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Introduction

The quantum  theory of system s with low  and bounded num ber of degrees 
of freedom has been one o f the closed and successfully applied chapters of 
physics for decades. Today the great open question of theoretica l physics is 
the quantum  theory o f system s w ith m any and unbounded degrees of freedom . 
The study o f problems w ith  an infinite num ber o f degrees o f  freedom has 
turned out to  be as fundam ental as the classical tw o-body problem . On the  
one hand, it  has becom e clear, th at the low  energy system s b u ilt up by very  
m any strongly interacting particles (fluid and solid states o f  m atter, h ea v y  
nuclei) can be approxim ated more successfully  starting from system s w ith an 
in fin ite num ber of degrees o f  freedom, than  b y  starting from  the tw o-body  
problem. On the other hand it  has become clear, too, that an y  sm all piece o f  
m atter possesses essentially an in fitite  num ber of degrees o f  freedom , w hich  
are m ostly frozen in at a lower tem perature, b u t become active at high energies.

We have learned in recent years, th a t  the quantum  theory w ith  an  
infin ite num ber o f degrees o f  freedom shows several qualita tively  new charac
teristics, which could not be foreseen by stu d yin g  only the quantum  m echanics 
of a few particles. The first and very spectacular indication o f this was the  
understanding o f superconductivity, starting w ith the pioneering work o f  
B a r d e e n , Co o p e r  and S c h r ie f f e r , and culm inating with B o g o l ju b o v  and  
Va l a t in . After th is first success the special m athem atical properties of m aterial 
system s w ith an infinite num ber o f degrees o f  freedom were investigated  b y  
the theoreticians interested in solid state p h ysics and by th ose  interested in 
high energy physics. H aving recognized the role of the nonseparable Hilbert 
space and the inequivalent representations in  quantum  theory, it  was suggested  
th at the wider m athem atical framework offered new physical consequences o f  
prim ary im portance. H e is e n b e r g  was the first to  suggest th a t the degeneracy 
o f the vacuum  state and the spontaneous breakdown of sym m etries could  
explain  m any strange phenom ena in particle physics.

The m ost exciting and the m ost discussed property of present day particle  
physics is that there are more broken sym m etries than perfect ones. The original 
hypothesis th at the different approxim ate sym m etries are associated w ith
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6 G. MARX

different interactions, led to  a very com plicated picture. (SU3 is v io lated  b y  
the m edium  strong interactions, SU2 is v io la ted  by the electrom agnetic in ter 
actions, P is vio lated  b y  the weak interactions, and CP is v io lated  by th e  very  
w eak interactions, discovered only in 1964.) According to  the opinion o f m any  
prom inent physicists, the m any approxim ate sym m etries m ay offer an exp eri
m ental ind ication  o f the spontaneous sym m etry breakdow n in the state  
vector space, while the Lagrangean of th e  world and th e  field  equations still 
possess the m axim um  sym m etry. This possib ility  is offered in the case of 
infinite num ber of degrees o f  freedom.

The quantum  theory  o f  system s w ith  an infin ite num ber of degrees of 
freedom  has not yet been developed in to  an exact m athem atical fram ework. 
The starting point was the m athem atical stu d y  of sim ple models, originating  
from  the nonrelativistic m any-body problem  or from relativ istic  field  theory. 
The solution  o f the realistic problems has been tried w ith  non-unitary canonical 
transform ations (the self-consistent m ethod), or w ith  functional integrals. 
Another very  prom ising approach is the axiom atic one. B u t the “ convergence” 
o f the different m ethods in to  an exact and practically usefu l theory, com parable 
to  the quantum  m echanics o f  the atom s, is only a hope today.

H aving  seen th is m any-sided in terest, the In stitu te  for T heoretical 
Physics o f th e  Roland E ötvös U niversity in  Budapest proposed to the H ungar
ian P hysical Society the organization o f a sym posium  on the problem s 
m entioned above. Our suggestion  was accepted b y  th e  Presidium o f  the  
Society. The sym posium  w as held in Septem ber, 1964, in the small to w n  of 
K eszthely , W est-H ungary, at Lake B alaton . W ith th e  generous help o f  the 
Hungarian A cadem y of Sciences and o f th e  Union o f Technical and Scientific  
Societies, we had the opportunity  to in v ite  prom inent physicists w orking in 
this field , m ainly from various countries o f  Europe to  deliver lectures on the 
different aspects o f the theory . The short reports and the informal d iscus
sions am ong the hundred participants o f  the conference contributed to  a 
better understanding o f these problems. One exam ple is th e  so-called G oldstone  
theorem , w hich  was at th e  centre of the m ost anim ated discussions.

The participants suggested  the publication  of the Conference proceedings. 
The organizing com m ittee is indebted to  all those w ho placed the te x t  o f  their 
lectures at our disposal, and is indebted to  Prof. P . G o m b á s , Chief E d itor of 
A cta P hysica  H ungarica, for having m ade possible th e  printing of th e  pro
ceedings as a separate issue o f  this periodical.

Ge o r g e  M a r x

Acta Phys. Hung. 'Гош. X I X . ,  1965.



M O RNING  SE SSIO N

K . F. N o v o b Át z k y ’s O pening Address

Ladies and Gentlem en; our honoured guests !

May I, as the doyen of H ungarian p h ysicists, welcome y o u  to our country. 
Allow me now, to propose a m otto  for our colloquium, b y  quoting L e s s in g  
who said: “ W hen God offers me in his right hand the fu ll knowledge o f the  
U niverse, in his left hand the to il and struggle towards obtain ing the sam e  
knowledge, I w ithout hesitation  choose the left hand.” T his struggle is the  
m ost cherished a ctiv ity  of all th ose, who have made a lifelong treaty  w ith  
science.

In m y long life I have had th e  opportunity to follow up the developm ent 
o f  quantum  theory from its birth to  the present hour. I fee l th a t for quantum  
m echanics, too, the poetical words o f  D u h e m , describing th e  struggle of science  
towards more general and advanced concepts apply in full, w ith ou t reservation: 
•Through the theories, which arise to becom e later forgotten , through the  

hypotheses, acclaim ed for a decade as unravelling the h idden  m echanism s of 
the Universe to  be regarded in the next decade as childrens’ folly, proceeds 
th e  slow but continuous advance o f  theoretical physics. W hen the tide surges 
on the coast, a w ave develops-first clim bing high on the h itherto  dry shore; 
but the wave w ith its im petus is soon lo st in  the follow ing w ave. This con 
tinuous struggle of the individual waves, arising only to be submerged la ter , 
looks like a hopeless task  of sea to  occupy a height. But after a couple o f hours 
the shore where men had walked is deep under water. In th e  incessant to  and  
fro o f the w aves, in their relentless advance and retreat, creation and decay, 
has the vast ocean m oved ahead.”

Y ou know very well indeed, m y honoured colleagues, th at a h ost of 
m athem atical m ethods has been developed around the id ea  of canonically  
conjugate operators, due originally to H e is e n b e r g . These m ethods have been  
developed, m ainly because o f particular difficulties inherent to quantum  
m echanics. Q uantum  m echanics has to cope with singularities, ghosts, w ith  
an insufficient num ber of conservation law s, w ith the prodigal num ber o f  
elem entary particles, starting from  a m odest 30 and now  around 185. Con
fronted w ith  these problems the scientists them selves assum e two attitu d es. 
The optim ists, such as P a u l i was, pin their hopes on a future quantum  theory ,
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to  be capable o f theoretically  deducing a few  ev id en tly  quantized physical 
properties, e.g. the elem entary charge; the pessim ists, however, th ink th at  
present day m athem atical m ethods and tools no longer h ave any connection  
w ith physics.

This present colloquium  deals exclu sively  w ith problem s of quantum  
m echanics when the num ber o f the degrees o f  freedom is very  high, and even  
tends to  in fin ity . The central problems are therefore the quantum  field  theory  
and the case o f  a large num ber of particles. Problem s, such  as vacuum  dege
neration, leading to  asym m etry  of the vacuum , strongly deviating from  the  
com m on sym m etry properties o f the H am iltonian, w ill be discussed as well.

I can compare this colloquium  perhaps to a single wave o f D xihem , 
w hich is b u t a com ponent o f  the tide. I express the hope th a t  your discussions 
w ill produce gratifying resu lts. W ishing you a pleasant s ta y  in our country , 
I hereby declare this colloquium  opened.

Acta Phys. Hung. Тот. X I X . ,  1965.



ON THE SELF-CONSISTENT METHOD

By

H . U m e za w a *

ISTITUTO D I FISICA  TEORICA, N A PO LI, ITALIA

This article gives a brief account o f a formulaion of the self-consistent m eth od  which has 
been proposed by D e l l ’A n t o n i o  and m yself [1]. The present report covers th e  following sub
jects: a form ulation of the self-consistent m ethod, the V -lim it, the asym ptotic condition in 
field  theory, broken sym m etry and local conservation law s and the G o l d s t o n e  theorem.

1. Introduction

The quantized field  theory w ith  which we w ill be concerned is a canonical 
one: we start from a given field equation in the canonical form:

ÿ) =  i [ H , f ] ,  (1)

where the H am iltonian H  is given explicitly  in term s of canonical operators 
satisfy ing the com m utation relations

«(+ ] = <*(* A 
[« * .“/] = 0 -

( 2 )

As is w ell known the first relation in (2) should be interpreted in terms of 
distribution theory. Its  precise m eaning is the follow ing: Let {f i{k)}  be an 
orthonorm al set of continuous functions with com pact support, com plete in 
the L2 norm. Defining

о /  =  j d3k fj(k) ak ,

the com m utation relation is

[ah a /  ] =  ôjj . (3)

The right hand side o f the field  equation (1) can be expressed explicitly  
using on ly  the com m utation relations in (2), w ithout specifying their represent
ation. H ow ever, when we are concerned with physica l interpretations of the  
theory, we come to the question o f th e  representation in which th e  observed 
particles are described. As we w ant to  introduce particles in the theory, we

* On leave from the D epartm ent of P hysics of the U n iversity  o f Tokyo.
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10 H. UMEZAWA

shall assum e th at the representation should he o f  th e  F ock  ty p e . However, 
we fin d  an infin ite set o f F o c k  representations and in  m any cases certain pro
perties o f the H am iltonian depend on the choice o f  the representation. This 
situation  rem ains true when the volum e is in fin ite, even  when the interaction  
H am iltonian contains a cut-off factor to  elim inate th e  ultraviolet divergencies.

In the recent form ulation o f fie ld  theory, th e  observed particles (which 
w ill be called the physical particles in  the follow ing) are described by the 
asym ptotic  fields (y>'n), which are the weak lim its o f  certain interpolating fields
(v0 :

w — lim  y) --- yi'". (4)

W hen the y>'" form an irreducible set of our algebra, the H am iltonian H(y>) 
can be w ritten in term s of y>'n. I t  is usually anticipated  that

H(y>) =  , (5)

where Н 0(гр'п) is the free H am iltonian o f y ' n the m ass of which is th e  physical 
mass.

In certain m any-body problem s relation (5) is the condition wbich the 
quasi particle y>'n should satisfy.

Let us now com e back to  our starting poin t, i.e . equations (1) and (2). 
Since the operator a k is the S c h r o e d in g e r  operator at a certain tim e (say 
t =  0), the H e is e n b e r g  operator a k(t) is given b y

ak (0  =  eiHI ak e~iHt. (6)

H ow ever, we do n o t know  w h e th e r or n o t a k(t) in  (6) refers to  th e  in te rp o la tin g  
fie ld . G iven th e  fie ld  eq u a tio n  (1), we shou ld  be ab le  to  fin d  ou t th e  in te rp o la tin g  
fie lds to g e th e r  w ith  th e  a sy m p to tic  fie lds. F u r th e rm o re , since w e w a n t to  fo r
m u la te  th e  th e o ry  in  th e  F ock space  o f  th e  p h y s ica l partic les, i t  is desirable to  
f in d  o u t th e  la t te r  re p re se n ta tio n  a t  a n y  given tim e  (say  { =  0) w ith o u t hav ing  
reco u rse  to  th e  w eak  lim it (t  =  — oo).

Thus, we first look for the F o c k  representations of the p h ysica l particles 
satisfy ing the condition  (5) and afterwards we exam ine the possib ility  of the 
existence o f interpolating fields, the asym ptotic lim its of which coincide with  
the fields of the physical particles. This is precisely the self-consistent method. 
In  the follow ing we shall illustrate th e  self-consistent m ethod for a scalar field. 
W e shall thus define the annihilation operator a k o f  the physical representation  
(the F o c k  representation for the physical particles) b y  the relations

H  =  H 0(a) , (7)

В Д  =  S d * k E k a t a k +  W u, (8)

[ak, a f ]  =  ô ( k - î ) ,

Acta Phys. Hung. Тот. X I X . ,  1965.



ON THE SELF-CONSISTENT METHOD II

where E k and Wn are c-numbers. W hen (ak, ak ) is an irreducible set in  our 
algebra, we can write the operator a k in the following form:

ak =  c ô (k) +  d k ak +  ek a±k - f ------  (9)

Here c, d k and ek are c-numbers and the dots represent norm al products of 
higher degrees. The invariance of th e  theory under three dim ensional tran s
lations and rotations was taken into account in (9). R otational invariance also 
requires th a t d k and ek depend only on the m agnitude of k .  Our problem  is to  
find out the necessary and sufficient conditions for the existence o f the cano
nical transform ation (9), which transform s a into a such th at (7) is satisfied.

To do this, it is convenient to introduce the operators a k by  a canonical 
transform ation of the form

a k =  cos в ка к — eUfk sin 6ka l k -f- yh(íc) , (10)

where в к, cpk and у are so chosen th a t a k relates itse lf  to  the physical operator 
a k as follows:

a k =  Z1/2 a k rT . . . ,  (11)

where Z is a c-number and the dots denote normal products o f higher degrees.* 
The self-consistent m ethod can be form ulated as follows: when we are 

given a H am iltonian w ritten  in term s o f {«/,}, we first prepare a continuous  
set o f transform ations (10) param etrized by (в, cp, y) and then determ ine these  
param eters by requiring the existence o f the canonical transform ation (11) 
under the condition (7). Corresponding to each solution for (0, cp, y) under 
these conditions there ex ist the operators {a/J and {a k}, respectively.

The operators {ak} have not on ly  a conventional m eaning but also the  
following im portant physical content. The H e is e n b e r g  operator a k(t) defined  
by (6) can be written as

ak(t) =  cb(k) +  d k a k e ,Е>* - f  ek ak e+lEkt +  . . . . (12)

Here the relation (8) is taken into account. The dots denote the norm al pro
ducts of higher degrees. It is evident th a t the weak lim it o f a(t) cannot coincide 
with a unless c =  0 and ek =  0. On the other hand, defining

a,((t) =  e a ke , (13)

its weak lim it can be Z 1'2 ak in the case when the higher degree term s vanish  
in the lim it as happens in m any cases. In such cases, a(t) is ju st the interpolating  
field.

* We assume that | j >  | ek | . For fermion fields we do not need this assum ption.

Acta Phys. Hung. Тот. X I X . ,  1965.



12 H. UMEZAWA

2. The V-lim it

As will be shown later, the canonical transform ation (9) is in general not 
unitary. To see th is, we shall begin w ith th e  theory o f fields confined in a 
fin ite  volum e V  and afterwards proceed to  th e  lim it V  oo in a suitable w ay. 
E ven  when V  is fin ite the canonical transform ation (9) is in general not 
unitary unless ek tends to  zero w ith increasing | % |. Therefore, i f  necessary, 
we let ek ten d  to  zero rapidly in  the lim it j % | —>- oo b y  introducing cu t-off 
factors in the interactions. W e do this because the u ltraviolet divergences 
ought to  be elim inated in  som e w ay, whereas the in fin ite extension  o f the  
world m ay be expected  to  rem ain even in future theories. Thus we are m ainly  
concerned w ith  th e  problem o f th e  lim it V  —► oo.

We shall now  briefly discuss the problem  o f determ ining the algebraic 
form  o f som e observables, in  particular o f the H am iltonian, associated with a 
given representation  o f the canonical com m utation  relations [1]. Let {//(&)} 
be an orthonorm al set o f continuous functions w ith  com pact support, com plete 
in  L2 norm. W e shall also introduce the quantities /,(&) which are defined on 
th e  set Г  у

k£ Г у  : к =

and which satisfy

2л n v 2л  n2 2л  ns 

L  ’ L  ’ L
, L  V 1!3, itj = 1 ,2 ,.

f t  (k) =  f i  (k) for к £ Г у .

W e can then show  that

(2л)3

~ V  ktr r
lim 2 f ï ( k )  =  I d3k f  (k)

к,Гг J

(14)

(15)

and that ( f f  (к)}  is com plete in the H ilbert space of functions defined on Г  у 
w ith  the scalar product

2  f t *  (*)//(*)•
У кеГ„

A lthough the set { f î } is in general not orthonorm al, we shall orthonorm alize 
it b y  S c h m id t ’s procedure and denote by { j f } any such resulting set. Then we 
can prove [1] that*

lim  =  0 (16)

* A ccord ing  to  S ch m id t’s p ro ced u re , th e  fu n c tio n s  { f i  ) are de fin ed  b y  

rV — '  ’ r  1 V  w ith  C,f i  =  1 - C i i f j  
iàf

4 Cf i , f j )■

Acta Phys. Hung. Torn. X IX ..  1965.



ON THE SELF-CONSISTENT METHOD 13

Let us now consider a system  in the b ox  o f volum e V  and an operator  
/?' which can be written as a superposition o f terms o f typ e

2 !  b(k i- ■ • K J i - ■ ^ т У Х г - • •« £ « /,•  . .а,я . (17)
ki...kn Л.../m

Here the com m utation relations are

[ak, a,+ ] =
( 2 n f Jkl ’

«,] =  [afc î at  ] =  0 -
(18)

Let us denote by | i l . . . in > the vector . . . a ,n | 0 )  where | 0)> is 
the vacuum  of the F ock representation for the aks and

2 f i ( k ) a t ,  (19)
F кеГ у

the sum being extended over all к £ Г  у. Let £  be the set o f  vectors of the form

\ф > = 2  2  (20)
Л=1 ij. .in

with
0 (ij . . . in) — 0 if  m ax { i tf} >  iV0 for som e iV0 . (21)

Then £  is dense in the H ilbert space under consideration. We shall say that

V„ — lim В 1 =  В . (22)

if there exists an operator В  such that

lim  <Ф I B v I •F) =  (Ф j В  I V )  for all | Ф>, | 4*) £ £  , (23)
V-*oo

where, on the right hand side the state vectors are defined by (20) with

at  =  j  d 3 k f j  (k) a+ (k). (24)

As we shall presently see, В  m ay depend on the choice of the F ock. 
representation. We have therefore used the notation F a-lim  in (22) in order 
to show exp licitly  that the lim it is performed in the {a}-representation.

A d a  Phys. H ung. Тот. X IX .,  I960.



14 H. UMEZAWA

Eq. (16) im plies th a t, w hen B K assum es the form

(2л )3 \n+m
B v =

K ...K

< •  • • < « / ! • •  •«/,*>

(25)

where b(Aq . . ,, f  . . .) is a continuous fu nction  o f fcx . . . and lx . . ., th e n  

В =  Va — lim  B v ,

=  J / /  d2 *, • U  d3 lJ b (кг • • •, *1 • • • X  • . • «;i • • • ■ (26)

Let us now  consider th e  inhom ogeneous linear canonical transform ation

«л =  cosh 6fc afc -  e,,pt sinh ek a-k +  — —Г X \ o  » (27)
(2л )3

where fc £ F y  and 6k is a continuous function . In term s o f  a's, (27) reads 
as follows:

Щ - >  «/ =  cïj a] +  s,7 « /  +  Z/ » (28)
j

where

У  f i  W f f  (к) cosh б , ,
г к Г у

su =  (",7| ; 2  f i  (* )Я  (*) sinh °x . (29)Г fteí>

Then

where

Zí =  Z //  (0) •

F tt — lim  a, =  c,7 a; +  s ,7 a /  +  y , , (30)
j

cij =  j кf j  (k)fj* (k) cos 0A, etc. (31)

In (30) th e  operator ax is defined by (24). I t  is clear th a t (30) is a canonical 
transform ation. A lthough th e  transform ation (27) is u n itary  when

log cosh 0k со , (32)
кеГ у

Acta Phys. H ung. Тот. X I X . ,  1965.
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the transform ation (30) is not [2]. To see th is , we shall first consider the case  
jj =  0. Then (27) becom es

a k =  GakG ~ 1 ,

where

G =  exp
(2я)3

F
2  0к (e hk ak a _ k
к е Г  у

- e ^ a +  a±k) . (33)

This is unitary when (32) is satisfied. H ow ever, we have

lim V  log cosh 0k =  oo
v - “ t r r

(34)

and thus the canonical transform ation is n o t unitary in th e  lim it V  — *■ oo. 
When 0k =  0 and % ■?£ 0, (27) is given by

a k - GakG 1
with

G =  exp [— (x*a0 — яс^)] . 

Then we can show [2] that

<0 Gj 0> =  exp
V

2(2л)3

(35)

(36)

and therefore the canonical transform ation is not unitary in th e  lim it V —>■ oo. 
W e shall denote F a-lim a, sim ply by a,-. Then (30) can be written as

ak =  cosh 6k ak — eUPk sinh Qh a t k +  % ô(k). 

Although the operators {ak} satisfy  the com m utation  relations

К, a;+] =  ô(k — /),

[«л. «/] =  [«fc.«/+ ] =  o,

(37)

(38)

the operator a k cannot be called an annihilation operator in the (a}-representation , 
because no state vector Ф satisfy ing а кФ =  0 exists in th is representation.

W hen we are given two operators A  and В  (in the case o f  fin ite  volum e), 
F-lim  (A B )  is not necessarily equal to (F -lim  A )  (F -lim  B).  H ow ever, w hen  
A  and В  take the form (17) with

b(k . . . I . . ., F ) ~  Vpb'(k . . . / . . . )  (39)

Acta Phvs. Hung. Тот. X IX .,  1965.



16 H. UMEZAWA

for large F  (where the function  b'(k does not depend exp licitly  on F)
and when F-li rn A  and F-lim  В  are well defined, then we have

F-lim  ( A B )  =  (F -lim  A )  (F-lim  B) . (40;

To illu strate our w ay o f determ ining the F-lim it, we shall consider the 
pair m odel for the ferm ions a and b:

H v  =  ~ T ~ -  2 ,  ы к  ( <  « a- +  K  b k )

(2 л )3

к е Г у

2  v(/c, l) ajj btk b a , ,
k , U r r

where v(k, l) is real and sym m etric

v(k, /) == v*(k, l) =  v(l, к) . 

The com m utation  relations are

[oA., a,+ ]+ =  [bk, 6, ]
F

(2 л:)3
*̂z , etc.

We shall introduce the operators {ak, ß k} by the transform ations

ak =  cos вк ak — sin вк ß±k ,

bk =  cos 0k ß k +  sin вк а: к  ■

Let us define

v(A)
1 f

d 3 l v(k, l) sin 20,

and choose to be the solution  of the follow ing equation:

cos 20k =  Wk .
%  +  ( v ( W

Then, we can show th at

V a — lim  H v = J d 3 к wk (ak+ ak - f  b£ bk)

and

V a — lim H v =  J d3 к / а > 1 +  (v(k))* (a£ ak +  /3+ ^ )+ o -n u m b er .

A d a  Phys. Hung. Тот. X I X . ,  1965.
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This exam ple clearly shows th a t our procedure for determ ining the 
F-lim it som etim es leads to different free H am iltonians in different represent
ations.

3. A method o f successive approximations

We shall begin w ith  a system  in a finite volum e V  and assum e a H am il
tonian o f the follow ing form*

H  =  hn(a) +  ).h(a) , (48)

К  («) =  2  шк ak «А- (49)
* к

In (48), A denotes the coupling constant. The com m utation  relations are

V
\ fl,, ClP̂ 1 — --------  Ôki ,
1 k ' 1 (2n f  k

K > « /]  =  [ a £ ,a f ]  =  0 .

Our problem is to find  the transform ation

я к T y l a k T v ,

(50)

(51)

where a k should satisfy  the following condition:

H v =  H 0(a) +  Qv , (52)

H 0 («) =  > ' E k a ï  ak +  W 0 , (53)
f  I t

F„-lim Q v =  0 . (54)

Here E k and W0 are certain c-numbers. Follow ing the argument in § 1, we 
introduce the operators { a k} bv

G - 1 ak G ,

ik =  cosh вк ak а1<Рк sinh 6k a
(2ny Ao •

(55)

(56)

* In the following m eans the sum m ation extended over the domain Г у .  
к

Acta Phys. Hung. Тот. X I X . ,  1965.



18 H. UMEZAWA

Let us w rite H v in term s o f a. Then we obtain

H v =  Я 0 (a) +  AA(a) +  àh(a) ,
where

Я„ (5) =  2 ; a j  « fc+ R V
"  /С

Ä(ä) =  A (a),

(5h(â) =  h0 (a) — H „ (a) =
(2л;)3 _  _  _  _  _  _

=  y  (vk a j  ak +  uk a j  a±A +  и? a _ A a /() +
'  к

+  (m tj + w *  a0) - f  0ЙГ0 ,

w ith
vk =  — E k +  cosh 20k,

= ----- — œk e,<Pt sinh '20k ,
2

w =  co0 (x cosh 6{) X* el<fo sinh 0O),

àWn =  M2 w° +  ^  sinh" e K ~  W ° ■(2 л ) 3 k

(57)

(58)

(59)

(60)

(61)

Let us now define S v by

Т у  =  S y  G .  (62)

Then, we obtain
ak =  V  ak S v (63)

w hich, together w ith (57), gives

H v =  S ÿ l [ t f 0 (a) +  Ah(a) +  dh(a)] S v . (64)

Taking account of (52), (53) and (54), we see that S v m ust satisfy the  
follow ing conditions:

V  [ t f0 (a) +  Ah (a) +  ôh(a)] S v =  Я 0 (a) +  Qv , (65)

F a-lim Qy  =  0 . (66)

H ow ever, these conditions are not sufficient, because, w hen  we change 
th e  param eters (0, <p, %), we can still keep T v invariant b y  m odifying S v .

A d a  Phys. H ung. Тот , X IX .,  1965.
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To have a unique separation of T v in to  S v and G, we fo llow  the argum ent in 
§ 1 and introduce the condition (11), th a t is

ak =  S v 1 ak S v =  Z 112 ak - f  . .  . , (67)

where Z  is a c-number and the dots represent normal products o f higher 
degrees. In the self-consistent m ethod w e attem pt to  determ ine the para
meters (0, <p, x) by  requiring the ex istence o f S v satisfy ing the relations (65), 
(66) and (67). We try to  express th is requirem ent b y  a se t o f equations for 
(0, <p, x)i w hich, in the follow ing, will be called the self-consistency equations. 
To each solution  of the self-consistency equations there corresponds a T v 
and therefore also a physical representation.

H ow ever, it  is not easy  in general to  derive the exact form of th e  self- 
consistency equations. W e shall therefore develop a m ethod  of successive  
approxim ations. W hat we have in m ind is not an ordinary perturbative e x 
pansion such as

f W  =/(0) +  A/'(0) +  . . .

but rather, an expansion o f the follow ing type:

№  = m  +  V i№  +  a2/ 2(A) + . . . .

We shall now expand the functions u k, v k, tv and 0W„ in  (60):

»л =  t41) +  +  . . . ,

uk =  uk1* +  u£.2> +  . . . ,

IV —  M><1) - f -  i v ^

&W0 =  ÔWP  +  ÔW(02) + ____

( 68 )

The operator ôh(a) is expanded as follow s:

6h(a) =  ôh(1) (a) -J- (a) ,

where

0h(0 (a) =  - 2^  ^  ( 4 °  ak ak +  4 °  ak a-k  +  4 ° *  a- k  ak)
V к

-f- +  w a0) ôJVft) .

2*

(69)

(70)

Acta Phys. H ung. Тот. X IX .,  1965.



20 H. UMEZAWA

Let us now  introduce a real parameter s and define

H,(s)  =  e - e№ AA(s) +  dA<”> (s) ,
П = 1

where

AW
—  J H 0(a)s h(a) e i H 0(a)s h(ae~'Es) ,

M<n) (s) =  еш "<а>* <5A<n> (a) c ш »<а>* =  («e ,Es) ,

and f is a function  of F  satisfy ing  the follow ing condition:

e ~  V p w ith  0 >• p  > ------ , for large V

We have thus
lim £ =  0 ,
v i 

liin F 1/3e -' — 0 .
v-^~

We shall further define S v (s) by

Sv-W = l + ( i )  f d s ' H r (s’) S v (s').

W riting

Sv  = Sv (0)
we can prove [1] that

S ÿ 1 [H() (а) - f  /Л(а) +  óh(a) ]Sv =  Hn(a) +  Qy  , 

where Qy  has the follow ing F a-limit:

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(7 8 )

F„-lim Qv =  ( d:i kqk ak ak +  q° (79)

In (79), qk and qn are the self-energies o f th e  one-particle and vacuum  sta tes , 
respectively . W e can choose v k and i)W0 in  dh(a) in such a w ay th at qk =  0 
and q° =  0, so that the condition  (54) is satisfied. On the other hand th e  
condition (67) determ ines u k and w  in ôh(a). According to  (61), uk and w  th u s  
obtained determ ine the param eters (6, cp, j )  and then E k and W 0 are g iven  by  
Vk and <5TF0-

AIrta Phys. H ung. Тот. X IX .,  1965.
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Instead of presenting our general argum ent [1], we shall consider the first-  
order approxim ation:

Sy  1 -f- ( — i) ! ds H , ( s ) . (80)

Here the sym bol means equality in the first order. We now  have

Hy =  S ÿ 1 [ t f n (a) - f  Ah(a) óA(a)] S v ^  H n (a) -f  AA(a) +  öh(a) -j-
0

+  ( ») § d s [ H 0 ( a ) , H , { s ) ] , (81)

H, (s) ^  e~ £ls [AA(s) +  bh{1) (s)] . (82)

We obtain from (72) and (73) the relation

о 0

i I d s [ H 0 (а), Н /  (s)J =  J dse eS [AA(s) -f- <)A(1> (s)] =

(83)

=  /А(а) -)- йА(1> (a) e J ds eeS[AA(s) +  йА*1* (в)].

Thus,

Н у  ~  Я 0 (a) +  e [  ds e's [ AA(s) +  ЙА<1> (s) ] ,  (84)

o r

Qv ^  e j' ds  efS [AA(s) -j- AA(1) (*)]. (85)

This shows that

< i \ Q v \ j } ^  — i - - -  . <»i Щ а )  +  ЙА<1> (a) j ; , (86 )
(E, -  Ej)  -  ie

where ji )  and |j }  are eigenstates o f H a(a):

H 0 (a) |»> =  Ej  |i> . (87)

Let us first assume that each of the sta tes  j i)  and \j'} contains m ore 
than one particle. Then E, does not necessarily coincide w ith  Ey, while |i)> 
and Ij y  have the same total m om entum . Since e tends to  zero in the lim it  
V  —*• oo, <(i [ Q v J j y  is zero unless Е,- =  E,-. S ince, when V  — oo, the coin-

Acta Phys. Hung. Тот. X IX . 1965.
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22 H. UMEZAWA

cident energies Ej — Ej  represent just one point in th e  continuous energy  
spectrum , w e see that ( i  | Q v | =  0 w hen  both |i> and  |/> are the m any-
particle s ta tes . W hen \jy is a one-particle sta te , say \ky,  momentum conser
vation  leads us to  the conclusion th at | Q v \ j y  is zero in  the lim it V  —*■ со 
( e —*■ 0) unless | iy  is a one-particle state. W hen ji) is a one-particle s ta te , say  
1 ) ,  (86) leads to

<71 Qv |i>  *** <71 ЯЛ(а) +  <Wl) (a) \kyôk l .

In  a similar w ay , we can show  that

lim ( i \  Q v |0) я« 0 , when |i> ?£ |0> 
у —«,

W e have th u s proved (79) w ith

qk =  <J| Xh(a) +  ôha) (а) |ie> , |

5° =  <0| Щ а) +  <5Л(1) (а) |0> /

( 88)

(89)

(90)

in the first order approxim ation. The condition  (66) requires that qk — 0 and 
q° =  0. This m eans th at (ЛЛ(а) -(- ôh)l) (a)) should not contain any a +a- and 
c-number term s. Since ДЛ(а) depends ex p lic itly  on the param eters (0, cp, y),  the  
above-m entioned condition  determines v)i1> and d W ^  in  ôh^(a) as certain  
functions o f  (0, cp, y):

»£> =  4 X) (в, cp, y) , ÔW™ =  dW§> (0, cp, y) .

Since v k ^  vk  ̂ and ô W 0 ^  ÔW^\  (61) leads us to the equations

E k =  — (0, cp, y) +  cok cosh  2вк,

W o =  \%\2 OJo +  У , м к s in h 26k - 0 W i 1'> (0,<p,y).
( 2 л ) 3 T

(91)

To determ ine the param eters (0, cp, y),  we make use o f  the condition (67). 
W e have

о
a k a k +  ( — i) J d se sS [a k, Xh(s) 6/ia ) (s)] . (92)

The condition  (67) is satisfied  if  and on ly  i f  (Xh(a) -f- 6Л(1)(а) contains neither  
ak aífc- nor a^-term s. This condition determ ines и$  and in àhfâ as 
certain functions o f (0, 99, y):

Wfc4  =  и1с1) (0, cp, y) , JC(1) =  w {1) (0, cp, y) . (93)
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Since uk и and w  u,<1* (61) leads us to

u f t  (0, <P, X) = ----- --  sinli20A,

m>(1) (0, ç>, x)=O)0 (x cosh 0O— eiipo sinh 0O).

(94)

These are the self-consistency equations which determ ine the param eters 
(0, cp, %). Then E k and W 0 are determ ined by (91).

In th is w ay we can proceed [1] w ith  our calculation up to  any order of 
the approxim ation and determ ine {u&9 }, {и /9}, {f/^} and {díPÓ^} as functions  
of (0, cp, x):

u(k =  u(k (0, cp, x), etc- (95)

The n-th order approxim ation m eans that the relations in (68) are approx
im ated as follows:

v k = vk1} (0, <p, x) +  ■ ■■ +  v(k \ e ,  <p, x) »

uk = uk1} (0, m ) +  • ■ . +  u(fcn) (0, cp, x) ,

IV = w(1) (0, <p, x) +  . ■ ■ +  ™<n) (0, cp, x) ,

ÓJF0 = (0, 4>,x) +  . . . +  b W * \ e ,  cp, x ) .

Then, (61) leads to

E k=cok cosh 2ek — V  vjj> (0, cp, x),
1 =  1

Wg =  —1V—  \x\2 W,I +  2  wfcs in h 20/c -  ô w o° (e , 9,  X)
(2 л ) 3 k i= i

and to

—  e'^ sinh 20k— — !$> (0, 95, x ) ,
2 i= i

co0 (x cosh 0O— e'1’’« sinh 0O) =  (0,(p,x) ■
1 =  1

(97)

(98)

The self-consistency equations in (98) determ ine the param eters (0, cp, %) w hich  
specify the representations for a, follow ing which the equations in (97) give  
E k and W 0. l t  can be proved [1] th a t the con d ition p  >  — 1/3 in (74) is necessary  
in order to  avoid the singularities at e =  0 due to the coincidence o f the virtual 
sta te  energy and the in itial energy in lim  ( V  —► 00 ) <»| s v  |j>.

Acta Phys. Hung. Тот. X I X . ,  1965.
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It has been stated  in som e articles th a t the H am iltonian in the low est 
order approxim ation is (H0(a) -j- AA(a) -f- őA ^(a)) and th at th e  diagonalization  
o f the bilinear and linear term s (a +a, a a , aa,  a and a) o f th is Ham iltonian  
determ ines th e  param eters (0, cp, y) together w ith  (E k, W0). Such an argum ent, 
how ever, is not correct, as was shown by (81). The last term in (81) naturally  
elim inates the off-diagonal bilinear terms (a a + and aa) and the linear term s 
(a + and a). On the other hand th e  param eters (0, cp, y) are determ ined by (67). 
A s was shown in the previous Section , when T v ex ists, so does S v for any choice  
o f  (0, (p, y), i.e . S v =  T VG _1 (cf. (62)), unless (67) is not taken  into account. 
This is the reason w hy the param eters (0, cp, y) are determ ined, not by th e  
diagonalization o f  the H am iltonian, but b y  (67).

It m ay be w orth noting th a t the calculation  in the higher order approxi
m ation should not be carried out using th e  param eters (0, cp, y) determined  
b y  the self-consistency equations of the low er order approxim ation. W hen  
we w ant to  perform  any calcu lation  in the n-th  order approxim ation, we should  
first determ ine (0, cp, y) by  so lv in g  the self-consistency equations o f this approx
im ation (i.e. (98)) and then proceed with th e  calculations using the values o f  
the param eters (0, cp, y) thus determ ined.*

It can som etim es happen that the physical operators {ak} and their  
herm itian conjugates {a^} do not form an irreducible set even when the  
operators { a k, ak } do so. In  such  a case, assum e that the physical operators 
form  an irreducible set upon adjunction o f other creation-annihilation operat
ors (say ß k, ßk ). Then we ma y call ß k the annihilation operator of  the bound ( or 
composite)  particle.

4. The interpolating and asym ptotic fields

In th is Section  we shall consider the asym ptotic condition  by m aking  
use of the successive approxim ation m ethod presented in the last section. 
We define

a k (t) =  eiHt a k e~iHI =  eiHMt ak e~iH*a)t. (99)

Then we can prove [1] th at

tc-lim a k(t) =  Z 1/2 a k . (100)
t—>— 00

Here Z 1!2 is th e  c-number w hich has appeared in  (67). The relation (100) show s 
th a t a k(t) and a k refer to  the interpolating and incom ing fie lds. A remarkable 
feature of the present form ulation is that th e  asym ptotic field  can be determ in
ed at any tim e (say t — 0) b y  the self-consistent m ethod, w ithout having  
recourse to the lim it ( ( —>•— oo).

* A s im ila r re m a rk  is m ad e  a lso  b y  P. SzÉPFALUSY in  his re p o rt  [3] in th is vo lu m e-
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5. The local conservation law broken sym m etry

W hen the field  equation (1) has a certain sym m etry, it  frequently leads 
to a local conservation law:

(* )  =  0 .  ( 1 0 1 )

Since, in the self-consistent m ethod, we do not m odify  the field  equation at all 
and since the equation (101) can be derived im m ediately  from th e field equation  
the local conservation law (101) can never be violated.  Still in m an y  cases we find  
transition matrices where the sym m etry under consideration is violated. To  
show how such a situation  can arise, we shall consider the N a m b i—  H e is e n 
b e r g  model [4] for a fermion field y>. The field equation is

V =  'Hv(w) -  vM'PVb'P)} ■ (102)

This is invariant under the transform ation

xp —► у /  =  e‘Cy' rp (103)

and leads to the following conservation law:

9„ j„ =  0 , j„ =  y>y„ y6 yj.  (104)

jNo w , in the first order approxim ation we have the following interaction  H am il
tonian (cf. (82)):

Àh{t) +  dhu> (t ) — y  J d3 X  : [(ÿ <p)2 (<p уъ ç;)2] : (105)

where <jp is the physical operator

f (x)  =  Sxp(x)S~1 at t =  0 ,
} (106)(r„ 9„ + М)ф) = 0. J

In (106) M  denotes the observed mass and S is the H-limit of S v .
Defining

S(t) =  eiH"(a)t S e - iH {a)t (107)

we can  prove [1] th a t  S(t)  is given b y  (76) (s being  rep laced  by  t). T h u s  we have

S(t) =  e (Xh(t) +  <5Л(1) ( « ) + • ■ • )  S ( t ) , (108)
. d
i  —

dt

.-Icta Phys. Hung. Тот. X IX ., 1965.
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where th e  dots stand for th e  higher order interactions (őh^ -term s w ith  n <  1). 
Since

j„ (x ) =  S - 1 (t)q>(x)yfl yb <p(x)S(t) , (109)

лее obtain

(x) =  s_1 (0  {2Mq>(x) y 5(p(x) —

-  [?(*) У4 у&у(х)’ Щ г)  +  (5ft(l> (t) +  . . .  ]} S(t). (110)

W e shall ignore the term s represented b y  the dots and  thus consider the first 
order approxim ation.

W e can show th at

Ш Х)У4 Уб <P(X)’ :{ (r(x ' M x ')2 — Ы х ')Уь 99(л' )2} :](=(' =

=  4 Cq>{x)y5 cp(x)b(x — x ) , (111)

where
С = < 0 | ^ ф | 0 > .  (112)

It is a crucial point in our considerations that (111) is not zero, although

Ш Х)У\ Уь<Р(х )> {(?(X' M XT )  — ((р{х ')Уь <p(x ’))2}]t=t' =  0 .

The relation (110) now  leads to

Э (x) =  2( M  -  X Q S - i  (l)7p(x) ys cp(x) S ( t ) , (113)

w hich vanishes owing to  the self-consistency equation

M = A C .  (114)

I t  is usually sta ted  that the local conservation law  (104) leads to the  
m acroscopic conservation law

—  N  =  0, 
dt

where
IV =  f  d * x j A. (115)

The operator N  w ould be the generator of the transform ation (103):

ip' =  exp [icIVJy exp [— i c N ]  (116)

Acta Phys. Hung. Тот. X I X . ,  1965.



ON THE SELF-CONSISTENT METHOD 27

if  this was a unitary transform ation. H ow ever, when M  #  0, we can show  
that F a-lim exp  [— icN]  =  0 (for 0 <  c <  2jr). This m eans th at N  is not well- 
defined in the {(^-representation and therefore it  is m eaningless to speak about 
eigenstates of N  in this representation. H ow ever, the helic ity  operator o f the  
physical particles, i.e.

IV,, =  J  d3 X  y y A y5 cp (117)

is well defined, but is not conserved in tim e.
It is a remarkable fact th at the local conservation law  (101) holds in 

the theory of spontaneous breakdown o f sym m etry. In  th is sense it  is an 
urgent problem to  study if  there would he any w ay to check local conservation  
laws by experim ents.

6. The Goldstone theorem

It has been stated  several tim es th a t the spontaneous breakdown o f  
sym m etries m ust be associated with the existence of m assless particles. This 
is know n as the G o l d s t o n e  theorem  [5 ].

A general proof of the G o l d s t o n e  theorem  has been offered b y  G o l d - 
s t o n e , Sa la m  and W e in b e r g  [6]. Their proof is based on the perturbative  
expansion in which all internal lines o f  the F e y n m a n  diagram s carry the sa 
me m ass. This m eans that th e  perturbative expansion is associated w ith  the  
F o c k  representation corresponding to the sym m etric m ass spectrum , although  
the original aim was to find  th e  asym m etric m ass spectrum . This m eans th a t  
the above-m entioned solution corresponds, not to  an asym m etric case, b u t to  
the case o f symmetric massless physical particles. Such a situation  was clearly  
illustrated [2] in the first order calculation o f the G o l d s t o n e  model. There, we 
are concerned w ith  a sym m etric H am iltonian for two scalar fields and y>2. 
B y m aking use o f the asym m etric canonical transform ation

<Pl =  Ф 1 +  X , <p2 =  Ф ,  ( x  7 * 0) (118)

we obtain nonzero unequal masses ( M x ?£ M 2), in contradiction w ith  the  
G o l d s t o n e  theorem . W hen we proceed to  the sym m etric lim it M x —*■ M 2 
in the self-consistency equations, we obtain  the result % =  M x =  M 2 =  0 . 
G o l d s t o n e , Sa la m  and W e in b e r g  have presented another proof of the G o l d - 
s t o n e  theorem  [6 ], w ithout using the perturbative expansion. They in  effect 
used the conservation law together w ith  the canonical com m utation  relations 
and energy spectrum . H ow ever, it has been known th a t such an argum ent 
frequently leads to  inconsistent conclusions [8 ], [2 ].

A d a  Phys. H ung. Тот. X I X . ,  1965.



28 И. UMEZAWA

Sum m arizing, there ex ists  no reliable proof o f the G o l d s t o n e  theorem , 
while there is an exam ple (the G o l d s t o n e  m odel), where the first order approx
im ation o f th e  self-consistent m ethod leads to  a solution which contradicts 
the G o l d s t o n e  theorem.

REFERENCES

1. G. D e l l ’A n t o n io  and H. U m eza w a  — Internal R eport, Istitu to di F isica Teorica. Napoli.
2. S. K a m e fu c h i and H. U m eza w a , N uovo Cim ento, 31, 429, 1963.
3. P. Sz é p f a l u s y , A cta Phys. H un g., 19, 109, 1965.
4. Y. N am bu  a n d  G. J o n a —L a s in io , P hys. R ev ., 122, 345, 1961.

W. H e is e n b e r g , Z. Naturforsch, 1 4 a , 441, 1959. E arly papers are quoted there.
5. J. Go l d st o n e , N uovo Cim ento, 19, 154, 1961.
6. J . Go l d st o n e , A . Salam  and S. W e in b e r g , P hys. R ev ., 127„ 965, 1962.
7. G. K u t i and G. Ma r x , A cta P hys. H ung., 19, 67, 1965.
8. J . S c h w in g e r , P hys. R ev. L e tt., 3 , 296, 1959.

K . J o h n so n , P h y s. R ev. L ett., 5 , 253, 1963.
L. B r o w n , Im perial College preprint (1962).

О МЕТОДЕ САМОСОГЛАСОВАНИЯ
Г. УМЕЗАВА

Р е з ю м е
Статья даёт краткий обзор развития метода самосогласования, предложенного 

Делл’Антонио и мною. В настоящей работе рассматриваются следующие вопросы: фор
мирование метода самосогласования, предела V, асимптотического условия в теории поля, 
нарушенной симметрии, законы локального сохранения и теоремы Голдстоуна.
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1. Introduction

This lecture is devoted  to the quantum  system s o f in fin itely  m any degrees 
of freedom e.g. to  the relativistic and non-relativistic field  theory. W e shall 
pay special atten tion  to the unitarily  inequivalent representations o f the 
com m utation relations which appear on ly  for system s of in fin itely  m any degrees 
of freedom.

For system s w ith  fin ite num ber of degrees o f freedom e.g. for system s 
considered in quantum  mechanics all irreducible representations o f the 
com m utation relations

[Ph 4k] =  iáik i, к 1, 2, . . . n (n finite)

[pi, Pk] =  [qt, qk] =  о ,  ( l )

i.e. all such representations where the operator set (q, p)  forms a com plete  
set in the Hilbert space, are equivalent up to a unitary transform ation [1].

For system s w ith  in fin itely m any degrees o f freedom , how ever, not 
all irreducible representations of the com m utation relations are unitarily  
equivalent [2]. W e have to distinguish between th e  class o f canonical and the 
class o f  unitary transform ations, the last constitu ting  a sm all subclass o f the 
former.

The appearance of the inequivalent representations in the theory is by  
no m eans a pathological or alarm ing feature and is rather an indispensable  
characteristic o f a properly form ulated theory o f in fin itely  m any degrees 
of freedom . As shown recently [3], see also [15], different unitarily inequivalent 
representations m ay be equivalent physically , i.e. th ey  differ from each other 
only as far as the behaviour of the states with respect to  observations made 
in fin itely  far aw ay is concerned; th is is of little  physical relevance.
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3 0 J. T. LOPUSZANSKI

2. The case o f  a scalar real field

W e shall exp la in  the m ain idea o f the theory  o f inequivalent represent
ations b y  a sim ple exam ple o f  a scalar real field  discussed b y  H a a g . We start 
w ith  a system  o f fin ite  number o f degrees o f freedom , say n. To get the Hilbert 
space we use the F ock  construction. Assum e the system  is determ ined by the 
2n H erm itian operators

qa, p a (a =  1, . . . n)

satisfy in g  relations (1). We introduce new operators

1
4a +  Í

2 со.
Pa (a  =  1 , . . . « ) , ( 2)

coa being arbitrary, real, positive num bers. W e get from (1)

K i  a ß ] =  baß ,

К ,  aß] =  [<C, a» ] =  0 , (a =  1, . . .  n) . (3)

A ssum e further th a t the sta te , the so-called Fock vacuum  state , ip0, defined by

“ « Vo — 0  (4 )

ex ists; then we get the Fock space b y  applying a„ to yi0, v iz .,

Wo

Wo — Wa (a, ß  =  1, • . . n) (5)

«cT a'ß Wo =  faß

the closure o f th is linear m anifold gives a separable H ilbert space. In  
case n is fin ite , v o n  N e u m a n n  [1] proved th a t the Fock representation (5) 
is th e  only irreducible one up to  unitary equivalence. In other words, given  
tw o sets o f canonical operators (q, p )  and

Q =  Q(q, p ), P  =  P(q , p )

one can always fin d  a unitary operator U  which yields 

Qa =  Uqa U - l  ,

P a =  UPa U ~ x . {a =  1, . . . n) . (6)
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The Fock vacuum  for th e  new set (Q,  P ), say is linked to the F ock  vacuum  
xp0 as follow s

T 0 =  UW  (7)

Let us now consider th e  case when n becom es in fin ite , e.g., a real scalar field

<p(x, x o =  0 )  =  <f ( x )  , 

7 l { x  , ж0 —  0)  =  л ( х )  =
д<р(х, X0)

дхи ( 8 )

which satisfies the conventional com m utation relations. Assum e the fields 
(cp, л) to  form an irreducible set and  to be operator valued 3-dim ensional 
distributions, then b y  means of an orthogonal real set f a(x) (a =  1, 2, . . .) 
we m ay introduce new  operators

qa =  J d3 X (p{x)fa (x) =  q ( a  =  1, 2, . . .),

p a =  j  <P ж 7i{x)fa (x) =  p,l (9)

as well as aa in a sim ilar w ay as in  (2); the operators (a, a +) w ill satisfy  the  
com m utation  relations (3) (notice: now  n is in fin ite).

We are able to  construct form ally  the Fock space in the sam e w ay as 
form erly, provided th e  vacuum  sta te  y>0 exists,*  and obtain a separable 
H ilbert space.

The situation can change, h ow ever, as com pared with the case of finite  
number o f degrees o f freedom  if  we ta k e  another representation of th e  com m ut
ation relations. The theorem  of von  N eumann  does not work any more (conf.
[2]). To exh ib it this clearly let us consider, follow ing H aag [4], a new  set of 
canonical variables

ba =  cos h<pa ■ aa — sin h<pa ■ a+ , (a =  1, 2 . . . ), 

ba =  —sin h(pa -a„ +  cos h(pa ■ a,l , (10)

I f  (a, a +) is com plete so is (b, b ). In  terms of (q , p~+Q, P)  th is  reads

Qa = ( a =  1 , 2 , . . . ) ,

P a = Y WaPa- (H)

* If the Ham iltonian has the form  ̂ w (p‘“)a+(p)a(p)</;,p  w ith  a>(p2) >  <*>(p2 =  0) >  0 
then the Fock vacuum  exists (see H . J. B o u c h e r s , R. H aag, B. S c h r o e r , “ The vacuum  state in  
Quantum  Field Theory” ).
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3 2 T. LOPUSZANSK1

N otice how  sim ple th is transform ation is. N otice also that th e  operators 
( b ,b  + ) operate in the same H ilbert space as the operators ( a ,  a + ) ;  the Fock  
representation for the operators ( a ,  a + ) defines also the representation for 
the (b, b +) in the sam e Hilbert space in virtue o f  (10). We show , however, 
th at it is not possible in general to  carry out a Fock construction for the 
operators (b, 6 +), i.e. the Fock vacuum  for (b, b + ) does not in general exist; 
the same is true for the unitary operator U  w hich interlocks the operators 
(6, b +) -with the operators (a, a +)

in spite o f  th e  fact th a t both, (a, a + ) and (b, b +), sa tisfy  the sam e com m utation  
relations.

To prove or disprove the ex istence o f U  we do n ot need to find  the explicit 
expression for U. The only property o f U  w hich will prove useful for our 
purpose is

where Ua depends on ly  on a„ and a„ , due to the special form o f th e  canonical 
transform ation (10)*.

We are going now  to com pute the m atrix elem ents

b„ =  Uaa U ~ x (a =  1, 2, . . .) ( 12)

U =  i J U , (13)

(y)(a, m), Utp(ß, re)) ,

V(a, m) =  a„, . . . (l„m y>0, 

n)  =  aßi ■ •  • afl„  Wo

(14)

and to show  that th ey  are zero. To begin w ith, we consider

(xpo, Utp„) =  (y>0, Wn) (15)

(see (4) and (7), re in fin ite). A straightforward form al procedure (see Appendix I) 
leads us to

W(l =  c -e x p  ' tgh <pa ■ a+ a,L rpt) . (16)(16)

This state  should be norm alizable; the norm alization, say, to  un ity  yields

c\- =  J J  (coshqrj 1 . ( 17)

* I am  grateful to Dr. A. P a w lik o w s k i for a hint.
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A necessary and sufficient condition for th e  product (17) to  converge is

j j?  |(cos <pa — 1)1 <  oo . (18)
a  =  1

I f  (18) is not fulfilled then c vanishes and so does the m atrix  elem ent (15).
Let us consider (14). Taking into account that aa, a„ com m ute w ith  

aß, a j  for ß  ^  a we get (conf. A ppendix I)

U f ( M ) =  I l  F r  l19)
y

_ i
where Fy, j í  (cos hq>Y) 2 at m ost for (re -f- m)  factors Fy. In  case (17) d iverges, 
the change o f  a fin ite number o f factors cannot im prove the convergence. 
Thus (19) vanishes for every fin ite m  and re. The states m) form a com plete  
set, consequently U  exists only i f  (18) h olds, otherwise it  vanishes.

For re =  0 we get from (19) in case o f  divergence

(V(a.m) U n )  =  (f(a,m) , ^o) =  0, (20)

i.e. W0 does not exist.
To each unitary transform ation there belongs a canonical one; the  

reverse is not true.

3. Haag's theorem

In Section 2 we showed th a t tw o representations o f  th e  com m utation  
relations can, but need not, be equivalent. W e are now going to  show th a t in  
a relativistic theory o f a scalar real field  A (x )  which satisfies th e  usually sta ted  
axiom s* and is governed by the H am iltonian

H  =  H 0(t) +  Hj( t) ,

(H e is e n b e r g  picture !) where H 0(t) is the H am iltonian o f th e  m athem atical 
free particles and H,(t) the interaction H am iltonian, the eigenstates o f  H n(t) 
cannot belong to  the same H ilbert space aF’ as the eigenstates of H,  u n til 
A(x)  is a free field . This is due to the rather triv ia l fact th a t the 4-dim ensional

* We include into the axiom s the spectral condition  in the sharper form , i.e., we assum e  
the existence of a discrete eigenstate o f energy and m om entum  zero cyclic  w ith  respect to A (x).  
The very interesting case of a continuous spectrum  (particles o f mass zero) giving rise to  in fra 
red inequivalent representations is not considered here. See e.g., B. ScHROER,“ Infra-teilchen in 
der Q uantenfeldtheorie” , Fortschritte der Physik, 11 , 1, 1963, or J. T a r s k i “ Representations 
o f F ields in Two Dim ensional Model Theory”  (preprint).
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34 J. T. LOPUSZANSKl

v o lu m e o f  th e  M in k o w sk i sp ace  is in fin ite*  and has l i t t le  to  do w ith  th e  
ren o rm a liza tio n  problem  (u ltra v io le t d ivergen ces).

H aag ’s theorem  [5] can be expressed barring rigour as: a un itary  
transform ation interconnecting the eigenstates of H 0(t) and H  does not ex ist . 
A rigorous proof of this theorem  was given b y  Gr e e n b er g  [6]. We shall outline  
another proof (see e.g. [7]) which although som ewhat simpler needs an 
additional assum ption about the existence o f  a com plete asym ptotic fie ld .

We arc going to prove the follow ing: Under conditions stated below  
a real, scalar fie ld  A(x)  becom es a free fie ld . The conditions are: A(x)  satisfies  
the usually  sta ted  axiom s, possesses an asym ptotic incom ing field A in(x) 
w ith a mass m ф  0; the sta te  W0(t) defined b y

aa (*) В Д  =  °> (a =  1, 2, . . .)

t=x,

(where f a(x) are the norm alized К  — G solutions w ith  positive frequencies 
satisfying th e  orthogonality and com pleteness conditions) exists for each  
fin ite  tim e t in  the Fock space of the incom ing field and is invariant w ith  
respect to  3-dim ensional translations.

Our p roof makes use o f the theorem  stated  by R u e l l e  [8], B o r c h e r s  
[9] and R e e h  and S c h l ie d e r  [10] and [11] th a t if  an eigenstate of the energy  
and m om entum  belonging to  the discrete eigenvalue zero exists and is cyclic  
w ith  respect to  the field operator ring the necessary and sufficient condition  
for the uniqueness of the physical vacuum  is the irreducibility of the operator  
ring. In our case — according to  the axiom s — A(x)  is irreducible and at least  
one (discrete) vacuum  sta te  exists. Thus th e  vacuum  m u st be unique. On the  
other hand i f  the vacuum  sta te  is unique, then  it is the on ly  state in variant 
w ith respect to  tbe 3-dim ensional translations, (see A ppendix II). Thus

aa (t) =  i d 3x  I f *  (x)
a  A  ( # )  

дх1Л
A ( x )

dx„

W0 (t) =  c ( t ) T o , (22)

where c(t) is a number ^  0 and W0 is the physical vacuum . From (21) we get

aa (t)Wo =  0 (23)

* This becom es clear if  one looks at the nonrelativistic case, e .g ., at the connection  
betw een the ground state and the m athem atical vacuum ; there appears an exponential factor  
e ~ VL, L ( >  0) being the linked diagram integral independent o f volum e; V  is the volum e  
appearing due to one integration which is left over in the diagram. Thus lim  e ~ V =  0.

Acta Phys. H ung. Тот. X IX .,  1965.



