(22211)

(21100)2 (11110) (22200) (22110)

[221111] (00000)
(21111)

(11000)2 (22000) (21100) (Н П О )2 (22110)

[2111111] (20000) (11000) (21100) (11110)
[11111111] =  [11] (00000) (11000)

9 [22221] (10000)
(22210)

(21000)
(22111)

(11100)
(22221)

(22100) (21110) (11111)

[222111] (10000)
(22210)

(21000)
(22111)

(lllO O )2 (22100) (21110)2 (11111)

[2211111] (10000) (21000) (lllO O )2 (22100) (21110) (11111)
[21111111] (10000) (21000) (11100)
[111111111] =  [1] (10000)

10 [22222] (20000) (21100) (22200) (21111) (22211) (22222)
[222211] (00000)

(21111)
(11000)2
(22220)

(22000)
(22211)

(21100) (Н П О )2 (22110)2

[2221111] (20000)
(21111)

(11000) (21100)2 (Н П О )2 (22000) (22110)

[22111111] (00000) (llOOO)2 (22000) (21100) (11110)
[211111111] (20000) (11000)
[1111111111[= [0] (00000)
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Table 5
The reduction of representations of Sp (10) to  representations of R  (3)

к (CT) ./-structure

0 (00000) 0

1 (10000) 9
2

2 (20000) 9 7 5 3 1
(11000) 8 6 4 2

3 (21000)

(11100)

f  I f  (f)■ (fr (f Í  (f) •  ( f ) •  (ir f f l '
i 5 V  3 1
Ы  i t

21 17 15 13 11 9 7 5 3
2 2 2 ~2 m i l

4 (22000) 16 142 13 123 l l 2 105 93 86 74 66 51 46 32 25 02
(21100) 15 14 132 122 114 104 95 85 77 6e 57 4s 36 23 l 3
(11110) 12 11 10 9 8 7 62 5 42 3 2 0

5 (22100) f  f  m  tf  ) •  (fr (f ) '  (f )■ (fr i w

(f Г ( ГГ (1Г (fH f П 1П1Н 4Г
i 3 V  ( 1 V

(21110)

V 2 J V 2 J

f  f  (fr (■¥■)• m  (f)1 tf ) •  tf r
7 15 у  7 13 y  7 11 у  7 9 V 7 7 V  7 5 1 «  7 3 V  71 V
n r j  n r j  n r j  [ y j  ( y J  [ y j  ( y J  ( y J

(11111) 25 19 17 15 13 11 9 7 5 1
2 2 2 2 2 2 2 У У 2

6 (22200) 21 192 182 174 164 158 14’ 1312 1212 111» 1015 921 817
722 618 520 414 317 27 l 9

(22110) 20 19 183 173 16« 157 1411 1312 1217 1118 1 023 9 23 8 2 7 
725 628 5 23 424 3 1 7 2 16 l 7 O5

(21111) 17 16 15 142 133 123 115 105 96 87 V  6e 58 46 35 
24 l 3

7 (22210) f  f  m  (f)‘ (f r (f )•  (f r (f г (f г
(f Г (f Г (f)” (f)” (ff  (f ) "  ( f ) “  (f) “

(fT (1Г Ф" (4Г (т)” (f)*
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Table 5 (continued)

к (<d J-structure

(22111) f  f  №(fi (f Г(f r (f )• (■¥■)“ (f г
(f H f H lH f  H f H f H f Г ПГ
ПГ НГ nr nr

8 (22220) 24 222 212 204 194 188 178 1613 1514 1419 1320 1227 
Ц25 1Q32 930 g35 730 635 526 423 319 218 l 7 07

(22211) 23 22 212 203 195 186 17l° 1612 1516 1419 1324 1226 
l l32 1033 937 837 739 635 536 429 326 218 l 13 02

9 (22221) « « « (-y («)• (»)■ («у («)-(f)-
(f )” (f г (тГ (тГ ( “Г (тГ (тГ (тГ 

(W(П)“ (ff П)" ПГ ПГ П)” nr
10 (22222) 25 23 22 2Р 203 194 184 177 167 151» 141“ 1313 1213 

II17 1016 918 817 719 615 518 412 З12 27 I7

an d
(111111) =  0.

U pon  s u b s ti tu t in g  th e  ab o v e  th re e  re su lts  in to  eq. (5) th e re  rem ains

[211111111] =  (211111111) +  (21100) +  (20000) +  (11000). (6)

T h e d im en sio n  [see eq. (11)] o f  th e  p a r t i t io n  [211111111] is 99, w hile th e  
d im ensions [see eq. (13)] o f  th e  s ta n d a rd  p a r ti t io n s  (cr) o ccu rrin g  in  eq. (6),
i.e ., o f th e  la t t e r  th re e  p a r ti t io n s , a re  891, 55, an d  44, re sp ec tiv e ly .

F ro m  th e se  va lues, i t  can  be  seen th a t  th e  req u ired  d im ension  e q u a li ty  
o f th e  tw o  sides o f eq. (6) w ill be  o b ta in e d  on ly  if  th e  c o n tr ib u tio n  o f (211111111) 
cancels t h a t  o f  (21100), i.e ., if

(211111111) =  —(21100). (7)

T h e  ab o v e  d im en sio n a lity  c o n sid e ra tio n s  suggest th e  possib ility  o f  
assign ing  n e g a tiv e  d im en sio n a lity  to  c e r ta in  n o n -s ta n d a rd  p a r titio n s , e .g ,, 
i t  is in fe rre d  above  th a t  a d im ension  of —891 could  be assigned  to  th e  n o n 
s ta n d a rd  p a r t i t io n  (211111111). W e s u p p o r t th is  co n sid e ra tio n  la te r.
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T able 6

The classification of the s ta te s  of the nucleon configuration j k

к M T ы 0.0

0 [0] 0 (00000) (0,0)

1 [1]
l

Y (10000) (Y)
2 [2] 0 (20000) (2,0)

[И ] l (00000) (0,0)
(11000) (2Д)

3 [21]
1
2

(21000) Ю
(10000) И)

[H I]
3
2

(11100) И)
(10000) (’• t )

4 [22] 0 (00000) (0,0)
(11000) (2Д)
(22000) (4,0)

[211] 1 (20000) (2,0)
(11000) (2Д)
(21100) (4Д)

[HU] 2 (00000) (0,0)
(11000) (2Д)
(11110) (4,2)

5 [221]
1

Y (10000) И)
(21000) H)
(11100) И)
(22100) K)

[2111] 3
2

(10000) (■•t )
(21000) И)
(11100) H)
(21110) И)
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Table 6 (continued)

к [Я] T fa) (*.•)

[Ш И ]
5
2 (10000) И)

(11100) H)
(11111) H)

6 [222] 0 (20000) (2,0)
(21100) (4Д)
(22200) (6,0)

[2211] 1 (00000) (0,0)
(11000)2 (2,1)2
(22000) (4 ,0)
(21100) (4Д)
(11110) (4 ,2)
(22110) (6,1)

[21111] 2 (20000) (2,0)
(11000) (2Д)
(21100) (4 ,1)
(11110) (4 ,2)
(21111) (6,2)

[111111]= [1111] 3 (00000) (0,0)
(11000) (2Д)
(11110) (4 ,2)

7 [2221] 1
Y (10000) H)

(21000) H)
(11100) (’•1)
(22100) K)
(21110) H)
(22210) H)

[22111] 3
2 (10000) (‘ • t )

(21000) H)
(11100)2 HÍ
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Table 6 (continued)

к [A] T (»,<)

(22100) K )
(21110) И )
(11111) H )
(22111) (’•1)

[211111]
5
2 (10000)

( ■ • t )

(21000)
( * t )

(11100) И )
(21110) И )
(11111) H )

[1111111] =  [111]
7
2 (10000) (■■I)

(11100) N )
8 [2222] 0 (00000) (0,0)

(11000) (2Д)
(22000) (4,0)
(11110) (4,2)
(22110) (6Д)
(22220) (8,0)

[22211] 1 (20000) (2,0)
(11000) (2Д)
(21100)2 (4,l ) 2
(11110) (4,2)
(22200) (6,0)
(22110) (6Д)
(21111) (6,2)
(22211) (8Д)

[221111] 2 (00000) (0,0)
(11000)2 (2,1)2
(22000) (4,0)
(21100) (4Д)
(Н П О )2 (4,2)2
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Table 6 (continued)

к W T (<d (»,<)

(22110) (6Д)
(21111) (6,2)

[2111111] 3 (20000) (2,0)
(11000) (2,1)
(21100) (4Д)
(11110) (4,2)

[11111111] 4 (00000) (0,0)
(11000) (2,1)

9 [22221] 1
T (10000) H )

(21000) И )
(11100) И )
(22100) K )
(21110) (=•4)
(11111) (=• 4)
(22210) (’• 4)
(22111) (’•4)
(22221) (’•4)

[222111] 3
T (10000) (■•4)

(21001) (-4)
(11100)2 (s- 4)'
(22100) (*• 4)
(21110)2 H Í
(11111) (s-4)
(22210) (’•4)
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Table 6 (continued)

к M T (CT) (*.<)

(22111) (Ч)
[2211111] 5

2 (10000) (■•4)
(21000) (3- 4)
(11100)-

(3’ Т )

(22100) И )
(21110) И )
(11111) К )

[21111111] 7
2 (10000) (■•4)

(21000) (3-4)
(11100) И )

[111111111] 9
2 (10000) (■•4)

10 [22222] 0 (20000) (2,0)
(21100) (4Д)
(22200) (6,0)
(21111) (6,2)
(22211) (8Д)
(22222) (10,0)

[222211] 1 (00000) (0,0)
(11000)2 (2,1)=
(22000) (4,0)
(21100) (4Д)
(11110)2 (4,2)2
(22110)2 (6Д)2
(21111) (6,2)
(22220) (8,0)
(22211) (8Д)

[2221111] 2 (20000) (2,0)
(11000) (2,1)

NОо<м (4Д)2
(11110)2 (4,2)2
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Table 6 (continued)

к м T (°0 (*, o

(22200) (6,0)
(22110) (6.1)
(21111) (6,2)

[22111111] 3 (00000) (0,0)
(11000)2 (2,l)2
(22000) (4 ,0)
(21100) (4 ,1)
(11110) (4,2)

[211111111] 4 (20000) (2,0)
(11000) (2,1)

[1111111111] 5 (00000) (0,0)

* The length of Table 6 is minimized by not repeating the ./-structure, w hich is already 
given in Table 5 for each partition  (a).

3.2 General expression fo r  the interpretation o f  occurring non-standard (a) fo r  
arbitrary j

T he n o n -s ta n d a rd  (a) p a r ti t io n  in te rp re ta t io n  eqs. (1), (2), (3), (4) an d
(7) can  all be su m m arized  b y  a single g enera l expression . To see th is , n o te  
t h a t  eqs. (3) a n d  (7) are  of th e  fo rm

(cq . . . <q,_2 111111) =  — (< q . . . <т„_2 00) (8)

a n d  eq. (4) is o f  th e  form

К  . . • <TV_3 11111111) =  - ( < q  . . . <q_3 000). (9)

E q s. (1), (2), (8) an d  (9) suggest th e  fo llow ing  general exp ression  for 
th e  in te rp re ta t io n  o f  n o n -s ta n d a rd  p a r ti t io n s  (cr)

(cq . . . <7v_n+1 H I  • • • 1 v+n+l) =

=  — (<q • • • cq-n+1  000 . . . 0„), (10)

fo r  it =  1, 2, 3, . . .  V — 1. T he u p p e r  lim it on n  re su lts  from  th e  fa c t  th a t  th e  
n u m b e r  o f row s v -f- n  -j- 1 in  occu rrin g  (a) p a r ti t io n s  can  n o t  exceed th e  
n u m b e r  o f row s in  th e  [A] p a r t i t io n  from  w hich  th e y  w ere o b ta in e d . Since 
th e  m ax im u m  n u m b e r  o f row s in  occu rrin g  [A] p a r titio n s  is 2_/ -f- 1 =  2 n we 
conc lude  t h a t  n  v — 1.

V erifica tio n  o f  eq. (10) is g iven  in  sec tio n  3.4.
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3.3 Alternative form ulae  fo r  the dimensionalities  iV[A] and N (a )

T he d im en sio n a lity  iV[A] of a g iven  p a r ti t io n  [A] m ay  be ca lc u la ted  
from  th e  fo rm u la  [1]

m ]  =  П Ш г ( 11)

A lte rn a tiv e ly , i t  can  be  show n th a t  iV[A] can be exp ressed  in  te rm s  o f k i 
an d  fc2, th e  len g th s  of th e  f irs t  and  second  co lum ns, re sp ec tiv e ly , o f th e  g iven 
[A] as'

JV[A] _____ (fcj — fc2 -f- 1) (2j  +  1)! (2j  +  2)!  
{k2)l (fc, +  1)!(2j  - к г +  2)1 (2j  k , +  1)! '

( 12)

F o r a g iven  p a r t i t io n  (a), th e  d im en sio n a lity  iV(cr) m ay  be  o b ta in e d  
from  th e  expression  [1]

o t +  V

1

/7”

=  Щ - 1 1

( g , — gи -b ^ — i) (ctí "h g  к -)- 2 v  - )-  2  —  i — к)
(к — i) (2v +  2 к)

( 13)

O r, defin ing  an d  s2 re sp ec tiv e ly  as th e  len g th s  o f  th e  f irs t an d  second 
colum ns o f th e  g iven p a r ti t io n  (a), i t  c an  be verified  t h a t  th e  d im en sio n a lity  
N (a)  can  be  w ritte n  as
щ 0\ _(2r 4- 1)! (2v +  3)! (s1 - - s2 4- l ) ( 2 r  — 2s2 -f- 4 )(2v -s2 ■ — sl +  3)(2 r — 2s1-|-2 )

(s2) ! ( Sl +  1 )!(2 v s2 +  4)! (2v - s t +  3)!
(14)

C onsiderab le e ffo rt is saved  in  o b ta in in g  th e  v a rio u s  d im ensions b y  
use o f eqs. (12) an d  (14).

S u b s titu tio n  o f th e  tw o  eq u a tio n s

К —  i f f  a n d  fc2 =  —  к  — T
2 -  2

in to  eq. (12) w ould  y ield  a n  expression  fo r  th e  d im en sio n a lity  iV[A] o f a given 
p a r ti t io n  [A] in  te rm s o f  th e  n u m b e r o f  nucleons к  a n d  th e  to ta l  iso sp in  T  
o f th e  co rrespond ing  nuc leon  co n fig u ra tio n .

S im ilarly  s u b s ti tu tio n  of th e  tw o  eq u a tio n s

l , i  1s. =  —  s -Í a n d  s.> =  —  s — t
2 2
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in to  eq. (14) w o u ld  y ie ld  an  exp ression  fo r th e  d im en sio n a lity  in  te rm s o f th e  
sen io rity  s a n d  th e  reduced  isosp in  t.

I t  sh o u ld  be  n o te d  t h a t  eqs. (12) an d  (14) a p p ly  on ly  to  p a r titio n s  [A] 
a n d  (cr) h av in g  tw o  or few er co lum ns. T h ey  a re , how ever, co m p le te ly  general 
fo r system s o f e q u iv a le n t p a r tic le s  in  //-c o u p lin g .

3.4 The interpretation o f  non-standard parti t ions  (a) on the basis o f  
dim ensiona lity

E q . (14) p ro v id es  fo r th e  in te rp re ta t io n  o f th e  v a rio u s  n o n -s ta n d a rd  
p a r ti t io n s  (a) th ro u g h  th e  co m p ariso n  o f th e  d im ensions o b ta in e d  fo r n o n 
s ta n d a rd  (a) w ith  th o se  for s ta n d a rd  (cr). I t  is w o rth  n o tin g  t h a t  such  a com 
p ariso n  is n o t  possib le  th ro u g h  th e  use o f th e  m ore u su a l d im en sio n a lity  
ex p ression , eq. (13), since i t  is lim ite d  in  a p p lic a tio n  to  only  s ta n d a rd  p a rtitio n s .

C onsider, fo r  exam ple , th e  ap p lic a tio n  o f  eq. (14) to  th e  tw o  p a r titio n s  
occurring  in  eq. (7). U sing e ith e r  o f eqs. (13) or (14) th e  s ta n d a rd  p a r ti t io n  
(21100) is fo u n d  to  hâve  d im ension  891. A p p lica tio n  o f eq. (14) to  th e  n o n 
s ta n d a rd  p a r t i t io n  (211111111), w hich  has sx =  9 an d  s2 =  1, y ie ld s  d im ension  
— 891, an d  th e re b y  verifies eq. (7).

D im en sio n a lity  v e rific a tio n  of eq . (10), th e  genera l occu rring  n o n 
s ta n d a rd  (cr), m a y  also he o b ta in e d  b y  m ean s o f eq. (14). F o r  th e  p a r ti t io n  
(<7X . . . cr„_„+1 H I  . • • l„+„+i), s1 — V n  -(- 1 a n d  s2 <[ v — n  +  1 w hereas 
fo r  th e  p a r t i t io n  (o1 . . . crp- n+i 000 . . . 0„), s[ — v — n  -\- 1 a n d  s'2 =  s2. S u b 
s t i tu t io n  o f th e  se ts  of v a lu es , Sj s2 an d  sj s2, in to  eq u a tio n  (14) reveals th a t  
th e  d im en sio n a litie s  of th e  tw o  p a r ti t io n s  d iffe r only  in  sign  an d  th e re b y  
verifies eq. (10).

3.5 General rules fo r  the interpretation o f  non-standard parti t ions  (a)

In  th is  sec tio n  tw o g en era l exp ressions, deduced  fro m  eq. (14), a re  
g iven  fo r re la tin g  various p a r ti t io n s  (cr). T h ese  general exp ressions are th e n  
specialized  to  n o n -s ta n d a rd  (cr), re su ltin g  in  a se t of ru les fo r  th e  in te rp re ta 
tio n  of n o n -s ta n d a rd  p a r ti t io n s  (cr).

T he re su lts  a re  m ost co n v en ien tly  s ta te d  in  te rm s o f th e  d u a l or a d jo in t 
(cr), in s te a d  o f  th e  p a r ti t io n  (cr) itse lf. W e w rite  th e  a d jo in t (a ) in  th e  fo rm  
(s-,, s2), w here  a n d  s2 re p re se n t th e  len g th s  o f th e  f irs t a n d  second  co lum ns, 
re sp ec tiv e ly , o f  th e  p a r ti t io n  (cr).

U sing eq. (14), one m ay  easily  verify  th e  follow ing tw o  gen era l expressions

(si? 5г) — (2 n I 2 s2),

(Sj, s2) =  (s2 — 1, 2v  -f- 3 — s j .

( E l)

(E 2)
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W e can  derive  o th e r usefu l exp ressions b y  successive  a p p lica tio n s  of 
eqs. (E l)  an d  (E 2). E q . (E 2) follow ed b y  eq. (E l)  y ie ld s

(sj, s2) — —(2v +  3 — s2, 2v 3 — Sj). (E3)

T hen  eq. (E3) follow ed b y  eq. (E2) g ives

(Si, s2) =  — (sl5 2v  +  4 — s2). (E4)

These expressions are  co m p le te ly  genera l, b u t i t  is o u r pu rpose  to  use 
th ese  expressions to  in te rp re t  n o n -s ta n d a rd  (a) p a r ti t io n s , i.e ., (a) p a r ti t io n s  
w ith  m ore th a n  v row s, b u t  f ir s t  co lum n a t  least as lo n g  as second, e i th e r  as 
s ta n d a rd  (er) or as p a r titio n s  o f null d im ensiona lity . W e shall re fe r to  th e  
general expressions, w hen  re s tr ic te d  to  th is  ap p lica tion , as th e  g enera l ru les 
fo r th e  in te rp re ta tio n  of n o n -s ta n d a rd  (a).

B y w ay  o f illu s tra tio n , consider expression  (E l) .  I t  w ill re la te  a n o n 
s ta n d a rd  (a) to  a s ta n d a rd  (a ) only i f  all o f th e  fo llow ing  co n d itio n s are 
sa tisfied :

Sj >  v, 2 r  —(- 2 — v, s2 <  s,, s 2 <[ 2v  +  2 — .

C learly  th e se  w ill be sa tis fied  i f  —(— 2 w ith  s2 <[ 2v  -)- 2 — sr  T h u s  we
h av e  o u r f irs t  ru le :

(sx, s2) — — (2v +  2 — s15 s2) w ith Sj ^  v -j— 2, 
s2 < :2 v  +  2 -  s2 .

(R l)

R e stric tin g  expressions (E2) a n d  (E3) in  a sim ilar m a n n e r  we o b ta in , r e 
spective ly ,

*i >  i1 ■(- 3)
(S j, s2) =  ( s 2 — 1, 2v +  3 — S j)  w i t h (R2)2v  +  4 — sx s2 < ; v +  1,

(sj, s2) =  —(2 v —(- 3 — s2, 2 v -|- 3 — Sj) w ith Si s2 ^  v +  3. (R 3)

I t  shou ld  be p o in ted  o u t th a t  th e  in te rp re ta tio n  expression , eq . (10), 
is eq. (R l) ,  m ore prec ise ly  its  a d jo in t, w ith  Sj =  v -f- n  +  1.

W e can  also deduce  th re e  cases in  w h ich  n o n -s ta n d a rd  (a) a re  n u ll. 
To see th is  consider th e  follow ing th re e  sp ec ia l cases:

I f  Si =  v 4- 1 
I f  s2 =  2v -f- 3 — Sj

I f  s2 =  v +  2

expression (E l)  becom es (v ~b-l> s2) — — (V -f- 1, s2). 
expression  (E 3) becom es (sx, 2v +  3 -  SJ =

=  — (sj, 2 v  +  3 — Si).
expression  (E 4) becom es (s15 v  -(- 2) =  —(sj, v + 2 ) .
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The fa c t t h a t  in  each o f  th e se  special cases a p a r t i t io n  is equal to  its  
o w n  neg a tiv e  le ts  us fo rm u la te  th re e  a d d itio n a l ru les

N (a )  =  0, w h en  sx =  v -f- 1; ( R l ')

IV(cr) =  0, w h en  -f- s2 =  2 v -f- 3; (R 3 ')

N (o )  =  0, w h en  s.2 =  v 2; (R 4 ')

The ru le  n u m b ers  re fer to  th e  expressions from  w h ich  th e  rules w ere 
o b ta in ed . T h e  p rim es  deno te  specia l cases o f  th e  co rrespond ing  expressions. 
N o tice  th a t  th e  la s t  th ree  ru les  could , a lte rn a tiv e ly , have ea s ily  been d educed  
b y  considering , in d iv id u a lly , th e  fac to rs in  th e  n u m e ra to r  o f  th e  N(a)  e x p re s 
sion , eq. (14).

The n o n -s ta n d a rd  (cr) p a r ti t io n s , th e ir  s ta n d a rd  p a r t i t io n  in te rp re ta 
tio n s , an d  th e  p e r tin e n t in te rp re ta t io n  ru les a re  su m m arized , for the  p re se n t

, . 9
case  ( j  =  —  o r v =  5) in  T a b le  7.

2

Table 7
. 9The non-standard  partitions (o') for the case j  =  -  -

sx «Î fa) N ( a ) In terp re tation Rule

6 0 (111111) 0 X l'
1 (211111) 0 X r
2 (221111) 0 X г
3 (222111) 0 X r
4 (222211) 0 X V

5 (222221) 0 X V

6 (222222) 0 X V

7 0 (1111111) — 132 - ( i n n ) 1
1 (2111111) — 1155 -(2 1 1 1 1 ) 1
2 (2211111) — 4290 -(2 2 1 1 1 ) 1

3 (2221111) — 8580 -(2 2 2 1 1 ) 1

4 (2222111) — 9438 -(2 2 2 2 1 ) 1

5 (2222211) —4719 —(22222) 1

6 (2222221) 0 X 3'

7 (2222222) 0 X 4'

8 0 (11111111) — 165 -(1 1 1 1 0 ) 1

1 (21111111) — 1408 -(2 1 1 1 0 ) 1
2 (22111111) — 5005 -(2 2 1 1 0 ) 1

3 (22211111) -9 1 5 2 -(2 2 2 1 0 ) 1
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Table 7 (continued)

«1 *2 M л » Interpretation R ule

4 (22221111) -7 8 6 5 -(22220) l

5 (22222111) 0 X 3 '
6 (22222211) 4719 (22222) 2
7 (22222221) 0 X 4 '
8 (22222222) -4 7 1 9 —(22222) 3

9 0 (111111111) -  110 -(11100) 1
1 (211111111) -  891 —(21100) 1
2 (221111111) -2 8 6 0 -(22100) 1
3 (222111111) —4004 -(22200) 1
4 (222211111) 0 X 3 '
5 (222221111) 7865 122220) 2
6 (222222111) 9438 ,22221) 2
7 (222222211) 0 X 4 '
8 (222222221) -9 4 3 8 -(22221) 3
9 (222222222) -7 8 6 5 -(22220) 3

10 0 (1111111111) — 44 -(11000) 1
1 (2111111111) -  320 -(21000) 1
2 (2211111111) -  780 — (22000) 1
3 (2221111111) 0 X 3 '
4 (2222111111) 4004 (22200) 2
5 (2222211111) 9152 (22210) 2

6 (2222221111) 8580 (22211) 2
7 (2222222111) 0 X 4 '
8 (2222222211) — 8580 -(22211) 3
9 (2222222221) -9 1 5 2 -(22210) 3

10 (2222222222) -4 0 0 4 —(22200) 3
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ПОЛНАЯ КЛАССИФИКАЦИЯ ЯДЕРНЫХ СОСТОЯНИЙ КОНФИГУРАЦИИ /

ДЛЯ J =  у

Й. Д. Д А РЛ И Н Г и Р. Г. С Е Й Л ЕР

Р е з ю м е
9Производятся классификация и перечень состоянии эквивалентных j  =  — ядер-

ных конфигураций. Для размерности важнейших разделений даются новые формулы. 
Для объяснения нестандартных разделений выводится несколько общих правил.
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1. Einleitung

D ie G ru n d au fg ab e  der P h y s ik  is t  die B eo b a c h tu n g  u n d  B esch re ib u n g  
a lle r V orgänge in  d e r  N a tu r. D ie A u fg ab e  der T h eo re tisch en  P h y s ik  is t es, 
die b e o b a c h te te n  E rsch e in u n g en  in  a b s tra k te r  F o rm  d arzuste llen , u m  daraus 
w ieder ex p erim en te ll zu  realisierende E reign isse  herauszu lesen . D ie M ethoden  
d er gedan k lich en  A b s tra k tio n  w erd en  aus d e r M a th em a tik  en tn o m m en . 
Im  a llgem einen  w ird  das N a tu rg esch eh en  d u rc h  D ifferen tia lg leichungen  
b esch rieb en . U b er d ie  In te g ra tio n  d ieser G le ichungen  können  z u n ä c h s t keine 
w e ite ren  A ussagen  g em ach t w erd en , ausser dass b e i G ü ltigkeit b e s tim m te r  
E rh a ltu n g ssä tz e  T e ilin teg ra tio n en  m öglich  sind . O ft erw eist es s ich  als s in n 
vo ll, d en  D iffe ren tia lg leichungen  ä q u iv a le n te  m a th em a tisch e  M ethoden  zu 
b e n u tz e n , die in  speziellen  F ä llen  ra sc h e r  zu r L ö su n g  des P ro b lem s führen . 
E in e  so lche M ethode is t die V a ria tio n srech n u n g .

D e r e rs te  w esen tliche  A nstoss zu  ih re r E n tw ick lu n g  e n ts ta m m t dem  
b e rü h m te n  S tre it d e r  G ebrüder B e r n o u i l l i  (1696). In  d ieser A u se in an d e r
se tz u n g  w urde  u n te r  anderem  das P ro b lem  zur D iskussion  g este llt, a u f  w elcher 
K u rv e  sich  ein S te in  im  Schw erefeld  v o n  einem  P u n k t  P x zu einem  P u n k t P 0 
bew egen  m ü sste , u m  diese S trecke  in  k ü rzes te r  Z e it zu rückzu legen  (B rachy- 
s to ch ro n en p ro b lem ). D ie F a llze it T  is t  o ffensich tlich  vom  B a h n v e r la u f  s(t) 
ab h än g ig . T  is t  e in  F u n k tio n a l v o n  s(t). D ie die A ufgabe lö sende K u rv e  s(t) 
e rg ib t sich  aus d er K lasse  aller m ög lich en  B ah n en  (a lle r V a ria tio n en  von  s(i)) 
d a d u rc h , dass sie T  zu m  M inim um  m a c h t, d. h. T  d a r f  sich bei k le in en  Schw an
k u n g e n  ös =  s(t) — s(t) der B ah n  s(t) um  die o p tim a le  K u rv e  s(t) in  e rs te r 
O rd n u n g  v o n  ös n ic h t  ändern , in  zw e ite r  O rd n u n g  v o n  ös m uss d ie  Ä nderung  
v o n  T  p o s itiv  sein. M an sag t: D ie e rs te  V a ria tio n  v o n  T  is t N u ll, d ie  zw eite 
V a ria tio n  is t p o s itiv

Ő1 T  =  0 , à2 T  >  0 .

S chon k u rze  Z eit n a c h  dem  B e k a n n tw e rd e n  d e r BERNOUiLLischen A ufgabe 
ä u sse rte  L e i b n i z  d en  G edanken , d ass  alle N a tu re re ig n isse  einem  P rin z ip  der 
m in im a len  W irk u n g  un te rliegen . D a m it w urde eine E poche d e r allgem einen  
A n w en d u n g  des V aria tio n sk a lk ü ls  z u r  B esch re ib u n g  p h y sik a lisch e r E rsche i
n u n g en  e in g e le ite t, d ie  bis zum  h e u tig e n  Z e itp u n k t an d a u e rt. Z u n ä c h s t v e r
su c h te  sp e k u la tiv e  In te rp re ta t io n e n , die in  d e r  E x is ten z  v o n  V a ria tio n s
p rin z ip ie n  das W a lte n  höherer M äch te  e rb lick ten  ( M a u p e r t u i s  u . a .) , m ussten  
d e r E rk e n n tn is  P la tz  m achen , dass d a s  V a ria tio n sp rin z ip  n u r eine ä q u iv a len te  
F o rm u lie ru n g  e in er dasselbe P ro b lem  b esch re ib en d en  D iffe ren tia lg leichung  is t.

O bw ohl also e in  V a ria tio n sv e rfah re n  k eine  p rinzip ie ll n eu e n  A ussagen 
lie fe r t, b e s itz t es b e i b es tim m ten  F rag es te llu n g en  gewisse V orte ile  gegenüber 
a n d e re n  D arste llungsw eisen . So w ird  es h äu fig  w egen  der Ü b ers ich tlich k e it 
u n d  E leg an z  d er R ech n u n g en  als m a th e m a tisc h e s  H ilfsm itte l fü r  d ie  D ed u k 
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tio n  p h y sik a lisch er G ese tzm ässigke iten  b e n u tz t. D abei w erden  b e k a n n te  
T a tb e s tä n d e  a u f  v e rk ü rz te m  W eg v e r if iz ie r t u n d  zum  T e il auch  neue  A u s
sagen  ab g e le ite t. W e ite rh in  k ö nnen  d ie  U n te rsu ch u n g  v o n  In v a ria n z e ig e n 
sch a ften  d er D ifferen tia lg leichungen  u n d  das A uffinden  v o n  E rh a ltu n g s 
sä tz e n  als F o lge d ieser In v a ria n z e ig e n sc h a fte n  erheblich  e rle ic h te rt w e rd en  
(NoETHER-Theorem [1]).

O ft is t allein  die K en n tn is  d er E x is te n z  eines V a ria tio n sp rin z ip s  fü r  
b e s tim m te  T eilaussagen  h in re ichend . Z. B . lassen  sich d a m it  in  der E la s to -  
m echan ik  u n d  O p tik  R ez ip ro z itä tsb ez ieh u n g en  zw ischen d en  in  der L a g r a n g e - 

fu n k tio n  v o rk o m m en d en  V ariab len  h e r le ite n , die im w esen tlich en  a u f  d e r 
G leichheit b e s tim m te r  gem isch te r A b le itu n g e n  des s ta tio n ä re n  F u n k tio n a is  
b e ru h en . In  d e r E lasto m ech an ik  geben sie d ifferen tie lle  B eziehungen  zw ischen  
R an d b ed in g u n g en  u n d  den  in te re ss ie ren d en  G rössen an e inem  beliebigen O rt 
im  In n e rn  an , w äh ren d  sie in  der O p tik  R e la tio n en  zw ischen B ild  und  G eg en 
s ta n d  b e in h a lten .

E in  w eiteres A nw endungsgeb ie t s in d  bei V a ria tio n sp ro b lem en  h ä u fig  
m ögliche A n a lo g ieb e trach tu n g en , falls zw ei zu n äch st g ru n d sä tz lich  v e rsc h ie 
dene p h y sika lische  P h än o m en e  d u rch  d asse lb e  s ta tio n ä re  F u n k tio n a l b e sc h rie 
b en  w erden . B ek an n t is t die so g en an n te  »KiRCHHOFFSche A nalogie« zw ischen  
den  B ew egungsgleichungen  fü r  den sch w eren  sy m m etrisch en  K reisel u n d  d en  
G leichungen  eines d u rch  D ru ck  u n d  D rill b e a n sp ru c h te n  S tabes im  d re i
d im ensiona len  R au m  [2]. D as E rk e n n e n  d e r Analogie k a n n  einen A n s a tz 
p u n k t fü r  N äh e ru n g sv e rfah ren  b ie ten .

E in  rech en tech n isch er V orzug eines V a ria tio n sv e rfah re n s  is t der, d ass  
das zu v ariie ren d e  F u n k tio n a l ein S k a la r  is t .  W egen der k o o rd in a te n u n a b h ä n 
gigen F o rm u lie ru n g  sind  ohne S chw ierig k e iten  Ü bergänge v o n  einem  K o o rd i
n a te n sy s te m  zu  einem  an d eren  m öglich . D iese Ü bergänge b ie te n  sich b e so n 
ders deshalb  an , weil in  dem  jew eils b e tra c h te te n  F u n k tio n a l s te ts  A b le itu n 
gen V orkom m en, die u m  eine O rdnung  n ie d rig e r  sind als in  d en  e n tsp re c h e n 
den  D ifferen tia lg leichungen .

E in  w esentliches K ennze ichen  eines V a ria tio n sp rin z ip s  is t  die T a tsa c h e , 
dass d u rch  A usfü h ren  v o n  T e ilv a ria tio n e n  N äh e ru n g sau sd rü ck e  fü r  die B ew e
gungsg leichungen  an g eb b a r sind . D as is t  b eso n d ers  bei d e r  im  fo lgenden  zu  
b eh an d e ln d en  B eschre ibung  von  V ie lte ilch en sy stem en  v o n  B ed eu tu n g . D u rc h  
die A usw ahl e iner b e s tim m te n  K lasse v o n  F u n k tio n en , d ie  z u r  K o n k u rre n z  
s te h e n  sollen, w erden  d en  L ösungen  des jew eiligen  P ro b lem s a u to m a tisc h  
B esch rän k u n g en  au ferleg t, so dass d iese n u r  noch n äherungsw eise  g e lte n  
können .

Die M öglichkeit, V a ria tio n sp rin z ip ien  anzugeben , b e s te h t  n ich t n u r  in  
d er k lassischen  M echanik. W äh ren d  d o r t  d as  Z eitin teg ra l ü b e r  die D iffe renz  
der k in e tisch en  u n d  p o ten tie llen  E n erg ie  d as  gesuchte  F u n k tio n a l is t, d essen  
e rs te  V a ria tio n  v ersch w in d e t [3], k ö n n en  in  d e r  Q u an ten m ech an ik  der E n e rg ie 
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e rw a rtu n g sw e rt [4] bzw . e ine V era llgem einerung  im  ze itab h än g ig en  F a ll , 
im  th e rm isc h e n  G le ichgew icht die th e rm o d y n a m isc h e n  P o te n tia le  [5] u n d  
in  der T h eo rie  irrev e rs ib le r P rozesse, die s ta t io n ä r  v e rla u fe n , die E n tro p ie 
p ro d u k tio n  a n  diese S telle tr e te n .

Die w e ite re n  A u sfü h ru n g en  w erden  s ich  d am it b e fassen , ob p rin z ip ie ll 
zu  je d e r  D iffe ren tia lg le ich u n g  ein V aria tio n sp rin z ip  angegeben  w erden  k a n n , 
u n d  die d a b e i a u f tre te n d e n  S chw ierig k e iten  hei irrev e rs ib len  P h ä n o m e n e n  
in  Teil 2 d a rleg en . Es so ll e in  Ü b erb lick  ü b e r  V aria tio n sp rin z ip ien  in  d e r  
k lassischen  S ta t is t ik  in  T eil 3 u n d  d er Q u a n te n th e o rie  s ta tio n ä re r  u n d  n ic h t 
s ta tio n ä re r  E rsch e in u n g en  in  T eil 4 bzw . T e il 5 gegeben w erd en . Teil 6 b e sc h ä f
t ig t  sich m it d e r  B esch re ib u n g  irre v e rs ib le r  Prozesse in  V ie lte ilch en sy stem en  
d u rch  V aria tio n sp rin z ip ien .

2. Bedingungen für die Existenz von Variationsprinzipien

D ie T a tsa c h e , dass zu  den  m eisten  p h y sik a lisch en  P ro b lem ste llu n g en  
V aria tio n sp rin z ip ien  a n g e b b a r  sind , lä ss t d ie  F rage e n ts te h e n , ob das p r in 
zip iell m ög lich  is t. Die S e lb s ta d ju n g ie r th e it  d er das en tsp rech en d e  P ro b le m  
b esch re ib en d en  D iffe ren tia lg leichung  is t  e ine  no tw en d ig e  und  h in re ich en d e  
B ed in g u n g  d a fü r  (K ap . 21). E in  in  K ap . 22 b e h a n d e lte s  B eispiel zeig t, dass 
diese F o rd e ru n g  bei irre v e rs ib le n  D iffe ren tia lg le ich u n g en  e rs t  durch  gee igne te  
M a n ip u la tio n en  e rfü llt w e rd en  kann .

21. Das Umkehrproblem der Variationsrechnung

B ei d e r  B esch re ib u n g  p h y sik a lisch e r E rsch e in u n g en  is t  es in  den  m e is te n  
F ä llen  so, d a ss  zu n äch st d ie  D ifferen tia lg le ich u n g en  fü r  d ie in te ress ie ren d en  
p h y sik a lisch en  G rössen b e k a n n t  sind. Soll eine ä q u iv a le n te  D arste llu n g  m it 
einem  V a ria tio n sp rin z ip  gegeben  w erden , so m uss le tz te re s  au f irg en d e in em  
W eg gew o n n en  w erden . D ieses U m k eh rp ro b lem  d e r  V aria tio n srech n u n g  
b e s te h t d a r in , zu r gegebenen  D iffe ren tia lg le ich u n g  e in  F u n k tio n a l F  zu  
k o n s tru ie re n , d as  s ta t io n ä r  is t ,  d. h. fü r  d a s  die e rste  V a ria tio n  v e rsch w in d e t

ö ' F  =  0 .  (1)

F ü r  den  F a ll ,  dass die en tsp rech en d e  p h y sik a lisch e  E rsch e in u n g  du rch  lin e a re  
D iffe ren tia lg le ich u n g en  b esch rieb en  w ird , ex is tie r t d a z u  eine au sfü h rlich e  
T heorie.

H i r s c h  [6] u n d  a n d e re  k o n n te n  zeigen , dass fü r  die L ö sb ark e it des 
U m k eh rp ro b lem s fo lgende T a tsa c h e  eine n o tw en d ig e  u n d  h in re ichende B e d in 
gung zug le ich  d a rs te llt:
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D ie D iffe ren tia lg leichung  (gew öhnliche o d e r partie lle ) m u ss  se lb s tad ju n - 
g ie rt sein , falls sie die EuLERSche G leichung eines dazugehörigen  V aria tio n s- 
p rin  zips is t. E ine  D iffe ren tia lg leichung  ist se lb s ta d ju n g ie rt, w e n n  fü r  den d a r in  
v o rk o m m en d en  O p e ra to r  (es h a n d e lt  sich h ie rb e i s te ts  um  lin e a re  O p era to ren ) 
n ach  D efin itio n  eines b e s tim m te n  S k a la rp ro d u k te s  gilt

In dem aus der Quantentheorie bekannten HiLBERTraum entspricht das der 
Hermitizität. Ob ein Operator selbstadjungiert ist, hängt von der Art des 
betrachteten Skalarproduktes und den jeweiligen Randbedingungen ab.

D as U m k eh rp ro b lem  d er V a ria tio n sre c h n u n g  is t ohne grössere  Schw ie
rig k e iten  lö sb a r, w enn  se lb s ta d ju n g ie rte  D iffe ren tia lg le ich u n g en  vorliegen . 
I s t  das n ich t d er F a ll, m uss d ie  D iffe ren tia lg leichung  g ee ig n e t um g efo rm t 
w erd en . D abei g ib t es versch ied en e  M öglichkeiten . E in m al k a n n  m an das 
S k a la rp ro d u k t geeignet u m d efin ie ren , so dass  S e lb s ta d ju n g ie rth e it e rre ich t 
w ird . W eite rh in  is t  es m öglich, d u rch  U m fo rm u n g  der D iffe ren tia lg le ich u n g  
(zusätz liche  M u ltip lik a tio n  m it O p era to ren ) dasse lbe  zu e rre ich en . Schliess
lich  w ird  m an  h äu fig  ve rsu ch en , d e r n ic h tse lb s ta d ju n g ie r te n  G leichung d ie  
a d ju n g ie rte  zu zu o rd n en . B eide G le ichungen  zusam m en  lassen  sich  in einem  
V aria tio n sp rin z ip  form ulieren .

22. E in fache  Spezialfälle

Als B eispiel soll der h a rm o n isch e  O sz illa to r u n te r  R e ib u n g  b e tra c h te t  
w erden .

D er in  d ieser D iffe ren tia lg leichung  a u ftre te n d e  O p e ra to r  is t n ic h t  se lb s ta d ju n 
g ie rt, w enn m an  als S k a la rp ro d u k t

ОР , А Ф )  =  ( А Ч / , Ф ) . ( 2 )

m(x j -|- y x l -f- a>l x^j =  A x 1 =  0 . ( 1 )

(x2, x f  =  [ dt x2(t) x f t )  m it дс(—(— o o )  =  x ( — с о )  =  0 

e in fü h rt. E s gilt

(x.z, A x j) =  ( dt x 2 m ------- \- y — — \- а>1
dt2 dt

( 2 )

( 3 )

Die U m form ung  v o n  (1) e rfo lg t:
a) d u rch  M u ltip lik a tio n  m it e inem  geeigneten  F a k to r .

eyt m( 'xl -(- y x i eojj Xj) =  0 . ( 4 )
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Bezüglich des in (2) defin ierten  Skalarproduktes ist der in (4) vorkom m ende  
Operátor selbstadjungiert. Es kann le ich t eine LAGRANGEfunktion für (4) 
angegeben werden:

Ó1 [  dt L  =  0 . (5)

D asselbe E rg eb n is  w ie in  (5) e rh ä lt m a n , w enn m a n  v o n  der G le ichung  (1) 
au sg eh t u n d  ein neues S k a la rp ro d u k t e in fü h rt

< x , y >  =  j  dt eyt x(t) y ( t) .  (6)

M ethoden  z u r  B estim m u n g  des m u ltip lik a tiv e n  F a k to rs  be i beliebigen gew öhn
lich en  D iffe ren tia lg le ich u n g en  w erden  zu m  B eispiel b e i F unk  [7] angegeben ,
b) d u rc h  E in fü h re n  e iner zusä tz lich en  D iffe ren tia lg le ich u n g  (ad ju n g ie rte  Dgl.).

A us (3) e n tn im m t m a n  so fo rt, d a ss  die zu (1) ad ju n g ie rte  D iffe re n tia l
g leichung  d ie  G esta lt

m (x2 —  y x 2 -f- cwjj x 2) s= A T x 2 =  0 (7)

h a t .  D ie G leichungen  (1) u n d  (7) la ssen  sich aus e in em  einzigen V a ria tio n s
p rin z ip  v o n  d er F orm

L  =  m x l x 2 --------y (Xl X?, —  i ” x 2) —  ft>§ x í x 2 Ó1 j  dt L ( 8)

gew innen . D ab e i w erden  Xl u n d  x2 u n a b h ä n g ig  v o n e in a n d e r  v a riie r t.
D er u n te r  b) angegebene W eg erschein t vera llg em ein eru n g sfäh ig er. 

D em  d iss ip a tiv en  S ystem  (1) w ird  ein ad ju n g ie rte s  (7) zugeo rdne t. B ei diesem  
V orgehen  e x is tie r t eine enge V erb in d u n g  m it d e r L ösung  von  E ig e n w e rt
p ro b lem en  n ic h th e rm itisc h e r  M atrizen

А е 1 =  Ле1 АЧ*2 =  Л*г*2 A* =)= А  ■ (9)

D ie E ig en w ertg le ich u n g en  ergeben s ich , w enn m an  fo rd e r t ,  dass d e r A u sd ru ck

Д _
e2 e1

s ta t io n ä r  w ird .
D as B eispiel des h a rm o n isch en  O szillators u n te r  R eibung  is t  z u n äch s t 

n ic h t ty p isc h  fü r  die im  folgenden  zu  b eh an d e ln d e  P ro b lem ste llu n g , d a  im  
F a lle  des O szillators e in  ech tes E in te ilch en p ro b lem  vorlieg t. E s  w ird  sich 
ab e r h e rau sste ilen , dass auch  bei irrev e rs ib len  P ro zessen  in  V ie lte ilch en 
sy s tem en , die durch  n ic h tse lb s ta d ju n g ie r te  D ifferen tia lg leichungen  beschrie-
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b en  w erd en , analoge M ethoden  A n w endung  fin d en  (siehe Teil 6). O ffenstehende  
F rag en  sind  noch  fo lgende : L ässt das H inzu fügen  eines a d ju n g ie rten  S ystem s 
eine sinnvo lle  p h y sik a lisch e  In te rp re ta t io n  zu? F ü r  d ie  in  d iesem  K a p ite l 
b e tra c h te te n  lin ea ren  O p e ra to ren  g ilt m it  dem  S k a la rp ro d u k t (2)

AT( t)  =  A ( - t ) ,  (11)

falls die Z eit in  A  n u r  als D iffe re n tia lo p era to r  a u f ta u c h t . E ine  L ösu n g  von

A T( t ) x 2(t) =  A ( -  t ) x 2(t) =  0 (12)

e rh ä lt m an  so fo rt m it

x2(t) =  x1( — t). (13)

In  diesem  F a ll b e sch re ib t die L ösung  des a d ju n g ie r te n  P rob lem s also  ein 
gegenüber dem  u rsp rü n g lich en  zeitlich  u m g ek eh rt ab lau fen d es  E re ig n is . B eim  
B eispiel des h a rm o n isch en  O szilla tors w äre  das e in  sich  au fsch au k e ln d es 
S ystem .

V on B ed eu tu n g  is t  auch  die F ra g e , ob die T a tsa c h e , dass in  (8) zwei 
u n ab h än g ig  zu  v a riie ren d e  F u n k tio n e n  a u ftre te n , d as  V erfah ren  u n b ra u c h b a r  
m ach t. Z u n äch s t ex is tie ren  fü r  diese A n n ah m e k eine  A n h a ltsp u n k te . M a th e 
m a tisch  fo rm a l is t die A ufgabe in  d iese r W eise lö sb a r . D ie R ech n u n g  w ird  
n a tü r lic h  w egen d er zw ei v e rsch ied en en  F u n k tio n e n  k o m p liz ie rte r. E c h te  
Schw ierigkeiten  d ü rf te n  d an n  a u f tre te n , w enn fü r  d ie  F u n k tio n e n  p lausib le  
N äh e ru n g san sä tze  g em ach t w erden  so llen , was fü r  das a d ju n g ie rte  S y stem  
n ic h t m öglich  sein w ird , falls ihm  keine  an sch au lich e  B ed eu tu n g  gegeben 
w erden  k an n .

3. Variationsprinzipien zur Berechnung klassischer Verteilungsfunktionen

E s soll ein Ü b erb lick  ü b e r V a ria tio n sp rin z ip ien  fü r  k lassische  V er
te ilu n g sfu n k tio n en  gegeben w erden . Im  a llgem einsten  F a ll k a n n  fü r  die 
ze itab h än g ig e  V erte ilu n g sfu n k tio n , d ie  d er L iouviL L E gleichung g en ü g t, ein 
s ta tio n ä re s  F u n k tio n a l k o n s tru ie r t  w erd en , wie in  K a p . 31 gezeig t w ird. 
N äh eru n g san sä tze  fü h re n  zu rev e rsib len  k in e tisch en  G le ichungen  vom  V l a so v - 
ty p  (K ap . 32). V aria tio n sp rin z ip ien  fü r  V erte ilu n g sfu n k tio n en  im  th e rm isc h e n  
G leichgew icht lassen  sich  m it H ilfe  d e r E x tre m a le ig e n sch a ft d e r th e rm o 
d y n am isch en  P o te n tia le  angeben  (K a p . 33). D er F a ll , dass die zu  b e re c h 
n ende  V erte ilu n g sfu n k tio n  einer irrev e rs ib len  k in e tisc h e n  G leichung g enüg t, 
w ird  s p ä te r  in  Teil 6 b e h a n d e lt.
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31. Die  LiouviLLEgZeic/mng

Die Beschreibung des Vielkörperproblems in der klassischen Statistik 
erfolgt durch die LiOUViLLEgleichung

~ f N +  [ H , f N ]P =  0 .  (1)
dt

/ n ( í1!, rx; . . . pyv, I n ; t) =  f N (1, . . N ;  t) is t  eine D ic h tev e rte ilu n g  im  6 N -  
d im en sio n a len  P h asen rau m , dem  i^-R aum . [H,  . . .]p is t die b e k a n n te  Poisson- 
k la m m e r. P h y sik a lisch  in te ress ie ren d e  M essw erte  A  w erden  d u rc h  S c h a rm itte l
w e rte  ü b e r die V erte ilung  f N b e re c h n e t

A  =  \ d l . . .  d N  f N ( 1 , .  • . N ,  t) A ( l , . . .  N , t )  . (2)

f N e rfü llt d ie N o rm ie ru n g sb ed in g u n g

I  d l . . .  d N f N ( 1 , . .  iV, t) =  1 . (3)

M it d er A ngabe v o n  f N w äre  d a s  P ro b lem  in  a llgem einste r W eise gelöst. 
F ü r  die B e rech n u n g  p h y sik a lisch e r G rössen is t  ab er n u r  d ie  K en n tn is  d er 
re d u z ie r te n  V e rte ilu n g sfu n k tio n en

/ „ = / „ ( 1 , • • .» ,* )  » = 1 , 2  (4)
erforderlich.

D ie A ufgabe  d e r  T heorie b e s te h t  n u n  d a r in , N äh e ru n g sv e rfah ren  fü r  die 
e x a k t  n ic h t lö sb a re  LiOUViLLEgleichung zu  en tw icke ln , w as b e re its  a u f  v e r 
sch iedene W eise m it  E rfolg  d u rc h g e fü h rt w u rd e  [8]. D en V ersu ch , V aria tio n s
p rin z ip ie n  d a fü r  n u tz b a r  zu  m ach en , h a t  Gartenhaus [9] u n te rn o m m e n .

Der Grundgedanke ist der, dass gewisse Analogien zwischen der 
LiOUViLLEgleichung und der quantenmechanischen ScHRÖDiNGERgleichung 
bestehen. Beide sind lineare partielle Differentialgleichungen erster Ordnung 
in der Zeit. Es kann deshalb vermutet werden, dass das Variationsprinzip 
für die LiOUViLLEgleichung eine ähnliche Gestalt wie das für die zeitabhängige 
ScHRÖDiNGERgleichung besitzt. Definiert man ein Skalarprodukt

< u N, v N >  =  §  d t d l  . . .  d N  u % ( l , . . .  N , t ) v N ( l , . . .  N , t ) ,  (5)

so is t  d er O p e ra to r

&  =
dt

+  [ H ] p , ( 6 )
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a n tih e rm itisch . S  b e s itz t ein  S ystem  von  k o m p lex en  E ig en fu n k tio n en  u N, 
die d er G leichung

( 7 )

genügen . I n  A nalogie zum  V orgehen  bei E ig en w ertp ro b lem en  a n tisy m m e tr i
sch er M atrizen  [10] lä ss t sich  (7) ä q u iv a le n t in  einem  V aria tio n sp rin z ip  
fo rm ulieren :

F  =  <  uN, S  uN >  — Я <  uN, u N >  ô1 F  =  0 .  (8)

D ie E igenw erte  v o n  (7) k ö n n en  n u r  rein  im a g in ä r  bzw. N u ll sein. M ultip li
z ie rt m an  (7) m it и % u n d  in te g r ie r t ü b e r O rte , Im p u lse  u n d  Z e it, e rh ä lt m a n  
dieses E rgebn is u n m itte lb a r , w enn  m an  die A n tih e rm itiz itä t  v o n  S  a u sn u tz t. 
D eshalb  k an n  so fo rt eine L ösu n g  üyv zum  E ig en w ert 0 angegeben  w erd en , 
die sich  von  u N u m  einen, w ie es sich h e ra u ss te ile n  w ird, b e lan g lo sen  P h a se n 
fa k to r  u n te rsch e id e t

ü N =  uN e ~xt. (9)

E s is t das Ziel, L ösungen  zu b erech n en , die (7) f ü r  Я =  0 befried ig en  und  a u sse r
dem  reelle u n d  s te ts  p o sitiv e  F u n k tio n en  d e r  V ariab len  1, . . . N  und  t s in d . 
W egen d er speziellen  F o rm  v o n  S  (linearer O p e ra to r , der n u r  D iffe ren tia tio 
nen  von  e rs te r  O rd n u n g  e n th ä lt) ,  gilt

&  F ( ü jv) =  (dF /d üN ) S  uN . (10)

N eben  ü N is t au ch  eine beliebige F u n k tio n  v o n  u N E ig en fu n k tio n  zu Я =  0. 
W ä h lt m an  speziell

/ n  =  | “ lV I2 =  I UN !2 , ( П )

so e rh ä lt  m an  d ie  L ösung v o n  (1). Die au s  d e r  F o rd e ru n g  (8) b e s tim m te  
F u n k tio n  ндг lie fe rt d a m it u n m itte lb a r  die V e rte ilu n g sfu n k tio n  f N.

Zu b em erk en  is t  noch , dass das F u n k tio n a l in (8) led ig lich  s ta t io n ä r  
is t ;  es b e s itz t keine E x trem a le ig en sch a ften . A u ssagen  über d ie  A r t des F eh le rs  
bei N äh eru n g sv erfah ren  sind  deshalb  n ich t m öglich .

U m  einen B ew eis fü r  die in n e re  K o n sis ten z  des V a ria tio n sv e rfah ren s  (8) 
zu geben, sollen d u rch  einen  geeigneten  V a ria tio n sa n sa tz  die k anon ischen  
B ew egungsgleichungen  ab g e le ite t w erden. A ls V ersu ch sfu n k tio n  w ird

N _______ __
u N =  ]/cS(i — i(t)) eJV,0 ’- • • N,9 m it xp* =  ip (12)

i=i

in  (8) e ingese tz t. M it i bzw . i(t) w erden  d ie  O rte  und  Im p u lse  r,, p, bzw . 
ê,(t), q,(t) zusam m engefasst. i(t) u n d  y  (1, . . .  IV, t) sind z u n ä c h s t völlig belie-
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bige F u n k tio n e n , die u n a b h ä n g ig  v o n e in a n d e r  v a r iie r t  w erden  k ö n n en .
D em  A n sa tz  (12) e n tsp r ic h t die V e rte ilu n g sfu n k tio n

f N =  / / a ( í - i ( 0 ) .  ( 1 3 )
i = 1

D ieser A u sd ru c k  e n tsp rä c h e  der e x a k te n  V erte ilung  v o n  N  T eilchen , w enn 
i(t) die d u rc h  die k an o n isch en  G le ichungen  b esch riebene B ew egung des T eil
chens i d a rs te lle n  w ürde . M it (12) e rh ä l t  m an  nach  e in fach en  U m fo rm u n g en  
fü r  das s ta t io n ä re  F u n k tio n a l aus (8)

F  =  j  J  dt d l  . . . d N  f f  ô (i  -  i(t)) 3 * ( l , . . . N , t ) y { l , . . .  N , t)
i=i

=  j j \ d t  .3? (1 ( t ) , . . .  N(t), t) y>(l(t),. . .  N(t), t)

=  у Г Л |®* +  v  (8ff 8 V _ ? H 9 V  U
j I a* ^ '184 ,83 ,  8§, 3q,jj

+SS-I
"в Qy> dy) г э я  I

-----------ч,-( dt — Щ L 9q,- J 3q, L 8g, J]|

(14)

W erden  xp u n d  i{t) n u n  u n ab h än g ig  v o n e in an d e r v a r i ie r t ,  e n ts teh en  so fo rt 
die k an o n isch en  B ew egungsgleichungen

3/
9 H

0q7
(15)

W ie b e re its  oben  fä llt au ch  h ie r die P h a se  als un w esen tlich  aus der R ech n u n g  
h eraus.

32. Kine ti sche  Gleichungen

D as in  (31.8) fo rm u lie rte  V aria tio n sp rin z ip  fü r  d ie  L iouviLLEgleichung 
g e s ta t te t  es, du rch  T e ilv a ria tio n  N äh eru n g sg le ich u n g en  fü r  die V e rte ilu n g s
fu n k tio n  ab zu le iten .

Z u n ä c h s t soll d e r A n sa tz

N
u n  — TJ v№' 0 j di *$(*’ 0 v<(g t )= l  (1)

( = 1

fü r die zu  v a riie ren d e  F u n k tio n  g ew äh lt w erden [9]. Im  folgenden w ird  ein 
S ystem  u n u n te rsc h e id b a re r  Teilchen b e tr a c h te t  (z. B . E le k tro n e n  m it  gleich- 
m ässig v e rsch m ie rtem  p o s itiv e n  U n te rg ru n d ) . D ann  s in d  alle Vj g leich. E s  g ilt:

»/(*, t) =  v(i ,  t ) . (2)
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Der Ansatz (1) beschreibt ein System statistisch unabhängiger Teilchen. 
Die Verteilungsfunktion f N  ergibt sich als Produkt von Einteilchen Verteilungs
funktionen

Setzt man (1) in 

ein und fordert

/лг =  ] [  / ( l  0  =  \v ( i , t ) \2.
i= 1

F  =  <C u N , JV u n  X М дг, u N  ^> 

Ö1 F  =  0,

(3)

(4)

( 5 )

so erhält man für v  die Bestimmungsgleichung

^  ®(1, о + [Я, +  H y , ,  «7(1, t)]p =  o. (6)
d t

H i 2 ist der Teil der HAMiLTONfunktion, der die über die Variable 2 gemittelte 
Wechselwirkung zwischen den Teilchen 1 und 2 berücksichtigt

H y i  =  f d 2  v * ( 2 ,  t ) I I ( l ,  2 )  v ( 2 ,  t ) . (7)

Multiplikation von (6) mit r*(l, t )  und Addition der konjugiert-komplexen 
Gleichung ergibt unmittelbar die VLASOVgleichung für die Einteilchenver
teilungsfunktion

^ - f ( l , t )  +  [ H 1 +  H ú , f ( l , t ) ] P =  0 .  (8)
3t

Die Gleichung (8) kann auch ohne Verwendung des Variationsprinzips aus 
der LiouviLLEgleichung hergeleitet werden. Dabei wird die durch Reduktion 
der LiouviLLEgleichung entstehende Gleichungshierarchie abgebrochen, indem

/ 2( l , 2 , t ) = / ( l , D / ( 2 , t )  (9)

gesetzt wird. Die Tatsache, dass dann ebenfalls die VLASOVgleichung entsteht, 
zeigt deutlich, dass das Variationsprinzip nur eine äquivalente Formulierung 
der entsprechenden Differentialgleichung ist. Der Vorteil des Variations
prinzips wird sich erst bei allgemeineren Näherungsansätzen bemerkbar 
machen, da dann mit diesem Verfahren Näherungsgleichungen oft auf kür
zerem Weg erhalten werden können, als es über die Hierarchie möglich ist.

Ein der VLASOVgleichung ähnlicher Ausdruck ergibt sich mit dem 
Ansatz [9]

u N =
1 N

щ  I J  t>M det w /rft, t) . (10)

5 Acta Physica Academiae Scientiarum Hungaricae 21, 1966



66 W . POM PE, К . E L K  u nd  W. MACKE

D ie im  U n te rsc h ie d  zu  (1) zusätz lich  a u f tre te n d e  D e te rm in a n te  w ird  einge
fü h r t ,  w eil m an  h o ff t, d a m it in  gew issen  G renzen d en  E influss k u rz re ich - 
w eitiger a b s to ssen d e r W echse lw irk u n g en  zu  besch re iben .

Z u n ä c h s t is t zu  e rk en n en , dass m i t  diesem  A n sa tz  die W ah rsch e in lich 
k e it N u ll se in  m uss, zw ei Teilchen in  e in em  In te rv a ll  d r  bei Г =  r 0 zu  fin d en . 
D as w ird  d u rc h  den A n sa tz  (1) n ich t g a ra n tie r t ;  es e n tsp r ic h t der p h y s ik a li
schen  R e a l i tä t  ab er b e sse r als die vö llige s ta tis tisc h e  U n ab h än g ig k e it. M it (10) 
e rh ä lt m a n  eine G le ichung  vom  VbASOVtyp. D ie A n tisy m m etrie  bzg l. der 
O rte  e rz e u g t einen n u r  fü r  kleine A b s tä n d e  w esen tlich en  Z u sa tz te rm . K in e ti
sche G le ichungen  d ieser S tru k tu r  w u rd e n  a u f  an d e re m  W eg b e re its  frü h e r 
von  K adom tsev  [11] b zw . von R ostoker  u n d  R osenbluth  [12] ab g e le ite t.

33. Var ia t ionsprinz ip ien  f ü r  Systeme i m  thermischen Gleichgewicht

Im  fo lgenden  so llen  S ystem e im  th e rm isch en  G leichgew icht b e tra c h te t  
w erden . G e h t m an  v o n  einem  S y stem  aus, das sich  in  einem  g eh em m ten  
G le ich g ew ich tszu stan d  b e fin d e t u n d  ü b e rlä s s t das S y stem  nach  E n tfe rn e n  der 
äusseren  H em m u n g  sich  se lb st, so w ird  es sich irre v e rs ib e l au f d as  G leich
gew icht zubew egen . Ü b e r  die dabei a u f tre te n d e  E n tro p ie ä n d e ru n g  d S  m ach t 
der I I .  H a u p ts a tz  d e r T h e rm o d y n am ik  die A ussage

T  dS  ^  d E  +  k i d X i • (!)

Die X i  b zw . ki k ö n n en  als v era llg em ein erte  K o o rd in a te n  bzw. K rä f te  eines 
th e rm o d y n a m isc h e n  S y stem s m it /  F re ih e itsg ra d e n  au fgefasst w erden  (z. B. 
x i =  =  p)  [5].

E s w erd en  n u n  P rozesse  b e tr a c h te t ,  bei denen  w äh ren d  des W eges zum  
G le ic h g e w ic h t/v o n e in a n d e r  u n ab h än g ig e  V ariab le  k o n s ta n t  geh a lten  w erden . 
E rfo lg t so lch  ein P ro zess  m it k o n s ta n te r  E n erg ie  E  u n d  k o n s ta n te n  X,- 
(i  =  1, . . . f  — 1), d. h . lieg t ein abgeschlossenes S y stem  vor, d a n n  n im m t 
die E n tro p ie  im  G leichgew icht ein M ax im um  an

d S  ^  0 . (2)

Es is t a b e r  auch  m öglich , dass n ic h t d iese , sondern  a n d e re  V ariab le  k o n s ta n t 
g eh a lten  w erden . W ie in  [5] gezeigt w u rd e , folgt m it  (1), dass d an n  diejen ige 
G rösse, d ie  bezüglich  d e r k o n s ta n t zu  h a lte n d e n  V ariab len  the rm o d y n am isch es 
P o te n tia l  is t ,  E x tre m a lc h a ra k te r  b e s itz t .  S te llt sich d e r  G le ichgew ich tszustand  
eines S y stem s m it d re i th e rm o d y n a m isc h e n  F re ih e itsg ra d e n  zum  B eisp ie l bei 
k o n s ta n te r  T e m p e ra tu r , k o n s ta n te m  V olum en u n d  k o n s ta n te r  T e ilchenzah l 
ein , so s t r e b t  die F re ie  E nerg ie  e inem  M inim um  zu.
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B ek an n tlich  lassen  sich im  R ah m en  einer s ta tis t is c h e n  T heorie d ie  
th e rm o d y n am isch en  P o te n tia le  d u rc h  die in  K a p . 31 e in g e fü h rte  V erte ilu n g s
fu n k tio n  /дг dars te llen . E x tre m a lp rin z ip ie n , denen  die th e rm o d y n a m isc h e n  
P o te n tia le  genügen , m üssen d esh a lb  auch  A ussagen  über d ie  G leichgew ich ts
v e rte ilu n g  liefern . Im  w eite ren  w erden  G le ich g ew ich tszu stän d e  b e tra c h te t ,  
bei denen  die F re ie  E nerg ie  zu m  M inim um  w ird . F ü r solche S ystem e w erd en  
N äherung sg le ich u n g en  fü r  die V e rte ilu n g sfu n k tio n  abge le ite t.

S e tz t m a n / N als P ro d u k t von  K o rre la tio n sfu n k tio n e n  an , die ab e in er 
b es tim m ten  O rd n u n g  n äherungsw eise  gleich E in s  w erden, e rh ä lt  m an  In te g ra l
g leichungen  fü r  die K o rre la tio n sfu n k tio n e n , die eine äh n lich e  S tru k tu r  w ie 
die aus d e r F lü ssig k e its th eo rie  b e k a n n te n  b es itzen . Bei e inem  an d eren  m ög li
chen  A n sa tz  fü h r t  m an  als f N d ie V e rte ilu n g sfu n k tio n  eines m a th e m a tisc h  
besser zu b e h an d e ln d en  S ystem s m it e iner HAMiLTONfunktion H  ein. W eite re  
N äh eru n g sv erfah ren  ergeben sich  m it der V erw endung  von  C lu s te ren tw ick lu n 
gen zu r n äherungsw eisen  D a rs te llu n g  von  f N .

E s w ird  ein S ystem  k o n s ta n te r  T e m p e ra tu r  T,  k o n s ta n te n  V olum ens V  
u n d  k o n s ta n te r  T eilchenzah l N  b e tra c h te t .  Im  G leichgew icht n im m t bei so lch  
einem  S ystem  die F re ie  E nerg ie  F  ein M in im um  an

ö1F  =  0 ö2F  >  0 .  (3)

F ü r  ein reales Gas h a t  die F re ie  E nerg ie  d ie G esta lt

F  — ■f’ideal +  ß “ 1 J dr l , . . d l N f N( ] n f lN -f- ß u N) (4 )

m it uN =  2 í , j u ij » /3-1 =  k T .

/|jv s te ll t  die n u r  noch  von  d en  O rten  ab h än g ig e  N  - T e ilch en v e rte ilu n g s
fu n k tio n  d a r. D ie Im p u lsa b h ä n g ig k e it w ird  in  den m e is ten  F ä llen  tr iv ia l  
gleich einer MAXWELLverteilung sein. Ejdeai is t  die F reie E n e rg ie  eines id ea len  
G ases, fü r  das die W ech se lw irk u n g sp o ten tia le  uy verschw inden  w ürden .

D ie f i n  w erden  du rch  M in im alisie rung  d er Freien  E n e rg ie  b e s tim m t. 
Bei u n b e sc h rä n k te r  V aria tio n  fo lg t

ölF  =  0 f,N —
e~ßu*

I d r1 . . .  d tN e~PUl>
(5)

E in  geeigneter A n sa tz  zu r A b le itu n g  von  N äh eru n g sg le ich u n g en  fü r  f IN is t  
ein P ro d u k t v o n  K o rre la tio n sfu n k tio n en  [13] in  der F orm

f IN V N f f  g i i h j )  П  g s i h j ’ k ) ■ • • g.v(!> 2 . . .  IV ). ( 6 )
KJ i< j<k
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D er A u sd ru c k  (6) fü r  f^N sch e in t z u n ä c h s t u n n ö tig  a llgem ein  zu sein, d a  die 
ex ak te  L ö su n g  (5) m it uN au s (4) ein P ro d u k t v o n  Z w eite ilch en fu n k tio n en  
is t. E r  b e k o m m t einen  S in n , w enn g e fo rd e rt w ird, dass  beim  Ü berg an g  v o n  
d er iV -T eilchenverte ilungsfunk tion  z u r re d u z ie r ten  s-T eilchenverte ilungs- 
fu n k tio n  d iese  w ieder aus denselben  K o rre la tio n s fu n k tio n e n  g2 . . . gs in  der 
W eise

/i* =  TTs / 7  &(*'’»  / /  g3( i J , b ) . . . g s( h 2 - . - s )  s =  2 , . . .  N  1 (7)
'  i < j  i < j < k

zu sam m en g ese tz t w erden  k a n n . D a m it m üssen  die K o rre la tio n sfu n k tio n e n  
zu sä tz lich e  in teg ra le  N eb en b ed in g u n g en  erfü llen . A us (7) fo lg t, dass g2( l ,  2) 
m it d er ra d ia le n  V erte ilu n g sfu n k tio n  id en tisch  ist.

M it dem  A nsa tz  (6) w ird  die F re ie  E nerg ie  b e re c h n e t. U n te r  B e rü c k 
s ich tig u n g  v o n  (7) k a n n  sie in  der F o rm

F  =  F ideal +  j  dx,  d r2g2( l ,  2) [ ln g 2( l ,  2) +  ßu( l ,  2)]

+  ^ 1  Л ,  d i2 dx3g2( 1 ,2 )g z(2, 3)g.2( 3 ,1) ln g 3( l ,  2 ,3 )  +  . . .  (8)

• N  m it - л  = ----
V

d a rg e s te llt  w erden . D ie E n tw ick lu n g  is t  e x a k t fü r  g rosse  N.  D ann  g ilt  fü r 
die E n tw ick lu n g sk o effiz ien ten

'N N 2 [N

.2 , ~  2! Ы
N 3 
3! ' (9)

D er V o rte il d ieser E n tw ic k lu n g  b e s te h t d a rin , dass in  d en  ersten  к G liedern  
n u r  K o rre la tio n sfu n k tio n e n  к -te r O rd n u n g  au ftre te n .

Bis h ie rh in  is t die T h eo rie  e x a k t. Z u r  A ble itung  v o n  N äh eru n g sg le ich u n 
gen fü r  d ie  V erte ilu n g sfu n k tio n  se tz t m a n  die gn v o n  e in e r  b e s tim m te n  O rd 
nu n g  ab  gleich E ins. F o rd e r t  m an , dass g 3 =  g4 = . . . = g yv =  1 w erd en , 
so e rh ä lt m a n  die in  d e r F lü ss ig k e its th eo rie  b e k a n n te  KiRKWOODsche S u p e r
p o sitio n sap p ro x im a tio n . E in e  bessere N äh e ru n g  e rg ib t s ich  m it

g3( l ,  2 ,3 )  =  1 — y = c o n s t .  g4 = g 5 = . . .  =  l ,  (10)
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w obei y  eine z u n ä c h s t beliebige K o n s ta n te  is t , d ie aus d er F o rd e ru n g

§ d x 1d i 2d t 3f 3 =  1 (11)

in A b h än g ig k e it v o n  g2 b e s tim m t w ird .
W ird  m it dem  A n sa tz  (10) die F re ie  E n erg ie  m in im alis ie rt, e n ts te h t  eine 

In teg ro d iffe ren tia lg le ich u n g  fü r  die rad ia le  V e rte ilu n g sfu n k tio n

ß - 1—  ln g 2( l ,2 )  =  - 8 u ( l , 2 ) + ^ i ' d r 3g2( l , 2 ) g 2( 2 ,3 ) - 9- « i ( l , 3 )  
9rx 9t1 9t!

m it tc ( l ,3 ) ß ' 1 ln  g2 (1 ,3 ) ( 12)

D ie G leichung h a t  eine ähn liche  S tru k tu r  wie die aus d er F lü ssig k e its th eo rie  
b e k a n n te n  G leichungen v o n  K i r k w o o d , Y v o n ,  B o r n  u n d  G r e e n  u n d  M a y e r . 

D ie BoRN-GREENSche G leichung u n te rsc h e id e t sich  v o n  (12) n u r  d a d u rc h , dass 
das P o te n tia l  d er D u rc h sc h n ittsk rä f te  w  (1, 3) d u rch  das zw ischen 1 u n d  3 
bei A bw esenheit a lle r an d eren  T eilchen  b es teh en d e  P o te n tia l  и  (1, 3) e rse tz t 
w ird . Im  F alle  lan g re ich w eitig er K rä f te  k ö nnen  b e id e  P o te n tia le  b e trä c h tlic h  
v o n e in a n d e r abw eichen . D ie G ü ltig k e it d er G leichung (12) sch e in t ü b e rh a u p t 
n u r  a u f  ku rzre ich w eitig e  W echselw irkungen  b e sc h rä n k t zu sein, d a  d a n n  das 
V ernach lässigen  h ö h e re r K o rre la tio n en  b e re c h tig t is t.

D as V erfah ren  b ie te t  die M öglichkeit, n eb en  d e r F re ien  E n erg ie  auch  
die an d e ren  th e rm o d y n am isch en  G rössen in  A b h än g ig k e it von  T , V  u n d  N  
zu b erech n en , die sich  aus d er F re ien  E nerg ie  d u rc h  D iffe re n tia tio n en  n ach  
T , V  u n d  N  ergeben .

Schw ierigkeiten  b e re ite t  das V a ria tio n sv e rfah re n  bei u n en d lich  aus
g ed eh n ten  S y stem en , d a  d an n  die N eb en b ed in g u n g en  fü r  die K o rre la tio n s
fu n k tio n e n  n ich t ohne w eiteres e in d eu tig  fo rm u lie rt w erden  können . D a d u rc h  
tr e te n  beim  G renzübergang  V  —• t»  in  dem  A u sd ru ck  fü r  die F re ie  E n erg ie  
zu n äch st d iverg ie rende  In te g ra le  au f. N ach  G u r i k o v  [14] lassen  sich  diese 
T erm e in  einem  k o m p liz ie rten  R eg u la ris ie ru n g sv erfah ren  s tre ich en  (bei [13] 
n ic h t r ic h tig  gelöst). A nschliessend  w ird  die F re ie  E n erg ie  m in im alis ie rt.

N äherungsw eise  A n sä tze  fü r  d ie  V e rte ilu n g sfu n k tio n  lassen  sich  n ic h t 
n u r  d u rch  die M ethode gew innen , die K o rre la tio n sfu n k tio n e n  bis zu  einer 
b e s tim m te n  O rdnung  zu  b e rü ck sich tig en , sondern  m a n  k a n n  sie au ch  noch  
a u f eine an d e re  W eise fin d en . D as oben  b eh an d e lte  V erfah ren  h a t , vom  S ta n d 
p u n k t d e r A n sch au lich k e it aus b e tra c h te t ,  noch  gew isse M ängel. E s lä s s t sich 
n ich t ohne w eiteres sagen , fü r  w elch  ein S ystem  d er jew eilige N ä h e ru n g s
a n sa tz  die e x a k te  L ösung  d a rs te llen  w ü rd e . D as is t  im  fo lgenden  besser 
m öglich [15].

F ü r  f N w ird  d e r A n sa tz

J n  —
exp( ßH)  

e x p (— ß H )  d l . . . d N
di  =  dpj dij (13)
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gemacht. H  soll die HAMiLTCmfunktion eines geeignet zu wählenden Modell
systems sein. Für die Freie Energie erhält man mit (13)

F  =  - ß ~ 1 ln[ f exp( -  ßSt) d l  . . .  d N ]  -+- ^ ^  ~  ^  CXp^ T  .
J  exp( — ßH )  d l . . .  d N

(14)

D en  N ä h e ru n g sa u sd ru c k  (14) k a n n  m an  als eine S tö ru n g sen tw ick lu n g  von  F  
b is  z u r  e rsten  O rd n u n g  n ach  H  — H  b e tra c h te n . T e ilv a ria tio n en  sin d  d u rch 
fü h rb a r ,  w enn m a n  z. B. H  in  A b h än g ig k e it eines Satzes v o n  P a ra m e te rn  
d a rs te ll t .  D er o p tim a le  Satz w ird  d u rc h  die M in im alfo rderung  fü r  F  b e s tim m t. 
E in e  A nalogie zu m  te m p e ra tu ra b h ä n g ig e n  H a r t r e e  — F o c it-Y e rfah ren  b es teh t, 
w en n  m an  als H  d ie  HAMiLTONfunktion eines M odells u n a b h ä n g ig e r T eilchen 
w ä h lt .  In  F ä llen , wo H  eine rea lis tisch e re  F o rm  h a t, die ex p liz ite  R ech n u n 
gen  n ic h t zu lä ss t, k a n n  m an  das V aria tio n sp rin z ip  v erw en d en , u m  B eziehun
gen  zw ischen v e rsch ied en en  S y s te m e n  zu b e g rü n d en .

D ie E x tre m a le ig e n sch a fte n  d e r th e rm o d y n am isch en  P o te n tia le  b ie ten  
d ie  M öglichkeit, zah lreiche an d e re  V a ria tio n sv e rfah ren  anzugeben . Sie u n te r 
sch e id en  sich sow ohl in d e r A usw ahl des th e rm o d y n a m isc h e n  P o ten tia ls  
(e n tsp re c h e n d  dem  b e tra c h te te n  G leichgew icht) als auch  in  dem  A nsatz  
fü r  f N. D ie fü r  klassische V e rte ilu n g sfu n k tio n en  g e lten d en  V a ria tio n sp rin 
z ip ien  m üssen  d ie  gleiche S t r u k tu r  h ab en  wie die in  d er Q u a n te n s ta tis t ik  fü r  
d ie  D ic h te m a tr ix  b e k a n n te n  [16]. W egen d e r im  F o rm alism u s d er Q u a n te n 
th e o rie  z u n ä c h s t ü b e rs ich tlich e ren  D arste llungsw eise  m ü sste  es m öglich sein, 
v o n  le tz te re r  au sg eh en d , d iese au ch  in  a n d e ren  als den b ish e r b e k a n n te n  
F ä lle n  a u f  d ie  k lassische S ta t is t ik  zu ü b e rtra g e n .

E ine  w e ite re  A nw endungsm ög lichkeit b e s itzen  V aria tio n sp rin z ip ien  noch  
b e i C lu s te rd a rs te llu n g en  d e r F re ie n  E nerg ie . M o r i t a  u n d  H i r o i k e  [17] zeigen, 
d a ss  d u rch  V a ria tio n  der E in te ilc h e n d ic h te  bzw . e iner m od ifiz ie rten  Zw ei
te ilc h e n d ic h te  sich  die e x a k te n  In teg ra lg le ich u n g en  fü r  die E in - u n d  Zw ei
te ilc h e n d ic h te  ab le iten  lassen , die se lb s tv e rs tän d lich  w ieder C lu ste ren tw ick 
lu n g e n  e n th a lte n . N äherungsg le ichungen  (h y p e rn e tte d  ch a in  ap p ro x im atio n ) 
ergeben  sich , w en n  m an in  d em  A usdruck  fü r  die F re ie  E n erg ie  b es tim m te  
C lu s te rsu m m en  s tre ich t.

4. S ta tio n äre  q u an ten m ech an isch e  System e

Der quantenmechanische Zustand eines Systems kann durch eine Wellen
funktion beschrieben werden, die je nach der Art des zu untersuchenden 
Problems der stationären bzw. instationären ScHRÖDiNGERgleichung genügen 
muss [4]. Bei Vielteilchenproblemen sind die exakten Lösungen der ScHRÖ
DiNGERgleichung mit Ausnahme weniger Spezialfälle nicht angebbar. Deshalb
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m üssen  en tsp rech en d e  N äh eru n g sv erfah ren  en tw ick e lt w erd en . U n te r  ih n en  
n eh m en  V aria tio n sp rin z ip ien  eine  w ichtige S te llu n g  ein.

D ie s ta tio n ä re  ScHRÖDiNGERgleichung k a n n  wegen d e r T a tsach e , dass 
d er E n e rg iee rw artu n g sw ert im  G ru n d z u s ta n d  ein M inim um  a n n im m t, le ic h t 
ä q u iv a le n t in  einem  V aria tio n sp rin z ip  fo rm u lie r t w erden [4]. In  K ap . 41 
w ird  in  a llgem einer W eise die D a rs te llb a rk e it  v o n  N äherungslösungen  d u rc h  
u n itä re  T ran sfo rm a tio n en  d isk u tie r t . Diese M ethode  w ird  d a n n  im  Fall d e r  
H artree F ocK -N äherung  in  K a p . 42 u n d  d e r BoGOLjUBOVtransformation 
in  K ap . 43 angew endet. In  K ap . 44 w erden N ä h e ru n g sm e th o d en  zu r B e h a n d 
lung  v o n  A to m k ern en  zusam m en g este llt. In d e m  m an  bei der n äh eru n g sw eisen  
A u sw ertu n g  des E nerg iem in im u m s von  v o rn h e re in  n u r b e s tim m te  Z u stän d e  
zu r V a ria tio n  zu lässt, begeht m a n  einen F e h le r , der durch  zu sä tz lich en  E in 
b a u  v o n  N ebenbed ingungen  te ilw e ise  k o rrig ie rt w erden k a n n  (K a p . 45). E in  
k u rz e r  Ü berb lick  ü b e r  Schw ierigkeiten , die b e i d er B erech n u n g  der D ic h te 
m a tr ix  m it V aria tio n sm eth o d en  e n ts te h e n , u n d  ü b e r  n ic h tin te g ra le  V a ria tio n s
v e rfah ren  w ird  in K ap . 46 gegeben .

41. Beschreibung von Näherungsverfahren durch unitäre Transformationen

E ine äquivalente Form ulierung der stationären  ScHRÖDiNGERgleichung

НФ =  Е Ф  H  =  W  (1)

k a n n  w egen der M in im ale igenschaft des E rw artu n g sw erte s  d e r  G ru n d z u s ta n d s 
energie [4] le ich t durteh das V a ria tio n sp rin z ip

д1[{Ф, Н Ф )  +  А(Ф, Ф)] =  0 (2 )
angegeben  w erden .

D u rch  T e ilv a ria tio n  sind d a ra u s  N äh e ru n g sv e rfah ren  a b le itb a r . Man k a n n  
d ab e i z u n ä c h s t äh n lich  vo rgehen  wie in d e r  S tö ru n g srech n u n g . A usgangs
p u n k t is t  ein m öglichst e in facher Z u stan d  Ф 0, z. B. der G ru n d z u s ta n d  eines 
aus H  d u rch  V erein fachung  e n ts te h e n d e n  M odellsystem s H 0, d e r  durch  eine 
T ra n sfo rm a tio n  S  m it dem  ta ts ä c h lic h  in te ress ie ren d en  Z u s ta n d  Ф v e r 
k n ü p f t is t

Ф =  5Ф 0. (3 )

F o rd e r t  m an , dass die T ran sfo rm a tio n  u n i tä r  is t

S - i  =  S t S  =  ein r f  =  7j, (4)

so h a t  m an  d a m it von  v o rn h ere in  d ie  E rh a ltu n g  d e r  N o rm ierung  sicherg este llt.
D ie A ufgabe b e s te h t n u n  d a r in , einen  sinnvo llen  N äh e ru n g sa u sd ru c k  

fü r  r\ anzugeben . W äh ren d  in  d e r  S tö ru n g srech n u n g  eine n äherungsw eise
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B erech n u n g  du rch  P a r tia lsu m m a tio n  b e s tim m te r G rap h en  einer S tö ru n g s 
en tw ick lu n g  erfo lg t, s te l l t  m an  h ie r r) =  rj (x, ß,  . . . a \ ,  . . . aj . . .) in  A b h ä n 
g igkeit g ee ig n e t zu w ä h le n d e r Sätze v o n  P a ra m e te rn  x ,  ß,  . . . u n d  O p e ra to 
ren  a\, aj . . . d a r , u n te r  d en en  d ie  o p tim a le  K o m b in a tio n  du rch  das M in im al
p rin z ip  (2) au sg ew äh lt w ird .

B eim  B estim m en  d e r  g ü n stig s ten  T ra n s fo rm a tio n  S  k an n  m an  a u f  v e r
sch iedene W eise V orgehen. Im  a llgem einen  w ird  m a n  v o n  einem  v o rg eg eb e
nen  S a tz  v o n  O p e ra to ren  ausgehen  u n d  n u r  die P a ra m e te r  x, ß, . . . v a riie re n . 
E ine a n d e re  M öglichkeit b e s te h t d a r in , dass zu e in em  festen  P a ra m e te rsa tz  
x ,  ß, . . . d ie  o p tim a len  O p era to ren  aj, aj . . . d u rch  V a ria tio n  e rm itte l t  w er
den. D er C h a ra k te r  d e r  N äh eru n g  w ird  be i beiden  M ethoden  sow ohl du rch  
die S t ru k tu r  von  r] als a u c h  durch  die W a h l des A usg an g szu stan d es b e s tim m t.

42. Das  H artkee — F ock- Verfahren

Z u n ä c h s t soll eine D arste llu n g  des H artree — FocK -V erfahrens in  dem  
F o rm a lism u s von  K a p . 41 gegeben w erd en  (h ierzu  siehe auch [18]). D abei 
w ird  d e r zw eite  der in  K a p . 41 b esch rieb en en  W ege b e n u tz t.

G egeben sei ein beliebiges S ystem  m it dem HAMiLTONoperator

H  =  2 i , j <  * I *  \j >  « 1«}  +  \ 2 i , j , k , i < 4  I  «  i  kl >  a]a)akai

( 1 )
m it <  i  1 j  >  -  j  d l  <pf(x) ■ 1 • <Pj(t)  .

Als M odellsystem  w ird  e in  System  u n ab h ä n g ig e r T eilchen  b e tra c h te t .  E in  
m öglicher Z u s ta n d  solch  eines S ystem s is t

Ф0 - Г 1 а К Ф Уак (2)
K= 1

m it  а, Ф Vak —  0 .

B eliebige an d e re  Z u s tä n d e  Ф im R a h m e n  einer N ä h e ru n g  u n ab h än g ig e r T eil
chen  k ö n n e n  en tsp rech en d  K ap . 41 au s Ф 0 durch  eine u n itä re  T ra n sfo rm a tio n  
S  e rzeu g t w erden , w en n  S  fo lgende G e s ta lt  h a t:

Ф =  5Ф (), S  =  e"1, r ] = Z m Z:p x mp aj, ap m it  x*m =  x mp. (3 )

Ф g eh t d a m it  ü b er in

m it ct( =  SatK St =  e'[">

Ф

1- rat.

N
П

1
CK ФУак

« к  +  i Z j x kj «} +  —  2j,i <*ki x ij «}2 !
(4)

=  E j { ^ ) k j aJ =  Z j  ßkj a j  •
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W ie Ф 0 s te llt also au ch  Ф e inen  Z u s ta n d  u n a b h ä n g ig e r T eilchen  d a r . Die 
A ufgabe b e s te h t n u n  d a rin , den  o p tim a le n  Z u s ta n d  zu  b estim m en . E r  fo lg t 
aus d e r M in im alisierung  des E n e rg iee rw artu n g sw erte s  H :

H  =  (Ф ,Я Ф ) =  (Ф 0, e H e +ir> Ф (1)

=  (Фу, e - ' M -  Я  Фу) =  (Ф у , Я Ф 0) -  *(Ф0, [V, Я ] _  Ф у) +  • • •• (5 )

F re i w ä h lb a r sind  z u n ä c h s t die c^.. V a ria tio n e n  d er cj^ en tsp rech en  Ä n d e ru n 
gen d er xiii bzw . a*. Im  fo lgenden  so llen  n u r  die a\-, d ie z u n äch s t fre i w ä h lb a r 
w aren , v e rä n d e r t  w erd en , w äh ren d  d ie  a !A: fe s tg eh a lten  w erden . Speziell w ird  
g e fo rd e rt, dass d er o p tim a le  Z u s ta n d  fü r  ocIfc =  0 angenom m en  w ird . D as ist 
n u r  m öglich, w enn d er in  den  ог.цс lin e a re  T erm  v e rsch w in d e t

(Ф„,[1?,Я ]_ Ф „ )  =  0 . (6)

(6) s te llt  eine B estim m ungsg le ichung  fü r  die aj, ak u n d  d a m it fü r  die cpt au s  (1) 
d ar. A us (6) fo lg t

<  p  111 m  -f- 27(1, ( <  p l  V \ Im  >■ — <  p l  | v \ m l  ^>) =  0

<  m \t p  >  +  ( <  ml \v  \ Ip >  — <  ml \ v \ p l  >  ) =  0

m  — N  -f- 1 . .  .oo 

p  =  I  . . .  N.

(7 )

D a p  u n d  m  beliebig  W e rte  in n erh a lb  d e r in  (7) angegebenen  G renzen a n n e h 
m en k ö n n en , fo lg t so fo rt

j  t j m  >  +  27flt 11 v \ Im >  — l [ v I  ml  >  =  27“=N+1 l n <pn 

í IP >  +  Z i t i  1 1 v I lp >  — l 1 v I p l  >  =  2 7 ^  Xq cpq . 

D urch  o rtho g o n ale  T ran sfo rm a tio n e n  d e r cpm u n d  (pp

Vn =  Zrn a nm <Pm Vq =  % p a qp <Pp

( 8 )

(9 )

w ird  ( 8 )  d iag o n a lis ie rt, u n d  m an  e rh ä lt  so fo rt die b e k a n n te n  H a r t r e e  —  

FocK -G leichungen

t j  m  >  -f- 2 7 1 1 v J Im >  — l J  v \ ml  >■ =  sm cpm , 

i | p >  +  27/^Z I u I Zp >  - ï I » Ip/ >  =  sp (pp .
( 10 )
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D e r in te ress ie ren d e  Z u stan d  Ф ä n d e r t  sich b e i d e r o rth o g o n a len  T ran sfo rm a
tio n  n ich t. In  O rtsd a rs te llu n g

> i ( * i )  • • • V i ( r j v )  ' ÿ i ( t i )  • • • Vi (*n )
Ф =  \ \ = \  ( И )

Vn Í*i ) Vn Í^n ) I I <Pn ( xi ) <Pn (*n ) I

g e h t die D e te rm in a n te  der n u r  durch  A d d itio n  und  S u b tra k tio n  e n tsp re 
c h e n d e r  Zeilen au s der e rs ten  h e rv o r.

43.  Die BoGOijjUBOvtransformation

D as V e rfa h ren  w urde en tw ick e lt, u m  fü r  su p ra le iten d e  System e eine 
gee ig n e te  N ä h e ru n g sm e th o d e  abzu le iten . Z u n ä c h s t w ird  d e r  H a m i l t o n - 

o p e ra to r  eines beliebigen V ie lte ilch en sy stem s m it Z w eierw echselw irkung 
b e tra c h te t .  E r  k a n n  in der F o rm

H  e k 4  a / i +  ~ ~ ^ k ,k ,q  v kk'q a k a k' a k'+q a k - q • ( 1 )

e a rg es te llt w erd en . bzw. ak s in d  E rzeugungs- bzw . V ern ich tu n g so p e ra to ren  
v o n  FERMionen m it  dem  Im p u ls  U i u n d  dem  Spin  sz =  Ä/2. O p era to ren  zu 
d n tg eg en g ese tz tem  Im puls u n d  Spin  w erden  fo lgenderm assen  u n te rsch ied en :

a l  =  «tî a - f t  =  a t - t l  • ( 2 )

S chw ierigke iten  bei der B e rech n u n g  dieses S ystem s b e re ite n  s te ts  die im  
zw e iten  T erm  e n th a lte n e n  Z w eierw echselw irkungen . Im  allgem einen  F a ll is t 
e in e  ex ak te  A u sw ertu n g  d e r ScHRÖDiNGERgleichung d esha lb  n ich t m öglich .

Z ur L ösu n g  des P ro b lem s k a n n  m an  n a c h  B o g o l j u b o v  folgendes N ä h e 
ru n g sv e rfa h ren  anw enden  [19]:

A usgehend  v o n  einem  m öglichst e in fach en  Z u s ta n d  Ф 0, w ird d er zu 
b e rech n en d e  G ru n d z u s ta n d  Ф d u rch  eine u n itä re  T ra n sfo rm a tio n  S  e rzeu g t

Ф =  S 0 O. (3)

D u rc h  geeignete  W ah l von  S  k a n n  aus einem  in  b e s tim m te r W eise vo rgegebe
n e n  Z u stan d  Ф 0 je d e r  belieb ige Z u stan d  Ф e n ts teh en . S e tz t m an  fü r  Ф 0 sp e 
z ie ll ein P ro d u k t von  E in te ilc h e n z u s tä n d en

ф о = П а1 ф Уак, ак Ф Уак=  0 ,  n belieb ig  (4)
k=  1
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an , d an n  e rh ä lt m an  fü r Ф die D ars te llu n g

Ф = I I  ck ®vak m it
к — 1

Im  fo lgenden  w ird  v e rsu c h t, als G ru n d z u s ta n d  des su p ra le ite n d e n  S y stem s 
einen  solchen Z u s ta n d  Ф =  Ф ВС5 au szu w äh len , der V a k u u m z u s ta n d  fü r  die 
d u rch  4  e rzeug ten  Q uasite ilchen  is t.

c k  Ф B C S  =  0. (6)

D as w ird  e rfü llt, w enn fü r  Ф 0 d e r V a k u u m z u s ta n d  Фуак d e r du rch  d ie  ak 
e rzeu g ten  T eilchen  m it dem  Im p u ls  Щ u n d  dem  Spin sz =  Н/2 e in g ese tz t 
w ird  (also re =  0 in  (4)). D an n  gilt

c k ^ B C S  —  c k  S  ® V a k ~  &  а к Ф у а к  —  О • C ü

D ie T ran sfo rm a tio n  S  m uss n u n  dem  re a le n  System  so an g ep asst w erd en , 
dass die neu  e in g efü h rten  Q uasite ilchen  zu m in d est fü r  k le in e  A nreg u n g s
energ ien  als w echselw irkungsfrei b e h a n d e lt w erden  k ö n n en .

B ogoljubov schlägt deshalb für supraleitende FERMionensysteme die 
Transformation

S  =  e '4

rj =  iHk x k( a l a l k — a _ k a k) m it  x k =  x f  =  — x _ k (8)

v o r. D am it e rh ä lt  m an  fü r  den  V a k u u m z u s ta n d  der Q u asite ilch en  aus (5)

ФВсз =  S  ФУак =  / /  (cos x k +  sin  x k 4  o t ft) Ф Уак . (9)
к

D er G ru n d zu stan d  is t en tsp rech en d  (9) ein Z u s ta n d  u n ab h än g ig e r FERMionen- 
p a a re  (CooPERpaare). D as h ie r e rh a lten e  E rg eb n is  is t id e n tis c h  m it e inem  
vo n  B a rdeen , Cooper u n d  Schrieffer  [20] a u f  G rund a n d e re r  Ü berlegungen  
e rh a lte n e n  A n sa tz  fü r  den  G ru n d z u s ta n d  Ф ВС5.

D ie x k s in d  d u rch  E n e rg iem in im a lis ie ru n g  geeignet zu  b estim m en . 
D ab  ei is t zu b each ten , dass m it d er an g eg eb en en  T ra n sfo rm a tio n  Z u s tän d e  
e rzeu g t w erden , fü r  die die T eilch en zah l N  =  Uk ak ak keine E rh a ltu n g sg rö sse  
m e h r is t. D eshalb  m uss als N eb en b ed in g u n g  d ie  K onstan z  des T eilch en zah l
e rw artu n g sw ertes  gefo rd ert w erden . D as V aria tio n sp rin z ip  h a t  die G es ta lt

^ [ ( ^ b c s  ■> H  Ф b c s )  B C S  ■> N  Ф b c s ) ]  —  Q  • ( 1 0 )

4  =  s  4  s*
Ф V a k S  Ф,,

(5)
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Die Variation liefert eine Integralgleichung für die xk, die noch zu gewissen 
Vereinfachungen des HAMiLTONoperators führt. Stellt man ihn durch die 
Quasiteilchenoperatoren ck, c'k, dar, so hat er ursprünglich die Form

H ( 4 , ak.) =  H ( S 1 4  S, St Ck . S)  =  H 0 +  H 1 +  H 2 +  H 3 

mit H u =  Z k E ok( x k) H x =  Z k E k (xk) c\ ck (11)
H 2 =  Z k E.ik(xk) ( 4  c t k +  c_k ck).

H 3 is t eine S um m e aller m öglichen  K o m b in a tio n e n  von  in sg esam t v ie r E rz e u - 
gungs- o d er V e rn ich tu n g so p e ra to ren  4  u n d  ck, w obei d ie  E rz e u g u n g so p e ra to 
ren  links v o n  den  V e rn ic h tu n g so p e ra to re n  s teh en .

Für die aus (10) bestimmten optimalen x k verschwindet H 2. Wegen der 
speziellen Form (8) der Transformation S  kann für niedrige Anregungsenergien 
H 3 als kleine Störung näherungsweise vernachlässigt werden. Der dann aus
(11) durch Streichen von H 3 entstehende genäherte ÜAMiLTONoperator H  
beschreibt ein System freier Quasiteilchen

H  =  H 0 +  Z k E k c t c k . (12)

A ngereg te  Z u s tä n d e  v o n  H  s ind  so fo rt a n g e b b a r. D er n - te  angereg te  Z u s ta n d  
b e s itz t die G es ta lt

=  f f  4 Фпсз ■ ( 13 )
k = l

D as V e rfah ren , op tim a le  Q uasite ilchen  z u r  B esch re ib u n g  einer b e s tim m te n  
p h y sik a lisch en  S itu a tio n  e in zu fü h ren , lä s s t  sich in zw ei N äh e ru n g ssch ritte  
zu sam m en fassen . E in m al w erd en  d u rch  d ie W ahl e in e r b e s tim m ten  K lasse  
v o n  T ra n sfo rm a tio n e n  S  — genauso  wie be i jed em  a n d e ren  V aria tio n sp rin z ip  — 
n u r  n och  T e ilv a ria tio n en  zugelassen , w as zu N äherungsg le ichungen  fü h re n  
m uss. Z um  an d eren  w ä h lt m a n  eine so lche T ra n sfo rm a tio n  aus, die es e r la u b t , 
bei R ech n u n g en  in  B ere ichen  n ied rig e r A nregungsenerg ien  die W ech se l
w irk u n g s te rm e  zu v e rn ach lässigen .

D ie F o rd e ru n g , W ech se lw irk u n g ste rm e  zu s tre ich en , wie es oben g e m a c h t 
w ird , m uss n a tü r lic h  n ic h t  im m er e rh o b e n  w erden. D a m it e n ts te h e n  zw ar 
neue  S chw ierigkeiten  bei d e r  A u sw ertu n g , das V e rfa h ren  wird je d o c h  allge
m ein e r a n w en d b a r.

A n sä tze  zu einer so lchen  E rw e ite ru n g  sind in  A rb e iten  v o n  K e l l y , 

S e s s l e r  [21] u n d  P r o v i d e n c i a  [22, 23] zu  finden . Sie fü h re n  M eh rfach an re 
gungen  ein , indem  sie fü r  S  den A u sd ru c k

S  =  exp i ( Z it k x ik a] a k +  Z ^ ^ x ^  pra ) a \ a par (14)
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v erw en d en . P r o v i d e n c i a  [23] zeig t, dass m a n  gu te  N ä h e ru n g sa n sä tz e  fü r  
S y stem e  m it s in g u lä ren  P o te n tia le n  k u rz e r  R eichw eite  d u rc h  B e rü ck sich ti
gung  von  Z w eifachanregung  e rh ä lt. E r  b r ic h t  deshalb d ie  E n tw ick lu n g  im  
E x p o n e n te n  v o n  S  n ach  dem  zw eiten  Glied ab . B ei der B e rech n u n g  des E n e rg ie 
e rw artu n g sw ertes  tr e te n  schon  b e i dem  e in fach en  A nsatz

Ф =  Б Ф 0 Ф0 =  П  < Ф Уак (15)
k= 1

fü r  den G ru n d z u s ta n d  k o m p liz ie rte  In te g ra le  au f, die m it C lu s te ren tw ick lu n 
gen  in  A nalogie z u r k lassischen  S ta tis t ik  b e re c h n e t w erden. D ie  so gew onnene 
D ars te llu n g  fü r  d en  E n erg iee rw artu n g sw ert e r la u b t  nun  die V erw endung  v o n  
V a ria tio n sm e th o d e n  zum  B estim m en  der o p tim a le n  T ra n sfo rm a tio n  S.  B ish e r 
w u rd en  diese R ech n u n g en  a b e r  noch  n ich t ex p liz it au sg e fü h rt.

44. Variat ionsmethoden beim Ato mkern

D er G ru n d z u s ta n d  eines S y stem s v ie ler T e ilchen  m it k u rz re ich w eitig e r 
s in g u lä re r W echselw irkung  (h a rd  c o re -P o te n tia l)  k a n n  m it dem  jASTROWschen 
V aria tio n s  v e rfah r en  [24] b e re c h n e t w erden . A ls A n sa tz fu n k tio n  w erden  
P ro d u k te  von  Z w eite ilch en fu n k tio n en  b e n u tz t. D ie k o m p liz ie rte  A usw ertung  
des E n e rg iee rw artu n g sw ertes  e rfo lg t m it M itte ln  der k lassisch en  S ta tis tik . 
F a lls  m an  h a rd  c o re -P o te n tia le  d u rc h  geeignete  U m form ungen  u m g eh t, k ö n 
n en  e in fachere N ä h e ru n g sa n sä tz e  v erw en d et w erd en . E ine  rech en tech n isch  
g u t zu  bew ältig en d e  M ethode is t  ein  au f w ellen m ech an isch er G run d lag e  v e r 
b esse rte s  s ta tis tisc h e s  V erfah ren  v o n  M a c k e  [25].

D ie A nw endung  von  V aria tio n sp rin z ip ien  b e i P o te n tia le n  m it  s in g u lä re r 
W echselw irkung  w u rd e  bere its  v o n  J a s t r o w  [24] u n d  a n d e re n  m it E rfo lg  
e rp ro b t. V erfah ren  d ieser A rt w e rd en  bei d er B esch re ibung  v o n  A to m k ern en  
w egen d er d o rt a u f tre te n d e n  h a rd  c o re -P o te n tia le  no tw end ig . M ethoden  vom  
H a r t r e e  — FoCK-Typ m üssen  v e rsag en , da d a b e i w egen der E x is te n z  s ingu lä 
re r  P o te n tia le  d iv e rg e n te  A u sd rü ck e  en ts teh en . D as  M odell d e r  u n ab h än g ig en  
T e ilchen  k a n n  ab e r d u rch  das d e r  u n ab h än g ig en  P a a re  e rse tz t  w erden , da  
K o rre la tio n e n  zw ischen  m ehr als zw ei T eilchen v e rn ach lä ss ig t w erd en  dürfen . 
D as is t  deshalb  d e r F a ll, weil im  A to m k ern  d ie  effek tive R e ich w eite  d e r 
W ech se lw irk u n g sk räfte  zw ischen d en  Teilchen k le in  gegen ih re n  m ittle ren  
A b s ta n d  is t.

J a s t r o w  fü h r t  d e m e n tsp re c h en d  als V ersu ch sfu n k tio n  e in  P ro d u k t von  
Z w eite ilch en fu n k tio n en  ein. D ieses P ro d u k t w ird  bei FER M ionensystem en 
zu sä tz lich  m it e iner H a r t r e e  — F o c ic -D e te rm in an te  m u ltip liz ie r t, um  das 
PAULIprinzip zu b e rü ck sich tig en . Im  folgenden  sollen zur V ere in fachung  
der R ech n u n g  n u r T eilchen  b e tra c h te t  w erden, d ie  d e r B o sE s ta tis tik  genügen,
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d a  fü r F e rm io n en  keine q u a lita tiv  n eu e n  E rgebnisse  e rh a lte n  w erden . D er 
v e rb e sse r te  A n sa tz  fü r  d en  G ru n d z u s ta n d  nach  Jastrow v e ru rsa c h t n a 
tü r lic h  S ch w ierig k e iten  beim  D u rc h fü h re n  der V a r ia tio n . Aus Z w eck m äs
sig k e itsg rü n d en  w ird  Ф  in  der F o rm

0 ( t i  , . . . t N ) =  / /  exp  —  w ( i , j )  (1)
i<j &

d a rg e s te llt . F ü r  den  E n e rg ie e rw a r tu n g sw e r t e rg ib t s ich  d an n :

E  =  ( Ф,  H  Ф )  —  (4»,[27f h, +  Z i<] Ф )  =
fi 2 Г

—  d x t rfr, 
8m J

9ic(l, 2)
8G

’ » ( 1 ,2 )р 2(1 ,2 ) ] .
8гг 2

( 2)

D abei soll g2 die Z w eite ilch en d ich te  se in . A llgem ein g ilt fü r die s-T eilchen- 
d ich te

N ! ( d xs+1 . . . d t N Ф * Ф

Qs ~  ( N  -  s ) Í  J d x , . . .  d tN Ф*  Ф  '
(3)

D ie w eite re  A ufgabe b e s te h t n u n  d a r in , E  zu m in im alisie ren , in d e m  m an 
fü r  Ф a lle  m öglichen W e rte  zu lässt. I n  (2) w erden  also  w  (1, 2) u n d  g2 (1, 2) 
v a r i ie r t .  D iese V a ria tio n e n  dü rfen  je d o c h  w egen (3) n ic h t  u n ab h än g ig  v o n e in 
an d e r erfo lgen. Z w ischen g2 u n d  w  (1, 2) ex is tie rt e n tsp rech en d  d er D efin itio n  
(3) d e r Z u sam m en h an g

-9 g2( 1,2) = g 2( l , 2 ) - 9—W( l , 2 ) +  f * , e , ( 1 ,2 ,3 )  —  «7(1,3). (4)3tj 8ti J 8tj

G leichung  (4) is t n ic h t abgesch lossen , d a  sie als n e u e  u n b e k a n n te  G rösse die 
D re ite ilch en d ich te  g3 e n th ä lt .  U m  die  V aria tio n  d u rch fü h ren  zu  können , 
s ind  desh a lb  von  m eh re ren  A u to ren  N ä h e ru n g sv e rfah ren  en tw ick e lt w orden 
[26], [27], [28].

Abe [27] benutzt zur Elimination von g3 aus (4) die KiRKWOODsche 
Näherung

N
^ T s gs ( l ,  2, 3) =  p2( l ,  2 ) q2(2,  3 )g 2( 3 , 1) m it  « T * =  —  . (5)

D iese A p p ro x im a tio n  is t  g u t bei S y stem en  m it k u rz e r  R eichw eite  u n d  n ich t 
zu g rossen  T e ilch en d ich ten , da d a n n  im  allgem einen  n u r  zwei T e ilch en  gleich
ze itig  m ite in a n d e r  w echselw irken  w erd en . M it (4) u n d  (5) k a n n  m an  fü r 
dw  (1, 2 )/8 rx eine E n tw ic k lu n g  n a c h  d e r T e ilch en d ich te  Ж "  a n g e b e n , in  der
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n u r  noch  q2 a u f ta u c h t. B rich t m an  die E n tw ic k lu n g  in e in e r b e s tim m ten  
O rd n u n g  ab u n d  m in im alis ie rt

Е = Я [ е а ( 1 , 2) ] ,  (6)

so e rh ä lt  m an  eine B estim m ungsg le ichung  fü r  d ie  Z w eite ilch en d ich te  q2 (1, 2).
H i r o i k e  [28] b a u t  die in  d e r R e ih en en tw ick lu n g  bzgl. b esteh en d e

A nalogie  zu r k lassischen  S ta t is t ik  w e ite r au s . S e tz t m an f ü r  w  (1, 2) =  
=  — ß u (  1 ,2 ) , so k a n n  m an  die zu r B e rech n u n g  d er Z w eite ilch en d ich te  in  
d er k lassischen  S ta t is t ik  g e lten d en  In te g ra lg le ich u n g e n  ü b e rn e h m e n , falls 
и (1, 2) fo rm al m it dem  W e ch se lw irk u n g sp o ten tia l zw ischen zw ei T eilchen 
id e n tif iz ie r t  w ird . D ie In teg ra lg le ich u n g en  g e s ta t te n  es, w (1, 2) in  E  du rch  
q2 (1, 2) au szu d rü ck en . N äherungs v e rfa h r  en , d ie  von  k lassisch en  C luster
en tw ick lu n g en  h e r b e k a n n t sin d , erm öglichen  e ine  A usw ertung  des V aria tio n s
p rin z ip s . Es w ird  z. B. die h y p e r-n e tte d  c h a in  a p p ro x im a tio n  (H N C ) v e r
w en d e t, bei d er n u r  C luster e in er b e s tim m te n  topo log ischen  S tru k tu r  au f
su m m ie rt w erden  [17]. W ird  ansch liessend  die E n e rg ie  zum  M in im um  gem ach t, 
e rh ä lt m an  im  R ah m en  der H N C -A p p ro x im a tio n  gü ltige  In teg ra lg le ich u n g en  
fü r  p, (1, 2). D as jASTROWsche V erfah ren  e n th ä l t  also neben  d e r  N äh eru n g  
d u rch  d en  speziellen  A nsatz  fü r  den  G ru n d z u s ta n d  s te ts  w eitere  N äh eru n g en  
bei d er A u sw ertu n g  des E n e rg ie e rw artu n g sw e rte s .

W ie gezeigt w u rd e , b e re ite t das JASTROWsche V a ria tio n sv e rfah re n  fü r 
S y stem e m it s in g u lä ren  W echselw irkungen  bei d e r  A u sw ertu n g  erhebliche 
S chw ierigkeiten . D a  ab e r in  der T h eo rie  d er A to m k e rn e  durch  d en  h a rd  core- 
A nte il des N u k leo n en p o ten tia ls  solche F ra g e s te llu n g e n  e n ts te h e n , w urden  
W ege g esu ch t, u m  dieses H in d ern is  zu u m g eh en . S te ts  is t es d a s  Ziel, zu r 
näherungsw eisen  B estim m u n g  des G ru n d z u s ta n d e s  m a th e m a tisc h  einfacher 
d u rc h fü h rb a re  V a ria tio n sm e th o d en  wie das H a r t r e e  — F ocK -V erfah ren  oder 
s ta tis tisc h e  V erfah ren  anw enden  zu können .

E in e  M öglichkeit e rg ib t sich d a d u rc h , dass m a n  das s in g u lä re  P o te n tia l 
du rch  ein  g eg lä tte te s  E ffe k tiv p o te n tia l e rse tz t, w ie  es in d er B r u e c k n e r - 

th eo rie  g em ach t w ird . F ü r  eine B eh an d lu n g  v o n  A to m k ern en  m it  V a ria tio n s
p rin z ip ien  w ird  das zum  B eispiel v o n  K u m a r  [29] u n d  B r u n n e r  [30] aus
g e n u tz t.

E in  zw eiter W eg  b e s te h t d a rin , h a rd  c o re -P o te n tia le  du rch  g esch w in d ig 
k e itsab h än g ig e  zu e rse tzen . E s lä s s t sich  zeigen , d ass  beide P o te n tia l ty p e n  
du rch  eine V a ria b le n tran s fo rm a tio n  in e in an d e r ü b e r fü h r t  w erden k ö n n e n  [31]. 
W egen des je tz t  n ic h t  m eh r s in g u lä ren  HAMiLTONoperators is t es e rla u b t, 
H a r t r e e  — F ocic-A n sä tze  zu m achen . B ei S y s te m e n  m it g rosser T eilchen 
zah l N  w ird  das B erech n en  der H a r t r e e  — F o cK -E in te ilch en w ellen fu n k tio n en  
nach  der M ethode des »seif co n sis ten t fie ld«  seh r m ü h e v o ll sein. D esh a lb  b e n u tz t 
m an  s ta tis tisc h e  B esch re ib u n g en , bei den en  z u m in d e s t das PA U Liprinzip 
g ew ah rt b le ib t [32].
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E in e  V erfe in eru n g  des s ta tis t is c h e n  M odells a u f  w ellenm echan ischer 
G ru n d lag e  w urde  v o n  M a c k e  [25] angegeben . E r  v e rw e n d e t fü r  d en  G ru n d 
z u s ta n d  e inen  N ä h e ru n g san sa tz  v o m  H a r t r e e  — F ocK -T yp  in  d e r F o rm

m it

Ф(Г1, . . .Г д г ) = - р = г |? > 11(Г*)|

9^(1') ff(r) S
N

? n (9 ( r ) )  •

( 7 )

D ie (pn s te llen  e inen  in  b e s tim m te r W eise  v o rg eg eb en en  Satz von  E in te ilc h e n 
fu n k tio n e n  d ar. Sie so llen  nach  K o n s tru k tio n  in  e inem  durch  d ie  V ariab le  
t)(r) b esch rieb en en  B ere ich  o rth o g o n a l sein, d. h. es gilt

j 9 *  (9) <Pm (9) = Kn. (8)
E s w ird  an g en o m m en , dass zw ischen d e n  R a u m p u n k te n  r u n d  dem  B ereich  t) 
eine e in d eu tig e , a b e r  so n st z u n äch s t beliebige T ra n sfo rm a tio n  t) =  t)(r) v o r
gegeben  w erden  k a n n . a j N  soll g le ich  d er F u n k tio n a ld e te rm in a n te  d e r  T ra n s 
fo rm a tio n  sein

g(t) =
N  dxk (9)

A us (8) u n d  (9) k a n n  m an  fo lgern , d ass  auch d ie  <pn(t)  zu e in an d er o rth o g o n a l 
sein  m üssen . E s g ilt

dx <pm (r) =  j  d t 9J /
dx,.

