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EFFECT OF SURFACE DAMAGE ON THE TENDENCY 
FOR DARKENING OF ZnS SINGLE CRYSTALS

B y

P.  Sv isz t , P.  K o vács  and M. F a r k a s -J ah nk e

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Presented by G. Sz igeti — Received 13. X . 1964.)

The tendency for darkening of the m echanically abraded and polished, etched  and 
cleaved surfaces of hexagonal ZnS single crysta ls has been exam ined sim ultaneously w ith  
electron diffraction studies. The obtained resu lts showed th a t there is a strong connection  
betw een the quality of the crystal surface and the tendency for darkening.

1. Introduction

A ccord ing  to  p ic tu re s  p u b lish ed  p rev iously  [1] th e  Zn p re c ip ita te s  p ro 
duced  d u rin g  th e  pho tochem ica l decom position  of ZnS do n o t cover h o m o g en e
ously  th e  surface of th e  c ry s ta l. In  th e  case of m o st o f  th e  c ry s ta ls  th e  Zn 
p re c ip ita te s  follow  th e  s tack in g  fa u lts  [2] p e rp en d icu la r to  th e  c-axis, as i t  was 
observed  m icroscopically . In  th e  case o f  a few o th e r c ry s ta ls  no t show ing  an y  
o rien ted  d iso rder an d  th e  surface o f  w hich  seem ed sm o o th  before d a rk en in g , 
th e  o rie n ta tio n  of the  p re c ip ita te d  Z n  cou ld  no t be observed .

The question  arises w h e th e r th e  o rien ta tio n  o f th e  Zn rem ains i f  a lay er 
is rem oved  from  such a c ry s ta l a n d  th e  surface so o b ta in e d  is ir ra d ia te d . 
To decide th is  question  a lay e r has b e e n  rem oved fro m  th e  surface o f  c ry sta ls  
w ith  m echan ical a b rad in g  an d  p o lish ing , and  th e n  th e y  were ir ra d ia te d  in  
h u m id  air. T he s tu d y  o f  th e  d a rk en in g  o f these c ry s ta ls , how ever, gave  su r
p rising  re su lts : even a f te r  a 5 h o u rs’ ir ra d ia tio n  no d a rk e n in g  observ ab le  w ith  
th e  n ak ed  eye could be seen on th e  a b ra d e d  an d  po lish ed  surfaces, w hereas if  
th e  surface w as rem oved  on ly  b y  e tc h in g  (w ith o u t a b ra d in g  an d  polish ing) 
th e  d a rk en in g  appeared  in  th e  sam e fo rm  as on th e  o rig in a l c rysta ls . 2

2. Experim ental procedure

The single c rysta ls  used  for o u r  ex perim en ts h a v e  been g row n  from  
v a p o u r phase  in  our la b o ra to ry  [3]. T h e y  were prism s o f  a hexagonal s tru c tu re . 
T he len g th  o f th e  p rism s w as 5 — 6 m m , th e ir  d ia m e te r  3 m m . T he c ry sta ls  
e m itte d  th e  blue b a n d  c h a ra c te ris tic  fo r se lf-ac tiv a ted  ZnS-s ex c ited  w ith  
365 m m  m ercu ry  line.
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2 P. SVISZT, P KOVÁCS and M. FARKAS-JAHNKE

T he e lec tro n  d iffrac tio n  s tu d y  o f th e  c ry s ta ls  was c a rr ie d  o u t w ith  a 
80 К У  elec tro n  b eam  (A =  0,0417 Â) in  a JR M  6-A  ty p e  e lec tro n  m icroscope. 
C rysta ls  w ere a t ta c h e d  to  th e  p re p a ra te -h o ld e r b y  a m ix tu re  o f  g lue and  silver 
colloide. F o r  e v a lu a tio n  th e  p a tte rn s  w ere co m p ared  w ith  a transm issio n  
e lec tro n  d iffrac tio n  p a tte rn  o f a gold foil m ad e  u n d er th e  sam e cond itions 
o f opera tio n .

T he c ry s ta ls  w ere ir ra d ia te d  in  h u m id  a ir  b y  a 250 W  h igh-pressure  
m ercu ry  lam p  fed  from  a s tab ilized  source w ith o u t filte r. T he in te n s ity  o f th e  
ex c itin g  lig h t w as ap p ro x . 100 m W /cm 2 on th e  c ry s ta l su rface . M icrophotos 
w ere ta k e n  b y  m ean s of a M E F -ty p e  R eich ert u n iv e rsa l m icroscope.

3. Results

3.1. S tu d y  o f  the darkening o f  mechanically abraded a n d  polished and  
afterwards temperature-treated crystals

The e ffec t o f  ab rad in g  a n d  polish ing  on th e  ten d en cy  fo r darken ing  o f  
th e  c ry s ta ls  cou ld  be easily  c leared . Single c ry s ta ls  su ita b le  fo r polish ing  
w ere av a ilab le . A fte r  te s tin g  t h a t  th e  c ry s ta ls  chosen fo r th e  ex p erim en ts  
cou ld  be d a rk e n e d  in  a re la tiv e ly  sh o rt tim e  th e y  were a b ra d e d  an d  polished 
m echan ically . A b rad in g  to o k  p lace w ith  a N ax o s-ty p e  sa n d -c lo th  №  600. 
P o lish ing  a f te r  th e  ab rad in g  w as done w ith  SiC o r A120 3. In  th e  la t te r  case th e  
f in e s t frac tio n  w as used. B o th  m eth o d s led  to  th e  sam e re su lts .

The re su lt w as th a t  th e  te n d e n c y  for d a rk e n in g  of th e  c ry s ta ls  s tro n g ly  
decreased  a f te r  su ch  tre a tm e n t. F ig . l a  show s a n  ab rad ed  a n d  po lished  c ry s ta l 
su rface . T he sam e surface is g iven  in  Fig. lb  a f te r  a 5 h o u rs’ ir ra d ia tio n . In  th is  
fig u re  la rg e r a n d  sm aller Zn is lan d s can be observed . I t  m u s t he rem ark ed  
t h a t  th e  co vering  o f  th e  tr e a te d  surface w ith  su ch  partic les  is n o t a re g u la r  
p henom enon . In  case of th e  m a jo r ity  o f th e  t r e a te d  c ry s ta l surfaces no o r  
h a rd ly  a n y  m e ta l p re c ip ita tio n  could  be o b se rv ed  a fte r a 5 h o u rs ’ irra d ia tio n .

T he reaso n  w h y  we p u b lish  th e  ra re ly  o ccu rrin g  su rface  p ic tu re  is t h a t  
th is  d em o stra te s  b e tte r  th e  change o f th e  su rface  p ic tu re  a f te r  th e  h e a t t r e a t 
m en t.

H e a t t r e a tm e n t  was c a rr ie d  o u t in  p u rif ie d  N 2 a tm o sp h e re . The tim e  
o f th e  h e a t t r e a tm e n t  v a ried  be tw een  30 m in u te s  an d  one a n d  a h a lf  h o u r a t  
a te m p e ra tu re  o f  900° C.

F ig . lc  show s th e  sam e c ry s ta l surface a f te r  a 1 h o u r h e a t  t re a tm e n t a t  
900° C. In  th e  p ic tu re  i t  can  be  w ell observed  t h a t  th e  su rface  o f th e  c ry s ta l 
clears a f te r  such  h e a t t re a tm e n t ,  i.e. a b leach in g  effect ta k e s  place.*

* W ith  th is phenom enon and w ith  other form s o f  the bleaching effect we intend to  
deal in  another paper.
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EFFECT OF SURFACE DAMAGE 3

The surface o f th is  h e a t tre a te d  c ry s ta l a f te r  10 m inu tes irra d ia tio n  is show n  
in  Fig. Id . I t  can  be seen clearly  th a t  a f te r  th e  h ea t t r e a tm e n t  th e  te n d e n c y  
fo r d a rk en in g  w as no ticed  a fte r  a 10 m in u te s ’ ir ra d ia tio n , while a 5 h o u rs ’ 
ir ra d ia tio n  is n o t su ffic ien t to  produce such  darken ing  (see F ig . 1 b) a f te r  a b r a d 
in g  an d  polish ing.

Fig. 1. M icrophotograph of the surface of a ZnS single crystal (a) after abrading and polish ing  
(b) after a 5 hours’ irradiation, (c) after 1 hour’s heat treatm ent at 900° C, (d) after 10 m in u tes’

irradiation (128 fold m agnification)

P ara lle l w ith  th e  above ex p erim en ts  th e  e lectron  d iffrac tio n  s tu d y  o f  th e  
c ry s ta ls  to o k  place too . The sy s tem a tic  ex am in a tio n s  show ed th a t  th e  d iffra c 
tio n  p a tte rn  a long  a c ry s ta l su rface h a rd ly  changes. This seem s very  a d v a n t 
ageous fo r th e  com parison  o f re su lts  as we w ere unable  to  m ak e  b o th  a d if
frac tio n  p a t te rn  an d  m icroscopic p ic tu re  o f  th e  sam e p a r t  o f th e  c ry sta l su rfa c e  
because o f  tech n ica l reasons.

Single c ry s ta l spo ts a n d  K ikuch i lines ap p ea red  on th e  e lec tron  d iffra c 
tio n  p a t te rn  o f  u n tre a te d  single crysta ls  in d ic a tin g  th a t  th e  chosen su rfaces

l* Acta Phys. H ung. Тот. X X .  1966



4 P. SVISZT, P. KOVÁCS and M. FARKAS-JAHNKE

w ere single c ry s ta l  faces. F ig . 2a show s su ch  a p ic tu re . A fter m echan ica l 
a b ra d in g  a n d  po lish ing  th e  e lec tro n  d iffra c tio n  p a tte rn s  o f  th e  sam e su rfaces 
show ed  diffuse D ebye-S cherre r rings (Fig. 26). This m ean s th a t  th e  su rface  
consists  of ra n d o m ly  o rie n te d  c ry sta l fra g m e n ts , p ro d u c e d  b y  m ech an ica l 
t re a tm e n t.

A fter a 1 h o u r  h ea t t r e a tm e n t  a t 900° C th e  c ry s ta l su rface  rec ry sta llized  
a n d  v e ry  good single cry sta l su rfaces were fo rm ed . This is p ro v e d  b y  th e  a p p e a r 
an ce  o f single c ry s ta l re flec tions. An ex am p le  for th is  is g iven  in Fig. 2c. Since

2c
Fig. 2. E lectron diffraction pattern  of the surface o f  a ZnS single crysta l (a) before, (b) after 

abrading and polish ing, (c) after 1 hour’s heat treatm ent at 900° C

because of a b ra d in g  and  po lish ing  the  p a r t  o f the  la ttic e  (d irec tly  b e n e a th  th e  
frag m en ted  zone) also becam e sligh tly  d efo rm ed  [4 —5] a n d  during  re c ry s ta lliz 
a tio n  th e  v e ry  fine fra g m e n te d  layer g rew  to  th is  d e fo rm ed  m a trix , so th e  
rec ry s ta llized  surface la y e r  fo rm ed  in  th e  course of th e  h e a t  t re a tm e n t is also 
som ew hat defo rm ed . C onsequen tly , th e  single c ry s ta l reflec tions are  a l i t t le  
diffuse, too .

3.2. S tu d y  o f  the darkening  o f  crystals etched after abrading and polish ing

Fig. 3a  show s the  m icroscopic  p ic tu re  o f  an  a b ra d e d  an d  polished c ry s ta l 
su rface a f te r  a 30 m in u te s ’ e tch ing  in  H 2S 0 4 +  H 20 2 so lu tio n . I r ra d ia tin g  th e  
c ry s ta l su rface  o b ta in ed  a s tro n g  d a rk e n in g  can be o b serv ed  a lread y  a f te r  
a 20 m in u te s ’ ir ra d ia tio n  (F ig . 36).

Acta Phys. H ung . Тот. X X . 1966



EFFECT OF SURFACE DAMAGE 5

Fig. 4a gives th e  e lec tro n  d iffrac tio n  p a tte rn  of an  ab raded  an d  po lished  
c ry s ta l surface a fte r e tch in g  for 10 m in u te s . In  the  p h o to g ra p h  it  can  be easily  
observed  th a t  th e  single c ry s ta l re flec tio n s an d  in som e cases even th e  K ik u ch i 
lines reap p ea r. Besides th e  single c ry s ta l reflections w eak  D ebye-S cherrer rings 
can also be seen in  th e  p ic tu re . This show s th a t  the  e tc h in g  tim e in th e  p re sen t 
case was n o t sufficient for th e  to ta l rem o v a l of th e  fra g m e n te d  layer p ro d u ced

Fig. 3. M icrophotograph of an abraded and polished ZnS crystal surface (a) after a 30 m inutes’ 
etch ing, (b) after 20 m inutes’ irradiation (128 fold m agnification)

Fig. 4. E lectron diffraction pattern of an abraded and polished ZnS single crystal surface 
(a) after 10 and (b) after 30 m inutes’ etch in g

b y  m echan ical t r e a tm e n t. Increasing  th e  tim e of e tc h in g  (30 m inu tes) on ly  
single c ry s ta l reflections a n d  K ikuchi lines appeared  (F ig . 46) i.e. th e  su rface  
was a lread y  a fine single c ry s ta l face.

3.3. S tu d y  o f  the darkening o f  crystal surfaces produced by cleavage

As fa r  as th e  a u th o rs  know  th e re  is no lite ra tu re  concern ing  th e  cleavage 
of ZnS single crystals a n d  th e  s tu d y  o f  surfaces so o b ta in e d . This tim e  our 
a im  w as n o t th e  s tu d y  o f  th is  question  e ith e r . We on ly  en d eav o u red  to  o b ta in  
a new  surface w ith o u t g re a te r  dam ages as in  th e  case o f  m echan ical t r e a tm e n t .  
H exagonal p rism s were u sed  for th ese  ex p erim en ts , to o , th e  c-axis o f  w hich  
was p ara lle l to  th e  g eom etrica l axis o f  th e  crysta l. C leavage to o k  place in  th e  
p lane of th e  c-axis. The su rfaces o b ta in e d  were of d iffe ren t qualities. P e rfe c tly

Acta Phys. Hung. Тот. X X .  1966



6 P. SVISZT, P. KOVÁCS and M. FARKAS-JAHNKE

sm o o th  su rfaces  w ere p ro d u ced  as well as su ch  on w hich s te p s  could be o b 
se rv ed . T hese c rack  steps m ig h t be caused e ith e r  b y  s tre sses  causing th a t  
th e  cleavage does no t w ork  e x a c tly  a long  th e  respec tive  c ry s ta l p lanes, 
o r  b y  im p erfec tio n s in th e  c ry s ta l. E .g . i t  is well k n o w n  th a t  w hen an

Fig. 5. M icrophotograph of a cleavage surface o f a ZnS single crystal (a) before irradiation, 
(b) after 2 m in u tes’ irradiation (256 fold m agnification)

o therw ise  p e rfec t crysta l c o n ta in s  screw d islocations in te rse c tin g  the  p lan e  
o f  cleavage a c ra c k  on passing  a long  th is p la n e  leaves step s  on the  o therw ise 
sm o o th  c leavage  surface [6].

Fig. 5a g ives a cleavage su rface of an  av erag e  q u a lity  before  ir ra d ia tio n . 
A fte r  a 2 m in u te s ’ irra d ia tio n  th e  Zn p re c ip ita te s  are well observab le . (Fig. 56) 
A  ce rta in  re g u la r ity  in th e  p o sitio n  of th e  p re c ip ita te s  is re m ark ab le . O bv ious
ly  a d eco ra tio n  o f th e  c ry s ta l defects is in  qu estio n . [7]. In  o u r case p re c ip it
a tio n  a p p e a re d  b o th  along th e  s tack ing  fa u lts ,  and  the  b ro k e n  steps. The for-

Icla Phys. H ung. Тот. X X . 196fi
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EFFECT OF SURFACE DAMAGE 7

m er are alw ays para lle l w ith  each  o th e r, w hile th e  position  o f  th e  la t te r  re la tiv e  
to  each o th e r is d iffe ren t in  each c ry sta l.

On elec tron  d iffrac tio n  p a tte rn s  o f c leaved  surfaces ZnS D ebye-S cherrer 
rings were never observed . O nly  single c ry s ta l  reflec tions a n d  K ikuchi lines 
ap p ea red  (F ig. 6). T his proves th a t  th e  fre sh ly  cleaved su rfaces  are v e ry  good 
single c ry s ta l faces.

4. D iscussion

I t  is well know n th a t  a m echan ical t re a tm e n t of th e  su rface b o th  in  th e  
case o f m eta ls an d  sem iconducto rs m ay  lead  to  an  “ a m o rp h isa tio n ”  of th e  s u r 
face layer, i.e. a fo rm atio n  o f a lay e r co n sisting  of e x tre m e ly  sm all c ry s ta llite s
[8]. As p roved  b y  o u r ex p erim en ts , a s im ila r lay e r a p p e a rs  on th e  su rfaces  
of ZnS single c ry sta ls  b y  m echan ical t re a tm e n t .  ZnS single c ry s ta l faces sh o w 
ing good single c ry s ta l reflec tions in  a n a tu ra l  s ta te  g ive no  single c ry s ta l  
reflections a fte r  m echan ica l a b rad in g  a n d  polish ing. T h e  u p p e r  lay er o f  th e  
surface is dam aged . In  th is  dam aged  la y e r  th e re  is an  o u te r  frag m en ted  zone 
w hich consists o f ra n d o m ly  o rien ted  c ry s ta l fragm ents.

Since w ith  th e  ap p earan ce  of th e  d am ag ed  surface la y e r  th e  te n d e n c y  
for d a rk en in g  of th e  c ry s ta ls  co nsiderab ly  decreased , we h a v e  to  suppose t h a t  
th e  reason  for th is  is ju s t  th e  “ a m o rp h isa tio n ”  o f th e  su rface . I f  a c ry s ta l w ith  
a dam aged  lay e r w as h e a t- tre a te d  a t  900° C for an  h o u r , i.e . th e  v e ry  f in e  
frag m en ted  o u te r  zone w as su b jec ted  to  re c ry s ta lliz a tio n , th e  ten d en cy  fo r 
d a rk en in g  grew  para lle l w ith  th e  ap p ea ran ce  of single c ry s ta l  reflec tions on 
th e  elec tron  d iffrac tio n  p a tte rn . I f  th e  fra g m e n te d  lay er is rem oved  b y  e tc h in g
i.e. a new  cry sta llin e  su rface is p ro d u ced , we again  o b ta in  th e  increase o f  th e  
ten d en cy  for d ark en in g . T he new  surface ap p ea rin g  b y  c leavage  of the  c ry s ta ls  
is a v e ry  good single c ry s ta l surface. In  th is  case no decrease  o f the  te n d e n c y  
for d a rk en in g  w as observed .

A ccordingly , th e  re su lts  o f ou r ex p e rim en ts  u n am b ig u o u sly  led to  th e  
conclusion th a t  there  is a s tro n g  connec tion  betw een  th e  q u a lity  of th e  ZnS 
c ry s ta l surface an d  th e  te n d e n c y  fo r d a rk en in g .

In  th e  f irs t place one can  suppose t h a t  th e  reason fo r  th e  s trong  decrease  
of th e  ten d en cy  for d a rk en in g  a f te r  m ech an ica l tre a tm e n t is th a t  a fte r p o lish 
ing  ab rasive  pa rtic le s  rem ain  em b ed d ed  in  th e  surface. I t  w as recen tly  e s ta b 
lished  conclusively  b y  a rad io m e tric  te c h n iq u e  [4] th a t  such  partic les are  re a lly  
p resen t in  lap p ed  stee l surfaces. B u t in  o u r case th is is n o t th e  reason fo r th e  
decrease o f te n d e n c y  fo r d ark en in g . T h is is also ju s tif ie d  b y  the  fo llow ing 
ex p erim en t.

As was seen above (p o in t 3.1), the  te n d e n c y  for d a rk e n in g  which e x is te d  
before m echan ical t re a tm e n t can  be p ra c tic a lly  res to red  b y  1 h ou r h e a t t r e a t 
m en t a t  900° C. This obv iously  m eans t h a t  th e  causes o f  th e  decrease o f  th e
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ten d en cy  fo r d a rk en in g  —■ p ro d u ced  d u rin g  th e  m echan ical t re a tm e n t — cease 
to  ex ist. I f  we suppose th a t  th e se  causes w o u ld  be asso c ia ted  w ith  the  e m b e d d 
in g  of th e  a b ra s iv e  pa rtic le s  in  th e  su rface , th e n  these causes should a c t a f te r  
th e  h ea t t r e a tm e n t ,  too , b ecau se  a t th e  te m p e ra tu re  m en tio n ed  th e  A F 0 3 or 
SiC does n o t e v a p o ra te  from  th e  surface. T h e  following e x p e rim en t was ca rried  
o u t. A v e ry  f in e  d ispersed A k 0 3 or SiC pow der was s e tt le d  on th e  o rig in a l 
(u n tre a te d ) as well as th e  a b ra d e d  an d  po lished  c ry s ta l su rface , re sp ec tiv e ly . 
T he q u a n ti ty  o f  th e  se ttled  m a te ria l w as so little  th a t  its  presence was h a rd ly  
d e tec tab le  b y  e lec tron  d iffrac tio n  in v es tig a tio n s . A fter a 1 h o u r  h ea t t r e a tm e n t  
in  N 2 a tm o sp h e re  a t 900° C, th e  rings c h a ra c te ris tic  fo r A120 3 resp. SiC cou ld  
be sim ilarly  o bserved  on th e  e lec tro n  d iffrac tio n  p a tte rn  as before. This show s 
th a t  th e  p a r tic le s  se ttled  on  th e  surface b efo re  th e  h e a t t re a tm e n t rem a in ed  
rea lly  on i t  a f te r  th e  h e a t t r e a tm e n t to o . I n  such a w ay  th e se  can n o t be re s 
ponsible for th e  s trong  d ecrease  of th e  te n d e n c y  for d a rk e n in g  a fte r po lish ing  
an d  th e  in te n s iv e  increase o f  i t  a fte r h e a t  tre a tm e n t.

Go b r e c h t  an d  K u n z  [9] no ticed  a s lig h t decrease o f  th e  ten d e n c y  fo r 
d a rk en in g  o f  ZnS-Cu lum in o p h o res  w hen m illing  th em . U n fo rtu n a te ly , th e se  
au th o rs  d id  n o t  m ake p a ra lle l s tru c tu ra l s tu d ies . F rom  o th e r  works [10], h o w 
ever, i t  is k n o w n  th a t  on th e  D ebye-S cherrer d iag ram  o f m illed  ZnS lu m in o 
phores th e  d iffrac tio n  lines w iden  and  th e ir  in te n s ity  decreases . A t th e  sam e 
tim e  b a c k g ro u n d  grows also . All th is  in d ic a te s  th a t  a f te r  m illing  s tro n g  in n e r 
d e fo rm ations a p p ea r in  th e  surface la y e rs  o f th e  c ry s ta l, i.e . th e  f irs t  s te p  
to w ard s th e  fo rm a tio n  o f th e  v e ry  fine frag m en ted  su rface  layer has ta k e n  
place. C on seq u en tly , th e  te n d e n c y  for d a rk en in g  m u st h a v e  decreased  a lso , 
w hich has b een  observed  b y  th e  au th o rs  o f  [9].

N a tu ra lly  th e  above described  co n n ec tio n  betw een  su rface  dam age a n d  
ten d en cy  fo r d a rk en in g  gives no ansver to  th e  question  o f  w hy the  te n d e n c y  
fo r d a rk en in g  decreases w ith  dam aging . F u r th e r  stud ies a re  requ ired  to  c la rify  
th is  question .
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ВЛИЯНИЕ ПОВРЕЖДЕНИЯ ПОВЕРХНОСТИ МОНОКРИСТАЛЛОВ ZnS 
НА ИХ СКЛОННОСТЬ К ПОЧЕРНЕНИЮ

П. ШВИСТ, П. КОВАЧ и М. Ф АРКАШ  ЯНКЕ

Р е з ю м е

Исследовалась склонность к почернению гексагональных монокристаллов ZnS с 
механически шлифованной и поливоранной, расколотой, а также травленной поверх
ностью. Параллельно было также произведено электроннодифракционное изучение этих 
поверхностей. Полученные экспериментальные результаты показывают, что имеется 
тесная связь между качеством поверхности кристаллов и их склонностью к почернению.
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APPROXIMATE CALCULATION OF THE TUNNELING  
FREQUENCIES OF THE PROTON IN THE N - H  . . .  О 

HYDROGEN ROND OF THE NUCLEOTIDE BASE PAIRS
By

G. B iczó , J .  L a d i k

CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN ACADEMY OF SCIENCES
BUDAPEST

a n d
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(Presented by G. Schay. — Received 10. X I . 1964)

U sing the sem iem pirical L ip p in c o t t —S c h r o e d e r  m ethod we have calculated  the 
potentia l function  of a N  — H . . . О and N  — H . . . N  hydrogen bond in the nucleotide base 
pairs. Substitu ting the obtained N —H . . .  О double-well poten tia l into the one-dim ensional 
S c h r ö d in g e r  equation o f the proton, we have  solved it  on a com puter by num erical integra
tion . The block diagram of th e  programme used is given in the Appendix.

W ith  th e  a id  o f  t h e  e n e rg y  lev e ls  o b ta in e d  fo r  th e  p r o to n ,  fo llo w in g  t h e  su g g e s tio n s  
o f  LÖWDIN, w e h a v e  c a lc u la te d  th e  tu n n e l in g  f re q u e n c ie s  o f  t h e  p r o to n  in  th e  d i f f e r e n t  levels . 
F u r th e r ,  o n  th e  b a s is  o f  a  c la s s ic a l e s t im a t io n  w e h a v e  sh o w n  t h a t  in  th e  e le c tro n ic  g ro u n d  
s t a t e  o f  t h e  sy s te m  th e  p r o to n  is p r a c t i c a l ly  lo c a liz e d  in  t h e  d e e p e r  p o te n t i a l  w e ll. T he 
c o n s e q u e n c e s  o f  th is  f a c t  a re  d isc u sse d  f ro m  th e  p o in t  o f  v ie w  o f  th e  W a t s o n — Cr ic k — 
L ö w d in  m u ta t io n  m e c h a n ism .

In tro d u c tio n

In  1962 L ö w d in  [ I ]  has ra ise d  th e  very  in te re s tin g  idea t h a t  those 
ta u to m e r ic  rea rran g em en ts  of th e  n u c leo tid e  bases w hich  lead  to  p o in t m u ta 
tio n s ta k e  place via  a  s im u ltan eo u s double p ro to n  tu n n e lin g  th ro u g h  th e  
p o te n tia l  b a rrie rs  of th e  h y d rogen  b o n d s  o f th e  n u c leo tid e  base  p a irs . To o b ta in  
an  e s tim a tio n  for th e  p ro b a b ility  o f  th is  tu n n e lin g  p h en o m en o n  i t  is necessary , 
as L ö w d in  has em phasized  [1, 2], to  ca lcu la te  th e  p o te n tia l  fu n c tio n  o f th e  
h y d ro g en  bonds of th e  nucleo tide  b ase  pairs. N am ely  on th e  basis  o f  these  
p o te n tia l functions, as L ö w d in  has p o in te d  ou t [3], i t  is possible to  d e te rm in e  
th e  en e rg y  levels of th e  p ro to n s  an d  w ith  th e  aid  of th e m  to  m ake an  e s tim a tio n  
a b o u t th e  tu n n e lin g  frequencies.

As a firs t step  in  th e  d e te rm in a tio n  of the  m en tio n ed  p o te n tia l fu n c tio n s 
we h a v e  ca lcu la ted  w ith  th e  aid  o f th e  sem iem pirical L ip p in c o t t —S c h r o e d e r  
m eth o d  [4, 5] the  p o te n tia l  fu n c tio n s  o f th e  N — H  . . . 0  an d  N — H  . . .N 
h y d ro g en  bonds of th e  nucleo tide  b ase  pairs . F o r th e  N —H  . . . 0  h y d ro g en  
b o n d  we h av e  solved num erica lly  th e  one-d im ensional S ch rö d in g er-eq u a tio n  
o f  th e  p ro to n . W ith  th e  a id  of th e  o b ta in e d  energy  levels  i t  was possib le  to  
ca lcu la te  b y  num erica l in te g ra tio n  th e  tu n n e lin g  frequenc ies . F in a lly  we were 
able to  perfo rm  a classical e s tim a tio n  fo r th e  p ro b ab ilitie s  to  fin d  th e  p ro to n s  
in th e  neighbourhood  o f one of th e  tw o  m inim a o f th e  p o te n tia l fu n c tio n .
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M ethod

A ccording to  L ippin c o t t  a n d  S chro eder  [4, 5] th e  p o te n tia l  energy 
fu n c tio n  of th e  p ro to n  of a lin e a r  X —H  . . .Y  h y drogen  b o n d  can be well 
ap p ro x im a te d  w ith  th e  aid of th e  ex p ressio n 1

V ( R , r) =  D 0{ 1 e~°) D * e-P 4- A -bR «0 
2 R

- b R „
( 1 )

w here
a =  n(x-H)(r — ro)2 g _  n*(R - r -  ro)2 

2r ’ 2(Д  -  r)

n * =  g re( H - Y )  .  =
^°(H—¥>

( 2)

H ere  JÎ is th e  a c tu a l X —Y  d is ta n c e  an d  R q i ts  v a lu e  in eq u ilib riu m , r is th e  
a c tu a l  X —H , r* =  R  — r th e  a c tu a l  H —Y  d is tan ce  (see F ig . 1) an d  r0, r* are 
th e ir  va lues in  th e  equ ilib rium  o f  th e  X  — H , H  — Y  bonds, re sp ec tiv e ly , if  th e

Л r П
Г*

)

u- R

Y

Fig. 1

a to m s X  an d  Y  do not tak e  p a r t  in  a h y d rogen  bond. D0 a n d  Z)0h_y are the  
d issoc ia tion  energ ies of th e  X — H  and  H —Y  bonds, re sp ec tiv e ly . A su i
ta b le  value for th e  un iversa l dim ensionless c o n s ta n t g is, acco rd ing  to  th e  
d e ta ile d  ca lcu la tio n s of L ip p in c o t t  an d  S c h ro eder  [4, 5], 1,45 an d  4,80 
Â -1 fo r th e  u n iv e rsa l c o n s ta n t b. The values o f  th e  c o n s ta n ts  П(х-н> and  
П(н—Y) can be d e te rm in ed  on th e  basis of th e  io n iza tio n  p o te n tia ls  o f th e  atom s 
X  a n d  H , H  a n d  Y , respec tive ly  [4, 5].

T he value o f  th e  c o n s tan t A  can  be d e te rm in ed  in  every  case on th e  basis 
o f  th e  conditions

Э У ( й , г )
dr r=r,

R =  Ra
=  0 , (3)

3 V ( R ,  r) \

Э R  : R = R,
(4)

1 As it  is easy  to  see from equation  (1), V(R, r) =  0 if  r* =  R  =  <*> and r =  r0, i.e . 
a tom  Y  is in the in fin ity  and the proton is in the equilibrium  distance of the X  —H bond.
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where re is th e  equ ilib rium  value o f r in  th e  X —H  . . .Y  hydrogen bond. S u b 
s titu tin g  (1) in to  (3) we h av e  solved th e  re su ltin g  e q u a tio n  fo r re b y  successive 
a p p ro x im a tio n . U sing th e  o b ta in ed  v a lu e s  re we have  d e te rm in ed  th e  a p p ro 
p ria te  values A  for b o th  cases w ith  th e  a id  o f eq u a tio n  (4).

W e h av e  perfo rm ed  th e  c a lcu la tio n  in  b o th  cases fo r  R  — R q a n d  we 
have used fo r R„ in  th e  cases o f th e  h y d ro g e n  bonds N —H  . . .0  and  N — H  . . .N 
th e ir  average  values in  th e  base p a irs  [6] (R 0 =  3,00 Â  fo r  N —H  . . . 0  an d  
2,95 Â fo r N —H  . . .N). A ll th e  o th e r  n ecessary  d a ta  h a v e  been ta k e n  from  
an o th e r p ap e r of S ch ro eder  and  L ip p in c o t t  [7]: D 0^  — 104 kca l/m o le ,
Do(H_o, =  118 kcal/m ole, n (N-H> =  9 ,30 A -1 , n<H_o) =  9,07 Â -1, r0iN_H) =  
=  ro(H_Sl =  U01 Á, r j  =  0,97 Â. F o r  b o th  h y d ro g en  bonds we h av e  
ca lcu la ted  th e  function  V (R 0, r) in  th e  po in ts  [0,75 A , (0,05 Â), 2 ,20  Â]. 
Jn  b o th  cases we have d e te rm in ed  th e  tw o  m inim a an d  th e  m ax im um  o f  th e  
p o ten tia l function .

A fte r th e  ca lcu la tion  o f th e  p o te n tia l  functions we h a v e  s u b s titu te d  th e  
function  V (R 0, r)(N_H...o) in to  th e  Sc h r ö d in g e r  eq u a tio n  o f  th e  p ro to n  :

where M p deno tes th e  m ass o f  th e  p ro to n . Since th is  e q u a tio n  canno t be so lved  
an a ly tica lly  in  th e  case o f a p o ten tia l fu n c tio n  of ty p e  (1), we have so lv e d  it  
only n u m erica lly  w ith  th e  a id  of th e  M 3 co m p u te r of th e  C om puting  C en tre  
of th e  H u n g a rian  A cadem y o f Sciences. T h e  details o f th is  ra th e r  tim e -c o n 
sum ing  ca lcu la tio n  are g iven  in  th e  A p p en d ix .

As is w ell know n fro m  q u a n tu m  m echan ics th e  p ro b a b ility  of tu n n e lin g  
of a p a rtic le  w ith  energy  e (- an d  m ass ц  th ro u g h  a p o te n tia l  ba rrie r is g iven  
in a good ap p ro x im atio n  b y  th e  expression

where th e  c o n s ta n t к is in  th e  order o f  1 [8]. The d efin itio n  o f the  lim its  o f 
in teg ra tio n  (r2. an d  r3() can  be seen in  F ig . 2.

S u b s titu tin g  in to  (6) к  =  1, g, =  M p, V(r) =  V(Ril, r)^N_ н...С) a n d  fo r 
the energies E  of th e  d iffe ren t tu n n e lin g  levels o f the  p ro to n , o b ta ined  fro m  
the num erica l so lu tion  of (5), we have  ca lc u la ted  the  v a lu es  p T be longing  to  
d ifferen t levels b y  num erica l in te g ra tio n . F u r th e r  we have  ca lcu la ted  fo r each

denotes th e  p a r titio n  fu n c tio n . For T  we h a v e  tak en  37 -+- 273 =• 310° K .

d2 Щ г)  
2 M p dr2

+  V ( R t), r)(N_H...O) Щг) =  E T { r ) , (5)

energy  level o f th e  p ro to n  th e  B o ltzm an n  factors p Bt = ——— , w here  Z
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Since th e  num erica l so lu tio n  of e q u a tio n  (5) has p ro v id e d  only s tab le  
e igenvalues, b u t  d id  no t p ro v id e  good e igen func tions (see th e  A ppendix), we 
c a n n o t ca lcu la te  d irec tly  f ro m  th e  wave fu n c tio n s  th e  p ro b ab ilitie s  to  f in d  
th e  p ro to n  in reg io n  I  or I I  (see Fig. 2). T h ere fo re  we h a v e  m ade for th e se

Fig. 2. Tunneling through potential barrier in a double-w ell potential

p ro b ab ilities  a  classical e s tim a tio n . In  a f i r s t  a p p ro x im a tio n  th e  p o te n tia l 
fu n c tio n  in  th e  regions I  or I I  below  a g iven lev e l of th e  p ro to n  can be rep laced  
b y  th e  p o te n tia l  fu n c tio n  o f  a  harm onic  o sc illa to r:

V i . =  —  feI, r2 n .  <  r <  гг,,
2

V u ,  —  — k n t r2 гз{ <  r <  Г4, .
2

( 7 )

k]t and  k\i{ c a n  be d e te rm in ed  from  th e  co n d itio n s  th a t  V \( an d  У ц { h av e  to  
pass th ro u g h  th e  po in ts ( rTj, ef), (r2j, £,), a n d  th ro u g h  th e  p o in ts  (r3j, £,), (r„(, £,), 
resp ec tiv e ly , a n d  fu r th e r  th e  d e p th  of th e  po ten tia l-w ells  m easu red  from  £,• is 
Uj an d  C/ц  , re sp ec tiv e ly  (see Fig. 2). W ith  th e  aid  o f  th e se  cond itions an d  
o f  th e  d e fin itio n s  d], =  r2( — r l{ and  d u ( =  r3j — r4( we o b ta in

к I, =
8 U i{

d l
id  fen, =

respective ly .

8 U u t

~ d h 7
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APPROXIMATE CALCULATION OF THE TUNNELING FREQUENCIES 15

S u b s titu tin g  in to  th e  expression  v =
2 71

o f th e  oscillators we ob ta in
m

v\i =  —
n

2 U h J 1 2 U u ,
-------— a n d  щ 4 =  —  / ------- — .

md?4 л  m d  fi.
( 8 )

W ith  a id  o f the  la t te r  we can w rite  dow n im m ed ia te ly  th e  co n d itio n  o f th e  
cond itio n  o f th e  s ta t io n a ry  eq u ilib riu m

or

1
P W  -  

л

P iívhPtíPbí — PuJiuPnPBi.

12 U it
mdj.

=  P П,-
л rndhi

(9)

w here p l( and  р ц ( = 1  — p\.  are th e  p ro b ab ilities  to  f in d  th e  p ro to n  w hich 
occupies th e  i-th  level in  region I  o r I I ,  respective ly . F ro m  eq u a tio n  (9) we 
o b ta in

and

P U

1 +
d 'U
d\. 1 U ii.

Pu,

1 4 - d U

d u .
ViU
U i(

( 10)

U sing  th e  expressions (10) we h a v e  ca lcu la ted  p a n d  p Ui fo r a ll th e  
tu n n e lin g  levels of th e  p ro to n  in  th e  N — H  . . .0  h y d ro g en  bond . W eig h tin g  
each  o f th e se  p ro b ab ilities  w ith  th e  B o ltz m a n n  fac to rs p B( o f th e  a p p ro p ria te  
levels we can  calcu late  also  th e  o v era ll p robab ilities  p [ a n d  р ц  to  f in d  th e  
p ro ton  in  region I or I I :

J L P i t e XT 2 i P n ( e kT
pi =  —— ^ — ; p h  =  - — ^ ------- • (Ц )

R esu lts

In  T ab le  I  we give th e  c a lcu la ted  values of th e  p o te n tia l fu n c tio n s  
Un—h ...o a n d Un_ h...n • I n  T able I I  th e  e x trem a l v a lu es  o f  these  p o te n tia l 
func tions an d  th e ir  positions are given.
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Table I

T h e  F N_H...o  an<i  h^N-H.. N p o te n t i a l  fu n c tio n s

r A t N— H . . .0(3,00 Â, r) 
kcal/mole

J'N—H...n(2,95 A. r)
kcal/mole

0,75 37,4 37,7

0,80 25,0 25,2
0,85 14,6 14,8
0,90 6,8 6,8

0,95 1.7 1,5
1,00 - 0 ,8 - 1 ,2
1,05 — 1,1 - 1 .7

1,10 0.7 -  0,2
1,15 3,8 2.6
1,20 8,0 6,3
1,25 12,7 10,5
1,30 17,6 14,8
1,35 22,2 18,8
1,40 26,2 22,2

1,45 29,5 24,8

1,50 31,8 26,5
1,55 33,0 27,3
1,60 33,1 27,0
1,65 32,0 26,0
1,70 29,9 24,4
1,75 27,0 22,5
1.80 23,6 20,7

1,85 20,0 19,6

1,90 16.8 19,8

1.95 14,5 21,7

2,00 13,8 25,7
2,05 15,3 32,0

2,10 19,4 48,2

2,15 26,4 51,0

2,20 36,1 62,5

T able I I I  sum m arizes th e  energy  levels o f  th e  p ro to n  in  th e  N — H  . . .0  
hyd ro g en  b o n d . T he Table c o n ta in s  also th e  B o ltzm an n  fa c to rs  pg ., the  tu n n e l
ing  p ro b ab ilitie s  p T{, th e  o sc illa to r frequencies v\. a p p ro x im a te d  b y  th e  ex p re s
sion (8) a n d  th e  p ro b ab ilitie s  pi.  defined  b y  eq u a tio n  (10). In  th e  la s t tw o  
colum ns o f  th e  Table we f in d  th e  tu n n e lin g  frequencies vr t =  vii PTi Pii =
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APPROXIMATE CALCULATION OF THE TUNNELING FREQUENCIES 17

Table II

The extrem al values o f the F n - н ...о and ц n potential functions

r k Min
1,029

Max
1,578

Min
1,993

r N_H. oftO O  Â, r) kcal/m ole -1 ,226 33,172 13,777

rk Min I Max 
1,036 1 1,563

Min
1,871

Fn _h ..n(2*95 Â, r) kcal/m ole - 1 ,7 3 8 27,284 19,546

=  v n . p j . p w . ,  w hich give how' m any  tim es  a p ro to n  in  th e  i- th  level crosses 
th e  p o te n tia l b a rr ie r  in u n it tim e  and f in a lly  th e  physica lly  m o st sign ifican t 
q u a n titie s  Vt -Pb  ̂ •

Table III

The energy levels o f the proton in the N  —H . . . О hydrogen bond 
and the characteristic probabilities and frequencies o f the different levels

' ri kcal/m ole PB; РГ; % sec 1 v p .  sec" 1 I'T; PB sec 1

0 2,163 1,0 0 9.22 ■ 10'3 1 0 0
1 11,568 2,3 • IO"7 0 8,84 • 10'3 1 0 0
2 18,045 6,3 • 10-'2 1,8 • IO"7 8.56 • LO13 0,521 7,4 • 106 4,7 • io - 3
3 19,430 6,7 ■ IO“13 8,8 • IO-7 8,46 ■ 1013 0,516 3,6 107 2,4 • 10"6
4 26,028 1,5 • 10-” 9,3 • 10-J 7,99 • 10'3 0,515 3,6 • 1010 5,4 • 10-7

5 26,553 6,3 • 10“18 1,6 • io -3 7,91 ■ 1013 0,515 6,1 IO10 3,8 • 10-7
6 32,019 8,8 • 10-22 3,4 ■ 10-1 7,21 • 1013 0,511 1,2 1013 1,1 • 10-8

7 33,167 1,4 • 10-22 9,9 • 10~> 6,62 • 1013 0,501 3,3 • 1013 4,6 • 10-»

In  Fig. 3 we show  th e  ca lcu la ted  N —H  . . .0  p o te n tia l  fu n c tio n  w ith  th e  energy  
levels o f th e  p ro to n . The n u m b e r a t  th e  le ft side o f each  level gives th e  q u a n ti
ties vTip B. .

We h av e  fo u n d  for th e  overall p ro b ab ilitie s  p \  an d  p \ \ , w hich  are defined  
b y  eq u a tio n s (11), th e  values p i  =  1,0 an d  p u  =  3,4 • 10~12. F in a lly , i t  w as 
in te re s tin g  to  ca lcu la te  th e  w ave len g th  o f  ra d ia tio n  w hich is necessary  to  
excite  th e  p ro to n  from  th e  g ro u n d  s ta te  (e0) to  th e  f irs t tu n n e lin g  level (e2). 
We h av e  o b ta in e d  /  =  1,8 /i w hich falls in  th e  n e a r in fra red  region.
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18 G. BICZÓ, J. LADIK and J . GERGELY

C om p arin g  th e  p o te n tia l  fu n c tio n s o b ta in ed  fo r th e  N —H  . . . 0  a n d  
N —H  . . .N  h y d ro g en  b o n d s (Table I  a n d  I I )  we can see t h a t  while th e  deep er 
p o te n tia l w ells o f th e  fu n c tio n s  are r a th e r  sim ilar, th e re  are  large d ifferences 
in  th e  fu n c tio n s  in  th e  reg io n  of th e  p o te n tia l  b a rrie r a n d  of th e  m ore shallow  
well. N am ely  th e  N —H  . . .N  fu nc tion  h a s  a  sm aller b a rr ie r  an d  a m ore shallow  
second w ell th a n  th e  N — H  . . .0  fu n c tio n . This can  be seen, if  we ta k e  in to  
acco u n t t h a t  th e  0  a to m  is m ore e lec tro n eg a tiv e  th a n  th e  N  a tom .

Fig. 3. The potentia l function  o f the N —H  . . .  О hydrogen bond of the nucleotide base 
pairs and the energy leve ls of the proton

D iscussion

C om ing now  to  T ab le  I I I  we can  see th a t  th e  en e rg y  levels o f th e  p ro to n  
Si are  p la c e d  a t  a d is tan ce  o f  6 —9 kca l/m o le  from  each  o th e r  u n til  we a re  below  
th e  m in im u m  of th e  m ore  shallow  p o te n tia l  well. A bove th is  we fin d  a sp littin g  
of th e  leve ls . The tw o com p o n en ts  o f th e se  doub le ts are  only  0,5 —1,4 kcal/m ole  
fa r from  e ach  o ther.

T h e  B o ltzm an n  fa c to rs  p B< c a lc u la ted  for 37° C show  th a t  a t  th is  te m p e ra 
tu re  th e re  is a v e ry  sm a ll p ro b a b ility  to  h av e  a p ro to n  in  a s ta te  o th e r  th a n  
th e  g ro u n d  s ta te . The tu n n e lin g  p ro b ab ilitie s  p Tf in crease  a t  th e  sam e tim e  in 
going fro m  th e  f irs t tu n n e lin g  level (level 2) to  th e  7 th  level, w hich is v e ry  n e a r
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APPROXIMATE CALCULATION OF THE TUNNELING FREQUENCIES 19

to  th e  to p  of th e  p o te n tia l b a rr ie r . The o sc illa to r frequencies vj( an d  th e  
p ro b ab ilities  p i { d iffer only  v e ry  sligh tly  in  th e  d ifferent levels . T herefore th e  
tu n n e lin g  frequencies v j { — p \ ( Vii рт{ increase p rac tica lly  in  th e  sam e m easu re  
as th e  tu n n e lin g  p ro b ab ilities  рт{ if  we are  going  from  th e  deeper levels to  
th e  h igher ones. W e can  see fro m  th e ir  v a lu e s  (values b e tw een  ^T O 6 a n d  
~  1013 sec-1 ) th a t  if  th e  p ro to n  is excited  b y  som e m eans (for in s tan ce  in fra re d  
ra d ia tio n  in  th e  ц  w ave len g th  region), th e re  w ill be a ra p id  oscillation  o f th e  
p ro to n  betw een  th e  tw o .reg io n s  of th e  double-w ell p o te n tia l an d  th e  p ro to n  
can  be found  a p p ro x im a te ly  w ith  th e  sam e p ro b ab ility  in  th e  tw o reg ions 
(th e  values p\.  v a ry  in  th e  tu n n e lin g  levels b e tw een  0,52 — 0,50).

I f  th e  p ro to n  can be ex c ited  only  by  th e  effect of th e  te m p e ra tu re , h o w 
ever, th e  B o ltzm an n  fac to rs p^ .  becom e decisive an d  owing to  th e ir  ex ceed ing 
ly  sm all values th e  p ro to n  p rac tica lly  w ill be  localized in  th e  deeper w ell 
( p I =  1,0). T herefore  th e  values Гтьр в ^  he. th e  num bers show ing  how  m a n y  
tim es d u ring  1 sec a p ro to n  w ill cross th e  p o te n tia l  b arrie r, i f  i t  can  be e x c ite d  
on ly  b y  T  to  a tu n n e lin g  level, are  very  sm a ll: ~ 1 0 -5 sec-1  — ~ 1 0 -9 sec-1 .

W e m ay  ex p ec t q u a lita tiv e ly  th e  sam e s itu a tio n  also in  th e  case o f  th e  
N —H  . . .N  h y d ro g en  bond . T he values v\. a n d  p l( will be in  all p ro b a b ili ty  
v e ry  sim ilar to  tho se  found  in  th e  N —H  . . . 0  case. Since, how ever, now  th e  
second p o ten tia l-w ell is m ore shallow , we w ill f in d  tu n n e lin g  levels higher th a n  
in  th e  N —H  . . .0  case. As a consequence o f  th is  and  o f  th e  fa c t th a t  th e  
b a rrie r  is now  sm aller th e  p ro b ab ilities  р-1( a n d  w ith  th e m  th e  tu n n e lin g  
frequencies vT. w ill now  be la rg e r th a n  in  th e  deepest tu n n e lin g  level o f  
th e  N —H  . . .0  h y d rogen  b o n d . Because o f  th e  B o ltzm ann  fac to rs , h o w ev er, 
w hich are also in  all p ro b a b ility  v e ry  sm all, w e can expect a g a in  th a t  th e  p ro 
to n , unless i t  is n o t exc ited  b y  ra d ia tio n  or b y  o th e r m eans, is localized in  th e  
deeper well.

We have to  call again a tte n tio n , h o w ever, to  the  fa c t as LÖWDIN [3] h a s  
p o in ted  ou t th a t  th e  shape o f th e  double-w ell p o ten tia l fu n c tio n  is e x tre m e ly  
im p o r ta n t from  th e  p o in t o f v iew  of all th e se  considera tions. A so m ew h at 
b e tte r  ap p ro x im a tio n  of th e  p o te n tia l of th e  N  —H  . . .N h y d ro g e n  bond o f th e  
G — C base p a ir w hich tak es  in to  accoun t a lso  th e  л  e lec tro n  d is tr ib u tio n  o f  
th is  nucleo tide  base pa ir h as  y ielded  a s till  m ore a sy m m etric  double-w ell 
p o te n tia l in  th e  g round  e lec tron ic  s ta te , b u t  th e  p o ten tia l fu n c tio n  has becom e 
ra th e r  sym m etric  in  th e  f irs t  ex c ited  e lec tro n ic  s ta te  of th e  л  e lectron  sy s te m
[9]. This m eans th a t  in  th e  ex c ited  s ta te  th e re  is a m uch g re a te r  p ro b a b ili ty  
to  fin d  th e  p ro to n  in  b o th  reg ions.

I t  shou ld  be fu r th e r  m en tio n ed  th a t  re c e n tly  in d e p e n d e n tly  of our ca lc u l
a tio n s R e in  a n d  H a rr is  [9a] h av e  ca lc u la ted  th e  p o te n tia l  function  o f  th e  
sam e h y d ro g en  b o n d  ta k in g  in to  accoun t th e  change of th e  л  e lectron  d is t r i 
b u tio n  of th e  base p a ir an d  o f th e  4rr e lec tro n s of the  h y d ro g en  bond w ith  th e  
position  of th e  p ro to n . E q u a tin g  th e  to ta l e lec tro n ic  energy  o f  th e  system  w ith
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the p o te n tia l  energy o f th e  p ro ton  th e y  have o b ta in e d  a less a sy m m etric  
double-w ell p o te n tia l th a n  we in  our p rev io u sly  m en tio n ed  [9] a p p ro x im a tio n . 
E x te n d in g  th e ir  ca lcu la tio n s also to  th e  positive an d  n eg a tiv e  ion ized  s ta te s  
a n d  to  th e  f irs t  exc ited  s ta te ,  th e y  h a v e  ca lcu la ted  th e  equ ilib rium  c o n s ta n ts  
o f  th e  ta u to m e r ic  re a rra n g em e n t of th e  b ase  pair [9b]. T h e ir resu lts sh o w  an 
overall p ic tu re  sim ilar to  ours.

T he a p p ro x im a tio n  o f  th e  double-w ell p o ten tia l shou ld  he fu r th e r  im 
p roved  u n til  it  will be possib le  to  arrive  a t  defin ite  tu n n e lin g  frequencies. A n y 
w ay, th e  q u a lita tiv e  conclusion  can be  d raw n  th a t  in  th e  ground e lec tro n ic  
s ta te  of a b ase  pair, i f  th e  p ro to n  is also  in  th e  g round  s ta te , th ere  is a very  
sm all p ro b a b ili ty  for th e  tu n n e lin g  p h en o m en a . If, how ever, th e  e lec tro n ic  
system  o f th e  base pa ir is ex c ited  or io n ized  [1, 2], or th e  p ro ton  is ex c ited , 
th e re  can occu r ra th e r  large p robab ilities  fo r the tu n n e lin g .
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Appendix

In th e  course of the numerical so lution  of the Schrödinger equation  
(5) of the proton the potentia l function ( 1 ) has been used w ith  the appropriate 
num erical constants of the N  — H . . .0  hydrogen bond. In atom ic units we can 
write equation (5) in the form

— У-- -f- 3672 [E F (r)]v (r ) =  0 
dr1

w ith  the function V(r)

V(r) =  C , C A e

Сь(г-Св)-
Cz(r~ C4) 2 ç Ci~r \

(A .l)

(A .2)

w here th e  v a lu es  of th e  c o n s ta n ts  Cj, . . ., C8 were g iven  num erically . T his 
p o ten tia l fu n c tio n  is, h o w ev er, because o f  physical reaso n s no t valid  in  th e  
n e ig h b o u rh o o d  of r  =  0 a n d  r =  C7 =  1?0. N am ely V(r) —► 00, if  r  — 0 or 
r —* R 0. S ince th e  fu n c tio n  (A.2) is e q u a l in  the  in te rv a ls  0 <  r <  a an d
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R 0 — a <  r  <  R 0 in  a good a p p ro x im a tio n  to  th e  c o n s ta n t Cv  i f  we choose
th e  v alue  0,4 a.u . for a, we h av e  ta k e n  in  these  in te rv a ls  for V(r) th e  c o n s ta n t
C1. This is perm issib le b ecause , acco rd in g  to  sim ilar ca lcu la tio n s w hich  can  be 
found  in  th e  lite ra tu re  [11], th e  value o f  th e  p o te n tia l can  be changed  e ssen tia l
ly  (for in s tan ce  increased) a t  th e  b o u n d a rie s  o f th e  in te rv a l w ith o u t causing  
sign ifican t changes in  th e  eigenvalues.

The ta s k  of our ca lcu la tio n  w as to  d e te rm in e  th e  eigenvalues E j,  i.e. 
those  values E  for w hich ip(r) sa tisfies eq u a tio n  (A. 1) in  th e  w hole in te rv a l 
0 <  r <  R 0 and  fulfils th e  b o u n d a ry  co n d itions

w( 0) =  v(Äo) =  0 (A.3)

an d  th e  n o rm aliza tion  cond ition

Я.
S’ \y>(r)'2 d r = l ,  (A .4)

ó

The d iffe ren t w ave fu n c tio n s 1pj w hich belong  to  th e  d iffe ren t e igenvalues E j 
are e igenfunctions of eq u a tio n  (A .l).

F o r th e  num erical in te g ra tio n  o f e q u a tio n  (A .l)  we have  used th e  R u n g e - 
K u t t a -M e r so n  m ethod  (see for in s ta n c e  [10]). We h av e  used  as s ta r tin g  
values

V>(0) =  0 and - ^ 1  = C  =  2 -30. (A .5)
dr  I r „

I t  shou ld  be m en tioned  th a t  for a g iven  value E  th e  so lu tions o b ta in e d  for 
th e  in te rv a l 0 <  r <  R n are p ro p o rtio n a l to  C, an d  th e y  will be co n tin u o u s  
functions o f E.

L et us denote  b y  Y ( E )  th e  value o f  th e  fu n c tio n  xp(r) o b ta in ed  fo r r =  R (t 
for a given value  of E  an d  C,

Y (E )  =  V(R 0) | £ C . (A.6)

Y ( E ) w ill be of course also a con tinuous fu n c tio n  of E.  O ur ta s k  ta k e n  can  be 
re fo rm u la ted : we have to  de te rm ine  th e  ro o ts  Ej  of th e  eq u a tio n  Y ( E )  =  0, 
since b y  th e  second p a r t  o f eq u a tio n  (A .3) holds

Y (E j)  =  0 . (A.7)

B y th e  use o f the R u n g e -K u t t a -M e r so n  m eth od  w e h ave d iv id ed  th e
( jR
R  =  —— . In  th e  case o f th e  th ird  e ig en v a lu e  

64
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we h av e  u sed  also R — — . W e h av e  fo u n d  d ev ia tio n  be tw een  th e  eigen- 
128 6

values o b ta in e d  w ith  th e  tw o  d iffe ren t va lu es  h on ly  in  th e  f if th  sig n ifican t 
decim al. S im ila rly  we h av e  fo u n d  th a t  th e  s u b s ti tu tio n  o f Cx b y  4Cx for th e  
p o te n tia l fu n c tio n  in  th e  in te rv a ls  0 <  r  <  a a n d  R q — a <  r  <  R 0 changes 
again  on ly  th e  f if th  sig n ifican t decim al o f th e  th ird  eigenvalue . W e h av e  p e r
fo rm ed  th e  in te g ra tio n  o f th e  d iffe ren tia l e q u a tio n  (A .l)  also in  th e  opposite  
d irec tio n  (m ore s tr ic tly  sp eak in g  we h av e  tra n s fo rm e d  th e  fu n c tio n  V(r) b y  
th e  tra n s fo rm a tio n  f  =  R 0 — r. The eigenvalues o b ta in ed  in  th is  w ay  d iffe r 
again  on ly  in  th e  f if th  s ig n ifican t decim als.

A lso, acco rd in g  to  o th e r  m uch  m ore d e ta iled  in v es tig a tio n s  perfo rm ed  
fo r single-w ell p o te n tia l fu n c tio n s  [11], we can  ex p ec t s im ila r s ta b ili ty  o f th e  
eigenvalues. T herefo re  in  th e  p re se n t case we h a v e  n o t re p e a te d  th e  m en tio n ed  
in v es tig a tio n s  in  fu ll d e ta il. F u r th e r , follow ing L öw din  [12] we can  e s tim a te  
th e  d is tan ce  b e tw een  th e  tw o  low est en erg y  levels in  th e  h a rm o n ic  o sc illa to r 
a p p ro x im a tio n . In  th is  w ay  we o b ta in  th e  v a lu e  o f 11 kcal/m ole w hich agrees 
w ell w ith  th e  va lu e  o f 9,40 kcal/m ole o b ta in e d  from  our p re se n t ca lcu la tio n s. 
W e in te n d  to  re in v e s tig a te  th e  p rob lem  in  a su b seq u en t p a p e r  in  w hich we 
in te n d  to  co m p are  th e  e igenvalues o b ta in ed  s ta r t in g  from  th e  b o u n d a ry  o f th e  
in te rv a l w ith  th o se  o b ta in e d  s ta r t in g  from  inside  o f th e  in te rv a l.

In  th e  ca lcu la tio n  we h av e  used  a f lo a tin g  p o in t p ro g ram m e, w hich h as  
w orked  w ith  a m an tissa  o f  24 b its  (7 decim als) a n d  w ith  an  ex p o n en t of 6 h its  
(in lin ea r sy s tem ). The la t te r  co rresponds to  th e  orders of m ag n itu d e  10-9 —
— 10+9.

I t  h a s  cau sed  ra th e r  serious d ifficu lties t h a t  th e  va lu es  o f th e  fu n c tio n s  
rp(r) in  th e  in te rv a l 0 <  r <  R g d iffer fro m  each  o th e r b y  m an y  orders o f  
m ag n itu d e  a n d  th e y  m ay  be m u ltip les o f  th e  large  perm issib le  n u n  h er w ith  
w hich  th e  p ro g ram m e is ab le  to  w ork. T herefo re  in  som e p o in ts  o f th is  in te r-

dip
v a l we h a v e  d iv id ed  th e  fu n c tio n s  ip(r) a n d  —— b y  a p p ro p ria te  c o n s ta n ts . (T his

dr
can  be done because e q u a tio n  (A .l)  is a hom ogeneous lin ea r  d iffe ren tia l 
e q u a tio n .)

W e h a v e  fo u n d  in  som e cases for th e  fu n c tio n s  rp(R0, E )  =  Y ( E )  v a lu es  
as large as 1030. T herefo re  to  f in d  th e  ro o ts  Ej  o f  th e  e q u a tio n  Y (E )  — 0, we 
h av e  lin e a r ly  in te rp o la te d  b e tw een  th e  p o sitiv e  an d  n e g a tiv e  values o f  Y ( E )  
in  th e  n e ig h b o u rh o o d  o f th e  ro o ts . Since we in te n d e d  to  d e te rm in e  th e  e igen 
values E j  o n ly  w ith  a p rec ision  of e =  2 -24 я« 10-7 , we h a v e  c o n tin u ed  th e  
successive in te rp o la tio n  o n ly  u n til  such  p o sitiv e  an d  n eg a tiv e  values Y ( E )  
w ere fo u n d  b e tw een  w hich  th e  in te rp o la tio n  y ie lded  va lu es  Ej  in  seven d ec i
m als.

S ince, h o w ever, th e  fu n c tio n  Y (E )  is an  ex trem ely  sensitive  fu n c tio n  
o f  E  th e  v a lu es  o f th is  fu n c tio n  m ay  differ co n sid e rab ly  from  zero also in  th e
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neighbourhood  of th e  eigenvalues. I n  som e cases th e y  h av e  values Y (E * )  ^  
«=! 1020, w here E*  is th e  у-th  e igenvalue d e te rm in ed  u p  to  7 decim als. T h e re 
fore we w ere n o t able to  o b ta in  from  th is  ca lcu la tio n  re liab le  e igen func tions ipj.

In  F ig . 4 we give a  b lock  d iag ram  o f th e  ca lcu la tion .
U sing th e  p ro g ram m e described  we h av e  d e te rm in ed  9 e igenvalues in  

th e  energy  region m en tio n ed . To be ab le  to  o b ta in  re liab le  e igen func tions i t

Fig. 4. The block diagram of th e  numerical in tegration  o f the one-dim ensional S c h r ö d in g e r  
equation o f the proton. E u and E max, respectively, m ean the lim its o f  the investigated  energy  
region (E 0 — —1,226 kcal/m ole, E max =  37,000 kcal/m ole), H  is the length  of the energy  
interval used in the calculation o f the function Y (E ) .  The param eter v m ay have on ly  the  
values 0 or 1. v — 0 for the first calculation o f  a Y (£ )  and it  has the value v =  1 for all the  
subsequent calculations o f Y (E )  in  the neighbourhood o f a given eigenvalue. W hen used the  
sym bol =>■ at the left hand side stands always for a num ber and at the right hand side for 
the title  o f  a m em ory cell. The sym bol (к) m eans, as usual, the content o f the cell w ith  title  к

*icta Phys. Hung. Тот. X X . 1966



24 C. BICZÓ, J. LADIK and J .  GERGELY

w ould be n ecessa ry  to  use a flo a tin g  p o in t p ro g ram m e w hich includes a m a n 
tis sa  w ith  12 — 15 decim als a n d  an  e x p o n en t w hich gives o rders of m ag n itu d es  
betw een  10-50 — 10+so. Since flo a tin g  p o in t co m p u te rs  w ith  such  a w ord  len g th  
are no t av a ila b le , th is  ta s k  can  be done in  all p ro b a b ility  o n ly  w ith  a f lo a tin g  
p o in t p ro g ram m e  w hich uses double w ord  len g th  (one n u m b e r is p laced  in to  
tw o m em ory  cells).
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ПРИБЛИЖЕННОЕ ОПРЕДЕЛЕНИЕ ТУННЕЛЬНЫХ ЧАСТОТ ПРОТОНОВ, 
УЧАСТВУЮЩИХ В ВОДОРОДНОЙ СВЯЗИ N —Н . . .  О НУКЛЕОТИДНЫХ

БАЗИСНЫХ ПАР

Г. БИЦО, Я. Л А Д И К , и Й. ГЕРГЕЛ Ь

Р е з ю м е

На основе полуэмпирического метода Л и п п и н к отта - Шредера определяются 
потенциальные функции водородной связи N—Н . . .  О и N—Н . . .  N нуклеотидных базис
ных пар. Полученный потенциал N —Н . . .  О с двумя минимумами замещается в одно
мерное уравнение Шредингера для протона, которое решается численным интегрирова
нием на вычислительной машине.

При помощи вычисленных энергетических уровней протонов, следуя за предло
жениями Лэвдина, определяются туннельные частоты протонов на отдельных уровнях. 
Далее, классической оценкой показывается, что электронное основное состояние системы 
в случае, когда и протон находится в основном состоянии, практически полностью лока
лизуется в окрестности более глубокой потенциальной ямы. Следствия данного факта 
истолкуются с точки зрения мутационного механизма Уагсона—Крика—Левдина.
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ON THE EXAMINATION OF THE HEAT CONDUCTION 
PHENOMENA OF LOW-PRESSURE GASES

B y

G . L a k a t o s * and J .  B it ó

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE. BUDAPEST 

(Presented by G. Szigeti — R eceived 26. X I. 1964.)

The authors determ ine the energy trasferred b y  heat condution from  the cathode o f  
low-pressure gas discharge. T hey indicate for various gases under given  discharge conditions 
the quantity  o f energy transm itted  from th e  u n it surface area of the cathode by heat con
duction of the gas.

1. Introduction

As is w ell know n, th e  m ost im p o r ta n t  re su lt o f k in e tic  gas th e o ry  w as th a t  
th e  p ressu re-independence  o f th e  in te rn a l  fric tio n  of gases could  be d em o n 
s tra te d  b y  its  app lica tion . A t th e  sam e tim e  th e  th e o ry  also gave v a lu ab le  
d a ta  on th e  re la tio n sh ip s  betw een  h e a t  con d u c tio n -, diffusion- an d  in te rn a l 
fric tion  coefficients.

I t  cou ld  be show n th a t  th e  h e a t  co n d u c tio n  coeffic ien t A is o n ly  th e  
fu n c tio n  o f th e  in te rn a l fric tio n  coeffic ien t rj, o f th e  specific h e a t a t  c o n s ta n t 
p ressure cp a n d  of the  specific h ea t a t  a c o n s ta n t vo lum e c„, b u t  is in d e p e n d e n t 
of th e  p ressu re  [1]:

A =  П ■ c„ , (1)

or considering  m ore ex a c tly  th e  h e a t t r a n s p o r t  o f th e  m olecules:

A =  e • r) ■ cv, (2)

w here
9y — 5

e =  (3)
4

an d

У =  Cp/Cv, (4)

generally

1 ^  e ^  2,5 . (5)

* At present at the Research Institute for the Electrical Industry.
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L a te r  i t  w as estab lish ed  [2] th a t  th is  h o ld s  on ly  i f  th e  pressure is h ig h er 
th a n  th a t  n ecessa ry  to  p ro d u ce  m olecular flow . F o r th is  reason  re la tio n sh ip
(1) in  p ra c tic e  is on ly  a p p ro x im a te ly  v a lid  [2]. T he m easu rem en ts  e ffec tu a ted  
u n til  now  show  th a t  in  th e  dom ain  below  20 m m H g  p ressu re  th e  h e a t  co n 
duc tio n  coeffic ien t o f gases in  general decreases h n ea rly  a n d  c learly  as a fu n c 
tio n  of th e  p ressure .

T he h e a t  co n d u c tio n  p henom ena  re la tin g  to  th is  p ressu re  dom ain  w ere 
th e o re tic a lly  d educed  in  tw o  d iffe ren t w ays. K n u d sen  [3] ca lcu la ted  on th e  
basis o f th e  en erg y  tran sm iss io n  m ech an ism  o f som e m olecules im p a c tin g  
ag a in st th e  h o t  surface, w hile Smoluchowski [4] com posed his th e o ry  b y  th e  
ap p lica tio n  o f  th e  idea  o f th e  leap  o f te m p e ra tu re , or t h a t  o f th e  “ slide-pheno
m enon”  an a logous to  i t .  A lso, Langmuir [5] suggested  a m e th o d  of ca lcu la tio n  
in  case o f low  pressu res, su p p o rte d  b y  th e  so-called  “ la y e r- th e o ry ” .

In  th e  course o f th e  follow ing ca lcu la tio n  th e  re la tio n sh ip  due to  D u s h - 

MAN [6] w h ich  c learly  describes h e a t co n d u c tio n  p h enom ena  of low -pressure 
gases is ap p lied , w here th e  h e a t energy  W  tra n s fe rre d  is given b y  th e  re la tio n

2 л  ■ a ■ l ■ kt • A T
yy --- - ^

a ■ ln[r/a]

W  b e in g  th e  h e a t  en erg y  tra n sfe rre d  (w a tt) , 
l th e  len g th  of th e  h o t w ire (cm ), 
a th e  d iam e te r  o f th e  h o t w ire (cm ),

A T  th e  a rising  te m p e ra tu re  difference (°C),
A* th e  h e a t c o n d u c tio n  coeffic ien t o f th e  gas ( W  ■ cm -1 degree-1 ), 
ry  th e  in te rn a l rad iu s  o f th e  d ischarge  tu b e  (cm).

The v a lu e  o f  th e  h e a t co n d u c tio n  coeffic ien t A( can be g iven for each gas b y  
averag ing , s ta r t in g  from  th e  h e a t co n d u c tio n  coefficien t o f th e  gas in  q u estio n  
m easu red  a t  0° C a n d  760 m m H g. The te m p e ra tu re  dependence o f  e.g . fo r 
argon  gas is g iven b y  re la tio n  (6)

J U /2
A, =  1 ,4 7 0 -1 0 -* ---------ш - ,  (7)

1 -+ T

w here T  is th e  m easu red  te m p e ra tu re  in  °C. 2

2. Conditions o f exam ination and results

I f  th e  above re la tio n sh ip s  are kn o w n  th e  h e a t co nduc tion  coeffic ien ts 
o f th e  v a rio u s  gases can  be  given fo r th e  p ressu re  dom ain  w ith in  2 —3 m m H g  
ex am in ed  h ere  an d  fo r th e  te m p e ra tu re  in  question .
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The use o f  th e  ca lcu la tio n  m ethods described  above enab le  a d e te rm in 
a tio n  o f th e  h e a t  conduction  energy  losses occu rring  a t  th e  low -pressure gas 
d ischarge tu b e-ca th o d es . T his is o f fu n d a m e n ta l im p o rtan ce  in  th e  e s ta b lish 
m en t of th e  energy  balance o f  th e  cathodes. N am ely , in  d e te rm in in g  th e  en erg y  
balance  o f  th e  ca thodes th re e  considerab le possib ilities o f  energy-losses h a v e  
to  be considered : th e  processes o f h e a t co n d u c tio n , th o se  o f  ra d ia tio n  an d  th e  
h e a t t ra n s p o r t  b y  elec tron  em ission (7). W h en  exam in in g  h e a t  co n d u c tio n  
phenom ena , th e  h e a t co n duc tion  processes occu rrin g  in  th e  gas o f th e  d ischarge 
co u n t are m o st im p o r ta n t, w hile th e  h e a t q u a n t i ty  co n d u c ted  b y  th e  m eta llic  
e lectrodes a n d  glass surfaces are  generally  c o m p a ra tiv e ly  negligible.

In  o rd e r to  be able to  ta k e  in to  ac c o u n t th e  a p p ro p ria te  te m p e ra tu re  
d is tr ib u tio n  also, w hen in d ica tin g  th e  h e a t co n d u c tio n  energy  losses occu rring  
in  gases, th e  ca lcu la tions are  to  be m ade b y  m eans of th e  in te g ra te d  average  
o f  re la tio n  (7), w here th e  in te g ra tio n  com prises th e  com plete  ran g e  or th e  fa ll 
in  te m p e ra tu re .

R ela tion  (7) can be expressed  in th e  fo rm  of

A, =  1 ,4 7 0 -IQ -5
У  3/2

142 +  T
( 8 )

from  w hich th e  requ ired  in te g ra te d  average A is:

1 ,4 7 0 -10"5 2/3 T 3'2 — 2 -142 • T 1'2 +  2(142 )3/2 - ta n h
T 1/2

t 2 - t , 142 .  ( 9 )

w here T l is th e  low er lim it o f th e  te m p e ra tu re  d ifference zone (°C), T2 th e  
up p er lim it o f th e  te m p e ra tu re  difference zone (°C).

The ca lcu la tions were m ade for argon  a t  3 m m H g, arg o n  a t  2,75 m m H g, 
neon  a t  1,94 m m H g  an d  fo r a m ix tu re  o f  2 0%  argon  a n d  80 %  neon a t  
2,00 m m H g. In  th is  period a local glow -discharge ta k e s  p lace b e tw een  th e  tw o  
m eta llic  e lec trodes. D uring  th e  glow -period th e  m easu rem en t o f th e  te m p e ra 
tu re  o f th e  ca thodes of th e  argon-filled  d ischarge  tu b es  ran g e d  from  930 to  
980°C, d epend ing  on th e  e x te n t  of th e  lo ad  c u rre n t an d  th e  ca th o d e  coil. 
T he observed  ca th o d e  te m p e ra tu re  of th e  d ischarge  tu b e  filled  w ith  pure neon  
was 1250°C d u rin g  th e  glow -period.

The h e a t conduction  coefficients v a rie d  betw een  th e  m ag n itu d es o f 
10-4 to  10~5 w a tt/c m  °C an d , accord ing  to  e x p e c ta tio n s , th e  h e a t  co n d u c tio n  
coefficien t o f  neon  was a b o u t one o rder o f  m ag n itu d e  h ig h e r th a n  th a t  o f  
argon . This p o in ts  to  th e  fa c t t h a t  th e  em p lo y m en t o f neon  is adv isab le  w hen 
re la tiv e ly  g re a te r  h e a t q u a n titie s  have to  he tra n s fe rre d  b y  h e a t co n d uc tion .

S u b s titu tin g  th e  values o f th e  h ea t co n d u c tio n  coefficients o b ta in ed  in to  
re la tio n  (6), th e  q u a n ti ty  o f en e rg y  tran sfe rred  from  th e  ca th o d e  b y  h e a t con-
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d u c tio n  can  be d e te rm in ed . This was th e  aim  of th e  ex p erim en t. T he t r a n s 
fe rred  en e rg y  q u a n titie s  re la tiv e  to  th e  u n it  surface o f th e  ca thodes o b ta in e d  
are  in d ic a te d  in  T ab le  1.

Table 1

a b C d

Gas filling ............................................................... argon argon neon argon 20%  -f- 
neon 80%

Pressure (m m H g) ................................................. 3,00 2,75 1,94 2,00

Glow current (mA) ............................................ 460 670 840 760

Glow performance ( W ) ........................................ 4,0 6,6 12,4 9.0

Energy transferred by heat conduction 
(W /cm2) .................................................................. 3,46 3,80 18,15 12,00

As can  be seen from  Table 1, th e  en erg y  tra n s fe rre d  b y  h e a t co n d u c tio n  
is th e  h ig h e s t for gas d ischarge tu b e s  filled  w ith  pu re  neo n , as ex p ec ted . W hen  
e v a lu a tin g  th e  d a ta  o f  T ab le  1 i t  shou ld  be rem em b ered  th a t  th e  c a th o d es  of 
th e  tu b e s  o f  ty p e  a, w ere n o t id e n tic a l w ith  those  o f  th e  tu b e s  of ty p e s  b, c, 
an d  d  e i th e r  in  size or surface a rea . T he ca thodes o f ty p e s  b, c, an d  d  w ere of 
sim ilar co n stru c tio n .

A p p ly in g  th e  ca lcu la tions ex p la in ed  above, th e  au th o rs  d e te rm in ed  th e  
en erg y  b a lan ce  of th e  respective  ca th o d es  u n d e r d iffe ren t d ischarge co n d itio n s, 
d u rin g  th e  glow perio d  [7]. The re su lts  o b ta in ed  ag reed  well w ith  th e  d a ta  
fo u n d  in  a n o th e r  w ay  an d  w ith  tho se  pu b lish ed  in  th e  l i te ra tu re . T he ag ree
m en t o f  th e  d a ta  o b ta in ed  o therw ise w ith  those  o b ta in e d  as above is show n 
in  T ab le  2.

Table 2

a b C d

Gas filling ............................................................... argon argon neon argon 20% +  
neon 80%

Pressure (m m H g) ................................................. 3,00 2,75 1,94 2,00

Energy leaving by heat conduction (JE/em2), 
calculated in the manner described here 3,46 3,80 18,15 12,00

Energy transported by heat conduction 
( W /cm 2), calculated from the energy- 
balance .................................................................... 3,90 4,05 19,00 12,7
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ОБ ИССЛЕДОВАНИИ ЯВЛЕНИЙ ТЕПЛОПРОВОДНОСТИ 
ГАЗОВ ПРИ НИЗКОМ ДАВЛЕНИИ

Д Ь . ЛАКАТОШ и Я . БИТО

Р е з ю м е

Авторами определяется энергия, уносимая от катода газового разряда при низком 
давлении теплопроводностью. Вычисляется отданное единицей площади катода коли
чество энергии, обусловленное теплопроводностью газа, в случае разных газов при тех 
же условиях разряда.
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STACKING FAULTS IN HEXAGONAL ZnS RODS 
AND NEEDLES

By

E .  LENDVAY and P . KOVÁCSRESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES.BUDAPEST
(Presented b y  G. Szigeti. — R eceived  18. X II. 1964)

The present paper deals w ith  the investigation  of stacking fa u lts in hexagonal ZnS 
rods and needles. Som e possible m odels are presented for dislocations in  wurtzite la ttice  and 
the form ation o f certain crystal-regions w ithout striations and birefrigenee bands. The  
description of the macro- and microlamellar structure in  ZnS, appearing in the direction  
perpendicular to  the c-axis is given .

1. In tro d u c tio n

In te re s t  in  ZnS c rysta ls  is cen tred  m a in ly  on the ir lu m in escen t an d  p h o to - 
co n d u c tiv e  p ro p e rtie s . N ow adays b o th  m icrocrysta lline  Z nS  an d  single c ry s 
ta ls  are  s tu d ie d , b u t  i t  m u s t be no ted  t h a t  th e  basic re sea rch  has sh if te d  
fro m  m icro cry sta ls  to  th a t  o f  single c ry s ta ls  o f ZnS. T h is is in  close co n n ec
tio n  w ith  th e  fa c t th a t  p a r t  o f  the  p h en o m en a  ap p earin g  in  ZnS, — esp ec i
a lly  e lectro lum inescence — sh o w  a s trong  a n iso tro p y  in d iffe re n t c ry sta llo g rap - 
h ica l d irections.

N a tu ra l cub ic  (F  43 m ) a n d  hex ag o n al (C 5 me) ZnS c rysta ls  are  g en e
ra lly  a lm ost p e rfe c t s tru c tu ra lly  b u t  th e y  o fte n  con ta in  im p u ritie s  in  r a th e r  
h igh  co n cen tra tio n , (appr. 5 — 10% ) so t h a t  th e  lu m in escen t and  sem icon- 
d u c tiv e  p ro p ertie s  o f th e  m a te r ia l  are co m p le te ly  k illed . Several m e th o d s  
h a v e  been  describ ed  for th e  p re p a ra tio n  o f  artific ia l ZnS c ry sta ls  (see e.g . 
[1, 2]). The chem ical p u r ity  o f  these  sy n th e tic  crystals is g en era lly  su ffic ien t 
b u t  th e ir  s tru c tu ra l  q ualities are  worse t h a n  those  of n a tu r a l  c rysta ls . T h e  
sy n th e tic  c ry s ta ls  often  h av e  a po ly type  c h a ra c te r  co n ta in in g  a m ix tu re  o f  
th re e -la y e r (cubic) a n d  tw o -lay e r (hexagonal) m odifica tions.

The s tu d y  o f th e  s tru c tu re  “ p u r i ty ”  o f  ZnS c ry s ta ls  in  lu m in escen t 
re sea rch  is as im p o r ta n t  as t h a t  o f chem ical p u r ity . A n u m b e r  of p h en o m en a  
in d ica tes  th a t  besides p o in t defec ts o ther im perfec tions h a v e  also a decisive 
ro le especially  in  e lec tro lum inescence. One o f  th ese  p h en o m en a  is th e  (1010)- 
o rien ted  b g h tin g  lines on th e  b a sa l p lane o f Z nS  rods [3, 4 ]. A  sim ilar localized  
c h a ra c te r  ap p ears  in  th e  p h o to v o ltag e  an d  p h o to co n d u c tio n  effects, etc.

In  th is  p a p e r  we shall d ea l w ith  th e  s ta c k in g  fau lts  in  hexagonal ro d s  
a n d  needles. T h ey  a re  th e  m o st com m on ty p e  o f  fau lts in  Z nS , therefo re  th e y  
h av e  a decisive ro le in  th e  p h y sica l p roperties o f  th e  m a te ria l.
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2. S tack ing  fau lts  in Z nS  rods and needles

T he c ry s ta ls  ex am in ed  w ere p rep ared  in  our la b o ra to ry . Some re m a rk s  
in  connection  w ith  th is  w o rk  are a lread y  d iscussed  in  a prev ious p a p e r  [5]. 
In  [5] th e  questio n  o f flu x  h a s  a lread y  been  m en tioned . V e ry  good resu lts  w ere 
o b ta in ed  w ith  SrCl2, b u t a g re a t q u a n tity  o f  Sr was b u ilt in to  the ZnS la tt ic e . 
T he s tu d y  o f  e lec tro lum inescence  requires h ig h  p u rity , th e re fo re  we use HC1 as 
f lu x  a t  p re se n t. W ith  th is  m e th o d  we succeeded  to  produce  ra th e r  pure c ry s ta ls  
o f  su ffic ien t size e m ittin g  th e  blue b a n d  ch a rac te ris tic  o f  se lfac tiv a ted  ZnS 
ex c ited  w ith  th e  365 nm  H g  line.

Fig. 1. A djacently developed hexagonal ZnS rods. The crystals have  nearly perfect basal
planes

Fig. 2. Birefringence bands on hab it faces of ZnS needles in polarized light, a — crysta l w ith  
high band density , b needle w ith  only few birefringence bands
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These c ry sta ls  g en era lly  show  s tro n g  b irefringence  bands in  po larized  
lig h t. In  som e cases th e se  b an d s can be observed  a lo n g  th e  whole c ry s ta l  (e.g. 
in case of th ic k  rods) in  o th e r  cases th e y  can  be fo u n d  o n ly  in  a c e r ta in  region 
of crysta ls . O n th e  p rism -faces of th e  th ic k  rods (see e .g . F ig . 1) th e re  a re  often  
m acroscopic glide effects t h a t  can  be o b serv ed  b y  th e  n a k e d  eye. F o r  needles 
th e  phenom enon  u su a lly  can  be seen w ell on ly  in  p o la rized  ligh t a n d  c ry sta ls  
con ta in in g  on ly  a few birefrigence b a n d s  are v e ry  ra re . Fig. 2 show s tw o 
needles, on one of th e m  v e ry  few o p tica l d isorders c a n  be seen. T h e  o th e r 
needle show s th e  u su a l inhom ogeneous b eh av io u r in  po larized  lig h t. I t  can  
be observed  b y  in te rfe ro m e tric  m ethods t h a t  the  la t t e r  c ry sta l has c ry s ta l

Fig. 3. The interferom etric picture of a habit face o f ZnS needle. T he m icrophotograph was 
made w ith  Nom arski interferom eter in sodium  light

dom ains on th e  prism  faces slipped in  a p lan e  p e rp en d icu la r to  th e  c-ax is (see 
Fig. 3). I t  is v e ry  p ro b ab le  th a t  such fa u lts  are p ro d u c e d  by  th e  b u ilt- in  
w u rtz ite  lam ellae in  th e  sp h a le rite  m a tr ix  [6].

The loss o f th e  o rig inal sequence m a y  possibly be  due  to  severa l k inds 
o f causes, n am ely  th e  rea l sequence of th e  s tru c tu re  can  be in te r ru p te d  d u rin g  
g row th  by  th e  process itse lf. B rophy a n d  Samelson h a v e  described  th a t  
c ry s ta ls  grow n a t  te m p e ra tu re s  above 1240 °C a lread y  h a v e  a reversed  pseu- 
docubic s tru c tu re  [7].

As th e  g ro w th  from  v a p o u r  phase u su a lly  tak es  p lace  above th e  tr a n s it io n  
p o in t of ZnS [1, 2], the  r a te  o f cooling also  strong ly  in fluences the  re a l s tru c 
tu re  of th e  c ry s ta ls . D uring  a slow cooling th e  whole c ry s ta l  or ce rta in  c ry s ta l 
regions tra n sfo rm  in to  th e  cub ic  a rra n g e m en t. I t  is p ro b a b le  th a t  th e  slipped  
layers m en tio n ed  (see e.g. in  F ig . 1) w ere also p ro d u ced  b y  these processes. 
The f i t t in g  o f th e  tw o s tru c tu re s  gives no d ifficu lty  as b o th  con ta in  th e  sam e 
ty p e  of layers. E .g . in  F ig . 4 a cubic-hexagonal-cub ic  d o m a in  is rep re sen ted . 
On ra p id  cooling th e  h ex ag o n a l s tru c tu re  m a y  freeze a n d  stresses due to  n o n 
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p la n a r  iso th e rm a l surfaces p ro d u ce  a high d islo ca tio n  d e n s ity  in  th e  su rface  
reg io n  [8, 9]. T h is again  leads to  a m ixed s tru c tu re  caused b y  th e  s tack in g  
fa u lts  in  th e  c ry s ta l  [10].

Fig. 4. The f itt in g  m odel o f  th e  sphalerite-w urtzite domains in  ZnS lattice

Fig. 5. The m odel o f  an edge-dislocation in w urtzite lattice. The a tom s belonging to l he 
extra-half plane are denoted by © .  (ff| resp. H eavy  lines denote the strong ly  disturbed region  

o f the la ttice, “ b ” is the corresponding shear vector
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I n  ZnS th e  s tack in g  fau lts  g en era lly  ap p ear p e rp en d icu la r to  th e  c- 
ax is, in  th e  basa l p lane . T hese are th e  so called “ b ”  fa u lts  [10]. In  th e  case of 
“ b ”  fa u lts  th e  no rm al hexagonal sequence is d is tu rb e d  an d  th re e  o r m ore 
layers in  th e  la ttic e  fo llow  one a n o th e r  in  th e  seq u en ce  c h a ra c te ris tic  for 
th e  cubic  s tru c tu re . (A B C A B C . . .  o r o th e r  co m bina tions o f  the  th re e  d iffe ren t 
layers.) This m eans th a t  in  th e  d is tu rb e d  regions besid e  th e  (0001) planes 
th ere  a re  c ry sta llo g rap h ica l d irec tions in  w hich th e  n e a re s t  ne ighbourhoods can 
be co n n ec ted  w ith  s tra ig h t lines. T h is  is im possible in  a perfect h ex ag o n a l 
la ttice .

Fig. 6. Slipped lamellar structure around the basal-plane of a ZnS rod. The m icrophotograph  
was made w ith  Nom arski interference-contrast setup

In  hex ag o n al c ry s ta ls  th e  d islocations form ed can  be  deduced fro m  th e  
R e a d  m odels [9]. F ig. 5 show s a possib le  s tru c tu re  o f  a n  edge d islo ca tio n  in 
w u rtz ite . T h is d islocation  m a y  sp lit in to  pa rtia ls . T hese iso la ted  p a r tia le  an d  
th e  asso c ia ted  w ide s tack in g  fau lts  c an  be d irec tly  o b se rv ed  by  tran sm iss io n  
e lec tron  m icroscopy [10]. T he sam e ap p lie s  to  th e  so ca lled  “ p ” fa u lts  w hich 
can be fo u n d  in  th e  p rism -p lanes of ZnS [10]. F o r th ic k  ro d s  and  need les th is  
la t te r  ty p e  o f fa u lt is o f secondary  im p o rtan ce .

G lides can  be o b served  m icroscopically  in  g iven d irec tions a p a r t  from  
elec tron  m icroscopical d e tec tio n . W h en  looking from  th e  to p  of th e  c ry s ta l 
w ith  th e  sam e areas h ex ag o n al, slipped  lam ellae can be seen . In  Fig. 6 a c ry s ta l 
is show n covered  w ith  h igh  indexed  to p  p lanes. A long th e  edges a “ v a lle y ”  
an d  a “ w all”  can  be seen b u ilt  from  su ch  slipped lam ellae . On b o th  th e  in n er 
sides of th e  v a lley  and th e  to p  of w all th e  in d iv id u a l la y e rs  an d  the  b o u n d a rie s  
of each  lam ella  can  easily  be observed . T h e  lam ella b o u n d a rie s  produce a special 
k ind  o f k in k  s tru c tu re  a n d  ce rta in  g ro w th  layers on th e  su rface  are o r ie n te d  in  
th e  sam e m anner.

T he role o f th e  effects m en tio n ed  increases fo r th ic k  rods, w h ere  th e  
ra p id  inhom ogeneous cooling of th e  su rface  leads to  s tro n g  stresses in  th e
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su rface regions. I t  is very  p ro b ab le  th a t  the  ap p ea ran ce  of th e  h ig h  dislocation 
d e n s ity  n ea r th e  surface, s im ila rly  to  th e  case o f CdS c ry s ta ls  [11, 12], is 
caused  b y  th e  processes m en tio n ed . On the  h a b i t  faces of such  c ry sta ls  m acro
scopic d e fo rm atio n s are v isib le . (See e.g. F ig . 1). In  Fig. 7 one h a b it  face of

Fig.  7. The birefringence band structure on the prism -face of a ZnS rod in polarized ligh t

Fig. 8. The etch ing picture on a h igh  indexed habit face  o f  ZnS crystal. T he m icrophotograph  
was made w ith  Nom arski interference contrast setup

such  th ic k  c ry s ta l  is show n in  po larized  lig h t. I t  is v e ry  in te re s tin g  th a t  on 
th e  face a s tro n g  p ro p o rtio n  in  th e  basa l p la n e  can be d e te c te d . This is v e ry  
ra re  in  th e  case o f needles, b u t  in  th e  case o f  ro d s  i t  can o f te n  be found. A t th e  
c ry s ta l edge v e ry  th in  lam ellae  ju t t in g  from  th e  crysta l a re  v isib le. These th in  
lam ellae can  a lso  be seen in  F ig . 3. I t  is c h a ra c te ris tic  for th e se  typ es o f c ry s ta ls  
t h a t  th e ir  X - ra y  p a tte rn s  sho w  a stro n g ly  m ix ed  cub ic-hexagonal ch a ra c te r . 
I n  th e  case o f  needles cooling  m ore rap id ly  a n d  hom ogeneously  th a n  th e  rd o s 
we genera lly  c a n n o t d e tec t su ch  s tru c tu re .
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Fis. 9. a — Etched ZnS crystal containing bend planes, b — Drawing o f  th e  crystal. The 
m icrophotograph was made from  the surrounded region of the crysta l
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T he e tch ing  p ic tu re  of th e  h a b i t  faces of c ry s ta ls  con ta in in g  o n ly  a few 
fau lts  is also m ore sim ple . Fig. 8 show s a h ab it face e tch ed  w ith  HC1 v ap o r a t 
h igh  te m p e ra tu re . I t  c an  be seen t h a t  th e  in v e s tig a te d  face is p ro b a b ly  high 
in d ex ed . In  a low  co n c e n tra tio n  th e re  a re  e tch ing  f ig u re s  em erging p a ra lle l w ith  
th e  c-ax is. The v e ry  fin e  s tria tio n s  in  th e  d irec tio n  o f basal p lan e  m ark  th e  
b o u n d a rie s  be tw een  th e  m icro lam ellas in  th e  c ry s ta l . A p art f ro m  th e  fine 
s tru c tu re  on th e  face th e re  are deep  e tch ed  s tr ia tio n s , too. W ith in  a  ce rta in  
reg ion  each  lam ella h a s  a p p ro x im a te ly  th e  sam e w id th . I t  is re m a rk a b le  th a t  
th e  e tch in g  develops a s tru c tu re  w h ich  m akes an  an g le  of 45° w ith  th e  basal 
p lane . I t  is p ro b ab ly  due  to  th e  fa u lts  form ing a t  lo w er te m p e ra tu re s  in  th e  
cubic a rran g em en t o f la ttic e .

Som etim es am o n g  th e  c ry sta ls  one can fin d  c ry s ta ls  w ith  m acroreg ions 
w ith o u t s tria tio n s  a n d  b irefringence b an d s i.e. w ith o u t s tack ing  fa u lts . The 
m o st in te re s tin g  ex am p le  of th is  k in d  of c rysta ls  is rep resen ted  b y  Fig. 9. 
F ig. 9 /a  show s th e  m idd le  p a r t o f a n  e tch ed  ZnS p r ism  of m ed iu m  th ickness 
(ap p r. 1 m m ) in  p o la rized  ligh t. I t  is clearly  o b se rv ab le  th a t  th e  c ry s ta l  re 
gion b e tw een  A an d  В co n ta in s no e tc h e d  s tr ia tio n s , e tch -p its  a n d  birefrigence 
b an d s . T he section  A — В is lim ited  b y  very  in te re s tin g  and  c h a ra c te ris tic  
c ry s ta l regions th e  o r ie n ta tio n  of w h ich  differs from  t h a t  o f A —B. T h ese  cry sta l 
regions are  sep a ra te d  b y  “ rings” . T hese  are fea tu res  sep a ra tin g  th e  u p p e r  and  
low er p a r ts  o f th e  c ry s ta l  as well as th e  parallel o r ie n te d  b u t s lip p ed  regions. 
(See F ig . 9/b.) Such c ry s ta ls  are v e ry  com m on a n d  i t  seem s p ro b ab le  th a t  the  
orig in  o f  these  c ry s ta ls  is connected  w ith  the  d is lo ca tio n  m otion. I n  th e  case 
of h ex ag o n a l m eta ls  i t  is well k n o w n  th a t  if  th e  te m p e ra tu re  is h ig h  enough 
d u rin g  or a fte r  a m echan ica l d e fo rm a tio n  (bending) a p o ly g on iza tion  occurs. 
As a re su lt of th is  p rocess the  d is lo ca tio n  d en sity  decreases s tro n g ly  and  the 
d islocations form  a su b -b o u n d a ry  b y  re a rra n g em e n t and  an n ih ila tio n . This 
effect h as  been o bserved  in  h ex ag o n a l m etals d e fo rm ed  a t h igh te m p e ra tu re  
b y  b en d in g . D uring  th e  process th e  d islocations le a v e  th e ir  glide p lanes b y  
c lim bing  an d  a n n ih ila te  one a n o th e r  u n til  th e  d e n s ity  co rrespond ing  to  the 
Co ttr ell  eq u a tio n  rem a in s  only  [8, 1 3 ]. This a rra n g e m en t p ro d u ces a sub
b o u n d a ry  of th e  t i l t - ty p e . I f  th e  te m p e ra tu re  is low  and  th e  c lim b  m otion 
o f  edge d islocations is im possib le, th e  so called “ k in k ”  appears.

As in  th e  process o f ZnS g ro w th  th e re  are m a n y  ty p es of causes produc
ing  local bend ing  (stresses caused b y  n o n -iso th e rm al cooling, th e  in fluence  of 
th e  a d ja c e n tly  grow n c ry sta ls  on ea c h  o ther, e tc .)  th e  fo rm atio n  o f bend- 
p lanes a n d  su b -b o u n d aries  of th e  ty p e  m en tioned  in  hexagonal Z nS  is quite  
possib le. This is also p ro v ed  by  th e  an n ih ila tio n  o f  edge-d islocations in  the  
reg ion  A — В an d  X -ra y  d iagram s show ing th e  p u re s t  cubic s tru c tu re  in 
the reg ion  A —В [14]. P re su m a b ly  th e  sy m m etrica l rings are a consequence 
o f th e  h ig h  d islocation  d en sity  a ro u n d  th e  lim iting  su b -b o u n d aries , b u t  th is  has 
to  be p ro v ed  b y  fu r th e r  ex p erim en ts.
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T he clear ZnS c ry s ta l regions m en tio n ed  a re  v e ry  im p o r ta n t, because 
th e  s tu d y  o f th e  role o f  d islocations in  e lectro lum inescence req u ire s  crystals 
w ith  low  d islocation  den sity . In  ou r fu r th e r  ex p erim en ts  we shall t r y  to  clarify  
th is  w ith  th e  help  of s im ila r ZnS c ry s ta ls .
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У П Л О Т Н Е Н И Е  Д Е Ф Е К Т О В  В П А Л О Ч Н Ы Х  
И ИГОЛЬЧАТЫ Х К РИ СТА Л Л А Х ГЕКСАГОНАЛЬНОГО ZnSЭ. ЛЕНДВАИ и П. КОВАЧ

Р е з ю м е

В настоящей работе исследуется уплотнение дефектов в палочных и игольчатых 
кристаллах гексагонального ZnS. Показываются некоторые из возможных моделей для 
дислокации в решетке ZnS без линейчатых полос двойного лучепреломления. Дается 
описание макро- и микрослойной структуры ZnS, появляющейся в направлении, пер
пендикулярном к с — оси.
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THEORY OF CONGRUENCE 
IN GRAVITATIONAL FIELDS. I.

RED SH IFT AND GEODESICS FROM  T H E  SAME TH EO R EM

By

M. S ü v e g e s

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,BUDAPEST
(Presented by A. K ónya. — R eceived  28. X II. 1964)

A theorem  on parallelism is proved. R oughly speaking, the theorem  states that physical 
quantities are congruent under L e v i—Civita transport in R iem annian spaces. The three  
crucial tests of general relativ ity  are deduced from  th e  theorem.

In tro d u c tio n

It is a p ro m in en t fe a tu re  of a g ra v ita tio n a l field t h a t  it is possible to  
in tro d u ce  coo rd in a te  system s w hich are E u c lid ean  a t a p rescribed  p o in t. 
Suppose notv th a t  we in tro d u ce  a system  w h ich  is E u c lid ean  a t  a po in t P  a n d  
define in  th is  sy s tem  an en n u p le  K p  of o rth o g o n a l basis v e c to rs  a t  P. Suppose 
we do th e  sam e a t  an  o th e r p o in t Q by  m ean s of an o th e r  coo rd ina te  t r a n s 
fo rm atio n . In  th e  tw o local C artesian  sy s tem s K P and K q n a tu ra l law s are 
supposed  to  be described  b y  equ a tio n s o f  th e  sam e form  in  th e ir  re spec tive  
local coord inates. I t  notv seem s reasonab le  to  p u t the fo llow ing  p rob lem s: 
Is th e re  an y  tra n sfo rm a tio n  connecting  K P a n d  K q and  if  th e re  is how i t  looks 
like. W e will t r y  to  give a so lu tio n  on th e  assu m p tio n  th a t  g ra v ita tio n a l fie lds 
are described  b y  (four d im ensional) R iem an n ian  m anifolds.

To get a rough  idea a b o u t th e  n a tu re  o f  th e  prob lem  consider f irs t th e  
case w hen P  an d  Q are in fin ite ly  n ear to  each  o th e r  and  s ta r t  o u t b y  an a ly sin g  
a sim ple physica l s itu a tio n .

Suppose we fixed  a m e tric  b y  som e m ean s or o th e r  once and  fo r all. 
In  th e  space defined  by  th e  m e tric  we are  a llow ed  to  m a n ip u la te  freely w ith  
e m p ty  coord inate  tra n sfo rm a tio n s . L et us in tro d u c e  a c o o rd in a te  system  x'  
w hich is E uc lidean  a t  th e  p o in t P ' . This can  be done for a n y  a rb itra ry  p o in t 
a n d  can be th o u g h t of as a tra n s fo rm a tio n  to  a freely fa llin g  box  a t  P '  o f  
su ffic ien tly  sm all d im ensions. F ix  a sy s tem  K p .  of o rth o g o n a l un it v ec to rs  
in  th e  ta n g e n t space a t  P '  a n d  give it  a p a ra lle l d isp lacem en t (in the  seq u e l 
p a ra lle l d isp lacem en t will be s im p ly  described  as tra n sp o rt)  a long  an  in f in ite 
sim al v ec to r dx'  w hich has e n d  p o in t Q'. W e get a system  K q, of axes a t  Q '. 
N ow  space is E u c lid ean  even a t  Q',  a t leas t to  f ir s t  order in  d x 1, an d  tra n s p o r t  
is an  o rd in a ry  p a ra lle l d isp lacem en t in an  E u c lid ean  space , a t  least in  th is
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ap p ro x im a tio n . I f  we im ag ine  som e p h y sica l q u a n tity  w r itte n  firs t in  sy s te m  
Kp,,  th e n  in  Kg,,  th e n  congruence  u n d e r o rd in a ry  t r a n s p o r t  can be d e fin ed  
as follow s. T ak e  a q u a n ti ty , for exam ple  a c o n tra v a r ia n t v ec to r u 'a( P ')  (for 
sim p lic ity  we shall alw ays w o rk  w ith  v ec to rs  h u t  m ore g enera l q u a n titie s  can  
be tr e a te d  s im ila rly  b y  ta k in g  a p p ro p ria te  bases in  th e  ta n g e n t spaces a t  th e  
po in ts  considered), th e  com p o n en ts  o f w hich  are re fe rred  to  K P,. W e f ir s t  
t ra n s p o r t  K p ,  to  K g.  an d  if  we p e rfo rm  th e  sam e tra n s fo rm a tio n  on u 'a(P ')  
th e n  congruence  u n d er tra n s p o r t  m eans t h a t  th e  q u a n t i ty  u 'a(Q') a t  Q' h as  
the  sam e n u m erica l value w ith  respect to  K q, as u 'a(P ')  a t  P '  h ad  w ith  re sp e c t 
to Kp..  W e sha ll s im p ly  sa y  th a t  u 'a(P ')  an d  u 'a(Q')  a re  congruen t u n d e r  
tra n s p o r t  a long  d x ' . M oreover tra n s p o r t  is defined  in th is  case by  th e  d iffe ren 
t ia l  eq u a tio n

d u 'a =  0 , ( « '“(<?') =  u 'a(P ')  +  . . . )  (1)

a t le a s t in  a f ir s t  ap p ro x im a tio n , since th e  C hristoffel sym bols v an ish  a t  P ' .
N ow  we know , a t le a s t i t  is co m m o n ly  assum ed, t h a t  physical q u a n tit ie s  

are c o n g ru en t u n d e r t r a n s p o r t  in  a E u c lid ean  space a n d  o u r  po in t is t h a t  th is  
s ta te  o f a ffa irs  should  be in d e p e n d e n t o f  th e  co o rd in a tes  chosen in  th e  R ie- 
m an n ian  m anifo ld . I f  th is  is to  be th e  case, th e n  if  we go over from  th e  geo
desic to  som e o th e r co o rd in a te  sy stem  x  b y  m eans o f  a n  em p ty  co o rd in a te  
tra n s fo rm a tio n  th e n  o rd in a ry  tra n s p o r t  shou ld  be re p la c e d  by  its  c o v a r ia n t 
g en era lisa tio n , th e  L ev i-C iv ita  t r a n s p o r t ,  a n d  q u a n titie s  should  s till be  co n 
g ru en t u n d e r  th is  new  tra n s p o r t .  R o u g h ly  speaking , f ro m  congruence u n d e r  
tra n sp o r t  in  a E uc lidean  space w ould  follow  congruence  under L ev i-C iv ita  
tra n s p o r ts  in  a R iem an n ian  m anifo ld  as a consequence o f  th e  p o s tu la te  of 
covariance.

H ow ever, d ifficu lties im m ed ia te ly  a rise  in  co n n ec tio n  w ith  th e  above  
rough  a rg u m e n t.

T he f irs t  is th a t  th e  para lle l t r a n s p o r t  in  th e  geodesic sy s tem  is th e  
o rd in a ry  one on ly  as fa r as te rm s of h ig h e r th a n  f irs t o rd e r  can be n eg lec ted  
in  equ . (1), or w h a t a m o u n ts  to  th e  sam e th e  m etric  te n s o r  a t Q' is E u c lid e a n  
on ly  to  th e  sam e ap p ro x im atio n .

A second  ob jec tion  c a n  be ra ised  in  connection  w ith  th e  m ean ing  o f  th e  
w ord  c o v a ria n t. U nder th e  p re te x t of w ork ing  c o v a ria n tly  we in  fa c t s a y  th a t  
a p h y sica l q u a n ti ty  ua is co n g ru en t u n d e r  a tra n s fo rm a tio n  defined  b y  th e  
d ifferen tia l eq u a tio n

d u '4 -  Г%, d xß и? =  0 , (2)

because  th is  eq u a tio n  is th e  co v a rian t genera lisa tion  o f  th e  d iffe ren tia l e q u a 
tion

du =  0 . (3)
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Such a genera lisa tio n  m igh t be sa tis fac to ry  fo r  a m a th e m a tic ia n  b u t  n o t q u ite  
so for a physic is t since th e  tra n sfo rm a tio n s  d efin ed  by  th e se  tw o  equ a tio n s are  
qu ite  d ifferen t a n d  th e  p o s tu la te  of covariance w ould really  m ean  th e  p o s tu la te  
o f  congruence u n d e r a new  p h ysica l tra n s fo rm a tio n . H ence  to  be co rrec t we 
m u st p rove th a t  from  congruence defined  b y  (3) follows congruence  defined  
b y  (2) w ith o u t a p riori using  th e  m a th e m a tic a l concept o f  th e  generalised  
tra n s p o r t  in  R iem an n ian  spaces.

T hese d ifficu lties can  be reso lved , a n d  in  fa c t the  so lu tio n  to  our in itia l 
p rob lem  p ro v id ed , w ith  th e  he lp  of th e  F e rm i theorem  acco rd in g  to  w hich  
co o rd in a te  system s can be in tro d u c e d  w hich  are  E uc lidean  a long  an y  cu rve  
g iven a priori.

A theorem  on congruence

In  fac t, i t  is easy  to  see th a t  th ere  is a n  in tim a te  re la tio n sh ip  be tw een  
p ara lle l tra n sp o r t  an d  th e  p o ssib ility  of in tro d u c in g  co o rd in a te  system s w hich  
are E u c lid ean  a long  an y  p rescribed  curve. C onsider first th e  special case w hen  
th e  curve is a n o t-n u ll geodesic.

The a rg u m en t for nu ll geodesics can be  ca rried  th ro u g h  in  a sim ilar w ay  
b y  ta k in g  special p a ram e te rs  a long  th e  geodesics.

W e Avant to  describe th e  follow ing s itu a tio n . A sm all space  la b o ra to ry  
is p u t on a geodesic C from  a p o in t P. In  th e  la b o ra to ry  th e re  is a sm all o b jec t, 
such as an  e lem en ta ry  p artic le , u n d er o b se rv a tio n . Define a n  ennup le  of o r th o 
gonal u n it vec to rs K ,  com oving w ith  th e  o b je c t. The en n u p le  a n d  th e  o b jec t 
are p u t  on C w ith  th e  sam e in itia l cond itions as th e  la b o ra to ry .

Suppose an  observer is m ak in g  m easu rem en ts  on a q u a n t i ty  u 'a a t ta c h e d  
to  th e  ob ject. A t p o in t P '  he fin d s som e v a lu e  u 'a(P')  w ith  resp ec t to  h is  
sy s tem  o f u n it v ec to rs  K (P ')  a t  P '. A t a n o th e r  po in t Q' on  h is geodesic he 
will find  th e  sam e num erica l v a lue  w hen he  refers his m easu rem en ts  to  h is 
com oving system  K ( Q ’) a t  th a t  p o in t. This is th e  expression  o f th e  fa c t t h a t  
he finds u 'a co n g ru en t u n d er tra n s p o r t  a lo n g  th e  tim e ax is  in  th e  o rd in a ry  
sense.

To describe th e  s itu a tio n  we s ta r t  b y  ta k in g  an  en n u p le  o f  u n it vecto rs*  
ua(P) a t  Pi  re fe rred  to  n a tu ra l bases in  th e  ta n g e n t space a t  P ,  in  som e co 
o rd in a te  sy stem  X.  I f  we tra n s p o r t  th e  en n u p le  b y  L evi-C iv ita  tra n s p o r t  a long  
C we get an  ennup le  uua(e) o f u n it  vecto rs in  each  ta n g e n t sp ace  along C, w here 
a  is th e  len g th  o f arc  of th e  geodesic. The fo u r th  vec to r is su p p o sed  to  be th e  
ta n g e n t to  C a t each  p o in t o f C. T ake an  a rb i t r a ry  v ec to r ua(P )  re fe rred  to

* L atin indices label vectors and also refer to  coordinate and tensor com ponents in 
t ermi coordinates.
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n a tu ra l bases in  th e  ta n g e n t space a t  P  a n d  give i t  L evi-C iv ita  tr a n s p o r t  
a long  C. W e o b ta in  a v e c to r  fie ld  ua(a) a long  C and o b v io u sly  we have

ua(o) =  N a uaa( o ) , (4)

( g a ß < ußb =  diag[lH 1]),
w here th e  com ponen ts N a o f  ua(o) on th e  en n u p le  Ua(o) a re  co n stan t a ll a long  
C since len g th s  a n d  angles a re  p reserved  b y  L evi-C iv ita  tra n sp o r t .

C onsider th e  geodesic Cs in  th e  h y p e rp la n e  p e rp en d icu la r  to  th e  ta n g e n t 
to  C issu ing  from  a p o in t o f  C o f p a ra m e te r  rr, w ith  th e  in itia l co n d itions for 

dx"
th e  t a n g e n t—-— to  Cs 

ds
d x a\
-----  =  u“ (< r)=  N a uaa{o).

H ere s is th e  le n g th  o f a rc  of Cs (s =  0 a t  C). A p o in t x a on Cs is o b ta in e d  
b y  ex p an d in g  along  Cs. W ith  th e  aid  o f th e  geodesic e q u a tio n  defin ing Cs and  
eq u a tio n s  o b ta in ed  from  i t  b y  d iffe ren tia tio n  we get (1)

*“ =  <pa(a) +  u“(o ) (N a (5)

w here q j \a ) defines C in  sy stem  x  a n d  te rm s  of h ig h e r th a n  firs t o rd e r  in 
(N as) are  n o t w ritte n  o u t. I f  we in tro d u ce  a new  co o rd in a te  system  defined  
by

x ' k =  N ks , * '4 =  a ( k =  1, 2, 3) , (6)

th e n  Le v i-Civita  proves [1] (in fac t th is  is th e  w ay Le v i-Civita p ro v es th e  
F e rm i th eo rem ) th a t  in  th e  new  co o rd ina tes th e  m etric  te n so r  is E u c lid ean  at 
all po in ts  o f C

(gab)c' =  d iag  [111 — 1) , r a C' =  0 ,  (7)

all a long  C .  I t  is also p ro v e d  th e re  t h a t  th e  tra n s fo rm e d  vectors u'J’ a rc  th e  
(u n it)  ta n g e n t v ec to rs  to  th e  new  co o rd in a te  curves. I n  f a c t  th ey  can  be ta k e n  
as system s o f n a tu ra l  b asis  vec to rs in  th e  ta n g e n t spaces a t  each p o in t o f  C  
in  th e  new  coord ina tes. M oreover we h av e  all along C

d x“

d x 'a
=  uaa( o ) , u"(cr), ( 8)

w here L a tin  indices on uaa are ra ised  a n d  low ered b y  m eans of (áób)c' =  
=  d iag  [111 — 1], th e  m e tric  ten so r a long  C in  th e  F e rm i coo rd in a tes , and

, . a  , . a   i a  . a b — Áa
u n  u b — ° b  5 u b u ß  — ° ß  •
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The co n stru c ted  sy s tem  x '  is c lea rly  su itab le  to  describe th e  s itu a tio n  
o f th e  observer m ak ing  loca l m easu rem en ts  in  th e  space c ra ft. He h as  on ly  
to  id en tify  h is local C artesian  basis v e c to rs  w ith  th e  tra n sfo rm e d  v e c to rs  
u'ab o f  Ug, a ll a long  his w orld  line C . I n  sy s tem  x '  th e se  are  u n it v e c to rs  in  
th e  o rd in a ry  sense an d  th e y  satisfy  th e  d ifferen tia l e q u a tio n s  of o rd in a ry  
tra n sp o rt

(du 'a)c  =  0 (9)

ex ac tly  since (Г'ьс)с — 0 a t  every  p o in t o f  C .
C onsider now  th e  v e c to r  ua(o) g iv en  b y  (4) a tta c h e d  to  th e  o b je c t, in  

th e  o rig inal coo rd inate  sy s te m  x, w hich is tra n sp o rte d  a long  C b y  L ev i-C iv ita  
tra n sp o rt. C learly , i t  w ill be num erica l c o n s ta n t N a in  sy s te m  x '  w ith  re sp e c t 
to  th e  C artesian  system s defined  by  th e  observer along h is w orld line* since

Ua (<r) =  N a =  Ua Ua(o) ( 10)

an d  it  will sa tis fy  th e  o rd in a ry  tra n s p o r t  eq u a tio n

(du ’a)c , =  0 (11)

ex ac tly  a long  C .
This is th e  ex ac t m a th em a tica l d e sc rip tio n  of th e  fa c t th a t  th e  o b se rv e r 

in  th e  free ly  falling  space c ra ft fin d s th e  v ec to r u n ch an g ed , i.e. c o n g ru e n t 
u n d e r o rd in a ry  tra n s p o r t  a long  his p ro p e r  tim e  cr, w ith  re sp ec t to  his co m o v 
ing local C artesian  system .

This is obviously  t ru e  ex ac tly  o n  C ', an d  with th is  th e  f irs t d iff icu lty  
m en tioned  before is d isposed  of.

L et us now  tu rn  to  th e  second a n d  fo rg e t e v e ry th in g  a b o u t th e  m a th e 
m atica l co n cep t of t r a n s p o r t  in  a R ie m a n n ia n  m anifo ld . Suppose w e f in d  
a co o rd in a te  system  x '  fo r which th e  m e tric  is E u c lid e a n  along C  a n d  
(Г'ьс)с' — 0 a n d  in tro d u ce  a se t of en n u p les  o f u n it v ec to rs  и along C  w h ich  
are o b ta in e d  from  each o th e r  b y  o rd in a ry  tra n s p o r t  d efin ed  b y  (9). A q u a n t i ty  
u 'a w hich is co n g ru en t u n d e r o rd in a ry  tra n s p o r t  sa tis fie s  th e  d iffe re n tia l 
e q u a tio n  (11) an d  we a sk  w h a t are th e  co rrespond ing  d iffe ren tia l e q u a tio n s  
sa tisfied  b y  ua in  an y  o th e r  coo rd ina te  sy s te m  x. L e t us suppose we f in d  in  
system  x  a v ec to r  fie ld  ua along C, re fe rre d  to  n a tu ra l bases in  th e  ta n g e n t  
spaces a t  p o in ts  o f C, such  th a t  its  tra n s fo rm e d  fie ld  u 'a in  x '  is c o n s ta n t 
along C ', i.e . th a t  i t  is co n g ru en t in  th e  o rd in a ry  sense a lo n g  C  in  sy s tem  x ' .

* It  should be noted th a t the com ponents u ,a o f  ua in the Ferm i system  along C  are 
identical w ith  the com ponents N a of ua in  th e  anholonom ic sy stem  defined in  x  b y  the  
transported ennuples «2 along C  as can be seen from  (10).
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W e have

an d  since

dx 'a
d xa

(12)

и’чп  =  wam
for an y  tw o  p o in ts  P '  an d  Q' on C  i t  follow s th a t

«“(<?) =
Эх“

dx 'b Q
~  \ uß(P )  ■dxß '  ’

(13)

L e t us now  fix  th e  p o in t P ,  d iffe ren tia te  a long  C and  e lim in a te  the  c o n s ta n t
Qx'b \

uß(P )  . W e o b ta in
pЭх'5

diï’(Q) =  d
dx“ d x 'b

dx 'b P , ,

u ß(Q) . (14)

B ecause { Г ’ьс)с- =  0 we o b ta in  from  th e  tra n s fo rm a tio n  p roperties o f th e  
Christoffel sy m b o ls  th a t

d
dxa

d x 'b
П  dx ]c , (15)

w here d x 1 is ta n g e n t to  th e  geodesic. H en ce  equ. (14) is id en tica l w ith  th e  
tra n sp o rt e q u a tio n

du n +  Г%,(С) dx* и» =  0 .  (16)

I t  is an  ea sy  m a tte r  to  p ro v e  th a t  th e  uaa(e)  sa tisfy  e q u a tio n s  of th e  sam e 
form  in  c o o rd in a te s  x. S ince angles an d  le n g th s  are co nserved  u n d er L ev i- 
C iv ita  t r a n s p o r t  th e  com p o n en ts  of the  v e c to r  ua w ith  re sp e c t to  the  en n u p les  
u„(a) are  c o n s ta n t  all a long  C.

I t  h a s  n o w  been p ro v ed  w ith o u t a p rio ri using th e  m a th e m a tic a l co n 
c ep t o f L ev i-C iv ita  tr a n s p o r t  t h a t  from  congruence  u n d e r o rd in a ry  t r a n s p o r t  
in  E u c lid ean  space follow s congruence u n d e r  tra n sfo rm a tio n s  defined  b y  
th e  d iffe ren tia l eq u a tio n s  (16), a t  least in  th e  geodetic case. H ence also th e  
second d if f ic u lty  m en tio n ed  is resolved in  th is  case.

The g en era lisa tio n  o f  th e  above a rg u m e n t for a rb i t r a ry  curves is n o t 
d ifficu lt a n d  p roceeds a long  s im ila r lines b y  ta k in g  an  en n u p le  of u n it v e c to rs  
in  th e  ta n g e n t  space to  th e  m an ifo ld  a t  som e p o in t o f th e  curve and  t r a n s 
p o rtin g  i t  a lo n g  th e  curve e tc .
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F u rth e r , we were alw ays considering  congruence o f  v e c to rs  in s te a d  of 
general q u a n titie s . H ow ever, th e  genera lisa tion  to  m ore g en e ra l q u an titie s  can  
easily  be done b y  ta k in g  a p p ro p ria te  bases in  th e  ta n g e n t spaces a t d iffe ren t 
po in ts  o f  th e  m anifold .

T he fin a l conclusion o f  th e  a rg u m en t c a n  be co n d en sed  in to  th e  d e fin i
tio n  a n d  theo rem .

Definition.  A q u a n tity  | ( P )  a t  a p o in t P  re ferred  to  som e basis, defin ed  
in  th e  ta n g e n t space a t  P , a n d  a q u a n tity  £(Q) a t  a p o in t Q a re  said  to  be c o n 
g ru en t u n d e r L evi-C iv ita  tra n s p o r t  along a cu rve  C c o n n e c tin g  P  an d  Q, if  
th e y  are  num erica lly  id en tica l w hen ij(Q) is re fe rred  to  a b a s is , defined in  th e  
ta n g e n t space a t  Q, o b ta in e d  from  th e  basis  a t  P  b y  L ev i-C iv ita  tra n s p o r t  
along C.

Since th e  F erm i th eo rem  holds we h a v e  p roved  th e  follow ing th eo rem .
Theorem. A q u a n ti ty  | ( P )  defined  in  th e  ta n g e n t sp ace  a t  a po in t P  a n d  

a q u a n ti ty  |(@) defined  in  th e  ta n g e n t space a t  a p o in t Q a re  congruen t u n d e r  
L evi-C iv ita  tra n s p o r t  a long  an  a rb itra ry  cu rv e  C co n n ec tin g  P  and  Q.

In  th is  sense tw o  bases, defined  in  th e  ta n g e n t spaces a t  tw o d iffe ren t 
po in ts , w hich are  o b ta in ed  from  each o th e r b y  L ev i-C iv ita  tra n sp o r t  a long  
an y  curve  connec ting  th e  p o in ts  m igh t be sa id  to  be p h y s ic a lly  eq u iv a len t.

O f course, th e  th e o re m  is v a lid  as fa r  as g ra v ita tio n a l fields can  be 
described  b y  R iem an n ian  m anifo lds an d  p h y sica l q u a n tit ie s  are co n g ru en t 
u n d er o rd in a ry  tra n s p o r t  in  E u c lid ean  space.

B ecause o f th e  fu n d a m e n ta l im p o rtan ce  o f  tra n s p o r t  we en u m era te  som e 
well know n  p ro p erties  of th e  so lu tions of th e  equa tions

d p
da

p a
1 Pr

d x f

da
i y =  o, (17)

w here x a =  x a(a), (b <  a <  c) is a n y  p a ram e te rized  cu rv e  a n d  the  fu n c tio n s  
xa(a) a re  of class 1. E q u a tio n s  (17) have a u n iq u e  set o f so lu tions | !(a ), . . ., 
| n(er) sa tisfy in g  th e  in itia l cond itions | а(ег0) =  lő w ith  lő  a rb itra ry  a n d  <r0 
an y  n u m b er in  th e  segm en t b <  a  <  c. The so lu tions a re  lin e a r  in th e  in it ia l  
co n stan ts  and  are of th e  form

I »  =  aß(a, <T0) l V 0) • (18)

This defines a lin ear hom ogeneous tra n s fo rm a tio n  | a((70) —► | a(cr) from  th e  
ta n g e n t space a t  th e  p o in t x a( a u) to  th e  ta n g e n t space a t  x \ a ) .  This ho ld s  in  
a ce rta in  m ax im um  segm en t b' <7 a <  c ' . F u r th e r , each o f  th e  tra n sfo rm a tio n s  
(18) is an  isom etric  m ap p in g , i.e. leaves th e  fu n d a m e n ta l q u ad ra tic  fo rm  
in v a r ia n t, from  one ta n g e n t space to  a n o th e r an d  these  tra n sfo rm a tio n s  co n 
s ti tu te  a pseudo-group.
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R ed shift and geodesics

T he ex p e rim en ta l consequencies o f th e  Theorem  co u ld  be d iv id ed  in to  
w h a t m ig h t be  called local a n d  global. L ocal consequencies could be checked  
b y  ex p e rim en ts  p erfo rm ed  in  th e  ta n g e n t space a t  a n y  p o in t  of th e  m an ifo ld , 
global ones b y  com paring  p h y sica l q u a n tit ie s  in  th e  ta n g e n t  spaces a t  d iffer
e n t  p o in ts . T h e  th ree  c ru c ia l te s ts  o f g enera l re la tiv ity  a re  o f  th e  g lobal ty p e  
an d  we f irs t  tu r n  to  these.