ON THE UNITARILY INEQUIVALENT REPRESENTATIONS 35

and from the Yang-Feldm an equation — after som e simple m anipulations —

K A ( x ) 4 \  =  - j ( x ) ' F 0 =  0 . (24)

According to  a theorem  due to  R e e h  and S c h l ie d e r  [12] and [13] for a  
com plete field A(x)  the ring o f  operators R(ß)  w ith  an arbitrary small open  
4-dim ensional support ß  operating on *P0 g ives a dense set in  the H ilbert 
space. Because o f loca lity , we are alw ays able to  find  an open region ß  space
like to  y  so that

U M , R (ß)} =  0 (25)

holds. Formula (25) together w ith  (24) yields

j { y )R (ß ) f o  =  0. for ß  spacelike to y  or*,
j ( y )  =  0, (26)

which accom plishes the proof.

4. The Bogoliubov — B. C. S. model; irreducible representation

Let us consider an infinite system  satisfy ing the periodicity conditions 
on the boundary o f the volume V  described by th e  spinor field

Vr (*). ¥V+ (*) r = l , 2

satisfy ing the conventional anticom m utation  relations

{Vr{x) ,Vs  ( j ) }  =

{w(*)>V>s+ (y)} =  àrsô{x -  y ) . (27)

The bounded operators

V>(f) =  j  4>(x)f(x) d3x , (28)

where f(x)  is a square in tegrab le t e s t  fu n ction , form  a von  N e u m a n n  ring.

* N otice  th a t)(y )  is an unbounded operator, nevertheless it  is sym m etric and we assume 
that th is  extension is unique so that it is self-adjoint.

3* Acta Phys. Hung. Тот. X I X . ,  1965.
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W e start w ith  the B ogoliubov — B . C. S. H am iltonian [14]

1K ( V )  =  í d 3x \ f + ( x )
2m V -  V V r < ß ) ~ c  \ = H I (V),

H i ( V )  =  J~ f t  (x) f t  (x -f- z) f 2 ( Ï 1 +  z1)^, (*') v(x, z1) d 3 xd3 x l d 3 z d 3 z1,

(29)

where »(is, z 1)-
z — z ->oo

0 sufficiently rapidly so th at  

lim  I j v(z,  z1) d 3 zd3 г1 <  œ  ; (30)
V V

ц is the chem ical potentia l, c is a con stan t adjusted to  make the ground state 
exp ectation  value o f  К  equal to  zero.

Our goal [15] is to construct the H ilbert space where the expression

lim  (v , H i ( V № )
V—>oo

m akes sense for vectors form ing a dense set in
To begin w ith  we com pute the com m utator

Wl (y)] =  -  J  cP z1 co2 (2', y )  cpv (z1) , (31)
where

w 2 f r 1 У) =  J v (z, 21) f t  (У +  *) d 3 z , (32)

•M *1) =  j r  J V>2 (*' +  s') f y (x‘) d 3x I . (33)

One can show b y  inspection that

<p(z‘) =  lim  9iv (z1) (34)
v - ~

com m utes w ith  all f a(f)  and f t ( f )  for each fin ite  z1. As the operator co2(z, y)  
is bounded and its norm tends to  zero sufficiently fa st as | 51 | —► oo we m ay 
replace f y ( z )  in  (31) in the lim it V  —*■ oo by a num ber, provided that the 
representation o f the vo n  N e u m a n n  ring is irreducible. The sufficient condition  
for th a t is (30) [16]*.

Thus we arrive at the conclusion that for an irreducible representation  
the lim it F  ->■ oo o f  the right hand side o f (31) (and similar relations with  
f , ( y ) ,  f t ( y ) i  f t ( y )  on the left hand side) is a linear expression in  f t ( y  +  *)•

* I a m  in d e b te d  to  Dr. U m ezaw a  fo r calling  m y  a tte n tio n  to  th is  paper.
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I f  we take this into account as w ell as the com m utation  relations (27) 
we m ay reconstruct a new H am iltonian K 1 bilinear in th e  field  operators, v iz .

f t  (*) V2 Iм Vr (*) d 3 X -)- i f  } , (35)

H\  =  ( !a (z) (x) ip+ (x +  2) +  A* (2) rj)2 (x +  5) Vi ( x ) l d 3x d 3z +  C1 ,
(36)

/ 1(2) =  I v(z,  s1) 9?(z') d 3 z l .

So far /1(2’) is not determ ined.
We are going now to diagonalize K 1. I t  is convenient to  use the Fourier 

transform o f the field operators as well as the B o g o l iu b o v  transform ation

f i  (P ) =  u(p) Yi ip)  - v(p) 7Í  ( -  P b  

f i  (?) = « (  — P) y j  ( — P) +  м ( - р )  У2 (р) ,
(37)

w ith

and

for IP <C E  F  и
for ]pl >  P p  V

for Ip I <  P p  V

for Ip ! >  P p  U

=  M  - P) { ( а д  -  e(p2))2 +  | Я ( -  p )|2}~
x (38)

=  ( E ( p )  - e(p»)) {(E (p 2) -  (p 2))2 + | Л ( -  p|*}" 1 ,

p F =  j/2 w  p

£ ( p 2) =  («(?*)* +  | i ( -  p )|2)4  e(p2) = — p .

W e get

K l =  J E(p~) {yi (p) yx (p) +  y t  (p) y2 (p )}  d3 p  . (39)

The ground state Q  is defined by

y r( p )Q  =  0 (Ü, Q) — 1 for every p  and r. (40)

One can show using the definition o f the m om entum  operator and the com 
m utation relations (27) th a t Q  is invariant with respect to  3-dim ensional 
translations. I f  the vo n  N e u m a n n  ring is irreducible one can also show th a t  
there exists on ly  one state  invariant under 3-dim ensional translations (see  
Appendix III). Thus Q  is th a t very state.
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We h ave still to determ ine â ( —p)  or — which turns ou t to the be sam e  
(see (36)) — <p(z). In  the irreducible case we have

rp{z) =  (Q, rp(i) Q) =

=  lim  j  (Q, ip2 (x +  z) ifl (X) Q ) d 3x  =

=  (й , Wz Й  v»i (e) ß) ,

or, in the m om entum  representation su bstitu ting  the operator y  for if,

w(p)  =  — u(p) v(p)  . (41)

Taking in to  account (36) and (38) we get from  (41) an in tegral equation for
Цр )

M p )
^ (g ) (£ (g2) ~ e(g2))

№ ) - * ( ? ) } * +  [Л (5)]Я '
(42)

This equation has a trivial so lution  d(p ) =  0 corresponding to  no interaction  
in (35). I f  one non-trivial solution  o f (42) exists (see [17]) then there ex ist  
m any other non-trivial so lutions. From a real solution

Л0 (p) =  ^  (p)

we can generate com plex solutions

A  (P) =  e‘a Z* (P)■, (0 < a < 2тг) .

(43a)

(43b)

This in turn implies

<Pa (*) =  e‘a Wo (*) •

Because o f (33) different solutions (43b) correspond to d ifferent gauges o f  the  
first kind o f the operators у

. a

f (x)  ->  if(x) e 3. (44)

It is w orthw hile to  em phasize that К  is invariant w ith respect to the gauge  
transform ation and consequently  conserves the num ber o f m athem atical 
“ particles”  while K 1 is neither invariant nor does it  conserve the num ber of 
m athem atical “ particles” . This can be expressed in a different way: The assu m 
ption o f irreducibility  of th e  operator ring is equivalent to  a fixed  choice o f  the  
gauge or w ith  the breaking o f one o f th e  sym m etries o f  the model (gauge 
invariance) o f the original H am iltonian.
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The question arises: Can the B o g o liu bo v  transform ation (37) he 
expressed by m eans o f a unitary operator, v iz .,

Wr (p)  =  U(a) Уг (p; a) U 1 (a) . (r =  1, 2; 0 < [ a <  2 л ) .

The states Q{a) as well as the m athem atical vacuum  Ф defined by

у>г(р)Ф =  0 (r =  1, 2 , all p)  (45)

are all translationally invariant. I f  the operator ring (y r( p ; a), y  à (p; a)) is 
irreducible then neither Ф nor O(ß),  ß  a belongs to  the space a which space 
arises by Fock construction from Q(a).  C onsequently a unitary transform ation  
does not ex ist and the representations for different a1 s are unitarily  inequi
va len t to each other and to the Fock space o f  th e  m athem atical “ particles” .

So we come to  the conclusion th a t the so-called  degeneracy o f the ground 
sta te  means for a system  o f in fin itely  m any degrees of freedom  that the  
H am iltonian adm its several inequivalent representations of th e  basic operator 
algebra. This stays in a close connection w ith som e sym m etry properties.

5. The Bogoliubov — В. C. S. model; reducible representation

In the Fock space <^”a representing the fie ld  operator ring R a state  
w ith  a fixed  a num ber o f m athem atical “ particles” does not ex ist. We recall 
the expression (pa{i) given by (33) and (34) w hich, applied to a norm alized state  
o f exactly  N  particles, w ould give on the one hand the same sta te  w ith  a num e
rical factor (qoa(z) is considered to be a number); on the other hand a state of 
( N —2) particles (cpa(z) contains tw o destruction operators). T his is, o f  course, 
m eaningless. So the eigenvectors o f the original H am iltonian К  belonging to  
a fixed  number o f “ particles” do not belong to  ^ f n.

The only escape to  get these states seems to  be to give up the irreduci- 
b ility  of the operator ring R.  Then the expression

— 7 — lim  f a  (* +2)V»i (*) d *x  =  X +  (46)

no longer has to be considered as a number, a lthough  it com m utes w ith all 
the elem ents of the operator ring. A detailed investigation  show s that X  is 
unitary and does n ot depend on z.

In case of a reducible ring there can be several ground sta tes  which all 
are translationally invariant. To fin d  these ground states w hich  belong to  
a  defin ite number o f “ particles” one can adopt th e  procedure o f  E z a w a  [16]
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who in turn follow ed the idea of A r a k i  et al [18]. The method consists of 
finding a suitable representation for a given H am iltonian. In the quantum  
m echanics (fin ite num ber o f degrees o f  freedom ) the diagonalization o f a given  
H am iltonian can be carried out starting  w ith an arbitrary representation. 
The principal axis transform ation does alw ays exist as all the representations 
of the canonical com m utation  relations are equivalent up to a u n itary  trans
form ation. In the quantum  field  theory  the situation  does not look  so nice, 
since the principal axis transform ation does not necessarily exist in an arbitrarily  
chosen representation. Thus we have to  guess the proper representation at the 
very beginning. This looks rather hopeless. In some cases one can fin d  the 
suitable representation b y  a lim iting procedure. In  our case we can start 
with a theory w ith a fin ite  volum e. The ground state for

К 1 (V)  =  { y í (  YÁP)  +  y t  (P ) У2(Р )Ь (47)

n 71
P =  " =  nv  пз (integers)

(cf. (39)) is"

Ov in) =(«) =  / /  «  (P) -  (P) f t  (P) f t  ( P)) & =
P

?\>PF y _
=  T J  («0 (p)e'a — vo(p) f t  (p) f-1 (— p))  X

p
1̂ 1 >PF ^

X / /  K  — V0( p ) e  ,ay>{ (py>t(— р) )Ф =
p

/ /  «a (p ) exp | -  f t  (p)  f t ( - p )
p  I <  (p)

Ф.

(48)

We m ay construct the W ightm an functions

( Q v  (a), . . . Ip ,  ( x 2)  . . . г р 1 (ïj) r p t  (y i) . . . (y2) . . . -QK(a))

and take the lim it V  —>• oo. We get in  th is w ay a right representation required 
b y  the H am iltonian. The lim it representation is reducible i.e., the W ightm an  
functions do not determ ine the sta te  uniquely.

As lim  K l(V)  y ields a good approxim ation to  lim K ( V ) ,  (see (29))

which is m anifestly  gauge invariant, we expect th a t the linear com bination  
o f i i y (a)  w ill give a good approxim ation to an eigenstate o f K ( V ) .  This is *

* We get th is state  in the same form al w a y  we got the F ock  vacuum  for th e  operators 
b, 6+) in A ppendix I, (cf. (Al. 7)) but in a som ew hat more in v o lv ed  manner.
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indeed so and we arrive in the lim it V  —>- oo a t the Ansatz o f  H a a g  [15]. 
The ground state Q  w ith  a definite number of particles is defined b y

( Д  i p + ( x r ) . . . y + ( x m ) г р ( у х) . . . г р ( у п)  Q )  =
=  J(.Q(a), у)+(хх) . . . f + { x m) гр(ух) . . . rp{yn) Q(a)  for n =  m. ^

The expectation  values o f gauge dependent quantities with respect to  states  
w ith  a given number o f “ particles”  vanish. The right hand side o f  (49) does 
not depend on a. The sta te  Q  is n o t uniquely determ ined by (49) as the repre
sentation  is reducible. Indeed, th e  W ightm an functions for Q  as well as for 
X n Q  (where X  is given by (46)) are the sam e due to th e  com m ut- 
ability  o f X  w ith the ring R.  The sta tes defined b y  (49) are all translationally  
invariant because the states O(a) are translationally  invariant. The positive
definiteness of the W ightm an functions results from  the definiteness of the 
W ightm an functions for finite V  in the limit.

The unitarv operator X  applied to Q g ives a state Qr orthogonal to  
Ü.  R epeated application o f X  to Q  gives a whole string of sta tes orthogonal 
to each other, translationally  invariant, having th e  properties o f  a ground  
state w ith  a fixed num ber of particles. As m entioned before all these states  
have the same expectation  values, i.e ., they  all describe the sam e physical 
state.

From  these states we may generate the H ilbert space a b y  applying  
the operator ring R.

Let us diagonalize the operator X  whose eigenvalues are

e~ ‘" 0 <  a <  2 7t

(a continuous spectrum ). Then th e  differential subspaces belonging to the  
eigenvalue e~ “ are the before-m entioned spaces 3Í"a • a is a d irect integral 
of a over a. Each such differential subspace g ives an irreducible represent
ation o f R.

Appendix I*

We w ant to find a state f',, w hich  satisfies

ba =  0 for each ba (a =  1, 2, . . .) , ( A l . l )

i.e. according to (10)

(aa — tgh (fa ■ O 'l 'o  =  0 ■ (A1-2)
* I am  grateful to Dr. A. P a w lik o w s k i for m any suggestions exploited in th is  Appendix.
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We look for such a non-singular operator M  w hich  yields sim ultaneously

The operator

Ma„ M  1 = a„ +  tgh (fa • a„ , 

M a a M ~ l =  a,7 .

M =  exp I -  - i -  tgh <Pa • aaJ

w ill do; indeed, from  (A1.2) we get, using (Al. 3 — 4),

M(aa — tgh tpa Oa) M  1 M W 0 =  aa M W 0 =  0 ,
consequently

M W 0 =  cy)0 (c is a number) ,

(A1.3)

(A1.4)

(A1.5)

(Al. 6) 

(Al. 7)

and we arrive at the formula (16).
To get c we have to  norm alize the vector W0. Because aa, a<7 commute 

w ith  aß, a,ß for a ß  and the sta tes w ith d ifferent number o f “ particles” 
are orthogonal to  each other, the product

/ /  ex P | — tgh95“ a“
I I «

П (A1.8)

can  be factorized , and we get

£ £  cosh <pa =  |c| - 2

w hich coincides w ith  (17).
From  form ula (16) one sees th a t

i f  oi ^o) =  c Vo, exp j-h tgh<pa a+ a+ V»o =  c .

Appendix II*

One o f the Lie — Cartan equations for the L orentz group reads

[Мщ, -f*i] — iPo ■ (A2.1)

* I am  g ra te fu l to  Dr, A. U h lm an n  fo r show ing th is  p ro o f  to  me. 
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Because P x =  P {  (we assum e the extension  o f P 1 is unique) we get for the  
s ta te  !P0(t) since it is 3-dim ensionally invariant

{'P0 ( t ) , P 0 'P0 (t)) =  О, (A 2.2)

■where we assum ed in addition that the sta te  M 10y 0(t) is bounded.
Because o f the spectral condition the spectrum of P n is non-negative;

thus
Р „ В Д  =  0 .  (A2.3)

We know (by assum ption) that the physical vacuum is the only state in Ж  
satisfy in g  (A 2.3), consequently

W0 (t ) =  const. Ч/0 , (A2.4)

w hich is just the result we need (cf. (22)).

Appendix III

I f  the v o n  N e u m a n n  ring R  is irreducible, then there exists on ly  one 
s ta te  invariant w ith  respect to  3-dim ensional translations. To prove it let 
us assum e the contrary th at there are tw o  vacuum  states Й(1) and H<2). W e 
can always m ake them  orthogonal to each other. B oth o f  them  are cyclic  
because the ring R  is supposed to be irreducible. Thus some o f the expressions 
o f  type

( ß ^ y i + f o ) .  . .y>+(xn) у>(уг) .  . • V(ym) ß (2))

w ill be different from zero. In particular, tak in g  into account the superselection  
rules, we are able to find an operator W  w ith  (n -(- m) even , quasilocal, for 
w hich

(Q (1\  W Q {2)) 0 . (A3.1)

N ow , for such a quasilocal operator o f th e  form

I  . . . f ^ ( x  — 215 . . . X — zn; X — zj, . . . X — z lm)* X

X V + (z,) . . . rp+(zn) \p(z\) . . . xp(z'm)d3z1 . . . d3zm,

w here &  vanishes sufficiently  rapidly for zx , . . . , sm —*■ oo, the follow ing  
theorem  due to  H aag is valid: The operator W

lim 1 \ t P ( x ) d 3x ,  W(x)  =  e -& i W e i?i  (A 3 .2)
V  J
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com m utes w ith  all operators o f the ring, consequently it  is a number. W e h ave

1. J . von  N e u m a n n , Ann. M ath., 104, 570, 1931.
2. F irs t  noticed  b y  J .  von  N e u m a n n ; see K . O. F r ie d r ic h s , M athem atical Aspects o f  the

Q uantum  Theory of F ields, N ew  York, 1953, also L. V an  H o v e , Physica, 18, 1451. 
1952.

3. R. H aag and D . K a st ler , J. M ath. Phys., 5 , 848, 1964.
4. R. H aag , L ectures in Theoretical Physics, Yol. 3, Summer In stitu te  for Theoretical P hysics,

U n iversity  o f  Colorado, B oulder, 1960, N ew  Y ork 1961.
5. R. H aag , K gl. D en. Mat. F y s. M edd., 29, N o. 12, 1955.
6. O. W . Gr e e n b e r g , Phys. R e v ., 115, 706, 1959.
7. J. L o pu s z a n s k i, J. Math. P h y s., 2, 743, 1961. A . U h lm ann , “ Ü b e r  einen Satz von  R e e h

u n d  Sc h l ie d e r ”  p re p rin t,  1963.
8. D. R u e l l e , H elv. Phys. A cta , 35, 147, 1962.
9. H. J. B o r c h e r s , Nuovo Cim ento, 24, (x), 214, 1962.
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1. Введение. 2. Случай вещественного скалярного поля. 3. Теорема Хаага. 
4. Модель Боголюбова BCS; неприводимые представления. 5. Модель Боголюбова BCS; 
приводимые представления. Приложение 1, Приложение II, Приложение III.

=  (_Q(1), lV-Q(->) =  JF(fí(1>, ÍJ<->) =  0,
which contradicts (АЗ.Г).
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GAUGE INVARIANCE AND STRUCTURE OF THE 
CORRELATION FUNCTIONS OF AN IMPERFECT BOSE GAS

By

G. J o n a — L a s in io

CERN , GENEVA, SW ITZERLA N D

Summary

This report refers to som e work done in collaboration with F. 1)e  P a s - 
q u a le  of the U niversity  o f  Rom e and E . T a b e t  of the Laboratorio F isico  
dellT stituto  Superiore di Sanità — Rome.*

We have analysed the structure of the correlation functions of an im per
fect B o se  gas with condensation in the zero m om entum  sta te , with the aim  
of developing m ethods to calculate the effect o f  the residual interaction of q u asi
particles. The m ain tool of our analysis is a generalized W ard identity  w hich  
follows the invariance o f the theory under infin itesim al gauge transform ations. 
The usefulness o f  the approach has been illustrated  by constructing exp lic it - 
ely density  correlation functions which sa tisfy  the longitudinal sum rule 
and the continu ity  equation in the case o f the B o g o l iu b o v  approxim ation  
and in  the case o f a non linear self-consistent approxim ation. The role o f  th e  
theorem  o f H u g e n h o l t z  and P in e s  in this con text has also been discussed.

* This work has now appeared in Annals o f P hysics (N. Y ) 33, 381, 1965.

КАЛИБРОВОЧНАЯ ИНВАРИАНТНОСТЬ И СТРУКТУРА 
, КОРРЕЛЯЦИОННЫХ ФУНКЦИЙ НЕСОВЕРШЕННОГО

ГАЗА БОЗЕ 
Г. Й О Н А - Л А З И Н И О  

Р е з ю м е
В осн о в е  д о к л а д а  л е ж и т  р а б о т а , с д е л а н н а я  в м есте  с Ф . д е  П а с к в а л е  (Р и м с к и й  У н и в е р с и те т )  и Э. Т а б э  

(LABORATORIO FISICO D ELL’ STITUTO S U P E R IO R E  D I SANITA — Р И М ).*

Мы проанализировали структуру функций корреляции несовершенного газа Бозе 
с конденсацией в состоянии с нулевым импульсом с целью развить методы для вычисления 
эффекта остаточного взаимодействия квазичастиц. Главным методом нашего анализа 
является использование обобщенного тождества Уорда, которое следует из инвариант
ности теории относительно бесконечно малых калибровочных преобразований. Полез
ность метода иллюстрируется явным построением корреляционных функций плотности, 
которые удовлетворяют продольному правилу сумм и уравнению непрерывности в случае 
приближения Боголюбова и в случае нелинейного самосогласованного приближения. 
Также обсуждается роль теоремы Гугенгольца и Пайнса в этом отношении.

* Опубликовано в Annals of Physics (N. Y) 33, 381, 1965.
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STRANGE PARTICLES AND THE UNSYMMETRICAL
VACUUM

By

H.  P.  D ü r r

M X-PLAN CK -INSTITUT F Ü R  P H Y S IK  UND A ST R O PH Y SIK , M ÜNCHEN, BRD

In H e i s e n b e r g ’s nonlinear theory some new results are presented concerning mainly 
the proper ies of strange elementary particles.

In the nonlinear theory o f H e is e n b e r g  and coworkers it was suggested  
that the occurrence of the approxim ate conservation laws in nature m ay result 
from a rather com plicated structure of the ground state, the vacuum  sta te , 
rather than an U4svm m etr;cal dynam ical law . This conjecture has been very  
successful in various fields, and, in fact, con stitu tes the m ain topic of th is  
conference. Its im portance in elem entary particle physics, how ever, has still 
to be dem onstrated.

In our theory, it  was particularly assum ed th at the deviations from th e  
isotopic spin sym m etry in the interactions o f elem entary particles arise from  
isotopic spin properties of the vacuum , w hich otherwise has the com m on  
features.

Such an asym m etrical vacuum  state m ay be pictured as a state filled  
with an infin ite number of certain “ bosons” . These bosons do not have any  
Lorentz properties, i.e. mass and spin, but do carry isotopic spin. We have  
called these entities “ spurions” because of their  sim ilarity to  the particles 
introduced by W e n t z e l  and others in connection  with w eak interactions.

Such a “ vacuum ” has two different effects on the particles:
1. As a result o f the interaction of the particles with the in fin ite  spurion  

sea as a whole, w hich eventually  w ill be assum ed to have an infin ite n et  
isospin polarization, the mass degeneracy of th e  states with respect to isospin  
rotations, in particular the m ass degeneracy o f all particle isom ultip lets, 
will be rem oved. E .g . the proton and neutron states which differ by th e  
direction of their isotopic spin, w ill split up as a consequence o f their different 
residual interaction  w ith the unsym m etrical ground state; their isospin w ill 
he parallel or antiparallel to the vacuum  isospin polarization.

A vacuum  state which carries an in fin ite  isotopic spin is necessarily  
in fin itely  degenerate in an isotopic spin sym m etrical theory. The degenerate 
vacuum  states differ by the direction of their in fin ite polarization in isospin  
space. They are transform ed into each other under isospin rotations. Because 
o f the in fin ite size o f the polarization, however, such a rotation, as w as frequently  
em phasized, cannot be generated by a un itary  transform ation in H ilbert

■icta Phys. Hung. Тот. X I X . ,1965.



4« H. P. DÜRR

space: vacu u m  states w hich are polarized in different directions do n o t belong  
to  the sam e Hilbert space; they  are orthogonal to each  other in the sense of 
v a n  H o v e  and H a a g . H ence we have on ly  to consider one vacuum  isospin  
polarization which we id en tify  w ith th e  г-direction. W e also prefer to  talk  
about an “ unsym m etrical vacuum ” in stead  of a “ degenerate vacuum ” which  
are group theoretically  synonym ous.

2. The particles do not interact so to  say on ly  w ith  the sea as a whole 
hut also w ith  its m em bers, the spurions. This intercation  will be present even  
if  the n et isospin polarization of the vacuum  would be assumed to  be zero. 
In particular, “ particles” m ay be strongly bound to a fin ite  number o f spurions. 
In th is w a y  we m ay create from every “ particle” a w hole fam ily o f  particles 
w ith in d en tica l Lorentz properties b u t different isospin  properties. Such 
“ anorm al”  states m ay be identified w ith  the strange particles. I t  should  
be em phasized that the operation o f rotating  the isosp in  o f  any fin ite  number 
of spurions can be represented by a u n itary  transform ation. It does n o t lead  
out o f th e  H ilbert space. (W e are stu d yin g , at present, certain m odels in  which  
the ex isten ce  of such “ anorm al” sta tes  can be m ore clearly established. 
In ferrom agnets it w ould correspond to  an electron riding on a spip w ave.)

In m y report to d a y  I will solely concern m yself w ith  this second aspect 
of an unsym m etrical ground state. I w ill try to dem onstrate th at strange 
particles and their properties may be understood on such a basis.

I w ill subdivide m y  ta lk  into tw o  parts:
A) I  w ill discuss th e  sym m etry properties o f th e  spurion in particular, 

in contrast to  earlier assum ptions, and consider the general form o f their in ter
action term s. Subsequently we in vestigate  the form o f  the interaction terms 
of particles constructed from  the fundam ental fields and spurions.

B) I w ill outline th e  procedure b y  which we advance to calcu late the 
masses o f  the sim plest ferm ions and bosons and their coupling constants.

A. Symmetry properties of the spurions and the form of their
interaction terms

Spurions are considered to carry an isospin 1/2. However, in addition  
to isospin further properties have to  be attributed to  th e  spurions to  be con
sistent w ith  the requirem ent o f Lorentz- and CPT-invariance of the vacuum . 
According to  earlier investigations three such possib ilities present them selves: 
The first and sim plest possib ility  from  a group theoretica l point o f v iew  adds 
a parity property. A bout this p ossib ility  I have reported earlier. H ere the 
spurions transform  according to the sim plest, nontriv ia l representation of 
P  X  SU2 (discrete reflection  group X  isospin  group). This leads to a close connec
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tion betw een parity and isotopic spin. Som e im m ediate im plications w ith  
respect to  the mass spectrum  of the baryons and their properties, e.g . odd 
. lY-parity, however, are in contradiction to present experim ental evidence. 
Therefore th is possib ility  is ruled out. This possib ility  also has the d isadvantage  
that strangeness, or hypercharge, cannot be understood w ithout enlarging  
the group space o f the spurions to include a gauge group.

H ence the second possib ility  was investigated  w hich is the subject o f the  
present report. (The third possib ility  is a com bination o f th is possib ility  w ith  
the first one, which was actually  used in  the former papers after the inclusion  
of hypercharge). In this second possib ility  a “ spurion num ber” (gauge group) 
is defined in addition to the isospin w hich then  is id entified  w ith the h yp er
charge Y.  The spurions in this case transform  according to  the sim plest, 
nontrivial representation o f U2 =  gX  SU 2 in  which four different states (spurions 
and antispurions w ith  I 3 =  dr 1h) can be distinguished. Spurions and anti- 
spurions are transform ed into each other under (ij-conjugation. Because  
of the absence of spin th ey  obey Bose sta tistics.

As a first step we consider a general system  com posed o f ns spurions and 
na antispurions, and construct the m ost general 2-spurion correlation operator, 
i.e. the operator which for ordinary particles corresponds to  the pair interaction  
operator. We find  that

0 (n s, na)
П» n„

,s= 1 a = 1
- / K  +  О  =  4(1, — ï 0)2 — / К  +  Па) =

=  2 J :  ^  +  [Зга —/(га)],
i<j

n =  ns +  па ,

where rs, r a are the isospin m atrices acting on the spurions and antispurions, 
respectively; f (n)  is som e arbitrary function  of the to ta l number o f spurions 
and antispurions n =  ns -f- na; is a sign function d i l  depending on w hether  
the indices refer to like or unlike “ particles” . The operator is determ ined by  
the requirem ents of isospin-, gauge- and d^-invariance, and the condition that 
0(ns, na) —> 0(ns d i lj  raa d~ 1) under dj-conjunction of a single spurion or anti- 
spurion, respectively, w hich can be deduced from the fact, th at the annihilation  
of a spurion is equivalent to  a creation o f an antispurion.

The eigenvalue o f the operator for a system  w ith  isospin I  and hyper
charge Y  =  2 (ns — na) is given by

0 ( n s, na) I ( I  +  1) Y  2 +  [ra(ra +  4) - / ( r a ) ] ,
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i.e . the I, Y  com bination is ex a ctly  o f the form which occurs in connection  
w ith  broken S [ / 3 theories. H ow ever, it  should be em phasized th at the above  
form ula does n o t contain any o f the feicatures partular to  S U 3, which — 
depending on th e  representation — express them selves in  certain lim itations 
on the possible values o f I  and Y,  leading to the characteristic m ultip lets.

I  and Y  in the above form ula are only lim ited  b y  I  --- Y . The characteristic

com bination o f I  and У  in the above form ula is brought about by the special 
form of the interaction (opposite sign for particle-particle and particle-anti- 
particle system s; th is, in fact, is com m on to  m any other theories, e.g. in ter
action via jr-mesons) and the perm utation sym m etry o f the spurions (on ly  
sym m etrical com binations are adm itted).

Up to now  we have dealt only w ith  the spurions and general spurion  
system s. To connect these results with our actual problem , i.e . the determ i
nation  of the isospin-hypercharge dependence o f  the m ass operators o f single 
particle sta tes, we have to  consider system s w hich are constructedfrom  spurions 
and the spinor-isospinor fie ld  operator ip(x) which occurs in the differential 
equation ofour theory:

0
i av -----rp(x) =  l- a  : ip(x) Up* (x) <x" y>(*)] : .

Э*„

In  the field  operator the isospin-hypercharge properties seem  inseparably  
connected w ith  the Lorentz properties. In particular, the isospins of tw o field  
operators w ill n o t be sym m etrical, in general, as required for the spurions, 
since only th e  space-spin-isospin-dependence is required to be antisym m etrical.

H ow ever, the situation  is different i f  on ly  field  operators at the sam e 
spacetim e poin t are considered. Due to  our particular interaction  a^ a11 =  
=  — 1 1 +  oa,  the interaction  w ill vanish w henever the spins in  1p(x) тр(х) are 
sym m etrical (во  =  + 1 ) .  Since in this case the space-dependence is sym m etrical 
this im m ediately  im plies th a t there is no in teraction  if  the isospins are an ti
sym m etrical, i.e . whenever th ey  do not behave like spurions. Hence the above  
spurion considerations can be equally applied for states w hich are constructed  
from  spurions and field operators at the sam e space-tim e point. Particles 
which can be constructed in  th is w ay will be called “ primary particles” . Therefore 
we expect “ prim ary particles” to  behave very  much like a m any-spurion  
system . On the other hand “ prim ary particles” are also distinguished dynam ic
ally  since th e y  can take im m ediate advantage o f the original contact in ter
action.

I f  w e d ea l w ith  sy stem s o f  n on-zero  b a ry o n  n um ber a lso  th e  op erator  
B Y  can  occu r b esid es 0 ( n s, na), w h ich  a lso  appears in  th e  Ge ll-Ma n n  — 
O k u b o  m ass form ula .
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I w ill now  proceed to  the second part of m y ta lk  and give a rough  
description how  the above considerations can be utilized to  calculate the m asses 
and coupling constants o f  the simplest ferm ions and m esons.

B. Procedure to calculate the m asses and coupling constants

The actual calculations of the m asses of the particles proceed according  
to  the follow ing program:

1. W e assume the existence of a dom inating baryon pole at som e mass 
in the propagation function  of the field operator ip(x). The eigenvalue equation  
for the baryon wave function  <p(x) — <0 | xp(x) j p > is then  derived in  the  
low est Tamm D aneoff approxim ation as represented by the equation

T - 4- using the гр(х) propagation function w ith only the

(regularized) baryon pole, as an approxim ation for the contraction function , 
and is exam ined with respect to a d iscrete baryon solution . Such a solution  
exists. The mass of the baryon is fix ed  by the selfconsistency requirem ent. 
This calculation is the sam e as carried out in 1958. W e m ay call it  a baryon  
boot-strap calculation. The calculation does not change i f  we include spur- 
ions in the m atrix elem ents, i.e. there is no sp litting o f the baryon levels at 
th is point.

2. W e proceed to consider the eigenvalue equation for the “ prim ary”  
strangeness zero bosons w ith  the eigenfunctions (рв{х ) =  <(0 | ip(x) ip*(x) \ p } .  
T hey are derived again in lowest N T D -approxim ation which is o f the form

A - using the ^-contraction function  with the selfconsistent baryon

pole. The bosons appear as “ S-states” o f  the baryon-antibaryon system  bound  
b y  the contact interaction represented b y  the nonlinear term . The discrete 
solutions belong to the rj, 71, со, q m esons. H owever, only the spin 0 states  
г], л  were considered. In  case of the со, q also D -states have to be included. 
This is more difficult and is, at present, carried out by S t u m p f  and Y am am o to .

For the rj, 71 the eigenvalue equation is o f the form

1 +  [ 3 - J ( J + 1 ) ] 2 < ? ftj_

K1
o ,

where Q tA , is a know n function w hich  depends on th e  mass ratio of m eson

to  baryon m ass. This again is nothing new  (1960).
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3. Аь a new  step we now consider prim ary boson w ave functions which  
involve spurions. E . g. the K -m eson w ave function is related  to  the m atrix  
elem ent <рк(х ) =  <01 Sj y>2(x) y>*(x) |p>. The isospin w ave-function  o f the spurion  
s and o f y> (which behaves like a spurion) m ust be sym m etrical. Because o f  the  
well-know n relationship (change o f  coupling transform ation)

(123) = (123) +

where — designates a sym m etrical, ^  an antisym m etrical com bination, one 
im m ediately  obtains the result th a t the K ,  because of the spurion perm utation  
sym m etry, behaves like 75%  (srj) and 25%  ( stt) .  Since the spurion does not  
participate in  th e  interaction (on ly  yj occur in the nonlinear term ), the X -eigen- 
value operator d irectly reflects th is “m ixture” , which is fam iliar to  us from  
broken S U 3. H ence the boson eigenvalue equation can be generalized to

1 + 3 - I  ( I + 1) -  4 - 2 Q ftf.Y
4 X2

A d a  Phys. H ung. Тот. X IX .,  1965.

to  include the K .  According to  the above derivation th is form ula is not to  be
3 1

used  for other than  rj, я , К  sta tes. E .g . a X -quartet sta te  I  =  ■—, Y  =  —
2 2

can only be derived i f  also a i =  £ 2 ,  Y =  0 sta te  is contained from  the beginning. 
R oughly speaking the K 3/2 w ould  be a “ m ixture” o f  such a sta te  and a я . 
The I  =  2, Y  — 0, how ever, in  our fram ework cannot be constructed from  
fie ld  operators at the same space-tim e point. T hey are not “ prim ary” particles 
and hence are dynam ically quite different. I f  we consider K 3/2 as a pure (sa) 
sta te  then th e  K 3l2 eigenvalue equation is identical w ith  the equation for th e  
re. The spurion in  this case is n ot “ bound” nor localized b u t only form ally  
attached.

H ence w e conclude th a t there ex ist on ly  8 “ prim ary” boson states o f  
spin 0. Their eigenvalue operator contains as a factor the fam iliar 1(1 + 1 )  —

— — Y 2. Since the function Q~1(x2) behaves essentia lly  like In"1 #2 w ith

X2 =  (j?lx2, i t  can be very w ell approxim ated in the relevant region by a -j- bx2

which then  leads to  the w ell-know n boson mass form ulas. The sam e procedure 
w ould lead to  a spin 1 “ o c te t”  if  the spin 1 states were predom inantly  
3s-states, w hich does not, how ever, seem  likely  from our calculations.

To em phasize a certain sim ilarity w ith  the adjoint representation o f S U 3 
w e m ay draw the follow ing diagram  o f the operators: I + , f _ ,  I 0, У  are the  
fam iliar generators o f the U 2 group. In addition  we now h ave the 4 spurion
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creation operators (or corresponding antispurion annihilation operators) 
s*, s*, o f , a*  which sim ulate to some ex ten t the operators V_,  U +, U V + 
of SU 3.

4. As the next step we now repeat the baryon eigenvalue calculation w ith  
the inclusion of not only the baryon contraction functions but also the boson  
contraction functions. This means a generalisation o f th e  T am m —D an coff  
approxim ation in the sense that we now not only ex p lic itly  pull out the 2 
point contractions but also a certain part which contains the meson poles. 
Our integral equation for the baryons is now graphically represented by

where the first graph corresponds to the dressing of the baryons by them selves, 
the second graph, how ever, corresponds to  the boson corrections, as calculated  
in the third step . Or more precisely the boson propagator is essentially  represent
ed by

* - 0

where

is the kernel o f the boson eigenvalue integral equation as calculated before. 
The calculation of the residium  of the poles which occur at the boson m asses 
leads to a determ ination o f the coupling constants.

From  th e above im proved eigenvalue equation for th e  baryons in  low est 
approxim ations we therefore get corrections due to the v irtual exchange o f  r], 
гг and К  m esons. However, now  due to the К -exchange th e  eigenvalue operators
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o f baryons w ith  zero, one- and tw o spurions w ill differ from  each other. One 
can show th a t the eigenvalue equation is o f  the form:

avp
i  xl 4

L _
\ 2n x‘\

C F о r — 1—
3 y  ' №
2 IT  Z l q '  (рЦх*)

<p(p) =  0 ,

where L,  r, q are all known functions. T heL -term  already occurs in the original 
approxim ation, the stem s from the boson contributions. There the Iv-con-

B
tribution is o f  principal im portance, since it  depends on the isospin and the  
hypercharge o f the baryon. In fact we find:

Cf,k  — co ci B Y  -f- I { I  +  1 ) --------У 2
4

i.e. we denote that the eigenvalue operator is m ultiplied by a factor which has the  
Ge l l -Ma n n — O k u b o  form. To the ex ten t th a t the dependence of the integral 
operators on the masses is sm ooth this w ill also reproduce th e  Ge ll-Ma n n  — 
Ok u b o  form ula for the m asses. In our case L  is not su ffic ien tly  sm ooth and  
hence does n o t give too good an agreem ent w ith  the experim ental m asses, but 
these functions can scarcely be considered reliable to such an extent.

To sum m arize we m ay sta te  th at the inclusion of the boson contraction  
term s im prove firstly  the m ass ratios betw een  baryons and boson (the baryons 
becom e rela tively  heavier, w hich is in the right direction), and secondly it leads 
to  a split t ing  o f  the baryons which agrees w ith  the em pirical mass sequence. 
H ow ever, it  turns out th at the zero-spurion system  (the original system ) 
has to be identified  w ith S ,  rather than the N.  The one-spurion system  corre
sponds to  the Л,  Z .  The num erical values o f  cx and c2 are still som ewhat too  
sm all, but one can show th at the inclusion o f the spin 1 m esons will enlarge 
the effects.

The baryon calculation is not necessarily lim ited to the “ octet” sta tes  
but m ay also include other states, e.g. isoquartet states. To exclude th ese  
unw anted sta tes the hypothesis was used th a t spurions can only  be “ bound” 
to  a single field  operator ip(x) such th at th e  resulting electric charge never  
exceeds the value one. Such an assum ption seem s necessary in view  o f the  
local conservation  o f charge. In this case there would be on ly  8 “ prim ary” 
baryons. H ow ever, this point has to  be further investigated .

5. A s a last step one m ay consider all elem entary particles which cannot 
be constructed  from field  operators at the same space-tim e point. These  
particles we m ay call “ secondary particles” . These “ secondary” particles 
cannot take im m ediate advantage o f the con tact interaction. For interactions
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at a d istance, how ever, the finite range interactions via exchange o f the “ pri
m ary” bosons m ay be the most im portant. E .g. the w *  resonance state N*  
m ay be considered in  a good approxim ation as a bound state o f an N  and a n 
b y  virtue of an in teraction  produced by virtual mesons. For the calcul
ation of these “ secondary” particles an approxim ation schem e w hich assumes 
the “ prim ary” particles as really “ elem entary”  particles as a starting point 
m ay be better than an N TD -approxim ation. This seem s rather obvious in the 
case o f the deuteron and higher nuclei. Since the “ prim ary” particles roughly  
allow a broken SU 3 term inology, also the secondary particles m ay allow a 
similar description. O f course, th is has not to be the case since noth ing com 
parable to  the SU 3-C lebsch—Gordan algebra can be provided in our case. On 
the other hand bootstrap calculations like the ones carried out b y  Z e m a c h  and 
Z a c h a r i a s e n  and by C u t k o v s k y  seem  to indicate that the bootstrap m echa
nism m ay produce the higher group if  the dim ension of the adjoint represent
ation (here 8) is som ehow  provided. On the basis o f our present calculation we 
do not expect the coupling constants to  follow very  closely the S U 3 predictions.

СТРАННЫЕ ЧАСТИЦЫ И НЕСИММЕТРИЧНЫЙ ВАКУУМ 
г. п. Д Ю Р Р  

Р е з ю м е

Показываются некоторые новые результаты в нелинейной теории Гейзенберга 
главным образом по отношению свойств странных элементарных частиц.
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VACUUM DEGENERACY AND BROKEN SYMMETRIES 
IN NONLINEAR SPINOR THEORIES

B y

K.  L a d á n y i

RESEA RCH  GROUP FO R TH EO RETICA L PHYSICS OF TH E  H U N G A RIA N  ACADEMY O F SCIENCES,
BU DA PEST

T he p o ss ib ility  o f a sp o n tan eo u s b reak d o w n  of some in v arian c e s  will be d iscussed  by  
considering  th ree  d ifferen t n o n lin ea r sp inor e q u a tio n s . The b reak d o w n  of th e  y ’-synm iet ry is 
considered  b y  using  th e  p a rity -sy m m etriz e d  H e i s e n b e r g  eq u a tio n . A possible m ech an ism  is  
suggested  fo r th e  sp o n tan eo u s e lectro m ag n e tic  ty p e  b reakdow n o f th e  G -invariance b y  in tro 
ducing a  sim ple G -in v arian t (b u t no t iso in v a ria n t)  n o n linear fie ld  eq u atio n . T he th ird  fie ld  
eq u atio n  is in v a r ia n t  u n d e r th e  group  S p 6 of u n i ta ry  sym plec tic  tran s fo rm a tio n s  in  six  d im en 
sions. I t  is assum ed  th a t  th e  m edium  stro n g  m ass sp littin g  o p e ra to r  is due to  a sp o n ta n eo u s  
m ix ing  of th e  S U a singlet (rep re sen ta tio n  21), th e  isosinglet m em b er o f th e  S U 3 o c te t (rep re 
sen ta tio n  21), a n d  th e  S p e sing le t (rep re sen ta tio n  1).

This report contains some remarks about a possib ility  o f the breakdown  
of some invariances in  nonlinear spinor theories. Three different nonlinear 
spinor equations will be considered briefly  in the following. The first one 
is the parity-sym m etrized H e i s e n b e r g  equation in  a form given b y  D ü r r  

[ 1 - 3 ]
0

— i y " -  y> +  ÂT yf'ip(ip y  ip) +  XTiy5 y " ip (ÿ iy 5 y  ip) =  0, (1)
дх'‘

where the 2 x 4  com ponent D i r a c  isospinor ip is the field  operator o f m atter  
and T  is W i c k ’s chronological operator. E q. (1) is invariant under the isogroup. 
The second (nonisoinvariant) field equation is the follow ing

i y ’1 —  f  +  Á 2  [ T y f‘ P f  v>(v y,, Pj~ V) +  T i y 5 y f‘ P j  f(ÿ) i y 5 y u P j  y>)] =  0 ,
dxf‘ y “i (2)

where

P ± =  ± ( 1 ± T*), p ± = i _ ( l T T 3),
Z Zu

and the m atrices rJ (j  =  1, 2, 3) are the usual isospin m atrices. Eq. (2) is 802- 
invariant. The third equation is invariant under th e  group Sp6 o f unitary  
sym plectic transform ations in six dim ensions. The group Spr> and its applications 
in the theory  of strongly interacting particles have been discussed b y  B a c r y ,  
N u y t s  and V a n  H o v e  [4]. In this report the follow ing S p6 invariant nonlinear
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f ie ld  e q u a tio n  w ill be considered

— * У " т ^ 7 * т +  J ?  K m ' hrm' [ GV T y t' t n(tm, y l l tn,) +
Эя" m’,n,n'

+  G  A  T i 7 5 Y "  *П ( V  *У5 Ум V ) ]  =  0  » (3 )

w here tm(xa) is a 6 X  4 co m p o n en t sp inor fie ld . T he com ponen ts o f tm are th e  
tr io n s  in tro d u c e d  b y  Bacry  a n d  al.,

t ! = r + ,  h = T ° *  t3 =  T ' ° ,
t4 =  e°, í5 =  o +, fB =  0 ,+ ,

and the m atrix h is defined by

~ 0 0 0 1 0 0
0 0 0 0 1 0

. _  0 0 0 0 0 1
h — 1 0 0 0 0 0 ■ ^

0 — 1 0 0 0 0  
0 0 - 1 0 0 0

The invariance o f eq. (3) under S p 6 can be easily  proved b y  taking into account
th a t the group S p 6 can be defined as the group o f six  dim ensional unitary  
transform ations which leave invariant the follow ing bilinear form

f =  (x a ) hmn *n (J'ß) ■ (5)
m, n

According to  H e i s e n b e r g ’s suggestions, the basis o f our considerations 
is a generalization o f the usual postu lates o f quantum  m echanics. We assume 
th a t the sta tes o f  the system s are represented b y  vectors in a space of states 
w ith  indefin ite m etric and the observables o f the system s can be represented  
b y  pseudo-herm itian operators. The observables arc connected w ith  the gene
rators of the sym m etry transform ations in  the usual w ay and th e  action prin
ciple [5] is not valid  in general. In this case the usual canonical com m utation  
relations are n o t required for the field  operators ip and t.

N ext, th e  possib ility  o f a spontaneous breakdown of sym m etries w ill 
be discussed along the lines suggested b y  H e i s e n b e r g  [1], N a m b u  and J o n a —  

L a s i n i o  [6], B a k e r  and G l a s h o w  [7], S a k u r a i  [8] and m any others. The 
basic idea m ay be form ulated in the follow ing w ay. It is well know n that som e  
invariance properties of eqs. (1) — (3) are v io la ted  in nature b y  mass term s 
and m edium  strong, electrom agnetic and weak interactions. These v io lated
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sym m etries and the exact sym m etries of the fie ld  equations w ill be called “ b ad ” 
and “ good” sym m etries, respectively. We reject to  destroy the “ b ad” sym m et
ries by introducing mass terms or m edium  strong, electrom agnetic and w eak  
interactions w ith empirical coupling constants from a “ philosophical” point 
o f view . It will be assum ed that th e  breakdow n of the “ bad” invariances is 
spontaneous and very similar to the breakdow n o f the gauge-invariance in th e  
theory of superconductivity.

We next turn to a brief discussion of the breakdown of th e  y5-invariance 
by considering the H e ise n b e r g  equation (1) [6, 9]. In a “ first approxim ation” 
the isogroup is a “ good” sym m etry. The basis of our considerations is an  
appropriate generalization of the relativ istic  F ock m ethod to  calculate th e  
sim plest m any-point am plitudes o f the type

т(*! <V . ■ xm a m \ y 1ß 1. . , y n ßn) =

=  < 0 \ T y ) ( x 1 cq) . .  . y>{xm arn) v f o f t ) .  • M j n ß n ) \ф > -

The solutions of the F ock equations for the t  am plitudes, the masses o f the  
particles and the coupling constants m ay be obtained, in principle, by a self- 
consistent m ethod, which is, to a certain ex ten t, similar to  the bootstrap  
m echanism  o f S-m atrix theory [10]. According to  N a m b u  and J o n a — La s in io  
[6] we expect th at the physical vacuum  sta te  and its elem entary excitations  
are not eigenstates of the chirality y. A ssum ing the invariance o f the vacuum  
sta te  under the full Lorentz group and the isogroup we obtain for the vacuum  
expectation  value F

F(xa  I y  ß) — <0 I T  ip(xa) ip(y ß) | 0 )

=  ^ ^ я и  +  ^ м и ,  (6)

where
z  —  X  ■ y ,  Z -  =  2f  Zn .

W e next turn to a brief discussion o f the tw o  point am plitudes

r(S/) (xa \ y ß )  =  <0 I T  -ip(xa) yj(yß)  j <jp(S/)> , (7)

where | q> >  is a state vector characterized by isospin assignm ents 1 = 0  
or 1, intrinsic angular m om entum  assignm ents S =  0 or 1, intrinsic parity  
P =  —1 and G parity G =  (— 1)S + / .

We em phasize that | cp̂ SI  ̂ >  m ay contain  contributions from various 
bound and scattering states. The general form  o f the am plitude (7) for 1 = 1 ,
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S =  0 h as b een  g iven  b y  B a u m a n n , F r e u n d  and T h ir r in g  [11]

r<01> (xa\yß) =
(2л)2 .,

d4 q exp 4 —  ( * + y ) r $ ) j (q;x  - y ) r ( q, j ) ,  (8)

<Paß)} (q; z) =  I 7 5 [Л 01) (г2 ,(ç z )2) +  (yq)p!n) (z2, 9z)2) +

+  (У*) (î* )/£ 01) (г2, (дг)2) +  ((У2) (yq) — (yq) (yz)) f ( ol>(z\  (ç2)2)] г4  . (9)
}aß

The corresponding equations for S — 1 states can be obtained in a 
similar w ay

T<11) (xalxß) =  (о, 0) J d 1 q exp ( -  iqx) (y* r>)aß r (q, fx,j) , (10)

q^r (q ,/t , j) =  0 .  (11)

For the isoscalar am plitudes we have the u n it m atrix instead o f г 1. 
L et us consider a bound state w ith  self-energy fj,s l . In this case the am pli

tudes r (q, j )  etc. satisfy  the K l e in — G o r d o n  equation, e.g.

( ï2 -  /4 i)  t ( q , j )  =  0 . (12)

The eigenvalues o f the four-m om entum  P 1' and o f the other observables 
m ay be obtained from the covariant system s of F ock equations w ithout m aking  
use o f the explicit form o f the observables as functionals o f the field operator ip.

Consider first the F ock  equations for the one-point am plitude r(xa'  j). 
It follow s from eq. (1) th a t

— iyaa' — ■ r(xa'I) =  ЛГаа,уй T(xa xô\x y ) , (13)

where

r aa'yô =  (У”)аа' (У„)у6 +  (»У® У”)аа' (»У® Vv)yi • (14)

L et us consider the free one ferm ion states | q>  ̂ >  w ith mass m.  For the  
corresponding am plitudes we obtain

— А Г аа’уа (xa' xô \ x y) — mx^  (xa | ). (15)
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The general three point am plitude x will be decom posed in the following  
w ay [9]

f 2  (2 л )1 ) ) d 'P  d q eXP iPXl)  eXn _  1

И Й /  (9; *2 -  y ù  r ( p ai h i )  +  • • • ]  —

x(xa1x a 2\xß1) = 4  —  (*a +  У1)

IA2 ( 2 л ) 4 J J dJM V x P ( - ^ )  e x p  

(9; * 1-  J i)  T(P a2||9» +  • • • ] )

4  y  +  ^1)

(16)
)x 1=x2=y1=x

This am plitude is antisym m etrical in the “ coordinates” x v  cq and x2. a.,. 
The first term  contains the contributions from a system  o f a ferm ion -(- fer
m ion-antiferm ion pair in S  =  0, /  =  1 state. The dots denote similar terms 
containing contributions from ferm ion-antiferm ion pairs w ith S  =  0, I  =  0 and 
S =  1, I  =  0 or /  =  1. The functions x(pa  | J qj) ,  etc., are the Fourier am pli
tudes o f the decom position. Substituting (16) in to  the one-point F ock  equation  
(13) we obtain

— i y f‘ °  t ( * o ' | )  =  - ff01 ■ ( i y 5 y l‘ r J) a
dxf‘ ,M01 Эл:'"

— т(л;а']|л;' /)
' l l  X 11 J  7

—  (*У5 У")п
1̂ 00

-------r(xa'\\x' 0)
Эл:'"

( 17)

«11 (У/. ri)aa' r (x a '\\xflj) +  g10 [ Y ‘)aa’ x{xa’\\xp,0) ,
where

x(xa'\\x'j) =  ——— I d ' p d ' q e * p [  — i p x  — iqx '] x(pa'\\qj)  , 
(2 л ) 4 JJ

e tc ., further

(18)

= ------ ^  Л 01) (0, 0)Я , ^
(̂ 01 К ̂  /̂ 00

у |л ° ° ) ( 0 ,  0) Я,

« и  =  ^  Ли) (0, 0) я , gl0 =  | | л 10) (0,0) я .

(19)

(20)

In  th is paper the constants g$i  and m asses p s i  will be fixed  conveniently  
b y  corresponding nucleon “ bound pair” coupling constants and “bound  
pair”  self-energies, respectively, to  be determ ined later. This on ly  means 
an appropriate norm alization o f the functions cp.
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Eq. (17) is very  similar to the one-point F ocic equation derived from  
a conventional field  theory, in which th e  fermions are coupled w ith  pseudo- 
scalar and vector bosons w ith  isospin 0 and 1. W e have derivative coupling  
for pseudoscalar bosons. The fundam ental difference is th at the stable bosons 
are bound ferm ion-antiferm ion pairs, and the forces generated b y  bound 
ferm ion-antiferm ion pairs guarantee th e  existence o f  these bound pairs self- 
consisten tly . This situation  is due to  th e  nonlinear character of the underlying  
field  equation. Thus, as a next step , w e shall in vestigate  the F ocit equations 
for the ferm ion-antiferm ion am plitude and the follow ing approxim ation will 
be suggested

iYaa----------b ™da
dx'

_ go

т(ха \yß') ■Vre
Q f

mÖß.ß

У ( iy 5 у» тк\ ш, т(ха’\yß ')  (£у5 /  Tk)ß,ß
Qxf‘ ay

Лс (х у ; 01) 4-

+  (i y 5 y")aa' x(xa' \ (yß')( iy^yv)ß.ß 9 л с {x -  у ;  00) +  (21)
/г„0 dxß дх’

+  gh  (У "  rk)aa' r (xa'\yß ) (УР xk)ß'ß ( *  —  y;  1 1 )  +

+  gl о (у")а а' x(xa'\yß') (yv) ß. ß Л% (x у; 10) +

+  № r ßß'er r a*'yö x(w) (*«' xdycp\yexyyß' ) ,

where m  is the ferm ion m ass, the functions Ac(z, S I )  and Acllv(z\ SI )  are the free 
pseudoscalar and vector boson propagators, respectively , w ith m ass /usi, and 
t(W> contains the W ic k  term s with tw o  contractions in  the W ick  decom position  
of the six-point function . The contraction  is defined in  the fo llow ing way

ip(xa) ip(yß) =  <0 I T  ip(xa) f ( y ß )  | 0 > . (22)

The term s containing the functions A c are the ladder contributions from  the 
bound pairs. In th is approxim ation the jt, rj, q and to m esons are stab le bound  
pairs, th e  instabilities result from higher approxim ations to be considered  
later. The m asses and coupling constants are fix ed , in principle, b y  self- 
consistency. The la st term  in (21) contains, physically  speaking, contributions 
from h igh ly  “ d issociated” pairs. The m ass m is the contribution of th e  fermion 
self-energy. To obtain  the fermion m ass the calculation  of the three point 
function  x(xlxz j y j) is necessary b y  using a generalization of the m ethods 
discussed previously (c. f. eq. (15)). T hus, we have to  discuss the b inding pro
blem  o f a tw o ferm ion -f- antiferm ion system . The mass is fixed  b y  self- 
consistency. The w hole self-consistent calculation is very com plicated. The 
first steps of the calculations, how ever, m ay lead to useful sem iem pirical
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m ethods. E .g . as a fir st step the tw o-p oin t vacuum  expectation  value (6) 
(fermion propagator function) and various hound and scattering am plitudes 
m ay be calculated b y  using the experim ental m asses and coupling constants. 
The dangerous singularities due to th e  vector boson propagators are cancelled  
by the corresponding contributions o f  the pseudoscalar bosons due to  the 
pseudovector coupling between ferm ions and pseudoscalar bosons. W e obtain  
the following relation for the coupling constants

Soi __ SI I
2 2 

Mo I M i/
(23)

We n ex t turn to  a brief discussion of the ferm ion propagator solution. 
We assume that the physical propagator function (6) m ay be approxim ated  
by an appropriate solution  of the hom ogeneous eq. (21). Thus, according to  
H e ise n b e r g ’s suggestions, we assum e th a t the equal-tim e anticom m utator  
of the field  operators has no ó3(x — у )  typ e singularities on the ligh t cone. 
This assum ption m ust be justified self-consisten tly  b y  considering th e  propa
gator solution o f (21). B y  substituting (6) into (21) we obtain  a system  o f  coupled  
nonlinear differential equations for H  and M.  The nonlinearity is due to  the 
last term o f (21). We h ave obtained a fin ite  solution near the light cone. The 
asym ptotic behaviour in  infin ity is g iven  b y  a free ferm ion propagator. The 
com plete solution can be obtained b y  well known num erical m ethods. Our 
fermion propagator function  exhibits an invariant cu t-o ff near the ligh t cone. 
This cut-off, however, is not arbitrary b u t prescribed b y  the dynam ics o f the 
theory.