V* (9(r)) 9m (9(r)) =
( 10)

D u rc h  die F o rd e ru n g , dass m it d em  A nsatz  (7) d ie  E nerg ie zu m  M inim um  
w ird , k a n n  die T ra n sfo rm a tio n  t) =  t)(ï) b e s t im m t w erden.

W ill m an  d ie E n erg ie  n u r in  s ta tis t is c h e r  N äh e ru n g  N  —>• o o  berech n en , 
so is t  d ie  spezielle F o rm  der y n n ic h t  sehr w ich tig , z. B. kön n en  sie die E ig en 
fu n k tio n e n  eines E in h e itsw ü rfe ls  se in .

Mit diesem Ansatz liefert das Variationsverfahren eine Verfeinerung der 
T h o m a s  —  F e r m i —DiRAC-Methode [33]. Als Verbesserung tritt in der kineti
schen Energie zusätzlich der WEizsÄCKERterm auf

E kin,w d l m it
N

n=1
( i i )

d e r  d ie  O rtsab h än g ig k e it der T e ilch en d ich te  b e rü ck sich tig t.
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45. E inb au von Nebenbedingungen  — cranking-Model l

In den bisher behandelten Verfahren werden Näherungslösungen der 
stationären ScHRÖDiNGERgleiehung ermittelt, indem der Energieerwartungs
wert unter der Nebenbedingung konstanter Normierung zum Minimum ge
macht wird.

Ô [(Ф, H  Ф) -  X (Ф, Ф)] =  0. (1)

D ab e i w erden  d en  zu v a riie re n d en  Z u s tän d en  Ф d u rch  spezielle  A nsätze  v o n  
v o rn h e re in  B esch rän k u n g en  au fe rle g t, die zw ang släu fig  zu N ä h e ru n g slö su n 
gen fü h ren  m üssen . V on g u ten  N äh eru n g slö su n g en  w ird  m an  sp rech en , w enn  
d e r E n e rg iee rw artu n g sw ert m ög lich st gu t a p p ro x im ie r t w ird . U m  d a rü b e r 
h in a u s  auch  v e rn ü n ftig e  E rg eb n isse  in  bezug a u f  an d e re  F rag es te llu n g en  zu  
e rh a lte n , w erden  o ft m it grossem  E rfo lg  zu sä tz lich e  N eb enbed ingungen  in d ie  
V aria tio n sau fg ab e  e in g eb au t.

Es soll z. B . einmal eine H a r t r e e  — FocK-Näherung betrachtet werden. 
Während die exakte Lösung Ф des Problems Eigenzustand zum wahren 
HAMiLTONoperator H  ist, kann die Näherungslösung Ф0 als Eigenzustand 
eines Modelloperators H 0 interpretiert werden. Der exakte HAMiLTONopera
tor H  ist invariant gegen beliebige Translationen und Drehungen, es gilt also

[Я ,ЗД_ =  О , [Я ,3 ]_  =  0 .  (2)

D ie E ig en lösungen  Ф sind  d a m it au ch  E ig en zu stän d e  des G esam tim pu lses p 
sow ie von  Q u a d ra t u n d  z -K o m p o n en te  des G esam td reh im p u lses  ty. Beim 
Ü b erg an g  zum  M odellopera to r Я 0 g eh t die S y m m etrie  von  H  zum indest 
te ilw eise  v e rlo ren . D u rch  E in fü h ru n g  eines ra u m fe s te n  m ittle re n  E in te ilc h e n 
p o te n tia ls , das in  H 0 e n th a lte n  is t , w ird

[ Я0, $ ] _ +  0 .  (3)

D ie M o dellzustände sind  n ic h t m e h r E ig en zu stän d e  von  au sse rd em  v e r
sch w in d e t dessen E rw a rtu n g sw e rt. E in e  freie T ra n s la tio n  des S ch w erp u n k tes  
u n d  eine zugehörige S ch w erp u n k tsen erg ie  sind also  n ic h t m eh r im  M odell 
e n th a lte n .

B ei d e fo rm ie rten  K ern en  v e r lie r t H 0 die K u g e lsy m m etrie , d ie H  besitz t. 
B le ib t d er K e rn  ax ia lsy m m etrisch , d a n n  e n th ä lt  Я 0 eine ausgezeichnete  
R ic h tu n g  e, die F ig u ren ach se  des K ern es. Es g ilt d a n n

[Яо, е З ] _ = 0 ,  [ H 0, Q $ ] = f =  0

m it Q =  1 — e ° e 1 =  E in h e its te n so r. (4)
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H 0 b e s itz t a lso  n u r  E ig en zu s tän d e , die k e in e  D reh im p u lsk o m p o n en te  sen k rech t 
zu  e e n th a lte n , im  G egesatz  zum  e x a k te n  P rob lem . D u rch  den  speziellen  
A n sa tz  Ф 0 w erd en  d a m it au ch  K e rn ro ta tio n e n  n ic h t m itg e lie fe rt, d e n n  diese 
k ö n n e n  ja  n u r  um  A chsen  sen k rech t z u r  F ig u ren ach se  erfolgen.

U m  d iesen  F eh le r Zu bese itig en , k a n n  m an d u rc h  E in b au  v o n  N eb en 
b e d in g u n g en  in  (1) an  Ф 0 zu sätz liche  F o rd e ru n g e n  s te llen . So k a n n  m a n  z. B. 
v e rlan g en , dass d er K e rn  einen  D reh im p u ls

(Ф, S  Ф) =  S  =  а (5)

b es itzen  soll. (1) g eh t d a n n  in

& [(Ф , H  Ф) -  ш (Ф , 8  Ф) -  /  (Ф , Ф )] =  0 (6)

ü b e r  [37].
B ei v o lls tän d ig e r V a ria tio n  d e r  Ф sind (1) u n d  (6) g le ichw ertig , da die 

L ösu n g en  v o n  (1) s te ts  E ig e n z u s tä n d e  einer K o m p o n en te  von  9 ,  e tw a  der 
K o m p o n e n te  in  R ic h tu n g  а aus (5), s in d . Bei te ilw e ise r V a ria tio n  dagegen 
is t  die N eb en b ed in g u n g  en tsch e id en d , sie fü h r t  b e i d e fo rm ie rten  K ern en  zu 
n eu en  L ösungen , die d u rc h  H 0 n ic h t e rfa ss t w erd en . (6) geh t aus (1) hervo r, 
in d em  m a n  en tsp rech en d

H  -> H  -  w Ö (7)

zum HAMiLTONoperator den Term-ft) Q hinzufügt. Das entspricht einem Über
gang von einem ruhenden zu einem mit со rotierenden Koordinatensystem. 
Die Variation in (6) mit einem H artree  — FocK-Ansatz beschreibt demnach 
ein System mit ca rotierender Teilchen, die sich im rotierenden Bezugssystem 
unabhängig voneinander in einem Einteilchenpotential bewegen.

F ü h r t  m an  d ie  R ech n u n g  in  (6) durch , so e rh ä lt  m an  e inen  E n erg ie 
e rw a rtu n g sw e rt, d e r fü r  а =j= 0 g rö sse r als d e r b e i einem  H artree  — F ock- 
V e rfah ren  ohne d ie  zu sä tz liche  N eb en b ed in g u n g  is t . D er Z u sa tz te rm  h ä n g t 
in  e rs te r  N äh eru n g  q u a d ra tisc h  v o n  d er W in ke lgeschw ind igke it со ab. D er 
P ro p o r t io n a li tä ts fa k to r  w ird  als T rä g h e itsm o m e n t in te rp re tie r t . M it diesem  
V e rfa h ren  e rh ä lt m a n  d a m it v e rb e sse rte  E rg eb n isse  des cranking-M odells [35].

D ieselben  Ü berleg u n g en  s ind  f ü r  den  Im p u ls  ^3 m öglich. D e r  V a ria tio n s
fo rd e ru n g

ö [(Ф, H  Ф) -  ü (Ф , $  Ф) -  Я (Ф , Ф)] =  0 (8)

e n ts p r ic h t h ierbei e in  Ü bergang  zu  einem  m it d e r  G eschw ind igkeit b bew eg
te n  S y stem .
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46. Weitere Variationsverfahren

D er Z u s ta n d  eines q u a n te n m e c h an isch e n  System s k a n n  d u rch  eine 
W ellen fu n k tio n  beschrieben  w erd en . E ine  a llgem einere D a rs te llu n g  is t m it d e r 
D ic h te m a tr ix  m öglich . Diese m uss au f je d e n  F a ll d an n  e in g e fü h rt w erden , 
w en n  n u r  u n v o lls tän d ig e  In fo rm a tio n  ü b e r  das System  v o rlie g t [36]. Z u r 
B erechnung  d e r D ic h te m a trix  eines S ystem s v ie le r T eilchen  m üssen  ebenso 
w ie zu r B estim m u n g  der W e llen fu n k tio n  N ä h e ru n g sv e rfah ren  en tw ick e lt 
w erd en , da das P ro b lem  n ic h t e x a k t lö sb a r is t . E in  m öglicher W eg b e s te h t 
in  d e r  V erw endung  des V aria tio n sk a lk ü ls . D ie D ic h te m a tr ix  fü r  den  G ru n d 
z u s ta n d  eines S y stem s k an n  im  F orm alism u s d e r V aria tio n srech n u n g  du rch  
E nerg iem in im alis ie ru n g  b e re c h n e t w erden . M an k a n n  zeigen, dass d er E n erg ie 
e rw artu n g sw ert n u r  von d e r d u rc h  R e d u k tio n  aus der iV -T eilchendichte- 
m a tr ix  gN e n ts te h e n d e n  Z w e ite ilch en d ich tem a trix  g2 in  d er F o rm

a b h ä n g t. g2 d a r f  a ls A n sa tz fu n k tio n  n ic h t be lieb ig  gew äh lt w erd en , sondern  
m uss einem  S atz  v o n  N eb enbed ingungen  genügen . Diese N eb en b ed in g u n g en  
e n ts te h e n  aus F o rd e ru n g en  an  gN (z. B . N o rm ie ru n g , H e rm itiz itä t ,  U n u n te r
sc h e id b a rk e it d e r T eilchen  u n d  — fü r  FERM ionen — PA U Liprinzip). D urch  
R e d u k tio n  ta u c h e n  die B ed ingungen  in  k o m p liz ie rte r  F o rm  w ied er in  g2 auf. 
Bei e inem  belieb igen  N äh e ru n g san sa tz  fü r  g2 is t  s te ts  zu u n te rsu c h e n , ob sie 
e rfü llt sind . (iV -D arste llbarkeit v o n  g2). A usfüh rlichere  U n te rsu c h u n g e n  d a rü b er 
w u rd en  u . a. v o n  A n d o  [37] u n d  v o n  C o l e m a n  [38] a n g es te llt. B isher is t 
es ab e r n u r  ge lungen , eine V ielzah l von  en tw ed e r n u r  no tw en d ig en  oder n u r  
h in re ich en d en  B ed ingungen  fü r  g2 an zu g eb en ; es k o n n te  n ic h t geze ig t w erden , 
dass sie beides zug le ich  sind. In  jü n g s te r  Z eit is t  es sch e in b ar ge lungen , n o t
w endige u n d  h in re ich en d e  B ed in g u n g en  zugleich  fü r  die iV -D arste llb a rk e it 
von  g2 anzugeben  [39]. Diese B ed in g u n g en  sin d  je d o c h  so k o m p liz ie rt, dass 
sie fü r  A n w en d u n g en  ungeeignet zu  sein  scheinen .

Alle bisher angeführten Variationsprinzipien zur Bestimmung des 
quantenmechanischen Grundzustandes haben ein gemeinsames Merkmal. Sie 
stellen integrale Variationsprobleme dar. Wie man z. B. beim jASTROWSchen 
Verfahren feststellen konnte, bereiten die Integrationen über die Variablen 
aller Teilchen oft erhebliche Schwierigkeiten. Deshalb ist ein Extremalprinzip, 
bei dem die Integrationen umgegangen werden, teilweise aus rechentechnischen 
Gründen vorzuziehen.

Die local energy-Methode [40] besitzt diesen Vorzug. Das Verfahren 
soll der Einfachheit halber an einem Einteilchenmodell erläutert werden. Es ist 
aber genauso auf Vielkörperprobleme anwendbar. Ausgangspunkt ist die 
stationäre ScHRÖDiNGERgleichung in Ortsdarstellung

E  =  Sp2 H  g2 ( 1 )

H  T (x) =  E  tp(t). (2)
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F ü r  eine  g en äh erte  F u n k tio n  <p(t) g e h t sie in

Н Щ  x) =  e{x)<p{x)  (3)

ü b e r. D ie W ellen fu n k tio n  is t o p tim a l, w enn  e(r) u n a b h ä n g ig  vom  O rt einen 
k o n s ta n te n  W ert a n n im m t, d. h . w en n  die m ittle re  q u a d ra tisc h e  S ch w ankung

(/le)2 =  e2 — e2 (4)

ein M inim um  a n n im m t.
. U m  In te g ra tio n e n  zu  v e rm e id e n , w erden  d ie M itte lu n g en  ü b e r  die 

U m g eb u n g en  Лхр e ines S ystem s v o n  endlich  v ie len  P u n k te n  vo rgenom m en. 
D a n n  g ilt

-  _  Z p sp8p ej,g p ^
Epgp E p gp

m it (5)
g p ^ p ) = А т р $( 1р )2.

F ü r  ip w erden  N ä h e ru n g sa u sd rü c k e  e in g efü h rt. W ä h lt  m an  speziell

T =  Si  ci ( f i , (6)

so e rh ä lt  m an  aus d e r  M in im alfo rderung  fü r  (4) ein  S ystem  von  B estim m u n g s
g le ichungen  fü r  d ie  Ci, das m it e inem  I te ra tio n sv e rfa h re n  gelöst w e rd en  k an n . 
D e n k b a re  A nsätze  fü r  die cpi w ären  z. B .b e i einem  FER M ionensystem  H a r t r e e  — 
F o C K -D eterm inan ten .

5. N ichtstationäre quantenm echanische Systeme

F ü r  die ze itab h än g ig e  ScHRÖDiNGERgleichung k ö n n en  sow ohl ein n u r  
s ta tio n ä re s  F u n k tio n a l als au ch  so lch  ein F u n k tio n a l angegeben  w erden , das 
e in en  M in im alw ert a n n im m t (K a p . 51). D as le tz te re  h a t  die anschau liche  
B ed eu tu n g , dass das Q u a d ra t v o m  A b stan d  des w ah ren  Z u s ta n d e s  u n d  des 
n äh eru n g sw eise  g ü ltig en  im  Z e ita b la u f  ein M inim um  a n n im m t. M it diesen 
V aria tio n s  v e rfa h re n  k ö n n en  ze itab h än g ig e  H a r t r e e  — F ocK -G leiehungen  abge
le i te t  w erden . D as M in im alp rinz ip  is t  au sse rd em  be i S ta b ilitä tsu n te rsu c h u n 
gen  v o n  N u tzen . I n  K ap . 52 w e rd e n  S treu p ro b lem e  b e h a n d e lt. D iese in s ta t io 
n ä re n  V orgänge k ö n n en  speziell be i e la s tisch e r S treu u n g  d u rc h  s ta tio n ä re  
G leichungen  b esch rieb en  w erd en , die m it V a ria tio n sp rin z ip ien  v o n  K ohn  [41], 
H u l t h e n  [42] u n d  S c h w in g e r  [43] n äherungsw eise  gelöst w erd en .
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51. Die  zeitabhängige ScHRÖDiNGERg/eie/umg

Der Ausgangspunkt aller Variations verfahren für die stationäre ScHRÖ
DiNGERgleichung ist die M inim aleigenschaft des Energieerw artungsw ertes. Für 
die zeitabhängige ScHRÖDiNGERgleichung

-  —  J L ÿ /  = H ip H  =  W  (1)
i Qt

lä ss t sich a u f  d iesem  W eg je d o c h  kein  V a ria tio n sp rin z ip  ab le iten . Es b ie te n  
sich d a fü r a b e r versch iedene  andere  M öglichkeiten  an .

E n tsp re c h e n d  den in  K a p . 21 g em ach ten  A ussagen k a n n  m an  v e rsu ch en , 
in  dem  d u rch  (1) b esch rieb en en  R au m  a lle r Z u s ta n d sv e k to re n  W  ein S k a la r
p ro d u k t zu defin ieren , bei dem  d er O p e ra to r  Hd/i 81 H  s e lb s ta d ju n g ie rt is t.
H  soll n ach  V orau sse tzu n g  h e rm itisch  sein. D an n  e rh ä lt m a n  so fo rt ein  V a ria 
tio n sp rin z ip , w enn  m an  das in  d er Q u a n ten th eo rie  ü b liche  S k a la rp ro d u k t u m  
eine Z e itin te g ra tio n  e rw e ite rt. F o rd e r t  m an , dass das F u n k tio n a l

F  =  [ d t V ,  Í —  —  +  я )  w
J l i dt 1

s ta t io n ä r  w ird

( 2)

ó1 F  =  \ dt ÓV,

=  dt ÓV,

h 8

i dt

h э
i Qt

Я ) У ) +  I A p F ,

h \ w \ +  [ dt ÔV,

h d 

i dt

% Э
i dt

H \  ÔW

H \ W

(3)

=  0 ,

so e rh ä lt m an  bei be lieb iger V a ria tio n  d er V  d ie G leichung (1).
D as V erfah ren  h a t  a b e r  einen N ach te il. B e tra c h te t  m an  die zw eite  

V a ria tio n

d2F — ö V  ! + I dt {ÓV, H  ÖV) 
d t  J

0 , (4)

d an n  k a n n  m an  zw ar m it S ich e rh e it sagen, dass d e r zw eite T e rm  im m er p o sitiv  
sein  w ird  [4], dagegen  sind  fü r  d en  e rsten  A u sd ru ck  beide V orzeichen  m öglich. 
D as F u n k tio n a l F  is t  also n u r  s ta tio n ä r . E s n im m t kein en  E x tre m w e rt an .

Ein M inimalprinzip für die zeitabhängige ScHRÖDiNGERgleichung wird  
von  McLachlan [44] angegeben. Es kann auf anschauliche W eise hergeleitet 
werden.

N ach  V orgabe eines Z u stan d es  zu r fe s ten  Z eit t V ( t ) =  V 0 is t  m it (1) 
die w eitere  E n tw ick lu n g  des S y stem s im  Z e ita b la u f  e in d eu tig  b e s tim m t. F ü r  
den  Z u s ta n d  zu r Z e it t -f- à t g ilt

^ ( t  +  Ót) = m —  H 4 S ( t ) d t .  
h

( 5 )
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F a lls  ¥ ( t )  in  e inem  U n te rra u m  a lieg t, w ird  ¥  (t -f- à t) im  Z e ita b la u f  im  
a llg em ein en  au s a h e rau s lau fen .

In  A bb . 1 w ird  d er HiLBERTraum d u rc h  die P a p ie re b e n e  c h a ra k te ris ie r t. 
D ie  Z u s ta n d sv e k to re n  ¥ ( t )  so llen  wie O rtsv e k to re n , v o n  e inem  U rsp ru n g  О 
au sg eh en d , a u fg e tra g en  w erd en . Die im  R ah m en  eines N äh e ru n g sv e rfah ren s  
z u  b e re c h n e n d en  Z u stän d e  ¥  b le iben  d u rc h  einen spezie llen  A nsa tz  a u f  den  
U n te rra u m  a b e sc h rä n k t. Z u  dem  festen  Z e itp u n k t t soll d e r  näherungsw eise

Abb. 1. Beispiel fü r die B eschränkung der Zustandsvektoren durch eine Nebenbedingung а

gü ltige Z u s ta n d  ¥ ( t )  g leich d em  von  dem  rea len  S ystem  e x a k t  angenom m enen  
Z u s ta n d  ¥ ( t )  sein

m  =  m  =  • (6)

E s w ird  n u n  n ich t ¥  (t -)- ö t), so n d e rn  derjen ige  im  U n te rra u m  a liegende 
Z u s ta n d  ¥  ( t  -j- à  t) b e s tim m t, d er d as  ta tsä c h lic h  zu  b esch re ib en d e  S y stem  
o p tim a l a p p ro x im ie rt. E in e  sinnvo lle  F o rd e ru n g  f ü r  eine m öglichst g u te  
N ä h e ru n g  is t  die, dass d a s  Q u a d ra t des A b stan d es v o n  ¥  (t +  ô t)  u n d  
¥  (t +  à t )

A  (t +  ô t) =  ( [ ^  (t +  ô t) — ¥  (t +  ô t)], [Ф ( t  +  ô t ) -  ¥  ( t  +  b *)]) (7)

ein M in im um  a n n im m t. D a n n  m uss also  gelten :

Ő1 ZI (t +  àt)  =  0. (8)

Es bleibt nun noch zu untersuchen, welche Grösse in A (t ö t) variiert 
werden darf. ¥  (t -f- ô  t) wird sich nicht ändern, da bei Vorgabe des Anfangs
zustandes ¥ ( t )  die ScHRÖDiNGERgleichung ¥  (t ô  t) eindeutig bestimmt. 
Variationen sind nur für ¥  (t -j- ô t) möglich, aber auch nicht in unbeschränk
tem Umfange. Entwickelt man ¥  (t -f- ő t) um die Stelle t

¥ ( t  +  öt) =  ¥ ( t ) +  ô t —  ¥ ( t )  =  ¥ ( t )  +  öt  ~ ¥  (t), (9)
0Í 0Í
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so sieh t m an , dass n u r

—  ~ X (t )
d t  П

( 10)

v a riie r t w erden  kan n . D ie m öglichen W e rte  von  x{t) m ü ssen  dab e i d en  m it a 
gegebenen N eb en b ed in g u n g en  genügen.

Es gilt
i

П * +  d t ) -  W ( t  +  ö t ) =  -  —  d t (B W {t ) -  x (t )) .
n

D am it e rh ä lt m an  fü r (7)

ö t 2
A ( t  +  à t ) =  —  ( x  (0  -  H V (t ) , x (t ) -  (t)) .

n2

( 11)

( 12)

ö t 2
D as M in im alprinzip  b a t  die G esta lt (d e r  k o n stan te  F a k to r  — k a n n  u n b e 

rü ck sich tig t bleiben):

<3M(t) =  0 ,  A(t)

m it der N eb enbed ingung

fP

d t 2
A (t -\~ Ö t ) (13)

M  = I  d t

(13) e rg ib t be i u n b e sc h rä n k te r  V a ria tio n

ô1 A(t) =  (ôx,  x  — H  4*) +  (x — H  W ,  bx)  (14)

die G leichung (1), w en n  m an  noch d ie  N ebenbed ingung  (10) b e rü ck sich tig t. 
D ie zw eite  V aria tio n

ö2 Ä(t) =  (bx ,  bx)  >  о (15)
is t s te ts  po sitiv .

D ie oben  angegebenen  V aria tio n sm e th o d en  erm öglichen  es, p rinz ip ie ll 
dieselben N äh eru n g sv erfah ren  an zu w en d en  wie im  z e itu n ab h än g ig en  Fall. 
So k an n  z. B. ein ze itabhäng iges H a r t r e e  —F ocK -V erfahren  a b g e le ite t w er
den. M it dem  A nsatz

. . ï N, t )  = j = d e t x p i (xj , t )  (16)

e rh ä lt m a n  aus beid en  V aria tio n sp rin z ip ien  H a r t r e e  — F ocic-G leichungen , die 
sich v o n  den  ze itu n ab h än g ig en  n u r  d u rch

П 0
<Pi W  “ ► y>i (G 0  « n d  £(—*■------ ;-------- (17)

i  Q t
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u n te rsc h e id e n . Sie h ab en  die F o rm

i Qt

u n d

m it
f}2 o2 r

* = -  —  - Т 7  +  ^ \ d x ' w f ( i ' , t ) v ( x , x ' ) [ l - P ] t Pj( x ' , t )  (18)
I m  or2 J

PiPj ( r \  i) tPi (r, t) =  y>j (r, t) Ifi ( r ' , t ) ,  P 2 =  1 .

F ü r  s ta tio n ä re  L ösungen  y>,(r, t) =  <pi(l) exp  (— i ei t/fi) g ehen  sie in  die z e i t
u n a b h ä n g ig e n  H a r t r e e  — F ocK -G leichungen  ü b e r. Im  allgem einen  w erd en  
k o m p liz ie rte re  N ä h e ru n g sa n sä tz e  d u rch au s zu  v e rsch ied en en  R e su lta te n  fü h 
re n , je  n ach d em  w elches V a ria tio n sp rin z ip  v e rw en d e t w ird . W egen se iner 
e c h te n  M in im ale igenschaft is t  d a n n  das le tz te re  vo rzu z ieh en .

M it dem  M in im alp rinz ip  (13) k ö n n en  S ta b ilitä tsu n te rsu c h u n g e n  fü r  
N äh e ru n g slö su n g en  v o rg en o m m en  w erden . Sie lassen  sich a u f  ein  »V erfahren 
d e r k le in en  Schw ingungen« z u rü ck fü h ren . D ie dabei a u f tre te n d e n  E ig en 
schw ingungen  en tsp rech en  k o lle k tiv e n  A nregungen  des G ru n d zu stan d es  [45].

52. Streuprozesse

In  ih re r  a llgem einsten  F rag es te llu n g  sin d  S treu p ro zesse  in s ta tio n ä re  
V ie lk ö rp e rp ro b lem e. E in  e inzelnes T eilchen  w ird  a u f ein T a rg e t geschossen. 
Seine p h y sik a lisch en  E ig en sch a ften  n ach  dem  V erlassen  des T arg e ts  geben 
A u sk u n ft ü b e r  die W echse lw irk u n g  des T eilchens m it dem  T a rg e t  und  d am it, 
w eil dieses aus v ie len  T eilchen  b e s te h t , auch  ü b e r  die W echselw irkung  d er 
d as  T a rg e t a u fb a u e n d e n  T e ilchen  se lbst.

P rin z ip ie ll in te re ss ie r t n u r  d as  a sy m p to tisch e  V e rh a lte n  d e r ein- u n d  
a u s la u fe n d e n  T eilchen . D a  das w egen  der V ie lk ö rp e rs tru k tu r  in  seiner K o m 
p le x i tä t  n ic h t v o lls tä n d ig  e rfa ssb a r  is t, b e g n ü g t m an  sich m it  N äherungen . 
D ie  e in fach ste  b e s te h t  d a rin , dass m a n  a n n im m t: E in  T eilchen  w ird  an einem  
lo k a le n  (o d er n ich tlo k a len ) P o te n tia l  e lastisch  g e s tre u t. D a m it w erden  P ro 
zesse, be i d en en  das T eilchen  e ingefangen  w ird  o d er ein  oder m eh re re  Teilchen 
au s dem  T a rg e t h e ra u ssc h lä g t, v o n  v o rn h e re in  ausgesch lossen . S e tz t m an 
e lastisch e  S tre u u n g  v o ra u s , so is t  eine FouR iE R zerlegung d er G esam tw ellen 
fu n k tio n  in  e inzelne K o m p o n e n te n  m it v o n e in a n d e r v e rsch ied en en  Im pu lsen  
M  m öglich , d ie d e r s ta tio n ä re n  ScHRÖDiNGERgleichung (1) genügen . Z ur 
V e re in fach u n g  soll ein  reines Z e n tra lk ra f tp o te n tia l  b e tra c h te t  w erden .

02 , TO , / \ П / % 2m V ( r )------- ]- k 2 -f- и>(r) 9?(r) =  0 iv(r) --- — --------- — (1)
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In  grossem  A b s ta n d  vom  T a rg e t se tz t sich rp au s einer b ezü g lich  des T a rg e ts  
e in lau fenden  eb en en  W elle u n d  einer au slau fen d en  K ugelw elle  zusam m en.

p i k r

(p(i) —*■ e,Ir -)- / ( $ ) ------ m it r —> oo . (2)
r

E in e  einfache D ars te llu n g  e rh ä lt  m an , w en n  (2) nach  E ig en fu n k tio n en  des 
D reh im p u lsq u a d ra te s  P;($) en tw ick e lt w ird .

<p ( x ) ^ z l c l - ^ L p , ( ê ) .  (3)
r
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D ie u;(r) genügen  d er D iffe ren tia lg le ichung

d 2 1(1 +  1)[L k 2] u, (r) =
dr2

k2 -f- w(r) u, ( r )  =  0 (4)

m it dem  a sy m p to tisch en  V e rla u f

m/(0) =  0 fü r  r =  0 (5)

A  sin
Ы

k r ------ 2- +  r), fü r r-

E s k an n  gezeig t w erden , d ass  m it K e n n tn is  d er S tre u p h a se n  гц der g e sam te  
S treuprozess e in d eu tig  b esch rieb en  w ird  [46].

Z ur B erech n u n g  v o n  S treu p h asen  h ab e n  sich V a ria tio n sv e rfah re n  als 
geeignet erw iesen. D ie m öglichen  V a ria tio n sm e th o d e n  lassen  sich g ru n d 
sätzlich  in  zw ei G ruppen  u n te rte ilen . B e i d er ersten  g e h t m an  von  d e r D if
fe ren tia lg le ich u n g  fü r  ui(r) aus (H u l t h e n  [42], K o h n  [41]), w ä h re n d  die 
zw eite a u f e in er In teg ra lg le ich u n g  fü r  U;(r) b e ru h t (S c h w in g e r  [43]). H u l t h e n  
b e n u tz t als A u sg an g sp u n k t ein F u n k tio n a l I h das e ine ähn liche  G e s ta lt h a t  
wie das zu r B erech n u n g  geb u n d en er Z u s tä n d e  (Teil 4) v erw en d e te

I,  =  J  dr u, (r) (L — fc2) u, (r).

Die V a ria tio n en  der u((r) un te rlieg en  d e n  N eben b ed in g u n g en  

biii ( r ) =  0 fü r  r =  0

buj (r) —> (A  -j- SA)  ■ cos
Ijz

kr  - — b Ai à'ni fü r Г —> со .

( 6)

( 7 )
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U n te r  B erü ck sich tig u n g  v o n  (7) e rh ä lt  m a n  fü r  öli

и , ------ du, — d u 1 -----
dr dr

ô J ; =  dr öu f ( L k~)u l - k A ^ ö r j , .

G enüg t M;(r) d er G leichung (4), d an n  fo lg t aus (8)

( 8 )

Ô I,  =  - к А 20гц . (9 )

D ie A m p litu d e  A  k an n  m öglicherw eise n o ch  von  rji ab h ä n g e n . M it

g eh t (8) in
а  =  V f ' W

Ы, =  - k  ó/(rj,)

( 10 )

(И )

ü b er. H u l t h e n  s te llt  an  d ie V a ria tio n  v o n  ui eine w eite re  B edingung. E s soll 
s te ts  g e lten

h =  0 .  (12)

W äh ren d  aus (11) fo lg t, d ass  d a m it rji n ic h t  v a r iie r t w erd en  darf, k a n n  it/(r) 
f ü r  end liche  r  d u rch au s a llen  m öglichen V aria tio n en  u n te rlieg en . S te llt m a n  
u/(r) in  d e r  F o rm

u,(r) =  u, (r; cv  . . . c„, rji) (13)

d a r , e rg ib t s ich  aus (11) u n d  (12) ein S a tz  v o n  n  +  1 B estim m u n g sg le ich u n 
gen fü r  с,, . . . cn u n d  rji

=  0 i  =  1 . . .  n  / ,  =  0 . (14)
Э ci

Im  G egensatz  zu  H u l t h e n  lä s s t  K ohn  V a ria tio n e n  der rji zu . M it (11) lä s s t 
sich  in  d iesem  F a ll ein s ta tio n ä re s  F u n k tio n a l der G esta lt

Fi  =  kf(r]t) -|- 11 m it ó F ( =  0 (15)

k o n s tru ie re n . B e i beliebigen V a ria tio n e n  (bis a u f  die R an d b ed in g u n g en  aus (7)) 
d e r  u; fo lg t (4). H a t  щ(г) die F o rm  (13), so e rh ä lt  m an  eben fa lls  n -|- 1 G lei
ch u n g en  fü r  d ie  V a ria tio n sp a ra m e te r

Э F t Э / ,  . Э I t .------1-  = -----L =  0 t = l . . . n  -----L = ~ k f ( r j , ) .  (16)
0c,- Эе,- 0 rji
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M it speziellen  A nsä tzen  fü r  A  in  (10) k ö n n e n  versch iedene F o rm en  fü r  Fi 
angegeben w erd en :

Aj =  l Fi =  krji; A i — cos 1 rji F \ =  к  ta n  ij/

• A i =  s in -1  r]i Fi =  — к  cot 1 ;i .

(17)

W äh ren d  die Y a ria tio n sv e rfah ren  v o n  H u l t h e n — K o h n  von d er D if
feren tia lg le ich u n g  ausgehen , b e n u tz t  S c h w i n g e r  die aus d er D iffe ren tia l
g leichung u n d  den  R a n d b ed in g u n g en  fü r  u/(r) folgende In teg ra lg le ich u n g

u, (r) =  sin
ln

kr
2 Vi +  j dr' G(r, r ' )w (r ')  U[(r') . (18)

Die GREENsche F u n k tio n  G(r, r ')  lä ss t sich  aus der D ifferen tia lg leichung  b e s tim 
m en [46]. D ie G leichung (18) w ird  als EuLERsche G le ichung  des s ta tio n ä re n  
F u n k tio n a is

к  1 co t r],
( dr Ui w ut —

dr sin

j ( dr dr' u, w G(r, r ')  w ' u[

( kr  —
Ы

- r -  +  Vi IV u t

l 2

(19)

erh a lten .
D as ScHWiNGERsche V a ria tio n sv e rfah re n  s te llt e ine  sehr e leg an te  F o r

m ulie rung  fü r  S treu p ro b lem e  d a r. W eg en  der etw as k o m p liz ie rten  G r e e n - 

schen  F u n k tio n  G(r, r ')  e n ts te h e n  bei d e ta illie rte ren  V a ria tio n sa n sä tz en  aber 
S chw ierigkeiten  beim  A u sw erten  d e r In te g ra le . D esh a lb  w ird  die M ethode 
n ach  H u l t h e n — K o h n  d e r v o n  S c h w i n g e r  häufig  vorgezogen . B e id en  V er
fah ren  is t  gem einsam , dass sie keine E x tre m a lp rin z ip ien  sind. D esh a lb  ist 
bei N äh eru n g en  eine A ussage ü b e r d e n  F eh le r n ich t m öglich .

Sow ohl das H u l t h e n  — K oH N sche als auch das ScHWiNGERsche V aria 
tio n sv e rfa h re n  b esitzen  n och  einen M angel. Bei d e r  W ah l be lieb iger V er
su ch sfu n k tio n en  k a n n  es v e rk o m m e n , dass die zu r A b le itu n g  d e r  E u l e r - 

schen G leichung zu e rfü llen d en  N eb enbed ingungen  (a sy m p to tisch es  V erh a l
ten ) n ic h t g ew ah rt b le iben . D ad u rch  en ts te h e n  In k o n s is ten zen  in  d e r  R ech
n u n g , die z. B. das A u ftre te n  von  S in g u la r itä te n  d e r  V a ria tio n sp a ra m e te r  с,- 
bei b e s tim m te n  W ellenzah len  к n a c h  sich  ziehen k ö n n e n  [47]. D ie S chw ierig
k e iten  lassen  sich bei g en au e re r B e tra c h tu n g  d er au szu w äh len d en  N eben
bed in g u n g en  beh eb en , w ie v o n  M a l i k  [48] gezeig t w erden  k o n n te . E ine 
zu sam m enfassende D a rs te llu n g  v o n  V aria tio n sp rin z ip ien  bei S treup rozessen , 
die n ic h t n u r  a u f  e lastische  S tre u u n g  im  Z e n tra lk ra ftfe ld  b e sc h rä n k t b leiben , 
w ird  v o n  D e m k o w  [49] gegeben.
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6. Irreversible Phänom ene

B ei s ta tio n ä re n  irre v e rs ib le n  P ro zessen  h a t  d ie E n tro p ie p ro d u k tio n  
N s =  d S /d t  E x trem a le ig en sch a ften . D iese T a tsach e  w ird  zu r K o n s tru k tio n  
v o n  V aria tio n sp rin z ip ien  a u sg e n u tz t. In  K a p . 61 u n d  K a p . 62 w erden  z u n ä c h s t 
die v e rsch ied en en  E x tre m a lp rin z ip ien  zu sam m en g este llt. D abei w ird  eine 
m a k ro sk o p isch e  B eschre ibungsw eise  g ew äh lt, die k e ine  u n m itte lb a re n  A u s
sagen  ü b e r  V ie lk ö rp e rs tru k tu re n  zu lässt. E s  k a n n  ab e r geze ig t w erden (K a p . 
63), dass a u c h  bei einer m ik roskop ischen  T heo rie  die V aria tio n sp rin z ip ien  fü r  
s ta tio n ä re  irrev e rs ib le  P ro zesse  den G ed an k en  der e x tre m a le n  E n tro p ie p ro 
d u k tio n  als G rund lage  e n th a lte n . A nw en d u n g en  d er so abge le ite ten  V a r ia 
tio n sv e rfa h re n  w erden  in  K a p . 64 b e h a n d e lt.

61. Das  P R i G O G i N E s c Ä e  M in im a lp r in z ip

Im  fo lg en d en  soll d e r ze itlich e  A b lau f eines S ystem s b e tra c h te t  w erd en , 
dass sich an fan g s  in  einem  N ich tg le ich g ew ich tszu stan d  b e f in d e t. O hne irg e n d 
w elchen  E in g r if f  von  au ssen  w ü rd e  sich d as  S ystem  n ach  genügend g ro sse r 
Z e it einem  G le ich g ew ich tszu stan d  n äh e rn . H ie r  w erden  dagegen S y stem e  
u n te rs u c h t, d e re n  E n d z u s ta n d  auch  noch ein  N ich tg le ich g ew ich tszu stan d  is t ,  
b e i dem  a b e r  eine s ta tio n ä re  S tro m v e rte ilu n g  vorliegen  soll. D am it solch e in  
E n d z u s ta n d  m öglich  ist, m uss ein  E in g riff  v o n  aussen  e rfo lgen  (z. B. A nlegen  
e in e r k o n s ta n te n  äusseren  K ra f t) .

P r i g o g i n e  [50] k o n n te  zeigen, dass fü r  diesen s ta t io n ä re n  E n d z u s ta n d  
d ie  E n tro p ie p ro d u k tio n  ein M in im um  a n n im m t. D as w ird  h ie r  v ere in fach en d  
f ü r  ein  S y stem  m it n u r e inem  inneren  P a ra m e te r  u, d er sich  im  Z e ita b la u f  
ä n d e r t ,  a b g e le ite t.

B e tra c h te t  w ird  die ze itlich e  Ä n d eru n g  d e r  E n tro p ie  S(a(t)), die b e i 
d em  zu  u n te rsu c h e n d e n  irre v e rs ib le n  Ü b erg an g  nach  dem  I I .  H a u p tsa tz  d e r 
T h e rm o d y n a m ik  s te ts  die B ed in g u n g

N .
dS
dt

. dS
=  a ------

da
^ 0 ( 1 )

e rfü llt , a bzw . d S jd a  können  als v e ra llg em e in erte r  th e rm o d y n am isch e r S tro m  
bzw \ als th e rm o d y n a m isc h e  K r a f t  au fgefasst w erd en . E n tsp re c h e n d  (1) m uss 
zw ischen  b e id en  im  R ah m en  e in e r  linearen  N äh e ru n g  (n u r k le in e  S tröm e ä)

à =  Л ^  m it /. X> 0 (2)
da

g e lten . F ü r  die Ä n d eru n g  d er E n tro p ie p ro d u k tio n  im  Z e ita b la u f  e rh ä lt m an  
d ag eg en  m it (2) u n d  dX/dt =  0

ÖNS =  Öt
.. dS  . d
a -------- a -------

da dt
d S \  _ . . d d S---  = 2  dt a ---  -----
da I dt da (3)
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E n tw ic k e lt m a n  die K ra f t  dS/da  u m  d ie  G leichgew ichtslage

<d2 Sd S
da

dS
da

+  (« ~  a0) da2
(4)

u n d  b e rü c k s ic h tig t m an , dass die E n tro p ie  im  G leichgew ich t ein  M axim um  
a n n im m t, d an n  fo lg t m it (3) so fo rt

' d2 S
Ö N .  =  2 ôt à2

i da2
0. (5)

D as E rg eb n is  is t p lausibel, w enn m a n  (3) b e tra c h te t .  E s b e sa g t, dass die 
ze itliche  Ä nderung  d ér v e ra llg em e in erten  K rä fte  d en  zu  einem  b e s tim m te n  
Z e itp u n k t fliessenden  S trö m en  s te ts  en tg eg en g e rich te t is t. A us (1) u n d  (5) 
e rg ib t sich  n u n  u n m itte lb a r , dass d ie  E n tro p ie p ro d u k tio n  im  s ta tio n ä re n  
E n d z u s ta n d  ein M inim um  a n n im m t. Diese M inim ale igenschaft d e r  E n tro p ie 
p ro d u k tio n  is t  n ich t n u r  a u f e in p a ram e trig e  S y stem e  b e sc h rä n k t. S ie ex is tie rt 
ebenso , w enn  sich m eh re re  P a ra m e te r  gleichzeitig  ä n d e rn . V o rau sse tzu n g  ist 
n u r , dass zw ischen den  v e ra llg em ein erten  S trö m en  J , u n d  K rä f te n  K ,  die 
B eziehungen

I i  — Lik K k  (6)

m it Lik  =  Lki als d en  b e k a n n te n  ONSAGERrelationen (zu d e re n  A ble itung  
siehe [51]) gelten . G leichzeitig  k a n n  das h ier e rh a lte n e  R e su lta t  a u f  o rtsa b 
h än g ig e  P h än o m en e  au sg ed eh n t w erden . Die P a ra m e te r  o, w e rd en  du rch  
»lokale« P a ra m e te r  | , ( r ,  t) m it d en  dazugehörigen  S tro m d ic h te n  j,( r , t) e rse tz t. 
E s  g ilt d an n

d S  Г , da---= d r----dt J dt Ä/ j/
Э до
8r 81,-

( 7 )

W ä h re n d  Qs a ls E n tro p ie s tro m d ic h te  in te rp re t ie r t  w erden  k a n n , s te llt  N s d ie 
im  b e tra c h te te n  In te g ra tio n sb e re ic h  erzeugte E n tro p ie , die E n tro p ie p ro d u k 
tio n , d a r. Aus (7) fo lg t, dass sich  die E n tro p ie p ro d u k tio n sd ic h te  als P ro d u k t 
v e ra llg em e in erte r S trö m e  / ,  u n d  K rä f te  К / (die d en  j, u n d  82<т/Эг 8|,- aus (7) 
en tsp rech en ) d a rs te llen  lä ss t. Im  s ta tio n ä re n  E n d z u s ta n d  n im m t d ie E n tro p ie 
p ro d u k tio n  ein M inim um  an . D as  folgende B eisp ie l soll die h ie r  an g este llten  
Ü berlegungen  e tw as illu s trie ren .

Zw ischen zwei Ä q u ip o ten tia lflä ch en  Uv  U2 b e fin d e t sich  e in  den e le k tr i
schen  S tro m  le iten d es  M edium . D ie P o te n tia le  U1 u n d  U2 w e rd en  w äh ren d  
d e r  ganzen  Z eit k o n s ta n t  g e h a lte n . Im  In n e rn  d e r  S ubstanz  w ird  zu B eginn
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des P rozesses als S tö ru n g  eine ung le ichm ässig  v e r te ilte  L a d u n g sv e rte ilu n g  
a n g e b ra c h t. In  d e r  N äh e  d er l in k e n  P la t te  so llen  v o r allem  po sitiv e , in  d er 
N äh e  d e r re c h te n  v o r  allem  n e g a tiv e  L ad u n g en  an g eh äu ft se in . D er S tro m 
flu ss  w ird  d iese S tö ru n g  ausg le ichen , d. h. er w ird  eine ihm  en tg eg en g erich te te  
ze itlich e  Ä n d eru n g  des e lek trisch en  F eldes v e ru rsa c h e n . W ä h re n d  die E n tro p ie 
p ro d u k tio n  bis a u f  e inen  F a k to r  T _1 gleich d e r  JoULEsehen W ärm e is t u n d

A b b .  2 .  Z ur V e ran sch au lich u n g  des PniGOGiNEschen M in im alp rinz ips

desh a lb  s te ts  g rösser als N ull sein  m uss, is t ih re  Ä n d eru n g  b e im  E inste llen  
des s ta tio n ä re n  E n d z u s ta n d e s  n e g a tiv :

i V , _ j r S N ,
2 0 t

T
л  i — S O .  

dt
( 8)

Im  s ta tio n ä re n  E n d z u s ta n d  n im m t d ie  E n tro p ie p ro d u k tio n  ein M inim um  an.

M it ® = ---- , j =  er© und a  =  k o n st
a t

(9)

g ilt im  s ta tio n ä re n  E n d z u s ta n d :

N.
- 1

dr ff d U  

! ar

Ó1 N, =  2 I d t  . —  =  2 $  df o S U  dU-
ar ar ar

02 TT
2 \ d u r  S U  -----  (10)

ar2

— 2 j  dr a S U  Q2lL  =  o ,  
Эг2

d. h .
Э2
ar2

17 =  0 .
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D as O b e rfläch en in teg ra l v e rsch w in d e t, d a  am  R an d  U  k o n s ta n t is t  bzw . 
dU /d l  sen k rech t zu r F läch en n o rm a le  g e r ic h te t  is t. Im  s ta tio n ä re n  E n d z u s ta n d  
befin d en  sich zw ischen den  Ä q u ip o te n tia lf lä c h en  keine L ad u n g en  m ehr, d en n  
aus (10) fo lg t

82_U _  

Эг2
=  q(r) =  0 . ( И )

Bei der Ableitung des PRiGOGiNEschen Minimalprinzips werden über den 
Zusammenhang zwischen den verallgemeinerten Kräften und Strömen

1/ — Lik Kk ( 12)

fo lgende V o rau sse tzu n g en  gem ach t:
1. G ü l t i g k e i t  des O N S A G E R r e l a t i o n e n  L ik =  L ki
2. K o n stan z  der L ,k .

W äh ren d  die e rs te  F o rd e ru n g  beim  F e h le n  v o n  M agnetfe ldern  im  a llgem einen  
e rfü llt is t  (der F a ll =j= 0 w ird  in  K a p . 63 b e h a n d e lt) , k a n n  die K o n s ta n z  
d er L ik gegebenenfalls v e r le tz t  w erden . W ie  G l a n s d o r f f  u . a. [52] ze ig ten , 
g ilt d an n  das M in im alp rinzip  der E n tro p ie p ro d u k tio n  n ic h t  m ehr. Als B ei
spiel b eh an d e ln  sie die B ew egung e in e r zäh en  in k o m p ressib len  F lü ss ig k e it 
m it ung le ichm ässiger T e m p e ra tu rv e r te ilu n g .

Sie fü h ren  ein »lokales P o ten tia l«  N f  ein , indem  sie fü r  die L lfc in  den  
A u sd ru ck  fü r  die E n tro p ie p ro d u k tio n  d ie n u llte  O rd n u n g  e in er E n tw ic k lu n g
u m  den  s ta tio n ä re n  E n d z u s ta n d  e in se tzen :

s

N f = $ d x Z itkL 0ik K I K k. (13)

Die K i  ste llen  die v e ra llg em ein erten  K rä f te  des jew eilig en  Z u stan d es d a r , 
dagegen sind  die die ONSAGERkoeffizienten fü r  d en  s ta tio n ä re n  E n d z u 
s tan d . N f  n im m t im  s ta tio n ä re n  E n d z u s ta n d  ein M in im um  bezüglich  a lle r 
Z u stän d e  in  se iner engeren  N a c h b a rsc h a ft an . Diese e in sch rän k en d e  B e d in 
gung b e s te h t be i k o n s ta n te n  Lik n ich t. E in e  S chw ierigkeit b e s te h t d a rin , dass 
die L°ik z u n äch s t u n b e k a n n t sind. D e r s ta tio n ä re  E n d z u s ta n d  soll j a  e rs t  
b e rech n e t w erden . E in  m öglicher W eg z u r  B estim m u n g  d e r L°k b ie te t sich  in  
einem  I te ra tio n sv e rfa h re n  an . A usgehend  v o n  einem  A n fan g ssa tz  der L°ik k ö n 
nen  diese m it d en  sich jew eils daraus e rg eb en d en  K i u n d  I ,  fü r  den  s ta tio n ä re n  
E n d z u s ta n d  belieb ig  v e rb e sse rt w erden. D ie  M ethode des »lokalen P o ten tia ls«  
w ird  teilw eise schon  b e n u tz t ,  um  n ic h t n u r  re in  d iss ip a tiv e  E rsch e in u n g en  zu  
beschre iben , so n d ern  m it ih r  können  a u c h  P rozesse e rfass t w erden , die r e v e r 
sible u n d  irrev ersib le  A n te ile  (z. B. W ärm e k o n v e k tio n  u n d  W ärm ele itu n g ) 
e n th a lte n  [53].
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62. M in im a l-  u n d  M a x im a lp r in z ip  der Entropieproduktion

Das PRiGOGiNESche Minimalprinzip macht Aussagen über die Annähe
rung eines Systems an einen stationären Zustand von einem von diesem 
makroskopisch verschiedenen Ausgangszustand aus. Der stationäre Endzu
stand besitzt gegenüber allen von ihm verschiedenen Zuständen

I, =  I? +  Ô I f  “ K l  =  К ° 1 + д  к у а
mit (1)

ô i y a =  Z k L ik Ô K r

m inim ale E n tro p ie p ro d u k tio n . ö l f a u n d  ö l i f “ sind m akroskop ische  Ä n d e 
ru n g en  d e r v e ra llg e m e in erte n  S tröm e u n d  K rä f te , die m ite in a n d e r e in d eu tig  
v e rb u n d e n  s in d . A nstelle  m ak ro sk o p isch er V aria tio n en  d er S trö m e u n d  K rä f te  
können  au c h  n u r  m ikroskop ische  zugelassen  w erden , fü r  die die d r it te  B ezie
hu n g  aus (1) n ic h t  m ehr g e lten  m uss. B e tra c h te t  m an  belieb ige m ikroskop ische  
S ch w an k u n g en  d er S tröm e u n d  h ä lt d a b e i die K rä fte  k o n s ta n t, so k a n n  ein 
d issipa tives S y stem  im s ta tio n ä re n  E n d z u s ta n d  d u rch  fo lgendes V a ria tio n s
prinzip  [54] besch rieb en  w erd en :

( dx (2 vs — vs) =  Max.

mit vs =  I i  K i  und vs =  Z ik I i  R ik I k .
( 2)

Die Variation erfolgt unter der Nebenbedingung konstanter Kräfte. Die 
EüLERSchen Gleichungen von (2) haben die Gestalt

K i  =  Z k R ik I k bzw . I i  =  Z k L ik K k m it ( R ik) =  (L ik) l . (3) 

B e tra c h te t  m a n  die zw eite V aria tio n

Ő2 J  dx (2vs — vs) =  — J  dx  Z i k R ik ó l i ó l k , (4)

so erkennt man, da sie gleich dem negativen der zweiten Variation beim 
PRiGOGiNEschen Minimalprinzip ist, dass hier im stationären Endzustand ein 
Maximum angenommen wird.

D a d as P rin z ip  a u f  d en  s ta tio n ä re n  E n d z u s ta n d  an g ew an d t w ird , m uss 
die E n tro p ie b ila n z  fü r  d iesen  Z u stan d

=  ~  f  d  f 3s +  I  dxZi I ,  K i  =  °  (5 )

zu r B e tra c h tu n g  m it h inzugezogen  w erd en . (5) s te llt eine B ed ingung  fü r  die 
m öglichen S ch w an k u n g en  d e r I, dar, d en n  n ach  V o rau sse tzu n g  soll bei d iesen
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m ikroskop ischen  Ä n d eru n g en  der m ak ro sk o p isch e  Z u s ta n d  n ich t g e ä n d e rt 
w erden . (5) m uss also s te ts  erfü llt sein.

E s w erden  je tz t  zw ei F älle  u n te rsc h ie d e n . E in m al k a n n  m an  S ch w an 
k u ngen  b e tra c h te n , die am  R an d e  ve rsch w in d en . M it (5) fo lg t d ann

ô J  d f  3 s  =  à j dx vs =  0 .  ( 6 )
D as V aria tio n sp rin z ip  (2) g eh t in  ein  M inim alprinzip

j dxvs =  M in. (7)

ü ber. E r la u b t m an  dagegen , dass die R a n d s trö m e  auch  d en  S chw ankungen  
un te rlieg en , so k a n n  m a n  vs beliebig v a riie re n . D er E in fa c h h e it h a lb e r w erd en  
V aria tio n en  b e tra c h te t ,  be i denen  s te ts

»'s =  vs (8 )

sein soll. Aus (2) fo lg t d a n n  ein P rinz ip  d e r  m ax im alen  E n tro p ie p ro d u k tio n

I dx vs =  M ax. (9)

Z usam m enfassend  k an n  m a n  sagen: D er s ta tio n ä re  Z u s ta n d  eines d iss ip a tiv en  
S ystem s is t ein  S a tte lp u n k t a u f  e iner h y p o th e tisc h  e in fü h rb a re n  E n tro p ie 
p ro d u k tio n sfläch e . D ieser S a tte lp u n k t is t ein  M inim um  bezüglich  m a k ro 
skop ischer V aria tio n en , be i denen  alle m öglichen  in s ta b ile n  Z u stän d e  vom  
A n fan g szu stan d  aus d u rch lau fen  w erden . F ü r  m ik roskop ische  V aria tio n en  
w ird  die E n tro p ie p ro d u k tio n  m in im al be i S ch w an k u n g en  d e r S tröm e und  
fe s ten  K rä fte n , w enn  die R an d s trö m e  k o n s ta n t  sind. G eg en ü b er V a ria tio n en  
m it v e rän d erlich en  R a n d s trö m e n  n im m t sie e inen  M ax im alw ert an.

63. Lösung der BoLTZMANNgZeic/iung m it Varia tionspr inz ip ien

Wie gezeigt wurde, bietet das Prinzip der extremalen Entropieproduk
tion eine Möglichkeit, stationäre irreversible Prozesse zu behandeln. Es ist 
deshalb zu erwarten, dass sich ein Variationsprinzip zur Lösung der B o l t z m a n n -  

gleichung bei kleinen Abweichungen vom lokalen Gleichgewicht darauf zurück
führen lassen muss. Zunächst wird die BoLTZMANNgleichung durch Linearisie
rung in eine Form gebracht, die eine Auswertung durch V ariationsverfahren 
zulässt. Gleichzeitig wird die Verbindung zwischen der BoLTZMANNgleichung 
und der Entropieerzeugung klargestellt. Für die linearisierte BoLTZMANN
gleichung werden für den Fall 33 =  0 bzw. 93 =f= 0 Variationsprinzipien angege
ben, die sich im wesentlichen mit dem Prinzip der maximalen Entropie
produktion identifizieren lassen.
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D i e  B o L T Z M A N N g l e i c h u n g

D J (  1, t) =  J d l '  d2 d l '  { /(1 ', ()/(2', t) - / ( 1 ,  0 /(2 , 0} Д 1 ', 2' 1, 2)

/(», 0 =  /(*n pi, 0 J di =  I (!)
f l i , l  +  A A + i i A

dt m  0 tj Эрх

b esch re ib t irrev e rs ib le  P ro zesse  in  d er k in e tisch en  G asth eo rie . Im  fo lgenden  
soll wie in  G leichung  (1) en tg eg en  den so n stig en  G epflogenheiten  d l  n u r  eine 
In te g ra t io n  ü b e r  рх d a rs te lle n .

D a (1) eine n ic h tlin e a re  B estim m ungsg le ichung  f ü r  die E in te ilc h e n 
v e rte ilu n g sfu n k tio n  is t, b e re i te t  ih re  A u sw ertu n g  im  allgem einen  Schw ierig 
k e iten . F ü r  d en  F a ll, dass n u r  L ösungen  g esu ch t w erden , d ie  sich in  d e r  N ähe 
eines lo k a len  G le ich g ew ich ts /° (1 , t) b e fin d en , k a n n  die G leichung  (1) m it dem  
A nsatz

/ ( 1 , 0  = / ° ( l , 0  (! +  ф ( ! , 0 )  ^ < ^ 1  (2)

lin ea ris ie rt w erden . M an e rh ä lt  d am it fü r  (1)

— D x f ° ( l ,  0  =  J  d l '  d l  d 2 '/ ° ( l ,  0 /° (2 , 0  [Ф(1, 0  +  Ф (2, 0  -  Ф (1 ', 0

- Ф ( 2 ' , 0 ] Г ( 1 ' , 2 ' - ^ 1 , 2 ) ,  (3)

w as k ü n ftig  in  d er v e rk ü rz te n  F orm

K (  1, t) =  R  Ф( 1, 0 (4)

geschrieben  w erden  soll. D a b e i h ä n g t d ie  lin k e  Seite  v o n  (4) n u r  n och  von  
/ ° ( 1 ,0  ab .

U m  d ie  I r re v e rs ib il i tä t  d er d u rch  (1) bzw . (4) b esch rieb en en  P rozesse  
zu zeigen, w ird  fü r  diese G leichung  die E n tro p ie b ila n z  au fgeste llt. M it dem  
in  der k in e tisc h e n  T heorie  d e fin ie rten  A u sd ru ck

H S =  - f c j d l / ( l ) ( l n / ( l ) - l )  (5)

fü r  die E n tro p ie  p ro  V o lu m en ein h e it e rg ib t sich aus (1) die B ilanzg leichung

Q/is

dt
+  3 s )  = ( 6)
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w obei t> die m ittle re  G eschw ind igkeit, d ie  E n tro p ie s tro m d ic h te  u n d  vs 
die E n tro p ie p ro d u k tio n sd ic h te  sind . vs h a t  die G esta lt

V.; =  -k  J  d l  d2 d l '  d 2 ' l n / ( l )  [ / ( l ' ) / ( 2 ' )  — / ( l ) / ( 2 ) ]  Д 1 ' , 2 '  -  1,2). (7)

Für die linearisierte BoLTZMANNgleichung gilt dieselbe Entropiebilanz mit

vs =  k  J  d l  Ф( 1, t) R  Ф( 1, t) =  к < Ф, R Ф >. (8)

(8) fo lg t aus (7), w enn m an  f ü r / ( l ,  t) den  A n sa tz  (2) b e n u tz t u n d  G lieder bis 
zu r zw eiten  O rd n u n g  in  Ф b e rü ck sich tig t.

U m  f ü r  d i e  l i n e a r i s i e r t e  B o L T Z M A N N g l e i c l i u n g

K ( l ,  t) =  R  Ф (1, t)  (9)

ein Y a ria tio n sp rin z ip  zu  k o n s tru ie ren , k a n n  m a n  den in  K ap . 62 ab g e le ite ten  
F o rm alism u s b en u tzen . D ie G leichung (9) lä s s t sich in  d iesem  R ah m en  als 
v era llg em ein erte  S tro m -K ra ft-R e la tio n  in te rp re tie re n  [55]. D ie v era llgem ei
n e r te  K ra f t  K i s t  d u rch  den  h ie r als In te g ra lo p e ra to r  a u f tre te n d e n  rez ip roken  
»ONSAGERkoeffizienten« R  m it dem  v era llg em ein erten  S tro m  Ф v e rk n ü p ft. 
W ie m an  aus d er D efin itio n  v o n  K ( l ,  t) (4) s ie h t, b le ib t K (  1, t) be i beliebigen 
Ä n d eru n g en  v o n  Ф(1, t) k o n s ta n t. D ie Ä n d eru n g en  des v e ra llg em ein erten  
S trom es Ф k ö n n en  als S ch w an k u n g en  im  S inne der von  O n s a g e r  ab ge le ite 
te n  T heorie  g e d e u te t w erden . D a sie im  allgem einen  keinen  speziellen  R a n d 
b ed in g u n g en  u n te rw o rfen  sein w erden , w ird  das Y a ria tio n sp rin z ip  fü r  (9) 
die S tru k tu r  von  (62.9) haben .

M it dem  in  (8) d e fin ie rten  S k a la rp ro d u k t

< Ф, 4> > =  J  ф (1) ф (1 ) d l  (10)

w ird  das F u n k tio n a l
F  =  { 0 ,  К Ф )  (11)

u n te r  der N ebenbed ingung
< Ф, R  Ф > =  < Ф, К  > (12)

zum  E x tre m u m  g em ach t. F  n im m t ein M ax im um  an. V erg le ich t m an  (11) 
m it (8), so s ieh t m an , dass das F u n k tio n a l F  b is a u f  einen k o n s ta n te n  F a k to r  к  
g leich d er E n tro p ie p ro d u k tio n  is t. F ü h r t  m a n  die V aria tio n  in  (11) aus

Ô «  Ф, R  Ф > +  А {< Ф, R  Ф > -  < Ф, К  >}) =  0 (13)

u n d  b e n u tz t zu r B estim m u n g  von  Я die N eb enbed ingung  (12), so e rh ä lt m a n  
schliesslich

y ( R  +  R T) 0  =  K ,  (14)
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w as m it (9) id en tisch  is t ,  falls d er O p e ra to r  R  g leich seinem  a d ju n g ie r te n  
O p e ra to r  R T is t. D iese d en  OwsAGERrelationen en tsp rech en d e  F o rd e ru n g  an  R  
is t  e rfü llt , w enn die m ik rosk o p isch e  R e v e rs ib ilitä t Г (  1 ', 2 ' —s -1 ,2 )  =  
=  Г (  1 ,2  1 ',  2 ')  g a ra n tie r t  is t. R ü ck b lick en d  k a n n  m a n  fests te llen , dass
das in  (13) angegebene V a ria tio n sp rin z ip  m it dem  au s (62.9) id e n tisc h  is t. 
D ie N eb en b ed in g u n g  (12) e n tsp r ic h t d e r  F o rd e ru n g  (62.8).

B ei A nw esenhe it v o n  M ag n e tfe ld e rn  m uss in  d e r  lin ea ris ie rten  B o i/rz - 
MANNgleichung der Z u sa tz te rm  d er m ag n e tisch en  K ra f t  b e rü ck s ich tig t w er
den, d e r lin e a r  vom  M agnetfe ld  33 a b h ä n g t. D ie lin ea ris ie rte  G leichung h a t  
n u n  die F o rm  (15), w obei d er O p e ra to r  M  bezüglich  des in  (10) e in g e fü h rten  
S k a la rp ro d u k te s  n ic h t m e h r  s e lb s ta d ju n g ie r t is t (16).

К  =  M  Ф (15)

M T(33) =  M ( -3 3 ) .  (16)

W egen (16) le is te t das M agnetfe ld  k e in e n  exp liz iten  B e itra g  zu r E n tro p ie 
p ro d u k tio n

vs =  к  < Ф, M  Ф >. (17)

D er in  33 lin ea re  T erm  fä l l t  aus vs h e ra u s . D iese T a tsa c h e  is t v e rs tä n d lic h , 
da  E n tro p iezu w ach s  n u r  d u rch  S treu p ro zesse , n ic h t a b e r  du rch  die rev ers ib le  
B ew egung im  M agnetfe ld  erfo lg t. Im p liz it  h ä n g t vs n a tü r lic h  doch v o n  33 ab, 
da d u rc h  (15) Ф m it 33 zu sam m e n h ä n g t.

In  dem  in (11) ab g e le ite ten  V aria tio n sp rin z ip  w ü rd e  der T erm  p ro p o r
tio n a l zu  33 au ch  v e rschw inden . D as d a r f  ab e r n ic h t e in tre te n , da d a n n  die Ф 
b es tim m en d e  In teg ra lg le ich u n g  u n a b h ä n g ig  von  33 w äre . D eshalb  m uss nach  
Z i m a n  [56], G a r c i a - M o l i n e r  [57] u . a. zu r F o rm u lie ru n g  eines V a ria tio n s
v e rfah ren s  fü r  (15) ein  neu es S k a la rp ro d u k t der A rt

<« Ф, W  => =  < Ф (— 33),¥/(35) > (18)

e in g e fü h rt w erden , fü r  d as  M  d a n n  se lb s ta d ju n g ie r t is t. D am it k a n n  das 
V aria tio n sp rin z ip  aus (13) ü b ern o m m en  w erden :

b {<äs Ф, M  Ф §=> +  /  (<äs Ф, M  Ф > - < ?  0 ,  К  > )}  =  0. (19)

B eim  E in fü h ren  d e r  neuen  M e trik  (18) b le ib t M  n ich t m eh r p o s itiv  
d e fin it. D as h a t  zu r F o lge , dass (19) k e in  E x tre m a lp rin z ip  is t. F ü r  n ich t- 
se lb s ta d ju n g ie rte  O p e ra to re n  is t e n tsp rech en d  K ap . 21 auch  ein anderes 
V orgehen  m öglich. M an fü g t zu  (15) die (bzgl. des S k a la rp ro d u k te s  (10)) 
a d ju n g ie r te  G leichung

К  =  M T W  (20)
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h in zu . B eide G le ichungen  fo lgen  aus

г « ! Р Д )  +  < К , Ф > - < Р , М Ф ) }  =  0, (21)

fa lls  У7 u n d  Ф be i k o n s ta n te m  К  u n ab h än g ig  v o n e in an d e r v a r i ie r t  w erden.

64. Anw endungen

Die angegebenen Variationsverfahren wurden vor allem mit Erfolg bei 
der Beschreibung von Transportphänomenen in elektrischen Leitern ange
wendet. Ausgangspunkt ist nicht die BoLTZMANNgleichung aus Kap. 63, 
sondern eine modifizierte Form (BLOCHgleichung), die im Stossterm den 
quantenmechanischen Charakter der Prozesse berücksichtigt. Für stationäre 
Vorgänge hat sie die Gestalt

o r  П 3 t  J

f i  (t) d t  d t  is t  die W a h rsch e in lich k e it d a fü r, dass ein  T eilchen  in  einem  
In te rv a l l  d l  am  O rt r u n d  in n e rh a lb  des In te rv a lls  h d i  m it d em  Im p u ls  hi 
an g e tro ffen  w ird. Im  S to sste rm  w ird  b e rü c k s ic h tig t, dass die m it d e r W a h r
sch e in lich k e it Q(l,Y)  s ta t tf in d e n d e n  Ü bergänge n u r  v o n  b e se tz te n  zu 
u n b e se tz te n  Z u s tä n d e n  m öglich s in d . F ü r  die V erte ilu n g  f t w ird  in  (1) der 
A n sa tz

=  ( 2)
ÖrLf

eingeführt, um (1) zu linearisieren. ist die Verteilung für ein lokales Gleich
gewicht (lokale FERMiverteilung). E t soll die Energie eines Teilchens mit 
dem Impuls hl  sein.

D ie lin ea ris ie rte  G leichung h a t  die G esta lt

öi
Э f°t ЭГ
0 T  Эг

—  +  e @
9/?
а E,t k T

dt' Q (f, i ')  (Ф (—<Zy) f°t( l  - П )

K '  =  R '  Ф .
(3)

G leichung  (3) h a t  dieselbe S tru k tu r  w ie (63.9). D er h ier n ic h t b e tra c h te te  
F a ll 33 =)= 0 w ürde  a u f  (63.19) fü h re n . L ösungen  v o n  (3) sind  wie in  (63.11) 
alle d ie  F u n k tio n e n , die der E x tre m a lfo rd e ru n g

<( Ф, R ' Ф у =  M ax. (4)
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u n te r  d e r N eb en b ed in g u n g

< Ф, R ' 0  > =  < ф , K '  > (5)

g en ü g en . D as M ax im alp rin z ip  m it  N eb en b ed in g u n g  lä ss t sich au ch  in  das 
M in im alp rinz ip  o h n e  N eben b ed in g u n g

<Ф , R ’ Ф)

-К ')}2
M in. ( 6)

u m sch re ib en . W ä h re n d  (6) fü r  A n w endungen  g ee ig n e te r is t, b e s itz t (5) grössere 
p h y sik a lisch e  A n sch au lich k e it.

M it (6) e rh ä lt  m an  sehr le ic h t A u sd rü ck e  z u r B erechnung  v o n  T ra n s
p o rtk o e ffiz ien ten . A ls Beispiel w ird  ein V aria tio n sp rin z ip  fü r  den  spezifischen 
e lek trisch en  W id e rs ta n d  g ab g e le ite t. Es w ird  ein  S ystem  k o n s ta n te r  T em 
p e r a tu r  b e tra c h te t ,  b e i dem  au sse rd em  der W id e rs ta n d  noch  r ic h tu n g su n a b 
h än g ig  sein soll (z. B . k ub isches K ris ta llg itte r) . F ü r  die E n tro p ie p ro d u k 
t io n  g ilt:

r s =  e \2IT .  (7)

j is t  die ü b er f t g e m itte lte  S tro m d ic h te

j = J d ï e b I/ l = - j ' d f e b î 0 IÆ .  (8)

D as le tz te  G leichheitszeichen  g ilt, da  fü r  g Iso tro p ie  v o ra u sg e se tz t w urde. 
A us d e r lin e a ris ie rte n  BLOCHgleichung e rg ib t sich  in  A nalogie zu  K ap . 63 
fü r  d ie  du rch  die S treu u n g  v e ru rsa c h te  E n tro p ie p ro d u k tio n

Vs =  < Ф, Я 'Ф  > /Г . (9)
M it (7), (8) u n d  (9) e rh ä lt m an  fü r  g den  A u sd ru ck

=  <У»R ’
{ ( Ф , К ’ (|®| =  !)>}>’

( 10)

d e r  im  s ta tio n ä re n  E n d z u s ta n d  ein M inim um  an n im m t. A usgehend  von  
F o rm e l (10) w ird  g m it  geeigneten  A nsä tzen  fü r  Ф in  e n tsp rech en d er N äh eru n g  
b e re c h n e t.

Kohler [58] gelang es, auf diesem Weg die Temperaturabhängigkeit 
von g in qualitativ guter Übereinstimmung mit der zunächst nur experimen
tell bekannten GRÜNEiSENSchen Widerstandsforme] zu berechnen. Er erhielt

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



V A R IA TIO N SPR IN ZIPIEN  ZU R  B ESC H R EIB U N G  VON SYSTEMEN V IE L E R  TE ILC H EN 1 0 3

fü r  tie fe  T e m p e ra tu ren  eine A b h än g ig k e it q ~  T 5, die bei h o h en  W erten  v o n  
T  in  q ~  T  ü b e rg eh t. W e ite rh in  k o n n te  e r  die näh eru n g sw eise  G ü ltig k e it 
d er M A T H i E S S E N S c h e n  R egel b e s tä tig e n , n a c h  d er sich d e r  G e sa m tw id e rs ta n d  
aus d er Sum m e des id ea len  W id e rs tan d es  u n d  des R estw id e rs tan d es  z u sa m 
m en se tz t. T h erm o e lek trisch e  E ffek te  b e re c h n e t e r, indem  e r in  (3) auch  d en  
T erm  p ro p o rtio n a l ЭТ/Эг b e rü ck sich tig te . D ie  A b h äng igke it des W id e rs tan d es  
von  einem  M agnetfe ld  e rh ä lt  m an , falls (3) u m  das Glied m it d e r m ag n e tisch en  
K ra f t  e rw e ite rt u n d  ein zu  (63.19) analoges V a ria tio n sv e rfah ren  v e rw e n d e t 
w ird  [57]. D ie gesam te  T heorie  is t  zu r B e rech n u n g  an d e re r  T ra n sp o rtk o e ffi
z ien ten  (z. B . W ärm e le itfäh ig k e it)  ebenso an w en d b ar.

I n  n e u e r e n  A r b e i t e n  w i r d  n i c h t  m e h r  v o n  d e r  B oL T Z M A N N gleichung  b z w . 
i h r e n  q u a n te n m e c h a n i s c h e n  M o d i f ik a t io n e n  a u s g e g a n g e n ,  s o n d e r n  m a n  b e n u t z t  
d a z u  e in e  l i n e a r i s i e r t e  F o r m  d e r  N E U M A N N gleichung  f ü r  d ie  D ic h te m a t r ix  
im  F a l l  e in e r  v o r ü b e r g e h e n d  e in g e s c h a l t e te n  S tö r u n g .  D a s  d e r  G le ic h u n g  
ä q u iv a l e n t e  V a r ia t io n s p r in z ip  l ä s s t  s ic h  b is  a u f  u n w e s e n t l ic h e  F a k t o r e n  m i t  
d e r  E n t r o p i e p r o d u k t io n  id e n t i f iz i e r e n .  D ie  F o r m u l i e r u n g e n  b e s i tz e n  t e i l s 
w e ise  e in e n  a l lg e m e in e re n  C h a r a k te r  a ls  d ie  a u s  d e r  B oL T Z M A N N gleichung  
a b g e le i te t e n .  E s  l ä s s t  s ic h  z e ig e n , d a s s  d a s  V a r ia t io n s p r in z ip  f ü r  d ie  B oL T Z 
M A N N gleichung  a ls  e r s te s  G lie d  a u s  e in e r  S tö r u n g s e n tw ic k lu n g  d e s  v o n  N a k a n o  

[59] a n g e g e b e n e n  V a r ia t io n s p r in z ip s  f ü r  d ie  l in e a r i s ie r te  N E U M A N N gle ichung  
fo lg t .

7. Z u sam m en fassu n g

In  der v o rliegenden  A rb e it w urde  geze ig t, w elche w ich tig e  S tellung  die 
V a ria tio n srech n u n g  im  m eth o d isch en  A p p a ra t  d er T h eo re tisch en  P h y s ik  
e in n im m t. E s s te llte  sich h e ra u s , dass V a ria tio n sp rin z ip ien  z u r  B esch re ibung  
fa s t  a ller p h y sik a lisch en  E rsch e in u n g en  a n w e n d b a r  sind. D ie noch  v o rh a n d e 
n en  S chw ierigkeiten  (z. B . T h e rm o d y n a m ik  irrev e rs ib le r P rozesse , T eil 6; 
iV -D arste llbarkeit d er D ic h te m a tr ix , K ap . 46) sind  n ich t v o n  g ru n d sä tz lic h e r 
N a tu r , so dass au ch  d o rt ein erfo lg re icher E in s a tz  von  V aria tio n sm e th o d en  zu  
e rw a rte n  ist.

D er w esen tliche  V o rte il, den  ein V a ria tio n sv e rfah re n  z u r  B eh an d lu n g  
v o n  V ie lte ilch en s tru k tu ren  b ie te t ,  b e s te h t d a r in , dass das V ie lk ö rp erp ro b lem  
d u rch  T e ilv a ria tio n  en tsp rech en d  den  au sg ew äh lten  A nsä tzen  n äherungsw eise  
gelöst w erden  k an n .

Bei der A u sw ertu n g  d e r V a ria tio n sp rin z ip ien  en ts teh en  w egen der V ie l
zah l d er au szu fü h ren d en  In te g ra tio n e n  o ft e rheb liche  S chw ierigkeiten . D u rch  
geeignet g ew äh lte  E n tw ick lu n g en  lassen  sich  d iese In te g ra tio n e n  a u f  sehr v iele  
in  sich g le ichartige  R ech en v o rsch riften  ü b e rfü h re n . Bei d e ren  A u sw ertung  
sch e in t das k o n seq u en te  A nw enden  der G rap h en rech n u n g  d ie  w eitere  E n t 
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w ick lung  zu  b es tim m en . Im  Z u sam m en h an g  d am it w ird  die V erw endung  v o n  
F u n k tio n a la b le itu n g e n  in  d e r  V a ria tio n srech n u n g  an  B ed eu tu n g  gew innen .

Im  A ugen b lick  b e s te h t  eine gew isse K o n z e n tra tio n  d er B em ü h u n g en  
d a ra u f , eine u m fassen d e  B esch re ibung  irrev e rs ib le r  P h ä n o m e n e  m it V a r ia tio n s 
m e th o d e n  zu  erm öglichen . E rfo lge  w u rd en  b ish e r n u r  b e i s ta tio n ä re n  i r re v e r 
sib len  P ro zessen  erzielt. V on In te resse  is t  au ch  die F ra g e , w ie m an  m it V a r ia 
tio n sp rin z ip ie n  den Ü b erg an g  von  rev e rs ib le n  zu irrev e rs ib len  G le ichungen  
vo llz iehen  k a n n . U n te rsu ch u n g en  an  e in fach en  M odellsystem en  so llten  d azu  
w e ite re  H inw eise  geben.
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П РИ М Е Н ЕН И Е  В А РИ А Ц И О Н Н Ы Х  П РИ Н Ц И П О В Д Л Я  РЕ Ш Е Н И Я  
П РО БЛ ЕМ  МНОГИХ Т Е Л

В. ПОМПЕ, К. ЭЛК и В. МАККЕ 

Р е з ю м е

В этой работе дан обзор о применении вариационных принципов дл я  решения 
проблем многих тел. После обсуждения общих условий существования вариационных 
принципов исследуется их применение в классической статистике равновесных и неравно
весных состояний. Следует составление методов для трактовки  стационарных и неста
ционарных квантовых систем. Необратимые процессы описываются принципом экстре
мального возникновения энтропии. В частности рассматриваются связанные с этим прин
ципом методы, служащ ие для  решения уравнения Больцм ана.
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ON THE KINETICS OF SURFACE RECOMBINATION IN
GERMANIUM*

By

A.  L ő r i n c z y , G.  P a t a k i

RESEA RCH  IN ST IT U T E  FOR TECHN ICA L PHYSICS OF T H E  H UN G A RIA N  ACADEMY 
OF SIE N C E S , BUDAPEST

and

G.  PÁSZTOR
IN DU STRIA L RESEA R C H  IN ST IT U T E  FOR TELECOM M UNICATION TECHNICS

BU D A PEST

(P resented  by  G. Szigeti — Received 31. V III. 1965)

In  th is paper the k inetics of surface recom bination is exam ined both  experim entally 
and theoretically . The photoconductiv ity  decay was m easured over the tem pera tu re  range 
77° K  —340° K. A t low tem peratures, the decay curves could be composed of tw o exponents 
(i>, Tt). I t  is shown th a t th e  tem perature  dependence of both  relaxation  times, ap a rt from  the 
sa tu ra tion  of r r can be well described assum ing one kind of recom bination centres and also 
traps for holes. The system  of differential equations of recom bination is given, tak ing  into 
consideration the space charge region (A ppendix). For the sim plest case it is shown how to 
ob ta in  the formulae for the surface model from  those for the bulk  model.

In tro d u c tio n

R ecen tly , th e  k in e tic s  of surface recom bination  h as  becom e a w idesp read  
m eth o d  in  th e  in v es tig a tio n  of surface phenom ena in Sem iconductors. T h is can 
m ain ly  be  exp lained  b y  th e  fa c t th a t ,  especially below  room  te m p e ra tu re , 
som e re la x a tio n  effects a rise  w hich c a n n o t be o bserved  u n d er s te a d y -s ta te  
cond itions. T he m easu rem en ts  of th ese  re lax a tio n  effects give new  in fo rm a tio n  
on th e  p a ra m e te rs  of th e  cen tres. T he follow ing m ore im p o r ta n t  an d  c h a ra c te r 
istic  effects are o b servab le : a) th e  q u a s is ta tio n a ry  life tim e  (ту) increases w ith  
decreasing  te m p e ra tu re ; b) in  th e  p h o to c o n d u c tiv ity  d ecay  a sh o rt re la x a tio n  
effect (Т() ap p ears; c) b o th  re lax a tio n  processes are sen sitiv e  to  s te a d y  illu 
m ina tion .

T he effects a) an d  c) h av e  been in v es tig a ted  by  sev e ra l au th o rs  fo r b o th  
Ge an d  Si, e.g . b y  L i n d l e y  an d  B a n b u r y  [1, 5], R u p p r e c h t  [2], H a r n i c k  e t 
al. [3] an d  L i t o v c h e n k o  a n d  L y a s h e n k o  [4]. The effect b) has been observed  
b y  L y a s h e n k o  e t al. [6] a n d  also in  p a p e rs  [3, 5]. D eta iled  ex p e rim en ta l re su lts  
w ere p u b lish ed  for Si b y  P r i m a c h e n k o  e t al. [ 8 ] .

In  th e  p resen t w ork , th e  b eh av io u rs  a) and  b) a re  s tu d ie d  fo r Ge b o th  
th e o re tic a lly  an d  ex p erim en ta lly . T he ex p erim en ta l te ch n iq u es  are  described

* P a rt of this work was presented a t th e  Conference on th e  “ Electronic Processes on 
Semiconductor Surface” held in K iev, 1965.
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in  Sec. 1 an d  th e  e x p e rim e n ta l re su lts  a re  given in  Sec. 3. Sec. 3a deals w ith  
th e  k in e tic s  o f b u lk  reco m b in a tio n  in  th e  p resence o f h o le -trap s . In  3b th e  
tra n s fe re n ce  o f th e  ab o v e  m odel to  su rface  reco m b in a tio n  an d  su rface  tra p p in g  
is d iscussed , b a se d  on th e  eq u a tio n s  g iven  in  th e  A p p en d ix . I t  is ex p la in ed  how, 
in  a v e ry  sim ple  case, th e  fo rm ulae  fo r th e  surface m odel can be d e riv ed  from  
th o se  fo r th e  b u lk  m odel. In  Sec. 4 th e  in te rp re ta tio n  o f  e x p e rim en ta l resu lts, 
w ith  special re sp ec t to  th e  possib le  orig in  of th e  s a tu ra tio n  of xr a t  low  te m 
p e ra tu re , is g iven .

Fig. 1. E vacuable glass vessel w ith  sample holder, immersed in liquid nitrogen

1. E x p erim en ta l techn iques

P h o to c o n d u c tiv ity  decay  w as used  to  in v e s tig a te  th e  k in e tic s  of su rface  
reco m b in a tio n . T h e  cond itio n  o f a sm all signal case was a lw ays fu lfilled  w ith
A a

------- <[ 0 ,1 % . T h e  sam ples u sed  w ere cu t from  ra-type g e rm an iu m  of 20—25
ffo

f2cm. T h e  sam ple  sizes w ere 1,3 X 0,4 X (0,05 or 0,03) cm . A fte r polishing, 
th e  sam ples w ere e tch ed  in  e tc h a n t  “ A ”  (100 ccm  H N 0 3 o f 6 5%  -f- 300 ccm  
H 2F„ o f 38 %  -f- 50 eg J 2). C o n tac ts  from  Sn c o n ta in in g  0 ,5%  Sb w ere p rep ared , 
h av in g  ohm ic c h a rac te ris tic s  dow n to  liq u id  n itro g en  te m p e ra tu re . Before 
m e asu rem en ts , th e  sam ples w ere freshed  in  th e  e tc h a n t “ A ” .

T h e  m easu rem en ts  w ere ca rr ied  o u t over th e  te m p e ra tu re  range 77°K —- 
340°K . F ig u re  1 show s th e  c ry o s ta t  e v a c u a ted  to  less th a n  1 0 ~ 3 m m  H g. T h e  
te rm in a ls  he ld  th e  copper h em isphere  w ith  th e  sam ple an d  also  p rov ided  the- 
e lec trica l c o n tac ts .
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T h e low er p a r t  o f th e  glass vesse l w as im m ersed  in  liqu id  n itro g en  to  cool 
th e  co p p er hem isphere  a n d  th e  sam ple  to  th e  req u ired  te m p e ra tu re . T h e  sam ple  
ho lder w as used to  m easu re  b o th  th e  f ie ld  effect an d  p h o to c o n d u c tiv ity  decay  
(th e  tra n s p a re n t  e lec trodes h ad  a c a p a c ity  of 200 p F ) . F o r te m p e ra tu re  m ea
su rem en t a Si re s is tan ce  th e rm o m e te r  w as used.

T h e  cooling p ro ced u re  described  above  has som e ad v an tag es  over others.*  
T h e  liq u id  n itro g en  te m p e ra tu re  can  in  fa c t be reach ed ; th e  cooling a n d , th u s , 
th e  con d en sa tio n  of w a te r  v ap o u r beg ins on the  w all o f  th e  vessel in s te a d  of on 
th e  sam ple  an d , f in a lly  th e  system  can  be  ev acu a ted  easily  owing to  th e  absence 
o f m eta l-g lass ju n c tio n s .

F i g .  2 .  S chem atic  d iag ram  for p h o to co n d u c tiv ity  d e ca y  m easu rem en ts

T he lig h t pulses w ere p roduced  b y  a hydrogen  lam p . The d u ra tio n  of 
pulse was su ffic ien tly  sh o r t  ( ~ 1 ,5  /j,sec) to  m easure th e  sh o rte s t re la x a tio n  
tim es in  q u es tio n  ( ~ 2 0  /isec). T he m easu rem en ts  w ere ca rried  o u t u sing  an 
eq u ip m en t w ith  th e  b lock  schem e show n in Fig. 2. T h e  c u rre n t th ro u g h  th e  
sam ple w as v a ried  b e tw een  100 f iA —1 m A  depending on  th e  te m p e ra tu re , i.e. 
on th e  re s is tiv ity  of th e  sam ple.

A fte r ad eq u a te  w ide-b an d  am p lifica tio n  th e  s ig n a l w as p h o to g rap h ed  
w ith  an oscilloscope, ty p e  OG1—10.

2. E x p erim en ta l results

T he p h o to co n d u c tiv ity -d ecay  below  room  te m p e ra tu re  could be deco m 
posed in to  tw o  ex p o n en tia l curves w ith  re lax a tio n  tim es  Tr an d  t t. A ty p ic a l 
curve, o b ta in e d  from  an a ly z in g  th e  co rrespond ing  d ecay  is show n in  F ig . 3. 
T h e  tw o re la x a tio n  tim es or life-tim es a re  w ell d e te rm in ab le  from  th is  cu rv e . 
O ur aim  w as to  in v es tig a te  th e  effects a) an d  b) to  o b ta in  ex p erim en ta l d a ta

* T his m eth o d  of cooling w as proposed b y  M r. J .  T ih a n y i.
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Fig. 3. Photoconductiv ity  decay. The points are obtained by analyzing the photographs of
the oscilloscope traces

Fig. 4. L ifetim es r t and Tt as functions of reciprocal absolute tem perature for sample thickness
d =  300 и
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concern ing  th e  te m p e ra tu re  dependence o f xr and xt. T h e  m easu rem en ts  were 
carried  o u t on num erous sam ples w ith  tw o  d ifferen t th ick n esse s  (d =  300 /j,, 
d =  500 fx).

F ig u res  4 and  5 show  th e  te m p e ra tu re  d ep en d en ce  of b o th  life tim es. 
The longer re lax a tio n  tim e  xr a fte r a s h o r t  decrease, b e g in s  to  increase  expo
n en tia lly  w ith  decreasing  te m p e ra tu re . B elow  100°K , xr show s a te n d e n c y  to  
becom e s a tu ra te d . I t  is in te re s tin g  to  re m a rk  th a t  n e a r  th e  liqu id  n itro g e n  
te m p e ra tu re , in  som e cases, th e  value o f xr decreases a g a in . W ith  our a p p a ra tu s

p?
a I

io J------t------,----- ,----- ,— ,----- ,— ,— r
2  4 б в Ю 12 14 16 юоу°к

Fig. 5 . Lifetimes r, and r t as functions of reciprocal absolute tem peratu re  for sample thickness
d =  500 /I

th e  sh o rte r re la x a tio n  tim e  becom es m easu rab le  only a t  re la t iv e ly  low te m p e 
ra tu re s . In  th e  ran g e  m easu red , th e  xt is a m o n o to n ie  fu n c tio n  of te m p e ra tu re : 
i t  increases w ith  decreasing  te m p e ra tu re  a n d  show s s a tu r a t io n  c h a rac te ris tic s . 
T he curves, as can  be seen in  F igu res 4 a n d  5, a re  n o w h e re  ex p o n en tia l.

T he a p p a ra tu s  used  (see F ig . 1) is c a p a b le  of m e a su r in g  th e  field e ffec t 
an d  also of ap p ly in g  a s te a d y  illu m in a tio n . Som e p re l im in a ry  m easu rem en ts  
h av e  been ca rried  o u t in b o th  respec ts , b u t  th e  resu lts  a re  in su ffic ie n t to  a llow  
an y  valu ab le  conclusion  to  be d raw n . I t  is w o r th  re m a rk in g  h o w ever, th a t  w ith  
th e  given g eo m etry  of th e  fie ld  effect ex p erim en ts  (200 p F ) , th e  applied  v o lta g e

(J^lOO V) does n o t m ark ed ly  a lte r  th e  slope o f  th e  xr
1

T
cu rv es .
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The b a c k g io u n d  illu m in a tio n  causes a s tro n g  d im in u tio n  of ту, w hich  
acco rd s w ith  th e  observa tions o f  o th e r  a u th o rs . T he effect o f  illu m in a tio n  on  
th e  sh o rte r re la x a tio n  tim e ту, on th e  o th e r  h a n d , could n o t  be an a ly zed  
b ecau se  th e  a m p litu d e  of s igna l w as g rea tly  decreased .

3. The kinetics of recom bination in the presence o f  traps

a) B u lk  model

To in te rp re t  th e  e x p e rim e n ta l resu lts  g iv en  in th e  p rev io u s  section , w e 
sh a ll discuss in  d e ta il the  m o d e l proposed  f i r s t  b y  W e r t h e i m  [9], an d  also  
accep ted  b y  L i n d l e y  and  B a n b u r y  in  th e ir  la te r  paper [5]. A ccording to  th is  
m odel, th e re  a re  reco m b in a tio n  centres o f o n e  k ind  and  a lso  tra p s  for ho les. 
T h e  p a ra m e te rs  o f these c e n tre s , w ith  th e  u su a l n o ta tio n , a re :

N n E n  Crp, Crn, nn , p n , a n d  N„ E„ Clp Ctn =  0 nl v p n , respective ly  .

H ere nn , nn  denote  th e  e lectron  co n cen tra tio n s  in  th e  conduction  b a n d  
if  th e  F erm i lev e l F 0 is eq u a l to  E r resp. E ,.  T h e  q u a n titite s  p n , p n re fe rrin g  to  
holes have  s im ila r  m eanings. I f  nr and  p r d e n o te  the  fu ll a n d  em pty  re c o m 
b in a tio n  c e n tre s , resp ec tiv e ly  (a sim ilar n o ta t io n  is used  fo r  trap s) th e n  th e  
system  of d iffe ren tia l e q u a tio n s  governing th e  reco m b in a tio n  is:

I =  C rn  ( n p r  n r l  n r )  1
dt

Ц ’ =  ~  C r p ( P n r - P n P r )  C t p i p n t — P u P , ) ,  (1)
at

~  =  “  C t p ( P n t P u P t ) -
dt

To so lve E q . (1) f u r th e r  re la tions a re  needed. I t  is possible w ith o u t 
re s tr ic tio n  o f  g enera lity , to  assum e n e u tra l i ty  for b o th  th e  reco m b in a tio n  
cen tres a n d  t r a p s  in th e  lo w er charge co n d itio n . H ence, w e o b ta in  th e  fo llow ing 
su b sid ia ry  co n d itions:

bnr -j- bpr —  0 ,

bn, +  bp, =  0 , (2)

bn -f- bn, -|- bnr =  bp ,

w here th e  f i r s t  tw o e q u a tio n s  are th e  co n d itio n s  of n o rm a liza tio n  an d  th e  th ird  
is th e  co n d itio n s  of e le c tr ic a l n e u tra l i ty . I f  the v a r ia b le s  bnr, bpr, bp, are
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e lim in a te d  b y  th e  a id  o f E q . (2), th e n  fo r  th e  colum n v e c to r  cc o f e lem en ts  ön, 
bp  an d  bnt, th e  follow ing eq u a tio n  is o b ta in e d  in m a trix  fo rm :

à =  —Aoc. , (3)

w here th e  life tim e m a tr ix  A  has th e  fo rm

f ^ n  “Ь ^rn PrOl 4  П '  Л n 1
A  — I ; +  ( A p +  Crp nro +  Ctp n/0); A n +  A,  ;

'  0; Clpn llt; +  A t j
(4)

here  A n =  Crn(n u f  nn ); A p =  Crp( p 0 +  P n);  A t =  Ctp( p 0 - f  p n ) . T he  life 
tim es Xj can  be d e te rm in ed  from  th e  ch a ra c te ris tic  e q u a tio n  of m a tr ix  A ;

1
\ A  — / 1 I =  0, using  xt =  —  .

A sim ple ca lcu la tion  gives th e  coeffic ien ts 1», of th e  eq u a tio n  o f th ird  
o rd e r:

M 3 ~t~ by?.1 +  b.,/. -j- b3 =  0 , (5)

*o =  - 1 ,

b\ — -j-[A/ +  T(Ar) -j- C/p «/о] ? (6)

^2 =  [-4/ T ( A r) -f- Ap C(p n,0 -j- I l(A r) -)- Cr„ p r0 Clp nl0 -j- An Ctp ni0] ,

1*3 == [E/p xijQ Crn pro Ap  А/ D ( A r)] .

H ere T [ A r) an d  D ( A r) are th e  tra c e  and  d e te rm in a n t of th e  life tim e  m a tr ix  A r 
o f th e  sim ple S —R m odel ( N t =  0):

E (A r) =  A n Ap  -J- Crn p rQ -)- Crp nr0 ,

D ( A r) =  A n Crp nrQ -f- A p Crn p ro -b СГп Crp nro p rо •

T h e  life tim es o f th e  S —R  m odel are  d e te rm in ed  b y  th e  ro o ts  o f th e  e q u a tio n

'•2 -  Т (А Г)Я +  D ( A r) =  0 . (7)

W e shall give th e  ap p ro x im a te  ro o ts  of E q . (5). I f  th e  roo ts a re  well se p a ra te d
i.e. ;4 §> A2 §> A3 th e n  th e  follow ing ap p ro x im a tio n  is va lid :

1

r i
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U sin g  th e  n o ta t io n  r 3 =  t r a n d  t 2 =  r w e  o b ta in :

L e t  us now  ex am in e  th e  te m p e ra tu re  d ep en d en ce  of coeffic ien ts b j .  We shall 
assum e th e  m a te r ia l  to  be n - ty p e  and  N r <ê n 0, i.e. th e  reco m b in a tio n  cen tre s  
do n o t p la y  a n y  p a r t  in  th e  d e te rm in a tio n  o f th e  F e rm i-lev e l F a (the  F e rm i 
level, w ith  d ecreasin g  te m p e ra tu re , passes th ro u g h  th e  reco m b in a tio n  level E r). 
A  sim ple e s tim a te  shows t h a t  in  th e  w hole te m p e ra tu re  ra n g e  the  fo llow ing 
a p p ro x im a tio n  is va lid :

ba ~ + A , D ( A r) .

F o r coeffic ien t b?, on th e  o th e r  h and :
—A tT ( A r) (high te m p e ra tu re ) ;  b2 ^  — A nCtp nt0 (low  te m p e ra tu re ) .

U sing th e  a b o v e  ap p ro x im a tio n s , one o b ta in s  for rr

(8a)

(8 b )

T(A_r)
D ( A r )

n io Cjp̂
A t D {A r)

(h igh te m p e ra tu re )  , 

(low  te m p e ra tu re )  .

F ro m  E q s . (8) i t  is seen  th a t  a t  h ig h e r  te m p e ra tu re  th e  sim ple S — R  
m odel w o rk s, w hile if  th e  te m p e ra tu re  is su ffic ien tly  low  th e  life tim e xr is 
d e te rm in ed  m a in ly  by  th e  t r a p  p a ra m e te rs . In  fac t, ta k in g  in to  co n sid e ra tio n  
th a t  nt0 я»: N I an d  nr0 ^  N r we get:

N r Crp(Po +  Pn)

N t
N r Crp N v

• e
E t - E ,

k T (9)

if  th e  re la tio n  p tl p 0 is v a lid .
A q u ite  sim ilar ap p ro x im a tio n  m ay  b e  used also fo r  t t. A t h igher te m p e 

ra tu re s  th e  reco m b in a tio n  cen tre  w orks, being

1

T ( A r)
(10a)

while a t  low er te m p e ra tu re s  one o b ta in s  i f  Crn n 0 Crp N r ; Clp Nt a n d  nrn
^  N r: n,0 ^  N t

C,p N t

Г N
1 -)- rP r- 

Crn nn

1

n o C/p N t
(10b)
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b) Surface recombination

The k in e tic s  of su rface  reco m b in a tio n  invo lv ing  sp ace  charge effects has 
n o t y e t been  solved to  th e  b e s t know ledge o f th e  a u th o rs . In  p a p e r [5] som e 
a tte m p ts  w ere m ade to  tra n s fe r  th e  b u lk  reco m b in a tio n  m odel to  th e  su rface  
case, b u t  th e  ca lcu la tio n s w ere m a in ly  h e u ris tic  in c h a ra c te r . In  th e  A p p en d ix  
of th e  p re sen t p a p e r  th e  eq u a tio n s  to  be so lved  are g iven fo r  th e  m odel t r e a te d  
in  3a. E q u a tio n s  (A l) — (A4), how ever, c a n n o t be solved fo r th e  general case, 
an d  th e re fo re , i t  w ill be o f in te re s t  to  show  th a t  fo rm u la  (9) is also v a lid  fo r 
th e  case of su rface  cen tres  an d  to  give a ru le  for tra n s fe r r in g  th e  fo rm u lae  
re la tin g  to  b u lk  reco m b in a tio n  to  surface reco m b in a tio n , assum ing  a sim ple  
space charge reg ion . L e t th e  va lu e  of su rface  p o te n tia l Y  be  sm all an d  le t  us 
also assum e th e  sm all signal case. In  th is  case th e  q u a n tit ie s  Г п a n d / ) , ,  in t r o 
duced b y  Garrett and  B rattain  [10], ta k e  th e  follow ing a p p ro x im a te  v a lu e s :

r n ^ L ' ( n Y n * ) ;  Fp ^ L '  ( p Y --- p * )  .

T hus, in  th is  a p p ro x im a tio n , th e  space-charge  reg io n  can  be described  
using  an  effective D ebye le n g th  L '  an d  co n cen tra tio n s  on  th e  surface. T h e  
q u a n titie s  n * a n d p *  deno te  th e  co n cen tra tio n s  ju s t  below  th e  space-charge  la y e r , 
effectively  in  th e  b u lk  (see A ppend ix ). F o r  th e  sim p lest m odel th e  L '  does 
n o t depend  e ith e r  on th e  su rface  p o te n tia l o r on th e  n o n -eq u ilib riu m  c o n c e n t
ra tio n s.*  B ased  on th is  exp ression , th e  ap p ro x im a tio n s

d ô ü  , d ônY d ô p  d d p  Y
----------  Я«! J _ j -------------  cl I I  (1 ----------- - J j  ---------------

dt dt dt dt

can be used in  th e  lin ea rized  fo rm  o f E q . (A l) . The ru le  fo r  tra n sfe rr in g  b u lk  
expressions to  surface ones can  read ily  be o b ta in ed . In  f a c t ,  th e  p ro p er fo r 
m ulae  can be derived  using  th e  follow ing co rrespondences:

n ~ > n Y; p  p Y ; N r (cm  3) 

(S im ilarly  for c o n cen tra tio n s  n r, p r);

N t (cm -2 )

A . (cm  2)

L '

N t (cm -3 ) -
V

(s im ila rly  for nt, p t).

T he p a ra m e te rs  nrl, p n  a n d  ntl, p tl, occu rring  in  th e  e q u a tio n s  in  q u es tio n  
do n o t con ta in  th e  surface p o te n tia l. T hus, f in a lly  we o b ta in :

/V N  +  E ,~-E>:
r r (У ) ~ -------------~  ------------------------ - 1---- e+ kT (11)

N r c rp ( P yo +  Pn) N r C r p N.„

* The effective Debye length  L ' introduced here, for the simple m odel assumed, can be
Ÿ2

expressed  as L ' =  f^2/2(A -f- A-1)1/̂  L Di — L ße, w here  L ß e is th e  e x tr in s ic  D ebye le n g th  

in tro d u ced  by C. G o ld berg  [11]; L De is n o t sensitive  to  th e  v a ria tio n  o f tem p e ra tu re .
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a n d  th e  in co n v en ien t q u a n t i ty  L '  is e lim in a ted . The fo rm u la , re la te d  to  h ig h e r
r

te m p e ra tu re s  co n ta in s th e  q u a n t i ty  I / ,  b u t  from  th e  expression  -------- - ,
7 r  min

ex am in ed  in  th e  fu nc tion  o f  th e  su rface  p o te n tia l  Y, i t  is also e lim in a ted , 
assum ing  a sm all co n c e n tra tio n  of reco m b in a tio n  cen tres.

I t  is w o r th  rem ark in g , f in a lly , th a t  exp ression  (11) d iffers  from  th a t  g iven
N

in  p ap e r [5] in  tw o resp ec ts : expression  (11) con ta in s th e  f a c t o r -----a n d  also
N r

th e  q u a n ti ty  p Y0 depend ing  on  th e  surface p o te n tia l. O w ing to  th e  f irs t d iffe ren 
ce, th e  v a lu e  o f Crp c a n n o t be  o b ta in ed  d ire c tly  from  (11) w hile th e  second 
one m ay  be  s ign ifican t i f  p Yo Po-

4. Interpretation and discussion of the results

To in te rp re t  effects a) an d  b) sev e ra l m odels m u s t be  ta k e n  in to  con
s id e ra tio n . L i n d l e y  an d  B a n b u r y  in  th e ir  p rev ious p ap e rs  [1] tr ied  to  discuss 
th e  effect a) in  te rm s o f a sim ple S — R  m odel. T hey  a rg u e d  th a t  b ecau se  of 
th e  o p p o site  te m p e ra tu re  d ependence  o f th e  tw o life tim es o f  S —Л -m odel, %t 
m ay  b ecom e la rg e r th a n  t r an d  th u s  th e  ex p lan a tio n  fo r  a) is fo und . T his, 
how ever, is n o t  correct. T h o u g h  from  th e  a p p ro x im a te  ro o ts  (8a) and  (10a) i t  is 
n o t e v id e n t, th e  re la tio n  r,t <S xr is a lw ay s  valid . T h is can  be seen sim ply  
s ta r tin g  fro m  th e  ex ac t life tim e  of S — R  m odel. In  fa c t, in  o rd e r for th e  roo ts 
o f eq. (7) to  be  p o sitive , th e  re la tio n  ] /Т (Л г)2 — 4’D ( A r) §> 0 shou ld  occur, 
w hence th e  re la tio n  Tr >  r t obv iously  follow s.

F ro m  w h a t has b een  sa id  above i t  is clear th a t  to  in te rp re t e ffects a) 
an d  b) i t  is necessary  to  em ploy  m ore  co m plica ted  m odels or a ssu m p tio n s. 
In  fac t, in  th e ir  la te r  w ork  L i n d l e y  an d  B a n b u r y  assu m ed  th e  presence o f  one 
k in d  o f reco m b in a tio n  c e n tre s  and  also t r a p s  fo r holes [5].

In paper [3], on the contrary, Harnick et al. assumed a temperature 
dependent capture constant and also that the position of recombination centre 
is temperature dependent.

I n  th e  p re sen t w ork , th e  m odel w ith  tra p s  is a c c e p ted  and  s tu d ie d  in 
d e ta il. F ro m  calcu la tions o f  Sec. 3. (fo rm ula  (11)) i t  is c lear t h a t  th e  low  te m p e 
ra tu re  b e h a v io u r  of t r is d e te rm in ed  b y  p tl. This has th e  physica l m ean in g  
th a t  u n d e r  th e  cond itions assum ed, th e  th e rm a l em ission of holes in to  th e  
valence b a n d  b y  tra p s  is th e  slow est p rocess in  th e  reco m b in a tio n . T h u s , from  
th e  slopes o f th e  e x p e rim e n ta l curves, th e  energy level o f  t r a p s  can be ca lcu l
a te d . E x p e rim e n ta lly , we o b ta in e d  (see F ig u re s  4 an d  5) E t — E v =  0 ,10 — 0,14 
eV. B elow  120°K , as F ig u re s  4 an d  5 show , th e  life tim e  t r has a te n d e n c y  to  
s a tu ra te , w h a t  has been o bserved  b y  som e o th e r a u th o rs , to o  [4, 6]. S ta r tin g  
from  th e  m o d e l accep ted , th e  sa tu ra tio n  c an n o t be e x p la in e d  in  a n a tu ra l  w ay.
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Г,rThis is c lea r from  F ig . 6 w here th e  q u a n t i ty is p lo tte d  as a fu n c tio n  of
r,о

recip rocal te m p e ra tu re , assum ing  Crn =  Crp =  Q p =  C. A ccording to  e x 
p ec ta tio n , a t  h igher te m p e ra tu re s  th e  tra p s  have  no  e ffec t on th e  life tim e  
(see fo rm ulae  (8)), w hile a t  low er te m p e ra tu re s , depend ing  on th e ir  c o n c e n tra 
tion , th e  tra p s  begin to  p la y  an  im p o r ta n t  role in th e  reco m b in a tio n  a n d  тг 
increases ex p o n en tia lly  show ing no s a tu ra tio n .

Fig. 6. Normalized theoretical curves of — against reciprocal tem perature, assum ing

A possib le  ex p lan a tio n  of th e  s a tu ra tio n  is th a t  th e  d iffusion  of ca rrie rs  
from  th e  space  charge reg ion  is n o t neg lig ib le  an d  th u s  th e  b u lk  cen tres m a y  
sh u n t th e  effect of th e  su rface  reco m b in a tio n  cen tres. T his seem s to b e  su p p o rte d  
b y  th e  o b se rv a tio n  th a t  th e  th ic k e r th e  sam ple  th e  sooner sa tu ra tio n  beg ins. 
I t  is possible also th a t  a t  low er te m p e ra tu re s  th e  co m m u n ica tio n  b e tw een  
th e  tra p s  a n d  conduction  b a n d  im p ro v es , an d  so th e  s a tu ra tio n  becom es 
ev id en t. J u s t  becuase of th e  s a tu ra tio n  effec t, th e  m odel o f m u lti-e lec tro n  
cen tres p ro p o sed  b y  K a l a s h n i k o v  e t al. [12] fo r b u lk  reco m b in a tio n  seem s 
to  be well app licab le  fo r th is  case too . H ere  i t  is n o ted  on ly , th a t ,  assum ing  all 
c ap tu re  c o n s ta n ts  to  be eq u a l, th e  desired  te m p e ra tu re  d ependence  of T r  w as

2  J  4 5 6  7 8 9 10 1000, "

no =  10" cm Cr„ =  Crp
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o b ta in e d  w ith  a  re la tiv e ly  h ig h  c o n c e n tra tio n  o f cen tres. In  o u r case, on th e  
c o n tra ry , th e  e x p o n en tia l te m p e ra tu re  d ependence  of t r can  be  ex p la in ed  also 
fo r  N r, N( n 0 (see Fig. 6). I t  is im p o r ta n t, how ever, to  em p h asize  th a t  b ased  
on th e  e x p e rim e n ta l re su lts  av a ilab le , an d  w ith o u t an y  know ledge  of th e  orig in  
o f th e  c e n tre s , i t  seems to  b e  im possib le  to  m ake an  u n am b ig u o u s  choice 
b e tw een  th e se  m odels.

The s h o r te r  re la x a tio n  tim e  t t in c reases  w ith  d ecreasin g  te m p e ra tu re

IT.
5-

2

Ю' 1

5-

2 -

io-1

r„ -  CNr

Ec~Er-0,3eV
Er E ,-02eV

5  -

2-

» '■ 4 --------- 1-------------- T-----------T-------------1-------------- 1-------------I-----------1------------1—
2 3  4 5  6 7 8 9 ЮЮОО/Т

Fig. 7. N orm alized theoretical curves o f —— against reciprocal tem pera tu re  for the same values
To

of param eters as in  Fig. 6

an d  also show s sa tu ra tio n . F ro m  th e  m odel s tu d ie d  in  Sec. 3 such  te m p e ra tu re  
dependence  c a n  be fu lly  ex p la in ed , as seen in  F ig . 7. I t  is in te re s tin g  to  n o te  
th a t  th e  s h o r t  re lax a tio n  t im e  found  b y  P r im ach en k o  e t al. fo r Si, has a te m 
p e ra tu re  d ep en d en ce  o p p o site  to  th a t  o f xt in  F igures 4 a n d  5. T herefo re , o u r 
m odel is n o t  ap p licab le  to  th is  case. F ro m  th e  sa tu ra tio n  v a lu e  of r t th e  q u a n 
t i ty  CtpN t c a n  be  ca lcu la ted  i f  th e  re la x a tio n  tim e  is assu m ed  to  be d e te rm in ed  
b y  th e  t r a p s  alone.

F u r th e r  ex p erim en ts  a re  in  progress to  sep a ra te  th e  effect of re c o m b in a 
tio n  c en tre s  fro m  th a t  o f  tra p s . F o r th is  purpose  i t  is in te n d e d  to  com bine 
th e  m e th o d  o f  s ta tio n a ry  f ie ld  effect [13] w ith  surface k in e tic s  m easu rem en ts  
an d  also to  sy s te m a tic a lly  s tu d y  th e  b e h a v io u r  c). B y  u s in g  d iffe ren t chem ical 
t re a tm e n ts , i t  is hoped  to  o b ta in  in fo rm a tio n  concern ing  th e  origin of th e  t r a p s .
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Appendix

In te g ra tin g  E q . (1) over th e  sp ace  charge la y e r  an d  assum ing  a ó-like 
d is tr ib u tio n  of cen tres , we o b ta in :

Cm ( n YPrY n n n rY) ,

Crp( p Y n,Y P n P r Y ) - C t p ( P Y ntY PnPtY )» (A l)

“  Clp ( P y  n I Y  P t lP tY ) ■>

dn
dt

dp
dt

d n tY
dt

w here th e  re la tio n s  nnY  =  nri etc. w ere ta k e n  in to  a c c o u n t an d  nr, p r, n t, p t are 
co n cen tra tio n s  p er u n i t  area. B ased  on classical w o rk  of G a r r e t t  and  
B r a t t a i n  [10] we h av e

Y

п =  Гп +  п*  =  -  i « , A - i e - " L D/ Г
0

Y

Р = Г р +  Р* \ n i ' - e p L
e a \

F ( y , K N ,  P ,)
(A2)

w here th e  co n cen tra tio n s  a re  given b y  th e  expressions:

n  =  n* ey =  tij A-1  a N+y ,

p  =  р * е - У  =  п , .Д е р -У , (A3)

T he follow ing n o ta tio n s  w ere used: A =  P 0/п/ =  u,//!,,; P  =  ß ( F p — F 0); 
N  — ß{Fn — F 0) and  th e  quasi F erm i-lev e ls  F n, F p a re  ta k e n  in d ep en d en t of 
position  (the  cond ition  fo r th is  was e x a m in e d  by  F r a n k l  [14]). 
y  =  ß(\ f—y 0) is th e  d im ensionless p o te n tia l  an d  У  is its  v a lu e  a t  th e  su rface .

££0 У2 .
2 л  e n  - ß  J *S SO ca *̂et  ̂ in trin s ic  D ebye leng th ,L dí —
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F (y ,  A, P , N )  =  T  - [ ^ P(e~y -  1) +  l ~ 4 ~ N{ey -  1) +  (A -  A“ 1̂ ] '7*

w here, b y  d e fin itio n , P  <[ 0 i f  у  0. I t  is easy  to  see th a t  E q . (2) should  be 
rep laced  b y  th e  follow ing expressions:

ÔnrY +  àprY =  0 ,

óntY +  ôplY — 0 , (A4)

éri -f- àntY -f- ànrY — à p .

