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THE LORENTZ PRINCIPLE AND THE GENERAL
THEORY OF RELATIVITY

PART |
HOMOGENEOUS PROPAGATION OF LIGHT
By

L. JANOSSY
CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

(Received 23. XI. 1965)

This paper is the first of a series in which the formulation of the general theory of
relativity in terms of the Lorentz principle is attempted. In this first part the Lorentz trans-
formation is generalized so as to be applicable to parts of space where light is propagated
homogeneously but possibly unisotropically. It is shown that the Lorentz principle in its
ordinary form remains valid for such regions.

Introduction

8 1. In the present article we show that the Lorentz principle which
we have formulated in a number of papers [1] —[4] can be generalized so as
to apply to the problems of general relativity. Just as in the case of the special
theory, in the generalized form the principle leads to a mathematical formalism
equivalent to that of the general theory of relativity. The approach through
the generalized Lorentz principle gives, however, new physical aspect to the
problems. In particular although the mathematical formalism of Riemann
geometry is made use of the concept of curved space is left out of the con-
siderations. We hope to come back to the philosophical aspects of the problem
elsewhere, here we try to restrict ourselves to such an extent as possible to
physical considerations only.

§ 2. Our considerations start from the fact that the mode of propagation
of light is affected by gravitational fields. In a gravitational field the propaga-
tion of light can thus not any more be regarded to be isotropic and the velocity
of propagation may vary both in time and with location.

So as to be able to generalize the Lorentz principle to the case of
inhomogeneous mode of propagation of light we shall, as a first step, generalize
the Lorentz transformation to regions with homogeneous mode of propaga-
tion. In the present Part | of this work we shall give the generalization of the
Lorentz transformation to the case of unisotropic but what we shall call
homogeneous mode of propagation of light. In Part Il we shall further generalize
the Lorentz transformation to the case of inhomogeneous propagation of light.

It will be seen that the Lorentz principle when interpreted in terms of
the Lorentz transformation thus generalized yields essential parts of the
formalism of general theory of relativity.

| Acta Physica Academiae Scientiarum Hungaricae 21, 1966



2 L. JANOSSY

In Part 11l we shall re-interpret the considerations of Einstein giving
the connection between gravitational field and its sources. We shall thus give
the connection between the mode of propagation of light and the sources of
gravitation.

W ith the considerations of Part IIl we shall arrive from our approach
at the whole of the mathematical formalism of the general theory of relativity.

8 3. Let us consider part of space in which light is propagated uniso-
tropically so that the velocity of light in different directions should be different.
Let us suppose, however, that the directional distribution is the same in
different points and that it does not vary in time. Thus suppose that the
velocity of propagation of light can be written as

s independent of r, f
xa(x) for any direction n ()

where K is a unit vector.

Furthermore we shall restrict the function a("n). Supposing that light
is propagated unisotropically in the manner as we know light to be pro-
pagated in a homogeneous but unisotropic medium, we may suppose the
following connection between the vector r pointing from a point P to Q and
the measure of time t in which a signal starting from P reaches Q,

rGr —cgt2= 0, 2)

where G is a symmetric positive definite tensor with components G-* = G*/,
i, k=1, 2,3 and c0is a velocity. The particularcase G = 1, c0= ¢, i.e. GIC=
= ¢6ik corresponds to the isotropic propagation of light.

84. So as to generalize (2) a little further, we may suppose that
the carrier of light moves with the constant velocity v relative to our sys-
tem. If we describe the propagation of light with respect to a system K
in which the carrier of light is at rest, then we find for the coordinates of
the two points P and Q which are at rest with respect to the system K:

Tp(t) = a — vt, | N
*q(0 = a—vt+ r]e
If a signal starts at t — txfrom P and arrives at t = i2in Q we have to write

(rp(*i) — Fq(2) G (rp(tj) - rQt2) - cl{tx- t2)2= 0.

Rewriting the above relation and writing t0O— tx= t we find with the help
of (3)
rGr+ 2rVit- c22= 0,

Acta Physica Academiae Scientiarum Hungaricae 21 .1966



THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY, I 3

where we wrote Gv= V and c2= cl —vV. The above relation can also he
written

xgx =0, (4)
where we suppose x to be a four-vector with components
X=r,t

and g is a symmetric tensor of the fourth order with components

_IG
g= v (9)

In the following we shall say that light is propagated homogeneously
in a region if the propagation inside all parts of this region can be described
by relation (4) and the tensor g has the form (5).

We suppose the components of g to be independent of x furthermore
we suppose —g4= c2> 0.

A particular case of (4) and (5) is the case considered in previous
works, (see for instance [1]), i.e.

10 0 O
) 010 O
x'x = 0 with T 0010 (6)
VOO 0—c2'

8 5. Suppose relation (4) (with given elements of the tensor g) is valid
in the measures of a system of reference K. We can form transforms of the
coordinates, e.g.*

x'" = S-1x, (7)

and inserting (7) into (4) we find

(8)

Thus taking the transformed coordinates to refer to a system K' we see that
the propagation of light appears homogeneous also in the measures of K'
hut the tensor g giving the detailed mode of propagation has in general
different elements in the representation relative to K' than g representing

*The coordinate transformation itself may be an inhomogeneous transformation,
x as used in relation (4) expresses a four-distance, thus it can be taken as the difference between
two coordinate vectors e.g. Xx = Xp— xq and thus its transformation is homogeneous.

1* Acta Physica Acaderniae Scientiarum Hungaricae 21, 1966



4 L. JANOSSY

the propagation relative to K. (Here we denote by gothic symbols quan-
tities irrespective of their representation).

8 6. In particular if we prescribe the elements of the matrix g' we find
a transformation S which leads from g — g' thus prescribed. Indeed, putting

5=g-v* ©

(8) reduces to an identity. Thus the transformation with the matrix S as
defined by (9) seems to give one suitable transformation, however, the trans-
formation matrix S defined by (9) has in general complex elements. Writing
g as a hypermatrix in the form (5) and using an analogous notation for the
matrix g' we find that a matrix S giving the transformation (8) can be
written

G-NG't G-% GKv' Vc'c

0 c'lc

(92)

Since G and G' are symmetric positive definite matrices, the matrix S as
defined by (9a) has real elements only. For v = v' or more generally if

G'Kv'/c' = GHVv/c
(9a) reduces to (9).*

Another transformation can be obtained as follows: denote by O and O’
matrices with the help of which g respectively g' can be brought into diagonal
form; thus suppose

0-190 = D, 0'—1g'0'= D".

Thus remembering that O is an orthogonal matrix obeying 0 = O“1 we can
also put

S= 0'D'KD-KO, (9b)

and we find that (9b) also satisfies (8).
Both transformations (9a) and (9b) have the following features:
1) If g' —g then S—1
2) The matrices thus defined are associative, i.e. if

SgS=g¢g' and S'g'S' = g"
then we have also
™= S"gS".

* 1 am indebted to P. Kiraly for drawing my attention to the fact that the definition (9)
leads to matrices S with complex elements and also for pointing out that the alternative
definition (9a) leads to transformation matrices with real elements only.
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THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY, I. 5

where S, S' and S" are all three given either by expressions of the type (9a),
or all three are given by the expressions of the type (9b).
In particular we may put

and thus we find that in the measures of K' the propagation appears isotropic.
Conversely even if the real propagation of light is isotropic we can construct
systems of references in which the propagation of light is characterized by an
arbitrarily given tensor g.

Thus from the fact that the propagation of light appears homogeneous
in one representation, it follows that it appears so in all other representations
which are obtained from the former by linear transformation. There exist
always among the possible representations such in which the propagation
appears isotropic.

8 7. One infers from the above that it is impossible to determine the
elements of g from the result of measurement of the times of travels of signals
of light. That this is indeed impossible we show presently by a consideration
which is a generalization of considerations given earlier [4].

8 8. We show presently that one can easily generalize the considerations
which we have given elsewhere [2] for the case of isotropic propagation of light.
Consider for this purpose a number of clocks near points PO, Pv P2 ..., Pn.
We show that taking, say, the clock PO as standard, we can synchronize the
remaining clocks using light signals between the clocks and we can at the
same time express the components of the coordinate vectors r0, ri5r2 .. ., rn
of the position of the clocks in terms of the observed times of travels of
light signals.

8 9. So as to carry out the above synchronization, suppose POto he the
standard clock, we may synchronize the rates of the clocks Pk k = 1,2, ...
by emitting signals with a period T from P0Oand adjust the rates of the clocks
P/( k > 0 to the rythm of the signals thus received.

The procedure of synchronizing the rates of the clocks can be repeated
by emitting in turn periodic signals from the points Pv P2 ..., etc. and it is
to be expected that the signals thus emitted and received by the remaining
clocks appear to be periodic when timed with the receiving clocks.

The latter procedure can be taken as a test of the assumption that the
velocity of propagation of light is indeed constant in time and also a test of
the assumption that the clocks Pk, k = 0, 1, 2 are in positions at constant
distances from each other. Furthermore the possibility of synchronizing the
rates of the clocks in a consistent manner supports the assumption that the
rates of the clocks are constant indeed. We shall come back elsewhere to the
analysis of this problem in greater detail.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



6 L. JANOSSY

We suppose thus that the rates of the clocks Pk, k = 0, 1,2, ... have
been successfully synchronized. We show how the coordinate vectors rk of the
positions of the clocks can be determined in terms of the times of travels of
signals between the clocks so synchronized.

8 10. So as to obtain definite values for the coordinates we define a
system of reference with the help of the positions of four of the clocks. Let
us suppose that PO, Pr, P2 P3lie on the corners of a non degenerated tetra-
hedron. We can take POto fix the origin of K while the points P15 P2 P3fix
the direction of the axis of the system of reference K. In the system thus defi-
ned the coordinate vectors of the positions of the four clocks can be written

r0= 0; rx= <j,0, 0; r2= 0,a20; r3= 0,0,a3. (10y

The numerical values of the components ofthe coordinate vectorrk, k = 1,2,3
can be determined from the times of travels of light signals provided the com-
ponents of g relative to K are known. This determination can be carried out
in the following manner.

Denote the time of travel of a signal from Pn to Pm by tnm; denote
the return time from Pn to Pm and back by

bi,m “f~bn,n — 2 tnm (n)

further denote the difference

= 2At, @)

(in the case of isotropic propagation of light we have of course A tnm = 0).

Writing for the moment

bt,m — bt’ bn,n= *2 .
(ra)
rm— =,

then we have for the times of exchange of light signals between Pn and Pm

rGr  2Vrtj —c4\ = 0, (a)l
rGr —2Vrf2— c2| = 0. b){

(14)

Solving the above equations into and f2 we find using the notations (11)>
(12) and remembering (13)

tdm =(@rGr)/c2-f- (Vr)2c4, (a)
Atnm = Vr/c2, (b) (15)
r= bn—*Vv (c)

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY, I 7

In place of (15a) we may also write

3
Cfm= (rm- O g()( rm— O, (a)
where (16)
Q_
g= G+(VoV)/c2. (b)
Observing the times tnm, nT = 0, 1,2, ... we are in a position to determine
the components of the coordinate vectors rn, n = 1,2,3,... In particular

forn= 0, m= k= 1,2, 3we find from (16) and (10)

«n= ciofcfgfcfc * = 1,2,3. (17)

Further introducing a vector D(,) with components

Diny  Jkn _fon ok K= 12,3 (18)
2a,
We find from (16a)

®
r~xg"D W "=0,1,2,... (18a)

However, (18a) gives only a necessary condition which the coordinates r,,
have to satisfy. Whether the coordinates as given by (18a) in terms of the
return times indeed satisfy the relations (16) has to be ascertained separately.

We consider the procedure in some more detail. Considering the four
points Pk, k = 0, 1, 2, 3 and a fifth point P/, | > 3, we may observe twenty
return times between the various pairs of the five points. It follows from (16)
that we must expect

*NT = Irn- nm= 0,1,2,3,/. (19)

Equ. (19) gives thus ten conditions which have to be fulfilled by the observed
return times if our assumptions about the mode of propagation of light is
to be correct.

Supposing (19) to be fulfilled by the observed values, equ. (16a) pro-
vides us with further ten conditions. However, inserting (18) into (16a) re-
membering (17) nine out of the ten relations reduce to identities and we are
left with one non trivial relation, i.e.

)]
c2%0i= r/gri- (2°)

The above relation gives thus a further check of consistency of our assumptions.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



8 L. JANOSSY

One further check is obtained if we consider the time a signal takes
to go round a triangle formed of three points. Writing thus

tkim = [ d- *,m “t* bn, k

we find with the help of (12)

tkim — Ikml = 2(Atkl + Atlm+ Atmk)

and with the help of (15b) and (15c¢) we obtain

IkKlm — *KTl * (21)

The above relation can be checked directly by experiment.

If all the checks described above lead to satisfactory results then we
may conclude: The fact that the rates of the clocks can be synchronized
consistently, further the facts that (19), (20), and (21) are obeyed by the
observed times of travels of signals support the hypothesis that in the region
considered light is propagated homogeneously with a propagation tensor g.

However, the checks do not really prove that the propagation tensor
has indeed the value g used for the determination of the coordinates rn.
Indeed, had we supposed that the propagation was not given by g but by
a tensor

9'= SgS,

where Sis a matrix with constant elements and det S ==0, then the procedure
described above would have led to coordinate vectors

rm= S-1rn. (22)

It is verified easily that provided the rn obtained assuming the propagation
to be given by g satisfy the checks described above, then automatically the
coordinate vectors vn satisfy the corresponding relations involving the ten-
sor g'. We see therefore that the analysis of times of travel of light signals can
be used to ascertain whether or not light is propagated homogeneously, but no
information can be obtained as to the components of the propagation tensor g
from such measurements.

It is interesting to note that it is usually strongly emphasized that
observing the return times of light signals one cannot determine the velocity
of the observer relative to the carrier of light.

We see from the above considerations that the latter statement con-
tains only part of the real facts. The velocity of the observer relative to the
carrier of light is contained in the components Vk = gik, k = 1,2, 3 of g.

Acta Physica Academiae Scientiarum Hungaricae 21, 1960



THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY, I. 9

As, however, none of the components of g can be determined by the exchange
of light signals, it follows that the observation of times of travels of signals are
also unsuitable to determine whether or not light is propagated isotropically
relative to its carrier. Thus the ambiguity of the interpretation of the results
is considerably larger than it is usually supposed to be.

§ 11. We may define as the measure rnm of the distance between the
points Pn and Pm as

rom  cnm (*nm('@rnm)-J (25)

The above relation in itself is a mere definition and has no physical contents.
So as to obtain a physical statement we may take a solid rod AB, fix one of
its ends A in the point Pn and turn it round into different directions. The
end B of the rod thus will take up points upon a surface given by coordinate
vectors

r(*) = *n+ I(x), (24)

where Z is a two-component parameter defining the various orientations of
the rod. Determining the I(x) by observing the behaviour of a real rod, we
conclude from (23) and (24)

S
1(x) = (1(x)gl(x))»

where I(x) is the measure of the length the rod takes up when is pointed into
the direction defined by x.

From experiments of the Michelson—Morley type it follows that the
return time of a light signal travelling between the ends of a solid rod is not
affected if the rod is turned round. This experimental result may be expressed
by stating that for a solid rod turned round adiabatically we have

I(x) = 1= independent of x (25)

The latter relation implies that when it is turned round physical processes
take place which make the solid rod to adapt itself to the measures obtained
from light signals and defined by (23).

The observed relation (25) can be taken as the first step in formulating
the Lorentz principle in its generalized form.

The Lorentz principle in the case of homogeneous propagation of li ght

§ 12. Let us consider a system of reference in which the propagation
of light can be described by

xgx = 0, (26)
with a given tensor g. We may change the system of reference and thus
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obtain new coordinates so that
X'"M x. 27)

(The transformation must be taken in the homogeneous form as x and x'
represent four-distances.)
Introducing (27) into (26) we find

xMgMx = x'gx". (28)
We see thus that if the matrix M is such as to obey relation
MgM = 0g 0 ® 0, (29)
then relation (26) written in terms of the coordinates x' reduces to
x'gx' = 0. (30)

We see therefore that there exists a set of systems of references K,
K' ... in all of which the propagation of light is expressed by the same
algebraic expression of the form (26), i.e. by the same propagation tensor g.

Relation (29) is the generalization of the definition of the Lorentz
matrices [1], [4], i.e. of

NTA = & . (31)

In the following we shall restrict ourselves to consider transformations
with 0 = +1.

§ 13. The matrices M obeying (29) connect thus the systems of reference
relative to which the propagation of light appears in the same form. The
transformations M form (like the Lorentz transformations) a group. Indeed
from

MgM = ¢g (32)
follows, since det g 0
detM = 1e (33)

Thus M possesses a reciprocal. We find thus from (32)

M-i= g~iMg, (34)
and therefore
fo-*gM->=g. (35)

Thus if M is a generalized Lorentz matrix, then M 1is also such a matrix.
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Furthermore we find that if two matrices M and 14 obey

MgM = g and NgN =g
then we have also
(MN)g MN = g.

Thus the matrices M obeying (32) form indeed a group.

8 14. The generalized Lorentz transformation, which was introduced as
giving transformation between the coordinates of different system of reference,
can — just like the ordinary Lorentz transformation — be given a new
meaning.

Considering the inhomogeneous transformation

X*= MX + m, (36)

where we write capital X for a coordinate four vector so as to distinguish it
from the four-distances for which we wrote x.

We may consider X and X* as four-coordinates of two events, say @
and (5* both coordinates relative to one system of reference K. Thus the
transformation (36) can be taken as to refer to coordinates relative to one
system of reference only and thus the transformation orders to an event ®
represented by X another event ©* represented by the coordinate X*.

Considering instead of a single event @ some physical system O con-
taining a number of points which may be also moving relative to each other,
then transforming the coordinates of the points 2 ..., Yn of ClI we
obtain new points ~*, jB* ... 58* forming a new physical system CI*. The
system CI* is obtained from Cl by generalized Lorentz transformation. We may
write symbolically

&) = ar, (37)
where is the operator describing the change from Cl into CI* and R stands

for the parameter characterizing the transformation. Relation (37) expressed
in its representation relative to a system K of reference may be written

i£p(Q) = Q* (38)

P=KWp), Q=K(&), Q=K

are the representations of the various quantities relative to K.
W ritten more explicitly, if we denote the representation of the four-
coordinate vectors of a point of Cl by x,

where

xX* = Mp X, m r=1, 2,.. ., n. (39)
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where Mpis a matrix obeying the relation (32), the components of p are the
parameters specifying the transformation and m is a four-vector with constant
components.

§ 15. Considering the transition O —»£1*, i.e. the Lorentz deformation
with parameter g relative to a new system of reference, then we find

X' *= Mp-x'+ m' (40)
where we have
Mp. = M(,)Mp (41)

here M*4*is the matrix of the coordinate transformation leading from K —K'
Thus the latter coordinate transformation written explicitly

X' = M<UXr-)- p *=1,2,..., n (42)
in place of the above relation we may also write
X'= nlr«(X),

where we have denoted by i"ét™ the inhomogeneous operator containing the
matrix M(,) and the vector p.

8§ 16. From relation (41) we see how the deformation £h —»£1* is re-
presented relative to various systems of references in which the propagation
tensor g has the same representation.

More precisely, we may state that the propagation of light in a certain
region of space is given by a tensor g. The representation of g relative to a
number of systems of references K, K", ..., K" is the same, e.g.

K@) = K'(fl= K"(0)= ... = g.
Considering a coordinate transformation of the type

X = SX + s,
where

§9S =9 g.

We obtain from a system of reference K another system of reference K so
that in the latter the propagation of light is described by a tensor g.

From the system of reference K we can form a group of systems of
references K, K', K", ... in each of which the tensor g has the same repre-
sentation g. The latter are connected by matrices M obeying the relation

MgM = g.
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A Lorentz deformation Q — O* can be expressed by an operator of
the set M if we consider it in one of the representations K, K', K", ...
We find easily that the connection between the operators M and M is given by

Mg= S-1M,S. (43)
Thus a Lorentz deformation O ~ CI* can be represented by a set of operators
Mg, Mq', Mo, . . .

relative to systems ofreferences K, K', K", ... in all of which gis represented
by a tensor g.
The same Lorentz deformation can also be represented by operators

Mg, Mg, M@,

relative to systems of references K, K', K", ... in which g appears to be
represented by a tensor g different from g.

Considering relations (41) and (43) we find an important common
feature of all the representations of a deformation O — £1*. Indeed, the
matrices

Mg, Mq', .+., Mg, Mq, ..,

have all the same eigenvalues.
The eigenvalues of a Lorentz matrix can be chosen to be of the form
(see [3])

lc+ V
1Cc— Vv’ c+ t

we see thus that any representation of one Lorentz deformation has the same
eigenvalues characterized by the parameters @ and v. The latter result holds

— as we see — also in the case of unisotropic propagation of light and
it holds also if we consider systems of references in which the propagation
tensor g is represented by different matrices g, g, ..., etc.

§ 17. We are now in a position to generalize the Lorentz principle to
the case of homogeneous but possibly unisotropic propagation of light.

We state: the laws of nature possess such symmetries that, provided JQ
is a real physical system, then any Lorentz deformed form O* = tsap (Q) of £*
is also a possible system obeying the same laws of as Q.

Furthermore, if a system Q is adiabatically accelerated then it changes
its configuration into a Lorentz deformed form of its original configuration.

The above formulation of the Lorentz principle regarding its form is
identical with the former formulation (see [2]). We have extended its content
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by generalizing the Lorentz transformation to the case of unisotropic but
homogeneous propagation of light.

8§ 18. We make a concluding remark. The formulation of the Lorentz
principle in its restricted form as was done in a previous work is based on the
failure of a series of experiments to observe effects of translational motion.
This failure is attributed to a peculiar symmetry of laws of nature which
symmetry causes that to any effect which might arise from the translational
motion relative to the aether, other effects appear which exactly compensate
the former. This symmetry itself could be described adequately by the Lorentz
principle.

The earlier considerations are based on the assumption that light is
propagated isotropically relative to its carrier, the aether.

The generalized considerations show that supposing light was after all
not carried isotropically in the aether but if the propagation be of the more
general type which we denoted as homogeneous, even then, the symmetry
discussed above might persist and this symmetry might prevent us not only
to locate the distinguished system of reference KOwhich is at rest to the carrier
of the light, but it equally prevents us to determine the propagation tensor g0
which describes the propagation of light relative to its carrier.

The extension of the symmetry properties of nature in this fashion is
based on pure speculation. Experimentally the adequacy of this extension
could be checked if we could carry out experiments, say with a Michelson
interferometer in a region of space where we have good reason to believe the
propagation of light to be unisotropic. If an experiment in such a region
were to lead to a negative effect in spite of the unisotropy, then this result
would directly justify the extension of the Lorentz principle.

At the moment such experiments do not exist. The generalization of the
Lorentz principle we have given here can be in spite of the lack of direct
evidence be justified.

Indeed, we shall show that the generalization of the Lorentz principle
we have given here is a necessary intermediate step to its further generaliza-
tion to the case of inhomogeneous propagation of light. In the case of the
inhomogeneous propagation of light observable effects are found and the
theory of these effects can be obtained by a straightforward further generaliza-
tion which we discuss in the second part of this paper.
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MPNHLUWMN NOPEHUA W OBWAA TEOPUA OTHOCUTENBHOCTU
Yactb |

n. adHown

Pesome

HacTosuas pa6oTa saBnseTca nepBoii U3 cepuu paboT, B KOTOPbLIX npeanaraetca ¢op-
MYNUpPOBKa 06LLE TEOpUU OTHOCUTENLHOCTM Ha OCHOBe NpuHuMna JlopeHua. B 3Toii nepsoii
yacTM npeo6pasoBaHue JlopeHua 060614aeTCs TakK, YTO OHO CTAHOBUTCH MPUMEHUMbIM K 06-
nacTaM NPOCTPAHCTBA, r4e CBET pacnpocTpaHseTcs OAHOPOAHO, HO GbiTb MOXET HEU30TPOMHO.
MokasaHo, YTo ANA Takux o6nacTeid NpuHUMN JlopeHUa OCTaeTcs BepHbIM B CBOEl 06bIUHOIA

thopwme.
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The generalization of the Lorentz transformation to regions where light is propagated
inhomogeneously is given and it is shown that the Lorentz principle can be maintained in
its ordinary form provided the Lorentz transformation is taken in its more general form
formulated for such regions. The well-know'n equations for the geodetic lines in a gravitational
field are obtained from the Lorentz principle thus generalized.

Generalized definition of the Lorentz transformation

8 1. In this section we shall formulate the Lorentz principle for regions
of space where light is propagated inhomogeneously. We shall assume, however,
that even if the propagation at large is inhomogeneous still in sufficiently
small regions the propagation remains homogeneous. Thus we suppose that a
light signal starting from a point P with coordinates r at the time t arrives
in a point Q with coordinate vector r -|- p at the time t -)- 7 so that

Cy(*)C = o, ()
where
X=r,t and S=p,T

provided the components of \ are sufficiently small so that the change of
g(x) while X changes by C should be negligible.

As a first step we generalize the Lorentz transformation to the case of
inhomogeneous propagation of light.

Let us consider to start with an arbitrary transformation of coordinates.
Suppose the coordinates x and Crefer to a system K. We introduce a system K'
in which the four coordinate vectors are given by

X'+ C =« (x + Q) &)

where f has four components fv, v= 1,2, 3,4 and all four components are
supposed to be slowly varying functions of their argument. More precisely
we shall consider only such values of C for which we can write in a good
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approximation

f(x+C) = f(x)+ ~ A .
X
Writing more explicitly

=SM v[i= 1,23,4.

The transformation (2) can also be written as

= Si; and X'z X+ (X, (3)
where
p= f(x) —x. (3a)

The transformation (2) should possess a unique inverse and therefore we

suppose
det S=f=0. (4)

8§ 2. The propagation of light in the vicinity of the point P can thus
be expressed relative to K' expressing (1) in terms ofthe transformed variables.
Neglecting small terms we find thus

C'gV)C' = o, ©

9'(x") = S~1g(x)S-1. (6)

where

There exist coordinate transformations which leave the components of g(x)
unchanged. We consider these transformations as the generalized Lorentz
transformations. Thus a generalized Lorentz transformation "X (x,p) is
expressed with the help of a shift p and a matrix M such that

X'= X+ p (7a)
and
Mg(x + p)M = g(x). (7b)

It must be emphasized that the transformation >X? does not change the
components of g(x) in the fixed point x but it may change the values g (x -|- C)
in the vicinity of x and therefore it may change the derivatives of g(x) in x
(see Parts IV andV)

The transformations defined by (7a) and (7b) form a structure with
the following properties. Consider two transformations 7X (x -)- Pi) and
X ' (x -f- pj, p2, we have thus

Mg(x + p)M = g, (a)l
Ng(x + gi+ ((N=g(x+ pj). (b)J
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Multiplying (8b) from the left by M and from the right by M we find
(NM)g(x + P!+ p2)NM = g(x) .

Thus NM and p.x-)- p.2 define a transformation (x, -)-p.2 alki NM is
thus itself a Lorentz matrix.

Thus Lorentz transformations consecutively applied give again Lorentz
ransformations, however, a given Lorentz transformation refers to the fixed
point, say x and produces a shift to another point, say x'. Therefore applying
a Lorentz transformation which produces a shift x —*x' we can apply on the
transformed quantities only such further transformations which produce
shifts from x' —x". Therefore, if x #=x', then the two transformations are
of different categories. These transformations fulfill the postulates of a partial
algebraic structure and may be denoted a semi-group.* In the case of a
homogeneous propagation of light the dependence of the transformation on
the coordinates of the points upon which it is to be applied disappears and
so the semi-group degenerates into an ordinary group — in this way the
semi-groups of Lorentz transformations defined for the inhomogeneous case
degenerate into the Lorentz group if the inhomogeneity disappears.

8 3. The generalized Lorentz transformation can also be interpreted
(like the more special transformation) to give not a coordinate transformation
but to describe a deformation of some physical system jQ. Suppose thus Ci
to be a physical system in the vicinity of x = r, i; various points B2, ...
of D can be described by four vectors

X+ C *=1,2,...

Thus the point iR, as represented in K moves along an orbit which at a time
t -)- T has a distance p(r) from r.

The deformed system iQ* consists of points i*, iB*, . «. with coordinate
vectors

X*+ C* *= 1,2,..

*The expression semi-group is used somewhat loosely. In the usual sense the structure
we use is that known as a Brandt gruppoid with unit element, i.e. a special type of partial
algebraic structure. If an algebraic structure is partial, then the product ab does not exist
for an arbitrary pair ab of its elements. In our case of the semi-group, if a, b, c are any three
elements of it and ab = c holds, then any of the elements a, b, cis uniquely determined by the
other two. If ab and be exist, the product abc may be written without parenthesis, thus the
associativity law holds. Although in the case of Brandt gruppoid every element has uniquely
determined right and left unit elements, and conversely for two unit elements et, e2 *here
is an element whose right and left unit elements are et and e2 in our case every element
in the gruppoid has the same left and right unit elements. The existence of the inverse element
is needed too. Gruppoid was introduced by Brandt. (H. Brandt: “Uber die Axiome des
Gruppoids”. Vierteljahrsschrift der Naturforschenden Gesellschaft in  Zirich, LXXXV
[1940], 95—104.)

I am greatly indebted to Mr. J. Dénes for having put at my disposal the above inform-
ation.
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where
x*=x+4p, (9a)
and
EXIME . i—01 23 5 (9b)

and M and @ are the parameters of a transformation M (x, &) which gives
the deformation £ — 0* in terms of representation in K.

The Lorentz principle can now be formulated for regions with inho-
mogeneous propagation of light as follows. The laws of nature possess such
forms that provided £\ is a real system obeying certain laws, then any Lorentz
deformed system 2.* obeys the same laws.

Furthermore we may add: if a system is accelerated adiabatically then
it changes its configuration as a result of the acceleration into a Lorentz deformed
configuration 2% = M(Q).

The above formulation of the Lorentz principle is identic in form to
former formulation, however, its contents are enlarged as it is supposed to
be valid to the generalized family of Lorentz transformations M (x, ).
We show in the following that the latter form of the principle leads to results
which are obtained usually from the general theory of relativity.

§ 4. It may appear as a deficiency of the Lorentz transformation as
defined above, that it can be applied to small systems only, i.e. to systems
which occupy such parts of space in which effects of the inhomogeneity of
propagation of light can be neglected. However, this apparent deficiency is
not a real one, it simply reflects upon material properties of physical systems.

Indeed, considering a system which is so large that the propagation of
light inside the space occupied by the system is inhomogeneous to a noticeable
extent, then gravitational stresses will appear in the system and its state of
equilibrium will be determined partly by the gravitational field, but also by
the material properties (compressibility, rigidity, etc.) of the system. If we
shift such a system to different parts of space, then it will readjust itself to
the field of the new surroundings and the change of configuration which thus
arises depends very much on the actual physical properties of the system.
If the Lorentz transformation depends only upon the distribution of the
gravitational field, then it cannot possibly describe the material changes of
a large system the changes of which depend — apart from the gravitational
field — also upon the material properties of the system. We see thus, that
it would be unreasonable to expect the existence of a general transformation
which describes the changes of large physical systems when moved about in
gravitational fields — since changes thus arising depend very much on the
actual material properties of the system.

The fact that Lorentz transformations are suitable to express the changes
small physical systems suffer when transported adiabatically into regions in
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which the gravitational field differs, shows that the reaction of micro-structures
upon gravitational field obey general laws.

We have here an analogy of the circumstance that the Lorentz deform-
ations described by the special theory of relativity are independent of the
material properties of the systems provided the interferences causing the
deformations are adiabatic.

§5. The Lorentz transformations M (x, ft) can be divided into two
kinds: 1) transformations with p. = 0, the latter may he denoted local trans-
formations, as they produce no immediate shift of the system £1. 2) We may
consider transformations MO(x, p.) which produce a parallel shift, i.e. a shift,
with as little changes apart from the parallel displacement, as it is possible.

Concerning the local transformations we find from (9a, b) that they
contain matrices M obeying

Mg(x)M = g(x). (10)

Thus the matrices of the local transformations are exactly those which are
obtained for the case of homogeneous propagation of light, these matrices
were considered in Part | — we explained there that the Lorentz principle
can be supposed to be valid for such transformations.

The local transformations in distant points have, however, different
forms. Consider a number of locations x155x2 x3, ... Let us denote

g(x/) = gk (10a)

Further we write M* for the transformation matrix relating to transforma-
tions in Xfc Thus we suppose

M/. o/, Mt= ¢g,,, K=1,23. (11)
The matrices M1?M2 ... define local transformations near Xj, x2, ... A con-
nection between the matrices for different Kk can be found. Denote

gT*g? = Sifc, (12)
or alternatively, if thus defined possessed complex elements, then (12)

can be replaced by matrices defined in equations (9a), or by those defined
by (9b); the latter have real elements only and behave algebraically similar
to the matrices (12).

We may put

M:;-= $Tk M/s k. (13)
Introducing (13) into (11) we find with the help of (12)
g, M, = g;.
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Thus relation (13) can be taken as the transformation formula between
matrices of local transformation in different locations.

8 6. The matrices can be taken to define parallel shifts. The Sik are
matrices corresponding to Lorentz transformations producing shifts from
xk — x/. Indeed with the help of (12) we obtain

SNeg,S;fc= gfc. (14)

Remembering the definition (10a) and comparing (14) with (7b) we see that
Sik is indeed a matrix producing the shift xk —»x;.
We note that according to (12) the matrices S/ft obey the relation

ANcrMu = NMm (14a)
and also

St = Si. (14b)

If we make three parallel shifts which compensate each other, i.e. xk —X(
X; —»xm and finally xm —mx,,, then the corresponding matrix is found to be

AKIfilm Smk = 1+ (15)

If instead of (12) alternative definitions of S in accordance with (9a) or (9b)
of Part | are taken, then relations (14a), (14b) and (15) remain valid. Thus
if we carry out a number of adiabatic parallel shifts with a system jQ such
that we return in the end to the original positions, then the configuration of
the system iQ also returns to its original form.

The latter statement in this form has, however, no real physical content.
Indeed, a shift xk —mx; takes some time to carry out and therefore we have
necessarily xki < xuy. When carrying out a series of shifts we cannot arrive
hack to the first position xk from which we started.

However, relation (14) expresses the real physical fact; it follows from
(14) that shifting Qfirst from xk —%x; and then from xr—»xm wc obtain the
same result as if we had carried out directly a parallel shift xk —mX(. l.e. the
parallel shift here defined is a true parallel shift and the result of such a shift
does not depend on the path along which the shift is carried out as long as the end
points are kept fixed.

87. The most general form of the Lorentz transformation is obtained
by combining a local transformation and a parallel shift. We may put

Mlk = SIkMk (16a)
or inserting for Mt the expression (13), the identical relation

Mlk = MISIk. (16b)
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The transformations M (xn; X — Xg) possess matrices each of which can he
written in the form (16a) respectively in the form (16b). We see thus that any
transformation M (x, p.) can be taken as to consist of a local transformation
MAat xft and a parallel shift pp — but it can also be represented by a parallel
shift M( in the final position X/. The connection between the local transforma-
tions Mg and M; which lead to the same final result is given by relation (13).

Small displacements

8§ 8. Let us consider that approximation of the Lorentz transforma-
tion which is valid in the case of small shifts. We consider as a small shift
one which might be very much larger than the dimensions of the system
subjected to the shift, but which is small on a cosmical scale, i.e. a shift p
such that we have in a good approximation

, , o 9g(x

o+ = glp. ) an
0X

A small shift in general can be expressed by a matrix

S= 1+ op., (18)
where we suppose
op = 2 <JVWX. (19)

Introducing (18) into (7b) and neglecting terms of higher order we find for
the condition that S should be a Lorentz matrix

oMg o gaM -89 _
9xX
Thus we find
iw= —- 2-1 QL _fAM (20)
3xXv

where A<¥ (for any value of x) is an arbitrary antisymmetric matrix, i.e. a
matrix obeying
AM = — AM. (20a)

A small shift is thus produced by a transformation containing the matrix

- 3g
S= 1 -p+ A (21
0X
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The parallel shift is obtained for A = 0. For A 0 we obtain a parallel shift
superimposed on a local transformation which differs from unity only by
terms of the order of p.

Geodetic orbits

89. In regions where the propagation of light is inhomogeneous there
exists, apart from the parallel shift described above, another type of trans-
formation.

Indeed, a physical system O even if no outside interference takes place
may drift away if it hds an initial velocity v and thus it moves into regions
in which the tensor g differs from that in the original position. The question
arises what changes occur due to the changing environment of the system?

It may be supposed that the changes which take place in the course
of the free motion of a system can be described also by Lorentz transforma-
tions. We give presently an argument as the result of which the latter type
of Lorentz transformation can be determined.

In the homogeneous case a closed system may move with some constant
velocity and suffers no changes, therefore the transformation describing this
motion corresponds to M = 1 and a displacement p = m,t with m = \t.

If we transform the coordinates as described in § 1, we obtain in the
new representation a tensor g'(x') which depends on x' and thus the propaga-
tion of light appears relative to K' inhomogeneous.

Conversely, if in the representation K the propagation appears inhomo-
geneous the question arises whether it is possible by means of a suitable
coordinate transformations to obtain a new representation in which the
propagation appears to be homogeneous.

Considering thus the vicinity of a fixed four vector x we ask whether
it is possible to find a transformation

X'+ C'= f(x+ Q) (22)
such that

Sx+ €)g'S(x + ¢ = g(x+ C), (23a)

where g' has constant components and describes the homogeneous propagation
of light relative to K', further

V x + 8)= — . (23b)

In the above relations we have not neglected the terms of higher order
in \ as we wanted to define the transformation which leads from the repre-
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sentation of an apparently inhomogeneous region to a representation in which
the region appears homogeneous.

Equations (23a) and (23b) give a system of ten partial differential
equations to the four unknown functions fv and thus the system is as a rule
overdetermined. We may therefore consider those cases where the equations
(23a) and (23b) have solutions as exceptional cases and we may regard them
as representing the cases where light is truly propagated homogeneously.
Thus we may suppose that a propagation tensor g(x) if it possesses a representa-
tion g' = constant, then g(x) represents homogeneous propagation, only the
representation is given in terms of curved coordinates. We note if in the
above case we were to construct coordinates according to the methods described
in Part | the latter method would automatically lead to a representation in
which the propagation appeared to be homogeneous.

8 10. In general it is impossible to “transform away” the inhomogeneity
of propagation of light which appears in a given representation K. It is,
however, possible to find by transformation of g(x) a representation g'(x') the
first derivatives of which are zero, thus a representation in which

9g'(*' + A~ = 0 for %= 0. (24)
8¢’

In the latter representation the propagation of light appears as near as possible
to homogeneous propagation.
We note that if there exists a transformation of the form (23) which

leads to a transformed g' satisfying (24), then there exists also a transformation
such that the transformed quantities satisfying apart from (24) also

X=X, 9'=9(x). (25)

Relations (25) are satisfied if the transformation functions obey

3,,(x+ C)
8f,, 0

f,(x) = and S,Jx) = G\/[l- (26)

Differentiating (23c) into £x we find in the limit C = 0 using (24) and (25)

9s 9s 99

Tix9 * 9ax T oagk fort=C- <)

The above equations admit solutions

& + am) S= 0, (28)
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where AM for Kk — 1, 2, 3, 4 are antisymmetric matrices obeying

AM = —AM.

(28a)

The latter transformation is of the form given in §7, equs. (20) and (20a),

however, in the present case the matrices AU* can be determined.
differentiating (23b) into we find

3SVIL  Q%(x + %)
31, 919 fx

Thus we find interchanging 4 and x in the above relation

9Sw
dxp Qxj

Comparing (28a) and (29) we find

I _ 98« __ 9L

dx» Qxv
We may write in place of (22)
— = - —g-iCM,
QL 2
where
1 .
CK - ! _
2 8 S S

thus the CM are equal to the well-known Christoffel brackets

&R = v, fi,x = 1,2, 3, 4.
Furthermore using the usual notation

3S.M_
X | *

we shall also use the following notation

9.0x) h=1,2,3,4.
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8§ 11. So as to return to the transformation describing the free drift of
a system we remark the following. Consider some four vector 33 with a repre-
sentation B relative to K which describes a feature of Cl. The four-vector
may be the four distance between two points of £1 — but it might
describe alternatively a velocity, an electromagnetic potential, etc.
If the propagation tensor g as represented relative to K' is constant,
i.e. if g' = constant, then in the representation K' the system CI drifts freely
and denoting the configuration of O after it has drifted some distance p'
by C* we find
B* = B’ (31)

for the representations of the four-vector S3 appearing in Q respectively of
33* appearing in D* the shifted system. In the original representation K
we have, however,

B= S-1x")B" *=S-1x' + p)B'*.

From (26) we find

S(x')= S~Jx) =1 and = - for C=0
X X
and therefore since neglecting higher order terms we may put p.'= p,B' = B
as—1
OB= B*-B I1X--mmmm-
X

Thus with the help of (30d) we find
6B= - Z UKE» B, (32a)

we may also write explicitly

aBv=-27Z ~ B . (32b)

§ 12. Relations (32a) or (32b) give the change of the measures of the
components of a vector B in the course of the drift in the particular case
where the system d is drifting in a homogeneous region and therefore in the
proper representation K' (where g' = constant) the vector 33 does not change
at all because of the drift. The change OB reflects on changes of measures
of the components of B which appear because the coordinates in K must be
taken to be curved coordinates.

Thus relations (32a) or (32b) express only the result of a coordinate
transformation if applied to a region in which the propagation is truly homo-
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geneous in the sense of § 8. Following the idea of Einstein, we may suppose
that (32) remains valid whether or not the propagation of light is truly homo-
geneous. Thus it may be assumed that the free drift of a system O is charac-
terized so that in a representation K' in which

9g'(x" + V) _
8C'

0 for ¢ -0,

i.e. in the representation K' where the propagation appears as near to homo-
geneous as possible —in that representation the change of a vector is charac-
terized by
OB'= 0
or more precisely
OB' = order of p2.

If the latter assumption is made then we are led to relation (32) irrespective
of the true mode of propagation of light.

As we suppose that the inhomogeneity of propagation of light is con-
nected with the gravitational field, we may thus suppose that (32) describes
the changes which occur in a system moving freely in a gravitational field,
i.e. the changes occurring in a free falling system.

§ 13. It is very important that the change although spontaneous should
take place adiabatically. If a system would be subjected to a sudden impact
through some sudden change of gravitational field, then it might very well
deform non-adiabatically. Thus relation (32) can be taken only to be valid
for sufficiently slow changes. We have here a complete analogy with the
limitations of the adiabatic principle attached to the Lorentz principle in the
case of homogeneous propagation of light.

Relation (32) describes the deformations a free falling system suffers,
while the parallel shifts discussed in § 5 and which are given (in the case of
small shifts) by (18) arise if a system is shifted adiabatically in such a manner
that the gravitational action is compensated by outside forces and thus the
system is not allowed to fall but is made to move with some small velocity.

From the above remark it becomes clear that a system, which is not
allowed to fall freely but is brought adiabatically with small velocity from
one position into another, when thus treated will take up in its final position
a configuration which is independent of the path along which it was brought
there.

On the contrary if a system Q falls freely from x* —mxm then it will
arrive in xmwith a velocity which it acquired in the course of its fall. However,
if the system is made first to fall from xk —mx; then to fall from x; —»xm
then it must receive in xmthe intermediate position x(an impact which make
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it to change its direction so as to proceed towards xm. Because of this impact
the system will arrive in xm with a different velocity when it travelled via
X;than in the case of the direct journey. The difference of velocity of JQ when
it arrives directly from x/; or when it arrives on a round about way xm can be
represented by a local Lorentz transformation, namely the one which cor-
responds to the change between the two velocities.

From the above consideration we see clearly that the analogy to the con-
ventional parallel shift of a system is not the free fall but the parallel shift
where gravitational effects are compensated by outside forces.

We note, that in the usual relativistic terminology the shift as a result
of free falling is denoted “parallel shift” and therefore the parallel shift so
defined depends on the path in a manner as explained further above. If we
define alternatively the parallel shift as a shift which takes place while the
gravitational action is compensated by outside forces, then we obtain a type
of parallel shift independent of the orbit. Here we use this latter definition.

Adiabatic orbits
§ 14. With the help of relation (32) it is possible to determine the orbit

of a free falling system. Consider thus a system the centre of which can be
described by some vector x(p), i.e. we suppose that at the time

*= XAP) (33)
its coordinates are given by

r(t) = Xi(p), xAp), x3(p). (34)

The motion of the centre of the system is thus given in a parameter representa-
tion. The velocity of the system can be written

y{p) = i{p)/x4(p), (3%5)

where the dot denotes derivation into p. Further the acceleration is given by
a(p) = 4 = v(p)/*ap) (36)
W ith the help of (35) and (36) we have also
a{P)= YP)-*P)Db(P)’ (37)

xI(p)
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A system left on its own will thus move in first approximation with a constant
velocity. In a time

St= xAp) Sp,
it will shift by
&= i(p) Sp,

and we may thus suppose that it will shift by
p = Sr,St. (38)

We may introduce (38) into (32) and introducing x(p) in place of B we find

diAP) = - z \IX\}(\XAP)XAP)OP
or writing xv(p) for Sxv(p)/Sp we have
)+ E *AP)*AP) = 0. (39)

The above relation isthe well-known equation of the so-called four dimensionat
geodetic line. We see that supposing a system if left on its own suffers Lorentzl
deformations of the particular form (32) we are led to equation (39) for the
orbit of a free particle or of a free closed system.

Since relation (39) contains no specific quantity of the moving system
this leads to the conclusion that any small closed system left on its own,
will move on the same orbit (determined only by initial conditions). Thus
the fact that relation (39) contains only the coordinates of the moving system
and their derivatives reflects the general law of the equivalence of inertial
and gravitational masses.

8§ 15. It is well known that the equation of motion (39) can also be
derived from a variational principle. It can be shown that (39) are the Euler
equations

dp = 0, (40)

where

ds j2 .
= xgi .
dp g
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Multiplying (40) with the mass mO of the particle we may write if we choose
the parameter p equal to xi with the help of notation used in Part I,
ds j2
dp J

mov + V)G(v + V) —m0d .

The first term can be regarded as a kind of kinetic energy (the velocity of the
particle being taken to the aether drifting with a velocity — V). The second
term is a kind of negative potential energy, thus relation (40) is reminiscent
of the Lagrange equation

O[Ldt= 0,
with

L=K u.

Furthermore it can be shown that (39) can also be derived from the
following variational principle

Ofds = 0. (41)

The latter principle requires that the orbit of the system should he a four
dimensional geodetic line.

From the physical point of view, we prefer the derivation of the equa-
tion of motion (39) through the generalization of the Lorentz principle and
thus to consider the tensor g(x) as characteristic for the propagation of light
in the vicinity of x. However, the fact that (39) gives mathematically the
solution of a variational problem is very important from another point of
view. In deriving (39) we have used approximations and have considered
shifts p small on a cosmical scale. A larger shift can be built up from the
succession of a number of small shifts, but it is not immediately obvious
that the small errors committed considering the small steps do not accumulate.

From the fact that (39) is the solution of a variational problem one
concludes that the orbits obtained as a solution of (39) are independent of the
particular choice of coordinates. Therefore one is inclined to take equation
(39) to he exact — or at least to be strictly independent of the choice of
coordinates.

In the case of homogeneous propagation of light we have dg/dx = 0
and therefore all the Christoffel brackets vanish. In the latter case we find
x(p) = 0 and thus

X=ap+ B,
or eliminating p we have

r= vifb, (42)
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where v has components vk = a9, Kk — 1, 2, 3. Thus in a region with homo-
geneous propagation of light Newton’s first law appears to be valid. If we
consider the same region in terms of transformed coordinates x' = Xx'(x),
then in the latter the Christoffel brackets will not vanish, hut we obtain
the exact representation of the translational motion in terms of the trans-
formed coordinates. This result, however, is only a check of consistency of
one assumption as the concept of motion with constant velocity in the space
free of gravitation was made use of in the derivation of the equations of
motion.

For physical application it is of course necessary to establish the con-
nection between the tensor g(x) and the gravitational field or more exactly
it is necessary to obtain g(x) from the distribution of gravitating matter.
The latter problem was solved by Einstein, we give certain aspects of the
problem in Part Ill of this series.

MPUHUAM JTOPEHUA U OBLUAA TEOPUA OTHOCUTE/TbHOCTU
Uacts 1.

N. AHOLUN
Pestome
JaHo 0600LLEHVe MpeobpasoBaHs JlopeHLIA A1 00racTell e CBET PacrpoCTPaHSETC
HEOHOPOAHO, M MOKA3aHo, YTO MPMHLKMN JIopeHLa MOXET OblTb COXPaHEH B CBOEN 0ObMHOM
(hopve ecnin NpeobpasoBaHve JlopeHLA B3SATL B CBOEM 00riee 00LLEM BUE, (hopMy/IPOBaHHOM

[N TakUX 0OMacTel. /BBECTHBE YpaBHEHMSA MeQE3VHECKUX JIMHUIA B TpaBUTALIMOHHOM Mone
BbBQAATCA 13 0000LLEHHOMO TakyiM 00pasoM MpuHLMINa JlopeHLa.
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The states of equivalent j = — nucleon configurations are classified and enumerated.

New formulae are given for the dimensionalities of the relevant partitions. Several general
rules are deduced for the interpretation of non-standard partitions.

1. Introduction

This paper is a direct extension of an article published by Frowers, [1]
in which the techniques of group theory were first applied to the problem of
classifying the states of systems of equivalent nucleons in//-coupling. Flowers
completely classified the states of equivalent nucleon configurations for the

3 .5 .7
casesj = —,j — andj = — .Itisthe purpose ofthis paper to extend these

J 2

In addition, new formulae are obtained for the dimensionalities IV[A]
and N(a) of the partitions [A] and (a) associated with the irreducible repre-
sentations of the unitary unimodular group SU (2j -)- 1) and the symplectic
group Sp (2j -j- 1) respectively. These new formulae reduce considerably the
computations required to obtain the values of the dimensionalities 2A and
N(a) for the various partitions [f] and (a).

Furthermore, the formula for N(a) provides for the interpretation of
non-standard partitions (a) on the basis of dimensionality. This formula is
used to deduce several general rules regarding these interpretations.

2. Results of the classification
Tables 1 to 6, particularly Table 6, give the results of the classification

of the states of the nucleon configuration j‘( for the case j"= 9 .These Tables
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are completely analogous to those presented by Flowers [1] for the cases
3 5

7
j = —2 —2 , and ? .Thelength of Table 6is here minimized by notrepeating the

J-structure, which is already given in Table 5 for each partition (a). The reader

is referred to Flowers’ article [1] or to ref. [2] for both the general theory
and the detailed techniques o'f the calculations.

The state classification and the coefficients of fractional parentage for

9
the case of identical j = > particles have recently been given by Sato [4].
Sato’s classification results correspond to those entries in Table 6 for which

K s
T—— with t= — .
2

3. Non-standard (ff) partitions and dimensionality

3.1 Interpretation of those non-standard (a) partitions which occur in state
classification calculations for selected j values

In the performance of the reduction of the irreducible representations
of SU (10) to the irreducible representations of Sp (10) given in Table 4, certain

1
(ty) symbols occur which have more than the allowed v— > (2j -f- 1) integers.
Similar non-standard (a) partitions occurred also in Flowers’ calcula-
7
tions [1] with j <j— , and for these cases he was able to interpretthe occurring

non-standard (or) partitions by using the unimodular conditions to obtain
sets of equivalent [A] partitions which upon reduction yielded sets of equi-
valent (a) structures. His interpretations, based on this equivalent [A] par-
tition technique [3], can be stated in a single sentence, which we shall refer
to as Flowers’ Rule; namely, that all non-standard (a) partitions, occurring

7
in the state classification calculations fo rj<[—2, are null except for those

having either of the following forms

(<hoo. Vl): _{<kioooO/), (1)
K eee0,-i HU) = —(ffi o2+ «b,-1 0). (2)
In the present state classification calculation the following nine and ten

row non-standard (cr) partitions occur: (111111111), (1111111111) and
(211111111). Of these the first two may be interpreted by the equivalent [A]
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Table 1

The dimensions of the irreducible representations of SU (10)

k M NI[t]
0 [0] 1
[1] 10
2 [2] 55
[H] 45
3 [21] 330
[HI1] 120
4 [22] 825
[211] 990
[1111] 210
5 [221] 3300
[2111] 1848
[WKni 252
6 [222] 4950
[2211] 6930
[21111] 2310
[111111] = [1111] 210
7 [2221] 13860
[22111] 9240
[211111] 1980
[1111111] = [J11] 120
8 [2222] 13860
[22211] 20790
[2211111 8250
[2111111] 1155
[11111111] = [11] 45
9 [22221] 27720
[222111] 19800
[2211111] 4950
[21111111] 440
[111111111]= [1] 10
10 [22222] 19404
[222211] 29700
[2221111] 12375
[22111111] 1925
[211111111] 99
[1111111111] 1
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Table 2

The reduction of representations of SU (10) to representations of R (3)

¥ M

0 [0]

[
[2]
M

3 [21]

[HI]

4 [22]
[211]

5 [221]

[2111]

(L]

6 [222]
[2211]
[21111]

[111111] = [1111]

[smurture

0

9
2

N W

75 1
6 4 0

4 4 4 (4)'(4) (4) (4) (4f (if
SARENER

21 17 15 13 11 /9y 7 5 3
2 2 22 2[2JT 22

16 142 13 123 ip 106 W 87 74 67 54 47 R 2¢ 03

15 14 132 122 111 104 96 8e 78 67 58 4e 3 2414
12 10 9 82 7 63 5 43 3 22 02

4 4 (4 (4)° (4T [4)" (4) (4)"

j21jB ™Moy 6117jBr15j01r13jAj11jDj-9j0

o0 ©

YAy [
44(4)[4T (44T (4T (4T
(4)" (4)" (4)" (4)" ()" tni (41
(rr -

444 \(fl IF (4) (A4r@r@ar (i
i5Y 13 i

1T (¢j it)

21 192 182 174 164 159 148 1314 124 112« 100
@ LTV 24 58 49 24 20 1B

20 19 183 173 167 158 1414 1315 128 1124 103
R A B MDD BT IDD

17 16 152 143 135 126 118 1010 9B 84 7le 6B
507 44 313 29 17 0

12 10 9 82 7 635 43 3 22 &
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[2221]

[22111]

[211111]

[1111111] = [111]

[2222]

[22211]

[221111]

[2111111]

[11111111] = [11]

[22221]

Table 2 (continued)

«/-structure

f “ (ff (f'r (m?m)e (fl ( =t (f)m
(fr@-r¢&rfdrarmm"
(mym)" (-¥m)" (m¥m)" (4)“(4'r(4'r(4'rm'r
# . (F) (FF ¢ ) (1) V()"
(F)” (F)" (fT (70 vy FFI" (BT
(W (ff (T (7T LLF(m)"

£ 1 (Fr (FI wrmycer. - T(°T

T T X i1}

e T T
21 17 12‘12 j]—l y 7 5 3
~2 i T 2 2
24 222 212 205 195 1811 1711 1620 1521 1432 1333
1248  ix « loei 957 970 760 672 554 462 333 241 114
Oie
23 22 213 204 198 1811 1718 1623 1534 1444 135S
1263 1179 1085 999 glOO 7109 5102 5103 486 379 253

139 08

20 19 183 174 168 159 1416 1318 1227 1129 1039
939 g19 745 552 544 447 332 232 113 010

15 14 132 123 114 105 97 87 79 69 59 48 38 25

8 6 4 2 0

14y-1T"Ne (“ ) (f)y" (tr (fr
(W (tr («r (tr “r¢r(r

1918 117y 27 M15y 30 13y 32 ~11y 26 I'9 y 16
(ir (-fr (TﬂTrl
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Table 2 (continued)

K A J-structure

45 43 /41y f3ov f37 v f35)12f33y» /31V5S
[222111] . )
2 2 {2J 121 (rrj (tj varl rrj

fr (F(fr (f.. (fr (FT(fr

frtfnfroeminim “
[2211111]
(fr(fninirmVniT
s (FF (Fr (FOE (Fr (F
[ ] I - I S
9
[11111111] = [1] )
10 [22222] 25 232 222 215 206 19u 1812 172 1624 153 143
13D j256 1174 1073 988 883 7% 680 590 466 367 2
pe 02
[222211] 24 23 223 214 209 19u 1820 175 1639 1546 146«
1374 3297 11100 1017 918 8B 71® 619 51D 41D
;M 28 1D oA
[2221111] 21 20 193 185 178 1611 1518 142 1331 1238 1147
1683 9% A 771 50 58 480 P 23 126 o7
[22111111] 16 15 143 133 126 116 1010 99 814 712 616 512
415 39 2U 13 o4
[211111111] 9 8 7 6 5 4 3 2 1
[1111111111]= [0] 0
partition technique with the results
(111111111) = -(11100) (3)
and
. (1111111111) = -(11000). (4)

An interpretation of the non-standard partition (211111111) by the
same technique did not appear forthcoming, but it was found possible to
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Table 3

The dimensions of the irreducible representations of Sp (10)

s 0 ™a)
0 (00000) 1
(10000) 10
(20000) 55
(11000) 44
3 (21000) 320
(11100) 110
4 (22000) 780
(21100) 891
(11110) 165
5 (22100) 2860
(21110) 1408
(11111) 132
6 (22200) 4004
(22110) 5005
(21111) 1155
7 (22210) 9152
(22111) 4290
8 (22220) 7865
(22211) 8580
9 (22221) 9438
10 (22222) 4719

infer the interpretation of this partition from the following argument based
on dimensionality.
The (a) structure of [211111111] is
[211111111] = (211111111) + (2111111) + (11111111)

+ (21111) + (111111) + (21100) + (11110)

+ (20000) + (11000). (5)
If we temporarily assume (we shall argue this result later) that Flowers’
9
Rule can be applied withj = —2 i.,e., v= 5, we obtain
(2111111) = - (21111),
(11111111) = - ( 11110),
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Table 4

The reduction of the representations of SU (10) to representations of Sp (10)

K n (@)dndue
0 [0] (00000)
1 1] (10000)
2 2] (20000)
M] (00000)  (11000)
3 [21] (10000)  (21000)
[H1] (10000)  (111000)
4 [22] (00000)  (11000)  (22000)
[211] (20000)  (11000)  (21100)
MK (00000)  (11000) (11110)
5 [221] (10000)  (21000) (11100) (22100)
[2111] (10000)  (21000) (11100) (21110)
[ U] (10000)  (11100) (11111)
6 [222] (20000)  (21100)  (22200)
[2211] (00000)  (11000)2 (22000) (21100) (11110) (22110)
[21111] (20000)  (11000) (21100) (11110) (21111)
[111111]= [1111] (00000)  (11000) (11110)
7 [2221] (10000)  (21000) (11100) (22100) (21110) (22210)
[22111] (10000) (21000) (II0O)2 (22100) (21110) (11111)
(22111)
[211111] (10000)  (21000) (11100) (21110) (11111)
[1111111]= [111] (10000)  (11100)
8 [2222] (00000)  (11000) (22000) (11110) (22110) (22220)
[22211] (20000)  (11000) (21100)2 (11110) (22200) (22110)
(21111)  (22211)
[221111] (00000)  (11000)2 (22000) (21100) (HMO)2 (22110)
(21111)
[2111111] (20000)  (11000) (21100) (11110)
[11111111] = [11] (00000)  (11000)
9 [22221] (10000) (21000) (11100) (22100) (21110) (11111)
(22210)  (22111) (22221)
[222111] (10000)  (21000) (11100)2 (22100) (21110)2 (11111)
(22210)  (22111)
[2211111] (10000) (21000) (I100)2 (22100) (21110) (11111)
[21111111] (10000)  (21000)  (11100)
[111111111]) = [1] (10000)
10 [22222] (20000)  (21100) (22200) (21111) (22211) (22222)
[222211] (00000) (11000)2 (22000) (21100) (HMO)2 (22110)2
(21111)  (22220) (22211)
[2221111] (20000)  (11000) (21100)2 (HMO)2 (22000) (22110)
(21111)
[22111111] (00000)  (I000)2 (22000)  (21100)  (11110)
[211111111] (20000)  (11000)

[1111111111[= [0] (00000)
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Table 5

The reduction of representations of Sp (10) to representations of R (3)

@
(00000)
(10000)

(20000)
(11000)

(21000)

(11100)

(22000)
(21100)
(11110)

(22100)

(21110)

(11111)
(22200)
(22110)

(21111)

(22210)

J-structure

fUF (fa (Fr(F (Fe oo (iren

is5v 3 1
bl it

2017 15 13 11 9 7 5 3
2 2 22 m il

16 142 13 123 112 105 93 86 74 66 51 46 32 25 02
15 14 132 122 114 104 95 8 77 6e 57 4s 36 23 13
12 11 10 9 8 7 625 423 2 0

ff. tf.({r(f (F-(fr..
(frqr@ar(fHfrarnmH4ar
13y BY

fE (fTwwn  (F)ILF,. tFr

715y 713y 711y 79V 77V 751« 73V 71V
nrj nrj nrj [yj (yJ [yl (yJ (yJ

25 19 17 15 13 11 9 7 5 1
2 2 2 2 2 22YVY2

21 192 182 174 164 158 14’ 1312 1212 111» 1015 92 8T
2 6B 50D 4M4 317 27 19

20 19 183 173 16« 157 1411 1312 12177 1118 108 93 827
5 6B 58 42 317 26 17 &b

17 16 15 142 133 123 115 105 96 87 v 6e 58 46 35
24 13

FE . (R (fr(f. (fr (Fr (fr

(FC(EC ()" () (F. (F- - (F-
(T Q- o @ (6

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



42 J. D. DARLING and R. G. SEYLER

Table 5 (continued)

K « Jstnuoure

uy  f f Na (fT(fr (Fy@d(fr
(ftHfHIH fHfHfH I
[T H nrnr

8 (22220) 24 222 212 204 194 188 178 1613 1514 1419 130 1277
Ux 1@ W gb 7D 65 55 43 39 2B |7 07
(22211) 23 22 212 203 195 186 17|° 1612 1516 1419 1324 125

112 108 9F 8F 7P 6B 535 4D 3B 2B IB 02

o @y K <’<’ «(-y (@ (»)“(«y («)-(f)-
R

10 (22222) 25 23 22 2P 203 194 184 177 167 15D 14I' 1313 128
L7 1056 98B 87 79 65 5B 412 32 27 17

and
(111111) = 0.

Upon substituting the above three results into eq. (5) there remains
[211111111] = (211111111) + (21100) + (20000) + (11000). (6)

The dimension [see eq. (11)] of the partition [211111111] is 99, while the
dimensions [see eq. (13)] of the standard partitions (cr) occurring in eq. (6),
i.e., of the latter three partitions, are 891, 55, and 44, respectively.

From these values, it can be seen that the required dimension equality
ofthe two sides of eq. (6) will be obtained only ifthe contribution of (211111111)
cancels that of (21100), i.e., if

(211111111) = —(21100). )

The above dimensionality considerations suggest the possibility of
assigning negative dimensionality to certain non-standard partitions, e.g,,
it is inferred above that a dimension of —891 could be assigned to the non-
standard partition (211111111). We support this consideration later.
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Table 6

The classification of the states of the nucleon configuration jk

K M T bl 0.0

0 [0] 0 (00000) (0,0)
1 [ \'( (10000) (Y)

2 [21 0 (20000) (2,0)

] I (00000) (0,0)

(11000) 2n)

=

3 21] ) (21000) |-O
(10000) I/I )
[H1] g (11100) I/I )

(10000) (, .t )
4 [22] 0 (00000) (0,0)
(11000) 2n)
(22000) (4,0
[211] 1 (20000) (2,0)
(11000) n)
(21100) 40
[H U] 2 (00000) 0,0)
(11000) n)
(11110) (4,2)

=

5[] y a0 A )
(21000) H )
(11100) I/ )
(22100) K)

[2111] (10000)

(met)

(21000) |/| )
(11100) H )
(21110) |/| )
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Table 6 (continued)

K A
[wn]

6 [222]
[2211]
[21111]

[111111]= [1111]

7 [2221]

[22111]

T

5
2

w
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fa)
(10000)
(11100)

(11111)

(20000)
(21100)
(22200)
(00000)
(11000)2
(22000)
(21100)
(11110)
(22110)
(20000)
(11000)
(21100)
(11110)
(21111)
(00000)
(11000)
(11110)

(10000)
(21000)
(11100)
(22100)
(21110)
(22210)
(10000)
(21000)

(11100)2

()

I/I

20)
()
60
00
2,1)2
(4,0)
@0
(4.2)
62
20)
20
(4,1)
(@,2)
62
00
(@)
(4,2)

H
!
K)

H
H
(I_It))
HI
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Table 6 (continued)

[211111]

[1111111] = [111]

8 [2222]

[22211]

[221111]

T

(22100)
(21110)
(11111)
(22111)
(10000)
(21000)
(11100)
(21110)
(11111)
(10000)

(11100)

0 (00000)
(11000)
(22000)
(11110)
(22110)
(22220)

1 (20000)
(11000)
(21100)2
(11110)
(22200)
(22110)
(21111)
(22211)

2 (00000)
(11000)2
(22000)
(21100)
(HMO)2
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»9

K)
n)
H)
(D)

n)
n)
H)
(i)
N)

(0,0)
(20)
(4,0
(4.2)
(64)
(8,0
(2,0)
(2R)
(4.2
(4.2)
(6,0)
(64)
(6.2)
(84)
(0,0)
(2,)2
(4.0

(41)
(4,2)2
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Table 6 (continued)

K w T («d (C]
(22110) (64)
(21111) (6,2)
[2111111] 3 (20000) (2,0
(11000) 2.1)
(21100) (4m)
(11110) (4,2)
[11111111] 4 (00000) (0,0)
(11000) (2,1)
1
9 [22221] T (10000) H )

(21000) |/| )
(11100) |/| )
(22100) K )

(21110) (:.(D
(11111) (: 4)
(22210) ('.4)
(22111) (’.4)
(22221) (’.4)
T (10000) (-4)
(21001) (_ 4)
(11100)2 (8_4)'
(22100) (95 4)
(21110)2 H |'
(11111) (5_4)
(22210) (’.4)

w

[222111]
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10

[2211111]

[21111111]

[111111111]
[22222]

[222211]

[2221111]

Table 6 (continued)
T g
(22111)
(10000)
(21000)
(11100)-
(22100)
(21110)
(11111)
(10000)
(21000)
(11100)

(10000)

(20000)
(21100)
(22200)
(21111)
(22211)
(22222)
1 (00000)
(11000)2
(22000)
(21100)
(11110)2
(22110)2
(21111)
(22220)
(22211)
2 (20000)
(11000)
4 ooz
(11110)2
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"9

)
(=)
G4

(IjIT))
n)
K)

(=)
(34)
n)

(=)

(20
(440)
(6,0)
(6.2
(80)
(10,0)
(0,0)
1=
(4,0
(40)
(4,2)2
(64)2
(6.2
(80)
(80)
(20
(21)

(4n)2
(42)2
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Table 6 (continued)

K M T © o

(22200) 60

(22110) 6.0

(21112) 62

[22111111] 3 (00000) 00
(11000)2 @1)2

(22000) (a.0)

(21100) (4,1)

(11110) (4,2)

[211111111] 4 (20000) 20)

(11000) (V)

[1111111111] 5 (00000) 00

*The length of Table 6 is minimized by not repeating the ./-structure, which is already
given in Table 5 for each partition (a).

3.2 General expression for the interpretation of occurring non-standard (a) for
arbitrary j

The non-standard (a) partition interpretation eqgs. (1), (2), (3), (4) and
(7) can all be summarized by a single general expression. To see this, note
that eqs. (3) and (7) are of the form

(cq...<g_2 111111) = —(<q...<, 2 00) (8)
and eq. (4) is of the form
K ..4dv311111111) = -(<q ... <g_3000). 9)

Eqgs. (1), (2), (8) and (9) suggest the following general expression for
the interpretation of non-standard partitions (cr)

(cq...<n+l HI eeelv+n+l) =
= —(<geeecg-n+1 000 ...0Q,), (10)

forit= 1,2,3,... v— 1 The upper limit on n results from the fact that the
number of rows v -f-n -j- 1 in occurring (a) partitions can not exceed the
number of rows in the [A] partition from which they were obtained. Since
the maximum number of rows in occurring [A] partitions is 2/ -f- 1 = 2n we
conclude that n v— 1.

Verification of eq. (10) is given in section 3.4.
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3.3 Alternative formulae for the dimensionalities iV[A] and N(a)

The dimensionality iV[A] of a given partition [A] may be calculated
from the formula [1]

m] =n0Wr (11)

Alternatively, it can be shown that iV[A] can be expressed in terms of Ki
and f2, the lengths of the first and second columns, respectively, of the given
[A] as'
fcj —f2-f- 1) (2) + DI (2] + 2)!
Y )@+ DR+ 2) (12)
{kI (fc, + D'(2j -k r+ 21(2)] k,+ 1) °

For a given partition (a), the dimensionality iV(cr) may be obtained
from the expression [1]

ot+ V
= Ww-11 1
/77 (9, — gun-b ’\—i-) (i "h gk -)-2v -)- 2 — i —K) (13)
(k —i)(2v+ 2 K)

Or, defining and s2respectively as the lengths of the first and second
columns of the given partition (a), it can be verified that the dimensionality
N(a) can be written as
w 0\ _(2r4- 1)1 (2v+ 3)!I(s1--s24-1)(2r — 2s2-f-4)(2v -s2msl + 3)(2r—2s1-|-2)

(s2!1(Sl+ 1)1(2v  s2+ 4! (2v - st+ 3)!
(14)

Considerable effort is saved in obtaining the various dimensions by
use of eqs. (12) and (14).

Substitution of the two equations

K —iff and 2= —k—T
2 . 2

into eq. (12) would yield an expression for the dimensionality iV[A] of a given
partition [A] in terms of the number of nucleons k and the total isospin T
of the corresponding nucleon configuration.

Similarly substitution of the two equations
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into eq. (14) would yield an expression for the dimensionality in terms of the
seniority s and the reduced isospin t.

It should be noted that eqgs. (12) and (14) apply only to partitions [1]
and (o) having two or fewer columns. They are, however, completely general
for systems of equivalent particles in jj-coupling.

3.4 The interpretation of non-standard partitions (¢) on the basis of
dimensionality

Eq. (14) provides for the interpretation of the various non-standard
partitions (o) through the comparison of the dimensions obtained for non-
standard (o) with those for standard (o). It is worth noting that such a com-
parison is not possible through the use of the more usual dimensionality
expression, eq. (13), since it is limited in application to only standard partitions.

Consider, for example, the application of eq. (14) to the two partitions
occurring in eq. (7). Using either of eqs. (13) or (14) the standard partition
(21100) is found to have dimension 891. Application of eq. (14) to the non-
standard partition (211111111), which has s, = 9 and s, = 1, yields dimension
—891, and thereby verifies eq. (7).

Dimensionality verification of eq.(10), the general occurring non-
standard (), may also be obtained by means of eq. (14). For the partition
(6y.-20y_ni2111 ... 1, 01q), ss;=v+n+1 and s,<»—n + 1 whereas
for the partition (6;...0,_,41000...0,), s;=» —n -+ 1 and s; = s,. Sub-
stitution of the sets of values, s, s, and s s}, into equation (14) reveals that
the dimensionalities of the two partitions differ only in sign and thereby

verifies eq. (10).

3.5 General rules for the interpretation of non-standard partitions (o)

In this section two general expressions, deduced from eq. (14), are
given for relating various partitions (¢). These general expressions are then
specialized to non-standard (o), resulting in a set of rules for the interpreta-
tion of non-standard partitions (o).

The results are most conveniently stated in terms of the dual or adjoint
(5), instead of the partition (o) itself. We write the adjoint (¢) in the form
(51 5,), where s, and s, represent the lengths of the first and second columns,
respectively, of the partition (o).

Using eq. (14), one may easily verify the following two general expressions

(510 82) = —(2v + 2 — 5y, 8), (E1)
(515 85) = (s — 1,2v + 3 — 7). (E2)

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



COMPLETE CLASSIFICATION OF THE STATES OF NUCLEAR CONFIGURATION 51

We can derive other useful expressions by successive applications of
eqs. (E1) and (E2). Eq. (E2) followed by eq. (El) yields

(5158) = —(2v + 3 — 5,2 + 3 — ). (E3)
Then eq. (E3) followed by eq. (E2) gives
(515 82) = — (51, 2v + 4 — 5,). (E4)

These expressions are completely general, but it is our purpose to use
these expressions to interpret non-standard (o) partitions, i.e., (¢) partitions
with more than » rows, but first column at least as long as second, either as
standard (o) or as partitions of null dimensionality. We shall refer to the
general expressions, when restricted to this application, as the general rules
for the interpretation of non-standard (o).

By way of illustration, consider expression (E1). It will relate a non-
standard (o) to a standard (o) only if all of the following conditions are
satisfied:

>0 242 —5< v 58, <242 —s.

Clearly these will be satisfied if s, > » + 2 with s, < 2» + 2 — 5,. Thus we
have our first rule:

8> v+ 2,

<2y 42 — . (o

(510 8) = —(2v + 2 — sy, 8,) with {

Restricting expressions (E2) and (E3) in a similar manner we obtain, re-
spectively,

. s;>v+3

= A (D) S & ’

(815 85) (s »2v+ 3 s;) with { T R L (R2)

(5p8) = —(2v+3 — sy, 2v+3 — ;) with s, >s,>r+4+ 3. (R3)

It should be pointed out that the interpretation expression, eq. (10),
is eq. (R1), more precisely its adjoint, with s, = » 4 n + 1.

We can also deduce three cases in which non-standard (¢) are null.
To see this consider the following three special cases:

If s =»41 expression (E1) becomes (v + 1, s,) = —(» 4+ 1, s,).
If s, =2v+4 3 — s, expression (E3) becomes (s, 2v + 3 — s)) =

= —(s3, 2v+ 3 — §y).
Ifs,=v+2 expression (E4) becomes (s;, v + 2) = —(s;, v + 2).
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The fact that in each of these special cases a partition is equal to its
own negative lets us formulate three additional rules

N(¢) =0, when sp—"pl 12 (R1%)
N(6) =0, when s, + s, =2y 3; (R3")
N(o) =0, when So = v+ 2 (R4")

The rule numbers refer to the expressions from which the rules were
obtained. The primes denote special cases of the corresponding expressions.
Notice that the last three rules could, alternatively, have easily been deduced
by considering, individually, the factors in the numerator of the N(¢) expres-
sion, eq. (14).

The non-standard (o) partitions, their standard partition interpreta-
tions, and the pertinent interpretation rules are summarized, for the present

9
case (j B P 5) in Table 7.

Table 7
The non-standard partitions (0) for the case j = —g—
|
sy s, (o) N (o) i Interpretation Rule
6 0 (111111) 0 %X W
1 (211111) 0 x 1 i
2 (221111) 0 o L
3 | (222111) 0 - ol I
4 (222211) 0 %L
5 (222221) 0 X l i
6 | (222222) 0 : 8 K
7 0 (1111111) ) —(11111) i 1
1 (2111111) —1155 STy ) |
2 (2211111) —4290 —(@2111) | 1 1
3 (2221111) —8580 —(22211) 1
4 (2222111) —9438 —(22221) | 1
5 | (2222211) 4719 | —(22222) | 1
6 (2222221) 0 S A
1 (2222222) 0 o M I
8 0 (11111111) — 165 —(11110) 1 1
1 (21111111) —1408 —(21110) | 1
2 (22111111) —5005 —(22110) | 1
3 (22211111) —9152 —(22210) ‘ 1
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Table 7 (continued)

8 s, (o) N (o) Interpretation Rule
I
L4 | (22221111) 7865 —(22220) | 1
5 | (22222111) 0 X.|
6 | (22222211) 4719 (22222) | 2
C 7 | (22220021) 0 X | 4
|8 | (22222922) —4719 —(22222) | 3
9 | o | (i — 110 —(1100) | 1
‘ 1 | (211111111) — 891 | —(21100) | 1
| 2 | (221111111) — 2860 —(22100) | 1
| 3 | (ee21m1111) 4004 ~(22200) | 1
| 4 (222211111) 0 X 3’
|5 | (222221111) 7865 (22220) | 2
| 6 | (222222111) 9438 22221) | 2
|7 | (e2z222011) 0 X | &
L8 | (222220221) —0438 | —(22221) | 3
9 | (222220002 — 7865 —(22220) | 3
10 0 | il | — 44 —(11000) | 1
| 1| (euanl) | — 320 | —(21000) | 1
2 | (2u1nainy | — 780 | —(22000) | 1
| 3 | (2221111111) 0 % | &
4 | (2222111111) 4004 | (222000 | 2
|5 | (2222211111) o152 | (22210) | 2
L6 | (2222221111) 8580 | (22211) |
7 | (2222290111) 0 X | &
8 | (2222222211) | —g580 | —(22211)
| 9 | (2222222221) | 9152 —(22210)
‘ 10 | (2222222222) | — 4004 ‘ —(22200)
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IOJIHAST KJIACCUOUKALIUA SANEPHBIX COCTOAHUN KOH®OUTYPALIUM j*

5 9
IUWIJ:‘Z-

A. O. JAPJIUHT u P. I CEJIEP

Peswome

& o
I1pousBOAsITC KJiacCH(PUKALMs M NepPeYeHb COCTOSIHMI 9KBHBAJIEHTHBIX j = 5  sAep-
HbIX KOHGMrypaiui. [IIsi pasMepHOCTH BarkKHeimX pasjiesieHnil 1aiTcsi HOBbIE (OPMYJIbL.
JU1s1 0O'bSICHEHHMST HeCTAH/APTHBIX PasflesIeHHil BBIBOAMTCS HECKOJIbKO 00IMX TpPaBHIL
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Es wird ein Uberblick iiber die Anwendung von Variationsprinzipien zur Lésung des
Vielkdrperproblems gegeben. Nach einer Diskussion allgemeiner Bedingungen fur die Existenz
von Variationsprinzipien wird ihre Anwendung in der klassischen Gleichgewichts- und Nicht-
gleichgewichtsstatistik untersucht. Anschliessend werden Verfahren zur Berechnung statio-
nérer und nichtstationdrer quantenmechanischer Systeme zusammengestellt. Irreversible
Ph&nomene werden mit dem Prinzip der extremalen Entropieproduktion beschrieben. Speziell
werden damit zusammenhdngende Losungsverfahren der BoLTZMANNGgleicliung behandelt.
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1. Einleitung

Die Grundaufgabe der Physik ist die Beobachtung und Beschreibung
aller Vorgiinge in der Natur. Die Aufgabe der Theoretischen Physik ist es,
die beobachteten Erscheinungen in abstrakter Form darzustellen, um daraus
wieder experimentell zu realisierende Ereignisse herauszulesen. Die Methoden
der gedanklichen Abstraktion werden aus der Mathematik entnommen.
Im allgemeinen wird das Naturgeschehen durch Differentialgleichungen
beschrieben. Uber die Integration dieser Gleichungen kénnen zuniichst keine
weiteren Aussagen gemacht werden, ausser dass bei Giiltigkeit bestimmter
Erhaltungssiitze Teilintegrationen maglich sind. Oft erweist es sich als sinn-
voll, den Differentialgleichungen #quivalente mathematische Methoden zu
benutzen, die in speziellen Fillen rascher zur Lésung des Problems fiihren.
Eine solche Methode ist die Variationsrechnung.

Der erste wesentliche Anstoss zu ihrer Entwicklung entstammt dem
berithmten Streit der Gebriidder BErNouiLLr (16096). In dieser Auseinander-
setzung wurde unter anderem das Problem zur Diskussion gestellt, auf welcher
Kurve sich ein Stein im Schwerefeld von einem Punkt P, zu einem Punkt P,
bewegen miisste, um diese Strecke in kiirzester Zeit zuriickzulegen (Brachy-
stochronenproblem). Die Fallzeit T ist offensichtlich vom Bahnverlauf s(z)
abhiingig. T ist ein Funktional von s(t). Die die Aufgabe losende Kurve 5(1)
ergibt sich aus der Klasse aller méglichen Bahnen (aller Variationen von s(t))
dadurch, dass sie T' zum Minimum macht, d. h. T" darf sich bei kleinen Schwan-
kungen 0s = s(t) — s(t) der Bahn s(t) um die optimale Kurve 5(t) in erster
Ordnung von 6s nicht édndern, in zweiter Ordnung von 6s muss die Anderung
von T positiv sein. Man sagt: Die erste Variation von T ist Null, die zweite
Variation ist positiv

oL TE==); 2T >0.