N ext we turn to  th e  discussion o f the spontaneous breakdown o f the  
isosym m etry. We expect th at this breakdow n is due to  a spontaneous m ixing  
of neutral isovector and isoscalar sta tes . The co — g m ixing is an illustrative  
exam ple. The nonisoinvariant in teraction  generated b y  these m ixed sta tes  
m ay be obtained by an appropriate generalization o f the m ethods discussed  
in the first part of this report [12].

Let us consider th e  electrom agnetic interactions. We expect th at a 
bound ferm ion-antiferm ion state ex ists  w ith  zero rest mass and S — 1. This 
state is the photon in th is theory. As a first step in a self-consistent calculation  
we assume th a t the photon  exhibits a m axim al charge asym m etry, i.e . that  
the photon am plitude has the follow ing form for x — у

fb’) (xa\xß) ~  J d i q ex p (— iqx) Y* —  (1 -  т3) T' (q, ц)
i a ß

(24)

I f  we calculate the interaction generated by th is sta te  by using the field  
equation (1) we obtain th e  surprising result, that th e  electric charge o f th e  
neutron does not vanish i f  the charge o f  proton is different from zero.
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I t  is interesting that by using the SOa invariant field  equation (2) the inter
action  generated b y  photons w ith  m axim al charge asym m etry leads to an 
electrom agnetic v io lation  o f the charge sym m etry i.e. the electric charge o f  
neutrons is zero.

E q . (2) is n o n iso in v a r ia n t. W e m ay , h o w ev er , ex p ec t th a t  th e  self- 
c o n s is te n c y  in corp ora ted  in  our a p p ro x im a tio n s leads to  ap p ro x im a te ly  iso- 
sy m m e tr ic a l so lu tio n s  for m asses and cou p lin g  con sta n ts , a lon g  th e lin es  
su g g e ste d  e.g . b y  A b e r s , Za c h a r ia se n  and Zem ac h  [13].

Finally the Sp6 invariant nonlinear field  equation (3) w ill be discussed. 
L et us consider th e  bosons belonging to representations 1,14 and 21 of S p 6. 
T he interactions generated b y  these bosons and the covariant F ock  equations 
can be obtained b y  an appropriate generalization of the m ethods suggested  
in  th e  first part o f th is report [14]. B y  a generalization of the ideas o f Sa k u r a i 
[8 ] we assume th a t the m edium  strong sym m etry breaking interactions are due 
to  a spontaneous m ixing of the S U 3 singlet and the isosinglet member o f the  
S U 3 octet in representation 21 and the S p6 singlet (representation 1). This 
m ixing  leads to  a m ass sp litting operator Am  w ith  the following transform ation  
properties

Am =  Am  (21,1) -)- Am (21,8) -f- Am  (14,8) , (25)

w here A(a, b) belongs to representation a o f S p 6 and b of SU 3. The effect o f the  
m ass sp litting operator o f the ty p e  (25) has been discussed b y  B a c r y , N u y t s  
and V a n  H ove  [4]. The la st term  Am  (14,8) contributes to  m ass splittings 
w ith in  any SU 3 m ultip let and th e  Ge l l -Ma n n  — Ok u b o  ty p e  m ass formulae 
can  be obtained in  the usual w ay. The second order effect o f the first term  
A m  (21,1) produces a mass sh ift o f all m esons w ith  quantum  num ber Z  ^  0, 
reta in ing  nevertheless valid  predictions for the masses of the Z  =  0 m esons.

Let us denote the 21 linearly independent in fin itesim al generators 
o f  th e  basic representation of S p (> by  A15 A2 . . . A21. The “ photon  am plitude” 
w ith  m axim al charge asym m etry

T(y) (xa\xß) ~  I d4 q exp  (— iqx)

1

1 — A..------— A„ +
3 [A3 8

— - A,„
Г6 2j

(26)

T<y) (<h И ) ,
aß

generates a correct electrom agnetic type in teraction  i.e. the electric charge 
o f  the neutral particles is zero.

It is in teresting to speculate about the possib ility  of the dynam ical origin  
o f  the internal sym m etries o f the strong interactions supported b y  recent “ b o o t
stra p ” calculations [13, 15]. W e m ay believe th a t the internal sym m etries cor-
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responding to quantum  numbers o f isospin, hypercharge e tc . are not necessarily  
arbitrary constraints to  be im posed at the beginning o f  the calculation. The 
self-consistency, incorporated in our approxim ations discussed in th e  first 
part o f th is report, m ay lead to  sym m etric solutions for m asses and coupling  
constants. Thus we m ay believe that the T  and 0 trions are created b y  the  
2 x 4  com ponent y> field , which satisfies the very sim ple field  equation (2), 
and a field  equation w ith  higher internal sym m etry is on ly  an approxim ate  
sem iphenom enological basis to calculate som e im portant am plitudes in a rela
tiv e ly  sim ple way.
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ВЫРОЖДЕНИЕ ВАКУУМА И НАРУШЕНИЕ СИММЕТРИЙ 
В НЕЛИНЕЙНЫХ СПИНОРНЫХ ТЕОРИЯХ

К . Л А Д А Н Ь И

Р е з ю м е

Рассматриваются три разных нелинейных спинорных уравнений и обсуждается 
возможность спонтанного нарушения некоторых симметрий. Рассматривается нарушение 
J 5 — инвариантности в случае уравнения Гейзенберга, симметризованного по четности. 
Вводя простое G-инвариантное (но не изо-инвариантное) нелинейное уравнение поля, 
предлагается возможный механизм для спонтанного нарушения электромагнитного типа 
G-инвариантности. Третье уравнение поля инвариантно относительно группы Spß, т. е. 
относительно группы унитарных симплектических преобразований в шестимерном про
странстве. Предполагается, что оператор расщеплений масс связан со спонтанным смеши
ванием Spu-синглета (представление 1), изосинглетного члена 8173-октета (представление 
21) и Sr/3 -синглета (представление 21).

5 A da Phys. Hun*. Тот. X I X . ,  1965.





BROKEN SYMMETRIES IN THE TWO
GOLDSTONE MODELS

B y

G. K ú t i  a n d  G. M a r x

INSTITUTE F O R  THEO RETICAL PHYSICS, ROLAND EÖTVÖS U N IV ERSITY , 
BU DA PEST

The energy spectra of the two G o l d s t o n e  m odels are investigated  using the R i t z  
variational m ethod. More quantum  m echanical ground sta tes  are obtained, b u t th ey  do not  
belong to the same Hilbert space. One can solve the e igenvalue problem using on ly  one Hilbert 
space but in  this case the ground state does not show all the sym m etries possessed by the  
H am iltonian.

§ 1. For the understanding o f  spontaneous sym m etry breakdow n the 
G o l d s t o n e  model seem s to  be the m ost simple exam ple [1]. H ere the ground 
state  possesses a broken sym m etry already in th e  classical th eory . I t  was th is 
m odel in which G o l d s t o n e  recognised the so-called G o l d s t o n e  theorem , 
according to  which spontaneous breaking of a continuous sym m etry  is neces
sarily connected w ith the appearance of zero m ass bosons. For the under
standing o f the physical consequences of the G o l d s t o n e  m odel the S c h i f f  

representation seems to  be the m ost convenient one i.e. working in a represent
ation in which not the particle num ber but the fie ld  potential is diagonal [2 ]. 
In the following approxim ate solutions of the tw o  G o l d s t o n e  m odels will be 
given and the physical causes and consequences o f the sym m etry breaking 
w ill be discussed.

§ 2 .  Let us consider the first G o l d s t o n e  model: a self-coupled real 
scalar field described b y  the field equation

The field equation and the H am iltonian are invariant with respect to the. 
substitution

The H am iltonian o f the field  has the following form :

(В

cp{x) —>• — I~p(x) , л ( х )  —>- — л (х )  . (2)
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lu  the fram ework o f the classical th eory  the field has tw o ground sta tes , cor
responding to the hom ogeneous solutions

<P =
И- о and

Л.К2 .......  4 A0f 2 ’

in which the energy density  possesses the same m inim um  value:

И о (3)

jj7class

Q
. H— m in -----

Q
f*o

i 6 Ag
(4)

(Q  is the norm alisation volum e.) The third hom ogeneous solution  <p =  0 
corresponds to  an unstable excited sta te  w ith energy H  =  0. The excitations  
w ith lower energies than  this are vibrations around one of the tw o  ground 
states (3).

§ 3. Let us go over to  the quantum  theory o f th e  first G o l d s t o n e  model
[3]. The com m utation relations in Schrödinger picture are of the usual form:

Ы r)> л(г')] =  -  r') • (5)

The com m utators, the H am iltonian (1) and the fie ld  mom entum

P = ----- — J (n ■ V 9? — V <p ■ -"t) d 3 r (6)

are invariant w ith respect to the transform ation

[/y(r){7_1 =  —<p(r) , U n ( r ) U ~ x =  —7r(r) . (7)

U  is a form ally unitary operator. Our m ain task is to  evaluate the sim ultaneous 
eigenvalues o f H,  P and U.

L et us carry out the calculation in the S c h if f  representation, in which 
f (r )  is diagonal. Starting with a fin ite  norm alisation volum e Q  the field  ope
rator can be expanded into Fourier series:

(Sum m ation is over th e  half k space, k  =  0 excluded .) I f  x0, xk and #k are 
sim ple m ultip licative param eters, л  w ill be a com bination o f the differential
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operators 3/3x0, 3/9*k, 3/3 #k. W ith  these param eters H  and P take the 
follow ing form:

Н (1> =
1 Э2 

2~ 9 ^
1 2

—  /*5*5
1 3 9----  . ------ xk •

xk 3*k 3xk
(9)

I 1
— 5 - * 2 x'k +  § i -7p -  +  E  xk cos (k • r +  &k)
| 2 Í2- J ][2

Q

P «  =  E  ik • .
d&k

( 10)

In order to determine the approxim ate eigenfunctions o f H,  P and U  a version 
of the variational m ethod of R it z  w ill be applied, which was adapted by 
L. I. S c h if f  to  quantum  field  theory [2 ]. Let our trial function be

W =  Wo (*o) H f k  (xk, K )  ■ (ID

(This is a reasonable supposition i f  one wishes to  rem ain inside th e  practical 
solubility  o f the problem .) The partial functions ij>0, ipk are norm alised to  unity  
and (11) is an exact eigenfunction o f  P  and U if

Wo (— *0) =  ±  Wo (*o), Wk (xk, t>k) =  /к  {xk)e ,n&

(nk — 0? 4~ L  ~4~ 2 ,. . .) ,

( 12)

To make (11) an approxim ate eigenfunction o f H , le t us m inim alise (H  
Yvith respect to ip0 and грк. Using (12), one arrives at th e  expression

¥/ |H|¥/ > =  'W0\ 1
2 dx ő

+  A * j | îp r 0> +
4 4 12

* < * -  7
1 3

* k -
a 1 _ 2 , 1

X k

HCD 3#k
о " к

x k 2 y<«ő +  k ’ xii +
(13)

1 Ü
8 -Q

*k !/k  > +
3A |

4Й [ ^ ^ / k W I / k X / k '  K \ f k'> +
k^k'

+  2 <Wo \x2o\ V o) ^  <fk |*k |/k>] •

Лс1« P/iye. Hun/'. Тот. X I X . ,  1965.



70 G. KUTI and G. MARX

The m inim um  conditions for th is expression are the follow ing equations: 

I 1 d 2
2 dx  о

1

+  /̂ (лго)

d

+  ■*■ 2 9 I
—  wk *k +

.vhere

2xk d x k

3 4  Г 1

Wo (*o) =  E o Wo (*o) » 

d
xk

2Ü  4

dxk

4 - </к 141A > 4

2 4
+

(14)

(15)

' f к (Л'к) — ff  к ‘ ,/к (#к) »

FK) = - 4- (4 - 6Дй в) 4 + -4 4,
4 4 Q

К  =  к " — — 4  +  зл§ в + — <Wo 141 Wo>

(16)

(17)

B =  —  £ < f k \x l\fk > . (18)

Е 0 and Е к are th e  Lagrange m ultiplicators o f the norm alisation conditions.
In the lim iting  case В =  0 the potential curve (16) o f the field  oscillator 

w ould have tw o m inim a. If

4 = 4 - 64 в (19)

turns out to be negative , the poten tia l energy o f th e  oscillator к =  0 will have  
on ly  one m inim um  at x0 =  0, i.e . on ly  one quantum  m echanical ground state  
appears. If, how ever, the influence o f the other fie ld  oscillators (through B) is 
sm aller, i.e. (19) is o f  positive va lu e , then the original two m inim a survive, but 
their separation

2a =
Q
9
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is  m odified (Fig. 1). The potential w all separating the tw o  wells has th e  height

V ( 0 ) - V ( ± a )
/ i4 Q

Perform ing a transform ation £ =  x 0 +  a (or rj =  x 0 — a), the p otentia l 
energy V(x0) will have th e  form

V  =  V{a) + Y IU* £2 _  a - 4 3 +  —  a - 2 f 4| - 
4

=  V(a)  -)— — írj2 +  a 1 г)я -j— — a 2 rj*
2 I 4

( 21 )

Thus one has tw o ground sta te  solutions essentially o f  th e  form

V>o0)
- — (x,+a)‘

± e- f  ^ - a)* ( 22)

m odified on ly  slightly b y  the anharm onicity, i.e. by term s proportional to  
й -1 2̂, Q ~1 etc. The m ean elongation is

<V>00) |*o! V>00)> =  e2 +
1

2/1
1 + 0 (23)

Taking th is into account, the proper frequencies of the other oscillators (k  ^  0) 
turn out to be

со к =  к - +  [г2 1 +  0 (24)

U sing th is, the ground sta te  solution o f  the equ. (15) w ill have essentia lly  the  
form

y<°) = (Qk
71

1/2 k**
e ‘ , (nk = 0) , (25)

m odified again only slightly  b y  the anharm onicity. The eigenvalues o f th e  two  
ground states, built up from (22) and (25), can be obtained  easily b y  sub
stitu tin g  these into (13)

fp(°> =  m in (xp \H\ у>У

yj(0) _  y,(0) f (26)

16Я5
Q  -|— — /л +

3_  4
4 Й

1
(Ок COk’

E  cok —• —  E ----------
4 wk

(27)
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It is — as in the case of other fields — a divergent expression, but it exhibits a 
level sp litting; th e  amount o f  the splitting is o f  the order

Д  ~  . (28)

§ 4. The eigenfunctions o f  the excited  sta tes are determ ined also by th e  
system  o f differential equations (14) and (15). These equations are form ally  
separated, but th e  parameters /.i, eok occurring in them  depend on the w ave  
functions o f the other oscillators, thus in rea lity  they describe a rather strong  
coupling am ong the oscillators. This causes serious com plications in the course 
o f the evaluation  o f the higher excitations: it  is difficult to  assure their ortho
gonality  to  th e  w ave functions o f the low er states. (E xcitin g  one partial 
oscillator the proper frequencies of all th e  other oscillators change !) This 
problem  does n o t produce a great d ifficu lty  in the case o f th e  first excitation . 
The eigenfunctions of the first excited sta tes are essentially

_ JL, « _ jM_
2 +  |e  or у>(1> ~  лгк • e~,&* , (29)

w ith  the m om entum  eigenvalue

P  =  0 and P  =  к . (30)

The energy eigenvalue can be calculated again with the help o f (13). To m ake  
com parison w ith  the ground sta te  possible, le t us denote b y  fi the ground sta te  
value of the param eter defined b y  (19):

| 4  У(0,Ы 2 àxk =
1 1 +  0 Ч

">k ß2 ,ne [

-  6 ^  ■ ! - — - 1 -4- 0 4  il
Q  cok 12у >  I

(31)

Here 0(Aofl 2/t - 6 ) is fin ite and proportional to  Q  On the other hand, using  
(17) for the ground state eigenfunctions we have

IIa>k =  к 2 +  fjfi 1 +  0
/<3 0

Thus one arrives at the follow ing value o f th e  energy of the first excited states:

A2 t A (1)
JE<i) =  и7<о> +  p  +  о ——  ±  ——

A d a  Phys. Hung. Тот. X  JX ., 1965.
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or

W w  =  tr/(0) +  wk (32)

The splitting Д (1) is again o f the order o f  (28). One sees th a t the ground sta te  
is a discrete doublet level, but at th e  energy W0 -f- ц an energy continuum  
starts (Fig. 2). The energy quantum  o f an excitation  w ith  m om entum  к is

«к I'k2 +  /«2 +  0 4
/i3 Q

(33)

and it is fin ite, if (31) is o f a finite value.
The sum  is diverging quadratically but with a proper choice o f  the  

“ bare m ass” parameter /u0 the “ physical m ass” fi can be m ade finite (m ass 
renorm alisation). This approxim ation corresponds to the sum m ation o f the

Fig. 2
0  0  0

Fig. 3

diagrams shown in Fig. 3. For very large values of the norm alisation volum e  
Q  the neglected terms will be very sm all, and the excitation  w ill have a particle  
character.

§ 5. To get some inform ation about the interaction o f quanta, and to  
perform the charge renorm alisation, it  is necessary to discuss the tw o-quantum  
excitations, too. Investigating the tw o-particle scattering it  is expedient to  work  
in С. M. system . The function

(2i Í ^k
w ’ =  —

! л

describes the oscillator o f wave num ber к in the second excited  state w ith  
m om entum  P =  0 i.e. w ith  tw o particles o f  opposite m om enta. Let us suppose  
that the other oscillators are in ground sta te . To get the scattered sta te  in 
С. M. system , we have to  compose a w ave packet trial form

r scat =  2’ «к ■ /  /  • YÍ0'* • (34)
k'#k

(I  — 0)k *k) e

The scattering am plitude is represented b y  ak. The norm alisation of the w ave  
function (34) is assured b y  the requirem ent

l a * a k =  l .  (35)
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W e look for th e  optim al am plitude ak by m inim izing the expression <y>scat |H  |y)sca,> 
under the subsid iary condition  (35). The condition o f  th e  minimum is th e  
following

2cok ak -)—~ • ——— 2 '  - = a ak ,
2 Í2

up to the orders 0(^1 (j,6Q 2). This equation is entirely sim ilar to the equation  
obtained and discussed in  [2 ], and we can give im m ediately  the peculiarities 
o f  the scattering. In C. M. system  there is on ly  S-wave scattering. The scattering  
cross section  turns out to  be fin ite , if

!  _  1 Зя  v  1
A2 ~~ Ajj +

(36)

is  a fin ite expression . A is th e  renorm alised coupling con stan t. (This approxim 
ation corresponds to the sum m ation o f th e  bouble diagram s of Fig. 4.) Thus 
the whole th eory  is renorm alisable in Sc h if f ’s approxim ation.

OOQO
Fig. 4

§ 6 . The renorm alisability remains w hen Ü  goes to  in fin ity . In th is case 
the separation (20) of the tw o  potential w ells o f (16) grows in  an unlim ited w ay  
and the p o ten tia l barrier (12) betw een th em  tends to  in fin ity . In (21) and in  
(15) the anharm onicity ceases and one arrives at a sim ple harmonic oscillator, 
vibrating in th e  potential w ell £ =  0, w ith  th e  exact ground state eigenfunction

. „ - I  -  5 «»*1
yj(-) =  A ■ e 2 IJe 2 . (37)

The û -lim it o f  the H am iltonian describes particles w ith  m om entum  k, energy  
=  ]/k2 +  fi1 and rest m ass ц

lim  H  =  lim  Г  I//*2 +  к2 • N  (к) w ith  IV (к) =  0, 1.......... (38)
all к

This result is exact in the fram ework o f th e  function class (11). This H am il
tonian can be represented and diagonalised in a separable Fock space built up 
above the ground state (37). In  this H ilbert space no u n itary  operator describ
ing the transform ation (2) ex ists. The sym m etry (2) o f  the classical th eory  
is broken because all the sta tes occurring in  th is  Fock space are characterised b y

<V I <P(X) I V> >  0 • (39)
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To find  an irreducible representation o f lim H ,  P and U, one has to introduce  
tw o Fock spaces, one (-y built up above th e  ground state (37), the second  
one < ^ (+) built up above

-  -  Шкх‘к
Y>(+) =  A  ■ e Пе

where rj was defined in (21). The tw o H ilbert spaces S F (_) and (+) h ave  
the property

U pji (_) — JT ) ,

<^(±) I q>(x) I Tp(±)> =£ 0 , i f  гр{±) £ 3 ? (±) .

No physical quantity (built up from fin ite products of creation and destruction  
operators) can produce a transition betw een 3^f (+) and Ж (_). Thus one m a y  
conclude by saying, that our scalar field  has tw o  ground sta tes in  the classical 
theory, but it possesses only one ground sta te  in the H ilbert space ot th e  
physically  connected sta te  vectors. This quantum  theoretical ground sta te  
does not show all the sym m etries o f the H am iltonian.

The “ topology” o f the state vector space can be visualised in the follow ing  
w ay. Let ga(r) be a com plete set o f functions in  the infinite space volum e w ith  
the properties

j  ga (r)gß (r)<P r =  öaß and J ga (r) d3 r <  oo .
Introduce

<7 ( r )

7 ï( r )

y =  ' 2 (aa +  l< )# a (r )  

'«a+)g a (r ) ,

Ф  '

where au" and a„ are creation and destruction  operators. The transform ation  
(2) corresponds now to the substitution

«*-> ba =  ~  aa +  Ca , Ca =  7 “ ' Í ga (Г) * ■
Á0 J

This is form ally a canonical transform ation, w ith  the formally unitary operator

U  =  P  w ith  P a a P -1 =  -  aa .

Now7 let us investigate the representation o f th ese operators. L et us build up a 
separable Fock space ЗЖ(_) above the vacuum  state | 0 _ )  characterised b y

oa I 0 _> =  0 (for every  a) .

Acta Phys. H ung. Tont. X IX ., 1965.
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The operators f (x) ,  aa, a£  can be represented in (_), b u t U cannot because  

I U  I V'(_)> =  o for f'l-'* € J T (_) .

Let us define a second vacuum  state | 0 + > through

ba I 0 + > =  0 (for every a ) .

This sta te  is not contained in AT  (_). The separable H ilbert space (+ . built 
up above | 0+ > with th e  help o f the ba-s offers also a representation o f  the  
operators q>(x ) , aa, a« , b u t the tw o representations are inequivalent. Both  
separable spaces (+j and are subspaces o f  the nonseparable
obtained through a nonlim ited  application o f the creation  operators on either  
of the tw o  vacuum  sta tes , and U  can be represented only in w ith  the 
property

V 3 T  (± )=  JF(?) •

The occurrence of the broken sym m etry is very sim ilar also in the first Gold- 
stone m odel w ith herm itian  <p (x ), d iscussed above: (_) and W / h> offer
two inequ ivalent irreducible representations of the H am iltonian, b u t the 
sym m etry (2) is lost in  a n y  o f them . The Schiff representation is very con ven 
ient to  v isualise the breaking of the sym m etry: the m ain effect o f th e  trans
form ation (2) is concentrated  on the variable x 0. For Q  —>- oo the sta te  Uip^  
contains an unlim ited num ber of particles, concentrated on the field  oscillator  
w ith w ave num ber к =  0, thus it  lays outside the H ilbert space 3Í? (_\. Our 
calculations are very sim ilar to  those o f  U mezawa [4], obtained recently  with 
a different m ethod. This indicates th at our approxim ation is o f similar accuracy  
as that o f  U mezawa and th e  BCS approxim ation for ferm ion fields.

§ 7. L et us use Sc h iff’s m ethod in  the second Goldstone m odel in 
which th e  potential operator <p(x) is n o t Herm itian. The H am iltonian

H  = 1 , , 1
- - л  71 +  y  VP f*o<P+(P — 4 (<p + ¥ ) i4

d[i } (40)

possesses a continuous sym m etry

cp-^-ecp 71 —► € 71 (41 )

The classical ground sta te  is given by th e  hom ogeneous solution

f  — P  о „<«
Я0 К 2
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for any real a, and is not invariant w ith respect to  the transform ation (41). 
Let us see the behaviour of th is broken sym m etry in the quantum  theory. 
The S c h i f f  representation will be used again, w ith  the real variables x0, y n, 
xk, Ук’ $k’ Let us expand the potential operator rp(x) (supposed to be
diagonal) into a Fourier series in the finite norm alisation volum e Q

9  IIQ ][2
■ (*„ +  iy 0) -F Z[*k cos (kr -F t \ )  F  i y k sin (kr F  ^k)] . (42)

W ith the help o f th is field energy H  and field m om entum  P can he represented  
by differential operators. To evaluate their approxim ative values, the trial 
function

V =  V,o(*ü’y o ) / 7lM * k ,y k , #k, 6>k) (43)

is introduced. W ith the help of (43) let us form | H  | y>~).

■'У>\Н\у>У =  ( V0
1 Э2 1 82 1 ,

Ио (*o +  To) +
2 8*0 2 8yjj 4

7 ^- (*o +  Уо) 
4 Í 2

1 Э2 . 1 8

V o)  F T (  Vk
1 1 8

*k-
8

1 /  \ 2 xk 8*k 8* k
+

*k Q§i  Ук 3y

+ “ T « + T k=

8 I 1 Э2

JK ’ 3yk l y l  Q0Ï

3 XI

+

( * k  +  yiî) +  Y  -Q (* k  +  Ук) У>к

3 я2
H---------77 УУ'[<У>к  K lVkXVk' F k 'kkV  +  ^klyklVkXVk'IV'k'ÍV’k')] F

4 G  k'#k

3  Я2
+  —  [<y>0 |*0| V0> • l*k| Vk> +  <Y\> |Уо| Vo>2 ’<Vk | y k | Vk>] F

F  -J - ^ 7  • 2 ’<ук|*к-Ук|Ук> +  V  —  <Vkl*k|v'k><V’k'|y^|Vk')F
2 LJ Z IJ k^k'

+  Y  <v0 l*ő-yőlv0> +

1  Я2
+  —  £[<V>q |*o| VoXVk |Ук| Vk) F  <V>o lyől VoXVk |*k| Vk>] ■ (44)
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The condition  for the m inim um  o f < //>  is given b y  the following differential 
equations:

9^_

9*o 9Jo
^o(*o ’ Уо) E 0 Wo К  1 Уо) =  0 » (45)

1 1 8
о . *k 9*k

+
1

Ук

I

CD 
<b 
CD

xk ■
dxk

+ a! +  1
*k 9ÿk Ук 9jk

Ук •
9jk !

+

“f" 1 к (*k? Ук) -Ек| ’ Wh (*к? Ук, &k, 6Рк) — 0 1 (46)

Here Е 0, Е к are the Lagrange m ultiplicators, com ing from the norm alisation  
conditions, and

Eg ( X 0 1 Уо) — -7 - К  +  (3 <y>k \xl\ y k> +  <yk \y2\ y k>)
4 111

+ — -7 - / 4  +  777 -^(<Vk |*k| Wk> +  3 <y>k \yl\ y k>
4 2X2

У02 +  (47)

+  7 7  (*o +  Уо)2 » 4 Li

У  к (*к,Ук) = ■— / 4  +  к2
Z (*к +  Ук) +  7 - 7 7 ( * к + У к  Ч - т '^ У к

о  i i  ' о
+

+  V 7 7  2  [<^к' ;3*к' +  Ук'] W> х ь +  <W Iя*' +  3Ук'1 Ук')Ук] •
к'=0

(48)

The solution  of these equations goes along the lines o f  § 3, using perturbation  
theory w ith  respect to  u ~3Q ~ \  m aking use of the fact th at fin a lly  Q  —*- 00. 

The actu al work is m ade, however, more com plicated because o f  the more 
num erous degrees o f freedom  of the fie ld  oscillators. (The “ potential energies” 
are defined in tw o and in four dim ensional spaces !)

§ 8 . Let us try  to  find  the ground state solution  by supposing th at

O k  |*kl Wk) =  O k |Ук| Y’k> . (49)
In th is case let fi2 be

V- =  x/4 /*о -  ^  Z 'Ok |*k +  Ук! Wk> , (50)
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thus (47) takes the following sim ple form:

F o(*o>To) =  — /**-е* +  -£рге4 . (51>4 U
where

e2 =  4 + J o .  (52)

I f  fj,2 <  0 the minim um  o f (51) is at о =  a =  /j / q 1 ]/ 2ß .  Introducing th e  
coordinates

r =  g — a , a =  arc tg  y j x „  ,

equ. (45) is satisfied by the follow ing expression

У А хо’Уо) =  К (г)-  • e"
у

( m = 0 , ± l , ± 2 . . . )

1 d2ß dH
+

2 dr2 2 (a -f- r) dr 2 (a -f- r)2

, . ß,w4

+  2/i2 r2 +  2 4 t= -  r3 +
]/2 ß

+  ü - r4
4 ß

ß ß  .

In  the lim it ß  — оо this w ill be an equation describing a harm onic vibration:

Q /л ' I
-  ~  — R  +  2/j,2 r2 R =  lim

2 dr2 ß >°o A20
Iß

Thus we see that
—/ir> ima

Vo ~  e • e 153)

up to  term s o f the order ß  ll2, ß  1 and

E,, =  lim
ß /d

“ * T
+  /W +  e(rn),

where e(m) depends on the angular quantum  num ber m and

lim  e(m) =  0 .
o=~

The ground state has m any discrete levels for fin ite  ß , characterised by th e  
quantum  number m, but the level spacing disappears in th e  ß-lim it. For  
Q — oo the ground state turns out to be com pletely  degenerate, described 
by the eigenfunctions (53), or b y  any superposition of them . The last sta te-
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m ent w ould  only be str ic tly  acceptable if  the eigenfunctions obtained were 
exact ones. In  this case a w ave packet concentrated in  th e  neighbourhood o f a 
given angle a would be again  an eigenfunction. The reason for this is clear: 
(51) is a circle-like chanel. W ith radius a, with channel width ц  and with  
length 2 na  (53) describes standing w aves in th is channel, and an y  wave 
packet is a superposition o f  them . In th e  i2-limit a —>- oo and the channel will 
be in fin ite ly  long in one direction. The fie ld  oscillators w ith  wave num ber к will 
also be sim plified  if  (49) is valid. M aking use of

we arrive at 

Tk (*k, Jk)

3 1
Oo l*S| V»0 > =  Ou |jo| У>0 > =  —  +  T  ° 2 ’8 / /  2

Гк 1*6 +  j£ | Vk>
1

k 2 +  ^  5 I - -
_ 2

2 Ü

.8 A?

2/J (*к +  Jk)

which is a simple four dim ensional anharm onic oscillator w ith center at 
*k =  y k =  0, and its anharm onicity disappears for Q  —v oo. Its frequency  
turns out to  be

«к  =  IV 2 +  ka 5 (54)

isotropically  w ith и defined in (50). The eigenfunction is
l-  2 «kPV-W)

(55)

up to term s o f the order Í2 -1 .
The ground state energy can be calculated by substituting (53) and (55) 

into (44). The mass renorm alisation can be performed b y  (50), postu lating  
to be fin ite . The continuum  spectrum begins with the energy value ц  above 
the ground state energy. I t  is worth to  m ention th a t in  our approxim ation  
there is no “ direction” in  w hich the “ curvature” (the second derivative) o f the 
potential energy would be | к |2, characteristic for bosons w ith vanish ing rest 
mass. The calculation quoted  above is , however, va lid  only in the case of 
“ isotropic excitations” given  by (49).

§ 9. L et us consider the possib ility  of an “ anisotropic” ground state. 
We define

A2
<“? =  t*0 — 2 -̂ -27<y>k |3*k +  Jkl Vk) ,

H\ =  nl -  2 ^  S(Wk !*k +  3yk| v>k)
( 56)
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and we suppose 

In this case
ft 1 ft 2 >  0 . (57)

F o(*’ Jo) =  - — {/4^4 +  /4Уо)  +  T 77 (*0 +  Jo)2 ■ 4 M l

This has a m axim um  at xn =  y 0 — 0, tw o saddle points a t хи — 0,

Jo — i  ,
Q  . ц 1
—  and tw o real minima at xn — 4- —
2 0

Q
> Jo =  0. The

“ curvature” (second derivative) in the m inim um  is in the y 0 direction m~ =  
=  /<1 — /4 , in  the ж0 direction ju| =  M 2. V isually  the channel, representing  
the “ potential energy” o f the к =  0 oscillator is deformed: its deepest line is 
elliptical and it is not a f la t  curve, but it  runs on a bended surface.

Corresponding to the tw o m inima, the field  oscillator к =  0 w ill have  
two ground states:

$!(*о>То) =
шМ_Ч‘ X ^ l / f f - i-  ö тУ%

л-
thus

М 2
Wo |ж01 Wo> =  ±  —  

Лл

Q
I <Wo I Jo I W°0> =  0 ,

<Wo Joj Wo) =  ~  ~ r  +  Т Т Г  ’ <Vo |jo| Wo? =  ~ ~  X% 2 2 M  2m

The potential energy (48) o f the other oscillators have the form:

1
! к (*k? Ук) k2 4- M -

k2

1 ÍL
8 Q

К 3 1
Q 2 M 2m

% 1 3
Ü 2 M 2m

+
4 о

---*k ’ У
3

(Wk |*k +  3yk| tpky

*k +

Jk +

The corresponding eigenfunctions in the ground state are

OJk Q k  l ‘Á -  g ( " k-V + o ,ky k.) 
--------------- . e
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u p to term s o f order Q l, w ith

ß k =  f k 2 +  M 2 , wk =  У к- +  m2 .

Let us resubstitu te these in to  the mass equations (56). W e get in the ß -lim it

M 2 =  1 4 -  ( [3(M 2 +  k 2) - l /2 +  (m2 +  k2) - l '2] d3 к .
87Г3 J

m* =  j [(m2 +  fe2) - 1/2_ ( M 2 +  k2) - i /2]d 3k .

This is a system  o f equations which has tw o  nonvanishing fin ite solutions m 
and iff, i f  fj,Q is a quadratically divergent constant, and i f  Я0 is renormalised b y  
a logarithm ically  divergent factor (m aking the scattering cross sections fin ite  
at the sam e tim e).

N ow  th e field  energy (44) can be evaluated  also for the “ anisotropic  
ground s ta te” . W e m ay com pare it w ith  th e  energy o f the “ isotropie ground  
sta te” obtained  in § 8 . For suitable values o f  the renorm alised coupling con
stant Я the anisotropic ground state w ill h ave lower energy than the isotropic  
ground sta te . In  this case th e  field  will have tw o types o f  quanta: those w ith  
rest mass M  and those w ith  rest mass m. The values o f the tw o masses M  and m  
and their coupling constant Я are not independent of each other, their connec
tion is the follow ing: M~ =  (1 -)- Я_2) т 2.

The difference in the m asses of the tw o  vibrations are produced by the  
coupling o f  the field  oscillators through nonlinearity. The form ation o f the  
asym m etric ground state vibrations, the possib ility  o f th e  spontaneous con
centration o f the energy in  one “ polarisation” state is the cause of the break
down o f the gauge invariance (41). The H am iltonian (40) is gauge invariant, 
so we can define a “ charge” operator w hich is conserved:

Q =  f (я  • <jp — <p+ n + )d3r ,

but the vacuum  is no eigenstate of this Q.
It should be m entioned th at in our approxim ation no bosons with van ish 

ing rest m ass were found. To find the essence of the theorem  o f Go ld st o n e  — 
if  it  is va lid  at all — we h ave to  go deeper in the case o f the Go l d st o n e  
model than it  was supposed earlier.
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НАРУШЕНИЕ СИММЕТРИЙ В ДВУХ МОДЕЛЯХ 
ГОЛДСТОУНА 

Д . К У Т И  и Г . М А Р К С  

Р е з ю м е

Исследованы энергетические спектры двух моделей Голдстоуна с помощью вариа
ционного метода Рица. Получено больше чем одно квантовомеханическое основное со
стояние, но эти состояния принадлежат к разным гильбертовым пространствам. Проблема 
собственных значений может быть решена, используя только одно из гильбертовых про
странств, но в этом случае основное состояние не обладает всеми симметриями гамиль
тониана.
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RELATIVISTIC CALCULATIONS OF THE GREEN’S 
FUNCTIONS BY MEANS OF THE CONTINUOUS 

INTEGRATION IN THE CASE OF STRONG COUPLING
(APPLICATION TO T H E  GOLDSTONE MODEL)*

By

G. H e b e k

T H EO R ET ISC H —PH Y SIKA LISCH ES INSTITUT, K A RL-M A RX  UNIV ERSITÄ T,
LE IPZ IG , DDR

A strong coupling theory is studied for self coupled m eson field  w ith  vanishing bare 
m ass b y  m aking use o f continuous integration. Particularly, the one-particle propagator is 
discussed. Some remarks are made on the G o l d s t o n e  m odel.

The aim of our work is to develop a m ethod for the calculation o f Green’s 
functions from a given Lagrangean in  a Lorentz-invariant m anner and in the  
ease o f  strong interaetions. For renormalizable cases the result should also be 
renormalizable. So it  should be a true alternative to perturbation theory, if  
coupling is strong. It seems to us very im portant to have such a m ethod; it 
would be very useful for giving an answer to  m any problems of quantum  
field theory and the theory of elem entary particles.

W e develop our m ethod here on the sim ple m odel w ith the Lagrangean

L  =  V □  <P — ' •

The n ext simple generalization is

L  - — m2) cp X(px

about which we shall also make som e remarks. B u t the m ethod can also be 
applied to  some other cases.

2 . As is well-know n, the propagator A p (x 1 — x2) of the real scalar field  
(p can be written as a continuous integral in the form

л v \ _  J y(* i) (P(X2) exP (i j  L d x )  D(<p) _
A  1 2' j e x p ( i j ' L d ^ r )  Тц '

Here we wish to m ention first th a t there is no d ifficulty w ith integration- 
measure D(cp) in function space, as th is quantity appears in the nom inator and

* The work, w h ich  is the subject o f  this lecture, was done in collaboration w ith  
Dr. K a is e r  and Dr. K ü h n e l  at Dubna.
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the denom inator o f  A P as well. — I f  one expands T2 and T0 in powers of 
i I L wdx  =  —iX I <p4dx  one gets the usual perturbation series for Ap. We

how ever expand in powers of i j L 0dx  =  —  j<p □  cpdx. This gives for T,

after some m anipulations the series

1
T , (xv  x2) =  —- j .  . . | с ( * з , ж 4). . .

w ith

X ú И  R

■ ■ • G(x2n+1, Л'2п+г) *Pn+i (xi • • -хгп+i)dx3. . -dx2m+2*, 

<Pn =  J <p{x  1) • • • v ( x 2n) exp ( i j  Ф4 dx) D((p),

G(x i , x  )  — d(x, — Xj) □ and I = y x  (p.

For T 0 one gets a similar expression.
3. H ow to  calculate the functional integrals <pm? A possible m ethod is 

to do it  in la ttice-space, i.e . write

<pn =  Um I  [  j . . .  f <р(хг) . . . '(p(x2n) exp (ie  cp* (xe)) dcp {xc) .
I

Here в is the volum e of the prim itive cell in lattice-space and the lim  means 
going back to continuum . W e see th a t the functional integral is represented  
as an infinite product of sim ple integrals of the form:

Y  У2к e~iey> d y  =  M k - M () ;
0

M 0 =  j  e~isyt d y .

The M k are essentia lly  F -functions.** Of course, all the products <j9„ are diverg
en t, so we have for Zip essentially  an expression o f the form ~ , (as w as, in a 
sim ilar context, noted  b y  S y m a n z ik ). B ut we see th a t an infinite number of 
M 0 cancel, because o f their appearance in T2 and in T0. For fin ite n 
there remains on ly  a fin ite  num ber o f M k. Going over to  the lim it of the 
continuum , the (^„-functions come out as certain products of D ir a c ’s Delta-

* This expansion was b y  Ca ia n ie l l o  et al. in their preprint o f June 1964 denoted as a 
good one for this m odel.

** The integrals M^ are on ly  conditionally  convergent; to give them  a good m eaning, a 
convergence factor is needed, as usual.
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functions. This is not very n ice, because we have to differentiate them  (accord
ing to our form ula for T2) several tim es. I t  is, however, also good because the  
follow ing integrations are to  be performed sim ply for such  functions. — In  
an y  case, we were cautious and treated th e  cpn's first as non-differentiable  
functions, going back to lattice-space and replacing the differential-operators 
□  b y  difference-operators and the integrals b y  sums. It turned  out th at one 
gets the same results by treating the Ó-functions as usual functions interpreting, 
how ever, expressions of the form  0(0), □  (5(0) and so on by going back to la ttice  
space. Perform ing the necessary differentiations and integrations, one gets 
for T,  an expression of th e  form

T , { x J — x2) =  ak a k 6(Xl -  x2) ,
k—0

or after a Fourier transform ation

t ,  ( p )  =  5 ;  P 2k ■
k=0

Here the a'ks are infinite series in decreasing powers of A*'*. I t  is im portant to  
note that the series for T2 m ust not be cu t o ff for finite k: This would give no 
propagation at all. But we assum e that th e  series representing each ak can be 
cut off, if  A is large enough. This will be our approxim ation. A closer inspection  
o f the different contributions to the quantities T2 and T0 show s, that there are 
also terms proportional to  the volume o f the considered space-tim e region. 
One can show, th at such contributions are sim ple vacuum -term s and th ey  can 
be cancelled w ith  corresponding terms from  T0. R enorm alization can be done 
in the following manner: A fter omission o f the vacuum -term s, the rem aining  
contributions contain certain e-powers, stem ing from th e above-m entioned  
M k and from expressions o f th e  form 0(0), □  <5(0) and so on. These e-powers are 
collected. In our (renormalizable) exam ple we find th at each ak contains e 
in the form ak =  e ‘̂ ak, ak being independent of e. So we are able to m ake the  
substitution p 2Eh —*■ p 2 and to  introduce p„ as the new variable in m om entum  
space. This has the m eaning o f a m ass-renorm alization. A fter this renorm ali
zation is performed, T2 and T 0 do not con ta in  e any longer (or some other not- 
fin ite quantity). We wish to  stress that th e  e-dependence o f  T2 and T0 cannot 
be transform ed off so sim ply in nonrenorm alizable or super-renorm alizable 
cases. The quantum -m echanical case, w hich can be treated  in principle also 
b y  our m ethod, belongs to  the super-renorm alizable cases. Therefore th is  
m ethod seem s to  be not very  useful for quantum  m echanics (as was also the 
case for Sy m a n z ik ’s considerations on sim ilar problems).

4. We have represented the q u an tity  T2(p) (w hich is essentially the  
fourier-transform o f dp) as a Taylor-series. This series, o f  course, has a radius 
o f convergence equal to th e  distance betw een  the point p 2 — 0 and the first
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singularity o f the function T2(p). The singularities of T2(p), however, h ave  
physical m eaning. The poles o f T2(p) g ive the masses o f single-particle sta tes;  
branching points and cuts are connected w ith  more-particle states. So we can , 
from inspection  o f the convergence of the Taylor-series for T2, find the sm allest 
mass o f th e  considered system . To determ ine the other singularities o f T.,(p), 
we have considered 4 possibilities:

a )  A nalytical com pletion, which is very difficult.
b)  Subtraction of the first singularity from T2(p), which is not very  

useful, as w e can determ ine the position and the residuum  of the first s in gu l
arity on ly  approxim ately (for big A).

c)  Sh ift o f the point about which T2(p)  is expanded. That is, w riting

T2(p) =  Z a k(m) (p 2 — m2)k. This can be done sim ply b y  writing L  =  —  ц •

• ( □  — m2)(p — Aq4 -\- —  m2<p2, considering L() =  l / 2ç>([j — m2)q> and th e

rest of L  as L w. Then, how ever, the integrals M k are m uch more difficult and  
the further calculations are more in volved  num erically. Therefore we h a v e  
for the m om ent not tried to  look more closely  into this possib ility; but it m a y  
be very w ell th at this is the m ost effective m ethod.

d )  A  closer inspection o f the structure o f  the ak show s the possibility o f  
splitting from  each a k a certain part Qk, w hich essentially  contain sp littin g  
graphs. Then one can perform a formal sum m ation of the Taylor-series: th e  
result is an expression of the form:

«о +  У  gkPlk
t 2 ( p ) = -------------* = 4 : ---------- •

1 - p 2(ao +  2  gkplk)
/f= 1

So we have to  look for the zeros of the q u an tity  1 — p2(an +  У  gkP21*) in order
fc=i

to find the singularities o f  T2. This w ould be very well, i f  one could sum  up  

also the series 2  gkp2k exactly . B ut th is can be done only in  certain approxi-
l

m ations (for big / ) .
5. In  the last-m entioned manner w e have determ ined approxim ate  

expressions for the location o f the first tw o poles of T2. T h ey  are

К 20
i f iY X
0,338 +  co — ci  ̂ 1/4 +  • • •

К I — d_ 3 A3/a 4" ^ —2  ̂ ^—i 4" da -f" . . .

w ith С/, di num erical factors.
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You see, th a t these poles in general do not lie on the real /»'--axis, but th ey  
lie anywhere in the com plex/>2-plane. The low est pole of a propagator, how ever, 
m ust lie on the positive-real p 2-axis, otherwise the propagator will not have the  
right physical behaviour for large (xl — x2)2. We have tried  to  pull K \  to  the  
real p 2-axis by determ ining that value o f A for which the im aginary part o f  
K'o vanishes. U sing only the first 3 terms from  the series for K g, we get from  
this condition A ^  0,01. B ut for such sm all A it is surely n ot enough to  take  
only the first 3 term s of the К Q-series. It is even not sure, th at our series in  
decreasing powers o f [/I hold for such sm all A.

It seem s to  us plausible and we suppose th at for exam ple the series for 
ag is convergent for some A >  A0; divergent for A <  A0. T hat would m ean th at  
for A =  A0 there appears a pole at p 2 =  0. W e hope to determ ine this critical 
A0 later. But w h at happens for A <  A0 really , we cannot say  at the m om ent.

So our conclusion is th a t for large A th e  considered m odel gives a pro
pagator w ith unphysical properties. For sm all A the propagator m ay give  
physically correct properties, but we are presently not able to te ll anyth ing  
definite about th is region o f smaller A.* —- W e suppose, th a t this unphysical 
behaviour for large A is connected w ith the breakdown of u n itarity  for large A.**

6 . Now we wish to m ake some remarks on the application o f our m ethod

to the Goldstone Model w ith  the Lagrangian L — —  <p\Z\<p— /Ар2 — A</4,

w here A >  0 an d  p2 ;> 0 , so th a t  th is  m od el h as (as d iscu ssed  b y  Ma r x  e t  al.) 
d egen erate v a cu u m -sta te .

The first question w ould be, if  our m ethod (more exactly : the represen
tation o f the Green’s functions by continuous integrals) is valid  in the case of 
degenerate vacuum -state. The author thinks th at there is no d ifficulty because 
of translation invariance o f all continuous integrals in function  space; the new  
vacuum -states differ from the usual one b y  the property <0 | ( p ( x ) I 0)> ^  0 
whereas in conventional theory <(0 | qp | 0)> =  0. A rigorous proof o f th is fact 
is, however, lacking. Let us apply our m ethod to this m odel ! The new m odel 
differs from the one considered formerly b y  the term p2q>2 in  L. We have tw o  
possibilities: E ither treating th is new term  together with L w or together w ith  
L 0. The last-m entioned possib ility  is, how ever, not a good one, because renorm 
alization is done in such a w ay th at all unrenorm alized m asses m ust go to  
in fin ity. Since p  plays the role o f a mass (the opposite sign does not alter th is  
situation), so also p  must go to  infin ity. Then it is, of course, not any longer 
justified to treat L 0 as a “ Perturbation” (relativ  zu L w) i f  p 2cp2 is included in
L 0. — So we have to  write L w — p 2cp2 — A</>4. The only difference is then th at 
Be»..

* Perturbation theory is not applicable to th is model, according to the results o f 
Ca ia n iello  et al.

** Note added in proof:  V ery recent calculations of Dr. K ü h n e l  and the present 
author show that one can give a certain recipe of calculation such, th a t the low est pole gets 
real.
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the quantities М/, (resulting from the sp littin g  o f the continuous integrals <pn 
in lattice-space) becom e more com plicated. T hey contain now, besides the  
T-function, the functions o f the parabolic cylinder D  in the form

2] / J

Therefore num erical results cannot be obtained as easily  as in the case w ith  
/.i2 =  0 and we have not y e t  such results. There exists the possibility th a t the  
situation  is quite different i f  we go from /л2 =  0 to /л2 =f= 0. E specially our 
conclusion regarding the non-physical behaviour o f the propagator for large A 
m ust not necessarily be true in that case. B ut it seems to  us th at we can m ake 
some statem ents w ithout detailed calculations:

a )  I t is very probable th at this m odel also will contain  not only one but 
different m asses, and th at there m ay be also some resonances or even ghost- 
poles.

b)  W e do not need in the course of our calculations an y  renorm alization  
of the coupling constant A. Such a renorm alization was found  necessary in  the  
calculations o f S c h if f , Ma r x  and K uti and others, to obtain  a finite 4-point 
function. W e have also calculated the 4-point function b y  our m ethod in  the  
low est tw o approxim ations* and did not find  any n ecessity  for A-renormali- 
zation. M ass-renorm alization is enough also for the 4-point function according  
to our calculations. P resently  we do not know what is responsible for th is  
discrepancy. It m ay be th a t it has to  do w ith  the divergency of the perturb
ation series in that case as m entioned by Ca ia n ie l l o  et al.
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РЕЛЯТИВИСТСКИЕ ВЫЧИСЛЕНИЯ ФУНКЦИЙ ГРИНА 
С ПОМОЩЬЮ НЕПРЕРЫВНОГО ИНТЕГРИРОВАНИЯ В 

СЛУЧАЕ СИЛЬНОЙ СВЯЗИ 
(Применение к модели Голдстоуна) 

г. ХЕБЕР 
Р е з ю м е

С помощью непрерывного интегрирования изучается теория сильной связи для 
мезонного поля, исчезающей незначительной массы, взаимодействующего с самим собой. 
В частности, обсуждается одночастный пропагатор. Сделаны несколько замечаний отно
сительно модели Голдстоуна.

* These calculations w ill be described elsewhere.
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APPROXIMATE SYMMETRIES IN FIELD THEORY

B y

K. L. N a g y , T. N a g y  and G. P ó c s i k

IN STITU TE FOR TH EO RETICA L PH Y SICS, ROLAND EÖTVÖS U NIVERSITY, 
B U D A PEST

Some ideas concerning the broken and approxim ate sym m etries are discussed based on 
the sim plest relativistic  field theories satisfying the asym ptotic condition.

Introduction

The aim of this paper is to  discuss som e ideas concerning the approxim ate  
sym m etries occurring in nature. Our treatm ent here, when explicitely  referred 
to , deals w ith  one of the sim plest ex a c tly  soluble and well known relativ istic  
m odels, nam ely, the linear coupling of tw o  fields w ith th e  interaction Lagrangian  
3 X =  g(pi<p2- A s for the notations and treatm ent we refer to D e o ’s work [1].

We were led to this choice by the ex a ct solubility  o f these m odels including  
also the existence of asym ptotic states which we feel to  be h ighly essential 
and still it shows, essentia lly , the sym m etry and approxim ate sym m etry  
properties we wish to discuss.

The m ain point is the same as it  w as in [2]; th e  sym m etry properties of 
the real fields or particles m ight be and  are — at least in [2] and the models 
below — quite different from  the sym m etries of th e  fields of bare particles. 
Therefore, exact sym m etries in bare fie ld s m ight y ield  approxim ate sym m etries 
of the same type in real fields an vice versa. We do n ot claim, of course, that 
the real world shows the sam e sym m etry behaviour as the m odels treated  
here, but one m ight feel th at these calculations g ive some insight in to  what 
really happens.

As from the point o f technical details: We have learnt th at in  field  
theory, where the number o f degrees o f  freedom is in fin ite , there ex ist unitarily  
inequivalent representations of the algebra of field  variables. Starting from  
th is, a series o f exam ples have been constructed (see e.g. [3], all o f them  by  
means o f som e kind o f approxim ate m ethods) in such a w ay that the H am il
tonian does, but the sym m etry does n o t have a representation by herm itian  
and unitary operators.

We would like to m ention here th a t even in th ese cases, other represent
ations can also be constructed (see e.g . F a n o ’s paper [4]) in which the sym 
m etry survives. The same happens also in N a m b u ’s th eory  [3] where an in fin ity  
of physically  equivalent b u t not in tersecting worlds described b y  
0 a 2 л  ex ists. These worlds (in w hich the m asses o f particles are functions
o f a) are not invariant under y5-gauge transform ations. One can construct,
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how ever, ground states which are eigenstates o f the generator o f  the y5-gauge 
group, the ch irality , considering suitable integrals o f  over a.

At present, neither the role o f the “ non-sym m etrical” representations 
in  a future th eory  o f  elem entary particles (see e.g . [5]) nor the physical pro
perties o f the extra “ sym m etrical” representations constructed by direct 
integrals is clear. In  our opinion, when discussing the problem o f the proper 
choice o f the representations describing the physical world, the asym ptotic  
condition p lays a decisive role.

In w hat follow s we show th a t
(i) form al substitutional invariances of several exactly  soluble models 

rem ain sym m etries also in the concrete representations, but the form of the 
ex a ct sym m etry expressed in term s of bare or real particles is qu ite different,

(ii) under appropriate circum stances depending on the dynam ics, the 
transform ation which led to a substitutional invariance in bare fie lds, produces 
an approxim ate sym m etry, if  — keeping its form —. we apply it  to  the real 
particles. In our picture the existence of approxim ate sym m etries are quite 
independent o f  the fact whether or not the substitutional invariances in bare 
fields can be represented by unitary operators over the physical state vector  
space.

The models

Let us take as a first exam ple the case of tw o scalar boson fie lds o f equal 
bare m asses w ith  the Lagrangian

Ц Ф 1, Ф2) =  -  - \  2  [0„ Ф,)2 +  m2 Ф;] -  £ф, Ф2 . ( 1 )

This Lagrangian is invariant under the transform ation (P)

(P) f r — <p2 , q)2 - s  ip1 . (2)

(P ) can be represented by a unitary operator on the bare particle F ock’s space 
(charge conjugation).

As it  is w ell-known and can easily be seen, this model can be brought 
to  the form o f the sum of tw o free field  Lagrangeans

L (Wv Vi) =  ~ V  2  [ vv)2 +  Mr w] (3)
; 1
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by means o f  the canonical transform ations

Vi =  ~ÿ= f r i  +  (h)  »

where in (3)

Pi)>

M \ =  m°- ±  g .

(4)

(5)

In order to  get real particles w ith positive mass square and no ghosts, we take  
g as real and m2 >  | g  |.

As we know e.g. from W e i d l i c h ’s  paper [6], the transform ation (4) is 
only canonical; it is described by a so-called pseudo-unitary operator.

The problem has been solved and the theory can be represented over the 
Fock space o f the real particles corresponding to y>1 and 1p2. (A sym ptotic con
dition is sta ted  in the n ex t part.)

The transform ation (P ) expressed in terms of real particles is

(F ) y)!-*- y>! , У 2-+— V>i’ (6)

which is obviously an exact sym m etry and can be described by the well- 
known operator exp ( — in  • number o f “ 2” particles) un itary on the real particle 
Fock space (parity). The vacuum  state o f  the Fock space is clearly invariant 
under (6). W hat is essential, (P ) is an exact sym m etry o f the m odel but pos
sesses quite a different form  in terms o f bare and real fields. I f  we ask, led  by  
the form o f (P ) in (2), w hether or not the transform ation ( P )  exchanging the 
real fields

(P ') yq -a- y), , yq -к yq (7)

is a sym m etry, we see th a t it  is not, b u t for the case of a weak coupling, 
j g ! m2, (P ') is an approxim ate sym m etry.

This exam ple already shows w hat we wished to  express, but in order to  
explain som e other points, let us treat now  the case o f  ferm ions. Starting with  
the Lagrangean

4<Pv Vt) =  - - 2  Vi fyu +  m i) Vi +  g(<Pz <Pi +  <?i V2) >
Í - 1

(8)
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b y  m eans o f the transform ations

V l  =  (<Pl +  M M 1 +  ^2)1/2> V i  =  (<p2 —  M ) / ( l  +  ^2) 1,2>

where

Я =  (M j — m j)g , M \  =  -i-  [ т г 4- m2 ^ ( ( т ,  — m2)2 +  4g2)1/2],

(8 ) can be brought to the free form

H V v  Vi) =  -  Vi (Уу Эм +  Af,)v, ■ (9)
i=i

N ow , we can treat several sym m etries. I f  m l =  m, =  m, we find the  
sam e situation  as before w ith  (P ). I f  m 1 =  m2 =  0, (8) is Touschek-in- 
variant

q>[ =  ety*a cpl , q?0 =  e~>na <p2 »

(T )  tp'i =  Ucfi I / - 1 , (10)

U  =  exp (ia J d3x ((ft yb q>2 — <jPi+ у-агрг)) .

This transform ation for %p-s gives

( T) гр[ =  cos a iy5 1p2 sin a ,

V z  =  1Yb V i  sin a  +  \p2 c o s  a  , (11)

U  =  exp ( —ia J d3x(q^ +  Vi~ TWz))?

w hich is indeed an exact sym m etry. Thus, Touschek-invariance o f the bare 
fields does not prevent us in  obtain ing a theory  w ith m assive particles. I f  we 
w ish to  get rid o f negative m asses (since in th is case M 2 =  —g), b y  introducing
<Pt =  Vi and <P2 =  YbV2. (9) gives

Ц<Рп<Р2) =  J ? V i ( Y y d n +  g)<Pi- ( 12)
i= 1

(T) in term s o f qp,-s

cpl =  q>l cos d -f- i(p2 sin a ,

(T )  tp'2 =  i<pj sin a <p2 cos a ,

U  =  exp  ( — id j  d3* (q^ cp1 +  qr>,T qP2)) ,
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is quite different from the form o f (10) and can be represented by a sim ple  
unitary operator over the Fock’s space o f  the ^-particles. Again, i f  g is sm all

( П  <p'j =  eiy&ai <Pj, j  = 1,2

are approxim ate sym m etries.
As another exam ple, from (9) we see that the th eory  is invariant also 

under the independent gauge transform ations

/ idVi =  e y>i ,
(G) (13)

/ ÍŐ
V2 =  e Vl ■

For the bare fields this transform ation gives

<Pi =  [(«'“ +  A2e ' V  +  He'* -  eiß)<p2]l( l  +  A2) ,
(G) (14)

<f<2 =  [A(eía -  eí/,)<Fl +  (e1̂ +  A2 e '> 2]/( 1 +  A2).