I n  the  above e q u a tio n s  th e  d iffusion  an d  th e  b u lk  cen tres have  b een  neglected.
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О КИНЕТИКЕ ПОВЕРХНОСТНОЙ РЕКОМБИНАЦИИ В ГЕРМАНИИ
А. Л Е Р И Н Ц И , Г. ПАТАКИ и Г. ПАСТОР 

Р е з ю м е

В настоящей работе экспериментально и теоретически исследована кинетика по
верхностной рекомбинации в Ge. Измеряется релаксация фотопроводимости между 
77°—340°К. При пониженных температурах кривые релаксации фотопроводимости 
можно составить из двух экспонентов (тг, т(). В работе показано, что температурную 
зависимость т г и т(, с исклучением насыщения тп  можно хорошо объяснить, предполагая 
существование центров рекомбинации одного типа и также центров прилипания для 
дырок. Получается систем дифференциальных уравнений рекомбинации, принимая во 
внимание влияние слоя объемного заряда (Приложение). Для самого простого случая 
дается правило получения формул, относящихся к поверхностной рекомбинации, если 
известны соответствующие формулы для объемных центров.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



DENDRITIC GROWTH OF ZnS CRYSTALS
By

I .  B e r t ó t i , E . L e n d v a y , M. F a r k a s - J a h n k e , M. H á r s y  a n d  P . K o v á c s

RESEARCH IN ST IT U T E  FO R TECHN ICA L PH Y SICS O F T H E  H UN G ARIA N  ACADEMY 
OF SCIENCES, BU D A PEST

(Presented by  G. Szigeti — R eceived 31. VII. 1965)

The dendritic grow th of ZnS crystals in the form  of long ribbons, plates and needles 
w a s  observed when ZnS crystallized from  liquid Ga. T he cubic ribbons and  plates p ropagated  
in  the  <211> directions, the needles were hexagonal and  their main propagation  was parallel 
to  th e  c-axis. I t  has been found th a t for a cubic la ttice  (ribbons and p lates) the growth m echa
nism of ZnS show the same features as the grow th of Ge, Si, In , Sb, etc. dendrites.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 21 (2), pp . 121—127 (1966)

1. In tro d u c tio n

D end ritic  g row th  of c ry s ta ls  can  be o b serv ed  from  m e lts , liq u id  and  solid  
so lu tions, v ap o u r-p b ase  an d  d u rin g  e lec tro cry s ta lliza tio n .

R ecen tly , th e  fo rm atio n  o f d en d rite s  a ro u sed  w id esp read  in te res t b u t  
th e  orig in  of th is  phenom enon  has n o t y e t b een  clarified. (C. F .  B olling and  
W . A . T iller 1961, [1, 2])

D endrites u su a lly  possess a defin ite  cry sta llo g rap h ic  o iie n ta tio n , an d  in  
th is  re sp ec t th e y  belong  to  th e  m onocrysta ls .

G enerally , c ry sta ls  o f low  sy m m etry  show  dendritic  g ro w th . In  la ttic e s  
o f h ig h er sy m m etry , ch iefly  w hen  c ry sta lliz in g  m eta l-m elts , d e n d ritic  g row th  
fre q u e n tly  occurs.

D end ritic  g ro w th  occurs v e ry  ra re ly  in  case of ZnS a n d  CdS, w h e th e r 
th e y  o rig ina te  from  th e  v a p o u r, or m e lt phase.

O w ing to  th e  g rea t im p o rtan ce  o f th ese  c ry sta ls  and  b e cau se  of som e 
special p roperties of d en d ritic  c ry s ta ls  i t  seem s leasonab le  to  u se  every  e ffo rt 
to  p roduce  den d rites  an d  to  exam ine th e ir  ch a rac te ris tic s .

T h is p ap er deals w ith  th e  d escrip tion  of som e features o f  ZnS dendrites 
p ro d u ced  in  our la b o ra to ry . I t  has been  s ta te d  b y  K a l u z h n a i a  (1964) th a t  
th e  ZnS can be d issolved an d  c ry sta llized  from  G a [3].

C oncerning th e  d en d ritic  g ro w th  o f ZnS c ry s ta ls , we only w ish  to  rem ark  
th a t  th e y  have been  p ro d u ced  from  ZnS d isso lved  in  m etallic G a b y  m eans o f  
su ita b le  a p p a ra tu s . T h is p a p e r does n o t deal w ith  th e  m ethod  a n d  techn ique  
of d en d ritic  g row th , w hich will be discussed elsew here.

2. ZnS dendrites

W hen  c ry sta llyz ing  ZnS from  th e  liqu id  p h a se  of Ga, we succeeded in 
observ ing  tw o d ifferen t ty p es of d e n d ritic  c ry s ta ls . T he one w as th e  so called
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p la te lik e  d e n d rite , v e ry  s im ila r  to  th e  c ry s ta ls  a p p ea rin g  in  su p e rsa tu ra te d  
so lu tio n  an d  d u rin g  th e  fo rm a tio n  of ice.

T he o th e r  ty p e  is need le -like , w ith  n u m ero u s  seco n d ary  dendrite  b ra n c h e s  
grow ing  p e rp e n d ic u la r  to  th e  m ain  g ro w th  direction .

Fig. 1. Triangle-like ZnS dendrite  plate. The propagation  layers well observable on th e  surface 
of th e  plane are conform to  the main propagation  direction <211> of the dendrite

Fig. 2. X -ray  p a tte rn  of the dendrite shown in Fig. 1. The p a tte rn  has been m ade by  the 
ro ta tin g  crystal m ethod; th e  axis of ro ta tio n  is parallel to  th e  normal of the planes

T h e  m ax im u m  le n g th  of th e  f i r s t  c ry s ta l ty p e  v e ry  freq u en tly  exceeds 
10 m m , its  th ick n ess  is g en era lly  ab o u t 0,1 m m . F igu re  1 shows a c h a ra c te ris tic , 
t r ia n g u la r  d en d ritic  ZnS p la te . The m ain  p ro p ag a tio n  d irec tions of th e  d en d rite  
an d  its  su rface  p a t te rn  a re  d is tin c tly  v isib le.

X -ra y  e x am in a tio n  o f th e  c ry s ta l  p roved  th a t  i t  has a cubic s tru c tu re  
(sp h a le rite ). T he X -ra y  p a tte rn s  w ere m a d e  in  W eissenberg  or o sc illa tio n  ty p e  
cam eras o f 57,3 m m  d ia m e te r  by  ir ra d ia tio n  w ith  F e K , and CuK,, ra d ia tio n , 
re sp ec tiv e ly . A ccord ing  to  th e  ro ta t in g  c ry sta l p a t te r n s  th e  n o rm a l to  th e  
su rface  is p a ra lle l to  th e  hexagonal c i.e . th e  cubic <(111)> axis .If  we choose th e
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ro ta tio n  axis p ara lle l to  th e  d irec tio n  of th e  b ise c to rs , i..e. to  th e  norm als o f th e  
sides of th e  trian g le -lik e  c ry sta l p la te s , th e  v a lu e  d  ca lcu la ted  fro m  th e  d is tan ce  
o f th e  layer-lines in  th e  p a tte rn  is 6,6 Â  (see F ig . 2 ); th is  is eq u a l to  th e  d is tan ce  
o f  tw o id en tica l p o in ts  ly ing  in th e  d irection  o f th e  norm al o f th e  (1000) p lane , 
acco rd in g  to  h ex ag o n a l index ing  2d1000 =  a • 1/3 =  6,6166 Â .

I f  we choose th e  axis o f ro ta tio n  paralle l to  one of th e  sides o f  th e  tr ia n g le 
like c ry s ta l, th e  va lu e  d,  ca lcu la ted  from  th e  d is ta n c e  of th e  layer-lin es  comes 
to  3,84 À. T hus, i t  is equal to  th e  la tt ic e -c o n s ta n t o f th e  e le m e n ta ry  cell (a =  
3,82 Â), w ith in  th e  m easuring  e rro rs. All th e se  resu lts  p ro v e  th a t  th e  side

Fig. 3. M icrophotography of the ZnS dendrite-ribhon. The morphological and  structu ral fea
tu res of the crystal are sim ilar to  those of the  dendrite shown in Fig. 1. The only  difference is 

th a t one of the three (211) directions is a preferred one

p lan es o f th e  trian g le  conform  to  th e  (1000), (0100) an d  (1110) la t t ic e  planes. 
T h e  p la te  itse lf  lies in  th e  (0001) c ry s ta l p lane, p a ra lle l to  th e  c lo sest packed  
la tt ic e  p lanes. F igu re  1 show s th a t  th e  den d ritic  g ro w th  occurs as th e  resu lt o f 
th e  re p e a te d  p ro tru s io n  on th e  tip s  o f th e  c ry s ta l. T his p h enom enon  can be 
o b serv ed  s till b e t te r  w hen ex am in in g  ribbon-like den d rites . F ig u re  3 shows 
th e  t ip  of such a d e n d rite . The sy m m e try  co n d itio n s and  o rie n ta tio n  of th e  
d e n d rite  are p erfec tly  s im ila r to  t h a t  o f th e  c ry s ta l show n in  F ig . 1. I t  m ust be 
p o in te d  o u t th a t  th e  X -ra y  p a tte rn  o f  th e  above p la te -lik e  d e n d rite s  does n o t 
show  a n y  s tack in g  fa u lts  an d  th e  c ry s ta ls  are v e ry  p ro b ab ly  o f  p u re , cubic 
s tru c tu re . T his fac t h as  a g rea t im p o rtan ce  for fu r th e r  physical in v es tig a tio n s .

In  som e cases we succeeded in  observ ing  p o ly ty p e s  on p la te -lik e  dendrites 
w ith  hex ag o n al m orphology . T he X -ra y  p a tte rn  o f  such  p la te -lik e  dendrites 
p ro v es th a t  th e  s tru c tu re  of th e  p la te  is p o ly ty p e  w ith  six la y e rs  w ith o u t 
s tack in g  fa u lts , sim ilar to  th e  s tru c tu re  described b y  F r o n d e l  an d  P a l a c h e  [4] 
(1948). W e could also observe th is  ty p e  of s tru c tu re  on ZnS c rysta ls  grow n from
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th e  v a p o u r-p h a se . T h e  on ly  d ifference w as th a t  w ith  needles grow n fro m  th e  
v a p o u r  p h ase , th e  p o ly ty p e-lik e  la tt ic e  occurred  on ly  in  a sm all, d e fin ite  range 
o f th e  c ry s ta l, w hereas th e  d en d ritic  p la te s  are as a w hole s tru c tu ra l ly  pu re  
p o ly ty p e  m od ifica tio n s.

A considerab le  d ifference in  s tru c tu re  occurs w ith  d en d ritic  needles. 
T hese  need les h av e  a le n g th  of a lm o st 10 m m  and  th e i r  w id th  is 0,5 — 1,0 m m . 
S eco n d ary  d e n d rite  b ran ch es , co n sis tin g  of needles a n d  p la tes b ra n c h  off 
p e rp e n d ic u la r  to  th e ir  m ain  p ro p a g a tio n  d irec tion . I n  m a n y  cases th e  ch a rac 

te r is tic  d e n d ritic  fo rm  is follow ed b y  a hexagonal, hollow  c ry s ta l a long  th e  
needle  ax is. T he faces o f th is  are  a p p ro x im a te ly  p e rfe c t an d  on ly  th e  hollow 
w ith in  th e  c ry s ta l p roves its  d e n d ritic  orig in  (see F ig . 4). The X -ra y  ex am in a tio n  
o f such  d en d rite s  show s th a t  th e  la t t ic e  of th e  ho llow  range is h exagonal. 
S tack in g  fa u lts  can  be observed  on i t ,  as well. C onsidering  th e  f a c t  th a t  th e  
cubic p la te s  an d  th e  hexagonal need les are o ccu rrin g  a t  th e  sam e tim e , th e  
s tru c tu re  d ifference accom pany ing  th is  m o rpho logy  seems to  b e  of g rea t 
in te re s t .

3. D iscussion

U p to  now  th e  in v es tig a tio n  o f d en d ritic  g ro w th  has sh o w n  th a t  i t  
ch iefly  depends u p o n  te m p e ra tu re  g rad ien ts , due  to  h e a t-c o n d u c tio n  effects, 
im p u r ity  g rad ien ts , o r to  th e  so lv en t, a ccu m u la ted  on  th e  surface o f  th e  growing 
c ry s ta l. (See e.g. Saratovkin  1959, B olling an d  T iller  1961 [5, 2 ]).
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Fig. 4. Rod- and needle-like ZnS dendrites. On crystal В  i t  is well observable th a t the 
continuation  of the dendrite is a hexagonal, hollow crystal
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Fig. 5. X -ray  pattern  of the  hollow section of crystal В  shown in Fig. 4 m ade by ro tating
crysta l method

Fig. 6. Morphology of the tip  of a dendritic crystal containing 3 tw in-planes. The tip  shows two 
reen tran t grooves and one ridge. The neighbouring sides contain two ridges and one reen tran t

grove

Fig. 7. M icrophotography of th e  tip  of a ZnS dendrite. The p lanes and  edges of Fig. b are well 
observable on the tip and one of the side-planes. (A =  re e n tra n t groove, В — ridge)
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Since, in  th e  course  of our ex p e rim en ts  we used  su ffic ien tly  p u re  Ga and 
ZnS, th e  m echan ism  caused  b y  c o n ta m in a n ts  is ex c lu d ed . I t  seem s to  be m ost 
p ro b a b le  t h a t  w hen  grow ing  ZnS fro m  G a th e  f i r s t  o r th ird  m echan ism  is 
o ccu rring . T he fa c t t h a t  th e  d e n d ritic  p la te s  d iffe r considerab ly  from  the  
need les in  s tru c tu re  a n d  m ain  p ro p a g a tio n  d irec tio n , p roves th a t  th e ir  a tom ic 
m ech an ism  of g ro w th  is d ifferen t.

T h e  m ain  p ro p a g a tio n  d irec tio n s o f th e  d e n d ritic  p la tes con fo rm  w ith  
< 121),< 112) an d  <211) (cubic in dex ing ). T h is agrees p e rfec tly  w ith  th e  o b se rv a 
tio n s  m ad e  on o th e r m a te ria ls  o f d iam o n d  s tru c tu re  as In S b , Ge, Si, e tc .

I t  is know n th a t  w hen  using  th e  above su b stan ces  th e  tw in  p la n e s  paralle l 
to  th e  c ry s ta l face o r ribb o n -p lan es acce lera te  th e  q u ick  g row th  o f  dendrites 
(see e.g. A l b o n  a n d  O w e n  1962, B i l l i g  1957, B i l l i g  an d  H o l m e s  1957, L i n d - 

b e r g  an d  F a u s t  1962) [6 —1 0 ].T hese tw in  p lanes p ro d u ce  ridges a n d  re e n tra n t 
g rooves w hich  a re  covered  b y  faces (111) on th e  t ip  o f th e  d e n d rite . A m ore 
d e ta ile d  e x a m in a tio n  o f d en d ritic  p la te s  an d  rib b o n s  show ed th a t  these 
d e n d rite s  co n ta in  3 tw in  p lanes.

In  th e  case o f Ge f.i. d en d rite s  w ith  3 tw in  p lan es  are of g re a t im p o rtan ce . 
T h e  th e o ry  of th re e -tw in n e d  d en d rite s  has been described  ( B o l l i n g  a n d  T i l l e r  

1961 [1]) in m ore d e ta il. Such d e n d rite s  w ere su p p o sed  to  have  tw o  re -e n tra n t 
grooves an d  one rid g e  on th e ir  t ip s . T he g row th  ra te  of th e  t ip  is a b o u t tw ice 
t h a t  of th e  n e ig h b o u rin g  side p lan es, show ing one re -e n tra n t g roove  an d  tw o 
ridges (F ig . 6). T h is causes a co n tin u o u s p ro p a g a tio n  in  th ree  <211) d irections. 
W hen  ex am in in g  th e  tip s  of th e  p la te lik e  ZnS d en d rite s , we succeeded  in 
observ ing  th e  c h a ra c te ris tic  m orpho logy  as show n in  Fig. 6. F ig u re  7 shows 
su ch  a d en d rite  t ip  w ith  th e  faces a n d  edges.

T he g ro w th  o f th e  rod-like d en d rite s  does n o t  show  such u n iq u e  fea tu res. 
T h e  g ro w th  m echan ism  could n o t  be  d e te rm in ed  by  X -ra y  ex am in a tio n . 
M orphological ex am in a tio n  show s th a t  th e  d en d rite -b ran ch es  p e rp en d icu la r 
to  th e  c-axis have  m o st p ro b a b ly  a <1120) o r ie n ta tio n . W e d id  n o t  succeed in 
observ ing  te r t ia ry  b ran ch in g  on th e  secondary  d e n d rite  arm s.

In  an y  case, th e  fac t th a t  th e  m ain  p ro p a g a tio n  d irec tio n s o f th e  tw o 
d iffe ren t ty p e s  o f d en d rite s  (needles an d  p la tes) fo rm  a r ig h t ang le  and  th a t  
th e re  is a sh arp  d ifference in  th e ir  s tru c tu re s , in d ica te s  th a t  th e re  m u st be an  
essen tia l d ifference in  th e ir  g ro w th  m echanism .

T he e x p la n a tio n  of th e  g ro w th  m echan ism  of th e  need le like  dendrites 
an d  th e ir  c o n tin u a tio n , th e  h ex ag o n a l hollow  c ry s ta ls , needs fu r th e r  in v e s ti
g a tio n .
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ДЕНДРИТОВЫЙ РОСТ КРИСТАЛЛОВ ZnS
И. БЕРТОТИ, E. ЛЕНДВАИ, M. ФАРКАШ -ЯНКЕ, М. ХАРШИ и П. КОВАЧ

Р е з ю м е

Исследовался дендритовый рост кристаллов в длинной ленточной, плоской и иголь
чатой формах в случае кристаллизации ZnS из жидкого Ga. Выращивание кубических 
лент и плоских форм происходит в направлении <211>, игольчатые имели гексагональную 
форму и рост их в основном характеризуется направлением, параллельным оси — с. 
Оказывается, что в случае кубических решеток (ленточных и плоских кристаллов) меха
низм роста кристаллов ZnS показывает такую же картину, как это наблюдалось при росте 
дендритов Ge, Si, In, Sb и т. д.
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AN ELECTRON DIFFRACTION STUDY OF THE PHASE 
TRANSFORMATION OF CESIUM CHLORIDE

By

Z. MORLIN and J. TREMMEL
RESEARCH LA BORATORY FOR CHEM ICAL STRUCTURES O F TH E H U N G A R IA N  ACADEMY 

O F  SCIENCES, BU D A PEST

(Presented by  Z. Gyulai — R eceived 7. X. 1965)

The phase transform ation of cesium  chloride has been investigated  by an electron 
diffraction method. H ybridization and  recrystallization were observed in  a tem perature  range 
below th e  transition tem perature. T he therm al expansion of the alpha phase showed an ano
malous increase. The possibility of a defect mechanism to  account for these effects is discussed.

I t  is well k n o w n  th a t  cesium  chloride u n d erg o es a c ry s ta llo g rap h ic  t r a n s 
itio n  above 720°K  fro m  a bcc fo rm  (CsCl—a) to  a fee form  (CsCl— ß).  A lthough  
m uch  w ork  has been  done to  e x p la in  th e  s tru c tu ra l  changes on a n  atom ic  scale 
d u rin g  th e  tra n sfo rm a tio n  th e  conclusions d raw n  from  th e  ex p e rim en ta l 
re su lts  a re  still co n tra d ic to ry . A cco rd in g  to  W agner  an d  Lipper t  [1], B uerger 
[2], a n d  H oodless a n d  Morrison [3] the  tra n sfo rm a tio n  o f cesium  chloride 
m ig h t he accoun ted  fo r  by  a s im p le  d ifferen tia l d ila ta tio n  o f th e  la ttice . O n 
th e  o th e r  h an d  Me n a r y , U beelo h de  and  W oodw ard  [4], w h o  carried  o u t 
X -ra y  m easu rem en ts in  the  reg ion  o f th e  c ry sta llo g rap h ic  tra n s it io n  suggested  
th a t  th e  tra n s fo rm a tio n  is a cco m p an ied  by  a g rad u a l increase  in  th e  con
c e n tra tio n  of im perfec tions. T hus th e  tran s itio n  is fo reshadow ed  b y  consider
ab le changes in  th e  o rig in a l ph ase . Lantelme a n d  P auly [5] h a v e  show n th a t  
n e u tro n  ir ra d ia te d  cesium -ch lo ride  c rysta ls  w hich  w ere h ea ted  su b seq u en t to  
th e  ir ra d ia tio n  show  a n  enhanced  release of 35S a t  ab o u t 753°K . T h is observ 
a tio n  m ig h t be in te rp re te d  as in d ic a tin g  th e  p resen ce  of a h igh co n cen tra tio n  
o f vacan c ies  in  th e  reg io n  of th e  tra n s it io n .

In  th is  paper e lec tro n  d iffrac tio n  studies a re  discussed th e  a im  of w hich 
w as to  follow  m ore closely  the  s t ru c tu ra l  changes ta k in g  p lace in  th e  region 
below  a n d  a t  th e  tra n sfo rm a tio n  te m p e ra tu re . T h e  ad v an tag e  o f  th is  m ethod  
is th e  sh o rt exposure tim e  (1—2 seconds) w hich en ab les  a co n siderab le  n u m b er 
o f  d iffrac tio n  p ic tu res to  be o b ta in e d  during  th e  w hole  process o f  tra n s fo rm a 
tio n . T h is ty p e  of e x p e rim en t can  b e  carried  o u t on ly  w ith  e v a p o ra te d  th in  
lay ers . H ow ever W itt , w ho had m a d e  abso lu te  la t t ic e  co n stan t m easu rem en ts  
w ith  th e  elec tron  d iffrac tio n  m e th o d , found  th a t  h is resu lts on T1C1 were in 
ag reem en t w ith  X -ray  m easu rem en ts  u p  to  four decim als [6]. As w ill be  show n 
la te r  our ow n la ttic e  sp ac in g  m easu rem en ts  co rresponded  re a so n a b ly  w ith  th e  
X -ra y  re su lts  of W agner  and Lip p e r t  [1]. T hus, i t  appears to  b e  feasib le to  
d raw  m ore general conclusions fro m  e lec tron  d iffrac tio n  in v es tig a tio n s .
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Results

1. T he e x p e rim e n ta l p rocedure  a n d  som e resu lts  h a v e  been b r ie fly  de
scrib ed  in  a p re lim in a ry  re p o r t  [7]. T h e  specim ens w ere p rep a red  from  M erck 
p ro  an a ly si CsCl in  a B alzers 350—G v a c u u m  device a t  2 ■ 10“"5 to r r  b y  eva-

321 110 210

Fig. 1. D iffraction p a tte rn  of the а -phase (electron beam focussed on the object)

■?ПП 9 9Л / 9  П

b)
Fig. 2. D iffraction p a tte rn  of the  mixed phase (a) and of the /9-phase 

(electron beam  focussed on the object)

p o ra tio n  from  a m o ly b d en u m  b o a t, an d  th e n  in v es tig a ted  in  a ho t-stage  
e lec tro n  d iffrac tio n  specim en h o ld e r o f  a H itach i H U — 10A e lec tron  m icroscope 
o p e ra ted  a t  75 kV . In  o rder to  p re v e n t su b lim a tio n  during  th e  h ea tin g  the  
cesium -chloride c ry s ta l-lay e rs  w ere co a ted  in  th e  v acu u m  e v a p o ra to r  w ith  a 
th in  carb o n  film . T he c o n tra s t o f th e  d iffrac tio n  p a tte rn s  w as o n ly  sligh tly  
a ffec ted  b y  th is  p ro ced u re . A ty p ic a l p ic tu re  of th e  bcc  ос-phase a t  room  tem p e
ra tu re  is show n in  F ig . 1. T he la y e r  th icknesses ex p ec ted  [8] w ere 20, 100 and
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300 Á. T he LX  values (L  is th e  tu b e  le n g th  and X is th e  e lectron  w ave leng th ) 
w ere d e te rm in ed  w ith  a th a lliu m  c h lo rid e  s ta n d a rd  [9]. T he d iffrac to g ram s 
w ere e v a lu a te d  w ith  a Zeiss A bbe c o m p a ra to r  an d  a Zeiss a u to re g is te iin g  
p h o to m e te r  w ith  d iffrac tio n  a tta c h m e n t. More th a n  50 ex p erim en ts  w ere 
ca rried  o u t, th e  m ean sq u a re  e rro r in  th e  d e te rm in a tio n  o f  th e  la ttic e  c o n s ta n t 
w as 0 .2 % . T he accu racy  o f th e  te m p e ra tu re  m e asu rem en t was =); 10oC as 
allow ance h a d  to  he m ade fo r th e  h e a tin g  effect of th e  e lec tro n  beam .

Fig. 3. Tem perature dependence of th e  lattice spacing: a.) CsCl-a b.) N aCl (for com parison) 
mean square approxim ation. O: own m easurem ents, x: results of W a g n e r  and L ip p e r t

2. A ccording to  th e  e x p e rim e n ta l re su lts  th e  (200), (220) a n d  (420) r in g s  
o f th e  ß  phase ap p ea red  a t  a b o u t 673°K. H ow ever, th e  s tru c tu re  rem a in ed  
m ixed  a t  th is  te m p e ra tu re  since a m ajo r p a r t  o f th e  rings o f  th e  а -phase w as 
also observed . A bove 733°K o n ly  th e  /З-p h ase  rem ained  (200), (220), (311) 
and  (420) rings.

F ig . 2 show s ty p ic a l p ic tu re s  o f th e  m ix ed  phase  and  th e  /3-phase.
Once th e  /З-phase  h ad  deve loped  i t  re m a in e d  very  s ta b le  an d  could b e  

b ro u g h t dow n to  room  te m p e ra tu re . The f irs t  r in g s  of th e  « -p h ase  (211), (221), 
(310) an d  (400) o n ly  appeared  a f te r  several h o u rs  a t  room  te m p e ra tu re .

T he la ttic e  spacing  as d e te rm in e d  from  th e  (110) and (211) rings of th e  
« -phase  a t  room  te m p e ra tu re  w as 4,118 ^  0 ,008  Л  and fo r th e  /З-phase as 
d e te rm in ed  b y  th e  in tensive  (200) rin g  7,020 ^  0,008 Â a t 755°K . The la ttic e
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sp ac in g  of CsCl a t  293°K o b ta in e d  b y  o th e r  au th o rs  is g iv en  in  T able 1. 
U tiliz in g  th e  s h o r t  exposition  t im e  of th e  e le c tro n  d iffrac tio n  m ethod  va lu es  
o f  th e  la ttic e  c o n s ta n t of C sCl—a  were m easu red  from  293°K  to  733°K . 
I n  F ig . 3 th e  la t t ic e  spacing v e rsu s  te m p e ra tu re  is p lo tted , to g e th e r  w ith  th e  
X - ra y  resu lts  o f  W a g n e r  a n d  L i p p e r t  [1]. A n  ex ac t t ra n s i t io n  te m p e ra tu re  
c a n n o t be g iven  because o f th e  h y b rid iz a tio n  o f  th e  a- a n d  ^-phases a lre a d y  
b eg in n in g  a t  673°K , an  a p p ro x im a te  te m p e ra tu re  how ever as found b y  th e  
d isap p earan ce  o f  th e  s tro n g est (211) bcc line is given in T a b le  1, to g e th er w ith  
th e  d a ta  of o th e r  au tho rs.

Fig. 4. Rate of recrystallization 
Abscissa: tim e in m inutes; o rd inate : average grain  size in Â

O u r re su lts  — as can  be seen fro m  F ig . 3 — su b s ta n tia te d  th e  re su lts  
of W a g n e r  an d  L i p p e r t : th e  th e rm a l ex p an sio n  of th e  c ry s ta l la ttic e  show ed 
an  an o m alo u s increase in  th e  n e ig h b o u rh o o d  of th e  tra n s it io n  CsCl— a  — ß. 
F ig. 3 c o n ta in s  for co m p ariso n  also th e  th e rm a l ex p an sio n  of th e  la ttic e  spac ing  
of sod ium -ch lo ride  sam p les  p rep ared  a n d  m easured  in  th e  sam e w ay as cesium - 
ch loride. N o anom alous ex p an sio n  can b e  observed  in  th e  m easured  te m p e ra tu re  
range.

3. T h e  g row th  o f th e  m ixed p h ase  w as in v e s tig a te d  m ore closely b y  eva
p o ra tin g  cesium -ch lo ride  in  th e  d if f ra c tio n -a tta c h m e n t of th e  H U  — 10A 
e lec tron  m icroscope fro m  an e v a p o ra to r , c o n s tru c te d  specially fo r  these
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ex p erim en ts  in  our la b o ra to ry , on ca rb o n  su b stra te s  a t  e lev a ted  te m p e ra tu re s . 
D epend ing  up o n  th e  te m p e ra tu re  o f th e  su b s tra te , m ix e d  an d  p u re  /?-phase 
w as o b ta in ed  below  th e  x  —► ß  tra n s i t io n  te m p e ra tu re . These re su lts  are  
sum m arized  in  T able  2. I f  the  e x p e rim e n ts  were re p e a te d  w ith  s u b s tra te  
te m p e ra tu re s  in  th e  reg io n  o f th e  tra n s i t io n  no layer w as o b ta in ed  b ecau se  of 
th e  su b lim a tio n  w hich m ad e  i t  necessary  to  co a t the  la y e rs  w ith  a th in  ca rb o n  
film  as described  in S ection  1.

4. In  o rder to  o b ta in  m ore in fo rm a tio n  on th e  m echan ism  o f t r a n s 
fo rm atio n , e lec tron  d iffrac tio n  p h o to g ra p h s  were ta k e n  b y  focussing  th e  
elec tron  b eam  on th e  o b je c t. In  th is w ay  th e  rings could b e  reso lved  in to  spo ts 
suggesting  re c ry s ta lliz a tio n , by  ra ising  th e  te m p e ra tu re . T h is rec ry s ta lliz a tio n  
process w as exam ined  m ore  closely b y  m easu rin g  th e  line  b ro ad en in g  a p p ly in g  
th e  th e o ry  o f  th e  s c a tte r in g  of th e  X -ra y s  b y  sm all c ry s ta ls  developed  by  
v o n  L a u e  [10] to  th e  d iffrac tio n  of e lec tro n s. The av e rag e  c ry s ta l size o f  th e  
sam ples w as d e te rm in ed  in  th is  w ay , acco rd in g  to  P i n s k e r  [11] w ith  fa ir  
accu racy . As can  be seen from  Fig. 4, th e  re su lts  show cu rv es  a p p ro x im a te ly  
of th e  ty p e  x  =  1 — exp  ( — B t K) (x =  rec ry sta llized  fra c tio n , t =  tim e , В  =  
te m p e ra tu re  d ep en d en t c o n s ta n t, К  =  c o n s ta n t)  well k n o w n  from  th e  th e o ry  
of rec ry s ta lliz a tio n  [12, 13]. A ccording to  th ese  m easu rem en ts  th e  sam p les  
undergo  a rem ark ab le  rec ry s ta lliz a tio n  d u rin g  h ea t t re a tm e n t .

D iscussion

To exp la in  ou r re su lts  i t  is assum ed  t h a t  th e  ph ase  tra n sfo rm a tio n  of 
cesium  chloride can be re la te d  to  th e  in c reas in g  c o n cen tra tio n  of th e rm a lly  
g enera ted  S c h o ttk y  defects form ed befo re  a n d  during  re c ry s ta lliz a tio n . T h is 
a ssum ption  seem s to  be su b s ta n tia te d  b y  th e  observed  re c ry s ta lliz a tio n  p rocess 
(F igures 4 an d  5), w hich m u s t necessarily  be  connected  w ith  ion ic  m ov em en ts . 
I t  is well know n th a t  in th e  case of a lka li ha lid es  th e  d iffu sion  of ions ta k e s  
p lace v ia  S c h o ttk y  defects i.e . positive a n d  n eg a tiv e  ion-vacancies.

A fu r th e r  a rg u m en t in  favour of th e  above  assu m p tio n  appears to  be 
th e  observed  anom alous te m p e ra tu re  d ep en d en ce  of th e  th e rm a l expansion  o f 
th e  а -phase in  th e  te m p e ra tu re  range p reced in g  th e  x  —> ß  tra n s i t io n . M e r r i a m , 

S m o l u c h o w s k i  an d  W i e g a n d  [13 | show ed t h a t  for sodium  ch loride a s im ila r 
dev ia tio n  from  th e  lin e a r ity  of th e  th e rm a l expansion  w as observed  a b o u t 
200°C below th e  m elting  p o in t. The m a g n itu d e  o f th is  d e v ia tio n  (Ax)  increases 
ex p o n en tia lly  w ith  th e  te m p e ra tu re  acco rd in g  to  Ax  =  A  • exp (— B / k T ) ,  
w here T  is th e  te m p e ra tu re  in  °K , к =  B o ltz m a n n ’s c o n s ta n t, A  is a c o n s ta n t 
an d  В  should  rep re sen t th e  energy  of th e  fo rm a tio n  of a ca tion  o r anion v acan cy . 
T h is ac tiv a tio n  energy  w as con sis ten t w ith  t h a t  deduced fro m  ionic co n d u c ti
v i ty  m easu rem en ts  [14]. T h e  au th o rs  con c lu d ed  th a t  th e  an om alous th e rm a l
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ex p an sio n  o f so d iu m  chloride can  be re la ted  to  th e  co n c e n tra tio n  of th e rm a lly  
g e n e ra te d  S c h o ttk y  defects.

W e su g g est th a t  th e  sam e  m echan ism  app lies to  cesium  chloride s till in  
th e  а -phase in  th e  te m p e ra tu re  range p reced in g  th e  x  ->  ^ -tra n s itio n . T h is  
m ig h t be v e rif ied  b y  p lo ttin g  sem ilo g arith m ica lly  th e  te m p e ra tu re  dependence  
o f  th e  d ev ia tio n  from  lin ea rity  (Ax)  in th e  th e rm a l expansion  o f  cesium  ch lo ride , 
(log A x  v e rsu s  1 /Т ) . This p lo t gives a s tr a ig h t  line, i.e. log  A x  =  log A  — B.  
1 / k T , as can  b e  seen from  F ig . 5. F rom  th e  slope of th e  g rap h  th e  В  a c tiv a tio n

F i g .  5. T em p era tu re  dependence of Л и  in  sem ilogarithm ic re p re sen ta tio n

energy o f a th e rm a lly  g e n e ra te d  p ositive  o r negative  io n  vacancy  (S c h o ttk y  
defect) c an  b e  de te rm in ed . F o r  th is  th e  v a lu e  0,6 eV w as o b ta in ed , w hich  gives 
1,2 eY fo r th e  fo rm atio n  o f a S ch o ttk y  d e fec t pair.

S im ila r va lues w ere o b ta in e d  b y  m easu rin g  th e  e lec trica l co n d u c tiv ity  of 
cesium  ch lo rid e  single c ry s ta ls  and  p o ly c ry s ta llin e  sam p les . The re su lts  are 
p re sen ted  a n d  discussed in  a follow ing p a p e r  to  be p u b lish ed .

O u r re su lts  are a p p a re n tly  in  acco rd an ce  w ith  th o se  o f M e r r i a m , U b b e - 

l o h d e  a n d  W o o d w a r d  [4] w ho ex p la ined  th e  anom alous decrease of th e  in te n 
sities o f th e ir  X -ray  lines w ith  th e  te m p e ra tu re  b y  a g ra d u a l increase o f th e  
c o n c e n tra tio n  of c ry s ta l defects.
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Table 1
L attice spacing a t 293°sK and transition  tem perature of CCI

Lattice spacing 
in A A uthors

T ransition  tem 
p e ra tu re  in  °K Authors

4,12 W. P. Davy ,
F. G. W ick  [1]

716 H. K e it e l  [6] 
cooling curve

4,121 E. B rock , J . Of t e n d e , 
A. P robst [2]

7 1 8 +  5 G. W a g n e r ,
R. L ip p e r t  [4] X -rays

4,118 +  0,002 R. J . H a vighurst E. Mack , 
F. C. B lake [3]

724 S. Ze n c zu zn y , J . R on- 
bach  [7], C. Sa n d o n in i, 
G. S c a rpa  [8] cooling 
curves

4,118 (298"K) G. W a gn er , L. L ip p e r t  [4] 752 E. K o rra n g  [9] heating 
curves

4,1180 +  0,0005 .1. W. Men a ry , A. R. U b- 
b e l o h d e , J . W ood
w ard  [5]

742 J .  W . M e n a r y , A. R. U b - 
b e l o h d e , J .  W ood
ward  [5 J

4 ,1 1 8 ^0 ,0 0 8 p re sen t work - 753 +  10 presen t w o rk

1. Phys. Rev., 17, 403, 1921.
2. Z. Phys. Chern., 3B, 209, 1929.
3. J . Amer. Chem. Soc., 46, 2368, 1924.
4. Z. Phy . Chem., 31, 263, 1936.
5. Proc. Roy. Soc.. A208, 158, 1951.
6. N. Jb . Min. Geol., A378, 1925.
7. Z. anorg. Chem., 65, 403, 1910.
8. Men. Accad. Lincei (5) 21, 37, 1912.
9. Z. Anorg. Chem.. 91, 194, 1915.

I t  seem s th e  conclusion m ig h t be draw n t h a t  th e  tra n s itio n  is foreshadow 
ed by  a considerab le  g radual increase  in n u m b e r an d  size of ß  nucle i. This, of 
course, does n o t exclude  th e  possib ility  of a  d ila ta tio n a l tra n s fo rm a tio n  in 
v e ry  sm all regions o f  some te n  or h u n d red  ions. T h is tra n s fo rm a tio n  of th e  ß  
nuclei m ay  tak e  p lace  below  th e  tra n s fo rm a tio n  te m p e ra tu re . O nce, how ever, 
th e y  have  been fo rm ed  th e y  s ta r t  grow ing by  som e rec ry s ta lliz a tio n  m echanism  
a t  th e  expense of th e  orig inal p h ase . T he o bserved  h y b rid iza tio n  as well as th e  
fo rm atio n  of th e  ^3-phase on su b s tra te s  a t  e le v a te d  te m p e ra tu re s  below th e  
tra n s itio n  range m ig h t be acco u n ted  for in th is  w ay .

Table 2
The growth of the /З-nuclei below the transition  on substrates at elevated tem peratures

Tem perature of the substrate in °K 293 503 613 643
Presence of the a and /^-component j u + ß а-\-6 ß

Note: */i-phase only in traces; the underlined le tter refers to the predom inant phase
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W e w ish  to  th a n k  P ro f. S. L e n g y e l  for his c o n tin u o u s  in te re s t, M rs. 
F ü l ö p , Miss B a r t h a  an d  M iss M a c h o v i t s  for he lp ing  u s  to  carry  o u t  th e  
ex p e rim en ts , an d  M r. J .  H e r n a d y  fo r th e  co n stru c tio n  o f  th e  e v a p o ra tin g  
device a t ta c h e d  to  th e  H U  — 10A in s tru m e n t.
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ЭЛЕКТРОННО-ДИФФРАКЦИОННОЕ ИССЛЕДОВАНИЕ ФАЗОВОГО 
ПЕРЕХОДА ХЛОРИСТОГО ЦЕЗИЯ

3. МОРЛИН и Й. ТРЕММЕЛ

Р е з ю м е

Электронно-диффракционным методом исследуется фазовый переход хлористого 
цезия. В температурном интервале, предшествующем температуру перехода, наблюда
лись гибридизация и рекристаллизация. Термическое расширение альфа-фазы показы
вает аномальное повышение. Истолкуется возможность добавочного дефектного меха
низма для этих эффектов.
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THE ELECTRICAL CONDUCTIVITY AND THE PHASE 
TRANSFORMATION OF CESIUM CHLORIDE

By

Z. MORLIN
RESEA R C H  LABO RATORY  F O R  CHEM ICAL STR U C TU R ES OF T H E  H U N G ARIA N  

ACADEM Y OF SCIENCES, B U D A PEST

(Presented by  Z. Gyulai — Received 14. X. 1965)

From the electrical conductiv ity  of pure cesium chloride crysta ls  and crystals doped 
w ith divalent im purities the energy of the form ation of a Schottky defect pair can be calcu l
ated . The results obtained in th is w ay and the com parison of the ac tiva tion  energy values as 
obtained from the m easurem ents of tbe  a- and jő-phase indicate th a t th e  phase transform ation 
is foreshadowed by  th e  form ation of term ál vacancies. The phase transfo rm ation  appears to 
be structure-sensitive.

In  a p rev ious p ap er th e  bcc (a) —► fee (ß ) phase tra n s fo rm a tio n  of cesium  
ch lo ride was in v e s tig a te d  w ith  an  electron  d iffrac tio n  m e th o d  [1]. T he o b served  
h y b rid iza tio n  (sim u ltaneous p resence  of th e  a - an d  /З-phase  below  th e  t r a n s 
fo rm atio n  te m p e ra tu re )  an d  th e  m easured  an om alous th e rm a l expansion  cou ld  
he  exp la ined  b y  assum ing  a g ra d u a l increase in  th e  c o n c e n tra tio n  of th e rm a lly  
g en era ted  S c h o ttk y  defects. S im ila r resu lts  w ere  o b ta in ed  b y  Men a r y , U b b e - 
lohde an d  W oodward [2] w ho observed  an  anom alous decrease o f th e  
in te n s itie s  of th e  X -ra y  lines w ith  th e  te m p e ra tu re , and  Lantelm e  an d  P a u ly  
w ho show ed th a t  n eu tro n  ir ra d ia te d  cesium  chloride c ry s ta ls  w hich, s u b 
seq u en t to  th e  ir ra d ia tio n , w ere h e a t t r e a te d  gave  an  en h an ced  release o f  3SS 
a t  a b o u t 753°K [3]. B o th  o b se rv a tio n s  m ig h t be  in te rp re te d  b y  th e  p resence  
o f a h igh  c o n cen tra tio n  of v acan c ies  in  th e  reg io n  of th e  tra n s i t io n .

In  a series o f  ex p erim en ts  th e  ionic m o tio n  before, a f te r ,  an d  in  th e  
tra n s it io n  region h as  been in v e s tig a te d  d ire c tly  b y  m easu ring  th e  te m p e ra tu re  
d ep en d en t c o n d u c tiv ity  of cesium  chloride single crysta ls  a n d  p o ly c ry s ta llin e  
p ressed  sam ples. S im ila r m easu rem en ts  h a d  a lre a d y  been c a rr ie d  o u t [4 — 6] 
b u t  w ith  v a ry in g  re su lts , w hich m a y  be a t t r ib u te d  to  th e  re la tiv e  sm all n u m b e r  
o f sam ples m easu red  a n d  to  th e  fa c t  th a t  th e  ex p e rim en ts  w ere ca rr ied  o u t o v er 
a sm all te m p e ra tu re  range (543°—754°K) o n ly  till th e  e n d  o f th e  t r a n s 
fo rm a tio n .

Acta Physica Academiae Scientiarum Hungaricae, Tomus 21 (2 ), pp. 137—147 (1966)

§ 1. E xperim en ta l m ethod

M erck pro  an a ly s i an d  h igh  g rad e  sp ec tra l p u re  in a te iia l (Jo h n so n , M atley  
a n d  Co) w as used. F ro m  th e  p ro  an a ly s i m a te r ia l single c ry s ta ls  w ere grow n in  
a ch lorine a tm o sp h ere  accord ing  to  th e  m e th o d  o f A vakian  a n d  Smakula [7], 
a n d  p o ly cry sta llin e  d isks p re p a re d  a t  room  te m p e ra tu re  w ith  a pressu re  o f  
10 000 k g  • cm “ 2. T h is  m eth o d  o f p re p a ra tio n  h as  a lready  b e e n  described
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[8, 9]. T he c o n d u c tiv ity  of th e  sam ples w as m easu red  fro m  423°K  u p  to  
873°K  (close to  th e  m e lting  p o in t) .

T he m easu rem en ts  w ere ca rried  o u t in  th e  u su a l w a y  w ith  a d ire c t 
c u r re n t  m e th o d  a t  a s tab ilized  v o ltag e  of 3 У . T h e  cu rren t w as m easu red  w ith  a 
H a r tm a n n  a n d  B ra u n  lig h t sp o t g a lv an o m e te r  w ith  a m a x im u m  se n s itiv ity  o f 
4 ,49  • 10 " 0 am p ./sca le . The sam ples covered  w ith  a th in  g ra p h ite  lay e r w ere 
c lam p ed  b e tw een  silver e lec tro d es, and  h e a te d  in  an  e lec tric  oven of s tab iliz ed

Fig. 1. log a versus 1/X plot of the conductiv ity  of a CsCl single crystal

c u rre n t, w h ich  could  be re g u la te d  w ith  a  th o ro id  tra n s fo rm e r. The te m p e ra tu re  
of th e  specim ens w as m easu red  w ith  a F e  — K o th e rm o co u p le  and  a H a r tm a n n  
an d  B ra u n  m illiv o ltm e te r.

T h e  specim ens w ere  in  a ir or m a in ta in e d  in  a d ry  n itro g en  a tm o sp h e re . 
N o a tm o sp h e ric  d e p e n d e n t difference cou ld  be o b se rv ed . A bou t 25 sam ples 
w ere m easu red , an d  th e  re su lts  could be  rep re sen ted  b y  th e  well know n  fu n c tio n  
a =  exp  ( — B j k T )  (a =  c o n d u c tiv ity  in  o h m _1cm _1, T  =  te m p e ra tu re  in  °K , 
k* B o ltz m a n n ’s c o n s ta n t) .
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§ 2. R esults

1. F ig . 1 show s a ty p ic a l ex am p le  o f th e  c o n d u c tiv ity  m easu rem en ts  in  
sem ilogarithm ica l (log cr versus //T ) re p re se n ta tio n . T h e  g rap h  consists  o f tw o 
s tra ig h t lines in  th e  « -phase  ran g e  w ith  a  knee a t  a b o u t 550°K . S im ila r resu lts  
w ere o b ta in ed  w ith  a ll sam ples, single c ry s ta ls  and  p o ly c ry s ta llin e  d isks, excep t

Fig. 2. log a versus 1/T plot of the conductiv ity  of a CsCl disk prepared from spectral-pure
m ateria l

th a t  th e  specim ens m ade from  sp ec tra l p u re  m a te ria l h ad  th e ir  knee a t  a low er 
te m p e ra tu re  (ab o u t 500°K ) as can  be seen from  Fig. 2.

T he ph ase  tra n sfo rm a tio n  is in d ic a te d  b y  a considerab le  decrease of 
c o n d u c tiv ity  in  th e  tra n sfo rm a tio n  reg ion . I t  m ay be n o te d  th a t  th e  c o n d u c ti
v i ty  of th e  /9-phase is rep resen ted  b y  on ly  one s tra ig h t line w ith  a slope n ea rly  
th e  sam e as t h a t  of th e  « -phase  line ab o v e  th e  knee.

The a c tiv a tio n  energies as d e te rm in e d  from  th e  c o n d u c tiv ity  m easu re 
m en ts  in  th e  u su a l w ay  w ere 0,6 ^  0,2 eV fo r th e  f irs t region below , and  1,05 ^  
^  0,05 eV fo r th e  second above th e  knee . T h e  sam e value w as o b ta in ed  fo r th e

3 Acta Physica Academiae Scientiarum Hungaricae 21, 1966



140 Z. M ORON

sing le  line of th e  Д-phase . W ith  one an d  th e  sam e specim en th e  difference 
b e tw e e n  th e  second  a c tiv a tio n  e n e rg y  o f th e  а -p h ase  an d  th e  sole energy  value 
o f  th e  Д-phase  w as n o t  m ore th a n  0,02 eY.

2. T he b re a k  in  th e  log a v e rsu s  1 /T  curves is now  genera lly  in te rp re te d  as 
re su ltin g  from  d iv a le n t im p u ritie s  in c o rp o ra te d  in  th e  c ry sta l. As th e  m ateria l

Fig. 3. log a versus 1/T plo t of spectral-pure disks doped w ith  SrCl2

a)  undoped
b) 12,64-10 _7 mol ratio  Sr/Cs
c) 25,28 mol ratio  Sr/Cs
d) 37,92 mol ratio  Sr/Cs
e) 94,84 mol ratio  Sr/Cs

becom es p u re r  th e  b reak  in  th e  co n d u c tiv ity  g rap h  sh ifts to  low er te m p e ra tu re s  
in  ag reem en t w ith  th is  in te rp re ta tio n . In  o u r ex p erim en ts , a s im ilar sh ift could  
be observed  fo r  th e  sp e c tra l p u re  specim ens (F ig . 2).

T he in flu en ce  of th e  d iv a le n t ions w as in v e s tig a te d  in  th e  usual w ay  
developed  fo r KC1 an d  N aC l ( K e l t i n g  and  W i t t  [10], an d  E t z e l  and M a u r e r
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[11]). T he sp e c tra l pu re  cesium  chloride w as d o p ed  w ith  v a rio u s  am o u n ts  o f  
SrCl2 b y  a rec ry s ta lliz a tio n  te c h n iq u e  a lread y  described , an d  u sed  to  in co rp o r
a te  T1G1 in sodium  chloride [12, 13]. The re su lts  o f th e  c o n d u c tiv ity  m easu re 
m en ts  on such specim ens are  p re sen ted  in F ig . 3. As can be  seen , th e  curves 
com e to g e th e r  to  s tra ig h t lines w ith  th e  sam e slope. I t  should  b e  n o te d  th a t  a t  
a given te m p e ra tu re  below  th e  k n ee  th e  c o n d u c tiv ity  induced  b y  th e  d iv a len t 
m e ta l ion  depends up o n  th e  co n cen tra tio n  o f  th e  im p u rity .

10 5ohm-'cm
Г
a

\ °

•
\

10 20 30 40 1 (minutes)

Fig. 4 . Time dependence of the a-+ß transition  as indicated  by the decrease of the conducti
v ity  a t constan t tem perature

3. As can be seen from  g rap h s 1 and  2 th e  a  —*■ ^3-phase tra n s itio n  is 
in d ica ted  b y  a considerab le  decrease of th e  c o n d u c tiv ity  in th e  te m p e ra tu re  
region o f  th e  tra n sfo rm a tio n . I f  th e  te m p e ra tu re  a t  w hich th e  tra n s it io n  was 
o bserved  to  begin  w as k e p t c o n s ta n t a re la tiv e ly  sm all decrease o f th e  con
d u c tiv ity  w as in it ia te d , w hich, how ever, did n o t  in d ica te  a fu ll tra n s fo rm a tio n  
(F ig . 4). This could be achieved on ly  i f  th e  h e a t t r e a tm e n t a t th is  te m p e ra tu re  
la s ted  fo r  m ore th a n  10 hours or w hen  th e  w hole te m p e ra tu re  ran g e  of th e  
tra n s it io n  h ad  been  passed  th ro u g h .

T h e  decrease o f th e  co n d u c tiv ity  d u rin g  th e  tra n s fo rm a tio n  can be 
in fluenced  by  a h e a t  t re a tm e n t a t  th e  s ta r tin g  te m p e ra tu re  (743° i  5°K ) o f 
th e  tra n s itio n . F o r su ch  ex p erim en ts  th e  c ry s ta ls  w ere h ea t t r e a te d  fo r various 
tim e  in te rv a ls , b ro u g h t dow n to  room  te m p e ra tu re  an d  m easu red . D epend ing  
upon  th e  tim e  of th e  h e a t  t re a tm e n t, th e  decrease o f  th e  co n d u c tiv ity  c h a ra c te r
istic  fo r  th e  tra n s it io n  was g rad u a lly  reduced  (F ig . 5). T o g e th e r w ith  th is
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Fig. 5. The tim e-dependent reduction of th e  A a  values (zlcr =  decrease of the conductiv ity  
indicating the phase transform ation) as a function  of the heat trea tm en t; (tem perature  of heat

trea tm en t: 743°K):
a) before the hea t trea tm en t
b) a fter a heat trea tm en t of 4 hours
c) a fter a heat trea tm en t of 12 hours
d) the  tim e dependence of Aa, h ea t trea tm en t a t 743°К

red u c tio n  {Aa)  a second knee an d  a th i rd  slope w as fo rm ed  in  th e  а -phase  a t 
a b o u t 645°K  w ith  a v e ry  low  a p p a re n t energy  v a lu e  ( В ), w hich v a ried  to g e th e r 
w ith  th e  A a  values (T able  1).

§ 3. D iscussion

1. T h e  /З-phase slope rep re sen ts  a  te m p e ra tu re  range ap p ro ach in g  th e  
m e ltin g  p o in t of cesium  chloride (913°K ). C onsequen tly  i t  is a high te m p e ra tu re  
ran g e , w here  th e  c o n d u c tiv ity  is e ssen tia lly  in tr in s ic , an d  should b e  acco u n ted  
fo r b y  th e rm a lly  g en e ra ted  S c h o ttk y  defects. F ro m  th e  fac t th a t  th e  ac tiv a tio n  
energy  as ca lcu la ted  from  th e  second  slope o f th e  а -phase co rresponds in a
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Table 1

The v aria tion  of the a p p aren t B -vah ies o f  th e  third  slope o f  the  
«-phase con d u ctiv ity  d ev elop ed  during th e  h ea t trea tm en t

Time 
of heat 

treatm ent 
(hours)

A a  in  10“ e 
(ohm -1  cm-1 ) В  (absolute value)

0 36 no th ird  slope

4 16 1400

6 1 2 1 2 0 0

8 9 1 0 0 0

12 4 850

easonab le  w ay w ith  th e  values o f  th e  ;5-phase i t  m ig h t he  assu m ed  th a t  th e  
econd slope of th e  а -phase  re p re se n ts  an  in tr in s ic  reg ion , too . In  th is  reg ion , 
th e  te rm a lly  g en era ted  defects b eco m e larger in  n u m b er, an d  th e  ac tiv a tio n  
energy  rep resen ts th e  sum  of th e  e n e rg y  of fo rm a tio n  an d  th e  ju m p  energy  of a 
v acan cy . O ur a ssu m p tio n  is s u b s ta n tia te d  b y  th e  resu lts  o f m easu rem en ts  
ca rried  o u t w ith  SrCl2 doped specim ens. F rom  th e se  ex p erim en ts  acco rd ing  to  
E t z e l  a n d  M a u r e r  th e  m obility  o f  th e  vacancies a n d  th e  energy  o f fo rm atio n  
o f a S c h o ttk y  defect p a ir  was c a lc u la ted  [11]. A p p ly in g  th e  m ass ac tio n  law  
one o b ta in s

y  =  Lor2 Fa*,  (1)

w here y  is th e  mole frac tio n  of th e  im p u r ity  ion a d d e d  to  th e  c ry s ta l, a is th e  
c o n d u c tiv ity  of th e  c ry s ta l co n ta in in g  d iva len t im p u ritie s , and

L  — x 0 H I 4  (2)
an d

F  =  M/ g N 0 e f i . (3)

In  E q . (2) x 0 rep re sen ts  th e  m o le  frac tion  o f  th e  positive  ion  v acanc ies 
p resen t in  th e  undoped  c ry s ta l and  <r0 th e  co n d u c tiv ity  o f th e  u n d o p ed  c ry s ta l. 
H  is d efin ed  by  th e  equ ilib rium  c o n s ta n ts  of th e  m ass action  law . B y  in tro 
ducing  th e  ex p erim en ta l d a ta  as o b ta in e d  from  d iag ram  3 a t  c o n s ta n t te m p e 
ra tu re  to  E q . (1) th e  c o n s ta n t F  w as e v a lu a ted . T he m o b ility  (fj) o f th e  v a c a n 
cies w as o b ta in ed  d ire c tly  b y  s u b s titu tin g  in E q . (3) th e  know n va lu es  of M  
(m olecu lar w eight), g (d en sity ), e (e lec tric  charge) a n d  N 0 (A vogadro’s nu m b er) 
(Table 2). P lo ttin g  log / i T  versus l / T  accord ing  to  th e  well know n  eq u a tio n

р =  Ы Т ) - е х р ( - 1 7 / * Т )  (4)

* F or th e  d erivation  o f  th is  eq u ation  se e  E t z e l  and M a u r e r  [11].
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Table 2

E valuation  of the F  constant and determ ination of the mobility 
of the vacancies from measurem ents on SrCl2-doped samples

Tem pera
tu re  °K F  =  M lq N ^ e p

M obility
cma sec-1  V olt-1

425 4,15-104 1,05'10~8
454 2,45-104 1,78-10_8
477 1.72-104 2,54'10-8
500 0,90'M 4 4,85'10—8

th e  U  a c tiv a tio n  energy  for a ju m p  o f a v acan cy  w as ca lcu la ted  (F ig . 6). F o r 
cesium  ch lo ride U  =  0,5 ^  0,05 eV w as o b ta in ed . F o r  th e  p u re  c ry s ta ls  an 
a c tiv a tio n  en e rg y  fo r th e  a ssu m ed  in tr in s ic  reg ion  of th e  а -phase В  —  1,05 ^  
^  0,05 eV w as m easu red . As acco rd in g  to  th e o ry

В  =  W ß  +  U  (5)

th e  W  energy  to  fo rm  a p a ir  o f iso la ted  po sitiv e  a n d  neg a tiv e  ion  vacancies 
w ith in  th e  c ry s ta l  is 1,1 eV.

A ssum ing  th a t  th e  e x p e rim e n ta lly  m easu red  tem p era tu re -d ep en d en ce  
o f  th e  th e rm a l expansion  o f cesium  chloride in  th e  anom alous reg io n  n ea r th e  
oe —*■ ß  tra n s it io n  as d iscussed  in  th e  p rev ious p a p e r  [1] can  be re la te d  to  th e  
co n c e n tra tio n  o f  th e rm a lly  g e n e ra te d  S c h o ttk y  defects , fo llow ing M e r m a m , 

S m o l u c h o w s k i  a n d  W i e g a n d  [14] W  w as also ca lcu la ted  fro m  diffrac tion  
m easu rem en ts  [1]. T he a c tiv a tio n  energy  fo r a S c h o ttk y  defect p a ir  ob ta ined  
in  th is  w ay  ( W  =  1,2 eV) seem s to  be reaso n ab ly  co n sis ten t w ith  t h a t  deduced 
from  th e  c o n d u c tiv ity  m easu rem en ts .

F ro m  th e se  re su lts , th e  conclusion  m ig h t be d raw n  th a t  th e  phase  tra n s 
fo rm a tio n  o f cesium  chloride is p receded  b y  an  en h an ced  release o f  vacancies 
as th e  tra n s i t io n  ran g e  is ap p ro a c h e d  ju s t  as th e  tra n s it io n  from  th e  solid  to  th e  
liq u id  s ta te  is accom pan ied  b y  a ra p id  increase  o f vacancies in  th e  c ry s ta l n ea r 
th e  m e ltin g  p o in t.

2. T h e  phenom enon  described  in  sec tion  3 of p a ra g ra p h  2 can be ex 
p la in ed  b y  assu m in g  th a t  as a re su lt o f th e  h e a t  t re a tm e n t a t  th e  s ta r tin g  
te m p e ra tu re  o f th e  % —► ß  t r a n s it io n  /1-nuclei s ta r t  grow ing. T h e  c o n d u c tiv ity  
o f  th e  /З-p h ase  is less th a n  t h a t  of th e  ос-phase , th e  reason  fo r w h ich  is read ily  
ex p la ined  b y  th e  low er co -o rd in a tio n  n u m b e r o f th e  fee /S-phase [15]. T he slow 
tim e  d e p e n d e n t tra n s it io n  show n in  F ig . 4 m ay  rep re sen t a slow  grow th  o f 
/5-nuclei. As a re su lt  of th e se  ex p erim en ts  i t  is suggested  th a t  th e  h e a t  t re a tm e n t 
p roduces a c e r ta in  n u m b e r o f /З-nuclei w hich  seem  to  he v e ry  s tab le . W hen , 
a f te r  th e  h e a t  t re a tm e n t ,  th e  te m p e ra tu re  d ep e n d e n t c o n d u c tiv ity  was m ea-
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su red  th e  /З-nuclei form ed d u rin g  th e  p rev io u s h ea t t r e a tm e n t  are su p p o sed  to  
s ta r t  grow ing  even below  th e  tra n s it io n  te m p e ra tu re . T h e  а -phase is s till in 
excess, a n d  th e  c o n d u c tiv ity  increases w ith  th e  te m p e ra tu re . This in c rease , 
how ever, is suppressed  b y  th e  grow ing ^-n u c le i. As a re su lt  o f these  tw o o pposed  
processes th e  slope of th e  c o n d u c tiv ity  g rap h , and  w ith  i t  th e  a p p a re n t a c t i
v a tio n  energy , decreases. T h e  s ta r tin g  te m p e ra tu re  of th e  p h ase  tra n s fo rm a tio n  
is in  th e  h e a t- tre a te d  cases low ered, i t  s ta r ts  w ith  th e  second knee , a n d  is

Fig. 6. Semilogarithmic representation  of the tem perature-dependent vacancy m obility  as 
determ ined by the SrCl2-doped specimens

in d ica ted  b y  th e  low ering o f  th e  В -v a lues, to o . In  th ese  cases n o t on ly  th e  
decrease of th e  c o n d u c tiv ity , b u t  th e  fo rm a tio n  of th e  second  knee, a n d  th e  
Л -values ab o v e  i t  ough t to  be  considered  to g e th e r as in d ic a tin g  th e  p h a se  
tra n s fo rm a tio n .

T he conclusion can be d raw n  th a t  th e  phase  tra n s fo rm a tio n  of cesium  
chloride is s tru c tu re -sen s itiv e . T h is s tru c tu re  sen s itiv ity  is also  in d ica ted  b y  a 
hysteresis  show n in  th e  a  —>- ß  a n d  ß  —► a  tra n sfo rm a tio n  as can  be seen from  
F ig . 7. S im ilar observations h a v e  a lread y  b een  rep o rted  [4].
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S um m ary

1. T he te m p e ra tu re  dependence  o f th e  electrical co n d u c tiv ity  of th e  
ж-phase  o f cesium  chloride consists o f tw o  slopes The a c tiv a tio n  energy  as 
d e te rm in ed  fro m  th e  second slope co rresponds in  a reaso n ab le  w ay w ith  th e  
v a lu es  d e te rm in e d  from  th e  single slope o f  th e  /?-phase.

Fig. 7. H ysteresis of the a-*-ß and jS—►<* transition :
a j  as m easured a t  increasing tem perature 
b) m easured a t decreasing tem perature

2. B y  dop ing  th e  cesium  chloride sam p les  w ith  SrCl, th e  ac tiv a tio n  en e rg y  
fo r one io n  ju m p  can he ca lcu la ted . F ro m  th is  and  from  th e  second slope o f  th e  
c o n d u c tiv ity  g rap h  of th e  ж-phase th e  a c tiv a tio n  energy  o f  th e  fo rm atio n  o f  a 
vacancy  p a i r  can  be ca lcu la ted . T he v a lu e s  o b ta in ed  in  th is  w ay  co rrespond  in 
a good a p p ro x im a tio n  w ith  th e  values o b ta in e d  from  th e  anom alous in c rea se  
o f th e  th e rm a l expansion .

3. T h e  ex p e rim en ta l re su lts  can b e  ex p la ined  b y  assum ing  th a t  th e  p h ase  
tra n s fo rm a tio n  is fo reshadow ed  b y  th e  fo rm a tio n  o f th e rm a l vacancies.
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4. T he process o f th e  phase  tra n sfo rm a tio n  as in d ica ted  b y  th e  e lec trical 
c o n d u c tiv ity  can be in fluenced  w ith  a p roper h e a t  t r e a tm e n t:  th e  tra n s fo rm 
atio n  ap p ears  to  be s tru c tu re  sen sitiv e .
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ЭЛЕКТРИЧЕСКАЯ ПРОВОДИМОСТЬ И ФАЗОВЫЙ ПЕРЕХОД 
ХЛОРИСТОГО ЦЕЗИЯ

з .  МОРЛИН

Р е з ю м е

На основе электрической проводимости чистых кристаллов хлористого цезия и 
кристаллов, содержащих двухвалентные примеси, определяется энергия образования 
дефектных пар Шоттки. Полученные данным методом результаты и сравнение энергий 
активации, полученных на основе измерений а- и /7-фаз, показывают, что фазовый переход 
предсказывается образованием термических вакансий. Фазовый переход оказывается 
чувствительным относительно структуре.
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DIE LEBENSDAUER DER HELIUMZUSTÄNDE
Yon

J .  B a k o s  u n d  J .  S z i g e t i

ZENTRALFORSCHUNGSINSTITUT F Ü R  P H Y SIK , BU DA PEST 

(Vorgelegt von L. Jánossy. — E ingegangen 16. X I. 1965)

Die Lebensdauer der 43S-, 4 11)-. 33P-, S1D-, 43D- und 41S-Zustände von Helium w erden 
durch Messungen der Zerfallskurven m it Hilfe eines Z eitanalysators bestim m t. E s ergeben 
sich der Reihe nach folgende W erte: 67 ±  1,4; 41 ^  1,3; 112 i  6; 57 i  2; 93 i  6 nnd 90 ±  7 
nsec.

E in le itung

Z ur B estim m u n g  d er L eb en sd au er a n g e re g te r  a to m a re r  Z u stän d e  s in d  
aus dei L ite ra tu r  m ehrere  in d ire k te  [1, 2] b zw . d irek te  M essm ethoden  [1, 3 — 8] 
b e k a n n t. D a bei A nw endung  d e r früheren  M essm ethoden  zah lre ich e  S tö re ffek te  
a u f tre te n , die in  den M essergebnissen b e trä c h tlic h e  A bw eichungen  h e rv o r- 
ru fen  [9—13], is t  es von  In te re sse , eine n eu e  M essm ethode zu en tw icke ln . 
Л ог einigen J a h re n  schlug H e r o n , M c W h r i t e r  und  R h o d e r i c k  [14, 15] ein 
neues V erfah ren  zu r u n m itte lb a re n  M essung der L eb en sd au e r an g e reg te r  
Z u stän d e  vor. B ei dieser M ethode w erden  die A tom e d u rc h  Im p u lse  v o n  
E lek tro n en  an g e reg t u n d  die d u rc h  die an g e reg ten  A tom e a u sg esan d ten  L ic h t
q u a n te n  m it e inem  E lek tro n en v e rv ie lfach e r d e te k tie rt. D e r  ze itliche U n te r 
schied  t — T  — T zw ischen dem  E nde  der A n reg u n g  und  d em  Im p u ls  aus dem  
E lek tro n en v e rv ie lfach e r k a n n  gem essen w erd en , wobei T  d ie  Z e itd au e r d e r  
A nregung , d. h. die Länge des E rreg ers tro m im p u lses  ist. A n h a n d  der b e o b a c h 
te te n  H äu fig k e it n (t) der Z e ita b s tä n d e  t  lä s s t  sich  die Z erfa llsk u rv e  au ftra g e n . 
D u rch  L o g a iith m ie ren  der Z erfa llsku rve  e rh ä l t  m an die Z erfa llsgerade . D ie 
R ic h tu n g s ta n g e n te  d er Z erfa llsgeraden  s te llt  d ie m ittle re  L eb e n sd a u e r r 0 d a r.

D er ze itliche A b lau f des E rreg e rs tro m es , die W ah rsch e in lich k e it ( W )  
des E rscheinens des L ic h tq u a n ts  als F u n k tio n e n  der Z eit u n d  die ze itliche  
L age d er beiden  K u rv en  im  V erh ä ltn is  z u e in a n d e r sind aus A b b . 1 e rs ich tlich . 
D ie Z erfa llsku rve  k a n n  en tw ed e r n ach  d e r v erzö g erten  K o in z id en zm eth o d e  
[16] oder m it H ilfe  eines Z e itan a ly sa to rs  [17] gem essen w erd en .

Die M ethode von  H e r o n  w urde  fü r d ie  M essung der a n g e re g te n  Z u s tän d e  
von  H elium  u n d  N eon be re its  m ehrm als b e n u tz t  [18, 19].

D ie V e rsu ch san o rd n u n g , die fü r  die M essung der L eb en sd au e r en tw ick e lt 
w u rd e , b e ru h t a u f  dem  Z e itan a ly sep rin zip  [2 0 ]. A bb. 2 ze ig t das T erm schem a 
des H elium s. B ei d en  einzelnen  N iveaus sin d  d ie  b e rech n e ten  [21] u n d  gem es
senen  L eb en sd au e rw erte  angegeben . Die le tz te re n  sind m it e in em  * beze ich n et. 
Als Z e ite in h e it g ilt d ie N an o sekunde . Die u n te rh a lb  der T e rm e n  s teh en d n en  
Z ah len  ste llen  die K eh rw erte  d er th eo re tisch en  L eb en sd au er d a r. M it A us-
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n äh m e  d e r N iveaus 5 lD  u n d  43D  s tim m en  unsere  M essergebnisse m it d en  in 
d er L i te ra tu r  v e rö ffe n tlic h ten  ex p erim en te ll bzw. rech n erisch  e rm itte lte n

's 'P 'D 3S 3p 3D

Abb. 2. Die Lebensdauer der Term e sind in nsec (obere W erte), ihre reziproken W erte in  sec-1 
(untere  W erte) angegeben. Die m it einem Stern bezeichneten W erte sind die von uns gemessenen

W erte

W e rte n  g u t üb ere in . D ie A bw eichungen , die sich b e i der L eb en sd au er des 
N iv eau s 5 lD  zeigen, la ssen  sich d u rch  S tö re ffek te  e rk lä re n , bei der L eb en sd au er 
des Z u stan d es  43D  h ing eg en  k o n n te  die A bw eichung v o m  th eo re tisch en  W ert 
n ic h t g ed eu te t w erden .
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I. Die experim entelle Anordnung

Die M essungen w urden  in einem  m it einem  V ak u u m sy stem  v e rb u n d e n e n  
V ersuchsroh r d u rc h g e fü h rt (A bb. 3).

D as R o h r w urde  ausgehe iz t, und  b is zu einem D ru c k  von 10 ’ T o rr  
au sg ep u m p t. D as S y stem  erwies sich auch  zu r F ü llung  des R ohres m it s p e k tr a l
reinem  G as des D ruckes 10- 3— 1 0 ~ 2 T o rr  als geeignet.

П  A s  П

zur Pumpe

Abb. 3. A Heizfaden, В K athode, C W ehnelt-Zylinder, D Beschleunigungselektrode, E  F o k u s
sierungselektrode, F  letzte E lektrode der E lektronenlinse, G Beobachtungsraum , H K ollek tor, 
I Fenster für das austretende Licht. Die gestrichelte Linie zeigt den schw arzen A nstrich des 

Rohres, mit dem störendes zerstreutes L ich t eliminiert w erden kann

D

Abb. 4. A Elektronenquelle, В Steuerungselektrode, C Beobachtungsraum , D V ersuchsrohr, 
L K ollim atorobjektiv, M„ M onochromator, M Sekundärelektronenvervielfacher, К  K athoden 
verstärker, K„ Zeit-Am plituden-Um form er, An 128-K anal-A m plitudenanalysator, G„ Im pu ls

generator, E V erstärker

Die H e-A tom e w u rd en  durch  E le k tro n e n p a k e te  aus e in er E le k tro n e n 
k an o n e  e rreg t. D er S trom  d er E le k tro n e n k a n o n e  w urde d u rc h  einen  G en e ra to r 
g esteu e rt, der Im p u lse  m it e iner A m p litu d e  v o n  40 V, einer A n stieg - und  A b fa ll
ze it von  3 nsec, e iner Im p u lslän g e  von  100 nsec (0 — T  E rreg u n g sze it) und  e in e r 
F req u en z  von  10 k H z  erzeug te . D ie von d e r  fü r  gew öhnlich  ab g esp errten  
K a th o d e  au sg esan d ten  S trom im pu lse  von 100 — 200 //A, m it d e r Im pu lslän g e  
v o n  100 nsec tre te n  nach  geeignete! B esch leun igung  und  F o k u ss ie ru n g  in  d en  
B eo b ach tu n g srau m  ein.

D as en ts teh en d e  L ic h t w ird  d u rch  ein o p tisches A bb ildungssystem  bzw . 
einen  M onochrom ator — d e r die zu b eo b a c h te n d e  S pek tra llin ie  ausw ählt — , 
einem  P h o to e lek tro n en v erv ie lfach er T y p  1P21 (siehe Abb. 4) zugefüh rt.
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Die V ersu ch sb ed in g u n g en  (G asdruck , E le k tro n e n s tro m , A bbildung) 
w u rd e n  so g e w ä h lt, dass a llen  100 bzw. 500 e rregenden  E lek tro n en im p u lsen  
e in  einziger S p an n u n g sim p u ls  au s  dem  P h o to e lek tro n en v e rv ie lfach e r fo lg te . 
Z w ischen  dem  E n d e  des e rreg en d en  Im p u lses  u n d  dem  A u ftre te n  des S p a n 
n u n g sim p u lses  k o m m t es zu e in e r  Z e itv erzö g eru n g . Die A u fg ab e  b es tan d  in  d e r  
M essung d e r Y erzö g eru n g sze iten . Die aus d em  P h o to e lek tro n en v e rv ie lfach e r 
a u s tre te n d e n  u n d  e n tsp rech en d  v e rs tä rk te n  S p an n u n g sim p u lse  erreichen d en  
E in g a n g  des Z e it-A m p litu d en -U m fo rrn e rs  S y s te m  »S tart-S top« ; die A m p litu d e

Ю3

Z a h l d e r  Im pu lse

5

3 ’ P  fe r m
He \=5016Ä

102 

IO2

5

101

\

1
1
11111
11
1

11
1
1

' *J
”. 111

• L
1
1

1
/.

1
II.

1

1
1

III.

111
______1_ 1__

1
1
1

SO 100
Abb. 5

der aus d e m  U m form er au sg esan d ten  Im p u lse  is t d er Z e it p ro p o rtio n a l, die 
zw ischen d e m  E nde  des erregenden  Im p u lse s  und  dem  E n ts te h e n  des p h o to 
e lek trisch en  Im pulses v e rs tre ic h t.

D ie Im p u lse  w erden  m it H ilfe e ines 1 2 8 -K an a l-A m p litu d en an a ly sa to rs  
an a ly s ie rt. E in  K an al e n ts p r ic h t  einer Z e it von 1 nsec.

D e r fü r  die A u sw ertu n g  b rau c h b a re  A n a lysie rbere ich  des Z e ita n a ly sa to rs  
liegt bei (t — T )max ~  60 nsec. A bb. 5 zeig t eine im  sem ilogarithm ischen
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K o o rd in a te n sy s te m  d a rg es te llte  Z erfa llsku rve , d e ren  e rs te r A b sc h n itt  der Zeit 
t <  T  en tsp ric h t, be i der noch E rre g e rs tro m  flie ss t. D er zw eite A b sc h n itt der 
K u rv e  g ib t den eigen tlichen  Z e rfa llsv e rlau f w ieder: dies is t e ine  G erade , die 
dem  exponen tie llen  Z erfallgesetz  fo lg t. D er le tz te  A b sc h n itt d e r  K u rv e  fä llt 
ste il ab , w oraus m a n  a u f die G renze des A nalysierbereiches sch liessen  k an n .

II . A usw ertung  der M essergebnisse

A us dem  L o g arith m u s d e r im  i- ten  M essprozess e rh a lten en  M essw erte 
ln  [n\'\kZ Ir)] w urde die Z erfa llsgerade  des b e tra c h te te n  Z u stan d es (/) n ach  d er 
M ethode der k le in sten  Q u ad ra te  [22] b e s tim m t, wo А х  =  1 nsec  die B reite  
eines K an a ls  im  A n a ly sa to r  u n d  к  —  1, 2, 3 . . .  60 die lau fende N u m m e r des 
K an a ls  is t. Die R ic h tu n g s ta n g e n te  d er gew onnenen Z erfa llsgerade  s te llt  die 
m ittle re  L eb en sd au er des Z u stan d es  r® dar. D ie A nw endung  d iese r M ethode 
[23] zu r A usw ertung  d e r M essergebnisse is t zulässig , da  die k ü rz e s te  L ebens
d au e r, die sich bei d ieser V e rsu ch san o rd n u n g  ü b e rh a u p t m essen liess, bei 
Tomin 5 nsec, also w esen tlich  u n te r  d er in  der gegenw ärtigen  A rb e it gem esse
nen  L eb en sd au er lag  (einige zehn  nsec).

F ü r  die T erm e 4 3S , 4 lD  w u rd en  m ehrere  M esskurven  des Z erfallp rozesses 
au fgenom m en. Aus den  von  diesen K u rv e n  einzeln b e rech n e ten  L eb en sd au e r
grössen w urde  d an ach  d er M itte lw e rt r 0 errech n et. D er M essfehlei w u rd e  a u f

G ru n d  d e r M essw erte zu I  (Tfo To)2 
n(n  — 1)

g e sc h ä tz t, w obei n d ie Z ahl

der Z erfa llsku rven  beze ich n et.
F ü r  die w eiteren  Z u stän d e  33P , 5bD, 4 JS w urde n u r  je  eine Z erfa llsg erad e  

gem essen. D ie m ittle re n  L eb en sd au erw erte  w urden  fü r  diese T erm e a u f  G rund  
der F orm el

ln [n (k ; Zl r ) ]  — ln [n (k jA  r ) ]

(kj — kj) Ax

b e re c h n e t, w obei fe, — kj =  55 is t. F ü r  fc, =  1, 2, 3, 4 , 5 ergaben  sich  also  fü n f 
Xi W erte , aus denen sich  der M itte lw e rt, w eiterh in  u n te r  A n w en d u n g  der 
angegebenen  Form el d e r F eh le r (er) e rm itte ln  Hessen. III.

I I I . P hysikalische  V orgänge in  der S trah lungsquelle

A usser dem  A bklingen  der e rre g te n  Z ustän d e  t r e te n  im  Gas au c h  an d ere  
p h y sika lische  V orgänge au f, zu d e ren  gefolge die aus den M essergebnissen 
b e s tim m te n  L eb en sd au erw erte  m it d en  th eo re tisch en  W e rte n  m an ch m al n ic h t 
ü b ere in s tim m en . U m  die M essergebnisse m it den th eo re tisch en  W e rte n  v er-
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gleichen zu können , m üssen  auch  diese S tö re ffek te  b e rü ck sich tig t w erden. 
E s zeigen sich fo lgende S tö re ffek te  [20]:

1. R eso n an zab so rp tio n  [24 — 28]
2. M it dem  A n reg u n g sau stau sch  v e rb u n d en e  Z usam m enstösse  zw ischen 

A to m en  im  angereg ten  bzw . im  G ru n d z u s ta n d  (S tösse zw eite r A rt) [31 — 34, 21].
3 . K a sk ad en v o rg än g e  zw ischen den  v e rsch iedenen  angereg ten  Z u stän d en

[21, 29, 30].
D as h ie r fo lgende G le ichungssystem  g ib t d ie Z e itab h än g ig k e it der 

P o p u la tio n :

dri/ n ,

dt  r< ‘>
n i N v  Q ik  +  2  A “  n > +  N v  n "> +  N 9i

к  l > i  m
( i )

n, is t die B esetzung  des N iveaus i. In fo lge der sp o n ta n e n  Ü bergänge n im m t 
die P o p u la tio n  im  Z u s ta n d  i ab ; dies k o m m t im  e rs te n  Glied d e r re c h te n  Seite 
d er Gl. (1) zum  A u sd ru ck ; Tq* is t  d ie m ittle re  L eb en sd au e r des Z u stan d es i. 
Z w ischen  diesem  W e r t  und  den E in s te in sch en  sp o n ta n e n  Ü b erg an g sw ah r
schein lich k e iten  Aik,  (к <C i) g ilt d ie B eziehung

T(0  — i0 —
У Л , к

H a n d e lt  es sich um  einen  R eso n an zzu stan d , d an n  is t

1

8 ^ io +  ^  A ik
i < k

w o rin g  den E in k e rk e ru n g sfa k to r (eine Folge d er R e so n an zab so rp tio n ) [24—26] 
b eze ich n e t, w äh re n d  das N iv eau  0 dem  G ru n d z u s ta n d  des A to m s gleich is t.

D ie P o p u la tio n  im Z u s ta n d  i k ann  sich a u c h  dann  v e rm in d e rn , w enn 
ein A tom  im  an g e reg ten  Z u s ta n d  i m it einem  A to m  im  G ru n d z u s ta n d  zusam - 
m e n s tö ss t (Stösse zw eite r A rt). B eim  Z u sam m enstoss geht das A to m , das sich 
im  A n reg u n g szu stan d  i b e fin d e t, in  den G ru n d z u s ta n d  ü ber, w äh ren d  das im  
G ru n d z u s ta n d  b efin d lich e  A to m  in  den an g e reg ten  Z u stan d  к  ü b e rg eh t. D er 
W irk u n g sq u e rsc h n itt  eines d e ra rtig e n  Stosses is t  Qik. D as zw eite  Glied der 
re c h te n  Seite der G l. (1) s te llt eine a u f  diese W eise sich absp ie lende B esetzungs
a b n ah m e  dar, w obei N  die Z ah l d e r im G ru n d z u s ta n d  befin d lich en  A tom e je  
cm 3 u n d  V die m ittle re  G eschw ind igkeit d e r be iden  zusam m enstossenden  
A to m e gem äss

16fcT
/ ---------

л  /I
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is t .  H ie r  is t к d ie B o ltzm an n sch e  K o n s ta n te , T  die G a s te m p e ra tu r  u n d  /I die 
M asse d e r  G asatom e.

Als Folge des S trah lungsp rozesses fa llen  die A tom e v o n  dem  h ö h e ren  
Z u s ta n d  / a u f  das N iveaus i u n d  b ew irk en  d o rt eine B ese tzu n g szu n ah m e. 
D as d r i t te  G lied d e r rech ten  S eite  der Gl. (1) s te llt den m it dem  A bfallen  d er 
A tom e v e rb u n d e n e n  A nstieg  d e r  A to m zah l d a r.

D ie Folgen d e r Stösse zw e ite r A rt zeigen  sich n ich t n u r  in  der A b n ah m e 
des B ese tzu n g sw ertes , sondern  auch  d a rin , dass die A to m e v o m  Z u s ta n d  m  
in  den Z u s ta n d  i gelangen. D ies k o m m t im  v ie r te n  Glied d e r G l. (1) zum  A u s
druck .

D u rch fliess t ein  S trom  d e r  D ich te  j  d as  H elium gas, w erd en  die im  G ru n d 
z u s ta n d  b e find lichen  und  v o n  den  E le k tro n e n  angestossenen  G asatom e in 
einen h ö h eren  Z u s ta n d  gehoben . M an h a t  a lso  m it einem  A n stieg  der P o p u la 
tio n  zu  rech n en , w as im  fü n ften  G lied der re c h te n  Seite d er G l. (1) seinen A u s
d ru ck  f in d e t, w obei g ,(F ) d en  W irk u n g sq u e rsc h n itt  b e d e u te t ,  m it dem  zu  
rechnen  is t ,  w enn ein A tom  als Folge eines Z usam m enstosses vom  G ru n d 
z u s ta n d  in  den  angereg ten  Z u s ta n d  i gehoben  w ird , w ä h re n d  V  das a u f  d ie 
E lek tro n en  au sw irkende  P o te n tia l  des B eschleunigungsfeldes beze ichnet.

Im  A u sg an g zu stan d  ist t =  0, ra, =  0 , i =f= 0 und  n 0 =  N ,  d . h . säm tlich e  
A tom e k ö n n en  m it g u te r  N äh e ru n g  als im  G ru n d z u s ta n d  b e fin d lic h  angesehen  
w erden  (B o ltzm ann-V erte ilung ). Im  Z e ita b s ta n d  t — 0 — T  (siehe A bb. 1) 
fliesst ein S tro m  d er D ich te  j  d u rc h  das G as, im  Z e itp u n k t T  b e trä g t  also die 
A to m v erte ilu n g  n 0, rq, . . . n,- =f= 0. D er w e ite re  B ese tzu n g sv erlau f is t d u rc h  
die G leichung

V  =  n, N v  2  QiK +  > ’ А и Щ +  N v  2  Qim n m (2)
d t  to к l > i  m

gegeben.
Die Z erfa llsk u iv e  п,(т) =  r?,(i — T) is t  im  allgem einen eine F u n k tio n  

der P a ra m e te r  Tq\  Qik, А Da u n se re  M essungen die B estim m u n g  d er Z eit To' 
bezw eck ten , m ü ssten  die ex p erim en te llen  B ed ingungen  so g e w äh lt w erden , 
dass der E in flu ss  der übrigen  P a ra m e te r  v e rn ach lä ss ig b a r k le in  b le ib t. D ies is t  
jed o ch  n ic h t im m er le ic h t zu e rre ich en . B eim  H eliu m  w ar die A u fg ab e  le ich te r, 
da  ü b er die W irk u n g sq u e rsch n itte  Qik u n d  g,- b e re its  U n te rsu ch u n g en  Vorlagen 
[21, 32 — 34], die bei d e r A u sw ertu n g  u n se re r M essergebnisse b e n ü tz t  w erden  
k o n n ten . Zw ischen den ex p erim en te ll u n d  den  rechnerisch  e rm itte lte n  W erten  
liess sich eine g u te  Ü b e re in s tim m u n g  fests te llen . IV.

IV. D iskussion  der M essergebnisse

Die e rh a lten en  M essergebnisse sind aus T abelle  1 e rs ich tlich . In  d er 
e rs ten  K o lonne sind  die b e tra c h te te n  Ü bergänge , in  der zw eiten  die W ellen-
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T abelle 1
Messergebnisse

Übergang >■ (A)
D ruck

(ß) V „  (Volt) Tnsec T i  o — (nsec) г L iteratu r (nsec)

23S—33P 3889 40 31 112,5 112± 6 100±8* [19]
120,0 96,5 [21]
112,5 118 [36]

91,5 115±5* [14]

125,6

2'P— 5'D 4388 40 50 57,9 5 7 ± 2 72,0 [21]

56,7
52,4
54,4
63,9

2JP — 43D 4472 40 50 78,6 9 3 ± 6 32,2 [21]

92,0
84,8

112,0
98,3

23P —43S 4713 18 70,3 67 ,0± 1 ,4 102,0 [36|

16 50 66,4 63,8 [21]

40 30 61,8 67 ,5±1* [14]

13 30 64,8 64,0 [35]

4 30 70,6
4 30 67,4

2 'P —4 4 ) 4922 7,5 42,0 41,6 ± 1 ,3 37,8 [21]

18 100 42,1
7 30 43,2
7 50 45,7

16 50 37,6
40 50 45,7
13 50 37,4

2 'P —4 'S 5048 40 83,4 90± 7 90,0 [21]

112,2
94,8
74,3
84,6
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Tabelle 2

Energiedifferenzen in  eV in bezug au f die fP-Terme im  Falle der H e-Atom e [34]

» D »s 3 P SD

2 lP 0,598 — 0,9975 0,2521 _
3 'P 0,165 0,013 0,366 0,079 0,013
4 >P 0,068 0,006 0,147 0,034 0,006
5‘P 0,035 0,003 0,074 0,018 0,003
6 'P 0,020 0,002 0,042 0,010 0,002
7 'P 0,012 0,001 0,026 0,006 0,001

längen  (Â) des Ü berganges an g efü h rt. D ie d r it te  K o lonne  e n th ä lt  die W e rte  der 
hei den  einzelnen M essungen v e rw e n d e te n  G asdrücke ( P  ~  N )  in  M ik ron , 
w äh ren d  die v ie rte  das P o te n tia l des B esch leun igungsfe lds an g ih t. D ie e x p e ri
m en te ll b e s tim m ten  L eb en sd au erw erte  f in d e n  sich in  K o lo n n e  5 u n d  die d a rau s  
geb ilde ten  M itte lw erte  (m it s ta tis tisc h e m  F ehler) in  K o lo n n e  6 . Zu V erg le ichs
zw ecken sind  die aus d e r L ite ra tu r  b e k a n n te n  b e rech n e ten  u n d  die ex p erim en -

Tabelle 3

W irkungsquerschnitte fü r Stösse zweiter A rt der He-Atome (Einheit 10_le cm2)

4
»D sS 3 P 3 D

3 'P

134 [21] 
82 [38] 
25,9 [39] 
21,0 [34]

73 [21] 
423 [38] 
120 [34]

4 'P

92,1 [21] 

< 1 7 ,8  [38] 

<30 ,0  [34]

121,7 [21] 

29,7 [38] 

86,1 [39] 
120,0 [32] 

67,0 [34]

74,3 [21] 

<  5,9 [38] 

< 1 5 ,0  [34]

• 123,2 [21] 

56,4 [38] 

66,8 [39] 
26,0 [32] 

150,0 [34]

5 'P

92.6 [21] 
<  9,3 [38]

28.6 [39] 

15,0 [34]

166 [21] 
232 [38] 
175 [39] 

760 [32] 

510 [34]

50,0 [21]
<  5,8 [38]
<  9,0 [34]

240 [21] 
111 [38] 
120 [32] 

270 [34]

Die bei der Diskussion der Messergebnisse be trach te ten  W irkungsquerschnittw erte sind
unterstrichen.
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te i l  e rm itte lte n  L eb e n sd a u e rw erte  (le tz te re  m it * bezeichnet) in  K olonne 7 
a n g e fü h r t .

Zustand  33P .  D ieser Z u s ta n d  is t  kein R eso n an zn iv eau , desh a lb  g ib t es 
h ie r  k e in en  E in k e rk e ru n g se ffe k t. T ab e lle  2 g ib t d ie  zw ischen den  b e n a c h b a rten  
Z u s tä n d e n  (von  d en  gleichen H a u p tq u a n te n z a h le n )  v o rh a n d e n e n  A b stän d e  
[34] an . D ie T e rm u n te rsch ied e  g eg en ü b er den 1P -T erm en  sind  in  eV angegeben. 
D ie  W irk u n g sq u e rsc h n itte  d er S tö sse  zw eiter A r t  hängen  w e itg eh en d  von den  
E n e rg ied iffe ien zen  ab . E in S to ss  zw e ite r A rt m it e inem  1,4-fachen gask ine tischen  
W irk u n g sq u e rsc h n itt  k o n n te  ex p e rim en te ll n u r  zw ischen 3 1P  u n d  33P  nach g e
w iesen  w erden  (siehe T abelle 3). D e r A bklingprozess w ird  d u rc h  die K le inhe it 
des W irk u n g sq u e rsc h n itte s  u n d  d ie  K ürze d er L eb en sd au er des Z u standes 3 l P  
n ic h t  w esen tlich  g es tö rt.

D a die W irk u n g sq u e rsc h n itte  der A n reg u n g  der N iv eau s n3S, n3D  
(n  ]>  3) d u rch  E le k tro n e n s to ss  k le in e r sind  als die W irk u n g sq u e rsch n itte  d er

Tabelle 4

W irkungsquerschnitte der Erregung der He-Atome durch Elektronstösse von 30 eV Energie.
(E inheit 10-20 cm2) Nach Ga b r ie l  und H e d d l e  [21]

H aupt-
quanten-

zalil
»S >P l D »s зр 3D

6 14 10 4 ,5

5 17 2 2 и 2 2 4 2 18

4 38 5 3 18 5 5 7 6 2 7

3 70 1 1 0 38 1 6 2 1 8 1 1 6 6

A nregung  des N iveaus 3 (si ehe Tabelle 4 und  5), b e trä g t  die B esetzungs- 
zunahm e d u rc h  K ask ad en ü b erg än g e  n ic h t m eh r als 15 P ro z e n t. Die g rö sste  
p ro zen tu a le  P o p u la tio n sz u n a h m e  ergab sich  am  N iveau  4 3S (siehe T abelle  5):

( -
4-43S-
оАз*

-3 ЛР  
P

100 qi3S (ЗОЕ) А ,

Чр р  (ЗОЕ) У Л ч -
12%

W ie au s T abelle  1 e rs ic h tlic h , s t im m t d er ex p erim en te ll e rm itte lte  W e rt 
d er L eb en sd au e r m it dem  au s  d er L ite ra tu r  b e k a n n te n  W e rt g u t überein .

D er Z u s ta n d  5 lU  is t  k e in  R eso n an zzu stan d . D er Z u s ta n d  5 4 )  is t m it  dem  
Z u s ta n d  5 ’P  in  » therm ischer«  K opp lung . T abelle 3 ze ig t die W irk u n g sq u e r
sch n itte  d e r Z u sam m en stö sse  zw eiter A rt.

O bw ohl d e r W irk u n g sq u e rsc h n itt d e r  E rreg u n g  des Z u stan d es 6 lP  d u rc h  
E le k tro n e n s to ss  von  d e rse lb en  G rössenordnung  ist wie d er W irk u n g sq u e rsc h n itt  
des Z u s ta n d e s  5 4 )  (siehe T abelle 6), is t  die Ü b erg an g sw ah rsch ein lich k e it
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Tabelle 5

Ubergangswahrscheinlichkeiten bei He-Atomen (E inheit 106 sec-1 
Nach Ga briel  u n d  H e d d l e  [21]

2‘P 3‘P 4ip 5 >P 6 lP 7ip 8 JP

V S 1870 571 246 127 74,0 46,6 31,0
2lS 1,97 13,4 6,81 3,85 2,56 1,60 1,07
3 'S 18,8 0,25 1,47 0,94 0,57 0,43 0,26
4'S 6,60 4,54 0,06 0,30 0,25 0,19 0,14
5‘S 3,12 2,01 1,49 0,02 0,08 0,07 0,07
6 'S 1,76 1,07 0,72 0,61 0,01 0,03 0.05
7 'S 1,21 0,62 0,42 0,30 0,26 0 0,04
8»S 0,74 0,41 0,27 0,21 0,15 0,14 0

3 ' D 65,1 0 0,29 0,13 0,09 0,08 0,07
4 ' D 19,3 7,14 0 0,16 0,08 0,05 0,03
5 ' D 8,89 3,28 1,52 0 0,08 0,04 0,03
b ' D 4,94 1,80 0,84 0,47 J 0 0,04 0,02
7 ' D 2,63 1,17 0,52 0,29 0,18 0 0,02
8 ' D 1,82 0,66 0,38 0,22 0,15 0,14 0

23P 33P 4 3P 53P 6 3P 73P 8 »P

23S 10,2 9,28 5,67 3,08 1,87 1,15 0,79
33S 27,5 1,07 0,71 0,60 0,41 0,29 0,21
4 3S 9,26 6,42 0,22 0,12 0,14 0,17 0,18
5 3S 4,33 2,68 2,05 0,06 0,03 0,05 0,07
63S 2,40 1,40 0,90 0,76 0,03 0,01 0,02
7 3S 1,75 0,86 0,51 0,37 0,36 0,01 0,01
83S 1,18 0,60 0,34 0,25 0,17 0,15 0,01

33D 71,7 0 0,65 0,27 0,06 0,01 0
43D 24,4 6,65 1 0 0,32 0,16 0,03 0,01
5 3D 11,9 3,38 1,26 0 0,16 0,09 0,02
6 3D 5,87 1,99 1,05 0,35 0 0,09 0,05
7 3D 4,53 1,33 0,60 0,26 0,13 0 0,03
8 Ю 3,03 0,98 0,43 0,22 0,10 0,06 0
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zw ischen d en  Z u s tän d en  6 lP  —*■ 5 1D  ~  10“ 3-m al geringer, als die Sum m e der 
U b erg an g sw ah rsch e in lich k e iten  vom  N iv e a u  6 1P  (siehe T ab e lle  5), so dass der 
S tö re ffek t des K ask ad en p ro zesses  v e rn a c h lä ss ig t w erden  k a n n .

N ach  Gl. 2 der A n h an g  A  la u te t  d ie  P o p u la tio n sfo rm e l fü r  das N iveau  
5 lD  im  Z e itp u n k t t T  w ie folgt:*

n b l D  — T(5 4 »To
-f- 16,8 • 10“ n 5lD -f- 16,8 • 106 n 5iP , (3)

P  1
w obei d e r  D ru ck  4 0 « , d . h . N - - ----- = 1 ,2 5  -IO 15--------  is t. B ei einer

k T  cm 3
T e m p e ra tu r  v o n  T  =  300° К  sind  die m itt le re  G eschw ind igkeit u n d  d e r W ir
k u n g sq u e rsc h n itt

1 ,7 7 - 105 ,
16 к T

л  [I

Q5lp- iW  =  7 ,6 - 1 0 - » .

D er fü r  den riS'D) e rw a r te te  W e rt b e tr ä g t  som it 13,7 • 10e sec 1 (siehe

A bb. 2). D ie P o p u la tio n  is t  fü r  den T e rm  5 lP  in  Gl. (2) gegeben:

5 »P I J , , , ,  +  1 6 ,8 .1 0 « j n51p +  1 6 ,8 .10« n ilD. (4 )

M it B erü ck sich tig u n g  d er th e rm isch en  S tösse, die zum  Ü berg an g  53D  füh ren  
(Qbip-ä?D =  1 ,2 -IO -14 cm 2; siehe T ab e lle  3), u n d  des E in k erk e ru n g se ffek tes  
fü r  d iesen  T erm  (für die E rre c h n u n g  des E in k e rk e ru n g se ffek ts  siehe [14]; der 
R ad ius des B eo b ach tu n g sro h res  q =  0,5 cm ), is t fü r  1/т[о Р  ̂ = 2 0 ,5  • 10« sec 1 
zu e rw a rte n . Die L ösung d e r Gl. (3) u n d  (4) n ach  n 5iD la u te t  also n a c h  Form el 
A4 (siehe A n h an g  A) w ie fo lg t:

n h ' D  (T) =  [0,49n5xP (T ) +  0,60n. i D  ( T ) ]  e 60 —

Г

-  [0 ,49n5,p (T )  -  0 ,40n5,D (T)]e~  ^  .

(5)

H ierin  b e d e u te t  п5хо(Т) u n d  re5ip (T ) die B esetzung  d er b e tre ffen d en  N iveaus 
im  Z e itp u n k t t =  T.  A ls Z e ite in h e it g ilt in d er F o im e l die N anosekunde. 
n 5lD(T ) u n d  n 5ip(T ) la ssen  sich aus d en  L ösungen des G le ichungssystem s (1) 
a b le iten , indem  m an  b e rü c k s ic h tig t, dass die S tro m d ic h te  j  — 8 • 101« 
E le k tro n
--------------- u n d  (/Sip (5 0 ) =  5,6 • 10“ 19 cm 2, q5id (50) =  1,3 • 10^ 19 cm2 is t

cm 2
(siehe T ab e lle  6). B ei d e r  b e tra c h te te n  M essung b e tra g e n  die en tsp rech en d en

* Die V erschiedenheit der statistischen Gewichte von lD und  1 P  wurde bei der B erech
nung ausser ach t gelassen.
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W erte  la u t F o rm el B4 n 5ip (T )  =  2 • 10e cm  3 u n d  nb\D(T )  =  1,3 • 106 ein 3 
(siehe A nhang  B ). M it diesen W erten  h a t  m a n  aus G leichung (5)

Г Г
n 5 i D  (t) =  1,8 • 106 • -  ад _  457 . ю з . -  . (6)

E s is t  ohne w eiteres k la r, dass das erste  G lied d e r G leichung (6) ( r 0 =  60 nsec) 
das zw eite ü b e rtr if f t . D ie M essungen e rg ab en  fü r  die L eb en sd au e r t 0 =  57 
nsec (siehe T abe lle  1), es b e s te h t  also eine g u te  Ü b ere in s tim m u n g  m it den  
e rrech n e ten  W e ite n .

Term 33D .  Bei dem  T e rm  33D  spielen  die S tö re ffek te  eine besonders 
au sg ep räg te  R olle. B ere its H e r o n  h a t  b e m e rk t, dass die Z erfa llsku rve  des 
T erm s 33D als eine Ü b erlag e ru n g  zweier E x p o n e n tia lk u rv e n  anzusehen  is t  
(A bb. 6 ). W ir h ab e n  die Z erfa llsk u rv e  des Z u s ta n d e s  33D g leichfalls gem essen,

aus d er K o n fig u ra tio n  die w ir e rh ie lten , k o n n te n  jed o ch  über die L ebensdauer 
keine F o lgerungen  gezogen w erden , da es in d e r  K urve  keinen  geraden  A b
sc h n it t  gab (A bb. 7).

Term  43D.  F ü r  diesen T e rm  ergab die sem ilogarithm ische  D arste llu n g  
eine G erade. D ie d a rau s  b e rech n e te  L eb en sd au er b e trä g t das D reifache des 
th eo re tisch en  W ertes . A n h an d  d e r b ek an n ten  P rozesse  lä ss t sich  die A bw ei
chung  k au m  e rk lä ren , da e inerse its  die Ü b erg an g sw ah rsch ein lich k e iten  vom  
N iv eau  n 3P  я > 4  zu  k lein  sind  (siehe T abelle 5), als dass sie die L eb en sd au er 
w esen tlich  beeinflussen  k ö n n te n , an d ererse its  is t  die L eb en sd au er des m it dem  
Z u s ta n d  43D in »therm ischer«  K o p p lu n g  b e fin d lich en  N iveaus 4 zu ku rz  
(sie b e trä g t  bei e inem  G asdruck  v o n  40 /л 41,5 n sec), als dass sie die L ebens
d a u e r des Term es 4 3D a u f das D reifache  v e rlä n g e rn  k ö nn te .

Term 43S. F ü r  den g rössten  W irk u n g sq u e rsc h n itt  der S tösse zw eiter A rt, 
der v o n  Ga b r ie l  u n d  H e d d l e  b e s tim m t w urde , b e tr ä g t  die p ro zen tu a le  B ese t
zung  des Z u stan d es 4 3S, d. h . die B esetzung  ü b e r  den  W eg 0 —^ P — 43S re 
la t iv  zu r B ese tzung  ü b er den  d ire k te n  W eg 0 —4 3S u n g e fäh r 6 %  (siehe
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T abelle  3, 4 , 5), u n d  d e r E in k e rk e ru n g s fa k to r  g(p  — 4 0 /t;  g — 0,5 cm ) =  
4,3 • IO“ 2.

oc/'O—4 'P — i 3S \  ==100 --------- - - - - ------ -------— ■ ' • • • — -----------
( o—43S j ?43s (3 0 F )|g A 4p i_ o -f- i P _ x -f- N v  ^ Q j i p ^ x  j

54-p (3 0 F ) N ( 40/t) Qiip^ 3Sv(300° K)
6%.

D ie p ro zen tu a le  B esetzung  d u rch  K ask ad en ü b e rg än g e  vom  T erm  4 :iP  
b e trä g t  u n g e fä h r 4 ,5 %  u n d  vom  T erm  53P  u n g efäh r 2 ,5 %  (siehe T abelle  4 und

io-

10 ‘

ю ’

Z a h l d e r  Im pulse

3 J 0  Term  
\  = 5 8 7 6  À

5 0 100
Abb. 7

5). D ie gem essene L eb en sd au er m uss m it dem  w ah ren  W ert zusam m enfallen . 
W ie aus T abelle  1 e rs ich tlich , is t  h ie i dies der F all.

Term  4 4 ) .  D ie p ro zen tu a le  B ese tzu n g  d u rch  S tösse zw eiter A r t  is t bei 
einem  D ru ck  von  7 fi u n d  einer E n e rg ie  von  50 eV

g 4.p  ( 5 0 F )  N ( 7 / a) Qv p ^ id « ( 3 0 0 °  K )  • 1 0 0
<z ( 0->41P -^41D ) —

( 0—4 4 » j4 4 » j 4&D (50F) |g A 4ip _ u -f- A iip_ x +  N v  Q4iP^ xJ
2 ,2% ,

w ä h re n d  bei 18 /л D ru ck  a  ~  2 1%  u n d  bei 4 0 /i D ru ck  а  ~  67%  is t . Diese
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V aria tio n  d er p ro zen tu a le  B ese tzu n g  is t aus den Z erfa llsgeraden  n ich t e rs ic h t
lich , weil die L eb en sd au er des 4 1P -T erm s infolge des Im p riso n m e n ts  p a ra lle l 
m it dem  A nstieg  des D ru ck es zu n im m t u n d  ih r  W ert z. B . bei 40,« D ruck
41,5 nsec w ird , d . h . se lb st w enn  d er E ffek t d e r p ro zen tu a len  B esetzung  w egen 
stren g er K o p p lu n g  s ic h tb a r  w äre , k ö n n te  dies infolge der g leichen  L eb en sd au e r 
d er N iveaus n ic h t w ahrgenom m en  w erden .

Die hö ch ste  p ro zen tu a le  B ese tzu n g szu n ah m e d u rc h  K ask ad en  v o m  
N iveau  5гР  is t  be i 4 0 /r geringer als 2 ,4 % , d em n ach  k a n n  ih re  W irk u n g  v e r 
nach lässig t w erden  (siehe T abelle  5 u n d  6). D ie ex p e rim en te ll e rm itte lte n  
L eb en sd au erw erte  stim m en  m it den th eo re tisch en  W erten  — wie sich dies au s  
T abelle  1 fe s ts te llen  lä ss t — g u t übere in .

Zustand  4 V. * * * * XS.  Bei einem  D ruck  von  40 /.i b e trä g t  die fü r  den W irk u n g s
q u e rsc h n itt d er S tösse zw eite r A rt a u f  G ru n d  der e x p e rim en te ll b es tim m ten  
W erte  von  G a b r i e l  u n d  H e d d l e  b e rech n e te  p ro zen tu a le  B ese tzu n g szu n ah m e 
u n g efäh r 39% , w äh ren d  die v o n  W o l f  u n d  M a u r e r  gem essenen  W erte  einen 
n iedrigeren  W ert (2 ,1% ) e rgeben  (siehe T abe lle  3, 6 ).

Die d u rch  K ask ad en ü b e rg än g e  vom  N iv eau  5]P  e n ts te h e n d e  B ese tzu n g s
zunahm e b e trä g t u n g efäh r 3 %  (siehe T abelle  5, 6 ). D er ex p e rim en te ll e rm itte lte  
W e rt s tim m t m it der th eo re tisch en  L eb en sd au er gu t ü b e re in , der W o l f  —  

M a u r e r  W ert sch e in t also d er rich tig ere  zu sein.

V. Z usam m en fassu n g

Es w urde die L eb en sd au er der Z u stän d e  4 3S, 4 lD, 33P , 5 'D , 4 3D  und  4 ’S
gem essen, w obei sich der R e ihe  n ach  fo lgenden  W erte  e rg ab en : 67 ^  1 ,4;
41 zb 1,3; 112 zh 6 ; 57 z t  2; 93 zb 6 u n d  90 zb 7 nsec. Die D iskussion  der M ess
ergebnisse b e ru h t a u f  den  aus d e r L ite ra tu r  b e k a n n te n  W erten  d e r Ü bergangs- 
w ah rsch e in lich k eiten  u n d  W irk u n g sq u e rsc h n itte  der S tösse zw e ite r A rt sowie 
a u f  jen en  der E lek tro n en stö sse . B ei der B erech n u n g  der th e o re tisc h e n  L ebens
dau erw erte  u n d  W irk u n g sq u e rsch n itte  der E rre g u n g  d u rch  E lek tro n en s tö sse  
w u rd en  die W erte  von  G a b r i e l  u n d  H e d d l e  b e n u tz t.  A n h an d  d er W irk u n g s
q u e rsc h n ittw e rte  der S tösse zw eite r A rt von  S t e w a r t  u n d  G a b a t h u l e r  bzw . 
je n e r  von W o l f  u n d  M a u r e r  k o n n te n  die M essergebnisse g e d e u te t w erden . 
N ach  unseren  D a te n  erw eisen sich  die W irk u n g sq u e rsc h n ittw e rte  der S tösse 
zw eite r A rt von  G a b r i e l  u n d  H e d d l e  m an ch m al als zu h och  (siehe z. B. den 
T e rm  4 ]S); d ieser W ert zeig t sich  bei einer M essung als h ö c h s te r  m öglicher 
W e rt (siehe z. B . den  T erm  4 3S). D ie L eb en sd au erw erte  d er Z u s tän d e  33P , 
4 3S, 4 ]D, 4 XS stim m en  m it d en  th eo re tisch en  W erten  ziem lich  g u t überein . 
D ie A bw eichung des L eb en sd au erw ertes  des Z u stan d es 5bD lä ss t sich a u f  
G ru n d  der aus d er L ite ra tu r  b e k a n n te n  A ngaben  e rk lä ren , im  F a lle  des Term es 
4 3D  jed o ch  k o n n te  die A bw eichung  n ich t g e d e u te t w erden. D ie Z erfa llsku rve  
des N iveaus 33D  erw ies sich ebenfalls als u n a u sw e rtb a r.
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A us d en  G leichungen (1) und  (2) g e h t h e rv o r, dass die E rgebn isse  der 
L eb en sd au erm essu n g en  au ch  d u rch  a n d e re  V orgänge b ee in flu ss t w erden , die 
sich im  G as absp ie len . D ies g ilt auch  fü r  die M essung von  W irk u n g sq u e rsc h n it
te n  d er S tösse  zw eiter A rt bzw . von  W irk u n g sq u e rsc h n itte n  der E rre g u n g  
d u rch  E lek tro n en stö sse . D ie R e su lta te  so lcher M essungen hängen  von  den 
gem essenen L eb en sd au e rw erten  ab.

D a in  den  gem essenen Z erfa llsk u rv en  säm tliche  W irk u n g sq u e rsc h n itt-  
sowie L eb en sd au e rw erte  e n th a lte n  sin d , erm öglich t die A nw endung  einer 
m o d ifiz ie rten  A u sw ertu n g sm eth o d e  die B estim m u n g  d ieser W erte .

A n h an g

A) D er Z u stan d  5 yD  is t  m it dem  T erm  5гР  in  th e rm isch e r K o p p lu n g . 
N ach  G le ichung  (2) is t die ze itab h än g ig e  V aria tio n  d er P o p u la tio n  der Z u stän d e

n0

-(A i -f- 5 )^ !  -f- B n 2 , 

-(A 2 -)- B )n 2 -|- B n 1 . А. 1.

iq  bzw . n2 s ind  l lyp  bzw . n-öiD\ В  =  N v Q y p ^ y o i

=  gA äiP_ о +  A 5iP_̂ x +  N v  Qyp^.y ; У =f= 5гР
X у

d  1 =  A cin V — ---------- .1 * *  5 D-*x (5iD)
X  l 0

N ach d e r L ap laceschen  T ra n sfo rm a tio n  [37] gilt

p n  1 — »q(T) =  — ( A 1 +  В)Щ +  B n 2 , 

pri., — n.,(T) =  — (A 2 -(- В)й2 +  R iq  . A. 2.

H ier is t  rq(T ) bzw . re2(T ) die P o p u la tio n  des N iveaus 5 ’P  bzw . 5 lD  am  E n d e  
der E rreg u n g . Die L ösung  dieser G leichungen  sch re ib t sich zu

-  =  n 2 (Г) В  +  n ,  (Г ) (p  +  A 2 +  B )

P 2 +  p (-4 1 +  ^2  2 R )  +  A ( A 2 -|- В ( А г -+- A 2)
A. 3.

n n \ (T) B  -f n2 (T ) (p  -j- A x -j- R )
P J +  P  ( A i  -j- A 2 -)- 2 B)  -)- A T A 2 -j- R ( A ,  -j- A 2)

B ei in v e rse r  T ra n sfo rm a tio n  h a t  m an
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n (T) =  n2 (T) В +  ni (T ) (jpt +  +  ß) cPiT
2/>i 4- Ay  -f- A 2 2ß

_l_ n i  ( T )  В  ' n v ( T )  ( p 2 +  A 2 4-  B )  e p , T 

2 p 2 +  Ay 4~ Л2 +  2ß
A. 4.

n  / T\ _  №1 ( ' П  В  +  W2 ( ? )  ( P l  +  ^ 1  +  Щ  r 

2p t +  Ay -)- A 2 4- 2 В

-4 rai (^) В  +  n2 (^) (p2 +  Ay  +  B )  ^Pir 
2 p 2 Ay- \ -  A 2 ~\- 2 B

worin

_  ~  ( ^ i  +  A 2 4 -  2B)  4 ;  f(Ay ~  A 2)2 +  4 ß 2 * F
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B) Die W e rte  Пу(Т) u n d  n.,(T) sind d u rc h  die G leichung (1) defin ie rt:

hy — — (Ay -f- B )n t B n 2 D y ,

h., =  — (A 2 +  B )n ,  +  Bny  - f  D., , В. 1.

wobei Dy — N jq b,P(V )  u n d  D 2 =  N jq 5iD(V).  N ach  der L ap lacesch en  T ra n s 
fo rm atio n  w ird

р Пу =  - (Ay +  B ) n  +  B n 2 +  - ^ L  ,
P

p n 2 =  — ( A 2 +  B ) n2 4- B r iy --------
P

Die L ösung  dieser G leichungen la u te t

В. 2.

Р 2 (p  +  Ay +  В)  +  Dy В  
р [ (р  +  Ay  +  В ) (р  -(- А 2 -f- В )  — ß 2]

В. 3.
Т)2 В  4  Dy (р  А- А 2 4- В)  

р [ (р  +  Ay - f  В ) (р  4- А 2 4- В )  — В 2]

D urch  inverse  T ran sfo rm a tio n  e rh ä lt  m an

n  /t \ _  Д 2 ß  +  (A 2 4- B )  P 2 B  Dy (py A 2 -\- B ) ^(V
Ay A 2 4- B (A y  +  A 2) py (2py 4- 4~ A 2 +  2 ß )

_l_ P 2 ß  +  D\ (P l +  A 2 -f- ß )  cp,t 
P i  (2p2 +  Ay  4- A 2 4- 2ß )
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В. 4
n , 1A Дг ( ^ i  +  В )  +  D l В  Р г В  +  Р 2 (р 1 +  А 1 +  В )  ^Pil 

А ] А., 4 B ( A t -f- А 2) р х(2 р х +  Ау -)- A ,  -f- 2В )

_1_ Р у В  +  Р ,  (р 2 +  А 1 +  В )  cpg<

Р 2  fëPi +  +  ^ 2  +  2 В)

P j _2 e rg ib t sich  aus G leichung А 5.