Schon kurze Zeit nach dem Bekanntwerden der BErNoulLLischen Aufgabe
dusserte LEBN1z den Gedanken, dass alle Naturereignisse einem Prinzip der
minimalen Wirkung unterliegen. Damit wurde eine Epoche der allgemeinen
Anwendung des Variationskalkiils zur Beschreibung physikalischer Erschei-
nungen eingeleitet, die bis zum heutigen Zeitpunkt andauert. Zunichst ver-
suchte spekulative Interpretationen, die in der Existenz von Variations-
prinzipien das Walten hsherer Michte erblickten (MAUPERTUIS u. a.), mussten
der Erkenntnis Platz machen, dass das Variationsprinzip nur eine dquivalente
Formulierung einer dasselbe Problem beschreibenden Differentialgleichung ist.

Obwohl also ein Variationsverfahren keine prinzipiell neuen Aussagen
liefert, besitzt es bei bestimmten Fragestellungen gewisse Vorteile gegeniiber
anderen Darstellungsweisen. So wird es hiufig wegen der Ubersichtlichkeit
und Eleganz der Rechnungen als mathematisches Hilfsmittel fiir die Deduk-
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tion physikalischer Gesetzmiissigkeiten benutzt. Dabei werden bekannte
Tatbestéinde auf verkiirztem Weg verifiziert und zum Teil auch neue Aus-
sagen abgeleitet. Weiterhin kénnen die Untersuchung von Invarianzeigen-
schaften der Differentialgleichungen und das Auffinden von Erhaltungs-
sitzen als Folge dieser Invarianzeigenschaften erheblich erleichtert werden
(NoeTHER-Theorem [1]).

Oft ist allein die Kenntnis der Existenz eines Variationsprinzips fir
bestimmte Teilaussagen hinreichend. Z. B. lassen sich damit in der Elasto-
mechanik und Optik Reziprozitatsbeziehungen zwischen den in der LAGRANGE-
funktion vorkommenden Variablen herleiten, die im wesentlichen auf der
Gleichheit bestimmter gemischter Ableitungen des stationiren Funktionals
beruhen. In der Elastomechanik geben sie differentielle Beziehungen zwischen
Randbedingungen und den interessierenden Gréssen an einem beliebigen Ort
im Innern an, wihrend sie in der Optik Relationen zwischen Bild und Gegen-
stand beinhalten.

Ein weiteres Anwendungsgebiet sind bei Variationsproblemen hiufig
maogliche Analogiebetrachtungen, falls zwei zunichst grundsitzlich verschie-
dene physikalische Phinomene durch dasselbe stationdre Funktional beschrie-
ben werden. Bekannt ist die sogenannte »Kircunuorrsche Analogie« zwischen
den Bewegungsgleichungen fiir den schweren symmetrischen Kreisel und den
Gleichungen eines durch Druck und Drill beanspruchten Stabes im drei-
dimensionalen Raum [2]. Das Erkennen der Analogie kann einen Ansatz-
punkt fiir Ndherungsverfahren bieten.

Ein rechentechnischer Vorzug eines Variationsverfahrens ist der, dass
das zu variierende Funktional ein Skalar ist. Wegen der koordinatenunabhiin-
gigen Formulierung sind ohne Schwierigkeiten Uberginge von einem Koordi-
natensystem zu einem anderen moglich. Diese Uberginge bieten sich beson-
ders deshalb an, weil in dem jeweils betrachteten Funktional stets Ableitun-
gen vorkommen, die um eine Ordnung niedriger sind als in den entsprechen-
den Differentialgleichungen.

Ein wesentliches Kennzeichen eines Variationsprinzips ist die Tatsache,
dass durch Ausfithren von Teilvariationen Nédherungsausdriicke fiir die Bewe-
gungsgleichungen angebbar sind. Das ist besonders bei der im folgenden zu
behandelnden Beschreibung von Vielteilchensystemen von Bedeutung. Durch
die Auswahl einer bestimmten Klasse von Funktionen, die zur Konkurrenz
stehen sollen, werden den Lésungen des jeweiligen Problems automatisch
Beschrinkungen auferlegt, so dass diese nur noch niherungsweise gelten
kénnen.

Die Maoglichkeit, Variationsprinzipien anzugeben, besteht nicht nur in
der klassischen Mechanik. Wihrend dort das Zeitintegral iiber die Differenz
der kinetischen und potentiellen Energie das gesuchte Funktional ist, dessen
erste Variation verschwindet [3], kénnen in der Quantenmechanik der Energie-
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erwartungswert [4] bzw. eine Verallgemeinerung im zeitabhidngigen Fall,
im thermischen Gleichgewicht die thermodynamischen Potentiale [5] und
in der Theorie irreversibler Prozesse, die stationiir verlaufen, die Entropie-
produktion an diese Stelle treten.

Die weiteren Ausfithrungen werden sich damit befassen, ob prinzipiell
zu jeder Differentialgleichung ein Variationsprinzip angegeben werden kann,
und die dabei auftretenden Schwierigkeiten bei irreversiblen Phinomenen
in Teil 2 darlegen. Es soll ein Uberblick iiber Variationsprinzipien in der
klassischen Statistik in Teil 3 und der Quantentheorie stationirer und nicht-
stationirer Erscheinungen in Teil 4 bzw. Teil 5 gegeben werden. Teil 6 beschaf-
tigt sich mit der Beschreibung irreversibler Prozesse in Vielteilchensystemen
durch Variationsprinzipien.

2. Bedingungen fiir die Existenz von Variationsprinzipien

Die Tatsache, dass zu den meisten physikalischen Problemstellungen
Variationsprinzipien angebbar sind, lisst die Frage entstehen, ob das prin-
zipiell méglich ist. Die Selbstadjungiertheit der das entsprechende Problem
beschreibenden Differentialgleichung ist eine notwendige und hinreichende
Bedingung dafiir (Kap. 21). Ein in Kap. 22 behandeltes Beispiel zeigt, dass
diese Forderung bei irreversiblen Differentialgleichungen erst durch geeignete
Manipulationen erfiillt werden kann.

21. Das Umkehrproblem der Variationsrechnung

Bei der Beschreibung physikalischer Erscheinungen ist es in den meisten
Fillen so, dass zuniichst die Differentialgleichungen fiir die interessierenden
physikalischen Gréssen bekannt sind. Soll eine dquivalente Darstellung mit
einem Variationsprinzip gegeben werden, so muss letzteres auf irgendeinem
Weg gewonnen werden. Dieses Umkehrproblem der Variationsrechnung
besteht darin, zur gegebenen Differentialgleichung ein Funktional F' zu
konstruieren, das stationiir ist, d. h. fiir das die erste Variation verschwindet

NF=0. (1)

Fiir den Fall, dass die entsprechende physikalische Erscheinung durch lineare
Differentialgleichungen beschrieben wird, existiert dazu eine ausfiihrliche
Theorie.

Hirscu [6] und andere konnten zeigen, dass fiir die Losbarkeit des
Umkehrproblems folgende Tatsache eine notwendige und hinreichende Bedin-
gung zugleich darstellt:
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Die Differentialgleichung (gewohnliche oder partielle) muss selbstadjun-
giert sein, falls sie die EuLERsche Gleichung eines dazugehérigen Variations-
prin zips ist. Eine Differentialgleichung ist selbstadjungiert, wenn fiir den darin
vorkommenden Operator (es handelt sich hierbei stets um lineare Operatoren)
nach Definition eines bestimmten Skalarproduktes gilt

(W, AD) = (AV,D). (2)

In dem aus der Quantentheorie bekannten HiLBERTraum entspricht das der
Hermitizitit. Ob ein Operator selbstadjungiert ist, hingt von der Art des
betrachteten Skalarproduktes und den jeweiligen Randbedingungen ab.

Das Umkehrproblem der Variationsrechnung ist ohne griossere Schwie-
rigkeiten lésbar, wenn selbstadjungierte Differentialgleichungen vorliegen.
Ist das nicht der Fall, muss die Differentialgleichung geeignet umgeformt
werden. Dabei gibt es verschiedene Maglichkeiten. Einmal kann man das
Skalarprodukt geeignet umdefinieren, so dass Selbstadjungiertheit erreicht
wird. Weiterhin ist es moglich, durch Umformung der Differentialgleichung
(zusétzliche Multiplikation mit Operatoren) dasselbe zu erreichen. Schliess-
lich wird man hiufig versuchen, der nichtselbstadjungierten Gleichung die
adjungierte zuzuordnen. Beide Gleichungen zusammen lassen sich in einem
Variationsprinzip formulieren.

22. Einfache Spezualfille

Als Beispiel soll der harmonische Oszillator unter Reibung betrachtet
werden.

m(x, + yx, + wix)= Ax, =0. (1)

Der in dieser Differentialgleichung auftretende Operator ist nicht selbstadjun-
giert, wenn man als Skalarprodukt

(%5, %) = [ dt x,(t) x,(t) mit x(+ c0) = a(— c0) =0 (2)
einfithrt. Es gilt
(x,, Ax,) = (dtx, m ﬁ—l— i—{—aﬂ x
2y ! g % i 0| *1

(3)

Die Umformung von (1) erfolgt:
a) durch Multiplikation mit einem geeigneten Faktor.

e'm(%, + yx, + 0}x,) =0. (4)
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Beziiglich des in (2) definierten Skalarproduktes ist der in (4) vorkommende
Operator selbstadjungiert. Es kann leicht eine LacraNcEfunktion fiir (4)
angegeben werden:

o gmg P M{diL=0. (5)

Dasselbe Ergebnis wie in (5) erhilt man, wenn man von der Gleichung (1)
ausgeht und ein neues Skalarprodukt einfiihrt

< xy > = [deetx(t) y(2). (6)

Methoden zur Bestimmung des multiplikativen Faktors bei beliebigen gewohn-
lichen Differentialgleichungen werden zum Beispiel bei Funk [7] angegeben.
b) durch Einfiihren einer zusitzlichen Differentialgleichung (adjungierte Dgl.).

Aus (3) entnimmt man sofort, dass die zu (1) adjungierte Differential-
gleichung die Gestalt

m(x, — yx, + 0§ %) = AT x, = 0 (7)

hat. Die Gleichungen (1) und (7) lassen sich aus einem einzigen Variations-
prinzip von der Form

b= m[klicz—{— %y(xli’g - k‘l’x.z)—w(z,xlsz (51‘S‘dtL: 0 (8)

gewinnen. Dabei werden x; und x, unabhingig voneinander variiert.

Der unter b) angegebene Weg erscheint verallgemeinerungsfihiger.
Dem dissipativen System (1) wird ein adjungiertes (7) zugeordnet. Bei diesem
Vorgehen existiert eine enge Verbindung mit der Loésung von Eigenwert-
problemen nichthermitischer Matrizen

Ae,=Je, Atei=a%e; = ArLA4. (9)

Die Eigenwertgleichungen ergeben sich, wenn man fordert, dass der Ausdruck

(10)

stationidr wird.

Das Beispiel des harmonischen Oszillators unter Reibung ist zuniichst
nicht typisch fiir die im folgenden zu behandelnde Problemstellung, da im
Falle des Oszillators ein echtes Einteilchenproblem vorliegt. Es wird sich
aber herausstellen, dass auch bei irreversiblen Prozessen in Vielteilchen-
systemen, die durch nichtselbstadjungierte Differentialgleichungen beschrie-
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ben werden, analoge Methoden Anwendung finden (siehe Teil 6). Offenstehende
Fragen sind noch folgende: Lisst das Hinzufiigen eines adjungierten Systems
eine sinnvolle physikalische Interpretation zu? Fiir die in diesem Kapitel
betrachteten linearen Operatoren gilt mit dem Skalarprodukt (2)

AT(t) = A(—1), (11)
falls die Zeit in A nur als Differentialoperator auftaucht. Eine Lésung von
AT(0) xt) = A(— 1) x,(0) = 0 (12)

erhilt man sofort mit

x(t) = x(—1). (13)

In diesem Fall beschreibt die Loésung des adjungierten Problems also ein
gegeniiber dem urspriinglichen zeitlich umgekehrt ablaufendes Ereignis. Beim
Beispiel des harmonischen Oszillators wire das ein sich aufschaukelndes
System.

Von Bedeutung ist auch die Frage, ob die Tatsache, dass in (8) zwei
unabhiingig zu variierende Funktionen auftreten, das Verfahren unbrauchbar
macht. Zunichst existieren fiir diese Annahme keine Anhaltspunkte. Mathe-
matisch formal ist die Aufgabe in dieser Weise loshbar. Die Rechnung wird
natiirlich wegen der zwei verschiedenen Funktionen komplizierter. Echte
Schwierigkeiten diirften dann auftreten, wenn fiir die Funktionen plausible
Niherungsansitze gemacht werden sollen, was fiir das adjungierte System
nicht moglich sein wird, falls ihm keine anschauliche Bedeutung gegeben
werden kann.

3. Variationsprinzipien zur Berechnung klassischer Verteilungsfunktionen

Es soll ein Uberblick iiber Variationsprinzipien fiir klassische Ver-
teilungsfunktionen gegeben werden. Im allgemeinsten Fall kann fiir die
zeitabhingige Verteilungsfunktion, die der LiouviLrLegleichung geniigt, ein
stationidres Funktional konstruiert werden, wie in Kap. 31 gezeigt wird.
Niéherungsansiitze fiithren zu reversiblen kinetischen Gleichungen vom VwiAsov-
typ (Kap. 32). Variationsprinzipien fiir Verteilungsfunktionen im thermischen
Gleichgewicht lassen sich mit Hilfe der Extremaleigenschaft der thermo-
dynamischen Potentiale angeben (Kap. 33). Der Fall, dass die zu berech-
nende Verteilungsfunktion einer irreversiblen kinetischen Gleichung geniigt,
wird spiter in Teil 6 behandelt.
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31. Die LiouviLLigleichung

Die Beschreibung des Vielkorperproblems in der klassischen Statistik
erfolgt durch die LiouviLLeEgleichung

ng—F [HafN]PZO e (1)
ot ;

In (Pt e oo s tnst) = fn (1, ..., N5 t) ist eine Dichteverteilung im 6 IN-
dimensionalen Phasenraum, dem /-Raum. [H, . . .]p ist die bekannte Poisson-
klammer. Physikalisch interessierende Messwerte A werden durch Scharmittel-
werte iiber die Verteilung fy berechnet

A=l . dNfllii s NG AL 0 N8 (2)
fn erfiillt die Normierungsbhedingung
il dN v Nty =1 (3)

Mit der Angabe von fy wire das Problem in allgemeinster Weise gelost.
Fiir die Berechnung physikalischer Grossen ist aber nur die Kenntnis der
reduzierten Verteilungsfunktionen

Te=ifa(ls2sm,t) n—12 (4)

erforderlich.

Die Aufgabe der Theorie besteht nun darin, Niherungsverfahren fiir die
exakt nicht lésbare LiouviLLegleichung zu entwickeln, was bereits auf ver-
schiedene Weise mit Erfolg durchgefiihrt wurde [8]. Den Versuch, Variations-
prinzipien dafiir nutzbar zu machen, hat GARTENHAUS [9] unternommen.

Der Grundgedanke ist der, dass gewisse Analogien zwischen der
LiovviLLegleichung und der quantenmechanischen ScHRODINGERgleichung
bestehen. Beide sind lineare partielle Differentialgleichungen erster Ordnung
in der Zeit. Es kann deshalb vermutet werden, dass das Variationsprinzip
fiir die LiouviLLEgleichung eine dhnliche Gestalt wie das fiir die zeitabhiingige
ScHRODINGERgleichung besitzt. Definiert man ein Skalarprodukt

< Uns VN = Ejdtdl sod N k(s Nt oy (L5 NGRS (5)
so ist der Operator

5}
P {5 + [Hlp,} (6)
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antihermitisch. ¢ besitzt ein System von komplexen Eigenfunktionen uy,

die der Gleichung
L uy =Auy (7)

geniigen. In Analogie zum Vorgehen bei Eigenwertproblemen antisymmetri-
scher Matrizen [10] ldsst sich (7) dquivalent in einem Variationsprinzip
formulieren:

F=<uy,Luy>—iuy,uy > OLF=0. (8)

Die Eigenwerte von (7) kénnen nur rein imaginir bzw. Null sein. Multipli-
ziert man (7) mit uy, und integriert iiber Orte, Impulse und Zeit, erhilt man
dieses Ergebnis unmittelbar, wenn man die Antihermitizitit von %’ ausnutzt.
Deshalb kann sofort eine Lésung uy zum Eigenwert 0 angegeben werden,
die sich von uy um einen, wie es sich herausstellen wird, belanglosen Phasen-
faktor unterscheidet

ﬁN — uN e_lt . (9)

Es ist das Ziel, Lésungen zu berechnen, die (7) fiir 2 = 0 befriedigen und ausser-
dem reelle und stets positive Funktionen der Variablen 1, ... N und ¢ sind.
Wegen der speziellen Form von & (linearer Operator, der nur Differentiatio-
nen von erster Ordnung enthilt), gilt

Z F(uy) = (dF/duy) L uy . (10)

Neben uy ist auch eine beliebige Funktion von uy Eigenfunktion zu 1 = 0.
Wihlt man speziell

In=|un=lunp?, (11)

so erhilt man die Lésung von (1). Die aus der Forderung (8) bestimmte
Funktion uy liefert damit unmittelbar die Verteilungsfunktion fy.

Zu bemerken ist noch, dass das Funktional in (8) lediglich stationir
ist; es besitzt keine Extremaleigenschaften. Aussagen iiber die Art des Fehlers
bei Niherungsverfahren sind deshalb nicht méoglich.

Um einen Beweis fiir die innere Konsistenz des Variationsverfahrens (8)
zu geben, sollen durch einen geeigneten Variationsansatz die kanonischen
Bewegungsgleichungen abgeleitet werden. Als Versuchsfunktion wird

N —_—

uy = [ VoG —i(e)) e/ ND  mit y* =y (12)

=1

in (8) eingesetzt. Mit i bzw. f(t) werden die Orte und Impulse 1;, p; bzw.
8i(t), qi(t) zusammengefasst. i(t) und y (1,... N, t) sind zunichst véllig belie-
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bige Funktionen, die unabhiingig voneinander variiert werden kénnen.
Dem Ansatz (12) entspricht die Verteilungsfunktion

A ﬁa(i ). (13)

Dieser Ausdruck entspriche der exakten Verteilung von N Teilchen, wenn
i(t) die durch die kanonischen Gleichungen beschriebene Bewegung des Teil-
chens ¢ darstellen wiirde. Mit (12) erhédlt man nach einfachen Umformungen
fiir das stationidre Funktional aus (8)

FE:jjmdl“.MV]?éﬁ—JU»:?(L“.NJ)Mlp.JWQ

=j (dt.Z (1), ... N(t), £) p(1(2), ... N(2), £)
:jj‘dt{a_'f’ yi(ﬂﬂ“_ﬁa_'/’”’ (14)
ar . x| 8a;.08; 3%; 9q;

reisel e 3(E{2] 2[-2 o)

83, | aq, agq,| 83,

l
Werden y und ;(t) nun unabhingig voneinander variiert, entstehen sofort
die kanonischen Bewegungsgleichungen

L

3, = § = — 15
T q (15)

Wie bereits oben fillt auch hier die Phase als unwesentlich aus der Rechnung
heraus.

32. Kinetische Gleichungen

Das in (31.8) formulierte Variationsprinzip fiir die LiouviLLEgleichung
gestattet es, durch Teilvariation Nidherungsgleichungen fiir die Verteilungs-
funktion abzuleiten.

Zuniichst soll der Ansatz

uy = ]__N! v (i, 1) s div}¥(i, t)v(i,t) = 1 (1)

fiir die zu variierende Funktion gewihlt werden [9]. Im folgenden wird ein
System ununterscheidbarer Teilchen betrachtet (z. B. Elcktronen mit gleich-
missig verschmiertem positiven Untergrund). Dann sind alle v; gleich. Es gilt:

v(i, t) = v(i,t). (2)
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Der Ansatz (1) beschreibt ein System statistisch unabhangiger Teilchen.
Die Verteilungsfunktion ¢ n ergibt sich als Produkt von EinteilchenVerteilungs-
funktionen

fnr=1[/(10 = \v(i,t)\2. 3)
=1
Setzt man (1) in
F = <CuN,JV un X Mar, uN "> ()]
ein und fordert
o1 F = 0, (5)

so erhalt man fur v die Bestimmungsgleichung
N @10+t [A, + Hy., FLBp= 0. (6)
dt

Hiz ist der Teil der HAMILTONfunktion, der die Uber die Variable 2 gemittelte
Wechselwirkung zwischen den Teilchen 1 und 2 berticksichtigt

Hyi = fd2 ve2, t)11(1, 2) vz, t). (7

Multiplikation von (6) mit r*(l, y und Addition der konjugiert-komplexen
Gleichung ergibt unmittelbar die VLASOVgleichung fir die Einteilchenver-
teilungsfunktion

(L0 + [HI+ HOLf(L)TP= 0. (8)

Die Gleichung (8) kann auch ohne Verwendung des Variationsprinzips aus
der LiouviLLEgleichung hergeleitet werden. Dabei wird die durch Reduktion
der LiouviLLEgleichung entstehende Gleichungshierarchie abgebrochen, indem

121,2,t)=/(1,D/(2,1) 9)

gesetzt wird. Die Tatsache, dass dann ebenfalls die VLASOVgleichung entsteht,
zeigt deutlich, dass das Variationsprinzip nur eine aquivalente Formulierung
der entsprechenden Differentialgleichung ist. Der Vorteil des Variations-
prinzips wird sich erst bei allgemeineren N&herungsansatzen bemerkbar
machen, da dann mit diesem Verfahren N&herungsgleichungen oft auf kir-
zerem Weg erhalten werden kénnen, als es Uber die Hierarchie mdoglich ist.

Ein der VLASOVgleichung ahnlicher Ausdruck ergibt sich mit dem
Ansatz [9]

= w0 ) M detwirftt) . (10)
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Die im Unterschied zu (1) zusétzlich auftretende Determinante wird einge-
fuhrt, weil man hofft, damit in gewissen Grenzen den Einfluss kurzreich-
weitiger abstossender Wechselwirkungen zu beschreiben.

Zunéachst ist zu erkennen, dass mit diesem Ansatz die Wahrscheinlich-
keit Null sein muss, zwei Teilchen in einem Intervall dr bei = r0zu finden.
Das wird durch den Ansatz (1) nicht garantiert; es entspricht der physikali-
schen Realitdt aber besser als die vollige statistische Unabhdngigkeit. Mit (10)
erhdlt man eine Gleichung vom VbASOVtyp. Die Antisymmetrie bzgl. der
Orte erzeugt einen nur fur kleine Abstdnde wesentlichen Zusatzterm. Kineti-
sche Gleichungen dieser Struktur wurden auf anderem Weg bereits friher
von Kadomtsev [11] bzw. von Rostoker und Rosenbluth [12] abgeleitet.

33. Variationsprinzipien fir Systeme im thermischen Gleichgewicht

Im folgenden sollen Systeme im thermischen Gleichgewicht betrachtet
werden. Geht man von einem System aus, das sich in einem gehemmten
Gleichgewichtszustand befindet und UGberldsst das System nach Entfernen der
&dusseren Hemmung sich selbst, so wird es sich irreversibel auf das Gleich-
gewicht zubewegen. Uber die dabei auftretende Entropiednderung dS macht
der Il. Hauptsatz der Thermodynamik die Aussage

T dS A dE + KidXie M

Die Xi bzw. ki kénnen als verallgemeinerte Koordinaten bzw. Kréfte eines
thermodynamischen Systems mit / Freiheitsgraden aufgefasst werden (z. B.
X i= = p) [5].

Es werden nun Prozesse betrachtet, bei denen wéhrend des Weges zum
Gleichgewicht/voneinander unabhdngige Variable konstant gehalten werden.
Erfolgt solch ein Prozess mit konstanter Energie E und konstanten X-
(i=1,... f —1), d. h. liegt ein abgeschlossenes System vor, dann nimmt
die Entropie im Gleichgewicht ein Maximum an

ds ~ 0. (2)

Es ist aber auch mdglich, dass nicht diese, sondern andere Variable konstant
gehalten werden. Wie in [5] gezeigt wurde, folgt mit (1), dass dann diejenige
Grosse, die beziuglich der konstant zu haltenden Variablen thermodynamisches
Potential ist, Extremalcharakter besitzt. Stellt sich der Gleichgewichtszustand
eines Systems mit drei thermodynamischen Freiheitsgraden zum Beispiel bei
konstanter Temperatur, konstantem Volumen und konstanter Teilchenzahl
ein, so strebt die Freie Energie einem Minimum zu.
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Bekanntlich lassen sich im Rahmen einer statistischen Theorie die
thermodynamischen Potentiale durch die in Kap. 31 eingefiihrte Verteilungs-
funktion /gr darstellen. Extremalprinzipien, denen die thermodynamischen
Potentiale gentgen, mussen deshalb auch Aussagen Uber die Gleichgewichts-
verteilung liefern. Im weiteren werden Gleichgewichtszustdnde betrachtet,
bei denen die Freie Energie zum Minimum wird. Fir solche Systeme werden
Né&herungsgleichungen fir die Verteilungsfunktion abgeleitet.

Setzt man/N als Produkt von Korrelationsfunktionen an, die ab einer
bestimmten Ordnung n&dherungsweise gleich Eins werden, erhdlt man Integral-
gleichungen fir die Korrelationsfunktionen, die eine &hnliche Struktur wie
die aus der Flussigkeitstheorie bekannten besitzen. Bei einem anderen mogli-
chen Ansatz fuhrt man als fN die Verteilungsfunktion eines mathematisch
besser zu behandelnden Systems mit einer HAMILTONfunktion H ein. W eitere
N&herungsverfahren ergeben sich mit der Verwendung von Clusterentwicklun-
gen zur n&herungsweisen Darstellung von fN.

Es wird ein System konstanter Temperatur T, konstanten Volumens V
und konstanter Teilchenzahl N betrachtet. Im Gleichgewicht nimmt bei solch
einem System die Freie Energie F ein Minimum an

61IF = 0 02F > 0. 3)
Fir ein reales Gas hat die Freie Energie die Gestalt

F — wfideal + R“1J drl, .. dINf N(]nfIN -f- BuN) 4)
mit uN= 27,juij » B1= KkT.

/ljv stellt die nur noch von den Orten abh&ngige N -Teilchenverteilungs-
funktion dar. Die Impulsabhé&ngigkeit wird in den meisten Féllen trivial
gleich einer MAXWELLverteilung sein. Ejdeai ist die Freie Energie eines idealen
Gases, fur das die Wechselwirkungspotentiale uy verschwinden wirden.

Die fin werden durch Minimalisierung der Freien Energie bestimmt.
Bei unbeschrédnkter Variation folgt

e~ Ru*

olF = 0 —
tN Idrl. .. dtNe~PU>

(%)

Ein geeigneter Ansatz zur Ableitung von N&herungsgleichungen fiur fIN ist
ein Produkt von Korrelationsfunktionen [13] in der Form

fIN ff giihj) M gsihj k) mes gv(I>2... IV). (6)
VN kj i<j<k
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Der Ausdruck (6) fir fAN scheint zundchst unndtig allgemein zu sein, da die
exakte L&sung (5) mit uN aus (4) ein Produkt von Zweiteilchenfunktionen
ist. Er bekommt einen Sinn, wenn gefordert wird, dass beim Ubergang von
der iV-Teilchenverteilungsfunktion zur reduzierten s-Teilchenverteilungs-
funktion diese wieder aus denselben Korrelationsfunktionen g2...gs in der
Weise

fi* = TTs/7 &(*"» [/ 9g3(iJ,b)...gs(h2-.-5) s=2,...N 1 7)

i<j i<j<k

zusammengesetzt werden kann. Damit mussen die Korrelationsfunktionen
zusdtzliche integrale Nebenbedingungen erfullen. Aus (7) folgt, dass g2(l, 2)
mit der radialen Verteilungsfunktion identisch ist.

Mit dem Ansatz (6) wird die Freie Energie berechnet. Unter Berlick-
sichtigung von (7) kann sie in der Form

F = Fideal + joax, dr2g2(1, 2) [Ing2(1, 2) + Bu(l, 2)]
+ A1l N, di2dx3g21,2)9z(2, 3)g.23,1) Ing3(1, 2,3) + ... (8)
mit -n = N
\Y

dargestellt werden. Die Entwicklung ist exakt fir grosse N. Dann gilt fir
die Entwicklungskoeffizienten

‘N N2 N3

IN
2, ~ 2 bl a: ©)

Der Vorteil dieser Entwicklung besteht darin, dass in den ersten k Gliedern
nur Korrelationsfunktionen k-ter Ordnung auftreten.

Bis hierhin ist die Theorie exakt. Zur Ableitung von Nd&dherungsgleichun-
gen fur die Verteilungsfunktion setzt man die gn von einer bestimmten Ord-
nung ab gleich Eins. Fordert man, dass g3= g4=...=g w= 1 werden,
so erhdlt man die in der FllUssigkeitstheorie bekannte KiRKWOODsche Super-
positionsapproximation. Eine bessere Ndherung ergibt sich mit

g3(l, 2,3) = 1 —y=const. g4d=gb5=... = 1, (10)
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wobei y eine zunichst beliebige Konstante ist, die aus der Forderung
{drydrydry fiy =1 (11)

in Abhiingigkeit von g, bestimmt wird.
Wird mit dem Ansatz (10) die Freie Energie minimalisiert, entsteht eine
Integrodifferentialgleichung fiir die radiale Verteilungsfunktion

3 6} . o]
— B e Ing,(1,2) = . u(1,2) + /" { dry g,(1,2) 8x(2, 3) o w(1, 3)

51 4

mit w(l,3)= — f'Ing,(1,3). (12)

Die Gleichung hat eine idhnliche Struktur wie die aus der Fliissigkeitstheorie
bekannten Gleichungen von KikRkwoop, YvoN, BorRN und GREEN und MAYER.
Die BorN-GREENsche Gleichung unterscheidet sich von (12) nur dadurch, dass
das Potential der Durchschnittskrifte w (1, 3) durch das zwischen 1 und 3
bei Abwesenheit aller anderen Teilchen bestehende Potential u (1, 3) ersetzt
wird. Im Falle langreichweitiger Kriifte kinnen beide Potentiale betrichtlich
voneinander abweichen. Die Giiltigkeit der Gleichung (12) scheint iiberhaupt
nur auf kurzreichweitige Wechselwirkungen beschriinkt zu sein, da dann das
Vernachlissigen hoherer Korrelationen berechtigt ist.

Das Verfahren bietet die Méglichkeit, neben der Freien Energie auch
die anderen thermodynamischen Gréssen in Abhingigkeit von T, ¥V und N
zu berechnen, die sich aus der Freien Energie durch Differentiationen nach
T, V und N ergeben.

Schwierigkeiten bereitet das Variationsverfahren bei unendlich aus-
gedehnten Systemen, da dann die Nebenbedingungen fiir die Korrelations-
funktionen nicht ohne weiteres eindeutig formuliert werden konnen. Dadurch
treten beim Grenziibergang V' — oo in dem Ausdruck fiir die Freie Energie
zunichst divergierende Integrale auf. Nach Gurikov [14] lassen sich diese
Terme in einem komplizierten Regularisierungsverfahren streichen (bei [13]
nicht richtig gelost). Anschliessend wird die Freie Energie minimalisiert.

Niherungsweise Ansitze fiir die Verteilungsfunktion lassen sich nicht
nur durch dic Methode gewinnen, die Korrelationsfunktionen bis zu einer
bestimmten Ordnung zu beriicksichtigen, sondern man kann sie auch noch
auf eine andere Weise finden. Das oben behandelte Verfahren hat, vom Stand-
punkt der Anschaulichkeit aus betrachtet, noch gewisse Miingel. Es lisst sich
nicht ohne weiteres sagen, fiir welch ein System der jeweilige Niherungs-
ansatz die exakte Losung darstellen wiirde. Das ist im folgenden besser
maoglich [15].

Fiir fy wird der Ansatz

fo— . exl pH) ¥

{ exp(— pH)dl...dN

-~

— dy, dv, (13)
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gemacht. H soll die Hamiuronfunktion eines geeignet zu wihlenden Modell-
systems sein. Fiir die Freie Energie erhilt man mit (13)

S (H — Hyexp(— pH)d1...dN
{exp(— pH)dl...dN :

F = — g'In[ ( exp(— pH)d1...dN] +
(14)

Den Niherungsausdruck (14) kann man als eine Stérungsentwicklung von F'
bis zur ersten Ordnung nach H — H betrachten. Teilvariationen sind durch-
fiithrbar, wenn man z. B. H in Abhingigkeit eines Satzes von Parametern
darstellt. Der optimale Satz wird durch die Minimalforderung fiir F' bestimmt.
Eine Analogie zum temperaturabhingigen HARTREE — Fock-Verfahren besteht,
wenn man als H die HamiLronfunktion eines Modells unabhingiger Teilchen
wiihlt. Tn Fillen, wo H eine realistischere Form hat, die explizite Rechnun-
gen nicht zulidsst, kann man das Variationsprinzip verwenden, um Beziehun-’
gen zwischen verschiedenen Systemen zu begriinden.

Die Extremaleigenschaften der thermodynamischen Potentiale bicten
die Moglichkeit, zahlreiche andere Variationsverfahren anzugeben. Sie unter-
scheiden sich sowohl in der Auswahl des thermodynamischen Potentials
(entsprechend dem betrachteten Gleichgewicht) als auch in dem Ansatz
fir fy. Die fiir klassische Verteilungsfunktionen geltenden Variationsprin-
zipien miissen die gleiche Struktur haben wie die in der Quantenstatistik fiir
die Dichtematrix bekannten [16]. Wegen der im Formalismus der Quanten-
theorie zunichst iibersichtlicheren Darstellungsweise miisste es moglich sein,
von letzterer ausgehend, diese auch in anderen als den bisher bekannten
Fillen auf die klassische Statistik zu iibertragen.

Eine weitere Anwendungsméglichkeit besitzen Variationsprinzipien noch
bei Clusterdarstellungen der Freien Energie. MoriTA und HIroOIKE [17] zeigen,
dass durch Variation der Einteilchendichte bzw. einer modifizierten Zwei-
teilchendichte sich die exakten Integralgleichungen fiir die Ein- und Zwei-
teilchendichte ableiten lassen, die selbstverstindlich wieder Clusterentwick-
lungen enthalten. Niherungsgleichungen (hypernetted chain approximation)
ergeben sich, wenn man in dem Ausdruck fir die Freie Energie bestimmte
Clustersummen streicht.

4. Stationire quantenmechanische Systeme

Der quantenmechanische Zustand eines Systems kann durch eine Wellen-
funktion beschrieben werden, die je nach der Art des zu untersuchenden
Problems der stationiren bzw. instationdren SCHRODINGERgleichung geniigen
muss [4]. Bei Vielteilchenproblemen sind die exakten Lésungen der ScHRO-
DINGERgleichung mit Ausnahme weniger Spezialfiille nicht angebbar. Deshalb
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missen entsprechende Nd&herungsverfahren entwickelt werden. Unter ihnen
nehmen Variationsprinzipien eine wichtige Stellung ein.

Die stationdre ScHRODINGERgleichung kann wegen der Tatsache, dass
der Energieerwartungswert im Grundzustand ein Minimum annimmt, leicht
dquivalent in einem Variationsprinzip formuliert werden [4]. In Kap. 41
wird in allgemeiner Weise die Darstellbarkeit von N&herungslésungen durch
unitdre Transformationen diskutiert. Diese Methode wird dann im Fall der
Hartree FocK-Ndherung in Kap. 42 und der BoGOLjuUBOVtransformation
in Kap. 43 angewendet. In Kap. 44 werden N&herungsmethoden zur Behand-
lung von Atomkernen zusammengestellt. Indem man bei der ndherungsweisen
Auswertung des Energieminimums von vornherein nur bestimmte Zustidnde
zur Variation zulésst, begeht man einen Fehler, der durch zusétzlichen Ein-
bau von Nebenbedingungen teilweise korrigiert werden kann (Kap. 45). Ein
kurzer Uberblick iber Schwierigkeiten, die bei der Berechnung der Dichte-
matrix mit Variationsmethoden entstehen, und uber nichtintegrale Variations-
verfahren wird in Kap. 46 gegeben.

41. Beschreibung von Naherungsverfahren durch unitdre Transformationen

Eine adquivalente Formulierung der stationdren ScHRODINGERgleichung
H® = E® H=W (1)

kann wegen der Minimaleigenschaft des Erwartungswertes der Grundzustands-
energie [4] leicht durteh das Variationsprinzip

a{®, HP) + AP, ®)] = 0 2)
angegeben werden.

Durch Teilvariation sind daraus N&herungsverfahren ableitbar. Man kann
dabei zun&chst &hnlich vorgehen wie in der Stérungsrechnung. Ausgangs-
punkt ist ein mdglichst einfacher Zustand ®0, z. B. der Grundzustand eines
aus H durch Vereinfachung entstehenden Modellsystems HO, der durch eine
Transformation S mit dem tatsachlich interessierenden Zustand & ver-
knupft ist

® = 500. (3)

Fordert man, dass die Transformation unitar ist
S-i= St S = ein rf = 7j, (4)

so hat man damitvon vornherein die Erhaltung der Normierung sichergestellt.
Die Aufgabe besteht nun darin, einen sinnvollen N&herungsausdruck
fir A anzugeben. Wahrend in der Stérungsrechnung eine n&herungsweise
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Berechnung durch Partialsummation bestimmter Graphen einer Stérungs-

entwicklung erfolgt, stellt man hier n = rj(x, B, ...a\, ...a ...)in Abhén-
gigkeit geeignet zu wdhlender S&tze von Parametern x, §, ... und Operato-
ren a\, aj ... dar, unter denen die optimale Kombination durch das Minimal-

prinzip (2) ausgewdhlt wird.
Beim Bestimmen der ginstigsten Transformation S kann man auf ver-
schiedene Weise Vorgehen. Im allgemeinen wird man von einem vorgegebe-

nen Satz von Operatoren ausgehen und nur die Parameter x, B, . .. variieren.
Eine andere Mdglichkeit besteht darin, dass zu einem festen Parametersatz
X, B, ... die optimalen Operatoren aj, aj ... durch Variation ermittelt wer-

den. Der Charakter der N&herung wird bei beiden Methoden sowohl durch
die Struktur von r] als auch durch die Wahl des Ausgangszustandes bestimmt.
42. Das Hartkee —F ock- Verfahren

Zuné&chst soll eine Darstellung des Hartree—FocK-Verfahrens in dem
Formalismus von Kap. 41 gegeben werden (hierzu siehe auch [18]). Dabei
wird der zweite der in Kap. 41 beschriebenen Wege benutzt.

Gegeben sei ein beliebiges System mit dem HAMILTONoperator

H=2i,j< *"\j> W} \2iLjk.i<a |1 KI> a]a)akai

(1)
mit <i 1lj> - jdl <pf(x)mleg(v. 1

Als Modellsystem wird ein System unabhé&ngiger Teilchen betrachtet. Ein

mdglicher Zustand solch eines Systems ist

®0- T 1 aK dYa )

mit a, dVak— 0.

Beliebige andere Zustdnde ® im Rahmen einer N&dherung unabhéngiger Teil-
chen kénnen entsprechend Kap. 41 aus ®0durch eine unitdre Transformation
S erzeugt werden, wenn S folgende Gestalt hat:

= 59() S=e"l r]=ZmZ:pxmpaj, ap mit x*m= xmp. 3)
® geht damit dber in

N
L 10<q>ya|<

mit ct(= Sakst = e[>kid €K TZjxK G+ o 2),0 <KX < (4)
!
= Ej{")kjal= ZjBkjaj*
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Wie @O0 stellt also auch @ einen Zustand unabh&ngiger Teilchen dar. Die
Aufgabe besteht nun darin, den optimalen Zustand zu bestimmen. Er folgt
aus der Minimalisierung des Energieerwartungswertes H :

H= (0,90)= (®0,e He+Hr>oQ

= (Py,e-"M- A dy) = (dy, SD0) - *(PO, [V, A]_ ®y) + s+ (5)

Frei wahlbar sind zunidchst die ¢cA. Variationen der cj* entsprechen Anderun-
gen der xiii bzw. a*. Im folgenden sollen nur die a\-, die zundchst frei wéhlbar
waren, verdndert werden, wéhrend die al!Afestgehalten werden. Speziell wird
gefordert, dass der optimale Zustand fiur alfct= 0 angenommen wird. Das ist
nur mdoglich, wenn der in den auwplineare Term verschwindet

(9,,[1249]_@,) = 0. (6)

(6) stellt eine Bestimmungsgleichung fur die aj, akund damit fur die ot aus (1)
dar. Aus (6) folgt

< p im -f27(1, (< pl VNIm>= — < pl|viml~*>) =0

7
< m\tp> + (< ml\wllp> —< ml\v\pl>)=0 «

m—N f1...00

p = 1...N.

Da p und m beliebig Werte innerhalb der in (7) angegebenen Grenzen anneh-
men konnen, folgt sofort

[tim> + 27flt1v\im > — I [vi/ml> = 27“=N+1ln<n
8
ilP> + Zitillvllp> —1llvipl > = 27" Xqqym.
Durch orthogonale Transformationen der gm und (p
Vn = Zrn anm <Pm Vg = %pagp<Pp 9)

wird (8) diagonalisiert, und man erhélt sofort die bekannten Hartree —
FocK-Gleichungen

ttm> -2 7 1vJim > —I/v\ml>a= smagm,
(10
ilp> + 27"Z1uld> - Tl»lp/> = sp(p.
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Der interessierende Zustand & dndert sich bei der orthogonalen Transforma-
tion nicht. In Ortsdarstellung

Si(*i) e Vi(rjv) gi(ti) s+ Vi(*n)
P = \ \ =\ (Vl)
Vni*iy  Vni*n)1  1<d(xi) <(*n)I

geht die Determinante der nur durch Addition und Subtraktion entspre-
chender Zeilen aus der ersten hervor.

43. Die BoGOijjuBOvtransformation

Das Verfahren wurde entwickelt, um fir supraleitende Systeme eine
geeignete Né&herungsmethode abzuleiten. Zun&chst wird der Hamitton-
operator eines beliebigen Vielteilchensystems mit Zweierwechselwirkung
betrachtet. Er kann in der Form

H ekd4 ali+ ~~~kk,vkk'gakak ak'+qak-qe (1)

eargestellt werden. bzw. ak sind Erzeugungs- bzw. Vernichtungsoperatoren
von FERMionen mit dem Impuls Ui und dem Spin sz= A/2. Operatoren zu
dntgegengesetztem Impuls und Spin werden folgendermassen unterschieden:

al = «ti a-ft = at-tle (2)

Schwierigkeiten bei der Berechnung dieses Systems bereiten stets die im
zweiten Term enthaltenen Zweierwechselwirkungen. Im allgemeinen Fall ist
eine exakte Auswertung der ScCHRODINGERgleichung deshalb nicht mdglich.
Zur Losung des Problems kann man nach Bogotjubov folgendes Né&he-
rungsverfahren anwenden [19]:
Ausgehend von einem mdglichst einfachen Zustand &0, wird der zu
berechnende Grundzustand @ durch eine unitdre Transformation S erzeugt

®=S0Q (3)

Durch geeignete Wahl von S kann aus einem in bestimmter Weise vorgegebe-
nen Zustand @O0 jeder beliebige Zustand ® entstehen. Setzt man fur ®0 spe-
ziell ein Produkt von Einteilchenzustanden

o = M aldYak, akdYak= 0, n beliebig (4)
k=1
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an, dann erhélt man fur ® die Darstellung

4 =54 s*

o= |1 ckevak mit (5)
k—1 Py SO,

Im folgenden wird versucht, als Grundzustand des supraleitenden Systems
einen solchen Zustand ® = ®BC5 auszuwahlen, der Vakuumzustand fir die
durch 4 erzeugten Quasiteilchen ist.

ck ®Pecs = 0. (6)

Das wird erfullt, wenn fur ®0 der Vakuumzustand &dyak der durch die ak
erzeugten Teilchen mit dem Impuls W und dem Spin sz= H/2 eingesetzt
wird (also re= 0 in (4)). Dann gilt

ck"BCS — ckS ®Vak~ &akdyak — O« Cii

Die Transformation S muss nun dem realen System so angepasst werden,
dass die neu eingefuhrten Quasiteilchen zumindest fur kleine Anregungs-
energien als wechselwirkungsfrei behandelt werden kdénnen.

Bogoljubov schlagt deshalb fir supraleitende FERMionensysteme die
Transformation

S = e'4
n= iHkxk(alalk — a_kak) mit xk= xf = —x_Kk (8)

vor. Damit erhdlt man fir den Vakuumzustand der Quasiteilchen aus (5)

®Bc3 = SPYak= // (cosxk+ sinxk4d otf) dYak. 9)
K

Der Grundzustand ist entsprechend (9) ein Zustand unabhdngiger FERMionen-
paare (CooPERpaare). Das hier erhaltene Ergebnis ist identisch mit einem
von Bardeen, Cooper und Schrieffer [20] auf Grund anderer Uberlegungen
erhaltenen Ansatz fiir den Grundzustand & BC5.

Die xk sind durch Energieminimalisierung geeignet zu bestimmen.
Dabei ist zu beachten, dass mit der angegebenen Transformation Zustdnde
erzeugt werden, fur die die Teilchenzahl N = Uk ak ak keine Erhaltungsgrdsse
mehr ist. Deshalb muss als Nebenbedingung die Konstanz des Teilchenzahl-
erwartungswertes gefordert werden. Das Variationsprinzip hat die Gestalt

AN[("bcs®H ®bcs) BCS ®N ® bcs)] — Q (10)
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Die Variation liefert eine Integralgleichung fir die xk, die noch zu gewissen
Vereinfachungen des HAMILTONoperators fuhrt. Stellt man ihn durch die
Quasiteilchenoperatoren ck, ck, dar, so hat er urspriinglich die Form

H(4,ak)= H(S14 S, StCk.S) = HO+ H1+ H2+ H3
mit Hu= ZkE ok(xk) Hx= ZKkEk(xk)c\ ck (11)
H2= ZKkEik(xk) (4 ctk + c_kck).

H3ist eine Summe aller méglichen Kombinationen von insgesamt vier Erzeu-
gungs- oder Vernichtungsoperatoren 4 und ck, wobei die Erzeugungsoperato-
ren links von den Vernichtungsoperatoren stehen.

FUr die aus (10) bestimmten optimalen xk verschwindet H2 Wegen der
speziellen Form (8) der Transformation S kann fur niedrige Anregungsenergien
H 3 als kleine Storung né&herungsweise vernachldssigt werden. Der dann aus
(11) durch Streichen von H 3 entstehende gendherte UAMILTONoperator H
beschreibt ein System freier Quasiteilchen

H =HO0+ ZkEkctck. (12)

Angeregte Zustdnde von H sind sofort angebbar. Der n-te angeregte Zustand
besitzt die Gestalt

f4dpm (13)

k=l

Das Verfahren, optimale Quasiteilchen zur Beschreibung einer bestimmten
physikalischen Situation einzufihren, ldsst sich in zwei N&herungsschritte
zusammenfassen. Einmal werden durch die Wahl einer bestimmten Klasse
von Transformationen S — genauso wie bei jedem anderen Variationsprinzip —
nur noch Teilvariationen zugelassen, was zu Né&herungsgleichungen fihren
muss. Zum anderen wéhlt man eine solche Transformation aus, die es erlaubt,
bei Rechnungen in Bereichen niedriger Anregungsenergien die Wechsel-
wirkungsterme zu vernachléssigen.

Die Forderung, Wechselwirkungsterme zu streichen, wie es oben gemacht
wird, muss natiirlich nicht immer erhoben werden. Damit entstehen zwar
neue Schwierigkeiten bei der Auswertung, das Verfahren wird jedoch allge-
meiner anwendbar.

Ansdtze zu einer solchen Erweiterung sind in Arbeiten von Kerry,
Sesster [21] und Providencia [22, 23] zu finden. Sie fihren Mehrfachanre-
gungen ein, indem sie fir S den Ausdruck

S = expi(zZitkxika]ak+ Z ~~x ~ pra)a\apar (14)
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verwenden. PROVIDENCIA [23] zeigt, dass man gute Nédherungsansitze fiir
Systeme mit singuldren Potentialen kurzer Reichweite durch Beriicksichti-
gung von Zweifachanregung erhilt. Er bricht deshalb die Entwicklung im
Exponenten von S nach dem zweiten Glied ab. Bei der Berechnung des Energie-
erwartungswertes treten schon bei dem einfachen Ansatz

. N
O =S, O, = JJ olPya (15)
k=1

fiir den Grundzustand komplizierte Integrale auf, die mit Clusterentwicklun-
gen in Analogie zur klassischen Statistik berechnet werden. Die so gewonnene
Darstellung fiir den Energiecerwartungswert erlaubt nun die Verwendung von
Variationsmethoden zum Bestimmen der optimalen Transformation S. Bisher
wurden diese Rechnungen aber noch nicht explizit ausgefiihrt.

44.. Variationsmethoden beim Atomkern

Der Grundzustand eines Systems vieler Teilchen mit kurzreichweitiger
singulidrer Wechselwirkung (hard core-Potential) kann mit dem JasTRowschen
Variationsverfahren [24] berechnet werden. Als Ansatzfunktion werden
Produkte von Zweiteilchenfunktionen benutzt. Die komplizierte Auswertung
des Energieerwartungswertes erfolgt mit Mitteln der klassischen Statistik.
Falls man hard core-Potentiale durch geeignete Umformungen umgeht, kon-
nen einfachere Niherungsansitze verwendet werden. Eine rechentechnisch
gut zu bewiltigende Methode ist ein auf wellenmechanischer Grundlage ver-
bessertes statistisches Verfahren von MAckE [25].

Die Anwendung von Variationsprinzipien bei Potentialen mit singulirer
Wechselwirkung wurde bereits von Jastrow [24] und anderen mit Erfolg
erprobt. Verfahren dieser Art werden bei der Beschreibung von Atomkernen
wegen der dort auftretenden hard core-Potentiale notwendig. Methoden vom
HARTREE —Fock-Typ miissen versagen, da dabei wegen der Existenz singula-
rer Potentiale divergente Ausdriicke entstehen. Das Modell der unabhingigen
Teilchen kann aber durch das der unabhingigen Paare ersetzt werden, da
Korrelationen zwischen mehr als zwei Teilchen vernachlissigt werden diirfen.
Das ist deshalb der Fall, weil im Atomkern die effektive Reichweite der
Wechselwirkungskriifte zwischen den Teilchen klein gegen ihren mittleren
Abstand ist.

JasTtrow fiihrt dementsprechend als Versuchsfunktion ein Produkt von
Zweiteilchenfunktionen ein. Dieses Produkt wird bei FeErmIonensystemen
zusiitzlich mit einer HARTREE — Fock-Determinante multipliziert, um das
Pavriprinzip zu beriicksichtigen. Im foigenden sollen zur Vereinfachung
der Rechnung nur Teilchen betrachtet werden, die der Bosgstatistik geniigen,
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da fir Fermionen keine qualitativ neuen Ergebnisse erhalten werden. Der
verbesserte Ansatz fiir den Grundzustand nach JAsTrow verursacht na-
tiirlich Schwierigkeiten beim Durchfithren der Variation. Aus Zweckmiis-
sigkeitsgriinden wird @ in der Form

. e v
D )= Hexp -Ew(l,,]) (1)
I<j
dargestellt. Fiir den Energieerwartungswert ergibt sich dann:
E=(D,H®D)= (D,[2;h;+ 2, ;v(i,)] D) =

of 1
. LJ dt, dr?[aw(l,2) _Boy(1,2)
8m oty or,

L gva, 2) 0,(1, 2)]. 2)

Dabei soll p, die Zweiteilchendichte sein. Allgemein gilt fiir die s-Teilchen-
dichte
Nt fdtgy,...diy@* @

= : LG (3)
(N —s)!  (dr,...diy@*®
. 1

s

Die weitere Aufgabe besteht nun darin, F zu minimalisieren, indem man
fiir @ alle moglichen Werte zulisst. In (2) werden also w (1, 2) und p, (1, 2)
variiert. Diese Variationen diirfen jedoch wegen (3) nicht unabhingig vonein-
ander erfolgen. Zwischen p, und w (1, 2) existiert entsprechend der Definition
(3) der Zusammenhang

e = () = o1 ) —|—J‘dr3 oo (L2, 80 ity
or, ar, or,

Gleichung (4) ist nicht abgeschlossen, da sie als neue unbekannte Grisse die
Dreiteilchendichte p; enthilt. Um die Variation durchfithren zu kénnen,
sind deshalb von mehreren Autoren Niherungsverfahren entwickelt worden
[26], [27], [28].

ABE [27] benutzt zur Elimination von p, aus (4) die KiRkwoobsche
Néiherung

A0y (1.2,3) = 0,(1, D)y (2 B3 1) miv /= . (5)

Diese Approximation ist gut bei Systemen mit kurzer Reichweite und nicht
zu grossen Teilchendichten, da dann im allgemeinen nur zwei Teilchen gleich-
zeitig miteinander wechselwirken werden. Mit (4) und (5) kann man fir
dw (1, 2)/3r; eine Entwicklung nach der Teilchendichte ./~ angeben, in der
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nur noch g, auftaucht. Bricht man die Entwicklung in einer bestimmten

Ordnung ab und minimalisiert
E = E [0, (1, 2)], (6)

so erhilt man eine Bestimmungsgleichung fiir die Zweitcilchendichte o, (1, 2).

Hiro1ike [28] baut die in der Reihenentwicklung bzgl. ./~ bestehende
Analogie zur klassischen Statistik weiter aus. Setzt man fir w (1,2) =
= —Bu(l,2), so kann man die zur Berechnung der Zweiteilchendichte in
der klassischen Statistik geltenden Integralgleichungen iibernehmen, falls
u (1,2) formal mit dem Wechselwirkungspotential zwischen zwei Teilchen
identifiziert wird. Die Integralgleichungen gestatten es, w (1, 2) in E durch
0, (1,2) auszudriicken. Niherungsverfahren, die von klassischen Cluster-
entwicklungen her bekannt sind, erméglichen eine Auswertung des Variations-
prinzips. Es wird z. B. die hyper-netted chain approximation (HNC) ver-
wendet, bei der nur Cluster einer bestimmten topologischen Struktur auf-
summiert werden [17]. Wird anschliessend die Energie zum Minimum gemacht,
erhilt man im Rahmen der HNC-Approximation giiltige Integralgleichungen
fiir 0, (1, 2). Das Jastrowsche Verfahren enthilt also neben der Niherung
durch den speziellen Ansatz fiir den Grundzustand stets weitere Niherungen
bei der Auswertung des Energieerwartungswertes.

Wie gezeigt wurde, bereitet das JAsTRowsche Variationsverfahren fiir
Systeme mit singuliren Wechselwirkungen bei der Auswertung erhebliche
Schwierigkeiten. Da aber in der Theorie der Atomkerne durch den hard core-
Anteil des Nukleonenpotentials solche Fragestellungen entstehen, wurden
Wege gesucht, um dieses Hindernis zu umgehen. Stets ist es das Ziel, zur
niherungsweisen Bestimmung des Grundzustandes mathematisch einfacher
durchfithrbare Variationsmethoden wie das HARTREE —Fock-Verfahren oder
statistische Verfahren anwenden zu kénnen.

Eine Méglichkeit ergibt sich dadurch, dass man das singulire Potential
durch ein geglittetes Effektivpotential ersetzt, wie es in der BRUECKNER-
theorie gemacht wird. Fiir eine Behandlung von Atomkernen mit Variations-
prinzipien wird das zum Beispiel von Kumar [29] und BruUNNER [30] aus-
genutzt.

Ein zweiter Weg besteht darin, hard core-Potentiale durch geschwindig-
keitsabhiingige zu ersetzen. Es lisst sich zeigen, dass beide Potentialtypen
durch eine Variablentransformation ineinander iiberfithrt werden kénnen [31].
Wegen des jetzt nicht mehr singuliren HamiLroNoperators ist es erlaubt,
HARTREE — Fock-Ansitze zu machen. Bei Systemen mit grosser Teilchen-
zahl IV wird das Berechnen der HARTREE — Fock-Einteilchenwellenfunktionen
nach der Methode des »self consistent field« sehr miihevoll sein. Deshalb benutzt
man statistische Beschreibungen, bei denen zumindest das PAuLriprinzip

gewahrt bleibt [32].
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Eine Verfeinerung des statistischen Modells auf wellenmechanischer
Grundlage wurde von Macke [25] angegeben. Er verwendet fir den Grund-
zustand einen N&herungsansatz vom Hartree —FOCK-Typ in der Form

OL,...Tar)=-p=r|?>1r*)|
mit (7)

9n(L) fitr) $no () «

Die (n stellen einen in bestimmter Weise vorgegebenen Satz von Einteilchen-
funktionen dar. Sie sollen nach Konstruktion in einem durch die Variable
t)(r) beschriebenen Bereich orthogonal sein, d. h. es gilt

] o @@ =Kn. ©

Es wird angenommen, dass zwischen den Raumpunkten r und dem Bereich t)
eine eindeutige, aber sonst zun&chst beliebige Transformation t) = t)(r) vor-
gegeben werden kann. ajN soll gleich der Funktionaldeterminante der Trans-
formation sein

g(t) =
N dxk (9

Aus (8) und (9) kann man folgern, dass auch die n(t) zueinander orthogonal
sein mussen. Es gilt

dx () = j dt ;’i’ v+ (9(r) om ()=

(10

Durch die Forderung, dass mit dem Ansatz (7) die Energie zum Minimum
wird, kann die Transformation t) = t)(I) bestimmt werden.

Will man die Energie nur in statistischer Ndherung N — oo berechnen,
so ist die spezielle Form der yn nicht sehr wichtig, z. B. kénnen sie die Eigen-
funktionen eines Einheitswirfels sein.

Mit diesem Ansatz liefert das Variationsverfahren eine Verfeinerung der
Thomas —Fermi—DIRAC-Methode [33]. Als Verbesserung tritt in der Kineti-
schen Energie zusatzlich der WEizsACKERterm auf

E kinw dl mit o (i)

der die Ortsabhédngigkeit der Teilchendichte bericksichtigt.
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45. Einbau von Nebenbedingungen— cranking-Modell

In den bisher behandelten Verfahren werden Niherungslosungen der
stationéren SCHRODINGERgleichung ermittelt, indem der Energieerwartungs-
wert unter der Nebenbedingung konstanter Normierung zum Minimum ge-
macht wird.

5 [(@, H ®) — 2 (D, D)] = 0. (1)

Dabei werden den zu variierenden Zustinden @ durch spezielle Ansitze von
vornherein Beschrinkungen auferlegt, die zwangsliufig zu Niherungslosun-
gen fiithren miissen. Von guten Niherungslssungen wird man sprechen, wenn
der Energiecerwartungswert méglichst gut approximiert wird. Um dariiber
hinaus auch verniinftige Ergebnisse in bezug auf andere Fragestellungen zu
erhalten, werden oft mit grossem Erfolg zusitzliche Nebenbedingungen in die
Variationsaufgabe eingebaut.

Es soll z. B. einmal eine HARTREE —Fock-Niherung betrachtet werden.
Wihrend die exakte Losung @ des Problems Eigenzustand zum wahren
Hamivronoperator H ist, kann die Niherungslosung @, als Eigenzustand
eines Modelloperators H|, interpretiert werden. Der exakte HamILToNopera-
tor H ist invariant gegen beliebige Translationen und Drehungen, es gilt also

[H,B]- =0, [H,¥]- =0. (2)

Die Eigenlésungen @ sind damit auch Eigenzustinde des Gesamtimpulses p
sowie von Quadrat und z-Komponente des Gesamtdrchimpulses ). Beim
ﬁbergang zum Modelloperator H, geht die Symmetrie von H zumindest
teilweise verloren. Durch Einfithrung eines raumfesten mittleren Einteilchen-
potentials, das in H enthalten ist, wird

[Hy, ] 0. o ®)

Die Modellzustinde sind nicht mehr Eigenzustinde von ‘[, ausserdem ver-
schwindet dessen Erwartungswert. Eine freie Translation des Schwerpunktes
und eine zugehorige Schwerpunktsenergie sind also nicht mehr im Modell
enthalten.

Bei deformierten Kernen verliert H die Kugelsymmetrie, die H besitzt.
Bleibt der Kern axialsymmetrisch, dann enthidlt H, eine ausgezeichnete
Richtung e, die Figurenachse des Kernes. Es gilt dann

[HoeS]- =0, [Hp Q3]0
mit Q=1—¢oe¢ I = Einheitstensor. (4)
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H Obesitzt also nur Eigenzustédnde, die keine Drehimpulskomponente senkrecht
zu e enthalten, im Gegesatz zum exakten Problem. Durch den speziellen
Ansatz ®0werden damit auch Kernrotationen nicht mitgeliefert, denn diese
kénnen ja nur um Achsen senkrecht zur Figurenachse erfolgen.

Um diesen Fehler Zu beseitigen, kann man durch Einbau von Neben-
bedingungen in (1) an ®0 zusétzliche Forderungen stellen. So kann man z. B.
verlangen, dass der Kern einen Drehimpuls

(@, S®)= S = a ®)
besitzen soll. (1) geht dann in

&I(®, H ®) - w (P, 8 ®)- / (D, d)] =0 6)

Uber [37].

Bei vollstdndiger Variation der @ sind (1) und (6) gleichwertig, da die
Losungen von (1) stets Eigenzustdnde einer Komponente von 9, etwa der
Komponente in Richtung a aus (5), sind. Bei teilweiser Variation dagegen
ist die Nebenbedingung entscheidend, sie fuhrt bei deformierten Kernen zu
neuen Ldsungen, die durch HOnicht erfasst werden. (6) geht aus (1) hervor,
indem man entsprechend

H->H - wo @)

zum HAMILTONoperator den Term-ft) Q hinzufiigt. Das entspricht einem Uber-
gang von einem ruhenden zu einem mit o rotierenden Koordinatensystem.
Die Variation in (6) mit einem Hartree —FocK-Ansatz beschreibt demnach
ein System mit ca rotierender Teilchen, die sich im rotierenden Bezugssystem
unabhéngig voneinander in einem Einteilchenpotential bewegen.

Fihrt man die Rechnung in (6) durch, so erhdlt man einen Energie-
erwartungswert, der fir a 5=0 grosser als der bei einem Hartree —Fock-
Verfahren ohne die zusdtzliche Nebenbedingung ist. Der Zusatzterm hé&ngt
in erster Naherung quadratisch von der Winkelgeschwindigkeit co ab. Der
Proportionalitdtsfaktor wird als Tragheitsmoment interpretiert. Mit diesem
Verfahren erh&dlt man damit verbesserte Ergebnisse des cranking-Modells [35].

Dieselben Uberlegungen sind fiir den Impuls ~3 moglich. Der Variations-
forderung

6[(®, H®) - (P, $ ®)- AP, ®)] =0 ®)

entspricht hierbei ein Ubergang zu einem mit der Geschwindigkeit b beweg-
ten System.
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46. Weitere Variationsverfahren

Der Zustand eines quantenmechanischen Systems kann durch eine
Wellenfunktion beschriecben werden. Eine allgemeinere Darstellung ist mit der
Dichtematrix méglich. Diese muss auf jeden Fall dann eingefiihrt werden,
wenn nur unvollstindige Information iiber das System vorliegt [36]. Zur
Berechnung der Dichtematrix eines Systems vieler Teilchen miissen ebenso
wie zur Bestimmung der Wellenfunktion Niherungsverfahren entwickelt
werden, da das Problem nicht exakt lésbar ist. Ein méglicher Weg besteht
in der Verwendung des Variationskalkiils. Die Dichtematrix fiir den Grund-
zustand eines Systems kann im Formalismus der Variationsrechnung durch
Energieminimalisierung berechnet werden. Man kann zeigen, dass der Energie-
erwartungswert nur von der durch Reduktion aus der N-Teilchendichte-
matrix py entstehenden Zweiteilchendichtematrix p, in der Form

E=Sp,H 0, (1)

abhiingt. p, darf als Ansatzfunktion nicht beliebig gewiihlt werden, sondern
muss einem Satz von Nebenbedingungen geniigen. Diese Nebenbedingungen
entstehen aus Forderungen an py (z. B. Normierung, Hermitizitit, Ununter-
scheidbarkeit der Teilchen und — fiir FErRMionen — PAuLriprinzip). Durch
Reduktion tauchen die Bedingungen in komplizierter Form wieder in g, auf.
Bei einem beliebigen Niherungsansatz fiir p, ist stets zu untersuchen, ob sie
erfiillt sind. (N-Darstellbarkeit von g,). Ausfiihrlichere Untersuchungen dariiber
wurden u. a. von ANDO [37] und von CorLEMAN [38] angestellt. Bisher ist
es aber nur gelungen, eine Vielzahl von entweder nur notwendigen oder nur
hinreichenden Bedingungen fiir p, anzugeben; es konnte nicht gezeigt werden,
dass sie beides zugleich sind. In jiingster Zeit ist es scheinbar gelungen, not-
wendige und hinreichende Bedingungen zugleich fiir die N-Darstellbarkeit
von p, anzugeben [39]. Diese Bedingungen sind jedoch so kompliziert, dass
sie fiir Anwendungen ungeeignet zu sein scheinen.

Alle bisher angefiithrten Variationsprinzipien zur Bestimmung des
quantenmechanischen Grundzustandes haben ein gemeinsames Merkmal. Sie
stellen integrale Variationsprobleme dar. Wie man z. B. beim Jastrowschen
Verfahren feststellen konnte, bereiten die Integrationen iiber die Variablen
aller Teilchen oft erhebliche Schwierigkeiten. Deshalb ist ein Extremalprinzip,
bei dem die Integrationen umgegangen werden, teilweise aus rechentechnischen
Griinden vorzuzichen.

Die local energy-Methode [40] besitzt diesen Vorzug. Das Verfahren
soll der Einfachheit halber an einem Einteilchenmodell erliutert werden. Es ist
aber genauso auf Vielkorperprobleme anwendbar. Ausgangspunkt ist die
stationire SCHRODINGERgleichung in Ortsdarstellung

H ¢(r) = E ¢(x). (2)
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Fiir eine geniherte Funktion §(r) geht sie in

H(x) = e(r) () ()

iiber. Die Wellenfunktion ist optimal, wenn &(r) unabhiingig vom Ort einen
konstanten Wert annimmt, d. h. wenn die mittlere quadratische Schwankung

(de) = — & (4)

ein Minimum annimmt.
. Um Integrationen zu vermeiden, werden die Mittelungen iiber die

Umgebungen /7, eines Systems von endlich vielen Punkten vorgenommen.
Dann gilt

= 208,8p g 2,e58p
2oz 2.8
mit e i (5)

8p (rp) = ATp & (rp)2 e

Fiir § werden Néherungsausdriicke eingefiihrt. Wihlt man speziell

g=2icipi, (6)

so erhilt man aus der Minimalforderung fiir (4) ein System von Bestimmungs-
gleichungen fiir die c¢;, das mit einem Iterationsverfahren gelost werden kann.
Denkbare Ansiitze fiir die ¢; wiiren z. B.bei einem FERMIonensystem HARTREE —
Fock-Determinanten.

5. Nichtstationiire quantenmechanische Systeme

Fiir die zeitabhingige ScHRODINGERgleichung kénnen sowohl ein nur
stationiires Funktional als auch solch ein Funktional angegeben werden, das
einen Minimalwert annimmt (Kap. 51). Das letztere hat die anschauliche
Bedeutung, dass das Quadrat vom Abstand des wahren Zustandes und des
niherungsweise giiltigen im Zeitablauf ein Minimum annimmt. Mit diesen
Variationsverfahren kénnen zeitabhiingige HARTREE — Fock-Gleichungen abge-
leitet werden. Das Minimalprinzip ist ausserdem bei Stabilititsuntersuchun-
gen von Nutzen. In Kap. 52 werden Streuprobleme behandelt. Diese instatio-
niren Vorginge konnen speziell bei elastischer Streuung durch stationire
Gleichungen beschrieben werden, die mit Variationsprinzipien von Konn [41],
HuvrHEN [42] und ScHWINGER [43] niherungsweise gelsst werden.
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51. Die zeitabhéngige ScHRODINGERg/eie/umg

Der Ausgangspunkt aller Variationsverfahren fiur die stationdre ScHRO-
DiNGERgleichung ist die Minimaleigenschaft des Energieerwartungswertes. Fur
die zeitabhdngige ScCHRODINGERgIleichung

- — JLy/=Hip H=W (1)
PQ

lasst sich auf diesem Weg jedoch kein Variationsprinzip ableiten. Es bieten

sich dafur aber verschiedene andere Mdglichkeiten an.

Entsprechend den in Kap. 21 gemachten Aussagen kann man versuchen,
in dem durch (1) beschriebenen Raum aller Zustandsvektoren W ein Skalar-
produkt zu definieren, bei dem der Operator Hd/i 81 H selbstadjungiert ist.
H soll nach Voraussetzung hermitisch sein. Dann erh&lt man sofort ein Varia-
tionsprinzip, wenn man das in der Quantentheorie Ubliche Skalarprodukt um
eine Zeitintegration erweitert. Fordert man, dass das Funktional

F

dt V,i— — + 4d)w
J[ i dt ) 2)

stationar wird

5 . h 8 h d R
61F = \dt OV, YY)+ IApF, H\ OW
i

dt i dt
h 3 % 23 )
= dt ov, h\w\+ [dt OV, H\WW =0,
i i dt

so erh&lt man bei beliebiger Variation der V die Gleichung (1).
Das Verfahren hat aber einen Nachteil. Betrachtet man die zweite
Variation

doF —ov !+J|dt {OV,H OV) o0, (4)
t
dann kann man zwar mit Sicherheit sagen, dass der zweite Term immer positiv
sein wird [4], dagegen sind fiir den ersten Ausdruck beide Vorzeichen mdglich.
Das Funktional F ist also nur stationdr. Es nimmt keinen Extremwert an.
Ein Minimalprinzip fiir die zeitabhangige ScHRODINGERgleichung wird
von McLachlan [44] angegeben. Es kann auf anschauliche Weise hergeleitet
werden.
Nach Vorgabe eines Zustandes zur festen Zeit t V(t) = V 0 ist mit (1)
die weitere Entwicklung des Systems im Zeitablauf eindeutig bestimmt. Fur
den Zustand zur Zeit t -f- at gilt

AMt+ O)= - H4S(t)dt. (5)
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Falls ¥(t) in einem Unterraum a liegt, wird ¥ (t -f- at) im Zeitablauf im
allgemeinen aus a herauslaufen.

In Abb. 1 wird der HILBERTraum durch die Papierebene charakterisiert.
Die Zustandsvektoren ¥(t) sollen wie Ortsvektoren, von einem Ursprung O
ausgehend, aufgetragen werden. Die im Rahmen eines N&herungsverfahrens
zu berechnenden Zustdnde ¥ bleiben durch einen speziellen Ansatz auf den
Unterraum a beschrédnkt. Zu dem festen Zeitpunkt t soll der ndherungsweise

Abb. 1. Beispiel fur die Beschrdnkung der Zustandsvektoren durch eine Nebenbedingung a

gultige Zustand ¥(t) gleich dem von dem realen System exakt angenommenen
Zustand ¥(t) sein

m =m = . (6)

Es wird nun nicht ¥ (t-)- 6t), sondern derjenige im Unterraum a liegende
Zustand ¥ (t -j- at) bestimmt, der das tatsdchlich zu beschreibende System
optimal approximiert. Eine sinnvolle Forderung fur eine mdglichst gute
Nédherung ist die, dass das Quadrat des Abstandes von ¥ (t+ 6t) und
¥ (t+ at)

A+ 0t)= ([*(t+ 0t) —¥ (t+ 61)], [P(t+ 6t)- ¥ (t+ b®]) (7)
ein Minimum annimmt. Dann muss also gelten:
A+ a) = 0. (8)

Es bleibt nun noch zu untersuchen, welche Grésse in A (t &t) variiert
werden darf. ¥ (t - 5 t) wird sich nicht andern, da bei Vorgabe des Anfangs-
zustandes ¥(t) die ScHRODINGERgleichung ¥ (t s t) eindeutig bestimmt.
Variationen sind nur fir ¥ (t -j- 6t) moglich, aber auch nicht in unbeschrank-
tem Umfange. Entwickelt man ¥ (t -f- 6t) um die Stelle t

¥(t+ ot) = ¥(t)+ ot—OI, ¥(t) = ¥(t) + ot ~I,¥ (), 9
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so sieht man, dass nur

— ~ X (10)
dt n ©

variiert werden kann. Die mdéglichen Werte von x{t) missen dabei den mit a
gegebenen Nebenbedingungen genigen.
Es gilt

i
N *+ dt)- w(t+ot)= - — dt(Bw {) - x()) . (11
n
Damit erhdlt man fur (7)

A(t+a1)=ﬂz(x(o WV, - ). (12)
n

Das Minimalprinzip bat die Gestalt (der konstante Faktor 22 kann unbe-
ricksichtigt bleiben):

<3M(t) = 0, A(t) dftpz A(tA~0t) (13)
mit der Nebenbedingung

M= It

(13) ergibt bei unbeschrankter Variation
01A(t) = (6x, x — H 4% + (x — H W, bx) (14)

die Gleichung (1), wenn man noch die Nebenbedingung (10) berilicksichtigt.
Die zweite Variation

62A(t) = (bx, bx) > 0 (15)
ist stets positiv.

Die oben angegebenen Variationsmethoden ermdglichen es, prinzipiell
dieselben Né&herungsverfahren anzuwenden wie im zeitunabhédngigen Fall.
So kann z. B. ein zeitabh&dngiges Hartree —FocK-Verfahren abgeleitet wer-
den. Mit dem Ansatz

INGt) = j=detxpi(xj,t) (16)

erh&lt man aus beiden Variationsprinzipien Hartree —Focic-Gleichungen, die
sich von den zeitunabhdngigen nur durch

AW “»H(G0  «nd  E(—W—-—- - (17)

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



88 W. POMPE, K. ELK und W. MACKE

unterscheiden. Sie haben die Form

PQ
fl2 o2 r
mit * = oo — -TT7T 4+ N Ndx'wif(i', t)v(x,x")[I-P]tPj(x",t) (18)
Im or2 J
und PiPj (r\ i) tRi (r, t) = y5(r, t) Ifi (r',t), P2= 1.

Fir stationdre Ldsungen y>(r,t) = <pi(l) exp (—i eit/fi) gehen sie in die zeit-
unabhdngigen Hartree —FocK-Gleichungen U{ber. Im allgemeinen werden
kompliziertere N&herungsansédtze durchaus zu verschiedenen Resultaten fih-
ren, je nachdem welches Variationsprinzip verwendet wird. Wegen seiner
echten Minimaleigenschaft ist dann das letztere vorzuziehen.

Mit dem Minimalprinzip (13) kénnen Stabilitdtsuntersuchungen fir
Né&herungslésungen vorgenommen werden. Sie lassen sich auf ein »Verfahren
der kleinen Schwingungen« zurickfithren. Die dabei auftretenden Eigen-
schwingungen entsprechen kollektiven Anregungen des Grundzustandes [45].

52. Streuprozesse

In ihrer allgemeinsten Fragestellung sind Streuprozesse instationére
Vielkdérperprobleme. Ein einzelnes Teilchen wird auf ein Target geschossen.
Seine physikalischen Eigenschaften nach dem Verlassen des Targets geben
Auskunft Uber die Wechselwirkung des Teilchens mit dem Target und damit,
weil dieses aus vielen Teilchen besteht, auch Uber die Wechselwirkung der
das Target aufbauenden Teilchen selbst.

Prinzipiell interessiert nur das asymptotische Verhalten der ein- und
auslaufenden Teilchen. Da das wegen der Vielkdrperstruktur in seiner Kom-
plexitédt nicht vollstindig erfassbar ist, begnigt man sich mit N&dherungen.
Die einfachste besteht darin, dass man annimmt: Ein Teilchen wird an einem
lokalen (oder nichtlokalen) Potential elastisch gestreut. Damit werden Pro-
zesse, bei denen das Teilchen eingefangen wird oder ein oder mehrere Teilchen
aus dem Target herausschldgt, von vornherein ausgeschlossen. Setzt man
elastische Streuung voraus, so ist eine FouRiERzerlegung der Gesamtwellen-
funktion in einzelne Komponenten mit voneinander verschiedenen Impulsen
M méglich, die der stationdren ScHRODINGERgleichung (1) geniigen. Zur
Vereinfachung soll ein reines Zentralkraftpotential betrachtet werden.

92 18+t uip o) = B ivh%. — - Zmy(r) 0
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In grossem Abstand vom Target setzt sich mp aus einer beziglich des Targets
einlaufenden ebenen Welle und einer auslaufenden Kugelwelle zusammen.

pikr

(p(i) —me,Ir -)-/($)--—-- mit r—o0 . 2)

Eine einfache Darstellung erhdlt man, wenn (2) nach Eigenfunktionen des
Drehimpulsquadrates P;($) entwickelt wird.

s(x)"zlcl-~"Lp,(¢&). ®)
r

Die u;(r) genugen der Differentialgleichung

d2 11+ 1)

[L  kAu, (r)= k2 f-w(r) u,(r) =0 4)

dr2

mit dem asymptotischen Verlauf
m(0) = 0 fur r= 0 (5)

. bl )
A sin kr - 2- + 1), fur r-

Es kann gezeigt werden, dass mit Kenntnis der Streuphasen ru der gesamte
Streuprozess eindeutig beschrieben wird [46].

Zur Berechnung von Streuphasen haben sich Variationsverfahren als
geeignet erwiesen. Die mdglichen Variationsmethoden lassen sich grund-
satzlich in zwei Gruppen unterteilen. Bei der ersten geht man von der Dif-
ferentialgleichung fur ui(r) aus (Hulthen [42], Kohn [41]), wé&hrend die
zweite auf einer Integralgleichung fir U;(r) beruht (Schwinger [43]). Hulthen
benutzt als Ausgangspunkt ein Funktional Ih das eine dhnliche Gestalt hat
wie das zur Berechnung gebundener Zustdnde (Teil 4) verwendete

I, =J dru, (n (L —1f)u, (). (6)

Die Variationen der u((r) unterliegen den Nebenbedingungen
biii (r) = 0 fuir r=0

ljz
buj (r) = (A -j- SA) mos kr J— bAi &ni fur = co .
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Unter Berucksichtigung von (7) erh&lt man fur 6li

(8)
61J; = dr 6uf(L  k~)ul -kA~"Orj,.

Genugt M;(r) der Gleichung (4), dann folgt aus (8)
Ol, = -kA 2r . (9)

Die Amplitude A kann mdglicherweise noch von rji abhdngen. Mit

a = VIi'wW (10)
geht (8) in

bl, = -k 06/(rj,) (M)

Uber. Hutthen stellt an die Variation von ui eine weitere Bedingung. Es soll
stets gelten

h= 0. (12)

W &hrend aus (11) folgt, dass damit ri nicht variiert werden darf, kann it/(r)
far endliche r durchaus allen mdéglichen Variationen unterliegen. Stellt man
u/(r) in der Form

u(r) = u (o ... c, fi (13)

dar, ergibt sich aus (11) und (12) ein Satz von n + 1 Bestimmungsgleichun-
gen fir c,,...cn und i

=0 i=1...n /,= 0. (14)
a¢ci

Im Gegensatz zu Hulthen l4sst Kohn Variationen der rji zu. Mit (11) l&sst
sich in diesem Fall ein stationdres Funktional der Gestalt

Fi= ki(f]t) - 1. mit 6F(= 0 (15)

konstruieren. Bei beliebigen Variationen (bis auf die Randbedingungen aus (7))
der u; folgt (4). Hat w(r) die Form (13), so erh&lt man ebenfalls n -|- 1 Glei-
chungen fir die Variationsparameter

------ = Z=0 f=l...n ZiL=~kf(rj,). (16)
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Mit speziellen Ansdtzen fiur A in (10) kénnen verschiedene Formen fir Fi
angegeben werden:

Aj =1 Fi = krji; Ai — cos 1iji F\ = «ktan ij/ (17)

o Ai = sin-1 i Fi = —k cot :;i.