These tw o forms are again quite different.

Asym ptotic condition

N ext we turn to discuss the reason why these ty p es  of breaking o f the 
“ forms of the sym m etries” occur. Sim ply saying the reason is that real particles 
are certain com binations o f bare ones (c.f. (4) or (8)). B y  making such com bi
nations the sym m etries change their form . I f  the relation

ipr a, == a single renorm alization constant-tim es (p bare (15)

were valid , such change would not occur. This, expressed in a m uch more 
accurate and modern language, m eans th at both o f  th e  bare fields o f the 
exam ples are sim ultaneously and separately interpolating fields o f each real 
field. Indeed, an exact calculation gives e.g . for the case o f  the first scalar model

lim
i->±-

<0; <?>! (a, M li2 t) jO yp -s> =  ±
1

w
<0 |^ 1,2 (а ) 1°  •/>•*> >

lim  <0 ] (p2 (a, M 1 2, t |0 -p ■ s')
f—±~ w <°l Vl.2 (« ) ! ° - p - s> »

(16)
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where
<Pi(a , M j , t )  =  i f  < 0 f a ( M j ) d 3x  (17)

and fa(Mj)  is a normalized positive frequency solution o f  the free K lein - 
Gordon equation  w ith the m ass M j • ij.'i(a)-s are smeared ou t w ith functions 
belonging alw ays to  their own masses Mi  • | 0> is the vacuum  and | o. p. s .) -s  
are the d ifferent one-particle states of the representing F ock  space o f real

particles. (The m ost im portant point in prooving (16) was th a t, when looking  
a t the inverse o f  (4)

<Pi =  - ß  (V i -  w-i) . ч-'i =  (V>i +  V>2)

and perform ing (17), f a(M j ) cancelled the contributions o f th e  corresponding 
field  w ith the other mass.)

B y the w ay, we would like to m ention that the above models present 
also the sim p lest illustrations to  part 18. § 8 o f  U m e z a w a ’s textbook where 
the case w ith  different stable m ass states is discussed [8].

9 6

Conclusions

A possible m echanism for the explanation  of the approxim ate sym m e
tries were presented. In the ab ove models everyth ing is ex a ct, even i f  it  is 
looked at from  th e point of v iew  of representations.

We are fu lly  aware o f th e  fact that these models (as it  can also be seen  
from  the asym p totic  condition) do not give an y  scattering am ong real particles. 
Therefore, th ese models are n o t real. N evertheless, we belive th a t if  we w ant 
to  handle approxim ate sym m etries by introducing an ex a c tly  invariant bare 
Lagrangian, the program has to  be understood in the sense o f  our exam ples. 
A s th ey  show, ex a ct sym m etries take quite different forms in term s of bare or real 
particles and ex a c t sym m etries in  one of them  being written in  the same form  
expressed b y  th e  other variab les, turn out to  be approxim ate sym m etries 
w hen the coupling is weak. The condition for th is  is that fie lds describing real 
particles should be formed from  (linear or non-linear) com binations (functions 
or functionals) o f  one or more bare fields.

It is tem p tin g  to assume th a t in reality not always the sim plest situation  
(15) occurs.

1 eta Phys. Hung. 'Гот. X I X . ,  1905.
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К . Л . Н А Д Ь , Т . Н А Д Ь  и  Д . П О Ч И Н  

Р е з ю м е

Обсуждаются некоторые идеи относительно нарушенных и приближенных сим
метрий в простейших релятивистских теориях поля, удовлетворяющих асимптотическому 
условию.
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ON THE ABSTRACT APPROACH TO THE MANY-BODY 
PROBLEM WITH INFINITE VOLUME

By

G. F a n o

ISTITU TO  D I FISICA, U N IV ERSITÂ  DEGLI STU DI, BOLOGNA, ITALY

A fte r d iscussing th e  classification  o f  th e  possible re p re se n ta tio n s  o f  th e  canonical 
co m m u ta tio n  an d  a n tic o m m u ta tio n  re la tio n s , th e  p ro b lem  o f fin d in g  th e  su itab le  re p re se n t
a tio n  fo r a  given H a m ilto n ia n  is in v es tig a te d . T he consequences o f th e  G alilean  in v arian ce  
o f th e  th e o ry  are considered .

In the m any body problem, th e  idealization N  (number of particles) =  s,
N

V  (volum e) =  oo and q =  lim - constant is used, more or less exp lic itly ,
V

in a large number of works. The physica lly  correct point of view  is th e  following: 
the only system s w hich are observable are those w ith a fin ite  num ber of 
particles; therefore th e  formalism m u st first be developed keeping N  fin ite, 
and only at the end o f th e  calculations, and for practical reasons, one is allowed  
to  approxim ate the form ulae perform ing the V — y oo lim it. On the other hand, 
like m any other idealizations o f physics (reversible processes in therm o
dynam ics, point charge in  electrom agnetic theory, or a plane w ave in quantum  
m echanics) it is in teresting to consider the lim iting  situation, i.e ., the case 
corresponding to a str ic tly  infinite system , as if  it  were observable.

There is some advantage in considering an in fin ite  system :
1. Some nice sim plification appears in the calculations when we take 

the V  —*■ oo lim it. For instance, as proved first b y  B o g o l i u b o v ,  the B. C. S. 
model is exactly  soluble only in th is  lim it.

2. W ith the exception  of th e  case of a solid , the theory is invariant 
under translations and rotations.

3. The concepts o f  therm odynam ics are easily  discussed in th is framework.
4. I t  is m athem atically  more rigorous to stu d y  the existence problem  

and the properties o f th e  Hilbert space and of the representation o f the oper
ators corresponding to  infinite vo lu m e, than to perform the V  lim it at some 
interm ediate stage o f th e  calculations w ithout ju stify in g  this procedure.

It is w ell known, and it has been  repeated m an y  tim es at th is Conference, 
that the representation o f the algebra o f the field  operators becom es inequi
valent to  the Fock representation when the num ber of particles becom es 
infinite.

7* Acta Phys. Hung. Torn. X I X . ,  1963.
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The first problem to be faced is the classification of the possible repre
sentations o f  the canonical com m utation  (or anticom m utation) relations 
(C. C. R. or C. A. R .). A very convenient w ay o f studying th is classification  
is g iven b y  G e l f a n d ’s construction o f a representation, which also provides a 
very  good m ethod for describing sta tes of a H ilbert space representing an 
in fin ite  system . This m ethod was used for the first tim e by W i g h t m a n  in 
field  theory.

Suppose we have an algebra R  w ith an adjoint operation. L et Q be an 
elem ent o f the algebra and Q + its adjoint, and le t y>q be a sym m etric represent
ation  o f the algebra (1pQ is therefore a linear operator in a H ilbert space i f ,
and y>Q+ =  ipq).

A vector ! 0 £ H  is said cyclic i f  the set is dense in H.  The m athe
m atical concept o f “ cyclic vector” is very  similar to  D i r a c ’s idea o f “ standard  
k et” . The defin ition  means th at b y  applying to  | 0 the operators o f  th e  algebra, 
we get essentia lly  all tbe states o f physical interest.

Let us now  consider the functional over the algebra defined by:

f ( Q ) =  <fo> WQ̂ o> > (!)
where £0 is a cyclic vector o f H.

O f course it is a positive functional, i.e.

Â Q + Q X  o. (2 )

N ow  the G e l f a n d  theorem  sta tes th a t the expectation  values <(|0, 
determ ine, to  w ith in  equivalence, th e  vectors y>q, | 0, and the operators rpq, .

In other words to any positive functional f  over the algebra, there cor
responds a H ilbert space H,  a cyclic  vector | 0 and a representation y>q.

Let us consider for instance a Ferm i system . The basic quantities of the 
algebra are the “ smeared ou t” fields:

V(b) =  J rp(x)f(x)dx ip*(f) =  J y>+(x)f(x)dx , (3)

where f (x)  is som e kind o f test function  (x is a point of the three-dim ensional 
space).

Due to  the anticom m utation  relations it  is easy to prove that ip(f), 
y)*(f) are bounded operators.

Therefore i f  we make linear com binations o f products o f a fin ite  number 
of ip(b), ip*(b), we get well defined expressions. These “ polynom ials in  the field  
operators” are the elem ents o f an algebra, and we w ant to obtain a represent
ation of th is algebra or, more precisely, o f the w eak closure o f th is algebra.
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W ithout insisting on these more techn ica l points, it  appears quite obvious 
that the follow ing expressions that I w ill call “ W i g h t m a n  functions”

Щ х  1 . - . xn; y 1 . . . у rn) =  <lo ! W*(x l) ■ ■ ■ v*(xn) 4>(y\) • • • У>(Ут) I lo>

determ ine, to  w ithin equivalence, the sta te  | 0, the H ilbert space and th e  repre
sentation o f the operators ip(f), For the case o f a B o s e  system , th e  ana
logous operators are unbounded, and therefore equations like

V*{g)]~ =  j  f ( x ) g(x ) dx =  ( / ,  g)  (4)

are not m athem atically  correct.
In fact on the right we have an operator (a m ultip le of the id en tity )  

whose dom ain is the entire H ilbert space, while nothing is a priori know n about 
the domain o f the operator on the left hand side; it m ay even  consist o f th e  zero 
vector.

For th is reason one uses the W e i l  form of the С. C. R. by introducing  
the unitary operators ( / ,  g  are real):

U(f)  =  e",(f) V(g) =  eiMg) (5)
w h e r e

H D  =  m±pli , , (g) =  л ь г а . , (6)

U ( f ) V ( g ) =  V ( g ) U ( f ) e - i(f’g\

W e i l  f o r m  o f  t h e  С. C .  R. U(f)U(g)  =  U{f  +  g) , ( 7 )

F(.f)F fe) =  V ( f + g )  .

U(f),  V(g) are bounded operators, and the C. C. R. are now correctly  
written down.

Similar to  the previous case, one considers th e  algebra generated by  
U(f),  V(g) (for a l l / a n d g ) ;  then a straightforward application  o f  the G e l f a n d  

theorem  gives the follow ing result:
N ecessary and sufficient conditions for a functional E(J, g) to  define a 

representation o f the C. C. R. w ith a cyclic  vector | 0 such that

are:
E( f ,g )  =  < |0, l / ( / ) F ( g ) |0>

E(f ,g)*  =  E ( - f ,  - g ) e - i(fg\

E(0, 0) =  1 ,

2  c> cf  E (fi  -  f j . gi -  8j) ^  0 .
ij= 1

( 8 )

(9)
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The first tw o  equations guarantee the unitarity  of the operators U(f ) ,  
V(g),  the last equation guarantees that the functional over the algebra is 
positive.

Even a stronger result holds, i.e. the representation o f the C. C. R. is 
determ ined sim ply  by the functional defined by:

E ( f ) = E ( f ,  0) =  < f „ e ' ^ f 0> . (10)

The fo llow in g  form ula h o ld s (A rak i [1 ], L e w  [2])

E (f )  =  Í ei<x'f> dftx , ( 11)

where fi(x) is a positive m easure on the in fin ite  dimensional space S' of the  
linear functionals on the test functions. fi(x) m ust fulfil on ly  one condition, 
th e  so called “ quasi invariance” . (If a subset o f  S'  has zero m easure, also the  
translated  subset m ust have zero measure).

Therefore the problem o f the classification o f the C. C. R . can be reduced  
to  the problem  o f the classification  of these quasi-invariant measures. There 
are no m anageable m ethods o f  evaluating th e  functional integration, and  
therefore I w ill not insist on th is point. I w ill on ly  point out th a t there is con 
siderable work to  be done in th is  area. In the case of the F ock  representation,

I J f ‘dx
it  is well know n th a t E ( f  ) =  e and the restriction to  an y  finite d im en
sional space o f  the corresponding measure is th e  Gaussian m easure.

Let us now go hack to  our infinite b od y  problem. The m ain question is 
then: for a given  H am iltonian which is th e  suitable representation of the  
C. C. R. (or o f  the C. A. R .)?

I w ant to  m ention th a t in  field theory  the following result holds (see 
reference [1]):

Let (p be a neutral scalar field, n  th e  conjugate m om enta, and H  a 
H am iltonian invariant under tim e reversal w hich Aerifies th e  equation:

[ t f ,  <p(/)]- =  - i n ( f ) ( 12)

(this equation can be written in  a rigorous form  using the U(f) ,  etc).
Under these hypotheses it  can be proved  that the functional E(f)  “ a l

m ost” determ ines the H am iltonian. (The term  “ alm ost” refers to  a fine m ath e
m atical point about the dom ain of the operators).

U nfortunately , for a non-relativistic in fin ite  R ose  or F erm i system  the  
H am iltonian does not verify eq. (12), and excep t for few  and simple cases  
it is an open problem  to find rigorous relations between the form  of the H am il
ton ian  and the representations o f  the C. € . R . (or C. A. R .).

ЛсЫ Phys. H ,mg. Гот . X I X . ,  1965.



ON TH E ABSTRACT A PPR O A C H  TO TH E MANY-BODY PROBLEM 103

Let. us show som e exam ples o f  application of these concepts. First, we 
want to  add some com m ent on th e  very beautiful discussion m ade by R. H aag  
on th e B. C. S. m odel, (see reference [3]) and th e  lecture of Prof. L o p u s z a n sk i).

H a a g  considers the usual reduced H am iltonian of a F e r m i gas w ith  a 
nonlocal potential corresponding to  interaction betw een pairs o f  to ta l m om ent - 
umzero. He looks for irreducible representations of the closed  algebra R  
generated by the operators 1p(f), y>*(f) (let us forget the spin indices).These 
irreducible representations can be labelled b y  a continuous param eter a 
(0 a  < ^ 2я ). Let us recall briefly  how this happens. Due to  th e  gauge in 
variance o f  the first kind of the H am iltonian, i.e . invariance under the trans
form ation ip —*■ ifeli\  the B o g o l iu b o v —V a l a t in  canonical transform ation, 
which m aps the vacuum  of the F ock  representation | у>0рУ in to  th e  vacuum  o f  
the quasi particles | Zbcs}  depens on a “ phase”  a. So we get th e  fam ous “ in 
finite degeneracy o f  the vacuum ” , i.e. we get an infinite num ber of ground 
states I labelled by the param eter a.

A pplying the operators o f th e  algebra to  th ey  cyclic sta te  [ Zbcs} i and  
taking the com pletion, we get a H ilbert space H a in which th e  representation  
of the algebra is irreducible. As is well know n, the representations in H a 
(0 <1 a <1 2я) are all inequivalent to  each other, and the state | Zb c s }  is not a 
state w ith  sharp particle number. Later we w ill give a more precise meaning 
to the last statem ent. A n d e r s o n  argued th a t b y  taking an infinitesim al 
contribution in each space H a one can obtain a ground sta te  w ith  “ sharp 
particle num ber” . H is idea is essen tia lly  correct, but care is needed in the  
definition of such a state.

F irst o f all, are we allowed to  say that a state  corresponds to  a “ sharp 
particle num ber” , notw ithstanding th a t only th e  number operator for a fin ite  
region o f space

N v =  f y>*(x) y>(x) =  У  ■ y>*(fn) ip(fn)
V n

is a sensible operator? ({f„} is a com plete orthonorm al set o f functions.)
The answer is in  the affirm ative. First w e notice that the “ W i g h t m a n  

functions”

W a(xi- ■ ■ Xny x. . . y m) =  <fbcs \w* (*i). ■ • V’*K)V’(ji)- • • w(ym)I Ikes)

do not vanish , in general, for n m.  This fact g ives an exact m eaning to the 
proposition “ I Zees') is not a state w ith  sharp particle number” ; th en , following 
H aag, we define a n ew  set of “ W ig h t m a n  functions” :

W iA x i- ■ -х пУ1- ■ ■Ут)
W a(x l - -  -x n У1 - ■ -Ут) fo1’ n -  m - 
0 for n ф т  .
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I t  is easy  to  see th at these functions W a  verify the p o sitiv ity  condition; there
fore we can apply the G e l f a n d  theorem  and introduce a new ‘ cyclic  state” 
' Qy  such that:

< ß  k * (* i)  • • • V*(xn) V;(Ti) ■ • - fhn?) \ ß>  =  w n (Aj . . . xn, y 1 . . y m) .

W e know th at th is is a correct w ay  o f defining a sta te , and we are allowed 
to  consider it  to  he a state of sharp particle num ber, because it  verifies the 
sam e property o f an eigenstate of the num ber of particles in the case o f  finite 
volum e; i.e ., it gives rise to  a vanish ing expectation  va lu s for any non-gauge  
invariant operator.

It is easy  to prove th at the space H a, obtained by applying to  | Qy 
the operators o f the algebra and by tak in g  the com pletion , is a space in  which 
the representation is reducible; roughly speaking, i f  we want to  sp lit H a into  
differential subspaces in  which the representation is irreducible, we fin d  again 
th e  spaces H a. More rigorously, as a is a continuous parameter, we m ust use 
the m athem atical too l provided by the direct integral o f Hilbert spaces:

©
a ,.

(An elem ent f  of HQ is a vector-valued  function £ =  {£„}, where £a £ II ,,
f  da

satisfy ing the condition -----< ° ° ;  o f course th e  scalar product of two
J 2 л

vectors f  =  { fa}, V =  {Vaj o f H a, is defined as:

2n

( v J ) =  <4„fa>0J I n  
0

T h e  s t a t e s  w i t h  “ s h a r p  p a r t i c l e  n u m b e r ”  h a v e  b e e n  d e f i n e d  b y  A n d e r s o n  

i n  t h e  f o l l o w i n g  w a y :

I Q'ny =  j  eina I da n =  0, ± 1 ,  ± 2  . . .

and have vanishing norm in the lim it V  —*■ oo. In stead , with the form alism  of 
the direct integral we can define the following states:

! &пУ =  {e‘nt Hb c s } n  =  0, i 2  . . .

which have a non-vanishing norm; we will prove th a t  the vectors | Q ny verify  
the property of g iving rise to van ish ing  expectation  value for all non-gauge
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invariant quantities. It  w ill follow that | Qn)  can be id entified  with the vecto r  
I Qy  previously defined b y  means of the Gelfand theorem .

Let A a be an operator representing an elem ent o f  the algebra in  H a, 
and le t A  be the corresponding operator in H S1. As the algebra is irreducible  
in H a, if  £a £ H a, also A a £„ Ç H a. Therefore the definition of the operator A  
is given b y  the formida:

A { L ]  =  { A J a} .

Let us assume th at A  is the product o f n operators y>* and m operator ip. 
The expectation  value o f A  in the state | D^y is given by:

2.T

yQ n A Q ny = \ d '1 (^Bcs A a la c s )
J  2  71
0

2л

and it contains the fa< tor I - _  ()m n q _ E. D.
J 2 л
о

So [ Dp,} is a state w ith  “ sharp particle number” . W e notice th a t th e  
H ilbert space H  is separable.

We can understand the m eaning o f the form alism  used, noticing th a t  
H a is not a subspace of H Q, in the same w ay as a bounded function differing  
from zero only in one point o f the interval 0 a <  2тг, is n o t a vector (different 
from the nul vector) o f the H ilbert space o f  the the square-integrable function  
/ (a ) . In other words in H a only “ wave p ackets” of spaces H a are allow ed to  
constitute a sensible vector. 1 F inally, I w ant to point out that the vector  
! £>n+Py can be interpreted as corresponding to a physica l situation w ith  p  
more “ Cooper pairs” than  the vector | £?„>. Of course th e y  both correspond  
to an in fin ite number o f “ Cooper pairs” .

In the case o f a free B ose gas, w ith  g 0 and V  =  oo, the situation  is 
com pletely analogous. Let y>0 be the ground state. It is very  easy to fin d  the  
appropriate functional

E ( f ,g )  =  <V„, U(f )V( g)Voy

1 This procedure of restoring a “ broken sym m etry” using the concept o f the direct 
integral o f H ilbert spaces can be generalized to the case of an arbitrary com pact group G oi

sym m etry. In the general case, in the place of the integration j • , we must perform  the

invariant integration over the group G. States w hich are analogous to  the “ states w ith  sharp  
particle num ber” o f the В. C. S. case are obtained by taking into the subspace H0 o f the trans- 
lationally  invariant states a basis adapted to the decom position o f H 0 into  irreducible repre
sentations of G. (These simple results came to light during discussions w ith  D r. S. D o pLic h e r .)

I t  w o u l d  b e  v e r y  i n t e r e s t i n g  t o  s t u d y  t h e  p h y s i c a l  c o n s e q u e n c e s  o f  t h i s  m a t h e m a t i c a l  
p r o c e d u r e ,  e s p e c i a l l y  i n  c o n n e c t i o n  w i t h  t h e  G o l d s t o n e  t h e o r e m .

Note added in proof: see also on the subject of the “broken sym m etries” : G. F a n o  ̂
N uovo Cim ento, 38, 597, 1965.
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b y  taking th e  V  lim it of th e  analogous q u an tity  com puted  in the F ock  
representation  :

E F (fi  g )  =  \ y>OFi U F( f ) V F( g ) y>oF)  ,
__ 1

w here | хр0 рУ is a state corresponding to n particles w ith w ave function V  
in  a box o f volum e V.

As in the В . C. S. case, the H ilbert space H  corresponding to  the function
a l E  can be decom posed into invariant “ differential” subspaces H r.>, 0<Ç6<Ç 2 л,  
in  which the representation is irreducible. In  each H e the fie ld  operators are 
related to  the F ock operators b y  the w ell known canonical transform ation

y>e(x) =  y F(x) +  IÍQ e‘e .

For the excited  states o f  an infinite B o se  system , w hich  corresponds to  
system s o f particles w ith a continuous distribution  g(k) in  m om entum  space, 
th e  calculation o f the functional E  proceeds in  the same w a y , and one gets 
new  representations of the С. C. R. The corresponding H ilbert space is g iven  
sim p ly  by a tensor product o f tw o H ilbert spaces corresponding to the F ock  
representation. This corresponds physically to  the particle-hole description. 
A ll these calculations (perform ed by A r a k i and W ood [4 ]) are also useful for 
find ing the representations su itab le at a g iven tem perature.

Let me now  say a few  words about th e  consequences of the Galilean  
invariance o f  th e  theory. F irst o f  all, I w ant to  point out th a t n o t all the in fin ite  
system s are translationally  and  rotationally  invariant. For instance, a good  
charaterization o f an equilibrium  state to  represent a solid , is not to  he in 
variant under rotations.

I f  is th e  only state invariant under the Euclidean group (let â be the  
vector o f th e  translation, R  th e  rotation, and U(a, R) th e  representation o f  
th e  E uclidean group in the H ilbert space), i.e . if

I7(o, R) $0 =  £0 ,

th e n  a v er y  e leg a n t argu m en t (used b y  B o rch ers  in  f ie ld  th e o r y  for th e  case  
o f  th e  L oren tz  group) can b e u sed  in order to  p rove th a t:

w eak  lim  U(a,  / )  =  P  £0,
M-*—

where P So is the projection operator on the sta te  | 0.
An im portant consequence of this result is the so called  “ linked cluster  

property” . Let T(; be the operator defined by

T - af )  (2) = f ( x  +  a ) .

Acta Phys. Hung. Тот. X IX ..  1965.



ON' T H E  ABSTRACT APPROACH TO T H E  M ANY-BODY PRO BLEM 107

Then we have:

lim  E ( f L +  T af 2) =  lim  < f 0, [/(Л ) U ( a ,  I )“ 1 U {f2) U(a,  I )  | 0> =
|a|——

= <fo U(fi) £o> <io а д  £o> = В Д  В Д .
The physical m eaning o f th is  result is th a t  regions far separated in space 

m ust not interfere.
This property m ust be tak en  into account i f  one w ants to  devise som e  

approxim ation m ethod. For th is  purpose, it  is  better to work w ith  the “trunc
ated ” expectation  values ,1 defined by: ( W n,m is the IF-function w ith n fields  
■ip* and m fields ip)

W {l0)(x J  =  W x  0) (*L) ,

W ^ { x v y i ) =  W {} 0 ) (X l )  W (x , , ] ( y , ) *  +  W x  11 (ж,, у  {) , 

r (2 0) (*„  X,) =  W 4  0) [x , )W^ 0) (x2) +  W ? ’0)(xlt X,) ,
etc.

Because of the translation invariance, th e  truncated functions depend  
only on the difference of the argum ents ( W x ’° \ x )  is then a con stan t,2 which  
can be different from  zero because the representation  of th e  operator is not 
the F o c k  representation) and the linked cluster property is equivalent to the  
condition that the W r  vanish whenever one o f  th ese differences becomes very  
large. Therefore the follow ing approxim ation procedure can  be devised:

One takes on ly  a finite number of W T different from zero, i.e.:

W (x ’m) =  0 for n +  m >  s

and one writes down the p ositiv ity  condition. The corresponding E(f)  defines, 
b y  the G e l f a n d  theorem , a sta te  that can be considered as a trial state for 
the particular H am iltonian o f th e  problem. In  other words one imposes the  
energy density to  be m inim al at a given particle density. T he advantage o f  
using the truncated functions is that one can n ot take a fin ite  number o f  
W i g h t m a n  functions different from  zero w ith ou t violating th e  linked cluster 
property. There is some unpublished result b y  H a a g  and collaborators in  
th is direction. For instance, considering only th e  truncated functions w ritten  
above to  be different from zero (s =  2), th e y  h ave found, in  a very simple 
w ay, the same results as B o g o l i u b o v , V a l a t i n  and B u t l e r  etc. for the  
B o s e  gas. It is not possible to  take s =  3, because an unpublished theorem b y  
D. W . R o b i n s o n  states that the case in w hich s =  3 does not differ from the

1 We assume t h a t  the  field o p e ra to rs  have a c o m m o n  dense domain .
2 This  co n s tan t ,  which  co rresponds  to a de lta  f u n c t io n  in m o m e n tu m  space, is p r o 

p o r t io n a l  to the  square  roo t  of the p a r t ic le  density  o f  zero m om entum .
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case in w hich  s  — 2; th is theorem  can be derived using th e  positiv ity  condition  
only. I t  seem s therefore v ery  likely th a t , as in field  theory , i f  one w an ts the  
truncated W ightman function  w ith three argum ents to  be non-vanishing, 
one is forced to  have all th e  truncated W ightman functions n on-van ish in g .1

I t  is an open and interesting problem  to find approxim ation m ethods  
which go beyon d  the case s =  2 , and to  fin d  the relation between th is approach  
and the usual tim e-dependent Green’s function m ethod w idely used in  m any- 
hody problem s.

A nother unpublished result is given by a theorem  of Ar a k i, which, 
roughly speaking, s tates th a t  if the represen ta tion  of th e  algebra of th e  “ quasi 
local”  observables is a facto r, the cluster property  holds.

(L et Л he a set o f bounded operators in a H ilbert space, and R '  be the 
set of all bounded operators com m uting w ith every operator in R ; a closed  
algebra R,  containing all th e  adjoints o f  its  elem ents, is said to be a factor if  
R  i l  R'  consists only o f m ultiples of the identity).

Concluding this ta lk , I would like to  remark th a t the consideration of 
system s w ith  an infin ite number of particles certainly forces us to  use new  
and more powerful m athem atical too ls, but this fact makes our physical 
problem s richer and more interesting.
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АБСТРАКТНЫЙ МЕТОД В ТЕОРИИ МНОГИХ ТЕЛ 
С БЕСКОНЕЧНЫМ ОБЪЕМОМ

Г. Ф А Н О  

Р е з ю м е

Обсуждается классификация возможных представлений канонических соотно
шений коммутации и антикоммутации, и исследована проблема нахождения подходящего 
представления заданного гамильтониана. Рассмотрены следствия габилеевой инвариант
ности теории.

1 Note added in proof: th is result has been now proved b y  D. W . R o b i n s o n : Com
m un. m ath. Phys., 1, 89, 1965.
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ON THE PERTURBATION-THEORETIC CALCULATION 
OF THE ONE-PARTICLE EXCITATION SPECTRUM 

IN A LARGE BOSE SYSTEM

By

P.  S z é p f a l u s y

IN STITU TE FOR TH EO RETICA L PHYSICS, ROLAND EÖTVÖS U N IV ER SITY . 
BUDAPEST

Perturbation theoretic calculation o f the one-particle Green’s fun ction s is studied  for 
a large system  of bosons at zero tem perature. We start from a sp litting  o f the H am iltonian  
in  which the unperturbed part is chosen to be d iagonal in the B o g o i y u b o v  quasi particle  
operators. The self-consistent form of the perturbation expansion required by the appearance 
o f  inequivalent representations of canonical com m utation  relations is form ulated  and discussed.

1. Introduction

In  th is paper a large Bose system  of particles in teracting via a tw o-body  
potentia l is considered at the tem perature o f  absolute zero. In a system  o f  
particles obeying Bose statistics the large num ber of particles o f m om entum  
zero plays a particular role. In the case o f  w eakly in teracting  bosons, the  
excita tion  spectrum  was calculated b y  B o g o lyubo v  [1] in  1947. It has been  
shown by B e l ia e v  [2 ], how  the Green’s function  method o f th e  field theoretic  
perturbation theory can be form ulated for B ose system s and equations were 
derived for the one particle Green’s functions. Similar resu lt was obtained  
b y  H ugenh oltz  and P in e s  [3] who elim inated the condensed particles from  
th e  problem  b y  adopting B o g o ly u bo v ’s prescription which consists in treating  
the quantum  am plitude referring to  the zero m om entum  sta te  as a c-number. 
Moreover th ey  proved th at to  any order in th e  perturbation theory the one- 
particle excitation  spectrum  does not exhibit an energy gap. In  the perturbation  
theory o f B e l ia e v , and H ug enh oltz  and P in e s  the random phase approxim a
tion is equivalent to the B o g o lyubo v  canonical transform ation carried out on 
the B o g o lyubo v’s approxim ate H am iltonian.

There are, o f course, other possibilities for the w ay o f  generating the  
perturbation expansion. In this paper we start out from a splitting o f the  
H am iltonian in which the unperturbed part is chosen to be diagonal in term s 
of the B o g o l y u b o v  quasi particle operators. The splitting used  by B e l i a e v , 

H u g e n h o l t z  and P i n e s  is obtainable as a special case. The self-consistent form  
of the perturbation expansion required b y  the appearance o f  inequivalent 
representations o f canonical com m utation relations is form ulated and ducussed.
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2. The one-particle Green’s functions

We consider a Bose system  of N  particles, contained in  a box o f vo lu m e  
Q  with periodic boundary conditions. The H am iltonian o f the system  is as 
follows

1
H  =  У  ek ajj" ak+  —  У  <kx k . |v| k3 k4> a+ a+  а кз ak) ( 1)

where ak and ok satisfy ing  the usual com m utation relations for bosons, 
destroy and create, respectively , free particle states o f m om entum  k. F urther
more V denotes the in teraction  betw een the particles and ek =  k2/2m  — p  

(we choose u n its such th a t % =  1). p  standing for th e  chem ical potentia l 
has been introduced because states w ith an undeterm ined number of particles 
w ill be considered, p  is determ ined by the requirem ent th a t the average num ber 
o f particles should be N.

From  th e possibilities to  take into account the condensation of the particles 
into the zero m om entum  sta te  [1], [2], [3], [4] for our purposes the m ost 
suitable one is to introduce the. canonical transform ation as follows [4]:

К  =  ak -  ] / N 0 0кл , ( 2 )

where ôk o is th e  Kronecker sym bol and N 0 is the average number of particles 
in the zero m om entum  sta te . After su b stitu tin g  (2) in to  (1) we have a H am il
tonian w hich  can be treated  b y  the usual m ethods o f fie ld  theoretic perturba
tion  theory. Taking JF  ekbk bk as unperturbed H am iltonian and determ ining  

к
N 0 in a self-consistent m anner the results o f  B e l ia e v , and H ug enholtz  and 
P in e s  can be rederived. Instead  of doing th a t we start out from a more general 
sp litting o f  th e  H am iltonian

H  =  Я„ +  H i , (3)
where

Я,, ' ( e k Л-к) «к ак+  JF B k (а+ а±к
^  к

«кЯ-к) +  С0 (а^ +  а0)

and

Н х = V /1  IЛ  \ К 1 к 2 I f\ к з k 4> «k! «k2 a k3 «k4 У  A k a k ak

2 î  в к («k «±k +  °k o _ k) -  C0 (a+  +  a 0) .
(4 )

H0 can  be d iagon a lized  b y  p erform in g  th e ca n o n ica l tran sform ation  (2) 
to g eth er  w ith  B o g o l y u b o v ’s can on ica l tran sform ation  [1 ].

ßk = uk bk vk 6±k , 2 2 1 Щ — 4  =  1 » (5)
Acta Phys. H u n  , Тот. X I X . ,  1965.
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where uk and vk are now  considered to  be real. In th is w ay it is obtained that

where U  is a constant,

H 0 =  u +  y E k ß+ ß k ,
к

E k — V(ek 4- Л к)2 — B k

(6)

(? )

and the parameters o f the canonical transform ations are determ ined by

Ш  0 =
И

и Ц

v ‘i \

1
2

± 1  + _ + л
E u

( 8 )

(9)

«к »к =
В к
2 Е к '

( 10)

Let ns introduce now the one-particle Green’s functions

G(k, t ~ i ' )  =  - i <«F0 I Tbk (t) 6+ («') I ^ 0> , 

G(k, t — t ) — ~ i  < П  I Tbk (t) b_.k(t') I Woy , 

6 (k, t - t ' ) =  - i  ( W 0 I T b t k (0 6+ (t') I Woy ,

( 11)

where the operators are in the H eisenberg representation and denotes 
the exact ground state w ave function  o f the system . I f  we take H 0 as un- 
perturbated H am iltonian and go over to the in teraction  representation, it is 
possible to perform a perturbation expansion o f the one-particle Green’s 
functions in powers of H v  We have the following internal lines

and

Gn (fc, k0) 

G0{k, k0)

G0 (k,  fc„) G0 {k, k0)

w 1 4

Gfl { k ,  k g )  -- Gg ( k , k g )  -- U f (  V

kg — E k -f- iô kg +  E k iô

1 1
К  -  E k +  iô kg +  E k iô

( 12)

(13)

Substituting eq. (2) into (4) we obtain the vertices show n in Fig. 1.
W e call those v  (A and B)  vertices incom plete which have less than  four (two) 
lines joining to them . Those v  and В  incom plete vertices which are obtainable 
from  the given ones by interchanging the roles o f  the opposite ends of the

Acta Phys. Hung. Тот. X I X . ,  1965.
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V and В  interactions are not shown in Fig. 1. The places of the m issing lines 
are in d icated  by open circles for each o f which is a factor ]/N0-

Before writing dow n the perturbation expansion  of the one-particle 
Green’s functions it  w ill be expedient to  deal w ith  th e  condition determ ining

V-vertices-

A - vertices

В-vertices:

C - vertices
L

o<

Fig. 1

N a. In  the present treatm ent N 0 is to  be determ ined from the requirem ent

I К I !F0> =  (W0 I 60+ I Y 0> =  o  , (1 4 )

which im plies

< n  ! «о I У0> =  < П  I ° 0  I f'o ) =  <ф о I ao I ф о> =  <ф а I »о I Ф0> =  W 0 ,

where Ф0 is the ground state w ave function of the unperturbed H am iltonian  
Яо-

The graphs contributing to ( 4 , 0 \ bj | 4J0)  are o f  the types shown in Fig. 2 
and contain , of course, at least one irreducible part* like

r0, (0.0) or Z10 (0.0)

w hich cannot be d ivided  into tw o parts by cu ttin g  a single solid  line.

* O nly those segm ents o f the lines are indicated here w hich are joining to \ ' iu  and
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It can be seen easily  that 2^,(0, 0) =  2^ (0 ,0 ) and eq. (14) is satisfied  by

Z'<n (0 ,0) =  0 . (15)

Let us separate out from 2 ^  the term s o f first order in  A 0, B0 and C0:

(0, 0) =  -  ]fN0 ( A 0 +  B 0) — C0 '+ 2701 (0 ,0 ) .

Using equs. (15) and (8 ) we get

V N o/i =  Z o l (0, 0) . (16)

From now on we shall alw ays consider N 0 as a quantity satisfy ing this equation. 
As a consequence graph parts as in F ig. 2 will not occur in the perturbation  
expansion.*

Let us introduce the irreducible self-energy graphs

By definition we mean b y  2,’n  and Z 02, 2720 the sums of all the above types o f  self
energy graphs except the ones o f first order in A k and B k respectively. Further
more, for the beforem entioned reasons, they  do not contain  insertions like 
those shown in Fig. 2. It can be seen easily, that 272(l(/c, k0) =  2Г02(к, k0) and 
th at th ey  are even functions of fe0. A ll the S' s  depend only on the absolute  
value o f k.

For the Fourier transform s of th e  one particle Green’s functions (11) 
the D yson ’s equations shown in Fig. 3 can be obtained**, where

К  —  e k +  ià

* This im plies, especially , that C-vertices are not to be drawn an y  more.
** I f  condition (14) had not been taken in to  account further term s would have appeared  

in the Green’s functions e.g.

- o o -
8 A da  Phys. Hung,. Тот. X I X . ,  1965.
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The appearance o f  the G00 line here may seem  strange because we should  
exp ect to appear on ly  lines com ing from the pairings of the operators b, b + ,
i.e . the lines w hich occur in 27n  and Z 02. H ow ever, this form  o f the D yson’s 
equations follows directly if  we start from the equation o f m otion of the

F i g .  3

operator bk(t). Instead  of proceeding in this w ay, we derive in the Appendix  
th a t form o f the D yson’s equations which results from analysing the perturba
tion  expansion o f  the one particle Green’s functions in the usual w ay and show  
the identity  o f th e  two forms.

The algebraic equations corresponding to  those show n in Fig. 3 can be 
solved to yield

G(fc, k0) ko +  Ek +  27 ц  (^» — kn) (17)

G(k, fe0) — G(k, k0) — -^02 (JG *o) 
F

(18)

wher

(Zn (k,kn) Z u (k, k0))

e k  +  ( ^ n  (k, ku) +  27ц (к, k„)) +  -̂ 02 Ю

which are ju st B e l ia e v ’s equations. There is a difference, how ever, which lies 
in the fact th at the graphs g iv in g  the 27’s are defined here in term s of internal 
lines generally different from  those used b y  B e lia ev  and H ugenholtz  and  
P in e s . Their perturbation expansion can be obtained from  ours as a special 
case, nam ely b y  choosing A k =  B k =  0. In  th a t case uk =  1, vk =  0, G0 =  
G0 =  0, G0 =  G00 and C0 =  ]/7V0 ß .
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It is to  be noted  th at C0 appears in the form alism  because o f our treat
m ent o f the zero m om entum  state  which differs from  both of the treatm ents  
followed b y  B e l i a e v  and H u g e n h o l t z  and P i n e s . A ll of the three treatm ents  
are, how ever, essentia lly  equivalent. H u g e n h o l t z  and P i n e s , adopting  
B o g o l y u b o v ’s prescription, replaced a0, ag b y  а c-number ]A]V0 and deter
mined the value of N 0 b y  m inim izing the ground state  energy. This requirem ent 
is equivalent to our eq . (14).

3. Relation am ong the 2?s

It has been proved by H u g e n h o l t z  and P i n e s  th at to every order in 
their perturbation expansion

,г =  2TU(0, 0) -  A02(0, 0) , (19)

which is, as can be seen easily, the necessary condition for the existence of a 
pole of the one particle Green’s function  (17) at к — 0, k() — 0, w hich m eans 
that the one particle excitation spectrum  does not exhibit an energy gap, 
if  E n  and E 01 are not too  badly behaved  for sm all к and k0.

We can derive a relation am ong the E's  in the framework o f the present 
perturbation expansion in a similar manner, by proceeding as follow s.

The diagrams contributing to  A01 (0, 0), E n  (0, 0) and E 02 (0, 0) are 
obtainable from those vacuum -vacuum  diagrams which cannot be divided  
into tw o parts by cu ttin g  a single solid line and which are not o f first order 
in A , В  or C. Let us group these vacuum -vacuum  diagrams according to  the  
tota l num ber of the open circles o f their incom plete vertices. N am ely , le t  
us denote b y  the contribution o f the sum  of such diagrams which h ave open  
circles i and j  in num ber at the places o f ingoing and outgoing lines, respect
ively. A ll the diagrams of E n  (0, 0) can be obtained b y  setting back in all 
possible w ays one ingoing and one outgoing m issing line w ith m om entum  
and energy equal to  zero. To obtain £ 02 (0, 0) and E ol (0, 0) one attaches tw o  
ingoing lines and one ingoing line, respectively , in a similar fashion. Then we get

2 ' , , (0 , ° ) =  v  2 lJ D U
i,j

*02 (0, 0 ) =  —  V i ( i  l ) i>,7 ,
■L' П' 0 l,J

whence we obtain  

1

m

r“ (0’° ) =  1 ? ^

-- £ 0 1  (0, 0) +  — D  =  2 n  (0, 0) -  A 02 (0, 0 ),
N,

( 20)
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where D  is defined by

D  =  ~
> >i

Here we have m ade use o f the fact that Djj — Dj
According to  eqs. (20) and (16) relation (19) is fulfilled i f  D  — 0. It is 

a characteristic feature o f the graphs contributing to D  that i j  i.e . all o f  
them  m ust h ave at least one G0 or Q0 line or B k vertex . Choosing B k =  0 such  
elem ents do not com e into the perturbation expansion and we get H u g e n h o l t z  

and P i n e s ’s  theorem .

4. The self-consistent perturbation expansion

In connection  w ith the application o f perturbation theory it  is im portant 
th a t, as is w ell known, the representations o f the canonical com m utation  
relations corresponding to  different values o f  the param eters и*, vk becom e 
inequivalent to  each other at the lim it Q  —*■ oo. This im plies th a t the quasi 
particle vacuum  states belonging to  different values o f the param eters uk, vk 
are orthogonal at the lim it Ü  —► oo. Furtherm ore, as to  the canonical trans
form ation (2), th e  same is true for those representations which belong to differ
en t values o f  N J Q  as not on ly  the density o f particles but also the density o f  
particles o f  m om entum  zero rem ains fin ite  w hen Q  — >■ oo. This fact suggests 
th a t uk, vk and N 0 should be determ ined self-consistently.*

Eq. (14) is ju st a self-consistent condition  for the determ ination of N u. 
For the self-consistent determ ination o f uk and vk le t us proceed as follows.**  
Introduce th e  one quasi-particle Green’s functions

4(k ,  t - t ' )  =  - i< îP 0 I Tßk (t) ß t  (Г) I W{0> ,

4 (* . * -  *') =  - i < V 0 I Tßk (t) ß - k (»') I *P0> , (21)

which can be expressed in  term s of the one-particle Green’s functions (11) 
b y  inserting th e  B o g o lyubo v  transform ation (5) for the operators in the H eisen
berg representation. Consequently the Fourier transform s o f dj(k, t — t') and 
dfc{k, t — t') can be obtained as the linear com binations o f G(k , ^  k0) and 
G(fc, k0). M oreover the poles o f cfy(k,k0) and c (̂fe, fen) are the sam e as those o f  
G(k, k0) and G(k, k0).

We require th at the E k s occurring in H 0 be the renorm alized one-particle 
energies, i.e . th e  real parts o f  the poles be equal to  the E ks. R estricting ourselves

* T he s im ila r  p rob lem  in  th e  fie ld  th eo ry  was d iscussed  ex ten siv e ly  b y  H . U m e z a w a  in
h is  lec tu re  a t  th is  Conference [5].

** In  th e  c a se  o f  fe rm io n  s y s te m s  a  s im ila r  p ro c e d u re  w as u se d  b y  N. M e n y h á r d  [6 ].
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to  cases, for w hich the im aginary parts of the poles are negligible, we obtain  
according to eq. (17)

E k' =  \l ek “1— ~  ( ^ n (h, E k) - f  E n (k,  — E k))
Zi

y  2ói ( k , E k)

( Z n ( k , E k) - Z n ( k , - E k) ) .

The A's depend on uk and vk which has not been determ ined y et. According  
to  eqs. (9) and (10) all the param eters appearing in the perturbation expansion  
can be obtained i f  E k and ukvk are known. In  accordance w ith  the self-consist
ency requirem ent, ukvk w ill be chosen in such a w ay th at c(|(fc, E k) be equal 
to  zero, as we have ĉ o =  — i <Ф0 I Eßk(t)ßLk(t') [ Ф0> =  0. This condition is 
equivalent to the B o g o l y u b o v ’s principle o f  com pensation o f dangerous 
diagrams in the theory o f superconductivity [7]. Expressing k0) in term s 
o f G(k, ßzku) and G(k, k0) and setting the num erator of the resulting expression  
for k0 =  E k equal to  zero, we obtain

(uk +  vk) E 02 (к , E k) 2 uk vk
Z n ( k , E k) +  E u ( k , - E k)

'k \ =  o ,

whence using u\  — vk =  1 ,

uk vk =  - __________________ ^02 E k)_________

e/i +  C^ii (*’ Ek) +  ^ i i  (k, ~  E k)) 2-02 (к, E,.)

follows, which determ ines B k according to eq. (10).
Calculating to  the first order approxim ation we get the results (obtained  

b y  different m ethods) of Y a l a t i n  and B u t l e r  [8 ] and G i r a r d e a u  and A r n o - 

W IT T  [9]. In th is approxim ation D  is not equal to  zero.* The general behaviour  
o f the self-consistent expansion needs further investigations.**

* I t  is to be noted that Va l a t in  aad B u t l e r  elim inated the energy gap by determ ining  
the number of the particles in the zero m om entum  state just from th e  condition  that the  
excitation  energy should be zero for zero m om entum .

** Note added in  proof:  I t  can turn out to be the case that in the self-consisten t pertur
bation expansion the H u g en h o ltz  — P in e s  theorem  does n ot hold if  we calculate up to any g iven  
order. B y  sum m ing up, how ever, the whole perturbation expansion the H u g e n h o l t z -—P in e s  
theorem  reappears. To prove it  let us calculate the A ’s by taking into  account only skeleton  
graphs i.e. graphs w ithout any self-energy insertion and replace G0, G0 and G0 b y  G, G and G, 
respectively. (U sing skeleton graphs w ith  thick lines m eans, o f course, a rearrangem ent of the  
perturbation expansion , but starting from  the self-consistent perturbation expansion i.e. having  
determ ined E k and uk vk self-consistently it  is reasonable to assume th a t th is rearrangem ent 
does not alter the final results.) The skeleton graphs contributing to A 02 have  been analysed  
b y  Ga voret  and N o zièr e s  in the A ppendix В of their paper (Annals o f P hys. 28, 349, 1964),

(continued on page 118)
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Appendix

In order to  get the diagram s contributing to the Green’s functions defined  
b y  eqs. (11) le t us write th em  down in the interaction representation

G(k, t — t' II 1 S O i Tblk (t) b ï  ( 0  s 1 ФоЖФо  ! s 1 X >  .

G(k, t — t 0•sN
/

•|«à1II 1 Tb'k (t) b‘_ k ( t’)S  1ФоЖФо  1 S  1ф0> ,

G(k, t — t Л 1 Г*. /\ S O Tbi+k (t) b‘k+ (t')S 1 ФоЖФо  1 S 1 Фо>.

where the S-m atrix is g iven by the well-know n expression

s  =  2 ^ т Г- 1 *i- • X,t [h [ (g). . щ  (*„)].
n o  и ! J

A pplying W ick’s theorem  we are led to  the pairings

and

iG0(fc, ( - - < ' )  =  <Ф0 

iG0(k, t l ) =  <(Ф0

iG„{k, t — t') =  <Ф0

Tbk (0  ь‘к+ ( П \ Ф 0> ,

T b i ( t ) b L k ( t ' ) \ 0 o> ,  

T b % ( t )  ь‘к+ ( П \ ф 0> ,

the Fourier transform s o f which as well as the possible vertices have been 
given in Section 2. The com plete vertices give the respective contributions

— — <kj k2 I VI кяк,)>, i A k, i B k and iC0 bk>0 from which th e  contributions o f the

foo tnote  continued)
which has led to the inhom ogeneous B e t h e —Sa l p e t e r  equation (B .8). It is easy  to see, 
th a t applying their m ethod to the skeleton graphs contributing to 270l we get the follow ing  
relation

i X
X i  (0 ,0 )  2 u  (0, 0 ) - 2 о г  (0 ,0 )4 ~^=r (dP o [ JX+lX J . )f f î

(P Pol ° , 0)1 G(p, P„).

(P, Pol 0, 0)

Here the 2  s are the sum s of those skeleton £  graphs, which do n ot contain parts connected  
by only two propagators; J + +(p, p 0; k, k0) and f/" (p p 0; k, k0) are irreducible three-point 
kernels w ith  one ingoing line (k, k0), two outgoing lines (k ±  p, k0 ±  p 0) and three ingoing  
lines (k, k0; - k  ±  p, — ko ifc Po), respectively. The left hand side o f th is equation is equal to 
Ц according to our equation (16), the right hand side is equal to £ u (0,0) — £ „ 2(0,0) according 
to eq. (3,13) o f Ga vo ret  and N o z ie r e s ’s paper. I t  is im portant th a t the latter equation makes 
use o f the expression of £„„ w hich is not a result o f comparing skeleton graphs of given orders, 
but is the solution  of Ga v o r et  and N o z iè r e s ’s eq. (B .8).
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incom plete vertices can be obtained b y  su b stitu tin g  zero for th e  m om enta o f  
the m issing lines and attaching the factor j/jV0 to  each of th e  open circles e .g .

VTVh <k1ki  lvlk3o>

d U - lAo Ш0

iG

' V
iG

+

+

Here i, %  and Z ' w  are the sum  of all the irreducible self-energy parts having  
one ingoing and one outgoing line, tw o ingoing lines and tw o outgoing lines, 
respectively. Let us separate out from them  the terms o f  first order in A k 
and B k

Z[i  (fc, fc0) =  —A k -f- 27u (к , k0) ,

Z'oi (k, k0) =  — ßfc +  ^(,2 fc0) ’

Z 20 (fĉ  fc(|) =  — ß/c +  ^20 (fc’ fco) •

Their substitution  into the D yson  equations obtained and tak in g  into account
eqs. (7), (9), (10), (12), (13), a straightforw ard rearrangem ent leads to the  
equations represented in Fig. 3.

Acta Phys. Hung. Тот. X IX .,  1965.

D ue to condition (14) graphs containing graph-parts as in  Fig. 2 are not  
to  be taken into account. The m om entum  conserving ô-functions are included

in the contributions of the vertices. The in teg ra tio n s----  I d/ró . . . over the
2л J

energies are to be performed after ensuring energy conservation at each vertex .
B y  analysing, in the usual w ay, the structure of the diagram s we arrive 

at the D yson equations as follows
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О ПЕРТУРБАТИВНОМ ВЫЧИСЛЕНИИ ОДНОЧАСТИЧНОГО СПЕКТРА 
ВОЗБУЖДЕНИЯ В БОЛЬШОЙ БОЗЕ-СИСТЕМЕ

П . С Е П Ф А Л У Ш И

Р е з ю м е

Изучается пертурбативное вычисление одночастичной функции Грина большой 
системы бозонов при нулевой температуре. Мы исходим из расщепления Гамильтониана 
в котором невозмущенная часть выбирается диагональной в квазичастичных операторах 
Боголюбова. Сформулируется и исследуется самосогласованная форма ряда теории 
возмущения, обусловленная появлением инэквивалентных представлений канонических 
коммутационных соотношений.

.Jeta Phys. Hung. Тот. X I X . ,  1965.



ON THE RENORMALIZATION OF THE ENERGIES 
OF THE ONE-PARTICLE EXCITATIONS IN A 

SUPERFLUID FERMI SYSTEM
By

N .  M e n y h á r d

CENTRAL RESEA RCH  INSTITUTE F O R  PHYSICS, BU DA PEST

Summary

F ully  renorm alized energy gap equation is derived  for an in fin ite  system  of ferm i
ons interacting through a tw o-body potential, at th e  absolute zero o f tem perature. A fter  
introducing an unperturbed H am iltonian w ith one-particle energies to  be determined b y  
renorm alization, the one quasi-particle Green’s fu n ctio n s are ca ten a te d  by perturbation  
theory. The self-energy parts are g iven  in terms o f  generalized F eyn m an  diagrams. T h e  
renorm alization conditions lead to the equatidns determ ining the energy gap and single-part
icle energies. Ladder approxim ation to these equations is given and discussed.

Published in N uovo Cimento, 37. 831, 1965.

О ПЕРЕНОРМИРОВКЕ ЭНЕРГИЙ ОДНОЧАСТИЧНЫХ ВОЗБУЖДЕНИЙ 
В СВЕРХТЕКУЧЕЙ СИСТЕМЕ ФЕРМИОНОВ

Н . М Е Н Ь Х А Р Д

Р е з ю м е

Получено полностью перенормированное уравнение энергетической щели для  
бесконечной системы взаимодействующих фермионов с двухчастичным потенциалом при 
температуре абсолютного нуля. Введется Гамильтониан квазичастиц одночастичные 
энергетические уровни которого определяются перенормировкой, а функции Грина ква
зичастицы методом итерации. Собственно-энергетические части описываются обобщен
ными диаграммами Фейнмана. Перенормировочные соотношения ведут к уравнениям 
определяющим энергетическую щель и одночастичные энергетические уровни. Обсуж
дается лестничное приближение к этим уравнениям.

Опубликовано в Nuovo Cim ento, 37, 831, 1965.
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ON SYMPLECTIC-INVARIANT MANY-FERMION
PROBLEMS

B y

G . G y ö r g y i  an d  J .  R é v a i

CENTRAL RESEA RCH  IN S T IT U T E  FOR PHYSICS, B U D A PEST

A class o f sy m p lec tic -in v a rian t m an y -fe rm io n  H a m ilto n ia n s  is in v es tig a te d . A  special 
m odel H a m ilto n ia n  is found  fo r w hich a c o m p le te  set of “ g en era lized  BCS e ig e n s ta te s”  (i.e. 
e ig en sta te s  w ith  defin ite  v a lu es o f th e  q u a si-p a rtic le  num ber) can  be  c o n stru c ted .

A particularly instructive and sim ple special case o f  the BCS H am ilton 
ian has been treated by Professor T h i r r i n g  in his lecture delivered at the 
last Balaton Conference on Theoretical Physics (B alatonföldvár, 1961), and 
in his paper written in collaboration w ith B a u m a n n , E d e r  and S e x l  |1 ] .  

This is what has been called by workers in superconductivity “ the strong  
coupling H am iltonian” (see e.g. [2]), while nuclear theoreticians often  refer 
to  it  as “ the degenerate m odel” [3]. T his model is ex a ctly  soluble, and possesses 
a non-degenerate ground sta te . Besides th is, as show n in [1], the exact ground 
sta te  becom es degenerate in the lim it Q —*■ oo , where we have denoted the 
num ber o f single particle states by 2 Q.

N aturally , it is gratifying th a t in an exactly  soluble special case an 
approxim ation m ethod im m ediately y ields the exact result. W ith the above- 
m entioned “ degenerate m odel” and the BCS approxim ation this is on ly  the  
case in  the lim it Q —*■ oo. I t  m ight be desirable to  consider a m odification  
o f  th is m odel which possesses a degenerate exact ground state , and in  th e  case 
o f which the exact and approxim ate results coincide for all values o f  Q.  
(In applications in nuclear physics the num ber of single particle states involved  
is not very large.) A lthough in the m odified  model to  be discussed th e  “ ordi
nary” BCS states are still in general not exact e igenstates, nevertheless the 
concept o f a BCS state can be generalized in such a w ay  th a t among th ese more 
general BCS states one can find a com plete set of ex a ct eigenstates o f  th e  pro
blem .