Tabelle 6

W irkungsquerschnitte der Erregung der He-Atome durch Elektronenstösse von 50 eV Energie. 
(E inheit 10-20 cm2) Nach G a b r i e l  und H e d d l e  [21]

H aupt-
quanten-

/ah l
W 3S 3 P 3D

b 10 26 5,4 — —
5 12 56 13,0 7 19 10

4 27,5 144 21,5 19 34 15
3 49 310 45 57 80 93
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С Р Е Д Н Е Е  В РЕМ Я  Ж И ЗН И  В О З Б У Ж Д Е Н Н Ы Х  У РО В Н Е Й  ГЕЛ И Я
И. БАКОШ и Я. СИГЕТИ

Р е з ю м е

При помощи временного анализатора посредством измерения кривы х распада 
определяются средние времени ж изни состояний 43S, 41D, 33Р , 5lD, T'D и 4‘S гелия. 
Д л я  этих состояний получены значения 67 ±  1,4; 41 ±  1,3; 112 ±  6; 57 ±  2; 93 ±  6 и 
90 ±  7 нсек, соответственно.
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The m athem atical definitions and theorem s for the algebraic form ulation  of quantum  
mechanics are given. This form ulation is based on a certain  k ind of group algebras (d-group 
algebras) in stead  of the d irect use of opera to r algebras on H ilb ert space. The properties of the 
d-group algebras in general and the d-group algebra of q u an tu m  mechanics are investigated 
in  detail.

I. In tro d u c tio n

T he p u rpose  o f th is  p apéi is to  sum m arize c e r ta in  resu lts  — e lem en ta ry  
an d  in  p a r t  v e ry  w ell know n fo r m a th e m a tic ia n s  b u t  p ro b a b ly  m u ch  less 
fam ilia r fo r p h ysic ists . T h e  resu lts  h e re  concern th e  “ ô-group a lg e b ia s” , used 
in  th e  a lgeb ra ic  q u a n tu m  m echan ics. The m ost im p o r ta n t fe a tu re s  of th is  
th eo ry  w ere d ea lt w ith  in  a p reced ing  p ap er [1] b u t  th e re  th e  th e o re m s were 
an nounced  genera lly  w ith o u t rigorous proof. O ur m a in  ta sk  is now  to  rem edy 
th is  defic iency .

T he (o rd in ary ) g ro u p  algebras a re  ex ten siv e ly  u sed  in th e  m a th e m a tic a l 
th e o ry  of g roups as w ell as in  th e  p h y s ica l ap p lica tio n s o f group th e o ry . A group 
a lgeb ra  can  be  defined  [2 ] on a locally compact topological group G: a group 
w hich is a t  th e  sam e tim e  a H a u sd o rff  (topological) space is called  topological 
group  if  th e  “ fu n c tio n  o f tw o v a r ia b le s” / (g ,  h ) =  g h - 1 , g , h £ G is con tin u o u s 
in th e  topo lo g y  of G. G is locally compact if  its  to p o lo g y  is locally  com pact. 
L e t p  be th e  left invarian t measure on  G, i.e. th e  m easu re  w ith  th e  p ro p e rty  
p (V )  =  p (g V )  if  V  CI G a n d  g £ G. [ I t  is possible to  show  th a t  th is  re q u ire m e n t 
de te rm ines p  u p  to  a c o n s ta n t fa c to r  on G [2]. T he right invariant measure p r 
has th e  p ro p e r ty  p r{V ) =  /b-(Ug) fo r ev e ry  V  Œ G, g  £ G. The se t o f  ^u-sum- 
m able (com plex  va lued ) fu n c tio n s on G is L\{G) — L 1. D efin ing th e  a lgebra ic  
o p era tions on L 1 as

(eta +  ßb)(g) =  ata(g) -[- ßb(g) , a, b £ L ' , at, ß  com plex  n u m b e rs ;

(a ■ b)(g) =  \a(h)b(h~ 'g)dp(h)  ; (GA)
G

(a*) (g) =  A-* (g) ä ( g - i ) , A(g) =  ;
d(lr (g )

and  .the n o rm  as

I « li =  í  I a(g) I dp(g)  , (N)
G
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L 1 becom es a Banach*-algebra. (See A .8 . in  th e  A p p en d ix  w here  th e  m ost 
im p o r ta n t  a lgebra ic  defin itio n s are  co llected .) A n a d ju n c tio n  of th e  u n i t  (A .l l)  
to  L 1 (if i t  has no u n it)  gives th e  Banach*-algebra w ith  unit element L(G) =  L 
w h ich  is th e  group algebra o f  G.

A  ce rta in  g en era liza tio n  o f th e  g roup  algebras le ad s  to  th e  co n c e p t of th e  
d-g roup  a lgeb ra . L e t us suppose th e  ex istence  o f a co n tin u o u s fu n c tio n  ô(g ! h) 
o f  th e  tw o  v a riab le s  g, h on G, w h ich  h as  th e  p ro p e rtie s

I K g  I A) 1 =  1 ; 3 ( g |g )  =  l ;

à(g I gi g2) =  à(g I gi) d{g I go) ; (à)

6 { g \ h )  =  ô ( h - 4 g ) .

W e define on L 1 th e  ad d itio n , th e  m u ltip lic a tio n  w ith  a com plex n u m b e r and  
th e  in v o lu tio n  in  th e  sam e w ay  as in  (GA), b u t  th e  m u ltip lic a tio n  of tw o 
e lem en ts  is now

(a • b)(g) =  f &{g j h)a(h)b(h~1g)dp (h )  . (ЬШ)
ó

I t  is easy  to  show  t h a t  th e  se t L 1 su p p lied  w ith  th e se  algebraic o p era tio n s  and  
w ith  th e  no rm  (N) is a Banach*-algebra. An a d ju n c tio n  of th e  u n it  (A .l l ,)  
g ives L ä(G) =  L e w h ich  is th e  ô-group algebra o f  G.

Tw o rem ark s : 1. is ind eed  th e  g en era liza tio n  of L, because  th e  function  
d(g I h) =  1 sa tisfie s  tr iv ia lly  th e  cond itions (d). 2. I f  d(g \ h) ф  \  th en  th e  
c o m m u ta tiv ity  o f G genera lly  does n o t  im ply  th e  c o m m u ta tiv ity  o f  th e  m u lti
p lic a tio n  (dM) in  L â.

I t  w as show n in  [1] th a t  th e  local o b serv ab les  in  q u a n tu m  m echanics 
fo rm  a d-group a lg eb ra . T here  th e  re le v a n t g ro u p  is th e  ab e lian  group of 2n 
d im ensiona l v e c to rs  (in th e  case o f  n  degrees o f freedom ): G ^  =  {(%, X:>~. • ■ 
x m p v  . . ., p n)}. T h e  fu n c tio n  ô(g \ h) is d e te rm in e d  here b y  th e  H eisenberg  
c o m m u ta tio n  re la tio n s  and  is e q u a l to

I i n
d(g, h) =  ex p  —  JV  (yk p k — x k rk) ,

I ^ k=1

if  g =  (*1, • • -, x n, P j, . . ., p n) and  h =  (y15 . . ., y n, rx, . . ., rn). (dQ)

T h u s  th e  m u ltip lic a tio n  of th e  loca l observab les a (xk, p k) and  b(xk, p k) is given b y

( a - 6) (xk, p k) =

H-00 +°°
• • •  j 2 Í  (УкРк — х кГк) ^ а ( у к, г к)Ь ( х к — y k, p k — rk) d y i . . .

■ ■ ■ dyn drx. . . drn . (QM)
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T his a lgeb ra  w as used  a lre a d y  b y  J .  v .  N e u m a n n  in  h is  fam ous p a p e r  ab o u t 
th e  u n ita ry  equ ivalence  o f d iffe ren t rep re sen ta tio n s  o f th e  c o m m u ta tio n  
re la tio n s  [3].

In  th e  p re sen t p a p e r  we shall b e  concerned  w ith  th e  general p ro p e r tie s  of 
é-g roup  algebras (Sec. I I .) .  In  S ection  I I I  we deal w ith  d-group a lg eb ra s  of a 
c e r ta in  m ore special c h a ra c te r  to  p rep a re  Sec. IV , w here  th e  p ro b lem s of 
a lg eb ra ic  q u a n tu m  m echan ics are in v es tig a ted .

II . ô — group  a lgeb ras (g en era l)

In  th e  w hole S ection  G is a lo ca lly  com pact to p o lo g ica l g roup , /т is th e  
le f t  in v a r ia n t m easure on i t ,  L],[G) =  L 1 is th e  set o f jU-summable fu n c tio n s  an d  
L,(G) =  Lá' is th e  ô-group algebra  o f  G de te rm ined  b y  th e  fu n c tio n  b{g \ h) 
sa tis fy in g  E q . (b).

F irs t  of all we m en tio n  som e p ro p e rtie s  of big \ h) w hich im m e d ia te ly  
follow  from  E q . (Ö):

t>(gigi\ g) =  b(gJ I g)b(g2 I g) , (1)

b(e I g) =  b(g I e) =  1 w here  e is th e  u n i t  o f G, (2)

b(h I g) =  b(g I fc )-i =  b(g I A - l ) -  b(g- 1 I h) =  ő(g I h) . (3)

U sing E q s. (d), (1), (2 ) an d  (3) i t  is easy  to  show th a t  th e  algebraic o p e ra tio n s  
defined  in  E q s. (GA) an d  (ÔM) sa tisfy  in  fa c t  th e  re q u ire m e n ts  of A .l , a n d  A .6, 
re sp ec tiv e ly  an d  Le is ind eed  a B an ach  *-algebra in th e  no rm  (N) (see A .3,
A .7, A. 8).

T he well know n th eo rem s on g ro u p  algebras [2] ( th e  case b(g \ h) =  1) 
can  be tra n s la te d  alm ost w ord  fo r w o rd  in to  th e  case o f ô-group a lg eb ras . 
G enera lly  also th e  proofs can  be carried  o v e r w ith  tr iv ia l a lte ra tio n s  to  ô-group 
a lgeb ras. T herefo re  we give here  th e  m o st im p o rta n t th e o re m s of NN C h ap . V I. 
tra n s la te d  in  th e  ô-algebraic language w ith o u t proof.
Definition  1. L e t x(g) be an  e lem ent of L),(G), th en  th e  m a p p in g  L',(G) —► U '(G ) 
defined  by

X  x l ;  xl{g) =  b(g I h)x(h~lg) (4)

is th e  b-left-shift with h. S im ilarly

X ->■ x t  ; xÜ(g) =  b(g I h)x(gh) (5)

defines th e  b-right-shift w ith  h in L^iG) [4 ].
Theorem 2. (The co rrespond ing  resu lt in  g roup  algebras can  be found  in  N N
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§28.2.1.) I f  x(g) £ L*(G) th en  xdh a n d  x h0 depends co n tin u o u sly  on  h in  th e  norm  
o f L 1, i.e . to  e v e ry  e >  0 an d  h0 £ L 1 th e re  is a n e ig h b o u rh o o d  of h„ 
su c h  th a t

К  -  41  <  e if  h e u % .

Theorem 3. (See in  N N  § 28.2.IV .) T h e  closed su b sp ace  J  Œ Ll(G )  is a (le ft/righ t) 
id e a l if  an d  on ly  i f  J  is in v a r ia n t u n d e r  every  ô-left-(righ t-) sh if t.
D efin i t io n  4. (N N  §18.2.) R  is a reduced *-algebra i f  i t  is a “"-a lgeb ra  w ith  u n i t  
e le m e n t an d  if  fro m  x  £ R an d  { f  \ x* • x}  =  0 follow s x  — 0 fo r  every  positive  
fu n c tio n a l f .
Theorem 5. (See in  N N  § 28.2.V .) E v e ry  ó-group algebra  of a loca lly  co m p act 
to p o lo g ica l g roup  is  a reduced  *-algebra.
Theorem 6. (See in  N N  § 2 8 .2 .V II.) L0(G) is sem isim ple.
Theorem  7. In  L,, th e re  ex ists m in im a l reg u la r n o rm  | x  | w h ich  is com pletely  
re g u la r , an d  we h a v e  | x  | | x  |г fo r every  x  £ L a.
P r o o f  : th is  is a d ire c t  consequence o f Theorem 5 a n d  NN § 18.3, T heorem  1 a n d  
C oro llary .
D efin it ion  8. B ecau se  | x  | | x  |15 l g is g en era lly  n o t com plete  in  th e  m in im al
re g u la r  no rm  | x  |. L e t us d e n o te  th e  co m p le tio n  of Lä w ith  resp ec t to  th is  
n o rm  b y  D a(G) =  D j. Da is a C *-algebra (A .10.) and we ca ll i t  th e  A-group  
algebra o f  G fo r th e  sake of b re v ity . G enerally  th e re  is a v e ry  close connection  
b e tw een  Lä a n d  D á, and  in  th e  l ite ra tu re  som etim es D(G) (0 =  1 !) is called  
th e  group a lg eb ra  of G. T h is close connec tion  w ill a p p ea r also  in th e  n e x t  
S ection .
D efin it ion  9. L e t u s  denote th e  se t of u n ita ry  o p e ra to rs  on th e  H ilb e rt space H  
b y  11(H). T he m ap p in g  g —>■ Ug, g  £ G, Ug £ U (H )  is a un ita ry  b-representation 
o f  G on Я  if

Ue =  I  ( th e  u n it o p e ra to r)  , (6 )

Ueh =  6{g I h )U e U h .

T h e  u n ita ry  ô -rep re sen ta tio n  g —*■ Ug is measurable  if th e  fu n c tio n  (f, Ug r]) is 
m easu rab le  on G fo r every  f ,  rj £ H .  T he u n i ta r y  ô -rep resen ta tio n  g  —► Ug is  
continuous  if  fo r  every  £ £ H  w e have  | Ug£ — U /,£ \ —>• 0 if  g —>■ h.
D efin ition  10. (N N  §29.2.) T h e  “" -rep re sen ta tio n  x  —► T(x)  o f  on H  is degene
rate if  T(o)£ =  0 fo r every  £ Ç H  and  a £ L 1.
T h e  “"-rep re sen ta tio n  x  —*■ T (x )  does not conta in  the degenerate representation i f  
th e re  is no 0 =f= £ £ Я  w ith  th e  p ro p e rty  T (a )£  =  0 for ev e ry  a  £ L^(G). 
Theorem 11. (See in  NN §29.2. T heorem  1.) T o  every  “"-rep resen ta tio n  x  — T(x)  
o f  L<5 w hich does n o t co n ta in  th e  d eg en era te  re p re se n ta tio n  belongs a c o n ti
n u o u s  u n ita ry  ô -rep re sen ta tio n  g  —► Ug o f  G. C onversely: ev ery  m easu rab le  
ô -rep re sen ta tio n  g  —► Ug o f G determ ines a “"-rep re sen ta tio n  x  —► T(x)  o f Lä

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



AN ALGEBRAIC A PPRO ACH  TO Q U A N TU M  MECHANICS I I . 1 7 3

w hich  does n o t co n ta in  th e  deg en era te  re p re se n ta tio n . T h e  connec tion  
betw een  g —*■ Ug an d  x  —*■ T(x)  is given b y

Т(Яе +  a) =. XI  +  §a(g)U g d fi(g )  ; [o £ L 1] .

Corollary 12. (See in  N N  §29.3 .) I t  is ev id en t from  Theorem 11 t h a t  th e  m ea 
su rab le  u n ita ry  ô -rep resen ta tio n  g —*■ Ug is irred u c ib le  if  a n d  o n ly  if  th e  co r
respond ing  *-rep re sen ta tio n  x  —*■ T (x) is irred u c ib le . M oreover, tw o  m e a su r
ab le  u n ita ry  ^ -rep resen ta tio n s a re  u n ita r ily  e q u iv a le n t if  a n d  o n ly  if  th e  c o r
resp o n d in g  *-rep re sen ta tio n s  o f  L a are  e q u iv a le n t.
Definition  13. T he  fu n c tio n  <p(g) on G is 6-positive definite  if  fo r  ev e ry  sy stem  
g j, g2, . . ., g n o f e lem ents of G a n d  fo r a rb itra ry  com plex  n u m b ers  Ax, Я2, . . ., A„ 
we have

2  4>{g7l 8 k) K  h  ô(gi\gk) Ф  0 •
к, 1 = 1

Theorem 14. (See in  N N  § 30.1. T heo rem  1.) T h e  fu n c tio n  rp(g) =  ( | 0, t /g| 0) is 
a con tin u o u s ô-positive d efin ite  fu n c tio n  fo r ev e ry  co n tin u o u s  u n ita ry  ő- 
re p re se n ta tio n  g —*■ Ug o f G on H  an d  for ev e ry  f 0 Ç H .  C onverse ly : every  
co n tin u o u s ô -positive defin ite  fu n c tio n  q>(g) ф  0 de te rm in es a cyclic  con tinuous 
u n ita ry  ô -rep resen ta tio n  g -*  Ug w ith  th e  cyclic v e c to r  £0 and  (p{g) =  (£0, U g |0). 
Definition  15. T he  p o sitiv e  fu n c tio n a l { f0 | л:} on L ä is degenerate i f  {f0 [ Ae -f- a} 
=  cA, a £ L 1. T he  p o sitive  fu n c tio n a l { / |  x}  on L ä is regular if  th e  fu n c tio n a l 
(А / — f 0) is n o t p o sitiv e  a t  an y  v a lu e  of th e  com plex  n u m b er A (here  f 0 is a 
d eg en era te  fu n c tio n a l).
Theorem 16. (See in  N N  §30.2 . T heo rem  2.) T h e re  is an  one-to-one co rresp o n d 
ence b e tw een  th e  reg u la r p ositive  fu n c tio n a ls  f  on Lá an d  th e  con tin u o u s 
ô-positive  d e fin ite  fu n c tio n s cp on G. T his co rrespondence  is g iven  b y

{ /I  Ae +  a}  =  Aqp(e) +  Ja(g)<p(g)dp(g) , a £ L 1 .

D efin i t ion  17. T he  fu n c tio n  cp(g) £ L ~  (G) (L f (G )  =  th e  se t o f /i-essen tia lly  
b o u n d ed  fu n c tio n s on G) is integrally 6-positive defin ite  i f  i t  sa tisfies

J(a*  • a)(g)q>(g)dp{g) =  J J  ô(h \ g)a(h)a(hg)cp(g)dp.(h)dp(g) ^  0

fo r ev e ry  a £ L 1.
Theorem 18. (See in  N N  §30.2.111. a n d  IV .) E v e ry  in te g ra lly  ô-positive  defin ite  
fu n c tio n  on G is locally  a lm ost everyw here  eq u a l to  a con tin u o u s ő-positive 
d e fin ite  fu n c tio n  an d  every  con tinuous ô-positive d e fin ite  fu n c tio n  is a t  th e  
sam e tim e  in te g ra lly  ô-positive de fin ite .
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I I I .  ó-group a lg eb ras  (special)

In  th is  Section  we specialize th e  g ro u p  G an d  th e  func tions ó in  o rd e r to  
com e n e a re r  to  th e  ó-group algebra of q u a n tu m  m echan ica l “ local o b se rv ab le s” . 
In  all th is  Section  we suppose  th a t  Gc is a c o m m u ta tiv e  locally  co m p ac t 
topo log ica l g roup , /л is th e  in v a r ia n t m easu re  on i t ,  L(G C) is th e  se t o f  c o n ti
nuous fu n c tio n s  w ith  c o m p a c t su p p o rt on  Gc, L M(GC) — L 1 is th e  se t of /t- 
sum m ab le  fu n c tio n s on Gc, L ” (Gc) =  L°° is th e  se t o f  /г-essen tia lly  b o u n d ed  
fu n c tio n s on  Gc an d  L a(G,;) =  Ly is th e  ó-group a lg eb ra  o f Gc. W e suppose 
fu r th e r  t h a t  Ó and  Lá h av e  th e  p ro p e rtie s  [PI]: ev e ry  c h a ra c te r  %(g) o f th e  
group  Gc c an  be w ritte n  w ith  some h Ç Gc in  th e  fo rm  ^(g) =  %n(g) =  b(hh  | g), 
[5] [P2] : th e re  is an  e lem en t h £ L 1 su ch  th a t  h =  h* a n d  in every  ^ r e p r e s e n t 
a tio n  X  —► T(x)  of Lg w h ich  does n o t c o n ta in  th e  d eg en e ra te  re p re se n ta tio n  we 
have

T (h )U gT(h)  =  y(g)T(h)  ,

w here y(g)  is a fu n c tio n  on Gc an d  y(e) =f= 0 [6].
T he p ro p ertie s  [ P I ]  an d  [P2] re s tr ic t  very  m u ch  th e  possible * -rep resen t- 

a tions o f L,a as i t  can  be seen from  th e  Theorems P l a n d  P 2:
Theorem P j. E v ery  n o n -d eg en era te  * -rep re sen ta tio n  o f  Lá is fa ith fu l.
Proof: E v e ry  n o n -d eg en era te  * -rep resen ta tio n  x  —*■ T (x )  of w hich  con ta in s 
th e  d eg en era te  re p re se n ta tio n  can be  w ritte n  as T  =  T '  ®  jD, w here  D  is a 
d eg en era te  re p re se n ta tio n  an d  T '  does n o t co n ta in  a lread y  th e  d eg en era te  
re p re se n ta tio n . T h erefo re  i t  is enough  to  consider o n ly  such * -rep resen ta tio n s 
w hich do n o t co n ta in  th e  d eg en era te  re p re se n ta tio n . L e t x  —»• T(x)  b e  such  a 
^ re p re s e n ta t io n . I t  is easy  to  see [Theorem 11. a n d  E q . (6 )] th a t  if  a Ç L 1 and  
g £ G th e n

l / Ä_ 1 T (a )U g =  j  ó(gg j k )a (k )U kdfj(k) .

T hus if  T(a)  =  0 th e n  ta k in g  in to  a c c o u n t [P I]  we h av e

j X {k)a (k )V kd ц(к) =  0 fo r  every  c h a ra c te r  Gc.

T his can  be  tru e  o n ly  if  a(k) =  0 a lm o s t everyw here  ( th a t is if  a =  0 in  L 1) 
To p ro v e  th is  we m u s t use tw o lem m as:
L em m a  19. E v e ry  e lem en t of L(GC) can  be a p p ro x im a te d  in th e  w eak  topology  
of L°° b y  lin ear co m b in a tio n s  of c h a ra c te rs  on Gc.
P roo f : a th eo rem  o f I .  M. G e l f a n d  a n d  D. A. R a i k o v  (NN §30.3, T heorem  3) 
assu res t h a t  ev ery  p o sitiv e  de fin ite  fu n c tio n  on Gc can  be a p p ro x im a te d  in th e  
w eak  to p o lo g y  o f L “ b y  tr ig o n o m e trica l p o lynom ia ls . B u t N N , §31.1, Corol
la ry  2 a n d  N N  §30.4 to g e th e r  say  t h a t  a tr ig o n o m e trica l p o lynom ia l is a linear 
c o m b in a tio n  of c h a ra c te rs . N ow  œ =  f  ■ f*  is p o sitive  d e fin ite  fo r every  
f i L ( G c) and
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/1 • f t  =  -, [(/, + m \  + f r  -  (/, -  / ж  -  /*)• + hä + Ш 1 + &r

-  i(f, -  -  if ,)*].

T hus every  e lem ent of th e  f o r m / t • f *  can  be ap p ro x im a te d  b y  linear c o m b in 
a tio n s of ch a rac te rs . B u t N N  §28.2, R e m a rk  2 assures t h a t  every  x  Ç L(G C) 
can  be u n ifo rm ly  (i.e. in  th e  norm  of L°° !) a p p ro x im a ted  b y  elem ents o f  th e  
f o r m /x • x ,  th u s  th e  p ro o f of th e  lem m a is com ple te  because th e  no rm  to p o lo g y  
in  L°° is m ore  s trong  th a n  th e  w eak  to p o lo g y .
Lem m a 20. I f  a 0(g) Ç L 1 an d  fo r every  f ( g )  £ L{GC) we have  \ f ( g ) a 0(g)dfi(g) — 0 
th e n  aQ(g) =  0 a lm ost everyw here.
T he p ro o f is e lem en ta ry  an d  is le f t to  th e  re a d e r . C om bining Lem m as 19 a n d  20  
th e  p ro o f of Theorem P 1 can  be easily  co m p le ted .
Theorem  P 2. E v e ry  * -rep resen ta tio n  x  —*■ T (x )  of Ls can be w ritte n  as T  =  
=  T k ®  D, к =  0, 1, 2, . . ., oo w here D  is th e  d egenera te  re p re se n ta tio n  a n d

к

T k =  2 ,  ©  Ï o ’, w here 4 °  is eq u iv a len t to  a certain ir red u c ib le  * -rep resen t-
i = 1

a tio n  T 0 o f L ä.
T he p roo f o f th is  theo rem  is e ssen tia lly  g iven  in  a p ap er o f J .  v . N e u m a n n  [3] 
W e re c o n s tru c t i t  b riefly  fo r th e  sake o f convenience: L e t N  be th e  se t o f 
e lem ents J £ H  (H  is th e  H ilb e r t space o f  th e  “"-rep resen ta tio n  T) w ith  th e  
p ro p e rty : T ( a ) î  =  0 for ev e ry  a (  L 1. N  is c learly  an in v a r ia n t  closed su b 
space, an d  in  N  th e  “"-rep resen ta tio n  T  is eq u a l to  th e  d eg en e ra te  re p re se n t
a tio n  D. L a te r  on we shall consider th e  “" -rep re sen ta tio n  T  o n ly  in  H '  =  H  Q N  
w hich  a lre a d y  does n o t co n ta in  th e  d e g en e ra te  re p re se n ta tio n . T h erefo re  
Theorem 11. an d  [P2] gives T (h )U gT(h) =  y(g)T (h)  and  th u s  T(h)2 =  y(e)T(h).  
H  ence th e  se t M  =  T (h )H '  is n o t void  ( Theorem Р г) and  it  is a closed subspace  
in  H ',  because M  =  {ip : yi £ H ' ,  T(h)xi> =  y(e)y} .  U sing [P 2 ], E q s. (3) and  (6 ) 
we obviously  have  for cp, cp' £ M

(Ug (p, u k <p') =  UgT(h)<p0 , U  k T(h)  (pó) =

=  (У -Й ' (7)
y(e)

T herefo re  if  {cpk j  is a com plete  o r th o n o rm ed  sy s tem  in M  a n d  if  M k is th e  
closed subspace  in  H '  sp an n ed  b y  th e  e lem en ts  o f th e  form  U g y ^  g Ç Gc th e n  
M i  is o rth o g o n al to  M k if  i =f= k. F u r th e r  th e  su b sp aces M k a re  c lea rly  in v a r ia n t 
u n d e r  Ug an d  th u s  also u n d e r T(x)  ( Theorem 11.). ^  @ M k is th e  w hole H '

к
because  in H '  ©  ©  M kj  =  U  we have T(h)  =  0 and  in v ir tu e  o f Theorem P x
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th is  is possib le  on ly  if  U  =  {0}. F ro m  E q . (7) i t  is c lear t h a t  th e  ""-represent- 
a tio n s  Tik) in  M k are  u n ita r ily  e q u iv a len t. T he ir re d u c ib ility  of T 0 =  
follow s from  th e  defin itio n  o f  M k an d  from  Corollary 12.

W e m e n tio n  a sim ple consequence o f  Theorem  P 2: Corollary 21. T he  n o n 
d eg en era te  irred u c ib le  *-rep re sen ta tio n s  o f  L â are  u n ita r ily  eq u iv a len t to  each  
o th e r.

U p to  n o w  we d ea lt w ith  th e  d-group a lg eb ra  Ly b u t  ea rlie r we re m a rk e d  
t h a t  th e re  is a close co n n ec tio n  b e tw een  L ó a n d  D A (D efin it ion  8.). In  th e  
rem ain in g  p a r t  o f th is  S ec tion  we sha ll b e  concerned  w ith  th is  co n n ec tio n . 
L em m a  22. I f  G is a locally  co m p ac t topo lo g ica l group th e n  th e  positive  fu n c 
tio n a ls  on L ä(G) and  IU (G ) a re  th e  sam e: ev e ry  positive  fu n c tio n a l of can  he  
(un iquely ) e x te n d e d  to  D ,. T herefore  e v e ry  *-rep re sen ta tio n  of Lá can  be 
“ e x te n d e d ”  to  a ""-representation  of D j. I n  th is  (one-to-one) co rrespondence  
th e  pu re  fu n c tio n a ls  go o v er in to  pu re  fu n c tio n a ls  an d  irred u c ib le  ""-represent - 
a tio n s go o v e r in to  irre d u b ib le  ""-representations.
Proof: th e  f i r s t  s ta te m e n t is a sim ple consequence o f Theorem 7 an d  A .27. 
T h e  second one follow s from  th e  GNS co n stru c tio n  of ""-representations: 
A .(29). T h e  o th e r  s ta te m e n ts  are  tr iv ia l.
Theorem 23.  O n L,j(Gc) th e re  is only  one com ple te ly  re g u la r  norm  an d  th is  is 
even  th e  m in im al reg rdar n o rm . L e t x  —*■ T(x)  be an  irred u c ib le  ""-represent
a tio n  of С/, th e n  th e  closure of Т(Ьа) in  th e  o p e ra to r n o rm  is an  irred u c ib le  
""-represen tation  of D á(Gc).
Proof: le t us suppose t h a t  th e re  are  tw o  d iffe ren t co m p le te ly  reg u la r n o rm s, 
an d  le t D a resp . D j be  th e  com pletion  o f L ô w ith  re sp ec t to  th ese  n o rm s. 
L e t us con sid er a fa ith fu l irreducib le  ""-representation  o f  D j(T ')  an d  D 'j(T ')  
re sp ec tiv e ly . T  an d  T '  a re  b o th  n o rm  p reserv in g  (N N . §24.1, T h eo rem  3). 
T he re s tr ic tio n s  of T  a n d  T '  to  Lá are  fa ith fu l irred u c ib le  ""-representations of 
La acco rd in g  to  L em m a 22  an d  th e y  a re  eq u iv a len t because  of Corollary 21. 
T h u s th e  tw o  norm s m u s t coincide. T h erefo re  th e re  is on ly  one co m p le te ly  
reg u la r n o rm . B u t th e  m in im al reg u la r n o rm  exists on Lá (Theorem 7 .), th u s  
th e  m in im al reg u la r n o rm  is th e  u n iq u e  com pletely  re g u la r  no rm  on L ä. T he 
la s t s ta te m e n t of th e  th e o re m  d irec tly  follow s from  th is  a n d  Lem m a 22, b ecau se  
th e  o p e ra to r  no rm  is co m p le te ly  reg u la r on H ilb e rt spaces.
Corollary 24. Theorem P.2 an d  Corollary 21 are  v a lid  fo r D j too  in s te a d  o f  L ô. 
Theorem 25. L e t us con sid er an  irred u c ib le  ""-representation T  of on  H.  
T he  n ecessa ry  and  su ffic ien t cond itio n  fo r  a positive fu n c tio n a l f  on D f to  be 
p u re  an d  fa ith fu l is t h a t  th e re  ex ists  an  e lem ent y  Ç, H  for w hich { f  | =
=  i f ,  T ( x ) V).
P roof: i f  { f \ x }  — (y>, T(x)y>) t h e n /  is a fa ith fu l p o s itiv e  fu n c tiona l (Corollary  
24) an d  also  p u re  acco rd in g  to  A .(31) a n d  A .(29) o r N N  §17.3.1.
I f  f  is p u re  an d  fa ith fu l th e n  th e  co rrespond ing  ""-representation T j  of 
[see A .(29)] is ir red u c ib le  accord ing  to  A .(31) an d  fa ith fu l because o f  A .32.
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B u t ev e ry  irreduc ib le  *-rep re sen ta tio n  is e q u iv a len t (Corollary 24)  therefo re  
also T f  an d  T  are  e q u iv a len t an d  th is  com pletes th e  proof.
Theorem 26. E v e ry  p o sitive  fu n c tio n a l f  on D j can  be w ritte n  in  th e  form

{ /I* }  =  c { f o \ x } +  { //|*}>  k = 0 , l , 2 , . . . , o o
j=i

w here  c is a n u m b er, f 0 is a d eg en era te  fu n c tio n a l a n d  f  (i =  1, 2 , . . .) is a 
p u re  p o sitiv e  fu n c tio n a l.
P ro o f  : C onsidering th e  *-re p re se n ta tio n  T f  on H  b e long ing  to  /  [see A .(29)] we

к
can  ap p ly  Theorem P 2: T f  =  D  @ ^  @ T q \  L et u s  den o te  th e  su b sp ace  of D

i  =  1
b y  H Dу an d  th e  subspace  of Tq1) b y  i f / .  A .(29) says t h a t  [ f \ x }  =  ( | 0, Tf(x)Ç0).

к
B ecause H  — H D @ ^  @ T q1) we can  decom pose th e  v ec to r | 0 in to  th e

/ = l
к

co m p o n en ts  | 0  — I * ?  +  ^  I /  w ith  | г Ç  J fD, | ,  Ç i f / .  H D and  i f /  a re  in v a ria n t
i = l

к
su b spaces, th ere fo re  we get { / |  x } =  ( | e, Tf(x)£e) +  (!h  Tf(x)£i).  H ere

1 = 1
( | e, Tf (x) ^e) is c learly  a d egenera te  fu n c tio n a l (if H D is vo id  th e n  c =  0 in th e  
th eo rem ) an d  (£,-, Т^(л:)|г) is pu re  acco rd in g  to  Theorem P„ and  A .(31).

IV. The algebra o f  quasilocal observables 
in  q u a n tu m  m echanics

T he m a th e m a tic a l resu lts  o b ta in e d  m ake possib le  th e  rigorous discussion 
o f  a lgeb ra ic  q u a n tu m  m echanics t r e a te d  in I. A lso, we can now  in co rp o ra te  
q u a n tu m  m echanics in  th e  general fram e  of a lg eb ra ic  q u an tu m  th e o ry  in  an  
easie r w ay  [7, 8 ]. A lgebra ic  q u a n tu m  th e o ry  is b ased  on  th e  a lgeb ra  o f  observ 
ables an d  s ta te s  of q u a n tu m  sy stem s are  ch a rac te rized  b y  positive  fu n c tio n a ls  
on th is  a lgebra .

The algebra o f  local observables in  q u an tu m  m echan ics was d e fin ed  in I. 
In  th e  case of one degree o f  freedom  th e  physical q u a n t i ty  described  in  classical 
m echanics b y  th e  fu n c tio n  f ( p ,  x) is rep resen ted  in  th e  algebra  of loca l observ 
ables b y  th e  e lem ent

a(x, p )  — (2л )~ 2 f e ~ ,('rx+yp> f ( r ,  y )d r d y  . (8)

T h e  e lem ents a(x, p )  fo rm  an  a lgeb ra  w hich  is in  f a c t  th e  ő-group a lg eb ra  L 5 
of th e  g roup  Gqm ( =  th e  abelian  g ro u p  of tw o d im ensiona l v ec to rs ; see I  and 
also th e  In tro d u c tio n ) . I t  is easy to  show  th a t  L^G^m) =  A ' has th e  p ro p ertie s  
[P I ]  an d  [P 2 ]: I f  h — (y , r) and  g(x ,  p )  th e n  from  (ÔQ) we have
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ö ( h h g )  =  е-*<УР-*0. (9)

I t  is possib le to  w rite  every  c h a ra c te r  o f in  th is  fo rm , th u s  [ P I ]  is valid . 
F u rth e rm o re  an  easy  c o m p u ta tio n  show s th a t  if

h ( x , p ) = e  4< P> ( 10a)

th e n  from  Theorem 11 follows

T(h) U (x>y) T(h)  =  2 л  e~ (x4pS) T(h)  , 

an d  th u s  [P2] is fu lfilled  w ith

y ( x ,p )  =  2я е "  т  <Х’+р!). (10b)

T he a lgeb ra  A ' of local o b servab les in q u a n tu m  m echanics is a B anach  
*-algebra (as ev e ry  ô-group a lg eb ra ). In  g enera l a lgebraic  q u a n tu m  th eo ry , 
how ever, one considers th e  algebra o f  quasilocal observables A w h ich  is a C*- 
a lg eb ra  an d  can be  o b ta in ed  fro m  A ' b y  co m ple ting  i t  in th e  m in im al regular 
n o rm  (see in [8 ]). T h u s  now A is ju s t  th e  /1-group a lg eb ra  of G ^,: D j( G ^ )  =  A. 
I t  is w o rth y  to  n o te  th a t  on A ' th e re  is only  one com pletely  reg u la r norm  
( Theorem 23) an d  th u s  th e re  is on ly  one p o ssib ility  to  c o n s tru c t a C *-algebra 
fro m  A '. A ccord ing  to  Theorem 23  a p o ssib ility  fo r  th is  co n s tru c tio n  is th e  
fo llow ing: W e con sid er an  a rb i t r a ry  (n o n d eg en era te ) irred u c ib le  *-represent- 
a tio n  T  o f A ' an d  th e n  com p le tin g  T (A ') in  th e  o p e ra to r  no rm  w e get even A. 
T h e  un iqueness o f th is  p ro ced u re  is assured  also b y  Corollary 21 w hich te lls 
t h a t  th e  irred u c ib le  *-rep re sen ta tio n s  of A ' a re  a ll equ iv a len t.

T he close connection  b e tw een  A ' and  A (expressed  also b y  Lem m a 22) 
show s th a t  i t  does n o t  m ake v e ry  m u ch  d ifference w h e th e r we b u i l t  algebraic 
q u a n tu m  m echan ics on A ' or on A. B u t th e  m a th e m a tic a l p ro p e rtie s  of a 
C *-algebra are  m ore  sim ple a n d  b e a u tifu l an d  w e shall see below  th a t  th e  se t 
o f possib le s ta te s  can  be given w ith  th e  help  o f A  as follows: W e shall use the 
algebra A o f  quasilocal observables as a starting p o in t  o f  our investigations in  
quantum  mechanics.

F irs t  we give th e  d efin itio n  of th e  possible s ta te s  (in I  th is  w as om itted  
because  of th e  la ck  of su ffic ien t m a th e m a tic a l p re p a ra tio n s):
Postulate: th e  se t o f possible s ta te s  o f th e  sy stem  is th e  “ su rface”  of the  closed 
u n i t  sphere  in  A *( l  ̂ i.e. th e  p o sitiv e  fu n c tio n a ls  f  w ith  { / |  e} =  1 [9]. T he 
e x p e c ta tio n  v a lu e  o f th e  q uasilocal observable  a =  a* in  th e  s t a t e / i s  equal to

{ /I  «}•
T ak in g  in to  acco u n t Theorem 25 we  see t h a t  th e  pu re  s ta te s  f p are given
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b y  th e  e lem en ts ip in  th e  H ilb e r t space o f  an  (a rb itra ry !) irreduc ib le  “"-repre- 
se n ta tio n  T  of A  in  th e  fo rm

{fp I *} =  (Vh T (x )w) • (И )

This re la tio n  show s th e  c o n te n t o f th e  ab o v e  p o stu la te  in  th e  “ old”  la n g u a g e : 
(xp, y>) =  II xp | |2 m u s t be equal to  1 an d  th e  ex p ec ta tio n  v a lu e  is g iven  b y  
(yi, T(x)ip). N a tu ra lly  th e re  a re  o th e r possib le  s ta te s  of th e  p u re  ones to o  a n d  as 
it  can  be seen from  Theorem 26 th e  m ost gen era l s ta te  h a s  th e  form

2 Ш Х) =  ( i2 )
i' = i i=i

w here f f s  are p u re  and к =  1, 2 , . . o o , H e re  th e  case к =f= 1 c learly  co rresp o n d s 
to  th e  m ixed states of co n v en tio n a l q u a n tu m  m echanics.

A v e ry  im p o r ta n t fe a tu re  of q u a n tu m  m echanics is th a t  every  (non - 
degenera te) irred u c ib le  *-rep re sen ta tio n  o f  A  is u n ita r ily  eq u iv a len t (C oro l
la ry  24). T herefo re  q u a n tu m  m echanics (even  algebraic q u a n tu m  m echanics!) 
can he  fo rm u la ted  in th e  H ilb e rt space o f a g iven irreducib le  “"-rep re sen ta tio n . 
This is g u a ra n te e d  b y  th e  p ro p e rtie s  [P I]  a n d  [Р2]. B u t one can n o t e x p e c t 
a sim ilar s itu a tio n  genera lly  in  q u a n tu m  th e o ry  and th is  h as  essen tia l co n 
sequences:

1. T here  is n o t n ecessarily  such a close connection  b e tw een  A a n d  A ' 
(lack of Theorem 23),

2. th e  possib le (and  th e  possible p u re )  s ta te s  are m ore  general (lack  of 
Theorems 25 an d  26),

3. th e  algebraic- an d  th e  H ilb e rt sp ace-fo rm u la tio n s a re  n o t e q u iv a le n t 
because th e  d iffe ren t “" -rep resen ta tio n s are  n o t  (u n ita rily ) e q u iv a len t (lack  of 
Theorems P l an d  P.,).

F ro m  th e  s tu d y  o f a lgeb ra ic  q u a n tu m  m echanics one can  draw  a n o th e r  
conclusion too . In  I  an d  now  we defined th e  a lgeb ra  of q u asilo ca l observab les 
b y  m eans of th e  concrete ő -group algebra A '.  T his can be  looked  upon  as a 
ce rta in  k in d  o f  re p re se n ta tio n  o f  th e  abstract B anach  “"-a lg eb ra  re le v a n t in  
q u a n tu m  m echan ics as th e  a lg eb ra  of local observab les. T h e  a d v a n ta g e  o f th is  
“ representation”  is th a t  th e  e lem ents of A ' a re  com m on fu n c tio n s  of tw o  
v ariab les , w hich seem  to  be m ore “ p a lp ab le”  th a n  th e  co rresp o n d in g  o p e ra to rs  
in H ilb e rt space.

A ppendix (a lgeb ra ic  sy llabus)

H ere  we give a sh o rt rev iew  of defin itions an d  fu n d a m e n ta l fac ts  fo llow ing 
th e  book  of M. A. N e u m a r k  [2]. W e suppose t h a t  th e  re a d e r  is fam ilia r w ith
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to p o lo g y , in te g ra tio n , lin ea r sp ace  and  H ilb e r t  space (th e se  topics are d e a lt  
w ith  also in  N N  Chap. I., th u s  w e refer fo r u n ifo rm ity  in  th is  p ap er a lw ays to  
N N . F u r th e r  d e ta ils  on th e se  su b jec ts  can  b e  fo u n d  fo r ex am p le  in th e  boo k s 
q u o te d  in  [10].

A .l . Algebra.  The se t R =  { x , y ,  . . .} is an  algebra i f  i t  is a linear space  
( in  th e  p re se n t p a p e r  alw ays a com plex one) a n d  if  in  R th e  multiplication  o f 
tw o  elem ents x  • y  is defined  a n d  th e  nxu ltip lica tion  has th e  p roperties:

oc(x ■ y )  =  (xx) ■ y  =  x  ■ (ay) ;

(x  • y) ■ z =  x • (y • z) ; (x +  y) ■ z =  x • z +  y ‘ « ; x  ■ ( j  z) =  x  • y  + x z .

F lere (and  h en cefo rth ) a is a com plex  n u m b e r  and  x, y ,  z £ R.
A .2. Algebra with un i t  element (R). R is an  algebra h a v in g  an e lem en t e 

( th e  unity)  fo r  w hich  e ■ x  =  x  ■ e =  x  fo r  ev e ry  R,
A .3. N o rm ed  algebra (R). R is an  algebra  w ith  a norm  defined  on i t ,  i.e . a 

n o n n eg a tiv e  n u m b e r  | x  [ ( th e  norm  of x)  is given fo r e v e ry  x  Ç R w hich  h as  
th e  p ro p e rtie s

I дс J =  0 if and  o n ly  i f  x =  0 ;
I«* I =  | .a I • I * I ; | * + y | < ; M + | y | ;

A.4. N o rm ed  algebra w ith  unit element (R). R is a normed algebra a n d  an  
algebra with u n i t  element a n d  | e | =  1.

A .5. B anach  algebra (R). R is a normed algebra an d  i f  lim  | xn — xm | =

=  0 th e n  th e re  exists an  x n Ç R for w h ich  lim  j x n — x 0 \ —  0. (Or in  o th e r

te rm s : R is complete in its  n o rm , th a t  is R is a no rm ed  a lg eb ra  and  a B anach  
space in  i ts  no rm .)

A .6 . *-algebra (R). R is an  algebra a n d  an  involution x  -*■ x* is d efin ed  
on it , t h a t  is ev e ry  x  £ R h a s  an  adjoint x*  Ç R. The in v o lu tio n  m u st h a v e  th e  
p ro p ertie s

(x • y )*  =  y*  ■ x* ; (x*)* =  x  ; (xx x L +  x2 x2)* =  äq x f  +  a 2 x f  ,

w here a  is th e  com plex c o n ju g a te  of x  a n d  x lf x2 £ R.
A .7. N orm ed  *-algebra (R). R  is a *-algebra, R is a normed algebra and

I x* I =  I x I fo r  every  x  £ R.
A .8 . B anach  *-algebra (R). R  is a Banach algebra an d  w ith  th e  sam e 

norm  a normed *-algebra.
A .9. Completely regular norm. T h e  n o rm  in th e  normed *-algebra R is 

called  co m p le te ly  reg u la r i f  \ x* • x  \ =  \ x  \2 fo r ev e ry  x  Ç R.
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АЛО. C*-algebra (R ). R  is a Banach *-algebra and its norm is completely  
regular.

A.11. A d junc tion  o f  a unit.  If R  is an algebra without unit then it is 
possible to enlarge R  into an algebra with unit element R,,. Namely: Let R^ 
be the set of pairs [a, a] where a is a complex number and x  Ç R , that is

R e =  {[a, a]: a is a complex number, x  £ R} .

We define the algebraic operations in R e in the following way:

[xj, a ,] +  [x2, x.,] =  [a, +  a 2, x1 +  a2] , a  [a,, a ,] =  [aa ,, ax ,] ,

[ai, x x] ■ [a2, a2] =  [a, a2, a, a2 +  a 2 a, -f- ' *2] •

Then clearly [1, 0] =  e is the unit element of RP and [0, a] correspond to the 
elements of R , hence every element of R s can be written as [a, aJ =  ae -f- a, 
where a =  [0, a] £ R.

If R  is a *-algebra then we define the involution  in R e as

[a, a]* =  [a, a*] , that is (ae +  a)* =  xe - f  x* .

Thus R e becomes а *-algebra with unit element. If R is a nornied algebra 
then the norm  in R e can be defined as j ae -j- a | =  | a | -(- | a j .

A.12. Ideal. A subset of the algebia is a left (right) ideal if it is a linear  
subspace (J) of R  and if from a £ R , n Ç J follows that a • n  £ J (n ■ a Ç J, 
respectively).
A left ideal which is at the same time also a right ideal is called two-sided ideal.  
A (left, right, two-sided) ideal is a proper  or nontriv ial  (left, right, two-sided) 
ideal if it does not coincide neither with R  nor with {0}. R  and {0} are always 
two-sided ideals, they are the trivial ideals.

A.13. S im p le  algebra. An algebra R  is sim ple  if it does not contain a 
proper two-sided ideal.

A.14. M a x im a l  ideal. A (left, right, two-sided) ideal J =f= R  is m axim a l  
if there is not other proper (left, right, two-sided) ideal which contains J. 

A.15. Radical.  The intersection of the maximal left ideals is the radical. 
A.16. Sem isim ple  algebra. An algebra R  is called sem isim ple  if its radical 

is equal to {0}.
A.(17). The radical coincides with the intersection of the maximal right 

ideals, therefore it is a two-sided ideal. Hence a simple algebra is always 
semisimple (NN §7.5.111).

A.18. *-ideal (J). J is an ideal in a *-aigebra and from a £ J follows that 
a* 6 J-
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A .19. H om om orphism .  I f  К г and  K 2 are  tw o a lg eb ras  th e n  th e  m apping  
h: R t — R 2 is a homomorphism  if  it  k eep s th e  a lgeb ra ic  re la tio n s, t h a t  is if

h f a  x x -f- a2 x2) =  ac1 h(xf)  +  a 2 ’n(x i) » H xi ' *2) =  M*i) ' h(x2)

fo r every  яу, x 2 £ R t an d  х г, a 2 com plex n u m b ers . A hom om orph ism  w h ich  is 
one-to -one is an  isomorphism .

A .20. *-homomorphism.  A homomorphism  be tw een  tw o  *-algebras R x and 
R 2 is a *-homomorphism  i f  h(x*) =  h(x)*  fo r  every  R r  
A n one-to -o n e  * -hom om orph ism  is a *-isomorphism.

A .(21) T here  is a one-to -one  correspondence  b e tw een  th e  (*-) hom o
m orphism e a n d  th e  tw o -s id ed  (*-) id ea ls  o f a (*-) a lg eb ra  R. A g iven  (*-) 
h o m o m o rp h ism  h d e te rm in es  a tw o -sid ed  (*-) ideal K , th e  kernel o f th e  (*-) 
h o m o m o rp h ism , in  th e  fo llow ing w ay :

К  =  {x : x  Ç R  , h(x) =  0} .

C onversely : if  К  is a (*-) id ea l and  R /K  is th e  factor-algebra  d e te rm in ed  b y  К 
th e n  th e  m ap p in g  h ^  : R  —► R /K , hK(x) =  {дс —|— K} is a (*-) hom om oiph ism . 
(The e lem en ts  of th e  factor algebra R /K  a re  th e  cosets {x  -(- K} in R  d e te rm in ed  
b y  K . T h e  a lgebra ic  o p e ra tio n s  are  d e fin ed  in  R /K  as

x i{x i “Ь “b oí2{ x 2 -)- K } =  {«x x x -)- a 2 x 2 -)- K} ;

{x1 - f  K } • {x2 + K }  =  {xt • *2 +  K} ; {x1 +  К}* =  {x* +  K } .

A .22. *-representation. The se t В (ff)  of b o u n d ed  lin e a r  o p era to rs  on th e  
H ilb e rt sp ace  H  w ith  u su a l d e fin itions o f a lgebraic  o p era tio n s is c learly  a 
*-a lgebra . A  *-representation  of a * -a lg eb ra  R  on th e  H ilb e rt space  H  is a 
*-homomorphism:  R  —► В (H ).  I f  a *-re p re se n ta tio n  is in  a d d itio n  one-to-one 
(i.e. i t  is a *-isom orphism ) th e n  i t  is a fa i th fu l  *-rep re sen ta tio n .
The *-re p re se n ta tio n s  Т г on  an d  T 2 on H 2 are (u n ita r ily )  equivalent if  th ere  
is a u n i ta r y  o p e ra to r  U  : H x —► H 2 su c h  th a t  U T 1( x ) U ~ 1 =  T 2(x) fo r  every  
x  £ R .

A .23. Irreducible *-representation. L e t x  —► T(x)  be  a *-rep re sen ta tio n  
( T ) of th e  *-algebra R  on th e  H ilb e rt space  H .  I f  th e re  is an  invariant subspace 
in  H ,  t h a t  is a (closed) su b sp ace  M  f= H ,  {0} for w h ich  T ( x ) M  СГ M  fo r  every  
x  £ R , th e n  th e  *-re p re se n ta tio n  T  is reducible.
I f  T  is n o t  reducib le  th e n  i t  is irreducible.

A .24. Cyclic *-representation. A *-re p re se n ta tio n  T  o f R  on H  is cyclic if 
th e re  is an  e lem ent | 0 Ç H  for w hich  th e  set {T(x)!;0, x  £ R} is d en se  in H. 
T he v e c to r  | 0 is a cyclic vector of th e  cyclic  *-re p re se n ta tio n  T.
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A .25. Linear func tiona l .  A m ap p in g  f  w hich o rd e rs  a com plex n u m b e r  
{ / 1 я} to  ev e ry  e lem en t x  of an algebra  R  is a linear fu n c t io n a l  if  { f  \ x1
+  «2 *2} =  * l{ /l  * l) +  *2{ /I  A>}-
A lin ear fu n c t io n a l /o n  a no rm ed  algebra R  is continuous  if  from  [ x n — x 0 | —*- 0 
follows { /I  x n} —*- { / [ x 0}. T he se t o f co n tin u o u s lin ea r fu n c tio n a ls  is t h e dual  
space R* of R.

A .26. Positive func tiona l .  A linear fu n c tio n a l f  on th e  *-algebra R  is a 
positive func tiona l  if  i t  is n o t id en tica lly  zero an d  if  { / 1 x* ■ x )  >  0 fo r ev e ry  
x  £ R .
T he se t of p ositive  (co n tin u o u s positive) fu n c tio n a ls  can  be d en o ted  b y  R ( ) 
(R*< >, respec tive ly ).
A p ositive  fu n c tio n a l f p is pure  if  from  f p =  P/t +  (1 -  1 >  /  >  0;
f v / Л  R <b) follows th a t  f  an d  f ,  are  eq u a l to  f p.

A .27. Regular norm.  T he norm  | лс | in  th e  *-algebra R  w ith  u n it e lem en t 
is called regular if  every  p o sitive  fu n c tio n a l o f R  can be  e x ten d ed  as a p o s itiv e  
fu n c tio n a l on to  th e  com pletion  of R w ith  re sp ec t to  th e  n o rm  | x  |.
The m in im a l  regular norm  on R is a re g u la r  norm  | x  |0 w ith  th e  p ro p e r ty  

I  x  |o I x  I fo r every  re g u la r  norm  | x  | a n d  fo r a ib i t r a ry  R.
A .(28). I f  we h av e  a positive  fu n c tio n a l f  on th e  *-algebra R th e n  for 

every  R

I { /I  ** ■ y } \ 2 <  { . f l y *  ■ y )  { /I  ** •
(NN §10.2.111.).

A .(29). To every  cyclic *-rep re sen ta tio n  x ->- T (x)  o f th e  *-algebra R 
w ith  th e  cyclic v ec to r | 0 co rresponds a po sitiv e  fu n c tio n a l { /  | x} =  ( | 0, T ( x ) | 0). 
This fu n c tio n a l de te rm in es th e  * -rep resen ta tio n  up to  u n ita ry  eq u iv a len ce . 
C onversely, every  p ositive  fu n c t io n a l /o n  a B an ach  *-algebra w ith  u n it e lem en t 
de term ines a cyclic *-rep re sen ta tio n  T f  of R  w ith  th e  cyclic v ec to r  | 0 fo r w h ich  
{ / I * }  -  (£„> T j ( x ) in) (N N  § 17.3, T heorem  2).
The * -rep re sen ta tio n  T f  is d e te rm in ed  b y  th e  G e l f a n d — N e u m a r k —S e g a l  

(GNS) co n stru c tio n : W e define a sca lar p ro d u c t on R  /N / b y  ({*! +  Щ ,  
{.r2 -)- N/-}) =  | / 1 x f  ■ x ,} .  H ere  Ny =  {n : n Ç_ R , { / |  n* • n}  =  0} is a le ft 
ideal accord ing  to  A .(28). T hus T (x ){y  -f- Ny} =  {* • y  -f- N/ }  d e te rm in es a 
* -rep resen ta tio n  on th e  com pletion  of R/Ny w ith  respect to  th e  sca lar p ro d u c t 
defined  above.

A .(30). E v e ry  p o sitiv e  fu n c tio n a l /  in  a B anach  *-algebra w ith  u n it  
elem ent is con tinuous a n d  I i f  I x \  I <7 I f  I e ) | x  I. M oreover, th e  norm  o f f  is 
equal to  { / 1 e} (NN § 10.4.1. an d  II .) .

A .(31). A cyclic *-rep re sen ta tio n  is irreduc ib le  if  a n d  on ly  if  th e  co r
respond ing  positive  fu n c tio n a l is p u re  (N N  § 19.3, T heo rem  2).

A .32. F aith fu l  positive functional.  A po sitiv e  fu n c tio n a l is called fa i th fu l  
if th e  co rrespond ing  *-rep re sen ta tio n  is fa ith fu l.
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АЛГЕБРАИЧЕСКОЕ ПРИБЛИЖЕНИЕ В КВАНТОВОЙ МЕХАНИКЕ II.
И. МОНТВАИ

Р е з ю м е

Даются математические определения и теоремы для алгебраического формулиро
вания квантовой механики. Данное формулирование основывается на определенном 
виде групповых алгебр (ő-групповые алгебры) вместо непосредственного использования 
операторной алгебры в Гильбертовом пространстве. Подробно исследуются свойства ő- 
групповых алгебр в общем и ő-групповая алгебра квантовой механики.
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BEMERKUNGEN ZUR FRAGE DER WECHSELSEITIGEN 
BEZIEHUNG DER KONSTANTEN EINIGER THEORIEN 
ÜBER DIE KONZENTRATIONSDEPOLARISATION DER 

PHOTOLUMINESZENZ VON LÖSUNGEN
Von

C. B o j a r s k i

I. PHYSIKALISCHES INSTITUT DER TECHNISCHEN HOCHSCHULE, GDANSK, POLEN 

(Eingegangen 3. X I. 1964)

Die F ra g e  der B estim m u n g  der K o n s ta n te  R (), die in  d e r  von  F ö r s t e r  [1 ,2 ] 
au fg es te llten  T heorie  d er Ü b e rtrag u n g  v o n  E lek tro n en an reg u n g sen erg ie  au f- 
t r i t t ,  sowie die F rag e  d er B eziehung d ieser K o n s ta n te  zu  den  in  den T h eo rien  
an d e re r A u to ren  [3 — 5] ü b e r  den E in flu ss  der K o n z e n tra tio n  au f die L am i- 
neszenz v o n  L ösungen a u ftre te n d en  K o n s ta n te n , is t in  e iner A nzah l von  
A b h an d lu n g en  d isk u tie rt w orden  [6— 11]. D ie g en an n te  K o n s ta n te  R 0, d e r  
die B ed eu tu n g  jen e r w echselseitigen E n tfe rn u n g  zw ischen zwei a u fe in a n d e r  
e inw irkenden  M olekülen zu k o m m t, b e i d e r die W ah rsch e in lich k e iten  d e r 
E m ission  u n d  der Ü b e rtra g u n g  von E n e rg ie  e inander g leich  sind , k a n n  au s  
fo lgender F o rm el b e s tim m t w erden  [2]:

R  =  9x2 (ln 10)2 e r Iv  T /6
0 L 16 л 4 « 2 N ' 2 ~v% \  K ’

H ierbe i is t  x  ein  von  der w echselseitigen  O rien tie ru n g  b e id e r M oleküle a b h ä n 
giger Z ah len fak to r, n der B rech u n g sin d ex  d e r Lösung,c d ie  L ich tg esch w in d ig 
k e it im  Y ak u u m , x die n a tü r lic h e  L eb en sd au e r des an g e reg ten  S en sib ilisa to rs, 
JV' die M olekülzahl in M illim ol, v0 die W ellenzah l des E lek tro n en  Ü bergangs 
im  S p ek tru m  in  c rn ^ 1 (m ittle re r  W ert zw ischen  A bso rp tions- u n d  F lu o reszen z
m ax im um ) u n d  Iv  der W ert, d e r den G rad  d er Ü b erd eck u n g  d er S p ek tren  v o n  
A b so rp tio n  u n d  F luoreszenz b e d e u te t. Z w ischen der K o n s ta n te  R 0 u n d  dem  
R ad iu s  der W irk u n g ssp h äre  R j ,  die in  d e r  Theorie von  J a b e o n s k i  ü b e r  d ie  
K o n zen tra tio n sd ep o la risa tio n  a u f tr i t t ,  b e s te h t  eine b e s tim m te  zah lenm ässige  
B eziehung, w obei die von  v e rsch iedenen  A u to ren  gefundenen  W erte  des V e r

hältn isses R J
R „

rech t b e trä c h tlic h  v a riie ren . In  v o rlieg en d er N otiz w erd en

w ir die G rü n d e  dieser U n s tim m ig k e iten  u n d  die fa lschen  V o rau sse tzu n g en  
aufzeigen, die in  einigen F ä llen  bei der B estim m u n g  des V erh ä ltn isses  zw ischen  
R j  u n d  R 0 angenom m en w u rd en .
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In  e in er u n lä n g s t v e rö ffen tlich ten  A b h a n d lu n g  b e sc h ä ftig t sich K a w s i c i

[12] u n te r  an d e re m  m it d er ex p erim en te llen  B estim m u n g  d e r K o n s ta n te  R 0 
sowie m it d er k ritisc h e n  K o n z e n tra tio n  C0, die m ite in a n d e r d u rch  fo lgende 
B eziehung  v e rb u n d e n  sind [2]:

n '  =  C0 N '  =
3

4  n  Щ
( 2 )

w obei C Q in die en tsp rech en d e  M olekülzahl in 1 cm 3 b e d e u te t. H ierbei

b e n ü tz t  er die v o n  ihm  gefundene B eziehung  [13]

R j  =  31 3 R 0 . (3)

D en W e rt R j  b e s tim m t er d u rc h  V ergleich d e r E rfah ru n g se rg eb n isse , die sich  
a u f  die K o n z e n tra tio n sd e p o la risa tio n  d er P h o to lu m in eszen z  v o n  F luorescein-, 
R h o d am in  B -, R h o d am in  6G- u n d  T ry p aflav in -G ly cerin lö su n g en  beziehen, m it 
dem  aus d er T h eo rie  von J a b E o k s k i  [ 5 ]  sich  ergebenden  A u sd ru ck , der vom  
A u to r [14] v o rlieg en d er N o tiz  in  der F o rm

1 1 _  f  1 1 I V-

p  3 1p 0 3 I 2[v  — 1 .+  e~v]
(4)

a u fg e fü h rt w ird . P 0 b e d e u te t h ie r den G ru n d p o la risa tio n sg ra d  v =  V j i i , w obei 
V j  das V o lum en  d er W irk u n g ssp h äre  u n d  n  die Zahl d e r lum ineszierenden  
M oleküle in  1 cm 3 is t. A lsd an n  b e rech n e t K a w s k i  aus den  G leichungen (3) 
u n d  (2) die W e rte  R 0 u n d  C 0. F ü r  die a u f  diese W eise gefundenen  W erte  C 0 
s te llt  e r eine g u te  Ü b ere in s tim m u n g  der E rfah ru n g se rg eb n isse  m it der T heorie  
von  F ö r s t e r — O r e  [1, 15] fe s t. Im  w e ite ren  w erden w ir bew eisen, dass die 
B eziehung  (3), a u f  der die B erech n u n g  von  R 0 u n d  Cn b a s ie r t, n ic h t e inw andfre i 
b e g rü n d e t is t.

E s sei k u rz  d a ran  e r in n e r t, dass sich K a w s k i  bei d e r E n tw ick lu n g  d e r 
B eziehung  (3) a u f  fo lgende E rgebn isse  s tü tz te :
1. a u f  die M eth o d e  [7] zu r B estim m u n g  v o n  R 0, die a u f  d ie B estim m ung  d e r 
M olekülzahl n '  h in a u s lä u ft, w as dem  P o la risa tio n sg rad  e n tsp r ic h t:

1 1 1 1
= —  + —

p Pu Po 3
(5)

2. a u f  die v o m  A u to r [8] angegebene A b h än g ig k e it1

1 E rstaun lich  erscheint die Tatsache, dass sich K a w s k i, w ährend er die Beziehung (6) 
benü tz t, die von  mir in  einer allgemein zugänglichen Zeitschrift [8] veröffentlicht w urde, 
auf seine A rbeit [13] beruft, die in  einer schwer erhältlichen Zeitschrift ein Jah r nach E rschei
nen der A bhandlung [8] veröffentlicht wurde. Bei B enützung der Beziehung (6) stü tz t er sich 
übrigens auf dieselben V oraussetzungen, auf denen die A bhandlung [8] basiert.
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( 6)

 ̂0 • • • •
i n  d er ---- eine K o n s ta n te  is t, die i n  d e r  von W a w i l o w  au fgeste llten  T heorie

k 2
ü b er den  E in flu ss der K o n z e n tra tio n  a u f  die F luoreszenz d e r L ösungen  a u f tr i t t .  
D urch  V erg leich  des A usdruckes

I  . 1 . : j 1
T Tu ' iTo

(? )

der sich aus der G leichung (4) fü r v =  v j  n 1 e rg ib t, m it der F o rm e l von 
W a w i l o w

1 1

P  To

1

To

1

3
n, (8)

die g leichfalls die K o n zen tra tio n sd ep o la risa tio n  hei V ern ach lässig u n g  der 
A uslöschung  b esch re ib t, e rh ie lt er

« ,  =  — я Д 3, =  3 A . ,  
3 J k 2

(9)

w as bei B erü ck sich tig u n g  d er A b h än g ig k e it (6) schliesslich  die B ez iehung  (3) 
e rg ib t.

W ir ste llen  fest, dass K a w s k i  b e im  V ergleich der G leichungen  (7) u n d  (8) 
die G ü ltig k e it be ider F o rm eln  bis z u r  K o n z e n tra tio n  n '  v o ra u sse tz t, bei 
w elcher d e r P o la risa tio n sg rad  den W e rt (5) an n im m t. D ieser W ert d e r  k riti-

T g
sehen K o n z e n tra tio n  n '  b e s tim m t n ä m lic h  die K o n s ta n te n  —  u n d  R ...

*2
(V ergleiche die G leichungen (6) und  (8)). Indessen  d a r f  m an  sich des A us
d rucks (7) im  G egensatz zu  (8) n ich t in  d iesem  w eiten  B ere ich  der K o n z e n tra 
tio n en  b ed ienen . In so fern  näm lich  die lin e a re  A b h äng igke it (8) u n m itte lb a r  aus 
W a w i l o w s  allgem einem  A u sd ru ck  fü r  d ie  K o n zen tra tio n sd ep o la risa tio n  au f 
G ru n d  d er V ernach lässigung  des A uslöschens ohne so n stig e  V ere in fachungen  
h e rv o rg eh t, fü h r t  J a b l o n s k i s  Theorie b e i V ernach lässigung  des A uslöscbens 
zu  einer n ic h t linearen  B eziehung  (4), au s  d er m an e rs t fü r  v ^  1 die A b h ä n 
gigkeit (7) e rh ä lt. Som it s te h t  die V o rau sse tzu n g  der G ü ltig k e it des A u sd ru ck s 
(7) bis zu r K o n z e n tra tio n  n ' ,  der v =  3 e n tsp r ic h t, in au sd rü ck lich em  W id e r
sp ru ch  zu d er B ed ingung  v <§ 1. W ie w ir bew iesen hab en  [14], is t der A u sd ru ck  
(7) n u r fü r  v <7 0,3 eine g u te  N äh eru n g  d e r G leichung (4). Zu b em erk en  ist, 
dass sich K a w s k i  ganz unnö tigerw eise  a u f  die Theorie v o n  W a w i l o w  (A us
d ru ck  (8)), desgleichen a u f  die B eziehung  (6) b e ru ft, d a  sich die R e la tio n
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R j  =  З1 ' л 0 so fo rt e rg ib t, w enn m a n  die U n ric h tig k e it der V o rau sse tzu n g  von  
d e r  G ü ltig k e it des A usd rucks (7) fü r  die K o n z e n tra tio n  n '  in  B e tra c h t z ieh t. 
D a  d er P o la risa tio n sg ra d  fü r  d ie K o n z e n tra tio n  n '  den W e rt (5) an n im m t,

4 g
g e h t aus d er G le ichung  (7) h e rv o r , dass — n  R j  n '  = 3 ,  w as w egen  der G leich

h e it  n '  =  3/4я7?о so fo rt R j  — 31 3 R 0 erg ib t.
E in  w e ite re r  F eh le r K a w s k i s  bei d er E n tw ic k lu n g  d e r B eziehung (3) 

b e s te h t  d a rin , dass er A usd rücke (z. B . (7) u n d  (8) sowie (7) u n d  (5)) v e rg le ich t, 
die a u f  v e rsch ied en en  V o rau sse tzu n g en  b as ie ren . So b e rü c k s ic h tig t z. B . die 
T heorie  von  J a b e o n s k i  die F lu k tu a tio n  der K o n z e n tra tio n  lum inesz ie render 
M oleküle u n d  d ie  R ü ck w an d e ru n g  der A nregungsenerg ie  u n d  lässt k e ine  
M öglichkeit d e r Ü b e rtra g u n g  v o n  A nregungsenerg ie  an die M oleküle zu, d ie  
sich  in  e iner E n tfe rn u n g  von  R  >  R j  b e fin d e n , w ährend  d ie  A usdrücke (8) 
u n d  (5) von  d e r V o rau sse tzu n g  au s en tw icke lt w u rd en , dass d ie lum ineszieren- 
den  M oleküle in  d e r  Lösung d e r  g leichm ässigen V erte ilung  un terliegen . D ie 
v o n  K a w s k i  fe s tg e s te llte  zu fried en ste llen d e  Ü b e re in s tim m u n g  jen e r W erte  
e in e rse its , die sich  nach  F o rm el (1) au f G rund  v o n  M essungen d e r  A b so rp tions
u n d  F lu o re szen zsp ek tren  sow ie d e r m ittle re n  L eb en sd au er des M oleküls im  
an g ereg ten  Z u s ta n d  e rrechnen , u n d  der aus d e r  K urve  d e r K o n z e n tra tio n s
d ep o la risa tio n  a n h a n d  der G leichungen  (4) u n d  (3) e rrech n e ten  W erte  a n d e re r
se its , is t eine te ilw eise  w echselseitige K o m p en sa tio n  der F e h le r , die bei A u f
s te llu n g  d er B ez ieh u n g  (3) b eg an g en  w orden  sin d .

D ie F rag e  d e r w echselseitigen  B eziehung zw ischen R j  u n d  R 0 im  F a lle  
d e r  K o n z e n tra tio n sa u s lö sc h u n g  d er P ho to lum ineszenz  d u rc h  frem de S to ffe  
is t  in d er A rb e it v o n  J a b E o n s k i  [ 6 ]  und im  F a lle  der K o n z e n tra tio n sd e p o la ri
sa tio n  in  den A b h an d lu n g en  [10, 11] b e h a n d e lt  w orden.

Bei B estim m u n g  d er B eziehung  zw ischen  R  у und  R 0 w urde  d o rt u n te r  
an d e ren  das v o n  F ö r s t e r  angegebene G esetz d e r  W echselw irkung  der M oleküle 
b e rü c k s ic h tig t, d a  sich die W a h rsch e in lich k e it d e r  E n erg ieü b e rtrag u n g  m it d e r

E n tfe rn u n g  w ie R  6 v e rrin g e rt. D er gefundene W ert fü r  d as  V erhältn is R j
R „

beim  M odell m it  W irk u n g ssp h ä re  [6, 10] b e tru g  1,327. Im  F a lle  des S c h ic h t
m odells [16] e rh ie lten  w ir fü r  d as  gleiche V erh ä ltn is  den W e r t  1,279, der m it  
d en  V ersuchsergebn issen  v o n  S z a l a y  u n d  S á r k á n y  [9] seh r gu t ü b e re in 
s t im m t.2

2 Diese A u to ren  bestim m ten gleichfalls die Beziehung zwischen R  у und R 0 in  d e r 
G estalt R j  =  1,367 R 0. Die D iskussion hierüber is t in  A bhandlung [11] angegeben.
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ÜBER DIE ERSCHEINUNGEN DER 
ELEKTRODENZERSTÄUBUNG BEI Hg—A 

GLEICHSTROMENTLADUNG
Von

J .  S lN K A
FORSCHUNGSINSTITUT FÜR DIE NACHRICHTENTECHNISCHE INDUSTRIE, 

BRÓDY-IMRE-LABORATORIUM, BUDAPEST

(Eingegangen: 28. IX . 1965)

W äh ren d  dieses E x p e rim e n ts  w u rd en  vom  V erfasser die Z erstäu b u n g s- 
e rscheinungen  in  E n tla d u n g s ro h re n  m it O x y d k a th o d en  u n te rsu c h t. D ie 1200 
m m  langen  g läsernen  E n tla d u n g sro h re n  0 38 m m , h a t te n  eine A -G asfü llung  
u n te r  einem  D ru ck  von  3 T orr. D ie M essungen w u rd en  bei einer U m g eb u n g s
te m p e ra tu r  von  25 2° C bei G le ich s tro m en tlad u n g  n ach  d er M ethode von
K ü h l  [1 ] d u rch g e fü h rt. D er E n tla d u n g ss tro m  (iL) d ien te  als P a ra m e te r ;  in 
A b h än g ig k e it von  diesem  w u rd en  die Z erstäu b u n g sg esch w in d ig k e it ( Vz ) 
w e ite rh in  die T em p era tu rän d e ru n g e n  an  den  au f den  E lek tro d en  en ts teh en d en  
A noden- ( T Fa) bzw . K a th o d en fleck en  ( T f /c)  g ep rü ft. D er G le ichstrom  w urde 
m it e iner sp an n u n g ss tab ilis ie rten  G le ichstrom quelle  e rzeug t. Z ur M essung der 
G eschw indigkeit der Z e rs täu b u n g  d er einzelnen O x y d ü b erzü g ek o m p o n en ten  
d ien te  eine aus M o n o chrom ato r-M ultip lie r-V erstä rker-O sz illo skop-E inhe iten  
[2] zusam m engeste llte  M essein rich tung . D ie T e m p e ra tu r  w urde u n te r  B erü ck 
sich tig u n g  der in so lchen F ä llen  erfo rderlichen  K o rre k tio n  m it H ilfe  eines 
op tisch en  P y ro m ete rs  b es tim m t.

O bw ohl w äh ren d  der M essungen die B estim m u n g  der V e rän d eru n g en  in 
den  O berflächen  d er A noden- u n d  K a th o d en fleck e  n ic h t die w ich tig s te  Rolle 
sp ie lte , w urde  m it H ilfe eines K a th e to m e te rs  fe s tg e s te llt, dass sich  die Grösse 
d er F lecken  in dem  h ie r u n te rsu c h te n  S trom bereich  n ic h t w esen tlich  än d erte . 
D ie M essung der Z e rs täu b u n g  e rs tre c k te  sich au f alle d re i K o m p o n en ten  des 
die O xyde von  B a, Sr u n d  Ca e n th a lte n d e n  D rei-O xyds. Die U n te rsu ch u n g en  
w u rd en  bei B a m it Я =  451 nm , bei S r m it Я =  460 n m  bei Ca m it Я =  412 nm  
d u rch g e fü h rt. D ie Z e rs täu b u n g  von  Sr u n d  Ca v e r lä u f t ähn lich  wie die von  B a, 
u n d  erw artungsgem äss zeig te der A b la u f des Sr u n d  besonders des Ca in  dem  
u n te rsu c h te n  F a ll einen  n ied rigeren  W ert. D eshalb  sollen die Ä n d eru n g en  
d ieser be iden  K o m p o n en ten  (Sr u n d  Ca) h ier n ich t d isk u tie r t  w erden .

D ie K enn lin ien  d er B ren n sp an n u n g  ( V L)  u n d  d er L e is tu n g  (JE) sind 
sow ohl bei d er A node (A bb. 2) als au ch  bei d er K a th o d e  (A bb. 1) g leich , weil 
die Z erstäubungsgeschw ind igkeit in  be iden  F ä llen  u n te r  A nw endung  der 
g leichen R öhren  b e s tim m t w urde. D ie B each tu n g  d e r F eh le rg ren zen  bei den 
an g ew an d ten  M essungen fü h rte  zu  d e r F ests te llu n g , dass die bei versch iedenen
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E n tla d u n g ss trö m e n  (i L) aufgenom m enen  W erte  d e r einzelnen P a ra m e te r  
g rap h isch  d u rch  die a u f  den A bb ild u n g en  1 u n d  2 gegebenen G eraden  d a rg e 
s te ll t  w erden  k ö n n en . D ie M essungen b es tä tig en  d ie  L ite ra tu ra n  gab en [3], 
dass d er A nodenfleck  be i gegebenem  E n tla d u n g s tro m  eine höhere  T e m p e ra tu r

h a t  als der K a th o d en fleck , w enn es sich um  eine G le ich stro m en tlad u n g  h an d e lt. 
D a rü b e r  h inaus w u rd e  die bisher in  der L itera tur  nicht erwähnte Tatsache 
bew iesen , dass die G eschw ind igkeit der Z e rs täu b u n g en  der K a th o d e  tro tzd em  
e in en  höheren  W e r t  aufw eist als be i der A node.

E n tsp re c h e n d  den  A bb ild u n g en  1 u n d  2 k a n n  die Z erstäubungsgeschw in 
d ig k e it ( V z) in  d em  u n te rsu c h te n  B ereich sow ohl bei d e r A node- als auch
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bei d er K a th o d e  m it g u te r  A n n äh eru n g  als lineare  F u n k tio n  des E n tla d u n g s 
strom es (i L) aufgefasst w erden; d ies b ez ieh t sich a u f  die b e id en  F leck en 
te m p e ra tu re n  T  Fk u n d  T p a, au f die B ren n sp an n u n g  (Up)  u n d  a u f  die e le k tr i
sche L e is tu n g  (W ).  D a ra u s  folgt, d ass  au ch  das V e rh ä ltn is  zw ischen d e r Z er
s täu b u n g sg esch w in d ig k e it u n d  der F le c k te m p e ra tu r  lin e a r  is t  (A bb. 3).

Abb. 3

D iesen Z u sam m en h an g  beschre iben  in nerha lb  des u n te rsu c h te n  B ereiches 
folgende B eziehungen: 
an  der K a th o d en se ite

VZk — Л к ' T Fk -f- B k =  f ( T Fk), ( la )
an  der A nodenseite

Ka  +  Д г  Tpa  +  B a =  f ( T Fa) , ( lb )

w obei A k u n d  B k die K e n n w e rtk o n s ta n te n  an  der K a th o d e n se ite , A a u n d  B a 
h ingegen d ie  an  der A nodenseite  b ezeichnen .

Die A bb ild u n g  3 ze ig t die den G leichungen  ( la )  u n d  ( lb )  e n tsp rech en d  
au fg e trag en e  K a th o d e n k u rv e  Vzk — f ( T Fk) u n d  die A n o d en k u rv e  Vz a = f ( T Fa). 

A us d e r  A bb ildung  k a n n  geschlossen w erden , dass

A k A a ,

Vzk >  V za (bei g leichen  T e m p e ra tu ren  T).

D er Q u o tien t A aI A k, gebildet aus d e r S te ilhe it d e r K enn lin ien

A a\ A k =  0,04 (4)

w eist d a ra u f  h in , dass es eine w eitere W irk u n g  g ib t, d ie  von  der P o la r i tä t  der 
E lek tro d en  abhäng ig  is t , und  neben d e r  die au f den E lek tro d en o b e rfläch en

( 2)

(3)
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a u f tre te n d e  F le c k te m p e ra tu r  die Z e rstäu b u n g sg esch w in d ig k e it ( Vz) gleichfalls 
d eu tlich  b ee in flu ss t.

W ie b e re its  e rw äh n t, ä n d e r t  sich die G rösse d er A noden- u n d  K a th o d e n 
fleck e  n u r  u n m erk lich , die F leck o b erfläch e  k a n n  also n ic h t als U rsache  fü r  d ie 
A bw eichung  d e r K u rv en  Vzk =  A k • T Fk -J- B k bzw . Vza =  A a • T Fa +  B a be
t r a c h te t  w erden .

D ie E ig en sch a ften  d e r K en n lin ien  Vzk u n  d Vza w erden  au sse r d u rch  d ie 
T e m p e ra tu r  au c h  d u rch  die im  A noden- u n d  K a th o d e n ra u m  w irk en d en  M echa
n ism en  w esen tlich  b ee in flu sst. D iese s ind :

bei der Kathode  — E lek tro n en em iss io n , Io n en e in sch lag , d e r die K a th o d e n  
au ch  m ech an isch  b esch äd ig t, au sserd em  d e r V erlu st d u rch  W ä rm e s tra h lu n g , 
W ärm e k o n v e k tio n , W ä rm e ü b e rtra g u n g  sow ie d er d u rch  d ie  E le k tro n e n 
em ission e n ts te h e n d e , w e ite rh in  d er d u rch  die V erd am p fu n g  u n d  die m ech an i
sche Z e rs tä u b u n g  des K a th o d en ü b e rzu g es  v e ru rsa c h te  W ärm ev e rlu s t;

bei der A node  — E lek tro n en e in sch a lg , die W ärm ev e rlu s te  du rch  S tra h 
lu n g , K o n v e k tio n  u n d  Ü b e rtra g u n g .

D ie A bw eichungen  d e r h ie r  a n g e fü h rten  K en n lin ien  v o n  anodischen  u n d  
k a th o d isc h e n  E rsch e in u n g en  k ö n n en  a u f  die A bw eichungen  infolge d ieser 
M echan ism en  z u rü c k g e fü h rt w erden .

D ie h ie r  gem essene Z erstäu b u n g sg esch w in d ig k e it v e re in ig t in sich d ie  
V e rd am p fu n g  wie auch  den  m echan ischen  Z erfall: die Z erstö ru n g . W elchen 
u n te r  d iesen  E n tla d u n g sp a ra m e te rn  im  gegebenen E le k tro d e n fa ll die grössere 
B e d eu tu n g  zu k o m m t, w ild  die W e ite rfü h ru n g  der h ie r m itg e te ilte n  U n te r 
su chung  zu en tsch e id en  h ab en .
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In tro d u c tio n

T he re s is tiv ity  ra tio  as m easu red  in  ice, or in  liqu id  H e, H 2 or N 2 is o ften  
used  to  cha rac terize  th e  p u r i ty  of d ifferen t m eta ls . I t  is genera lly  accep ted  in  
th e  l ite ra tu re  t h a t  th is  re s is tiv ity  ra tio  varies  accord ing  to  th e  p u rity  o f th e  
sam ple, a f te r  a su itab le  h e a t  t re a tm e n t has been  em p lo y ed  to  rem ove th e  
v a rio u s ph y sica l la ttic e  d efec ts  (po in t defec ts , d islocations). H ow ever, th e  
question  arises as to  w h a t is to  be reg a rd ed  as “ su ita b le ”  h ea t t re a tm e n t ,  
an d  how  fo r th is  ra tio  is c h a ra c te ris tic  o f th e  chem ical p u r i ty  of th e  g iven  
m eta l, because i t  has been  show n [1 — 3] t h a t  th e  re s is tiv ity  ra tio  of a g iven  
sam ple m ay  change b y  fu r th e r  h ea t t re a tm e n t even a f te r  th e  rem oval o f  
physica l la ttic e  defects.

The re s is tiv ity  ra tio  o f 99 ,999%  copper varies w ith  th e  residual p ressu re  
o f th e  v acu u m  h e a t t r e a tm e n t:  D olecek an d  Schultz [1] s tu d ied  th e  effect 
in  liqu id  H e, Lange and  H aeussler  [2] in  liq u id  H>. T h e  resu lts  of th e  tw o  
in v estig a tio n s differed  co nsiderab ly . T he re s is tiv ity  ra t io  o f a lum in ium  of 
d iffe ren t p u r ity , has also show n some an o m aly  during  m easu rem en t in  liqu id  
H 2, a fte r  h ea t tre a tm e n t in  a ir  [3].

In  th is  p a p e r we w ish to  su b m it som e resu lts , re la te d  to  th e  effect o f  
h e a t t re a tm e n t an d  of th e  im p u r ity  co n ten t o f various a lu m in iu m  and  co p p er 
sam ples, w ith  m easuring  th e  re s is tiv ity  ra tio  in  liqu id  N 2 a n d  ice te m p e ra tu re s .

A lum inium

R esu lts for several a lu m in iu m  wires o f d ifferen t p u ritie s  are show n in  
F ig u re  1. The sam ples w ere d raw n  to  a d iam e te r  o f 1 m m  a n d  were held  fo r a 
long period  a t  room  te m p e ra tu re  before fu r th e r .tre a tm e n t. T h e  h ea t t r e a tm e n t
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w as effec ted  in  vacuo , a t  5.10 5 T orr, h o ld in g  th e  sam ples fo r  a period  o f  30 
m in u tes  a t  a g iven  te m p e ra tu re . As can  be  seen in  F igu re  1, th e  value  o f th e  
^27з/-^78 re s is t iv i ty  ra tio  o f a lum in ium  sam ples of d iffe ren t p u r i ty  depends 
co n sid e rab ly  on  th e  te m p e ra tu re  of th e  p rev io u s h e a t t r e a tm e n t .

T he zone re fin ed  sam ple  “ 1”  o f 9 9 ,999%  p u rity  so ften s  con sid erab ly  a t 
room  te m p e ra tu re  w ith in  a few  hours a f te r  defo rm atio n , i.e . la ttic e  defects^

Fig. 1. The Д 273/К 78 resistiv ity  ra tio  of alum inium  wires of different p u rity  as a function  of the 
tem pera tu re  of previous hea t treatm en t

responsib le  fo r th e  w ork h a rd en in g , a re  rem oved d u rin g  th is  an n ea ling . 
The fu r th e r  decrease of low  te m p e ra tu re  re s is tiv ity  a f te r  a h e a t t r e a tm e n t  a t 
200 to  300° C can  be re la te d  to  th e  rem o v a l of tho se  la t t ic e  d efec ts , w hich 
rem ain ed  fo r a longer p e rio d  in th e  sam p les  held  a t  ro o m  te m p e ra tu re . The 
increase o f  th e  re s is tiv ity  ra tio  of th e  less p u re  sam ples “ 2”  an d  “ 3”  up  to  a 
te m p e ra tu re  o f 200° €  re sp . 300° C can  b e  exp la ined  a g a in  b y  th e  rem o v a l of 
la ttic e  d e fec ts , m ain ly  d isloca tions, as w as show n b y  p a ra lle l m echan ical te s ts . 
F o r a n n ea ls  a t  s till h ig h er te m p e ra tu re s  th e  re s is tiv ity  ra t io  increases w ith  th e  
an n ea lin g  te m p e ra tu re , b u t  la te r  it  decreases . T he d ecrease  is m ore p ro n o u n ced  
in  th e  case  o f  sam ples o f low er p u r i ty . T h is  fac t can  be  re la te d  to  som e in te r 
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ac tio n  be tw een  th e  d iffe re n t im p u ritie s , or b e tw een  im p u ritie s  a n d  la tt ic e  
defects.

A ccord ing  to  th e se  consid era tio n s i t  is h ig h ly  d eb a tab le  w h a t h e a t  
tre a tm e n t m u s t be ap p lied , when th e  p u r i ty  of a g iven sam ple  is to  be c h a ra c 
te rized  b y  th e  re s is tiv ity  ra tio . T he d iffe ren t й 27з/^78 r a t i ° s show  nearly the 
same value after a heat treatment at 200  to 250° C, regardless o f  great differences in  
their pur ities .  I t  is th e re fo re  u n certa in  w h a t h e a t t r e a tm e n t  leads to  re s is tiv ity  
ra tio s  ch a rac te ris tic  o f th e  im p u rity  c o n te n t of th e  d iffe ren t sam ples.

O ur fu r th e r  in v es tig a tio n s  have  show n th a t  th e  re s is tiv ity  ra tio  m ax im a , 
p roduced  b y  anneals o f ro u g h ly  b e tw een  200 an d  400° C, can  h a rd ly  be re la te d

Fig. 2. The R „ .JR 1S resistivity  ra tio  of copper wires of different p u rity  as a function of the 
tem perature  and th e  residual pressure of previous heat trea tm en t

to  th e  so lu tio n , p re c ip ita tio n  or ev ap o ra tio n  of an y  im p u ritie s  p resen t in  sm ell 
co n cen tra tio n s . I t  seem s to  be n ecessary  there fo re  to  in v es tig a te  in  con
junction  ivith the change o f  the resistivity ratio as a fu n c t io n  o f  the previous heat 
treatment, the response o f  the samples to deformation and  recovery, and to charac
terize th e  p h y sica l s ta te  o f  th e  given sam p les  by these jo in t  properties.

Copper

R e su lts  o f th e  m easu rem en t of th e  re s is tiv ity  ra tio  o f d iffe ren t co p p er 
w ires are  show n in F igu re  2, as a fu n c tio n  o f th e  te m p e ia tu re  of p rev ious h e a t  
tr e a tm e n t.  T h is was e ffec ted  fo r a p e rio d  of 4 hours a t  d iffe ren t degrees of
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v a c u u m , on zone-refined  co p p er (99 ,999% ) a n d  e lec tro ly tic -g rad e  copper 
(99 ,9% ). I t  can  b e  seen th a t  th e  v a lu e  o f th e  R 273IR 78 ra tio  depends considerab ly  
on  th e  an n ea lin g  a tm o sp h ere . F o r  th e  p u re r  sam ples th e  effect is sm aller. In  a 
p o o r v acu u m  (1 0 ~ 2 T orr) th e  ra tio  becom es g en era lly  h igher, an d  fo r less p u re  
sam ples decreases on ly  above 600° C. T h is e ffec t can  be ex p la in ed  in  v a rious 
w ays. I t  m ay  b e  possib le t h a t  th e  oxygen  in  th e  residua l a tm o sp h e re  com bines 
w ith  th e  iro n  im p u r ity  c o n te n t of th e  g iven  copper sam ple , show ing a g re a t 
R 273/R 7S ra tio . T h e  decrease o f th is  ra tio  in  th e  case of th e  less p u re  copper 
sam ples can  also  be re la te d  to  th e  re so lu tio n  o f th e  iron  c o n te n t [2]. I t  is 
possib le, h o w ev er, th a t  th e  in te ra c tio n  of o th e r  im p u ritie s  w ith  oxygen gives 
rise  to  th is  an o m alo u s b eh av io u r.

I f  we co m p are  th e  re su lts  of F ig u re  2  w ith  th e  d a ta  o f D o l e c e i c  a n d  
S c h u l t z  [ 1 ] ,  re sp . L a n g e  a n d  H a e u s s l e r  [ 2 ] ,  we come to  th e  conclusion , t h a t  
besides th e  fa c to rs  a lread y  lis te d , th e  cooling liq u id  used  d u rin g  th e  m easu re 
m e n t of th e  re s is tiv ity  m a y  also in fluence  th e  va lu e  of th e  low  te m p e ra tu re  
re s is tiv ity , le a d in g  to  th e  la rg e  d iscrepancies be tw een  th e  d a ta  of vario u s 
ex p e rim en te rs . T h e  m easu rem en ts , m ade on d iffe ren t copper sam ples show , 
in  co n fo rm ity  w ith  th e  co n sid era tio n s re la te d  to  th e  a lu m in iu m  sam ples, 
t h a t  th e  a b so lu te  v a lue  of th e  re s is tiv ity  ra tio  in  itse lf  alone is n o t  an  equ ivocal 
c h a ra c te ris tic  o f  th e  p u r i ty  o f th e  m e ta l, an d  should  be  coup led  w ith  th e  
in v e s tig a tio n  o f o th e r p h y sica l processes.

O u r  t h a n k s  a r e  d u e  t o  M r s .  J .  P . K u i c o n y a  f o r  h e r  h e l p  d u r i n g  t h e  

m e a s u r e m e n t s .
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I t  is know n  th a t  th e  e lastic  sc a tte r in g  of electrons b y  n e u tra l  a to m s is o f 
g rea t in te re s t in  connection  w ith  u p p er a tm o sp h ere  physics an d  astro p h y sics . 
T he range o f th e  energy  of th e  sc a tte re d  e lec trons is of th e  o rd e r of 0 to  50 eV. 
T he accu racy  o f th e  ca lcu la ted  phase  sh ifts  depends v e ry  m u ch  on th e  a p p ro x 
im ation  m eth o d  as well as on th e  a to m ic  p o te n tia l. The p u rp o se  of th is  p a p e r  
is to  ca lcu la te  th e  phase  sh ifts  using  H c l t h e n ’s m eth o d  an d  th e  a p p ro x im a tio n  
for th e  H a r t r e e  —  F o c k  p o te n tia l o f n e u tra l  a tom s. A ccord ing  to  S t r a n d  an  
B o n h a m  [1] th e  rad ia l e lec tron  d en sity  o f  n e u tra l H a r t r e e  —  F o c k  a to m s 
can be ac c u ra te ly  rep resen ted  b y  th e  exp ression  correspond ing  to  th e  fo llow ing 
form  of th e  screening  fa c to r  Z p{r)jZ

2 m
Z P (r )/z  -  aYi ex P (— 4  r) +  r 2  b7j exp ( - %  r) , (1)

i= i  j = i

w here r is th e  rad ia l d is tan ce , Z p(r) th e  e ffec tive  n uc lear ch a rg e  fo r th e  p o te n 
tia l, Z  is th e  a to m ic  n u m b er, m  =  2 for Z  =  2 to  Z  =  18 a n d  m  =  3 for Z  =  19
to  Z  — 36 a n d  ayi, “Áj, byj an d  bXj are  p a ra m e te rs  to  be o b ta in e d  fo r each a to m .

2
F o r th e  p o in t r =  0 th e  co n d ition  У  ay ,■ =  1 is o b ta in ed  fo r th e  ay,. T h e

i - 1

e lec tro s ta tic  p o te n tia l F (r) in  a to m ic  u n its  is re la te d  to  Zp(r) as V(r)  =  —Z p(r)/r. 
In  o rder to  f in d  th e  phase  sh if t for low  energy  sc a tte rin g  o f e lec trons b y  
H a r t r e e  —  F o c k  n e u tra l a to m s we app ly  th e  H u l t h é n  [ 2 ]  v a r ia tio n a l m e th o d  
for th e  q u a n tu m  n u m b er / =  0 using  eq. (1). In  th is  case w e w rite

L [ а д T  +  k ~dr2
R u (r ) dr +  2Z i ’Y Í

1 =  1 J

R l ( r ) d r

(2 )
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m  r

+  2 Z  ^ ьУ] \ е - ^ г Щ ( г )  d r ,  
j= 1 J 0

where R 0(r)  is the approximate solution for the Schrödinger  eq. for 1 =  0  
satisfying the following boundary condition

R o(0) =  0 and lim R 0(r) —*■ sin kr  -}- a  cos kr .  (3)
Г-C«.

In eq. (2) к 2 =  2E ,  where E  is the incident energy of the scattered electron and 
a  in eq. (3) is related to the phase shift r j0 as follows a  =  tan r]0. If a suitable 
trial function for R 0(r) containing n  -f- 1 independent parameters ct, . . . c2, . . . 
is chosen then according to Hulthén’s variational method these parameters 
are determined by the conditions L  =  0 and 9L/9c, =  0, i  =  1, . . . ,  n ,  where 
a  =  tan r}0 determines the phase shift. In this paper we calculated the phase 
shifts i j 0 using for R 0(r)  following expression [3]

R 0(r) =  sin k r  -f- ( a  b e ~ cr) (1 — e ~ Lr) cos kr  . (4)

This approximate solution of the Schrödinger equation for the case 1 =  0  
fulfills the required boundary conditions given by eq. (3) and contains the 
independent parameters a ,  b  and c  where a  =  tan rj0 . At first we have calcul-

Г d 2ated JRo(r) and R 0( r )  - +  kr R 0( r )  namely:
d r 2

R l(r)  =  n2( l  — 2e ir -f- e 2ir) cos2 kr  -f- 62(e 2tr — 2e ' 3ir -j- e iir) cos2 kr  -|-

2ab(e~‘r — 2e_2tr e~Scr) cos2 kr  (5)

-)- 2 o (l — e~cr) sin kr  cos kr  -(- 2b(e~cr — e~2cr) sin kr  cos kr  sin2 kr
an d

d'l f t
R 0 — —— к2 Rg =  a2[2ck(e~2cr — e~tr) sin kr  cos kr -f-

dr

-f- c2(e_2tr — e Г) cos2 ^ r ] +  b2 [2ck(e~2ir — 3e^3<r -f-

-f- 2e 4ir) s in  kr  cos kr c2(e~2cr — 5e 3ir -)- 4e_4tr) cos2 kr]  -)-

-|- ab[2ck(e~cr — 4e_2cr -|- 3e~3cr) sin kr  cos kr  -f- c2(e_ ‘r —

— 6e^’<r -f- 5e_3tr) cos2 kr]  -f- a [ —2cke~cr sin2 kr  —

— c2 e~cr sin  kr  cos kr] -)- b\2ck(e~ir — 2e_2tr) sin2 kr  -)-

+  c2 (e~cr — 4e_2cr) sin kr  cos kr] . (б)
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S u b s titu tin g  R'o{r) a n d  R 0 -------— -j- k 2Rg in to  th e  expression fo r  L  given b y
dr

eq . (2) we o b ta in

L  =  A xa2 -f- B ±b2 +  Cyab +  D ta -f- E rb A.,a2 -f- B 2b2 -f- C2ab -1- D.,a +

+  E 2b +  F2 -[- A 3a2 -f- B 3b2 +  Csab -f- D 3a E 3b -f- F 3 , ( ? )

w here  th e  sym bols A x, B 15 Cv  D v  E 15 . . . A 2, B2, C2, D.,, E 2, F 2 a n d  A 3, B 3, C3, 
E 3, F 3 are  given b y

A  =

в,

c(2c2 +  k2)
4(c2 +  к2)

c(2c2 +  3k2) c(45c2 +  28fc2) c(8c2 +  ЗА:2)
+

4(c2 +  k 2) 3(9 c2 +  4/с2) 2(4c2 +  k2)

_  c(4c2 +  5k2) c(45c2 +  28fc2)
C, — — ---------------------- h

2(c2 +  k 2) 3(9 c2 +  4k2)

D\ =  — к  , E 1 =  0 ,

A 2 =  Z  y  °7i fin  - Ä +  C)̂ \  +  ± -  In
[ ( 4  +  c)2 +  4A2]2

Ä I 4 ( 4  + 2c) 2 [4  + 4/c2][(4 + 2c)2 + 4fc2]
B, =  z ÿ  “у,- (in------1 4  +  Зс)а--------

/=1 I 4  + 2c) (“Я,- -)- 4c)
In

[ ( 4  +  3c2)2 +  4fe2]2
2 [ ( 4  +  2c)2 +  4/c2]2 [ ( 4  +  4c)2 +  4A;2]

C 2 =  2 Z  y y A l n ( 4  +  2c)2
1= 2 (4- + 0  (4 +  3c)

+

; J L ] n  [(4 -  +  2c)a +  4A2]2
2 n  [(4 +  c f  +  4A:2] [ ( 4  +  3c)2 +  4 A;2]

D 2 =
2k  , 2k

ta n -“1
4  +  c 

2ck
=  2Z  V ay t a n -1  — ,

i = i 4Ac2 -)- 4  ( 4  +  c)

jT. „ „  * \ , 2 k  2k )

Ú  \ 4  +  c 4  +  2c j

2 9 r k
=  2Z  V V  t a n - 1 —

Â  4fc2 +  ( 4  +  c) ( 4  +  2c)
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F  2 = - 2 aV‘ln
2 i = 1

a n d

2k 2

2 Z  2 bYj
i= 1

; bXj +  2k2 2 ( %  +  c)2 +  4fc2
+  ~  (bl j  +  c ) [ ( %  +  c)2 +  Щ  +

______( %  +  2c)2 +  2 k 2 )

\ %  +  2c) [ (%  +  2c)2 +  4 F ] |  ’

(8)

Bs =  2 Z 2 V j ____ ^  +  2c)2 +  2fc2____ - -
P  J !(%■ +  2c) [(%• +  2c)2 +  4fc2]

_________ 2 ( bXj  +  3c)2 +  4fc2 ___________ { bÀj  +  4c)2 +  2  k-
(bXj +  3c) [{bXj -(- 3c)2 -f- 4 fe2] (bXj -f- 4c) [(*Яу -f- 4c)2 —)— 4AcJ

C = 4 Z V y (  (Ч- +  c)2 +  2 k 2 ______ 2 ( %  +  2c)2 +  4 fc2
3 í S  У1 ( Ч  +  с ) [ (%  +  с)2 +  4А2] ( %  +  2c) [(%• +  2c)2 +  4fc2]

(bXj -(- 3c)2 -f- 2k 1 I
( % . +  З с ) |(4Яу +  3c)2 +  4fc2] j ’

D , =  AZk y by .

E ,  =  4 Z k  У  byj

P  7 i  ЬЦ  +  4Ä2 (%  +  c)2 +  4fc2 j  ’

1 1

i =i ("Я- +  c)2 +  4fc2 (*Я, +  2c)2 +  4/c2

m У;
F ,  =  4Zfc2 > -  ---- — LL--------

3 P  %• (*Я2 +  4fc2)

T h e  n u m erica l v a lu es  of th e  p a ra m e te rs  aXv  ay 2, аЯ2, Vi» • • • 6AS an d  p  fro m  
Z  —  2 to  Z  =  36 a re  ta b u la te d  in  T ab le  I. T he p a ra m e te rs  a, b a n d  c for sev e ra l 
/с-values an d  a to m ic  num bers Z  =  2, Z = 6 ,  Z = 7 ,  Z = 8  a n d  Z  =  10 h av e  
been  co llected  in  T ables I I ,  I I I ,  IV , V an d  V I. T he n u m erica l values o fth e se  
p a ra m e te rs  are  d e te rm in ed  usin g  H u l t h é n ’ s m e th o d  b y  th e  h e lp  of an IB M 709 
d ig ita l co m p u te r . a) b) c)

a) D. R. H a r t b e e  and W. H a r t r e e , Proc. Roy. Soc. (London) A, 193, 299, 1948.
b) d) For references see [1].
c) 3s wavefunction is from L. B ie r m a n n  and E . T r e f f t z , Z. A strophys., 26, 213, 1949.

wavefunction for Mg** from W. J .  Y o st , Phys. Rev., 58, 557, 1 9 4 0 . ___________^
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Table I
Values of the param eters aA,, ay,, aA2, by l . . , by3, b/-:l and  ay 1 =  1 — ay2

z % aYt % *y. % by
1

% "y, 4

1 2.000 1.000 2.000 1
2 2.4907 0.5489 3.219 0.2546 5.244
3 0.8776 — 0.2197 7.951 — 1.2520 1.795 -  1.3296 3.192
4 1.1824 — 0.3171 9.624 — 2.0940 2.877 - 1.5037 5.186
5 1.4333 — 0.3002 11.848 — 2.3256 3.796 — 1.6440 6.667
6 1.7315 — 0.3391 13.713 -  2.7379 4.718 — 2.0444 8.333
7 2.0249 — 0.3521 15.700 — 3.0744 5.671 — 2.3369 9.960
8 2.2376 — 0.2806 18.263 — 3.0715 6.803 - 1.9710 11.548
9 2.4796 -0 .2 5 3 8 20.644 — 3.2697 7.971 — 1.8073 13.392

10 2.7385 — 0.2464 22.850 — 3.5467 9.129 1.7746 15.381
l l a) 1.2009 -  0.1353 25.776 — 1.7781 2.013 -  3.576 11.463
Hb) 1.1968 -  0.1317 25.996 — 1.7673 2.006 -  3.531 11.469
12c) 1.2709 — 0.1630 26.644 — 2.0702 2.334 -  4.138 12.784
12d) 1.2724 -0.1670 26.519 — 2.0859 2.340 — 4.198 12.780
13 1.3532 —0.1951 27.522 — 2.3888 2.674 -  4.804 14.036
14 1.4722 — 0.2293 28.407 — 2.7089 3.061 5.531 15.233
15 1.6115 — 0.2655 29.329 -  3.0555 3.483 6.323 16.392
16 1.7525 -0 .2 9 7 9 30.417 — 3.4114 3.915 -  7.095 17.546
17 1.9037 — 0.3336 31.476 — 3.8189 4.373 -  7.952 18.675
18 2.0636 — 0.3740 32.485 — 4.2960 4.853 — 8.916 19.772
19 2.320 — 0.4523 32.78 — 5.045 5.439 10.448 20.656 0.0470 0.6328
20 2.625 — 0.5426 33.24 — 5.945 6.058 -12 .224 21.541 0.1212 0.8498
21 2.742 -0 .5 2 9 0 35.50 — 6.075 6.450 — 12.47 22.83 0.1353 0.936
22 2.883 — 0.5397 36.70 6.508 6.885 — 13.191 23.986 0.1487 1.0169
23 2.032 — 0.5507 38.11 -  6.885 7.324 — 13.823 25.095 0.1597 1.0919
24 3.177 — 0.5574 39.56 — 7.225 7.760 -14 .381 26.212 0.1683 1.1610
25 3.318 -0.5604 41.04 — 7.533 8.195 — 14.876 27.339 0.1733 1.2204
26 3.458 -0 .5587 42.59 — 7.792 8.629 -15 .285 28.493 0.1828 1.2952
27 3.594 — 0.5551 i 44.17 — 8.028 9.064 - 15.653 29.656 0.1890 1.3613
28 3.726 — 0.5498 45.78 -  8.242 9.499 -  15.981 30.831 0.1938 1.4240
29a) 3.856 — 0.5436 47.41 — 8.439 9.935 16.284 32.013 0.1973 1.4838
30 3.985 — 0.5379 49.03 -  8.637 10.374 — 16.587 33.195 0.1989 1.5376
31 4.293 — 0.5978 49.65 — 9.658 ; 11.000 — 18.278 34.056 0.2718 1.5819
32 4.581 — 0.6485 1 50.42 — 10.601 11.584 — 19.792 34.943 0.3455 1.6531
33 4.911 -0 .7 1 2 8 51.05 — 11.765 12.189 -21 .619 35.768 0.4386 1.769
34 5.256 — 0.7818 51.70 — 13.044 12.795 — 23.579 36.589 0.5406 1.8922
35 5.629 — 0.8621 52.29 — 14.530 13.410 — 25.805 37.376 0.6557 2.0288
36 6.029 — 0.9534 52.84 ! — 16.230 14.032 -28 .297 38.138 0.7832 2.1740
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Table II
The num erical values of the param eters a, b, c for Z  =  2 and for small values of fc

к a b C

0.0707 —0.0016 0.0055 1.971
0.2236 —0.0356 0.1124 1.964
0.3162 — 0.0903 0.2644 1.943
0.7071 0.5392 —  1.1064 1.565
0.8944 0.4851 — 1.2021 1.662
1.0 0.4603 — 1.210 1.703
1.0954 0.4420 — 1.202 1.734
1.2247 0.4221 — 1.181 1.767
1.4142 0.4004 — 1.140 1.802

Table III
The numerical values of the param eters a, b, c for Z  =  6 and for sm all values of к

к a b C

0.0707 —  0.0026 0.0046 1.971
0.2236 —  0.0599 0.0937 1.959
0.3162 — 0Л659 0.2238 1.917
0.7071 0.6509 — 0.6329 1.505
0.8944 0.6032 — 0.7454 1.598
1.00 0.5844 — 0.7760 1.639
1.0954 0.5716 — 0.7900 1.670
1.2247 0.5592 — 0.7956 1.703
1.4142 0.5475 — 0.7889 1.741

Table IV
The num erical values of the param eters a, b, c for Z  =  7 and for sm all values of к

к a b C

0.0707 — 0.0027 0.6045 1.971
0.2236 — 0.0630 0.0914 1.958
0.3162 — 0.1763 0.2184 1.913
0.70*71 0.6672 — 0.5960 1.499
0.8944 0.6001 — 0.7393 1.633
1.0954 0.5876 —0.7541 1.663
1.2247 0.5158 —0.9611 1.697
1.4142 0.5652 — 0.7560 1.735
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Tabic V

The numerical values of the param eters a, 6, c for Z  — 8 and for sm all values of к

к a b C

0.0707 —  0.0028 0.0044 1.971
0.2236 — 0.0655 0.0895 1.958
0.3162 — 0.1851 0.2139 1.918
0.7071 0.6808 — 0.5675 1.494
0.8944 0.6314 — 0.6789 1.587
1.00 0.6129 — 0.7108 1.628
1.0954 0.6007 — 0.7263 1.659
1.2247 0.5894 — 0.7341 1.692
1.4142 0.5797 — 0.7301 1.739

Table VI

The numerical values of the param eters a ,b ,c  for Z  =  10 and for sm all values of k

к a b «

0.0707 — 0.0029 0.0043 1.971
0.2236 — 0.0694 0.0865 1.957
0.3162 — 0.1990 0.2069 1.905
0.7071 0.7022 —  0.5264 1.487
0.8944 0.6512 — 0.6369 1.580
1.0 0.6328 —  0.6694 1.621
1.0954 0.6209 —  0.6857 1.651
1.225 0.6103 —  0.6945 1.685
1.414 0.6019 —  0.6921 1.722

I n  c a s e  w h e n  a i s  k n o w n  t h e n  a c c o r d i n g  t o  t h e  r e l a t i o n  a =  t a n  r/0 t h e  

p h a s e  s h i f t  i j0 f o r  l o w  e n e r g y  s c a t t e r i n g  o f  e l e c t r o n s  b y  H a r t r e e  —  F o c k  n e u t r a l  

a t o m s  c a n  b e  c a l c u l a t e d .

Since th e  screening fa c to r  [4] Z p(r)/Z  g iv en  b y  eq. (1) w ith  th e  n u m erica l 
va lu es  of th e  p a ram e te rs  “У , ay 2, aÀ2, by1, . . V s and  %  co llec ted  in  T ab le  I  
f i t  to  a g rea t accu racy  th e  tru e  H a r t r e e  f ie ld  from  Z =  2 to  Z  =  36 an d  th e  
H u l t h é n  m eth o d  as well as f?0(r) given b y  eq. (4) is su ffic ien tly  accu ra te  fo r  
low  energy  sc a tte rin g  of e lec trons b y  n e u tra l  a to m s, so we can  ex p ec t th a t  th e  
considera tions o f th is  p a p e r a re  su ffic ien tly  a c c u ra te  to  th is  p rob lem .
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Problem s of Low T em peratu re  P hysics and T herm odynam ics

edited by Prof. A. v a n  I t t e r b e e k  (Belgium) published by Pergam on Press, 1962

V olum e 3

The volum e contains the discussions of Commission No. 1 of th e  In ternational I n 
s titu te  of Refrigeration. In  the working sessions betw een Septem ber 20 th  and 22nd 1961 140 
delegates coming from 14 countries discussed 24 papers. The firs t day  of the session was 
devoted to discussing m ethods for the large scale production, tra n sp o rt and storage of 
liquid gases, the second and th ird  days were assigned to the physics o f very  low tem p e ra tu 
res, particularly  to the a tta in m en t and m easurem ent of tem peratures below 1° K.

Various branches of in dustry  dem and large quantities of liqu id  gases, particu larly  
oxygen and hydrogen, which are consumed in  big steel works and chem ical plants a t the ra te  
of thousands of tons a day. One report discussed the use of alum inium alloys as heat exchang
ers, pointing ou t the low specific gravity , outstanding heat conductiv ity  and the high stren g th  
of alum inium. Cooler surfaces of various designs were shown.

Messrs. Co u l o n , S im o n é t  and St o u l s  reported  on the work of low -tem perature d is til
lation  columns used in the production  of deuterium .

J . W. L. K ö h l e r  and J . R. v a n  Ge u n s  from  the N etherland Philips Laboratories 
described a small liquid oxygen p lan t developed by them ; the p lan t weighing three tons p ro 
duces 15 kg liquid oxygen of 99,5%  purity  per hour a fter a running-in period of three hours.

Insulation techniques in troduced by two A m erican experts M. A. D u b s  and L. I. D a n a  
have brought about a small revolution in the tran sp o rt of large q u an tities  of liquid gases. 
The process is also suitable for the handling of liquid hydrogen and helium .

J . W. T. D a b b s  of the Oak Ridge National L aboratory  (USA) reported  on a reliable 
helium liquefaction p lant. This p lan t producing 250 — 400 litres per m o n th  was in operation  
for six m onth a ttended  by a single technician.

In  the Clarendon L aboratory  a pulsating core magnetic resonance m eter was used in  
an investigation in to  the electronic struc tu re  of tran sition  metals below 1° К  tem peratures.

Two papers discussed the use of H 3 in tem perature  m easurem ent below 1° К  and  in 
specific heat determ ination.

One of th e  delegates suggested the use of a H 3 cooling cycle to  produce tem peratures 
below 0,2° K. To obtain  a higher osm otic pressure a w eak solution of H 3 in  H 4 was used.

R. D. P a r k s  and W. A. L it t l e  of the Stanford U niversity (California) discussed cooling 
m ethods by the adiabatic dem agnetization of m etal alloys.

A. va n  I t t e r b e e k , W. v a n  D a e l  and G. F o r r e z  (Belgium) described the m easurem ent 
of sound velocities in  gases and liquids a t 1 Mc/s frequency a t various tem peratures. The resu lts 
were used to investigate the pressure dependence of the  quotient Cp/Cv and  the equation of 
sta te . A. van  I t t e r b e e k  and O. Ve r b e k e  discussed the  dependence on pressure of the density  
of liquified gases up to pressures of 850 kg/cm2 (H2, 0 2, N2 and A).