W édhrend die Yariationsverfahren von Hutthen—Kohn von der Dif-
ferentialgleichung ausgehen, benutzt Schwinger die aus der Differential-
gleichung und den Randbedingungen fur u/(r) folgende Integralgleichung

u, (r) = sin kr I; Vi ; J dr' G(r, r)w(r") U[(r) . (18)

Die GREENsche Funktion G(r, r') l&sst sich aus der Differentialgleichung bestim -
men [46]. Die Gleichung (18) wird als EuLERsche Gleichung des stationéren
Funktionais

K 1cot ] (drUiwut— j(drdr uwG(r, r')w" uf (19)

dr sin (kr —_bl_ + Vi Vut
| 2
erhalten.

Das ScHWINGERsche Variationsverfahren stellt eine sehr elegante For-
mulierung fir Streuprobleme dar. Wegen der etwas komplizierten Green-
schen Funktion G(r, r') entstehen bei detaillierteren Variationsansdtzen aber
Schwierigkeiten beim Auswerten der Integrale. Deshalb wird die Methode
nach Hutthen—Kohn der von Schwinger h&ufig vorgezogen. Beiden Ver-
fahren ist gemeinsam, dass sie keine Extremalprinzipien sind. Deshalb ist
bei N&herungen eine Aussage Uber den Fehler nicht madglich.

Sowohl das Hurthen —KoHNsche als auch das ScHWIiINGERsche Varia-
tionsverfahren besitzen noch einen Mangel. Bei der Wahl beliebiger Ver-
suchsfunktionen kann es verkommen, dass die zur Ableitung der Euter-
schen Gleichung zu erfullenden Nebenbedingungen (asymptotisches Verhal-
ten) nicht gewahrt bleiben. Dadurch entstehen Inkonsistenzen in der Rech-
nung, die z. B. das Auftreten von Singularititen der Variationsparameter ¢-
bei bestimmten Wellenzahlen k nach sich ziehen kénnen [47]. Die Schwierig-
keiten lassen sich bei genauerer Betrachtung der auszuwdhlenden Neben-
bedingungen beheben, wie von Mar1ik [48] gezeigt werden konnte. Eine
zusammenfassende Darstellung von Variationsprinzipien bei Streuprozessen,
die nicht nur auf elastische Streuung im Zentralkraftfeld beschréankt bleiben,
wird von Demkow [49] gegeben.
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6. Irreversible Phinomene

Bei stationiren irreversiblen Prozessen hat die Entropieproduktion
N = dS/dt Extremaleigenschaften. Diese Tatsache wird zur Konstruktion
von Variationsprinzipien ausgenutzt. In Kap. 61 und Kap. 62 werden zuniichst
die verschiedenen Extremalprinzipien zusammengestellt. Dabei wird eine
makroskopische Beschreibungsweise gewiihlt, die keine unmittelbaren Aus-
sagen iiber Vielkérperstrukturen zuldsst. Es kann aber gezeigt werden (Kap.
63), dass auch bei einer mikroskopischen Theorie die Variationsprinzipien fiir
stationiéire irreversible Prozesse den Gedanken der extremalen Entropiepro-
duktion als Grundlage enthalten. Anwendungen der so abgeleiteten Varia-
tionsverfahren werden in Kap. 64 behandelt.

61. Das PricociNEsche Minimalprinzip

Im folgenden soll der zeitliche Ablauf eines Systems betrachtet werden,
dass sich anfangs in einem Nichtgleichgewichtszustand befindet. Ohne irgend-
welchen Eingriff von aussen wiirde sich das System nach geniigend grosser
Zeit einem Gleichgewichtszustand nihern. Hier werden dagegen Systeme
untersucht, deren Endzustand auch noch ein Nichtgleichgewichtszustand ist,
bei dem aber eine stationire Stromverteilung vorliegen soll. Damit solch ein
Endzustand méglich ist, muss ein Eingriff von aussen erfolgen (z. B. Anlegen
einer konstanten dusseren Kraft).

PricocINE [50] konnte zeigen, dass fiir diesen stationiren Endzustand
die Entropieproduktion ein Minimum annimmt. Das wird hier vereinfachend
fiir ein System mit nur einem inneren Parameter a, der sich im Zeitablauf
andert, abgeleitet.

Betrachtet wird die zeitliche Anderung der Entropie S(a(f)), die bei
dem zu untersuchenden irreversiblen ﬁbergang nach dem II. Hauptsatz der
Thermodynamik stets die Bedingung
Sl A . dD

=522 > (1)

N, =22
dt da

erfiillt. @ bzw. dS/da kénnen als verallgemeinerter thermodynamischer Strom
bzw. als thermodynamische Kraft aufgefasst werden. Entsprechend (1) muss
zwischen beiden im Rahmen einer linearen Nidherung (nur kleine Strome @)
a=2»A ﬁ mite A0 (2)
da

gelten. Fiir die Anderung der Entropieproduktion im Zeitablauf erhilt man

dagegen mit (2) und di/dt = 0
. dS . & dS}) d dS

éNs:()th———f—a; :2(”(-!——.
da dt da dt da

(3)
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Entwickelt man die Kraft dS/da um die Gleichgewichtslage

ds ds <d2S @)
da da t (e~ a0 da2

und berucksichtigt man, dass die Entropie im Gleichgewicht ein Maximum
annimmt, dann folgt mit (3) sofort

ON. = 26t a2 dzs 0. (5)
i da2
Das Ergebnis ist plausibel, wenn man (3) betrachtet. Es besagt, dass die
zeitliche Anderung dér verallgemeinerten Kréafte den zu einem bestimmten
Zeitpunkt fliessenden Stroémen stets entgegengerichtet ist. Aus (1) und (5)
ergibt sich nun unmittelbar, dass die Entropieproduktion im stationéren
Endzustand ein Minimum annimmt. Diese Minimaleigenschaft der Entropie-
produktion ist nicht nur auf einparametrige Systeme beschrankt. Sie existiert
ebenso, wenn sich mehrere Parameter gleichzeitig &ndern. Voraussetzung ist
nur, dass zwischen den verallgemeinerten Stromen J, und Kréften K, die
Beziehungen

li — LikKk (6)

mit Lik = Lki als den bekannten ONSAGERrelationen (zu deren Ableitung
siehe [51]) gelten. Gleichzeitig kann das hier erhaltene Resultat auf ortsab-
hdngige Phdnomene ausgedehnt werden. Die Parameter o, werden durch

»lokale« Parameter |,(r, t) mit den dazugehdrigen Stromdichten j,(r, t) ersetzt.
Es gilt dann

dS _ I da . .. 3 jo
dr---- Al jl
a J d - 81~

(7)

W é&hrend Qs als Entropiestromdichte interpretiert werden kann, stellt Ns die
im betrachteten Integrationsbereich erzeugte Entropie, die Entropieproduk-
tion, dar. Aus (7) folgt, dass sich die Entropieproduktionsdichte als Produkt
verallgemeinerter Strome /, und Krafte K/ (die den j, und 82<1/3r 8|,- aus (7)
entsprechen) darstellen lasst. Im stationdren Endzustand nimmt die Entropie-
produktion ein Minimum an. Das folgende Beispiel soll die hier angestellten
Uberlegungen etwas illustrieren.

Zwischen zwei Aquipotentialflichen Uv U2befindet sich ein den elektri-
schen Strom leitendes Medium. Die Potentiale Ul und U2 werden wé&hrend
der ganzen Zeit konstant gehalten. Im Innern der Substanz wird zu Beginn
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des Prozesses als Stérung eine ungleichmé&ssig verteilte Ladungsverteilung
angebracht. In der Né&he der linken Platte sollen vor allem positive, in der
Né&he der rechten vor allem negative Ladungen angehduft sein. Der Strom-
fluss wird diese Stérung ausgleichen, d. h. er wird eine ihm entgegengerichtete
zeitliche Anderung des elektrischen Feldes verursachen. Wihrend die Entropie-
produktion bis auf einen Faktor T _1 gleich der JOULEsehen Warme ist und

Abb. 2. Zur Veranschaulichung des PniGOGiNEschen Minimalprinzips

deshalb stets grosser als Null sein muss, ist ihre Anderung beim Einstellen
des stationdren Endzustandes negativ:

VR 20t _
1 ,_Jr SN, T n I—dt SO. (8)

Im station&ren Endzustand nimmt die Entropieproduktion ein Minimum an.

Mit ®= -—, j= e© und a= konst 9)
at

gilt im stationdren Endzustand:

N, drf 9Y
-1 I ar
, 02 1T
AN, = 2 1dt .— = 2% dfosu du- 2\dur SU - (10)
ar ar ar ar2

—2|drasu 2L = o,
a2

22
ar2

7= 0.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



VARIATIONSPRINZIPIEN ZUR BESCHREIBUNG VON SYSTEMEN VIELER TEILCHEN 95

Das Oberflichenintegral verschwindet, da am Rand U konstant ist bzw.
8U/ar senkrecht zur Flichennormale gerichtet ist. Im stationiren Endzustand
befinden sich zwischen den Aquipotentialflichen keine Ladungen mehr, denn
aus (10) folgt

U R
= =em=0. (11)

Bei der Ableitung des PricociNEschen Minimalprinzips werden iiber den
Zusammenhang zwischen den verallgemeinerten Kriften und Stréomen

1,=2, L, K; (12)

folgende Voraussetzungen gemacht:

1. Giiltigkeit des ONsAGERrelationen L, = Ly;

2. Konstanz der L;, .

Wiihrend die erste Forderung beim Fehlen von Magnetfeldern im allgemeinen
erfiillt ist (der Fall 6 <= 0 wird in Kap. 63 behandelt), kann die Konstanz
der L;. gegebenenfalls verletzt werden. Wie GLANSDORFF u. a. [52] zeigten,
gilt dann das Minimalprinzip der Entropieproduktion nicht mehr. Als Bei-
spiel behandeln sie die Bewegung einer zidhen inkompressiblen Flissigkeit
mit ungleichmissiger Temperaturverteilung.

Sie fithren ein »lokales Potential« N¥ ein, indem sie fir die Ly in ‘den
Ausdruck fiir die Entropieproduktion die nullte Ordnung einer Entwicklung
um den stationiren Endzustand einsetzen:

~

Ni = fdv %, L} K, K. (13)

Die K; stellen die verallgemeinerten Krifte des jeweiligen Zustandes dar,
dagegen sind die Lj, die ONsacerkoeffizienten fiir den stationiren Endzu-
stand. N nimmt im stationiren Endzustand ein Minimum beziiglich aller
Zustinde in seiner engeren Nachbarschaft an. Diese ecinschrinkende Bedin-
gung besteht bei konstanten Ly nicht. Eine Schwierigkeit besteht darin, dass
die L}, zuniichst unbekannt sind. Der stationire Endzustand soll ja erst
berechnet werden. Ein moglicher Weg zur Bestimmung der Lj; bietet sich in
einem [terationsverfahren an. Ausgehend von einem Anfangssatz der LY, kén-
nen diese mit den sich jeweils daraus ergebenden K; und I; fiir den stationéren
Endzustand beliebig verbessert werden. Die Methode des »lokalen Potentialsc
wird teilweise schon benutzt, um nicht nur rein dissipative Erscheinungen zu
beschreiben, sondern mit ihr kénnen auch Prozesse erfasst werden, die rever-
sible und irreversible Anteile (z. B. Wirmekonvektion und Wirmeleitung)

enthalten [53].
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62. Minimal- und Maximalprinzip der Entropieproduktion

Das Pricocinesche Minimalprinzip macht Aussagen iiber die Anniihe-
rung eines Systems an einen stationdren Zustand von einem von diesem
makroskopisch verschiedenen Ausgangszustand aus. Der stationire Endzu-
stand besitzt gegeniiber allen von ihm verschiedenen Zustéinden

I,=I+ 81 K, =K+ 0KMa
mit (1)
6Ill'\da:2kLik6Klffwa

minimale Entropieproduktion. OIM* und SKM® sind makroskopische Ande-
rungen der verallgemeinerten Stréome und Krifte, die miteinander eindeutig
verbunden sind. Anstelle makroskopischer Variationen der Strome und Krifte
kénnen auch nur mikroskopische zugelassen werden, fiir die die dritte Bezie-
hung aus (1) nicht mehr gelten muss. Betrachtet man beliebige mikroskopische
Schwankungen der Strome und hilt dabei die Kriifte konstant, so kann ein
dissipatives System im stationdren Endzustand durch folgendes Variations-
prinzip [54] beschrieben werden:

f dr (27, — v;) = Max.
, (2)
mit v,=2X2,I,K; und %=2,,I,R;1I,.

Die Variation erfolgt unter der Nebenbedingung konstanter Krifte. Die
EvuLErschen Gleichungen von (2) haben die Gestalt

K, =2 Ry I, bzw. I,=2X,L,K, mit (Ry)=(L,)™. (3)
Betrachtet man die zweite Variation
625‘dr(2v5~§5):-—‘fer,.‘,fR,-kél,-éI,{, (4)

so erkennt man, da sie gleich dem negativen der zweiten Variation beim
PricociNeschen Minimalprinzip ist, dass hier im stationiren Endzustand ein
Maximum angenommen wird.

Da das Prinzip auf den stationdren Endzustand angewandt wird, muss
die Entropiebilanz fiir diesen Zustand

s

o RN T LB 5
: @Tofﬂr,,, (5)

zur Betrachtung mit hinzugezogen werden. (5) stellt eine Bedingung fiir die
mdglichen Schwankungen der I; dar, denn nach Voraussetzung soll bei diesen
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mikroskopischen Anderungen der makroskopische Zustand nicht geédndert
werden. (5) muss also stets erfullt sein.

Es werden jetzt zwei Félle unterschieden. Einmal kann man Schwan-
kungen betrachten, die am Rande verschwinden. Mit (5) folgt dann
0

o, i ajdxw: | |

Das Variationsprinzip (2) geht in ein Minimalprinzip

j dxvs= Min. (7)

Uber. Erlaubt man dagegen, dass die Randstréme auch den Schwankungen
unterliegen, so kann man Vs beliebig variieren. Der Einfachheit halber werden
Variationen betrachtet, bei denen stets

»S = VS (8)
sein soll. Aus (2) folgt dann ein Prinzip der maximalen Entropieproduktion
I dxw= Max. (9)

Zusammenfassend kann man sagen: Der stationdre Zustand eines dissipativen
Systems ist ein Sattelpunkt auf einer hypothetisch einfihrbaren Entropie-
produktionsflache. Dieser Sattelpunkt ist ein Minimum beziglich makro-
skopischer Variationen, bei denen alle mdglichen instabilen Zustdnde vom
Anfangszustand aus durchlaufen werden. Fir mikroskopische Variationen
wird die Entropieproduktion minimal bei Schwankungen der Strdme und
festen Kraften, wenn die Randstréme konstant sind. Gegenlber Variationen
mit verdnderlichen Randstrémen nimmt sie einen Maximalwert an.

63. Losung der BoLTZMANNgZeic/iung mit Variationsprinzipien

Wie gezeigt wurde, bietet das Prinzip der extremalen Entropieproduk-
tion eine Mdglichkeit, stationare irreversible Prozesse zu behandeln. Es ist
deshalb zu erwarten, dass sich ein Variationsprinzip zur Losungders o1tzmann-
gleichung bei kleinen Abweichungen vom lokalen Gleichgewicht darauf zurtick-
flhren lassen muss. Zunachst wird die BoLTZMANNgleichung durch Linearisie-
rung in eine Form gebracht, die eine Auswertung durch Variationsverfahren
zuldsst. Gleichzeitig wird die Verbindung zwischen der BoLTZMANNgleichung
und der Entropieerzeugung Kklargestellt. Fir die linearisierte BoLTZMANN-
gleichung werden fir den Fall 33 = 0 bzw. 93 == 0 Variationsprinzipien angege-
ben, die sich im wesentlichen mit dem Prinzip der maximalen Entropie-
produktion identifizieren lassen.
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Die BoLTZMANNGgleichung

Da(l = Jdi*d2dl* {/(1°, O/(2", 0 -/(1, 0/(2, 0} A1, 2" 1,2

I>,0=/(*npi,0 Jdi=1I 0)
fli, |1 + A A +iiA
dt m 0tj 3px

beschreibt irreversible Prozesse in der kinetischen Gastheorie. Im folgenden
soll wie in Gleichung (1) entgegen den sonstigen Gepflogenheiten dI nur eine
Integration Uber px darstellen.

Da (1) eine nichtlineare Bestimmungsgleichung fir die Einteilchen-
verteilungsfunktion ist, bereitet ihre Auswertung im allgemeinen Schwierig-
keiten. Fir den Fall, dass nur Ldsungen gesucht werden, die sich in der Nédhe
eines lokalen Gleichgewichts/°(1, t) befinden, kann die Gleichung (1) mit dem

Ansatz
/(1,0 =/°(1,0 (! + d(!,0) NeN] 2)

linearisiert werden. Man erhdlt damit far (1)

—Dxfe(l, 0 = J dI' dl d2'/°(1, 0/°(2, 0 [®(1, 0 + ®(2,0 - &(1',0
- (2',0]0(1",2'-~1,2), ©)

was kinftig in der verkirzten Form
K(1,t)= R &(1,0 (4)
geschrieben werden soll. Dabei hdngt die linke Seite von (4) nur noch von

/°(1,0 ab.
Um die Irreversibilitdt der durch (1) bzw. (4) beschriebenen Prozesse

zu zeigen, wird fir diese Gleichung die Entropiebilanz aufgestellt. Mit dem
in der kinetischen Theorie definierten Ausdruck

HS= -fcjdl/(l)(In/(1)-1) (5)
fur die Entropie pro Volumeneinheit ergibt sich aus (1) die Bilanzgleichung

Qlis

= 6
dt £ ) e
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wobei t die mittlere Geschwindigkeit, die Entropiestromdichte und vs
die Entropieproduktionsdichte sind. vs hat die Gestalt

Vi= =K adid2dld2 in/(l) [/(10/(2") —/()/(2)] 1,2 - 1,2). (7)
Fur die linearisierte BoLTZMANN(gleichung gilt dieselbe Entropiebilanz mit
vs = kJdl &(1, t) R &(1,t) = k<D, R P >, (8)

(8) folgt aus (7), wenn man fur/(l, t) den Ansatz (2) benutzt und Glieder bis
zur zweiten Ordnung in ® bericksichtigt.
Um fir die linearisierte BoLTZMANNgleicliung

K(, )= R ®(1,1) 9)

ein Yariationsprinzip zu konstruieren, kann man den in Kap. 62 abgeleiteten
Formalismus benutzen. Die Gleichung (9) lasst sich in diesem Rahmen als
verallgemeinerte Strom-Kraft-Relation interpretieren [55]. Die verallgemei-
nerte Kraft Kist durch den hier als Integraloperator auftretenden reziproken
»ONSAGERkoeffizientenk R mit dem verallgemeinerten Strom & verkniupft.
Wie man aus der Definition von K (I, t) (4) sieht, bleibt K(1,t) bei beliebigen
Anderungen von @(1,t) konstant. Die Anderungen des verallgemeinerten
Stromes ® konnen als Schwankungen im Sinne der von Onsager abgeleite-
ten Theorie gedeutet werden. Da sie im allgemeinen keinen speziellen Rand-
bedingungen unterworfen sein werden, wird das Yariationsprinzip fiur (9)
die Struktur von (62.9) haben.
Mit dem in (8) definierten Skalarprodukt

<®, 4>>= ) (1) p(1) dl (10)
wird das Funktional
F={0, Kop) (11)
unter der Nebenbedingung
<P,RP>= <, K > (12)
zum Extremum gemacht. F nimmt ein Maximum an. Vergleicht man (11)

mit (8), so sieht man, dass das Funktional F bis auf einen konstanten Faktor k
gleich der Entropieproduktion ist. Fihrt man die Variation in (11) aus

O« D, ROP>+ AKO,RDP>- <d, K>)= 0 (13)

und benutzt zur Bestimmung von {die Nebenbedingung (12), so erhdlt man
schliesslich

y(R + RT)0 = K, (14)
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was mit (9) identisch ist, falls der Operator R gleich seinem adjungierten
Operator R T ist. Diese den OwsAGERrelationen entsprechende Forderung an R
ist erfullt, wenn die mikroskopische Reversibilitat (1", 2 '-s-1,2) =
= I(1,2 1', 2') garantiert ist. Ruckblickend kann man feststellen, dass
das in (13) angegebene Variationsprinzip mit dem aus (62.9) identisch ist.
Die Nebenbedingung (12) entspricht der Forderung (62.8).

Bei Anwesenheit von Magnetfeldern muss in der linearisierten Boi/rz-
MANNgleichung der Zusatzterm der magnetischen Kraft berlcksichtigt wer-
den, der linear vom Magnetfeld 33 abhéngt. Die linearisierte Gleichung hat
nun die Form (15), wobei der Operator M beziliglich des in (10) eingefihrten
Skalarproduktes nicht mehr selbstadjungiert ist (16).

K=Mo® (15)
MT(33) = M (-33). (16)

Wegen (16) leistet das Magnetfeld keinen expliziten Beitrag zur Entropie-
produktion

V$= K<O, M ® > (17)

Der in 33 lineare Term fallt aus vs heraus. Diese Tatsache ist verstandlich,
da Entropiezuwachs nur durch Streuprozesse, nicht aber durch die reversible
Bewegung im Magnetfeld erfolgt. Implizit hdngt vs natirlich doch von 33 ab,
da durch (15) ® mit 33 zusammenhéngt.

In dem in (11) abgeleiteten Variationsprinzip wirde der Term propor-
tional zu 33 auch verschwinden. Das darf aber nicht eintreten, da dann die ®
bestimmende Integralgleichung unabhé&ngig von 33 wére. Deshalb muss nach
Ziman [56], Garcia-Motiner [57] u. a. zur Formulierung eines Variations-
verfahrens fir (15) ein neues Skalarprodukt der Art

<« ®, W => = < ®(—33),¥/(35) > (18)

eingefuhrt werden, fur das M dann selbstadjungiert ist. Damit kann das
Variationsprinzip aus (13) Ubernommen werden:

bf{ssd M PE+ [/ (SP, M d>-<2 0, K>} =0 (19)

Beim Einfuhren der neuen Metrik (18) bleibt M nicht mehr positiv
definit. Das hat zur Folge, dass (19) kein Extremalprinzip ist. Fur nicht-
selbstadjungierte Operatoren ist entsprechend Kap. 21 auch ein anderes
Vorgehen mdglich. Man fligt zu (15) die (bzgl. des Skalarproduktes (10))
adjungierte Gleichung

K= MTW (20)
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hinzu. Beide Gleichungen folgen aus
r«!'Pa) + <K, ®>-<P, M®d)} =0, (22)

falls ¥7 und @ bei konstantem K unabhdngig voneinander variiert werden.

64. Anwendungen

Die angegebenen Variationsverfahren wurden vor allem mit Erfolg bei
der Beschreibung von Transportphdnomenen in elektrischen Leitern ange-
wendet. Ausgangspunkt ist nicht die BoLTZMANNgleichung aus Kap. 63,
sondern eine modifizierte Form (BLOCHgleichung), die im Stossterm den
guantenmechanischen Charakter der Prozesse bericksichtigt. Fur stationare
Vorgange hat sie die Gestalt

or n 3t J

fi (t) dt dt ist die Wahrscheinlichkeit dafiur, dass ein Teilchen in einem
Intervall dl am Ort r und innerhalb des Intervalls hdi mit dem Impuls hi
angetroffen wird. Im Stossterm wird berlcksichtigt, dass die mit der Wahr-
scheinlichkeit Q(l,Y) stattfindenden Ubergidnge nur von besetzten zu
unbesetzten Zustdnden mdoglich sind. Fur die Verteilung ft wird in (1) der
Ansatz

: ) 2
OrLf (<)

eingefuihrt, um (1) zu linearisieren. st die Verteilung fir ein lokales Gleich-
gewicht (lokale FERMiverteilung). Et soll die Energie eines Teilchens mit
dem Impuls hl sein.

Die linearisierte Gleichung hat die Gestalt

et A 9/?

oi — c@ dt' Q (f, I") (®(—<zy) fot(I -1)
0T ar dE

©)

K'=R"®.
Gleichung (3) hat dieselbe Struktur wie (63.9). Der hier nicht betrachtete

Fall 33 =9=0 wirde auf (63.19) fuhren. Lésungen von (3) sind wie in (63.11)
alle die Funktionen, die der Extremalforderung

{®,R'dy= Max. 4
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unter der Nebenbedingung

<®,R'0>= <¢p, K'> 5)

genigen. Das Maximalprinzip mit Nebenbedingung l&sst sich auch in das
Minimalprinzip ohne Nebenbedingung

<®,R’ D)
-K")}2

Min. (6)

umschreiben. W &hrend (6) fir Anwendungen geeigneter ist, besitzt (5) gréssere
physikalische Anschaulichkeit.

Mit (6) erh&lt man sehr leicht Ausdricke zur Berechnung von Trans-
portkoeffizienten. Als Beispiel wird ein Variationsprinzip fir den spezifischen
elektrischen Widerstand g abgeleitet. Es wird ein System konstanter Tem-
peratur betrachtet, bei dem ausserdem der Widerstand noch richtungsunab-
hdngig sein soll (z. B. kubisches Kristallgitter). Fiur die Entropieproduk-
tion gilt:

rs= e\2AT. ©)

j ist die Uber ft gemittelte Stromdichte
j=Jddiebl/l=-j'dfebT0I1& . (8)

Das letzte Gleichheitszeichen gilt, da fir g Isotropie vorausgesetzt wurde.
Aus der linearisierten BLOCHgleichung ergibt sich in Analogie zu Kap. 63
fir die durch die Streuung verursachte Entropieproduktion

= <O A0 >IT. 9

Mit (7), (8) und (9) erhélt man fir g den Ausdruck

= <Y»R’ (10)
{(® K" (® = 1)>}>’

der im stationdren Endzustand ein Minimum annimmt. Ausgehend von
Formel (10) wird g mit geeigneten Ansdtzen fiir @ in entsprechender Ndherung
berechnet.

Kohler [58] gelang es, auf diesem Weg die Temperaturabhangigkeit
von g in qualitativ guter Ubereinstimmung mit der zunéchst nur experimen-
tell bekannten GRUNEISENSchen Widerstandsforme] zu berechnen. Er erhielt
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fiir tiefe Temperaturen eine Abhingigkeit p ~ T°, die bei hohen Werten von
T in g ~ T iibergeht. Weiterhin konnte er die niherungsweise Giiltigkeit
der MaTHIESSENschen Regel bestiitigen, nach der sich der Gesamtwiderstand
aus der Summe des idealen Widerstandes und des Restwiderstandes zusam-
mensetzt. Thermoelektrische Effekte berechnet er, indem er in (3) auch den
Term proportional 8T/9t beriicksichtigte. Die Abhingigkeit des Widerstandes
von einem Magnetfeld erhilt man, falls (3) um das Glied mit der magnetischen
Kraft erweitert und ein zu (63.19) analoges Variationsverfahren verwendet
wird [57]. Die gesamte Theorie ist zur Berechnung anderer Transportkoeffi-
zienten (z. B. Wirmeleitfdhigkeit) ebenso anwendbar.

In neueren Arbeiten wird nicht mehr von der Borrzmanngleichung bzw.
ihren quantenmechanischen Modifikationen ausgegangen, sondern man benutzt
dazu eine linearisierte Form der NEumANNgleichung fiir die Dichtematrix
im Fall einer voriibergehend eingeschalteten Stérung. Das der Gleichung
dquivalente Variationsprinzip lidsst sich bis auf unwesentliche Faktoren mit
der Entropieproduktion identifizieren. Die Formulierungen besitzen teils-
weise einen allgemeineren Charakter als die aus der Borrzmanngleichung
abgeleiteten. Es ldsst sich zeigen, dass das Variationsprinzip fiir die BoLrz-
MANNgleichung als erstes Glied aus einer Storungsentwicklung des von NAkKANO
[59] angegebenen Variationsprinzips fiir die linearisierte NEUMANNgleichung
folgt.

7. Zusammenfassung

In der vorliegenden Arbeit wurde gezeigt, welche wichtige Stellung die
Variationsrechnung im methodischen Apparat der Theoretischen Physik
einnimmt. Es stellte sich heraus, dass Variationsprinzipien zur Beschreibung
fast aller physikalischen Erscheinungen anwendbar sind. Die noch vorhande-
nen Schwierigkeiten (z. B. Thermodynamik irreversibler Prozesse, Teil 6;
N-Darstellbarkeit der Dichtematrix, Kap. 46) sind nicht von grundsitzlicher
Natur, so dass auch dort ein erfolgreicher Einsatz von Variationsmethoden zu
erwarten ist.

Der wesentliche Vorteil, den ein Variationsverfahren zur Behandlung
von Vielteilchenstrukturen bietet, besteht darin, dass das Vielkérperproblem
durch Teilvariation entsprechend den ausgewihlten Ansiitzen niherungsweise
gelost werden kann.

Bei der Auswertung der Variationsprinzipien entstehen wegen der Viel-
zahl der auszufiihrenden Integrationen oft erhebliche Schwierigkeiten. Durch
geeignet gewihlte Entwicklungen lassen sich diese Integrationen auf sehr viele
in sich gleichartige Rechenvorschriften iiberfiithren. Bei deren Auswertung
scheint das konsequente Anwenden der Graphenrechnung die weitere Ent-
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wicklung zu bestimmen. Im Zusammenhang damit wird die Verwendung von
Funktionalableitungen in der Variationsrechnung an Bedeutung gewinnen.

Im Augenblick besteht eine gewisse Konzentration der Bemihungen
darauf, eine umfassende Beschreibung irreversibler Phdnomene mit Variations-
methoden zu ermdéglichen. Erfolge wurden bisher nur bei stationéren irrever-
siblen Prozessen erzielt. Von Interesse ist auch die Frage, wie man mit Varia-
tionsprinzipien den Ubergang von reversiblen zu irreversiblen Gleichungen
vollziehen kann. Untersuchungen an einfachen Modellsystemen sollten dazu
weitere Hinweise geben.
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MPUMEHEHWE BAPWALUWMOHHbBIX NPUHUWMMOB ANA PEWEHWA
MPOBJIEM MHOTUX TEN

B. MOMIME, K. 371K u B. MAKKE
Peswme

B aToii pa6oTe gaH 0630p O MPUMEHEHUM BAPUALMOHHLIX NPUHLMMOB AN PeELIeHUs
npo6nem MHOrux Ten. Mocne 06cyXAeHWUS 06 NUX YCNOBUI CyLLeCTBOBaHWS BapuUalMOHHbIX
NMPUHLMMNOB UCCNEAYEeTC UX NPUMeHeHNe B KNacCMUYecKoii cTaTUCTUKE PaBHOBECHbIX U HepaBHO-
BECHbIX COCTOSHUI. CnedyeT cOCTaBleHWe MeTOAOB AN TPaKTOBKU CTAaLMOHAPHbLIX W HecTa-
LLMOHAPHBIX KBAHTOBbLIX CUCTEM. Heo6paTuMble MPOLECCHl ONUCLIBAOTCA MPUHLUNOM 3KCTpe-
ManbHOTro BO3HUKHOBEHMS SHTPONUU. B 4aCTHOCTU paccMaTpMBalOTCA CBA3aHHbIE C 3TUM MPUH-
LUMNOM MeToAbl, CAyXaliue ANA pelleHWs ypaBHeHWUs BonbLMaHa.
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In this paper the kinetics of surface recombination is examined both experimentally
and theoretically. The photoconductivity decay was measured over the temperature range
77° K—340° K. At low temperatures, the decay curves could be composed of two exponents
(i>, Tt). It is shown that the temperature dependence of both relaxation times, apart from the
saturation of rr can be well described assuming one kind of recombination centres and also
traps for holes. The system of differential equations of recombination is given, taking into
consideration the space charge region (Appendix). For the simplest case it is shown how to
obtain the formulae for the surface model from those for the bulk model.

Introduction

Recently, the kinetics of surface recombination has become a widespread
method in the investigation of surface phenomena in Semiconductors. This can
mainly be explained by the fact that, especially below room temperature,
some relaxation effects arise which cannot be observed under steady-state
conditions. The measurements of these relaxation effects give new information
on the parameters of the centres. The following more importantand character-
istic effects are observable: a) the quasistationary lifetime (Ty) increases with
decreasing temperature; b) in the photoconductivity decay a short relaxation
effect (T() appears; c) both relaxation processes are sensitive to steady illu-
mination.

The effects a) and c) have been investigated by several authors for both
Ge and Si, €.g. by Lindley and Banbury [l, 5], Rupprecht [2], Harnick et
al. [3]and Litovchenko and Lyashenko [4]. The effect b) has been observed
by Lyashenko etal. [6] and also in papers [3, 5]. Detailed experimental results
were published for Si by Primachenko et al. [8].

In the present work, the behaviours a) and b) are studied for Ge both
theoretically and experimentally. The experimental techniques are described

*Part of this work was presented at the Conference on the “Electronic Processes on
Semiconductor Surface” held in Kiev, 1965.
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in Sec. 1 and the experimental results are given in Sec. 3. Sec. 3a deals with
the kinetics of bulk recombination in the presence of hole-traps. In 3b the
transference of the above model to surface recombination and surface trapping
is discussed, based on the equations given in the Appendix. It is explained how,
in a very simple case, the formulae for the surface model can be derived from
those for the bulk model. In Sec. 4 the interpretation of experimental results,
with special respect to the possible origin of the saturation of xr at low tem-
perature, is given.

Fig. 1. Evacuable glass vessel with sample holder, immersed in liquid nitrogen

1. Experimental techniques

Photoconductivity decay was used to investigate the kinetics of surface
recombination. The condition of a small signal case was always fulfilled with

Aa
------- <[0,1%. The samples used were cut from ra-type germanium of 20—25

ffo
f2cm. The sample sizes were 1,3 X 0,4 X (0,05 or 0,03) cm. After polishing,

the samples were etched in etchant “A” (100 ccm HNO3of 65% -f- 300 ccm
H2F, of 38% -f- 50 eg J2). Contacts from Sn containing 0,5% Sb were prepared,
having ohmic characteristics down to liquid nitrogen temperature. Before
measurements, the samples were freshed in the etchant “A”.

The measurements were carried out over the temperature range 77°K—
340°K. Figure 1 shows the cryostat evacuated to less than 10~3 mm Hg. The
terminals held the copper hemisphere with the sample and also provided the-

electrical contacts.
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The lower part of the glass vessel was immersed in liquid nitrogen to cool
the copper hemisphere and the sample to the required temperature. The sample
holder was used to measure both the field effect and photoconductivity decay
(the transparent electrodes had a capacity of 200 pF). For temperature mea-
surement a Si resistance thermometer was used.

The cooling procedure described above has some advantages over others.*
The liquid nitrogen temperature can in fact be reached; the cooling and, thus,
the condensation of water vapour begins on the wall of the vessel instead of on
the sample and, finally the system can be evacuated easily owing to the absence
of metal-glass junctions.

Fig. 2. Schematic diagram for photoconductivity decay measurements

The light pulses were produced by a hydrogen lamp. The duration of
pulse was sufficiently short (~1,5 /j,sec) to measure the shortest relaxation
times in question (~20 /isec). The measurements were carried out using an
equipment with the block scheme shown in Fig. 2. The current through the
sample was varied between 100 fiA—1 mA depending on the temperature, i.e.
on the resistivity of the sample.

After adequate wide-band amplification the signal was photographed
with an oscilloscope, type OG1—10.

2. Experimental results

The photoconductivity-decay below room temperature could be decom-
posed into two exponential curves with relaxation times Tr and tt. A typical
curve, obtained from analyzing the corresponding decay is shown in Fig. 3.
The two relaxation times or life-times are well determinable from this curve.
Our aim was to investigate the effects a) and b) to obtain experimental data

*This method of cooling was proposed by Mr. J. Tihanyi.
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Fig. 3. Photoconductivity decay. The points are obtained by analyzing the photographs of
the oscilloscope traces

Fig. 4. Lifetimes rt and Ttas functions of reciprocal absolute temperature for sample thickness
d= 300wm
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concerning the temperature dependence of Xr and xt. The measurements were
carried out on numerous samples with two different thicknesses (d = 300 /,
d = 500 fx).

Figures 4 and 5 show the temperature dependence of both lifetimes.
The longer relaxation time Xxr after a short decrease, begins to increase expo-
nentially with decreasing temperature. Below 100°K, Xr shows a tendency to
become saturated. It is interesting to remark that near the liquid nitrogen
temperature, in some cases, the value of xr decreases again. With our apparatus

p?
al

— — — r
2 4 6 8 IO 12 u 16t00y°K

Fig. 5. Lifetimes r, and rtas functions of reciprocal absolute temperature for sample thickness
d = 500 /1

the shorter relaxation time becomes measurable only at relatively low tempe-
ratures. In the range measured, the Xtis a monotonie function of temperature:
it increases with decreasing temperature and shows saturation characteristics.
The curves, as can be seen in Figures 4 and 5, are nowhere exponential.

The apparatus used (see Fig. 1) is capable of measuring the field effect
and also of applying a steady illumination. Some preliminary measurements
have been carried out in both respects, but the results are insufficient to allow
any valuable conclusion to be drawn. It isworth remarking however, that with
the given geometry of the field effect experiments (200 pF), the applied voltage

1
(MO0 V) does not markedly alter the slope of the Xr T curves.
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The backgiound illumination causes a strong diminution of Ty, which
accords with the observations of other authors. The effect of illumination on
the shorter relaxation time Ty, on the other hand, could not be analyzed
because the amplitude of signal was greatly decreased.

3. The kinetics of recombination in the presence of traps

a) Bulk model

To interpret the experimental results given in the previous section, we
shall discuss in detail the model proposed first by wertnheim [9], and also
accepted by Lindiey and Banbury in their later paper [5]. According to this
model, there are recombination centres of one kind and also traps for holes.
The parameters of these centres, with the usual notation, are:

NnEnCrp,Crn,nn,pn, and N,, E,,ClpCtn = Onlvpn, respectively .

Here nn, nn denote the electron concentrations in the conduction band
if the Fermi level FOis equal to Erresp. E,. The quantitites pn, pn referring to
holes have similar meanings. If nr and pr denote the full and empty recom-
bination centres, respectively (a similar notation is used for traps) then the
system of differential equations governing the recombination is:

c:m(npr nrl nr) 1

dt

Ll,t' = ~ Crp(Pnr-PnPr) Ctpipnt— PuP,), D
a

~. = “ ctp(Pnt PuPt)-

dt p( )

To solve Eq. (1) further relations are needed. It is possible without
restriction of generality, to assume neutrality for both the recombination
centres and traps in the lower charge condition. Hence, we obtain the following
subsidiary conditions:

bnr -j- bpr — 0,
bn, + bp, = 0, (2
bn -f- bn, -|- bnr = bp,

where the first two equations are the conditions of normalization and the third
is the conditions of electrical neutrality. If the variables bnr, bpr, bp, are
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eliminated by the aid of Eq. (2), then for the column vector « of elements 6n,
bp and bnt, the following equation is obtained in matrix form:

a= —Ax, (3)

where the lifetime matrix A has the form

fAn “b ~rn PrOl 417 Nnn 1
A— ; + (Ap+ Crpnro+ Ctpn/0); An+t A, (4)
" 0; Clpnlit; + At

here An= Crn(nuf nn); Ap= Crp(p0+ Pn); At= Ctp(p0-f pn). The life-
times Xj can be determined from the characteristic equation of matrix A;

1
\A —/11= 0, using xt= — .

A simple calculation gives the coefficients » of the equation of third
order:

M 3~~by?21+ b,/ -j- b3= 0, (5)
*0o = -1,
b\ — -j-[A/ + T(Ar) -j- Cp «/o] ? (6)
"2 = [-4/ T(Ar) -f- Ap C( n,0 -j- II(AT) -)- Cr,,prOClp nl0 -j- An Ctp niQ] ,
M3 = [E/p XjQCmpro Ap A/ D(AN] .

Here T[Ar) and D(Ar) are the trace and determinant of the lifetime matrix Ar
of the simple S—R model (Nt = 0):

E(Ar) = An Ap -J- CmprQ-)- Crp nro0,

D(Ar) = AnCrpnrQ-f~- ApCmpro-b Cn Crpnropro-e
The lifetimes of the S—R model are determined by the roots of the equation
2- T(ANDA+ D(Ar) = 0. (7
We shall give the approximate roots of Eq. (5). If the roots are well separated

i.e. ;48 A28 A3then the following approximation is valid:

ri
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Using the notation r3= trand (2= rw e obtain:

Let us now examine the temperature dependence of coefficients »j. We shall
assume the material to be n-type and Nr <é nQ, i.e. the recombination centres
do not play any part in the determination of the Fermi-level Fa (the Fermi
level, with decreasing temperature, passes through the recombination level Er).
A simple estimate shows that in the whole temperature range the following
approximation is valid:

ba~+A,D(Ar).

For coefficient b? on the other hand:
—AtT(Ar) (high temperature); b2 —AnCtpnt0(low temperature).
Using the above approximations, one obtains for rr

TA D

(high temperature) , (8a)
D (Ar)
nio Gp* (low temperature) . (8b)
AtD{Ar)

From Eqs. (8) it is seen that at higher temperature the simple S—R
model works, while if the temperature is sufficiently low the lifetime xr is
determined mainly by the trap parameters. In fact, taking into consideration
that ntOa» N1 and nr0® Nr we get:

Nt Et-E,
.p kT
NrCrp(Po + Pn) NrCrpNv

©

if the relation ptl p 0 is valid.
A quite similar approximation may be used also for tt. At higher tempe-

ratures the recombination centre works, being

1
T(AY

(10a)

while at lower temperatures one obtains if Crnn0O  Crp Nr; Clp Nt and nm
A Nr: n 0™ Nt
r_N
1-)- 1P r !
CpNt Crnnn no C/pNt

(10b)
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b) Surface recombination

The kinetics of surface recombination involving space charge effects has
not yet been solved to the best knowledge of the authors. In paper [5] some
attempts were made to transfer the bulk recombination model to the surface
case, but the calculations were mainly heuristic in character. In the Appendix
of the present paper the equations to be solved are given for the model treated
in 3a. Equations (Al)—(A4), however, cannot be solved for the general case,
and therefore, it will be of interest to show that formula (9) is also valid for
the case of surface centres and to give a rule for transferring the formulae
relating to bulk recombination to surface recombination, assuming a simple
space charge region. Let the value of surface potential Y be small and let us
also assume the small signal case. In this case the quantities F'nand/),, intro-
duced by Garrett and Brattain [10], take the following approximate values:

rnfL'(nY n*); FpAL ' (pY —p*).

Thus, in this approximation, the space-charge region can be described
using an effective Debye length L' and concentrations on the surface. The
quantities n*andp* denote the concentrationsjust below the space-charge layer,
effectively in the bulk (see Appendix). For the simplest model the L' does
not depend either on the surface potential or on the non-equilibrium concent-
rations.* Based on this expression, the approximations

dou , dony dép ddpY

A«l J _j clr (@ -

dt dt dt dt

can be used in the linearized form of Eq. (Al). The rule for transferring bulk
expressions to surface ones can readily be obtained. In fact, the proper for-
mulae can be derived using the following correspondences:

A. (cm 2
n~>nY; p pY; Nr(cm 3
L
(Similarly for concentrations nr, pr);
Nt(cm-2
Nt(cm-3)- (V ) (similarly for nt, pt).

The parameters nrl, pn and ntl, ptl, occurring in the equations in question
do not contain the surface potential. Thus, finally we obtain:

N N + E,~-E>
re(y) ~ ~ - L—e+ kT (11)

Nrcrp (Pyo + Pn) NrCrpN.,

*The effective Debye length L' introduced here, for the simple model assumed, can be

Y2
expressed as L' = f2/2(A f- AL)PLDi — LBe, where LBe is the extrinsic Debye length

introduced by C. Goldberg [11]; LDeis not sensitive to the variation of temperature.
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and the inconvenient quantity L' is eliminated. The formula, related to higher

temperatures contains the quantity 1/, but from the expression -------- -,
7r min
examined in the function of the surface potential Y, it is also eliminated,

assuming a small concentration of recombination centres.
It is worth remarking, finally, that expression (11) differs from that given

N

in paper [5] in two respects: expression (11) contains the factor----—- and also
Nr

the quantity p YO depending on the surface potential. Owing to the first differen-

ce, the value of Crp cannot be obtained directly from (11) while the second
one may be significant if p Yo  Po-

4. Interpretation and discussion of the results

To interpret effects a) and b) several models must be taken into con-
sideration. Lindirey and Banbury in their previous papers [1] tried to discuss
the effect a) in terms of a simple S—R model. They argued that because of
the opposite temperature dependence of the two lifetimes of S—J/1-model, %
may become larger than tr and thus the explanation for a) is found. This,
however, is not correct. Though from the approximate roots (8a) and (10a) it is
not evident, the relation rt <Sxr is always valid. This can be seen simply
starting from the exact lifetime of S—R model. In fact, in order for the roots
of eq. (7) to be positive, the relation ]/T(JiN2— 4D (Ar) & 0 should occur,
whence the relation Tr > rt obviously follows.

From what has been said above it is clear that to interpret effects a)
and b) it is necessary to employ more complicated models or assumptions.
In fact, in their later work Lindi1ey and Banbury assumed the presence of one
kind of recombination centres and also traps for holes [5].

In paper [3], on the contrary, Harnick et al. assumed a temperature
dependent capture constant and also that the position of recombination centre
is temperature dependent.

In the present work, the model with traps is accepted and studied in
detail. From calculations of Sec. 3. (formula (11)) it is clear that the low tempe-
rature behaviour of tr is determined by ptl. This has the physical meaning
that under the conditions assumed, the thermal emission of holes into the
valence band by traps is the slowest process in the recombination. Thus, from
the slopes of the experimental curves, the energy level of traps can be calcul-
ated. Experimentally, we obtained (see Figures 4 and 5) Et — Ev= 0,10—0,14
eV. Below 120°K, as Figures 4 and 5 show, the lifetime tr has a tendency to
saturate, what has been observed by some other authors, too [4, 6]. Starting
from the model accepted, the saturation cannot be explained in a natural way.
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This is clear from Fig. 6 where the quantity I+ is plotted as a function of
r

reciprocal temperature, assuming Crn = Crp =0Qp: C. According to ex-

pectation, at higher temperatures the traps have no effect on the lifetime

(see formulae (8)), while at lower temperatures, depending on their concentra-

tion, the traps begin to play an important role in the recombination and

increases exponentially showing no saturation.

2 J 4 5 6 7 8 9 10 1000, "

Fig. 6. Normalized theoretical curves of —against reciprocal temperature, assuming
no= 10" cm Cr,= Crp

A possible explanation of the saturation is that the diffusion of carriers
from the space charge region is not negligible and thus the bulk centres may
shunt the effect of the surface recombination centres. This seems tobe supported
by the observation that the thicker the sample the sooner saturation begins.
It is possible also that at lower temperatures the communication between
the traps and conduction band improves, and so the saturation becomes
evident. Just becuase of the saturation effect, the model of multi-electron
centres proposed by Kalashnikov et al. [12] for bulk recombination seems
to be well applicable for this case too. Here it is noted only, that, assuming all
capture constants to be equal, the desired temperature dependence of rr was
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obtained with a relatively high concentration of centres. In our case, on the
contrary, the exponential temperature dependence of tr can be explained also
for Nr, N( no0 (see Fig. 6). It is important, however, to emphasize that based
on the experimental results available, and without any knowledge of the origin
of the centres, it seems to be impossible to make an unambiguous choice
between these models.

The shorter relaxation time tt increases with decreasing temperature

I

B-

2. r, - CNr
Ec~Er-0,3eV

io1 Er E,-02eV

TSR R E v E b ioooon

Fig. 7. Normalized theoretical curves of—-against reciprocal temperature for the same values

of parameters as in Fig. 6

and also shows saturation. From the model studied in Sec. 3 such temperature
dependence can be fully explained, as seen in Fig. 7. It is interesting to note
that the short relaxation time found by Primachenko et al. for Si, has a tem -
perature dependence opposite to that of xt in Figures 4 and 5. Therefore, our
model is not applicable to this case. From the saturation value of rtthe quan-
tity CtpNt can be calculated if the relaxation time is assumed to be determined
by the traps alone.

Further experiments are in progress to separate the effect of recombina-
tion centres from that of traps. For this purpose it is intended to combine
the method of stationary field effect [13] with surface kinetics measurements
and also to systematically study the behaviour c). By using different chemical
treatments, it is hoped to obtain information concerning the origin of the traps.
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Appendix

Integrating Eq. (1) over the space charge layer and assuming a 0-like
distribution of centres, we obtain:

dn

dt Cm(nYPry nn nry),

dp

dt Crp(pYn,Y PnPrY) -Ctp(PYntY PnPtY)» (A1)
dnty

dt “ Clp(py niv PtIPtY) »

where the relations nnY = nri etc. were taken into account and nr, pr, nt,pt are
concentrations per unit area. Based on classical work of Garrett and

Brattain [10] we have
Y

n=1"In+n*= - i«,A-ie-"LDI
0
Y
e a\
P=rp+ P* \ ni-epL (A2)
F(y,KN, P)

where the concentrations are given by the expressions:

n= n*ey= tijAla N+y,
p = p*e-Y = n,fAep-Y, (A3)

The following notations were used: A= POn/ = u//ll,; P= B(Fp— FO0);
N — B{Fn — F 0) and the quasi Fermi-levels Fn, Fp are taken independent of
position (the condition for this was examined by Franki1 [14]).

y = B(\f—yO0) is the dimensionless potential and ¥ is its value at the surface.

££0  Y2.
Ldi— 2nen-BJ *S SO ca™et™ intrinsic Debye length,
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F(y, AP,N) = T-["P(e~y - 1) + I~4~Nfey- 1)+ (A- A*1]'7

where, by definition, P <[ 0 ify 0. It is easy to see that Eq. (2) should be
replaced by the following expressions:

Onry + apry = 0,
ontY + oply — 0, (A4)

éri -f- anty -f- anrY — ap.

In the above equations the diffusion and the bulk centres have been neglected.
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O KVHETUKE MOBEPXHOCTHOM PEKOMBV/HALI B TEPMAHN
A. NEPUHLUW, . NTATAKW u I. MACTOP
Pesome

B HacTosALE/ pabote 3 VIVEHTa/TBHO 1 TEOPETVHECKM MCCTIEA0BaHA KVHETVIKA M0
B%E)XHOCTHOI/I KOMOVHaLWM B Ge.  I/BVepsieTca pefaxcauyist  (hoTOMpoBOaMIMOCTY MEXY
T7°—340°K. Tpy MOHVDKEHHLIX  TEMIEpATYPax KpvBbLE n g MOCTU
MOXHO COCTaBUTb M3 [BYX 3KCMOHEHTOB (T, T(). B paboTe MokasaHo, YTO TEMMEpaTypHytO
38BV/CMOCTb 71 U T(, C MCKITyYeHEM HACbLLEHS Tn MOMKHO XOPOLLD OOSICHT, Mpearo/ialas
CYLLECTBOBaHVE LIEHTPOB PEKOMOMHALWM OHOMO TUMa U Taloke LIEHTPOB MpUWMNaH s s
[bPoK. [MonydaeTcs oucTem aydabepeHUyianibHbIX YPaBHEHUIA PEKOMOVHALWY, MPYHAVIBST BO
BH/VEHVE BIsHVE Cnost 06BEMHOMO 3apsiga (MpuriokeHve). caMoro MpocToro
[PETCA MPaBWIO MOSyHeHs (opMyr, OTHOCALLYIXCA K MOBEPXHOCTHOM PEKOMOMHALYAM, €C/In
MBBECTHbI COOTBETCTBYHOLLKE (IOpMYrTbl /1 0GLEMHLIX LIEHTOB.
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The dendritic growth of ZnS crystals in the form of long ribbons, plates and needles
was observed when ZnS crystallized from liquid Ga. The cubic ribbons and plates propagated
in the <211> directions, the needles were hexagonal and their main propagation was parallel
to the c-axis. It has been found that for a cubic lattice (ribbons and plates) the growth mecha-
nism of ZnS show the same features as the growth of Ge, Si, In, Sb, etc. dendrites.

1. Introduction

Dendritic growth of crystals can be observed from melts, liquid and solid
solutions, vapour-pbase and during electrocrystallization.

Recently, the formation of dendrites aroused widespread interest but
the origin of this phenomenon has not yetbeen clarified. (C. F. Bolling and
W. A. Tiller 1961, [1, 2])

Dendrites usually possess a definite crystallographic oiientation, and in
this respect they belong to the monocrystals.

Generally, crystals of low symmetry show dendritic growth. In lattices
of higher symmetry, chiefly when crystallizing metal-melts, dendritic growth
frequently occurs.

Dendritic growth occurs very rarely in case of ZnS and CdS, whether
they originate from the vapour, or melt phase.

Owing to the great importance of these crystals and because of some
special properties of dendritic crystals it seems leasonable to use every effort
to produce dendrites and to examine their characteristics.

This paper deals with the description of some features of ZnS dendrites
produced in our laboratory. It has been stated by Karuzhnaia (1964) that
the ZnS can be dissolved and crystallized from Ga [3].

Concerning the dendritic growth of ZnS crystals, we only wish to remark
that they have been produced from ZnS dissolved in metallic Ga by means of
suitable apparatus. This paper does not deal with the method and technique
of dendritic growth, which will be discussed elsewhere.

2. ZnS dendrites

When crystallyzing ZnS from the liquid phase of Ga, we succeeded in
observing two different types of dendritic crystals. The one was the so called
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platelike dendrite, very similar to the crystals appearing in supersaturated
solution and during the formation of ice.

The other type is needle-like, with numerous secondary dendrite branches
growing perpendicular to the main growth direction.

Fig. 1. Triangle-like ZnS dendrite plate. The propagation layers well observable on the surface
of the plane are conform to the main propagation direction <211> of the dendrite

Fig. 2. X-ray pattern of the dendrite shown in Fig. 1. The pattern has been made by the
rotating crystal method; the axis of rotation is parallel to the normal of the planes

The maximum length of the first crystal type very frequently exceeds
10 mm, its thickness is generally about 0,1 mm. Figure 1 shows a characteristic,
triangular dendritic ZnS plate. The main propagation directions of the dendrite
and its surface pattern are distinctly visible.

X-ray examination of the crystal proved that it has a cubic structure
(sphalerite). The X-ray patterns were made in Weissenberg or oscillation type
cameras of 57,3 mm diameter by irradiation with FeK, and CuK,, radiation,
respectively. According to the rotating crystal patterns the normal to the
surface is parallel to the hexagonal c i.e. the cubic <(111)> axis .If we choose the
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rotation axis parallel to the direction ofthe bisectors, i..e. to the normals of the
sides of the triangle-like crystal plates, the value d calculated from the distance
of the layer-lines in the pattern is 6,6 A (see Fig. 2); this is equal to the distance
of two identical points lying in the direction of the normal of the (1000) plane,
according to hexagonal indexing 2d1000= a + 1/3 = 6,6166 A.

If we choose the axis ofrotation parallel to one of the sides of the triangle-
like crystal, the value d, calculated from the distance of the layer-lines comes
to 3,84 A. Thus, it is equal to the lattice-constant ofthe elementary cell (a =
3,82 A), within the measuring errors. All these results prove that the side

Fig. 3. Microphotography of the ZnS dendrite-ribhon. The morphological and structural fea-
tures of the crystal are similar to those of the dendrite shown in Fig. 1. The only difference is
that one of the three (211) directions is a preferred one

planes of the triangle conform to the (1000), (0100) and (1110) lattice planes.
The plate itself lies in the (0001) crystal plane, parallel to the closest packed
lattice planes. Figure 1 shows that the dendritic growth occurs as the result of
the repeated protrusion on the tips of the crystal. This phenomenon can be
observed still better when examining ribbon-like dendrites. Figure 3 shows
the tip of such a dendrite. The symmetry conditions and orientation of the
dendrite are perfectly similar to that of the crystal shown in Fig. 1. It must be
pointed out that the X-ray pattern of the above plate-like dendrites does not
show any stacking faults and the crystals are very probably of pure, cubic
structure. This fact has a great importance for further physical investigations.

In some cases we succeeded in observing polytypes on plate-like dendrites
with hexagonal morphology. The X-ray pattern of such plate-like dendrites
proves that the structure of the plate is polytype with six layers without
stacking faults, similar to the structure described by Fronder and Parache [4]
(1948). We could also observe this type of structure on ZnS crystals grown from
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the vapour-phase. The only difference was that with needles grown from the
vapour phase, the polytype-like lattice occurred only in a small, definite range
of the crystal, whereas the dendritic plates are as a whole structurally pure
polytype modifications.

A considerable difference in structure occurs with dendritic needles.
These needles have a length of almost 10 mm and their width is 0,5—1,0 mm.
Secondary dendrite branches, consisting of needles and plates branch off
perpendicular to their main propagation direction. In many cases the charac-

Fig. 4. Rod- and needle-like ZnS dendrites. On crystal B it is well observable that the
continuation of the dendrite is a hexagonal, hollow crystal

teristic dendritic form is followed by a hexagonal, hollow crystal along the
needle axis. The faces of this are approximately perfect and only the hollow
within the crystal proves its dendritic origin (see Fig. 4). The X -ray examination
of such dendrites shows that the lattice of the hollow range is hexagonal.
Stacking faults can be observed on it, as well. Considering the fact that the
cubic plates and the hexagonal needles are occurring at the same time, the
structure difference accompanying this morphology seems to be of great
interest.

3. Discussion

Up to now the investigation of dendritic growth has shown that it
chiefly depends upon temperature gradients, due to heat-conduction effects,
impurity gradients, or to the solvent, accumulated on the surface of the growing
crystal. (See e.g. Saratovkin 1959, Bolling and Tiller 1961 [5, 2]).
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Fig. 5. X-ray pattern of the hollow section of crystal B shown in Fig. 4 made by rotating
crystal method

Fig. 6. Morphology ofthe tip of a dendritic crystal containing 3 twin-planes. The tip shows two
reentrant grooves and one ridge. The neighbouring sides contain two ridges and one reentrant
grove

Fig. 7. Microphotography of the tip of a ZnS dendrite. The planes and edges of Fig. b are well
observable on the tip and one of the side-planes. (A = reentrant groove, B — ridge)
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Since, in the course of our experiments we used sufficiently pure Ga and
ZnS, the mechanism caused by contaminants is excluded. It seems to be most
probable that when growing ZnS from Ga the first or third mechanism is
occurring. The fact that the dendritic plates differ considerably from the
needles in structure and main propagation direction, proves that their atomic
mechanism of growth is different.

The main propagation directions of the dendritic plates conform with
<121),<112) and <211) (cubic indexing). This agrees perfectly with the observa-
tions made on other materials of diamond structure as InSh, Ge, Si, etc.

It is known that when using the above substances the twin planes parallel
to the crystal face or ribbon-planes accelerate the quick growth of dendrites
(see e.g. A1bon and Owen 1962, Birtnrig 1957, Bittig and Hoimes 1957, Lind-
berg and Faust 1962) [6—10].These twin planes produce ridges and reentrant
grooves which are covered by faces (111) on the tip of the dendrite. A more
detailed examination of dendritic plates and ribbons showed that these
dendrites contain 3 twin planes.

In the case of Ge f.i. dendrites with 3 twin planes are of great importance.
The theory of three-twinned dendrites has been described (Bot1ing and Tirner
1961 [1]) in more detail. Such dendrites were supposed to have two re-entrant
grooves and one ridge on their tips. The growth rate of the tip is about twice
that of the neighbouring side planes, showing one re-entrant groove and two
ridges (Fig. 6). This causes a continuous propagation in three <211) directions.
When examining the tips of the platelike ZnS dendrites, we succeeded in
observing the characteristic morphology as shown in Fig. 6. Figure 7 shows
such a dendrite tip with the faces and edges.

The growth of the rod-like dendrites does not show such unique features
The growth mechanism could not be determined by X-ray examination
Morphological examination shows that the dendrite-branches perpendicular
to the c-axis have most probably a <1120) orientation. We did not succeed in
observing tertiary branching on the secondary dendrite arms.

In any case, the fact that the main propagation directions of the two
different types of dendrites (needles and plates) form a right angle and that
there is a sharp difference in their structures, indicates that there must be an
essential difference in their growth mechanism.

The explanation of the growth mechanism of the needlelike dendrites
and their continuation, the hexagonal hollow crystals, needs further investi-

gation.
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DEHAPUTOBBIN POCT KPUCTAJIIOB ZnS
W. BEPTOTH, E. NEHABAW, M. ®APKALL-AHKE, M. XAPLI u N. KOBAY

Pesome

ViccnepoBanca AeHAPUTOBbLIA POCT KPUCTa/INI0B B J/IMHHOM NEHTOYHOI, NIOCKOA N UToNb-
yaToli (hopmax B c/lydae KpucTaimsaumm ZnS u3 Xuakoro Ga. BblpalimBaHue KyGUUYeCKUX
NEHT 1 NIOCKNX (IOPM MPOUCXOAMT B HamnpaBneHnn <211> uronbyatble MMeNN reKcaroHaabHyH
(hopMy M POCT MX B OCHOBHOM XapaKTepu3yeTcsl HarnpaBfieHWeMm, napannenbHbIM ocM — c.
OKa3sbIBaeTCs, UTO B C/lydae KyGMUYECKMX PELLeTOK (SIEHTOUHbIX W MIOCKMX KPUCTa/I/IoB) Mexa-
HU3M pOCTa KPUCTa/II0B ZNnS MOKasbIBaeT TaKyH XXe KapTUHY, Kak 3T0 Habnoaanock nNpu pocte
feHgputoB Ge, Si, In, Sb n 1. g
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The phase transformation of cesium chloride has been investigated by an electron
diffraction method. Hybridization and recrystallization were observed in a temperature range
below the transition temperature. The thermal expansion of the alpha phase showed an ano-
malous increase. The possibility of a defect mechanism to account for these effects is discussed.

It is well known that cesium chloride undergoes acrystallographic trans-
ition above 720°K from abcc form (CsCl—a) to a fee form (CsCl—=R). Although
much work has been done to explain the structural changes on an atomic scale
during the transformation the conclusions drawn from the experimental
results are still contradictory. According to Wagner and Lippert [1], Buerger
[2], and Hoodless and Morrison [3] the transformation of cesium chloride
might he accounted for by a simple differential dilatation of the lattice. On
the other hand Menary, Ubeelohde and Woodward [4], who carried out
X-ray measurements in the region of the crystallographic transition suggested
that the transformation is accompanied by a gradual increase in the con-
centration of imperfections. Thus the transition is foreshadowed by consider-
able changes in the original phase. Lantelme and Pauly [5] have shown that
neutron irradiated cesium-chloride crystals which were heated subsequent to
the irradiation show an enhanced release of 3S at about 753°K. This observ-
ation might be interpreted as indicating the presence of a high concentration
of vacancies in the region of the transition.

In this paper electron diffraction studies are discussed the aim of which
was to follow more closely the structural changes taking place in the region
below and at the transformation temperature. The advantage of this method
is the short exposure time (1—2 seconds) which enables a considerable number
of diffraction pictures to be obtained during the whole process of transforma-
tion. This type of experiment can be carried out only with evaporated thin
layers. However Witt, who had made absolute lattice constant measurements
with the electron diffraction method, found that his results on T1Cl1l were in
agreement with X-ray measurements up to four decimals [6]. As will be shown
later our own lattice spacing measurements corresponded reasonably with the
X-ray results of Wagner and Lippert [1]. Thus, it appears to be feasible to
draw more general conclusions from electron diffraction investigations.
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Results

1. The experimental procedure and some results have been briefly de-
scribed in a preliminary report [7]. The specimens were prepared from Merck
pro analysi CsClin a Balzers 350—G vacuum device at 2 m10“5torr by eva-

321 110 210

Fig. 1. Diffraction pattern of the a-phase (electron beam focussed on the object)

W11 991 /9Tl

b)
Fig. 2. Diffraction pattern of the mixed phase (a) and of the /9-phase
(electron beam focussed on the object)

poration from a molybdenum boat, and then investigated in a hot-stage
electron diffraction specimen holder of a Hitachi HU — 10A electron microscope
operated at 75 kV. In order to prevent sublimation during the heating the
cesium-chloride crystal-layers were coated in the vacuum evaporator with a
thin carbon film. The contrast of the diffraction patterns was only slightly
affected by this procedure. A typical picture of the bcc axphase at room tempe-
rature is shown in Fig. 1. The layer thicknesses expected [8] were 20, 100 and
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300 A. The LX values (L is the tube length and Xis the electron wave length)
were determined with a thallium chloride standard [9]. The diffractograms
were evaluated with a Zeiss Abbe comparator and a Zeiss autoregisteiing
photometer with diffraction attachment. More than 50 experiments were
carried out, the mean square error in the determination of the lattice constant
was 0.2%. The accuracy of the temperature measurement was =);,100C as
allowance had to he made for the heating effect of the electron beam.

Fig. 3. Temperature dependence of the lattice spacing: a.) CsCl-a b.) NaCl (for comparison)
mean square approximation. O: own measurements, x: results of Wagner and Lippert

2. According to the experimental results the (200), (220) and (420) rings

of the R phase appeared at about 673°K. However, the structure remained
mixed at this temperature since a major part of the rings of the a-phase was
also observed. Above 733°K only the /3phase remained (200), (220), (311)
and (420) rings.

Fig. 2 shows typical pictures of the mixed phase and the /3-phase.

Once the /3-phase had developed it remained very stable and could be
brought down to room temperature. The first rings of the «-phase (211), (221),
(310) and (400) only appeared after several hours at room temperature.

The lattice spacing as determined from the (110) and (211) rings of the
«-phase at room temperature was 4,118 ~ 0,008 | and for the /3-phase as
determined by the intensive (200) ring 7,020 ~ 0,008 A at 755°K. The lattice
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spacing of CsCl at 293°K obtained by other authors is given in Table 1.
Utilizing the short exposition time of the electron diffraction method values
of the lattice constant of CsCl—a were measured from 293°K to 733°K.
In Fig. 3 the lattice spacing versus temperature is plotted, together with the
X-ray results of w agner and Lippert [1]. An exact transition temperature
cannot be given because of the hybridization of the a- and ”~-phases already
beginning at 673°K, an approximate temperature however as found by the
disappearance of the strongest (211) bcc line is given in Table 1, together with
the data of other authors.

Fig. 4. Rate of recrystallization
Abscissa: time in minutes; ordinate: average grain size in A

Our results — as can be seen from Fig. 3 — substantiated the results
of Wagner and Lippert: the thermal expansion of the crystal lattice showed
an anomalous increase in the neighbourhood of the transition CsCl— a — R.
Fig. 3 contains for comparison also the thermal expansion of the lattice spacing
of sodium-chloride samples prepared and measured in the same way as cesium-
chloride. No anomalous expansion can be observed in the measured temperature
range.

3. The growth of the mixed phase was investigated more closely by eva-
porating cesium-chloride in the diffraction-attachment of the HU —10A
electron microscope from an evaporator, constructed specially for these
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experiments in our laboratory, on carbon substrates at elevated temperatures.
Depending upon the temperature of the substrate, mixed and pure B-phase
was obtained below the o« — f transition temperature. These results are
summarized in Table 2. If the experiments were repeated with substrate
temperatures in the region of the transition no layer was obtained because of
the sublimation which made it necessary to coat the layers with a thin carbon
film as described in Section 1.

4. In order to obtain more information on the mechanism of trans-
formation, electron diffraction photographs were taken by focussing the
electron beam on the object. In this way the rings could be resolved into spots
suggesting recrystallization, by raising the temperature. This recrystallization
process was examined more closely by measuring the line broadening applying
the theory of the scattering of the X-rays by small crystals developed by
voN Lave [10] to the diffraction of electrons. The average crystal size of the
samples was determined in this way, according to Pinsker [11] with fair
accuracy. As can be seen from Fig. 4, the results show curves approximately
of the type x —= 1 — exp (— Bt") (x = recrystallized fraction, t = time, B =
temperature dependent constant, K = constant) well known from the theory
of recrystallization [12, 13]. According to these measurements the samples
undergo a remarkable recrystallization during heat treatment.

Discussion

To explain our results it is assumed that the phase transformation of
cesium chloride can be related to the increasing concentration of thermally
generated Schottky defects formed before and during recrystallization. This
assumption seems to be substantiated by the observed recrystallization process
(Figures 4 and 5), which must necessarily be connected with ionic movements.
It is well known that in the case of alkali halides the diffusion of ions takes
place via Schottky defects i.e. positive and negative ion-vacancies.

A further argument in favour of the above assumption appears to be
the observed anomalous temperature dependence of the thermal expansion of
the z-phase in the temperature range preceding the o — f transition. MERRIAM,
SmorucHOWSKI and WIEGAND [13] showed that for sodium chloride a similar
deviation from the linearity of the thermal expansion was observed about
200°C below the melting point. The magnitude of this deviation (1) increases
exponentially with the temperature according to Ax = A - exp (—BJkT),
where T'is the temperature in °K, k = Boltzmann’s constant, A4 is a constant
and B should represent the energy of the formation of a cation or anionvacancy.
This activation energy was consistent with that deduced from ionic conducti-
vity measurements [14]. The authors concluded that the anomalous thermal
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expansion of sodium chloride can be related to the concentration of thermally
generated Schottky defects.

We suggest that the same mechanism applies to cesium chloride still in
the a-phase in the temperature range preceding the x -> ~-transition. This
might be verified by plotting semilogarithmically the temperature dependence
of the deviation from linearity (Ax) in the thermal expansion of cesium chloride,
(log Ax versus 1/T). This plot gives a straight line, i.e. log Ax = log A — B.
1/kT, as can be seen from Fig. 5. From the slope of the graph the B activation

Fig. 5. Temperature dependence of 1u in semilogarithmic representation

energy of a thermally generated positive or negative ion vacancy (Schottky
defect) can be determined. For this the value 0,6 eV was obtained, which gives
1,2 eY for the formation of a Schottky defect pair.

Similar values were obtained by measuring the electrical conductivity of
cesium chloride single crystals and polycrystalline samples. The results are
presented and discussed in a following paper to be published.

Our results are apparently in accordance with those of Merriam, Ubbe-
tohde and W oodward [4] who explained the anomalous decrease of the inten-
sities of their X-ray lines with the temperature by a gradual increase of the
concentration of crystal defects.
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Table 1
Lattice spacing at 293°sK and transition temperature of CCI

Latti i Transition tem-
a I?s ipaC|ng Authors perature in °K Authors
4,12 W. P. Davy, 716 H. Keitel [6]
F. G. Wick [1] cooling curve
4,121 E. Brock, J. Oftende, 718+ 5 G. Wagner,
A. Probst [2] R. Lippert [4] X-rays
4,118 + 0,002 R. J. Havighurst E. Mack, 724 S. Zenczuzny, J. Ron-
F. C. Brake [3] bach [7], C. Sandonini,
G. Scarpa [8] cooling
curves
4,118 (298"K) G. Wagner, L. Lippert [4] 752 E. Korrang [9] heating
curves
4,1180+ 0,0005 .1 W. Menary, A. R. Ub- 742 J. W. Menary, A. R. Ub-
belohde, J. Wood- belohde, J. Wood-
ward [5] ward [5J
4,11870,008 present work - 753+ 10 present work

1. Phys. Rev., 17, 403, 1921.

Z. Phys. Chern., 3B, 209, 1929.

. J. Amer. Chem. Soc., 46, 2368, 1924.
Z. Phy . Chem., 31, 263, 1936.

Proc. Roy. Soc.. A208, 158, 1951.

N. Jb. Min. Geol.,, A378, 1925.

Z. anorg. Chem., 65, 403, 1910.

Men. Accad. Lincei (5) 21, 37, 1912.
Z. Anorg. Chem.. 91, 194, 1915.

CENOGORWN

It seems the conclusion might be drawn that the transition is foreshadow-
ed by a considerable gradual increase in number and size of B nuclei. This, of
course, does not exclude the possibility of a dilatational transformation in
very small regions of some ten or hundred ions. This transformation of the B
nuclei may take place below the transformation temperature. Once, however,
they have been formed they start growing by some recrystallization mechanism
at the expense of the original phase. The observed hybridization as well as the
formation of the ~3-phase on substrates at elevated temperatures below the
transition range might be accounted for in this way.

Table 2
The growth of the /3-nuclei below the transition on substrates at elevated temperatures

Temperature of the substrate in °K 293 503 613 643
Presence of the a and /*-component j u+nR a-\-6 R

Note: */i-phase only in traces; the underlined letter refers to the predominant phase
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SNEKTPOHHO-AN®PPAKLUMNOHHOE WMCCAEOLOBAHUWE $A30BOIO
MEPEXOAA XNOPUCTOIo LE3NA

3. MOP/IUH n N. TPEMMEN
Pesome

ANeKTPOHHO-AN(PaKUMOHHBIM MeTOAOM UccefyeTcsl (DasoBblii NMepexod X/0pUCTOro
Lesns. B TemnepaTypHOM WHTepBasie, MpefLUECTBYHOLLEM TeMnepaTypy Mepexofa, Habnwopja-
Ncb TMépugmsaLmsa U pekpuctanunzaums. TepMmyeckoe pacluupeHue anba-hasbl MokKasbl-
BaeT aHOMaJlbHOe MOBbILLIEHME. VICTONKYeTCS BO3MOXHOCTb f06aBOYHOr0 AetheKTHOro Mexa-
HM3Ma ANnsa 3TUX 3PHEKTOB.
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From the electrical conductivity of pure cesium chloride crystals and crystals doped
with divalent impurities the energy of the formation of a Schottky defect pair can be calcul-
ated. The results obtained in this way and the comparison of the activation energy values as
obtained from the measurements of the a- and j6-phase indicate that the phase transformation

is foreshadowed by the formation of termél vacancies. The phase transformation appears to
be structure-sensitive.

In a previous paper the bcc (a) —»fee (B) phase transformation of cesium
chloride was investigated with an electron diffraction method [1]. The observed
hybridization (simultaneous presence of the a- and /3phase below the trans-
formation temperature) and the measured anomalous thermal expansion could
he explained by assuming a gradual increase in the concentration of thermally
generated Schottky defects. Similar results were obtained by Menary,Ubbe-
lohde and Woodward [2] who observed an anomalous decrease of the
intensities of the X-ray lines with the temperature, and Lantelme and Pauly
who showed that neutron irradiated cesium chloride crystals which, sub-
sequent to the irradiation, were heat treated gave an enhanced release of 35S
at about 753°K [3]. Both observations might be interpreted by the presence
of a high concentration of vacancies in the region of the transition.

In a series of experiments the ionic motion before, after, and in the
transition region has been investigated directly by measuring the temperature
dependent conductivity of cesium chloride single crystals and polycrystalline
pressed samples. Similar measurements had already been carried out [4—6]
but with varying results, which may be attributed to the relative small number
of samples measured and to the fact that the experiments were carried out over
a small temperature range (543°—754°K) only till the end of the trans-
formation.

§ 1. Experimental method

Merck pro analysi and high grade spectral pure inateiial (Johnson, M atley
and Co) was used. From the pro analysi material single crystals were grown in
a chlorine atmosphere according to the method of Avakian and Smakula [7],
and polycrystalline disks prepared at room temperature with a pressure of
10 000 kg *cm“2. This method of preparation has already been described
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[8, 9]. The conductivity of the samples was measured from 423°K up to
873°K (close to the melting point).

The measurements were carried out in the usual way with a direct
current method at a stabilized voltage of 3¥. The current was measured with a
Hartmann and Braun light spot galvanometer with a maximum sensitivity of
4,49 «10"0 amp./scale. The samples covered with a thin graphite layer were
clamped between silver electrodes, and heated in an electric oven of stabilized

Fig. 1. log a versus 1/X plot of the conductivity of a CsCl single crystal

current, which could be regulated with a thoroid transformer. The temperature
of the specimens was measured with a Fe —Ko thermocouple and a Hartmann
and Braun millivoltmeter.

The specimens were in air or maintained in a dry nitrogen atmosphere.
No atmospheric dependent difference could be observed. About 25 samples
were measured, and the results could be represented by the well known function
a = exp (—BjkT) (a = conductivity in ohm_1cm_1, T = temperature in °K,
k* Boltzmann’s constant).
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§ 2. Results

1. Fig. 1 shows a typical example of the conductivity measurements in
semilogarithmical (log o versus //T) representation. The graph consists of two
straight lines in the «-phase range with a knee at about 550°K. Similar results
were obtained with all samples, single crystals and polycrystalline disks, except

Fig. 2. log a versus 1/T plot of the conductivity of a CsCl disk prepared from spectral-pure
material

that the specimens made from spectral pure material had their knee at a lower
temperature (about 500°K) as can be seen from Fig. 2.

The phase transformation is indicated by a considerable decrease of
conductivity in the transformation region. It may be noted that the conducti-
vity ofthe /9-phase is represented by only one straight line with a slope nearly
the same as that of the «-phase line above the knee.

The activation energies as determined from the conductivity measure-
ments in the usual way were 0,6 ~ 0,2 eV for the first region below, and 1,05
N 0,05 eV for the second above the knee. The same value was obtained for the
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single line of the [O-phase. With one and the same specimen the difference
between the second activation energy of the a-phase and the sole energy value
of the A-phase was not more than 0,02 eY.

2. The break in the log a versus 1/T curvesis now generally interpreted as
resulting from divalent impurities incorporated in the crystal. As the material

Fig. 3. log a versus 1/T plot of spectral-pure disks doped with SrCI2

a) undoped

b) 12,64-10 _7 mol ratio Sr/Cs
c) 25,28 mol ratio Sr/Cs
d) 37,92 mol ratio Sr/Cs
e) 94,84 mol ratio Sr/Cs

becomes purer the break in the conductivity graph shifts to lower temperatures
in agreement with this interpretation. In our experiments, a similar shift could
be observed for the spectral pure specimens (Fig. 2).

The influence of the divalent ions was investigated in the usual way
developed for KC1 and NaCl (Keirting and w itt [10], and Etze1 and Maurer
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[11]). The spectral pure cesium chloride was doped with various amounts of
SrCI2 by a recrystallization technique already described, and used to incorpor-
ate T1G1 in sodium chloride [12, 13]. The results of the conductivity measure-
ments on such specimens are presented in Fig. 3. As can be seen, the curves
come together to straight lines with the same slope. It should be noted that at
a given temperature below the knee the conductivity induced by the divalent
metal ion depends upon the concentration of the impurity.

r
10 50hm-'cma

\°

0 20 30 40 1 (minutes)

Fig. 4. Time dependence of the a-+R transition as indicated by the decrease of the conducti-
vity at constant temperature

3. As can be seen from graphs 1 and 2 the a —m"3-phase transition

indicated by a considerable decrease of the conductivity in the temperature
region of the transformation. If the temperature at which the transition was
observed to begin was kept constant a relatively small decrease of the con-
ductivity was initiated, which, however, did not indicate a full transformation
(Fig. 4). This could be achieved only if the heat treatment at this temperature
lasted for more than 10 hours or when the whole temperature range of the
transition had been passed through.

The decrease of the conductivity during the transformation can be
influenced by a heat treatment at the starting temperature (743° i 5°K) of
the transition. For such experiments the crystals were heat treated for various
time intervals, brought down to room temperature and measured. Depending
upon the time of the heat treatment, the decrease of the conductivity character-
istic for the transition was gradually reduced (Fig. 5). Together with this
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Fig. 5. The time-dependent reduction of the Aa values (zlcr = decrease of the conductivity
indicating the phase transformation) as a function of the heat treatment; (temperature of heat
treatment: 743°K):

a) before the heat treatment

b) after a heat treatment of 4 hours

c) after a heat treatment of 12 hours

d) the time dependence of Aa, heat treatment at 743°K

reduction {Aa) a second knee and a third slope was formed in the a-phase at
about 645°K with avery low apparent energy value (B), which varied together
with the Aa values (Table 1).