T ak e  f i r s t  th e  geodesics. The T heorem  says th a t  q u a n tit ie s  a t  tw o  d iffer
e n t p o in ts  P  a n d  Q are c o n g ru e n t (in th e  sense of th e  D efin itio n ) u n d e r Levi- 
C iv ita  t r a n s p o r t  along a n y  cu rv e  C co n n ec tin g  P  a n d  Q. P ic k  ou t t h a t  curve 
C for w hich  th e  ta n g e n t to  th e  curve is u 'a =  {0, 0, 0, co n st}  in  th e  F erm i 
co o rd in a tes  a ll along C. A ll q u a n titie s  w ill th e n  be c o n g ru e n t u n d er o rd in a ry  
tr a n s p o r t  in  th e  Ferm i sy s te m . A ccord ing ly , th e y  are o b ta in e d  from  each  o ther 
b y  a tra n s fo rm a tio n  of L ev i-C iv ita  t r a n s p o r t  in  a n y  co o rd in a te  sy s tem . In  
p a r tic u la r  th is  m u st be th e  case for th e  ta n g e n t v e c to r  ua to  C. H ow ever, 
th e  t r a n s p o r t  eq u a tio n  fo r u a is ju s t  th e  d iffe ren tia l e q u a tio n  defin ing th e  geo
desic. T he sam e can be sa id  o f  null-geodesics and  th u s  th e  geodesic h y p o th esis  
follows fro m  th e  theo rem .

To see w h a t ab o u t re d  sh ift consider th e  S chw arzsch ild  e x te rio r so lu
tion*  a n d  ta k e  a curve C d e fin e d  b y  dxu =  {dr, 0, 0, 0} co n n ec tin g  tw o  p o in ts  
P  an d  Q. A ccord ing  to  th e  T heorem  a v e c to r  field is c o n g ru en t u n d e r Levi- 
C iv ita  t r a n s p o r t  from  p o in t to  p o in t a long  C and  th e  v e c to r  £“(()) a t  Q is ob
ta in e d  fro m  th e  vec to r | “(P )  a t  P  b y  a tra n s fo rm a tio n  d efin ed  b y  e q u a tio n  
(17). I f  we p u t  th e  C hristoffel sym bols fo r th e  S chw arzsch ild  m etric  (of sig n a
tu re  -)-2) in to  (17) to g e th e r  w ith  dxa w h ich  defines th e  c u rv e , we o b ta in  th e  set

d f 1 =
m

r2
d r f 1 ,

d f 2 =
dr

f 2 ,
r

r

d f 4 =

(19)

* O b v io u sly , th e  th eo rem  is  va lid  for a n y  R iem an n ian  m an ifo ld  and  is in d ep e n d en t 
o f  th e  v a lid i ty  o f  th e  E in s te in  e q u a tio n s . I f  one lik es one m ay  ta k e  th e  Schw arzsch ild  so lu tion  
as an  em p irica l find ing .

Acta Phys. Hung. Тот. X X . 1966



THEORY OF CONGRUENCE IN  GRAVITATIONAL FIELDS, I. 49

T hese are  sep a ra te  to ta l  d iffe ren tia l e q u a tio n s  an d  th e  in te g ra ls  are  eas ily  
found  to  be

è1
2 m 

r
c o n s t., r f 2 =  const.,

r ! 3 =  co n st., I 4 1
l

2m  2 
r

=  const.

( 20 )

T he m a tr ix  of th e  tra n sfo rm a tio n

is given by
Г (г2) = a%r2 r,) £»(n)

d iag
f l -

2m  \ 2
' l

2m

ri r i_ r i ri
2m
r2 )

’ r2 r2 ’
1

2 m  

Г2

( 21 )

( 22 )

Id e n tify  now  th e  vecto r | “(C) w ith  th e  coord inate  d ifferen tia ls  in  th e  
ta n g e n t spaces a t  th e  co rrespond ing  p o in ts . T hen  th e  m ean in g  of th e  t r a n s 
fo rm atio n  o f  th e  second and  th ird  co m p o n e n t is clear. I t  s im p ly  says t h a t  th e  
d is tan ce  d — r f 2 =  rdO  p e rp en d icu la r to  r is co n stan t a n d  is in d e p e n d e n t 
o f r. T he sam e is tru e  for r | 3 =  r d 0 .  T h e  tra n sfo rm a tio n s  o f th e  f irs t an d  fo u r th  
com ponen ts are  id en tica l w ith  th e  fo rm u la s  fo r th e  com parison  of d is tan ces  
an d  tim e  d ifferen tia ls  in  general re la t iv i ty .

The in te rp re ta tio n  of these  re su lts  is as follows. In  th e  ta n g e n t sp ace  a t  
a n y  p o in t P (r) local geom etry , an d  th u s  b eh av io u r of m easu rin g  rods e tc ., 
is d e te rm in ed  b y  th e  c o n s ta n t m etric  te n so r  gup(P) a t  t h a t  p o in t. O bv iously , 
g aß varies from  p o in t to  p o in t. S ince, h o w ev er, every  p h y sica l q u a n tity  m u s t  
be co n g ru en t u n d er L evi-C ivita  t r a n s p o r t  a long  r so m u st th e  m etric  te n so r . 
In d eed , i t  is easy  to  see w ith  th e  aid  o f  (22) th a t

gaß(r2) =  <  (r2, t j )  a,p ( r2, r j g s ^ r j  (23)

an d  th is  m u s t be so since gap sa tisfie s  th e  L evi-C ivita tr a n s p o r t  e q u a tio n s  
id en tica lly  w hich is a rem ark ab le  fa c t.

I t  is easy  to  v e rify  th a t  th e  tra n s fo rm a tio n s  (21) sa tis fy  th e  p se u d o 
group  p ro p e r ty  an d  th a t  ds2(rj) =  ds2(r2), i.e. th e y  leave  th e  fu n d a m e n ta l 
q u a d ra tic  fo rm  in v a ria n t.

H ow ever, before w ork ing  o u t o th e r  consequencies o f  th e  T heorem  we 
now  h av e  to  face a p rob lem . This is t h a t  L evi-C ivita  t r a n s p o r t  b e tw een  tw o  
p o in ts  depends on th e  curve we choose b e tw een  th e  p o in ts . W h a t will h a p p e n
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i f  we choose curves d iffe re n t from  w h a t we a c tu a lly  chose. F o r ex am p le  
le t us ta k e  a n y  curve d e fin ed  b y  dxa — {dxa, 0}, (a =  1, 2, 3) an d  s u b s ti tu te  
in to  (17) to g e th e r  w ith  th e  C hristoffel sym bols fo r  th e  S chw arzschild  
so lu tion . W e o b ta in  th e  se t

d ?  +  Г *  dxj =  0 , (i, j ,  к  =  1, 2, 3) ,

i.e. th e  tim e  co m p o n en t se p a ra te s  ou t a n d  depends on ly  on  r and  is in d e p e n d 
e n t  o f th e  cu rv e  chosen. T h u s  th e re  is no  tro u b le  as fa r  as p resen t d ay  e x p e ri
m en ta l ev id en ce  goes. H o w ev er, th e  tra n s fo rm a tio n s  o f  th e  space com p o n en ts  
do depend  on  th e  curves chosen  and  we h a v e  to  face th e  fa c t th a t ,  in  g en era l, 
L evi-C iv ita  t r a n s p o r t  b e tw een  tw o p o in ts  is n o t a u n iq u e  opera tion . W e are  
going to  dea l w ith  th is  p ro b lem  in a fo llow ing  paper.

(24)

(25)
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ТЕОРИЯ ТОЖДЕСТВА В ГРАВИТАЦИОННОМ ПОЛЕ 1 
КРАСНОЕ СМЕЩЕНИЕ И ГЕОДЕЗИЯ В ДАННОЙ ТЕОРИИ

М. ШЮВЕГЕШ

Р е з ю м е
Доказывается теорема параллелизма. Грубо говоря, теорема устанавливает, что 

физические величины тождественны транспорту Дэви—Чивита в пространстве Риманна. 
Из теоремы выводятся три основные доказательства общей теории относительности.
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THEORY OF CONGRUENCE 
IN GRAVITATIONAL FIELDS. II.

T H E  PO SSIB LE  COSM OLOGICAL O R IG IN  O F T H E  G R O U P  L i

By

M. S ü v e g e sRESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,BUDAPEST
(P re sen ted  by  A. K ó n y a . — R ece iv ed  28. X II. 1964)

A co ro lla ry  to  th e  T heorem  p ro v ed  in  th e  p rev io u s p ap er s ta te s  t h a t  local co o rd in a te  
sy s tem s, de fin ed  in  th e  ta n g e n t space a t  a n y  p o in t o f  th e  R iem an n ian  m an ifo ld , th a t  a re  
o b ta in e d  fro m  each  o th e r b y  tran s fo rm a tio n s  o f th e  h o lo n o m y  group a t  t h a t  p o in t are p h y 
sically  eq u iv a len t. W ith  th e  aid  o f th is  co ro llary  i t  is  p ro v ed  th a t  if  th e  U n iverse  is a n o n 
v acu u m  E in s te in  m anifo ld  o f s ig n a tu re  + 2 ,  th en  th e  six -d im ensional o rth o ch ro n o u s p ro p e r  
L o ren tz  g roup  L  is a  good local sy m m etry  group  in  th e  tan g e n t space a t  a n y  po in t o f  th e  
U niverse . C onversely , if  L iJl, or a t  lea s t a  subgroup  o f i t ,  is a good local g ro u p  th en  th e  U n i
verse  c an n o t be  f la t.

Introduction

In  th e  p rev ious p ap e r [1] (I) a th eo rem  on congruence in  g ra v ita tio n a l 
fields was p ro v ed  on th e  assu m p tio n  th a t  g ra v ita tio n a l fields a re  R iem an n ian  
m anifo lds. T he th eo rem , rough ly  speak ing , s ta te s  th a t  local co o rd in a te  sy stem s, 
defined  in  th e  ta n g e n t spaces a t  tw o  d iffe ren t p o in ts  of th e  m an ifo ld  th a t  a re  
o b ta in ed  from  each o th e r by  L evi-C iv ita  tra n s p o r t  (LCt) a lo n g  some cu rv e  
C connec ting  th e  po in ts  are physica lly  e q u iv a le n t. I t  was sh o w n  there t h a t  
th e  th ree  classical te s ts  o f general re la tiv ity  follow  from  the  th e o re m . I t  w ould , 
o f course, be s tra ig h tfo rw ard  to  w ork ou t o th e r  ex p erim en ta l consequencies 
o f th e  T heorem .

H ow ever, a w ell-know n fac t w as also p o in te d  ou t in I , n a m e ly , th a t  LC t 
betw een  tw o  po in ts  is n o t a un ique  o p era tio n , h u t  th e  resu lt o f  the  tra n sp o rt 
depends on th e  curve we h ap p en  to  choose b e tw een  th e  p o in ts . A t first s ig h t 
th is  seem s to  be an  u n p le a sa n t im p lica tio n  o f  th e  T heorem  a n d  in  th is  p a p e r 
we are going to  w ork ou t some o f its  general physica l consequencies.

Congruence under the holonom y group

In  fa c t a p a r t  from  th e  co n cep tu a l d iff ic u lty  invo lved  in  th e  m a n y 
valuedness o f  LCt th e re  is a p ra c tic a l one w h ich  w ill be clear f ro m  the  follow 
ing  exam ple .

Suppose we w an t to  com pare tw o  id e n tic a l ob jects, such  as e lem en ta ry  
p a rtic le s , s i tu a te d  a t  tw o  d iffe ren t po in ts  x  a n d  y  o f th e  m an ifo ld  V n. We p ro 
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ceed as follow s. Consider th e  objects b ro u g h t to g e th e r a t  x. Choose a curve 
C ^xy )  co n n ec tin g  x  an d  у  a n d  b ring  one o f  th e  ob jects to  p o in t у  a long C ^x y ) .  
C onsider som e q u a n tity  |( С Х) (a q u a n t i ty  m igh t be a n u ll q u a n tity  su ch  as 
a d iffe ren tia l eq ua tion ) a t ta c h e d  to  th e  o b je c t m oved a long  C^xy).  T he  T h eo 
rem  in  I  s ta te s  th a t  |(%) a n d  |(y )  are co n g ru en t (in th e  sense of th e  D efin i
tio n , I) u n d e r  LCt along C ^ x y )  and , th e y  a re  ob ta ined  fro m  each o th e r b y  th e  
tra n s fo rm a tio n  defined  b y  L C t along C t (xy)  (in w h ich  case we w rite  Ç(x)t<Ĉ  
£(y)). In  th is  sense tw o  lo ca l system s K x and  ICy(l) in  th e  ta n g e n t spaces 
a t  x  an d  y ,  re sp ec tiv e ly , su ch  th a t  K x i(Cl ) ICy(l) a re  p hysica lly  e q u iv a le n t.

C2( x y )

I f  we choose an o th e r cu rv e  C2(xy) b e tw een  x  and  y  b y  tra n sp o rt w e have 
K X'J£É K y(2) .  H ow ever, K y[2) will in  gen era l be d iffe re n t from  K y( 1).

I n  f a c t  to  d e te rm in e  all possible local system s K y a t  y  w hich a re  eq u i
v a le n t to  K x we ou g h t to  in te g ra te  th e  tra m  p o rt e q u a tio n s  along all possib 
le cu rves connecting  x  a n d  y .  O bv iously  th is  is a q u ite  im possible m a th e m a 
tic a l ta s k  in  th is  p r im itiv e  form . H o w ev er, we can  g e t around th is  p rob lem  
in  th e  fo llow ing w ay.

S uppose  we d en o te  th e  tra n s fo rm a tio n  defined  b y  LCt along Ct (x y ) b y  
th e  sam e expression  Ct (xy)  as th e  c u rv e  itself. T h en  th e  eq u iv a len t system  
K y( 1) a t  y  can  be w r i t te n  sym bolica lly  as

K y( l )  =  C1 ( x y ) K x . (1 )

C onsider now  the  o th e r  cu rv e  C2(xy)  connecting  x  a n d  y  (see th e  F igure , 
w here on ly  one v e c to r  in  each  system  К  is show n fo r sim plicity).

T h e  system  K y (2)^—  K x e q u iv a le n t to  K x a lo n g  C2 (xy) is o b ta in e d  b y  
th e  tra n sfo rm a tio n

K y( 2) =  C ,(x y )K x. (2)

H ow ever, K y(2) can be o b ta in ed  in  a d ifferen t w ay . I f  we tra n s p o r t  K y( 1) 
along С±(ху)  in  the  o p p o site  d irection  we ob tain

K x =  Q ( * y ) - % (  1) ,
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w here C'j(xy) 1 is th e  tra n sfo rm a tio n , an d  th e  cu rv e , inverse  to  Cj(xv). I f  n o w  
we tra n sp o r t  K x so o b ta in ed  along C2(xy)  we o b ta in  K y(2) from  K y( 1) b y  m ean s 
o f  (2)

K y(2) =  C2(xy)C1(x y )-  1K y( l)  , (3)

w here C2(xy)C1(xy)_1 is now  th e  tra n s fo rm a tio n  along th e  closed cu rv e  
С2{ху)Су(ху)~х th ro u g h  y .  Since LCt conserves len g th s  th is is a ro ta tio n  in  th e  
ta n g e n t space a t  y .  I f  we ta k e  a th ird  curve C3(xy)  we can re p e a t th e  a rg u m e n t 
w ith  C3(xy ), -Ky(3) and  C2(xy), K y(2) th e n  w ith  C4(xy), K y(4) and  C3(xy) ,  
K y(3) etc. In  o th e r  w ords, i f  we o b ta in  a sy s te m  K y( 1) such t h a t  K y( K x 
b y  in te g ra tin g  th e  tra n s p o r t  eq u a tio n s a lo n g  a n y  curve Cx(xy) th e n  o th e r  
eq u iv a len t system s K y(2), K y(3), . . .  a t  у  a re  o b ta in ed  from  K y( 1) b y  m ean s 
o f som e ro ta tio n s  a t y .  This suggests t h a t  th e re  m ig h t be a re la tio n sh ip  b e tw een  
ro ta tio n s  in  th e  ta n g e n t spaces a t  po in ts  of th e  m an ifo ld  an d  L C t along cu rves 
betw een  d iffe ren t po in ts . In  fac t le t us con sid er th e  follow ing m ore genera l 
case.

Choose an  a rb itra ry  p o in t у  in  th e  m an ifo ld  an d  define in  th e  ta n g e n t 
space a t  th a t  p o in t a local sy stem  K y. T ak e  a n  a rb itra ry  closed curve Сг(у)  
th ro u g h  th e  p o in t у  an d  give K y a L C t a long  C4(y). A fte r describ ing  th e  closed 
curve  we h av e  a t  у  a n o th e r system  K y( l)  e q u iv a le n t to  K y g iven  b y

K y( 1) =  C ^ K y  . (4)

I t  is p roved  b y  th e  m a th em a tic ian s  th a t  th e  tra n sfo rm a tio n s  (4) fo r all possible 
choices of C4(y) form  a g roup , th e  h o lo n o m y  g roup  (hg) T y o f th e  m an ifo ld .

The T heorem  of I  is va lid  for a n y  c u rv e , in  p a r tic u la r  fo r an y  closed 
cu rve . A pply  th e n  th e  T heorem  to  all possib le  closed curves th ro u g h  y .  I f  co n 
gruence is defined  by  th e  D efin ition  in I , we o b ta in  the  tr iv ia l coro llary  to  
th e  T heorem  of I.

Corollary. P hysica l q u a n titie s , defined  in  th e  ta n g e n t space  a t  an  a r b i t 
r a ry  p o in t o f  th e  m anifo ld , are  co n g ru en t u n d e r  tra n sfo rm a tio n s  of th e  h o lo 
nom y  group a t  th a t  po in t.

In  th e  sense of th e  d e fin ition  o f congruence  i t  m igh t th e n  be said  t h a t  
a n y  tw o local system s, defined  in  th e  ta n g e n t  space a t  an  a rb i t r a ry  p o in t o f 
ih e  m anifold , th a t  are o b ta in ed  from  each  o th e r  b y  a tra n s fo rm a tio n  of th e  
ho lonom y group  are p hysica lly  equ iv a len t.

To see th e  p o te n tia l p hysica l m ean ing  o f  th is  coro llary  le t  us consider 
a physical o b jec t, such as an  e lem en ta ry  p a r tic le , a t  a p o in t у  a n d  tak e  i t  
a long  all possible closed curves th ro u g h  у  in  th e  m anifo ld . T he T heorem  says 
t h a t  every  p h ysica l q u a n ti ty  (also nu ll q u a n titie s  such as th e  d iffe ren tia l 
eq u a tio n s  of physics) a tta c h e d  to  th e  o b jec t w ill suffer LCt a long  th e  cu rves 
a n d  th ro u g h  th is  LCt th e  o b jec t will p ick  u p , p ic tu resq u e ly  sp eak in g , on i t s

Acta Phys. Hung. Тот. X X .  1966



54 M. SÜVEGES

w ay  in fo rm a tio n s  a b o u t th e  p ro p ertie s  o f  th e  m an ifo ld  as a w hole. A fte r  
describ ing  a ll possible cu rves th e  o b jec t a t  p o in t у  w ill rem em ber th e  s tru c tu re  
o f th e  m an ifo ld  an d  th e  in fo rm a tio n  a b o u t th e  m an ifo ld  w ill be s to re d  in  th e  
ho lonom y g ro u p  a t  th a t  p o in t. In  o th e r  w ords, th e  g lobal s tru c tu re  o f  th e  
m an ifo ld  d e te rm in es a loca l s tru c tu re  in  th e  ta n g e n t space a t  every  p o in t b y  
m eans o f  th e  local sy m m e try  group , th e  ho lonom y g ro u p  a t  th a t  p o in t.

T h u s  th e  fac t t h a t  L C t betw een  tw o  po in ts is n o t  a un ique  o p e ra tio n  
is now  seen  to  be fa r from  u n p le a sa n t. O n th e  c o n tra ry , i t  opens u p  fa sc in a t
in g  possib ilities  since i t  p rov ides a co n n ec tio n  be tw een  local sy m m etries  an d  
th e  g lobal s tru c tu re  o f  th e  m anifold .

In c id e n ta lly , th e  in te g ra tio n  p ro b le m  m en tio n ed  can also be re so lv ed  
b y  m eans o f  th e  h o lo n o m y  group Wy. N am ely  one h a s  on ly  to  in te g ra te  th e  
tr a n s p o r t  e q u a tio n  a long  a n y  one cu rv e  C^{xy) co n n ec tin g  a: an d  у  to  o b ta in  
K y( 1), th e n  a ll o th e r e q u iv a le n t sy stem s K y a t  у  a re  o b ta in ed  from  К у(1) b y  
tra n s fo rm a tio n s  of Ч1 y. I n  o th e r  w ords a ll tra n sfo rm a tio n s  consist o f  a lin e a r  
hom ogeneous tra n s fo rm a tio n  w hich leav es len g th s , b u t  n o t n ecessarily  th e  
m e tric  te n so r , in v a r ia n t follow ed b y  tra n s fo rm a tio n s  o f th e  h o lonom y g roup  
Ч'у. T h u s th e  in te g ra tio n  p rob lem  is re d u c e d  to  t h a t  o f  de te rm in in g  th e  h o lo 
no m y  g ro u p .

W e a re  now  going to  p resen t som e m a th e m a tic a l p ro p erties  o f  h o lo n o m y  
groups, a sso c ia ted  w ith  th e  L ev i-C iv ita  connection , in  R iem an n ian  m an ifo lds 
an d , a lso , t r y  to  d raw  som e im m ed ia te  p h y sica l consequences of th e  C oro llary .

Some general experim ental consequences

A n im p o r ta n t  consequence can  be  o b ta in ed  b y  considering  th e  h o lo n o m y  
groups a n d  Wy a t  tw o  d iffe ren t p o in ts  x  an d  y .  I f  C(y) is a closed cu rv e  a t  
p o in t у  a n d  th e  co rrespond ing  tra n s fo rm a tio n  o f Wy is also d en o ted  b y  C(y), 
we m ay  c o n s tru c t a closed curve C(x) a t  p o in t x  b y  going f irs t from  л; t o y  along 
som e cu rv e  C, th e n  a long  C(y) an d  b a c k  to  x  a long  C-1 . I f  C is th e  tra n s fo rm 
a tio n  a lo n g  C we get fo r th e  w hole tra n s fo rm a tio n  C_1C(y)C an d  th is  m u s t be 
a tra n s fo rm a tio n  o f IF*. T h is m eans t h a t  4*x and  4 'y a re  isom orphic  a n d  th e re  is 
in  fa c t o n ly  one h o lo n o m y  group fo r th e  m anifo ld . E v e n  m ore, i t  is easy  to  
see t h a t  i f  Wx an d  Wy a re  described  w ith  resp ec t to  tw o local bases a t  x  an d  
y ,  re sp ec tiv e ly , th a t  can  be o b ta in ed  fro m  each o th e r  b y  LCt along C th e  t r a n s 
fo rm a tio n s  are  n u m erica lly  id en tica l.

N ow  th e  global s tru c tu re  of th e  m an ifo ld  Vn de te rm in es a local sy m m e try  
g roup  a t  e v e ry  p o in t o f V n defined  b y  th e  ho lonom y group ï 7* an d  in  th is  w ay  
a p h y s ic a l o b jec t a t  x ,  such  as an  e lem en ta ry  p a rtic le , is p ro v id ed  w ith  a 
s tru c tu re  defined  b y  W x for every  x  o f  V n. B y considering  th e  above p ro p e r ty  
o t V x w e a re  lead  to  e x te n d  th e  n o tio n  of congruence of q u a n titie s  a tta c h e d
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to  th e  o b jec t to  th a t  o f s tru c tu re s . In  fac t th e  above p ro p e r ty  o f W x says t h a t  
tw o  s tru c tu re s  a t  po in ts  x  an d  y  a re  co n g ru en t in  th e  sense t h a t  Wx an d  Wy 
defin ing  th e m  are num erica lly  id e n tic a l w hen  th e y  are re fe rred  to  local sy stem s 
a t  x  an d  y  w hich are o b ta in ed  fro m  each o th e r  b y  LCt along  som e curve. W e 
h av e  th u s  th e  re su lt th a t  th e  loca l s tru c tu re , a t  leas t t h a t  defined  b y  W x, 
o f  a p h ysica l o b jec t is in d ep en d en t o f th e  p o in t in  th e  m an ifo ld .

Im p o r ta n t  consequences of th e  C oro llary  can be o b ta in e d  b y  con sid er
in g  th e  p ro p ertie s  of th e  ho lonom y group  XF x a t  one po in t x  (for th e  defin itions 
a n d  proofs o f th e  theo rem s see C h ap itre  I I I  in  L ich nero w icz  [2 ]).

W e f irs t  define a subgroup  crx( V n), th e  re s tr ic te d  h o lo n o m y  group o f W x. 
ax(V n) consists o f all tra n sfo rm a tio n s  along a ll possible closed curves th ro u g h  
x  w hich are h om otop ic  to  zero.

Theorem 1. T he re s tric ted  h o lonom y g ro u p  crx( V n) co incides w ith  th e  
arc-w ise co nnec ted  com ponen t o f th e  id e n ti ty  in  the  h o lonom y group  F x( V n).

W e define th e  local h o lonom y group  cr* as follows. C onsider all open  
connex  neighbourhoods U  in  Vn c o n ta in in g  x.  T he set a* in  crx( V n) defined b y

a* = r \ a x(U )хЭ U
is a subgroup  o f ax{V n) since i t  is th e  in te rse c tio n  of subgroups ax(U )  of ox( V n).

Theorem 2. The local h o lo n o m y  group  a* is a co nnec ted  Lie group a n d  
there  ex ists a neighbourhood  U(x) o f  th e  p o in t x  such th a t  cr* coincides w ith  
th e  co rrespond ing  re s tr ic te d  h o lo n o m y  g roup  <yx [U(x)].

Theorem 3. E v e ry  e lem ent o f  Ox(V n) is f in ite  p ro d u c t o f e lem ents 
deduced  from  elem ents of a* (y  V n) b y  t r a n s p o r t  along th e  cu rves jo in in g  

у  to  X.

Theorem 4. G iven a special n e ig h b o u rh o o d  U  o f xa su ch  th a t  ox> =  
=  ax0{U) th e  Lie a lgeb ra  of th e  local h o lo n o m y  group cr*0 is th e  a lgeb ra  
o b ta in ed  from  th e  tenso rs

Щ у„ V r W "  ( 5)

(R hY/j is th e  c u rv a tu re  tensor) a t  x  b y  tra n s p o r t  along th e  cu rv es jo in ing  х й 
to  X.

One can  deduce from  T heorem s 3 a n d  4 th a t  th e  Lie a lg eb ra  of th e  
re s tr ic te d  ho lonom y group  ox ( V n) is o b ta in e d  from  th e  e lem en ts  deduced  
from  th e  ten so rs  (5) a t  x  b y  tra n s p o r t  a long  th e  curves jo in in g  я 0 to  x.

Corollary 4. F o r a linear connex ion  o f zero cu rv a tu re  th e  re s tr ic te d  
ho lonom y group  is reduced  to  th e  id e n tity .

W e now  define th e  in fin ite s im a l h o lo n o m y  group a'x a t  x  fo r a m anifold  
of class C” . T he Lie a lgeb ra  do'x o f ox is given b y  th e  —dom ain  o f  th e  c u rv a tu re
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ten so r a n d  its  co v arian t d e riv a tiv es

B« R» Ro
l x f y ô *  л /3у д \ е ’ I k ß y ö :, £(i* ■ • •

Theorem 5. F o r a n y  a rb itra ry  v ec to rs  V х, W 1', u j1, u"22, . . .  щ к . . . a t 
a p o in t л; th e  tenso rs a t  x

\Щ х ,  V х W ' % . . . [ u f  u p . . . u p  R f o  У1Уг. . .yk V х W % . . .  (6)

define e lem en ts  of th e  Lie a lgebra  do*  o f  th e  local h o lo n o m y  group o*.
I t  is also p ro v ed  th a t  th e  e lem en ts (6) for к —  0, 1, . . . define a  Lie 

su b a lg eb ra  d o x of do*.
F ro m  th e  th eo rem s i t  is seen th a t  th e  in fin ite s im a l ho lonom y g ro u p  o'x 

is a su b g ro u p  of th e  re s tr ic te d  group ax a n d  th u s  also o f  th e  com plete h g  lP x.
W e are  now  able to  deduce som e p h y sica l consequences of the  C oro llary .
C onsider f irs t th e  case w hen th e re  is no a d d itio n a l re s tric tio n , su ch  as 

on s ig n a tu re  e tc ., im p o sed  on th e  m an ifo ld  Vn. W e h a v e  im m ed ia te ly  a con
sequence w hich  is in d e p e n d e n t of th e  d e ta iled  n a tu re  o f  Wx.

F ro m  T heorem s 3 a n d  4 an d  C oro llary  4 i t  follow s th a t  th e  c u rv a tu re  of 
every  n o n -f la t m anifo ld  Vn de te rm ines a local sy m m e try  group d e fin ed  by  
th e  re s tr ic te d  hg ox a t  ev e ry  p o in t o f th e  m anifold . C onversely, if  erx, o r a t  
least a su b g ro u p  of i t ,  is fo u n d  to  be a good g roup  lo ca lly  th e n  th e  m an ifo ld  
can n o t be f la t.

W e now  inqu ire  a b o u t the  exp lic it n a tu re  of 4* x in  a Vn. Since L C t con
serves th e  fu n d a m e n ta l q u a d ra tic  fo rm  a n d  the m e tric  ten so r is a c o v a ria n t 
co n stan t,*  W x is an  o rth o g o n a l group in  th e  ta n g e n t space a t x. I f  we refer 
ï 'x t o  an  o rth o n o rm a l en n u p le  a t  x  (w hich  is e q u iv a le n t to  the  in tro d u c tio n  
o f a co o rd in a te  sy stem  w hich  is geodesic a t  x, see I) i t  is seen th a t  XP X is a  su b 
group o f th e  o rtho g o n al g roup  0(n)  a n d  ox is a su b g ro u p  of SO(n). To specify  
W x fu r th e r  we have  to  m ak e  special assu m p tio n s a b o u t th e  m anifold .

We now  req u ire  th a t  Vn shou ld  be  of d im ension  4 and  of s ig n a tu re
( +  +  H---- )• B y  in tro d u c in g  a co o rd in a te  system  in  V n w hich is geodesic a t  x,
i t  is e a sy  to  see t h a t ^ 7* is a subgroup  o f  th e  hom ogeneous L oren tz  g ro u p  L.  
A nd since ox is defined  b y  closed cu rves a t  x  h o m o to p ic  to  zero, th e  re s tr ic te d  
hg ox is a subgroup  o f th e  hom ogeneous o rth o ch ro n o u s p ro p er L o ren tz  group  
L ]_. A nd  th is  is in d e p e n d e n t of a n y  f ie ld  eq u a tio n s. To specify ox fu r th e r  th e  
s tra ig h tfo rw a rd  w ay  w ould  be to  ta k e  in te re s tin g  m anifo lds an d  w o rk  out 
ex p lic itly  th e  ho lonom y groups. H ow ever, th e  m e tric  te n so r  is u su a lly  e x p e c t
ed to  s a tis fy  some fie ld  eq u a tio n s a n d  i t  is m ore in te re s tin g  to  see w h e th e r

* A  quantity  is covariant constant i f  i t  satisfies the transport equations id en tica lly , 
independently  o f the curves chosen, or w hat am ounts to the sam e, it  is a num erical constant 
under transform ations o f the hg *PX.
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th e re  ex ists a connec tion  betw een  th e  s tru c tu re  o f  th e  fie ld  eq u a tio n s  an d  th e  
s tru c tu re  of th e  h o lonom y group . Suppose now  t h a t  th e  E in s te in  eq u a tio n s 
are va lid . T hen  g ra v ita tio n a l fields are  E in ste in  m an ifo lds a n d  th e  classifica tion  
o f E in s te in  m anifolds b y  m eans o f subgroups o f th e  hg , in itia te d  b y  P etrov 
[3] (W eyl tensor) a n d  developed  fu r th e r  b y  Sch ell  [4] (in fin itesim al hg) an d  
o th ers  (for references see e.g. B eig lbö ck  [7]) is p e r tin e n t. F ro m  th e  w ork 
o f th e se  au th o rs  i t  is seen th a t ,  as is expected , th e  d im en sio n a lity  o f a t  least 
th e  local sy m m etry  g roup  L |  has no abso lu te  m ean in g  b u t is, in  general, 
d iffe ren t for d iffe ren t m anifolds.

H ow ever, in s te a d  o f discussing a n y  p a r tic u la r  m an ifo ld  we discuss a m ore 
genera l problem . Suppose th e  U niverse  is an  E in s te in  space of s ig n a tu re  (+ 2 ) .  
Since th e  U niverse is n o t e m p ty  we m igh t safely  suppose th a t  i t  is a n o n 
v a c u u m  E in ste in  space . T hen  th e  loca l sy m m etry  g roup  ax is a su b g ro u p  of 
L i an d  we ask  a b o u t its  d im en sio n a lity . We h av e  th e  th eo rem  of B eiglböck  
[7] (S atz  3).

Theorem. A m an ifo ld  Vn w ith  R v/X ~  gv/, a n d  R  =f= 0 has a lw ays a six- 
d ia iensional in fin ites im al ho lonom y g roup  o'a.

C onsequently , i f  th e  U niverse is a n o n -v acu u m  E in s te in  m an ifo ld  of 
s ig n a tu re  ( + 2 )  th e n  th e  local sy m m e try  group ax, su b g ro u p  of 4/ x, is th e  s ix 
d im ensional hom ogeneous o rth o ch ro n o u s p roper L o ren tz  g roup  L t  in  the 
ta n g e n t space a t  each  p o in t of th e  U niverse. C onversely , if  th e  U niverse  is 
of s ig n a tu re  ( +  2) a n d  if  th e  six -d im ensional L  ' , o r a t  le a s t a su b g ro u p  of it, 
is fo u n d  to  be a good local sy m m etry  group  th en , b y  C oro llary  4, th e  U niverse 
can n o t be f la t , in d ep en d en tly  of a n y  fie ld  eq u a tio n s. M oreover, th e  E in ste in  
eq u a tio n s  are n o t in  co n trad ic tio n  w ith  d im ension s ix  fo r L  .

T his estab lishes th e n  a connection  betw een th e  s tru c tu re  of th e  U niverse 
an d  th e  s tru c tu re  o f e lem en ta ry  pa rtic le s  via th e  h o lo n o m y  group . In  fa c t i t  is 
obvious th a t ,  u n d e r th e  assu m p tio n s m ade, th e  g ro u p  L  is n o th in g  b u t  a 
local m an ifes ta tio n  o f  th e  s tru c tu re  o f  th e  U niverse a t  large and  is fa r  from  
being  a p ro p e rty  o f f la t  space. On th e  c o n tra ry  in  a f la t  space ax w ould  be 
th e  id e n ti ty  an d  th e  v e ry  ex istence o f Ь л is due to  th e  fac t th a t  th e  U niverse 
is cu rv ed . In d eed , i t  m ig h t be said  t h a t  if  th e  E in s te in  eq u a tio n s  are  v a lid  th e n  
a t  le a s t th e  L +-p ro p erties  of e lem en ta ry  partic les are  d e te rm in ed  b y  th e  stuc- 
tu re  o f th e  U niverse .

T his exam ple show s how  cosm ology and  e le m e n ta ry  p artic le  physics 
m ay  help  each o th e r. I f  th e  m anifo ld  describ ing th e  U niverse is fo u n d  observ- 
a tio n a lly  th en  its  h g  can  be ca lcu la ted  w hich, in  tu rn ,  m ust be a local 
sy m m e try  group . C onversely, if  a local sy m m etry  g roup  is found  w hich  is th e  
hg of a m an ifo ld , th e n  th e  m etric  te n so r  of th e  m an ifo ld  can be ca lcu la ted . 
W e re fe r on th is  p o in t to  Goldberg an d  K err [5], Cahen  an d  D ebever  [6] 
an d  B eiglböck [7] w ho show  how  to  get, a t  least in  som e cases, th e  m etrics 
o f a Vn w ith  a given ax.
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S um m ary

T h e  basic id eas  of a th e o ry  o f congruence in  g ra v ita tio n a l fie lds have 
been  p re sen ted  in  th e  prev ious p a p e r  (I) an d  he re . The m ain  c o n te n t o f the  
th e o ry  is condensed  in  a th e o re m  p ro v ed  in  I . Som e im m ed ia te  p h y sica l con
sequences were show n to  follow  fro m  th e  T h eo rem  alm o st on in spection . 
T hese a re  th e  th re e  classical te s ts  o f general r e la tiv ity , th e  congruence  of local 
s tru c tu re s  a t  d iffe ren t po in ts  in  a g ra v ita tio n a l fie ld  an d  th e  cosm ological 
o rig in  o f  L  j . O bv iously , m an y  m ore ex p e rim en ta l consequences o f  th e  Theo
re m  can  be ca lcu la ted  an d  w ork  is going on in  th is  d irection .

T he a u th o r  is g ra te fu l to  P ro fesso r P . Go m bás  fo r giving h im  th e  oppor
tu n i ty  to  w ork  on  th e  problem s p re se n te d  here  a n d  in  p ap e r I.
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ТЕОРИЯ ТОЖДЕСТВА В ГРАВИТАЦИОННОМ ПОЛЕ, 11 
ВОЗМОЖНОСТЬ КОСМОЛОГИЧЕСКОГО НАЧАЛА В ГРУППЕ L ;

М. ШЮВЕГЕШ 

Р е з ю м е

Доказанная в предыдущей статье теорема устанавливает, что локальные коорди
натные системы, определенные в тангенциальном пространстве в любой точке множества 
Риманна, полученного одно из другого путем преобразования голономной группы в дан
ной точке, физически эквивалентны. При помощи данного следствия доказывается, что 
если вселенная является невакуумным множеством Эйнштейна, тогда соответствующая 
шестимерная группа Лоренца 1 является правильной симметричной группой в танген
циальном пространстве в любой точке вселенной. Наоборот, если 1, или хоть её одна 
подгруппа, является правильной группой, то вселенная не может быть плоской.
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ON THE PHYSICAL SIGNIFICANCE 
OF THE RETARDED AND ADVANCED POTENTIALS

By

L. JÁI40SSYCENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST
(R eceived  29. X II. 1964)

The role o f the retarded and advanced potentials in  the solutions of Maxwell’s 
equations are discussed. I t  is pointed o u t that the solutions can be represented as a super
position  of retarded solutions and “w andering waves”  th e  latter having no sources. I f  the 
p ossib ility  o f the existence of wandering waves is excluded it m ay be suggested th a t only  
those particular solutions of Maxwell’s equations occur in  nature that can be represented  
w ith  th e  help of retarded potentials. I t  is  pointed out th a t th e  latter assum ption leads to  the  
conclusion th a t electrom agnetic processes are irreversible.

R eta rd ed  poten tia ls

§ 1. Maxw ell’s equations can be written in the form (see also [1]):

ro t E = --------В , (a)
c

rot В =  —  É +  4л4еН, (b) 
с

div В =  0 , (с)

d iv Е =  4 л  peff, (d)
where

•eff =  • +  —  P  +  r ° tM  . (a)
c

Peff =  Q — d iv  P  , (b)

i and p are current and charge densities of the “ true currents” and “ true 
charges” . ief{ and päff are the source densities including the currents and charge 
densities accom panying polarization.

The eqs. ( la ) and (lb ) determ ine the changes of E and В for a given  
in itia l condition. The relations ( lc ,d ) , if  satisfied at t =  0 b y  the in itia l condition, 
will rem ain satisfied at any other tim e, as can be shown easily  provided the  
source densities obey the continu ity  relation

d iv ieff +  - - % * • = < ) .  (3)
c 31

( 1 )

( 2 )
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§ 2. The fie ld  s tre n g th s  E a n d  В can  he exp ressed  in  te rm s of p o ten tia ls  
A a n d  Ф in  th e  follow ing m an n er:

g rad  Ф

В =  ro t  A  .

1 3A^
c 31

(a)

(b )

(4)

W e n o te  th a t  w hen  th e  values o f E  an d  В are g iven a t  a tim e  t =  0 i t  is alw ays 
possib le  to  find  p o te n tia ls  A an d  Ф w hich describe th e  given fie ld  E , В a t  th a t  
in s ta n t .

In d eed , g iv ing  an  in itia l co n d itio n  for an  in s ta n t  t =  0 we m a y  w rite

A (r, 0) =  a (r) an d
3A(r, t)

31
=  á ( r ) * (5)

t=o

a n d  we can p rescribe  a(r) and  à (r) in d ep en d en tly  o f each  o ther. I f  we choose

Ф (г , 0 )  =  cp(r )  (6 )

a rb itra r ily , we m ay  p u t
à(r) =  c(E (r, 0) +  g rad  <p(r)) , (7)

a n d  th u s  sa tis fy  (4a). S upposing  fu r th e r  B (r, 0) =  B 0(r) we fin d  fro m  (4b)

1 _  | B (l(r +  R)
a (r) = ----- ro t

4 ti R
dA R  -|- g rad  гр(т) , ( 8)

w here y> can  be chosen a rb itra r ily .
We see th u s  t h a t  a fie ld  d is tr ib u tio n

E (r, 0) =  E„(r) , B (r, 0) =  B 0(r) (8a)

ex is tin g  for t =  0 c a n  be exp ressed  in  th e  fo rm  (4a), (4b) in  te rm s  o f  su itab ly  
chosen  p o ten tia ls . I n  an y  case E 0(r) an d  B (l(r) h a v e  to  sa tisfy

d iv  B 0(r) =  0 , d iv  E„(r) =  4jrpeff(r, 0) . (8b)

T h e  p o te n tia ls  А, Ф an d  th e  tim e  d e riv a tiv e  Ä a t  t =  0 m u st be chosen  accord
in g  to  th e  re la tio n s  (5)—(8). T h e  in itia l co n d itions fo r th e  p o te n tia ls  are no t 
u n iq u e ly  d e te rm in ed  as th e  re la tio n s  (5) —(8) c o n ta in  tw o fu n c tio n s  cp(r) and  
ip(r) w hich can  be chosen a rb itra r ily .

§ 3. In se r tin g  (4a) an d  (4b), re sp ec tiv e ly , in to  ( la )  we f in d  iden tities. 
In se r tin g  (4a, b) in to  th e  rem ain in g  eq u a tio n  ( lb )  a n d  (Id ) we f in d  th a t  M a x 
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w e l l ’s eq u a tio n s w ill be sa tis fied  b y  th e  f ie ld  s tren g th s  E , В as exp ressed  
th ro u g h  p o ten tia ls  in  th e  form  (4a, b), p ro v id ed  th e  p o ten tia ls  obey  th e  follow 
ing  system  of eq u a tio n s:

V2 A — ~  Ä =  -  4л4еП , (a) 
c2

V2 0  _ 1 Ф 47rpeff, (b) 
c1

div  A +  - 1- Ф =  0 . (c)
c

(9)

We n o te  th a t  (9a —c) are su ffic ien t co n d itions for the  p o te n tia ls  to  obey , in  
th e  sense th a t  fie ld  s tre n g th s  d eriv ed  acco rd ing  to  (4) form  p o te n tia ls  obey ing
(9) which in their turn obey Maxw ell’s equations (1).

§ 4. The re la tio n s  (9a, b , c) are n o t in d e p e n d e n t o f each  o th e r. T ak in g  
th e  d iv  o f th e  f irs t  e q u a tio n  and  add ing  th e  tim e  d e riv a tiv e  of th e  second 
m u ltip lied  b y  1/c to  th e  fo rm er, we o b ta in  w ith  th e  help o f (c) th e  c o n tin u ity  
re la tio n  (3). W e see th u s  th a t  th e  re la tions (9a, b , c) to g e th e r  can  on ly  th e n  
be sa tisfied  if  th e  source densities on th e  r ig h t-h a n d  side o bey  th e  c o n tin u ity  
re la tio n .

F u rth e rm o re , in te g ra tin g  (9a) tw ice w ith  respect to  t we fin d

A (r, t) =  a(r) +  ta (r)  +  c2 (' f ( \72 A  +  4л  ie[f) d t '2 , (10)
ö ö

w here a(r) an d  à (r) define th e  in itia l co n d itio n  for A(r, t). F ro m  the  re la tio n
(10) we can  o b ta in  A (r, t) for a n y  value  of t =f= 0 if  a(r) an d  á (r)  are  given, e.g. 
b y  in te g ra tin g  in  sm all steps.

In se rtin g  th e  values of A (r, t) o b ta in ed  fro m  (10) in to  (9c) we can o b ta in  
Ф for an y  value o f t b y  in te g ra tio n . W e fin d  th u s

Ф(r , () =  y’(r) — с I' d iv  A d t ' . (11)
Ô

In se rtin g  (11) in to  (9b) and  using  th e  in te g ra te d  co n tin u ity  re la tio n , i.e.

I9eIf (r, t ) = Qo (r) c f <liv ‘eff d t ' .
Ô

we fin d  as th e  re su lt of a sh o rt calcu la tion

V M r ) =  - 4 *To(r ) • ( 12)
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I f  (12) is to  be v a lid  fo r th e  w hole o f space th e n  q>(r) can  be  de te rm ined  (a p a rt 
from  an  a d d itiv e  c o n s ta n t)  un iq u e ly . W e h av e

? ( r ) = J  go(r +-  R ) (13)

F ro m  (13) i t  follows th a t
q> —>■ 0 for Г —V oo , (14)

an d  we shall a lw ays suppose  th is  co n d itio n  to  be v a lid . W e see th e re fo re  th a t  
th e  sy s te m  (9), (14), i f  we p rescribe  an  in it ia l  co n d itio n  o f th e  ty p e  (Б) — (8) 
for th e  p o te n tia ls , ad m its  e x a c tly  o f one se t o f so lu tio n . T ak in g  to g e th e r  th is  
re su lt w ith  th o se  o f  § 2 we see th a t  th e  eqs. (9) m ay  be  u n ique ly  so lved , the  
so lu tio n  co rresp o n d in g  to  a fie ld  w ith  a g iven  in itia l co n d ition

E (r, t) =  E 0( r ) , B (r, t) =  B 0(r) .

T he above in it ia l  co n d itio n  m u st be, o f course, in  acco rd  w ith (lc ) a n d  (Id ), 
fu r th e r  th e  source densities m u st obey  th e  c o n tin u ity  re la tio n .

§ 5. A  p a r tic u la r  so lu tio n  of th e  w ave eqs. (9) can  be o b ta ined  in  te rm s  
o f th e  re ta rd e d  p o te n tia ls , i.e.

A , e t ( r , « ) = (  i ef f ( r+ R ’ f,) r f3R,  (15a)

0 rti (r , ,) =J V  R  , (15b)

w ith

t' =  t -  —  . (15c)
c

In se r tin g  e q u a tio n s  (15) in to  (9) we f in d  th a t  th e  p o te n tia ls  expressed  b y  (15- 
sa tis fy  ind eed  th e  w ave eq u a tio n s . T he eq u a tio n s  give th u s  a p a r tic u la r  solu) 
t io n  o f  (9). As A ret a n d  <2>ret are  e x a c tly  d e te rm in ed  by  th e  exp ressions
(15) in  te rm s  o f  th e  source densities th e se  exp ressions canno t be m a d e  to  
sa tis fy  a n  a rb i t r a ry  in itia l cond ition .

W hen  in se rtin g  (15) in to  (9) th e re  ap p ears  som e form al d ifficu lty  since 
th e  r ig h t-h a n d  exp ressions (15) h av e  s ingu larities fo r R  =  0 a n d  a re  th u s 
im p ro p e r in teg ra ls . T he in teg ra ls  shou ld  be  in te rp re te d  as being g iven  b y  th e  
p ro p e r in teg ra ls  w hich a re  o b ta in ed  w hen  in tro d u c in g  po lar co o rd in a tes , i.e. 
eq. (15) m ust be u n d e rs to o d  to  signify

2 л  П oo
A (r, t) =  J  dq) J  sin  & d û  R  ieff (r +  R , t') dR  . 

o o  è

Acta Phys. Hung. Тот. X X .  1966



PHYSICAL SIGNIFICANCE OF TH E RETARDED AND ADVANCED POTENTIALS 63

T he in te g ra n d  o f th e  la t te r  in te g ra l is regu lar. See also [1].
T he general so lu tion  of (9) can  be o b ta in e d  by  adding  to  (15) so lu tions 

o f  th e  hom ogeneous w ave eq u a tio n s

V2A 0 -  - * - A 0 =  0 ,  
c2

у->ф0 — J _ 0 o =  O ,
CL

div A 0 -|-------Ф0 =  0 .
c

( id )

The sy s tem  (16) ad m its  solu tions sa tisfy in g  an  a rb itr a ry  in itia l cond itio n  fo r 
th e  fie ld  as can  be seen from  th e  co n sid era tio n s o f § 3 in se rtin g  th e re  ietf =  0 
and  Qeif =  0. T hus ad d in g  to  th e  so lu tions (15) a su itab le  so lu tio n  o f (16) 
so lu tions o f (9) sa tisfy in g  an  in itia l cond ition  o f  th e  form  (8a, b) for th e  field 
E, В can  be o b ta in ed .

§ 6. The p h ysica l in te rp re ta tio n  of the  so lu tions of Ma x w e l l ’s eq u a 
tio n s, w hen  p u ttin g

A =  A ret -f- A„ ,

Ф  =  0 ret +  Ф„ ,

can  be sum m arized  as follows. The fie ld  E, В consists  of tw o p a r ts , i.e.

E  =  E ret —|— Е/, , В =  Bret : B„ ,

w here th e  suffices “ r e t ”  an d  “ h ”  re fe r to  the  p a r ts  ob ta ined  fro m  th e  re ta rd ed  
p o ten tia ls  an d  th e  p o ten tia ls  obey ing  th e  hom ogeneous w ave eq u a tio n s .

T he re ta rd e d  fie ld  E ret, B ret is p roduced  b y  th e  re ta rd e d  ac tio n  o f charges 
gen a n d  cu rren ts  ieff. I .e . th e  ac tio n  o f  a charge peff(r 1 t ')  w hich is a t  th e  tim e  
t' in  a p o in t r '  is fe lt in  a d is ta n t p o in t r  a t a t im e  t — t '  -)- | r  — r ' ] /с, th u s  
th e  a c tio n  o f th e  charge  an d  s im ila rly  th e  ac tio n  o f th e  cu rren ts  sp read  w ith  
a ve lo c ity  c.

§ 7. As fa r as th e  solu tions o f  Maxw ell’s equ a tio n s are concerned  th e  
re ta rd e d  fie ld  m ay  be  super-im posed  b y  a hom ogeneous field w hich  ac ts  upon 
charges a n d  c u rre n ts  an d  w hich, how ever, has no  sources. T he la t te r  fields 
can be described  as consisting  o f “ w andering  w a v e s”  trav e llin g  th ro u g h  space 
w hich h av e  n o t been  p roduced  b y  sources, an d  th e y  can th ere fo re  be ta k e n  to  
be p a r t  o f th e  w orld  ju s t  as are e le m e n ta ry  p a rtic le s  or atom s.

I t  m u s t be n o te d  th a t  such w an d erin g  w aves once th e y  fa ll u p o n  m a tte r  
excite  a to m s an d  th u s  induce th e se  to  em it r a d ia tio n  of th e  re ta rd e d  ty p e
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th e re b y  losing  energy . T herefo re, even  i f  w andering  w aves ex ist th e y  g rad u a lly  
d im in ish  like e.g. rad io a c tiv e  m a te ria l d im inishes.

I t  is a q u estio n  of observ a tio n  w h e th e r w an d erin g  waves do o r do no t 
e x is t in  n a tu re . I t  m a y  be n o ted  th a t  w henever we observe e lec tro m ag n etic  
w aves com ing  e.g. from  th e  un iverse , we im m e d ia te ly  look for th e  sources 
o f  th e se  w aves a n d  th u s  a u to m a tic a lly  assum e th a t  th e y  are of th e  re ta rd e d  
ty p e .

I t  does n o t seem  to  be a fa r-fe tch e d  h y p o th es is  th a t  such w an d erin g  
w aves do n o t ex is t in  n a tu re . I f  we su ppose  th is  th e n  we conclude th a t  M axw ell's  
equations give only necessary conditions fo r  the m otion o f  electromagnetic waves, 
but that on ly  those particu lar solutions w hich can be expressed by retarded poten
tia ls are realized in  nature.

Advanced potentials

§ 8. P a r tic u la r  so lu tions of th e  w ave eq u a tio n s  can also be o b ta in e d  in 
th e  form

ladv

w ith

M ) = J
b it  (r  R . O  d3 R , 

R
(17a)

M )  = С 6eff (r  +  R i l ') 
) R

(17b)

t ' =-  t +  R jc . (17c)

T he p o te n tia ls  o b ta in e d  b y  the  e q u a tio n s  (17) sa tis fy  also th e  w ave eq u a tio n s 
(9), th e y  obey  in itia l cond itions w h ich  are d iffe ren t from  those  w hich  are 
obeyed  b y  th e  so lu tions (15).

As b o th  (15) an d  (17) are lin ea r  in  th e  source densities we see t h a t  su it
ab le  lin ea r  co m b in a tio n s of (15) a n d  (17) give also solutions o f  th e  w ave 
eq u a tio n s .

D en o tin g  b y  A ret{ i'}  th e  p o te n tia l  o b ta in e d  from  (15a) b y  in serting  
i eff =  i' a n d  s im ila rly  b y  A adv {i" | t h a t  o b ta in ed  from  (17a) w h en  p u ttin g
i eff = i", we see easily  th a t

A {i + i" } =  A ret{T } +  A adv{i } (18)

is a m ix ed  p o te n tia l w hich  satisfies th e  w ave e q u a tio n s  if  th e  c u r re n t  d e n s ityieff = * +
Sim ilarly , th e  m ixed  scalar p o te n tia l

+  n"} =  Фге4{Ё>'} +  Ф ^ Л е " }  (19)
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sa tisfies (9) fo r geff =  g' -)- q".
B y sp littin g  th e  effective densities ieff, geff in v a rio u s w ays in to  co m 

p o n en ts  i ' ,  q' a n d  i", q" so lu tions of (9) c a n  be o b ta ined  sa tis fy in g  v a rio u s  
in itia l cond itions. T hus i t  seem s th a t  the  sy s te m  (9) w ith  a g iven  in itia l c o n 
d itio n  can be sa tisfied  w ith  th e  help  of su ita b le  m ixed p o te n tia ls .

§ 9. The ad v an ced  p o te n tia ls  and th e re fo re  also th e  m ix ed  p o te n tia ls  
seem  void  of p h ysica l significance. The a d v a n c e d  po ten tia ls  a p p e a r  to  describe 
th e  s ta te  of th e  field  in  a po in t r a t  a tim e t from  the d is tr ib u tio n  of c u rre n ts  
an d  charges a t  la te r  tim es t" >  t.

B ecause of th is  some a u th o rs  believe th e  p o ten tia ls  to  b e  m erely  m a th e 
m a tica l expressions w hich fa c ilita te  so lving th e  wave e q u a tio n s , b u t w hich  
are  w ith o u t p a r tic u la r  physica l significance.

W e do n o t agree w ith  th is  view  b u t w ish  to  p o in t o u t  th a t  a m ixed  
so lu tion  o f th e  w ave equ a tio n s can  be w ritte n  in  th e  form

A {»eff} - A ret { i  } ~Ь A adv {* }  > 

=  ^ret {{?'} +  ФайЛ(}'}
( 20 )

w ith  ieff — i + i' , geff — 9 + Ç>" •

C onsidering (18) an d  (19) we can  also w rite in  place of (20)

A{ieff} = Aret {ierf} + (Aret {i' — ieff} + Aadv (icrf - i'}),
( 2 1 )

^ { i ? e f f }  —  ^ r e t  f e e f f l  +  ( ^ r e t  { $ '  ~~  2 e f f l  +  ^ a d v  {i?eff —  p } )  •

T he expressions in  th e  large b ra c k e ts  on the  r ig h t-h a n d  side o f  (21) give p o te n 
tia ls  w hich sa tis fy  th e  hom ogeneous wave e q u a tio n s  (16). T h u s  decom posing 
th e  m ixed  p o ten tia ls  in  th e  fa sh ion  (21) we see th a t  these can  be un d ersto o d  
as co rrespond ing  to  th e  re ta rd e d  fie ld  of th e  ex is tin g  sources ieff, peff su p e r
posed  b y  th e  p o ten tia ls  o f “ w an d erin g  w aves” .

T h u s, as fa r as we ad m it th e  ex istence o f  w andering  w av es , the  m ixed  
so lu tions w hen w ritte n  in  th e  fo rm  (21) o b ta in  a sim ple p h y sica l significance.

§ 10. C om paring  (15) an d  (17) we see t h a t  processes w h ich  have to  be 
described  b y  p u re  ad v an ced  p o te n tia ls  can also  be tak en  as th e  tim e  rev ersa l 
of processes described  b y  re ta rd e d  p o ten tia ls . I f  i t  is tru e  th a t  in  n a tu re  on ly  
th e  re ta rd e d  so lu tions occur th e n  we see t h a t  processes c o n ta in in g  e lec tro 
m agnetic  ra d ia tio n  are irreversib le  in  th e  sense th a t  the  p rocesses reversed  
in  tim e  do n o t occur.

This is q u ite  p lausib le  w hen  considering  in  p a rticu la r e lec tro m ag n etic  
processes. E .g . as th e  process rev e rsed  to  t h a t  o f  th e  ex p an sio n  o f spherical 
w aves e m itte d  b y  an  a to m  we h av e  spherical w av es co n trac tin g  in to  an a to m . 
The la t te r  process c an n o t reaso n ab ly  be su p p o sed  to  occur.
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S im ila rly , collisions b e tw een  e le m e n ta ry  partic les w h ich  lead  to  em ission  
o f  ra d ia tio n  a re  essen tia lly  irreversib le , since  in  th e  re v e rse d  collision one w o u ld  
h a v e  to  e x p e c t rad ia tio n  to  arrive  o u t o f  space ju s t  in  tim e  to  he ab so rb ed  
b y  th e  co llid ing  partic les in  o rd er to  e n su re  th e  “ rev e rse d  collision” .

I t  seem s th u s  th a t  e lec tro m ag n etic  p h enom ena  a re  essen tia lly  irrev e rs ib le  
in  tim e . T h e  rev ersed  fo rm s o f  rea l p rocesses m ay sa tis fy  M axw ell’s e q u a tio n s , 
b u t  th e y  a re  o f th e  ty p e  w h ich  are re p re se n te d  b y  a d v a n c e d  p o ten tia ls  on ly  
a n d  th u s  c a n n o t be su p p o sed  to  occur.

O f cou rse , w ith  th e  h e lp  of w a n d e rin g  waves th e  rev ersa l o f a p rocess 
m ig h t occu r, as can  be seen  from  re la tio n  (21). H ow ever, in  th is  fash io n  such 
a  reverse  process could o n ly  occur w ith  “ h eaven ly  h e lp ”  — i.e. a long  tim e  
befo re  th e  process s ta r ts ,  w aves w hich h a p p e n  to  be j u s t  su itab le  to  p ro d u ce  
th e  rev e rse  effect w ould a lre a d y  h av e  h a d  to  s ta r t  f ro m  fa r  d is ta n t p o in ts .

T he p ro b a b ility  o f su ch  an  ac c id e n ta l reversal o f a process m u st be  ta k e n  
to  be n eg lig ib ly  sm all. T h erefo re , even  i f  we do n o t ex c lu d e  w andering  w aves 
we h av e  to  conclude th a t  as a rule e lec tro m ag n etic  processes are irrev e rs ib le  
in  sp ite  o f  th e  sy m m etry  in  tim e  o f M axw ell’s e q u a tio n s .

R E F E R E N C E S

1. L. J ánossy, A cta Phys. H u n g ., 29, 59, 1966.

Ф И ЗИ Ч ЕС К И Й  СМЫСЛ Р Е Т А РД И РО В А Н Н О Г О  
И У С О ВЕРШ ЕН С ТВО ВА Н Н О ГО  П О ТЕН Ц И А Л О В

л. ЯНОШИ 
Р е з ю м е

Истолкуется роль ретардированного и усовершенствованного потенциалов в реше
нии уравнений Максвелла. Показывается, что решения могут представляться в виде 
наложения ретардированных решений и «бегущей волны», не имеющей источников. Если 
исключить возможность существования бегущих волн, то получается, что в природе 
наблюдаются лишь те частные решения уравнений Максвелла, которые представляются 
ретардированными потенциалами. Показывается далее, что из последнего предположения 
вытекает необратимость электромагнитных процессов.
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REMARK ON SOME ASPECTS OF 
MAXWELL’S EQUATIONS

By

L.  JÁNOSSYCENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST
(R ece iv ed  29. X II . 1964)

M a x w e l l ’s eq u a tio n s  are w r i t te n  in  a  fo rm  co n ta in in g  only E  a n d  В an d  th e  e lectric  
a n d  m ag n e tic  p o lariza tio n s . I t  is show n t h a t  expressions som ew hat d e v ia tin g  from  th e  u su a l 
ones can  be o b ta in ed  fo r th e  energy  d e n s ity  and  th e  P o y n t in g  v ecto r, if  one sep a ra tes  carefu lly  
e lec tro m ag n e tic  an d  non-e lectro  m ag n e tic  sources o f e n erg y . T he q u estion  o f  th e  pon d ero m o tiv e  
force  is d iscussed  a n d  i t  is show n th a t  th e  s ta te  of a  com p lica ted  p h y sica l sy s tem  c an n o t be 
d escribed  b y  g iv ing  th e  va lue  of i ts  to ta l  energy  a n d  m o m en tu m  an d  th e re fo re  no genera lly  
v a lid  expression  fo r th e  pond ero m o tiv e  force can be g iv en . All th e  sam e in  a n y  given case, 
w h en  th e  m echan ical p ro p erties  o f th e  sy s tem  are  ta k e n  in to  acco u n t, i ts  b e h av io u r can  be 
u n d e rsto o d .

I

The effective cu rren ts  a n d  charges

§ 1. A lth o u g h  M a x w e l l ’s th e o ry  gives a com plete  a n d  co n sis ten t 
descrip tio n  of e lec tro m ag n etic  phenom ena , c e r ta in  questions rem ain  w hich 
h av e  been  giv ing rise to  m a n y  discussions e.g . in  H u n g a ry  G y . Ma r x — 
G. Gyö rg yi [1], G. Györgyi [2], an d  J .  Sá r o si [3]. H ere we sh a ll m ake som e 
rem ark s up o n  th e  role of th e  fie ld  s tren g th s  E , H  and  th e  d isp lacem en ts  D, 
В an d  also on th e  question  o f th e  so-called p o n d ero m o tiv e  force.

§ 2. The e lec tric  field  o f a po larized  d ie lec tric  can be described  as th a t  
o f e lec tric  dipoles inside th e  m ed ium . The e lec tric  field  s tre n g th  E  in  a p o in t 
r  ou tside  th e  d ie lec tric  is g iven b y  th e  re la tio n

E  =  — grad  Ф , ( la )
w ith

ф {r) =  -  J* d lv P (r +  R ) R 5 ( l b )

w here we have in tro d u ced  th e  va riab le  R  =  r '  — r , r '  re p re se n tin g  co o rd in 
a tes  of po in ts inside th e  m ed ium , an d  P (r ')  th e  p o la riza tio n  v e c to r . The in te g ra 
tio n  is to  be ta k e n  over th e  w hole of th e  d ie lec tric .

Som etim es a surface in te g ra l is a d d ed  to  th e  r ig h t-h a n d  side o f ( lb )  
w hich ta k e s  care o f th e  charges ap p earin g  on  th e  surface o f  th e  d ie lec tric .
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We o m it th is  in te g ra l supposing  th e  p o la riza tio n  v e c to r  P (r ')  to  be a con
tin u o u s  fu n c tio n  o f r '  a n d  to  change from  its  va lu e  in side  th e  d ie lec tric  to  
zero in  a  th in  surface lay e r.

I t  follows from  ( la )  an d  ( lb )  th a t  th e  fie ld  o u ts id e  th e  d ielectric m a y  also 
be re g a rd e d  as due to  charges w ith  a d e n s ity  d is tr ib u tio n

Qp =  — d iv  P  , ( lc )

w here qp is th e  so-called  Poisson  charge .
§ 3. I f  r  is a p o in t inside th e  d ie lec tric  th e  r ig h t-h a n d  expression o f  ( lb )  

is an  im p ro p e r in te g ra l h a v in g  a s in g u la rity  for R  =  0. T he la tte r  in te g ra l can 
be rep laced  b y  a p ro p e r in te g ra l b y  in tro d u c in g  p o la r coo rd ina tes, i.e. we m ay  
w rite  : 2 п  л «

J -  1V L R ) d* R =  I dq> I sin  & d& I d iv  P (r  +  R) R d R  . (2)

0 0 0

I t  shou ld  be n o te d  th a t  to  p o s tu la te  (2) am o u n ts  to  m aking  an  exp lic it 
a ssu m p tio n  ab o u t th e  fie ld  ac tin g  in side  th e  d ie lectric . M ath em atica lly , o th e r 
in te rp re ta tio n s  o f th e  im p ro p e r in te g ra l giving th e  f ie ld  inside th e  d ie lec tric  
are also  possible. I t  is, how ever, n o t on th e  s tre n g th  o f  m a th e m a tic a l re a so n 
ing  b u t  on  th a t  of ex p e rim en t, th a t  one h as  to  decide w hich  expression  gives 
th e  fie ld  inside th e  d ie lec tric  correc tly .

U su a lly  i t  is su p p o sed  th a t  th e  force up o n  a ch a rg e  inside a d ielec tric  
is g iven  b y  eE. In  p rin c ip le , th is  s ta te m e n t m ay  be te s te d  ex p e rim en ta lly , 
how ever, we do n o t th in k  th a t  a t  p re se n t th e re  ex ists  exp lic it ev idence con
firm in g  it.

§ 4. The m ag n e tic  fie ld  p ro d u ced  b y  a m ag n e tica lly  polarized m edium  
can be rep re sen ted  in  an a lo g y  to  ( la ,  lb )  in  th e  fo llow ing  w ay:

w ith
H =  — g rad  Q (3a)

0 ( r )  =
f  d iv  M (R  +  r)

J R
d3 R  , (3b)

w here M (r ')  is th e  m a g n e tic  p o la riza tio n  in  th e  p o in t r'. F o r a p o in t r o u tside  
th e  m ag n e tized  b o d y  we can  also w rite

H  =  ro t  A , (4a)

A(r) =
ro tM (R  +  r) d , R  

R
(4b)
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F or po in ts  ou tside th e  m agnetized  m ed iu m  th e  in teg ra ls  (3b, 4b) are  re g u la r; 
for such p o in ts  i t  can  be show n, th a t  (3a, b) lead  to  th e  sam e values fo r th e  
field  H  as (4a, b). In d eed , app ly ing  th e  o p era tio n  ro t to  (4b) a n d  in te rch an g in g  
th e  in te g ra tio n  w ith  th e  opera tio n  ro t we fin d , rem em b erin g  th e  re la tio n

from  (4a)

H

ro t ro t =  g ra d  d iv  — \>‘2,

g rad
• d iv  M (R +  r) 

R # R - j
" v 2M (R +  r)

R
d3 R . ( 5 )

In  th e  second te rm  th e  o p era to r \72 is supposed  to  o p era te  up o n  r. H ow ever, 
as M is a fu nc tion  of R  -j- r  it  can also be ta k e n  to  op era te  on R w ith o u t ch a n g 
ing  th e  v alue  of th e  in teg ra l. In  th e  la t te r  case we fin d , in te g ra tin g  h y  p a r ts  
an d  supposing  th a t  M (r') =  0 if  r '  is a p o in t on th e  surface of th e  m ed ium .

V3M (R
R

d:tR =  M (R  +  г ) V2
R

cP R

H ow ever, i f  r  corresponds to  a p o in t o u ts id e  th e  m ed ium , i.e. M (r') =  0, th e n

th e  in teg ra l is re s tr ic te d  to  values R  >  0 an d  we can ta k e  V2 ^  = 0 ,  th u s

th e  second te rm  of (5) van ishes an d  we see th a t  in  th is  case (4a, b) is id e n tic a l 
w ith  (3a, b).

The expressions (4a, b) show , t h a t  th e  m ag n etic  fie ld  o u ts id e  th e  m a g n e t
ized m ed ium  m ay also be regarded  as due to  cu rren ts  w hich p ro d u ce  a v ec to r  
p o te n tia l A(r) and  h av e  a density

iyvr =  ro t  M . (6)

W e see th u s  th a t  th e  fie ld  outside a m ag n e tized  m edium  can be rep re sen ted  
p u re ly  m a th e m a tic a lly  b y  e ith er a su itab le  m ag n etic  charge d en sity  — d iv  M, 
or a lte rn a tiv e ly  b y  a su itab le  c u rre n t d e n s ity  iM =  ro t M.

The question  arises w heth er i t  is th e  c u rre n t d e n s ity  or th e  m ag n e tic  
charge d en sity  th a t  co rrec tly  gives th e  fie ld  inside  th e  m ed ium .

T his fie ld  w hen ca lcu la ted  from  (4a, b) m a y  be d en o ted  b y  R a n d  w hen  
o b ta in ed  from  (3a, b) b y  H . F rom  (5) we verify  (using a re p re se n ta tio n  in  
te rm s o f p o la r co o rd ina tes w henever we m eet w ith  im p ro p e r in teg ra ls) th a t

R =  H  +  4 jtM . (7)

§ 5. R ela tions (3a, b) and  (4a, b) w hen  ap p lied  to  th e  inside o f  th e  
m edium  rep resen t d iffe ren t tran s itio n s  from  d iscre te  dipoles to  th e  c o n tin u o u s  
dipole d is tr ib u tio n  — m a th e m a tic a lly  b o th  tra n s itio n s  are eq u a lly  possib le , —

Acta Phys. Hung. Тот. X X .  1966



70 L. JÁNOSSY

a n d  on ly  b y  ex p e rim e n t can  i t  be decided w hich  o f th e  tra n s itio n s  gives th e  
c o rre c t exp ression  fo r th e  fie ld  s tre n g th .

F ro m  th e  o b se rv a tio n  o f  cosm ic ray s  tra v e rs in g  p e rm a n e n t m ag n e ts  a n d  
fro m  th a t  o f n e u tro n s  passing  th ro u g h  m ag n e tized  m a tte r  i t  seem s to  follow, 
t h a t  th e  force a c tin g  upon  p a rtic le s  passin g  th ro u g h  a m ag n e t is co rrec tly  
describ ed  b y  B.

§ 6. I t  sh o u ld  be n o ted  th a t  in  a m ed iu m  w hich is in  th e  process o f being  
p o la rized  e lec trica lly , th e  m o tio n  of th e  P o isson  charges gives rise  to  con
v ec tio n  c u rre n ts  o f  den sity

( 8 )

w h ere  th e  d o t (•) rep re sen ts  d iffe re n tia tio n  w ith  re sp ec t to  tim e . T hus th e  fie ld  
a ris in g  from  th e  e lec tric  a n d  m ag n e tic  p o la riza tio n  o f a m ed iu m  m a y  be re 
g a rd e d  as p ro d u c e d  b y  sources c o n s titu te d  o f  a charge  d e n s ity  gP a n d  a c u rre n t 
d e n s ity  ip -j- \M. I f  we a d d  to  th ese  th e  tru e  charge densities g a n d  th e  
d en sitie s  i o f th e  tru e  c u rre n ts , we f in d  fo r th e  to ta l  sources o f  an  e lec tro 
m a g n e tic  fie ld :

Peff  =  6 — d iv  P  ,

(9)
*eff =  * +  ----- P  +  r o t  M .

c

I t  c a n  easily  be  seen  from  (9) t h a t  th e  e ffec tive  c u rre n t a n d  charge densities 
o b ey  th e  c o n tin u ity  eq u a tio n

d i v i e f f + J - ^ L = 0 .  (9a)
c 0t

§ 7. Ma x w ell’s equations can thus be w ritten in the follow ing form:

1 •
(a)ro t E  ^  — —  В ,

с
1

(b)ro t В =  ■— Ê -f- 4тг ieff,
c

d iv  E  =  4 n 6eff ’ (c)
div  В =  0. (d)

( 10)

w  e see th a t  th e  eq u a tio n s (1 0 a—d) co n ta in  o n ly  E , В an d  th e  effective source 
den sitie s  geff a n d  i ef( w hich are  p ro d u ced  n o t  on ly  b y  th e  tru e  charges an d  
c u rre n ts , b u t  also  b y  those a p p e a rin g  inside th e  a to m s o f th e  po larized  m a te ria l.
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I t  seem s satisfactory that in the form  (9) and (10) in  which we have  
written Maxw ell’s equations, the equations describing the electrom agnetic  
field  [eqs. (10)] are separated from those [eqs. (9)] w hich involve the pro
perties o f the material upon which the field acts.

I I

E n erg y  and  m o m en tu m  considera tions

§ 8. M ultip ly ing  (10a) b y  —В an d  (10b) b y  E  an d  ad d in g  th e  e q u a tio n s  
th u s  o b ta in e d , we f in d  th e  follow ing re la tio n :

divt!?5 -]-------- +  с E  ieff =  0 , ( 1 la )
81

w here we h av e  p u t

^ = - ( E x B ) ,  ( l i b )
4 л

и = —  (E 2 +  B2) . 
8 л

(11c)

We suggest th a t  (11a, b , c) rep resen t th e  con serv a tio n  law  o f th e  pu re ly  e le c tro 
m agnetic  p a r t  of th e  energy . T hus we suggest th a t  (w hich  h as  a form  sim ila r 
to  th a t  o f th e  P o y n tin g  vec to r) rep resen ts  th e  flow  of en e rg y  an d  it th e  d e n s ity  
o f  energy . T he usual expression

div  S ^ r -j———— -{- c E i =  0 , (12a)
at

where

& ' =  —  ( E X H ) ,  (12b)
4 л

и =  — ( ED - f  HB) , w ith  D =  E  +  4 л  P (12c)
4 л

co n ta in s  m a th e m a tic a lly  th e  sam e re la tio n  as (11a, b , c). W e n o te  t h a t  unless 
e an d  fx a re  c o n s tan t in  tim e , Ù' is n o t a to ta l  tim e  d iffe ren tia l an d  c a n n o t he 
in te g ra te d  w ith o u t th e  exp lic it know ledge of th e  d e ta ils  o f th e  p o la riza tio n  
processes.

W e shall discuss fu r th e r  below  th e  d iffe ren t p h y sica l im p lica tio n s con
ta in e d  in  th e  re la tio n s (11) an d  (12).
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§ 9. M u ltip ly in g  v e c to r ia lly  (10a) fro m  th e  left b y  E  a n d  sim ilarly  (10b) 
b y  В we o b ta in  w ith  th e  n o ta t io n s  ( l i b ,  c), m ak in g  use o f w ell-know n v ec to r 
re la tio n s

D iv  2  H------ -)- feff =  0 , (13a)
c2

w here
feff =  E  peff -f- iCff X В - (13b)

% =  — ------ ( E o E - f B o B ) - ) - ] « .
4л:

(13c)

T h e  re la tio n s  (13a, b , c) c a n  be  m ost easily  u n d ers to o d  as describ ing  th e  
exchange o f  m o m en tu m  b e tw e e n  th e  fie ld  a n d  th e  m a tte r . In d eed , feff is th e  
d e n s ity  o f force excerted  b y  th e  field . feff h a s  tw o  p a r ts :

f ef( =  f  +  f P , (14)
w here

f = eE +  i X B ,  (14a)

is th e  d e n s ity  o f  th e  L o ren tz  fo rce  exerted  u p o n  th e  charge a n d  th e  c u rre n ts  
tra v e rs in g  th e  m a tte r  and

f p  —  Q p  E  -f- (ip -j- i.vi) X В ,

is th e  d e n s ity  o f  force ex c e rte d  u p o n  th e  a to m s. fP rep re sen ts  th e  action  o f th e  
o u ts id e  fie ld  u p o n  th e  c u rre n ts  a n d  th e  ch arg e  inside th e  in d iv id u a l a to m s. 
Suppose th a t

1
—  Sfi — G (15)
c

gives th e  m o m e n tu m  d e n s ity  o f  th e  fie ld  a n d  th a t  th e  te n so r  % rep resen ts  
th e  d en sity  o f  flow  of m o m e n tu m . (13a) can  th e n  be u n d e rs to o d  to  m ean  th a t  
th e  e lec tro m ag n etic  m o m en tu m  flow ing  in to  a ce rta in  vo lum e th e re  p roduces

p a r t ly  an in c rease  of e lec tro m ag n etic  m o m e n tu m á t a ra te  o f — and  p a r t i)
c

tra n sfe rs  m o m e n tu m  to  th e  m a t te r  co n ta in ed  in  th a t  vo lum e. The to ta l  ra te  
o f  tra n sfe r  o f  e lec tro m ag n etic  m o m en tu m  to  o th e r fo rm s o f m om en ta  h as  
a d en sity  feff- T his tra n s fe rre d  m o m en tu m  is p a r t ly  ta k e n  u p  b y  th e  a to m s  
a n d  p a r tly  b y  th e  tru e  c u rre n ts  a n d  charges.
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I I I

N on-elec trom agnetic  co n tribu tions to  energy and  m om entum  density

§ 10. The re la tio n s (11) an d  (13) describ ing  the  flow  o f en erg y  and  
m o m en tu m  are m a th e m a tic a lly  e q u iv a le n t to  th e  re la tio n s used  u su a lly , we 
have  on ly  grouped th e  te rm s in  an  u n u su a l w ay . W e p re sen tly  discuss th e  
significance of th e  d ifference b e tw een  o u r expressions an d  those  u su a lly  used . 

1. I f  e =  c o n s ta n t, th e  e lec tric  p a r t  of th e  energy  is u su a lly  ta k e n  as 
1 . 1

ut I = -----ED. We use in s tead  uei = ----- E 2 th e  d ifference b e tw een  th e  tw o
8 л  8 л

expressions being given by

« é i  — Mei =  —  E P

More generally , w hen в m ay  depend  on E  or o th e r  q u an titie s , we h av e

p
u e l — u e l  z~~ f Ed P  . (16a)

0

T he above expressions give th e  d en sity  of w ork  done b y  th e  electric  
field . T his w ork ap p ears  as mechanical or elastic en erg y  w hich is s to re d  in  th e  
dipoles. T hus th e  q u a n ti ty  u't \ inc ludes, a p a r t  from  th e  p u re ly  e lec tric  energy  
d en sity , also th e  d en sity  of m echan ical energy  w hich  is s to red  in  th e  po larized  

1
atom s. ueI =  — E 2 does n o t inc lude  th is  energy  d en sity , th e re fo re  i t  can  be

8 л  У
ta k e n  as pu re ly  electric  energy.

T h a t energy  of th e  am o u n t g iven  b y  (16a) is rea lly  sto red  in  a po larized  
dipole can  also be seen w hen rem em b erin g  th a t  a po larized  d ipole once th e  
ou tside  fie ld  is sw itched  off s ta r ts  to  oscillate a n d  em its th e  en e rg y  s to red  
accord ing  to  (16a) in  th e  form  o f e lec tro m ag n etic  ra d ia tio n .

2. The m agnetic  d en sity  o f en e rg y  is u su a lly  w ritte n  as

u magn —  I H  d B ,
4 л  .1

th u s  we f in d  w riting  n magn
1

B 2
8 л

1 Г
В dB

4л: J

w m agn u m agn Mf/ в . (16b)
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T he difference b e tw een  th e  tw o  expressions for th e  m agnetic  en e rg y  d en sity  
as g iven in  (16b) co rresponds to  n o n -m ag n e tic  en e rg y  as can  be seen from  
th e  follow ing co n sid e ra tio n .

I f  we p o larize  a m ed ium  b y  tu rn in g  its  m ag n e tic  dipoles in to  th e  d irec tion  
o f  th e  e x te rn a l m ag n e tic  fie ld , we gain  en e rg y  as th e  m ag n etic  fie ld  itse lf  
produces to rq u e s  on  th e  dipoles w hich t r y  to  tu r n  th ese  in to  th e  d irec tio n  of 
th e  field . H o w ev er, while th e  dipoles are  a d ju s te d  in to  th e  d irec tio n  of th e  
fie ld , cu rren ts  a re  in d u ced  inside th e  a to m s w hich  t r y  to  d im in ish  th e  m agnetic  
m om ents o f th e  d ipoles. In  th e  process o f p o la riz a tio n  these  c u rre n ts  h av e  to  
be overcom e b y  som e o u tside  source an d  th e  en e rg y  m u st be ta k e n  up  from  
th e  source so as to  m a in ta in  th e  dipole m o m en ts . T his re su lts  in  a tra n sfe r  
o f energy  from  som e n o n -m ag n etic  fo rm  o f en e rg y  to  m agnetic  f ie ld  energy  
a n d  th u s  th e  to ta l  increase o f  en erg y  in  th e  process o f  p o la riza tio n  is less, th a n  
th e  increase o f  p u re ly  m ag n e tic  energy , th e  d ifference being g iven  b y  (16b).

In  o rd e r to  i l lu s tra te  th e  above c o n sid e ra tio n  on h a n d  of a m acroscopic  
m odel we rem em b er th a t  a so lenoid  ca rry in g  cu rre n t, w hen  p laced  in to  a m agnetic  
fie ld , will t r y  to  tu rn  in  such  a w ay  th a t  its  ow n fie ld  becom es p a ra lle l to  the  
e x te rn a l fie ld . H ow ever, w hile th e  so lenoid  m oves th e  ou tside fie ld  induces 
cu rren ts  in  i t  opposing  th e  c u rre n t w hich  a lre a d y  flow s an d  th e re fo re  the  
E M F  ac tin g  on th e  solenoid h as  to  do w ork  in  o rd e r to  com pensate  th e  induced  
cu rren ts  a n d  to  k eep  th e  m ag n etic  m o m en t o f th e  solenoid c o n s ta n t. T ak in g  
th e  energy  b a la n c e  o f th e  w hole process we f in d  t h a t  th e re  is a n  increase  o f 
p u re ly  m ag n e tic  energy  acco m p an ied  b y  som e decrease of, s a y  chem ical 
energy , w hich w as used  to  m a in ta in  th e  c u rre n t in  th e  solenoid.

T he re d u c tio n  of n o n -m ag n etic  en erg y  in  th e  process o f p o la riza tio n  can  
also be i l lu s tra te d  as follows. C onsider a to m s c a rry in g  dipole m o m en ts  as rig id  
bodies ro ta t in g  ro u n d  an  ax is. T he tu rn in g  o f su ch  ro ta tin g  a to m s in to  th e  
d irec tion  o f an  o u ts id e  m ag n e tic  fie ld  req u ire  w o rk  to  be done in  o rd er to  
m a in ta in  th e  ro ta t io n  o f th e  a to m s. T hus m ech an ica l energy  is tra n sfo rm e d  
in to  m ag n etic  en e rg y  eq u a l to  th e  difference u'magn— u magn.

W e see th u s  th a t  и rep resen ts  th e  d e n s ity  o f pu re ly  e lec tro m ag n etic  
energy , w hile u ' rep re sen ts  e lec tro m ag n etic  en e rg y  m ixed  w ith  o th e r  form s 
o f  energy  s to re d  in  th e  a tom s.

3. The P oynting  vector is usually w ritten  in  the form

<95' =  —  (E  X H ). (17)
4n

T he difference
=  _  C(E  X M) (17a)

corresponds to  th e  flow  o f d e n s ity  u^j =  u ' — и  o f m echan ical en e rg y  induced  
b y  th e  e lec tro m ag n etic  fie ld , w hich is ca rr ied  b y  th e  dipoles w hile in te ra c tin g  
w ith  th e  fie ld .
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I t  is in te re s tin g  to  no te , t h a t  such a flow  m a y  occur even  i f  E , M =  
=  c o n st., th u s  in  a s ta te  w here th e  dipoles do n o t  m ove an d  do n o t change 
th e ir  po la riza tio n .

§ 11. So as to  see m ore c lea rly  th e  n a tu re  o f  th e  flow  we n o te  th a t

d iv  =  — c d iv  (E X M) =  c(E ro t  M — M ro t E) .

W ith  th e  help  of (10) a n d  (6) th e  r ig h t-h a n d  ex p ressio n  can be re w ritte n  an d
we f in d

d iv  <9̂ M =  c E i M +  MB . (18)

T he second  te rm  o f (18) gives th e  flow  carried  b y  th e  m agnetic  dipoles in  th e  
process o f th e ir  a d ju s tm e n t. T h ere  is no te rm  in  (18) co rrespond ing  to  th e  
m o tio n  o f  th e  elec tric  dipoles. T he reason  for th is  is th a t

E  ip — —- E P  =  0 , (19)
c

th u s  (18) m ay  also be w ritten

d iv  — c E(i/w +  ip) -j- MB — E P  . (20)

We m a y  therefo re  inc lude  th e  e n e rg y  tran sfe r c a rr ie d  b y  e lec tric  dipoles in
the  r ig h t-h a n d  side o f (18); how ever, th is  does n o t  c o n tr ib u te  to  d iv ^ A j .

T he w ork done b y  th e  e lec tric  field on th e  P o isson  charges qm  appears 
on th e  sp o t as p o te n tia l energy  a n d  th is  ty p e  o f en e rg y  tra n s fe r  does n o t con
tr ib u te  to  th e  flow  o f energy .

§ 12. The f irs t  te rm  in th e  r ig h t-h a n d  exp ressio n  of (18) show s th a t  
m echan ica l energy  is d eposited  a t  a co n stan t r a te  w hen  th e  f ie ld  is c o n s ta n t 
in tim e  a n d  space.

T h e  m echanism  o f th e  la t te r  flow  can be i l lu s tra te d  w hen considering  th e  
fo llow ing schem atic  m odel.

As th e  m odel o f a dipole con sid er a ch a rg ed  rig id  b o d y  ro ta t in g  freely  
w ith  a c o n s ta n t a n g u la r  ve lo c ity  u>. Suppose a t  th e  cen tre  o f g ra v ity  o f th e  
sy s tem  a p o in t charge  w hich n eu tra lize s  th e  sy s te m  as a w hole.

I f  su ch  a dipole is b ro u g h t in to  a hom ogeneous elec tric  fie ld  E  th e  d irec
tio n  o f  w hich  is p e rp en d icu la r to  to we fin d  t h a t  th e  electric  force tr ie s  to  
acce le ra te  one side of th e  ro ta tin g  b o d y  and  to  dece le ra te  th e  o th e r  (see F ig . 1). 
T he in n e r  forces keep ing  th e  ro ta t in g  body  to g e th e r , m a in ta in  th e  un ifo rm  
ro ta tio n . In  th is  w ay  th e  electric  force tran sfe rs  en e rg y  to  th e  p a r ts  w hich 
h av e  a co m ponen t of ve lo c ity  p a ra lle l to  E and  ta k e s  u p  energy  fro m  th e  o th e r 
p a r ts . T h u s  th ere  is a s te a d y  flow  o f elastic  en e rg y  across th e  sy stem . The 
d irec tio n  o f flow  is p e rp en d icu la r  to  b o th  E  a n d  in an d  its  v a lu e  is given 
q u a n tita tiv e ly  b y  (17a).
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Model o f  m a g n e tic  dipole  

Fig. 1

IV

The ponderom otive forces

§ 13. W e h av e  th u s  show n how  th e  pu re ly  e lec tro m ag n etic  energy , the 
en e rg y  flow  a n d  th e  m o m en tu m  o f a sy stem  can be described  a n d  sep ara ted  
fro m  th e  c o n tr ib u tio n s  o f m ech an ica l o r e lastic  en e rg y  an d  m o m e n tu m  con
ta in e d  in  th e  m a te ria l.

T he densities u ',  Sfi' an d  G ' c o n ta in  th u s  a p a r t  from  th e  e lec tro m ag n etic  
d en sities also c o n tr ib u tio n s  o f a d iffe ren t n a tu re .

T he reaso n  w h y  th e  q u a n titie s  u ' ,  SP' an d  G ' w ere o rig inally  in tro d u ced  
in to  th e  th e o ry  a n d  n o t th e  q u a n titie s  u , ófi an d  G is t h a t  a t  th e  tim e  w hen the  
th e o ry  w as w orked  o u t one tr ie d  to  describe th e  total energy  a n d  th e  total 
m o m en tu m  o f system s.

Such a t te m p ts  m u st, how ever, fa il unless one is sa tisfied  w ith  an  over
sim plified  m odel o f m a tte r . T he en e rg y  an d  m o m en tu m  of real m a t te r  under 
th e  in fluence  o f an  e lec tro m ag n etic  f ie ld  is d e te rm in ed  b y  m a n y  fac to rs  and 
c a n n o t be described  w ith o u t a d e ta iled  analysis o f th e  physica l p ro p e rtie s  of 
th e  m a te r ia l in v o lv ed . W e n o te  t h a t  a p a r t  from  th e  e lec tro m ag n etic  and  the  
e la stic  energy  a rea l p h ysica l sy s tem  co n ta in s  also h e a t  an d  ch em ica l energy 
a n d  o th e r  form s o f energy.

A m ong o th e r  effects an  e lec tro m ag n etic  fie ld  p roduces com plica ted  
e la stic  stresses in  a m echan ical sy s tem  an d  changes i ts  e lastic  en e rg y  in  a com 
p lic a te d  w ay. In  th is  w ay  e.g. é lec tro s tr ic tio n  an d  th e  m ag n e to s tr ic tio n  also 
c o n tr ib u te  to  th e  to ta l  energy.

§ 14. In  B ecker’s te x t-b o o k  [4] th e  Maxw ell  ten so r is ex te n d e d  by 
te rm s giv ing th e  é lec tro s tric tio n . T his is done in  an  a t te m p t to  com plete  the 
exp ressions fo r en erg y  a n d  m o m en tu m  d ensity . H ow ever, th e  te rm  given by
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B ecker  a ccou n ts on ly  for one o f th e m a n y  con tr ib u tion s o f  n on -e lectro -  
m agn etic  en ergy  and m om en tu m .

W e th in k  th a t  a sa tis fa c to ry  d esc rip tio n  is o b ta in ed  from  th e  beg in n in g  
if  we lim it ourselves to  th e  p u re ly  e lec tro m ag n etic  p a r t  of en erg y  an d  m o m e n t
um , i.e. i f  we use it, J/5 an d  G. W e m u st be aw are w hen doing  so th a t  fo r th e  
descrip tion  o f th e  in te ra c tio n  w ith  m a tte r  th e  non -e lec tro m ag n e tic  p ro p e rtie s  
of th e  in te ra c tin g  m ate ria l h a v e  to  be ta k e n  in to  acco u n t sep a ra te ly . T he c o n 
nection  be tw een  e lec trom agnetic  and  o th e r  p ro p ertie s  o f th e  m a te ria l is in t r o 
duced  b y  g iv ing  th e  dependence  of th e  p o la riz a tio n  v ec to rs  P  an d  M on th e  
e lec trom agnetic  field  an d  th e  s ta te  of th e  m a tte r . The connections P  =  яЕ

an d M  -  -  В m ust be reg a rd ed  as v e ry  ro u g h  ap p ro x im a tio n s .
f*

§ 15. W e are now in  a position  to  give a sim ple answ er to  th e  q u es tio n : 
■‘which is th e  expression th a t  gives th e  co rrec t value for th e  p o n d ero m o tiv e  
force a field  excerts  up o n  m a tte r ? ”

We n o te , th a t  the  te rm  p o n d ero m o tiv e  force is n o t v e ry  clear in  itse lf . 
I t  was in tro d u ced  a t  a tim e  w hen one t r ie d  to  fo rm u la te  genera l law s fo r 
m a tte r  as such , w ith  as l i ttle  reg ard  as possib le  to  th e  rea l a n d  v a ry in g  p ro 
perties of m a te ria l system s.

The en erg y  an d  m o m en tu m  tra n s fe r re d  b y  ra d ia tio n  to  a closed p h y sica l 
system  are described  b y  re la tio n s  (11) a n d  (13) w hich in  th e  in te g ra l fo rm  can  
also be w ritte n  in the  follow ing w ay:

R ela tion  (21a) shows th a t  p a r t  of th e  e lec tro m ag n etic  en erg y  flow ing  in to  
a surface S produces th ere  e lec tro m ag n etic  energy  of d e n s ity  u, th e  rem a in in g  
p a r t  o f i t  b e ing  tra n sfe rre d  in to  o ther ty p e s  of energy  a t  a ra te  of E  i eff. T he 
la t te r  energy  appears in  tw o  p a r ts :  E i is th e  w ork  done on rea l cu rren ts  an d  
charges, w hile th e  re s t is tra n sfe rre d  to  th e  a to m  of th e  system .

S im ilarly  (21b) show s th a t  th e  to ta l  m o m en tu m  flow  % th ro u g h  th e  s u r 
face S rem ain s p a r tly  in  th e  fo rm  of e lec tro m ag n e tic  m o m en tu m  w ith  a d e n s ity  
G, th e  re s t  be ing  tra n sfe rre d  to  th e  m a tte r .  T he tra n sfe rre d  p a r t  can  ag a in  be 
d iv ided  in to  one p a r t  w hich is tak en  u p  b y  th e  cu rren ts  an d  th e  re s t w hich is 
ta k e n  u p  b y  th e  atom s o f th e  system .

§ 16. W e see th u s  c lea rly  w h a t h a p p e n s  to  th e  energy  a n d  th e  m o m e n tu m  
flow ing th ro u g h  th e  surfaces S  in to  th e  sy s tem  occupying  th e  vo lum e V.

T he “ pond ero m o tiv e  fo rce”  m ig h t be defined  as th e  ra te  of in crease  of 
th e  m o m en tu m  of th e  sy s tem . H ow ever, such  a d escrip tion  is p u re ly  fo rm a l
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an d  i t  does n o t  help  to  c la rify  e.g. th e  b e h a v io u r o f a m echan ical sy s tem  in  
a collision.

W e m a y  e.g. t r y  to  d e te rm in e  th e  m o m en tu m  o f a sy s tem  b y  le t t in g  i t  
collide w ith  a so lid  wall, m easu rin g  th e  reco il o f th e  w all.

T he re s u lt  o f such a collision d ep en d s v e ry  m uch  on th e  in te rn a l p ro 
perties o f  th e  colliding sy stem s. I t  dep en d s also on th e  m ode of th e  co llision , 
i.e. w h e th e r th e  various ty p e s  of m o m e n ta  co n ta in ed  in  th e  sy stem  all ta k e  
p a r t  in  th e  collision or n o t.

I f  th e  collid ing sy s te m  is in  th e  so lid  s ta te , th e n  i t  is like ly  t h a t  th e  
m o m en ta  o f  i ts  a tom s w ill be tra n sfe rre d  to  th e  w all. I t  is, how ever, an  o pen  
question  (a n d  depends on  th e  deta ils  o f  th e  collision process) w h e th e r th e  
m o m en tu m  c a rrie d  b y  th e  cu rren ts  flow ing  inside th e  collid ing sy s tem  is o r  is 
n o t t ra n s fe r re d  in  th e  collision. F u r th e r  th e  e lec tro m ag n etic  w aves c o n ta in e d  
in  th e  co llid ing  b o d y  m ig h t them selves be re flec ted  on th e  w all, b u t  th e y  m a y  
also p e n e tra te  in to  th e  w all accord ing  to  c ircu m stan ces . W e see th ere fo re  t h a t  
i t  is im possib le  to  fo re te ll on general g ro u n d s (w ith o u t going in to  th e  d e ta ils  
o f th e  collision) w h a t th e  re su lt of th e  collision  will be.

To il lu s tra te  th e  p ro b lem , we con sid er a b o x  w hich  con ta in s a n u m b e r  
of loose bod ies a n d  w hich collides w ith  a w all. In  th e  f irs t in s ta n t  th e  m o m e n t
u m  tra n s fe r  in  such  a collision will be on ly  th a t  of th e  b o x  itse lf, as th e  b od ies 
inside w ill co n tin u e  to  m ove ow ing to  th e ir  in e r tia . T hese bodies will, h o w ev er, 
tra n sfe r  th e ir  m o m en tu m  w hen  s trik in g  th e  f ro n t w all o f th e  b o x  from  th e  
inside. — W h e th e r  th e ir  m o m en tu m  is th e n  tra n s fe rre d  to  th e  w all d ep en d s  
on w h e th e r th is  seco n d ary  collision ta k e s  p lace soon enough  a fte r  th e  f i r s t  
im p ac t.

A  m a te r ia l  sy stem  co n ta in in g  a to m s, cu rren ts  a n d  ra d ia tio n  m a y  be 
com pared  w ith  such a b ox . I t  is fu tile  to  t r y  to  define its  m o m en tu m  as i f  i t  
w as a “ m ass p o in t” . A d esc rip tio n  th a t  fu lly  accoun ts fo r th e  a c tu a l s ta te  o f 
such  a sy s te m  m u st give th e  d is tr ib u tio n  o f  its  m o m en tu m  over its  v a rio u s  
p a r ts  a n d  in  p a r tic u la r  o v er its  a to m s a n d  fu r th e r  th e  d is tr ib u tio n  o f th e  
cu rren ts  a n d  th e  ra d ia tio n  co n ta in ed  in  it.

U n d e r c lea rly  specified  c ircu m stan ces th e  b eh av io u r of th e  sy s tem  as 
a w hole can  be  described  b y  som e in te g ra l over th e  m en tio n ed  d is tr ib u tio n s . 
There is no law  giving “ th e  m o m en tu m  o f th e  sy s tem ”  regard less o f th e  c o n 
nection  in  w h ich  th is  m o m en tu m  is to  ac t.

T he p o n d ero m o tiv e  force was in tro d u c e d  in  an  a t te m p t  to  give an  e x 
pression  fo r th e  change o f m o m en tu m  o f a p h y sica l sy stem  u n d e r th e  in flu en ce  
o f ra d ia tio n . H ow ever, once we realize t h a t  th e  b eh av io u r of a system  c a n n o t 
be ch a ra c te riz e d  sim ply  b y  one m o m en tu m  v ec to r  we see th a t  th e  co n c e p t 
o f th e  p o n d e ro m o tiv e  force is an  oversim plified  one. W hen  considering  a re a l  
process i t  is necessary  to  de te rm ine  th e  d e ta iled  fo rm  o f th e  energy  a n d  
m o m en tu m  tra n s fe r  be tw een  th e  v a rious com p o n en ts  o f th e  b o d y . O nly  b y
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tak in g  in to  acco u n t th e ir  physica l p ro p e rtie s  can  we d e te rm in e  w h a t will 
h ap p en  to  th e  body  u n d e r  th e  in fluence  o f the e lec tro m ag n etic  field .

V

A re m a rk  on th e  P oyn ting  vector

§ 17. T he P o y n t in g  v ec to r seem s to  us to  give th e  flow  of d e n s ity  of 
energy  in  a n y  e lec trom agnetic  field . S om etim es i t  is s ta te d  th a t  th e  P o y n t in g  
v ec to r h as  on ly  m ean ing  in  those  p a r ts  o f  space w here d iv  J/3 =j= 0, i.e. w here 
a rea l exchange of en erg y  tak es  p lace.

W e v e n tu re  to  suggest th a t  Sfi a lw ay s gives th e  d e n s ity  of flow  o f energy , 
even i f  th is  flow  hap p en s to  be a s ta t io n a ry  one w ith  d iv  — 0.

C onsider e.g. th e  crossed fields o f  a charge a n d  a p e rm a n e n t m a g n e t. 
In  th e  la t te r  field E X В does n o t v a n ish  and  we e x p e c t th e  en erg y  to  flow  
stead ily  in  a s ta tio n a ry  fash ion . W e th in k  th is  p ic tu re  gives a good d esc rip tio n  
o f th e  rea l s ta te  of affairs.

W e n o te  th a t  as long  as th e  ch a rg e  an d  th e  m a g n e t giv ing rise  to  th e  
crossed f ie ld  are w idely  sep a ra ted , th e  P o y n t in g  v e c to r  h as  only  neglig ib le 
values a n d  th e re  is p ra c tic a lly  no flow  o f energy. I f  th e  m a g n e t is b ro u g h t in to  
th e  v ic in ity  o f th e  charge , th e  en erg y  o f  th e  fie ld  is re d is tr ib u te d  d u rin g  th is  
m otion , a n d  th e  energy  flow  s ta r ts . O nce the  m ag n e t h as  reach ed  its  f in a l 
position  th e  energy has reach ed  a s ta te  o f s ta tio n a ry  flow  a n d  th ro u g h  in e r tia  
th is  s ta te  persists  fu r th e r  as long as th e  charge an d  th e  m ag n e t rem a in s  in  
th is  position .
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ЗАМЕЧАНИЕ О НЕКОТОРЫХ ПОЛОЖЕНИЙ УРАВНЕНИЙ МАКСВЕЛЛА
Л. ЯНОШИ 
Р е з ю м е

Уравнения Максвелла написаны в форме, содержащей только Е, В, и электри
ческую и магнитную поляризаций. Показывается, что для плотности энергии и вектора 
Пойнтинга можно вывести выражения, в некоторой степени отличающиеся от обыкно
венных, если произвести тщательное разделение источников электромагнитного и 
неэлектромагнитного происхождения. Дискутируется вопрос пондеродвижущей силы 
и найдено, что сложные физические системы не могут быть описаны заданием их полной 
энергии и количества движения, и, таким образом, нет возможности для составления об
щего с точки зрения его действительности выражения для пондеродвижущей силы. 
Несмотря на это, принимая во внимание все механические свойства системы, поведе
ние ее может быть понято.
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ON THE REPRESENTATION 
OF THE LORENTZ DEFORMATION

B y

L. JÁNOSSYCENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST 
(Received 29. X II . 1964)

I t  is shown that w ith  the help of the eigenvalues o f L o ren tz  m atrices L o ren tz  tra n s
form ations can be brought into  a standard form. U sing this standard form  we find th a t any  
L o ren tz  deform ation appears, relative to a su itab le system  of reference, as an acceleration  
in a fixed  direction, and a rotation  through a fix ed  angle around the direction of acceleration.

§ 1. In  a n u m b er of p ap e rs  [1—4] w e b a v e  d ea lt w ith  th e  physica l in te r 
p re ta tio n  of th e  L orentz  tra n s fo rm a tio n . In  the  course o f th e  analy sis  a 
p rob lem  arose w ith  w hich w e w an t to  d ea l in  th e  p re se n t p aper.

U sing th e  te rm in o lo g y  exp la ined  fo rm erly  we m a y  den o te  ev en ts  a n d  
also physica l system s b y  G oth ic  le tte rs  a n d  use L a tin  sy m bo ls for th e ir  re p re 
se n ta tio n  re la tiv e  to  som e sy s tem  of re fe ren ce . T hus we d en o te  an  ev en t b y  @ 
a n d  its  rep re sen ta tio n  re la tiv e  to  a sy s tem  o f coord inates К  b y

E  =  K (& ) ,

w here E  s tan d s  sh o rt for a fo u r-co m p o n en t v ec to r x,

X =  r ,  t .

W e shall m ake use of L o rentz  system s o f reference o n ly . Such a sy s te m  is 
an  in e r tia l sy stem  in  w hich th e  m easures o f  coo rd inates a n d  clocks are a d ju s te d  
b y  m eans o f lig h t signals, th ese  a d ju s tm e n ts  being su ch  t h a t  ligh t a p p e a rs  
to  be p ro p a g a te d  iso tro p ica lly  re la tive  to  th e  system  o f reference  w hen  th is  
is expressed  in  th e  co o rd in a tes  th u s  a d ju s te d .

More precisely , th e  L o rentz  sy s tem  can  be ch a ra c te riz e d  in  th e  fo llow 
ing  m an n er. C onsider tw o  ev en ts  6^ a n d  ($i2, w here sh o u ld  be th e  s t a r t  
o f  a lig h t signal from  a p o in t P x an d  its  a rr iv a l in  a p o in t P 2. The co o rd in a tes  
o f  th ese  ev en ts  re la tiv e  to  a system  К  m a y  be w ritten

*i =  r u h  X2 =  h  •

T he system  К  is a L o rentz  system  if  fo r  a n y  values o f  rj and  r2 we h a v e

çrç  =  o ,  (1)

6 Acta Phys. Hung. Тот. X X .  1966



82 L. JÂNOSSY

w here ? =  x2 — x 4 and  Г is th e  m a tr ix  w ith  elem ents

Г  =v /л

1 if  V =  f, =  1, 2, 3 
0 i f  V =f= /I 

—c2 i f  V =  /i — 4.
(2)

§ 2. T h e  re p re se n ta tio n s  o f  an  e v e n t re la tiv e  to  d iffe ren t sy stem s o f 
reference  are  connected  b y  L orentz tra n s fo rm a tio n s , th u s  i f  x' is th e  r e p re 
se n ta tio n  o f ©j re la tiv e  to  K '  a n d  x  t h a t  re la tiv e  to  К  we have

x' =  Лх -f- A , (3)

where Л is a Lorentz m atrix  obeying the relation

X Г Л =  0  Г , 0  ф  0 , (4)
or the equ ivalent relation

Л “ * =  0 - 1 Г- i  Л Г (5)

a n d  A is a q u a n t i ty  w ith  fo u r  c o n s ta n t com ponen ts.
In s te a d  o f (3) we can  also  w rite

x ' =  £ p ( x ) . (6)

2 p is th e  Lorentz tra n s fo rm a tio n  lead ing  fro m  th e  co o rd in a te s  re la tiv e  to  К  
to  those  re la tiv e  to  K ' ,  th e  su ffix  p specify ing  th e  p a r t ic u la r  L oren tz  t r a n s 
fo rm atio n . T h u s  th e  su ffix  p is a p a ra m e te r  w ith  eleven com ponen ts a n d  it 
co n ta in s  also  one sign; we m a y  w rite  m ore  exp lic itly

p =  0 , О, V, A, e w ith  0  >  0, v | <  c, e =  -j- 1, ( I )

w here О is an  o rthogonal m a tr ix  obeying

00 = 1 . ( 8 )

v is a v e c to r  w ith  th ree  co m p o n en ts  (g iv ing  th e  v e loc ity  o f  K '  re la tiv e  to  К  
in  m easures o f  K ),  A c o n ta in s  th e  fou r inhom ogeneous te rm s  of (3) a n d  e =  
=  Л и 1\ Л 44 I defines th e  co n v e n tio n  o f tim e  m easure in K '  re la tiv e  to  th a t  in  K .  
0  >  0 gives th e  ra tio  o f u n its  o f  tim e a n d  le n g th  in  К  re la tiv e  to  those  in  K '.

T he se t o f  tra n s fo rm a tio n s  w ith  p a ra m e te rs  p fo rm  a group a n d  a re  
also called  im p ro p er Lorentz tra n s fo rm a tio n s . The p ro p e r  Lorentz t r a n s 
fo rm atio n s a re  a subgroup  o f  these  tra n sfo rm a tio n s  w ith  p a ram ete rs

q =  0 ,  V, A, (91
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w ith  th e  restric tio n s

0 = 1 ,  de t  О =  +  1, | n | < c ,  e — + 1 .  (9a)

§ 3. Consider a ph y sica l system  o f som e k ind , i t  m a y  be deno ted  b y  
The system  m a y  consist o f  a n u m b er o f p o in ts  m oving u n d e r
th e  in fluence o f inner an d  o u te r  forces.

The rep re sen ta tio n  o f re la tive  to  К  a be w r itte n

P =  K № ) ,

w here P  consists of po in ts  P v  P2, . . ., P N w ith  coo rd ina te  v ec to rs  a t th e  tim e  t

r„(<), n  =  1, 2 , . . N

in  m easures o f K .
T he rep re sen ta tio n

P ' =  K ' ( % )

of ÍJ3 re la tiv e  to  K '  can  be ob ta in ed  fro m  th a t  re la tiv e  to  К  by  a L o r e n t z  
tra n sfo rm a tio n . T hus th e  coo rd in a te  v e c to r  r 'n(t') of P„ re la tiv e  to  K '  a t  th e  
tim e f ' (in m easures of K ' )  is found  to  be

r í  («') =  Lr„ (t„) +  u' tn +  1, (10a)

w here th e  values of tn h av e  to  be chosen so as to  sa tisfy

t —  u r„ (tn) B  tn t Q .

H ere we h av e  expressed  Л an d  X in th e  follow ing m a n n e r

Л =
L u 
u В

, X —• 1, tß

(10b)

(Ю с)

an d  L  is a th ird -o rd e r  m a tr ix , u, u ', I a re  th re e -c o m p o n en t vectors a n d  B ,  t 0 
scalars. T he tn, n =  1, 2, . . ., N  can be  regarded  as a u x ilia ry  q u a n tit ie s .

§ 4. T he tra n sfo rm a tio n  (10a, b , c) c an  be given also  a d ifferen t m e a n 
ing. W ritin g

with r * ( . ) = L r „ ( 1. ) +  «■<„ +  !, j (H )
1 —  u  T n ( l n ) +  B t n  +  i u J

we m ay  re g a rd  th e  r£ as th e  coord inate  v ec to rs  re la tiv e  to  К  o f p o in ts  P*  
a t  th e  tim e  t (re la tive  to  K ).
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T hus P* is th e  re p re se n ta tio n  in К  o f  a system  iß* in  К  and we m a y
w rite

P  =  K (iß ), p * =  К ( Г Ь  (12)

a n d  we call iß* th e  Lorentz deformed system  iß. In  place o f  (11) we shall also 
w rite

P* =  L„(P), (13)

w here L 4 s ta n d s  fo r th e  tra n s fo rm a tio n  (11). We use th e  sym bo l L  in  p lace  
o f  £  to  d en o te  th a t  th e  tra n s fo rm a tio n  does n o t lead  fro m  one sy s tem  o f 
reference to  a n o th e r , b u t  t h a t  i t  signifies a  change of one physical sy s tem  
in to  a n o th e r (a ll m easures ta k e n  re la tive  to  one system  o f reference К  on ly ).

We h a v e  w ritte n  q fo r th e  suffix  o f  L  because we sh a ll consider o n ly  
d e fo rm atio n s co rrespond ing  to  proper L o r e n t z  tra n sfo rm a tio n s , th u s  we 
re s tr ic t  th e  v a lu e  o f q acco rd in g  to  (9a). F o r  th e  tra n s itio n  betw een  L o r e n t z  
system s of re fe ren ce  we m a y  use b o th  p ro p e r  an d  im p ro p e r tra n s fo rm a tio n s . 
W e m ay th u s  use for c o o rd in a te  tra n s fo rm a tio n s  all th o se  w ith  tw o p a r a 
m eters  as g iven  b y  (7).

§ 5. T he re p re se n ta tio n s  o f  iß an d  iß* re la tiv e  to  a sy stem  K ' can  be 
w ritte n

р ' =  к '(Ф ) =  й р(р ) ,  I
P * ' =  К '( $ * )  =  £ р(Р * ) . I

F ro m  (13) a n d  (14) we f in d  also

P*' =  L 4, (P) ( 1 5 )

w ith
L q- =  S r L 4 S ”1 , (16)

where L (J. is th e  L orentz  tran sform ation  w hich  is o b ta in ed  as th e su p er
p osition  o f  th ree  L orentz tran sform ation s.

F ro m  (15) we conclude t h a t  the representations P ' and  P * ' o f  iß and  iß* 
are connected through a Lorentz transform ation in  any system  o f  reference, p ro 
vided they are connected by a Lorentz transform ation  in  at least one system  o f  
reference.

We m a y  th u s  w rite  in s te a d  of (13) m o re  generally

r  =  -M  iß ) ,  (17)

where q ch aracterizes th e  L o rentz  d eform ation  itse lf  and q can  be rep resen ted  
in  various sy s te m s  o f referen ce as

K (q ) =  q ,  K' ( q)  =  q ' , . . . , e t c .
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§ 6. T he problem  we w an t to  dea l w ith  in th is  p a p e r is to  d e te rm in e  
th e  set of Lorentz tran sfo rm a tio n s  w hich  ap p ea r as th e  re p re se n ta tio n s  o f  
a given Lorentz d efo rm atio n  L  if  we consider all possib le Lorentz sy s
tem s of reference.

C onsider th u s  tw o rep re sen ta tio n s  L q an d  Lq. of L  . W e have

L ,' =  ЯР L 4 Sp1 • (18)

W riting  (18) m ore ex p lic itly , we see fro m  (3) an d  (6) th a t  (18) gives no r e 
s tr ic tio n  as to  th e  inhom ogeneous p a r t  o f th e  tra n s fo rm a tio n  Lq.. D en o tin g  
th e  Lorentz m atrices co rrespond ing  to  th e  tra n sfo rm a tio n s  in  (18) b y  Л ц, Л ч 
an d  Л р we m ay  th u s  w rite  in  place o f  (18)

A, =  Ap A, A“ 1 . (19)

F ro m  (19) we verify  easily  th a t  Aq, defines a p ro p er Lorentz tra n s fo rm a tio n  
i f  Aq does so, no m a tte r  w h e th e r Ap defines a p ro p er or im p ro p e r Lorentz 
tra n sfo rm a tio n . We see th u s , th a t  we can restrict the Lorentz deform ations to 
those represented by proper Lorentz transform ations w ithout restricting the system s  
o f  reference to those connected by proper Lorentz transform ations only.

§ 7. W ith  th e  help  o f a su itab le  m a tr ix  S we can  tra n sfo rm  A , in to  
d iagonal fo rm , we have

S-1  Aq, S =  D =  d iagona l m a tr ix . (20)
W e shall also w rite

D4i =  D v ,

w here Dy are  th e  eigenvalues of Aq,. C om paring  (19) a n d  (20) we see t h a t  
th e  D„ are  also the  e igenvalues of Aq. W e conclude, th a t  two Lorentz m atrices 
Aq and  Aq, can only then represent the sam e Lorentz deform ation i f  they possess 
the same eigenvalues.

§ 8. W e prove th e  reverse  of th e  above s ta te m e n t also to  be tru e . T his 
m eans th a t  i f  tw o Lorentz m atrices Aq an d  Aq, possess th e  sam e e igenvalues 
th e n  th e re  ex is t such L orentz sy stem s o f reference К  an d  K '  re la tiv e  to  
w hich Aq a n d  Aq, re p re se n t th e  d e fo rm a tio n  q.

So as to  prove the above sta tem en t we write down as a first step  the  
secular equation for a Lorentz m atrix  Aq, thus

d e t (А , - Д 1 )  =  0, V =  1, 2, 3, 4. (21)

E x p lic itly  w ritte n  we f in d , rem em bering  th a t  d e t A =  1

X4 — sp u r  Л “ 1 X3 -f- c2 X2 — sp u r Aq X - f  1 =  0 (22)
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for
X  =  D v, V =  1, 2, 3, 4,

w here c2 is a fu n c tio n  o f th e  e lem en ts o f  Aq . F rom  (5) we see th a t

sp u r  A“ 1 =  sp u r  Aq ,

therefo re  th e  eq u a tio n  (22) is sy m m etric  a n d  th e  fou r so lu tions Dv co n ta in  
p a irs  o f rec ip ro ca l values. W e m ay  w rite

D. = ~ =  a, D , =  —  
D 2 D t

=  b.

w here
a, b ={= 0.

C onsider a p a r tic u la r  tra n s fo rm a tio n  w ith  th e  m a trix

к  =
f  CO S (p

sin  99 
0 

V 0

-Sin (p
COS Cp 
0 
0

0
0
В

— Bvje2

В  =
J 1 -  v2/c2

0 \
0

— B v
В  )

(23)

(24a)

W e fin d  t h a t  in  th is  p a r tic u la r  case th e  e igenvalues are given as

D1 =  e i4>, B 2 =  e~i4>, D 3 =
c  —  V

C - f -  V
, =

C +  V

C —  V
(24b)

in  accord  w ith  (23).
§ 9. F ro m  (20) we f in d  t h a t  a L o ren tz  m a tr ix  Aq w ith  eigenvalues D„ 

c a n  alw ays be w ritte n  in  th e  fo rm

Aq =  S D S - 1 (25)

C om paring  (25) w ith  (4) we f in d  for 0 = 1 ,  th a t  th e  m a tr ix  S has to  fu lfil 
th e  follow ing co n d itio n

S-1 D S Г S D S_1 =  Г . (26)
W ritin g  fu r th e r

s r s  =  ii (27)
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we m ay  also w rite  a f te r  m u ltip ly in g  (26) from  th e  le ft b y  § an d  from  th e  
rig h t b y  S

D SID =  S2. (28)

The V — /ith  e lem ent o f (28) reads

an d  so
Dv Qvll =  Q V!l,

Un, = 0  if  D , D„ ф  1.

F u rth e rm o re  tak in g  the tran sp o sed  o f (27) we see th a t  12 =  SI an d  det Si ф  0, 
thus SI m ust be of th e  form

(0 A 0 0 \Í1 = A 0 0 0
0 0 0 в

\0 0 в 0 )

А, В ф  0. (29)

§ 10. W e no te  th a t  to  every  Lorentz m a tr ix  Aq w ith  eigenvalues g iven 
b y  D th e re  e x is t m atrices S sa tisfy in g  (25). Since Aq is a Lorentz m a tr ix  th e  
m atrices S sa tis fy  also (27) a n d  (29).

H ow ever, if  a m a tr ix  S sa tisfies (25) th e n  an y  m a tr ix

S ' =  S F

also satisfies (25) p ro v id ed  F  is a d iagonal m a tr ix  w ith  n o n -v an ish in g  d iag o n a l 
elem ents.

I f  S satisfies (27) th e n  we have

S 'Г S ' =  F “ 1 Ü F  =  Q '.

B y a su itab le  choice of F  we can  achieve th a t  £2' reduces to

( 0 1 0 ° \1 0 0 0
0 0 0 1

V 0 0 1 o j

T hus w ritin g  S in  place o f S ' we can  alw ays f in d  for a g iven  Aq a m a tr ix  S 
such  th a t

S I ’S =  Q0 . (30)
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C onsidering tw o  m atrices Aq an d  Aq, w ith  equal e ig enva lues, we can  fin d  
m atrices  S a n d  T such t h a t

S I) S - 1 , А,- =  T D T 1 , (31)

s r s  =  T T T  =  a 0 . (32)

F rom  th e  re la tio n  (32) we f in d

(T S - 1) Г(Т S - 1) =  г ,
we m ay  th e re fo re  w rite

T S_1=  Лр , (33)

w here Ap is  a L orentz m a tr ix .
F ro m  (31) an d  (33) w e fin d  fu r th e r

Aq- =  Ли A , A“ 1 . (34)

W e see th e re fo re  th a t  a n y  tw o  m atrices Aq an d  Aq, w h ich  possess th e  sam e 
e igenvalues can  be tra n s fo rm e d  in to  each  o th e r  b y  a s im ila r ity  tra n sfo rm a tio n  
(34), th e y  c a n  therefo re  be  reg a rd ed  as re p re se n ta tio n s  o f  one m a tr ix  Лд 
an d  so we h a v e  p roved  th e  s ta te m e n t m ad e  in  § 8.

§ 11. I t  is in te re s tin g  to  c o n s tru c t ex p lic itly  th e  m a trices  S a n d  also 
to  give a s ta n d a rd  fo rm  o f m atrices  Aq w ith  given eigenvalues. F o r  th is  
purpose  we in tro d u ce  th e  m a tr ix  w w ith  com plex e lem en ts  as follows:

W e have со2

со

0 1 
1 0

an d

1 j 1 +  i  1 — i  \

2 I 1 i 1 +  i  Г

Ul12 =
о) 0 
О ш

an d  so (30) is satisfied  b y  S =  S 0 w ith

S„ = r _l/2Ql/2 , SQ =  yl/2 P-1/2 5

S =  Ap S0 .
All th e  m a trice s  of th e  fo rm

Aq> =  Ap S0 D S0 1 A p 1

are therefore L orentz m a tr ices  w ith  th e  sam e e ig en v a lu es D v.

(35)

(36)

(37)
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So as to  see th e  significance of (37) m ore c lea rly  we in tro d u c e  th e  diagonal 
m a tr ix  w ith  elem ents as g iven  b y  (24b) for D. W e find

i.e . the m atrix on the right-hand side is the Lorentz m atrix o f  the particular 
form  (24a). From (38) and (37) we see th at all the Lorentz m atrices

h av e  th e  sam e eigenvalues, n am ely  th o se  g iven b y  (24b). T hus a ll th e  L orentz 
m atrices  w ith  th e  eigenvalues (24b) can  be b ro u g h t in to  th e  fo rm  (39), w here 
K fv is given b y  (24c).

§ 12. F ro m  th e  consid era tio n s above we see th a t  th e  m a tr ix  A fV gives 
a s ta n d a rd  form  of th e  m a trices  be long ing  to  tra n sfo rm a tio n s  w ith  th e  sam e 
eigenvalues.

P hysica lly  th is  m eans th a t  in  th is  w ay  a n y  L orentz d efo rm a tio n  can be 
ch a rac te rized  essen tia lly  b y  tw o  q u a n titie s , i.e . b y  a ve locity  v b y  w hich th e  
sy s tem  is acce lera ted  w hile suffering  th e  d e fo rm a tio n , and  an  ang le  <p th ro u g h  
w hich i t  is tu rn e d  a ro u n d  an  axis p o in tin g  in to  th e  d irec tion  o f  v.

A p a rt from  th is  th e  d e fo rm atio n  consists o f a p a ra lle l d isp lacem en t 
a n d  a c o n s ta n t change of phase , b o th  described  b y  th e  inhom ogeneous te rm s À 
o f th e  tran sfo rm a tio n .

D isregard ing  the  inhom ogeneous p a r t  o f  th e  tra n s fo rm a tio n , we see 
th a t  each L orentz  d efo rm ation  rep re sen ted  re la tiv e  to  a su ita b le  system  of 
reference ap p ears  in  th e  fo rm  (24a) a n d  m ay  th e n  be ch a ra c te riz e d  b y  th e  
q u a n titie s  v an d  cp.