Consider the sim ple pairing H am iltonian o f th e  degenerate m odel

H  =  —g A +A  , (1)

Acta P hys. Hung. Тот. X I X . ,  1965.
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where

A  = 2  ° -K  
к> о 2  е к

К50

2 * К  
К5 о

«-К  °к  » 

«к а-К ’

( 2 )

(ек — КЦ К  I). In  th is model the BCS ground sta te  is a superposition of exact 
eigenstates corresponding to the particle num bers 0, 2, 4, . . . The BCS method 
does not yield  an exact ground sta te  energy because the eigenvalue depends 
(and not only linearly) on the particle num ber. In  order to  elim inate effects  
o f fluctuation  o f th e  number o f particles, L ip k in  [4] has suggested  the intro
duction of a m odified  H am iltonian

H' =  H  — f ( N ) , (3>

w ith  f ( N )  chosen in  such a w ay th a t  H'  should possess a spec trum  degenerate 
in  th e  particle num ber. N ogami [5], on th e  o th er hand, has found  th a t fo r 
th e  degenerate m odel

f ( N )  =  +  l 2W , (4)
w ith

*1 =  { # + ! ) ,  =  

N  =
к $  о

(5)

has the desired property.
In the fo llow ing we present a general discussion of sym plectic-invariant 

m any-ferm ion H am iltonians. Consider m any-body problems o f identical spin- 
one-half particles. The space o f  single particle states is assum ed to  be fin ite  
in  dim ension. T im e reversal invariance requires the num ber o f dimensions 
to  he even: 2 Q  ( Q  =  integer). I f  one transform s the single particle creation  
operators a^ (K  =  Q, Q  — 1, . . ., — Q) according to the u n itary  transform
ations of the U2a group, the n-particle sta tes  a£  . . . aK \ 0 <  will be
transform ed am ong them selves according to  an irreducible representation  
o f U2n labelled b y

1 2 n
[ Ï T . . . Ï ]  (6)

as com ponents o f  a fully antisym m etric tensor o f  rank n. Such an irreducible 
subspace is o f course transform ed into itse lf  b y  any H am iltonian conserving  
the number o f particles. The classification o f sta tes can be m ade more com plete 
b y  using appropriate subgroups o f I/2o- Our choice will be the sym plectic 
subgroup U S p 2n o f  U2Q consisting of those unitary transform ations of the
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single particle creation operators which leave invariant the antisym m etric  
bilinear form A  + defined b y  (2). Thus, U S p 2n is a sym m etry group of b o th  the  
pairing H am iltonian (1), and N o g a m i ’s m odified  H am iltonian defined under  
(3 — 5). M atrices o f the irreducible representation  (6), w hich  correspond to  the  
elem ents of U S p 2!i, form in general a reducible representation of the la tter  
group. The reduction process yields the follow ing irreducible representations 
of U S p 2i}-

1 2 . . . S S + l  Ü

2 ( ï ï - . - Ï O . . . O ) ;  (7)
S

here s, the seniority, runs through the values

Í 0 , 2 , . . ., n I f even
s =  j 1, 3, . I for " I odd

The reduction process can be carried out b y  repeated trace operations, using  
the fact th at A +, a second rank tensor under U2q, becom es a scalar under  
U S p 2a. Tbe typ ical term  in (7) represents a traceless antisym m etric tensor  
of rank s. I t is o f  im portance th at in th e  decom position (7) no irreducible  
representation o f U S p 2a occurs more th an  once. As a consequence, a basis 
in which the representation in question o f  U S p 2Q, assum ed to be u n itary , 
takes a reduced form, autom atically  diagonalizes any H am iltonian in variant 
under USp2Q, which conserves the particle number. Such H am iltonians  
can be constructed using Casimir operators. Consider fir st the group U2Ü 
in which U S p 2sl is contained as a subgroup. This is not sem isim ple but it  can  
be written as a direct product o f two sim ple groups: U 2a =  U 1 X  s  um. 
The Casimir operators of th e  tw o direct factors, as well as th a t of U S p 2n, are 
given in a convenient norm alization by

G( UX) =  - -  N 2 , G ( S U 20) =  —  N ( N  -  2Q) ; (9)
4 4

G(USp.,a) =  —  N ( N  -  2 Ü  -  2) +  A+ A  . (10)
4

( 8 )

An alternative form of the latter makes use o f the concept of the so-called  
quasi-spin [6 — 8 ]:

S(Sj, S., S3) ; S2 =  (A  -  A+),

s 3 =  y { Q N ) -

( i i )
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These com ponents are the three independent bilinear unitary-sym plectie  
invariants. T h ey  form a basis o f  a simple Lie algebra o f rank 1. We have

G(USp.in) =  S*
1 1—  ß  _ - f í + l  . 
2 2

( 12)

The basis described above diagonalizes an y  linear com bination of G (U j), 
G (S U W) and G ( U S p i{}):

W  =  a G i U J  +  bG(SUií}) +  cG(USp2!]) . (13)

I f  a =  —g, b = g
Q  +  1 

Q
g

c =  — q ' pairing H am iltonian (1) is ob ta ined .

I f  a H am iltonian is needed th e  eigenvalues of which are determined so le ly  
b y  the representation label s o f  USp2!), i.e . degenerate in  n,  one has to  supress 
G (t/j) and G ( S U 2q). W hat rem ains is a coupling constant times G ( U S p 2Si), 
i.e . N c g a m i ’s m odified H am iltonian (3 — 5). The form (12) shows im m ediately  
th at this H am iltonian adm its a new sym m etry  group generated by the com 
ponents o f th e  quasi-spin. The “rotations in  quasi-spin space” represented  
b y  the un itary  operator U  =  exp ia n S  are com plex B o g o l i u b o v — V a l a t i i v  

transform ations :

=  U a к U 1 — ua^  — va ^ , 

a'_K =  U a _ K U ~ 1 =  и а_к  +  vaK ,
( K >  0) (14)

w ith  и =  cos — - a in3sin —--  a, v =  i (ny — in 2) sin - a . From this new  sy m 

m etry property  it  follows th a t particles and quasi-particles (corresponding  
to  any fixed  a  =  an) play a sym m etrical rôle, as already observed by N o GAM I 

[5]. In particular, one can construct a com plete set o f  “ generalized BCS 
sta tes” (m ore precisely: o f states w ith defin ite values o f  the quasi-particle  
number) w hich  diagonalizes the H am ilton ian . One has to  proceed ex a c tly  
as sketched above, only th e  word “ quasi particle” m ust be substituted  for 
“ particle” . To each eigenvalue there corresponds an irreducible representation  
space of th e  group obtained b y  form ing th e  direct product of U S p 2S} w ith  
the group o f rotations in quasi-spin space.
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ПРОБЛЕМАХ

Г. Д Ь Ё Р Д Ь И  и Й . Р Е В А И

Р е з ю м е
>

Исследован класс симплектически — инвариантных многофермионных гамиль
тонианов. Найден специальный модельный гамильтониан, для которого можно построить 
полный набор «обобщенных собственных состояний BCS) (т. е. собственных состояний с 
определенными значениями числа квазичастиц).

A cia Phys. Ншщ. Тот. X I X . ,  1965.

3. В . R. M o tte lso n , The m any-body problem  (D unod , Paris, 1959) p. 283.
4. H . J. L i p k i n , Ann. Phys., 9 , 272, 1960.
5. Y . N ogam i, Progr. Theor. P hys. Japan, 29, 938, 1963.
6. P . W . An d e r s o n , Phys. R ev ., 112, 1900, 1958.
7. A . K . K er m a n , Ann. Phys., 12, 300, 1961.
8. K. H e l m e r s , Nucl. Phys., 23, 594. 1961.





A SUPERCONDUCTIVE MODEL WITH TWO KINETIC 
ENERGIES FOR EVEN AND ODD SYSTEMS

B y

J .  N é m e t h

IN ST IT U T E  F O R  TH EO RETICA L PH Y S IC S , ROLAND EÖTVÖS U N IV ER SITY , BU D A PEST

The reader is referred to [1] where the greater part o f  th is lecture has appeared. Here 
the determ ination of the energy of an odd system  is added.

The energy o f  an odd system

The determ ination of the energy o f an odd system  is som ew hat difficult 
w ith the help of the exact wave function  m ethod, but it is very sim ple with  
the quasi-spin form alism . The energy of an odd system  is (for the notations 
see [1])

H 0 =  ~e(Q -  2S3) -  V [ &  -  S 3(S3 +  1)] ,

H 1 -  ~ ( e 2 -  er) [(S2)3 -  (S ,) ,]  . 

Let us take into account that now

m d

j  =  Q / 2  -  1/2 , m = ---------
2

Q  2 Li1 ^II mi =  -  .4

Q Q  — 2
m , =  —  , rri, — —

4 4

W ith the help of (3) and (5) the energy in zero order turns out to  he

V
E 0 =  -eN ( N - l ) Ü

N
2

( 1 )

( 2)

(3)

(4)

and w ith  the degenerate perturbation theory the wave function in zero 
approxim ation is

(уЫ У  =  Ш г  m jo  m, \ jm ) f jimi yM,2. (5)
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The energy in first and second order approxim ation is the follow ing

1 3 - IV
E 1  —  -  (®2 -  £l)

e 2 =  - (£2 -  £l )2 13

So the to ta l energy is

E  =  s E -----— (ÍV — 1)
2

4(13 — l )3

1 3 -  —  +  —
2 2

2 (13 -  1)

■ ( N -  1)(2 Q - N +  1). (?)

(6 )

(e2 -  *l)
(Q N )

(e2 -  ®l)2 13
4(13 — l )3

2 (0 - 1 )

( N  — 1)(213 ÍV 1) . («)

Let us determ ine now the energy w ith  the help o f the corrected BCS theory. 
The corrected energy in the BCS approxim ation [2 ] is:

E'  — E BCS V  , ( Ч - Ч ? 13
(ÔNY =

4 V  4(13 — l )3

Z 2 e k v2k ( l -  4 )  +  E  ek 4  — V  E E  uk vk uk, vk. ( 1 r | — r2k. ) +  (9)

(e2 -  ei )2 ОV  E E  v l  v% 4  4 , — V  E  v l
V 4(.Q l)

where r„ is the probability th at the state  К  is occupied by an odd particle and

О I 2  "rt +  r, =  - ,

E 2 v l ( l  — 4 )  =  n — 1 •
( 10)

M inim alising the energy as function o f t/J, r2, r\ and rí and taking in to  account 
(10) we get

4  =  r |  =  0 >  

о n — 1 13
2 ( 1 3 - 1 )  1 3 - 1

n — 1
-------------------a ,
2 ( 1 3 - 1 )

a ,
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"where

a ( f l - 2 )

2 (Q  1)2
(n  — 1) 1

n 1

2 ( f l  -  1 )  ’

and the energy becomes

E  =  s N  — (e2 — Bj) Q — N  
2 (1 2 — 1 )

( Ч  -  Ч ?  
V

Q
4 ( ß  -  l )3

( N - ~ 1 ) ( 2 Q - N 1),

(И)
which is just equivalent to  (8).

W ith th e  help of th is m odel it is ea sy  to  see th a t th e  correction to  the  
BCS energy proves to be very  useful and th a t  we m ay get more correct results 
w ith its help.
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СВЕРХПРОВОДЯЩАЯ МОДЕЛЬ С ДВУМЯ КИНЕТИЧЕСКИМИ 
ЭНЕРГИЯМИ ДЛЯ ЧЕТНЫХ И НЕЧЁТНЫХ СИСТЕМ

Ю. Н Э М Е Т

Р е з ю м е

Читателю предлагается просмотреть статью [1], где напечатана главная часть 
данной лекции. В данной работе лекция дополняестся определением энергии одной 
нечетной системы.
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GAUGE TRANSFORMATIONS AND INEQUIVALENT 
REPRESENTATIONS*

By

L . L e p l a e

ISTITU TO  Ш  FISICA  TEORICA D E L L ’UNIVERSITÁ N A PO LI, ITALY

The connection betw een gauge transform ation and inequ ivalen t representations is 
investigated  in a self-consistent way.

It is w ell known now th at in the case of system s o f infinite volum e  
the B ogoi.iubov  transform ations of the ty p e

a k ~ 1► O-k =  COS ©A- a k +  s i n  a - k  ( 1 )

lead to inequivalent representations and th at the F o c k  representation for 
the physical particles (or the quasi particles) is singled out o f  all the represent
ations b y  the condition th a t the H am iltonian takes th e  form of the free 
H am iltonian:

H  =  ( d3k E kak (ik +  c-number . (2)

In electrodynam ics the field equations are invariant under the gauge  
transform ations :

A - > A '  =  A  +  v * ( * b  (3 )

\p(x) —y f ' (x)  =  е'гзс(х) ip(x) . (4)

This gauge invariance leads to  the current conservation law

9p U = ° -  (5 )

The transform ation (4) can form ally be w ritten  as

Ф )  -  f ' (x)  =  Uy,(x) I / - 1 , (6)
where

U  =  exp [i J d3x q ( x )  %(x)} , (7)

* This is a report o f a work done in collaboration w ith  H. U m ezaw a , Istitu to  di F isica  
Teorica dell’Universitá di Napoli, and J. P. V ig iek , o f  the In stitu t H enri Poincaré (P aris, 
France).
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q(x ) being th e  charge density. The gauge invariance m eans th a t the vector  
potentia l A  in  th e  field  equation is changed in to  (A  4- У/Xх )) b y  means o f th e  
transform ation (6). Suppose a representation where the H am iltonian tak es  
the form o f th e  free H am iltonian (2). Then, in  th e  new representation obtained  
b y  the transform ation (6) the H am iltonian is no more of the form  (2). We th u s  
w ant to  clarify th e  m eaning o f the gauge transform ation in th e  self-consistent 
m ethod.

1. Inequivalent representations

We shall first consider a non-relativistic electron gas in a box of volum e  
V. Then q(x ) =  гр+(х) \p(x) and therefore

d 3x  q ( x ) x ( x ) =  ^  a +  a p+q  % ( q ) , ( 8 )
"  PA

where the com m utation  relations are

V
K ’ < ]  = 7 У - У У 0Г<Г{ Z n y

Let us now  see how the creation and destruction operators transform  
under the transform ation (4)*.

ak =  U ~ 1 a k U  =

=  ak +  Í [°A:» -X] +  [-Х» [-̂ 5 a/r]] +  • • • 7

where X  =  e Z a p a p + q  y ( g )  , we get

e2
a k =  a k +  i e  a k + 'qx ( q )  ~ ~  2  **+9+t X ( l ) X i O  +■■■ ■

4  ̂ 4,1

I f  we exam ine the second term  o f this expression we see th a t a certain num ber  
o f к +  q w ill b e  above the F e r m i  surface and a certain num ber under it. 

We can thus rewrite a k

<*k ~  ak +  ^ 2  ak+q x(q) +  ie ^  x(q) +  ■■■ , (9)
]k+q\>kF \k+q\<kF

* W e m ig h t reg ard  th e  tran s fo rm a tio n  (4) as

ak —* e,e*90 ak .

W e h av e  no  in te re s t  in  th is  tran s fo rm a tio n  because  th is  tran s fo rm a tio n  h as  no th in g  to do w ith  
th e  tra n s fo rm a tio n  o f th e  F ock  re p re se n ta tio n .
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w h e r e  w e  h a v e  m a d e  u s e  o f  t h e  w e l l  k n o w n  f a c t  t h a t

f o r  I к, I <  k F a k =  ,  ( 1 0 )

w h e r e  bLk i s  t h e  c r e a t i o n  o p e r a t o r  o f  t h e  c o r r e s p o n d i n g  h o l e  i n  t h e  F e r m i  s e a .

Thus we see that a k is now a m ixture o f creation and annihilation operators 
and such transform ation is known to  lead to inequivalent representations 
in the lim it V  —► oo.

This also means that

l i m  < 0 | [ / | 0 )  =  0 ,  ( 1 1 )

where j 0 >  is the ground state in th e  {a}-representation:

ak I 0 >  =  0 .

In derivating (11) we have taken in to  account the fact that U + ; 0 >  is the 
ground sta te  in the (a}-representation and that the tw o ground sta tes in 
{a}-representation and {a}-representation are orthogonal. Thus, the operator 
X  is no more well defined in the {a} representation and the ground sta te  | 0 >  
looses the property of eigenstate of X ,  while the ground state in the {a}-repre- 
sentation  is an eigenstate of X.

It m ay be worth noting that th e  calculation w ith  different choice o f the 
gauge cannot violate the electric current conservation law . This is because, 
b y  changing the gauge we are so lv in g  the electron equation in different 
representations and the conservation law  (5) is a conclusion straightly derived 
from the electron equation. 2

2. M eissner current

I t  i s  i n t e r e s t i n g  t o  a p p l y  t h i s  r e s u l t  t o  t h e  c a s e  o f  t h e  M e i s s n e r  c u r r e n t ,  

a n d  s e e  i f  t h e  c o n c l u s i o n s  a r e  c o n s i s t e n t  w i t h  t h e  r e s u l t s  o b t a i n e d  b y  s e v e r a l  

o t h e r  a u t h o r s .

Let us begin w ith  the H red used in the BCS theory w ithout electro
m agnetic field . Then the transform ation (6) changes у  ip into ( у  — у  y)f .  
H ow ever, the B o g o l i u b o v  transform ation ( 1 )  can transform  the H am iltonian  
into the free H am iltonian only after all the gauge field  у is elim inated. 
In th is consideration we have tw o  kinds of param eters (y{q),Ok) w hich  specify 
the representation. B y  choosing у =  0 and 0k being specified b y  the famous 
gap equation we obtain  the H am ilton ian  of the form (2). This shows the 
im portance of the parameter y.
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Let us now  consider the superconductive current in a m agnetic field . 
W hen we sp ecify  0/£ in (1) b y  th e  gap equation and calculate the second order 
induced current, we obtain

—► TLP~  V

j  (k) = ----- ( A ( k ) k x ( k ) )  for к 0 . (12)
m

Here the fact is taken into account th at the vector potentia l is (A -f- V  x) 
w hen the gauge is shifted b y  %. The relation (12) shows th a t the ground state  
electrom agnetic energy is

w 0 =  4  —  (A (k )  +  x(k) k) ■ (A ( k ) +  x(k) k) . (13)
2 m

I t  is very hard to  see which choice o f  x leads us to  the free H am iltonian. However, 
we know th at in th e  lowest order approxim ation, the result o f  the self-consistent 
m ethod agrees w ith  that given b y  the variation  principle, applied to  W n. 
The variation principle in our case reads as follow s:

d W u

3 Ok
=  0 ,

3 Wp

3 x(k)
=  0 .

(14)

(15)

I t  is w ell known th a t the first equation leads to  the gap equation. There is 
a sligh t doubt ab ou t the applicability  of (15), because here we are concerned  
w ith  the second order approxim ation. H ow ever, we shall ask w hat could be 
th e  answer i f  (15) is correct. The relation (15) together with (13) leads to

w hich leads to

Х(к) = ~ ^ ~ ф А ( к ) ) ,
M2

A(k)  +  k z ( k )  =  A T ( k) ,

(16)

w here A T means th e  transverse com ponent o f  th e  vector potentia l A.  It is 
now  clear that

d iv  j  =  0 .

In  other words the current conservation law holds as it  should be.
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This result does not contradict the argum ents which h ave been presented  
by other authors. It  has been shown th at in order to recover the gauge in 
variance o f the theory, we have to take in to  account the h igher order effects  
due to  the non-Cooper pairs interactions (i.e. pairs having a to ta l m om entum  
q =ф= 0): the latter effects cancel the longitudinal com ponent o f  the right hand  
side in  (12). To take into account the higher order effects is equivalent to  
m odifying the representation from the beginning. W hat we have shown is th a t  
the self-consistent m ethod seem s to single out the representation where th e  
higher order effect o f the above-m entioned kind is unnecessary. It is needless 
to add th at A T is gauge invariant by its definition.

In the relativistic theory, the charge density q(q) is not as sim ple as 
Eak+qa k bu t contains term s like Eak+qbZ.k, where b + denote the creation  
operators of the antiparticles. Due to these term s the gauge transform ation  
(6) again leads to inequivalent representation in the lim it V  —*■ oo. In the gauge  
invariant vector m eson theory (13) m ay correspond to the m ass term of vector  
m eson. On the other hand, it is w ell-known that the m assive vector fie ld  
ufl has the four-dim ensional transverse gauge:

a„ u„ =  о .

This suggests that the self-consistent m ethod applied to  the gauge invariant 
vector meson theory m ight lead to anon zero physical mass o f the vector m eson.*

g a u g e  t r a n sfo r m a t io n s  a n d  in e q u iv a l e n t  r e p r e s e n t a t io n s  137

КАЛИБРОВОЧНЫЕ ПРЕОБРАЗОВАНИЯ И НЕЭКВИВАЛЕНТНЫЕ 
ПРЕДСТАВЛЕНИЯ

Л. ЛЕП ЛЭ

Р е з ю м е
Самосогласованным образом исследована связь между калибровочным преобразо

ванием и неэквивалентными представлениями.

* A n a tte m p t  to  derive  a non  zero p h y sical m ass in  th e  g auge  in v a r ia n t  v e c to r m eson
b y  m ak in g  use o f  th e  se lf-consis ten t m eth o d  was p re sen te d  by  S. K a m e f u c h i  and H . U m e z a w a :
N uovo C im ento, 32, 448, 1964.
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RELATIVISTIC FIELD THEORIES WITH SYMMETRY 
BREAKING SOLUTIONS

By

G . J o n a - L a s i n i o

CERN , GENEVA, SW ITZERLA N D

Following som e recent developm ents in m an y-b od y  theory, we su ggest a functional 
approach to relativ istic  field  theories particularly su itab le to treat the case o f sym m etry break
ing solutions. The m ethod is characterized by the introduction  of a functional o f  the vacuum  

ex p ecta tio n  value o f the field  variables which has the property of being stationary  around the  
values produced b y  the solutions o f the theory. To illu strate  the form alism  we discuss the 
G o l d s t o n e  theorem , whose form al derivation becom es very  simple in this language. F inally , 
we discuss a stab ility  or degeneracy property of the so lu tion s o f a field theory expressed by the 
persistence of the stationary conditions if  one perform s certain infin itesim al variations of the  
vacuum  expectation  values o f the field . W hen one has sym m etry breaking solutions, the a d 
m issible variations correspond to the superposition o f  zero m ass classical w aves o f infin itesim al 
am plitude.

The possib ility  that a relativistic fie ld  theory defined by a Lagrangian 
invariant under a certain transform ation group m ight possess unsym m etrical 
solutions has been w idely discussed in recent y e a r sfl] . It is generally believed  
th a t, i f  this is the case, the “ anom alous” so lu tions must be degenerate in some 
sense and, furtherm ore, if  the sym m etry group o f the Lagrangian is continuous, 
m assless particles o f dynam ical origin should appear [2]. The la tter  statem ent 
is actually  only a possible interpretation o f a result which follows quite generally  
once the existence of the unsym m etrical so lu tion  has been assum ed. Stated  
in its m ost general form, th is result ind icates th a t a Green’s function  su itably  
defined and w hich has the character o f a boson propagator m ust be singular 
at p  =  0 when transform ed into m om entum  space. This is th e  content of the  
so-called  G o l d s t o n e  theorem  and there are indeed m any exam ples of field  
theoretic models in which the singular behaviour described above is associated  
w ith massless particles. This happens at least w ith the approxim ate solutions 
th at one is able to  construct. H ow ever, th e  general va lid ity  o f  th is rule has 
been questioned [3]. One is forced to  recognize th at, in sp ite o f the progress 
m ade b y  various authors, the structure o f  asym m etrical solutions has not 
been y et satisfactorily clarified. This is n o t very surprising considering the  
general status o f  relativistic field  theories. H ow ever, one feels th a t an additional 
d ifficu lty  is caused by the lack of a su ffic ien tly  general and flex ib le  form ulation  
o f  the problem. In  fact, all the results obta ined  so far are largely  m odel depend
en t. Substantial progress, on the other hand, has been m ade tow ards a m uch  
better treatm ent of this typ e of questions in the non-relativistic m any-body
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problem . W e refer specifically  to the work o f Ma r t in , H o h en b e r g  and D e 
D ominicas [4]. These authors have been concerned w ith the construction  
of a suitable form alism  allowing, in  principle, a unified  treatm ent in  term s 
o f Green’s functions o f  both  normal and asym m etrical problems, e .g ., liquid  
JHe above and below  the critical tem perature, superconductors, e tc . W hile 
nobody expects th at the classical difficulties o f fie ld  theories m ight be over
com e b y  sim ply using a different language, one m ay still hope to  ob ta in  some 
insight in to  the problem s by giving th em  the m ost appropriate form ulation . 
The new  insight can take, for exam ple, the form o f general theorems th a t w ould  
be difficult to  state in a different language.

The work o f the above-m entioned authors is in the line of classical and 
quantum  statistica l therm odynam ics and makes an extensive use o f  the  
functional calculus which allows to  reduce the relevant problems to varia tion a l 
problem s. In th is note, which is m ain ly  pedagogical in character, we shall 
m ake a prelim inary a ttem pt to ex ten d  these techniques to relativ istic  fie ld  
theories w ith  the aim o f discussing from  a more general point o f v iew  and  
possib ly generalizing the results so far obtained in the study of rela tiv istic  
field  theories w ith  sym m etry breaking solutions. H ow ever, as it will be realized  
soon, the techniques proposed appear to  have a rather general ap p licab ility .

The starting point o f  our discussion will be the analogy know n since 
a long tim e betw een the partition function  in sta tistica l mechanics and the  
vacuum  expectation  value of the S  m atrix  in re lativ istic  field  theories [5]. 
The essential point is th a t they  both  allow to construct functionals w hich  
generate the tim e ordered Green’s functions. In the first part of the paper, 
we shall reduce to  a variational problem  the conditions for the ex isten ce  
of solutions in a relativ istic  field  theory  possessing a certain basic invariance  
property. To this end, an appropriate functional o f the vacuum  exp ectation  
values o f the field  variables is introduced. An invariance property o f  th is  
functional which is easily  established m akes it possible to  prove and give  
a precise m eaning to the degeneracy o f the anom alous solutions.

A very sim ple form al derivation o f the Go ld st o n e  theorem  will be then  
presented. It can be compared w ith the proof o f the H ug enh o ltz— P in e s  
theorem  given by H o h e n b e r g [6 ] and is even  more direct.

F inally , we shall discuss a result w hich comes ou t m ost clearly in  th is  
typ e o f form alism . This is a stab ility  property com m on to  both the norm al 
and the sym m etry breaking solutions. This property is exhibited b y  the  
invariance o f  the stationary  conditions o f  the system  under in fin itesim al 
transform ations which are essentially  gauge transform ations of the second  
kind. This invariance property appears to  be a characteristic feature o f re la ti
v istic  theories and is str ictly  connected w ith  the singularities o f the propagator.

I. In  order to m ake our discussion defin ite, we shall consider the m odel 
theory already studied by B l u d m a n  and K l e in [2] and defined by a set o f
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N  H erm itian boson fields Ф, transform ing according to the fundam ental 
representation o f the orthogonal group and satisfy ing equations of m otion  
of the form

( □ -  М'2)Ф, =  Ji ■ (1)
Let us add to the corresponding Lagrangian 3 ’(pc) which is invariant under 
the group, a sym m etry breaking term of th e  form JZ'(x) =  ^  А/(х)Ф,(х),

l
where the А,- describe external sources, and construct the vacuum  functional

S0 (A) =  <0 I T  exp i \ d* X (_?/ (x ) -(- x )) | 0 )  , (2)

where | 0 >  is the bare vacuum . W e define n ex t the functional Z(A) generating 
the connected parts o f the tim e ordered functions

We have in particular

Z
<5 A,.(*)<5A7. ( y )

Z (A ) =  - i  In S 0(A) .

7 7 7  . =  <ф , (*)> =  4>i (* ) ,oAj (x)

(*) ф ] (y))> -  95, (*) <Pj (у)] =  л , } ( X , у ) .

(3 )

(4)

The “ normal” solution of the theory  is the one for which
S rj

l i m -------=  0 j  =  1, 2 , . . .  N ,
(ДЛ-о ôAj

while for the asym m etrical so lution  this lim it is different from zero[7]. It is 
now  convenient to  perform a Legendre transform ation and introduce the  
functional of the natural variables çp,-

W(<p) =  Z  -  V  f d 4  А,- (ж) <p, (* ) . (5)

The relevant property of this functional is th a t it is stationary when (A,) —*■ 0. 
W e have in fact

bW
ôcpi (x)

А/ (*) • ( 6 )

To clarify further the structure o f W  let us take the functional derivative of 
the first of the equations (4) w ith  respect to  cp'.

ôij 4 х — у) =
<52 Z

ô(pi (x)  (5A,. (y ) к J

à* Z  ÔAK (g)
ôAj (y) b l K (g) ôcpi {x)

V
K■ J '

J>$ d rK( r , ( )
Ô2 W

( ? )

à<PK ( i )  ô(Pi (x)
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From (7) we learn that the second functional derivatives of W  generate th e  
inverse propagators. W e can now proceed further b y  taking the functional 
d erivative o f (7) and find after som e m anipulations

________ ô3 W
0<Pi (x) dcpj (y) d<pK (2)

2
l, m,n

d 4g
b2W ô3 Z

dcpi (*) %  (f ) ÔX, (£) dXm (ij) 6 X n (q)
X

ô2 W  ô2 W
X ---------------------------------------------.

ôfPm (n) ô(Pj (y) à<pn (g)ô(pK(z)

This is the ordinary proper Г  vertex . From  (8) all the higher derivatives can 
now  be obtained exp licitly  in term s o f tim e ordered functions by successive  
functional differentiation. The re-th order derivative gives the connected  
proper part o f  the re-point Green’s function .

W e w ant now  to  prove an invariance property o f  the W  functional that 
w ill be crucial for the follow ing. Let U  be the unitary operator which induces 
on the fields the transform ations o f the invariance group according to  the rule

( 8 )

U<P'(X)U-1 =
j

(9)

where T  is an N  X N  orthogonal m atrix. It is now very  easy to verify , using
(3), (4), (9) and the assum ed invariance property o f the Lagrangian, th a t the  
transform ation

X,-+X'i =  2 X j t j, (10)
j

is such that

Z(X') =  Z(X)  , (11a)

<Pi(x, X ’)  =  J g  T j j 1 <Pj{x, X) . ( l ib )
j

From ( l i b )  it follows that the substitution

<Pi-> 2 : T ij<pj ( i 2 )
j

induces the transform ation
у  Xj т-j1 (13)
j

on the source function considered as a functional of cp.
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W is then invariant under the transformation (12). Furtherm ore, the 
unsymmetrical solution, i f  it exists, is determined up to the transformation (12). 
It  is, therefore, degenerate.

II. W e are now in a position to supply a very sim ple derivation o f th e  
Goldstone theorem .

Let us consider an infin itesim al transform ation o f  the group Tjj =  
=  ôjj +  tij. From (6), (12) and (13) we have

T i t  “à<P,(£)
у  Г 02  W

Т к  J à(Pi(x)ô<Pj(Ç)
hK<Px^)d ^ -  ( 14>

We now take the lim it (A,-) —> 0 and remember th at because of translation  
invariance tp((x,k) —>■ <p, =  constant [8 ]. This yields

2 A t f ( p  =  0 ) t j K <pK =  0 .  (15)
j.K

In order th at the m atrix zJ_1(0) m ay have a non zero eigenvector corresponding  
to a zero eigenvalue the following equation m ust hold

D et (Л-ПО)) =  0 . (16)

In the particular case considered here all the ç>,-e but one (say qpx) can be set 
equal to zero and we find  for all j  7  ̂ 1Ajj(o) =  0. H ow ever (16) represents  
the general form of the result.*

We notice that a som ew hat weaker result already follows from  th e  
invariance property of W  which gives

Ô W +  & W -
bW

+ a t Ç d lv
Ô2W

brpi (Í) brplrj)

ô(P i ( I )

b<Pi ( i )  b<pj (i f )  + . . .  =  0 ,

(17)

when dfi  corresponds to  a transform ation o f the form (12).
III. In  the previous Section we have seen th at th e  eigenvalue problem

У  U 1 £
№W

ô<Pi(x)ô<pj(Ç) ô<Pj(£) =  0 (18)

* Som e com m ents are here in order. The derivation given above depends on an im plic it  
assum ption w hich has been m ade in the last step . In fact we have freely  interchanged the lim it 
(A,) ->• 0 w ith  the four-dim ensional space-tim e integration. This step  m ay not be allow ed  
because o f singularities arising in the lim it (A,) 0. We have here a possible reason lim iting
the va lid ity  o f the theorem . The difficulty we have m entioned w as first pointed out to  the  
author by Prof. E. S. F r a d k i n , whose stim ulating criticism  is gratefu lly  acknowledged.
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in  the lim it (P.),- --> 0 may have the solution

S<Pi= У  h j  <Pj ■ 
i

W e want to  investigate now  whether there ex ist other possible eigenvectors 
o f  the system  (18). It is clear th a t if  we shall be able to  find  such variations th at 
sa tisfy  (18), th e  equations bW/bcpi =  0 w ill hold for the displaced vacuum  
exp ectation  va lu es дг>,- -j- b(fi(x). We now adm it that the m atrix  A(p) singular 
at p  =  0, is singular also for every  other p-  =  0 as it depends on p  only through  
th e  invariant p~.

This being the case, a non-trivial eigenvector o f (18) w ill be

0 (P i =  У;гц < р Л х ) ’ (19)
j

where f (x)  is o f  the form | d { p f  (p) b(p2) e‘px.
A sim ilar stab ility  property  of the so lu tion  holds also in the normal case

w ith

h i  =  f t 0*0 ( □  —  i W  =  ° .

where p  is the renorm alized m ass. We can perhaps get a physica l picture of th is  
phenom enon already in the free field  case. W e consider a single a field  obeying  
(П  — ^2)Ф — 0 and the generator F  o f  gauge transform ations such th at  
Ф -* Ф -)- f (x )  w ith  ( □  — p 2) f  =  0. I f  we consider the m odified  vacuum

0 ' >  ^ ( 1  +  i F )  | 0 >  ,

w e have <0' | Ф(х) | O') =  f (x )  bu t there is no first order change in the vacuum  
exp ectation  va lu e of the H am iltonian H 0 i .e ., <0' | H 0 j O') ^  0. The sam e 
happens for th e  expectation  value in m any particle states as well as for the  
other observables o f the theory.

From th e above analysis we conclude th a t oscillations o f the vacuum  
corresponding to  zero mass particles can he associated with sym m etry breaking  
solutions. A t th is  point, how ever, it  may be objected  th at we have not consider
ed  the possib ility  o f  “ spurious”  states such as those m entioned in [3]. As far 
as we can understand this question , it seem s to  us th at in  th e  pure Green’s 
function  approach we have been describing spurious sta tes w ould m anifest 
them selves w ith  the existence o f  several so lutions for our variational problem. 
In  this case sta b ility  conditions should p la y  a role in discussing their m ean
in g ^ ] .I t  is clear th a t a decision on this problem  requires a m uch more elaborate  
analysis th a t goes beyond th e  general ideas considered here.
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In conclusion we have presented an alternative formal approach to th e  
problem of sym m etry breaking solutions in relativ istic  field theories and p re
viously  known results have been obtained in  a simpler w ay . A  number o f  
questions are open. Am ong others, it  is o f prom inent im portance to  investigate  
the nature o f the stationary points o f  the W  functional [10]. Furthermore th e  
invariance properties o f W  should be exp lo ited  more system atica lly  to obtain  
relationships am ong higher order Green’s fu n ction s. Also fu n ctional equations 
in which some o f the Green’s functions play th e  role of independent variables 
seem to offer interesting possibilities.

We would like to thank Professor N. C a b i b b o  for a v ery  useful conver
sation.
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РЕЛЯТИВИСТСКИЕ ТЕОРИИ ПОЛЯ С РЕШЕНИЯМИ, 
НАРУШАЮЩИМИ СИММЕТРИИ

Г. И О Н А —Л А З И Н И О  

Р е з ю м е

Следуя некоторым новейшим достижениям теории многих тел, предлагается 
функциональный метод для релятивистских теорий поля, особенно подходящий для 
исследования решений, нарушающих симметрии. Метод характеризуется введением 
функционала ожидаемых вакуумных значений переменных поля, который обладает свой
ством стационарности около значений, соответствующих решениям теории. Для иллюст
рации формализма обсуждается теорема Голдстоуна, формальное выведение которой 
становится весьма простым в этом формализме. Наконец, обсуждается свойство стабиль
ности или вырождения решений теории поля, выраженное через устойчивость условий 
стационарности в случае проведения некоторых инфинитезимальных вариаций ожидае
мых вакуумных значений поля. Если имеются решения, нарушающие симметрии, разре
шенные вариации соответствуют суперпозиции классических волн нулевой массы с инфи
нитезимальной амплитудой.
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SUM RULES IN THE QUANTUM FIELD THEORY 
AND IN THE MANY-BODY PROBLEM

B y

A. Z a w a d o w s k i

CENTRAL RESEARCH IN ST IT U T E  FOR PH Y SIC S, BUDAPEST 

and

G .  PÓ C SIK

IN ST ITU TE F O R  T H EO R ET IC A L PH Y SIC S, ROLAND EÖTVÖS U N IV ERSITY , B U D A PEST

In case of interacting ferm ion system s integral restrictions are derived for the spectral 
functions of the sim plest Green’s functions. Som e applications are shown.

I

The first sum rules were derived about th ir ty  years ago in th e  theory o f  
atom ic spectra and since then they appear in different topics o f  physics. The 
use o f the sum rules is th a t in m any cases w hen the entire physica l problem  
cannot be solved ex a ctly  these rules give valuable inform ation about the  
physical system s because one can deduce them  w ithout approxim ations. We 
will show in this lecture how sum rules can be derived for in teracting  fermion 
fields and how one can use them . We shall treat interacting fields in the frame 
of nonlinear, self-coupled field th eory  and superconducting m any-ferm ion  
system .

II

The first sum rules in the quantum  theory o f elem entary particles were 
treated by Lehm ann  ju st ten  years ago giving integral relations for the spectral 
functions of the propagators of the ferm ion-pseudoscalar m eson coupling. 
In the following we shall show that a similar integral relation is valid  also for 
the selfcoupled fermion fields [1].

Let us start w ith a general fie ld  equation

( iyf‘ m) ip(x) =  V  A i  (x) Oj yi(x) , 
j

Avhere

A> (*) =  gj y(x)0 J ip(x) ;

Oj denotes the m atrices o f the scalar, vector, tensor and the different pseudo
couplings. To avoid divergencies w e shall use cut-off. Now, one can write a
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similar equation also for the vacuum  expectation  value containing th e  anti
com m utators of the field  operators

Д * .  у )  =  ( i y 1 1 - >n)({y>(x), % ) } > „ =  V < { ^ i W  Oj f ( x ) ,  П у )}>0-
]

For the different tw o-point functions we shall use L e h m a n n ’s  spectral 
representation

S ( >' (a) =  [  dfi- [Oj (fl2) S ( ) (x, fi) +  Q., {[1 - ) Д () (яг, jU2)] .
6

The spectral function p1( Ju2) satisfies th e  condition

/  Pi (i«2K «2 =  1 5 
о

which is derived by using the equal-tim e com m utation  rules. For x0 =  y u, 
the function  J(x,  y )  can be calculated b y  making use o f  the com m utation  rides 
and spectral representation

J(x,  y ) =  — G y 0 d(x — y )  J’ dfi"- (o2 — w ,  ) /1F (0, /*2) •
Ô

Here we have used the relation

S p ( 0 , n ) =  — /id F (0, /I2)

supposing the application o f an invariant cut-off. G denotes a com bination o f  
the coupling constants,

G =  — 3gs +  4gv + g p +  4ga +  16g() .

On the other hand, J(x,  y )  is defined by

J ( x , y )  =  y 0 ô(x — y )  J' dfi'- [е,(/г — m)  — £?2] .
Ö

These tw o  expressions o f J  give the follow ing integral relation for the spectral 
functions

m d ^{ VQ  1 Qz) 1
G

8 я 2
Л- jLL- ln
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Here we have substitu ted  the function  Ap  in its cu t-o ff form. I t  is interesting  
to remark th at for suitable nonvanishing g ’s the extra  term vanishes.

The general form o f ox with one stable particle o f mass x is

9 i(iir) =  Zbi/j!1 — x2) +  сг ,(/г) .

Provided th a t the continuous parts o f  the spectral functions are negligible, 
we get the renorm alized mass equation

dm =  X — m =  —— Л 2 — Xй In (-------- )- 1
8я 2 L \ *2 ).

This result can also be obtained b y  using  the functional integral m ethod [2]. 
For vanishing bare m ass, we can get tw o  solutions for x, one of th em  is x — 0; 
the tw o different solutions, how ever, correspond to  two different Hilbert 
spaces. In  th is case our results are th e  same as were obtained b y  N ambu  and 
J ona — Lasinio  in a self-consistent H artree—F ock type approxim ation [3] 
and b y  U mezawa et al. in  the m ethod  of the F -lim it. We can see that the 
H artree-F ock type approxim ation is equivalent w ith  simple pole-approxim 
ation in the spectral function . This w ill be our resu lt for a superconducting  
system  too.

I l l

For the sake o f  sim plicity w e shall consider the sim plest m odel [5] 
although our results are valid  also in  the case o f  an arbitrary p oten tia l [6]. 
So we w ant to  treat G o r k o v ’s superconducting m odel. In our considerations 
we use states only w ith  a definite num ber of particle and fin ite volum e. The 
m odel is given by the equation of m otion

. 3i -----
. 3*0

+
2m

V > ( x ) g (y>+ (x)  y>(*)) y>(x) =  0 , g <  0

and the equal-tim e com m utation rules. Introduce the following sim ple correl
ation functions and the corresponding spectral functions

K  =  <iV I ip + (x)yj(x') I iV> J ( p ,  E ) ,

K '  =  <N I y>(x')v +(x) I IV> -V J ' ( p ,  E ) ,

K (+) =  <W I {v +(*), гр(х')} I N > -  J  + (p, E) .
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I N~) denotes the ground state w ith  N  particles. B y  using the com m utation  
rules in  the equation of m otion o f th e  correlation function in  the term
containing four field  operators we get

. 8 i —  
8(

K < + > 0 (x x ' ) q ,  t = x 0

where q is the particle density. N ow  we m ust take in to  account also the ano
malous correlation functions with the corresponding spectral functions

<JV -  2 I y>(x)y>{x') I IV>e2'£oX° =  F(x  -  x')  -> L ,

<JV — 2 I {y>(x), w(x')}  I N y e 2iE°x° =  F (+\ x  -  x ') -*  L(+ ) ,

where E 0 denotes the half of the energy difference of the sta tes | iV> and 
I N  — 2 ) . For the anom alous quantities it is possible to  get equations o f  motion 
similar to  that for \  These equations can be expressed b y  the spectral 
function . The com m utation  relations give sim ply

J  (J (p , E)  +  J' (p ,  E) )dE  =  1 , J / , (+>(p, E)dE  =  0

and the before-m entioned equations are

\ E ( J ( p , E )  +  J '  ( p , E)) d E  =  -Pi  +  -Ç -,
J 2 m 2

{ E L M  (p , E) dE =  - M —  { L ( p ' , E)  d*P ' d E .
J ( Z n p  J

These four equations are exact ones and to get som e results we m ust make 
use o f som e approxim ation. Consider for exam ple th e  m atrix elem ents

<iV I a(p , x„)a + (p, x0) I N y  ~  <iV | a(p,  x 0) \ N  +  1, p>

( N  +  l , p  1 a + (p, x0) I Ny  .

Here we have supposed that on ly  one state w ith  particle num ber N  -f- 1, 
m om entum  p  and energy E N -f- P 0 -f- E p contributes to the m atrix  elem ent. 
I f  we introduce th e  usual notation

vp =  <N — l , p  I o(—p, 0) I Ny  ,

Up =  <ЛГ +  1, p  I a +(p, 0) I N y  ,

йр =  <IV -  l , p  |«  + (p, 0) I N -  2> ,
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then for a large system  [ up j =  | üp j. T hese are the coefficien ts o f th e  B ogo- 
L J U B O V  transform ation but we do not ap p ly  it. The spectral function  can be 
expressed b y  the coefficients

J( p)  =  v 2p6 (E -  E 0 +  Ep) ,

J ' ( P ) =  u'b(E  — Ep — Ep) ,

L =  û*vpÔ(E — E 0 +  Ep)

and by a straightforward calculation we get the w ell-know n results

E P =  {* P  +  \ A I2)1'2
1 = _____8  Г d3P s  =  -pl  JL.ML2(2тг)3 J (2* + \A\*yi* ’ " 2m ' 2

which are the results o f Gorkov.
W e have shown th at Gorkov’s truncating o f  the Green’s functions 

containing four field operators and the pole approxim ation of the ex a ct sum 
rules give the same results. The ground-state energy E n could be obtained  
from the one-particle correlation function  in the usual sim ple w ay. Further
more, calculation was made for the case o f  an arbitrary tw o-particle potential 
V(x, x') [6] and the results were in agreem ent with the calculation o f V alatin , 
who used well-known canonical transform ations and gave the coefficien ts by  
variational assum ption [7].

We conclude that the results of the simple pole approxim ation are equi
valent to those o f the usual approxim ations. The reason o f the agreem ent is 
th at alm ost all the approxim ations give simple spectral functions w ith  one 
pole and just th is is our unique approxim ation. N aturally , an im provem ent of 
the present approxim ation would be very  useful.

We have seen th at the pole approxim ation of th e  exact sum rules, one 
of the sim plest m ethods, gives good inform ative resu lts. The application  of 
the m ethod to Bose system s is the su b ject of Dr. Cs. H argitai’s lecture [8]. 
Finally, we should like to emphasise th a t the sum rules are exact and so they  
are applicable to the investigation  o f the correctness o f other m ethods by 
inserting the spectral functions of other approxim ations into the sum  rules. 
For exam ple, we think th at the sum rules of the B ose system  can decide the 
appearance of the gap in the excitation  spectrum  of th e  Bose gas.
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ПРАВИЛА СУММ В КВАНТОВОЙ ТЕОРИИ ПОЛЯ И В 
ТЕОРИИ МНОГИХ ТЕЛ  

А. ЗАВАДОВСКИЙ и Д. ПОЧИН 

Р е з ю м е

В случае взаимодействующих фермионных систем выведены интегральные ограни
чения для спектральных функций простейших функций Грина. Показаны некоторые их 
применения.
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A GAUGE-INVARIANT METHOD IN THE THEORY 
OF INTERACTING BOSE SYSTEMS

Bv

Cs.  H arg itai

CEN TRA L RESEA RCH  IN STITU TE FO R  PHYSICS, BUDAPEST

The pole-approxim ation m ethod based on the ex a ct sum rules is g iven  for in teracting  
Bose s y s t e m s .  The relations derived here are the same as the ones known from  the V a l a t i n — 
B u t l e r  treatm ent.

The applied m ethod is based on the equation  of m otion and on the equal
tim e com m utation  rules [1]. Som e exact in tegral relations concerning the  
spectral functions o f the various one-particle correlation functions are derived. 
To obtain some inform ation about the ground state  energy and the spectrum  
of low  ly ing one-particle excitations we app ly  the pole-approxim ation. The 
results given b y  these considerations agree w ith  results derived by V a l a t in  
and B utler  [2 ].

1. As A. Za w a d o w sk i and G. P ócsik  [1] have pointed ou t the sum  rules 
com bined w ith th e  pole-approxim ation can be successfully applied in the  
theory o f superconducting ferm ion system s. I t  seems to be obvious th at th is  
m ethod is, m aybe after some m odifications, suitable to in vestiga te  the zero- 
tem perature properties of a m any-boson system , too.

In m ost o f  the m ethods applied to boson  system s th e  creation and 
annihilation operators of condensed particles are considered to  be c-num bers. 
This leads to a distinction  betw een the operators of the condensed and non- 
consed particles. In  our treatm ent we are able to avoid th is d istinction.

Besides our treatm ent there is another m ethod developed b y  V a l a t in  
and B utler  [2] which does n ot use the m entioned distinction  but in their  
treatm ent they  use a trial ground state vector which is not an eigenvector o f  
the particle num ber operator, therefore their treatm ent is not a gauge-invariant 
one.

We are going to  show th a t using the pole-approxim ation just the sam e  
relations can be derived from the exact sum rules as in the V a l a t in  — B u t l er  
treatm ent, but now  in a gauge-invariant m anner.

2. W e consider here a system  of spinless bosons in teracting via tw o-body  
forces. The system  is characterised by the second quantised H am iltonian

H  = -----j d3 X yi+ (a, *0) Ay)(x, x0) +

d'X d 3y  y)+(X, Xg) tp + (y,  Xg ) U ( X — y )  y)(y, Xg) XP(X, Xg) , ( 1 >
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where U(x  — y )  is the tw o-body interaction  potentia l, w hich is a fu n ction  of 
the d istance o f tw o particles only; ip(x, x0) and yi+(x, x0) are the H eisenberg  
field  operators satisfy ing the following equal-tim e com m utation rules

[V>(x, x0), y + ( * \  *„)] =  ô(x -  x'),

[ f {x,  x0), y)(x', я:0)] =  [гр+{х, x0), гр+(х\  x0)] =  0 .

The field  operator ip(x) (x  == {3i, лг0}) satisfies the equation  of motion

9*n
гр(х) — I d^yy>+(y, x0) y)(y, x0) U(x  - - y )  f ( x)  =  0 .

(2)

(3)

3. We introduce th e  following one-particle correlation functions, the 
norm al ones

K ( x  — x')  =  <TV I %p(x)%p + (x') I TV) , K ' ( x  — x') s= <TV I y>+(x')y>(x) | TV), 

K ^ ~\x  — x') ^  <TV I [y>(x), у> + (л;')] I TV) =  K ( x  — x')  — K'(x  — x')  (4)

and the anom alous ones

F (- \ x  -  x')  =  ei2"x° <TV — 2 I [y,(x), v (* ')] | TV) ,

F(x -  x')  =  e2i,,x° <TV -  2 I y>{x)y>{x') |TV) , (5)

where | TV) and | TV — 2 )  are the exact ground state eigenvectors o f  system s
1 ,

w ith  TV and TV — 2 particles, respectively , /л =  ( E 0(N )  — E0( N  — 2)) is

the chem ical potentia l at zero tem perature (E 0( N ) is th e  exact ground state  
energy o f the TV-particle system .)

W ith the help o f equ. (3) the equations o f m otion for K^~\x  — x ’) and 
F^~\x  — x')  can easily  be derived. From  these equations using the equal
tim e com m utation rules it  follows that

. 9 A1 --------1------ 1«T

8x 0 2
[<5(я — x') j d 3y  U ( y  — x) n -)-

x„= x„

+  U(x'  - x ) K ’( x - x % ( 6 )

Here n is the density o f particles. Sim ilarly,

i — +  —  I F<-> ( x - x ' )  +  2/iF < -)  ( x - x ' )  =
.1 9*0 2 j ,xs=x;

=  — U  (x'  — x) F( x  — x ' , x 0 — x '0 — 0 ) . ( ? )

Acta Phys. H ung. Тот. X I X . ,  1965.



A GAUGE-INVARIANT M ETH O D 1Ö5

I t  is easy to see th at the right hand side of equ. (6 ) is the m ass operator in the  
H a r t r e e  —  F o c k  approxim ation.

Let us denote the Fourier-transform  o f K( x  — x') ,  K' (x  —- x '),
\ x  — x') and F(x — x')  by J( p,  E),  J ’(p,  E),  P ~ \ p ,  E)  and L(p, E ), 

resp., i.e. for exam ple

K ( x  x')  =  — -—  I d 3p d E  J ( p ,  E)  e‘p(*~x')-,E(x«-xK .
(2jt)3J

First of all the equal-tim e com m utation rules are identical w ith  the conditions

\ d E ( J ( p , E ) - J ( p , E ) )  =  l ,  (8a)

J d E L (~ \ p ,  E) =  0 . (8b)

I f  we insert the spectral representations in to  equs. (6) and (7) using equ. (8a) 
we get

j  d E  E(J (  p , E) - J ' ( p ,  E))  =  I ,  (p ) +  , (9)

d E ( E  +  p ) L ( p , E)
1

d E d * q U ( p  q ) L ( q , E ), ( 10 )
 ̂ 2(2 n f ,

Avhere F(q)  is the Fourier-transform o f the tw o-body interaction potential and

1
L \ ( p )  =  U ( 0 ) n +  _  j d 3q U ( p  — q) j  dE J '  (q, E ) . (11)

Equs. (8a), (9) and (10) can be used for the calculation o f the low-lying one- 
particle excitation  spectrum  o f Bose system s. For fermion system s the an a
logous equations have been derived by A . Z a w a d o w s k i  and G. P ó c s i k  [1].

4. It is possible to derive a sim ple form ula for the ground state energy  
of the system  in term s of the one-particle correlation function  K ' . To this end  
we proceed as follows. For the ground sta te  energy E 0(N)  we have

E n (N)  =  ( N \ H \ N )  = — <]У| ^+(а) A f ( x ) ' N)  4 - 

j d 3x d:iy  (N'.y)+(x) y) b(y) U ( y  - - x) f ( y )  у>(х) jiV) .
( 12 )

The second term  of the right hand side can be written w ith  the help o f the  
equation of m otion for the normal correlation function K ’ as

. I 9 zl
d 3y U ( x - y )  (N\ip+ {x ’)xp+ ( y ,  X 0) f (y , x 0)y)(x)\N) =  I i - ------b —

I OA0 2
K ' ( x - x ’).
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Therefore

or in term s o f spectral function

So
Q

I dE d*p  1
J (2 nf

E  + J'  (P , E ) ,

(13a)

(13b)

w here Q is  th e  vo lu m e o f  th e  sy stem . (13b ) is a sim p lified  form  o f th e exp ression  
for th e  grou n d  sta te  en ergy  g iv en  b y  B e l ia e v  [3], H ug enh o ltz  and P in e s  [4].

5. To determ ine the spectral functions from the relations derived we m ust 
make som e assum ptions. L et us begin w ith  the energy o f the one-particle  
excitation s.

The ex a ct eigenstates o f  the H am iltonian can be labelled  by the num ber  
of particles N ,  its tota l m om entum  p  and som e other observables. We can refer 
to  states ! N  ^  1, p , a ) as one-particle excitations. We suppose that its energv  
E(P)  is un iq u ely  determ ined b y  its m om entum , that is,

H  \ N  ± l , p ,  a }  =  (E 0( N ) ±  p - f  E(p)) \ N  ±  l , p ,  a }  (14) 

holds for every  a.
This assum ption has the follow ing fundam ental consequence. A s the  

ground sta tes  o f the ( N  ±  1) particle system s are one-particle excited sta tes  
of the W -particle system  w ith  vanishing m om entum

E( p  =  0) =  0 (15)

m ust hold . This means th a t there is no gap in the one-particle ex c ita tio n  
spectrum .

U sing  the translational invariance the correlation functions can be 
reexpressed as

K( x  — x')  =  J<Up J!? <N\ y>{0)\N +  l,j5 , a> X
a

X<iV +  1, p ,  a\y>+ (0)|iV) e| p(*~*)-'(£(p>+,'>(x»-x»),

K '  (x — x') — j d 3p  2 Ï  <̂ V| W+ (O)jiV 1 , p , a }  X

X ( N  — 1, p, a ]y>(0) IiV) e_ - 5')_ - £<?))(x«_xí). 

F(x -  x') =  ( d'p  Js’ <iV — 2| y ) (0 )  IIV — l ,p ,  a )  x
a

X  <(iV —  l , p ,  a ]  V'(O)! N )  e 'p ( A - x ' ) - < ( i ( p ) - / ' ) ( * o - * o ) .

(16)
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Now we assume th a t for a given value of th e  mom entum  there is only one  
excited  state , which contributes to  the spectral functions. L et us denote  
this state by | N  ^  l , p ) .  Introducing the quantities

up =  (2n)3' \ N  +  1, p  I V;+(0) | JV> , | Щ | =  | u _ ? | ,
(17)

vß =  (2n)3l2( N  — 1 , p  I tp{0) I iV> , I v-ß I =  I v_-ß I ,
we get

J(p ,  E)  =  \u-} 14 { E  -  /I -  E(p))  , J' (p,  E )  =  I vf  14 ( E  -  p +  E(p)).  (18)

B y assum ing th a t, i f  the system  is su ffic ien tly  large, for the quantities
iiß =  <N  — 2 j i/’(0) i  N  — 1 ,р > (2 я )3/ the relation

I “ p I =  I up 1 •

holds, we get for the spectral function

L(p,  E)  =  üjv-ßÖ(E —  E( p)  +  p )  . (19)

Equs. (8), (9) and (10) enable us to determ ine the param eters j uß j, 
I vß I and E(p).  E qu. (8a) gives

I «я I2 -  I vf I2 =  1 , (20)

while taking into account that E ( 0) =  0, from  equs. (9) and (18)

Цр )
E(P)

Цр )
E(P)

follows, where

Цр ) +  Ц ( р ) -  p  =

+  (2 ^ )3 nQô(p) ,  

+  ( 2 л ) 3 n0 ó(p)

- Р  +  пЩО)

( 2 1 )

\ d 3q U(q)+n0 U(p) H-----------! d3q U ( p - q ) Щ -
2 (2 л ) 3 J 4  4 2(2 тг)3 J E(q)

( 22 )

Here we have used equs. (11) and (21). M oreover, nn is th e  density o f th e  
condensed particles determ ined b y  the equation

/I = K ' ( 0 ) =
(2 л) 3 ,

d 3p d E J ' ( p , E)  =  n0 1 I
2(2я )3 .1

d3p Цр )
E( P)

(23)
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On the other hand, equs. (10) and (19) lead to the equation

2 E (P) Щ VP =  -  T^TT f  d 4  U ( p - q )  (u* vyq шт Ег ( p ) . (24)(2n f  J

From equs. (21) and (24) the one-particle excitation  energy can be expressed  
in terms o f E(p)  and E2(p).  Indeed, we get

E ( p )  =  ( Z * ( p ) - \ Z 2 (p)\*yi*.  (25)

Hence, using equ. (15), th e  chemical potentia l is

P =  ^x(O) -  I Ег(0 ) I , (26)

which is a special form o f  H ugenh oltz  and P in e s ’ result. Using equ . (24) 
and tak ing again into account that E(0)  =  0, we get th e  following equation  
for E2(p)

£ -i (P) =  -  no u (p ) -  - ~ т г  I d4  U(P ~  4) ■ (27)2(2 л )я J E(q)

6 . W ith the help o f  equs. (13), (22), (23), (25), (26) and (27) the energy 
spectrum  o f one-particle excitations, the ground state energy and the chem ical 
potential can be evaluated .

It is easy  to see th a t our equations derived to th e  very end in a gauge 
invariant m anner are identica l to those w hich have been  derived b y  V a l a t in  
and B u t l e r  [2]. This m eans that th eir  variational m ethod and th e  pole- 
approxim ation are in essence equivalent for the case o f  boson system s. Similar 
agreem ent has also been found by P ócsiK  and Za w a d o w s k i between th e  two  
approxim ations in the case of fermion system s,
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КАЛИБРОВОЧНЫЙ ИНВАРИАНТНЫЙ МЕТОД В ТЕОРИИ 
ВЗАИМОДЕЙСТВИЯ БОЗЕ-СИСТЕМ

Ч. ХАРГИТАИ 
Р е з ю м е

Для взаимодействия систем Бозе-частиц даётся метод полюсного приближения, 
основанный на точном правиле суммирования. Выведенные в работе выражения совпа
дают с известными из работ Валатина—Батлера соотношениями.
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QUASI-PARTICLE OPERATORS FOR THE CONDENSED
BOSE SYSTEM

B y

W .  W e l l e r

TH EO R ET ISC H —PHYSIKALISCHES IN STITU T, K ARL-M A RX -UN IV ERSITÄ T, LEIPZIG . D D R

The concept of quasi-particle operators is used for the condensed B o s e  system . The 
operators depend on the relative m otion of the superfluid and the norm al com ponent.