§ 3. Discussion

1. The /3phase slope represents a temperature range approaching the
melting point of cesium chloride (913°K). Consequently it is a high temperature
range, where the conductivity is essentially intrinsic, and should be accounted
for by thermally generated Schottky defects. From the fact that the activation
energy as calculated from the second slope of the a-phase corresponds in a
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Table 1

The variation of the apparent B-vahies of the third slope of the
«-phase conductivity developed during the heat treatment

Time
of heat Aain 10“e
treatment (ohm-1 cm-1) B (absolute value)
(hours)
0 36 no third slope
4 16 1400
6 12 1200
8 9 1000
12 4 850

easonable way with the values of the ;5-phase it might he assumed that the
econd slope of the a-phase represents an intrinsic region, too. In this region,
the termally generated defects become larger in number, and the activation
energy represents the sum of the energy of formation and the jump energy of a
vacancy. Our assumption is substantiated by the results of measurements
carried out with SrCl2 doped specimens. From these experiments according to
Etzel and Maurer the mobility of the vacancies and the energy of formation
of a Schottky defect pair was calculated [11]. Applying the mass action law
one obtains

y = Lor2 Fa*, (1)

where y is the mole fraction of the impurity ion added to the crystal, a is the
conductivity of the crystal containing divalent impurities, and

L —xO0HI4 )
and
F = M/g NOefi. ?3)

In Eq. (2) xOrepresents the mole fraction of the positive ion vacancies
present in the undoped crystal and <Othe conductivity of the undoped crystal.
H is defined by the equilibrium constants of the mass action law. By intro-
ducing the experimental data as obtained from diagram 3 at constant tempe-
rature to Eq. (1) the constant F was evaluated. The mobility (fj) of the vacan-
cies was obtained directly by substituting in Eq. (3) the known values of M
(molecular weight), g (density), e (electric charge) and N 0 (Avogadro’s number)
(Table 2). Plotting log /iT versus I/T accordingto the well known equation

p bl T)-exp(-17/*T) (4)

* For the derivation of this equation see E tzel and Maurer [11].
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Table 2

Evaluation of the F constant and determination of the mobility
of the vacancies from measurements on SrCl2-doped samples

'I'tle”mepeorlg- F = MIgN“ep cma;\g((:)-ti”i\t/yolt-l
425 4,15-104 1,05'10~8
454 2,45-104 1,78-10_8
477 1.72-104 2,54'10-8
500 0,90'M4 4,85'10—8

the U activation energy for a jump of a vacancy was calculated (Fig. 6). For
cesium chloride U = 0,5 0,05 eV was obtained. For the pure crystals an
activation energy for the assumed intrinsic region of the a-phase B — 1,05 *
A 0,05 eV was measured. As according to theory

B= WR + U (5)

the W energy to form a pair of isolated positive and negative ion vacancies
within the crystal is 1,1 eV.

Assuming that the experimentally measured temperature-dependence
of the thermal expansion of cesium chloride in the anomalous region near the
& —mB transition as discussed in the previous paper [1] can be related to the
concentration of thermally generated Schottky defects, following Mermam,
Smoluchowski and Wiegand [14] W was also calculated from diffraction
measurements [1]. The activation energy for a Schottky defect pair obtained
in this way (W = 1,2 eV) seems to be reasonably consistent with that deduced
from the conductivity measurements.

From these results, the conclusion might be drawn that the phase trans-
formation of cesium chloride is preceded by an enhanced release of vacancies
as the transition range is approached just as the transition from the solid to the
liquid state is accompanied by a rapid increase of vacancies in the crystal near
the melting point.

2. The phenomenon described in section 3 of paragraph 2 can be ex-
plained by assuming that as a result of the heat treatment at the starting
temperature of the %—»R transition /1-nuclei start growing. The conductivity
of the /3phase is less than that of the axphase, the reason for which is readily
explained by the lower co-ordination number of the fee /S-phase [15]. The slow
time dependent transition shown in Fig. 4 may represent a slow growth of
/5-nuclei. As a result ofthese experiments it is suggested that the heat treatment
produces a certain number of /3-nuclei which seem to he very stable. When,
after the heat treatment, the temperature dependent conductivity was mea-
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sured the /3-nuclei formed during the previous heat treatment are supposed to
start growing even below the transition temperature. The a-phase is still in
excess, and the conductivity increases with the temperature. This increase,
however, is suppressed by the growing *-nuclei. As aresult of these two opposed
processes the slope of the conductivity graph, and with it the apparent acti-
vation energy, decreases. The starting temperature ofthe phase transformation
is in the heat-treated cases lowered, it starts with the second knee, and is

Fig. 6. Semilogarithmic representation of the temperature-dependent vacancy mobility as
determined by the SrCl2-doped specimens

indicated by the lowering of the B-values, too. In these cases not only the
decrease of the conductivity, but the formation of the second knee, and the
N-values above it ought to be considered together as indicating the phase
transformation.

The conclusion can be drawn that the phase transformation of cesium
chloride is structure-sensitive. This structure sensitivity is also indicated by a
hysteresis shown in the a —= R and B —»a transformation as can be seen from
Fig. 7. Similar observations have already been reported [4].
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Summary

1. The temperature dependence of the electrical conductivity of the
X-phase of cesium chloride consists of two slopes The activation energy as
determined from the second slope corresponds in a reasonable way with the
values determined from the single slope of the /?-phase.

Fig. 7. Hysteresis of the a-*-f and jS<transition:

aj as measured at increasing temperature
b) measured at decreasing temperature

2. By doping the cesium chloride samples with SrCl, the activation energy
for one ion jump can he calculated. From this and from the second slope of the
conductivity graph of the x-phase the activation energy of the formation of a
vacancy pair can be calculated. The values obtained in this way correspond in
a good approximation with the values obtained from the anomalous increase
of the thermal expansion.

3. The experimental results can be explained by assuming that the phase
transformation is foreshadowed by the formation of thermal vacancies.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



Z. MORLIN 147

4. The process of the phase transformation as indicated by the electrical
conductivity can be influenced with a proper heat treatment: the transform-
ation appears to be structure sensitive.
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QNIEEKTPVYECKAA TPOBOOMMOCTb U PA30BbIN TEPEXO/,
XOPUCTOMO LIE3A
3. MOPINH
Pesome

Ha ocHoee SrleICI'pIALIGCKOVI MNPOBOAMMOCT YACTBIX KPCTaV10B X/I0PUCTOrO LIESUA U
KOUCTaUVI0B, COOEMKALLIMX HTHbE MPUVECH, OrnpeaesdeTca SHeprvia 06DaSOBaHVI5|
JeqeKTHbIX Map . HbE [aHHbM METOOOM [Pe3y/bTarbl U CoaBHEHVE SHEPIN
aKTVBaLyK, MoyHeHHbIX HA OCHOBE VBMEPEHU a- 1 /783, NMOKa3bBaKgT, YTO (fe30Bb A Mepexos,

MPECKa3LBAETCA  00PA30BAHVEM TEPMVYECKUX BakaHOVA.  PasOBbIA MEPEXOf, OKAsbBAETCA
UYBCTB/TE/bHbIM OTHOCUTENIBHO  CTRYKTY[E.
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DIE LEBENSDAUER DER HELIUMZUSTANDE

Yon

J. Bakos und J. Szigeti

ZENTRALFORSCHUNGSINSTITUT FUR PHYSIK, BUDAPEST

(Vorgelegt von L. Janossy. — Eingegangen 16. X1. 1965)

Die Lebensdauer der 43S-, 411)-. 33P-, SID-, 43D- und 41S-Zustdnde von Helium werden
durch Messungen der Zerfallskurven mit Hilfe eines Zeitanalysators bestimmt. Es ergeben
sich der Reihe nach folgende Werte: 67 £+ 1,4;41 "~ 1,3;112i 6;57i 2;93i 6nnd9 + 7
nsec.

Einleitung

Zur Bestimmung der Lebensdauer angeregter atomarer Zustdnde sind
aus dei Literatur mehrere indirekte [1, 2] bzw. direkte Messmethoden [1, 3—8]
bekannt. Da bei Anwendung der friiheren Messmethoden zahlreiche Storeffekte
auftreten, die in den Messergebnissen betrdchtliche Abweichungen hervor-
rufen [9—13], ist es von Interesse, eine neue Messmethode zu entwickeln.
Nor einigen Jahren schlug Heron, McW hriter UNd Rhoderick [14, 15] ein
neues Verfahren zur unmittelbaren Messung der Lebensdauer angeregter
Zustdnde vor. Bei dieser Methode werden die Atome durch Impulse von
Elektronen angeregt und die durch die angeregten Atome ausgesandten Licht-
quanten mit einem Elektronenvervielfacher detektiert. Der zeitliche Unter-
schied t — T — T zwischen dem Ende der Anregung und dem Impuls aus dem
Elektronenvervielfacher kann gemessen werden, wobei T die Zeitdauer der
Anregung, d. h. die Lange des Erregerstromimpulses ist. Anhand der beobach-
teten Haufigkeit n(t) der Zeitabstdnde t ldsst sich die Zerfallskurve auftragen.
Durch Logaiithmieren der Zerfallskurve erh&lt man die Zerfallsgerade. Die
Richtungstangente der Zerfallsgeraden stellt die mittlere Lebensdauer r0 dar.

Der zeitliche Ablauf des Erregerstromes, die Wahrscheinlichkeit (W)
des Erscheinens des Lichtquants als Funktionen der Zeit und die zeitliche
Lage der beiden Kurven im Verhéltnis zueinander sind aus Abb. 1 ersichtlich.
Die Zerfallskurve kann entweder nach der verzdgerten Koinzidenzmethode
[16] oder mit Hilfe eines Zeitanalysators [17] gemessen werden.

Die Methode von Heron wurde flr die Messung der angeregten Zustédnde
von Helium und Neon bereits mehrmals benutzt [18, 19].

Die Versuchsanordnung, die fir die Messung der Lebensdauer entwickelt
wurde, beruht auf dem Zeitanalyseprinzip [20]. Abb. 2 zeigt das Termschema
des Heliums. Bei den einzelnen Niveaus sind die berechneten [21] und gemes-
senen Lebensdauerwerte angegeben. Die letzteren sind mit einem * bezeichnet.
Als Zeiteinheit gilt die Nanosekunde. Die unterhalb der Termen stehendnen
Zahlen stellen die Kehrwerte der theoretischen Lebensdauer dar. Mit Aus-
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ndhme der Niveaus 5ID und 43D stimmen unsere Messergebnisse mit den in
der Literatur verdffentlichten experimentell bzw. rechnerisch ermittelten

Abb. 2. Die Lebensdauer der Terme sind in nsec (obere Werte), ihre reziproken Werte in sec-1
(untere Werte) angegeben. Die mit einem Stern bezeichneten Werte sind die von uns gemessenen
Werte

W erten gut Uberein. Die Abweichungen, die sich bei der Lebensdauer des
Niveaus 51D zeigen, lassen sich durch Stéreffekte erkldren, bei der Lebensdauer
des Zustandes 43D hingegen konnte die Abweichung vom theoretischen Wert
nicht gedeutet werden.
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I. Die experimentelle Anordnung

Die Messungen wurden in einem mit einem Vakuumsystem verbundenen
Versuchsrohr durchgefihrt (Abb. 3).

Das Rohr wurde ausgeheizt, und bis zu einem Druck von 10 ’ Torr
ausgepumpt. Das System erwies sich auch zur Fullung des Rohres mit spektral-
reinem Gas des Druckes 10- 3—10~2Torr als geeignet.

m AsTl

zur Pumpe

Abb. 3. A Heizfaden, B Kathode, C Wehnelt-Zylinder, D Beschleunigungselektrode, E Fokus-

sierungselektrode, F letzte Elektrode der Elektronenlinse, G Beobachtungsraum, H Kollektor,

I Fenster flir das austretende Licht. Die gestrichelte Linie zeigt den schwarzen Anstrich des
Rohres, mit dem storendes zerstreutes Licht eliminiert werden kann

D

Abb. 4. A Elektronenquelle, B Steuerungselektrode, C Beobachtungsraum, D Versuchsrohr,
L Kollimatorobjektiv, M,, Monochromator, M Sekundéarelektronenvervielfacher, K Kathoden-
verstarker, K, Zeit-Amplituden-Umformer, An 128-Kanal-Amplitudenanalysator, G,, Impuls-
generator, E Verstarker

Die He-Atome wurden durch Elektronenpakete aus einer Elektronen-
kanone erregt. Der Strom der Elektronenkanone wurde durch einen Generator
gesteuert, der Impulse mit einer Amplitude von 40 V, einer Anstieg- und Abfall-
zeit von 3 nsec, einer Impulsldnge von 100 nsec (0— T Erregungszeit) und einer
Frequenz von 10 kHz erzeugte. Die von der fir gewdhnlich abgesperrten
Kathode ausgesandten Stromimpulse von 100—200 //A, mit der Impulsldnge
von 100 nsec treten nach geeignete! Beschleunigung und Fokussierung in den
Beobachtungsraum ein.

Das entstehende Licht wird durch ein optisches Abbildungssystem bzw.
einen Monochromator — der die zu beobachtende Spektrallinie auswéhlt —,
einem Photoelektronenvervielfacher Typ 1P21 (siehe Abb. 4) zugefihrt.
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Die Versuchsbedingungen (Gasdruck, Elektronenstrom, Abbildung)
wurden so gewdhlt, dass allen 100 bzw. 500 erregenden Elektronenimpulsen
ein einziger Spannungsimpuls aus dem Photoelektronenvervielfacher folgte.
Zwischen dem Ende des erregenden Impulses und dem Auftreten des Span-
nungsimpulses kommt es zu einer Zeitverzdégerung. Die Aufgabe bestand in der
Messung der Yerzdgerungszeiten. Die aus dem Photoelektronenvervielfacher
austretenden und entsprechend verstdrkten Spannungsimpulse erreichen den
Eingang des Zeit-Amplituden-Umforrners System »Start-Stop«; die Amplitude

Zahl der Impulse

K3

3’P ferm
He \=5016A
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—
e T e
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1
i 1
1
101 1 1 1
0 100
Abb. 5

der aus dem Umformer ausgesandten Impulse ist der Zeit proportional, die
zwischen dem Ende des erregenden Impulses und dem Entstehen des photo-
elektrischen Impulses verstreicht.

Die Impulse werden mit Hilfe eines 128-Kanal-Amplitudenanalysators
analysiert. Ein Kanal entspricht einer Zeit von 1 nsec.

Der fur die Auswertung brauchbare Analysierbereich des Zeitanalysators
liegt bei (t — T)max~ 60 nsec. Abb. 5 zeigt eine im semilogarithmischen
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Koordinatensystem dargestellte Zerfallskurve, deren erster Abschnitt der Zeit
t < T entspricht, bei der noch Erregerstrom fliesst. Der zweite Abschnitt der
Kurve gibt den eigentlichen Zerfallsverlauf wieder: dies ist eine Gerade, die
dem exponentiellen Zerfallgesetz folgt. Der letzte Abschnitt der Kurve fallt
steil ab, woraus man auf die Grenze des Analysierbereiches schliessen kann.

Il. Auswertung der Messergebnisse

Aus dem Logarithmus der im i-ten Messprozess erhaltenen Messwerte
In [n\'\kZIr)] wurde die Zerfallsgerade des betrachteten Zustandes (/) nach der
Methode der kleinsten Quadrate [22] bestimmt, wo Ax = 1 nsec die Breite
eines Kanals im Analysator und Kk — 1, 2,3 ... 60 die laufende Nummer des
Kanals ist. Die Richtungstangente der gewonnenen Zerfallsgerade stellt die
mittlere Lebensdauer des Zustandes r® dar. Die Anwendung dieser Methode
[23] zur Auswertung der Messergebnisse ist zuldssig, da die klirzeste Lebens-
dauer, die sich bei dieser Versuchsanordnung Uberhaupt messen liess, bei
Tomin 5 nsec, also wesentlich unter der in der gegenwdértigen Arbeit gemesse-
nen Lebensdauer lag (einige zehn nsec).

Fur die Terme 43S, 41D wurden mehrere Messkurven des Zerfallprozesses
aufgenommen. Aus den von diesen Kurven einzeln berechneten Lebensdauer-
grossen wurde danach der Mittelwert r0 errechnet. Der Messfehlei wurde auf

I (Tfo  To)2
n(n — 1)

Grund der Messwerte zu geschatzt, wobei n die Zahl

der Zerfallskurven bezeichnet.

Fur die weiteren Zustdnde 33P, 5bD, 4JS wurde nur je eine Zerfallsgerade
gemessen. Die mittleren Lebensdauerwerte wurden fir diese Terme auf Grund
der Formel

In[n(k;2r)] —In[n(kjA r)]
(kj — kj) Ax
berechnet, wobei fe, — kj = 55 ist. Fur fc, = 1, 2, 3, 4, 5 ergaben sich also funf

Xi Werte, aus denen sich der Mittelwert, weiterhin unter Anwendung der
angegebenen Formel der Fehler (er) ermitteln Hessen.l

IIl1. Physikalische Vorgdnge in der Strahlungsquelle

Ausser dem Abklingen der erregten Zustdnde treten im Gas auch andere
physikalische Vorgdnge auf, zu deren gefolge die aus den Messergebnissen
bestimmten Lebensdauerwerte mit den theoretischen Werten manchmal nicht
Ubereinstimmen. Um die Messergebnisse mit den theoretischen Werten ver-
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gleichen zu kdnnen, missen auch diese Stdreffekte berucksichtigt werden.
Es zeigen sich folgende Stdreffekte [20]:

1. Resonanzabsorption [24—28]

2. Mit dem Anregungsaustausch verbundene Zusammenstdsse zwischen
Atomen im angeregten bzw. im Grundzustand (Stosse zweiter Art) [31—34, 21].

3. Kaskadenvorgdnge zwischen den verschiedenen angeregten Zustédnden
[21, 29, 30].

Das hier folgende Gleichungssystem gibt die Zeitabhdngigkeit der
Population:

dri/ n,
i ik + “n>+ >+ i i
dt rets niN v ) Qik I2>i A“n>+t Nv . n'> N 9i (i)
n, ist die Besetzung des Niveaus i. Infolge der spontanen Ubergidnge nimmt

die Population im Zustand i ab; dies kommt im ersten Glied der rechten Seite
der GI. (1) zum Ausdruck; Tg*ist die mittlere Lebensdauer des Zustandes i.
Zwischen diesem Wert und den Einsteinschen spontanen Ubergangswahr-
scheinlichkeiten Aik, (k <Ci) gilt die Beziehung

T60 =
Y,k

Handelt es sich um einen Resonanzzustand, dann ist

1

8MNio+ N Ak
i<k

woring den Einkerkerungsfaktor (eine Folge der Resonanzabsorption) [24—26]
bezeichnet, wéhrend das Niveau 0 dem Grundzustand des Atoms gleich ist.

Die Population im Zustand i kann sich auch dann vermindern, wenn
ein Atom im angeregten Zustand i mit einem Atom im Grundzustand zusam-
menstdsst (Stosse zweiter Art). Beim Zusammenstoss geht das Atom, das sich
im Anregungszustand i befindet, in den Grundzustand Uber, wdhrend das im
Grundzustand befindliche Atom in den angeregten Zustand k uUbergeht. Der
Wirkungsquerschnitt eines derartigen Stosses ist Qik. Das zweite Glied der
rechten Seite der GI. (1) stellt eine auf diese Weise sich abspielende Besetzungs-
abnahme dar, wobei N die Zahl der im Grundzustand befindlichen Atome je
cm3 und V die mittlere Geschwindigkeit der beiden zusammenstossenden
Atome gemass
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ist. Hier ist k die Boltzmannsche Konstante, T die Gastemperatur und /I die
Masse der Gasatome.

Als Folge des Strahlungsprozesses fallen die Atome von dem hdheren
Zustand / auf das Niveaus i und bewirken dort eine Besetzungszunahme.
Das dritte Glied der rechten Seite der GI. (1) stellt den mit dem Abfallen der
Atome verbundenen Anstieg der Atomzahl dar.

Die Folgen der Stdsse zweiter Art zeigen sich nicht nur in der Abnahme
des Besetzungswertes, sondern auch darin, dass die Atome vom Zustand m
in den Zustand i gelangen. Dies kommt im vierten Glied der GI. (1) zum Aus-
druck.

Durchfliesst ein Strom der Dichtej das Heliumgas, werden die im Grund-
zustand befindlichen und von den Elektronen angestossenen Gasatome in-
einen hdheren Zustand gehoben. Man hat also mit einem Anstieg der Popula-
tion zu rechnen, was im funften Glied der rechten Seite der GI. (1) seinen Aus-
druck findet, wobei g,(F) den Wirkungsquerschnitt bedeutet, mit dem zu
rechnen ist, wenn ein Atom als Folge eines Zusammenstosses vom Grund-
zustand in den angeregten Zustand i gehoben wird, w&hrend V das auf die
Elektronen auswirkende Potential des Beschleunigungsfeldes bezeichnet.

Im Ausgangzustand istt = 0, ra = 0, i ==0und n0O= N, d. h. s&mtliche
Atome kénnen mit guter N&dherung als im Grundzustand befindlich angesehen
werden (Boltzmann-Verteilung). Im Zeitabstand t — 0 — T (siehe Abb. 1)
fliesst ein Strom der Dichte j durch das Gas, im Zeitpunkt T betrdgt also die
Atomverteilung nO,rqg, ...n-==0. Der weitere Besetzungsverlauf ist durch
die Gleichung

VvV = n,Nv2 QK+ >’Aull+ Nv2 Qimnm (2)
dt to K 1>i m
gegeben.
Die Zerfallskuive n,(t) = r?,(i — T) ist im allgemeinen eine Funktion

der Parameter Tq\ Qik, A Da unsere Messungen die Bestimmung der Zeit To'
bezweckten, miuissten die experimentellen Bedingungen so gewdhlt werden,
dass der Einfluss der Ubrigen Parameter vernachlédssigbar klein bleibt. Dies ist
jedoch nicht immer leicht zu erreichen. Beim Helium war die Aufgabe leichter,
da Uber die Wirkungsquerschnitte Qikund g- bereits Untersuchungen Vorlagen
[21, 32—34], die bei der Auswertung unserer Messergebnisse beniitzt werden
konnten. Zwischen den experimentell und den rechnerisch ermittelten Werten
liess sich eine gute Ubereinstimmung feststellen.V

IV. Diskussion der Messergebnisse

Die erhaltenen Messergebnisse sind aus Tabelle 1 ersichtlich. In der
ersten Kolonne sind die betrachteten Uberginge, in der zweiten die Wellen-
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Tabelle 1
Messergebnisse

Druck

Ubergang =A (®) V., (Volt) Tnsec Ti o— (nsec) r Literatur (nsec)
235—33P 3889 40 31 1125 112+6  100+8* [19]
120,0 96,5 [21]
1125 118 [36]
915 115+5*  [14]
1256
2'P—5'D 4388 40 50 57,9 57+2 72,0 [21]
56,7
52,4
54,4
63,9
2JP— 43D 4472 40 50 78,6 93+6 32,2 [21]
92,0
84,8
112,0
98,3
23P —43S 4713 18 70,3 67,0+1,4 1020 [36]
16 50 66,4 63,8 [21]
40 30 61,8 67,5+1* [14]
13 30 64,8 64,0 [35]
4 30 70,6
4 30 67,4
2'P—44) 4922 7,5 42,0 41,6+1,3 37,8 [21]
18 100 42,1
7 30 43,2
50 45,7
16 50 37,6
40 50 45,7
13 50 37,4
2'P—4'S 5048 40 83,4 90+7 90,0 [21]
112,2
94,8
74,3
84,6
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Tabelle 2

Energiedifferenzen in eV in bezug auf die fP-Terme im Falle der He-Atome [34]

»D »S 3p SD
21P 0,598 — 0,9975 0,2521 —
3'P 0,165 0,013 0,366 0,079 0,013
4>P 0,068 0,006 0,147 0,034 0,006
5°P 0,035 0,003 0,074 0,018 0,003
6'P 0,020 0,002 0,042 0,010 0,002
7'P 0,012 0,001 0,026 0,006 0,001

langen (A) des Uberganges angefiihrt. Die dritte Kolonne enthalt die W erte der
hei den einzelnen Messungen verwendeten Gasdriicke (P ~ N) in Mikron,
wéhrend die vierte das Potential des Beschleunigungsfelds angiht. Die experi-
mentell bestimmten Lebensdauerwerte finden sich in Kolonne 5und die daraus
gebildeten Mittelwerte (mit statistischem Fehler) in Kolonne 6. Zu Vergleichs-
zwecken sind die aus der Literatur bekannten berechneten und die experimen-

Tabelle 3

Wirkungsquerschnitte fir Stdsse zweiter Art der He-Atome (Einheit 10_le cm2)

4 »D sS 3p 30

134 [21] 73 [21]
ap 82  [38] 423 [38]
25,9 [39] 120 [34]

21,0 [34]
92,1 [21] 121,7 [21] 74,3 [21] t 1232 [21]
<17,8 [38] 29,7 [39] < 59 [38] 56,4 [38]
4'p <30,0 [34] 86,1 [39] <15,0 [34] 66,8 [39]
120,0 [32] 26,0 [32]
67,0 [34] 150,0 [34]
92.6 [21] 166 [21] 50,0 [21] 240 [21]
< 9,3 [38] 232 [38] < 58 [38] 111 [38]
5'p 28.6 [39] 175 [39] < 9,0 [34] 120 [32]
15,0 [34] 760  [32] 270 [34]

510  [34]

Die bei der Diskussion der Messergebnisse betrachteten Wirkungsquerschnittwerte sind
unterstrichen.
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teil ermittelten Lebensdauerwerte (letztere mit * bezeichnet) in Kolonne 7
angefuhrt.

Zustand 33P. Dieser Zustand ist kein Resonanzniveau, deshalb gibt es
hier keinen Einkerkerungseffekt. Tabelle 2 gibt die zwischen den benachbarten
Zustdnden (von den gleichen Hauptquantenzahlen) vorhandenen Abstidnde
[34] an. Die Termunterschiede gegenliber den 1P-Termen sind in eV angegeben.
Die Wirkungsquerschnitte der Stosse zweiter Art hdngen weitgehend von den
Energiediffeienzen ab. EinStoss zweiter Art mit einem 1,4-fachen gaskinetischen
W irkungsquerschnitt konnte experimentell nur zwischen 31P und 33P nachge-
wiesen werden (siehe Tabelle 3). Der Abklingprozess wird durch die Kleinheit
des Wirkungsquerschnittes und die Kirze der Lebensdauer des Zustandes 3IP
nicht wesentlich gestort.

Da die Wirkungsquerschnitte der Anregung der Niveaus n3S, n3D
(n 1> 3) durch Elektronenstoss kleiner sind als die Wirkungsquerschnitte der

Tabelle 4
Wirkungsquerschnitte der Erre%ng der He-Atome durch Iektronst"Sf von 30 eV Energie.
(Einheit 10-20 cm2 Nach Gabriel und Heddle r2 ]e
Haupt-
quanten- »S >p 1D »S 3p 3D
zalil
6 14 10 4,5
5 17 22 n 22 42 18
4 38 53 18 55 76 27
3 70 110 38 162 181 166

Anregung des Niveaus 3 (siehe Tabelle 4 und 5), betrdgt die Besetzungs-
zunahme durch Kaskadenubergdnge nicht mehr als 15 Prozent. Die grosste
prozentuale Populationszunahme ergab sich am Niveau 43S (siehe Tabelle 5):

Cap 100 gi3S (30E) A,
(- 0A3* P Ybp (30E) ¥ N1 u -

12%

Wie aus Tabelle 1 ersichtlich, stimmt der experimentell ermittelte Wert
der Lebensdauer mit dem aus der Literatur bekannten W ert gut Uberein.

Der Zustand 51U ist kein Resonanzzustand. Der Zustand 54) ist mit dem
Zustand 5°P in »thermischer« Kopplung. Tabelle 3 zeigt die Wirkungsquer-
schnitte der Zusammenstdsse zweiter Art.

Obwohl der Wirkungsquerschnitt der Erregung des Zustandes 6IP durch
Elektronenstoss von derselben Grossenordnung istwie der Wirkungsquerschnitt
des Zustandes 54) (siehe Tabelle 6), ist die Ubergangswahrscheinlichkeit
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VS
2Is

3'S
4'S
5‘S
6'S
7'S
8»S

3'D
4'D
5'D
b'D
7D
8'D

23
335
435
53
635
735
8%

3D
43D
53D
6D
73D
80

Ubergangswahrscheinlichkeiten bei He-Atomen (Einheit 106sec-1
Nach Gabriel und Heddle [21]

2P

1870
1,97
18,8
6,60
3,12
1,76
121
0,74

65,1

19,3
8,89
4,94
2,63
1,82

23P

10,2

27,5
9,26
4,33
2,40
1,75
118

71,7

24,4

11,9
5,87
4,53
3,03
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3‘P

571
134
0,25
454
2,01
1,07
0,62
0,41

7,14
3,28
1,80
117
0,66

33P

9,28
1,07
6,42
2,68
1,40
0,86
0,60

6,65
3,38
1,99
133
0,98

4ip

246
6,81
147
0,06
1,49
0,72
0,42
0,27

0,29
0

152
0,84
0,52
0,38

43p

5,67
0,71
0,22
2,05
0,90
0,51
0,34

0,65

1,26
1,05
0,60
0,43

Tabelle 5

5>p

127
3,85
0,94
0,30
0,02
0,61
0,30
0,21

0,13
0,16

0,47
0,29
0,22

53P

3,08
0,60
0,12
0,06
0,76
0,37
0,25

0,27
0,32
0

0,35
0,26
0,22

61P

74,0
2,56
0,57
0,25
0,08
0,01
0,26
0,15

0,09
0,08
0,08

0,18
0,15

63P

187
0,41
0,14
0,03
0,03
0,36
0,17

0,06
0,16
0,16
0

0,13
0,10

7ip

46,6
1,60
0,43
0,19
0,07
0,03

0,14

0,08
0,05
0,04
0,04

0,14

73P

1,15
0,29
0,17
0,05
0,01
0,01
0,15

0,01
0,03
0,09
0,09
0

0,06

8JP

31,0
1,07
0,26
0,14
0,07
0.05
0,04

0,07
0,03
0,03
0,02
0,02

8»P

0,21
0,18
0,07
0,02
0,01
0,01

0,01
0,02
0,05
0,03
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zwischen den Zustinden 6'P — 5D ~ 10~ 3-mal geringer, als die Summe der
Ubergangswahrscheinlichkeiten vom Niveau 6'P (siehe Tabelle 5), so dass der
Storeffekt des Kaskadenprozesses vernachlissigt werden kann.

Nach Gl. 2 der Anhang A lautet die Populationsformel fiir das Niveau
5'D im Zeitpunkt t > T wie folgt:*

1

Rl [ i 168108 ng, +16,8-109 g, 3)

2 1
wobei der Druck 40u, d. h. N=-—=125-10""—— jst. Bei einer
kT cm?

Temperatur von 7' = 300° K sind die mittlere Geschwindigkeit und der Wir-

kungsquerschnitt
v :V16kT =170,
T
QS‘P"‘SID == 7,6 . ].O_II1 .

1
Der fiir den i) Crwartete Wert betrigt somit 13,7 - 10° sec™! (siehe
T
0

Abb. 2). Die Population ist fiir den Term 5'P in Gl. (2) gegeben:

By === [ rgslnm + 16,8-10¢| ngp + 16,8 - 108 ny, . (4)
Mit Beriicksichtigung der thermischen Stésse, die zum Ubergang 53D fiihren
(Qs:p—5:p = 1,2:1071* cm?; siehe Tabelle 3), und des Einkerkerungseffektes
fiir diesen Term (fiir die Errechnung des Einkerkerungseffekts siehe [14]; der
Radius des Beobachtungsrohres p = 0,5 em), ist fiir 1/78’"" = 20,5 - 106 sec !
zu erwarten. Die Losung der Gl. (3) und (4) nach n;ip lautet also nach Formel
A4 (sieche Anhang A) wie folgt:

ngp (Y) = [0 49n;,, (T) + 0,60n,, T)] e 90 . =

T

— [0,49n5:p (T) — 0,40n5, (T)]e 5.

Hierin bedeutet n;ip(7T)und ngzp(7T) die Besetzung der betreffenden Niveaus
im Zeitpunkt ¢ = T. Als Zeiteinheit gilt in der Foimel die Nanosekunde.
nsip(T) und njp(T) lassen sich aus den Loésungen des Gleichungssystems (1)
ableiten, indem man beriicksichtigt, dass die Stromdichte j =8 -10

Elek
IR und gaip (50) = 5,6 - 10719 em?, guup(50) = 1,3 - 10~ cm? ist

cm-
(sieche Tabelle 6). Bei der betrachteten Messung betragen die entsprechenden

* Die Verschiedenheit der statistischen Gewichte von 'D und 'P wurde bei der Berech-
nung ausser acht gelassen.
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Werte laut Formel B4 n5ip(T) = 2 «10e cm 3und nb\D(T) = 1,3 « 106 ein 3
(siehe Anhang B). Mit diesen Werten hat man aus Gleichung (5)

r r
voo (0= 1841060 a1 457 .103. . (6)

Es ist ohne weiteres klar, dass das erste Glied der Gleichung (6) (rO= 60 nsec)
das zweite Ubertrifft. Die Messungen ergaben fur die Lebensdauer t0= 57
nsec (siehe Tabelle 1), es besteht also eine gute Ubereinstimmung mit den
errechneten W eiten.

Term 33D. Bei dem Term 33D spielen die Storeffekte eine besonders
ausgeprédgte Rolle. Bereits Heron hat bemerkt, dass die Zerfallskurve des
Terms 33D als eine Uberlagerung zweier Exponentialkurven anzusehen ist
(Abb. 6). Wir haben die Zerfallskurve des Zustandes 33D gleichfalls gemessen,

aus der Konfiguration die wir erhielten, konnten jedoch Uber die Lebensdauer
keine Folgerungen gezogen werden, da es in der Kurve keinen geraden Ab-
schnitt gab (Abb. 7).

Term 43D. FiUr diesen Term ergab die semilogarithmische Darstellung
eine Gerade. Die daraus berechnete Lebensdauer betrdgt das Dreifache des
theoretischen Wertes. Anhand der bekannten Prozesse lasst sich die Abwei-
chung kaum erklaren, da einerseits die Ubergangswahrscheinlichkeiten vom
Niveau n3P a > 4 zu klein sind (siehe Tabelle 5), als dass sie die Lebensdauer
wesentlich beeinflussen kdnnten, andererseits ist die Lebensdauer des mit dem
Zustand 43D in »thermischer« Kopplung befindlichen Niveaus 4 zu kurz
(sie betrdgt bei einem Gasdruck von 40 /n 41,5 nsec), als dass sie die Lebens-
dauer des Termes 43D auf das Dreifache verldngern kdnnte.

Term 43S. Fir den grossten Wirkungsquerschnitt der Stésse zweiter Art,
der von Gabriel und Heddle bestimmt wurde, betrdgt die prozentuale Beset-
zung des Zustandes 43S, d. h. die Besetzung uber den Weg 0—" P —43S re-
lativ zur Besetzung uber den direkten Weg 0—43S ungefdhr 6% (siehe
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Tabelle 3, 4, 5), und der Einkerkerungsfaktor g(p — 40/t; g—0,55 cm) =
4,3 «10“2
54p (30F) N (40/t) Qiip™ 3Sv(300° K)
e e W Cee 6%

0C/'O—4'P—i35\g =100 -woerermm o o e b W See N
( 043 ?43s (30F)|gA4pi_o - ip_x-f-Nv ~Qjip~x]j

Die prozentuale Besetzung durch Kaskadenibergdnge vom Term 4:iP
betragt ungefdhr 4,5% und vom Term 53P ungefdhr 2,5% (siehe Tabelle 4 und

Zahl der Impulse

io-
3J0 Term
\ =5876 A
10:
0’
50 100
Abb. 7

5). Die gemessene Lebensdauer muss mit dem wahren Wert zusammenfallen.

Wie aus Tabelle 1 ersichtlich, ist hiei dies der Fall.
Term 44). Die prozentuale Besetzung durch Stdsse zweiter Art ist bei

einem Druck von 7fi und einer Energie von 50 eV

. /a N id « ° K) -
g4p (50F) N(7/a) Quvp” id «(300° K) «100 2,2%,

<(0->41P-"41D ) —
2 0—44% 48D (50F) [gA4ip_u-f-  Afip_x+ Nv  Q4P~ X

wahrend bei 18/n Druck a ~ 21% und bei 40/i Druck a ~ 67% ist. Diese

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



DIE LEBENSDAUER DER HELIUMZUSTANDE 163

Variation der prozentuale Besetzung ist aus den Zerfallsgeraden nicht ersicht-
lich, weil die Lebensdauer des 41P-Terms infolge des Imprisonments parallel
mit dem Anstieg des Druckes zunimmt und ihr Wert z. B. bei 40,« Druck
41,5 nsec wird, d. h. selbst wenn der Effekt der prozentualen Besetzung wegen
strenger Kopplung sichtbar wére, konnte dies infolge der gleichen Lebensdauer
der Niveaus nicht wahrgenommen werden.

Die hochste prozentuale Besetzungszunahme durch Kaskaden vom
Niveau 5rP ist bei 40/r geringer als 2,4%, demnach kann ihre Wirkung ver-
nachldssigt werden (siehe Tabelle 5 und 6). Die experimentell ermittelten
Lebensdauerwerte stimmen mit den theoretischen Werten — wie sich dies aus
Tabelle 1 feststellen ldsst — gut Uberein.

Zustand 4%. Bei einem Druck von 40/i betrdgt die fir den Wirkungs-
querschnitt der Stdésse zweiter Art auf Grund der experimentell bestimmten
Werte von Gabriet Und Heddie berechnete prozentuale Besetzungszunahme
ungefdhr 39%, wéahrend die von wWoif und Maurer gemessenen Werte einen
niedrigeren Wert (2,1%) ergeben (siehe Tabelle 3, 6).

Die durch Kaskadeniibergdnge vom Niveau 5]P entstehende Besetzungs-
zunahme betrdgt ungefdhr 3% (siehe Tabelle 5, 6). Der experimentell ermittelte
Wert stimmt mit der theoretischen Lebensdauer gut Uberein, der worf —
Maurer Wert scheint also der richtigere zu sein.

V. Zusammenfassung

Es wurde die Lebensdauer der Zustande 43S, 41D, 33P, 5'D, 43D und 4°’S
gemessen, wobei sich der Reihe nach folgenden Werte ergaben: 67 N 1,4;
41 zb 1,3; 112 zh 6;57 zt 2; 93 zb 6 und 90 zb 7 nsec. Die Diskussion der Mess-
ergebnisse beruht auf den aus der Literatur bekannten Werten der Ubergangs-
wahrscheinlichkeiten und Wirkungsquerschnitte der Stosse zweiter Art sowie
auf jenen der Elektronenstdsse. Bei der Berechnung der theoretischen Lebens-
dauerwerte und W irkungsquerschnitte der Erregung durch Elektronenstdsse
wurden die Werte von Gabriet Und Heddire benutzt. Anhand der Wirkungs-
querschnittwerte der Stisse zweiter Art von Stewart UNd Gabathuter bzw.
jener von wWoif und Maurer konnten die Messergebnisse gedeutet werden.
Nach unseren Daten erweisen sich die Wirkungsquerschnittwerte der Stdsse
zweiter Art von Gabriet Und Heddte manchmal als zu hoch (siehe z. B. den
Term 4]S); dieser Wert zeigt sich bei einer Messung als héchster mdglicher
W ert (siehe z. B. den Term 43S). Die Lebensdauerwerte der Zustdnde 33P,
43S, 41D, 48 stimmen mit den theoretischen Werten ziemlich gut Uberein.
Die Abweichung des Lebensdauerwertes des Zustandes 5bD ldasst sich auf
Grund der aus der Literatur bekannten Angaben erkléren, im Falle des Termes
43D jedoch konnte die Abweichung nicht gedeutet werden. Die Zerfallskurve
des Niveaus 33D erwies sich ebenfalls als unauswertbar.
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Aus den Gleichungen (1) und (2) geht hervor, dass die Ergebnisse der
Lebensdauermessungen auch durch andere Vorgénge beeinflusst werden, die
sich im Gas abspielen. Dies gilt auch fur die Messung von Wirkungsquerschnit-
ten der Stdsse zweiter Art bzw. von Wirkungsquerschnitten der Erregung
durch Elektronenstisse. Die Resultate solcher Messungen hdngen von den
gemessenen Lebensdauerwerten ab.

Da in den gemessenen Zerfallskurven s&dmtliche W irkungsquerschnitt-
sowie Lebensdauerwerte enthalten sind, ermdglicht die Anwendung einer
modifizierten Auswertungsmethode die Bestimmung dieser Werte.

Anhang

A) Der Zustand 5yD ist mit dem Term 5rP in thermischer Kopplung.
Nach Gleichung (2) ist die zeitabhdngige Variation der Population der Zustédnde

-(Ai -f- 5)~1 - Bn2,
no -(A2-)- B)n2-- Bn1l. A L
ig bzw. n2sind llyp bzw. ndiD\ B = NvQyp~yoi

= gAdiP_o+ ASIP ™~ + Nv Qypry ; Y =#f=5rP
x y

di= .. AgpsY — iy
X 1o
Nach der Laplaceschen Transformation [37] gilt
pnl—»q(T) = —(Al+ B)W + Bn2,
pri., — n.(T) = —(A2-(- B)i2+ Riq . A. 2.

Hier ist rq(T) bzw. reXT) die Population des Niveaus 5’P bzw. 5ID am Ende
der Erregung. Die Lésung dieser Gleichungen schreibt sich zu

- = n2(ryB + n,(N)(p+ A2+ B)
P2+ p(-41+ 72 2R) + A(A2-]-B(Ar-~A2)
n n\(T) B £ n2(T)(p - Ax-- R)
PJ+ P (Ai--A2-)-2B) -)-ATA2--R(A, -A2
Bei inverser Transformation hat man
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n(M= n2(TM)B+ ni(T)({pt+ + R) AT
251 4- Ay A2 2R

1 ni(T)B ' nv(T) (p2+ A24 B) ep,T
2p2+ Ay 4~J12+ 28

A. 4
n /T\ _ Nl (‘M B + W2¢(2) (Pl + ~1 + w r
2pt+ Ay -»-A24-2B
4 @B + n2(N) (p2+ Ay + B) Pir
202 Ay-\- A2-- 2B
worin
_ o~ (ri+ A24-2B)a; f(AYy ~ A2+ 4R2 * F

B) Die Werte My(T) und n.,(T) sind durch die Gleichung (1) definiert:

hy — — (Ay -f- B)nt Bn2 Dy,

h,= —(A2+ B)n, + Bny -f D, , B. 1.

wobei Dy — Njgb,P(V) und D2= Njqg5D(V). Nach der Laplaceschen Trans-
formation wird

pfy= - (Ay+ B)n + Bn2+ -~L ,

P
B. 2

pn2= — (A2+ B)n24- Briy--——--

P

Die Ldsung dieser Gleichungen lautet
P2(p + Ay + B) + DyB
pl(p + Ay + B) (p-(-A2-fB) —R2

B. 3

T)2B 4 Dy (p A- A24- B)
p[(p + Ay -f B) (p 4- A24- B) —B7]

Durch inverse Transformation erhalt man

n i\ _ A28 +  (A24-B) P2B  Dy(py A2-\-B) AV
Ay A24- B(Ay + A2 py (2py 4- 4~A2+ 2R)

1 P2B + D\ (P1+ A2-fR) cpt
Pi (2p2+ Ay 4- A24- 2R)
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n,1A Ar (*i + B) + DIB PrB + P2(p1+ A1+ B) "Pil
AlA., 4 B(At-f-A2 px(2px+ Ay -)- A, -- 2B)
1 PyB + P, (p2+ Al+ B) cpx
P. féPi + + "2 + 2B)

Pj_2 ergibt sich aus Gleichung A 5.
Tabelle 6

Wirkungsquerschnitte der Erregung der He-Atome durch Elektronenstdsse von 50 eV Energie.
(Einheit 10-20 cm2) Nach Gabrier UNd Heddie [21]

Haupt-
quanten- w 3s 3pP 3D
/ahl
b 10 26 5,4 - i
5 12 56 13,0 7 19 10
4 27,5 144 21,5 19 34 15
3 49 310 45 57 80 93
LITERATUR1
1. A. C. G. Mitchell und M. V. Zemansky, Resonance Radiation and Excited Atoms,
Cambridge, 1934.
2. H. M. MeHknH: [oknagbl N COOOLLEHNS Ha COBELLAHWM, MOCBSILLEHHOM WU3MEPEHMUIO U Bbk
UMCNEHUIO CUN OCLUMUMNATOPOB B CMEKTpax aTomoB, JleHwWHrpag, (1959).
3. R. G. Bennett und F. W. Dalby, Journ. Chem. Phys., 31, 434, 1959.
4. Klaus Ziock, Zs. f. Phys., 147, 99, 1957.
5. L. G. Zastawenko und O. A. Chrustalew, Opt. Spektr., 11, 241, 1961.
6. H. Z. Webb und H. Messenger, Phys. Rev., 66, (3) 77, 1944.
7. E. Brannen, F. Hunt, R. Addlington und R. Nichols, Nature, 175, 810, 1955.
8. B. M. Glenow und W. L. Wiese, Bibliography on Atomic Transition Probabilities N. B. S.
1962.
9. A. J1. OwepoBuy—T. M. MeTenuH: Aokn. A. H. 129, 544, 1959.
10. R. B. King, Astrophys, J., 95, 78, 1941.
11. H. Kopfermann und G. Wessel, Zs. f. Phys., 130, 100, 1951.
12. P. NapgeHobypr: Ycn. dums. Hayk 14, (2) 712, 1934.
13. J. Griffiths, Proc. Roy. Soc., 143, 588, 1933.
14. S. Heron, R. McWhirter und E. Rhoderick, Proc. Roy. Soc. A, 234, 565, 1956.
15. S. Heron, R. McW hirter und E. Rhoderick, Nature, 174, 564, 1954,
16. I. A. D. Lewis und F. H. Wells, Millimicrosecond Pulse Techniques, London, 1956.
17. G. C. Nelson und D. B. James, Rev. Sei. Instr., 26, (11) 1018, 1955.
18. R. G. Bennett, Quantum Electronics, 1962.
19. A. /1. OwepoBuy, WN. T. Casuy: OnT. n LLN. 4, 715, 1958.
20. J. Bakos und J., Szigeti K. F. K. |. Kozi. 12, 159, 1964.
21. A. H. Garriel und D. W. O. Heddle, Proc. Phys. Soc., 258, 124, 1960
22. R. H. Bacon, Am. Journ. of Phys., 21, (6) 428, 1953.
23. Z.Bay,Y.P. Henry und H. Kanner, Phys. Rev., 100, (4) 1197, 1955.
24. T. Hoistein, Phys. Rev., 72, (12) 1211, 1947.
25. T. Holstein, Phys. Rev., 83, (6) 1159, 1951.
26. A. V. Phelphs, Phys. Rev., 110, (6) 1362, 1958.

27. J. H. Lees, Proc. Roy. Soc. A 137, 173, 1932.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



DIE LEBENSDAUER DER HELIUMZUSTANDE 167

28. J. Lees und H. w. B. Skinner, Proc. Roy. Soc. A 137, 186, 1932.

29.
30.
3L

32.
33.
34.
35.
36.
37.
38.
39.

B. 3. fxoHToBa: BecTHuk J1. Y. Ne 8, 28 (1959).

C. 2. ®pyw: Yen. ®us. Hayk 61, (4) 461 (1957).

H.S. W. Massey und E. H. j/ Burhop, Electronic and lonic Impact Phenomena. Oxford,
1956.

D. T. Stewart und E. Gabathuler, Proc. Phys. Soc., 74, 473, 1959

W, Maurer und R. Wolf, Zs. f. Phys., 92, 100, 1934

w. Maurer und R. Wolf, Zs. f. Phys., 115, 410, 1940

D. R. Bates und A_Damgaard, Phil. Trans. A 242, 101, 1950.

E. A. Hylleraas, Zs, f. Phys. 106, 395, 1937.

M. I. ntorovics, Uperdtorszamitas, Tankényvkiad6, Budapest 1954.

Die von Gabriel und Heddle zitierten Wirkungsquerschnitte von Maurer und Wolf [34]

Die von Gabriel und Heddle zitierten Wirkungsquerschnitte von Lees.

CPEOHEE BPEMA XW3HWN BO3BYXAEHHBIX YPOBHEW FENUSA
. BAKOLI n 9. CUTETW
Pesome

MpyM nomowM BpPeMEHHOro aHanusaTopa NOCPeJCTBOM W3MepeHWs KpPUBLIX pacnaja

onpeaensoTCcs CpefHMEe BPEMEHU XU3HU cocTosiHuiA 43S, 41D, 33P, 51D, T'D u 4‘S renus.
LOna 3TUX COCTOSAHUIA nonyyeHbl 3HaveHus 67 = 14; 41 + 13; 112+ 6; 57 + 2; 93+ 6 1
90 = 7 HCeK, COOTBETCTBEHHO.
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The mathematical definitions and theorems for the algebraic formulation of quantum
mechanics are given. This formulation is based on a certain kind of group algebras (d-group
algebras) instead of the direct use of operator algebras on Hilbert space. The properties of the
d-group algebras in general and the d-group algebra of quantum mechanics are investigated
in detail.

I. Introduction

The purpose of this papéi is to summarize certain results — elementary
and in part very well known for mathematicians but probably much less
familiar for physicists. The results here concern the “ 6-group algebias”, used
in the algebraic quantum mechanics. The most important features of this
theory were dealt with in a preceding paper [1] but there the theorems were
announced generally without rigorous proof. Our main task is now to remedy
this deficiency.

The (ordinary) group algebras are extensively used in the mathematical
theory of groups as well as in the physical applications of group theory. A group
algebra can be defined [2] on a locally compact topological group G: a group
which is at the same time a Hausdorff (topological) space is called topological
group if the “function of two variables” /(g, h) = gh-1,g, h £ G is continuous
in the topology of G. G is locally compact if its topology is locally compact.
Let p be the left invariant measure on G, i.e. the measure with the property
p(V) = p(gV)if V Cl Gandg £ G. [Itis possible to show that this requirement
determines p up to a constant factor on G[2]. The right invariant measure pr
has the property pr{V) = /b-(Ug) for every V E G, g £ G. The set of ~u-sum-
mable (complex valued) functions on G is L\{G) — L 1L Defining the algebraic
operations on L1 as

(eta + RBb)(g) = ata(g) -[- Bb(g) , a, bEL" , a, B complex numbers;

(a mb)(g) = G\a(h)b(h~ ‘'g)dp(h) ; (GA)
@) (9= A*(@a(g-i), A@Q= ;
d(Ir (g)
and .the norm as
l«li= 1 la(g) ldp(g) , (N)
G
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L1 becomes a Banach*-algebra. (See A.8. in the Appendix where the most
important algebraic definitions are collected.) An adjunction of the unit (A.ll)
to L1(if it has no unit) gives the Banach*-algebra with unit element L(G) = L
which is the group algebra of G.

A certain generalization of the group algebras leads to the concept of the
d-group algebra. Let us suppose the existence of a continuous function &(g !h)
of the two variables g, h on G, which has the properties

IKg1A) 1= 1; 3(glg) = I;

a(g lgig2 = a(g lgi) d{g Igo) ; ()
6{g\h) = d6(h-4g).

We define on L1the addition, the multiplication with a complex number and
the involution in the same way as in (GA), but the multiplication of two
elements is now

(a +b)(g) = ,f&{gjh)a(h)b(h'*]g)dp(h) : (bLL)

It is easy to show that the set L1supplied with these algebraic operations and
with the norm (N) is a Banach*-algebra. An adjunction of the unit (A.ll,)
gives L4G) = Le which is the 6-group algebra of G.

Two remarks: 1. is indeed the generalization of L, because the function
d(g Ih) = 1 satisfies trivially the conditions (d). 2. If d(g \h) ¢ \ then the
commutativity of G generally does not imply the commutativity of the multi-
plication (dM) in L&

It was shown in [1] that the local observables in quantum mechanics
form a d-group algebra. There the relevant group is the abelian group of 2n
dimensional vectors (in the case of n degrees of freedom): G = {(%, X>+m
xmpv ..., pn)}. The function 6(g \h) is determined here by the Heisenberg
commutation relations and is equal to

i n
d(g, h) = exp — JV (ykpk — xkrk) ,
I~ k=1

ifg= (*L -, xn,Pj,...,pn)yand h= (y...,ynrx ... rn. (dQ)
Thus the multiplication of the local observables a(xk, pk) and b(xk, pk) isgiven by
(a-6) (xk,p k) =

HD +°
eoe J 21 (YKPk — xkIK)a(yk, rb(xk —yk,pk — rkdyi ...

memiyndrx. . .drn. (QM)
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This algebra was used already by J. v. Neumann in his famous paper about
the unitary equivalence of different representations of the commutation
relations [3].

In the present paper we shall be concerned with the general properties of
é-group algebras (Sec. Il.). In Section Il we deal with d-group algebras of a
certain more special character to prepare Sec. IV, where the problems of
algebraic quantum mechanics are investigated.

Il. d—group algebras (general)

In the whole Section G is a locally compact topological group, /1 is the
left invariant measure on it, L],[G) = L1is the set of jU-summable functions and
L,(G) = L& is the b-group algebra of G determined by the function b{g \h)
satisfying Eq. (b).

First of all we mention some properties of big \h) which immediately
follow from Eq. (O):

t>(gigi\ g) = Db(gJ Ig)b(g219) , (1)
b(e Ig) = b(g le) = 1 where e is the unit of G, (2)
b(h Ig) = b(g Ifc)-i = b(g 1A-1) - b(g-11h) = 6(g Ih) . 3)

Using Eqgs. (d), (1), (2) and (3) it is easy to show that the algebraic operations
defined in Eqgs. (GA) and (OM) satisfy in fact the requirements of A.l, and A.6,
respectively and Leis indeed a Banach *-algebra in the norm (N) (see A.3,
A.7, A.8).

The well known theorems on group algebras [2] (the case b(g \h) = 1)
can be translated almost word for word into the case of 6-group algebras.
Generally also the proofs can be carried over with trivial alterations to &-group
algebras. Therefore we give here the most important theorems of NN Chap. VI.
translated in the 6-algebraic language without proof.

Definition 1. Let x(g) be an element of L),(G), then the mapping L', (G) —»U'(G)
defined by

x  xl; xl{g) = b(g rh)x(h~Ig) 4)
is the b-left-shift with h. Similarly
X >axt ; xU@) = b(g I'h)x(gh) ®)

defines the b-right-shift with h in L*iG) [4].
Theorem 2. (The corresponding result in group algebras can be found in NN
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§28.2.1.) If x(g) £L*(G) then xH and xB depends continuously on h in the norm
of L1 i.e. to every e> 0 and hO£L1there is a neighbourhood of h,,
such that

K - 41 < e if heu% .

Theorem 3. (Seein NN §28.2.1V.) The closed subspace J E LI(G) is a (left/right)
ideal if and only if J is invariant under every 8-left-(right-) shift.

Definition 4. (NN 818.2.) R is a reduced *-algebra if it is a “-algebra with unit
element and if from x £ R and {f \x* «x} = 0 follows x — 0 for every positive
functional f.

Theorem 5. (See in NN 828.2.V.) Every 06-group algebra of a locally compact
topological group is a reduced *-algebra.

Theorem 6. (See in NN § 28.2.VIIl.) LOG) is semisimple.

Theorem 7. In L, there exists minimal regular norm |x | which is completely

regular, and we have |Xx | | x |r for every x £ La.

Proof:this is a direct consequence of Theorem 5 and NN §18.3, Theorem 1and
Corollary.

Definition 8. Because | X | | x |51 gis generally not complete in the minimal

regular norm |x |. Let us denote the completion of L& with respect to this
norm by Da(G) = Dj. Dais a C*-algebra (A.10.) and we call it the A-group
algebra of G for the sake of brevity. Generally there is a very close connection
between Ld and D4, and in the literature sometimes D(G) (0 = 1!) is called
the group algebra of G. This close connection will appear also in the next
Section.

Definition 9. Let us denote the set of unitary operators on the Hilbert space H
by 11(H). The mapping g —mUg, g £ G, Ug£ U(H) is a unitary b-representation
of G on A if

Ue= | (the unit operator) , (6)

Ueh = 6{g Ih)UeUh .

The unitary 6-representation g —mUg is measurable if the function (f, Ugr]) is
measurable on G for every f, f £ H. The unitary 6-representation g —Ug is
continuous if for every ££ H we have | UgE — U/E\—0 if g —mh.

Definition 10. (NN 829.2.) The “-representation x —»T(x) of on H is degene-
rate if T(o)E = O for every £CH and a£L1

The “-representation x —mT(x) does not contain the degenerate representation if
there isno 0 f=£ £ 4 with the property T(a)£ = 0 for every a £ LNG).
Theorem 11. (See in NN §29.2. Theorem 1.) To every “-representation x — T(x)
of L&which does not contain the degenerate representation belongs a conti-
nuous unitary O-representation g —Ug of G. Conversely: every measurable
O-representation g —»Ug of G determines a “-representation x —T(x) of L&
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which does not contain the degenerate representation. The connection
between g —“mUg and x —mT(x) is given by

T(de + a) =. XI + 8a(g)Ugdfi(g) ; [o£LT].

Corollary 12. (See in NN §29.3.) It is evident from Theorem 11 that the mea-
surable unitary 6-representation g —mUg is irreducible if and only if the cor-
responding *-representation x —mT(x) is irreducible. Moreover, two measur-
able unitary ~-representations are unitarily equivalent if and only if the cor-
responding *-representations of La are equivalent.

Definition 13. The function <p(g) on G is 6-positive definite if for every system
0j,92 ..., gnof elements of Gand for arbitrary complex numbers Ax 2 ..., A,
we have

2, $oM8K h o(gi\gh) @ 0+

Theorem 14. (See in NN 830.1. Theorem 1.) The function rp(g) = (|0, t/g|0) is
a continuous 0-positive definite function for every continuous unitary 6-
representation g —“mUg of G on H and for every fOCH. Conversely: every
continuous 6-positive definite function g>g) ¢ O determines a cyclic continuous
unitary 6-representation g -* Ugwith the cyclic vector £0and (p{g) = (£0, U g|0).
Definition 15. The positive functional {f0|n} on L&is degenerate if {f0 [ Ae -f- a}
= cA a£L1l The positive functional {/| x} on L&is regular if the functional
(A/—f0) is not positive at any value of the complex number A (herefOis a
degenerate functional).

Theorem 16. (See in NN §30.2. Theorem 2.) There is an one-to-one correspond-
ence between the regular positive functionals f on L& and the continuous
0-positive definite functions @on G. This correspondence is given by

{/1 Ae + a} = Agp(e) + Ja(g)<p(g)dp(g) , af£L1l.

Definition 17. The function cp(g) £ L~ (G) (Lf(G) = the set of /i-essentially
bounded functions on G) is integrally 6-positive definite if it satisfies

J(@a* +a)(9)a>(9)dp{g) = JJ 6(h \g)a(h)a(hg)cp(g)dp.(h)dp(g) * O

for every afL1

Theorem 18. (See in NN 830.2.111. and IV.) Every integrally &-positive definite
function on G is locally almost everywhere equal to a continuous &-positive
definite function and every continuous 0-positive definite function is at the
same time integrally 6-positive definite.
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I1l1. 6-group algebras (special)

In this Section we specialize the group G and the functions 6 in order to
come nearer to the 6-group algebra of quantum mechanical “local observables™.
In all this Section we suppose that Gc is a commutative locally compact
topological group, /nis the invariant measure on it, L(GQ is the set of conti-
nuous functions with compact support on Gc, LMGQ — L1 is the set of /t-
summable functions on Gc, L” (Gc) = L°° is the set of /r-essentially bounded
functions on Gc and La(G,;) = Ly is the 6-group algebra of Gc. We suppose
further that Oand La have the properties [PI]: every character %(g) of the
group Gccan be written with some h CGcin the form ~(g) = %n(@) = b(hh |g),
[5] [P2]: there is an element h £L1such that h = h* and in every “represent-
ation x —»T(x) of Lgwhich does not contain the degenerate representation we
have

T(h)UgT(h) = y(@)T(h) ,

where y(g) is a function on Gcand y(e) ==0 [6].

The properties [P1] and [P2] restrict very much the possible *-represent-
ations of Lia as it can be seen from the Theorems Pl and P2:
Theorem Pj. Every non-degenerate *-representation of Lais faithful.
Proof: Every non-degenerate *-representation x —mT(x) of which contains
the degenerate representation can be written as T = T' ® jD, where D is a
degenerate representation and T' does not contain already the degenerate
representation. Therefore it is enough to consider only such *-representations
which do not contain the degenerate representation. Let x —» T(x) be such a
Arepresentation. It is easy to see [Theorem 11. and Eq. (6)] that ifaCL1land
g £ G then

I/A 1T(a)ug= j 6(gg jk)a(k)Ukdfj(k) .
Thus if T(a) = 0 then taking into account [PI] we have

J X{k)a(k)Vkd u()

0 for every character Gc.

This can be true only if a(k) = 0 almost everywhere (that isifa= 0 in L1
To prove this we must use two lemmas:

Lemma 19. Every element of L(GQ can be approximated in the weak topology
of L°° by linear combinations of characters on Gc.

Proof: a theorem of I. M. Gei1fand and D. A. Raikov (NN 830.3, Theorem 3)
assures that every positive definite function on Gc can be approximated in the
weak topology of L“ by trigonometrical polynomials. But NN, §31.1, Corol-
lary 2 and NN 8§30.4 together say that atrigonometrical polynomial is alinear
combination of characters. Now e = f mf* is positive definite for every
fiL (G c) and
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Left=- [(/, +m\ +fr - (/,- /X -FP)p+ha+ lUl+ &r

- i(f, - - i)

Thus every element of the form /t «f* can be approximated by linear combin-
ations of characters. But NN 828.2, Remark 2 assures that every x CL(GQ
can be uniformly (i.e. in the norm of L°°!) approximated by elements of the
form /xex, thus the proof of the lemma is complete because the norm topology
in L°° is more strong than the weak topology.

Lemma 20. If a0(g) CL1and for every f(g) £ L{GQ we have \f(g)a0(g)dfi(g) —0
then a@g) = 0 almost everywhere.

The proofis elementary and is left to the reader. Combining Lemmas 19 and 20
the proof of Theorem P1can be easily completed.

Theorem P2 Every *-representation x —mT(x) of Ls can be written as T =

= Tk® D, k= 0,1,2,... 00 where D is the degenerate representation and
K

Tk = 2, © lo’, where 4° is equivalent to a certain irreducible *-represent-
i=1

ation TO of L&

The proof of this theorem is essentially given in a paper of J. v. Neumann [3]

We reconstruct it briefly for the sake of convenience: Let N be the set of

elements JEH (H is the Hilbert space of the “-representation T) with the

property: T(a)T = 0 for every a( L1 N is clearly an invariant closed sub-
space, and in N the “-representation T is equal to the degenerate represent-
ation D. Later on we shall consider the “-representation T onlyinH' = H QN

which already does not contain the degenerate representation. Therefore
Theorem 11. and [P2] gives T(h)UgT(h) = y(g)T(h) and thus T(h)2= y(e)T(h).
Hence the set M = T(h)H' is not void (Theorem Pr) and it is a closed subspace
in H', because M = {ip:yif£ H', T(hxi>= y(e)y}. Using [P2], Eqgs. (3) and (6)
we obviously have for o cp £ M

(Ug(p. uk<p) = UgT(h)<p0, Uk T(h) (pg) =

= e -a @

Therefore if {cpkj is a complete orthonormed system in M and if Mk is the
closed subspace in H' spanned by the elements of the form Ugy” g C Gcthen
Mi is orthogonal to Mkif i ==k. Further the subspaces Mk are clearly invariant
under Ug and thus also under T(x) (Theorem 11.). ~* @ MKk is the whole H'

K

because in H' © © MKkj = U we have T(h) = 0and invirtue of Theorem Px
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this is possible only if U = {0}. From Eq. (7) it is clear that the *-represent-
ations TS in M), are unitarily equivalent. The irreducibility of T, = T’
follows from the definition of M, and from Corollary 12.

We mention a simple consequence of Theorem P,: Corollary 21. The non-
degenerate irreducible *-representations of L, are unitarily equivalent to each
other.

Up to now we dealt with the d-group algebra L; but earlier we remarked
that there is a close connection between L; and D, (Definition 8.). In the
remaining part of this Section we shall be concerned with this connection.
Lemma 22. If G is a locally compact topological gioup then the positive func-
tionals on L;(G) and D 4(G) are the same: every positive functional of L; can be
(uniquely) extended to D,. Therefore every *-representation of L; can be
“extended’ to a *-representation of D,. In this (one-to-one) correspondence
the pure functionals go over into pure functionals and irreducible *-represent-
ations go over into irredubible *-representations.

Proof: the first statement is a simple consequence of Theorem 7 and A.27.
The second one follows from the GNS construction of *-representations:
A.(29). The other statements are trivial.

Theorem 23. On Ly(G,) there is only one completely regular norm and this is
even the minimal regular norm. Let x — T(x) be an irreducible *-represent-
ation of L; then the closure of T(L;) in the operator norm is an irreducible
*.representation of D,(G,).

Proof: let us suppose that there are two different completely regular norms,
and let D, resp. D/ be the completion of L; with respect to these norms.
Let us consider a faithful irreducible *-representation of D,(T’) and D(T")
respectively. T and T’ are both norm preserving (NN. §24.1, Theorem 3).
The restrictions of 7" and T" to L, are faithful irreducible *-representations of
L; according to Lemma 22 and they are equivalent because of Corollary 21.
Thus the two norms must coincide. Therefore there is only one completely
regular norm. But the minimal regular norm exists on Ly (Theorem 7.), thus
the minimal regular norm is the unique completely regular norm on Ls;. The
last statement of the theorem directly follows from this and Lemma 22, because
the operator norm is completely regular on Hilbert spaces.

Corollary 24. Theorem P, and Corollary 21 are valid for D, too instead of L.
Theorem 25. Let us consider an irreducible *-representation 1" of D, on H.
The necessary and sufficient condition for a positive functional fon D, to be
pure and faithful is that there exists an element y € H for which {f|x} =
— (» T(@)y)-

Proof: if {f|x} = (y, T(x)y) then fis a faithful positive functional (Corollary
24) and also pure according to A.(31) and A.(29) or NN §17.3.1.

If fis pure and faithful then the corresponding *-representation T of D,

[see A.(29)] is irreducible according to A.(31) and faithful because of A.32.
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But every irreducible *-representation is equivalent (Corollary 24) therefore
also Tf and T are equivalent and this completes the proof.
Theorem 26. Every positive functional f on Dj can be written in the form

{n=} = c{fo\x}+  {//I*}> k=0,1,2,...,00
J=1

where c is a number, f0is a degenerate functional andf (i= 1,2,...) 1is a
pure positive functional.

Proof: Considering the *-representation Tfon H belonging to/ [see A.(29)] we
K

can apply Theorem P2: Tf= D @ » @ Tq\ Let us denote the subspace of D
i=1

by HDyand the subspace of Td) by if/. A.(29) says that [f\x} = (]0, Tf(x)C0).
K

Because H —HD @ ~ @ Td) we can decompose the vector |0 into the

] K [ ! H |
components e A with |rl JfD, |, C! ‘ HD and ‘ are invariant
i=1 ‘
K

subspaces, therefore we get {/| x} = (|e Tf(x)£e) + ("h Tf(x)£i). Here
1

(e, Tf(x)"e) is clearly a degenerate functional (if HD is void then ¢ = 0 in the
theorem) and (£-, T~(n:)|r) is pure according to Theorem P,, and A.(31).

IV. The algebra of quasilocal observables
in quantum mechanics

The mathematical results obtained make possible the rigorous discussion
of algebraic quantum mechanics treated in I. Also, we can now incorporate
quantum mechanics in the general frame of algebraic quantum theory in an
easier way [7, 8]. Algebraic quantum theory isbased on the algebra of observ-
ables and states of quantum systems are characterized by positive functionals
on this algebra.

The algebra of local observables in quantum mechanics was defined in I.
In the case of one degree offreedom the physical quantity described in classical
mechanics by the function f(p, x) is represented in the algebra of local observ-
ables by the element

a(x, p) — (2n)~2 fe~(n+yp>f(r, y)drdy . (8)

The elements a(x, p) form an algebra which is in fact the &-group algebra L5
of the group Ggm (= the abelian group of two dimensional vectors; see | and
also the Introduction). It is easy to show that LA"G™m) = A" has the properties
[P1] and [P2]: If h — (y, r) and g(x,p) then from (OQ) we have
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6(hhg) = e-*<YP-*0. (9)

It is possible to write every character of in this form, thus [P1] is valid.
Furthermore an easy computation shows that if

h(x,p)=e 4< P> (10a)
then from Theorem 11 follows
T(h) Upey) T(h) = 2ne~ (x4pS) T(h) ,

and thus [P2] is fulfilled with

y(x,p) = 2g9e" 1 K+pl). (10b)

The algebra A' of local observables in quantum mechanics is a Banach
*-algebra (as every O-group algebra). In general algebraic quantum theory,
however, one considers the algebra of quasilocal observables A which is a C*-
algebra and can be obtained from A' by completing it in the minimal regular
norm (see in [8]). Thus now A isjust the /1-group algebra of G*,: Dj(G") = A.
It is worthy to note that on A' there is only one completely regular norm
(Theorem 23) and thus there is only one possibility to construct a C*-algebra
from A'. According to Theorem 23 a possibility for this construction is the
following: We consider an arbitrary (nondegenerate) irreducible *-represent-
ation T of A' and then completing T(A") in the operator norm we get even A.
The uniqueness of this procedure is assured also by Corollary 21 which tells
that the irreducible *-representations of A' are all equivalent.

The close connection between A' and A (expressed also by Lemma 22)
shows that it does not make very much difference whether we built algebraic
quantum mechanics on A' or on A. But the mathematical properties of a
C*-algebra are more simple and beautiful and we shall see below that the set
of possible states can be given with the help of A as follows: We shall use the
algebra A of quasilocal observables as a starting point of our investigations in
quantum mechanics.

First we give the definition of the possible states (in | this was omitted
because of the lack of sufficient mathematical preparations):

Postulate: the set of possible states of the system is the “surface” of the closed
unit sphere in A*(I"i.e. the positive functionals f with {/| e} = 1 [9]. The
expectation value of the quasilocal observable a = a* in the state/is equal to

{/l «}

Taking into account Theorem 25 we see that the pure states fp are given
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by the elements ip in the Hilbert space of an (arbitrary!) irreducible ®-repre-
sentation T of A in the form

{fp 1} = (Vh T(x)w) )

This relation shows the content of the above postulate in the “old” language:
0P, Y™ = lIx|]2 must be equal to 1 and the expectation value is given by
(vi, T(x)ip). Naturally there are other possible states of the pure onestoo and as
it can be seen from Theorem 26 the most general state has the form

2 W X)=_ (i2)

whereffs are pure and Kk = 1,2,.. oo, Here the case k =f=1clearly corresponds
to the mixed states of conventional quantum mechanics.

A very important feature of quantum mechanics is that every (non-
degenerate) irreducible *-representation of A is unitarily equivalent (Corol-
lary 24). Therefore quantum mechanics (even algebraic quantum mechanics!)
can he formulated in the Hilbert space of a given irreducible ®“-representation.
This is guaranteed by the properties [PI] and [P2]. But one cannot expect
a similar situation generally in quantum theory and this has essential con-
sequences:

1. There is not necessarily such a close connection between A and A’
(lack of Theorem 23),

2. the possible (and the possible pure) states are more general (lack of
Theorems 25 and 26),

3. the algebraic- and the Hilbert space-formulations are not equivalent
because the different “-representations are not (unitarily) equivalent (lack of
Theorems PI and P.).

From the study of algebraic quantum mechanics one can draw another
conclusion too. In | and now we defined the algebra of quasilocal observables
by means of the concrete 6-group algebra A'. This can be looked upon as a
certain kind of representation of the abstract Banach *“-algebra relevant in
gquantum mechanics as the algebra of local observables. The advantage of this
“representation” is that the elements of A' are common functions of two
variables, which seem to be more “palpable” than the corresponding operators
in Hilbert space.

Appendix (algebraic syllabus)

Here we give a short review of definitions and fundamental facts following
the book of M. A. Neumark [2]. We suppose that the reader is familiar with
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topology, integration, linear space and Hilbert space (these topics are dealt
with also in NN Chap. I., thus we refer for uniformity in this paper always to
NN. Further details on these subjects can be found for example in the books
quoted in [10].

A.l. Algebra. The set R = {x,y, .. .} is an algebra if it is a linear space
(in the present paper always a complex one) and if in R the multiplication of
two elements x ey is defined and the nxultiplication has the properties:

oc(x my) = (xx) my = x m(ay) ;
(x oY) mZ= Xe(Yeoz); (X+ Y) mZ= XeZ+ Y ‘«; x m(j 2)= X sy +xz.

Flere (and henceforth) a is a complex number and x,y, z £ R.

A.2. Algebra with unit element (R). R is an algebra having an element e
(the unity) for which e mx = x me = x for every R,

A.3. Normed algebra (R). R is an algebra with a norm defined on it, i.e. a
nonnegative number |x [ (the norm of x) is given for every x CR which has
the properties

I;pJ= 0 if and only if X= 0;

l«* 1= Jalel*l; |*+y|<;M+]|y];

A.4. Normed algebra with unit element (R). R is a normed algebra and an
algebra with unit element and |e | = 1.
A.5. Banach algebra (R). R is a normed algebra and if lim |xn— XM| =

= 0 then there exists an xnC R for which lim jxn — x0\— 0. (Or in other

terms: R is complete in its norm, that is R is a normed algebra and a Banach
space in its norm.)

A.6. *-algebra (R). R is an algebra and an involution x “mx* is defined
on it, that is every x £ R has an adjoint x* C R. The involution must have the
properties

(X ey)* = y* mx* ; (x*)* = x; (xxxL+ x2x2* = &qxf + a2xf,

where a is the complex conjugate of x and xIf x2£ R.

A.7. Normed *-algebra (R). R is a *-algebra, R is a normed algebra and
Ix* 1= 11X 1 for every x £ R.

A.8. Banach *-algebra (R). R is a Banach algebra and with the same
norm a normed *-algebra.

A.9. Completely regular norm. The norm in the normed *-algebra R is
called completely regular if \x* «x \ = \x 2for every x CR.
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AJ10. C*-algebra (R). R iS a Banach *-algebra and its norm is completely
regular.

A.11. Adjunction of a unit. If R is an algebra without unit then it is
possible to enlarge R into an algebra with unit element R,. Namely: Let R*
be the set of pairs [a, a] where a is a complex number and x CR, that is

Re = {[a, a]: a is a complex number, x £ R} .
We define the algebraic operations in Re in the following way:

[xi, a] + [x2x.,] = [a + a2 x1l+ a?], ala,, a,] = [aa,, ax,] ,

[ai, xx] w[a2 a2] = [a a2 a a2+ a2a, f- "*2] e

Then clearly [1, 0] = e is the unit element of RPand [0, a] correspond to the
elements of R, hence every element of Rs can be written as [a, aJ= ae - a,
where a= [0, a] £ R.

If R is a *-algebra then we define the involution in Re as

[a, a]* = [a a*], that is (ae + a)* = xe -f x* .

Thus Re becomes a *-algebra with unit element. If R is a nornied algebra
then the norm in Re can be defined as jae -j-a|= |a|-(- |a].

A.12. Ideal. A subset of the algebia is a left (right) ideal if it is a linear

subspace (J) of R and if from a£ R, n CJ follows that a en £J (n maCJ,
respectively).
A left ideal which is at the same time also a right ideal is called two-sided ideal.
A (left, right, two-sided) ideal is a proper or nontrivial (left, right, two-sided)
ideal if it does not coincide neither with R nor with {0}. R and {0} are always
two-sided ideals, they are the trivial ideals.

A.13. Simple algebra. An algebra R is simple if it does not contain a
proper two-sided ideal.

A.14. Maximal ideal. A (left, right, two-sided) ideal J =R is maximal
if there is not other proper (left, right, two-sided) ideal which contains J.

A.15. Radical. The intersection of the maximal left ideals is the radical.

A.16. Semisimple algebra. An algebra R is called semisimple if its radical
is equal to {0}.

A.(17). The radical coincides with the intersection of the maximal right
ideals, therefore it is a two-sided ideal. Hence a simple algebra is always
semisimple (NN 87.5.111).

A.18. *-ideal (J). J is an ideal in a *-aigebra and from a £J follows that
a*6J-
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A.19. Homomorphism. If Kr and K2 are two algebras then the mapping
h: Rt — R2is a homomorphism if it keeps the algebraic relations, that is if

hfa xx-f- a2x2) = alh(xf) + a2 h(xi) » Hxi ' *2) = M*i) ' h(x2

for every ay, x2£ Rt and xr, a2 complex numbers. A homomorphism which is
one-to-one is an isomorphism.

A.20. *-homomorphism. A homomorphism between two *-algebras Rxand
R2is a *-homomorphism if h(x*) = h(x)* for every Rr
An one-to-one *-homomorphism is a *-isomorphism.

A.(21) There is a one-to-one correspondence between the (*-) homo-
morphisme and the two-sided (*-) ideals of a (*-) algebra R. A given (*-)
homomorphism h determines a two-sided (*-) ideal K, the kernel of the (*-)
homomorphism, in the following way:

K= {XX:xCR, h(x) = 0} .

Conversely: if K is a (*-) ideal and R/K is the factor-algebra determined by K
then the mapping h® : R —»R/K, hK(x) = {&+K} is a (*-) homomoiphism.
(The elements of the factor algebra R/K are the cosets {x -(- K} in R determined
by K. The algebraic operations are defined in R/K as

Xi{xi “b “D oi2{x2 -)- K} = {«xxx -)-a2x2-)- K} ;
{x1-f K} o {x2+K 3} = {xte*2+ K}; {x1+ K}* = {x*+ K} .

A.22. *-representation. The set B(ff) of bounded linear operators on the
Hilbert space H with usual definitions of algebraic operations is clearly a
*-algebra. A *-representation of a *-algebra R on the Hilbert space H is a
*-homomorphism: R —B(H). If a *-representation is in addition one-to-one
(i.e. it is a *-isomorphism) then it is afaithful *-representation.

The *-representations Tr on and T2on H2are (unitarily) equivalent if there
is a unitary operator U :Hx—H2 such that UTLx)U~1= T2(x) for every
x £ R.

A .23. Irreducible *-representation. Let x —T(x) be a *-representation
(T) of the *-algebra R on the Hilbert space H. If there is an invariant subspace
in H, that is a (closed) subspace M f= H, {0} for which T(x)M O M for every
x £ R, then the *-representation T is reducible.

If T is not reducible then it is irreducible.

A .24. Cyclic *-representation. A *-representation T of R on H is cyclic if
there is an element |OCH for which the set {T(x)!;0,x £ R} is dense in H.
The vector | Ois a cyclic vector of the cyclic *-representation T.

Acta Physica Academiae Scientiarum Hangaricae 21, 1966



AN ALGEBRAIC APPROACH TO QUANTUM MECHANICS II. 183

A.25. Linear functional. A mapping f which orders a complex number
{/1a} to every element x of an algebra R is a linear functional if {f\ x1
+ «@*2} = *I{/1*1) + *2{/1 A5}

A linear functional/on a normed algebra R is continuous if from [xn— x0| —=0
follows {/I xn} —= { /[x0}. The set of continuous linear functionals is thedual
space R* of R.

A .26. Positive functional. A linear functional f on the *-algebra R is a
positive functional if it is not identically zero and if {/1x* mx) > 0 for every
x £ R.

The set of positive (continuous positive) functionals can be denoted by R( )
(R*< > respectively).

A positive functional fp is pure if from fp= P/t+ (1 - 1> /> 0
fv/N R<b) follows thatf andf, are equal to fp.

A.27. Regular norm. The norm || in the *-algebra R with unit element
is called regular if every positive functional of R can be extended as a positive
functional onto the completion of R with respect to the norm | x |.

The minimal regular norm on R is a regular norm |x |0 with the property
X |o Ix | for every regular norm |x | and for aibitrary R.

A .(28). If we have a positive functional f on the *-algebra R then for

every R

L{/1 ** my}\2< {.fly* my) {/I ** «
(NN 8§10.2.111)).

A.(29). To every cyclic *-representation X = T(x) of the *-algebra R

with the cyclic vector | Ocorresponds a positive functional {/ |x} = (|0, T(x)]| 0).
This functional determines the *-representation up to unitary equivalence.
Conversely, every positive functional/on a Banach *-algebra with unit element
determines a cyclic *-representation Tf of R with the cyclic vector | 0for which
{/nN*} - (£,> Tj(x)in) (NN § 17.3, Theorem 2).
The =*-representation Tf is determined by the Gerfand—Neumark—Segal
(GNS) construction: We define a scalar product on R/N/ by ({*!'+ LW,
{r2-)- N/-}) = |/ Ixf mx,}. Here Ny= {n:nCR, {/| n* en} = 0} is a left
ideal according to A.(28). Thus T(x){y -f- Ny} = {* ey -f- N/} determines a
*-representation on the completion of R/Ny with respect to the scalar product
defined above.