§ 13. T he question  rem ains w h e th e r th e  tra n s fo rm a tio n s  w hich  con ta in  
th e  sam e ab so lu te  values o f  cp an d  v , b u t  w here th e  sign of e ith e r  or b o th  these  
q u a n titie s  differ, can  be o b ta in e d  as th e  re p re se n ta tio n  of th e  sam e defo rm 
a tio n ?  As th e  re su lt of a sim ple analy sis  one concludes th a t  c o o rd in a te  t r a n s 
fo rm atio n s  w hich co rresp o n d  to  p ro p er L o rentz  tra n s fo rm a tio n s  can n o t 
produce  such a change o f re p re se n ta tio n , i.e. a ll th e  tra n s fo rm a tio n s  derived  
from  A ^ v w ill d iffer from  th o se  d eriv ed  fro m  Ap H ow ever, in tro d u c in g  
a coo rd inate  system  b y  m eans o f a su itab le  im p ro p e r L orentz  tran sfo rm a tio n  
we m ay  o b ta in  a re p re se n ta tio n  o f A v _ v e q u a l to  A qv. F ro m  th is  i t  follows 
th a t  th e  rep re sen ta tio n s  o f Aq =j= 1 a n d  A~ d iffe r if  th e y  a re  ta k e n  re la tiv e  
to  system s o f reference co n n ec ted  b y  p ro p e r  L orentz tra n sfo rm a tio n s . 
H ow ever, Aq m ay  be eq u a l to  A “ 1 (i.e. to  a su itab le  re p re se n ta tio n  of A ~3) 
i f  th e  system s o f reference К  an d  K '  are co n n ec ted  by  an  im p ro p e r L orentz  
tran sfo rm a tio n .

Sq D S01 — A fV, (38)

л _  л  A A 1— Xip LV(pV iXp (39)
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О ПРЕДСТАВЛЕНИИ ДЕФОРМАЦИИ ЛОРЕНЦА
Л. ЯНОШИ
Р е з ю м е

Показывается, что при помощи собственных значений матрицы Лоренца преобразо
вания Лоренца сводятся к стандартной форме. Применением данной формы найдено, что 
любая из деформаций Лоренца, по отношению к соответствующей системе, проявляется 
как ускорение в определенном направлении и как вращение с определенной угловой 
скоростью вокруг направления ускорения.
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ON THE ANOMALOUS MULTIPLET SPLITTING 
OF THE TRIPLET TERMS OF THE TiO MOLECULE

B y

R . T ő r ö sDEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST 
(Presented by I. K ovács. — R eceived 12. I. 1965)

It will be shown th a t the anom alous triplet sp litting  of the С3 77— X 3 77 and A 3 /1 —
— X 3 77, (1,0) bands o f the TiO m olecule is due — sim ilarly to  the splitting of the (0,0) bands — 
to an anomalous tr ip let sp litting of both  the upper and th e  lower term s. The anomalous 
trip let sp littings can be explained in  term s of spin-orbit and spin-spin interactions. The accurate 
value of the m ultip let sp litting constant A  has been determ ined for the leve l v - i of the  
sta tes C3 77 and A 3 A.

1. Introduction

The (1,0), (0,0) an d  (0,1) tra n s itio n s  o f th e  С3 П  — X 3 П  a n d  A 3 A  —
— X 3 П  bands of th e  TiO  m olecule have  been p h o to g rap h ed  b y  Ch r is t y  [1] 
a n d  P h il l ips  [2 ], a n d  dev ia tions from  th e  n o rm a l sp littin g  o f th e  h a n d  have 
been observed. T he tr ip le t  fo rm ulae  a cco u n tin g  fo r th e  an om alous tr ip le t 
sp littin g  valid  fo r H u n d ’s cases a) an d  b) as w ell as fo r th e  in te rm e d ia te  cases 
has been  derived  b y  K ovács [3 ], [4 ], [5]. B y u sin g  th ese  fo rm ulae  th e  accu ra te  
v a lu e  o f th e  m u ltip le t sp littin g  c o n s ta n t A  can  also  be d e te rm in ed . The value 
o f th e  m u ltip le t sp littin g  c o n s ta n t has been d e te rm in ed  for th e  s ta te  Cs П  b y  
B u d ó  [6] from  th e  resu lts  of Ch r is t y . He o b ta in e d  th e  v alue  A  — 88 cm -1 fo r 
th e  levels t; =  0 a n d  v  =  1. P h il l ip s  has o b ta in e d  th e  v alue  A  — 105 cm -1 
for th e  levels v =  0 an d  v =  1 o f th e  A 3 A  s ta te , m ak ing  th e re b y  th e  rem ark  
th a t  th e  re su lt is o n ly  an  a p p ro x im a te  one. P h il l ip s  believes t h a t  th e  d ev ia tion  
is due to  v ib ra tio n a l p e r tu rb a tio n .

K ovács has show n [7] th a t  th e  d ev ia tio n  can  be ex p la in ed  b y  tak in g  
in to  accoun t th e  sp in -sp in  an d  the sp in -o rb it in te ra c tio n . K ovács ca rried  o u t 
the  analysis fo r th e  A 3 A — X 3 П  an d  С3 П  — X 3 П  (0,0) b a n d  o f th e  TiO 
m olecule. In  th e  p re sen t p ap e r th e  ca lcu la tio n s will be p e rfo rm ed  for th e  
(1,0) tra n s itio n s  o f  th e  sam e b an d s .

2. The transition A 3 A — X 3 П

We have d e te rm in ed  from  th e  e x p e rim e n ta l w ave n u m b e r d a ta  th e  
n o rm al sp littin g  o f th e  u p p e r s ta te  from  th e  re la tio n

A F ^ ( I )  =  Q3(I )  -  <?,(/) +  A F '^ I )  =  Щ 1  -  1) -  Щ 1  -  1) +

+  A F 31( I  -  1) =  P 3(J  +  1) -  Р , ( 1  +  1) +  A F ^ I  +  1),

Acta Phys. H ung. Тот. X X .  1966
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w here A F '^ ( I )  has been  ca lcu la ted  fro m  th e  d a ta  of th e  lower s ta te  b y  the 
tr ip le t  fo rm u la . (F or v" = 0  B" =  0 ,5340 c m '1, D" =  —6,1 • 10~7 cm -1 , 
A"  =  100 cm “ 1.)

T h e  c o n s ta n ts  of th e  u p p e r s ta te  h a v e  been ca lcu la ted  from  th e  a p p ro x im 
a te  re la tio n  [7]

1 Y
4 В

{ A F 3i 4~ У ( 2 /  +  1) D' [(7  +  1)- (7 +  2)2 (7

=  ( Y '  -  2)2 -  - y -  +  7(7 +  1 ) .

1)2 J 2 ] j 2  =

( 2 )

T he q u a n titie s  Y ' ,  A '  an d  y '  a re  l is te d  in  th e  T ab le . The values o f  A  for 
d iffe ren t va lues of 7 are p resen ted  in  F ig . 1.

A nom alous sp littin g  is also fo u n d  b y  using th e  ob ta in ed  v a lu e  o f A '  
w hich is m ore accu ra te  th a n  th a t  u sed  p rev iously . W e have d e te rm in e d  the  
an o m alo u s sp littin g  for th e  low er a n d  u p p e r  s ta te s  from  th e  exp ressions [7]

[dF ;°2bs -  A F [ f ' c] [z JF i?bs -  /JF"£alc] =

=  P A S'£i ! -  S& ) -  ß 'A S fi..!  s ; 5),

( l F ó f ? -  A F '2f lc] -  [,1 F 7 jbs -  J F 0 3calc]

=  ß \  №  S% 1+1) -  ß ’„ ( S f t  -  S"2/+1) .

The n o ta t io n  used in  th e se  form ulae is exp la ined  below . For th e  case o f  the  
/1-term

c -2 )  (1 +  2) . c _  У  - 2
^2./ 1 — ,/■———̂  ? *̂ 2,7 —

•̂ 2,1 + 1 —

V C i( i )

( 7 -  l ) ( 7  +  3)

I c a i )

У с - A i )

(5)

С,(1) =  2 Y ( Y -  4 )(J  -  1)(7 +  2) +  (27 +  1 )(/ -  2)1(1 +  2) , 
C2( J ) =  Y ( Y  — 4) +  / ( / +  1 ) ,
C ,(I)  =  2 Y (Y  -  4 )(J  -  2 ) ( i  +  3) +  (27 +  1)(7 -  1)(7 +  1)(7 +  3)

( 6)

an d  fo r th e  case of th e  77-term s

S i , t—i
f 2 ( F — 1) c _  Y - 2 e 1/2 7(7 +  1)

!+,(/) ' u КЦГГЛ ’ 1,/+1 У Ш  ’ (5a)

Q (7 ) =  Y ( Y  — 4)7(7 +  1) +  2(27 +  1)(7 -  1)7(7 +  1) , 
C2( 7 ) =  Y ( Y  — 4) +  47(7 +  1) ,
C ,(I)  =  Y( Y  -  4)(7 -  1)(7 +  2) +  2 (27  +  1)7(7 +  1)(7 +  2) .

(6a)
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ßä an d  ßn are th e  anom alous sp littin g  c o n s ta n ts , th e  a p p ro p r ia te  choice o f 
w hich m akes possible th e  in te rp re ta tio n  o f  th e  e x p e rim e n ta l d a ta .1 * (Figs. 2 
an d  2a.)

3. The transition C3 /7  — X 3 П

A fter d e te rm in in g  th e  q u a n titie s  Y  =  A j  В  an d  у  we h a v e  ca lcu la ted  
th e  n o rm al tr ip le t  sp littin g  in  a sim ilar w ay  as before. T he dev ia tio n s o f th e  
ca lcu la ted  an d  th e  ex p e rim en ta l d a ta  a re  now  given b y  th e  form ulae (cf. x)

[AF£bs -  AF[f'c] -  [zlF"20bs — AF^a'c ] =
Д/ t o'2 Cf'2 \ Q" t Q"2 C,f2 \   ̂ ^

n  1+1,7-1 —  S l , l )  ~  P n  W l , / - 1  —  131 , l )

[AF£bs -  ZlFóc3alc] -  H F g bs — zlFÓ'flc] =
-  ß’„ (sif, -  s?iI+1) -  ß: {si;, -  s;%),

an d  th e y  are p resen ted  in  th e  F igs. 3 an d  3 a .1

The values o b ta in ed  fo r ß'jj are given in  th e  T able.

Table

V A У У P

сзп 1 95,67 197,22 —0,0417 +  2,85
A 3 A 1 86,32 171,74 — +  1,20
X 3 П 0 100,00 188,00 — — 3,32

4. Acknowledgem ent

I shou ld  like to  express m y  th a n k s  to  P ro fesso r D r. I. K o v á c s  for calling 
m y  a tte n tio n  to  th e  p rob lem  a n d  su p p o rtin g  m y  w ork.

1 It should be noted that in  accordance w ith  th e  results of [7] w e have obtained the
value =  —3,32. Therefore the fa c t that the tw o curves o f the F igure can be reproduced
sim ultaneously by the choice o f one single param eter (ß'n) is a strong argum ent in support 
o f the correctness o f the assum ptions on which form ulae (3) and (4) based .
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ОБ АНОМАЛЬНОМ МУЛЬТИПЛЕТНОМ РАСЩЕПЛЕНИИ ТРИПЛЕТНЫХ 
ТЕРМОВ МОЛЕКУЛЫ ТЮ

р. ТЭРЭШ

Р е з ю м е

Показывается, что аномальное триплетное расщепление полосных систем СШ—ХШ  
И А3 А — X 3 П  (1,0) молекулы ТЮ — соответственно аномальному расщеплению полосных 
систем (0,0) — сводится к аномальному триплетному расщеплению, наблюдаемому как на 
низших, так и на высших термах. Аномальные триплетные расщепления истолкуются с 
принятием во внимание спин-орбитального и спин-спинового взаимодействий. На уровне 
р =  1 вычисляются точные значения постоянных мультиплетного расщепления А в состо
яниях С3 П  и А3 А.
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THE PUMPING THEORY OF DIFFUSION PUMPS
B y

G. T ó t h

PHYSICAL IN STITU TE, UNIV ERSITY  FOR TECH N ICA L SCIENCES, B U D A PEST 

(Presented b y  A. K ónya. — R eceived  19. I. 1965)

Theories on the pum ping effect of diffusion pum ps assume an idea l gas transport b y  
the je t, and so the diffusion seem s to  he essentia l in  the performance o f pum ps. To a tta in  
correct num erical results secondary effects are supposed. Other theories try  to  exam ine th e  
pum ping effect on the ground o f the collisions betw een  gas and vapour m olecules, but w ith  
the help of the “ m ean-free-path”  theory, w hich is n o t very  easy to survey in  this case, and  
not quite o f  universal valid ity . This paper tries to  handle the pum ping effect w ith the aid  
of the kinetic theory of nonuniform  gases. On th is  ground an equation is obtained, w hich  
will be solved for an ideal case. Thus it  w ill he possib le to  understand the pum ping effect  
in  a deeper m anner, to verify th e  experim ental resu lts and to  critically  evaluate previous 
theories.

1. In tro d u c tio n

The diffusion pum p  is one of th e  m o st im p o r ta n t  in s tru m e n ts  to  p roduce  
h igh -vacuum . G rea t a d v a n ta g e  is its  c o m p a ra tiv e ly  sim ple a p p a ra tu s , ro b u s t
ness, its  easy  h an d lin g  a n d  econom y.

D iffusion pum ps h av e  been  developed  o v er th e  p a s t f i f ty  years. In  sp ite  
of th is  th e  th e o ry  of p u m p  perfo rm ance is n o t sa tis fac to ry . So diffusion 
pum ps are designed an d  co n stru c ted  w ith  t r ia l  m ethods.

The sk e tch  of a d iffusion  pum p  is sh o w n  in  Fig. 1. M ercury  or oil o f h ig h  
m olecular w eigh t are bo iled  in  th e  bo iler (a) a n d  th e  v a p o u r  s tream s a t  h ig h  
speed across th e  nozzle (c) in to  th e  p u m p  ch am b er. Gas m olecules h a v in g  
en te red  th e  p u m p  from  th e  co n ta in e r to  be e v a c u a te d  across in le t  (e) in te ra c t  
w ith  th e  v a p o u r  m olecules a n d  b y  th e  v a p o u r  b eam  pass d o w n w ard s to w a rd s  
th e  fo repressure o u tle t a n d  on th e  fo rep ressu re  side (f) th e  b ack ing  p u m p  
ex h au sts  th e m  across (h). (F o r b re v ity  th e  v a p o u r  of th e  p u m p in g  flu id  w ill 
be called “ v a p o u r”  an d  th e  m a te ria l to  b e  rem o v ed  “ gas” , rem ark in g , t h a t  
th e  diffusion p u m p  is su itab le  to  rem ove v a p o u rs .)

2. E xperim en ta l re su lts

E ssen tia l ch a rac te ris tic s  o f pu m p  p e rfo rm an ce  are : fo rep ressu re  to le r 
ance, p u m p in g  speed  an d  u ltim a te  v acu u m . (R e c e n tly  th e  b a ck s tream in g  h a s  
been  ta k e n  in to  accoun t in  pu m p  p e rfo rm an ce , b u t  th is  p a p e r  stud ies o n ly

7« Acta Phys. H ung. Тот. X X .  1966
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th e  w ork ing  p rincip le  o f diffusion p u m p s , and  th e  b ack stream in g  can  be 
neglected  in  th is  respect.)

T he v a p o u r  p ressu re  in  th e  bo iler is o f the  o rd e r o f m m hg. To o b ta in  
a su itab le  j e t  one needs a fo repressure u n d e r  certa in  th re sh o ld . This th re sh o ld  
can be ch a ra c te riz e d  b y  th e  fo repressure to lerance.

F ig .  2. E ffect of change in  heat inp ut o n  performance o f  diffusion pump

F o rep re ssu re  to le ran ce  is specified as th e  fo rep ressu re  a t  w hich th e  in le t 
p ressure increases  10 p e r c e n t a t  m a x im a l th ro u g h p u t. T he decrease o f  th e  
fo repressure  to le ran ce  w ith  decreasing h e a t  in p u t a t  th e  boiler w as fo u n d  
e x p e rim en ta lly  (Fig. 2).

D iffusion  pum p s a re  ab le  to  su s ta in  ce rta in  p ressu re  drop  b e tw een  th e  
pum p in le t  a n d  fo rep ressu re  o u tle t. A ccord ing ly  th e  in le t p ressure dep en d s 
on th e  fo rep ressu re  (F ig . 3).

T he u ltim a te  p ressu re  is th e  sm a lle s t pressure a tta in a b le  b y  a p u m p . 
P ra c tic a lly  th e  v ap o u r p ressu re  o f th e  p u m p in g  flu id  in  th e  given c irc u m 
stances w ill be th e  u lt im a te  pressure because  of th e  p u m p  a b ility  to  ho ld

.Acta Phys. H ung. Тот. X X .  1966

Fig. 1. Single-stage diffusion pump



THE PUMPING THEORY OF DIFFUSION PUMPS 101

a g rea t p ressu re  ra tio , so a low  fo repressure . In  p rac tice  th u s  baffles or cold  
tra p s  are  needed . T he u ltim a te  p ressu re  an d  p ressu re  r a t io  a re  show n in  F ig . 
4 for he lium  an d  n itrogen . A ccording to  fo rm er and  th e  la te s t  ex p erim en ts  
th e  pressure ra tio  an d  so th e  a tta in a b le  u ltim a te  p ressu re  a re  w orse for gases 
of low  m olecular w eight [2], [6], [14], [18]. To increase th e  pressure ra t io  
a m u lti-stage  pu m p  is app lied .

Fig. 3. Forepressure tolerance characteristics for different heater pow er w ith  oil diffusion
pum p DO-501 for hydrogen [14]

A sign ifican t ch a ra c te ris tic  of diffusion p u m p s is th e  sp eed  defined  b y  
S =  Q/P, w here Q is th e  q u a n ti ty  o f m olecules s tream in g  across th e  p u m p  
in le t p er second, an d  P  is th e  pressure a t  th e  sam e p lace. B ecause of u s in g  
alw ays a know n gas a t  a g iven  te m p e ra tu re  Q can  he g iven  in  th e  form  Q =  
=  P V ,  so S  =  V, nam ely , th e  vo lum e o f gas s tream in g  across th e  pum p  in le t  
p er second [23].

The speed of a p u m p  depends on th e  h e a t  in p u t (F ig . 2). The speed , 
because of being  in d ep en d en t o f p ressu re  in  a w ide p ressu re  ra n g e , (Fig. 5), is 
a ch a rac te ris tic  o f th e  p u m p  a t th e  sm allest p ressu res as w ell. The pecu lia r 
p ressure ran g e  is affec ted  b y  th e  h e a t in p u t an d  th e  nozzle  cross sec tio n  
(F ig. 6). The speed o f a p u m p  in  given c ircu m stan ces depends on th e  m olecu lar 
w eigh t o f gases to  be rem oved . T here is a w ide d isc rep an cy  in  th e  d a ta  o f  
l ite ra tu re  in  th is  respec t. Gibson  [9] o b ta in e d  for h y d ro g e n  th e  one th ird  
o f th e  speed  of air. Setlow  [18] o b ta in ed  th e  speed  of a ir  fo r hydrogen  b u t

on ly  a t  high h e a t in p u t;  a t no rm al h e a t in p u t he m e a su re d  o n ly  — to  — o f th e
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speed of air. N oeller [14] and H en d er so n  [10] ob ta in ed  tw ice the speed  
o f air for hydrogen  using baffles and liqu id  nitrogen refrigerations at th e  high  
vacuum  side. F lxjcke [5] found in his m easurem ents an increase of the speed

Гirepressure - microns F orepressure - microns
a, b,

Fig.^4. a )  Forepressure to lerance characteristics for nitrogen; b)  Forepressure tolerance
characteristics for helium  [10]

Fig. 5. Speed of oil diffusion pum p DO-8001 w ith  baffle and cold trap, pum ping air [14]

a t  th e  r a te  1 /M 1̂2, w here M  is th e  m o lecu la r w eigh t: in  th e  ex p erim en ts  he 
used  liq u id  a ir  re fr ig e ra tio n  a t  th e  h ig h  v acu u m  side . A ccord ing  to  D a y t o n

[2] th e  r a te  o f  speeds fo r h y d ro g e n  a n d  a ir  for a pu m p  m a y  be v a rio u s, d ep en d 
ing  on th e  design of p u m p  th e  p u m p in g  flu id , th e  h e a t  in p u t a n d  th e  fore 
pum p  c a p a c ity .

P u m p s  o f d iffe ren t sizes have  d iffe ren t speeds. T h e  efficiency o f a pum p  
is e s tim a te d  b y  th e  H o -coeffic ien t. T h e  H o-coeffic ien t or speed fa c to r  is
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d efin ed  as th e  ra tio  o f th e  speed m easu red  a t  the  in le t to  th e  nozzle 
ch am b er to  th e  ideal speed  as ca lcu la ted  b y  th e  k inetic  th e o ry  for the  p u m p  
m o u th . T he id ea l speed  is id en tica l w ith  th e  sp eed  of th e  p e rfe c t vacuum .

In  th e  p ressu re  reg ion  o f d iffusion p u m p s th e  b eh av io u r o f  gases is m o le 
cu la r, th u s  th e  q u a n ti ty  of m olecules s tre a m in g  in  a given d irec tio n  per second  

1
p e re m 2 is -— nc b y  k in e tic  th e o ry ; w here n is th e  n u m b er of m olecules per c m 3,

c is th e  m ean-speed . In  th e  case o f perfec t v a c u u m  th e re  is s tream in g  o n ly  
tow ards th e  p e rfec t vacu u m , so th e  speed o f  th e  perfect v a c u u m  a t  20 °C is

Pressure-mm hg

Fig. 6. a )  The w idth of the gap o f the nozzle is sm all, the heat input is sm all; b) The w idth  
o f  the gap o f the nozzle is sm all, the heat input is high; c)  The width of the gap of the nozzle  
is high, the heat input is small; d) The w idth of the gap o f the nozzle is h igh, the heat inp ut

is high [1]

11,7 lit p er sec p e r cm 2 for a ir  a n d  44 li t  p er sec cm 2 for h y d ro g en . This q u a n ti ty  
is called th e  co n d u c tan ce  o f th e  pu m p  orifice p e r  cm 2 for th e  g iven gas.

T he H o-coeffic ien t o f a w ell-designed p u m p  is a b o u t 0,5. Mil l e r o n  
[13] found  th a t  th e  a tta in a b le  H o-coefficient fo r gases of low  m olecu lar w e ig h t 
m ig h t n o t be as h igh  as for a ir.

3. Theories treating pump performance

E arlie r th eo rie s  [7], [8], [11], [12], [15], [16], [20], [24] accep t th e  d if
fusion as w o rk ing  princip le  o f th e  pum p . In  Ga e d e ’s pum p (F ig . 7) th e  diffusion 
occurs in  tu b e  A B . In  m odern  pu m p s, acco rd in g  to  [11], [12], [20], [24], th e  
gas diffuses in to  th e  v ap o u r b eam  a t  p lane D (F ig . 8). This su p p o sitio n  m ade 
it  possible to  u n d e rs ta n d  w h y  th e  pum p  speed  is co n stan t in  a w ide p ressu re  
ran g e  an d  w h y  th e  pu m p  speeds are d iffe ren t fo r d ifferen t gases.

This a ssu m p tio n  on d iffusion , how ever, m eans a gas t r a n s p o r t  lim ited  
o n ly  b y  th e  open ing  of th e  p u m p , w hich does n o t  depend on  th e  v ap o u r je t .
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To a tta in  reaso n ab ly  a ccep tab le  n u m erica l resu lts  se c o n d a ry  effects a re  a ssu m 
ed (for ex am p le  b ack  diffusion).

To u n d e rs ta n d  th e  ro le  o f the  j e t ,  m ore  accu ra te  in v es tig a tio n  is needed . 
J aeck el  [1 1 ], [12] assum es b a ck s tream in g  v ap o u r m olecules in  the  j e t  (F ig . 9), 
so he gets m ore ex ac t sp eed  resu lts th a n  before. N o el l e r  [15], [16] ex am in es

A______________ - —-fl

z 7-1
Cooling

Fi/i. 7. Vacuum pum ping by diffusion principle according to  Gaede

A

Fig. 8. Single-stage diffusion pum p

the  je t  b y  th e  th eo ry  o f gasdynam ics, es tab lish es  th e  fo rm a tio n  of shock  w aves 
owing to  supersonic  v a p o u r  flow. B y  th is  he can in te rp re t  th e  speed  cu rv e  of 
diffusion p u m p s an d  th e  difference b e tw e e n  diffusion a n d  je t  pum p s as well.

T he above theories assum e th a t  th e  diffusion occurs a t  the  m o u th  o f th e  
pum p. T h is assu m p tio n , how ever, m a y  be argued  a g a in s t on th e  b as is  th a t  
the  d iffusion  p henom ena a re  crea ted  b y  th e  co n stan t m o tio n  of th e  m olecules; 
th u s considering  th e  m o tio n  of a single gas m olecule i t  m ay  no t be decided 
w heth er i t  ta k e s  place am o n g  v ap o u r m olecules possessing  also a b eam  speed
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in  a d d itio n  to  th e rm a l a g ita tio n , or i t  is in flu en ced  on ly  b y  m olecules of 
th e rm a l a g ita tio n ; an d  so “ diffusion”  occurs all over th e  p u m p  cham ber.

T hus i t  seem s, i t  w ou ld  be b e tte r  to  t r e a t  th is  p ro b lem  on  th e  g ro u n d  
o f th e  m o tio n  an d  collision of gas a n d  v a p o u r  m olecules b y  k in e tic  th e o ry . 
T his was a tte m p te d  re c e n tly  [1], [3], [4], [17], b u t  on th e  basis o f n o t v e ry  
w ell-founded assum ptions. T herefore th e  resu lts  of th e se  th eo rie s  c o n tra d ic t in  
som e respects  th e  ex p e rim en ta l d a ta  (for exam ple  th e  u lt im a te  v acu u m  is,

A

Fig. 9. Single-stage diffusion pump

b e tte r  for gases of low m o lecu la r w eight acco rd ing  to  [4]), o r th e y  are  em p irica l 
r a th e r  th a n  th eo re tica l re su lts .

4. The w o rk in g  m echanism  by k inetic  theory

I t  is an  obvious assu m p tio n  th a t  th e  su c tio n  effect o f  th e  diffusion pu m p  
is due to  collisions b e tw een  gas an d  v a p o u r  m olecules. M olecules possess 
an  irreg u la r m olecu lar m o tio n  and  collide w ith  each o th e r. T h e ir speeds a fte r  
collision are d e te rm in ed  b y  th e  speed before  th e  collision, th e  m ass of th e  
m olecules an d  th e  so rt o f th e  collision. T hus d iffusion  in  th is  case m eans th e  
p e n e tra tio n  o f  gas m olecules due to  th e ir  th e rm a l a g ita tio n  in to  a space filled  
w ith  o th e r gas. I t  is ev id en t t h a t  the  in te n s ity  o f th e  p e n e tra tio n  is in fluenced  
b y  th e  im p ac ts  w ith  th e  m olecules of th e  o th e r gas.

I f  th e  v e lo c ity -d is tr ib u tio n  of th e  gas m olecules in  th e  c o n ta in e r  to  be 
ev acu a ted  is a M axwell one, th e  m ean m olecu la r v e lo c ity  is zero an d  no gas 
s tre a m  exists.

A t th e  m o u th  of th e  p u m p  the  gas m olecules h a v in g  th e rm a l a g ita tio n  
e n te r  th e  v a p o u r  of th e  p u m p in g  flu id  possessing a s tre a m  v e lo c ity  besides 
th e rm a l a g ita tio n  an d  collide w ith  th e m . T he m ix tu re  o f gas an d  v ap o u r 
m olecules is in  c o n s tan t m o tio n  all over th e  p u m p  ch am b er. D iffe ren t ve lo 
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cities a n d  collisions of m olecules ex is t. T h u s  i t  m ay  be s ta te d  th a t  th e  gas 
en te rs  th e  v a p o u r  je t  a t  e v e ry  p lace x ,  n o t  only  a t  x  — 0 (F ig . 8), as in  th e  
p rev ious th e o rie s . This in te ra c tio n  of gas a n d  v a p o u r  m olecules causes th e  
gas to  flow  to  th e  fo rep ressu re  side, well know n from  ex p e rim e n t. I t  m a y  be 
supposed  t h a t  th e  in te ra c tio n  in fluences th e  v e lo c ity  d is tr ib u tio n  of th e  gas 
a n d  acco rd in g ly  gas flow  is o b ta in e d  in  a g iven d irec tion .

T he w o rk in g  m ech an ism  o f th e  su c tio n  m ay  be d esc rib ed  as follow s: 
th e  M axw ell v e lo c ity  d is tr ib u tio n  o f th e  gas a lters  due to  collisions b e tw een  
gas an d  v a p o u r  m olecules, th e re fo re  a gas flow  to w a rd  th e  fo rep ressu re  side 
w ill ex ist.

In  th e  follow ing th e  gas flow  in  th e  p u m p  ch am b er p e r u n it  cross sec tion  
a rea  a n d  tim e  will be d e te rm in e d  b y  m eans o f k in e tic  th e o ry  [21], [25].

T he in v es tig a tio n s  w ill be done on th e  g ro u n d  o f a p u m p  m odel show n 
in  F ig . 1.

A ccross th e  nozzle (c) a v a p o u r b eam  of h igh  speed  s tream s in to  th e  
p u m p  ch a m b e r. T he v e lo c ity  a n d  d e n s ity  o f  th e  v a p o u r  d ep en d  u p o n  x  a n d  y .  
Gas m olecules e n te r  th e  p u m p  ch am b er across th e  p u m p  m o u th  (e), in te ra c t  
w ith  th e  v a p o u r  m olecules a n d  acco rd in g ly  th e y  are  d riv e n  to  th e  fo re 
pressure  side (f).

T he in te ra c tio n  w ill n o t  be tr e a te d  fo r single m olecules, b u t  th e  en co u n 
te rs  of gas a n d  v ap o u r m olecules p er u n i t  vo lum e a n d  tim e  a t  x  w ill be in v e s t
ig a ted . T h e  v e lo c ity  c o m p o n en t of th e  v a p o u r  m ay  be su p p o sed  n o t to  cause 
a n y  gas t r a n s p o r t  in th e  d ire c tio n  y ,  i t  o n ly  in fluences th e  d e n s ity  d is tr ib u tio n  
o f  th e  gas.

S uppose  th a t  th e  gas h a s  a v e lo c ity  d is tr ib u tio n  fu n c tio n  =  yj(v15 x).  
I f  i t  w ere k now n , th e  gas flow  across u n i t  cross-section a n d  in  u n it tim e  a t  x  
could be d e te rm in ed  as

* =  J  v i x / i  dvy .  ( 1 )

C e rta in ly  is n o t a M axw ell v e lo c ity  d is tr ib u tio n  fu n c tio n  because th e  
in te ra c tio n  w ith  th e  v a p o u r  a lte rs  th e  M axw ell d is tr ib u tio n , an d  e x a c tly  
th is  p rocess re su lts  in  th e  p u m p in g  effec t.

A lth o u g h  is n o t k n o w n , exp ression  [1] m ay  he d e te rm in ed  from  
th e  B o ltz m a n n  eq u a tio n :

3 , , Э
'äT-Л  +  V J '

1 8
m 0v ( F / i )  = M

dt со 11 ( 2 )

E q u a tio n  (2) will be  m ore sim ple in  our case because  th e  force ac tio n  
is neg lig ib le , an d  th e  p ro b lem  is one-d im ensional an d  in d e p e n d e n t o f tim e . 
T herefore :

V lx
3 / t
dt CO 11
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Let us ex p an d  / ,  in to  in fin ite  series [21], [25]:

Define

so

where

Л  = i T  + f [ l> +  • ■ •( i )

J / l  =  J / Í 0)ávl == «! >

J  / ,  =  j  ^ / 1(0) d v ,  ,

f i 0) =  A  «1 exp ( — ß l v i ) ,

л 3/2 2 R T
(4)

R  is th e  u n iv e rsa l gas c o n s ta n t, M 1 is th e  m olecu lar w eig h t, =  nßjx) th e  
num ber d en sity  o f th e  gas; T  is th e  te m p e ra tu re .

T he p rob lem  will be solved in  second a p p ro x im a tio n  ta k in g  on ly  
in to  co n sid era tio n , m a y  be expressed  as [21]

f i ] =  ™1X[ ex P i ~ ß i  vi) * 

where c — c(x) is in d e p e n d e n t o f th e  velocity .

The v e lo c ity  d is tr ib u tio n  o f th e  v a p o u r is considered  in  f ir s t  a p p ro x im a 
tion  a n d  we assum e th a t  ev e ry  v a p o u r  m olecule has a m ean  speed  o r b eam  
speed v0 =  v 0(x) besides th e rm a l a g ita tio n . O w ing to  th is :

f i  =  A  n2 ex P [ ~ ß l  (v2 —  ^o)2] »

where ß2 a n d  A 2 h av e  th e  sam e m ean ing  as in  [4]: n2 =  n2(x) is th e  n u m b e r 
d en sity  o f th e  v ap o u r.

On th e  le f t-h an d  side o f  (3) th e  te rm  can  be d ro p p ed  in  com parison  
w ith  / ] 0). E q u a tio n  (3) m u ltip lied  b y  vlx a n d  in te g ra te d  over all v e lo c ity  
space yields

1 dr i j  Г

2ßl d x  “ J  ”lx
dvy =

CO 1 1

Ql

dt
( 5 )

CO 1 1

The collision te rm  is considered  b y  exam in in g  how  th e  im p ac ts  a ffec t 
th e  gas flow . In  th e  e v a lu a tio n  of th e  r ig h t-h a n d  side o f  (5) th e  in fluence  o f 
collisions on ly  w ith  v a p o u r  m olecules m u s t be ta k e n  in to  co n sid e ra tio n  
because collisions of th e  gas m olecules w ith  each o th e r can  h av e  no e ffec t 
upon th e  m o m en tu m  of th e  w hole gas.
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L et th e  m ass of a gas m olecule be m l, i ts  ve lo c ity  v15 m 2 an d  v2 th e  r e 
spective v a lu e s  fo r a v a p o u r  m olecule, w  th e ir  re la tiv e  v e lo c ity  an d  u  th e  
velocity  o f  th e ir  com m on c e n te r  o f m ass. T h en

u  =  Mi V1 +  f t  V2 > W =  Vi — v2 ,

Mi = M 2
m x ’ m 1 -)- m  .

The m e a n  v alue  of th e  change in  gas flow  in a single collision is [25]:

Л i =  — )X2 U)x (1 — cos 0 )  ,

w here 0  is th e  angle w ith  w h ich  th e  re la tiv e  velo c ity  d ev ia te s  due to  collision. 
T he to ta l  change in  gas flow  due to  a ll collisions in  a second is

8 i
Qt C O  11

—  2 n  J"I j  w /â 2 wx ( 1 — cos 0 )  G fi f i  sin 0  d& d \ 1 d \ 2 ( 6 )

w here G is th e  sc a tte rin g  coefficient. A ssum ing  a h a rd  e lastic  sphere in te r 
action , G is g iven  by

G =  л

w here ax a n d  a2 are th e  d iam ete rs  o f th e  m olecules.
To e v a lu a te  in teg ra l (6) th e  v a riab le s  are  changed  from  vx, v2 to  u  a n d w , 

an d  i t  is a ssu m ed  th a t  th e  gas an d  v a p o u r  has th e  sam e te m p e ra tu re . This 
la s t a ssu m p tio n  has no in fluence  on i, b ecau se  th e  eq u a liza tio n  of te m p e ra tu re s  
of gas a n d  v a p o u r  affects o n ly  th e  th e rm a l a g ita tio n  of m olecules and  a tr a n s 
p o rt is n o t a ffec ted .

A fte r  c o m p u tin g  in te g ra l (6) th e  fu n c tio n  c(x) in  / (1L) m ay  be d e te rm ined  
from  (5), a n d  th u s  th e  gas flow  m ay  be d e te rm in ed  in second ap p ro x im atio n  
from  (1).

d n  1 v0 9\ ( z )  
dx  G n .

(7)

<Pi(z ) =

4 > 2  (* ) =

z exp(z2)
[4z3 — 2z -f- ]/?t Ф(г) exp(z2) (1 +  4z4)]4  ]/л  

4z3 -(- 2z -f- ][л  Ф(г) exp(z2)(4 z4 4z2 — 1)
2[4z3 — 2z +  Ф(г) exp(z2) (1 +  4z4)]

2

z =  ß 2 v0 \ fi\ -, Ф(г) =  e x p (— л:2) d x  .
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The n u m erica l va lu es  of cp^z) a n d  cp2{z) a t  d iffe ren t b eam  speeds 
v ap o u r for h y d ro g en  an d  a ir  are show n in  T ab le  I. T he necessary  n u m erica l 
d a ta  were ta k e n  from  [1], [22], [24].

F rom  (7) th e  in te n s ity  o f  the  gas flow  i m a y  be d e te rm in ed , i f  th e  v e lo c ity  
an d  d en sity  d is trib u tio n s  o f  th e  v a p o u r  a re  know n. C om p u tin g  i is d ifficu lt 
because q)x a n d  cp2 depend  up o n  x.

5. C alculation  fo r a n  ideal pum p

Q u alita tiv e  s ta te m e n ts  m ay be m ade i f  (7) is solved fo r th e  sim ple case 
w hen the  v e lo c ity  an d  d e n s ity  of th e  v a p o u r  is c o n s ta n t, in d ep en d en t o f  x.

The u ltim a te  pressure  o f the  p u m p  is o b ta in e d  b y  in te g ra tin g  (7) in  tb e  
case of i =  0:

n
—  =  exp =  exp [a] , ( 8 )

w here n 0 is th e  n um ber d e n s ity  of th e  gas a t  x  =  0 (assum ing  th a t  th e  x  
com ponen t o f th e  beam  v e lo c ity  of v a p o u r  is zero a t  th is  p o in t), n is th e  
n u m b er d e n s ity  a t  the  fo repressure  side.

The gas a t  th e  fo repressure  side m a y  be  assum ed to  h av e  a M axw ell 
d is trib u tio n  because  a t th is  p lace the e ffec t o f  collisions w ith  v a p o u r m olecules 
is neg lected , th u s  th e  p ressu re  P  th e re  is p ro p o rtio n a l to  th e  n u m b er d en s ity : 
P  =  kn.

The n u m b er density  n 0 o f the  gas a t  x  —  0 m ay  be considered  to  be 
th e  sam e as th e  n u m b er d e n s ity  in th e  c o n ta in e r  to  be e v a c u a ted , because 
th e  change in  n u m b er d e n s ity  from  th e  c o n ta in e r  to  th e  p u m p  m o u th  is 
negligible w hen  com pared  w ith  the  ch an g e  from  x =  0 to  th e  fo repressure 
side. (O bviously  th e  n u m b e r density  o f th e  gas decreases to w a rd  th e  p u m p  
in le t because o f th e  v a p o u r  m olecules b e in g  th e re  in  th e rm a l ag ita tio n , a n d  
so th e  gas m u s t diffuse th ro u g h  i t  in to  th e  p u m p .)  A ssum e th a t  th e  p ressu re  
in  th e  c o n ta in e r  is p ro p o rtio n a l to  th e  n u m b e r d en sity  n H : p 0 =  k n 0, so

n
(9)

W e use d a ta  from  [1] a n d  assum e th a t  th e  speed o f th e  v ap o u r is co n 
s ta n t  and  eq u a l to  th a t  a t  th e  m outh  o f  th e  nozzle, fu rth e rm o re  th a t  a m ean  
v a p o u r  d en sity  ex ists an d  t h a t  the  speed  o f  th e  v ap o u r b e a m  is ex ac tly  th e  
speed  of sound . T ak in g  L  =  1 cm , we o b ta in  2 a n d  27 for th e  num erica l v a lu e  
o f (9) in  case o f  hyd rogen  a n d  air, re sp ec tiv e ly .

Consider th e  specific pum ping  speed  o b ta in ed  w ith  th e  prev ious 
assum ption .
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In te g ra t in g  equ. (7), since i is c o n s ta n t ( in d ep en d en t o f x ) an d  a c c o rd 
ing  to  (21) th e  specific speed  is

v0<Pi
exp(a)

ex p  ( a ) ------- r
«о

( 10)

w here r í  a n d  n'0 are  th e  gas n u m b er den sitie s  a t  th e  fo rep ressu re  side a n d  in  
th e  c o n ta in e r  (in th is  case n Ó is also a p p ro x im a te ly  th e  sam e as th e  d e n s ity  
a t  x  =  0 because  r í  n'0).

W e o b ta in  from  (21) th a t

so

exp  (a) = ( П )

1
n

/
«0 no

( 12)

T he T ab le  shows th a t  cp2 1. In  th e  w ork ing  ran g e  o f diffusion p u m p s  
th e  ra te  o f  fore  an d  fine p ressu res , n a m e ly  th e  pressure ra t io  in  a w ide p re ssu re  
range is neglig ib le to  t h a t  o b ta in ed  fro m  (9) for th e  case of th e  u lt im a te  
p ressu re :

r í  n
— -  < €  —  .
»0 n o

T h u s

T h erefo re  in  th is  ap p ro x im a tio n  th e  specific p u m p in g  speed is a p p ro x 
im a te ly  e q u a l to  th e  b eam  speed o f  v a p o u r  a t  th e  m o u th  of th e  nozzle . 
A ccord ing  to  d a ta  o b ta in e d  from  [1], [22] th is  speed  is ab o u t 2 • 104 to  
6,8.10 4 cm /sec, so th e  specific  speed is a b o u t 20—68 lit/cm 2 sec. E v id e n tly  th e  
pu m p  m o u th  is n o t considered  in  th is  sp eed , there fo re  th e  tru e  speed  is

s s0

w here s 0 is th e  specific co n d u c tan ce  o f  th e  pum p  orifice. The p u m p  orifice 
m eans th e  tu b e  from  x  =  0 to  th e  c o n ta in e r  to  be e v a c u a ted . T he v a lu e  o f 
s 0 fo r a s h o r t  tu b e  is 11,6 lit/sec for a ir  a n d  43 lit/sec fo r hyd ro g en  a t  20 C°. 
The c o n d u c tan ce  m ay  be sm aller due to  v ap o u r m olecules above th e  je t  
h av in g  o n ly  th e rm a l a g ita tio n  an d  th e  gas m olecules m u s t diffuse th ro u g h  
th e m  fro m  th e  co n ta in e r to  th e  p u m p .

(13)
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These num erica l resu lts  show  th a t  th e  fo rm er so lu tio n  o f equ. (7) is 
o f o p tim a l va lue . A p a rt from  th is , usefu l q u a lita tiv e  re su lts  a re  o b ta in ed  from  
th e  idea l case.

E xpression  (8) gives a sm aller com pression  c a p ac ity  fo r gases of low 
m olecu lar w eight th a n  for h igh  ones.

In creasin g  th e  d en sity  o f th e  v a p o u r increases e ssen tia lly  th e  com 
pression ca p a c ity ; increasing  th e  beam  speed  has a role in  increasing  (p2l<Pi, 
w hich also increases th e  com pression  cap ac ity .

These re su lts  allow  us to  in te rp re t  th e  ex p erim en ta l d a ta .
The H o-coefficient for th is  id ea l p u m p  is sm aller fo r h y d ro g e n  th a n  fo r 

a ir  unless th e  speed  o f th e  v a p o u r  is tw ice as g rea t as th e  speed  o f sound.
The n u m b er of a ir m olecules p u m p ed  b y  such  an  ideal p u m p  is d e te rm in ed  

b y  th e  diffusion o f a ir m olecules across th e  p u m p  orifice (see eq u . (13) an d  th e  
va lu e  o f s„ an d  s for air). T herefore  such  an  id e a l pu m p  m ay  be called  “ diffusion 
p u m p ”  only  for a ir. In  th e  case o f h y d ro g en  th e  ideal p u m p  h a v in g  less th e n  
sonic v ap o u r speeds is a “ v ap o u r p u m p ” , since now  th e  ro le of th e  je t  is 
essen tia l due to  th e  ra te  of s 0 an d  s in  (13).

6. R esults for re a l d iffusion  pum ps

I t  is possible to  o b ta in  q u a lita tiv e  re su lts  for the  p e rfo rm an ce  of re a l 
d iffusion  pum ps from  th e  th e o ry  a n d  ca lcu la tio n s p rev iously  perfo rm ed .

Since a su ffic ien tly  low  fo repressure  is n eed ed  for fo rm in g  a su itab le  je t ,  
d iffusion pum ps w ork  below  a c e r ta in  fo rep ressu re . The d ecrease  of th e  fine  
p ressu re  also m akes a change in  th e  je t  [15], [2]. To o b ta in  a n  op tim u m  je t  
a low  fine pressure is necessary . (F u r th e r  decreasing  th e  fine p ressu re  p ro b ab ly  
does n o t a lte r  th e  je t  essen tia lly .) R each ing  th is  cond ition  th e  p u m p  achieves 
a m ax im u m  specific speed. T hus th e  grow ing p a r ts  of th e  sp eed  fu n c tio n s 
o b ta in ed  b y  ex p erim en ts  m ay  he in te rp re te d  w ith  th e  change o f  th e  velo c ity  
a n d  d en sity  d is tr ib u tio n  o f th e  je t .  W ith  fu ll know ledge o f  th e  d is tr ib u tio n  
fu n c tio n  of th e  v a p o u r je t  a t  an y  fin e  an d  fo repressure v a lu es  i t  should  be 
possible to  d e te rm in e  th e  speed  b y  equ . (7). Once hav in g  th is  o p tim u m  je t  
th e  speed  will be c o n s ta n t in  a p ressu re  range fo r w hich th e  b ra c k e t  expression  
in  (12) is ab o u t one. This c ircu m stan ce  ex ists  fo r  a wide p re ssu re  range  if  th e  
u lt im a te  pressure  o f th e  given p u m p  is v e ry  sm all. M odern p u m p s  can reach  
a v e ry  low  u ltim a te  p ressu re  an d , acco rd ing ly , th e ir  speeds a re  c o n s ta n t in  
a w ide pressure range (F ig. 5). T h is pressu re  ran g e  is n a rro w er fo r H 2 th a n  
fo r  a ir. N ear th e  u ltim a te  pressure  th e  speed decreases. (In th e  te rm  “ u ltim a te  
p re ssu re”  th e  effect o f th e  v a p o u r p ressu re  of th e  pu m p in g  flu id  is n o t included .)

Therefore to  a t ta in  a co m p ara tiv e ly  h ig h  specific sp eed  m u lti-s tag e  
pum p s are req u ired , especially  in  th e  case o f l ig h t gases. In  m u lti-s ta g e  pum ps
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th e  e x is tin g  pressure d ro p  in  one stag e  is sm all co m p ared  to  th e  com pression  
c a p a c ity  o f th e  s tage .

I t  is ev id en t t h a t  a h igh  com pression  c a p ac ity  does n o t assure a h igh  
specific speed , only  m ak es i t  c o n s ta n t fo r a w ide p ressu re  range. In  th e  case 
o f gases o f low  m olecu la r w eigh t th e  com pression  ra tio  necessary  fo r o b ta in 
ing  an  o p tim u m  je t  a n d  th e  com pression  c a p ac ity  o f  th e  je t  m ay  be o f  the  
sam e o rd e r, th u s  in c reas in g  th e  com pression  c a p a c ity  is needed.

E q u . (8) show s t h a t  th is  is a t ta in a b le  b y  in c rea s in g  th e  je t  d en sity . 
B u t a n  in d efin ite  in crease  o f th e  je t  d e n s ity  is im possib le  because th e  n u m b e r 
o f th e  v a p o u r  m olecules com ing in to  th e  pu m p  m o u th  increases a n d  th e y  
h in d e r th e  m o tion  o f  th e  gas m olecules in to  th e  p u m p  so th e  speed  o f  th e  
p u m p  decreases. T h is reaso n in g  f its  in  w ith  th e  e x p e rim e n ta l fac ts  (F ig . 6).

T h e re  ce rta in ly  ex is ts  an  o p tim u m  je t  d en sity . A  h ig h e r d en sity  a lre a d y  
h in d ers  th e  m otion  o f  th e  gas m olecules b u t  a low er one does n o t e x e r t  a 
su itab le  com pression  c a p a c ity .

V alues of specific speeds p u b lish ed  in  th e  l i te ra tu re  are  very  d iffe ren t. 
The reaso n s for th is , b eside  th e  d ifference in  pu m p  co n stru c tio n s  a n d  te s tin g  
p ro ced u res , are th e  ex p e rim en ta l c ircu m stan ces . U sing  cooled baffles and  
re fr ig e ra tio n  tra p s  th e  speed  for gases o f  low  m olecu la r w eigh t is h ig h e r th a n  
for a ir , because th e  sp eed  is d e te rm in ed  b y  th e  co n d u c tan ce  of th e  pum p  
m o u th  in  th is  case [see eq u . (13)], a n d  i t  is h igher fo r gases of low  m olecu lar 
w eigh t. I f  th e  c o n d u c tan ce  of th e  p u m p  m o u th  is m u ch  sm aller th a n  th e  
su c tio n  c a p ac ity  o f th e  p u m p , th e  r a te  o f  speeds fo r h y d ro g en  an d  a ir  is 3,8, 
acco rd in g  to  th e  ra te  o f  co n d u c tan ces o f th e  p u m p  m o u th  for th e  gases in 
q u es tio n . I f  the  co n d u c tan ce  of th e  p u m p  m o u th  a n d  th e  suction  c a p a c ity  
o f th e  p u m p  are o f th e  sam e o rder b u t  th e  la t te r  is h ig h e r, d iffe ren t va lues 
for th e  r a te  o f speeds fo r h y d ro g en  a n d  a ir  shou ld  be  a t ta in e d  b u t  th e  speed 
fo r a ir  w ould  be h ig h er. I f  th e re  are  no cooled baffles o r re frig e ra tio n  t r a p s  and  
th e  j e t  is n o t c o n v e n ie n t th e  speed  fo r h y d ro g en  w o u ld  be low er th a n  for 
a ir  s ince, as i t  w as show n, i f  th e  com pression  c a p a c ity  o f th e  p u m p  is n o t 
sa tis fa c to ry  i t  is m u ch  low er fo r gases of low  m o lecu la r w eight a n d  the  
speed  decreases.

U sing  cooled b affles  an d  re fr ig e ra tio n  tra p s  th e  sp eed  of a p u m p  w ill be 
c o n s ta n t fo r a w ider p ressu re  range  because  th e  d iffu sion  s tream  across these  
obstac les  is in d e p e n d e n t o f p ressu re . T h e ir co n d u c tan ces  are m uch  sm aller 
th a n  th e  suction  c a p a c ity  of th e  p u m p , th u s  acco rd in g  to  (13) th e se  sm aller 
co n d u c tan ces d e te rm in e  th e  speed  o f th e  p u m p .

7. Conclusions

F ro m  th e  above th e o re tic a l reaso n in g  i t  is easy  to  u n d e rs ta n d  w h y  some 
resea rch  w orkers believe th a t  d iffusion  is d o m in an t in  th e  opera tion  o f  pum ps. 
In  th e  o rig inal p u m p  o f G a e d e  th e  co n d u c tan ce  o f  th e  pum p m o u th  was
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Table I

Hydrogen — Mercury 
(Xt =  0,01

Air — Mercury 
/хх = 0,127

$2 »>„ Z ?i(d iiW V zfP l » 9>iM Çi(») •PtlVi

0,91 0,0091 0,33 1,23 3,73 0,12 0,081 1,03 12,7
1,00 0,010 0,26 1,00 3,85 0,13 0,070 0,96 13,8
1,2 0,012 0,23 1,01 4,39 0,15 0,057 0,95 16,8

1,4 0,014 0,19 1,01 5,33 0,18 0,047 0,92 19,8

1,5 0,015 0,18 1,02 5,67 0,19 0,043 0,91 21,3
1,6 0,016 0,16 1,02 6,38 0,20 0,039 0,90 22,9
1,8 0,018 0,14 1,00 7,14 0,23 0,035 0,88 25,3
2,0 0,020 0,13 0,99 7,62 0,25 0,029 0,86 29,7
2,2 0,022 0,12 0,99 8,25 0,28 0,025 0,83 33,0
2,4 0,024 0,11 0,98 8,91 0,30 0,022 0,81 36,7
2,6 0,026 0,10 0,98 9,80 0,33 0,019 0,79 40,5
2,8 0,028 0,091 0,98 10,90 0,36 0,017 0,78 45,1
3,0 0,030 0,085 0,97 12,14 0,38 0,015 0,76 49,0
3,4 0,034 0,072 0,96 13,25 0,43 0,013 0,72 57,6

v e ry  sm all, being  cap illa ry ; in th e  perfo rm ance of m odern  pum p s cooled 
baffles an d  tra p s  are em ployed  to  p re v e n t b a ck s tream in g  an d  th e  co n d u c tan ce  
o f th e  p u m p  m o u th  decreases b y  th is  fa c t; th e  co n d u c tan ce  is alw ays h ig h er 
fo r gases o f low  m olecu lar w eight.

F ro m  our p rev ious d iscussions i t  is clear t h a t  th e re  is no re a l fu n d a m e n ta l 
p rin c ip le  to  design a p u m p  h av in g  a H o-coeffic ien t of th e  sam e value  for 
h y d ro g en  as for air.

I t  is a p p a re n t fro m  th e  id ea lized  m odel t h a t  while th e  com pression 
c a p a c ity  is v e ry  h igh , th e  specific sp eed  is c o m p a ra tiv e ly  sm all. T hus i t  m ay  
be ex p ec ted  for th e  d ev e lo p m en t o f pum ps th e  fav o u rin g  o f ty p e s  h av in g  
h igh  com pression  ra tio  s tages. H ow ever, an  essen tia l increase in  specific p u m p  
speed  or H o-coefficien t is im possib le ; otherw ise i t  h a s  no im p o rtan ce  due to  
cooled baffles an d  tra p s .

B esides q u a lita tiv e  resu lts  q u a n tita tiv e  ones m ay  be o b ta in e d  if  som e 
m ore d e ta iled  know ledge ex isted  a b o u t th e  d e n s ity  an d  ve lo c ity  d is tr ib u tio n  
o f  th e  j e t  an d  its  a lte ra tio n .

T he v a p o u r s tream  from  th e  b o ile r to  th e  nozzle m ay  be s tu d ied  b y  
th erm o d y n am ics an d  th is  w as a lre a d y  a tte m p te d  [19]. The v a p o u r  je t  a f te r  
leav in g  th e  nozzle m ay  be  d e te rm in ed  w ith  th e  a id  of gasdynam ics or k in e tic  
th e o ry  a n d  th e n  n u m erica l resu lts  m a y  be o b ta in ed  w ith  th e  h e lp  o f equ . (7).
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P e rh a p s  i t  is possib le to  re p e a t th e  p rev ious p rocedure  for th e  m ix tu re  of 
a gas an d  a v a p o u r  b u t  i t  seem s to  be to o  co m p lica ted  as y e t.

T he com plete  so lu tion  o f th e  p ro b lem  shou ld  m ake i t  possible to  d e te rm in e  
th e  o p tim u m  je t  fo r a p ressu re  ran g e , th e  cross sec tions o f nozzle a n d  pu m p  
ch am b er an d  th e  n ecessary  bo iler in p u t. T h u s th e  design o f p u m p s should 
be  b ased  on th e o re tic a l g rounds in s te a d  o f  p u re ly  ex p e rim en ta l ones.

REFERENCES

1. P . Al e x a n d e r , J. Sei. Instr., 23, 11, 1946.
2. B . B . D a y t o n , R ev. Sei. Instr., 19, 793, 1948.
3. N . F l o r esc u , V acuum , 4, 30, 1954.
4. N . F l o r esc u , V acuum , 10, 250, 1960.
5. D . F l u k e , R ev. Sei. Instr., 19, 665, 1948.
6. A. F u jin a g a , T. H ana sak a  and H . T o t to r i, V ac. Sym p., 390, 1962.
7. W . Ga e d e , Ann. P h ys., 46, 357, 1915.
8. W . Ga e d e , T. techn. P hys., 4 , 337, 1923.
9. R . J . G ib s o n , R ev. Sei. Instr., 19, 276, 1948.

10. W . G. H e n d e r s o n , J. T. M a rk  and C. S. Ge ig e r , Vac. Sym p., 170, 1959.
11. R . J a e c k e l , Z. N aturforsch., 2A , 666, 1947.
12. M. Matricon, J .  Phys. R ad., 3, 127, 1932.
13. N . M il l e r o n , V acuum , 13, 255, 1963.
14. H . G. N o e l l e r , G. R e ic h  and W . B ä c h l e r , Vac. Sym p., 72, 1959.
15. H . G. N o e l l e r , Z. Angew. P h ys., 7, 218, 1955.
16. H . G. N o e l l e r , Vacuum , 5, 59, 1955.
17. L. R id d if o r d  and R . F. Co e , J . Sei. Instr., 31, 33, 1954.
18. R. B. Setlow , J . Sei. Instr., 19, 533, 1948.
19. H. R . Sm ith , Vac. Sym p., 140, 1959.
20. L. W e r t e n s t e in , Proc. Cambr. phil. Soc., 23, 578, 1927.
21. S. Ch a pm a n  and T. G. Co w l in g , The M athem atical Theory of Nonuniform  Gases, Cam

bridge U n iversity  Press, London.
22. S. D u sh m a n : Scientific F oundations of V acuum technique, B udapest, 1959 (in H ungarian).
23. A. G u t h r ie  and R . K. W a k e r l in g , V acuum  Equipm ent and Technique, M cGraw-Hill,

N ew  York, 1949.
24. R. J a e c k e l , K leinste Drucke, Springer Verlag, Berlin, 1950.
25. E . H . K e n n a r d , K inetic Theory o f Gases, M cGraw-Hill, N ew  York, 1938.

ТЕОРИЯ ВСАСЫ ВАНИ Я Д И Ф Ф У ЗИ О Н Н Ы Х  НАСОСОВ

Г. TOBT
Р е з ю м е

В теориях по механизму всасывания диффузионных насосов предполагается идеаль
ная переносная способность газа в струях, истекающих из сопла высоковакуумного 
насоса и, таким образом, кажется, что диффузия играет главную роль в работе насосов. 
С целью получения правильных численных результатов в этих теориях предполагается 
наличие вторичных эффектов. В других теориях работы насосов эффект всасывания истол- 
куется на основе удара между молекулами газа и пара, но с помощью теории «свободного 
пробега», которая довольно громоздка и не достаточно общая. В данной работе сделана 
попытка для объяснения эффекта всасывания на основе кинетической теории неоднород
ных газов. Выводится уравнение, которое решается в одном идеальном случае. Это дает 
возможность для более глубокого понимания эффекта всасывания, истолкования экспери
ментальных результатов и критической оценки предшествующих теорий.
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TWO SUBGROUPS OF THE LORENTZ GROUP 
AND THEIR PHYSICAL SIGNIFICANCE

B y

L.  JÁNOSSYCENTRAL RESEARCH INSTITUTE FOR PHYSICS BUDAPEST
(R eceived 12. II. 1965)

I t  is shown that the L orentz group can he represented as the product o f tw o sub
groups. The one subgroup is connected w ith  rotation , the other w ith  translation. The results 
o f the negative  relativ istic  experim ents, like the M ic h elso n  — M o rley  experim ent, are 
connected w ith  the invariance of laws w ith respect to  the rotational subgroup, while the positive  
relativ istic  effects, like the change of m ass w ith  velocity , are connected w ith the invariance  
w ith respect to  the translational subgroup.

§ 1. T he L orentz  tra n sfo rm a tio n  can be w ritten *

x '  =  ^ ( x )  =  A<p> X +  X , (U

where Л is a fo u rth  o rd e r m a trix  obey in g

Ä<p) ГЛ<р) =  0  Г (2)

w ith  0  >  0 , r vil =  dvílyv, y1 =  y2 =  y3= l ,  y 4 = - c a .

The in d e x  p s tan d s fo r th e  p a ra m e te rs  o f th e  tra n sfo rm a tio n . T he p ro p e r 
Lorentz  tran sfo rm a tio n s  are fu r th e r  re s tr ic te d  as follow s:

0  =  1, d e t A<p) =  +  1, Л<P> >  0 . (3)

The m a tr ix  A ^  w hich we shall call a L orentz  m a tr ix  depends on six  p a ra 
m eters, ex p lic itly  i t  can  he w ritten  in  th e  follow ing w ay :

A<p) =
L

-  v ' Bjc2
(4)

w here v =  vx, v2, v3 is a  th ree -co m p o n en t v ec to r w ith  th e  d im ension o f  a v e lo 
c ity ; fu r th e r

L =  0  — ( B — l ) ( v ' °  

B =  1
f l  -  v21c2 ’

\ ) / v 2 ,

=  - O v ,
( 5 )

* For notation see Ш -
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a n d  0  is an  o rth o g o n a l m a tr ix , th u s  0 0  =  1. T he re la tio n  (5) co n ta in s  six 
p a ra m e te rs , i.e . th e  th ree  co m p o n en ts  o f v  a n d  th re e  p a ra m e te rs  in  te rm s of 
w hich  th e  o r th o g o n a l tra n s fo rm a tio n  О can  be expressed .

I t  can be seen easily th a t the m atrix Л as given b y  (4) and (5) obeys 
indeed (2) and (3) and it  can also be show n th a t any m atrix obeying (2) and
(3), i.e. any proper Lorentz m atrix, can be brought into the form (4), (5).

The m a tr ix  A ^  can also  be w ritte n

w here

Av =
V vB
v B /с2 В

A(r) =  o (d  A , , (6)

0<4>= 0  0 , (6a)
0 1

and  \ — 1 +  (B  — 1 )(v o v )/d2 . (6b)

T hus a n y  Lorentz m a tr ix  can he w ritte n  as th e  p ro d u c t o f an  o rtho g o n al 
tra n s fo rm a tio n  m a tr ix  of th e  ty p e  (У4> a n d  a tra n s fo rm a tio n  m a tr ix  of th e  
ty p e  Av w hich  does n o t ch an g e  th e  d irec tio n s o f  th e  axes b u t  changes th e  
tra n s la tio n a l v e lo c ity  of th e  sy s tem  of re ference  b y  an  a m o u n t v.

§ 2. T he L orentz m a tr ix  (4) can  be ta k e n  as p a r t  of a co o rd in a te  t r a n s 
fo rm a tio n  (1); th is  tra n s fo rm a tio n  leads fro m  a sy stem  К  to  a sy stem  K '  
w h ich  m oves w ith  a v e lo c ity  v ' re la tiv e  to  K ,  th e  o rth o g o n al m a tr ix  defin ing  
th e  d irec tio n s o f th e  axes o f K '  re la tiv e  to  K .

A lte rn a tiv e ly , a tra n s fo rm a tio n  o f th e  fo rm  (1) can  be ta k e n  to  describe 
a Lorentz d efo rm atio n . In d e e d , consider a p h y sica l sy stem  C . A n o th e r system  
£)* can  be p ro d u c e d  by  rep lac in g  th e  p o in ts  . . ., o f  Q  b y  po in ts
$ * ,  $ *  m aking  u p  £ T .

W ritte n  m ore  ex p lic itly , a t  th e  tim e  t th e  p o in t m ay  h av e  coord inates 
r„(t), a t  a tim e  t* th e  co rrespond ing  p o in t th e n  has co o rd in a tes  r*(i*), 
so th a t

r*(t*), t* =  X* ,
an d

X* =  L q{xn) =  Aq x n +  Я . (7)

I n  th e  above c o n sid e ra tio n  xn an d  x* a re  th e  (fou r-com ponen t) coo rd inates 
o f  th e  p o in ts  o f  sQ an d  Q,* b o th  ta k e n  re la tiv e  to  one sy stem  o f coo rd in a tes , K .

W e  h a v e  w ritte n  Aq in  place o f A(p) to  signify  th a t  we are  considering  
a  tra n s fo rm a tio n  th a t  re fe rs  to  one p a r tic u la r  sy s tem  o f  re fe ren ce , K ,  an d  
describes th e  ch an g e  jQ—*-£1* in  te rm s of th e  co o rd in a tes  re la tiv e  to  th is  sy stem  
o f reference. T h u s  Aq is th e  hom ogeneous p a r t  o f  the tra n s fo rm a tio n  (7) w hich
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rep resen ts  a d efo rm atio n  in  te rm s of co o rd in a tes  re la tiv e  to  K .  Aq is a te n s o r  
and  we sha ll call i t  th e  d e f o r m a t i o n  t e n s o r .

W e  m ay  also w rite  sym bolically

£ l * = L q (£l) (7a)

an d  th e  re p re se n ta tio n  o f (7a) re la tiv e  to  К  can  be w ritte n  in  th e  fo rm  (7). 
The re p re se n ta tio n  o f (7a) re la tiv e  to  a n o th e r  sy s te m  of c o o rd in a te s , K ' ,  can 
be w ritte n

x*' =  Л,- x ’n +  A ', (8)
where

X*' =  A<p> x *  +  Я , j

x'n =  AW x„ +  A, J

and  A(p) is th e  hom ogeneous p a r t  o f  th e  tra n s fo rm a tio n  lead in g  from  К  to  
K ' . F ro m  (8) an d  (9) i t  follows, th a t

Л,- =  A «  A , A W 1. ( 10 )

T hus Aq, A q,, . . . are th e  re p re sen ta tio n s  of th e  d e fo rm atio n  te n so r  Afl re la tiv e  
to  system s o f reference К , K ' ,  . . .

F ro m  (10) i t  follow s th a t  th e  re p re se n ta tio n s  of a d e fo rm a tio n  ten so r 
Лч a re  all p ro p er Lorentz m atrices i f  one of th e  re p re se n ta tio n s  is a p ro p er 
Lorentz m a trix , regard less of w h e th e r or n o t th e  m atrices A^p) are p ro p er 
Lorentz m atrices.

§ 3. T he rep re sen ta tio n s  of a d e fo rm a tio n  te n so r co rresp o n d in g  to  th e  
d e fo rm atio n  {Q—>-£1* in  d ifferen t sy stem s of re fe rence  are g iven b y  m atrices  
th a t  a re  connected  b y  re la tions o f th e  form  (10). F ro m  (10) i t  m a y  be seen 
th a t  th e  rep re sen ta tio n s  Aq, Aq,, . . . o f  Л4 are m a trice s  w ith  th e  sam e eigen
values. I t  w as show n elsew here [2], t h a t  th e  e igenvalues of a Lorentz m a tr ix  
can be w ritten

с — V
c  - ( -  V

( И )

i.e. th e  e igenvalues are  cha rac terized  b y  an  angle (p a n d  a ve lo c ity  v. A Lorentz 
m a tr ix  can  be b ro u g h t in to  a s ta n d a rd  form , th is  m eans, th a t  in  a su itab le  
re p re sen ta tio n  a m a tr ix  Aq w ith  e igenvalues (11) ob ta in s  th e  fo rm

/  COS (p sin  (p 0 0
— sin  (p cos cp 0 0

0 0 в B v

l  0 0 B v/c2 В

( 12)
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T he d e fo rm a tio n  te n so r re p re se n te d  b y  (12) describes tu rn in g  th ro u g h  an  angle 
q? a ro u n d  th e  #3-ax is a n d  acce le ra tio n  b y  an  a m o u n t v in  th e  d ire c tio n  o f th e  
#3-axis.

§ 4. W e n o te  th a t  th e  tra n s fo rm a tio n  eq. (6a) has th e  eigenvalues

e ' v ,  e~'>, 1, 1. (13)

(W e re m a rk  th a t  th e  e igenvalues o f  th e  th ird  o rd e r o rtho g o n al m a tr ix  0  are
e'* , e - ‘v , 1 .)

T he re p re se n ta tio n s  o f 0^4) re la tiv e  to  v a rio u s  system s o f re ference  w ill 
in  g enera l n o t a p p e a r  in  th e  fo rm  (6a). H ow ever, all th e  re p re se n ta tio n s  o f 
0<4> h a v e  e igenvalues of th e  form  (13).

B y  Ow  we m a y  d en o te  n o t on ly  th e  d e fo rm a tio n  tensors t h a t  a p p ea r in  
th e  fo rm  (6a) b u t  a ll th e  d e fo rm a tio n  ten so rs  w ith  e igenvalues of th e  fo rm  (13). 
We m ay  call th e se  defo rm atio n s rotational d e fo rm atio n s. We see from  (13) 
t h a t  th e  p ro d u c t o f  tw o  ro ta tio n a l d e fo rm atio n  ten so rs  is also a  ro ta tio n a l 
d e fo rm atio n  te n so r. I t  can  th u s  be concluded  th a t  th e  ro ta tio n a l d e fo rm atio n s 
fo rm  a su b g ro u p  o f th e  L o r e n t z  group .

S im ilarly , th e  eigenvalues o f th e  d e fo rm atio n  ten so rs  Av are  fo u n d  to  be

1 ,1 ,
C +  V C —  V 

C +  V
(14)

I t  follow s from  th e  form  o f th e  e igenvalues (14) th a t  th e  p ro d u c t o f tw o  
m a trices  w ith  such  e igenvalues h as  also  e igenvalues o f  sim ilar ty p e  a n d  th e re 
fore th e  m a trices  A y fo rm  also  a su b g ro u p  of th e  L o r e n t z  group.

§ 5. W e see th u s  t h a t  th e  p ro p e r L o ren tz  g ro u p  can  be b u ilt  u p  of tw o  
su b g ro u p s: one su b g ro u p  w ith  e lem en ts o f th e  ro ta tio n a l ty p e  0(4), a n o th e r 
su b g ro u p  w ith  e lem en ts o f th e  tra n s la tio n a l ty p e  AT. The e lem en ts  of th e  
p ro p e r L o ren tz  g roup  can  be  re p re se n te d  as th e  p ro d u c ts  of a  ro ta tio n a l 
e lem en t w ith  a tra n s la tio n a l e lem en t.

In  o rd er to  m ake th is  re p re se n ta tio n  u n iq u e , w e m ay  use th e  follow ing 
co n v en tio n . O f a g iven  L o ren tz  m a tr ix  Aq w ith  e igenvalues (11) we d e te rm in e  
th e  n o rm a l re p re se n ta tio n  (12) a n d  from  th is  n o rm al fo rm  we define th e  sp li t t 
in g  o f  Aq in to  its  tw o  com ponen ts as follows. L e t A(p) deno te  th e  co o rd in a te  
tra n s fo rm a tio n  fro m  th e  sy s tem  o f reference  in  w hich  Aq appears in  th e  n o rm al 
fo rm  (12) in to  th e  system  К  re la tiv e  to  w hich we w ish to  re p re se n t Aq. W e 
h av e  th u s

A , =  A(p> Aq„ A<p> - \  (15)
a n d  also

A, =  0 (4) AT, (15a)
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w ith

an d
0 (4) =  a <p> 0<4> Л(р)-1, л т =  Л<р> Лу Л (р>“ 1

( cos cp sin cp 0
— sin  cp cos Cp 0 0

0 0 1 0
V 0 0 0 1 ,

/ 1 0 0
°  Ï0 1 0 0

0 0 В B v 1

l o 0 Bv/c2 В  ,

(15Ь)

(15с)

R ela tions (15), (15а), (15b), (15с) g ive a un ique  p ro ced u re  for th e  sp littin g  
up o f a d efo rm atio n  te n so r in to  its  ro ta tio n a l an d  tra n s la tio n a l p a r ts .

As and  Av are  co m m u ta tiv e , th e ir  tra n sfo rm s  0,l) an d  Av are  also 
co m m u ta tiv e  an d  we f in d

Л, =  0 (4) Лт =  A ,O W  .

We see there fo re  t h a t  a n y  e lem ent o f  th e  L oren tz  g roup  can  he sp lit in to  th e  
p ro d u c t o f  an  e lem en t o f th e  ro ta tio n a l group a n d  an  e lem ent of th e  t r a n s 
la tio n a l g roup  in  a m a n n e r in w hich  th e  fac to rs a re  co m m u ta tiv e .

§ 6. W e m ay  m ak e  here th e  follow ing in te re s tin g  re m a rk  on th e  con
nection  o f th is  sp li t t in g  up  of th e  L o ren tz  g roup  w ith  p h ysica l phen o m en a . 
The th e o ry  of re la t iv i ty  is based  p a r t ly  on th e  n eg a tiv e  re su lts  o f  ce rta in  
ex p erim en ts  like th e  M ic h e l so n — M o r l ey  or th e  T r o u t o n — N o ble  ex p e ri
m en t. In  these  n eg a tiv e  ex p erim en ts  an  a rra n g e m en t is tu rn e d  ro u n d  an d  no 
a p p a re n t effect is observed .

T h e  tu rn in g  ro u n d  of an  a p p a ra tu s  co rresponds to  a L orentz  d efo rm 
a tio n  o f  th e  ro ta tio n a l ty p e . The n eg a tiv e  ou tcom e o f these ex p erim en ts  can 
be p re d ic te d  from  th e  L orentz in v a rian ce  of th e  law s o f n a tu re . H ow ever, if  
the  law s o f  n a tu re  w ere in v a ria n t o n ly  w ith  re sp ec t to  th e  ro ta tio n a l subgroup  
of th e  L orentz  tra n s fo rm a tio n  th is  w ould be su ffic ien t to  acco u n t fo r th e  
neg a tiv e  resu lts  o f th e se  exp erim en ts .

T h ere  ex ist fu r th e r  th e  so-called  positive re la tiv is tic  effects, like th e  
change o f  m ass w ith  v e lo c ity  or th e  p e rp en d icu la r D o ppl er  effect. T he la t te r  
effects can  be u n d e rs to o d  by  su p p osing  th a t  th e  law s o f n a tu re  are  in v a r ia n t 
w ith  re sp e c t to  th e  tra n s la tio n a l g roup .

W e see th u s  t h a t  th e  in v arian ce  o f  th e  law s o f  n a tu re  w ith  re sp ec t o f th e  
tw o subg ro u p s o f th e  L orentz g ro u p  m anifests i ts e lf  in  tw o d is tin c t g roups 
o f ex p erim en ts . T a k in g  these  g roups of ex p e rim en ts  to g e th e r , we com e to
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con clu d e th a t  th e  law s o f  n atu re  arc in v a ria n t ag a in st b o th  th e  tran sla tion a l 
an d  th e  r o ta tio n a l subgroup , an d  therefore a g a in st th e  w h ole prop er Lorentz 
group , as th e  e lem en ts o f  th e  w h o le  group can  b e form ed  as p rod u cts o f  th e  
e lem en ts ta k e n  from  th e tw o  su bgroup s.

F ro m  th e  ex p erim en ta l p o in t o f view  i t  m a y  be ad d ed  th a t  th e  firs t ty p e  
o f  ex p e rim en ts , i.e . the  n eg a tiv e  ex p erim en ts , h as  been  ca rried  o u t w ith  v e ry  
g re a t p rec ision , there fo re  th e  in v a rian ce  a g a in s t th e  ro ta tio n a l g roup  is v e ry  
p rec ise ly  e s ta b lish e d  ex p e rim en ta lly .

T he ex p e rim en ts  concern ing  th e  change o f  m ass w ith  v e lo c ity  are n o t 
v e ry  a c cu ra te  (see e.g. [3]) h o w erer, v e ry  good evidence for th e  invariance  
w ith  re sp ec t to  th e  tra n s la tio n a l sub -g roup  w as o b ta in ed  b y  D . C. Ch am - 
p e r e y , G. R . I sa a k  an d  A. M. K h a n  [4] w ith  th e  help  of th e  M össbtm er 
e ffec t. T hese m easu rem en ts  seem  to  be th e  m o st p recise ca rr ied  o u t so fa r  
su p p o rtin g  L orentz  inv a rian ce .

T hus th e  m easusem en ts o f Ch a m p e n e y  e t al. to g e th e r w ith  th e  o lder 
m easu rem en ts  o f th e  M ichelson ty p e  p rov ide  good ev idence fo r th e  in v a ri
an ce  w ith  re sp e c t to  b o th  su b -g ro u p s an d  th ere fo re  p rov ide  evidence for 
th e  in v a rian ce  w ith  re sp ec t to  th e  w hole g roup  o f p ro p er L orentz  t r a n s 
fo rm atio n s.
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ДВЕ ПОДГРУППЫ ГРУППЫ ЛОРЕНЦА И ИХ ФИЗИЧЕСКИЙ СМЫСЛ
Л. ЯНОШИ

Р е з ю м е

В работе показывается возможность представления группы Лоренца в виде произ
ведения двух подгрупп. Первая из подгрупп связана с ротацией, другая — с трансляцией. 
Отрицательный результат опытов по теории относительности — например опыта Май- 
кельсона—Морли — связан с инвариантностью законов, относящихся к подгруппе вра
щения, а положительный результат опытов по теории относительности — например, 
зависимоть массы от скорости тела — связан с инвариантностью по отношению трансля
ционной подгруппы.
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EXPERIMENTAL ERRORS AND THE INTERPRETATION 
OF COMMON LEAD ISOTOPE ABUNDANCES 

IN LEAD ORES
B y

A. K ovachINSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN 
(Presented by A. Szalay. — Received 22. II. 1965)

E xperim ental error sources, giving rise to incorrect m odel ages according to the  
H olmes — H o uterm ans  m odel are discussed. Special a tten tion  is paid to the apparent age 
anom alies caused by the inadequate resolution  of the m ass spectrom eter.

In tro d u c tio n

Since th e  d iscovery  of the  v a r ia b ili ty  and  tim e  dependence o f th e  iso
top ic  c o n s titu tio n  of com m on lead b y  N ier e t al. in  1938 [1], sev era l m odels 
have been  w orked  o u t fo r th e  in te rp re ta t io n  of com m on  lead  iso to p ic  a b u n d 
ances [2]. Since th e  p a re n t  system  o f  an y  com m on  lead  ore u su a lly  canno t 
be assoc ia ted  w ith  som e know n geochem ical sy s te m , there  is a r a th e r  free 
scope in  co n stru c tin g  v a rious m odels, based  on  vario u s p rincip les hav in g  
equally  th e  ap p earan ce  of tru th , a n d  using  e x p e rim en ta lly  d e te rm in ed  iso 
to p ic  c o n s titu tio n  d a ta  fo r se ttlin g  th e  free p a ra m e te rs  of a g iven  m odel. 
As our know ledge of th e  p rim ary  sources of lead  a re  v e ry  in su ffic ien t, th e  m ain 
check on th e  ad eq u acy  o f one or a n o th e r  m odel is th e ir  in te rn a l consistency  
in  case o f using  a g roup  o f e x p e rim e n ta l d a ta  o th e r  th a n  th a t  ap p lied  in  th e  
course o f th e  co n stru c tio n  of the g iv en  m odel itse lf.

T he in d iv id u a l m odels can b e  rou g h ly  d iv id e d  in to  s ing le-stage  an d  
m u ltis tag e  ones, considering  the  b e h a v io u r  in  t im e  of th e  p a re n t  system  
assum ed. On th e  o th e r h a n d , w ith  re sp e c t to  th e  space  b eh av io u r o f th e  p a re n t 
system , th e y  can be classified  as hom ogeneous a n d  heterogeneous m odels, 
th e  la t te r  allow ing local v aria tions in  th e  U /P b  ra t io  of th e  p a re n t  system .

T ho u g h  n ow adays i t  is the g e n e ra l op in ion  th a t  in  th e  case o f each 
lead  occurrence a special m odel is th e  b e s t to  w o rk  ou t, g rea t use has been 
m ade u p  to  now  o f th e  sing le-stage he te rogeneous m odel developed  b y  
H olmes [3] an d  H outermans [4] ( H —H  m odel). We do n o t  in te n d  to  
discuss here  th e  basic p rincip les of th is  m odel, in  th is  respect we re fe r to  th e  
l i te ra tu re  a lread y  c ited  [2]. We sh o u ld  like, h o w ev er, to  describe b rie fly  th e  
general fea tu re s  of it.
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A ccord ing  to  th e  H  — H  m odel th e  dev e lo p m en t o f lead  iso tope  ab u n d an ces 
can  he described  b y  th e  follow ing eq u a tio n s

* — *o +  « — еЯ<)> (!)

У = У о +  V  (ex t -  ex t), (2)

+  V  ( e x t  — ex t ). (3)

T he sym bols u sed  in  eq u a tio n  (1) — (3) are defin ed  in  Table 1.
D iv id ing  eq u . (2) b y  equ . (1) a sim ple re la tio n  betw een  th e  isotopic 

c o n s titu tio n  a n d  age can  be o b ta in e d

У — Jo  _  еЛ'Г| — eX'{ 
X — Xq a extj — eu

(4)

E q u a tio n  (4) m eans th a t  i f  th e  iso top ic  ra t io  у  is p lo tte d  ag a in s t th e  
ra tio  X ,  p o in ts  rep re se n tin g  ores w ith  d iffe ren t iso top ic  com position  b u t  
h a v in g  th e  sam e age shou ld  lie a long  s tra ig h t lines s ta r tin g  fro m  th e  p o in t 
re p re se n te d  b y  th e  co o rd in a tes  æ0, y 0. The slopes o f  these  s tra ig h t lines (iso
chrones) are  d e te rm in ed  b y  th e  ab so lu te  age on ly .

Table 1

Sym bols and  c o n stan ts  used th ro u g h o u t th is  work

Tsotope abundance 
ratio

Present 
(< =  «) At time t

Primeval value 
(‘ =  0

РЬ 206/Р Ь 204 X *0
P b 207/P b 201 У Уо
P b 208/P b 204 Z *0

XJ238/PJj204 a V a VeU a Velt>

U 235/P b 204 V VeM VeM’

T h232/P b 204 w Wex"1 W ex’l°

A =  A (U 238) =  0,15 3 7 • 10“9 y - 1 
Я' =  Я (U235) =  0,9722 • 10“9 y~> 

A" =  A (T h232) =  0,0499 • 10~9 y - 1

x 0 =  9,50 
y„ =  10,36 
z0 =  29,49

a  =  137,8

E q u a tio n s  (1) an d  (2) a re  p a ra m e tr ic  re p re se n ta tio n s  o f  th e  so-called 
“ iso tope  d ev e lo p m en t lin es”  o f th e  sam e g rap h . T h e  p o in t co rrespond ing  to  
th e  iso top ic  com position  of a g iven  lead  sam ple, developing  in a closed  system  
rep re se n te d  b y  a fixed  va lu e  o f V, is chang ing  h is position  w ith  tim e  along 
such  a d ev e lo p m en t line in  th e  H — H  d iag ram . (See Fig. 1.)
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This m eans th a t  a g iven lead sam p le  can be u n am b ig u o u sly  ch a rac te rized  
e ith e r  b y  th e  pair o f th e  values x  a n d  y ,  or b y  th e  v a lu es  V  an d  t, th e  fo rm er 
called  th e  “ m ilieu in d e x ”  and  th e  l a t t e r  th e  “ m odel age” . I t  is obv ious th a t

Fig. 1. The relationship betw een  the isotop ic  abundances o f lead and m odel ages according
to  th e  H olm es — H o utebm ans  m odel

erro rs in  th e  d e te rm in a tio n  of the  iso to p ic  d a ta  h a v e  a n  in fluence on th e  v a lu e  
o f “ m odel age”  d e te rm in ed  th is w ay , as well as on  th e  value  o f th e  “ m ilieu- 
in d ex ” .

Sources o f errors in  the determ ination of lead isotope abundances

T here  a re  tw o m a in  sources o f  e rro rs  in  in v e s tig a tin g  th e  iso top ic  con
s ti tu tio n  o f  lead : s ta tis t ic a l  errors a ris in g  in th e  course  o f th e  m easu rem en t 
o f  th e  in d iv id u a l p eak  he ig h ts  (or p e a k  heigh t ra tio s )  a n d  erro rs b e ing  due 
to  th e  in a d e q u a te  re so lu tio n  of th e  m ass ana lysing  sy stem .

S ta tis tic a l e rrors a re  well k n o w n  an d  lead  iso to p e  ab u n d an ce  d a ta  are 
u su a lly  g iven  to g e th e r w ith  th e ir  s ta t is t ic a l  v a rian ces . T he analysis o f  e rro rs 
due to  in c o rre c t re so lu tio n  is, h o w ev er, neg lec ted , th o u g h  in  som e cases i t  
succeeded  in  p rov ing  th e  influence o f  th is  effect on  th e  f in a l d a ta . In  th is  
resp ec t we shou ld  like to  refer to  th e  w ork  o f R ussell  an d  o th ers  [5] c o rre c t
in g  th e  d a ta  given b y  A sh w atnarayana  [6] on th e  basis o f th e  th o ro u g h  
re -e v a lu a tio n  o f th e  o rig in a l m ass sp ec tro g ram s a n d  ta k in g  in to  a cco u n t 
th e  effect o f  th e  poor reso lu tio n  o f th e  m ass sp e c tro m e te r  to o ; as w ell as to
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th e  w ork  done a t  V ancouver U n iv e rs ity  a im ing  a t  th e  re -ex am in a tio n  of 
som e p rev io u sly  in v e s tig a te d  m a te r ia l w ith  im p ro v ed  tech n iq u es  [7].

T he im p o rta n c e  of th is  q u estio n  is su p p o rte d  b y  th e  fa c t  th a t  m ost 
o f  th e  lead  iso to p e  ab u n d an ce  d a ta  (especially  d a ta  used  as an  ex p erim en ta l 
b asis  in  th e  e lab o ra tio n  of lead  iso tope  a b u n d an ce  m odels) w ere o b ta in ed  w ith  
m ass sp ec tro m e te rs  h av in g  in te rm e d ia te  re so lu tio n  c h a rac te ris tic s . The m ass 
p eak s  used  in  th e  m ass sp e c tro m e try  of lead  (P b +, P b S +, P b l +, P b (C H 3)4h ) 
lie in  th e  u p p e r  p a r t  o f th e  m ass scale of th ese  in s tru m e n ts  a n d  th u s  to  o b ta in  
reaso n ab le  acc u ra cy  th e  h ig h es t re so lu tio n  ava ilab le  w ith  th e se  in s tru m en ts  
is to  be ach ieved .

In fluence of resolution to lead isotope abundance data

In  th e  course of scann ing  a m ass sp ec tro g ram  p eak  h e ig h ts  are  m easured  
a t  th e  o u tp u t  o f th e  an a ly sin g  system . As a re su lt of sev era l fac to rs n o t 
d iscussed  in  d e ta il here, th e  m ass sp ec tru m  does n o t consist o f sh a rp  m ax im a 
a t  th e  in d iv id u a l m ass n u m b ers , b u t  th e  p eak s are  b ro ad en ed  to  an  e x te n t 
c h a ra c te riz e d  b y  th e  reso lv ing  pow er of th e  in s tru m e n t an d  th u s  th e y  possib ly  
can  — m ore o r less — c o n tr ib u te  in  in te n s ity  to  th e  n e ig h b o u rin g  peaks too .

I f  th e  re la tiv e  difference in  th e  m ass n u m b ers  is low , we can  say  th a t  
th e  p eak  sh ap e  is d e te rm in ed  b y  in s tru m e n ta l effects only . T h is m eans th a t  
a  “ red u ced  p e a k  shape fu n c tio n ”  / (  /x — /х0) c an  be co n s tru c te d  ch a rac te riz in g  
th e  p eak  sh ap e  w ith  no re sp ec t to  th e  h e ig h t o f i t  an d  being  no rm alized  a t 
m ass n u m b e r fx — /x0 to  u n ity . I f  th e  m easu red  p e a k  h e ig h t a t  m ass n u m b er 
/x0 is J 0, th e  c o n tr ib u tio n  o f th is  p eak  to  th e  in te n s ity  m easu red  a t  m ass 
n u m b e r [X w ill th u s  he I  =  I 0 • f ( / x  — /x0).

I f  we assum e th a t  th e  in d iv id u a l p eak s c o n tr ib u te  on ly  to  th e  in te n s ity  
o f th e  n e ig h b o u rin g  peaks (i.e. f([x  — (i0) =  0 i f  | fx — I !)■> 4n th e  ca se  
o f lead  th e  m easu red  p eak  in ten s itie s  a n d  th e  “ rea l”  in ten s itie s  I fl will 
sa tis fy

Cl =  I M, , (5)

C l  =  I m +  *207 - / ( - I ) ,  ( 6 )

C  =  +  hos ■ f t - 1) +  ho* ■ f t + 1) , (?)
C l  =  ho* +  h*  • / ( + ! )  ■ ( 8 )

A ssum ing  — in  a ro u g h  a p p ro x im a tio n  — th a t  th e  peak s are  o f sy m 
m e trica l sh ap e , i.e. / ( — 1) = / (  +  1) =  a ; th e  iso tope  a b u n d an ce  ra tio s  w ith  
re sp ec t to  th e  ab u n d an ce  o f th e  P b 204 iso tope  can  be given as follow s:

=  X -f- a • y ,  (9)
y m) =  y  +  a ( x  +  z ) ,  (10)
z(m> =  z +  a ■ у  . (11)
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F rom  equ a tio n s (9) — (11) the  fo llow ing expressions can be s im p ly  
derived  :

y(m) — y X 4- z
±-------- — =  — ——  , (12)
*<m> - X  y

2 (m ) _  z
------------- = 1 .  (13)

This m eans th a t  in  th e  case of a sy m m e tric a l p e a k  sh ap e  i f  we d e te rm in e  
th e  iso topic com position  o f  a given sam p le  u n d er d iffe ren t re so lu tio n  co n 
d itions, th e  m easu red  va lu es  will lie a lo n g  s tra ig h t lines in  th e  x, y  d iag ram , 
as well as in  th e  z, x  d iag ram , th e  slope o f  th is  in  th e  fo rm er being d e te rm in ed  
b y  th e  real iso tope  ra tio s  on ly . In  th e  z, x  d iag ram  th e  line of d isp lacem en t 
inclines b y  45° to  th e  c o o rd in a te  axes in d e p e n d e n tly  o f th e  age of th e  sam ple .

F rom  th e  v iew po in t o f  th e  H —H  m odel i t  is o f obv ious im p o rtan ce  to  
exam ine, how  fa r  m easu rem en ts  ca rried  o u t un d er in a p p ro p ria te  re so lu tio n  
conditions can  influence th e  position o f  th e  m easu red  po in ts  in  th e  x  — y  
d iag ram  w ith  resp ec t to  th e  isochrones, i.e . how  fa r th is  effect can  in fluence  
the  value of th e  m odel age ob tained .

The d iscussion of th is  problem  is ren d e red  m ore d ifficu lt b y  th e  fa c t 
th a t  th e  b asic  assum p tio n s o f th e  H  — H  m odel do n o t  give a w ell-defined  
re la tio n  be tw een  all th e  th re e  P b  iso tope  ra tio s  even w ith  fix ed  t. F ix in g  th e  
p a ram e te r V  re su lts  in  a de fin ite  re la tio n  betw een  th e  v alues x  a n d  y ,  b u t  
the  value s depends still on th e  T h /P b  ra t io . We chose th ere fo re  in  c a lc u la t
ing  d isp lacem en ts in  th e  H — H  d iag ram  th e  q u a n tity  V  as a p a ra m e te r , th e  
value of th e  p a ra m e te r  W  being f ix e d  b y  th e  re la tio n  W j V  =  3,77. This 
ra tio  is th e  sam e as fo u n d  b y  R u s s e l l  e t  al. [8 ]  fo r “ con fo rm ab le”  lead s, 
an d  corresponds to  th e  ap p ro x im a te  r a t io  of th e  geochem ical ab u n d an ces  
oi Th and  U as well. Since u ran ium  a n d  th o riu m  are  v e ry  sim ilar in  th e ir  
geochem ical ch a rac te r, no v a ria tio n  in  th e  T h/U  ra tio  w as found  reaso n ab le  
to  com pute w ith , all th e  m ore because a tw o -p a ra m e te r  t re a tm e n t w ould  
m ake th e  su rv e y  of th is  p ro b lem  su p erflu o u sly  invo lved .

In  Fig. 2 th e  slopes o f d isp lacem ent lines are show n accord ing  to  e q u . (12) 
w ith  th e  U 238/P b 204 value as p a ram e te r, as fu nc tion  of ab so lu te  age. In  F ig . 3 
for com parison , th e  slopes o f  isochrones a re  also show n.

As one can  see th e  isochrone slope varies  w ith  age betw een  th e  lim its  
0,59 an d  1,75 while th e  d isp lacem en t slopes v a ry  b e tw een  3,10 a n d  3,75, 
according to  th e  age and  th e  value of th e  U 238/P b 204 ra tio . O f course, v a r ia tio n s  
in th e  Th/U  ra tio  w ould r a th e r  strong ly  in flu en ce  th e  slope o f th e  d isp lacem en t 
lines, b u t  since on ly  m in u te  d isp lacem en ts  in  th e  H — H  d iag ram  are  to  be 
expected , we fo u n d  i t  reaso n ab le  to  u se  an  average d isp lacem en t slope for 
each  t in our ca lcu la tions.
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As a re su lt  o f th is  sim ple a p p ro x im a tio n  we can co u n t in  p ractice  w ith  
a lin ea r  sh if t o f  th e  H —H  isochrones. Since th e  slopes o f th e  d isp lacem en t 
lines are  a lw ays g re a te r  th a n  th e  isochrone slopes, even in  th e  case o f a p a re n t  
sy s tem  h ig h ly  d ep le ted  in  th o r iu m , th e  re su ltin g  m odel age w ill be a lw ay s 
h ig h er th a n  th e  t ru e  one, i.e. m easu rem en ts  ca rr ied  ou t u n d e r  in a p p ro p ria te  
re so lu tio n  co n d itio n s  give rise  to  a p p a re n t В -ty p e  anom alies.

Fig. 2. R elationsh ips betw een the slopes o f  d isp lacem ents o f  points in  the H — H diagram  
as a result o f incorrect resolution and the param eters o f the H olm es — H o uterm ans  m od el

In  F ig . 4 th e  d isp lacem en t o f th e  isoch rones in  th e  H — H  d iag ram  is 
show n assu m in g  a  sy m m etrica l p eak  sh ap e  w ith  a red u ced  p e a k  c o n tr ib u tio n  
fac to r  / ( i l )  =  0,005. In  gen era l one can  s ta te  th a t  if  th e  in d iv id u a l p e a k s  
c o n tr ib u te  b y  1 °/00 o f th e ir  in te n s ity  to  t h a t  o f th e  n e ig h b o u rin g  p e a k s , 
th e  re su ltin g  m odel age fo r paleozoic a n d  y o u n g e r leads w ould  be h igh  b y  
a b o u t 50 m . y ., th e  v alue  o f  th e  m ilieu in d e x  ap p earin g  b y  a b o u t 1%  h ig h e r  
th a n  th e  re a l one. In  th e  case o f  old p re c a m b rian  ores th e  re su ltin g  age v a lu e  
does n o t m a rk e d ly  differ from  th e  rea l m odel age, e.g. in  th e  case of an  ore 
3000 m . y . o ld  th e  sh if t w ou ld  be a b o u t 20 m . y ., h u t  th e  m ilieu  index  w o u ld  
be h ig h  b y  a b o u t 2 .5 % . S ta tin g  th is , we sh o u ld  like to  em phasize  th a t  a 0,5 — 1°/00 
c ro ss -co n tr ib u tio n  o f n e ig h b o u rin g  p eak s is a v e ry  re a lis tic  es tim a tio n  in  
th e  case o f  com m on a n a ly tic a l m ass sp ec tro m ete rs .
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S um m ariz ing  the p reced in g  d iscussion  the  conclusion  can be d raw n 
th a t  i f  th e  m odel age of a g iven  lead  sam p le  is to  be d e te rm in e d  w ith  an  accu racy  
o f i l O  m. y ., th e n  i t  sh o u ld  be assu red  th a t  th e  c o n tr ib u tio n  o f th e  neigh-

1 gX't, -g \‘t
( X  g X t o - e M

Fig. 3. isochrone slopes of the H olmes — H o u t er m a n s  model

Fig. 4. D isplacem ent of the H olm es —H o u t e r m a n s  isochrones as a result o f  incorrect 
resolution of the mass spectrom eter. A sym m etrical peak shape and a reduced peak con

tribution fa c to r / ( ± 1 )  =  0,005 is assum ed

bourin g  peaks to  each o th e r  in  in te n s ity  shou ld  be less th a n  0,2 °/00, o therw ise  
th e  age sh iftin g  effect o f m o d est re so lu tio n  m ust be ta k e n  in to  co n sid e ra tio n .

W e shou ld  like to  n o te , how ever, t h a t  a sy m m e tric a l p eak  sh ap e  is to  
be ex p ec ted  in  an  ideal case only . In  p ra c tic e  — as a  consequence o f  s c a t te r 
ing  processes occurring  in  th e  v a cu u m  cham ber o f th e  m ass sp e c tro m e te r
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a n d  causing  a n eg a tiv e ly  skew ed  d is tr ib u tio n  of ion  k in e tic  energies — 
asy m m etric  p e a k  shapes occur w ith  a b ro a d e n in g  o f th e  p e a k  “ ta i l”  to w ard s  
th e  seem ing ly  sm aller m ass n u m b ers .

T his m eans th a t  in  e q u a tio n s  (5) — (8) / (  — 1) > / (  +  1) a n d  th u s  fo reign  
c o n tr ib u tio n  to  th e  p e a k  in te n s itie s  arise m a in ly  from  peak s o f  g rea te r m ass 
n u m b ers . In  such  a case th e  fo llow ing re la tio n  can  be deriv ed  from  eq u a tio n s
(5 )—(8):

y (m) - У_ __ I Л +  !)  <  * +  г / 14ч
x 'm) — X у  у  / ( — 1) у

I n  a lim itin g  case we h a v e / ( - |- l )  =  0, an d  so th e  follow ing lim its  can be g iven  
fo r  th e  d isp lacem en t slope in  case o f an  a sy m m etric  p eak  sh a p e :

—  < ; <  *  +  * . (15)
у  X — X  y

T he q u a n t i ty  z /y  varies w ith in  th e  lim its  2,1 — 2,8, th e  e x a c t value d ep en d 
in g  on th e  age o f th e  sam ple  a n d  on th e  choice o f  th e  m odel p a ra m e te rs . T h is  
ju s tif ie s  also o u r prev ious s ta te m e n t th a t  th e  d isp lacem en t slopes are a lw ays 
g re a te r  th a n  th e  isochrone slopes a n d  th a t  i t  is reaso n ab le  to  com pute w ith  
a n  average  d isp lacem en t slope.

T he n u m erica l dem ands on th e  reso lv ing  pow er of th e  m ass sp e c tro 
m e te r  as p rev io u sly  given are  th u s  only  lim itin g  va lues, b u t  th e y  change 
o n ly  s lig h tly  i f  we ca lcu la te  w ith  an  a sy m m etric  p eak  shape.

W e sh o u ld  like to  em phasize  th a t  in  th e  p reced ing  d iscussion  we did  n o t  
to u c h  th e  q u es tio n  o f th e  o v era ll v a lid ity  of th e  H —H  m odel; o u r ca lcu la tions 
p resum e th e  p e rfec t v a lid ity  o f i t  an d  deal on ly  w ith  a p p a re n t  d ev ia tions 
caused  b y  in s tru m e n ta l effects.

Statistical and other errors

The v a ria tio n s  of th e  iso to p ic  ra tio s  x ,  y  an d  z are  com posed of th e  
v a r ia tio n s  o f th e  p eak  in te n s itie s  m easu red  fo r th e  in d iv id u a l lead  iso top ic  
peaks in  th e  m ass sp ec tro g ram . As th e  ab u n d a n c e  of th e  P b 204 isotope is b y  
fa r  th e  sm a lle s t (in case o f com m on leads u su a lly  1 ,2— 1 ,8 % ) th e  errors o f  
th e  re la tiv e  ab u n d an ces  are  p re d o m in a n tly  d e te rm in ed  b y  th e  v a ria tio n  of th e  
m easu red  P b 204 p eak  in te n s ity  a n d  th u s  th e  q u a n titie s  x , y  a n d  z are u su a lly  
co rre la ted  to  a considerab le  e x te n t . Since th e  v a ria tio n s  o f  th e  P b 206 a n d  
P b 207 in te n s itie s  are  of th e  sam e o rd er, th is  co rre la tio n  leads to  th e  deve lop 
m e n t o f e llip tica l d ev ia tio n  p a tte rn s  in  th e  x ,  y  d iag ram , w ith  th e  g rea t ax is  
in c lin in g  b y  a b o u t 45° to  th e  co o rd in a te  axes, th e  cen tre  o f  th is  d ev ia tio n  
p a t te rn  su p p ly in g  th e  m ost p ro b ab le  values fo r th e  q u a n titie s  x  an d  y .  E rra t ic

Acta Phys. H ung. Тот. X X . 1966



COMMON LEAD ISOTOPE ABUNDANCES 129

age values o rig in a tin g  from  s ta tis tic a l e rro rs  are  — in  a s ta tis tic a l m a n n e r — 
equally  d is tr ib u te d  be tw een  В -type  an d  J - ty p e  anom alies, b u t  В -ty p e  a n o m a 
lies are in  th e  case o f leads younger th a n  2700 m. y . co n n ec ted  w ith  a seem 
ing ly  h igh , a n d  J - ty p e  anom alies w ith  seem ingly  low  va lu es  of th e  m ilieu  
index . In  th e  case of leads o lder th a n  a b o u t 2700 m. y . th e  s itu a tio n  becom es 
reversed.

In  som e ty p es of m ass sp ec tro m ete rs  sy s tem a tic  erro rs can  arise  from  
th e  presence o f  H g204 b a ck g ro u n d  in  th e  in s tru m e n t, in te rfe rin g  w ith  th e  P b 204 
in ten s ity , especially  if  th e  m easu rem en ts are  carried  o u t on th e  a to m ic  ions. 
One should  n o te , how ever, t h a t  d is tu rb in g  b ack g ro u n d  d u e  to  H g204 can  occur 
even a t h igher m ass n u m b ers , for ex am p le  in  the  reg ion  o f th e  P b l+ ions as 
a consequence o f th e  fo llow ing reaction :

P b l+  +  H g204 ^  P b  +  H g2<l4I+

th e  p ro d u c t o f w hich reac tio n  co n trib u te s  to  th e  in te n s ity  m easured  a t  m ass 
num ber 331 fo r the  P b204I + ion.

E rra tic a lly  high P b 204 abundances m easu red  in  th e  presence o f a H g 
back g ro u n d  re su lt in  th e  d isp lacem ent o f  th e  po in ts in  th e  x —y  d iag ram  in 
th e  45° d irec tio n  an d  give rise  to  the  d ev e lo p m en t of a p p a re n t  В -type  a n o m a 
lies. O f course, if  we ta k e  in to  accoun t th e  b ack g ro u n d  due to  m ercu ry , th is  
effect does n o t p lay  a role, b u t  i t  enlarges th e  u n c e r ta in ty  o f th e  d e te rm in a tio n  
of th e  P b 204 ab u n d an ce .

The in d iv id u a l e rro r sources d e a lt w ith  in  th is  re p o r t  u su a lly  a p p e a r 
toge ther, an d  th u s  can give rise to  r a th e r  com plica ted  d ev ia tion  p a tte rn s  in 
th e  H —H  d iag ram . In  th e  following we shou ld  like to  d e m o n s tra te  th e  above 
m entioned  effects in  a p ra c tic a l case.

A practical case

The a u th o r  of th is  re p o rt has re c e n tly  pu b lish ed  some e x p e rim e n ta l 
d a ta  on th e  lead  iso topic  c o n s titu tio n  o f th e  lead  ores o f th e  Velence M o u n ta in s , 
H u n g ary  [9]. T he ra th e r  g re a t sc a tte r  o f  th e  ex p e rim en ta l po in ts in  th e  x —у  
d iag ram  ren d e red  i t  p ro b ab le  th a t ,  in  sp ite  o f th e  accep tab le  dev ia tio n s o f th e  
in d iv id u a l m easu rem en ts , th e y  are b u rd e n e d  b y  som e erro rs being  su p erio r 
to  th e  s ta tis t ic a l  ones. To clear up  th is  question  all sam ples have  b een  re 
m easured  w ith  im proved  techn iques. T h e  resu lts  are  p lo tte d  in  F ig . 5 w here 
resu lts  of th e  f irs t se t o f  m easu rem en ts as given in  [9] are  show n b y  circles 
an d  th e  rep lica te  d a ta  b y  fu ll dots.

I t  is conspicuous t h a t  in th e  case o f  the  re p e a te d  m easu rem en ts  th e  
s ta tis tic a l e rro rs  could be h igh ly  red u ced , re su ltin g  p rim a rily  in  th e  in c reased
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accu racy  o f  th e  P b 204 d e te rm in a tio n . T he ra t io  of th e  m a in  axes of th e  d is 
persion  ellipses is a b o u t 1 : 3 ,5; in d ica tin g  a n  im p ro v em en t o f  th is  o rd e r in  
th e  re la tiv e  accu racy  o f th e  P b 204 d e te rm in a tio n s , while th e  accuracies o f  
th e  P b 2oe a n d  P b 207 d e te rm in a tio n s  are  im p ro v ed  b y  a fa c to r  of a b o u t 2 .

Fig. 5. Isotop ic  constitu tion  of lead ores o f the V elence M ountains, H ungary, according to  
two sets o f  m easurem ents. R esu lts as given in [9] are shown by circles, dots represent rep licate  

data determ ined w ith  im proved techniques

F ig . 5 s tr ik in g ly  show s th a t  th e  re so lu tio n  o f th e  in s tru m e n t w as n o t 
su ffic ien t d u rin g  th e  f irs t  m easu rem en ts . T h e  average iso to p e  a b u n d an ce  
values o f  th e  tw o  sets o f m easu rem en ts  d iffe r s ign ifican tly  from  each o th e r , 
an d  th e  slope o f th e  s tra ig h t line to  th e  tw o  ce n tra l po in ts  is 1,95 ^  1,0 th e  
e rro r be in g  ca lcu la ted  from  th e  d ev ia tio n  o f th e  tw o av erag e  po in ts . T h is  
s teepness co rresponds w ith in  th e  lim its  o f  e rro r  to  th e  d isp lacem en t slope 
w hich m a y  be ca lcu la ted  on th e  basis o f  th e  discussions o f  th is  rep o rt.

F o r  th e  v e ry  reaso n  o f th e  a p p ro x im a tiv e  n a tu re  o f  th e  general s t a t e 
m en ts  m ad e  in  th is  re p o r t  m ore e lab o ra te  conclusions concern ing  th is  sp ec ia l 
case c a n n o t be d raw n , b u t ,  b y  all m eans, th e  presence o f a d d itio n a l e rro rs  
o rig in a tin g  from  th e  in a d e q u a te  m ass re so lu tio n  could be  s ta te d  w ith o u t 
a n y  d o u b t, an d  th u s  th e  H — H  m odel ages g iven  in  th e  p rev io u s re p o rt [9] 
tu rn  o u t to  be h igh  to  som e e x te n t.

D e ta ile d  d a ta  on th e  rep lica te  m easu rem en ts  w ill be  pub lished  in  a  
se p a ra te  re p o r t .
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ЭКСПЕРИМЕНТАЛЬНЫЕ ОШИБКИ И ИНТЕРПРЕТАЦИЯ ИЗОТОПНОГО 
СОСТАВА ОБЫКНОВЕННОГО СВИНЦА

А . К О В А Ч

Р е з ю м е

Рассматриваются источники экспериментальных ошибок, приводящиеся к непра
вильным модельным возрастам по моделе Голмса и Гутерманса. Особое внимание уделяется 
на кажущиеся аномалии возрастов, вызванные неудовлетворительным разрешением масс- 
спектрометра.
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STUDY OF THE MULTIPLE SCATTERING CONSTANT 
IN EMULSION AT GREAT CELL LENGTHS

B y

G. B o z ó k i, É . G o m b o s i , L. J e n i k , E . N a g y  and M . Sa h i n i *CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 
(Presented b y  L. Jánossy . — Received 9. III. 1965)

The dependence of the m ultiple scattering constant ( К ) on cell length  is studied in 
the in terval o f 0,5 cm t 10 cm by m eans of two different m ethods. B y  th e  “ coordinate 
m ethod” the average value of К  is found to  be К  =  30,2 j ;  0,6 in  the cell len gth  interval 
of 0.5 cm  i <; 3 cm. When the effect of spurious scattering is taken into account this value 
decreases to  27,1 i  1,2. The “ angular dispersion” m ethod y ields К  — 30,2 2,5 for the
cell len gth  interval of 3 cm <  t < , 10 cm. I t  is found that th e  spurious scattering depends 
on the cell length  as dsp — a ln where a — (6,84 i  1,33) • 1 0 “ 3 and n =  1,22 i  0,17 in the  
cell len gth  interval of 0,2 cm  <  t <  3 cm.

1. Introduction

M ultip le Coulom b sc a tte rin g  o f h igh  energy  p a rtic le s  in  em ulsion  at 
g rea t cell len g th  ({ 1 cm ) has b een  s tu d ied  re c e n tly  b y  sev e ra l au th o rs
[ 1 - 7 ] .  Some of th em  fo u n d  th a t  th e  sc a tte rin g  c o n s ta n t К  fo r such  cell 
len g th s  is c o n s tan t an d  sm aller th a n  th e  th e o re tic a lly  ex p ec ted  sa tu ra tio n  
va lu e , o th ers  o b ta in ed  re su lts , w hich show ed th a t  К  h as  a decreasing  ten d en cy  
w ith  increasing  cell len g th . Such an  e ffec t — if  i t  ex is ts  —- is v e ry  im p o r ta n t 
n o t on ly  from  th e  p o in t o f view  of th e  th e o ry  of m u ltip l C oulom b sca tte rin g  
b u t  also for th e  d e te rm in a tio n  of th e  m o m en tu m  o f h igh en e rg y  partic les. 
T herefo re  i t  seem ed to  be w o rth  while to  con tinue o u r earlie r in v es tig a tio n s  [6].

In  th e  in v es tig a tio n  rep o rted  h ere  the  d ependence  of th e  sca tte rin g  
c o n s ta n t on cell len g th  w as d e te rm in ed  from  t =  0,5 cm  up  to  t —  10 cm 
b y  tw o  d ifferen t m ethods.

In  th e  in te rv a l of 0,5 cm  <[ f < [ 3 cm , th e  “ co o rd in a te  m e th o d ”  [8] of 
m u ltip le  sca tte rin g  m easu rem en ts  a n d  fo r h igher cell leng ths th e  “ an g u lar 
d ispersion  m e th o d ” ** [5, 6] were u sed . A t t =  3 cm , К  was d e te rm in ed  by  
b o th  m ethods to  check th e ir  consistency .

T he p resen t m easu rem en ts  p e rm itte d  also in v e s tig a tio n  o f th e  spurious 
s c a tte r in g  as a fu n c tio n  of cell len g th .

* On leave from the In stitu te  of A tom ic Physics, B ucharest.
** This m ethod is analogous to  the “ ta n g en t” or “ angular” m ethod of m ultip le scatter

ing m easurem ents.
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2. D iscussion o f  the methods o f  m easurem ent

2.1. The s c a tte r in g  c o n s ta n t can  be ca lcu la ted  in  th e  case o f  th e  coord inate  
m e th o d  from  th e  w ell-know n fo rm u la :

К  =
0,513 -pß  • dc

t3/2 ( 1 )

w ith  th e  a p p ro x im a tio n  dsp d c. H ere dc a n d  dsp are  q u a n titie s  ca lcu la ted  
fro m  th e  second differences o f th e  coo rd inate  v a lu es  of th e  t r a c k  m easured  
a n d  re fe r to  m u ltip le  Coulom b sc a tte r in g  an d  sp u rio u s sc a tte rin g , re spec tive ly . 
(d , t a n d  p ß  are  exp ressed  in  p ,  1 0 0 a nd  MeV/с, re sp ec tiv e ly .) The value  
o f  th e  sca tte rin g  c o n s ta n t th u s  o b ta in e d  is la rg e r th a n  or a t  m o st equal to  
th e  t ru e  value o f K .  T he less th e  spu rious sc a tte r in g  can be neg lec ted  as com 
p a re d  w ith  th e  C oulom b sc a tte r in g , th e  g rea te r is th is  d ev ia tio n . M easurem ents 
w ere m ade e.g. b y  [4] in  tw o  reg ions o f a p la te , w here  in  th e  f i r s t  region th e  
sp u rio u s  sc a tte r in g  w as sm all, w hile in  th e  second i t  was large . T he sca tte rin g  
c o n s ta n t was fo u n d  to  he in  th e  “ good reg ion”  К  =  (28,0 ^  2,2) an d  in  th e  
“ b a d  reg ion”  К  =  (42,1 ^  3,6). I t  is obvious t h a t  th e  m e th o d  described  
above is ra th e r  sen sitiv e  to  th e  spurious sc a tte r in g  in  th e  em ulsion  p la te .

2.2. In  th e  case of th e  “ a n g u la r  d ispersion”  m eth o d  [5], th e  la te ra l 
a n g u la r  d is tr ib u tio n  is m easu red  in  tw o or m ore s trip s  p e rp en d ic id a r to  th e  
d irec tio n  of th e  b eam . W hen th e  d is tan ce  t of th e  s trip s  from  one an o th e r is 
m easu red  in  u n its  o f  100 u, th e  sc a tte r in g  c o n s ta n t can  be d e te rm in ed  from  
th e  follow ing fo rm u la :

K , = ( i  W  -  oi2)1/2 ß  

1,225 - t1/2 1
( 2 ) *

N  N
H ere  |#/|2 =  and  l#o|2 =  2 *  w h ere , &o i an d  &t ,■ are th e

p ro je c te d  angles (in degrees) b e tw een  th e  i- th  m easu red  tra c k  a n d  th e  average 
d ire c tio n  of th e  b e a m  in  th e  f i r s t  s tr ip  (t =  0), a n d  th e  s tr ip  a t  a d istance  t, 
re sp ec tiv e ly .

T he c o n tr ib u tio n s  of th e  v a rio u s  noises (g ra in , s tage, re a d in g  noise) to  
th e  C oulom b sc a tte r in g  angle a re  th e  sam e in  each  s tr ip . T hus b y  th is  m ethod  
th e  e ffec t of all no ises can  be e lim in a ted . H ow ever, th e  effect o f  sm all-angle 
d iffrac tio n  s c a tte r in g  has to  be ta k e n  in to  acco u n t. (See th e  A ppend ix .)

* The average scattering angles m easured by the “ coordinate” m ethod  are calculated  
from  those measured b y  the “ angular”  or “ tangent” m ethod , by m ultip ly ing the latter by  
a factor of 1,225 [8].
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3. E x p erim en ta l resu lts

3 .1 . M easurement w ith the coordinate method

3.1.1. M easurem ents were ca rr ied  o u t on tra c k s  o f  n ~-m esons o f  m o m en t
u m  (17,2 ^  0,2) GeV/с in  Ilfo rd  G5 em ulsion  p la te s  o f size 14,5 cm  X 23,5 
cm  X 0,06 cm  b y  m eans of a K o ris tk a  R4 m icroscope w ith  a n  ob jec tive  
o f  55 X m agn ifica tion .

T racks of a to ta l  leng th  o f a b o u t 10 m  w ere m easured  w ith  a basic 
cell len g th  of t =  0,5 cm  an d  a fu r th e r  to ta l  le n g th  o f ab o u t 3 m  tr a c k  w ith  
sm alle r cell len g th s  (t =  50 ц  -r- 0,5 cm ). T he sec tio n s o f track s ly in g  inside a 
reg ion  of a b o u t 30 ц  from  th e  to p  or th e  b o tto m  o f th e  p la tes w ere o m itted  
from  th e  m easu rem en t.

T he tra c k s  w ere so aligned t h a t  th e y  s ta y e d  w ith in  th e  eyepiece scale 
50 fi) over th e  en tire  (roughly  10 cm ) m o v em en t o f th e  stage.

The average  o f th e  m easured  second differences m ay  be w r it te n  as th e  
sum  o f ce rta in  av erag ed  q u an titie s  re la tin g  to  th e  Coulomb sc a tte r in g , th e  
spu rio u s sc a tte rin g  a n d  o th e r noises in  th e  fo llow ing w ay:

Vm =  dc +  d2sp -f- d„ .

T he value o f th e  to ta l  noise was fo u n d  to  be (0,150 ^  0,003) fi w hen  a cell- 
len g th  of 50/1 was used.

The d is tr ib u tio n s  of the  ab so lu te  values o f  th e  second differences for 
cell len g th s  t =  0 ,5 ; 1; 2 an d  3 cm  a f te r  c u t o ff  a t  | D m | =  4 \Dm\ an d  
no rm aliza tio n  to  th e  to ta l  n u m b er o f second differences are show n  to g e th e r 
w ith  th e  co rrespond ing  no rm al d is tr ib u tio n  in  F ig . 1. D ue to  th e  c u t  off 2,7; 
1,9; 0,8 an d  0.9 per c en t o f the  to ta l  n u m b er of second  differences w ere o m itted  
w hen  p lo ttin g  th e  v a rio u s cu rves. A  j;2- te s t an a ly s is  show ed t h a t  th e  cu t 
o ff d is tr ib u tio n s  can  be well a p p ro x im a te d  by  n o rm a l d is tr ib u tio n s  u p  to  th e  
h ighest cell len g th  m easured .

3.1.2. The m ean  values o f th e  second d ifferences co rrec ted  fo r th e  con
s ta n t  noise (dm) a f te r  cu t off a n d  p lo tte d  versu s  cell len g th  are  show n in 
F ig . 2a (open  circles). The th e o re tic a l curve o b ta in e d  for dc w ith  values of 
K (t)  ca lcu la ted  b y  V o y v o d i c  a n d  P i c k u p  [9] w ho to o k  in to  ac c o u n t th e  
fin ite  size o f th e  nucleus, is also rep ro d u ced  in  th e  sam e figure. B ecause  of th e  
effect of spurious sc a tte r in g  one sh o u ld  ex p ec t th e  ex p erim en ta l v a lu es  to  be 
large  or a t  m ost eq u a l to  th e  co rresp o n d in g  v a lu es  o f dc.

The p resen t re su lts  are n o t in  c o n trad ic tio n  w ith  th e  above e x p e c ta tio n . 
T he la rg es t — b u t  n o t  sign ifican t — dev ia tio n s in  th e  “ b a d ”  d irec tio n  betw een  
th e  ex p erim en ta l p o in ts  an d  th e  th e o re tic a l cu rve  a re  a t  cell len g th s  o f t =  2,5 
a n d  3 cm.
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F ig . 1. D is tr ib u tio n s  o f  second d ifferences (D m) for cell le n g th s  a) t — 0,5 cm , b ) t =  1 cm
c) t =  2 cm  and  d) t =  3 cm
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(in 100fj units )

Fig. 2b

F ig .  2c
F ig . 2. V a ria tio n  of dm w ith  t. a) p re sen t e x p e rim e n t (17,2 GeV/e n ~ ). T he p o in ts  m ark e d  b y  

ï  correspond to  second  differences co rrec ted  for sp u rio u s  sca tte rin g  
b) Y ash P al e t a l. J  and  A. A . K amal et al. о (17,2 GeV/ с я - ) 

c) A. H ossain e t al. (16,2 GeV/c/л:- ). The c o n tin u o u s  curves show  th e  v a ria tio n  o f  dc a t  given 
en ergy  ca lcu la ted  w ith  a К -value  o b ta in ed  b y  V oyvodic and  P ic k u p  b y  tak in g  in to  acco u n t

th e  f in ite  size o f  th e  nucleus (9]
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Гог com parison  th e  values o b ta in ed  b y  o th e r  au th o rs  fo r 16,2 GeV [1], 
17,2 GeV [3, 4] n ~-m esons a re  p lo tte d  to g e th e r  w ith  the th e o re tic a l dc-cu rve  
co rresp o n d in g  to  th ese  energ ies in  F igs. 2b — c. O ne m ay  see t h a t  in  m ost o f  
th e  cases th e  d ev ia tio n s  are  la rg e r an d  m ore p ro n o u n ced  th a n  in  the  p re se n t 
case. I t  h a s  to  be em p h asized , how ever, th a t  th e  fac t th a t  in  consequence o f  
th e  e ffec t o f  spu rious sc a tte r in g  th e re  does n o t  seem  to  be  d isag reem en t 
b e tw een  th e  e x p e rim e n ta l a n d  th e  th e o re tic a l v a lu es , does n o t  im p ly  th e  n o n 
ex is ten ce  o f such  a d isag reem en t.

3.1.3. In  th e  p re se n t in v e s tig a tio n s  we h a v e  u sed  th e  m e th o d  o f Casnikov  
e t  al. [10] w hich  does n o t req u ire  know ledge o f K .  B y th is  m e th o d , the  v a lu e  
o f  dc a n d  dsp can  be  o b ta in ed  from  th e  m easu red  second (dm) a n d  th ird  (dm 3) 
d ifferences. In tro d u c in g  th e  n o ta tio n s

we have

A  an d
2 d sp

Q2 - Q'sp
( 3 )

(4)

T he v a lu es  o f dc o b ta in e d  fro m  equ . (3) w ith  g2p =  are  p lo tte d  in  Fig. 2a 
(crossed  p o in ts). I t  can  be seen, t h a t  a ll th e  e x p e rim en ta l p o in ts  for t 1 cm  
lie u n d e r th e  th e o re tic a l cu rv e , i.e. th e  d e v ia tio n  is m ore p ro n o u n ced  th a n  
in  th e  f i r s t  case (see 3.1.2) d esp ite  o f th e  g re a te r  s ta tis tic a l e rro r  of th e  in d i
v id u a l va lues.

T he va lu es  o f dsp o b ta in e d  fro m  eq. (4) fo r d iffe ren t cell leng ths a re  
p lo tte d  in  F ig . 3. F ro m  th is  i t  m a y  be seen t h a t  th e  spu rio u s sca tte rin g  does 
n o t show  a n y  sa tu ra t io n  (or b re a k  dow n) te n d e n c y  w ith  in c rea s in g  cell le n g th  
as o b ta in e d  in  ce rta in  cases b y  som e au th o rs  [11 — 13] for cell len g th s  t 1 cm . 
T he d isc rep an cy  m ay  be due to  th e  fa c t th a t  in  th e  m ethods ap p lied  by  th o se  
au th o rs* *  К  h a d  to  be know n.

* This assum ption is supported  by  the fact, th a t  experim ental values very close to  
10 »

Ssp *** Qn ~  were obtained by  Casnikov e t al. w ith  the  form ula given in ref. [10]:

eh  =  (h) -  4m,3 (** )]/[( - ^ )  ! d m (h) -  dfn  <*2)] ,

where tx and  t2 represen t two different cell lengths.
** E xcept A. A ditya e t al. [12] who used re lative scattering m easurem ents for th e  

determ ination  of the spurious scattering .
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A ccording to  th e  p resen t m easu rem en ts  th e  dependence  o f th e  spu rious 
sc a tte r in g  on th e  cell len g th  is g iven  b y  a pow er law :

dSp - — a ' t (5)

w ith n —  1,22 ^  0,17 a n d  a =  (6,84 ^  1,3) • 10~3 o b ta in ed  b y  m ean s of th e  
m eth o d  o f least sq u ares . These v a lu es  are in  a good ag reem en t w ith  th e  d a te  
listed  in  T ab le  У  in  th e  paper o f  J o n e s  an d  K a l b a c h  [13] a n d  w ith  th e  
resu lts o f  M a r z a r i -C h i e s a  and  W a t a g h i n  [14].