The extrem ely interesting papers of the sym posium  dealt w ith p rac tica l problems and  
im portan t results concerning the liquefaction of gases.

Z. Gy u l a i

V. F . N o z d r e v : The Use o f  U ltrason ics in  M olecular P h y sics . (P ergam on  
P ress. O xford  — L ondon — E d in b u rg h  — New Y o rk  — P aris  — F ra n k fu r t .  1965,

424 pages, £ 5 n e t.)

Of the w ide-ranging experim ental techniques of investigation in to  the structure of 
m aterials, acoustic m ethods have gained considerable ground. Significant results have been 
obtained in  the las t 15 years by subjecting m atter to u ltrasonic high-frequencies (109 c/s) and  
the g reat num ber of publications on this topic dem ands the developm ent of a new special field : 
molecular acoustics.

The increasing use of molecular acoustics involving molecular physics in the in te r
pre ta tion  of events occurring in  sound space and its  m ajo r stages has been m arked by the
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following w orks: И. Михайлов: Распространение ультразвуковых волн в жидкостях (Гос- 
техиздат, Москва 1949), В. Кудрявцев: Применение ультраакустических методов в прак
тике физико-химических исследований (Гостехиздат, Москва 1952) L. B e r g m a n n : Der 
U ltraschall (H irzel, Zürich, 1954) (in some of its  parts); the f irs t  Russian edition of 
N o z d r e v ’s book (1958); K. F. H e r z f e l d , T h . A. L it o w it z : A bsorption  and Dispersion of 
U ltrasonic W aves (Academic P ress, New Y ork—London, 1959); D. Se t t e : Dispersion and 
A bsorption of Sound by M olecular Processes (A cadem ic Press, New Y o rk —London, 1964). 
The in terest of th e  scientific w orld in  this special field  is reflected b y  th is list of hooks. The 
English tran s la tio n  of N o z d r e v ’s books is significant for making th e  connection betw een 
various research  trends, which are often  independent of each other b o th  in  the E ast and  W est. 
The results published in  the f irs t edition  have been confirmed by recen t investigations w hich 
qualify them  as “ classical”  resu lts  in  this young branch  of science. One of the im p o rtan t 
advantages of th e  English edition  is a well-compiled sum m ary of th e  results obtained  by 
Soviet scientists since the publica tion  of the firs t edition. The publica tion  of this sum m ary as 
an A ppendix brings the book up-to -date . I t  is reg re ttab le  th a t the re s tric ted  space (four pages) 
reserved for i t  has prevented any  detailed discussion.

V. F . N o z d r e v ’s book deals w ith  the research w ork carried ou t in  th e  Molecular Acoustical 
L aboratory  of th e  K rupski Moscow Provincial Pedagogical In s titu te  and  in the L abora to ry  
for Molecular Physics of the U n iversity  of Moscow. F rom  among 278 publications review ed 21 
are from th e  Soviet literature  and  w orks of Soviet au thors. From  th e  achievem ents ob ta ined  in 
W estern countries, N o z d r ev  lists only the fundam en ta l ones, w hereas H e r z f e l d  and  L it o - 
w it z ’s book, published a t nearly  th e  same time alm ost entirely neglects any  results from E astern  
countries. As a  result, the  two books together give a  comprehensive description of, and  refer
ence list to  th e  literature  of th is  special branch. To draw a parallel betw een the two books is 
th e  more in teresting  as N o z d r e v ’s book is devoted  to  experim ental w ork and, in  add ition  to 
results, also gives full details of experim ental techniques. The H e r z f e l d —L it o w it z  book is 
more theoretical in  character, a lthough  the lack  of a comprehensive theory  is also fe lt here, 
as well as in  N o z d r e v ’s in terp re ta tion .

The m onograph exam ines th e  mechanism of propagation of u ltrasonic waves in  sa tu 
rated , overheated  vapours of organic m atters, in  m ulti-com ponent solutions and m ixtures, 
in  the frequency range from 2 to  150 Mc/s, tem pera tu re  in terval from  —50° C to + 6 0 0 ° C, 
under pressure varying from 0 to  400 kg/cm2. T he m a tte r is discussed in  six chapters.

1. M easurem ent of the velocity  and absorp tion  of ultrasonic w aves in  liquids and  gases 
by optical m ethods;

2. D eterm ination  of th e  velocity  and absorption  of u ltrason ic  waves in liquids and 
gases by  pulse techniques;

3. P ropagation  of u ltrason ic  waves in  liquids;
4. P ropagation  of u ltrason ic  waves in  some compounds an d  in  their binary  m ixtures 

in  the critical region;
5. P ropagation  of u ltrason ic  waves in  sa tu ra ted  and overheated  vapours of organic 

liquids;
6. A bsorption of u ltrason ic  waves in organic liquids and th e ir  m ixtures over a wide 

range of tem pera tu re , concen tra tion  and frequency.
The title s  of the chapters give a good idea of the m aterial discussed in th e  book. Two 

rem arks should be added. C hapters 3 and 4 are com pleted w ith  th e  discussion of re laxation  
processes and  w ith  the rep resen ta tion  of a rela tionsh ip  between th e  phenom ena of sound space 
and the k inetic  theory  of molecules. The absence of a comprehensive theory  is again noticeable. 
Recent investigations discussed in  the A ppendix  a ttem pt to  m ake up for this draw back. 
A d k h a m o v , in  his works published in 1960 —1961, gives an original direction based on 
B o g o l iu b o v ’s statistics, and a num ber of theoretical publications in  the Soviet lite ra tu re  of 
these p as t years have approached the problem . T heir results give an explanation of the 
anom aly of sound absorption in  monoatom ic and  polyatomic gases in  the critical zone.

A nother rem ark relates to  the experim ental techniques discussed in  Chapters 1 and 2. 
Owing to  th e  detailed descriptions of experim ental methods and  appara tu s close to  th e  level 
of docum entation  these chap te rs gain a p a rticu la r significance for th e  experim ental physicist. 
The m ultip le difficulties in h e ren t in  investigations conducted th ro u g h  wide tem pera tu re  and 
pressure ranges are too well-known. Useful, w ell-proved guidance is given in  these chap te rs for 
m any p rac tica l problems. M easurem ents in  th e  v icin ity  of the critica l point, the exam ination 
of the dynam ic equilibrium of phases, a system atic check of the resu lts  dem and a well-reasoned, 
purposeful experim ental technique. To supply th is  was one of the aim s of the book w hich i t  has 
done w ith  unquestionable success.

The lucid discussion is com pleted by tw o Appendices, an  A u tho rs’ Index and  a Subject 
Index. The firs t A ppendix lists th e  la test resu lts , th e  second the characteristics of th e  m aterials
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examined. 22 tables give the main m olecular-acoustical characteristics of aliphatic and aro 
m atic hydrocarbons, esters, alcohols and of their aqueous and nonaqueous solutions. Including 
these, the book gives m easurem ent results for m ore than  fifty  organic compounds and  17 
binary  m ixtures, in 59 tables. 125 figures illustrate  th e  tex t.

Careful presentation, the annotations of a careful Editor, the listing  of the W estern 
equivalents of Soviet tubes, testify  to  the high standards of the Pergam on Press.

A. I l l é n y i

Collected P ap e rs
of P . L. Kapitza (Yol. 1. P e rg am o n  P ress, 1964)

Professor P. L. K a pitza , Member of the Academ y of Sciences of the USSR, and Fellow 
of the Royal Society celebrated his 70th b irthday  no t long ago. On this occasion the 1st volum e 
of the collected works of this great scientist was published.

The volum e includes th e  papers and studies of Prof. K a pitza  published between 1916 
and 1934, w ritten  partly  in Leningrad and partly  in  Cambridge. O riginally the papers were 
published in Soviet, B ritish and German periodicals. For the convenience of English speaking 
readers, publications firs t prin ted  in an other language have been tran sla ted  into English. 
The book includes all the figures, tables and photographs of the original publications. The 
papers are preceded by a short preface by D. te r  H a a r , and by a six-page in troducto ry  survey 
of K a pit za ’s activities.

33 p ap ers  m ake  a volum e of 503 pages. K a pit z a ’s sc ien tific  a c tiv ity  cov ers  a fa irly  w ide 
ran g e  includ ing  nu c lear physics, th e  g en era tio n  o f s tro n g  m agnetic  fields, th e  beh av io u r o f 
m a tte r  in  m ag n e tic  fields, tech n iq u es fo r th e  p ro d u c tio n  of low  te m p e ra tu re s , liq u id  h e liu m , 
a n d  h ig h -energy  electronics.

The firs t six studies of this volum e deal w ith  the Leningrad period. They cover the 
subjects of electron inertia, the m agnetic m om ent of atom s, X -ray reflection on crystals, and 
m icrophotom etry. The Leningrad papers are followed by other publications giving an account 
of investigations carried ou t in  the Cavendish L aboratory  a t Cambridge U niversity  under 
R u t h e r f o r d ’s guidance. The most im portan t point here is the loss of energy of a  and ß ray s 
on passing through gases. The m easurem ent results led to another subject — strong m agnetic 
fields. The exam ination of the trajectories of patricles in  strong m agnetic fields raised the 
technical problem s of the generation of such fields. The generation of strong magnetic fields 
rendered the approach to a num ber of o ther investigations possible. The Zeem an effect could 
be m easured and the electric properties of a num ber of m aterials in m agnetic fields examined. 
The problems of m agnetostriction, m agnetic susceptibility, superconduction have been brought 
forward. Investigation  into superconduction has led to the physics of low tem pera tu res w hich 
are discussed in several studies dealing w ith the problem s of the liquefaction of hydrogen 
and helium.

This is contained in the first volume. Physicists of today are sure to  have an in terest 
in this book which contains the collected works of a Soviet scientist of in ternational repu tation . 
K a pit za ’s scientific career reflects the developm ent of the physical sciences w itnessed by th e  
generation of physicists who grew up after W orld W ar I.

J .  B o r o s

J .  Friedel: D islocations
(In te rn a tio n a l Series of M onographs on Solid S ta te  Physics V ol. 3. P ergam on  

P ress , 1964. p p . X X I —491, 120s.)

Dies Buch von F r ie d e l , der bekanntlich eine der kom petentesten A uto ritä ten  au f 
diesem Gebiet is t, kann sowohl dem S tudenten  als auch dem  auf diesem G ebiet arbeitenden 
Physiker w ärm stens empfohlen werden. Es um fasst das Gebiet der V ersetzungen in 3 Teilen. 
Der erste Teil g ib t eine allgemeine Ü bersicht der E igenschaften der V ersetzungen, der zweite 
b ring t die V ersetzungs-Netzwerke, die sich in K ristallen  ausbilden können und behandelt 
plastische Eigenschaften, der d ritte  Teil befasst sich m it der W echselwirkung der V ersetzungen 
m it anderen K ristalldefekten. Es is t leicht verständlich  geschrieben und m it zahlreichen F igu
ren illustriert. Den Schluss bildet ein sehr ausführliches L iteraturverzeichnis. Das Buch kann 
m an geradeso wie das in 1956 erschienene französische Original Les D islocations (G authier — 
Villars, Paris), als S tandardw erk auf diesem Gebiet be trach ten .

P. Gombás
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PRODUCTION OF ELECTRON AND POLARIZED 
BARYON IN THE HIGH ENERGY INTERACTION 

OF NEUTRINO WITH POLARIZED NUCLEON

By

S. Sa r k a r

D EPA RTM EN T OF TH EO R ET IC A L PHYSICS.
IN D IA N  ASSOCIATION FOR T H E  CULTIVATION O F SCIEN CE, JA D A V PU R, CALCUTTA, IN DIA  

(Presented by A. Kónya — Received 20. XII. 1965)

The purpose of the paper is to calculate the cross section for the production of an electron 
or positron and a polarized baryon which may be a nucleon, or a hyperon, when a very high 
energy neutrino or antineutrino interacts with a polarized nucleon target. The general result 
is discussed in laboratory system of coordinates for some special cases which may facilitate 
the determination of the form factors associated with the various terms of weak interaction.

In tro d u c tio n

In  th e  collision  o f v(v) w ith  nucleons, b a ry o n s (nucleons and  h yperons) 
an d  lep tons are  p ro d u ced . T h e  general w eak  in te ra c tio n  is o f  c u rre n t-c u rre n t 
ty p e . T he b a ry o n  c u rre n t in  general c o n ta in s  vecto r, a x ia l vec to r, in d u ced  
sca la r an d  in d u ced  p seu d o sca la r te rm s w ith  fo rm  factors asso c ia ted  w ith  each  
o f th em . The s tru c tu re s  o f  th e  form  fac to rs  are  d ep en d en t u p o n  th e  s tro n g  
in te ra c tio n  p ro p ertie s  o f th e  b a ry o n s . T hey  a re  dep en d en t u p o n  th e  sq u are  o f 
th e  m om en tu m  tra n s fe r  b e tw een  th e  in c id en t n eu trin o  an d  th e  ou tgoing  le p to n  
an d  in  o rder to  effec tively  s tu d y  th is  dependence  we re q u ire  h igh energy  
v(v) beam  for th e  ex p erim en t. A p a rt from  th e  s tu d y  o f a n g u la r  co rre la tion , 
th e  p o la riza tio n  m easu rem en ts  of th e  p a rtic le s  in v o lved  in  th e  reac tio n  
p rov ide  us w ith  ad d itio n a l m eans of d e te rm in in g  th e  s t ru c tu re  of vario u s 
from  fac to rs. L e e  an d  Y a n g  [1] have  considered  th e  lo n g itu d in a l po la risa tio n  
o f ou tgo ing  nucleons in  th e  re a c tio n  v n  —>■ l~  -J- p  a n d  v -\- p  l + n 
w here  l s tan d s fo r lep to n . A z i m o v  and  S h e k h t e r  [2] h av e  d iscussed  th e  case 
o f ^ ^ -p o la r iz a tio n  effect in  th e  reac tio n  p ~  -f- p  — Л  -f- v. E g a r d t  [3] has 
ca lcu la ted  th e  cross section  fo r  th e  p ro d u c tio n  of po larized  b a ry o n s b o th  in  
a co v a rian t fo rm  an d  in  th e  la b o ra to ry  sy s te m  of co o rd in a tes . In  a recen t 
p a p e r  A d l e r  [4] h as  e v a lu a te d  th e  cross sec tio n  fo r th e  p ro d u c tio n  of p o la riz 
ed  lep tons and  b a ry o n s  b o th  in  a c o v a ria n t fo rm  and  in  th e  cen tre  of m ass 
sy stem . H e has fu r th e r  expressed  his re su lt d irec tly  in te rm s  o f lep ton  (here 
p. m eson) and  b a ry o n  decay  asym m etries. I n  th e  w ork o f  E g a r d t  [3] an d  
A d l e r  [4] beside th e  sc a tte rin g  exp erim en t a n o th e r  ex p e rim en t is to  be carried  
o u t invo lv ing  th e  m easu rem en t of decay asy m m etries  o f  s to p p e d  p  m esons
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an d  b a ry o n s  to  analyse  th e  p o la riza tio n  s ta te s  o f th e  p a rtic le s  produced . N ow , 
as A d l e r  [4] has observed , an  a t te m p t to  s to p  a p  m eson p ro d u c e d  in  a re a c tio n  
in  o rd er to  observe its  decay  m ay  be v e ry  d ifficu lt fro m  th e  exp erim en ta l 
s ta n d p o in t. In  ou r case w h en  we p o la rise  th e  ta rg e t a n d  th e n  observe th e  
d ependence  o f th e  reac tio n  cross sec tion  on  th e  p o la risa tio n  of th e  ta rg e t  
nucleon  o n ly  no  such second ex p e rim en t like  m easu rem en t o f  decay  a sy m m etry  
is req u ired . T h e  pu rpose  o f  th e  p ap e r is to  give a general expression fo r th e  
reac tio n  cross section , co n ta in in g  te rm s re la te d  to  th e  p o la riz a tio n  of nucleon  
and  th a t  o f th e  b a ry o n  an d  th e  co rre la tio n  effects invo lv ing  b o th  p o la risa tions. 
Some ex am p les  of v an d  v in d u ced  reac tio n s  are  given below

/+ +  Л, i+ +  Z°.

In  o u r in v es tig a tio n  we consider e lec trons and  p o sitro n s , ra th e r  th a n  
^-m esons, because  th e  c a lcu la tio n  can  be  sim plified  in  th e  fo rm er case fo r  th e  
v e ry  h ig h  energy  p ro d u c tio n  process, w h ere  th e  m ass o f  th e  electron can  be 
neglec ted  in  com parison  w ith  its  energy .

V - f  n - > l  +  p ,

v -f- n  —>■ l+ -f- E~

V +  p ^ l + +  n,

Calculations

I n  th e  follow ing we use  th e  n o ta tio n  o f A d l e r  [4]. L e t us tak e  k v  k 2, p x 
a n d p 2 to  be  th e  m o m en tu m  fo u r v ec to rs  o f v(v), e~ (e+), N  (nucleon  of m ass Af,) 
an d  b (b a ry o n  of m ass M 2) resp ec tiv e ly  in  th e  reac tio n

v(v) -)- JV —> b -)- e~  (e+) . (1)

L et E ,  E"  a n d  E e be th e  energ ies of b a ry o n , n eu trin o  an d  e lec tro n , resp ec tiv e ly , 
in  th e  la b o ra to ry  sy stem . W e ta k e  s a n d  t to  be th e  p o la riz a tio n  fou r-vecto rs 
of th e  p ro to n  an d  th e  b a ry o n , re sp ec tiv e ly .

T h e  m a tr ix  e lem en t o f v induced  reac tio n  is g iven  b y

M  =  2 -b2ue (k2) yx (1 +  y 5) uv (k,) ub (p2) 0 X u N (P l) , (2)

=  Ух (gv +  g  а  Уь) +  i(Pi  +  Pi )x ( f v  +  f A  y5) +  i(P i — Pi)x (К  +  k A y b) .

ip  F x
I t  m ay  be  rem ark ed  th a t  th e  w eak m ag n etism  te rm  ~ a/n, (p , — p 2)v and

th e  w eak  e lec tric ity  te rm  (i c F 2/ M ) а ^ ( р г — p 2)v Уь are im p lic itly  p re se n t in  the  
genera l fo rm  of 0 Я, since th e se  te rm s co n ta in in g  a^v, a p ro d u c t  o f tw o у  m atrices  
can be red u ced  to  te rm s  co n ta in in g  sing le у  m atrices b y  using th e  com m u-
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ta tio n  re la tio n  betw een  y  m atrices a n d  D irac eq u a tio n . T he fo rm  fac to rs g v - 
g A, f v  an d  f A are fu n c tio n s of th e  sq u a re  of th e  m o m en tu m  tra n s fe r  ( p x — p 2)2 
an d  can  be  d e te rm in ed  ex p erim en ta lly . F or a v e ry  high energy  en co u n te r we 
can  neg lec t th e  m ass o f th e  e lec tron  in  com parison  w ith  its  energy  a n d  can th en  
rew rite  Од as

=  y*.(gv +  ёлУь)  +  2lP i x ( f v  + f A y 5)-

The m a tr ix  e lem en t for v in d u c e d  reaction  is sim ilarly  g iven  by

M =  2 ~ l l2u -  (fc2) уд (1 — У ь )  u A k i ) ü b ( p 2 ) 0 [ u N  ( р г ) ,  (3)
w here

Ox =  Ух (gv -  g а  Уь) +  2iP n  (f v  — f A Уь)-

H ere we h av e  ta k e n  g A and  f A w ith  a m inus sign  for convenience in  w riting  
th e  re su lts  o f our in v estig a tio n .

T he expressions fo r th e  cross sec tio n  of v a n d  v induced  re a c tio n  involv ing  
th e  po la riza tio n s o f th e  nucleon an d  th e  b a ry o n  a re  given by

w here

d a =
1

16 я 2
ô(p., +  k 2 -  P l  -  k x) Pi  d3 k 2 

E E eE vM l

K  =  A X +  B(t )  +  C(s) +  D ( s , t ) ,

(4)

w here К  is sp lit in to  te rm s w hich a re  in d ep en d en t o f  po lariza tio n s, dependen t 
upon  p o la risa tio n  s, t sep ara te ly  a n d  an o th e r te rm  involving b o th  s and  t 
s im u ltaneously .

B(t)  is given b y

B(t)  =  ± 2 M 2 (\gv \2 +  \gA\2) (k 2 'P i  k i ' t  k2 - tk i - P i ) T

T  2 M i (\gv\2 -  Is a I2) ( K  P i K - t  — K -  t P i • К)  T  
=F 4 M 2 Re (g v g%) (Pl  • k x t ■ k2 +  Pl ■ k 21 ■ kx) ±

±  4 Re (gA f $  +  g v f * )  { t - P i i P i -  k i P i  ' k \ +  P i ' k \ P ± - K )

- P i - P z i P i ' K f - h  +  Pi -Kt -K) }  ±
±  4 M j M 2 Re (gA f $  — g v f%) (Pl - k xt - k 2 + P l - k2 t k x — 

- t - P i K -  k2) 8M 2 R e ( f v -fX) Pl ■ t (2Pl ■k1p 1- k 2 +  M \  k x ■ k2)

“F 4R e (gу +  gAf * )  {« • k x (k, ■ P > Pi ■ Pi  +  Щ  k 2 ■ p x) —

— t k ,  (fcj ■p2p 1 p 2 +  Л Ц к ^ р , ) }  +

+  4/ Spvpo- tfiPlp klp k 2 a- Im  (gv gA) Im  (gV f v  +

+  gAfX)Pi  ■ (ki +  k >) -  Im  (gAß )  (p , P 2 -  M, M 2)
- l m ( g v f * ) ( P i - P 2  +  M 1M 2)}.
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C(s) is o b ta in e d  from  B ( t ) b y  m ak in g  th e  follow ing rep lacem en ts:

g A -> — g A , P i ^ - P i ,  M , - > M 2 , M 2- » M ,  and  t —► S

ű ( s ,  «) =  4 M , R e (gv / $  ~ £ л Л )  {* ' P i (Pi ' fei s ’ fc2 +  P t ' fc2s ' fci) —

— s • t(2 p , • fc, p ,  • fc2 +  M f fc, • fe2)} -j- 4 M , Re (g v f v  +

+  g Af X ) {s ' P  - (P-i • К  t ■ К  +  Pi ■ k 21 • fc, ) 

s - i  (2p , • fc, p 1 • k 2 +  M f fc, • fc2)} —

— 4 M , M 2 Re (gv g£) ( k y  s k ^ t  — k ,  t k r s) +

+  4 M 2 Re ( f A g$ -  f v g%) (p , ■t(k2- p l k i - s  — k y s k 1- p 1) +

+  Щ  ( k y t k l - s - k y s k 1. t ) } - 4 M l R e ( f A g*v +

+  f v g A) { P i ' H h  Pi K - s ~  k y s k y p . , )  - p y p ,  ( k y t k y  s  -  

k y s k y t ) }  -  2 ( |g v j2 -  |gA|2) { t-p ,  (s -fc ,p 2-fc2 +

+  s - k ^ p y k j )  +  s - p 1 (t k 2p 1- k 1 + t - k 1p l - k 2 — t -p^  fc,• fe?) —

— P i ' P'2 (S ■ ^1 f ‘ ^2 +  S ' ^2 * ' ^l) — S • t (2p, • k-lPy • ky -f- 

+  M \ k y k 2)) — 2M, M2(|gv|2 -f jg l̂2) ( s - k 2t -ky  +

+  S - k y t - h J  +  4  { ( | / v |2 — \fA\2) ( P i - t s - P 2 — P i P 2 S - t )  +

+  4P, M 2 (!/v |2 +  \ f A \~) s ■ f} (2fe2 p ,  fe, -p , +  M f k, • k2) 3 

T  4 » < W  {M 2 Im  (gv / ^  -  gA fX)  t • p ,  sMp,„ fc2e k ]a +

+  M j l m  (g v f $  - f  g Af X )  s ■ p 2 tßPlv k 2e k la +

+  21m ( f v fX )  (2k l P l  k.2 -p , +  M f k , • k 2) p }(lsvp 2eta 

Im  ( g v g * ) ( 2 t - K  V ^ . ^ e P i o - -  2Р 1 'М ц Р п А ег<г —

— M ï V  fe2r feie У  — M 2Im  ( Л  gt- — / v  S*)(Pi ’ fc2 fei^Piv V<r +
+  p , • fe, k2flp lt, sfi U) +  M , Im  ( f A g £  +

+  /v  g*) ( p 2 ‘ K  feljuP21' Sn U +  P ‘2  ■ fet fe2fiP 2r se O }-

E x p ress io n  fo r Ay  is o b ta in ed  from  th a t  o f A d l e r ’s [4 ] p a p e r  a fte r  p u t t 
ing  le p to n  m ass m , =  0. U p p er a n d  low er signs co rrespond  to  re a c tio n s  induced  
b y  n e u tr in o  an d  a n tin e u tr in o , re sp ec tiv e ly . f./n,Q„ is com pletely  a n tisy m m e tric  
in  i ts  ind ices an d  ß1234 =  1- T he te rm s  involv ing  e ,̂.ea all van ish  i f  t im e  reversal 
in v a ria n c e  ho lds.

W e m ay  in v e s tig a te  som e special cases o f th e  general exp ression  for da 
w hich  m a y  fa c ilita te  th e  d e te rm in a tio n  of co u p ling  co n stan ts  assoc ia ted  w ith  
v a rio u s  te rm s  o f  th e  w eak  in te ra c tio n . F irs t w e discuss p ro p e rtie s  of B(t)  
for som e special cases (in  th e  la b o ra to ry  sy stem ) w hich are m o s tly  given b y
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E g a r d t  [3] also. W e see th a t  som e o f th e  p ro p e rtie s  of B(t)  d iscussed  here 
are  sh a red  by  C(s) also. N ex t we in v estig a te  th e  behav iou r o f  B(t )  for som e 
h y p o th e tica l cases o f  pu re  V  — A  an d  V  -\- A  in te rac tio n s  in  th e  lab o ra to ry  
system , th e n  th e  sam e th in g s  in  th e  cen tre  of m a ss  system  as g iv en  b y  A dler  
are also s ta te d . W e discuss here th e  co rrespond ing  b ehav iou r o f  C(s) also. 
L a s tly  we consider D(s,  t) for th e  case when b o th  s and t a re  p e rp en d icu la r 
to  th e  sca tte rin g  p lan e . T hen  B(t)  an d  C(s) v a n ish  and for p u re ly  V  ^  A  
in te ra c tio n  (i.e. gy  =  ± ^ а) D(s, t) is non v a n ish in g  only w h en  th e  weak 
in te ra c tio n  co n ta in s in d u ced  sca lar a n d  p seu d o sca la r term s.

F o r th e  case o f fo rw ard  sc a tte r in g  E g a r d t  [3] has observed  th a t  in  th e  
expression for B(t)  th e  coefficients o f |gy|2 a n d  Jg^|2 vanish  in  general b u t 
the coefficient of Re(gv/g*) van ishes only w h en  =  M 2 a n d  fu r th e r  th e  
Re(gvg* ) occurring  in  th e  expression  for A t a lso  h as  v an ish ing  coefficient. 
In  a d d itio n  to  these  find ings of E g ardt  [3] w e see th a t  th e  coeffic ien t of 
R efev /v  + £ а/ д) in  B(t)  is zero for fo rw ard  sc a tte r in g . A ctually  th e  te rm  p ro 
p o rtio n a l to  R e(gv/v  -(- gAfX)  is a b se n t in  th e  re s u lt  given b y  E gardt  [3], 
w hich is n o t co rrec t. In  th e  case o f b ack w ard  sca tte rin g  E g a r d t  [3] has 
observed  th a t  all th e  coefficients assoc ia ted  w ith  in d u ced  form  fa c to rs  in  b o th  
A x an d  B(t)  v an ish . H e  has m ade all th e se  o b se rv a tio n s  regard ing  B(t)  fo r longi
tu d in a l p o la risa tio n  o f  b a ry o n  b u t  i t  is easy to  see from  th e  exp ression  of B(t) 
t h a t  all th e  find ings o f E gardt  [3] are tru e  fo r  a n y  a rb itra ry  d irec tio n  of 
p o la riza tio n  of th e  b a ry o n . W e n e x t f in d  th a t  all th e  above m en tio n ed  p roper
ties of B(t)  excep t th e  follow ing one a re  tru e  for C(s)  also, in fo rw ard  sca tte rin g  
th e  coefficien t o f Refgyg* ) occurring  in  th e  exp ression  for C(s) is n o t  zero even 
for M x =  M 2. In  th e  lim itin g  case o f b ackw ard  s c a tte r in g  we can  d e te rm in e  gy  
and  gA w ith o u t know ing  th e  values o f  f y  and  f A .

A d l e r  [4] has in v es tig a ted  th e  b eh av io u r o f  B(t)  in the  c e n tre  of mass 
system  fo r th e  h y p o th e tic a l case w h en  f y  =  f A =  0, th e  m ass o f th e  lep ton  
is zero an d  g v , g A a re  rea l. L e t us s tu d y  th e  p ro p e rtie s  of B(t) u n d e r  th e  same 
so rt o f assum ptions b u t  in  th e  la b o ra to ry  system  o f  coord inates. I n  th is  case 
we have

R (f) — T  2 M 2 (gy -\-gA)2 k 2 • t fcj • />1 i  2 M 2 (gv g A)~ k2- P i t  - fc,

T  2M  ! (g2v — g ‘'A)(k2- p 2 - k l -t — k 2 - t p 2- k 1).

F or g y  =  g A we f in d  th a t  th e  effect o f  B(t)  in  th e  case of fo rw ard  a n d  b ack 
w ard  sc a tte rin g  is m ax im u m  w hen th e  b a ry o n  is lon g itu d in a lly  polarized, 
w hereas in  th e  cen tre  o f m ass system  th e  effect o f  B(t )  for all s c a tte r in g  angles 
is m ax im u m  w hen th e  b a ry o n  is lo n g itu d in a lly  po larized . F o r  g v =  —g A 
we fin d  th a t  th e  effect o f B(t)  in  th e  case of fo rw ard  a n d  backw ard  sca tte rin g  
is m ax im um  w hen th e  b a ry o n  is lo n g itu d in a lly  p o la rised . This re su lt ho lds good 
for b o th  cen tre  of m ass an d  la b o ra to ry  system  o f coo rd inates.
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F o r g v =  —g A, M y =  M 2 a n d  in  la b o ra to ry  system  of ro o rd in a te s  

B(t) =  ±  2M 2(gv - g A)2 k , - p y  t ky =

=  + 2  M \ E * { gv — g A)2 j - Í '  P2 -  M y  
\ E  +  M 1

w here we have p u t

t =  c + Î - P i p l
M 2 (E  +  M 2) ’

E ”
+  2 E ” sin2 0/2

+  Í_L ’ ^l> j

( 6)

i Ç - P i
м2

and  is th e  co m p o n en t of £ o rth o g o n a l to  p 2. W e see from  e q u . (6) th a t ,  
for th e  sc a tte r in g  angle betw een  th e  in c id en t n e u tr in o  and o u tgo ing  electron

M ! r _ / 4 .
in  th e  la b o ra to ry  sy s tem  given b y  0 =  cos 1 ----- , th e  effect of B(t)  is m ax im um

E ’
w hen th e  b a ry o n  is tran sv e rse ly  po larized . In  th e  cen ter o f m ass  system  
A d ler  [4] has n o te d  th a t  for g у =  —g A th e  b a ry o n  is 100% tran sv e rse ly  
p o la rized  a t  0±  =  2 t g " 1 W / M 2, w h ere  W  is th e  c e n tre  of m ass en e rg y  and  

is th e  cen tre  o f  m ass sc a tte rin g  ang le  betw een  th e  inc iden t n e u tr in o  and 
ou tg o in g  lep to n .

S im ila rly  fo r th e  h y p o th e tica l case f v =  f A =  0, C(s) is given by

C(s)  =  ±  2My (gv -  gAy  k 2- s k y -  p ,  =F 2My (gv +  gAf  k,  ■ p 2 s - fe,

± 2 M 2 ( g l  — g2A)(k2 - P l k y  s — k2- s P y ky). (7)

W e see th a t  fo r p u re  V  — A  in te ra c tio n  i.e. g v =  -\-gA the  e ffec t o f  C(s) is 
m ax im u m  w hen th e  p o la riza tio n  o f  th e  nucleon is parallel to  th e  n eu trin o  
m o m e n tu m  an d  fo r p u re  V  -\- A  in te ra c tio n  i.e. g y  =  —gA th e  e ffec t of C(s) 
is m ax im u m  w hen  p o la risa tio n  o f th e  nucleon is parallel to  th e  electron 
m o m en tu m .

F in a lly  we consider u n d er a ssu m p tio n  of tim e  reversal in v a ria n c e , th e  
exp ression  fo r D(s,  t) w hich gives th e  co rre la tion  effects involving p o la riza tio n s 
of b o th  th e  nuc leon  an d  th e  b a ry o n . In  D (s, i) th e  coefficients o f  Re(gy fy ) ,  
R e(gAf A), I f v  j2 a n d  | f A j2 v an ish  in  th e  case o f  b ackw ard  sc a tte r in g . The 
coeffic ien t of R e(gvg*) reduces to  zero  in th e  case o f forw ard sc a tte r in g . The 
coeffic ien ts of R e ^ ^ g * )  an d  ^ e(/vg*  ) are zero fo r b o th  forw ard a n d  backw ard  
sc a tte r in g . W hen  s an d  t are b o th  n o rm al to  th e  sca tte rin g  p lan e , w e have in 
th e  la b o ra to ry  sy stem

da  =  Ay

+  gAf X ( M y

4s ■ t (2py ■ kypy-  k ,  A  ky ■ fc2)R e jg v /*  (My A  M 2) A

M 2) A  - My (Ey A  E 2) f b  A  My (E  -  M 2) /Д

=  Ay 8 s t M \  E ” E"
M f - M 2 \

2 M ,  )
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1 + M l
2 E v

2E" sin2 0/2
M l +  2E r s in 2 0/2

X Re 8 v f v { M  J +  M .,)

gAf Z ( M , - M 2) + g A -  g v M ,  (E  +  M 2)f$  +  M , ( £ - М 2) Л ( 8 )

W e see th a t  w hen g y  =  ^ g A (pure V  ±  A  in te rac tio n ) th e  p o la riza tio n -d ep en d 
e n t te rm  ex ists only  w hen  induced  sca la r an d  p seu d o sca la r te rm s are  p resen t, 
i.e ., w hen  b o th  s an d  t are d irec ted  n o rm a l to  th e  sc a tte r in g  p lane w e g e t the  
p o la risa tio n  effect if  a t  le a s t an y  one o f th e  co n d itions \ g v  \ A  \gA |> f v  A  0 
a n d / д  yí 0 is satisfied . T he effect o f th e  p o la riza tio n -d ep en d en t te rm  in  equ . (8) 
is m ax im u m  w hen 0 =  0 an d  m in im u m  w hen 0 =  n.
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О БРА ЗО ВА Н И Е Э ЛЕК ТРО Н А  И П О Л ЯРИ ЗО ВА Н Н О ГО  БА РИ О НА  
ВО ВЫ СОКО ЭН ЕРГЕТИЧЕСКО М  ВЗАИМ ОДЕЙСТВИИ Н ЕЙ ТРИ Н О  

С П О Л Я РИ ЗО В А Н Н Ы М  НУКЛОНОМ
Ш. ШАРКАЯ

Р е з ю м е
Целью настоящей работы является определение сечения образования электрона 

или позитрона и поляризованного бариона, являющ егося или нуклоном, или гипероном, 
в случае, когда нейтрино или антинейтрино очень высокой энергии взаимодействует с 
поляризованной нуклонной мишенью. Общий результат дискутируется в лабораторной 
системе координат для нескольких специальных случаев, облегчающих определение 
формфакторов, связанных с различными условиями слабых взаимодействий.
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FORMALE ENTKOPPLUNG DES S-OPERATORS 
DER QUANTEN-ELEKTRODYNAMIK

Von

P.  ZlESCHE

A B T E IL U N G  F Ü R  T H E O R E T IS C H E  P H Y S I K  D E S P Ä D A G O G IS C H E N  IN S T IT U T S , D R E S D E N , D D R  

(Vorgelegt von A. K ónya - Eingegangen: 21. X II. 1965)

Die bekannte geschlossene D arstellung für das erzeugende Funktional der A usbreitungs
funktionen als formale Lösung der ScHWiNGERschen Funktional-D ifferentialgleichungen wird 
ohne Verwendung der Störungstheorie einfach durch eine form ale E ntkopplung des S-Operators 
gewonnen.

Einleitung

W egen der b e k a n n te n  M ängel der S tö ru n g srech n u n g  b e s te h t  allgem ein 
der W unsch , fü r  re la tiv is tisch e  u n d  n ich tre la tiv is tisch e  V ie lte ilchenproblem e 
L ösungen  u n d  F orm ulie rungen  zu  fin d en , die n ic h t  a u f  der E n tw ic k e lb a rk e it 
n ach  d er K o p p lu n g sk o n stan ten  b e ru h en . E inen W eg  in  dieser R ic h tu n g  b ie te t 
die A nw endung fu n k tio n a le r  M ethoden . So h a t  S c h w i n g e r  [1] die A usbrei
tu n g sfu n k tio n en , in  denen  p ra k tisc h  alle In fo rm a tio n en  eines V ie lte ilchen
sy stem s e n th a lte n  sind , zu einem  erzeugenden F u n k tio n a l vorgegebener Q uel
len  zusam m engefasst u n d  dessen B estim m ungsg le ichungen  u n te rsu c h t. Diese 
F u n k tio n a l-D iffe ren tia lg le ich u n g en  können  ohne je d e  S tö ru n g sth eo rie  durch  
geeignete  A nsätze fo rm a l gelöst w erd en  [2]. D as E rg eb n is  is t eine geschlossene 
D ars te llu n g  des erzeugenden  F u n k tio n a is . D ie en tsp rech en d e  geschlossene 
D ars te llu n g  fü r den  S -O p era to r se lb st, aus dem  das erzeugende F u n k tio n a l 
d u rch  B ildung  des V ak u u m -E rw artu n g sw ertes  h e rv o rg e h t, w urde  b e re its  von 
N a m b u ,  Y a m a z a k i  u n d  K a t a y a m a  [ 3 ,  4 ]  durch  A nw endung  des W iCKschen 
T heorem s, das sp ä te r  v o n  H o r i ,  A n d e r s o n  u n d  M a t s u b a r a  [ 4 ,  5 ]  k o m p ak t 
fo rm u lie rt w urde, u n d  d u rch  form ale A ufsum m ierung  von  G raphen  gew onnen. 
Im  fo lgenden  w ird  gezeigt, wie sich d u rch  eine fo rm ale  E n tk o p p lu n g  des S-O pe
ra to rs , die, sinngem äss angew endet, auch  fü r n ich tre la tiv is tisch e  V ie lte ilchen 
sy stem e  nü tz lich  is t [6], die fo rm ale  Lösung d e r e rw äh n ten  F u n k tio n a l-D if- 
fe ren tia lg leichungen  e tw as vere in fachen  lässt.

1. Einführung der Inform ationsgrösse

D a die in  dem  erzeugenden  F u n k tio n a l

C(?7, >М) =  <§Te
- L  (ijv+vn+ J- a )

>> ( 1 )
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e n th a lte n e n  F e ld o p e ra to re n  cp =  гр,ер, A  d ie üb lichen  V ertau sch u n g se ig en sch af
te n  b esitzen  u n d  auch  den  B ew egungsgleichungen d e r  Q u a n te n e le k tro d y n a 
m ik  [7]

(p  mc -  e A c — eA) ep =  0 , □  A v — fi0 сц> ey„ep =  0 (2)

genügen , e rfü llt G b ek an n tlich  die äusserlich  ähn lichen  F u n k tio n a l-D iffe ren tia l-  
g leichungen  [1]

(p -  me e A c — eÂ)  y  G — r\G ( □  À v — /г0 ccp eyv ер) G =  p 0j v G
mit

^  Ti d h Ö ^ _ h ô
^  i ôrj ^  i ôrj ' i àjvlc

(3 )

(4)

als Funktional-Differentialoperatoren. Dabei wird in (1) und im folgenden 
in Analogie zur EmsTEiNschen Summenregel die abkürzende Schreibung

r\ep =  j 'd x  rja (x) epa(x) ,
a

j A  =  j  d x  J ? j v (x) A v (x), (5)
V

epAep =  j  d x  J g  У  Tpa(x) y vab A v {x) ip„ (x),
a,b V

A w =  2  2  Ум A v (*) n  (*)
b V

m it dx =  cdtdt  b e n u tz t ;  bei V e rk n ü p fu n g  von  S p ino r- und  V ierergrössen , wie 
in  A  ep u n d  ep A  ep, sollen die a u f tre te n d e n  DiRACsehen M atrizen  y ”b in  den 
S u m m atio n sv o rsch riften  e n th a lte n  sein. W eiter b e d e u te t », « in  (1) das po la
ris ie rb are  V ak u u m  des G esam tsystem s (2). A c b e d e u te t ein k lassisches äusseres 
F e ld . T  is t  der W iCKsche Z e ito rd n u n g so p era to r [4]. Aus (1) g e h t hervor, 
dass G d ie V a k u u m -E rw a rtu n g  «S» des S -O p era to rs  eines d u rch  d ie Quellen 
rj, rj, j  »gestörten« S ystem s d a rs te llt. Ü brigens is t dieses um  die Q uellen  erw ei
te r te  S ystem  n u r d an n  in  sich w idersp ruchsfre i, w en n  von den Spinorquellen  
rj, 7] P lu s-V e rta u sc h b a rk e it m it sich, m ite in an d er u n d  m it ep,ep u n d  w eiter die 
L ad u n g se rh a ltu n g  fü r  die P h o to n en q u e llen  j  v e r la n g t w ird, w obei auch die 
D iffe ren tia lo p era to ren  (4) die en tsp rech en d en  V ertau schungse igenschaften  
ü b ern eh m en . Schliesslich  w erden  die D ifferen tia lg leichungen  (3) noch  durch  
die R an d b ed in g u n g en  G (0, 0, 0,) =  1 u n d  <pG =  <«p S» bzw. «S cp» fü r  t bzw. 
— oo e rg än z t.

M it dem  von Gell-Mann  u n d  L o w  [7] angegebenen  T h eo rem  über die 
q u as is ta tisch e  E in sc h a ltu n g  der W echselw irkung  k an n  die E rzeu g en d e  (1)
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in  die F orm

G(»?> Vij )

-^W + V ”!+  Í A + ? f ( A  +  A ') » j
Ü(rj, Tj , j )

Щ 0, 0, 0)
( 6 )

g eb rach t w erden. D a h ier in (6) u n d  im  fo lgenden  die F e ld o p e ra to ren  f  =  
=  yj,ip, A  n ich t m eh r (2), sondern  n u r  noch d en  »ungestörten« B ew egungs
gleichungen

(р  — тс)гр =  0, Г И „  =  0 (7)

genügen, e rfü llt (6) auch  (3), so dass m an (6) au ch  ohne R ü c k s ic h t au f das 
e rw äh n te  T heorem  als A nsatz  fü r (3) auffassen k a n n . In  (6) b e d e u te t > , <  das 
»nackte« V akuum  des u n g estö rten  System s (7). I n  (6) is t eine G rösse U e in 
g e fü h rt, die h ier In fo rm atio n sg rö sse  genann t w erd en  soll, w eil sie alle m ög
lichen In fo rm a tio n en  ü b e r das S ystem  (2) k o m p a k t zusam m enfasst. U ste llt 
die V ak u u m -E rw a rtu n g  eines S -O p era to rs  dar, b e i dem  n ich t n u r  die Q uellen, 
sondern  auch das äussere  Feld  A L sowie die e igen tliche  K o p p lu n g  der Felder 
als »Störung« b e tra c h te t  w ird.

2. F o rm ale  E n tkopp lung  des S -O perators

M it der V o lte rra -E n tw ick lu n g
ö

f ( < P + u )  =  e  09 f (<P)  (!)
lässt sich nun  der in  (1.6) e n th a lten e  S -O p era to r fo rm al e n tk o p p e ln  [13]

Те
i
ä" y>e(A+Ae)y)

Т е л y>eAe'p
( 2)

H ierbei w ird  die A nw endung  von (1) u n te r  dem  T -O p e ra to r  d ad u rch  erm öglich t, 
dass das P h o to n en fe ld  A  m it dem  E le k tro n /P o s itro n -F e ld  гр, гр v e r ta u sc h b a r  is t, 
u n d  d ah e r T  lediglich v o n e in an d er u n ab h än g ig  d ie  Z eito rd n u n g  d e r  P h o to n e n 
op era to ren  A  u n d  d er E le k tro n /P o s itro n -O p e ra to ren  гр, гр u n te re in a n d e r  v e r
la n g t. D am it w ird  au ch  die In fo rm ationsg rösse  U  fo rm al e n tk o p p e lt

----- V / nyi+yiiH — L  A + y>e(A + Ac)v )
U ( r , , r h j ) ^ < T e  ’ >

( *  ) л  '
=  <  Т е  * c ŐA ] X  Т е

(r/yi+yieAip)
> ■ (3)

U p h j ,
ÖAC

U  (гр, гр, A c) .
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D ie n a c h  dem  zw eiten  G le ichheitsze ichen  vo rgenom m ene Z erlegung  der 
V a k u u m -E rw a rtu n g  in  ein P ro d u k t v o n  E rw a rtu n g sw e rte n  s tü tz t  s ich  a u f  die 
S e p a rie rb a rk e it des u n g e s tö r te n  S y stem s (1.7). W ä h re n d  der erste  F a k to r  U 
d ie P h o to n e n -E rz e u g u n g  d u rch  äu ssere  S tröm e b esc h re ib t, g ib t d e r  zweite 
F a k to r  U  d ie E lek tro n /P o sitro n -B ew eg u n g  im  äu sse ren  Feld an . N achdem  
diese b e id en  jew eils rü ck w irk u n g sfre ien , ha lb k lassisch en  G renzfälle g e lö s t sind, 
w ird  die v o lls tän d ig e  K o p p lu n g  zw ischen  beiden  F e ld e rn  durch  den  D ifferen
tia lo p e ra to r

П____à__

T  ~6AC
(4)

sch liesslich  w ieder h e rg es te llt.
D ass die Q uellen  j , j c e inerse its u n d  rj, rj, A c an d ererse its  im  P h o to n en - 

bzw . E le k tro n /P o s itro n -A n te il so v e rsch ied en  a u f tre te n , h än g t m it d em  V er
schw inden  d er P h o to n en -R u h em asse  zusam m en. So g ib t es zw ar fü r  E lek tro n en  
u n d  P o sitro n en  neb en  d er M öglichkeit, Teilchen zu r erzeugen  und  zu  v e rn ic h te n  
(dies w ird  d u rch  die Spinorquellen  rj, r) als » K ath o d e  u n d  A node« beso rg t), 
auch  noch  die M öglichkeit, den B ew eg u n g szu stan d  der T eilchen zu  ändern  
(dies w ird  d u rch  das äussere  Feld  A c sozusagen als Q uelle der k in e tisch en  E n e r
gie b e w irk t) , w äh ren d  sich fü r die P h o to n e n  m it  ih re n  p r im itiv e re n  E igen
sch a ften  die gesam te  D y n am ik  im  E rzeugen  u n d  V ern ich ten  e rsc h ö p ft. Aus 
d iesem  G runde  u n te rsch e id en  sich zw ar die Q uellen  rj, rj von A c, w ogegen es 
k e in en  U n te rsch ied  zw ischen j  u n d  j c g ib t, w esw egen sie in  der F o rm  j  -f- j c 
a u f tre te n .

Im  folgenden  w erden  Uph u n d  Uep durch  L ösu n g  der sie bestim m en d en  
D iffe ren tia lg le ich u n g en  gew onnen .

3. P h o to n en -E rzeu g u n g  durch  ä u sse re  Ströme

D a der in

- LA  A
U ph(j)  =  < T e  > ( 1 )

enthaltene Operator A  gemäss (1.7) die MAXWELLschen G leichungen Q  A  =  0 
befriedigt, genügt Uph, w ie in (1 .2), der entsprechenden Funktional-D ifferen- 
tialgleichung

□  Ä  U ph =  V o j U ph U ph (0) =  1 , (2)

die m it d er P h o to n en -A u sb re itu n g sfu n k tio n

£>12 =  ( ( □  +  X2) - 1) 12 =
i

%
—  < T A ,  A 2>  
/г0с

Re X —*■ 0 

Im  X <  0

(3)
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in  Ü b ere in stim m u n g  m it [3, 4 , 9 ], sofort d u rch

gelöst w ird.

(4)

4. E lek tron /P ositron -B ew egung  im  äusseren  Feld  A c

Da die in

-  Tr ( w + V ”l + v e A eip)
Uep (jj, rj) — <^Te ( 1 )

e n th a lte n e n  O p era to ren  %p, y> gem äss (1.7) die DiRACsche G leichung  (p  — m c )y =  
=  0 erfü llen , genüg t Uep wie in  (1.2) der en tsp rech en d en  F u n k tio n a l-D iffe ren - 
tia lg le ichung

(P — mc — e A c) Ip U cp =  rjUep,

--- í-veAV (^)
(U ep)o =  U ep( 0 , 0 ) = < T e  > ,

die m it d er E lek tro n /P o sitro n -A u sb re itu n g sfu n k tio n

durch

S n  (Ac) =  ((P - m c  — e A c) %  =

<Ty>! >  < T e
- y>eAcy>

>

(U ep) oe
- j -  n S ( A ‘) i

(3)

(4)

gelöst w ird . D er n u r noch  vom  äusseren  F e ld  A c abhängige F a k to r  (U ep)u 
g en ü g t einer e infachen  D ifferen tia lg leichung  bezüg lich  der K o p p lu n g sk o n s ta n 
ten  e

e
Э

8 e
( U ep)0 =

i ~ T  *eA'v
—  <С.Т%реАс гре ]>
H

== -  e A c
i

h
---ÜT

< T x p y e  >  = eA ‘ S ( A ‘) ( U ep),

( 5 )

die durch

(U ep)0 =  e ~ pW  F ( A ‘) =  f  de A '  S (A ' )  (6)
6
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gelöst w ird . Z usam m en fassen d  la u te t  (4) u n d  (6) in  Ü b ere in stim m u n g  m it 
[3 ,4 , 10]

Uepi lhV)
-  ïd e A 'S (A ')  +0— e ü )

Ü brigens k a n n  der V a k u u m an te il F ( A C) b e i G ü ltigkeit d e r  R e ihenen tw ick lung

S ( A C) =  S° +  S ° e A c S° +  S °  e A c S° e A c S°  +  ■■■ (8)

m it S°  =  -S(0) auch in  d ie  b ek an n te  F o rm  der z u  ( 3 )  gehörigen F r e d h o l m - 

D e te rm in a n te

F  <AC) =  S° e A c -\------S° eA c S n e A c +  ■
2

S p  ln  (1 -  S° e A c)

/ге H 1 -S°e^c|| (9)
g eb rach t w erden .

5. K opplung der Felder

M it (2 .3), (3.4), (4 .7) e n ts te h t schliesslich fü r  U  der b e k a n n te  A us
druck

-  0 + Л О 0 + Л  -  A -  7iS ( A ' ) n - ldeA ' S ( A ' )

и  ( r j , r j , j )  — e e \ '

der  m it (2 .4) sowie m it d e r  P ro d u k treg e l der D iffe ren tia lrechnung  au ch  in  der 
Form

U(y,ri,j)
* ro • r-. •Г  -к -  j D j % i ' D? - n S ( A e)ri-  $ deA'SCA«)

• A ' ^ A '  +  p J D  (2)

geschrieben  w erden k a n n . S ta t t  (2.2) h ä t te  n a tü rlic h  au ch  die E n tk o p p lu n g

Те
- I —-----eynf\A -ey>v
Vc = ( T e

6
»j'lc

r
) ( T e (3)

in  (1.6) p ra k tisc h  d asse lb e  E rgebn is (1) oder (2) ge lie fe rt, doch h ä t te n  dann  
j c u n d  A c ih re  R ollen als D iffe ren tia lo p era to r (2.4) u n d  F u n k tio n  v e r ta u sc h t.

S e tz t  m an  die G ü ltig k e it der S tö ru n g srech n u n g  voraus, lassen  sich  die 
in (1) v e rla n g te n  D iffe ren tia tio n en  sukzessive a u s fü h re n , und  in  V erb in d u n g  
m it k o m b in a to risch en  B e tra c h tu n g e n  e n ts te h t fü r  U  w ie in [10] die E x p o n en - 
tia lfo rm  U  =  exp Г  m it  Г  als der S u m m e aller V erb u n d g rap h en . I n  diesem  
b islang  n u r  au f s tö ru n g s th eo re tisch em  W ege zu  gew innenden , a b e r  sicher 
g ru n d sä tz lich e re  B e d e u tu n g  b es itzen d en  F u n k tio n a l r ( r j , r j , j )  sind  n u n  alle
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In fo rm a tio n e n  ü b er (1.2) e n th a lte n . So ste llen  die K o e ffiz ien ten -F u n k tio n en  
d er V o lte rra -E n tw ick lu n g  von  Г  n a c h  P o ten zen  d er Q uellen  fj, r), j  d ie n ich t - 
fa k to ris ie rb a ren  und  d a h e r die K o rre la tio n en  besch re ib en d en  A nteile  d e r  A us
b re itu n g sfu n k tio n en  d a r. W eite rh in  g ib t Г 0 =  F (0 , 0 , 0) nach d em  G e l l - 

M ANN/Low-Theorem [7] gem äss A E  =  ( —Ä/i ) jT0т d ie  E n erg ieversch iebung  
A E  g eb u n d en er Z u stän d e  an , sofern m a n  in  (1.6) s ta t t  d e r  Y a k u u m -E rw artu n g  
die en tsp rech en d en  E rw artu n g sw erte  b e tra c h te t .

Ü brigens s te llt sich  h e rau s, dass d ie  Begriffe In fo rm atio n sg rö sse  U  und  
E n e rg ie /K o rre la tio n sfu n k tio n a l Г  auch  in  n ic h tre la tiv is tisch e  sowie in  th e rm o 
dynam isch e  V ielte ilchensystem e zw anglos eingeführt w erd en  können , w om it 
sich  ev en tu e ll ein e inheitliches B egriffssystem  fü r beliebige V ie lte ilchensystem e

H e rrn  P ro f. D r. W . Macke  d a n k e  ich fü r d ie  U n te rs tü tz u n g  der 
A rb e it und  w ertv o lle  A nregungen  zum  T hem a.

I .  Z u m  Aufstel len der Bewegungsgleichungen (1.3)

Z um  A ufschreiben  d er fu n k tio n a le n  B ew egungsgleichungen (1.3) fü r 
G =  «S» w ird  die B eziehung

a n d e u te t.

A n h an g

=  Те
- т -S f w

b en ö tig t. D abei soll der in  S  en th a lte n e  Z e ito rd n u n g so p e ra to r  auch a u f  die 
rech ts  neben  S  s tehenden  F e ld o p e ra to ren  rp =  ip, ip,A  w irk en .

I I .  Direkte Lösung der Bewegungsgleichungen (1 .3)

Die fo rm ale  L ösung (5.1) e n ts te h t au ch  aus den fu n k tio n a le n  B ew egungs
gleichungen (1.3) fü r  G bzw. U  d u rch  den A n sa tz

H  (rj,rj, A c). ( 1 )

Mit

(A  +  A c) e ( 2)e
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w ird aus der DiRACschen G leichung (1.3)

(p — mc  — eA c) y  H  =  Yj H ,  

während die MAXWELLsche G leichung (13) in

A c 1 1 ^  .
Í Ô7] 0Г]

H

(3)

(4)

ü b e rg e h t. D a e u n d  A c in  d en  B estim m ungsg le ichungen  (2) u n d  (4) n u r in  d er 
K o m b in a tio n  e A c V orkom m en, g ilt bei A nw endung  a u f  H  die B eziehung
ed/de =  A  ô/ô A ,  so dass (4) a u c h  durch

e
Эе i örj ( 5 )

e rse tz t w erden  k an n . D er A n sa tz

- F W -  n S ( A ' )  r,
H  =  e Л (6)

lö s t (3) u n d  ü b e rfü h rt (5) in

e —  F  (A c) =  e A c S  ( A c), e —  S ( A C) =  S  ( A c)eA cS  (A c). (7)
Эе Эе

D ie e rste  G leichung lie fe r t die den V iria l-T heorem en  n ic h tre la tiv is tisch e r 
T heorien  [12] en tsp rech en d e  B eziehung (4 .6 ), w ährend  d ie  zw eite G leichung  
lediglich  eine  aus (4.3) fo lgende I d e n t i tä t  d a rs te llt. M it (1) und  (6) e n ts te h t  
d an n  w ieder (5.1).

I I I .  Beweis der formalen En tkopplung  über die Bewegungsgleichung f ü r  S

D ie R ic h tig k e it d e r E n tk o p p lu n g  (2.2) folgt au ch  aus den B ew egungs
g leichungen . E inerse its  g en ü g t

S (M ')  =  Те
—  (S c t , ( ÿ>e( A + A r) yi)h

der D iffe ren tia lg le ichung

- —  —  S — ( y e  (A  +  A c) ip), S  , 
i dt

( 1 )

(2)
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an d ere rse its  e rfü llt

S(t,  t ') =  (Те

dieselbe D ifferen tia lg leichung

i dt'{A-^ ) t l - T . ‘
' ) ( Te ) (3)

- 4 - i . s
i 3t <5/Iе

t / Ó \

(Te
Í < + d

- y  J  du  ( v e A cv )tl

S  +  (Те ' '  '■)(гре A cxp)t+Ô

) =  (ÿ>e(A +  A c)y)) ,S.

D a die A usdrücke (1) u n d  (3) d iese lben  D ifferen tia lg leichungen  u n d  A nfangs
bed ingungen  befried igen , m üssen sie id en tisch  sein, q. e. d . In  (1) b is (4) e rs treck t 
sich die Schreibung  (1.5) ausnahm sw eise  n u r  a u f  die O rte  sow ie a u f die 
Spinor- u n d  Y iererind ices , n ich t dagegen  a u f  die Z eiten .
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ФОРМАЛЬНОЕ РАЗЪЕДИНЕНИЕ S-ОПЕРАТОРА КВАНТОВОЙ 
ЭЛЕКТРОДИНАМИКИ

П. ЦИШЕ

Р е з ю м е
Выводится известное закрытое представление для функционала функции рас

пространения как формальное решение функционально-дифференциального уравнения 
Швингера без применения теории возмущений путем формального разьединения S-опе
ратора.
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INVESTIGATION OF Rh103(n, He3) Tc101 REACTION
By

J. CsiKAI
INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN

(P resented  by A. Szalay. — Received 20. I. 1966)

The cross-section of th e  R h103(n, He3) Tc101 reaction was determ ined a t 14.7 MeV 
neutron energy by the activation  method. tr(rt, H e3) =  (1,2 +  J’J!) // b value was observed. 
The cross-section ratio  of th e  (n, He3) and (re, a) reactions for nucleus R h 103 was calculated 
on the basis of the sta tistical model. The com parison of the values of the m easured ra tio  and 
th a t calculated shows th a t  th e  relatively high yield of the n, He3 reaction  cannot be explained 
on the basis of the sta tistical model.

Introduction

In  our earlie r in v estig a tio n s th e  ex istence  of th e  (n , H e3) re a c tio n  was 
verified  a t  Cs133 nucleus b y  ac tiv a tio n  m e th o d . F o r th e  cross-section  o f  th e  
reac tio n  (5 ^  3 ) /xb v a lu e  w as found  a t  14,7 MeV n e u tro n  energy  [1]. T he 
p resen t w ork  w as u n d e rta k e n  w ith  th e  aim  o f o b ta in in g  a d d itio n a l in fo rm a tio n  
on th e  (n , H e3) reac tio n . F o r  th is  in v es tig a tio n  R h 103 n u c leus has ra th e r  f a v o u r
able p ro p ertie s  [2]. In  th e  case of R h 103 th e re  is no n eed  for rad iochem ical 
sep ara tio n  because of th e  su itab le  h a lf  lives o f th e  reac tio n  p ro d u c ts . T h e  h a lf  
life of th e  req u ired  T c101 iso tope  is 14 m in ., 91 ,5%  of th e  decays is follow ed 
b y  th e  em ission of 307 keV energy  gam m a q u a n ta  ren d erin g  th e  use of a gam m a- 
sp ec tro m ete r possible. To d e te rm in e  th e  cross-section  th e  R h 103(n, y) R h 104m 
reac tio n  can  be used as in te rn a l m on ito r.

Experimental method and results

5g rh o d iu m  m eta l in  po ly e th y len e  h o ld e r was ir ra d ia te d  w ith  14,7 MeV 
neu trons p ro d u ced  b y  th e  H 3(d, n) H e4 re a c tio n  using th e  300 kV n e u tro n  
g en era to r o f A TO M K I [3]. T h e  sam ple w as ir ra d ia te d  w ith  an  average  f lu x  
o f  ~ 5 .1 0 9 n e u tro n  • c m “ 2 • se c “ 1 for 25 m in . D uring  th e  ir ra d ia tio n  th e  f lu x  
w as co n tinuously  m o n ito red  b y  a B 10F 3 “ lo n g -co u n te r” . T h e  a c tiv ity  o f th e  
ir ra d ia te d  sam ple  was m easu red  w ith  a sc in tilla tio n  g am m a-sp ec tro m ete r [4], 
consisting  of 5 X 5 cm  N al(T l) c ry s ta l and  400-channel TMC pu lse  h e igh t a n a ly z 
er. The 0 — 1 MeV energy  in te rv a l o f th e  g am m a sp ec tru m  as a fu n c tio n  o f
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t im e  was m easured^ A nalysing  th e  decay  cu rv e  o b ta in ed  in  270 — 340 keV 
in te rv a l  (F ig. 1) th e  h a lf  lives o f 210 d, 15,5 m in . an d  4,5 m in . w ere found . 
T h e  a c tiv ity  o f  15,5 m in. h a lf  life  could  n o t be  d istingu ished  fro m  th e  b a c k 
g ro u n d  in  o th e r  reg ions of th e  gam m a sp e c tru m . T he g am m a a c tiv ity  o f
15,5 i  1,5 m in . h a lf  life o b se rv ed  a t  ~ 3 0 0  K eV  verifies th e  existence o f 
R h 103(n, H e3) T c 101 reac tion . T h e  ac tiv ities  o f  210 d and  4,5 m in  h a lf lives

belong to  R h 103(n, 2re) R h 102 and  R h 103(n, y) R h 104m reac tio n s , re spec tive ly . 
F o r th e  d e te rm in a tio n  o f  th e  cross-section  R h 103(n, y)  R h 104m re a c tio n  was 
used  as in te rn a l  m o n ito r. R h 104m w ith  4,5 m in  h a lf  life decays in to  th e  g round  
s ta te  o f R h 104. In  1 ,8%  o f R h 104 decays a 556 keV g am m a p artic le  is e m itte d  
th a t  c an  h e  used  as in te rn a l  m on ito r. T h e  gam m a sp ec tro m e te r  was ca lib ra te d  
by  N a22, M n54, Co'10, Co57, Y 88, Cs137, H g203, A m 241 (IA E A  V ienna) ab so lu te  s ta n 
d a rd  sources.

I f  w e ta k e  in to  co n sid e ra tio n  th e  n ecessary  co rrec tions to  be m ade for 
th e  ir r a d ia t io n  and  th e  a c tiv ity  m easu rem en ts  fo r th e  cross-section  ra tio  we

Acta Physica Acadcmiae Scientiarum Hungaricae 21, 1966
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o b ta in :

« [R h 103/» , H e3/Tc101] 3 в 10_ л
cr[Rh1(,3/ra, y /R h 104m]

A ccep ting  th e  earlier re su lts  [5] fo r th e  ab so lu te  cross-section  o f 
R h 103(n, y) R h 104"’ and  R h 103(n, a) T c100 reac tio n s (i.e. a(n,  y)  =  3,23 m b , 
a(n,  a) =  11 m b) our m easu rem en t gives th e  follow ing v a lu es

a(n,  H e3)

a(n , H e3) 
a(n, a)

1.2 ±

1 Д ±

1,0
0 ,6 '

1,0
0,6

/гЪ,

10~ 4 .

Calculation of cross-section ratio from  statistical model

The in v es tig a tio n  of th e  reac tio n  m echan ism  for (n , H e 3) w ith  heav y  
n ucle i is possible on ly  b y  co m p arin g  th e  m easu red  an d  ca lcu la ted  cross-sections, 
because  of th e  low  value  of a(n,  H e 3). F o r th is  reason , in  th e  case of R h 103 
nucleus th e  cross-section  ra tio  o f (n , a) an d  (n , H e 3) reac tio n s w as ca lcu la ted  
on th e  basis o f th e  s ta tis tic a l m odel a t  14,7 MeV n eu tro n  energy .

T h e  ca lcu la tio n  of cross-section  ra tio  in  th e  case of a com p o u n d  m ech an 
ism  is reduced  to  th e  d e te rm in a tio n  of th e  Г He /Г* ra tio .

T he em ission p ro b a b ility  fo r partic le  b  genera lly  is:

e6max
Г ь =  M b(2sb +  1) J  sbab(eb) m ( u ) d s b ,

e6mm

w here M bsb an d  eb a re  th e  m ass, sp in  and  k in e tic  energy o f  th e  em itted  
p a rtic le , ab(eb) is th e  cross-section  fo r com p o u n d  nucleus fo rm a tio n  b y  th e  
inverse  reac tio n , co(u) is th e  level d en sity  of re s id u a l nucleus a t  и  exc ita tio n  
energy .

T h e  even-odd  effect was ta k e n  in to  c o n sid e ra tio n  in  th e  ex c ita tio n  
energy  и  =  £i,max — eb +  nô b y  ad d in g  nô,  w h ere  n  is 0, 1 a n d  2 in  th e  
case o f even , odd-m ass and  odd end -nucle i, re sp ec tiv e ly ;

Ô =  10- A ^ r -  M eV ,

w here A  is th e  m ass n u m b e r [6]. T he ab(eb) va lues w ere ta k e n  b y  in te rp o la tin g  
th e  d a ta  o f th e  Sh a p ir o  tab les [7]. T hese d a ta  a re  g iven  for re c ta n g u la r  p o te n 
tia l. T he d a ta  of th e  sam e tab le  w ere applied  to  th e  ro u n d ed -o ff p o ten tia l 
tak in g  in to  accoun t th e  K ik uch i  re la tio n  [8] b e tw een  th e  В  m ax im u m  of th e
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re c ta n g u la r  p o te n tia l  an d  th e  B eff m ax im u m  o f th e  ro u n d ed -o ff po ten tia l

^eff — В 1 — 1,7
R

R  =  1,5 A 1'3 fm  w as ta k e n  as a n u c lea r rad iu s . In  c a lc u la tin g  th e  in v e rse  
c ross-sec tion  n o  d is tin c tio n  w as m ade b e tw een  th e  H e3 a n d  a  p artic les . F o r  
th e  energy  d ependence  o f  th e  level d e n s ity  a sim plified  fo rm  derived  from  th e  
F e rm i gas m odel w as a d o p te d :

co(u) =  c • exp  [2 (au )1/2] .

T h e  v a lu e  o f  th e  level d e n s ity  p a ra m e te r  w as ta k e n  fro m  th e  re la tio n  a =  
— 0,115 • A  [9]. T he m u ltip lic a tio n  c o n s ta n t C was d isreg ard ed  for th e  cross- 
sec tio n  ra t io  because o f its  w eak  m ass n u m b e r d ependence  [10]. S ince th e  
a(n,  H e3)/ff(re, a) ra tio  w as d e te rm in ed  ex p e rim en ta lly  con ta in ing  n e ith e r  
(n , re' a) n o r  (re, re' H e3) processes, th e re fo re  — in o rd e r to  com pare w ith  th e  
e x p e rim e n ta l d a ta  — th e  ca lcu la ted  sp e c tra  were in te g ra te d  over th e  energy  
reg ion  o f e m itte d  pa rtic le s  in  w hich th e  em ission of a second  p artic le  is en erg e
tic a lly  fo rb id d en . T he Q va lu es  w ere c a lc u la ted  using  th e  d a ta  of K u n z  e t  al. 
tab le s  [11], Q(n,  a) =  3,94 MeV and  Q(n,  H e3) =  —7,85 MeV.

T he v a lu e  for th e  cross-section  ra t io  o b ta in ed  b y  ca lcu la tion :

ff(re, H e3) = Z h , _ = 1 iS . 10- 9 ;
a(n,  ос) Г а

is 5 o rd e rs  of m ag n itu d e  less th a n  th e  m easu red  one. T h e  ca lcu la ted  low  value 
is due to  th e  large n eg a tiv e  Q value o f th e  (re, H e3) re a c tio n . A t A  ~  100 nuclei 
th e  cross-sec tion  va lu es  fo r (re, a) re a c tio n s  ca lcu la ted  on  th e  basis o f  th e  s ta 
tis tic a l m odel are in  th e  sam e o rd er o f  m ag n itu d e  as th e  m easured  ones [12]. 
T here fo re , th e  g rea t d ifference b e tw een  th e  m easu red  and  ca lcu la ted  cross- 
sec tion  ra tio s  m ay  arise  m o stly  fro m  (re, H e3) re a c tio n . This m eans t h a t  th e  
cross-sec tion  o f (re, H e 3) re a c tio n  is m o re  orders o f m ag n itu d e  h ig h er th a n  the  
one w e shou ld  ex p ec t on th e  basis o f  th e  s ta tis tic a l m odel.

W ith  N  >  82 nucle i th e  m easu red  value o f cr(re, a) is, in  sev e ra l cases, 
2 — 3 o rd e rs  of m a g n itu d e  h igher th a n  those  ca lc u la ted  on th e  b as is  of th e  
s ta t is t ic a l  m odel [12]. T he m easu rem en ts  of th e  en erg y  sp ec tra  a n d  angu la r 
d is tr ib u tio n s  show  a s tro n g , d irec t e ffec t in  th e  a em ission w ith  N  >  82 nuclei. 
T his su p p o rts  th e  o b se rv a tio n  th a t  th e  value of th e  cross-section  is h igh  in  th e  
case o f  d irec t reac tio n s . C onsidering th e  above m en tio n ed  facts one c a n  suppose 
th a t  th e  h igh  cross-section  v alue  o b served  a t  (re, H e3) reac tio n  is caused  by  
d irec t effects. U n fo rtu n a te ly , th e  p ro o f  of th is  b y  th e  m easu rem en t of H e3
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energy  sp ec tru m  and  a n g u la r  d is tr ib u tio n  cannot be c a rr ie d  ou t w ith  p resen t 
tech n iq u es since a(ti, H e 3) is too low.

T he a u th o r  is g ra te fu l to  P ro fesso r A. S z a l a y  fo r  h is k ind  in te re s t  in 
th is  w ork.
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ИССЛЕДОВАНИЕ РЕАКЦИИ Rh103(n, Не3) Те1»1
Й. ЧИКАИ

Р е з ю м е
Методом активации определяется поперечное сечение реакции Rh103(n, Не3) Тс101 

при энергии нейтронов в 14,7 MeV для чего получено значение а ( п ,  Не3) =  (1,2 ±  J;g / Л . 
Отношение поперечных сечений реакций (л, Не3) и (л, а )  для ядра Rh103 определяется 
на основе статистической модели. Сравнение значений измеренного и вычисленного от
ношений поперечных сечений показывает, что относительно большой выход реакции 
(п, Не3) не может быть объяснен на основе статистической модели.

A c t a  P h y s i c a  Academia г  S c i e n t i a r u m  H u t i g a r i c a e  2 1 ,  1 9 6 6
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(P resented  by A. K ónya — Received 20. I. 1966)

The atom ic form  factors and th e  cross-sections for electron scattering  are calculated 
for rare gases using a sta tistica l atom m odel, which contains b o th  the D i r a c  exchange energy 
and the improved kinetic energy correction of G o m b á s . R esu lts  are compared w ith  the em pi
rical data.

1. In troduction

T he T homas  — F e rm i  [1] m odel of a tom s is based  on th e  assum ption  
th a t  th e  electrons o f a heav y  a to m  can  be co nsidered  as a free -e lec tro n  gas 
an d  accord ing ly , th e  k ine tic  en erg y  of th e  a to m  can  he id en tif ied  w ith  th e  
F e r m i  energy  of th e  e lec tron  gas. I n  calcu la ting  th e  p o ten tia l en e rg y  of th e  
a to m  one m akes th e  a ssu m p tio n , t h a t  th e  n e g a tiv e  electric ch a rg e  is d is tr i
b u te d  con tin u o u sly  a n d  th a t  th e  e lec trons are p re se n t in  th is  gas in  a “ sm eared- 
o u t”  s ta te . C onsequen tly , only th e  e lec tro sta tic  C oulom b in te ra c tio n  betw een 
elec trons has been ta k e n  in to  acco u n t.

M any im p ro v em en ts  have b een  m ade on th is  o rig inal T h o m a s  — F ermi 
m odel, w hich ta k e  in to  accoun t m ore  exac tly  b o th  th e  p o ten tia l en e rg y  and  
th e  k in e tic  energy  of th e  a to m . T he m o s t im p o rta n t co rrec tion  to  th e  p o te n tia l 
energy , in tro d u ced  b y  D irac [2], is th e  exchange in te ra c tio n  e n e rg y  of th e  
elec trons. T he co rrec tions to  th e  k in e tic  energy a rise  from  the  fa c t  th a t  the  
d en sity  o f th e  elec tron  gas in  an  a to m , especially in  th e  neighb o u rh o o d  of th e  
nucleus, c an n o t be re g a rd e d  as c o n s ta n t. The W e i z s ä c k e r  [3] k in e tic -en e rg y  
co rrec tion  has th e  effect th a t  som e defects of th e  s ta tis tic a l a to m  model 
d isap p ear. In  p a r tic u la r , as a re su lt o f  th is  c o rrec tio n , th e  e lec tro n  d en sity  
a t th e  nucleus is f in ite  a n d  falls o ff ex p o n en tia lly  a t  in fin ity . T hese  are  in 
ag reem en t w ith  th e  co rrespond ing  re su lts  of w ave m echanics, w hile  in  the  
T homas  — F ermi  — D irac  m odel th e  e lec tro n  d ensity  a t  th e  nucleus is in fin ite  
and  th e  rad iu s  of th e  a to m  has a f in ite  va lue , a t  w h ich  th e  e lec tron  d en sity  
drops d iscon tinuously  from  a fin ite  v a lu e  to  zero. H o w ev er, the  W e iz s ä c k e r  
co rrec tion  has th e  defec t t h a t  th e  ag reem en t of energ ies w ith  em p irica l d a ta  
is n o t so good. The energies o f th e  m odel, includ ing  th e  W eizsäck e r  co rrec tio n  
are  20 — 25%  higher th a n  th e  em pirica l ones. The o rig in  of th is  d isc rep an cy
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has been  p o in te d  o u t b y  G o m b á s  [ 4 ] .  T h e  ad d itio n  o f  th e  F e r m i  en e rg y  of 
th e  e lec trons an d  th e  W e i z s ä c k e r  c o rrec tio n  resu lts  in  a n  error, b ecau se  th e  
tw o  expressions p a r t ly  o v erlap  and , co n seq u en tly , a p a r t  o f  the  k in e tic  energy  
is ta k e n  in to  acco u n t tw ice . T his d isc rep an cy  can be e lim in a ted  by  decom posing  
th e  k in e tic  energy  to  a n  a z y m u th a l a n d  a rad ia l p a r t  a n d  th en  s u b tra c tin g  the  
ra d ia l se lf en erg y  of e lec tro n s from  th e  ra d ia l k inetic  en e rg y  of th e  a to m .

I f  we ad d  b o th  th e  D i r a c  ex ch an g e  energy  a n d  th e  G o m b á s  kinetic  
en erg y  co rrec tio n  to  th e  T h o m a s  —  F e r m i  m odel, we a rr iv e  a t an  a to m  m odel 
w hich  besides its  s im p lic ity , describes m a n y  fea tu res  o f  a tom s in  a v e ry  good 
a p p ro x im a tio n . T he e lec tro n  d en sity  o f  th is  m odel ap p ro x im ates  b e t te r  the 
w avem echan ica l H a r t r e e  —  F o c k  d is tr ib u tio n  th a n  th e  original W e i z s ä c k e r  

d is tr ib u tio n , an d  i t  b eh av es  ex ac tly  lik e  th e  w ave-m echan ical d is tr ib u tio n  at 
th e  nucleus an d  a t  la rg e  d istances fro m  th e  nucleus [6]. The a to m ic  energies 
o f th is  m odel show , from  th e  lig h tes t to  th e  heav iest a to m s , a d ev ia tio n  sm aller 
th a n  2 %  fro m  th e  em p irica l values [5]. C onsidering th a t  these energ ies are 
d is tr ib u te d  in  a ran g e  o f 5 orders o f  m ag n itu d e  th e  ag reem ent is excellent.

T he aim  of th is  p a p e r is to  ca lc u la te  th e  a to m ic  form  fa c to rs  and  the  
cross-sections for collisions of e lec trons w ith  a to m s using  the  e le c tro n  d is tri
b u tio n  o f  th e  above m en tio n ed  s ta tis t ic a l  a to m  m odel [6]. T he com parison  
of th e  co m p u te d  a n d  m easured  d iffe ren tia l cross-sections is th e  b e s t  w ay to  
co m p are  th e  c a lc u la ted  elec tron  d is tr ib u tio n  w ith  em pirical d a ta . O u r aim  is 
to  c o n tro l, b y  th is  com parison , th e  re lia b ility  o f th e  G o m b á s  s ta t is t ic a l  atom  
m odel.

2. Calculation of atom ic form  factors and cross-sections

T h e collision o f  h igh energy  e lec trons (Еы„ ~  1 keV) w ith  a to m s  can be 
tr e a te d  in  f irs t  B o rn  a p p ro x im a tio n . T he d iffe ren tia l cross-section  for elastic
sc a tte r in g  is g iven  b y

<x(0) °R (V)
Z  -  F(q)  )«

( 1 )

w here <7r (&) is th e  R u t h e r f o r d  cross-section  o f a p o in t ch a rg e  Ze, Z  is th e  
a to m ic  n u m b e r a n d  F  is th e  a to m ic  form  fa c to r  w hich ch a rac te rizes  th e  
screen ing  of th e  n u c leus due to  th e  electrons.

Ze2 * 2 l — ß2 1 — ß 2 sin2 (0/2)
(2)

2m0 c2 ß4 s in 4 (0/2)

F(q)  =  4n û r )  Sinqr г2d r ,  
J я?

(3)
0
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4 =
2m g c

П
_ ß _

П - Р 1
sin  (»7/2). (4)

H ere  e is th e  e lectron ic  charge , c th e  ve lo c ity  o f ligh t, % th e  P lan ck  c o n s ta n t 
d iv ided  b y  2n,  m n th e  re s t m ass of e lectron , ■& th e  angle o f s c a tte r in g  and

_  У-^kin (^kin ~4~ 2m 0 c2) 
C Skin +  "»o C~

(5)

q in units o f  1/ac

Fig. /. Atomic form factors for rare gases as functions of q

w here v is th e  velo c ity  an d  E kln th e  k in e tic  energy  o f inc iden t e lec tro n s. In  (3) 
g(r) is th e  d en sity  d is tr ib u tio n  o f a to m ic  e lectrons a n d  th e  fo rm  fa c to r  F(q) is 
essen tia lly  th e  F o u rie r-tran sfo rm  o f th e  e lectron  d e n s ity  d is tr ib u tio n .

q(t) h as  been ca lcu la ted  b y  G o m b á s  for r a re  gas atom s a n d  th e  rad ia l 
d e n s ity  D(r)  =  4 л  r2 p(r) is g iven fo r N e, A, K r  an d  X e in  h is  p ap er [6]. 
U sing these  D(r)-s we h av e  ca lcu la ted  th e  atom ic  fo rm  factors

F ( q ) = ( D ( r ) Ŝ ^ d r  (6)
J  qr
о
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Fig. 2. D ifferential cross-section for sca ttering  of 412 eV electrons by Ne atom s
------------------  p resen t calculation
— . — . — . — T h o m a s— F erm i m odel 
— — — — m ea su re d  b y  Arn ot  [7]

Fig. 3. D ifferential cc tin  for soross-escattering of 708 eV electrons by A atoms
------------------- p resen t calculations
—• . — . — T h o m a s—F er m i m odel
— — — — m easu red  b y  A r n o t  [7]
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Fig. 4. Differential cross-section for scattering of 820 eV electrons by K r atoms
-------------------  p re sen t c a lcu la tio n
— . — . — . — T hom as—F e r m i m odel 

— m easured  by  A rn o t  [7]

Fig. 5. D ifferential cross-section for scattering of 800 eV electrons by X e atom s 
-------------------present calculation
— . — . — . — T hom as— F erm i m odel
— — — — m easured  by  Ar n o t  [7]
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Table I

Atomic form factors for rare  gases, q in un its of l / a 0

Gas Neon Argon Krypton X enon

4 F F F F

0 . 10. 18. 36. 54.

0.25 9 .887 17.725 35.682 53.544

0.50 9 .436 17.080 34.688 52.237
0.75 8 .803 16.250 33.222 50.350

1.00 8 .099 15 .126 31.549 48.148

1.25 7 .399 14 .073 29.763 45.852

1.50 6 .744 13.068 28.232 43.581

2.00 5 .623 11.287 25.425 39.368

2.50 4 .729 9 .811 22.394 35.648

3.00 4 .020 8 .598 20.200 32.413

3.50 3.447 7 .582 18.176 29.585

4.00 2.982 6 .734 16.499 27.118

4.50 2.600 6 .020 15.048 25.008

5.00 2 .279 5 .409 13.784 23.051

6.00 1.792 4 .431 11.698 19.862

7.00 1.436 3.691 10.061 17.316

8.00 1.165 3 .109 8.737 15.230

9.00 0.956 2 .645 7.637 13.661

10.00 0.792 2 .268 6.751 12.051

1 1 .0 0 0.668 1.967 6.010 10.842

12.00 0.584 1.774 5.359 9.815

13.00 0.487 1.530 4 .856 8.933

14.00 0.429 1.448 4 .389 8.153

15.00 0.372 1.174 3 .988 7.477
16.00 0.328 1.101 3 .640 6.886

fo r se v e ra l values o f  q. W e have p e rfo rm ed  th e  in te g ra tio n  in  (6) num erica lly , 
the m esh  of r used  w as 0 (0,001) 0,01 (0,002) 0,02 (0,004) 0,06 (0,008) 0,108 
(0,016) 0,284 (0,032) 0,508 (0,064) 1,212 (0,128) 3,132 (0,256) 10,044 in  
u n its  o f  B ohr rad iu s  a 0. The re su lts  fo r  Ne, A, K r  a n d  X e are  g iven  in  T ab le  I  
an d  a re  show n in F ig . 1. F o r g =  0 th e  form  fa c to r  F  equals to  Z ; F  decreases 
m o n o to n ica lly  w ith  increasing  q a n d  van ishes fo r q =  oo.

T h e  sc a tte rin g  cross-sections h a v e  been c a lc u la ted  from  th e  fo rm  fac to rs 
acco rd in g  to  (1) — (4). T he resu lts  fo r  th e  ra re  gas a tom s an d  fo r sca tte rin g  
en e rg y  o f ab o u t 800 eV are show n  in Figs. 2 — 5, w here th e  cross-sections 
m easu red  b y  A r n o t  [7] are also p lo tte d . B o th  th e  ca lcu la ted  a n d  m easured
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cu rves fall off ra p id ly  w ith  in c reasin g  &. E x cep t fo r th e  case o f N e, th e  agree
m en t be tw een  th e  tw o curves fo r sm all and  in te rm e d ia te  $-s is q u ite  good. 
F o r la rge  angles o f sc a tte rin g  th e  m easured  cross-section  o f h eav ie r  elem ents 
K r  an d  X e ex h ib its  a w eak osc illa tion . The th e o re tic a l curve c a n n o t reproduce 
th is  oscilla tion  b u t  averages i t .  T hese resu lts  em phasized  th e  re lia b ility  o f th e  
e lec tro n  d is tr ib u tio n  of th e  s ta tis t ic a l  a tom  m odel w hich c o n ta in s  b o th  the  
D irac  and  th e  G ombás  co rrec tions.

The a u th o r  wishes to  express her th a n k s  to  Prof. D r. P . Gombás  for 
he lp fu l advices and  discussions.
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РАСПРЕДЕЛЕНИЯ ПЛОТНОСТИ ЭЛЕКТРОНОВ
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ALGEBRAIC METHODS IN THE THEORY 
OF SPECIAL UNITARY GROUPS

I. CALCULATION OF G EN ERA TO R M A TRIX  ELEM ENTS
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J. N y ír i  and A . Se b e s t y é n

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST  

(Presented by L. Jánossy. — Received 2. II. 1966)

In  th is paper and a few following ones the efficiency of simple algebraic methods is 
dem onstrated in the theory  of the special u n ita ry  groups. The present w ork deals w ith the 
calculation of the generator m atrix  elem ents. The procedure is considered in  detail in the 
framework of SLr(3).

In  th e  la s t few  years th e  ro le o f th e  Lie g roups in  th e o re tic a l physics, 
especially  in  th e  d o m ain  of e lem en ta ry  partic les h a s  becom e d o m in a n t. A large 
am o u n t o f w ork has been  done in  th is  field , m a in ly  in  con n ec tio n  w ith  special 
u n ita ry  groups. M ost o f th e  re su lts  h av e  been o b ta in e d  by  u s in g  th e  general 
an d  v e ry  aesth e tic  th e o ry  of sem isim ple co m p act L ie groups. H o w ev er, a lm ost 
every  ca lcu la tion  can  be carried  o u t b y  m uch m o re  sim ple m e th o d s  v e ry  sim ilar 
to  th e  trick s  of S U ( 2) w hich can  be found  in  ev e ry  tex tb o o k .

O n th e  o th e r  h a n d , th e  th e o ry  of и-d im ensional special u n ita ry  groups 
has developed  so ra p id ly , th a t  som e su b sid ia ry  questions, su ch  as th e  general 
red u c tio n  of p ro d u c t spaces an d  th e ir  new q u a n tu m  n u m b ers , an d  th e  d e te r 
m in a tio n  of iso sca la r fac to rs in  closed form , h a v e  no t received  th e  a tte n tio n  
deserved .

In  th e  p re se n t p ap er an d  in  those  follow ing we should  lik e  to  d em o n stra te  
th e  effectiveness o f  fa irly  sim ple algebraic m e th o d s in th e  th e o ry  of S U ( n )  
b o th  in  th e  t r e a tm e n t  of o lder re su lts  o b ta in ed  b y  m ore co m p lica ted  reason ing , 
an d  in  a tta c k in g  som e p rob lem s, as y e t unso lv ed .

In  our w o rk  we m ake an  a t te m p t to  fo rm u la te  th e  re su lts  for any  S U ( n ) 
th o u g h  some o f th e  ca lcu la tio n s w ill be c a rr ie d  ou t only  fo r  S t/(3 ) . In  som e 
cases we shall em phasize  th e  connections w ith  th e  general th e o ry  of sem isim ple 
co m p ac t Lie groups.

In  th is  p a p e r  we show  th e  m ethod  o f d e te rm in a tio n  o f g en era to r m a tr ix  
e lem ents of S U ( n ) .

In  P a r t  1 we ou tlihe an  in d u c tiv e  w ay  of these  ca lcu la tio n s in  S U ( n )  
on th e  basis o f th e  know ledge o f m a trix  e lem en ts  in  S U ( n  — 1). In  P a r t  2 we 
develop th e  w hole p rocedure  in  detail fo r  S I/(3 ) . T he re su lts  of th is  sec tion  
agree w ith  th o se  of B i e d e n h a r n  o b ta in ed  on th e  basis o f W e y l ’s b ran ch in g  
law s [1] an d  M u k u n d a  a n d  P a n d it  [2], w ho o b ta ined  th e  sam e expressions 
b y  m eans o f te n so r  m eth o d s.
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1.

In  th e  Weyl basis  o f g en e ra to rs  of S U ( n )  th e  c o m m u ta tio n  rules are 
as follows:*

IA /к •> A/ m] — ôfti A im ôim A / k , 1 ^  i, к  re .

A'ik sa tisfies th e  co n d itions E  A'rr =  0 and  A ’ik =  A kl-.**
T he fu n d a m e n ta l re p re se n ta tio n  (F . R .) o f th e  genera to rs is:

» ,
( A  j k)rs blr ô ks - -  ô r s  , 1 <  1 , fc, Г, S <  П .

( 1 )

( 2)

L e t us in tro d u ce  a lin ear co m b in a tio n  o f th e  g en e ra to rs :

1 -  2 n
A tk =  \ A ’ik ^ik л<■Я-Г bin bkn

n 1

w hich  in  d e ta il gives th e  eq u a tio n s :

Af k — A ik , i =f= к ,

А  к — А ц  -f- A nn , i <^n ,
re I

Л — _  A ’nn ^ n n  •

This new  se t of g en era to rs  m ig h t be arranged  in th re e  classes:

a ) Aik i, к <  re У , А И 
1 = 1

=  0

b)
c )

A in

А ПП •

i <  re ; A-nk к n

(3)

I t  is in s tru c tiv e  to  look in to  th e  s tru c tu re  o f th e  g enera to rs o f  these  
classes se p a ra te ly  in  th e  F . R .

a) i, к < n .

W e h av e , from  fo rm ulae  (2) an d  (3)

» ,
( A i k ) r s  bjr b ks - ^ - b r 

re — 1
b.ik

re — 1
bnr bn,  ■

* No upper indices are used either in this note or in the following ones, as we do not 
in tend  to  w ork w ith  tensor notation.

** An a rb itra ry  elem ent of SU (n) can be w ritten  in the form:

U =  exp i E ’ (<*jk A  jk +  a*k A ’kj) ■
jk  *
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T his fo rm ula  show s th a t  if  r = n  or s =  n,  th e n

П — 1
( A ik)rs =  0 an d  A it  =  0.

i=I

I t  is easily  seen th a t  the  m a tric e s  of th is  class in  th e  F . R . a re  sim ply 
th e  m atrices  of S U ( n  — 1) w ith  one colum n a n d  one row  of zeros a ttach ed  
to  th em :

G enera to rs 
o f  S U  (n — 1)

0 ..............  0

0

ó ;

b) I f  i <  re (k  <  n), th en  in  th e  F . R . A i n( A nk) con ta in  1 in  th e  i- th  
(fc-th) position  of th e  la s t co lum n (row)

e.g.

0

Ó
0 :

i

Ó
0 ■ ■ • • 0

о

(1 in  th e  i —th  row)

c) This class consists of one m a trix

( A rin)rs ^nr ^ns “Ь ^rs
n

1 - ,  • , . 1 -  nw ith  —  in  th e  d iagona l excep t its  la s t  e lem en t w hich is eq u a l t o ---------
n n

1
n

l
n

l
n

1 — n
n

U sing fo rm ulae  (1) and (2) we can  w rite  d o w n  th e  co m m u ta to rs  of our g e n e ra t
ors. I f  we ex am in e  th e  c o m m u ta to rs  of th e  g enera to rs in  c lass a), we see, t h a t

[ A iki A lm] =  ô kl A im — bim A ih, i, k, l, m  <  n  — 1. (4)
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T hese c o m m u ta tio n  ru le s  are e x a c tly  th e  rules of S U ( n  — 1). T he c o m m u ta to rs  
of g e n e ra to rs  be lo n g in g  to  class a) a n d  b), re sp ec tiv e ly , are

A ln\ =  [(A'ik

ft,,

~ \ л ' п), A'ln]
П — 1

à  к  I A ' i n
n 1 f tk l  Üir  — f t r

n  — 1
i, k,  l <[ n

A  rrr (5)

In  th e  la s t  fo rm ula th e  b rack e t c o n ta in s  the  m a tr ix  o f th e  g e n e ra to r  A,-k of 
S U ( n  — 1) in  its  F . R . w hich can  b e  seen by  rep lac in g  n b y  n  — 1 in  (2), 
This show s th a t  A/n is a n  irreducib le  te n s o r  o pera to r o f  S U ( n  — 1) tra n sfo rm in g  
acco rd in g  to  its  F . R .

A nn an d  th e  g e n e ra to rs  of class a) com m ute:

И „ , ,  A nn] =  0 i , k  < n  . (6)

A nn a n d  the  g en e ra to rs  of class b ) h av e  th e  fo llow ing co m m u ta to r:

[^ n n  1 “  [A nn •> A / n] A / n =  A tn

[ ^ n r i  '  ^ n k \  A n k  к , l  Tl

T w o fu r th e r  ty p es  o f  co m m u ta tio n  ru les invo lv ing  generato rs of c lass b) 
ex ist, i.e.

and
I in 1 ft nn] 0

[ A iri, A n/.] =  A ik -\--------  ftik A nn .
n — 1

( 8 )

(9 )

W ith  th is  m e th o d  we h av e  sep a ra ted  th e  g enera to rs of an  S U ( n  — 1) su b g ro u p  
of SU(n) .

L e t u s  tu r n  our a t te n t io n  to  th e  ca lcu la tio n  of g e n e ra to r  m a trix  e lem en ts  
o f SU(n)  in  a n  irreduc ib le  rep re se n ta tio n . F ir s t  we h av e  to  m ake one re m a rk . 
Biedenharn show s [3] t h a t  th e  s ta te s  o f  a given irred u c ib le  re p re se n ta tio n  
o f SU (n)  m a y  be  co m p le te ly  ch a rac te rized  b y  q u an tu m  n u m b ers  of S U ( n  — 1) 
— th a t  is, n u m b e rs  sp ec ify ing  an ir re d u c ib le  re p re se n ta tio n  of th is  s u b 
group , a n d  n u m b e rs , sp ec ify in g  a s ta te  in  th is  irred u c ib le  rep re sen ta tio n  
p lus one n ew  a d d itiv e  q u a n tu m  nu m b er, w h ich  in  ou r schem e is th e  e ig en 
va lu e  of A nn. T h e  g e n e ra to rs  of th e  S U ( n  — 1) su b g ro u p  are ex ac tly  A,-k 
i, к <  n in  o u r  p ic tu re .

T hus, s in ce  we know  th e  genera to r m a tr ix  e lem ents o f  S U ( n  — 1), o n ly  
th e  m a trix  e lem en ts  of th e  ty p e  Ajn (i <  n)  m ust be ca lcu la ted  as A nk =
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=  A kn an d  A nn is d iagonal in  th is  rep re se n ta tio n . E q u a tio n  (5) gives fu r th e r  
in fo rm atio n , show ing th a t  A / n is an  irreduc ib le  ten so r o p e ra to r  o f SU (n  — 1) 
tran sfo rm in g  accord ing  to  its  F . R .; co n seq u en tly  in  th e  d e te rm in a tio n  o f 
A (n th e  W i g n e r — E ckart th eo rem  of S U ( n  — 1) can be used .

In  th e  n e x t section  we ap p ly  these  genera l resu lts  to  th e  ca lcu la tion  o f 
th e  g en era to r m a tr ix  e lem ents of SU(3) .

2 .

In  SU{3)  it is m ore co n v en ien t to  in tro d u ce  th e  fo llow ing n o ta tio n :

L  - ^11 , У  = ^33 »

4 + = 4̂12 1 F + =: '413, G+ = ^32
J _  = A n  , F _ ec<Mli G_ = ^31

n  = 7 - , F + =  G_ , F t  = - c +

T he g en era to rs  I +, I 2; F + , G ±  ; and  Y  co n s titu te  classes a), b) and  c) of 
the  p rev ious sec tion  respective ly .

Since A n  -)- A 22 =  0, w e h av e  A 22 =  — I z.
T he co m m u ta to rs  co rrespond ing  to  eq u a tio n s  (4)—(9) a re  th e  follow ing:

[ I z > I ± ] = ± I ± >  [ I + , I - ]  =  2IZ, (4')

[ i t , F _ ]  =  F + , [ / _  , F +] =  F _  , [Iz , F ±] =  ±  J  F ± ,

[ 7 + , G _ ] = G + , [ 7 _ , G + ] = G _ ,  [IZ, G±] = ± ~ G ± , ( 5 )

[I+ , F +1 =  ] 7 _ , F _ ]  =  [I+ , G+] =  [J_ , G_] =  0 ,

[7+ , Y ] =  [7 _ , У] =  [7г , Y] =  0 ,  (6 ')

[Y , F ±] =  F ± , [Y , G ±] =  -  G ± , (7 ')

[F + , F _ ]  — [G+ , G_] =  0 , (8 ')

[F+ , G+] — — I + , [F__, G_] =  / _  ,

[F + ,G_] =  7r +  ~ Y ,  [ F_ ,  С+] =  / г - 1 у  .
Z L

A d a  P h y s i c a  A c a d e m i a e  S c i e n t i a r u m  H u n g a r i c a e  2 1 ,  1 9 6 6

and
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As for a n  irreducib le  re p re se n ta tio n  o f S(7(3) th e  th eo rem  of B i e d e n h a r n  
sta te s  t h a t  an  e ig en v ec to r has th e  fo llow ing labelling :

IT M Y )  .*

T  an d  M  specify  an  irred u c ib le  re p re se n ta tio n  of th e  S U ( 2) subgroup  o f the  
g en era to rs  I ± , I Z, an d  i ts  m agnetic  q u a n tu m  n u m b e r, respective ly . У  is th e  
new a d d itiv e  q u a n tu m  n u m b e r of S t/(3 ) . This labelling  system  m ig h t be  con
s tru c te d  in  an  in d u c tiv e  m anner, to o . W e have tw o  m u tu a lly  co m m u tin g  
o p era to rs  I-  and Y .  L e t us denote  a s im u ltaneous e igenvecto r o f th e m  by
M Y ) :

I Z\ M Y > =  M \ M Y )  ,

У I M Y )  =  У  [ M Y )  .

Follow ing th e  trick s  of S U ( 2 )  w ith  g en e ra to rs  I +, I _ a n d  I z, and  ta k in g  in to  
accoun t t h a t  th e y  co m m u te  w ith  У , w e see th a t  for a fix ed  eigenvalue of Y  
we m u s t ch a rac te rize  th e  e igenvecto r b y  a n u m b er T,  i.e. we m u s t w rite  
'< T M Y ) ,  a n d  we get th e  possible v a lu es  o f M:

T  <  M  <  T  .
T  is th e  e igenva lue  of

Г1 = - - ( ! +  1 -  +  / - / + )  +  / ; :
Zj

P  j T M Y )  =  T ( T  +  1) I T M Y )  .

F or J + , I _ we get th e  w ell-know n re la tio n :

1 + 1 T M Y )  =  f ( T = F M )  ( T ~ ± M  +  1) IT M  ±  1 У ) .

C oncerning F +, F _  we re m a rk  th a t  acco rd in g  to  e q u a tio n s  (5 ') th e y  a re  ir re 
ducible sp in o r o p era to rs . T h is  fa c t to g e th e r  w ith  (7 ') gives th e  equations:

— M  +  1
2 T  4- 1

I T M Y )  -F

x ( T Y )  T  H-------M
2

j  T  +  M  
2 T  +  1 

1

F + I T M  1У )

У  + 1 ) ,

T  +  M  
2 T  +  1

F  T M Y ) - T  — M  +  1 
2 T  +  1

F + T M  — 1 У )  =

ß ( T Y )  |т — Y  M  — ~ Y  +  1 )  ,

* As can be seen, we have adopted D ir a c ’s notation. The scalar product of two kets 
is defined: <TM Y | T'M'Y') =  ô T T ,ôM M ,ô YY
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w h e r e  a (T Y ) a n d /3(ТУ) a r e  i n d e p e n d e n t  o f  t h e  q u a n t u m  n u m b e r  M .  ( W i g n e r  —  

E c k a r t  t h e o r e m . )

F rom  th ese  eq u a tio n s we get:

F ± \ T M Y > =

= F

/ T  4- M + 1 а ( т у )  L  +  J _ m ±  —  Y  + 1 ) =F
2 '  ' 2 '2 T  +  1

f T=PM
2 T  +  1

ß ( T Y )  T
1

M
1

- Y  +  1

a n d

G+ I T M Y > =  =F E Í  I T M Y >

=  T
! T  =f  л /

2T
T --------Y -  1 7’ •AT П -

+  1 3*
2T +  2

T I T M Y  — 1 >.

To com pu te  a  (T’Y) an d  ß ( T Y )  we use  th e  tw o re la tio n s :

[ F f , F _ ]  = 0 ,

3
[ F + , G_ h  +  —  Y.

( 10)

( И )

( 12)

(13)

W e r e m a r k  t h a t  all t h e  r e m a i n i n g  c o m m u t a t o r s  o f  F  a n d  G c a n  b e  o b t a i n e d  

f r o m  t h e s e  e i t h e r  b y  t a k i n g  h e r m i t i a n  a d j o i n t s ,  o r  b y  c o m m u t i n g  t h e  s e c o n d  

r e l a t i o n  w i t h  7 +  a n d  u s i n g  t h e  j A C O B i - i d e n t i t y :

[A, [B,  C]] +  [B, [C, A]]  +  [C, [A,  B]]  =  0

C o m m u ta to r (12) gives tlie  follow ing eq u a tio n :

«(T’Y ) [  T ß ( T Y )

a  jT  -  y  Y  +  ! 1 T  +  1
ß

T  +  T Y  +  1)

(14)

C o m m u ta to r (13) gives tw o e q u a tio n s  w ith  re sp ec t to  diagonal a n d  n o n 
d iagonal elem ents

T  +  M
2 T

a (T

f

2
T

L)

M  +  1
2T +  2 ß

2 T  ^

T  +

« (T ’Y)

—----—  \ß < T Y ) I* -  M -  —  Y  =  0
2T +  1 2

(15)
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and

а  (ТУ ) 2T  +  1
ß \ T + j Y + l

Y  +  l \ ' 2 T ( 2 T  +  2) ß ( T Y )
(16)

F ro m  e q u a tio n s  (14) an d  (16) we can  derive  th e  following re la tio n s  e q u iv a le n t 
to  th em :

a T  +  —  У  -  1
2

[ т -----— У  — 1

2 T  +  2
2 Г  +  3

I «  ( Т У ) | 2 ,
2 Т

2 Т  — 1
!£ (Т У )|2 .

(17)

(18)

M aking use o f  th e  fa c t th a t  а  (Т У ) an d  ß ( T Y )  a re  in d ep en d en t o f M  and re p la c 
ing  M  b y  T  a n d  —T , re sp ec tiv e ly , (15) gives tw o  fu r th e r  eq u a tio n s:

« T Y  1 + ------------ \ß
^  2 T  +  2 \

T  +  У  -  1
2

=  ja (Т У ) |2 - f  Г  - f  у  У (19)

2 T  +  1
2 T  +  2

T H - - - y  -  1
2

1
2  T  +  1 |а (Т У ) |2+

2T  1
+  - — IjS (Т У )!2 — T  H------У  .

2T  +  1 2
( 20 )

E q u a tio n s  (17) — (20) c o n s titu te  a system  o f difference e q u a tio n s  for а (Т У ) 
a n d  ß ( T Y ) .  T o  solve th is  sy s tem , i t  is n ecessa ry  to  im pose in itia l cond itions. 
As we are  co n sid e rin g  f in ite  d im ensiona l re p re se n ta tio n s , th e  eigenvalues o f 
У  m u st te rm in a te  a t  som e У 0. L e t us den o te  th e  co rrespond ing  T  value b y  T 0, 
th a t  m eans t h a t  th e re  ex ists a s ta te  | Т 0М У 0)  fo r w hich:

F + |T 0 M  y 0>  =  F _ |T 0 M Y 0>  =  o;

as F  increase th e  e igenvalue o f  У  b y  1 [see(7 ')]. I t  is easily  seen  b y  considering 
I + I Т 0М У 0>, t h a t  th is  p ro p e rty  is va lid  for a n y  value of M  ( T 0 <  M  <  T 0) 
fo r th e  s ta te  I T 0M Y oy, i.e.

F + IT0 T 0 У 0>  =  F _ |T 0 T n У 0>  =  0 .

F ro m  th ese  a n d  (10) i t  becom es c lea r th a t

а(Т„ У0) =  ß{Tо У0) — 0 .
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O n th e  o th e r h a n d  (16) and  (17) give:

к
2

2 T  +  2 
2 T ~ + k  +  2

x ( T Y  ) 2 . ( 21 )

ß T r \ ß ( T Y )\2 , ( 22 )

(fc an d  l are  in tegers).
F o r an y  v a lu e  of T  a n d  Y  ( Y  <  Y 0) we m ay in tro d u c e  tw o in te g e r  

v ariab les , m  and  n by  the  eq u a tio n s:

T  =  T„ +  — -----— , У  =  Y„ — (m +  re), m +  n >  0 .
2

T his is ju s tif ie d , as when exam in in g  the  d ifference  eq u a tio n s we find  th a t  T  
a n d  Y  values in v o lv ed  differ fro m  each o th e r  b y  half-in teger a n d  in teger n u m 
bers, resp ec tiv e ly . In  th e  fo llow ing we p re se n t th e  ca lcu la tions of ß ( T Y ) .

\ß ( T Y ) ß
m re2 —- T  -

0 2
, > „ m

2
re 1

2 T
2 T  — re

T  +  m  Y» ' 9 1 »

(23)

w here we have used  (22).
m  — 1 ,

R ep lacing  T  by  Т0 -)- - -  and Y  h y  Y u — (m — 1) equation  (20)

gives th e  follow ing re la tion

2 T 0 -f- m

2 T„ - 1

2 T,

m  ̂r \
ß T 0 + —  V„ — m

2 T n
-y „

1

2 T 0 +  m

rei — 1 , л! я T  0 + ■ У » — ( m  “- 11 j

_T n
m  — 1

2
!)•
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A ccord ing  to  eq u a tio n  (21) th e  firs t te rm  on  th e  r ig h t-h a n d  side is p ro p o rtio n a l 
to  J oc(T0 Y 0) 2, and  th a t  is eq u a l to  zero. T h e  rem ain ing  e q u a tio n  is a d ifference 
eq u a tio n , w h ich  m ay  be sum m ed  up , a n d  leads to  th e  re su lt:

2T„ +  m  +  1 f  3 
2 T n -f- m

Y 0 - T 0 1 — m

T his an d  (23) give:

\ß ( TY) \2 =  I ß  |T 0 +  -  - У 0 -  (m -  n)
I

2 T0 +  m  -f- 1 3
2T 0 +  m  -f- n  2

T0 + 1 — tn

U sing now  th e  value T  a n d  У  in s tead  o f  m  and  n,  a n d  considering t h a t  we 
h av e  a freed o m  in th e  choice o f phases as a ll th e  eq u a tio n s  involve only  sq u ares  
of ab so lu te  va lues of а (Т У ) and  ß ( T Y ) ,  w e get

ß ( T Y )  =

(24)

' ( r .  +  i  +  r - X + 1 K b _ r . + r _ X ( v . - r  +  У + ц  j

2 T
(

E q u a lly , а (Т У ) can  he d e te rm in ed  in  a s im ila r  w ay, a n d  th e n  we o b ta in

%{ T Y )  =

A- +  T Y
2

1 IT
2

2Г +  2

Y 0 +  T  +

25
F rom  S U ( 2) co n sid era tio n s i t  is obvious t h a t  any T  v a lu e , and  so T„, is a n o n 
n eg a tiv e  in teg e r or h a lf-in teg e r, i.e.

T„ =  - (Я >  0, in teger).

F ro m  th e  f in ite  d im en sio n a lity  of th e  re p re se n ta tio n  i t  is also obvious th a t

(G+r\T„ T n Y o > =/=0
b u t

(G+T +1\Tn T 0 Y 0 >  =  0 

as G + decreases th e  e igen v a lu e  of У  b y  1.
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The s tru c tu re  o f G + [see (11)] show s, th a t  th e  la s t tw o eq u a tio n s  lead 
to  th e  condition :

T  0 +
+  1 f1 “Ь 1

9
0,

Я , Я +  2 Ц
w hich  to g e th e r w ith  T u =  —  and  ta k in g  in to  a cco u n t (24) gives У 0 = ------------.

2 3
So, fin a lly , we m ay  s ta te  t h a t  th e  tw o n o n -n eg a tiv e  in teg e r va lues Я 

an d  fi specify th e  irred u c ib le  re p re se n ta tio n  in  q u es tio n , and  th e  expressions 
fo r а  (Т У ) and  ß ( T Y )  in  te rm s of Я an d  ц  are th e  follow ing:

а  (Т У )

1 Г  ~ “ +  T  +  +  1
3 2

2Я + ,w T  1 ( Я + i i t  +  T  +  У  + 2 ~  
1 3 23 2

2 T  -j- 2
( 2 6 )

ß ( T Y )

Г ( 2 Я ± ^  _  У  
\ 3 2 1

A z ü x r  y _  t  +  —  + 1
3 23 2

2 T
(27

T hus, th e  p rob lem  of d e te rm in a tio n  of g e n e ra to r  m a tr ix  e lem en ts  in  th e  
irreducib le  re p re se n ta tio n  ch a rac te rized  b y  Я an d  // is com plete ly  solved.
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АЛГЕБРАИЧЕСКИЕ МЕТОДЫ В ТЕОРИИ СПЕЦИАЛЬНЫХ УНИТАРНЫХ
ГРУПП I

Ю. Н И Р И  и  А.  Ш Е Б Е Ш Т Е Н

Р е з ю м е
В данной работе и в последующих использованы простые алгебраические методы 

в теории специальных унитарных групп. В настоящей статье определяются матричные 
элементы генераторов. Подробные расчеты приведены для SU(3).
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A FEW USES OF ELEMENTARY PARTICLES 
IN NUCLEAR STRUCTURE STUDIES*

By

D. H . W il k in so n

N U C L E A R  P H Y S IC S  L A B O R A T O R Y , O X F O R D , E N G L A N D  

(Presented by  L. Jánossy . — Received 25. II . 1966)

A selective review is given of some of th e  ways in which “ elem entary particles ’’and the 
techniques of high energy physics in general m ay be used for th e  investigations of nuclear 
structure. I t  is pointed out th a t  our ability to  ex trac t new nuclear structure inform ation  from 
such experim ents is often lim ited by our p resen t ignorance on o ther aspects of nuclear structure.

In tro d u c tio n

W e are very  fam ilia r w ith  th e  u se  of th e  g rea t acce lera ting  m ach in es  for 
th e  s tu d y  of e lem en tary  partic les  in  th e ir  ow n rig h t. B eam s of nucleons, p ions, 
m uons, K - m esons, a n ti-p ro to n s , n e u tr in o s  an d  so on  a re  g enera ted  a n d  used 
to  p rovoke  collisions or reac tio n s t h a t  b rin g s us in fo rm a tio n  abou t th e  e lem en t
a ry  pa rtic le s  them selves. These sam e b eam s will, o f course, in te ra c t also  w ith  
com plex  nuclei, and  som etim es such in te ra c tio n s  h av e  b een  used e ith e r  because 
ta rg e ts  o f com plex nuclei w ere d em an d ed  in  order to  ge t nucleons in  su ffic ien tly  
co n c e n tra ted  form  or, m ore  ra re ly , b ecau se  com plex nuclei, b y  v ir tu e  o f th e  
sp in  or som e o th e r q u a n tu m  n u m b er, enab led  us to  p lace  re s tr ic tio n s  on the  
c h a ra c te r  of th e  e lem en ta ry  p a rtic le  in te rac tio n s . H ow ever, th e  a v a ila b ility  
of such  b eam s of e lem en ta ry  p a rtic le s  n a tu ra lly  leads us to  ask  th e  question  
w h e th e r, by  th e ir  in te ra c tio n  w ith  co m p lex  nuclei, we m ay  no t be ab le  to  gain 
in fo rm atio n  a b o u t th e  com plex  n u c le i them selves o f a ch a ra c te r  t h a t  can n o t 
be o b ta in ed  by th e  n o rm a l m ethods o f nu c lea r s tru c tu re  e x p e rim e n ta tio n  Ol
th a t  m ay  p e rh ap s con firm  th e  re su lts  o f  such co n v en tio n a l m ethods o f  experi
m e n ta tio n  from  th is  novel p o in t o f v iew .