A .(30). Every positive functional / in a Banach *-algebra with unit
element is continuous and Iif Ix\ I<7 Ifle) |x I. Moreover, the norm of f is
equal to {/1e} (NN § 10.4.1. and I1.).

A .(31). A cyclic *-representation is irreducible if and only if the cor-
responding positive functional is pure (NN 8 19.3, Theorem 2).

A .32. Faithful positive functional. A positive functional is called faithful
if the corresponding *-representation is faithful.

Aeta Physit Academiae Scientiarum Hungaricae 21, 1966



184

=

B w

No o

®

I. MONTVAY

REFERENCES AND NOTES

l. Montvay, An algebraic approach to quantum mechanics (in this paper referred to as I),
submitted for publication to Nuovo Cimento.

. M. A. Neumark, Normed rings (in Russian) Moscow, 1956, (in this paper referred to as NN).

For the theory of group algebras see Chap. VI.

Neumann, Math. Ann., 104, 570, 1931.

Our definitions and theorems give the corresponding ones in the group algebras if we put
d=1. E.g. the right-shift is defined in group algebras by xft(g) = x(gh).

From Eq. (1) the mapping h xhis clearly a homomorphism: Gc *m Gc (where Gc denotes
the character group of Gc). We suppose here that the image of Gcin this homomorphism
is the whole Gc-

Here 1Cis the (5-representation of Gcbelonging to x —= T (x) in virtue of Theorem 11.

See R. Haag and D. Kastleh, J. Math. Phys., 5, 848, 1964, and also |I. Montvay, N uovo
’\(A‘imento (in print).

ontvay, Interaction picture in the algebraic quantum theory, submitted for publica-
tion to Nuovo Cimento.

{/je} ives the norm off; see A. (30).

[?unford and J. T. Schwarz, Linear operators I—I1, New York 1958, 1961.; P. R. Hal-
mos Measure theory, New Yorlh 1949.; F. IeSZ B. SZ —Nagy Lecons d analyse fonc-
tlonelle 1952 Budapest.; |ckart General theory of Banach algebras, New York
1960.

ANTEBEPAVYECKOE MPUBAMXEHWME B KBAHTOBOW MEXAHUKE II.
V. MOHTBAW
Pesome

[aloTcs maTemaTMueckue OMnpefeneHnst 1 TeopeMbl AJis anre6panyveckoro opmMynmpo-

BaHUA KBaHTOBOM MexaHUKW. [laHHOe (OPMy/MPOBaHMe OCHOBbLIBAETCA Ha OMpefe/ieHHOM
BUfe TpynnoBbIx anre6p (6-rpynnoBble anre6pbl) BMECTO HEMoOCPeACTBEHHOr0 MCMO/b30BaHUS
onepaTopHoi anrebpbl B ['Mnb6epTOoBOM MpocTpaHcTBe. ogpobHO mccnegytoTcs ceolicTBa 6-
rpynnoBbIx anre6p B obwem 1 6-rpynnoBas anrebpa KBaHTOBOW MeXaHWKMU.
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BEMERKUNGEN ZUR FRAGE DER WECHSELSEITIGEN
BEZIEHUNG DER KONSTANTEN EINIGER THEORIEN
UBER DIE KONZENTRATIONSDEPOLARISATION DER

PHOTOLUMINESZENZ VON LOSUNGEN

Von

C. Bojarski

I. PHYSIKALISCHES INSTITUT DER TECHNISCHEN HOCHSCHULE, GDANSK, POLEN
(Eingegangen 3. X1. 1964)

Die Frage der Bestimmung der Konstante R (), diein dervon Ferster [1,2]
aufgestellten Theorie der Ubertragung von Elektronenanregungsenergie auf-
tritt, sowie die Frage der Beziehung dieser Konstante zu den in den Theorien
anderer Autoren [3—5] Uber den Einfluss der Konzentration auf die Lami-
neszenz von Ldsungen auftretenden Konstanten, ist in einer Anzahl von
Abhandlungen diskutiert worden [6—11]. Die genannte Konstante RO, der
die Bedeutung jener wechselseitigen Entfernung zwischen zwei aufeinander
einwirkenden Molekilen zukommt, bei der die Wahrscheinlichkeiten der
Emission und der Ubertragung von Energie einander gleich sind, kann aus
folgender Formel bestimmt werden [2]:

R = 9x2(In 10)2erlv T/6
0 L 16n4«2N'2~%\ K’

Hierbei ist x ein von der wechselseitigen Orientierung beider Molekiile abhén-
giger Zahlenfaktor, n der Brechungsindex der Ldsung,c die Lichtgeschwindig-
keit im Yakuum, x die natirliche Lebensdauer des angeregten Sensibilisators,
JV' die Molekiilzahl in Millimol, vO die Wellenzahl des ElektronenUbergangs
im Spektrum in crn™1 (mittlerer Wert zwischen Absorptions- und Fluoreszenz-
maximum) und lvder Wert, der den Grad der Uberdeckung der Spektren von
Absorption und Fluoreszenz bedeutet. Zwischen der Konstante RO und dem
Radius der Wirkungssphédre Rj, die in der Theorie von Jabeonski Uber die
Konzentrationsdepolarisation auftritt, besteht eine bestimmte zahlenmaéssige
Beziehung, wobei die von verschiedenen Autoren gefundenen Werte des Ver-

RJ

héltnisses recht betréchtlich variieren. In vorliegender Notiz werden

wir die Grinde dieser Unstimmigkeiten und die falschen Voraussetzungen
aufzeigen, die in einigen Féllen bei der Bestimmung des Verhéltnisses zwischen
Rj und RO angenommen wurden.
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In einer unldngst verdffentlichten Abhandlung beschéaftigt sich K awsici
[12] unter anderem mit der experimentellen Bestimmung der Konstante RO
sowie mit der kritischen Konzentration CO, die miteinander durch folgende
Beziehung verbunden sind [2]:
3
n'= CON' = (2)
4n

wobei CQin die entsprechende Molekilzahl in 1 cm3bedeutet. Hierbei

benitzt er die von ihm gefundene Beziehung [13]

Rj = 313RO. ?)

Den Wert Rj bestimmt er durch Vergleich der Erfahrungsergebnisse, die sich
auf die Konzentrationsdepolarisation der Photolumineszenz von Fluorescein-,
Rhodamin B-, Rhodamin 6G- und Trypaflavin-Glycerinldsungen beziehen, mit
dem aus der Theorie von JabEokski [5] Sich ergebenden Ausdruck, der vom
Autor [14] vorliegender Notiz in der Form

1 1 _f1 11 V- (4)
p 3 1p0 31 2[v—1.+e~\

aufgefuhrt wird. P Obedeutet hier den Grundpolarisationsgrad v = v;i:, wobei
vi das Volumen der Wirkungssphédre und . die Zahl der lumineszierenden
Molekiile in 1 cm3ist. Alsdann berechnet K awski aus den Gleichungen (3)
und (2) die Werte ROund CO. Fir die auf diese Weise gefundenen Werte CO
stellt er eine gute Ubereinstimmung der Erfahrungsergebnisse mit der Theorie
von Ferster—Ore [1, 15] fest. Im weiteren werden wir beweisen, dass die
Beziehung (3), auf der die Berechnung von ROund Cnbasiert, nicht einwandfrei
begriindet ist.

Es sei kurz daran erinnert, dass sich K awski bei der Entwicklung der
Beziehung (3) auf folgende Ergebnisse stltzte:
1. auf die Methode [7] zur Bestimmung von RO, die auf die Bestimmung der
Molekilzahl n' hinauslduft, was dem Polarisationsgrad entspricht:

1 1 1 1
= — + -
p Pu Po 3

(5)

2. auf die vom Autor [8] angegebene Abhé&ngigkeitl

1Erstaunlich erscheint die Tatsache, dass sich Kawski, wahrend er die Beziehung (6)
benltzt, die von mir in einer allgemein zugénglichen Zeitschrift [8] verdffentlicht wurde,
auf seine Arbeit [13] beruft, die in einer schwer erhéltlichen Zeitschrift ein Jahr nach Erschei-
nen der Abhandlung [8] verdffentlicht wurde. Bei Benilitzung der Beziehung (6) stiitzt er sich
lbrigens auf dieselben Voraussetzungen, auf denen die Abhandlung [8] basiert.
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(6)

in der -E% eine Konstante i.st, die in der von Wawilow aufgestellten Theorie

Uber den Einfluss der Konzentration auf die Fluoreszenz der Lésungen auftritt.
Durch Vergleich des Ausdruckes

.11

(?)
T Tu ' iTo

der sich aus der Gleichung (4) fir v = vjn 1 ergibt, mit der Formel von

W awilow

1 1 1 1

n, (8)
P To To 3

die gleichfalls die Konzentrationsdepolarisation hei Vernachlassigung der
Ausléschung beschreibt, erhielt er

K2 9)

was bei Bericksichtigung der Abhdngigkeit (6) schliesslich die Beziehung (3)
ergibt.

W ir stellen fest, dass K awski beim Vergleich der Gleichungen (7) und (8)
die Gultigkeit beider Formeln bis zur Konzentration n' voraussetzt, bei
welcher der Polarisationsgrad den Wert (5) annimmt. Dieser Wert der Kriti-

sehen Konzentration n' bestimmt ndmlich die Konstanten ik und R..
*
(Vergleiche die Gleichungen (6) und (8)). Indessen darf man si%:h des Aus-
drucks (7) im Gegensatz zu (8) nicht in diesem weiten Bereich der Konzentra-
tionen bedienen. Insofern ndmlich die lineare Abhé&ngigkeit (8) unmittelbar aus
W awitows allgemeinem Ausdruck fiir die Konzentrationsdepolarisation auf
Grund der Vernachldssigung des Ausldéschens ohne sonstige Vereinfachungen
hervorgeht, flihrt Jabi1onskis Theorie bei Vernachldssigung des Ausléscbens
zu einer nicht linearen Beziehung (4), aus der man erst fir v~ 1 die Abhén-
gigkeit (7) erhdlt. Somit steht die Voraussetzung der Gultigkeit des Ausdrucks
(7) bis zur Konzentration n*, der v = 3 entspricht, in ausdricklichem W ider-
spruch zu der Bedingung v <8 1. Wie wir bewiesen haben [14], ist der Ausdruck
(7) nur fir v <7 0,3 eine gute N&herung der Gleichung (4). Zu bemerken ist,
dass sich K awski ganz unndtigerweise auf die Theorie von W awitow (AuUS-
druck (8)), desgleichen auf die Beziehung (6) beruft, da sich die Relation
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R; = 31"3R0 sofort ergibt, wenn man die Unrichtigkeit der Voraussetzung von
der Giiltigkeit des Ausdrucks (7) fiir die Konzentration n” in Betracht zieht.
Da der Polarisationsgrad fiir die Konzentration n’ den Wert (5) annimmt,

4
geht aus der Gleichung (7) hervor, dass nR3 n' = 3, was wegen der Gleich-
3

heit n’ = 3/4zR} sofort R, = 3'® R, ergibt.

Ein weiterer Fehler Kawskis bei der Entwicklung der Beziehung (3)
besteht darin, dass er Ausdriicke (z. B. (7) und (8) sowie (7) und (5)) vergleicht,
die auf verschiedenen Voraussetzungen basieren. So beriicksichtigt z. B. die
Theorie von JABEONSKI die Fluktuation der Konzentration lumineszierender
Molekiile und die Riickwanderung der Anregungsenergie und lisst keine
Moglichkeit der Ubertragung von Anregungsenergie an die Molekiile zu, die
sich in einer Entfernung von R > R; befinden, wihrend die Ausdriicke (8)
und (5) von der Voraussetzung aus entwickelt wurden, dass die lumineszieren-
den Molekiile in der Losung der gleichmissigen Verteilung unterliegen. Die
von Kawski festgestellte zufriedenstellende Ubereinstimmung jener Werte
einerseits, die sich nach Formel (1) auf Grund von Messungen der Absorptions-
und Fluoreszenzspektren sowie der mittleren Lebensdauer des Molekiils im
angeregten Zustand errechnen, und der aus der Kurve der Konzentrations-
depolarisation anhand der Gleichungen (4) und (3) errechneten Werte anderer-
seits, ist eine teilweise wechselseitige Kompensation der Fehler, die bei Auf-
stellung der Beziechung (3) begangen worden sind.

Die Frage der wechselseitigen Beziehung zwischen R; und R, im Falle
der Konzentrationsausloschung der Photolumineszenz durch fremde Stoffe
ist in der Arbeit von JABEOXSKI [6] und im Falle der Konzentrationsdepolari-
sation in den Abhandlungen [10, 11] behandelt worden.

Bei Bestimmung der Beziehung zwischen R; und R, wurde dort unter
anderen das von FORSTER angegebene Gesetz der Wechselwirkung der Molekiile
beriicksichtigt, da sich die Wahrscheinlichkeit der Energieiibertragung mit der

R
Entfernung wie R—% verringert. Der gefundene Wert fiir das Verhiltnis s

beim Modell mit Wirkungssphire [6, 10] betrug 1,327. Im Falle des Schichto-
modells [16] erhielten wir fiir das gleiche Verhiltnis den Wert 1,279, der mit
den Versuchsergebnissen von SzALAY und SARKANY [9] sehr gut iiberein-
stimmt.?

?Diese Autoren bestimmten gleichfalls die Beziehung zwischen R; und R, in der
Gestalt Ry = 1,367 R,. Die Diskussion hieriiber ist in Abhandlung [11] angegeben.
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UBER DIE ERSCHEINUNGEN DER
ELEKTRODENZERSTAUBUNG BEI Hg—A

GLEICHSTROMENTLADUNG
Von
J. SINKA

FORSCHUNGSINSTITUT FUR DIE NACHRICHTENTECHNISCHE INDUSTRIE,
BRODY-IMRE-LABORATORIUM, BUDAPEST

(Eingegangen: 28. 1X. 1965)

W &hrend dieses Experiments wurden vom Verfasser die Zerstdubungs-
erscheinungen in Entladungsrohren mit Oxydkathoden untersucht. Die 1200
mm langen gldasernen Entladungsrohren O 38 mm, hatten eine A-Gasfillung
unter einem Druck von 3 Torr. Die Messungen wurden bei einer Umgebungs-
temperatur von 25 2° C bei Gleichstromentladung nach der Methode von
Kuaht [1] durchgefuhrt. Der Entladungsstrom (iL) diente als Parameter; in
Abhé&ngigkeit von diesem wurden die Zerstdubungsgeschwindigkeit (Vz)
weiterhin die Temperaturd&nderungen an den auf den Elektroden entstehenden
Anoden- (TFa) bzw. Kathodenflecken (7119 geprift. Der Gleichstrom wurde
mit einer spannungsstabilisierten Gleichstromquelle erzeugt. Zur Messung der
Geschwindigkeit der Zerstdubung der einzelnen Oxydiiberzigekomponenten
diente eine aus Monochromator-Multiplier-Verstiarker-Oszilloskop-Einheiten
[2] zusammengestellte Messeinrichtung. Die Temperatur wurde unter Berlck-
sichtigung der in solchen F&llen erforderlichen Korrektion mit Hilfe eines
optischen Pyrometers bestimmt.

Obwohl wé&hrend der Messungen die Bestimmung der Verdnderungen in
den Oberflachen der Anoden- und Kathodenflecke nicht die wichtigste Rolle
spielte, wurde mit Hilfe eines Kathetometers festgestellt, dass sich die Grdsse
der Flecken in dem hier untersuchten Strombereich nicht wesentlich &nderte.
Die Messung der Zerstdubung erstreckte sich auf alle drei Komponenten des
die Oxyde von Ba, Sr und Ca enthaltenden Drei-Oxyds. Die Untersuchungen
wurden bei Ba mit 4= 451 nm, bei Sr mit A= 460 nm bei Camit 4= 412 nm
durchgefiihrt. Die Zerstdubung von Sr und Ca verlduft dhnlich wie die von Ba,
und erwartungsgemadss zeigte der Ablauf des Sr und besonders des Ca in dem
untersuchten Fall einen niedrigeren Wert. Deshalb sollen die Anderungen
dieser beiden Komponenten (Sr und Ca) hier nicht diskutiert werden.

Die Kennlinien der Brennspannung (VLD und der Leistung (JE) sind
sowohl bei der Anode (Abb. 2) als auch bei der Kathode (Abb. 1) gleich, weil
die Zerstdubungsgeschwindigkeit in beiden Fa&llen unter Anwendung der
gleichen Réhren bestimmt wurde. Die Beachtung der Fehlergrenzen bei den
angewandten Messungen fihrte zu der Feststellung, dass die bei verschiedenen
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Entladungsstromen (iL) aufgenommenen Werte der einzelnen Parameter
graphisch durch die auf den Abbildungen 1 und 2 gegebenen Geraden darge-
stellt werden kdénnen. Die Messungen bestdtigen die Literaturangaben [3],
dass der Anodenfleck bei gegebenem Entladungstrom eine héhere Temperatur

hat als der Kathodenfleck, wenn es sich um eine Gleichstromentladung handelt.
Darlber hinaus wurde die bisher in der Literatur nicht erwdhnte Tatsache
bewiesen, dass die Geschwindigkeit der Zerstdubungen der Kathode trotzdem
einen hoheren Wert aufweist als bei der Anode.

Entsprechend den Abbildungen 1und 2 kann die Zerstdubungsgeschwin-
digkeit (Vz) in dem untersuchten Bereich sowohl bei der Anode- als auch
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bei der Kathode mit guter Anndherung als lineare Funktion des Entladungs-
stromes (iL) aufgefasst werden; dies bezieht sich auf die beiden Flecken-
temperaturen TFkund Tpa, auf die Brennspannung (Up) und auf die elektri-
sche Leistung (W). Daraus folgt, dass auch das Verhdltnis zwischen der Zer-
stdubungsgeschwindigkeit und der Flecktemperatur linear ist (Abb. 3).

Abb. 3

Diesen Zusammenhang beschreiben innerhalb des untersuchten Bereiches
folgende Beziehungen:
an der Kathodenseite
V& — Nk'TFk -f- Bk = f(T Fk), (la)
an der Anodenseite
Ka+ Ar Tpa+ Ba= f(TFa), (Ib)
wobei Ak und Bk die Kennwertkonstanten an der Kathodenseite, Aaund Ba
hingegen die an der Anodenseite bezeichnen.
Die Abbildung 3 zeigt die den Gleichungen (la) und (Ib) entsprechend
aufgetragene Kathodenkurve Vzk—f (T Fk) und die Anodenkurve Vza= f(T Fa).
Aus der Abbildung kann geschlossen werden, dass

Ak Aa, (2)

Vzk > Vza (bei gleichen Temperaturen T). (3
Der Quotient AalAKk, gebildet aus der Steilheit der Kennlinien

AaAk = 0,04 (4)

weist darauf hin, dass es eine weitere Wirkung gibt, die von der Polaritat der
Elektroden abh&ngig ist, und neben der die auf den Elektrodenoberfldchen
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auftretende Flecktemperatur die Zerstdubungsgeschwindigkeit (Vz) gleichfalls
deutlich beeinflusst.

Wie bereits erwahnt, dndert sich die Grosse der Anoden- und Kathoden-
flecke nur unmerklich, die Fleckoberflache kann also nicht als Ursache fir die
Abweichung der Kurven Vzk= AkeTFk-J- Bk bzw. Vza= AaeTFa+ Ba be-
trachtet werden.

Die Eigenschaften der Kennlinien Vzk und Vza werden ausser durch die
Temperatur auch durch die im Anoden- und Kathodenraum wirkenden Mecha-
nismen wesentlich beeinflusst. Diese sind:

bei der Kathode — Elektronenemission, loneneinschlag, der die Kathoden
auch mechanisch besché&digt, ausserdem der Verlust durch W &rmestrahlung,
W é&rmekonvektion, Wadarmelbertragung sowie der durch die Elektronen-
emission entstehende, weiterhin der durch die Verdampfung und die mechani-
sche Zerstdubung des Kathodenliberzuges verursachte Wadarmeverlust;

bei der Anode — Elektroneneinschalg, die Wé&rmeverluste durch Strah-
lung, Konvektion und Ubertragung.

Die Abweichungen der hier angefiihrten Kennlinien von anodischen und
kathodischen Erscheinungen kdnnen auf die Abweichungen infolge dieser
Mechanismen zurtckgefihrt werden.

Die hier gemessene Zerstdubungsgeschwindigkeit vereinigt in sich die
Verdampfung wie auch den mechanischen Zerfall: die Zerstérung. Welchen
unter diesen Entladungsparametern im gegebenen Elektrodenfall die gréssere
Bedeutung zukommt, wild die Weiterfihrung der hier mitgeteilten Unter-
suchung zu entscheiden haben.
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Introduction

The resistivity ratio as measured in ice, or in liquid He, H2or N2is often
used to characterize the purity of different metals. It is generally accepted in
the literature that this resistivity ratio varies according to the purity of the
sample, after a suitable heat treatment has been employed to remove the
various physical lattice defects (point defects, dislocations). However, the
question arises as to what is to be regarded as “suitable” heat treatment,
and how for this ratio is characteristic of the chemical purity of the given
metal, because it has been shown [1—3] that the resistivity ratio of a given
sample may change by further heat treatment even after the removal of
physical lattice defects.

The resistivity ratio of 99,999% copper varies with the residual pressure
of the vacuum heat treatment: Dolecek and Schultz [1] studied the effect
in liquid He, Lange and Haeussler [2] in liquid H> The results of the two
investigations differed considerably. The resistivity ratio of aluminium of
different purity, has also shown some anomaly during measurement in liquid
H2 after heat treatment in air [3].

In this paper we wish to submit some results, related to the effect of
heat treatment and of the impurity content of various aluminium and copper
samples, with measuring the resistivity ratio in liquid N2and ice temperatures.

Aluminium

Results for several aluminium wires of different purities are shown in
Figure 1. The samples were drawn to a diameter of 1 mm and were held for a
long period at room temperature before further.treatment. The heat treatment
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was effected in vacuo, at 5.10 5Torr, holding the samples for a period of 30
minutes at a given temperature. As can be seen in Figure 1, the value of the
A273/-~78 resistivity ratio of aluminium samples of different purity depends
considerably on the temperature of the previous heat treatment.

The zone refined sample “1” of 99,999% purity softens considerably at
room temperature within a few hours after deformation, i.e. lattice defects”®

Fig. 1. The 02713KBresistivity ratio of aluminium wires of different purity as a function of the
temperature of previous heat treatment

responsible for the work hardening, are removed during this annealing.
The further decrease of low temperature resistivity after a heat treatment at
200 to 300° C can be related to the removal of those lattice defects, which
remained for a longer period in the samples held at room temperature. The
increase of the resistivity ratio of the less pure samples “2” and “3” up to a
temperature of 200° € resp. 300° C can be explained again by the removal of
lattice defects, mainly dislocations, as was shown by parallel mechanical tests.
For anneals at still higher temperatures the resistivity ratio increases with the
annealing temperature, but later it decreases. The decrease is more pronounced
in the case of samples of lower purity. This fact can be related to some inter-
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action between the different impurities, or between impurities and lattice
defects.

According to these considerations it is highly debatable what heat
treatment must be applied, when the purity of a given sample is to be charac-
terized by the resistivity ratio. The different i 27/°78 rati°s show nearly the
same value after a heat treatment at 200 to 250° C, regardless ofgreat differences in
their purities. It is therefore uncertain what heat treatment leads to resistivity
ratios characteristic of the impurity content of the different samples.

Our further investigations have shown that the resistivity ratio maxima,
produced by anneals of roughly between 200 and 400° C, can hardly be related

Fig. 2. The R,,.JR1Sresistivity ratio of copper wires of different purity as a function of the
temperature and the residual pressure of previous heat treatment

to the solution, precipitation or evaporation of any impurities present in smell
concentrations. It seems to be necessary therefore to investigate in con-
junction ivith the change of the resistivity ratio as afunction of theprevious heat
treatment, the response of the samples to deformation and recovery, and to charac-
terize the physical state of the given samples by these joint properties.

Copper

Results of the measurement of the resistivity ratio of different copper
wires are shown in Figure 2, as a function of the tempeiature of previous heat
treatment. This was effected for a period of 4 hours at different degrees of
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vacuum, on zone-refined copper (99,999%) and electrolytic-grade copper
(99,9%). It can be seen that the value of the R273IR78ratio depends considerably
on the annealing atmosphere. For the purer samples the effect is smaller. In a
poor vacuum (10~2Torr) the ratio becomes generally higher, and for less pure
samples decreases only above 600° C. This effect can be explained in various
ways. It may be possible that the oxygen in the residual atmosphere combines
with the iron impurity content of the given copper sample, showing a great
R273¥R7S ratio. The decrease of this ratio in the case of the less pure copper
samples can also be related to the resolution of the iron content [2]. It is
possible, however, that the interaction of other impurities with oxygen gives
rise to this anomalous behaviour.

If we compare the results of Figure 2 with the data of Doreceic and
Schultz [1], resp. Lange and Haeusster [2], We come to the conclusion, that
besides the factors already listed, the cooling liquid used during the measure-
ment of the resistivity may also influence the value of the low temperature
resistivity, leading to the large discrepancies between the data of various
experimenters. The measurements, made on different copper samples show,
in conformity with the considerations related to the aluminium samples,
that the absolute value of the resistivity ratio in itself alone is not an equivocal
characteristic of the purity of the metal, and should be coupled with the
investigation of other physical processes.

Our thanks are due to Mrs. J. P. Kuiconya for her help during the

measurements.
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It is known that the elastic scattering of electrons by neutral atoms is of
great interest in connection with upper atmosphere physics and astrophysics.
The range of the energy of the scattered electrons is of the order of 0 to 50 eV.
The accuracy of the calculated phase shifts depends very much on the approx-
imation method as well as on the atomic potential. The purpose of this paper
is to calculate the phase shifts using Hcirtnhen’smethod and the approximation
for the Hartree —Fock potential of neutral atoms. According to Strand an
Bonham [1] the radial electron density of neutral Hartree —Fock atoms
can be accurately represented by the expression corresponding to the following
form of the screening factor Zp{r)jz

2 m
ZP(r)J)z -  aYiexP(—4 )+ r2 bijexp( -% 1), (1)

i=i j=i

where ris the radial distance, Zp(r) the effective nuclear charge for the poten-
tial, Z is the atomic number,m = 2forZ = 2to Z = 18 and m = 3forZ = 19
to Z — 36 and ayi, “Aj, byj and bXj are pzarameters to be obtained for each atom.

For the point r = 0 the condition Y aym= 1 is obtained for the ay,. The
i-1

electrostatic potential F(r) in atomic units is related to Zp(r) as V(r) = —Zp(r)/r.

In order to find the phase shift for low energy scattering of electrons by

Hartree —Fock Nneutral atoms we apply the Hurtnen [2] variational method

for the quantum number / = 0 using eq. (1). In this case we write

Lo[ap o, g RUOdrs 22 j Y RI(r)dr

1=1
(2)
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m

+ 2Z7™ bY]\e-~rly(r)dr,
=14

where R o(r) is the approximate solution for the Schrodinger eq. for 1= 0
satisfying the following boundary condition

rRo0) = 0 and |FIQ R O(r) —mSiN kr -} a COS kr. (3)

In eq. (2) k2= 2e, where e is the incident energy of the scattered electron and
a in eq. (3) is related to the phase shift rjo as follows a = tan rjo. If a suitable
trial function for r o(r) containing n -f- 1 independent parameters ct, ... c2 . ..
is chosen then according to Hulthén’s variational method these parameters
are determined by the conditions . = Oand 9L/9, = 0,i = 1,..., n, where
a = tan rjo determines the phase shift. In this paper we calculated the phase
shifts ijo using for ro(r) following expression [3]

RO(r) = Sinkr -f~(@  be-crn (1 —e~Lr) COS kr . 4
This approximate solution of the Schrodinger equation for the case 1= o

fulfills the required boundary conditions given by eq. (3) and contains the
independent parameters a, b and ¢ where a = tan rjo. At first we have calcul-

a2
ated JRo(r) and ro(r) - + kr ro(r) namely:
dr2

RI(r) = n2(l — 2e ir -f- e 2ir) cos2kr -f- 62(e 2tr — 2e' 3ir -j- e iir) cos2kr -|-

2ab(e~‘r — 2e_2tr e~Ser) cos2kr (5)
-)- 20(l — e~cr) sin kr cos kr -(- 2b(e~cr — e~2ar) sin kr cos kr sin2kr
and
d'lft
R O—d—— K2Rg = a2[2ck(e~2cr — e~tr) sin kr cos kr -f-
r

-f- c2(e_2tr — e T)cos2 ~r] + b2 [2ck(e~2ir — 3e"3« -

-f- 2e 4ir) sin kr cos kr c2e~2r — 5e 3ir -)- 4e_4tr) cos2kr] -)-
-|- ab[2ck(e~cr — 4e_2cr -|- 3e~3cr) sin kr cos kr -f- c2(e_‘r —

— 6eN'g -f- 5e_3tr) cos2kr] -f- a[—2cke~cr sin2kr —

— c2e~cr sin kr cos kr] -)- b\2ck(e~ir — 2e_2tr) sin2kr -)-

+ c2(e~cr — 4e_2cr) sin kr cos kr] . (6)

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



LOW ENERGY SCATTERING 201

Substituting R'ofr) and RO---a---—-j- k2Rg into the expression for L given by
r
eq. (2) we obtain

L = Axa2-f- B#2+ Cyab + Dta -f- Erb A.,a2 -f- B22 -f- C2ab -1- D.,a +

+ ED+ F2-[A3%2- B2+ Csab - D3 E3 - F3, )

where the symbols Ax, BI5Cv Dv EX5...A2 B2 C2 D, E2 F2and A3 B3 C3
E3 F3are given by

c(2c2+ k2
A= 4(c2+ K2
B, c(2c2+ 3k2 c(45c2 + 28fc2) . c(8c2+ 3A2)
4(c2+ k2 3(9c2+ 4/ 2(4c2+ k2
c = —9-(-4-(32-t--5k-?)--h c(45c2 + 28fc2)
2(c2+ k2 3(9c2+ 4k2
D\'= —kx, E1= 0,

A2= Z % °Ti fm o In [(4 + c)2+ 4AZ2
AT 44+ T 2" [4 + 494 + 202+ 49

RS A Ll BT Lo

In [(4 + 3c2)2+ 4fe?2
2 [(4 + 2c)2+ 4/c2]2[(4 + 4c)2+ 4A2]

c2= 2z Aln (4 + 20)2
yy (4-+0 (4+ 3c)
; JL]n [(4- + 2c)a+ 4A72
n [(4+ cf + 4A2 [(4 + 3c)2+ 4A7
D2= 2k tan-+1 2k
4 + c
= 2Z Vay tan-1 — 2ck
i=i #2-)-4 (4 + c)
it ¥ \ , 2k 2k )
U \ 4 + ¢ 4 + o
9rk

2
= 2Z VV tan-1—
A 42+ (4 + c) (4 + 2c¢)
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2k 2
F2= -2 aVn (8)
2 i=1
and
by ;o bXj + 2k2 2(% + c)2+ 4fc2
2z i2:lYJ + ~ (Bj + c)[(% + c)2+ LW +
(% + 2c)2+ 2k2 )
\% + 2¢) [(% + 2c)2+ 4F]|”°
Bs:ZZZVj N+ 20)2+ A2 - -
P J1(om ¥ 2c) [(%e+'+ 2c)2+ 24ic2]
2(bxj + 3c)2+ 4fc2 {bAj + 4c)2+ 2k-
(bXj + 3c) [{bXj -(- 3c)2-f- 4f2]  (bXj -f- 4c) [(*Ay -f- 4¢)2 )-4Ad
C =4zZVy( M-+ c)2+ 2k2 2(% + 2c)2+ 4fc2
3 iS YL(Y4 + c)[(% + c)2+ 4A7] (% + 2c) [(%e=+ 2c)2+ 4fcZ]
(B -(- 3c)2 -f- 2k1 |
(% .+ 3c)|(4y+ 3c)2+ 4fc]j’
D, = AZk by. B
P 7i HL + 4A2 (% + c)2+ 4fc2j’
. 1 1
E, = 4Zk Y byj
i =i ("A-+ c)2+ 4fc2 *A,+ 2c)2+ 4/c2
m Y
F, = 4zZfc2 >- — —LL——-
3 P %e (*2+ 4fc2

The numerical values of the parameters aXv ay2, af2 Vi» e+ 6ASand p from
Z — 2to Z = 36 are tabulated in Table I. The parameters a, b and c for several
/c-values and atomic numbers Z = 2, Z2=6, Z=7, Z=8 and Z = 10 have
been collected in Tables II, IIl, IV, V and VI. The numerical values ofthese

parameters are determined using H urthén’s method by the help of an IBM709
digital computer.h

a) D. R. Hartbee and W. Hartree, Proc. Roy. Soc. (London) A, 193, 299, 1948.
b) d) For references see [1].

¢) 3s wavefunction is from L. Biermann and E. Trefftz, Z. Astrophys., 26, 213, 1949.
wavefunction for Mg** from W. J. Yost, Phys. Rev., 58,557, 1 9 4 0 n
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12¢)
12d)
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29a)
30
31
32
33
34
35
36
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Table

Values of the parameters aA, a,, a2 byl .., by3 b-land ayl= 1— a2

%

2.000
2.4907
0.8776
1.1824
1.4333
1.7315
2.0249
2.2376
2.4796
2.7385
1.2009
1.1968
1.2709
1.2724
1.3532
1.4722
1.6115
1.7525
1.9037
2.0636
2.320
2.625
2.742
2.883
2.032
3.177
3.318
3.458
3.594
3.726
3.856
3.985
4.293
4.581
4911
5.256
5.629
6.029

art

—0.2197
—0.3171
—0.3002
—0.3391
—0.3521
—0.2806
-0.2538
—0.2464
- 0.1353
- 0.1317
—0.1630

-0.1670
—0.1951
—0.2293
—0.2655
-0.2979
—0.3336
—0.3740
—0.4523
—0.5426
-0.5290
—0.5397
—0.5507
—0.5574

-0.5604
-0.5587
—0.5551
—0.5498
—0.5436
—0.5379
—0.5978
—0.6485
-0.7128
—0.7818
—0.8621
—0.9534

%

7.951
9.624
11.848
13.713
15.700
18.263
20.644
22.850
25.776
25.996
26.644
26.519
27.522
28.407
29.329
30.417
31.476
32.485
32.78
33.24
35.50
36.70
38.11
39.56
41.04
42.59
44.17
45.78
47.41
49.03
49.65
150.42
51.05
51.70
52.29
52.84

.

1.000
0.5489
1.2520
2.0940
2.3256
2.7379
3.0744
3.0715
3.2697
3.5467
1.7781
1.7673
2.0702
2.0859
2.3888
2.7089
3.0555
3.4114
3.8189
4.2960
5.045
5.945
6.075
6.508
6.885
7.225
7.533
7.792
8.028
8.242
8.439
8.637
9.658

—10.601
—11.765
—13.044
—14.530
1 —16.230

%

2.000
3.219
1.795
2.877
3.796
4.718
5.671
6.803
7.971
9.129
2.013
2.006
2.334
2.340
2.674
3.061
3.483
3.915
4.373
4.853
5.439
6.058
6.450
6.885
7.324
7.760
8.195
8.629
9.064
9.499
9.935
10.374
; 11.000
11.584
12.189
12.795
13.410
14.032

by

0.2546
- 1.3296
- 1.5037
— 1.6440
— 2.0444
— 2.3369
- 1.9710
— 1.8073
1.7746
- 3.576
- 3531
- 4138
— 4.198
- 4.804
5.531
6.323
- 7.095
- 7.952
— 8.916
10.448
-12.224
—12.47
—13.191
—13.823
-14.381
—14.876
-15.285
- 15.653
- 15981
16.284
—16.587
—18.278
—19.792
-21.619
—23.579
—25.805
-28.297

%

5.244
3.192
5.186
6.667
8.333
9.960
11.548
13.392
15.381
11.463
11.469
12.784
12.780
14.036
15.233
16.392
17.546
18.675
19.772
20.656
21.541
22.83
23.986
25.095
26.212
27.339
28.493
29.656
30.831
32.013
33.195
34.056
34.943
35.768
36.589
37.376
38.138

Y,

0.0470
0.1212
0.1353
0.1487
0.1597
0.1683
0.1733
0.1828
0.1890
0.1938
0.1973
0.1989
0.2718
0.3455
0.4386
0.5406
0.6557
0.7832

203

0.6328
0.8498
0.936

1.0169
1.0919
1.1610
1.2204
1.2952
1.3613
1.4240
1.4838
1.5376
1.5819
1.6531
1.769

1.8922
2.0288
2.1740
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Table 11
The numerical values of the parameters a, b, c for Z = 2 and for small values of ft

0.0707 —0.0016 0.0055 1.971
0.2236 —0.0356 0.1124 1.964
0.3162 —0.0903 0.2644 1.943
0.7071 0.5392 - 1.1064 1.565
0.8944 0.4851 —1.2021 1.662
1.0 0.4603 —1.210 1.703
1.0954 0.4420 —1.202 1.734
1.2247 0.4221 —1.181 1.767
1.4142 0.4004 —1.140 1.802
Table 111

The numerical values of the parameters a, b, ¢ for Z = 6 and for small values of k

0.0707 - 0.0026 0.0046 1.971
0.2236 — 0.0599 0.0937 1.959
0.3162 —0/1659 0.2238 1.917
0.7071 0.6509 —0.6329 1.505
0.8944 0.6032 —0.7454 1.598
1.00 0.5844 —0.7760 1.639
1.0954 0.5716 —0.7900 1.670
1.2247 0.5592 —0.7956 1.703
1.4142 0.5475 —0.7889 1.741
Table 1V

The numerical values of the parameters a, b, c for Z = 7 and for small values of k

0.0707 —0.0027 0.6045 1.971
0.2236 —0.0630 0.0914 1.958
0.3162 —0.1763 0.2184 1.913
0.70*71 0.6672 —0.5960 1.499
0.8944 0.6001 —0.7393 1.633
1.0954 0.5876 —0.7541 1.663
1.2247 0.5158 —0.9611 1.697
1.4142 0.5652 —0.7560 1.735
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Tabic V

The numerical values of the parameters a, 6, ¢c for Z — 8 and for small values of k

0.0707 — 0.0028 0.0044 1.971
0.2236 —0.0655 0.0895 1.958
0.3162 —0.1851 0.2139 1.918
0.7071 0.6808 —0.5675 1.494
0.8944 0.6314 —0.6789 1.587
1.00 0.6129 —0.7108 1.628
1.0954 0.6007 —0.7263 1.659
1.2247 0.5894 —0.7341 1.692
1.4142 0.5797 —0.7301 1.739
Table VI

The numerical values of the parameters a,b,c for Z = 10 and for small values ofk

0.0707 —0.0029 0.0043 1971
0.2236 —0.0694 0.0865 1.957
0.3162 —0.1990 0.2069 1.905
0.7071 0.7022 — 0.5264 1.487
0.8944 0.6512 —0.6369 1.580
1.0 0.6328 — 0.6694 1.621
1.0954 0.6209 — 0.6857 1.651
1.225 0.6103 — 0.6945 1.685
1414 0.6019 - 0.6921 1.722
In case when ais known then according to the relation a = tan r/0 the

phase shift ijOfor low energy scattering ofelectrons by Hartree — Fock neutral
atoms can be calculated.

Since the screening factor [4] Zp(r)/Z given by eq. (1) with the numerical
values of the parameters “Y, ay2 ah2, byl .. Vs and % collected in Table |
fit to a great accuracy the true Hartree field from Z = 2to Z = 36 and the
Hurtthéen method as well as f?20(r) given by eq. (4) is sufficiently accurate for
low energy scattering of electrons by neutral atoms, so we can expect that the
considerations of this paper are sufficiently accurate to this problem.
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RECENSIONES

Problems of Low Temperature Physics and Thermodynamics
edited by Prof. A. van |tterbeek (Belgium) published by Pergamon Press, 1962

Volume 3

The volume contains the discussions of Commission No. 1 of the International In-
stitute of Refrigeration. In the working sessions between September 20th and 22nd 1961 140
delegates coming from 14 countries discussed 24 papers. The first day of the session was
devoted to discussing methods for the large scale production, transport and storage of
liquid gases, the second and third days were assigned to the physics of very low temperatu-
res, particularly to the attainment and measurement of temperatures below 1° K.

Various branches of industry demand large quantities of liquid gases, particularly
oxygen and hydrogen, which are consumed in big steel works and chemical plants at the rate
of thousands of tons a day. One report discussed the use of aluminium alloys as heat exchang-
ers, pointing out the low specific gravity, outstanding heat conductivity and the high strength
of aluminium. Cooler surfaces of various designs were shown.

Messrs. Coulon, Simonét and Stouls reported on the work of low-temperature distil-
lation columns used in the production of deuterium.

J. w. L. Kéhler and J. R. van Geuns from the Netherland Philips Laboratories
described a small liquid oxygen plant developed by them; the plant weighing three tons pro-
duces 15 kg liquid oxygen of 99,5% purity per hour after a running-in period of three hours.

Insulation techniques introduced by two American experts M. A. Dubs and L. 1. Dana
have brought about a small revolution in the transport of large quantities of liquid gases.
The process is also suitable for the handling of liquid hydrogen and helium.

J. W. T. Dabbs of the Oak Ridge National Laboratory (USA) reported on a reliable
helium liquefaction plant. This plant producing 250 —400 litres per month was in operation
for six month attended by a single technician.

In the Clarendon Laboratory a pulsating core magnetic resonance meter was used in
an investigation into the electronic structure of transition metals below 1° K temperatures.

Two papers discussed the use of H3in temperature measurement below 1° K and in
specific heat determination.

One of the delegates suggested the use of a H3 cooling cycle to produce temperatures
below 0,2° K. To obtain a higher osmotic pressure a weak solution of H3in H4was used.

R. D. Parks and w. A. Little of the Stanford University (California) discussed cooling
methods by the adiabatic demagnetization of metal alloys.

A.van |tterbeek, w. van Dael and G.rEOH’eZ (Belgium) described the measurement
of sound velocities in gases and liquids at 1 Mc/s frequency at various temperatures. The results
were used to jnvestigate the pressure dependence of the quotient Cp/Cv and the equation of
state. A. van ltterbeek and 6 Verbeke discussed the dependence on pressure of the density
of liquified gases up to pressures of 850 kg/cm2(H2 02 N2and A).

The extremely interesting papers of the symposium dealt with practical problems and
important results concerning the liquefaction of gases.

z. Gyulai

V. F. Nozdrev: The Use of Ultrasonics in Molecular Physics. (Pergamon
Press. Oxford —London—Edinburgh—New York—Paris—Frankfurt. 1965,
424 pages, £ 5 net.)

Of the wide-ranging experimental techniques of investigation into the structure of
materials, acoustic methods have gained considerable ground. Significant results have been
obtained in the last 15 years by subjecting matter to ultrasonic high-frequencies (109 c/s) and
the great number of publications on this topic demands the development of a new special field:
molecular acoustics.

The increasing use of molecular acoustics involving molecular physics in the inter-
pretation of events occurring in sound space and its major stages has been marked by the
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following works: . Muxaiinos: PacnpocTpaHeHMWe yIbTPa3sByKOBbIX BOMH B XugkocTax (Foc-
TexusgaT, Mocksa 1949), B. KyapsiBueB: lMprvMeHeHUe ynbTpaaKyCTUYECKUX METOAOB B Mpak-
TUKe (hU3NKO-XMMUYECKUX uccnepoBaHmuii (CocTexusgaT, MockBa 1952) L. bergmann. Der
Ultraschall (Hirzel, Zirich, 1954) (in some of its parts); the first Russian edition of
Nozdrev's book (1958); K. F. Herzfeld, Th. A. Litowitz: Absorption and Dispersion of
Ultrasonic Waves (Academic Press, New York—London, 1959); D. Sette: Dispersion and
Absorption of Sound by Molecular Processes (Academic Press, New Y ork—London, 1964).
The interest of the scientific world in this special field is reflected by this list of hooks. The
English translation of Nozdrev's books is significant for making the connection between
various research trends, which are often independent of each other both in the East and West.
The results published in the first edition have been confirmed by recent investigations which
qualify them as “classical” results in this young branch of science. One of the important
advantages of the English edition is a well-compiled summary of the results obtained by
Soviet scientists since the publication of the first edition. The publication of this summary as
an Appendix brings the book up-to-date. It is regrettable that the restricted space (four pages)
reserved for it has prevented any detailed discussion.

V. F. Nozdrev sbook deals with the research work carried out in the Molecular Acoustical
Laboratory of the Krupski Moscow Provincial Pedagogical Institute and inthe Laboratory
for Molecular Physics of the University of Moscow. From among 278 publications reviewed 21
are from the Soviet literature and works of Soviet authors. From the achievements obtained in
Western countries, Nozdrev lists only the fundamental ones, whereas Herzfeld and Lito-
Witz sbook, published at nearly the same time almost entirely neglects any results from Eastern
countries. As a result, the two books together give a comprehensive description of, and refer-
ence list to the IiteratuNe of this special branch. To draw a parallel between the two books is
the more interesting as Nozdrev's book is devoted to experimental work and, in addition to
results, also gives full details of experimental techniques. The Herzfeld—Litowitz book is
more theoretical in character, although the lack of a comprehensive theory is also felt here,
as well as in Nozdrev's interpretation.

The monograph examines the mechanism of propagation of ultrasonic waves in satu-
rated, overheated vapours of organic matters, in multi-component solutions and mixtures,
in the frequency range from 2 to 150 Mc/s, temperature interval from —50° C to +600° C,
under pressure varying from 0 to 400 kg/cm2 The matter is discussed in six chapters.

1 Measurement of the velocity and absorption of ultrasonic waves in liquids and gases
by optical methods;

2. Determination of the velocity and absorption of ultrasonic waves in liquids and
gases by pulse techniques;

3. Propagation of ultrasonic waves in liquids;

4. Propagation of ultrasonic waves in some compounds and in their binary mixtures
in the critical region;

5. Propagation of ultrasonic waves in saturated and overheated vapours of organic
liquids;

6. Absorption of ultrasonic waves in organic liquids and their mixtures over a wide
range of temperature, concentration and frequency.

The titles of the chapters give a good idea of the material discussed in the book. Two
remarks should be added. Chapters 3 and 4 are completed with the discussion of relaxation
processes and with the representation of a relationship between the phenomena of sound space
and the kinetic theory of molecules. The absence of a comprehensive theory is again noticeable.
Recent investigations discussed in the Appendix attempt to make up for this drawback.
Adkhamov, ,inhis works published in 1960—1961, gives an original direction based on
Bogoliubov S statistics, and a number of theoretical publications in the Soviet literature of
these past years have approached the problem. Their results give an explanation of the
anomaly of sound absorption in monoatomic and polyatomic gases in the critical zone.

Another remark relates to the experimental techniques discussed in Chapters 1 and 2.
Owing to the detailed descriptions of experimental methods and apparatus close to the level
of documentation these chapters gain a particular significance for the experimental physicist.
The multiple difficulties inherent in investigations conducted through wide temperature and
pressure ranges are too well-known. Useful, well-proved guidance is given in these chapters for
many practical problems. Measurements in the vicinity of the critical point, the examination
of the dynamic equilibrium of phases, a systematic check of the results demand a well-reasoned,
purposeful experimental technique. To supply this was one of the aims of the book which it has
done with unquestionable success.

The lucid discussion is completed by two Appendices, an Authors’ Index and a Subject
Index. The first Appendix lists the latest results, the second the characteristics of the materials
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examined. 22 tables give the main molecular-acoustical characteristics of aliphatic and aro-
matic hydrocarbons, esters, alcohols and of their aqueous and nonaqueous solutions. Including
these, the book gives measurement results for more than fifty organic compounds and 17
binary mixtures, in 59 tables. 125 figures illustrate the text.

Careful presentation, the annotations of a careful Editor, the listing of the Western
equivalents of Soviet tubes, testify to the high standards of the Pergamon Press.

A l11ényi

Collected Papers
of P. L. Kapitza (Yol. 1. Pergamon Press, 1964)

Professor P. L. Kapitza, Member of the Academy of Sciences of the USSR, and Fellow
of the Royal Society celebrated his 70th birthday not long ago. On this occasion the 1st volume
of the collected works of this great scientist was published.

The volume includes the papers and studies of Prof. Kapitza published between 1916
and 1934, written partly in Leningrad and partly in Cambridge. Originally the papers were
published in Soviet, British and German periodicals. For the convenience of English speaking
readers, publications first printed in an other language have been translated into English.
The book includes all the figures, tables and photographs of the original publications. The
papers are preceded by a short preface by D. ter Haar, and by a six-page introductory survey
of Kapitza’s activities.

33 papers make a volume of 503 pages. Kapitza’s scientific activity covers a fairly wide
range including nuclear physics, the generation of strong magnetic fields, the behaviour of
matter in magnetic fields, techniques for the production of low temperatures, liquid helium,
and high-energy electronics.

The first six studies of this volume deal with the Leningrad period. They cover the
subjects of electron inertia, the magnetic moment of atoms, X-ray reflection on crystals, and
microphotometry. The Leningrad papers are followed by other publications giving an account
of investigations carried out in the Cavendish Laboratory at Cambridge University under
Rutherford’s guidance. The most important point here is the loss of energy of a and B rays
on passing through gases. The measurement results led to another subject — strong magnetic
fields. The examination of the trajectories of patricles in strong magnetic fields raised the
technical problems of the generation of such fields. The generation of strong magnetic fields
rendered the approach to a number of other investigations possible. The Zeeman effect could
be measured and the electric properties of a number of materials in magnetic fields examined.
The problems of magnetostriction, magnetic susceptibility, superconduction have been brought
forward. Investigation into superconduction has led to the physics of low temperatures which
are discussed in several studies dealing with the problems of the liquefaction of hydrogen
and helium.

This is contained in the first volume. Physicists of today are sure to have an interest
in this book which contains the collected works of a Soviet scientist of international reputation.
K apitza’s scientific career reflects the development of the physical sciences witnessed by the
generation of physicists who grew up after World War I.

J. Boros

J. Friedel: Dislocations

(International Series of Monographs on Solid State Physics Vol. 3. Pergamon
Press, 1964. pp. X X 1—491, 120s.)

Dies Buch von Friedel, der bekanntlich eine der kompetentesten Autoritdten auf
diesem Gebiet ist, kann sowohl dem Studenten als auch dem auf diesem Gebiet arbeitenden
Physiker warmstens empfohlen werden. Es umfasst das Gebiet der Versetzungen in 3 Teilen.
Der erste Teil gibt eine allgemeine Ubersicht der Eigenschaften der Versetzungen, der zweite
bringt die Versetzungs-Netzwerke, die sich in Kristallen ausbilden kénnen und behandelt
plastische Eigenschaften, der dritte Teil befasst sich mit der Wechselwirkung der Versetzungen
mit anderen Kristalldefekten. Es ist leicht verstdandlich geschrieben und mit zahlreichen Figu-
ren illustriert. Den Schluss bildet ein sehr ausfuhrliches Literaturverzeichnis. Das Buch kann
man geradeso wie das in 1956 erschienene franzdsische Original Les Dislocations (Gauthier—
Villars, Paris), als Standardwerk auf diesem Gebiet betrachten.

P. Gombas
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PRODUCTION OF ELECTRON AND POLARIZED
BARYON IN THE HIGH ENERGY INTERACTION
OF NEUTRINO WITH POLARIZED NUCLEON

By
S. Sarkar

DEPARTMENT OF THEORETICAL PHYSICS.
INDIAN ASSOCIATION FOR THE CULTIVATION OF SCIENCE, JADAVPUR, CALCUTTA, INDIA

(Presented by A. Kénya — Received 20. XII. 1965)

The purpose of the paper is to calculate the cross section for the production of an electron
or positron and a polarized baryon which may be a nucleon, or a hyperon, when a very high
energy neutrino or antineutrino interacts with a polarized nucleon target. The general result
is discussed in laboratory system of coordinates for some special cases which may facilitate
the determination of the form factors associated with the various terms of weak interaction.

Introduction

In the collision of v(v) with nucleons, baryons (nucleons and hyperons)
and leptons are produced. The general weak interaction is of current-current
type. The baryon current in general contains vector, axial vector, induced
scalar and induced pseudoscalar terms with form factors associated with each
of them. The structures of the form factors are dependent upon the strong
interaction properties of the baryons. They are dependent upon the square of
the momentum transfer between the incident neutrino and the outgoing lepton
and in order to effectively study this dependence we require high energy
v(v) beam for the experiment. Apart from the study of angular correlation,
the polarization measurements of the particles involved in the reaction
provide us with additional means of determining the structure of various
from factors. Lee and Y ang [1] have considered the longitudinal polarisation
of outgoing nucleons in the reaction v n —al~ -Jp and v-\p I+ n
where | stands for lepton. Azimov and Shekhter [2] have discussed the case
of A -polarization effect in the reaction p~ -f-p — J1 -f-v. Egarat [3] has
calculated the cross section for the production of polarized baryons both in
a covariant form and in the laboratory system of coordinates. In a recent
paper Adier [4] has evaluated the cross section for the production of polariz-
ed leptons and baryons both in a covariant form and in the centre of mass
system. He has further expressed his result directly in terms of lepton (here
p. meson) and baryon decay asymmetries. In the work of Egarat [3] and
Adier [4] beside the scattering experiment another experiment is to be carried
out involving the measurement of decay asymmetries of stopped p mesons
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212 S. SARKAR

and baryons to analyse the polarization states of the particles produced. Now,
as Adirer [4] has observed, an attemptto stop ap meson produced in areaction
in order to observe its decay may be very difficult from the experimental
standpoint. In our case when we polarise the target and then observe the
dependence of the reaction cross section on the polarisation of the target
nucleon only no such second experiment like measurement of decay asymmetry
is required. The purpose of the paper is to give a general expression for the
reaction cross section, containing terms related to the polarization of nucleon
and that of the baryon and the correlation effects involving both polarisations.
Some examples of vand v induced reactions are given below

V-t n->1 + p,
vV -f- n —al+ -f- E~
v+ pAl++on, [++ N, i++ Z°
In our investigation we consider electrons and positrons, rather than
A-mesons, because the calculation can be simplified in the former case for the

very high energy production process, where the mass of the electron can be
neglected in comparison with its energy.

Calculations

In the following we use the notation of Adrer [4]. Let us take kv k2, px
andp2to be the momentum four vectors of v(v), e~(e+), N (nucleon of mass Af,)
and b (baryon of mass M2) respectively in the reaction

v(V) -)- IV— b -)- e~ (e+) . 1)

Let E, E" and Eebe the energies of baryon, neutrino and electron, respectively,
in the laboratory system. We take s and t to be the polarization four-vectors
of the proton and the baryon, respectively.

The matrix element of vinduced reaction is given by

M = 2-b2ue(k2)yx(1 + y5) uv(k,) ub(p2)0XuN (Pl), (2)

= Yx(gv + ga ¥b) + i(Pi + Pi)x(fv + fAy5 + i(Pi —Pi)x (K + kAyb).

ip Fx
It may be remarked that the weak magnetism term P aln(p, —p2vand

the weak electricity term (icF2ZM)a”(pr—p2v¥bare implicitly present in the
general form of 04 since these terms containing a*v, a product oftwo y matrices
can be reduced to terms containing single y matrices by using the commu-
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tation relation between y matrices and Dirac equation. The form factors gv-
gA,fv and f A are functions of the square of the momentum transfer (px —p22
and can be determined experimentally. For a very high energy encounter we
can neglect the mass of the electron in comparison with its energy and can then
rewrite Op as

= y*.(gv + énYb) + 2IPix(fv + fAy5)-

The matrix element for vinduced reaction is similarly given by

M= 2-12u- ([ yn(l —vys) uA kiYib(p2)o[uN (pr), (3)
where

Ox = ¥x(gv - ga Yb) + 2iPn (fv —fAY)-

Here we have taken gA and f A with a minus sign for convenience in writing
the results of our investigation.

The expressions for the cross section of vand vinduced reaction involving
the polarizations of the nucleon and the baryon are given by

1 -
da= o(p., + k2 - Pl - kx) Pid3k2 (4)

1652 EEeEWI
where

K = AX+ B(t) + C(s) + D(s,t),

where K is split into terms which are independent of polarizations, dependent
upon polarisation s, t separately and another term involving both s and t
simultaneously.

B(t) is given by

B(t) = +2M 2(\gv+ \gAV) (k2'Piki't k2-tki-Pi)T
T 2Mi (\gW\2- kal) (K PiK-t — K- tPieK) T
=F4M 2Re (gv g%) (Pl ekxt mk2+ PI| mk21mkx) +
+ 4 Re (gAf$ + gvf*) {t-PiiPi- kiPi'k\+ Pi'k\Px-K)
-Pi-PziPi'Kf-h + Pi-Kt-K)} +
+ 4Mj M 2Re (gAf$ —gv %) (Pl -kxt-k2+ PI-k2t kx—
-t-PiK- k2 8M2Re (fv-fX)Pl = (2PI mkip1-k2+ M\ kxmk2)
“F4Re (gy + gAf*) {«ekx(k, P >Pi wPi + L k2mpx) —
—t k, (fcjmp2p1l p2+ NUk"p,)} +
+ 4/ Swpo-tfiPlp kipk:a Im (gvgA) Im (gVfv +
+ gAfX)Pi mki + k- Im (gAR) (p, P2- M, M2
- Im (gvf*)(Pi-P. + M 1M 2)}.
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C(s) is obtained from B(t) by making the following replacements:
gA-> —gA, Pi*-Pi, M ,->M2, M2-»M, and t—» S

G(s,«= 4M,Re (gv/$ ~E£nN) {&'Pi (Pi'feis f2+ Pt'f2s'fci) —
—set(2p,efc,p, s 2+ Mf fc,«f2} -j- 4AM, Re (gvifv +
+ gAfX) {s'P-(P-i*K tmK + Pimk21fc,)
s-i (2p ,*fc,plek2+ MT fc, T2} —
—4M, M 2Re (gv gf) (ky sk "t —k, tkr s) +
+ 4M2Re (fAg$ - fvg%) (p, mt(k2-plki-s —kyskl-pl) +
+ W (kytkl-s-ky skl.t)}-4MIRe(fAgv +
+ fvgA){Pi'Hh PiK-s~ kyskyp.,) -pyp, (kytky s -
kyskyt)} - 2(lgviz- |gAD {t-p, (s-fc,p2-fc2+
+ s-k*pykj) + s-p1(t k2p1l-k1+t-k1pl-k2—t-p” fc,»fe?) —
—Pi'P2(SWLf A2+ S A2% Al) —Set (2P, *k-IPy oky -
+ M\kyk2) — 2M, M2(|gv2-f jgND) (s-k2t-ky +
S-kyt-hJ + 4 {([Iv]2— \fAQ (Pi-ts-P2—PiP25-t) +
4P, M 2(1/v|2+ \fA\~) s mf} (2fe2 p, fe, -p, + MTFKk, *k2) 3
4»<W {M 2Im (gv/" - gAfX) tep, sM,, ftek]a +
M jlm (gvf$ -f gAfX) s m 2tBPIv k2ekla +
21m (fvfX) (2kl Pl k2-p, + MTfk, *k2) p }Isvp 2eta

+ 44 + o+

+

Im (gvg*)(2t-K V ~.2ePio-- 2P1'M uPnAerqs—
— MiV f2rfeieyY — M2Im (N1 gt- —/v S*)(Pi ’f2fei*Piv V<r +
+ p, ofe k2flplt,sfiu) + M, Im (fAgE +

+ /v g*) (p2°K feljuPZLSnU + P, mfet fe2fiP 2r seO }-

Expression for Ay is obtained from that of Adier’s [4] paper after putt-
ing lepton mass m, = 0. Upper and lower signs correspond to reactions induced
by neutrino and antineutrino, respectively. f/nQ, is completely antisymmetric
in its indices and B1234 = 1- The terms involving eM.ea all vanish if time reversal
invariance holds.

We may investigate some special cases of the general expression for da
which may facilitate the determination of coupling constants associated with
various terms of the weak interaction. First we discuss properties of B(t)
for some special cases (in the laboratory system) which are mostly given by
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Egardt [3] also. We see that some of the properties of B(t) discussed here
are shared by C(s) also. Next we investigate the behaviour of B(t) for some
hypothetical cases of pure V — A and V -\- A interactions in the laboratory
system, then the same thingsin the centre of mass system as given by Adler
are also stated. We discuss here the corresponding behaviour of C(s) also.
Lastly we consider D(s, t) for the case when both s and t are perpendicular
to the scattering plane. Then B(t) and C(s) vanish and for purely VvV~ A
interaction (i.e. gy = £”7a) D(s,t) is non vanishing only when the weak
interaction contains induced scalar and pseudoscalar terms.

For the case of forward scattering Egardt [3] has observed that in the
expression for B(t) the coefficients of |gy|]2 and Jg”*2 vanish in general but
the coefficient of Re(gv/g*) vanishes only when = M2 and further the
Re(gvg*) occurring in the expression for At also has vanishing coefficient.
In addition to these findings of Egardt [3] we see that the coefficient of
Refev/v + £ al g) in B(t) is zero for forward scattering. Actually the term pro-
portional to Re(gv/v -(- gAfX) is absent in the result given by Egardt [3],
which is not correct. In the case of backward scattering Egardt [3] has
observed that all the coefficients associated with induced form factors in both
A xand B(t) vanish. He has made all these observations regarding B(t) for longi-
tudinal polarisation of baryon but it is easy to see from the expression of B(t)
that all the findings of Egardt [3] are true for any arbitrary direction of
polarization of the baryon. We next find that all the above mentioned proper-
ties of B(t) except the following one are true for C(s) also, in forward scattering
the coefficient of Refgyg* )occurring in the expression for C(s) is not zero even
for Mx= M2 In the limiting case of backward scattering we can determine gy
and gA without knowing the values offy and fA.

Adlter [4] has investigated the behaviour of B(t) in the centre of mass
system for the hypothetical case when fy = fA = 0, the mass of the lepton
is zero and gv, gA are real. Let us study the properties of B(t) under the same
sort of assumptions but in the laboratory system of coordinates. In this case
we have

R(f)—T 2M2(gy -\-gA)2k2etfj 510 2M 2(gv  gA)~k2-Pit -fg,
T 2M (g% —gA)(k2-p2-kI -t — k2-tp2-k1).

For gy = gA we find that the effect of B(t) in the case of forward and back-
ward scattering is maximum when the baryon is longitudinally polarized,
whereas in the centre of mass system the effect of B(t) for all scattering angles
is maximum when the baryon is longitudinally polarized. For gv = —gA
we find that the effect of B(t) in the case of forward and backward scattering
is maximum when the baryon islongitudinally polarised. Thisresult holds good
for both centre of mass and laboratory system of coordinates.
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For gv= —gA, My= M2 and in laboratory system of roordinates

B(t) = £ 2M 2(gv - g A)2k,-py t ky =

o E"
= + 2 M\E*{gv _ j-1"'"P2 - My + LA i
IM2E v M1 + 2E7sin20/2 -
(6)
where we have put
_ T-Pipl iC-Pi
t=c+
M2E + M2 ° M2
and is the component of £ orthogonal to p2 We see from equ. (6) that,

for the scattering angle between the incident neutrino and outgoing electron

M r /4.
in the laboratory system given by 0 = cos 1——E———,the effect of B{t) is maximum

when the baryon is transversely polarized. In the center of mass system
Adler [4] has noted that for gy = —gA the baryon is 100% transversely
polarized at 0+ = 2tg"1W/M2 where W is the centre of mass energy and
is the centre of mass scattering angle between the incident neutrino and
outgoing lepton.
Similarly for the hypothetical case fv = fA = 0, C(s) is given by

C(s) = £ 2My (gv - gAy k2-sky- p, =F 2My (gv + gAf k, mp 2s-fe,
2M2(gl —gA)(k2-Plky s — k2-sPy ky). )

I+

We see that for pure V — A interaction i.e. gv = -\-gA the effect of C(s) is
maximum when the polarization of the nucleon is parallel to the neutrino
momentum and for pure V -\- A interaction i.e. gy = —gA the effect of C(s)
is maximum when polarisation of the nucleon is parallel to the electron
momentum.

Finally we consider under assumption of time reversal invariance, the
expression for D(s, t) which gives the correlation effects involving polarizations
of both the nucleon and the baryon. In D(s, i) the coefficients of Re(gyfy),
Re(gAfA), Ifv 2 and |f A2 vanish in the case of backward scattering. The
coefficient of Re(gvg*) reduces to zero in the case of forward scattering. The
coefficients of Re~*g*) and " e(/vg* ) are zero for both forward and backward
scattering. When s and t are both normal to the scattering plane, we have in
the laboratory system

da = Ay 4s mt (2py mkypy- k, A ky mfic2)Re jgv/* (My A M2) A

+ gAfX(My M2 A -My (Ey A E29fb A My (E- M2 /A

Mf-M2\

= Ay 8s tM\E”E"
2M, )
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MI 2E" sin20/2

Re +
2EV M1+ 2Ersin20/2 BVIV{M J*+ M )

GAFZ (M ,-M 2+ 92 OV M (E+ M2fS+ M ,(£-MN 8

We see that when gy = ~ gA(pure V = A interaction) the polarization-depend-
ent term exists only when induced scalar and pseudoscalar terms are present,
i.e., when both s and t are directed normal to the scattering plane we get the
polarisation effect if at least any one of the conditions \gv \ A \gA pfv A 0
and/p yi 0is satisfied. The effect of the polarization-dependent term in equ. (8)
is maximum when 0= 0 and minimum when 0= n.
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AWNE

OBPA3BOBAHWE OSNEKTPOHA W TNMONAPU3OBAHHOIO BAPVMOHA
BO BbICOKO3HEPTETUYECKOM B3AMMOLENCTBUN HEWUTPUHO
C NoNAPM3OBAHHbBIM HYK/TOHOM

. [LAPKAA

Pe3ome

Llenblo HacToswweid paboTbl sBNAETCH onpejeneHue cedeHuss 06pa3oBaHWs 3NEKTPOHa
WAU MO3UTPOHA U NONSAPU3OBAHHOT0 GapuvoHa, SBAAIOLLEr0CA UM HYKNOHOM, WA TUNEPOHOM,
B CNyyae, KOrfa HeWTPUHO MMM aHTUHENTPUHO O4YeHb BbLICOKOW 3HEPrun B3auMOAeicTBYeT C
NnoNspu3oBaHHON HYKNOHHOW MuLleHblo. O6WKiA pe3ynbTaT AUCKYTUPYeTcs B nabopaTopHOi
cuCTeMe KOOPAWHAT [A1s HECKONMbKWX CheuuanbHbiX CAyvyaes, 06/eryalliux onpegeneHue
(hOpPM(haKTOPOB, CBA3AHHbLIX C Pa3NUYHLIMW YCNOBUAMMU CNabblX B3aUMOAENCTBUIA.
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FORMALE ENTKOPPLUNG DES S-OPERATORS
DER QUANTEN-ELEKTRODYNAMIK

Von
P. ZIESCHE

ABTEILUNG FUR THEORETISCHE PHYSIK DES PADAGOGISCHEN INSTITUTS, DRESDEN, DDR

(Vorgelegt von A. Kénya - Eingegangen: 21. XIl. 1965)

Die bekannte geschlossene Darstellung fir das erzeugende Funktional der Ausbreitungs-
funktionen als formale Ldsung der SCHWINGERschen Funktional-Differentialgleichungen wird
ohne Verwendung der Stérungstheorie einfach durch eine formale Entkopplung des S-Operators
gewonnen.

Einleitung

Wegen der bekannten Méangel der Stdérungsrechnung besteht allgemein
der Wunsch, furrelativistische und nichtrelativistische Vielteilchenprobleme
Losungen und Formulierungen zu finden, die nicht auf der Entwickelbarkeit
nach der Kopplungskonstanten beruhen. Einen Weg in dieser Richtung bietet
die Anwendung funktionaler Methoden. So hat Schwinger [1] die Ausbrei-
tungsfunktionen, in denen praktisch alle Informationen eines Vielteilchen-
systems enthalten sind, zu einem erzeugenden Funktional vorgegebener Quel-
len zusammengefasst und dessen Bestimmungsgleichungen untersucht. Diese
Funktional-Differentialgleichungen kénnen ohne jede Stdrungstheorie durch
geeignete Ansétze formal geldst werden [2]. Das Ergebnis ist eine geschlossene
Darstellung des erzeugenden Funktionais. Die entsprechende geschlossene
Darstellung fir den S-Operator selbst, aus dem das erzeugende Funktional
durch Bildung des Vakuum-Erwartungswertes hervorgeht, wurde bereits von
Nambu, Yamazaki Und Katayama [3, 4] durch Anwendung des WIiCKschen
Theorems, das spdter von Hori, Anderson UNd Matsubara [4, 5] kompakt
formuliert wurde, und durch formale Aufsummierung von Graphen gewonnen.
Im folgenden wird gezeigt, wie sich durch eine formale Entkopplung des S-Ope-
rators, die, sinngemd&ss angewendet, auch fur nichtrelativistische Vielteilchen-
systeme nutzlich ist [6], die formale Lésung der erwé&hnten Funktional-Dif-
ferentialgleichungen etwas vereinfachen I&sst.

1. Einfuhrung der Informationsgrodsse
Da die in dem erzeugenden Funktional

- (ijvtvn+ J- a)
C(?7,>M) = <8Te >> (1)
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enthaltenen Feldoperatoren @ = rpep, A die Ublichen Vertauschungseigenschaf-
ten besitzen und auch den Bewegungsgleichungen der Quantenelektrodyna-
mik [7]

(p mc - eAc—eA)e= 0, O Av—fiOcu>ey,ep= 0 )

genugen, erfillt G bekanntlich die dusserlich ahnlichen Funktional-Differential-
gleichungen [1]

(p- me eAc—eA)yG—nG (O Av—/rOccpeyvep) G= pOjvG (3)
mit
A Ti d h O A h 0
L o - . 4)
A i or A i 0Orf ' i ajc
als Funktional-Differentialoperatoren. Dabei wird in (1) und im folgenden
in Analogie zur EmsTEiNschen Summenregel die abkirzende Schreibung

nep= j'dx rja(x) ea(x) ,

a

JA = j dxJ?jv(x) Av(x), (5)

v

epAep= j dxJg Y Tpa(x) yab A v{x) ip,(X),
a,b \Y

Aw=2 2 YMAV(*)n (*)
b Vv

mit dx = cdtdt benutzt; bei Verknipfung von Spinor- und Vierergréssen, wie
in A @ und eA ep, sollen die auftretenden DiRACsehen Matrizen y”b in den
Summationsvorschriften enthalten sein. Weiter bedeutet » «in (1) das pola-
risierbare Vakuum des Gesamtsystems (2). Acbedeutet ein klassisches &usseres
Feld. T ist der WiCKsche Zeitordnungsoperator [4]. Aus (1) geht hervor,
dass G die Vakuum-Erwartung «S» des S-Operators eines durch die Quellen
rj, rj,j »gestdérten« Systems darstellt. Ubrigens ist dieses um die Quellen erwei-
terte System nur dann in sich widerspruchsfrei, wenn von den Spinorquellen
rj, 71 Plus-Vertauschbarkeit mit sich, miteinander und mit epep und weiter die
Ladungserhaltung fir die Photonenquellen j verlangt wird, wobei auch die
Differentialoperatoren (4) die entsprechenden Vertauschungseigenschaften
Ubernehmen. Schliesslich werden die Differentialgleichungen (3) noch durch
die Randbedingungen G (0, 0,0,) = 1und 9G= <pS» bzw. «Scp»firt  bzw.
— 00 ergéanzt.

Mit dem von Gell-Mann und Low [7] angegebenen Theorem uber die
quasistatische Einschaltung der Wechselwirkung kann die Erzeugende (1)
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in die Form

AWV A +2f(A + A)»j UG, 1.0)
u(rj, 7.j

G»?>Vij) ®
LL'IOI Ol O)

gebracht werden. Da hier in (6) und im folgenden die Feldoperatoren f =
= yj,ip, A nicht mehr (2), sondern nur noch den »ungestérten« Bewegungs-
gleichungen

(p — TC)rp = 0O, rm, =20 )

genugen, erfillt (6) auch (3), so dass man (6) auch ohne Riucksicht auf das
erwdhnte Theorem als Ansatz fir (3) auffassen kann. In (6) bedeutet >,< das
»nackte« Vakuum des ungestdrten Systems (7). In (6) ist eine Grésse U ein-
gefihrt, die hier Informationsgrésse genannt werden soll, weil sie alle mdg-
lichen Informationen (ber das System (2) kompakt zusammenfasst. U stellt
die Vakuum-Erwartung eines S-Operators dar, bei dem nicht nur die Quellen,
sondern auch das &ussere Feld AL sowie die eigentliche Kopplung der Felder
als »Stérung« betrachtet wird.

2. Formale Entkopplung des S-Operators

Mit der Volterra-Entwicklung )
0

f(<P+u) = e 09f(<P) M
l&sst sich nun der in (1.6) enthaltene S-Operator formal entkoppeln [13]

& V(A n YD
Te 2

Hierbei wird die Anwendung von (1) unter dem T-Operator dadurch ermdéglicht,
dass das Photonenfeld A mit dem Elektron/Positron-Feld rp mpvertauschbar ist,
und daher T lediglich voneinander unabhé&ngig die Zeitordnung der Photonen-

operatoren A und der Elektron/Positron-Operatoren rp, puntereinander ver-
langt. Damit wird auch die Informationsgréosse U formal entkoppelt

————— V [ nyi+yiH— L A+y>gA+AQV )

>
( o " (thiyieAD)
=< Te *c¢c Q] X Te > = (3)

Uphj, ACU (rp, i, A Q) .
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Die nach dem zweiten Gleichheitszeichen vorgenommene Zerlegung der
Vakuum-Erwartung in ein Produkt von Erwartungswerten stitzt sich auf die
Separierbarkeit des ungestdrten Systems (1.7). W ahrend der erste Faktor U
die Photonen-Erzeugung durch &ussere Strdme beschreibt, gibt der zweite
Faktor U die Elektron/Positron-Bewegung im &usseren Feld an. Nachdem
diese beiden jeweils rickwirkungsfreien, halbklassischen Grenzfdlle geldst sind,
wird die vollstdindige Kopplung zwischen beiden Feldern durch den Differen-
tialoperator

n _a

T ~6AC

4)

schliesslich wieder hergestellt.

Dass die Quellen j,jc einerseits und rj, rj, Ac andererseits im Photonen-
bzw. Elektron/Positron-Anteil so verschieden auftreten, hdngt mit dem Ver-
schwinden der Photonen-Ruhemasse zusammen. So gibt es zwar fiir Elektronen
und Positronen neben der Mdglichkeit, Teilchen zur erzeugen und zu vernichten
(dies wird durch die Spinorquellen rj, r) als »Kathode und Anode« besorgt),
auch noch die Mdglichkeit, den Bewegungszustand der Teilchen zu &ndern
(dies wird durch das dussere Feld A csozusagen als Quelle der kinetischen Ener-
gie bewirkt), wahrend sich fur die Photonen mit ihren primitiveren Eigen-
schaften die gesamte Dynamik im Erzeugen und Vernichten erschopft. Aus
diesem Grunde unterscheiden sich zwar die Quellen rj, j von Ac, wogegen es
keinen Unterschied zwischen j und jc gibt, weswegen sie in der Form j -f-jc
auftreten.

Im folgenden werden Uphund Uep durch Lésung der sie bestimmenden
Differentialgleichungen gewonnen.

3. Photonen-Erzeugung durch &dussere Strome

Da der in

_ -LA A
Uph(j) = <Te > (1)

enthaltene Operator A gemaéss (1.7) die MAXWELLschen Gleichungen Q A = 0
befriedigt, genitigt Uph, wie in (1.2), der entsprechenden Funktional-Differen-
tialgleichung

O A Uph= VojUph Uph(0) = 1, (2)

die mit der Photonen-Ausbreitungsfunktion

i Re X—m0 ©)
BR= (O + X)-)2= | — <TA, A2
% Ir0c Im X< 0
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in Ubereinstimmung mit [3, 4, 9], sofort durch

4)

geldst wird.

4. Elektron/Positron-Bewegung im &usseren Feld Ac

Da die in
Tr(w+V~”l+veAeip)

Uep (jj, ) — <~Te (1)

enthaltenen Operatoren % y>gemaéss (1.7) die DiRACsche Gleichung (p — mc)y=
= 0 erfillen, genugt Uepwie in (1.2) der entsprechenden Funktional-Differen-
tialgleichung
(P —mc — eAc¢) IpUcp= rjUep,
—i-veAV @)
(Uepo= Uep(0,0)=<Te >,

die mit der Elektron/Positron-Ausbreitungsfunktion

Sn (Ac)= ((P-mc —eAc) % =
- y>eAcp (3)
<Ty>! > <Te >
durch
-j- nS(AY)i

(Uep)oe (4)

gelést wird. Der nur noch vom 4dusseren Feld Ac abhdngige Faktor (Uepu
geniligt einer einfachen Differentialgleichung beziglich der Kopplungskonstan-
ten e

3 i ~T *eAv
€ (Uep)0= — <C.T%peAc rpe 1>
ge H
(5)
i —
= - eAc h <Txpye > = eA“S(A*)(Uep),
die durch
(Uep)0= e~pW F(A)= fdeA'S(A") (6)
6
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gelést wird. Zusammenfassend lautet (4) und (6) in Ubereinstimmung mit
[3,4, 10]

- §deA'S(A) +
Uepilhv) — ¢ u)

Ubrigens kann der Vakuumanteil F(AQ bei Giltigkeit der Reihenentwicklung

S(AQ = S° + S°eAcS° + S°eAcS°eAcS® + mm (8)
mit S° = -S(0) auch in die bekannte Form der zu (3) gehdrigen Fredhotm-
Determinante

F <AQ = S° eAc-----é-Sc> eAcSneAc+ m SpiIn(1- S°eAoq
eHL-S°e| O

gebracht werden.
5. Kopplung der Felder

Mit (2.3), (3.4), (4.7) entsteht schliesslich fur U der bekannte Aus-
druck

- 0+100+nN - A- iS(A')n- ldeA'S(A")
n o (rjrj,j) — e e

der mit (2.4) sowie mit der Produktregel der Differentialrechnung auch in der
Form

. ?-&O 1'5']' %i'D? -nS(Agri- s deA'SCA«)
U(y,ri.j) *A'"A' + pJD (2

geschrieben werden kann. Statt (2.2) h&tte natirlich auch die Entkopplung

-1 —---—-eynf\A -ey>v _,T
Te W =(Te ) (Te (©)

in (1.6) praktisch dasselbe Ergebnis (1) oder (2) geliefert, doch hé&tten dann
jcund Acihre Rollen als Differentialoperator (2.4) und Funktion vertauscht.

Setzt man die Gultigkeit der Stérungsrechnung voraus, lassen sich die
in (1) verlangten Differentiationen sukzessive ausfihren, und in Verbindung
mit kombinatorischen Betrachtungen entsteht fir U wie in [10] die Exponen-
tialform U = expl mit I als der Summe aller Verbundgraphen. In diesem
bislang nur auf stérungstheoretischem Wege zu gewinnenden, aber sicher
grundsétzlichere Bedeutung besitzenden Funktional r(rj,rj,j) sind nun alle
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Informationen Uber (1.2) enthalten. So stellen die Koeffizienten-Funktionen
der Volterra-Entwicklung von I' nach Potenzen der Quellen fj, r),j die nicht-
faktorisierbaren und daher die Korrelationen beschreibenden Anteile der Aus-
breitungsfunktionen dar. Weiterhin gibt F0= F(0, 0, 0) nach dem Gen1-
MANN/Low-Theorem [7] gemdass AE = (—A/i)jTOT die Energieverschiebung
AE gebundener Zustdnde an, sofern man in (1.6) statt der Yakuum-Erwartung
die entsprechenden Erwartungswerte betrachtet.

Ubrigens stellt sich heraus, dass die Begriffe Informationsgréosse U und
Energie/Korrelationsfunktional ' auch in nichtrelativistische sowie in thermo-
dynamische Vielteilchensysteme zwanglos eingefihrt werden kdénnen, womit
sich eventuell ein einheitliches Begriffssystem fur beliebige Vielteilchensysteme
andeutet.

Herrn Prof. Dr. W. Macke danke ich fir die Unterstitzung der
Arbeit und wertvolle Anregungen zum Thema.