Fig. 3. Dependence of spurious scattering on cell length

Table I

t
(100 a)

К
if d Sp  d c

К
corr.

50 31,8 ± 1 ,7 * 27,5 ±  2,0
100 30,4 ±  2,0 27,1 ±  2,2
150 30,1 ±  1,1 26,3 ±  2,7
200 30,0 ±  1,2 27,8 ±  4,4
250 29,5 ±  1,7 27,2 ±  4.0
300 28,7 ±  1,7

The g-values w ere also ca lc u la ted  an d  p lo tte d  v s. th e  cell le n g th  (F ig . 4a). 
For com parison  th e  re su lts  o f [3—4] a n d  [10] are also p resen ted  (F igs. 4b — d).

* This value is higher than expected  because the assum ption j sp does not hold
at this cell length.
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F i g .  4 .  V aria tio n  o f q v s . t. a) p re sen t e x p erim en t, b) Y a sh  P al e t al., c) A. A. K amal e t al.,
d) Ca sn ik o v  e t  al.

T he p-values m easu red  b y  [10] depend  s ig n ifican tly  on cell len g th *  while 
o th e r  au th o rs  h a v e  n o t found  such  a dependence.

The av erag e  o f th e  p-values in  ou r m easu rem en ts  an d  in  refs. [3, 4, 10] 
a re  1,45 ^  0 ,02 ; 1,38 ^  0,04; 1,35 ^  0,02 a n d  1,60 ^  0,01, respective ly .

A ll of th e m  are  s ig n if ican tly  la rg e r th a n  gc = 1,225 p re d ic te d  th e o re tic 

a lly  fo r m u ltip le  C oulom b sca tte rin g .
T he v a lu es  o f  th e  s c a tte r in g  c o n s ta n t ca lcu la ted  on th e  assu m p tio n  

dsp <g dc a n d  w ith  values o b ta in e d  from  eq. (3) a re  lis ted  in  T ab le  I ,  re sp ec t
ively .

* The p-values in Fig. 4a — c were calculated from  the second and third differences 
corrected for the constan t noise, while those in Fig. 4d were calculated from  th e  uncorrected 
data. This difference, how ever, does not explain the significant dependence on cell length  
since for large t (t ^  0,1 cm) the noise becom es negligible as compared to the m easured value.
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3.2. Measurement with the angular dispersion method

3.2.1. M easurem ents were ca rried  ou t in  th e  sam e region o f  th e  em ulsion 
p la tes  as in  th e  fo rm er case b y  m eans o f a K o ris tk a  MS2 m icroscope w ith  an  
ob jec tiv e  of 55 X m agnifica tion . T he p la te  w as p laced  on th e  s tag e  in  such  
a w ay  th a t  th e  angle betw een  th e  d irec tion  o f  s tage  m otion a n d  th e  average  
d irec tio n  of th e  p ion beam  (a) w as a b o u t zero. I n  o rder to  inc lu d e  o n ly  p rim a ry  
p artic les only tho se  track s  were m easu red  w here  th e  p ro jec ted  ang les be tw een  
th e  tra c k s  an d  th e  average d irec tio n  of th e  b e a m  were sm aller th a n  1°.

In  th ree  s trip s , a t  d istances 1,8; 4,8 a n d  11,8 cm from  th e  edge of th e  
p la te  (th e  second an d  th ird  s tr ip , re sp ec tiv e ly , be ing  a t  t =  3 a n d  t =  10 cm  
from  th e  f irs t one), ab o u t 1000 tra c k s  w ere m easu red . A t th e  en d  po in ts o f  
each  s tr ip  (1000 p  wide) th e  o rd in a te s  of th e  tra c k s  were m e asu red  and  th u s  
th e  values o f tg  a, d irec tly  o b ta in ed . T h en  th e  angle #,• =  a,- — a  b e tw een  
th e  d irec tion  o f th e  i- th  tra c k  an d  th e  av e rag e  beam  d irec tion  w as ca lcu la ted . 
(The read in g  e rro r of each angle w as ^ 0 ,1 5  m  rad .)

In  order to  e lim inate  th e  possible b a c k g ro u n d  due to  sing le C oulom b 
sca tte rin g s , knock-on  e lectrons a n d  secondaries from  in e lastic  nu c lea r in te r 
ac tio n s, a cu t off was app lied  a t  | | =  4 ] & |. In  th is w ay  th e  sam e b a c k 
g ro u n d  “ ev e n ts”  were e lim in a ted  as in  th e  case of th e  c o o rd in a te  m ethod .*  
In  th e  f irs t, second  an d  th ird  s trip s  0 ,6 % , 1 ,5 % , an d  0 ,6%  o f th e  to ta l  n u m b e r 
o f tra c k s  w ere o m itted , re spec tive ly .

The average  angle an d  th e  varian ce  a  = л
T ■&t I o f th e  co rresp o n d 

ing no rm al d is trib u tio n s  before an d  a fte r  a p p ly in g  cu t off a re  l is te d  in T ab le  I I  
for d ifferen t cell lengths.

Table II

t
(100 fi) l*i (m. rad) a, (m rad)

before after
cut

before

off

after

0 (1,54 ±  0,04) (1,51 ±  0,04) (1,93 ±  0,04) (1,89 ±  0,04)
300 (1,78 ±  0,04) (1,69 ±  0,04) (2,22 ±  0,05) (2,12 ±  0,05)

1000 (2,15 ±  0,05) (2,10 ±  0,05) (2,69 ±  0,06) (2,63 ±  0,06)

* In the case of two normal d istributions w ith  variance Oc and cra respectively , “ ev en ts”  
having identical probability are om itted  if  both  d istributions are cu t o ff a t | ûc | =  x  a c 
and I I =  * f fa respectively (where У- is an arbitrarily  chosen constan t, having the sam e  
value in both  cases).
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The S ta tis tic a l errors w ere ca lcu la ted  fro m  th e  fo rm u lae :

à f i t \ l% \  =  (1 Д 4 /2  ( N t -  1 ))V* a n d  d ó ja ,  =  ( 2 ( N t -  1))4*, 

w here N t is th e  to ta l  n u m b e r  o f angles m easured .

F ig. 5. D istributions o f  j &t j | obtained in  the first, second and third strip

3.2.2. T h e  an g u la r d is tr ib u tio n s  (a f te r  cut-off) a re  show n to g e th e r  w ith  
th e  co rresp o n d in g  n o rm a l d is trib u tio n s  in  Fig. 5. T he d is trib u tio n s a re  n o r
m alized to  1. A  ^2-te s t show s th a t  th e  e x p e rim e n ta l d is tr ib u tio n s  can  b e  w ell 
a p p ro x im a te d  b y  n o rm al ones.

F o r th e  ca lcu la tio n  o f  th e  sc a tte r in g  c o n s ta n t one has to  use eq . [2]. 
This re la tio n , how ever, h o ld s  only if  m u ltip le  C oulom b sca tte rin g  is p re se n t. 
T ak in g  in to  acco u n t th e  c o n tr ib u tio n  o f  th e  sm all-ang le  d iffraction  s c a t te r 

ing , I #г,согг|2 =  (|d(]2 — <(| $í,nuci. I)2) k a s  to  be w r it te n  in  eq. (2) in s te a d
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of I § t |2. (F or th e  ca lcu la tion  of \)2 see th e  A ppend ix .) W ith  th is
eq. (2) m ay  he re w ritte n  in  th e  fo rm

l^.corrl2 =  l^ol2 +  a i , w here
1,225 K  2 

Pß
( 6 )

In  F ig . 6 ] $ icorr|2 is p lo tte d  vs. cell length . T h e  ex p erim en ta l p o in ts  y ield  
a s tra ig h t line, in d ic a tin g  th e  c o n s tan cy  of К  in  th is  in te rv a l. W hen using

Fig. 6. Variation o f  [ &t c j2vs. t. The continuous line w as calculated using th e  m ethod of least
squares

th e  m e th o d  of th e  le a s t squares, th e  value of a  a n d  th a t  of К  c an  be ca lcu la ted . 
К  was fo u n d  to  be

К  =  30,2 ±  2,5. 4

4. D iscussion and conclusions

4.1. I t  is a p p a re n t from  T ab le  I  th a t  in th e  in te rv a l of 0,5 cm  f <[ 3 cm  
th e  iC-values show  a sm all, b u t  in  no w ay  sign ifican t d ep en d en ce  on cell 
len g th , an d  can be well a p p ro x im a te d  b y  a c o n s ta n t:  К  =  30,2  ^  0,6. W ith  
th e  “ an g u la r d isp e rs io n -m eth o d ”  К  =  30,2 ^  2,5  was o b ta in ed  from  f =  3 cm  
up  to  t =  10 cm , w hich  is in  ag reem en t w ith  th e  above v a lu e . I f  one co rrec ts  
for spurious sc a tte r in g  one finds, in  th e  sam e in te rv a l, th e  d ependence  of th e  
К -values on cell le n g th  to  be w eak er (see T ab le  I ) , and  the  av e rag e  value o f К  
to  be 27,1 i  1,2. T herefore  i t  seem s necessary  to  correct fo r  th e  effect o f
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Table III

V alues of the 1

Cell I E x -  I M e a s

t (cm ) I  v a lu e s [ U ]  [8] [9] [10] 1 [10] p re se n t  p a p e r [12] [9] [10]

0,1 27,3 28,2 + 1.0 1
Í

i 30,6 ± 0 .9 *
0,15 27,7 2 7 ,9 + 1 .4

0,2 28,3 28,6 +  1.7 j 28,8 + 0.4 30,1 ± 1 .2 29,9 ± 0 .9

0,3 28,6 j 30,9 ± 1 .7

0,4 28,9 27,8 ± 0 .5 2 9 ,0 ±  1.8 31,0 ±2 .1 30,2 ± 1 .5 30,6 ±1 .2

0,5 29,2 31,8 ±  1.7 27,5  ± 2 .0 31,3 ± 2 .3

0,6 29,4 28,1 ± 0 .7 32,2 ± 2 .9

0,8 29,8 30,5 ±  1.7 27,8 ± 0 .7 29,8 ±  3.4 29,0  ± 2 .6

1,0 30,1 26,9 ± 1 .7 28,9 ± 1 .0 30.4 ± 2 .0 27,1 ± 2 .2

1,5 30,6 30,1 ± 1 .1 26,3  ± 2 .7

2,0 30,9 2 6 ,6 ±  1.2 23,2 ± 2 .6 29,3 ±  0.8 30,0 ±  1.2 27,8  ± 4 .4

—
2,5 31,2 29,5 ± 1 .7 27,2  ± 4 .0

—
3,0 31,2 25,4 ± 1 .8 27,2 ± 1 .1 28,7 ± 1 .7

4,0 31,2 2 7 ,6 + 1 .6

5,0 31,2

6,0 31,2

7,0 31,2

7,2 31,2

8,0 31,2

9.5 31,2

10,0 31,2 1
M ean

v alu e К 28,2 ± 0 .7 26,3 ± 1 .0 27,7 +  1.1 28,3 ± 0 .2 30,1 ± 0 .6 ! 27,1 ± 1 .2 30,6 ±  0.6 29,9 +  0.81
C oordinate

M eth o d  ap p lie d c u t  off 
w ith  re 

p lacem en

j w ith o u t 
c u t  o ff usin g  c u t  off

M easurem ents on  single tra c k s
1 b y  rel.
I s c a t te r  

in g
on single  t ra c k s by re la tiv e  sc a t te r in g

P artic le

T y p e л

E n e rg y
(GeV)

4,5 16,2 1  17 6,2

1 c o rre c te d  for d sp

s I c o rre c te d  for sm all ang le  d iffrac tio n  sc a tte rin g
’ T h ese  v a lu es  h av e  to  he m u ltip lie d  b y  a fac to r  o f  27/24 see ref. [12]
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scattering constant

u  г e d  b y

[10] [10] [13] [8] [2] p rese n t [2] [3] [6] [6] [<-]

4 c 9

31,8 +  1,9 28,0 ± 2 ,2 3 0 ,4 + 1 ,0

27,5 +  2,5 31,2 ± 2 ,7 30,0 ± 1 ,7

28,6  ± 2 ,5 27,6 ± 1 ,6

30,3 +  0,7 27,1  ± 2 ,4 27,3 ± 1 ,6

2 8 ,1 + 2 ,5

—
30,4  +  0,9 28,3  ± 2 ,6

26,5  ± 2 ,5

29,4 ± 2 ,0

27,4  ± 2 ,7

28,5 ± 2 ,8

30,2 +  2,5 28,2 ± 0 ,9 28,2 ± 0 ,9 31,5 ± 1 ,7

A n g u la r  d isp e rs io n у  d ispersion

w ith o u t  c u t  o ff c u t  o ff

on single 
t ra c k s on  s ing le  t ra c k s o n  single tra c k s

P n P  P P

27 8 0.3 17 6 9 I  27 8
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spurious s c a tte r in g  a t  sm a lle r  cell le n g th s  w here its  re la tiv e  c o n tr ib u tio n  to  
th e  to ta l  av e rag e  sc a tte r in g  is la rger th a n  a t  la rger cell len g th s .

S im ila r re su lts  w ere o b ta in e d  b y  K a m a l  e t al. [4] u s in g  the  “ c o o rd in a te  
m e th o d ” , b y  Ch em el  e t a l. [5] an d  tw o o f  th e  au th o rs  [6] a p p ly in g  th e  “ a n g u la r  
d ispersion  m e th o d ”  an d  b y  A d it y a  [7] u sin g  a t r e a tm e n t  analogous to  th e  
“ an g u lar d isp ers io n  m e th o d ” .

In  T a b le  I I I  K -v a lu es  are lis ted  w hich  were m easu red  for d iffe re n t 
energies in  th e  0,1 cm  <" t 10 cm  cell len g th  in te rv a l. D iv id ing  th e  p io n  
an d  p ro to n  d a ta  in to  tw o  p a r ts  w ith  re sp e c t to  th e  cell le n g th s , 0,1 cm  <i t <j 
<C 1 cm  a n d  1 cm  <[ t 10 cm , th e  w e ig h ted  averages o f  th e  К -values o v er 
th e  f irs t, seco n d  an d  th e  to ta l  cell len g th  in te rv a ls  are:* 28,9 i  0,2; 29,3 ^  0,3  
a n d  29,0 ^  0 ,2 , resp ec tiv e ly .

T he a b o v e  resu lts  su g g e s t th a t  — fo r n u c lea r-ac tiv e  p artic les in d e 
p en d e n tly  o f  th e ir  energies —

a) К  is c o n s ta n t a t  cell leng ths t 0,1 cm, and
b) sm a lle r  th a n  e x p e c te d  from  th e  th e o ry  of V o y v o d ic  an d  P i c k u p , 

even  if  th e  in flu en ce  of th e  spu rious s c a tte r in g  is ta k e n  in to  account.
The ab o v e  effect m a y  be  due to  th e  fa c t  th a t
1. e i th e r  th e  e x p e rim e n ta l m ethod  u se d  fo r d e te rm in in g  К  is n o t a d e q u a te  

a t  such g re a t cell leng ths or
2. th e  s ta tis t ic a l  th e o ry  of m u ltip le  Coulom b s c a tte r in g  needs som e 

m o d ifica tio n .
The fa c t  th a t  the d iffe re n t m e th o d s  give th e  sam e re su lt (w ith in  th e  

e x p e rim e n ta l e rro r) speaks a g a in s t th e  f i r s t  possib ility .
W e a re  in d e b te d  to  D r. E . F e n y v e s  fo r helpfu l d iscussions.

A ppendix

Calculation o f  <j It j)2 in  case o f  small angle diffraction scattering o f  p io n s
on emulsion nuclei

L et us in tro d u ce  th e  fo llow ing n o ta t io n s  and  d e fin itio n s :
1. 7Vt be  th e  num ber o f  nuclei o f ty p e  i per cm 3 in  th e  em ulsion,
2. A ± th e  m ass-n u m b er o f  nuclei o f ty p e  i,

0i

3. l /Á i =  N i d i = N i2 n j — ^  sin 0 d 9 ,  is the  in v e rse  value o f th e

о
m ean  free p a th  fo r d iffra c tio n  sc a tte rin g , an d  <7,- th e  co rrespond ing  to t a l  
cross sec tion ;

4.
— — sin  O d d
dO

k f a t

4тг
A f 3 qt e

qfi+AV,)
QdO { A l )

' In these  averages the resu lts written in  th e  2ncl and 3ra colum ns are not included .
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is th e  d iffe ren tia l an g u la r d is tr ib u tio n  of p ions s c a tte re d  on  n ucle i o f ty p e  i, 
w here 0 is th e  solid  angle o f sc a tte rin g , th e  0,- th e  lim itin g  p o la r angle, k f  
is th e  w ave n u m b er of th e  incom ing  p ion  in  th e  CMS o f th e  p io n  an d  nucleus 
o f ty p e  i.

R a A}'3 is th e  in te ra c tio n  rad iu s  o f a nucleus o f ty p e  i, at c an  be expressed  
in  te rm s o f R 0 as follows: at =  R% л  (for th e  p re se n t c a lcu la tio n : R 0 =  1,25

2  p  _]_
ferm i, i.e. er( =  49 m  b a rn ), ç, =  ------------— is a fa c to r  w hich  tran sfo rm s th e

Po +  A-i
angles from  th e  LS to  th e  CMS accord ing  to  th e  expression :

®CMS d  ^CMS —  3i ^LS •

( P 0 =  17,2 GeV/с is th e  m o m en tu m  o f th e  in com ing  pion in  th e  LS). E q .(A l) 
can  be no rm alized  to  1 in  th e  in te rv a l 0 <[ 0 << 0l as follow s:

IF,- (0) dQ =  2 л

dffj
(И sin  0

d d  . ( A  2 )

L et us now in v estig a te  th e  an g u la r d is tr ib u tio n  o f  th e  p ion  b eam  w hen th is  
is p ara lle l to  th e  longer edge o f th e  p la te  a t  a  d e p th  t in  th e  em ulsion.

T he no rm alized  an g u la r d is tr ib u tio n  of d iffrac tio n  sc a tte r in g  is given b y :

p(0 , t) dO
2  N ' A f 3

N ,  A P 1 - ■
Я/

ô(0) d0H------ W , (0) dO (A 3 )

an d  th e  square  of th e  ex p ec ted  ab so lu te  v a lu e  o f th e  p ro je c te d  sc a tte r in g  
angle by :

в;

<|#|>2 = y | d2P ( ° A ) d O .  (A 4)
0

A fter in te g ra tio n  an d  p u tt in g  sin 0 ^ 0 ,  one o b ta in s :

<|0|>* =  -gL _  1------ -
4Ro 2  N i  A p

N f A ?

where

A (x oi) =  ( !  +  xot)e X“i2 an d  x oi =

1 -  ^ ( * 01) 
k f  g, ( l  +  A p )

(& fP o 0,)2

t — b ( t ) t , (A3)*

3,(1 +  A p ) .

* H ere  th e  re la tio n  02 =  # 2 -f- Ф2 be tw een  solid ang le , p ro jec ted  ang le  a n d  d ip  ang le  
(Ф) is used.
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b(t) is a slow ly  v a ry in g  fu n c tio n  of t. T h is  dependence is due th e  fa c t t h a t  for 
d iffe ren t cell len g th s  th e  c u t  off w as m ad e  a t  d iffe ren t p ro jec ted  ang les. The 
values o b ta in e d  for b(t) a re  given in  T ab le  IV.

Table IV

1 (100/х) 6(0[m. rad]*/100/x

300 6,27 • IO"4
1000 7,25 • 10-4

The ra tio  o f  th e  in e lastic  to  th e  e lastic  sc a tte rin g  cross section  fo r л -nucleus 
in te ra c tio n  w as ca lcu la ted  in  th e  0 an g u la r in te rv a l as:

^  o ,0 6 .

This re su lt m eans th a t  no  co rrec tion  is n ecessary  for th e  effect of th e  secondary  
partic les e m itte d  a t  sm all angles in  in e la s tic  processes.
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ИЗУЧЕНИЕ ПОСТОЯННОЙ МНОГОКРАТНОГО РАССЕЯНИЯ 
В ЭМУЛЬСИИ ПРИ БОЛЬШИХ РАЗМЕРАХ ЯЧЕЕК

Г. БОЗОКИ, Э. ГОМБОШИ, Л. ЕНИН, Э. НАДЬ и М. ШАГИНИ
Р е з ю м е

Изучается зависимость постоянной многократного рассеяния (К)  от размера 
ячейки двумя различными методами в интервале 0,5 см <  t <, 10 см. «Координационным 
методом» для среднего значения постоянной К  при размере ячейки в интервале 0,5 <; t 
<; 3 см получено значение К  =  30,2 ±  0,6. Если принять во внимание эффект ложного 
рассеяния, то значение постоянной уменьшается до 27,1 ±  1,2. Метод «угловой дисперсии» 
результирует К  =  30,2 ±  2,5 для размера ячейки в интервале 3 см <; i 10 см. Найдено, 
что ложное рассеяние зависит от размера ячейки согласно соотношению dsn — atn, где 
а =  (6,84 ±  1,33) • 10~3 и п =  1,22 ±  0,17 в интервале 0,2 см <, t <; 3 см.
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ÜBER DIE ENERGIEVERTEILUNG DER ELEKTRONEN  
IM STATISTISCHEN ATOM

Yon

P. G o m b á sPHYSIKALISCHES INSTITUT DER UNIVERSITÄT FÜR TECHNISCHE WISSENSCHAFTENBUDAPEST
(Eingegangen: 15. III. 1965)

Für die Energieverteilung der E lektronen sta tistisch  behandelter A tom e werden F or
m eln hergeleitet und zwar sowohl für den Fall einer globalen Behandlung der Elektronen, 
als auch für den Fall, dass die E lektronen im  A tom  in  Gruppen m it gleicher N ebenquanten
zahl unterteilt sind. D ie Resultate für die E aergieverteilung der Elektronen werden im  Falle des 
К -und H g-A tom s m it den aus den H artreeschen Tabellen berechneten V erteilungen verglichen, 
wobei sich zeigt, dass die statistischen V erteilungsfunktionen über die w ellenm echanischen  
V erteilungen sehr gut hinwegm ittein. W eiterhin w erden m it den statistischen  E nergievertei
lungen der E lektronen Energiem ittelwerte von  E lektronen in  Atom en berechnet. Für diese is t  
die Übereinstim m ung m it den wellenm echanischen R esu lta ten  weniger gut. D ie im  § 2 und § 3 
gewonnenen R esu ltate können auf beliebige statistisch  behandelte System e erweitert werden.

§ 1. Einleitung und Zusam m enfassung

E s is t e in igerm assen  ü b e rra sch en d , dass das sehr n ahe liegende  P ro b lem ; 
die B estim m u n g  d er E n erg iev erte ilu n g  der E le k tro n e n  im  s ta tis tisc h e n  A to m  
bis je tz t  n ich t n ä h e r  u n te rsu c h t w urde . D ies w ollen w ir in  d e r  vorliegenden  
A rb e it nachho len  u n d  zw ar b es tim m en  w ir zu n äch st die E n e rg iev e rte ilu n g  
d er E lek tro n en  im  s ta tis tisc h e n  A to m  u n d  zw ar sowohl fü r  den  F a ll e in er 
g lobalen  B eh an d lu n g  (d. h. k e inerle i U n te r te ilu n g  der E le k tro n e n  in  G ruppen), 
sowie au ch  fü r  den  F all, dass die E le k tro n e n  des A tom s in  G ru p p en  m it g le i
cher N eb en q u an ten zah l u n te r te i l t  s ind . D iese w erden d an n  fü r  die A tom e К  
u n d  H g m it den en tsp rech en d en  w ellenm echan ischen  V erte ilu n g en  verg lichen . 
W eite rh in  w erden  die F o rm eln  fü r  die E n erg iev e rte ilu n g  z u r  B erechnung  
v o n  M itte lw erten  der E lek tro n en en erg ie  im  A to m  herangezogen . Die im  § 2 
u n d  § 3 h e rg e le ite ten  R esu lta te  k a n n  m an  a u f  beliebige s ta tis t is c h  b eh an d e lte  
S y stem e vera llgem einern .

§ 2. Berechnung der Energieverteilung der Elektronen  
im  Thom as — Ferm ischen Atom

W ir gehen v o n  der E n erg ie  e eines E le k tro n s  im  A to m  am  O rt Г au s, 
d as  sich im  P o te n tia l  V  b e fin d e t u n d  das e in en  Im puls v o m  B e trag  p  b e s itz t. 
M an h a t  d ann

(1)

Acta Phys. H ung. Тот. X X . 1966



150 P. GOMBÁS

wo m  d ie M asse des E le k tro n s  u n d  e d ie po sitiv e  E le m e n ta rla d u n g  b eze ich n e t. 
H ie rau s fo lg t fü r  den  Im p u lsb e tra g

p  =  [2m(e +  Ve)]vK (2)

M it d iesem  A u sd ru ck  e rg ib t sich  f ü r  die A nzah l d n  der E le k tro n e n  pro 
V o lu m en e in h e it, deren  Im p u lsb e tra g  zw ischen p  u n d  p  -(- dp,  bzw . deren  
E n erg ie  zw ischen s u n d  e de lieg t in  b e k a n n te r  W eise1

dn  =  —  p 3 dp  =  4;7r(2w ) /ä (e +  V e ) * d  e , (3)
ft3 h3

w obei w ir m it h d ie P lan ck sch e  K o n s ta n te  b eze ichneten . H ieraus e rh ä lt  m an  
d u rch  In te g ra t io n  fü r  die A nzah l d e r E lek tro n en  im  A tom , deren  E n erg ie  
zw ischen e u n d  s  -]- de  f ä ll t

d N  _  4 и (2 |я )Ь d£  j ^  +  V e yU dv ' (4 )
h3 j

wo dv das V olum en e lem en t b eze ich n et u n d  das In te g ra l n u r  au f solche G eb ie te  
au sz u d e h n e n  is t , fü r  w elche der A u sd ru ck  u n te r  der W u rze l im  In te g ra n d e n  >  0 
is t. W en n  w ir — wie w ir dies im  fo lgenden  durchw eg tu n  wollen — eine k u g e l
sy m m etrisch e  P o te n tia lv e r te ilu n g  im  A to m  v o rau sse tzen , so können  w ir  fü r 
d N  sch re iben

d N  =  16л2 d e  f (e  +  V e f l . r2 d r , (5)
h3 J

wo r die E n tfe rn u n g  vom  K ern  beze ich n et.
M it diesen F o rm eln  lä s s t sich d u rc h  In te g ra tio n  n a c h  e sofort die A nzah l 

n(e) d e r E le k tro n e n  p ro  V o lum en ein h e it, bzw . die A n zah l N (e)  der E le k tro n e n  
im  g anzen  A tom  an g eb en , deren  E n erg ie  zw ischen d e r t ie fs te n  E nerg ie  e0 u n d  
e iner be lieb igen  E n erg ie  e lieg t. D iese tie fs te  E nerg ie des E lek tro n s e rg ib t sich, 
w enn  die k in e tisch e  E n e rg ie  gleich 0 w ird , w enn also  die gesam te E n erg ie  
m it d e r p o te n tie lle n  E n erg ie  am  O rt r id en tisch  is t. M an h a t  also

e0 = - e V  (6)

u n d  e rh ä lt  fü r  n(e) u n d  iV(e)

n(e) -- 8л(2  m)’/« 

3/i3
(e +  V e ) ' 1’ , (7)

N (e) =
32я2 (2 m)*/> 

3h3
(s -|- V e r2 d r , ( 8 )

1 Mau vgl. z. В. P. G o m bá s , Die statistische Theorie des A tom s und ihre A nw endungen,
S. 6, Springer, W ien, 1949.
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wo die In te g ra tio n  n ach  r n u r  a u f  d en  B ereich  auszudehnen  is t , fü r  w elchen 
im  In te g ra n d e n  der A usd ruck  u n te r  d er W u rze l >  0 ist.

H ie rau s e rg ib t sich so fo rt d ie  A nzahl d e r  E lek tro n en , d e ren  E nerg ie  
zw ischen ег u n d  e2 lieg t, fü r  die V o lu m en ein h e it u n d  fü r das ganze  A tom , u n d  
zw ar e rh ä lt  m an , fa lls e2 >  s1 is t , fü r  die V o lum en ein h e it n(ez) — «(gj) u n d  
fü r  das ganze A to m  iV(g2) — N ( gj).

W ir w ollen im  folgenden z u n ä c h s t d as  T hom as —F erm isch e  M odell 
zu g ru n d e  legen u n d  unsere  V erte ilungsfo rm eln  in  den T hom as — F erm ischen  
V ariab len  x  u n d  q> au sd rü ck en , die fo lgenderw eise defin ie rt s in d 2

X  — ( 9 )

( 10 )

wo eß =  — V 0 e d ie höchstm ögliche  E nerg ie  eines E lek tro n s  u n d  V 0 d as  hö ch ste  
P o te n tia l  im  T h o m a s—F erm ischen  A tom  d a rs te ll t ,  w eiterh in  ц  d ie T hom as — 
F erm ische  L än g en e in h e it

9 л 2
2 Z

0,8853
z 1/* ( И)

b eze ich n et; Z  is t  die O rdnungszah l u n d  a 0 d e r  e rs te  B ohrsclie W assers to ff
rad iu s . W enn  w ir s t a t t  der E n erg ie  e die d im ensionslose V ariab le

и = ( 12)

e in fü h ren , d. h . g in  der E in h e it Ze2/ (j, a u sd rü c k e n , so e rg ib t sich

dn(u ,x )  =

n(u,x)  =

3 Z
2 4 л  /г3

4 я  /и3

---{- и — м J du  ,
X  I

и  — м,,

dN{u) =  —  Z  d u ----- к и  — u x- d x ,

Г(т \aU
N(u)  =  Z  j J—  -(-u  — u^j x 2 dx  ,

Ze2

(13)

(14)

(15)

(16)

(17)

g ese tz t w urde.

2 Man vgl. z. В. Р. Gombás, 1. c., S. 40.
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F ü r  n e u tra le  A tom e, m it den en  w ir uns im  fo lgenden  v o rw iegend  be
fassen , i s t3 eß —  0 u n d  so m it au ch  uß =  0. F ü r  n e u tra le  A tom e se tzen  w ir 
s t a t t  (p das S ym bo l <p0.

D ie V erte ilu n g sfu n k tio n  dn(u, x )/du ,  d. h . d ie  B ese tzu n g sd ich te  der 
E n e rg ien iv eau s , sowie die V e rte ilu n g sfu n k tio n  n(u , x) ,  d. h. die A n zah l der 
E le k tro n e n , deren  E nerg ie  <  и is t , bez ieh en  sich a u f  einen belieb igen  A b stan d  
x  vom  K ern . D iese V erte ilu n g en  sin d  also F u n k tio n e n  von  и u n d  x;  sie haben  
n a tü r lic h  n u r  in  den  G eb ie ten  einen  S in n , in  w elchen  d er A u sd ruck  u n te r  der 
W urzel 0 is t. I n  den F ig u ren  1 u n d  2 sind  diese V erte ilungen  fü r  n eu tra le  
A tom e b e i einigen fe s tg eh a lten en  u -W e rte n  als F u n k tio n e n  von  x  d a rg es te llt. 
D ie V erte ilu n g sfu n k tio n en  d N (u ) /d u , d . h . die B ese tzu n g sd ich te  der E le k tro n e n  
sowie N (u )  die A nzah l d er E le k tro n e n  des A tom s, d e ren  E nergie <^u is t , sind 
F u n k tio n e n  von  u. Diese V e rte ilu n g sfu n k tio n en  s in d  ebenfalls fü r  n eu tra le  
A tom e in  den  F ig u ren  3 u n d  4 d a rg e s te llt.

D ie F u n k tio n  N (u)  h ab en  w ir fü r  die n e u tra le n  A tom e К  u n d  H g m it 
den  N (u )-  W erten  verg lichen , die m an  m it der M ethode des »self-consistent field« 
e rh ä lt .4 A us d ieser M ethode e rg ib t sich  n a tu rg em äss  fü r  N (u)  k e in  g la tte r  
so n d ern  ein  stu fenw eise  ab fa llen d er V erlau f. W ie au s den F ig u ren  5 u n d  6 
zu  sehen  is t , g ib t unsere  F u n k tio n  N (u )  einen g u te n  M itte lw ert d e r  w ellen
m ech an isch en  stu fenw eise  ab fa llen d en  K u rv e .

E s sei noch  b e m e rk t, dass n a tü r l ic h  n(uß, x)  m it  der E le k tro n e n d ic h te  
q(x ) am  O rt x  id en tisch  is t, d . h.

n(uß, x )  =  q(x ) (18)
is t  u n d  fe rn e r

N ( u ß) =  N  (19)

die A nzah l d er E le k tro n e n  im  A to m  d a rs te llt .

§ 3. Berechnung von Energiem ittelwerten  
im  Thomas — Ferm ischen A tom

W ir w ollen  zu n äch st den  M itte lw e rt s(x) d e r E nerg ie  eines E le k tro n s  
an  einem  b e s tim m te n  O rt x  im  A tom  b estim m en . e(x) defin ieren  w ir fo lg en d er
m assen

( 20)

3 P . Gom bás, 1. c., S. 38.
4 Für K: D. R. H a r t r e e  u . W . H a r t r e e , Proc. Roy. Soc. London (A) 166, 4 50 , 1938; 

für H g: D. R . H a r t r e e , P hys. R ev. 46, 738, 1934 und D. R . H a r t r e e  u . W. H a r t r e e , Proc. 
R oy. Soc. London (A) 149, 210, 1935.
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W enn  m an  h ie r dn  aus (3) e in se tz t und  b e rü c k s ic h tig t, dass e0 
so e rh ä lt  m an  n ach  e infacher R echnung

£(*;) =
8tt(2 m)s/s 1

- - ( V e  +  s J
“ 53 h3 Q

M it R ü ck sich t a u f  die T hom as — F erm ische  B eziehung5

(Ve +  e J U .

— F 0 e i s t ,

( 21 )

—  x k Q'l> = ' V e + e l i ,

wo нк die K o n s ta n te
3 (3 л 2)*М(2 3 2

x h = ----- --------- = — (З л 2) « e2 ag
k 10 4л* m 10 V

( 2 2 )

(23)

b eze ichnet, e rg ib t sich h ie raus das R e su lta t

2 Tr 3
e(x) = -------Ve  ------ e — --------------------
V 5 5 M Î, Ц X

2 Ze2 <p ^  Ze2 (24)

das m an  au ch  u n m itte lb a r  aus (22) e rh a lte n  k an n , w enn m a n  in  B e tra c h t 
z ieh t, dass кк д!/з die m ittle re  k in e tisch e  E n erg ie  eines E le k tro n s  d a rs te l l t .6

Die m ittle re  E nerg ie  ёд eines E le k tro n s  bezogen a u f  das ganze A to m  
e rh ä lt  m an n u n  in der W eise, dass m an  s(x)  a u f  das ganze A to m  m itte lt, d .h .

ёд =  ~ j - j ë g dv  (25)

se tz t. N ach E in se tzen  von ё(я;) aus (24) e rg ib t sich7

гд =  Ц г д о >  •> +  ! « , .  (26)

wo Ve (r) das P o te n tia l der E lek tro n en w o lk e  bezeichnet. F ü r  Ve (0) g ilt d e r  
A u sd ru ck 8

V t (0 )e  =  — < p ' ( 0 ) - e l l ,  (27)
!x

5 Man vgl. z. В . P. Gom bás , 1. c., S. 34.
e Man vgl. z. В. P. Gom bás, 1. c., S. 7.
7 Bezüglich der Integration vgl. man P. G o m bá s , 1. c., S. 62.
8 P. G om bás, 1. c., S. 62.
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w om it m a n  aus (26)

« A

2 Z 2e2 
7 N  fi

<P'( 0)
Z j
iv l

г + г

e rh ä lt, wo (p' die A b le itu n g  von (p n ach  x  bezeichnet. 
W enn  w ir den Io n isa tio n sg rad

Z - N

(28)

(29)

e in füh ren  u n d  b each ten , dass fü r das h ie r  zugrunde geleg te T h o m as— F erm i- 
sche M odell

(Z  - N )  e- (Z  -  N )  e2

f*X о
(30)

is t, wo r 0 — /j, x 0 den G renzrad ius des M odells b eze ich n e t, so e rg ib t sich

e A

1 2

N  7

Z 2 e2
Ц

<P\0) 7 g(l -  q)  +  i l
2 лг0 x 0

(31)

F ü r  n e u tra le  A tom e, d. h. fü r N  =  Z , also q =  0 e rh ä lt m an

ёл  =  — —  W i(0 )=  - -  0,5125 Z*/.—  , (32)
/ Л o„

wo fü r  n e u tra le  A tom e (p(l anste lle  q> u n d  fü r  çp’0 (0) d e r W e rt9

<Po= — 1,588071 (33)
g ese tz t w u rd e .

In  d e r T abelle  1 s in d  die W erte  v o n  ед  fü r  die A to m e  К  u n d  H g an g eg e 
ben . In  d e r  T abelle  s ind  au ch  die aus d en  H a rtre e sc h en  T ab e llen 10 e rm itte lte n  
W erte  v o n  ед  an g e fü h rt. D iese w u rd en  au s  d er F o rm el

Е л  =  -------- ' S  П :  8 :
N  ^

(34)

b e rech n e t, d ie  m it d er F o rm el (25) a e q u iv a le n t is t u n d  aus d ieser h e rv o rg e h t, 
w enn m an  v o n  der k o n tin u ie rlich en  V erte ilu n g  a u f  eine d isk rete  ü b e rg e h t;

9 S. K o b a y a sh i, T. Ma t su k d m a , S. N a g a i u . K . U m ed a , Journ. Phys. Soc. Japan 10, 
759, 1955.

10 Für K: D. R. H a r t r e e  u . W . H a r t r e e , Proc. R oy. Soc. London (A) 166, 450, 1938; 
für H g: D . R . H a r t r e e , P h y s. R ev. 46, 738, 1934 und D. R. H a r tr ee  u . W . H a r t r e e , 
Proc. R oy. Soc. London (A) 149, 210, 1935.
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d em en tsp rech en d  das In te g ra l in  (2 5) durch  eine Sum m e zu e rse tzen  is t, in  w elcher 
e,- die H a rtree sch en  E n erg ien iv eau s der E le k tro n e n  u n d  n,- die B ese tzungs
zahlen  der E nerg ien iveaus bezeichnen.

Tabelle 1

W erte von в д  für das K- und H g-A tom  in e2/a0-Einheiten

К Hg

Ед hier berechnet .............. - 2 5 ,9 9 - 1 7 6 ,7
£д  nach H a r t r e e .............. — 19,92 - 1 4 0 ,0

W ie aus d e r T abelle zu  sehen  is t, liegen  unsere  ea  W e rte  b ed e u te n d  tie fe r  
als die H a rtree sch en , w as d a ra u f  zu rü ck zu fü h ren  is t, dass im  u rsp rü n g lich en  
T h o m a s—F erm ischen  A to m  die E le k tro n en d ich te  am  O r t  des K erns w ie 
1 / / /’ u nend lich  w ird. D ies b e w irk t, dass sich  die E le k tro n e n la d u n g  in  der 
U m gebung  des K erns als zu  gross und  dem zufo lge die E n e rg ie  der in n e rs te n  
E lek tro n en  als zu t ie f  e rg ib t.

Es sei h ie r  noch  e rw ä h n t, dass m an  in  A nschluss an  B e t h e  u n d  S o m m e r 
f e l d 11 eine m ittle re  E lek tro n en en erg ie  im  A to m  auch  als d en  geom etrischen  
M itte lw ert ем  der E n erg ien  d er e inzelnen  E le k tro n e n z u s tä n d e  im  A to m  
defin ieren  k a n n . F ü r  eM e rg ib t sich im  F a lle  des n eu tra len  T h o m a s—F erm ischen  
A tom s12

eM =  0 , 0 m Z ‘/> —  , (35)
°o

also ein cca 10-m al k le inere r W e rt als d er M itte lw ert ёд, d e r  das a lgebra ische  
M itte l der E nerg ien iv eau s d e r E lek tro n en  im  A tom  d a rs te llt .

W ir w ollen  n u n  noch  die gesam te E lek tro n en en erg ie  E  des A to m s 
berechnen . D iese e rh ä lt m an , w enn  m an aus d e r Sum m e der E n e rg ien  der e in ze l
nen  E le k tro n e n  im  A tom , d . h . aus N s A d ie e lek tro s ta tisch e  W echselw irkungs
energie d er E lek tro n en  a b z ie h t, da die S u m m e diese d o p p e lt e n th ä lt. F ü r  die 
e lek tro s ta tisch e  W echselw irkungsenerg ie  E ep der E lek tro n en  im  A tom  e rg ib t 
sich  d er A u sd ru ck 13

E ep =  e [ v eç d v =  Z e V e( 0 ) +  °  JVeu , (36)
2 J  7 7

11 H. B e t h e , Z s .  f. Phys. 76, 293, 1932; Aim . d. Phys. (5) 5 ,3 2 5 , 1930; A. S o m m e r f e l d , 
Zs. f. Phys. 78, 283, 1932.

12 P. G o m b á s , 1. c ., S. 181 — 183.
13 P. G o m b á s , 1. c ., S. 62.
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den  m a n  m it  R ü ck sich t a u f  (27), (29) u n d  (30) in  fo lg en d er Form  sch re ib en  
k an n

E e
P

1 Z 2 e2
(p'{ 0) +  7 — -----^

xo
(37)

F ü r  die G esam tenerg ie  des T hom as — F erm isch en  A tom s e rh ä lt m an also den 
A usdruck

E  =  N~eA E \L
3 Z 2 e2 [ 

7 P  !
<pW  + (38)

d er schon  m eh rfach  a u f  v ersch ied en en  a n d e ren  W egen herg e le ite t w u rd e .

§ 4 . Energieverteilung und Energiem ittelwerte von Elektronen 
mit vorgegebener Nebenquantenzahl

Z u r geso n d erten  s ta tis tisc h e n  B eh an d lu n g  der E le k tro n e n g ru p p e n  m it 
v o rg eg eb en er N e b en q u an ten zah l l im  A to m  te il t  m an  d en  Im p u lsrau m  in  
der b e k a n n te n  W eise in  Z y linderscha len  au f, deren  A chsen  zum  O rtsv e k to r  r 
d er E le k tro n e n  para lle l s in d .14 Die E le k tro n e n  m it der N eb en q u an ten zah l l b e 
fin d en  sich  d a n n  in  e iner Z y linderscha le , dessen in n ere  u n d  äussere B e g re n 
zungsfläche  je  ein Z y lin d er vom  R a d iu s  pi =  lhl(2nr),  bzw . vom  R a d iu s  
p /+1 = = (!-)-  1)к/(2лг) b ild e t. D ie B ild p u n k te  der E le k tro n e n  m it der N e b e n 
q u a n te n z a h l l in der V o lum en ein h e it, d e ren  rad ia le r Im p u lsb e tra g  zw ischen  
pr u n d  p r -f- dpr fä llt, fü llen  im  Im p u ls ra u m  in  der b e sa g te n  Z y linderschale  
ein  Im p u lsrau m v o lu m en  v o n  der Grösse

h2df»i =  (pf+1 pf)^2dpr =  2(21 + 1 )  dpr (39)
4л2 r2

aus.
F ü r  d en  B e trag  des ra d ia le n  Im p u lse s  pr gilt d e r A u sd ruck

P r  = 2m (Ve  -(- e)
h2 k2

4л2 r2
(40)

wo к  d ie  az im u ta le  Q u an ten zah l b eze ich n e t, fü r die w ir in  dieser h a lb k lassi-
1

sehen N ä h e ru n g  in  ü b lich e r W eise к — l +  •— setzen . A us (40) fo lg t
2

d p r —  — d e .  (41)
P r

14 Man vgl. z. В . P . G o m bá s , Ilandb. d. P h y s . 36/2, S. 148 ff., Springer, Berlin — G öttin 
gen — H eidelberg, 1956.
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M it diesem  A u sd ru ck  e rh ä lt m a n  aus (39) a m  O rt x  =  т/ p  p ro  V olum en
e in h e it fü r  die A nzah l der E le k tro n e n  m it d e r N e b e n q u an ten zah l /, deren  
E nerg ie  zw ischen e u n d  e -f- de, bzw . и  u n d  u +  du  fä llt

wo

dri[ (u ,x)
4(21 + 1 )  m  de 

h 4я т2 p r

(2l +  l )a  1
4 л2 /Iя x 2

x

dv
1 к2
а* x*

(42)

а
2Z fi W. (43)

is t. D ie V erte ilu n g sfu n k tio n  h a t n a tü r lic h  n u r in  den  G ebieten  einen  S inn, in 
w elchen in  (42) d er A u sd ru ck  u n te r  d e r  W urzel >  0 is t.

D u rch  In te g ra tio n  ü b e r den R a u m  b ek o m m t m an  h ieraus fü r  die A nzahl 
der E le k tro n e n  m it d er N e b e n q u an ten zah l l im  gan zen  A tom , d e ren  E nerg ie  
zw ischen e u n d  e -f- de, bzw . и  u n d  и  -f- du  lieg t

1ЛГ/ „ 4 (2 /4 -  1 i r Cd
d N t( u ) = . d e f ^r

J Pr

W ± ± )a- d uл
dx

+  u — u„
1 к2 г/. ’

a2 x 2 )

(44)

wo die In te g ra tio n  n u r  a u f  solche G ebiete  au szu d eh n en  is t, fü r  w elche im  
In te g ra n d e n  der A u sd ru ck  u n te r  d e r  W urzel >  0 is t.

G anz ähn lich  w ie im  v o ran g eh en d en  F a ll lä s s t  sich d u rc h  In te g ra tio n  
nach  e (bzw. и ) von  d e r tie fsten  E n e rg ie  e/0 bis zu  einer belieb igen  E nerg ie  e 
die A nzah l d er E le k tro n e n  m it der N e b e n q u a n te n z a h l l angeben , d e ren  E nergie 
zw ischen die tie fs te  E n erg ie  е/д u n d  d ie E i e rg iî e fä llt  und  zw ar sow ohl pro 
V olum eneinheit («;), w ie fü r  das ganze  A tom  (iV;). D ie tie fste  E n e rg ie  e;0 des 
E lek tro n s  e rg ib t sich fü r  den W ert 0 d e r ra d ia le n  k inetischen  E n e rg ie , d. h . 
fü r p r =  0, w oraus aus (40)

V e  +
h2 k 2

8 л 2 m r2
(45)
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fo lg t. M it d ieser B eziehung  e rh ä lt  m an  fü r  щ u n d  N i  

4 ( 2 / + 1) p r ( 2 l + l ) a  1
Щ (u ,x ) =

h 4 л  r2 2л2 /г3
? + U _ M  (46)
X а2 X2 J

N , (и )  =  4 ( 2 f +  1]-  Îp r  dr  =  2(21 +  l ) ^ f ( ^ + u  
h J я  J \ x up

1 k2
à 2 X2

d x ,  (47)

w o in  (46) die In te g ra tio n  w ieder n u r  a u f  solche G eb ie te  au szu d eh n en  is t, fü r 
w elche d e r A u sd ru ck  im  In te g ra n d e n  u n te r  d er W u rze l 7> 0 ist.

F ü r  и  =  Up is t  П; (X, u) m it d e r D ich te  d er E le k tro n e n  m it d e r  N eben
q u a n te n z a h l l  am  O rt X id en tisch , es is t  also

ni (x, и„) =  Ql (яг), (48)
w e ite rh in  fo lg t

N ,  (« ,)  =  IV„ (49)

wo N i  d ie  A nzah l d e r  E lek tro n en  m it N e b e n q u a n te n za h l l im  A tom  b ezeichnet.
D ie F u n k tio n  iV; (u) h ab en  w ir fü r  das H g -A to m  fü r l =  0, 1, 2 und  3 

b e re c h n e t u n d  m it d en  W erten  v o n  N i  (и ) v erg lichen , d ie  m an  m it d e r  M ethode 
des »self-consisten t field« e rh ä lt .15 A us d ieser M ethode  erg ib t sich  fü r  N[(u) 
[geradeso  wie fü r  N (u )  in  § 1] ein stu fenw eise a b fa llen d e r V erlauf. W ie  aus den 
F ig u ren  7, 8, 9 u n d  10 ers ich tlich  is t ,  w erden  d iese  stufenw eise ab fa llenden  
K u rv e n  d u rc h  u n sere  g la t t  v e rlau fen d en  V erte ilu n g sfu n k tio n en  iV; (u) im 
M itte l g u t ap p ro x im ie rt.

M it dem  A u sd ru ck  (42) fü r  dre; k a n n  m an  so fo rt den M itte lw e rt (яг) 
d e r  E n erg ie  eines E le k tro n s  m it d e r N e b e n q u a n te n za h l l an einem  O rt x  im  
A to m  b estim m en . W ir d e fin ie ren  ëf (я;) fo lgenderm assen

1 /
£; (яг) =  —  £ d n t , (50)

Qi J 
eo

wo fü r  d ie  obere  G renze im  In te g ra l d ie  v o n  l u n ab h än g ig e  m ax im ale  Energie 
£а eines E le k tro n s  g ese tz t w u rd e , w as in  d ieser N äh e ru n g  g e re c h tfe r tig t is t. 
A us (50) f in d e t m an  n ach  e in facher R ech n u n g  51

2
[Ve -

h2 к2 1 1

3 8 л 2 m Г2
г

3 £"

2 Z e2 (p 1 к2
+

Z e2

3 И яг а2 X2 к-

(51)

15 D . R. H a r t r e e , P hys. R ev. 46, 738, 1934 und D . R. H a r tr ee  u . W . H a r t r e e , 
Proc. R oy. Soc. London (A) 149, 210, 1935.
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wo Qi gem äss (48) u n d  (46) du rch  d en  A usdruck

9i
4(2/ +  1) p r (eM) _  21 +  1 а Ы

h 47г r2 2ti2 /л-1 x2 I X
1 k2

(53)

d a rg e s te llt w ird und  d as  In te g ra l in  (52) n u r  au f so lche G ebiete au szu d eh n en  
is t, fü r  d ie  d e r  A u sd ru ck  u n te r  d er W u rze l in  o; g rösser als 0 oder gleich  0 ist. 
F ü r  Nt  im  N enner v o n  (52) h a t  m an  gem äss (49) iV) (u„) zu setzen .

T a b e lle  2

W erte von £j (Í =  0, 1, 2, 3) für das Hg-Atom in e2/a0-Einheiten

0 1 2 3

e f  hier b e r e c h n e t....................................
7i* nach H a r t r e e  ....................................

— 712,4 

- 5 6 2 ,4
- 1 3 0 ,0

142,0
- 3 7 ,9 5  

— 32,87
- 7 ,0 2

4,20

W ir h ab en  ej4 fü r  / =  0, 1, 2 u n d  3 im  F alle  des H g-A tom s b e rech n e t; 
die R e su lta te  sind in  d e r T abelle 2 angegeben . A usserdem  h ab en  w ir t'i fü r 
dieselben /-W erte  fü r  das H g-A tom  au ch  aus d en  H artreesch en  T ab e llen 16 
m it d er F o rm el

~ e f = ^ 2 n“ e“ <54>N , i

b e rech n e t, in  w elcher пц  die A nzahl d er E lek tro n en  im  E n e rg ien iv eau  Ец 
b eze ich n et u n d  die S u m m atio n  a u f  a lle  b ese tz ten  Z u s tän d e  m it d e r N eb en 
q u a n te n z a h l / au szu d eh n en  is t. F o rm el (54) e n tsp r ic h t (52), w enn m an  in  der 
le tz te re n  v o n  der k o n tin u ie rlich en  V erte ilu n g  au f eine d isk re te  V erte ilu n g  ü b e r
geh t u n d  d em en tsp rech en d  das In te g ra l du rch  eine S um m e e rse tz t.

W ie m an  aus d e r T abelle  2 s ie h t, is t  der U n te rsch ied  zw ischen den  von 
uns b e rech n e ten  ^ - W e r t e n  und  den em pirischen  z iem lich  gross. D ies d ü rfte  
in  e rs te r L in ie  d a ra u f  zu rü ck zu fü h ren  sein, dass d e r  A usd ruck  (53) fü r  
n u r  eine grobe N ä h e ru n g  d a rs te llt.

16 D . R . H a r t r e e , P hys. Rev. 46 , 738, 1934 und D. R. H a r t r e e  u . W. H a r t r e e , 
Proc. Roy. Soc. London (A ) 149 , 210, 1935.
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D ie m ittle re  E n erg ie  e f  eines E lek tro n s m it  d e r N eb en q u a n te n za h l / 
bezogen a u f  das ganze A tom  e rh ä lt m an  fo lgenderm assen

j*®; Qtdv , (52)
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Fig. 1. —  - П ^  =  í  ^ 1'- -I* и) als Funktion von x  für mehrere festgeh altene u-Werte im
3 Z  du \  X )

Falle neutraler Atom e. Die betreffenden u-W erte stehen neben den K urven

A d a  Phy». Hung. Тот. X X . 1966

F ig .  2. и =  I ? - uj als F unktion von x  für mehrere festgehaltene u-W erte

im  Falle neutraler Atom e. D ie betreffenden u-W erte stehen neben den Kurven
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Fig. 3- U dr  =  f ( -6 L du J V x
X 2 dx  als Funktion von  и für neutrale Atom e

11 Acta Phys. Hung. Тот. X X .  1966

Fig. 4. =  |" -f- uj  ̂ x2 dx  a ls Funktion von u für neutrale Atom e
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Юд(1+/€/)

Fig.  5. N  als Funktion von  e für das К -A tom . e in e2/o0-E inheiten
-------------- hier berechnet,
.................. n a ch  H a r t r e e

F i g .  6. N  als F u n k tio n  v o n  e  fü r  d as H g -A to m , e  in  e2/o 0-E in h e iten
-------------  h ie r  b e rech n e t,
.................. n a ch  H a r t r e e
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l e g  ( U l t i )  -----
Fig.  7. iV0 als Funktion von s  für das H g-Atom . e in e2/a0-Einheiten

-------------- hier berechnet,
.................. n a ch  H a r t r e e

F i g .  8 . JV, als Funktion von « für das Hg-Atom. e in e2/an-Einheiten
------------ hier berechnet,
.....................n a c h  H a r t r e e

11* Acta Phys. Hung. Тот. X X .  1966
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Fig. 9. JV, als F u n k tio n  v o n  e fü r  das H g-A tom , e in  е'г/аи-E in h e ite n
-------------- h ier b e rec h n e t,
.................. n a ch  H a r t r e e

7
iog(i*/€f) — -

F i g .  1 0 . N 3 als F u n k tio n  v o n  e  fü r  das H g -A to m , e in  e2/a 0-E in h e ite n
-------------  h ie r b e rech n e t,
..................n a c h  H a r t r e e

.Acta P hys. H ung. Тот. X X . 1966
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H errn  D r. T . S z o n d y  danke ich  fü r  die D u rch fü h ru n g  m eh re re r K o n tro ll- 
rech n u n g en  u n d  die so rg fältige D u rch sich t des M an u sk rip tes . F rl. 0 .  K u n v á r i  

v e rd an k e  ich  die D u rch fü h ru n g  d e r num erischen  R echnungen  u n d  die Z eich
nu n g  d er F iguren .

О РАСПРЕДЕЛЕНИИ ЭНЕРГИИ ЭЛЕКТРОНОВ В СТАТИСТИЧЕСКОМ АТОМЕ
П . Г О М Б А Ш  

Р е з ю м е

В работе выводятся формулы для распределения энергии электронов в статисти
чески рассмотренном атоме как для случая общей трактовки электронов, так и для случая, 
когда электроны в атоме сгруппированы по побочным квантовым числам. В случае атома 
H g  результаты вычислений по распределению энергии электронов сравниваются с распре
делением, взятым по таблице Хартри. Оказывается, что результаты хорошо согласуются. 
Далее, на основе статистического распределения энергии электронов определяются средние 
значения энергии электронов в атоме. В этом случае результаты менее согласуются с 
квантово-механическими данными. Полученные в §§ 2 и 3 результаты могут распрост
раняться на любые статистически рассмотренные системы.
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INTERMEDIATE FIELDS WITHOUT PARTICLES

B y

A. F r e n k e l

CEN TRA L RESEA RCH  IN ST ITU TE FOR PHYSICS O F T H E  H UNGARIAN ACADEMY O F SCIENCES, B U D A PE ST  

(Presented by L. Jánossy . — R eceived 11. V. 1965)

A n extension of B o g o l i u b o v ’s  S- m atrix  theory [1] to include interm ediate fields w ith  
no corresponding particles in  the initial and final states is proposed. The m athem atical ex 
pression for the com plete propagator of an interm ediate field  ind icates th a t there m ay be 
cases w hen this propagator has the w ell-know n analytic properties o f a propagator o f an un
stable particle (or resonance). It is shown th a t if  application of the form alism  to the vector  
field  is possible, a renorm alizable theory of w eak interactions w ith  interm ediate vector boson  
field  can be constructed. In  low est order th is  theory leads to the sam e results for the weak  
decay processes as the usual F e r m i  theory.

Introduction

O ne of th e  ad v a n ta g e s  of B o g o l i u b o v ’ s  m eth o d  for th e  c o n s tru c tio n  
o f th e  S -m a tr ix  in  q u a n tu m  field  th e o ry  [1] is t h a t  th e  p ro b lem a tica l t r a n s 
fo rm atio n s  from  th e  S c h r ö d i n g e r  (or H e i s e n b e r g )  p ic tu re  to  th e  in te ra c tio n  
p ic tu re  are  avoided . F u rth e rm o re , th e  th e o ry  is c o n s tru c te d  in  a w ay  w hich  
m akes easy  th e  in v e s tig a tio n  of th e  a rb itra r in e ss  in  th e  p rocess of re n o rm a liz 
a tio n . F o r  these  reasons we closely ad h e re  to  th e  m e th o d  of B o g o l i u b o v . 

In  p a r t  I  o f th is  p a p e r  we b rie fly  r e c a p itu la te  th e  th e o ry  an d  i l lu s tra te  i t  on 
h an d  o f th e  w ell-know n exam ple o f  q u an tu m -e le c tro d y n a m ic s , w ith o u t d is
cussing special p rob lem s (in frared  d ivergences, in d e fin ite  m e tric , gauge in 
v ariance). N o th ing  new  is con ta ined  in  th is  p a r t  o f th e  p a p e r, ex cep t p e rh ap s  
for th e  re m a rk  a t  th e  en d  of i t  co n cern in g  th e  choice o f th e  su b tra c tio n  p o in t 
w hen e lim in a tin g  d ivergences from  se lf  energy  p a r ts . I n  p a r t  I I  we in v e s tig a te  
th e  p ro b lem  of th e  a rb itra rin e ss  in  th e  choice of th e  in te ra c tio n  L ag ran g ian  
L(x)  a n d  give a d e ta iled  descrip tion  o f  th e  effect cau sed  b y  th e  in tro d u c tio n  
of a te rm  in : y) ip : w ith  a f in i te  v a lu e  o f m.  W e f in d  th a t  th e  e lec tro n s are 
effec tively  e lim in a ted  from  th e  in it ia l  an d  f in a l s ta te s  (see [1], § 31.2) an d  
becom e resonance-like in te rm e d ia te  “ p a r tic le s” . W e conclude th is  p a r t  o f th e  
p ap er b y  rem ark in g  t h a t  th e  p ro p e rtie s  of u n ita r i ty  a n d  c a u sa lity  o f th e  S- 
m a tr ix  m u s t be re in v e s tig a te d  fo r th is  case. W e stress also th a t  in  o rd e r to  
verify  th e se  p roperties i t  seem s d esirab le  to  fin d  an d  exam ple  w here th e  described  
s itu a tio n  w ith  a resonance-like  in te rm e d ia te  p a rtic le  m ay  h av e  a ph y sica l 
b ack g ro u n d . Such is su re ly  n o t to  be  fo u n d  in  q u an tu m -e lec tro d y n am ics  w hich
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serves here  on ly  as a m odel. A p h y sica lly  p lau sib le  exam ple  is given in p a r t  I I I  
w here  we p ro p o se  to  c o n s tru c t a ren o rm alizab le  th e o ry  of w eak  in te ra c tio n s  
w ith  an  in te rm e d ia te  v ec to r-b o so n  field . Such a th e o ry  w ould  lead  to  th e  sam e 
re su lts  as th e  F e rm i th e o ry  fo r  all processes w ith  low  m o m en tu m  tra n s fe r , 
i. e. fo r all k n o w n  /3-decays.

I. As show n in  [I] § 18, th e  m ost general fo rm  of th e  sc a tte r in g  o p e ra to r  
S  =  lim  S(g) m a y  be  d e te rm in ed  w ith o u t re fe rence  to  th e  S ch rôd inger equa-

tio n . In d eed , th e  req u irem en t o f L o ren tz -in v a rian ce , u n i ta r i ty  an d  c a u sa lity  
lead  to  th e  fo rm u la

s (g) =  1 +  í J L ( x i; g) dxl +  . . . +  — J T(L(x j ; g ) . . .L(xn; g)) d*, . . . dxn

T (exp i j L ( x ; g ) )  d x ,
( 1 )

w here

L{ x:g)  =  L (x )  g(x)  +  J * '- - -  к К ь -  • - y v - d g i y ^ -  ■ ■ g(yv- l ) d y 1. . . dyv_ x.
, > 2  VI J

(2)
H ere  0 <; g(x)  <  1 is a c lassical fu n c tio n  sw itch in g  on an d  off th e  in te ra c tio n  
an d  p lay in g  an  im p o r ta n t  ro le in  th e  d e riv a tio n  of (I ) ; c a lcu la tin g  th e  m a tr ix  
e lem ents o f th e  S o p e ra to r b e tw een  free p a r tic le  s ta te s , one m ay , how ever, 
p u t  in  th e  ab o v e  fo rm ula  g(x)  =  1 from  th e  v e ry  beg inn ing  of th e  ca lcu la tion .

T he o p e ra to r  L(x)  is th e  in te ra c tio n  L ag ran g ean . I t  co n ta in s  no rm al 
p ro d u c ts  o f th e  o p era to rs  of th e  fields u n d e r  co n sid e ra tio n , m u ltip lied  b y  
a p p ro p ria te  co u p ling  c o n s ta n ts . T he fie ld  o p e ra to rs  obey free-fie ld  equ a tio n s 
a n d  free-fie ld  c o m m u ta tio n  re la tio n s. In  o rd e r to  h av e  a L o re n tz - in v a ria n t, 
u n ita ry  a n d  c au sa l S -o p e ra to r , L(x)  m u s t be  sca la r, H e rm ite a n  an d  local. 
S im ilarly , th e  A v-s m u st be sca la r, H e rm ite a n  a n d  quasi-local o p era to rs , a n d  
th e y  m ay  be  chosen  sy m m etric  in  all th e ir  a rg u m en ts  w ith o u t loss of gene
ra li ty . T h u s each  Д , (x15 . . . x„) is a sy m m etrized  sum  of v a rio u s n o rm al p ro 
d u c ts  of an  a rb i t r a ry  n u m b e r o f field  o p e ra to rs  w ith  a rg u m en ts  x {, x 2, . . . , x a; 
ос <  V,  each  o f th e se  n o rm al p ro d u c ts  b e ing  m u ltip lied  b y  a fac to r

Z
8

Эя:,- x i )  —  * 3) • • • ô ( x i  -  Xv) (3)

ensu ring  th e  q u as i-lo ca lity . Z  is a po ly n o m  i n ----- , i — 1, . . . , v w ith  a r-
dxt

b itra ry  coeffic ien ts .
W e see t h a t  in  th is  m o st general fo rm  o f th e  S  o p e ra to r  of q u a n tu m  

fie ld  th e o ry , w e h a v e  to  choose n o t on ly  th e  in te ra c tio n  L ag ran g ean , b u t  also
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th e  in fin ite  se t of th e  h ig h ly  a rb itr a ry  A v-s. M oreover, th e re  is a n o th e r  a r 
b itra rin e ss  in  S,  in h e re n t in  th e  fa c t t h a t  th e  tim e-o rd e red  p ro d u c t

T(L(x1)L(x2) . . . L ( xn))

is u n d e te rm in ed  if tw o or m ore of its  a rg u m en ts  are  equa l. I t  can  be  show n, 
how ever, th a t  an y  change in S(g)  caused  b y  a change in  th e  d e fin ition  o f th e  
Г -p ro d u c ts  a t  X( =  x k =  . . . m ay  also be  expressed  b y  chang ing  som e o f th e  
A v-s. T hus essen tia lly  we a re  le ft w ith  one source of a rb itra r in e ss  on ly , th e  o th e r 
being  re d u n d a n t in th e  sense exp la ined  above.

A t f ir s t  sigh t i t  seem s th a t  th e  s im p lest w ay  o f co n stru c tin g  th e  S- 
o p e ra to r w ould  be th e  following. Since a ll th e  T -p ro d u c ts  are u n iq u e ly  d e 
te rm in ed  fo r Xj =j= x k, e x te n d  th e  sam e expressions to  *; =  % = . .  . a n d  p u t  
all A v =  0. T hen  one w ould  have to  choose only th e  in te ra c tio n  L ag ran g ian  
L(x) ,  an d  th e  free p a ra m e te rs  of th e  th e o ry  M ould be th e  coupling c o n s ta n ts  
an d  th e  m asses, th e  la t te r  en te rin g  in to  th e  S -m a trix  e lem en ts w hen  exp ressing  
th e  Г -p ro d u c ts  accord ing  to  W i c k ’ s  th eo rem . H ow ever, th is  sim ple p ro ced u re  
does n o t w ork , because th e  in teg ra ls  j Г  d x 1 . . . dxn c o n ta in e d  in  (1) in  g enera l 
are d iv e rg en t, an d  i t  is easy  to  show  t h a t  th e  d ivergences arise ju s t  b ecau se  
of th e  sim ple ex tension  o f  th e  Г -p ro d u c t to  я;, =  x k. 1 T h u s  one has to  t r y ,  in  
o rder to  o b ta in  in teg rab le  expressions, to  define th e  Г -p ro d u c ts  fo r Xj =  x k 
in  som e o th e r w ay , or a lte rn a tiv e ly , (an d  th a t  is w h a t we shall do) to  choose 
som e of th e  /1,,-s d iffe ren t from  zero. A d e ta iled  e x a m in a tio n  reveals th e  fa c t 
th a t  — ex cep t fo r a few oversim plified  m odel theories — in  o rder to  e lim in a te  
all th e  u ltra v io le t  d ivergences2 from  all S -m a tr ix  e lem en ts  one has to  choose 
an  in fin ite  n u m b e r of A y-s d ifferen t fro m  zero. D oing so one alw ays succeeds 
in  m ak ing  a ll S -m a trix  elem ents f in ite , how ever, in  g enera l these  m a tr ix  
e lem ents w ill co n ta in  an  in fin ite  n u m b e r o f a rb itra ry  c o n s ta n ts  a rising  from  
th e  A v-s, a n d  th is  clearly  m eans th a t  th e  th e o ry  is u n accep tab le . O nly in  a few  
cases can th e  e lim ina tion  o f  all th e  d ivergences be accom plished  in  such  a w ay  
th a t  in  sp ite  o f th e  in fin ite  se t of th e  A v-s th e  re su ltin g  S -m a tr ix  e lem ents w ill 
con ta in  only  a f in i t e  n u m b e r3 of a rb itr a ry  p a ra m e te rs , w h ich , to g e th e r  w ith  
th e  m asses an d  the  coup ling  co n stan ts  o rig inally  c o n ta in e d  in  th e  th e o ry , 
m ay be d e te rm in ed  w ith  th e  help of a f in ite  n u m b er of ex p erim en ts . T he th e o r 
ies w hich tu r n  o u t to  be u n accep tab le  in  o u r schem e a re  called  theo ries o f th e  
second k in d  (or n on -reno rm alizab le  th eo rie s), while th e  “ good”  ones a re  th e  
theories of th e  firs t k ind  (or reno rm alizab le  theories). T h e  p rocedure  o f r e 

1 In special cases divergences from other causes occur, e .g . the infrared divergences 
in quantum  electrodynam ics. Such problems are irrelevant for us, and we sim ply disregard  
them . The divergences we are interested  in are the ultraviolet divergences, which occur when  
Xj — t j - >  0 (or pik -*■ oo if  we transform  to m om entum  space).

2 See footnote  1.
3 In some cases (e.g. in electrodynam ics) this num ber turns ou t to be zero.
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m oving  th e  d ivergences is called  th e  ren o rm a liza tio n , because  in  th e  orig inal 
ap p ro ach  o f  D y s o n  an d  S a l a m  th e  d ivergences w ere fo rm a lly  com p en sa ted  
fo r  b y  in f in ite  ch arg e  a n d  m ass re n o rm a liza tio n . I t  is im p o r ta n t  to  realize  
t h a t  in  B o g o l i u b o v ’s m eth o d  th e  charge  a n d  m ass p a ra m e te rs  h av e  f i n i t e  
(physica l) v a lu e s  from  th e  v e ry  b eg inn ing , a n d  th e  d ivergences are d isposed  
o f  w ith  th e  h e lp  o f  th e  / l y-s.

To i l lu s tr a te  th e  p ro ced u re  fo r th e  e lim in a tio n  of th e  divergences in  
a th e o ry  o f f i r s t  k in d , we tu r n  to  th e  w ell-know n exam ple  o f q u a n tu m  e lec tro 
d y n am ics. T h e  in te ra c tio n  L ag ran g ean  is

L(x)  =  e : xj)(x) y" ip(x)A/t (x) : =  e : y>(x)Â{x) y(x) :  (4)

w here  th e  e lec tro n  and  p h o to n  fie ld  o p e ra to rs  sa tisfy  th e  free  fie ld  eq u a tio n s

. Э
j --------y "

dxa
W(n ) =  0 ; □  A ( 5 )

an d  th e  co rresp o n d in g  free  co m m u ta tio n  re la tio n s . T he p a ra m e te rs  e an d  m 
a re  th e  e lec tric  charge a n d  th e  e lec tro n  m ass, resp ec tiv e ly . I t  can  be show n 
th a t  all th e  u ltra v io le t  d ivergences4 can  be  e lim in a ted  fro m  th e  S -m a tr ix  
e lem ents w ith  th e  help  o f o p e ra to rs  A v (a,, . . ., x„) o f th e  fo llow ing s tru c tu re :

e { B v <5(*j —  x 2) . . .  ô (х2 —  a,)}: y> ( a , )  A ( x k )  xp(xj) :

(i =hj'-> i=f=k; к =f=j) (6)

fo r all o d d  v-s s ta r tin g  w ith  v =  3;

D.
Эа? Qxj 8a? 9a

(5(a , - a2) . . . 0(Аг — xv)
JO .

■ . A ^ x J A ' i X j ) :  ( i j = j ) ( 7 )

fo r all ev en  r-s  s ta r tin g  w ith  v =  2;

F , .  +  G v i -
9

- f )
ó ( A i  —  a 2 ) . . .(5 (A j  a „ )  V ( x  ) : ( i  Ф Л  ( 8 )

2 9  a j ) J

fo r all ev en  v-s s ta r tin g  w ith  v =  2. T h e  d e riv a tio n s  a c t on th e  v a riab le s  a  

of th e  D irac  Ô -functions on ly . W e h a v e  h e re  an  in f in ite  se t o f A v-s, b u t  an y  
o p e ra to r  p ro d u c t occu rring  in  th is  se t is a t  m o st tr ilin e a r , a n d  an y  po ly n o m  Z  
in (3) is a t  m ost o f second degree. T he p o ss ib ility  of lim itin g  b o th  th e  lin e a r ity

4 E x cep t for the so-called vacuum  divergences, which can be elim inated by d ivid ing  
all the S -m atrix  elem ents b y  the vacuum  exp ecta tion  value o f the S-operator.
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of th e  o p e ra to r  p ro d u c ts  a n d  th e  degree o f  th e  polynom s Z  in  th e  w hole se t 
of th e  / l v-s is th e  necessary  a n d  su ffic ien t co n d itio n  for a th e o ry  to  be ren o r-  
m alizahle.

S y m m etriz in g  th e  expressions (6) — (8) a n d  in se rtin g  th e m  in to  (2), we 
a rriv e  a fte r  in te g ra tio n  o v er th e  v a riab le s  y  a t  th e  e ffec tiv e  L ag ran g ean  

(*(*) =» 1)

L(x ;  1) =  : y ( x ) A ( x )  yj(x) : +  e В  : yj (x) A(x)  yj(x) _L

w here

F  : y)(x) xp(x) :-j- G
дха

D
1 Q Л-А (x) дЛя (x)

Эх“

д А а (х)
2 Эх“ Эхa

CD

V e2*
В G X ’ e2” f i  .

(2v) !
-°2f + 1 9

V 1 (2 4 !

V* e2v
F  ■*  2 f  9 D =  У ,

v =  \

e2"
D 2 v .

V =  1 ( 2 4 ! (24!

( 9 )

( 10)

F o r th e  com plete  p roo f o f th e  s ta te m e n t t h a t  w ith  su ita b ly  chosen series 
B , G, F,  D  all S -m a tr ix  e lem en ts becom e f in i te , th e  read e r is re ferred  to  [1], 
§ 30. H ere  we ju s t  perfo rm  th e  rem oval o f th e  d ivergences in  a sim ple case 
a n d  in d ica te  th e  general p ro ced u re . L et us t r y  to  ca lcu la te  th e  S -m atrix  e le
m en t be tw een  one-e lec tron  s ta te s

<p\ Г \S\ p ,  s> =  (о I 4  ) (p') I 1 +  i j L(x,; 1) d x x +

oj J T (L (x i : 1) L(*2? 1) d x 1 d x 2 +  . . .Ja*<+>(p) | o \
(И)

up  to  second o rd e r in  e. T he te rm s  o m itted  in  (11) are  of h ig h e r o rd er, and  fro m  
tho se  w ritte n  dow n we h av e  th e  follow ing c o n tr ib u tio n

о 14  Чр ' )  1 H- - - - - i
2

1 0
F., : ÿ(xj) y>(*i) : +  G2 —  : xp(xj)------- ¥>(*,) :

2 ax,
d x 1 +

( ! 2)

“ J  e2 T  (: ¥ (xl} Â ( x j) у { х х) :: ÿ>(*2) Â ( x 2) y(x2):) d x l dx,j a*<+> (p)jO^
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U sing th e  fa m ilia r  F e y n m a n  ru les g iven in  [1] §§ 19 — 21, w e find  th a t  up  to  
second o rd e r in  e

<p r I S  I p ,  s )  =  brs 0{p'  — p )  +  (2 л)4 i b ( p '  — p) -

.  v ' + №
(2 я )3/2

w here th e  expression

J ? ^ ( p , m )  =

—  + A
2 2

?(2> ^  (P)
(2л:)3/2

(13)

!л)4 i J'  dk p  — к +  m
(2л)4 i J k2 - f  is (p  — &)2 — m 2 -f- ie 

=  ( R 2 (p , fc, m)d/c

7 Уа ;

(14)

com es fro m  th e  te rm  of (12) co n ta in in g  th e  T -p ro d u c t. T h is T -p ro d u c t has 
been  t r e a te d  accord ing  to  W i c k ’s th e o re m , an d  th e  w ell-know n expressions 
for th e  v a c u u m  e x p e c ta tio n  value of th e  tw o-fold T -p ro d u c ts

<0| T(yj(x1) yj(x2)) |0> =
1

e )P

(2л )4 i .1 tri1 — p 2 — is
dp.

(15)

<0| T ( A f i (x1) A v(x 2)) \0 )  = 8 ^ ’ e i(xi- х г)к d k
(2 л )4 i J к2 -\- is

h av e  b een  u sed . These expressions are  d iv e rg en t fo r x ± — x2 —*■ 0 an d  th is  is 
w hy th e  in te g ra l in  2 ^  is also  d iv erg en t fo r  к  —► oo. T h e  d iv e rg en t second  o rder

Fig. 1

te rm  e2 v + X<2> v -  is i l lu s tr a te d  by  th e  F ey n m an  d ia g ra m  shown in  F ig . 1. 
To see how  th e  d ivergences occurring  in  can be co m p en sa ted  for b y  F 2 and 
G2, we observ e  th a t  th e  expression

R <2) (p , k, m) — R (2) (0, k, m)
9R (2) (p , fc, m)

dp
■P dk

— p 2 R}2* j (p , к, m)dk
(10)
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is co n vergen t. T hus if we choose in (13) F., an d  G2 to  be d iv e rg en t in  a well- 
defined m a n n e r ,5

J R (' ^  ( 0 ,  k ,  m )  d k  =  — ^ 2) ( 0 ,  m ) ,

G2
q

' dR( p , k, m)
d p

d k
Э Г < 2) ( p ,  m )  

9 P
(17)

p=0

we are left w ith  a fin ite  rem a in d e r in  (13)

R (p  (p ,  k,  m) dk  =  e2 (p , m, 0 ) . ( 18)

We h av e  in tro d u ced  th e  th ird  a rg u m e n t in  2 1}2* to  in d ic a te  th a t  th e  l a t te r  
depends on th e  p o in t a t  w hich  th e  e x p a n s io n  in to  T a y lo r  series h as  been  
carried  ou t.

S im ilar co n sd era tio n s lead  to  th e  co m p en sa tio n  o f th e  d ivergences in 
th e  second o rd e r v acu u m  p o la riza tio n  d ia g ra m  (Fig. 2)

Fig. 2

an d  in the  th ird  o rder v e r te x  d iagram  (F ig . 3),

i_ ^ 2

2 2
p  +  Г (2> ( p ,  m ) e 2 p 1

-------- •-----*----- г--------
\ p j v y '

Fig.  3

w hen the d iv e rg en t D,  an d  f?3, resp ec tiv e ly , a re  chosen su ita b ly . Going th e n  
to  fo u rth  and  f if th  o rder in  e, th e  c o n s ta n ts  F 4, G4, D 4 an d  В ъ com e in to  
p la y  an d  ta k e  care  of th e  d ivergences o f th e  fo u rth  a n d  f if th  o rd er g rap h s  
w hich  e v e n tu a lly  rem ain  a f te r  th e  second a n d  th ird  o rd e r d ivergences h av e  
been  e lim in a ted  from  th e m  w ith  the  h e lp  of th e  F 2, G2, D 2 an d  B 3 a lre a d y  
fixed . The p ro ced u re  can be  ex ten d ed  to  a rb itr a r i ly  high o rd e r in  e, th e  e ssen tia l 
p o in t being t h a t  no such divergences occur t h a t  can n o t be  com p en sa ted  fo r b y  
th e  A p-s in tro d u c e d  in  (6), (7) an d  (8).

5 F2 and G2 are often said to be “ divergent constan ts” , to express the fact th at they  
depend only on the electron m ass and on the poin t a t which the subtraction  has been m ade, 
but not on the m om entum  variab le p.
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L e t u s  com e b ack  to  th e  seco n d -o rd er e lec tron  se lf-energy . W e a rr iv e d  
a t  th e  f in i te  re m a in d e r p 2 Zj2) (p , m,  0) b y  su b tra c tin g  from  R th e  f i r s t  tw o  
te rm s  o f  its  T a y lo r series ta k e n  a t  th e  p o in t p  =  0. I t  is easily  seen t h a t  e x 
p an d in g  l î (2) a t  som e o th e r p o in t p  =  m '  we o b ta in  a n o th e r  f in ite  rem a in d e r. 
In  an ob v io u s sh o rth a n d  n o ta t io n  we h av e

Z (p , m) =  Z^2> ( m ' , m)
d Z ^  (p , m)

d p
(P -  m>) +

p = m '

+  ( P  —  Tn')2 Z f 2) ( p ,  m, m ' ) .
(19)

N ow , b y  a s lig h t m o d ifica tio n  of th e  co rrespond ing  Л ,-s we can  get th e  co m 
p e n sa tin g  d iv e rg e n t c o n s ta n ts . In d eed , i t  is enough to  w ork  in s te a d  of w ith  (8) 
w ith  th e  exp ression

e” : V (x i) m '  G„ 4- G„ — 8
2 1 дх,- dX:

— m '  G„

’ 4 x i — x 2) . . .  0(Xl -  x v) 4>{Xj) : (i =f=j).
(8 ')

T h is le ad s  to  th e  effective L ag ran g ean

L ( x ; 1) =  e : ip A  xp : +  eB  : y) A  y> : +  ( F  m '  G) : y> y> : -)-

+  G [ i :?a8  ip : — m  : xp rp : -  0 - : 8 а Л З “ ^ - ( 3 “ ^ ;
A

( 9 ' )

w ith  (10) fo rm a lly  u n ch an g ed . R ep ea tin g  now  th e  ca lcu la tio n  w hich led  fro m
(11) to  (13), we a rr iv e  a t  th e  expression

—  ( F 2 +  m ' G.p -F —  G2 (p  — m ’) +  -T(2) (p , m) 
2 2

w hich red u ces  to

if  we p u t

e2 (p  — m ')2 Z {p  (p , m, m') (20 )

J _  Q _  _  ( p ,  m)

2 2 d p
( F 2 + m ' G 2) =  ~ Z M ( m ' , m )  (17 ')

p = m '
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T h e  expression  e2 (p  — m ' ) 2 Z f ^  co rresp o n d s to  th e  f in ite  rem a in d e r (F ig . 4b) 
o f  th e  d iv e rg en t d iag ram  show n in F ig . 4a  a n d  en ters in to  th e  v a rious s c a tte r in g

div

F ig .  4

am p litu d es. E . g. th e  fo u r th  o rder C o m p to n  sca tte rin g  d iagram s (F ig . 5) 
co n ta in  th is  e lem en t. T h u s  a  new  m ass p a ra m e te r  m '  a p p e a rs  in  th e  th e o ry . 
In  m an y  te x tb o o k s  we m a y  read  th a t  i t  is “ co n v en ien t”  to  choose m '  — m  
because th e n  all th e  ra d ia tiv e  co rrections to  ex te rn a l an d  free  e lectron  lines are 
eq u a l to  zero, a n d  also because  th e n  th e  po le  o f th e  com plete  e lec tron  p ro p a g a t
o r occurs a t  th e  e lectron  m ass m.  I t  seem s to  us th a t  th e  choice m'  =  m  is n o t

F ig .  5

F ig .  6

m erely  a m a tte r  o f convenience. L e t us ex am in e  th e  q u es tio n  of th e  ra d ia tiv e  
co rrec tions to  th e  ex te rn a l (e. g. ingoing) lines. T he re lev an t fa c to r  co rresponds 
to  th e  p a r t  of a d iag ram  show n in  F ig . 6 a n d  equals (e x c e p t fo r im m a te ria l 
fac to rs  2 я)

——-—  e2 (p  — m ' y Z t f 2) (p ,  m ,  m ' )  v~ (p )  . (21)
p  — m i

T ak in g  in to  acco u n t th a t  th e  sp inor v~(p )  sa tis fie s  the

(p  — m)v~(p)  =  0 

D irac  eq u a tio n , we see th a t  i f  m '  =  m  (21) gives

(p  — m) i f  (p , m, m ' ) v ~ ( p )  =  0
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an d  th e  d iag ram  w ith  th e  r a d ia tiv e  co rrec tio n  in  th e  e x te rn a l line indeed  does 
n o t  c o n tr ib u te  to  th e  m a tr ix  e lem en t. H ow ever, if  we p u t  m '  =f= m  (21) w ill be  
d iv e rg en t because

(p  — m ) ^ 1 v ~ (p )  =  oo

an d  th e  fa c to r  (p  — m ')2 w ill n o t co u n te rb a lan ce  th is . S im ilarly  for a free  
e lec tron  line  th e  p ro p a g a to r  in  th e  m iddle o f th e  fo u rth  o rd e r graph  (F ig . 7)

Fig. 7

is easily  seen to  lead  to  d ivergence  if  in'  ={= m,  w hile fo r m '  =  m  we ge t zero  
as for th e  e x te rn a l lines. T h u s  for m'  =f= m  th e  ra d ia tiv e  corrections to  th e  
e x te rn a l a n d  free  lines m ak e  th e  S -m a tr ix  e lem ents d iv e rg e n t, and th e re fo re  
the  choice m '  =  m  seem s to  be n o t only  co n v en ien t, b u t  necessary .

I I .  I n  th e  p reced ing  section  we h a v e  estab lished  t h a t  it  is necessary  
to  choose m '  =  m  in  o rd er to  avoid  in fin itie s  in  th e  e x te rn a l and free e lec tro n  
lines. T h e  re su lt is of course easily  e x te n d e d  to  th e  self-energy  graphs o f  th e  
o th e r p a rtic le s , e. g. for th e  p h o to n  we h a v e  to  ca rry  o u t th e  expansion a t  th e  
p h o to n  m ass nif =  0. T he co rrespond ing  te rm  w ith  co effic ien t D  in (9 ')  w as 
w ritte n  a lre a d y  in th a t  fo rm . F o r th e  v e r te x  fu n c tio n s th e  choice of th e  su b 
tr a c tio n  p o in t is p ro b ab ly  n o t  unam b ig u o u s in  general, b u t  in  q u an tu m  e le c tro 
dynam ics gauge in v a rian ce  im poses th e  co n d itio n  B 2v+i — G2|. and  th e  p ro b 
lem  is th e re b y  reso lved . T h u s  we a rriv e  to  th e  effective L ag rangean

L(x;  1) =  e : xp A  xp : -f- eB  : xp A  xp : — b m  : xp xp :

G : —  xp Э y> — mxp xp : — D  —  : 3a A x da A x — (8a A a)2 : 
2 2

(9")

w here th e  n o ta tio n  — dm  =  F  -j- mG  h a s  been in tro d u c e d .6 Now th e  w hole 
re n o rm a liza tio n  can be c a rr ie d  ou t w ith o u t d ifficu lty  fo r  th e  ex ternal a n d  free 
lines.

L e t us here  recall to  m in d  th a t  u p  to  now  we have  in v es tig a ted  th e  p ro b 
lem  o f rem o v in g  th e  d ivergences from  th e  S -m a trix  e lem ents of a th e o ry  
w here th e  in te ra c tio n  L a g ra n g ia n  was g iv en  b y

L(x)  =  e : xp Â  xp : (4)

Notice the misprints in formula (30.45) o f [1].
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an d  th e  fie ld  o p e ra to rs  \p, A ß sa tis fied  th e  free  fie ld  eq u a tio n s

(id — m)yj =  0; 0^4,1 =  0 (5)

a n d  th e  co rrespond ing  free canon ical c o m m u ta tio n  re la tio n s . L e t us now  
ask  w h a t h ap p en s i f  we s ta r t  from  th e  sam e free  field  e q u a tio n s  an d  co m m u t
a tio n  re la tio n s, b u t  use th e  in te ra c tio n  L ag ran g ian

L(x )  =  e : ip A  y> : f -  m  : rp ip : ^  L(x)  +  Ô L (x ) ,  (4 ')

w here in is a new  f i n i t e  “ co u p ling”  co n s tan t, independent  o f  e.
F irs t of all le t us re m a rk  th a t  th e  in tro d u c tio n  of th e  b ilinear te rm  

тП \ц>гр: does n o t change th e  fa c t th a t  all s c a tte r in g  processes, i. e. all processes 
w here energ y -m o m en tu m  tra n s fe r  betw een  p a rtic le s  is p o ssib le , are due to  
th e  sam e tr ilin e a r  o p e ra to r  te rm s  as i t  was th e  case p rev io u sly , since a b ilin ea r 
te rm  can n o t lead  to  such p rocesses.7 T hus th e  s tru c tu re  of th e  b a s ic  in te ra c tio n  
rem ain s un ch an g ed , an d  th e re fo re  we m ay h o p e  th a t  th e  ren o rm a liza tio n  can  
be ca rried  ou t w ith o u t essen tia l changes in  th e  A v-s. This is in d e e d  th e  case, b u t ,  
as p o in ted  ou t a t  th e  end  of § 31.2 in  [1], th e  te rm  Hi : \pip : le a d s  to  a pecu lia r 
effec t.8 N am ely , we shall see th a t  th is  te rm  m odifies th e  free e le c tro n  p ro p a g a to r 
S c (p ) in  th e  fo llow ing w ay:

----------(22)
i p  — m p  — (m  , m)

an d  b y  th e  change

-----" 4 ,  - v ~ ( p )  =  0 (23)
p  — rn — m

makes all the graphs with external electron lines equal to zero. T h u s  th e  effect 
caused  b y  th e  te rm  in : гр ip : is not equivalent  w ith  a sim ple ren o rm a liza tio n  
o f th e  m ass of th e  e lec tron .

W e shall show  below  th a t  a t  th e  sam e tim e  th e  fin ite  rem a in d e rs  of th e  
e lec tro n  self-energy corrections ta k e  th e  form

e v ( p — m ' ) 2 (p,  m  -f- ih, m ') (24)

a n d  th a t  in  th e  p re se n t case no d ivergences a rise  w hen self-energy  corrections 
are  in se rte d  in  th e  e x te rn a l an d  free  e lectron  lin es . N am ely , w e sh a ll find  th a t  
th e  m echan ism  lead in g  to  fo rm ulae  (22) — (24) m a k e s  th e  co rresp o n d in g  graphs

7 Of course other fin ite  terms m ay also be introduced (see [1] § 32 .), b u t we are not  
interested in them.

8 We have w ritten m instead of dm in [1] to avoid  confusion w ith th e  corresponding 
divergent constant in (9” ).
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w ith  e x te rn a l e lec tron  lines v an ish  w ith  a rb itra ry  m ', w h ile  for free e lec tro n  
lines we h av e  sim ply  th e  c o n tr ib u tio n

V 1 ( p )  v s -  ( p ' )  =  ô rs (p  —  p ' )  ( p °  =  p 0' =  +  V p  +  m 2) .  ( 2 5 )

T h e fo rm u lae  (22) — (25) are  o b ta in e d  b y  in se r tin g  all th e  co rrec tio n s 
com ing from  th e  m : i/np : te rm  in  all sim p le  e lectron  lin e s  o f a F ey n m an  graph

• ------ • 4  •----ê ----• 4  •—Д----- Û--- . 4  . . . =  .----A _  (7,
722
;

• --------- 4 .— A-----4 »—A-----A-----  4  . . .  =  . — A ------ t>j

-----------  4  ---- A----- 4  — A-----A—  4  . -. =  ----- A -----  Cj

Fig. 8

an d  th e n  e lim in a tin g  all th e  d ivergences b y  a p p ro p ria te  choice of th e  d iv e rg en t 
c o n s ta n ts  in  th e  A„-s. T h u s  we o b ta in  th e  follow ing re su lts : 
for a p ro p a g a to r (F ig .  8a)

p  — m p  — m  i p  m p  — m
1

m

P 1 —

1
in

p  m
p  — m  — m

for an  e x te rn a l line (F ig . 8b)

1 + - ^ ----- ™ +p  -  m i
V ( p )  =

1 -
m

V -  ( p )  =

p  — m

p  — m
v~ ( p ) ---- * 0 for p 2

p  — m  — m

fo r a free line (F ig . 8c)

ä rs ( p  -  p )  -  (2 я )4 i 0{p  -  p ')  -V~ [r-3/2
m m

(22 ')

(23')

+  ... Vs (P )
(2л)3'2

(2л:)3/2 г р  — т  — т  (2л)3/2 

—  ôrs (Р  -  Р')  +  ö(p - р ' ) -  о fo r р 2 -  т 2 (25 ')
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O f course, th e  geom etrica l series have b e e n  sum m ed a t  su ch  a value o f p  w here 
th e y  converge (such va lu es  of p  su re ly  e x is t fo r given m  an d  ire) an d  th e n  th e  
m ass shell v a lu e  p 2 =  m 2 has been ta k e n  i f  needed. I t  is easily  seen t h a t  i t  is 
necessary to  c a rry  o u t th e  sum m atio n  o v e r th e  complete series,  because s to p p in g  
a t  som e f in ite  o rd er in  rh, we get d iv e rg e n t resu lts  on  th e  m ass shell.

W e s till h av e  to  show  how  (24) is o b ta in ed . L ook ing  a t  th e  seco n d -o rd er 
fo rm ula  (20), we see th a t  i t  con ta ins th e  d iverg en t exp ression  (14) 27(2) (p , m),  
in  w hich th e  free e lec tron  p ro p ag a to r

i

p  — k  — m

occurs. A ccording to  (22) we h av e  to  p u t  in  i t  m  -|- rh in s te a d  of m,  i. e. w e h a v e  
to  w rite  S {2\ p ,  m  -J- ire) in s te a d  of E (2\ p ,  m).  To co m p en sa te  th e  d ivergences 
we have  ev id en tly  to  choose

1  G — — э^ (2> (P> rn +  ™)
2 d p

—  (F  -f- m' G) =  
2

- E ^ \m ' , m  -j- rh)
(17")

s" N/ ч/ \A----i---A----- 1--- A
Fig. 9

an d  we o b ta in  th e  fo rm ula (24) fo r v =  1. I t  is now  easily  seen  th a t  no d iff ic u lty  
arises w ith  th e  self-energy corrections to  e x te rn a l and  free  lines. In d eed , w hile  
p rev iously  fo r an  ex te rn a l line  (Fig. 6) w e h a d  th e  fo rm u la

~T““-----------  e~ (P  — m ' Y  £ (f2) (P . "L m  ) v'~ (P) =
p  —  m  '

we now  have th e  case show n in  F ig . 9, i. e.

— -----—-----— e2 (p  — m ')2 (p , m +  m , m') — ^ ---- m  —- v~ (p) —*■ 0p —  rn —  m i  p —  m —  rh
if  p2—r-m2 (26)

in d e p e n d e n tly  of th e  va lu e  o f m'. S im ilar considera tions show  th a t  a ll se lf
energy  co rrec tions to  th e  free  e lectron  lin es  v an ish  an d  w e therefo re  com e to  
th e  expression (25). W e see th a t  th e  th e o ry  w ith  the  new  L agrangean  L ( x )  is 
reno rm alizab le  a n d  th a t  a ll th e  ca lcu la tio n s m ay  be c a rr ie d  ou t u p  to  a n y  
given o rder in  e. T he  s tru c tu re  of th e  b a s ic  in te rac tio n  is th e  sam e as in  th e  
norm al case ire =  0, how ever, all th e  S -m a tr ix  e lem ents w ith  ex te rn a l sp in o r

oo fo r m ф  m  
0 for rn =  m
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lines are eq u a l to  zero. T h is m ean s th a t  th e  sp ino r fie ld  becom es an  in te r 
m ed ia te  f ie ld , i. e. th a t  th e  “ e lec tro n s”  ta k e  p a r t  in  th e  s c a tte r in g  processes 
o n ly  as v ir tu a l  p a rtic le s . F ree  “ e lec trons”  m a y  be  p resen t in  th e  in itia l s ta te , 
b u t  th e y  c a n n o t in te ra c t a n d  th e re fo re  th e y  m a y  be o m itte d  w ith o u t loss of 
g en era lity .

Tw o p ro b lem s arise in  conn ec tio n  w ith  th e se  resu lts . F i r s t ,  i t  is n o t su re  
t h a t  th e  p ro ced u re  for th e  c a lcu la tio n  o f th e  new  S -m a tr ix  elem ents lead s 
to  a u n ita ry  a n d  causal S -m a tr ix . W e shall p re se n tly  com e h a c k  to  th is  q u e s
tio n . Second, even  if  th ese  b asic  re q u ire m e n ts  are sa tis fied  th is  does n o t  
n ecessarily  m ean  th a t  th e  th e o ry  corresponds to  physica l re a li ty . In  th is  co n 
n ec tio n  i t  is en o u g h  to  call to  m in d  the  w ell-know n fac t th a t  p resen t-d ay  fie ld  
th eo rie s  a re  u n fo r tu n a te ly  m u ch  richer th a n  necessary . E . g. a th e o ry  of q u a n t
u m  e lec tro d y n am ics  w ith  e lec tro n  m ass a n d  charge  values d iffe ren t from  th e  
ph y sica l ones m a y  m a th e m a tic a lly  be as good  as a th e o ry  in  w hich th e  t ru e  
va lu es  h av e  b een  used , b u t  su ch  a th eo ry  does n o t  app ly  to  n a tu re . In  th e  sam e 
w ay  i t  is a lm o s t ce rta in  t h a t  even  if  th e  th e o ry  w ith  in te rm e d ia te  e lec tro n  
fie ld  tu rn s  o u t to  be n o t w orse m a th e m a tic a lly  th a n  th e  n o rm a l one, i t  shou ld  
be  re jec ted  b ecau se  th e re  is no  physica l b ack g ro u n d  for su ch  a theo ry . In  co n 
t r a s t  to  th is , in  p a r t  I I I  o f o u r  p ap e r we sh a ll see th a t  fo r w eak  in te ra c tio n  
th e  case is d iffe re n t: w hile th e  no rm al (M  =  0) vecto r-b o so n  th eo ry  o f w eak  
in te ra c tio n  is n o n -ren o rm alizab le , th e  in tro d u c tio n  of a b ilin e a r  vecto r-boson

M 2 . ,
te rm  — ——— : В * B ß : in to  th e  in te ra c tio n  L agrangean  m akes th e  th e o ry

ren o rm alizab le . I t  is tru e  t h a t  a t  th e  sam e tim e  th e  v e c to r  boson becom es a 
p u re ly  in te rm e d ia te  fie ld , b u t  th is  is n o t in  co n trad ic tio n  w ith  any  k n o w n  
e x p e rim e n ta l fac t.

L e t us now  il lu s tra te  th e  problem  o f u n ita r i ty  an d  cau sa lity  on h a n d  
o f  exam ple  o f  q u a n tu m  e lec tro d y n am ics. T h e  expression fo r th e  s c a tte r in g  
o p e ra to r  S  w ith  th e  new  effec tiv e  L ag ran g ean

L(x ;  1) =  L(x;  1) +  Ö L(x)  

acco rd ing  to  (1) reads now :

5  =  1 +  iJ (L (  1) +  ô L { l ) ) d l  + j 2y  T ( L ( l )  +  ôL( l ) ,L{2)  +  ô L (2 ) ) d ld 2 + . .„  (27)

w here 1 s ta n d s  for xx, L ( l )  fo r  L{x t ; 1) a n d  Ö L ( l)  =  in : ÿ (x x) гр(х1) :. A f in ite  
p a r t  of th is  series co n ta in s te rm s  up  to  a f in ite  o rder in  in. H ow ever, we h av e  
seen th a t  w e m u s t ca rry  o u t th e  com plete  su m m atio n  over m  for each e lec tro n  
line to  av o id  d ivergences in  ex te rn a l a n d  free  lines [see fo rm ulae  (23 ') an d  
(2 5 ')]. T h is m ean s th a t  we h a v e  to  re a rra n g e  th e  in fin ite  series (27) in  su ch  a
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w ay th a t  for each  given o rd e r in  e we o b ta in  a n  in fin ite  series in  in. To d u  
th is  we have  f i r s t  to  w rite  dow n all th e  te rm s  o f zero o rder in  L ( 1) (i. e. in  e),, 
th e n  all te rm s of f ir s t  o rd er in  L ( l)  an d  so on . (O f course, L ( l)  co n ta in s  th e  
d iv e rg en t c o n s tn a ts  B, G, D,  dm  w hich  th em se lv es  are in f in ite  series in  e, 
a n d  in  w hich on ly  th e  te rm s u p  to  th e  desired  o rd e r  are  to  be re ta in e d , ju s t  as 
in  th e  n o rm al case m =  0.) A fter tr iv ia l  s tep s  we a rrive  a t  th e  re a rra n g ed  
sc a tte rin g  o p e ra to r

I  =  У  —  I T ( d L ( l ) . . . ÔL(n))d\ . . . d n  +
П, n \ J

+  —  У  —  I T(L{ 1') ÔL( 1). . . д Ц п ) )  d l ’ d l . . . d n  +  . . . =  (28)
1 ! t^o n! J

OO * ft' 9 T\ »
-  У  у  —  - —  I T ( L ( 1 ') . . . Ц к ’) д Ц 1 ) .  . , Ô L ( n ) ) d l ' .  . . d k ’d l .  . . d n ,

~ о n a k ' l n! J

w hich  has to  be  used  if  in ф  0. T h u s th e  re a rra n g e m e n t S  -* S  m u s t be co n 
sidered  as th e  necessary  red e fin itio n  o f th e  sc a tte r in g  o p e ra to r  fo r cases m=j= 0.

O f course one c a n n o t a sse rt th a t  S  =  S ,  b ecau se  S  is n o t k n o w n  to  be ab -

so lu te ly  co n vergen t. T herefo re  all th e  p ro p e rtie s  o f S  m u st be  re in v e s tig a te d  
w ith o u t reference to  S an d  it  is in th is  c o n n ec tio n  th a t  th e  p ro b lem  of u n ita r i ty  
a n d  cau sa lity  arises. T his p rob lem , w hich  is in tim a te ly  re la te d  to  th e  p rob lem  
o f th e  a n a ly tic  s tru c tu re  o f th e  G reen’s fu n c tio n s  of th e  th e o ry , w ill n o t be  
in v e s tig a te d  in  th e  p re sen t p ap er. L e t us o n ly  re m a rk  th a t  th e  tw o -p o in t 
G reen’s fu n c tio n , i. e. th e  p ro p a g a to r  of an  in te rm e d ia te  f ie ld  (w ith  self
energy  correc tions included) has som e enco u rag in g  p ro p e rtie s . In d eed , fo r 
m u lae  (22) a n d  (24) in d ic te  th a t  th is  p ro p a g a to r  is ch a rac te rized  b y  tw o m ass 
p a ram e te rs  m  rh an d  in' ,  an d  th a t  th e  po le  o f th e  p ro p a g a to r

---------------------------------- — ---------------------------------- (29)
p  (m -}- m)  — ( p  — m ') - e -  Z t p  (p ,  m  \- m,  m' )

inc lu d in g  all second-order self-energy co rrec tio n s m ay  be sh if te d  from  th e  rea l 
ax is. T he im p o r ta n t questio n  is w h e th e r fo r su ita b ly  chosen m ass p a ra m e te rs  
th e  pole will no longer be on th e  f ir s t  R e im an n  sheet, as re q u ire d  by  u n i t 
a r i ty  an d  causa lity .*  T he answ er to  th is  q u es tio n  m ay  essen tia lly  depend  on 
th e  concrete  s tru c tu re  of th e  self-energy c o rrec tio n , d e te rm in ed  b y  th e  basic  
in te ra c tio n  L ag ran g ean . T herefo re  we th in k  t h a t  i t  w ould be  useless to  m ake 
a d e ta iled  in v es tig a tio n  of these  p ro p e rtie s  in  q u a n tu m  e lec tro d y n am ics, 
w here th e  case in ф  0 is p e rh ap s  m a th e m a tic a lly  co rrec t b u t  su re ly  n o t p h y s i
cal, an d  we tu rn  now  to  a p hysica lly  p lau sib le  case.

* See the note added in proof.
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I I I .  A possible ap p lica tio n  o f th e  proposed  schem e is th e  co n s tru c tio n  
of a ren o rm alizab le  th e o ry  of w eak  in te ra c tio n s  w ith  in te rm e d ia te  resonance- 
like v e c to r  boson.

I t  is  well know n t h a t  th e  v e c to r  boson  th eo ries  w ith  th e  tr i l in e a r  in te r 
ac tio n  L ag ran g ean

L(x)  =  d (X) 0 °  y>2 (X) B C1 (x) : -f- h. c. (30)

are  in  g en era l n o n -ren o rm alizab le . T h e  reason  fo r th is  is th e  follow ing. L e t th e  
free v ec to r-b o so n  fie ld  sa tis fy  th e  K l e i n — G o r d o n  eq u a tio n 9

( □  -  M 2) B a (x) =  0. (31)

T hen  i f  th e  fo u r co m p o n en ts  of B„ a re  q u an tized

[ B * ( x 1) , B ß (x2) ] _ = g aß- ^ \ e ik^ e ( k ^ ) ö ( k 2 - M 2) d k  (32)
(2л:)-1 J

we a r r iv e  a t  th e  fo llow ing  fo rm ula  fo r  th e  free v e c to r  boson p ro p a g a to r  D aß:

<0| T ( B *  K )  Bß (x2)) |0> =  -  D caß (x, -  x 2) =  

1
( 2 л у

S a ß
fc2 — M 2 is

eik(xi хг) dk  .

(33)

W e see t h a t  th e  degrees o f  th e  fe rm io n  an d  boson p ro p ag a to rs  in  m o m en tu m  
space a n d  th e  to p o lo g y  o f th e  F e y n m a n  graphs a re  th e  sam e as in  q u a n tu m  
e lec tro d y n am ics, an d  th e re fo re  th e  th e o ry  is fo rm ally  ren o rm alizab le . H ow ever, 
because  o f  th e  a p p e a ra n ce  of th e  m e tr ic  ten so r in  th e  c o m m u ta to r  (32), th e  
free  sp ace  s ta te  w ill be  a  v ec to r  space  w ith  in d e fin ite  m etric , a n d  n eg a tiv e  
p ro b a b ilitie s  occur in  th e  th e o ry . T o  rem ove th is  d ifficu lty  severa l m e th o d s  
are  k n o w n , b u t  ex cep t fo r th e  special case of conserved  sp inor c u rre n ts , th e y  
all le ad  to  n o n -ren o rm alizab le  th eo rie s , essen tia lly  b ecau se  in  th e  boson  p ro p a 
g a to r  th e  fa c to r

gaß(k2 -  M 2 + i e ) ~ '  (34)

has to  b e  changed  to

ga/,~ Ĵ " ) (fe2_M2 +  Í£)~1' (35)

9 More sophisticated equations for the vector boson have been proposed, but we 
shall n o t investigate  them  in the present paper.
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T h u s we have here  a s itu a tio n  w here  th e  n o rm a l M  =  0 case tu rn s  o u t to  be 
u n accep tab le  in  th e  fram ew ork  o f th e  ren o rm a liza tio n  p rog ram .

As a so lu tion  we propose to  ad d  th e  b ilin ea r te rm
M 2

: B* (x) B “ (x) :

to  th e  in te ra c tio n  L ag ran g ian  (30) an d  o th erw ise  re ta in  th e  fo rm a lly  renor- 
m alizab le  v a r ia n t  o f th e  th e o ry  defined  b y  th e  fo rm ulae  (31) — (34). Going

полу over from  S  to  S,  we a rriv e  a t  a th e o ry  w h ere  free v ec to r  bosons c an n o t 
in te ra c t. The so lu tio n  of th e  in d e fin ite  m e tric  prob lem  is th e n  tr iv ia l. I t  is 
enough to  d em an d  th a t  no v ec to r  boson  be p re se n t in  th e  in itia l s ta te s , because 
th e n  th e y  can  n ev e r ap p ea r in  th e  f in a l s ta te s . M ore p recisely , we sp lit th e  
A^ector space w ith  in d efin ite  m e tric  in to  tw o o rth o g o n a l su bspaces, a physica l 
subspace  (w ith  po sitiv e  d e fin ite  n o rm ) w ith  n o  v e c to r  bosons a n d  a subspace

w here bosons are  p resen t. T he S -o p e ra to r  a c tin g  on physical s ta te s  leads again  
to  p h ysica l s ta te s  an d  th e re b y  no  n eg a tiv e  p ro b ab ilitie s  arise  in  th e  th eo ry .

T he ap p licab ility  of th is  schem e to  th e  co n stru c tio n  c f  a ren o rin a lizab le  
th e o ry  o f w eak in te rac tio n s  w ith  p u re ly  in te rm e d ia te  v ec to r-b o so n  fie ld  is 
im m ed ia te . In  low est o rder th is  th e o ry  c learly  le ad s  to  th e  re su lts  of th e  F erm i 
th e o ry  in  all cases w here [fc2| M 2 -f- M 2 i. e. for all /?-decay processes, if  
we p u t

1 d 2
]/8 M 2 +  M 2

=  / =  1,4 -10  49 e rg -c m 3 ,

w here d is th e  coup ling  c o n s ta n t o f th e  v e c to r  boson to  th e  w eak  cu rren ts . 
C om parison w ith  th e  resu lts  o f h igh -energy  n e u tr in o  ex p erim en ts  could serve 
as a fu r th e r  ex p e rim en ta l check on th e  th e o ry , how ever, th e  th e o re tic a l u n 
c e rta in tie s  in  th e  fo rm  fac to rs  to g e th e r  w ith  th e  ex p erim en ta l ones m ake such- 
a com parison  p ro b a b ly  p re m a tu re .

In  conclusion  le t  us m ake th e  follow ing rem ark . U su a lly  fie ld  theo ries 
are  ex p ec ted  to  h av e  s tru c tu re s  in  w hich e ach  fie ld  o p e ra to r gives rise to  a 
p a rtic le  w hich  m ay  be b o th  e x te rn a l an d  v ir tu a l .  H ow ever, we th in k  t h a t  
one need  n o t consider th is  re q u ire m e n t as a n ecessary  p rincip le . In d eed , even 
fo r s tab le  p a rtic le s  th e re  m ay  b e  special sy m m e try  law s w h ich  e lim ina te  
som e o f th e  p o la riza tio n  s ta te s  fro m  th e  e x te rn a l lines b u t  p rese rv e  th em  in  
th e  in te rn a l ones. A know n ex am p le  for th is  is th e  case of th e  e lec tro m ag n etic  
fie ld . A m ore g enera l reason  fo r d o u b t re g a rd in g  th e  necessity  of th e  above 
p rinc ip le  lies in  th e  prob lem  of th e  u n s tab le  p a rtic le s  (or reso n an ces). A t p re 
sen t i t  is an  open  question  w h e th e r one h a s  to  in tro d u ce  in d e p e n d e n t fie ld  
o p era to rs  for th e  u n s tab le  p a rtic le s  or w h e th e r one has to  o b ta in  th e m  as co m 
posite  system s o f th e  stab le  p a rtic le s . The seco n d  possib ility  is o f course m ore 
sa tis fac to ry  th a n  th e  f irs t, b u t  u p  to  now  n o  such  so lu tion  o f th e  p rob lem  
could  be given. W e m ay  th e re fo re  a d o p t th e  f i r s t  possib ility  a n d  consider i t  as
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a phenom eno log ica l a p p ro x im a tio n  o f  th e  second. O ne th e n  has to  look  for 
a m ech an ism  w hich  d iscards th e  u n s ta b le  p a rtic le s  fro m  th e  in itia l a n d  final 
s ta te s  o f th e  sc a tte r in g  processes, b ecau se  in  a c o n s is ten t S -m atrix  th e o ry  only 
s tab le  p a rtic le s  shou ld  occur in  th o se  s ta te s . I t  m a y  he  th a t  an  ex ten s io n  of 
th e  p ro ced u re  p rop o sed  in  th e  p re se n t p a p e r  to  all u n s ta b le  partic les  m a y  give 
such  a m echan ism .

Note  added in proof .  I t  is w ell-know n th a t  th e  p ro p ag a to r o f a  stab le  
p a rtic le  (inc lud ing  ra d ia tiv e  co rrec tions) m ay  h av e  a n d  in  m any  cases a c tu a lly  
has a g h o s t pole. W e are  n o t  concerned  here  w ith  th e  e lim ination  o f th e  ghost, 
b u t  r a th e r  w ith  th e  e lim in a tio n  of th e  n o rm al s ta ld e -p a rtic le  pole. T h e  de
ta ile d  in v e s tig a tio n  of th is  p rob lem  fo r sca la r an d  v e c to r  fields is in  p rogress. 
T h e  a u th o r  expresses h is th a n k s  to  P ro f. I .  B i a l y n i c i c i—BiRULAfor a n  in te r 
estin g  d iscussion  on th e  su b jec t. V a lu ab le  c ritica l re m a rk s  of P ro f. J .  R a y s k i  

a n d  I .  T o d o r o v  are  also g re a tly  ap p re c ia ted .
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ПРОМЕЖУТОЧНЫЕ ПОЛЯ БЕЗ ЧАСТИЦ
А. Ф РЕНКЕЛЬ

Р е з ю м е

Предлагается распространение теории S-матрицы Боголюбова [1] к описанию 
промежуточных полей без соответствующих частиц в начальном и конечном состояниях. 
Из математического выражения полной причинной функции Грина промежуточного поля 
видно, что могут быть случаи, когда эта функция обладает известными аналитическими 
свойствами пропагатора нестабильной частицы (или резонанса). Показано, что если пред
ложенный формализм применим к полю векторного бозона, то можно построить перенор
мируемую теорию слабых взаимодействий с промежуточным полем векторного бозона. 
В низшем приближении теория ведет к тем же результатам, что и теория Ферми для всех 
слабых распадов.
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C O  M M  U N  I C Á T  1 0  N E  S  B R E V E S

THE HALF-LIFE OF THE SECOND EXCITED STATE
IN Cs133

B y

T. SCHARBERT

IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , D E B R E C E N

(R eceived 23. X I. 1964)

To o b ta in  spins an d  p a ritie s  o f  th e  levels o f  Cs133 m an y  in v es tig a tio n s  
w ere perfo rm ed  on th e  decay  of b o th  B a 133 and  X e 133 [1]. I t  h a s  b een  dem on
s tra te d  th a t  for th ree  o u t of th e  f i r s t  fou r ex c ited  s ta te s  of Cs133 re liab le  sp in  
a n d  p a r ity  assignm ents [2] m igh t be  achieved. T h is  is tru e  esp ec ia lly  for th e  
f irs t  an d  th e  th ird  ex c ited  levels w here  th e  v a lu es  5 /2+ and  3/2+ a re  re liab ly  
e s tab lish ed .

I t  is doub tless th a t  th e  m ost p ro b lem atic  leve l is a t 161 keV , i.e. th e  
second exc ited  level. A ccord ing  to  certa in  m easu rem en ts  [3, 4] spin 3/2, 
w hile in  o thers [2, 5, 6] 5/2 are su p posed . The p ro b le m  is even m ore  in te re s t
in g  since Cs133 is n e a r  th e  double closed shells a n d  th e  in v e s tig a tio n  of such 
k in d  o f  nuclei is v e ry  p rom ising  th eo re tica lly  also .

I t  w ould be v e ry  usefu l in  th e  g iven  s itu a tio n  i f  th ere  w ere a n y  availab le  
e x p e rim e n ta l d a ta  re fe rrin g  to  th e  life tim e  of th e  161 keV level. U n fo rtu n a te ly , 
up  to  now  on ly  th e  ap p ro x im a te  e stim a tio n  o f  B o d e n st e d t  e t  al. [5] has 
been  know n in  l i te ra tu re  accord ing  to  w hich T j|2 < / 5 • 10-10 sec.

T h a t was th e  reaso n  w hy we decided to  m easu re  the  life tim e  of th e  
second exc ited  s ta te  of th is  iso tope .

T he m easuring  in s tru m e n t co n sis ted  of a t im e  to  a m p litu d e  con v erte r 
w ith  slow -fast system . T he signals o f tw o N aJ(T l) crystals in  connection  
w ith  tw o  6810/A p h o to m u ltip lie rs  w ere co n n ec ted  w ith  a fa s t  coincidence 
c ircu it w ith  tu n n e l diodes [7]. T he slow  p a r t  o f th e  converter w as th e  usual 
one, a tta c h e d  to  a m u ltich an n e l an a ly ze r.

T he reso lv ing  tim e  o f th is  in s tru m e n t w as 2 t  =  3,0 • 10-9 sec for 
C o80 iso tope .

M easuring th e  life tim e of th e  second  ex c ited  level, the  slow  p a r ts  were 
se t to  th e  161 keV an d  276 keV energ ies, re sp ec tiv e ly . I t  is c lea r from  th e  
level schem e th a t  no o th e r  cascades in te rfe red  in  th e  m easu rem en t of th is  
level. T he tra n s itio n  b e ing  w eak, th e  chance coincidences w ere red u ced  b y  
p lac ing  a lead  an d  t in  sh ield  b e tw een  th e  source a n d  th e  c ry s ta ls . The lead  
sh ie ld  m ade a cu t o ff a b o u t 200 keV  a n d  the  t in  re d u c e d  the  in te n s iv e  81 keV 
p eak . W e used  Co60 iso tope  as a p ro m p t gam m a source.
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T he m easu rem en ts  were p e rfo rm ed  in  five in d e p e n d e n t 24 h o u r  periods. 
In  each  period  th e  sources Co60 a n d  B a 133 were c h an g ed  14 tim es to  e lim inate  
th e  d r if t o f th e  in s tru m e n t.

Fig. 1. Prom pt and delayed coincidence resolution curves for Co60 and B a 133

E v a lu a tin g  th e  ex p e rim en ta l cu rv es  (Fig. 1) b y  th e  cen tro id  sh if t m ethod  
th e  follow ing va lu e  w as received : T ^ 2 =  (9,7 ^  2 ,6) • 10-11 sec.

F o r th e  p u rp o se  o f  e v a lu a tin g  th e  m e asu rem en t le t us see Table 1:

Table 1

I  -* г
1/2 — 

13/2 —
7/2 + 
7/2 +

3/2 -  
11/2 —

7/2 + 
7/2 +

5 / 2 -  
9 /2  —

7/2 + 
7/2 + 7/2 — 7/2 +

А л 1 0 0 l l 0 l 0
EL or ML E3 М3 E2 М2 E l Ml E l Ml

T l /„ (W ) sec 1 102 10-’ 10“5 io-13 10“12 10“13 10-12
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Here we obtained the values T i jl { W )  according to the W eisskopf 
calculation from a nom ogram  given  by W ilk in so n  [8].

I t  is clearly  show n th a t  on th e  basis o f th e  one partic le  m odel am ong 
th e  v a lu es  o f 3/2+ a n d  5/2+ th e  assig n m en t o f 5/2+ seems to  be  th e  m ore 
p ro b ab le  (the  colum ns w ith  А л  =  1 can  be e lim in a ted  on the  basis  o f  Coulom b 
e x c ita tio n  m easu rem en ts). The d e v ia tio n  of th e  e x p e rim e n ta l v a lu e  from  th e  
th e o re tic a l one can be exp la ined  b y  th e  ap p ea ran ce  o f collective effects an d  
E2 m ix tu re .

A fte r we h a d  fin ish ed  ou r m easu rem en ts , we received th e  p ap er b y  
F lauger an d  Schneider  [9]. T h e y  also m easu red  th e  lifetim e o f th is  level 
b u t  w ith  th e  help  o f gam m a-conversion  e lec tro n  coincidences, an d  th e y  
o b ta in e d  Т Ф  =  (0,85 ^  0,16) ■ 10 10 sec in  close ag reem en t w ith  o u r value 
w ith in  th e  lim its o f erro rs.

I  am  in d eb ted  to  Professor A . Szalay fo r th e  excellen t w ork ing  con
d itio n s a t th is  I n s t i tu te  and  to  D r. D. B e r é n y i for s tim u la tin g  advices.
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ACTIVATION DEVICE 
FOR OBTAINING ACTIVE DEPOSIT 
OF THE THORON ON THIN WIRE

By

Cs. Ú j h e l y i  and D . B e r é n y i

IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , D E B R E C E N

(R eceived 23. X II. 1964)

The T hB  —|— C —j— C "  source prov ides a n u m b e r of re liab le  s ta n d a rd  
ca lib ra tio n  lines for b e ta - ra y  spectro scopy . To o b ta in  ac tive  d ep o sit on th in  
w ire ( ~ 0 ,1  m m ) tw o p rocedures a re  genera lly  u sed : th e  w ire to g e th e r  w ith  
th e  source-holder is p laced  in to  th e  a c tiv a tio n  device [1 — 3] or th e  w ire 
i tse lf  is singly  a c tiv a te d  an d  th e n  s tre tc h e d  (e.g . [4]). The d isa d v a n ta g e  o f 
th e  f irs t  p rocedure is th a t  n o t on ly  is th e  wire a c tiv a te d  b u t th e  source-holder 
too. I n  th e  second p rocedure  i t  is d ifficu lt to  s tre tc h  th e  ac tiv e  w ire on th e  
source-holder.

Fig. 1. General v iew  o f the activation  device

In  th is  sh o rt no te  an  a c tiv a tio n  device designed  for o b ta in in g  T hB  -f- 
-j- C -f- C "  on th in  w ire is described . H ere th e  th in  w ire s tre tc h e d  b y  a steel 
sp rin g  is a c tiv a te d  an d  a fte r  a c tiv a tio n  th e  w ire can  be easily  fix ed  on a 
su itab le  sourceholder.

T he ac tiv a tio n  device îiTSiêêh in  F ig . 1. The device consists o f  th e  follow 
ing p a r ts :  th e  sta in less stee l vessel co n ta in in g  th e  em an a tin g  p re p a ra tio n ,
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th e  w ire s tre tc h e d  b y  th e  steel sp ring  (how ), an d  th e  u p p e r and  low er p a rts  
of th e  unscrew able  p lex ig lass p lug  (F ig . 2).

B efore a c tiv a tio n  th e  p lug is unscrew ed  an d  th e  w ire s tre tc h e d  b y  a 
stee l sp rin g  (the  bow ) is p laced  in to  th e  co rrespond ing  groove on th e  low er 
p a r t  o f  th e  p lug. W h en  th e  tw o p a r ts  of th e  p lug  a re  screw ed u p  electric  
c o n ta c t ex is ts  be tw een  th e  wire a n d  th e  neg a tiv e  ja c k  (Fig. 3).

Fig. 2. P arts o f  the device

T he w hole a c tiv a tio n  device is fa s ten ed  to  a m e ta l disc su p p lied  w ith  
a po sitiv e  ja ck . T he changeab le  le ad  shield  su rro u n d in g  th e  device is m ou n ted  
on th is  disc.
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A ccording to  o u r m easu rem en t th e  T hB  -f- C -f- C "  a c tiv ity  dep o sited  on 
th e  n eg a tiv e ly  charged  w ire show s a s a tu ra tio n  a t  a b o u t 1000 V. W ith  th e  
in crease  o f th e  vo ltage  o f 250 V to  fo u r tim es t h a t  v a lu e  (1000 V) th e  a c tiv ity  
o f th e  w ire increases b y  a fac to r o f  ~  1,5. (F or an  ac tiv a tio n  v o ltag e  o f 1500 V 
th e  increase of th e  a c tiv ity  w as n o t  s ig n if ican t an y  m ore.) A b o u t 60%  of 
T h B  —(- C — C ' ' a c t iv i ty  d eposited  on th e  p lug  an d  on th e  how  (steel sp ring  
-f- w ire) is c o n cen tra ted  on th a t  p a r t  o f th e  wire ju s t  above th e  p la tin u m  cup 
c o n ta in in g  th e  em a n a tin g  R dT h  sou rce  in  h y d ra te d  ferric  ox ide p re p a ra tio n .