So fa r w ork  has b een  confined  to  e lem en ta ry  p a r tic le  beam s t h a t  “ n a tu r 
a lly ”  found  them selves availab le  fro m  hav in g  been  p rep a red  for e lem en ta ry  
p a rtic le s  research  purposes. W e are now  beginning , how ever, to  th in k  seriously  
a b o u t developing  such beam s and in d eed  special acce lera to rs , la rg e ly  or even 
solely for th e  purposes o f nu c lear s tru c tu re  research . I t  is therefo re  a p p ro p ria te  
to  exam ine th e  so rt o f in fo rm atio n  one can  hope to  gain  ab o u t th e  nucleus

* A lecture delivered in B udapest on 25th  October 1965 to the H ungarian  Physical 
Society.
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th ro u g h  th e  m ed iu m  o f e lem en ta ry  partic les  a n d  to  assess w h e th e r  i t  is su ffi
c ie n tly  im p o r ta n t a n d  su ffic ien tly  novel to  ju s t ify  th e  very  considerab le  ex p en d 
i tu re  th a t  th is  fo rm  o f e x p e rim en ta tio n  will e n ta il. I  shall n o t a t te m p t ,  in  th is  
le c tu re , to  sh o u ld e r th e  re sp o n sib ility  of recom m end ing  fo r or ag a in st sucli 
e x p e n d itu re . I  am  in  no w ay  a tte m p tin g  a sy n o p tic  accoun t o f th e  su b jec t 
— g rea t areas w ill be  left u n to u c h e d : I  shall, fo r  exam ple, o m it nucleons and 
e lec tro n s co m p le te ly . S till less am  I  w riting  a p ro p o sa l for a m eson  fac to ry  -— 
th a t  docum en t w ou ld  look v e ry  d iffe ren t from  th is  lec tu re . B u t  I  shall t r y  to  
show  b y  a few  ec lec tic  exam ples: (a) th a t  we h a v e  a lread y  b e n e fitte d  in  our 
know ledge of n u c le a r  s tru c tu re  fro m  th e  use o f e lem en ta ry  p a rtic le s ; (b) th a t  
th e re  is a w ea lth  o f  im p o r ta n t n u c le a r  s tru c tu re  in fo rm a tio n  to  w hich  e lem en t
a ry  p artic les m ig h t lead  us in  th e  fu tu re ; (c) t h a t  care is going to  be needed 
in  in te rp re tin g  th e  re su lts . I  shall h a v e  to  s trik e  som e so rt of b a la n c e  of em p h a 
sis be tw een  (a), (b) a n d  (c); I  shall hope to  do th is  fa irly  b u t  I  shou ld  also say  
th a t  (c) w ould h a v e  h ad  to  loom  large  in  som e o f th e  top ics I  h av e  om itted  
h a d  tim e  allow ed th e ir  inclusion.

T he com position  of the  n u c le a r  surface

Before e x am in in g , p a rtic le  b y  partic le , th e  ty p e  of n u c lea r  s tru c tu re  
in fo rm a tio n  th a t  w e m igh t o b ta in , i t  m ay be in te re s tin g  to  i l lu s tra te  th e  know 
ledge ab o u t th e  nucleus th a t  h a s  a lready  b een  gained th ro u g h  e lem en tary  
p a r tic le  probes b y  reference to  a single p ro b lem . T his will, I  ho p e , convince 
y o u  th a t  use can  b e , and  a lre a d y  has been, m ad e  o f e lem en ta ry  partic les for 
g iv ing  us in fo rm a tio n  th a t  i t  w ould  be very  d iff ic u lt to  get b y  conven tional 
m eans. The p ro b lem  is the  co m position  of th e  n u c lea r  su rface: is th e  n uclear 
su rface  com posed ch ie fly  of n e u tro n s  or ch iefly  o f  p ro tons or is i t  com posed 
o f n eu tro n s  an d  p ro to n s  in  m ore o r less th e  sam e N  : Z  p ro p o rtio n  as for th e  
n u c leus as a w hole ?

T his is o b v io u sly  a very  im p o r ta n t  q u es tio n  fo r nuclear s tru c tu re ; th a t  it 
is a n  open q u e s tio n  m ay  be show n b y  tw o sim p le  c o n tra d ic to ry  argum en ts. 
T h e  f irs t  of th ese  is t h a t  th e  p ro to n s  in  th e  n u c leus are  positiv e ly  charged  while 
th e  n eu tro n s  are  n e u tra l ;  th e  p ro to n s  th erefo re  rep e l each o th e r w hich  th e  n e u t
ro n s  do n o t an d  so te n d  to  get as fa r  a p a r t as possib le  m ak ing  th e  edge of th e  
n u c leus p ro to n -rich . T he second a rg u m en t is a l i t t le  m ore co m p lica ted  and  is 
illu s tra te d  in  F ig u re  1. This F ig u re  shows th e  p o te n tia l fe lt b y  a n eu tro n  as 
i t  en te rs  th e  nu c leu s an d  also th e  p o te n tia l fe lt b y  a p ro to n . O w ing to  th e  charge 
independence  o f th e  specifically -nuclear force, th e  p ro to n  p o te n tia l  differs 
fro m  th e  n eu tro n  p o te n tia l  e ssen tia lly  by  th e  a d d itio n  of th e  rep u ls iv e  Coulom b 
fo rce  w hich lifts  u p  th e  p ro to n  p o te n tia l and  m ak es it, as show n, n o t so deep 
as th e  n eu tro n  p o te n tia l  inside th e  nucleus. T he nucleus m ay  th e n  be th o u g h t
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of, c rudely , as b u ilt up b y  s iting  n e u tro n s  an d  p ro to n s in  th e ir  re sp ec tiv e  
p o ten tia ls  u p  to  a ce rta in  level th a t  re p re se n ts  th e  b in d in g  energies. T h is 
level m ust be m ore-or-less th e  sam e fo r n e u tro n s  and  fo r p ro to n s , o therw ise  
b e ta -d ecay  will convert one in to  the  o th e r  u n til  equ ilib rium  is reached . As may
be seen from  th e  F igure, ow ing to  th e  slop ing  sides of th e  nu c lea r p o te n tia l  
th is  m eans th a t  th e  p ro to n s are  confined  b y  an  effectively  n a rro w er p o te n tia l 
th a n  th e  n eu tro n s  and  so th e  edge of th e  nucleus m ust be  n eu tro n -rich .

These tw o  c o n tra ry  a rg u m en ts  a re  b o th  false b u t  a re  also b o th  su p e r
fic ia lly  p lausib le . T hey  a t  le a s t suffice to  show  th a t  th e  q u estio n  a b o u t th e  
com position  of th e  n uc lear surface does n o t have  a sim p le  com m on-sense 
answ er. N or is an answ er g iven  by th e  m o st so p h is tic a ted  analysis t h a t  we

are y e t ab le to  m ake; an  ex p e rim en ta l an sw er is clearly  d em an d ed  to  p ro v id e  
a b o u n d a ry  cond itio n  for fu r th e r  sp ecu la tio n  a b o u t nuclear s tru c tu re .

To som e degree, th e  co n v en tio n a l m e th o d s  of n uc lear s tru c tu re  e x p e ri
m e n ta tio n  are  sensitive to  th e  n e u tro n -v e rsu s-p ro to n  ra t io  in  th e  n u c lea r  
surface, for exam ple  re la tiv e  nucleon re d u c e d  w id ths are  c learly  d ep e n d e n t 
on th e  re la tiv e  nucleon d is tr ib u tio n . H o w ev er, th e  e x tra c tio n  of such w id th s  
from  ex p e rim en ta l d a ta  is a de lica te  an d  b y  no  m eans u n am b ig u o u s p ro ced u re  
an d  dem ands fu ll fa ith  in  th e  D is to rted  W av e  B orn  A p p ro x im a tio n  on w hich  
one know s one can n o t re ly  fo r really  q u a n t i ta t iv e  answ ers. O ne is th e re fo re  
led  to  seek a com pletely  new  ap p ro ach . T h e  use of e lem en ta ry  p artic le  p ro b es 
has p ro v id ed  th ree  such app ro ach es w h ich  will now be b rie fly  sum m arized .

(i) л + versus л  cross-sections

G enerally  speaking th e  nucleon  c ross-sec tion  for th e  collision  of a p a r t i 
cu la r charge o f p ion  will be  d ifferen t fo r  n eu tro n s  and  fo r p ro to n s. C harge 
independence  th e n  provides:

^ n + p  — n  ^ n — p  •

Im ag ine  now , fo r th e  sake o f  a rg u m en t, t h a t  we could f in d  a p ion energy  a t 
w hich  th e  above in eq u a lity  sign reads “ v e ry  m uch sm alle r th a n ” . Im ag in e
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also th a t  th e  n uc leus has, in  fa c t, a n e u tro n -r ic h  surface so t h a t  th e  “ n e u tro n  
n u c leus”  is b ig g e r th a n  th e  “ p ro to n  nu c leu s” . In  th is  case b o m b a rd m e n t o f th e  
nucleus w ith  p o sitiv e  pions w ill see ch iefly  th e  n eu tro n  nu c leu s while b o m b a rd 
m en t w ith  n e g a tiv e  pions w ill see ch iefly  th e  p ro to n  nucleus. Since th e  n e u tro n  
nucleus is b ig g er th a n  th e  p ro to n  nucleus th e  cross-section  fo r positive p ions 
w ill be b ig g er th a n  th a t  fo r n eg a tiv e  p ions. I n  fac t, a t  a p io n  energy  o f a b o u t 
700 MeV (Тл_р is m ore th a n  tw ice  as b ig  as a„+p. U n d er th e se  c ircu m stan ces 
ca lcu la tio n  show s a 6 to  8 %  difference in  (егл_ — а л +)1а л + fo r  a h eav y  n u c leu s 
d epend ing  on  w h e th e r th e  n e u tro n s  an d  p ro to n s  occupy  th e  sam e reg ion  o f 
space or w h e th e r  th ere  is a n eu tro n -rich  su rface  such as w ould  co rrespond  to  
th e  c e n tra l d e n s ity  being th e  sam e for n e u tro n s  an d  p ro to n s . I t  is now  10 y e a rs  
since th e  th e o ry  was w o rk ed  o u t [1] a n d  th e  ex p e rim en ts  perfo rm ed  [2] 
show ing th a t ,  w ith in  e x p e rim e n ta l a ccu racy , th e  n e u tro n  a n d  p ro to n  d is tr ib u 
tio n s h av e  th e  sam e rad iu s  a n d  th e re  is no  s ign ifican t sk in  o f  e ith e r ty p e  o f 
nucleon  on th e  surface.

(ii) Elastic neutral  p io n  photoproduction

W e k n o w  q u ite  w ell th e  d is tr ib u tio n  o f p ro to n s in  th e  nucleus from  th e  
elastic  s c a tte r in g  o f h igh -energy  e lec trons, p a r tic u la r ly  th e  w o rk  of H o f s t a d t e r  
a t  S tan fo rd . W e have , h ow ever, r a th e r  l i t t le  in fo rm a tio n  on th e  d is tr ib u tio n  
o f m a tte r  in  th e  nucleus, t h a t  is to  say , n e u tro n s  and  p ro to n s  w ith o u t re g a rd  
to  th e ir  ch a rg e . A n uclear re a c tio n  th a t  does n o t basica lly  d istingu ish  b e tw een  
n eu tro n s  a n d  p ro to n s  is th e  p h o to p ro d u c tio n  o f  n e u tra l p ions. I f  th is  is c a rr ie d  
o u t e la s tica lly  from  a com plex  nucleus, t h a t  is to  say , le av in g  th e  ta rg e t nu c leu s 
in  its  g ro u n d  s ta te , th e n  th e  process is a co h e ren t one a n d  th e  an g u la r d is t r i 
b u tio n  o f th e  re s u lta n t n e u tra l  pions re p re se n ts  th e  co h e re n t su p e rp o sitio n  
of th e  p ro d u c tio n  am p litu d es  from  all th e  in d iv id u a l nuc leons; th e  a n g u la r  
d is tr ib u tio n  th e re fo re  d ep en d s, in  th e  u su a l w ay  of a d iffrac tio n  p a tte rn , on th e  
sp a tia l d is tr ib u tio n  of th e  nucleons. C arefu l m easu rem en t o f  th is  an g u la r d is t r i 
b u tio n  th e n  gives in fo rm a tio n  a b o u t th e  m a tte r  d is tr ib u tio n . T hese e x p e r i
m en ts  h a v e  b een  done [3] a n d  show  an  essen tia lly -id en tica l d is tr ib u tio n  fo r 
th e  m a tte r  as fo r th e  p ro to n s  revealed  th ro u g h  e lastic  e lec tron  sc a tte r in g : 
th e re  is no  m a rk e d  p rep o n d e ran ce  o f e ith e r  ty p e  of n u c leo n  on th e  su rface .

(iii) Absorpt ion  o f  К  -mesons

W hen  a  n eg a tiv e ly -ch arg ed  p a rtic le  is slow ed dow n in  m a tte r  i t  e v e n tu a lly  
falls u n d e r th e  in fluence o f  a p a r tic u la r  a to m  a n d  spirals in  to w ard s th e  n uc leuss 
passing  th ro u g h  a very  la rg e  n u m b e r of q u a n tu m  o rb its  a n d  p roceeding  in w ard e  
b y  a co m b in a tio n  of A uger a n d  ra d ia tiv e  tra n s itio n s . A t f i r s t  th e  A uger p rocess 
w ill be th e  s tro n g e r  b u t  la te r  ra d ia tiv e  tra n s it io n s  w ill ta k e  over. A t th is  s ta g ,
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we shou ld  expec t th e  o rb its , sem i-c lassica lly  speaking, to  becom e m ore  an d  
m ore c ircu la r because a t  each s tag e  o f  th e  rad ia tiv e  p rocess there  w ill he 
a ten d e n c y  to  m ake th e  tra n s itio n  to  th e  s ta te  of h ig h es t s ta tis tic a l w e ig h t, 
nam ely  th a t  o f h ighest allow ed /-value . I t  is a n tic ip a te d  t h a t  th e  o rb its  w ill 
becom e c ircu la r before th e  nucleus is c lo se ly  approached  a n d  so the  f in a l c a p 
tu re  will ta k e  place from  sta te s  o f l =  n ■— 1. In  th e  case o f  К  “ -m esons, th e  
ab so rp tio n  is so very  s tro n g  th a t  one m a y  easily  ca lcu late  t h a t  th e  a b so rp tio n  
w ill, in  fa c t, ta k e  p lace a t  th e  edge of th e  nucleus w here th e  nucleon d e n s ity  
is low  [4]. T h is region we m igh t te rm  th e  “ nu c lear s tra to sp h e re ” . The a b s o rp 
tio n  p ro d u c ts  there fo re  b rin g  us in fo rm a tio n  ab o u t th e  com position  o f  th is  
s tra to sp h e re . The a b so rp tio n  of K -m esons on single nucleons goes by  th e  fo l
low ing processes:

K ~  -f- p  —>■ 27“ n+

27u +  л °
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27+ + n -  

/1° -)- 71°

К  -)— n —>■ 27“  tz"

27° -f- 7 i ~

Л 0  - |-  7 l ~

W e see th a t ,  a lth o u g h  ab so rp tio n  on p ro to n s  can  lead  e ith e r  to  27 ' or to  27“  
ab so rp tio n  on n eu tro n s c a n n o t m ake 27+ b u t  o f  th e  charged 27-hyperons only  27“ . 
The p ro d u c tio n  of 27+ in  К  “ -m eson a b so rp tio n  therefore s igna ls  th e  p resence  
of p ro to n s in  th e  nu c lear s tra to sp h e re . In te rp re ta t io n  of th e  experim en ts is 
s till som ew hat com p lica ted  b y  our lack  o f co m p le te  know ledge o f the  e le m e n t
a ry  p a rtic le  co n stan ts  invo lved , b u t ,  so fa r  as we can see a t  th e  m o m en t, 
th e  re su lts  a re  com plete ly  co nsisten t w ith  th e re  being th e  sam e  N  : Z  m ix tu re  
o f n eu tro n s an d  p ro tons in  th e  s tra to sp h e re  as th ere  is in  th e  dep ths o f th e  
nucleus.

These th re e  e lem en ta ry -p a rtic le  ap p ro ach es  to  th is  q u e s tio n  are to ta l ly  
d ifferen t th e  one from  th e  o th e r b u t all ag ree  on th e  answ er, n am ely  th a t  th e  
nu c lea r surface is n o t n o ticeab ly  rich e r in  one  so rt of nuc leon  th a n  the  o th e r  
an d  is m ost p ro b ab ly  o f  ab o u t th e  sam e com position  as average  n u c le a r  
m a tte r . T his is a lread y  som eth ing  of co n sid erab le  nuclear s tru c tu re  in te re s t  
th a t  we know  a b o u t essen tia lly  only from  th e  e le m en ta ry -p a rtic le  experim en ts.

W e w ill now  look sy s tem a tica lly  b u t  fa r  from  ex h au stiv e ly  a t  some k in d s  
o f in fo rm atio n  th a t  some o f th e  various e le m e n ta ry  partic les c a n  b rin g  us a b o u t 
n uc lear s tru c tu re .
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Muons

The m u o n  is a m ag n ificen t probe fo r th e  nucleus b ecau se  i t  is so w eak ly  
coup led  to  th e  nucleon  fie ld . In te rp re ta t io n  o f  th e  g — 2 ex p erim en ts  on th e  
m u o n  show t h a t  G2/4 л  <  1 0 ~ 3. W e can th e re fo re  neglect th e  n u c lea r  in te ra c tio n  
o f  th e  m uon  co m p le te ly  b y  com parison  w ith  its  electric in te ra c tio n . In  th is  
re sp ec t th e  m u o n  is ju s t  like a n  electron b u t  i ts  g rea ter m ass b rings i t  c e r ta in  
ad v an tag es .

M uo ni c  atoms: nuclear charge distribution

The d is tr ib u tio n  of c h a rg e  w ith in  th e  nucleus is a m a tte r  of in te n se  
in te re s t. A t th e  m o m en t o u r c h ie f  know ledge a b o u t th is  com es from  th e  e la stic  
sc a tte rin g  o f  energ e tic  e lec tro n s b u t  th e  energ ies of m u o n ic  X -ray s are  a lso , 
in  p rincip le , c a p a b le  of te llin g  us a lo t a b o u t th e  charge d is tr ib u tio n . B ecause  
th e  m uon is 200 tim es h e a v ie r  th a n  th e  e lec tro n  its  o rb it  is p ro p o rtio n a lly  
sm aller an d  m a y  be co m p arab le  w ith  th e  size o f the  nuc leu s. The electric  fie ld  
w ith in  w hich  i t  m oves c a n n o t th e n  be ta k e n  as  th a t  of a p o in t  charge; th e  f in ite  
size of th e  n u c le u s  is s ig n ifican t and  th e re  is a level sh if t from  th e  v a lu e  c a l
cu la ted  fo r a p o in t  nucleus.

In  th e  f i r s t  ap p ro x im a tio n  one t r e a ts  th e  en tire n u c le a r  size as a p e r tu r b 
a tio n , f in d in g  a level sh ift fo r  th e  m uonic a to m  of:

2 л
Л Е  =  Z t?  |Ф (0)|2 <r2>.

H ere  Ф(0) is th e  S ch rôd inger p o in t-n u c leu s solu tion  fo r th e  m uon’s w ave- 
function . I n  th is  ap p ro x im a tio n  th e  ex p e rim en ts  te ll us o n ly  {r2)  w hich  does 
n o t p u t th e m  in to  co m p e titio n  w ith  e le c tro n  sca tte rin g  w h ich  is a lread y  se n 
sitive to  tw o  p a ra m e te rs  t h a t  m easure th e  rad ius an d  th e  surface th ic k n e ss .

To in v e s tig a te  th e  p o te n tia li ty  o f  th e  m uonic X - ra y  m ethod  in  m o re  
d e ta il we m u s t  m ake an  e x a c t so lu tion  o f  th e  m uon w av e fu n c tio n  in  w h a te v e r  
charge d is tr ib u tio n  we ca re  to  in v e s tig a te . T he classical charge d is tr ib u tio n  
fo r such p u rp o se s  is th e  F e r m i  or S a x o n  —  W o o d s  fo rm :

p(r) ~  [е<г-*> a +  I ] “ 1 .

F o r th is  fo rm  o f d is tr ib u tio n  for Pb u sin g  th e  values o f R  an d  a deriv ing  from  
electron  s c a tte r in g  a 10%  change in  th e  ra d ia l  p a ra m e te r  R  changes th e  en erg y  
of th e  2p 3/2 to  lS j/2 tra n s i t io n  b y  8 ,2% . S im ila rly  a 10%  change in  th e  su rface  
th ickness p a ra m e te r  a ch an g es th e  sam e tra n s it io n  en e rg y  b y  1,1% .

W e m u s t  now pause  an d  ask ou rse lv es  how a c c u ra te ly  can we h o p e  to  
m easure th e s e  m uonic X - ra y  energies. G iven  su ffic ien tly -in ten se  b eam s of
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sto p p in g  m uons we can  app ly  e ith e r  c ry sta l sp ec tro m e te r m e th o d s  or Ge(Li) 
co u n te r m eth o d s. T hese m ethods o ffer us an  u lt im a te  accu racy  o f  perh ap s 0,1 
keV for th e  X -ra y  energies invo lved  p ro v id ed  t h a t  th e  p rob lem  o f ca lib ra tio n  
can  be solved. I t  superfic ia lly  ap p ea rs , th en , t h a t  th e  d is tr ib u tio n  p a ram e te rs  
can  be d e te rm in ed  w ith  enorm ous accu racy  since th e  tra n s it io n  energies in  
questio n  in  th e  heav ie r elem ents a re  of th e  o rd e r of 6 MeV. T h is, how ever, 
is w holly  illu so ry  because we m ust d e te rm in e  b o th  p a ram e te rs  a t  th e  sam e tim e  
an d  n o t assum e th a t  one of them  is know n  a p rio ri. In  fa c t we a re  im m ed ia te ly  
led to  ask  w h e th e r we shou ld  no t in tro d u c e  a th i rd  p a ra m e te r  in to  our descrip 
tio n  o f th e  charge d is trib u tio n . T h e  e lec tro n -sca tte rin g  ex p e rim en ts  are ju s t  
beg inn ing  to  becom e sensitive to  a possible th i rd  p a ra m e te r  a n d  so if  th e  
m uonic X -ra y  w ork  is to  he co m p e titiv e  w ith  th e  elec tron  sc a tte r in g  i t  too  
m u st d em o n stra te  a sen s itiv ity  to  a th ird  p a ra m e te r . C onsider th e  form :

е (г) ~ [ 1  +  «г*]/[^-л>'“ +  1] .

W e will in v es tig a te  th e  following reasonab le  ran g es fo r th e  th ree  p a ram e te rs : 
a : (0,5 to  1,5) F; R  : (1,0 to  1,2) A 1 3 F;  a : (0 to  1,25) (A 1 3 F ) ~ 2. T his form  
of charge d is tr ib u tio n  is ta k e n  to  re p re se n t th e  te n d e n c y  in  a h e a v y  nucleus 
for th e  m u tu a l Coulom b repulsion  o f th e  p ro to n s to  h av e  som e effec t. W ith in  
these  p a ra m e te r  ranges th e  energy fo r th e  2p 32 to  l s 1/2 tra n s it io n  in  P b  m ay 
change b y  as m u ch  as 1 MeV. Consider f ir s t  th e  2 p 3 2 to  l s 1/2 tra n s it io n . I f  th is 
tra n s itio n  energy  were know n precisely  th e n  th e  w hole range o f v a r ia tio n  of 
th e  p a ram e te rs  in  th e  above expression  w ould co rresp o n d  to  v a r ia tio n s  in  the  
energy  o f o th e r tra n s itio n s  b y  a few te n s  of keV. I f , in  ad d itio n , we knew  the  
3d5/2 to  2p3 2 tra n s itio n  en erg y  p recisely , th e n  th e  ab o v e  p a ra m e te r  ran g e  cor
responds to  a v a ria tio n  in  energy o f  th e  2s12 to  2 p 3 2 tra n s it io n  b y  ab o u t 
2 keV [5]. Since we are hy p o th esiz in g  an  accu racy  o f 0.1 keV w e see th a t ,  
in princ ip le , i t  m ay  be possib le to  m ak e  a th re e -p a ra m e te r  d e te rm in a tio n  to  an 
accu racy  of severa l p e rcen t on each o f  th e  th re e  p a ra m e te rs . T h is w ould , of 
course, be ex trem ely  v a lu ab le  a lthough  we m u st n o t fo rget th e  a rb itra rin e ss  
in  th e  choice of th e  aspects  o f the  ch arg e  d is tr ib u tio n  th a t  we choose to  p a ra 
m eterize . This corresponds to  some d o u b t as to  th e  re la tionsh ip  b e tw een  our 
in fe rred  d is tr ib u tio n  an d  physical re a l i ty  and  em phasizes th e  d e s ira b ility  of 
h av in g  av a ilab le  com p lem en tary  ap p ro ach es of co m p arab le  s e n s itiv ity  
m uonic X -ray s an d  e lec tron  sca tte rin g  in  th e  p re se n t exam ple.

E v e n  before  we d o u b t th e  re levance  of th e  an a ly s is  to  th e  re a l w orld  we 
m u st exam ine critica lly  vario u s fac to rs  th a t  m ig h t d is tu rb  th e  an a ly s is . We 
h av e  assum ed th a t  th e  p rob lem  is e x a c tly  described  b y  th e  so lu tio n  of the  
D irac eq u a tio n  in th e  field  o f a s tru c tu re d  b u t in e rt an d  un resp o n d in g  nucleus. 
B o th  th ese  a ssum ptions m u s t be q u estio n ed . As to  th e  f irs t one, o u r  p resen t 
level o f u n d e rs ta n d in g  suggests th a t  a ll we need to  do is to  allow fo r vacuum
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p o la riz a tio n ; a lth o u g h  th is  co rrec tion  considerab ly  exceeds th e  0,1 keV  of our 
assum ed  accu racy  o f m easu rem en t, i t  is well u n d e rs to o d  and  we w ill ta k e  it 
th a t  th e  co rrec tion  can  be m ade su ffic ien tly  ex ac tly  n o t  to  d is tu rb  th e  analysis 
as we h a v e  p resen ted  i t  so far.

A m ore  serious d iff icu lty  is rep re sen ted  b y  th e  a ssu m p tio n  th a t  th e  nuc
leus is in e r t ,  is u n a ffec ted  b y  fin d in g  itse lf  in th e  e lec tric  fie ld  o f th e  m uon. 
T his is obv iously  n o t  co rrec t and  we m u s t e s tim a te , u sing  second o rd e r p er
tu rb a tio n  th eo ry , th e  sh if t in  th e  m u o n ic  energy levels to  be asso c ia ted  w ith  
ex c ita tio n  of th e  n u c leus in to  an d  o u t o f all possible v ir tu a l s ta te s . I n  o ther 
w ords, w e m u st e v a lu a te  th e  sh ift:

ЛЕ„ ч'„ф ,  я  H W
и,/. ( E 0 +  E k — E n E u)

n,  p  are  th e  in te rm e d ia te  n uc lear a n d  m esonic s ta te s ;  ¥  and  Ф are  th e  nuclear 
an d  m uon ic  w av efu n c tio n s; H  is th e  m uon-nucleus in te ra c tio n  H am ilto n ian . 
P re se n t ca lcu la tions o f th is  p o la riza tio n  sh ift fo r th e  l s j ^  level in  P b  range 
from  58 keV to  8,2 keV  [6]. W hile th e  reason  for th is  la rge  range o f th eo re tica l 
re su lt is u n d e rs to o d  in  te rm s  of th e  d iffe ren t so rts  o f ap p ro x im a tio n  involved  
in  th e  d iffe ren t ca lcu la tio n s th e  fa c t t h a t  th e  co rrec tio n  is so eno rm ously  g rea ter 
th a n  th e  accu racy  w ith  w hich we h a v e  im agined  th e  m easu rem en ts  can  be 
m ade a n d  in te rp re te d  is v e ry  w o rry in g . I t  is n o t  a t  th e  m om en t c lea r w hat 
can  be done ab o u t th is  p rob lem . O f course, i t  m a y  be  possible to  ta c k le  i t  to  
som e degree sem i-em pirica lly  b y  com parison  o f ne ighb o u rin g  e lem en ts , neigh
b o u rin g  tra n s itio n s , a n d  so on, b u t  i t  is clear th a t  i t  in troduces a considerab le  
com p lica tio n  in to  o u r a tte m p ts  to  e x tra c t a th ird  p a ra m e te r  o f th e  charge 
d is tr ib u tio n  b y  th e se  m ethods. W e m a y  even be te m p te d  to  in v e rt th e  process: 
say  t h a t  we know  su ffic ien t a b o u t th e  charge d is tr ib u tio n  from  th e  e lectron  
sc a tte r in g  m easu rem en ts  to  use th e  m uonic  X -ra y  d a ta  for te lling  u s  som eth ing  
a b o u t n u c lea r p o la riza tio n . I t  w ou ld  indeed  be in te re s tin g  to  k now  if  th ere  is 
an y  sy s tem a tic  d ependence  of n u c le a r  p o la rizab ility  on various p a ram e te rs  
such as nearness to  closed shells, defo rm ation  a n d  so on.

Quadrupole effects

O th e r effects d is tu rb  th e  sim ple analysis b u t  also b ring  us in fo rm atio n  
o f im p o rta n c e  in  th e ir  own rig h t.

Consider q u ad ru p o le  effects. I n  o rd in ary  a to m s th e  q u ad ru p o le  sp littin g  
is seen as a p e r tu rb a tio n  of th e  m ag n e tic  h y p e rfin e  s tru c tu re . I n  th e  case o f 
m uon ic  atom s th e  q u ad ru p o le  e ffec t dom inates. T h is is because th e  ra tio  o f 
th e  q u ad ru p o le  e ffec t to  th e  h y p e rfin e  sp littin g  is ap p ro x im a te ly : 
[e2(?«/r3]/Lu/W r3] w h ich  has th e  v a lu e  o f abou t 200 fo r m uons as a g a in s t ap p ro x 
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im a te ly  u n ity  fo r e lectrons because th e  m uon’s m ag n e tic  m om en t is about 
200 tim es less th a n  th e  e lec tro n ’s. In  th e  case o f m uonic X -ray s w e have, 
th e re fo re , th e  o p p o rtu n ity  to  gain  in fo rm atio n  a b o u t th e  n uclear quad ru p o le  
m o m en t w ith  a d irec tness th a t  is den ied  us for e lec trons. I f  we consider the 
2p  to  I s  tran s itio n s  we should , in  general, if th e  n u c lea r  spin allow s it, find 
n o t th e  tw o tra n s itio n s  2p 3 2 to  l s x 2 an d  2p i 2 to  l s 12 th a t  arise if  we neglect 
th e  quad rupo le  m o m en t b u t  ra th e r  fiv e , from  w hich  th e  quad ru p o le  m om ent 
m ay  be ex trac ted .

A n in te re s tin g  effect comes a b o u t owing to  th e  coupling b e tw een  the 
m uon  an d  th e  nucleus. T his coupling  im plies th a t  i t  is possible, in  th e  course 
o f th e  X -ray  cascade, fo r th e  m uon  a c tu a lly  to  exc ite  th e  nucleus in to  a real 
ex c ited  s ta te . T his w ill be p a r tic u la r ly  likely  in th e  h e a v y  elem ents w hich  have

Prolate

___ J j . l 9b

Oblate

u b .
-200 0 200 m

KEV
Fig. 2

low -lying ro ta tio n  s ta te s  w ith  large E 2  tran s itio n  m o m en ts  and  ex c ita tio n s  
com parab le  w ith  th e  2 p 3 2 — 2p 12 sp littin g . This m ean s th a t  th e  f iv e  lines 
expec ted  if  th is  effect is neg lec ted  w ill becom e ten , f iv e  o f w hich are assoc ia ted  
w ith  th e  rea l ex c ita tio n  of th e  nucleus. I t  tu rn s  ou t t h a t  th e  nuclear tra n s itio n  
s tre n g th s  and  spacings are such  th a t  in  ce rta in  h ea v y  nucle i these tw o  groups 
of fiv e  tran s itio n s  m ay  be of com parab le  in ten s ity . S ince th is  e x c ita tio n  can 
come a b o u t in  a nucleus w hich  has J  =  0 in  its  g ro u n d  s ta te , we are ab le  to  
m easure  quad rupo le  m om en ts in  nuclei th a t  do n o t n o rm a lly  p e rm it o f  such 
a m easu rem en t.

A n im p o r ta n t an d  exciting  p o in t is th a t  th e  d is tr ib u tio n  of th e  q u a d 
rupole  sp littin g  is sensitive  to  th e  sign o f th e  q u ad ru p o le  m o m en t an d  n o t  ju s t 
to  its  m ag n itu d e . T his is illu s tra te d  in  F igure  2 w hich  show s approxim ately- 
th e  d is tr ib u tio n  an d  re la tiv e  s tre n g th  o f th e  q u ad ru p o le -sp lit tra n s itio n s  ca l
cu la ted  fo r Th232 on th e  tw o  assu m p tio n s: th a t  th e  nu c leu s is p ro la te  a n d  th a t  
i t  is o b la te . As m ay  be  seen th e  p a tte rn s  fo r th e  tw o signs are v e ry  d iffe ren t 
and  so com parison  w ith  ex p erim en t reveals  th e  sign o f th e  quad ru p o le  m o m en t 
w hich i t  is ex trem ely  d ifficu lt to  d e te rm in e  b y  an y  o th e r  ty p e  of ex p e rim en t. 
This in  itse lf  m ay  be a m a tte r  of considerab le  im p o rtan ce  an d  ju s tify  consi
derab le  e ffo rt in  th e  m easu ring  of m uonic  X -rays.
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Magnet ic  spli t t ing

T he m ag n e tic  sp littin g  is u su a lly  m uch  sm aller th a n  th e  quadrupo le  
s p lit t in g  for m u o n ic  atom s b u t  in  th e  l s 12 s ta te  o f  heav y  a to m s th e  m agnetic  
sp li t t in g  m ay  be as b ig  as 1 to  5 keV  w ith  no com plica tions from  quadrupo le  
sp littin g . This m ag n e tic  sp littin g  shou ld  be m easu rab le . I f  all t h a t  i t  to ld  us 
w ere th e  m ag n etic  m om en t o f th e  nucleus th e re  w ould  be n o th in g  to  be excited  
a b o u t. H ow ever, in  th e  h eav y  e lem ents th e  l s j  2 s ta te  lies to  a la rge  degree 
in sid e  th e  n uc leus so th e  m ag n e tic  sp littin g  is de te rm in ed  n o t  b y  th e  overall 
m ag n e tic  m o m en t b u t  involves th e  distribution  o f m agnetic  m o m en t w ith in  
th e  nucleus. T h is again  is so m eth in g  th a t  is ex trem ely  d ifficu lt to  get a t  b y  
co n v en tio n a l m ean s and so th e re  m ay  be h ere  also a considerab le  field for 
ex p lo itin g  m uons.

W e m ay  n o te  in  passing  t h a t  i t  is in  p rinc ip le  possible to  m ake these  
m ag n e tic  m easu rem en ts  on th e  p a rtic le -b o u n d  ex c ited  s ta te s  o f  n ucle i b y  reson 
a n t  sca tte rin g  o f  m uons [7]. T h e re  is an  e la stic  sca tte rin g  process in  w hich 
th e  inc id en t m u o n  is c ap tu red  in to  its  l s li2 o rb it  w ith  acco m p an y in g  exc ita tio n  
o f  th e  nucleus in to  a defin ite  s ta te  followed b y  ejection  from  th e  o rb it and  
s im u ltan eo u s d e-ex c ita tio n  o f th e  nucleus. T h is will be a re so n a n t process o f 
la rg e  cross sec tio n  Я2) b u t  v e ry  sm all w id th ; i t  will show  th e  m agnetic
h y p e rfin e  sp lit t in g  due to  th e  m ag n e tic  m o m en t o f th e  ex c ited  n uclear s ta te :  
th e re  w ill n o t b e  one resonance  fo r  each ex c ited  s ta te  b u t  r a th e r  tw o, co rres
p o n d in g  to  th e  tw o  o rien ta tio n s  o f  th e  m uon sp in  re la tiv e  to  t h a t  o f  th e  nucleus. 
T h is  hy p erfin e  sp littin g  is th e n  a m easure o f  th e  d is tr ib u tio n  of m agnetic  
m o m en t in  th e  ex c ited  s ta te  o f th e  nucleus. I t  is n o t clear w h e th e r  such m easu 
re m e n ts  w ill ev e r be  feasible in  p rac tice  b u t  in  princip le  th e y  open  up  an o th e r 
g re a t and  im p o r ta n t  field.

Nuclear d iamagnetism

W e m ay  fin a lly  n o te  th e  possib ility  o f m easuring  n u c lea r  d iam agnetism  
u s in g  m uons [7]. I t  will o b v io u sly  be m o st in te re s tin g  fo r n u c lea r s tru c tu re  
w ork  to  know  q u a n tita tiv e ly  th e  degree to  w h ich  th e  nucleus is d iam agnetic . 
D im ensionally  we m ay ex p ec t a n  induced  m ag n e tic  m o m en t o f  ab o u t 10~17 H  
n u c le a r  m ag n e to n s  in  a fie ld  o f  H  gauss. F o r  Z  =  20 one n u c le a r  m agneton  in  
th e  nucleus co rresponds to  a fie ld  of a b o u t 1013 gauss a t  th e  m uon o rb it. 
T herefo re  a t  th e  m uon o rb it, ow ing to  th e  n uc lear d iam ag n e tism , we m ay  
ex p ec t a fie ld  o f  abou t 10 ~4 H  gauss. T h is m ay  be a ju s t-m e a su ra b le  effect 
on  th e  m u o n ’s precession freq u en cy . T h is effect increases ra p id ly  w ith  Z. 
A gain  we m a y  n o te  th a t  in  p rin c ip le  we are  sensitive  to  th e  sp a tia l d is trib u tio n  
o f  th e  in d u ced  d iam agnetic  m o m en t.
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M u o n  capture

The c a p tu re  o f n eg a tiv e  m uons b y  th e  nucleus is a w eak  in te ra c tio n  a n d  
is sensitive to  th e  deta ils  o f th e  nu c lear w av efu n c tio n . A t th e  m o m en t, th is  
process is to o  m uch  bedev illed  b y  ou r u n c e rta in tie s  a b o u t th e  basic m uon  
ca p tu re  process itse lf  to  begin  to  use i t  seriously  as a too l fo r p ro b in g  nu c lea r 
s tru c tu re . We are  still in th e  s tag e  of using nucle i whose p ro p e rtie s  we believe 
we u n d e rs ta n d  fa irly  well to  le a rn  ab o u t th e  m u o n  and  its  in te ra c tio n s . W hen 
these  are su ffic ien tly  well u n d e rs to o d  th e  process can  be rev e rsed  an d  can  in  
p rincip le  y ield  im p o r ta n t in fo rm a tio n . In  c e r ta in  lim ited  cases u sefu l in fo rm a
tio n  could be h ad  a lread y  if  su ffic ien tly  in ten se  m uon  sources w ere availab le . 
F o r exam ple, th e  reac tio n  d fi~ —>■ 2n -f- r  w ith  sim u ltan eo u s energy  an d  
angle m easu rem en t on b o th  n eu tro n s  w ould b r in g  va lu ab le  in fo rm a tio n  a b o u t 
th e  nn  in te rac tio n .

Inelastic scattering

M uons m ay  also be usefu l fo r m ore co n v en tio n a l ty p es  o f ex p erim en t. 
F o r exam ple, m uon  inelastic  sc a tte rin g  will be v e ry  m uch like e lec tro n  inelastic  
sca tte rin g  an d  w ill be v a lu ab le  in  b ring ing  us in fo rm a tio n  a b o u t nu c lea r w ave- 
func tions an d  m a tr ix  e lem ents. In  th is  m uons h av e  th e  a d v a n ta g e  over elec
tro n s  th a t  th e ir  b rem ss trah lu n g  is v e ry  m uch less; th is  will m ak e  possible cer
ta in  typ es of in v es tig a tio n  closed to  e lectrons. A n o th e r tech n ica l ad v an tag e  is 
t h a t  m uons h av e  m ore m o m en tu m  for a g iven energy  th a n  e lec tro n s an d  so 
b e t te r  energy reso lu tio n  is av a ilab le  for a g iven  m om en tu m  tra n s fe r . M uons 
a re  com p lem en ta ry  to  e lec trons in  ine lastic  sc a tte r in g  ex p erim en ts  in  th a t  
th e y  explore d iffe ren t regions o f en e rg y -lo ss-m o m en tu m -tran sfe r space.

Pions

The pion is th e  q u a n tu m  o f th e  nuclear force fie ld , or a t  le a s t o f its  ta il , 
a n d  so m igh t be ex p ec ted  to  be o f  d irec t re lev an ce  to  th e  p ro b lem  of n uclear 
s tru c tu re . T his, how ever, is n o t so, a t  least for th is  decade, b u t  i t  is s till v e ry  
v a lu ab le  as sp in less, s tro n g ly -in te rac tin g  T  =  1 energy .

Elastic scattering

L ittle  seem s like ly  to  com e in  th e  im m ed ia te  fu tu re  from  e lastic  sca tte rin g  
o p tica l m odel s tu d ies  in  th e  w ay  o f n uc lear s tru c tu re  in fo rm atio n . C o nfron ta 
tio n  w ith  ca lcu la tio n  based  on th e  em pirica l p ion-nucleon  in te ra c tio n  is obv ious
ly  in te restin g  in its  own rig h t an d  is in  p rinc ip le  an  app roach  to  co rre la tion
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effects. T h ere  are, how ever, m any  com plica tions; th e  w ay  is only now  becom ing  
clear fo r a p rog ram m e w ith  th e  specific  ob jec tive  o f te llin g  us a b o u t nuclear 
s tru c tu re .
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Pionic atoms: nucleon-nucleon correlations

A m a tte r  closely re la te d  to  e la s tic  sca tte rin g  th a t  does hold m ore  im m e
d ia te  p rom ise  o f y ie ld in g  im p o r ta n t d a ta  is th e  s tu d y  o f pionic a to m s. B y  s tu 
dy ing  th e  p ionic X -ra y s  we can m easu re  d irec tly  th e  w id th  and in fe r th e  shift 
of th e  ls -lev e l and  can  in fe r th e  sh if t o f th e  2p-level. In d ire c tly  (from  th e  X -ray  
in ten s itie s) we can d e te rm in e  th e  2p -  an d  3d-w id ths. T hese sh ifts a re  d u e  to  th e  
a t tra c t io n  or repu lsion  ex e rted  on th e  p ion  b y  th e  nucleus and  th e  w id th s  are 
due to  th e  a b so rp tio n  o f  th e  p ion b y  th e  nucleus. W e can  com pare th e  in ferred  
m a g n itu d e  of th e  force an d  th e  a b so rp tio n  w ith  w h a t we expec t on th e  basis 
o f v a rio u s  em pirical p ion-nucleon  in te rac tio n s  an d  so in fer so m eth in g  ab o u t 
th e  co n d itio n  of th e  nucleons inside th e  nucleus, p a r tic u la r ly  th e ir  co rre la tions.

To do th is  we m u st obv iously  h av e  a th e o ry  th a t  p red ic ts  th e  pion- 
nucleus o p tica l m odel p o te n tia l in  te rm s  of tcN  a n d  tiN N  free space  in te r 
ac tions. T his th e o ry  is v e ry  d ifficu lt to  m ake an d  i t  has n o t y e t  b een  done 
u n am b ig u o u sly . W e m a y  il lu s tra te  th e  w ay  in  w h ich  th e  ca lcu la tio n  m igh t 
go from  th e  w ork  o f E ricson  a n d  E ricson  [8]. T h e p o ten tia l im p o rtan ce  of 
p ionic X -ra y  s tud ies fo r giving us in fo rm a tio n  a b o u t nuclear s tru c tu re  does 
n o t d ep en d  on th e  d e ta iled  co rrec tness of th is  p a r tic u la r  ca lcu la tio n ; here 
we ju s t  use i t  as an  illu s tra tio n  of th e  degree of se n s itiv ity  th a t  th e  ex perim en ts 
m ig h t h av e  to  c e r ta in  deta ils o f  th e  nuclear w av efunc tion . E ricso n  a n d  
E r ic so n  f irs t o f all derive  th a t  p a r t  o f th e  o p tica l m odel p o te n tia l th a t  is due 
to  th e  m u ltip le  sc a tte r in g  of th e  p ion  on single nuc leons; i.e. com ing  from  th e  
TiN in te ra c tio n . T h e y  w rite  dow n th e  m u ltip le  s c a tte r in g  e q u a tio n s , tru n c a te  
a t  th e  p a ir  co rre la tio n s an d  fin d  in  th e  n o n re la tiv is tic  lim it:

V(r)
— 4 nh2

2 fi
bg(r)

cg(r)
I 4?r , ,
1 +  3 CQ r

(This d e riv a tio n  assum es v e ry  sh o rt range co rre la tio n s and  neglig ib le  nuclear 
e x c ita tio n  energies.) T he f irs t te rm  in  th is  exp ression  is a local p o te n tia l th a t  
arises from  th e  s-w ave n N  in te ra c tio n . T he second te rm  is non-local or velocity  
d ep en d en t an d  com es from  th e  p -w av e  л  N  in te ra c tio n  w hich fo r low  energy 
pions is s tro n g  a n d  a ttra c t iv e  ( th e  (3,3) resonance a t  a b o m b ard in g  p ion  energy 
o f a b o u t 200 MeV) as aga in st th e  w eak  and  rep u ls iv e  s-wrave n N  in te rac tio n . 
T he n o n lin ea rity  o f th e  second te rm  depends on th e  co rre la tions an d  is the  
analogue of th e  L o re nt z  — L o r e n t z  effect (the  n o n lin ea r dependence  of refrac-
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tiv e  index  on d en sity  for lig h t passing  th ro u g h  a dense hom ogeneous m edium  
o f  po larizab le  a to m s); as E ricso n  and  E r ic s o n  h av e  p ic tu re sq u e ly  p o in ted  
o u t, a low  energy  p ion  behaves som ew hat like a s tro n g ly  in te ra c tin g  p h o to n . 
W e m u st also consider th e  exp lic itly -tw o-nucleon  sca tte rin g  am p litu d e , com ing 
from  th e  л N N  in te ra c tio n , w hich  con ta in s te rm s  such as { B  -f- C ki • k f  }
(th e  ks  are th e  in itia l an d  fin a l p ion  m om en ta). H ere  again  th e  f irs t  te rm  is local, 
com ing from  s-w aves, an d  th e  second is non-local, com ing from  p - w aves. 
T he overall local in te ra c tio n  (w hich includes b o th  th e  л  N  a n d  th e  n N N  
te rm s) is d e te rm in ed  to  be, as expected , repu lsive , from  th e  ls -sh if t. T h e

Im C

Fig. 3

2p-sh ift shows an  a ttra c tiv e  force an d  w ith  th e  local in te ra c tio n  a lread y  d e te r 
m ined b y  th e  ls -sh if t , enables us to  get a m easu re  of th e  non-local in te rac tio n . 
T he w id th s  are due to  ab so rp tio n  an d  so d e te rm in e  th e  im ag in a ry  p a r ts  of th e  
tw o-nucleon  am p litu d es  (the  c o n tr ib u tio n  to  ab so rp tio n  from  th e  one-nucleon 
te rm s is negligible). T he ls -w id th  determ ines I m B .  T he 2p-  an d  3d-w idths 
th e n  give ImC.  T hese q u an titie s  m ay  now  be c o m p ire d  w ith  e x p ec ta tio n  based  
on th e  free n N  s c a tte rin g  cross sections an d  in fo rm atio n  a b o u t th e  л N l \  
in te rac tio n  d e riv ing  from  reac tio n s such as:О

p + p - ^ 7 i +  +  d ;  р  +  р - - у л 0 +  р + р .

T he ca lcu la ted  values of th e  sh ifts an d  w id th s  o bv iously  depend  on th e  assu m p 
tions m ade a b o u t th e  nucleon-nucleon  co rre la tio n  inside th e  nucleus. F ig . 3 
show s th e  com parison  b e tw een  th e  ex p ec ta tio n  b ased  on th e  л N  and  л N N  
in te rac tio n s  b o th  w ith  an d  w ith o u t a degree o f  nucleon-nucleon  co rre la tion  
inside th e  nucleus such  as w ould correspond to  th e  effect of th e  conven tiona l 
h a rd  core of th e  nucleon-nucleon  in te rac tio n . I t  is seen th a t  b e t te r  ag reem ent 
is o b ta in ed  on th e  a ssu m p tio n  of th e  reasonab le  sh o rt-ran g e  an ti-co rre la tio n  
th a n  fo r an  u n co rre la ted  n uc lear w avefunction .
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As w as rem ark ed  earlie r, we c a n n o t in te rp re t th ese  ex p erim en ts  a t  the  
m om en t as p ro v in g  th e  ex istence, in sid e  th e  nucleus, o f th e  ex p ec ted  nucleon- 
nucleon co rre la tio n  because th e  th e o ry  is n o t y e t free of am bigu ities; th e  experi
m en ts  are  also ra th e r  crude. T he p u rp o se  of th e  p re se n t com parison  is to  
i l lu s tra te  th e  sen s itiv ity  of th e  m easu rem en ts  to  th e  n u c le a r-s tru c tu re  p a ra 
m e te r  o f  in te re s t. I t  is c lear th a t  im p o r ta n t  in fo rm a tio n  can  be got from  a m ore 
d e ta iled  ex p e rim en ta l an d  th eo re tica l s tu d y  of pionic a tom s.

Nuclear absorption

A n o th e r use th a t  h as  a lread y  b e e n  m ade o f p ions an d  th a t  can  be  con
sid e rab ly  ex ten d ed  is th e  s tu d y  o f th e  deta ils  o f th e ir  ab so rp tio n  b y  nuclei. 
C onsider ab so rp tio n  of neg a tiv e  p ions a t  rest. T he p ion  b rings a considerab le  
a m o u n t o f  energy  (ab o u t 140 MeV) in to  th e  nucleus on ab so rp tio n  b u t  negligible 
m o m en tu m . The energy  is u lt im a te ly  tr a n s m itte d  to  nucleons w hich  m ust 
th e re fo re  leave th e  nucleus w ith  considerab le  energy  an d  m o m en tu m . Since 
th e  p ion  prov ides no m om en tu m  th e  m o m en tu m  m u st com e from  th e  in te r 
ac tio n  o f th e  nucleons w ith  each o th e r , e ith e r in  th e  in itia l or th e  f in a l s ta te . 
Since th e  m o m en tu m  invo lved  is con sid erab ly  h ig h er th a n  th e  F erm i m o m en t
um  insid e  th e  nucleus, we should  e x p e c t single nucleon  ab so rp tio n , in  w hich 
th e  reco il is essen tia lly  ta k e n  up  b y  th e  op tical m odel p o te n tia l o f th e  re s t of 
th e  n u c leu s, to  be ra th e r  un lik e ly  a n d  th e  com m onest ev en t to  be  one of 
a b so rp tio n  on a c losely -correlated  nucleon-nucleon  p a ir ; th e  fin a l s ta te  m o m en t
um  th e n  derives from  th e  nucleon-nucleon  ra th e r  th a n  from  th e  nucleon- 
nucleus in te ra c tio n . In  th is  case nuc leons should  em erge from  such  ab so rp tio n  
ev en ts  in  pa irs co rre la ted  v e ry  ro u g h ly  a t  180° to  each  o th er. I f  th e  nucleus 
is l ig h t i t  is q u ite  like ly  th a t  b o th  m em bers of th e  nucleon  p a ir  w ill emerge 
an d  w ill c a rry  w ith  th em  a fa irly  good m em ory  o f th e  m o m en tu m  s ta te  asso
c ia ted  w ith  th e  p r im a ry  ab so rp tio n  process. In  h eav ie r nuclei fin a l s ta te  in te r 
ac tio n s o f th e  nucleons w ith  th e  re s t o f  th e  nucleus on th e  w ay  o u t w ill becom e 
im p o r ta n t  and  i t  w ill be m ore d ifficu lt to  derive in fo rm a tio n  ab o u t th e  p rim ary  
a b so rp tio n  process from  th e  fin a l p ro d u c ts . Such nucleon  pa irs , w ith  th e  ex p ec t
ed s tro n g  an tico rre la tio n , have b een  know n fo r som e considerab le  tim e  [9] 
b u t  h a v e  m ore re c e n tly  been  s tu d ied  in  g rea te r d e ta il. T h e ir an g u la r co rre la tion , 
if  th e  f in a l s ta te  in te ra c tio n  can be  u n d e rs to o d , w ill give in fo rm atio n  ab o u t th e  
m o m en tu m  d is tr ib u tio n  of th e  a b so rb in g  p a ir i ts e lf  inside th e  nucleus an d  th is  
in  tu rn  is an  im p o r ta n t p a ra m e te r, re la te d , for exam ple , to  th e  degree of th ree- 
p a rtic le  c lu stering .

W h a t do we lea rn  from  th e  n a tu re  of th e  em erg en t nucleon  p a irs  ? The 
n e g a tiv e  p ion  m a y  be abso rbed  e ith e r  b y  a p a ir  o f p ro to n s or b y  a neu tron - 
p ro to n  p a ir. In  th e  f irs t  case w h a t we see em erge is a fa s t  a n tic o rre la te d  neu tro n - 
p ro to n  p a ir  and  in  th e  second case a s im ila r n e u tro n -n e u tro n  pair. O ff-hand  we 
sh o u ld  expec t th e re  to  be so m eth in g  like four tim es as m an y  n e u tro n -n e u tro n
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f in a l-s ta te  pa irs as n e u tro n -p ro to n  f in a l-s ta te  p a irs . T his is because  th e  cap 
tu r in g  n eu tro n -p ro to n  p a ir  m ay  b e  in  e ither a t r ip le t  o r a sing let s ta te  w hereas 
th e  c a p tu r in g  p ro to n -p ro to n  p a ir  m u s t be in  a s in g le t s ta te . T his assum es th a t  
th e  ch ie f N N  s ta te s  o p era tiv e  in  th e  nucleus are  s -s ta te s  follow ing th e  observed  
feebleness o f th e  p - s ta te  in te ra c tio n  in  free N N  collisions. If, how ever, th e  
p -s ta te  in te rac tio n  w ere s trong  in sid e  th e  nucleus, th e n  th e  n e u tro n -p ro to n  
f in a l-s ta te  pairs w ould  be  re la tiv e ly  boosted  because  th e  s ta tis tic a lly -w e ig h ty  
tr ip le t p -s ta te  w ould  th e n  he a d m itte d  for th e  in itia l p ro to n -p ro to n  in te ra c tio n . 
The p o ssib ility  th a t  th e  effective residual nucleon-nucleon  in te ra c tio n  inside 
th e  nucleus is s ig n ifican tly  d iffe ren t from  th e  free nucleon-nucleon  in te ra c tio n  
is an  ex trem ely  im p o r ta n t  and  o pen  nuclear s tru c tu re  question . W e should  
there fo re  be very  eager to  pursue  a n y  in v estig a tio n , such  as th e  one now  being 
discussed , w hich p rom ises to  b rin g  us news a b o u t th e  nucleon-nucleon  in te r 
ac tio n  inside  nuclear m a tte r .

In fa c t ex p erim en ts  show an  excess of n e u tro n -n e u tro n  f in a l-s ta te  pairs 
over th e  n u m b er ex p ec ted  b y  m ere coun ting . T his m a y  su perfic ia lly  a p p ea r to  
suggest th a t  th e  tr ip le t  s -s ta te  in te ra c tio n , o p era tiv e  only  for n eu tro n -p ro to n  
abso rb in g  pairs, is s tro n g e r a t  th e  d istances of a b o u t 0,5 F  re le v a n t for th is  
a b so rp tio n  process th a n  th e  sing let s -s ta te  in te ra c tio n . T his w ould be an  im p o r t
a n t  conclusion. H ow ever, we h av e  h ere  an  exam ple  of th e  cau tio n  th a t  m u st 
be exercised  in  in te rp re tin g  th e  re su lts  o f e lem en ta ry -p a rtic le -n u c leu s  in te r 
ac tio n  experim en ts. T h e  p o in t is th a t  th e  sim ple e x p e c ta tio n  th a t  we h av e  ju s t  
described  is based  on th e  assu m p tio n  th a t  th e  p ion  is absorbed  b y  th a t  nucleon 
of th e  co rre la ted  p a ir  w ith  w hich i t  f i r s t  in te rac ts . W e m u st, how ever, recognize 
th e  possib ility  th a t  re sc a tte rin g  m a y  be im p o r ta n t:  th e  p ion sc a tte rs  off th e  
f irs t nucleon  of th e  co rre la ted  p a ir  a n d  is ab so rb ed  b y  th e  second. T here  are 
m an y  d iag ram s th a t  c o n tr ib u te  to  th is  ty p e  of h igh  o rd er process, T h is process 
m ay  com e ab o u t m o st sim ply , h o w ev er, th ro u g h  а Ф л  or ФФ te rm  in  th e  H a 
m ilto n ian  (where Ф rep re sen ts  th e  m eson fie ld  a n d  л  is th e  co n ju g a te  fie ld  
op era to r). T h a t is to  say , th e  in itia l in te ra c tio n  m ay  be sca tte rin g  w ith o u t or w ith  
charge exchange. T h is re sc a tte rin g  m echan ism  w ould  boost th e  tr ip le t  s -s ta te  
ab so rp tio n  re la tiv e  to  th e  sing let s -s ta te  ab so rp tio n  because  charge exchange 
c o n tr ib u te s  to  th e  fo rm er b u t  n o t to  th e  la t te r .  W e th e re fo re  here h av e  an  a lte rn 
a tiv e  reaso n  w hy th e  f in a l-s ta te  n e u tro n -n e u tro n  p a irs  a re  m ore a b u n d a n t re la ti
ve to  th e  fin a l-s ta te  n e u tro n -p ro to n  p a irs  th a n  we f in d  b y  m ere coun tin g , an d  in  
th is  case we are lea rn in g  n o th in g  a b o u t th e  re la tiv e  s tre n g th s  a t  sh o rt d istances 
of th e  N N  in te rac tio n s. I n  fac t th e  ro u g h  m ag n itu d e  o f th e  re sc a tte rin g  p h en o 
m enon  m a y  be e s tim a te d  using in fo rm a tio n  from  th e  p  -f- p  —► л + -f- d and  
р - \ - р - ^ - р - \ - р - \ -  л °  reac tio n s n e a r  th resh o ld  a n d  ap p ears  to  be  o f ab o u t 
th e  r ig h t size to  ex p la in  th e  ex p e rim en ta l j t_ -c a p tu re  d a ta .

W e m u st obviously  be  careful a b o u t m ak ing  a too -n a iv e  in te rp re ta tio n  
of ex p e rim en ts  of th is  k ind .
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Other correlations

W e h a v e  m en tio n ed  th e  use of neg a tiv e -p io n  ab so rp tio n  to  look  for np  
a n d  p p  co rre la tio n s. I t  w ill be  also in te re s tin g  to  use fin ite  b u t  low -energy 
p ositive  p ions in  reac tions su ch  as ( л +, np)  a n d  ( л +, р р )  to  su p p lem en t the  
in fo rm a tio n  com ing  from  th e  n eg a tiv e-p io n  a b so rp tio n  a t  re s t.

W e m a y  f in a lly  n o te  th e  possib ility  of u sing  p ion  a b so rp tio n  to  look for 
th ree-nucleon  co rre la tions w ith  c lu ste rs  such  as:

л+  -f- п р р - > Ъ р  , 

л ~  +  p p p  —> n +  2p  .

P ion product ion

P +

O th er possib le  uses o f p ions are legion: for exam ple th e  reaction  

 ̂  ̂ (- л + fo r la rge  m om entum  tra n sfe r  is sen sitive  to  the

nucleon -nucleon  co rre la tio n  inside  th e  nucleus an d  im p o r ta n t in fo rm ation
I N  +  1

w ill be fo rth co m in g  p a rtic u la r ly  w hen th e  residua l nucleus is left in

an  id en tified  s ta te . P ion  p ro d u c tio n  from  a com plex  nucleus below  its  th resho ld  
fo r free N N  collisions w ill also te n d  to  show  up  h igh m o m en tu m  sta te s  in  
th e  ta rg e t n uc leus w av efu n c tio n  (th is is t ru e  o f an y  p ro d u c tio n  process).

Inelastic scattering

Pions possess ce rta in  a d v an tag es  fo r s tra ig h tfo rw a rd  in e las tic  sca tte rin g  
w ork  in  t h a t  th e y  are sp in less an d  are  d istin g u ish ab le  from  nucleons. Since 
p ions are  o f T  =  1 th e y  can  excite  tra n s itio n s  of A T  =  2 an d  so m ay  show 
up  new  fo rm s o f collective m o tio n  an d  can  reach  s ta te s  d ifficu lt o f  access b y  
o th e r m e th o d s , (л ,  л  у) re ac tio n s  m ay  h av e  c e r ta in  ad v an tag es fo r w avefunc
tio n  s tu d ies  over th e  co rrespond ing  nuc leon -induced  reac tions since th ere  is 
no sp in flip  possib le  for th e  b o m b ard in g  pion.

Double charge exchange

T he charge-exchange  possib ilities w ith  p ions also open  u p  in te restin g  
fie lds. O f p a r tic u la r  in te re s t m a y  be th e  doub le  charge exchange reactions: 
( л ±, л т). W ith  low  energy  pions we w ill te n d  to  excite  low -ly ing  analogue 
s ta te s . I t  is n o t a t  th e  m o m en t c lear w h a t n u c lea r  s tru c tu re  in fo rm a tio n  m ay  
be o b ta in ed  from  th is  a lth o u g h  i t  will be in te re s tin g  to  look fo r th e  T  • x te rm  
in  th e  p ion -nuc leus p o te n tia l. I t  will be in te re s tin g  to  d iscover w heth er th e  
double ch arg e  exchange is to  he  associa ted  w ith  an  iso top ic  te n so r  te rm  in 
a tw o-nucleon  effect or w ith  th e  rep ea ted  ap p lica tio n  of th e  iso top ic  vecto r
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te rm . Such reactions should  give in fo rm atio n  a b o u t nucleon-nucleon  corre la
tio n s i f  th e y  can be in te rp re te d  unam biguously .

A fu r th e r  p o ssib ly -in te restin g  use for p ion doub le  charge exchange is 
to  reach  system s th a t  arc  o therw ise v e ry  d ifficult to  s tu d y . Some exam ples are:

H e3 (л~ ,  n +) Ъп ,
H e4 (л ~ , л+)  4n ,

H 3 ( л + , л~)  Ър ,
LF ( я - ,7 г + ) Н 7 .

Intrinsic nucleon magnetic moments
W e have a lread y  discussed th e  elastic  p h o to p ro d u c tio n  of n e u tra l  pions 

as an ap p ro ach  to  th e  problem  of th e  m a tte r  d is tr ib u tio n  w ith in  th e  nucleus. 
O ther so rts  of p h o to p ro d u c tio n  m ay  also, in  p rinc ip le , y ie ld  v a lu ab le  in fo rm 
ation . M uch in fo rm atio n  of im p o rtan ce  for n u c lea r s tru c tu re  is locked  up 
in  th e  m a n y  very  a c c u ra te  values o f nu c lea r m ag n etic  m om ents t h a t  we п о л а  

possess. U n fo rtu n a te ly  in te rp re ta tio n  o f these a c c u ra te  d a ta  is bedev illed  b y  
our ignorance  of th e  degree to  w hich th e  m esonic ex ch an g e  cu rren ts  w ith in  th e  
nucleus th a t  are responsib le  for th e  nucleon  b ind ing  co n co m itan tly  m od ify  th e  
nucleon in trin sic  m ag n e tic  m om ents. I t  is clear t h a t  som e such m od ifica tion  
m ust ta k e  place, b u t  i t  is u nclear how  im p o rta n t th is  effect m ay  be. I t  is very  
d ifficu lt to  d isen tang le  th is  m od ifica tion  of th e  in tr in s ic  m agnetic  m om en ts 
from  th e  deta iled  effects of th e  n u c lea r w avefunc tion  th a t  we w an t to  use th e  
overall m agnetic  m o m en t to  probe, p a r tic u la r ly  w hen  one m u st recognize th e  
likely  im p o rtan ce  of considerab le  a m o u n ts  of tw o -partic le -tw o-ho le  ex c ita tio n  
and  o th e r form s of co n fig u ra tio n  in te ra c tio n . An e x p e rim en t th a t  bore  d irec tly  
on th e  q u estio n  of th e  nucleon  in tr in s ic  m agnetic m o m en ts  inside th e  nucleus 
w ould be ex trem ely  v a lu ab le . In  p rin c ip le , one can  ap p ro ach  th is  p rob lem  
th ro u g h  p ion  p h o to p ro d u c tio n  since th e  reac tio n  y  -f- N  —► л  -f- N  involves 
d irec tly  th e  in trin sic  nucleon  m ag n e tic  m om ents [11]. I f  we m ay  t r e a t  pion 
p h o to p ro d u c tio n  from  a com plex nucleus in  th e  im pulse  ap p ro x im a tio n , if  i t  is 
from  single nucleons a n d  i f  we m ay  neg lec t th e  im p o rtan ce  of fina l s ta te  in te r 
ac tions, th e n  a com parison  of th a t  p h o tp ro d u c tio n , p a r tic u la r ly  th e  nucleon  
po lariza tio n  w ith  th e  co rrespond ing  reac tio n  on free  nucleons gives us a 
m easure o f th e  desired  nucleon  in tr in s ic  m agnetic  m o m en t inside th e  nucleus. 
T his d e te rm in a tio n  is in d ep en d en t of th e  coupling schem e o p era tiv e  w ith in  th e  
nucleus a n d  of co n fig u ra tio n  m ix ing  an d  so on. T h e  d ifficu lty  h ere  is th e  
deta iled  assum ptions t h a t  we have to  m ake and  on w hich  i t  is v e ry  d ifficu lt 
to  m ake a check. I t  is p a r tic u la r ly  d o u b tfu l w hether th e  f in a l s ta te  in te ra c tio n s  
w ill be su ffic ien tly  w eak  to  enable th e  ou tgo ing  nucleon  to  ca rry  aw ay  m em ory  
of its  in itia l po lariza tio n  w ith o u t sig n ifican t m odifica tion . H ow ever, sy s tem a tic  
stud ies invo lv ing  m a n y  nuclei m ay  possib ly  enable  th e  various d is tu rb in g  
effects to  be un ravelled .
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Prospecting
«

W e know  v e ry  l i ttle  a b o u t n u c lea r  d is in teg ra tio n s  p ro v o k ed  b y  pions. 
T h ere  m ay  be  u n su sp ec ted  an d  rev ea lin g  sy s te m a tic  p henom ena to  be  found. 
I t  is w o rth  lo ok ing  to  see.

The use o f s tran g e  partic les

Hypernucle i

W hen / ^ “ -m esons are  a b so rb ed  b y  nuclei th e  in itia l a c t o f abso rp tio n , 
w h ich  m ay  be fo r exam ple : K ~  -f- N  —*■ Л°  ~F л ,  is o ften  follow ed b y  a fu r th e r  
p rocess o f / l° -h y p e ro n -c a p tu re  to  fo rm  a h y p ern u c leu s in  w hich th e  /l° -h y p ero n  
su b s titu te s  fo r a n e u tro n . A n ex am p le  of such  a reac tio n  is: K ~  -(- H e4 —► 
—► Н е л -)- л ~ . T he a b so rp tio n  o f  A -hyperons m a y  sim ilarly  p ro d u ce  h y p e r
nuc le i fo llow ing th e  basic  in te ra c tio n : E  -\- N  —► Л°  -f- N .  H y p ern u c le i are 
o b jec ts  of in te n se  in te re s t in th e ir  ow n r ig h t;  th e ir  s tu d y  falls ou tside th e  
scope of th is  p re se n t e x am in a tio n  a lth o u g h  we m ay  n o te  in  passin g  th a t  i t  
m a y  b rin g  us in fo rm a tio n  a b o u t th e  w av efunc tions of o rd in a ry  nuclei, th e  
cores to  w hich  th e  /l° -h y p e ro n s  are  bound , as well as in fo rm a tio n  ab o u t 
h y p ern u c le i.

A p o ss ib ly -im p o rta n t use o f h y p ern u c le i m a y  be to  s tu d y  th e  s tab ility  
o f system s th a t  a re  ju s t  u n s ta b le  in  th e  free s ta te . T he ad d itio n  o f a /l° -h y p ero n  
m ay , b y  its  b in d in g  to  nucleons, stab ilize  an  u n s tab le  nuc leon  sy stem ; our 
u n d e rs ta n d in g  o f th e  A °  N , Л° N N  force m a y  th e n  enable us to  m ake de
d u c tio n s a b o u t th e  p ro p ertie s  o f  th e  u n b o u n d  nucleon  core o f  th e  partic le- 
s tab le  h y p ern u c leu s . F o r ex am p le , th e  u n s ta b le  nucleon  sy stem s n 3, n4, H 4, 
H°, H e7 m a y  serve as th e  cores o f th e  p o ssib ly -p a rtic le -s tab le  hypernuclei 
пЛ’ п л> Н л , Н л, Н ел. T hese h y p ern u c le i could  be id e n tif ia b ly  fo rm ed  in , for 
ex am p le , th e  follow ing reac tio n s :

E  - +  H e4 ->  пАл -F p  ,

K ~  -F Н е 4—>- п \  - f  л  + ,

E -  -F Li° ->  п \  -F 2р  ,

К. —F Li® —V ~F л~̂ ~ ~F p  ,

K -  +  L i6 -► Щ  -F p  ,
K ~  +  и т -+ Н °л + р ,

K -  -F LT-^ Щ  +  n+  ,
K ~  +  L i7 —> H® +  p ,

K -  +  B e9 —*■ He® +  p .
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A n o th er im p o r ta n t p ro p e r ty  of h y p e rn u c le i is th a t  th e y  can, in  th e ir  
decay , p o p u la te  h igh iso topic sp in  s ta te s  t h a t  are  d ifficu lt o f access b y  o th e r  
m eans. F o r exam ple , th e  d ecay  H e4 —>-Li4* -|- n ~  can  p o p u la te  T  =  2 s ta te s  
of Li4 w hich m ay  show  up as sh a rp  s ta te s  rev ea led  by  a m o n o k in e tic  л  " '-g roup  
[12]. Such s ta te s  m ay  be sh a rp  because th e ir  decay  is in h ib ite d  e ith e r  b y  
iso topic  sp in  or b y  k in em atic  fac to rs.

I t  is possib le th a t  a s tu d y  o f excited  s ta te s  of h y p e rn u c le i m ay b rin g  us 
in fo rm atio n  a b o u t rad ia tiv e  tra n s itio n  p ro b a b ilitie s  of th e  h y p ern u c leu s cores 
th a t  i t  is v e ry  d ifficu lt to  o b ta in  b y  o th e r  m eans. C onsider, fo r exam ple, th e  
f irs t  ex c ited  J n =  2 + s ta te  o f H e6 a t 1,71 MeV. I t  is v e ry  im p o r ta n t to  d e te r 
m ine th e  life tim e of th is  s ta te  fo r its e lec tr ic  q u ad ru p o le  tra n s itio n  to  th e  
g round  s ta te  of H ee since, acco rd ing  to  th e  sim ple shell m odel co n figu ra tion , 
(lsx/2)4 0 p )2j t l le rad ia tio n  is due  to  tw o  n e u tro n s  only a n d  so the  life tim e  
should  be ex trem ely  long (in fin ite  if  one uses harm o n ic  o sc illa to r w av efunc tions 
w hich m u s t be q u ite  a good a p p ro x im a tio n  to  th e  t r u th  he re ). H ow ever, we 
know  from  experience in  l ig h t nuclei t h a t  E 2  tra n s itio n s  ta k e  place m u ch  
m ore read ily  th a n  th e  sim ple shell m odel suggests and , b y  analogy  w ith  th e  
no to rious case in  O 17, we m ig h t guess t h a t  th is  E2  life tim e  now  u n d er co n 
sid e ra tio n  will n o t be as long  as we sh o u ld  p red ic t from  th e  sim ple m odel. 
Since th is  H e6 system  is so e x tre m e ly  sim ple w e h av e  a good chance  of c a rry in g  
ou t th e  k in d  o f exp lic it co n fig u ra tio n -in te ra c tio n  ca lcu la tio n  th a t  is n ecessary  
if  we are  to  u n d e rs ta n d  th e  d e ta iled  m ech an ism  of th ese  E 2 en h an cem en ts . 
U n fo rtu n a te ly , th e  s ta te  in  q u es tio n  is u n s ta b le  against d is in teg ra tio n  H e 6 —► 
--*■ H e4 -f- 2n an d  so th ere  is no  chance o f  m easuring  th e  life tim e d ire c tly . 
H ow ever, w hen  a A °  hy p ero n  is a tta c h e d  to  H e6 i t  form s th e  p a rtic le -s tab le  
hypernuc leus He//, th e  f irs t ex c ited  s ta te  o f  w hich  is p ro b a b ly  also p a rtic le -  
s tab le  an d  m ay  be th o u g h t o f as the  f i r s t  ex c ited  s ta te  o f  He® to  w h ich  a 
/l° -h y p e ro n  has been a tta c h e d . If, as is lik e ly , th is e x c ite d  H e7 s ta te  h as  
J n =  5 /2 + its  ra d ia tiv e  d e -ex c ita tio n  to  th e  J n =  1 /2 + g ro u n d  s ta te  w ill be 
closely re la te d  to  th e  E 2  tra n s it io n  in  H e6 t h a t  we are  d iscussing . A n in te re s tin g  
and  am using  aspec t of th e  s itu a tio n  is t h a t  H e7 con ta ins i ts  ow n bu ilt-in  clock 
in  th e  form  o f th e  decay  of th e  / l° -h y p e ro n  A °  —>- N  -}- л  w h ich  will be c o m 
p e titiv e  w ith  th e  rad ia tiv e  d e -ex c ita tio n . A m easu rem en t o f  th e  b ran ch in g  
ra tio  of th e  exc ited  He// s ta te  as betw een  gam m a-em ission  a n d  hyperon  d e cay  
there fo re  gives us a m easure o f  th e  lifetim e fo r th e  ra d ia tiv e  process. W e m u s t, 
o f course, be able to  tak e  in to  acco u n t th e  e ffec t on th e  h y p e ro n  decay life tim e  
o f its  b in d ing  in to  th e  hypernuc leus b u t th is  c an  be ra th e r  a c c u ra te ly  e s tim a ted  
from  life tim e s tud ies on h y p e rn u c lea r g ro u n d  s ta te s .

The texture o f  the nuclear surface

W e have a lread y  d iscussed  one a sp e c t o f th e  c a p tu re  o f stopped  K  - 
m esons b y  com plex nuclei. W e explained  t h a t  th e  c a p tu re  m ay  well be p eri-
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p h era l, in  th e  nu c lear s tra to sp h e re , an d  t h a t  th is  c ap tu re  ca n  therefo re  b r in g  
us in fo rm a tio n  ab o u t th e  s ta te  of th e  nu c leu s in  its  te n u o u s  ou ter reach es. 
A n e x p e rim e n ta lly -in te re s tin g  aspec t o f th is  cap tu re  is t h a t  i t  occurs v e ry  
fre q u e n tly  ( a b o u t 20%  of th e  tim e) n o t m eson ica lly  on single nucleons th ro u g h  
reac tions su ch  as K ~  -J- N  —► Л  o r 27 -f- л  b u t  by  non-m eson ic  a b so rp tio n  on  
co rre la ted  n u c leo n  pairs b y  th e  reac tio n s : K ~  -f~ N N  —>■ A  or 27 -f- N .  T h e  
p ro b a b ility  o f  such  non-m eson ic  cap tu re  is v e ry  closely th e  sam e in  co m p lex  
nuclei as i t  is in  H e4. I f  th e  c a p tu re  is in d e e d  p e rip h era l th is  can only  m ean  
th a t  in  th e  te n u o u s  ou te r reach es of th e  n u c leu s nucleons a re  as closely c o rre 
la te d  as th e y  a re  in  th e  a lp h a -p a rtic le . T h e  n uclear s tra to sp h e re  is th e re fo re  
n o t com posed  o f a m o re -an d -m o re-ten u o u s gas of single nucleons g e ttin g  
fu r th e r  a n d  fu r th e r  a p a r t  b u t  r a th e r  o f sub -n u c lear e n tit ie s  th a t  we m ig h t 
te n ta t iv e ly  la b e l “ a lp h a -p a rtic le s” ; th ese  a re  p resu m ab ly  c o n s ta n tly  d isso lv ing  
an d  fa lling  b a c k  in to  th e  b o d y  of th e  nu c leu s and  re fo rm in g  elsewhere in  th e  
s tra to sp h e re  [13]. I f  th is  is t ru e  i t  is o b v io u sly  nuclear s tru c tu re  in fo rm a tio n  
o f th e  v e ry  f i r s t  im p o rtan ce : th e  surface o f  th e  nucleus is n o t  “ sm o o th ”  b u t  
“ k n o b b ly ” .

I t  m u s t  be said a t  once th a t  th e re  is some ev idence  th a t  K ~ -m eson  
cap tu re  a t  r e s t  is no t in  fa c t  p e rip h era l b u t  tak es  p lace in  th e  bo d y  o f th e  
nucleus in  w h ich  case th e  p re se n t co n sid e ra tio n s are n o t re le v a n t. W h e th e r  or 
n o t th e  c a p tu re  is p e rip h era l m ay  be d e te rm in e d  by  s tu d y in g  th e  K -m eson ic  
X -ray s in  ju s t  th e  sam e w a y  as th e  m u o n ic  and p ionic  X -ray s  h av e  b e e n  
s tu d ied  as a lre a d y  d iscussed: if  th e  X -m eso n ic  X -ray s  seen  correspond  to  
tra n s itio n s  b e tw een  c ircu la r o rb its  an d  te rm in a te  as e x p e c te d  for p e rip h e ra l 
c a p tu re  th e n  th e  case is p ro v ed . I t  is w o rth  n o tin g  th a t  i f  th e  norm al c a p tu re  
process is fo u n d  to  be n o t overw helm ing ly  p e rip h era l th e n  w e can s till se lec t 
o u t cases o f  su rface  cap tu re  b y  g a tin g  o u r d e te c to r  for th e  ab so rp tio n  p ro d u c ts  
on th e  a p p ro p r ia te  X -m eson ic  X -ray , i.e . one co rrespond ing  to  a tra n s i t io n  
to  a c ircu la r o rb it  from  w hich  cap tu re  is overw helm ingly  m o re  p robab le  th a n  a 
fu r th e r  r a d ia t iv e  tra n s itio n . I n  th is  w ay  i t  wdll be possib le  to  f ilte r  from  th e  
b u lk  of th e  a b so rp tio n  p rocess ju s t  tho se  t h a t  are p e rip h e ra l; th is  co m p lica tes  
th e  expe i'im en ts  b u t adds no d ifficu lty  o f p rincip le .

High m o m e n tu m  states

I t  is possib le  to  look  fo r high m o m en tu m  s ta te s  in  strange p a r tic le  
ab so rp tio n  processes, fo r ex am p le  th e  re a c tio n : C12 -j- K ~  —► C11 -f- 27_ in  
w hich th e  C11 is le ft in ta c t  in  an  id e n tif ie d  s ta te  signals h ig h  m o m en tu m  in  
th e  ab so rb in g  n eu tro n . S im ila rly  th e  re a c tio n : С12 -j- 27~ —*■ B 12 -f- Л°  m a y  b e  
used fo r lo o k in g  for a h igh  m o m en tu m  p ro to n . These tw o  ty p e s  of re a c tio n  a re  
co m p le m e n ta ry  in  th a t  th e y  a re  sensitive  to  d ifferen t h ig h  m o m en tu m  s ta te s .
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Three-body forces

A section  of nu c lear s tru c tu re  physics a b o u t w hich we are  qu ite  a s to n ish 
ing ly  ig n o ra n t is th e  im p o rtan ce  o f th re e -b o d y  forces. W e a t te m p t  to  d iscuss 
th e  p ro p ertie s  of com plex nuclei as th o u g h  only  tw o -b o d y  forces o p e ra te d  
betw een  nucleons. W e know  v e ry  w ell t h a t  th ree -b o d y  forces m u st e x is t b u t  
h av e  effec tively  no idea  a t  all a t  th e  m o m e n t ab o u t th e ir  im p o rtan ce  re la tiv e  
to  tw o -b o d y  forces. T he closest s tu d ies  o f th e  th ree -b o d y  sy s tem s, H 3 a n d  H e 3 
are  n o t y e t  good enough to  ap p ro ach  th is  p rob lem . I f  th re e -b o d y  forces ex is t 
th e y  will te n d  to  fav o u r tr ia n g u la r  nuc leon  con figu ra tions in  w h ich  th e  m o m e n t
um  is sh a red  m ore or less equ a lly  am ong  th e  th ree  nucleons. I f  we consider 
for exam ple  th e  reac tio n : H e3 -f- K ~  —*- E ~  -|- 2p  using s to p p e d  K ~ - m e s o n s  
th e n  if  tw o -b o d y  forces are d o m in a n t w e shall expect to  f in d  fina l s ta te s  
consisting  o f a E-p  p a ir  in  a high m o m en tu m  s ta te  w ith  th e  fu r th e r  p ro to n  as a 
low -m om en tum  sp ec ta to r . I f  th ree -b o d y  forces are im p o r ta n t  th e y  w ill show  
up  in  even ts in  w hich all th ree  p a rtic le s  in  th e  f in a l s ta te  h a v e  h igh  m o m en tu m . 
T he analysis will be com plica ted  as u su a l b y  th e  possib ility  of in itia l tw o- 
nucleon a b so rp tio n  follow ed b y  high m o m e n tu m  being tra n s fe rre d  to  th e  
orig inally  sp e c ta to r  p a rtic le  b y  a fin a l s ta te  collision w ith  one o f th e  o rig inal 
p a ir . H ow ever, in  so sim ple a sy stem  as H e 3, we have a chance  to  so rt th is  o u t 
an d  still to  p in p o in t th e  th ree -b o d y  forces i f  th e y  are a t all reaso n ab ly  s tro n g . 
(W e m ay  n o te  th a t  p ion  ab so rp tio n  is also a possible w ay o f looking fo r th e se  
co rre la tions b u t  K ~ - m eson a b so rp tio n  will be  easier to  an a ly ze  since all f in a l-  
s ta te  p a rtic le s  are  th e n  charged . T h e  re a c tio n : n + -j~ H e3 —► 3p  also p ro d u ces 
all charged  partic les  in  th e  fina l s ta te  b u t  is no t so sa tis fa c to ry  because th e  
in c id en t p ion  m u st now  b rin g  in  s ig n if ic a n t m o m en tum  a n d  so increases th e  
p ro b ab ility  o f  a m ore-or-less-equal sh a rin g  o f th e  m o m en tu m  in  th e  fin a l s ta te  
am ong th e  th ree  p ro d u c t partic les.)

Conclusion

This h as  only been  a lig h t an d  se lec tive  passage over som e of th e  w ays 
in  w hich e lem en ta ry  partic les  m ay  be u sed  as nuclear p ro b es. S ign ifican t 
in fo rm atio n  m ay  be h a d  in  o th e r w ays, fo r  ex am p le  b y  th e  u se  o f a n tip ro to n s  
an d , w hen su ffic ien t fluxes are av a ilab le , o f n eu trin o s. T h ere  is no d o u b t th a t  
here  is a fie ld  of considerab le  richness w hose ex p lo ita tio n  on ly  aw aits  th e  
m ak ing  av a ilab le  of a d e q u a te  resources.
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О Н Е К О Т О Р Ы Х  И СП О Л ЬЗО В А Н И Я Х  Э Л Е М Е Н Т А РН Ы Х  ЧАСТИЦ В 
И ЗУ Ч Е Н И И  С ТРУ К Т У РЫ  Я Д Е Р

Д. Г. УИЛКИНСОН

Р е з ю м е
Дается специальный обзор нескольких приемов, в рамках которых «элементар

ные частицы» и методы физики высоких энергий могут использоваться для исследования 
ядерной структуры. Подчеркивается, что наша способность получить новую информацию 
о структуре ядра из некоторых экспериментов часто ограничивается нашим незнанием 
на данном этапе других сторон ядерной структуры.
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GINZBURG-LANDAU EQUATIONS
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The consequences of using m ore realistic effective electron-electron in teractions than  
the BCS one in the derivation of the G i n z b u r g — L a n d a u  equations and th e ir generalizations 
are exam ined. G o r k o v ’s equations for th e  therm odynam ic G r e e n ’s functions are used a s  
a starting  point. The gap param eter is given in terms of a  general non-local tw o-particle in ter
action and the anisotropy of the one partic le  spectrum is also taken  into account. Generalized 
W e r t h a m e r ’s equations are obtained and  shown t o  reduce to modified G i n z b u r g ’s equations 
for T  <  T c. W ithin the same limit neglecting anisotropy effects the G i n z b u r g — L a n d a u  
equations result.

1. In tro d u c tio n

T he G i n z b u r g — L a n d a u  [1] phenom enological eq u a tio n s fo r th e  de
sc rip tio n  o f th e  b e h av io u r of a su p e rco n d u c to r in  a s ta tic  m ag n e tic  fie ld  have 
been  derived  b y  G o r k o v  [ 2 ]  from  m icroscopic th e o ry . G o r k o v  assum ed  th a t  
th e  te m p e ra tu re  T  is n e a r  to  th e  c ritic a l te m p e ra tu re  T c th e re fo re  th e  gap A is 
a sm all q u a n tity  a n d  th e  m agnetic  p o te n tia l as w ell as A are  slow ly  v ary ing  
fu n c tio n s of positions.

G enera lizations o f th e  G i n z b u r g — L a n d a u  eq u a tio n s  h av e  b een  derived 
recen tly  b y  W e r t h a m e r  [3], T e w o r d t  [4], Z u m i n o  and  U h l e n b r o c k  [5] 
an d  E i l e n b e r g e r  [6]. These a u th o rs  re laxed  th e  a ssu m p tio n  th a t  A  is sm all 
h u t  re ta in e d  th e  o th e rs . Thus, th e ir  equ a tio n s sh o u ld  also be v a lid  a t  lower 
te m p e ra tu re s  for local su p erco n d u cto rs . In  all th e  m icroscopic th eo rie s  m en
tio n ed  th e  BCS [7] in te ra c tio n  has b een  used in  th e  ca lcu la tion  o f th e  energy 
gap fu n c tio n  w hich, as a consequence, depends on ly  on th e  cen tre-o f-m ass 
co o rd in a te  of th e  p a ir , A  =  A(R).

To describe th e  b eh av io u r o f an iso tro p ic  su p erco n d u c to rs  in  a m agnetic  
fie ld  G i n z b u r g  [8] h as  given th e  analogues o f  th e  G i n z b u r g — L a n d a u  

eq u a tio n s w hich d iffer from  the  G i n z b u r g — L a n d a u  equ a tio n s in  h av in g  a 
m ass te n so r  in stead  o f  th e  iso trop ic  m ass. G i n z b u r g ’s eq u a tio n s  h a v e  been 
derived  b y  G o r k o v  a n d  M e l i k — B a r k h u d a r o v  [9] on th e  basis o f th e  m icro 
scopic th e o ry  ta k in g  in to  account th e  an iso tro p y  o f b o th  th e  one-p artic le  
sp ec tru m  an d  th e  gap fu n c tion , re s tr ic tin g  them selves to  T  <  T c.

F o r s tro n g  coup ling  su p erco n d u c to rs  o ther g enera liza tions o f th e  BCS 
th eo ry  h av e  also been necessita ted  b y  c e r ta in  ex p erim en ta l fac ts. F o r  exam ple .
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th e  s tru c tu re  in  th e  su p e rco n d u c tin g  d e n s ity  of s ta te s  show ed th a t  th e  non- 
in s ta n ta n e o u s  n a tu re  o f  th e  effective e lec tro n -e lec tro n  in te ra c tio n  v ia  phonon  
exchange  lead in g  to  th e  dependence  o f  th e  gap fu n c tio n  on th e  en e rg y  is of 
g re a t im p o rta n c e  [10].

I t  w ou ld  be o f in te re s t  to  see w h a t effect ta k in g  in to  acco u n t th e  m ore 
rea lis tic  effective e lec tro n -e lec tro n  in te ra c tio n s  h a s  on th e  Gi n z b u r g —• 
L a n d a u  eq u a tio n s  a n d  th e ir  g en era liza tions. As a f i r s t  s tep  in  th is  d irec tion  
we h av e  in v es tig a ted  th e  case of a g en era l non-local tw o -p a rtic le  in te ra c tio n . 
A  p re lim in a ry  accoun t o f  these  in v es tig a tio n s  has b een  given p rev io u sly  [11].

T h e  in te ra c tio n  H a m ilto n ia n  is g iven  in  a g a u g e -in v a rian t fo rm  in  Section 
2. To ge t equa tions d e te rm in in g  th e  gap  func tion  a n d  c u rre n t d en sity  fo r local 
su p erco n d u c to rs  we s ta r t  from  Go r k o v ’s equa tions [12], [9] for th e  th e rm o 
d y n am ic  G r e e n ’s fu n c tio n s  (Section  3) and  p e rfo rm  a g au g e -in v a rian t ex
p an sio n  [5] o f these  eq u a tio n s  (S ection  4). In  th is  w ay  g enera liza tions of 
W e r t h a m e r ’s eq u a tio n s  a re  o b ta in ed  in  w hich th e  gap  fu n c tio n  depends on 
th e  re la tiv e  m o m en tu m  o f th e  p a ir , to o , A =  A  (p , R )  an d  th e  a n iso tro p y  of 
th e  one p a rtic le  sp ec tru m  is also ta k e n  in to  acco u n t. T hese  eq u a tio n s rep re sen t 
th e  e x ten s io n  of Go r k o v  and  Me l i k — B a r k h u d a r o v ’s re su lt [9] to  lower 
te m p e ra tu re s  (Section  5). In  S ection  6 th e  eq u a tio n s  are given fo r T  <C T c 
an d  are  show n to  red u ce  to  m odified  G in z b u r g ’s e q u a tio n s  in  w hich  th e  m ass 
te n so rs  occurring  in  th e  c u rre n t d e n s ity  and  gap  e q u a tio n  are d iffe ren t from  
each  o th e r  while th e y  are  th e  sam e in  th e  orig inal G in z b u r g  th e o ry  [8]. I t  is 
fo u n d  th a t  n eg lec tin g  a ll th e  a n iso tro p y  effects th e  Gin z b u r g — La n d a u  
e q u a tio n s  re su lt h u t  w ith  p a ra m e te rs  d iffering in  genera l from  th o se  given by  
Go r k o v  [2].

2. The H am ilton ian

W e consider th e  H am ilto n ian

H  —  H 0 -f- H u y  + (r) f A(r)|vUr) dr
ОГ C

V (r„ r.,, r3, r4) ipt (r4) y>+ (r2) xpß (r3) (r.t) d r , . . . dr, ,

w here  a  an d  ß s ta n d  fo r de fin ite  sp in  d irections (su m m atio n  is to  be  perform ed 
o v e r re p e a te d  in d ices), A is th e  v e c to r  p o te n tia l, |  is th e  en erg y  o f a B loch 
e le c tro n  an d  V  is th e  in te ra c tio n  betw een  B loch  electrons rep resen tin g  th e  
e ffec tiv e  in te ra c tio n  com ing  from  th e  phonon  ex h an g e  -(- th e  screened  Coulomb 
in te ra c tio n  b e tw een  th e  e lec trons. I t  is well k n o w n  th a t  re ta rd a tio n  effects 
can  b e  s im u la te d  to  som e e x te n t b y  non-local in te ra c tio n s . O w ing to  th e  n o n 
lo c a lity , how ever, th e  d ifficu lty  arises th a t  H int is no t g au g e-in v arian t. To
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avoid th is  problem  we shall use th e  g au g e-in v arian t in te ra c tio n  H a m ilto n ia n

[ П ]
H fà  =  J  Ku  (r o  r2, r 3> r 4; A ) w i (r i )  Wß ( r :t) Vß{r3) V>«(r*) d r i ■ • d r i 4

w here

^ f f  =  У (г р  г 2 > г :г г 4)  e x p
ie

c

R R R R R

A dr -f- I A d r  — I Adr  — I A dr 2 j A dr

r, R
( 1 )

1 , 1
w ith  R =  — (l'j -f- r.,), R ' =  — (r;j -f- r 4). S tra ig h t lines jo in ing  th e  tw o  end

2 2
po in ts are  chosen as in te g ra tio n  p a th s .

I t  is w o rth  n o tin g  th a t  th e  gauge in v a ria n t in te ra c tio n  H a m ilto n ian  
proposed b y  Zawadowsici  [13]

Hfni =  ! V (rv  r-  r;p ri) e x P (ri -  ro) — H------ A (r0) WÏ (r i)

0 Гв
exp ](r, -  r„) —  +  — A (r0)

Эг0 c
(гз -  rn)

-  A ( r o) 

3 ie
\ 3 r0 c

Ve+ (r o) ex P

Wp ( r o)

v U ro) d r i ■ ■ d t \ >eXP I ( r 4 —  r n ) l~ --------—  A K )
1 l 9ro c

w here r0 =  —  (R +  R') , can  be tran sfo rm ed  to  a form  sim ila r  to  th a t  o f H fn't 
2

b u t Veff is rep laced  b y  [14]

^eff =  1/ (гР г-м r , , r , ) e x p Adr JA,,r “JA d r  Adri

3. Basic equations

We s ta r t  from  Go r k o v ’s equ a tio n s [12], [9] in  th e  c o o rd in a te  re p re 
sentation

ift) —f 9------------ A (r ,)
orj c

“b t1 Go, (*1 r.)

=  0 (r i — г,) -  I Л (r„ r3) F +  (r3, r j  dr;!,
(2 )

io> - f
3 rL c A (r i) И F t  (G, r2)

- = р * ( г о г з )  G *  ( r 3 ’ r > ) d r : n
(3)
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w h ere  Gw a n d  F j  are  th e  F o u r ie r  tran sfo rm s w ith  resp ec t to  x x — хг =  x o f 
th e  th e rm o d y n a m ic  G reen’s fu n c tio n s  d e fin ed  as

G (r | , r 2;T) =  -  < T , ( y > T Ír^ T jJ y jr  (r2, r 2) ) > ,

F + ( r i , r 2;r) =  <  T r (ip+ (rx, x x)rp + (r2, r 2) ) >  .

M oreover ш =  (2n  - f  1 )я Т  (n  =  0, ^ 2 ,  . . .), ц  is th e  chem ical p o te n tia l
a n d  A(rx, r 2) is th e  gap fu n c tio n  defined  as

А * ( г и  r 2 )  =  T j  F ef f  ( г 1> r 2> r : r  r d  A )  F t, ( r . v  r 4 )  d r 3 d r 4 • ( 4 )

L et us in tro d u ce  sum  a n d  difference coord inates a n d  perfo rm  F o u rie r  
tra n s fo rm a tio n  o f  all th e  q u a n ti t ie s  ap p e a rin g  in eqs. (2) a n d  (3) w ith  resp ec t 
to  th e  d ifference  co o rd in a te  (m ixed  re p re se n ta tio n ), e.g.

Ga> (P- R ) =  J  d{r , -  r2) e-'P  (*•-'*■> Ga (rx, r 2) ,

1
w here R =  — (гг r2). T h u s  eqs. (2) a n d  (3) tran sfo rm  to

м» G„ (p5 R ) - - 0 A (R ) e a (P, R )

1 Q\A (p, R) F +  (p, R)],

ico F+  (p, R) — в pH A (R) F + ( p , R )

<9[zl»(p,R) Ga (p, R)],
w h o

s  p i  — A (R)

zl*(P,R) =  -  T £  i  ^  d R ' F e f f ( p , p ' . R , R ' ; A ) F + ( p \ R ' )  

and  в  is a d ifferen tia l o p e ra to r  of in f in ite  o rder [15]

/ ( p , R ) g ( p \ R ' ) .

=  f P ± -  A (R) f * ,

(h) [ f  g\  =  lim  exp
R '— R 
P >P

1 V 1 9  0 9 9
2̂ xyz [ 9 R x 9p 'x

1

•§
>|

X 
j " XОчCD

(5)

T he sum  o v e r x,  y ,  z m ean s th a t  x, y ,  a n d  z are to  rep lace  each  o th e r cyclically .
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4. E xpansion  procedure

To derive eq u a tio n s fo r local su p erco n d u c to rs  one assum es th a t  th e  
m agnetic  p o te n tia l  as well as o th e r  q u a n tit ie s  en te ring  th e  problem  v a ry  
slow ly over d is tan ces  of th e  o rd e r o f th e  coherence leng th . T hese assum ptions 
allow  one to  a p p ly  th e  quasi-classical a p p ro x im a tio n  w hich w e use in  a fo rm  
developed  b y  sev era l au tho rs fo r  norm al [15] an d  superflu id  [3], [5], [16] 
system s. M oreover we assum e t h a t  A  is sm all a n d  use as ex p an sio n  p a ra m e te r  
th e  sm all q u a n ti ty  a  in tro d u ced  b y  Zumino a n d  U hlenbrock [5] b y  se ttin g

A (R ) =  oA(crR),

w here A is a fixed  fu n c tion . In  th is  w ay  s im u ltan eo u s ex p an sio n  can  be p e r 
fo rm ed  in  pow ers o f V r and  A w hich  is n ecessa ry  to  get a g au g e -in v a rian t 
ap p ro x im a te  expression  for a gauge in v a ria n t q u a n tity . To o b ta in  m an ifestly  
g au g e-in v arian t re su lts  we in tro d u ce , follow ing Zumino and  U hlenbrock  [5], 
th e  so-called g au g e-in v arian t p ro p a g a to rs , to o , w ith  th e  defin itio n

G a (ro r2) =  Go, (ro r2) e x P

F t  ( r ,,  r2) =  F+  ( r t , r 2) exp 

and  th e  new  gap fu n c tio n

ге
c

Adr

le
c J " ' + j

A dr

le
c

R  R

A dr 4- Í AdrA *  ( r „ r 2) =  А *  (Г1, г 2) exp  

G„, is gauge in v a r ia n t while F t  an d  A* tra n s fo rm  accord ing  to

F+  ( r , , r 2) --> F+ ( r ,, r 2) exp
2ie

v(R )

if
A (r) -> A (r)  +  grad  9?(r) .

( 7 )

( 8)

(9)

The eq u a tio n  d e te rm in in g  th e  gap  fu n c tio n  A  can  be o b ta in ed  from  eq. 
(4), u sing  eqs. (1), (8) an d  (9). In  th e  m ixed  re p re se n ta tio n  we get

c. f  dP'Zl*(p,R) =  -  T 2

exp
l i e  f  
e

(2л)*
R-

d R '  V  (p ,p \  R — R )

( 10)

A dr

R

F t  ( p ' ,K ') ,
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w here V  is ta k e n  to  be  in d ep en d en t fro m  R  - f  R ’ because  of tra n s la tio n a l 
in v arian ce  o f th e  in te ra c tio n . M oreover, th e  expression  for th e  c u rre n t in  
te rm s o f th e  g au g e -in v a rian t G reen’s fu n c tio n  Gm is

j i  (R) =  2eT 2  v Pt G 0  (p, R), V p .  =  . (11)
Ш J (2я:)3 9P i

We w a n t to  o b ta in  ap p ro x im a te  expressions for F „  an d  G m up  to  second 
order in  a.  W ith  th is  in  m ind , le t us ex p an d  all th e  q u an titie s  ap p e a rin g  in 
eqs. (5) a n d  (6) to  th is  o rder

w here

GB -  G<?> +  G P  +  ,  F +  =  F+<°> +  F+G) +  F+<*> ,
0  =  0(0) _|_ 0(1) +  0(2) 5

6 ( P =t A ! =  e(p) ±  - -  v P . A, (R) +  ~  1 Vi j  At A j ,

\ c  c  Z c z

э2Ф )
Эр, 9p

A  is considered  as a ze ro -th  order q u a n ti ty .  E q u a tin g  te rm s of s im ila r  degree 
s e p a ra te ly  to  zero

io> G<?> (p, R) -  0(0) [e(p) GL°) (p, R)] =  1 — 0(0) [ A ( p ,  R) F+(°> (p, R )],
-  ia> F+<°> (p, R) -  0(o) [e(p) F+(o) (p, R)] =  0 ( o >  [ A *  (p, R) G<?> (p, R)] ,

etc. s tra ig h tfo rw a rd  b u t  ted ious ca lcu la tio n  leads to  th e  expressions o f  F „  an d  
G m u p  to  second o rd e r in  a. F „  a n d  G m are o b ta in e d  using eqs. (7) an d  (8) 
tra n sfo rm e d  in to  th e  m ixed  re p re se n ta tio n  and  ex p an d ed  up  to  second  o rd e r 
in <7 (eqs. (33) an d  (32) of ref. [5])

G a (p, R) =  

F+ (p, R)

1 H-------A ( R )  A p  +  — — — ( А Д р ) 2
c 2  c z

Ga ( p , R ) ,

4c 9R j  8pi  8p t

T he re su lts  are g iven  in  th e  A p p en d ix .

5. Generalized Werthamer’s equations

I n  o rder to  g e t equ a tio n s d e te rm in in g  th e  gap  fu n c tio n  a n d  c u rre n t 
d e n s ity  th e  expressions o b ta in ed  fo r  F ^  an d  G m h a v e  to  be in se r te d  in to  eqs . 
(10) a n d  (11), respective ly . T a k in g  in to  acco u n t th e  consequences of th e
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in v a rian ce  u n d er tim e  rev ersa l and  sp ace  reflec tion  i.e. th a t

e(p) =  e ( — p).
V  (p ,p ', R -  R ) =  V ( - p ' , -  p, -  R +  R ')=  V  (p ', p, -  R +  R ) , (12)

i t  is easy  to  see th a t  o n ly  gives a non-zero  c o n tr ib u tio n  to  th e  c u rre n t 
den sity . As to  th e  gap eq u a tio n , in  th e  general case o n ly  those  te rm s  o f  F Z  

w ill give v an ish ing  co n trib u tio n s  to  i t  w h ich  are odd in  a>. M oreover th e  gap 
eq u a tio n  is nonlocal in  b o th  va riab les . I t s  non -locality  in  th e  v a riab le  R  c an , 
how ever, be  e lim in a ted  b y  m aking  som e restric tio n s on  physica l g ro u n d s  
concern ing  th e  form  o f th e  in te ra c tio n  V ( p , p ' ,  R  — R ') .  As th e  fo u r-e lec tro n  
v e r te x  p a r t  w hen ca lcu la ted , using  th e  elec tron -phonon  in te ra c tio n , in  th e  
low est o rd er ap p ro x im a tio n  (one ph o n o n  exhange) con ta ins th e  fac to r ô(R  — Щ ',  
i t  is reaso n ab le  to  assum e th a t  th e  d ependence  of V(p,  p ' , R —R ’) on  R —R '  
is d -function-like. M ore p recisely , we supp o se  th a t  V(p, p ' , R —R 1) d iffers from  
zero on ly  in  a region in  th e  n e ig h b o u rh o o d  o f R '  =  R  w h ich  is so sm all th a t  
th e  o th e r tw o  fac to rs in  eq. (10) can he ex p an d ed  in  pow ers o f R  — R '  in  th e  
v ic in ity  o f R  and  it  is su ffic ien t to  r e ta in  te rm s up to  second order in  th e se  
series

F t  (p ', R') =  F+ (p ', R) -  (R  R'), +
9 R,-

J. 3 ^ + (p , R) _  r

2 QRi d R j

exp
2 ie 

c
Adr A ,(R  -  R ,

^ ~ - ( R - R ' ) / ( R  R ' ) y -  ( 1 4 )c ohj

- A i  A j ( R -  R ') i  (R  — R')y •
C“

T hus we get from  eq. (10)

A * (p, R) = T  y  \ - dV—
J (2n f

F 0(p ,p ')F +  (p',R)
(15)

+  ~y  r o (P ’P ') V r +  -2 í- A ( R )
C

1 2  ip
V r +  ■ A (R)

« ' c
FZ  (p’- R )

j
w ith

Fo(P’ P ') =  J e ( p , p ' , R  - R ) d R ' ,

V,j (P, P ') =  J  F ( P, p', R -  R ') (R  -  R ') f (R -  R ') ; d R  .
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T h e  te rm s o f  f i r s t  o rder in  eqs. (13) an d  (14) do n o t c o n tr ib u te  to  th e  gap 
e q u a tio n  b ecau se  ) F(p, p ' , R — R ') ( R — R ') ,d R ' =  0 as a consequence o f 
e q .  ( 1 2 ) .

L et us a ssu m e , m oreover, th a t

F (p , p \  R  R ')  =  F (e(p ), e(p '), p, p \  R  -  R ')  (p =  p /|p |, p ' =  P7 |p '|)

is an  even fu n c tio n  of e(p) a n d  e(p '), w hich ho lds for all th e  in te rac tio n s  used 
in  th e  th e o ry  o f  su p e rco n d u c tiv ity . As a consequence A(e,  p ,  R) can  also be 
ta k e n  as b e ing  a n  even fu n c tio n  of c.

da
C hanging  th e  in te g ra tio n  v ariab les from  p to  e a n d  p  (dp =  d e ----- .

vF
w here da  is a su rface  e lem en t on th e  F e rm i su rface  an d  v F is th e  velo c ity  on 
th e  F erm i su rface ) th e  co n tr ib u tio n s  of all th e  te rm s odd  in  e van ish  w hen 
in teg ra ted  o v e r e b o th  in  eqs. (11) and  (12). T h u s  we get*

j i  ( R )  =  2e T  2
dp

(2 nf
t 'P i  V Pj - ( A * ( p ,R ) 0 ,Z l ( p ,R )  - / l ( p . R ) .

La-

O f  A *  (p, R )) +  — — e(p) 
La-4

QA*(V, R)
Э £

0  zl(p, R) (16)

а /l (p, R)
Эе

Of A*  (p, R)

T 2
dp'

( 2 л у
K  (p , p ')

A * ( p ' , R )

O f  Of  A*  (p ', R)

4 a '2

2a ' Vfj (p, p ') 1

V p ,  V p- f
4e2 (p ') 4e(p') d\A\2

de'
+

+  - -г; ' ! УГЧг ---------г Vp-( И 2 V p- , \AI2 -  /I Vp-f V p' .A*  +
^ o (P > P )  «

+  V p v V p ' , H Ï +
Of A* O f  A*

a -
Vp-,  V p ’ .

A

a'

e' dA 
a de'

A *  V p-,- à  SJ p., A -  ' - V p 'i V p ' ,4  
4a 4

V r» SJ r , \A\2
v p ‘i v P ’j

3 a '
+

ЭИ12
Эе'

+  7  Д р-,. V p-,. a * V p-* V p-# И 24 4 a

From now on we shall write A instead of asj the original A will not reoccur.
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A*—— Vp'i 14 y P-, 14
4 a  2

+  ~  V p '< V p '; ! 4 2 - ! V p-,-Vp4 * |  +4a 4 I

v ^ H l 2 v/?,-H I2 M *
-------  „ -------7ГТ Vp'i Vp,i +2 a '

1
4 a '2

— O f A O j d - O f O j A  \ /p-t A* \ 7 P..A*  ] (17)

+  — —  V p '<o ;21* V p-4 M *  
4a -

Of ,1 * O jA
8 A*

—  V p4  X/p' jA*  +  Vp'.vp'. e ' ---- -
2 8f

+

V  p'i O jA  y P, O f  A* +
1

2 a '2

- ~"7— V  p'{ O f  A*  - 1 - Др-у a' V 4 i 4  -  V pv V » ,I42 I +
2 a  -  a  /
Zl*
. V P-, V я, \AI2 V P', V  Ri \a  S2 —

4a 3

ihere
2a

—  Arti 1 4  Vp'( V « y  1 4  У  P ' i a ' ,

0 , =
2 i e

V b -  —  A (R )j , a =  CO2 - f  c 2 (p) +  |z1(p, R)j2 , 

a ' =  со2 +  £2 (p ') +  И (р ',  R) 2 •

E q s. (16) an d  (17) are  coup led  equ a tio n s d e te rm in in g  zl(p, R ) an d  A (R). T h ey  
co n ta in  th e  analogues of th e  te rm s ap p ea rin g  in  W e r t h a m e r ’s equ a tio n s [ 3 ]  

as well as num erous ad d itio n a l te rm s co n ta in in g  th e  f irs t an d  second d e r iv a 
tiv e s  of th e  gap  fu n c tio n  w ith  resp ec t to  p . M oreover, th e y  are  g enera liza tions 
of W e r t h a m e r ’s equ a tio n s ow ing to  th e  inc lu sio n  of th e  a n iso tro p y  of th e  one- 
p artic le  sp ec tru m  too . Such eq u a tio n s  m ay  be  expected  to  ho ld  for a co m p a ra 
tiv e ly  w ide range  of te m p e ra tu re s  below  T c fo r pure  local su p erco n d u c to rs  
such as N b w hich shows an iso tro p y  effects [17] an d  is a s tro n g  coupling  su p e r
co n d u c to r [18] a t  th e  sam e tim e .

6. E quations for T <  T(.

N ear th e  c ritica l te m p e ra tu re  T c th e  gap  function  can  be considered to  
he sm all an d  th e  G reen’s fu n c tio n s  can also be  ex p an d ed  in  pow ers o f ] A  |2. 
T h u s we get from  eqs. (16) a n d  (17)
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Л (R) =  2 е Т У
-, |' d p  Vpt Vpf

(2п)я (o>2 +  £2)2
- A j ( -  2 \ А \ * + д^ - е )  +
C OS

+  •
i dA QA*

*CD 

* «л# dA ]  
c  A

2  d R j 9e '  ) 2  d R j Эе
(18)

л * (P’ R ) T  > ’ • dp; y  , , л  ^ ( р ' Д )  . и (p ' , r ) m * ( p ' . R )
(2л)з ° ‘ ’ P '  J со2 +  e '2 (m2 +  e '2)2

2ie .
V r H--------A (R)

C
A r +  2- A ( R ) |  z l * ( p ' , R ) .

c
(19)

1  8  vPU vP'f V j j ( p, p ' )  1

2 Эе' I (ft)2 -)- e '2)2 F0(p,p') tt)2 -f- e'2 ]

O ur e q u a tio n s  can fu r th e r  be sim p lified  b y  generaliz ing  th e  p ro ced u re  
given b y  Zu ba r iev  e t al. [19] to  o b ta in  ap p ro x im a te  re su lts  for th e  gap  n e a r 
th e  c ritic a l te m p e ra tu re  in  th e  fie ld-free case. S im ilar considera tions h av e  
been m ad e  b y  Gorkov a n d  Melik — B arkhudarov  [9]. L et us ex p an d  
A(p, R, T) in  pow ers of [(Tc -  T ) / ^ ] 1 2 к

A  (p, R, T) =  zl, (p, R, Т )  +  А , ( р М , Т )  +  Л 3 ( р , Ч , Т ) +  • • •

w here A  i(p, R, T) ,  A2(p, R, T)  an d  A 3{p, R, T)  are  o f f ir s t ,  second a n d  th ird  
order in  # 12, re spec tive ly . In se rtin g  th is  expansion  in to  eq. (19), p erfo rm in g  
th e  su m m a tio n  over со in  th e  f irs t te rm  on  th e  r ig h t h a n d  side and  ex p an d in g

e'
the re su ltin g  fac to r ta n  in pow ers o f &, too , we get to  th e  low est o rd er

A f ( p , R , T ) = < p ( p ) A * ( R , T ) ,  (20)

w here <p(p) (an d  T c) are d e te rm in ed  b y  th e  eigenvalue e q u a tio n

<p(p) -J(Oc J

dp'
r 0(p.p')

Ф ' )
col +  « '2 ( 21)

2
coc =  (2n 1 ) л Т с.

To ge t th e  eq u a tio n  d e te rm in in g  zlj(R ) we have to  exam ine th e  eq u a tio n  
o b ta in ab le  from  eq. (19) fo r th e  te rm s  o f  th ird  order

up  T. . ,, e p )
---------V n (p, p ) t a n -------------
(2nV  n v r r /  9 T  e
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4 T ( p , R , T )  =
- 1  f  <V

2  J  (2 n f
F 0(p ,p ') ta n

«' A% (p ', R , T)
2 T .

4T c J  (2л)3 ch2 (e' /2Tc)

4 T dp' JAM*
C ^ J  ( 2 т г ) 3  c u 2  +  e ' 2

2 ie . 2 ie
V r +  ----- A V r +  A A \

c i c j

1 +  -
1 3 I vp.{ vp-}

+  (P- P ')

i f  ^P 
(2л)3 ‘

F 0 ( p ,p ')

1

2 3e' I (су2 +  e '2)2

The cond ition  fo r th e  so lvab ility  o f  th is  eq u a tio n , m ak in g  use of eq. (20) is

C

2m jj

f

w here

c
m,t

T. У

2 ‘e A (R ) | | V r +
2ie
-  A (R )

c
A * ( R )  +

j
Г T
Jh r L  - s A  i ( R ) 2 2>Î(R) =  о ,

T c

c  c
e - L ,-----= --------- h c

m-ij m ij mij

Г rfP vp< vm V1 (p) \
а?? (p)

J  (2л)3 (су2 +  £2)2 Эе

( 22 )

C d - Т. у , f  ^p

rJ
Ê (f (p) f

tan
(2л)3 2 T c 2e

,, <p(p ')  < ¥

g =  тс y
, f  <lv <[A (p)

. / = ■

v a  (P’ p  ) * , >2 to vsсо* - f  e 2 (2лу

1 r  dp <p- (p)
(2л )3 (w2 +  e2)2 4 T c J (2л)3 Cfi- (e/2Tc)

U sing eq. (20), eq. (18) ta k e s  th e  form

ie

CO*

A  a 4 f
4e2

m ij 1 Щ 1 3 Rj m i jC
j t  (R ) =  c

L e t us no rm alize  qp(p) in  such  a w ay th a t

A .  (R) Л 1 2 (23)

<p2{\? A / ' )  —  = 1
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an d  choose

С  —  7Ç(3) £f Г d a

~  (2л:)3 12 (я  T c)2 J  t v  ’

w here C is th e  R iem an n  ze ta  fu n c tio n  an d  eF is th e  F erm i energy . W ith  th is  
choice o f C th e  expressions fo r my an d  my red u ce  to  môy (m is th e  e lec tro n  m ass) 
in  th e  iso tro p ic , w eak  coup ling  case [2].