Anhang
I. Zum Aufstellen der Bewegungsgleichungen (1.3)

Zum Aufschreiben der funktionalen Bewegungsgleichungen (1.3) fur
G = «S» wird die Beziehung

-T-Sfw
= Te

bendtigt. Dabei soll der in S enthaltene Zeitordnungsoperator auch auf die
rechts neben S stehenden Feldoperatoren mp = ip,ip,A wirken.

Il. Direkte Losung der Bewegungsgleichungen (1.3)

Die formale Lésung (5.1) entsteht auch aus den funktionalen Bewegungs-
gleichungen (1.3) fiir G bzw. U durch den Ansatz

H (I’j,rj,AC) (1)

e (A + AQe (2)
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wird aus der DiIRACschen Gleichung (1.3)
(p —mc —eAgy H = YH, (3)

wahrend die MAXWELLsche Gleichung (13) in

Ac 11"~ . H
e a] 4)
Ubergeht. Da e und Acin den Bestimmungsgleichungen (2) und (4) nur in der

Kombination eAc Vorkommen, gilt bei Anwendung auf H die Beziehung
ed/de = A 0/6 A, so dass (4) auch durch

€
e i Orf (5)

ersetzt werden kann. Der Ansatz

- FWwW - nS(Anr,
H=ce n (6)

16st (3) und Uberfihrt (5) in

e— F (Ao = eAcS (Ao, e— S(AQ= S (Ac)eAcS (Ao). 7)
e e

Die erste Gleichung liefert die den Virial-Theoremen nichtrelativistischer
Theorien [12] entsprechende Beziehung (4.6), wahrend die zweite Gleichung
lediglich eine aus (4.3) folgende Identitdt darstellt. Mit (1) und (6) entsteht
dann wieder (5.1).

I11. Beweis der formalen Entkopplung Uber die Bewegungsgleichungfir S

Die Richtigkeit der Entkopplung (2.2) folgt auch aus den Bewegungs-
gleichungen. Einerseits genligt

— (Sct,(yre(A + Anyih
S(M") = Te (1)
der Differentialgleichung

-— — S—(ye (A + Agip), S, (2)
i dt
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andererseits erfullt

Ay 1T

S(t, t') = (Te ) ©)]
dieselbe Differentialgleichung
t / O\
-4 -i.s S + (Te" 'w(rpe Aocp)t+O
S Sle ( B(rpe Acx)

[ <d
-y J du (veAcov)tl

(Te ) = (y>e(A + Ac0)y)),S.

Da die Ausdricke (1) und (3) dieselben Differentialgleichungen und Anfangs-
bedingungen befriedigen, missen sie identisch sein, q. e. d. In (1) bis (4) erstreckt
sich die Schreibung (1.5) ausnahmsweise nur auf die Orte sowie auf die
Spinor- und Yiererindices, nicht dagegen auf die Zeiten.
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SNEKTPOAVHAMUWKN

M. UMWE

Pesome

BbIBOAUTCSA W3BECTHOE 3aKPbITOE MpeAcTaBfieHne ANA (PyHKUMOHaNna (yHKUMM pac-
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LLIBHrepa 6e3 NPUMEHEHWS] TEOPUI BO3MYLLEHWIA MyTeM (hOPManbHOTO pasbefnHeHus S-one-
paTopa.
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The cross-section of the Rh103(n, He3) Tc10l reaction was determined at 14.7 MeV
neutron energy by the activation method. tr(rt, He3) = (1,2 + JJ)// b value was observed.
The cross-section ratio of the (n, He3) and (re, a) reactions for nucleus Rh1®8 was calculated
on the basis of the statistical model. The comparison of the values of the measured ratio and
that calculated shows that the relatively high yield of the n, He3reaction cannot be explained
on the basis of the statistical model.

Introduction

In our earlier investigations the existence of the (n, He3) reaction was
verified at Cs13 nucleus by activation method. For the cross-section of the
reaction (5" 3)/xb value was found at 14,7 MeV neutron energy [1]. The
present work was undertaken with the aim of obtaining additional information
on the (n, He3)reaction. For this investigation Rh103 nucleus has rather favour-
able properties [2]. In the case of Rh103 there is no need for radiochemical
separation because of the suitable half lives of the reaction products. The half
life of the required Tc10l isotope is 14 min., 91,5% of the decays is followed
by the emission of 307 keV energy gamma quanta rendering the use ofa gamma-
spectrometer possible. To determine the cross-section the Rh103(n, y) Rh104m
reaction can be used as internal monitor.

Experimental method and results

5g rhodium metal in polyethylene holder was irradiated with 14,7 MeV
neutrons produced by the H3(d, n) He4 reaction using the 300 kV neutron
generator of ATOMKI [3]. The sample was irradiated with an average flux
of ~5.109 neutron ecm*®“2e¢sec“1for 25 min. During the irradiation the flux
was continuously monitored by a B10F3 “long-counter”. The activity of the
irradiated sample was measured with a scintillation gamma-spectrometer [4],
consisting of 5 X5 cm Nal(TI) crystal and 400-channel TMC pulse height analyz-
er. The 0—1 MeV energy interval of the gamma spectrum as a function of
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time was measured® Analysing the decay curve obtained in 270—340 keV
interval (Fig. 1) the half lives of 210 d, 15,5 min. and 4,5 min. were found.
The activity of 15,5 min. half life could not be distinguished from the back-
ground in other regions of the gamma spectrum. The gamma activity of
15,5 i 1,5 min. half life observed at ~300 KeV verifies the existence of
R h103(n, He3) Tc10l reaction. The activities of 210 d and 4,5 min half lives

Fig. 1. The analysed complex decay curve

belong to Rh103(n, 2re) Rh1® and Rh103(n, y) Rh10m reactions, respectively.
For the determination of the cross-section Rh103(n, y) Rh104m reaction was
used as internal monitor. Rh1Mmwith 4,5 min half life decays into the ground
state of Rh104 In 1,8% of Rh10 decays a 556 keV gamma particle is emitted
that can he used as internal monitor. The gamma spectrometer was calibrated
by Na2, Mn54, Co'l0 Co57, Y 83, Cs137, Hg203, Am24l (IAEA Vienna) absolute stan-
dard sources.

If we take into consideration the necessary corrections to be made for
the irradiation and the activity measurements for the cross-section ratio we
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obtain:

«[Rh10%¥», He3Tcl01] 38 10_n
cr[Rh1(3ra, y/Rh104m]

Accepting the earlier results [5] for the absolute cross-section of
Rh103(n, y) Rh14"” and Rh103(n, a) Tc100 reactions (i.e. a(n,y) = 3,23 mb,

a(n, a) = 11 mb) our measurement gives the following values

1,0

a(n, He3) 1.2+ /T,
0,6°'
He3
a(n. He3) 10+ 10 10-4.
a(n, a) - 0,6

Calculation of cross-section ratio from statistical model

The investigation of the reaction mechanism for (n, He3) with heavy
nuclei is possible only by comparing the measured and calculated cross-sections,
because of the low value of a(n, He3). For this reason, in the case of Rh103
nucleus the cross-section ratio of (n, a) and (n, He3) reactions was calculated
on the basis of the statistical model at 14,7 MeV neutron energy.

The calculation of cross-section ratio in the case of a compound mechan-
ism is reduced to the determination of the I He /l'™* ratio.

The emission probability for particle b generally is:

eha
b= Mb(2sb+ 1) J sbab(ebym(u)dsb,
&hm

where Mbsb and ebare the mass, spin and kinetic energy of the emitted
particle, ab(eb) is the cross-section for compound nucleus formation by the
inverse reaction, co(u) is the level density of residual nucleus at u excitation
energy.

The even-odd effect was taken into consideration in the excitation
energy un = fimax — eb+ nd by adding n6é, where n is 0,1 and 2 in the
case of even, odd-mass and odd end-nuclei, respectively;

O= 10- A*r- MeV,

where A is the mass number [6]. The ab(eb) values were taken by interpolating
the data of the Shapiro tables [7]. These data are given for rectangular poten-
tial. The data of the same table were applied to the rounded-off potential
taking into account the Kikuchi relation [8] between the B maximum of the
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rectangular potential and the Beff maximum of the rounded-off potential

1,7
neff —B 1 —

R = 15 A13fm was taken as a nuclear radius. In calculating the inverse
cross-section no distinction was made between the He3 and a particles. For
the energy dependence of the level density a simplified form derived from the
Fermi gas model was adopted:

co(u) = ceexp [2(au)V?].

The value of the level density parameter was taken from the relation a =
— 0,115 « A [9]. The multiplication constant C was disregarded for the cross-
section ratio because of its weak mass number dependence [10]. Since the
a(n, He3)/ff(re, a) ratio was determined experimentally containing neither
(n, re' @) nor (re, re' He3) processes, therefore — in order to compare with the
experimental data — the calculated spectra were integrated over the energy
region of emitted particles in which the emission of a second particle is energe-
tically forbidden. The Q values were calculated using the data of K unz et al.
tables [11], Q(n, a) = 3,94 MeV and Q(n, He3) = —7,85 MeV.
The value for the cross-section ratio obtained by calculation:

ff(re, He3) = 2z h,_ = 1iS.10-9;
a(n, © Ia

is 5 orders of magnitude less than the measured one. The calculated low value
is due to the large negative Q value of the (re, He3) reaction. At A ~ 100 nuclei
the cross-section values for (re, a) reactions calculated on the basis of the sta-
tistical model are in the same order of magnitude as the measured ones [12].
Therefore, the great difference between the measured and calculated cross-
section ratios may arise mostly from (re, He3) reaction. This means that the
cross-section of (re, He3) reaction is more orders of magnitude higher than the
one we should expect on the basis of the statistical model.

With N > 82 nuclei the measured value of cr(re, a) is, in several cases,
2—3 orders of magnitude higher than those calculated on the basis of the
statistical model [12]. The measurements of the energy spectra and angular
distributions show a strong, direct effect in the a emission with N > 82 nuclei.
This supports the observation that the value of the cross-section is high in the
case of direct reactions. Considering the above mentioned facts one can suppose
that the high cross-section value observed at (re, He3) reaction is caused by
direct effects. Unfortunately, the proof of this by the measurement of He3

Ada Physica Academiae Scientiarum Hungaricae 21, 1966



INVESTIGATION OF Hh»»»(n, He»)Tc>» REACTION 233

energy spectrum and angular distribution cannot be carried out with present
techniques since a(ti, He3) is too low.

The author is grateful to Professor A. szaray for his kind interest in
this work.
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MCC/NEQOBAHMNE PEAKLMWM RhiBn, He3) Tel»l
M. YNKAN

Peswome

MeTogoM aKTvBaumMu OnpefensieTcs nonepeyHoe ceveHne peakumy RhIBn, He3) Tclll
npv 3HEPrun HemTpoHoB B 14,7 MeV An1s 4ero nosly4eHo 3HadeHwe a(n, Hed = (1,2 Jg/n .
OTHoOLUEHNe MOMNepeYHbIX ceveHUn peakuwin (1, He3) n (n, a) ansa agpa RhIB onpepensetcs
Ha OCHOBe CTaTUCTUYecKOl Mmogenu. CpaBHeHWe 3HAUYeHWI WM3MEPEHHOro W BbIYUCIEHHOMO OT-
HOLLIEHWI MornepeYHbIX CeYeHUM MOoKasblBaeT, YTO OTHOCWUTESIbHO 60/MbLUIOA BbIXOS peakuuu
(n, He3) He MOXeT ObITb 06BbACHEH Ha OCHOBE CTATUCTUYECKON MOAenu.
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By
A. Dobay-Szegleth

DEPARTMENT OF PHYSICS, UNIVERSITY FOR TECHNICAL SCIENCES, BUDAPEST

(Presented by A. Kénya — Received 20. l. 1966)

The atomic form factors and the cross-sections for electron scattering are calculated
for rare gases using a statistical atom model, which contains both the pirac exchange energy
and the improved kinetic energy correction of Gombas. Results are compared with the empi-
rical data.

1. Introduction

The Thomas—Fermi [1] model of atoms is based on the assumption
that the electrons of a heavy atom can be considered as a free-electron gas
and accordingly, the kinetic energy of the atom can he identified with the
Fermi energy of the electron gas. In calculating the potential energy of the
atom one makes the assumption, that the negative electric charge is distri-
buted continuously and that the electrons are present in this gas in a“smeared-
out” state. Consequently, only the electrostatic Coulomb interaction between
electrons has been taken into account.

Many improvements have been made on this original Thomas —Fermi
model, which take into account more exactly both the potential energy and
the kinetic energy of the atom. The most important correction to the potential
energy, introduced by Dirac [2], is the exchange interaction energy of the
electrons. The corrections to the kinetic energy arise from the fact that the
density of the electron gas in an atom, especially in the neighbourhood of the
nucleus, cannot be regarded as constant. The Weizsacker [3] Kinetic-energy
correction has the effect that some defects of the statistical atom model
disappear. In particular, as a result of this correction, the electron density
at the nucleus is finite and falls off exponentially at infinity. These are in
agreement with the corresponding results of wave mechanics, while in the
Thomas—Fermi—Dirac model the electron density at the nucleus is infinite
and the radius of the atom has a finite value, at which the electron density
drops discontinuously from a finite value to zero. However, the Weizsacker
correction has the defect that the agreement of energies with empirical data
is not so good. The energies of the model, including the W eizsacker correction
are 20—25% higher than the empirical ones. The origin of this discrepancy
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has been pointed out by Gombas [4]. The addition of the Fermi energy of
the electrons and the w eizsacker correction results in an error, because the
two expressions partly overlap and, consequently, a part of the kinetic energy
is taken into account twice. This discrepancy can be eliminated by decomposing
the kinetic energy to an azymuthal and aradial part and then subtracting the
radial self energy of electrons from the radial kinetic energy of the atom.

If we add both the Dirac exchange energy and the Gombas Kkinetic
energy correction to the Thomas —Fermi model, we arrive at an atom model
which besides its simplicity, describes many features of atoms in a very good
approximation. The electron density of this model approximates better the
wavemechanical Hartree —Fock distribution than the original w eizsacker
distribution, and it behaves exactly like the wave-mechanical distribution at
the nucleus and at large distances from the nucleus [6]. The atomic energies
of this model show, from the lightest to the heaviest atoms, a deviation smaller
than 2% from the empirical values [5]. Considering that these energies are
distributed in a range of 5 orders of magnitude the agreement is excellent.

The aim of this paper is to calculate the atomic form factors and the
cross-sections for collisions of electrons with atoms using the electron distri-
bution of the above mentioned statistical atom model [6]. The comparison
of the computed and measured differential cross-sections is the best way to
compare the calculated electron distribution with empirical data. Our aim is
to control, by this comparison, the reliability of the Gombas statistical atom
model.

2. Calculation of atomic form factors and cross-sections

The collision of high energy electrons (Ebl,, ~ 1 keV) with atoms can be
treated in first Born approximation. The differential cross-section for elastic
scattering is given by

<X(0) °R (V) Z- F(q) )« (1)

where <r(&) is the Rutherford cross-section of a point charge Ze, Z is the
atomic number and F is the atomic form factor which characterizes the
screening of the nucleus due to the electrons.

Ze> 2 | —R2 1—R2sin2(0/2)

2
2mO0c2 R4 sin4(0/2) @)
F(g) = 4n ar) Singr r2dr, A3)

a?
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2mgc R .
4 = -2 . sin (»7/2). (4)
N n-p1
Here e is the electronic charge, ¢ the velocity of light, %the Planck constant
divided by 2n, mnthe rest mass of electron, s&the angle of scattering and

Y-~kin ("kin ~4~2m0c2)
C Skin + "»0 C-

©)

qin units of 1/ac

Fig. /. Atomic form factors for rare gases as functions of g

where v is the velocity and Ekinthe kinetic energy of incident electrons. In (3)
g(r) is the density distribution of atomic electrons and the form factor F(q) is
essentially the Fourier-transform of the electron density distribution.

q(t) has been calculated by Gombas for rare gas atoms and the radial
density D(r) = 4n r2p(r) is given for Ne, A, Kr and Xe in his paper [6].
Using these D(r)-s we have calculated the atomic form factors

F(Q)=J(D(r)3"‘df (6)

(0] ar
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Fig. 2. Differential cross-section for scattering of 412 eV electrons by Ne atoms

------------------ present calculation
— .—.—.— Thomas—Fermi model
— — — — measured by Arnot [7]

Fig. 3. Differential cctin for soross-escattering of 708 eV electrons by A atoms

................... present calculations
. — Thomas—Fermi model
— — — — measured by Arnot [7]

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



CALCULATION OF ATOMIC FORM FACTORS 239

Fig. 4. Differential cross-section for scattering of 820 eV electrons by Kr atoms

------------------- present calculation
—.—.—.— Thomas—Fermi model
— measured by Arnot [7]

Fig. 5. Differential cross-section for scattering of 800 eV electrons by Xe atoms

------------------- present calculation
—.—.—.— Thomas—Fermi model
— — — — measured by Arnot [7]
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Table |

Atomic form factors for rare gases, q in units of 1/a0

Gas Neon Argon Krypton Xenon
4 F F F F
0. 10. 18. 36. 54.
0.25 9.887 17.725 35.682 53.544
0.50 9.436 17.080 34.688 52.237
0.75 8.803 16.250 33.222 50.350
1.00 8.099 15.126 31.549 48.148
1.25 7.399 14.073 29.763 45.852
1.50 6.744 13.068 28.232 43.581
2.00 5.623 11.287 25.425 39.368
2.50 4.729 9.811 22.394 35.648
3.00 4.020 8.598 20.200 32.413
3.50 3.447 7.582 18.176 29.585
4.00 2.982 6.734 16.499 27.118
4.50 2.600 6.020 15.048 25.008
5.00 2.279 5.409 13.784 23.051
6.00 1.792 4.431 11.698 19.862
7.00 1.436 3.691 10.061 17.316
8.00 1.165 3.109 8.737 15.230
9.00 0.956 2.645 7.637 13.661
10.00 0.792 2.268 6.751 12.051
11.00 0.668 1.967 6.010 10.842
12.00 0.584 1.774 5.359 9.815
13.00 0.487 1.530 4.856 8.933
14.00 0.429 1.448 4.389 8.153
15.00 0.372 1.174 3.988 7.477
16.00 0.328 1.101 3.640 6.886

for several values of g. We have performed the integration in (6) numerically,
the mesh of r used was 0 (0,001) 0,01 (0,002) 0,02 (0,004) 0,06 (0,008) 0,108
(0,016) 0,284 (0,032) 0,508 (0,064) 1,212 (0,128) 3,132 (0,256) 10,044 in
units of Bohr radius a0. The results for Ne, A, Kr and Xe are given in Table |
and are shown in Fig. 1. Forg = 0 the form factor F equals to Z; F decreases
monotonically with increasing q and vanishes for g = oo.

The scattering cross-sections have been calculated from the form factors
according to (1)—(4). The results for the rare gas atoms and for scattering
energy of about 800 eV are shown in Figs. 2—5, where the cross-sections
measured by Arnot [7] are also plotted. Both the calculated and measured
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curves fall off rapidly with increasing & Except for the case of Ne, the agree-
ment between the two curves for small and intermediate $-s is quite good.
For large angles of scattering the measured cross-section of heavier elements
Kr and Xe exhibits a weak oscillation. The theoretical curve cannot reproduce
this oscillation but averages it. These results emphasized the reliability of the
electron distribution of the statistical atom model which contains both the
Dirac and the Gombas corrections.

The author wishes to express her thanks to Prof. Dr. P. Gombas for
helpful advices and discussions.
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BbIYMCNEHVNE ATOMHbIX ®OPM®PAKTOPOB N3 CTATUCTUNYECKOIO
PACMPEAE/NIEHNA MNOTHOCTWN 3J/IEKTPOHOB

A. OBAN-CETNET

Pesome

B pa6oTe onpeensioTcs aToMHble (POPM(AKTOPbI 1 NoMepeyHble CeYeHUs A1t paccesHUA
3M1EKTPOHOB B C/lyuae 671aropofHbIX ra3oB Ha OCHOBE CTaTMCTMYECKO aTOMHO Modenu, cofep-
Xalleli 06MeHHYI0 sHepruo upaka u ucnpas/ieHHyo MToMGALLOM KOPPEKLIMIO K KUHETUYECKON
3Hepruun. PesynbTaTbl CPaBHMBAIOTCA C SMMUPUYUECKMU [AHHbLIMU.
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In this paper and a few following ones the efficiency of simple algebraic methods is
demonstrated in the theory of the special unitary groups. The present work deals with the
calculation of the generator matrix elements. The procedure is considered in detail in the
framework of SLr(3).

In the last few years the role of the Lie groups in theoretical physics,
especially in the domain of elementary particles has become dominant. A large
amount of work has been done in this field, mainly in connection with special
unitary groups. Most of the results have been obtained by using the general
and very aesthetic theory of semisimple compact Lie groups. However, almost
every calculation can be carried out by much more simple methods very similar
to the tricks of SU(2) which can be found in every textbook.

On the other hand, the theory of n-dimensional special unitary groups
has developed so rapidly, that some subsidiary questions, such as the general
reduction of product spaces and their new quantum numbers, and the deter-
mination of isoscalar factors in closed form, have not received the attention
deserved.

In the present paper and in those following we should like to demonstrate
the effectiveness of fairly simple algebraic methods in the theory of SU(n)
both in the treatment of older results obtained by more complicated reasoning,
and in attacking some problems, as yet unsolved.

In our work we make an attempt to formulate the results for any SU(n)
though some of the calculations will be carried out only for St/(3). In some
cases we shall emphasize the connections with the general theory of semisimple
compact Lie groups.

In this paper we show the method of determination of generator matrix
elements of SU(n).

In Part 1 we outlihe an inductive way of these calculations in SU(n)
on the basis of the knowledge of matrix elements in SU(n — 1). In Part 2 we
develop the whole procedure in detail for SI1/(3). The results of this section
agree with those of Biedenharn obtained on the basis of Weyl’s branching
laws [1] and Mukunda and Pandit [2], who obtained the same expressions
by means of tensor methods.
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In the Weyl basis of generators of SU(n) the commutation rules

as follows:*
IA/keA/m] — 6fti Aim  dimA/k, 1~ 0k re.

A'ik satisfies the conditions E A'rr= 0 and Aik = AMWK-**
The fundamental representation (F. R.) of the generators is:

(AjK)rs  blroks e, 1< 1, fc I S< M.
Let us introduce a linear combination of the generators:
i 1- 2n
Atk = \Aik Alkl i bin bkn

which in detail gives the equations:

Afk— A ik, i==«k,

Ak—Ay -f- Ann, i <"n,
re |

Npn — - Min .

This new set of generators might be arranged in three classes:

a) Aik bK< ® Y A= 0
b) Ain i< r; A-nk K n
c) A e

are

(1)

(2)

(3)

It is instructive to look into the structure of the generators of these

classes separately in the F. R.
a) i,K<n.

We have, from formulae (2) and (3)

», k
(Aik)rs  bjr bks -M-br bnr bn, =
re—1 re—1

* No upper indices are used either in this note or in the following ones, as we do not

intend to work with tensor notation.
** An arbitrary element of SU(n) can be written in the form:

U = exp ijEk’ . (SKAjk+ a*kAkj) m
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This formula shows that if r=n or s= n, then

4
(Aikyrs= 0 and Ait= 0.
i=l

It is easily seen that the matrices of this class in the F. R. are simply

the matrices of SU(n — 1) with one column and one row of zeros attached
to them:

Generators
ofsu (n—1) ¢

b) If i < re(k < n), then in the F. R. Ain(Ank) contain 1 in the i-th
(fc-th) position of the last column (row)

o]
0 : (1 in the i—th row)
e.g. i
o]
0 mmee 0 ©

¢) This class consists of one matrix

(A rin)rs ~nr ~ns “b n ~rs
. 1. . - s 1- n
with — in the diagonal except its’ last element which is equal to -=—------
n n
1
n
|
n
|
n
1—n
n

Using formulae (1) and (2) we can write down the commutators of our generat-
ors. If we examine the commutators of the generators in class a), we see, that

[A iki Alm] = 6kl A im — bimA ih, i,k,I,m<n—1 4)
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These commutation rules are exactly the rules of SU(n — 1). The commutators
of generators belonging to class a) and b), respectively, are

Aln\ = [(A'k ~ \ 1 ' n), Aln]
n—1

ft,
aklA'in ftkl Uir — ftr A rrr 5
n 1 n—1 (5)

i, k, I<[n

In the last formula the bracket contains the matrix of the generator A-k of
SU(n — 1) in its F. R. which can be seen by replacing n by n — 1 in (2),
This shows that A/nis an irreducible tensor operator of SU(n — 1) transforming
according to its F. R.

Ann and the generators of class a) commute:

n,,, Ann]= 0 i,k <n . (6)
Ann and the generators of class b) have the following commutator:

[*nn 1 “ [Ann & A/n] A/n= Atn

[*nri* Ank\ A nk K, | Tl

Two further types of commutation rules involving generators of class b)
exist, i.e.

I inl fton] O 8)
and

[Airi, An]= Aik A= ftik A nn . (9)
n—1

W ith this method we have separated the generators of an SU(n — 1) subgroup
of SU(n).

Let us turn our attention to the calculation of generator matrix elements
of SU(n) in an irreducible representation. First we have to make one remark.
Biedenharn shows [3] that the states of a given irreducible representation
of SU(n) may be completely characterized by quantum numbers of SU(n — 1)
— that is, numbers specifying an irreducible representation of this sub-
group, and numbers, specifying astate in this irreducible representation
plus one new additive quantum number, which in our scheme is the eigen-
value of Ann. The generators of the SU(n — 1) subgroup are exactly A,-k
i, K< nin our picture.

Thus, since we know the generator matrix elements of SU(n — 1), only
the matrix elements of the type Ajn(i < n) must be calculated as Ank =
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= Akn and Ann is diagonal in this representation. Equation (5) gives further
information, showing that A/n is an irreducible tensor operator of SU(n — 1)
transforming according to its F. R.; consequently in the determination of
A(n the Wigner—Eckart theorem of SU(n — 1) can be used.

In the next section we apply these general results to the calculation of
the generator matrix elements of SU(3).

In SU{3) it is more convenient to introduce the following notation:

L - N1, Y = A33 5
4+ = M121 F+ =:'413, G+ = n32
J_ = An , F_ = G_ = A3
and 2
n = 7-, F+ = G_, Ft= -¢+

The generators | +, 12; F+,G+ ; and Y constitute classes a), b) and c) of
the previous section respectively.

Since An -)- A2= 0, we have A2= —Ilz

The commutators corresponding to equations (4)—(9) are the following:

[1z>1£]=%1%> [1+,1-] = 21Z (4
[it, F_.] = F+, [/_,F+]=F_, [z, F£] = = J Fzx,
[7+,G _]1=G +, [7_,G+]=6G _, [1ZG+] = £ ~ G =, (5)
[1+, F+1=17 ,F_]1=[I+,G+]=[J_,G]=0,
[7+, Y] = [7_, ¥] = [ir, Y] =0, (6"
[y ,F£] = F+, [y, Gx]= - Gz, (7"
[F+,F_] —[G+,G_]= 0, (89
[F+, GH] ——1+, [F ,G1=1/1_,

[F+,G_]1=Tr+ ~ZY , [F_, C+]=1/r- 1Ly
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As for an irreducible representation of S(7(3) the theorem of Biedenharn
states that an eigenvector has the following labelling:

ITMY) *

T and M specify an irreducible representation of the SU(2) subgroup of the
generators I+,1Z and its magnetic quantum number, respectively. ¥ is the
new additive quantum number of St/(3). This labelling system might be con-
structed in an inductive manner, too. We have two mutually commuting
operators |- and Y. Let us denote a simultaneous eigenvector of them by
MY):

IZ\AMY>= M\MY) ,

YIMY) = Y [MY) .

Following the tricks of SU(2) with generators 1+, 1_ and Iz and taking into
account that they commute with ¥, we see that for a fixed eigenvalue of Y
we must characterize the eigenvector by a number T, i.e. we must write
<TMY), and we get the possible values of M:

T<M<T.
T is the eigenvalue of

r1:--Z(!+ 1- + [-]+) + [;:
PjTMY) = T(T + 1)ITMY) .
For J+, I _ we get the well-known relation:

1+1TMY) = f(T=FM) (T~+M + 1) ITM + 1Y).

Concerning F +, F_ we remark that according to equations (5') they are irre-
ducible spinor operators. This fact together with (7') gives the equations:

—M+ 1 i T+ M

ITMY) -F F+ITM 1Y)
2T 4- 1 2T + 1
1
x(TY) TH----Z--M Yy +1),
T+ M —
ForMy)- Mt leiom—ayy -
2T + 1 2T + 1
B(TY) [T —Y M —~Y + 1),

= As can be seen, we have adopted Dirac’s notation. The scalar product of two kets
is defined: <TMY | T'M'Y") = 6TT,6MM,8YY
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where a(TY)and/3(TY)are independent of the quantum number M. (Wigner —
Eckart theorem.)
From these equations we get:

E+\TMY>= /T4-M+1a(Ty)L+J_mi

vy +1)F
2T + 1 2 '

"2

f T=PM o
= 1 1
o B(TY) T M -Y + 1
2T + 1
and
G+ITMY>= =FEI ITMY>
1 T =
L J— Y- 1 7 AT n -
2T
vl LT M Y —1>
2T + 2
To compute a(T’Y) and B(TY) we use the two relations:
[Ff, F_] =0, (12)
3
[F+, G_ h + — Y. (13)

We remark that all the remaining commutators of F and G can be obtained
from these either by taking hermitian adjoints, or by commuting the second

relation with 7+ and using the JACOBi-identity:
[A. [B, CIl + [B, [C,A]] + [C,[A, B]] = 0

Commutator (12) gives tlie following equation:

«(T’Y) [ T B(TY)
1T+ 1

(14)
ajT -y Y + 1
T+ T Y +1)
Commutator (13) gives two equations with respect to diagonal and non-
diagonal elements

T+M a (T L) «(TY)
2T 2 2T 7~
T M+ 1 o T+ (15)
2T + 2
e WB<TY)F- M- —Y =0
2T + 1 2
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and
BANT + jY + 1
a(Ty) 2T + 1

(16)
V2T (2T + 2) B(TY)

Y + |

From equations (14) and (16) we can derive the following relations equivalent
to them:
2T + 2 (1]
INRRNIE 17)
2 2r + 3
2T

[T-————Y —1 IE(TY)]2. (18)
2T — 1

Making use of the fact that a(TY) and R(TY) are independent of M and replac-
ing M by T and —T, respectively, (15) gives two further equations:

« T Y 1 4+ T + Yy - 1
X 2T + Z\G 2
= ja(TY)2-fr-fy vy (19)
2T + 1
b | . la(TY)|2+
2T + 2 2 [Tt
2T 1
+ - —IS(TY)I12 —T H-—-Y . (20)
2T + 1 2

Equations (17)—(20) constitute a system of difference equations for a(TY)
and B(TY). To solve this system, it is necessary to impose initial conditions.
As we are considering finite dimensional representations, the eigenvalues of
Y must terminate at some ¥ 0. Let us denote the corresponding T value by TO,
that means that there exists a state | TOM Y 0) for which:

F+|TOM y0> = F_|TOMYO0> = o

as F increase the eigenvalue of ¥ by 1 [see(7')]. It is easily seen by considering
I+ 1TOMYO0>, that this property is valid for any value of M (  TO< M < TO0)
for the state ITOM Y oy, i.e.

F+ITOTOYO0> = F_|TOTnY0> = 0.
From these and (10) it becomes clear that
a(T,, Y0 = B{ToY0) —0.
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On the other hand (16) and (17) give:

2T+ 2 (Tv)2. 21
2 2T~+k + 2

BT F\R(TY)N2, (22)

(fc and | are integers).
For any value of T and Y (Y < YO0) we may introduce two integer
variables, m and n by the equations:

T=T,,+—--é--—, Y=Y,—(m+ re), m+ n> 0.

This is justified, as when examining the difference equations we find that T
and Y values involved differ from each other by half-integer and integer num -
bers, respectively. In the following we present the calculations of B(TY).

m e
\B(TY) 2— TO - ) > m rel
23
2T (23)

2T —re

where we have used (22).
m—1 ,
Replacing T by TO0-)- -- and Y hy Yu— (m — 1) equation (20)

gives the following relation

2T0-f-m m r \
g TO+ — V,—m
2T,, -1
2T,
2Tn Yo
1 H—1 n
I9:0+ m Yo—m “.7 .
2T0+ m 1] ]
m—1
_T n |)o
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According to equation (21) the first term on the right-hand side is proportional
to Joc(TOYO0) 2, and that is equal to zero. The remaining equation is a difference
equation, which may be summed up, and leads to the result:

2T, + m+ 1 f 3
2Tn-f-m

YO-TO 1—m

This and (23) give:

\B(TY)\2= 1R |TO+ - -Y0- (m- n)
|

2 TO+ m-f-13
2T0+ m f~-n 2

TO+ 1—n

Using now the value T and Y instead of m and n, and considering that we
have a freedom in the choice of phases as all the equations involve only squares
of absolute values of a(TY) and R(TY), we get

B(TY) =
(r. + i tr-X +1Kb_r.+r1r_X (v.-r+¥Y +uy]j
2T
(24)
Equally, a(TY) can he determined in a similar way, and then we obtain
W{TY) =
Y
A-+ T 11T YO+ T +
2 2
2+ 2
25

From SU(2) considerations it is obvious that any T value, and so T,, isanon-
negative integer or half-integer, i.e.

T, = - (> 0, integer).
From the finite dimensionality of the representation it is also obvious that

(G+r\T,, TnYo > ==0
but

(G+T+\TnTOYO> =0

as G+ decreases the eigenvalue of ¥ by 1.
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The structure of G+ [see (11)] shows, that the last two equations lead
to the condition:

+ 1 fl'b 1
TO + 0,
9
. . A S . A+ 2L
which together with Tu = > and taking into account (24) gives Y0 = ----- 3

So, finally, we may state that the two non-negative integer values 4
and fi specify the irreducible representation in question, and the expressions
for a(TY) and B(TY) in terms of 94 and u are the following:

a(Ty)
1Ir ~“+ T+ s AT gt e Ty s2-
3 2 3 2 1 3 2
2T -2
(26)
B(TY)
F2a+n oy Azaxr y Ch g
\ 3 2 1 3 2 3 B 2
2T
7

Thus, the problem of determination of generator matrix elements in the
irreducible representation characterized by Hand // is completely solved.
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A FEW USES OF ELEMENTARY PARTICLES
IN NUCLEAR STRUCTURE STUDIES*
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D. H. Wilkinson
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(Presented by L. Janossy. — Received 25. Il. 1966)

A selective review is given of some of the ways in which “elementary particles *’and the
techniques of high energy physics in general may be used for the investigations of nuclear
structure. It is pointed out that our ability to extract new nuclear structure information from
such experiments is often limited by our present ignorance on other aspects of nuclear structure.

Introduction

We are very familiar with the use of the great accelerating machines for
the study of elementary particles in their own right. Beams of nucleons, pions,
muons, K-mesons, anti-protons, neutrinos and so on are generated and used
to provoke collisions or reactions that brings us information about the element-
ary particles themselves. These same beams will, of course, interact also with
complex nuclei, and sometimes such interactions have been used either because
targets of complex nuclei were demanded in order to get nucleons in sufficiently
concentrated form or, more rarely, because complex nuclei, by virtue of the
spin or some other quantum number, enabled us to place restrictions on the
character of the elementary particle interactions. However, the availability
of such beams of elementary particles naturally leads us to ask the question
whether, by their interaction with complex nuclei, we may not be able to gain
information about the complex nuclei themselves of a character that cannot
be obtained by the normal methods of nuclear structure experimentation O-
that may perhaps confirm the results of such conventional methods of experi-
mentation from this novel point of view.

So far work has been confined to elementary particle beams that “natur-
ally” found themselves available from having been prepared for elementary
particles research purposes. We are now beginning, however, to think seriously
about developing such beams and indeed special accelerators, largely or even
solely for the purposes of nuclear structure research. It is therefore appropriate
to examine the sort of information one can hope to gain about the nucleus

* A lecture delivered in Budapest on 25th October 1965 to the Hungarian Physical
Society.
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through the medium of elementary particles and to assess whether it is suffi-
ciently importantand sufficiently novel to justify the very considerable expend-
iture that this form of experimentation will entail. I shall not attem pt, in this
lecture, to shoulder the responsibility of recommending for or against sucli
expenditure. I am in no way attempting a synoptic account of the subject
— great areas will be left untouched: I shall, for example, omit nucleons and
electrons completely. Still less am | writing a proposal for a meson factory —
that document would look very different from this lecture. But | shall try to
show by a few eclectic examples: (a) that we have already benefitted in our
knowledge of nuclear structure from the use of elementary particles; (b) that
there is a wealth of important nuclear structure information to which element-
ary particles might lead us in the future; (c) that care is going to be needed
in interpreting the results. | shall have to strike some sort of balance ofempha-
sis between (a), (b) and (c); | shall hope to do this fairly but | should also say
that (c) would have had to loom large in some of the topics | have omitted
had time allowed their inclusion.

The composition of the nuclear surface

Before examining, particle by particle, the type of nuclear structure
information that we might obtain, it may be interesting to illustrate the know-
ledge about the nucleus that has already been gained through elementary
particle probes by reference to a single problem. This will, I hope, convince
you that use can be, and already has been, made of elementary particles for
giving us information that it would be very difficult to get by conventional
means. The problem is the composition of the nuclear surface: is the nuclear
surface composed chiefly of neutrons or chiefly of protons or is it composed
of neutrons and protons in more or less the same N :Z proportion as for the
nucleus as a whole ?

This is obviously a very important question for nuclear structure; that it
is an open question may be shown by two simple contradictory arguments.
The first of these is that the protons in the nucleus are positively charged while
the neutrons are neutral; the protons therefore repel each other which the neut-
rons do not and so tend to get as far apart as possible making the edge of the
nucleus proton-rich. The second argument is a little more complicated and is
illustrated in Figure 1. This Figure shows the potential felt by a neutron as
it enters the nucleus and also the potential felt by a proton. Owing to the charge
independence of the specifically-nuclear force, the proton potential differs
from the neutron potential essentially by the addition of the repulsive Coulomb
force which lifts up the proton potential and makes it, as shown, not so deep
as the neutron potential inside the nucleus. The nucleus may then be thought
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of, crudely, as built up by siting neutrons and protons in their respective
potentials up to a certain level that represents the binding energies. This
level must be more-or-less the same for neutrons and for protons, otherwise
beta-decay will convert one into the other until equilibrium is reached. As may-
be seen from the Figure, owing to the sloping sides of the nuclear potential
this means that the protons are confined by an effectively narrower potential
than the neutrons and so the edge of the nucleus must be neutron-rich.
These two contrary arguments are both false but are also both super-
ficially plausible. They at least suffice to show that the question about the
composition of the nuclear surface does not have a simple common-sense
answer. Nor is an answer given by the most sophisticated analysis that we

are yet able to make; an experimental answer is clearly demanded to provide
a boundary condition for further speculation about nuclear structure.

To some degree, the conventional methods of nuclear structure experi-
mentation are sensitive to the neutron-versus-proton ratio in the nuclear
surface, for example relative nucleon reduced widths are clearly dependent
on the relative nucleon distribution. However, the extraction of such widths
from experimental data is a delicate and by no means unambiguous procedure
and demands full faith in the Distorted Wave Born Approximation on which
one knows one cannot rely for really quantitative answers. One is therefore
led to seek a completely new approach. The use of elementary particle probes
has provided three such approaches which will now be briefly summarized.

(i) n+ versus n  cross-sections

Generally speaking the nucleon cross-section for the collision of a parti-
cular charge of pion will be different for neutrons and for protons. Charge
independence then provides:

An+op —n An—p ®

Imagine now, for the sake of argument, that we could find a pion energy at
which the above inequality sign reads “very much smaller than”. Imagine
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also that the nucleus has, in fact, a neutron-rich surface so that the “neutron
nucleus” is bigger than the “proton nucleus” . In this case bombardment of the
nucleus with positive pions will see chiefly the neutron nucleus while bombard-
ment with negative pions will see chiefly the proton nucleus. Since the neutron
nucleus is bigger than the proton nucleus the cross-section for positive pions
will be bigger than that for negative pions. In fact, at a pion energy of about
700 MeV (In_p is more than twice as big as a,,+p. Under these circumstances
calculation shows a 6 to 8% differencein (em_ — an+)an+ for a heavy nucleus
depending on whether the neutrons and protons occupy the same region of
space or whether there is a neutron-rich surface such as would correspond to
the central density being the same for neutrons and protons. It is now 10 years
since the theory was worked out [1] and the experiments performed [2]
showing that, within experimental accuracy, the neutron and proton distribu-
tions have the same radius and there is no significant skin of either type of
nucleon on the surface.

(ii) Elastic neutral pion photoproduction

We know quite well the distribution of protons in the nucleus from the
elastic scattering of high-energy electrons, particularly the work of Hofstadter
at Stanford. We have, however, rather little information on the distribution
of matter in the nucleus, that is to say, neutrons and protons without regard
to their charge. A nuclear reaction that does not basically distinguish between
neutrons and protons is the photoproduction of neutral pions. If this is carried
out elastically from a complex nucleus, that is to say, leaving the target nucleus
in its ground state, then the process is a coherent one and the angular distri-
bution of the resultant neutral pions represents the coherent superposition
of the production amplitudes from all the individual nucleons; the angular
distribution therefore depends, in the usual way of a diffraction pattern, on the
spatial distribution of the nucleons. Careful measurement of this angular distri-
bution then gives information about the matter distribution. These experi-
ments have been done [3] and show an essentially-identical distribution for
the matter as for the protons revealed through elastic electron scattering:
there is no marked preponderance of either type of nucleon on the surface.

(iii) Absorption of K -mesons

W hen a negatively-charged particle is slowed down in matter it eventually
falls under the influence of a particular atom and spirals in towards the nucleuss
passing through a very large number of quantum orbits and proceeding inwarde
by a combination of Auger and radiative transitions. At first the Auger process
will be the stronger but later radiative transitions will take over. At this stag,
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we should expect the orbits, semi-classically speaking, to become more and
more circular because at each stage of the radiative process there will he
a tendency to make the transition to the state of highest statistical weight,
namely that of highest allowed /-value. It is anticipated that the orbits will
become circular before the nucleus is closely approached and so the final cap-
ture will take place from states of | = n m 1. In the case of K “-mesons, the
absorption is so very strong that one may easily calculate that the absorption
will, in fact, take place at the edge of the nucleus where the nucleon density
is low [4]. This region we might term the “nuclear stratosphere” . The absorp-
tion products therefore bring us information about the composition of this
stratosphere. The absorption of K-mesons on single nucleons goes by the fol-
lowing processes:

K~ -f-p —m27 n+
2lu+ n°
27+ +n -
/1° -)- 7n1e

K - —m27r '

27° - 7i-~

We see that, although absorption on protons can lead either to 27' or to 27¢
absorption on neutrons cannot make 27+ but of the charged 27-hyperons only 27¢ .
The production of 27+ in K “-meson absorption therefore signals the presence
of protons in the nuclear stratosphere. Interpretation of the experiments is
still somewhat complicated by our lack of complete knowledge of the element-
ary particle constants involved, but, so far as we can see at the moment,
the results are completely consistent with there being the same N :Z mixture
of neutrons and protons in the stratosphere as there is in the depths of the
nucleus.

These three elementary-particle approaches to this question are totally
different the one from the other but all agree on the answer, namely that the
nuclear surface is not noticeably richer in one sort of nucleon than the other
and is most probably of about the same composition as average nuclear
matter. This is already something of considerable nuclear structure interest
that we know about essentially only from the elementary-particle experiments.

We will now look systematically but far from exhaustively at some kinds
of information that some of the various elementary particles can bring us about
nuclear structure.
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Muons

The muon is a magnificent probe for the nucleus because it is so weakly
coupled to the nucleon field. Interpretation of the g — 2 experiments on the
muon show that G24n < 10~3. We can therefore neglect the nuclear interaction
of the muon completely by comparison with its electric interaction. In this
respect the muon is just like an electron but its greater mass brings it certain
advantages.

Muonic atoms: nuclear charge distribution

The distribution of charge within the nucleus is a matter of intense
interest. At the moment our chief knowledge about this comes from the elastic
scattering of energetic electrons but the energies of muonic X-rays are also,
in principle, capable of telling us a lot about the charge distribution. Because
the muon is 200 times heavier than the electron its orbit is proportionally
smaller and may be comparable with the size of the nucleus. The electric field
within which it moves cannot then be taken as that of a point charge; the finite
size of the nucleus is significant and there is a level shift from the value cal-
culated for a point nucleus.

In the first approximation one treats the entire nuclear size as a perturb-
ation, finding a level shift for the muonic atom of:

2
ne= " ze|o@O)2<r>.

Here ®(0) is the Schrdédinger point-nucleus solution for the muon’s wave-
function. In this approximation the experiments tell us only {r2) which does
not put them into competition with electron scattering which is already sen-
sitive to two parameters that measure the radius and the surface thickness.

To investigate the potentiality of the muonic X-ray method in more
detail we must make an exact solution of the muon wavefunction in whatever
charge distribution we care to investigate. The classical charge distribution
for such purposes is the Fermi Of Saxon — W oods form:

p(r) ~ [e-*>a+ 1]“1.

For this form of distribution for Pb using the values of R and a deriving from
electron scattering a 10% change in the radial parameter R changes the energy
of the 2p3/2to ISjR2transition by 8,2%. Similarly a 10% change in the surface
thickness parameter a changes the same transition energy by 1,1%.

We must now pause and ask ourselves how accurately can we hope to
measure these muonic X-ray energies. Given sufficiently-intense beams of
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stopping muons we can apply either crystal spectrometer methods or Ge(Li)
counter methods. These methods offer us an ultimate accuracy of perhaps 0,1
keV for the X-ray energies involved provided that the problem of calibration
can be solved. It superficially appears, then, that the distribution parameters
can be determined with enormous accuracy since the transition energies in
question in the heavier elements are of the order of 6 MeV. This, however,
is wholly illusory because we must determine both parameters at the same time
and not assume that one of them is known a priori. In fact we are immediately
led to ask whether we should not introduce a third parameter into our descrip-
tion of the charge distribution. The electron-scattering experiments are just
beginning to become sensitive to a possible third parameter and so if the
muonic X-ray work is to he competitive with the electron scattering it too
must demonstrate a sensitivity to a third parameter. Consider the form:

e()~[1 + «r*]/[*-n>+ 1].

We will investigate the following reasonable ranges for the three parameters:
a:(05t0 15 F; R : (1,0 to 1,2) A13F; a :(0 to 1,25) (A13F)~2 This form
of charge distribution is taken to represent the tendency in a heavy nucleus
for the mutual Coulomb repulsion of the protons to have some effect. Within
these parameter ranges the energy for the 2p32 to Isl2 transition in Pb may
change by as much as 1 MeV. Consider first the 2p32to Is12transition. If this
transition energy were known precisely then the whole range of variation of
the parameters in the above expression would correspond to variations in the
energy of other transitions by a few tens of keV. If, in addition, we knew the
3d52 to 2p32transition energy precisely, then the above parameter range cor-
responds to a variation in energy of the 2s12 to 2p32 transition by about
2 keV [5]. Since we are hypothesizing an accuracy of 0.1 keV we see that,
in principle, it may be possible to make a three-parameter determination to an
accuracy of several percent on each of the three parameters. This would, of
course, be extremely valuable although we must not forget the arbitrariness
in the choice of the aspects of the charge distribution that we choose to para-
meterize. This corresponds to some doubt as to the relationship between our
inferred distribution and physical reality and emphasizes the desirability of
having available complementary approaches of comparable sensitivity
muonic X-rays and electron scattering in the present example.

Even before we doubt the relevance of the analysis to the real world we
must examine critically various factors that might disturb the analysis. We
have assumed that the problem is exactly described by the solution of the
Dirac equation in the field of a structured but inert and unresponding nucleus.
Both these assumptions must be questioned. As to the first one, our present
level of understanding suggests that all we need to do is to allow for vacuum

*
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polarization; although this correction considerably exceeds the 0,1 keV of our
assumed accuracy of measurement, it is well understood and we will take it
that the correction can be made sufficiently exactly not to disturb the analysis
as we have presented it so far.

A more serious difficulty is represented by the assumption that the nuc-
leus is inert, is unaffected by finding itself in the electric field of the muon.
This is obviously not correct and we must estimate, using second order per-
turbation theory, the shift in the muonic energy levels to be associated with
excitation of the nucleus into and out of all possible virtual states. In other
words, we must evaluate the shift:

aLh, A H W
nl. (EO+ Ek—En Eu)

NnE,,

n, p are the intermediate nuclear and mesonic states; ¥ and @ are the nuclear
and muonic wavefunctions; H is the muon-nucleus interaction Hamiltonian.
Present calculations of this polarization shift for the Isj® level in Pb range
from 58 keV to 8,2 keV [6]. While the reason for this large range of theoretical
result is understood in terms of the different sorts of approximation involved
in the different calculations the fact that the correction is so enormously greater
than the accuracy with which we have imagined the measurements can be
made and interpreted is very worrying. It is not at the moment clear what
can be done about this problem. Of course, it may be possible to tackle it to
some degree semi-empirically by comparison of neighbouring elements, neigh-
bouring transitions, and so on, but it is clear that it introduces a considerable
complication into our attempts to extract a third parameter of the charge
distribution by these methods. We may even be tempted to invert the process:
say that we know sufficient about the charge distribution from the electron
scattering measurements to use the muonic X-ray data for telling us something
about nuclear polarization. It would indeed be interesting to know if there is
any systematic dependence of nuclear polarizability on various parameters
such as nearness to closed shells, deformation and so on.

Quadrupole effects

Other effects disturb the simple analysis but also bring us information
of importance in their own right.

Consider quadrupole effects. In ordinary atoms the quadrupole splitting
is seen as a perturbation of the magnetic hyperfine structure. In the case of
muonic atoms the quadrupole effect dominates. This is because the ratio of
the quadrupole effect to the hyperfine splitting is approximately:
[e2(?«/r3]/Lu/W r3] which hasthe value of about 200 for muons as against approx-
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imately unity for electrons because the muon’s magnetic moment is about
200 times less than the electron’s. In the case of muonic X-rays we have,
therefore, the opportunity to gain information about the nuclear quadrupole
moment with a directness that is denied us for electrons. If we consider the
2p to Is transitions we should, in general, if the nuclear spin allows it, find
not the two transitions 2p32to Isx2and 2pi2to Is12 that arise if we neglect
the quadrupole moment but rather five, from which the quadrupole moment
may be extracted.

An interesting effect comes about owing to the coupling between the
muon and the nucleus. This coupling implies that it is possible, in the course
of the X-ray cascade, for the muon actually to excite the nucleus into a real
excited state. This will be particularly likely in the heavy elements which have

Prolate
J il ®
Chlate
u b
200 0 200 m
KEV
Fig. 2

low-lying rotation states with large E2 transition moments and excitations
comparable with the 2p32— 2p 12 splitting. This means that the five lines
expected if this effect is neglected will become ten, five of which are associated
with the real excitation of the nucleus. It turns out that the nuclear transition
strengths and spacings are such that in certain heavy nuclei these two groups
of five transitions may be of comparable intensity. Since this excitation can
come about in a nucleus which has J = 0 in its ground state, we are able to
measure quadrupole moments in nuclei that do not normally permit of such
a measurement.

An important and exciting point is that the distribution of the quad-
rupole splitting is sensitive to the sign of the quadrupole moment and not just
to its magnitude. This is illustrated in Figure 2 which shows approximately-
the distribution and relative strength of the quadrupole-split transitions cal-
culated for Th22 on the two assumptions: that the nucleus is prolate and that
it is oblate. As may be seen the patterns for the two signs are very different
and so comparison with experiment reveals the sign of the quadrupole moment
which it is extremely difficult to determine by any other type of experiment.
This in itself may be a matter of considerable importance and justify consi-
derable effort in the measuring of muonic X-rays.
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Magnetic splitting

The magnetic splitting is usually much smaller than the quadrupole
splitting for muonic atoms but in the Is12 state of heavy atoms the magnetic
splitting may be as big as 1to 5 keV with no complications from quadrupole
splitting. This magnetic splitting should be measurable. If all that it told us
were the magnetic moment of the nucleus there would be nothing to be excited
about. However, in the heavy elements the Isj 2 state lies to a large degree
inside the nucleus so the magnetic splitting is determined not by the overall
magnetic moment but involves the distribution of magnetic moment within
the nucleus. This again is something that is extremely difficult to get at by
conventional means and so there may be here also a considerable field for
exploiting muons.

We may note in passing that it is in principle possible to make these
magnetic measurements on the particle-bound excited states of nuclei by reson-
ant scattering of muons [7]. There is an elastic scattering process in which
the incident muon is captured into its Isli2 orbit with accompanying excitation
of the nucleus into a definite state followed by ejection from the orbit and
simultaneous de-excitation of the nucleus. This will be a resonant process of
large cross section ) but very small width; it will show the magnetic
hyperfine splitting due to the magnetic moment of the excited nuclear state:
there will not be one resonance for each excited state but rather two, corres-
ponding to the two orientations of the muon spin relative to that of the nucleus.
This hyperfine splitting is then a measure of the distribution of magnetic
moment in the excited state of the nucleus. It is not clear whether such measu-
rements will ever be feasible in practice but in principle they open up another
great and important field.

Nuclear diamagnetism

We may finally note the possibility of measuring nuclear diamagnetism
using muons [7]. It will obviously be most interesting for nuclear structure
work to know quantitatively the degree to which the nucleus is diamagnetic.
Dimensionally we may expect an induced magnetic moment of about 10~17 H
nuclear magnetons in a field of H gauss. For Z = 20 one nuclear magneton in
the nucleus corresponds to a field of about 1013 gauss at the muon orbit.
Therefore at the muon orbit, owing to the nuclear diamagnetism, we may
expect a field of about 10~4H gauss. This may be a just-measurable effect
on the muon’s precession frequency. This effect increases rapidly with Z.
Again we may note that in principle we are sensitive to the spatial distribution
of the induced diamagnetic moment.
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Muon capture

The capture of negative muons by the nucleus is a weak interaction and
is sensitive to the details of the nuclear wavefunction. At the moment, this
process is too much bedevilled by our uncertainties about the basic muon
capture process itself to begin to use it seriously as a tool for probing nuclear
structure. We are still in the stage of using nuclei whose properties we believe
we understand fairly well to learn about the muon and its interactions. When
these are sufficiently well understood the process can be reversed and can in
principle yield important information. In certain limited cases useful informa-
tion could be had already if sufficiently intense muon sources were available.
For example, the reaction d fi~ —=2n -f- r with simultaneous energy and
angle measurement on both neutrons would bring valuable information about
the nn interaction.

Inelastic scattering

Muons may also be useful for more conventional types of experiment.
For example, muon inelastic scattering will be very much like electron inelastic
scattering and will be valuable in bringing us information about nuclear wave-
functions and matrix elements. In this muons have the advantage over elec-
trons that their bremsstrahlung is very much less; this will make possible cer-
tain types of investigation closed to electrons. Another technical advantage is
that muons have more momentum for a given energy than electrons and so
better energy resolution is available for a given momentum transfer. Muons
are complementary to electrons in inelastic scattering experiments in that
they explore different regions of energy-loss-momentum-transfer space.

Pions

The pion is the quantum of the nuclear force field, or at least of its tail,
and so might be expected to be of direct relevance to the problem of nuclear
structure. This, however, is not so, at least for this decade, but it is still very
valuable as spinless, strongly-interacting T = 1 energy.

Elastic scattering

Little seems likely to come in the immediate future from elastic scattering
optical model studies in the way of nuclear structure information. Confronta-
tion with calculation based on the empirical pion-nucleon interaction is obvious-
ly interesting in its own right and is in principle an approach to correlation
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effects. There are, however, many complications; the way is only now becoming
clear for a programme with the specific objective of telling us about nuclear
structure.

Pionic atoms: nucleon-nucleon correlations

A matter closely related to elastic scattering that does hold more imme-
diate promise of yielding important data is the study of pionic atoms. By stu-
dying the pionic X-rays we can measure directly the width and infer the shift
of the Is-level and can infer the shift ofthe 2p-level. Indirectly (from the X-ray
intensities) we can determine the 2p- and 3d-widths. These shifts are due to the
attraction or repulsion exerted on the pion by the nucleus and the widths are
due to the absorption of the pion by the nucleus. We can compare the inferred
magnitude of the force and the absorption with what we expect on the basis
of various empirical pion-nucleon interactions and so infer something about
the condition of the nucleons inside the nucleus, particularly their correlations.

To do this we must obviously have a theory that predicts the pion-
nucleus optical model potential in terms of &N and tiNN free space inter-
actions. This theory is very difficult to make and it has not yet been done
unambiguously. We may illustrate the way in which the calculation might
go from the work of Ericson and Ericson [8]. The potential importance of
pionic X-ray studies for giving us information about nuclear structure does
not depend on the detailed correctness of this particular calculation; here
we just use it as an illustration of the degree of sensitivity that the experiments
might have to certain details of the nuclear wavefunction. Ericson and
Ericson first of all derive that part of the optical model potential that is due
to the multiple scattering of the pion on single nucleons; i.e. coming from the
TiN interaction. They write down the multiple scattering equations, truncate
at the pair correlations and find in the nonrelativistic limit:

—4nh2 cg(r)
v(r) i P90 Lo
1+ 3 Qr

(This derivation assumes very short range correlations and negligible nuclear
excitation energies.) The first term in this expression is a local potential that
arises from the s-wave nN interaction. The second term is non-local or velocity
dependent and comes from the p-wave naN interaction which for low energy
pions is strong and attractive (the (3,3) resonance at a bombarding pion energy
of about 200 MeV) as against the weak and repulsive s-wrave nN interaction.
The nonlinearity of the second term depends on the correlations and is the
analogue of the Lorentz—Lorentz effect (the nonlinear dependence of refrac-
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tive index on density for light passing through a dense homogeneous medium
of polarizable atoms); as Ericson and Ericson have picturesquely pointed
out, a low energy pion behaves somewhat like a strongly interacting photon.
We must also consider the explicitly-two-nucleon scattering amplitude, coming
from the nN N interaction, which contains terms such as {B -f- C ki o kf }
(the ks are the initial and final pion momenta). Here again the first term is local,
coming from s-waves, and the second is non-local, coming from p-waves.
The overall local interaction (which includes both the aN and the nNN
terms) is determined to be, as expected, repulsive, from the Is-shift. The

ImC

Fig. 3

2p-shift shows an attractive force and with the local interaction already deter-
mined by the Is-shift, enables us to get a measure of the non-local interaction.
The widths are due to absorption and so determine the imaginary parts of the
two-nucleon amplitudes (the contribution to absorption from the one-nucleon
terms is negligible). The Is-width determines ImB. The 2p- and 3d-widths
then give ImC. These quantities may now be compired with expectation based
on the free nN scattering cross sections and information about the nNI\
interaction deriving from reactions such as:

p+p-"7i+ + d; p+ p--yn0+p+p.

The calculated values of the shifts and widths obviously depend on the assump-
tions made about the nucleon-nucleon correlation inside the nucleus. Fig. 3
shows the comparison between the expectation based on the aN and nNN
interactions both with and without a degree of nucleon-nucleon correlation
inside the nucleus such as would correspond to the effect of the conventional
hard core of the nucleon-nucleon interaction. It is seen that better agreement
is obtained on the assumption of the reasonable short-range anti-correlation
than for an uncorrelated nuclear wavefunction.
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As was remarked earlier, we cannot interpret these experiments at the
moment as proving the existence, inside the nucleus, of the expected nucleon-
nucleon correlation because the theory is not yet free of ambiguities; the experi-
ments are also rather crude. The purpose of the present comparison is to
illustrate the sensitivity of the measurements to the nuclear-structure para-
meter of interest. It is clear that important information can be got from a more
detailed experimental and theoretical study of pionic atoms.

Nuclear absorption

Another use that has already been made of pions and that can be con-
siderably extended is the study of the details of their absorption by nuclei.
Consider absorption of negative pions at rest. The pion brings a considerable
amount of energy (about 140 MeV) into the nucleus on absorption but negligible
momentum. The energy is ultimately transmitted to nucleons which must
therefore leave the nucleus with considerable energy and momentum. Since
the pion provides no momentum the momentum must come from the inter-
action of the nucleons with each other, either in the initial or the final state.
Since the momentum involved is considerably higher than the Fermi moment-
um inside the nucleus, we should expect single nucleon absorption, in which
the recoil is essentially taken up by the optical model potential of the rest of
the nucleus, to be rather unlikely and the commonest event to be one of
absorption on a closely-correlated nucleon-nucleon pair; the final state moment-
um then derives from the nucleon-nucleon rather than from the nucleon-
nucleus interaction. In this case nucleons should emerge from such absorption
events in pairs correlated very roughly at 180° to each other. If the nucleus
is light it is quite likely that both members of the nucleon pair will emerge
and will carry with them a fairly good memory of the momentum state asso-
ciated with the primary absorption process. In heavier nuclei final state inter-
actions of the nucleons with the rest of the nucleus on the way out will become
important and it will be more difficult to derive information about the primary
absorption process from the final products. Such nucleon pairs, with the expect-
ed strong anticorrelation, have been known for some considerable time [9]
but have more recently been studied in greater detail. Their angular correlation,
if the final state interaction can be understood, will give information about the
momentum distribution of the absorbing pair itself inside the nucleus and this
in turn is an important parameter, related, for example, to the degree of three-
particle clustering.

W hat do we learn from the nature of the emergent nucleon pairs? The
negative pion may be absorbed either by a pair of protons or by a neutron-
proton pair. In the first case what we see emerge is a fast anticorrelated neutron-
proton pair and in the second case a similar neutron-neutron pair. Off-hand we
should expect there to be something like four times as many neutron-neutron
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final-state pairs as neutron-proton final-state pairs. This is because the cap-
turing neutron-proton pair may be in either a triplet or a singlet state whereas
the capturing proton-proton pair must be in a singlet state. This assumes that
the chief NN states operative in the nucleus are s-states following the observed
feebleness of the p-state interaction in free NN collisions. If, however, the
p-state interaction were strong inside the nucleus, then the neutron-proton
final-state pairs would be relatively boosted because the statistically-weighty
triplet p-state would then he admitted for the initial proton-proton interaction.
The possibility that the effective residual nucleon-nucleon interaction inside
the nucleus is significantly different from the free nucleon-nucleon interaction
is an extremely important and open nuclear structure question. We should
therefore be very eager to pursue any investigation, such as the one now being
discussed, which promises to bring us news about the nucleon-nucleon inter-
action inside nuclear matter.

In fact experiments show an excess of neutron-neutron final-state pairs
over the number expected by mere counting. This may superficially appear to
suggest that the triplet s-state interaction, operative only for neutron-proton
absorbing pairs, is stronger at the distances of about 0,5 F relevant for this
absorption process than the singlet s-state interaction. This would be an import-
ant conclusion. However, we have here an example of the caution that must
be exercised in interpreting the results of elementary-particle-nucleus inter-
action experiments. The point is that the simple expectation that we have just
described is based on the assumption that the pion is absorbed by that nucleon
ofthe correlated pair with which it first interacts. We must, however, recognize
the possibility that rescattering may be important: the pion scatters off the
first nucleon of the correlated pair and is absorbed by the second. There are
many diagrams that contribute to this type of high order process, This process
may come about most simply, however, through a ®n or ®®d term in the Ha-
miltonian (where ® represents the meson field and n is the conjugate field
operator). That isto say, the initial interaction may be scattering without or with
charge exchange. This rescattering mechanism would boost the triplet s-state
absorption relative to the singlet s-state absorption because charge exchange
contributes to the former but not to the latter. We therefore here have an altern-
ative reason why the final-state neutron-neutron pairs are more abundant relati-
ve to the final-state neutron-proton pairs than we find by mere counting, and in
this case we are learning nothing about the relative strengths at short distances
ofthe N N interactions. In factthe rough magnitude of the rescattering pheno-
menon may be estimated using information from the p -f-p —»n + -f- d and
p-\-p-"-p-\-p-\- n° reactions near threshold and appears to be of about
the right size to explain the experimental jt_-capture data.

We must obviously be careful about making a too-naive interpretation
of experiments of this kind.
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Other correlations

We have mentioned the use of negative-pion absorption to look for np
and pp correlations. It will be also interesting to use finite but low-energy
positive pions in reactions such as (n+, np) and (n+,pp) to supplement the
information coming from the negative-pion absorption at rest.

We may finally note the possibility of using pion absorption to look for
three-nucleon correlations with clusters such as:

n+ -f-npp->bp,
n~+ ppp—=n+ 2p.
Pion production
Other possible uses of pions are legion: for example the reaction
P+ A A (-n+ for large momentum transfer is sensitive to the
nucleon-nucleon correlation inside the nucleus and important information
will be forthcoming particularly when the residual nucleus N+ 1 is left in

an identified state. Pion production from a complex nucleus below its threshold
for free NN collisions will also tend to show up high momentum states in
the target nucleus wavefunction (this is true of any production process).

Inelastic scattering

Pions possess certain advantages for straightforward inelastic scattering
work in that they are spinless and are distinguishable from nucleons. Since
pions are of T = 1 they can excite transitions of AT = 2 and so may show
up new forms of collective motion and can reach states difficult of access by
other methods, (n, ny) reactions may have certain advantages for wavefunc-
tion studies over the corresponding nucleon-induced reactions since there is
no spinflip possible for the bombarding pion.

Double charge exchange

The charge-exchange possibilities with pions also open up interesting
fields. Of particular interest may be the double charge exchange reactions:
(n+, nT). With low energy pions we will tend to excite low-lying analogue
states. It is not at the moment clear what nuclear structure information may
be obtained from this although it will be interesting to look for the T < x term
in the pion-nucleus potential. It will be interesting to discover whether the
double charge exchange is to he associated with an isotopic tensor term in
a two-nucleon effect or with the repeated application of the isotopic vector
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term. Such reactions should give information about nucleon-nucleon correla-
tions if they can be interpreted unambiguously.

A further possibly-interesting use for pion double charge exchange is
to reach systems that arc otherwise very difficult to study. Some examples are:

He3(n~, n+) bn,
Hed(n~,n+) 4n,
H3(n+, n~) bp,
LF (a-,7r+)H7.

Intrinsic nucleon magnetic moments

We have already discussed the elastic photoproduction of neutral pions
as an approach to the problem of the matter distribution within the nucleus.
Other sorts of photoproduction may also, in principle, yield valuable inform-
ation. Much information of importance for nuclear structure is locked up
in the many very accurate values of nuclear magnetic moments that we nona
possess. Unfortunately interpretation of these accurate data is bedevilled by
our ignorance ofthe degree to which the mesonic exchange currents within the
nucleus that are responsible for the nucleon binding concomitantly modify the
nucleon intrinsic magnetic moments. It is clear that some such modification
must take place, but it is unclear how important this effect may be. It is very
difficult to disentangle this modification of the intrinsic magnetic moments
from the detailed effects of the nuclear wavefunction that we want to use the
overall magnetic moment to probe, particularly when one must recognize the
likely importance of considerable amounts of two-particle-two-hole excitation
and other forms of configuration interaction. An experiment that bore directly
on the question of the nucleon intrinsic magnetic moments inside the nucleus
would be extremely valuable. In principle, one can approach this problem
through pion photoproduction since the reaction y -f- N —»n -f- N involves
directly the intrinsic nucleon magnetic moments [11]. If we may treat pion
photoproduction from a complex nucleus in the impulse approximation, if it is
from single nucleons and if we may neglect the importance of final state inter-
actions, then a comparison of that photproduction, particularly the nucleon
polarization with the corresponding reaction on free nucleons gives us a
measure of the desired nucleon intrinsic magnetic moment inside the nucleus.
This determination is independent of the coupling scheme operative within the
nucleus and of configuration mixing and so on. The difficulty here is the
detailed assumptions that we have to make and on which it is very difficult
to make a check. It is particularly doubtful whether the final state interactions
will be sufficiently weak to enable the outgoing nucleon to carry away memory
of its initial polarization without significant modification. However, systematic
studies involving many nuclei may possibly enable the various disturbing
effects to be unravelled.
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Prospecting
«

We know very little about nuclear disintegrations provoked by pions.
There may be unsuspected and revealing systematic phenomena to be found.
It is worth looking to see.

The use of strange particles
Hypernuclei

When /~*“-mesons are absorbed by nuclei the initial act of absorption,
which may be for example: K~ -f- N —m/1° ~F n, is often followed by a further
process of /I°-hyperon-capture to form a hypernucleus in which the /I°-hyperon
substitutes for a neutron. An example of such a reaction is: K~ -(- He4d —»
—»Hen -)- n~. The absorption of A-hyperons may similarly produce hyper-
nuclei following the basic interaction: E -\- N —»/1° -f- N. Hypernuclei are
objects of intense interest in their own right; their study falls outside the
scope of this present examination although we may note in passing that it
may bring us information about the wavefunctions of ordinary nuclei, the
cores to which the /I°-hyperons are bound, as well as information about
hypernuclei.

A possibly-important use of hypernuclei may be to study the stability
of systems that are just unstable in the free state. The addition of a/I°-hyperon
may, by its binding to nucleons, stabilize an unstable nucleon system; our
understanding of the A° N, JI° NN force may then enable us to make de-
ductions about the properties of the unbound nucleon core of the particle-
stable hypernucleus. For example, the unstable nucleon systems n3 n4, H4
H°, He7 may serve as the cores of the possibly-particle-stable hypernuclei
n/” nm> Hn, Hn, Hen. These hypernuclei could be identifiably formed in, for
example, the following reactions:

E-+ He4->nA-Fp,

K~ -F Hed—=n\ -f n +,
E- -F Li°->n\ -F 2p,

K FL®-V -~Fm~~Fp,
K- + Li6-» W -Fp,
K~ + uT-+H°n + p,

K- -FLT-~ + n+
K~ + Li7—H® + p,
K-+ Be9—mHe® + p.
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Another important property of hypernuclei is that they can, in their
decay, populate high isotopic spin states that are difficult of access by other
means. For example, the decay He4 —-Li4* -|- n~ can populate T = 2 states
of Li4which may show up as sharp states revealed by a monokinetic n"'-group
[12]. Such states may be sharp because their decay is inhibited either by
isotopic spin or by kinematic factors.

It is possible that a study of excited states of hypernuclei may bring us
information about radiative transition probabilities of the hypernucleus cores
that it is very difficult to obtain by other means. Consider, for example, the
first excited Jn = 2+ state of He6at 1,71 MeV. It is very important to deter-
mine the lifetime of this state for its electric quadrupole transition to the
ground state of Hee since, according to the simple shell model configuration,
(Isx/2)40 p )2 tlle radiation is due to two neutrons only and so the lifetime
should be extremely long (infinite if one uses harmonic oscillator wavefunctions
which must be quite a good approximation to the truth here). However, we
know from experience in light nuclei that E2 transitions take place much
more readily than the simple shell model suggests and, by analogy with the
notorious case in 017, we might guess that this E2 lifetime now under con-
sideration will not be as long as we should predict from the simple model.
Since this He6system is so extremely simple we have a good chance of carrying
out the kind of explicit configuration-interaction calculation that is necessary
if we are to understand the detailed mechanism of these E2 enhancements.
Unfortunately, the state in question is unstable against disintegration He6 —»
—“mHe4-f- 2n and so there is no chance of measuring the lifetime directly.
However, when a A° hyperon is attached to He6it forms the particle-stable
hypernucleus He//, the first excited state of which is probably also particle-
stable and may be thought of as the first excited state of He® to which a
/I°-hyperon has been attached. If, as is likely, this excited He7 state has
Jn = 5/2+ its radiative de-excitation to the Jn= 1/2+ ground state will be
closely related to the E2 transition in He6that we are discussing. An interesting
and amusing aspect of the situation is that He7 contains its own built-in clock
in the form of the decay of the /I°-hyperon A° —=N -} n which will be com-
petitive with the radiative de-excitation. A measurement of the branching
ratio of the excited He// state as between gamma-emission and hyperon decay
therefore gives us a measure of the lifetime for the radiative process. We must,
of course, be able to take into account the effect on the hyperon decay lifetime
of its binding into the hypernucleus but this can be rather accurately estimated
from lifetime studies on hypernuclear ground states.

The texture of the nuclear surface

We have already discussed one aspect of the capture of stopped K -
mesons by complex nuclei. We explained that the capture may well be peri-
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pheral, in the nuclear stratosphere, and that this capture can therefore bring
us information about the state of the nucleus in its tenuous outer reaches.
An experimentally-interesting aspect of this capture is that it occurs very
frequently (about 20% of the time) not mesonically on single nucleons through
reactions such as K~ -J- N —»J1 or 27-f- n but by non-mesonic absorption on
correlated nucleon pairs by the reactions: K~ ~NN —mA or 27 -f- N. The
probability of such non-mesonic capture is very closely the same in complex
nuclei as it is in Hed4 If the capture is indeed peripheral this can only mean
that in the tenuous outer reaches of the nucleus nucleons are as closely corre-
lated as they are in the alpha-particle. The nuclear stratosphere is therefore
not composed of a more-and-more-tenuous gas of single nucleons getting
further and further apart but rather of sub-nuclear entities that we might
tentatively label “alpha-particles” ; these are presumably constantly dissolving
and falling back into the body of the nucleus and reforming elsewhere in the
stratosphere [13]. If this is true it is obviously nuclear structure information
of the very first importance: the surface of the nucleus is not “smooth” but
“knobbly”.

It must be said at once that there is some evidence that K~-meson
capture at rest is not in fact peripheral but takes place in the body of the
nucleus in which case the present considerations are not relevant. W hether or
not the capture is peripheral may be determined by studying the K-mesonic
X-rays in just the same way as the muonic and pionic X-rays have been
studied as already discussed: if the X-mesonic X-rays seen correspond to
transitions between circular orbits and terminate as expected for peripheral
capture then the case is proved. It is worth noting that if the normal capture
process is found to be not overwhelmingly peripheral then we can still select
out cases of surface capture by gating our detector for the absorption products
on the appropriate X-mesonic X-ray, i.e. one corresponding to a transition
to a circular orbit from which capture is overwhelmingly more probable than a
further radiative transition. In this way it wdll be possible to filter from the
bulk of the absorption process just those that are peripheral; this complicates
the expei'iments but adds no difficulty of principle.

High momentum states

It is possible to look for high momentum states in strange particle
absorption processes, for example the reaction: C12-j- K~ —C1l-f- 27_ in
which the C11 is left intact in an identified state signals high momentum in
the absorbing neutron. Similarly the reaction: C12-j- 27~ —mB 12 -f- J1° may be
used for looking for a high momentum proton. These two types of reaction are
complementary in that they are sensitive to different high momentum states.
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Three-body forces

A section of nuclear structure physics about which we are quite astonish-
ingly ignorant is the importance of three-body forces. We attempt to discuss
the properties of complex nuclei as though only two-body forces operated
between nucleons. We know very well that three-body forces must exist but
have effectively no idea at all at the moment about their importance relative
to two-body forces. The closest studies of the three-body systems, H3 and He3
are not yet good enough to approach this problem. If three-body forces exist
they will tend to favour triangular nucleon configurations in which the moment-
um is shared more or less equally among the three nucleons. If we consider
for example the reaction: He3-f- K~ —*E~ -|- 2p using stopped K~-mesons
then if two-body forces are dominant we shall expect to find final states
consisting of a E-p pair in a high momentum state with the further proton as a
low-momentum spectator. If three-body forces are important they will show
up in events in which all three particles in the final state have high momentum.
The analysis will be complicated as usual by the possibility of initial two-
nucleon absorption followed by high momentum being transferred to the
originally spectator particle by a final state collision with one of the original
pair. However, in so simple a system as He3 we have a chance to sort this out
and still to pinpoint the three-body forces if they are at all reasonably strong.
(We may note that pion absorption is also a possible way of looking for these
correlations but K~-meson absorption will be easier to analyze since all final-
state particles are then charged. The reaction: n+ 4~ He3—»3p also produces
all charged particles in the final state but is not so satisfactory because the
incident pion must now bring in significant momentum and so increases the
probability of a more-or-less-equal sharing of the momentum in the final state
among the three product particles.)

Conclusion

This has only been a light and selective passage over some of the ways
in which elementary particles may be used as nuclear probes. Significant
information may be had in other ways, for example by the use of antiprotons
and, when sufficient fluxes are available, of neutrinos. There is no doubt that
here is a field of considerable richness whose exploitation only awaits the
making available of adequate resources.
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O HEKOTOPbIX WCIMOJIbBOBAHNAX 3/IEMEHTAPHbLIX YACTWUL B
M3YUYEHUW CTPYKTYPbl ALEP

4. T. YWIKUHCOH

Pesome
Jaetca crewpianbHbI 0030 HECKOMBKYIX  MPVEMOB, B PaMKaX KOTOPbIX <<3!'ENEHTap-
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0]
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pa vu3 HEKOTOPbX SKCTEPVIVEHTOB YaCTO OMPaHUHMBAETCS] HALLVM HE3HaHViEM

CTPYKType
Ha [IgHHOM 3Tarie ApyrX CTOPOH SYIEPHON CTPYKTYPbL
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The consequences of using more realistic effective electron-electron interactions than
the BCS one in the derivation of the Ginzburg—Landau equations and their generalizations
are examined. Gorkov’s equations for the thermodynamic Green’s functions are used as
a starting point. The gap parameter is given in terms of a general non-local two-particle inter-
action and the anisotropy of the one particle spectrum is also taken into account. Generalized
Werthamer’s equations are obtained and shown to reduce to modified Ginzburg’s equations
for T < Tc. Within the same limit neglecting anisotropy effects the Ginzburg—Landau
equations result.

1. Introduction

The Ginzburg—Landau [1] phenomenological equations for the de-
scription of the behaviour of a superconductor in a static magnetic field have
been derived by Gorkov [2] from microscopic theory. Gorkov assumed that
the temperature T is near to the critical temperature Tctherefore the gap A is
a small quantity and the magnetic potential as well as A are slowly varying
functions of positions.

Generalizations of the Ginzburg—Landau equations have been derived
recently by Werthamer [3], Tewordt [4], Zumino and Uhtlenbrock [5]
and Eitenberger [6]. These authors relaxed the assumption that A is small
hut retained the others. Thus, their equations should also be valid at lower
temperatures for local superconductors. In all the microscopic theories men-
tioned the BCS [7] interaction has been used in the calculation of the energy
gap function which, as a consequence, depends only on the centre-of-mass
coordinate of the pair, A = A(R).

To describe the behaviour of anisotropic superconductors in a magnetic
field Ginzburg [8] has given the analogues of the Ginzburg—Landau
equations which differ from the Ginzburg—Landau equations in having a
mass tensor instead of the isotropic mass. Ginzburg’'s equations have been
derived by Gorkov and Metik—Barkhudarov [9] on the basis of the micro-
scopic theory taking into account the anisotropy of both the one-particle
spectrum and the gap function, restricting themselves to T < Tc.

For strong coupling superconductors other generalizations of the BCS
theory have also been necessitated by certain experimental facts. For example.
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the structure in the superconducting density of states showed that the non-
instantaneous nature of the effective electron-electron interaction via phonon
exchange leading to the dependence of the gap function on the energy is of
great importance [10].

It would be of interest to see what effect taking into account the more
realistic effective electron-electron interactions has on the Ginzburg—
Landau equations and their generalizations. As a first step in this direction
we have investigated the case of a general non-local two-particle interaction.
A preliminary account of these investigations has been given previously [11].

The interaction Hamiltonian is given in a gauge-invariant form in Section
2. To get equations determining the gap function and current density for local
superconductors we start from Gorkov’s equations [12], [9] for the thermo-
dynamic Green’s functions (Section 3) and perform a gauge-invariant ex-
pansion [5] of these equations (Section 4). In this way generalizations of
Werthamer’s equations are obtained in which the gap function depends on
the relative momentum of the pair, too, A = A (p, R) and the anisotropy of
the one particle spectrum is also taken into account. These equations represent
the extension of Gorkov and Melik—Barkhudarov’s result [9] to lower
temperatures (Section 5). In Section 6 the equations are given for T <CTc
and are shown to reduce to modified Ginzburg’s equations in which the mass
tensors occurring in the current density and gap equation are different from
each other while they are the same in the original Ginzburg theory [8]. It is
found that neglecting all the anisotropy effects the Ginzburg—Landau
equations result hut with parameters differing in general from those given by
Gorkov [2].