1. Quasi-particle operators (Q PO ) are originally defined and ex ten sive ly  
used for the F e r m i  system  by N o z i è r e s  and L u t t i n g e r  [1, 2]. The QPO, 
though only approxim ately defined, are especially useful, because it is possible 
to construct a quasi-particle distribution function easily  by means o f  them . 
The definition of such a distribution function  is necessary for the discussion  
o f quasi-phenom enological theories from  the point of v iew  o f the m icroscopic 
theory. L u t t i n g e r  and N o z i è r e s  [2] have derived in th is w ay the quasi- 
phenom enological L a n d a u  theory o f th e  normal F e r m i  liquid  for tem peratures 
T  >  0.

2. We are here interested in the condensed B o s e  system  (liquid H e4 II). 
The definition of the QPO rests prim arily on the assum ption of narrow peaks 
of the spectral function a for the one-particle G r e e n ’ s function <§ak; a k ;g>. 
(ak is the field  operator in m om entum  space.) We use for the system  Avith 
superfluid and normal com ponent at rest (ft =  1)

a(k, co) — amc (k, (u)
1

Jl

-+  r +~k 1 к 1 z k  1  к

(to — E k)2 -f- Г к ~ ti (ft) +  E k y  -f- F k ~
zk d(w — E k) -f- zk <5(cy -)- E k) ; 

d(k, co) =  i<§ ak; a j > a+ie — i ^ a k; e-

( 1 )

0 .

a'nc is the incoherent part of the spectral function. For the quasi-particle  
energies E k we use the L a n d a u  spectrum ; Г к <g E k. >  0 and  z^  <  0 
are the residua of the G r e e n ’s function . In contrast to  the F e r m i  case the 
absolute values of the residua are here not lim ited to  1. The use o f  th e  above 
form for the spectral function is on ly  possible for low  tem perature. W e neglect 
the tem perature dependence o f the quantities in (1), which means essentially  
neglecting the tem perature dependence of the energy spectrum .
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3. W e n o w  turn to  a sy s te m  w ith  m o v in g  co n d en sa te  (ve loc ity  vs) an d  
m o v in g  n orm al com p on en t (v„) [3 ]. In th e  HAMiLTONian op erator o f  the sy s te m  
w e use tw o  a d d itio n a l term s: —v„P, where P is  th e  m o m en tu m  operator o f  th e  
s y s te m , and B o g o l ju b o v ’s sou rce term  [4 ] in  th e  form

H „ =  —  V I e~ik«r ip(rt) d3r +  c.c. (2)

ip is the field  operator, v -> + 0 ,  k0 =  mvs and m  is the m ass of the H e4 atom . 
This leads for th e  wave function  o f the condensate to

<ip)  — eik»r .

. .)> means th e  average over the grand canonical ensem ble and p0 is the  
d en sity  of the particles in th e  condensate. I t  is convenient to  split off the  
m otion  o f the condensate: ip =  e'k"rij-, or in m om entum  space âk — akJ k .

The source term  (2) has th e  consequence th at the m om entum  operator P  
does not com m ute with the H am iltonian H;  instead o f th is  the m om entum  
operator relative to  the m otion  of the condensate

P — P — k„ N  =  j y  к ô£ âk (3)
к

( N  is the particle number operator) com m utes w ith  H.
We describe the m oving system  by the spectral function  ct(k, со, v„ — vs) 

belonging to  the G r e e n ’s function  <gâk; âk §>. For this spectral function [3] 
w e can write

iî(k, со, \ n vs) =  a(k, со +  (v„ vs) k) . (4)

4. The QPO are now defined in analogy w ith the case of the F er m i 
sy stem  [1] but generalized to th e  situation o f system s w ith m oving superfluid  
and normal com ponent

A V * t
dt e ‘Ei t + at âj| ( t ) , (5)

w ith  <§ n <g E k and =  E k 41 (vn — vs)k. The physical idea of the QPO 
con cep t is to  single out by interference the quasi-particle sta te  out of the state  
ak |0>, ( |0 ) is the ground sta te  o f the system ). The operator Â k creates a 
quasi-particle w ith  m om entum  к -f- k 0 and energy E k .

As in  the case o f the superconducting F e r m i system  [1 ] there are tw o  
eq u iva len t forms o f the QPO.

о

A Í  =  - T f = =  Г *  d _k (t) .  (5a)
/  — z k J
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This is connected w ith the existence of th e  anomalous G r e e n ’s function  
< g â ik;ô,^g>. For its spectral function b(k, со)

b(k, to) b ,nc (k, to) =  zk ô((o — ) - zk д(ы +  E k )

holds corresponding to (1). The H ug enh o ltz— P in e s  expressions [5] for the  
Gr e e n ’s functions in  terms o f the self energy parts lead th en  to  the relation  
zk zk =  —zl ,  from which the equivalence o f (5) and (5a) fo llow s.

Furthermore one proves easily , sim ilarly to the case o f  the F e r m i 
system  [1, 2], the B ose com m utation  relations for the QPO and gets for th e

quasi-particle distribution function iik for equilibrium Iß  =  , x B o lt z 

m ann’s constant)

"h -  - < A k A k> =  — „+1 • (6 )eßEy _  I

5. For applications it is necessary to express the basic physical quantities 
of the system  in term s of the quasi-particle distribution function . N aturally  
th is is possible only approxim ately, because the QPO them selves are defined  
only approxim ately. W e are here interested in  the energy and in  the density  
o f the normal com ponent gn. For this we start w ith  the relation

[ < 9 , A + ] = Q k Â + ,  (7)

where (9 =  P , , <9k =  ft, for i =  1, 2, 3 ;

or & — H ,  <9k =  E £  .

For the m om entum  operator (7) follows e x a c tly  from defin itions (3) and (5). 
To prove this it  is essential th a t P  com m utes w ith H  because ôk enters in to
(5) in the H e ise n b e r g  picture. This is an interesting p o in t; the q u an tity  
<ak ôk)> for exam ple does not commute w ith  H  and has therefore no d irect 
relation w ith ( Л к Лк)-  For the case of th e  H am iltonian operator H  equ. (7) 
follows from (6), the B ose com m utation relation and th e  invariance o f  the  
trace under cyclic perm utations o f the operators Â k , Â k and e ^ H.

From relation (7) follows

& =  Â k +  G ' , (8 )
к

tvhere <9' com m utes approxim ately (because o f the approxim ate valid ity o f  the  
B o s e  com m utation relations) w ith each and A k- For lo w  tem peratures we 
assume the states o f the system  to be described totally  b y  th e  quasi-particles
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included in  the spectral function  (1) and  we neglect There is no necessity  
to  add a c-num ber part to  &, because <P> =  0 for th e  ground state ( gn =  0) 
and we can  use (НУ — 0 for this sta te . T hen

<P> =  2  b < Â +  Л )  , <H> =  2  E +  <Â +  A k> . (9)
к к

For the d en sity  of the norm al com ponent then follow s e.g. the w ell known  
L a n d a u  form ula (Q  is th e  norm alization volume)

V
1

ßß(Efc~kvn) — 2.
for vs =  0 . ( 10)

To conclude we wish to  m ention in  connection  w ith  equations (9) and (10) 
other treatm en ts starting from  perturbation theory. B a l ia n  and D e D o m in ic is

[6 ] have derived ideal-gas-like expressions for the en tropy and for Qn (approx
im ately  for low  tem peratures). In their  theory the quasi-particle energies 
appearing in  the B ose distribution functions are real for all tem peratures 
and coincide w ith  the poles o f  the one-particle Gr e e n ’s functions provided  
these poles lie near the real axis. Götze and  W agner  [7] have shown th a t the 
specific h ea t term  proportional to T3 o f th e  B ose liquid is rigorously g iven  by 
th e  ideal-gas value. These results confirm  the approxim ate valid ity  o f  the 
QPO m ethod. B ut the advantage of the QPO lies in their  simple and exp licit 
definition (5). So the QPO seem  to be a v ery  useful to o l for the discussion of 
transport processes and quasi-phenom enological theories such as the L a n d a u — 
Ch a e a t n ik o v  theory of th e  B ose liquid.
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КВАЗИЧАСТИЧНЫЕ ОПЕРАТОРЫ ДЛЯ  
СКОНДЕНСИРОВАННОЙ СИСТЕМЫ БОЗЕ

В. В Е Л Л Е Р

Р е з ю м е

Понятие квазичастичных операторов применяется к сконденсированной системе 
Бозе. Операторы зависят от относительного движения сверхтекучей и нормальной 
компоненты.
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ON THE RELAXATION TIME FOR NONEQUILIBRIUM  
STATE OF SUPERFLUID

B y

S . V . I o r d a n s k y

STEKLOV MATHEMATICAL IN ST IT U T E  OF USSR ACADEM Y OF SCIENCES, 
MOSCOW, USSR

T he p re sen t w ork deals w ith  the  id ea lized  prob lem  o f sp a tia lly  hom ogeneous flow  w ith  
d iffe ren t v e lo c ity  of th e  n o rm a l and  su p e rflu id  com ponen ts. T he aim  of th e  in v es tig a tio n  is 
th e  d ev e lo p m en t o f th e  ex p ress io n  for th e  n u m b e r  of v o rtex  rin g s which reach  th e  c ritica l size 
jn  th e  u n it  o f tim e.

1 , In the original theory of superflu id ity developed by L a n d a u  [ 1 ] it was 
supposed th at the norm al and superfluid com ponents can flow  at subcritical 
velocities w ithout any friction betw een  them . Later a number of experim ents  
show ed th at the critical velocities are very sm all and strongly dependent on 
the size of the channel. These phenom ena were qualitatively  interpreted in 
term s o f the vortex lines, postulated  first by O n s a g e r  and F e y n m a n . These 
vortex  lines are a kind o f local excitations, and i f  th e y  are created som e m utual 
friction force opposes the relative m otion o f superfluid and norm al com 
ponents [2 ].

The present work does not pretend to consider the real experim ental 
conditions in  which the boundaries o f  the liquid probably play a very  im portant 
role, but deals with the idealized problem  of sp atia lly  hom ogeneous flow  w ith  
different velocities of the normal and superfluid com ponents. Under L a n d a u ’s

criteria Ip — vn I <  m in — —  =  vc, where vs, vn are the velocities of the
P

superfluid and norm al com ponents respectively , s is the energy, p  is the  
m om entum  of the elem entary excita tion , such a state will be m etastable  
because the state of the same m om entum , but w ith  no relative m otion will 
have sm aller free energy.

The equilibrium w ill be established due to  the creation o f vortex  lines 
and subsequent loss o f relative m om entum  by th e  m utual friction betw een the  
norm al and superfluid com ponents.

As the vortex lines are no elem entary excitations but com plicated  
m acroscopic form ations it is very d ifficult to  treat this problem in term s of 
G r e e n ’s functions. Instead  of th a t it  is more appropriate to  use a hydro- 
dinainical description.

The vortex lines can be created in the superfluid by the therm al flu ctu a
tions. The creation o f  the closed lines, nam ely the vortex rings is the m ost
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probable, because th ey  can be created w ith  the low est work A  on the unit o f  
length . Such rings are essentially  H i b b ’s em bryons for m etastable states. 
Their critical size R  is defined by the equilibrium  betw eeh the m utual friction 
force and th e  hydrodynam ical forces acting on the vortex  line in the superfluid.

As th e  thickness of vortex line is o f atom ic dimensions [2], th a t is much 
smaller th an  the critical size o f the vortex  ring i f  | vs — vn | vc, it is not 
difficult to  calculate the qu an tity  A(R) .  The m inim um  work is obtained 
in  a reversible process, so the friction  force m ust be absent, or (see [2, 3]) 
the ve lo c ity  o f  line m ust be equal to  the norm al ve loc ity  vn, w hich we assume 
to  be zero. In th is case the only force acting on un it length o f v o rtex  line is 
the M a g n u s  force and A ( R ) is the energy o f the vortex ring in  th e  perfect 
flu id  w ith ve lo c ity  vs at the in fin ity . U sing Galilean transform ation we obtain

4(R) =  e(R) +  P(R)vs , (1.1)

where e(R) and p(R)  are the energy and m om entum  o f the vortex ring in fluid:

e(R)
7
4

p ( R )  =  х л  R2 gs , ( 1. 2 )

where x = * ---- is the quantum  of circulation, a is the length of atom ic dimen-
m

sions.
The critical radius of the ring can be obtained from the condition:

8R
X2

[ i n 8* -
a

7 \ xr
-  —  +  6 s  —----- 2 tzx R os v s  =  0 (1.3)

R 1 = in 8R, 3 X
(1.4)

4 n v s a 4 nvs

W e see from  this expression that we m ust consider only vortex rings with
X  >  0.

The energy A(r)  has the form o f a potentia l barrier w ith th e  height

A 6 s R 1

4
X- In A

a
(1.5)

and if  the size o f the vortex  ring reaches R t, the further expansion o f it  will be 
energetically  preferable and has alm ost unit probability.

The aim  o f the further investigation  is the refinem ent of these elem entary  
considerations and the developm ent o f  the expression for the number o f  vortex  
rings which reach the critical size in  th e  unit o f tim e.
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2. W e are interested in the in itia l stage of the process, when there are 
few vortex  rings and we can neglect their interaction. This problem  is very  
close to the problem o f boiling of pure liquid considered earlier by Z e l d o v i c h

[4] and Y  и. K a g a n  [5] who used the general method su ggested b y  K r a m e r s  [6].
The vortex rings can reach critical size by m any sm all random expansions 

or by single large expansion. This second possibility has a very  small probability  
because it demands the instant organisation of m otion in a volum e o f liquid  
with critical dim ensions. So we shall consider only th e  first slow  diffusion  
process.

In th is case we can describe th e  growth of a v o rtex  ring as a m otion in 
the presence of external medium  (the gas of excitation), which drive the ring 
in a random  way. E ssentia lly  it  is a special kind of Brow nian m otion.

Let us introduce the distribution function for vortex  rings f ({n}), which  
depends on a set of quantum  num bers {n}, which takes in to  account the oscil
lations and arbitrary orientations of th e  ring. We denote b y  w r({n'} ,  { n 1 — re},t) 
the probability of the transition from  th e state {n}  to  the state {n ' }  in  tim e T. 

Then the number of rings in the sta te  {n} at the m om ent t -j- r w ill be

f ( { n } ,  t +  r) =  J ? w T ({« '} , {n n}, t ) f ( { n ' } ,  t). (2.1 )
n'

Here the sum  is over the whole set {« '} , in particular over the sta te  w ith  
(n '} =  {« } . The equation (2.1) m ust h ave such a property that H ib b s ’ distri
bution /({re}) =  const, exp  ( —E(n) lkT)  is its solution.

W e shall d istinguish  quantum  num bers nx describing oscillations of the  
ring and quantum  num bers IV,- describing its m otion as a whole.

The energy of oscillation for th e  ring of radius R  is

where co(x, R)  can be determ ined from  the problem o f sm all oscillations, % is 
the w ave vector of oscillation or th e  number of appropriate harm onic, nx are 
the appropriate occupation num bers.

W e can write down the «h o le  energy in the form

+  n x h<*>(b R)i

E ( N ,  nx) =  V  Hco(x, R) nx+ E ( N , ) ,  (2.2)
X

where E(IV,-) is the energy of round ring, including the energy o f zero oscil
lations.

The establishm ent o f  equilibrium  in quantum  num bers nx for vortex  rings 
of some radius К is a rather fast process, becasue there are m any fluctuations  
w ith energy Ha>. So the distribution function will take approxim ately the form

f { N h nx, t) =  / x (Ni ,  t ) exp V
X

Пых К
кТ

(2.3)
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The average change o f the quantum  num bers iV, is rela tively  small for a 
short tim e т and the equation (2.1) can be transform ed into  the F o k k e r —  

P l a n c k  equation for the function  f ( N ,  t).
Since the transitions betw een states w ith different nx do not change the  

distribution fuction  we can leave in the sum over { n ' | on ly  th e  summation  
over N'j (perform ing the sum m ation over nx)

nx
*) =  2 2  wÁN 'i. W  -  N th nx) f ( N i , » r  t). (2.4)

ny N'j

D eveloping the right hand side in power series of (Nj  — N )  in the first 
argum ent o f  w r and f ,  and assum ing wr and f  su fficiently  sm ooth  functions o f  
Nj  we obtain  the follow ing F o k k e r — P l a n c k  equation in the space of quantum  
num bers Nj

у
nx

, 9/(iY,.,nr () _
0t

d N j  .

V V
8 N; dt 1 8 N .

(2.5)

where the q u an tity  ——— is the average velocity  change of Nj  and the second term  
dt

describes the diffusion process connected w ith  fluctuations. The average 
d N j

velo c ity  —-— can be w ritten in the form  
dt

dN j  ^  8 E
dt  ~  Щ 7,11 d N j  ’

where rjjj are som e kinetic coefficients.
As the F I i b b s  distribution m ust be a solution  of (2.5), 

follow ing relations
Djj =  kT rjjj

( 2 . 6 )

we have the  

(2.7)

and the equation (2.5) can be w ritten as

8 f  8
y J  =  У  2  -Пи
nx 81 nx i j  d N j

-— /  +  k T
8 N j dNj

( 2 .8 )

The energy o f a round vortex  depends on its  radius R  and its orientation  
defined b y  the angles cp. According to  (1.1) and (2.2) the energy o f an arbitrary 
ring is

E{ N ,  nx) =  E(R)  +  E'(nx, 9,  R ) , (2.9)
where

E(R)  =  e(R) -  p(R)  vs ,

E' (nx, 9 , R )  =  ^  h(o(X, R ) n x + p ( R )  vs ( l  -  cos 9)  (2.10)

and 9 is the angle betw een —vs and the m om entum  of the ring P(R) .
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Let us change the variables IV,- in to  new independent variables JV,- which 
include R,  q). It is easy  to  show th a t after such transform ation equation  (2.8) 
w ill take the form

У
n x

where

9( I D
8 t

X'
9 N',

9iV; BNi  
8 IV, 8 IV,

8 E
Э NL

k T
8 In I
9 N ‘

f l  +  k T Q iJ J l
9 NL

( 2 . 11)

I  =
d ( N 1. .  , N n) 
Q ( N [ . . . N ' n)

( 2 . 12)

is the Jacobian of our transform ation.
The establishm ent of the equilibrium  in the orientations o f  th e  rings is a 

rather fast process, because the energy is alm ost independent o f  & for small R,  
and for large R  alm ost all rings are concentrated near & =  0.

For this reason we can assum e that

I f = I f ( R ) e - E’lkT. (2.13)

We are interested in the creation of vortex  rings of some radius R  only, 
independently  of their other quantum  num bers. So we can integrate (2.11) 
over the angles # and (p and other IV,- excluding R  =  N' / .  M aking use of (2.13) 
and performing the sum m ation and integration we obtain from  (2 .11)

8cr 
91

8 L Ш  
8R  I RR[\ a R

kT
81n Г  
8 R

а  -|- kT (2,14)

where er(R, t) is the distribution function of the rings in the one dimensional 
space o f  their radius, Г  is the statistica l w eight o f  the state w ith  the ring o f  
radius R

In Г  =  ln X' i Ie~E'lkT d&dcp d N ' (2.15)

We can see from (2.14) in agreem ent w ith th e  therm odynam ic theory of 
fluctuations that th e  number o f  vortex rings o f  radius R  is proportional to  
exp (—Mmin/feT), where A m-m =  ÔF =  ÖE — k T  ÔS, and ôE  and öS are the  
changes o f the energy and entropy due to th e  creation o f v o r tex  ring.

3. To com plete the equation (2.14) it is necessary to calculate Г  and 
The kinetic coefficient t)rr can be obtained from th e  consideration

8 E
of the macroscopic m otion o f a vortex ring, because the q u an tity  — ------

9 R
gives us the average radial v e lo c ity  of the ring in  the presence of dissipative
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forces. The force acting on the unit length  of the vortex  line from  the side of 
the norm al com ponent is according to  [3]:

F i  =—  _  A > ! Qn Qs [ x v L\ , (3.1)

where is the velocity  of the  line, the dimensionless coefficients b and b' 
are of th e  order of u n ity  and are sligh tly  different from  the H all’s an d  Vin e n ’s 
coefficients B, B ' .

In  addition  there is a Magnus force acting on the  un it leng th  of line in 
the superfluid [7]:

F,  =  & [*(», +  V(R) -  dl )] , (3.2)

where V(R)  is the ve lo c ity  of the v o rtex  ring in th e  stationary flu id . Because 
the vortex  line has no mass the whole force acting on the line m u st he equal 
to zero and we obtain for the radial velocity

(IR

dt
P Qn b

Qn b2 +  o2 1 — b' Qn
Э E  a R

2 a R  э P
(3.3)

We can calculate from this expression the desired kinetic coefficient

QQn b
V r r  —

Qn b2 + Q2 1 — bи Qn

Э R
8P

(3.4)

In order to  calculate the sta tistica l weight Г  i t  is necessary to  know all 
quantum  num bers o f the vortex ring. I f  we consider the vortex  ring as an 
excitation  w ith  energy e and m om entum  p ,  the la tter  must be quantized:

2 nv1H 2 nv2% 2 nv3 h

L, L ,

tvhere vv  v2, v3 are integers, L v  L2, L 3 are the dim ensions of the b ox . N ow  we 
can calculate the Jacobian (2.12)

V
{2 n f i f

U sing (2.15) we obtain

where

S l =  In
k T V

vs ( 2  n t h f

dp  ■ n-  — sin и . (3.5)
d R

+ (3.6)

È L  (1 _  e-2pvjkT} 
dR

(3.7)

Acta Phys. Hung. Тот. X IX .,  1965.



ON T H E  RELAX A TIO N  TIM E FOR N O N EQ U ILIB R IU M  STATE O F SUPERFLUTD 166

and for the entropy o f the line, perform ing the sum m ation over ny, we get

S L =  -  y i n ( l  -  e~l>mxlkT). (3.8)
X

For rings of sufficiently  large radius R  the quantities % are distributed  
practically continuously and for со we can use the hydrodynam ic form ula [2]

COX
, ,  1.046

=  —  ~X‘2 1 n -------- •
2 m Xa0

(3 .9)

We can obtain in th a t way the fo llow ing approxim ate expression

1/2 mkT 1 1

, 1,046 П
ln 7

a.]/ 2 mkT

£(3/2) (3.10)

valid for low  tem peratures, where £ is R i e m a n n ’s function .
So we have determ ined all the quantities in th e  equation (2.14).
Generally speaking the equation (2.14) must be solved under the in itial 

conditions when there are no rings w ith  radius larger than some sm all R lr 
H owever, the process is very slow because of the large potential barrier and 
can be treated approxim ately as a stationary one ([6 ] [4]). In this case we have 
the follow ing boundary conditions; at sm all distances R  ~  R0 the rings are 
in equilibrium

o(R n) r (R i>) exp
E ( R n)

kT
(3.11)

and at R  —> oo the rings are absent.
Solving the stationary equation (2.14) we obtain

kT  o(R) Г  1 (R)  exp E ( R ) \
kT

Jr

Vrr
exp E(R)

kT
In I \ R ) d R

(3.12)

where j K is a constant giving us the flu x  of the v o rtex  rings along R,  or the 
number o f the vortex rings of supercritical size created  per unit tim e.

The integrand has a sharp m axim um  at R  =  R c defined by

щ щ _ к т в ы ц К ) =  0

dR dR
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or

Re
h Г, 8 R c
— ln ------

mv s L a
3
4

kT  Y2mk T  4 ,4 m

1 ,0 4 б Т ~  4 * 2e .* .*  ‘ 
a ]/2mkT

(3.14)

It is necessary to point out th at this equation  in general has no solution. 
The calculations show th at the real root dissappears when V S >  70 cm/sec, at 
T  =  1,8 °K , a =  19Â (according to [2]). In  th is case there is no potentia l 
barrier, and th e  vortex rings can be easily  created. U nfortunately  we 
do not know  th e  exact value o f  a, and the expression (3.10) is very crude for 
T  =  1,8 °K , so the value o f velocity , 70 cm /sec, is on ly  an approxim ate 
estim ation .

W hen the equation (3.14) has a real root, the main contribution in the  
integral is given  b y  the neighbourhood of B c, and using the boundary conditions 
w e obtain:

2x k T j k T  % Г E ( R C) — kT S L (R c)
v3 (2n%f  ]/л  m  "s C 1 kT

; b-

Qn Qb

Q

k T S L) \R

The calculations according to  this form ula show that there is an intensive  
creation o f v o rtex  rings at relative velocities larger than 60 cm /sec at 1,8 °K , 
th a t  is about 100 tim es sm aller than  the critical velocity  calculated from  
L a n d a u ’s criteria for elem entary excitation . B elow  60 cm /sec the probability  
of the creation o f vortex rings abruptly tends to  zero, giving us for relaxation  
tim e such values as e1 0 0 0  for vs =  40 cm/sec. The results are very  sensitive to the  
tem perature.

R E F E R E N C E S
1. I.. D. L a n d a u , J .  P h y s . USSR, 5, 71, 1941; 11, 91, 1947.
2. W . F. V i n e n , Progr. Low. Tem p. P h y s., I l l  Am sterdam , 1961.
3. H. E. H a l l  and W. F . V i n e n , Proc. R oy. Soc., A 238, 204, 1956.
4. Я. Б. Зельдович, ЖЭТФ, 112, 525, 1942.
5. Ю. Каган, ЖФХ, 34, 92, 1960.
6. H . A. K r a m e r s , P hysica , 7, 284, 1940.
7. H . L a m b , H ydrodynam ics, 1932.

О ВРЕМЕНИ РЕЛЯКСАЦИИ НЕРАВНОВЕСНОГО 
СОСТОЯНИЯ СВЕРХТЕКУЧЕЙ ЖИДКОСТИ

С. В . И О Р Д А Н С К И Й

Р е з ю м е
В настоящей работе изучается идеализированная проблема пространственно одно

родного течения с различными скоростями нормальной и сверхтекучей компонент. Целью 
исследования является получение выражения для числа вихревых колец, достигающих 
критического размера в единицу времени.

4cta Phys. Hung. Toni. X I X , ,  1965.



FUNCTIONAL METHODS AND EXACT SOLUTIONS 
IN FIELD THEORY

By

W. E . TlIIRRING

IN STITU TE FO R  TH EO RETICA L PHY SICS, U N IV E R SIT Y  OF VIENNA, 
V IEN N A , AUSTRIA

A. theory of charged scalar field w ith  fix ed  source in  a nonperturbative functional ap
proach is studied. In this m odel for the generator of the boson  Green’s function  a closed e x 
pression exists.

Functional m ethods offer a com pact formal expression for the sums of all 
Feynm an diagrams, how ever, there are few cases where all th e  functional 
operations can be carried out exp licitly . One exam ple is one-dim ensional 
quantum  electrodynam ics, where th e  vacuum  polarisation is on ly  a quadratic 
functional in the external field. I w ould like to  g ive here another exam ple 
of a theory where a functional operation can be carried out, nam ely the  
charged scalar theory w ith  a fixed  source. This th eory  is nonrelativistic but it is 
nontrivial in the sense th a t it allows for the production of an arbitrary number 
o f particles. It seems to  be an unfortunate feature o f all soluble fie ld  theories 
up to date that th ey  allow only for the creation o f a few particles if  any. 
Consequently they  are not suited for discussing th e  essential problem  of field  
theory nam ely the high energy behaviour. In our solution th e  functional 
differentiations are carried out but one is still le ft  w ith  an in fin ite  series each 
term  still containing integrals. This sum  is o f course identical w ith  the sum  
o f all Feynm an diagrams for which there exists in  th is model a com paratively  
sim ple closed expression.

The theory is characterized b y  a H am iltonian which in standard n ota 
tion is

H  =  J æ k  {Ó(fc)é+(A ) +  col m  0 +(k) -  e(k) (0 (fc^T - +  0 (k lt) x +)} . (1)

W e will concentrate on calculating the generator for the boson G reen’s function  
for which we need the m otion of the isospin w hich can be calculated by stand
ard procedures. In particular we need the am plitude ( /)  for a proton remaining  
a proton under the influence of an external charged field.

i S df(r-ç>-(f) + T+çj+(f))
f(cp, <p+) =  T(p\ e “ \p} =

( 2 )
J £ (  — )n í d t i- ■ ■dtn ds1. . .d sn 0 W ( t l ,s)<p+(t1) .  . .<p+{tn)<p ( s j .  . .cp (sn) ,
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tvhere the kernel 0 is given by

0(n) (t, s) =  0(tx — s j  0(s1 — t,) 0(t2 — s2) . . . 0(tn — s„) , (3)

which reflects th at positive and negative mesons h ave to be em itted  alternat
ive ly . From  this expression we find  the generator o f  the boson G reen’s function  
using the standard form ula [1]

I f <hc.sk U t (k ,t)0 (k ut) + J ( k lt)0 + (k lt)}
G(J) =  T  <p[ e ” Ip)  ==

=  f d :ik g(k)
Ö

ô i j *  Jk) j d 'ik  Q( k ) —
m

(4)

The first problem we m eet on inserting (2) is to  carry out the functional 
differentiations. Since J  and J*  are independent, th e  problem here is actually  
a little  sim pler than for theories w ith  on ly  one k ind o f boson. Carrying out the  
necessary com binatorics gives

G( J )  =  \ dt l . . . d t n ds l . . . dsn d 3kj .̂ . . d 3kr d 3ql . . .
n=о r= о

■ ■ ■ d  'Pr d3Pi ■d 3Pn-r dh  ■ ■ ■ d tr

dsL. .  .ds,  0 (n) (s, t) ------— iA(ki , s n - t 1) J * ( i i , K 1)Q(Ki)iA(k.z, s llt2 - t 2)-
я,* -  г)!

• J * (t2, к 2)д(кл). . . i  A(kr, s„r — tr) J*( t r, kr) o(kr)i A(P v  s„r+i — tXl)

i>-(Pi)- ■ M  ( P n - n  s*n -  *un-r) 6 2 (Pn-r) J ( s v  qx)i A(qv  s1 -  tM_r+i)

o(çi). . . J(sr, qr) iA(sr — txJ  g(qr) e 'S W  , (5)

where n 1 . . . л п and y.x . . . y.n are tw o independent perm utations o f th e  numbers 
1 . . . n. R elabeling the integration variables this can be rewritten in  the form

-  e ‘ U * J '
G(J)  =  £  iA{kx , s1 ti ) J * ( t 1 , k 1) g ( k i ) . . . i A ( k r , s r — t r) .

r = 0 (r'.y

J* ( G  K) ° ikr) J ( s  i , ?i) iA(qt , s  i — tL) g(qi) . . . J ( s r, qr) iA (qr, sr — tr) .

°{qr) ~ гг G(s r+1  tr+1). . . D(sn — tn) V  0(вя , tx) . (6>
n=r r)• ПуУ.
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Here we have introduced the boson propagator

for

D(t) I D(co);D(co)
I 2  7T-

I d sk o(k2)
J ft)| — to2  -|- is

M -

fc2+ M 2
D(m) i  M2  - ( КГ

M 2 +  со2
CO2 -  i'l \ /  '). ( 7 )

Furthermore we have understood th a t variables occurring twice are integrated  
over. I f  one is only interested in th e  low est order Green’s function  like the 
ttvopoint function w hich describes the scattering in  this theory th e  expres
sion (6) sim plifies considerably. On expanding in J  we find

G(J) =  e‘ I J*l'  j У  1 D(Sl - G ). .  . D(sn -  tn) 2  0(n) (* ,, У  +

+  iA(k1 , s1 — í j  J* (tx, fej) J ( s j , gx) sx — tx) p(/cj) o(?1) (8 )

У  — 1 I>(s2 -  t2) . . . D(s„ -  *„) > ' 6<"> (Sjt, g  +  . . . .
n = 1 " f)* я,х

I t  is to  be hoped th a t this com paratively sim ple exact expression for the  
scattering am plitude m ay he useful for deducing some of its  im portant 
properties.
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ФУНКЦИОНАЛЬНЫЕ МЕТОДЫ И ТОЧНЫЕ РЕШЕНИЯ В 
ТЕОРИИ ПОЛЯ

В . Э . Т И Р Р И Н Г

Р е з ю м е
Изучается теория заряженного скалярного поля с фиксированным источником с 

помощью непертурбативного функционального приближения. В этой модели существует 
замкнутое выражение для генератора бозонной функции Грина.
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К ЭЛЕКТРОДИНАМИКЕ ЧАСТИЦ СО СПИНОМ НУЛЬ

Е. С. Ф р а д к и н

Ф И З И Ч Е С К И Й  И Н С Т И Т У Т  и м . П . Н . Л Е Б Е Д Е В А  А Н  С С С Р,
М О С К В А , С С С Р

В работе рассмотрено функциональным методом взаимодействие векторного ней
трального поля (без массы (фотоны) а также при наличии массы) с бозе-полем спина 
нуль.

С помощью операторного решения для производящего функционала и оператор
ного решения для функции Грина в произвольном внешнем векторном поле найдено 
замкнутое выражение для S-матрицы. Развивается модифицированная теория возмуще
ния весьма удобная для нахождения асимптотик функции Грина и сечений.

Рассмотрены асимптотики для одночастичной, двухчастичной и вершинной функ
ций Г рина.

Введение

Решение проблемы о внутренней замкнутости теории и нахождение 
асимптотик сечений при больших энергиях (а в случае электродинамики и 
в инфракрасной области, даже в теории со слабой связью нуждается в по
строении методов, существенно отличных от обычной теории возмущений. 
Дело в том, что при нахождении, к примеру, асимптотики (или связанных 
состояний) необходимо просуммировать весь бесконечный ряд существен
ных неприводимых фейнмановских диаграмм. При этом вовсе нет необходи
мости учесть точно каждую из неприводимых диаграмм в отдельности, а 
достаточно лишь ухватить часть существенную для асимптотики. Такую 
программу построения модифицированной теории возмущений, сущест
венно выходящую за рамки обычной теории возмущений, удается построить 
с помощью функциональных методов. Применительно к электродинамике 
спинорных и скалярных частиц в инфракрасной области (с помощью опера
торного решения для производящего функционала [1], такая программа 
выполнена в работе автора [2]. Более последовательно задача построения 
модифицированной теории возмущений решается [3] с помощью операторного 
решения для функции Грина в произвольном внешнем электромагнитном 
поле. Такое операторное решение удается построить [3] не только в случае 
взаимодействия электромагнитного поля с бозе-частицами, но и в спинорной 
электродинамике (где задача усложнена наличием дираковских матриц в 
уравнении для функции Грина во внешнем поле). Найденное функциональ
ным методом замкнутое решение для S-матрицы позволяет найти и асимпто
тики для сечений различных процессов (см. также [4]).

Acta Phys. Hung. Тот. X I X . ,  1965.
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В настоящей работе мы с помощью операторного решения [1] построим 
модифицированную теорию возмущений для различных функций Грина в 
случае векторного взаимодействия нейтрального векторного поля с бозе- 
полей со спином нуль.

1. Функциональные уравнения и операторное решение для 
производящего функционала

Как известно, основной величиной функционального метода является 
роизводящий функционал Z, который определяется следующим образом [1]

Z  =  ( Т  exp i J <*4* {1Д л;)9рД л;) +  £*(*) ц>(х) +  у>*(х)£(х)} , (1.1)

тде - источник векторного поля (в частности электромагнитное поле). 
i f  — коммутирующий источник бозе-поля у>(х). При этом операторы поля 
<Ptx, V ,  w *  и осреднение по вакууму < > взяты в обычном гейзенберговском 
представлении (без учета взаимодействия с внешними источниками), т. е. 
уравнение движения для этих операторов имеет вид:

где

{ —(9„ — iecp,,(х))°- +  fi2} у>(х) =  О 

{—(Э„ +  ie<p„(x) ) 2 +  / i 2} у>*(х) =  0 , 

{ - Э ^ +  À2} <р„{х) = j „ ( x )

( 1.2)

j  (х) =  ie
' dw*(x) , , . . . dw(x)

r  v y>(x) — y>*(x)- ’
dx,, dx,,

2е2^(*)У'*(л:)у)(я:). (1.3)

Из (1.1)—(1.3) обычной методикой получим следующую систему функцио
нальных уравнений для Z1:

Эм -  е
Ô ' 2

К ( х )
Ô

~Ь е

ÓZ

d I i Áx )
э;2 +  я2

+  л2 

/а1 

= I ь

ÔZ

ÔÇ* (х) 

ÔZ

-i С (*) Z  ,

ôÇ(x)
=  »f*(*)Z , (1.4)

!iv

Щ х ) ÔÇ* (х) Щ х ) 6С* (*)

9,Э„
Э2

Z  2е2

ш

Ô3Z

Ó I ( x )  ÔÇ*(x) Щх)
Ö Z1 При получении уравнения ô -  — мы воспользуемся тем, что и при наличии взаи-

* (Х\Х )
модействия выполняется условие Лорентца 9^ <pß(х) =  0, поэтому продольная часть 
поля срц не вносит вклад в теорию. Можно выбрать, в частности, <р[х в поперечной калиб
ровке (или, что то же самое, внешний источник <р,х взять в поперечной калибровке т. е.
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Операторное решение для Z следуя результатам работы [1] имеет вид: 

cZ  =  е А exp i j  d4 ж d4y  {/„(я) D°, (x — у )  Iv(y)  +  £*(ж) G%* -  у ) Ç(y)},  (1.5)

где

Gn(x у )  = 1 Г dip
h

piPX
(2л:)4 J p2 +

( 1.6 )

Щ Л *  У )  =  -Z T T 7  I — (2л)4 J к
d ik А V Ч

J к2 - j -  Я2 — ie

с
•р ?г- м

aikx

А  = j d i x L ir T u '
i d i a (x)

; - „iV v * (* )
i6f* (ж) i6f  (ж)

ó д Í0 á 6 fa 0 6
blfi (ж) 6£* (ж) м 6С(ж) а д х ** 6£* (ж) 6С(ж)

(1.7)

64

^  (*) Д * ) <*£* (*) à£(*)

где постоянная «С» выбирается из условия, чтобы Z  =  1 при 7 =  £ =  £* =  0. 
Не представляет труда провести функциональное дифференцирование по 
одному из полей и получить для Z  выражение, содержащее лишь функцио
нальные производные по оставшемуся полю. Для дальнейшего исследования 
нам будет полезно выражение для Z, в котором остаются лишь функциональ
ные производные по I Действуя методом работы [1], мы найдем:

cZ  =  exp i j С* (ж) G A ,  у  ^  с (у) d*x d*y +  j  

X exp i j I„(x) 7>“„ (x — y )  I„(y) d lx  d4y ,

6
b l

d*x X

( 1. 8)

где поляризационный член л
' ô 
b l

имеет вид:

6
=  ( de ----- G(x, x') G(x, x') - д -

61 J дхи K I йМ*)1х-
(1.9)

2е
62

=  i ln G

а д )  а д )

I 6 )ж, ж
67

С(ж, ж) 

ln Gn (ж, ж) 1 .
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Функция Грина G(x,y) бозона во внешнем поле (ри определяется из следую
щего уравнения:

{ — (9„ — ieq>M(x ) ) 2 +  ц2} G(x, у  \ i <р) =  6 (х — у ) . (1.10)

2. Решение уравнения для функции Грина во внешнем поле

Рассмотрим формальное решение уравнения для функции Грина (1.10)

1
G{x, у  I i<p)

-  (Эм — ie 9̂  (*))2 +  /г2 — Í 

î j  dve‘1СЭМ — ÿj

à{x — y)  =

(2 . 1)

-----I d*р е ‘Р(х У) ф М  dv .
tï)4 J(2

где Ф(у) определяется из следующего уравнения 

. ЭФ
dv

[Э2 +  2ip  Э +  2ep ti<pll (х) — 2ie ср̂  (х) -  е2 <р2 (*)] Ф. (2.2)

Будем искать решение для Ф в виде:

ф  =  exp . /  . (2.3)
Из (2.2) получим:

л тг
í —— =  (Э2 +  2 i p  Э) J  — 2 iecp^x)  Эм J  +  (Э̂  J)2 +  2еЭр^ (я) — е2 ç?2 (х) . 

v (2.4)

Будем искать решение для J  в виде ряда теории возмущений по е:

J =  y e ” J n . (2.5)

При этом для J n получаем следующее уравнение:

Э Т п- 1i  =  {Q, + 2. g J  2 . (ж) g J + >■ 3 Jm 9 Jr_m-
Эг> * m l

+  2ф„ ÇV (*) <5„1 -  9$ (ж) >̂П2 •
(2 . 6 )
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Из (2.6) имеем решение для ./„ :

Jn М  =  » J eí(a%+«Р^8/1)(’>-»') {2рр cPtí (ж) <5П1 -  ÇJ2 (ж) án

П— 1

m= 1
Из (2.7), в частности, имеем:

V

J i  (?) =  /п2;- 1 (*) * I eikx~ i(-k‘+2Pkv ) d v ' ,
( 2 л ) г J J

О

./.(»') =  -  y J d4 fcl K f p p  (k " k V V) <Py. (k l) <PV (k z) »

тде

/и* (feH »’) (2яД
i(kxi-k,)x c[v'e -iUkl+k!),+2p(kl+kl)](v-v')

(2.7)

( 2 .8)

(2.9)

'Vp +

4 fcip7V
(*î +  2M i)

(e-íW+apfc,)»' — 1) + (2 . 10)

+ 4Pp Pe (k i h )
(kf -)- 2 p k 1) (fej -)- 2p k 2)

( е - ‘(к\+2РКУ — 1) (e -i(*h2p*>' __ I j J

Подставив найденное решение в виде ряда по «е» для J  в (2.3) мы с помощью 
(2.1) найдем выражение для функции Грина G во внешнем поле. Легко 
увидеть, что полученная таким образом модифицированная теория возму
щений для G существенно улучшает результаты обычной теории возму
щений. Действительно, уже первое приближение для J  (т. e. eJL) соответ
ствует сумме всех фейнмановских диаграмм для функции Грина в произволь
ном внешнем поле <pß со взаимодействием вида 2 epflrpfl с тем только отличием, 
что вместо точных фейнмановских знаменателей (типа (р  +  ZTc,-)2 +  р?)) 
здесь фигурируют знаменатели (типа р2 +  2 />,, Л/с, +  27ц +  ,ц2) с опущен
ными коррелиционными членами /цkj i=f=j  для внутренних (виртуальных) 
импульсов. На долю всех остальных J n и приходится методом последо
вательных приближений учесть эти опущенные члены (и учесть вклад от 
оставшегося взаимодействия с <р,х вида cpl и 2q>ß ЭД. Сходимость ряда моди
фицированной теории возмущений для G определяется малостью эффектив
ного* параметра «а». Оценивая этот параметр а, легко убедиться, что он эффек
тивно мал в инфракрасной области и при больших энергиях (кроме узкой 
области углов). Нашей конечной целью является получение модифицирован-

12* Acta Phys. Hung. Тот. X IX .,  196).

2 J T  к, kj

* Параметр а ~  р 2  +  +  +  Щ \ ^  ’ где к°* ~  эФФе1<™вное зна-
чение виртуального импульса в максимуме подинтегрального выражения.
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ной теории возмущений для производящего функционала. Для этого целесо
образно выразить решение для функции Грина во внешнем поле в такой 
форме, чтобы функциональное осреднение по внешнему полю можно было 
провести точно. Для этой цели весьма полезно операторное решение для 
функции Грина во внешнем поле. Для получения операторного решения 
для G достаточно найти операторное решение уравнения (2.2) для Ф, для 
чего введем добавочное взаимодействие с источником (tfl) обобщенного им
пульса При этом уравнение для Ф приобретает вид [3]:

дф
» —  =  И  (*) +  ** VW  +  2Рм *V(*) +  2iPn 9J ф ’ (2Л г)ÖV

где
М х ) =  (9,. — ie <р„(х)) . (2.12)

Можно показать, что решение для Ф(г) имеет вид [3]:

Ф = (2.13)

где Фt(t) определяется из следующего уравнения:

* дФ‘ ^  =  {2 i P a +  »(8м -  ie<P j * ) )  М 1') +  2 Р ^ ^ ) \ ФМ  ■ (2Л 4 )

Из (2.14) имеем

Фх(1) =  exp {i 1 dv' (2 Pl, - f  t„(v')) (p„{x — 2p(v — v') — j'i ( |)d |) } .  (2.15) 
0

Итак, окончательно Ф имеет вид [3]:

V
Ф =  е «• <f) ex p í {е | dv' (2 -f- lß{v')) (рß (х  2p(v — v')

b

ft(£ )d £ )} |í =  0 .
(2.16)

Выражение (2.16) можно переписать в виде:
v

(p(v) =  <ехр 2 ie ( P„(v') cp„(x(v')dv'> ,
О

где P uiV') =  Pu

V

x ( v ' )  =  X - 2  j ' P /l( £ ) d S = x

1 Ó

2~ Ötß(v') ’

d i .

Acta Phys. H ung. Тот. X IX ..  1965.

(2.17)



К ЭЛЕКТРОДИНА М ИКЕ ЧАСТИЦ СО СПИНОМ НУЛЬ 181

Причем для любой функции от операторазнак  < ) определяется следую

щим соотношением:
е<'Ц!г (0 « f =  0 . (2.18)

Для функции Грина в произвольном внешнем поле^,, мы получаем оконча
тельно следующее операторное решение

G(x,y\i(p) г

(2я)4
е ‘Р(х у) d*p | е  ‘(р ' + р '  и)* dv (  exp  2ie j Р Д К ) Фц (x (v )) dv' ' j .

(2.19)

Полученное операторное решение обладает тем преимуществом, что внешнее 
поле у,; входит в экспоненту линейно и потому функциональное осреднение 
по этому полю (при нахождении Z) проводится тривиальным образом. От
метим также, что перейдя к импульсному представлению в функциональ
ном пространстве tfl, мы получим континуальное представление для G, 
которое является обобщением лагранжевой формулировки Фейнмана для 
уравнения Клейна—Годрона на случай функции Грина этого уравнения 
(применение этой лагранжевой формулировки в инфракрасной области 
рассмотрено* — в приложении № 2 работы [2]). Нам остается ещё проследить 
методику получения модифицированной теории возмущений для G(x, y\i<p) 
с помощью операторного решения (2.19). Как видно из (2.3) (2.5) модифи
цированная теория возмущений формально соответствует теории возмуще
ний в экспонёнте до проведения интегрирования по собственному времени 
(г). Следовательно в то время как обычный ряд теории возмущений для G 
соответствует представлению

V

<ехр [2ie j Р„ (V') (pß{x{v') d v ']> 
о‘

ряда теории возмущений по заряду, т. е. в виде

2 ie  P Á V ')<Pu ( * ( ’’'))  d v '
“ еп а, 

lí=o ni
( 2 . 20 )

о

Модифицированная теория возмущений соответствует представлению той 
же величины в виде ряда теории возмущений в экспоненте, т. е.

<ехр 2ie С P Jyv') ср̂  (x(v')) dv'}  — exp J g  еп bn . (2.21)
0 гг -1

* Примечание: См. также препринт 1 51, где фейнмановское решение для функции 
Грина во внешнем поле также применено для построения инфракрасной асимптотики для 
одночастичной функции Грина электрона.
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Из (2.20) имеем для коэффициентов а п следующее выражение:

ап =  < ( 2 *  J  Р Д » ' )  9?(*(*')) dv')n> • ( 2 .22)

В частности,

2 i  г  . г= ---------  rf1 к Pfí <рм (A) е‘кх е-КкЧ 2рку  , (2.23)
(2я)2 J J

{2 л у
J d 4/c d 4^  d v 1 J d v 2 срД/с.,) ç?e(fc2) e x p i  {(fej - f  fc2) ж

0 0

2

2  2Pkn (v -  Vn) — 2  k" k m  Г
n=l n,m= 1

Vn  +  Vm  |v „  -  V„
X  (2.24)

X [2PpPe +  2K ePp &(v2 -  vi) +  2Pe K p  e (vi -  v2) +  iàpg 4 vi -  ”2)] •

Легко убедиться, что коэффициенты Ьп в (2.21) связаны с найденными коэф
фициентами а п следующим соотношением:

ь; =  2 ' (  ! ) '  ( 2  п1 - 1) ' П
п  I  I

1 «î
n, ! il

(2.25)

где первое суммирование производится по всем совокупностям положи
тельных целых чисел (или нулей) п  =  n ít  п , . . .  таких, для которых
2 in‘ =  J

b ̂  — a  j ; b , =

ba =  —  {«a — 3 a i «a +  2«i} ; (2.26)

4 a 1 a 3 —  З а ;  - |-  1 2 a i  o 2 —  6 a 4} •

Из приведенных формул легко убедиться, что Ьп — Jn и, следовательно, ука
занной процедурой вычисление Ьп мы также получаем модифицированную 
теорию возмущений для G(x,y\irp).
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3. Замкнутое выражение для Z

Подставив найденное операторное решение (2.19) для функции Грина 
во внешнем поле в операторное решение (1.18) для Z мы получим

cZ exj>
1

(2 я)* J .

X / exp l e

d Ax d*p Ç(x) e‘Px £(p ) I dve '(ps+^! "0' x

j d v '  P j y )
0 1 M ( x(v'))

Г dv

X

X e x p ---------J П d^xd'p  f —  e-'Xp’+p*-'^ x  (3.1)
(2л )4 JJ J V

X exp 2e dv' P  (r')
« „ ( * ( 0 )

-  1 X

X epx ~  I I d4* </4j  Г^ж) (ж -  y) JB( y ) ,

s « ( ‘ > =  -

По поводу полученному и последующих выражений для Z сделаем общее 
замечание. Как известно, выражение для Z до проведения программы пере
нормировок содержит расходимости. Практически бывает удобнее провести 
программу перенормировок в конце вычислений, но для этого необходимо 
как-то регуляркзовать выражение для Z так, чтобы при вычислении беско
нечности отсутствовали. При этом существенно, чтобы регуляризационная 
процедура не нарушила релятивистскую и калибровочную инвариантности 
теории. В рамках предложенного выражения для Z это удается сделать 
путем введения двух малых параметров (типа собственного времени) s0 иа0, 
где s0 введен как нижний предел (вместо нуля) интегрирования по «г» в 
поляризационном члене, а а0 как нижний предел (вместо нуля) в интеграле 
(3.2) по «а». Легко видеть, что покаа0, s0 не равны нулю, в теории бесконеч
ности отсутствуют. Это дает нам возможность провести все вычисления, а 
также программу перенормировок. После проведения программы перенор
мировок мы можем перейти к пределу s0 — а0 =  0 . Все бесконечности теории 
возмущений, которые естественно появляются в пределе s0 =  a0 =  0 входят 
лишь в постоянные перенормировки. При этом перенормированные вели
чины не зависят от них. Вернемся к выражению (3.1). Не представляет труда

К  К
к- ‘Ji e - í “(fca+**-«) da (3 .2)
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провести явно оставшиеся функциональное дифференцирование по источ
никам I ß векторного поля <р„. Действительно, разлагая выражение (3.1) в 

á )мы легко можем провести оставшееся функциональное диф-ряд по G X ,  у
ÔI

ференцирование по — . При этом получаем следующее выражение для Z;

cZ =  2 ~ — ^  П  I d'P (S> d 'Xs (xs ) eipWx,C(p(s)) I dvs e~ XiTo n! (2n)2n f=, J

( °° г "1 f* (ivr
X 1 +  У - —  ------ 1 7  \<14х'  d 4p s) — -  e - í«PÍ,)), +''*-Í8)-íj  fri г! (2л)4 М  I  J X  (3.3)

где

X exp i A r

ô_  А
dt dt.

ô ô

S

1 n r n , r  [  c ‘  )
h t ’ d t y

• exP* j 2  j t2s (£)dÇ 
0 - 1 . 1 ' H0

= ХГ IÂX) (X -  У) 1Q (у) d'x d'y +
vs

+  2 e 2  j dC f  d 'y  I J y )  DK ( y  -  xs(C)) ff> (Q +

О

vs

+ 2e2  j diy i , ( y ) 5 J y  - x ’s ( i ' ) )P ÿ  («) +

5_10 (3.4)

+ 2e'2 2  )'^  \ d ?  p P  < * ) ( * . •  ( í )  f ' ) p(r  ( f ') +
о 0

+ 2e2 2  j ^  ( « '  (f) A e (* í(f) -  (O )  П '> ( f ') +
о 0

vs vs'

+  4 e 2 2  2  И  ( d?  p >‘s) (*) (* .(f) v  ( П )  p l P  ( П  •
. = I s'= 1 J J 

о 0

Не представляет труда получить выражение для Z, в котором поляриза
ционные эффекты представлены не в виде ряда по степеням функции Грина 
G (в (3.3) ряд по «г»). Перегруппировав члены ряда по «г» и проведя сумми
рование можно представить этот ряд в виде другого ряда в ехр. Наиболее
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ПрОСТОЙ вид выражения для Z приобретает в том случае, когда поляриза
ционными эффектами можно пренебречь. В этом случае Z  имеет вид:

Z =  У  ГГ  ! d4*s d4 pW С * (ха) е‘Р(,)х> С( р) W
ÍTo ni (2 л)2П fJ i  J

I

<expi А п)

A n =  y  / „ ( * )  D,ie (* -  y)/,, (y) d'.r d 'y  +  2e X

vs

X ^ j d ' y j d£ n s) (f) (xs (I) y) h  (y) +  (3.6)
O

I dvs

(3.5)

где

2e2 У  \dC Ù r  PW (I) (x, (I) ■ ({')) Pf> (£'),
S,S' =  1 J  J

Ô Ô
ôtt К

(3.7)

Из (3.5) легко получить методом § 2 модифицированную теорию возмущений 
для интересующих нас функций Грина. В частности, в инфракрасной об
ласти, в том случае, когда все векторные частицы являются мягкими, доста
точно ограничиться первым приближением модифицированной теории воз
мущений. В этом случае < exp i А п )  =  exp i < А п )  выражение Z  прини
мает вид:

Z = Z  ( 1 )П / /  I d*zs d 4pW с* (xs) t ‘P,,)x‘ f  (pW) X
ni (1 л ) 2 s i J

X j dt’s exp i {(p(s))2 +  p2 — it) vs} exp i  <Л„> ;

0

(3.8)

An> =  2 j I lXx ) DM (x - y  ) I j j )  d 'x d'y

+
n 2  ip f  — 
= i (2?f)2J

У  I d4ic
s=i (2л )4 J

+  -  
Г  /c2 +  2 p W /c

pis) D, J k) pi;(s)

-i(k* 2̂p^k)v, 1

fc2 +  2pW ic

к2 +  2pW fc)2

d4/c (3 .9)

2 2
(*)
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'* 2 р2 Г —
2  7- r r r Á M p f D ^ P ? ' *

( e -l(A«+2p(*)*)*’, _  | )  (e -i(fc'-2p<*'>fc)v, _  I)

(fc2 -)- 2jr/s) fe) (fc2 — fc)
X

В частности из (3.8) обычной процедурой получим в этом приближении сле
дующее выражение для одночастичной функции Грина бозе-частицы с мас
сой /л2 (см. также приложение № 2 работы автора [2]):

G(1) (р )  =  i  Г dve-^P'+v'-ity+c'aM 5 (3.10)

где

«1 М  =
2 2 i Г 

(2 я)*,

+

<Р/е Р„ (к ) Р с
f е-Ч*

I W

+  2рк )р  _  ;[

+  2р к ) 2
+

I V

к2 р 2 к
(3.11)

Из (3.10) в случае взаимодействия с электромагнитным полем (Я =  0) полу
чаем [2] известную инфракрасную асимптотику для перенормированной 
функции Грина G(p)  (ответ в поперечной калибровке!) (р 2 +  Р2 >  0)

G(1) (p)\ Р *-*> -м *
Я р 2)

Р~ +  Р~
,2 \о где а Зе2

8тг2
(3.12)

/  ( р 2) =  i I dv v° exp — ív — ev
2 v

1 +
Pz I 1 + t !1

4. Модифицированная теория возмущений для одночастичной
функции Грина

Обычной методикой получим следующее выражение для одночастич
ной функции Грина бозона:

G { p ) = i  ( dvn~dP'+/*•-/«)»<ехр 2 is2 f dv' dv" Р /х (»-') (2 (  P (f )  d f) P f (v")> ,)
“ 6 6 (4.l)

i
P  (у') =  P  -I-------- ------ .

М + 2Л Д ,')

С помощью (4.1) легко, в частности, развить модифицированную теорию 
возмущений для G(p).
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В самом деле, из (4.1) имеем

G (p ) =  i J' dv exp I i ( p -  -p p 2 —  ifi) V +  e 2n bnj . (4.2)
n= 1

При этом коэффициенты bn связаны соотношениями (2.25—2.26) с более про
стыми по структуре коэффициентами ап. Последние в данном случае равны 
соответственно

«п =  < (2 i \  dv ' f  dv" {у') D n  (2 J Р ( | )  d | )  P  y  f y  =
6 Ö V

V V V

7 ^ -  /7 I I I dv" I + 2 ;  ~  О — 9 h s -  î)] +
\2x7l) s = l  J  J  J  Ц Si =  l

0 0 0

(4.3)

2 < V O
*>« ( K ) \ p e +  2  Ш  ~  < )  -  < ) ]  h e  +  V

s, = l ^ V ŝ)

exp 2ip h  (К - - K) +  —  2  ks h  ( K  — h  I +  К

s ^sx|

s,s, = l

К  -  <|) |í=  о

В частности из (4.3) имеем (в поперечной калибровке):
V V

2 i
(2л)4 J

d*k dv' dv" o2ipk(v”-v') — iki\v'' — v,\РцРе-

(4.4)

-I------ iô(v' — т")<5 ^ e(fc)

(2я)'

y V P

; I d*k j\ p k ’ ('d v ’ j  dv" j dv[ j dv", D K  (k) D Miei (k') X
0 0 0 0

X (p„ + к  (9 (*' -  H) -  в(/ -  rO) (pe + (0(r" -  v'[) -  0(," -  vi))) +

( p Mi +  feP4 (0 W -  v") — 0 (n  -  ”') (Pe +

+ *й №  v") -  -  V)) + i -  ÍŐW -  r'0 <5№
(4.5)

+
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------ Г v’v\Vv\ , v'v\vW I v"v\v'v\ , rXv'vi ] _
9  L w ? e i  1 f*QiQPi ‘ Qt*iM2i '

=  - - ő ( / - v í ) á ( r "  -  v ; ' ) ^ á eei 
4 да e.ui

exp {2 ip&(v" — v') -f- 2 ipk'  (v'l — v[) — ifc2 1 v* — v'j 

i { k ' ) y ;  - v[\ 4 - ikk' (!v' — v(| +  \v" — v'| v' — v'j — |v* — v,'j)}.