L et us in tro d u c e  th e  o rd e r p a ra m e te r  b y

!P(R) =  KCd1(R).

E q s. (22) a n d  (23) go over to

1

2m,
2ie
c

w ith

y ,(R )
ie

m ч

A ( R, J V r + —  A (R ) )
c /j

Пс ~ Т b |y>|2 y>* (R ) =  0
Tc

- f / C , 6 = = g / c - ,

9 R j

dip* 4 e2y j -------- -
3R j  c

(24)

A i  |v»|: (25)

The e q u a tio n s  o b ta in ed  rep resen t m o d ified  Ginzburg’s equ a tio n s b e 
cause th e  m ass ten so rs  jfty an d  my occu rrin g  in  eqs. (24) a n d  (25) differ from  
each o th e r  w hile  th e y  are  th e  sam e in  th e  orig inal Ginzburg th e o ry  [8].

N eglecting  ő ---- - th e  p a ra m e te rs  in  th e  Ginzburg’s eq u a tio n s  o b ta in ed  are
m,y

still d iffe ren t fro m  those  d eriv ed  b y  Gorkov a n d  Melik—Barkhudarov [9] 
because th e  gap  fu n c tio n  also depends on th e  abso lu te  v a lu e  of p. N eglecting , 
on th e  o th e r  h a n d , all th e  an iso tro p y  effects cau sed  b y  th e  dependences on th e  
d irections in  V(p ,  p \  R  — R ')  an d  fi(p) b u t  re ta in in g  dependences on th e  
abso lu te  v a lu e s , we a rriv e  a t  th e  Ginzburg—Landau eq u a tio n s  w ith  p a r a 
m eters in  g en era l d iffering  from  those  d e riv ed  b y  Gorkov [2].

7. D iscussion

We h av e  in v es tig a ted  th e  consequences of using a genera l non-local 
tw o -p a rtic le  in te ra c tio n  in  th e  d e riv a tio n  o f  th e  Ginzburg—Landau eq u a tio n s  
and  th e ir  g en era liza tio n s h av in g  s tro n g  coup ling  and  an iso tro p ic  su p e rco n 
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ducto rs in  m ind . R e s tr ic tin g  ourselves to  local su p erco n d u c to rs  we h a v e  
arrived  a t  generalized  W e r t h a m e r ’s e q u a tio n s  co n ta in in g  even m uch m ore 
te rm s th a n  th e  orig inal ones. These e q u a tio n s  are too  co m p lica ted  to  fin d  th e ir  
so lu tion . T h ey  sim plify  considerab ly  fo r te m p e ra tu re s  n e a r  th e  critica l te m p e 
ra tu re  T c: m od ified  G in z b u r g ’s eq u a tio n s  h av e  been o b ta in e d  fo r an iso trop ic  
su p erco n d u c to rs  an d  th e  G in z b u r g  — L a n d a u  equa tions fo r th e  iso trop ic  ones. 
The p a ram e te rs  of these  eq u a tio n s  com prise  th e  c h a rac te ris tic  fea tu res  o f th e  
in te ra c tio n  a n d  differ, in  general, from  th e  expressions g iven  b y  Gorkov  in 
th e  iso trop ic , w eak  coup ling  case.

I t  is w o rth  m en tio n in g  th a t  s im ilar re su lts  can be o b ta in e d  if  one s ta r ts  
from  th e  e q u a tio n s  of th e  coupled  e lec tro n  phonon  sy s tem  w hich are m ore 
ad eq u a te  for th e  d escrip tion  of s trong  coup ling  sup erco n d u cto rs  [20].

The a u th o r  w ishes to  th a n k  P . S z é p f a l u sy  an d  A. Za w a d o w siu  
fo r m an y  help fu l d iscussions and  to  Cs. H arg itai fo r v a lu ab le  rem ark s .

Appendix

The a p p ro x im a te  expressions for th e  g au g e -in v a rian t G reen’s fu n c tio n s 
up to  second o rd e r in  a a re  th e  following

G£0) == — If—  B- ,  a =  ftp +  e2 4- |d (p , R);2 ,

G (1)
2 a 2 

i(ift) -|- e)
2 a2

vPi [/1* О, А -  AO* A*] - r

[XJPlA * O i A -  S / PiA O f A * ]  ,

0, V ®  — “ i e  A (R )j ,

c !i

W  =  - Б Т  V « 'V «' 128 a-

Î V « , I 2 V  II: 1  ̂
4 a !

4e(ift) -f- e)

2e (ia> +  e)

U’iJ-  Of  A*  0 /  A +  1 _  Vp‘ Vpi -
2 a 2 4  a 3 ( i a i  -(- e)

A O f A * )  (A* OjA — AO* A*)  +

ico -)- e / 2e2

(A* 0,  A

2 a3
vpi vp , ' \ /R-, S7Rj \A\2
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+  - Vp' Vp̂  0 : A 0 f A *
a? (iw +  e)

1 v Pi V Pj 

4 o3 (iw -f- e)

2 (iœ +  e)2
у * И 2 V r, №

-----ü*. (4* о, /1 -  40? A * ) ( \ 7 P j A *  O j A  —  \ J P j A O J  A * )  +
2a3

+  у  I V p, 4*  0,- Oj A +  4 PlA 0 f 0 f A * ) -

Vp-  ( \7p.Oj  AOJ A*  +  V P,0 ? 4 *  OjA) +
4a2

+ V v*< И12 Vpj hi* V«, И12 -2 a 4

(:{iaj +  e) ^  v  | j | 2 Vj?| V j?í j4|2 +  
a 4

+  ^  g [0* OJA*  V pj V p, 4  +  0,- 0 , 4  V p,. V p,4 *
8a2

2 V p ,0 ,-4  \ / PiOJA*]  +

+  [2 V r, V p, | 4 |2 V r#H |2 V p,H |2 -
4a2

V * , V k, H 2 V p4H |a V p ,H 2 -  

-  V * , H 2 У я , И | г V p, V p, H 2] +

+  I0Jn + £  [3 V Rj V r, | 4 |2 V pí V p, И |2 -  
о a'

2\7Rt \ 7 p<\A\2 V Pj V R t \AI2]

+  '  [(0,-Л V p,.4* — OJA*  V p ,4 )  ■
4 a*

• ( 0 , 4  V„,2l* - 0 * 4 *  V P,4 ) ] ,

a

F+ W vPi Of  A * .
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F + < 2> =  ^ U ^ f O f O A *  ^ I L A *  V p , V p , H 2 +
4 a 2 1 2 a 3

+  d* V r,- jd|2 V p, И12 +  - ^ ^ i - O f O f A *o_d ’ 1 1 1 ' 1 4 a2 J2a4 

a

4e2

dOf d* Of A *
3 1 1

VPi V p ,  

2 a4
d* V p,|zI|2 V p,HI;

d* V p, V p, |d|s
2 a 3 

2z'e e

1 -
2e2

c 4a2
■ v P ( \ 7 p f Д *  ( S 7 R ;  A j  — V Ri A j )  +

+  Rpi [ -  V p, |d[2 Of Of A* +  Vi?,H|2Gf V p d* -
a3

-  V p , d *  Of d *  0 ; d  +  V  Pj AO* A * Of d * ]  +

+  - i - » p , d *  [ V p,H ]2 V p , V p , |d j2 -  v p , ! d | 2 v p , v P, |d |2] +
a4
2 jg /] *

+ ------ —  V p , d *  V p < d ( V p , d ( , -  V s , ^ )  +
c 8a-

+  A  TVp, V P, d *  Д р, V p, dj2— 20f V p ,d *  V p , V Ä y | / l | 4  
4a-

20f V p, d * V p, 0 7 A  +  O f  O f  A  * V p( V p, |A j2 -  
-O fd * O fd *  Vp,Vp(d -  V Pid* Vp,d* 0, 0yd +
+  dOf Vp,zl* V P i 0 f  A *  -  A O f  O f  A *  V p, V P,d*] +

+  Л  [2V p( И|2 V/?,|d|20 f  Vp,d* -  
4a3

-  Vpjdp Vp,H|2OfOf d* +d*(Vp,dO fd* ■
-  V P,d * 0 ,d )(V p ,d 0 f  A *  -  V p,d*0; d) +
+  d* V p, Vp,[d|2 V p, V p, H 2-
- d *  V p, Vp,|d|2 V p, V/?,|dj2 —
- V / ? < H | 2 V f f , |d |2 V p, V p, z1*] +

+  - f r  [ -  2V p, |d |2 V r, |d |2 V « ,  V p, |dj2 +
4a4

+  V p, |d|2 Vp,|d|2 V p, Vp,|d|2 +
+  V p, H 2 Vp,|dj2 Vp,Vp,]d|2] .
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О ВЫВОДЕ ОБОБЩЕННЫХ УРАВНЕНИЙ ГИНЗБУРГА-ЛАНДАУ
Н .  М Е Н Ь Г А Р Д

Р е з ю м е

В работе исследуются следствия применения модели более реального, чем BCS 
эффективного электрон-электронного взаимодействия в выводе уравнений Гинсбурга— 
Ландау и их обобщений. Исходным пунктом взяты уравнения Горькова для термоди
намических функций Грина, в которых параметр щели выратем через общий нелокаль
ный двухчастичный потенциал. Принимается во внимание и анизотропия одночастич
ного спектра. Выводятся обобщенные уравнения Вертгамера и показывается при
ведение их к модифицированным уравнениям Г инсбурга для Т  < Т С. В той же области 
пренебрежение анизотропии приводит к результатам уравнений Гинсбурга—Ландау.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



Acta Physica Academiae Scientiarum Hungaricae, Tomus 21 (3—4), pp . 293—302 (1966)

CALCULATION OF THE DIFFUSION COEFFICIENT 
TO MOBILITY RATIO OF ELECTRONS FOR NOBLE GASES

By

O .  J .  O r i e n t

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BU DA PEST  

(Presented by I. Kovács. — Received 31. III. 1966)

Taking elastic scattering into consideration, but neglecting inelastic collision, with the 
application of the Boltzmann transport equation the equilibrium distribution function of 
electrons has been calculated with a view to determine the energy dependence of the diffusion
cross section. In the knowledge of the equilibrium distribution function the ratio--- of diffu-

t1
sion coefficient to mobility was determined. In the case of very low electric field strength 
the calculated equilibrium distribution function gives the Maxwell—Boltzmann distribution 

D k Tand---- =  — —- . With increasing electric field strength the equilibrium distribution function
passes through an intermediate distribution and finally gives the distribution calculated
by M o r s e , A l l is  and L a m a r . The ratio —  increases with the electric field strength. With the

И
assumption of a diffusion cross section independent from energy in the case of higher electric 
field strengths the ratio increases linearly with the field strength. The results have been applied
to the calculation of the dependence of the ratio —  on electric field strength for helium and
neon gases. The results have been compared with measured data.

In tro d u c tio n

T h e  f irs t m e th o d  fo r the  m easu rem en t of th e  ra tio  of d iffusion  coefficient 
to  m o b ility  of e lec trons is due to  T o w n s e n d  [1]. H is  m ethod  has b e e n  im proved . 
The ex p e rim en ta l re su lts  were su m m ed  up  b y  H e a l e y  and  R e e d  [2], M a s s e y - 

and  B u r h o p  [3], L o e b  [4] and  B r o w n  [5].
F o r  th e  th e o re tic a l in te rp re ta tio n  of th e  m easu rem en ts i t  w as firs t 

assum ed  th a t  th e  e lec tro n s follow a  M a x w e l l  o r  a D r u y v e s t e i n  [ 4 ]  d is tr i
b u tio n  a n d  th a t  th e  e lastic  collision cross sec tion  as well as th e  ro ta t io n  and  
v ib ra tio n  cross sec tions are  in d e p e n d e n t of en erg y  [6], or only s lig h tly  change 
w ith  en e rg y  [7]. T hese  assum ptions produced  a  fa ir ly  good a g reem en t w ith  
m easu rem en ts . A m ore  precise so lu tio n  o f th e  p ro b le m  m ay  be o b ta in e d  th ro u g h  
the  B o ltzm an n  tra n s p o r t  eq u a tio n . F o r  th is a b e t t e r  know ledge o f  th e  p ro 
cesses t h a t  p roduce  en erg y  drops is needed . In  m a n y  cases th is is n o t  availab le  
and  in v erse  m ethods w ere p re fe rred  [8] [9]. B y u s in g  m easured d a ta  re la ted  

D
to  th e  ra t io  —  w ith  th e  ap p lica tio n  o f the  B o ltz m a n n  tra n s p o r t  eq u a tio n

И
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Solution of the Boltzmann transport equation

Ma r g e n a u  [11] a n d  H o l s t e in  [12] ap p lied  th e  B oltzm ann  tra n sp o rt 
eq u a tio n  to  e lec trons m ov ing  in  a gas o f abso lu te  te m p e ra tu re  T  fo r  th e  cases 
of c o n s ta n t an d  o f period ica lly  ch an g in g  electric f ie ld  streng ths. In  a  co n stan t 
e lec tric  fie ld  th e  fo llow ing d iffe ren tia l e q u a tio n  h as  re su lted  for th e  eq u ilib riu m  
d is tr ib u tio n  fu n c tio n :

H 2
3

d  . . .  d f ( u )  
du du

2m d 

+  1m  du

+
2 m k T  d  

M e  du

l D  ( u )

d f ( u )

/ ( « ) +

Ad (u) du
+ ( 1 )

( m +  Un) f ( u  +  un) A,,1 (u  +  U„) =  0 ,

w here u is th e  en e rg y  o f  th e  e lec tro n  in  eV, E  e lec tric  field  s tre n g th  in  un its of

------- , —  th e  ra tio  o f th e  m ass o f  th e  e lec tron  to  th e  mass o f th e  m olecule,
cm  M

Ad (u) th e  d iffusion  (m om en tum  tra n s fe r)  m ean  free  p a th , A„(u) th e  diffusion

Acta Physica Academiae Scientiarum Hungaricae 21, 1966

th e  energy  dependence  o f e lastic  and  in e la s tic  collision cross sections co u ld  be 
d e te rm in ed .

D
T he ra tio  — , c h a ra c te ris tic  o f th e  average en e rg y  of electrons in  a gas, 

is som etim es called  th e  ch a rac te ris tic  en e rg y  of e lec tro n s. R ecent m easu rem en ts
D

[10] h av e  p ro v ed  th e  r a t i o ----in  case o f  v e ry  low e lec tric  field s tre n g th s  to  he
A*

k T
equal to  th e  q u a n t i ty ----- (fc =  B o ltzm an n  co n stan t, T  — absolute te m p e ra tu re

e
of th e  gas an d  e =  ch arg e  of th e  e lec tro n ). In  th is  case the  e lec trons are  in 
eq u ilib riu m  w ith  th e  gas a n d  th e ir  e n e rg y  d is tr ib u tio n s  are iden tica l. W ith  an 
increase  o f  th e  e lec tric  fie ld  s tre n g th  c h a rac te ris tic  energy in c reases , the 
increase b e ing  s tro n g ly  d ep en d en t on  th e  energy  dependence o f th e  cross 
sections re la te d  to  th e  electrons.

B y  using  th e  B o ltzm an n  t r a n s p o r t  eq u a tio n  an d  tak ing  o n ly  elastic 
s c a tte r in g  in to  co n sid e ra tio n  th e  eq u ilib riu m  d is tr ib u tio n  fu n c tio n  of the

D
elec trons h a v e  been  d e te rm in e d  a n d  fro m  th is  also th e  ra tio  — . T h e  results 

h a v e  b een  app lied  to  h e lium  and  n eo n  gases.
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m ean  free p a th  for th e  n th  ex c ita tio n  an d  f ( u )  th e  e q u ilib riu m  d is tr ib u tio n  
fu n c tio n .

T he d en sity  of th e  elec trons in  the  en e rg y  in te rv a l b e tw e e n  u and it -f- du 
is p ro p o rtio n a l to  u1 2 f ( u ) .  T h e  p ro b a b ility  t h a t  an  e lec tro n  w ill be fo u n d  in  
th is  in te rv a l can  be ca lcu la ted  as

n  (n) du

l
it ' f  ( it) du

I

I u~ f  (u)  du
à

( 2 )

T he ap p lica tio n  of th e  equ ilib rium  d is tr ib u tio n  fu n c tio n  gives for th e
D

r a t i o ----th e  re la tio n sh ip  [13]
f

D

И

J' uad ( u ) f ( u )  du

г I , . d f ( u )  пЯд (и) - ■- —  du
ö du

(3)

T he ra tio  —  is o b ta in ed  in  e lec tronvo lts .
i“

As long as th e  electric  fie ld  s tren g th  is n o t  too  h igh, th e  la s t  te rm  w hich  
ta k e s  ex c ita tio n  in to  con sid era tio n  in  d iffe ren tia l eq u a tio n  (1) m a y  be neg lec ted , 
as in  th is  case only  th e  energy  of a neglig ib ly  sm all n u m b er o f  electrons fa lls  
in to  th e  ex c ita tio n  range. T hen  eq u a tio n  (1) ho lds

E y d 
3 du

uX ( u ) d f{ u)
2m d jf 2

f ( u )u a d  \ u )  t 
au M  du 7 1 \  ’Яд(и)

+

2 m k T  d  
M e  du

Ц2 df ( u )  
Яд (и) d u

0 .

W e in te g ra te  w ith  respect to  и an d  ob ta in

E 2 d f ( u )  m  u- ,  . m k T  u2 d f  (u)
—  цЯд (u) H------- ---------- / (м) H----- ------------------

6 du  M  Яд (it) M e  Яд (it) d u

w here  К  is a c o n s ta n t. In te g ra te  again  to  o b ta in
U

- J -  "
f ( u )  =  Ce

ЯЬ(») +  k T
(4)
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w here C is a c o n s ta n t. T he eq u ilib riu m  d is tr ib u tio n  fu n c tio n  has been o b ta in e d  
in  a n o t n o rm a lised  fo rm . L e t us p u t  in to  equa tion  (4) th e  d iffusion cross

section  in s te a d  o f XD b y  u s in g  the  re la tio n sh ip  XD = -------- (P ressure  p  is
P Q d

expressed  in  te rm s  of T o rr , QD in  te rm s o f ------------ , b o th  o f them  fo r th e  case
cm  Torr

of 300° К  te m p e ra tu re ) .

/ ( “ ) Ce

U
Г du
J M ( E V  1- 
® 6m \ p / Q „u

к Т
e (5 )

F o r v e ry  low  electric  f ie ld  s tre n g th  to  pressu re  r a t io ,  w hen 

eq u ilib riu m  d is tr ib u tio n  fu n c tio n  tak es  th e  form

E

P
—► 0, th e

eu
f { u )  =

T his is th e  B o ltzm an n  eq u ilib riu m  d is tr ib u tio n  fu n c tio n . In  th is  case  the  
elec trons, lik e  th e  gas m olecules, h av e  a n  energy d is tr ib u tio n  co rrespond ing  
to  th e rm a l ag ita tio n .

W h en  th e  electric f ie ld  s tre n g th  to  pressure r a t io  is su ffic ien tly  high, 
expression  (5) is rep laced  w ith  a fa irly  good  a p p ro x im a tio n  b y  th e  re la tio n sh ip

u

( 6)

As long a s ---->  1 0 ------ , re la tio n sh ip  (6) holds. T his d is tr ib u tio n  is id en tica l
p , e

with the result obtained by Morse, Allis and Lamar [14] calculated by 
taking into account the elastic collision of the electrons.

D
To ca lc u la te  —  p u t  d is tr ib u tio n  fu n c tio n  (5) in to  e q u a tio n  (3):

P
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W hen  th e  e lec tric  fie ld  s tre n g th  to  p ressu re  ra tio  is v e ry  low , th en

(«)H e

W ith  th e  electric  fie ld  s tre n g th  to  pressure ra t io  increasing  in  accord-
D

ance w ith  re la tio n sh ip  (7), th e  ra tio  —  is increasing  m ono tonously .

In  th e  case of a c o n s ta n t d iffusion  cross sec tion , w hen  QD is in d e p e n d e n t 
of th e  electric  fie ld  s tre n g th  to  p ressu re  ra tio , a f te r  th e  su b s titu tio n s

A = * L  and  В = - В Д 2_ 1 _
e 6m [ p  Q2d

e q u a tio n  (7) m ay be w ritte n  as

_
l ые A (Au-j- В ) л du

D  = ___ Í _______
ft _ JL  A  -  1

I u2e A ( A u B )  A du
b

T he ra tio  of th e  tw o  in teg ra ls  m a y  be tra n sfo rm e d  in to  an  expression  
consisting  o f incom ple te  fac to ria l fu n c tio n s:

“ B_ ! ™
I tA e~ 1 dt  — —  j l A e~  1 dl

J  A 2 J
а a

Í J  . A* A 2
—  = A -  —  - A--------------------------------- A-------------------------------------. ( 9 )
и ” в , “ в „„  -  a

j  И  e -  ' dt -  ^  J lX e " '  dt  +  ^  J tA e - ' d t

a a a
75= л*

T he in teg ra ls  can  be ca lcu la ted  b y  m aking  use o f  a T ab le  [15]. I f  th e
I D  л п к Т \

electric  fie ld  s tre n g th  to  pressure ra tio  is high en o u g h  |—  >  10 — J b y  

using  d is tr ib u tio n  fu n c tio n  (6) we m ay  w rite

_  3m Q b ut

и  M  Í  E  У
E Y  f V p ' ,__ M  \ ue  du 1

s .  - sLl________ _  (10)
/I 3 m Q '2D _ 3m_ _Qo_ ц, p  QD \ 3 n m

(u M (-f у
w2e du

6
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т  - - DI t  is seen t h a t  in  th is  case th e  r a t i o ----increases  lin ea rly  w ith  th e  fie ld
j“

s tr e n g th  to  p re ssu re  ra tio .

Numerical results for helium and neon

D
To ca lcu la te  th e  r a t io —  fo r a p a r tic u la r  gas th e  d iffusion  cross section 

m u s t  be know n as a fu nc tion  o f  energy. B a r b ie r e  [16] c a lc u la ted  QD from

th e  m easu rem en t d a ta  o f R a m sa u e r  a n d  K o llath  [17] as a fu n c tio n  o f  
en e rg y  for h e liu m  from  1,8 eV to  19,2 eV a n d  fo r  neon from  0,99 eV to  15,9 eV .

A s we w ish to  ca lcu la te
D

s ta r t in g  from  v e ry  low  elec tric  f ie ld  s tre n g th  to

p re ssu re  ra tio , w e need QD f ro m  zero e n e rg y  up . O’Ma l l e y  [18] ap p lied  
th e  m odified  e ffec tive  range th e o ry  to  develop a re la tio n sh ip  fo r  QD for th e  case 
o f  low  e lec tro n  energies (from  0 to  1—2 eV) fo r  helium  a n d  n eon  gases. T h e  
re su lts  show  a fa ir  ag reem en t w ith  B a r b ie b e ’s ca lcu la tio n s u p  to  1 — 2 eV.

O’Ma a l l e y ’s fo rm ula is

Qd =  16,1 +  12,4« +  2,13« In u -  7,73« (11)
fo r  helium  an d

Qd =  0,653 -)- 4 ,91« +  0 ,170«  In « — 0 ,604« (12)
fo r  neon.
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T he dim ension o f QD in  b o th  in s tan ces  i s ----- , fo r th e  case o f 300° К
cm

te m p e ra tu re  an d  1 T o rr  p ressu re.
F ig u re  1 show s QD as a fu n c tio n  o f energy for h e liu m  and  n eo n  gases. 

The fu ll line rep resen ts  QD ca lcu la ted  from  0 to  1,8 eV from  re la tio n sh ip  (11), 
an d  from  0 to  0,99 eV from  re la tio n sh ip  (12). F o r h ig h er energies B a r b i e r e ’s 
d a ta  ap p lied  to  300° К  w ere used. T hese  d a ta  are show n on th e  co n tin u o u s 
curves w ith  circles.

In  th e  know ledge of th e  fu n c tio n  QD, using  re la tio n sh ip  (7), for he lium  
D

th e  ra tio  —  was ca lcu la ted  as a fu nc tion  o f th e  electric  fie ld  s tre n g th  to  p re ss 

u re  ra tio  b y  num erica l in te g ra tio n  fo r 300° К  and  77° K . T he re su lts  a r t  
rep re sen ted  in  F igure  2 b y  a fu ll line. A long  th e  h o rizo n ta l ax is th e  v a lu es  ol 

E
-------re fe rred  to  pressu re  norm alized  fo r 300° К  te m p e ra tu re  are show n.
Тзоо

77
C orresponding  to  th is  p ressu re  a t  77° K , p 77 = ----  p 300, th e  n u m b er o f gas

300
atom s p er cubic cen tim e tre  does n o t change w ith  te m p e ra tu re  and  th e re fo re  
Qo does n o t v a ry  e ith e r .

In  th e  case o f helium  QD is en erg y -d ep en d en t only to  a sligh t e x te n t .

A ssum ing th e  d iffusion cross section  to  be c o n s ta n t Qd =  1 9 ,5 — —, th e  ra tio
cm
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D
----  as a fu n c tio n  of th e  elec tric  fie ld  s tre n g th  to  p ressu re  ra t io  w as ca lcu la ted

also from  e q u a tio n  (9). The d e p a r tu re  from  th e  re su lts  o f re la tio n sh ip  (7) for 
E

each  v a lu e -------  rem ain s below  2 p e r cen t. C onsidering  re la tio n sh ip  (10) from
Pi  oo

E  V D
th e  va lu e  o f --------— -------------  on, th e  r a t i o ---- is increasing  lin ea rly  w ith  a

P зов cm T o rr  fi
fa ir  a p p ro x im a tio n .

F ig u re  2 show s also th e  m easured  re su lts . The re su lts  of W a r r e n  an d  
P a r k e r  [ 1 0 ]  re la te d  to  a gas te m p e ra tu re  o f  7 7 °  К  are  in d ic a te d  b y  crosses, 
tho se  re fe rred  to  3 0 0 °  К  b y  squares. T he re su lts  of T o w n s e n d  and  B a i l e y  [ 1 9 ]  

re fe rred  to  288° К  are in d ic a te d  b y  circles. T h e  th e o re tic a l cu rve  show s a v e ry
E  V olt

good a g reem en t w ith  th e  m easu rem en ts  u p  to  ------- =  * -------—----  .
Рзоо cm  T orr

D  ,
F o r  n eon  gas of 300° К  te m p e ra tu re  th e  ra tio  —  as th e  fu n c tio n  of

P
elec tric  f ie ld  s tre n g th  to  p ressu re  ra tio , c a lcu la ted  b y  th e  num erica l in te g 
ra tio n  o f re la tio n sh ip  (7) is rep resen ted  in  F igu re  3 b y  a fu ll line. In  th is  case 
Qd , as a fu n c tio n  of en e rg y , c a n n o t be considered  c o n s ta n t. M easurem ents [5] 
are re p re se n te d  b y  a d o t te d  line. The d isag reem en t o f ca lcu la ted  an d  m e a su 
red  va lu es  increases w ith  th e  electric  fie ld  s tre n g th  to  p ressu re  ra tio .

In  o u r ca lcu la tio n  in e lastic  collisions have  b e e n  neg lected . F o r  th is  
reason  o u r re su lts  ho ld  t ru e  only  up  to  an  electric  f ie ld  s tre n g th  to  p ressu re
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ra tio , a t  w hich on ly  a negligibly sm all n u m b er o f e lec trons reaches th e  
energy o f th e  f irs t ex c ita tio n . This can  be  assum ed  i f  th e  equ ilib rium  energy  
d is tr ib u tio n  fu nc tion  o f th e  e lectrons is ca lcu la ted  from  re la tio n sh ip  (2) fo r 

E
various v a lu es  —  . F ig u re  4 shows th e  equ ilib riu m  energy  d is tr ib u tio n  fu n c tio n  

E  V<dt
fo r—  =  2 -----—---- . A t th is  stage o n ly  very  few e lec trons reach  th e  level

p  cm Torr
E

of 19,2 eV correspond ing  to  th e  f irs t  ex c ita tio n  energy . W hen  ---- is la rg e r
P

th a n  th a t ,  in  accordance w ith  th e  eq u ilib riu m  energy  d is tr ib u tio n  fu n c tio n s, 
th e  n u m b er o f e lectrons t h a t  reach  th e  f i r s t  ex c ita tio n  energy  is increasing . 
Owing to  th is  th e  d isc rep an cy  betw een  ca lcu la ted  values an d  m easured  re su lts  

E  V olt
is increasing  from  ----=  2 -------------- u p . T h e  equ ilib riu m  energy  d is tri-

p  cm T orr
E  .  V o lt

b u tio n  fu n c tio n  referred  to  —  =  2 ------------- show s a fa ir  ag reem en t w ith
p  cm T o rr

B a r b i e r e ’s calcu la tions [16] in  w hich in e la s tic  collisions w ere ta k e n  in to  co n 
sidera tion . T he effect of in e la s tic  collisions h a s  p ro v ed  neglig ib le also in  th is  case. 

F rom  th e  ex am in a tio n  o f  th e  eq u ilib riu m  energy  d is tr ib u tio n  fo r neon  
E  V olt

gas i t  is seen th a t  up to  ----=  6 ,4 ------— a neglig ib ly  sm all am o u n t o f
p  cm T orr

elec trons possesses th e  en erg y  o f 15,9 eV needed  for th e  f ir s t  ex c ita tio n .
E

F igure  4 also show s th e  equ ilib riu m  energy  d is tr ib u tio n  re fe rred  to  — • =
P

V olt
0,4 cm T orr '
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ОПРЕДЕЛЕНИЕ ОТНОШЕНИЯ КОЭФФИЦИЕНТОВ ДИФФУЗИИ И 
ПОДВИЖНОСТИ ЭЛЕКТРОНОВ В СЛУЧАЕ БЛАГОРОДНЫХ ГАЗОВ

О. О Р И Э Н Т

Р е з ю м е

На основе уравнения переноса Больцмана, исходя из упругого рассеяния и прене
брегая неупругимии столкновениями, в работе вычисляется функция равновесного рас
пределения электронов, учитывая зависимость диффузионного поперечного сечения от 
энергии. Функции равновесного распределения использованы для определения частного
— , то есть отношения коэффициента диффузии к подвижности электронов. Полученная 
А

функция равновесного распределения в случае очень слабых электрических полей соот-
D  к Тветствует распределению Максвелла— Больцмана, и —  =  —  . С увеличением напря

женности электрического поля функция распределения через переходное распределение 
перейдет в равновесное распределение, определенное Морзе, Эллисом и Ламаром. Отно
шение — - с увеличением напряженности электрического поля увеличивается. Если диф
фузионное эффективное сечение считать независимым от энергии при больших напряжен- 

D
ностях, то отношение —  линейно возрастает с напряженностью электрического поля.
Результаты вычислений применяются в случае газов гелия и неона для определения 

I )зависимости отношения —  от напряженности электрического поля. Вычисленные данные 
сравниваются с результатами измерений.
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DISINTEGRATION OF N34 BY FAST NEUTRONS
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INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, 
DEBRECEN, HUNGARY

(Presented by A. Szalay. — Received 31. I I I .  1966)

The energy spectrum  and  angular d is tribu tion  of alpha particles from the reaction  
N14(n, a) B11 m easured a t E n =  14,7 MeV w ith a d iu d  chamber are well described by  the 
statistical model. A nuclear tem perature  of 2,0 +  0,1 MeV has been deduced. The cross- 
sections for the reactions N 14(re, p)  C14 and N 14(n, np)  C13 are 77 +  14 and  46 +  13 mb, respect
ively. The m easured cross-section ratio  for the emission of protons and  alpha particles and 
the ratio  calculated w ith the sta tistical model are in  good agreem ent.

1. In tro d u c tio n

The s tu d y  o f th e  energy  spectrum  a n d  th e  angu lar d is tr ib u tio n  of ch arg ed  
pa rtic le s  e m itte d  in  n u c lea r reactions p ro v id es  in fo rm atio n  a b o u t th e  re a c tio n  
m echanism . O nly  a few (re, oc) and  (re, p)  re ac tio n s  on lig h t e lem ents (A  20) 
have  been in v e s tig a te d  w ith  14,7 MeV n e u tro n s . Some o f th e  m easu rem en ts  
o f th e  energy  sp ec tra  an d  angu la r d is tr ib u tio n s  su p p o rt d irec t in te ra c tio n  
an d  an o th e r th e  com pound  nucleus m echan ism  [1—4]. T o  o b ta in  a d d itio n a l 
in fo rm atio n  fa s t  n eu tro n  reac tio n s  w ith  N 14 w ere in v e s tig a te d  using a c loud  
cham ber. T his m e th o d  m ak es i t  possible to  d istingu ish  b e tw een  processes in  
w hich one or tw o  pa rtic le s  arc  em itted , e .g . th e  (re, p)  a n d  (re, np)  re ac tio n s .

2. E xperim en ta l procedure

An expansion  cloud ch am b er of 28 cm  diam . and  5 cm  d e p th  w as u sed  
fo r th e  m easu rem en ts  [5, 6 ]. I t  was filled  w ith  n itrogen  gas; a w a te r a n d  
alcohol m ix tu re  w as used  as condensable v ap o u r. The to ta l  p ressu re  w as 
490 m m  H g. N eu tro n s  of 14,7 MeV were m a d e  in  th e  D  +- T  re ac tio n  w ith  th e  
300 kV cascade g en era to r [7] o f  A TO M K I. T h e  genera to r w o rk ed  as a p u lsed  
n eu tro n  source synch ron ized  to  th e  sensitive  tim e  of th e  c lo u d  cham ber. T h e  
tra c k s  were m easu red  b y  th e  rep ro jec tio n  m e th o d  th ro u g h  th e  sam e o p tic a l 
sy stem . The ranges o f th e  e m itte d  p artic le  a n d  th e  recoil n u c leu s , and  th e ir  
angles w ith  re sp ec t to  th e  n e u tro n  beam  w ere  m easured. O ne can  easily  d is
tin g u ish  betw een  th e  processes w ith  em issions o f  one or tw o  pa rtic le s  since in  
th e  f irs t case th e  m om en ta  o f th e  em itted  p a r tic le , th e  reco il nucleus an d  th e
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b o m b ard in g  n e u tro n  are in  th e  sam e p lane . I n  th e  case of tw o -p a rtic le  em ission, 
th e  process ta k e s  p lace in th re e  d im ensions. To eva lu a te  th e  ex p erim en ta l d a ta  
a n d  to  d isc rim in a te  betw een  th e  p artic les , i t  is necessary  to  know  th e  ran g e- 
energy  re la tio n s  for a lpha  p a rtic le s , p ro to n s  a n d  recoil nucle i. F o r p ro tons an d  
a lp h a  p a r tic le s , th e  ran g e-en erg y  re la tio n  m easu red  in  a ir  [8] was used  and  
no rm alized  a t  one p o in t fo r th e  gas fillin g  using  a Po210-a lp h a  source. T h e  
ran g e-en erg y  re la tio n  for recoil nuclei w as de te rm in ed  ex p erim en ta lly  b y

F i g .  I

reac tio n  k in em a tic s  from  processes in  w h ich  th e  range o f  th e  em itted  charged  
p a rtic le  w as w ith in  th e  illu m in a te d  p a r t  o f th e  cloud ch am b er. K now ing  th e  
ran g e-en erg y  re la tio n  for th e  recoil nucle i we could e v a lu a te  events w here  th e  
range  o f e m itte d  pa rtic le s  w as n o t m easu rab le . P a rtic le  d isc rim ina tion  was 
possible b y  reac tio n  k in em atics .

3. R esults an d  discussion

In  re la tio n  to  th e  to ta l  a lp h a  sp ec tru m , th e  a n g u la r  d is trib u tio n  in  the 
cen tre -o f-m ass system  is sy m m etrica l a ro u n d  90° for th e  N 14(re, a )B u  re a c tio n  
(F ig . 1). T h is  an g u la r d is tr ib u tio n  is in  ag reem en t w ith  a n  earlie r m easu rem en t 
[9] p erfo rm ed  w ith  p o o re r s ta tis tic s  a n d  w ith in  a n a rro w e r range o f  angles. 
A le a s t sq u ares  f i t  o f th e  ex p e rim en ta l an g u la r d is tr ib u tio n  to  th e  fo rm u la

JV(0) =  1 +  b ■ cos2 & (1)
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y ields b =  —0,76 ^  0,25. A ccord ing  to  E r ic s o n  [10] th e  m ax im u m  a t 90° 
show s a com plete  decoupling  o f  I  and  l (I  b e ing  th e  sp in  o f th e  com pound  
nucleus, and  l th e  o rb ita l a n g u la r  m o m en tu m  of the  e m itte d  partic les). T he 
dependence o f th e  p e n e tra tio n  fa c to r  T ((E) on  th e  o rb ita l a n g u la r  m om en tum  
o f th e  e m itte d  p a rtic le , p lays a n  im p o rta n t ro le  in d e te rm in in g  th e  form  of 
an g u la r d is trib u tio n .

Excitation energy [  (MeV)
"1 I I I 1 Ï  T 1------- i------- 1------- T

a -particle energy c (MeV)c m 

Fig. 2

Fig. 2 shows th e  energy sp ec tru m  of a lp h a  partic les  in  th e  c. m . system  
e m itte d  over all angles. T he e rro rs s ta te d  re p re se n t s ta tis tic a l e rro rs only. 
T he energy  d is tr ib u tio n  from  N 14 has th e  ty p ic a l  form  of an  ev ap o ra tio n  
sp ec tru m  w ith  a m ax im um  a t a b o u t 3 MeV a lp h a  energy.

F ro m  th e  re su lts  o b ta in ed  fo r  th e  a n g u la r  d is tr ib u tio n  a n d  energy 
sp ec tru m  i t  can be assum ed  th a t  th e  s ta tis tic a l m odel m ay be used  for th e  
analysis o f th e  reac tio n . T he e v a p o ra tio n  spec tru m  is given by  th e  W e is s k o p f — 
E w in g  [11] fo rm ula :

N(e)  de ~  eac (e) a>(E) de , (2)

w here e =  th e  k in e tic  energy  of th e  a lp h a  pa rtic le s , 
a c(e) =  th e  inverse  cross sec tion ,
co(E) =  th e  level d en sity  of th e  p ro d u c t nucleus a t  th e  e x c ita tio n  energy E , 
N(e)de  th e  n u m b e r of a lp h a  partic les  e m itte d  w ith  energ ies betw een  

e and  e -|- de.
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F o r th e  cross section , erc(e) d a ta  are av a ilab le  only fo r Z  >  10 in  th e  v a rio u s 
T ab les  [12 — 14]; th e re fo re  th e  sim ple a n a ly tic  expression  [15] was u sed :

<*C ( e ) =  7« Я # 2 (1  —  V ' J e )  : ( 3 )

w here V '  — th e  effective C oulom b h a r r ie r  height,
R  =  th e  n u c lea r rad iu s , 
y x =  an  em pirica l p a ra m e te r.

T h e  C oulom b h a rr ie r  is
=  2 ,058(Z  2) MeV

(A  -  3)1/3 +  41/3

A ccord ing  to  G ove an d  N ak a sim a  [16], th e  effective b a rr ie r  is

V  =  V
1,13

(A  -  3)1/3
(5)

F o r a lp h a  p a rtic le s  th e  n u c lea r  rad iu s  p a ra m e te r  r0 =  1,7 fm  was ta k e n  from
[17].

F o r  th e  energy  dependence o f th e  level d en sity  (o(E) th ree  a p p ro x im a te  
form s (g iv en  b y  th e  F e rm i gas m odel) w ere ad o p ted :

c»(E) ~  E  2 exp  (21!aE  ) , (6)

ш(E)  ~  exp  (2 I' a F )  , (7)

о> (E ) ~  ex p  (E / T ). (8)

T  in  E q . (8) is th e  n u c lea r  te m p e ra tu re  w hich b y  defin ition  is co n n ec ted  with 
th e  level d e n s ity  in  th e  follow ing w ay :

1 =  rf[ln w (E )]

T  dE

F ro m  E q s . (2), (6) a n d  (7) i t  follows t h a t  th e  lo g a rith m  of th e  red u ced  spec trum  
p lo tte d  as a fu n c tio n  o f ]/j5 ex h ib its  a s tra ig h t line fo r an  ev ap o ra tio n  spec trum . 
As F ig . 3 show s, th e  e x p e rim e n ta l p o in ts  lie in  good ap p ro x im a tio n  on a 
s tra ig h t  line in  th e  case o f th e  N 14(n, a )B n  reac tio n . T h e  g rad ien t o f  th e  s tra ig h t 
line h a s  a v a lu e  2]/a. F o r  th e  value  o f  th e  level d e n s ity  p a ram e te r a =  4,4 ^ 0 ,2  
M eV-1  a n d  a =  1,14 i  0,05 M eV-1  w ere o b ta in ed  accord ing  to  E q s . (6) and 
(7), re sp ec tiv e ly . T h e  re su lts  d e m o n s tra te  th a t  th e  v a lu e  of th e  p a ra m e te r  a 
in th e  low  level d e n s ity  region is la rg e ly  d ep e n d e n t on th e  a c c e p ted  form  of 
level d e n s ity . T he v a lu e  o b ta in ed  from  E q . (6) is in  b e tte r  ag reem en t w ith
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tho se  d e te rm in ed  in  o ther w ays on ligh t n u c le i [19]. U sing E q s . (2) and  (8) 
th e  lo g arith m  o f th e  reduced  sp ec tru m  as a fu n c tio n  of E  g ives a  s tra ig h t line. 
As can  be seen in  F ig . 4 m ost o f  th e  ex p erim en ta l po in ts in  th e  to ta l  region o f 
th e  sp ec tru m  define a s tra ig h t line . F rom  th e  g rad ien t of th e  s tra ig h t line a

v a lu e  o f T  =  2,0 ^  0,1 MeV w as deduced . Fig. 2 (dashed  cu rve) rep resen ts 
th e  sp ec tru m  ca lcu la ted  w ith  th is  te m p e ra tu re  b y  m eans of E q s . (2) and  (8). 
As can  be seen, th e  c o n s ta n t te m p e ra tu re  m odel describes the  sp e c tru m  fairly  
w ell. S u b s titu tin g  th e  level densities (6) and  (7) in  E q . (9), th e  n u c le a r  tem p e
ra tu re  is g iven b y  th e  follow ing expressions:

1
T / a

È

1
T
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U sing  th e  av erag e  re s id u a l energy  (E  =  8,6  MeV), a n d  th e  level d e n s ity  p a ra 
m e te r  a,  o b ta in e d  b y  E q s . (6) an d  (7) th e  nuclear te m p e ra tu re s  w ere fo u n d  to  
be  T  =  2,1 MeV an d  T  =  2,7 MeV, respec tive ly . T h e  d a ta  suggest t h a t  the 
n u c lea r te m p e ra tu re  is n o t  v e ry  sen sitiv e  to  th e  cho ice  of th e  level density  
fo rm ula . T h e  n uc lear te m p e ra tu re  o f th e  average e x c ita tio n  energy is in  good

F ig. 4

ag reem en t w ith  t h a t  g iven  by  th e  c o n s ta n t te m p e ra tu re  m odel, i f  th e  value 
a =  4,4  M eV-1  [E q . (6)] is a ccep ted . The T -v a lu e  m easured  b y  us closely 
follows th e  ten d e n c y  observed  in  th e  m ass n u m b e r  dependence o f  nuclear 
te m p e ra tu re  [20]. A t A  <[ 20, no  earlie r d a ta  a re  to  be fo u n d  fo r  nuclear 
te m p e ra tu re . T he en e rg y  sp ec tru m  an d  the  a n g u la r  d is tr ib u tio n  for the  
N 14 (n , a )B n  re a c tio n  can  be ex p la in ed  b y  th e  s ta t is t ic a l  m odel.

T h e  ex p e rim en t also m ade i t  possib le  to  d e te rm in e  the  cross-section  ra tio  
of (n , a) an d  (n , p)  reac tio n s on th e  N 14 nucleus. T h e  ex p erim en ta l value is

a(n,  a ) 
a ( n ,p )

1,3 ±  0,2 .
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A ccep ting  fo r a(n,  a) =  100 m b [21], our m easu rem en t gives a(n,  p)  — 77 i  
i  14 m b.

I t  w as assum ed  th a t  all processes w ith  em issions o f tw o  partic les  are  
a t tr ib u te d  to  (n, np)  reac tio n  because of th e  h igh  negative  Ç -value o f th e  
(n,  nx)  reac tio n . (Q(n, nx)  =  — 11,46 MeV; Q(n, np)  =  —7,55 MeY; all Q- 
va lues in  th is  a rtic le  are  tak en  from  th e  tab les o f  K u n z  et al. [22]).

S ta r tin g  from  th is  a ssu m p tio n , th e  cross-section  ra tio  o f  (n , np)  and 
(n, p )  reac tions on th e  N 14 nucleus could  be d e te rm in ed . I ts  v a lu e  is

0,60 ± 0 , 0 9 .
a (n ,p )

A ccepting  a(n, x)  =  100 m b (ref. [21]) we o b ta in  from  the m easu red  cross- 
section  ra tio s  a(n, np)  =  46 ^  13 m b.

In  our in v estig a tio n s i t  w as found  th a t  th e  n u m b er of p ro to n s  from  the 
(n , p y )  process n ea rly  equals th e  (n , np)  and  (n , p n )  reac tio n  y ie ld  in  th e  
energy  region w here second p a rtic le  em ission is allow ed energ e tica lly . This 
m eans th a t  d e -ex c ita tio n  w ith  g am m a partic les as a concu rren t p rocess canno t 
be  neg lected . In  th e  p ro to n  sp ec tru m  in  th is  en e rg y  region, 93 (n,  p )  an d  104 
(n, n p  -(- n, p n )  even ts were observed . (The h ig h -en erg y  p a r t o f  th e  p ro ton  
sp ec tru m  could be d e te rm in ed  b y  th e  ran g e-en erg y  re la tion  of reco il nuclei, 
b u t  u n fo rtu n a te ly  th is  lacks th e  p recision  of d ire c t m easu rem en t. T herefore, 
th e  fo rm  of th e  sp ec tru m  was n o t an a ly sed  th eo re tica lly .)

A com parison  o f m easured  an d  ca lcu la ted  cross-section ra tio s  yields 
in fo rm ation  ab o u t reac tio n  m echan ism s. The cross-section  ra tio  o f  a lp h a  and  
p ro to n  em issions on th e  N 14 nucleus h as  th e  e x p e rim e n ta l value

a(n, x)

a ( n , p )  - f  a(n,  np)
0,83 ± 0 , 0 9 .

F o r th e  ca lcu la tio n  o f th e  ra tio  of th e  reac tio n  y ie ld , an  ap p ro x im a te  re la tion  
is g iven  b y  B o d a n s k y  [15]:

T T  =  -. I  ^  exP ^  +  ( У Р -  V W T  ’ <10)Г р (2sp + 1 )  M p y p R~p

w here S p, S M p, a re  th e  spins a n d  m asses for p ro to n s  and a lp h a  p a rtic le s , 
yx =  1,1, y p =  1,75, R p an d  R „ th e  in te ra c tio n  ra d ii, S p and  se p a ra tio n  
energies, Vp an d  V'a e ffective b a rr ie r  h e ig h ts  and  T  th e  nuclear te m p e ra tu re  
(w ith  th e  v a lu e  2 MeY m easu red  b y  us). T he value o f V'p w as ca lcu la ted  s im ila rly  
to  th a t  o f V '  (r0 =  1,25 fm ). T he ca lcu la tio n s of s e p a ra tio n  energies w ere  based  
on th e  d a ta  o f K u n z  e t al. [22]. T he ra tio  Г х/ Г р =  1,16 o b ta ined  fro m  th e
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ap p ro x im a te  expression  (10) can be reg a rd ed  as in  good agreem ent w ith  th a t  
m easu red  i.e. 0,83.

W e are  in d e b te d  to  P rofessor A . S z a l a y  for h is in te re s t in  th e  p resen t 
w ork  a n d  fo r th e  e x ce llen t w ork ing  cond itions he secured. W e also  th a n k  
Mr. L . B u n k ó c z i  a n d  M rs. G. S e p s y  fo r th e ir  ass is tan ce  in  o p e ra tin g  th e  
acce le ra to r an d  scan n in g  th e  p h o to g rap h s .
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РАСПАД N14 БЫСТРЫМИ НЕЙТРОНАМИ
Й. ЧИКАИ и Ш. НАДЬ

Р е з ю м е
Энергетический спектр и угловое распределение альфа-частиц в реакции N14(n, а)Ви, 

измеренные при Е п =  14,7 Мэв в камере Вильсона, хорошо описываются со статистиче
ской моделью. Выводится ядерная температура 2,0 ±  0,1 Мэв. Поперечное сечение для 
реакций N14(n, р)С14 и N14(n, п р ) С'3 составляет 77 ±  14 и 46 ±  13 мбарн соответствен
но. Измеренное соотношение поперечное сечения для эмиссии протонов и альфа-частиц 
и вычисленное на основе статистической модели значение удовлетворительно согла
суются.
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ON THE ELASTIC MODULI 
OF ALKALINE AND NOBLE METALS I

By

J .  A n t a l

R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S  
O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , B U D A P E S T

(Presented by A. K ónya. — R eceived 5. IV. 1966)

An approxim ate expression on the basis of G o m b á s ’s  theory o f  m onovalent metals is 
derived for the energy of the W igner—Seitz cell of alkaline and noblé m etals in  the case of 
elastic deform ation, approxim ating the cell by  a ro tation  ellipsoid instead of a sphere. From 
the energy m inim um  principle one obtains th e  ratio of th e  ellipsoidal axes, w hich yields the 
Poisson ratio  in the vicinity  of unstrained equilibrium , while from  G o m b á s ’s  results th e  compress 
sibility is known. W ith  these two quantities i t  is possible to  calculate the elastic moduli cn. 
and

1 .  G o m b á s ’s  th e o ry  of m o n o v a len t m e ta ls  [ 1 ] ,  [ 2 ]  acco u n ts  for flie 
cohesion o f th e  a lkaline , alkaline e a r th  and  noble m e ta ls  on a p u re ly  theo re tica l 
basis, w ith o u t in tro d u c in g  any  em pirica l or sem iem pirica l p a ra m e te r  and  a t 
th e  sam e tim e  y ie ld ing  num erica l re su lts  for cell en erg y  as a fu n c tio n  of the  
cell rad iu s . T he m in im um  of th is  energy  and th e  p roper s ta t io n a ry  radius 
give v e ry  excellen t va lues fo r th e  cell energy a n d  th e  eq u ilib riu m  la ttice  
c o n s tan t com pared  w ith  th e  ex p e rim en ta l resu lts  ta k e n  a t  an a d e q u a te ly  low 
te m p e ra tu re  or even e x tra p o la te d  to  abso lu te  zero. I t  is very  re m a rk a b le  th a t  
the  com pressib ility  ca lcu la ted  from  th e  energy v s . cell radius fu n c tio n  agrees 
very  w ell w ith  th e  exp erim en ta l re su lts , and  th is  re flec ts  even th e  cu rv a tu re  
of th e  en erg y  curve a b o u t th e  m in im um  to  be v e ry  n ea r to  th e  a c tu a l  value 
of th e  c ry s ta l cell.

T he th e o ry  t r e a ts  th e  m eta l as a system  o f a positive m e ta l io n  la ttice  
an d  a p ra c tic a lly  free “ gas”  of va lence  electrons. T he m ost ch a ra c te ris tic  
fea tu re  o f th e  th e o ry  is th a t  i t  deals w ith  valence e lec tro n s  and ion core electrons 
sep ara te ly . T he la t te r  are  ta k e n  in to  acco u n t in  som e of th e  c u s to m a ry  ways, 
w hile th e  fo rm er are  tre a te d  in  a m od ified  p o te n tia l  o f th e  ion core la ttice .

T his m odified  p o te n tia l consist o f th e  e le c tro s ta tic  p o ten tia l o f  th e  ion 
core an d  a nonclassical p seu d o p o ten tia l, w hich is th e  resu lt o f th e  Pauli 
p rincip le . W hen  th is  p seu d o p o ten tia l is in tro d u ced  i t  is no longer necessary  
to  orthogonalize  th e  eigenfunctions of th e  valence e lec tro n s to  those o f  th e  core 
e lectrons. A t th e  sam e tim e , n a tu ra lly , th e  deepest possib le energy s ta te s  for 
th e  valence elec trons are  ob ta ined .

In  th e  course o f th e  co m p u ta tio n  th e  e lem en ta ry  cell is ap p ro x im a te d  by 
a sphere o f rad iu s  R  a n d  th e  cell-energy is tak en  as

U =  Ec +  Ea +  E w +  Ep +  Wc +  W e +  Wa +  W w +  Wk +  H ,  (1)
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w here E  a lw ays s ta n d s  fo r th e  d iffe ren t p a r ts  of th e  self-energy of th e  valence 
e lec trons, W  for th e  in te ra c tio n  en erg y  o f the  va len ce  electron w ith  th e  ion 
cores a n d  H  fo r th e  in te ra c tio n  of th e  cores. The ind ices are  C for C oulom b type , 
A  for ex ch an g e , W  fo r co rre la tio n al, F  fo r zeropo in t, E  for non C oulom b-type  
e le c tro s ta tic  energy, an d  К  rep resen ts th e  energy re su ltin g  from  th e  pseudo- 
p o te n tia l. T he va lence  e lec tron  gas d e n s ity  is a ssu m ed  to  be c o n s ta n t as

3
V = ---------------- .

4 tî R 3
( 2)

As for the actual form of the different energy terms and pseudo-potentials 
above we refer to the original publications of Gombás [3, 4].

T h e m ethods o u tlin e d  above w ere  applied to  som e alkaline a n d  noble 
m etals b y  G o m b á s . H ere , we q uo te  h is resu lts  for p o tassiu m  an d  s ilv e r  [5 ,  6 ] .  

T he n u m erica l re su lts  can  be ap p ro x im a te d  in  a n  an a ly tica l fo rm . T h e  cell- 
energy  fo r po tassium  is

and  fo r silver

U K=
1,4083 21,633

R

U A g
1,26604 154,687

R  ~ R i w  ’

(3)

(4)

w here U  an d  R  a re  g iven  in  —  a n d  a0 a tom ic u n its , re sp ec tiv e ly , e being
ao

th e  e le m e n ta ry  e lec trica l charge a n d  a0 th e  f irs t B o h r  rad ius of th e  hyd rogen  
a to m .

2. L e t th e  ce ll-energy  be g iv en  in  general as a function  o f  th e  rad ius R  
o f th e  e lem en ta ry  sp h ere  in  th e  fo llow ing form :

U —  +  —  
R  R n

( 5 )

w here A ,  В  and  n a re  c o n stan ts . T h e n  in  th e  eq u ilib riu m -sta te  th e  energy is 
a m in im u m :

d U
d R Ro

=  0 (6 )

and  th e  m in im um  value is:

U  о =  U(R0)- •)
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U sing (6), (5) an d  (7) one ob ta in s:

A  =  n t7° Д-°- , (8)
1 — n

В  =  U ° Rn° (9)
1 — n

or using  th e  m in im um  energy  U0 a n d  th e  eq u ilib riu m  rad iu s  R 0 in s te a d  of 
A  an d  B:

* ' - * Н * Н * Л -
O w ing to  th e  energy  m in im um  th e  second d e riv a tiv e  in  th e  equ ilib riu m  

is p ositive :

So in  th e  v ic in ity  o f th e  equ ilib rium  th e  energy o f th e  e lem en ta ry  sp h ere  of 
rad iu s  ( R 0 4- bR)  is g iven by

U  =  U 0 +  ± y ( Ô R ) * .  (12)
£

M eanwhile th e  equ ilib riu m  volum e V 0 is changed  b y  b V ,  w hich is g iven  as

s v  =  m  ( i3 )
R o

neg lecting  th e  h igher o rd e r te rm s in  ÔR.
T he change in  equ ilib riu m  energy :

d u  =  U — U 0 =  — (ôR)'~ (14a)

is equal to  th e  w ork n ecessary  to  p roduce  th e  volum e change of th e  e le m e n ta ry  
cell. T h is (s ta tic ) w ork  is

ÔU =  —  ô p - Ô V ,  (14b)

w here bp  m u s t be f ir s t  o rd e r in  ÔR, to o , an d  can be in tro d u ced  fo rm a lly  as 
“ no rm al s tre s s”  using  (14a), (14b) an d  (13) as:

bp =  ûR  (15)
3 F 0
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T he co m p ressib ility  x  is th e n  d efin ed  as

1
X

У
12л R„ ‘

(16)

L e t us in tro d u c e  th e  ab so lu te  value of th e  equ ilib rium  energy of un it 
v o lu m e  as w0

IV о (17)

th e n  using  (10), (11), (16) an d  (17) th e  co m p ressib ility  is:

1 nw0

X ~  9

an d  fo r th e  n o rm a l stress in tro d u c e d

/ ) p  =
I 3 ÔR

\ X j R 0

(18)

(19)

3. W hile th e  energy fu n c tio n  gives th e  w o rk  req u ired  fo r a spherically  
sy m m etric  d e fo rm atio n  (14a) co rrec tly , in  o th e r  non  sph erica lly  sym m etric  
defo rm atio n s th e  orig inal en erg y  expression  (1) shou ld  again  be  co m p u ted  fo r 
th e  specific d efo rm atio n . T h is w ou ld  be ra th e r  a len g th y  an d  laborious p ro 
ced u re  because o f  th e  lack  o f  spherica l sy m m e try . F o r such  cases, how ever, 
w h en  th e  defo rm ed  cell can  be ap p ro x im a te d  b y  a ro ta tio n a l ellipso id  for sm all 
d e fo rm atio n  v e ry  n ea r to  th e  equ ilib rium  s ta te  i t  is possib le  to  give th e  
d e fo rm atio n  w o rk  as a f ir s t  a p p ro x im a tio n  as follows.

L et Л he a sm all q u a n t i ty :

Л  <g 1 (20)

a n d  ap p ro x im a te  th e  defo rm ed  cell b y  a ro ta tio n a l ellipsoid  w ith  th e  ax is 
(up  to  th e  f ir s t  o rd e r in  A)

a =  R 0 ( l + A ) ,  (21)

b =  R 0 ( l  +  f* A ) ,  (22)

w here  p  is a n o th e r  q u a n tity . E v id e n tly  if  Л  —>- 0, a an d  6 —► R 0 if  p  is f in ite .
The c o n to u r  curve o f th e  ellipsoid in  som e p lane (h av in g  th e  ro ta tio n a l 

ax is  in  it)  in  (r, cp) p o la r-co o rd in a tes , (th e  c e n tra l p o in t o f th e  ellipsoid b e ing  
th e  origin o f th e  co o rd in a te  sy stem ) is g iven  b y  th e  eq u a tio n :

1 -f- e2 sin- (p
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w here

b-
(24)

T ak in g  in to  acco u n t th e  fac t th a t  /1 1 and e2 1 one o b ta in s  from
(21), (22), (23) and  (24) (sec A ppend ix ):

w here

A[1 — (1 — p)  sin2 <p] ,

dR =  г R „ .

(25)

(26)

If  e.g. (p 0, ÖR A R (I and r(ip =  0) — a, while (f —  , ÖR — uA  Rv 
2 ' ^

and  so r b as s ta te d  above.

As a fu r th e r  ap p ro x im a tio n  we w ill use (19) for a s tre ss  even in  th e  case 
w here spherica l sy m m etry  is ab sen t. B y rem a in in g  only in  th e  v e ry  close v ic in ity  
o f th e  equ ilib riu m  sphere we do n o t ex p ec t to  cause too  la rg e  e rro rs, a t  le a s t in 
th is  nom ina l stress v a lu e  in tro d u ced . T h is a p p ro x im a tio n , how ever, neg lec ts  
a t  th e  sam e tim e , all th e  energy  te rm s, w hich  will be b ro u g h t ab o u t b y  th e  
lack  of spherica l sy m m etry  an d  so are zero  in  th e  spherica l equ ilib rium  s ta te . 
C erta in ly  th e re  are such te rm s , on w hich we shall rep o rt in  a su b seq u en t p a p e r.

R ev ertin g , how ever, to  th e  fo rm er a p p ro x im a tio n , one gets  for th e  s tre ss

dp = /г) sin2 93] A  . (27)

To o b ta in  th e  d efo rm atio n  w ork, in s te a d  of (14b) we m u st in te g ra te  
for th e  vo lum e changed  because dp is a fu n c tio n  of th e  p o la r  angle <p. A fte r  
in teg ra tio n , we get for th e  defo rm ation  w o rk  (see A ppend ix ):

ÔU =  U n (3 +  4 m +  8/I-) Л2 (28)
l0 x w o

or
[ /  =  [ / 0 ( 1 - ^ Л 2) , (29)

w here

=  (3 +  4p  - f  8/I-) (30)
\0 x w a
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or

9V =  —  (3 +  4// +  8 f l 2)  (30a)
ou

because o f (18).
In  sp h e rica l sy m m etric  d efo rm atio n  i.e . p  =  1

an d

U ,  =  U0 1

(31)

(32)

SO

(32a)

(33)

in ag reem en t w ith  (10), (11) a n d  (12).
U p to  n o w  no specific v a lu e  of fx h as  b e e n  given ex cep t fo r th e  sp h erica l 

case. Ow ing to  th is  we ta k e  a ra tio  of axis in  th e  ro ta tio n a l ellipsoid, w hen  th e  
d e fo rm atio n  w o rk  should  be  m in im um  in  th e  closest v ic in ity  of th e  e q u i
lib rium  sp h ere , i.e.

=  0 ,

(34)

(35)

<«o =  —
1
4

(36)

or

an d  f in a lly

<P_ 1 :
4

П

12

u  i 
4
= un 1 ------ - Л 2

12

(37)

(38)

4. I t  is know n  from  th e  th e o ry  o f e la s tic ity  th a t  th e  d efo rm atio n  w o rk  o f
ÔR

u n it vo lu m e b y  a sp h erica lly  sy m m etric  d e fo rm atio n  o f  Л  =  ----- is fo r  a
R °cubic la tt ic e

ô E 1 — (сц 4- 2c12) Л -,
Zi

( 3 9 )
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w here Cj, an d  cJ2 are th e  p ro p e r elastic m o d u li. Using (32) a n d  (39)

cn  +  2c12 =  ~ ~ ~  • (40)

A pply ing  a un iax ia l ten sio n  stress on ly  in  one (ax ia l)  d irection  in  th e  
p e rp en d icu la r p lane  i t  follow s th a t

c12 Л  +  (cn  +  c12) /1/1 =  0 ,  (41)

cr. M___
1  T "  H

(42)

C om bining (40) an d  (42)

Lj 2

F in a lly , using (36)

1 + / I niv0
(43)

1 -  fl
•>

3

n n w 0
(44)

1 +  f1 3

nwa

C" =  5
•> (45)

nw()
(46)U1 •>

15

In  T able I  th eo re tica l a n d  ex p erim en ta l values of — , u0, cn  and c12 are
к

given for p o tassiu m  an d  silver.
I t  can  be seen th a t  th e  com pressib ilities have v e ry  accu ra te  v a lu es , 

w hile th e  P oisson ra tio s  are r a th e r  in accu ra te . T h e  cn  and  c12 a re  o f th e  co rrec t 
o rd e r o f m ag n itu d e , b u t th e  cix are  ra th e r  h ig h , and  th e  c12 som ew hat low .

In  sp ite  o f th e  v e ry  ap p ro x im a te  n a tu re  o f th is  p ro ced u re , th e  re su lts  
o b ta in ed  are of th e  o rder of m ag n itu d e  an d  ev en  th e  n u m erica l values w ith in  
a fa c to r  of 2 co m p ared  w ith  th e  ex p erim en ta l resu lts .

In  a follow ing p ap er we sha ll ex ten d  th e  p resen t m e th o d  tak in g  in to  
acco u n t th e  energy  te rm  re su ltin g  from  th e  nonspherica l d e fo rm a tio n  of th e  
e lem en ta ry  cell. T h is will re su lt in  b e tte r  P o isson  ra tio  a n d  elastic  m oduli 
values.
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Table I

cu , c12 in 1011 dyn/cm-’

P o ta ss iu m Silver
Ref.

th eo re tica l J e x p e rim en ta l th e o re tic a l e x p e rim e n ta l

1
X 0,4086 0,40 10,79 10,8 [7]

c l l 0,735 0,457* 19,45 12,40 [8]
C12 0,245 0,374* 6,48 9,34 [8]
Mo 0,25 0,25 0,37 [9]

* Measured at 83° K.

REFERENCES

1. P. G o m b á s , Die statistische Theorie des Atoms und ihre Anwendungen, Springer, Wien,
1949.

2. P. G o m b á s ,  Die statistische Behandlung des Atoms, Hb. d. Phys. (Flügge) Yol. XXXVI/II.
Springer Verlag, Berlin, 1956.

3. P. G o m b á s ,  Z. Phys., 118, 164, 1941.
4. P. G o m b á s ,  Acta Phys. Hung., 1, 285, 1952.
5. P. G o m b á s ,  Acta Phys. Hung., 1, 301, 1952.
6. P. G o m b á s ,  Z s . f. Naturforsch., 15a, 531, 1960.
7. P. W. B r i d g m a n ,  Phys. Rev., 60, 351, 1941.
8. H. B. H u n t i n g t o n ,  Solid State Phys. Yol. VII, 213—351.
9. American Inst, of Physics Hb. McGraw Hill, New York, 1957.

Appendix

As a lre a d y  defined in  (21) and  (22) if

a — R 0 ( l  Л ) , (A .l)

b =  R n (1 [аЛ)  , (A .2)

-• »  “ s  , 
1 s in 2 93

(A.3)

62
(A.4)

A ssum ing  Л  1 a n d  e2 <g: 1

r a 1 —  e2 s in 2 w 4- . . . .
2

(A.5)
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If

()R =  r — R lt, ( A . 6 )

—  =  —  ( 1 — —  sin 2 cp -  1 . (A .7)
R H R fí 1 2

ÓR .
We need to  o b ta in ----- as th e  fu n c tio n  of A  up  to  th e  first o rd e r in

R 0

e2 =  | J d i A f _ 1 .
1 -f- p A  )

™ ( 1  +  2Л)  (1 - -  2 ,иЛ)  1 , 

е * ~ 2 ( 1 — р ) Л .  (A .8)

U sing (A .l) , (A .7) and  (A .8)

Ôtf  =  (1 +  Л)  [1 (1 -  p)  s in 2 (p/l J -  1 ,

^ -  =  Л[1 — (1 — /t)s in 2 (p] (A.9)
R 0

as s ta te d  in  (25).
In  co m p u tin g  th e  defo rm ation  w ork (28)

(A)
ÔU = = ~ [ ô p d ( Ô V ) ,  (АЛО)

0

w here, as in (27),

<)p ^ [1 — (1 p)  s in 2 9̂ ] A  , ( A . l l )
X

while
d(dV) — 2nr2 sin (p d R  ■ dip . (A .12)

Now

r =  ß„  +  d R  =  R„ 1 +  — 1, (A .13)
R „ 1

r- d R  m  RfidR  (A .14)

up to  th e  f irs t o rd e r in  A,  because o f (A.9)

ÖR ~  A
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and

r2 d R  =  R% [1 — (1 — f i )  sin2 99] A  .

So the volume element is

d ( ô V ) =  2тг [l — (1 — f i )  sin2 93] sin 93 Л  dcp (А. 13a)

and the deformation work:
(Л) лг/2

1 Г f) 71 /?** Г
Ô U  —  —- I à p  ■ d ( Ö V )  = ------ Л2 I [ 1  — ( 1  — f i )  sin2 93]2 sin 93 dq> (АЛ5)

о о
i V  Л 2=  ---- (3 +  4 р  +  8 f i 2) ,

10х

à U  =  -  U 0 <pu A 2 , ( А . 1 6 )

where

99 - —- ( 3 + 4  f i  +  8 p 1) (АЛ 7)
1 0 нмзо

as stated in (30).

О МОДУЛЕ УПРУГОСТИ ЩЕЛОЧНЫХ И БЛАГОРОДНЫХ МЕТАЛЛОВ I.
Я. АНТАЛ

На основе теории одновалентных металлов Гомбаша выводится приближенная 
формула для энергии ячеек Вигнера- Зейтца для щелочных и благородных металлов в 
случае упругой деформации. Принимается приближение ячейки эллипсоидом вращения 
вместо сферы. Из принципа минимума энергии выводится соотношение оси эллипсоида, 
результирующее соотношение Пуассона в области ненапряженного равновесия. В то же 
время из результатов Г омбаша известна сжимаемость. С помощью этих величин имеется 
возможность для определения модуля упругости сп и с12.

Р е з ю м е
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ON THE ELASTIC MODULI 
OF ALKALINE AND NOBLE METALS II

By

J.  A n t a l

RESEARCH GROUP FOR THEORETICAL PHYSICS 
OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Presented b y  A. Kónya. — Received 5. IV. 1966)

Following a previous paper [1] for nonspherically sym m etric deform ation of th e  ele
m entary  cell of a m onovalent m etal, a new term  is introduced in to  th e  energy-expression of 
the elem entary cell approxim ated by a ro tational ellipsoid, due to th e  quadrupole m om ent 
of the valence electrons brought abou t by the nonspherically sym m etric shape of the deform ed 
un it cell. This procedure leads to  a b e tte r Poisson ratio  and m ore reliable values being 
obtained for cu  and c12.

1. In  th e  f irs t p a r t  o f th is  p ap er [1] (re fe rred  to  below  as [I]) th e  a u th o r  
has ou tlin ed  a m eth o d  fo r o b ta in in g  som e e lastic  m oduli o f  a lkaline  an d  nob le  
m eta ls  using  th e  th e o ry  o f  m o n o v a len t m e ta ls  developed  b y  Gombás (see 
references in  [I]). H ow ever, th is  m eth o d  can  be regarded  o n ly  as a f irs t a p p ro x i
m atio n  as th e  Poisson ra tio  a n d  th e  values o f th e  elastic  c o n s ta n ts  are n o t v e ry  
reliab le . T his is ch iefly  due  to  th e  lack  o f te rm s in  th e  energy  expression  
n o rm ally  a b se n t in  th e  sp h erica lly  sy m m etric  s ta te , w hich  is th e  equ ilib rium  
s ta te  o f th e  u n it  cell o f th e  c ry s ta ls  tre a te d .

W e h av e  to  in v es tig a te  th is  p roblem  in  som e d e ta il a n d  in  o rder to  do  so 
i t  is n ecessary  to  re v e rt to  th e  orig inal en e rg y  expression  o f G om bás p re se n te d  
in  [I] re s ta tin g  here  again :

U  =  E c +  E a  -f- E w T- E f - \ - W c - \ - W e - { - W a - { - W w - \ - W k - \ - H ,  (1(

w here U =  th e  energy  of th e  e lem en ta ry  cell a t  ab so lu te  zero  te m p e ra tu re ;
E q =  th e  energy  te rm  o f  th e  C ou lom b-type  in te ra c tio n ;
E j 1 an d  E w =  th e  en erg y  te rm s of th e  exchange a n d  o f  th e  co rre la tio n  

of th e  valence e lec tro n s, re sp ec tiv e ly ;
E F =  th e ir  zero p o in t energy ;
W c — th e  C ou lom b-type  in te ra c tio n  en e rg y  betw een  th e  positive  (p o in t- 

like) nuclei an d  th e  valence e lec tro n s;
W E =  th e  e lec tro s ta tic  energy  te rm s  due  to  th e  o v erlap p in g  o f th e  

e lec tro n  cloud o f th e  valence an d  ion  core e lec tro n s;
W A =  th e  exchange en erg y  te rm  for th e  sam e o v erlap p in g ;
W w — th e  co rre la tio n  en e rg y  betw een  th e  valence an d  io n  core e lec trons;
W K — a te rm  w hich ta k e s  in to  ac c o u n t in  som e m a n n e r  th e  P a u li 

p rinc ip le  and is due  to  a p seu d o -p o ten tia l in tro d u c e d  b y  Gom bás
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(see re f. in  [I]);
H  =  the interaction energy of the ion cores.
F or alkaline metals

W w =  0 (2)
and

H  =  0 (3)
with very good approximation.

Gombás has shown further [2] that at equilibrium and in its rather large 
vicinity

E c +  E a +  E w +  E f +  W A — 0 , (4)

u =  W C + W E +  WK. (5)

This can  be g iven  even in  an  an a ly tica l fo rm  as:

U ~- C j .  Ç *  
R  JR3

( 6 )

for a lkaline  m e ta ls . The c o n s ta n ts  an d  C2 can  he ca lcu la ted  d irec tly  from  th e  
th eo ry  [2]:

4e2

c ' — r -  ,7)

c,  — a.-[in — (8)
where

(9)

0
and

/ Е =  —  í  V - —  E-dr,  (10)
e  J  r

о0

w here D  =  th e  rad ia l d e n s ity  fu n c tio n  o f  th e  valence e lec trons;
V  =  th e  p o ten tia l o f  th e  ion  core;
e =  e lem en ta ry  e lec tric  charge;
a0 =  th e  f irs t B o h r rad iu s  of th e  h y d ro g en  a to m .
I t  c a n  be seen t h a t  th is  a p p ro x im a tio n  d ispenses com plete ly  w ith  th e  

self-energy  o f th e  va lence  e lectrons in  th e  equ ilib rium  s ta te  because o f  (4), so 
(6) c o n ta in s  only  th e  en e rg y  te rm s W q, W e  and  W K, w hich  are all te rm s  of 
the in te ra c tio n  betw een  th e  valence e lec tro n s and  th e  io n  core.
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In  [I] we have  used  an  an a ly tica l fo rm  for U  v e ry  sim ilar to  (6). A s a 
m a tte r  o f fa c t (1.3) is fo r a lkaline m eta ls com pletely  e q u iv a le n t to  (6). As fa r  as 
a spherica lly  sym m etric  d e fo rm ation  is concerned , no fu r th e r  difficulties arise 
from  th is  a p p ro x im a tio n . In  th e  non -spherica lly  sy m m e tric  d efo rm atio n , 
how ever, (4) will no longer be satisfied  because of som e c h a rac te ris tic  changes 
in  th e  self-energy o f v a lence  electrons even  of th e  a ssu m ed  c o n s ta n t d en sity . 
This effect gives rise to  a new  energy te rm , w hich of course  d isappears in  th e  
spherica lly  sym m etric  case.

2. To o b ta in  th is  new  te rm  we recall a t  f irs t th e  w ell know n re su lts  for 
th e  self-energy E 0 of a sphere  w ith  rad iu s  R  hom ogeneously  charged  w ith  a 
c o n s tan t ve charge d e n s ity

w here, obviously ,
4л: R 3

( И )

( 12 )

th e  in teg ra l charge is eq u a l to  one elec tron  charge.
This energy  can be ca lcu la ted  for a ro ta tio n a l ellipsoid  of axis a, b acco rd 

ing to  F l ü g g e  [3]  (a >  b) as

If

A rch —  
3 , b
— e- -
5 У a2 ~  b2

a =  b — R

(13)

(13) goes over (11), so th e  necessary  co rrec tion  te rm  will be :

E q =  E e — E n (14)
or

A rch ~

j.-------Ь --------------- - , (15)
Уd1 -  b2 (ab2)1!3 J

because of sp littin g  dow n th e  energy  change due to  sp h e rica lly  sy m m etric  
defo rm ation  i t  is n ecessary  to  h ave:

4л R 3 4л ab2
3 3

(16)
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U sing (1.24), (15) can be  w ritte n  as

3 p2 f l  +  e2
A rch  e — (1 +  e2)1̂ 3 (17)

In  th e  im m ed ia te  v ic in ity  o f  eq u ilib riu m  th is  can  ag a in  be sim plified to  
a g rea t e x te n t  in  th e  sam e w a y  as in  (I) to

E q = ~
4e2

75 R n
(1 -  n)2A 2 . (18)

Л  and  fi a re  th e  sam e as in  [ I ] ,  i.e . th e y  a re  defined  by

a =  R 0 ( l + A )  j

b  —  R-o ( 1  +  p A )  J
F ro m  (1.29) a n d  (18), for th e  cell energy  one o b ta in s

и  =  и а ( 1 - Ф ^ Л 2) ,

w here

ф м =  +
4e2

75 R 0 U 0
(1 - j“ )2 ,

w hile <pt, as defined  in  (1.30a)

(19)

( 20 ) 

( 21 )

9V =  —  (3 +  4/t +  8/t2)
Ou

and

( 22 )

(23)

x  being th e  com pressib ility  a n d  ivu th e  ab so lu te  value o f th e  equ ilib rium  energy  
p er u n it  v o lum e.

In tro d u c in g
4 pi

A = --------- —------ , (24)
75 R 0 U 0

w hich can  b e  ca lcu la ted  fro m  th e  eq u ilib riu m  s ta te  v a lu es , fina lly

=  — (3 +  4/г +  8Л2) -  A(1 -  fi)2 . (25)
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Now m inim um  conditions in  th e  v ic in ity  o f  th e  equ ilib rium  are :

au \
дЛ

au

о
Л >0

д/Li
=  о .

(26)

(27)

U sing (25) an d  (27) one gets for th e  near-eq u ilib riu m  P o isson  co n s ta n t:

1 + i 5*

(28)
4 n

I t  is som ew hat m ore co n v en ien t to  in tro d u c e  x in to  th e  eq u a tio n s  tak in g

15/t e2
g x  ----------

1 n  5 n U 0 R 0

w here g  is a n o th e r  co n stan t, i.e . b y  (23)

60л R q '

In  view  of th is :
1 1 -f- 4 gx

^ o =  —  —  ■4 l — gx.

In  ju s t  th e  sam e w ay  as in  [ I ]  we ge t f in a lly :

(29)

(30)

(31)

cn  =  - ^ - ( 3 — 8gx)

and
3

C12 = ~ ( l +  4 * )Sx

(32)

(33)

for cubic la ttic e s .
3. In  T ab le  I  we give cn , c12 an d  /1 0 fo r p o tassiu m  an d  s ilv e r ca lcu la ted  

b y  a) th e  resu lts  o f  [I] using e q u a tio n  (1.45, 1.46); b) using th e  m e th o d s of th e  
p re se n t p ap e r b y  equa tions (30), (31), (32), (33); c) th e  Fuchs v a lu es  [4] an d  
f in a lly  d) th e  ex p erim en ta l va lu es  a lread y  p re se n te d  in  [I].

8* Acta Physica Academiae Scieniiarum Hungaricae 21, 1966

and



326 J . ANTAL

Table I

eu  and cl2 in 10u  dyn/cm2

P o ta ss iu m Silver

cn c” — Po «и C18 — Me

a) by I 0,735 0,245 0,25 19,45 6,48 0,25
b) by II 0,593 0,315 0,347 18,63 7,25 0,28
c) by F uchs’ method 0,440 0,38 — — — —
d) experim ental 0,457* 0,374* — 12,4 9,34 0,37

* M easured a t 73° К  (ref. see in [I]).

I t  c an  be seen th a t  re su lts  o b ta in ed  w ith  the  co rrec ted  energy expression  
of th e  p re se n t p ap e r do n o t  d iffer g re a tly  from  th e  ex p e rim en ta l values as fa r  
as p o ta ss iu m  is concerned , w hile in  th e  case o f silver th e  re su lts  are som ew hat 
b e t te r  th a n  those  in  [ I ] , b u t  th e  d iscrepancies are r a th e r  considerab le. T he 
resu lts  o f  F u c h s ’ c a lc u la tio n  are  fa r b e t te r ,  b u t i t  m u s t be realized th a t  th e  
p re se n t c a lcu la tio n  m akes n o  use of a n y  d a ta  ta k e n  from  ex perim en t n o r h a s  it  
an y  a d ju s ta b le  p a ra m e te r . I t  is b ased  o n ly  on th e  th e o re tic a l assu m p tio n s 
an d  p ro ced u re s  of th e  m o n o v a len t m e ta l m odel and  th e o ry  referred  to .

I n  v iew  of (30), (31), (32), (33) u sin g  th e  th e o re tic a l values of R 0, U0 and  
y. one c a n  ca lcu la te  cl v  c12 an d  ц 0 fo r d ifferen t a lk a lin e  and  noble m eta ls  
(those  re fe rred  to  below  a ll have  cubic la ttic e s). T hese a re  given in  T ab le  I I ,  
fo r K , R b , Cs, Ag an d  Cu w ith  th e  ex p e rim en ta l v a lu es  (if availab le). F o r 
som e e lem en ts  th e  v a lu es  ca lcu la ted  b y  F u c h s  are also inc luded  [ 5 ] .

T h e resu lts  are  ag a in  som ew hat b e t te r  for a lkaline  m eta ls , while th e y  are 
n o t so good for o th e rs . I n  a n y  case, th e y  are  th e  w o rst fo r noble m e ta ls . T his . 
is ch ie fly  due  to  th e  fa c t t h a t  th e  p re se n t co rrection  te rm  is m ost effective for 
a lka line  m e ta ls . F o r n ob le  m eta ls  on th e  o th e r hand  th e  s itu a tio n  is m uch  m ore

Table II

All data in I0 U dyn/cm2

К R b Cs Ag C u

by II 0,593 0,475 0,412 18,63 23,79

C11 exp. 0,457 _ 12,4 17,88
F u c h s 0,44 0.33 0,245 - 17,5

by II 0,315 0,246 0,217 6,98 9,27
C |2 exp. 0,374 _ 9,34 12,6

F u c h s 0,38 0,286 0,208 _ 12,4
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com plica ted . T here is a rem ark ab le  o v erlap p in g  even o f io n  cores an d  so som e 
basic a ssum ptions reg a rd in g  th e  spherica l sy m m etry  o f  th e  ion core o f  th e  
e lem en ta ry  cell a t  equ ilib riu m  are n o t sa tisfied . F o r th e  equ ilib riu m  s ta te  
these  effects can  he com p en sa ted  for b y  a m ore a p p ro p r ia te  choice o f  th e  
pseudo p o te n tia l [6], b u t  for th e  defo rm ed  s ta te  th e  p re se n t ra th e r  sim ple 
suggestions do no t m ake i t  possible fo r th e se  fu r th e r  in te ra c tio n s  to  be  ta k e n  
in to  acco u n t.

R E FE R E N C E S

1. J . A n t a l , A cta Phys. H ung. 21, 311, 1966,
2. P. G o m bá s , See references in  [I].
3. S. F l ü g g e , Z s. f. Phys., 13Э, 159, 1951.
4. K. F u c h s , Proc. Roy. Soc., A 153, 622, 1936. A 157, 444, 1936.
5. H . B. H u n t in g t o n , Solid S ta te  Phys., Vol. 7, 213.
6. P. G o m bá s , Fortschritte  d. Phys., 13, 137, 1965.

О МОДУЛЕ УПРУГОСТИ ЩЕЛОЧНЫХ И БЛАГОРОДНЫХ МЕТАЛЛОВ II.
Я. АНТАЛ
Р е з ю м е

Согласно работе 1 в данной статье для деформации элементарных ячеек одно
валентных металлов, не обладающих сферической симметрией, в выражение энергии 
элементарных ячеек, представленных в форме эллипсоида вращения, вводится новый 
член, обусловленный квадрупольным моментом валентного электрона, вызванным не
сферической формой деформированной единичной ячейки. Приемом, изложенным в статье 
I, выводится более точное соотношение Пуассона, и для величин сп и с12 получены более 
надежные результаты.
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THE LORENTZ PRINCIPLE AND THE GENERAL 
THEORY OF RELATIVITY III
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CENTRAL RESEARCH INSTITU TE OF PHYSICS, BUDAPEST
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The connection betw een the propagation  tensor g and th e  sources of the grav ita tional 
field is investigated. I t  is show n th a t supposing light to be propagated  isotropically w ith the 
velocity depending upon grav ita tional po ten tia l, two of the th ree  relativistic effects can be 
accounted for. The usual in terp re ta tion  of th e  deflection of light is only obtained if one supposes 
th a t the propagation of light to  be unisotropic in  a gravitational field. E i n s t e i n ’s  equations for 
the g rav ita tional fields are derived from th e  po in t of view of th e  L o r e n t z  principle.

Connection between the propagation o f light and the gravitational field

§ 1. So as to  be ab le  to  ap p ly  th e  eq u a tio n s fo r th e  geodetica l o rb its  
w hich we gave in  P a r t  I I  to  ac tu a l p h y sica l p rob lem s i t  is necessary  to  d e te r
m ine th e  ten so r g an d  w ith  its  help th e  C hristoffel b ra c k e ts .

T he connection  b e tw een  the  te n so r  g and  th e  sources of th e  g ra v ita tio n a l 
fie ld  w ere given by  E i n s t e i n . We sh a ll discuss here  how  E in s t e in ’s eq u a tio n s  
of th e  g ra v ita tio n a l f ie ld  are  o b ta in ed  using  our co n cep ts  based  on th e  gene
ralized  L orentz  princip le .

§ 2. So as to  a p p ro a c h  th e  p ro b lem  we consider to  beg in  w ith  a p a r tic u la r  
form  of th e  ten so r g. W e consider th u s

g =  Г(г)

/1  0 0 0 \ 
0 1 0  0 
0 0 1 0

\0  0 0 g ( j /

(1)

w here we suppose g 4i to  be  a fu n c tio n  o f co o rd in a tes , we shall suppose  g4i .=  
=  g u (r) an d  d g j d x i  =  0. I t  follows fro m  prev ious considera tions t h a t  g4i <  0 
and  we shall also w rite

К— Й14 =  c(r ) ■ (2)

T he ten so r defined  b y  (1) co rresponds to  a s ta te  o f a ffa irs  w here l ig h t is p ro 
p a g a te d  iso trop ica lly  b u t  th e  velocity  o f  p ro p ag a tio n  v a rie s  from  p o in t to  p o in t.
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T he v e lo c ity  of p ro p ag a tio n  a t  large d is tan ces  from  th e  g ra v ita tio n a l 
cen tre s  we sh a ll consider to  be  hom ogeneous a n d  we m ay  d en o te  b y  c th e  
v e lo c ity  o f l ig h t in  such d is ta n t regions. T hus we suppose

c(r) —>- c if  r —*■ oo . (3)

T he l a t te r  su p p o sition  is m ad e  p u re ly  fo r convenience a n d  th e  r -> oo 
m u s t n o t be  ta k e n  to o  seriously . W e m ay  e.g. suppose th a t  in  th e  v ic in ity  o f 
th e  S un  c(r) v a rie s  w ith  r th e  d is tan ce  from  th e  Sun. A t la rg e  d istances as 
co m p ared  w ith  th e  m easures o f  th e  solar sy s tem  b u t still a t  sm all d istances 
as co m p ared  w ith  th e  d is tan ces  be tw een  th e  fix ed  s ta rs  we h av e  a reg ion  
w here  lig h t m a y  be tak en  to  he p ro p ag a ted  in  a good ap p ro x im a tio n  b o th  
iso tro p ica lly  a n d  hom ogeneously  w ith  th e  v e lo c ity  c of re la tio n  (3).

§ 3. F ro m  (1) we m ay  ca lcu la te  th e  C hristoffel b rack e ts . W e find

[441 1 °gt> [4fel J
\ k \ 2 •ie

CD l 4 j  j dx,;
(4)

all th e  o th e rs  b e ing  zero.
T he e q u a tio n s  of a geodetic  o rb it using th e  values (4) for th e  Christoffel 

b ra c k e ts  (e lim in a tin g  th e  p a ra m e te rs  p ) acco rd in g  to  equ. (39) o f P a r t  I I  are  
th u s  found

dv 1
~~T~ — g rad  g 44 
dt 2

( v g r a d g , , )  V

St t
(5)

C onsidering  (2) we see t h a t  th e  second te rm  on th e  r ig h t side of (5) is 
sm all p ro v id ed  we consider m o tio n s w ith  velocities m uch sm alle r th a n  th a t  o f 
lig h t. N eg lec ting  th e  sm all te rm s  we fin d  in  a f i r s t  ap p ro x im atio n

w here

dv
dt

grad  Ф ,

Ф = const
1

NT S n

(à)

W e see th u s  t h a t  (6) reduces to  N e w t o n ’s e q u a tio n s  p rov ided

S t t ^  - с * - 2 Ф ,

or if  we neg lec t fu r th e r  te rm s in  t>2/c2 we m ay  also  suppose

_____ ф
c(r) =  У— g44 =  c 4------- ,

( ? )

( 8 )
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w here Ф is th e  usual g ra v ita tio n a l p o te n tia l. E .g . in  the  v ic in ity  of th e  S u n  we 
m ay  suppose

Ф = ---- —, a  =  G M  , (9)
r

w here G is th e  g ra v ita tio n a l c o n s ta n t an d  M  th e  m ass of th e  Sun.
In tro d u c in g  (8) and  (9) in to  (1) we f in d  th e  form  o f th e  tenso r g w hich  

gives in  N e w t o n ’s ap p ro x im a tio n  the  o rb its  of th e  p lane ts .
§ 4. F ro m  th e  ten so r g  th u s  o b ta in ed  th e  deflection o f  lig h t passing  th e  

Sun can  also be derived . W ith  th e  help o f  (2) we have

g ra d g 44 =  — g ra d e 2 (r) . 

M ultip ly ing  (5) w ith  2v we fin d  fu rth e r

— V2 — — V grad  c2 (r) 1 
dt

2v2
c(r)2

( 10 )

I f  in  a p o in t r  th e  velocity  of th e  o rb it v =  c(r) is equal to  th e  velocity  o f lig h t, 
th e n  for such  a po in t th e  above re la tion  red u ces to

---- v2 =  v g ra d  c2(r) .
dt a (r)

T he above re la tio n s show th a t  along a p a th  őr =  vöt th e  sq u a re  of th e  v e lo c ity  
changes by

ô v 2 =  grad  c2 (r) ár ,

i.e. ex ac tly  b y  th e  sam e a m o u n t as th e  loca l velocity  of lig h t. We see th u s  
th a t  if  th e  in itia l velocity  of a p o in t is e q u a l to  th e  local lig h t ve locity  c(r) 
an d  if  th e  p o in t proceeds a long  a geodetic o rb it, its  v e lo c ity  will be a lw ay s 
equal to  th e  local ve locity  of lig h t in  the  p o in ts  w hich it  passes.

W e m ay  therefo re  assum e th a t  a signal o f lig h t itse lf is proceeding  a long  
a geodetic o rb it.

§ 5. So as to  o b ta in  th e  deflection  o f  a beam  of lig h t w hen  passing  th e  
Sun we consider an  o rb it w hich  lies in one p lane  w ith  th e  S u n ; (there ex is t 
such o rb its  as can  be seen d ire c tly  exam in in g  (5)). F o r such an o rb it we m a y  
w rite  for th e  angle o f deflec tion  in  a tim e  dt, dtp =  dt j v  X V \Jv2, th u s  w ith  
th e  help  of (5) in troduc ing  th e  g ti from  (8) an d  (9) rem em b erin g  also t h a t  
v =  c(r)

=  |v X r |/c (r)2 . (11)
dtp

dt
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Negle'óting th e  change o f  c(r) w ith  r  on  th e  rig h t h a n d  expression a n d  s u p 
posing fu r th e r  th a t  th e  o rb it  in  a f irs t ap p ro x im a tio n  m oves along a s tra ig h t  
line we m a y  w rite

r ( * ) ~  a  +  v 0 t ,  v 0 =  c , (12)

w here a  is a v e c to r  p e rp e n d ic u la r  to  v0, i ts  abso lu te  v a lu e  a giving th e  c losest 
ap p ro ach  o f  th e  beam  to  th e  g ra v ita tin g  cen tre  re s tin g  in  th e  p o in t r  =  0. 
In tro d u c in g  (11) in to  (10) a n d  in te g ra tin g  we find  fo r th e  relative deflec tion

I

J ts
GMa/c

(a2 +  c2 t2)3/2
dt

2 GM
( 1 3 )

T he above v a lu e  for th e  d e flec tio n  is equal to  th a t  fo u n d  long  ago b y  L a p l a c e  

— b u t i t  i s  b y  a fac to r 2  sm alle r th a n  th e  value g iven  b y  E i n s t e i n . T ak in g  
th e  v a lu e  g iv en  b y  E i n s t e i n  as th e  c o rre c t one, we see t h a t  th e  a ssu m p tio n s 
(1) and  (8) g iv ing  th e  co n n ec tio n  b e tw een  p ro p ag a tio n  o f  lig h t an d  g ra v i ta 
tio n a l fie ld  le a d  in  f irs t ap p ro x im a tio n  to  N e w t o n ’s th e o ry  of th e  p la n e ta ry  
m o tion  a n d  g iven  a t  th e  sam e  tim e one h a lf  of th e  v a lu e  (pred icted  b y  E i n 

s t e i n ) fo r th e  deflex ion  o f  lig h t n ear th e  Sun.

The perihelion  m o tio n  o f the p lan e ts

§ 6. T h e  second te rm  on  th e  rig h t h a n d  side of (5) gives a sm all co rrec tio n  
only  fo r th e  m o tio n  of sy s tem s  w ith  ve lo c itie s  v < c .

W e n o te  b y  th e  w a y  th a t  for la rg e  velocities th e  second te rm  o f (5) 
becom es as im p o r ta n t as th e  firs t.

As c a n  be seen fro m  (10) for v e loc ities v >  c/|^2 th e  g ra v ita tio n a l force 
changes i ts  sign  — an d  th e  force b e tw een  system s m o v in g  w ith  such velocities 
becom es repulsive.  T he l a t t e r  effect a c c o u n ts  for th e  f a c t  th a t  th e  v e lo c ity  of 
ligh t decreases w hen l ig h t is app ro ach in g  th e  Sun. R o u g h ly  speaking th e  lig h t 
ap p ro ach in g  th e  Sun w ith  th e  velocity  c is repelled  a n d  th u s  slows dow n.

So as to  o b ta in  th e  co rrection  cau sed  b y  th e  second te rm  o f (5) on 
N e w t o n ’s la w  in  th e  case o f  sm all v e lo c itie s , we exp ress grad  c2(r) in  te rm s  of 
th e  g ra v ita tio n a l p o te n tia l . W e m ay  w rite  th u s  in  p lace  of (5) an d  o f  (10)

v
2a  \ 2 a (v r)v

dv2

dt
=  -  2

r3
(t r)

2v2_
c~

(14a)
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E lim in a tin g  vr from  (14a) an d  (14b) we fin d

ar Í 2a
V = --------- | 1 ----------

r3  ̂ rc2

M ultip ly ing  (15) by  V we h av e

dv2 „
v “7 ~ /c"dt

2a 2i>2
(15)

1

V V

2a 2v2

rc2 e-

rc~

a r
r~

N eglecting  th e  dependence of c upon  г an d  som e h igher o rd e r te rm s  in  v2jc2 we 
o b ta in  to ta l d ifferen tia ls. In te g ra tin g  we h av e

w here A  is a c o n s tan t of in teg ra tio n . D evelop ing  in  pow ers o f v2/c2 and  n eg lec t
ing h igher pow ers we h av e  th u s

1 V4 a
\ v 2 H------ A  -\-------
1 c2 r rc2

or neglecting  fu r th e r  sm all te rm s we h av eГ* о

V2 =  2 A  +  — 1 +  —
4 . Я

л  +  —
r с2 г c2 r

(16)

So as to  o b ta in  th e  an g u la r m o m en tu m  in te g ra l we m u ltip ly  (15) by  r an d  
o b ta in  as th e  re su lt o f a sim ple ca lcu la tio n

r X f =  a  e~ -*1ГС\  (17)

w here a is a c o n s ta n t of in te g ra tio n . R em em b erin g  th e  g enera l re la tions

dtp
V2 =  r 2 +  (r X r )2/ r 2 ,

dt
=  ((r X r) /r2)2 ,

we fin d  from  (16) and  (17) w-hen in tro d u c in g  1/r =  s

dtp
ds( 1 — 2 as/c2)

2(A  -f- a s)/a2 — s2 — —  [2 (A  +  as)2(a2 — a 2 s2)a2 — 2as3]

Acta Physica Academiae Scientiamm Hungaricae 21, 1966



334 L. JÁNOSSY

N eglecting  te rm s  in  1/c2 in te g ra tin g  th e  ab o v e  re la tio n  o v er th e  w hole period  
we find

=  2л  -j- te rm s  in  —  .

T hus a p a r t  from  th e  te rm s  o f th e  o rder o f  1/c2 th e  m o tio n  is periodic. R e ta in in g  
th e  te rm s  in  1/c2 one fin d s  in  a f irs t ap p ro x im a tio n  (see e.g . [1] p . 221.)

[ =  2 л: -f- e ,
w here

V2
e =  +  ott----- ,

c2
(18)

w here v2 —  (a /a )2; th e  l a t t e r  expression  gives th e  av erag e  square  of th e  o rb ita l 
velocity  o f  th e  p lane t. E x p ressio n  (18) is id en tica l w ith  th e  value o b ta in e d  b y  
E in s t e in  a n d  seems to  be in  good ag reem en t w ith  o b se rv a tio n .

T he g rav ita tio n a l red shift

§ 7. C onsider an  a to m  a t  re s t n e a r  x. The v e lo c ity  o f th e  a to m  can  be 
rep re se n te d  b y  a fo u r-v ec to r

v =  0, 0, 0, Хц.

T he a to m  shou ld  oscilla te  w ith  a p e rio d  T; the  la t te r  o scilla tion  can  also be 
expressed  b y  a tim e-like  fo u r-v ec to r

T =  0, 0, 0, T .

I f  we su b je c t th e  system  to  a para lle l sh if t from  x to  x  -(- p. th e  v ec to rs  v a n d  T 
change in to  v* and  T* w h ich  vec to rs can  be d e te rm in ed  w ith  th e  help  o f  e q u .
(18) P a r t  I I .  H ow ever, i f  g is of th e  fo rm  (1) we have

S =  g K(x +  p .)g ! i(x)

and  th u s  we find

1 0 0 0

0 l 0 0

0 0 1 0

0 0 0 -
c(x)

c(x +  p.)

V * =  0, 0, 0, x*V 1

T* =  0, 0, 0, T c(x)/c(x - f  p .) .
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W e see th a t  th e  system  a fte r th e  para lle l sh if t is still a t re s t a n d  its  period is 
changed  b y  a fac to r

T * / T  =  c(x)/c(x +  p .) .

T he above change in  th e  period o f an  o sc illa ting  a tom  w hen sh if te d  ad iab a tic - 
a lly  from  X to  X f  [1 gives ex a c tly  th e  g ra v ita tio n a l red  sh if t as found in  
te rm s o f th e  general th eo ry  of re la tiv ity .

C onsidering th u s  an  atom  b ro u g h t a d ia b a tic a lly  from  th e  E a r th  to  th e  
Sun, th e  tim e  o f one oscillation of th e  sy stem  changes inv erse ly  w ith  th e  loca l 
ve lo c ity  o f lig h t. Since th e  velocity  decreases n e a r  th e  Sun as can  be seen fro m  
equs. (8) an d  (9) th e  period  increases and  th e  frequency  decreases.

W e n o te  th a t  fo r th e  decrease o f freq u en cy  to  tak e  place i t  is n o t necessary  
to  tra n sp o r t  th e  a to m  from  th e  E a r th  to  th e  S un . Indeed d u rin g  such a t r a n s 
p o rt th e  a to m  a d ju s ts  itse lf  co n tinuously  to  th e  local cond itions an d  th e  t r a n s 
p o rt o f th e  a to m  from  th e  E a rth  to  th e  Sun rep resen ts  m erely  an  ideal e x p e ri
m en t w ith  th e  help  o f w hich we can  clear u p  th e  difference in  behav iou r o f  
th e  atom s in d iffe ren t p a rts  of a g ra v ita tio n a l field .

W e n o te  fu r th e r  th a t  th e  red  sh ift h a s  been  d irectly  v e rified  w ith  th e  
help  o f th e  M ö ss b a u e r  effect sh iftin g  a to m s on th e  E a r th  b e tw een  po in ts o f  
d ifferen t g ra v ita tio n a l p o ten tia l [2].

Einstein’s gravitational equations

§ 8. W e h av e  seen th a t  th e  g re a te r  p a r t  o f  th e  general re la tiv is tic  effec ts 
can be acco u n ted  for b y  assum ing th e  ten so r g  to  be of the  fo rm  (1), where th e  
expression fo r g44 has to  be a d ju s te d  so as to  give in firs t ap p ro x im a tio n  th e  
co rrec t law  fo r th e  p la n e ta ry  m o tio n  — th is  procedure gives au to m a tic a lly  
th e  re la tiv is tic  co rrec tion  to  N e w t o n ’s law .

P o s tu la tin g  th e  ten so r g(x) i t  ap p ears  u n sa tis fa c to ry  t h a t  th e  connection  
betw een  g ra v ita tio n a l fie ld  and m asses is o n ly  g iven for m asses at rest and  i t  is 
desirab le to  fin d  th e  connection  be tw een  a rb itra r i ly  m oving m asses and th e ir  
g ra v ita tio n a l field .

So as to  o b ta in  th e  connection  b e tw een  g  an d  the  g ra v ita tio n a l field , w e 
rem em ber th a t  in  th e  case of tru ly  inhom ogeneous p ro p ag a tio n  o f ligh t th e re  
ex ists no co o rd in a te  tra n sfo rm a tio n  such th a t

g ' (x ') =  S(x)g(x) S(x) =  co n stan t

therefo re  i t  is n o t un reasonab le  to  suppose t h a t  th e  g ra v ita tio n a l field in  th e  
v ic in ity  of x is co nnec ted  w ith  th o se  c o v a ria n t fea tu res  of g(x) w hich c a n n o t 
be tran sfo rm ed  aw ay  b y  coo rd ina te  tra n sfo rm a tio n s .
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T he f i r s t  d e riv a tiv es  o f g(x) can  b e  tran sfo rm ed  aw ay , there fo re  th e y  
can n o t be ta k e n  to  ch a rac te rize  th e  g ra v ita tio n a l fie ld . T h e  second d e riv a tiv e s  
can n o t, h o w ever, all be m ade to  v a n ish  by  a co o rd in a te  tra n s fo rm a tio n . 
Indeed , th e  te n  func tions gvfl(x) have ea c h  te n  second d e riv a tiv es  an d  th u s  th e  
tenso r g(x) h a s  a lto g e th e r on eh u n d red  seco n d  d e riv a tiv es . I f  we w an t to  m ak e  
th e  second d e riv a tiv es  o f th e  tran sfo rm  o f  g(x) to  d isa p p e a r, we o b ta in  th u s  
100 co n d itio n s on th e  th i r d  deriv a tiv es  o f  th e  four tra n sfo rm a tio n  fu n c tio n s  

/ v(x); th e  l a t t e r  possess 20 th ird  d e riv a tiv e s  each th u s  a lto g e th er 80 th ird  
d e riv a tiv es . W e th u s  o b ta in  100 e q u a tio n s  for 80 q u a n tit ie s  w hich c a n  he 
disposed of. W e expect th u s  th a t  th e re  e x is t 100 — 80 =  20 expressions co n 
ta in in g  th e  second d e riv a tiv e s  of g(x) w h ich  are in v a r ia n t to  coord inate  t r a n s 
fo rm atio n s — th e  la t te r  q u a n titie s  m ay  b e  supposed  to  be  connected  w ith  th e  
g ra v ita tio n a l field .

The R ieinann  — C hristoffel tenso r

§ 9. A  re p re se n ta tio n  of the  R i e m a n n — Ch r is t o f f e l  tenso r c a n  be 
ob ta ined  w h en  looking fo r th e  in v a ria n t expressions b u il t  o f  th e  second d e r iv a 
tives o f g.

L e t u s  fo r th is  p u rp o se  consider su ch  a re p re se n ta tio n  g ' of th e  te n s o r  q 
in  w hich a ll th e  f irs t d e riv a tiv e s  are zero , i.e. g ' should  b e  such th a t

9g' (x ' +  g>) 0

3Ç
for Ç' =  0 . (19)

B y  a su ita b le  tra n s fo rm a tio n  we can o b ta in  an o th e r rep re sen ta tio n  g" o f q 
such t h a t

x '  =  X " , g ' (x ') =  g" (x") an d  = 0  fo r =  0 .

The tra n s fo rm a tio n  lead ing  from  g ' to  g" can  be o b ta in ed  b y  p u ttin g

x' +  Ç' =  f - 1 (x' +  Г ) ,

and  th e  co m p o n en ts  f ~ l o f f -1  have th e  follow ing fo rm

/ , 1 (x" +  Ç*) =  <  +  &  +  4  2 ’ Й  Й  Й  F %
^ хЛ[л

( 20 )

( 21 )

( 2 2 )

-(- te rm s o f  h igher o rder in  !•".
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So as to  show  th a t  th e  tra n sfo rm a tio n  defined  b y  (21) an d  (22) satisfies 
th e  cond itions (20) indeed  we note  t h a t

=  K  for 5 '  =  0 • (23)

fu r th e r

dSfl1 =  0, dS’"’ ■ =  F<;A for E" =  0 .  (24)OM est"a t"   ̂ ^ /91*

N o ting  th a t  th e  tran sfo rm ed  g" can he w ritte n  as

g"(x" +  E " ) = S ' (X +  Ç ' ) g ' (*' +  ?') S' (x" +  V) ■ (25)

W e see w ith  th e  help  of (23) th a t  th e  f irs t and  second cond itions (20) are 
satisfied . So as to  show  th a t  th e  th ird  cond ition  (20) is also fu lfilled  we note  
th a t

9g' =  y
a i :  «  91'. a i :

9g'
a i :

for E" =  o, (26)

th u s  d iffe ren tia tin g  (25) in to  and in se r tin g  E" =  0 we o b ta in  w ith  th e  help  
of (26) an  expression e q u iv a len t to  th e  th ird  co n d itio n  (20), th u s  we see th a t  
th e  la t te r  is also fu lfilled .

So as to  in v es tig a te  second d e riv a tiv e s , we n o te  th a t  we h av e  w ith  th e  
help o f (19), (21). (23) an d  (24)

_9V _ — у? ' 92 g' 8 Í'x- a fr
9 К В Ц x'A' э & э & d i : 9 i l

92&
a i 'L a i l ,  ‘

(27)

D iffe ren tia tin g  th u s  (25) in to  and  w e find  w ith  th e  help  of (23), (24), (26) 
and  (27) 8

8- g—  =  -  - 1 ? -----b F^> s '  +  g' F(*A> for E" =  0 , (28)
diyßix  a?x9 íA

ívhere F ix/) for xX =  1, 2, 3, 4 are m a trices  w ith  co m p o n en t

F i P  =  F &  r ,  a* = 1 , 2 ,  3 ,4 .

R ela tio n  (28) can be b ro u g h t in to  a s im p le r form  b y  w ritin g  dow n (28) fo r the  
cyclic p e rm u ta tio n  of v/лхХ, an d  tak in g  th e  consecutive p e rm u ta te d  expressions 
w ith  opposite  sign and  ad d in g  the  expressions th u s  o b ta in ed . T h u s we in tro -

A c t a  P h y s i c a  A c a d e m i a e  S c i e n t i a r u m  H u n & a r i c a e  2 1 ,  1 9 6 6
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duce a su m m atio n  У? w hich m ay  be defined  as
c.p

У  A(v/ix?.) =  A  (v fix л) — A(Àvjux) +  A(xh>ju) — A(fxxXv) , (29)
C.p

w here A(p/uxÀ) is som e fu n c tio n  o f th e  fou r suffices v, fi, x, À.
A pply ing  th e  su m m atio n  defined  b y  (29) to  b o th  sides o f (28) we fin d

0 - p "  Э2 s '
У ------5— =  V  8 - ,  E" =  0 . (30)

c . p  Э £ " Э £ д  S f ' S f j

T h u s we m ay define  a q u a n ti ty

у  8 2  g'v„

T P 9 ft
5  =  0 . (31)

T he com ponen ts o f th e  la t te r  q u a n ti ty  do n o t change w hen th e  v ariab les  are 
su b jec ted  to  a tra n s fo rm a tio n  o f th e  form  given b y  (21) an d  (22).

W e th u s  see th a t  th e  R ' ^  give th e  com p o n en ts  of a four-d im ensional 
te n so r in  th e  re p re se n ta tio n  K ' .  T he la t te r  re p re se n ta tio n  is, how ever, a 
re s tr ic te d  one as i t  is a re p re se n ta tio n  in  w hich th e  f irs t d e riv a tiv es  o f g ' are  
zero a t  =  0.

So as to  o b ta in  th e  genera l form  of th e  rep re se n ta tio n  of consider
a system  of reference К  in  w hich  g is rep re sen ted  by  a ten so r g such th a t

and
g(x) =  g ' (x ') =  g " (x " ) ,

h u t  К  is such  t h a t  in  genera l 8g/dx ^  0 for Ç =  0. U sing th e  re s id ts  of P a r t  I I  
we fin d  th a t  th e  tra n sfo rm a tio n  g —<- g ' m ay  h av e  th e  form

g =  S g 'S , (32)
w here

(33)

w ith
<£(*> =  _  g-iC<*>, (33a)

an d

C(x) =  — a8vp. _| Qgpx ! ç = o. (33b)
2 9f* J
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T h a t th e  tra n s fo rm a tio n  (33) has in d eed  th e  req u ired  p ro p erties  can  b e  seen 
b y  d iffe ren tia tin g  (32) in to  £x an d  in tro d u c in g  fo r th e  de riv a tiv es  dS/d£x 
expressions o b ta in ed  fro m  (33).

D iffe ren tia tin g  (32) in to  £x a n d  we fin d  w ith  th e  help o f re la tio n s

92g' y Э2 g' 81), 8 £  + 2  9g' 3«& 92g'
э&  8&  3Í* 3 |x Э& 3 ffc3 f J  э |'  за;.

w hich are v a lid  for =  0 th a t

92 g __ 32 g'
9f*3í*  8 f '3 £ )

2 (в<*> g' g« +  gw g' g<x))
for Ç --- 0 .

Sum m ing th e  above exp ression  a lte rn a tin g  th e  sign o v er cyclic p e rm u ta tio n  
we fin d  th u s  rem em b erin g  for

V
c . p

& §  
91* 8f*

+ 2 (g<*> с<д> + gw c<->) =  2К'<*Д)

for Ç 0 .

C hanging th e  n o ta tio n  an d  w riting

Э2 g a2 g
I 0 э*х3х*

we m ay th u s  in tro d u ce  th e  q u an titie s

RM) =  ^
c .p

1
2

a2 g
Эя* Q x x

g-1 (CW С(Д) +  С<д> C<*>))
I

we find  th a t
R'M ) =  R M ) _

(34)

A dd ing  to  th e  ty p e  tran sfo rm a tio n s  S and  S ' so fa r  considered also  th e  
linear tra n sfo rm a tio n s  w ith  co n stan t m a trices  S0 such  th a t

---- — =  0 fo r a n y  v alue  o f £ .
9Ç

W e m ay  b u ild  up an y  coo rd in a te  tra n s fo rm a tio n  from  tra n sfo rm a tio n s  of th e  
ty p es S0, S an d  S '. W e can  th u s show' t h a t  th e  q u a n tit ie s  can  be  re 
garded  as th e  com ponen ts

R „ RM )
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o f a fo u r-d im en sio n a l tensor. T h e  la t te r  is th e  socalled  R i e m a n n — Ch r is t o ffe l  
tenso r.*

§ 10. I t  follow s from  th e  defin itio n  of th e  ten so r t h a t  in  a region
w here  th e  p ro p a g a tio n  of l ig h t is tru ly  hom ogeneous in th e  sense of P a r t  I I  
§ 8, we have

R(**> == 0 , (35)

a n d  i t  is also t ru e ,  th a t  p ro v id ed  (35) is va lid  fo r a n  ex tended  (four-d im ensional) 
reg io n  th u s  th e  p ro p ag a tio n  o f l ig h t is hom ogeneous in  th e  la t t e r  region.

W e n o te  t h a t  if  we t r y  to  in tro d u ce  n o rm a l coord inates in  th e  v ic in ity  
o f  a fo u r-p o in t j  using  lig h t s igna ls  for to  d e te rm in e  co o rd in a te  m easures in  a 
m a n n e r n o t u n lik e  th a t  d esc rib ed  in  P a r t  I I ,  th e n  we m ay  o b ta in  coord inates 
in  te rm s o f w h ich  th e  p ro p a g a tio n  of lig h t ap p ea rs  p ra c tic a lly  hom ogeneous 
in  a su ffic ien tly  sm all v ic in ity  o f  £. E x te n d in g  ou r region fu r th e r , we fin d  in  
g enera l th a t  th e  m easures of th e  four co o rd in a tes  of p o in ts  so m ew h at fa r th e r  
aw ay  from  j  c a n n o t anym ore be  d e te rm in ed  c o n sis ten tly  su p p o sin g  g  to  he con
s ta n t .