T he au th o rs  are in d e b te d  to  D ipl. Ing . J .  S c h a d e k  fo r th e  techn ica l 
design o f th e  cham ber.
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MESSUNG DER TOTALEN WIRKUNGSQUERSCHNITTE 
VON Cs UND Rb FÜR NEUTRONEN  

VON 14 MeV ENERGIE
Von

I. A n g e l i und I. H u n y a d i

IN STITU T F Ü R  K ERN FO RSCH UN G  D E R  UNG A RISCH EN  AKA D EM IE D E R  W ISSEN SCH A FTEN , D EB R EC E N

(Eingegangen: 4. I. 1965)

E inleitung

Die M essung der to ta le n  W irk u n g sq u e rsch n itte  fü r  schnelle N eu tro n en  
ist eine re la t iv  einfache A ufgabe, u n d  es w u rd en  b e re its  eine ganze R eihe 
d e ra rtig e r  M essergebnisse v e rö ffen tlich t [1, 2, 3]. Es g ib t jed o ch  n och  e tw a 
20 E lem en te , deren  to ta le  W irk u n g sq u e rsch n itte  fü r  N eu tro n en  m it e iner 
E nerg ie v o n  14 MeV noch  n ich t gem essen w u rd en  [4].

3 In  d ieser A rbeit so llen  die ex p erim en te lle  A n o rd n u n g  fü r die M essung 
der W erte  v o n  Op hei Cs u n d  R b im  F a lle  von  14 M eV -N eutronen  u n d  die bei 
der M essung e rh a lten en  E rgebnisse  b e sp ro ch en  w erden . A us den  W e rte n  der 
gew onnenen  W irk u n g sq u ersch n itte  e rh ä l t  m an  auch  eine In fo rm a tio n  ü b e r 
den  R ad ius des K erns v o n  Cs133, da d a s  in  d er N a tu r  vo rk o m m en d e  Cs n u r  
das Iso to p  Cs133 e n th ä lt. F ü r  den R a d iu s  von  R b k a n n  d a ra u s  ein m itt le re r  
W ert e rm itte lt  w erden.

Experim entelle Anordnung

Die M essung w urde bei einer » g u te n  G eom etrie«  d u rch g e fü h rt. D ie 
N eu tro n en  w u rd en  v o n  einem  N e u tro n e n g e n e ra to r  m it e iner m ax im alen  
B esch leun igungsspannung  von  110 K V  [5] bzw . 300 K V  [10] d u rch  die K e rn 
re a k tio n  T (d , n )H e4 geliefert. D er A b s ta n d  der au szum essenden  P ro b e  v o m  
T arg e t b e tru g  30 cm u n d  d e r des N e u tro n e n d e te k to rs  60 cm ; d er le tz te re  
schloss im  F a lle  von Cs m it dem  D e u te ro n e n s tra h l e in en  W inkel v o n  90° 
ein , im  F alle  v o n  R b einen  W inkel v o n  0°, d . h . w ir e rh ie lte n  N eu tro n en  m it 
e iner E nerg ie  von  14,08 MeV bzw. 14,69 MeV. Die P ro b e n  w aren  z y lin d e r
förm ig u n d  h a t te n  D urchm esser von 3 ,9  bzw . 3,3 cm ; sie en th ie lte n  55 g 
CsCl bzw . 49 g RbCl. Als N e u tro n e n d e te k to r  w urde e in  o rgan ischer K r is ta ll 
(A n th razen , 0  3,8 c m X l,2  cm ) b e n u tz t [11]. D ie von  d en  gestossenen  P ro to 
n en  herv o rg eru fen en  L ich tim pu lse  g e lan g ten  in  einen  SE V  (Ф Э 4  — 19) u n d  
w urden  d u rch  die nachfo lgende e lek tro n isch e  A n o rd n u n g  reg is tr ie r t.
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D er ’̂-U n te rg ru n d  w urde  m it H ilfe e in er Im p u lsfo rm d isk rim in a tio n s- 
sch a ltu n g  [6] b e se itig t. D er v o n  den  g e s tre u te n  N eu tro n en  h e rrü h ren d e  
N e u tro n e n u n te rg ru n d  k o n n te  d u rch  A m p litu d e n d isk rim in a tio n  im  Z äh l
in s tru m e n t im  F a lle  von Cs a u f  2 ,5 % , im  F a lle  v o n  R b  a u f  1 ,2%  der gesam ten  
N e u tro n e n in te n s itä t  h e ra b g e se tz t w erden . A ls M onitor w urde  ein  dem  oben 
e rw äh n ten  D e te k to r  ähn licher A p p a ra t b e n u tz t.

Auswertung der Messergebnisse

Die M essergebnisse lie fe rte n  fü r  die W irk u n g sq u e rsc h n itte  von  CsCl 
u n d  R bC l o h n e  K o rrek tio n  fü r  V o rw ä rtss tre u u n g  (» in -sca tte rin g « ) die fo lgen
den  W erte :

uViCs) -j- o't  (CI) =  6,84 dz 0,20 h a rn , 

u'r (R b) +  uV(Cl) =  5,81 ±  0 ,09 b a rn .

M it o-r(Cl) =  1,99 ±  0,04 b a rn  [3] u n d

o n ( 0°)
0,70 i  0Д 7 s t r  1,

ci

°n (0°)

°n (0°) =  1,00 d z  0,30 s t r  x,
Cs

— 0,75 di 0,20 s t r  1 (au f G ru n d
Rb

d e r in  [8] u n d  [3] angegebenen  W erte  ab g esch ä tz t)  e rh ä lt  m an n ach  d e r  
K o rrek tio n  [7]:

erT(Cs) =  4 ,96  d i  0,21 b a rn  (E„ =  14,08 MeV),

<rT(R b) =  3 ,90 ±  0,10 b a rn  (E„ =  14,69 MeV).

In  d er th e o re tisc h e n  A rb e it [9] f in d e t m an  <T7-(Ba) =  5,1 b .
A u f d ie  R ad ien  d er K ern e  von  Cs133 u n d  R b  k a n n  m a n  aus d er F o rm e l 

err  =  2 n  • (R  -J- A)2 fo lgern  [7]. In  u n se rem  F alle  e rh ä lt  m an :

R (C s133) =  7,67 ±  0,27 ferm i (E „ =  14,08 MeV),

R (R b ) =  6 ,69  dz 0,14 ferm i (E„ =  14,69 MeV).

Die fü r  14 M eV -N eutronen  n äherungsw eise  gü ltige th eo re tisch e  F o rm e l 
R (ft =  1,5 • A 1̂3 ferm i lie fe rt die W erte  R,ft(Cs) =  7,65 ferm i bzw . R (ft(R b) =  
=  6,61 fe rm i.

D ie V erfasser sind  H e rrn  B. S c h l e n k  fü r  seine H ilfe  be i d er E in s te llu n g  
des N e u tro n e n d e te k to rs  zu  D a n k  v e rp f lic h te t.
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ON THE HEISENBERG NONLINEAR SPINOR 
FIELD EQUATION IN THE PRESENCE 

OF GRAVITATION FOR A NONLOCAL SPIN  
CONNECTION

By

T . T oróDEPARTMENT OF PHYSICS, THE UNIVERSITY OF TIMISOARA, RUMANIA 
(R eceived in revised form 7. IV . 1965)

1. As is know n , H eisenberg  b y  fo rm uliz ing  his u n i ta ry  th e o ry  o f 
e lem en ta ry  p a rtic le s  s ta r ts  from  a non linear sp in o r field . T he e q u a tio n  o f th e  
un iv ersa l sp ino r fie ld  — as show n b y  W. H eisenberg  and  W . P auli [1] m ay  
be p u t in  th e  follow ing form

>v ± l 2 У ц У М У Г р  Y s V) =  0 . ( 1 )

I f  th e  idea of th e  fu n d am en ta l sp in o r fields u n iv e rsa lity  is co rrec t, th e n  th e  
p rospec ts  o f o b ta in in g  th e  w hole u su a l m a tte r  b ased  on th is  fie ld  raise th e  
p rob lem  o f inc lu d in g  g ra v ita tio n  in  th is  th e o ry . The influence  o f th e  g rav i
ta t io n a l  fie ld  on e lem en ta ry  p a rtic le s  co n stitu e s  even to d a y  a n  in te re s tin g  
scope of re search  fo r th o se  who dea l w ith  th e  th e o ry  of e le m e n ta ry  p artic les . 
Since th e  e s tab lish m en t o f D irac’s eq u a tio n s  fo r e lectrons, m a n y  physic ists  
[2—4] h av e  tr ie d  to  fo rm u la te  a genera l c o v a r ia n t eq u a tio n  t h a t  is to  give 
an  acco u n t o f th e  in fluence  of g ra v ita tio n  on th e  electron .

A tte m p ts  to  inc lude  g ra v ita tio n  in  u n iv e rsa l sp inor th e o ry  h av e  been  
m ade im m ed ia te ly  a fte r  th e  o u tline  of H eisenberg  an d  P a u l i’s th e o ry . 
W e m en tio n  in  th is  re g a rd  J. R a y sk i’s [6], H . K it a ’s [7] an d  R odichev’s [8] 
a t te m p t.

2. To w rite  H eisenberg—Pa u l i’s e q u a tio n  in  th e  presence o f th e  g ra 
v ita tio n a l fie ld , we f irs t  in tro d u ce  th e  c o v a ria n t deriv a tiv e  o f  th e  sp inor in  
th e  follow ing m an n e r [2 — 4]

V„Y>
Э ip 

dx„
Г  V . ( 2 )

The coefficients o f affine spin  con n ec tio n  Г /г a re  d e te rm in ed  b y  th e  fu n d a 
m e n ta l m etric  te n so r  gfw o f th e  g ra v ita tio n a l f ie ld  an d  o f  th e  generalized  
D irac m atrices  yß w hich  in  th is  case are  4 -d im ensional c o o rd in a te  func tions 
Yfi — Yßfaß)- The re la tio n  betw een  Г 1П gfll, an d  y fl is as follows [5]

Э yv -  Г», ye -  r fi yv +  Ух,Г^  =  0 , ( 3 )
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w here Г%р are  C hristoffel’s sym bols o f  th e  second k in d . T he m atrices y,, by  
w hich  th e  connection  b e tw een  space a n d  sp in  is ex p ressed  sa tisfy  th e  follow 
ing  a n tic o m m u ta tio n  re la tio n s

y h y v +  y v r ^  =  28 ^ 1 - (4 )

W ith  th e  a id  o f th e  sp in o r’s c o v a ria n t d e riv a tiv e , we sh a ll tran sc rib e  H e ise n 
berg— P a u l i’s e q u a tio n  (1) for th e  n o n linear u n iv e rsa l sp inor fie ld  in  the 
presence o f  g ra v ita tio n  as follows:

Yu V,. W ±  12 У I- Vi V №  V,' Уъ W) =  ° - (5 )

In  th is  eq u a tio n  th e  sp in  connec tion  coefficients d ep en d  on the  p o in t =  
=  ^ (  x ß), th u s  th is  k in d  o f  connec tion  is called local.

3. In  th e  follow ing we shall p roceed  to  th e  e s tab lish m en t o f H e ise n 
berg— P a u l i’s e q u a tio n  in  th e  p resence o f g ra v ita tio n  in  th e  case o f  n o n 
local sp in  connection . T herefo re  we use th e  n o tio n  o f nonlocal affine  spin 
connec tion  in tro d u ced  in  p ap e r [9]:

=  ( 6) 
9*> J

The coefficients T /t genera lized  th e  coefficients F\, for the  non local case. 
I f  th e y  are  of th e  form

T„ (x,  I )  =  Г„ (x) Ô (к -  £) +  K„ (X, I), (7)

w here  ô (x — | )  is D irac’s ô-func tion , th e n  th e  sp in  connection  is called 
partially-local. In  th is  case th e  sp in o r’s c o v a ria n t d e riv a tiv e  is w r it te n  as

4 > v  =  —  (»)
9>V J

U sing  th e  expression  (6) for th e  sp in o r’s c o v a ria n t deriv a tiv e  we sh a ll w rite 
H eisen ber g —Pa u l i’s e q u a tio n  in  th e  presence o f g rav ita tio n  fo r th e  case 
o f  a non local sp in  connec tion  as

8
dx,.

l \ ( x , Ç ) W(Ç) r f f l2 >V V-o v>(V >V Уъ 4>) =  0 (9)
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I f  we h a v e  a p a r tia lly  local spin co nnec tion , H e i s e n b e r g — P a u l i ’s eq u a tio n s  
becom es

O K fX
±РУиУбУ(УУиУбУ) = ° -  (10)

W e m a y  rem ark  th a t  in  the  case o f  nonlocal a n d  p a rtia lly -lo ca l sp in  con
nection  equ a tio n s (9) an d  (10) are in teg ro -d iffe ren tia l eq u a tio n s.
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COMMENTS ON THE ESE OF 
Щ  EIGENFUNCTIONS AS A BASIS SET FOR 

H, CALCULATIONS
B y

J o h n  R .  R i t e r , J r .

C H E M IS T R Y  D E P A R T M E N T , U N I V E R S I T Y  O F  D E N V E R . D E N V E R , C O L O R A D O . U S A

(R eceived 14. VI. 1965)

Som e tim e ago La d ik  [1] p ro p o sed  the  use o f th e  ex ac t e igen functions 
for th e  g ro u n d  e lec tron ic  s ta te  of H 2 as p roduc t o rb ita ls  in  an  a p p ro x im a te  
w ave fu n c tio n  for H 2. A fte r  sp littin g  o ff  th e  te rm s belong ing  to  th e  h y d ro g en  
m olecular-ion  prob lem , he  a p p ro x im a te d  th e  rem ain in g  e lec tron  repu lsion  
in teg ra l b y  th e  know n va lu e  using  b e s t МО-SCF fu n c tio n s  o f Co u l so n  [2]. 
N ot su rp rising ly , th e  ca lcu la ted  d issoc ia tion  energy o f 5,3 ev  exceeds th e  tru e  
value b y  som e 0,6 ev  as th e  v a r ia tio n  m eth o d  was n o t  called  in to  p lay . This 
p o in t w as em phasized  b y  L a d ik .

T he purpose  of th is  n o te  is to  call a tte n tio n  to  th e  earlie r w ork  o f W allis  
an d  H u l b u r t  [3] who co m p u ted  th e  en e rg y  of H 2 u s in g  severa l ty p e s  of tr ia l  
fu nc tions b u ilt  up  fro m  H 2h-like fu n c tio n s  w ith  v a ria b le  n u c lea r charges. 
T heir m ost successful fu n c tio n , from  th e  energy v iew p o in t, was

¥  (1 , 2) =  yi,0 (1) Vo.s (2 ) +  Vo.5 (U Vi.o (2) ’

w here th e  su bscrip ts  1.0 an d  0.5 re fe r  to  th e  nu c lea r charges in  th e  (hom o- 
nuclear) one-electron  d ia to m ic  p rob lem . W ith  th e  e lec tro n  repu lsion  in teg ra ls  
e v a lu a te d  a n a ly tica lly , th e  above tr ia l  fu nc tion  leads to  a d issocia tion  energy  
o f 3,6834 ev , using th e  conversion  fa c to r  27,210 ev /a .u . This is so m ew hat 
b e tte r  th a n  th e  ex ac t SC F b o n d  en erg y  o f  3,6360 as d e te rm in ed  b y  R o o th aan  
an d  K olos [4]. This is to  be ex p ec ted  since th e  above is a va len ce -b o n d  or 
H e it l e r — L o n d o n  ty p e  o f  function . R e s tr ic tin g  th em selves n e x t to  fu n c tio n s 
o f  th e  form

¥  (L  2) =  xpz  (1) ipz  (2)

W a l l is  a n d  H u l b u r t  fo u n d  b o n d  energ ies of 2,0950 a n d  3 ,486  ev fo r Z  =  1,0  
an d  Z  =  0 ,7825  (best v a lu e ), re sp ec tiv e ly . The fo rm er ca lcu la tio n  co rresponds 
to  th a t  o f L a d ik  [1] c a rr ie d  th ro u g h  an a ly tica lly . A ll ca lcu la tio n s w ere  done 
w ith  th e  in te rn u c le a r  d is ta n c e  1,40 a .u ., th e  ex p erim en ta l v a lu e .
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I t  seem s to  us th a t  a p ro d u c t function

y, ( I ,  2) =  [Cj Yh.o (1) +  c 2 Vo.5 ( ! ) ]  [ci Vi . 0  (2) +  c2 v>0.5 (2)]

shou ld  y ie ld  a va lu e  of th e  en e rg y  v e ry  close to  th e  SCF lim it [4]; we are 
in  th e  process o f  m ak in g  such a ca lcu la tion .

R E F E R E N C E S

1. J. L a d ik , A cta P hys. Acad. Sei. H ung., 11, 405, 1960.
2. C. A. C o u l s o n , Proc. Cambridge Phil. Soc., 34, 204 , 1938.
3. R . F. W a ix is  and H . M. H u lbu r t , J . Chem. P hys., 22, 774, 1954.
4. \V. K o ro s  and C. C. J. R o otha a n . R ev. Mod. P hys., 32, 219, 1960.

Acta Phys. Hung. Тот. X X . 1966



R E C E N S I O N  E S

V. S. B urakov  and A. A. Y a n k o v s k ii:

P rac tica l H andbook on Spectral A nalysis

Pergamon Press Oxford, 1964

B u rak o v ’s and Y a n k o v s k ii’s book is essentially  an introduction  to the practice of 
em ission spectral analysis. It treats in a condensed manner — in less than 200 pages — and 
in a simple and plain style the m ost im portant fundam ental and indispensible bases o f visual 
spectroscopy resp. emission spectrography for th e  industrial expert. From  the structure of the 
book it is ev id en t that the authors did not in tend  to explain th e  theoretical basis: th ey  do, 
however, sugggest references for th a t purpose. Their aim is to acquaint the reader w ith  the m ost 
im portant and indispensible instrum ents used in small and m edium  industrial spectro- 
analytical laboratories all over the Soviet U nion , giving a short description of their operation  
and m aintenance. In addition to  th is, the authors supply im m ediate help by introducing the 
analytical m ethods used for carrying out series analyses in plant laboratories, in the determ 
ination of the com ponents, first of all, of the low  and high alloy steels, cast iron and alloys 
w ith alum inium  and copper base, since routine emission spectrum  analysis is m ost w idely  
em ployed in the field of m etallurgy and in m eta l works.

Because of the increasing application o f spectroscopic investigations in th e  field  of 
m etal, rock and mineral analysis, the authors treat the most im portant spectrographic m ethods 
for the determ ination of powder or solution. This part is supplem ented by a description of 
a few  fundam ental m ethods, such as the add itive  m ethod, the sem iquantitative spectro- 
chemical analysis and the spectrographic exam ination of slags. The book om its spectro
m étrie, i.e. direct in tensity  m easuring (so called direct reading) apparatus and m ethods 
owing to lack of space.

The greatest value of the book is that it  covers the practical applications of both  visual 
and photographic spectroscopy. No book o f th is kind has as y e t been published. Visual 
spectroscopy is, apart from the Soviet Union, a rather neglected feature in spectroscopical 
books, although it is this field  that is m ainly dealt with by those em ploying spectroscopic 
m ethods in the testing of m aterials.

The closing part of the book, which deals w ith  the planning, establishm ent, equipping, and 
even w ith the financial questions of spectroscopical laboratories, deserves special attention . 
The question m ight be raised, however, whether or not the editors are justified  in confining  
them selves to Soviet instrum ents; in addition, out of the 90 references 89 are to  the works 
of Soviet authors. We m ust not fail, however, to  bear in mind that the original edition , written  
in Russian, was specially published for Soviet plants, and this explains the references, for 
the authors offer reference-books readily available to Soviet experts in their m other-tongue. 
That does not detract from  the merits of the translation, since th e  instrum ents dealt w ith  
in the book m ay be found in a number of countries, particularly in the people’s dem ocracies; 
and where the products of other firm s are more easily  accessible, instrum ents analogous to those 
treated in the book m ay easily  be em ployed as in m ost cases there is little  or no difference 
in the optical and electrical principles, and after all, the present book is not supposed to serve 
as an instruction  handbook. The analytical m ethods described in the book m ay be applied  
directly or w ith  minor alterations.

The reasonable number o f tables and the spectrum  reproductions of the h ighest quality, 
which m ay well be used especia lly  for photographic resp. visual spectral analysis, add greatly  
to the m erits o f the book.

Owing to lack of space, the authors had to  refrain from detailed  discussions and even  
from setting forth  such tim e-honoured m ethods as trace analyses or quantitative analyses 
w ithout standards although these fields are becom ing more and m ore im portant in industry  
as well as for research.
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Sum m arizing it  can be concluded th a t the authors have fu lly  achieved their aim  in  
producing a usefu l reference-book prim arily for the specia list in  industrial spectroscopical 
laboratories. T he careful translation  should ensure a w ide circulation for th e  book. The p leas
ing  form at o f th e  book is a credit to  the Pergam on Press.

K. Zim m er

W . J . Ca s p e r s :

T heory  o f  Spin R e lax a tio n

John W iley and Sons, In c ., N ew  Y ork—L on d on —Sydney, 1964.

R ecently , the theory of spin relaxation  has been w idely  developed. The publication  
o f Ca sp e r s ’ m onograph is particularly significant because th is book is the first work to cover 
th e  theory o f spin-spin relaxation . Therefore this publication  will be w idely  welcomed b y  all 
investigators in  th is field . This book w ill be o f inestim able va lue both  to practicising physicists  
and to  stu dents since the physical argum ents are v ery  clearly discussed in  every chapter, 
w hile m athem atical top ics are treated  in  detail in th e  Appendices.

The book is divided into three chapters and an A ppend ix  of six parts.
The first chapter outlines th e  general aspects o f param agnetic sp in  relaxation phe

nom ena from  a theoretical point o f v iew . The author shows th a t param agnetic spin relaxation  
phenom ena are observed in param agnetic crystals in a harm onically varying m agnetic field  
and arise from  the com ponent o f  the m agnetic m om ent parallel to  the fie ld  and are best 
described in  term s of susceptib ility .

The second chapter deals w ith  th e  description o f a general theory  of param agnetic  
spin-spin relaxation . This takes up th e  greater part o f  th e  m onograph. The author shows 
th a t  the theoretica l picture of K r o n ig  and B ouw ka m p  cannot be correct, and in his own  
th eory  of sp in-spin relaxation gives a m ore correct description in  term s o f th e  m otion of the  
com ponent in th e  direction of the external m agnetic fie ld  of the to ta l m agnetic m om ent.

The th ird  chapter gives a short survey of th e  theory  of sp in -lattice relaxation. The 
refinem ents o f the Ca s im ir —D u  P r é  picture in particular are treated b y  th e  author in som e  
detail.

The A ppendices at the end of th e  book contain all the im portant m athem atical tools  
used by the author in  the various chapters. These are as follows: A ppend ix  I: the relation  
betw een and A ppendix II: the diagonal e lem ents o f the m agnetic m om ent < n| M 3 | n );  
A ppendix III: irreducible tensor operators; A ppendix IV: the number o f independent her- 
m itian  operators for a spin m om ent S; A ppendix V: classification of tw o-sp in  interaction  
term s according to their selection rules for crystal fie ld  energy; A ppendix VI: determ ination  
o f the operators M 2(0) and K '(0).

The value o f the m onograph is also increased b y  the extrem e clarity o f  th e  author’s trea t
m ent of his subject and also b y  th e  exem plary form at o f th e  volum e.

F. B er en c z
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PERTURBED ANGULAR CORRELATION OF TRIPLE
GAMMA CASCADE

By

G y . B e NCZE and J .  ZlM ÁNYI
C E N T R A L  R E S E A R C H  IN S T I T U T E  F O R  P H Y S IC S , B U D A P E S T  

(Presented by L. Jánossy. — R eceived 17. II. 1965)

The angular correlation function  is derived for a triple gam m a cascade perturbed by  
extranuclear field . Special cases are investigated for non-observed interm ediate radiation  
and for static  external m agnetic field.

I. Introduction

I t  is know n  th a t  th e  m ag n e tic  m o m en t of excited  n u c le a r  s ta te s  can  be  
d e te rm in ed  b y  in v es tig a tin g  th e  d irec tio n a l co rre la tion  o f  gam m a ray s p e r 
tu rb e d  b y  e x tra n u c le a r  fie ld . T he p e r tu rb e d  co rre la tion  fu n c tio n  for do u b le  
gam m a cascade is well know n  [1]. H ow ever, u n d er som e c ircu m stan ces 
— ow ing to  th e  shape of gam m a sp ec tra  — i t  is possible to  m easure  th e  c o r
re la tio n  b e tw een  th e  f irs t a n d  th ird  m em b er of a tr ip le  g am m a cascade on ly  
[2]. T he aim  o f th e  p resen t w ork  is to  d erive  th e  p e r tu rb e d  co rre la tio n  fu n c 
tio n  needed  fo r th e  ev a lu a tio n  of m easu rem en ts  in  th e  l a t t e r  case. II.

II. Formalism

T he a n g u la r  m om en ta  o f s ta te s  will be d en o ted  by  R o m a n , th e  m ag n e tic  
q u a n tu m  n u m b ers  b y  th e  co rrespond ing  G reek  le tte rs . T h e  decay  schem e is 
illu s tra te d  in  F ig . 1. T he ex c ited  s ta te s  w ith  an g u la r m o m e n ta  a, b, a n d  c 
decay  th ro u g h  rad ia tio n s  o f m u ltip o la r ity  L x, L2 an d  L 3, re sp ec tiv e ly , w h ich  
a re  d e tec ted  b y  delayed  co incidence tech n iq u e . T he zero on  th e  tim e  scale 
is chosen to  be th e  tim e  a t  w hich  th e  f irs t  ra d ia tio n  is o b se rv ed . The second 
a n d  th ird  ra d ia tio n s  are  d e te c te d  a t  tim es tb a n d  t. I f  th e  in te ra c tio n  be tw een  
th e  nucleus a n d  th e  e x tra n u c le a r  field  is described  b y  th e  o p e ra to r  К  th e  
evo lu tio n  of n u c lea r  s ta te s  in  tim e  is governed  b y  th e  u n ita ry  o p e ra to r  U(t, t 0) 
w hich  satisfies th e  eq u a tio n  [1]:

—  U ( t , t0) =  -  — K t,  
dt %

U(t0, t  o) = l ,  i ^ t 0 .

1

Э

dt

Acta Phys. H ung. Тот. X X . 1966
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I f  th e  o p e ra to r  К  is t im e -in d e p e n d e n t (s ta tic  field) E q . (1) has th e  sim ple 
so lu tion

U(t, t q) — eH r  *<*-'•> (2)

Ur
A .

F ig. 1

Since th e  evo lu tion  o f s ta te s  w ith  sp ins b and  c in  th e  tim e in te rv a ls  
[0, ij,] a n d  [if,, t] is describ ed  b y  U ( t , t 0) th e  p e r tu rb e d  co rre la tio n  fu n c tio n  
has th e  fo rm

1 1
W (Q ,,  f í2, Q 3, t, tb) ----- --  --------e r'  X

a2 t „ t c

£  <  <*з> d(> \Н з\ c Уг >  <  c Уг I Щи h) I cyl >  <  ü2 <r2 ,  cyt \H2\ b ß2 >  X

<[bß2 IU(tb, 0)\bß1 ) < ß x cq bß1 \H j\a x  ) (  bß± сг[ j a a  )* X 

<bß'2 I 0)1 Ä fl >* < ß2 4 ,  cy[ |H 2| bßi Г  <cy' I I7(t, tb)\cy[ >* X (3)

< ß 3 (T3, dô |Я 3| cy2 >*,

w here xb a n d  t c are  th e  life tim es of th e  e x c ite d  s ta te s  w ith  sp ins b an d  c, w hile 
H lf Я 2 a n d  Я 3 den o te  th e  e lec tro m ag n etic  in te ra c tio n s  responsib le  fo r  th e  
em ission o f  th e  f irs t , second  an d  th ird  ra d ia tio n s , re sp ec tiv e ly . T he su m m atio n  
ex ten d s  o v er th e  indices

OÏ s i  °2 °2 <*3 °3 « ßl ß \  ß l  ßi У\ y ’l У-l y'i ô -

L e t us express now  th e  m a tr ix  e lem en ts  of th e  e lec tro m ag n etic  in te r 
ac tio n s in  te rm s  of th e  m a tr ix  e lem ents o f m u ltipo le  tra n s itio n s  as

<q, bßx |Я 1| a x )  =  a1 |L 1 n 1 Xj) (bßv  L 1 л 1 Хг |Я Х| ax) .  (4)
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T h e ex p ansion  coeffic ien t a1 \LX n l  Ax)  is tra n s fo rm e d  u n d e r
ro ta tio n s  b y  th e  m a trices  D Ll . M aking use o f th is  tra n s fo rm a tio n  p ro p e r ty  
and  ap p ly in g  th e  W i g n e r — E c k a r t  th eo rem , we can w rite

av  bß1 \ Щ  ax}  =  <0 аг |LX л 1 Ax> (bß1 L l Ax 1 ax) <6 || L ß \  a )  Dfc* (Rß), (5)

w here <6 |j L x jj a )  is th e  red u ced  m a tr ix  elem ent o f  th e  e lec tro m ag 
netic  tra n s it io n  w ith  m u ltip o la r ity  L x, while R i denotes th e  ro ta tio n  by  w h ich  
th e  q u a n tisa tio n  axis is b ro u g h t in to  th e  d irec tio n  Qv  T h e  m a tr ix  e lem en ts  
of H 2 an d  H 3 can  be tran sfo rm ed  in  a sim ilar w ay .

W e in tro d u ce  th e  p e r tu rb a tio n  fac to r b y  th e  d efin itio n  [1]:

CSSI (*, *o) =  2  ( - 1  )7“ ": i 1 Hi 1 -  Hi h  *i) ( - I ) '" " '*  ( I  Их I  — Иг \ K  *i) X 

< / I U(t, t 0)| I  Цх>(.1и'г \ U(t, t 0) \Ifiß}*.

F in a lly  we recall th e  d efin itio n  of th e  p a rtic le  p a ra m e te r  [3]:

C t ( L , L ' )  =  2  ( - 1 ) L' -A' iL X L ' -  A'|fcx)<0<r|LîrA><0ff'|L' я ' A')*. (7)
a a 'A A '

I f  th e  po la risa tio n s of th e  rad ia tio n s  a re  n o t o b served  on ly  the  p a r tic le  
p a ra m e te rs  w ith  x  =  0 c o n tr ib u te  to  th e  co rre la tio n  fu n c tio n . T ak ing  in to  
accoun t (5), (6) an d  (7) an d  m ak in g  use o f th e  tra n s fo rm a tio n  p ro p e rtie s  
of th e  ro ta tio n  m atrices, th e  co rre la tion  fu n c tio n  (3) can  be  w ritten  in  th e  
case of u n observed  p o la risa tio n s as

1 1 ‘
J F ( ß 1, f l a , ß i , f , f 6) ~  — -------------«  T 4 e  Tí X

Я2 r b r c

2-Rda c*kl0 (Lx, L x)C*j0 (L2, L'ß) C*ß (L 3, L 3) D Xil* 

( - l ) Li~K (L ! Ax L[ -  a; jfcx x x) ( - 1 )Li~r‘ (La A2

( « , )  1>LS  (Ri) D̂ o (R3) X
7̂ 2 ~~ |k2 я 2) ( 1) * * X

X (i<3 A3 L 3 A3 I fe3 ?<з) X

(b ß1 L x Ax J a x) (bßi L x Aj I a x)  (eyx L2 A2jb/?2) (cyx L2 A2[è/?2) (dó L 3 A3| cy.ß) X (8) 

(d & L 3 A3 |cy') ( - 1 ) * - «  (b ß , b  -  ß [ \  r x eß) ( - 1 ) " - «  (6 ß2 b - ß ’ \ r2Qi)

( — 1 у-у' (c У1 c y í  I Л g i ) x

(-1 Г *  (с y2 с -  У21 rá Й) (t6, 0) G * j (t, t6),

1* ^4cta P hys. H ung. Тот. X X . 1966
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w here th e  s h o r t  n o ta tio n

R da =  <d  II L 3 y c><d II L'3 (I c>* <c|| L , | |b  ><c (I L i | |  6>* <b || L , || a><6 || L[  || a>*

is used. T h e  su m m atio n  in  (8) is to  be p e rfo rm ed  over

ß iß i  ßz Vi У \У2У2 b L 1À1 L 1 W 2L 2 A2L 3A3L 3 h3 k 1x 1k 2x 2k 3x 3r 1 rj Q\T2 q.2 t2

P e rfo rm in g  th e  su m m a tio n  over th e  m agnetic  q u a n tu m  num bers in  (8) 
we o b ta in

1
W ( ü v Q 2, Q 3, t , t b)

A  _ LA
Tb „ Tc X

Та Tb  l C

Z R da (4л)Ш  c* ^  C*l0(Lj, L[)  C?20(L2, Li) C * 0 (L „  Li) X
k~ №

{_ 1)a+d^ c+k^ Li+L, Y ^  ( f l i)  (ß j)  y k xj (ß 3) X

C C r í

( t i  ei fc2 *2 I r2 o2) L , L i; fc, а) IF(ce L3 L i; k 3 d) L2 Li fc2
b b r„

X (9)

(L, 0) G $ : (t, tb).

T he su m m a tio n  e x te n d s  over

L t Lj L2 L2 L 3 L3 1̂ L2 я2 к 3 х3 т2 r2 p2 .

E x p re ss io n  (9) is th e  m o st genera l fo rm  of th e  p e r tu rb e d  co rre la tio n  
fu n c tio n . In  th e  follow ing th is  form  will b e  applied  to  d e riv e  the  co rre la tio n  
fu n c tio n  fo r  special cases.

I I I . Special cases

L e t us reca ll som e p ro p e rtie s  of th e  p e r tu rb a tio n  fa c to r  needed in  th e  
p re sen t t r e a tm e n t  [1]. I f  th e  ex te rn a l p e r tu rb a tio n  d isap p ea rs  (k =  0), th e  
o p e ra to r  U(t, t 0) reduces to  th e  u n it o p e ra to r . T hen, as is a p p a re n t fro m  th e  
d efin itio n  (6), we have

G Ï Z  (t , t0) =  á klkl (10)

I f  th e  e x te rn a l field  is a s ta tic  m a g n e tic  field  an d  th e  q u a n tisa tio n  axis 
is ta k e n  in th e  d irec tion  o f th e  m agnetic  f ie ld , th en  we h a v e

Gk% ( L  *o) =  e - W - U  ôkikt ( И )
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w here со is th e  L arm o r-freq u en cy  of th e  in te rm e d ia te  s t a t e  given b y  со — 
=  —g g N Bj%. H ere  В  is th e  s tre n g th  of th e  m agnetic  f ie ld , is th e  n u c le a r  
m ag n eto n  and  g is th e  g -fac to r of th e  n u c lea r s ta te .

M aking use of th e  re la tio n  d (c || L 3 || d )  =  ( — l ) c+L,~ ac < d 11 L 3 || c>* 
and  b y  considering  (11) th e  co rre la tio n  fu n c tio n  can be w r i t te n  in th e  fo rm

W (Q lt f ia, Q3, t, t„) ~  2 ?  A k (a, bb)Aks(cc,d) R kiktka {bb, cc) S kiktki ( f i„  Q2,Q 3, t, t„), 
M A  (12)

w here we h av e  in tro d u ced  th e  n o ta tio n s  u sed  in  [3]:

A ki (a,bb) =  2 £  0 |lLillaXi'll Щ аУ  C*,o(L l, L[) b{— 1)‘
L ,L i

Р - ь + ь - Ц щ ы  L iL(; fe1 a) 
(13a)

Л .  (cc, d ) =  2 < c \ \  L 3\\d>* (c\\L'3\ \ d y C l 0(L3,L'3) c(— \)d~c+ka~ L*W(cc L 3L'S; k 3d)  
L’L> (13b)

R k lk ,k , (bb, CC) =  2  <c II L2 II b}(c  II Ц  II b )* C*2o(L 2 , Ц )  ^  (-1 )* =  
ULÍ  «3

с c k 3 
k z 

b b
(13c)

T he tim e  an d  angle d ependence  is c o n ta in e d  in th e  fa c to r

h t-tb

R k ik ,M  ( ^ l ’ ^ 2 »  ^ 3 ’ *&)
T f ,  T ,ft

(14>

^  (4 )̂3/2 (fci К  x t I k3 *a) Y * ,  ( O )  Y*,*, ( ß 5) Х**, ( ß 3)

w here w b an d  coc are  th e  L a rm o r freq u en c ies  of th e  s ta te s  w ith  sp ins b 
an d  c. W ith  v an ish in g  e x te rn a l p e r tu rb a tio n  (oob =  ooc =  0), th e  well k n o w n  
form  of tr ip le  co rre la tio n  fu n c tio n  is rep ro d u ced  [3]. F o r u n o b se rv ed  in te r 
m ed ia te  ra d ia tio n  (14) has to  be  in te g ra te d  o v e r th e  d irec tions Q 2 and  over th e  
tim e  tb in  th e  in te rv a l [0, t]. T h en  th e  co rre la tio n  function  fo r  th e  u n o bserved  
in te rm e d ia te  ra d ia tio n  can  be  w ritte n

W (Q ,,Q 3, t) =  (4n f  2  A  (a, bb) A k (cc, d) R kok (bb, cc) G“ (t) Y t  (fi,)  Y kx(Q 3),

k *  (15)

w here we used  th e  sh o rt n o ta tio n

Gx(t) = [(tc — t b) +  i x(a>b — ooc) t b t c] 1{ - ( l  + i*«Vc) —  
e *•

— ( 1 - f  Í X (D b T b ) -----
о Tb • (16)

Acta Phys. H ung. Тот. X X . 1966
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T he co rre la tio n  fu n c tio n  becom es p a r tic u la r ly  sim p le  if  th e  d e tec to rs  
are  p laced  in  th e  p lane n o rm a l to  th e  d ire c tio n  of th e  m ag n e tic  field . 

M ak ing  use  of th e  re la tio n

л
Y L  | y  , <Px\ Y kx —- , 9?3| =  Схкеы^ > ~ ^  ,

w here

C l
2fe +  1 (k — x)l (к  -f- x)l

4 л
0

[ ( * -  x ) ! ! ( fc +  *)!!]2
for к  x  even 

fo r к  - \ -  X odd

(17)

(18)

th e  c o rre la tio n  func tions becom e

m̂ax
W(q>, t) =  У

В .

* =  [ ( Tc -  Tb) 2 +  * 2 К  -  шс ?  r b T? ]1/2

- - i .  _ -L  1
x ] e  eix(4~vx~«'^c)_e r#

X

(19)

w here we h a v e  in tro d u ced  th e  sim p lify ing  n o ta tio n s

B x =  (4я )2 C); A k (a, bb) A k (cc, d) R kok (bb, cc),
k = x

n arctg
х ( ш „  — <uc) T b r c

( 20 )

<P =  <Рз —  <Pi •

In  a c tu a l  ex p e rim en ts , if  th e  t im e  d elay  b e tw een  th e  d e tec tio n  o f  the  
f irs t an d  th e  th ird  ra d ia tio n  is T  a n d  th e  resolving tim e  of th e  coincidence 
c ircu it is t0 th e  observed  co rre la tio n  fu n c tio n  is

W ( c p ,T , r 0) =  f ' w ( t p , t ) d t .  (21)
T - t„

I f  th e  reso lv ing  tim e  is m uch lo n g e r th a n  th e  life tim es  of the  in te rm e d ia te  
s ta te s , th e  to ta l  tim e  in te g ra te d  c o rre la tio n  function  is observed

Щ т ч 00) =  \  W(<p,t)dt. (22)
Ö
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T he to ta l  tim e  in te g ra te d  co rre la tio n  fu n c tio n  from  (19) can be w r i t te n  as

W(cp, oo) -
omax

V  —
X = — ftml [(1 +  X2 col r b) (1 +  *2 r c)\ 1/2

(23)

w here

cp* =  -Î— (a rc tg  xcob r b -f- a rc tg  xcoc t c) . (24)
X

T he a u th o rs  are in d e b te d  to  D r. L . K eszthelyi fo r  suggesting  th e  
prob lem .
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ВОЗМУЩЕННАЯ УГЛОВАЯ КОРРЕЛЯЦИЯ ТРОЙНОГО ГАММА-КАСКАДА
Д. БЕНЦЕ и Й . ЗИМАНИ

Р е з ю м е

Выводится функция угловой корреляции для тройного гамма-каскада, возмущен
ного экстраядерным полем. Исследуются специальные случаи, включающие в себе не
наблюдаемое промежуточное излучение и статическое внешнее магнитное поле.
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ОТНОШЕНИЕ ВЕРОЯТНОСТЕЙ elß+ ЭЛЕКТРОННОГО 
ЗАХВАТА И ПОЗИТРОННОЙ ЭМИССИИ В ПЕРЕХОДЕ 

С ОСНОВНОГО СОСТОЯНИЯ Со56 НА ВТОРОЙ 
ВОЗБУЖДЁННЫЙ УРОВЕНЬ Fe56

Э. ВАТАИ
ИНСТИТУТ ЯДЕРНЫ Х ИССЛЕДОВАНИЙ ВАН, ДЕБРЕЦ ЕН

(Представлено Ш. Салаи — Поступило 23. III. 1965)

Методом 4nß+ — у  совпадений определена вероятность эмиссии позитрона в 1- 
запрещённом переходе с основного состояния Со56(4 + )  на второй возбуждённый уро
вень Fe66(4 + ) .  Результат Pß+ =  0,899 ±  0,142 находится в хорошем согласии с резуль
татами Гпредыдущих измерений. Среднее взвешенное имеющихся результатов даёт е//?+ =  0,117 ±  0,089. Эти результаты согласуются с теоретическими расчётами для 
разрешённого перехода. Эффективность 4л пропорционального счётчика определена из 
интенсивности аннигиляционного пика в одиночном и полном спектре гамма лучей, и 
в спектре совпадений.

1. Введение

Отношение ветвей e/ß+ было определено в течение 1964-ого года в 
нашем Институте с двумя различными способами [1]. Там же даются отно
шения ветвей, рассчитанные по известным из литературы результатам. Учи
тывая повышенное значение log f t  ( ~  8,7), по всей вероятности данный 
переход является I запретным (т. к. спин и чётность не меняются).

Сравнение экспериментальных и теоретических отношений ветвей 
e/ß+ для переходов с /-запретом проведено в работе Д. Берени и Л. Казаи 
[1], и как это показано, знание точного экспериментального значения отно
шения ветвей e/ß+ было бы желательно и в случае распада Со56, для срав
нения с расчётными данными. Однако, точность эксперимента ограничи
вается тем, что вероятность распада на второй уровень определяется из 
гамма интенсивностей с наиболее вероятной погрешностью 14%. Цель на
стоящей работы была подтвердить результаты ранее проведенных измерений 
при помощи независимого эксперимента.

Применённый в настоящей работе метод является, усовершенство
ванным и преобразованным к специфическим свойствам распада Со56, ва
риантом методов Й. Конийна [2] и А. Уиллямся [3], которые использовали 
совпадения импульсов пропорционального счётчика и сцинтилляционного 
спектрометра для определения e/ß+.
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2. Экспериментальный метод

Схема распада Со56 показана на рис. 1. Она была составлена в настоя
щей форме Киэнле и сотрудниками [5] на основе измерения совпадений. 
Значения спинов и чётностей даны Дигенсом и др. [6], по результатам изме
рений угловой корреляции и поляризации гамма лучей. Интенсивности

с oS6
и + Ц З  g

Fess

Р и с .  1. Схема распада Со60

гамма переходов в схеме распада даны по работе Кука и Томновека [4], 
которые указывают также точность результатов.

В настоящей работе определена вероятность перехода на второй воз
буждённый уровень Fe56 путём испускания позитрона (Pß+), из которого, 
в свою очередь, можно определить отношение ветвей e / ß +  =  Pe/Pß+ по сле
дующим выражениям:

Pß+ +  Ре =  1 , (1а)

e/ß+ =  1 ~  Pß\  (1Ь)
Pß+

где Ре вероятность перехода на второй возбужденный уровень путём зах
вата орбитального электрона на один распад Со56 на данный уровень.
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Интегральный спектр позитронов был зарегистрирован в 4 л  пропор
циональном счётчике, а спектр гамма лучей в сцинтилляционном спектро
метре, расположенном рядом с пропорциональным счётчиком. Как это будет 
показано ниже, для определения P ß+ необходимо измерить:

а) интенсивности фотопиков с энергией 0,511; 0,845; 1,24 Мэв, и часть 
гамма спектра Еу >  1,24 Мэв, последующаяся после чистого электронного 
захвата ;

б) их интенсивность в спектре /К — у совпадений;
в) интенсивность аннигиляционного пика позитронов 0,511 Мэв, изме

ренная независимо от энергии позитронов.
Результаты по интенсивностям аннигиляционного излучения позитро

нов в различных измерениях дают возможность определить эффективность 
регистрации позитронов, а измерения при Еу ^> 1,24 Мэв эффективность 
относительно рентгеновских лучей и Оже электронов. Снятие пиков с энер
гией 0,845 и 1,24 Мэв служит для повышения статистической точности, так 
как для обоих пиков можно вычислить ÍV , учитывая, что вероятности этих 
переходов на один распад равны пу (0,845) =  1,00 и пу (1,24) =  0,703.

Число импульсов фотопика даётся следующим выражением:

N y =  D n y S y , (2)

где D  — полное число распадов в источнике
S y — фотоэффективность сцинтилляционного спектрометра.
Число совпадений между импульсами пропорционального и сцинтил

ляционного спектрометров:

N ß+y  =  D  [х Р ß+ S ß +  -f- х Р t S e -f- (ny x )  S '  -f- n ß+ •$£+] S y  , (3)

где S ß+ и S e — эффективности пропорционального счётчика по регист
рации позитронов и излучений электронной оболочки 
после захвата (рентгеновских лучей и Оже электронов) 
соответственно.

X  — вероятность перехода (е и ß +) на уровень 2,085 Мэв на 
один распад Со56.

nß+ — та часть ß + распада на вышележащие уровни, которая 
даёт истинное совпадение с данным гамма переходом.

В третьем члене было учтено, что nß+ намного меньше х ,  и таким об
разом пу — nß+ — X ~  пу — X . Деля уравнение (3) на уравнение (2) и учиты
вая (la), P ß+ даётся следующим выражением

P ß+ =
x ( ßp +

N ß+y
N

n- ß- S K (4)

Acta Phys. Hung. Тот. X X .  1966



2 2 0 Э. ВАТАИ

и и пу могут быть рассчитаны по гамма интенсивностям, данным в работе 
[4], а nß+ получается из ß + интенсивностей работы [7].

Как видно из формулы (4), кроме числа одиночных счётов (N.,) и числа 
совпадений (Nß+y) необходимо определить также эффективности Sß+ и Sß.

Se может быть определено по совпадениям импульсов пропорциональ
ного счётчика и таких гамма лучей, которые следуют за чистым электронным 
захватом. Таким свойством обладают все гамма лучи происходящие с уров
ней выше 3,119 Мэв, то есть Еу >  1,24 Мэв. Число импульсов в сцинтилля- 
ционном спектрометре при этом даётся выражением:

Wy =  Dny ( >  1,24) Sy . (5)

Число совпадений для этих же импульсов, учитывая, что эффективность 
регистрации рентгеновских лучей и Оже электронов не изменяется:

iVsv =  Dny ( >  1,24) Sy S , . (6)

Отношение этих даёт

Полученная таким образом эффективность учитывает полный (с К, L, 
М . . .  оболочек) захват электронов.

Определение Sß+ в работе Конийна [2] проведена по измерениям рас
пада А и т  с хорошо известной схемой распада, а в работе Уиллямса [3] 
по измерением на пике суммирования аннигиляционного и гамма квантов. 
Второй метод является более точным, но при больших энергиях позитронов 
и более сложных у-спектров его применение затруднено по следующим 
причинам:

1) позитроны высокой энергии аннигилируют далеко от источника, и 
эффективность регистрации их квантов распада сильно зависит от энергии 
позитрона,

2) нельзя отделить пика суммирования от квантов более высоких 
энергий.

Ниже будет показана всзможность определения Sß+ по интенсивности 
аннигиляционного пика в спектре ß+ — у совпадений (Nß+y511), в спектре 
одиночных гамма лучей (iVy511) и в спектре гамма лучей, снятом поглоти
телем вокруг источника, в котором позитроны полностью замедляются.

Для расчёта Sß+ используем тот очевидный факт, что позитроны, кото
рые не дают импульс на выходе интегрального дискриминатора при поро
говом напряжении соответствующем 5—7 кэв, будут поглощены в источ
нике, в подложке или в непосредственной близости источника, и там же 
аннигилируют. Поэтому можно предпологать, что эффективность (S“511)
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сцинтилляционного спектрометра для этих квантов не зависит от места 
аннигиляции. Позитроны, дающие импульсы большие порогового могут 
проходить значительное растояние, и эффективность для аннигиляционных 
квантов этих позитронов (Sj51J) зависит от места аннигиляции. Учитывая 
это, число зарегистрированных квантов аннигиляции даётся следующим 
выражением:

Ny511 =  (Dy.Pß+) • (1 -  Sß+) S%n +  (DxPß+) S ß+ S '511. (8)

То же самое в спектре (ß+ — у) совпадений:

^ /з+у5н — (DxPß+) Sß+ Ŝ ,511. (9)

Пропорциональный
счётчик

Рис. 2. Блок-схема измерительной аппаратуры

В спектре с поглотителем:

m , n = (üy.Pß+)S%u e fix ( 10)

где е ,<х учитывает поглощение аннигиляционных квантов в поглотителе. 
Деля разность (8) и (9) на уравнение (10) получаем:

S ß+ — 1
N 7 5 1 1  _

№
N ß +уьп

е+ИХ ( И )

3. Измерения и результаты

Блок-схема аппаратуры показана на рис. 2. Источник Со56, изготовлен
ный методом электролиза, активности ~0,2мккюри, был расположен внутри 
пропорционального счётчика (телесный угол 4л). Препарат Со56 получен из 
Радиохимического Центра, Амершам. Пропорциональный счётчик напол
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нялся метаном до давления 280 мм. рт. ст., для уменьшения поглощения К  
рентгеновских лучей. После предварительного и главного усилителей им
пульсы поступали на вход интегрального дискриминатора, стандартные 
отрицательные импульсы которого управляли многоканальным анализа
тором АИ—100—1 во время измерений ß+ — у совпадений.

Рис. 3. Часть спектра ß + — у  совпадений Со60. Случайные совпадения вычитанны

Гамма лучи попадались в сцинтилляционный спектрометр через окно 
с диаметром 15 мм, покрытое алюминиевой фольгой A l  10 мг/см2. Импульсы 
сцинтилляционного спектрометра, после задержки на 2,2 мксек, необходи
мой для получения совпадений, подавались на вход анализатора. Измерения 
совпадений проводились с разрешением 2т =  2 мксек.

При этих условиях были сняты спектры ß + — у совпадений (рис. 3.) 
и одиночных гамма-лучей (рис. 4., кривая а.); также пик аннигиляционных 
гамма-лучей (рис. 4. кривая б.). В последнем случае источник был окружён 
Си поглотителем толщиной 1 мм, в котором позитроны 1,5 Мэв полностью 
замедляются. Поглощение аннигиляционного кванта в поглотителе было 
учтено по коэффициентам поглощений, данных в [8]. Разложение спектра 
было проведено по близким гамма-линиям Na22. Потеря импульсов из-за 
мёртвого времени анализатора ~ 1 0 -2 %. В нашем случае ей можно прене
бречь.
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Результаты измерений, на основе уравнения (7), дают следующее зна
чение для Se:

S, =  0,0594 ±  0,0015 .

Рис. 4. а. Часть спектра у  лучей Со60, после вычета фона ; б. Аннигиляционный пик,
снятый с поглотителем позитронов и корректированный на поглощение у-лучей

На основе (11) получаем для вероятности детектирования позитронов: 

S ß+ =  0,892 ±  0,028 .

В этом случае учтено возрастание эффективности из-за поглощения 
аннигиляционных квантов в пропорциональном счётчике (+ 0 ,27%-ная кор
рекция).

Используя Se, Sß+ и интенсивности соответствующих пиков, также 
усредняя результаты для пиков 0,845 и 1,24 Мэв, для Pß+ получаем:

P ß+ =  0,899 ±  0,142 .

Как уже указали, погрешность х является самым значительным. 
Кроме этого учитывали статистические погрешности и погрешности разло
жения.
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Результаты, данные в работе [1 ] и результат настоящей работы собраны 
в таблице 1.

Среднее взвешенное результатов 2—5 даёт:

P ß+ =  0,895 ±  0,072 

или пересчитан по соотношению (1):

elß+ =  P K’L~- =  0,117 ±  0,089 ,
P ß+

если учитываем захват с более высоких оболочек, следующее значение 
получается для отношения К  захвата и эмиссии позитронов:

Ek/ß+ =  0,107 ±  0,081.

Эти результаты согласуются с теоретическим результатом для разре
шённых переходов.

Т а б л и ц а  №  I

№ Автор Метод
V

î. Скай и др. [7] Сц.сп. 0,719
2. Кук и Томновек [4] Сц.сп. 0,887 ±  0,148
3. Берени и Казаи [1] ß — у Совпал. 0,986 ±  0,148
4. Берени и Казаи [1] Спектр, и активность 0,810 ±  0,146
5. Настоящая работа Пропорциональный счётчик 0,899 ± 0 ,1 4 2
6. Цвайфел [9] Расчёт 0,907

* * *

Автор считает своим приятным долгом выразить благодарность про
фессору Ш. Салаи, директору Института за обеспечение хороших рабочих 
условий, д-ру Д. Берени за предложение темы, за полезные дискуссии и 
советы, которыми он помог провести эту работу, также физикам Д. Матэ и 
Т. Шарберт за помощь при разрешении проблем, связанных с электронной 
аппаратурой.
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s / ß + ELECTRO N C A PTU R E ТО PO SITRO N EM ISSION RATIO 
IN  T H E  D E C A Y  OF Co56 FO R  T H E  SE C O N D  EXCITED L E V E L  OF F e66

B y

E . V A T A I 

A b s t r a c t

U sing the i i z ß + — у coincidence m ethod th e  probability o f positron  emission had  been  
determ ined in  the 1-forbidden transition  from th e  ground state o f Co56 ( 4 + )  to the second  
excited state  o f Fe56 ( 4 + ) .  The result Pß+ =  0,899 ±  0,142 is in  good agreem ent w ith  th e  pre
vious m easurem ents. The w eighted average of th e  capture to positron em ission ratio o f  the  
given results is e / ß + =  0,117 ■{- 0,089. These are in  agreem ent w ith th e  theoretical calculations  
for the allow ed transition. The detection  efficiency o f  proportional counter for positrons had  
been determ ined from  the annihilation peak in ten sity  in  the single, coincidence and tota l 
spectra of the sam e source.
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EXPERIMENTAL INVESTIGATION OF THE 
PROBABILITY OF (n, a n ')  REACTION 

IN NATURAL URANIUM
B y

A. Á d á m , G a b r i e l l a  P á l l á  and P .  Q u i t t n e r

CENTRAL RESEARCH IN ST ITU TE OF PHYSICS, BUDAPEST 

(Presented by L. Jánossy  — Received 8. IV. 1965)

Experim ents have been undertaken to  investigate w hether the (n, a n  ) reaction is 
responsible for the anom aly observed in the sm all angle elastic  scattering of 14 MeV neutrons 
by U 238. The results show the probability o f this reaction, i f  i t  occurs at all, to  be so low that 
its  contribution cannot explain the anom aly in question. A n  estim ate of the reaction cros- 
section gives a value of 0,5 mb in the upper lim it.

Introduction

In  a p a p e r p u b lish ed  s im u ltan eo u sly  in  th is  jo u rn a l  H r a s k ó  a n d  KövESY 
a t te m p t  to  exp la in  th e  an o m aly  o b serv ed  in  th e  e la s tic  sc a tte rin g  o f 14 MeV 
en erg y  n eu tro n s  b y  u ra n iu m  an d  th o r iu m  nuclei. T h e  values of th e  d ifferen tia l 
cross-section  fo r sm all angle sc a tte r in g  are fo u n d  to  be a p p rec iab ly  h igher 
in  th e  case of these  n ucle i th a n  w o u ld  be expected  from  d iffran c tio n  sc a tte r 
ing  [1].

T he au th o rs  assum e a c o n tr ib u tio n  from  (n , a n ')  reac tion  to  th e  m easured  
e lastic  cross-section . T h is w ould be  confirm ed b y  ex p erim en ta l ev idence on 
th e  ex istence  of th is  reac tio n . T h e  experim en ts perfo rm ed  to  o b ta in  th is  
ev idence are re p o rte d  below .

T he n eu tro n s  h av in g  th e  sam e energies as th o se  e lastica lly  sca tte red  
a re  ex p ec ted  to  be re leased  b y  th e  assum ed  (n, a  n ')  reac tion  a t  a n  angle of 
a b o u t 0°. T he sim u ltan eo u sly  p ro d u ced  a -partic les m a y  leave in  a n y  d irection  
w ith  th e  sam e energy as th a t  of th e  a -p a rtic les  e m itte d  in ra d io a c tiv e  decay. 
T he p ro b lem  now  is to  e s tab lish  w h e th e r  th ere  a re  a n y  sy s tem atic  n -a coin
cidences, or m ore prec ise ly , to  fin d  o u t w heth er a -p a r tic le s  a c tu a lly  do em erge 
s im u ltan eo u sly  w ith  th e  e lastica lly  s c a tte re d  14 M eV energy  n e u tro n s . To th is 
end  th e  n eu tro n s  have  to  be  d e tec ted  a t  0° while th e  a -p a rtic le s  a p p ro x im a tiv e ly  
in  th e  0 to  2тг an g u la r ran g e  w ith  re sp e c t to  th e  d ire c tio n  of th e  b o m b ard in g  
n eu tro n s .

Experimental

T he ex p erim en t w as p erfo rm ed  on n a tu ra l u ra n iu m  ta rg e t  using  th e  
14,7 MeV energy  n eu tro n s  from  H 3(d, n )H e4 re a c tio n . T he tim e a n d  angle of 
n e u tro n  em ergence as w ell as th e  n e u tro n  yield w ere  ev a lu a ted  fro m  th e  de
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te c te d  n u m b e r of th e  reco il a -p a r tic le s  [2]. T im e-o f-fligh t te c h n iq u e  was used 
fo r th e  accep tan ce  o f  b o th  n e u tro n s  a n d  a -p a r tic le s , analysing  fo r  th e  la t te r  
also th e  pu lse  h e ig h t sp e c tru m  in th e  slow  side c h an n e l. The ta rg e t  a n d  d etec to r 
a rra n g e m e n t is show n in  F ig . 1, th e  e lectron ic  c irc u it  d iag ram  in  F ig . 2.

F o r  fu ll e x p lo ita tio n  of th e  re a c tio n  ta rg e t  a n d  to  h av e  th e  op tim um  
n e u tro n  solid angle* line-like  source geo m etry  (0,1 m m  X 10 m m ) w as used. 
T he 2,5 m g/cm2 th ic k , U20 3 ta rg e t  on  A1 su p p o rt o f  1,5 m g/cm2 th ick n ess  was

h o r i z o n t a l  p l a n e

Fig.  1. Target and  detector arrangem ent

p laced  in to  th e  а -so lid  angle of th e  d e te c to r  d e liv e rin g  th e  s ta r t  s ig n a l for th e  
tim e-o f-flig h t m easu rem en t. T he c h a rg ed  p a rtic le s  arising  from  u ra n iu m  w ere 
d e te c te d  b y  a 100 fj, p la s tic  foil lo c a te d  outside th e  so lid  angle a t  2 m m  distance 
fro m  th e  ta rg e t a n d  th e  n eu tro n s  b y  a 50 m m  d ia m e te r  p lastic  cy lin d e r 10 cm 
long  a t  50 cm d is tan ce .

L e t us f irs t  see how  th e  q u es tio n ab le  U238 (n , от ') reac tio n  c a n  be d is tin 
gu ished  b y  th e  e v a lu a tio n  of th e  tr ip le  co incidences be tw een  s ta r t  signal 
a n d  re a c tio n  p ro d u c ts , a -p a rtic le s  a n d  n eu trons.

a)  C onsidering th e  resu lts  o f  D u k a r e v i c s  [ 1 ]  a n d  assum ing  th e  difference 
b e tw een  th e  m easu red  an d  p re d ic te d  values o f th e  d iffe ren tia l cross-section  
to  be d u e  to  th e  re a c tio n  in  q u es tio n , th e  ex p ec ted  c o n tr ib u tio n  is a b o u t 15 m b. 
T h is gives fo r th e  re a c tio n  p ro b a b ili ty , fo r th e  t a r g e t  used  in  th e  p re se n t experi-
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m en t, 5 • 10 _3. T he b o m b ard in g  n e u tro n  in te n s ity  was ch o sen  so th a t  r a n 
dom  coincidences w ere of a negligible o rd e r com pared  w ith  th e  sy s te m a tic a l 
even ts. In  th e  p re se n t case th is  in te n s ity  w as N 0 ^ 1 , 4  • 108 re/sec a t  w h ich  
th e  n u m b e r o f tr ip le  coincidences as c o u n te d  w ith  th e  ex p e rim en ta l s e tu p  
show n in  F ig . 1 is ex p ec ted  to  be  iVsyst ~  400 coinc/hour.

b)  T he  m ost in co n v en ien t b a c k g ro u n d  reac tio n  is e x p e c te d  to  b e  th e  
14 MeV n e u tro n  in d u ced  fission  o f U238 cau s in g  th e  sam e k in d  o f sy s te m a tic a l

coincidences as th e  reac tio n  to  he in v e s tig a te d . F o r th e  p re se n t ta rg e t, fission  
p ro b a b ility  is e s tim a ted  as p f  =  0,18 co m p ared  w ith  a re a c tio n  p ro b a b ili ty  
o f 5 • 1 0-3 c a lcu la ted  above. T h e  (re, rx.n') re a c tio n  can s till  be  d e tec ted  b y  
reason ing  as follow s. F irs t th e  freq u en cy  o f  n eu tro n s  w ith  energies ab o v e  10 
MeV in  th e  energy  sp ec tru m  of fission n e u tro n s  is no t m o re  th a n  10~2 w hile  
th e  tim e  co n d itio n  in  th e  tim e-o f-fligh t m easu rem en t w as chosen  to  b e  su ch  
th a t  only  n e u tro n s  w ith  energies be tw een  10 a n d  22 MeV w ere  being c o u n te d  
(th is tim e  g a te  excludes th e  fission  y -p a rtic le s  as well). S econd , in  c o n tra s t  to  
th e  ( re, are') n eu tro n s  w h ich , accord ing  to  H r a s k ó  an d  K ö v e s y ’s th eo ry , sh o u ld  
em erge a t  a b o u t 0° only , th e  fission  n e u tro n s  have  no su ch  fo rw ard  p e a k in g  
ten d en cy  an d  th is  is a decisive fac to r. T rip le  coincidences d u e  to  fission in  th e  
p re sen t ex p erim en ts  w ere fo u n d  to  be less th a n  1 co incidence/hour.

c)  As a lread y  m en tio n ed , a t  th e  in te n s itie s  used in  th e  ex p erim en ts , 
th e  ran d o m  coincidences could  be  k e p t neg lig ib le  com pared  w ith  th e  n u m b e r  
of sy s tem a tica l coincidences. T his does n o t  ap p ly , how ever, re la tiv e  to  th e  
n u m b er of sy s tem a tica l fission  co incidences. R andom  tr ip le  coincidences a re  
due p rim a rily  to  ev en ts  w hich  are  s im u ltan eo u s  w ith  a sy s te m a tic a l co in c i
dence be tw een  s ta r t  signal an d  th e  a  — o r th e  n eu tro n  d e te c to r  and  a ra n d o m
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coincidence b e tw een  th e  s t a r t  signal a n d  th e  o th e r d e te c to r . Such e v e n ts  are 
caused in  th e  f irs t  p lace  b y  14 MeV d ire c t n eu tro n s  in  ran d o m  co incidence 
w ith  a -p a r tic le s  e m itte d  b y  th e  n a tu ra l d e c a y  of U238; second , b y  sy s te m a tic a l 
coincidences b e tw een  s t a r t  signal an d  a -d e te c to r  due  to  fission p ro d u c ts  or 
o th e r c h a rg e d  partic les  f ro m  ta rg e t re a c tio n s  w ith  a ran d o m  s im u ltan eo u s  
coincidence be tw een  s t a r t  signal an d  th e  n eu tro n  d e te c to rs . O w ing to  th e  
m arked  in te n s i ty  d ep en d en ce  of ra n d o m  coincidences i t  seem ed e x p e d ie n t 
to  have  th e m  co u n ted  s im u ltan eo u sly  w ith  sy s te m a tic a l even ts. T h is  has 
been  done b y  a p p ro p ria te  fa s t an d  slow  coincidence u n its  m ark ed  b y  C„, 
Cn, Cr,m a n d  N ra, N„, N ran re sp ec tiv e ly , in  F ig . 2.

Check o f the m easuring apparatus

T h e s e t t in g  of th e  u ra n iu m  foil p o s itio n  h ad  to  b e  con tro lled  to  0,1 m m  
precision  in  o rd e r th a t  th e  ta rg e t  shou ld  be  inside th e  so lid  angle of th e  s ta r t  
signal d e te c to r , considering  th a t  th e  so lid  angle e x te n t  in  th e  v e rtic a l p lan e  
is only a b o u t 0,4 m m  a t  th e  ta rg e t. T he ta rg e t  p o sitio n  w as set an d  checked  
on th e  basis  o f  C„ ( s ta r t  s ig n a l —a) co incidence  coun ts. T h e  solid angle b e tw een  
th e  ta rg e t  a n d  n eu tro n  so u rce  was ch eck ed  ex p e rim e n ta lly  using th e  k n o w n  
v alue  of th e  cross-section  fo r  charged  p a r tic le  reac tio n s. T he presence o f  su p 
p o rt m a te r ia l  w as ta k e n  in to  acco u n t b y  th e  n u m b e r  of Ca co incidences 
m easu red  in  th e  absence o f  U20 3 . T he so lid  angle th u s  de te rm in ed  is s a t is 
fac to ry  o n ly  i f  th e  ta rg e t  is everyw here  u n ifo rm ly  an d  su ffic ien tly  th in  to  p e r 
m it th e  em ergence  of fission  p ro d u c ts  a n d  4 MeV a -p a r tic le s . This w as checked  
b y  th e  ra d io a c tiv e  a  co u n ts  from  a know n q u a n t i ty  o f  U20 3.

T he tim e  ga te  for co incidence u n its  w as se t by  m a k in g  use of th e  c h a rg ed  
p a rtic le  fro m  ta rg e t  re a c tio n s , an d  of th e  14 MeV p r im a ry  n eu tro n s. T h e  a  — n 
fa s t  co incidence  circu it w as b iased  b y  s u ita b ly  d e lay in g  th e  n eu tro n  a n d  a- 
pulses w ith  re sp e c t to  th e  s t a r t  signal. T h e  tim e  reso lu tio n  o f  th e  ( s ta r t  s ig n a l — 
n) co incidence s tage  w as chosen  to  be 2 r  =  3,6 m ^  sec. T his v a lue  is su ff i
c ien tly  la rg e  fo r  th e  c o u n tin g  efficiency n o t  to  be re d u c e d  b y  th e  sp re a d  in 
th e  f lig h t t im e s  of n e u tro n s . T his tim e  g a te  co rresponds to  n eu tro n  energ ies 
from  10 to  22 MeV. In  th e  Ca u n it  th e  t im e  reso lu tio n  w as 2 t  =  10 т/л  sec so 
th a t ,  co n sid e rin g  th e  m a x im u m  5 cm f lig h t  p a th  of th e  4 MeV energy a - p a r t 
icles from  U 238, th e re  is n o  loss in  co u n ts  even  w ith  a n  80%  loss in  p a r tic le  
energy  on th e i r  em ergence fro m  th e  ta rg e t .

T he m easu rin g  a ssem b ly  was te s te d  b y  th e  m easu rem en ts  of th e  kn o w n  
cross-section  fo r  fission o f  U238 b o m b a rd e d  w ith  14,7 MeV energy n e u tro n s . 
T he tim e  g a te  in  th is  case w as se t, of cou rse , to  cover th e  to ta l  energy sp e c tru m  
o f fission n e u tro n s . The m e a su re d  va lu e  seem s to  be in  good ag reem en t w ith  
t h a t  re p o r te d  in  th e  l i te ra tu re .
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Résulte and conclusion

T he m easu red  va lu e  of tr ip le  coincidences N  — 140 a n d  N r =  137. 
T he s im ila rity  of th e  tw o  values is n o t  in co n sis ten t w ith  th e  e x p e c te d  n u m b er 
of sy s tem a tica l fission  coincidences w hich has to  be  w ith in  th e  s ta tis t ic a l  
e rro r. I t  seem s, how ever, to  be in  c o n trad ic tio n  w ith  th e  ex is ten ce  of th e  
(n,  an.') reac tio n . T h e  double s ta t is t ic a l  e rro r p e rm its  th e  m ax im u m  possib le 
v a lu e  of th e  reac tio n  cross sec tion  to  be e s tim a te d  as 0,5 m b co m p ared  w ith  
15 m b p red ic ted  b y  th e  th eo ry . I t  follows th a t  ev en  if  U238 (n , a n ')  reac tio n  
occurs a t  all, its  c o n tr ib u tio n  c a n n o t exp la in  th e  an o m a ly  observed  in  th e  sm all 
ang le  sc a tte rin g  o f fa s t  n eu tro n s  b y  U 238.

T he questio n  now  arises w h y  th e  effect p re d ic te d  b y  th e  d ispersion  
th e o ry  b y  H r a s k ó  a n d  K ö v e s  y  cou ld  n o t be o b se rv ed  in  th e  p re se n t ex p eri
m en ts .

T h an k s  are due  to  E . P á s z t o r  an d  I . V e r e s s  as well as to  o th e r  m em bers 
o f o u r group  for th e  h ig h ly  s a tis fa c to ry  o p era tio n  o f  th e  acce le ra to r a n d  ass is t
ance in  th e  ex p erim en t.
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ЭКСПЕРИМЕНТАЛЬНОЕ ИССЛЕДОВАНИЕ ВЕРОЯТНОСТИ РЕАКЦИИ 
(л, а п’) В ЕСТЕСТВЕННОМ УРАНЕ

А. АДАМ, Г. ПАЛЛА и П. КВИТТНЕР

Р е з ю м е

Экспериментально исследуется, возможно ли истолковывать аномалию при упру
гом рассеянии нейтронов с энергией 14 МЭВ на малые углы реакций (л, а л’) в Ú3JS. Най
дено, что реакция не имеет места, или если и протекает, то ей не обуславливается ано
малия. Для эффективного поперечного сечения реакции — как верхний предел — полу
чено значение 0,5 mb.
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THE HYDRODYNAMTCAL MODEL OF 
WAVE MECHANICS III

ELECT RO N SPIN

B y

L. JÁ N O S S Y  an d  M A R IA  Z i E G L E R -N Á R A YCENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 
(R eceived  22. VI. 1965)

The hydrodynam ical m odel is exten ded  to the problem  of the electron as described b y  
the Pauli equation. I t  appears that the P auli equation can be transformed into  a set o f equations 
which have the form of the classical equations of m otion describing an elastic m edium  which  
is inhom ogeneously m agnetized.

I. Basic conceptions

§ 1. In  th e  p re se n t artic le  we are concerned  w ith  th e  h y d ro d y n am ica l 
m odel of an  elec tron  th e  m otion  o f w hich  is d esc rib ed  by  th e  P a u li  eq u a tio n , 
i. e. w ith  th e  prob lem  how  fa r th e  p ro ced u re  c a rr ie d  o u t in our p rev io u s artic les 
(I an d  I I  see [1], [2]) can  be e x te n d e d  to  th e  case o f th e  e lec tron  described  b y  
a tw o -co m p o n en t w av e  fu n c tio n

y> = f i
У>2

a n d ip*  =  ( i p f  ip*) ( 1 )

obeying  th e  P au li w av e  eq u a tio n

ih-ip —

ей

1

2 m
i % y - - A  

c
f- (e(p -f- V )  — /.t(a ro t A ) V (2 )

H ere  /j = -------is th e  B o h r m a g n e to n ; th e  co m p o n en ts  of th e  P a u li  o p e ra to r
2 me

a a re ’
0 1 

1 0
09 =

0 — i
1 0

1 0

0 -1
( 3 )

T he p o te n tia l  V  rep re sen ts  th e  n o n -e lec tro m ag n e tic  o u te r fo rces, while A  
an d  Ф a re  th e  v e c to r  an d  sca la r p o ten tia ls , re sp ec tiv e ly , o f th e  ex te rn a l 
e lec trom agnetic  fie ld .

* In the follow ing we shall denote the com ponents x,  y ,  z by  1, 2, 3 respectively.
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T h e aim  of th e  p re se n t p a p e r  is to  show th a t  equa tion  (2) c a n  be re 
w r itte n  in  te rm s of h y d ro d y n a m ic a l v a riab le s  in to  a sy s tem  of e q u a tio n s  w hich 
h av e  th e  form  of th e  classical e q u a tio n s  of m o tio n  o f an  elastic  m ed ium . I t  
shou ld  b e  em phasized  th a t  we e n d e a v o u r  to  c a rry  o u t a tra n s fo rm a tio n  re 
su ltin g  in th e  eq u a tio n s  of m o tion  o f one elastic m ed iu m  only an d  n o t  in th a t  
o f tw o , as m ig h t be  ex p ec ted  from  th e  fa c t th a t  th e  w av e  fu n c tio n  (1) has tw o 
co m p o n en ts  (see e. g. [3]).

In  o u r p rev ious p ap ers  we h a v e  described  th e  m edium  co rrespond ing  
to  th e  p a rtic le  b y  m eans of a d e n s ity  d is tr ib u tio n  g a n d  a ve locity  d is tr ib u tio n  
V. In  th e  p re se n t p a p e r  we ta k e  th e  sp in  of th e  p a r tic le  in to  co n sid e ra tio n  w ith  
th e  help  of a fu r th e r  v a riab le , i. e. w e in tro d u ce  th e  d is tr ib u tio n  of p o la riza tio n  
of th e  m ed iu m . T he new  v ariab les  w ill th u s  be p (or m ore  precisely ge =  eg and  
gm =  m g ,  re sp ec tiv e ly ), gv  an d  th e  d en sity  o f th e  p o la riza tio n  expressed 
b y  th e  v e c to r  s .

§ 2. In  o rd er to  acco u n t fo r th e  d is tr ib u tio n  o f  d ensity  an d  o f  velocity  
o f flow  in  th e  m ed ium  rep re sen tin g  th e  electron , we h a v e  to  fo rm u la te  th e  con
t in u i ty  eq u a tio n . M u ltip ly ing  (2) fro m  th e  left b y  ip  a n d  su b tra c tin g  from  it 
th e  c o n ju g a te d  eq u a tio n  m u ltip lie d  from  th e  r ig h t b y  ip , an d  rem em b erin g  
th a t  c  is a H e rm ite a n  o p e ra to r  w e a rr iv e  a t  th e  c o n tin u ity  e q u a tio n

d iv  (g v ) +  — - =  0 , (4)
81

w here

в  =  V*  V, (5)
or ex p lic itly

6 =  V* Vi +  V>2 y>2 (5 a )

a n d  th e  v e lo c ity  d is tr ib u tio n  gv  m ig h t be p u t e q u a l to  gv° w ith

g v ° = ----- -— (ip *  g rad  ip  —- grad  ip* • ip ) — g  —-— A  , (6)
2 m  " m e

if  th e  on ly  req u irem en t w ere to  sa tis fy  equ. (4) m a th em a tica lly .
H ow ever, as can  be  seen easily  equ . (4) rem a in s  v a lid  if  we a d d  th e  ro 

ta t io n  o f an  a rb itra ry  v e c to r  to  th e  expression o f th e  velocity  g iv en  b y  (6). 
T h u s (4) rem ain s sa tis fied  if  we p u t

g v  =  g v °  -f- ro t  % .

As will be show n la te r  th e  c o rre c t h y d ro d y n am ica l d e sc rip tio n  of the  
sp in n in g  e lec tron  th a t  co rresponds to  th e  ex p e rim en ta l resu lts  is o b ta ined  
if  we choose
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П
\  =  a -------s

2m
w ith

1

2

In  th e  po larized  e lastic  m edium  rep resen tin g  th e  e lec tro n  we ta k e  th e re 
fore as th e  defin ition  of th e  density  o f  ve locity  of flow

H
Qm V =  Qm V° +  a — ro t s ,  

2
(?)

or using  (6), w ith  a = ----we have
2

Ш
0 m V = ---------- (y>* grader — g ra d  • y>)

2 c
- - A - 1 ------ r o t s .  (7a)

F o r p o in ts  in  w hich  g >  0 we d iv id e  (7a) b y  gm a n d  o b ta in  th e  fo llow ing 
ex p lic it expression  fo r v .

v = ----- — (y>* g rad  ip — g ra d  y>* • y>)------------ - A -1--------— r o t s .  (8)
2m g me  4m g

F o r p o in ts  w ith  g =  0 th e  v a lu e  of V is n o t de fin ed , how ever, in  such 
po in ts  its  va lu e  is of no in te re s t.

§ 3. F in a lly , th e  d e n s ity  of th e  po lariza tio n  v e c to r  can  be in tro d u c e d  
b y  p u ttin g

s  =  ip* a f .  (9)

T h e  com ponen ts of S a re  o b ta in ed  w ith  th e  help of (1) an d  (3) as

si =  W* %  +  V* y>i,

s2 =  i(xp* ipl — y>* % ), (10)

S3 =  xpf Vl — y* rp2.

A dding  up  th e  squares o f th e  co m p o n en ts  of S we f in d  w ith  th e  h e lp  of (5a)

S2 =  g \
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i. e. th e  le n g th  o f th e  v ec to r s  is eq u a l to  th e  d e n s ity  q. T h ere fo re  i t  seems to  b e  
c o n v en ien t to  in tro d u c e  a u n i t  v e c to r  T  p o in tin g  in to  th e  d irec tion  of S. 
T h is is done b y  w ritin g

qT  =  s ,  (11)
or expressing  q a n d  s  b y  ip

(ip* ip) T  =  ip* a  ip. (11a)

T h e  v ec to r  T  can be  re g a rd e d  as g iv ing  th e  d irec tio n  o f p o la riza tio n  
o f th e  m ed ium  as fu n c tio n  o f th e  coo rd ina tes. O bv iously , T  c an  only be d e 
fin e d  fo r p o in ts  w ith  e >  o.

T h e h y d ro d y n am ica l v a riab le s , th e  sca la r d e n s ity  g, th e  d en sity  of v e lo 
c ity  o f flow  qV a n d  th e  d e n s ity  of th e  p o la riza tio n  v ec to r  q T ,  i. e. th e  q u a n ti
tie s  c h a ra c te r is tic  o f th e  m ed iu m  rep resen tin g  th e  sp inn ing  e lec tro n , can  th u s  
be  expressed  in  te rm s  of th e  w av e  fu n c tio n  ip w ith  th e  help  o f equs. (5), (7a) 
a n d  (11a).

I I . C onnection betw een  h ydrodynam ica l v ariab les and  th e  w ave function

§ 4. In  o rd e r to  sim plify  th e  in v es tig a tio n  o f th e  re la tio n s  betw een  th e  
h y d ro d y n a m ic a l v a riab le s  a n d  th e  w ave fu n c tio n  le t  us re p re se n t th e  tw o  
com plex  co m p o n en ts  of ip b y  fo u r rea l fu n c tio n s  of tim e  ( a n d  coord inates r :

R  =  R ( r ,  (); S  =  S (r ,  t); cp =  q>(r, (); ft =  f t ( r , t).

I f  th e  com ponen ts o f th e  w ave fu n c tio n  are exp ressed  in  te rm s  of th ese  au x ilia ry  
fu n c tio n s  in  th e  fo rm

( 12)

. & '(S + l v )w0 =  К  s in  —  e Г2 2

R ,  S ,  û  an d  <p can  be g iven c lear physica l m ean in g  as w ill b e  show n la te r .
B y  m eans o f equs. (12) th e  w ave fu n c tio n  ip is u n am b ig u o u sly  dete rm in ed  

in  te rm s  of th e  v a riab le s  R , S , ft a n d  <p.

§ 5. N ow  we h av e  to  consider w h e th e r i t  is possible to  associa te  va lues 
o f R ,  S ,  ft ,  cp u n am b ig u o u sly  w ith  g iven values o f  ̂  an d  ip2; t h a t  m eans w h e th e r
(12) can  be  rev e rsed  in  an  u n am b ig u o u s w ay.

F ro m  equs. (12) i t  follow s th a t  th e  fu n c tio n  R (r ,  t) is o b ta in e d  from  given 
ip у a n d  ip2 as

R =  Y\ipi |2 +  \ip2\z .
+

T> V '( w =  К  cos —  e 
2
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W hen y>1 =f= 0 and  =j= 0, we o b ta in  fo r $  and  cp w ith  th e  help of eq u s . (12)

$  = -----— In Zj a n d  cp = — i l n z 2 , (13a)
2

w here
. \п \2 -  \ f 2\2 1

2 |Wi W2|

f k i l 2 -  W 2 ! ! 
2 k i  %l

and У* У2
№2 V2Í

T hese eq u a tio n s  d e te rm in e  $  and  <p u n iq u e ly  in  th e  in te rv a ls

0 $  <[ я  a n d  0^ < р < 2тг. (13)

A p hysica l in te rp re ta tio n  of these  re s tr ic tio n s  will be  g iv en  fu r th e r  be low .
W hen  Vi =  y>2 — 0 we have R  =  0 an d  <p c a n  b e  chosen a rb itra r i ly .

F o r ^  =  0, y>2 =f= 0 an d  y)x =j= 0, =  0, respective ly  w e h av e

R  ='\ip21, ■& =  71,
s  +  | ”  =

- i l n  ^  ,
W

R  =  IViU

ОII 0 1b --------cp =
2

t i n  ,
W

resp ec tiv e ly . T his m eans t h a t  in  th e se  cases <p rem ain s in d e te rm in a te d . 
F in a lly , we find  from  (12)

S  =  — i In  - p i -  +  — <p,
Wi\ 2

w here cp is to  be in se rted  from  (13a) in  acco rdance  w ith  (13) an d  th e  lo g a rith m u s  
h as  to  be  chosen so as to  re s tr ic t th e  v a lu es  of S  to  th e  in te rv a l 0 S  <  2jr.

§ 6. H av in g  show n th a t  th e re  e x is t essen tia lly  u n am biguous re la tio n s  
betw een  th e  com ponen ts and  y>2 o f  th e  w ave fu n c tio n s  and  th e  fu n c tio n s  
R ,  S ,  $  a n d  cp, we in v e s tig a te  now w h a t  k in d  of re la tio n s  can be fo rm u la te d  
betw een  R ,  S ,  cp an d  th e  h y d ro d y n am ica l v ariab les  q, v , T .

L e t us begin  w ith  th e  d ensity  d is tr ib u tio n . In s e r tin g  (12) in to  (5) w e get

в  =  R 2, ( 1 4 )
or

R =  f e ,
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238 L. JÁNOSSY and M. ZIEGLER-NÁRAY

i.e . th e  sca la r fu n c tio n  R (r ,  t) in tro d u c e d  b y  th e  re la tions (12) corresponds to  
th e  sq u are  ro o t o f  th e  d en sity  o f  th e  e lastic  m ed ium .

§ 7. T h e  p h y sica l m ean ing  of th e  fu n c tio n s  $  ( r , t) and  <p(r, t) can also be 
seen easily . In tro d u c in g  (12) in to  (10) we o b ta in  w ith  th e  h e lp  of (11)

Т л =  sin •& cos cp, T 2 — sin ■& sin  cp, T 3 =  cos &, (15)

th u s  ft an d  cp a re  th e  po lar ang les o f th e  v e c to r  T .  W e note  t h a t  T15 T,,  T3 ju s t  as 
cp a re  fu n c tio n s  of r  an d  t.

F ro m  a s h o r t  ca lcu la tion  th e  reversed  re la tio n s  betw een  &, cp and T v  T 2, 
T 3 a re  o b ta in e d  in  th e  form

i T 3

Y J E 3
_

П - Т 1

— 1

+1

an d <P = i In
T 1 -f- i T 2
Ут\ +  т\ (16)

p ro v id ed  \ Т \  -f- T | >  0, w hich  corresponds to  th e  re s tric tio n s  given in  (13). 
I t  rem ain s to  discuss th e  re la tio n s b e tw een  S and  th e  v e lo c ity  v ec to r v .  
§ 8. In  o rd e r  to  express th e  ve lo c ity  o f flo w  in  te rm s of th e  sca la r func tions 

Й , S ,  $  an d  cp w e su b s titu te  (12) in  (8) and  fin d  as th e  resu lt o f a sh o r t calcu la tion

n n n , e . n  1
V = ----g ra d  b ----------- cos tr g rad  cp-----------A  -)----------------r o t s .  (17)

m  2m  me  4 m  p

A pp ly in g  th e  o p e ra tio n  ro t to  b o th  sides o f th e  above re la tio n  we o b ta in

ro t  V +  W  =  0, (18)

w here  we m ay  w rite  using (17)

%
W ro t A

4m
- ro t ro t s -|-------- rot(cos & g ra d  cp) . (18a)

2m

H ere  we n o te  th a t  IF  is a v e c to r  q u a n t i ty  a lth o u g h  its  la s t  te rm  con ta ins 
th e  ro ta tio n  o f th e  non c o v a ria n t q u a n ti ty   ̂ =  cos $  grad  cp. In d eed , th e  ro 
ta t io n  of I  can  b e  expressed b y  m eans of th e  v e c to r  T  in  th e  fo rm

r o t?  =  T Z * ,

w here  is th e  te n so r b u ilt  up  of th e  m ino rs (Ж*),/с of th e  m a tr ix  $  h av in g
g  R

as e lem ents T Ifc = -----L , i.e. in  cases w hen d e t  % ф  0 we h a v e
dxk
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( ! • ) /*  = d e t %

w here  (2+),к a re  th e  e lem ents of th e  m a tr ix  (2) A 
F ro m  (17) we fin d

S

r

— cos & g rad  w 
2m

h

4m
1

ro t s
в

d r  +  S 0 , (19)

w here  r 0 is th e  co o rd in a te  v ec to r  o f an  a rb itra ry  p o in t. S 0 =  S 0 (r 0, t) is a 
q u a n ti ty  w hich depends on th e  choice o f r u h u t  is in d ep en d en t o f th e  vecto r r ;  
i t  m ay , how ever, depend  on tim e. T h e  p a th  of in te g ra tio n  h a s  to  be ta k e n  
along  a line connecting  r 0 w ith  r  in  su ch  a w ay th a t  th is  avoids s in g u la r  po in ts . 
I f  th e  d is tr ib u tio n  of th e  h y d ro d y n a m ic a l v a riab le s  has no s in g u la ritie s  and  
equ . (18) holds, th e  v alue  of S becom es in d e p e n d e n t o f th e  p a th  o f  in teg ra tio n . 
In  cases w here th e re  are s in g u la rities , th e  v alue  o f S  as o b ta in e d  from  (19) 
depends on th e  p a th  of in te g ra tio n  a n d  (19) defines a m u lti-v a lu ed  fu n c tio n  S.

H ow ever, we are  p rim a rily  in te re s te d  in  th e  fu n c tio n  y>. I t  follow s from  
(11) th a t  гр rem ains a sing le-valued  fu n c tio n  even if  S  is m u ltiv a lu e d , p rov ided  
th e  values of S  in  th e  sam e p o in t d iffe r b y  in teg e r m ultip les o f 2 я  only. This 
is th e  case if  th e  in te g ra l on th e  r ig h t-h a n d  side o f  (19) ta k e n  o v e r an y  closed 
p a th  is e ith e r  zero or equal to  an  in te g e r m u ltip le  o f  2тг; i.e. we h a v e  to  requ ire  
t h a t  in te g ra tio n  of (19) a long  a closed p a th  becom es

$vdr  =
me

----- cos ê  g ra d  ep -f-
2m

h

4 m

1
ro t  s

в
d r

(24)

w ith  к  =  0, ^ 1, i 2, . . .

T h e  va lu e  of к depends on th e  p a r t ic u la r  choice o f  th e  p a th  o f  in teg ra tio n . 
A pp ly ing  S to k es’ law  we m ay  also w rite

vdr  =  2л к —
m

W d f . ( 21)

I t  can  be seen from  equs. (21) and  (18a) th a t  in th e  case of a p o la rized  m edium  
th e  ap p ea ran ce  of vo rtices is due n o t on ly  to  th e  e x te rn a l m ag n e tic  fie ld  b u t  
also to  th e  p o la riza tio n  T .

§ 9. E q u . (21) can be ta k e n  as an  a u x ilia ry  co n d itio n  for h y d ro d y n am ica l 
v a riab les . As we h av e  show n above th e  h y d ro d y n am ica l v a ria b le s  ob ta ined  
u n iq u e ly  from  a g iven w ave fu n c tio n  sa tisfy  co n d itio n  (21) a u to m a tic a lly .
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O n th e  o th e r h a n d  th e  d is tr ib u tio n  of th e  h y d ro d y n a m ic a l v ariab les 
defines a sing le-valued  w ave fu n c tio n  (a p a r t  fro m  a  tim e -d e p e n d e n t phase 
fa c to r  e only  if  p, V  and T  sa tis fy  th e  a u x ilia ry  cond ition  (21).

F u r th e r ,  i t  is u su a l to  n o rm alize  th e  w ave fu n c tio n  by  p u t t in g

J ip* ip d t  =  1, (22)

th e  co rrespond ing  co n d itio n  in te rm s  o f th e  h y d ro d y n am ica l d e n s ity  is

p d t  =  1.

T h u s  if  we re q u ire  (22a) to  b e  v a lid  fo r th e  w av e  fu n c tio n , in  ad d itio n  
to  th e  a u x ilia ry  co n d itio n  (21) re la tin g  to  p, v  a n d  T ,  we h a v e  to  ta k e  in to  
acco u n t th e  co n d ition  (22a) re la tin g  to  th e  d e n s ity  d is tr ib u tio n .

A s conclusion o f th is  section w e th u s  s ta te :  F ro m  a given tw o -co m p o n en t 
n o rm alized  w ave fu n c tio n  ip th e  h y d ro d y n a m ic a l v a riab le s  p, V  a n d  T  can  be 
de riv ed . T h e  v a riab les  so o b ta in ed  o b ey  certa in  a u x ilia ry  co n d itions. F u r th e r 
m ore p resc rib in g  th e  h y d ro d y n a m ic a l v ariab les p, V  and  T  a n d  sa tisfy ing  
th e  a u x ilia ry  co n d itio n s we can d e te rm in e  from  th e m  th e  n o rm alized  w ave 
fu n c tio n  ip , a p a r t  fro m  a co n stan t p h a se  fac to r.

III. E q u a tio n s  of m otion

§ 10. In  o rd er to  o b ta in  th e  h y d ro d y n a m ic a l equa tions o f  m otion  of 
th e  m ed iu m  re p re se n tin g  th e  e lec tro n  we have to  con sid er f irs t th e  accelera tion  
of a v o lu m e  e lem en t. T o  o b ta in  th is  we d iffe re n tia te  th e  ex p ressio n  fo r th e  
v e lo c ity  o f flow  g iven  in  (8) w ith  re sp e c t to  tim e  a n d  su b s titu te  th e  tim e  d e r iv 
a tiv e s  o f ip *  and  ip w ith  th e  help  o f  th e  P au li e q u a tio n  (2) b y  th e ir  sp a tia l 
d e r iv a tiv e s . W ith  th e  h e lp  of equs. (5), (8) an d  (11) ip a n d  its  s p a tia l  d e riv a tiv es  
a re  th e n  expressed  b y  th e  h y d ro d y n a m ic a l v a ria b le s . In  th is  w a y  we o b ta in  
fo r  th e  acce lera tio n  a n  expression  co n ta in in g , b esid e  th e  h y d ro d y n a m ic a l 
v a r ia b le s , only  th e  f ie ld  s tren g th s  E  an d  В  w h ich  a re  defined  b y  th e  sca la r 
a n d  v e c to r  p o ten tia ls

E  =  — g ra d  <p----- — À  ,
c

В  = r o t  A .

T h e  d e ta iled  ca lcu la tio n  m a y  b e  fo u n d  in  [4].
T h e  eq u a tio n  o f  m o tion  of th e  velocity  v e c to r  of a v o lu m e  e lem ent o f 

th e  m ed iu m  is o b ta in e d  as th e  r e s u lt  o f a le n g th y  ca lcu la tion  as
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6m — - = e ( / o + / , ')>  (23)
dt

w here  p/0 is th e  d e n s ity  of th e  o u te r  and  n /,■ t h a t  o f th e  in n e r fo rce . F o r th e  
d e n s ity  o f th e  o u te r  force we fin d

e/o =  Q gra d  v +  e h  +  e f e ,  (24)
w here

QÎL =  QeE ^ -------Qe [v  X П ]  (24a)
c

is th e  w ell-know n L o ren tz  force a n d

qfB =  —  fi {(s g rad) B  -f- [s  X ro t B ] - f  g ra d  ( s B )  D iv  (B °s)}  (24b)
2

re p re se n ts  th e  force d eriv ed  for an  o u te r  m agnetic  fie ld  ac ting  u p o n  a polarized 
m ed ium . To th e  p h ysica l in te rp re ta tio n  of th is  ex p ressio n  we sha ll r e tu rn  la te r .

T he in n er force can  be ex p ressed , as is to  b e  expected , as a ten so r d i
vergence

o / , =  D iv ® , (25)

w here  th e  ten so r Й h as  th e  e lem ents

%2 Э2 In Q . h  , .( t ),7 =  -  - —  Q +  —  (t>, ro ty S +  rot,- S • v )  -
4 m  ax,OX; 4< i
%- » 8Г,. 9 T k Г - 1

--------- Q > ’ -----------k-  ----------k-  -
4m 1 Эя,- 3Xj 16m о

ro t ,  S • ro t S +  (t)ij

an d  th e  ten so r f is defined  by

Div f =  ro t D iv g,

i. e. th e  elem ents o f th e  ten so r Í a re

(25a)

(26)

0  D i v 3  9 — Div2 9
D iv3 g 0 D ív j g 

D iv2 g — D iV lg 0
w here

, . П К1 1 h2
(9 ) k j  =  — —  (s k v j )  +  — -------- s k ■ T O t j  s  +  — - в

4 16m о 8m
э г „
0 X  ;

—  T
Q T ,
дХ;1 “ ~1

h e re  j  = 1 , 2 , 3  an d  к, l , m  are  cyclic  p e rm u ta tio n s  of 1, 2, 3.

(26a)
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T h u s  fo r th e  acce le ra tio n  of a vo lum e e lem en t of th e  e la stic  m edium  
re p re se n tin g  th e  e lec tro n  we h av e  o b ta in e d  an  exp ression  c o n ta in in g  only 
q u a n tit ie s  ch a ra c te ris tic  o f th e  m ed iu m  itself, such  as g, V, s (or T )  a n d  q u an 
ti t ie s  c h a ra c te ris tic  o f  th e  o u te r f ie ld  in  w hich th e  m ed ium  m oves ( V , Ё , В ).

§ 11. I t  rem ain s to  derive th e  e q u a tio n  of m o tio n  for th e  p o la riza tio n  
v e c to r  T .

I n  a w ay s im ila r to  th a t  describ ed  above we o b ta in  a fte r  som e calcu la
tio n s  (fo r de ta ils  see [5]):

f lT  2
Q— - = —  / z g [ T x ß ]  +  D iv © , (27)

dt %

w here  th e  k, j - th  e le m e n t of th e  te n so r  © has th e  fo rm

(®)*/ =  v k  s j  +  — T k  ro t7 s  +  — в ( Т I T mj —  T m T,j)  (27a) 
4m 2m

(к, l, m  =  1, 2, 3 in  cyclic p e rm u ta tio n ) , w ith  th e  n o ta tio n

г  -  ЭГ™
m i~  8 xj  ‘

§ 12. E qus. (23) a n d  (27) to g e th e r  w ith  th e  c o n tin u ity  e q u a tio n  (4) give 
a co m p le te  set of e q u a tio n s  of m o tio n . Indeed , i f  w e give th e  v a lu e s  of q, V 
an d  T  a t  t =  0, i.e. i f  th e  s ta te  o f th e  m edium  is ch a rac te rized  b y  th e  in itia l 
co n d itio n s

v ( r ,  0) =  v 0 (r ), g(r, 0) =  g0 (r ), T ( r ,  0) =  T 0 (r)  (28)

th e  m o tio n  is co m p le te ly  d e te rm in ed  fo r any  tim e  t >  0.
W e show fu r th e r  t h a t  re la tio n s  (22a) and (21) i f  sa tisfied  fo r t =  0 rem ain  

sa tis fied  fo r any  su b se q u e n t tim e.
In d e e d , w ith  th e  help  of G au ss’ law  we f in d  fro m  (4)

~  j q d г  =  0 , i .e .  ( qdx =  c o n s ta n t  in  tim e .
dt J

T h u s if  th e  in teg ra l o f  th e  d e n s ity  ex ten d ed  o v e r th e  w hole sp ace  is equal 
to  u n i ty  a t  t =  0 th e n  i t  rem ains so a t  an y  la te r  t im e .

W e re tu rn  to  th e  au x ilia ry  co n d itio n  co n cern in g  th e  v e lo c ity  v ec to r v  
(21) a n d  show  th a t  i f  th e  h y d ro d y n a m ic a l v a riab le s  g iven  a t  t =  0 (p 0, V0, T (l) 
sa tis fy  (21) for a g iven  va lu e  of к  th e n  th is  e q u a tio n  rem ains sa tis f ie d  for an y  
g, V, T  o b ta in ed  b y  in te g ra tin g  th e  eq u a tio n s of m o tio n  s ta r tin g  fro m  th e  given 
in it ia l  cond itions fo r  th e  sam e v a lu e  o f k.
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F ro m  equ. (20) i t  follow s th a t

w here

d
dt

w  = - - - - - - - A
me

, . , 2 л  h d
(V +  w) dr  = ------------к ,

m  dt

ft n j  % \---- cos 1/  g rad  c p ------------—  ro t s  .
2m  4 m  g

T he le ft side of th e  above expression  can be  re w ritte n  in th e  fo rm

^  ф  {v +  tv) dr =

In tro d u c in g  here  from  (17)

dt
(V -+- w ) dr  Q) [» X ro t (v  +  W?)J dr  . (28a)

V +  w
n

—  grad  S  
m

i t  is seen th a t  th e  second te rm  of (28a) is zero .
T he f irs t in teg ra l on th e  r ig h t-h a n d  side can  b e  w ritte n  in  th e  follow ing w ay

g  ft c  •
---- (v  +  tv) dr  =  —  (T) g ra d  S d r  =  0,
0t m  J

as grad  S ,  as we h av e  show n in  [4] can  be s u b s titu te d  b y  g ra d  C, w here Í is 
a sing le-valued  fu n c tio n  of r  a n d  t. I . e. we h a v e  th u s  p ro v ed

J  ,«
—  ф  (v  +  w )  dr  =  0, (28b)

w hich m eans th a t  к is in d ep en d en t of tim e .
I t  m u st be  em phasized , how ever, t h a t  th e  p rocedure  follow ed here  is 

ju s tif ie d  only  u n d e r th e  co n d itio n  th a t  no s in g u la rity  crosses th e  p a th  of in 
te g ra tio n  in  th e  course of th e  m o tio n  considered . So as to  g e t r id  of th is  c o n d i
tio n , we m ay  rep lace  th e  fix ed  closed p a th  o f in teg ra tio n  in  (21) b y  th e  p a th  
m oving  to g e th e r w ith  th e  m ed ium . I f  th is  av o id s  singular p o in ts  a t  th e  t im e  
t =  0 i t  will do so a t  an y  la te r  tim e . I t  can  b e  show n easily  t h a t  equ. (28b) is 
v a lid  ta k e n  w ith  such  a m oving  b o u n d a ry . W e see therefo re  t h a t  b o th  au x ilia ry  
cond itions (21) an d  (22a) if  sa tisfied  a t  t — 0 w ill rem ain  sa tis f ie d  a t  any  la te r  
tim e . T he au x ilia ry  cond itions (21), an d  (22a) a re  a u to m a tic a lly  satisfied  b y  
th e  h y d ro d y n am ica l v a riab les  de te rm in ed  fro m  th e  eq u a tio n s  o f  m otion (4), 
(23) an d  (27) w ith  th e  aid of g iven  in itia l co n d itio n s.

§ 13. F in a lly , i t  rem ain s to  show th a t  th e  h y d ro d y n a m ic a l e q u a tio n s  
of m o tion  are eq u iv a len t to  th e  w ave e q u a tio n . W ith  th e  h e lp  of equs. (12),
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(14), (16) a n d  (19) th e  w a v e  fu nc tion  гр c a n  be expressed  in  term s o f th e  hyd ro - 
d y n am ica l v ariab les  p, V, T .

In tro d u c in g  th e  e x p lic it expression  for ip =  ip(g, V, T ) in to  th e  w ave 
eq u a tio n  (2) i t  can be sh o w n  afte r a som ew hat te d io u s  ca lcu la tion  t h a t  th e  
re la tio n

Hip(Q, V, T )  =  ih a y(g, у,  T )  
at

reduces to  an  id e n tity  p ro v id e d  q, V, T  obey th e  h y d ro d y n am ica l eq u s. (4), 
(23) an d  (27), and  th e  c o n s ta n t  of in te g ra tio n  S0 (r 0, t) is tak en  to  be

S0(r0, t )  =  S ° - j V  -)- Q -\- еФ —  m v2 d t ----— Г[r](r, t)] d t ,
r=r0 n J r=r„

H2 Л QV2
w here S °  is a real b u t  o therw ise  a rb i t r a ry  c o n s ta n t a n d  Q =  —

2 m  qv*
T he fu n c tio n  rj co n ta in s  besides th e  h y d ro d y n a m ic a l v ariab les th e  m ag n e tic  
field v e c to r  B ;  th e  e x p lic it form  of rj w as found to  be

rj =  fJ, -

П
+  7 г з

Й*

B . T , B , T 2
n  +  n

V r a — T2 V
T \  +  T \

n 1 .
------- (v ■ r o t  S) +
4 Q

4 m T \  +  T \  g

h 2
8m

1 b2 1
div(o V T 3) +  — ------ — ( ro t  qT ) 2 +

32m Q2

(1 +  T 23) [( VT1)2 +  (VT2)2 +  (VT3)2]

%2 1
--------- T
8m q 3

r o t  Q T  T 1 V T 2 T 2 V T t
T f 4- T \

W e in te n d  to  re tu rn  to  a d e ta iled  d iscussion  of rj in  a la te r  paper.
S u m m ariz in g , we co n c lu d e  th a t  a g iven  set of h y d ro d y n am ica l v a riab le s  

obey ing  th e  in itia l co n d itio n s  (21) an d  (22) de term ines — a p a r t  from  a  c o n s ta n t 
phase  fa c to r  e S° — a w av e  fu nc tion  t h a t  satisfies th e  P a u li  eq u a tio n .

W e ca n  th u s  s ta te  t h a t  in  th e  case  of an  e lec tro n  th e  m otion  o f  w hich 
is describ ed  in  q u an tu m m ech an ic s  b y  th e  P au li e q u a tio n  th ere  is a one-to-one 
correspondence between the normalized solutions o f  the wave equation and  the solu
tions o f  the hydrodynam ical equations o f  motion sa tis fy ing  the adequate in it ia l  
conditions. T h is m eans t h a t  th e  e q u a tio n s  of m o tion  in  te rm s of th e  h y d ro 
d y n a m ic a l v ariab les  are  eq u iv a le n t to  th e  P au li e q u a tio n .
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IV. Integral properties of closed systems

§ 14. So as to  proceed w ith  th e  d iscussion o f our re su lts  le t  us consider 
th e  in te g ra l re la tio n s  w hich can  be derived  fro m  th e  e q u a tio n s  of m otion .

W e see from  (25) th a t  th e  d en sity  of th e  in n e r force /,■ can  be o b ta in ed  
as th e  d ivergence o f a tenso r. T h u s we have fo r th e  inner fo rce  of th e  e lastic  
m edium  rep resen tin g  th e  elec tron

F, =  J o f ,  dx  =  0, (29)

i. e. as is to  be expected  in  a closed system , th e  in n e r  forces h a v e  no re su lta n t. 
T he m om en t of force p roduced  b y  th e  in n e r  forces can  be w ritten  as

K, =  J  p [ r  x / , ]  dx  =  j  [ r  x  D iv  d x.

In te g ra tin g  by  p a r ts  we fin d , rem em bering  t h a t  th e  d ivergence  of the a n t i 
sy m m etric  p a r t  o f th e  ten so r (25) can  be w ritte n  as a ro ta tio n  o f a v ec to r w hich 
is th e  d ivergence of th e  ten so r g [see (26)]:

K i  — 2 I D iv  g d r  =  0, (30)

i.e. th e  re su lta n t m om en t of force produced  b y  th e  inner fo rces is also zero , 
§ 15. T h u s, as w as to  be ex p ec ted , th e  in n e r  forces of th e  e lastic  m ed ium  

rep resen tin g  th e  elec tron  h av e  no in teg ra l e ffects. A t th e  sam e tim e  we o b ta in  
b y  using (24) fo r th e  o u te r force ac tin g  on th e  system

F 0 =  — e grad  V  dr  +  U E  H------[ v x l i ] dx -f-

+ fx {(s grad) В +  [s X ro t  B]} dx
(31)

an d  for th e  m o m en t of force p ro d u ced  b y  th e  o u te r  forces: 

K Q = —  j [ r  XQ g rad  V ] dx  -f-

[ r X Q eE ] d x  +  -  I [rX [e< .t5X B ]]d T  + (32)

'I Г Х  — /л ((s grad) B +  [s X ro t  B])
2

dr-\-  j —  / u [ s X K ]  d r .

T hese expressions m ay  be  g iven th e  fo llow ing  physica l in te rp re ta tio n .
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T h e  d y n am ica l b e h a v io u r  of th e  e lec tro n  described  as a h y d ro d y n am ica l 
system  o f d e n s ity  q, v e lo c ity  of flo w  v  an d  p o la riza tio n  d en sity  s ,  can  be 
ch a rac te rized  b y  th e  av e rag e  of th e  to ta l  m om en tum  o f th e  sy stem

P  =  J  Qm V d t ,  (33a)

and  b y  th e  to ta l  a n g u la r  m o m en tu m

I I  =  J  [Г X QmV] dr.

T he ra te  o f  change of th e  m o m en tu m  gives th e  force ac tin g  on th e  system , 
while t h a t  o f th e  a n g u la r  m o m en tu m  is equal to  th e  m o m en t of fo rce . T hus 
using  (4), (23) an d  (29) w e g e t for th e  to ta l  force a c tin g  on th e  e lec tro n

d PF  =  F0 =  , (34)
dt

and  fo r th e  m o m en t of fo rce

К  =  K 0 = ~  . (35)
dt

L e t us consider now  th e  case w h en  th e  ex te rn a l f ie ld  in  w hich th e  e lec tron  
cloud m oves can be d esc rib ed  by  fu n c tio n s  chang ing  slow ly over th e  region 
covered b y  th is  cloud. In  th is  case (34) has th e  fo rm

F 0 =  -  (VF) +  e E  +  —  [P  X B ]  +  
me

M p  (V ° В ) -(- [Т/p  X ro t ß ]  ,
(36)

(The b a r  in d ica te s  av e rag e  value.)
A s one can see f ro m  (36) th e  o u te r  force in te g ra te d  over th e  w hole m e

d ium  re p re se n tin g  th e  sp inn ing  e le c tro n  corresponds to  th e  force exercized  
b y  an  e x te rn a l fie ld  o f av e rag e  fie ld  s tre n g th  E , В  a n d  V F  on a c h a rg ed  m ag
n e tic  d ipo le  of m o m en tu m

M p =  —  / xS.  (37a)

w here S  is th e  to ta l  sp in  v ec to r
S  =  J  g T  dr.  (37)

I f  w e w a n t to  consider th e  m o m e n t of force ex e rted  b y  th e  ou ter 
forces in  a f ir s t  a p p ro x im a tio n  i t  is n o t su ffic ien t to  use th e  average 
v a lu e  o f  th e  ou te r fo rce  ac ting  in  th e  reg ion  of th e  a to m . So as to  ge t the
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f i r s t  ap p ro x im atio n  o f th e  m om en t o f  force we h a v e  to  in tro d u ce  th e  g rad 
ie n t  o f  th e  ou te r force an d  ex p ress  th e  m o m en t o f  force in  te rm s  o f th e  
av e rag e  v a lu e  o f th is  g rad ien t. W e do no t give h e re  th e  fo rm u la  exp lic it - 
e ly  h u t  n o te  th a t  th e  eq u a tio n s  th u s  o b ta in ed  h a v e  a ce rta in  s im ila r ity  to  th e  
E u le r ’s eq u a tio n s  o f m o tio n  of a to p .

§ 16. F ro m  th e  eq u a tio n  of m o tio n  (27) o f th e  p o la riza tio n  v ec to r T  
w e m ay  o b ta in  th e  tim e  d e riv a tiv e  o f  th e  spin v e c to r  S o f a v o lu m e  elem ent. 
In te g ra t in g  over th e  w hole space a n d  in te rch an g in g  th e  o rder o f o p era tions 
w e get

-----f  s  d r  =  — I [s  X ß ]  d r  . (38)
dt  J  m e J

U sing  here  th e  sam e a p p ro x im a tio n  as in  § 15 a n d  in tro d u c in g  th e  sp in  m ag
n e tic  m o m en t, b y  using  (37), as:

w e get

M = i î - s
2 me

d S
dt

~  [ M  X B]
n

i.e . th e  r a te  of change o f  th e  spin v e c to r  is d e te rm in ed  b y  th e  e ffec t p roduced  
b y  th e  m ag n etic  fie ld  on th e  spin m ag n e tic  m o m en t.

T h u s we see th a t  all th e  ac tio n s  expected  in  a classical p ic tu re  ap p ea r in 
o u r  re la tio n s.

У. The physical sign ificance of the constant a

§ 17. F in a lly  we re tu rn  to  th e  problem  of th e  choice of th e  coefficient 
o f  th e  la s t  te rm  of expression  (8) g iv in g  th e  v e lo c ity  of flow. W e show  th a t

o n ly  th e  choice * =  , w hich w e in tro d u ced  in  § 2 and  used  th ro u g h o u t

o u r ca lcu la tio n s leads to  resu lts w h ich  are in  ag reem en t w ith  experience.
In d eed , in th e  m odel considered  in  th is  p a p e r  th e  to ta l  m a g n e tic  m om ent 

o f th e  e lec tron  is ta k e n  to  be b u ilt  u p  of tw o p a r ts :  f ir s t , as can  b e  seen from  
th e  expression  of force (24b) as w ell as from  equ. (36) th e  m ed ium  rep resen tin g  
th e  e lec tron  has a p e rm a n e n t m a g n e tic  dipole m o m e n t of d e n s ity

n i p ~
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T h is  co n tr ib u te s  to  th e  m ag n e tic  m o m en t of th e  e lec tro n

S dx  .

S econdly , ow ing  to  its  in n e r  m otion  th e  e lec trica lly  c h a rg ed  m edium  
c o n ta in s  convec tion  c u rre n ts ; th e  d en sity  of th e  m agnetic  m o m e n t of these  
c u rre n ts  can  be o b ta in e d  from  th e  expression fo r  th e  velocity  o f flow  [equ. 
(8)], as (see [6]):

1
m c =  —  /i.s .

In te g ra tin g  o v er th e  w hole o f  space we get

s  d x . (39)

T h u s , for th e  to ta l  m ag n etic  m o m en t of th e  e lec tron  we h a v e

M  =  M p +  M c =  n  J  s  dx  . (40)

T h is is in  ag reem en t w ith  th e  fa c t  t h a t  th e  m a g n e tic  m om ent o f  th e  electron 
in  an  s -s ta te  is one B o h r m ag n e to n .

W e no te , how ever, th a t  th e  above resu lt is in d ep en d en t o f  th e  choice 
o f th e  p a ra m e te r  a . As a d e ta iled  ca lcu la tio n  show s b y  ch an g in g  th e  value 
o f « we m erely  change th e  re la tiv e  co n trib u tio n s  o f  th e  convection  c u rre n t and  
th e  p e rm a n e n t m a g n e tiza tio n  to  th e  to ta l  dipole m o m e n t, th e  v a lu e  o f  th e  la tte r , 
how ever, is found  to  be  in d e p e n d e n t of a.

A n effect w hich  does d ep en d  on a  and  th e re fo re  gives in fo rm a tio n  on its  
c o rre c t v a lu e  is described  below .

A ccord ing  to  classical m echan ics a m ag n e tized  to p  w hen p laced  in to  an  
o u ts id e  m ag n etic  f ie ld  will precess a ro u n d  th e  d ire c tio n  of th e  m ag n e tic  field 
w ith  a frequency  w h ich  is p ro p o rtio n a l to  th e  m o m e n t of force a n d  inversely  
p ro p o rtio n a l to  th e  a n g u la r  m o m en tu m , th u s

со = (41)

In  o rd er to  a p p ly  th is  re su lt to  an  atom  w h ich  we m ay  co m p are  to  such 
a to p  we n o te  th a t  in  th a t  case we g e t for th e  m o m e n t of force in d ep en d en tly  
o f th e  choice of th e  v a lu e  of a :

К  =  fi [ S x B ] .
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A t th e  sam e tim e  we o b ta in  for th e  a n g u la r  m o m en tu m  g iven  in  (33b) w ith  th e  
help  of th e  expression o f th e  d en sity  o f  ve lo c ity  of flow  given in (8)

IT =  och S .

I.e . in ou r m odel th e  m o m en t of force is p ro p o rtio n a l to  th e  to ta l  m ag n e tic  
m o m en t, w hile th e  a n g u la r  m o m en tu m  is p ro p o rtio n a l to  th a t  p a r t  o f th e  
m ag n etic  m o m en t only  w hich  is p ro d u ced  b y  con v ec tio n  cu rren ts .

W e get th u s  fo r th e  frequency  o f precession of th e  a to m

I* \s \- \B \  _  I____ e__ -
aS|s| a 2 me

(42)

T he observed  f re q u e n c y , th e  so-ca lled  L arm o u r freq u en cy  in a m ag n e tic  
fie ld  o f s tre n g th  В  is know n  e x p e rim en ta lly  to  be

wL =  — B .  (43)
me

C om paring  (42) w ith  (43) we g e t fo r a  the  v a lu e  a  =  —  in tro d u c e d
in  § 2. 2

A fu r th e r  rem ark  m u st be m ad e  regard ing  th e  d e n s ity  of th e  e lec tric  
c u rre n t inside th e  cloud. T h e  d en sity  o f th e  convection  cu rren t is g iven  b y

ĉ (44)

w here we have to  in se rt fo r V th e  v a lu e  given b y  (8) co rrespond ing  to  вс =  .

H ow ever, in  a m agnetized  m edium  a n  effective c u r re n t i eff can be  defined  
(see e.g. [6]) th e  d e n s ity  of w hich is g iv en  b y

l'eff =  i c +  ro t M , (45)

w here M  is th e  d en sity  o f  m agnetic  p o la riza tio n . In  th e  case of th e  e lec tro n  
we m ay  suppose 46

M  = (46)
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In tro d u c in g  (44) a n d  (46) in to  (45) we o b ta in  w ith  th e  help  o f (8)

T&fh e2 ehie„ = ----------- (ip* — V f*  • f ) ----------- Ay>*ip-1----------ro t  (y>* a ip). (47)
2 me me2 2 me

T h e  la t te r  ex p ressio n  is th a t  u su a lly  given fo r th e  cu rren t d e n s ity  in  q u a n tu m  
m ech an ica l co nsidera tions.

W e n o te  t h a t  th e  d e n s ity  i eff as given b y  expression  (47) can be used  
to  d e te rm in e  th e  fie ld  s tre n g th  В  p roduced  b y  th e  m ag n e tized  system , i.e . ieff can  be re g a rd e d  as a c u rre n t d en sity  e q u iv a le n t to  one p ro d u c in g  a m ag 
n e tic  fie ld  eq u a l to  th e  sum  o f th e  fields p ro d u c e d  by  th e  co n v ec tio n  cu rren ts  
a n d  th e  m ag n e tic  po la riza tio n .

T he co m p ariso n  of (7a) a n d  (47) sheds a lso  ligh t u p o n  th e  m echanism  
o f th e  so-called anom alous m a g n e tic  m o m en t o f th e  e lec tron . I n  th e  case w hen  
t? ° = :0, i.e. in  a sy s tem  w hen o n ly  cu rren ts  a ris in g  from  th e  sp in  are  p re se n t, 
w e fin d

• о . ehi Pft =  2ir = -------r o t  s  .
2 me

T h u s  th e  c u rre n t in te n s ity  ieff from  w hich th e  m agnetic  m o m e n t can be d e 
riv e d  is tw ice th e  in te n s ity  of th e  convection  c u rre n t d en sity  i c . Since th e  a n 
g u la r  m o m en tu m  is p ro p o rtio n a l to  th e  m o m en tu m  of th e  m asses w hich are  
m o v in g  inside th e  a tom , i t  is also  p ro p o rtio n a l to  th e  d e n s ity  i c an d  th u s  th e  
ra t io  of m ag n e tic  m o m en t an d  a n g u la r  m o m en tu m  becom es tw ice  th e  “ n o rm a l”  
v a lu e , i.e. tw ice  th e  value to  b e  expected  in  th e  case of a sy s tem  con ta in in g  
con v ec tio n  c u rre n ts  only.
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ГИДРОДИНАМИЧЕСКАЯ МОДЕЛЬ ВОЛНОВОЙ МЕХАНИКИ III
Спин электрона

Л. ЯНОШИ и МАРИЯ ЦИГЛЕР-НАРАИ

Р е з ю м е

Гидродинамическая модель волновой механики был распространен нами на проб
лему электрона, описанного уравнением Паули. Показано, что уравнения Паули могут 
быть преобразованы в систему уравнений, имеющую вид классического уравнения дви
жения неоднородной намагниченной упругой среды.
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DETERMINATION OF WAVE FUNCTIONS 
OF MOLECULAR SYSTEMS 

BY THE METHOD OF MOMENTS, II
B y

É v a  S z o n d y

H U M A N  S E R U M  A N D  V A C C IN E  IN S T IT U T E , B U D A P E S T  

and

T. S z o n d y *
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Let H  be the H am iltonian operator o f a molecular system , let <p(a,, a 2, . . . , ocn) be а 
variational wave function involving the set oq, a 2, . . ., an o f variational param eters and let 
u0, u ,, . . . , un be a set o f arbitrary linearly independent functions depending on the same 
co-ordinates as (p.

In the special case
u0 =  cp; щ =  Ъср/QoLi ; (i =  1, 2 , . . . , n)

the roots Oij, oc2, . . . , <x.n and e o f the set o f equations

<ii£ I H  — e I 9?> =  0; (к =  0, 1, . . . , n) (*)

coincide w ith  the values o f the variational param eters and the energy, respectively , obtained  
by the m ethod of energy variation.

There is reason to expect that the roots o f (*) are in  m any cases fairly insensitive to 
moderate deviations of the function u0 from  (p and of the functions щ from 9<p/8oc/. Consequently  
if  d ifficu lties o f integration  prevent us from  determ ining the a,- ’s and e by  the m ethod of  
energy variation it m ay be reasonable to so lve the equations (*) approxim ately b y  replac
ing the functions uk by  som e m athem atically  more convenient functions v0 ^  (p and Г/ ^  
Э<£>/9а/. This possibility seem s to be an efficient tool for reducing difficulties o f  integration, 
and thus for extending the applicability o f variational m ethods to problem s which are — 
at least at the present stage of computer techniques — beyond the dom ain of applicability  
of the m ethod of energy variation.

The present paper deals (a) w ith  som e practical aspects of the application of 
such an approach to problem s of quantum  chem istry, and (b) w ith questions concerning the 
reliability o f the obtained results.

Onu o f the m ost serious difficulties arising in the course of determ ining  
approxim ate wave functions of m olecular system s is the calculation of certain  
integrals w ith  very com plicated integrands. It has been pointed out in the 
first paper o f this series [1] that these difficulties can be sign ificantly reduced 
if instead o f determ ining the param eters of the variational w ave functions  
by the m ethod of energy variation (МЕУ) they are determ ined by the method  
of m om ents (MM). MM is a more general variational m ethod than MEV in the  
sense th at while every variant of MEV can be regarded as a definite special

* N ew  address: Com puter Center of the Chemical Industries, B udapest.
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case o f MM, there ex ist variants of MM of practical im portance w hich are not 
equivalent to  a M EV approxim ation.

In the present paper (a) the basic equations of MM will be re-form ulated  
in a form w hich is more general and considerably more convenient for com 
putational work than  that considered in I, (b) the problem  of the reliability  
of the results obtained by MM will be investigated  in som e detail, (c) the prob
lem  of obtain ing an approxim ation to the energy o f the system  w ithin  the 
fram ework o f MM will be discussed, and (d) som e remarks will be m ade con
cerning the relation  of MM to som e other variational m ethods o f quantum  
chem istry.