В первом приближении модифицированной теории возмущений (оста
вляя в (4.2) лишь коэффициент Ьх) мы как и следовало ожидать получаем для 
G(p)  выражение (ЗЛО)—(3.11). Легко убедиться (разложив решение (3.10) 
в ряд обычной теории возмущений в проведя интегрирование по «г») что 
первое приближение модифицированной теории возмущений соответствует 
сумме всех фейнмановских диаграмм для G(p)  с тем только отличием, что 
вместо характерного знаменателя для фейнмановских диаграмм для G(p) 
вида (р +  27 ki)2 -f р2 здесь появляются знаменатели типа (р2 +  2р 27 fe, +  
+  27 fc/) 4- fi2. На долю остальных приближений модифицированной теории 
возмущений и приходится учесть вклад опущенных корреляционных чле
нов kikj i =j= j.  Очевидно, что в инфракрасной области эти члены малосущест
венны и потому формула (3.10) уже передает инфракрасную асимптотику 
для G(p).  Оставляя в решении (4.2) первые два члена Ь{ и Ь, мы получаем 
следующее* выражение для G(p):

G(2) (р)  =  i С dve -  (p‘+̂ -U)lv+e>b,+e'b, (4.2)
ö

где

2 2 i  Г .  e -i(fc*+2pA)v _  1
b =  iv М х( р 2) ------------d lk p  D (к) p ---------------------

(2тг)4 J ^  ™ e (к2 +  2 p k  ie) 2

bl — i v M , ( p 2) +  bô — ivM'2{p2) ,

Щ  (p-) =

m 2 (p 2) -

2 i 
2 л  

4 °-i Г

^ ^ Ч , р „ В н { к ) Ре
к 2 4- — ie

d4 к

(2 У
X

{p  +  к ) 2 — p 2 — ie
X

d'k,

(p +  к  +  fc,)2 — p 2 — ie

(4.6)

(4.7)

(4.8)

* В выражениях для G(p) опущены некоторые члены вида v const поскольку они 
приводят лив1ь к перенормировке массы, в формуле (4.5)

^ И , 1 =<5№ 1<5(»,' - > ’1 Ж р г +  К  (9(v" -  v ;) 0(y" -  V"))] [p ei 4 fee,(©K V')  _  Q (v ;-v " )) \
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(4.9)

(4.10

X
\(р +  к)2 — р- ïfi]](p +  fcj)2 р2 ~  ic][(p + / с + fcj)2 — p 2 2kxk  ie]

Необходимо отметить, что программа перенормировок и исключения беско
нечности (если работать сразу с D ^, а не £>,,„) может быть проведено в вы
ражении для функции Грина ещё до окончательного интегрирования по 
собственному времени г. Действительно перенормировочные члены содер
жатся лишь в членах линейных по v типа ivM n(p2)e~n в экспоненте (4.2) при
чем М п(р2) совпадает с массовым оператором обычной теории возмущений, 
(с тем только отличием, что в массовом операторе теории возмущений нужно 
формально заменить р2 через -р 2) т. е. М п(р2) =  М п(р2, р2 -> — р 2). Пере-

перенормированное выражение для массового оператора по теории возму
щений.)

Инфракрасная асимптотика для вершинной части в случае малых 
импульсов векторного поля легко получить непосредственно из приближен
ного выражения (3.8) для Z. Однако можно получить выражение для вер
шинной части, справедливое не только для малых но и при больших импуль
сах излученного (поглощенного) кванта векторного поля. Это нетрудно 
сделать методом построения модифицированной теории возмущений для 
вершинной части непосредственно с помощью точного выражения (3.5) 
для Z. Здесь мы дадим несколько другой вывод эквивалентного выражения

p -.

нормировка и сводится к замене

5. Вершинная часть
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для вершинной части весьма удобное для перехода на массовую оболочку 
для импульсов и для построения приближенных методов расчета. Рассмот
рим

=  ie I G<yX ~  У) Г е ( *  ~  У' 2 1 ~  У) С (У ~  * ' )  ( z i  -  2 )<*4У d *z  ■
Vs) I T = 0  J

С помощью операторного решения легко получить следующее выражение 
для ГДр, р  +  fc, ft)

G(p) (р , р  +  fe, fe) G(p  -f- к) =  I d*x d lx'  d4fet е-<Р*+'(р+к)зс' И м(я, яг', fej) ,

Л (* ,* ', fej) =
őG(x, x'\i<p) 
öiecp (кх) = J _

t*  < 5 / ,

expY .] í;i ^  D^ x ~  Iv ̂  d ix d iy \I=0
(5.1)

где G(p)— одночастичная функция Грина бозона. Из уравнения для G(x,x'/i(p)  
(см. 1.10) легко убедиться, что

Х [гу > = I dV  iky С(ж, у| Î«p) I » -----I -j*------Zeq) (у)  1 G (у, х'\Up) .
01 e?>(fe) J I Эу Эу j (5.2)

Подставив для G (x ,y ,  /iç?) и G(y,x'licp) в операторное решение для (2.19) 
(и учитывая, что функция Грина во внешнем поле симметрично относительно 
координат X и у  точнее G(xy) =  G (ух))* мы получим из (5.2) после проведения 
функционального дифференцирования по I  следующее выражение:

G(p) Гр  { p i  P  +  S,s) G(p) =  —  ̂ dvx I d v 2 e ~ l(-P’+ V, -lt:)<’, - i ( ( p + s y + p ‘ - i e ) r 1

0 0 
2 v„

X {(2/>  +  <e x P ' A > — 4e2 < V  I’ dÇD^ 2 f d !' P ^  ( ! ') )  Р (л) (!) exp i A ) },.
n=li’ * (5.3)

где

A  =  2 2e2 .Г d t  Í " ' р рп) (f) ö Pfi(2 .Í d Î i * (п) (fi)) i*0n) (f') +
M = 1 0 0

+  4e2 f  d !  f  d t y p p  (!) D Me(2 f  P<2> (!j) d !, + 2  j  Р<» (ÍJ  d !x) P<2> ( ! ' ) ,

где

P (D (!) =  p +  — —  ; P<2> (!) =  p +  5 +  -
2 ôh  (!) 26t2 (!)

(5.4)

Здесь и в дальнейшем ( J

У

ő
<3í,

б - 
бг

означает

1 <5 ô
\  =  J

ô ô
—  .• 9 • •

U , К / díj К ,

ибг Ê $ tm(£) £ £ 0°  иг—о о ь т    v  • (5.5)
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В первом приближении модифицированной теории возмущений мы получим 
из (5.4) следующее выражение для Г Д р , s)*:

где

G(p) Г Д р ,р  +  s , s)G{p  +  s)™ — {2Pfl +  sJ  X

X f dvx \  dv2 e - i(P!+'‘’- ísb - '( (P +s),+,‘,_Í8),,» e x p — i A ,

(2< f
(2л)4

-Цк‘+2рку _  1
+

IV ,

+  77Г77 I d i (Pp+sfí)Dll(í(k )(p±s)e

(,fe2 +  2 p fc )2 fc2 +  2p fc

e - i ( k ‘ + 2 ( p  +  i ) k ) v ,  —  ]_

+

(fe2  +  2pk +  2 fcs) 2

+

+
IV.,

fc2 +  2pk 2sfc
+

4 e 2

(2л )4 „ d Í k PuD aÁk){Po +  So) X

X
(e - i ( k 2+2p;í)v, __ I  ̂ ( e - i ( k ‘ + 2 p k + 2 s k ) v t _  X)

(fe2 4- 2pk) (fe2 4- 2pk 4- 2sk)

(5.6)

(5.7)

В частности из (5.6—5.7) следует следующая асимптотика для перенорми
рованной Гц(р,  р  4- s, s) при р2 ->  — ре, (р 4- s)2 ->  — pl  ( р е — экспери
ментальное значение для масс) при Хеф  О

1\(р*р  4- S , s ) ^  (2Pfl 4- S(J exp {F(p2 , (/5 4- S ) 2 , s2) — F (— pf P e2- -  A*)}

F ( p M p - H ) ’ , s 2) 4ie2 (d*k PpUvAk)iP +_s}e_ _
(2 л)2 ) (fc2 4- 2pfc)(fc2 4- 2pfc -f- 2sfe)

В частности из (5.8) имеем при s2g>p2; (p -fs)2

F (p 2 , ( p ( p  F  s)2 , s2) P ( P  +  s )

16л2 | (p(p  +  s))2 p2(p4-s )2
ln  X

X P  ( p  +  s )  +  K (p  ( p  4- g))2 —  p 2 ( p  +  s)2 x  

(p 2 (p  +  s ) ' Y 2

(5.9)

X ln [ -  p ( p  +  *) +  Ур 2 ( p  +  s)'2] P2 ______ e2 1-  V& 1„
A4 4л2 ln p  ln A2

* Отметим, что поскольку мы работаем в поперечной калибровке, то член пропор
циональный вр в выражении для РДр, /> s, s) можно и не выписывать, поскольку бу
дучи умноженный на Dfíe(s), он выпадает.
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Не представляет труда построить с помощью (5.3- 5.4) модифицированную 
теорию возмущений для Г,,. При этом для Г,,(р, s) получаем следующее выра
жение.*

G(p) Г  ß (р, р  -|- s, s) G( р  +  s) =  — í dvl j dv.y e '(рМ-е'-^К-'Цр+^+е* «K x

° 0 (5.10)

X 2pa I----— c(p, p,) eEe" b”(P’P~s>'1i> — ---- c(p -1- s,v2) eEe>nbnfP+s’P'v’)
{ P2 ( p  +  s )2

где 
(2л)

T ~ C(P' vl) =  — [  

a'n(p,P  +  S, Pj) =
e^c (p )

an (p +  s. P ,v2) =

p-i(k2- 2pk)v, _  1 ;n

dÍk t f - 2 p k  - P ^ W P * - '  ° » =  >  < ^ > ’<5Л 1>

vi vl

e2" c ( p  +  s ,  p2)
X

X ( I d i ( Pl l+  sß) D K

(5.12)

(5.13)

dl, p <«(éM » \ .

Коэффициенты bn и связаны соответственно с ап и а’п формулами (2.25)— 
(2.26).

6. Двухчастичная функция Грина 
(Рассеяние векторной частицы к на бозе частицу р)

Не представляет труда с помощью (3.5) получить выражение для 
двухчастичной функции Грина

G’Í2 {Х,У1Х , У ) ~  à l~ ( x ) k ( j )  à lv(x') ôHy') |f =  I  =  I  =  0 ‘

Поскольку для вычисления соответствующего сечения рассеяния нам при
дется перейти на массовую оболочку для импульсов участвующих в про
цессе частиц, то целесообразно иметь дело с таким выражением для G12, 
в, котором этот переход наиболее просто совершить. Для этой цели весьма 
удобна методика получения выражения для GV1, аналогичная уже рассмот-

* В случае р 2 — — ц\(р +  s) 2 =  — =  2p ß B(s2), где В-совпадает с перенорми
рованным значением фигурной скобки в (5.10) после подстановки v, =  р2 =  оо.
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ренной в предыдущем параграфе. Опуская подробные выкладки аналогич
ные проведенным при нахождении вершинной функции Грина, приведем 
окончательное выражение для О-'Ц (поляризационными эффектами мы и 
здесь пренебрегаем)

r>_ 1(fc2) К  ! р , ,  k.i) = g ltf(p1, k1\p2, fe2) +  gnt (P l, k2 \p2, kj) . (6 .1)

При этом р х и (р2) — импульсы начальной (конечной) бозе частицы, ^(&2) — 
импульс начальной (конечной) векторной частицы.

Импульсы связаны законом сохранения

P i  +  =  р . , +  к , . (6.2)

Для gpeipikjpikz) имеем: (здесь и ниже наложено* р ф  g)

где

ё м  (Рн К  ! Рп кг) =  — 4ie2 I d lxe‘(<i‘-P’)x ) dv2 j dv3 J dv2 e
- i  A’ (PÎt+^-ieК

X

X ( g, +
K  Оч - e)

9i

0 0 0

Ô ) 
àt2(vy — e) Je

(6.3)
exp  ie2 A

< h = P l  +  к! =  P 2 +  *2 >

A'n  =  2 2  .Г П я) (f) (2 J  á f ! P (n) (fi))  П п) (Г) +  (6 .4 )
n= 1 0 0

4 J d f  f d£' P<P (f) (a +  2 f /Хз) (£,) d fx -
Ö 6 £'

2 f  P<D (I) d fx) P<*> ( f ') + 4  j  d f  f  d f' P<*> (f) D Me X

X (2 j' Р(з) (fx) df x +  2 f  P<’> (f x) dfx) P<3) (f') +
f  i

+  4  f  d f  f  d f' P «  (f) D M (* -  2 f  Р<») (fx) d f 
Ô Ô £'

2 f  P ™ (fx) d f x) P<2> (f') ,
í

i * n) (f  ) =  Л . +
д

2 < M f) ‘
(6.5)

* В случае g = q в (6.3) появляется добавочный член <5 е1 j  А>, J dv, <ехр í х
2 о О-

X j — v ;  (Pn +  /“ 2 — *е) vn +  -4 j> , где .4 — определяется формулей (5.4) при замене 
р р 19  р -{- s -*• р2 и s — к*
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Нетрудно увидеть из сравнения с теорией возмущений, что первые два 
члена в выражении для А описывают радиационные поправки к одночас
тичным функциям Грина, третий и второй члены описывают радиационные 
добавки к вершинным частям («обрастание» узлов взаимодействия Г;/), 
оставшееся выражение в А возникает в результате обмена частиц р  и р  
векторными квантами при рассеянии (так называемые радиационные до-
-  à r vбавки типа--—- • 

o<Pß )
Нетрудно убедиться, что интегрирование по х в выражении (6.2) 

может быть проведено в общем виде. Опуская необходимые выкладки при
ведем получающееся при этом выражение для

(Pv К  I Ръ К) =  — 4»е2 I dvi j dv2 I dv3 e n"
-i E (p»+A*— i‘)v»-i(9‘+l‘‘-ieyv,

X

0 0 0

X ?i +
6

(6 .6)

ôti (p, — s) ?1 Ôt2 (v2 — e)
exp  ie2 A 12

здсеь

+  4 f  di  j  d r  PjP (D DM (2 f  d i, P«) (ft) +
Ô 0 Ô

+  2 J di,P«>(fi)) p(3) (f') +  
i

+  4 f  d i  f  d í' P f  (I) (2 f  P<3) (|i} d i, +
Ö Ô i'

+  2 f d f ,  ?<*>(£,)) P f ( r )  +
í

+ 4  f  d i  f  d i' Pft) (f) (2 f  d |, P(3) (Í,) +
5 6 5

+  2 f  Pö) ( i ,)  d i ,  +  2 f  P «  ( i , )  d i,)  P<*> ( i ' ) ,  
fi "s

P(3)(£) =  q i  + а д  '

(6.7)
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В первом приближении модифицированной теории возмущений мы получаем 
следующие выражения для gße:

g M  ( Р н  К  I  Р 2> h )  =  -  J d i \  I' d v 2 f  d ^ e x p  (  -  i  j g  ( p l
5 ö 6 n= i

+  P 2 — ie )  v n —  i ( ?  +  P 2 — *e) v2)  X  g1|lt qle e x p  i e 2 <X112> ,

(6 . 8)

где

< ^ 12> =  -
4  2 r  — f e -i(fc!+2p„fcK _  4

J ?  j rf4fej>np P pg(fe) P ne |  . . .  ■ -—  ------b(2tt)4 "  I (fe2 +  2jon A:)2

iv„

X

(fe2 +  2 p n k )

e - i ( k ' + 2 q , k y 3 _  4

(fe2 +  25l fe)2

4

(2-t) ‘

+

d*k 9щ D n  (fe) ïifi X

(fe2 +  2 g „  fe)

(e -i(k‘- 2qk)»t _  4 ) (е-;(/Р-2рЛК _  4 )

(fe2 -  2g, fe) (fe2 -  2P i fe)

'_ '(2^ г 1 ‘, ‘ * А р В " ( Ч й ,Х

(e-i(fc>-2gifc)v, _  4) (e-i(k'-2P!k)v, _  4)

(fe2 -  2g, fe) (fe2 -  2p2 fe) 

^ А ^ « ( * ) Р ц Х

(е -Цкг-2р,к)г, _ 4̂  (e-i(k‘-2p.k)v3— 4) e~i(k*~2qlk)v,

(fe2 — 2p , fe) (fe2 — 2 p . ,  k)

При этом для амплитуды рассеяния / № на массовой оболочке получаем 
следующее выражение:

/ш, (PH *1 ! Р2’ *2) =  (Рх +  Щ  G 3  (Pi. I Р2> fc2) (P l +  P?)| Pi = -p*»PI=-pí —

=  i e 2 j ?  J  4 д П(1 g nfi e x p  i e 2 A 2 ( q n) ,
7 1 = 1  Ö

(6 . 10)
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где

А 2 (Чп) =

Ч\ =  Pi  +  ki ; 4 2 = P i ~ k >

d*k ( e - W - W ï *  -  1)
(2л)4

4

I ( fe) ? ne

P iq.DM ik ) 4ne

(к2 — 2 qn к) (к2 —  2 p 1 к —  is)

d4k (e~dk,- 24nk)*n — 1 j

X

(2л)4

d*k

(к2 — Ц п k) (*2 — 2P > k — ie)
(6 . 11)

(k- — 2 p {k — ie)(k2 — 2 p2k — ie)
e-i(kl-2q,k)vn _

d4A:
(k2 ~ 2 qn k)

iv„
ei(k,-2qnk)v„ _ J

(k2 - 2 qn k)

Обычной процедурой мы можем с помощью/ ю найти сечение процесса. При 
этом в том случае, когда масса векторного поля равна нулю (фотонное поле) 
амплитуда чисто упругого взаимодействия обращается в нуль («инфракра
сная» катастрофа). Физический смысл имеет однако «упругое» рассеяние с 
излучением мягких фотонов, суммарная энергия которых не превосходит А 
(разрешающая способность прибора).

С помощью операторного решения легко получить и в этом случае 
суммарное выражение для сечения (см. также [4]). Мы не станем проводить 
здесь необходимые выкладки, ограничимся лишь приведением выражения 
для асимптотики сечения рассеяния фотона на бозе-частицу (с излучением 
мягких квантов) суммарная энергия которых не превосходит А) при боль
ших энергиях в основной области углов (исключая углы в системе ц. и. 
близкие к «О» и «л»)

da
d û

d a t

d û2  J
O i'Jt -  1

2 nix

где da 0 — борновское сечение,

e2 B^ d r :
d a n
d û

A \2?
E  ! Г(  1 +  2 ß)

(6 . 12)

B(x) =  4  [ d 4k 2  {A %'m) е ~ ‘к°г I™ К  (*) -  (A í1’m) (* ) )} . (6-13)
W J  1

P 3 =  m in | 9 l; q2} ,A(n,m)
flQ

i>m=
(— П (n-m) P  P  V ) 1 na x ;Il me

(к2 — 2p n к — ie)(k2 — 2 p m к — ie)'

Pi Pi
4л2 H p i P i ) 2 ~  [PiPÍ)

In Pi Pi +  YIpi  P2 ) 2 -  p i p i

yicta Phys . Hung. Тот. X I  X „  1965.



К  Э Л Е К Т Р О Д И Н А М И К Е  Ч А С Т И Ц  СО  С П И Н О М  Н У Л Ь 197

Хотелось бы отметить особо существенное отличие в поведении амплитуды 
рассеяния при больших энергиях в случае рассеяния назад, когда масса 
векторного поля равна нулю (фотонное поле) или отлично от нуля. Это от
личие ещё более усугубляется в случае взаимодействия со спинорным по
лем, где сечение рассеяния назад только в случае Я2 =f= 0 имеет реджевский 
вид, причем на реджевской траектории лежит сама ферми-частица. (более 
подробно этот вопрос будет рассмотрен в другом месте)

Отметим, что с помощью выражения (3.5) для производящего функци
онала можно получить модифицированную теорию возмущений и найти 
соответствующие асимптотики сечений различных процессов также при 
наличии внешнего векторного поля (например, во внешнем электромагнитном 
поле). Для этого необходимо считать, что 1ц ф 0  и <р определяется равен
ством:

<Р(Ьп) (х) =  J 1К> (х — у)  I v {у) d 'y  . (6.14)

В (3.4) необходимо формально заменить 1ц(к) через I' (к) +  (к) q^bn) (к),
где -DJ)„ — запаздывающая функция Грина векторного поля.

Отметим также, что все полученные результаты легко обобщаются на 
случаи, когда процессы рассеяния быстрых частиц происходят в среде, а 
последнюю можно учитывать феноменологически. Единственное изменение 
в этом случае заключается в том, что всюду вместо Df,v необходимо брать 
функцию распространения D*c„p) в среде.

В заключение приведем выражение для амплитуды одной ферми час
тицы ип -  бозе частиц с произвольными импульсами на массовой оболочке. 
Это выражение следует непосредственно из (3.5), причем уже первое при
ближение модифицированной теории возмущений для него приводит к пра
вильной асимптотике для сечений в основной области углов.

v —vl

f W ( P < p \ K -  . К ) =  Ц  Г dv's <P^( v ' s)eF(hy < e ^ ( P ) ) á W )  X
s = l  J

—vx

X exp i j y  Ц -  j y  ks kSl (v’s +  v'L +  \v's -  v'J) -  2p k a гЛ I
s=l ( 4 s,=i J

здесь

F(P) =  2ie2 J '  dÇ J ' P ,  (f ) D ,s (2 J  Щ ) dr,) P e (I"),
-*1 *’i Г

p ^ ) = p ,
2ôt(i vi)

n
P k

P (f)  =  P ( i ) -  v ’M t f - ^ ) ;
S=1
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ON ELECTRO DYNA M ICS OF PA R T IC L E S W ITH ZE R O  SPIN

By

E. S. F b a d k i n  

Abstract

The in teraction  o f a vector neutra l field (w ith ou t the mass (photons) and w ith the m ass 
available as w ell) w ith  a field o f a zero spin is considered w ith the help o f  a functional m ethod.

A closed expression  for S -m atr ix  is  found w ith  th e  aid of an operator solution for a gener
a tin g  functional and an operator so lu tion  for the G reen function in an arbitrary external field . 
A m odified perturbation theory is  developed w hich seem s to be fa irly  convenient for find in g  
o u t asym ptotics o f  the Green fu n ction  and cross sections.

A sym ptotics for one-particle, two-particle and vertex  Green functions are d iscussed.
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ON SOME RECENT ACHIEVEMENTS IN THE AXIOMATIC 
APPROACH TO QUANTUM FIEED THEORY

B y

I. T . ToDOROV
JO IN T  IN STITU TE FOR N U C LEA R  RESEARCH, D U BN A , USSR

and
PH Y SICA L IN ST ITU TE OF TH E BU LG A RIA N  ACADEMY OF SC IEN C ES, SOFIA , B U LG A R IA

Som e recent achievem ents in the general trend of axiom atics are treated. Em phasis is 
given  to asym ptotic relations for scattering am plitudes.

Introduction

I was asked b y  our amiable h osts to  review recent results in the axiom atic  
approach to  relativistic quantum  field  theory. L o g u n o v ’s report at the 
D ubna conference [1] was confined to  the same topic and, not being acquainted  
w ith any significant developm ent in  the few weeks after it  was g iven , I shall 
be concerned essentially  with the sam e problems. N aturally , m y report is by  
no means intended to  exhaust the m atter.

As an introduction I shall start w ith the follow ing diagram o f different 
approaches in  axiom atic quantum  fie ld  theory.

The characteristic feature o f all rectangles in this diagram is th at no 
equation of motion or specific Lagrangian is presupposed. Only som e general 
properties o f the “ so lu tions” of such unknown (or even  nonexisting) equations 
are postulated. U nfortunately, th e  different approaches have still another 
feature in common: no nontrivial m odel (i.e. a m odel in which S ^  I) is known. 
The usual interpretation of this q u ite  distressing fact is that all th e  schemes 
allow  only extrem ely realistic nontriv ia l models (if  any).

The program o f direct in vestigation  o f the S-m atrix  was first set by  
H eisenberg  in the forties. An in ten sive developm ent o f the axiom atic approach 
began about 10 years ago when schem es А ,  В  I  and В  II arose. R ectangle 
C regarded as an independent approach with its own primary notions and 
axiom s (and not m erely as an application  of B) appeared later — som e 4 years 
ago. The basic postulates of this approach, nam ely the “ m axim al an a litic ity” 
and “ saturated u n itarity” were se t  b y  G. Chew  in  a rather m etaphysical 
m anner and as far as I know, th e y  have not been form ulated u n til now in a 
precise m athem atical w ay. Nor an y  real success seem s to  have been obtained  
on th is vague basis, in  spite of the “ hopes” and the “ strong belief” professed  
b y  Ch ew . Further on C will refer to  the consequences and the applications 
o f В  only.
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Diagram o f the axiom atic approach

(An analogous diagram  was proposed by R. J ost at the Sienna Conference 
(1963)).

Still m ore re c e n t is th e  a p p ro a c h  of H a a g  a n d  A r a k i  (D) b ased  on th e  
n o tio n  o f th e  v o n  NEUMANN-algebra of b o u n d ed  o p era to rs  (or m ore  generally  — 
C * a lg eb ra) a sso c ia ted  w ith  an y  open  se t in  sp ace-tim e . The w ork  in  th is  d irection  
is a t  a p re lim in a ry  s tag e  so I  th in k  i t  is early  to  ju d g e .

I  go on to  explain  the role o f  the arrows in  the above diagram . It is 
natural to  expect th a t the d ifferent schem es in axiom atic fie ld  theory are 
closely  related (or even  equivalent) to each other. N onetheless, the exact 
connection  betw een  the different approaches is n ot yet com pletely  clear.

N ow , it  is generally accepted  that W i g h t m a n ’s form ulation, based  
on prim ary quantum  theoretical notions (states and field  operators), is m athe
m atica lly  the m ost elaborated and logically consistent. On th e  other hand, 
th e  construction o f asym ptotic free-particle states and of the scattering m atrix  
in  th e  W i g h t m a n  framework g iven  fairly recently  in  an im portant work by  
R u e l l e  [4] is quite involved and not explicit. The difficulty to  pass from the 
vacuum  expectation  values of ordinary products o f  field  operators ( W i g h t m a n  

functions) to the m atrix elem ents o f LSZ retarded com m utators is twofold.

Acta Phys. Hung. Tom. X I X . ,  1065.

C  C h e w , S t a p p

P rim ary notions: S-m atrix e lem en ts on the m ass shell
Basic postu lates: “ M aximal a n a litic ity ” and “ saturated u n itar ity”

Proof o f  dispersion relations

В  I . (LSZ, [2]) В II. (BM P, [3])

P rim ary notions and princip les:

A sym p totic  fields and asym ptotic  
conditions
S -m atrix  and (local) interpolating fields  
R eduction  form ulae-retarded products

S-m atrix as a functional o f the asym ptotic  
(out) fields. Radiation operators-variational 
derivatives o f the S-m atrix. C ausality con
dition.

M ain object o f  investigation:

R etarded Green’s functions S-m atrix elem ents continued o ff the mass 
shell

A  ( W i g h t m a n )

P rim a ry  notions: H ilbert space H  o f state  
vectors.
F ields as operator valued distributions.
B a sic  postulates: 1. R e la tiv istic  invariance.
2. Spectral conditions. 3. Locality.
M a in  object o f  investigation : V acuum  e x 
pectation  values o f  (ordinary) products of 
field  operators ( W i g h t m a n  functions)

D  ( H a a g — A r a k i )

P rim ary notions and princip les: 
C*-algebra of local observables 
(bounded operators), measurable 
in an y  open set o f  space-tim e
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First, the m ultiplication o f (tempered) distributions w ith  a discontinuous 
function like 6 (x) is not a w ell defined operation. Second, the connection betw een  
H a a g — R u e l l e  and LSZ asym ptotic conditions is not com pletely clear. 
Some light on this question was thrown b y  the paper o f K . H e p p , presented  
at the recent Dubna Conference on H igh E nergy Physics [5].

A connection betw een A  and D  w as established recen tly  by B o r c h e b s  
and Zim m er m a n n  [6 ]. T hey add a new postu late to the usual W ig h t m a n - 
axiom s o f the theory of a neutral scalar field  A ,  nam ely: the vacuum  sta te  
I 0 > is an analytic vector w ith  respect to  the (sm eared-out) field operators 
A(f) .  This means that for any test function /  there exists a positive constant 
M  (depending o n / )  such th at

Il [^ ( /) ] ft I 0 > И <  Af" n !

(The notion o f an analytic vector was introduced in a m athem atical paper  
b y  N e l so n  (1959)). As a consequence it is proved that for r e a l / ( a) with com pact 
support, the operator A (f )  is essentially selfadjoint i.e. [A(f ) ]  + + =  [A ( f ) ]  +. 
Further it  is shown that the spectral projections of A(f)  (for different f  w ith  
com pact supports) give rise to a local v o n  N e u m a n n  algebra of bounded  
operators, satisfying all the requirem ents o f  H aag and A r a k i .

A fundam ental connection betw een В  and C, the proof of dispersion  
relations for a number o f processes, was established in th e  early stage o f  the  
developm ent of the axiom atic approach b y  B oGOLIu b o v  e t al. [3] and in 
subsequent papers. The last word in this direction (concerning the an a ly tic ity  
o f the tw o-particle scattering am plitude) was said in th e  work o f B r o s , 
E p s t e in  and Glaser  [7].

In w hat follows I w ant to  discuss in  som e more d eta il two questions.
The first one concerns the arrow A  —► В , that is H aa g— R u e l l e ’s 

collision theory  and the contribution of H e p p  to  the proof o f  dispersion relations  
in the W ig h tm an  framework.

The second one deals w ith  an application  of rigorously proved an a ly tic  
properties o f  m atrix elem ents to obtain som e asym ptotic relations betw een  
the am plitudes o f different high energy processes.

§ 1. The H aag— Ruelle collision theory and analyticity properties 
o f the scattering amplitude

For the sake of sim plicity we shall consider only the case of a neutral 
scalar field  A.

I w ill n o t  form ulate h ere th e  basic p o stu la te s  o f th e W ig h tm an  ap p roach . 
I w a n t to  m en tio n  on ly  th e  restricted  form  o f  the sp e c tr a lity  req u irem en ts
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used by R u e l l e . It includes the uniqueness (nondegeneratedness) o f  th e  
vacuum  sta te  and the ex istence of a m in im al positive m ass m in the th eory  
corresponding to  a discrete one-particle s ta te  (the photon s being exluded  
from  consideration). This leads to the fo llow ing type o f  K ä llen—Lehm ann  
representation for the tw o-poin t W ightman function

(A(x)  A ( y ) ) 0 =  iA + (y  — x) +  i f A + (y  — ж) dg(n) , M  >  m >  0 (1.1)
M

(i Ap is the free field  two poin t function).
B riefly, in  a simple special case H aag and R u elle’s results about the  

asym ptotic conditions m ay be stated as follow s.
Let D M =  { p  : p 2 <  M 2} and let f ( p )  be an in fin ite ly  differentiable 

fast decreasing function w ith  support in  D M (i.e., f ( p ) £ S(DM)). D efine  
th e  fu n ction / ( a , t) of five variables, x — (* 0, x ) and t by

/ ( * ,  t) =  1 —  I'd*pf* (p)  J14-P.V eipx , (1.2)
(27i)5'i J 2 ivp

where

tv p =  \rm2 +  p 2

and let

A(f ,  t )  =  I d4* A(x) f (x ,  t )  =  - ^  I d4p  Pa +  W” e‘(wv~p°)tf * (p) Ä ( p ) . (1.3) 
J \ 2тг J 2 w p

In  the case w hen A(x)  is a free field  of mass m , A ( p ) contains a factor ô(p2 — m2) 
so that A(f ,  t) does not depend in fact on t, and represents an annihilation  
operator. A ( f t )  possesses som e properties o f  an annihilation  operator in th e  
general case too . A ctually , using the spectral conditions in the form (1.1) 
and taking tin to  account the support properties of f ( p )  it  is easy to see th a t

A(f,  О I 0 > =  0 , [A (f ,  t)]+ I 0> =  | / >  , (1 .4)

where / >  is a one particle sta te  of mass m  and spin 0 w ith  wave function

f ( p ) ,  (Po = ] / m 2 + P 2) ■

The m ain result of R uelle  [4] is the rigorous proof o f  H aag’s conjecture  
that the strong lim its

out
s -  lim  A +(fi ,  t) . . t) ! 0 > =  |A  • • . / nin > (1.5)

t  — >  ^  C O
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out
ex ist, where \ f x . . .f™ )  are asym ptotic states consisting of n free 
particles.

In  order to  ob ta in  th e  con ven tion a l co llision  theory  w e  h a v e  to  ad d  to  
th e  W ig htm an  ax iom s th e  p o stu la te  o f  a sy m p to tic  co m p leten ess

H in =  H = H oat (1.6)

(in fact it is sufficient to assume only one of th ese equalities, the other follow s 
from the TCP-theorem ). Then a unitary operator S ex ists  whose m atrix  
elem ents are determ ined by

S(fl . . . f n \ g 1 . . .  gk) =  </l • • . / Г  I Í  !  gL"> • (1.7)

The right hand side of (1.7) m ay be expressed o f  course in term s o f some lim its  
of integrals of W ightm an  functions, but it is clear that th is expression is too  
com plicated to deal w ith.

H e p p  [5] so lves th e  prob lem  o f  tra n sitio n  from  th e d istr ib u tio n

Vl>/2 \ g l g 2 /

to the boundary value of an analytic function T( (px -j- p 2) 2 ( p i — ?i)2)(on the  
mass shell p 2 =  m =  q2) finding b y  the w ay reduction form ulae of the LSZ 
type for the two-particle am plitude. T  is related  to the 2-particle S -m atrix  
elem ents b y  the conventional formula

iT 2 l(PlP2 I — 9l ~ 4 l)  =  <РуР Т  I <h 4 2  > -  <PlP2 Ut I 4iq°2Ut> =

=  b( p } +  p ,  — qx -  q , ) b t  (p  1) óm (p2) Ó+ ( q j d ^  (q,) T((Pl  +  p 2) \  ( p x -  qxf )

bm(p) =  в (Ро) b(p2 — m2) (1.8)

(to  w hich  H e pp  g ives a precise m eaning).
I sh a ll m en tion  th e  p rincipal step s o f  H e p p ’s co n stru ctio n  o f  T.  T he  

problem  o f  a n a ly tic ity  is reduced  to  B o g o l iu b o v ’s proof o f  ord in ary  d ispersion  
relation s m ak in g  e x te n s iv e  use o f  th e  J ost — L e h m a n n — D y s o n  rep resen ta tion  
[8] o f  th e  cau sa l com m u tator .

D efin e a sm ooth  and b oun ded  ap p rox im ation  of <$m(p ) b y

P‘(P„-^p)a _  p—i(P0—wp)b
Wb(p) =  — — -------------7-------- ;4tu (p0 — w p) w p

( W  lim  05, (p) =  <5+ (p)). (1 .9)

Let further R ( x ,y )  he the sm ooth retarded product

R ( x , y )  =  i G c(x -  y )  [A(x),  A(y) ]  , ( 1. 10)
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where 0 c(x) is a C“ (i.e. in fin itely  differentiable) function  such that 0  — 0  
has a com pact support.

The first step in H e p p ’s considerations consists in  th e  following proposi
tion.

Proposit ion 1. I f  W ig h t m a n ’s axiom s are assum ed, then for p{  <  M 2 
and qi <  M~  one has*

T2 î(PiP2 I — ?i — 4i) = 2n Iim lim  b™* (Pl) ô?d(qi) (pi — m2)(ql
a,b—> oo C ,d -> e o

X <jP2 I R ( P v  —4l) i ?2> *

ni1) X
( 1 . 11)

where R  is th e  Fourier transform  o f the sm ooth retarded product (1 .10). 
I f  (1.6) is also true, then (1 .1 1 ) holds for all p x and qv

In the p roof o f this proposition the H a a g — R u e l l e  theorem (eq. (1 .5)) 
is used. In th e  sam e w ay also the follow ing is proved.

Proposi t ion 2. Under the same assum ption, for p i  <  M 2, qJ <  M 2

T 22 (Pi Pi\ — <h q>) =  2n  lim lim  <%* (px 0?b* ( p 2)  ( p l  — m2) X
О,Ö ̂ oo C,d ~> oo 12 )

X ( p \  — rn2) <0 I R ( p 1p 2) I q & y
and

(pi  -  m1) (qi -  m2) <p2 | À ( P l ) A ( - q x) | q2> =

=  2n  lim  lim  ôab* (Pi) à?d (qz) (pi  — m-) (qi — m2) (pl  — m2) (qi — m 2) X
a,b—> oo Cfd—> oo

X <o I jR(p:, p 2) R ( —<iv ~ 4 i )  ! °> • (1.13)

These reduction  formulae give a large class of “ off-shell” extrapolations for 
the 2-particle scattering am plitude T .12 and for the m atrix  elem ent ( p 2 ] 
I j ( P i )  j ( —9i) I Ч2.У ° f  the currents j ( p )  =  (p 2 — m2) Ä ( p ) .  A ll these “ retarded” 
expressions derived from th e  4-point function  <0 | A ( x x) А(х.г) A(x3) A ( x 4) | 0 )  
are equivalent on the m ass shell.

As a n e x t step this class is reduced to  a set of “ sharp” admissible ex tra
polations, i.e . extrapolations using discontinuous б-functions instead o f 0C. 
In the proof th e  J o s t — L e h m a n n  — D y s o n  integral representation is used  
and invariance properties are explored. The assum ption is made th a t the 
continuous m ass-spectrum  starts at M 2 =  4 m2. Then admissible “ sharp” 
extrapolations are obtained as tem pered distributions invariant under the 
proper P o in c a r é ** group P + w ith  the support properties in x and p  spaces

* We mention that A +(f, t) ] 0 )  is a time independent vector so that the one-particle 
states | / ln > and | / o u t> coincide: therefore the superscript (j)I(| t ) for these states may be 
omitted without confusion.

**I.e. inhomogeneous Lorentz group.
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necessary for the proof o f  the an a ly tic ity  properties o f  T22.
The la st step in H e p p ’s analysis consists of an accurate transition to  the  

mass shell in  order to prove usual dispersion relations and an alyticity  o f the  
physical scattering am plitude in the L e h m a n n  ellipse [9]. In this w ay  all the 
implicit “ technical” assum ptions n eeded  in the classical proof o f dispersion  
relations (as m entioned b y  O m n é s  [10] and F r o i s s a r t ) are made unnecessary.

The difficulty o f extending H e p p ’s  result for m an y  particle am plitudes 
is due to the lack of a substitu te of the J o s t — L e h m a n n — D y s o n  representation  
for this case.

Another nice result o f H e p p  reported in D ubna (unpublished) is the  
rigorous proof o f LSZ asym ptotic conditions for the case w hen different particles 
have w ave functions w ith  compact nonoverlapping supports.

§ 2. Asym ptotic relations betw een the am plitudes of elastic and
inelastic processes

I shall start w ith  som e historical remarks.
Besides the elegant proof of the TCP-theorem  and th e  connection betw een  

spin and statistics, for a long time dispersion relations were the only physical 
outcom e in axiom atic fie ld  theory. T h ey  seemed to  be particularly usefu l at 
low-energy, below  the inelastic threshold, because in th is  region an approxim ate  
system  of equations m ay  be obtained from  dispersion relations using elastic  
unitarity condition.

In 1958 P o m e r a n c h u k  [11] show ed that dispersion relations can be used 
to  prove asym ptotic eq u ality  betw een th e  total cross sections of particle and 
antiparticle interactions for high energy . P o m e r a n c h u k ’s argum ent was 
im proved and generalised in several subsequent papers. I want to  m ention  
particularly the paper o f  S u g a w a r a  and  K a n a z a w a  [12] in which essentia lly  
the P h r a g m é n — L i n d e l ö f  theorem  w as rediscovered and proved. Later 
M e i m a n  [13] m entioned th a t this is a classical theorem in  the theory o f analytic  
functions. On the basis o f this theorem  both S u g a w a r a  and M e i m a n  gave 
a simple and natural proof of P o m e r a n c h u k ’s theorem  under quite general 
assum ptions.

Using the P h r a g m é n — L i n d e l ö f  theorem th e  D ubna theoreticians 
[14 —17] obtained asym ptotic relations between differential cross sections 
and polarizations for a large class o f  e lastic  and inelastic  pairs of processes. 
Some of these results were obtained (under more restrictive requirem ents) 
independently by V a n  H o v e  [18] w ho extended the original P o m e r a n c h u k  

m ethod (using dispersion relations).
In contradistinction to the R e g g e  pole model (and other sem ipheno- 

menological treatm ents o f  high energy phenom ena) on ly  a very sm all num ber

Acta Phys. Hung. Тот. X I X . ,  1965.



206 I. T. TODOROV

of basic physical assum ptions are needed to obtain  the above m entioned results. 
I t  is w orthw hile to  list these assum ptions in term s of the properties of the  
scattering am plitude in p-space.

1. A n a ly tic ity  of T(s, t) for sufficiently large (in absolute value) s in 
the upper h a lf plane. — This an a ly tic ity  requirem ent always follow s from the  
causality  condition  which in  th e  BMP schem e is stated as follow s

^-^- =  0 for y <Cx .
M y )

2. Crossing sym m etry (or more precisely — substitution  law ) perm itting  
to  express the am plitude for negative energy through the physica l antiparticle 
scattering am plitude.

3. L im ited  growth at h igh energy. — The com bination o f th e  assum ption  
th a t S-m atrix  elem ents are tem pered distributions w ith B ogoliubov’s causality  
condition leads to  at m ost polynom ical grow th in m om entum  space (even for 
com plex m om enta in the dom ain of an a ly tic ity  o f the am plitude [19]). W hat 
s needed in  th e  following is th e  still weaker assum ption th a t the am plitude 
s less than  an y  linear exp on en t

I T(s,  t) I <  Ae(t)ee s'‘ for each e >  0 .

This latter assum ption is in fact necessary for the causality condition to have  
a m eaning [20]. Such a generalization m ight be useful for incorporating un- 
renorm alizable theories too.

4. A less general assum ption is m ade about the absence of (strong) 
oscillations in  the am plitude at high energy (it will be soon form ulated in  a 
more precise w ay). This additional assum ption m ay be given up for the case  
o f forward scattering when on ly  the high energy behaviour o f  the observed  
differential cross section is relevant.

Let me now  discuss in som e more detail the sim plest case o f  scalar particle 
scattering in order to illustrate the idea o f the proof.

Consider the pair of related  processes

°1 +  1̂ ~ a l  +  2̂ (I)
and

dj +  b1 —*■ «1 +  bz , (II)

ôj

where the bar stands for the transition to  the antiparticle.
Let the am plitudes o f  these processes Ty(s,  t) (y  =  I, II) he analytic  

outside som e bounded region o f the cut plane s. For fixed  t and sufficiently  
large s (or | и |) we shall m ake use of the substitution  law
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T „ (s, t; M i, m\, M l ,  m\)  =  T*(u, t ; M l ,  ml, Ml ,  ml) ( 2 .2 )

where M, and m, are the masses o f  particles 6, and a,, respectively  (i =  1, 2).
In order to form ulate assum ption 4 in a more precise w ay we introduce 

the follow ing auxiliary notion. Call the function  <p(s, t) adm issible if  at fixed
1

physical t the fu n c tio n ---------is o j  analytic outside some fin ite  region in the
<p(s,t)

e l S I  I m supper h a lf plane s,b)  less than any exponent e ', (e >  0) for s —► o o -------  > 0 ,
N

c)  continuous for sufficiently large | s | on the real axis, d j  such th a t the lim it

<p{s, t)lim
<p( s, t)

(2.3)

exists w ith  real a(t). An exam ple o f  adm issible function is g iven by  

Çl(s, t) =  sa(0 (In s f () (In 111 s )y(0 . . . ,

where a, ß, y. . . are real.
Let Т у  (s, t) satisfy  the requirem ents 1 — 3 stated above. Then the  

following theorem  holds.
Theorem.  Let us suppose th a t for fixed t and for some choice o f  the adm is

sible function  <p(s, t) the limits

lim J i M -  =  V , (t) , lim =  V u (t) (2.4)
S -+ -  y ( s , t )  s^+= 9?(— s,t)

ex ist. Then these lim its coincide

v x(t) = Vu(t) (2.5)

and hence, for nonvanishing Vßt)  the differential cross sections o f  processes 
I and II are asym ptotically  equal:

lim
d a x j d o u

l.—>oo dt  1 dt

Proof.  Under our assum ption the function

V(s,  t) T I (s, t) 
(p(s, t)

(2.6)

(2.7)
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is analytic and does not exceed any exponent e£'s* outside some region of the 
upper h a lf plane s and is bounded along the real axis. Furtherm ore, it  follows 
from (2.2) and (2.4) th at

lim  V(s, t) =  F ,,„  (t) . (2.8)
S—> + oo

Therefore, one can apply  the P h r a g m é n — L i n d e l ö f  theorem  [21] to  V  which 
m ay be sta ted  as follows.

Phragmén—Lindelöf  theorem. L et f (z)  be an analytic function  o f z =  
=  X -f- iy ,  regular outside some bounded region o f  the upper ha lf plane and 
continuous on the real axis for su ffic ien tly  large (a). Let further th e  limit 
lim  f (x )  — a + exist.

X —► ±  oo

Уп
Then if  a 7̂  a _ a sequence 2  ̂  ̂ ex ists such that lim  ^  0

\z n\
and If ( z n ) J >  ev̂  for som e choice o f  v >  0 .

N ow  L (s, t) satisfies all the conditions o f th is  theorem  and, moreover 
it is less than  any linear exponent (in view  of (2 .1) and the defin ition  of the 
adm issible function). Consequently th e  lim its V\ and V n cannot be different, 
hence eq u ality  (2.5) is proved.

In the special case o f the forward elastic scattering, under the additional 
assum ption a(0) =  1 (or more generally a(0) =  2ra -f- 1) a(t) being defined 
b y  (2.3), we obtain from  (2.5) besides th e  equality o f  differential cross sections, 
asym ptotic equality  betw een to ta l cross sections o f  particle and antiparticle  
interactions ( P o m e r a n c h u k  theorem ).

I f  “ a ’ is a neutral scalar (or pseudoscalar) particle, coinciding w ith its 
antiparticle (as л°, К? 2) then the am plitudes T\  and Тц coincide T\  =  Т ц  == T  
and in the case of forward scattering (w ith a(0) = 1) we can conclude th at the 
am plitude is asym ptotica lly  purely im aginary, i.e.

lim R e T ^  = 0 . 
s->~ I m T ( s ,  0)

(2.9)

Com bining (2.9) w ith the optical theorem  we im m ediately  arrive at the relation

da(s , t) 
dt lf=o 16 n

K o t(s )]2 at s-A -o o . (2 . 10)

These results are generalized in  a straightforward manner [14, 16] for 
processes involv ing  spinor and charged particles, where the am plitude is a 
m atrix characterized b y  several scalar functions. I  shall not go in to  an y  detail 
and only  w ant to quote some typ ica l physical results.
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d o  (s, t) .
1. The differential cross s e c t io n s---------  for particle and antiparticle

dt
scattering are equal to  each other. This is true for instance for the follow ing  
pairs o f processes:

Л + +  p  7tT +  p  ,

K + + /> -> -  K + +  p  ,
л  +  p  л  4- p; 
K ~  +  P ~ K ~  4- p;

л + +  p  —i>■ K + -(- E + ,
K -  +  p  ^  K °  +  E° ,

K  -f- p  —► л  -f- E + ‘, 
K 0 +  p ^ K -  +  3°;

( 2 . 12)

P +  P -+ P +  P  >
+  P -*■ n +  Л ,

p  +  p  - * p  +  p  ; 
n +  p  — E ~  4~ A  •

(2.13)

2. The recoil ferm ion polarizations in processes (2 .11), (2.12) are equal 
in absolute value and opposite in sign at s —► oo.

3. For forward scattering, assum ing th at elastic scattering am plitude  
behaves like e.g. s(ln s f  and taking into account the isotopic invariance we get

do(ji+ -f- p  — тг+ +  p) 1 dofa~ 4~ p —> л ~  +  p Y
dt 2 dt __ t=o

~ 4 ^ ~ K t ( ^ + P )]2 , (2 .14)
16 n

°tot(n + p)  =  ° tot (n0 p)  ■ (2-15)

4. The lim its o f electrom agnetic form -factors at (->■ j ;  oo are equal. 
It follows that in e2 approxim ation the differential cross sections o f the processes

e~ 4- p  —*■ e~ p  and p~  -f- P  —*■ e~ 4~ e+  (2-16)

m ust coincide at high energy.

Let me say finally  some words about the asym ptotic relations betw een  
the am plitudes of production processes.

The d ifficulty in  th is case is th a t the five  point function  (as suggested  
by perturbation theoretical consideration) has com plex singularities in m om ent
um space so that it is n ot clear from  the beginning w hether the P h r a g m é n — 
L i n d e l ö f  theorem  m ay be applied. This problem  can be solved by using the  
so-called asym ptotic am plitude.

The am plitude o f  both  elastic and inelastic scattering processes m ay be 
written in the form

T ret ( i d ,  |/и>а -  a2) =  f F ret (a) e ^ - y ^ â - e x )  d i  *  , (2.17)
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w here F ret(x) =  0 for x <  0. In  the case o f  elastic scattering (considered in  
[20 ]) =  ,u2 -f- p 2 while in the case of the production am plitude [17] it  is
a more com plicated (rational) function o f the four fixed  invariants. D efine
T ™1 (w) as

TLet (w) =  T ret (w, w) =  y F ret(*) d*x . (2.18)

Under quite general assum ptions it  m ay be proved that

lim
iv->-+~

T ret ( mj, |/гг2 — a 2)
" ( n f

1 . (2.19)

On the other hand, it is easily  seen from (2.18) th at (w) is analytic in the  
upper half plane w,  so that the P h r a g m é n —  L i n d e l ö f  theorem  m ay be applied  
to  it  in order to  show that for som e adm issible qi(w)

lim
ív->4-oo

TLet (w)
cp(w)

lim TLet N
cp(w)

(2 . 20)

Then, taking (2.19) into account, we conclude th at the same asym ptotic equality  
holds for the physical am plitude T ret. In th is w ay asym ptotic equality betw een  
the differential cross sections o f  the processes

я +  N  -*  it' +  n" +  N '  and Я +  N '  — n'  +  n" +  N  (2.21)

is proved.
In conclusion, I want to  stress once more the im portance o f the experim ent

al check o f th e  obtained relations. As it w as argued, the disproof of som e o f  
them  would m ean essentially  a breakdown o f the causality  condition (or in 
an y  case — o f som e of the general physical requirem ents im posed on the scatter
ing am plitude).
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О НЕКОТОРЫХ НЕДАВНИХ ДОСТИЖЕНИЯХ 
В АКСИОМАТИЧЕСКОМ ПОДХОДЕ В КВАНТОВОЙТЕОРИИ ПОЛЯ

И. Т. ТОДОРОВ
Р е з ю м е

Обсуждаются некоторые недавние достижения и общие тенденции аксиоматичес
кого подхода. Особое внимание уделено рассмотрению асимптотических соотношений 
для амплитуд рассеяния.
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A FTE R N O O N  SESSION

Section  A

THEORY OF FERMI INTERACTIONS
B y

G. D o m o k o s * ,  P. S u r á n y i *

JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR 

and

A. V a n c u r a

FACULTY OF TECHNICAL AND NUCLEAR PHYSICS, PRAGUE, CSR

A  field theoretical m odel of Ferm i interactions is developed. E xplicit expressions are 
given for lepton scattering am plitudes at h igh energies. The problem  o f locality  and consistency  
o f a non-renorm alizable interaction is discussed.

I. Introduction

The problem o f the higher approxim ations to  weak interactions (and 
unrenormalizable interactions in  general) has been a long-standing and till 
now unresolved one. The following features are interesting both from theoretical 
and practical point o f  view .

1. As unrenormalizable interactions always contain a param eter o f the 
dim ension o f length (say, /), one exp ects that th ey  can play an essentia l role 
in explaining the mass spectrum o f  elem entary particles. H ow ever, th e  per
turbation expansion o f Green’s functions contains powers o f IE (E  is some 
energy) so one expects an essential singularity in the energy and/ or m om entum  
transfer variables; at the same tim e, the perturbation series are expected  to  
diverge even in the sim plest cases.

2. i) In view  o f w hat has been said above, one begins to  doubt the
valid ity  o f  the usual approxim ations (“ for a ß  — decay process 
it  is sufficient to calculate m atrix elem ents in  low est order, because  
of the sm allness of one coupling con stan t” ).

ii) Further, can higher approxim ations cure the “ u n itarity  ca ta 
strophe” ?

iii) How do “ weak scattering am plitudes” actually  behave as s and/or 
t tend to  infin ity? In particular, can one write down dispersion  
relations for them ? In w hat follow s, we try  to  answer som e o f these 
questions in the fram ework o f a sim ple, probably oversim plified, 
model.

* Perm anent address: Central R esearch In stitu te  for P hysics, Budapest.
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II. Theory

We consider processes where leptons on ly  participate; for the sake of 
sim plicity  we n eglect their m asses; this does not affect the asym ptotic behaviour 
o f the am plitude in the k inem atic variables if  we adopt the philosophy that the  
la tter is determ ined b y  the “ leading singularities” o f the diagram s.

The four-point Green’s function  G obeys the B eth e—Salpeter equation:

G =  G0 +  GH K G  , (1)

where G0 is the tw o-particle Green function, К  the B eth e—Salpeter kernel. 
Our approxim ation consists in replacing К  b y  the contribution o f one single 
diagram  (Fig. 1).

F ig. 1

Remarks

1. I f  in sp ite o f  neglecting m asses we d istinguish electrons and m uons 
w ith  the corresponding neutrinos we arrive at a tw o-channel problem. This 
has been treated  fu lly  elsewhere [1]; here we content ourselves b y  illustrating  
the m ain points on a single-channel problem.

2. I f  we replace the ferm ion loop in F ig . 1 b y  a IF-meson, we arrive 
at the m odel o f F e i n b e r g  and P a i s [ 2 ] ;  our m ethod applies equally well t o it .

W e now assum e th at the elem entary four-ferm ion interaction is of the  
usual V  — A  form ; we approxim ate G by  the follow ing expression:

G =  У d l  +  Гб) Г(1 +  Гб)

where díf is a scalar function. W e expand w ith  respect to  four dim ensional 
spherical harm onics. Then in E uclidean coordinate space, the n-th projection  
o f the BS wave function  obeys the equation [3]

-f- k2 — Wn (r) =  0  ,

V n (0) =  0; yin (r) ~  e~ ikr 4 - S n eikr, (r oo) 

(k2 =  1/4 E 2) .
( 2 )

Here n is the eigenvalue o f the four dim ensional angular m om enta, n — 1, 2 . . .; 
Sn th e  four dim ensional projection of the S-m atrix , 4k2 is the to ta l C M  energy  
squared, 7? =  3 2 / 2/тг, where f  is the Fermi coupling constant.
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Usual m ethods o f the theory o f singular differential equations can be 
applied to 2).

In particular, one verifies th a t the solution which satisfies the boundary  
condition at r =  0 behaves as

ip(r) ~  exp — A/2r- (3)

independently of n. Therefore, we im m ediately see that the d ivergent part of 
the diagram on Fig. 1 gives a vanishing contribution. To illustrate th is point, 
we observe that the divergent part o f  the diagram corresponds to  a contribution  
to  the local interaction with “ divergent coupling constant” . H ow ever, in the 
chain diagrams of F ig. 2 the tw o particle propagator is the fu ll, rather than

ЖЮС—Ж
Fig. 2

the free one. The full propagator, how ever, is strongly dam ped, as indicated  
by eq. (3); therefore, it kills the contribution o f the chain-diagram  altogether.

How can then we reproduce the low energy behaviour o f  the m atrix  
elem ent r One can show , actually as in elem entary quantum  m echanics, that  

.  an effective range expansion of th e  transition m atrix  diverges; nevertheless, 
it works as an asym ptotic expansion for the low est partial w a v e f l]  (this 
gives the leading contribution at threshold). In particular, the scattering length  
turns out to be

a
8
л

1/2
(4)

so at threshold the higher orders renormalize the coupling constant only. 
(L et us remark in passing that our solution cannot be reproduced b y  perturb
ation theory; in fact, the partial w ave am plitudes have a branch point ~  A"/2 
at A =  0).

The IF-meson exchange can be treated along the same lines, as the Fermi 
theory. There is, how ever, an essentia l difference. In the low -energy approxim 
ation the interaction term  in eq. (2 ) behaves as g2r~2; therefore, there is no 
branch point at g2 =  0. For sufficiently  sm all values o f the coupling constant 
an iterative solution can be obtained (although the higher terms do not decrease) 
and sum m ed explicitly . In this w ay, one arrives exactly  at the F  — P resu lt[3 ],

III. High energy lepton physics

Here “ high energies” mean probably some hundreds of GeV’s in  the CMS. 
W e consider a “ m ultiperipheral m odel” of lep ton  scattering (F ig. 3).
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Angular  distribution
The to ta l scattering am plitude in the t-channel is given by:

T(t, cos e t) =  У  . тп (t) ,
n S i n  <yt

t =  4fe2 , cos 0 t =  1 +  —— •
t

(5)

W e take Tn(t) as obtained from  eq. (2) in an effective range approxim 
ation . The latter converges for Ren  <  1 i.e. for unphysical values o f  n only.