S upposing , how ever, g to  v a ry  s lig h tly  w ith  d is tan ce , we find  th a t  
m ak in g  su ita b le  corrections, w e can  ex ten d  th e  region in  w hich  we can o b ta in  
co n sis ten t c o o rd in a te  m easu res. The co rrec tio n s th u s  o b ta in e d  define in  a 
u n iq u e  w ay  th e  com ponen ts o f  th e  R i e m a n n  — Ch ris t o ffe l  te n so r. W e co n 
c lude  th e re fo re , th a t  observ ing  re tu rn  tim es  o f  signals b e tw een  po in ts in  an  
inhom ogeneous region, we can  d e te rm in e  fro m  th e  m easured  re tu rn  tim es th e  
com ponen ts o f  th e  R i e m a n n — Ch r is t o f f e l  te n s o r  — th e  la t t e r  seem  th erefo re  
to  be rea lly  ch a rac te ris tic  fo r th e  m ode of p ro p a g a tio n  of lig h t.

T ak in g  s till g rea ter reg io n s, we m ay h a v e  to  in tro d u ce  co rrec tions of th e  
th ird  o'rders a p a r t  from  th o se  o f  th e  firs t a n d  second o rders so as to  o b ta in  
co n sis ten t coo rd in a tes . T hese co rrections d e te rm in e  th e  co m p o n en ts  o f in 
v a r ia n ts  o f h ig h e r dim ensions th a n  th e  R i e m a n n — Ch r i s t o f f e l  tenso r. T he 
p ro p a g a tio n  o f  lig h t in g ra v ita tio n a l fields as i t  could be p ra c tic a lly  observed , 
w as alw ays v e ry  n early  hom ogeneous. T h e  R i e m a n n —C h r is t o f f e l  te n so r 
gives th e  b ig g es t order d e v ia tio n  from  h o m o g en e ity  — a n d  th is  dev ia tio n  
could  ju s t  be  observed . H ig h er o rd e r d ev ia tio n s are too  sm all to  be observab le  
u n d e r  c ircu m stan ces w hich w ere  accessible to  observ a tio n s so fa r  an d  th ere fo re  
th e  h igher o rd e r in v a rian ts  c a n  th u s  n o t be dete rm in ed  p ra c tic a lly  b y  m e a 
su rem en t.

T he co n d itio n  (35) c a n n o t be supposed  to  be valid  in  th e  regions s u r 
ro u n d in g  g ra v ita tin g  m asses as in  such reg ions th e  g ra v ita tio n a l action  p ro 
duces inhom ogeneous p ro p a g a tio n  of ligh t.

* The fo rm  (34) of th e  R ie m a n n —Ch r is t o f f e l  ten so r was g iven  b y  B ie b e r b a c h
q u o ted  b y  L a u e  [3].
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A cond itio n  w hich  is w eaker th a n  (25) a n d  w hich acco rd ing  to  E i n s t e i n  
can be supposed  to  ho ld  in  e m p ty  space su rro u n d in g  g ra v ita tin g  m asses can 
be ob ta in ed  w ith  th e  help  of th e  ten so r

R =  2 t ó  R(xA) =  (g-1 R ). (35a)
xA

The re la tio n  th u s  p o s tu la te d  is

R =  0 .  (36)

So as to  see th e  co n ten t o f (36) we ex p ress  th e  com p o n en ts  of R-*^ in  
te rm s o f g  as g iven b y  equ . (1). T he C hristoffel b rack e ts  o b ta in e d  from  (1) a re  
given in  eq. (4) in se rtin g  these  va lu es  in to  (34) we fin d

R W  =  _  R W  =  R ( 44) =  -  =

=  1 92 g l - ' ______ 1 _ 9g - 4 Э#44 k  Z =
2 dxk dxl 8g „  dxk dx.

(37)

W ritin g  g 44 =  —c2(r) we have  also

R u  =  -  c(r) V 2 c(r) +  - i -  (V c(r))2 • (37a)

T he rem ain ing  com ponen ts are o b ta in ed  as

g l4

A*, =  -  - 1-  R $/4) •
g l4

(38)

W e see th u s  th a t  th e  com ponen ts o f R  o th e r  th a n  R 4i a re  o f  th e  o rder of 
R 44/c2 th u s  th e y  are  sm all. T hus th e  eq u a tio n  (36) reduces in  a f ir s t  a p p ro x i
m ation  to

V 2 c(r) =  0 . (39)

C onnecting  c(r) w ith  th e  g ra v ita tio n a l p o te n tia l according to  re la tio n  (8) we 
see th a t  (39) in  a good ap p ro x im a tio n  reduces to  th e  L a p l a c e  — P o isso n  
eq u a tio n  fo r e m p ty  space.

§ 11. So as to  o b ta in  th e  connection  b e tw een  g ra v ita tin g  m asses an d  th e  
p ro p ag a tio n  ten so r g we have to  d e te rm in e  R  also in  regions w here  th e re  a re  
sources of g ra v ita tio n .

In  th e  ap p ro x im a tio n  of N e w t o n ’s th e o ry  we have to  rep lace  (39) b y

V 20  =  - 4  n G m , (40)
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w here m  is th e  d en sity  o f  g ra v ita tin g  m a tte r . The la t te r  re la tio n  is o b ta in ed  
from  (28) i f  we suppose

R =  * T ,  (41)

w here T is th e  energy m o m en tu m  te n so r o f m a tte r  an d  th u s

T u  — и — me2 ,
and к  is ta k e n

X — — 4 iiG/c .

H o w ev er, re la tio n  (41) is c o n tra d ic to ry  because th e  r ig h t h an d  expression  
(as k n o w n  from  re la tiv is tic  m echanics) obeys ОТ =  0, while in  general 
OR ^  0 as can  be show n.

R e la tio n  (41) has th u s  to  be re p la c e d  by

R -  —  g R  =  xT, (41a)

w here
R  — g +  R Vß =  sp u r g - 1 R .

v/n

B o th  sides o f th e  le ft h a n d  expression  are  free of d ivergence. F o r free  space 
w here T  =  0 we h av e  id e n tic a lly  R  =  0 an d  th u s  (41a) reduces also to  (41) 
in reg ions w ith o u t m a tte r .

E q u a tio n s  (41a) w ere solved b y  S c h w arz sch ild  fo r th e  field  o f a p o in t 
m ass. T h u s  th e  ro ta tio n a l sy m m etric  so lu tio n  of (41a) was o b ta in ed  w hen 
T =  0 fo r  r  >  0 an d  T h a v in g  a re g u la r ity  a t  r  =  0.

T h e  la t te r  so lu tio n s give for g expressions w hich  differ b y  sm all te rm s 
from  th e  fo rm  given in  (1). In  th e  la t te r  so lu tio n  th e  i?±k — 1, 2, 3 d iffe r from  
zero b y  sm all am o u n ts  th u s  th e  Sc h w a r z sc h ild  so lu tio n  p red ic ts  an iso tro p ic  
p ro p a g a tio n  of lig h t in  th e  v ic in ity  o f th e  g ra v ita tin g  cen tre .

D e te rm in in g  th e  o rb it  o f a b e a m  o f lig h t from  re la tio n s (39) o f P a r t  I I  
an d  u s in g  fo r g th e  v a lu es  given b y  S c h w a r z s c h il d , th e  value of th e  d e fle c t
ion is o b ta in e d  h av in g  tw ice  th e  va lu e  o b ta in ed  from  a ten so r g of th e  fo rm  (1).

I t  is seen th u s  t h a t  th e  deflec tion  o f  lig h t in  a g ra v ita tio n a l fie ld  gives an  
effect w ith  th e  help  o f w h ich  i t  is possib le  to  decide w h e th e r th e  p ro p ag a tio n  
of lig h t c an  be described  b y  a ten so r o f th e  sim ple fo rm  (1) or w h e th e r g  obeys 
a d iffe re n tia l eq u a tio n  o f  th e  form  (41a).

T h e  ex p e rim en ta l re su lts  seem  to  confirm  th e  la t te r  a lte rn a tiv e .
§ 12. T h u s th e  g ra v ita tio n a l e q u a tio n s  (41a) seem  to  give co rrec t resu lts  

a t le a s t  in sid e  th e  m arg in  o f e rro r o f th e  o b serva tion .
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N evertheless th e  question  w as raised  w h e th e r re la tions (41a) can  be 
generalized  ?

One possible genera lization  w as a lready  g iven  b y  E i n s t e i n  in tro d u c in g  
th e  “ Я-te rm ” . I.e . i t  w as suggested  th a t  (41) m igh t be rep laced  b y

R g Я =  “T  -  Xg . ( 4 2 )

T his la t te r  re la tio n  m ig h t be in te rp re te d  b y  supposing  th a t  —Âgjx  rep resen t 
th e  energy  m o m en tu m  ten so r of th e  e th e r. T ak ing  th e  44 — co m p o n en t of (42) 
we m a y  suppose th a t  —Àg4J x  =  Це  is th e  energy  d e n s ity  of th e  s tre ssed  e th e r 
an d  th a t  th is  energy d en sity  gives also  a c o n tr ib u tio n  to  th e  g ra v ita tio n a l field.

M ultip ly ing  (42) b y  g “ 1 an d  fo rm ing  th e  sp u r we fin d  for reg ions w ith
T = 0

R  =  4Я,

an d  th u s  we m ay ivrité  for free space

«4 i =  Ag44. (43)

In tro d u c in g  R H from  (37) we find  th e  asy m p to tic  so lu tion  of (43) o f th e  form

p— l Ir

T hus fo r X >  0 we o b ta in  so lu tions in  w hich  th e  g ra v ita tio n a l fie ld  of a m ass is 
sh ielded  b y  th e  g ra v ita tio n a l p o la riza tio n  of th e  e th e r  an d  th u s  th e  p o te n tia l 
decreases m ore rap id ly  to  ~ 1  /r . W h e th e r  such an  effect ex ists o r n o t is a t  
p resen t a pu re ly  sp ecu la tive  qu estio n .

W e n o te  fu r th e r  t h a t  th e  g ra v ita tio n a l eq u a tio n s  (41) or (41a) m ake 
use on ly  o f th e  second deriv a tiv es  o f  g. T here e x is t c o v a rian ts  co n ta in in g  
h igher o rd er deriv a tiv es  th a n  th e  seconds an d  th u s  i t  m ig h t be possib le  t h a t  
(41) o r (41a) rep resen t on ly  th e  f irs t  te rm s of som e series, th e  fu r th e r  te rm s 
co n ta in in g  h igher d e riv a tiv e s .

O f course even if  th e  co rrect re la tio n s  co n ta in ed  such  te rm s, inside the* 
accu racy  o f th e  p resen t observ a tio n s, n e ith e r  th e  ex is ten ce  or non -ex is ten ce  o f 
such te rm s  can  be asce rta in ed . Such te rm s  m igh t be  o f  im p o rtan ce  in  s tro n g  
g ra v ita tio n a l fields — th u s  th e y  m ig h t p lay  a role e.g . in  th e  p h en o m en a  con
nec ted  w ith  g ra v ita tio n a l collapse. I t  is n o t im possib le  th a t  th e  re c e n t d is 
covery  o f  new  ste lla r ob jec ts  w ith  ex trem e  densities w ill lead  to  p h en o m e n a  
w hich m ig h t give in fo rm atio n  on possib le  h igher o rd e r te rm s  of th e  g ra v i ta 
tio n a l eq ua tions.
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ПРИНЦИП ЛОРЕНЦА И ОБЩАЯ ТЕОРИЯ ОТНОСИТЕЛЬНОСТИ
Часть III 
л. янош и

Р е з ю м е

Рассматривается связь между тензором распространения g и источниками грави
тационного поля. Доказывается, что при предположении изотропного распространения 
света со скоростью, зависящей от гравитационного потенциала, два из трёх релятивист
ских эффектов может быть объяснено. Обычное истолкование отклонения света полу
чается лишь при предположении неизотропного распространения света в гравитацион
ном поле. Уравнения Эйнштейна для гравитационных полей выводятся с точки зрения 
принципа Лоренца.
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HIGHER MESON RESONANCES 
IN THE SU(6) SYMMETRY

By

I .  MONTVAY and T . NAGY

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST  

(P resented  by K. N ovobátzky. — Received 21. IV. 1966)

The mass values of positive parity  meson resonances are com pared in 189 and 405 
w ith predictions of simple SU (6) mass formulae. I t  turns ou t th a t  the 2+ mesons alone can 
be assigned to both  189 and 405. Nevertheless 405 seems to be more prom ising, for i t  allows 
to include all well established positive parity  mesons.

1. Introduction

T he discovery  o f new  boson resonances m ade i t  possible to  com pare  th e  
p red ica tio n s of d iffe ren t sy m m etry  schem es w ith  th e  m easu red  ex p e rim en ta l 
values. T herefo re  a considerab le  n u m b e r o f th eo re tica l w orks d ea lt la te ly  w ith  
these  an d  re la ted  q u estio n s. E .g . a possib ility  fo r describ ing  th ese  m eson  
resonances is offered b y  th e  q u a rk  m odels w here th e y  ap p e a r as b o u n d -s ta te s  
of a q u a rk  (q) and  an  a n ti  q u a rk  (q) in  p -s ta te s  [1]. O n th e  o th e r h a n d  th e  
assignm en t of pa rtic le s  an d  resonances to  d ifferen t SU(6) re p re se n ta tio n s  co r
responds to  system s o f q u a rk s  (and  a n tiq u a rk s)  in  s -s ta te .

I t  is know n th a t  in  th e  SU(6) th e o ry  th e  o rd in a ry  0 an d  1 m esons 
belong to  35 © 1, th e  b a ry o n s  to  56, [2] th e  know n  n eg a tiv e  p a r i ty  b a ry o n  
resonances can  be assigned  to  70 [3] an d  th e  189- a n d  405-d im ensional re p re 
sen ta tio n s  are  th e  c a n d id a te s  for th e  p o sitiv e  p a r i ty  m esons [4]:

/ =  1253 ±  20 MeV, 

D =  1 2 8 6 ±  6 

/ '  =  1 5 0 0 ±

A x =  1072 ±  8 

A 2 =  1324 ±  9

H =  725 ±  2

К  =  1405 ±  8

I  { J p)c =  0 (2+)+ 

0 (1 + ) + 

0 (2 + )+  

1 (1 + ) + 

1 (2+) + 
1/2 (0+) 
1/2 (2+)

B oth rep re sen ta tio n s  co rrespond  to  qqqq s ta te s .
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The m ain  ta s k  of th e  p re se n t p ap e r is to  com pare th e  consequences of 
th e  assig n m en t o f th e  2 + m eson  n o n e t (com posed  o f / ' , / ,  A 2, K * )  to  /8 9  an d  
405 . O ur co n sid e ra tio n s are  b ased  on a s im plified , “ sem iem pirica l”  m ass 
fo rm u la  w hich  is v e ry  well e s tab lish ed  in  th e  35 an d  56 d im ensional re p re se n t
a tio n s  (see S ec tio n  2). T he m o st im p o r ta n t re su lts  o f our in v es tig a tio n s  w ere 
p u b lish ed  e lsew here [5].

2. M ass fo rm ulae  in  SU (6)

A m ass fo rm u la  w as w r itte n  dow n b y  G ü r s e y , R a d i c a t i  an d  P a i s  in  [2], 
on th e  basis o f  p h y sica l in tu it io n . N am ely  one can  ex p ec t th a t  w ith in  an  SU(3) 
m u ltip le t th e  SU (6) th e o ry  rep roduces th e  SU (3) m ass fo rm ulae  an d  gives a 
defin ite , sim ple  sp in -dependence  o f m asses. Such a sim ple m ass-fo rm ula  is fo r 
exam ple

9 /А +  x J  (J  +  1) +  У I  ( I 1) -  — Y 2 
4

( 1 )

fo r  th e  m esons an d

M  =  M 0 +  aj ( J  +  1) +  b Y  +  c 1 (1  +  1 ) - ]  Y 2 
4

( 2)

fo r b a ry o n s. F ro m  eqs. (1) a n d  (2) i t  follows th a t  th e  “ ph y sica l”  s ta te s  d ia g o 
naliz ing  th e  m ass o p e ra to r a re  th e  s ta te s  in  th e  SU(3) ® SU(2) red u c tio n  o f  
SU(6). I t  is k n o w n , how ever, t h a t  for m esons th e  o c te t an d  sing le t s ta te s  are  
“ m ixed” . T h ere fo re  G ü r s e y ,  P a i s  an d  R a d i c a t i  proposed  th e  m ass o p e ra to r  
to  be d iag o n a l on th e  s ta te s  o f an  SU(4) ® SU(2) red u c tio n  o f SU(6) [6]. 
(See below  th e  so-called 17-chain.)

The sy s te m a tic  s tu d y  of m ass o p era to rs  in  SU(6) can  be ca rried  o u t as in  
SU (3), n am e ly  b y  in v e s tig a tin g  th e  SU(6) tra n sfo rm a tio n  p ro p ertie s  o f th e  
sy m m etry  b reak in g . In  th is  co n te x t T . K . K u o  an d  T . Y a o  [7] considered  
th e  m ost sim p le  case, w hen  th e  sy m m etry  b reak in g  te rm  of th e  m ass o p e ra to r  
tran sfo rm s lik e  th e  T =  0, Y  =  0, , 7 = 0  m em b er o f th e  35 rep re sen ta tio n . 
H ow ever, th is  choice tu rn e d  o u t to  be r a th e r  in a d e q u a te  since th e  sp in  d eg e
n e racy  is n o t  lif te d  a t  all an d  fo r b a ry o n s also th e  isospin degeneracy  rem ains. 
I t  was show n b y  B a q i  B é g  a n d  S i n g h  [8], th a t  one m u st ta k e  th e  sy m m etry  
b reak in g  te rm  as a lin ear co m b in a tio n  of d iffe ren t ten so r o p era to rs . U sing th e  
red u c tio n  c h a in  (th e  so called  physica l chain  o r P -ch a in ):

S U ( 6 ) z ) S U ( 2 ) j  e  S U (S )z> S U (2 ) j  ® U (1)Y ® S U ( 2),  (3)

an d  th e  unphysica l  chain  ([ /-ch a in ):

SU(6) 3  U(l )y  ® SÍ7(2)s 8  SU(4) з  U(l )y ® SU(2)s ® S U (2), ® SU(2)N (4)
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th e  a p p ro p ria te  ten so r o p era to rs  can  be easily  w ritten  dow n in  such re p re se n t
ations a , w here  in  a ® a* 189 an d  405 o ccu r no m ore th a n  once. In d ic a tin g  
b y  M[n) th e  m ass o p e ra to r I  =  Y  =  J  =  0 con ta in ing  a sy m m e try  b reak in g  
te rm  tran sfo rm in g  like an  SU(6) ten so r o f m u ltip lic ity  n a n d  an  SU(3) te n so r  
o f m u ltip lic ity  m, we have  (see [8]):

2 S ( S + 1 ) - C .< ,4)+  — Y 2
4

Щ И )  - «i +  i>i у  +  с 

м % )  =  «з +  Ь2 [2J ( J  +  1) -  С<3>] , 

=  «3 +  К, ([2J ( J  +  1) -  С?>] +

f  3

3
4

21(1 +  1) — - Y 2- 2 A r (iV +  l ) - f  2S (S  + 1)

2S (S  +  1) -С < 4> +  Y 2 
4

Щ & )  =  а , +  b, [2J ( J  +  1) +  Ф ] ,

(405) ь , [ 2 j ( j  +  1) +  а з>] -

21
8

2S (S  +  1) - С<4) +  У 2 
4

21(1 +  1) -  ~ - Y 2 +  2 N ( N + l ) - 2 S ( S  +  l )

(5)

( 6 )

( ' )

( 8 )

(9)

H ere th e  coefficients av  а,„ . . b-, cL are c o n s ta n t w ith in  an  SU (6) m u ltip le t.
I f  th e  ac tu a l m ass o p e ra to r co n ta in s  all th e  f iv e  term s lis ted  ab o v e  then  th e  
m ass fo rm ula  is th e  follow ing:

M  =  a +  bc<,3> +  c J ( J  +  1 ) +  d Y 2 S (S  +  1 )— Ci4>- У-

f [ N ( N  +  l ) - S ( S + l ) ] + g Щ  +  1) ( 10 )

In [8] B aqi B ég and Singh  have shown that in order to explain the observed 
masses in the 35 and 56 it is enough to take on ly  М ^ я9), М $ 05) and
-Mues)- In this case the mass operator is:

M  — a bó+  +  c J ( J  +  1) -|- dy  -|- e 2 S ( S  +  1) — Ci4) +  -—  У 2 
4

f N ( N  +  1 ) - S ( S  +  1) +  1 ( 1 +  1) -  у  У 2 ( И )
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N a tu ra lly  th e  questio n  arises, w h e th e r th e  choice of th e  ab o v e  tenso r o p e ra to rs  
is n ecessary  or th e y  can  be  rep laced  b y  o th ers . I t  w as show n b y  A c h a s o v , 

K a d i s h e v s k i j  and  M u r a d y a n  [9] th a t  in s te a d  of i t  is possible to  t a k e

W(405) — a 6 +  66 1(1 +  1) +  N ( N  +  1) ■ C<4) ( 12)

w here th e  u p p e r in d ex  in d ica tes  th a t  th is  ten so r o p e ra to r  transfo rm s as th e  
a p p ro p ria te  m em ber of th e  84 d im ensional SU(4) rep re se n ta tio n  in th e  U -ch a in  
red u c tio n . I n  th is  case th e  m ass fo rm ula  read s  [9]

M  =  a +  6C.f * +  c j  ( J  +  1) +  d Y  +  e 

+  /

2 S ( S + 1 )  -C<4> +  - Y 2 
4

I  ( I  +  1) +  A  ( N  +  1) -  — C<4) (13)

A nalyzing  th is  m ass fo rm u la  in  35 an d  56 i t  tu rn s  o u t th a t ,  beside th e  re su lts  
given b y  (11), sm all co rrec tions a p p e a r an d  th is  in  th e  rig h t d irec tio n . An 
analogue o f  th e  m ore genera l fo rm ula  (10) can he w r it te n  dow n also  here, 
nam ely  one can  ad d  to  М ^ щ ,  M ^ 5, a te rm  M ^ \ )  beloing to  th e  Lí
d iá in  in s te a d  of th e  earlie r M fygy  T a k in g  in to  acco u n t

M<f8>9) =- a-j +  67 [ N  ( N  +  1) -  I  ( I  +  1)] (14)

we get from  (5), (6), (8), (12) and  (14) th e  m ass fo rm ula

M  =  a +  fcC<3> +  c j  ( J  +  1) +  d Y

+  e 

+  /

2 S ( S  +  l ) - a 4> + -  y a  
4

(15)

N ( N  +  1 ) -------C<4>
5 "

+  g 1 ( 1  +  1 ) - j C P

I t  m u s t be em phasized  once m ore  th a t  th e  m ass form ulae g iven  above 
are v a lid  only  in  rep re sen ta tio n s  a  su ch  th a t  ce <g> a* contains 189 a n d  405 
n o t m ore  th a n  once. T herefo re  th e y  c a n n o t be u sed  in  th e  case of 189 or 405, 
because

189 ® 189 =  6720 ©  5670 © 5670* ©  3969 © 2 • 3675 ©  2(896 © 896*) ©

© 490 © 490* ©  405 © 280 ©  280* © 3 • 189 ©  175 © 2 • 35 ©  1

(16)
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and

40 5 ©  405 =  29700 ©  19845 © 19845* © 14175 ©  14175* © 12740 ©  9625 ©

©  9 625* © 6720 ©  2 • 3675 ©  2 • (3200 © 3200*) ©  2 • 2695 J  3 • 405 © (17) 

©  280 © 280* ©  189 © 2 • 35 ©  1 .

In  th is  case i t  is possib le  to  w ork  o u t special fo rm u lae , valid  o n ly  in  189 or 
405. F o r  189 such a fo rm u la  was d e riv ed  by  C h i a - H w a  C h a n  an d  N g u y e n - H u u  

X u o n g  [10]. This m ass fo rm ula in  189 reads

M =  a +  6C<3> +  c J (J  +  1) +  e 2S (S  +  1)- Y 2-C < 4>

+  / iV(7V +  l ) - S ( S  +  l )  +  f ( /  +  1 ) -  —  Y 2
4

+  h [2J ( J  +  1) +  22C<3> -  { J ( J  +  l)}2

-  J ( J  +  1) C</> -  {C<3>}2] .

(18)

T he sam e problem  w as a tta c k e d  b y  R o b a s h i k  a n d  U h l m a n n  in  a d ifferen t 
w ay  [ Ц ] .  resu ltin g  also in  a s ix -p a ram e te r  m ass fo rm u la  for 189. T h e  problem  
for 405 is som ew hat m ore  co m plica ted  for th e  co rrespond ing  m ass fo rm ula 
co n ta in s  7 p a ram e te rs . O n th e  basis  of W igner— E c k h a r t  th eo rem  an d  tak in g  
in to  acco u n t th a t  in  m eson rep re sen ta tio n s  th e  m ass of p a rtic le  and  a n ti
p a rtic le  m u st be th e  sam e, th e  n u m b e r of p a ra m e te rs  in  th e  d iffe ren t rep re 
se n ta tio n s  is th e  follow ing:

35 56 70 189 405 

in  (10) or (15) 6 4 7 8 8

in (11) or (13) 5 4 6 6 7

In  th e  rep re sen ta tio n s  35 a n d  56 th e  given m ass form ulae ag ree v e ry  well 
w ith  th e  ex p erim en ta l d a ta . I t  is a rem ark ab le  f a c t ,  how ever, t h a t  th e re  ex ist 
s im p ler m ass fo rm ulae , w hich  are  t r u e  b o th  in  35 a n d  56 w ith  a h ig h  accuracy . 
Such fo rm ulae  can he  o b ta in ed  fro m  (10) or (16) b y  p u ttin g  b a n d  f  equal to  
zero, i.e. neglecting  th e  dependence on C P  and N  ( N  ©  1). These fo rm ulae  are

M =  a ©  c J ( J  ©  1)  ©  d Y  f  e

+  g

2S (S  +  1) —C |4)+  —  Y 2 
4

f ( f  +  1 ) -  Y 2 
4

(19)

Acta Phyeica Academiae Scientiarum Hungaricae 21, 1966



350 I. MONTV AY and T. NAGY

a n d

M  — a - f  c J ( J  -f- 1) -f- d Y  +  e 2S ( S + 1 )  -  C.(,4) - f  — Y 2 
4

+

1(1 +  1 ) -  —  C<4> ( 2 0 )

re sp ec tiv e ly . T he d ro p p in g  of m eans th a t  th e  m ass o p e ra to r becom es 
d iagona l on th e  U -chain .

I t  is possib le to  consider (19) an d  (20) as “ sem iem pirica l”  m ass form ulae. 
T h e  fa c t th a t  (19) an d  (20) can n o t be  o b ta in ed  d ire c tly  from  (11) or (13) shows 
p e rh ap s  th a t  i t  is n o t allow ed to  d ro p  th e  o r c o n tr ib u tio n s  from
th e  sy m m e try  b reak in g  te rm . T h ro u g h o u t th is  p a p e r  we app ly  th e se  “ sem i
em p irica l”  m ass fo rm ulae  as p ro b a b ly  good ap p ro x im atio n s . The re su lts  given 
b y  (19) an d  (20) do n o t d iffer v e ry  m u ch  from  each o th e r. We shall give always 
b o th  va lues. N ow  we sum m arize  fo r convenience th e  consequences o f (19) and 
(20) in  th e  56, 35 an d  70.

The 56 baryons

In  56 th e re  ex is t th e  follow ing id en titie s  (see [8] and  [9]):

2J ( J  +  1) -  C<3> =  -  9 ,

2S (S  +  1) -  C<4> +  - i -  Y - — - 8 У — -1-5 ,

I  ( I  +  1) -  —  Y * - N ( N  +  1) +  S (S  +  1) =  -  У  +  —  
4 4

( 21)

N ( N  +  ! ) + / ( / + ! ) ------- C<4> =  2 1(1 +  l ) - j p
4

4 Y  — 6 ,

a 4>=- —  Y 2 +  6Y  +  9. 
4

T h u s  here  (10), (11) an d  (19) are sim plified  to

M  =-. a +  d Y  +  c J ( J  +  1) +  g 

an d  (13), (15) an d  (20) give

M  =  a +  c J ( J  - f  1) +  d Y  +  g

/ ( /  +  1) -  —  Y 2 
4

( 22 )

(23)
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U sing th e  Table g iven in [8] we can easily ca lcu la te  th e  m asses from  (22):

Л  - a +  - -  c , 
4

27 := a +  -  r  +  2 g , 
4

N  — a -\-------c +  d +  1/2 g  ,
4

a H---- c — d +  1/2 g,
4

N * — a -f— — c —1— —1—  g
4  2

Y* =  a
15

c +  2 g ,

,15 j , 1« H-------c — «H --------g
4 2

ß 15
c — 2d g .

(24)

This gives for exam ple  th e  follow ing m ass re la tio n s :

ЗЛ +  27 — 2(N  +  S )  =  0 ,

Y* -  N *  =  E* — Y f =  Q  -  E*  ,

1 I Q  __ iV*) =  А  Л -  1 Г  -  TV . 
3 2 2

(25

On the  o th e r h a n d  (23) gives

a 3Л  =  a H-------c ,
4

27 =  a H-------c +  2g ,
4

3 . 9
—  c +  d -\- - — g  .
4 20

3 j  9c — d  H---------g ,
4 20

iV* =  a

V * =  a

Q =  a

15
4

15
4

15
4

15

69
20

d H------- g ■
20

2 d ----- — g
5

(26)

and hence th e  m ass re la tions are

ЗЛ +  2 7 - 2  (iV +  £ )  =  - (27— Л ) ,
10

Y* - A ’* = £ *  

ß  - - £ *  =  £ *

у .  +  _ , Г _ Л ) ,

У * ----- — ( Г  — Л ) ,
20

-  (Q N*)  =  -  Л -  1 Г  -  ÍV +  А  (Г  _  Л ) .
3 2 2 20

(27)
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(for m esons p a rtic le  label denotes th e  sq u a red  m ass).

The 35 mesons

H ere  (19) gives

л  =  a — 8e -)- 2 g , о — a -f- 2c — 8e 2 g ,

К  =  a  — 2e — g  , К * =  a -f- 2c — 2e ^  e 
2 2 6 ’

rj — a , <p — a -j- 2c -f- 4e ,

со =  a -)- 2c — 8e

an d  th e re fo re  we h av e  th e  follow ing m ass re la tions

4 К  =  3»? л ,

4.K* =  2ç? +  со -f- J?,

К  — л  =  К *  — р.

(28)

(29)

T he ap p lica tio n  o f (20) leads now  to

7t =  o — 8 e ---- — g , о =  о -f- 2c — 8e — — g ,

К  =  a  — 2 e ------ g ,
4

К *  =  а +  2с — 2 e ------ g ,  (30)
4

f i - = a . cp — a “I- 2c "I- 4e , 

16

and  hence

a) — a 2c — 8e -------- g
5

4 K  — 3r? - f -  я  -|---------- ( су —  p ) ,
10

4K *  =  2<p +  О) +  о ---------(со — q) ,

К *  -  о =  К  - л .

(31)

The 70 ( negative p a r i ty )  baryon resonances

U sing  th e  T ab le  g iven in  [3] we can e v a lu a te  th e  coeffic ien ts in (19) 
an d  (20) (in p a ren th ese s  we give th e  coefficient o f g  in  (20)).
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N „ °

/ L  =

Л ' - 

N . a +

a -|-

15 ,  19 1 63
— c -j- d — -------- e -\----------- £

4 2 2 20

15 15 8
e ----- e + 2  g

4 2 5

15 7
c -------------e [ - 2 ] ,

4 2

15 j  1 1 3
c — d j - — e » £

4 2 2 4

3 15
/* __  _____  о

1 8 '
4

с  ---- t'
2 5

3 19 1 63— c --------------e -1 d t ё —

4 2 2 20

3 15 8
c --------------e. +  2g

4 2 5

*= « +

N* _ l_  _

d --------c -J------
2 2

I , 19c -) d ---------e
4 2 T g
3 7
— c ------- e

4 2
2g

a + 3 j  , 1—  r — a f  - e
4 2

£ a - —  c 
4

2d e — g

[ - 2 ] ,

3
4 

3
20

[0 ] ,

3
4

[0 ] .

(32)

3. 2 h mesons in 189

In  th is  section we ap p ly  th e  m ass form ulae (19) an il (20) in th e  189 
d im ensional rep re sen ta tio n . In  the  P -c h a in  reduction  w e have

189 =  (27,1)+ © [(10,3) +  (10*, 3)]+ ©  [(10,3) -  (10*, 3)j - © (8,5)+ 0

0  (8f , 3)+ ©  (8B, 3 ) -  ©  (8,1)+  ©  (1,5)+ © (1,1)+  . (33)
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H ere  we h av e  g iven  also th e  C -p a rity  of th e  [SU (3) ® SU(2)] re p re se n ta tio n s , 
th ere fo re  in s te a d  o f  (10, 3) and  (10*, 3) th e  com binations (10, 3) J r  (10*, 3) 
ap p ea r. T he C -p a rity  of th e  d iffe ren t re p re se n ta tio n s  can be  ca lcu la ted  w ith  
th e  help  o f th e  te n so r  red u c tio n  g iven in  T a b le  I  of th e  A p p en d ix , w here 
Mçy’at deno tes th e  189 tensor [a, b, c, d  =  1, 2, 3; a , ß, y, ô = .  1, 2].

T he C -con jugation  in te rch an g es  q u a rk  (qaa) and a n tiq u a rk  (qaa) and  
leaves th e  sp in  u n a lte re d . T h a t is

Cqm =  e“- q,„, and Cqax =  ea(, q“e . (3 4 )

w here ea(i =  e*' is th e  L ev i—C iv ita  sym bol. F ro m  (34) follows th a t

=  £a(? e*  Еут ейш . (35)

T his d e fin itio n  o f C corresponds to  d e te rm in in g  i t  as a c e r ta in  ou ter a u to 
m orph ism  of SU (6). (See fo r ex am p le  [12]).

F o r th e  “ recoup ling”  tra n sfo rm a tio n s  b e tw een  the  P -c h a in  and  U -chain  
we need th e  re d u c tio n  of th e  189 ten so r in  th e  P -chain  (see T ab le  I I )  and  th e  
ten so rs  in  th e  U -cha in , w here 189 is reduced  like

189 =  (6,1)* © (20*, 2у  ©  (4,2)! © (2 0 ', 1)° ©  (15,3)» © (15,1)» ©

© (1,1)° ©  (2 0 ,2 )- i  ©  (4*, 2 ) - J ©  (6 ,1)-* . (36)

In  (36) also th e  Y  values are w r itte n  ou t. T h e  correspond ing  ten so rs  are given 
in T ab le  I I I ,  in  th e  SU (2)s ® SU (2)/ ® SU(2)iv decom position . In  Table I I I  
th e  n o ta tio n  |iVsu(4)> 2 S + 1   ̂ 21  -4- 1, Y  | 2 N  +  1) is used fo r th e  SU (2)s ® 
® SU (2)/ ® S U (2 )n  tensors. T h e  indices к, l, m , n, o ,p  b e lo n g  to  th e  g roup  
SU (2)/; a , ß, y ,  ô, g, a to  S U (2)N an d  3a, 3/?, 3y ,  3<5, 3g, 3cr to  SU (2)s .

U sing T ab les  I I  and  I I I  th e  recoup ling  tra n sfo rm a tio n s  can  be acco m p 
lished. O ur m ass opera to rs are  d iagonal on th e  U -chain, th u s  th e  observable  
s ta te s  co rresp o n d  to  th e  s ta te s  in  th e  U -chain  ta b u la te d  in  T ab le  IV . T able  IV  
co n ta in s also th e  m ass values ca lcu la ted  from  th e  mass fo rm u lae  (19) and  (20).

In  189 th e re  are 25 d iffe ren t m asses an d  (19) or (20) c o n ta in s  4 p a ram e te rs  
(for m esons d  =  0), th erefo re  i t  is possible to  derive also p le ts . In  th e  case o f
(19) and  using  th e  partic le  lab e llin g  in tro d u c e d  in  Table IV  th e se  m ass re la tio n s  
are:

2t„ =  71q +  %  , 4d0 =  л'0 +  7?" +  2 / 0,

4
4K„ +  /„ =  4л:' +  г)” , л 0 — r)0 =  з (л„ — х0) ,

2К  +  % =  2 л„ +  Vo , З л п +  Vo =  Ч о  +  Л» »
Зл0 — 2»;0 +  Я(),
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2 (n'D - у . г) ^ 2  (dt — л'в ) =  n'p — =  6 (*D -  r)n ) ,

3rjD 4" 2л'р — Ъл'а  -(- 2 í j , 7Гд =  л 'р , (37)

4х, =  л 2 +  2»jó +??2 ,

TtF +  2t?, =  л 2 +Г]р +  Г)2 , *F — rip =  - I  (тг2 — Г)'г) ,
4

2
л 0 — 9Ő =  — (л е ~  f l)  =  Пг->

К  — л п =  л 'р -  =  - -  (v2 — г/!>),
Zi

9 К  — »?ő) +  8 (í?d — Лд) +  г)р — Лр — 4 (xD xF) ,

2«ó — G. = ' “  (3»?f  — У?) ■

T he exp erim en ta l values show  th a t  id e n tify in g  K*  as К  2? / '  as tjjj f  as rh  
an d  A 2 as л 2, th e  m ass re la tio n  betw een  th e  2 + m esons,

4K *  = 2 f ' + f + A 2 (38)

is well satisfied . T he correspond ing  m ass re la tio n  ob tained  fro m  (20) is

4K * =  2f  + / + А 2 + - ^ ( л 2 - г, 2) .  (39)

T h is is s till b e t te r  obeyed b y  th e  p re sen t ex p e rim en ta l d a ta  [4]. Therefore th e  
2 + m esons alone can  be assigned to  189. The m ix in g  angle fo r th e  2 + n o n e t is 
~ 3 5 °  (ideal m ixing) as show n b y  T ab le  IY . T h is  value does n o t  differ v e ry  
m uch from  th e  “ ex p e rim en ta l”  one (~ 3 0 ° ) ,  ob ta ined  b y  G lashow  a n d  
S ocolow  [13] on th e  basis o f SU(3) (i.e. th e  Ge l l - M a n n  — O kubo  m ass 
fo rm ula). T ak ing  in to  accoun t th e  ex p erim en ta l erro rs, th e  v a lu e  given b y  us 
can n o t be  excluded  e ith er: th is  is in  accordance w ith  th e  fac t t h a t  (38) is also 
tru e  w ith in  th e  ex p erim en ta l e rro rs. In  th e  case o f  th e  m ore e x a c t fo rm ula (39) 
th e  u su a l d e fin ition  of th e  m ix ing  angle c an n o t be  applied since th e  d iagonal 
e lem ents o f th e  m ass o p era to r on th e  SU(3) s ta te s  are no t О к и в о -ty p e  expres
sions. T herefore  in  ou r tre a tm e n t th e  o b ta in ed  v a lu e  of the  m ix in g  angle does 
n o t a t  all exclude th e  possib ility  o f  assigning 2 + m esons to  189 as w as s ta te d , 
on d iffe ren t g rounds, in  th e  w ork  o f H orn  e t a l. [14].

T he o th e r conclusion w hich can  be d raw n  from  Table IV  is t h a t  one can 
n o t assign 2 + an d  1 + or 0 + m esons together to  189. (See also th e  w o rk  of D a o - 
W ong  D u e  and  P h a m -Qui T u [15], w ho a rriv ed  a t  th e  sam e conclusion .) T he
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m ost u n p le a sa n t fea tu re  is t h a t  th e  well e s tab lish ed  A x resonance  has no p lace  
in  th is  schem e. T he chance fo r  th e  id en tif ic a tio n  of o th e r  resonances is also 
poor. A n o th e r s tran g e  p ro p e r ty  of 189 is t h a t  th e  spin dependence  is re la tiv e ly  
sm all an d  n e g a tiv e  (th e  p a ra m e te r  c is n eg a tiv e ), so 0 + m esons h av e  la rg e  
m asses. (See also [11].)

4. 2+ m esons in  405

T he c a lcu la tio n  in  405 can he c a rr ie d  ou t in  th e  sam e w ay as in  189. 
T he T ables V , V I, V II  in  th e  A ppend ix  c o n ta in  the  ten so r red u c tio n s c o rre sp o n d 
in g  to  th e  red u c tio n  o f 405 ,

405 =  (27,5)+ ©  (2 7 ,3 )-  ® (27,1)+ ©  [(10,3) +  (1 0 * ,3 )]-  ©
(40)

© [(10,3) -  (10*,3)]+ ©  (8,5)+  © (8f , 3)+ ©  (8d, 3 ) -  ©  (8,1)+  (1,5)+ ©  (1,1) + 

in  th e  P -c h a in  and

405  =  (10 ,3)2 © (36,2)1 ©  (4,4)! ©  (4 ,2)! ©  (84,1)° ©  (15,3)<* © (15,1)" ©
(41)

© (1,5)« ©  (l,3)o © ( l , l ) o  ©  (36*, 2)—1 ©  (4*, 4 ) - i  ©  (4*, 2 ) - 1 © (10*, 3) ~2

in  th e  U -ch a in . The q u a n tu m  num bers o f  th e  o b serv ab le  s ta tes and  th e  m ass 
values c a lc u la ted  from  (19) and  (20) a re  given in  T a b le  V II I . The occurrence  
of (27, 5) a n d  (27, 3) re p re sen ta tio n s  causes in  405 a n  add itional d ifficu lty , 
nam ely  th e  id en tif ic a tio n  o f  observed p a rtic le s  is n o t  unam bigous. F i t t in g  for 
exam ple th e  m asses o f  FC*(1405), A 2( 1324), /(1 2 5 3 ) an d  D(1286) one  has 
12 d iffe ren t possib ilities. B u t  from  th e se  12 choices o n ly  3 gives th e  r ig h t  mass 
fo rm ula  (38) (or 39)), a n d  only th e  one given in  T a b le  V I I I  has positive  spin  
dependence (c >  0). T h is m o tiv a tes  th e  id en tif ic a tio n  o f K„ w ith  К * , л 2 w ith 
A 2, rj2 w ith  f  and  rjp w ith  D.

As can  be seen fro m  T able V II I  in  th is  w ay a lm o s t every know n positive 
p a r ity  m eson  can be id e n tif ie d . Only th e  «(725) an d  th e  K +K + (1055) resonance 
can n o t b e  f i t te d  in  th e  schem e. We re m a rk , how ever, t h a t  tak in g  in to  accoun t 
th e  e rro rs  o f th e  m asses o f  K *, A 2, f  a n d  D  i t  is n o t  possible to  exclude  th e  
id e n tif ic a tio n  r0 =  K  + K + (1055) a n d  x 0 =  « (725). I t  is rem ark ab le  t h a t  also 
the  re c e n tly  rep o rted  So  (700) and  th e  K  + K + (1280) [I  =  l ,  S  =  2] resonance 
can be  in c lu d ed . T he la t t e r  one is a ty p ic a l m em b er o f an  SU(3) 2 7 -p le t and  
has no  ex trem e ly  h igh  m ass a t  all as w as expected  in  [14].

A v e ry  essen tia l consequence o f  th e  m ass o p e ra to r  being d iagona l on th e  
U -chain  is th a t  th e  sy m m e try  b reak in g  destroys v e ry  m uch th e  SU (3) ® SU(2) 
m u ltip le t s tru c tu re  o f  405 and  a considerab le  m ix in g  of SU(3) s ta te s  takes
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place. T h is fac t can be d irec tly  seen from  our m ass re la tio n s  d eriv ed  from  (19)

2л:' =  x'2 +  ô.z  , 2 ó2 —  A2 -f- т 2 ,

2 x 2 =  -f- r 2 , 2 t 2 -f- H t z =  2 Ht л ,  ,

A2 2 —  З л 2 , »?2 +  »72 =  2 П2 »

4 x 2 =  2%  - f  n 2 +  rj2 , -

2 л ,  =  Ô[ +  x f *  , 2(5, =  Л, -f- т , ,

З л , =  2 t]'d  -)- A , , Ti ~ H d ~  ~ ~  (n F —  V f )  »

T, +  2 x l =  л Р +  2  r \ p , A, -{- 4>tf, =  2 t ,  Зтгр ,

d, -f- 2 f ,  —  x x -\-  3r]F , 2 x ,  =  f ,  -f- Л р ,

**  — =  - 5 -  {n 'p  -  Л р )  , 
о

4»?д +  Л д  =  4 я ,  +  Jjp ,

4 л 0  — л'р  -f- 2(5, -f- f , , х * - л ' р =  * ( f ,  -  л „ ) ,

» i  =  » 1 , Л д =  Л р ,

3 t0 =  2^ 0 -(- л 0 , 2(50 =  A0 -f- r 0 ,

% л 0 =  —— (A0 ?j0) , 
4

A0 +  4»?o =  4 to +  n o .

5  v ő  =  4»?„ +  По ■>

2т0 =  По +  л о »

To +  »10 =  2 *o -

Х2 — *1 =  Л2 —  Лр =  íj' — Г)р , 4 % +  >?2 +  %  =  4 f  .

%  —  % =  7  (r/2 -  >h) > 
4

r 0 ~ n ô  =  —  (Я2 -  í?2) ’

т 2 — T ,  =  (52 —  <5( =  «J — =  Д2 A, =  л 2 л ,  =  2 ( т ,  r 0

=  2(d[ -  <50) =  2(A, -  ^  =  2(ó, -  <50) =  2 (Лд -  л'0) -

=  2 ( x \  — x'0 )  =  х г — х [  =  л 2 — Л р  =  — Х } =

=  2(х, — х0) =  2 (яр  -  л 0) .

I t  is rem ark ab le  th a t  we o b ta in ed  th e  m ass  re la tion  (38) — or using (20) 
th e  re la tio n  (39) w hich is confirm ed b y  p re se n t ex p erim en ta l d a ta  w ith  an 
accu racy  b e t te r  th a n  0 ,5 % . T herefore 2 + m esons alone f i t  in  405 as well as in 
189. The occurrence of (27,5), how ever, h a s  th e  consequence th a t  in  405 th e re  
a re  six fu r th e r  2 + iso m u ltip le ts , w ith m asses ab o u t 1500— 1600 MeV.

10' Acta Physica Academiae Scientiarum Hungaricae 21, 1966



358 I . M 0NTVAY and T. NAGY

The co m p ariso n  o f T ab le  IV  a n d  T able V I I I  show s th a t  th e  m ass form ulae 
(19) and  (20) fa v o u r  405 ag a in st 189 as re lev an t fo r th e  know n p ositive  p a r ity  
m eson  resonances. H ow ever, th e  2 + non e t alone can n o t d is tin g u ish  betw een  
405 an d  189. T h is  conclusion  agrees w ith  th e  suggestion  of 17(6,6) as a spec trum  
g en era tin g  a lg eb ra  [16]. (N am ely  405 is a “ la d d e r  re p re se n ta tio n ” , while 186 
is n o t.)  T he sam e conclusion  w as d raw n  also b y  H o rn  e t al. in  reference [14], 
b u t  from  d iffe re n t co nsidera tions. T here  are  also w orks dealing  w ith  th e  d ifferen t 
decay  m odes o f  p o s itiv e  p a r i ty  m esons [17]. T h e  question  o f id en tif ic a tio n  o f 
th e se  m eson reso n an ces in  189 o r in  405 can  be  decided only  b y  tak in g  in to  
ac c o u n t also th e se  re su lts .
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ВЫСШИЕ МЕЗОННЫЕ РЕЗОНАНСЫ В SU(6) СИММЕТРИИ
И. М О Н Т В А И  и Т . Н А Д Ь

Р е з ю м е
Величина масс мезонных резонансов положительной четности сравнивается в 

;189 и 405 с предсказаниями простой массовой формулы SU(6). Оказывается, что оба 189 
и 405 определяются самим мезоном 2+. Тем не менее 405 проявляет себя более надежным, 
так как оно может содержать все хорошо известные мезоны положительной четности.
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(2 7 ,1 ) :  

(10 ,3 ) :

(10*, 3)

(0 ,5 ) : 

(0F, 3) 

(0£),3) 

(0,1) : - 

(1 ,5 ) : ; 

(1Д) :

ми,#,
M cy,d

A ppendix 

Table I

* 3  =  J y 2 (M a4 :hda +  M b4 $ )  -  Trace SU(3) ,

tabc’ß =  4  [£rsc ( K ß $  +  +  ersa (M % %  +  M crß№) +

+  £rsb + M%$)]  ,

: l*^ j  = -  T  t«r«(«l5Ä + M%S) + «r«, (м;й  4- м зй ) +

+  ^ « S  +  ^ S ) ] ,

"*g$  =  -  Y  [Mfyfbî +  Щ у $  +  М ?у,'м +  -  Trace SU(3)®SU(2) ,

: ^  =  Уз В Д ? - М^ ) ’

2 ^ 3  4
: < ’? =  Y  +  W  ■ S(/3 M r £ $  -  Trace SU (3)® SU (2).

г? = 7 И м?ж
> #  =  у  (M ™ $ +  M 'A ®  -  T race Sü(2) ,

/5
I2/3

M^>saГO',So*

Table II

í =  - ^ - * S ( í j í S - í 3 ^  +

+  Y  £c d , (<ű6S’“ <5g -  íai,S'^  3  +  ‘a b s ’*ö «5? -  <afts’S «5«) Y  

+  1 £ŰÍ,S («&.,? «5g -  «?*,? ^  +  t*ds>£ <5- -  Ü ,  j  ág) +  

+  1  («5? » 5 #  -  ág m g $  +  ág mg;gf -  ág mg;gg) +

4/З5 -5c íg/S:? -  <5g «5 ! f i $  -  ág aPyftji +  ág á g /g :? -  -

-  «5? «U%$ +  dg á g /a f  +  ág ág/g-j -  ág ág/g;§) 

+  [ág ág ág;* +  ág ág dg;* -  ág ág dg;? -  ág,

-  ág ág dg;g -  ág ág d“f  +  ág ág dg;f +  ág ág dg;£
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Table II (continued)

+  y  (4 4  4 : î + 4  ag d%  - a g  s í  dM  _  6bc ôp d ^ ) ]  +

+  -p=- [ ( 4  4  +  4  4 )  ( 4  4  +  \ - 4  4 )  -

-  (a? 4  + 4  ni) (as a£ + 1  a» ag) ]  +  \  (a? a» -  ag a?) +

+  4  4 4  4) +  (4 ag ag a* -  a^ a? a? ag>]

Table III

|6 ,1 |1 ,2 |3 )*  =  e op Ee°  (M “ $  +  M f e' p ,

|6 ,l|3 ,2 |l)fti =  V  e ~  ( M g g .  +  M j& g ) ,

|20* ,2|2, l |2) ^  =  M « ; ÿ ,

120*, 2 |2 ,l|4 )5 fà  =  M °o-/% +  M °oy% -  Trace SU(2)s ® SU(2)/ ® SU(2)V 

J20*. 2 |4 , 1 |2 ) ^  =  M k̂ %  +  M '*h%  -  Trace S IN , 

j4 ,2 |2 ,l |2 )^  =  M ^ ;i» ,

|l5 ,3 |l,0 |3 )“;|g =  M°0* '$  -  Trace SN ,

|1 5 ,3 |3 ,0 |1 ) ^  =  M % 0  -  Trace Si ,

|l5 ,3 |3 ,0 |3 )f* $  - M k«,3ß _  Trace SIN f

|20',l[3,0|3){j? =  -  Trace IN ,

j2 0 ', l |l t0|5)“f  =  +  M % fpï  -  Trace N ,

|20 ',1 |5 ,0 |1 )« I =  M **#„ =  JM jgjX  -  Trace I ,

|20' , l | l , 0|l)  =  M°0ea’Ppe ,

|1S.1|1,0|3)5 =  M ÿ ;g  -  y  a j M S j ÿ ,

115,l|3 ,0 |l)f =  M f t ÿ  -  y  <5?

|15 ,1 |3 ,0 |3 )^  -  -  Trace IN  ,

|1,1|1,0|1 ) =  e<>°eJBM % $ ,

|20,2|2, - l | 2)j5  =  M » |;g ,

|20,2|2, -  l |4 )“$  =  M°0« f à +  -  Trace SIN ,

|20,2|4, -  1 | 2 +  A f* » $  -  Trace SIN ,

|4 * , 2 |2 , - l |2 ) $  =  M $ ; g ,

|M |1, -  2|3)a^ =  +  M % p  e^eOP,

|6,1|3. -  2 |l )w =  V  a“1 (M Ska% +  M $ $ ) .
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Table IV

Symbol SU (4) states J Сп I У с<<) S N Aí,(M ev) М и  М ехр

| 8> 2 1
2 ±  1 39

4
1
2

3
2 1405* 1405* К*(1405)

л г 1 8> 2 + 1 0 8 1 1 1324* 1324* А г (1324)

Пг ] 8 >  +  / 2|1> 2 + 0 0 8 1 1 1253* 1253* /(1 2 5 3 )

ni -  / 2|8 >  +  |1> 2 + 0 0 12 0 2 1520 1500 / '( 1 5 0 0 )
t■м |10> 1 0 ±  2 5 0 1 1250 1330

'>i 110> 1 3
2 ±  1 39

4
1

У
1

У 1520 1530

2|8F >  2|8д >  -f- |10> 1 1
У ±  1 39

“ Г
1

У
1

У 1430 1430

XF 2|8f >  ±  |8д >  — 2j 10> 1 1
Y ±  1 15

у г
1

У
1

У 1240 1290 С (1215)

*d |8/г >  ^  2j8D >  -)- 2| 10 > 1 1
2 ±  1 39

4
1

У
3
У 1430 1430

n F 2|8f  >  +  |Ю >  +  [10* > 1 + 1 0 12 0 1 1580 1580
л 'F |8f  >  — |10 >  — (10* > 1 + 1 0 8 1 1 1350 1350
Лд 2|8д  >  +  [10 >  — 110* > 1 — 1 0 8 1 0 1350 1350
л'о |8d >  -  110 >  +  [10* > 1 — 1 0 8 0 1 1470 1500
4 f |8/г > 1 + 0 0 8 1 1 1286* 1286* 0(1286)
Пй 18о > 1 — 0 0 8 0 1 1410 1430 £(1410)
*0 127 > 0 1 ±  2 5 0 0 1330 1410

|27 > 0 3
2 ±  1 39

4
1

У
1

У 1530 1540

«0 [27 >  — 2|8 > 0 1
У ±  1 39

4
1

У
1

У 1440 1440

xá 2[27 >  +  |8 > 0 1
У ±  1 15

4
1

У
1

У 1250 1300

К |27 > 0 + 2 0 12 0 0 1700 1700
л„ /2 |27  >  -  /3[8 > 0 + 1 0 8 0 0 1490 1510
л'о )У 27 >  / 2|8 > 0 1 0 8 1 1 1370 1370

Пи ^6|27 >  +  2[8 >  +  )У|1 > 0 ~г 0 0 0 0 0 1160 1250

По /3 |27  >  — 4 /2 |8  >  +  5|1 > 0 + 0 0 12 0 0 1530 1540

По 3 /3 |27  >  — 2 /218 >  — 5|1 > 0 + 0 0 8 1 1 1300 1300
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Table V

(27,5) : =  i -  (Mgg'gg 4  4  +  M $gg) -  T race SU(3) ® SU(2) ,

(27.3) : l? d$  +  J l f g jg  4  M % % ) -  Trace SU(3) ® SU(2) ,

(27,1) : Z?3 =  y y  (M%:5S +  M t ’bca) -  T race SU(3),

m s  ■ r abc'î =  ~  [ersc 4  M % % ) +  *rsa (M % f„ 4  M ?ß;b4 )  4  

+  ers6(M%?e +  M ^ ) ] ,

00*,3) : r*abc*ß =  [e„c (Щ ф %  4  M $ % )  +  crja (Jtfßg +  M rj g )  +

: - 4 ь ( м « й + л д а ] ,

(8,5) : /*8#  :
1

~  2 /5
[M ?g $  4 Mfv'M  4 4  M fő;

(«F-3) : 4 fö
1

”  /3 ( л е д  - в д у > .

(?d S ■■ ág;g = 2 Í 1  ( * W +  ^ ; g ee

(8,1) : •« = 0 4 ■ ( л ® _ JL á? M re’sA2 Ub 1V±SQ,ra 1 ’

0 ,5 )  : ,,.aß _w yö ~
1

6/2
(M [g $  4 M % :t)  - Trace SU (2).

0 0 ) : a =  -
1̂7r A/irQ,Sa

12/3  r"'“ ‘

Table VI
М а л  b ß  v a6,a/í I

cy’dd — *cd,y<5 I

+ I  [ág A#* +  «5g X * $  + áj A#£ +  «5g i ÿ f j  -I 

4  - 5 - (ág ág 4  ág ág) 4

+  J  [««b (ág r^-g -  «5g Tofts'S + ág rafts-g -  ág T^.g)] + 

4  j  eabs (ág r*cds,ö -  ág r*cdS,d 4  ág i*cdsty  -  ág T*cdV/)

+  i  (á? /*538 +  +  Óc +  *8 +

+ 4y 3 (ág ág ̂ ;g -ág ág 9?g;g +  ág ág -  ág ág çfcj 4
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+  <5? <5? < ’£ -  ág rt +  ág dj -  <5? <5“ vgjg) +

i% *S 6Z  +  6â À  ö%  +  ôâ K  *§? +  <5“ ^  Ï Ï/3 0

h à? ág àg;g 4- ág ág ôacfy +  ág <5* àg;£ -b ág ô* àg;g -

-  T  (% <5y ôdi +  ^  «S à tf  +  a* ág ag;s +  ág ág а $ и

\ ' l T 5-  f ( '5“ >’5 +  ád * ? ) (*5  -  8 à > - f

f  <ágrg +  á g , g ) ( á £ á g - | á g á g ) ] +

2/2
(ágág +  á g á g ) <  +

- ̂  ff [*? «s *2 «2 + à% ág ag ág - A  <a» ág ág ág л* ág ág ág) ].

Table VII

|1 0 ,3 |3 ,2 |3 $ $  =

|10,3|1,2|1)33,|M =  eop bs„ ( M & ff  -  М % >Д),

M 2 , l | 2 ) g $  =  -  Trace SIN ,

|S6f2 |2 ,l |2 )g  =  M % &  -  jJ H % $ g ,

|3 6 ,2 |2 ,1 |4 )^  =  Af&jgg -  Trace SIN ,

|36.2 |4,I|2 )S^m =  -  Trace S IN ,

3 6 ,2 |4 Д |4 ) ^  =  +  М % %  -  T race SIN,

|4,2|2,1|2)3̂  =  М ^ ,  

íl,5 |l,O jl) |“; |f  =  — Trace S,

jl5 ,3 |l,0 |3 )g $  =  MgJ;g  -  Trace SN ,

J l5 ,3 |3 ,0 | l ) ^  =  Trace SI,

15,3|3,0|3)g;;3f  =  -  Trace SIN .

|l ,3 |l,0 |l) ig  =  M°0l ’§  -  --ágM ggjg ,

|8 4 ,l |5 ,0 |l)^ n =  T race I.

|8 4 ,1 |5 ,0 |3 )« ^  =  +  M ‘̂ %  +  M fo% e Trace IN ,

|8 4 ,1 |5 ,0 |5 )^ X  =  +  M X X  +  Д- M '* $ y -  Trace IN ,

|84,T |1,0|5)^ =  Mg’ $  +  M g £ $  -  Trace N .

A c t a  P h y a i c a  A c a d e m i a e  S c i e n t i a r u m  H a n g a r i c a e  2 1 .  1 9 6 b
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Table VII (continued)

|84,1 |3 ,0 |5)$;* =  +  M f y g  +  М к№  +  Trace IN .

|84,l|3,0 |3f ) £  =  -  M $ £ ,

|8 4 ,l |l ,0 |l)  =  -  i -  a i % $ .

|*4 ,l|3 ,0 |34) ÿ  =  M f t j *  -  y  -  Trace IN  ,

|15,1|1,0|3)J =  M°0f%  -  i -  Щ, ,

|l5 ,l |3 ,0 |l) f  =  aV g g r -  4  Ó> M °oo’M  ■

|15,1 |3 ,0 |3)^ =  M fgj3? -  Trace IN  ,

|1,1|1,0|1) =  M $ £ ,
|4*,4|2, -  l |2) ^ ’|g  =  M 3«,3g _  Trace S IN _

|36»,2j2, -  l |2 ) #  =  J H g # -  4  

|36*,2|2, -  1 | 4 ) ^  =  -  Trace SIN .

Í36*,214, -  l |2 ) ÿ $ ,  =  -  Trace SIN ,

I 36*,2|4, -  l|4 ){$ jg  =  Trace SIN .

|4*,2|2, — 1[2 =

|10*,3|3, -  2 | 3 ) f J  =  +  M % f0 ,

[10*,3|1, -  2 |l ) 3“'33 =  E°P e«a (M 3“;3f  — Л^оя’рв) •

Table VIII

Symbol SU (4) states J c„ I У C<*> S N  M A Mev) M n M „ v

T2 |27> 2 1 ±  2 9 1 1 1550 1545

\ |27> 2 3
2 ±1 55

4
1

Y
3
2 1500 1500

*2 /2 |27> — /3|8> 2 1
Y ±  1 55

4
1

Y
3

Y
1405* 1405* ii*(1405)

*2 /3 |27> +  /218) 2 i
Y ±  1 15

4
3
2

1
Y 1650 1650

я2 127) 2 + 2 0 20 0 2 1460 1460
TCif |27> — 2|8> 2 + 1 0 20 0 2 1324* 1324* 4 2(1324)

я  2 2 |2 7 > +  |8> 2 4 1 0 8 1 I 1580 1550

V2 |27> -  2|8> +  /5|1> 2 4 0 0 20 0 2 1253* 1253* /(1253)

n'i 3|27> — |8> — /5|1> 2 4 0 0 8 1 1 1520 1500 /'(1500)

V2 3127> 4  4]8> 4  /5 |1> 2 4 0 0 0 2 0 1750 1660 Jt+ jxt
(1670)?

b |27> 1 1 ± 2 9 1 1 1320 1340 K + K*
( 1280)?
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Symbol SU (4) sta tes ./ C„ I Y C‘4> S N  M \M e v )M u Me,p

fi |io> 1 0 ±  2 9 1 0 1250 1270

«5, |27> 4- /2 |10> 1 ! ± i
55
Y~

1
2

3
2

1265 1290
K*

ä'i /2 |27  -  |10> 1
U '

55
4

1
Y

1
Y 1265 1290 (1270)?

*1 | /2 i27> =F /5 |8 F> -  2|/218н 1 l ± 1
55
4

1
2

3
2

1150 1180

A /2|27> - 3 / 5 j l 0  ±  

±  2^5|8f > -  2 /2 |8 D> 1 i ± .
55
4

1
Y

1
Y 1150 1180

C(1215)

A 12Í27) +  2/ÏO jlO ) ±

U '
15
4

i
Y±2F'ÍOÍ8f > +  |8d i i

Y 1340 1380 K im
(1320)?

* Г 3j27> — /Ü)]10> =F 

± / l 0 |8 F> +  418/5 1 L ± .
15
4

3
Y

i
Y 1440 1410

я, ]27> ] — 2 0 20 0 i 1210 1240
n F j!0> — |10*> +  2[8F 1 + 1 0 20 0 i 1040 1080 /4,(1072)
7IF ilO> — |10*> — |8F> 1 1 0 8 i i 1350 1350

n D 2^6|27> +  KÍÖIIO) +
+  /Г0|10*> — |8ß > 1 1 0 8 0 i 1280 1330 B(1220)

Л0 /3(27> — |/5[10> -
/5|10*> -  4 /2 |8 D> 1 — 1 0 20 0 i 1040 1080 K K

(1025)?
Л, 2^3 27) - )Y|10> — /Î jl0 * >  +

-i- 2/2(8/,) 1 1 0 8 i 0 1350 1350

Vf |8f > 1 + 0 0 8 i i 1286* 1286* D(1286)

По /2(27) -  /3 |8 0 > 1 — 0 0 8 0 i 1210 1260

HD /3 (27) +  /2 (8 /,) 1 0 0 0 1 0 1420 1435 £(1410)
T„ |27> 0 1 ±  2 9 1 1 1190 1225 K+ K* 

(1280)?

!27> 3 55 1 1
ôu 0 T * 1 T Y Y 1130 1170

Ji(l j 27) — 2/6(8> 0 T  ± ]
55

Y T
i

Y
i

Y 1000 1050

X(l 2/6(27) +  (8, 0 Y  ±J
15

Y
i

Y
i

Y 1210 1240

/„ 127) 0 + 2 0 20 0 0 1060 1110
л„ i27>+ 2(8 0 + 1 0 8 i i 1225 1240
л'о 2(27) — |8> 0 4- 1 0 8 0 0 1150 1220

По 3/7(27) +  /7|8> -Ь /5 |1 0 0 0 0 0 0 1230 1300

Vi» (27) — 8(8) +  /35|1> 0 -1- « 0 20 0 0 760 820 S°(700)?

По ЗУ'27> — 4(8) — /35|1> 0 + 0 0 8 1 1 1150 1160
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COMMUNICATIONES BREVES

EINWIRKUNG DER HILFSELEKTRODEN 
AUF DIE KATHODE 

UND DIE KATHODENDUNKELRÄUME
Von

J . B it ó

F O R S C H U N G S IN S T IT U T  F Ü R  D I E  N A C H R IC H T E N T E C H N IS C H E  IN D U S T R IE , ( H I K I )  B U D A P E S T  

(Eingegangen: 20. I. 1966.)

W ie b e k a n n t, können d ie  in  der N äh e  der G asen tlad u n g se lek tro d en  
angeo rdne ten  H ilfse lek troden  d en  P o te n tia la b la u f  der R äum e d ieser E lek tro d en  
beeinflussen  [1, 2 ]. G leichzeitig än d ern  sie a b e r auch die T e m p e ra tu r  d ieser 
E lek tro d en  se lb s t, doch k an n  all dies z. B. au c h  durch Ä n d e ru n g  der Lage d e r 
H ilfse lek troden  erz ie lt w erden.

Die vorliegende A rbeit b e r ic h te t ü b e r die E rgebn isse  von  P rü fu n g en  
dieser A rt, die b e i Gleich- u n d  W echselstrom  H g -A r-E n tlad u n g en  m it e inem  
E n tla d u n g ss tro m  von  430 mA d u rch g e fü h rt w u rd en . Bei den P rü fu n g en  w u rd e  
ein G asen tlad u n g sro h r m it einem  lich ten  D u rch m esser von  36 m m  verw en d e t. 
Seine F ü llung  b e s ta n d  aus A rgon m it einem  D ru ck  von 3 T o rr  u n d  aus Q ueck
s ilb e rd am p f m it einem  D ruck v o n  6 ^  0,5 • 10 ~"3 T orr. D er A b s ta n d  zw ischen 
den  H a u p te le k tro d e n , g leichm ässig  au sg e fü h rten  E lek tro d en  aus W olfram - 
D oppelsp ira len  m it  einem E m issionsüberzug , b e tru g  1090 m m . Zw ei, je  0,1 m m  
s ta rk e , 7 x 1 2  m m  grosse N ick e lp lä ttch en  w aren  paralle l zueinander u n d  
zur A chse der e in en  E lek tro d en sp ira le  an g eo rd n e t. Die beiden  P lä ttc h e n  w aren  
v o n e in an d er u n ab h än g ig  in ra d ia le r  R ich tu n g  bew egbar. Die E n tla d u n g  s ta b i 
lis ierte  sich bis e tw a  20 M inuten v o r B eginn d e r  M essungen.

E in  Teil d er E rgebnisse d e r  u n te r  G le ich stro m -E n tlad u n g sb ed in g u n g en  
d u rch g efü h rten  K ath o d en e in g riffe  sind  in  A bb . 1 dargeste llt. A u f  der A bszisse 
sind die g e tren n t e rrech n eten  A b s tä n d e  d der H ilfse lek troden  v o n  der S p ira len 
achse, a u f  der O rd in a te  hingegen die K a th o d e n te m p e ra tu r  Ту u n d  der A b stan d  
ld des k a th o d en se itig en  Endes d e r  positiven  S äu le  sowie d er A b stan d  dg des 
G lim m en tlad u n g srau m es rings u m  die K a th o d e  aufgetragen .

Im  V erlau f d e r  M essungen bew egten  sich  die H ilfse lek troden  re la tiv  zu r 
K a th o d e  zusam m en , wobei sie en tw ed er au sse rh a lb  des E n tla d u n g sra u m e s  
an  das eine oder d a s  andere E n d e  d er K a th o d e  gebunden  w aren  (in der A b b il
dung  m it dem  In d e x  h beze ichnete r Z ustand) o d e r ein vom  K a th o d e n p o te n tia l 
abw eichendes W a n d p o ten tia l besassen  (Z u stan d  ohne In d ex ). A us der A bb il
dung is t  e rsich tlich , dass die B ew egung der H ilfse lek troden  sow ohl den G lim m 
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ra u m  als a u c h  ü b er diesen h inaus die L age der G renze des bis zur p o s itiv en  
Säule re ich en d en  D u n k e lrau m es b ee in flu sst. Sobald d ie H ilfse lek trode  das 
P o te n tia l  des einen E ndes d e r Spirale a u fn im m t, versch ieb en  sich der G lim m 
ra u m  u n d  d ie  G renzen des D u n k e lrau m es n ä h e r  an die K a th o d en sp ira le  h e ran . 
G leichzeitig  a b e r än d ern  sich  die A usm asse des G lim m raum es auch in  ra d ia le r  
R ich tu n g , u n d  zw ar g leichzeitig  m it d e r län g s der E n tlad u n g sach se  v o r  sich

-------* - f m m ]

Abb. 1. E influss der im K athodenraum  der G leichstrom entladung bewegten H ilfselektroden 
auf die A bstände 1̂ , bzw. der kathodenseitigen Enden der positiven Säule von der K athode 
sowie auf die Verschiebung der Grenzen der kathodischen Glimmbereiche l„. bzw. in  Rich
tung zur positiven Säule und  auf die K athodenflecktem peratur T j. Der Index h s te h t für die 
m it den K athodenenden verbundenen H ilfselektroden, die Bezeichnungen ohne Index  betreffen 

die Messungen m it an W andpoten tia l liegenden Hilfselektroden

gehenden  S ch rum pfung . Im  hier besch riebenen  F a lle  w ar der A u fb a u  des 
G lim m raum es äu ssers t kom plex  u n d  w egen des E rscheinens d e r fü r  den 
E lek tro n em issio n sü b erzu g  an  der K a th o d en fläch e  c h a ra k te ris tisch e n  S p e k tra l
lin ien  k o n n te n  auch  die einzelnen E n tla d u n g srä u m e  v o n e in an d er n ic h t g e tren n t 
w erden . D iese S p ek tra llin ien  verw isch en  die D u n k e lräu m e  in n e rh a lb  des 
G lim m raum es und  d e ren  G renzen.

S o b a ld  sich die H ilfse lek tro d en  in  rad ia le r R ich tu n g  d e r K a th o d e  
n ä h e rn , än d e rn  sie die A usm asse des G lim m raum es. D iese W irk u n g  t r i t t  am
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k rä ftig s ten  in  E rsche inung , w enn die H ilfse lek troden  die P o te n tia le  der 
K a th o d en en d en  besitzen . D ie Ä n d eru n g  des H ilfse lek tro d en p o ten tia ls  se lb st 
vom  W a n d p o ten tia l a u f  K a th o d e n p o te n tia l, än d e rt die A usm asse der R äu m e  
v o r der K a th o d e  d u rch sch n ittlich  um  3 m m , höchstens ab e r um  5 m m . D a 
du rch  e rg ib t sich  ein B ild , als e rhöh te  e ine dieses P o te n tia l  besitzende H ilfs 
e lek trode die W irtsc h a ftlic h k e it der im  K a th o d e n ra u m  v o r sich gehenden

1

[m m ]

30

20

10

0

. 1

10 15 d

------*-[mm]
Abb. 2. Einfluss der bewegten Hiifselektrode im R aum e der in der kathodischen Halbperiode 
befindlichen Elektrode bei W echselstrom entladung au f den von der K athode gerechneten 

A bstand Itf, Irfh der kathodenseitigen Grenze der positiven Säule

E n tlad u n g sv o rg än g e  und  als erm öglich te  sie d a m it eine V erm in d eru n g  der 
ax ia len  A usm asse des G lim m raum es, was a u f  G rund  der h ie r  beschriebenen  
V orgänge eine M öglichkeit zu r V ergrösserung  d e r positiven  Säule  bö te . N ach  
den M essungen w ar die K a th o d e n fle c k te m p e ra tu r  im  V erlau f d ieser E ingriffe  
von  d er Lage der H ilfse lek tro d en  u n ab h än g ig . A uch  die g leichzeitig  e rm itte lte n  
K a th o d en fa llw erte  zeig ten  keine w esentliche Ä nderu n g en  abgesehen  von einem  
S prung  von  e tw a 0,5 V, der sich b e i einem  A b s ta n d  von  10 m m  ergab . W ährend  
jed o ch  die F le c k te m p e ra tu r  au ch  von  der h ie r  beschriebenen  Ä nderung  des 
H ilfse lek tro d en p o ten tia ls  n ich t b ee in flu sst w u rd e , san k  u n te r  ih re r  E inw irkung  
d er K ath o d en fa ll u m  etw a 0,5 V. U m  diesen  W ert w ar d e r  K a th o d en fa ll 
geringer, w enn das P o te n tia l d e r  H ilfse lek tro d en  dem  d er en tsp rech en d en  
K a th o d en en d en  gleich  w ar. In  A b b . 2 sind die E rgebn isse  d er M essungen d a r 
g este llt, die bei e in er W ech se ls tro m en tlad u n g  von  50 Hz m it einem  E n t 
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lad u n g ss tro m  v o n  gleichfalls 430 m A  d u rc h g e fü h rt w u rd en . In  diesem  F a lle  
is t  bloss d e r  A b s ta n d  des k a th o d en se itig en  E n d es  der p o s itiv en  Säule v o n  d e r  
K a th o d en sp ira le  au fg e trag en , da  die V ersch iebungen  der G lim m raum grenzen , 
die die Ä n d e ru n g en  der D u n k e lrau m g ren zen  ve ru rsach en , in  genau  der g leichen  
W eise v o r  sich  gehen. Die h ie r  gezeigten K u rv e n  w urden  m it Hilfe eines v o n

-166. 3. E influss der bewegten Hilfselektrode im  Raum e der in der kathodischen H albperiode 
befindlichen Elektrode bei W echselstrom entladung auf den K athodenfall V * ГкЬ  auf die 
F lecktem perature Ту, T n  und  auf die Grösse der zwischen den K athodenenden gemessenen,

G leichspannungsunterschiede V , 1' /,

einem  P h asen sch ieb er g e s teu e rten  S troboskops aufgenom m en. E n tsp re c h e n d  
sind  die h ie r angegebenen  D u n k e lrau m w erte  a u f  H a lbperioden  bezogene 
D u rc h sc h n ittsw e rte , die bei je  einem  gegebenen H ilfse le k tro d e n a b s tan d  e rm it
te l t  w u rd en . W ie e rs ich tlich , bee in flu sst das P o te n tia l d e r  H ilfse lek troden  auch 
h ie r d ie  L age des k a th o d en se itig en  E n d e s  der p o sitiv en  Säule, in  e r s te r  Linie 
d u rc h  V erk le in eru n g  des m it »Glimmraum\< b eze ichneten  leu ch ten d en  R a u m 
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kom plexes. Die d e ra rt n achw eisbare  R au m än d e ru n g  v e rlän g ert d ie  p ositive  
Säule u m  e tw a  3 —4 m m .

A n den  K u rv en  der A bh . 2 is t w e ite rh in  e rs ich tlich , dass die L än g e  der 
K a th o d en räu m e  in  einem  Z u stan d  gegebenen  P o ten tia ls  u m  so m ehr a b n im m t, 
je  n ä h e r die H ilfse lek tro d en  an  die K a th o d e  h e ra n rü c k en . Dies h ä n g t  aller 
W ah rsche in lichke it nach  d a m it zu sam m en , dass von  d en  H ilfse lek tro d en  als 
V erlu st erhebliche M engen des L ad u n g sträg e rs  a b g e fü h rt w erden, sow ie m it 
den V orgängen , die zum  A usgleich dieses V erlustes e in se tzen . Das M in im um  der 
K u rv en  bei 10 m m  w eist a u f  einen ausgezeichneten  Z u s ta n d  h in , zu  dessen 
D eu tu n g  auch  die K u rv en  des K a th o d en fa lle s  Vk u n d  d e r  F le c k te m p e ra tu r  T f 
in  A bb. 3 b erü ck sich tig t w erd en  m üssen . Diese K u rv en  w urden  bei d en  v o ra n 
gegangenen  M essungen, d . h . u n te r  gleichen V ersuchsbed ingungen  au fge
nom m en. B ei den  T em p era tu rm essu n g en  w ar v o rau sg ese tz t, dass die so gem es
senen T e m p era tu ren  der K a th o d e n fle c k tem p e ra tu r  zu m in d est p ro p o rtio n a l 
sind  u n d  deren  Ä nderungen  folgen.

B ei einem  H ilfse lek tro d en ab stan d  von  10 m m  t r i t t  bei b e id e n  ein 
P o te n tia l b esitzenden  L agen  der A n sa tz s tü ck e  ein ausgesprochenes K a th o d e n 
fallm in im um  V k und  g leichzeitig  ein F le ck tem p era tu rm ax im u m  au f. D iese 
E rsche inung  lä ss t sich m it d en  E ig en sch aften  des aus d en  A n sa tz s tü ck en  u n d  
der S pirale  gebildeten  e lek tro n en o p tisch en  System s e rk lä ren . A ller W a h r 
schein lichkeit n ach  ergeben sich fü r d ie  d e r K ath o d e  zu streb en d en  p o s itiv e n  
Io n en  so op tim ale  B esch leun igungsverhältn isse , dass d ie zuvor bei a n d e ren  
H ilfse lek tro d en ab stän d en  noch  b e s ta n d e n e n  K ath o d en fa llw erte  ü b e rflü ss ig  
w erden . A ndererse its  k a n n  sich auch d ie  Länge des B esch leun igungsraum es 
vo r der K a th o d e  v erm in d ern , u n d  die K a th o d e n fle c k te m p e ra tu r  v e rm a g  auch  
so noch v e rh ä ltn ism ässig  h ohe  W erte  anzunehm en .

G leichfalls in  A bb. 3 is t  der in  d iesem  Falle zw ischen den  beiden K a th o 
denenden  gem essene G le ichspan n u n g su n te rsch ied  au fg e trag en . E r  fo lg t den 
S chw ankungen  der F le c k te m p e ra tu r  g u t, ä n d e rt sich  verh ä ltn isg le ich  m it 
dieser, w as eine w eitere  M öglichkeit b ie te t ,  nach  geeigneter E ichung die F le c k 
te m p e ra tu r  u n ab h än g ig  v o m  op tischen  V erfahren  fallw eise e in facher u n d  
schneller zu  bestim m en .
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CHARACTERISTIC DISTANCES 
IN CLUSTERS OF GALAXIES

By

G. P a á l

K O N K O L Y  O B S E R V A T O R Y , B U D A P E S T  

(Received: 3. I I . 1966)

T here  are  7 c lu s te rs  of galaxies fo r  w hich th e  re d  sh ift values z  a n d  the  
num bers o f  m em ber galax ies N  (in som e n o t too la rg e  m ag n itu d e  in te rv a ls  Am) 
as func tions o f th e  a n g u la r  d iam eter o f  th e  coun ting  circle 2$  are av a ilab le  in 
th e  li te ra tu re  [1—5]. T h e  correspond ing  d iagram s iV($), corrected  fo r th e  field , 
are rep resen ted  in  F ig . 1.

I t  is seen th a t  th e se  curves show  a t  least tw o su d d en  changes o f  slope 
a t  values ■& belonging to  th e  inner p a r ts  of th e  c lu s te rs . U sing th e  N a tio n a l 
G eographic S o c ie ty -P a lo m ar Sky A tla s  th e  ex istence o f sim ilar re m a rk a b le  
changes is es tab lish ed  fo r a num ber o f o th e r  clusters b y  th e  au th o r. C onsidering, 
how ever, t h a t  th e  l a t te r  ex am in a tio n s w ill be co m p le ted  b y  e x te n d in g  th e  
coun ts to  all clusters av a ilab le  for o b se rv a tio n  only d u rin g  th e  follow ing y ea rs , 
th e  p resen t p re lim in a ry  com m u n ica tio n  is re s tr ic te d  to  th e  s tu d y  o f  c lu ste rs  
for w hich coun ts h av e  a lread y  been pu b lish ed . A lth o u g h  i t  is p re m a tu re  to  
give an y  num erica l v a lu e  of th e  s ta tis t ic a l  significance of th e  p h en o m en o n  
because th e  sam ple size w ill be increased  a t  least th ree fo ld  in  th e  course o f th e  
w ork in  p rogress, it  is e v id e n t on th e  b as is  o f Fig. 1 t h a t  th e  significance w ill be 
sa tis fac to ry  fo r th e  p ra c tic a l purposes d iscussed below . T he a u th o r’s u n p u b 
lished in v estig a tio n s rev ea l th e  im p o r ta n t  fac t, p a r t ia l ly  confirm ed b y  th e  
sim ila rity  o f  th e  curves in  Fig. l a ,  c, e, t h a t  b y  re p e a tin g  th e  counts a change 
of slope on th e  d iag ram  N (â )  of a g iven  c lu ste r is to  b e  observed  a t  th e  sam e 
values & w h a tev e r th e  sp ec tra l se n s itiv ity  of th e  p la te -f ilte r  c o m b in a tio n  
(blue or red ), th e  a d o p ted  m agn itu d e  in te rv a l*  and  th e  fie ld  co rrection  m a y  be 
(cp. [6]), p ro v id ed  th e  cen tre  of th e  c o u n tin g  circle is k e p t  unchanged . T h e re 
fore, in  th e  case o f a re g u la r  c lu ster o f  galaxies w ith  a defin ite  c e n tre , th e  
an g u la r d is tan ces  of th e  f i r s t  an d  second  changes of slope, •&1 and  $ 2, a re  rea l 
ch a rac teris tic s  of th e  c lu s te r . F o r th e  c lu s te rs  rep re sen ted  in  Fig. 1 th e  values 
&1 an d  $2 are  lis ted  in  T ab le  1 w hereas th e  values log an d  log A  are  p lo tte d  
aga in st th e  lo g arith m s o f th e  m ean co rrec ted  red  sh ifts  in  F ig . 2.

* There is an upper lim it: the effect disappears a t very large m agnitude in tervals and 
counted num bers, especially in  th e  case of a high field density.
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Table I

Name or designation
», »,

in m inutes o f  arc

Virgo Cluster 80 110
Pegasus Cluster 20 40
Cancer Cluster 11 40
Perseus Cluster 20 38
Coma Cluster 18 30
Corona Borealis Cluster 3,7 7,4
Cl 0024 +  1654 1,1 2,5

Fig. 2 suggests th e  p resence  of tw o  co rre la tions $j(z) a n d  <?2(z), th e  second 
one being  p e rh ap s th e  m ore reliab le . I t  is h igh ly  p ro b ab le  th a t  the  s c a t te r  of 
the  p o in ts  on th e  d iagram  m ig h t be red u ced  b y  ex am in in g  fu rth e r c lu s te rs  
w ith  know n red  sh ifts an d  selecting  th o se  w hich have s im ila r d iagram s N(&)

or sim ilar physical and  m orphological p ro p e rtie s . This w oidd  ind ica te  th e  
ap p ro x im a te  id e n tity  of th e  ch a ra c te ris tic  lin e a r  sizes for th e  cen tra l p a r ts  o f 
the clusters o f galaxies of an y  given ty p e . (A sim ilar s ta tis t ic a l  phenom enon  is 
likely to  ex is t for som e s ta r  c lu ste rs  too . — D r. P . N. K h o lo po v’s p r iv a te  
com m unication).

A s ta n d a rd  d iagram  N(&) — derived  b y  no rm aliza tio n  o f  th e  a rg u m en ts  
-  seem s to  p rov ide  new s ta tis tic a l d is tan ce -p a ram e te rs  b y  i ts  sudden  changes 

o f slope and  new  m eans of classify ing  reg u la r c lusters  o f ga lax ies b y  its gen era l
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fo rm . W hen b e t te r  know n i t  m a y  well prove as va lu ab le  a gu ide  in  inv estig a tin g  
th e  d istance  a n d  th e  physical ty p e  of c lu ste rs  o f  galaxies as th e  H R  diagram  
h as  p roved  to  b e  in  th e  case o f s ta r  c lusters. O n th e  o ther h a n d  th e  com parison 
o f  th e  c o rre la tio n  //2(z) w ith  th e  th eo re tica lly  expected  one fo r th e  “ m etric  
a n g u la r  d ia m e te rs”  [7—9] a n d  th e  in v e s tig a tio n  of th e  dependence o f th e  
ra t io  ^ /# 0  on th e  d istance o f  th e  clusters m a y  largely  c o n tr ib u te  to  our k now 
ledge on th e  ev o lu tio n  of g a lax y  clusters a n d  th e  M etagalaxy  ta k e n  as a w hole.
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VARIATIONAL PROBLEM 
IN THE SCHRÖDINGER THEORY*

By

R. Gá s pá r

RESEA RCH  GROUP F O R  TH EO RETICAL PH Y SIC S 
OF T H E  HUNGARIAN ACADEM Y OF SCIENCES, BU DA PEST

and
IN ST IT U T E  FO R TH EO RETICA L PHYSICS OF T H E  KOSSUTH LA JO S U N IV E R SIT Y , D E B R E C E N , 10

(Received 31. II I . 1966)

W ith  in te g ra te d  form s of th e  one p artic le  S ch röd inger eq u a tio n  a v a r ia 
tio n a l p rinc ip le  is p re sen ted  an d  ap p lied  to  some sim p le  problem s.

A rm strong  [1] h as  discussed an  in te re s tin g  specia l form  of th e  in te g ra te d  
Schrödinger eq u a tio n . I n  th e  follow ing we w ould like  to  generalize th is  idea 
an d  discuss a v a ria tio n a l p rincip le  fo r th e  d e te rm in a tio n  o f th e  w ave fu n c tio n  
an d  energy  eigenvalue. To avoid  som e problem s a t  th e  beginning  w e re s tr ic t 
our d iscussion to  a one p a rtic le  th e o ry  leav ing  th e  m an y -b o d y  p rob lem s fo r a 
fo rth co m in g  paper.

I f  th e  H am ilto n ian  o f an  a tom ic  system  is

H  =  -  — A  +  V  (1)
2

(in th e  follow ing we use a to m ic  u n its  in  w hich  e =  m  — fi — 1 i.e. th e  u n its  are 
th e  e lem en ta ry  charge, th e  m ass of th e  elec tron  and  P la n c k ’s c o n s tan t d iv ided  
by  2jr. T he energy  is m easu red  in  doub le  R ydbergs) w ith  bound  s ta te  y>j and  
energy E;, th e n

H.V, =  Ei Vi ■ (2)
U sing G reen’s th eo rem  A rmstrong  c o n v e rted  \ Aip dv in to  f  /hp d S  w ith  Q

à F
a large vo lum e an d  F  i ts  surface. For b o u n d  s ta tes th e  la t te r  in teg ra l v an ish es  
and he got

Ej j  ifi dv =  j  Vipi dv . (3)

Gy a rep e a te d  ap p lica tio n  of th e  a rg u m en ts  w e m a y  arrive  to  a v e ry  
sim ilar eq u a tio n  in th e  follow ing m an n er. B y  using (2) a n d  (3) we get

E'j j tpi dv  =  E i J  Vxpi dv — J  V H  y>, dv  . (4)

* This work was begun a t  the Jo in t In s titu te  for Laboratory  Astrophysics, University' 
of Colorado, Boulder, Colorado while the au tho r was a Visiting Fellow.
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W ith  th e  d e ta ile d  form  o f th e  H am ilto n ian  an d  using G reen ’s theorem  
and  ta k in g  in to  a cco u n t th a t

A V = f (  r) (5)

in  th e  space b e tw een  surfaces su rro u n d in g  th e  singu larities o f  th e  po ten tia l 
an d  a la rge  su rface  v e ry  fa r aw ay  from  th e  s in g u la ritie s  we get

( v
1 , 1  J 1------- zl w ,dv  =  — —

—  1
'v *Pl

dV
— f i -----

J 2 J 2 3 n 3 n
f t

dfi  +

3 n  3 n
d F  +  J  / ( r )  f t d v \ .

( 6 )

T h e  sum  w ith in  th e  cu rly  b ra c k e t  is over th e  singu larities. A ssum e F  to  be 
so la rg e  th a t  th e  second  te rm  m a y  be neg lec ted . T h is is reaso n ab le  because fo r

Qnpi
b o u n d  s ta te s  f i  a n d -----  te n d  to  zero  fast en o u g h  fa r  from  th e  singu larities.

Э n
f i  is a sm all sp h ere  w ith  rad iu s  Г/ a round  th e  s in g u la rity  l. dfi is a surface 
e lem en t on th e  sphere  f i .  I f  r/ is sm all enough  V  is spherica lly  sym m etrica l 
a ro u n d  th e  s in g u la r ity  for p o in t charges w ith  s in g u la rity  like 1/г;.

In  th e  fo llow ing we shall re s tr ic t  our d iscussion  to  p o te n tia ls  w ith  singu
la ritie s  like th o se  o f  p o in t ch arg es . F o r o th e r  ty p e  p o ten tia ls  th e  discussion 
m a y  he led  a long  sim ilar lines.

B ecause f i  ~  ra a >  0 n e a r  each p o in t ch arg e  and d f  =  rzd £ ,  w here dL  
is th e  solid angle o f  d f  seen from  th e  p o in t ch a rg e , th e  firs t te rm s  in  the  square  
b ra c k e ts  v an ish  a n d  we get fo r th e  o th e r te rm s

I ' — A I f t dv  =  — 2 л  Z , f t (r; =  0),
2 ) i

( 7 )

w h ere  Z , is th e  a to m ic  n u m b e r o f  th e  p o in t ch a rg e  a t  Г; =  0.
B y  co llec tin g  th e  te rm s a n d  rea rran g in g  we get

E 2i I f i  dv =  J V 2 f i  dv — 2 л  ^  Z, f t (r, =  0 ) . (8)

L et us t r y  to  su b s ti tu te  in to  (3) an d  (8) a tr ia l fu n c tio n  <р/ in s tead  o f f  
T hen  we get ё,- fro m  (3) an d  e] fro m  (8) an d  we h av e  th a t

e2i =f= (e,)2

in  general. I f  cpt =  f i  th e n  n a tu ra lly  ё /  =  ё / .
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T he q u a n tity

ô*e=  | ë f  —  | I , | 2 |  ( 1 0 )
m inim ized will lead  us to  th e  tru e  w ave function .

F o r  th e  hyd rogen  a to m  w ith  th e  tr ia l  function  çpi — exp  (—Яг) we easily  
get from  (10) Я =  1.

T he ap p lica tio n  to  o th e r  sim ple p rob lem s as h a rm o n ic  oscilla tor, e tc . is 
also s tra ig h tfo rw ard .

T h is v a ria tio n a l p rinc ip le  c an n o t be  app lied  to  m an y -p a rtic le  F e rm io n  
system s because o f th e  a n tisy m m e try  o f th e  w ave fu n c tio n  b o th  th e  le f t  side 
and  th e  r ig h t one of (3) an d  (8) van ish . B u t th e  g enera liza tion  of th is  th eo rem  is 
easy an d  will he th e  su b jec t of a fo rth co m in g  paper.
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R E C E N S I O N E S

The O rigin of Cosmic R ays

by V. L. Ginzburg and S. I. Syroyatskii (translated  from  Russian), Pergam on Press, 
Oxford—L ondon—E dinburg—New Y ork—Paris — F rankfu rt 1964

A lthough this book has the title  “ The Origin of Cosmic R ays” it  would perhaps have 
been more correct to  call i t  “ The A strophysics of Cosmic R ays” , as is pointed ou t by the authors 
in the Preface. The subject of this book is much broader th an  “ the origin of cosmic rays’ 
used in its  narrow sense.

The cosmos was investigated until th e  fourties of th is century  alm ost entirely  by optical 
methods. The most im p o rtan t recent feature of modern astronom y is, however, the develop
m ent of two new research fields: radio astronom y and th e  investigation of the astrophysical 
aspects of cosmic rays. This monograph deals w ith the la tte r  rapidly  developing scientific sub
jec t in detail, and problem s of radio astronom y are touched upon only insofar as they are 
connected w ith cosmic rays.

The m ain subjects studied are the following: 1) P rim ary  cosmic rays on the E arth  
(composition, energy spectrum , spatial d istribution); 2) Cosmic rays beyond the solar system 
(in the G alaxy and M etagalaxy) and the effect of the in terste llar medium and  interstellar 
magnetic fields on them ; 3) The origin of cosmic rays.

In  the English edition  some new resu lts partly  published a t the In ternational Con
ference on Cosmic Rays, Ja ip u r 1963 are also added. The excellent monograph which can 
already be considered as a classical sum m ary of this subject was translated  by H. S. H. Massey  
and edited by D. ter H aar .

E. F enyves

P hysical Acoustics

(Edited by W arren  P. Ma so n) Vol. I. P a r t A and P a rt B. Academic Press, New York.
London 1964

The firs t two volum es of this large encyclopedia include 14 m ajor papers of a general 
character. All the authors are Americans, m ost of them  research workers in the Bell Telephone 
Laboratories. The E ditor has broken w ith classical traditions and introduces in the first two 
parts the physics and excitation  methods of ultrasounds. The idea being very fascinating its 
continuation is awaited w ith  much interest.

Though the s tructu re  of the whole work is w arranted  by the widespread technical 
knowledge and the rich experience of W. P. Mason , we are no t quite sure w hether i t  is entirely 
suitable for such a general work, to be w ritten  by a group w hich group is ra th er restricted , 
after all. The European scientific literature  shows m any exam ples of good encyclopedias 
(Ergebnisse der exakten N aturw issenschaften, H andbuch der Physik  etc.) from which we realize 
th a t the best surveys of any special scientific field are given by th e  m ost com petent researchers 
w ith the w idest knowledge and experience. These conditions can be satisfied more easily when 
the authors are chosen from  all over the in ternational scientific range.

All this does not refer to  the value of the separate papers, each chapter giving a good 
picture of the results in its special field. Y et there are, in our opinion, chapters of extreme 
im portance (e.g. the four treatises on sem iconductorsappearing in p a rt В ; Chapters 10—13) 
and there are also some w hich seem superfluous (e.g. C hapter 8 which is of only industrial 
interest, or C hapter 14 w hich cannot be com pared in im portance w ith the others). We must 
point ou t the uniform ly comprehensive bibliographies and th e  references gathered from a 
central view point (900 references) which really m ake this standard  work an encyclopedia.
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The two volumes include the following chapters:

A C hapter 1. R. N. T h u r s t o n , W ave P ropagation  in Fluids and  Normal Solids. Phenomena 
of wave propagation, w ith ra th e r more m athem atics than  in o ther chapters.

C hapter 2. T. R. M e c k e r —A. H. M e it z l e r , Guided W ave Propagation  in  Elongated 
Cylinders and Plates. Modern treatise of wave propagation in lim ited spaces 
w ith h in ts for applications.

C hapter 3. D. A. B e r l in c o u r t — D. R. Cu r r a n — H. J a f f e , Piezoelectric and Piezo- 
m agnetic M aterials and T heir Function in Transducers. A detailed survey not 
only of the physical characteristics of m aterials b u t also of the circuit solutions 
to applications.

C hapter 4. H. J . M cSk im in , U ltrasonic M ethods for M easuring the Mechanical Properties 
of Liquids and Solids. Considering the w idth of the subject, this is a very short 
sum m ary of the application of passive u ltrasounds in m easuring technique.

C hapter 5. W. P. M a so n , Use of Piezoelectric Crystals and Mechanical R esonators in 
Filters an Oscillators. A survey of the au th o r’s wide experience in this field 
including practical aspects.

C hapter 6. J . E. M a y  J r ., Guided W ave U ltrasonic Delay Lines. Theoretical and techno
logical trea tm en t of the guided-type propagation of various m echanical waves.

C hapter 7. W. P. M a s o n , Multiple Reflection U ltrasonic Delay Lines. A sho rt reference 
on reflection delay system s which are, today, of only historical im portance. 

В C hapter 8. B. Ca r l in , The Use of High- and Low-Amplitude U ltrasonic W aves for Inspec
tion and Processing. A short treatise of an industrial nature.

C hapter 9. H. G. F l y n n , Physics of Acoustic C avitation in Liquids. An objective and pos
sibly ra th e r too lengthy discussion of the physical phenomenon of cavitation 
which is not yet com pletely clarified.

C hapter 10. W. P. M a so n , Sem iconductor Transducers — General Considerations. The first 
clear survey on the application of sem iconductors as electrom echanical tran s
ducers.

C hapter 11. R. N. T h u r s t o n , Use of Semiconductor Transducers in M easuring Strains, 
Accelerations and D isplacem ents. Short sum m ary of the possibilities of stream 
and v ibration  m easurem ents.

C hapter 12. M. E . S ik o r s k i, Use of p  — n Junction  Sem iconductor T ransducers in Pressure 
and S train  M easurements. Describes in detail the efforts of the au thor and 
others to  elaborate a com pletely modern sem iconductor transducer for pressure 
measurem ents.

C hapter 13. D. L. W h it e , The D epletion Layer and O ther H igh-Frequency Transducers 
Using Fundam ental Modes. Suitability of layer sem iconductors for the pro
duction of hypersonic frequencies.

C hapter 14. E. E is n e r , The Design of R esonant V ibrators. A quite short trea tise  (10 pp) 
on a special method of am plitude-transform ation.

B oth  parts  are completed by separate  indices of authors and subject. The books are 
well produced and typographically excellent.

T. T arnóczy

J. R. F r ed er ic k : U ltrason ic  E ng ineering

J. Wiley & Sons, New York, 1965. 379 pp.

Ultrasonics is a modern branch of acoustics. Scientific research was begun in the tw en
ties of this century  and by the end of the W orld W ar I I  actually  all basic phenom ena had been 
investigated. A fter the war technical and medical applications were being realized. In  many 
fields ultrasonic technology proved to be the best or unique solution of some problems in 
m easuring techniques, biology or medicine. There are some cases yet where the application 
of u ltrasounds has proved to be less successful and less economical than  o ther ways of p ro
cessing.

So an objective opinion about a new branch of engineering — ultrasonic technology — 
arose a t the beginning of the sixties. I t  can be sta ted  th a t  though American scientists did not 
take p a rt in research until relatively  recently  (m ainly only in the last 20. . .25 years) and  
medical experim ents were forbidden in the USA for some tim e, yet in aspects of technology
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they joined forces w ith E uropean developm ent. In some respects, such as industrial production 
and application of cleaning equipm ents and  ultrasonic brain operations the European level has 
even been surpassed.

Thus, many sum m arizing books — w ritten  by E uropean  and American authors — 
have been published in the last five years. This book by F r e d e r ic k  is intended for engineering 
purposes and introduces a minimum of basic theoretical considerations and no m athem atics 
a t all. The layout is based on the results of the scientific lite ra tu re  from 1948 to  1962 and 
recent experiences of technology. The following enumeration of the 9 chapters also shows th a t 
efforts were made to sum m arize each of th e  fields where u ltrasounds are applied in practice.

The chapters are:

1. Introduction  11 pp.
2. Basic Principles of Acoustics 32 pp.
3. In troduction  to  U ltrasonic Processing 8 pp.
4. U ltrasonic Transducers for Industria l Processing 73 pp.
5. Application of U ltrasonics to Processing 73 pp.
6. Uses of U ltrasonics in M easurem ent and Control 47 pp.
7. Flaw D etection 65 pp.
8. Applications of U ltrasonics to Biology 10 pp.
9. Medical U ltrasonics 43 pp.

The subject m atter of Chapters 4 and 5 is trea ted  very thoroughly; a good sum m ary is given 
in C hapter 7; bu t C hapter 8 seems to be ra th e r short. U nfortunately , this book, like alm ost 
all o ther American books, is found to be lacking in references except those in the English 
language. This is the more regrettable in u ltrasonic technology as in this scientific field the 
non-English literature is more im portant b o th  qualitatively and quantita tively . Only 4< Soviet 
Physics: Acoustics”  and “ Soviet Physics: D oklady” , which are translated  into English, are 
referred to , bu t these do no t give a com plete survey of the abundan t W estern and E astern  
E uropean (German, French, Russian etc.) lite ra tu re  of the last 10 years. So it  m ay often occur 
th a t a certain  paper of any au thor — quoted by chance — is no t his most im portan t work nor 
does it  contain his m ost recent results.

A part from these weaknesses the publication of such in teresting  new industria l techni
ques (as applied to cleaning, welding, etc.) — which until now were no t widely know n m ust 
be acknowledged and appreciated. The m ethod of treatm en t is clear and easy to  understand 
both for engineers and also for students.

T. T arnóczy

T. S. L it t l e r : The Physics of the Ear

Pergamon Press, Oxford, 1965 (In ternational Series of Monographs on Physics. Yol. 3.) 378 pp.

I t  is by no means merely an accident th a t this well-known firm  of Publishers has 
included a psychoacoustical book as the th ird  in this Series of Monographs. The close con
nections betw een acoustics, inform ation theory  and telecom m unication techniques have led 
to profound in terest in acoustical research. W ithin the field of physics, acoustics is much 
more im portan t today than  i t  was 30 years ago, and it represents 8—10% of the whole of the 
in ternational scientific lite ra tu re  of physics and of those who are occupied in research work 
and engineering.

In addition to the increasing im portance of the whole scientific field of acoustics some 
internal ad justm en t is to  be observed concerning the in terest shown in research on specific 
problems. A survey of the acoustical lite ra tu re  of the last 5 years (some 5000 papers) shows 
th a t about 30% of the to ta l m aterial belongs to  psychoacoustics and of this a t least tw o-thirds 
deals w ith hearing research. General works used to appear, therefore, again and again p a rti
cularly to summarize new results.

The present book by L it t l e r  is such a general work and was destined prim arily  to 
supplem ent obsolescent un iversity  tex t books. In  accordance w ith  the purpose of the book 
the au thor dem onstrates th e  physical principles of the hearing m echanism  by experim ental 
results. G reat im portance is a ttached  to the exac t analysis of experim ental conditions and the 
results of various authors are compared in an instructive m anner. P ractical applications of 
theoretical and experim ental results (hearing protection, com m unication techniques) are also 
mentioned.
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Contents of the book:

I  A natom y and Physiology of the Ear
I I  The N atu re  of Nerve Conduction

I I I  The Conductive Mechanism
IV The A nalytical M echanism: its Dynamics by D irect O bservations
V E lectrical A ctivity  of th e  A uditory  System

VI The Dynam ics of the E ar as Deduced from  Electrical O bservations
V II Sensitiv ity  Range of the E ar: O bjective and Subjective Investigations

V III  Physical Characteristics of Speech
IX  B inaural Hearing
X  Music

X I A udiom etry
X II  A udito ry  A daptation  and  Fatigue

X III  Defects of Hearing and Their M easurements
X IV  The A lleviation of Deafness
XV Theory of Hearing

The book is com pleted by Appendices containing im portan t physical da ta  and m athem atical 
apparatus. There is also a selected bibliography.

This well composed monograph brings its own results, too. The au tho r always stresses 
th a t  the hearing process in the ear consists of two parts: the first being a Fourier-type analysis 
occurring in the cochlea; the second a phase analysis resulting from identifications of pulse
tim e patterns w hich are in ex traord inarily  com plicated connections w ith each o ther and are 
transferred  by nerve pathw ays. T hus, the au thor no t only has in view a new chapter of 
hearing theory  of growing im portance b u t also lays the foundations for an understanding 
of the general comm on mechanism of sensory nerve pathw ays.

An a ttrac tiv e  feature of the book is th a t relations w ith other psycho-acoustical pheno
m ena are no t neglected. Thus, the physical characteristics of speech, b inaural hearing and 
musical acoustics are dealt with, too. In  the chapter on audiom etry technical m ethods are also 
m entioned.

I f  any criticism  can be made a t  all, it  is th a t there is insufficient ad ap ta tion  of recent 
results in the scientific literature. The references of the book — published in  1965 — are dated 
actually  up to  1957/58. Only some sporadic later dates are to be found, the investigations 
(1955/56) concerning critical bands are no t m entioned in the book a t all, and  sometimes (e.g. 
the physical characteristics of speech) its po in t of view is th a t of 20 years ago. This does not 
d e trac t from  the value of the m ethodological structure  of the book, or from  some excellent 
chapters sum m arizing the m aterial.

A ltogether, the book is a standard  work th a t gives a clear survey of the s ta te  and results 
of m odern hearing research and will be very profitable for physicists.

T .  T a r n ó c z y

L. P r a n d t l : F ü h re r  du rch  die S tröm ungsleh re

6. iVuflage. N eubearbeitet und herausgegeben von К . O swatitsch und  K. W ieghardt. 
Verlag von Fr. Vieweg und Sohn, Braunschweig, 1965. X II  -f- 523. S. u. 449 Abb.

Jeder technisch oder naturw issenschaftlich In teressierte wird es m it Freude begrüssen, 
dass das w eltberühm te Lehrbuch von P r a n d t l  über die Ström ungstheorie je tz t, völlig m oder
nisiert, in sechster Auflage wieder vorliegt. Die Theorie ist in dem Buch von den ersten A nfän
gen an aufgebaut, so dass ihre Aneignung dem Studierenden keinerlei Schwierigkeiten bereitet. 
Doch auch sonst is t das Werk so k lar und schön verfasst, dass es auch ältere, auf anderen 
Gebieten arbeitenden Physiker oder Ingenieure m it w irklichem Genuss lesen werden.

Das erste einleitende K apitel handelt von den E igenschaften der Flüssigkeiten und Gase. 
Das zweite bespricht die K inem atik  der Flüssigkeiten und  die D ynam ik der reibungsfreien 
Flüssigkeiten. Das d ritte  K apitel is t der G asdynam ik gewidmet, die entsprechend ihrer heutigen 
grossen B edeutung schon hier behandelt wird. Das v ierte  erörtert die Bewegung der zähen 
Flüssigkeiten, die Turbulenz und die technischen Anwendungen. Dieser Teil wurde von
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Л. С. R ó t t a  bearbeitet. Das fünfte  Kapitel behandelt die konvektive Wärme- und S to ff
übertragung sowie das Problem  der Grenzschichten bei hochen Geschwindigkeiten. (Die le tz
teren zwei K apitel besprechen die PRANDTLsche Grenzschichttheorie.) Das sechste hande lt 
von der experimentellen Technik der Aero- und H ydrodynam ik. Im  siebenten werden die F lug 
körper, die^ A ntriebe und die Ström ungsm aschinen erörtert. Dieser Teil um fasst das grosse 
Lebenswerk des Verfassers (PRANDTLsche Tragflügeltheorie). E rgänzt wurde dieses K apitel 
von D. K ü c h e m a n n  und W. D e t t m e r i n g . Das ach te  Kapitel befasst sich m it den m eteorolo
gischen Anwendungen, das neunte  endlich m it verschiedenen Einzelproblem en. B em erkt sei 
noch, dass die A bschnitte über W ärm eübergang, über Hochgeschwindigkeitsgrenzschichten, 
über das Versuchswesen und über die meteorologischen Anwendungen von H. S c h u h , H. L u d - 
w i e g  und E. K l e i n s c h m i d t  neu verfasst wurden.

In dem W erk werden die Problem e der Bewegungen mit Überschallgeschwindigkeit aus
führlich besprochen. Abschliessend findet sich auch die Ableitung der Grundgleichungen der 
M agnetohydrodynam ik, an die sich Darlegungen ü ber zwei Anwendungen dieser Gleichungen 
anschliessen. U nberücksichtigt bleiben dagegen die in hochverdünnten Gasen auftretenden 
Erscheinungen. Dieses Gebiet der sogenannten freien Molekülbewegung, das beim Fliegen in 
sehr grossen Höhen eine Rolle spielt, gehört auch ta tsäch lich  eher in das Gebiet der kinetischen 
Gastheorie. Ähnliches gilt auch fü r die K nudsenström ung in Röhren, die ebenfalls unberück
sichtigt bleibt. Das Werk en th ä lt ausserdem sehr ausführliche L iteraturhinw eise, die n ich t nur 
für den Studierenden, sondern auch für den wissenschaftlich arbeitenden Fachm ann von 
grossem W ert sind. Ein sehr ausführliches Sachregister erleichtert die B enützung des Buches.

Es ist selbstverständlich weitgehend Sache der individuellen Beurteilung, was alles ein 
solches Lehrbuch enthalten  soll. D er Referent könnte sich z. B. denken, dass es bei der B espre
chung des Vogelfluges (Tragflügel und  Luftschraube in einem Organ vereinigt) für den S tud ie
renden in teressant sein könnte, zum  Vergleich den viel primitiveren Insektenflug heranzuzie
hen, der einem Nurpropeller-M odell oder, richtiger ausgedrückt, dem  Modell zweier in e n t
gegengesetztem D rehsinn ro tierender und ineinandergeschobener L uftsschrauben entspricht. 
(N ur einige grosse Tagfalter bilden eine gewisse A usnahm e, weil sie auch segeln können.) 
Ebenso liefern die K örper der Schw ärm er eines der schönsten Beispiele fü r das Strebenprofil. 
Nun kann aber ein Lehrbuch natü rlich  nicht alles enthalten . Das L iteraturverzeichnis ergän
zend möchten wir kurz bem erken, dass beide B ände der Theoretischen H ydrom echanik von 
K o t s c h i n , K i b e l  und R o s e  in deutscher Ü bersetzung vorliegen (B erlin  1954 und 1955). 
Ausserdem mag es selbst für deutsche Leser in teressan t sein, wenn w ir hier erwähnen, dass 
die zwei anderen von T i e t j e n s  veröffentlichten H auptw erke von P r a n d t l  in englischer 
Übersetzung in einer ganz billigen »Paperbound« — Ausgabe 1957 bei Dover in New Y ork 
erschienen und somit leicht zugänglich sind.

T h . N e u g e b a u e r

I. Y e . I r o d o v : A Collection of Problem s in Atom ic and  N uclear Physics

(E dited  by S. Doniach) Pergam on Press, Oxford, London E d inburgh  -N ew  Y ork —
P aris- F rankfu rt 1966.

This edition is a translation  of the second edition of I .  Y e . I r o d o v ’s book entitled  
Sbornik zadach po atomnoi fizike, published in Moscow by G osatom izdat. I t  is translated  
by S t e v a n  D e d i j e r . About 8 5 0  problem s taken from  a wide field of atom ic and nuclear 
physics are contained in this book. They are in tended for students who are beginning the ir 
study  of atom ic and nuclear physics and for students taking physics as an  ancillary subject.

The problems are arranged in 15 chapters, each of which starts w ith  a short sum m ary 
of fundam ental concepts and form ulae needed for th e  solution of th e  problems contained 
in  it. There are questions on the therm odynam ics of radiation , the qu an tu m  nature of light, 
photoelectric and Compton effect, R utherford’s scattering  formula, Bohr theory  of the atom , 
De Broglie relation and uncertain ty  relations, the Schrödinger equation, spectra of the alkali 
m etals, the fine s tructu re  and na tu ra l w idth of spectral lines, Zeeman effect, S tern—Gerlach 
experim ent, dia- and param agnetism , X -ray  diffraction and absorption; some questions about 
m any electron atom s and molecules, the rotation and  vibration of molecules, the R am an 
scattering of light, radioactivity , nuclear reactions and  fission; several questions connected 
w ith the utilization of nuclear energy, and the properties of the nucleus; a few questions about
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elem entary partic les; and m any questions concerning experim ental m ethods used in atom ic 
physics such as mass spectrom eter, Wilson cloud cham ber, ionization cham ber, GM coun ter 
and the several particle accelerators.

The answers occupying th e  second half of the book are very comprehensive and include 
some derivations of the im p o rtan t theoretical form ulae. A t the end of the book there  are 
several tables including work function  and density  of metals, ionization potentials of atom s 
and molecules, constants of d iatom ic molecules, properties of certa in  isotopes and the ele
m entary  particles, and the table  o f atom ic and nuclear physics constants. This has the ad v an 
tage of accustom ing the studen t to  the use of tables. A t the end of th e  chapters there are 
references to  textbooks dealing w ith  the topic in g rea ter detail. Indeed, th is book will prove 
a useful ad junc t to the standard  textbooks a t th e  in troductory  level.

É va K is d i-K oszó
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