1. Introduction

The object o f our investigations is a system  consisting of a fin ite  number 
of electrons and nuclei. I t w ill be assum ed th a t the system  is in a stationary  
sta te . The system  will be characterized b y  the (nonrelativistic) H am iltonian  
operator H ,  th e  sta te  by the w ave function ip and the corresponding energy 
eigenvalue E

H ip  — Exp =  0 , (1)

<vl?> =  1- (2 )

Our considerations will be confined to H am iltonian operators w hich are real 
in  the sense H *  =  H , where H *  denotes the com plex conjugate o f  H .

It should be noted th a t all our considerations are valid  also for system s 
in which the nuclei are fix ed  (not necessarily at their equilibrium  positions). 
In  th is case H , ip and E  denote the (nonrelativistic) electronic H am iltonian  
operator, electronic w ave function  and electronic energy, respectively.

In order to  make predictions concerning som e property o f the system  
w e actually  never need the w ave function ip itself, only certain m atrix  elem ents 
calculated from  it. In order to  have som ething defin ite before our eyes it will be 
assum ed th a t we are interested  in the expectation  value (у>\Р\грУ of an 
operator P , and any approxim ation (p to ip w ill be called a “ good approxim a
tio n ” if  it  satisfies the conditions

< f k > =  i. (3)

|< < p | P  I < p >  -  о  I P  \ i p } \  <  S p ,  (4 )
and

(V I V) <  (5)
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where r/ denotes the error in cp defined by

V =  <p — < v  I <p> V» ( 6 )

w hile gp and e denote preassigned sm all positive numbers. There is, in prin
ciple, no d ifficu lty  in generalizing our considerations to  the cases (a) w hen  
we are interested in more than  one exp ectation  value, and (b) when w e are 
interested  in  off-diagonal m atrix  elem ents. For the sake o f sim plicity we shall, 
however, not consider such cases exp licitly .

Let <p(x) be a variational wave fu n ction  depending on the sam e co 
ordinates as y>, being norm alized

and involving the set a =  {a15 a2, . . ., x n} o f variational param eters. MEV  
determ ines th e  values of th e  x ,• ’s [2] from  the condition

It will be convenient to start our considerations w ith the follow ing assum p
tions:

(i) It w ill be assumed, th a t (8) has a root ■— denoted in the fo llow ing  
by a  — for w hich <p(ct) is a good approxim ation to y>.

Such an assum ption is based in  practice a lw ays on an extrapolation of the experience  
obtained by perform ing calculations on a num ber o f system s more or less related to th a t  
we investigate, using thereby variational wave fun ctions of a type sim ilar to or simpler th a n  
97(a). The reliability o f such an extrapolation  can be significantly increased by certain qu alita 
tive  or sem iquantitative considerations such as an in vestigation  of the “ stab ility” of the w ave  
function  under su itab ly  chosen perturbations (H all [3], [4]), or investigations sim ilar to  
those of K a pu y  [5] concerning the range of app licab ility  o f wave functions built up from  
group orbitals. As, however, the reliability  of such considerations is alw ays lim ited, they do n o t  
dim inish the im portance of a posteriori tests of the accuracy of the approxim ate wave fun c
tions (cf. Sec. 3.). (ii)

(ii) It w dl be assumed, th a t tp(x) and H  are so com plicated that practical 
difficulties of integration prevent us from calculating the integral (a) (or a t  
least the calculation is too ted ious to p ay  off) and consequently we can n ot  
determ ine x .

(iii) I t  w ill be assumed th at ç>(a) can not be replaced by some other, 
m athem atically  more convenient variational w ave function w ithout risking  
an inadm issible loss of accuracy or an inadm issib le decrease of the rate o f  
convergence.

The problem s which w e shall discuss are (a) how to  determ ine in a si
tuation  characterized by assum ptions (i) — (iii) values a, [2] of the variation
al param eters such, that it  can still be expected  that cp(ä) is a good ap-

<<p(x) \<p(x)> =  1,

% (x) =  (<p{oi) I H  I <р(х.)У —  stationary. (8 ,
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proxim ation to  xp, or at least to  99(a) and (b) how to obtain  in  practice in for
m ation about th e  accuracy o f 99(a). Thus it  w ill be attem pted  to  extend th e  a p 
plicability  o f th e  variational m ethods to  problem s which are — at least a t th e  
present stage o f com puter techniques — beyond the dom ain of the practical 
applicability  o f  M EY.

It seem s alm ost certain that the application of MM to  problems w hich  
can be easily  dealt w ith  b y  M EY is disadvantageous and in th is sense MM w ill 
be probably alw ays at a disadvantage against MEV.

I t  should be em phasized th at the present paper provides hardly m ore 
than  a list o f possibilities which seem , after a careful consideration, w orth  
testing. Our aim  is b y  no m eans to give fin a l answers to  all the arising q u es
tions but rather to in itia te  further investigations.

2. The d e te rm in a tio n  of ä

Let us define a projection operator S  by the follow ing requirem ents:
(a) S should act on functions depending on the same co-ordinates as xp, and
(b) S should project the function  on w hich  it  acts onto th a t subspace o f  th e  
Hilbert space the elem ents of which have the same sym m etry properties as 
xp w ith respect to  both the perm utation o f th e  co-ordinates and spatial sym m etry  
operations. E v id en tly  S H  =  H S , S 2 =  S  and it can be assum ed w ithout loss  
of generality , th at Scp(a) =  99(a).

In all th e  practically im portant cases 99(a) appears in the form

99(a) =  N { a) Sw(a), (9 )

where iV(a) denotes the norm alization factor (S u (a) | S ii(a)>~12 and u(a) 
is a function  — generally m uch sim pler th an  99(a) — depending on th e  sam e  
co-ordinates and variational param eters as 99(a). Introducing the n otation

u(a) =  u 0(a); Эы(а)/Эа,- =  и,- (a); £ T ( d )  =  a 0, ( 10)

it  follow s in  a straightforward w ay th a t (8) is equivalent to the fo llow ing set 
of equations [2], [6]

<Uk(«) I H  — а 0 I 99(a)) =  0. (11)

W e now  restrict our considerations to cases in  which the sta tion ary  
value o f th e  integral (8) is a (local) extrem um . This is certainly the case w hen  
xp is the w ave function associated w ith  th e  ground sta te , but it  is sa tisfied  
in m any cases also for excited  states. Then i t  can be easily  verified, th a t in the  
neighbourhood of а =  ä and а 0 =  If (а) =  а 0
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d e t
Э

Э a,
O a ( a )  \H —  a 0| 9 5 ( a )  > Ф  0. ( 12)

In  o rd e r to  o b ta in  an  a p p ro x im a tio n  ä  to  a  we p ro ceed  in  th e  fo llow ing
w ay :

L e t us assum e we succeeded in  f in d in g  ap p ro x im a tio n s  vk (a) to  th e  
uk (oc)’s

vk (a) ^  (oc) (13)

such , th a t  (a) th e  ca lcu la tion  of th e  in te g ra ls  ( v k (a) | H  \ 99(a ) )  and<ufc (a) [95(a ))  
is possib le in  p rac tice  (som e asp ec ts  co n cern in g  th e  c o n s tru c tio n  of such vk (a )’s 
a re  d iscussed  in  A ppend ix  1.), an d  (b) th e  p ro p e rty  (12) of th e  in te g ra ls  
( u k (ос) \ H  — a 0 j 99(a)) does n o t  get lo s t b y  th e  changes u k (a) —► vk (oc), i.e. 
in  th e  n e ighbourhood  of a  =  oc an d  oc0 — cc0

det
0

— - < va («) \H — a0\cp(a)} 
aat Ф  0.

T he  in teg ra ls  [2]

m k ( a ,  o c 0 )  =  <vk ( a )  | H  —  a 0  | 9 9 ( a ) )

(14)

(15)

a re , in  general, n o t  zero for oc =  oc an d  oc0 =  cc0. H ow ever, w h en ev er (14) h o ld s , 
th e re  alw ays ex is t such changes of a 0 an d  th e  a ; ’s w hich s im u ltan eo u sly  d im i
n ish  th e  ab so lu te  values of all th e  m k (oc,a0) ’s. E v id en tly  if  th e  abso lu te  v a lu es  
o f th e  in teg ra ls  m k (öc, oc0) a re  su ffic ien tly  sm a ll, th e  set o f eq u a tio n s

O f t  ( о с )  I  H  — a 0  I  9 5 ( a ) )  =  0 (16)

h as a system  o f ro o ts  — to  be d en o ted  in  th e  follow ing b y  {a, cc0} — such t h a t  
99(a) is a good ap p ro x im a tio n  to  cp(~). I t  is also obvious t h a t  th e  v a lu es  

I mk ( 5c ,  a 0 ) |  can  b e  reduced  b ey o n d  every  l im it  b y  reducing  — a t  least in  th o se  
reg ions o f th e  co n fig u ra tio n a l space w hich g iv e  sign ifican t co n tr ib u tio n s  to  th e  
in te g ra ls  m k (oc, oc0) — th e  ab so lu te  values o f  th e  functions

ôk ( a )  =  vk ( a )  — uk (oc). (17)

C onsequen tly  if  th e  vk (oc) ’s a re  “ su ffic ie n tly  good”  ap p ro x im a tio n s  to  th e  
u k (oc) ’s th e  eq u a tio n s  (16) p ro v id e  a possib le to o l for a p p ro x im a te ly  solving (8).

I n  th e  fo llow ing th e  in teg ra ls  m k (oc, oc0) w ill be referred  to  as m o m e n t s  
of (H  — oc0)q)(oc) w ith  th e  w e i g h t  f u n c t i o n s  vk ( a )  a n d  th e  eq u a tio n s
(16) w ill be reg a rd ed  as th e  basic  e q u a tio n s  o f  MM [7].

E v id e n tly  th e  com petitiveness of MM depends on tw o  fac to rs : (a) how  
can  we decide in  p rac tice  w h e th e r or n o t  th e  a p p ro x im a te  w ave fu n c tio n  
99(a) o b ta in ed  b y  an  ac tu a l se t of w eight fu n c tio n s  is a good a p p ro x im a tio n
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to  xp (or le a s t to  q p (s c )) , an d  (b) w h e th e r or n o t  th e  ro o t ä  o f  (11) is su ff ic ien tly  
in sen sitiv e  to  changes uk (a) —> vk (a) in  p ra c tic a lly  im p o r ta n t  cases, t h a t  th e  
re q u ire m e n t o f  o b ta in in g  a good a p p ro x im a tio n  to  xp is com patib le  w ith  
bk (a) ’s su ffic ien tly  large  to  m ak e  possib le a s ign ifican t re d u c tio n  of th e  d if f i
cu lties of in te g ra tio n . T hese  prob lem s w ill be  d ea lt w ith  in  th e  n e x t tw o  
sections.

3. Some possibilities for obtaining inform ation about the accuracy o f <p (à)

In  th is  sec tio n  we sh a ll discuss som e p rac tica l possib ilities  for d ec id in g  
w h e th e r i t  is ju s tif ie d  or n o t  to  expec t t h a t  a w ave fu n c tio n  <p(ä) o b ta in e d  b y  
som e a c tu a l se t o f w eight fu n c tio n s  is a good a p p ro x im a tio n  to  xp (or a t  le a s t
tO  <J9(ix)).

(i) T h e  s im p lest p o ss ib ility  for o b ta in in g  in fo rm a tio n  a b o u t the  a c c u ra cy  
o f xp(ä) is e v id e n tly  to  ca lcu la te  som e p ro p e rtie s  of th e  sy s te m  from  cp(a) a n d  
com pare  th e  re su lts  w ith  th e  ex p erim en t. T h is  erro r e s tim a te  is an  “ a b s o lu te ”  
one in  th e  sense th a t  i t  co m p ares  <p(ä) w ith  xp an d  n o t w ith  (p(oi). As th is  ty p e  
o f e rro r e s tim a te  does n o t d ep en d  on th e  w ay  cp(à) has b e e n  ob ta ined , we sh a ll 
n o t  d iscuss i ts  p roblem s in  d e ta il b u t  re fe r  to  a rev iew  a rtic le  dealing  w ith  
th is  to p ic  [8]. O nly  som e re m a rk s  will be  m ade on q u e s tio n s  w hich a re  o f  a 
special in te re s t  for MM.

T he d ifference b e tw een  th e  e x p e c ta tio n  value (a) an d  th e  em p irica l 
(n o n re la tiv is tic ) va lu e  E  o f th e  energy is genera lly  re g a rd e d  as an  im p o r ta n t  
gauge of th e  accu racy  of cp(a). A ltho u g h  accord ing  to  a ssu m p tio n  (ii) m a d e  in 
Sec. 1. th e  ca lcu la tio n  of ê ’(â) m ay  be p ro h ib itiv e ly  d iff ic u lt, i t  m u st n o t  be 
ca teg o rica lly  excluded  from  am ong  th e  p ra c tic a b le  p o ssib ilities . N am ely  i t  is 
a m uch  easie r ta s k  to  c a lc a la te  ê ’(à) fo r th e  one given se t ä  o f  v a ria tio n a l p a r a 
m eters  th a n  to  ca lcu la te  i t  sev era l tim es in  th e  course o f th e  d e te rm in a tio n  o f  à .

T h e m o st serious sh o rtco m in g  of th e  em pirical e rro r  estim ates c e r ta in ly  
lies in  th e  f a c t  th a t  th e y  a re  lim ited  to  a fa ir ly  sm all p ro p o rtio n  of th e  p r a c t i 
cally  im p o r ta n t  p rob lem s, m a in ly  to  iso la te d  atom s a n d  sm all m olecules in  
th e  g ro u n d  s ta te  or som e low -ly ing  ex c ited  s ta te . I t  is n a m e ly  h a rd ly  p o ssib le  
in  p rac tice  to  ca rry  o u t su ffic ien tly  a c c u ra te  an d  c le a r-cu t m easu rem en ts  
on co n sid e rab ly  m ore co m p lica ted  sy s tem s, e.g. on a sy s te m  consisting  o f  an  
ag g reg a te  o f  in te ra c tin g  m olecules w ith  som e p rescribed  n u c lea r a rra n g e m en t. 
U n fo r tu n a te ly  th e  q u a n tu m c h e m ic a l m e th o d s  are th e  m o s t co m p e titiv e  ju s t  
in  th o se  cases in  w hich th e  ex p e rim en ta l ones fail, a n d  consequen tly  p u re ly  
th e o re tic a l e rro r  e s tim a tes  a re  of a g re a t p ra c tic a l im p o rta n c e  even if  th e y  a re  
m a th e m a tic a lly  n o t rigo rous (in a s im ila r sense as e. g. th e  erro r e s tim a te s  
o f  th e  M onte Carlo ca lcu la tio n s). T he m ain  v a lu e  of th e  em p irica l e rror e s tim a te s  
lies in  th e  p o ssib ility  of te s tin g  on sim ple problem s th e  efficiency of d iffe re n t 
types  of v a r ia tio n a l w ave fu n c tio n s  a n d  e rro r  e s tim a tes .
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(ii) In th e  case of M EV there is in ev ita b ly  a considerable am ount of 
arbitrariness in  th e  choice o f th e  variational w ave function 99(a) and in the case  
o f MM there is some additional arbitrariness in the choice of the w eight  
functions vk (a). It is ev idently  of im portance to obtain inform ation about 
th e  effect on the results of th is latter source o f arbitrariness and, as far as 
possible, to reduce this effect.

In order to  obtain inform ation about th e  order of m agnitude of the  
changes ж,- —»- й,- w e can m ake use of the fa c t th at for g iven  H  and 99(a) 
th e  changes a, —► d; depend on ly  on the m agnitude and the shape of the fu n c
tions ôk (a). L et us assume now  that we h a v e  solved the equations (16) for 
more than one set o f weight functions, say, for th e  sets (a), vk* (a), . . , vk \ x ) ,  
such, th at the corresponding (a)’s (Л =  1, 2, . . ., / )  substantia lly  differ 
from  each other [9 ] and let us denote by th e  root obtained b y  using the set 

(a). Of course, it  m ay — accidentally — happen that for som e value o f i 
tw o or more of th e  (йf1* — a ,)’s are approxim ately  equal. T he probability o f  
all the (df^ — a ,)’s being approxim ately equal for some va lu e  of i decreases 
how ever, rapidly w ith the increase of f .  I t  can be expected  th at even for 
rather low values of /  the oscillations of th e  й/Л) ’s provide a fairly reliable 
estim ate of the order of m agnitude of the |d,- — a, | ’s, where d; denotes som e  
average of the d;ft* ’s. A lthough th is error estim a te  has the character of a “ ran
dom sam pling” , we expect th a t if  one obtains experience in its  use its reliabi
lity  w ill be sufficient for practical purposes.

There exists a very attractive variant o f  th is error estim ate. We start 
w ith  a set vk \ x )  w hich is a rough but possib ly  sim ple approxim ation to the set  
u k (a), and continue w ith sets v k2' (a), v ^  (a), . . . which are better  and b etter  
approxim ations to  the set u k (a). (E .g. if  th e  vf ,1'1 (a) ’s are obtained from th e  
u k (a) ’s by expanding certain constituents o f  th em  in terms o f m ore convenient 
functions (as described in A ppendix 1.), the subsequent sets v (a), v k (a), . . . 
m ay be obtained b y  retaining more and m ore term s of the expansion.) I t  can  
be expected  th at in  this case the subsequent a 'P  ’s tend to som e definite values  
and the procedure can be ended after the changes of the df^ ’s do not exceed  
in the la st steps som e preassigned values.

I t  m ay turn out th at th is procedure is  econom ical even from  the point 
of v iew  of com puter tim es, as it  m eans that th e  va lues of the d,- ’s are determ ined  
first roughly but in a relatively  sim ple w ay and the more and more tedious  
steps serve only for refining the result obtained in  the previous step. E v id en tly  
all the steps require in this case the running o f a program o f th e  same ty p e .

(iii) A further possib ility  for obtaining inform ation about the error in  
99(d) or rather in m atrix elem ents of the typ e <(99(0) | P  | 99(d)) is th at proposed  
recently b y  Ch e n  and D a l g a r n o  [10]. As to  th e  details of th e  m ethod we refer  
to the quoted paper and make here only a few  remarks on problem s of a specal 
in terest for MM.

4 * Acta Phys. H ung. Тот. X X . 1966



260 É. and T. SZONDY

C h e n  a n d  D a l g a r n o  h a v e  s h o w n  t h a t  u n d e r  c e r t a i n  r a t h e r  g e n e r a l  

c o n d i t i o n s  t h e  i n t e g r a l

Á P  =  2 ( /  9 9(a) I H  I 99(a)) (18)

is of th e  sam e o rd er o f m a g n itu d e  as th e  e rro r in  (<p(ä) \ P  | 9 9(a )), w h ere  
f  d eno tes a w ell-defined  fu n c tio n  d e te rm in e d  in p ra c tic e  b y  m in im iz in g  a 
fu n c tio n a l w ith  re sp ec t to  a selected  tr ia l  fo rm  of f .  T h e  fa c t  im p o r ta n t fo r  us 
is t h a t  th is  fu n c tio n a l is so sim ple t h a t  i t  can  be g en era lly  ca lcu la ted  w ith o u t 
p ro h ib itiv e  d ifficu lties even  i f  th is  is n o t  t r u e  fo r íf(oc). N a tu ra lly  th e  in te g ra l 
A P  suffers fro m  sim ilar if  n o t  w orse d ifficu ltie s  of in te g ra tio n  as &(pc). H o w e
v e r, h a v in g  d e te rm in ed  f  w e can a p p ro x im a te  to  /  9 9(a) b y  some m o re  co n 
v e n ie n t fu n c tio n  an d  th u s  ca lcu la te  A P  a p p ro x im a te ly . T ak in g  in to  a c c o u n t 
t h a t  A P  is  genera lly  o n ly  a sm all co rrec tio n  th is  l a t t e r  neg lection  seem s 
ju s tif ie d .

T h is e rro r  e s tim a te  is again  an  “ a b so lu te ”  one in  th e  sense m e n tio n e d  
in  (i). A lth o u g h  A P  is n o t  a rigorous e rro r  b o u n d  i t  can  b e  expected  t h a t  a f te r  
ga in ing  experience  in  th e  ap p lica tio n  o f  th e  m eth o d , i ts  re liab ility  w ill be 
su ffic ien t fo r  m a n y  p u rp o ses . U n fo r tu n a te ly  th e  m e th o d  fa ils  if  99(a) is “ s ta b le ” 
u n d e r th e  p e r tu rb a tio n  P  in  th e  sense d e fin ed  b y  H all [3], [4].

(iv) In fo rm a tio n  a b o u t th e  o rd er o f m a g n itu d e  o f th e  erro r in <<p(â) |Pj<p(â)> 
m ay  be  o b ta in e d  also in  th e  fo llow ing  w ay  [11]. A t f irs t  we d e te rm in e  
cp(ä). T h e n  w e re p e a t th e  ca lcu la tio n s  w ith  a n o th e r v a r ia tio n a l w ave fu n c tio n  
o b ta in e d  fro m  <p(ä) b y  in tro d u c in g  som e new  v a r ia t io n a l  p a ram e te rs  w h ich  
h a v e  th e  e ffec t of im p ro v in g  9 9(a) p a r t ic u la r ly  in th o se  reg ions in w hich j P  9 9 (0 ) j 
is la rge . T h e  im p ro v e m e n t in  th e  e x p e c ta tio n  value  o f P ,  due to  th e  in t ro 
d u c tio n  of th e  new  p a ra m e te rs , can  p ro v id e  in fo rm a tio n  ab o u t th e  o rd e r  of 
m a g n itu d e  of th e  e rro r in  <(9o(â) [ P  j 9 9(a )).

A possib le  fo rm  o f such  an  “ e x te n d e d ”  v a ria tio n a l w ave fu n c tio n  m a y  be
[ П ]

M (ß )
H

l  +  ß o -^ 'b  S  ßhfh P  I у ( д )  ?
/1 = 1

(19)

w here  M (ß )  deno tes a n o rm a liz a tio n  fa c to r , ß a, Д , . . ., ß H denote  new  v a r ia 
tio n a l p a ra m e te rs  a n d  th e  f h ’s d en o te  su ita b ly  chosen  functions d ep en d in g  
on  th e  co -o rd in a tes  of th e  pa rtic le s  com prising  th e  sy s tem . The choice o f  th e  
f h ’s is b a se d  on in tu it io n  an d  experience.

4. A bout the sensitivity o f the approximate wave function to changes
и  к - >  Vk

W e notv discuss som e aspects  o f  th e  prob lem : how  sensitive is th e  ro o t S 
o f (11) to  m o d e ra te  changes u k (a) —*■ vk (a). U n fo rtu n a te ly  there  seem s to  be 
little  h o p e  fo r fin d in g  a m a th e m a tic a lly  rigorous a n d  y e t  p ra c tic a lly  usefu l
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an sw er to  th is  questio n  an d  co n seq u en tly  w e alw ays m u s t s tro n g ly  re ly  on 
n u m erica l experience. H ow ever, in  order to  ju s tify  th e  e x p e c ta tio n  th a t  MM 
is a p ra c tic a lly  usefu l m e th o d  a n d  also to  m ak e  i t  possib le to  draw  con c lu 
sions from  a m uch  sm aller a m o u n t of n u m e ric a l resu lts  th a n  w ould be p o s
sib le b y  considering  only th e  n u m erica l re su lts  them selves, i t  seem s usefu l to  
m ak e  som e genera l in v es tig a tio n s  in to  th is  p rob lem . E .g . i t  c an  be show n th a t  
even fo r w eigh t func tions vk (a) s tro n g ly  d iffering  from  th e  co rrespond ing  
u k (oc) ’s th e  ap p ro x im a te  w ave fu n c tio n  cp(a) sa tisfy ing  (16) has c e r ta in  
im p o r ta n t  p ro p e rtie s  such th a t  (a) no a p p ro x im a te  w ave fu n c tio n  can be a good 
a p p ro x im a tio n  to  тр if  i t  does n o t, a t  le a s t ap p ro x im a te ly , possess th ese  p ro 
p e rtie s , an d  (b) a w ave fu n c tio n  w hich  is a b a d  ap p ro x im a tio n  to  y) can  o n ly  
acc id en ta lly  possess such p ro p e rtie s .

As th e  m om en ts  are  lin e a r  in  th e  w e ig h t functions th e  roo ts of (16) 
rem ain  u n ch an g ed  if  we rep lace  th e  w e ig h t func tions b y  n  -f- 1 lin e a r  
com b in a tio n s m ad e  up  of th em . L e t us s ta r t  b y  co n stru c tin g  such  lin ea r co m 
b in a tio n s  wi (a) o f th e  vk (ä ) ’s w hich  are m o re  conven ien t fo r  our pu rp o ses  
th a n  th e  vk (ct) ’s them selves. W e w rite  [2]

u>i(ä) =  £ c IkS v k ( ä ) ,  (20)
k = 0

(Clk =  const),

an d  d e te rm in e  th e  co-efficients Cik in  acco rd an ce  w ith  th e  req u irem en ts  t h a t  
(a) th e  wi (à) ’s shou ld  be lin e a rly  in d e p e n d e n t, an d  (b) n  o f th e m , say  wl (ct), 
w2 (a), . . . , w n (ct), should  sa tis fy  th e  o rth o g o n a lity  re la tio n s  [2]

<w>i (à) I <p(â)> =  0. (21)

A lth o u g h  these  cond itions do n o t u n ique ly  d e fin e  th e  Wi (ct) "s, th e  rem ain ing  
a rb itra rin e ss  does n o t affect our follow ing considera tions.

T h e  eq u a tio n s  (16) can now  be w ritte n  fo r  oc =  â an d  oc0 =  á 0 as

(w ,  (â) I H  — ä 0 I <p(a)> =  0. (22)

I t  is im p o r ta n t to  n o te  th a t  b y  (21) th e  in te g ra ls  on th e  le f t h a n d  side of th e  
la s t  n eq u a tio n s of (22) do n o t d ep en d  on th e  v a lu e  d 0 an d  co n seq u en tly  th e y  
are  e q u iv a len t to

<w/ («)]| H  —  %  ( à )  I < p ( ä ) }  =  0. (23)

T h e eq u a tio n s (23) p resen t a co n v en ien t s ta r t in g  p o in t fo r o u r follow ing co n 
sid e ra tio n s.
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(i) L e t us assum e t h a t  th e  io, (ä) ’s a re  accep tab le  func tions an d  le t  us 
consider th e  follow ing v a r ia tio n a l w ave fu n c tio n

X(ß) =  ( !  +  ßo)<P(ä ) +  £ ßi (24)
i = l

<X(ß) I X(ß)> =  1. (25)

w here ß =  {/?„, ß±, . . . deno tes a se t of new  v a r ia tio n a l p a ra m e te rs .
T he va lu es  o f th e  ßk ’s can  be d e te rm in ed  b y  M EY, a n d  w riting  o u t th e  co r
re sp o n d in g  eq u a tio n s  (cf. Sec. 2. of I) i t  can  be easily  v e rif ied  th a t  b y  (23) th e y  
a re  sa tisfied  b y  th e  va lu es  ß k= 0 ,  i.e. b y  th is  p rocedure  w e re -ob ta in  99(a). Con
seq u en tly  w h en ev er th e  (à) ’s a re  accep tab le  fu n c tio n s  th e  a p p ro x im a te  
w ave fu n c tio n s  <p(d) sa tis fy in g  (16) is a lw ays a u to m a tic a lly  also an  ex ac t 
so lu tio n  to  a w ell-defined M EV  ap p ro x im a tio n  to  ip . ( I t  is essen tia lly  th e  fu n c 
tio n s Wj w h ich  h av e  been  called  w eigh t fu n c tio n s in  I .)

Although there exist types of weight functions which are of considerable practical 
interest and do not satisfy the requirement that the n>,-(ct) ’s constructed from them should be 
acceptable functions, this requirement does not seem to cause a significant loss o f gene
rality. Namely in a majority of such cases the wi (ä) ’s are not acceptable because of their in
correct asymptotical behaviour which makes them unnormalizable. However, in these cases 
we can always think to have replaced these weight functions (without changing ä) by such 
weight functions which are already acceptable but differ markedly from the old ones only in 
regions far enough to have no marked effect on the investigated properties of the system . (ii)

(ii) L e t us recall a re su lt derived  b y  S c h w a r t z  [12]. I t  is w ell know n 
th a t  if  r](a) deno tes th e  e rro r  in <p(à) as defined  in  (6) a n d  P, is an  a rb itr a ry  
o p e ra to r  assoc ia ted  w ith  som e p h y sica l p ro p e rty , th e  ex p ec ta tio n  value 
(<p(â) I P , I 9?(a)> genera lly  differs from  th e  ex ac t v a lu e  (ip \ P t | ip~) b y  te rm s 
p ro p o rtio n a l to  tj(tx), i f  (oc) an d  h ig h er pow ers of t j (a ) .  S c h w a r t z  h as show n 
th a t  if  we ad d  to  (<p(ä) \ Pi \ ç>(â)) th e  co rrec tion  te rm

2Re( Fj  cp(ä) \ H  — <%(a) \ <p(ä)), (26)

w here th e  fu n c tio n  F , sa tisfie s  th e  eq u a tio n

[F , H  -  H  F t ] cf(ä) =  [Pi -  (<р(й) I Pi  I <p(à)>] <p(â), (27)

th e  e rro r in  th e  co rrec ted  e x p ec ta tio n  v a lu e  does n o t  co n ta in  te rm s lin e a r  in 
rj(ct) an d  th u s  can be e x p e c te d  to  be, in  genera l, a s ig n ifican tly  b e tte r  a p p ro x i
m a tio n  to  (ip j Pi I ipУ th a n  is ( f ( a )  [ Р,- | <р{а)У.

Notv th e  eq u a tio n
Wi(ä) =  F itp (a) (28)
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defines a fu n c tio n  F,-, an d  b y  (23) fo r  th is  F , th e  co rrec tion  te rm  (26) vanishes. 
C onsequen tly  i t  can  be  ex p ec ted  t h a t  <p(â) is su ch  an  a p p ro x im a tio n  to  y> 
w hich is p a r tic u la r ly  su itab le  fo r ca lcu la tin g  e x p e c ta tio n  values o f o p era to rs  P  
w hich  can  be expressed  as som e lin e a r  co m b in a tio n  of th e  o p e ra to rs  P , defined  
b y  (27) an d  (28). (Cf. ref. [16.].)

It is possible to obtain equations for the Pz ’s directly in terms of the (a) ’s instead 
of the F I ’s by multiplying (27) from the left by (p(ä) and taking into account (28)

i*,(â)H <p(a) — y(Æ)H wt(d) =  y(à)|P , -  <<p(â) | Pt \ ç>(ô)>] <p(â). (29)

As follows from the results contained in H all’s paper [4] the vanishing of (26) is equivalent 
to the fact that (p(d) is “ stable” under any perturbation P  which can be expressed as some linear 
combination of the Р,- ’s.

(iii) T he eq u a tio n s  (16) h a v e  th e  p ro p e rty  th a t  if  — acc id en ta lly  — 
(p(x) =  y>, th e  va lu es  x  =  x  an d  x 0 =  x 0 =  E  s a tis fy  th em  fo r a n y  set of 
w eigh t fu n c tio n s w h atso ev er.

(iv) As p o in ted  o u t in  Sec. 3 o f  I , for a n u m b e r  of large classes of w eight 
fu n c tio n s  s tro n g ly  d iffering  from  each  o th e r an d  b e in g  a rb itra ry  to  a consider
ab le e x te n t, th e  re su lts  o b ta in ed  b y  MM are eq u a l to  those  o b ta in e d  b y  o th e r, 
m ore c u s to m ary  a n d  p ro b ab ly  h ig h ly  reliable v a r ia tio n a l m eth o d s of q u an tu m  
ch em is try . This ag a in  stro n g ly  su p p o rts  th e  e x p e c ta tio n  th a t  th e  resu lts  of 
MM are  n o t v e ry  sen sitive  to  m o d e ra te  changes o f th e  w eight fu n c tions.

5. A pproxim ation to the energy

F in a lly  we in v e s tig a te  som e problem s in  o b ta in in g  an  ap p ro x im a tio n  
to  th e  energy  of th e  sy stem  in th e  case  w hen we c a n n o t ca lcu la te  c? (à).

T ak in g  in to  acco u n t th a t  th e  ex p ec ta tio n  v a lu e  of th e  energy  is generally  
fa irly  in sen sitiv e  to  a m o d era te  in c rease  of the  e r ro r  in  th e  a p p ro x im a te  w ave 
fu n c tio n , th e  sim plest b u t  ev id en tly  n o t  very  a t t r a c t iv e  p o ssib ility  is to  ca rry  
o u t a M EY  ca lcu la tio n  w ith  a v a r ia tio n a l w ave fu n c tio n  less a c c u ra te  b u t  
m a th e m a tic a lly  m ore  conven ien t th a n  cp(x). I f  th e  Svp (à) ’s a re  accep tab le  
fu n c tio n s, a p o ssib ility  of th is  ty p e  is to  regard  th e  co n stan ts  c0k in  th e  f irs t 
eq u a tio n  o f (20) as v a ria tio n a l p a ra m e te rs  and  d e te rm in e  th e ir  v a lu es  from  th e  
cond itions

<w Q (ä) 1 H  \ w 0 (ct)> =  s ta t io n a ry (30)

(w„ (à) 1 ivu (a)> =  1. (31)

T h ere  ex ists, how ever, a p o ss ib ility  w hich seem s to  be in  m an y  re 
spects a b e tte r  one. I t  can  be show n, nam ely , t h a t  (a) if  E  is th e  energy  asso
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c ia te d  w ith  th e  g ro u n d  s ta te , (b) i f  w e h av e  an y  no rm alized  a c c e p tab le  a p 
p ro x im a tio n  w  to  (f(ä) fo r w hich  w e can  ca lcu la te  th e  in teg ra ls  ( w  | H  | <р(й)У 

a n d  (w  I <р(а)У an d  w hich sa tisfies th e  cond ition

|1 -  < »  I ?(<*)> I <= 1, (32)

a n d  (c) i f  th e re  is som e good reaso n  to  expect t h a t  S ’(a) is a m u c h  b e tte r  
a p p ro x im a tio n  to  E  th a n  is (w  | H  |w]>, i t  is a d v an tag eo u s  to  use in s te a d  of 
<w  I H  I w y  th e  v a lu e  Re

<w| ?(«)>

as an  a p p ro x im a tio n  to  E .  ( I f  w  =  w 0 (ä ), @ =  d 0 a n d  th u s  © can  b e  ob ta in ed  
w ith o u t so lv ing  (30). In  th is  case (13) m ay  a u to m a tic a lly  ensure (32)).

L e t us n am ely  consider th e  fo llow ing  v a r ia tio n a l w ave fu n c tio n

'fY
r

© II: Го 9>(«) +  Yi ч>, (34)

<£(>V Yi) 1 £(Го> Yi)> =  !» (35)

w here  y 0 a n d  yx d en o te  v a r ia tio n a l p a ra m e te rs . D e te rm in in g  th e  values o f  
y 0 a n d  у г b y  M EV we o b ta in  th e  secu la r equa tion

<?(«) | Я  -  © | ç,(ô)> < Ф )  I H  -  ©  I «> _

<w | Я  -  © | <p(û)> <w I H  -  © I w }  K '

D en o tin g  b y  © th e  low er ro o t o f (36) we have E  <[ © S ’ (a), a n d  i t  follows
fro m  (32), (33) an d  (36) th a t

|Ke © -  ©I ^  I© -  ©I =  |<w| 9>(a)>|-1  -  6 ]  [<w|H|w> -  ©] ~

~  ' iW W -  ©] [<w| h  |»> -  ©] •

T h en  — assum ing  (c) an d  ta k in g  in to  acco u n t t h a t  th e  m ore tw o  positive 
q u a n tit ie s  d iffer, re la tiv e ly  th e  closer is th e ir  geom etrica l m ean  to  th e  sm aller 
one — i t  im m ed ia te ly  follows from  (37) th a t  th e  e rro r  in  Re  © is m u c h  sm aller 
th a n  th e  e rro r in  (w  | Я  | ic>. E v id e n tly  th e  w orse an  ap p ro x im a tio n  
(w  I H  I wy  (as co m p ared  w ith  S ( a )) to  E ,  th e  m o re  a d v a n ta g e o u s  is th e  
use o f R e  © in s te a d  of (w  | H  \ wy.

I t  shou ld  be  n o te d  th a t  in  th e  case of co m p lica ted  system s th e  in tro d u c 
tio n  o f o n e  s i n g l e  v a r ia tio n a l p a ra m e te r  y x (y 0 is nam ely  f ix e d  b y  (35)) 
is n o t  lik e ly  to  give a d ra s tic  im p ro v e m e n t in  th e  energy . T hen  S ( a )  — ©
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&(ä) — E  an d  th is  can  b y  (37) h av e  th e  e ffec t th a t  Re  ® is a good a p p ro x i
m a tio n  to  <%(a) even if  (32) is n o t  fulfilled . In  th is  case, how ever, th e  only p o ss i
b ility  fo r o b ta in in g  in fo rm a tio n  ab o u t th e  a c c u ra cy  of R e  @ seems to  b e  a  
“ ran d o m  sam pling”  ty p e  e s tim a te  described in  (ii) of Sec. 3.

6 . Relations o f MM to some other variational m ethods 
o f quantum chem istry

O u r aim  has b een  to  a d a p t  MM as fa r as possible to  th e  special need s 
o f q u a n tu m  ech em is try , m a in ly  in  order to  overcom e d ifficu ltie s  of in te g ra 
tio n . A lthough  MM is one o f th e  s ta n d a rd  m ethods fo r  a p p ro x im a te ly  
solv ing co m plica ted  d iffe ren tia l a n d  in teg ra l eq u a tio n s  [13] a n d  i t  has b een  
successfully  used  e.g. in  th e  th e o ry  of e la s tic ity , i t  appears to  h a v e  found o n ly  
a v e ry  few  ap p lica tio n s in  q u a n tu m  m echanics. A lm ost all th e se  ap p roaches 
deal w ith  prob lem s o f  so lid -s ta te  physics a n d  b an d  sp e c tra  an d  differ so 
su b s ta n tia lly  from  th e  m eth o d  ou tlin ed  in  th e  p resen t p a p e r  th a t  fu r th e r  
co m m en t on th is  q u estio n  seem s unnecessary  [14].

T here  ex ist, how ever, tw o  fu r th e r  in it ia tiv e s  the  re la tio n  of w hich to  
MM is of a considerab le  in te re s t . T heir d iscussion  su p p lem en ts  sim ilar co n 
sid e ra tio n s of Sec. 3. o f I.

(i) R ecen tly  A r m s t r o n g  [15] has p ro p o sed  to  o b ta in  a q u a lita tiv e  
e s tim a te  of th e  e rro r in  an  a p p ro x im a tiv e  w ave fu n c tio n  (p b y  com paring  th e  
values

?  =  Ä  and  » = Ä ,  (38 )
< i k >  k k >

(p ro v id ed  th a t  th e  d e n o m in a to r <(l/ip) d iffers from  zero). B y  com paring  
(33) an d  (38) i t  can  be  seen th a t  (33) is a s tra ig h tfo rw a rd  gen era liza tio n  of th e  
f ir s t  eq u a tio n  of (38).

(ii) In  a series o f p ap ers  [16] H i r s c i i f e l d e r , E p s t e i n , C o u l s o n  et. a l. 
h av e  considered  th e  p o ssib ility  of d e te rm in in g  a p p ro x im a te  w ave fu n c ti
ons of m olecu lar system s from  th e  req u irem en t th a t  these sh o u ld  satisfy  so 
called  h y p e rv ir ia l re la tio n s . T h e  close re la tio n  o f th is  a p p ro a c h  to  MM is 
ev id en t from  th e  re la tio n  of th e  tw o  m ethods to  М Е У  (cf. e.g. th e  qu o ted  p a p e r  
o f E p s t e i n  an d  H i r s c h f e l d e r ) .  I t  seem s p ro b ab le  th a t  the  tw o  in itia tiv e s  can  
su p p lem en t each o th e r v e ry  sa tis fac to rily  as th e  h y p erv iria l re la tio n s  a p p e a r 
to  be  excellen t too ls fo r in v e s tig a tin g  p rob lem s o f th e o re tic a l in te re s t b u t  
seem s less su ited  fo r red u c in g  co m p u ta tio n a l d ifficu lties , w h ile  th e  opposite  
ho lds fo r MM. *

* N o te  added in  p ro o f:  T he r e a d e r ’s a tte n tio n  is d ra w n  to  a p a p e r  b y  C .A .C o u l " 
s o n , w hich  h as  re ce n tly  ap p ea red  in  Q u a r t .J .  M ath. (O x fo rd ), 16, 279,1965.; th e  resu lts o f 
th e  p a p e r  m ay  prove  v e ry  u sefu l in  e lim in a tin g  d ifficu lties  o f  in teg ra tio n  fro m  calcu la tio n s 
o f w ave  fu n c tio n s  a sso c ia ted  w ith  e x c ite d  s ta te s .
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1. A ppendix

In  th e  follow ing som e p rac tica l a sp ec ts  will b e  discussed concern ing  
th e  c o n s tru c tio n  of th e  w e ig h t fu n c tio n s.

(i) L e t us consider th e  equa tions (10), (13) and  (16). In  m any cases when 
th e  re la tio n  i»a (a) u 0 (a) ho lds in  a la rg e  dom ain  of th e  a,- ’s also th e  re la tio n s

d v0 (а)/3а,- /ы  8u 0 (a)/9a,- (39)

ho ld , a n d  i t  m a y  be reaso n ab le  to  m ak e  th e  choice

Vj (oc) =  9d0 (a)/8a,-. (40)

T he c o m p u ta tio n a l a d v a n ta g e s  of such  a choice are  ob v io u s: (a) w e h a v e  to  
a p p ro x im a te  to  only one fu n c tio n  (n a m e ly  to  u 0 (a)) in s te a d  of a p p ro x im a tin g  
to  /I - f  1 ones, an d  (b) o n ly  in teg ra ls  o f  th e  type

Oo (<*') ! H  — а 0  I 9 9(a)) (41)

m u st be  ca lcu la ted  for a '  a  as th e  in te g ra ls  on th e  le f t  h a n d  side o f eq u a tio n s 
(16) can  be  o b ta in ed  fro m  (41) b y  n u m erica lly  d iffe ren tia tin g  w ith  respect 
to  th e  oc) ’s a t  a '  =  a . I t  shou ld  be n o te d  th a t  g en era lly  th e  ca lcu la tio n  of the  
in teg ra ls  (41) is n o t m ore d ifficu lt fo r oc' =f= a  th a n  fo r  a '  =  a.

(ii) I n  som e cases i t  m ay  h a v e  ad v an tag es  to  determ ine  a t  f i r s t  an 
a p p ro x im a tio n  to  ä an d  ä 0 from  th e  co n d itio n

<«o(«)| H |99(a)) 
<r0 (a)|99(a)>

=  s ta tio n a ry , (42)

an d  use th e  equa tions (16) only fo r re fin in g  th is ap p ro x im a tio n . E q u a tio n  (42) 
has p ra c tic a l ad v an tag es o v er (16) b u t  i t  seems less sa tis fa c to ry  fro m  th e  th eo 
re tica l p o in t of view.

(iii) T h e  v a r ia tio n a l w ave fu n c tio n s  n 0 (a) a n d  th e ir  d e riv a tiv e s  u, (a) 
(E qs. (10)) a re  in  p ra c tic e  alw ays c o n s tru c te d  from  sim p le  “ bu ild ing  e lem en ts” 
b y  sim ple opera tions (m a in ly  m u ltip lic a tio n  of th e  b u ild in g  e lem ents a n d  con
s tru c tin g  lin e a r  co m b in a tio n s of th e ir  p roduc ts). T h e  m ost f re q u e n tly  used 
b u ild in g  e lem ents are (a) th e  c a rte s ia n  co-o rd inates o f  th e  p a rtic le s  m aking 
up  th e  sy s tem , (b) pow ers and  e x p o n e n tia l fu n c tio n s  of the  d is ta n c e s  from  
fix ed  p o in ts  or from  each  o th e r of th e  partic les  in  th e  system , (c) ex p o n en tia l 
fu n c tio n s  of lin ear or q u a d ra tic  exp ressions of th e  c a r te s ia n  co -o rd in a tes  of the  
p a rtic le s , an d  (4) th e  w ell know n sp in  functions. W e sh a ll denote th e  build ing 
e lem en ts occurring  in  th e  fu n c tio n s  иfe (a) by  f ±, f 2, . . . , /p .  E v id e n tly  th e  
uk (oc) ’s a re  defin ite  fu n c tio n s  of th e  f p ’s [2] a n d  o f  th e  a, ’s
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u k(x) =  U k i f v f t ,  cc^a.2 , , *„), (43)

w here th e  f p ’s them selves m ay  d ep en d  on th e  a / ’s.
N ow  a v e ry  con v en ien t w ay  for c o n s tru c tin g  ap p ro x im a tio n s  vk (a) 

to  th e  u k (a) ’s is to  co n stru c t a t  f i r s t  some m a th e m a tic a lly  m o re  conven ien t 
ap p ro x im atio n s  g p to  th e  f p ’s

g p ^ f p  (44)

an d  b u ild  up  th e  vk (a) ’s in th e  sam e w ay fro m  th e  gp ’s as th e  uk (a) ’s a re  
b u ilt  u p  from  th e  f p ’s (cf. A p p en d ix  2.)

vk (x) =  Uk (g15 g2, . . . , gP; a , ,  a 2, . . . , x„). (45)

The advantages of this procedure can be more ea sily  seen from a sim ple illustrative  
exam ple than from  som e general consideration. It is w ell know n that the fun ction  exp ( —r)

5Т Л hcan be approxim ated for not very  large r >  0 by the polynom ial y j  ( —1) (h ! )_1 r . Now le t

us assum e th a t som e f„  occurring in uk (a ) has the form exp  ( —a, r). If we w an t to  build up g„
s

in the form V  ak г (ал =  const.) we ev id en tly  can, in princip le, determine th e  ak ’s e.g. from
/ i = °

the condition
<vk (a) — uk (a) I vk (a) — uk (a)> =  minimum. (46)

This procedure would be, however, an extrem ely tedious one as we had to  determ ine simul - 
taneously all the param eters in all the g„ ’s (among them  th e  ak ’s) for ev ery  value of к and

 ̂ s h heven for every set of а,- ’s anew. On the other hand by making the choice g -=  N.' ( — l)"(h!)~1(ajr)
h=o

the work of calculating the ak ’s is com pletely elim inated. This choice w ill probably 
pay off in m ost cases inspite o f the fact th a t it  does not provide the “ absolute best” values 
of the a k ’s.

(iv) L e t us fin a lly  lis t som e ty p e s  of fu n c tio n s  w hich seem  to  have p a r 
tic u la r  a d v an tag es  if  serv ing  as b u ild in g  e lem en ts  of w eight fu n c tio n s  [17]. 
T his lis t is b y  fa r  n o t com plete  a n d  perhaps exp erien ce  w ill te a c h  us also 
o th e r possib ilities.

(a) A t f irs t  we lim it ou r considera tions to  cases w hen th e  w av e  function  
99(a) consists of a lin ea r  co m b in a tio n  of p ro d u c ts  o f one-partic le  sp in -o rb ita ls  
an d  th ese  sp in -o rb ita ls  them selves a re  linear co m b in a tio n s of S la te r-fu n c tio n s  
cen te red  a t  a rb itra ry  p o in ts  an d  h a v in g  in teger p r in c ip a l q u a n tu m  n u m bers. In  
th is  case i t  is n a tu ra l  to  c o n s tru c t also  th e  w eight fu n c tio n s in  th e  fo rm  of linear 
co m bina tions of p ro d u c ts  of o n e-p a rtic le  “ sp in -o rb ita ls” . The fo llow ing  types 
of fu n c tio n s  seem  to  h av e  a d v a n ta g e s  if  serv ing  as bu ild ing  e lem en ts  of th e  
one-p artic le  “ o rb ita ls”  com prising  th e  w eight fu n c tio n s :

(a/1) P o lynom ials  of th e  c a rte s ia n  co -o rd in a tes  of th e  p a r tic le . I t  can be 
easily  v e rified  t h a t  th e  m o st co m p lica ted  in te g ra ls  occurring  in  th e  m om ents 
are in  th is  case tw o -cen te r  C oulom b in tegrals.
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(a/2) L inear co m b in a tio n s of B oys-functions [18] depending  on  th e  co
o rd in a te s  o f th e  p a rtic le . In  th is  case th e  ca lcu la tion  o f  th e  m o m en ts  can be 
easiliy  p erfo rm ed  b y  ex p an d in g  also th e  S la ter fu n c tio n s  in  99(a) in  te rm s of 
B o y s-fu n c tio n s [19].

In practice such an expansion alw ays m eans that we replace the Slater-functions in  
<p{a) b y  a fin ite  linear com bination of B oys-functions and th u s in  certain special cases this 
procedure sim ply  coincides w ith  carrying out a MEV approxim ation w ith a variational wave 
function bu ilt up from B oys-functions instead  o f Slater-functions. Y et the application  of MM 
can provide considerable com putational advan tages because o f th e  following reasons:

T he obtaining of a good approxim ation to  a Slater-function requires the u se  o f a very  
high num ber of B oys-functions. Now ev id en tly  the number o f  Boys-functions u sed  for ex
panding the Slater-functions in  <p(u) is fixed  b y  the required degree of accuracy an d  m u s t  
n о t be reduced. H owever, as it  can be exp ected  that the root cc o f (11) is not v e ry  sensitive 
to m oderate changes of the uk (a) ’s, it  can be expected, th a t th e  vk (a) ’s can be constructed  
w ithout a considerable loss o f  accuracy b y  expanding the Slater-functions in  th e  uk (a) ’s 
in  term s o f a m uch sm aller num ber of B oys-functions than in  <p(a). This leads to  a  very  signi
ficant decrease in  the num ber of integrals to  be computed.

(a/3) L inear co m b in a tio n s of p la n e  waves d ep en d in g  on th e  co -o rd ina tes 
o f th e  p a rtic le . In  th is  case th e  s i tu a tio n  is ana logous to  th a t  d iscu ssed  in 
(a/2), b u t  th e  p lane  w aves seem  to  b e  less a d v an tag eo u s  for a to m ic  a n d  m ole
cu la r p ro b lem s a p a r t  p e rh ap s  from  delocalized  ^ -e le c tro n  system s.

(b) L e t us f in a lly  consider v a r ia tio n a l w ave fu n c tio n s  <p (a) consisting  
of a lin e a r  co m b in a tio n  o f p ro d u c ts  o f  (spin-) g em in a ls  w hich c a n n o t  be 
red u ced  to  a fin ite  lin e a r  co m b in a tio n  o f p roduc ts o f  one-partic le  sp in -o rb ita ls . 
In  th is  case  i t  seem s a d v an tag eo u s  to  u se  w eight fu n c tio n s  consisting  o f  a linear 
c o m b in a tio n  of p ro d u c ts  of o n e - p a r t i c l e  “ sp in -o rb ita ls” . T h e  ad v an 
tag es o f th is  choice a re : (a) no in te g ra ls  involv ing  in se p a ra b ly  th e  co -o rd ina tes 
o f m ore  th a n  four p a rtic le s  occur in  th e  m om ents (in  c o n tra s t to  th e  case of 
M EV w h ich  requ ires th e  ca lcu la tio n  o f  in teg ra ls  in  w hich  th e  co -o rd in a tes  of 
a l l  p a r tic le s  m ay  occu r in sep a rab ly ), a n d  (b) th e re  ex is t possib ilities  of over
com ing  d ifficu lties asso c ia ted  w ith  th e  s tro n g  o rth o g o n a lity  co n d itio n s  for th e  
gem inals [20].

2. A ppendix

T h e  follow ing sim ple exam ple  can  illu s tra te  th e  m ain  step s  o f  an MM 
c a lc u la tio n  [21], [22].

T h e  e lectron ic  w ave fu n c tio n  associa ted  w ith  th e  g round s ta te  of th e  
n e u tra l  he lium  a to m  can  be a p p ro x im a te d  by  th e  v a ria tio n a l w av e  function

u 0 (a) =  u 0 (ax) — e~aiTl e ~ a'r\  (47)

w here  ry an d  ra d en o te  th e  d is tan ce  fro m  th e  n uc leus o f the  e lec tro n s 1 and  2, 
re sp ec tiv e ly , an d  sp in  co -o rd inates h a v e  been d isreg a rd ed . u 0 (a) can  be re 
g a rd ed  as being th e  p ro d u c t of th e  “ build ing  e le m e n ts”
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fx =  e~°iri; f 2 =  (48)

“ o (*) =  f i  ■ f i  • (49)

Now th e  fu n c tio n  e~r can  be  ap p ro x im a ted  b y  th e  fu n c tio n  0,473 e~°'2,r~ 
[23]. C onsequently  i t  can  be a t te m p te d  to  m ake th e  choice

gx =  0,473 e~° 27(airi)2; g2 =  0,473 е~°'2Ца1Гг)\  (50)

F ro m  (48), (49) an d  (50) we have  in  accordance w ith  (45)

v 0 (a) =  g l  ■ g 2 =  0,224 e“ °'27(airi)2 е_0'27(а1Г*)‘. (51)

F o r v1 (a) we m ake in  acco rdance  w ith  (40) th e  choice

h  (®) =  3 »o (a)/9aci . (52)

T h en  equ a tio n s (16) give th e  re su lt

á 0 =  —2,766 a t.u . 
cq =  1,643 a t.u .

T h e  correspond ing  M EV  resu lts  a re

5 0 =  —2,848 a t.u . 
oc1 =  1,688 a t.u .

Som e fu r th e r  n u m erica l exam ples can be fo u n d  in  Sec. 5. o f  I .
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19. S. F. B oys, Proc. R oy. Soc. (b o n d .), 258, 402, 1960. K. Sin g e r , Proc. Roy. Soc. 
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sequent paper.

21. As has been m entioned in Sec. 1., in  so simple cases as that to be considered below  
the use of MM provides no com putational advantages over M EV. The exam ple is  m eant purely 
as an illustration  of the m a i n  s t e p s  o f  an MM calculation .

22. U ntil some problem s strongly a ffecting  the com putational work (e.g . the problems 
o f orthogonality  relations) are not in v estig a ted  in detail, it  appears better n ot to get involved  
into  an extensive com putation , as there is  a significant danger o f doing a great dea l o f useless 
extra  work.
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ОПРЕДЕЛЕНИЕ ВОЛНОВОЙ ФУНКЦИИ МОЛЕКУЛЯРНЫХ СИСТЕМ 
МЕТОДОМ МОМЕНТОВ, II.

Е. СОНДИ и Т. СОНДИ

Р е з ю м е
Пусть Я  — оператор Гамильтона молекулярной системы ip(al , а2, . .  ,ап) — вариа

ционная волновая функция, содержащая сеть вариационных параметров alt а2, . . .  ап, 
далее и0, их, . . .  ип — сеть произвольных линейно независимых функций, зависящих от 
тех же самых координат, что и <р.
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В специальном случае

u0 =  <p Uf =  899/ 8 0 ,- ; (i =  1, 2, . . .  n) 

корни системы уравнений

<  uk I H  — e I <p >  =  0 (fc =  0,1,. . . n) (*)

a,, a3. . .  a„ и e совпадают со значениями вариационных параметров и энергии соответ
ственно, полученными методом вариации энергии.

Есть основание предполагать, что корни выражения (*) во многих случаях до
вольно нечувствительны по отношению небольшого отклонения функции и0 от гр и функ
ций ut от 8 9 >/Эа,-. Следовательно, целесообразным является решить уравнения прибли
женно, заменяя функции ик некоторым, с математической точки зрения более подходя
щим приближением: vtl ^  <р и vt ^  дф/дщ. Данная возможность оказывается эффектив
ным приемом для уменьшения трудностей при интегрировании, и, таким образом, для 
расширения области применимости вариационного метода на смежные — при современ
ном уровне вычислительной техники — области применимости метода вариации энергии.

В настоящей работе главным образом рассмотрены следующие вопросы: а) прак
тическая сторона применения упомянутых приближенных приемов к проблемам кван
товой химии; б) вопросы, касающиеся надежности полученных результатов.
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THEORY OF CONGRUENCE 
IN GRAVITATIONAL FIELDS III.

SPACE IN V E R SIO N  AN D  GRAVITATION

By

M. S ü v e g e s

R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  SC IE N C E S ,
B U D A P E S T

(Presented by A. K ónya, — R eceived  31. VII. 1965)

The inversion part o f the holonoray group, w h ich  is a good physical sym m etry group  
locally , is investigated . I t  is shown that the existence o f inversions depends on the topological 
properties o f the gravitational field (supposed to be a Riem annian m anifold M n). Therefore 
M n is defined to be a differentiable m anifold and the Theorem  on parallelism  is extended to  
this case. It is shown that if  M n is orientable then 4? is a subgroup of SO(n) and if  M n is non- 
orientable then IP is a subgroup of 0(n). More precisely there exists a hom om orphism  h : л,(АГп) 
->■ 0 (n )/S 0 (n ), where Jij (M n) is the first hom otopy group o f M n and the topologically  invariant 
classification of gravitational fields according to factor groups of % (M n) is p h ysica lly  m eaning
ful. Besides som e sim ple exam ples space forms of zero and constant positive  local curvature  
are classified. For exam ple, there exists an infin ity  o f 3-dim ensional forms of p ositive  curvature 
but local space inversion is not a good operation in e ither of them . It is also pointed  out th a t  
physical space is not sim ply a R iem annian m anifold M n but a fibre bundle over M n. 
Therefore the theory of fibre bundles w ith  structure group over a differentiable m anifold  
is  used.

In tro d u c tio n

In  tw o  p rev ious papers [1, 2] it  has been  show n th a t  th e  ho lo n o m y  group 
(hg) W  of a g ra v ita tio n a l field , assum ed  to  b e  a R iem ann ian  m an ifo ld  M n, is 
a good local ph y sica l sy m m etry  g roup  in th e  ta n g e n t  space e t each  p o in t o f 
M n. In  a R iem an n ian  m anifo ld  IP is a su b g ro u p  o f th e  o r th o g o n a l group 
0(n) an d  in  [2] th e  id e n tity  co m p o n en t 4r/0 (d e n o te d  p rev iously  b y  ax) of 4* 
w as discussed. I t  h as  been  show n th a t  th e  L ie -a lg eb ra  of W°, th e  re s tr ic te d  
hg , is given in  te rm s  of th e  R iem an n ian  c u rv a tu re  tenso r a n d  its  co v a rian t 
d e riv a tiv es . In  p a r tic u la r , w hen  M n is of s ig n a tu re  -f-2 th en  W  is a subgroup  
o f th e  L o ren tz  g roup  L  an d  470 is a subgroup  o f  th e  re s tric ted  L o ren tz  group 
L | .  P hy sica l consequences of th is  fa c t were d iscussed .

In  th e  p re se n t p a p e r we a re  going to  d ea l w ith  th e  d isc re te  o p era tions 
of 4*. M ore p recisely , given a g ra v ita tio n a l fie ld  M n we w an t to  k n o w  w heth er 
its  hg invo lves inversions or n o t. T o  g rasp  th e  n a tu re  of th e  p ro b lem  consider 
th e  follow ing sim ple exam ple.

Suppose M n is s im ply  connec ted . T hen  e v e ry  closed curve  a t  a n y  p o in t 
X  e  M n is h om otop ic  to  zero an d  hence th e  hg W  is eq u a l to  W°. T h u s  th e  hg of a 
sim ply  co nnec ted  M n does no t co n ta in  inversions a n d  th e  p o ssib ility  of in v e r
sions can h ap p en  on ly  if  M n is n o t sim ply  co n n ec ted .
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I t  is seen  from  th is  t h a t  th e  hg d ep en d s  in  a c ru c ia l w ay on th e  to p o lo 
gical p ro p e rtie s  of th e  m an ifo ld . T h erefo re  th e  ra th e r  loose te rm  “ R ie m a n n ia n  
m anifo ld”  w e used  (an d  is u su a lly  used  in  classical re la t iv i ty )  up  to  now  w ill n o t 
serve b u t  m u s t  be m ad e  m ore precise b y  th e  in tro d u c tio n  of topo log ica l p ro 
perties in to  th e  co n cep t o f M n .

T his w ill be done  b y  m eans of th e  concep t o f a  R iem ann ian  m an ifo ld  
as a d iffe ren tiab le  m an ifo ld . P a r tic u la r  a t te n tio n  w ill be  p a id  to  th e  o r ie n ta tio n  
of a d iffe ren tiab le  m an ifo ld  since, as w ill be  seen, i t  p lay s  a crucia l ro le  in  
th e  d e te rm in a tio n  o f th e  inversions in  XP .  I n  p a r tic u la r , fo r  an  o rien tab le  M n W  
is red u ced  to  У70.

B efo re  proceed ing , how ever, to  m a th e m a tic a l defin itio n s we m a k e  one 
m ore re m a rk . In  u su a l geom etrica l th e o rie s  of g ra v ita tio n  one is d ea lin g  w ith  
such o b je c ts  as p o in ts , cu rves, geodesics, tensors. W e have, how ever, seen 
th a t  since th e  hg  is a good physica l sy m m e try  g ro u p , each  ta n g e n t sp ace  is 
p ro v id ed  w ith  a s tru c tu re  defined b y  W . So we h a v e  a su p e rs tru c tu re  a t  each  
p o in t o f th e  R iem an n ian  m anifo ld  a n d  w e w an t to  b u ild  th is  su p e rs tru c tu re  
in to  th e  th e o ry  in  a sy s te m a tic  w ay. T h is  w ill be done b y  in tro d u c in g  th e  con
cep t of a f ib re  b u n d le  w ith  a s tru c tu re  group over a d ifferen tiab le  m an ifo ld .

W e f i r s t  give th e  necessary  m a th e m a tic a l d e fin itio n s  and  th eo rem s, th e n  
generalise th e  th eo rem  o f [1] and  t r y  to  draw  som e consequences concerned  
w ith  in v ers io n s  in  W .

A ll th e  m a th e m a tic a l resu lts n eed ed  in  th is  p a p e r  are  co n ta in ed  in  s ta n 
d a rd  b o o k s  on g lobal geo m etry  such  as th o se  b y  L ichnerowicz [3], N omizu 
[4], K o bayash i an d  N omizu [5], a n d  R inow [6]. Since, how ever, th e y  are 
sc a tte re d  th ro u g h o u t th e se  books w e s t a r t  b y  p re se n tin g  th em  in an  o rg an ised  
fash ion  m o s t su itab le  fo r our pu rpose .

1. Differentiable m anifolds, orientation

A n  re-dim ensional m anifo ld  is a co n n ec ted , sep a rab le  topo log ica l space 
in  w h ich  each  p o in t h as  a n e ig h b o u rh o o d  hom eom orph ic  to  som e o p en  set 
in  C a rte s ia n  re-space R n. A system  S  o f  d iffe ren tiab le  coord inates, o r a tla s , 
in  an  re-m anifold M n is a fam ily  {U a} o f open sets covering  M n an d  fo r  each  x  
a hom eom orph ism

<pa : U a -*■ Ra,

w here R 1 is an  open  se t in  R n, such  t h a t  th e  m ap

<pa y j 1 :<pß (U a П Uß) -  <pa (U a П Uß) (1)

is d iffe ren tiab le . T h e  p a irs  (U a, cpa) a re  called  ch a rts , o r local co o rd ina tes in  M n. 
I f  such  a m ap  has co n tin u o u s d é r iv â te s  of o rd er r th e n  S is sa id  to  be of
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class Cr. I f  S  an d  S '  a re  tw o sy stem s of co o rd in a tes  in  M n o f c lass Cr th e y  a re  
sa id  to  be r-eq u iv a len t if  th e  com posite  fam ilies  {U a, Uß} , {(pa, щ )  fo rm  a 
sy s tem  of class C r. A d iffe ren tiab le  m an ifo ld  M n ([3], C h ap itre  I) o f class C r 
is an  га-m anifo ld  M„  to g e th e r w ith  an  r-eq u iv a len ce  of co o rd in a te  system s in M n.

I t  should  be  n o ted  th a t  th is  defin itio n  of a d iffe ren tiab le  m an ifo ld  
coincides w ith  th e  m ore u su a l d efin itio n  in  te rm s  of d iffe ren tiab le  fu n c tio n s  
([4 ], C hap. 1). T h e  one g iven h ere  is m ore co n v en ien t fo r g eo m etry .

I f  X  e  U a П U ß ,  le t us d en o te  th e  Ja c o b ia n  n  X n  m atrix  o f  th e  c o o rd in a te  
tra n s fo rm a tio n  (1) b y  Oßa (x ) a t  cpß (x). F rom  th e  eq u a tio n

Clay (*) dyfi (*) =  daß (*), * e U a П Uß П Uy

i t  im m ed ia te ly  follow s th a t  aaß (x ) lies in  GL (n, R )  an d  we h av e  a aj3 : Ua П Up->- 
— GL (n, R).

A n a tla s  S is called  o rien ted  if  th e  d e te rm in a n t of aaß (x ) is p ositive  fo r 
all x ,  ß  an d  x  e  Ua П Uß . I f  S  a n d  S '  are  tw o o rien ted  sy stem s, one can show  
th a t  th e  Ja c o b ia n  m atrices  of q>'a y j 1 have  d e te rm in a n ts  w hich a re  e ith e r  p osi
tiv e  fo r  all a , ß  a n d  x  e  U a П Uß o r n eg a tiv e  fo r  a ll x ,  ß  an d  x  e  U a П Uß . O ne 
says t h a t  S  an d  S '  are  positiv e ly  o r n eg a tiv e ly  re la ted . In  th is  w ay  o rien ted  
c o o rd in a te  system s fa ll in to  tw o classes. System s in  th e  sam e class a re  positiv e ly  
re la te d , system s in  d iffe ren t classes neg a tiv e ly . E a c h  class is ca lled  an  oriem> 
a tio n  o f th e  m an ifo ld  M n • I f  M n ad m its  a n  o rien ted  sy stem  we say  i t  is 
o rien tab le . I f  th is  is n o t th e  case w e say  i t  is n o n -o rien tab le . A n o rien ted  
sy s tem  has tw o o rien ta tio n s  an d  o rien ta tio n  can  be  reserved b y  th e  tra n s fo rm 
a tio n

(x1, X2, . . . x n) ( X1, X2, . . . , x").

T h e  tra n sfo rm a tio n  <pa q t ß 1 a t  x  e  U a f l  U ß  fo r every  x  a n d  ß  induces 
a tra n s fo rm a tio n  in  th e  ta n g e n t space  a t  x of M n . S ince th e  in d u c e d  tra n s fo rm 
a tio n s  are  given ju s t  b y  aaß , i t  is easy  to  see t h a t  th e  ta n g e n t spaces over an  
o r ien tab le  d iffe ren tiab le  m an ifo ld  M n fall n a tu ra l ly  in to  tw o  classes. T hose 
in  one class are a rb itra r ily  described  as r ig h t-h a n d e d  an d  th o se  in  th e  o th e r 
as le ft-h an d ed .

2. F ib re  bundles

C onsider now  th e  ta n g e n t space  T x (M n) a t  a p o in t x of th e  d iffe ren tiab le  
m an ifo ld  M n .

A lin ea r fram e  it(x) a t  x e M n is an  o rd e red  basis of th e  ta n g e n t space 
T x (M n). L e t Q(x) b e  th e  se t of all lin e a r  fram es a t  x e M n a n d  le t  L (M „) be  
th e  se t of all lin ea r fram es a t  all p o in ts  o f M n

Ц М п) =  U <?(*).
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L ( M n) can  now  be m ad e  in to  a p rin c ip a l fib re  b u n d le  ([5 ], Chap. I): I f  a p o in t 
in  L ( M n) is defined  b y  th e  local co o rd in a tes  x  o f th e  origin of th e  fram e 
u(x) e L ( M n) a t  x  a n d  b y  th e  m a tr ix  d e fin ing  u w ith  resp ec t to  th e  n a tu ra l  
fram e  a t  x  an d  л  is th e  p ro jec tio n  w hich  m aps a lin e a r  fram e и a t  x  in to  x, 
th e n  L ( M n) is a f ib re  b u n d le  over M n w ith  GL(n, R n) as s tru c tu re  g ro u p . This 
b u n d le  is called th e  b u n d le  of lin ea r  fram es over M n . T h e  tra n s itio n  fu n c tio n s 
ipaß a re  in  th is  case g iven b y  th e  Ja c o b ia n  aap of th e  tra n sfo rm a tio n  (1)

q>a V i 1 : n  (U a n  Up) -+cpa (U a n  Up).

Since th e  lin e a r  g roup  a d m its  tw o  co m ponen ts, th e re  ex ist a t  a po in t 
x  e M n tw o  arcw ise-connected  fam ilies o f fram es. T h e  d e te rm in a n t assoc ia ted  
w ith  tw o  fram es in  th e  sam e fam ily  is p o sitive  an d  w ith  fram es in  d iffe ren t 
fam ilies is n eg a tiv e . C o n sequen tly , th e  b u n d le  L ( M n) e ith e r  adm its  tw o  arcw ise- 
co n n ec ted  com ponen ts or itse lf  is a rcw ise-connec ted . Since th e  tra n s itio n  
fu n c tio n s  are  given b y  a aap i t  is seen th a t  in  th e  f i r s t  case th e  base m anifo ld  
M n is o rien tab le  a n d  in  th e  second case i t  is n o t. C onversely , if  M n is o rien tab le  
th e n  th e  f irs t  case is rea lised  a n d  if  i t  is n o t o rien tab le  th e n  th e  second.

I f  M n is o rie n ta b le  th e n  we d en o te  b y  L° (M „) one of th e  com ponen ts 
o f L ( M n). I t  is a p rin c ip a l b u n d le  w ith  s tru c tu re  g roup  th e  id e n tity  com ponen t 
o f  th e  lin ea r  group .

O bviously , te n so r  b u n d les  T sr ( M n) of ty p e  (r, s) over M n associa ted  
w ith  L ( M n) can  be  defined  b y  reg a rd in g  GL(n, R )  as a group of lin e a r  tra n s 
fo rm a tio n s  of th e  te n so r  space  T sr o v e r th e  v e c to r  space  R n. T h e  tra n s it io n  
fu n c tio n s  can ag a in  be  c o n s tru c te d  in  s tra ig h tfo rw a rd  w ay.

3. C onnections, ho lonom y groups

L e t P ( M n, G) be a p rin c ip a l fib re  b u n d le  over a d ifferen tiab le  m anifold  
M n w ith  s tru c tu re  g roup  G. I f  T (P )  is th e  ta n g e n t space of P  a t  и e P ,  th en  
a g lobal connec tion  Г  in P  can  be  defin ed  in  th e  u su a l w ay  b y  sp lit t in g  up 
T (P )  in to  th e  d ire c t sum  o f v e rtic a l an d  h o rizo n ta l subspaces ([5 ], C hap. II)  
G iven  a connec tion  Г  in  P  one can  th e n  define th e  connection  fo rm , w hich  is a 
1 -form  со on P  w ith  va lu es  in  th e  L ie-a lgeb ra  к o f G. T h is, in  tu rn ,  c a n  be ex
p ressed  in  te rm s o f a fam ily  of local connection  fo rm s coa each defined  on  Ua for 
a n  o pen  covering  { U a} of M n. T hese fc-valued local 1-form s are  s u c h th a t  th ey  
sa tis fy  fo r each in te rse c tio n  th e  tra n s fo rm a tio n  law

0Ja =  (ad  al} ) w p +  a°fi daaß

fo r  each  x  e U a П Up, w here  aap e G.
B y  m eans o f th e  connec tion  7 ’ one can  d efine  para lle l d isp lacem en t o f
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fib res  along an y  given curve т in  th e  base m an ifo ld . M ore p rec ise ly , le t r =  x t, 
0 <  t <  1, be a cu rve  in  M n . A h o rizo n ta l lif t, o r sim ply  a lif t o f  r  is a h o ri
zo n ta l cu rve  T* =  U(, a  <  t <  b, in  P (M „ , G) su ch  th a t  n(u t) — x t. A h o rizo n t
al cu rve  in  P  m eans now  a cu rv e  w hose ta n g e n t vec to rs a re  all ho rizon ta l. 
I t  can  be show n th a t  th e  lif t x* o f  x th ro u g h  u 0 e я -1  (x0) is u n iq u e . Consider 
now  x* th ro u g h  u 0 h av in g  end p o in t ux such t h a t  л:(м1) =  x v  B y  v a ry in g  u u 
in  th e  fib re  n ~ 1 (xa) we get a m ap p in g  of th e  f ib re  я -1 (x0) o n to  th e  fib re  
я -1 (xj) w hich m aps u 0 in to  uv  T h is m app ing  will b e  deno ted  b y  th e  sam e le tte r  
t  an d  w ill be called th e  paralle l d isp lacem en t of th e  fib re  along r .

C onsider now  th e  loop space  C(x) a t x. F o r  each t  s C(x)  th e  para lle l 
d isp lacem en t along r  is an  isom orph ism  of the  f ib re  я -1 (x) on to  itse lf. The set 
o f all isom orphism s form s a g roup  w hich is th e  ho lonom y g ro u p  of Г  w ith  
reference  p o in t x. T he re s tr ic te d  h g ï 70 is defined s im ila rly  by  m eans o f th e  su bse t 
C° (x) o f C(x) consisting  of loops h om otop ic  to  zero .

W e now  in tro d u c e  th e  ho lonom y bundle  w h ich  is im p o r ta n t  in  our fu r 
th e r  w ork. T his is m ad e  possible b y  th e  fo llow ing theorem  ([5 ], Chap. I I ) ,  
w hich  in  fa c t says th a t  th e  ho lonom y bundle  is a f ib re  bundle in  its  ow n rig h t.

Theorem. ( Reduction theorem.)  L e t P ( M n, G ) be  a p rin c ip a l f ib re  bund le  
w ith  a connection  Г , w here M n is connected  a n d  p a raco m p ac t. L e t u 0 be an  
a rb itra ry  p o in t o f P.  D eno te  by  P ( m0) th e  po in ts in  P  w hich can b e  jo in ed  to  u 0 
b y  a h o rizo n ta l cu rve . T hen

(1) P ( u 0) is a reduced  b u n d le  w ith  s tru c tu re  group *P(uu);
(2) T h e  connection  Г  is red u c ib le  to  a co n n ec tio n  in P ( u 0).
In  o th e r w ords th e  ho lonom y group defines a subbund le  o f P ( M n, G) 

w hich will be called th e  holonom y b u n d le  P(u)  a t  a p o in t и e P.  I t  is obvious 
th a t  P ( m) =  P(v) if  an d  only if u a n d  v can he jo in e d  by  a h o riz o n ta l curve. 
Since th e  re la tio n  ~  (u ~  » if  u a n d  v can be jo in e d  by  a h o riz o n ta l curve) 
is an  equ ivalence  re la tio n  we have fo r  an y  u and  v o f  P  th a t  e ith e r  P (u )  =  P v ) 
or P(u)  П P(v) is e m p ty . In  o th e r  w ords P  is decom posed  in to  th e  d isjo in t 
un ion  of th e  ho lonom y bund les. H ow ever, fro m  th e  fac t th a t  ev e ry  а в G 
m aps each h o rizo n ta l cu rv e  in to  a h o rizo n ta l c u rv e , i t  is easy to  see th a t  th e  
ho lonom y bund les P(u)  are  all isom orph ic  to  each  o ther.

I t  is an  im p o r ta n t fa c t th a t  th e  holonom y groups can be  d efin ed  in a 
d iffe ren t w ay  as follow s: The hg  P ( i t )  a t  и e P  is th e  set of e lem en ts  а в G 
such  th a t  и an d  ua  can  be co n n ec ted  b y  a h o riz o n ta l curve ([5 ] , Chap II) . 
In  th is  w ay  th e  hg is rea lised  as a L ie-subgroup  o f th e  s tru c tu re  g ro u p  G w hich 
is an  im p o r ta n t fa c t: F o r exam ple , fo r an  o rie n ta b le  M n G is th e  id e n tity  
co m p o n en t of G L(n ; R n) in  L  (M n) an d  th u s c a n n o t con ta in  inversion .

H ow ever, to  s tu d y  inversions in  W  i t  is o ften  m ore  a d v an tag eo u s  to  go 
over to  th e  un iv ersa l covering  M n of M n (for covering  m anifolds see [6], К ар . 5) 
since th is  w ill give rise to  a c lassifica tion  schem e w h ich  is physica lly  m eaningfu l.

T h a t  th e  hg of M n can  be s tu d ie d  on M n c an  be  seen as follow s.
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4. H olonom y an d  hom otopy

F ir s t  o f all, th e  re s tr ic te d  hg  W°  of M n a n d  th e  re s tric ted  h g  of its  
u n iv e rsa l covering  M n coincide. R o u g h ly  speak ing , th is  follows fro m  th e  fac t 
th a t  to  loops b ased  a t  я  in  M n h o m o to p ic  to  zero th e re  co rrespond  loops a t  
% in  M n in  th e  sam e equ iv a len ce  class w ith  resp ec t to  h o m o to p y  a n d  v ice  versa . 
M ore prec ise ly  le t M n a n d  M'n be R iem an n ian  m an ifo ld s  w ith  m e tric s  g  and  g ',  
re sp ec tiv e ly . I f  th e  m ap p in g  f  : M n —*■ M ’n is iso m e tric , i.e. i f  g (X , Y )  =  
=  g ' ( /„  X , / ,  У) fo r a ll X , Y e T x (M „), w here / „  : T x ' (M n) th e n  we have 
th e  fo llow ing th eo rem  [5].

Theorem. I f / i s  a n  iso m e try  of a R iem an n ian n  m an ifo ld  M n o n to  an o th er 
R iem an n ian  m an ifo ld  Mf,, th e n  th e  d iffe ren tia l of f  com m utes w ith  p a ra lle l dis
p lacem en t. M ore p rec ise ly , i f  r  is a  cu rve  (and  th e  para lle l d isp lacem en t) 
from  x  to  y  in  M n, th e n  th e  fo llow ing d iag ram  is c o m m u ta tiv e :

T x ( M n)

/*

T X’ (M'n)

T y ( M „)

/*

1 —  Т у  (M'n)

w here  я ' =  f ( x ) ,  y '  =  f ( y )  an d  t '  = / ( r ) .
T h e  s ta te m e n t ab o v e  follows b y  ap p ly ing  th is  th eo rem  to  th e  case w hen 

f  is an  iso m etric  im m ersio n  of M n in to  M'n.
W e now  discuss th e  re la tio n sh ip  betw een  th e  inversion  o p e ra tio n s  of W  

a n d  th e  f i r s t  h o m o to p y  group 7tv  C onsider th e  lo o p  space C(x) b a se d  a t  x  
in  th e  b ase  m an ifo ld  M n an d  th e  h o riz o n ta l c u rv e s  co n stru c ted  over C(x). 
T ak e  an y  tw o  loops Cx (x) and  C2 (я) w hich  are  in  th e  sam e h o m o to p y  class. 
I f  th e  h o riz o n ta l cu rves over C1 (я) a n d  C2 (я) co n n e c t th e  p o in ts  u to  ueq 
an d  и to  u a2, re sp ec tiv e ly , (cq, a2 e W)  th e n  th e  h o rizo n ta l cu rv e  connecting  
и  to  u a2_1 ax p ro je c ts  on th e  cu rv e

С,“ 1 (я) Cx (я),

w hich  is h o m o to p ic  to  zero. T h erefo re  i t  follows ([3 ] , Chap. I I )  t h a t  a 2 1a1 e T 0 
an d  i t  is easy  to  see t h a t  th e re  ex is ts  a hom o m o rp h ism  h

h : ;h  (x) -*  W(u)IW°(u), 

w here  тг^я) is based  a t  я  =  л(и).
I n  o th e r w ords 4, f4,n is is o m o rp h ic  to  a fa c to r  g roup  of th e  f i r s t  hom otopy  

g roup  u x w h ich  is, in  tu rn ,  iso m o rp h ic  to  a g ro u p  of deck tra n sfo rm a tio n s  
([6 ], К а р . 5) o f M n a t  le a s t  for lo ca lly  sim ply  co n n ec ted  and  lo c a lly  com pact
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M n. C onsider now  th e  se t D  o f a ll possib le groups of d isc re te  isom etries a c tin g  
free ly  on M n. T h en  each d e D  is a deck tra n s fo rm a tio n  g roup  of M n a n d  th e  
fa c to r  spaces M „/d , d s D ,  a ll have  M n a s  th e ir  u n iv e rsa l covering. M oreover, 
th e  fu n d a m e n ta l group п л ( M njd) of each  fa c to r  space M n/d  is isom o rp h ic  to  
th e  co rrespond ing  group d.

Now all th ese  fa c to r  spaces are  to p o log ica lly  d is tin c t. H ow ever, th e y  can  
be d iv ided  in to  tw o la rg e  classes acco rd in g  to  w h e th e r th e  hom om orph ism  
h : n 1 (M nld) —► ^ ( M n /d ) /^ 0 (M n/d) is t r iv ia l  or no t. In  th e  f irs t class M n/d  is 
o rien tab le  a n d  4y(M nld) is red u ced  to  W° ( M njd) th a t  is  4* does n o t c o n ta in  
inversion .

O bviously , th e  c lassifica tion  acco rd in g  to  л 1 i tse lf , ra th e r  th a n  to  its  
q u o tie n t g roups, is m ore d e ta iled  and  c o n ta in s  m ore in fo rm a tio n . I t  sh o u ld  
also be  n o te d  th a t  these  classifications a re  topo log ica lly  in v a r ia n t ones since 
th e  fu n d a m e n ta l group тг1 is a topo log ica l in v a ria n t.

F o r th e  sake  of com pleteness we m e n tio n  some w ell-know n fa c ts  a b o u t 
R iem an n ian  m anifo lds to  show  how  th e se  arise on a g en era l d iffe ren tiab le  
m anifo ld .

5. R iem an n ian  m anifolds

A R iem an n ian  m etric  te n so r of class C V is defined to  b e  a positive d e fin ite  
sym m etric  second o rder te n so r of class C V. I f  a d iffe ren tiab le  m anifold  M n of 
class Cu ad m its  a R iem an n ian  m etric  te n so r  of class C th e n  i t  is said to  b e  a 
R iem an n ian  m anifo ld  of class C . A ccord ing  to  a th e o re m  of W h itn ey  ev e ry  
d iffe ren tiab le  m anifo ld  M n o f class Cu a d m its  a R ie m a n n ia n  m etric  te n s o r  
of class C“-1 . In  w h a t follow s we re s tr ic t a tte n tio n  to  p o sitiv e  de fin ite  R ie 
m an n ia n  m etrics an d  alw ays suppose d iffe ren tiab ility  su ffic ie n t for th e  p u rp o se  
a t  h an d .

N ow  every  R iem an n ian  m etric  te n so r g  defines an  in n e r  p roduc t in  each  
ta n g e n t space T x (M n) d e n o ted  b y  gx (X , Y ) ,  X ,  Y  e T x ( M n) and i t  is w ell 
know n th a t  th e re  is a 1 : 1 co rrespondence  betw een  th e  se t of R iem an n ian  
m etric s  and  th e  se t of red u c tio n s  of th e  b u n d le  L ( M n) o f lin e a r  fram es to  th e  
b u n d le  0 ( M n) o f o rth o n o rm a l (w ith  re sp ec t to  g) fram es w ith  s tru c tu re  g ro u p  
th e  o rtho g o n al group 0(n).

In  th e  p rin c ip a l fib re  b u n d le  0 ( M n) one  can  again in tro d u c e  a co n n ec tio n . 
G iven  an  open covering  { U a} of M n and lo ca l sections o f 0 ( M n) over each  U a, 
th e  local connection  is defined  b y  an  о-v a lu e d  1-form coa, on  each Ua, w h ere  
о is th e  L ie-a lgebra  of th e  o rth o g o n a l g roup  0(n ) .  These lo c a l 1-forms a re  th e n  
assem bled  b y  m eans of th e  tra n s itio n  fu n c tio n s : I f  ua (#) is a re p re se n ta tiv e  
o f  0 ( M n) j Ua a t  X s U a a n d  ca(3 is an  o rth o g o n a l m a trix  th e n

U a ( X )  = C a ß U ß ( X )
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a n d  for X  e U a П Uß the  m a tr ic e s  coa m u s t sa tis fy

eoa =  (ad cÿ ) соß +  c~j dcaß .

O b v io u sly , if  M n is o r ie n ta b le  th e n  0 ( M n) adm its tw o  a rcw ise-connected  
co m p o n en ts . I f  0 °  (M n) is one  o f th em  th e n  i t  is a p rin c ip a l f ib re  bund le  w ith  
s tru c tu ra l  g ro u p  S0(n ) .  I f  M n is n o t o r ie n ta b le  th en  0 ( M n) h a s  only one a rc - 
w ise co n n ec ted  com ponen t w ith  s tru c tu re  g ro u p  0(n).

A lin e a r  connection  Г  in  th e  bu n d le  o f  lin ear fram es L ( M n) is ca lled  a 
m e tric  co n n ec tio n  if  i t  is d e te rm in e d  b y  a connec tion  in  0 ( M n). The fo llow ing  
tw o  th eo rem s ([5 ], Chap. IV .) s e ttle  th e  ex is ten ce  p roblem  o f  L evi-C ivita  c o n 
n ec tions on M n.

Theorem. A linear c o n n ec tio n  Г  o f a  R iem an n ian  m an ifo ld  M n w ith  
m e tric  g is a m e tric  con n ec tio n  if  and  o n ly  i f  g is para lle l w ith  respect to  Г .

Theorem. E v e ry  R ie m a n n ia n  m anifo ld  a d m its  a u n iq u e  m etric  co n n ec tio n  
w ith  v a n ish in g  torsion.

T his th e  L evi-C ivita  co n n ec tio n . O th e r  concepts in  R iem an n ian  g eo m e try , 
such  as c o v a r ia n t  d eriv a tiv e , c u rv a tu re  te n s o r  an d  th e  lik e  can  now be in t r o 
duced . W e, how ever, c o n te n t ourselves b y  clarify ing th e  above d e fin itio n s  
a n d  co ncep ts on  a few ex am p le s  in  te rm s  o f  local co o rd in a te s . For ex am p le  
th e  L ev i-C iv ita  connection  is ju s t  given b y  th e  C hristoffel sym bols Faß ■ Ot? 
fo r  ex am p le  th e  connection  fo rm s coa in  L ( M n) are of th e  fo rm

c o j = Y l  (d X f  - f  Г кт1 X j  dxm),

w here Y'k is th e  dual of X f  a n d  x ‘ is a local coo rd in a te  sy s te m  in  Ua. In  p a r t i 
cu la r, in  th e  b u n d le  0 ( M n) th e  X k are o r th o n o rm a l w ith  re sp e c t to  g  a n d  th e  
co‘j are ju s t  th e  Ricci ro ta t io n  coeffic ien ts . A s a last ex a m p le , th e  tra n s i t io n  
fu n c tio n s y>aß fo r  L ( M n) in  te rm s  of local co o rd in a tes  are  j u s t  given b y

d x ‘

w here x l a n d  x 1 are local co o rd in a tes  in  tw o  neighbo u rh o o d s U a a n d  Up, 
re sp ec tiv e ly .

6 . E xtension of the Theorem on congruence and applications

In  th e  in tro d u c tio n  w e m en tio n ed  th e  need for th e  in co rp o ra tio n  of 
topo log ica l p ro p e rtie s  in to  th e  defin ition  o f  g ra v ita tio n a l fie ld s . This w ill now  
b e  done b y  supposing  g ra v ita tio n a l fie ld s  to  be describ ed  b y  d iffe ren tiab le  
m anifo lds M n p rov ided  w ith  R iem an n ian  m e tric  tenso rs (w e res tric t a t te n tio n  
to  p o sitive  d e f in it m etrics). I n  th is  case, how ever, one h a s  to  revise th e  p ro o f 
o f th e  T h eo rem  on congruence.
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O bviously , if  M n can  be covered  by  one coo rd in a te  n e ig h b o u rh o o d  U 
th e  T heorem  is v a lid  and  tro u b le  arises on ly  w hen  th is  canno t b e  done. Suppose 
th e n  th a t  M n is covered b y  a se t of n e ig h b o u rh o o d s {Ua} each  p ro v id ed  w ith  
a local coo rd in a te  system  x a. S ince th e  m an ifo ld  M n is supposed  to  be  connected  
a n y  tw o  po in ts  can  be co nnec ted  b y  a cu rve  C. Suppose C passes th ro u g h  th e  
ne ighbourhoods Ulf U2, . . . an d  d en o te  b y  Ca th e  re s tr ic tio n  C \ U a of C to  Uu. 
I t  is obvious th a t  in  each U a th e  p ro o f can he ca rried  th ro u g h  b y  in tro d u c in g  
o rth o n o rm al fram es w hich are  p a ra lle l (w ith  re sp ec t to  th e  loca l connection  
Г а defined  in  U a) along Ca. W hen  th is  h ad  been  done one has on ly  to  assem ble 
th e  fram es in  th e  in te rsec tio n s of Uv  U2, . . . accrod ing  to  th e  tra n s it io n  fu n c 
tio n s  ipaß (#) a t  X  e Ua П Up fo r all in te rsec tio n s . In  th is  w ay  one can  in tro d u ce  
a F erm i system  all along C an d  w ith  th is  th e  th eo rem  is ex ten d ed  fo r a rb itra ry  
d iffe ren tiab le  R iem an n ian  m anifo lds.

T he co n ten ts  of th e  tw o  p rev io u s p ap ers  can  now be re fo rm u la ted  in 
te rm s  of d iffe ren tiab le  m an ifo lds an d  fib re  b u n d les . W e c o n te n t ourselves 
to  en u m era te  som e re lev an t th eo rem s. F irs t  o f all we n o te  t h a t  th e  hg P  is a 
su bgroup  of th e  s tru c tu re  group  G.

Theorem, (a) I f  v =  ua , a e G an d  v,ue P ( M n,G), th e n  P (v )  =  ad(a~ 1)P (u ) 
t h a t  is, th e  ho lonom y groups P ( u )  a n d  P { v ) a re  co n ju g a te  in  G. S im ilarly , 
P °  (v) =  ad (a -1 ) P°{u),

(b) I f  tw o p o in ts  и an d  v of P  can  be jo in e d  b y  a h o riz o n ta l cu rve, th en  
P (u )  =  P (v )  an d  P °  (и ) =  P a (t>).

Theorem. L e t P ( M n, G) be a p rin c ip a l f ib re  bu n d le  w hose b ase  m anifold  
M n is connected  an d  p a raco m p ac t. L e t ^ ( u )  a n d  P 0 (и), usP ,  be  th e  ho lonom y 
g roup  an d  th e  re s tr ic te d  ho lonom y g roup  o f a connection  Г  w ith  reference 
p o in t u. T hen

(a) P °  (u) is a connected  Lie subgroup  o f G;
(b) P °  (и) is a no rm al su b g ro u p  of P ( u )  a n d  P (u ) jP ° (u )  is coun tab le .
In  th e  prev ious papers we w ere w ork ing  w ith  o rth o n o rm al fram es defined

in  th e  ta n g e n t spaces of th e  R ie m a n n ia n  m an ifo ld  M n. M oreover each  ta n g e n t 
space over M n w as p rov ided  w ith  a s tru c tu re  d e fin ed  by  th e  h o lonom y group . 
In  th e  in tro d u c tio n  we m en tio n ed  th e  need for th e  in co rp o ra tio n  o f th is  su p er
s tru c tu re  in to  th e  th eo ry . F ro m  th e  ab o v e  re su lts  an d  sec. 3, i t  is obvious th a t  
th is  can  be ach ieved  b y  defin ing  th e  ho lonom y b u n d le  of o r th o n o rm a l fram es 
w hich  is a su b -b u n d le  of 0 ( M n) w ith  s tru c tu re  g roup  th e  hg.

U sing th e  above theo rem s an d  o th e rs  on loca l an d  in fin ite s im a l holonom y 
g roups th e  re s tr ic te d  h g i* 0 can  again  be d iscussed  as in th e  p rev io u s p ap er 
a n d  we now  tu rn  to  th e  in v ersio n  o p era tio n s  in  P .

T he s im p lest th in g  fo r th is  p u rp o se  is to  w ork in  th e  orthogonal 
b u n d le  0 ( M n) over M n. T h en  th e  s tru c tu re  g ro u p  G is th e  o rth o g o n a l group 
0 (n ) .  F rom  sec 2 i t  follows th a t  fo r an  o r ien tab le  M n 0(n)  is red u ced  to  th e  
id e n ti ty  co m ponen t SO(n). N ow  th e  h g ’F i s  a su b g ro u p  of th e  s tru c tu re  group
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a n d  we h a v e  th e  im p o r ta n t  re su lt t h a t  fo r an  o r ien tab le  R iem an n ian  m an ifo ld  
th e  h g  is a subgroup  o f SO(n)  an d  fo r a n o n -o rien tab le  one i t  is a su b g ro u p  of 
0 (n ) .  H en ce  th e  hg  o f an  o rien tab le  m an ifo ld  does n o t  involve re flec tio n s. 
T h ere fo re  th e  concep t o f o rie n ta tio n  is a crucial one a n d  i t  is im p o r ta n t to  know  
w h e th e r a m an ifo ld  is o rien tab le  or n o t.

O f course, th e  s tra ig h tfo rw a rd  w ay  w ould  be  t h a t ,  given M n, w e cover 
i t  w ith  a fam ily  o f loca l co o rd in a te  system s x a in  Ua. T h en  we co m p u te  th e  
J a c o b ia n s  o f th e  co o rd in a te  tra n s fo rm a tio n s  in  each  in te rsec tio n  Ua П Uß 
to  see th e ir  signs.

H ow ever, g iven  M n, i t  is m ore  a d v an tag eo u s  to  go over to  th e  u n iv e rsa l 
covering  M n since in  th is  w ay  we w ill b e  ab le to  c lassify  la rg e  n u m b ers  o f m a n i
fo lds. S uppose, in  fa c t,  w e have  M n w ith  re s tr ic te d  h g W 0 an d  u n iv e rsa l covering  
M n. L e t us d e te rm in e  th e  se t D  of a ll possib le d isc re te  isom etries a c tin g  free ly  
on M n. T h e n  all fa c to r  spaces M n/d, d e D ,  have  sam e  4/0, b u t  d iffe re n t to p o 
log ical p ro p e rtie s , a n d  can  be c lassified  accord ing  to  sec. 4 , w here  W  is now , 
in  th e  o rth o n o rm a l b u n d le , a su b g ro u p  o f 0(n)  an d  is a subgroup  o f SO(n).

7. E xam ples

As a f irs t  ex am p le  we shall r a th e r  fu lly  discuss a v e ry  sim ple case in  o rd er 
to  i l lu s tra te  concep ts a n d  m e th o d  o f classification .

W e w an t to  d e te rm in e  all (up  to  an  iso m etry ) 2-d im ensional com ple te  
f la t  R iem an n ian  (locally  E uclid ean ) m anifo lds [6].

T h e  prob lem  is red u ced  to  th e  d e te rm in a tio n  o f th e  d iscre te  g roups of 
m o tio n s ac tin g  free ly  on  th e  E u c lid ean  p lane  R 2, w h ich  is a sim ple ta s k . W e 
give th e  f i r s t  h o m o to p y  g roup  fo r each  ty p e  b y  re p re se n tin g  its  a c tio n  on th e  
u n iv e rsa l covering  space , w hich is th e  E u c lid ean  p lan e  R 2, in  te rm s  of th e  
C a rte s ian  co o rd in a te  sy s tem  (x, y ) .

(1) E u c lid ean  p lan e  (o rien tab le )
jtj : id e n tity ;

(2) O rd in a ry  cy lin d e r (o rien tab le )

Л 1 '• (х >у) — (* +  у )  n =  o, ± 1» ± 2, • • •;

(3) O rd in a ry  to ru s  (o rien tab le)

л 1 : (x, у )  —у (x  +  т а  -(- п, у -f- mb),

а , b : re a l n um bers, b =f= 0; m, n =  0, i l »  i 2 ,  . . .  ;
(4) M öbius b a n d  (edge rem o v ed ) w ith  in f in ite  w id th  (non -o rien tab le )

л 1 : {x, y )  ->- (x - f  n, ( — l ) " y )  n  =  0, ± 1 ,  ± 2 ,  . . . ;
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(5) K le in  b o ttle  (non -o rien tab le)

Щ • (x , y )  ~+ (x +  n ,  ( — l ) n y  +  bm )
b : non-zero  rea l,

m , n  =  0, ± 1 ,  ± 2 ,  . . . .

Since th e  re s tric ted  h g  XP °  coincides w ith  th a t  o f th e  u n iv e rsa l covering , 
in  each case Ï 70 is th e  id e n ti ty . In  each  case th e  kernel o f th e  hom om orph ism

h : T / T 0

consists of p u re  tra n s la tio n s  N .  Cases (2) a n d  (3) to g e th e r  w ith  (1) are  o rien tab le  
an d  th e  hom om orph ism  h  is tr iv ia l in  each  case. C onsequen tly , th e  com ple te  hg 
is th e  id e n tity . Cases (4) a n d  (5) are n o n -o rien tab le  a n d  th e ir  ho lonom y g roups 
con ta in  re flec tio n . A p a rt from  th e  E u c lid e a n  plane, th e re  is in  each class one 
open  and  one closed m an ifo ld  accord ing  to  w heth er th e  p u re  tra n s la tio n  p a r t  
o f 7iy is of one or of tw o  dim ensions, resp ec tiv e ly . T h e  co n cep t o f o r ie n ta tio n  
is s trik in g ly  illu s tra te d  b y  th e  d ifference b e tw een  th e  cy lin d e r an d  th e  M öbius 
band .*  W hen  an  o rien ted  o rth o n o rm al fram e  is d isp laced  p a ra lle l a long  th e  
com plete  basis  circle, o r ie n ta tio n  is p re se rv e d  on th e  c y lin d e r a fte r  com ing  
b a c k  to  th e  p o in t of d e p a r tu re  w hile o r ie n ta tio n  is re v e rse d  on th e  M öbius 
b an d . O f course , th e  c lassifica tion  acco rd in g  to  jtj r a th e r  th a n  TtJN  is m ore 
deta iled . F o r exam ple (1) a n d  (2) are  in  th e  sam e class w ith  re sp ec t to  TtJN.  
N evertheless th e  b eh av io u r of geodesics, fo r exam ple, is d ra s tic a lly  d iffe ren t. 
In  case (1) b e tw een  tw o p o in ts  th e re  is on ly  one geodesic w hile th e re  is an  
in fin ity  in  case (2).

As an  o th e r ex am p le  we consider spaces of c o n s ta n t  c u rv a tu re . T hese 
spaces are  o f som e in te re s t  in  cosm ology since th e  c o n s ta n t- t im e  sec tions of 
th e  F ried m an n  so lu tions a re  ju s t  o f th is  ty p e  for d im en sio n  3. T h e  p ro b lem  
is th e  d e te rm in a tio n  o f a ll spaces w hich  a re  locally  E u c lid e a n , spheric  or h y p e r 
bolic. This is th e  w ell-know n classical p ro b lem  of th e  sp ace  form s an d  we do n o t 
go in to  d e ta il.

The d e te rm in a tio n  o f all 3 -d im ensional locally  E u c lid e a n  spaces proceeds 
along th e  sam e lines as in  2 dim ensions in  th e  p receed ing  exam ple . T h ere  are 
18 d ifferen t ty p es , 8 o f w hich  are op en . B o th  in th e  o p en  an d  closed classes 
th e re  are o rien tab le  a n d  n o n -o rien tab le  ty p es . H o w ev er, since th e se  spaces 
a re  locally  f l a t  th e  re s tr ic te d  hg W°, w h ich  is now th e  g ro u p  of p ro p er ro ta tio n s , 
is th e  id e n tity .

T he spherica l spaces o f c o n s tan t p o s itiv e  local c u rv a tu re , К  =  -|-1 , h av e  
been  fu lly  d iscussed [6] in  th e  m a th e m a tic a l l i te ra tu re . T he even a n d  odd  
d im ensional cases m u st be  tre a te d  se p a ra te ly .

* It is im possible to visualise the K lein b ottle  since it  cannot be im bedded topologically  
in Euclidean 3-space.
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T h ere  a re  ex ac tly  tw o  spherica l space  form s of even  dim ensions n : 
th e  n -d im en sio n a l sphere  S n a n d  th e  n -d im ensiona l e llip tic  space . S n is o r ie n t
ab le , c o n seq u en tly  its  hg  W  is a su b g ro u p  o f SO(n)  an d  does n o t con ta in  in 
version . T h e  e llip tic  space o f even  d im ension  is n o t o r ien tab le  an d  its  hg is a 
subgroup  o f 0{n).  T hus th e se  spaces fa ll n a tu ra lly  in to  tw o classes.

T h e re  is an  in f in ity  o f odd -d im en sio n a l spherica l space  form s. F o r e x 
am ple if  к  is an  in teg e r th e n  th e re  is a t  le a s t one form  o f odd dim ensions 
w hose f i r s t  h o m o to p y  g roup  is cyclic of o rd e r k. H ow ever, all odd-d im ensional 
spherica l fo rm s are o rien tab le . As a consequence th e  hom om orph ism  h : л 1 —*■ 
—*■ 0 (n ) lS O (n )  is tr iv ia l. In  p a r tic u la r , th e  ho lonom y g roups o f  3-dim ensional 
spherica l space  form s can  n ev e r co n ta in  space inversion .

W e a re  n o t going to  deal w ith  th e  h yperbo lic  cases since they  have n o t 
been fu lly  d iscussed , a t  le a s t to  th e  a u th o r ’s know ledge, in  th e  m a th em atica l 
li te ra tu re .

T h e  d ire c t a p p licab ility  o f th e se  re su lts  to  o b se rv a tio n  is n o t qu ite  c lear. 
O bv iously , one m u st consider fo u r-d im en sio n a l spaces w ith  in d e fin ite  m etric . 
In d e fin ite  m e tr ic , how ever, b rin g s  in  som e m ore com plica tions a n d  th is p rob lem  
will be d e a lt  w ith  in  a s e p a ra te  p ap er.

T h e  a u th o r  is g ra te fu l to  P ro fesso r P . G o m b á s  for his in te re s t  in th e  p ro 
b lem s p re se n te d .
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ТЕОРИЯ ТОЖДЕСТВА В ГРАВИТАЦИОННЫХ ПОЛЯХ III. 
Пространственная инверсия и гравитация

М. ШЮВЕГЕШ
Р е з ю м е

Исследуется инверсионная часть голономной группы Ч/ , являющейся локально 
физической симметрической группой. Показывается, что существование инверсии за
висит от топологических свойств гравитационного поля (предполагается, что гравита
ционное поле представляет собой множество РиманнаМп). С этой целью М „  определяется 
как дифференцируемое множество. Оказывается, что и в этом случае имеет место теорема 
параллелизма. Показывается далее, что если М „  — направляемое множество, то W явля
ется подгруппой группы SO(n) и если М п — ненаправляемое, то W является подгруппой 
группы SÔ(ra). Точнее, существует гомоморфизм h: n t ( M n) -=► 0 (n ) /S 0 (n ) ,  где л у(М^) — 
первая гомотопная группа М п и топологически инвариантная классификация грави
тационных полей по отношению факторных групп группы я,(М п) имеет физический 
смысл. Наряду с этим рассматриваются некоторые простые примеры пространственной 
формы нулевой и постоянной положительной локальной кривизны. Например, сущест
вует бесконечность трехмерной формы положительной кривизны, но локальная прост
ранственная инверсия не является правильной операцией в любом из них. Показывается 
также, что физическое пространство нельзя считать просто множеством Риманна М п, 
оно является волокнистым пучком над М п. Поэтому применяется теория волокнистых 
пучков со структурной группой над дифференцируемом множеством.
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C O M M U N  I C Á T  I O  N  E S  B R E V E S

DIRECT PROCESSES ON RADIOACTIVE NUCLEI
B y

P . H rASKÓ and Zs. KÖVEST

C E N T R A L  R E S E A R C H  IN S T IT U T E  F O R  P H Y S IC S , B U D A P E S T  

(R eceived 16. II. 1965)

A th e o ry  o f nu c lear reac tio n s, an a logous to  th e  d isp ers io n  th e o ry  o f 
e lem en ta ry  p a rtic le  processes was developed  re c e n tly  by  I . S. S hapiro  [1, 2 ] .  
T h e d eriv a tio n  of fo rm ulas fo r reac tio n  a m p litu d e s  in th is  th e o ry  is b ased  
on th e  assu m p tio n  th a t ,  because  of th e  c a u sa lity  req u irem en ts , th e  am p litu d es 
a re  a n a ly tic  fu n c tio n s of th e  energy ev ery w h ere  on the p h y sica l sheet ex cep t 
on th e  real axes, w here th e  location  of th e  singu la rities (poles and  b ra n c h  
p o in ts) is d e te rm in ed  by  th e  u n ita r ity  co n d itio n . I f  in the  u n i ta r i ty  cond ition  
one tak es  in to  acco u n t v ir tu a l s ta te s  of c e r ta in  ty p e  only, one gets th e  co rre 
spond ing  ap p ro x im a tio n  to  th e  am p litude .

T he low est o rd er ap p ro x im a tio n  consists  in  th e  re s tr ic tio n  of th e  v ir tu a l  
s ta te s  to  th e  single p a rtic le  s ta te s . In  th is  case  one finds t h a t  a pole of f i r s t  
o rd e r will be th e  only s in g u la rity  of th e  a m p litu d e  and  th is  po le  a p p ro x im a tio n  
tu rn s  ou t to  be eq u iv a len t to  th e  B ut l er  th e o ry , w hen app lied  to  th e  s tr ip p in g  
reactions.

The lo ca tio n  of th e  pole is com ple te ly  d e te rm in ed  b y  k in em atic  co n d i
tio n s . I t  is c lear th a t  th e  pole m u st n o t fall in to  th e  physical reg ion  of th e  k in e 
m a tic  v ariab les , because in  th is  case one w o u ld  get an in f in ite ly  large cross 
section . T he co n d ition  req u irin g  th e  pole n o t to  lie in  the  p h y sica l region im plies 
th e  s ta b ility  of all pa rtic le s  in  th e  in itia l, f in a l and  v ir tu a l s ta te s . In  o th e r  
w ords th e  th e o ry  can n o t be generalized  to  n ucle i w ith  sp o n tan eo u s alpha decay .

L et us now  consider th e  reac tio n

ra +  A —»-B-j-a' +  n (1)

on a h y p o th e tic a l heav y  nucleus. I f  th e  n u c le i A  and  В  a re  stab le , th e  d is 
persion  th e o ry  m ay  be ap p lied  to  com pu te  th e  cross section  w hich  is supposed  
to  be very  sm all due to  b a rr ie r  effects. T h e  pole  a p p ro x im a tio n  te rm  of th e  
reac tio n  a m p litu d e  is rep resen ted  g rap h ica lly  b y  th e  g ra p h  o f Fig. 1, a n d  
th e  correspond ing  m a trix  e lem ent has th e  fo rm  (see [2] fo rm u la  2.47)

M ( A  — В -f- a) • M * (x  n —>■ <x' n ')

P \  -  2 m a E a
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w here E a a n d  P a, considering  th e  en e rg y  an d  m o m en tu m  co n se rv a tio n  in 
v e rtices  o f  th e  pole g ra p h , are  kn o w n  fu n c tio n s  o f th e  k inetic  energ ies an d  
m o m en ta  in  th e  in itia l o r f in a l s ta te . I t  is clear th a t  th e  “ sm allness”  o f  th e  
cross sec tio n  is co n ta in ed  in  th e  m a tr ix  e lem ent M ( A  —*- В  -f- a).

So fa r  th e  nucleus h a s  been co n sid ered  as s ta b le , sa tisfy ing  th e re fo re  
th e  m ass re la tio n

m A  <  m B  +  m a . (3)

N ow , i f  we choose nuclei A  w ith  in c rea s in g  m ass, th e n  fo r a ce rta in  nucleus 
A '  th e  re la tio n  (3) will cease to  hold . T h ere fo re  in  th e  cases w hen m A  >  m A ' 

th e  pole o f th e  a m p litu d e  M  tu rn s  o u t to  be  inside th e  physica l reg ion  fo r  a t  
le a s t c e r ta in  values of th e  k in em atic  v a ria b le s , an d  so th e  th eo ry  c a n n o t be 
ap p lied  in  th is  case.

F i g .  1

I t  h a s  to  be  p o in ted  o u t th a t  w h en  m A <  тпд- a n d  th e  m ass increases, 
th e  pole m oves to w ard s th e  physical reg io n  and  in  th e  usual in te rp re ta t io n  
th e  po le  ap p ro x im a tio n  becom es in c reas in g ly  b e tte r . N everthe less, w h en  m A 
reaches т д -  th e  th e o ry  becom es in p rin c ip le  in ap p licab le .

O n th e  o th e r  h an d , i t  seem s th a t  th e re  are  no sh a rp  differences b e tw een  
“ a lm o st s ta b le ”  a n d  “ a lm o s t u n s ta b le ”  nucle i an d  th is  suggests t h a t  i f  th e  
th e o ry  is t ru e  in  th e  s tab le  region, i t  c a n  be m odified  to  w ork a t  le a s t a t  th e  
onset of th e  u n s ta b le  reg ion  too.

T h e  s im p lest m o d ifica tio n  consists in  includ ing  a sm all im ag in a ry  p a r t
ih

— iy  =  — ----- (t is th e  life tim e  of A )  in  th e  m ass d ifference Q =  m A — m B —
2т

— m a. As a re su lt, th e  po le  again  tu rn s  o u t  to  lie o u ts id e  th e  physica l reg ion  
an d  no  in f in ite  cross sec tion  arises. N ev erth e less , ow ing to  th e  sm allness o f y, 
fo r rea l n u c le i th e  pole will b e  v e ry  n e a r to  th e  physica l reg io n  and  will m an ife s t 
itse lf  in  a n  u n u su a lly  sh a rp  a n d  high p e a k . T he shape o f th is  peak  c a n n o t be 
reso lved  in  d e ta il ex p e rim en ta lly  since o n ly  th e  area u n d e r  th e  peak  is m e a su r
able.

T h e  n u m e ra to r  of M  con ta in s th e  p ro d u c t o f tw o  m atrix  e lem en ts . 
L e t us co n sid e r M (A  —>- В  -j- a ). W hen  A  is a s tab le  nucleus, th is  m a tr ix  
e lem ent h a s  to  be  co m p u ted  fo r n o n -p h y sica l neg a tiv e  k in e tic  energies o f  th e  
decay  p ro d u c ts  В  an d  oc. I n  our cases, how ever, В  x  h as  positive  k in e tic  
energy  e q u a l to  th e  decay  energy  Q. To u n d e rs ta n d  th is  i t  is su ffic ien t to  n o te
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th a t  M ( A - > B  -f- a) has to  be  d e te rm in ed  a t  th e  p o le , i.e. w here th e  d e n u m e ra to r  
of (2) van ishes. T herefo re , th e  in te rm e d ia te  a lp h a  partic le  is o n  i ts  m ass shell. 
T he m a tr ix  elem ent M ( A  В  -1- a ) can  be c o m p u te d  for th e  n u c leu s  A  a t  re s t . 
C onsidering  th e  co n se rv a tio n  of en e rg y  and  m o m e n tu m  in  th e  v e rte x  A  —► 
—► В  a , one concludes th a t  p rec ise ly  M (A  —>■ В  -f- a) is th e  m a tr ix  e lem en t 
fo r th e  re a l decay o f A .  T he q u a n t i ty  jM (A  —► В  +  a ) |2 in v o lv ed  in  th e  e x 
pression  o f th e  cross sec tion  will th e re fo re  b e  p ro p o rtio n a l to  th e  observed  
decay  p ro b a b ility  y. T h is  q u a n tity  co n ta in s th e  red u ced  w id th  a n d  th e  b a rr ie r  
p e n e tra b ili ty  for th e  v e r te x  A  —>- В  -|- a .

S im ilarly , | M ( a  - f -  n —► a '  - f -  r a ' ) j 2 is p ro p o rtio n a l to  th e  a b so lu te  sq u a re  
o f th e  (n , a ) elastic  s c a tte r in g  a m p li tu d e /(« , q2), w hich  m ust b e  ca lcu la ted  fo r  
th e  m o m en tu m  tra n s fe r  q2 =  (pn■ — pn)2 an d  th e  re la tive  en e rg y

£ = m a +  m n ' 
2 m a m n

m П
m a +  m n

( P a '  +  Pn' )
2

T he d ifferen tia l cross section  w h ich  can be  o b ta in ed  in th e  po le  a p p ro x im 
a tio n  is th erefo re :

X

d a  — (2я)2 

Y

m n +  m a
l/ ( ^ ? 2)|2

E g ’ E n. 
Q E n

X

Q  -  ~ — ( P n ' + P a '  —  P n )22m„

( 4 )

ô(En. + E a E n~ Q ) d E a. d Q a, d E n,d Q n,.
+  y 2

Since y  is an  ex trem ely  sm all q u a n tity , i t  is obvious t h a t  th e  c h a ra c 
te ris tic  fea tu re s  of th e  energy  an d  an g u la r d is tr ib u tio n  are d e te rm in e d  by  th e  
fac to r

G -- Q d  Л  ■ Ô Q

2m,
(P n ' +  Pa '  -  P n )2 +  y 2

- — ( P n '  +  Pa'  -  P n )2 - 
2ma

O ne m ay  rep lace  G b y  a d e lta -fu n c tio n , s in ce  th e  d is tr ib u tio n s  observed  
e x p e rim en ta lly  are  in te g ra te d  o v e r a range a lw ay s  m uch la rg e r  th a n  y.

L e t us consider an  ex p e rim en t, w hen one fix es  p n an d  p n- a n d  m easures 
th e  a n g u la r  d is tr ib u tio n  of a '  p a rtic le s  w ith  re sp e c t to  the  d ire c tio n  p n- — p n. 
T h e  m a g n itu d e  of E a w ill be given b y  th e  en e rg e tic  d e lta -fu n c tio n . S y stem atic  
coincidences betw een  a lp h a -p a rtic le s  an d  n e u tro n s  m ay ta k e  p lace , w hen th e  
ang le  ß  be tw een  p a. a n d  p n. — p n equals ß '  w h ich  m akes th e  a rg u m e n t o f G 
to  v an ish . T he ex istence  of such a v e ry  sharp  a n g u la r  d is tr ib u tio n  m ay  se rv e  
to  decide on th e  ex istence  of such a reac tio n  m ech an ism  as w ell. F o r  th e  special 
case o f p n’ — p n i t  h as  to  be p o in te d  ou t th a t  w h en  th e  a rg u m e n ts  of th e  tw o
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d e lta -fu n c tio n s  in  th e  exp ression  of da  coincide a fte r  in te g ra tio n  over th e  direc
tio n  o f , d a  co n ta in s  a fa c to r  ô(0) l /у . T herefo re , fo r th e  a n g u la r  d is tr ib 
u tio n  of e las tica lly  sc a tte re d  high energy  neu tro n s on  n uc le i, w hich a re  energe
tic a lly  u n s ta b le , an  in c reased  cross sec tio n  in  fo rw ard  d irec tion  is e x p e c te d  as 
co m p ared  to  th e  d iffrac tiv e  one.

A n a t te m p t  to  observe  coincidences betw een  a lp h a -p a rtic le s  a n d  n eu tro n s  
in  th e  fo rw ard  d irec tio n  in  th e  reac tio n  n - \ -U  T7i234- j-a '- j-n ' a t  £ „ = 1 4  MeV
w as m ade in  [3]. N o sy s te m a tic  coincidences w ere fo u n d  a lth o u g h , accor
d ing  to  (4), a cross sec tion  of th e  o rd e r o f th e  (re, a ) e la s tic  cross sec tio n  could 
be  ex p ec ted . Since th e  ex ten sio n  of th e  dispersion th e o ry  to  th e  case  of the  
“ a lm o st s ta b le ”  nucle i w as carried  o u t in  th e  m ost n a tu r a l  and u su a l w ay  by  
rep lac in g  m A b y  m A — i y  a n d  considering  th a t  one e x p e c ts  the  tra n s i t io n  from  
s ta b le  to  u n s tab le  cases to  be  sm ooth , th e  neg a tiv e  ex p e rim en ta l re su lt suggests 
som e n o t y e t  c learly  fo rm u la te d  lim ita tio n s  of th e  d ispersion  th e o ry  applied  
to  n u c lea r  reac tio n s.

O ne of th e  a u th o rs  (P .H .)  is in d e b te d  to  P ro fesso r B o sco  for a discussion 
on th e  su b jec t.
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ON THE MOBILITY OF DISLOCATIONS IN Ge 
AT A TEMPERATURE RANGE 

BELOW THE TEMPERATURE LIMIT 
OF MACROSCOPICAL PLASTICITY

B y

B. R ö s n e r

RESEA RCH  IN STITU TE F O R  TECHNICAL PH Y SICS OF TH E H U N G ARIA N  ACADEMY OF SCIENCES,
B U D A PEST

(Received 18. II. 1965)

R ecen tly , d islocation  m o tion  h a s  been  observed  in  Ge a t  room  te m p e r
a tu re  as a re su lt of in d e n ta tio n  [1] a n d  of bend ing  [2]. T hese d e fo rm atio n s 
h av e  been  carried  o u t in  e tc h a n ts , b ecau se  in  th is  case th e  m a te ria ls  h av e  an  
increased  ten d en cy  to  p la s tic ity . W e h a v e  in v es tig a ted  th e  d isloca tion  m ob i
l i ty  in  Ge exposed  to  h ig h  stress a t  a te m p e ra tu re  ra n g e  below  th e  l im it  te m 
p e ra tu re  o f m acroscop ical p la s tic ity  (^ 3 5 0 °C  [3]). Ge surface h as  been  
in d e n te d  w ith  a V ickers in d e n te r  a t  te m p e ra tu re s  o f  400°, 350°, 300°, 250°, 
200°, 150°, 100°, 20°C a n d  su b se q u e n tly  e tched fo r 7 seconds in  bo iling  B illig 
reag en t. T h e  m a te ria l w as loaded  o n ly  fo r a few seconds: if  th e  lo a d in g  was 
app lied  fo r longer th a n  10 seconds, o r  w as no t c a rr ie d  o u t carefu lly  enough, 
cracks arose  an d  no d islo ca tio n  e tch  p i ts  could be observ ed . A t te m p e ra tu re s  
below  250°C th e  d iam ete rs  o f in d e n ta tio n s  did n o t exceed  2 m icrons. T he re 
su lting  e tc h  p a tte rn  on th e  (111) Ge su rface  a t  400°C (F ig . 1) d isp lay s a rray s  
of d isloca tion  etch  p its  aligned in (110) d irections as p rev io u sly  observed  
in  [1] a n d  [4].

In d e n te d  a t  100°C th e  etch  p its  n e a r  th e  in d e n ta tio n  (large a n d  f la tte n e d  
trian g le ) a re  due to  th e  d islocations w hich  have a risen  an d  slipped  in  (110) 
d irec tio n . (F ig . 2.) (T hey  h av e  th e  sam e  ch a rac te r as th e  e tch  p its  o f as- 
grow n d islocations w h ich  can  be seen  elsew here in  th e  p ic tu re . T hese p its  
b lu rre d  a f te r  e tch ing  w as con tin u ed  fo r  a few seconds. In  th e  fo llow ing ca l
cu la tio n  th e se  shallow  d islocations w e re  supposed to  b e  60° ty p e  d islocations 
b u t  we could  n o t o b ta in  a n y  in fo rm a tio n  ab o u t th e  m ech an ism  of th e ir  m o tio n  
or d e ta ils  of th e  d islo ca tio n  s tru c tu re  ow ing to  th e  lim ita tio n s  of th e  etch ing  
m eth o d . W e o b ta in ed  s im ila r p h o to g rap h s  for th e  e tch ed  in d e n ta tio n s  p e r
fo rm ed  in  th e  te m p e ra tu re  range b e lo w  250°C.

T he s tress ac tin g  on d islo ca tio n s in  (110) d ire c tio n  n ea r th e  surface 
(г =  0) w as ca lcu la ted  accord ing  to  th e  e lastic ity  of th e  iso trop ic  m ed ia  in  case 
o f p o in t lo ad  [5] ta k in g  in to  acco u n t th e  given g eo m etrica l s itu a tio n . W e o b 
ta in e d  th e  follow ing fo rm u la  for th is :

P ( l  — 2y) y 2 — X -  

П J/6 ( j 2 -1- * 2)2
P(1 — 2y)  cos 2<p 

n  |/б  r2 (1)
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w ith  P , y ,  (X, y )  th e  lo ad , th e  P o isso n -ra tio  an d  th e  co o rd in a tes , respective ly . 
T h is s tre ss  w as p u t  in  th e  d is lo ca tio n  v e lo c ity  fo rm u la  g iven  b y  Ch a t jd h u r y  
e t al. [6]

Fig. 1

w ith  B m, m  c o n s ta n ts . T ab le  1 show s th e  v alues o f th e  av erag e  velocities over 
th e  rep lacem en t o f d islocations.

Table 1

T T V t h e o r e t ic a l V m e a s u r e d

100°C 57 kg/m m 2 3 X 1 0 -11 cm /sec 1 ,7 X 1 0 -4 cm /sec

400°C 12 kg/m m 2 1 ,3 X 1 0 -4 cm /see 8 ,3 X lO -4 cm /sec
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A ccording to  T ab le  1, th e re  is no d ifference in  o rd er of m a g n itu d e  betw een  
th e  th eo re tica l an d  m easu red  d islo ca tio n  m o b ilities a t  400°C. T h e  d iscrepancy  
is due to  th e  a p p ro x im a te  c h a ra c te r  o f fo rm ula  (1). H ow ever, th e  d iscrepancy  
betw een  th e  th e o re tic a l an d  m easu red  d a ta  in c reases  in  th e  te m p e ra tu re  ran g a  
below  250°C. C onsequen tly  th e  ex isting  th e o ry  o f d islocation  m o b ility  is n o t

Fig. 2

v a lid  fo r Ge over th is  te m p e ra tu re  range a n d  an o th e r th e o ry  is needed. T h e  
req u ired  new  th e o ry  m u st acco u n t f ir s t  of all fo r  th e  te m p e ra tu re  independence  
of d islocation  m o b ility  as d e m o n s tra te d  b y  o u r ex p erim en ta l resu lts .