2. The Hamiltonian

We consider the Hamiltonian
H— HO-f Hu yro o A(MIVUIr

V(r, r.,r3 rd) ipt (r4 y>+(r xB8(r3)  (rHdr,...dr,,

where a and B stand for definite spin directions (summation is to be performed
over repeated indices), A is the vector potential, | is the energy of a Bloch
electron and V is the interaction between Bloch electrons representing the
effective interaction coming from the phonon exhange -(- the screened Coulomb
interaction between the electrons. It is well known that retardation effects
can be simulated to some extent by non-local interactions. Owing to the non-
locality, however, the difficulty arises that Hint is not gauge-invariant. To
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avoid this problem we shall use the gauge-invariant interaction Hamiltonian
[nl

Hfa = 3 Ku (o r2rzra A)wi (ri) WB (r:t) VB{r3) Vx(r*) drime dri4
where
R R R R R
'€ £ | I I i
ME= Y (prrrrgexp Adr £ lAdr — lAdr — 1Adr 2 JAdr

r, R
(1)

1 .1
with R = ?(I‘j fr,), R' = > (rj -f- rd). Straight lines joining the two end

points are chosen as integration paths.
It is worth noting that the gauge invariant interaction Hamiltonian
proposed by Zawadowsici [13]

Hfni= ' V(rvr- rpri) exP (ri- ro) — H=——A0 wi (i)

0 B
exp J(r, - 1.) 50 + . A(r0) e+ (rojexP (rz- rn)

- A W
\3r0 c (ro) P (ro)

3 ie
eXP l¢a — rn)l~--—-—-- ~ AK) wvUrodrimmdt\>
1 19r0 c
where r0= > (R + R'), can be transformed to a form similar to that of Hfnt

but Veff is replaced by [14]
neff = 1/ (rP rr,,r,)exp Adr W“J\dr Adri
”

3. Basic equations

We start from Gorkov’s equations [12], [9] in the coordinate repre-
sentation

if) —f T A (1) b 0 Go (1)
orj c
(2)
= 0(ri—r,) - 1n(r,r3)F+ (r3,rjdr;,
> -f i
3rL . A (ri) nFEt(G,r2
3

-=p*(rors3)c=*(r3’r>)dr:n
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where Gwand Fj are the Fourier transforms with respect to xx — xr = x of
the thermodynamic Green’s functions defined as

G(r|,r2T)= - <T,(y>TIr*"Tjdyjr (r2r2))>,

F+(ri,r2r) = < Tr(ip+ (r,xxrp+(r2,r2))> .

N2, ..., 14 is the chemical potential

Moreover w = (2n -f 1)aT (n = 0,
and A(rx r2) is the gap function defined as

j Feff(ri>r2>r:rrd A) Ft, (r.vrd4)dr3dr4-. (4)

A*(rur2) = T

Let us introduce sum and difference coordinates and perform Fourier
transformation of all the quantities appearing in egs. (2) and (3) with respect
to the difference coordinate (mixed representation), e.g.

Ga(P-R)= Jd{r, - r2)e-'P (*-"m>Ga(rx,r2),

1
where R = — (rr r2. Thus egs. (2) and (3) transform to

mM» G,, (p5R) - -0 A (R) ea(P,R)

1 QWA(PR)F+ (p R, (5)

icoF+ (p, R) — B pH A (R) F+(p.,R)

<9[zl»(p,R) Ga(p, R)],

who

s pi —AR) =fPzx-A(R) f*,

i N dR "Feff(p,p'.R,R';A)F+ (p\R")

zZI*(PLR)= - T¢ i

and B is a differential operator of infinite order [15]

19 0
- I(p.R)g(pP\R").

fg\=li 1V
0Lt Rm—eFe(p 2 Xyz [9Rx 9p'x

P >P

9
B

2>

The sum over x,y, zmeans that x, y, and z are to replace each other cyclically
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4. Expansion procedure

To derive equations for local superconductors one assumes that the
magnetic potential as well as other quantities entering the problem vary
slowly over distances of the order of the coherence length. These assumptions
allow one to apply the quasi-classical approximation which we use in a form
developed by several authors for normal [15] and superfluid [3], [5], [16]
systems. Moreover we assume that A is small and use as expansion parameter
the small quantity a introduced by Zumino and Uhlenbrock [5] by setting

A(R) = 0A(crR),

where A is a fixed function. In this way simultaneous expansion can be per-
formed in powers of V r and A which is necessary to get a gauge-invariant
approximate expression for a gauge invariant quantity. To obtain manifestly
gauge-invariant results we introduce, following Zumino and Uhlenbrock [5],
the so-called gauge-invariant propagators, too, with the definition

re
Ga(ror2 = oo, (ror2expP . Adr 7)
le
Ft (r,,r2) = F+ (rt,r2)exp . - Adr 8)
c J +]
and the new gap function
R R
le .
A* (r,r2) = A* (TL,r2) exp Adr 4- | Adr 9)

G,, is gauge invariant while Ft and A* transform according to

F+ (r,,r2) ->F+ (r,, r2exp 2le v(R)

A(r)->A(r) + grad R(r) .

The equation determining the gap function A can be obtained from eq.
(4), using eqgs. (1), (8) and (9). In the mixed representation we get

ZI*pR) = - T 26T dP° 4R v (pp\R —R)
(2n)*

o (10
lie f
exp A Ft(prKY),

R
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where v is taken to be independent from R -f R’ because of translational
invariance of the interaction. Moreover, the expression for the current in
terms of the gauge-invariant Green’s function Gmis

jii (R)= 2eT:2 vrtco (p, R), vp. = . (11)

WwJ (29)3 9,

We want to obtain approximate expressions for F,, and em up to second
order in a. With this in mind, let us expand all the quantities appearing in
eqs. (5) and (6) to this order

GB- G>+ cp + . F+ = B>+ F+G) + <>
0 = 0(0) ] 0(1)+ 0(2)5

B(P=t Al=e()s -- o AR+ 1 AtA]

c Zcz
where

320 )
3p. 9

A is considered as a zero-th order quantity. Equating terms of similar degree
separately to zero

io> G2>(p, R) - 0(0) [e(p) &) (p, R)] = 1—0(0) tacp. R) F+(*> (p, R)],

- ia> <> (p, R) - 0(0) [e(p) F+(0) (P, R)] = o(o> 1A~ (p, R) G2 (p, R)] ,

etc. straightforward but tedious calculation leads to the expressions of F,, and
Gm up to second order in a. F,, and em are obtained using eqgs. (7) and (8)
transformed into the mixed representation and expanded up to second order
in < (eqgs. (33) and (32) of ref. [5])

ca(pR)= LH-—=AR) Ap + —— —(AAP)2 Gal| !
2 cz ‘

F+ (p, R
P R 4c 9Rj 8pi 8pt

The results are given in the Appendix.

5. Generalized Werthamer’s equations

In order to get equations determining the gap function and current
density the expressions obtained for FA* and om have to be inserted into eqs .
(10) and (11), respectively. Taking into account the consequences of the
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invariance under time reversal and space reflection i.e. that

e(p) = e(—p).
V(p,p R-R)=V(-p'-p-R+R)=V(p.p-R+R), (12

it is easy to see that only gives a non-zero contribution to the current
density. As to the gap equation, in the general case only those terms of Fz
will give vanishing contributions to it which are odd in & Moreover the gap
equation is nonlocal in both variables. Its non-locality in the variable R can,
however, be eliminated by making some restrictions on physical grounds
concerning the form of the interaction V(p,p', R —R'). As the four-electron
vertex part when calculated, using the electron-phonon interaction, in the
lowest order approximation (one phonon exhange) contains the factor (R —L",
it is reasonable to assume that the dependence of V(p,p', R—R’) on R —R'
is d-function-like. More precisely, we suppose that V(p, p', R—R 1 differs from
zero only in a region in the neighbourhood of R* = R which is so small that
the other two factors in eq. (10) can he expanded in powers of R — R' in the
vicinity of R and it is sufficient to retain terms up to second order in these

series

Ft (pllRl)z F+(plvR)_ (R RI)’+
IR-
J 3"+ (p ,R) r
2 QRidR]j
exp 2ie Adr AR - R,
C
a1 Il

- AiAj(R- R)iI(R—RY)Yy-
-
Thus we get from eq. (10)

. - Ty \-dv— FO(p,p')F "R
A+ (p,R) y ) nt (p.p)F+ (p'.R) 1)

Co(pry Yt 2-A(R) Ve "WAR) FZ (p-R)

+
Y « C J

with
Fo(P’P') = Je(p,p',R - R)dR/,
V,j(P,P') =JF(P,p,R- R)(R - RH(R- R);dR
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The terms of first order in eqs. (13) and (14) do not contribute to the gap
equation because ) F(p,p''\R —R")(R—R'),dR"'= 0 as a consequence of

Tl

Let us assume, moreover, that

F(p,p\ R R’ = F(e(p), e(p), p,p\ R - R)(p = pllp[, p'= P7|p’))

is an even function of e(p) and e(p'), which holds for all the interactions used
in the theory of superconductivity. As a consequence A(e, p, R) can also be
taken as being an even function of c.

da
Changing the integration variables from p to e and p (dp = de--—E
v

where da is a surface element on the Fermi surface and vF is the velocity on
the Fermi surface) the contributions of all the terms odd in e vanish when
integrated over e both in eqs. (11) and (12). Thus we get*

| d
jilll = 2eT 2 P i ey -(A*(p,R)0,ZI(p,R) -/1(p.R).
‘ @nf La-
QA*(V,R)
Of A* (p,R — 0 zI(p,R 16
(p,R)) + La_4e(p) % zl(p, R) (16)
all (p, R) Of A* (. R)
dp’ « . A*(p".R)
T2 (2ny (P, p")
Oof Of A* (p', R) 4e2(p") de(p) d\A\2
Vp, Vp-f
4a'2 de'

2a' Vfj ' 1
- -r;\“. S?‘—Ior) --------- rVp-(W2v p-\AR- /I Vpfv pr.A*x +
Ao (P>P) «
) Of A* Of A* A e dA
+ V pvV p' HI + Vp-, Vp_.
a - a' a de

A* Vpsa SIp,A- '-VpiVyp,4
4a 4

V r»SJr,\A\2 an12
vp'iVvP +

3a’ o¢'

+ 7 OpsVopa*

h V p#*V p#lU 2

4a
From now on we shall write A instead of asj the original A will not reoccur.
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A* VAH 12v/?2,-HI2 M *
S PKyEr R p— 3L Vi Vp,i +

~ ' | - I -- *
+ 12 V p<Vpil142 2 V p-,-Vp4 ||+
1 . .
43 — OfAQOjd-OfOjA \/p-tA* \7TP..A* ] a7
a’

+ —— Vp'<o;21* Vp4 M *
4a -

- 8A*
Of ,1*0jA - V pd  Xip'jA* + Vp'.vp'. e'——é—f- +

VpiOjAy PROf A* +
2a'2

"7V pfor A* -1-fipya’ V4i4 - VpvV» 142) +
a - a

ZI*

. VR Va\ARLVP, VR a3—
4a 3

9a” Arti14 Vp'(vey 14 Y pria®,

ihere

0,= Vb- =° AR)j, a= co-fe(p)+ [zA(p, R)j2,

a'= co2+ £2(p') + U(p', R) 2

Eqgs. (16) and (17) are coupled equations determining zl(p, R) and A(R). They
contain the analogues of the terms appearing in Werthamer’s equations [3]
as well as numerous additional terms containing the first and second deriva-
tives of the gap function with respect to p. Moreover, they are generalizations
of Werthamer’s equations owing to the inclusion ofthe anisotropy of the one-
particle spectrum too. Such equations may be expected to hold for a compara-
tively wide range of temperatures below Tc for pure local superconductors
such as Nb which shows anisotropy effects [17] and is a strong coupling super-
conductor [18] at the same time.

6. Equations for T < T

Near the critical temperature Tcthe gap function can be considered to
he small and the Green’s functions can also be expanded in powers of JA |2
Thus we get from eqs. (16) and (17)
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5" d Vpt Vpf .
NR)= 267y 9P PP A (- 2\A\vreprie) +
(2n)a 2+ £22 c 0s

i dA A* &8 * dA
. Q » L Al (18)

2 dRj 9e ) 2 dRj e

n*(P’R) Tsrcdpy oo (pA) oom(pr)m *(pR)
(2m3 ° “’P'"J co2+ e2 (m2+ e'22
2ie .
V r H--—--- AR Ar+ 2-A(R)]| zI*(p",R). (19)
C C
1 8 vPUVP'f Vijj(p, p") 1

2 % I1(f2-)-e22  FO(pp) we-fe2]

Our equations can further be simplified by generalizing the procedure
given by Zubariev et al. [19] to obtain approximate results for the gap near
the critical temperature in the field-free case. Similar considerations have
been made by Gorkov and Melik—Barkhudarov [9]. Let us expand
A(p, R, T) in powers of [(Tc- T)/"]12k

AMPR,T)=1zl, (p,R, T) + A, (pM,T) + N3(p,Y, T)+ oo

where Ai(p, R, T), A2p, R, T) and A3{p, R, T) are of first, second and third
order in #12, respectively. Inserting this expansion into eq. (19), performing
the summation over co in the first term on the right hand side and expanding

the resulting factor tan in powers of & too, we get to the lowest order

Af(p,R, T)=<p(p)A*(R,T), (20)

where <p(p) (and Tc) are determined by the eigenvalue equation

dp’ . o)
20 o) UCH:D R 21,
up T e p)
PR TR 1o Rl

coc= (2n 1)ynTe.

To get the equation determining zlj(R) we have to examine the equation
obtainable from eq. (19) for the terms of third order
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- " OA%((P,R, T
476p,R.T) = 11 <v F O(p,p")tan « o(p )
2 ) (2nf 2T.
4TcJ (2n)3 ch2(e'/2Tc)
4T d' JAM* if 7P
Cr o (211)3 cu2+ e (2m)3 *
2ie . 2ie
Vi + — A Vr+ A A\ FO(p,p")
c 1 c j
1 3 | vp{vp} 1
1+ - . o+ (P-P)
2 3e | (o2+ €'22

The condition for the solvability of this equation, making use of eq. (20) is

C 2ie
2¢ A(R)| [V r+ - A(R) A*R) +
2mjj c i
f Tr L 2>1(R) (22)
. i > = o,
Jh]_rCL s Ai(R)2
where
Lot hce-L,
mij mij mij
c T. y [ P vpym V1i(p) \ a?? (p)
m,t 1 (2n)3 (o2+ £22 ‘P %
f ~p E () f D) <¥
Cd- T. y tan ;o)
er 23 2Tc 2 Va(Pp) offeR 2n¢
1 rd
0= Tey (G YA Y() P < (P)

(2n)3 W2+ €22~ = 4TcJ (2n)3 Cfi- (e/2Tc)

Using eq. (20), eq. (18) takes the form

i 4e2
e .8 A a4t A (R) N12 (23)
mij 1 W, 1 3Rj mijC

jt(R)=c¢

Let us normalize gp(p) in such a way that

RNA/) — =1
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and choose

c—  TCQR)EF Tda
~ (2n:)312 (a Tc)2J tv ’
where Cis the Riemann zeta function and eF is the Fermi energy. With this
choice of C the expressions for my and my reduce to mdy (m is the electron mass)
in the isotropic, weak coupling case [2].
Let us introduce the order parameter by

IP(R) = KCd1(R).

Eqgs. (22) and (23) go over to

1 2ie
AR J v+ — A(R))
2m, c c i
~T
by y>*(R) = 0 (24)
Tc
with
- fIC, 6==g/c-,
ie . dip* 4e2
y.(R) y]____P_?_ - A |w: (25)
m, 9Rj 3R] ¢

The equations obtained represent modified Ginzburg’s equations be-
cause the mass tensors jfty and my occurring in eqs. (24) and (25) differ from
each other while they are the same in the original Ginzburg theory [8].

Neglecting 6 ——- the parameters in the Ginzburg’s equations obtained are

still different fré)m those derived by Gorkov and Melik—Barkhudarov [9]
because the gap function also depends on the absolute value of p. Neglecting,
on the other hand, all the anisotropy effects caused by the dependences on the
directions in V(p, p\ R — R') and fi(p) but retaining dependences on the
absolute values, we arrive at the Ginzburg—Landau equations with para-
meters in general differing from those derived by Gorkov [2].

7. Discussion

We have investigated the consequences of using a general non-local
two-particle interaction in the derivation of the Ginzburg—Landau equations
and their generalizations having strong coupling and anisotropic supercon-
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ductors in mind. Restricting ourselves to local superconductors we have
arrived at generalized Werthamer’s equations containing even much more
terms than the original ones. These equations are too complicated to find their
solution. They simplify considerably for temperatures near the critical tempe-
rature Tc: modified Ginzburg’s equations have been obtained for anisotropic
superconductors and the Ginzburg—Landau equations for the isotropic ones.
The parameters of these equations comprise the characteristic features of the
interaction and differ, in general, from the expressions given by Gorkov in
the isotropic, weak coupling case.

It is worth mentioning that similar results can be obtained if one starts
from the equations of the coupled electron phonon system which are more
adequate for the description of strong coupling superconductors [20].

The author wishes to thank P. Szépfalusy and A. Zawadowsiu
for many helpful discussions and to Cs. Hargitai for valuable remarks.

Appendix

The approximate expressions for the gauge-invariant Green’s functions
up to second order in a are the following

GEO) = — If— B, a= ftp + e24- |d(p, R);2,

G() VA [/1* O, A - AO* A*] -r
2a2

i(ift) -|- e)
2a2

[XIPIA*OiA - S/PIAOfA*] ,

0, V® — -« A(R)j..
c ]

4e(ift) -f- e)
W = -Bbgl. V«'V« 12
2e (i>+ o)

1 V«, 12V 17
4al

U OFA*0/A+ 1 _ Vp'\Vpi- (A* 0, A
2a2 4 a3 (iai -(-e)
AOfA*) (A* OjA — AO* A*) +
)8 T 22 o VR STR VAR
2a3 VRHVR, VR, ST
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Fo-WW 0:AO0FA* 1 v Pi VPj
a? (iw + e) 4 o03(iw -f- e)

2(ie + €)2
y*WM 2V r,Ne

————— U*. (4* 0,/1- 40? A=)(\7PjA* OjA — \JPjAOI A*) +
2a3

+y IV p,4* 0-0jA + 4 PIAOFOfA*)-

Ve (\7p.0j AOJ A* + V P,0?4* OjA) +
4a2

+\! Al V<VI2NLG ™\ P

C{iagg+ e) ~ v [jl2Vj?|Vi%j42 +
a4

+ 8/\29 [0* OJA* VpjVp,4 + 0-0,4 Vp,Vp4a*
a

2Vp,0,-4 \/PiOJA*] +
+ [2Vr,Vp,|4]2V r#H|2V p,H |2 -
4a2
V* VkH2Vp4H|aVp,H2-

- VE H2YA8,U[TVpVpHZ+

+ O+ g [3VRV 42V Ve U2-
2\7Rt \7p<\A2V A VR t\A[]

. [(0,-11 V p,.4* — OJA* Vp,4) m

«(0,4 V,21* -0*4* VP4)],

F+W vR Of A*.
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F+<2>= "UMOfOA~™* NMLA* Vp,V p,H 2+

4a2 1 2a3

- . . . 4e2
+ 0.4 d Vr,—idFVpll/ﬂlz+ -"4"a|2-OfijA

dofd* Ofa*  YP'VP g% Vp |2V p,HI;
1 1 2a4

asd
2e2
d* Vp, Vp, [ds 1 -
2a3
27'e
mwP(\7pfa* (S7TR; Aj—VRiAj) +
c 4a2

+ Rii [- Vp|d[20f Of A* + Vi? H|2Gf Vp d* -
a3

Vp,d* Ofd* 0;d + V FAO*A* Of d*] +
+ -I»p.d* [VpHI2Vp, Vp(di2- vp.tdl2vp,v PldIZ +
a

2jg 11*
+ ————  Vp,d* Vp<d(Vp,d(,- Vs,N) +
= —ga. VP p<d(Vp,d( s.N)

+ % TVp, vV Pd* AOp, Vp, dj2— 20f vp,d* Vp,VAy]|/l|4
a_

20f Vpd*Vp07a + orora*Vp(Vp|ARR-
-Ofd*Ofd* Vp,Vp(d - VPid* Vp,d* 0, Oyd +
+ dOf Vp,zI* Vreiot a* - a0t Of ax v p, VRd*] +

+ N [2Vp(N|2V/?,|d]20f Vp,d* -
4a3

- Vpjdp Vp,H|20fOf d* +d*(Vp,dOfd* =
- VRd*0,d)(Vp,dOf a~ - Vp,d*0;d) +

+ d* Vp, Vp,[d|2Vp, V p,H 2-

-d* Vp, Vp,|d|2Vp, V/?,|dj2—
SVI2<H[2VFf,|d|2V p, V p,21%] +

+ -fr [- 2Vp|d|2V r,|d|2V«, Vp, |dj2+
4a4[ pldl2Vr, [d]2V«, Vp, |[dj

+ Vp,|d]2Vp,|d|2Vp, Vp,|d|2+
+ VpH2Vp,|dj2Vp,Vp,]d|].
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©CONO A WNE

-
=
Z UmMooeE»>PrzerkKeoowrzr <

O BbIBOAE OBOBLLEHHbIX YPABHEHUIA TMH3BYPrA-TAHOAY

H. MEHbIrAPAO
Peswome

B pa6oTe wuccneayloTcs CNeacTBUA MPUMEHeHUst Mogenu 6onee peanbHoro, yem BCS
3(h(PEeKTNBHOTO 3/1EKTPOH-3/IEKTPOHHOTO B3alMOAEICTBUS B BbIBOAE YpaBHeHWn MMHCBypra—
NaHgay n ux 0606LEHNA. VcXxoaHbIM MyHKTOM B3ATbl ypaBHeHWUs [opbkoBa 414 Tepmoau-
HaMUYeCcKMX (YHKUMIA FprHa, B KOTOPbIX NapameTp LUeN BbipaTeM uepes O6LLMiA HenoKaslb-
Hblli ABYXYacTUUHbIVA MoTeHUuMan. TpUHUMAETC BO BHUMaHWe W aHW30TPOMNUA  OAHOYACTUY-
HOro crnekTpa. BbIBogsATCS 0606LUeHHblE ypaBHeHUs BepTramepa W MOKasblBaeTcs Mpu-
BefeHMe MX K MOAM(MUMPOBAHHLIM YypaBHeHUAM [uMHcGypra ans T < T c B Toli Xe 061actu
npeHe6peXxxeHMe aHWM30TPONMM NPUBOAUT K pesynbTaTaM ypaBHeHuit [uHcbypra—J/laHaay.
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CALCULATION OF THE DIFFUSION COEFFICIENT
TO MOBILITY RATIO OF ELECTRONS FOR NOBLE GASES

By

O.J. Orient

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST

(Presented by I|. Kovacs. — Received 31. I11. 1966)

Taking elastic scattering into consideration, but neglecting inelastic collision, with the
application of the Boltzmann transport equation the equilibrium distribution function of
electrons has been calculated with a view to determine the energy dependence of the diffusion

cross section. In the knowledge of the equilibrium distribution function the ratio— of diffu-

sion coefficient to mobility was determined. In the case of very low electric field strength
the calculated equilibrium distribution function gives the Maxwell—Boltzmann distribution
and-9-= ﬂ With increasing electric field strength the equilibrium distribution function
passes through an intermediate distribution and finally gives the distribution calculated
by Morse, Allis and Lamar. The ratio oy increases with the electric field strength. With the

assumption of a diffusion cross section independent from energy in the case of higher electric
field strengths the ratio increases linearly with the field strength. The results have been applied

to the calculation of the dependence of the ratio — on electric field strength for helium and
neon gases. The results have been compared with measured data.

Introduction

The first method for the measurement of the ratio of diffusion coefficient
to mobility ofelectrons is dueto Townsend [1]. His method has been improved.
The experimental results were summed up by Heatey and Reed [2], Massey-
and Burhop [3], Loeb [4] and Brown [5]

For the theoretical interpretation of the measurements it was first
assumed that the electrons follow a Maxwelt Or @ Druyvestein [4] distri-
bution and that the elastic collision cross section as well as the rotation and
vibration cross sections are independent of energy [6], or only slightly change
with energy [7]. These assumptions produced a fairly good agreement with
measurements. A more precise solution ofthe problem may be obtained through
the Boltzmann transport equation. For this a better knowledge of the pro-
cesses that produce energy drops is needed. In many cases this is not available
and inverse methods were preferred [8] [9]. By using measured data related

D
to the ratio — with the application of the Boltzmann transport equation
n
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the energy dependence of elastic and inelastic collision cross sections could be
determined.

D
The ratio — , characteristic of the average energy of electrons in a gas,
is sometimes called the characteristic energy of electrons. Recent measurements

D
[10] have proved the ratio-—in case of very low electric field strengths to he

kT
equal to the quantity - (fc= Boltzmann constant, T — absolute temperature
e

of the gas and e = charge of the electron). In this case the electrons are in
equilibrium with the gas and their energy distributions are identical. W ith an
increase of the electric field strength characteristic energy increases, the
increase being strongly dependent on the energy dependence of the cross
sections related to the electrons.

By using the Boltzmann transport equation and taking only elastic
scattering into consideration the equilibrium distribution function of the

D
electrons have been determined and from this also the ratio — .The results

have been applied to helium and neon gases.

Solution of the Boltzmann transport equation

Margenau [11] and Holstein [12] applied the Boltzmann transport
equation to electrons moving in a gas of absolute temperature T for the cases
of constant and of periodically changing electric field strengths. In a constant
electric field the following differential equation has resulted for the equilibrium
distribution function:

H2 d ... df(u) 2m d
I(«) +
3 du du + Im du b (u)
2mkT d df(u)

Me du Ad(u) du )

(m+ Un)f(u + un)Al(u + U,) = 0,

where u is the energy of the electron in eV, E electric field strength in units of
------- — the ratio of the mass of the electron to the mass of the molecule,

cm
Ad(u) the diffusion (momentum transfer) mean free path, A,(u) the diffusion

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



CALCULATION OF THE DIFFUSION COEFFICIENT TO MOBILITY RATIO 295

mean free path for the nth excitation and f(u) the equilibrium distribution
function.

The density of the electrons in the energy interval between u and it -f- du
is proportional to ul2f(u). The probability that an electron will be found in
this interval can be calculated as

|
it'f (it)du
n(n)du (it (2)

lu~f (u)du
a

The application of the equilibrium distribution function gives for the

D
ratio---—-the relationship [13]

f
J' uad (u)f(u) du
it 3
d r nﬁ,q (n) - ‘ul du
0 du
The ratio — is obtained in electronvolts.

i
As long as the electric field strength is not too high, the last term which

takes excitation into consideration in differential equation (1) may be neglected,
as in this case only the energy of a negligibly small number of electrons falls
into the excitation range. Then equation (1) holds

B e 2
+
3 du 4 AV M du HAatn)
2mkT d LR df(u) 0
Me du dAgMm) du '
We integrate with respect to u and obtain
E2 df(u) m u- o, . mkT u2 df(u)
— ufg (u) et A (1) I o
6 du M 4g (it) Me 4da(it) du
where K is a constant. Integrate again to obtain
u
-J - Ab(») + kT
f(u) = Ce (4)
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where Cis a constant. The equilibrium distribution function has been obtained
in a not normalised form. Let us put into equation (4) the diffusion cross

section instead of XD by using the relationship XD = -----—-- (Pressure p is
PQd

expressed in terms of Torr, QD in terms o f------—----—- ,both of them for the case
m

of 300° K temperature).

M (E
6m\ p

®@a e

v 1 KT
/(%) Ce ! Q.u e (5)

E
For very low electric field strength to pressure ratio, when —»0, the

P
equilibrium distribution function takes the form

eu

f{u) =

This is the Boltzmann equilibrium distribution function. In this case the
electrons, like the gas molecules, have an energy distribution corresponding
to thermal agitation.

When the electric field strength to pressure ratio is sufficiently high,
expression (5) is replaced with a fairly good approximation by the relationship

u

(6)

Aslong as--—--> 10--—-- , relationship (6) holds. This distribution is identical
e

P,
with the result obtained by Morse, Allis and Lamar [14] calculated by
taking into account the elastic collision of the electrons.

D
To calculate — put distribution function (5) into equation (3):
P

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



297

CALCULATION OF THE DIFFUSION COEFFICIENT TO MOBILITY RATIO
ratio is very low, then

When the electric field strength to pressure
(«)

H e
increasing in accord-

W ith the electric field strength to pressure ratio
D

ance with relationship (7), the ratio — is increasing monotonously.
In the case of a constant diffusion cross section, when QD s independent

-B 4 2.1
Q2

6m [p

of the electric field strength to pressure ratio, after the substitutions
B =

* L and

equation (7) may be written as
I be A (Au-j- B)n du

A -1

D= _1__
ft _JL
luze A(AuB) A du
b
The ratio of the two integrals may be transformed into an expression
consisting of incomplete factorial functions:
13 B | ™
I tA e~1dt —— j lAe~ 1d
J A2 ]
) a a
Do -0 A A (9)
B, “ B nn - @
N J IXe" dt+ ~ J tA e-'dt
a

jw
a a
= ™
The integrals can be calculated by making use of a Table [15]. If the
o ] ID ANKT\
ratio is high enough |— > 10— J by

electric field strength to pressure
using distribution function (6) we may write
3m Qb ut
EY "o
M \ue P du 1
4 _ (10)
_3m _Qo_u, p QD\3nm

i 3mQ'D
U, Mty
6
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Tt is seen that in this case the ratio->-increases linearly with the field
jﬂ

strength to pressure ratio.

Numerical results for helium and neon

D
To calculate the ratio— for a particular gas the diffusion cross section

must be known as a function of energy. Barbiere [16] calculated QD from

the measurement data of Ramsauer and Kollath [17] as a function of
energy for helium from 1,8 eV to 19,2 eV and for neon from 0,99 eV to 15,9 eV.

D
As we wish to calculate starting from very low electric field strength to

pressure ratio, we need QD from zero energy up. O’Malley [18] applied

the modified effective range theory to develop a relationship for QD for the case

of low electron energies (from 0 to 1—2 eV) for helium and neon gases. The

results show a fair agreement with Barbiebe’s calculations up to 1—2 eV.
O’Maalley’s formula is

Qd= 16,1 + 12,4« + 2,13« Inu - 7,73« (11)
for helium and

Qd = 0,653 -)- 4,91« + 0,170« In « — 0,604« (12)

for neon.
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The dimension of QD in both instances is--—- , for the case of 300° K

temperature and 1 Torr pressure.

Figure 1 shows QD as a function of energy for helium and neon gases.
The full line represents QD calculated from 0 to 1,8 eV from relationship (11),
and from 0 to 0,99 eV from relationship (12). For higher energies Barbiere’s
data applied to 300° K were used. These data are shown on the continuous

curves with circles.

In the knowledge of the function QD, using relationship (7), for helium
D
the ratio — was calculated as a function of the electric field strength to press-

ure ratio by numerical integration for 300° K and 77° K. The results art
represented in Figure 2 by a full line. Along the horizontal axis the values ol

E
------- referred to pressure normalized for 300° K temperature are shown.

77
Corresponding to this pressure at 77° K, p77 = “é_OO p300, the number of gas

atoms per cubic centimetre does not change with temperature and therefore
Qo does not vary either.

In the case of helium QD is energy-dependent only to a slight extent.

Assuming the diffusion cross section to be constant Qd = 19,5——, the ratio
cm
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D
-—- as a function of the electric field strength to pressure ratio was calculated

also from equation (9). The departure from the results of relationship (7) for

E
each value--——-- remains below 2 per cent. Considering relationship (10) from

E \ D
the value of - on, the ratio -—is increasing linearly with a
P 308 cmTorr fi

fair approximation.

Figure 2 shows also the measured results. The results of warren and
Parker [10] related to a gas temperature of 77° K are indicated by crosses,
those referred to 300° K by squares. The results of Townsend and Baitey [19]
referred to 288° K are indicated by circles. The theoretical curve shows a very

. E Volt
good agreement with the measurements up to = *

P300 cm Torr

D ,
For neon gas of 300° K temperature the ratio — as the function of

electric field strength to pressure ratio, calculated be the numerical integ-
ration of relationship (7) is represented in Figure 3 by a full line. In this case
Qd, as a function of energy, cannot be considered constant. Measurements [5]
are represented by a dotted line. The disagreement of calculated and measu-
red values increases with the electric field strength to pressure ratio.

In our calculation inelastic collisions have been neglected. For this
reason our results hold true only up to an electric field strength to pressure
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ratio, at which only a negligibly small number of electrons reaches the
energy of the first excitation. This can be assumed if the equilibrium energy
distribution function of the electrons is calculated from relationship (2) for

E
various values — . Figure 4 shows the equilibrium energy distribution function

for— = 2 v . At this stage only very few electrons reach the level
p cmTorr

E
of 19,2 eV corresponding to the first excitation energy. When --—-- is larger
P

than that, in accordance with the equilibrium energy distribution functions,
the number of electrons that reach the first excitation energy is increasing.
Owing to this the discrepancy between calculated values and measured results

E Volt
is increasing from -—-= 2 --meememeeeee up. The equilibrium energy distri-
p cmTorr
. . E Volt ) )
bution function referred to — = 2 -—----m-me- shows a fair agreement with
p cmTorr

Barbiere’s calculations [16] in which inelastic collisions were taken into con-
sideration. The effect ofinelastic collisions has proved negligible also inthis case.
From the examination of the equilibrium energy distribution for neon

E
gas it is seen that up to ---= 6,4 --——-- a negligibly small amount of
electrons possesses the energy of 15,9 eV needed for the first excitation.
E
Figure 4 also shows the equilibrium energy distribution referred to—-e=

P
Volt

0,4 cmTorr
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OMPEAENEHME OTHOWEHNA KOS®PULIMEHTOB ANDPDYINN U
NOoABMXXHOCTW 3/IEKTPOHOB B CJ/ZIYYAE BJ/IATOPOJHbIX A30B

0. OPU3HT
Pesome

Ha ocHoBe ypaBHeHVs1 nepeHoca BosbLMaHa, UCXofs M3 YNpyroro paccesiHusi U npeHe-
6peras HeynpyruMuy CTONIKHOBEHUSIMU, B paboTe BbIUMCAAETCS (PYHKLUA PaBHOBECHOIO pac-
npeaeneHns 31eKTPOHOB, YUMTbIBas 3aBUCUMOCTb AWUQXY3VOHHOTO MOMEPeYHOro ceyeHusl oT
3Heprun. OYHKUMN PAaBHOBECHOIO pacrpefeneHnst UCMosb3oBaHbl AN1A OMNpeAeneHns YacTHOro

K , TO eCTb OTHOWEHNS Ko3hurumeHTa anddysnm K NoaBMXKHOCTM 3M1eKTPOHOB. MonyyeHHas

(PyHKUMS paBHOBECHOMO pacnpeaesieHns B Cy4vae 0YeHb Cabbix 3M1EKTPUYECKMX MOSel CooT-
D KT

BETCTBYeT pacnpegeneHnio MakcBenna—bonbumaHa, n— = — . C yBe/IM4eHUEM Hanps-

YKEHHOCTM 3MeKTPUYECKOro Monst (yHKUMS pacrnpedenieHns yepes MepexofHoe pacrnpeaeneHune
nepeiaeT B paBHOBECHOe pacnpefefieHune, onpeaeneHHoe Mopse, nucoM 1 SlamapoM. OTHO-

LleHne —-C yBeNMYeHNEM HanpsXeHHOCTU 3/1eKTPUYECKOro Mosis yBennymsaeTca. Ecnu ,U.I/l(*)-
(*)YSMOHHOE SCbeeKTVIBHOE CeYeHne cHnTaTb He3aBUCUMbIM OT 3HEpPrumn npu 601bLINX HanpsA>XeH-
HOCTAX, TO OTHOLLIEHI/IEB NINHERHO BO3pacTaeT C HanpAXeHHOCTbH 3/1EKTPUYECKOro nonsa.
PesynbTarthbl BbIYMC/IEHWIA NPUMEHAIOTCA B C/iydae rasoB reima M HeoHa Ana onpepeneHunA
3aBUCUMOCTHU OTHOUJeHI/IFII—) OT Hanps>KeHHOCTWN 3NEKTPUYECKOro nons. BbluucieHHble fJaHHble
CpaBHMBaKTCA C pesynbTaTamMu V|3mepeHvu7|.
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The energy spectrum and angular distribution of alpha particles from the reaction
N14(n, a) B11 measured at En= 14,7 MeV with a diud chamber are well described by the
statistical model. A nuclear temperature of 2,0 + 0,1 MeV has been deduced. The cross-
sections for the reactions N14(re, p) Cl4and N24(n, np) C13are 77 + 14 and 46 + 13 mb, respect-
ively. The measured cross-section ratio for the emission of protons and alpha particles and
the ratio calculated with the statistical model are in good agreement.

1. Introduction

The study ofthe energy spectrum and the angular distribution of charged
particles emitted in nuclear reactions provides information about the reaction
mechanism. Only a few (re, oo and (re, p) reactions on light elements (A 20)
have been investigated with 14,7 MeV neutrons. Some of the measurements
of the energy spectra and angular distributions support direct interaction
and another the compound nucleus mechanism [1—4]. To obtain additional
information fast neutron reactions with N 14 were investigated using a cloud
chamber. This method makes it possible to distinguish between processes in
which one or two particles arc emitted, e.g. the (re,p) and (re, np) reactions.

2. Experimental procedure

An expansion cloud chamber of 28 cm diam. and 5 cm depth was used
for the measurements [5, 6]. It was filled with nitrogen gas; a water and
alcohol mixture was used as condensable vapour. The total pressure was
490 mm Hg. Neutrons of 14,7 MeV were made in the D +- T reaction with the
300 kV cascade generator [7] of ATOMKI. The generator worked as a pulsed
neutron source synchronized to the sensitive time of the cloud chamber. The
tracks were measured by the reprojection method through the same optical
system. The ranges of the emitted particle and the recoil nucleus, and their
angles with respect to the neutron beam were measured. One can easily dis-
tinguish between the processes with emissions of one ortwo particles since in
the first case the momenta of the emitted particle, the recoil nucleus and the

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



304 J. CSIKAI and S. NAGY

bombarding neutron are in the same plane. In the case oftwo-particle emission,
the process takes place in three dimensions. To evaluate the experimental data
and to discriminate between the particles, it is necessary to know the range-
energy relations for alpha particles, protons and recoil nuclei. For protons and
alpha particles, the range-energy relation measured in air [8] was used and
normalized at one point for the gas filling using a Po2l0-alpha source. The
range-energy relation for recoil nuclei was determined experimentally by

Fig. |

reaction kinematics from processes in which the range of the emitted charged
particle was within the illuminated part of the cloud chamber. Knowing the
range-energy relation for the recoil nuclei we could evaluate events where the
range of emitted particles was not measurable. Particle discrimination was
possible by reaction kinematics.

3. Results and discussion

In relation to the total alpha spectrum, the angular distribution in the
centre-of-mass system is symmetrical around 90° for the N 14(re, a)Bu reaction
(Fig. 1). This angular distribution is in agreement with an earlier measurement
[9] performed with poorer statistics and within a narrower range of angles.
A least squares fit of the experimental angular distribution to the formula

JV(0) = 1+ bmos2& (1)
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yields b = —0,76 ~ 0,25. According to Ericson [10] the maximum at 90°
shows a complete decoupling of I and | (I being the spin of the compound
nucleus, and | the orbital angular momentum of the emitted particles). The
dependence of the penetration factor T((E) on the orbital angular momentum
of the emitted particle, plays an important role in determining the form of
angular distribution.

Excitation energy [ (MeV)

M 1T T b e T

a -particle energy ¢ (VeV)cm

Fig. 2

Fig. 2 shows the energy spectrum of alpha particles in the ¢c. m. system
emitted over all angles. The errors stated represent statistical errors only.
The energy distribution from N4 has the typical form of an evaporation
spectrum with a maximum at about 3 MeV alpha energy.

From the results obtained for the angular distribution and energy
spectrum it can be assumed that the statistical model may be used for the
analysis ofthe reaction. The evaporation spectrum is given by the Weisskopf—
Ewing [11] formula:

N(e) de ~ eac(e) a>(E) de , (2)

where e = the kinetic energy of the alpha particles,
ac(e) = the inverse cross section,
co(E) = the level density ofthe productnucleus atthe excitation energy E,
N(e)de the number of alpha particles emitted with energies between
e and e -|- de.
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For the cross section, erc(e) data are available only for Z > 10 in the various
Tables [12—14]; therefore the simple analytic expression [15] was used:

<Cc(e) = 7«A# 2(1 — V Je): (3)

where V' — the effective Coulomb harrier height,
R = the nuclear radius,
yx = an empirical parameter.

The Coulomb harrier is

=  2058(Z 2) MeVv
(A - 3)U3+ 413

According to Gove and Nakasima [16], the effective barrier is

1,13
(A - 3)183

©

For alpha particles the nuclear radius parameter r0 = 1,7 fm was taken from

[17]
For the energy dependence of the level density (o(E) three approximate
forms (given by the Fermi gas model) were adopted:

c»(E) ~ E 2exp (2l'aE ), (6)
Ww(E) ~ exp (2 l'aF) , (7)
o>(E)~ exp (E/T). (8)

T in Eq. (8) is the nuclear temperature which by definition is connected with
the level density in the following way:

1 = rf[lnw(E)]

T dE
From Eqgs. (2), (6) and (7) it follows that the logarithm of the reduced spectrum
plotted as a function of ]/j5 exhibits a straight line for an evaporation spectrum.
As Fig. 3 shows, the experimental points lie in good approximation on a
straight line in the case of the N14(n, a)Bn reaction. The gradient of the straight
line has a value 2]/a. For the value of the level density parametera = 4,4 70,2
MeV-1 and a = 1,14 i 0,05 MeV-1 were obtained according to Eqgs. (6) and
(7), respectively. The results demonstrate that the value of the parameter a

in the low level density region is largely dependent on the accepted form of
level density. The value obtained from Eq. (6) is in better agreement with
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those determined in other ways on light nuclei [19]. Using Eqgs. (2) and (8)
the logarithm of the reduced spectrum as a function of E gives a straight line.
As can be seen in Fig. 4 most of the experimental points in the total region of
the spectrum define a straight line. From the gradient of the straight line a

value of T = 2,0~ 0,1 MeV was deduced. Fig. 2 (dashed curve) represents
the spectrum calculated with this temperature by means of Eqs. (2) and (8).
As can be seen, the constant temperature model describes the spectrum fairly
well. Substituting the level densities (6) and (7) in Eq. (9), the nuclear tempe-
rature is given by the following expressions:

1 a
T T / E
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Using the average residual energy (E = 8,6 MeV), and the level density para-
meter a, obtained by Eqs. (6) and (7) the nuclear temperatures were found to
be T = 2,1 MeV and T = 2,7 MeV, respectively. The data suggest that the
nuclear temperature is not very sensitive to the choice of the level density
formula. The nuclear temperature of the average excitation energy is in good

Fig. 4

agreement with that given by the constant temperature model, if the value
a= 4,4 MeV-1 [Eq. (6)] is accepted. The T-value measured by us closely
follows the tendency observed in the mass number dependence of nuclear
temperature [20]. At A <[ 20, no earlier data are to be found for nuclear
temperature. The energy spectrum and the angular distribution for the
N4 (n,a)Bn reaction can be explained by the statistical model.

The experiment also made it possible to determine the cross-section ratio
of (n,a) and (n,p) reactions on the N4 nucleus. The experimental value is

a(n, a)
a(n,p)

13+ 0,2.
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Accepting for a(n, a) = 100 mb [21], our measurement gives a(n, p) — 77 i
i 14 mb.

It was assumed that all processes with emissions of two particles are
attributed to (n, np) reaction because of the high negative C-value of the
(n, nx) reaction. (Q(n, nx) = —11,46 MeV; Q(n, np) = —7,55 MeY; all Q-
values in this article are taken from the tables of K unz et al. [22]).

Starting from this assumption, the cross-section ratio of (n, np) and
(n, p) reactions on the N4 nucleus could be determined. Its value is

0,60 £0,09.
a(n,p)

Accepting a(n, x) = 100 mb (ref. [21]) we obtain from the measured cross-
section ratios a(n, np) = 46 ~ 13 mb.

In our investigations it was found that the number of protons from the
(n,py) process nearly equals the (n,np) and (n,pn) reaction yield in the
energy region where second particle emission is allowed energetically. This
means that de-excitation with gamma particles as a concurrent process cannot
be neglected. In the proton spectrum in this energy region, 93 (n, p) and 104
(n, np -(- n, pn) events were observed. (The high-energy part of the proton
spectrum could be determined by the range-energy relation of recoil nuclei,
but unfortunately this lacks the precision of direct measurement. Therefore,
the form of the spectrum was not analysed theoretically.)

A comparison of measured and calculated cross-section ratios vyields
information about reaction mechanisms. The cross-section ratio of alpha and
proton emissions on the N 14 nucleus has the experimental value

a(n, x)

a(n,p) -f a(n, np)

0,83+0,09.

For the calculation of the ratio of the reaction yield, an approximate relation
is given by Bodansky [15]:

FB = sp+1) Mpypkp €XP7 AR =

where Sp, S M p, are the spins and masses for protons and alpha particles,
yx= 1,1, yp= 1,75, Rp and R, the interaction radii, Sp and separation
energies, Vp and Va effective barrier heights and T the nuclear temperature
(with the value 2 MeY measured by us). The value of Vpwas calculated similarly
to that of V' (r0 = 1,25 fm). The calculations of separation energies were based
on the data of Kunz et al. [22]. The ratio 'x¥I'p= 1,16 obtained from the

7 Acta Physica Academiae Scientiarum Hungaricae 21, 1966



310 J. CSIKAI and S. NAGY

approximate expression (10) can be regarded as in good agreement with that

measured i.e. 0,83.

We are indebted to Professor A. szaray for his interest in the present
work and for the excellent working conditions he secured. We also thank
Mr. L. Bunkesczi and Mrs. G. sepsy for their assistance in operating the
accelerator and scanning the photographs.
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PACMAL N4 BbICTPbIMWU HEATPOHAMM
M. UNKAU n W. HAOb

Pesome

SHepreTMYecKmnii CNeEKTP NYr/10BOe pacnpegeneHme anbga-yactuy, B peakumm N4n, a)Bun,
M3MepeHHble Npu En = 14,7 MsB B KaMepe BunibcoHa, XOpOLUO OMUCLIBAKOTCA CO CTaTUCTUYe-
CKOIM Mogenbto. BbiBoanTcs sigepHas Temnepatypa 2,0 £+ 0,1 MsB. lNonepeyHoe ceyeHve Ans
peakuuin N14(n, p)C4 n NMn, np)C'3 coctaBnsAeT 77 + 14 n 46 + 13 mbapH COOTBETCTBEH-
HO. M3MepeHHOe COOTHOLLIEHME MOMEepPEYHOe CeYeHUsT AN 3MUCCMM MPOTOHOB U anba-yacTuy,
M BbIUMUCNEHHOE HAa OCHOBE CTATUCTMYECKOW MOAeNnM 3HaveHWe YAOBMETBOPUTENbHO COr/la-
cyloTcs.
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An approximate expression on the basis of combas’s theory of monovalent metals is
derived for the energy of the Wigner—Seitz cell of alkaline and noblé metals in the case of
elastic deformation, approximating the cell by a rotation ellipsoid instead of a sphere. From
the energy minimum principle one obtains the ratio of the ellipsoidal axes, which yields the
Poisson ratio in the vicinity ofunstrained equilibrium, while from G ombas’s results the compress
sibility is known. With these two quantities it is possible to calculate the elastic moduli cn.
and

1. Gombas’s theory of monovalent metals [1], [2] accounts for flie
cohesion of the alkaline, alkaline earth and noble metals on a purely theoretical
basis, without introducing any empirical or semiempirical parameter and at
the same time yielding numerical results for cell energy as a function of the
cell radius. The minimum of this energy and the proper stationary radius
give very excellent values for the cell energy and the equilibrium lattice
constant compared with the experimental results taken at an adequately low
temperature or even extrapolated to absolute zero. It is very remarkable that
the compressibility calculated from the energy vs. cell radius function agrees
very well with the experimental results, and this reflects even the curvature
of the energy curve about the minimum to be very near to the actual value
of the crystal cell.

The theory treats the metal as a system of a positive metal ion lattice
and a practically free “gas” of valence electrons. The most characteristic
feature ofthe theory isthat it deals with valence electrons and ion core electrons
separately. The latter are taken into account in some of the customary ways,
while the former are treated in a modified potential of the ion core lattice.

This modified potential consist of the electrostatic potential of the ion
core and a nonclassical pseudopotential, which is the result of the Pauli
principle. When this pseudopotential is introduced it is no longer necessary
to orthogonalize the eigenfunctions of the valence electrons to those of the core
electrons. At the same time, naturally, the deepest possible energy states for
the valence electrons are obtained.

In the course of the computation the elementary cell is approximated by
a sphere of radius R and the cell-energy is taken as

U= Ec+ Ea+ Ew+ Ep+ Wc+ We+ Wa+ Ww+ Wk + H, ()
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where E always stands for the different parts of the self-energy of the valence
electrons, W for the interaction energy of the valence electron with the ion
cores and H for the interaction ofthe cores. The indices are C for Coulomb type,
A for exchange, W for correlational, F for zeropoint, E for non Coulomb-type
electrostatic energy, and K represents the energy resulting from the pseudo-
potential. The valence electron gas density is assumed to be constant as

Voo , (2)

As for the actual form of the different energy terms and pseudo-potentials
above we refer to the original publications of Gombas [3, 4].

The methods outlined above were applied to some alkaline and noble
metals by Gombas. Here, we quote his results for potassium and silver [5, 6].
The numerical results can be approximated in an analytical form. The cell-
energy for potassium is

1,4083 21,633
UK= ° €)
and for silver
1,26604 154,687

u 4
Ag R ~Riw @

where U and R are given in — and a0 atomic units, respectively, e being
ao
the elementary electrical charge and a0 the first Bohr radius of the hydrogen

atom.
2. Let the cell-energy be given in general as a function of the radius |
of the elementary sphere in the following form:

U t = (5)

where A, B and n are constants. Then in the equilibrium-state the energy is
a minimum:

du - 0 6)
dR R

and the minimum value is:
Uo= U(RO0)- °)
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Using (6), (5) and (7) one obtains:

A = nt7°4°-, (8)
1—n

B= U°Rr 9)
1—n

or using the minimum energy UO and the equilibrium radius RO instead of
A and B:

*'_xH *H *J] -
Owing to the energy minimum the second derivative in the equilibrium
is positive:

So in the vicinity of the equilibrium the energy of the elementary sphere of
radius (RO 4- bR) is given by

U= U0+ +y(OR)*. (12)
£

Meanwhile the equilibrium volume VO is changed by bV, which is given as

sv = m (i3)
Ro

neglecting the higher order terms in OR.
The change in equilibrium energy:

du=U—U0= — (6R)~ (14a)

is equal to the work necessary to produce the volume change of the elementary
cell. This (static) work is

O6u=— o6p-0v, (14b)

where bp must be first order in OR, too, and can be introduced formally as
“normal stress” using (14a), (14b) and (13) as:

bp = R (15)
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The compressibility x is then defined as

L y (16)
X 12nR,,

Let us introduce the absolute value of the equilibrium energy of unit
volume as w0

Vo (17)

then using (10), (11), (16) and (17) the compressibility is:

nwO (18)
X ~ 9
and for the normal stress introduced
13 OR
Np = ) (19)
\'Xj RO
3. While the energy function gives the work required for a spherically

symmetric deformation (14a) correctly, in other non spherically symmetric
deformations the original energy expression (1) should again be computed for
the specific deformation. This would be rather a lengthy and laborious pro-
cedure because of the lack of spherical symmetry. For such cases, however,
when the deformed cell can be approximated by a rotational ellipsoid for small
deformation very near to the equilibrium state it is possible to give the
deformation work as a first approximation as follows.
Let 1 he a small quantity:

N<gl (20)

and approximate the deformed cell by a rotational ellipsoid with the axis
(up to the first order in A)
a= RO(I+A), (21)

b= RO(l + f*A), (22)
where p is another quantity. Evidently if 1 —0, a and 6 —RO0 if p is finite.
The contour curve of the ellipsoid in some plane (having the rotational

axis in it) in (r, oo polar-coordinates, (the central point of the ellipsoid being
the origin of the coordinate system) is given by the equation:

1 f- e2sin- (p
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where

N (24)

Taking into account the fact that /1 1 and e2 1 one obtains from
(21), (22), (23) and (24) (sec Appendix):

A[l — (1 —p)sin29], (25)

where
dR =r R.. (26)

Ifeg. (@ 0, OR AR( and r(ip= 0) — a, while (f R OR — UA Rv

and so r b as stated above.

As a further approximation we will use (19) for a stress even in the case
where spherical symmetry is absent. By remaining only in the very close vicinity
ofthe equilibrium sphere we do not expect to cause too large errors, at least in
this nominal stress value introduced. This approximation, however, neglects
at the same time, all the energy terms, which will be brought about by the
lack of spherical symmetry and so are zero in the spherical equilibrium state.
Certainly there are such terms, on which we shall report in a subsequent paper.

Reverting, however, to the former approximation, one gets for the stress

dp = Irysin2@ A . (27)

To obtain the deformation work, instead of (14b) we must integrate
for the volume changed because dp is a function of the polar angle ¢ After
integration, we get for the deformation work (see Appendix):

OuU = Un 3+ 4m+ 8/1-) N2 (28)
10xwo
or
[/=1[/00(1-~1N 2, (29)
where
= (3 + 4p -f 8/1-) (30)
\Oxwa
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or

9V = — (3 + 4/l + 8f12) (30a)
ou

because of (18).
In spherical symmetric deformation i.e. p = 1

(81)

and
U,= U0 1 (32)
(32a)

SO
(33)

in agreement with (10), (11) and (12).

Up to now no specific value of fx has been given except for the spherical
case. Owing to this we take a ratio of axis in the rotational ellipsoid, when the
deformation work should be minimum in the closest vicinity of the equi-
librium sphere, i.e.

(34)
= 0, (35)
1
W= — (36)
° 4
or
" (37)
P 1:
T4 12
and finally
u i= unt---—-- -1 2 (38)
4 12
4. 1t is known from the theory of elasticity that the deformation work of
OR
unit volume by a spherically symmetric deformation of 1 = ---- is for a
cubic lattice R
0E1— 1 (cy 4- 2€12) -, (39)
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where Cj, and cJ2 are the proper elastic moduli. Using (32) and (39)

cn + 2cl2= ~~~ o (40)

Applying a uniaxial tension stress only in one (axial) direction in the
perpendicular plane it follows that

c2 + (cn + ¢cl2)/1/1= 0, (41)
cr. M
— (42)
17" H

Combining (40) and (42)

1+/1 niv0
(43)
1- fl 3
nwO0
Lj2 n (44)
1+ f1 3
Finally, using (36)
nwa (45)
[ >3
c = 5
nw()
lJlO> (46)
15

In Table | theoretical and experimental values of — , u0, cn and c12 are
K

given for potassium and silver.

It can be seen that the compressibilities have very accurate values,
while the Poisson ratios are rather inaccurate. The cn and c12are of the correct
order of magnitude, but the cix are rather high, and the c12 somewhat low.

In spite of the very approximate nature of this procedure, the results
obtained are of the order of magnitude and even the numerical values within
a factor of 2 compared with the experimental results.

In a following paper we shall extend the present method taking into
account the energy term resulting from the nonspherical deformation of the
elementary cell. This will result in better Poisson ratio and elastic moduli
values.
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Table |

cu, cin 101 dyn/cm-’

Potassium Silver

theoretical J experimental theoretical experimental Ref
1
. 0,4086 0,40 10,79 10,8 M
o 0,735 0,457% 19,45 12,40 8]
o 0,245 0,374* 6,48 9,34 El
Mo 0,25 0,25 0,37 9]

*Measured at 83° K.
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Appendix

As already defined in (21) and (22) if

a—RO(I ), (A1)
b=Rn(1 [N1), (A.2)
-® > “s s (A3)
1 sin29%
(A.4)
62

Assuming N 1 and e2<g1

r al > e2sin2w4- ... . (A.5)
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OR = r—RIL,
— = — (1—— sin2p - 1.
RH Rfi 1 2
_OR . : :
We need to obtain--—-- as the function of A up to the first order in
e2=|JdiA f_1.
14 pA)
™1+ 20) (@2 -- 2,uNl) 1,
e*~2(1—p)Nn.

Using (A.l), (A.7) and (A.8)
G =@+ M @- p)sin2(pNl- 1,

A= 1 — (1 —/t)sin2(p]
RO

as stated in (25).
In computing the deformation work (28)

A
OU==~[6pd(0OV),
0

where, as in (27),

P ~ =@ p)sin29]A

while
d(dV) — 2nr2sin (pdR mdip .
Now
r=08,+ dR=R,, 1+ — 1,
R, 1
r-dR m RfidR

up to the first order in A, because of (A.9)

OR~ A

319

(A .6)

(A7)

(A.8)

(A.9)

(ANO)

(A.11)

(A.12)

(A.13)

(A.14)
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and

Rdr = Rw [L — (1 —ri) SiN299) A .

So the volume element is

dov)y = 2m  [I —(1 —+i) Sin293] SiN 93 1 dcp (A.133)
and the deformation work:
m nri2
1 [ I . .
o6u — — lap md(0v) = —t)———— T2 |[1 — (1 —fi) SIN293]2 SIN 93 dg> (AN5)
0 0
iv N2
= —-(3 + 4p + sfi2),
10x
au = - UO<uA2, (A.16)
where
9 - — (3+4+1i+ 8py) (AN7)
10 HVBO

as stated in (30).

O MOOYJE YTPYTOCTU WWEOYHBIX U BJTAFOPOAHBLIX METAJTIOB 1.
A AHTAN

Pesome

Ha ocHoBe Teopy OIHOBA/EHTHLX METa/VIOB MOMOALLA BbBOIMTCS MPUO/IVDKEHHAS
chopmyria 151 aHeprn sideek BuirHepa- 3eitua LLENIOYHBIX M 6r1aropoaHbIX METVIOB B
Cydae Yrpyroi n. MovHAVEETCA NPUGIIVDKEHVIE SHEVIKV VINCOMAOM BpaLLEHS
BMVECTO Cepbl VB MpMHLMNA MAH/VYMAL SHEPTM BbBQOUTCH COOTHOLLEHVE OCU J/VTANICOMZA,
Pe3y/bTVPYIOLLIEE COOTHOLLEHVE [yacCoHa B 00/1aCTV HEHaNpPSHKEHHOo paBHoBeCKs. B To ke

13 Pesy/ibTaroB [OMbALLR M3BECTHA OKMBEMOCTL. C MOMOLLHO STVX BE/UH UIVEETCS
BO3MOXHOCTb /151 OMpene/ieHn st Mofy/ist YMpyroctvi an v c12
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Following a previous paper [1] for nonspherically symmetric deformation of the ele-
mentary cell of a monovalent metal, a new term is introduced into the energy-expression of
the elementary cell approximated by a rotational ellipsoid, due to the quadrupole moment
of the valence electrons brought about by the nonspherically symmetric shape of the deformed
unit cell. This procedure leads to a better Poisson ratio and more reliable values being
obtained for cu and cl2

1. In the first part of this paper [1] (referred to below as [I]) the author
has outlined a method for obtaining some elastic moduli of alkaline and noble
metals using the theory of monovalent metals developed by Gombas (see
references in [I]). However, this method can be regarded only as a first approxi-
mation as the Poisson ratio and the values of the elastic constants are not very
reliable. This is chiefly due to the lack of terms in the energy expression
normally absent in the spherically symmetric state, which is the equilibrium
state of the unit cell of the crystals treated.

We have to investigate this problem in some detail and in order to do so
it is necessary to revert to the original energy expression of Gombas presented
in [I] restating here again:

U= Ec+ Ea-FEWT-Ef-\-Wc-\-We -{-Wa -{-Ww -\-Wk -\-H,  (1(

where U = the energy of the elementary cell at absolute zero temperature;

Eq = the energy term of the Coulomb-type interaction;

Ejland Ew = the energy terms of the exchange and of the correlation
of the valence electrons, respectively;

EF = their zero point energy;

Wc — the Coulomb-type interaction energy between the positive (point-
like) nuclei and the valence electrons;

WE = the electrostatic energy terms due to the overlapping of the
electron cloud of the valence and ion core electrons;

WA = the exchange energy term for the same overlapping;

Ww — the correlation energy between the valence and ion core electrons;

WK — a term which takes into account in some manner the Pauli
principle and is due to a pseudo-potential introduced by Gombas
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(see ref. in [I]);
H = the interaction energy of the ion cores.
For alkaline metals
Ww= 0 (2)
and
H=20 3)
with very good approximation.
Gombas has shown further [2] that at equilibrium and in its rather large
vicinity
Ec+ Ea+ Ew+ Ef+ WA—O0, (4)

U= wc+we+ WK (5)

This can be given even in an analytical form as:

u~ ©I ¢ (6)
R JR3

for alkaline metals. The constants and C2can he calculated directly from the
theory [2]:

4e2
c'— r - 7)
c, —a.-[in — (8)
where
(9)
0
and
/|E= — iV - — E-dr, (10)
e J r
0
where D = the radial density function of the valence electrons;

V = the potential of the ion core;

e = elementary electric charge;

a0 = the first Bohr radius of the hydrogen atom.

It can be seen that this approximation dispenses completely with the
self-energy of the valence electrons in the equilibrium state because of (4), so
(6) contains only the energy terms Wq, We and WK, which are all terms of
the interaction between the valence electrons and the ion core.
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In [I] we have used an analytical form for U very similar to (6). As a
matter of fact (1.3) is for alkaline metals completely equivalent to (6). As far as
a spherically symmetric deformation is concerned, no further difficulties arise
from this approximation. In the non-spherically symmetric deformation,
however, (4) will no longer be satisfied because of some characteristic changes
in the self-energy of valence electrons even of the assumed constant density.
This effect gives rise to a new energy term, which of course disappears in the
spherically symmetric case.

2. To obtain this new term we recall at first the well known results for
the self-energy EO of a sphere with radius R homogeneously charged with a
constant ve charge density

(")

where, obviously,

4n: R3
" (12)

the integral charge is equal to one electron charge.
This energy can be calculated for a rotational ellipsoid of axis a, b accord-
ing to Fragge [3] (@ > b) as

Arch —
3, b
—e- - (13)
5 Ya2 ~ b2
If
a=b—R

(13) goes over (11), so the necessary correction term will be:

Eg= Ee —En (14)
or

S , 15
KT %2 @bz J (13)

because of splitting down the energy change due to spherically symmetric
deformation it is necessary to have:

4nR3 4n ab2

2 2 (16)
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Using (1.24), (15) can be written as

3 p2 fl + e2
Arche— (1 + e21'8 a7)

In the immediate vicinity of equilibrium this can again be simplified to
a great extent in the same way as in (l) to

4e2
_ (1- n)2A2. (18)
Eaq 75Rn

N and fi are the same as in [I], i.e. they are defined by

a= RO(I+A) |j

(19)
b — R-o(l + pA) »]
From (1.29) and (18), for the cell energy one obtains
M= na(l-o~N2), (20)
where
4e2
= 1- {)2, (21
P * 75rou0 " 1)
while «t, as defined in (1.30a)
dVv= — (3+ 4/t+ 82 (22)
Cu
and
(23)

x being the compressibility and ivuthe absolute value of the equilibrium energy
per unit volume.
Introducing

) — , (24)
75R0UO0

which can be calculated from the equilibrium state values, finally

= — B+ 4r+ 8M) - A(L- fi)2. (25)
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Now minimum conditions in the vicinity of the equilibrium are:

au\ 26)
an =
and
au
= 0. 27
i 0 (27)

Using (25) and (27) one gets for the near-equilibrium Poisson constant:

1+ i5*

(28)
4n

It is somewhat more convenient to introduce x into the equations taking

15/t €2 (29)
x
’ in 5n UORO

where g is another constant, i.e. by (23)

30
60nRq ' (0
In view of this:
1 1-4gx
SR (31)
4 1 —gx
In just the same way as in [I] we get finally:
cn = -~-(3—8gx) (32)
and
° 33
@= g (I+4%) (33)

for cubic lattices.

3. In Table I we give cn, Ciz and /.0 for potassium and silver calculated
by a) the results of [I] using equation (1.45, 1.46); b) using the methods of the
present paper by equations (30), (31), (32), (33); ¢) the Fuchs values [4] and
finally d) the experimental values already presented in [I].
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Table |

eu and cl2 in 10u dyn/cm2

Potassium Silver
m c’ —Po «n (03] —Me
a) by 1 0,735 0,245 0,25 19,45 6,48 0,25
b) by 1l 0,593 0,315 0,347 18,63 7,25 0,28
c) by Fuchs’ method 0,440 0,38 — — — —
d) experimental 0,457* 0,374* — 12,4 9,34 0,37

* Measured at 73° K (ref. see in [I]).

It can be seen that results obtained with the corrected energy expression
of the present paper do not differ greatly from the experimental values as far
as potassium is concerned, while in the case of silver the results are somewhat
better than those in [I], but the discrepancies are rather considerable. The
results of Fuchs’ calculation are far better, but it must be realized that the
present calculation makes no use of any data taken from experiment nor has it
any adjustable parameter. It is based only on the theoretical assumptions
and procedures of the monovalent metal model and theory referred to.

In view of (30), (31), (32), (33) using the theoretical values of RO, U0 and
y. one can calculate clv c12 and y0 for different alkaline and noble metals
(those referred to below all have cubic lattices). These are given in Table II,
for K, Rb, Cs, Ag and Cu with the experimental values (if available). For
some elements the values calculated by Fuchs are also included [5].

The results are again somewhat better for alkaline metals, while they are
not so good for others. In any case, they are the worst for noble metals. This
is chiefly due to the fact that the present correction term is most effective for
alkaline metals. For noble metals on the other hand the situation is much more

Table 11

All data in 10U dyn/cm2

K Rb Cs Ag Cu
by 11 0,593 0,475 0,412 18,63 23,79

cn exp. 0,457 _ 12,4 17,88
Fuchs 0,44 0.33 0,245 i 17,5
by 1l 0,315 0,246 0,217 6,98 9,27

cle exp. 0,374 _ 9,34 12,6
Fuchs 0,38 0,286 0,208 - 12,4
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complicated. There is a remarkable overlapping even of ion cores and so some
basic assumptions regarding the spherical symmetry of the ion core of the
elementary cell at equilibrium are not satisfied. For the equilibrium state
these effects can he compensated for by a more appropriate choice of the
pseudo potential [6], but for the deformed state the present rather simple
suggestions do not make it possible for these further interactions to be taken
into account.
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O MOOYTE MPYTOCTU WEIOHHBIX 1 BJTAFOPOAHLIX META/VIOB .
A. AHTAN

Pestome

CorsacHo pa60Te 1 B fjaHHOM CTame A9 [ehopvaLn aeVEHTapHbIX SHeeK
Ba/EHTHLX MET/VIOB, ChepUHECKO CUMVETPVEV, B BbIPaXXEHVE SHEPIY
SJ'IGNBI-ITaprD( SUeeK, npep,craBneHHbu B (fOpVE JVMINCOMIA BpALLEHVS], BBOOMTCA HOBbM

HHEW  KBAPYTOMbHBRY MOVEHTON] BA/EHTHOTO 3/EKTPOHA, BbBBAHHBM He-
oqmmlecmm i BEChOPMIDOBAHHOM EIVMHYHON SHEViKA. [TpveMoM, VBNOKeHHbM B CTaTHE
I, BEBOOMTCA TOYHOE COOTHOLLEHVE COHa, W /1A Be/MHYMH O U C2nonydeHbl 6oree
HAIPKHLE PE3y/isTaTbL
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THE LORENTZ PRINCIPLE AND THE GENERAL
THEORY OF RELATIVITY 111
By
L. JANOSSY

(Received 31. I11. 1966)

The connection between the propagation tensor g and the sources of the gravitational
field is investigated. It is shown that supposing light to be propagated isotropically with the
velocity depending upon gravitational potential, two of the three relativistic effects can be
accounted for. The usual interpretation of the deflection oflight is only obtained if one supposes
that the propagation oflight to be unisotropic in a gravitational field. Einstein’s equations for
the gravitational fields are derived from the point of view of the Lorentz principle.

Connection between the propagation of light and the gravitational field

8§ 1. So as to be able to apply the equations for the geodetical orbits
which we gave in Part Il to actual physical problems it is necessary to deter-
mine the tensor g and with its help the Christoffel brackets.

The connection between the tensor g and the sources of the gravitational
field were given by Einstein. We shall discuss here how Einstein’s equations
of the gravitational field are obtained using our concepts based on the gene-
ralized Lorentz principle.

8§ 2. So as to approach the problem we consider to begin with a particular
form of the tensor g. We consider thus

/1000 \
010 0
0010 )
\0 00 g(j/

g=r(

where we suppose g4i to be a function of coordinates, we shall suppose g4i.=

= gu(r) and dgjdxi = 0. It follows from previous considerations that g4i < 0
and we shall also write

K— M4 = c(r)m @)

The tensor defined by (1) corresponds to a state of affairs where light is pro-
pagated isotropically but the velocity of propagation varies from point to point.
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The velocity of propagation at large distances from the gravitational
centres we shall consider to be homogeneous and we may denote by c the
velocity of light in such distant regions. Thus we suppose

c(r) —=c if r—moo . 3)

The latter supposition is made purely for convenience and the r -> oo
must not be taken too seriously. We may e.g. suppose that in the vicinity of
the Sun c(r) varies with r the distance from the Sun. At large distances as
compared with the measures of the solar system but still at small distances
as compared with the distances between the fixed stars we have a region
where light may be taken to he propagated in a good approximation both
isotropically and homogeneously with the velocity c of relation (3).

§ 3. From (1) we may calculate the Christoffel brackets. We find

[441 1 egr> [4fel 3

o 4)
\Vk\ 2 ezﬁ' 14]j i dx,;
all the others being zero.
The equations of a geodetic orbit using the values (4) for the Christoffel
brackets (eliminating the parameters p) according to equ. (39) of Part Il are
thus found

dv. 1 (vgradg,,) V
~T~—  grad g4 (5)
dt 2 Stt

Considering (2) we see that the second term on the right side of (5) is
small provided we consider motions with velocities much smaller than that of
light. Neglecting the small terms we find in a first approximation

dv

it grad &, (a)

where

1
® = const NT Sn

We see thus that (6) reduces to Newton’s equations provided

SttN -c*-20 , (?)

or if we neglect further terms in t2c2we may also suppose
N ¢
c(r) = Y—g#éb= Cc4-——-- , (8)
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where @ is the usual gravitational potential. E.g. in the vicinity of the Sun we
may suppose

®= ——, a= GM, 9)
r

where G is the gravitational constant and M the mass of the Sun.

Introducing (8) and (9) into (1) we find the form of the tensor g which
gives in Newton’s approximation the orbits of the planets.

84. From the tensor g thus obtained the deflection of light passing the
Sun can also be derived. W ith the help of (2) we have

gradg#= —grade2(r).
Multiplying (5) with 2v we find further

2v2
—W2— —Vgradc2(r) 1 Y (10)
dt c(r)2

Ifin a point r the velocity of the orbitv = c¢(r) is equal to the velocity of light,
then for such a point the above relation reduces to

— V2 = vgrad cr) .
dt a (n

The above relations show that along a path 6r = vét the square of the velocity
changes by
ov2 = grad c2(r) ar,

i.e. exactly by the same amount as the local velocity of light. We see thus
that if the initial velocity of a point is equal to the local light velocity c(r)
and if the point proceeds along a geodetic orbit, its velocity will be always
equal to the local velocity of light in the points which it passes.

We may therefore assume that a signal of light itself is proceeding along
a geodetic orbit.

8§ 5. So as to obtain the deflection of a beam of light when passing the
Sun we consider an orbit which lies in one plane with the Sun; (there exist
such orbits as can be seen directly examining (5)). For such an orbit we may
write for the angle of deflection in a time dt, dip = dt jv X V\W2, thus with
the help of (5) introducing the gti from (8) and (9) remembering also that
v = c(r)

dttp = vXrlc(r)2. (11)
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Negle'dting the change of c(r) with r on the right hand expression and sup-
posing further that the orbit in a first approximation moves along a straight
line we may write

r(*)~ a + voOt, v0= c, (12)

where a is a vector perpendicular to v0, its absolute value a giving the closest
approach of the beam to the gravitating centre resting in the point r = O.
Introducing (11) into (10) and integrating we find for the relative deflection

|
GMalc 2GM

dt (13)
J t=+ 22

The above value for the deflection is equal to that found long ago by Laprace
— but it is by a factor 2 smaller than the value given by Einstein. Taking
the value given by Einstein as the correct one, we see that the assumptions
(1) and (8) giving the connection between propagation of light and gravita-
tional field lead in first approximation to Newton’s theory of the planetary
motion and given at the same time one half of the value (predicted by Ein-
stein) for the deflexion of light near the Sun.

The perihelion motion of the planets

86. The second term on the right hand side of (5) gives a small correction
only for the motion of systems with velocities v <c.

We note by the way that for large velocities the second term of (5)
becomes as important as the first.

As can be seen from (10) for velocities v > c/|*2 the gravitational force
changes its sign — and the force between systems moving with such velocities
becomes repulsive. The latter effect accounts for the fact that the velocity of
light decreases when light is approaching the Sun. Roughly speaking the light
approaching the Sun with the velocity c is repelled and thus slows down.

So as to obtain the correction caused by the second term of (5) on
Newton’s law in the case of small velocities, we express grad c2(r) in terms of
the gravitational potential. We may write thus in place of (5) and of (10)

2a \ 2a(vr)v

vV (143)
dv2 2 2v2
SO 2 @t « e (14b)
dt r3 rc2 c~
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Eliminating vr from (14a) and (14b) we find

dv2 ,,
ar i 2a v “gt~ Ie”
V= oo |1 —mommeee _ (15)
r3 A re2 2a 2i>2
rc~
Multiplying (15) by V we have
\AY, ar
2a 2v2 r~

rc2 e-

Neglecting the dependence of c upon r and some higher order terms in vjic2 we
obtain total differentials. Integrating we have

where A is a constant of integration. Developing in powers of v2Zc2and neglect-
ing higher powers we have thus

1 V4 a
w2 H-——- QL SE—

1 c2 r rc2

or negdecting further small terms we have

V2= 2 A+ — 1+ — no+ (16)

r c2r c2

So as to obtain the angular momentum integral we multiply (15) by r and
obtain as the result of a simple calculation

rXf = ae--»o (17)
where a is a constant of integration. Remembering the general relations

dt
V2= 2+ (rXn)ar2, dp = ((r Xn)/r2)2,
t

we find from (16) and (17) w-hen introducing 1/r = s

ds(1 — 2as/c?)
dtp

2(A f-as)la2—s2— — [2(A + as)2(a2—a2s2)a2— 2asJ]
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Neglecting terms in 1/c2 integrating the above relation over the whole period
we find

= 2n -j-terms in —

Thus apart from the terms of the order of 1/c2the motion is periodic. Retaining
the terms in 1/c2one finds in a first approximation (see e.g. [1] p. 221.)

[ = 2n -f- e,
where
V2
e= + ott—-, (18)
c2

where v2 — (a/a)2the latter expression gives the average square of the orbital
velocity of the planet. Expression (18) is identical with the value obtained by
Einstein and seems to be in good agreement with observation.

The gravitational red shift

§ 7. Consider an atom at rest near x. The velocity of the atom can be
represented by a four-vector

v=0, 0, 0, Xu.
The atom should oscillate with a period T; the latter oscillation can also be
expressed by a time-like four-vector

T=10,0,0 T.

If we subject the system to a parallel shift from x to x -(- p. the vectors vand T
change into v* and T* which vectors can be determined with the help of equ.
(18) Part Il. However, if g is of the form (1) we have

1 0 0 0
0 | 0 0
S=g KX+ p.)gli(x) 0 0 1 0
0 0 c(x)
c(x + p)

and thus we find
*

v = 0,0, 0, xv1

T* = 0,0, 0, Te(x)/lc(x -fp.).
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We see that the system after the parallel shift is still at rest and its period is
changed by a factor

T*IT = c(x)lc(x + p.).

The above change in the period of an oscillating atom when shifted adiabatic-
ally from X to X f [1 gives exactly the gravitational red shift as found in
terms of the general theory of relativity.

Considering thus an atom brought adiabatically from the Earth to the
Sun, the time of one oscillation of the system changes inversely with the local
velocity of light. Since the velocity decreases near the Sun as can be seen from
equs. (8) and (9) the period increases and the frequency decreases.

We note that for the decrease of frequency to take place it is not necessary
to transport the atom from the Earth to the Sun. Indeed during such a trans-
port the atom adjusts itself continuously to the local conditions and the trans-
port of the atom from the Earth to the Sun represents merely an ideal experi-
ment with the help of which we can clear up the difference in behaviour of
the atoms in different parts of a gravitational field.

We note further that the red shift has been directly verified with the
help of the Mossbauer effect shifting atoms on the Earth between points of
different gravitational potential [2].

Einstein’s gravitational equations

8§ 8. We have seen that the greater part of the general relativistic effects
can be accounted for by assuming the tensor g to be of the form (1), where the
expression for g4 has to be adjusted so as to give in first approximation the
correct law for the planetary motion — this procedure gives automatically
the relativistic correction to Newton’s law.

Postulating the tensor g(x) it appears unsatisfactory that the connection
between gravitational field and masses is only given for masses at rest and it is
desirable to find the connection between arbitrarily moving masses and their
gravitational field.

So as to obtain the connection between g and the gravitational field, we
remember that in the case of truly inhomogeneous propagation of light there
exists no coordinate transformation such that

g' (x') = S(x)g(x) S(x) = constant

therefore it is not unreasonable to suppose that the gravitational field in the
vicinity of x is connected with those covariant features of g(x) which cannot
be transformed away by coordinate transformations.
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The first derivatives of g(x) can be transformed away, therefore they
cannot be taken to characterize the gravitational field. The second derivatives
cannot, however, all be made to vanish by a coordinate transformation.
Indeed, the ten functions gvii(x) have each ten second derivatives and thus the
tensor g(x) has altogether onehundred second derivatives. If we want to make
the second derivatives of the transform of g(x) to disappear, we obtain thus
100 conditions on the third derivatives of the four transformation functions
/(x); the latter possess 20 third derivatives each thus altogether 80 third
derivatives. We thus obtain 100 equations for 80 quantities which can he
disposed of. We expect thus that there exist 100 — 80 = 20 expressions con-
taining the second derivatives of g(x) which are invariant to coordinate trans-
formations — the latter quantities may be supposed to be connected with the
gravitational field.

The Rieinann —Christoffel tensor

8 9. A representation of the Riemann—Christoffel tensor can be
obtained when looking for the invariant expressions built of the second deriva-
tives of g.

Let us for this purpose consider such a representation g' of the tensor q
in which all the first derivatives are zero, i.e. g' should be such that

9g' (x' + @) 0
3C

for C=0. (19)

By a suitable transformation we can obtain another representation g" of q
such that

x' = x*, g (x)= g"(x") and =0 for =0. (20)

The transformation leading from g' to g" can be obtained by putting
X'+ C=f-1(x"+TI), (21
and the components f~ 1 of f-1 have the following form

JI(x"+ C) =<+ &+ 4 2'MWUNWNF% (22)
N oA

-(- terms of higher order in le"
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So as to show that the transformation defined by (21) and (22) satisfies
the conditions (20) indeed we note that

= K for 5'= Q- (23)

further

(?M = 0, e&sa’E" m= F;A for E'= 0. (24)
Noting that the transformed g" can he written as

g"(x"+E")=S' X + C)g'*"+ ?)S X'+ V) = (25)

We see with the help of (23) that the first and second conditions (20) are
satisfied. So as to show that the third condition (20) is also fulfilled we note
that

9" =y 99

ai: « 91'. ai: ai:

for E"= o, (26)

thus differentiating (25) into and inserting E" = 0 we obtain with the help
of (26) an expression equivalent to the third condition (20), thus we see that
the latter is also fulfilled.

So as to investigate second derivatives, we note that we have with the
help of (19), (21). (23) and (24)

9V _ y? " 920" 8i'x- afr 92&

(27)
9K B L, XA 3&3& di: 9l ai'Lail, *

Differentiating thus (25) into and we find with the help of (23), (24), (26)
and (27)8

8-g— = --1?-—bFA>s' + g'F*A4 for E"'= 0, (28)
diyRix a?x9iA

ivhere Fix/) for xX = 1, 2, 3, 4 are matrices with component
FiP = F& r,a=1,2, 3,4.

Relation (28) can be brought into a simpler form by writing down (28) for the
cyclic permutation of v/nxX, and taking the consecutive permutated expressions
with opposite sign and adding the expressions thus obtained. Thus we intro-
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duce a summation ¥Y? which may be defined as
c.p

Y A(v/ix?)) = A (vfixn) — A(Avjux) + A(xh>ju) — A(fxxXv), (29)
C.p

where A(p/uxA) is some function of the four suffices v, fi, x, A.
Applying the summation defined by (29) to both sides of (28) we find

0- 35'
y 2y Fy L E'=0. (30)
c.p IE£"2Ep S f'Sfj

Thus we may define a quantity

yoo82gv, 5= 0. (31)
TP 9ft

The components of the latter quantity do not change when the variables are
subjected to a transformation of the form given by (21) and (22).

We thus see that the R '~ give the components of a four-dimensional
tensor in the representation K'. The latter representation is, however, a
restricted one as it is a representation in which the first derivatives of g' are
zero at = 0.

So as to obtain the general form of the representation of consider
a system of reference K in which g is represented by a tensor g such that

9(x) = g" (x) = g"(x"),

and

hut K is such that in general 8g/dx ~ 0 for C= 0. Using the residts of Part |1
we find that the transformation g —<g' may have the form

g= Sg'sS, (32)
where
(33)
with
f>= _ g-iC<*>, (33a)
and

CK) = Qpx ! C

__asvwp. |
N i J

Acta Physica Academiae Scientiarum Hungaricae 21, 1966

0. (33b)



THE LORENTZ PRINCIPLE AND THE GENERAL THEORY OF RELATIVITY Il 339

That the transformation (33) has indeed the required properties can be seen
by differentiating (32) into £x and introducing for the derivatives dS/dfx
expressions obtained from (33).

Differentiating (32) into £x and we find with the help of relations

929’ y g’ 81), 8f£ +2 9¢' 3«& 92¢'
3& 8& 3I* 3|x 3& 3ffe3fJ 3|" za;

which are valid for = 0 that

29— 2O,y ger gWo' g)

9f*3i* 8f'3£)
for C-—-0.

Summing the above expression alternating the sign over cyclic permutation
we find thus remembering for

v &8 +2(qd>cq;>+gvvc<% = 2K'<*])

cp 91*8f*
for ¢ O.
Changing the notation and writing
29 az2g
I 0 3*X3x*
we may thus introduce the quantities
RM) = » 1 820 g1 (owop+ Gpoe) (34)
c.p 2 2 Qxx |

we find that
R'M) = RM) _

Adding to the type transformations S and S' so far considered also the
linear transformations with constant matrices SO such that

——=0 for any value of £.

¢

We may build up any coordinate transformation from transformations of the
types SO, S and S'. We can thus show' that the quantities can be re-
garded as the components

R RM)
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of a four-dimensional tensor. The latter is the socalled Riemann—Christoffel
tensor.*

§ 10. It follows from the definition of the tensor that in a region
where the propagation of light is truly homogeneous in the sense of Part Il
§ 8, we have

R*™*> =0, (35)

and it is also true, that provided (35) is valid for an extended (four-dimensional)
region thus the propagation of light is homogeneous in the latter region.

We note that if we try to introduce normal coordinates in the vicinity
of a four-point j using light signals for to determine coordinate measures in a
manner not unlike that described in Part Il, then we may obtain coordinates
in terms of which the propagation of light appears practically homogeneous
in a sufficiently small vicinity of £. Extending our region further, we find in
general that the measures of the four coordinates of points somewhat farther
away from j cannot anymore be determined consistently supposing g to he con-
stant.

Supposing, however, g to vary slightly with distance, we find that
making suitable corrections, we can extend the region in which we can obtain
consistent coordinate measures. The corrections thus obtained define in a
unique way the components of the Riemann—Christoffel tensor. We con-
clude therefore, that observing return times of signals between points in an
inhomogeneous region, we can determine from the measured return times the
components ofthe Riemann—Christoffel tensor — the latter seem therefore
to be really characteristic for the mode of propagation of light.

Taking still greater regions, we may have to introduce corrections of the
third o'rders apart from those of the first and second orders so as to obtain
consistent coordinates. These corrections determine the components of in-
variants of higher dimensions than the Riemann—Christoffel tensor. The
propagation of light in gravitational fields as it could be practically observed,
was always very nearly homogeneous. The Riemann—C hristoffel tensor
gives the biggest order deviation from homogeneity — and this deviation
could just be observed. Higher order deviations are too small to be observable
under circumstances which were accessible to observations so far and therefore
the higher order invariants can thus not be determined practically by mea-
surement.

The condition (35) cannot be supposed to be valid in the regions sur-
rounding gravitating masses as in such regions the gravitational action pro-
duces inhomogeneous propagation of light.

*The form (34) of the Riemann—Christoffel tensor was given by Bieberbach
quoted by Laue [3].
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A condition which is weaker than (25) and which according to Einstein
can be supposed to hold in empty space surrounding gravitating masses can
be obtained with the help of the tensor

R = z)Até R(xA) = (9-1 R). (35a)
The relation thus postulated is
R=0. (36)

So as to see the content of (36) we express the components of R-*" in
terms of g as given by equ. (1). The Christoffel brackets obtained from (1) are
given in eq. (4) inserting these values into (34) we find

RW = _ RW = R(44)= - =
= 1 9gl-'"___ 1 _ 9g-4 2#44 kK z= (37)
2 dxkdxl 8g,, dxk dx.
Writing g44 = —c2(r) we have also
Ru = - c¢(r) V2c(r) + -i- (V c(r))2 (37a)

The remaining components are obtained as

gl4 (38)

A* = - -1 R%$/4)-
gl4
We see thus that the components of R other than R4i are of the order of
R44c2 thus they are small. Thus the equation (36) reduces in a first approxi-

mation to
V 2¢c(r) = 0. (39)

Connecting c(r) with the gravitational potential according to relation (8) we
see that (39) in a good approximation reduces to the Laplace—Poisson
equation for empty space.

§ 11. So as to obtain the connection between gravitating masses and the
propagation tensor g we have to determine R also in regions where there are
sources of gravitation.

In the approximation of Newton’s theory we have to replace (39) by

V20 = -4 nGm, (40)
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where m is the density of gravitating matter. The latter relation is obtained
from (28) if we suppose

R=*T, (41)
where T is the energy momentum tensor of matter and thus

Tu —un — me2,
and Kk is taken
X — —4iiG/c .

However, relation (41) is contradictory because the right hand expression
(as known from relativistic mechanics) obeys OT = 0, while in general
OR ~ 0 as can be shown.

Relation (41) has thus to be replaced by

R- — gR = xT, (41a)

where

R— 4+ RMB= spur, :R.
vh

Both sides of the left hand expression are free of divergence. For free space
where T = 0 we have identically R = 0 and thus (41a) reduces also to (41)
in regions without matter.

Equations (41a) were solved by Schwarzschild for the field of a point
mass. Thus the rotational symmetric solution of (41a) was obtained when
T= 0forr> 0and T having a regularity atr = 0.

The latter solutions give for g expressions which differ by small terms
from the form givenin (1). In the latter solution the i7tk—1, 2, 3 differ from
zero by small amounts thus the Schwarzschild solution predicts anisotropic
propagation of light in the vicinity of the gravitating centre.

Determining the orbit of a beam of light from relations (39) of Part Il
and using for g the values given by Schwarzschild, the value of the deflect-
ion is obtained having twice the value obtained from a tensor g of the form (1).

It is seen thus that the deflection of light in a gravitational field gives an
effect with the help of which it is possible to decide whether the propagation
of light can be described by a tensor of the simple form (1) or whether g obeys
a differential equation of the form (41a).

The experimental results seem to confirm the latter alternative.

§ 12. Thus the gravitational equations (41a) seem to give correct results
at least inside the margin of error of the observation.
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Nevertheless the question was raised whether relations (41a) can be
generalized ?

One possible generalization was already given by Einstein introducing
the “g-term”. l.e. it was suggested that (41) might be replaced by

R gd=“T- Xg. (42)

This latter relation might be interpreted by supposing that —Agjx represent
the energy momentum tensor of the ether. Taking the 44 — component of (42)
we may suppose that —Agdlx = Lle is the energy density of the stressed ether
and that this energy density gives also a contribution to the gravitational field.
Multiplying (42) by g“1and forming the spur we find for regions with
T =0
R = 44,

and thus we may ivrité for free space
«4i = Agdd. (43)
Introducing RH from (37) we find the asymptotic solution of (43) of the form

p—Hr

Thus for X > 0 we obtain solutions in which the gravitational field of a mass is
shielded by the gravitational polarization of the ether and thus the potential
decreases more rapidly to ~1/r. Whether such an effect exists or not is at
present a purely speculative question.

We note further that the gravitational equations (41) or (41a) make
use only of the second derivatives of g. There exist covariants containing
higher order derivatives than the seconds and thus it might be possible that
(41) or (41a) represent only the first terms of some series, the further terms
containing higher derivatives.

Of course even if the correct relations contained such terms, inside the*
accuracy of the present observations, neither the existence or non-existence of
such terms can be ascertained. Such terms might be of importance in strong
gravitational fields — thus they might play a role e.g.in the phenomena con-
nected with gravitational collapse. It is not impossible that the recent dis-
covery of new stellar objects with extreme densities will lead to phenomena
which might give information on possible higher order terms of the gravita-
tional equations.
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The mass values of positive parity meson resonances are compared in 189 and 405
with predictions of simple SU(6) mass formulae. It turns out that the 2+ mesons alone can
be assigned to both 189 and 405. Nevertheless 405 seems to be more promising, for it allows
to include all well established positive parity mesons.

1. Introduction

The discovery of new boson resonances made it possible to compare the
predications of different symmetry schemes with the measured experimental
values. Therefore a considerable number of theoretical works dealt lately with
these and related questions. E.g. a possibility for describing these meson
resonances is offered by the quark models where they appear as bound-states
of a quark (q) and an antiquark (g) in p-states [1]. On the other hand the
assignment of particles and resonances to different SU(6) representations cor-
responds to systems of quarks (and antiquarks) in s-state.

It is known that in the SU(6) theory the ordinary 0 and 1 mesons
belong to 35 © 1, the baryons to 56, [2] the known negative parity baryon
resonances can be assigned to 70 [3] and the 189- and 405-dimensional repre-
sentations are the candidates for the positive parity mesons [4]:

/= 1253 + 20 MeV, | {Jp)c = 0 (2+)+
D= 1286+ 6 0(1+)+
/*= 1500% 0(2+)+
Ax= 1072 + 8 1(1+)+
A2= 1324+ 9 1(24)+
H= 725% 2 172 (0+)
K = 1405+ 8 1/2 (24

Both representations correspond to qgqqq states.
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The main task of the present paper is to compare the consequences of
the assignment of the 2+ meson nonet (composed of/',/, A2 K*) to /89 and
405. Our considerations are based on a simplified, “semiempirical” mass
formula which is very well established in the 35 and 56 dimensional represent-
ations (see Section 2). The most important results of our investigations were
published elsewhere [5].

2. Mass formulae in SU(6)

A mass formula was written down by Gursey, Radicati and Pais in [2],
on the basis of physical intuition. Namely one can expect that within an SU(3)
multiplet the SU(6) theory reproduces the SU(3) mass formulae and gives a
definite, simple spin-dependence of masses. Such a simple mass-formula is for
example
° A+ xJ Q@+ D+ Y1 1)-7Y2 (1)

for the mesons and

M:M0+aj(.]+1)+bY+cl(1+1)-]4Y2 2)

for baryons. From eqs. (1) and (2) it follows that the “physical” states diago-
nalizing the mass operator are the states in the SU(3) ® SU(2) reduction of
SU(6). It is known, however, that for mesons the octet and singlet states are
“mixed”. Therefore Gursey, Pais and Radicati proposed the mass operator
to be diagonal on the states of an SU(4) ® SU(2) reduction of SU(6) [6].
(See below the so-called 17-chain.)

The systematic study of mass operators in SU(6) can be carried out as in
SU(3), namely by investigating the SU(6) transformation properties of the
symmetry breaking. In this context T. K. Kuo and T. Yao [7] considered
the most simple case, when the symmetry breaking term of the mass operator
transforms like the T= 0, Y = 0, ,7=0 member of the 35 representation.
However, this choice turned out to be rather inadequate since the spin dege-
neracy is not lifted at all and for baryons also the isospin degeneracy remains.
It was shown by Baqgi Beg and Singn [8], that one must take the symmetry
breaking term as a linear combination of different tensor operators. Using the
reduction chain (the so called physical chain or P-chain):

SU(6)z)SU(2)j e SU(S)z>SU(2)j ® U(1)Y®SU(2), 3)
and the unphysical chain ([/-chain):

SU(6)3 U(l)y ®Si7(2)s8 SU(4)3 U(l)y ® SU(2)s ®SU(2), ®SU(Q)N  (4)
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the appropriate tensor operators can be easily written down in such represent-
ations a, where in a ® a* 189 and 405 occur no more than once. Indicating
by M[n) the mass operator | = Y = J = 0 containing a symmetry breaking
term transforming like an SU(6) tensor of multiplicity n and an SU(3) tensor
of multiplicity m, we have (see [8]):
WW) - «i + By + ¢ 2S(S+1)-C.<,4)+ 4—Y2 )
M%) = «3+ b2[2J(J + 1) - C<3v, (6)

= @+ K ([2J(J + 1)- C»] +
f3 211+ 1) — - Y2-2Ar@iV+ 1)-f25(S + 1) 0)

2S(S + 1) -C<4>+ A Y 2

We&)=a + b[2JU+ 1+ o ], (8)
(408) b, [2j(j+ 1+ asd-
21
2S5(S+ 1) -Ch)+ Y2 (©)
8 4
21(1+ 1) - ~-Y2+ 2N (N+1)-2S(S + 1)
Here the coefficients av a,, .. b-, cLare constant within an SU(6) multiplet.

If the actual mass operator contains all the five terms listed above then the
mass formula is the following:

M= a+ b3+ ¢cJ(J + 1)+ dY 2S(S + 1)—Cisd> Y-
fIN(N + 1)-S(S+D1+g w + 1 (10)
In [8] Bagi Bég and Singh have shown that in order to explain the observed

masses in the 35 and 56 it is enough to take only M ~q9), M$0) and
-Mues)- In this case the mass operator is:

M —a b6+ + cJ(J+ 1) - dy -]-e 25(S+ 1) —Cid + —4 Y2

f N(N+ 1)-S(S + 1)+ 1(1+ 1)- vy Y2 (V)
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Naturally the question arises, whether the choice of the above tensor operators
is necessary or they can be replaced by others. It was shown by Achasov,
Kadishevskij and Muradyan [9] that instead of it is possible to take

W(405) —ab+ 66 1(1+ 1) + N(N + 1) ) (12)

where the upper index indicates that this tensor operator transforms as the
appropriate member of the 84 dimensional SU(4) representation in the U-chain
reduction. In this case the mass formula reads [9]

M=a+ 6Cf*+ cj(J+ 1)+ dY + e 2S(S+1) -C<+ -Y 2
4
+/7 {0+ 1)+ AN+ 1)- —C4 (13)

Analyzing this mass formula in 35 and 56 it turns out that, beside the results
given by (11), small corrections appear and this in the right direction. An
analogue of the more general formula (10) can he written down also here,
namely one can add to MAw, M N5, aterm M "\) beloing to the Li-
didin instead of the earlier Mfygy Taking into account

M<f8) = aj+ 67[N (N + 1)- I (I + 1)] (14)
we get from (5), (6), (8), (12) and (14) the mass formula
M= a+ fcC3>+ ¢cj(J + 1)+ dY

+ezs(s+|)-a4>+;1ya (15)

#1 NN + 1)meCl 4 g 1(1+ 1)-jCP
-C<

It must be emphasized once more that the mass formulae given above
are valid only in representations a such that e ga* contains 189 and 405
not more than once. Therefore they cannot be used in the case of 189 or 405,
because

189 ® 189 = 6720 © 5670 © 5670* © 3969 © 2+3675 © 2(896 © 896*) ©

© 490 © 490* © 405 © 280 © 280* © 3189 © 175 © 2350 1

(16)
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and

40 5 © 405 = 29700 © 19845© 19845* © 14175 © 14175* © 12740 © 9625 ©
© 9625* © 6720 © 23675 © 2 +(3200 © 3200*) © 22695 J 3405 © (17)

© 280 © 280* © 189 © 2350 1.

In this case it is possible to work out special formulae, valid only in 189 or
405. For 189 such a formula was derived by Chia-Hwa Chan and Nguyen-Huu
X uong [10]. This mass formula in 189 reads

M =a+ 6C<3>+ cJ(J+ 1)+ e 2S(S+ 1)- Y2-C<4>

+ 7 IVAVE1)-S(S + 1)+ f(/ + 1)- VI 8)

+ h[2J(J + 1) + 22C<3>- {J(J + D)}2
-JA+ Y- {C3.

The same problem was attacked by Robashik and Unimann in a different
way [LL]. resulting also in a six-parameter mass formula for 189. The problem
for 405 is somewhat more complicated for the corresponding mass formula
contains 7 parameters. On the basis of Wigner—Eckhart theorem and taking
into account that in meson representations the mass of particle and anti-
particle must be the same, the number of parameters in the different repre-
sentations is the following:

35 56 70 189 405
in (10) or(5) 6 4 7 8 8
in (11) or(13) 5 4 6 6 7
In the representations 35 and 56 the given mass formulae agree very well
with the experimental data. It is a remarkable fact, however, that there exist
simpler mass formulae, which are true both in 35 and 56 with a high accuracy.

Such formulae can he obtained from (10) or (16) by putting b and f equal to
zero, i.e. neglecting the dependence on CP and N (N © 1). These formulae are

M=a0cJ(JO 1)©dY fe 25(S+ 1)—C|4)+ — Y2
4

co f(Fr 1) vz (19)
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and
M —a-fcJ(J-f1)fdY + e 25(S+1) -C(4-f ZYZ +
11+ 1)- — C (20)
respectively. The dropping of means that the mass operator becomes

diagonal on the U-chain.

It is possible to consider (19) and (20) as “semiempirical” mass formulae.
The fact that (19) and (20) cannot be obtained directly from (11) or (13) shows
perhaps that it is not allowed to drop the or contributions from
the symmetry breaking term. Throughout this paper we apply these “semi-
empirical” mass formulae as probably good approximations. The results given
by (19) and (20) do not differ very much from each other. We shall give always
both values. Now we summarize for convenience the consequences of (19) and
(20) in the 56, 35 and 70.

The 56 baryons

In 56 there exist the following identities (see [8] and [9]):

2J(J + 1) - C3= - 9 ,
25(S + 1) - C<l>+ -i- Y-— -8Y —-15 |
(1 + 1)-—4Y*-N(N+1)+S(S+ 1)=-y+—4 (21)
N(N + 1)+ /(/+ 1) - Cd>= 2 1(1+I)-j4p 4Y — 6,

a d=-— Y2+ 6Y + 9.
4
Thus here (10), (11) and (19) are simplified to

M=a+dY +cJJ+ 1)+g /(] + 1)-—4Y2 (22)
and (13), (15) and (20) give

M=a+cJJ-f1)+ dY +g (23)
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Using the Table given in [8] we can easily calculate the masses from (22):

n -a+ --c¢, N* —a f——c3+ X+ ¢
4 4 2
15
21:=a+ - r+ 29, Y*= a c+ 2g, (24)
4
N —a A c+ d+ 1/2¢g, « H-]-'—5--c—<JH-L----1'-g
4 4 2
15
aH-—-c—d+ 1/29g, B c—2d g.
4

This gives for example the following mass relations:
3N+ 21—2(N+S) =20,
Y*- N*=E* —Yf= Q- E*, (25

lig__ivd=AnNn- 1T7T- 1V,
3 2 2

On the other hand (23) gives

69
A= aH-3c, ivV* = a 15
4 4 20
15
27= aH-——cCc+ 29, V*= a (26)
4 4
3 9
—c+ d\--"—g. 15 d H--—--- gm
4 4 20
. 15
3 ¢ —b H-9.g, Q= a 2d-——g
4 20 5

and hence the mass relations are

301+ 27-2 (V+ £)=- (27—1N),
10

Y* A k=g y. + T n,

(27)
B --£* = £% y* ([ —N1),
50 ( )

-(Q N%=- /- 1T-10vs A (T_ N).
3 2 2 20
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(for mesons particle label denotes the squared mass).

The 35 mesons
Here (19) gives
n=a—&-)-29, o—a-f2c—8 29,

K= a—2e Eg, K*= a-f2c—2 " e

26

f—a, P— a-j- 2¢ - 4e,
o= a-)-2c—

and therefore we have the following mass relations

4 K= 3» 1,

4K* = 26?7+ oo J
K —n = K* —p.

The application of (20) leads now to

nt= o0o—8e-——g, o= o -f-2c —8 ——yg,
K=a—2e-—- g, K*=a+ 2c —2e-—- g,

4 4
fi-=a

and hence

4K — 3?45 8 ee(ey — p).
10

4K* = 2o+ O+ 0 - (co—a),

K*- o= K -n.

The 70 (negative parity) baryon resonances

(28)

(29)

(30)

(1)

Using the Table given in [3] we can evaluate the coefficients in (19)

and (20) (in parentheses we give the coefficient of g in (20)).
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15 . 19 1 63
N, ©° — Cc-d — e\ f
2 2 20
15 + 2
e ----- e
4 ’ 5
15 7
/L = [o—— [-21,
4 2
15 3
c—dj e, g
4 4
3 .
oo el 18
4 2 5
3 19 1 63
N a+ — C o el d t & —
4 2 2 20
3 8 32
a -|- [ogp— }E.e+ 29 (32)
4 2 5
[_2]7
e « + d - Cc J-----
2 2 4
3
N* U ()-)I d ..... !'.9.-e
4 2 Tg 20
3 . 7e ) 0
A 5 g (o1,
a+ 3 r—hf l-¢
4 2
£ a-—¢c¢ 2 e —g [0].
4

3. 2h mesons in 189

In this section we apply the mass formulae (19) anil (20) in the 189
dimensional representation. In the P-chain reduction we have

189 = (27,1)+ © [(10,3) + (10*, 3)]+ © [(10,3) - (10*, 3)j - © (8,5)+ 0

0 (8f,3)+ © (8B,3)- © (8,1)+ © (1,5)+ © (1,1)+ . (33)
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Here we have given also the C-parity of the [SU(3) ® SU(2)] representations,
therefore instead of (10, 3) and (10*, 3) the combinations (10, 3) Jr (10%*, 3)
appear. The C-parity of the different representations can be calculated with
the help of the tensor reduction given in Table | of the Appendix, where
Mcyat denotes the 189 tensor [a, b,c,d = 1,2, 3; a,B,y,0=.1,2].

The C-conjugation interchanges quark (gaa) and antiquark (gaa) and
leaves the spin unaltered. That is

Cgm = e“-q,, and Cgax= ed q‘®. (34)
where eai = e*' is the Levi—Civita symbol. From (34) follows that

= f?e* EyTeitL . (35)

This definition of C corresponds to determining it as a certain outer auto-
morphism of SU(6). (See for example [12]).

For the “recoupling” transformations between the P-chain and U-chain
we need the reduction of the 189 tensor in the P-chain (see Table Il) and the
tensors in the U-chain, where 189 is reduced like

189 = (6,1)* © (20%, 2y © (4,2)! © (20", 1)° © (15,3)» © (15,1)» ©
© (1,1)° © (20,2)-i © (4*,2)-J© (6,1)-*. (36)

In (36) also the Y values are written out. The corresponding tensors are given
in Table IIl, in the SU(2)s ® SU(2)/ ® SU(2)iv decomposition. In Table Il
the notation |iVsu(4>2S+1 221 -4 1, Y |2N + 1) is used for the SU(2)s ®
® SU(2)/ ® SU(2)n tensors. The indices k, I, m, n, o,p belong to the group
SU(2)/; a, B, y, 6, g,ato SU(2)N and 3a, 3/?, 3y, 35, 3¢, 3cr to SU(2)s.

Using Tables Il and Il the recoupling transformations can be accomp-
lished. Our mass operators are diagonal on the U-chain, thus the observable
states correspond to the states in the U-chain tabulated in Table IV. Table 1V
contains also the mass values calculated from the mass formulae (19) and (20).

In 189 there are 25 different masses and (19) or (20) contains 4 parameters
(for mesons d = 0), therefore it is possible to derive also plets. In the case of
(19) and using the particle labelling introduced in Table IV these mass relations
are:

2t,,= 7o+ %, 4d0= n0o+ 7'+ 2/0,

4
4K,, + [, = 4n' + )7, n0—no0= 3 (n, —x0),
2K + % = 2n,,+ Vo, 3nn+ Vo= Yo + Jb»

3n0— 2»0 + ),
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2(MD-y.nN"2 (dt—nB)=np— = 6(*D- nn),

3riD 4" 2n'p — br'a -(- 2 ij, To= n'p, 37)

4X, = N2+ 2%j0+772,

TF+ 22, = n2+0]p + N2, *F—rip = -J (trr2—T1jr),
,r 2

n0—90= —(ne ~ fl) = >

K —nan=n'p- = 5 (v2—1/'>),

9K —»%)+ 8(id—Npg) + Nnp—/p—4 (xD xF),

26 —G.=' " 3 —Y)m

The experimental values show that identifying K* as K22/"' as tjjjf as rh
and A2as n2 the mass relation between the 2+ mesons,

AK* = 2f '+ f+ A2 (38)

is well satisfied. The corresponding mass relation obtained from (20) is

AK* = 2% + [+ A2+ -7~ (n2- r2). (39)

This is still better obeyed by the present experimental data [4]. Therefore the
2+ mesons alone can be assigned to 189. The mixing angle for the 2+ nonet is
~35° (ideal mixing) as shown by Table IY. This value does not differ very
much from the “experimental” one (~30°), obtained by Grashow and
Socolow [13] on the basis of SU(3) (i.e. the Gell-M ann—Okubo mass
formula). Taking into account the experimental errors, the value given by us
cannot be excluded either: this is in accordance with the fact that (38) is also
true within the experimental errors. In the case of the more exact formula (39)
the usual definition of the mixing angle cannot be applied since the diagonal
elements of the mass operator on the SU(3) states are not OkuBo-type expres-
sions. Therefore in our treatment the obtained value of the mixing angle does
not at all exclude the possibility of assigning 2+ mesons to 189 as was stated,
on different grounds, in the work of Horn et al. [14].

The other conclusion which can be drawn from Table IV is that one can
not assign 2+ and 1+ or 0+ mesons together to 189. (See also the work of Dao-
Wong Due and Pham-Qui Tu [15], who arrived at the same conclusion.) The
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most unpleasant feature is that the well established A x resonance has no place
in this scheme. The chance for the identification of other resonances is also
poor. Another strange property of 189 is that the spin dependence is relatively
small and negative (the parameter c is negative), so 0+ mesons have large
masses. (See also [11]))

4. 2+ mesons in 405

The calculation in 405 can he carried out in the same way as in 189.
The TablesV, VI, VIl inthe Appendix contain the tensor reductions correspond-
ing to the reduction of 405,

405 = (27,5)+ © (27,3)- ® (27,1)+ © [(10,3) + (10*,3)]-©
(40)
© [(10,3) - (10*,3)]+ © (8,5)+ © (8f, 3)+ © (8d,3)- © (8,1)+ (1,5)+ © (1,1)+

in the P-chain and

405 = (10,3)20 (36,2)1© (4,4)! © (4,2)! © (84,1)° © (153)<*© (15,1)" ©
(41)
© (1,5)« © (1,3)0 © (I,1)0 © (36*, 2)—1© (4*, 4)-i © (4%, 2)-1© (10%*, 3) ~2

in the U-chain. The quantum numbers of the observable states and the mass
values calculated from (19) and (20) are given in Table VI1Il. The occurrence
of (27, 5) and (27, 3) representations causes in 405 an additional difficulty,
namely the identification of observed particles is not unambigous. Fitting for
example the masses of FC*(1405), A 2(1324), /(1253) and D(1286) one has
12 different possibilities. But from these 12 choices only 3 gives the right mass
formula (38) (or 39)), and only the one given in Table VIII has positive spin
dependence (c > 0). This motivates the identification of K,, with K*, n2 with
A2 r2with f and rjp with D.

As can be seen from Table VIII in this way almost every known positive
parity meson can be identified. Only the «(725) and the K +K +(1055) resonance
can not be fitted in the scheme. We remark, however, that taking into account
the errors of the masses of K*, A2 f and D it is not possible to exclude the
identification r0 = K +K + (1055) and x0 = « (725). It is remarkable that also
the recently reported So (700) and the K +K +(1280) [l = 1, S = 2] resonance
can be included. The latter one is a typical member of an SU(3) 27-plet and
has no extremely high mass at all as was expected in [14].

A very essential consequence of the mass operator being diagonal on the
U-chain is that the symmetry breaking destroys very much the SU(3) ® SU(2)
multiplet structure of 405 and a considerable mixing of SU(3) states takes
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place. This fact can be directly seen from our mass relations derived from (19)

20" = X2+ 6.z, 262 — A2 -f- 12,
2x2 = f-r2, 2t2 -f- Ht z= 2Ht n,,
A2 2 — 3n2, »2+ »2= 2TM2»
4x2= 2% -f n2+ rj2,
2n, = O + xf* 26,= N, -f-1,,
3n, = 2da -)- A, Ti~Hd~ ~~ (NF— Vf)»
T,+ 2xl= nP + 2r\p, A, -{- 4>tf, = 2%, 3Trp,
d, -f- 2f, — xx -\- 3r]F, 2x, = f, -f- Np,
ko = -5-{n'p - np), 4?0+ Npg = 4a, + Jjp,
0
4n0 — n'p -f- 2(5, -f- f,, x*-n'p=_* (f,- n,),
»i = »1, na= np,
3t0= 270-(- nO, 250 = A0 -f- ro,
% no= — (A0 %0, A0+ 4»?0 = 4to+ no.
4
5v6 = 4?,+ [Mom To+ »0= 2%0-

270= Mo+ no»

X2 —*1= 12— Np = ij' — Np, 4% + >R+ % = 4 F.
% — % = Z(rlz- >h) > ro~nd = — (A2- i?2)°
T2—T7,= — H( = «J — = A2 A = n2 n, = 2(t, ro

20[ - ®) = 2(A, - ~ = 2(6,- @)= 2(lg - N0 -

2(x\ —x'0) = Xr—x[ = n2 —np = — X} =

2(x, —x0) = 2(ap - n0) .

It is remarkable that we obtained the mass relation (38) — or using (20)
the relation (39) which is confirmed by present experimental data with an
accuracy better than 0,5%. Therefore 2+ mesons alone fit in 405 as well as in
189. The occurrence of (27,5), however, has the consequence that in 405 there
are six further 2+ isomultiplets, with masses about 1500—1600 MeV.
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The comparison of Table IV and Table V11l shows that the mass formulae
(19) and (20) favour 405 against 189 as relevant for the known positive parity
meson resonances. However, the 2+ nonet alone cannot distinguish between
405 and 189. This conclusion agrees with the suggestion of 17(6,6) as a spectrum
generating algebra [16]. (Namely 405 is a “ladder representation”, while 186
is not.) The same conclusion was drawn also by Horn et al. in reference [14],
but from different considerations. There are also works dealing with the different
decay modes of positive parity mesons [17]. The question of identification of
these meson resonances in 189 or in 405 can be decided only by taking into
account also these results.
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BbICLULME ME3OHHbIE PESOHAHCBI B SU(6) CUMMETPA
n. MOHTBAW n T. HAOb

Peswome

BennunHa macCc Me30HHbIX Pe30HAHCOB MOMIOXKUTENIbHOM YEeTHOCTU CPaBHUBAETCA B
;189 1 405 c npeackasaHMAMKU NPocToi mMaccoBon dopmynbl SU(6). OkasbiBaeTcs, 4To 06a 189
1 405 onpegenatoTca cammMm Me3oHOM 2+ Tem He MeHee 405 NposiBNsieT cebs 60/1ee HafEeXKHbIM,
TaK KaK OHO MOXeT COfepXXaTb BCe XOPOLUO W3BECTHbIE Me30Hbl MOMOKUTEIbHON YeTHOCTW.
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Appendix
Table |

(27,1): *3 = Jy2 (M4:da+ MB$) - Trace SU(3),

(10,3) :tabcR = 4 [Ersc(KR$ + + ersa(M%% + M eBNe) +
+ frsb + M%3)] ,
(10%3) ;A j = - T tar«(«<ISA + M%S) + «« (m;ii 4m3id) +

+"N « S +7S)],
(05) :"*g$ = - Y [Miyfbi+ WL, y$ + M?y,'M+ - Trace SU(3)®SU(2) ,

(OF3):A =Y3B [ ?2-Mr )~

213 4
06)3):<2= Y + W m S(/3 Mr£$ - Trace SU(3)®SU(2).

O 192=7 11 MK

15):»#=y (M™3$ + M'A® - Trace Siu(2),

/5
12/3

a) : MTesy-

Table 11

M%'fifi- SAL*ES(ijiS -3 +

+

Y £cd, (<i6S™ <59 - fai,S"3 + ‘abs™«? -  <fts’S «5«) Y

+

1 fUS(«&.?2 &y- «?*?2/~ + tidE S - U ,j 4g) +
+ 1 (&»5# - 4gmg$ + ag mg;gf - 4g mg;gg) +

— s . G A A
4/35 ig/s:? - KdAfi$ - agaPyftji + agag/g?

&«U%S$ + dgag/af + agagl/g-j - 4&géaglg;8)
+ [ag ag &g;* + agagdg;* - &g ag dg;? - ag,
- 4géagdg;g- é&gagd“f + agagdg;f+ &géagdgE
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Table Il (continued)

+y (44 4:1+ 4 agd% -ag si dM _ 6bopd")] +

+-p=-[(44 +4 4)(44+\-44)-
- (@74 +4ni)(asaf+ 1 avag)]+\  (@?a- aga?)+

+ 4444)+ (4dagaga*- a‘a?a?ap]

Table 111
16,1|1,2|3)* = eopEe° (M“$ + Mfe'p ,
16,113,2|Hfti= V e~ (Mgg.+ Mj&g),
120%,2121129" = M «;y,
D0*, 2|2,114)5fa = M °0/%+ M °0y% - Trace SU(2)s ® SU(2)/ ® SU(2)V
J20%.214,1[2)" = MR% + M6 - Trace SIN,
j4,212,112)N = M 7i»,
[15,3]1,013)%;]g = M°0*'$ - Trace SN,
[15,3|3,0]1)* = M %0 - Trace Si,
[15,3]13,013)f*$ -Mk«3B_ Trace SIN f
|20%,1[3,013){j? = - Trace IN,
j20",1]1t0]5)“f = + M%fpi - Trace N,
[20',1]5,0|1)«l = M**#, = JMjgjX - Trace I,
120, 111,0/1) = M°02’Re,

[1S.1]1,013)5 = My;g - y ajM Sjy,
115,113,0[)f = M fty - y &

115,1]3,0|3)" - - Trace IN,

[1,1/1,0]1) = e<eJBM % $,

120,22, - 1]2)j5 = M»|;g,

20,22, - 1]4)“$ = MO«fa+ - Trace SIN ,
[20,2/14, - 1 | 2 + Af*»$ - Trace SIN ,
[4*,2]2,-112)$ = M $;9,

IM|1, - 23)a*= + M % p e"eOP,

16,113. - 2|hw = V a“l(MBa% + M $$).
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Xa

o

=
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SU (4) states

18>

18>
18> + /21>
- 128> + |1>

|10>

10>

28F> 2|8 > + (10>

28f > + 81> —2j10>

|8r> ~ 2i8D> - 210>
2|18f > + [FO> + [10* >
|8f > — |10 > — (10~ >
218 > + [10> — N>
|8 > - 10> + [10* >

|8ir >

Bo >

r7 >

|27 >
[27 > — 2|8 >

227> + 8>

|27 >
12127 > - /3[8 >
W27 > 128>
NGI27 > + 28> + Y1 >
13127 > — 4 /2|18 > + 5|1 >

3/3|127 > —2/218 > —5|1 >

Table IV

J cn I Y <) S
1 39 1 3 .

2 5 £ 1, 5 , 1405

2 + 1 0 8 1 1 1324*

2 + 0 0 8 1 1 1253+

2 + 0 0 122 0 2 1520

1 0 +25 0 1 125
3 39 1 1

1 o 1, y y 1520
1 39 1 1

1 y t Ll y y 1430
1 15 1 1

1 y 1y rYy Yy 1240
1 39 1 3

1 ot 1 Ay Y 1430

1 + 1 0 22 0 1 158

1 + 1 0 8 1 1 135

1 — 1 0 8 1 0 135

1 — 1 0 8 0 1 1470

1 + 0 0 8 1 1 1286*

1 — 0 0 8 0 1 1410

0 1 +25 0 0 133
3 39 1 1

0 o 1 A Yy 1530
1 39 1 1

0 y t 1 AR 1440
1 15 1 1

0 y * 1 PRV, 1250

0 + 2 0 122 0 0 1700

0 + 1 0 8 0 0 149

0 1 0 8 1 1 1370

0O - 0 0 0 0O 0O 1160

0O + 0 0O 12 0 0 1530

0O + 0 O 8 1 1 1300

N Afi,(Mev) Mu

361

M exp

1405* K*(1405)

1324* A (1324)
1253* /(1253)
1500 /'(1500)
1330

1530

1430

1290 C (1215)

1430

1580
1350
1350
1500
1286* 0(1286)
1430 £(1410)
1410

1540

1440

1300

1700
1510
1370
1250
1540
1300
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Table V
(27,5) : = i- (Mgg'gg 4 4 + M$gg) - Trace SU(3) ® SU(2) ,
(27.3) : 17d$ + JIfgjg 4 M%%) - Trace SU(3) ® SU(2) ,

(27,1) :223=y y (M%:5S + Mt ’ba) - Trace SU(3),

m s mrabc'T=~ [ersc 4 M%%) + *ra(M%f, 4 M?23;8) 4

+ ers6(M%?e + M 7)1,

00*,3) :rahck = [e,.c(lWh% 4 M$%) + cja(ItfRg + Mg ) +
-4db(M«ih + npgoal,
(85) ‘pgy - 2/15 [M2g$ 4 mfv'm 4 4 mf6;

(«F-3) 14f5 ;3 (Nea - BAY>.

(?dS ®mgg_ il (*W +~"ige
BDiw=0 4 m(ne BN
0,5) :W% = 6}2 (M[g$ 4 M%:t) - Trace SU(2).

¥ migsa

.a =
00): 12/3 et

Table VI
va6,a/i |

an bR
Meyad — *cdy<s |

+ | [gAH- + @X*$ + G ARE+ Gijfj

4 -5-(agag 4 agag) 4

+ J [« (@grh-g- @ToftsS+ agrafisg- agT.g)] +
4 j eabs (Bgrrcds6 - agr*cdSd4 agi*cdsy - &g ToM)
+ i (42/+538 + + & + %8 +

+ 43 (gag™ig-ag Y9+ gay - agagefej 4
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+ BYP<E- agrt + agdj - BEvgjg) +

120 i%*S6Z + 6AA 0% + 64K *§? + &/ Ti
h a? &g ag;g 4- ag &goefy + ag Srag,E -b &g 6* agyg -

-T @dadi + N Satf + a*dgag;s + agagasu

CETH (5 5+ ad*)(*5 - 8a> - f

f <&grg + 49,9)(4f£4&g-lagéag)]+

4gag + agag)< +
2/2(99 gag)

N

- ff[*?«s*2«2 + Pbdgagdg - A <awégégdg /~égéagag)].

Table VII
[10,33,2|3$$ =
[10,3]1,2|1)BM = eop bs,, (M & ff - M%>1),
M2,112)g$ = - Trace SIN,
[S6f212,112)g = M% & - jOH% $g,
136,2]2,1|4)" = Af&jgg - Trace SIN,
|136.2|4,1]12)S"m = - Trace SIN,
36,2144 14)™ = + M%% - Trace SIN,

[4.22,1]2)3 = M ~

iL,5|L,0j0)|“|f = — Trace S,

j15,3]1,013)g$ = MgJ;g - Trace SN,

JI5,3(3,0|)" = Trace SlI,

15,3)3,013)g;;F = - Trace SIN .

[1,3]1,0]1)ig = MO§ - --4gMggijg,

184,115,0|)"n = Trace |I.

184,115,0]3)«" = + MA% + Mfo%e Trace IN,
184,1|5,0[5)"X = + MXX + O0-M'*$y- Trace IN,

|84,T|1,0/5)* = Mg’$ + Mg£ES$ - Trace N .
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Table VII (continued)

|84,1]3,015)%;* = + Mfyg + Mike + Trace IN .
184,1|13,013f)£ = - M$ £,

[84,1]1,0]1) = - i-ai% $.

|*4,113,0134)y = M ftj* -y - Trace IN,

[15,11,013) = M°0F% - i- LU ,

[15,113,0|Df = aVggr- 4 &MV =
|15,1]3,0|3)" = Mfgj3?- Trace IN ,
11,1/1,011) = M $ £,

[4* 412, - 112" ]g = M3«3g_ Trace SIN_
[36»,2j2, - 1]2)# = JH g#- 4

[36*,2]2, - 1]4)" = - Trace SIN .

B6*24, - 112)y$, = - Trace SIN,

136* 24, - 114){Sjg Trace SIN .

[4* 22, — 12 =

[10%,3]3, - 2]3)fJ + M%f0,

[10%,3[1, - 2[1)3“33= E°P e«a (M 3%;3f — J1%0s°pB) *

Table VIII
Symbol SU (4) states J ¢, ! ¥ & S N MAMev) Mn M,v
™ [27> 2 1+2 9 1 1 155 1545
3 55 1 3
\ [27> 2 5 +1 Ay 2 1500 1500
12]127> — 3|8> 2 1 1 55 1 3 1405* 1405* ii*(1405)
*2 Y*L 4 v v
i 15 3 1
13]127> + [218) 2 vyt1l, 5 y 1650 1650
a2 127) 2 + 2 0 20 0 2 1460 1460
Tt [27> — 28> 2 + 1 0 20 0 2 1324* 1324* 4 A1324)
a2 2127>+ |8 2 4 1 0 8 1 1 1580 1550
V) [27> - 218> + /5|1> 2 4 0 0 20 0 2 1253* 1253* /(1253)
i 327> — |8>— /5|1> 2 4 0 0 8 1 1 1520 1500 /'(1500)
2 3127> 4 418> 4 /51> 2 4 0 0 0 2 0 1750 1660 Jt+jxt
(1670)?
b [27> 1 1 +£2 9 1 1 1320 1340 K+K*
(1280)°
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fi
§

&ai

*1

“r

nF
7IF

nD

no
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SU (4) states
lio>

|27> 4- /2|10>

12|27 - 10>

|/2i27> =F [5|8F>- 2|/218H
12]27> -3/5j10 +

+ 2758 >- 2/2|8D>
12i27) + 2/10jl0) +

+2F'[0i8f >+ |8d

3j27> — /U)]10> =F
+/10|8F>+ 4185
127>
jlo> —|10*> + 2[8F
il0> — |10*> — |8F>
276[27> + KIOII0) +
+ /T0]10*> — |8B >
13(27> — |/5[10> -
/5|10%> - 4/2|8D>
273 27) - )Y[10> — /Tjlo*> +
-i- 2/2(81))
|8f >
12(27) - 13|80>
13(27) + 12(8/)
|27>

127>
j27) — 2/6(8>

2/6(27) + (8
127)
i27>+ 2(8
2(27) — |8>
3/7(27) + 17|8> -b /5|1
(27) — 8(8) + /35]1>
3y'27> — 4(8) — /35|1>

15

'_
I+
~

— 0 8
0 0

1 2 9

3 55

T *1 7

55

T ] YT

15

Y £J Y

+ 2 0 20
+ 1 0 8
4- 1 0 8
0 0 0

+ o« 0 20
+ 0 0 8

< -

o o <Xw

<- <e -
< -

o <X -
o <X -

vow <k N w o

<~

< -

[

< -

=

365
MAMev)MU  Mep
1250 1270
1265 1290
K*
?
1265 1290 (1270y:
1150 1180
C(1215)
1150 1180
1340 1380 Kim
(1320)?
1440 1410
1210 1240
1040 1080 /4,(1072)
1350 1350
1280 1330 B(1220)
1040 1080 KK
(1025)?
1350 1350
1286* 1286* D(1286)
1210 1260
1420 1435 £(1410)
1190 1225 K+ K*
(1280)?
1130 1170
1000 1050
1210 1240
1060 1110
1225 1240
1150 1220
1230 1300
760 820 S°(700)?
1150 1160
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COMMUNICATIONES BREVES

EINWIRKUNG DER HILFSELEKTRODEN
AUF DIE KATHODE
UND DIE KATHODENDUNKELRAUME

Von

J. Bité
FORSCHUNGSINSTITUT FUR DIE NACHRICHTENTECHNISCHE INDUSTRIE, (HIKI) BUDAPEST

(Eingegangen: 20. I. 1966.)

Wie bekannt, kénnen die in der N&dhe der Gasentladungselektroden
angeordneten Hilfselektroden den Potentialablaufder Rdume dieser Elektroden
beeinflussen [1, 2]. Gleichzeitig &ndern sie aber auch die Temperatur dieser
Elektroden selbst, doch kann all dies z. B. auch durch Anderung der Lage der
Hilfselektroden erzielt werden.

Die vorliegende Arbeit berichtet Uber die Ergebnisse von Prifungen
dieser Art, die bei Gleich- und Wechselstrom Hg-Ar-Entladungen mit einem
Entladungsstrom von 430 mA durchgefihrt wurden. Bei den Priafungen wurde
ein Gasentladungsrohr mit einem lichten Durchmesser von 36 mm verwendet.
Seine Flllung bestand aus Argon mit einem Druck von 3 Torr und aus Queck-
silberdampf mit einem Druck von 6 ~ 0,5 « 10~3Torr. Der Abstand zwischen
den Hauptelektroden, gleichmé&ssig ausgefiihrten Elektroden aus Wolfram-
Doppelspiralen mit einem Emissionsiberzug, betrug 1090 mm. Zwei, je 0,1 mm
starke, 7x12 mm grosse Nickelplattchen waren parallel zueinander und
zur Achse der einen Elektrodenspirale angeordnet. Die beiden Pldattchen waren
voneinander unabhédngig in radialer Richtung bewegbar. Die Entladung stabi-
lisierte sich bis etwa 20 Minuten vor Beginn der Messungen.

Ein Teil der Ergebnisse der unter Gleichstrom-Entladungsbedingungen
durchgefihrten Kathodeneingriffe sind in Abb. 1 dargestellt. Auf der Abszisse
sind die getrennt errechneten Abstdnde d der Hilfselektroden von der Spiralen-
achse, auf der Ordinate hingegen die Kathodentemperatur Tyund der Abstand
Id des kathodenseitigen Endes der positiven Sdule sowie der Abstand dg des
Glimmentladungsraumes rings um die Kathode aufgetragen.

Im Verlauf der Messungen bewegten sich die Hilfselektroden relativ zur
Kathode zusammen, wobei sie entweder ausserhalb des Entladungsraumes
an das eine oder das andere Ende der Kathode gebunden waren (in der Abbil-
dung mit dem Index h bezeichneter Zustand) oder ein vom Kathodenpotential
abweichendes Wandpotential besassen (Zustand ohne Index). Aus der Abbil-
dung ist ersichtlich, dass die Bewegung der Hilfselektroden sowohl den Glimm-
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raum als auch Uber diesen hinaus die Lage der Grenze des bis zur positiven
Sdule reichenden Dunkelraumes beeinflusst. Sobald die Hilfselektrode das
Potential des einen Endes der Spirale aufnimmt, verschieben sich der Glimm -
raum und die Grenzen des Dunkelraumes ndher an die Kathodenspirale heran.
Gleichzeitig aber dndern sich die Ausmasse des Glimmraumes auch in radialer
Richtung, und zwar gleichzeitig mit der ldngs der Entladungsachse vor sich

Abb. 1. Einfluss der im Kathodenraum der Gleichstromentladung bewegten Hilfselektroden

auf die Abstdnde 14 bzw. der kathodenseitigen Enden der positiven Sdule von der Kathode

sowie auf die Verschiebung der Grenzen der kathodischen Glimmbereiche I, bzw. in Rich-

tung zur positiven Sdule und auf die Kathodenflecktemperatur Tj. Der Index h steht fir die

mit den Kathodenenden verbundenen Hilfselektroden, die Bezeichnungen ohne Index betreffen
die Messungen mit an Wandpotential liegenden Hilfselektroden

gehenden Schrumpfung. Im hier beschriebenen Falle war der Aufbau des
Glimmraumes 4dusserst komplex und wegen des Erscheinens der fir den
Elektronemissionsiiberzug an der Kathodenfldche charakteristischen Spektral-
linien konnten auch die einzelnen Entladungsrdume voneinander nicht getrennt
werden. Diese Spektrallinien verwischen die Dunkelrdume innerhalb des
Glimmraumes und deren Grenzen.

Sobald sich die Hilfselektroden in radialer Richtung der Kathode
ndhern, &ndern sie die Ausmasse des Glimmraumes. Diese Wirkung tritt am
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kraftigsten in Erscheinung, wenn die Hilfselektroden die Potentiale der
Kathodenenden besitzen. Die Anderung des Hilfselektrodenpotentials selbst
vom Wandpotential auf Kathodenpotential, &ndert die Ausmasse der Rdume
vor der Kathode durchschnittlich um 3 mm, hdochstens aber um 5 mm. Da-
durch ergibt sich ein Bild, als erhdhte eine dieses Potential besitzende Hilfs-
elektrode die W irtschaftlichkeit der im Kathodenraum vor sich gehenden

1

[mm]
30
20

10 . 1
0

10 15 d
------ *-[mm]

Abb. 2. Einfluss der bewegten Hiifselektrode im Raume der in der kathodischen Halbperiode
befindlichen Elektrode bei Wechselstromentladung auf den von der Kathode gerechneten
Abstand Itf, Ifh der kathodenseitigen Grenze der positiven Séule

Entladungsvorgdnge und als ermdéglichte sie damit eine Verminderung der
axialen Ausmasse des Glimmraumes, was auf Grund der hier beschriebenen
Vorgédnge eine Mdglichkeit zur Vergrésserung der positiven Sdule bdte. Nach
den Messungen war die Kathodenflecktemperatur im Verlauf dieser Eingriffe
von der Lage der Hilfselektroden unabhé&ngig. Auch die gleichzeitig ermittelten
Kathodenfallwerte zeigten keine wesentliche Anderungen abgesehen von einem
Sprung von etwa 0,5 V, der sich bei einem Abstand von 10 mm ergab. Wé&hrend
jedoch die Flecktemperatur auch von der hier beschriebenen Anderung des
Hilfselektrodenpotentials nicht beeinflusst wurde, sank unter ihrer Einwirkung
der Kathodenfall um etwa 0,5 V. Um diesen Wert war der Kathodenfall
geringer, wenn das Potential der Hilfselektroden dem der entsprechenden
Kathodenenden gleich war. In Abb. 2 sind die Ergebnisse der Messungen dar-
gestellt, die bei einer Wechselstromentladung von 50 Hz mit einem Ent-
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ladungsstrom von gleichfalls 430 mA durchgefihrt wurden. In diesem Falle
ist bloss der Abstand des kathodenseitigen Endes der positiven S&ule von der
Kathodenspirale aufgetragen, da die Verschiebungen der Glimmraumgrenzen,
die die Anderungen der Dunkelraumgrenzen verursachen, in genau der gleichen
Weise vor sich gehen. Die hier gezeigten Kurven wurden mit Hilfe eines von

-166. 3. Einfluss der bewegten Hilfselektrode im Raume der in der kathodischen Halbperiode

befindlichen Elektrode bei Wechselstromentladung auf den Kathodenfall V* kb auf die

Flecktemperature Ty, Tn und auf die Grdsse der zwischen den Kathodenenden gemessenen,
Gleichspannungsunterschiede V, 1/,

einem Phasenschieber gesteuerten Stroboskops aufgenommen. Entsprechend
sind die hier angegebenen Dunkelraumwerte auf Halbperioden bezogene
Durchschnittswerte, die bei je einem gegebenen Hilfselektrodenabstand ermit-
telt wurden. Wie ersichtlich, beeinflusst das Potential der Hilfselektroden auch
hier die Lage des kathodenseitigen Endes der positiven Séule, in erster Linie
durch Verkleinerung des mit »Glimmraum\< bezeichneten leuchtenden Raum-
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komplexes. Die derart nachweisbhare Raumé&nderung verldngert die positive
Saule um etwa 3—4 mm.

An den Kurven der Abh. 2 ist weiterhin ersichtlich, dass die Ldnge der
Kathodenrdume in einem Zustand gegebenen Potentials um so mehr abnimmt,
je ndher die Hilfselektroden an die Kathode heranriicken. Dies h&ngt aller
W ahrscheinlichkeit nach damit zusammen, dass von den Hilfselektroden als
Verlust erhebliche Mengen des Ladungstrdgers abgefiihrt werden, sowie mit
den Vorgdngen, die zum Ausgleich dieses Verlustes einsetzen. Das Minimum der
Kurven bei 10 mm weist auf einen ausgezeichneten Zustand hin, zu dessen
Deutung auch die Kurven des Kathodenfalles Vkund der Flecktemperatur Tf
in Abb. 3 berlicksichtigt werden missen. Diese Kurven wurden bei den voran-
gegangenen Messungen, d. h. unter gleichen Versuchsbhedingungen aufge-
nommen. Bei den Temperaturmessungen war vorausgesetzt, dass die so gemes-
senen Temperaturen der Kathodenflecktemperatur zumindest proportional
sind und deren Anderungen folgen.

Bei einem Hilfselektrodenabstand von 10 mm tritt bei beiden ein
Potential besitzenden Lagen der Ansatzstiicke ein ausgesprochenes Kathoden-
fallminimum Vk und gleichzeitig ein Flecktemperaturmaximum auf. Diese
Erscheinung ldsst sich mit den Eigenschaften des aus den Ansatzsticken und
der Spirale gebildeten elektronenoptischen Systems erkldren. Aller Wahr-
scheinlichkeit nach ergeben sich fur die der Kathode zustrebenden positiven
lonen so optimale Beschleunigungsverhdltnisse, dass die zuvor bei anderen
Hilfselektrodenabstdnden noch bestandenen Kathodenfallwerte Uberflissig
werden. Andererseits kann sich auch die L&nge des Beschleunigungsraumes
vor der Kathode vermindern, und die Kathodenflecktemperatur vermag auch
so noch verhdltnisméssig hohe Werte anzunehmen.

Gleichfalls in Abb. 3 ist der in diesem Falle zwischen den beiden Katho-
denenden gemessene Gleichspannungsunterschied aufgetragen. Er folgt den
Schwankungen der Flecktemperatur gut, dndert sich verhdltnisgleich mit
dieser, was eine weitere Mdglichkeit bietet, nach geeigneter Eichung die Fleck-
temperatur unabhédngig vom optischen Verfahren fallweise einfacher und
schneller zu bestimmen.
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CHARACTERISTIC DISTANCES
IN CLUSTERS OF GALAXIES
By
G. Paal

KONKOLY OBSERVATORY, BUDAPEST

(Received: 3. 11. 1966)

There are 7 clusters of galaxies for which the red shift values z and the
numbers of member galaxies N (in some not too large magnitude intervals Am)
as functions of the angular diameter of the counting circle 2$ are available in
the literature [1—5]. The corresponding diagrams iV($), corrected for the field,
are represented in Fig. 1.

It is seen that these curves show at least two sudden changes of slope
at values mbelonging to the inner parts of the clusters. Using the National
Geographic Society-Palomar Sky Atlas the existence of similar remarkable
changes is established for a number of other clusters by the author. Considering,
however, that the latter examinations will be completed by extending the
counts to all clusters available for observation only during the following years,
the present preliminary communication is restricted to the study of clusters
for which counts have already been published. Although it is premature to
give any numerical value of the statistical significance of the phenomenon
because the sample size will be increased at least threefold in the course of the
work in progress, it is evident on the basis of Fig. 1that the significance will be
satisfactory for the practical purposes discussed below. The author’s unpub-
lished investigations reveal the important fact, partially confirmed by the
similarity of the curves in Fig. la, c, e, that by repeating the counts a change
of slope on the diagram N(&) of a given clusteris to be observed at the same
values & whatever the spectral sensitivity of the plate-filter combination
(blue or red), the adopted magnitude interval* and the field correction may be
(cp. [6]), provided the centre of the counting circle is kept unchanged. There-
fore, in the case of a regular cluster of galaxies with a definite centre, the
angular distances of the first and second changes of slope, & and $2, are real
characteristics of the cluster. For the clusters represented in Fig. 1 the values
&l and $2 are listed in Table 1 whereas the values log and log A are plotted
against the logarithms of the mean corrected red shifts in Fig. 2.

*There is an upper limit: the effect disappears at very large magnitude intervals and
counted numbers, especially in the case of a high field density.
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Table |

Name or designation > >

in minutes of arc

Virgo Cluster 80 110

Pegasus Cluster 20 40

Cancer Cluster 1 40

Perseus Cluster 20 38

Coma Cluster 18 30
Corona Borealis Cluster 3,7 7,4
Cl 0024 + 1654 11 25

Fig. 2 suggests the presence of two correlations $j(z) and <2(z), the second
one being perhaps the more reliable. It is highly probable that the scatter of
the points on the diagram might be reduced by examining further clusters
with known red shifts and selecting those which have similar diagrams N(&)

or similar physical and morphological properties. This woidd indicate the
approximate identity of the characteristic linear sizes for the central parts of
the clusters of galaxies of any given type. (A similar statistical phenomenon is
likely to exist for some star clusters too. — Dr. P. N. Kholopov’s private
communication).

A standard diagram N(&) — derived by normalization of the arguments
- seems to provide new statistical distance-parameters by its sudden changes
of slope and new means of classifying regular clusters of galaxies by its general
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form. When better known it may well prove as valuable a guide in investigating
the distance and the physical type of clusters of galaxies as the HR diagram
has proved to be in the case of star clusters. On the other hand the comparison
of the correlation //2z) with the theoretically expected one for the “metric
angular diameters” [7—9] and the investigation of the dependence of the
ratio ~/#0 on the distance of the clusters may largely contribute to our know-
ledge on the evolution of galaxy clusters and the Metagalaxy taken as a whole.
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VARIATIONAL PROBLEM
IN THE SCHRODINGER THEORY*

By
R. Gaspar
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and

INSTITUTE FOR THEORETICAL PHYSICS OF THE KOSSUTH LAJOS UNIVERSITY, DEBRECEN, 10

(Received 31. I11. 1966)

W ith integrated forms of the one particle Schrédinger equation a varia-
tional principle is presented and applied to some simple problems.

Armstrong [1] has discussed an interesting special form ofthe integrated
Schrédinger equation. In the following we would like to generalize this idea
and discuss a variational principle for the determination of the wave function
and energy eigenvalue. To avoid some problems at the beginning we restrict
our discussion to a one particle theory leaving the many-body problems for a
forthcoming paper.

If the Hamiltonian of an atomic system is

H= - —A+ V (1)
2
(in the following we use atomic units in which e = m — fi — 1i.e. the units are
the elementary charge, the mass of the electron and Planck’s constant divided
by 2jr. The energy is measured in double Rydbergs) with bound state y5§ and
energy E;, then

HV.= EiVim 2

Using Green’s theorem Armstrong converted \ Aip dv into f/hp dS with Q
a F

a large volume and F its surface. For bound states the latter integral vanishes
and he got

Ejj ifidv = j Vipidv . ?3)

Gy a repeated application of the arguments we may arrive to a very
similar equation in the following manner. By using (2) and (3) we get

E'jjtoidv= EiJVxpidv —J VH yzdv . 4)

*This work was begun at the Joint Institute for Laboratory Astrophysics, University'
of Colorado, Boulder, Colorado while the author was a Visiting Fellow.
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W ith the detailed form of the Hamiltonian and using Green’s theorem
and taking into account that

AV =E(T) (5)

in the space between surfaces surrounding the singularities of the potential
and a large surface very far away from the singularities we get

1 1 o dv .
J(V ------- Zl W,d‘]v: — = v Pl fj- dfi +
J 2 3

dF + J/(r) ftdv\.
3n

The sum within the curly bracket is over the singularities. Assume F to be
so large that the second term may be neglected. This isreasonable because for

bound states fi and-(—::_—:E tend to zero fast enough far from the singularities.
n

fi is a small sphere with radius I/ around the singularity |. dfi is a surface
element on the sphere fi. If r/ is small enough Vv is spherically symmetrical
around the singularity for point charges with singularity like 1/r;.

In the following we shall restrict our discussion to potentials with singu-
larities like those of point charges. For other type potentials the discussion
may he led along similar lines.

Because fi ~ raa > 0 near each point charge and df = rzd£, where dL
is the solid angle of dfseen from the point charge, the first terms in the square
brackets vanish and we get for the other terms

— A Iftdv= —2n Z,ft(r;= 0), (1)
\ 2 ) i

where Z, is the atomic number of the point charge at I; = 0.
By collecting the terms and rearranging we get

E2 fidv=JV2fidv—2n"™ Z ft(r,= o). (8)

Let us try to substitute into (3) and (8) a trial function < instead of f
Then we get é- from (3) and e] from (8) and we have that

e2=f=(e,)2 9)

in general. If cpt= fi then naturally &/ = &/
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The quantity
| 11

minimized will lead us to the true wave function.

For the hydrogen atom with the trial function goi — exp (—4r) we easily
get from (10) 4= 1.

The application to other simple problems as harmonic oscillator, etc. is
also straightforward.

This variational principle cannot be applied to many-particle Fermion
systems because of the antisymmetry of the wave function both the left side
and the right one of (3) and (8) vanish. But the generalization of this theorem is
easy and will he the subject of a forthcoming paper.

o*e= |l -
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The Origin of Cosmic Rays

by V. L. Ginzburg and S. |I. Syroyatskii (translated from Russian), Pergamon Press,
Oxford—London—Edinburg—New York—Paris—Frankfurt 1964

Although this book has the title “The Origin of Cosmic Rays” it would perhaps have
been more correct to call it “The Astrophysics of Cosmic Rays”, as is pointed out by the authors
in the Preface. The subject of this book is much broader than “the origin of cosmic rays’
used in its narrow sense.

The cosmos was investigated until the fourties of this century almost entirely by optical
methods. The most important recent feature of modern astronomy is, however, the develop-
ment of two new research fields: radio astronomy and the investigation of the astrophysical
aspects of cosmic rays. This monograph deals with the latter rapidly developing scientific sub-
ject in detail, and problems of radio astronomy are touched upon only insofar as they are
connected with cosmic rays.

The main subjects studied are the following: 1) Primary cosmic rays on the Earth
(composition, energy spectrum, spatial distribution); 2) Cosmic rays beyond the solar system
(in the Galaxy and Metagalaxy) and the effect of the interstellar medium and interstellar
magnetic fields on them; 3) The origin of cosmic rays.

In the English edition some new results partly published at the International Con-
ference on Cosmic Rays, Jaipur 1963 are also added. The excellent monograph which can
already be considered as a classical summary of this subject was translated by H. S. H. Massey
and edited by D. ter Haar.

E. Fenyves

Physical Acoustics

(Edited by Warren P. Mason) Vol. I. Part A and Part B. Academic Press, New York.
London 1964

The first two volumes of this large encyclopedia include 14 major papers of a general
character. All the authors are Americans, most of them research workers in the Bell Telephone
Laboratories. The Editor has broken with classical traditions and introduces in the first two
parts the physics and excitation methods of ultrasounds. The idea being very fascinating its
continuation is awaited with much interest.

Though the structure of the whole work is warranted by the widespread technical
knowledge and the rich experience of W. P. Mason, we are not quite sure whether it is entirely
suitable for such a general work, to be written by a group which group is rather restricted,
after all. The European scientific literature shows many examples of good encyclopedias
(Ergebnisse der exakten Naturwissenschaften, Handbuch der Physik etc.) from which we realize
that the best surveys of any special scientific field are given by the most competent researchers
with the widest knowledge and experience. These conditions can be satisfied more easily when
the authors are chosen from all over the international scientific range.

All this does not refer to the value of the separate papers, each chapter giving a good
picture of the results in its special field. Yet there are, in our opinion, chapters of extreme
importance (e.g. the four treatises on semiconductorsappearing in part B; Chapters 10—13)
and there are also some which seem superfluous (e.g. Chapter 8 which is of only industrial
interest, or Chapter 14 which cannot be compared in importance with the others). We must
point out the uniformly comprehensive bibliographies and the references gathered from a
central viewpoint (900 references) which really make this standard work an encyclopedia.
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two volumes include the following chapters:

1.

12.

13.

14.

R. N. Thurston, Wave Propagation in Fluids and Normal Solids. Phenomena
of wave propagation, with rather more mathematics than in other chapters.
T. R. Mecker—A. H. Meitzler, Guided Wave Propagation in Elongated
Cylinders and Plates. Modern treatise of wave propagation in limited spaces
with hints for applications.

D. A. Berlincourt—p. R. Curran—H. Jaffe, Piezoelectric and Piezo-
magnetic Materials and Their Function in Transducers. A detailed survey not
only of the physical characteristics of materials but also of the circuit solutions
to applications.

H. J. McSkimin, Ultrasonic Methods for Measuring the Mechanical Properties
of Liquids and Solids. Considering the width of the subject, this is a very short
summary of the application of passive ultrasounds in measuring technique.
W. P. Mason, Use of Piezoelectric Crystals and Mechanical Resonators in
Filters an Oscillators. A survey of the author’s wide experience in this field
including practical aspects.

J. E. May Jr., Guided Wave Ultrasonic Delay Lines. Theoretical and techno-
logical treatment of the guided-type propagation of various mechanical waves.
W. P. Mason, Multiple Reflection Ultrasonic Delay Lines. A short reference
on éefleqtion delay systems which are, today, of only historical importance.
B. Carlin, The Use of High- and Low-Amplitude Ultrasonic Waves for Inspec-
tion and Processing. A short treatise of an industrial nature.

H. G. Flynn, Physics of Acoustic Cavitation in Liquids. An objective and pos-
sibly rather too lengthy discussion of the physical phenomenon of cavitation
which is not yet completely clarified.

. W. P. Mason, Semiconductor Transducers — General Considerations. The first

clear survey on the application of semiconductors as electromechanical trans-
ducers.

R. N. Thurston, Use of Semiconductor Transducers in Measuring Strains,
Accelerations and Displacements. Short summary of the possibilities of stream
and vibration measurements.

M. E. Jikorski, Use of p — n Junction Semiconductor Transducers in Pressure
and Strain Measurements. Describes in detail the efforts of the author and
others to elaborate a completely modern semiconductor transducer for pressure
measurements.

D. L. Whlte, The Depletion Layer and Other High-Frequency Transducers
Using Fundamental Modes. Suitability of layer semiconductors for the pro-
duction of hypersonic frequencies.

E. Elsner, The Design of Resonant Vibrators. A quite short treatise (10 pp)
on a special method of amplitude-transformation.

Both parts are completed by separate indices of authors and subject. The books are
well produced and typographically excellent.

T. Tarnéczy

J. R. Frederick: Ultrasonic Engineering

J. Wiley & Sons, New York, 1965. 379 pp.

Ultrasonics is a modern branch of acoustics. Scientific research was begun in the twen-
ties of this century and by the end of the World War Il actually all basic phenomena had been
investigated. After the war technical and medical applications were being realized. In many
fields ultrasonic technology proved to be the best or unique solution of some problems in
measuring techniques, biology or medicine. There are some cases yet where the application
of ultrasounds has proved to be less successful and less economical than other ways of pro-

cessing.

So an objective opinion about a new branch of engineering — ultrasonic technology —
arose at the beginning of the sixties. It can be stated that though American scientists did not
take part in research until relatively recently (mainly only in the last 20...25 years) and
medical experiments were forbidden in the USA for some time, yet in aspects of technology
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they joined forces with European development. In some respects, such as industrial production
and application of cleaning equipments and ultrasonic brain operations the European level has
even been surpassed.

Thus, many summarizing books — written by European and American authors —
have been published in the last five years. This book by Frederick is intended for engineering
purposes and introduces a minimum of basic theoretical considerations and no mathematics
at all. The layout is based on the results of the scientific literature from 1948 to 1962 and
recent experiences of technology. The following enumeration of the 9 chapters also shows that
efforts were made to summarize each of the fields where ultrasounds are applied in practice.

The chapters are:

Introduction 11 pp.

Basic Principles of Acoustics 32 pp.

Introduction to Ultrasonic Processing 8 pp.

Ultrasonic Transducers for Industrial Processing 73 pp.
Application of Ultrasonics to Processing 73 pp.

Uses of Ultrasonics in Measurement and Control 47 pp.
Flaw Detection 65 pp.

Applications of Ultrasonics to Biology 10 pp.

Medical Ultrasonics 43 pp.

©CoNOOA~WNE

The subject matter of Chapters 4 and 5 is treated very thoroughly; a good summary is given
in Chapter 7; but Chapter 8 seems to be rather short. Unfortunately, this book, like almost
all other American books, is found to be lacking in references except those in the English
language. This is the more regrettable in ultrasonic technology as in this scientific field the
non-English literature is more important both qualitatively and quantitatively. Only 4&Soviet
Physics: Acoustics” and “Soviet Physics: Doklady”, which are translated into English, are
referred to, but these do not give a complete survey of the abundant Western and Eastern
European (German, French, Russian etc.) literature ofthe last 10 years. So it may often occur
that a certain paper of any author — quoted by chance — is not his most important work nor
does it contain his most recent results.

Apart from these weaknesses the publication of such interesting new industrial techni-
ques (as applied to cleaning, welding, etc.) — which until now were not widely known must
be acknowledged and appreciated. The method of treatment is clear and easy to understand
both for engineers and also for students.

T. Tarnéczy

T. S. Littter: The Physics of the Ear
Pergamon Press, Oxford, 1965 (International Series of Monographs on Physics. Yol. 3.) 378 pp.

It is by no means merely an accident that this well-known firm of Publishers has
included a psychoacoustical book as the third in this Series of Monographs. The close con-
nections between acoustics, information theory and telecommunication techniques have led
to profound interest in acoustical research. Within the field of physics, acoustics is much
more important today than it was 30 years ago, and it represents 8—10% of the whole of the
international scientific literature of physics and of those who are occupied in research work
and engineering.

In addition to the increasing importance of the whole scientific field of acoustics some
internal adjustment is to be observed concerning the interest shown in research on specific
problems. A survey of the acoustical literature of the last 5 years (some 5000 papers) shows
that about 30% of the total material belongs to psychoacoustics and of this at least two-thirds
deals with hearing research. General works used to appear, therefore, again and again parti-
cularly to summarize new results.

The present book by Littter is such a general work and was destined primarily to
supplement obsolescent university text books. In accordance with the purpose of the book
the author demonstrates the physical principles of the hearing mechanism by experimental
results. Great importance is attached to the exact analysis of experimental conditions and the
results of various authors are compared in an instructive manner. Practical applications of
theoretical and experimental results (hearing protection, communication techniques) are also
mentioned.

Acta Physica Academiae Scientiarum Hungaricae 21, 1966



384 RECENSIONES

Contents of the book:

I Anatomy and Physiology of the Ear

Il The Nature of Nerve Conduction

Il The Conductive Mechanism

IV The Analytical Mechanism: its Dynamics by Direct Observations

V Electrical Activity of the Auditory System

VI The Dynamics of the Ear as Deduced from Electrical Observations
VIl Sensitivity Range of the Ear: Objective and Subjective Investigations
VIl Physical Characteristics of Speech

IX Binaural Hearing

X Music

X1 Audiometry
X1l Auditory Adaptation and Fatigue
X111 Defects of Hearing and Their Measurements
X1V The Alleviation of Deafness

XV Theory of Hearing

The book is completed by Appendices containing important physical data and mathematical
apparatus. There is also a selected bibliography.

This well composed monograph brings its own results, too. The author always stresses
that the hearing process in the ear consists of two parts: the first being a Fourier-type analysis
occurring in the cochlea; the second a phase analysis resulting from identifications of pulse-
time patterns which are in extraordinarily complicated connections with each other and are
transferred by nerve pathways. Thus, the author not only has in view a new chapter of
hearing theory of growing importance but also lays the foundations for an understanding
of the general common mechanism of sensory nerve pathways.

An attractive feature of the book is that relations with other psycho-acoustical pheno-
mena are not neglected. Thus, the physical characteristics of speech, binaural hearing and
musical acoustics are dealt with, too. In the chapter on audiometry technical methods are also
mentioned.

If any criticism can be made at all, it is that there is insufficient adaptation of recent
results in the scientific literature. The references of the book — published in 1965 — are dated
actually up to 1957/58. Only some sporadic later dates are to be found, the investigations
(1955/56) concerning critical bands are not mentioned in the book at all, and sometimes (e.g.
the physical characteristics of speech) its point of view is that of 20 years ago. This does not
detract from the value of the methodological structure of the book, or from some excellent
chapters summarizing the material.

Altogether, the book is a standard work that gives a clear survey of the state and results
of modern hearing research and will be very profitable for physicists.

T. Tarnéczy

L. prandti: FlUhrer durch die Stromungslehre

6. iVuflage. Neubearbeitet und herausgegeben von K. Oswatitsch und K. Wieghardt.
Verlag von Fr. Vieweg und Sohn, Braunschweig, 1965. X Il -f- 523. S. u. 449 Abb.

Jeder technisch oder naturwissenschaftlich Interessierte wird es mit Freude begrissen,
dass das weltberihmte Lehrbuch von P randt1 Uber die Strémungstheorie jetzt, vollig moder-
nisiert, in sechster Auflage wieder vorliegt. Die Theorie ist in dem Buch von den ersten Anfén-
gen an aufgebaut, so dass ihre Aneignung dem Studierenden keinerlei Schwierigkeiten bereitet.
Doch auch sonst ist das Werk so klar und schén verfasst, dass es auch dltere, auf anderen
Gebieten arbeitenden Physiker oder Ingenieure mit wirklichem Genuss lesen werden.

Das erste einleitende Kapitel handelt von den Eigenschaften der Flussigkeiten und Gase.
Das zweite bespricht die Kinematik der Flussigkeiten und die Dynamik der reibungsfreien
Fliussigkeiten. Das dritte Kapitel ist der Gasdynamik gewidmet, die entsprechend ihrer heutigen
grossen Bedeutung schon hier behandelt wird. Das vierte erdrtert die Bewegung der zdhen
Flissigkeiten, die Turbulenz und die technischen Anwendungen. Dieser Teil wurde von
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N. C. Retta bearbeitet. Das fiuinfte Kapitel behandelt die konvektive Wérme- und Stoff-
Ubertragung sowie das Problem der Grenzschichten bei hochen Geschwindigkeiten. (Die letz-
teren zwei Kapitel besprechen die PRANDTLsche Grenzschichttheorie.) Das sechste handelt
von der experimentellen Technik der Aero- und Hydrodynamik. Im siebenten werden die Flug-
kdrper, die® Antriebe und die Strémungsmaschinen erdrtert. Dieser Teil umfasst das grosse
Lebenswerk des Verfassers (PRANDTLsche Tragfligeltheorie). Ergénzt wurde dieses Kapitel
von D. Kachemann UNd W. Dettmering. Das achte Kapitel befasst sich mit den meteorolo-
gischen Anwendungen, das neunte endlich mit verschiedenen Einzelproblemen. Bemerkt sei
noch, dass die Abschnitte Uber Wéarmelibergang, uber Hochgeschwindigkeitsgrenzschichten,
Uber das Versuchswesen und tber die meteorologischen Anwendungen von H. schun, H. Lud-
wieg Und E. Kieinschmiat neu verfasst wurden.

In dem Werk werden die Probleme der Bewegungen mit Uberschallgeschwindigkeit aus-
fuhrlich besprochen. Abschliessend findet sich auch die Ableitung der Grundgleichungen der
Magnetohydrodynamik, an die sich Darlegungen tUber zwei Anwendungen dieser Gleichungen
anschliessen. Unberilicksichtigt bleiben dagegen die in hochverdiinnten Gasen auftretenden
Erscheinungen. Dieses Gebiet der sogenannten freien Molekilbewegung, das beim Fliegen in
sehr grossen Hohen eine Rolle spielt, gehort auch tatsdchlich eher in das Gebiet der kinetischen
Gastheorie. Ahnliches gilt auch fiir die Knudsenstromung in Réhren, die ebenfalls unberiick-
sichtigt bleibt. Das Werk enthdlt ausserdem sehr ausfiihrliche Literaturhinweise, die nicht nur
fur den Studierenden, sondern auch fir den wissenschaftlich arbeitenden Fachmann von
grossem Wert sind. Ein sehr ausfuhrliches Sachregister erleichtert die Beniitzung des Buches.

Es ist selbstverstdndlich weitgehend Sache der individuellen Beurteilung, was alles ein
solches Lehrbuch enthalten soll. Der Referent kdnnte sich z. B. denken, dass es bei der Bespre-
chung des Vogelfluges (Tragfligel und Luftschraube in einem Organ vereinigt) fur den Studie-
renden interessant sein kdnnte, zum Vergleich den viel primitiveren Insektenflug heranzuzie-
hen, der einem Nurpropeller-Modell oder, richtiger ausgedrickt, dem Modell zweier in ent-
gegengesetztem Drehsinn rotierender und ineinandergeschobener Luftsschrauben entspricht.
(Nur einige grosse Tagfalter bilden eine gewisse Ausnahme, weil sie auch segeln kdnnen.)
Ebenso liefern die Kdrper der Schwéarmer eines der schonsten Beispiele fiir das Strebenprofil.
Nun kann aber ein Lehrbuch natirlich nicht alles enthalten. Das Literaturverzeichnis ergén-
zend mdéchten wir kurz bemerken, dass beide Bénde der Theoretischen Hydromechanik von
Kotschin, Kibet UNd Rose in deutscher Ubersetzung vorliegen (Berlin 1954 und 1955).
Ausserdem mag es selbst fiir deutsche Leser interessant sein, wenn wir hier erwdhnen, dass
die zwei anderen von Tietjens verdffentlichten Hauptwerke von Prandati in englischer
Ubersetzung in einer ganz billigen »Paperbound« — Ausgabe 1957 bei Dover in New York
erschienen und somit leicht zugédnglich sind.

Th. Neugebauer

l. Ye. Irodov: A Collection of Problems in Atomic and Nuclear Physics

(Edited by S. Doniach) Pergamon Press, Oxford, London Edinburgh -New York—
Paris- Frankfurt 1966.

This edition is a translation of the second edition of 1. Ye. 1rodov’s book entitled
Sbornik zadach po atomnoi fizike, published in Moscow by Gosatomizdat. It is translated
by Stevan Dedijer. About gs0 problems taken from a wide field of atomic and nuclear
physics are contained in this book. They are intended for students who are beginning their
study of atomic and nuclear physics and for students taking physics as an ancillary subject.

The problems are arranged in 15 chapters, each of which starts with a short summary
of fundamental concepts and formulae needed for the solution of the problems contained
in it. There are questions on the thermodynamics of radiation, the quantum nature of light,
photoelectric and Compton effect, Rutherford’s scattering formula, Bohr theory of the atom,
De Broglie relation and uncertainty relations, the Schrédinger equation, spectra of the alkali
metals, the fine structure and natural width of spectral lines, Zeeman effect, Stern—Gerlach
experiment, dia- and paramagnetism, X-ray diffraction and absorption; some questions about
many electron atoms and molecules, the rotation and vibration of molecules, the Raman
scattering of light, radioactivity, nuclear reactions and fission; several questions connected
with the utilization of nuclear energy, and the properties of the nucleus; a few questions about
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elementary particles; and many questions concerning experimental methods used in atomic
physics such as mass spectrometer, Wilson cloud chamber, ionization chamber, GM counter
and the several particle accelerators.

The answers occupying the second half of the book are very comprehensive and include
some derivations of the important theoretical formulae. At the end of the book there are
several tables including work function and density of metals, ionization potentials of atoms
and molecules, constants of diatomic molecules, properties of certain isotopes and the ele-
mentary particles, and the table of atomic and nuclear physics constants. This has the advan-
tage of accustoming the student to the use of tables. At the end of the chapters there are
references to textbooks dealing with the topic in greater detail. Indeed, this book will prove
a useful adjunct to the standard textbooks at the introductory level.

Eva Kisdi-K oszé

Acta Phyeica Academiae Scientiarurn Hungaricav 21, 1966
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