T his conclusion m ay  be su p p o rted  q u a lita tiv e ly  b y  m icrohardness 
m easu rem en ts re p o rte d  in  [4]. A ccording to  th is  paper th e  m easu red  m ic ro 
hard n ess  does n o t increase w ith  decreasing  te m p e ra tu re  as a b ru p tly  as w ou ld  
be ex p ec ted  from  th e  ex is tin g  d islocation  v e lo c ity  fo rm ulae  in  th e  low  te m 
p e ra tu re  range, a lth o u g h  th e  re la tio n  be tw een  m icrohardness an d  d isloca tion

6* Acta Phys. H ung. Тот. X X . 1966
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m o b ility  c a n n o t be as sim p le  as a ssu m ed  in  [4] in  v iew  of the  co m p lex ity  of 
th e  in d e n ta t io n  p ro ced u re .

T h e  a u th o r  is p leased  to  acknow ledge th e  discussions w ith  У. J .  
N i k i t e n k o  a n d  У. G . G o v o r k o v .
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APPLICATION OF A MODIFIED EFFECTIVE-RANGE 
THEORY TO THE ELASTIC SCATTERING 

OF LOW-ENERGY ELECTRONS FROM HELIUM
B y

O. J. OrientDEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST 
(R eceived 31. III. 1965)

Introduction

R am sauer  an d  K ollath [1], [2] h a v e  m easu red  th e  to ta l  and  d iffe re n 
tia l sc a tte r in g  cross sections of low -energy  electrons from  helium , an d  N or
mand [3J h as  m easured  th e  to ta l  s c a tte r in g  cross-section .

Mcdougall [4] w as th e  f irs t  to  m a k e  th eo re tica l ca lcu la tio n s on  th e  
to ta l  sc a tte r in g  cross-section , b y  using  th e  H a r tre e — F o ck  p o te n tia l t h a t  
applies to  th e  helium  a to m . S ign ifican t d iscrepancies w ere  found , b e tw een  
th e  co m p u ted  to ta l  sc a tte r in g  cross-sections of low -energy  e lectrons a n d  
m easu rem en t re su lts  p a r tic u la r ly  for d iffe ren tia l cross-sections. Morse a n d  
A llis [5] used  th e  H a rtre e  — F ock  p o te n tia l  m odified  fo r  exchange effec t. 
T heir re su lts  show ed a b e tte r  ag reem en t w ith  ex p e rim en ta l d a ta  for th e  to ta l  
sc a tte rin g  cross-section . Im p o r ta n t  d iscrepancies co n tin u ed  to  ex ist a t  energ ies 
low er th a n  a few eV. F o r low -energy  e lec trons th e  a g reem en t for d iffe ren tia l 
cross sec tions was n o t sa tis fa c to ry , e ith e r .

F o r n e u tra l  p o larizab le  system s O’Ma lley , R osenberg  an d  Spruch  [6] 
have  la te ly  developed a th e o ry  of m od ified  effective ran g es . O’Ma lley  [7] 
f irs t ap p lied  th is  th e o ry  to  th e  elastic  sc a tte rin g  of e lec tro n s from  h e liu m . 
T he a u th o r  found  a fa ir  ag reem en t w ith  th e  m easu rem en t resu lts o f R am
sauer  an d  K ollath [1] fo r th e  to ta l  s c a tte r in g  cross-section , up  to  a b o u t 4 eV 
energy . T he c o m p u ta tio n  m e th o d  he u sed  d id  no t p e rm it m ore d e ta ile d  in 
v estig a tio n s.

La B ahn  an d  Callaw ay  [8] in  th e ir  co m p u ta tio n  to o k  in to  co n sid e ra tio n  
th e  p o la risa tio n  effect p ro d u ced  by  th e  e lec trons. The re su lts  o b ta in ed  fo r  th e  
to ta l  sc a tte rin g  cross-sections d isp lay ed  a fa ir  acco rdance  w ith  th e  e x p e ri
m en ta l d a ta  from  0 to  50 eV energy. T h e  re su lts  for d iffe re n tia l cross-sections, 
how ever, w ere a t  v a rian ce  w ith  th e  m easu rem en ts  of R amsauer  a n d  K ol
lath [2].

W e h av e  app lied  th e  th e o ry  of m od ified  effective ra n g e  to  th e  s c a t te r  
o f low -energy  electrons fro m  helium , w ith o u t follow ing O’Malley’s m e th o d . 
O ur own m eth o d  of h an d lin g  th e  p rob lem  has resu lted  in  a b e tte r  a g reem en t 
be tw een  co m p u ta tio n  re su lts  an d  m easu rem en t d a ta  fo r  th e  to ta l  s c a tte r in g  
cross-section  in  th e  range  o f 0 to  14 eV e lec tro n  energy.
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In add ition , our results for the differential scattering cross-section are 
in better agreem ent w ith  m easurem ent data  than are L a B ahn and Calla
w a y ’s com putations [8].

Computation results

T he p u re  th e o ry  of s c a tte r in g  of q u a n tu m  m echanics, th e  m ethod  o f p a r 
tia l  w aves, is used  here. T h e  fo rm ula fo r th e  to ta l  s c a tte r in g  cross-section  is:

4-77 00
°  =  — 2 ( 2 L + l ) s i n * r , L (1)

Я L = 0

an d  for th e  d iffe ren tia l c ross-section :

a(&) =
4 k 2

^ ( 2 L + l ) ( c o s  2Vl - 1 ) P l
L  =  0

+ 2 Ï  (2L + 1 )  sin2r)LP L
L=  0

(2)

In  th e fo rm u lae  k 2 =
2 E m

Ь?
(m is th e  m ass of th e  e lec tro n , E  th e  en erg y

of th e  e lec tro n  a n d  rjL th e  p h ase  sh ift co rresp o n d in g  to  q u a n tu m  n u m b er L.)
T he m o d ified  effec tiv e-ran g e  th e o ry  [7] for rjL g ives th e  follow ing re 

la tio n sh ip s :

tg  rj0 =  — A k ------afc2 -----------—  a  A k 3 In (a0 k) +  0 (k3) , (3)
3a0 3a0

tg Vi = --------ak2 — А г к3 E  0(/c4) ,
1 5 a 0

(4)

4 V l
л

(2L  +  3) (2L  +  1) (2L  -  1)
ock2A  0(/t4); L  >  1; ( 5 )

here  я и is th e  f i r s t  B ohr ra d iu s , a  =  e lec tric  p o la rizab ility  of th e  a to m  (for 
he lium  a =  1,36 a 2), A  a n d  A x are th e  s c a tte r in g  le n g th s  for phase sh ifts  
S  an d  P , re sp ec tiv e ly , 0(fc3) a n d  0(fc4) re s id u a ls  co n ta in in g  k 3 an d  fc4 an d  te rm s  
o f h igher pow ers.

In  th e  c o m p u ta tio n  o f  th e  to ta l  s c a tte r in g  c ross-sec tion  for he lium  
O ’Malley  [7] w o rk ed  w ith  th e  follow ing m e th o d : In  fo rm u la  (3) he d e te rm in ed  
A  from  th e  m easu rem en ts  o f  R amsauer a n d  K ollath [1] b y  e x tra p o la tin g  
fo r  zero en erg y . T h is re su lte d  in  A  — 1,19 a a. In s te a d  of 0(k3) he used th e  te rm  
D k 3 an d  n e g le c te d  th e  te rm s  o f  h igher pow ers. H e d e te rm in ed  th e  c o n s ta n t D  
eq u a lly  from  m easu rem en t d a ta .  In  th e  c o m p u ta tio n  of th e  to ta l  s c a tte r in g
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cross-section  he assum ed sin  r]0 =  tg  rj0. Owing to  th is  th e  c o m p u ta tio n  is 
v a lid  only  for low  values of r/0. In  th e  energy  ran g e  co m p u ted  (0 to  4 eV) he 
d isca rd ed  th e  values of rj belonging  to  h igher q u a n tu m  n u m b ers .

A t v a rian ce  w ith  th is  m e th o d  w e have n o t m ad e  use of th e  sim plified  
a ssu m p tio n  th a t  sin r]0 =  tg  T]0 an d  h a v e  n o t n eg lec ted  î]v  In  fo rm u la  (3) we 
h a v e  used  A = l , 1 9 a 0. W e h av e  d e te rm in ed  D  so as to  o b ta in  as good  an  agree
m e n t as possib le, n o t o n ly  w ith  th e  m easu rem en ts  of th e  to ta l  sca tte rin g  
cross-section  of R a m sa u e r  an d  K o llath  [1] a n d  w ith  N o r m a n d  [3], b u t

F i g .  1

also w ith  th e  m easu rem en ts  of th e  d iffe ren tia l cross-sections o f  R am sauer  
a n d  K ollath  [2]. W e h av e  fo llow ed a sim ilar m e th o d  in th e  d e te rm in a tio n  
of A v  In  eq u a tio n  (4) we h av e  d isca rd ed  th e  te rm  0(fc4). F o r r}0 a n d  %  we have 
d eriv ed  th e  follow ing re la tio n sh ip s :

ri0 =  arc  tg  [— 1,190ац fc — l,424af, к - — 2,160во к 3 ln  (а 0 к) — 0,262ад к3], (6)

г]1 =  arc  tg  [-|-0,285ао fc2 — 0,163ао fc3]. (7)

rj0 an d  % are  rep re sen ted  in  F ig u re  1 as fu n c tio n s  of k a 0. W ith  th e  phase  
sh ifts  rj0 a n d  th e  to ta l  s c a tte r in g  cross-sections h av e  been  ca lc u la ted  from  
re la tio n sh ip  (1), th ro u g h o u t th e  ra n g e  from  0 to  14 eV e lec tron  energy . In  F i
gure  2 th e  con tinuous curve re p re se n ts  ou r co m p u ta tio n  re su lts . The d a ta  
m ark ed  w ith  circles are  those of R a m sa u er  a n d  K ollath  [1], th o se  m arked  
w ith  crosses those  o f N orm a nd  [3].

In  a sim ilar w ay , b y  using  th e  values of r\0 an d  fro m  eq u a tio n  (2) 
we h av e  d e te rm in ed  th e  d iffe ren tia l cross-section . T h e  c o m p u ta tio n a l resu lts  
a re  rep re sen ted  in  F ig u re  3 b y  a con tinuous cu rv e . The d a ta  m ark ed  w ith  
circles a re  th e  m easu rem en t re su lts  of R a m s a u e r  an d  K o llath  [2].
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Conclusions

O u r co m p u ta tio n s  a re  in  fa ir  ag reem en t w ith  ex p e rim en ta l re su lts  
th ro u g h o u t th e  energy  ran g e  rep resen ted  in  th e  figures. W ith  energies h ig h e r  
th a n  14 eV, w here a u к 1 th e  d isc repancy  b e tw een  c o m p u ta tio n  and  m e a su re 
m en t re su lts  grow s s ign ifican t. (C o m p u ta tio n  resu lts  a re  h igher th a n  te s t  
resu lts .) W hen  a 0 к  >  1 th e  e rro r increases co nsiderab ly  because  of th e  s im p li
f ica tio n  in  th e  te rm  0 (k3) an d  of th e  n eg lec t o f th e  te rm  0 (fc4). A ccord ing  to  
ou r co m p u ta tio n s  th e  neg lec t of th e  p h ase  sh ifts  belonging  to  h igher q u a n tu m  
n u m b ers  in  th e  energy  ran g e  in v e s tig a te d  does n o t p ro d u ce  any  s ig n if ic a n t 
in  accu racy .

F ig u re  2 also illu s tra te s  th e  co m p u ta tio n  resu lts  o f L a  B a h n  an d  Ca l l a 
w a y  [8] of th e  to ta l  sc a tte rin g  cross-section  (d o tte d  curve). T he tw o c a lc u la ted  
curves d iverge a t  energies above 5 eV.

O u r ca lcu la ted  d iffe ren tia l cross-sections show  a fa ir  ag reem en t w ith
л

th e  m easu rem en t re su lts  a t  angles la rg e r th a n  #  — — fro m  1,8 to  8,25 eV

energy . T he com parison  of m easu rem en t re su lts  fo r energ ies h ig h er th a n  
10 eV (n o t rep resen ted  in  th e  F igures) w ith  o u r c o m p u ta tio n s  shows d isc re 
pancies. S im ilarly  to  th e  case of to ta l  s c a tte r in g  cross-sections, th e  d isc re p a n 
cies m ay  be due to  th e  s im plifica tions reg a rd in g  th e  te rm s  0(/c3) and  0(fc4).

L a  B a h n  an d  Ca l l a w a y ’s c o m p u ta tio n s  of d iffe ren tia l cross-sec tions 
give less good ag reem en t th a n  do our ow n ca lcu la tions fro m  1,8 eV to  8,75eV . 
In  th e ir  co m p u ta tio n s  th e  d isc rep an cy  increases w ith  increasing  en erg y . 
In  F ig u re  3, a t  1,8 eV an d  5,35 eV th e  d iffe ren tia l cross-sections d e te rm in e d  
b y  using  th e  v alues rj0 a n d  r]1 com p u ted  w ith  th e ir  m e th o d  a re  show n b y  d o tte d  
lines.
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ZUSAMMENHANG ZWISCHEN DER STRUKTUR UND 
DEN PHYSIKALISCHEN EIGENSCHAFTEN 

DES GLASES
V. ZUSAM M ENHANG  ZW ISCHEN DICH TE U N D  L IC H TB RECH UN G

Von

I . N á r a y -S z a b ó

Z E N T R A L F O R S C H U N G S IN S T IT U T  F Ü R  C H E M IE  D E R  U N G A R IS C H E N  A K A D E M IE  
D E R  W IS S E N S C H A F T E N , B U D A P E S T

(Eingegangen: 15. VI. 1965)

V or einigen J a h re n  h a t  T o l d  [ I ]  (1960) einen sehr e in fachen  Z u sam m en 
h ang  zw ischen der D ich te  u n d  d er L ich tb rech u n g  von  e in er R eihe v o n  o p t i 
schen  G läsern  nachgew iesen. E r  fa n d  bei 203 op tischen  G läsern  der F a . S c h o tt 
u . G en., J e n a e r  G lasw erk  (M ainz), dass — m it A usnahm e v o n  11 G läsern  — 
die fo lgende G leichung m it einem  m ax im alen  F eh le r v o n  ± 2 %  g ü ltig  is t:

d +  10,4
n D =

8,6

H ier is t пр  die B rechungszah l fü r  N a -L ich t u n d  d der Z ah len w ert der D ich te . 
Die 11 G läser, fü r  die die obige B eziehung  n ich t gilt, s in d  la n th a n h a ltig  oder 
s ta rk  b le ih a ltig  (F lin tg läser).

D ie P a ra lle li tä t  d er D ich te  u n d  d er L ich tb rech u n g szah l is t se lb s t bei 
einer so geringen G enau igkeit wie d er ob igen  in te re ssa n t. D och  e rh ä lt m a n  viel 
genauere Z u sam m enhänge , w enn m an  gewisse R eihen  v o n  G läsern  m it  zwei 
oder drei K o m p o n en ten  u n te rsu c h t.

F ü r  einfache N a triu m silik a tg lä se r , d. h. fü r  die G lieder d er R eihe 
N a20 - S i0 2 fan d  ich , dass fo lgende G leichung G ü ltig k e it h a t :

nD=  0,143d +  1,1494. (1)

D ie ex p erim en te ll gefundenen  B rechungszah len  u n d  D ich ten  sin d  n ach  
M o r e y  [2] zusam m en  m it den n ach  Gl. (1) b e re c h n e ten  B rech u n g szah len  in 
T a b . 1 zu sam m engeste llt.

M an sieh t also, dass Gl. (1) einen  d u rc h sch n ittlich en  F eh le r von 2,4 • 10 ~4 
im  W e rt der B rechungszah l e rg ib t. D ie  A nalysen feh ler s in d  w eitaus grösser, 
u n d  m a n  k an n  d a h e r  keinesw egs eine bessere Ü b ere in s tim m u n g  e rw arten .

E s  is t  b esonders b em erk en sw ert, dass fü r  N a tr iu m silik a tg lä se r  m it 
A lu m in iu m o x id g eh a lt dieselbe G leichung  m it e iner geringfügigen  Ä n d eru n g  
d er a d d itiv e n  K o n s ta n te  gü ltig  b le ib t:

n D =  0,134 d  +  1,1508. ( la )
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In  d er T a b . 2 sehen w ir  d ie  M essungsergebnisse v o n  F a i c k  e t al. [3] v e r 
g lichen m it d en  n ach  Gl. ( l a )  b e rech n e ten  W erten .

Die A bw eichungen  zw ischen  den b e rech n e ten  u n d  den  gem essenen Пд- 
W erten  b e tra g e n  im  M itte l 4 • 10~4 u n d  m ax im al 12 • 1 0 ~4.

N u n  k a n n  m an  a b e r  — w enn m a n  ähn liche  g u te  Ü b ere in stim m u n g  
zw ischen d en  b e rech n e ten  u n d  den gem essenen  B rech u n g szah len  erre ichen  
w ill, keine a llgem ein  gü ltige  G leichung b e n ü tz e n , da m e h r als zwei V ariab len  
a u f tre te n  k ö n n e n . M an w ird  also eine R e ih e  von  G leichungen  fü r  te rn ä re  
G läser e rh a lte n , so z. B . fü r  d ie  w ich tigen  N a20 -C a 0 -S i0 2-G läser, deren  D ich 
te n  u n d  B rechungszah len  u . a . von  P e d d l e  [4 ]  b e s tim m t w u rd en . B le ib t das 
V erh ä ltn is  N a20  : S i0 2 k o n s ta n t ,  so k ö n n en  w ir fü r  jed es  solche V erh ä ltn is  
eine G leichung au fste llen , d ie  m it  sehr g u te r  A n n äh eru n g  d en  Z u sam m enhang  
zw ischen d e r D ich te  u n d  d e r B rech u n g szah l an g ib t. D ie Z u sam m en se tzu n g en  
s in d  in  T ab . 3 in  M olv erh ä ltn issen  angegeben .

A uch fü r  K 20 -h a ltig e  G läser können  w ir ähn liche G le ichungen  fo rm u lie 
re n , wie das au s  d e r fo lgenden  T ab . 4 zu e rsehen  ist.

Tabelle 1

Gefundene und berechnete Brechungszahlen sowie gefundene Dichten  
von Gläsern der Reihe N a20 -S i0 2

No. SiO, % NaaO % Dichte 
g. cm-3 n D , gern. n D . ber. Л • 10«

9 5 4 ,1 4 4 5 ,8 6 2 ,5475 1 ,5 1 3 7 1 ,5 1 3 7 0

11 5 7 ,4 5 4 2 ,5 5 2 ,5 3 1 8 1 ,5 1 1 2 1 ,5 1 1 4 +  2

15 5 9 ,9 7 4 0 ,0 3 2 ,5208 1 ,5 0 9 9 1 ,5 0 9 9 0

17 6 2 ,8 6 3 7 ,1 4 2 ,5 0 4 4 1 ,5 0 7 6 1 ,5 0 7 5 -  1

18 6 3 ,0 6 3 6 ,9 4 2 ,5038 1 ,5 0 7 5 1 ,5 0 7 4 -  1

19 6 4 ,3 0 3 5 ,7 0 2 ,4890 1 ,5 0 5 5 1 ,5 0 5 3 — 2

20 6 5 ,3 2 3 4 ,6 8 2 ,4 9 2 4 1 ,5 0 5 5 1 ,5 0 5 8 +  3

22 6 7 ,1 4 3 2 ,8 6 2 ,4 8 0 7 1 ,5 0 4 2 1 ,5041 -  1

23 6 9 ,6 5 3 0 ,3 5 2 ,4 6 4 4 1 ,5 0 2 1 1 ,5 0 1 6 -  5

24 7 0 ,2 1 2 9 ,7 9 2 ,4612 1 ,5 0 1 4 1 ,5 0 1 4 0

25 7 0 ,4 4 2 9 ,5 6 2 ,4603 1 ,5 0 1 5 1 ,5 0 1 2 -  3

26 7 2 ,1 5 2 7 ,8 5 2 ,4488 1 ,4 9 9 3 1 ,4 9 9 6 +  3

30 7 5 ,2 9 2 4 ,7 1 2 ,4 2 6 0 1 ,4 9 6 5 1 ,4 9 6 3 — 2

34 7 7 ,8 5 2 2 ,1 5 2 ,4 0 0 7 1 ,4 9 2 5 1 ,4 9 2 7 +  2

35 7 8 ,6 1 2 1 ,3 9 2 ,3 9 3 5 1 ,4 9 1 2 1 ,4 9 1 7 +  5

36 7 9 ,7 3 2 0 ,2 7 2 ,3 8 1 3 1 ,4 8 9 8 1 ,4 8 9 9 +  1

40 8 2 ,8 6 1 7 ,1 4 2 ,3 5 3 6 1 ,4 8 5 1 1 ,4861 +  10
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F ü r  N a20 - K 20 -C a 0 -S i0 2-G läser k ö nnen  au ch  en tsp rech en d e  Glei
chungen  au fg este llt w erden , s. T a b . 5.

W ill m an  solche G le ichungen  fü r  b le ih a ltig e  u n d  b a riu m h a ltig e  G läser 
au fste llen , so w erden  die D ifferenzen  zw ischen d en  b e rech n e ten  u n d  den ge
fu n d en en  W erten  schon  b ed e u te n d  höher, u n d  sie kön n en  e tw a 0 ,5 %  erreichen; 
deshalb  w ollen w ir h ie r keine w eite ren  B erechnungen  m itte ilen .

E s is t  in te re ssa n t, den  Z usam m enhang  zw ischen d e r B rechungszah l 
u n d  dem  R -W erte  (S auersto ffionenzah l pro n e tzb ild en d es Ion ) zu  b e trach ten . 
D er R -W ert h ä n g t v o n  dem  V erh ä ltn is  der B rü ck en sau e rs to ffio n en  zu den 
n ic h t b rü ck en b ild en d en  S auersto ffionen  ah. T rä g t  m an die B rechungszah l 
als F u n k tio n  von  R  in  einem  rech tw ink ligen  K o o rd in a te n sy s te m  au f, so e rh ä lt 
m a n  keine G erade, sondern  eine — zw ar sehr schw ach  — g e k rü m m te  L inie. 
F ü r  die B rechungszah l is t zw ar die M olre frak tion  der S au ersto ffio n en  e n t
scheidend , doch spielen  au ch  die m odifiz ierenden  K a tio n en  w ie N a ',  K + , 
Ca2+ usw . eine Rolle u n d  das G esam tergebn is is t  die e rw ä h n te  n ich t ganz

Tabelle 2

Gefundene und berechnete Brechungszahlen sowie gefundene D ichten  
von Gläsern der Reihe Na20 -A l20 3-S i0 2

No. SiO„ % 4 1 ,0 ,  % N a 30  %
D ichte  

g • c m - 3 n D , gern. n D , ber. A • 10<

101 50,32 2,86 46,82 2,5605 1,5162 1,5168 +  6

102 50,57 7,00 42,43 2,5495 1,5164 1,5152 - 1 2

103 50,86 6,71 42,43 2,5484 1,5155 1,5150 -  5
104 50,89 9,57 39,54 2,5410 1,5150 1,5140 - 1 0

105 50,95 4,88 44,17 2,5533 1,5157 1,5157 0

106 55,25 9,83 34,92 2,5182 1,5116 1,5107 -  9
107 55,56 6,94 37,50 2,5259 1,5120 1,5118 -  2

108 55,66 9,68 34,66 2,5163 1,5110 1,5104 -  6

109 55,80 4,83 39,23 2,5304 1,5124 1,5124 0

110 55,86 4,83 39,23 2,5304 1,5124 1,5124 0

111 60,45 9,84 29,71 2,4897 1,5072 1,5066 -  6

112 60,68 4.86 34,46 2,5032 1,5088 1,5086 -  2

113 60,76 2,82 36,42 2,5111 1,5092 1,5097 +  5

114 60,78 1,09 38,13 2,5168 1,5094 1,5105 +  H
115 60,88 9,59 29,53 2,4891 1,5070 1,5065 -  5
116 60,97 6,57 32,46 2,4997 1,5073 1,5077 +  4

117 64,78 1,02 34,20 2,4916 1,5059 1,5069 +  10

118 65,10 9,96 24,94 2,4615 1,5032 1,5026 -  6

119 65,70 4,75 29,55 2,4749 1,5049 1,5045 -  4
120 65,88 9,43 24,69 2,4580 1,5025 1,5021 -  4
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Tabelle 3

Gefundene und berechnete Brechungszahlen sowie gefundene Dichten  
von Gläsern der Reihe 100 S i0 2 : 40 N a„0  : x  CaO

CaO
Mole

Dichte 
g • cm-3 n D , gern. n D , ber. A • 10<

5 2,512 1,5110 1,5132 + 2 2

10 2,533 1,5189 1,5187 -  2

15 2,559 1,5259 1,5256 — 3
20 2,584 1,5327 1,5322 — 5
30 2,629 1,5442 1,5441 — 1
40 2,667 1,5540 1,5541 +  1

Gläser der Reihe 100 S i0 2 : 20 N a20 : x  CaO
5 2,412 1,4970 1,4975 +  5

10 2,458 1,5088 1,5088 0
15 2,499 1,5192 1,5188 — 4
20 2,537 1,5279 1,5280 +  1
30 2,603 1,5435 1,5441 +  6
40 2,659 1,5573 1,5578 +  5

nD =  0,264 d +  0,850

nD =  0,244 d  +  0,909

( 2)

(3)

Tabelle 4

Gefundene und berechnete Brechungszahlen sowie gefundene Dichten  
von Gläsern der Reihe 100 S i0 2 : 40 K 20  : x  CaO

CaO
Mole

Dichte 
g • cm-3 n D , gern. n D , ber. A • 10«

5 2,488 1,5125 1,5115 - 1 0

10 2,513 1,5179 1,5178 -  l

15 2,535 1,5229 1,5234 +  5
20 2,555 1,5277 1,5284 +  7

30 2,594 1,5379 1,5383 +  4
40 2,630 1,5475 1,5474 — 1

Gläser der Reihe 100 S i0 2 : 20 K 20  : x  CaO
5 2,420 1,5011 1,5008 — 3

10 2,450 1,5081 1,5087 +  6

15 2,478 1,5151 1,5160 +  9
20 2,505 1,5223 1,5231 +  8

30 2,555 1,5355 1,5362 +  7

40 2,601 1,5491 1,5483 — 8

nD =  0,253 d  +  0,882

riß =  0,262 d  -J- 0,8663

(4)

(5)
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Tabelle 5

Gefundene und berechnete Brechungszahlen sowie gefundene Dichten  
von Gläsern der Reihe 100 S i0 2 : 20 N a20  : 20 K 20  : x  CaO

CaO
M ole

D ich te  
g  • cm -3 n D , gern. n D , ber. A  • 104

5 2,502 1,5115 1,5115 0

10 2,529 1,5186 1,5187 +  l

15 2,554 1,5255 1,5254 l

20 2,574 1,5314 1,5307 — 7

30 2,619 1,5428 1,5427 1

40 2,657 1,5528 1,5528 0

Gläser der Reihe
100 S i0 2 : 10 N a 0 2 : 10 K 20  : x  CaO

5 2,415 1,4992 1,4993 +  1

10 2,450 1,5086 1,5082 — 4
15 2,485 1,5177 1,5710 — 7
20 2,523 1,5253 1,5258 ~ r  5

30 2,585 1,5401 1,5416 +  15
40 2,626 1,5528 1,5520 — 8

tiq =  0,266 d -}- 0,846

nD =  0,254 d - f  0,886

(6)

(7)

lin eare  K u rv e . S ind s ta rk  p o la ris ie rb are  K a tio n e n  m it h o h e r  M olrefrak tion  
wie B a2 f , P b 2+ usw . v o rh an d en , so w ird d ie  K rü m m u n g  n o ch  s tä rk e r, u n d  es 
e rg ib t sich keine L in e a ritä t. — D ie n e tzb ild en d en  K a tio n e n , wie Si4+, B 3+ 
usw . üben  dagegen  sozusagen g a r ke inen  E in fluss a u f  d ie  B rechungszah l 
aus, w as ih re  s ta rk e  B in d u n g  b e s tä tig t . I n  d ieser H in s ich t v e rh ä lt sich  d as  
K a tio n  Al3+ ebenso, wie w ir das aus d e r  G ültigkeit d e r G l. (2) schliessen 
kö n n en . A lum in ium  gehört also  zu  den n e tzb ild en d en  K a tio n e n  m it te tra e d r i-  
scher K o o rd in a tio n , obzw ar das v o n  ein igen  A utoren  in  A b re d e  gestellt w ird .

D ie m itg e te ilte n  G le ichungen  k ö n n en  einerseits als se h r  gu te  In te rp o la 
tio n en  fü r  die B erechnung  v o n  B rech u n g szah len  fü r be lieb ige  G lieder d e r 
an g e fü h rten  G lasreihen  d ienen , an d e re rse its  is t  es aber m ög lich , solche G lei
chungen  fü r  an d e re  G lasreihen  a u f  G ru n d  v o n  zwei bis d re i M essungen a u f 
zuste llen  u n d  so m it G läser m it v o ra u sb e re c h n e te r  B rech u n g szah l he rzu ste llen .
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INVESTIGATION OF THE GAMMA ACTIVITIES AND 
GAMMA SPECTRA OF SNOW SAMPLES

B y

Á.  T ó t h , T . Z s o l d o s  and A.  U r b a n

M É V  H E A L T H  S E R V IC E , P É C S  

(Presented b y  L. Pál — R eceived  18. II. 1965)

An analysis o f the to ta l gam m a activ ities and the gam m a spectra o f 25 samples o f snow  
and 1 of rainwater-snow collected in H ungary (betw een 16°— 22° longitude and 46°— 48° 
latitude) betw een 29th January and 22nd February 1963 revealed th a t a)  the  137Cs-equivalent 
to ta l gamma a ctiv ity  is on the average 5,1 • 10~ 7 //e nil : b) the total b eta  concentration cal
culated from th is is 1,2 • 10” 6 ,uc/ml; elem ents detected  w ith great probability: 141Ce, 
I44Ce, 103Ru, 7B e, 137Cs, 95Zr and 95Nb. Age o f fission products: ranging from  50 to 80 days. 
137Cs and (95Zr -(- 95N b)-concentrations have been estim ated . Our to ta l a c tiv ity  data agree 
well w ith those of other authors; the results o f our se lective  determ inations are of the order 
o f  the values obtained by other authors, differences being due to losses in  collection and sam ple  
treatm ent. Our Szeged sam ple distinguished itse lf from  the others b y  its  anom alously h igh  
(approxim ately three tim es higher) radioactivity.

In tro d u c tio n

Owing to  a tom ic  bom b explosion te s ts  p re c ip ita tio n  a n d  falling  d u st in je c t 
fission  p ro d u c ts  in to  th e  b iosphere. O n acco u n t of th is  m a n ’s ex te rn a l a n d  
in te rn a l ra d ia tio n  dose increases above th e  n a tu ra l  dose, a n d  so does th e  r a d io 
a c tiv ity  of th e  en v iro n m en t. This fa c t affec ts geophysical in v es tig a tio n s  a n d  
th e  d e te rm in a tio n  of m a n ’s exposure to  n a tu ra l  rad io ac tiv e  e lem en ts  in  th e  f ie ld , 
th e  in v es tig a tio n s  of th e  c o n ta m in a tio n  of th e  en v iro n m en t a n d  th e  m easu re 
m en t of low ra d io a c tiv itie s . T his acco u n ts  fo r th e  im p o rta n c e  of analysis  of 
p rec ip ita tio n  fo r th e  presence  of fission  p ro d u c ts .

In  th is  c o u n try  such  m easu rem en ts  h a v e  been in  p ro g ress  a t  D ebrecen , 
since 1952 [1 1 ,1 2 , 38, 39, 40]. The p u rp o se  of th e  p resen t p a p e r  is to  su p p lem en t 
th ese  an d  o th e r  v a lu ab le  H u n g a rian  [37] an d  th e  m an y  fo re ign  d a ta  w ith  som e 
resu lts  of our ow n o b ta in ed  b y  a p re lim in ary  in fo rm a to ry  m e th o d . The im p ro v e 
m en t o f th e  m e th o d  em ployed  is in  p rogress.

Survey o f th e  lite ra tu re

M any excellen t sum m aries of th is  p ro b lem  have been  p u b lish ed  [10, 25, 
28, 39, 51]. Several au th o rs  have  d ea lt w ith  th e  d e te rm in a tio n  o f fission p ro d u c t 
co n cen tra tio n  in  snow  [1, 2, 3, 4, 14, 24], in  ra in w a te r  [2, 3, 5, 9, 13, 14, 15,
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17, 20, 24, 26 , 27, 30, 31, 36, 37], in  ae roso ls; an d  in  snow , ra in w a te r  a n d  in  
aerosols on th e  w hole [6, 7, 8, 11, 12, 18, 22, 23, 29, 31, 38, 39, 44], as w ell as 
w ith  th e  d e te c tio n  of th e  p resence  of th e se  elem ents. T h e  d e te rm in a tio n s  are  
a ffec ted  b y  th e  'B e  [16, 32, 33, 44] an d  th e  212P b  [44], iso to p es of n a tu ra l  origin 
a n d  in  th e  case o f  “ h o t” p a r tic le s  [58] b y  th e  phenom enon  o f f rac tio n a tio n [1 9 ].

C h a ra c te ris tic  d a ta  fo r  fission  p ro d u c ts  in  fa ll-ou t sam p les  [8, 27, 34, 35, 
42, 43] a n d  assig n m en ts  to  a to m ic  w eapon  te s ts  ca rried  o u t  in  1962 h a v e  also 
been  p u b lish e d  [12, 21, 22, 23, 24].

R esu lts  of ou r investiga tions

T he to ta l  gam m a a c tiv itie s  a n d  g am m a sp ec tra  o f  tw en ty -fiv e  snow  
sam ples a n d  one ra in w a te r-sn o w  sam ple h a v e  been in v e s tig a te d . T he sam p les  
w ere co llec ted  in  th e  area  b e tw een  16° a n d  22° long itu d e  a n d  46°—48° la t i tu d e  
o f  th is  c o u n try  (10 snow  a n d  1 m ixed  ra in w ate r-sn o w  sam ples from  P écs, 2 
snow  sam ples from  M aráza (B a ran y a  C o u n ty ) an d  1 snow  sam ple  from  each  o f 
th e  fo llow ing to w n s: S z ig e tv á r, S zekszárd , S zom bathe ly , Sopron, K ap o sv á r, 
G yőr, T a p o lc a , D ebrecen , S om oskőú jfa lu  (N ógrád  C o u n ty ), M iskolc, Szeged, 
K ecskem ét a n d  B u d ap est) b e tw een  2 9 th  J a n u a ry  a n d  2 2 n d  F e b ru a ry  1963. 
A ltho u g h  th e  reason  fo r o u r  choosing snow  for th e  an a ly s is  w as th a t  i t  w as 
sim ple to  co llec t snow  sam ples, la te r  on , i t  ap p eared  th a t  snow  was w o rth  col
lec tin g  also  because  its  ra d io a c tiv ity  w as h ig h er th a n  t h a t  o f  ra in [1 4 , 24, 36]. 
O n th e  o th e r  h a n d , th e  m easu rem en t o f g am m a a c tiv ity  a n d  sp ec tra  is te c h n i
cally , p re p a ra tio n a lly  a n d  ev en  in fo rm a tio n a lly  m ore ad v an ta g e o u s  th a n  th e  
o b se rv a tio n  o f  to ta l  b e ta  a c t iv i ty  d e te c te d  a fte r  rad io ch em ica l t re a tm e n t ,  
a lth o u g h  th e  d is tu rb in g  e lem en t 7Be c a n n o t be se p a ra te d  from  th e  500 keV 
p h o to p eak  w ith o u t rad io ch em ica l se p a ra tio n  b y  m eans o f  th e  gam m a spec tro - 
m e trica l in s tru m e n ts  now  av ilab le  to  us, a n d  if  a t  all, th is  c an  only be done  b y  
half-life  e s tim a tio n .

T he snow  w as sam p led  from  ap p ro x , lm 2 area , to  i t s  fu ll d ep th , w ith o u t 
trace s  o f soil. T h e  m elted  sno w  m ixed  w ith  ra in w a te r  w as ta k e n  from  th e  ra in 
w a te r  p ip e . T h e  volum e o f o u r sam ples p r io r  to  e v a p o ra tio n  to  d ry n ess  was 
5000 m l, w ith  one ex cep tio n  (sam ple m a rk e d  F —18: 3000 m l). As no ac ids or 
carrie rs  w ere  a d d ed  to  th e  vessels w hen  th e  snow  sam p les  w ere co llec ted , 
m elted  a n d  tr a n s p o r te d  to  th e  la b o ra to ry  w e did n o t use  p o ly e th y len e  vessels 
[14, 17, 19, 24, 26, 27] a n d  d id  n o t reco rd  how  long b efo re  collection  th e  snow  
fell (leach ing : [14]). T h u s  s ign ifican t losses of fission  p ro d u c ts  m a y  have 
occurred .

A fte r  p re lim in a ry  f i l t r a t io n  th e  sam p les  were b o iled  w ith  n itr ic  ac id  to  
th e  vo lu m e o f 5 —10 m l n ecessa ry  fo r th e  m easu rem en t. T h e  f i l tra te  w as also 
w ashed  w ith  n itr ic  acid  a d d e d  to  th e  f i l te re d  liqu id . T h u s , a t  th is  s tag e  o f th e
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w ork  th e  a d so rp tio n  can be assu m ed  to  b e  sm alle r [50], a lth o u g h  i t  can  s till 
be  v e ry  considerab le  [5], for carrie r-free  io d in e , ru th e n iu m  a n d  circonium . I t  
has been  show n th a t  th e  a d so rp tio n  loss can  be  decreased  b y  ru b b in g  w ith  
d ia tom aceous e a r th  [26]. T he so lu tions e v a p o ra te d  to  a p p ro x im a te ly  9 m l w ere  
p u t  in to  n o rm al te s t  tu b es an d  m easu red  in  these  w ith  a sing le-channel 
reco rd ing  sp ec tro m e te r ty p e  1820B, m a n u fa c tu re d  by  N u c lea r  Chicago [52, 
56] hav ing  a N a J (T l)  d e tec to r of a bore-hole vo lum e of 8,4 m l, a n d  w ith  scalers, 
ty p e s  F H —49 an d  P S Z —20, co n n ec ted  to  th e  sp ec tro m e te r  ( th e ir  in p u t sen si
tiv itie s  w ere 0,5 V an d  3,0 У , resp ec tiv e ly ).

T he th ree  groups of ou r m easu rem en ts  ( to ta l  gam m a a c tiv i ty  m easu re 
m en t, m easu rem en t of sp ec tra  b y  a u to m a tic  co n tinuous, a n d  m an u al s te p  
m ethod) are  sum m arized  in T ab le  1.

O ur m easu rem en ts  of to ta l  gam m a a c t iv i ty  were c a rr ie d  ou t b y  th e  
in te g ra l m ode of o p era tio n  ab o v e  80 keV , b y  scalers. O u r eq u ip m en t w as 
ca lib ra ted  by  a p o in t-like  137Cs source fo r en e rg y  (lin earity  is fu lfilled , see also  
F ig . 5) a n d  for to ta l  efficiency. T he v a lu es  th u s  o b ta in e d : e =  5,6 • 105 
cp m //ic  a n d  Tjt —  25 ,4%  agree w ell w ith  th e  re su lts  observed  u n d e r d iffe ren t 
cond itions (6,1 • 10s cpm //ic  a n d  2 7 % , b u t  w ith  a 50 mV in p u t se n s itiv ity  
sca ler [48]) o r ca lcu la ted  [49] b y  o thers.

F o r a know n fission  p ro d u c t m ix tu re , a n  efficiency o f 39 %  w as m easu red  
fo r p h o to n  energies above 60 keV [26]. T his is su b s ta n tia lly  m od ified  b y  th e  
difference in  th e  com position  from  th a t  used  in  [26] an d  b y  th e  a c tu a l co n d i
tio n s  of th e  m easu rem en t. T he c o u n tin g  ra te s  o f  o u r so lu tions w ith  an  average  
vo lum e of 9 m l h av e  been  red u ced  to  zero so lu tio n  heigh t, so t h a t  th e  correc
tio n s o b ta in ed  b y  o th ers  [44, 45, 46 , 47, 48] fo r N a J (T l)-c ry s ta ls , th e  bore-hole  
o f w hich w as of a size sim ilai to  t h a t  o f our d e te c to r , have b een  m ad e  u n iv e rsa l 
b y  estab lish ing  th e  (sam ple/bore hole) — v o lu m e  ra tio . A cu rve  h as  been p lo t
te d  based  also on th e  O pera tion  M anual of o u r  in s tru m e n t [52].

T he 137Cs eq u iv a len t co n cen tra tio n  show n in  T able 1 h a s  b een  ca lcu la ted  
on th e  basis of th e  background-less co u n tin g  ra te s  M ,  th e  ab o v e  d a ta  an d  th e  
o rig inal vo lum es. T he rough ly  a p p ro x im a te  to ta l  b e ta  c o n cen tra tio n  ca lcu la ted  
from  th e  137Cs eq u iv a len t co n cen tra tio n , as can  be  seen fro m  T ab le  2, is in  
good ag reem en t w ith  th e  values o f  o thers fo r a sim ilar p e rio d  [37, 38]. As 
90Sr is also p re sen t in  th e  sam ples [1, 20, 24, 37] o u r to ta l  b e ta  v a lu e  exceeds 
th e  level 1,0 • 1 0 " 6 /ic/m l fixed  b y  IC P R  (1959) b y  a p p ro x im a te ly  20% . T h is  
assertio n  is su p p o rted  b y  th e  p resence of 90Sr a c tu a lly  d e tec ted  b y  o th e r  au th o rs  
in  p rec ip ita tio n s  over th e  sam e p e rio d  o f co llec tion , e. g. in  R u m an ia  [1], 
C anada [20], E n g lan d  [24] an d  even  in  th is  c o u n try  [37]. T h e  age of fission  
p ro d u c ts  on th e  basis o f ou r to ta l  gam m a m easu rem en ts  (see T ab le  1) is ap p ro x 
im a te ly  5 0 —80 days. To o b ta in  p re lim in a ry  in fo rm a tio n  as to  com position  
we m easured  th e  sp ec tra  of our tw e n ty  six  sam p les  b y  a u to m a tic  reg is tra tio n  
[52], fo u r of w hich a re  show n in  F igs. 1, 2, 3 a n d  4 . T hese re p re se n t th e  sp ec tra
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of th e  re m a in in g  tw e n ty  tw o  sam ples v e ry  well, a p a r t  from  th e  140 keV 
p h o to p e a k  o f  th e  ra in w a te r  — m elted  snow  sam ple, m a rk e d  F —22, w h ich  is 
co m p le te ly  m issing, a n d  th e  750 keV p h o to p eak , w h ich  is scarcely  v isib le

Fig. 1. A utom atically  recorded gamma spectrum  of our Pécs sam ple. Sample m ark: F - l ’ 
Site o f collection: Pécs; D ate  o f collection: 29.01.1963; Time and date of m easurem ent: 16h; 

19.02.1963; V olum e of m elted snow  prior to evaporation: 5000 m l

(losses d u e  to  co llection  from  th e  ra in w a te r  p ipe). T h e  figures in  b ra c k e ts  
in d ic a te  th e  values concern ing  th e  in c reased  co u n tin g  ra te  (cpm) — lim its  of 
m e asu rem en t.

I t  is know n [41] t h a t  th e  sh ap e  o f sp ec tra  reco rd ed  b y  s ing le-channel 
a u to m a tic  ana ly zers  w ith  ra te m e te rs  is d is to rte d  ( th e  p h o to p eak s are  f la tte n e d
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Table I
Sum m ary of the results of the m easurem ents

T y p e  o f
T o ta l n u m b e r  

o f  m e a su r e m e n ts  
a n d  sp e c tr a  
ta k e n  o f  26  

sa m p le s

A r it h m e tic  a v er a g e  
o f  th e  t im e  b e tw e e n  

c o lle c t io n  a n d

A r ith m e tic  a v e r a g e  
an d  s ta t is t ic a l  

error in  % o f  in te g r a l,  
b a ck g ro u n d -fr ee  
c o u n tin g  r a te s

M  (cp m )

A v e r a g e , a p p r o x i
m a t e ,  l37C s-equ i-  

v a le n t  c o n c e n tr a tio n  
c a lc u la te d  fro m  M ,  
n o t  co r re cte d  fo r  
7B e , a t  th e  t im e  
o f  m e a su r e m e n t

A r ith m e tic  a v er a g es  a n d  s ta t is t ic a l  errors in  % o f  so m e  im p o r ta n t , o b se r v e d  
p h o to p e a k -h e ig h ts  a n d  p h o to p e a k  a re a  r a t io s  co r r e c te d  for  C o m p to n  

sc a t te r in g  [27 ] a n d  f la t t e n in g  [4 1 ]. (F o r  error c a lc u la t io n  see  e x p la n a to r y  
rem ark s 1 0 . a n d  22 .)

A v e r a g e  
a p p r o x im a te  
age o f  f is s io n  

p ro d u c ts  in  th e  
s a m p le s

I d e n t if ic a t io n  o f  e le m e n ts  b y  c o m p a r in g  t h e  d e c a y  in  
t im e  o f  a n  id e n t ic a l  p h o to p e a k  h e ig h t  (a r ea ) o f  a  
g iv e n  sa m p le  a n d  th e  T a b le  o f  c o r r e c tio n s  fo r  d e c a y  

p u b lish e d  in  [5 7 ]

(r eco r d in g  o f  sp e c tr a )  

At (d a y )

N o .
o f /  5 0 0  k e V \

N o .
o f / 5 0 0  k e V \

N o .
o f / 7 5 0  k e V \ s ig n  o f

1 40 5 00 662 7 50

C  (^uc/ml)
m e a su r e 

m e n ts
V 140 k e V / m e a su r e

m e n ts
\ 7 5 0  k e V / m e a su 

r e m e n ts
V 1 40  k e V / <h (d a y ) sa m p le

k e V

I.
26
(1)2

15
(18)2

1030 ±  3%  
(3600 ±  1,3% ),

5,09 • 1 0 - ’ 
(14,4 • 1 0 -% — — — — —

50 ±  203
— — — — —

Total gam m a
counting rate 
m easurem ents1 и.

V)
i l

I.

26
(1)2

652
(653)2

73 ±  14%  
(286 ±  3,1% )2 - - — — — — —

80 ±  104
— — — —

(threshold: 80 ke

— —

(0,07 ±  14,3% ) 
(0,08 ±  3,4% )2 - — — — — — — — — —

33 2,07 between 7Be; 95Zr

Gamma spectra 
taken for prelimi
nary information

306 15 25T 0,80

or or

229 0,41

45 and 65 n F-1Î.3 — lll3Ru? — 9>N b

by autom atic  
recording5

32a l,89g approx. 4512
144Ce lu3Ru

±  17,5% ,0 ±  21 ,8% 10 4-91 S°/=£ /ого F-26 141Ce

14
- —

22 ,7 144Ce?

Gamma spectra 
taken by the 
stepwise 
m ethod15

or

F-1724
141Ce?

13-Гц  ̂®14

17i6
640„,

13,9 0,92

±  53% 22
2̂0

2,442, 

±  55% 22

9 0,45

± 4 7 % 22

approx. 5023

F-2625 1J4Ce,4 — 137Cs'“lS14 —

Explanatory rem arks:
1 1 : first series of m easurem ents;

II: second series of m easurem ents.
2 Values for the anom alous Szeged sample marked: F-17.
3 Based on 1030“ 1 and 73~ l.
4 Based on 1030“ 0,83 and 73“ 0,83 [40].
5 Duration of a run =  30 m inutes; spectrum  scanning speed =  0,555 keV/sec; recording 

paper speed =  30,5 cm /hour; w indow  width — 2 V olts; counting rate, range in general: 
0 — 150 cpm; rarely: betw een 0— 300 cpm; charging tim e constant of the ratem eter for 0 — 300 
cpm: of the order of 100 ^sec [55]; integration tim e constant of the ratem eter: 40 sec [52]; 
equilibrium  tim e calculated for the recording pen adjustm ent to the new average cpm  with  
a probability of 50% , as well as for the difference betw een the cpm -s in the photopeaks and 
the “valleys’* below the photopeaks for a tim e constant o f 40 sec: approx. 100 sec [56]; 
energy range: from 0 to 1 MeV.

6 Since we have taken four spectra altogether for the sam ple F - l ,  tw o spectra for the 
sam ple F-2 and two spectra for the sam ple F-17, the autom atic spectrum of F-5 was not record
ed at all owing to instrum ent fault.

7 Owing to dist ortion it  was not possible to evaluate the 140 keV photopeak several tim es.
8 W ithout the anom alous value of (7,84) obtained for F-26.
9 For the February 1963 m easurem ents which could be evaluated.
10 Photopeak heights graphically corrected for the average, distorted, total background, 

in  [cpm/20 keV] — units, for 140, 500 and 750 keV: IV/ =  51, 47 and 24. The relative statistical 
errors o f the observations o f IV/ (assum ing an equilibrium  tim e of approx. 100 sec and that 
the differential background is zero; we know, however, that these assum ptions are not satisfied) 
are for the time constant t2 =  40 sec on the basis of the formulas

<5 =  ±  ( 100 J/2 %  -2j and <5 =  ±  (8 7 / Щ )  [%]

of the values: ± 1 2 ,2 ;  ± 1 2 ,7 ;  i t  17,8% . The errors in the ratios have been calculated by the 
square law of the propagation of error.

11 From the com parison of the shapes of our spectra and those in  [51b].
12 For the ratio o f value 0,41, as well as for the conditions of m easurem ent given in 

[51a], assum ing 235U -fission products.
13 See Fig. 3.
14 Certainly.

15 W indow w idth =  step distance =  2 V olts =  20 keV; energy-range: 0 to 1 MeV; 
observation by scaler; durations o f observations ( it : sam ple -j- background; t2: background): 
for the sam ple F-17 early in 1963: == 2'; t2 =  0 ’ (the ten  tim es sm aller background-cpm
was neglected); late in 1964: i, t2 =  3 ’. For the sam ple F-26 early 1963: f, =  t2 =  2 ’; late  
in 1964: i, =  f2 4 ’. Errors of the respective observations: F-17, 1963, in the neighbourhood  
of 750 keV: ±11% ; 500 keV: ± 7 % ;  140 keV: ± 5 % ;  F-17, 1964, 660 keV: approx. ± 3 0 % ;  
F-26, 1963, 750 keV: ± 2 5 % ; 500 keV: ± 1 0 % ; 140 keV: ± 8% . F-26, 1964, 660 keV: 
approx. ± 3 0 % .

18 For the sam ples F-17 and F-21 the num ber of partial spectra recorded in the neigh
bourhood of 660 keV is not included here.

17 For the 11 m easurem ents carried out in March 1963.
18 For the 6 m easurm ents carried out in 1964.
19 The 500 keV photopeak already decayed in  three cases, while for the sam ple F-22  

the 140 keV photopeak was m issing.
20 The 750 keV photopeak was m issing in 8 spectra.
21 For the relation th = 50 to 60 days, and for the assum ptions o f [18] this photopeak  

area ratio is only approx.: 0,5. According to [42] this ratio for =  42 days, when it is ju st  
m axim um , is only of the value: 1,33. As the ratios observed by us are m uch larger, thus in our 
case it  is either due to the disturbing effect o f the elem ent 7Be th a t the area of the 500 
keV photopeak is larger, or it is due to losses in collection and treatm ent that the area o f the 
750 keV photopeak is smaller, or in our case the assum ption in [18] about the fission of 238U  
by fast neutrons can no longer be m aintained. As the errors o f our ratios are about 20%  
and 50% , these can only be used for estim ation.

22 The error of the photopeak area ratios has been calculated in the follow ing w ay: 
a)  the own relative statistical errors of the values o f m easurem ents determ ining the area 
of the photopeak have been established; b) for sim plicity  the arithm etic average of the errors 
so obtained has been taken for the significant photopeaks of each sam ple: c) fina lly  the arith
m etic average of the average errors referred to in b) has been taken for the given identical 
photopeak energy of each sample (i.e. separately for the 140 keV, 500 keV and 750 keV ener
gies.) For the estim able 140 keV peak of 16 we have thus obtained an error of ± 3 2 % , for the  
500 keV of 14 an error of ±42% , and for the 750 keV o f 10 an error of ± 3 5 % . The er
rors of photopeak area ratios have been calculated by th e  square law  of the propagation of 
error. These errors, as can be seen in the Table, are approxim ately 50% .

23 According to the photopeak area ratio o f approx. 0,45 and [51a] (see remark 12).
24 See Fig. 7.
25 See Fig. 8 .
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a n d  sh ifted , reso lv ing  pow er decreases .) F o r th e  co n d itions of o u r  m easu rem en ts  
[55, 52, 56] we h av e  d e te rm in ed  th e  d is to rtio n s  ( a t  140, 500 a n d  750 keV : 
a )  f la tte n in g  of p h o to p eak  27, 16 an d  12% , re sp ec tiv e ly ; co rrec tio n  fac to rs  
1,27, 1,16 a n d  1,12; b) decrease o f  resolving p o w er: a t  least 28 , 11 an d  1 0 % , 
co rrec tio n  fac to rs : 1,28; 1,11 a n d  1,10; c) p h o to p e a k  sh ift to w ard s  sm all 
energ ies: 15, 17 a n d  19 keV), fo r th e  au to m a tic  spec tru m  o b ta in e d  for 137Cs

Fig.  2. A utom atically  recorded gam m a spectrum  of our Som oskőújfalu sam p le. Sample m ark: 
F-14; Site o f collection: Som oskőújfalú (Nógrád County); Date of collection: 12.02.1963; 
D ate of m easurem ent: 22.02.1963; V olum e of m elted snow  prior to evaporation : 5000 m

( th e  re so lu tion  is 13 ,75% ; an d  b y  d iv id ing th is  b y  th e  co rrec tio n  a t  least 1,11 
fo r 660 keV , th e  u n d is to r te d  reso lu tio n  gives 12 ,4% , w hile in  th e  stepw ise 
o p e ra tio n  (see la te r)  i t  is 11,6% . T h u s  th e  co rrec tio n  is good w ith in  th e  7%  e rro r  
m en tio n ed  in  [41].)

A fte r g rap h ica l C om pton correc tion  [27] th e  rough p h o to p e a k  h e ig h ts  
h a v e  been  co rrec ted  accord ing  to  [41] an d  th e  ra tio s  of th e  c o rre c te d  values a re  
g iven  in  T ab le  1. F igs. 1—4 a n d  T able 1 show  th a t  ex p ressed  p h o to p eak s  
a p p e a r  m a in ly  in  th e  n e ig h b o u rh o o d  of 140, 500 a n d  750 keV  ( th u s , a t  p laces

Acta Physica Academiae Scientiarum Hungaricae 20, 1966



310 A. TÓTH, T. ZSOLDOS and A. URBÄN

d is ta n t  from  one a n o th e r  in  th is  c o u n try  th e  d is tr ib u tio n  of fission  p ro d u c ts  
is a p p ro x im a te ly  id en tica l)  th e  h e ig h ts  o f  w hich, e x c e p t for th e  140 keV  peaks, 
a lw ays exceed  th e  v a lu es  o f th e  to ta l  b ack g ro u n d  (below  them ). O w ing to

Fig.  3. A utom atically  recorded gamma spectra of our Szeged sam ple showing an activ ity  
m uch higher than the average. The second spectrum  was recorded approx, four m onths later. 
Sam ple mark: F-17; Site o f collection: Szeged; D ate  of collection: 07.02.1963; V olum e o f m elted  

snow  prior to evaporation: 5000 m l

erro rs [41] i t  w ould  he  u n reaso n ab le  to  reg a rd  sm alle r p ro tru sions as “ p h o to 
p e a k s”  or to  assign  th e m  to  specific e lem en ts.

B ased  on a u to m a tic  record ings, T ab le  1 also c o n ta in s  age a n d  elem ent- 
id e n tif ic a tio n  estim a tio n s  (45 — 60 d ay s , 141Ce, 144Ce, 7B e, 103R u, 95Z r a n d  95Nb).
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T h e  presence of 144Ce is confirm ed  b y  th e  f a c t  th a t  a fter m o re  th a n  one a n d  
a h a lf  years  i t  can  s till be d e te c te d  in  th e  s tep w ise  spectra  (see F igs. 7 a n d  8). 
O n th e  o th e r h a n d , th e  p resence of th e  o th e r e lem en ts  (ex cep t fo r  7Be) is su g -

Fig. 4. A utom atically  recorded gam m a spectrum  o f our K ecskem ét sam ple. Sample m ark: 
F-21 ; Site o f collection: K ecskem ét; D ate  of collection: 14.02.1963; D a te  of m easurem ent: 

26.02. 1963; Volum e of m elted snow prior to evaporation: 5000 ml

gested  b y  th e  fa c t th a t  th e y  w ere also d e te c te d  in  n e ig h b o u rin g  countries d u rin g  
th e  period  of ou r collections (see T ab le  2).

T he m an u a l stepw ise sp ec tra  of a few  sam ples (m easu rem en ts  w ith  
scalers) w ere ta k e n  d ire c tly  a f te r  th e  a u to m a tic  reco rd in g s, and  (to  d e te c t  
137Cs) again  m uch  la te r , in  o rd e r to  decrease  s ta tis tic a l a n d  d isto rtio n  e rro rs . 
(U n fo rtu n a te ly , ow ing to  th e  re s tr ic te d  d u ra tio n  of the  m easu rem en ts  we fa ile d  
to  o b ta in  a sm alle r s ta tis t ic a l  e rro r).
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Table 2
Presence and concentration of fission products in precipitations

Iso to p e M edium D a te  a n d  s ite  o f  co llection D a te  o f m easu rem en t C o n c e n tra tio n  C (pc/m\)
T ren d  

in  tim e  o f 
C

L ite ra tu re

144Ce S

r

21.12 .1962-10 .01 .1963  
Bucharest, Rumania

9 ?; ce 9 [ i]

30 .04 .1962-01 .01 .1963  
Vienna, Austria

1 1 .0 5 .1 9 6 2 -
04.01.1963

?; ce 9 [5]

(r +  s)* 

r

12.1962 1
01.1963 1 London
02.1963 I England
03.1963 J

9

9

9

9

2.5 • IO"7; со
7.0 • 1 0 - 7; со
3.5 • 1 0 - 7; со
3.0 • 1 0 - 7; со

i
m ax

d
d

[24]

s 29 .01 .1963-22 .02 .1963
Hungary

After ^ 1 5  and 640 
days

?; ce 
(Table 1)

9
О

141Ce r 16.07.1962-15 .08 .1962  
Sydney, Australia

9 2,7 ■ IO“ 7 i [13]

103Ru s 17.02.1963
Budapest, Hungary

28.02.1963 and
19.06.1963

?; ce 
(Table 1) 9 О

s 1 1 -1 3 .0 3 .1 9 6 2  
Seibersdorf, Austria

21 — 22.03.1962 <  0,68 • 1 0 - 7; со 9 [2]

I06Ru

+
10CRh

г

S

0 5 -0 7 .1 1 .1 9 6 1  
Seibersdorf, Austria

11 — 13.03.1962 
Seibersdorf, Austria

2 7 -2 8 .1 1 .1 9 6 1  

21 — 22.03.1962

?; ce 

?; ce

9

9

[2]

l ° e R u r 30.04.1962—01.01.1963 
Vienna, Austria

11.05.1962 —
04.01.1963 ?; ce

9 [5]

,4llBa r, s 11.1961 and 03.1962 
Seibersdorf, Austria

11.1961 and 
03.1962 ?; ce

9 [2]

.. TÓTH, T. ZSOLDOS and A. URBÁN



Acta Physica Academ
iae Scienliarum

 H
ungaricae 20, 1669

110Ba ( r  +  .)* 12.1962 1 9 1,1 • 1 0 - 7; со i [24]
01.1963 1 London 9 5,5 • 1 0 - 7; со m ax
02.1963 I England 9 1,2 • 1 0 - 7; со d

r 03.1963 J 9 1,2 • IO -8; со d

110La s 21.12 .1962-10 .01 .1963 9 ? [1]
Bucharest, Rumania .; pr.

r 05.11 .1961-07 .11 .1961 27-2 8 .1 1 .1 9 6 1 0,8 • 10- 7 ; со ? [21
Seibersdorf, Austria

г 16.07.1962-15 .08 .1962 9 9,3 • 1 0 -8 ? [13]
Sydney, Australia

13,Cs s 21.12 .1962-10 .01 .1963  
Bucharest, Rumania

9
?; ce

9 [1]

( r  +  s)x 12.1962 1 ? 8,0 • IO“ 9; со i [24]
01.1963 1 London ? 5,0 • 1 0 -8; со max
02.1963 I England 9 4,0 • 10-8 ; со d

r 03.19631 ? 3,5 • 1 0 -8; со d

s 03, 14 and 17.02.1963 after 670 days >  (6,0 • 1 0 -9); a; j 9 О

Hungary

s 07.02.1963 after 690 days >  (1,1 ' IO“8); a; 1 ? 0
Szeged, Hungary

95Zr г 30 .04 .1962-01 .01 .1963 1 1 .0 5 .1 9 6 2 - ? [5]
Vienna, Austria 04.01.1963

(r +  s)* 12.1962 1 ? 1,0 • 10- 6 ; со m ax. [24]
01.1963 1 London 9 — (d)
02.1963 I England ? 5,0 • 10-7 ; со d

г 03.1963) J ? 2,7 • 1 0 - 7; со d
95Z r  - f  95N b s 21 .12 .1962-10 .01 .1963 9

?! pr
9 [1]

Bucharest, Rumania

8 11 — 13.03.1962
Seibersdorf, Austria 2 1 -2 2 .0 3 .1 9 6 2

—
?; ce ? [2]
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Table 2 (con tinued)

Iso to p e M edium D a te  a n d  s ite  o f  co llection D a te  o f m ea su rem e n t C on cen tra tio n  C  (/4c/ml)
T re n d  in  
tim e  o f C L ite ra tu re

Г 16 .07 -1 5 .0 8 .1 9 6 2  
Sydney, Australia

9 2,1 ■ 1 0 - 7 i [13]

s 02.03.11, 12, 17, 22. 
02.1963, Hungary

after ~  12 days >  (3,0 • 1 0 -8); a; p 9 О

s 07.02.1963, 
Szeged, Hungary

after 18 days >  (1,3 • 1 0 - 7); a; 1 9 0

91 у r 05.1963 London, England 9 2,0 • 1 0 - 7; со max. [24]

117Pm г 07.1963 London, England 9 2,0 ■ 1 0 - 7; со c [24]

"Sr s 21 .12 .1962-10 .01 .1963  
Bucharest, Rumania

9 ?; ce 9 [1]

(r +  s) 

г 

г

1 9 5 5 -1 9 6 2 ,
Deep River, Canada 
Spring 1962 
Deep River, Canada 
Late 1962
Deep River, Canada

9

9

9

4,2 • IO-9

3.0 • i o - 8
5.0 • 1 0 -9

9

max.
d

[20]

(r +  s)x

r

12.1962 I
01.1963 1 London
02.1963 I England 
03.19631

9

9

9

9

6.0 • IO -9; со
3.0 • 1 0 -8; со
2.0 • 1 0 -8; со
2.0 • 1 0 -8; со

i
m ax

d
c

[24]

г 12.19621
01.1963 1 Budapest
02.1963 I Hungary
03.1963 J

after 3 weeks 3.2 • 1 0 -9 
4,8 • 1 0 -9
1.2 • 1 0 -9 
1,1 • i o - 8

i
i
d

m ax

[37]

s 03, 14, and 17.02.1963 
Hungary

calculated
from Cs-137 value; e

>  (3,6 ■ 1 0 -9); a; j 9 О
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s 07.02.1963  
Szeged, Hungary

calculated from 
13,Cs value; e >  (6,6 • IO“9); a; 1 9 0

7Be; n s 19.02.1956 1 1,31 • i o - 8 i [32]
01.03.1956 [ Uppsala 9 1,61 • i o - 8 i [33]
03.03.1956 J Sweden 2,64 • 1 0 -8 i

г 20.06.1958 1 Bom bay 9 1,87 • 1 0 -8
11.09.1958 } India (average of 19 [16]
14.07.1958 J samples)

4,3 • 1 0 -8 max. [33]

480 keV peak

"Be +  103Ru г 16 .07 .1962-15 .08 .1962 9 4,00 • 1 0 - ’ max. [13]
Sydney, Australia

deducting llula

Total г 01.1963 1 Budapest after 3 weeks? 2,6 • IO"6 i, ? [37]
beta 02.1963 } H ungary 1,1 • i o - 6 d

03.1963 J 1,7 • IO -6 i

г  +  S + 01.19631 Debrecen after 2 days at least 0,88 • IO“ 6 c [38]
+  У 02.1963 [ Hungary 0,67 • 1 0 - 6 d

03.1963 J 0,82 • 1 0 - 6 i

s 29 .01 .1963-22 .02 .1963 ~  15 days Л —1 О 1 es 9 О
Hungary f;

г  +  S + 0 5 -1 2 .0 2 .1 9 6 3 ~  2 days 0,56 • 10-0 — [38]
+  У

S 11.02.1963 Debrecen, Hungary 11 days <  (0,85 • IO -8) g; - 0
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E x p la n a to ry  r e m a r k s  to T able  2

г =  ra in  
s =  m elted  snow
r  -f- s =  m e lte d  snow  m ixed  w ith  ra in w ate r
со =  c o rrec ted  fo r th e  d a te  o f  collection
i =  increasin
d  =  d ecreas in  g
m ax  =  m ax im u m
m in  == m in im u m
c =  a p p ro x im a te ly  co n stan t
ce =  c e r ta in ly  p re sen t
p r =  p ro b a b ly  p re sen t
? =  n o t p u b lish ed , u n d e te rm in a b le  value of C  g iv en  in  cpm /m l o n ly  
X =  be tw een  11.01.1963 a n d  08.02.1963 only snow , fo r [24] 
о =  our in v es tig a tio n s
a =  a p p ro x im a te , neg lecting  sam p lin g  and c o n c e n tra tio n  losses, c a lc u la tin g  in a ro u g h  a p p ro x 
im a tio n  fo r th e  vo lu m e-d ep en d en ce  of ph o to p eak -effic ien cy , ta k in g  (95Zr -f- 95N b) w ith  th e  
efficiency of [27] a t  th e  d a te  o f  m easu rem en t (n o t co rrec ted  for d e ca y  !)
e =  o b ta in ed  fro m  eigh t p a irs  o f  d a ta  [24, 14], c o n v e rte d  w ith  th e  av erag e  value (90S r /137Cs) =
=  0,6
у  =  “ d ry ”  fa ll-o u t on p rec ip ita tio n -free  days
f  =  ca lcu la ted  fo r  our co n d itio n s b y  a m u ltip ly in g  fa c to r  of ~  (2 ,3) [26] from  th e  a p p ro x im a te  
to ta l  gam m a c o n ce n tra tio n  in  T ab le  1, d e te rm in ed  in  137C s-eq u iv a len t and  n o t co rre c te d  fo r 
7Be, n eg lecting  losses an d  w ith  a  rough  c o rrec tio n  fo r th e  vo lum e-d ep en d en ce  o f th e  137Cs 
to ta l-e ffic ien cy ; average  v a lu e  app licab le  to  all 26 sam ples. T he m u ltip ly in g  fa c to r  ^  (2 ,3) 
can  be ap p lied  u n d e r  th e  fo llow ing assum ptions [26]: a)  th e  fission  p ro d u c ts  in our sam p les are  
due  to th e  f iss io n  of 235U by  slow  n eu tro n s ; b)  th e  m easu rem en t w as m ad e  no t earlie r th a n  100 
days a fte r  th e  fission . W ith  a  k n o w n  fission p ro d u c t  m ix tu re  [26] a n d  w ith  an  u n k n o w n  geo
m etry  th e  m e a n  in te g ra l c o u n tin g  efficiency is 0,39 a n d  0,33 fo r 60 keY  a n d  140 keV th re sh o ld , 
re spec tive ly . F o r  80 keV an d  a n  unkn o w n  g e o m e try  of m easu rem en t ap p ro x im ate ly  0 ,38 can  
be tak en . T h e  a u th o rs  c a lcu la ted  fo r po in t-like  Cs-137, for 80 keV a n d  o th er, know n co n d itio n s  
o f m easu rem en t w ith  an  in te g ra l coun ting  effic ien cy  of

T he d ev ia tio n  is  in  percen tag e  o f  th e  value 0 ,38: — 18,4% , a p p ro p ria te  for e s tim a tio n , s till  
accep tab le .
n  =  e lem en t o f  n a tu ra l  orig in , a ffec tin g  th e  d e te rm in a tio n  of fiss io n  p ro d u c ts  
g =  see f, b u t  o n ly  for our sam p le , m arked : F-15. 
j =  for th e  sam p le s  m arked : F -5 , 6, 9, 21 and  26 
1 =  for th e  sa m p le  m arked : F -17
p =  for th e  sam p le s  m arked- F -4 , 10, 15, 16, 18, 24, 25 and 26 
>  =  g re a te r  th a n  
<  =  sm alle r th a n

rjf =  0,254 [im p u lse /137Cs d is in te g ra tio n ] =  0,31
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As show n in  F ig . 5 th e  energy  lin e a r ity  o f our a p p a ra tu s  is sa tisfied  
b e tw een  ~  140 a n d  1280 keV. Below  100 keV  lin e a r ity  is n o t  g u a ra n te e d  fo r  
our in s tru m e n t b y  th e  m a n u fa c tu re r  [52]. T h e  energy -dependence  of energy

b  b a s e  le v e l  d iv is io n
F ig . 5. E n erg y  lin e a rity  of our g am m a-sp ec tro m eter

F ig . 6. E n erg y -d ep en d en ce  of th e  energy  re so lu tio n  of our g am m a-sp ec tro m eter

reso lu tio n  is show n a p p ro x im a te ly  in  Fig. 6, w here  th e  e x tra p o la te d  s tra ig h t  
line o b ta in ed  fro m  o b se rv a tio n  — a p p a re n tly  ow ing to  eq u a liza tio n  errors — 
does n o t in te rse c t th e  o rd in a te  [54].

E n erg y  ca lib ra tio n  m easu rem en ts  w ere ca rried  ou t w ith  n o n -p o in tlik e  
sources (so lu tions). F o r p o in tlik e  137Cs in  th e  stepw ise m ode o f  opera tion  th e
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h a lf  v a lu e  w id th  is 76 keV  (in a u to m a tic  record ing  91 keV ), th e  re so lu tio n  is 
11,6% , a n d  th e  p h o to p e a k  efficiency ca lc u la ted  from  th e  area o f th e  p h o to 
p eak : P ß02 =  13,8% . T h e  l a t te r  value is in  good ag reem en t w ith  values o b ta in ed  
b y  o th e r a u th o rs : 14%  a n d  15%  [2, 53].

F ig .  7. G am m a spec tra  re co rd e d  b y  th e  s tepw ise  m eth o d , b y  sca le r, o f our Szeged sam ple . 
T h e  second sp e c tru m , in w h ich  th e  peak  a p p e a r in g  in  th e  v ic in ity  o f 660 keV refers to  the  
ex is tence  o f 137Cs, was reco rd ed  20 m on ths la te r . Sam ple  m ark : F -1 7 ; Site o f collection: Szeged; 

D a te  o f co llection : 07 .02 .1963; V olum e of m e lte d  snow p rio r  to  ev ap o ra tio n : 5000 m l

T ab le  1 as well as F igs. 7 and  8 show  th e  resu lts  o f  our stepw ise sp ec tra  
o b ta in ed  a t  tw o  su b se q u e n t tim e-in te rv a ls  for the  sam p les  F —17 a n d  F —26. 
A t th is  tim e  to o , o u ts ta n d in g  peaks a p p e a r  a t  140, 500 a n d  750 keV, e x c e p t for 
tw o sam ples o f th e  re m a in in g  tw e n ty  tw o  ( F —22: p e a k  appears on ly  a t  500 
keV ; F —23: th e  750 keV  p eak  is m issing ; b u t  w hen observed  a u to m a tic a lly ,
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soon a fte r  collection, i t  w as b a re ly  v is ib le ). F o r a t  le a s t one an d  a h a lf  y e a r  
a f te r  co llection  th e  140 keV  (144Ce) p e a k  can  still be fo u n d  in  th e  sp e c tra , th e  
500 keV p e a k  can scarce ly  be  o bserved  a n d  since th e  750 keV p e a k  a n d  its  
C om pton  co n tin u u m  h av e  a lread y  d ecay ed , th e  662 keV  peak  o f 137Cs also

F ig . 8 . G am m a spectra  reco rd ed  b y  th e  step w ise  m eth o d  of our B u d a p e s t sam ple . T h e  p e ak  
ap p ea rin g  in  th e  v ic in ity  of 660 keV  in  th e  sp e c tru m  reco rded  a p p ro x . 21 m o n th s la te r  re fe rs  
to  th e  p resence  of 13,Cs. Sam ple  m ark : F -26 ; S ite  o f collection: B u d a p e s t;  D a te  o f co llec tio n : 

17.02.1963; V o lum e of m elted  snow  p rio r to  e v ap o ra tio n : 5000 m l

ap p ears . T h e  areas of th e  sign ifican t p h o to p e a k s  h av e  been  d e te rm in ed  from  
lin ea r scale graphs b y  m ean s of th e  g ra p h ic a l co rrec tion  a lread y  m e n tio n e d  
[27]. T he ra tio s  of th e  a rea s  are  show n in  T ab le  1. A lth o u g h  w ith  a la rg e  e rro r 
( i  82, 68, 88, 23, 74, 4 6 % ) 137Cs h a s  been  d e tec ted  in  th e  sam ples m a rk e d  
F —5, F —6, F —9, F —17, F  — 21 and  F  — 26 one and  a h a lf  y e a r  a fte r  co llec tion , 
w ith  th e  g rea te s t p ro b a b ility  in  th e  F — 17 sam ple 23 %  s ta tis tic a l e rro r).
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F ro m  th e  re su ltin g  137Cs c o n cen tra tio n s , 90S r c o n c e n tra tio n  fo r th e  above six  
sam ples has a lso  b een  e s tim a te d  b y  m eans o f th e  conversion  fa c to r  m e n tio n e d  
in  rem ark  d )  to  T ab le  2 (see T a b le  2).

The 137Cs co n c e n tra tio n s  (see T able 2) h a v e  been  ca lc u la ted  on th e  basis  
o f  zero so lu tio n  h e ig h t co rrec tio n s an d  th e  -P6C2 =  13,8%  p h o to p e a k  efficiency. 
A s th e  v alue  o f  P 662 agrees w ith  th e  one in  [27] a n d  as in  [27] th e  750 keV p h o to 
p e a k  efficiency (for 95Zr +  95N b ) is P 750 =  1 2 % , based  on  th e  la t te r  we h a v e  
e s tim a ted  (95Z r -f- 95N b )-co n cen tra tio n  from  th e  750 keV p h o to p e a k  areas. T h is 
is  re la tiv e ly  s im p le , as a single gam m a p h o to n  o f  g iven energy  is e m itte d  in  th e  
d ecay  of each  o f  th e se  e lem en ts. As for 137Cs, ca lcu la tio n s h a v e  also been m ad e  
fo r  p o in t sou rce  g eo m etry  assu m in g  a 100%  re c o v e ry  of th e  e lem en t, a lth o u g h  
w e know  t h a t  th is  is n o t t ru e .  T able 2 show s th e  e s tim a te d  (95Z r -(- 95N b)- 
c o n c e n tra tio n , j u s t  as th e  137Cs c o n cen tra tio n , m ark ed  b y  th e  “ g rea te r th a n ”  
s ign  before th e  b ra c k e t.

A ccord ing  to  T able 2 o u r  a p p ro x im a te  v a lu e s  agree q u ite  well w ith  th o se  
o f  o th e r a u th o rs  (for to ta l b e ta  a c tiv ity )  or a re  o f  th e  sam e o rd e r of m ag n itu d e  
(ow ing to  loss o f  m a te ria l).

Owing to  th e  d ependence  of fa ll-o u t c o n c e n tra tio n  on la ti tu d e  a n d  
season  [24, 28, 29] an d  to  possib le  fra c tio n a tio n  [10, 19, 22] i t  is d iffic id t to  
assign  th e  fiss io n  p ro d u c t age o f  a p p ro x im a te ly  2 m on th s o b ta in e d  from  th e  
th re e  typ es o f  m easu rem en ts  (see T able 1) to  a n y  p a r tic u la r  n u c lea r explosion 
te s t ,  a lth o u g h  snow  n o rm ally  con ta in s y o u n g e r fission p ro d u c ts  th a n  does 
ra in  [36].

O ur p re lim in a ry  in v e s tig a tio n s  h av e  re v e a le d  th a t  th e  surface o f th is  
c o u n try  is also c o n ta m in a te d  b y  fission p ro d u c ts  in  snow  a n d  th a t  som e loca l 
anom alies o ccu r ( F —17 sam p le  collected  a t  Szeged, being  a p p ro x im a te ly  3- 
t im e s  h igher th a n  th e  average). Im p ro v e m e n ts  in  o u r tech n iq u es  are  in  p rogress.
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ИССЛЕДОВАНИЕ Г AMM А-АКТИВНОСТИ И ГАММА-СПЕКТРА 
СНЕЖНЫХ ОБРАЗЦОВ 

А. ТОТ, Т. ЖОЛДОШ, и А. УРБАН

Р е з ю м е

Исследуя суммарную гамма-активность и гамма-спектр 25 снежных образцов и 1 
образца дождевой воды, накопленных в периоде от 29 января по 22 февраля 1963 года на 
территории Венгрии (16°—22° меридианов и 46°—48° северной широты), выясняется, 
что а) эквивалентная суммарная гамма-активность Cs—137 составляет в среднем 
5,1 • 10“7 juc/ml; б) суммарная бета-концентрация, определенная на основе этого, равна 
^  1,2 -IO -6 д с /m l; с большой вероятностью встречаются элементы Се—141, Се— 144, 
Ru—103, Be—7, Cs—137, Zr—95 и Nb—95. Возраст продуктов распада составляет 50—80 
суток. Оценивается концентрация Cs—137 и (Zr— 95 +  Nb—95). Данные суммарной 
активности хорошо совпадают с результатами других исследователей, результаты селек
тивного определения вследствие потерь при взятии проб и обработке образцов по порядку 
величины согласуются с данными других работ. Образец, взятый в г. Сегед, отличается 
от других аномальной радиоактивностью, примерно в три раза большей.
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POTENTIAL FIELD AND FORCE CONSTANTS 
OF PHOSPHORUS AND ARSENIC TRICYANIDES

B y

G. N a g a r a j a n *

D E P A R T M E N T  O E C H E M IS T R Y , U N IV E R S IT Y  O F  M A R Y L A N D , C O L L E G E  P A R K , M A R Y L A N D ,
U . S. A.

(Presented b y  A . K ónya. — R eceived  8. YI. 1965)

An orthonorm alized set o f  sym m etry coordinates satisfy ing thetransform ationproperties  
has been constructed for a pyram idal X ( Y Z ) S m olecular m odel following th e  W i l s o n ’ s  group 
theoretical m ethod. The F  and G m atrices relating to th e  potential and k in etic  energies have  
been derived. The recent vibrational and structural data o f phosphorus and arsenic tricyanides 
h ave been applied and in each case nine valence force constants evaluated.

Introduction

T he in fra red  ab so p rtio n  sp ec tru m  of p h o sp h o ru s tr ic y a n id e  w as s tu d ied  
a n d  on ly  four b an d s  w ere observed  b y  Staats a n d  Morgan [1]. L a te r , Goubeau , 
H aeberle  an d  U lmer [2] stu d ied  th e  R am an  sp ec tru m  in solid  an d  so lu tion  
s ta te s  an d  th e  in fra red  ab so rp tio n  sp ec tru m  in  solid s ta te  a n d  assigned th e  
fu n d a m e n ta l frequencies on th e  basis  o f a p y ra m id a l co n fig u ra tio n . R ecen tly , 
Miller , F rankiss an d  Sala [3] s tu d ie d  th e  R a m a n  an d  in f ra re d  a b so rp tio n  
sp e c tra  of p h o sphorus an d  arsen ic  tr ic y a n id e s  in  b o th  so lu tio n  an d  solid 
s ta te s  an d  assigned th e  fu n d a m e n ta l frequencies on th e  basis o f a C3„ sy m m etry . 
X -ra y  d iffrac tion  s tud ies b y  E merson an d  B ritton  [4, 5] fa v o u r  a p y ram id a l 
co n fig u ra tio n  for these  tw o m olecules. I t  is a im ed  here to  e v a lu a te  th e  force 
c o n s ta n ts  of th ese  tw o  m olecules on th e  basis o f th e  W ilson’s g ro u p  th e o re tic a l 
m e th o d  [6] w ith  help  of th e  recen t v ib ra tio n a l a n d  s tru c tu ra l d a ta  [3 — 5].

Symmetry and selection rules

In  a m olecule of th e  X ( Y Z ) 3 ty p e  possessing th e  sy m m e try  p o in t g roup  
C3V, th e  X  a to m  lies on th e  sy m m etry  axis an d  th e  th ree  Y Z  g ro u p s lie in  th e  
p lan es passing th ro u g h  th e  sy m m e try  axis; e ach  p lane b isec tin g  th e  angle 
fo rm ed  b y  th e  o th e r  tw o  p lanes. T he eq u ilib riu m  config u ra tio n  a d o p ted  fo r 
th is  m olecule is given in  F igure  1. T he six covering  o p era tio n s of th e  p o in t 
g ro u p  C3„ p e rta in in g  to  th is  sy stem  h av e  b een  classified as follow s: — an

* Perm anent address: K alyanapuram , T hanjavur D istr ict, M adras S ta te , India.
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id e n ti ty  o p era tio n  E ,  ro ta tio n s  b y  2 тг/З a ro u n d  th e  sy m m etry  ax is  2C3 (г) 
a n d  reflec tio n s in  th e  th re e  p lanes w ith  re sp ec t to  th e  sy m m etry  ax is 3 crv. The 
ch a ra c te rs  a n d  o th e r  re le v a n t fea tu re s  [7] o f th e  p o in t g roup  C3„ p e r ta in in g  to  
th is  sy s tem  rev ea l t h a t  th e re  are  fifteen  v ib ra tio n a l degrees o f freedom  c o n s ti tu t
in g  o n ly  te n  fu n d a m e n ta l frequencies. T h ey  are  d is tr ib u te d  u n d er th e  v a rious 
irred u c ib le  re p re se n ta tio n s  as follow s: — 4A x A 2 5E ,  w here th e  v ib ra tio n s
o f A)  sy m m e try  species are  n o n d eg en era te  an d  sy m m etric  w ith  re sp e c t to  
C3(z), th e  v ib ra tio n  o f A 2 species is n o n d eg en era te  a n d  a sy m m etric  w ith  
re sp ec t to  C3(z) an d  th e  v ib ra tio n s  o f E  species a re  degenera te . D u rin g  the  
osc illa tions of A 7 species th e  m olecule rem ains alw ays a sym m etric  p y ram id ,

Fig.  1. Geom etric illustration  o f  the internal coordinates for a pyram idal Л'( Y / ) , t molecule. 
The sym bols denote the values a t the equilibrium  configuration

b u t  i t  does n o t d u rin g  th e  osc illa tions of E  species. T here  are  no  genuine 
v ib ra tio n s  o f A 2 species, b u t  th e  ro ta tio n  ab o u t th e  sy m m etry  ax is  h a s  th is  
ty p e . A sch em atic  re p re se n ta tio n  of th e  n o rm a l m odes o f oscillation  fo r  a m ole
cule o f th e  p re se n t in v e s tig a tio n  has a lre a d y  been  g iven  b y  F r i t z  a n d  M a n c h o t  

[8]. T h e  fu n d a m e n ta l frequencies г>15 v2, v3 an d  r 4 u n d e r  th e  sy m m e try  species 
A 1 a re  o f  to ta lly  sy m m etrica l Y — Z  s tre tc h in g , X — Y — Z  bend ing  a n d  X Y 3 
d e fo rm a tio n  v ib ra tio n s ; v5 u n d e r th e  A 2 species is o f  a n  asy m m etrica l X — Y  
— Z  b en d in g ; v6, v7, vs, v9 an d  r10 u n d e r  th e  E  species are  of a sy m m etrica l 
У — Z  s tre tc h in g , X — Y  s tre tc h in g , X — Y —Z b e n d in g , X — Y — Z  b e n d in g  and  
X Y 3 d e fo rm atio n  v ib ra tio n s . A ll th e  v ib ra tio n s  a re  ac tive  in  b o th  R a 
m an  a n d  in fra red  a b so rp tio n  sp ec tra  ex cep t th e  one u n d e r  th e  A 2 species 
w hich  is in ac tiv e  in  b o th . T he v ib ra tio n s  com ing u n d e r  th e  A x species are 
p o la rized  in  th e  R a m a n  sp ec tru m , w hereas tho se  com ing  u n d e r th e  species 
E  a re  depo larized  in  th e  R a m a n  sp e c tru m , an d  s im ila rly  th e  fo rm er a re  p a ra lle l 
a n d  th e  la t te r  p e rp e n d ic u la r  in  th e  in fra re d  a b so rp tio n  spectrum .
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Sym m etry coordinates

F ifteen  in te rn a l co o rd ina tes as th e  d ev ia tio n s  from  th e  eq u ilib riu m  
in te rb o n d  d istan ces  a n d  in te rb o n d  angles h av e  b een  selec ted  here  to  describe 
th e  fif te en  v ib ra tio n a l degrees o f freedom  an d  th e y  are  g iven as fo llow s: — 
A r15 Ar2 an d  Zlr3 a re  th e  X — Y  s tre tc h in g  co o rd in a tes ; Zld15 Ad2 an d  A d3 a re  th e  
У —Z  s tre tch in g  co o rd ina tes; A 0 X, A 0 2 a n d  A 0 3 are th e  Y —X — У b en d in g  
co o rd in a tes; an d  ЛФ4, АФ2, АФ3, АФ4, АФЪ an d  АФв are  th e  X — У—Z  bend in g  
coo rd in a tes . On th e  basis of th e  p rinc ip le  p o s tu la te d  b y  W il s o n  [6 ] , a se t of 
sy m m e rty  co o rd in a tes  (linear co m b in a tio n  of in te rn a l coo rd in a tes) sa tisfy ing  
th e  cond itions o f n o rm aliza tio n , o rth o g o n a lity  a n d  tra n s fo rm a tio n s  of th e  
concerned  v ib ra tio n  species has b een  well c o n s tru c te d  w ith  help  of th e  in te rn a l 
co o rd in a tes  described  above a n d  given in  th e  fo llow ing: F o r th e  A 1 ty p e  v ib ra 
tio n s :

51 =  (Arx +  A r2 -f- A rs)iy3 ,

5 2 =  ( i d , -f- A d2 -f- Ad2)lJ/з )

5 3 =  { A 0 , +  A 0 2 +  A 0 2)l]/3,

5 4 =  (АФ, +  АФ, +  АФ3 +  АФ4 +  АФЪ +  АФ,)1Уб.

F o r th e  A 2 ty p e  v ib ra tio n :

S 5 =  (АФ1 -  АФ2 +  АФ, -  А Ф ,  +  ЛФЬ -  Д Ф ,)Щ .

F o r th e  Е  ty p e  v ib ra tio n s :

Sea =  (2 /lrj — Ar2 — A r3)IY6, 
S 6b =  ( A t 2  —  Ar  3)/J/2)
S 7a =  (2Ady— Ad2 -  A d3)l]f6, 
S 7b =  (Ad2 -  A d3)lY2,
S 8a =  ( 2 A 0 2 -  A 0 X -  A 0 3) iy 6, 

Ss t  =  (A 0 i -  A 0 3)IY2,
S 9a =  (2 \Фу -  АФ3 -  ЛФ-,)1\Г6, 
S 9b =  (АФ3 -  АФй) /у 2,

Sion =  (2АФ2 -  АФ,  -  АФ6) /у в ,  
S ш  =  (АФ, -  АФв)1У2.
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P o ten tia l energy m atrices

In  th e  m o st general h a rm o n ic  p o te n tia l energy  expression  fo r a m olecule 
o f  th e  p re se n t s tu d y , th e  n u m b e r  o f force c o n s ta n ts  is tw e n ty  fo u r, b u t  th e  
a v a ilab le  n u m b e r o f  observed  fu n d a m e n ta l frequenc ies is on ly  n ine. E v e n  if  th e  
fu n d a m e n ta l frequenc ies of iso to p ic  species a re  av a ilab le , i t  is n o t  possib le  to  
e v a lu a te  u n iq u e ly  a ll th e  tw e n ty  fo u r valence force c o n s ta n ts . H ence  m ost of 
th e  in te ra c tio n  c o n s ta n ts  of h ig h e r o rd er w ere n eg lec ted  in  th is  case b y  re ta in in g  
o n ly  e ig h t p ro m in e n t valence force co n stan ts . T he a d o p te d  p o te n tia l  energy  
ex p ressio n  is g iven  as follows:

2  v  =  f r 2  W  +  f ä 2  ( M ) 2 № , ) *  +  f o r d  2  (ЛФ,)2 +
1=1 1=1 1=1 1=1

+  2 frr 2  {Ar[) { ^ ri+ i ) +  2 f dd2  (Adi) (A d j+1) - f
i = i  i = i

+  2  f e e  t 2  ^  ( А Ф ( + 1 ) +
i = i  i = i

+  2 / фф' rd 2  (А Ф ,) (А Ф ,+2) ,
i = 1

w h e r e / r is th e  X — Y  s tre tc h in g  force c o n s ta n t, f d th e  У —Z  s tre tc h in g  force 
c o n s ta n t, / 0 th e  Y — X —Y  b en d in g  c o n s ta n t , / ф th e  X —У —Z  b en d in g  c o n s ta n t 
a n d  f rr, f dd, f e@, / фф, an d  f фф' a re  th e  re sp ec tiv e  in te ra c tio n  c o n s ta n ts . In  th e  
ab o v e  p o te n tia l  en e rg y  expression  th e  angle d isp lacem en ts  are  m u ltip lied  b y  th e  
eq u ilib riu m  in te rb o n d  d istan ces  r a n d  d in  o rd e r to  keep  th e  d im ensions o f th e  
fo rce  c o n s ta n ts  re fe rrin g  to  th e  ang le  b en d in g  th e  sam e as tho se  o f th e  force 
c o n s ta n ts  due to  th e  in te rb o n d  d istances.

T he F  m a tr ix  e lem ents fo r th e  v a rious irred u c ib le  re p re se n ta tio n s  were 
o b ta in e d  b y  m eans o f p ro p er m a tr ix  m u ltip lica tio n s  accord ing  to  W il s o n  [6 ]  
a n d  th e y  are  g iven  as follow s: — F n  =  f r +  2f rr, F 22 =  f d +  2f dd, F 33 =
=  r2(/© 2f @ & ) ,  F u  =  r d ( j 0 '■ [ фф -)- / фф ), F 66 =  f r  f r r i  F „  =  f d  fd c h

F 88 =  r2(f© -  fe e ) ,  F 99 =  rd{f0 — /фф') an d  F 1010 =  rd f ф. Since th e  v ib ra tio n  
co rresp o n d in g  to  th e  freq u en cy  v5 is fo rb id d en  in  b o th  R am an  a n d  in fra red  
a b so rp tio n  sp e c tra , th e  expression  fo r th e  sy m m etrized  force c o n s ta n t F 55 in 
te rm s  o f th e  v a len ce  force c o n s ta n ts  ( /)  has n o t  been  g iven  here . A ll th e  off- 
d iag o n a l e lem en ts invo lv in g  th e  in te ra c tio n  force c o n s ta n ts  have  been  neg lec ted  
fo r  th e  sake o f conven ience  in  so lv ing  th e  secu la r eq u a tio n s .

K in e tic  energy m atrices

A s s u m i n g  u n i t  v e c t o r s  a l o n g  t h e  c h e m i c a l  b o n d s  o f  t h e  m o l e c u l a r  s y s t e m ,  

t h e  i n v e r s e  k i n e t i c  e n e r g y  m a t r i c e s  w e r e  o b t a i n e d  a c c o r d i n g  t o  W i l s o n  [ 6 ]
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a n d  th e y  are  given as follows u n d e r  th e  v a rio u s irreducib le  re p re se n ta tio n s : 
F o r  th e  А г ty p e  v ib ra tio n s :

1̂1 =  Их ~t~ Иу> G22 — “b Hzi C33 =  (2 /r-) (2 fix -f- /ty),

G44 =  2 [(l/d2)/tz +  {(1/r) +  (l/d)}Vy], G12 =  -  f iy ,

G13 =  (2 /r) /tx, G14 =  G23 =  G24 =  G34 =  0 .

F o r th e  E  ty p e  v ib ra tio n s :

G 66 =  И х  +  / V  G 77 =  +  Hzi G 88 =  (  l / r 2 )  ( /“ x +  2  / I y )  ,

C99 =  {(I/O  +  ( l /d ) } V y+  (1 /d 2) ^ ,  G1010 =  {(1/r) +  ( l /d ) } V y+ ( l / d 2) / tz,

G 67 =  -  /*},’ G 68 =  ( 1 / 0  Их-> G 910 =  { ( V O  +  ( V d ) } V y  +  ( 1  / d 2) / G ,

G 69 =  G 610 =  G 78 =  1^79 =  /^ 8 9  =  G 810 =  ® ’

w here  /tx, /iy and  /nz a re  th e  rec ip ro ca l m asses o f th e  a to m s X ,  Y  a n d  Z , 
re sp ec tiv e ly . H ere th e  m atrices a re  sy m m etrica l ones. As in th e  cases of valence 
force co n stan ts  n o t g iven  in  th e  exp ression  for th e  sy m m etrized  force c o n s ta n t 
u n d e r  th e  A 2 species, th e  exp ression  fo r th e  inverse  k in e tic  energy  m a tr ix  
e lem en t G55 has n o t been  derived  he re . T he off-d iagonal e lem ents o f th e  k in e tic  
en erg y  m atrices are  to  be inc luded  in  co n stru c tin g  th e  secular e q u a tio n s  as th e y  
are  n o t cancelled in  th e  p ro d u c t e q u a tio n s  th o u g h  th e  off-d iagonal e lem ents o f  
th e  p o te n tia l energy  m atrices  a re  neg lected .

R esults

T he observed  fu n d am en ta l frequencies o f p h o sphorus a n d  a rsen ic  
tr ic y a n id e s  [3] in  c m -1  are g iven  in  T able 1. T h e  X -ray  d iffra c tio n  s tu d ies  
[4, 5] y ie ld  th e  fo llow ing values o f  m olecu lar p a ram e te rs : P — C =  1,78 Á , 
C = N  =  1,15 Á a n d  C —P — C =  93° fo r p h o sp h o ru s tr ic y a n id e  an d  A s — 
— C =  1,88 Á, C = N  =  1,15 Â  a n d  C —Â s — C =  92° for a rsen ic  tr ic y a n id e . 
T he e q u a tio n  |F G —EX\ =  0 p o s tu la te d  b y  W il s o n  [6] has b een  a d o p te d  in  th e  
p re se n t s tu d y , w here  E  is th e  u n i ta ry  m a tr ix  a n d  X =  4 ji2c2v2. H ere  c is th e  
v e lo c ity  o f lig h t in  v a cu u m  an d  v th e  observed  fu n d a m e n ta l f req u en cy  in  w ave 
n u m b e r. On th e  basis  of th e  ab o v e  eq u a tio n  th e  secu lar e q u a tio n s  g iv ing  th e  
n o rm a l frequencies in  te rm s o f th e  valence fo rce  co n stan ts  w ere co n s tru c te d  
w ith  help  of th e  F  a n d  G m a trice s , fu n d a m e n ta l frequencies in  c m -1  g iven  in  
T ab le  1 an d  th e  m o lecu la r p a ra m e te rs  given ab o v e . All th e  o ff-d iagonal e lem ents 
w ere fo r th e  sake o f convenience a n d  b re v ity  neg lec ted  an d  o n ly  th e  d iagonal 
e lem en ts ev a lu a ted  b y  keeping  o n ly  n ine valence  force c o n s ta n ts . T he o b ta in e d
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Table 1
Fundam ental frequencies o f phosphorus and arsenic tricyanides in c m ' 1

Species F re q u en c y S ch e m a tic  d escrip tio n P(CJV), As(CN)t

vi Y —Z  symmetrical stretching 2206 2199

V2 X —Y  symmetrical stretching 620 415
A »h X — Y —Z  symmetrical bending 468 140

”4 X Y 3 symmetrical deformation 145 106

a 2 vs X —Y —Z  asymmetrical bending — -

v 6 X —Z  asymmetrical stretching 2202 2210

v7 X  — Y asymmetrical stretching 581 451
E »’s X — Y —Z  asymmetrical bending 452 280

»'s X — Y —Z asymmetrical bending 314 122

»ho X Y 3 asymmetrical deformation 159 80

Table 2

Valence force constants o f phosphorus and arsenic tricyanides in 10s dynes/cm

Constant Phosphorous
tricyanide

Arsenic
tricyanide

fr 4,638 3,924

fd 17,853 17,514

f e 1,446 1,243

/ф 1,105 0,896

frr 1,214 1,085

fdd 2,846 2,168

f e e 0,779 0,547

f ФФ 0,532 0,495

/фф 0,245 0,179

v a lu es  o f th e  valence  force c o n s ta n ts  in  105 dynes/cm  a re  given in  T ab le  2 fo r 
p h o sp h o ru s an d  a rsen ic  tricy an id es .

T he force c o n s ta n ts  in  g enera l a re  slig h tly  in  th e  decreasing o rd e r from  
ph o sp h o ru s tr ic y a n id e  to  arsen ic  tr ic y a n id e . This in d ica te s  th a t  th e  rep lace
m e n t o f th e  ap ex  a to m  b y  an  a to m  o f h ig h er a to m ic  w e ig h t causes low er fu n d a 
m e n ta l frequencies (see T ab le  1) a n d  co rrespond ing ly  low er force co n stan ts . 
T he S i —C stre tc h in g  force c o n s ta n t in  silyl ace ty len e  [9] is 3,3 X 105 dynes/cm  
a n d  S —C stre tc h in g  force c o n s ta n t in  th io c y a n a te  ion  [10] is 5,3 X Ю5 dynes/cm . 
T h e  increase  in  th e  S i  — C, P —C a n d  S — C s tre tc h in g  fo rce  co n stan ts  is n o t a li

Acta Physica Academiae Scientiarum Hungaricae 20, 1966



POTENTIAL FIELD AND FORCE CONSTANTS OF PHOSPHORUS 329

n e a r one b u t  th e  increase from  S i —C to  P —Cis m uch g re a te r  th a n  i t  is from  P — C 
to  S — C b o n d . The v a lu es  o f th e  C==N s tre tc h in g  force c o n s ta n ts  o b ta in e d  in  th e  
p re sen t s tu d y  are well com parab le  w ith  th o se  o b ta in ed  in  o th e r  re la te d  system s 
hav in g  s im ila r chem ical bon d s such as hyd rogen  cy an id e  [11], halogen  cyan ides 
[7, 10, 12 — 13], h a lo g en a ted  m eth y l cyan ides [14, 15], cyanogen  [7] e tc . T he 
force c o n s ta n t due to  Y —X — У  b e n d in g  is s lig h tly  g re a te r  th a n  t h a t  o f th e  
X — Y — Z  bend ing . T h e  fo rce  c o n s ta n ts  due to  the  in te ra c tio n  of s tre tc h in g s  are  
sim ilarly  s lig h tly  g re a te r  th a n  those  o f  th e  bendings. T h e  reliab le  d a ta  are  n o t 
ava ilab le  to  com pare th e  o th e r  c o n s ta n ts  o f th e  p resen t s tu d y .T h e  d a ta  o b ta in e d  
here w ould  be  very  h e lp fu l to  e v a lu a te  th e  v ib ra tio n a l frequencies in  o th e r  
re la te d  system s h av in g  sim ilar ch em ica l bonds w ith  n e a rly  id e n tic a l in te r-  
n u c lea r d istances.
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ПОТЕНЦИАЛЬНОЕ ПОЛЕ И СИЛОВЫЕ КОНСТАНТЫ ФОСФОРНОГО 
И АРЗЕННОГО ТРИЦИАНИДОВ

Г. НАГАРАЯН

Р е з ю м е

Применением группово-теоретического метода Вильсона для X(YZ).t молекулярнох 
модели пирамидальной формы сконструируется ортонормальная сеть симметричны- 
координат, удовлетворяющих свойствам преобразования. Выводятся матрицы F  и G, от 
носящиеся к потенциальной и кинетической энергиям. Новейшие вибрационные и струк 
турные данные фосфорного и арзенного трицианидов используются и в каждом случае 
определяется девять валентных сильных констант.
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ELECTRONIC CONFIGURATION, MOLECULAR 
POLARIZABILITY, MEAN AMPLITUDES OF VIBRATION 
AND THERMODYNAMIC FUNCTIONS OF DISULPHUR

MONOXIDE

B y

G. N a g a r a j a n *
D EPARTM ENT OP CH EM ISTRY, U NIV ERSITY  O F MARYLAND, CO LLEGE PA R K , MARYLAND

U. S. A.

(P resented by A . K ónya. — Received 1. V II. 1965)

An electronic configuration for the ground state of disulphur m onoxide possessing  
an asym m etrical structure w ith  the sym m etry poin t group Cs is g iven . Molecular polarizability  
is calculated b y  the L ip p in c o t t —Stutm an  m ethod em ploying the delta-function m odel of 
chem ical binding. Mean am plitudes of v ibration  at the room tem perature are com puted by  
the Cy v in  m ethod utilizing th e  sym m etry coordinates. The m olar therm odynam ic functions 
for the tem perature range 100— 6000°K  are calculated  on the basis o f a rigid rotator, harm onic 
oscillator m odel. The results are briefly discussed.

In tro d u c tio n

T he in fra red  a b so rp tio n  sp ec tru m  o f su lp h u r m o n o x id e  was s tu d ie d  and  
th e  b an d s  w ere o bserved  a t  679 c m -1  a n d  1165 c m -1  b y  J ones [1]. T h e  u l t r a 
v io le t sp ec tru m  was also  s tu d ie d  an d  a g ro u n d  s ta te  v ib ra tio n  freq u en cy  o f 679 
c m -1 w as deduced  fro m  a p a r tia l  an a ly s is  of th e  e lec tro n ic  a b so rp tio n  b a n d  
system . I t  w as concluded  th a t  th e  m olecule  can n o t be  d ia tom ic  SO b u t  th e  
fo rm ula  S20.2 as suggested  b y  K ondrat’eva  and  K o ndrat’ev  [2]. T h e  m icro- 
w ave sp e c tru m  of th e  p ro d u c t re su ltin g  from  th e  passag e  of an  e lec trica l 
d ischarge th ro u g h  a m ix tu re  of su lp h u r a n d  su lphur d io x id e  was ex am in ed  by  
Meschi a n d  Myers [3] a n d  th e  p ro d u c t, u sually  ca lled , “ su lp h u r m o n o x id e” 
w as found  to  have  a m icrow ave sp e c tru m  w hich w as assigned  to  d isu lp h u r 
m onoxide w ith  a b e n t a sy m m etrica l s tru c tu re ; an d  on  th e  basis of w hich  th e  
fu n d a m e n ta l frequencies w ere assigned  from  th e  e x is tin g  in fra red  a b so rp tio n  
d a ta . I t  is th e  aim  of th e  p re se n t in v e s tig a tio n  to  p re se n t a m ost s ta b le  e lec tro 
n ic  con fig u ra tio n  in  th e  g ro u n d  s ta te , e v a lu a te  th e  m o lecu la r p o la riz a b ility  b y  
th e  Lippinco tt—Stutm an  m eth o d  [4] em ploying  th e  d e lta -fu n c tio n  m odel of 
chem ical b in d in g , c a lc u la te  th e  m ean  am p litu d es o f v ib ra tio n  b y  th e  Cy v in  
m e th o d  [5] u tiliz ing  th e  sy m m etry  co o rd in a tes  and  c o m p u te  th e  m o la r th e rm o 
dynam ic  fu n c tio n s on th e  basis of a rig id  ro ta to r , h a rm o n ic  osc illa to r m odel.

* Perm anent address: K alyanapuram , Thanjavur D istr ict, Madras State , India.
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E lec tro n ic  co n fig u ra tio n

Lew is [6] w as th e  f ir s t  to  propose a ll th e  e lectron ic  fo rm ulae  on th e  
“ g roup  o f e ig h t”  w hich  w as la te r  described  b y  Langmuir [7] as th e  “ o c te t” . 
T h e  v e ry  im p o rta n c e  of th e  “ p a ir in g  of e le c tro n s”  in  th e  “ g ro u p  of tw o ”  w as 
also  stressed  b y  Le w is; som etim es shared , som etim es u n sh a red  (lone). H ow ever, 
th e  s ta b ili ty  o f  th e  m olecules (o r rad icals) w as n o t  fu lly  ex p la in ed  by  Le w is , 
[8] b u t  P auling  [9] b y  in tro d u c in g  th e  co n cep t o f reso n an ce  and  also th e  
ex istence  o f  th e  one an d  th re e -e lec tro n  bonds. W h en  th e  re so n an ce  was a c c e p t
ed , th e  co n cep t o f th e  e lec tro n  p a ir  was re ta in e d ; acco rd ing ly , b e tte r  d escrip 
tio n s  of th e  e lec tro n ic  co n fig u ra tio n s  of c e r ta in  m olecules co u ld  be given b y  
a co m b in a tio n  o f  canon ical s tru c tu re s  of th e  ty p e  proposed  b y  Lew is [6, 8]. O n 
th e  basis o f th e  Le w is-Langm uir  o c te t ru le  [6, 7] an d  th e  co n cep t of resonance 
p ro p o sed  b y  P auling  [9], d isu lp h u r  m onoxide could  be rep re se n te d  as a re so 
n a n ce  h y b rid  o f th e  p a ir  o f s tru c tu re  I  an d  I I  g iven  in  F igure  1. H ow ever, b o th  
o f  th ese  s tru c tu re s  do n o t a c tu a lly  rep re sen t th e  stab le  co n figu ra tion  o f  
d isu lp h u r m o n o x id e  in  th e  g ro u n d  s ta te . Meschi an d  Myers [3] proposed th e  
s tru c tu re s  I I I  a n d  IV  given in  F ig u re  1 from  th e  u su a l re so n an ce  p ic tu re  fo r 
d isu lp h u r m o n o x id e . B o th  o f th e se  s tru c tu re s  m ak e  th e  en d  a to m s n eg a tiv e  
w ith  re sp ec t to  th e  ap ex  su lp h u r  a to m . B ecause  o f th e  d iffe rence  in  e lec tro 
n e g a tiv itie s  a n d  on th e  basis o f  th e  ca lcu la ted  b o n d  m om en ts, th e  s tru c tu re  I I I  
is m ore fa v o u re d  over IV . T hese tw o  also do n o t  rep re sen t th e  s ta b le  con figu ra
tio n  c f  th e  m olecu le  in  th e  g ro u n d  s ta te .

R e c e n tly , Linnett  [10] m o d ified  th e  Le w is-Langmuir o c te t rule [6, 7] 
as a d o u b le -q u a r te t  o f e lec tro n s r a th e r  th a n  as fou r p a irs ; accord ing ly  each  
g ro u p  o f fo u r e lec tro n s will te n d  to  have  a d isp o sitio n  ro u n d  th e  nucleus w hich  
is a p p ro x im a te ly  t h a t  of th e  co rn e rs  of a re g u la r  te tra h e d ro n  [11 — 14]. On th e  
basis  o f th e  o c te t  as tw o g roups o f fou r e lec trons (the  q u a r te ts  being  s tro n g ly  
c o rre la ted  w ith in  th e  group b u t  th e  tw o g ro u p s being  loosely  co rre la ted  th e  
one w ith  th e  o th e r) , i t  is p ro p o sed  here  th e  s tru c tu re  V  g iven in  F igu re  1 as th e  
m o st s tab le  c o n fig u ra tio n  fo r d isu lp h u r m o n o x id e  in  th e  g ro u n d  s ta te , w here 
th e  “ d o ts”  re p re se n t th e  e lec tro n s w ith  sp in  q u a n tu m  n u m b e r o f  — 1/2 an d  th e  
“ crosses”  th e  e lec tro n s w ith  sp in  q u a n tu m  n u m b e r  of —1/2 o r  v ice  versa . T h e  
e lec trons a re  m ore  w idely  s e p a ra te d  in  F  th a n  th e y  are  in  o th e r  s tru c tu re s . M ore
o v er, b o th  sp in  se ts  o f n ine e lec tro n s  w ould fa v o u r  a b e n t co n fig u ra tio n  for th is  
m olecule in  acco rd an ce  w ith  th e  re su lts  o f m icrow ave stu d ies . T h e  tw o sets o f 
fo u r  ro u n d  each  nucleus can be  tr e a te d  u n c o rre la ted  sp a tia lly  re la tiv e  to  one 
a n o th e r . As fa r  as th e  sp a tia l co rre la tio n  o f  th e  tw o sets is concerned , th e  
e le c tro s ta tic  rep u ls io n  an d  th e  P a u li  P rinc ip le  effect cancel o n e  ano ther.

T he s tru c tu re s  from  I  to  IV  give a h igh  p ro b a b ility  to  co n fig u ra tio n s in  
w h ich  tw o e lec tro n s are  in  one b o n d  an d  fo u r in  th e  o th e r or v ice  v e rsa , w hereas 
th e  s tru c tu re  V  gives a h igh  p ro b a b ility  to  co n fig u ra tio n s in  w h ich  th e re  are
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th re e  elec trons sim u ltan eo u sly  in  b o th  b o n d  regions. R eso n an ce  betw een  I  a n d  
I I  or I I I  an d  IY  can  re su lt in  th e  m ean  e lec tro n  d en sity  in  each  bond  reg io n  
being  th re e , b u t  i t  gives a com plete ly  d iffe re n t m easure o f  th e  in s ta n ta n e o u s  
con fig u ra tio n s from  th a t  d e n o ted  b y  th e  s tru c tu re  V ; hen ce  th e  in te r-e le c tro n

I
n

• X
s

A •

* • s
О  + .

•V.

Fig. 1. E lectronic configurations of disulphur m onoxide

effects for th e  co n v en tio n a l resonance h y b r id  (I and  I I  o r I I I  and  IV) w ill be 
d ifferen t from  w h a t th e y  w o u ld  be fo r th e  s tru c tu re  V. S ince th e  s tru c tu re  V  
w ould  a p p e a r  to  reduce in te r-e lec tro n  rep u ls io n  in co m p ariso n  w ith  th e  o th e r  
s tru c tu re s , i t  will p rov ide a m ore sa tis fa c to ry  descrip tion  o f th e  g ro u n d  s ta te  
of d isu lp h u r m onoxide th a n  w ill a re so n an ce  h y b rid  of th e  s tru c tu re s  I  a n d  I I  
or I I I  a n d  IV .
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M olecular po larizab ility

S evera l in v e s tig a tio n s  h a v e  been m ad e  in  recen t y ea rs  a n d  developed  in  
m a n y  w ays to  co m p u te  th e  a to m ic  an d  m o lecu la r p o la riz a b ility  values on th e  
basis  o f q u a n tu m  m ech an ica l m odels for m a n y  m olecules a n d  ions in o rd e r to  
t e s t  how  fa r  th e  p o la riz a b ility  cou ld  be a u sefu l crite rio n  fo r te s t in g  th e  a c c u ra cy  
o f  w ave fu n c tio n s  ad o p ted . O f th e  various p o te n tia l  m odels developed , th e  m o s t 
re c e n t one is th e  d e lta -fu n c tio n  p o te n tia l in i t ia te d  by F rost [15] an d  d e v e 
lo p ed  b y  L ippinco tt  [16]. L ippincott a n d  Stutman [4] ap p lied  th is  sem i- 
em pirica l m odel to  develop a m e th o d  of g e n e ra tin g  c o m p o n en t po larizab ilities  
in  o rd er to  co m p u te  th e  m o lecu la r or av e rag e  po la rizab ilitie s . T h is m odel g ives 
ex p lic it exp ressio n s fo r th e  p a ra lle l an d  p e rp en d icu la r  co m p o n en ts  an d  m ean  
p o la rizab ilitie s  fo r  d ia to m ic  as well as p o ly a to m ic  m olecules. The m o lecu la r 
p o la riz a b ility  is com posed  m a in ly  of bo n d  p a ra lle l com ponen ts o b ta in ab le  fro m  
m o lecu la r d e lta -fu n c tio n  m odel a n d  bond  p e rp en d icu la r  co m p o n en ts  o b ta in a b le  
fro m  th e  a to m ic  d e lta -fu n c tio n  p o la rizab ilitie s . T he p o la riz a b ility  co n tr ib u tio n s  
fro m  th e  b o n d  reg ion  e lec tro n s an d  those  fro m  th e  n o n b o n d  region e lec tro n s 
a re  c learly  d is tin g u ish ed . In  ad d itio n , co rrec tio n s  to  th e  p a ra lle l an d  p e rp e n 
d icu la r  co m p o n en ts  are  m ad e  to  co m p en sa te  fo r p o la r ity  effects. The sam e 
m e th o d  has b een  a d o p ted  a n d  hence  one m a y  re fe r  to  Lippinco tt  an d  Stutm an  
[4] fo r th e  d e ta ile d  th e o re tic a l co n sid era tio n s an d  ca lcu la tio n s.

T he d e lta -fu n c tio n  s tre n g th s  A 's  in  a to m ic  un its , a to m ic  p o la rizab ilities  
a 's  in  1 0 ~25 cm 3 an d  c 's  in  a to m ic  u n its  a d o p te d  from  ea rlie r  w ork [4] fo r  
d isu lp h u r m o n o x id e  are as follow s: A s  =  0 ,688, A 0 =  1,00, =  18,20,
a 0 =  5,92, cs  =  4,128 an d  e0 =  4,899. T he c v a lu e  for th e  a p e x  su lp h u r a to m  
w as o b ta in ed  in  th e  m an n e r described  b y  L i p p i n c o t t  a n d  D a y h o f f  [17] fo r  
a b o n d  o f p o ly a to m ic  sy s tem  a n d  used in  th e  ca lcu la tion . T h e  in te rn u c le a r  
d is tan ces  S — S =  1,884 Á  a n d  S — S =f 1,465 Á an d  th e  in te rb o n d  ang le  
S  — S ~ О =  118° from  m icrow ave stud ies b y  M e s c h i  an d  M y e r s  [3] w ere u sed  
fo r  such  c a lcu la tio n s . T he assu m ed  b o n d  o rd e r  3/2 is s lig h tly  low er fo r th e  
su lp h u r-su lp h u r  b o n d  w hereas i t  is fu lly  sa tis f ie d  for th e  su lp h u r-o x y g en  b o n d  
in  acco rdance  w ith  th e  re su lts  in  o th e r s im ila r  system s [18].

T he c o n tr ib u tio n  to  th e  p a ra lle l c o m p o n en t by  th e  b o n d  region e lec trons 
is ca lcu la ted  u s in g  a lin ea r co m b in a tio n  of a to m ic  d e lta -fu n c tio n s  rep re sen tin g  
th e  tw o  n ucle i in  th e  bo n d  a n d  a n a ly tic a lly  expressed  as гх.\\ь =  4 n A n  ( l / a 0) 
(<7c2> ) 2 w here  A 12 is th e  ro o t m ean -sq u are  d e lta -fu n c tio n  s tre n g th  of th e  tw o  
nu c le i, n  th e  b o n d  o rder, a 0 th e  rad iu s  of th e  f i r s t  B ohr o rb it o f  a tom ic  h y d ro g en  
a n d  <7#2>  th e  m ean -sq u are  position  of a b o n d in g  e lec tro n  w hich m ay  be  
expressed  as <7яг2>  =  (Д2/4) +  (1/2 cRl22), w h e re  В  is th e  in te rn u c le a r  d is ta n c e  
a t  th e  e q u lib riu m  co n fig u ra tio n . The c a lc u la ted  values o f th e  po larizab ilities  
in  1 0 -25 cm 3 fo r th e  S — S a n d  S —0  bonds a re  59,403 an d  27,073 , re spec tive ly . 
T h e  to ta l  v a lu e  o f  th e  p o la riz a b ility  c o n tr ib u tio n  to  th e  p a ra lle l co m p o n en t 
from  th e  b o n d  reg io n  e lec trons is o b ta in ed  as 27зс||;, =  86,476 X 10~25 cm 3.
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The n o n b o n d  region e lec tro n  c o n tr ib u tio n  to  th e  p a ra lle l b o n d  co m p o n en t 
x\\n is c a lcu la ted  from  th e  fra c tio n  of th e  e lec trons in  th e  v a len ce  shell o f  each  
a to m  n o t in v o lv ed  in  b o n d in g  an d  its  re sp e c tiv e  a tom ic p o la r iz a b ility ; a n d  th e  
basis  for sucli ca lcu la tio n  is th e  Lew is-L angm uir  o cte t ru le  [6, 7] m odified  b y  
Linnett  [10] as a d o u b le -q u a rte t o f e lec tro n s . D isu lphur m o n o x id e  has an  even  
n u m b e r of e lec trons in  th e  v a lence  shell. S ince five  of six e lec tro n s in  th e  v a len ce  
shell o f th e  en d  su lp h u r as w ell as oxygen  a to m s and  tw o o f  six  e lectrons in  th e  
valence shell o f  th e  apex  su lp h u r  a to m  a re  n o t  involved in  b o n d in g  (s tru c tu re  
V  in  Fig. 1), th e  p o la rizab ility  c o n tr ib u tio n  to  th e  p a ra lle l co m ponen t fro m  
th e  n o n bond  reg io n  e lec trons is o b ta in ed  as Г а ||„  =  XfjXj —  (7 /6 )x s  -f- (5/6)oc0 =  
=  26,167 X  1 0 -25 cm 3. H ereby  is th e  fra c tio n  of e lectrons in  th e  valence  shell 
o f  t h e j t h  a to m  n o t in v o lv ed  in  bond ing  a n d  Xj th e  a tom ic  p o la riz a b ility  o f th e  
j t h  a to m  o b ta in ab le  from  th e  d e lta -fu n c tio n  s tren g th  A.-.

The p e rp en d icu la r co m p o n en t o f a  d ia to m ic  m olecule w as assum ed  to  be 
th e  sum  of th e  tw o  atom ic  p o la rizab ilitie s , i. e. x±_ =  2xA fo r a n o n -p o la r d ia to m ic  
A 2 m olecule =  2 ( X A2x A -f- X b2x b ) I (X a 2 -f- X B2) for an  A  — В  m olecule, w h ere  
X  refers to  th e  e le c tro n e g a tiv ity  of th e  a to m  on  th e  P au lin g  scale . This p rin c ip le  
w as ex ten d ed  to  po ly a to m ics  an d  th e  d e r iv e d  equa tion  fo r  th e  sum  o f th e  p e r 
pen d icu la r com ponen ts o f  a ll th e  bonds in  th e  m olecule is g iven  as Z 2 x ±  =  n-df 
(UXj2Xj)l(XXj2), w here ndf  is th e  n u m b er o f  re s id u a l a to m ic  degrees of freed o m , 
X j  th e  e lec tro n eg a tiv ity  o f th e  j'th  a to m  a n d  xj  th e  a tom ic  p o la riz a b ility  o f th e  
j 'th  a tom . ndf  is o b ta in ed  d ire c tly  from  a  co nsidera tion  o f  th e  s tru c tu re  o f  th e  
m olecule an d  th e  assu m p tio n  th a t  each  a to m , if  it  w ere n o t  bonded , w ou ld  
possess th ree  degrees of a to m ic  p o la riz a b ility  freedom . I f  an  a to m  form s one 
b o n d , one degree of freedom  is lost. i. e ., a  d ia tom ic  m olecule has four re s id u a l 
a to m ic  degrees o f freedom . I f  an  a to m  fo rm s tw o  bonds w h ich  are  lin ea r, o n ly  
one degree o f freedom  is lo s t. i. e., ca rb o n  d ioxide has o n ly  six  residual a to m ic  
degrees of freedom . I f  an  a to m  form s tw o  bonds w hich a re  n on -linear, tw o  
degrees of freed o m  are lo s t. i. e., d isu lp h u r  m onoxide h as  o n ly  five re s id u a l 
a to m ic  degrees o f freedom . T h e  ca lcu la ted  v a lu e  of th e  sum  o f th e  p e rp en d icu la r  
com ponen ts fo r th e  bonds o f  d isu lp h u r m o n o x id e  is given as Г 2 а  J_ =  60,610 X  

X  10 25 cm 3. H ence th e  av e rag e  m o lecu la r p o la rizab ility  is o b ta in ed  in  te rm s  
o f th e  p ara lle l b o n d , n o n b o n d  region e le c tro n  an d  p e rp en d icu la r  bo n d  c o n tr ib u 
tio n s as follow s: —

« м  =  (1 /3 )(Г а || b +  Г а  11„ +  X 2 x ± )  =

=  (l/3 )(86 ,476  +  26,167 +  60,610) X 10 ~25 cm 3 =

=  57,751 X  10 “ 25 cm 3.

T here  are no ex p e rim en ta l va lu es  of d ie lec tr ic  co n stan t, in d e x  of re frac tio n  etc- 
ava ilab le  to  derive  th e  m o lecu la r p o la r iz a b ility  an d  m ak e  a com parison  h e re .
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H ow ever, th e  b o n d  para lle l co m p o n en ts  m a y  be  co m p ared  w ith  those o f o th e r  
m o lecu lar sy stem s h av in g  chem ica l bonds w ith  sam e as w ell as d ifferen t b o n d  
o rd ers . T he b o n d  p ara lle l co m p o n en ts  w ere ca lcu la ted  fo r th e  S2 and  H 2S2 m o le 
cules from  th e  ex isting  s t ru c tu ra l  d a ta  [18]. T he values o f  th e  bond  p a ra lle l 
co m p o n en ts  in  1 0 -25 cm 3 a re  55,358 for th e  S — S  b o n d  in  H 2S2, 59,403 fo r th e  
S — S  b o n d  in  S20  an d  80, 041 fo r th e  S  =  S  b o n d  in  S2. S im ila r a rg u m en t m a y  
be  e x ten d ed  to  th e  su lp h u r-o x y g en  b o n d . T h is shows t h a t  th e  bond  p a ra lle l 
co m p o n en t o f th e  p o la riz a b ility  increases w ith  th e  in crease  in  th e  bond  o rd e r. 
T h u s th e  d e lta -fu n c tio n  m o d e l gives e x p lic it expressions fo r  th e  para lle l a n d  
p e rp e n d ic u la r  com ponen ts a n d  th e  m ean  p o la rizab ilities  fo r  an y  m o lecu la r 
sy s tem  a n d  th e se  are  in  acco rd an ce  w ith  th e  in v es tig a tio n s  o f D e n b i g h  [19] 
in  w hich  th e  m o la r re fra c tio n  of a m olecu le  is assum ed  to  be  th e  sum  o f th e  
re frac tio n s  o f  a ll th e  bonds in  th e  m olecule a n d  sim ilarly , th e  m olecular p o la 
r iz a b ility  is assu m ed  to  be th e  sum  of th e  b o n d  p o la rizab ilitie s . The su m  o f 
th e  p e rp e n d ic u la r  com p o n en ts  o f all th e  b o n d s  in  a m olecule is a linear co m b in a 
tio n  o f a to m ic  p o la rizab ilitie s  an d  is in d e p e n d e n t of th e  in te rn u c le a r  d is tan ce , 
w hereas th e  b o n d  para lle l co m p o n en t is d e p e n d e n t on th e  in te rn u c le a r  d is tan ce  
a n d  hence th e  p e rp en d icu la r  co m ponen t w ill alw ays be  tra n s fe ra b le  from  one 
m o lecu lar system , to  a n o th e r  b u t  such tra n s fe r  in  th e  case o f  p a ra lle l co m p o n en t 
w ould  be possib le  on ly  w hen  th e  in te rn u c le a r  d istances a re  n ea rly  id en tica l in  
th e  tw o d iffe re n t m olecules.

M ean  am plitudes o f  v ib ra tion

D isu lp h u r m onoxide possessing  an  a sy m m e tric a l s t ru c tu re  w ith  th e  p o in t 
g roup  C, g ives rise, acco rd in g  to  th e  re le v a n t sy m m etry  considera tions a n d  
se lection  ru les [20] to  th re e  v ib ra tio n a l degrees of freedom  co n stitu tin g  o n ly  
th re e  fu n d a m e n ta l freq u en c ies , n am ely , vx th e  frequency  correspond ing  to  th e  
su lp h u r-su lp h u r  s tre tc h in g  v ib ra tio n , v2 to  th e  su lp h u r-o x y g en  s tre tc h in g  
v ib ra tio n  a n d  v3 to  th e  b e n d in g  of th e  m olecule. All a re  allow ed in  b o th  th e  
in fra re d  a b so rp tio n  an d  R a m a n  sp ec tra . T h e  equ ilib rium  in te rb o n d  d is tan ces  
S —S an d  S  —0  are  being re p re se n te d  b y  th e  sym bols r  a n d  d, respec tive ly  a n d  
sim ila rly  th e  in te rb o n d  ang le  S —S —О b y  th e  sym bol 0 .  O n th e  basis o f  th e  
p rinc ip le  p o s tu la te d  b y  W i l s o n  [21], th e  fo llow ing sy m m e try  coord inates u n d e r  
th e  sy m m e try  species A '  a re  form ed: — Sx =  Ad, S2 =  Zlr an d  S3 =  (rd)1 2 
A 0 .  H ere  th e  angle d isp lacem en t is m u ltip lie d  b y  th e  eq u ilib riu m  bond  le n g th s  
in  o rd er to  keep  th e  d im ensions of th e  m ean -sq u are  a m p litu d e  q u a n tit ie s  
re fe rrin g  to  th e  angle b en d in g  th e  sam e as th o se  of th e  b o n d e d  a tom  p a irs . O n 
th e  basis o f th e  sy m m etry  co o rd in a tes , th e  d e riv ed  G m a tr ix  e lem ents re la te d  to  
th e  k in e tic  en e rg y  u n d e r th e  sy m m etry  species A '  are g iven  as follows:
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Gn  — Ms +  Mo»

^12  =  ^21 == MS C O S 0 ,

Ga  =  G31 =  — Ms s in 0 ,

=  2 /is»

C23 =  G32 =  — (r/á ) Ms S in 0 ,

G33 =  Ms {2 +  (r /d)2 — 2 (r/d) co s0 }  +  (г/d)2 ц 0 ,

w here ns  an d  /to a re  th e  rec ip ro ca l m asses o f  th e  a to m  S a n d  O, re spec tive ly .
T he fu n d a m e n ta l frequencies used  for th e  p re se n t in v e s tig a tio n  are, a cco rd 

in g  to  M e s c h i  a n d  M y e r s  [ 3 ] ,  as follow s: v x =  1165 c m -1 , r 2 =  679 
c m “ 1 an d  r 3 =  387 c m “ 1. T h e  s tru c tu ra l d a ta  w ere also ta k e n  from  m icrow ave 
s tu d ies  [3]. F ro m  th e  secu la r eq u a tio n  | E G " 1 — E A  | =  0 p o s tu la te d  b y  
C y v i n  [5], th e  secu lar eq u a tio n s  giving th e  n o rm a l frequenc ies in  te rm s o f th e  
m ean-square  a m p litu d e  q u a n tit ie s  w ere c o n s tru c te d  a t  th e  room  te m p e 
ra tu re  w ith  help  o f th e  E  a n d  G m atrices a n d  th e  v ib ra tio n a l an d  s t ru c tu ra l  
d a ta  [3]. T he G m a tr ix  e lem en ts w ere c a lc u la ted , th e  in v erse  o f those  e lem en ts 
derived  an d  in tro d u c e d  in to  th e  secular eq u a tio n s . The sy m m etrized  m ean - 
sq u are  am p litu d e  m atrices 27u , E 22, A33, E 12, E 13 an d  E rt a re  d irec tly  re la te d  to  
th e  m ean -sq u are  am p litu d e  q u a n titie s  Оь, o r, o©, o>d, a^e a n d  o r@, re spec tive ly . 
Since th e re  are  th re e  eq u a tio n s  w ith  six sy m m etrized  m ean -sq u a re  a m p litu d e  
m atrices , i t  is n o t  possible to  solve th e m  u n iq u e ly  unless th e  fu n d a m e n ta l 
frequencies of th e  possible iso to p ic  species a re  availab le . H e n c e  all th e  o ff-d ia 
gonal e lem ents w ere neg lec ted  fo r th e  sake o f  b re v ity  an d  co nven ience  an d  o n ly  
th e  d iagonal e lem en ts alone w ere ev a lu a ted . T h e  ev a lu a ted  v a lu e s  of th e  m ean - 
sq u are  a m p litu d e  q u a n titie s  in  Á 2 a t  th e  ro o m  te m p e ra tu re  a re  given as fo l
low s: or =  0 ,0023619, Od =  0,0019272 a n d  er® =  0,0098465. The q u a n t i ty  
due to  th e  b en d in g  of th e  m olecule is v e ry  m uch  g rea te r  th a n  those  o f  th e  
b o n d ed  a to m  p a irs . The s itu a tio n  is rev e rsed  in  th e  cases o f co rrespond ing  
fo rce  co n stan ts . T he ca lcu la ted  values of th e  m ean  a m p litu d e s  of v ib ra tio n  in  
Â  are  given as follow s: 0 ,0486 fo r th e  S — S  bond  an d  0 ,0439 for th e  S — S 
b o n d . These v a lu es  w ould be  v e ry  useful fo r  th e  in te rp re ta t io n  of th e  e lec tro n  
d iffrac tio n  s tu d ies  w hen  u n d e r ta k e n  fo r th is  m olecule.

T herm odynam ic  functions

T he s ta t is t ic a l  th e rm o d y n a m ic  fu n c tio n s  such as h e a t  c o n ten t, free  
en erg y , e n tro p y  an d  h e a t c a p a c ity  of d isu lp h u r m onox ide  w ere c a lcu la ted  
u sing  th e  v ib ra tio n a l an d  s tru c tu ra l  d a ta  [3] fo r th e  te m p e ra tu re  range 100— 
6000° K . A rig id  ro ta to r , h a rm o n ic  o sc illa to r m odel was assu m ed  an d  all th e
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Table 1
H eat content, free energy, entropy and heat capacity o f disulphur m onoxide for the ideal gaseous

state  at one atm ospheric pressure*

T(°K) (H. -  e 0°)/t - ( Fa -  E„°)/T s° cP°

100 7,990 45,869 53,859 8,196
150 8,150 49,134 57,284 8,780
200 8,387 51,510 59,897 9,421
273,16 8,783 54,184 62,967 10,284
298,16 8,919 54,957 63,876 10,543
300 8,927 55,011 63,938 10,556
400 9,452 57,657 67,109 11,421
500 9,914 59,820 69,734 12,043
600 10,302 61,654 71,956 12,474
700 10,633 63,261 73,894 12,783
800 10,920 64,704 75,624 13,010
900 11,165 66,013 77,178 13,177

1000 11,363 67,183 78,546 13,297
1100 11,547 68,277 79,824 13,397
1200 11,711 69,319 81,030 13,473
1300 11,844 70,239 82,083 13,532
1400 11,962 71,109 83,071 13,580
1500 12,077 71,961 84,038 13,621
1600 12,171 72,727 84,898 13,654
1700 12,261 73,472 85,733 13,682
1800 12,344 74,188 86,532 13,707
1900 12,422 74,885 87,307 13,728
2000 12,476 75,471 87,947 13,742
2200 12,604 76,724 89,328 13,772
2400 12,693 77,785 90,478 13,792
2600 12,784 78,831 91,615 13,810
2800 12,851 79,735 92,586 13,822
3000 12,910 80,575 93,485 13,833
3200 12,979 81,506 94,485 13,843
3400 13,031 82,303 95,334 13,850
3600 13,066 82,944 96,010 13,855
3800 13,110 83,662 96,772 13,861
4000 13,545 84,411 97,956 13,866
4200 13,190 85,089 98,279 13,870
4400 13,217 85,621 98,838 13,872
4600 13,253 86,295 99,548 13,877
4800 13,271 86,776 100,038 13,878
5000 13,289 87,303 100,592 13,880
5200 13,316 87,790 101,106 13,883
5400 13,344 88,440 101,784 13,884
5600 13,362 88,888 102,250 13,886
5800 13,371 89,235 102,606 13,887
6000 13,399 89,865 103,264 13,889

* T  is the temperature in  degrees Kelvin; the other quantities are in cal. deg 1.m ole 1 
and E 0 is the energy of one mole o f  perfect gas a t  absolute zero temperature.
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q u a n titie s  w ere ca lcu la ted  fo r a gas in  th e  th e rm o d y n a m ic  s ta n d a rd  g aseo u s 
s ta te  o f u n it  fu g ac ity  (one a tm o sp h ere ). T he s ta n d a rd  fo rm ulae  a n d  ta b le s  
of fu n c tio n s for th e  h a rm o n ic  o sc illa to r co n trib u tio n s  g iv en  b y  P itzer  [22] 
w ere used. T he p rin c ip a l m o m en ts  of in e r t ia  were ca lc u la ted  from  m icrow ave  
d a ta  [3] a n d  th e ir  values a re  given as fo llow s:

I aa =  13,7811 AMU Â 2 (22,8922 x 1 0 -40 g cm2),

I bb =  98,5735 AMU Á 2 (163 ,7434  x 1 0 -40 g cm2),

I cc =  112,3546 AMU A 2 (186,6356 X 1 0 -40 g cm2).

A ssum ed in  th e  ca lcu la tio n s w ere a sy m m e try  n u m b er o f  1, sing let g ro u n d  
electron ic  s ta te  an d  chem ical a tom ic  w eigh ts. N eg lec ted  in  th e  ca lcu la tio n s  
w ere th e  co n trib u tio n s  due  to  th e  c e n tr ifu g a l d is to rtio n , iso top ic  m ix in g  an d  
n u c lea r sp ins. T he ca lcu la ted  values o f th e  th e rm o d y n am ic  functions in  cal. 
d e g “ 1, m o le -1  for d isu lp h u r m onoxide  a re  given in  T ab le  1. No ca lo rim e tric  
d a ta  are ava ilab le  in  th e  l i te ra tu re  to  m a k e  in te rp re ta tio n  a n d  com parison  w ith  
th e  re su lts  o f th e  p re se n t in v e s tig a tio n .
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ЭЛЕКТРОННАЯ КОНФИГУРАЦИЯ, МОЛЕКУЛЯРНАЯ ПОЛЯРИЗУЕМОСТЬ, 
СРЕДНИЕ АМПЛИТУДЫ ВИБРАЦИОННЫХ И ТЕРМОДИНАМИЧЕСКИХ 

ФУНКЦИЙ ДИСУЛЬФИДНОЙ ОДНООКИСИ
Г. НАГАРАЯН

Р е з ю м е

Дается электронная конфигурация для основного состояния дисульфидной одно
окиси, имеющей несимметричную структуру с симметричной основной группой С5. Мо
лекулярная поляризуемость определяется методом Липпинкотта—Статмена, исполь
зующим модель дельта-функции химической связи. Средние амплитуды вибрации при 
комнатной температуре вычисляются методом Сайвина, использующим симметричные 
координаты. Молярные термодинамические функции в интервале температур 100— 
6000 К° определяются на базе моделей жесткого ротатора, гармонического осциллятора. 
Коротко объясняются результаты.
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OPTICAL DIAGRAMS FOR ELECTROSTATIC LENSES 
APPLIED IN HIGH VOLTAGE ACCELERATORS

B y

E . K o L T A Y  and S. C z E G L E D Y

IN S T IT U T E  O P  N U O L E A B  R E S E A R C H  O P  T H E  H U N G A R IA N  A C A D EM Y  O P  S C IE N C E S , D E B R E C E N

(Presented b y  A. Szalay. — R eceived 17. V III. 1965)

O ptical data for tw o sim ilar electrode configurations generally  used as e lectrostatic  
lenses in  high current cascade generators are presented in the form  o f P — Q diagram s and 
cardinal characteristic obtained b y  the application o f the G a n s ’ m ethod.

1. In tro d u c tio n

S everal th eo re tica l w orks can be fo u n d  in  th e  l i te r a tu r e  d ev o ted  to  th e  
io n -o p tica l descrip tion  o f acce lera tion  tu b e s  w ith  a n o n -u n ifo rm  fie ld  [1] [2]
[3] genera lly  used  in  o p en -a ir h igh  v o lta g e  acce lera to rs . A lthough  re su lts  
o b ta in e d  in  th is  w ay are  v e ry  im p o r ta n t in  th e  general so lu tio n  of th is  q u e s tio n , 
sim ple m ethods using  o p tica l d iag ram s h a v e  g rea t u t i l i ty  an d  are v e ry  f re 
q u e n tly  ap p lied  in  p ra c tic a l co n stru c tio n  w ork . G raphs sum m ariz ing  th e  ion - 
o p tica l p a ram e te rs  fo r a n u m b e r of sim ple electrode co n fig u ra tio n s  p a r t ly  u sed  
as gaps in  accelera tion  tu b e s  are  p re sen ted  in  a book b y  K . R . S p a n g e n b e r g

[4 ]  . T he  possib ilities o f th e ir  ap p lica tio n , how ever, are  l im ite d  to  a few  cases of 
sim ple con figu ra tions b y  th e  fa c t th a t  e ffects connec ted  w ith  th e  p resen ce  of 
secondary  e lectrons in  th e  tu b e  n ecess ita te  th e  ap p lica tio n  o f  m ore co m p lica ted  
system s of electrodes.

In  th e  p re sen t a rtic le  g rap h s, s im ila r to  those  of S p a n g e n b e r g ,  o b ta in e d  
b y  th e  ap p lica tio n  o f Ga n s ’ m eth o d  [5] [6], are  given fo r  tw o  d ifferen t cases of 
e lectrode gaps w ith  cy lin d rica l lens shields, w hich  are g en e ra lly  used  in  cascad e  
g en era to rs  of h igh ion  c u rre n t [7].

2. Electrode configurations and potential distributions

T he shape an d  re la tiv e  dim ensions o f th e  tw o d iffe re n t gaps t r e a te d  are  
defined  in  F igs, l a  an d  lb .  T he cy lin d rica l lens shield e lec tro d es are u se d  to  
p re v e n t th e  gap from  view ing th e  in su la to r  w alls of th e  acce lera tio n  tu b e . In  
th e  case of Fig. l a  th e  tu b e  sections a re  closed w ith  a p e rtu re s  p re v e n tin g
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seco n d ary  e lec tro n s  from  c ro ssin g  m ore th a n  one gap a lo n g  th e ir  t r a je c to ry  
[7 ]. In  th e  case o f  to ro id a l c lo su re  as show n in  F ig . lb  sim ilar a p e rtu re s  can on ly  
b e  p laced  in sid e  th e  tu b e  a t  a d is tan ce  from  th e  gap in o rd e r to  m inim ize th e ir  
in fluence  on th e  p o ten tia l d is tr ib u tio n  w ith in  th e  gap.

As a f i r s t  s te p  for th e  d e te rm in a tio n  o f  th e  o p tica l c h a rac te ris tic s , th e  
p o te n tia l  d is tr ib u tio n  and  th e  ax ia l p o te n tia l  curve w ere m easured  in  an  
e lec tro ly tic  t ro u g h  fo r th e  cases show n in  F ig s , l a  and  lb .  T h e  s tro n g  effect o f

th e  shield on th e  p o ten tia l d is tr ib u tio n  is c le a rly  d e m o n s tra te d  in  Fig. 2 fo r th e  
case  of to ro id a l closures. T h e  e q u ip o te n tia l lin e  co rrespond ing  to  th e  h a lf  v a lu e  
o f  th e  p o te n tia l  difference o n  th e  lens is m o v e d  tow ards th e  tu b e  en te rin g  th e  
sh ie ld  (left in  th e  F igure) in  com parison  w ith  i ts  position  in  th e  field  of a sy m 
m e tr ic a l tw o - tu b e  im m ersion len s . C onsequen tly , a s tro n g er converging a n d  a 
w eak e r d iv e rg in g  effect will b e  o b ta in ed  (if acce lera tin g  th e  b e a m  from  le ft to  
r ig h t) ,  i. e. th e  p resence  of th e  sh ie ld  re su lts  in  sho rten in g  th e  focal d istances.

F o r c a lc u la tio n  an a n a ly tic a l  expression  o f th e  ax ia l p o te n tia l  cu rv e  is 
re q u ire d . In  F ig . 3 th e  m easu red  curves Va(Z)  a n d  Vb{Z) i. e. th e  ax ial p o te n tia l  
cu rv es  for th e  cases o f Figs, l a  a n d  lb ,  re sp ec tiv e ly , are c o m p ared  w ith  F 0(Z), 
i. e. w ith  t h a t  fo r  th e  sy m m e tric a l tw o -tu b e  im m ersion  lens. As follows from  th e  
e v a lu a tio n  o f th e  m easu rem en ts , Va(Z)  a n d  V b(Z)  can be exp ressed  b y  m ean s 
o f  a p p ro p ria te  tra n s fo rm a tio n s  o f the fo rm u la  [8]

w here

b =  D 0,73 +  0,53
S
D  )

( 1)

D =  th e  tu b e  d ia m e te r ,

S  =  th e  w id th  o f  th e  gap.
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F ig .  3

Vx a n d  V2 are  th e  v o ltages on th e  f ir s t  a n d  second e lectrodes, re sp ec tiv e ly . 
In  th is  w ay , we o b ta in ed  th e  follow ing expressions fo r  o u r cases w ith  S  =  D:

w ith

a n d

C =  0,720
Z  V  

R

Va( Z ) =  V0(C)

0,296
Z  \2
к  I +  2 ' 330 R

0,75

Vb(Z) =  V 0(Z) +

0,75 exp
[ - (

0,75 exp —

z
It

z
R

+  0,075 

+  0,075

/0,537

’/1,68

fo r — <  - 0 ,0 7 5 ,
К

f o r — - >  -  0 ,075. 
R

( 2)

(2 ' )

(3 )

T he tra n s fo rm a tio n  (2 ') a n d  th e  second te rm  of E q u a tio n  (3) are show n in  F igs. 
4a  a n d  4b , re sp ec tiv e ly , to g e th e r  w ith  th e  co rrespond ing  d a ta  from  th e  m ea
su rem en ts . I n  F ig . 4b b o th  lin ea r  a n d  G aussian  scales [9] are  used. T h e  v a lid ity  
of th e  expressions (2), (2 ') a n d  (3) is ve rified  b y  th e  ex ce llen t f i t  of th e  cu rv es  to  
th e  ex p e rim en ta l p o in ts .

3. Procedure

T he m e th o d  used  in  th e  p re sen t ca lcu la tio n s is b a se d  upon th e  a p p ro x i
m a te  in te g ra tio n  o f th e  p a ra x ia l eq u a tio n  fo r system s o f ax ia l sy m m e try

d2 r V  dr V"
---------\- ------------------ --------- r =  0
dZ 2 2 V d z  4 V
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b y  rep lac ing  th e  V(Z)  ax ia l d is tr ib u tio n  o f th e  p o ten tia l b y  a broken  line as 
p ro p o sed  b y  G a n s . A d e sc rip tio n  of th e  m e th o d  can be fo u n d  in  v a rio u s  
a rtic le s  an d  b o o k s on  elec tron  o p tic s  (see fo r  ex am p le  [5] [6] [10]).

B y  th e  ap p lica tio n  o f th is  m ethod , th e  r  =  r(Z)  t r a je c to ry  a n d  its  
r'  =  r'[Z)  slope w ere co m p u ted  u n d e r d iffe ren t in itia l co n d itio n s . As a re su lt , 
th e  assoc ia ted  o b je c t and  im ag e  d istances (P  a n d  Q, re sp ec tiv e ly , m easured  in  
th e  u n its  of tu b e  d iam ete r fro m  th e  reference p lan e  of th e  lens) an d  th e  co rre s
p o n d in g  a n g u la r  m ag n ifica tio n s (m ) were o b ta in e d  for th e  d iffe re n t va lues o f 
t h e  v o ltag e  ra t io  ( V 2/ V x).

T he c a rd in a l elem ents a n d  la te ra l m ag n ifica tio n s  w ere d ed u ced  from  th e  
fo llow ing  ex p ressio n s using th e  above  d a ta

f i  =

M  ■ m

P  — P  11 L 2

] f v ( Q )

l
Ж

l

yv(P)

Á =

=  1 ;

Q i - Q *

F ,  =

Лh

Ц Vf, -  P, M ! 

M 2 ~ M 1
K  =

M 2 - M l

q 2
M 2 M l

l 1

M 2 M 1

(5 )

(6a, 6b ) 

(7 a ,7 b )

w h ere  F, a n d  f t denote  fo ca l d istances m easu red  fro m  th e  lens re fe 
ren ce  p lane  a n d  from  th e  i - th  p rin c ip a l p la n e , respective ly ,

i = l  a n d  i  =  2 den o te  e lem ents fo r th e  o b jec t side a n d  im age side, 
re sp ec tiv e ly , M  deno tes th e  la te r a l  m ag n ifica tio n ,

P],Qj a n d  Mj ( j  =  1,2) in d ic a te  va lu es  o f  P , Q an d  M  fo r tw o d iffe r
e n t  values o f P  a t  a given v o lta g e  ra tio , re sp ec tiv e ly  an d

a sign co n v en tio n  d e n o tin g  d istances m easured  to w a rd s  the  o b je c t 
w ith  n eg a tiv e , th o se  in  o p p o s ite  d irection  w ith  positive sign is used.

4. R esults

T he o p tic a l ch a ra c te ris tic s  o f  b o th  lenses defined  in  F ig s , l a  and  lb  a re  
p re se n te d  in  th e  fo rm  of P —Q cu rv es show ing th e  associa ted  o b je c t and  im age 
d is tan ces  fo r g iv en  values of th e  v o ltag e  ra tio  a n d  th e  curves o f  c o n s tan t la te ra l  
m ag n ifica tio n  in  F igs. 5a a n d  5b . S im ilarly , F ig s . 6a and  6b show  th e  p lo t o f th e
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positio n  o f p rin c ip a l p lanes an d  focal po in ts  as  functions o f th e  vo ltage  ra tio  
(ca rd in a l ch a rac te ris tic s).

F o r th e  sake  o f com parison , th e  tra je c to r ie s  com puted  acco rd in g  to  th e  
p ro ced u re  described  in  3. (curve a)  a n d  th a t  g iv en  b y  the  g ra p h ic a l m eth o d  o f

Fig. 5a

H e p p  [11] (curve b)  are  p re sen ted  in  Fig. 7. T h e  focal p o in ts , p rin c ip a l p lan es 
an d  lens reference p lane  are also in d ic a te d  to g e th e r  w ith  th e  s im p le  c o n s tiu c tio n  
o f th e  im age using  th e  ca rd in a l e lem ents. I t  can  be seen t h a t  th e  g rap h ica l 
m e th o d  resu lts  in  a fa irly  good a p p ro x im a tio n  o f the  t r a je c to ry  ob ta in ed  b y  
m ak in g  use of th e  m ore accu ra te  n u m erica l m e th o d .
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ОПТИЧЕСКИЕ ДИАГРАММЫ ДЛЯ ЭЛЕКТРОСТАТИЧЕСКИХ ЛИНЗ, 
ИСПОЛЬЗОВАННЫХ В УСКОРИТЕЛЯХ ВЫСОКОГО НАПРЯЖЕНИЯ

Э. КОЛТАИ и Ш. ЦЕГЛЕДИ

Р е з ю м е

Даются оптические данные для двух подобных электродных конфигураций, исполь- 
ованных обычно в качестве электростатических линз в каскадных генераторах сильного 

тока, в форме P —Q диаграмм и характеристик главных плоскостей, полученные 
применением метода Ганса.
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INFLUENCE OF TEMPERATURE ON ELECTRONIC 
SPECTRA OF DYESTUFF SOLUTIONS*

B y

J . H e v e s i  and L. K o z m a

IN STITU TE OF E X PE R IM E N T A L  PH Y S IC S , JÓ ZSEF A TTIL A  U N IV E R S IT Y , SZEG ED  

(Presented by Á. B udó. — R eceived 28. IX . 1965)

A nalytical form ulas based on investiga tion  concerning the influence of tem perature  
on electronic spectra of different lum inescent system s are g iven  to describe the change o f the  
shape o f spectra due to  temperature. I t  is shown that a sim ple relation ex ists betw een the  
constan ts in the formulas and the tem perature. The experim ental values for the system s exam in- 
ed  are in  very  good agreem ent w ith those calculated from  the formulas. The changes in  the  
spectra are interpreted by the supposition th a t the influence o f temperature on the distribution  
of vibrational energy is different for the ground state and the excited  state.

1. In  s tu d y in g  th e  laws of lu m in escen t ra d ia tio n  i t  p ro v es useful to  
exam ine  th e  te m p e ra tu re  dependence of th e  p a ra m e te rs  of lum inescence , e. g. 
o f ab so rp tio n  an d  em ission sp ec tra . E a rlie r  in v es tig a tio n s , p erfo rm ed  m ain ly  in  
th e  te m p e ra tu re  ran g e  7°K  to  300°K , show ed changes in  th e  s tru c tu re  o f  
sp ec tra  as w ell as in  th e  y ield  of a b so rp tio n  an d  em ission  w ith  chang ing  te m p e 
ra tu re . T he in te rp re ta tio n  of ex p e rim en ta l re su lts  c an n o t y e t be considered  as 
sa tis fac to ry . S everal au th o rs  (e. g. [1] — [3]) d e riv ed  fo rm ulas on th e  basis o f 
genera l physica l law s, in an  a t te m p t  to  describe th e  shape o f sp ec tra  an d  
th e ir  change w ith  te m p e ra tu re , u s in g  sim plified  m odels in s tead  o f lu m in escen t 
c e n tra . These fo rm ulas could no t p io v id e  sa tis fa c to ry  so lu tions o f th e  prob lem , 
e ith e r  on acco u n t of th e  com plex ity  o f th e  re la tio n s or because o f th e  sim plify ing  
suppositions used  in  deriv ing  th e m .

A n em pirical ap p ro ach  to  th e  solu tion  o f  th e  prob lem  w as g iven b y  
T a r a so v a  [4], w ho p roved  by  m a n y  ex p erim en ts  th a t  th e  m ax im al va lues of 
th e  ab so rp tio n  coeffic ien t k T an d  o f th e  em ission sp ec tru m  f m (m ore ex ac tly  
th a t  of th e  sp ec tra l yield) for a g iven  te m p e ra tu re  T  can be described  w ith  th e  
fo rm u las

к
—  =  const [1 —^  exp ( — A E J k T ) ]  (1)
k To

an d

~ ~  =  const [1 — d2 exp ( — A E J k T ) ]  , (2)
J t  о

* Delivered at the 8th  European Congress on M olecular Spectroscopy in Copenhagen
1965.
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w here  k r 0 a n d  / y 0 a re  co rrespond ing  values fo r te m p e ra tu re  T 0. (d2, d2, A E t 
a n d  A E 2 a re  em p irica l co n stan ts .)  T a r a s o v a  show ed th a t  th e  v a lu es  of A E X 
a n d  A E 2, h av in g  th e  c h a ra c te r  o f energ ies, a re  eq u a l to  th e  a c tiv a tio n  energy 
fo r  d ie lec tric  re la x a tio n  o f th e  so lv en t in  th e  cases exam ined . T h e  re la tions
(1) a n d  (2) give an  ad e q u a te  d esc rip tio n  of th e  te m p e ra tu re  d ependence  of 
кт a n d  /у ,  as w as asce rta in ed  b y  o u r ow n in v es tig a tio n s . On th e  o th e r  h an d , 
th e y  a re  n o t su ita b le  for describ ing  th e  changes in  th e  shape  o f sp e c tra  due to  
te m p e ra tu re .

D ombi et al. [5], taking the general equations describing the connection  
betw een  the absorption spectra k(y)  and the lum inescence spectra f q (v) as 
a starting point, obtained the relations

an d
k(v) =  A x v e x p (bv) sech[a1(v01— v)] 

f q ( v )  =  A 2 v 3 exp  ( — bv) sech [a2( r 02— v)],

(3 )

(4)

w hich  give a s a tis fa c to ry  ag reem en t w ith  ex p e rim en ta l re su lts  fo r m a n y  cases 
w ith  em p irica lly  d e te rm in ed  values o f ax an d  a2. ( A x an d  A 2 in th e  fo rm u las  are 
n o rm aliz in g  fa c to rs , v01 an d  v02 a re  v a lu es  n e a r v n, th e  p u re  e lec tron  tra n s itio n  
freq u en cy , an d  b =  h /2kT * ,  w here T* is th e  effec tive  te m p e ra tu re  o r  v ib ra tio n  
te m p e ra tu re  of th e  m olecule. T he la t t e r  can  be ca lcu la ted  on th e  b as is  o f th e  
sp e c tra  w ith  th e  m e th o d  given in  [6]).

A ccord ing  to  o u r  ex p e rim en ta l re su lts , re la tio n s  (3) an d  (4) p ro v e d  to  be 
a d e q u a te  fo r d escrib ing  th e  changes in  th e  shape o f sp ec tra  caused  b y  te m p e ra 
tu r e  i f  th e  d ep en d en ce  of ax an d  a2 on te m p e ra tu re  cou ld  be d e te rm in ed . One 
o f  o u r m o st im p o r ta n t  re su lts  w as to  g ive th is  re la tio n .

2. F ro m  re la tio n s  (1) an d  (2) g iv ing  th e  in te n s i ty  of sp ec tra , as well as 
(3) a n d  (4) d escrib ing  th e  changes o f  th e ir  shape  w ith  te m p e ra tu re , i t  can  be 
con c lu d ed  th a t  th e  ab so rp tio n  a n d  em ission sp ec tra  o f a lu m in escen t sy s tem  a t  
te m p e ra tu re  T  can  be  given in  th e  fo llow ing fo rm :

k(v, T) 
k (v m a \i To)

1 — d 1 exp (— A E J k T )  v exp (bv) sech [a1(r01 — v)]
- - -  -   ̂О J

1 — d x exp ( — A E J k T 0) m ax  j r  exp (bv) sech [o1(v01 — r ) ] |

an d

fq (v, T )  _  1 — d2 exp  (— A E J k T )  Vя exp ( — bv) sech [a2 (r02 — v)]

fq(vшах* T о) 1 ~  <*2exP ( ~  A E 2/kTo) m a x { r3e x p ( — bv) sech [o2(r02- i ’)]} ’

w here  k(vmax5 T 0) a n d / 9(rmax5 T 0) d en o te  th e  va lu es  belong ing  to  th e  fre q u e n 
cies Vmax o f th e  sp e c tra  m easu red  a t  te m p e ra tu re  T 0.

Acta Physica Academiae Scientiarum Hungaricae 20, 1966



INFLUENCE OF TEMPERATURE ON ELECTRONIC SPECTRA 353

T hese re la tio n s are  su itab le  fo r ca lcu la tin g  th e  sp ec tra , because  th e  
co n s ta n ts  can  be d e te rm in ed  from  re la tiv e ly  few e x p e rim e n ta l d a ta .

3. In  th e  course o f o u r ex p e rim en ts  th e  sp e c tra  o f six lu m in escen t 
system s lis ted  in  T ab le  I  w ere m easu red  in  th e  te m p e ra tu re  ran g e  262 to  338°K . 
F o r m easu ring  th e  a b so rp tio n  sp ec tra  a g ra tin g  sp e c tro p h o to m e te r  O p tica

Table I

F lu o re sc e n t m ate ria l 
(co n c e n tra tio n ) 

(mole/1)

a b so rp tio n  sp e c tra em ission sp e c tra

No S o lv en t
T

CK)
b -1 0 “

(*) • 10“
(s)

PM  - i o - »  
(« -)

a 2 • 10“
(•)

u „  • I 0 - »  
(* -)

l
Fluorescein NaOH (1% )

262 9,099 12,006 5,915 11,283 5,875
(1 • io-J) C2H5OH 338 6,478 9,625 5,882 8,059 5,850

2 Eosine NaOH (5 • 10-3 m/1)
262 7,336 10,822 5,660 10,711 5,625

(5 • 1 0 -5) C2H5OH 338 6,004 9,256 5,639 8,612 5,620

3 Erythrosine NaOH (5- 10~3 m/1)
262 6,678 10,247 5,680 9,441 5,650

1Я1О

C2H5OH 338 5,229 8,405 5,661 7,599 5,640

4 Rose Bengale NaOH (5 • 10~3 m/1)
262 6,792 9,947 5,360 10,500 5,390

(5 • 1 0 '5) C2H5OH 338 5,787 8,934 5,350 8,882 5,370

5 Aurophosphine HC1 (3 ■ 10~3 m/1)
262 6,472 8,750 6,320 7,944 6,190

(1 • 10 4) C,H5OH 338 5,000 7,000 6,320 6,150 6,190

6
Flavophosphine HC1 (3 • 1 0 -3 m/1) 

(C2H5OH) 
glycerol (10% )

262 7,160 10,000 6,260 9,000 6,190
(5 • 10“ 5)

338 6,588 9,000 6,260 8,400 6,190

M ilano C F —4 w as used  w ith  a su p p le m e n ta ry  device fo r re g u la tio n  of te m p e ra 
tu re , su itab le  fo r m easu rin g  lay e r th ick n esses  up  to  20 cm  [7]. In  th e  case of 
lum inescence sp ec tra  th e  so lu tio n  was p laced  in  a b o x  w ith  double w alls serv ing  
to  re g u la te  th e  te m p e ra tu re . T he w indow s of th is  b o x  w ere p laced  in  f ro n t of 
th e  en tra n c e  slit o f th e  sp e c tro p h o to m e te r . The la y e r  th ick n ess  of th e  so lu tio n  
w as chosen accord ing  to  th e  m eth o d  g iven  in  [8] in  o rd e r to  keep th e  in fluence 
of seco n d ary  lum inescence w ith in  th e  lim its  o f e x p e rim e n ta l erro r. R e a b so rp 
tio n  in  th e  system  w as ta k e n  in to  ac c o u n t in  th e  u su a l w ay  [9]. The te m p e ra tu re  
w as held  c o n s ta n t w ith in  =h l° K .  A h ig h  p ressu re  X en o n -lam p  (O sram  X B O  
500) a n d  a H g-lam p (O sram  H BO  500) served  as lig h t source. T he n ea rly  
m o nochrom atic  ex c itin g  beam  was o b ta in e d  w ith  a double  m o n o ch ro m ato r or 
a m e ta l in te rfe ren ce  f i l te r  S IF  from  th e  lig h t of th e  lam ps.
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4. T he re su lts  show  th a t  th e  changes in  th e  sp ec tra  due to  te m p e ra tu re  
a re  o f id en tica l c h a ra c te r  fo r  a ll system s. T h e  h e ig h t o f absorption spectra 
decreases w ith  increasing  te m p e ra tu re , b u t  th e  shape o f th e  sp e c tra  is also 
su b je c t to  changes a t  th e  sam e tim e . T he g re a te s t change in  h e ig h t can  b e  
o b serv ed  in  th e  n e ig h b o u rh o o d  o f th e  m ax im a , w hile th e  changes in  th e  sh o rt 
w av e  region a re  co n sid e rab ly  less. I n  th e  long w ave reg ion  th e  decrease of th e  
a b so rp tio n  coeffic ien ts  is n o t o n ly  less th a n  th a t  found  n e a r th e  m ax im a, b u t  
ev en  an  in crease  can  be fo u n d  in  som e cases. In  th e  emission spectra a sh if t 
to w a rd s  longer w av e len g th s  can  be  observed  w ith  increasing  te m p e ra tu re , 
e v id e n tly  due to  an  increase in  th e  re la tiv e  tra n s it io n  freq u en cy  o f em ission 
be lo n g in g  to  lo n g er w ave-leng ths.

F igs. 1 a n d  2 show  th e  m easu red  a b so rp tio n  an d  em ission sp ec tra  o f  
fluo resce in  a n d  au ro p h o sp h in e , re sp ec tiv e ly . (The u n its  are  chosen  in  such  
a w a y  as to  give sp e c tra  of th e  sam e h e ig h t fo r a ll so lu tions). I t  can  be  seen from  
th e  figures t h a t  an  increase o f te m p e ra tu re  re su lte d  in  a b ro ad en in g  of th e  
sp e c tra . A u ro p h o sp h in e  ex h ib its  a som ew hat d iffe ren t b e h a v io u r  in  so fa r  as 
no  s ig n ifican t b ro ad en in g  in  th e  a b so rp tio n  sp ec tra  occurs even in  th e  a n ti-  
S to k es region. I t  shou ld  he n o te d  th a t  fo r th is  d y e s tu ff  th e  q u a n tu m  y ield  
fu n c tio n  show s no  s ign ifican t te m p e ra tu re  dependence, e ith e r  [10].

A ccord ing  to  th e  p re sen t re su lts  an d  o u r earlie r in v e s tig a tio n s  [10] con
ce rn in g  th e  d ep en d en ce  of q u a n tu m  yield on th e  w ave-len g th  o f ex c itin g  lig h t, 
th e  sim ilar te m p e ra tu re  d ep en d en ce  of q u a n tu m  y ield  an d  o f ab so p rtio n  
sp e c tru m  can be  asc rib ed  to  th e  fa c t  th a t  th e  p o p u la tio n  in  h ig h er v ib ra tio n a l 
levels o f th e  g ro u n d  s ta te  is a lte re d  b y  changes o f te m p e ra tu re . T h e  re la tiv e ly  
in c reas in g  fre q u e n c y  of tra n s it io n s  w ith  low  energy  in  th e  em ission  sp ec tra  
in d ic a te s  th a t  th e  changes in  th e  v ib ra tio n a l con fig u ra tio n s o f m olecules 
p ro d u c e d  b y  th e  chang ing  te m p e ra tu re  are  d iffe ren t for g ro u n d  s ta te  a n d  
e x c ite d  s ta te . T h is p o ssib ility  as well as th e  in fluence o f v ib ra tio n a l energy  
d is tr ib u tio n  on  th e  shape o f sp e c tra  has been  re fe rred  to  b y  sev era l a u th o rs  
[11] — [13] in  ea rlie r  papers. T h e  c o n s ta n ts  in  re la tio n s  (5) a n d  (6) w ere d e te r 
m in ed  from  e x p e rim e n ta l a b so rp tio n  an d  em ission  sp ec tra  w ith  th e  m e th o d s  
g iv e n  in  [4] a n d  [5].

V alues o f th e  a c tiv a tio n  en e rg y  A E 1 in  re la tio n  (5) w ere found  to  be  
n e a r ly  eq u a l fo r  a ll system s ex am in ed  an d  w ere ca lcu la ted  to  A E 1 2 • 10“ 13 
e rg /p a rtic le , in  good acco rdance  w ith  th e  d ie lec tric  re la x a tio n  tim e  o f e th a n o l 
w h ich  w as u sed  as a so lven t. T h e  d ivergence be tw een  th e  ca lc u la ted  values is 
less th a n  ^  3 % . I t  is to  be n o te d  t h a t  th ese  v a lu es  o f A E t a re  b a sed  on te m p e 
r a tu r e  d ependence  o f  th e  m ax im a  o f spec tra .

T he v a lu e  o f  th e  “ m irro r f re q u e n c y ”  v0 in  th e  fo rm ulas w as d e te rm in ed  in 
th e  u su a l w ay  fro m  th e  in te rse c tio n  of th e  sp ec tra . C a lcu la tion  from  th e  
e x tre m e  va lu es  o f fu n c tio n  cp(v) g iven  in  [5] leads p ra c tic a lly  to  th e  sam e 
re su lts . O ur ca lcu la tio n s  show  t h a t  re la tio n  (5) is fu lfilled  in  a v e ry  good
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ap p ro x im a tio n  using  th e se  values of v 0. H ow ever, th e  em ission sp e c tra  f q(v ,T)  
c a lcu la ted  w ith  th e  sam e values on th e  basis of fo rm u la  (6) show  s ig n ifican t 
d ivergences from  th e  m easu red  v a lu es . F o r m ost o f  th e  system s exam ined  
(excep t B engali R ed) th e  values of f req u en cy  h a d  to  he  ta k e n  w ith  V02 <  V01
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( = v 0) (see co lu m n s 7. an d  9. o f  T a b le  I) to  o b ta in  a good acco rd an ce  w ith  th e  
e x p e rim e n ta l re su lts .

In  th e  T a b le  th e  lu m in escen t dyestu ffs, th e ir  co n cen tra tio n s , an d  th e  
co m position  o f th e  so lvent as w ell as th e  va lu es  o f co n stan ts  p lay in g  a role in

Fig. 3

re la tio n s  (5) a n d  (6) are given o n ly  fo r tw o te m p e ra tu re s , th o u g h  m easu rem en ts  
w ere  also m ad e  a t  T  =  298°K  a n d  T  — 318°K .

One of th e  possible e x p la n a tio n s  of th e  fa c t th a t  in ca lcu la tin g  th e  em ission 
sp e c tra  th e  fre q u e n c y  v02 h a d  to  b e  ta k e n  less th a n  v01 is to  be  fo u n d  in  th e  
su p p o sitio n  t h a t  th e  energy sy s te m  of com plex  lum inescen t m olecules can be 
d esc rib ed  w ith  th e  th re e  level te rm -sch em e su g g ested  by  N e p o r e n t  [14]. I t  can
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be easily  u n d ers to o d  on th e  basis  of th is  schem e t h a t  g re a te r  p u re  e lec tro n ic  
tra n s it io n  frequencies v0will belong to  a b so rp tio n  processes th a n  those  belong ing  
to  em ission  acts.

F a c to rs  a x a n d  a2 w ere d e te rm in e d  from  e x p e rim e n ta l d a ta  w ith  th e  
m e th o d  given in  [5]. One o f th e  m a in  re su lts  o f o u r in v e s tig a tio n s  w as to

F ig .  4

give th e  te m p e ra tu re  dependence  o f  th e  fac to rs  a x a n d  a2, w hich  w as n o t 
know n  earlier. O ur re su lts  show  th a t  a x a n d  a2 are in v e rse ly  p ro p o rtio n a l to  th e  
te m p e ra tu re , i. e. ax =  cJT* and  a2 =  c2j T*, w here  cx an d  c2 a re  c o n s ta n ts  
c h a ra c te r is tic  o f th e  lu m in escen t sy s te m .

E m ission  an d  a b so rp tio n  sp e c tra  fo r te m p e ra tu re s  T  =  262°K  an d  
T  =  338°K  are  show n in  F igs. 3 an d  4 . T h e  sp ec tra  c a lc u la ted  w ith  th e  v a lu es

Acta Physica Academiae Scim tiarum  Hungaricae 20, 1966



358 J . HEVESI and L. KOZMA

Fig. 5

a, b a n d  v0 g iven  in  T ab le  I  a re  in d ic a te d  b y  so lid  lines, w hile m easu red  sp ec tra  
a re  in d ic a te d  b y  sm all circles. T h e  sp ec tra  a re  p lo tte d  in  a rb i t r a ry  u n its . As can  
b e  seen from  th e  figu res th e  v a lu e s  ca lcu la ted  w ith  th e  fo rm u la s  a re  in  v e ry  
good  acco rd an ce  w ith  th e  e x p e rim e n ta l d a ta .

T he v a lu es  o f k(v), b o th  m easu red  an d  ca lc u la ted  w ith  fo rm u la  (5) u sin g  
th e  a c tiv a tio n  en e rg y  A E v  a re  p lo tte d  in  F ig . 5 in  o rder to  show  th e  tem p era -

A c ta  Physica Academiae Scientiarum Hungar.icae 20, 1966



INFLUENCE OF TEMPERATURE ON ELECTRONIC SPECTRA 359

tű re  dependence  of th e  rea l co n d itio n s o f in te n s ity . I t  can  be seen th a t  th e  
changes b o th  in  th e  sh ap e  of th e  s p e c tra  an d  in  th e i r  in te n s ity , due  to  th e  in 
fluence  o f te m p e ra tu re  are  very  w ell described  b y  re la tio n  (5).

T h e  au th o rs  are in d e b te d  to  P ro f . D r. A. B u d Ó, M em ber of th e  H u n g a ria n  
A cadem y  o f Sciences, to w h o m th e y  o ffe r th e ir  sincere  th a n k s  fo r m o s t v a lu ab le  
d iscussions an d  adv ice  du ring  th is  w ork .
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ВЛИЯНИЕ ТЕМПЕРАТУРЫ НА ЭЛЕКТРОННЫЕ СПЕКТРЫ РАСТВОРОВ 
ОГРАНИЧЕСКИХ КРАСИТЕЛЕЙ

Е .  Х Е В Е Ш И  и  Л .  К О З М А

Р е з ю м е

На основании исследований о влиянии температуры на электронные спектры раз
ных люминесцирующих систем выводятся аналитические формулы, дающие возможность 
для описания изменения вида спектров в зависимости от температуры. Показывается, 
что существует простое соотношение между постоянными в формулах и температурой. 
Экспериментальные результаты для исследованных систем удовлетворительно согла
суются с данными, вычисленными на основе полученных формул. Изменения в спектре 
объясняются с предположением, что влияние температуры на распределение вибрацион
ной энергии различно для основного и для возбужденного состояний.
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ELECTRON GROUPS IN THE THOMAS-FERMI ATOM 
ACCORDING TO THE RADIAL QUANTUM NUMBER

By

A . K Ó N Y A

R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S , H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S ,
B U D A P E S T

(R eceived  1. X I. 1965)

A m eth o d  is given fo r th e  decom position  o f th e  e lectron  c lo u d  in  th e  T h om a s— F e r m i 
a to m  in to  e lec tro n  groups w h ich  co rrespond  to  th e  groups of e lec tro n s w ith  equal ra d ia l  q u a n t
u m  n u m b ers in  th e  w ave m ech an ica l a to m . T he n u m b er of e lec tro n s w ith  g iven v a lu es o f  th e  
ra d ia l q u a n tu m  n u m b er is c a lcu la te d  nu m erica lly  as fu n c tio n  of th e  a to m ic  n u m b er. T h e  re su lts  
agree q u ite  w ell w ith  those  o f w ave  m echanics.

1. In tro d u c tio n

I f  we w a n t to  use th e  T h o m a s - F e r m i  (TF) s ta t is t ic a l  th e o ry  of a to m s  in  
th e  in te rp re ta tio n  o f a to m ic  p ro p ertie s  d epend ing  on th e  shell s tru c tu re , one 
m u st in tro d u ce  th e  co n cep t o f q u a n tu m  n u m b ers  in  th is  th e o ry  as i t  w as 
in it ia te d  b y  A l f r e d  [1] a n d  b y  G o m b á s  [2] or to  seek fo r  co n tin u o u s  q u a n t i 
ties co rrespond ing  to  th e se  n u m b ers  in  th e  T F  m odel.

T he prob lem  o f th e  a n g u la r  q u a n tu m  n u m b er w as so lved  b y  F e r m i  in  th e  
follow ing m an n e r [3]. In  th e  s ta tis t ic a l  th e o ry  th e  e lec tro n s g(r)dv in  a vo lum e 
e lem en t dv o f th e  a to m  a re  t re a te d  as to ta l ly  free, th e ir  s ta te s  b e ing  fu lly  
ch a ra c te riz e d  b y  th e  m o m en tu m  v ec to r  p  w ith  rad ia l co m p o n en t p r a n d  az i
m u th a l co m p o n en t p ± .

T he m ax im al v a lu e  o f p  is

P(r)  =  (З я 2)1/3 h  Pl/3(r),

th e  rad iu s  o f th e  F e r m i  sphere  in  th e  m o m en tu m  space . T h e  energy  E  o f an  
e lec tron  w ith  th e  m o m en tu m  p  is

E  =  — ----- eo L (r)
2 m

an d  th e  ab so lu te  v a lu e  o f  th e  an g u la r m o m en tu m  is

M =  r P ±
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(m  is th e  e lec tro n ic  m ass, e0 th e  e lem en ta ry  ch arg e , F (r) th e  p o te n tia l  re su ltin g  
from  th e  n u c leu s  an d  th e  e lec tro n  cloud).

T he c o n tin u o u s  q u a n t i ty  k*  co rresp o n d in g  to  th e  a z im u th a l q u a n tu m  
n u m b e r к  o f  th e  q u a n tu m  th e o ry  is, acco rd in g  to  F erm i, g iv en  by

k* =
M

n ( 1 )

T he w ave m ech an ica l s ta te s  w ith  a n g u la r  q u a n tu m  n u m b e r  l are  d e sc rib 
ed  b y  th e  s ta te s  in  th e  T F  m odel w ith  th e  v a lu es  k* o b ta in e d  from  th e  re la 
tio n  [4, 5]

к* =  l +  1/2, 1 = 0 ,  1, 2 , . . .  (2)

S ta r t in g  from  th ese  s ta te m e n ts  F e r m i  h as defined  th e  e lec trons w ith

l ^ k *  <, l +  1 (3)

as th e  e lec tro n s w ith  a n g u la r  q u a n tu m  n u m b e r  l in  th e  T F  a to m . The p re sc rip 
tio n  (3) to  fo rm  th e  g roups o f  e lec trons w ith  e q u a l va lu es  l w as in v e s tig a te d  b y  
sev era l a u th o rs  [6, 7, 8] a n d  w as fo u n d  to  b e  th e  m ost su ita b le  one for th e  s t a 
t is t ic a l  t r e a tm e n t .

T he c o n tin u o u s  q u a n t i ty  n  * co rresp o n d in g  to  th e  ra d ia l  q u a n tu m  n u m b e r 
n r o f th e  q u a n tu m  th e o ry  w as defined  b y  KÓNYA o n  th e  b as is  of th e  B o h r - 
S o m m e r f e l d  q u a n tiz a tio n  ru le  [9]. A fte r th is  defin ition  th e  q u a n tity

nh
2 m  e0 V (r)  2 m  E

М2 1/2
dr (4)

can  be assig n ed  to  th e  e le c tio n  w ith  th e  en e rg y  E  an d  a n g u la r  m o m en tu m  M .  
H ere  rx a n d  r2 a re  th e  low er a n d  u p p e r  b o u n d s  o f th e  ran g e  w h ere  th e  in te g ra n d  
is real.

T he s ta te s  in  th e  T F  a to m  fo r w hich

n* =  n r +  1/2, п г =  0, 1, 2, . . .  (5 )

co rresp o n d  to  th e  w ave m ech an ica l s ta te s  w ith  th e  ra d ia l  q u a n tu m  n u m b e r 
n r in  close a n a lo g y  to  th e  re la tio n  (2).

In  ea rlie r  p ap ers  th e  a u th o r  has d efin ed  th e  q u a n t i ty

n* =  n* +  k*  (6)
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co rrespond ing  to  th e  p rin c ip a l quan tum , n u m b e r n  of w ave m echan ics a n d  has 
in te rp re te d  some p ro p e rtie s  of th e  perio d ic  system  of th e  e lem ents b y  in v e s tig a 
tin g  th e  possib le va lu es  o f  n *  [9, 10]. In  th e  p re se n t w o rk  we w ill in v e s tig a te  
th e  q u a n t i ty  n* d efin ed  in  (4), on th e  basis o f w hich  we deduce a m e th o d  for 
decom posing th e  to ta l  e lec tron  d e n s ity  o f th e  T F  a to m  in to  p a r tia l  d en s itie s  of 
e lec trons w ith  equal v a lu es  n r (Section  2). T he n u m erica l c o m p u ta tio n s  w ere 
p erfo rm ed  fo r several v a lu es  of th e  a to m ic  n u m b er Z . F ro m  th e  p a r t ia l  den si
tie s  we easily  o b ta in  th e  n u m b er o f  e lec trons w ith  g iven  values n r a n d  th e  
d ependence  of these  n u m b e rs  on th e  a to m ic  n u m b e r (S ection  3).

2. Decom position o f the total electron density o f the TF atom according  
to the radial quantum  number

In  th e  follow ing we deal only  w ith  th e  case o f  free n e u tra l  T F  a to m . 
In tro d u c in g  th e  F e r m i  fu n c tio n  y(x)  th e  expression  (4) m ay  be w r it te n  as

3 W3
4 л 2 ( ? )

T his v a lue  belongs to  all th e  e lec tro n s  in  th e  vo lu m e dv a t  r =  fxx, w hich  
have  th e  m o m en tum  com ponen ts

<p(x)
p  =  ----------- — Z 2/3

( 6 л )1/3 a0

4  n  72/3 *P I = ---------:-------Z 2'3 — - ,
(6л:)1/3 a 0 X

ß ~
1/2

( 8)

( 9 )

w hen th e  m o m en tu m  v a lu e  p =  (p2r -j- p\)^2 is ly in g  in side  th e  F e r m i  sphere. 
T he n o ta tio n s

1/2 J r
xrp (ж )— ßx2 — «2 ------,Ф K 0 ) = j

к*
а  =

Зл  W3
Z 1/3

and

ß = ~
(6 л )21* а0 Е  
8 Z 4/3 е2
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a re  th e  sam e as in  [9], w here n u m erica l ta b le s  fo r  th e  fu n c tio n  Ф (а, ß) a re  also 
g iven . F o r th e  m ean in g  o f th e  n o ta tio n  see [11].

As fo llow s fro m  (2) a n d  (5), w hich ex p ress  th e  re la tio n  b e tw e e n  th e  w ave 
m ech an ica l a n d  s ta t is t ic a l  s ta te s , one m u st choose th e  sam e in te rv a ls  fo r n* 
fo r  d e fin in g  th e  n r g roups o f  th e  T F  a to m , as F e r m i  has done fo r  k* in  th e  case 
o f  th e  l g roups. T h ere fo re  w e d efine  th e  e lec tro n s  o f  th e  T F  a to m  w ith

»r n* < ; n r +  1, n r — 0, 1, 2 , . . .  (10)

as th o se  co rre sp o n d in g  to  th e  e lec tro n s  w ith  th e  ra d ia l q u a n tu m  n u m b e r nr in  
th e  w ave m ech an ica l a to m .

t

x - 0 , 6  x - 1 , 2  x - 2 , 8

Fig. 1. D ecom position  of the volum e of the Ferm i sphere into the partial volum es шПг(г)  
occupied by the electrons of the nr groups in the case o f the TF m odel for the Ag atom

W e d e te rm in e  th e  d e n s ity  o f th e  e lec tro n s  in  th e  n r g roups in  th e  fo llo
w ing  w ay . In  a vo lum e dv  a t  th e  a rb itr a ry  d is ta n c e  r =  fix  a ll e lectrons a re  
c h a ra c te riz e d  b y  som e v a lu e  n* accord ing  to  (7). W ith  th e  h e lp  o f th e  T ab les 
fo r  Ф (а, ß) g iv en  in  [9] one m a y  f in d  tho se  v a lu es  o f th e  p a ra m e te rs  a  an d  ß  fo r 
w h ich  n* =  0 ,1 ,  2 , . . . B y  th e  e q u a tio n s  (8) a n d  (9) we ge t fu r th e r  th e  m om en
tu m  v ec to rs  h a v in g  in teg e r v a lu e s  of n*. T h ese  m o m en tu m  v ec to rs  define a 
series o f  su rfaces  inside th e  F e r m i  sphere. T o  a given in te g e r  v a lu e  of n* 
th e re  belongs a su rface  o f th is  k in d .

T he p a r t ia l  vo lum e тПг (r) b e tw een  th e  n e ig h b o u rin g  su rfaces n* =  n r 
a n d  n* — n r -f- 1 is occup ied  b y  th e  e lec tro n s o f  th e  T F  a to m  w hich  belong , 
acco rd ing  to  (10), to  th e  g ro u p  w ith  q u a n tu m  n u m b e r  nr. A cco rd ing ly  th e  d en 
s i ty  o f th is  g ro u p  a t  th e  p lace  r  =  fix is

enr (r) = (r )
4л3 A3 ( И )
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E x am p les  fo r th e  decom position  o f  th e  Fermi sphere  in to  th e  p a r t ia l  
vo lum es con (r) are show n in  Fig. 1 fo r th e  Ag a to m  (Z  =  47). T he b o u n d a ry  
surfaces possess ro ta tio n a l sy m m e try  a ro u n d  th e  p r-ax is a n d  re flec tio n  sy m 
m e try  w ith  th e  sy m m e try  p lane  p e rp e n d ic u la r  to  th is  ax is  th ro u g h  th e  orig in  
of th e  m o m en tu m  space. A fte r  h av in g  c o m p u ted  n u m e ric a lly  th e  co m p o n en ts

Fig. 2. The tota l radial den sity  and the partial radial densities of the electron groups w ith  
nr =  0, 1, 2 and 3 in the T F  model o f the Ag atom

p r an d  p j  o f th e  p o in ts  ly in g  on th e  b o u n d a ry  su rfaces, one can  ca lc u la te  th e  
p a r tia l  vo lum es тПг (r) b y  n u m erica l in te g ra tio n .

T he p a r tia l  d en sitie s  o b ta in e d  w ith  th is  m e th o d  a re  show n fo r th e  case 
o f th e  A g a to m  in  F igs. 2, 3 an d  4. In  F ig . 2 one m a y  see how  th e  to ta l  ra d ia l 
d e n s ity  4тгг2р(г) o f th e  T F  a to m  is decom posed  in to  th e  p a r t ia l  ra d ia l  d en 
sities 4 л г 2дп (г).

In  m o st cases th e  T F  m odel has also a group w ith  g re a te r  ra d ia l q u a n tu m  
n u m b e r th a n  tho se  o ccu rrin g  in  th e  w ave m echan ical a to m . In  th e  case o f th e  
Ag a to m  fo r exam ple  th e  T F  m odel h a s  e lec trons w ith  n r =  4 to o  ( th e  p a r t ia l  
d e n s ity  o f th is  g roup  is sm all to  be  show n in  F ig . 2). T he reaso n  fo r th is  is, t h a t  
th e  m ax im a l v a lue  o f n*  in  th e  T F  m odel is g re a te r  th a n  th e  m a x im a l ra d ia l 
q u a n tu m  n u m b e r in  th e  w ave m ech an ica l a tom s.

In  F igs. 3 a n d  4 th e  p a r tia l  ra d ia l  densities 4 я т 2рпДг) are  co m p ared  w ith  
th e  re su lts  o b ta in ed  b y  Gáspár  fo r th e  w ave m ech an ica l Ag a to m  [12]. T he 
p a r t ia l  d ensities of th e  T F  a to m  a p p ro ach  to  th e  cu rves of th e  w ave m ech an ica l 
a to m  in  th e  sam e m a n n e r  as i t  is th e  case fo r th e  to ta l  densities . T he m ax im a  of 
th e  w ave m echan ical cu rv es  are sm o o th ed  o u t b y  th e  s ta tis t ic a l  cu rves. O ne
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Fig.  3. The partial radial densities for nr — 0 and 1 ip the T F  m odel and in the wave m echa 
nical shell m odel o f the Ag atom . —  T F  m o d e l,---------------- wave m echanical atom

Fig. 4. The partial radial densities for nr =  2 and 3 in the T F  m odel and in the w ave m echanical 
shell m odel o f  the Ag atom . T F  m odel, — — — — w ave m echanical atom
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o b ta in s  from  th e  T F  m o d e l in  av e rag e  a good d esc rip tio n  o f th e  general 
b e h a v io u r  o f th e  p a r t ia l  densities. T h e  regions w ith  m ax im al d en sitie s  are  
n e a rly  th e  sam e.

In  com paring  th e se  curves one m u s t ta k e  in to  acco u n t — as we shall sec 
i t  in  d e ta il in th e  n e x t sec tio n  — t h a t  th e  w ave m ech an ica l an d  th e  s ta tis t ic a l  
cu rves belonging  to  th e  sam e va lu es  o f  nr are  n o t n o rm alized  to  th e  sam e elec
tro n  n u m b er.

3. The number o f electrons w ith given values of nr in the  
periodic system  o f the elem ents

H av in g  o b ta in ed  th e  p a r tia l ra d ia l  densities (11) one can g e t a t  once th e  
n u m b e r o f e lectrons w ith  rad ia l q u a n tu m  n u m b er n r in  th e  T F  a to m  b y  n u m e 
rica l in te g ra tio n

Nnr = J 4яг2 Qnr(r)dr . (12)
0

T h e  num erica l c o m p u ta tio n s  w ere m ade fo r th e  atom s N e, Ag a n d  H g  
(Z  =  10, 47 an d  80, re sp ec tiv e ly ). T h e  resu lts  to g e th e r  w ith  th e  d a ta  ta k e n  from  
th e  period ic  system  o f th e  e lem ents a re  show n in F igs. 5 an d  6. As ca n  be seen, 
th e  cu rv es  fo r th e  T F  a to m  describe  v e ry  well th e  general b e h a v io u r  o f th e  
w ave m ech an ica l cu rv es  w ith  a b ru p t  changes.

B eg inn ing  from  Z  ^  75 th e  T F  m odel has also  a group w ith  n r =  6. T he 
n u m b e r o f th e  few e lec tro n s  in  th is  g roup  m ay  be co m p u ted  n u m e ric a lly  w ith  
re la tiv e ly  g rea t e rro r, th u s  we h a v e  n o t  show n i t  in  F ig . 5.

In  som e cases th e re  are re la tiv e ly  v e ry  g re a t differences b e tw een  th e  
v a lu es  N „ ,  ta k e n  fro m  th e  T F  m odel an d  from  th e  period ic  sy s tem . T h is is 
caused  b y  th e  follow ing fa c t. The successive filling  o f  th e  e lec tron ic  s ta te s  w ith  
in c reas in g  atom ic  n u m b e r  Z  occurs in  th e  w ave m ech an ica l a to m  in  th e  w ay  
th a t  in  som e in te rv a ls  o f  Z  th e re  is o n ly  one nr g ro u p  in  w hich th e  n u m b e r  o f 
e lec tro n s increases, in  a ll o th e r g ro u p s th e  N n ,s rem ain  c o n s ta n ts . T h is is 
c o n tra ry  to  th e  b e h a v io u r  of th e  T F  m odel, w here a ll v a lues N n in c rea se  co n 
tin u o u s ly  w ith  in c reas in g  atom ic  n u m b e r  Z.

I t  follow s from  th e  basic  co n cep tio n s of th e  T F  th e o ry  th a t  i t  is u n a b le  to  
describe  th e  in d iv id u a l shell p ro p e rtie s  of th e  a to m s b u t  i t  gives a d e sc rip tio n  o f 
th e  av e rag e  b eh av io u r. T h is is th e  case accord ing  to  F igs. 5 an d  6 also  fo r th e  
change o f th e  values N nr in  th e  p e rio d ic  system .
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Fig. 5. The num ber o f electrons in the groups w ith nr — 0 , 2 , 4  and 6 as functions o f the atom ic 
num ber according to the T F  m odel and to the wave m echanical shell m odel

Fig. 6. The num ber o f  electrons in the groups w ith  nr =  1, 3 and 5 as functions o f the atom ic 
num ber according to the T F  m odel and to the w ave m echanical shell m odel

T he a p p ro x im a tio n  of th e  T F  th e o ry  to  th e  w ave m ech an ica l a to m  in 
d e te rm in in g  th e  v a lu e s  N n is th e  sam e as i t  is fo r  th e  n u m b er o f e lec tro n s in th e  
l g roups d e te rm in e d  earlie r b y  F ermi [3], T heiss [7] an d  Oliphant  [8].

T h an k s  a re  d u e  to  M rs. J .  H uszár a n d  Miss É . Szabó fo r c a rry in g  ou t th e  
n u m erica l c a lc u la tio n s  an d  fo r d raw in g  th e  fig u res .
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Э Л Е К Т РО Н Н Ы Е  ГР У П П Ы  ПО РА ДИ А Л ЬН О М У  К ВАН ТО ВО М У  ЧИ СЛУ В  
АТОМЕ Т О М А С А -Ф Е Р М И

А. коня 

Р е з ю м е

В работе излагается метод для разделения электронного облака в атоме Т ом аса- 
Ферми на электронные группы, содержащие электроны с одинаковым радиальным кван 
товым числом квантовомеханического атома. Численным методом определяется число 
электронов с данным значением радиального квантового числа как функция от порядко
вого номера. Результаты удовлетворительно согласуются с соответствующими данными 
квантовой механики.
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COMMUNICATIONES BREVES

DISPERSION RELATION FOR THE CAUSAL TRANSFORM 
AND ITS CORRESPONDENCE WITH A ONE DIMENSIONAL

DYNAMICAL SYSTEM

B y

P.  K.  B i s w a s
D E P A R T M E N T  O P  T H E O R E T IC A L  P H Y S IC S , I N D IA N  A S S O C IA T IO N  F O R  T H E  C U L T IV A T IO N  O F  S C IE N C E ,

JA P A V P T JR , CA LCU TTA—  32, I N D IA

(R eceived  22. VI. 1965)

L e t tw o fu n c tio n s  u(t) an d  v(t) be  th e  H ilb e r t  tran sfo rm s o f each  o th e r 
so th a t

u(t) =  —  P  [ d t ' , v(t) =  -  —  P  ( ~ (í } 
n J t '— t я: J t'

dt' . ( 1 )

F u r th e r  le t  q an d  p  be defined  b y

dt dt
(2)

W e h av e  show n in  a re c e n t w ork  [1] th a t  q and  p  sa tis fy  ce rta in  re la tio n s  w hich  
are  s im ila r to  th e  p a r t ia l  d iffe ren tia l eq u a tio n s  o f  H a m ilto n ’s can o n ica l fo rm

dq Э Я  dp _  8H  /04
——- — ------- , — — , (á )
dt dp dt dq

w here H  is a su itab le  fu n c tio n * , n o t  n ecessarily  u n iq u e , of q a n d  p .  W e sh a ll 
look a t  th is  re su lt as a so rt o f m a p p in g  of (u, v) on  to  a set of fam ilies  o f t r a je c 
to rie s  defined  b y  th e  p a r tia l  d iffe re n tia l e q u a tio n s  (3). F u r th e r  th is  m ap p in g  
seem s in te re s tin g  since th e re  is a la rg e  class o f  p h y sica l q u a n tit ie s  (called th e  
causal transforms  [2] in  th e  d ispersion  th eo ry ), w hose real an d  im a g in a ry  p a r ts

* The function is given by (9) o f [1]. A ny two fun ctions q(t) and p(t)  define a trajectory  
that can always he represented as in (3), where H(q, p )  is  som e function o f q and p  and m ay  
be non-unique. W hat is new in our resu lt is the restriction o f  H(q,p) to the explicit  form  (9) o f  
[1] due to the constraint (1) between u(t) and v(t). Constraint (1) is in fact a ty p e  of causality  
condition in physical cases.
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are  H ilb e r t tra n sfo rm s  o f each o th e r . Below we consider such  a q u a n tity , 
n a m e ly  th e  com plex  re frac tiv e  in d e x  N (w )  considered  as a fu n c tio n  of th e  
freq u en cy  w  of lig h t* . S tr ic tly  sp eak in g  (Ch. I , [2 ]) it is N(w)  — 1 an d  n o t 
N (w ),  w h ich  is a cau sa l tra n s fo rm  (w e consider sc a tte r in g  of lig h t b y  bound  
e lec tro n s). W e sh a ll also go th ro u g h  som e n ecessary  m an ip u la tio n s  so as to  
m ak e  th e  fam ilies o f  tra je c to r ie s  look like  th e  d y n am ica l ones, fo r th e  sake of 
e legance. T he re su lt is th e  co rrespondence  of N(co) w ith  a se t o f one-d im ensiona l 
d y n a m ic a l sy stem s. T h is is possible b ecau se  of th e  s im ila rity  o f th e  d iffe ren tia l 
eqs. (3) w ith  th e  can o n ica l form s o f  th e  eq u a tio n s o f  m otion . L et us com e back 
to  th e  in d e x  N (w ).  B o th  its  rea l a n d  im a g in a ry  p a r ts  a re  pu re  n u m b ers . W e have 
th e  fo llow ing re la tio n s  from  d ispersion  th e o ry  (p. 3, [2]).

— p  Г 1]R e  [iV(co) -  1] =  —  P  J

j  глг/ \ 1 1 I n f  Äe [ЛГ(о)') — 1] ,I m  [N (w )  — 1] =  —   P  ------ 1— -— >-----1 a w ' .
n  J w ' — ft)

(4)

L e t us define w =  C 0[T  2]t, (5 )

w here  C0 is a c o n s ta n t a n d  its  d im ension  is in d ic a te d  in  th e  p a re n th e se s . The 
v a r ia b le  t has th e  d im ension  of tim e  so th a t  we m a y  call i t  th e  tim e  v a riab le . 
L e t us p u t  N (w )  — 1 =  N ( c 0t) — 1 =  u(t) -j- iv(t),

so t h a t  Re[N(co) — 1] =  u(t),

a n d  Im[iV(ft)) — 1] =  v(t);

a n d  so chan g in g  th e  v a r ia b le  from  ш to  t (4) becom es fo rm ally  id e n tic a l to  th e  
re la tio n  (1). N ow  we define  q an d  p  h a v in g  th e  d im en sio n  of c o -o rd in a te  (space 
co -o rd in a te ) an d  m o m en tu m  re sp ec tiv e ly  an d  c o n s is te n t d im en sio n a lly  by

u(t) =  C ^ L - i T ]  • »(*) =  C2[ M - i L - i T 2] • (2 ')

w here  Сх a n d  C2 h a v e  d im en sio n s a s  in d ic a te d  an d  each** =  1. W e n o te  th a t

* N(a>) =  re(co) +  ic/2ea(co), where n(a>) is the index of refraction of light of frequency 
со, and <x(ft>) is the absorption co-efficient of the medium for to .  The factor с/2и is introduced 
to make Im N(co) dimensionless.

* * This is possible by choosing suitable of units.
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u(t) a n d  v(t) are dim ensionless. T h u s  th e  re la tio n s  (2 ') are th e  sam e  as (2). So 
we h av e  an  H(q, p ) ,  o r a set of H (q , />)’s (given b y  (9) of [1]) sa tis fy in g .

dq _  d H  dp  _  8H  .
z — ~  ? . — ■ )

dt 8p  dt Qq

W ith  q a n d p  as d e fin ed  in  (2 ') a n d  t as in  (5), we see th a t  H (q , p )  has th e  
d im ension  of energy  a n d  m ay  be ca lled  th e  H am ilto n ia n  of a o n e-d im ensiona l 
d y n am ica l sy stem , w ith  q an d  p  as co -o rd ina te  a n d  m o m en tu m  resp ec tiv e ly , 
a n d  w hose tra je c to rie s  are d e te rm in ed  by  th e  can o n ica l e q u a tio n s  (3 ').

W e th u s  a ssoc ia te  w ith  a re fra c tiv e  in d ex  N(co) a classical (one d im ension
al) d ynam ica l sy stem . I t  m ay  also  be looked a t  as a ty p e  o f co rrespondence  
(one to  m an y  in  case H(q, p )  is n o t  un ique) b e tw een  a sy s te m  consisting  o f 
a p h o to n  -j- an  e lec tron  b o u n d  to  an  a tom  of ty p e  A  (for sp ec ifica tio n ) a n d  a 
fam ily  of one-d im ensional d y n am ica l system s v ia  th e  in te rm e d ia tio n  of th e  
com plex  re frac tiv e  in d ex  N(w).

S im ilar correspondence  is also possible fo r  a q u a n tu m  m ech an ica l system . 
C onsider a sc a tte r in g  process in  th e  system . B y  v irtu e  o f th e  princip le  o f  
causality  i t  will h av e  a causal tra n s fo rm  (see C h a p te r  V II, [2]), a n d  th is  can be  
m ap p ed  on to  a (or a se t o f)one-d im ensional d y n a m ic a l system  as in  th e  p reced 
ing  exam ple.

T h anks are  due  to  P ro fesso r D . B a s u , P h . D . fo r k ind  en co u rag em en t.
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THE STATISTICAL TREATMENT OF MANY-BODY 
SYSTEMS UNDER CONSIDERATION OF THE CENTRI

FUGAL POTENTIAL
B y

P . R ennert
IN S T IT U T E  O P  T H E O R E T IC A L  P H Y S IC S  O P  T H E  T E C H N IC A L  U N IV E R S IT Y , D R E S D E N , D D R

(R eceived  17. VIII. 1965)

W hen  in v e s tig a tin g  sy stem s com prising  a la rge  n u m b e r o f pa rtic le s  
su ch  as e lec trons in  a to m  shells good resu lts  c a n  be o b ta in e d  b y  s ta tis t ic a l  
a p p ro x im a tio n . So, th e  T homas-F ermi m e th o d  [1] gives a sm o o th  curve of 
e lec tro n  d en sity  in  w hich, as o p posed  to  th e  H artree-F ock m e th o d , only  th e  
f in e r  c u rv a tu re  o f e lec tro n  d e n s ity  as w ell as a co rrec t a sy m p to tic  fa lling-off 
fo r  r  —*■ 0 an d  r —► oo c an n o t be fo u n d .

In  th e  T homas-F ermi a p p ro x im a tio n  th e  e lec tro n  d e n s ity  p(r) a t r is 
d e te rm in e d  b y  th e  va lu e  of th e  p o te n tia l  V(r)  a t  p o in t t  on ly . R e c e n tly , som e 
im p ro v ed  m eth o d s have  been  deve loped  a n d  assessed  [2 ]— [16]. W ith  th e se  
m e th o d s , th e  in fluence  of th e  w hole p o te n tia l fo rm  on d e n s ity  d is tr ib u tio n  is 
ta k e n  in to  co n sid e ra tio n , an d  d e n s ity  curves a re  o b ta in e d  w hich  show  th e  f in e r  
c u rv a tu re  also. F o r  r —<■ oo th e  d e n s ity  show s th e  ex ac t e x p o n e n tia l falling-off, 
b u t  fo r r  —► 0, th e  s in g u la r ity  o f th e  cen trifu g a l p o te n tia l  s till re su lts  in  a w rong 
a sy m p to tic a l fo rm . T herefo re , a m e th o d  has b een  developed  w h ich  co n ta in s  
co m p le te ly  th e  cen trifu g a l p o te n tia l  as fo llow s:

In  [9] from  th e  d e n s ity  m a tr ix

e ( t ,  r ' )  =  2  v ( t ) v * ( t ' )  =  0 ( Е д - н ( г) )  a ( t - r ' )
occ.

Г drp(r) =  A  H  =  +  V(r)  (1 )
J  2  m

th e  d e n s ity  p(r) =  p(t, r) in  an  e x te rn a l p o te n tia l  V(r) is o b ta in e d  fo r a sy stem  
o f A  pa rtic le s  in  th is  p o te n tia l  b y  su itab le  a p p ro x im a tio n  fo r th e  d e riv a tio n s  o f  
th e  p o te n tia l w ith  re g a rd  to  th e  e v a lu a tio n  o f  th e  H a m ilto n ia n , H .  In  th e  o n e
d im en sio n a l case a s ta n d a rd  d e n s ity  Q0(q) is o b ta in e d . T his is th e  e x a c t so lu tion  
fo r a lin ea rly  increasing  p o te n tia l  V 0(x) =  a \x\ so th a t  b y  a tra n s fo rm a tio n  
q(x) (I, 1.5) d e te rm in ed  b y  th e  p a r tic u la r ly  in te re s tin g  p o te n tia l  V(x)  th e  d e n 
s i ty  can  be ca lcu la ted  as follow s:

e(*) =  &>[?(*)]. k(x) (Ea  ~  V (x ) ) . (2 )
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C onsider now  th e  ra d ia l  d e n s ity  d is tr ib u tio n  Я г(г) as w ell as th e  ra d ia l  d en sity  
m a tr ix  D l(r, r ')  fo r  th e  a n g u la r  m o m e n tu m  Z (I, 1.6) a n d  th e  o ccu p ied  levels 
n  =  0.1

N ,

Qi — У, Wmiy) У*/(г')>
n= 0

D ’(r, r') =  j  dQ  rr' Qt(r, C,<p ; r ',  f ,  99),

D '(r, r ')  =  (2 / +  1) 0 ( £ л  -  Я ,)  <5(r -  г ') , Я '(г) =  D ‘ (r, r), (3 )

dr D'(r) =  ( 2 1 + 1 )  (IV, +  1), Я , =
Ä2 d2

2 m  dr2
Ä2Z(Z+1)

+  ^ ( r ) .

T h en , th e  cen trifu g a l p o te n tia l  h2l(l +  l)/2 m r2 occurs ad d itio n a lly  w h ich  leads 
to  th e  above  m en tio n ed  erro rs. To co rrec t th e se  e rro rs  a p o te n tia l  Vi(r) is 
so u g h t fo r  w hich th e  e x a c t d en sity  Я )(г) can  be c a lc u la ted  in a closed fo rm .

T h is  m ay  be p ra c tic a b le  fo r th e  harm onic  o sc illa to r V ^ r f ^ V g ^ r )  — 
=  mco2r2/2 . The e igen func tions c o n ta in  L ag u erre ’s po lynom inals L

1 / 2  A,+ 3 /2

/  г
h i

/г +  l +  1 /2  

n

г 1 е -Лг2/2 L(/+i/2> ( / r 2) X

X
2 Z +  1 (/ m)!

4 я  (Z +  m)! Р Г (0  e"

(4)

w here  A =  mco/H, a n d  fo r th e  ra d ia l d e n s ity  m a trix  a n d  th e  rad ia l d e n s ity  of th e  
h a rm o n ie  osc illa to r, th e y  lead  to :

N ,
D losc(r, r ') = ( 2 Z + l )  V

2 A1/2

— (2 Z + 1)

n=° Г ( а + 1 )

2Ai/2(iV;+ l )

n +  a  
n

( y y T i)/2 e~(y+y'V2 L(n\y) L^(y') =

Г(ос+1)
N,+oc

N,

( y y ' y i  + l ) l2 g - ( y + y

(3 )

эд LÏÏÀy) i ' Ï Ï J f )  -iXl+1  ( у ) Щ / )

У ~  У

D losc( r ) = ( 2 l + l )
2АУ2(1У;+ 1 ) !  v

(iV ,+ a)!

-  Ь Ш

w here  x  =  l +  1/2 a n d  у  =  Ar2.
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B y m eans of a tra n s fo rm a tio n  q =  qoSc(r) 
r =  qösl{q) from  (5), a s ta n d a rd  d en sity  posc (q)

r 4osc(Q)

qll3D ‘osc[qôïÀq)] 

i^OSC [ ïo s c i? ) ] ;
( 6)

is o b ta in ed  w hich  in  ap p ro x im a tio n  (2) is e q u a l to  th e  s ta n d a rd  den sity  Q0( q ) .  

C onsequen tly , fo r an y  p o te n tia l  V(r) th e  ra d ia l  d ensity  D l(r) c a n  be ca lc u la ted  
b y  m eans o f tw o  successive tra n s fo rm a tio n s  q 0sc{q) and  q ( r )i an d

D'{r) =  ^ ^ L g 05C[g(r)] 
qll3(r)

jMO! i>osA(ioJc(q(r))\

IKÂtâciqirM
( 7 )

F ig .  1. T he ra d ia l d en sity  d is tr ib u tio n  D  (r) for a C oulom b p o ten tia l V (r )  =  — Ze2/r  to  a n g u la r  
m o m en tu m  1 = 1 ,  th e  levels n  =  0 to  re =  5 b e in g  occupied  (a =  f i r /m Z e 2). C om parison of
a p p ro x im atio n  ( 7 ) ------------w ith  th e  e x ac t s o lu t io n ------------, a p p ro x im atio n  ( / )  - a n d

T h o m as— F erm i ap p ro x im a tio n  — . — . — .

is o b ta in ed  in  th e  sam e ap p ro x im a tio n  (2), w h ere  th e  fu n c tio n  Q0sc(q) need n o t  be  
de te rm in ed . F o r  r —>- 0 th e  d e n s ity  co m p u ted  in  th is  w ay fa lls  o ff w ith  th e  co r
re c t pow er r2,+2 because w ith  a sm all r th e  cen trifugal p o te n tia l  form s th e  
m ain  p a r t  o f th e  p o te n tia l in  H t (3), co n se q u e n tly  qosc{r) =  q(r) and , th e re fo re , 
q7sl[q{r)] =  r.
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I t  is n o  d isa d v a n ta g e  th a t  ow ing to  these  tw o  tra n s fo rm a tio n s  th e  
q u a n tu m  m ech an ica l a p p ro x im a tio n  ( th e  ap p ro x im a tio n  concern ing  t r e a tm e n t  
of th e  d e riv a tio n s  of F (r) b y  th e  e v a lu a tio n  of th e  o p e ra to rs  com prising  th e  
H a m ilto n ia n ) is done tw ice . As th e  to ta l  e r ro r  is of th e  sam e  size th e  e rro rs  m a y  
p a r tia lly  co m p en sa te  one a n o th e r . W ith  g ( r ) = ç os<;(r), th e  fu n c tio n  D losc (r) is o b 
ta in e d  fo r D ( r ) ,  i. e. th e  e x a c t  so lu tion .

N ow , th e se  co n sid e ra tio n s  are  ap p lied  to  th e  Coulom b p o te n tia l  
V(r)  =  —Ze2/r. The C oulom b p o te n tia l m a y  be co n sid e red  as a te s t  fo r  th e  
q u a lity  o f  s ta tis t ic a l  a p p ro x im a tio n  b ecau se  owing to  i ts  s in g u la rity  re la tiv e ly  
large  e rro rs  a p p ea r. On th e  o th e r  h an d  th e  C oulom b p o te n tia l  is one of th e  m o st 
in te re s tin g  p o te n tia ls . T he F ig u re  show s th e  d en sity  d is tr ib u tio n  for 18(iVZ=5) 
p a rtic le s  w ith o u t in te ra c tio n  to  a n g u la r  m o m en tu m  l =  1 in  th e  C oulom b 
p o te n tia l. T h e  H a r t r e e  so lu tio n , th e  T h o m a s - F e r m i  a p p ro x im a tio n  a n d  th e  
a p p ro x im a tio n  (I, 1.5) a re  co m p ared  w ith  a p p ro x im a tio n  (7), D osc(r) b e in g  th e  
s ta r t in g  p o in t .  F o r r  — 0 th e  ca lcu la ted  d e n s ity  (7) h as  th e  co rrec t fa lling-o ff, 
viz. r4; i t  ap p ro ach es  th e  H a r t r e e  so lu tio n  m ore closely th a n  th e  o th e r a p p ro x 
im atio n s.

I  am  in d e b te d  to  P ro f. W . M a c k e  fo r  he lp fu l d iscussions, to  D r. D e m k o v  

of th e  U n iv e rs ity  of L e n in g ra d  for re fe rence  to  th e  re p re se n ta tio n  of th e  h a r 
m onic o sc illa to r  d en sity , a n d  to  D ip l.- In g . A. S c h u b e r t  fo r  th e  p e rfo rm an ce  
o f n u m erica l ca lcu la tio n s.
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MÖSSBAUER EFFECT IN Tb159
B y

T. CziBÓK, I .  DÉZSI and L. KESZTHELYI
C E N T R A L  R E S E A R C H  IN S T IT U T E  F O R  P H Y S IC S , B U D A P E S T

(R eceived 31. V III. 1965)

The M össbauer effect w as s tu d ied  on th e  58 keV en erg y  f i r s t  ex c ited  s ta te  
o f T b 159 nucleus b y  D ézsi a n d  K eszthelyi [1]. In  th is  f i r s t  w ork  on ly  th e  
ex istence  o f th e  M össbauer effect w as s ta te d . T he aim  of th e  p re se n t in v e s tig a 
tio n  was a m ore  carefu l s tu d y  o f th e  effect.

T he source w as p re p a re d  b y  ir ra d ia t in g  G d (N 0 3)3 (en rich ed  to  92 %  in 
G d158) in  re a c to r , th e n  b y  h e a tin g  a t  800°C to  p roduce G d 40 7 p o lic ry s ta llin e  
m a te ria l. T he h a lf  life o f G d 159 is 18 hours [2] i t  decays in  2 4 %  to  th e  58 keV  
s ta te  of T b 159. T he ab so rb e r w as 50 m g/cm 2 T b 159 in  T b40 7 co m p o u n d . T he source 
a n d  ab so rb er w ere a t  a b o u t — 190°C te m p e ra tu re  in  th e  sam e  c ry o s ta t cooled  
b y  liqu id  n itro g en .

T h ey -sp ec tru m  m easu red  b y  a k ry p to n -f ille d  p ro p o rtio n a l co u n te r (F ig .l)  
is v e ry  co m p lica ted  an d  th e  in te n s ity  o f th e  58 keV line is sm all because  of 
th e  h igh in te rn a l conversion  (a =  10,4 ±  1 [2]). The d isc r im in a to r  ch an n e l w as 
se t to  th e  58 keV  peak .

T he h a lf  life o t th e  58 keV  s ta te  w as m easu red  by  B erlovich  e t a l [3] to  
be  (1,4 ±  0,3). 1 0 -10 sec, b u t  Meiling  [4] fo u n d  th a t  T /2 <  1 0 ~ 10 sec. In  a n y  
case th e  line w id th  is la rge  a n d  we h a d  to  re a c h  large v e lo c itie s  ( ~ 1 0  cm /sec) in  
m ovem en t. T herefo re  th e  source w as a t ta c h e d  to  th e  m o v in g  coil of a lo u d 
sp eak er an d  w as m oved  b y  sinuso idal v o lta g e  of d iffe re n t am p litu d es . T h e  
co u n tin g  ra te  w as m easu red  as a fu n c tio n  o f th e  a m p litu d e . T he c a lib ra tio n  
w as m ade w ith  th e  help  o f F e 57 M össbauer effec t. B y such  m e th o d  th e  possib le  
isom er sh ift causes an  in c reased  line w id th  b u t  tak in g  in to  a c c o u n t th e  la rg e  line 
w id th  th is  e rro r  m ay  p ro b a b ly  he  n eg lec ted . T he form  o f th e  line in  th e  case of 
a L oren tz  cu rv e  of w id th  Г  is

1 ( B )
В Г 1 + Г 1

B 1

w here В  is th e  a m p litu d e  of th e  sinuso idal v o ltag e . The re s u lt  o f th e  m e a su rm e n t 
(co rrec ted  fo r b ack g ro u n d ) is show n in  F ig . 2. The f i t t in g  gives Г  =  (11,5 ^  

0,6)cm /sec. T he m ax im u m  of th e  n u c le a r  ab so rp tio n  is (15 ±  1 )% . R  we
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Fig. 2. R esu lt o f the absorption m easurem ent

assum e th a t  th e  D ebye-W aller fac to rs o f th e  source a n d  th e  ab so rb er a re  
eq u a l th e n  f ( T )  = f ' ( T ) =  0 ,19  ^  0,02, th e  D e b y e -te m p e ra tu re  0 д =  ( 2 2 5 ^  
^  10)°K  a n d  th e  line w id th  a f te r  co rrec tin g  fo r f in ite  th ic k n e ss  of ab so rb e r is 
(7,7 3^0 ,9 ) cm /sec . This g ives th e  low er lim it fo r th e  h a lf  life o f  th e  58 keV  s ta te  

T
of T b 159 as —  =  (3 ^  0,3). 10 11 sec. A t th is  m om en t i t  is im possib le to  see if

2
th e re  is an  iso m e r sh ift or som e sp littin g  o f line b o th  o f w h ich  cause an  a p p a r 
e n t  sh o rte r  life  tim e .

W e a re  in d e b te d  to  M r. B . M o l n á r  fo r  p ro d u c in g  th e  sou ices.
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ON THE CURRENT CONSUMPTION OF THE AUXILIARY 
ELECTRODES OF DISCHARGES

B y

J .  B it ó

IN D U S T R IA L  R E S E A R C H  IN S T IT U T E  F O R  T E L E C O M M U N IC A T IO N  T E C H N IQ U E , B U D A P E S T

(R eceived 31. VIII. 1965)

T he pow er co n su m p tio n  of th e  n ickel p la te s  used  as a u x ilia ry  e lectrodes 
w as d e te rm in ed  in  a H g —A d isch arg e , u n d e r d .c . a n d  a.c. co n d itio n s . T he 
n ick e l p la te s  used  w ere ra d ia lly  m o v ab le , 1,0 m m  th ic k , 7 m m  w ide a n d  12 m m  
long . T h ey  w ere a rra n g e d  p a ia lle l to  each  o th e r a n d  to  th e  e lec tro d e  axes, an d  
e x te n d e d  in to  th e  e lec tro d e  space. T h e  electrodes o f th e  g lass-w alled  d ischarge 
tu b e  w ith  an  in n er d ia m e te r  of 36 m m  w ere fo rm ed  o f tu n g s te n  sp ira ls  co a ted  
w ith  a n  e lec tro n em ittin g  su b stan ce , a n d  of w holly  u n ifo rm  design . T he sp iia ls  
w ere spaced  a t  1090 m m . T he d isch arg e  space c o n ta in e d  argon  a t  a p ressu re  
o f 3 m m  H g, an d  a b o u t 50 m g of m e rc u ry . T he la t t e r  ensu red  a v a p o u r  p ressu re  
o f 6 i  0,5 X 10 3 m m  H g  d u ring  th e  m easu rem en ts . F o r b o th  th e  a .c . an d  
d .c . te s ts  a d ischarge c u rre n t of 430 am ps was ap p lied , an d  th e  ca th o d e  w as 
h e a te d  on ly  b y  th e  d ischarge . The c u r re n t of th e  a u x ilia ry  e lec trodes w as m ea
su red  w ith  reference to  th e  sp ira l en d s .

T he pow er co n su m p tio n  of th e  au x ilia ry  e lec trodes e x te n d in g  in to  th e  
ca th o d e  space d u rin g  th e  d. c. m easu rem en ts  is show n in F ig . 1. In  th is  case 
th e re  w as a c o n s ta n t d is tan ce  of 17 m m  betw een  th e  au x ilia ry  e lec tro d e  I  an d  
th e  sp ira l. T here  w as no  c u rre n t v a r ia tio n  co n c o m ita n t w ith  th e  change of 
p o s itio n  or th e  c u rre n t o f  th e  o th e r a u x ilia ry  e lec tro d e  m oving  on th e  opposite  
side o f  th e  sp iral. To enab le  th e  c u r re n t  co n d itions to  be fo llow ed m ore  c learly  
o n ly  th e  curve fo r th e  a u x ilia rry  e lec tro d e  I h as  been  p lo tte d  in  F ig . 1. The 
s u b s c r i p t / f o r  th e  cases i;  an d  i / /  in d ic a te s  th e  s itu a tio n  w hen  th e  a u x ilia ry  
e lec tro d e  was tie d  to  th e  sp ira l end  n e a re r  th e  ca th o d e  sp o t. F o r  b o th  a u x ilia ry  
e lec tro d es, in  th e  g iven position , th e  c u rre n t co n su m p tio n  w as h ig h er in  th is  
in s ta n c e . As a m a tte r  o f  fa c t th e  p o te n tia l  o f th e  sp ira l end  n e x t to  th e  ca th o d e  
sp o t w as low er th a n  t h a t  of th e  o th e r  end. C o nsequen tly , on ac c o u n t o f  th is  
low er p o te n tia l  th e  a u x ilia ry  e lec tro d es could a t t r a c t  a la rg e r n u m b e r  o f ions 
a n d , th e re fo re , th e  c u r re n t consum ed  b y  th e m  w as h igher. A t th e  sam e tim e  
i t  m a y  be seen th a t  fo r  th e  given co m p arab le  s itu a tio n , fo r a d is ta n c e  o f 17 m m , 
th e re  w as an  ap p rec iab le  difference b e tw een  th e  c u rre n ts  o f th e  tw o  a u x ilia ry  
e lec tro d es. A ccord ing  to  co m p lem en ta ry  o p tic a l m easu rem en ts , th is  was 
a t t r ib u ta b le  to  th e  a sy m m etric  a r ra n g e m e n t o f  th e  ca th o d e  sp o t. In  th e  case
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in v e s tig a te d  h e re  th e  ca th o d e  sp o t w as a rra n g e d  on th e  sp ira l su rface  asy m 
m e tr ic a lly  to  th e  sp ira l ax is , a n d  w as sh ifted  in  th e  d irec tio n  o f th e  au x ilia ry  
e lec tro d e  I I .  C o n seq u en tly  a co rrespond ing  change to o k  place in  th e  pow er 
c o n su m p tio n  o f th e  a u x ilia ry  e lec tro d es. T h a t  is th e  e lec trode  w ith  th e  ca thode

[mA]
10-

\
\
• \

°N \
_4____ \

\

л \
N

10 15

' I  ,

=» 4
d

■ [mm]

Fig. 1. Currents i / i  and i j ,  respectively, consum ed by the auxiliary electrode II m oving in the  
cathode space of the d. c. discharge and by the non-m oving auxiliary electrode I, as a function  
o f th e  distances m easured from the axis o f the cathode spiral. The su b scr ip t/d en o tes  the auxili
ary electrode connected  to  the spiral end n ext to  the cathode spot, whereas the notation  
w ithou t subscript stands for the auxiliary electrode having the potentia l of the other spiral tip

s p o t  an d  its  a cco m p an y in g  ran g e  o f a h igh  c o n c e n tra tio n  of ch a rg e  carriers 
c lo ser b y , co n su m ed  m ore c u rre n t, a lth o u g h  o th erw ise  in  an  id e n tic a l geom etri
ca l p o sitio n . F u r th e rm o re , th e  m easu rem en ts  disclose th a t  ir re sp ec tiv e  of 
w h e th e r  th e  tw o  a u x ilia ry  e lec trodes w ere co n n ec ted  to  th e  sam e sp ira l end, or 
to  tw o  d iffe ren t en d s, th e  sum  to ta l  o f th e  c u rre n t w as, in  all in s tan ces , sm aller 
t h a n  th e  to ta l  o f th e  c u rrre n ts  consum ed  b y  each  e lec trode  se p a ra te ly . F o r
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reasons o f g rea te r  conven ience  in th e  s tu d y  of th e  p lo ts  th is  re la tio n  is n o t 
show n. H ow ever, w hen  due co n sid e ra tio n  is g iven to  th e  d is tr ib u tio n  o f th e  
specific  superfic ia l c u r re n t densities, th e  effect n o tic e d  here  can be v e ry  easily  
co n firm ed  th eo re tica lly . F ro m  th e  t r e n d  of th e  cu rv es  i t  ap p ears  t h a t  on a p 
p ro ach in g  th e  sp iral, th e  c u rre n t of th e  e lec trica lly  coup led  a u x ilia ry  e lec trodes 
te n d e d  to  rise rap id ly , b u t  even so th e  e lec trodes d id  n o t m odify  th e  processes 
in  th e  ca th o d e  space to  a n y  ap p rec iab le  e x te n t, as th e  pow er co n su m ed  b y  th e  
e lec trodes was ex trem e ly  sm all. C o n seq u en tly  th e ir  in fluence  on th e  ca th o d e  
d rop  w as only  sligh t [1]. F u r th e r  re su lts  o b ta in e d  in  th is  conn ec tio n  [1] w ere 
in  good ag reem en t w ith  th e  re la tio n s o f  th e  d is tan ces  o b ta in ed  a n d  p re se n te d  
here.

F ig . 2 shows th e  c u rre n t co n su m p tio n  o f th e  a u x ilia ry  e lec trodes in  a sim i
la r  m a n n e r u n d er d. c. cond itions, b u t  in  th is  case fo r  e lectrodes m o v in g  in  th e  
anode space. F rom  th e  c u r re n t values o b ta in e d  here i t  is in c o n tio v e r tib ly  ev id en t 
th a t  fo r a ll au x ilia ry  e lec trode  a rra n g e m en ts  a n d  connections th e  c u rre n t 
d e n s ity  o f th e  a u x ilia ry  electrodes w as su b s ta n tia lly  g re a te r  here  th a n  w as th e  
case in  th e  ca thode sp ace . C o n seq u en tly  th e  e lec tro d es in flu en ced  th e  p h e n o 
m ena in  th e  anode space  to  a g re a te r  e x te n t th a n  th o se  in  th e  c a th o d e  space. 
T he n o ta tio n s  used  in  F ig . 2 co rresp o n d  to  tho se  in  F ig . 1. W h a t w as s tr ik in g  
w as th a t ,  in  th is  case, th e  c u rre n t o f th e  non -m ov ing  a u x ilia ry  e lec tro d e  a t  17 m m  
from  th e  sp ira l end  d id  n o t rem ain  c o n s ta n t e ith e r  w hen co n n ec ted  to  th e  
anode sp o t or to  th e  o th e r  end of th e  anode, a n d  w ith  th e  ap p ro a c h  o f th e  
a u x ilia ry  electrode I I  a n d  th e  rise in  its  c u rre n t, th e  c u rre n t o f th e  a u x ilia ry  
e lec tro d e  1 also rose, a lth o u g h  its p o sitio n  rem ained  c o n s ta n t. H ere , th e  a u x i
lia ry  e lec tro d e  I I  b e h a v e d  w ith  re sp ec t to  th e  a u x ilia ry  e lec trode  I ,  so to  say , as 
a ch arg e  re flec to r, a phenom enon  h ig h ly  c u rre n t-d e p en d e n t. A p p a re n tly  i t  w as 
due to  th is  p ro p e rty  o f e lec trode  I I  t h a t  w ith  c a th o d ic  in te rfe ren ce , th is  p h en o 
m enon  escaped  o b se rv a tio n  ow ing to  th e  e x tre m e ly  low  c u rre n ts  consum ed  
th e re . T he basic effect m ay  be t r a c e d  to  th e  m o d ifica tio n  of th e  an o d e  glow 
space caused  b y  th e  ra d ia lly  m oving  a u x ilia ry  e lec tro d e  I I .

T h e  th ird  set o f cu rv es  in  Fig. 2 h as  n o t y e t b een  m en tio n ed . T h e y  describe 
th e  o vera ll cu rren ts . W h en  these  cu rv es  w ere p lo tte d  au x ilia ry  e lec tro d e  I I  was 
m o v ing  in  th e  d irec tio n  o f th e  sp ira l, w hereas a u x ilia ry  e lec trode  I  w as a t  a 
d is ta n c e  of 17 m m  from  th e  sp iral. B o th  e lec trodes w ere s im u ltan eo u sly  e lec tr i
ca lly  co n n ec ted , a lte rn a te ly  to  th e  a n o d e  end  close to  th e  anode sp o t (position  
s u b s c r ip t / ) ,  an d  to  th e  sp ira l end fa r  fro m  th e  anode sp o t (no su b sc r ip t p osition ) 
E v en  in  th is  case th e  o v era ll c u rre n t consum ed  b y  th e  electrodes s im u ltan eo u sly  
a n d  jo in tly  was sm alle r th a n  th e  su m  to ta l  of th e  c u rre n ts  consum ed  b y  th e  
e lec tro d es seriatim.

E x p e rim en ts  w ith  an  a lte rn a tin g  c u rre n t o f 50 c/s w ere co n d u c te d  u n d e r 
s im ila r cond itons a n d  w ith  s im ila r m e th o d s. H ere  th e  a u x ilia ry  e lec trodes 
e x te n d e d  in to  th e  space  o f a p re fe rred  e lec trode  w h ich  a lte rn a te ly  perfo rm ed
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th e  fu n c tio n s  o f  th e  anode an d  th e  ca th o d e . O n th e  a u x ilia ry  e lec trodes ap p ro a c h 
in g  th e  sp ira l th e ir  p rev ious c o n s ta n t c u rre n t d e n s ity  began  to  in crease  a t  a 
d is tan ce  o f  a b o u t 10 m m  from  th e  sp ira l. W hen  th e  e lectrodes ap p ro a c h e d  th e  
sp ira l th e ir  a l te rn a tin g  c u rre n t co n su m p tio n  b eg an  to  rise  ap p rec iab ly . H ow ever

Fig. 2. Currents i / j  and i [, respectively, consum ed b y  the auxiliary electrode II m oving in the  
anode space o f the d. c. discharge and the non-m oving auxiliary electrode I, together w ith  
their to ta l current «(/+ //Referred to the spiral end close to  th e  ande spot (w ith  subscript / )  

and to the other spiral end (w ithou t subscript)

i t  fe ll sh o rt o f t h a t  o bserved  for d. c. p la te  in te rfe ren ce . E v en  so, th e  v a lu e  of th e  
c u r re n t co n su m p tio n  w as b y  an  o rd e r of m a g n itu d e  in  excess o f t h a t  fo r d. c. 
c a th o d e  in te rfe re n ce . In  th is  case, to o , th e  “ re f le c to r”  effect w as n o ticed . In  
f a c t ,  th e  c u r re n t  o f  th e  ex ten sio n  a t  re s t  also in c rea sed  w ith  th a t  o f th e  opposing  
m o v in g  ex ten s io n . F u r th e rm o re , in  th is  case, to o , th e  sum  to ta l  o f  th e  in d iv i
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d u a lly  consum ed  c u rre n ts  exceeded th e  to ta l  s im u ltan eo u sly  co nsum ed  c u rre n t. 
Since th e  shapes o f th e  curves p lo tte d  fo r a. c. d isch arg e  te s ts  con fo rm  essen 
tia lly  to  th o se  p lo tte d  fo r d. c. d isch arg e  te s ts , no se p a ra te  d iag ram s h a v e  been 
d raw n .

In  conclusion, i t  can  be s ta te d  t h a t  th e  spaces o f th e  d ischarge  e lec tro d es  
can  be changed  a p p rec iab ly  by  in tro d u c in g  a u x ilia ry  e lec trodes o f a p p ro p r ia te  
a r ra n g e m e n t in to  th e se  spaces. In  a n  ea rlie r p ap e r H inm an  an d  F o x  [2] m ade 
i t  c lear t h a t  th e  superfic ia l d im ensions o f these  a u x ilia ry  e lec trodes s u b s ta n 
tia lly  a ffec ted  th e  p h en o m en a  ta k in g  p lace  ro u n d  th e  e lec trodes. I n  a d d itio n  to- 
th e  o b se rv a tio n s  m ad e  b y  these  a u th o rs  i t  is e v id e n t from  th e  d a ta  p re se n te d  
here  t h a t  even th e  a rra n g e m en t o f  th e  a u x ilia ry  e lec trodes w ill e ffec t th e  
co n d itio n s ro u n d  th e  electrodes a p p rec iab ly . T he a u x ilia ry  e lec tro d es m ay  
a b s tra c t  charge  ca rrie rs  from  th e  e n v iro n m e n t of th e  m ain  e lec tro d es, a n d  b y  
th is  p rocess in fluence th e  c h a ra c te ris tic s  of th e  co rresp o n d in g  fie ld s . In  th is  
w ay , th e  a u x ilia ry  e lec trodes will in flu en ce  th e  anode a n d  ca th o d e  fa ll, th e  te m 
p e ra tu re  o f  th e  anode a n d  ca thode sp o ts , an d  fu r th e r , th ro u g h  th e se , th e  tu b e  
v o ltag e  o f  th e  d ischarge . F rom  th e  p lo ts  p re sen ted  i t  m a y  be e x p e c te d  th a t  u n 
d er d. c. d ischarge co n d itio n s, th e  a u x ilia ry  e lec trodes w ill in fluence  th e  p h e n o 
m ena ro u n d  th e  anode  to  a g rea te r  e x te n t  th a n  th o se  in  th e  ca th o d e  space.
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MIGRATION OF ELECTRONIC EXCITATION ENERGY
IN SOLUTIONS*

B y

L. SZALAY and L . KOZMA
I N S T I T U T E  O P  E X P E R I M E N T A L  P H Y S IO S , J Ó Z S E F  A T T IL A  U N I V E R S I T Y ,  S Z E G E D  

(R eceived 28. IX . 1965)

The e lec tro n ic  e x c ita tio n  energy  — as is well know n — m a y  be tra n s fe r re d  
o v e r several m o lecu lar d ia m e te rs  from  th e  ex c ited  m olecules to  th e  u n e x c ite d  
neighbours b y  m eans o f ra d ia tio n le ss  p rocesses. The q u a n t i ta t iv e  t r e a tm e n t  of 
th e  energy tra n s fe r  leads to  a c h a ra c te r is tic  d is tan ce1 ([1 ] , p . 176)

ß  9 x-  In 10 с4 г
128 л:5 ná N '  re

о

for w hich e x c ita tio n  tra n s fe r  an d  sp o n tan eo u s  d e a c tiv a tio n  a re  of eq u a l p ro b a 
b ility . H ere V is th e  fre q u e n c y , e(r) th e  m o la r  decadic e x tin c tio n  coeffic ien t, 
fq ( v )  th e  q u a n tu m  em ission sp ec tru m , x 2 a n  o rie n ta tio n  fa c to r  ( =  2/3 fo r ra n d o m  
d irec tio n a l d is tr ib u tio n ) , т/ге=  T]q th e  a b so lu te  q u a n tu m  y ie ld  of flu o rescen ce , 
n  th e  re fra c tiv e  index  o f  th e  so lven t, N '  =  6,02 • 1020, c =  3 • 1010 c m s“ 1. 
E q . (1) is v a lid  fo r an y  th e rm a l eq u ilib riu m  d is tr ib u tio n  o v er th e  v ib ra tio n a l 
levels of b o th  m olecules, p ro v id ed  th e  s p e c tra  are ta k e n  a t  th e  co rresp o n d in g  
te m p e ra tu re , b u t  i t  is n o t  v a lid  w hen en e rg y  tra n s fe r  occurs before th e rm a l 
equ ilib rium  is e s tab lish ed . A ccording to  [2] an  e q u ilib riu m  w ould  n o t  be 
ex p ec ted  even  in  liqu ids w h en , due to  s tro n g  in te ra c tio n , th e  tra n s fe r  is v e ry  
rap id . In  th e se  cases, th e  tra n s fe r  m ay  ta k e  p lace d ire c tly  from  th e  v ib ra tio n a l 
level o b ta in e d  b y  e x c ita tio n  a n d  depends, th e re fo re , on th e  ex c itin g  w av e le n g th .

T hough  th e  in te ra c tio n  process b e tw e e n  th e  ex c ited  so lu te  an d  th e  so lv e n t 
is genera lly  supposed  to  ta k e  place in  a v e ry  sh o rt p e rio d  (in 1 0 -13— 1 0 ~ 12s) 
co m p ared  to  th e  m ean  life  tim e  o f th e  e x c ite d  s ta te  (1 0 ~ 9 — 1 0 -8s) a n d  th e  
th e rm a l eq u ilib riu m  is e x p e c te d  to  be p ra c tic a lly  e s tab lish ed  b y  th e  in s ta n t  of 
em ission, som e recen t in v e s tig a tio n s  show  th e  ex istence  o f  a slow in te ra c tio n  
process co m p le ted  in  a b o u t 1 0 _8s. This p ro cess  resu lts  in  a v ib ra tio n a l te m p e ra 
tu re  of th e  e x c ite d  so lu te  h ig h e r th a n  th e  b u lk  te m p e ra tu re  o f th e  so lu tio n . In

* Delivered at the 8th  E uropean Congress on Molecular Spectroscopy in Copenhagen,

1 л 5 has to  he taken as л 6, see [8].
1965.
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p ro p er sy s tem s th is  p h en o m en o n  is rev ea led  in  th e  d ependence  of the  em ission  
sp ec tru m  on th e  freq u en cy  o f  exciting  l ig h t [3] o r in  an  in c reased  ro ta t io n a l  
d ep o la riza tio n  o f  fluo rescence  [4]. F o r su ch  system s eq. (1) does n o t h o ld  
because th e  a b so rp tio n  sp e c tru m  co rresponds to  a te m p e ra tu re  low er th a n  th e  
v ib ra tio n a l te m p e ra tu re  to  w h ich  th e  em ission  sp ec tru m  belongs.

A cco rd in g  to  [5], a n d  [6] re sp ec tiv e ly , th e  q u a n tu m  em ission sp e c tru m  
m ay  he g iven  as

8 л  V2 In 10 n 2(v) fjQ(v) rs(v)
U v) = ----------лт, ,  , \  Q exP [ - * ( * -  vo)/kT ] .

N  ®2 V ç ( v ) m a x
( 2)

w here ïIq(v), n(v), v0, T, h a n d  к  a re  th e  q u a n tu m  yield , th e  re fra c tiv e  in d ex , th e  
freq u en cy  o f  p u re  e lec tro n ic  tra n s itio n , th e  te m p e ra tu re , th e  P lan ck  a n d  
B o ltzm an n  c o n s ta n t, re sp ec tiv e ly . E q . (2) h a s  been  found  to  b e  valid  in  a v e ry  
w ide sense fo r  v a p o u rs , liq u id s  an d  solids, in  th e  m a jo rity  o f  cases, h ow ever, 
on ly  fo r te m p e ra tu re s  T* T  o b ta in ed  fro m  th e  slope o f  th e  fu n c tio n  F (v) =  
=  21 nv — 1 n [fq{v)le(v)] — h (v — v0) lk T  -f- c o n s t., g iving a s tra ig h t line  in  
a  considerab le  sp e c tra l reg ion  (even  if  th e  v a r ia tio n  of re(v) a n d  T)q^  is n e g le c t
ed). C onsidering  T*  as th e  v ib ra tio n a l te m p e ra tu re  a t  w h ich  th e  em ission  
occurs, s u b s t i tu t in g  T* fo r T  in  eq. (2) a n d  in tro d u c in g  f 4(v) fro m  eq. (1) w ith  
x j t e =  rjq, we h av e

R o T * =  5 ,0 7 - 1 0 - m
n* *7q ,4 J V

exp [ — h(v — v0) / k T *]
i/е

( 3 )

w hich  — p ro v id e d  e(v) has b e e n  ta k e n  a t  th e  p ro p e r te m p e ra tu re  — yields th e  
co rrec t v a lu e  o f  th e  c ritica l d is tan ce  fo r th e  te m p e ra tu re  T * . An a ccep tab le  
a p p ro x im a te  v a lu e  of R 0 m ig h t be g iven  w ith  e(v) m e a su re d  a t  te m p e ra tu re  
T  a n d  fo r som e cases w ith  t]q ( v ) =  1.

O ur e x p e rim e n ts  h a v e  b een  ca rried  o u t  in  lu m in escen t system s u n d e r  
c ircu m stan ces  described  in  [7] an d  w ith  th e  sam e m e th o d s . In  F ig . 1 tw o  
exam ples a re  show n for th e  v a r ia tio n  o f s p e c tra  w ith  th e  te m p e ra tu re . T a b le  
1 ex h ib its  th e  re su lts  fo r g lycero l so lu tio n s. E q . (1) a n d  eq . (3) y ield  v e ry  
s im ila r re su lts  w hen  ta k in g  th e  sp ec tra  a t  th e  p ro p er te m p e ra tu re s  (see u p p e r  
a n d  low er f ig u re s , re sp ec tiv e ly ). N ote t h a t  th e  d ifferences a re  n o t large.

T ab le  2 show s th e  a p p ro x im a te  v a lu es  o f  R 0 T, a t  d iffe re n t te m p e ra tu re s  
T  fo r g lycero l so lu tions. D e c a y  tim es w ere ta k e n  from  [1] (p . 155). As th e  
freq u en cy  o f rad ia tio n le ss  tra n s it io n s  is g iven  b y  n ab =  Bol * R 6 (where R  is 
th e  average  d is ta n c e  of th e  flu o re sc e n t so lu te  p artic les), th e  freq u en cy  of r a d ia 
tion less tra n s i t io n s  decreases w ith  th e  te m p e ra tu re  in  all cases in v es tig a ted  d u e  
to  th e  decrease  o f R 0it " u n d e r  c o n s ta n t c o n c e n tra tio n  (neg lec tin g  a decrease
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Fig. l a
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Table I

T* (°K) я, (А) г (»»)

Fluorescein 338 52,7 4,4
54,6

Trypaflavine 358 45,2
46,7

4,4

Rhodamine В 318 60,5 4,1
61,1

Table II

T* (°K ) 322 334 347 368

Fluorescein « » ( А) 56,7 53,3 53,0 52,6

т (ns) 4,4 4,4 4,4 4,4

T* (°K ) 370 377 391 403

Rhodulin orange Ro (A) 42,2 38,8 32,4 32,2

T (ns) 4,3 3,7 3,0 2,0

T* ("K) 317 332 351 379

Rhodamine В R,) (A) 60,8 60,8 58,0 58,8

T (ns) 4,2 4,2 4,1 3,5
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o f c o n c e n tra tio n  o f less th a n  5 p e r cen t d u e  to  th e  th e rm a l expansion  w h ich  
causes an  increase  o f R  less th a n  2 per c en t in  glycerol so lu tio n s) . F ig. 2 show s 
th e  decrease o f R {)it’ w ith  th e  v ib ra tio n a l te m p e ra tu re  T*  ( th e  ac tu a l te m p e ra 
tu re s  T  are  so m ew h at sm alle r, b u t  th e  g en era l line of th e  v a r ia tio n  o f R 0it " 
w ith  T  is th e  sam e).

S im ilar re su lts  m ay  be  o b ta in e d  if  th e  v a ria tio n  o f й 0 j-  w ith  th e  f r e 
q u en cy  of ex c itin g  lig h t is s tu d ie d . In  so lu tio n s  of try p a f la v in e  in  g ly cero l 
w here th e  q u a n tu m  y ield  (a n d  co n seq u en tly  v e ry  p ro b a b ly  th e  decay tim e )  is 
p ra c tic a lly  c o n s ta n t in th e  w av e len g th  ra n g e  o f 436 — 375 m /л, R 0,t • m a y  be  
g iven  as th e  fu n c tio n  of th e  w av e len g th  o f  ex c itin g  lig h t as fo llow s: a t 436 , 455 
a n d  475 rn.fi, R (ltT* is 46,9, 47 ,6  an d  49 ,2 , re sp ec tiv e ly . T h e  co rresp o n d in g  
v a lu es  of T* a re  361, 347 a n d  336°K  (see [3] b ), T able  I I I ) .

As a fin a l conclusion o f  o u r in v e s tig a tio n s  we m ay  s ta te :
a)  E q . (3) seem s to  be  u sefu l for c a lc u la tin g  th e  c r it ic a l  d istance c h a ra c 

te r is tic  of energy  m ig ra tio n  in  system s w here  th e  th e rm a l eq u ilib riu m  b e tw een  
so lv en t an d  so lu te  m olecules h as  n o t been estab lish ed  by  th e  in s ta n t  of em ission .

b)  The c ritic a l d is tan ce  (excep t in  som e cases, e. g. rh o d u lin  o range so lu 
tio n ) is p ra c tic a lly  th e  sam e, in d e p e n d e n tly  of w h e th e r en e rg y  m ig ra tio n  is 
co m p le ted  before  or a fte r  te rm á l eq u ilib riu m  betw een so lu te  and  so lv e n t is 
e s tab lished .

T he a u th o rs  are in d e b te d  to  Prof. D r. A. B u d o , m em b er o f th e  H u n g a ria n  
A cadem y  of Sciences for m o s t va lu ab le  discussions a n d  adv ices d u rin g  th e  
w ork.
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Solid S ta te  Physics fo r M etallurgists

Pergam on Press, Oxford, 1963, 410 pages, 84s.

The book appeared as the 6th  Volume o f the International Series o f M onographs on 
M etal Physics and Physical M etallurgy. I t  is concerned m ainly w ith  problem s of in terest to 
engineers and experim ental physicists working in  solid state research, m etallurgy or related  
fields.

The author approaches th e  subject from th e  experim ental p o in t o f view g iv in g  only  
a short sum m ary of the theoretical foundations in  th e  first four chapters o f  the hook, app roxim 
ately  a hundred pages. This first part entitled T heory outlines the m ost essential results o f the  
theory of the atom  (Chapter I) and the binding o f m olecules and the cohesion of solids (Chap
ter II). Chapter III entitled Tem perature and Pressure gives som e insigh t into the m ech a
nical and therm al properties of crystals, while Chapter IV briefly review s some facts connected  
w ith  nuclei. This first part o f the book is in ten d ed  primarily for reference, as th e  author  
notes, to enable the student to orientate him self for studying this m aterial.

The second part entitled E xperim ent consists o f eight chapters (Chapters V — X II)  
covering alm ost three tim es as m any pages as the first part. In an introductory chapter (Chapter  
V, Experim ental Techniques) the author deals w ith  som e general problem s related to  the  
experim ental techniques used norm ally in solid sta te  physics. This is followed by a fairly  
thorough description of m any im portant diffraction experim ents and techniques in Chapter VI, 
including X -ray , neutron and electron diffraction equipm ent as w ell as the methods o f  use of 
these techniques and the results obtained. Chapter V II reports on the spectroscopy o f so lids. The 
rem aining five  chapters are devoted  to some of th e  m ost common basic aspects of solid state  
research. Chapter VIII sum m arizes the experim ents and experim ental m ethods used in  the  
investigation  o f transport properties o f the solid . Chapter IX  deals w ith  the experim ental 
procedures required for the investigation  o f the therm al behaviour of th e  solid. Chapters X  and 
X I are concerned w ith  the experim ental m ethods o f m agnetic and nuclear m easurem ents. 
Chapter X II outlines some aspects o f problems in  the synthesis o f th e  various experim ental 
results.

Three A ppendices containing therm odynam ic table (I), nuclear tables (II) and som e  
references, constants and conversion factors, etc. ( I l l )  are given.

The book is w ritten in a clear style. E very chapter includes problem s which are, in  m any  
cases, very illum inating. The special a ttitude of th e  authors in approaching the subject from  the  
experim ental side m ay be of value for those seeking a medium sized sum m ary of the exp eri
m ental techniques used in  everyday work in solid sta te  research.

E dited b y  Pergam on Press, the book reflects the usual high standard.
J .  A n ta l

Signal D etection  an d  R ecogn ition  by H um an  O bservers

arranged and edited  by John A .  Swets ; John W iley  and Sons, In c ., N ew  York—L on d on —
Sydney, 1964, 702 +  X I pages.

About a hundred years ago G. T. F e c h n e r , in  his Elemente der Psychophysik  (1860), 
by his fam ous law  relating thresholds focussed atten tion  on problem s in psychophysics, 
problems in signal detection and recognition increasingly  approached v ita l realistic decision  
problem s. In sp ite o f the im portance of modern d etection  theory applied to human observers, 
until now there has been a lack o f a com prehensive textbook in th is field . The present book  
tries to build a bridge over this broad field  of various sciences, until such a textbook becom es
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available. This book  consists o f th irty  three collected articles by the m ost prominent au th ori
ties on visual and auridoty detection , recognition, sensory physio logy, auditory frequency  
analysis, v ig ilance, memory and speech com m unication fields.

N ow adays, even in the tendency towards com plete autom ation, practical reasons 
suggest that a com plex process is m ost valuable in  w hich, among the autom ata, the hum an  
servo also p lays som e role. In th is regard, the m ost objective treatm ent possible of the b e
haviour of a hum an observer is very  im portant in  order to find those characteristics w h ich  
are useful in p lam ning a com plex system  involving m an. This book indicates a giant step  in  
th is direction.

The first four articles discuss elem entary n o tio n s and the basic experim ents both  on  
visual and aud itory  phenom ena, discuss the n ecessity  o f reforming F e c h n e r ’s  notion o f the  
threshold, and show  the interdependence of statistica l decision theory and human observation .

The n ex t four articles relate the parameters o f  a m easurem ent to  some operating cha
racteristics in  v isu a l and auditory observations.

The n ex t seven  articles d iscuss observation in  the presence o f noise, and in som e re
spects expand th e  old notion of threshold.

Three articles then follow in  w hich the physio logical applications for the sensory system s  
are discussed.

An im portant point is em phasized in the n e x t four articles. The role of recognition is

discussed. The authors develop clearly that a hungary m an is much m ore likely to see food as 
fa ta  morgana th an  a well-fed m an. In this sens th e  m echanism  of subjective evaluation  is  
placed under the microscope of objective  investigation .

The next seven articles discuss the interrelation  between frequency analysis, n o ise , 
and m asking effects, primarily in relation to aud itory signals.

The last four articles deal w ith  special applications to speech com m unication, articu la
tion , vocabulary size and related subjects.

A n appendix  w ith tabu lated  m aterial and another tih a com prehensive bibliography  
on the application  o f detenction theory in psychophysics widens the value of this pioneering  
book.

This well ed ited  book deserves to be studied n ot only by psychologists, physio logists  
and biophysicists, bu t also by engineers, cyberneticians and scientists in  other fields who have  
to include hum an sensory organs in  their system  design.

T. A. H o f f m a n n
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