F ig . 3

One verifies th at S n(t) is meromorphic in the whole n-plane and satisfies the  
relation, characteristic o f a hard core [4]

S _ n ( t ) = e - 2- inSn (t).

In  spite o f th e  nice analytic properties o f S n(t), the concept o f  Regge 
poles is not a useful one in evaluating  eq. (5) for t <  0, s —► oo. One finds 
nam ely th a t there are in fin itely m any poles in the n-plane and for t <  0 all 
o f them  lie on the im aginary axis. H ow ever, i f  one transforms У  in  eq. (5) 
into a contour integral: n

У  =  J dn  ctg n ,
П

and deform s the contour, the integral can be evaluated  by m eans o f the  
saddle point m ethod. The resulting asym ptotic expression is very  sim ple:

where

T(s, t) ~  i  - 1 6  M {x ) , 
s log s

* =  —log s/log (—t) , 

M (яг) =  x 3l2 exp Í — ^°B X I
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(s, t are measured in units o f 1//). Thus one obtains:
a )  an essential singularity b oth  in  ,s and i;
b)  the angular distribution show s a sharp diffraction peak;
c)  the differential cross section  decreases w ith the energy, in particular 

there is no “ unitarity  catastrophe” .

IV. Problems o f locality and zero charge

In the previous sections we have found th at the E uclidean B e th e—Salpe-
д

ter w ave function behaves as exp — -  near the origin. Such a behaviour has

the property that expressions of the type

\ d r  R{r) 0<~n){r)ip{r) (6 )
о

vanish , i f  R(r)  is any rational function  o f r and ó(n) (r) is a derivative o f  any  
fin ite order (including zero) of the delta function. In treating the chain diagram s 
o f Fig. 2 we had expressions exactly  o f  the above type (that is the m athem atical 
reason, w hy the contribution of the chain vanishes).

The above property o f the w ave function has far-reaching consequences.
L e t us observe t h a t  th e  local p a r t  o f th e  four-ferm ion  in te ra c tio n  su ch  as 

th e  te rm  f(y>yn( 1 +  y5)i/j)2, say , in  th e  L ag ran g ian , w hen  co rrec ted  fo r in te r 
ac tions in  th e  fin a l s ta te , gives rise ju s t  to  in teg ra ls  o f  th e  ty p e  (6). N ow  we 
see t h a t  su ch  te rm s v an ish , a t  leas t in  o u r a p p ro x im a tio n . T h u s th e  “ effective 
in te ra c tio n ”  is a non-local one. T his is th e  sam e p h enom enon  as n o ticed  som e 
tim e  ago b y  B o g o l i u b o v  a n d  S h i r k o v  [5] an d  m ore re c e n tly  byScHROER [6]. 
A lth o u g h  none of th e  a rg u m en ts  (inc lud ing  ours) is rigo rous, th e re  seem s to  
be th u s  an  increasing  ev idence th a t  a  local, n o n renorm alizab le  in te ra c tio n  
does n o t lead  to  a co n sis ten t th e o ry .

This im m ediately gives rise to  the question of the consistency o f our 
approxim ation. In fact, we sum m ed up the “ ladder-diagram s” o f F ig. 3. 
H ow ever, b y  construction, these diagrams contain local vertices in the B ethe — 
Salpeter kernel (Fig. 1).

In  principle, th ey  should be replaced by the full vertex  everyw here, so 
the “ local bubble” in F ig. 1 vanishes. A t this point there are tw o possib ilities. 
Either the whole theory as it  stands is inconsistent (we obtain e.g. id en tica lly  
zero for every Green’s function), or we are not allowed to  use a fin ite num ber  
of diagram s even for the B eth e—Salpeter kernel. In  other words th is m eans 
that if  a non-renorm alizable theory is to  ex ist at all, there should be a singu
larity  in  the coupling constant in at least tw o o f the Green’s functions.
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REMARKS ON THE CONVERGENCE OF THE 
PERATIZATION

B y

I .  M O N T V A Y

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST

The F e i n b e r g  — P a i s  equ a t io n  for zero incom ing m o m e n ta  is inves t iga ted .  In  th is  case 
i t  tu rn s  o u t  to  be possible to  show the  m a th e m a tic a l  a ccu rac y  a n d  convergence o f  the  perat iz -  
a tion  m ethod .

In the preceding lecture of Mr. G. D o m o k o s  you  heard about the greatest 
defect of the field theory  of weak interactions, nam ely th a t there ex ists no 
appropriate m ethod o f calculating the probability am plitudes in higher order. 
There are m ethods how ever which we can consider as the first attem pts to  
solve th is problem. These m ethods are: the one proposed by D o m o k o s , S u r Á n y i  

and V a n c u r a , and the corresponding one in the interm ediate vector meson  
theory, nam ely the peratization invented  b y  G. F e i n b e r g  and A. P a i s .

The peratization m ethod consists o f the follow ing steps: one first writes 
down the equation w hich form ally sums up the ladder graphs, th a t is the 
formal iteration of th is integral equation (1) corresponds to  the series o f the 
contributions of the ladder graphs. After th is one considers the graphs only 
as the graphical representation o f the non-existent iteration  term s and one 
tries to solve the equation obtained, hoping that the solution is a better  
approxim ation for the probability am plitude than  the contribution o f the 
first order graph only.

F e i n b e r g  and P a i s  gave a procedure for the solution of th is equation, 
but w ithout proving the m athem atical accuracy and convergence o f the  
m ethod. T hey proceeded as follows: instead o f the equation (1) they  considered  
the so called regularized equation. The regularization corresponds to an in 
variant cut off. D enote M  the regulator m ass e.g. the cut o ff param eter.

The next step consists of the solution o f the regularized equation w ith  a 
special iteration schem e. N aturally the term s in the obtained iteration  series 
cfepend on M  (the cut off parameter).

After th is, renouncing the sum m ation o f the series one let M  tend  to  
in fin ity  in each term  separately. A t th is point one sees the so-called self
dam ping o f divergences. Loosely speaking the sum  o f the divergences in the 
graphs all together give zero.
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W ith th is procedure we get the peratization series, which gives the  
am plitude in  power series o f the coupling constant.

The m athem atical problem s which we have to  prove are the following:
1. It is allow ed to  le t M  ten d  to  in fin ity  in  the term s o f the series. 2. The 
peratization series obtained in th is w ay is convergent. 3. The sum  o f the  
peratization series satisfies the original integral equation (1).

We dealt w ith  these problem s in the sim plest case: the trace equation  
for zero incom ing m om enta .1 We answered first the second problem . I t  is 
possible to  sh ow .1 that th is series i s  identical w ith  the N e u m a n n  series of 
an iterable equation  (P ), e .g . the convergence is assured for sufficiently  small 
values o f th e  coupling constant. (Probably also for the physical value.)

It is already more d ifficult to  answer the first and third problem s. The 
m ain m athem atical difficulties lie in  the fact th at the space o f  variables in 
th e  integral equation (the four m om entum  space) is not E uclidean. The 
situation  is m uch more favourable i f  the solution  has suitable analytic pro
perties for turning over the integration path in the com plex p 0 plane to  the 
im aginary axis. This reduces the difficulties for we can work in  a Euclidean  
space. We assum ed these analytic  properties for the solution  and so we could  
derive equation (P ) from equation ( l ).2 Thus the third problem  is solved and 
th e  first is ju stified . A lthough it  is possible to  derive eq. (P ) from eq. (1) 
in  the original pseudo-euclidean m etric too , in th is case contrary to  the E uclid 
ean case we could not prove the existence o f  solutions o f  equation (P ).

The situ ation  can be explained on a m odel equation. L et us consider 
th e  integral equation

f (x )  =  (cp(x) +  y )  x(x) +  A f Щхх') -f- x{x) o{x'j\  y){x) d x ' . (1)
5

Here E(xx')  and <p(x) are square integrable functions o f their variables, у is a

constant, x{x ) ls bounded and the integral j %(x')o{x')dx' is divergent. From
ô

equation (1) it  is clear, that th e  solution is o f the form

W ( x )  =  W i ( x )  +  W o ) x ( x )  ,  ( 2 )

where tp0 does n ot depend on x.  So the integral on the right hand side o f  (1) 
can exist on ly  i f  гр0 =  0. Thus we get from (1) tw o equations:

0 =  у  -f- A f a(x') f ix ' )  d x ' , 
о

(3)
ip(x) =  (f(x) x(x)  +  A f E(xx') %p{x') d x ' . 

i
1 The deta ils o f the calculation are given in the paper I. M o n t v a y ,  A cta P hys. H ung., 

18, 119, 1965. For references see th is  paper too.
2 See the A ppend ix  o f the article quoted in F ootnote  1.
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One can show th at the F e i n b e r g — P a i s  equation in suitable new  variables is 
of the type (1). This m eans that “ sp litting u p ” like (3) happens w ith  this 
equation too. The equation corresponding to th e  second part o f (3) is eq. (P ). 
It is a well behaved, iterable equation and its  N e u m a n n  series is identical 
with the peratization series.

The first equation in (3) shows the self dam ping of divergences. N am ely  
if  we substitute the iteration series o f the second equation in to  the first one 
and integrate the term s o f the series we get more and more divergent results. 
The formal sum o f the “ divergences” gives zero on the left hand side. From  
these considerations we can understand why th e  perturbation series diverges. 
There we get the divergent terms together w ith  the “ real” ones.

There is a question, however, w hich arises im m ediately: w hether the two  
equations in (3) contradict each other or not. To answer th is question in the 
case of the F e i n b e r g — P a i s  equation seems rather difficult in  the pseudo- 
euclidean m etric. B ut if  we go over to  the E uclidean space it  is possible to  
show that there is no contradiction and thus the solution o f (3) and so that 
of equation (1) exists.

ЗАМЕЧАНИЯ О СХОДИМОСТИ ПЕРАТИЗАЦИИ
И . М О Н Т В А И  

Р е з ю м е

Исследуется уравнение Файнверга и Пайса для нулевых начальных импульсов. 
Оказывается, что в этом случае можно показать метаметическую состоятельность и схо
димость ператизационного метода.
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NONPERTURBATIVE FIELD-THEORETICAL MODEL 
OF LEPTONIC WEAK INTERACTIONS

B y

J .  S t e r n

FACULTY OF TECHNICAL AND NUCLEAR PHYSICS, TECHNICAL UNIVERSITY, 
PRAGUE, CSR

In th is work the problem  of the four-leptonic weak processes is studied in the theory  
w ith  an interm ediate vector IF-meson. N eglectin g  1. m|epp, 2. the part o f am plitude containing  
induced neutral currents, an integral relation  between the four-leptonic am plitude and the 
weak IF-meson form factor is found. On the basis of this relation and the un itarity  condition  
the four-leptonic am plitude is evaluated. T he solution obtained contains a resonance in the

energy channel w ith the to ta l width about 1 MeV, and decreases as ~ for s —» oo. Some

consequences o f  the m odel are discussed, first o f all w ith regard to the production of an inter
m ediate boson by neutrinos.

I. Introduction

Since the time o f formulation o f  the F e r m i  theory of /З-decay it is known  
th at this theory (based on the low est order of the perturbation expansion) 
is in contradiction w ith  the un itarity  of S -m atrix  [1]. During the de
velopm ent o f this theory  it w as believed th a t th is so called “ unitarity  
catastrophe” is related only to the behaviour of the weak interactions at very  
high energies ( >  103 BeV) and th at th e  higher approxim ations do not change 
the form o f the am plitude of the low -energy processes like /г-decay or /3-decay. 
On the basis of such a theory the possib ility  was often discussed th a t weak  
interactions become strong at high energies [2 ], i.e. th at the cross-sections of 
processes like

V -f- e + — V -)- e + (1.1)

increase as E 2(E  is th e  c.m . total energy). The requirem ent of un itarity  shows, 
however, th a t this is clearly not possible for the whole range o f energy. 
Therefore one can conclude that there exists some critical energy, from which  
the cross-section decreases again.

This situation is w ithout any essential change the same in the theory of 
weak interactions m ediated  by vector  IF-meson. Here too the low est perturb
ative order is in contradiction w ith  the unitarity  [3], how ever, the cross- 
sections o f  processes like (1.1) do n o t increase w ith  E 1.
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These d ifficulties o f the theory o f w eak interactions are related to the  
fact that neither in the case o f  F e r m i interaction nor in  the theory  w ith W-  
m eson have we an y  selfconsistent m ethod for the field  theoretical calculation of 
th e  S-m atrix. Because o f the unrenorm alizability o f both  theories we cannot 
in  fact apriori exclude the possib ility  th at higher approxim ations o f  the per
turbation  expansion could essentia lly  change the form of the low est order 
am plitude. This statem ent has nothing to  do w ith  the sm allness o f  the weak 
coupling constant and could appear even at sm all energies.

There are som e exam ples dem onstrating th is situation: The theory of  
lep ton ic weak interactions w ith  IP-meson o f G. F e in b e r g  and A. P a is  (based  
on the so-called peratization m ethod) [4] and the theory o f G. D omokos, 
P . S u r Án y i and A. Y a n c u r a  [5] w ith  direct F e r m i interaction is o f  this kind. 
The starting point o f both theories is the B e t h e — Sa l pe t e r  equation, i.e. 
one works here w ith  some infin ite class o f F e y n m a n n  diagrams (ladder dia
gram s in the F P  theory.) One obtains som e relations betw een the coupling 
con stan t appearing in the H am iltonian and the effective constant o f the four 
lep ton ic processes like (1.1), w hich differs from the usual low est order relation  
(in the case o f  fP-theory)

10~5 1

~ W  '
(1. 2)

W e m ust conclude therefore, th a t the situation  is probably such as indicated  
before: The role o f  higher order diagrams cannot be neglected in  the whole 
energy range, beginning at low  energies (,u-decay, /З-decay etc.).

There are tw o  fundam ental questions related to  the theories of FP  or 
DSY type: w hat is the reason for selection o f any class o f diagram s, which 
generate the B e t h e —Sa l pe t e r  equation? O f course, the peratization m ethod  
o f  F P  can be probably extended  to  another than  the uncrossed ladders type  
o f  diagrams, b u t it  is not clear how  to  take in to  account in  th is w ay all 
possible diagrams or how to  prove th at tak ing on ly  some class o f  diagrams 
form s a good approxim ation. The second question concerns the unitarity  of 
am plitudes o f F P  or DSV, respectively . I t  is clear th at these am plitudes 
cannot satisfy the unitarity  condition at least in  the tw o particle approxim a
tion  [6 ].

Because o f  these tw o reasons it  is possible th a t the num erical results o f 
F P  or DSV are wrong and th a t these theories show  only  the qualitative possi
b ility  o f the im portant role o f  higher order diagram s.

However, the basic ideas o f  F e in b e r g  and P a is , which form the starting  
p oin t o f the peratization program m e, have a general m eaning, w hich is inde
pendent of the selection o f som e class of diagram or o f the renorm alisation  
property o f the theory. I f  one believes that the leading singularities o f some 
diagram s damp them selves we can regard the perturbative expansion as
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purely formal. B y this we m ean th at it is on ly  the relations betw een some 
(divergent) diagrams what is essential. (For exam ple a relation between  
re -f- 1-th and n-th ladders or between some diagrams which contribute to  
different processes). Each o f the diagrams which appear in such a relation is 
— in general — m eaningless but their sum has w ell-defined m eaning: it  
represents the am plitude o f the corresponding process.

It is possible th at we can generalise th is statem ent even  to the case, 
when the perturbation expansion is divergent (as series) and therefore do not 
represent the solution of any field  equations.

We shall dem onstrate th is point of v iew  in a sym bolic w ay: Let us 
denote by M „ (A )  a diagram o f the n-th order, contributing to the process A ,  
which belongs to  some class G. M „ (A )  has of course only sym bolic meaning, 
because it  represents an in fin ite (and unm easurable !) q u antity . W e assume 
th a t it is possible to  introduce in a relativistic w ay the cut off Л,  which trans
forms the expressions M n(A)  into some w ell-defined functions M „( A,  A)  for 
each re, G and A.  In terms o f cut off Л  we can ivrité the form al expression  
M „ (A )  in a more detailed form

M °  (A) =  lim  M °  (A, A)  . (1.3)
Л. -*■ oo

W e now define /1 > oo by
I. the equality  of M^(A)  and M„.(A)  b y  the relation M „(/l, A)  =

=  M an.{A, A);
II. the action of some (integral) linear operator К  on M G{A)  bv

K M G KA)  =  lim K M an (A, A)  ; (1.4)
л-*~

III. the expression

S Mn (A) =  M a ( A ) , (1.5)
n = 1

where the operation S has the following properties:
n = 1

a.) M ° ( A )  is a finite function , if  M „(A )  contain (for different re) all 
diagrams contributing to the same measurable quantity  (i.e. to  the am plitude 
of corresponding process.)

b.) S M C’ (A) =  s  M ° '  (В ) if M Gn (A) =  M Gn (B ) ,
n n

c.) S K M un (A) =  K  S M an (A) K M °  (A)  ,
n n

d.) S M Gn+l (A) =  M G (A) M G (A)  .
Л ~ 1

(1.6)
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I t  is possible to  identify  the expression (1.5) w ith  the “ sum  o f infinite  
set o f d ivergent diagram s” . The relations (1.6a — d) define the m eaning of 
such a “ su m ”, which is in  fact independent of the covergence of the s e r i e s  
'V M G(A)  and does n ot explicitly  contain  any cutoff.
П

I t  is clear th at th e  point of v iew  ju st described does not depend on the 
renorm alisation properties of the theory . It defines the general m eaning o f  
the perturbation expansion . Using th e  standard F e y n m a n  rules we can find  
some relations of the ty p e

M ° +1(A)  =  K G( A ) M G(A) (1.7)

and w ith  the help o f  (1.6a — d) derive an integral equation for M G( A ) which  
represents in  the case o f  (1.7) the equation  o f B e t h e — S a l p e t e r  typ e. However, 
there are some other relations like

M g+,(A)  =  K AbMS(B) , (1.8)

where A ,  В  denote different processes. From such an expression it  is possible 
to deduce some integral relations betw een  the am plitudes of different processes 
w ithout th e  assum ption that on ly  som e class o f diagram s contributes [7].

From  the point o f  v iew  of the renorm alisability o f the theory there arc 
two possibilities: 1. A ll divergences can be excluded b y  renorm alisation and 
the renorm alized perturbation s e r i e s  converges. Then the conditions
(1.5a — d) are valid for S =  £ .  In th is case the perturbation series contains

n
probably more inform ation than integral equations, which can be derived  
from expressions like (1.7,8). 2. The theory  is unrenorm alizable. In th is case 
the perturbation expansion  is m eaningless as s e r i e s  and the on ly  physical 
inform ation which the perturbation expansion contains is given b y  the F e y n 
m a n  rules and expressions like (1.5,6).

W e believe th a t in  b o t h  o f  these cases the equations, w hich one 
obtains b y  application o f the operation S on expressions like (1.7,8), together

П

with the unitarity condition  define the S-m atrix and are equivalent to  the basic 
principles o f  the quantum  theory o f  fields. We are unable tod ay  to  give a 
detailed proof of th is equivalence h u t we believe th a t it is possible [8 ].

W e shall show in th is work, how  it  is possible to  evaluate the am plitudes  
of four-leptonic processes like (1.1) in the theory w ith unstable JU-meson, 
in the w a y  ju st described. We shall not start from the equation o f  the typte
(1.7), w hich  generates the B e t h e — S a l p e t e r  equation, but rather from the 
expression like (1.8), w hich leads to som e integral equations between am plitudes
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of different processes. This starting p o in t permits to  take into account all 
possible diagrams contributing to the am plitudes we shall consider.

We can solve this problem  only b y  using some additional assum ptions, 
which how ever have noth ing to do w ith the perturbation expansion and  
could be verified experim entally.

II. The general form o f the four-leptonic amplitude

We shall start our investigation  o f the four-leptonic processes like (1.1) 
by specifying the basic interactions betw een vector IF-field and leptonic  
currents. We define this interaction b y  the following requirem ents:

1. It conserves the electric charge, muon charge and lepton num ber. 
All these quantities we consider to be the additive quantum  num bers [9].

2. It is invariant under the transform ation ip —*■ —iy5y , where y> is an 
arbitrary lepton field.

3. O nly single charged vector m eson exists (together w ith its antiparticle), 
which has zero lepton num ber and m uon charge.

4. The interaction is invariant under the transform ation fi. *-* e together  
with vt, <—» ve i.e. it is invariant under m uon charge conjugation.

5. The interaction is local and contains only the sim ple vertex in which 
the single JL-meson and single lepton pair can be annihilated or created in 
agreem ent w ith  |1 — 4].

None o f these assum ptions is in contradiction w ith  the experim ent and it 
seems that th ey  represent the sim plest system  of requirem ents, on w hich the  
theory o f leptonic weak interactions can be based. Let us remark th at the 
usual H am iltonian

Hint =  g[(eOave) +  (ßOav/t)]  W a ( I I .1)
with

0 a =  У a ( 1 — iy5)

is consistent w ith assum ptions 1 — 5 [10]. The sym bols e, ve, (i, vt„ W a are the  
field operators o f the corresponding particles and g  is th e  coupling constant 
(dim ensionless in h =  c =  1 units as w ell as the electric charge). W e can say  
a priori nothing about its num erical va lu e , because we do not know the correct 
connection between g and the effective constants o f four-leptonic processes, 
which only are directly m easurable. Such a connection m ust be obtained from  
the theory.

We introduce as usual the invariant am plitude T  b y  the relation

Sfl =  bfi -  i(2 n -  p f ) < /  ! T  I i>. (И .2)
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D enoting by p L, p 2, p A, p i the m om enta o f the four leptons (see Fig. 1, and 
using the assum ption 1) we can write T ( p v  p 2, p 3, p t) in the form

T(Pi- Pi- Pi- Pi) =  М 'Ф (Pv Pi- Pi- Pi) J '1 (Pi- P i)J  ! (Pi- Pi) 4

+  iVufj {Pi- Pi- p-i- Pi) Я )  (Pl- Pi) J(0) (Pl- Pi) - (H .3 )

where J ‘ is a charged and J (“0) is an (induced) neutral current. Both of these  
currents conserve lepton num ber and m uon charge. The first part o f th é  
am plitude (II .3) is called th e  allowed am plitude, the other one, containing  
neutral currents, forbidden am plitude.

It is useful to  introduce the following classification o f all four-leptonic  
processes allowed by conservation of electric and muon charge together w ith  
lepton number:

Fig. 1. The orientation  of the external lepton lines: w e consider p lt [>о and {).. p J to be  
the m om enta of leptons form ing together som e charged current (see II. 3)

I. Processes of  f irst  k i n d : These are th ose processes w hich are described  
b y  the allowed am plitude on ly . T hey are /t-decay and all corresponding inverse  
processes, or processes w hich can be obtained b y  the CP-conjugation.

II. Processes of  second k ind  — i.e. processes which can be described b y  
both  allowed and forbidden am plitude. These are elastic scattering of ve on e 
or o f vß on fP and corresponding inverse processes.

III. Processes of  third k i n d  are those, w hich are described b y  the forbidden  
am plitude on ly  and contain neutrino (i.e. w eak  interactions are dom inant.)

IV. We shall call the processes of  fourth k ind  all processes which do not 
contain any neutrino, i.e. w hich  are electrom agnetic: the forbidden am plitude  
represents the sm all corrections to  them  only.

F e i n b e r g  and P a i s  (in the uncrossed ladder approxim ation) have  
distinguished th e  processes, w hich occur v ia  an exchange o f  odd or even  
num ber of interm ediate bosons and called th ese processes allow ed or forbidden, 
respectively . Our division o f  am plitude (I I .3) into allow ed and forbidden  
parts is in  fact a generalisation o f such a point o f  view. One o f the m ost in ter
esting result o f F P  is the sta tem en t that the forbidden am plitude is negligible 
in com parison w ith  the allow ed one [11]. In  our model we shall suppose th a t  
this is the general property o f  leptonic w eak interactions, w hich is true in d e
pendently  o f the ladder diagram s approxim ation. This assum ption will essen 
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tia lly  sim plify our investigations, how ever, it means th a t we cannot ob ta in  in 
our m odel any inform ation about the processes of third kind. Both processes 
of the first and second kind will be now  described by th e  unique am plitude, 
which can be obtained from (II .3) by neglecting the term  containing neutral 
currents J(0y

Let us now discuss the form of charged current J a. From  the experim ent 
we know th at th is current m ust be o f the V — A  type at small energies. We 
shall suppose th at this is true in the w hole energy range. Such a supposition  
could be probably sim ply verified in future v — l scattering experim ents. 
To m aintain the V  — A  character of th e  current J" in all steps of our ca l
culations we put in all interm ediate sta tes  m lept =  0. This means th a t the  
theory becom es уъ invariant including the lepton propagators. This reflects  
itself in the fact that the current J" m ust be V  — A.

The H am iltonian chosen is invariant under m uon charge conjugation. 
As we suppose Ж|ер( =  0 th is invariance m ust take place in the am plitude as 
well. From this we can conclude that the current must h ave the general form

Ja =  (Ue0auve) +  (UßJJ,.,) (II.4)

(the term s UeU,,ß cannot in  (H .4) arise because they v io la te  conservation o f  
muon charge.)

The general form o f the four-leptonic am plitude based  on the H am il
tonian (II .1) and on the additional assum ptions a)  the sm allness of th e  for
bidden am plitude and b) m\ept =  0 in interm ediate s ta tes , can be w ritten  as

T (Pv Pi, Рг, PÙ =  M aß (pj, p2, р я, p 4) J “(pi, p2) J ß+(p 3, P i) , (П.5)

where J " is given b y  (H.4).
In the n ext section we shall show how  M uß can be found.

III. The weak form factor of W -m eson

The IF-meson, which m ediates the lep ton ic weak interactions, is unstab le  
and can decay in the follow ing tw o w ays:

W  ->■ e +  ve , W  p  +  v/t . (H I-1)

(W e do not speak about other nonleptonic decay m odes o f  W,  because we 
consider the leptonic in teractions only.) The am plitude, w hich describes the  
tw o decays (I I I .l)  can be w ritten  (for th e  reasons which we have d iscussed  
before) in the general form

<Pi, Pi, I T  I k )  =  Uaß(P l , p 2, k ) J a(P v  Pi) W \ k ) , (I I I .2)
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where the function  U aß ( p l , p 2, к ) represents th e  weak form factor of W.
In this section  we shall derive an in tegral relation betw een the form - 

factor Uaß and th e  am plitude M aß introduced in Section II  in the w ay , 
w hich was described in the Introduction.

Let us consider some irreducible diagram , contributing to the allow ed  
four-leptonic am plitude. (B y  irreducible diagram  we m ean here a diagram  
w hich cannot be divided into tw o  parts by a single cut crossing a single lep ton  
line on ly  — see F ig. 2a).

Fig.  2. a) E xam ples o f some irreducible contributions to  the four-leptonic allowed am plitude
(the “ sum ” is M ae j a j ß + ).

b) Corresponding term s Г))'”1 (their “ sum ”is (r'!j j a W ß)

A ssum ing th a t it is possible to arrange all these diagrams in som e  
sequence, we can  write the n-th  diagram as [12]

p , ,  P i , Pi)j“{Pi, P 2) f +(Pi* Pt) • ( i n  3)

The m eaning o f the sym bol Ma ß,  which is in  fact a d ivergent integral, w as  
defined in the Introduction. U sing the standard F e y n m a n  rules we can form  
the diagram , w hich represents (III.3) (contracting the free lepton lines in  
current f +), obtain  some other diagrams which represent an irreducible 
contribution to  the IF-meson form factor. D enoting the la st as

r aßn\P v  Pli k )
(see Fig. 2b ) w e can write

j aW ßr (aßri)( p 1, p 2, k )  =  —i j aW ß $ M%ß(P l , p 2, Pi,  Pn)0<ß )X(P3i Pt) ■

• (2 я )404(р 3 +  Pi  — k)d ip id ip i , ( I I I .4)
where

=  2gSp[OaS ^ ( p 3) O g ^ ( P Ù ]  ■ (I I I .5)

In (III.5) is the propagator o f a free lep ton .
We h ave here an exam ple o f a situ ation  which was discussed in Section I. 

R elation (III.4 ) is o f the general type (1.8). According to (1.5,6) we can define
the operation S,  which transform s the sequencies M $ a n d  into

n
s  M<$ =  M aß, s  Г2Р =  . (I I I .6)
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U sing now the properties o f operation S (13) (w hich define it) we can obtain  
from (III .4)

f  W ‘‘ GaßiPv Pi, k) =  — i ja Wß j' M aß(P l , p 2, p 3, p 4) ■

■ ф$)?'(Рз, РУ(2 ^ У 0\ Р з  +  P a ~  Щ * Р з^ Р а • (И1.7)

H owever, M aßjaj ‘‘ does not represent the whole am plitude o f  allowed four- 
leptonic processes and G^ßjaW ß is not the w hole am plitude (I I I .2). Let us 
first consider the contributions to  M apjnj rV which give rise (in th e  renormalis
ation term inology) to the renorm alisation of leptonic wave functions, con
tained in the current f  (see F ig . 3a). We shall denote these reducible cor-

b , + y ~ JC } +

Fig.  3. a) Exam ples o f som e reducible v-corrections to the expression. ЛТ") j"  j !,,+ for some
fix ed  n.

b) The v-corrections corresponding to th e  j a W ß

rections b y  index v. W e can again repeat the procedure (based on the standard  
F e y n m a n  rules) w hich leads to the equation (III .4) and obtain (see Fig. 3b)

r w ßG« - " \ p v  p 2, k) =  -  i j nWp j’ M<? (p „  Pl , p 3, Pa) ■

■ & t ( P v  P a) (2я)4<54(р3 +  p 4 -  fc)dJp 3d4p 4 . (III.8)

The application o f the operation S to  this expression gives
П

j" W ßG ^ ( P l , p,,  k) =  — i j a W fl j' M , J p , ,  p 2, /j3, p 4)

• ф У Х(Рз, Р а )  (2л )404(р ;1 +  p 4 -  к)(1 'р . /Рр { ,
(III.9)

where Ф ^ (р 3, p 4) has the same m eaning as (III.5) b u t contains th e  v-th cor
rection to  the free lepton  propagator S^p. The expression

S 0 (v2 =  ФJ aß
У = 1

ß (ШЛО)

has then the form (I I I .5) w ith the physical lepton propagators S F.
To get the whole am plitude o f  the allowed four-ferm ion processes it 

remains to  take into account the diagram s contributing to  the “renorm alisation” 
of the lep ton  wave functions, which are contained in  the current j a. This can
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be sim ply done by substituting into (I I I .9) J" in stead  of j ' \  where J " is a 
current constructed from  the physical lepton w ave functions. The allowed 
four-leptonic am plitude can now be w ritten  as

M aß( p v  p 2, p 3, р А) . Г { р х, p 2)Jß+( p 3, p A) , ( I I I . l l )

where M aß is given b y  (III .6). The w hole IP-meson form factor is defined  
b y  the relation

u aß =  s  G<r> =  s  G ÿ  + G<$>, (III .12)
r = 0 v=l

where we have denoted

Gfß =  ggufi • (Ш .13)

A pplying the operation S  to (III .9) with J" in stead  of j a we obtain the
V — 1

integral relation betw een the whole four-leptonic am plitude and th e  IF-meson 
form factor

U a ß i P l ,  P l ,  к )  =  g ■ gaß —  i  J M aX(P l , P l ,  P v  P i )  ■ 

■ ф к р 3, P i )  (2^)404(p3 +  P i  -  к У * р л& р А .
(III.14)

It is clear that UaßJ aW  , where Uaß is given b y  (I I I .14), represents the whole 
am plitude (III.2). This follows from  th e fact th at ( I I I . l l ) ,  which is the “ sum”  
of all irreducible diagrams w ith all possible reducible corrections, is the total 
four-leptonic am plitude. Each diagram  contributing to the am plitude (III.2) 
m ust begin by virtual dissociation o f W  into a lepton pair. Tw o (virtual) 
leptons forming th is pair can either interact in all possible w ays, which gives 
rise to  the second term  o f the right hand side o f  (I I I .14), or can represent free 
physical particles. The first term  o f  (III. 14) corresponds to this second possibi
lity  (see Fig. 4).

The relation (I I I .14) represents one of the basic equations we shall start 
from in our n\odel.

Let us now consider the W — W  am plitude, w hich must h ave the general
form

(к  I T  I k> =  A nß(k)Wa( k ) W ß+(k). (III.15)

W ith the help of th is am plitude at th e  point k2 =  m 2 we will be able to evaluate  
the se lf energy o f the IF-meson. In a similar w ay  as before лее can find for 
A aß the following representation

A a ß { k )  =  — i  j  & t ( P i ,  P i W w i P v  P i ,  k) (2п ) х Ь \ р х +  p 2 — fc)d4p 1d4p 2, (III.16) 

where ф\  has the sam e m eaning as in equation (I I I .14) (see F ig. 5).
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The equations (111.14,16) together w ith  the unitarity condition are the  
basic equations o f our m odel. I t  was pointed out in the In troduction  th a t w e  
believe th at such a system  o f equations is sufficient to obtain a fin ite  expression  
for the am plitude, and th at it  is equivalent to  the basic principles of the fie ld  
theory.

We shall now  assume th a t the am plitude M aß(pv  p 2, p 3, p {) depends 
on q =  p } +  p 2 ( î2 =  s) only- In the next Section  it will becom e clear that such  
a choice represents correctly som e solution o f  our equations. From  the orient* 
ation o f the external lines we use (see Fig. 1) it  follows th a t th is situation is

F i g .  4 .  T he g rap h ical re p re se n ta tio n  o f e q u a tio n  (III. 14). T h e  doubled lines re p re sen t the  p h y s i
cal lep to n  w ave fu n c tio n s o r p ro p ag ato rs

F i g .  5 .  T he g rap h ica l re p re se n ta tio n  o f equation  (III . 16)

very similar to th at obtained b y  F e i n b e r g  and P a i s . They found that som e  
approxim ate solution o f their B e t h e — S a l p e t e r  equation ex ists , which depends 
(just as in the case we consider here) on the variable q only.

W riting
Maß(pv  p , ,  р л, Pi) =  M aß(q) , Unß( p v  p , ,  к) =  Uaß{q) 

we can obtain from (III .14,16) a sim plified system  o f equations 

Uaß(q) =  g ■ gat3 -  i M aX(q)Fp(q) ,

A a M )  =  - i F Xn(q)Uxß(q) ,

where

Faß(q) =  2g  J Sp [0,lS F(q]) 0 ßS F{q1) ] ( 2 n ) 4 i (qi +  q, -  q)dAqld'q1 (III .19) 

is a real function o f q.
Each tensor function o f the single variable q, which appears in (III. 18a,b) 

can be generally w ritten as

M aß(q) =  M (s)gaß +  M ( s)q,.qr, ,

Uaß{q) =  U(s)guß+  ü(s )qaqß , (III.20)

4 aß(q) =  A(s)gaß +  Ä(s)qaqfS ,

Fnß(q) =  F(s)gaß +  F(s)qnqfl .

(III .17)

(III.18a)  

(111.18b)

Acta Phys. Hung. Tum. X I X . ,  1965.



234 J. STERN

In  Section II w e supposed m lept =  0 in all interm ediate sta tes . This assum ption  
is necessary to  obtain in  general the current J" of the V —A  type and also 
to  obtain a closed system  o f equations in  the way we consider. We can now  
sim plify our calculations b y  neglecting m lept in the in itia l and final sta tes as 
w ell. This is a purely m athem atical approxim ation in general not required  
b y  our m odel and we shall consider the effect o f fin ite  lepton  masses in  real 
states later.

A ssum ing m fpt =  0 everywhere (14) we must have

q j a =  q J , :  =  0 , (I II .21)

i.e . only the parts of (III. 20) which contain  gali contribute to  the corresponding 
m atrix elem ents. We can therefore project out of the system  of equations 
(III. 18a,b) those parts on ly , which do n o t contain th e  term s qaqp. For the 
scattering processes the rem aining parts are not necessary. In this approxi
m ation we have instead o f  (III.18a,b)

l/(s) =  1 -  iM(s)F(s)  , 

A(s) =  —iU(s)F(s)  .
(III .22)

The whole am plitudes we consider are now  given b y  the following simple 
expressions

<Pi* P i I T  ! Pi- PÙ  =  M (s)J"Jaf ,

'P \ - P i  \ T  \ k> =  U(s)J"Wrl , (III .23)

<fc I T  I k> =  A ( s ) W aW ?  -

The last expression in (I I I .23) is true, because for the free IF-meson we have 
k“Wa(k) =  0.

IV. The unitarity condition

T aking into account the definition o f  the invariant amplitude (II .2), we 
can write the unitarity condition in th e  form

Im  ( f \ T \  i> =  -  V  < /|T + | n> ( n  \T\ Í>. (IV. 1)

Since we work with w eak interactions only, we cannot consider the unitarity  
condition  (IV .l)  in the channels w here processes o f  fourth kind contribute, 
because there the electrom agnetic interactions prevail. We m ust consider 
such channels in which ] i y ,  | / ) ,  j re) contain  some charged weakly interacting  
system s — for exam ple eT ve, ц b vß, W + etc. In  th ese channels th e  electro
m agnetic interactions represent som e corrections on ly , we hope, th a t  suffi-
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ciently  sm all. We shall choose as j i>, j f  )  either e  ve, /л v/t or W  (together  
w ith  CP-canjugated states.). In  th is case the variable s represents the total 
•c.m. energy squared.

W e are of course unable to  take into account all possible interm ediate  
states j n) .  We shall consider here the same sta tes as in | i>, | f y  i.e . e rve, 
fi+ vu, W 1 . In this case the u n itarity  condition together w ith expressions 
(III .22) represents a closed system  o f equations for the am plitudes M(s),  U(s), 
^f(s). We can say apriori nothing about the correctness of such an approxi
m ation. W e hope on ly  that the effective constants o f processes where more 
particles than we consider are present are sm all in com parison w ith  processes 
we take into account. Because o f  the zero value o f lep ton  masses (or in general

Fig. 6. T he a p p ro x im atio n  used  in th e  u n i ta r i ty  cond ition

because o f their sm allness) we assum e th a t there are no “ k inem atic” argum ents 
for the approxim ation we are obliged to  do. H ow ever, it is natural to  suppose 
that th is approxim ation is equally good (if it is good) in the whole energy 
range.

The unitarity condition can be w ritten now (see F ig. 6) as

I m  M(s) =  \M(s ) \ 2 — я  |[/(m 2)|2 <5(s — m2) , (IV. 2a)
Зтг

Im U(s) =  S U(s) M *  (s) л Л { т 2) U*  (m2) d(s -  m2) . (IV. 2b)
2л

D eriving the equations (IV.2a,b) we m ust take into account that the current 
J a contains tw o parts (eOnve) and JiOavfl, which can independently  contribute  
to the interm ediate sta te  j n) .  The contributions o f these tw o parts are the  
same because m|ept =  0 .

The single IF-meson interm ediate state leads to  the ô-singular term s in 
(IV .2a,b). The presence o f such a singularity  is related to  the fact th a t we have  
worked w ith  the IF-meson as a stable particle. In th is case it  would be natural 
to  expect the pole o f  M(s)  at s =  m'2. H owever, it  was pointed out before 
th at one o f the m ost im portant features o f the theory o f weak interactions 
w ith  interm ediate boson is its u n stab ility . The probability  o f the decay o f  W  
is proportional to | U(m2) |2 and so, to  have a m eaningful theory, we m ust
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exclude possibilities like U(m-) =  0 or U(m-) — oo. I f  U(m2) ^  0 the b- 
singular term s in (IV .2a,b) cannot van ish , and we m ust expect the pole o f M(s)  
in the point s =  ni1. B u t in th is case it  follows from  the equation (III .22) th at  
U(m2) —► !» unless F(m2) =  0. B u t th is latter possib ility  is unsatisfactory as 
w ell, because it  leads to  zero selfenergy of W . These qualitative considerations 
show  th at we m ust take into account the u n stab ility  of the JU-meson in the  
u n itarity  condition [15]. This can be done in  the following phenom enological 
w ay: Let us write in the ô-function which appears in the conditions (IY .2a,b) 
the com plex mass

m' =  m +  jZ I (IV .3)

instead  o f m. In (IV .3) /^represents the full w idth  o f the “ JU-resonance” , i.e . 
Г  is the to ta l probability o f IF-decay. Instead o f ô(s — ni1) we shall then use 
the function A(s — m'2), where A(z),  for any com plex z — x  -j- iy,  is defined 
in the w ay very sim ilar to  the usual definition o f й-function for J m z  ^  0 ,

A(z)  =  —  f  dq[e iqz +  eï'"2*] =  —  . (IV.4)
I n  J  n  jz|2

0

I t  can be easily seen, that the function  A(z) defined in such a w ay has the  
follow ing properties:
1 . ) l im A(z) ó(Rez) ,

I m z - *  0

2 . ) lim j' A(x +  i y ) f ( x )  dx  = / ( 0) .
y-vO •

U sing in the un itarity  conditions (IV.2a,b) A(z) instead of b and substituting  
A ( m 2) from the second equation (III .22) we obtain

ImM(s)  =  / s  j M(s)  I2 -  |U (s )  ,
(IV.5)

ImU(s)  =  XsU(s)M*(s)  +  i$r)D(s) ,

1
where /  ------- , £

3 n
tbe expression

U(ni2) |2, r] =  F(m2) and the function D(s)  is given b y

D(s) =
т Г
T 1

s m2 H-------
4

(IV.6)
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In  general we m ust expect Г 2 ni1. From  (IV .6) it is clear th at in the lim it
Г

—>■ 0, which corresponds to the stable IL-meson, the relations (IV .5) go 
m

over into (IV.2a, h).

V. The resultant amplitude

To obtain a final expression for the allow ed four-leptonic am plitude we 
have to solve the system  of equations (III .22) and (IV.5). L et us denote b y  
indices 1 and 2 the real and im aginary parts o f M(s) and U(s),  respectively . 
(W e note, th at F(s) is a real function — see (III .19). ) Then it  can be easily  
shown that our system  of equations requires

M ,(s) =  U2(s) =  0 . (V .l)

The rem aining system  o f equations does not have a unique solution . There are 
two solutions — one which is fin ite  at s =  0 and the other, which is not. 
To m aintain the possib ility  of defining the effective coupling constant as th e  
zero-energy value o f the am plitude M(s),  we chose as the physical solution  
the fin ite one at s =  0. This solution has th e  form

M 2 (s) 2 W(s)
1

1 - f  / 1  +  4AfD(s) s ‘
(V.2)

where D(s)  is given by (IV. 6). The corresponding form of the IF-meson form- 
factor is

U 1 (s) = ------ [ l  +  f l  f  4 Я ís  Ds] . (V.3)
2 As

The solutions (V.2,3) contain the constant which represents the to ta l 
IF-meson decay rate. This quantity  can he ex a ctly  calculated w ith  the help o f  
the general form o f the IF-decay am plitude (see I I I .23)

<P l, p , \ T \  к }  |fct=m. =  U(m-)JUW “ . (V.4)

The calculation leads to a very sim ple expression

Г  =  , (V.5)

where A, |  have the sam e meaning as before.
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It rem ains to determ ine the constants | ,  rj. U sing the form o f F(s)> 
w hich follow s from our equations too,

F(s) =  2As g  [1 — f l  +  4 Xs |D (s)] + 2 b \  D(s)

[1 — / l  +  4As£D(s) ]2

and the approxim ate relation

D(m2) =
1

т Г

(V. 6)

(V.7)

which holds, because Г -  <§ m 2 must be va lid , one can obtain

r n  1 +  K5U(m-) =  g —

together w ith
r] =  — g?.m2 .

(V .8)

(Y.9)

Inserting (V .8 ,9) into (V .2,3,5) and using (IV .6) we obtain  the final expression  
for the allow ed four-leptonic am plitude

Г 2
M(s) =  — 6 7ti

Г 2
s -  m-

X
+  m 2 Г 2

(V.10)

X
1 +

4s Г 2

s — m2 +
Г 2 г2 Г 2

1/2

where Г  is given by the formula

F  = g-
Ъп

1 + f 5 m . (V .I l)

The solution  just obtained has the sharp resonant character. The resonance
. . F 2

energy is given by s =  m 2 — m 2 and Г  represents the w idth  o f the

resonance. This resonance can occur in  the energy channel, i.e. in the processes 
of the second or first k ind like

ve +  e ve +  e r , ve
(V.12)

+  / '  —  v„ +  fl ,  Vfl +  [I
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The value o f th e  am plitude at resonance is independent of ,T (i.e. o f the c o u p lin g  
constant) and is given by

M res
6 ni  1

1 +  j/5 m2 '
(V.13>

The am plitude also increases slow ly to the resonant point and th en  decret se as

—  . This picture is qualitativelv  the same as in the case of IF-theory in low est
s2
order perturbation calculation, except for the asym ptotic behaviour. (In the  

low est order theory the asym ptotic behaviour i s — •
s

The presence of the resonance in the processes like (V.12) is a usual 
conclusion of the IF-theory o f w eak interactions and can be obtained from the  
low est perturbation as well [16]. W hat is, how ever, a surprising result o f our 
m odel is the value of the w idth o f such a resonance.

Let us consider the effective constant o f interactions like (V .12), which  
can be defined as the zero-energy value of the am plitude (V.10). U sing Г 2 <ê m2 
we obtain

M (0) =  — Зли —  . (V.14)
m4

As Г  ~  g- we m ust conclude that the effective constant (V.14) is proportional 
to g4. This result is incom prehensible from the perturbation point of view . 
Using the perturbation theory language we would be obliged to suppose, th at  
the contribution o f all higher order diagrams cancels the low est perturbation  
order (which is the only perturbative term  proportional to g2). From  this we 
see the difference o f our result from that o f Feinberg  and Pa is .

For getting some estim ate o f the numerical value of Г  we put the effective
10” 5 1

constant (V.14) equal to the Ferm i constant ■ — —~ . (In such a way we

can o f course obtain  only an approxim ate inform ation about the m agnitude  
of Г  and g. To obtain  the precise value we m ust calculate the lifetim e of ц. 
For th is we m ust take into account the effect o f nonzero lepton m asses in the 
initial and final sta tes. These calculations are in progress now.)

U sing (V.14) and the m agnitude o f the Fermi constant we obtain with m  
of the order of nucleon mass the estim ate

Г  1 MeV , (V.15)

which is about three orders greater than the value of Г  predicted by the 
low est order perturbation calculation.
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VI. Conclusion

We would like to  discuss now som e possible consequences o f the results 
derived in the preceding sections.

L et us first say som e words about the production o f IL-meson by disso
ciation  o f  the neutrino in the Coulomb field  of the nucleus, i.e. about the
process

+  z - *  f i -  +  W -  +  Z .  (V I.1)

This process was experim entally  studied at CERN, where the analysis o f experi
m ental data was based on the low est order perturbation calculations o f the 
corresponding crossection [19]. These calculations lead  in general to  a value

proportional to (Za)2F where . It seems also, that according to  our

Г
m odel th e  production could be copious, because —  is o f the same order as a.

m
H ow ever, this conclusion is generally wrong. Let us consider the weak form- 
factor o f  the IL-meson, which in our m odel (see V .3) is

1 + 1 +  -
4s Г~

~ T 2

1 / 2'

m2 Г2

(VI.2)

In low est order calculations one uses instead o f U(s)  the coupling constant / ,  
related to  the Ferm i constant b y  the relation (1.2). H owever, from  (VI.2) we 
see th a t in  our m odel the situation  is quite different. W e have here the constant

1 m-
g ~ / x̂2 and U(8 ) decreases as —  w ith  s. For s ~ ----- U  has the same vale

s g
m 2

as f ,  and for s > ---- it  is even sm aller. Therefore w ithout calculations (which
g

w ill be made in the near future) we cannot say anyth ing about the m agnitude 
o f the crossection for production (V I.1). It seem s th a t its form w ill be in our 
m odel quite different — one can for exam ple exp ect th at it w ill decrease with  
the energy of in cident neutrino (at least in  the very high energy region.) 
I t  can even happen th at our cross-section of productions process (V I.1) would 
be in  our model sm aller than in  the low est order calculations in  perturbation  
theory.

A t the end we have to  m ention some ideas, w hich could lead to  a further 
developm ent o f our model.

R ecently T a k e d a  [17] discussed the possib ility  o f identification  of some 
resonance in the n —К  system  (К , mass 725 MeV, Г к  <  12 MeV) w ith the  
w eak  interm ediate m eson W . I f  our m odel could be extended to  the non-
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leptonic interactions (such as (TiK)W) then the high value o f our Г / Г  ~  1 MeV 
could he used for dem onstrating Tak eda ’s point o f view.

There is another point we w ould like to  em phasize, i.e. the approxim ate  
equality o f the dim ensionless coupling constant g 2 and the coupling constant a  
in electrodynam ics. It seem s reasonable to speculate on th is basis about the  
possibility of constructing a universal theory  o f  electrom agnetic and weak  
interactions, where the IF-meson together w ith  the photon w ould form an  
“ isotopic” m ultiplet in the sense discussed b y  Salam and W ard  [18] some 
tim e ago. The problem w ith the sm allness o f the effective four-ferm ion coupling  
constant, which arose in their paper and is the reason for an extrem ely  high  
value o f the mass o f interm ediate boson (60 proton m asses), does not cause 
any difficulties in our case. From our estim ate o f  Г  it  follows th a t g2 is of the  
sam e order as a, if  m is o f the order o f nucleon mass.
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Н Е П Е Р Т У Р Б А Т И В Н А Я  Т Е О РЕ Т И К О -П О Л Е В А Я  М ОДЕЛЬ  
С Л А Б Ы Х  Л Е П Т О Н Н Ы Х  ВЗА И М О ДЕЙ С ТВИ Й

Й. ШТЕРН

Р е з ю м е

В работе изучается проблема четырехлептонных слабых процессов в теории с 
промежуточным векторным JF-мезоном. Пренебрегая 1, mlept. 2, частью амплитуды, содер
жащей индуцированные нейтральные токи, получено интегральное соотношение между 
четырехлептонной амплитудой и слабым формфактором TF-мезона. На основании этого 
соотношения и условия унитарности оценивается четырехлептонная амплитуда. Полу
ченное решение содержит резонанс в энергетическом канале с полной шириной около 
1 Мэв и убывает как 1/s2 при S  -э- со. Обсуждаются некоторые следствия модели, прежде 
всего с точки зрения образования промежуточного бозона посредством нейтрино.
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A MULTI-CHANNEL MODEL OF WEAK SCATTERING
OF LEPTONS

By

A.  V a n c u r a

FACULTY OF TECHNICAL AND NUCLEAR PHYSICS, PRAGUE, CSR

A m u lti-ch an n e l m odel o f w eak  sc a tte rin g  is developed , based  on  th e  four-ferm ion  
th e o ry  of w eak in te rac tio n s  u sing  B e t h e —Sa l p e t e r  eq u atio n . I t  lea d s  to  several re la tio n s  
am ong  th e  cross-sections o f d iffe ren t w eak  sc a tte r in g  processes. In  low e n e rg y  lim it th e  cross- 
sec tions o f all in c lu d ed  reac tio n s a re  expressed  w ith  th e  he lp  o f a single c o n s tan t.

R ecently much attention  has been paid  to the stu d y  o f higher order 
corrections in  the theory o f weak interactions. In theories w ith  interm ediate  
boson a series o f  papers by F e i n b e r g  and P a i s  [1 ]  was follow ed by m any  
others, developing their ideas. Higher order processes in four-ferm ion in ter
action  were studied  in [2]. Here the V —A  v er tex  function G for four leptons is 
investigated  in ladder approxim ation w ith th e  help of the B e t h e — S a l p e t e r  

equation. It is shown that the final expression does not contain  any su b 
traction  constants, and the Fermi coupling constant is renorm alised b y  a 
fin ite  factor.

In this paper we shall investigate lepton-lepton (l-l) and lepton-antilepton  
(l-a) scattering in  the framework of the theory o f  weak interactions developed  
in [2]. We get relations am ong cross-sections o f  various {l-l) and (l-а) scattering  
processes, which do not depend on the detailed form of the scattering am pli
tudes.

Г. Introduction

II. Lepton-lepton scattering

We consider the follow ing reactions

ve +  e~ ->■ ve +  e~ ( A F ) ,

V/u +  v„ +  f.i~ ( A F )  ,

»V +  e~ v„ - P  e~ (F)  ,

v„ +  e~ — ц -  +  ve (A)  ,

ve +  /*“ ve +  fi~ ( F ) ,

Ve +  -*■ V„ +  e~ (A)  .

(la)
(lb)
( l c )

(ld)
(le)
(lf)
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Here (A)  and (F ) denote the allowed and forbidden reactions in the term ino
logy o f F e in b e r g  and P a is  [1 ]. We chose the basic H am iltonian ir the form

y 2 (•Ja J +a +  h . c . ) ,

where
J a =  JiOav/t 4- èOtlve , 

0« =  y„(l — *>5) •

(2)

(3)

We do not consider reactions with antileptons now. W e do not consider  
reaction either in which th e  tota l charge in  the initial and final state is zero.

Po

P,

Fig.  1

These are caused (in the first order) by neutral currents, w hich we do not in tro
duce exp licitly . The conservation of m uonic and electronic numbers is under
stood.

We proceed in the sam e w ay as in [2], or [3]. The on ly  difference is that 
we are dealing now  w ith a four-channel problem, the channels being (ve e), 
(ve /и), (v/t e) and (ve /и). W e enum erate them  as 1, 2, 3, 4 , respectively. The 
B e t h e —S a l pe t e r  equation  reads in th is  case

G =  G0 +  G0K G  , (4)

where G, G0, К  are 4 x 4  matrices in  the channel space. As in [2] we put all 
lepton m asses equal to zero. It means th a t the m atrix elem ents o f К  are the 
same for all four channels and given b y  the graph in F ig . 1.
Eq. (4) w ritten exp lic itly  has the form

f Gn  \ (  G0K  \ (  ̂ l l  \
Gi2 G„K G,,

G33 G3i =  G0I  + G0K G-м G.M
G43 G44 y G0K - Gi3 G44

where I  is a 4 X 4 unit m atrix. Because o f T-invariance we m ay write G3i =  
=  G43; our m odel allows to  put further Gn  =  G,2, and G33 =  G44 (it is not pos
sible to  put all Gnn equal to  each other !).
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W ith the help o f the orthogonal transform ation

( ] ß  \

j/2  1 1
\  1 1 ;

it is possible to diagonalize eq. (5). We define

G+ — G33 +  G43 , (6a)

G - =  G33 -  G43, (6b)

G =  Gn  (6c)

and after some m anipulation we get

G =  G0 +  G0K G  , (7a)

G+ =  G0 +  G0K G + , (7b)

G~ =  G0 — G0K G ~  . (7c)

From  (7a) and (7b) it  is seen th at G =  G . We can now  express the three vertex  
functions G33, G43 and G41 w ith  the help of on ly  tw o functions G+ and G~

Gu  =  G22 =  G+ , (8a)

G33 =  Gu =  ~ ( G + + G ~ ) ,  (8b)
&

G3i = C 43 =  y ( G + - G - ) .  (8c)

T hey correspond to  the reactions [ la , b], [ lc , e] and [Id, f ] , respectively. 
The kinem atics o f the reactions (1) is the same. The differential cross-sections 
for any o f these reactions can therefore be expressed in the form

c r = f e i P i ) \ G \ \  (9)

where f e (p ,) is a kinem atical factor common for all reactions (1). From (8) 
we get the relations

cru  =  =  /e|G +|2 , (10a)

ff33 =  ff44 =  ~ / e  |^ + +  ^ “ |2 5 (10b)
4

a3i = ° i 3 =  7 f e \ G+ -  GÍ 2 - (10c)4
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The notation  is self-explaining. These cross-sections fulfill the inequality

4 ° ,33  +  t f s i )  >  ° n  • ( П )

This is true both for differential and to ta l cross-sections, and is here the only 
general relation which holds am ong the cross-section o f reactions (1).

III. Lepton-antilepton scattering

It is possible to  generalize the described schem e to the scattering of 
antileptons and leptons.

The spin structure o f the В — S equation (4) is of the from

—  £ (l) +  D(l) [— ir(2) p(2)
2 1 2

=  c)(p - P )  +  ".“ " гг  Iг(2л)4 J

y P  ( 1  -  ¥ P )  y P  ( 1  -  ¥ P )  G>"(p,p') =

d !q y P  (1 +  ¥ P )  у Р  (1 +  i yp )  ■ (4)

■ K ea (p , q) y p  (1 -  i y p )  y p  (1 - i y p )  Gaß (q , p ' ) .

W ith  the assum ption [2 , 3]

Gaß =  goß G (12)

it  is possible to  elim inate the у-m atrices by taking th e  trace of (4). The resulting 
equation reads

G ( p , p ' )  =  à (p  p ' )  +  ~ ^ ~ [ K ( p , q ) G ( q , p ' ) d i q ,  (13)
i(2jz)4 J

where E  is the to ta l energy four-vector, p , p ’ are th e  relative four-m om enta, 
and K ( p ,  q) =  K aa(p,  q).

This procedure is useful together w ith the graph in Fig. 1, concerning 
the l — / scattering.

In this case the kernel has the form [4]

w hich gives

1m К«? =  - " - л 3 G3 
3

I jiV
p  p

P2

Im K w  =  2 n3G2p-  

P2 =  (Pi  =  Рз)2 ■

(14)

( 15)

Acta Phys. Hung. lo m . X I X . ,  1965.



A M ULTI-CHANNEL MODEL 247

For (l — o) scattering the basic graph is as in Fig. 2. W ith the assum ption  
(12) one can easily  prove, th a t the В —S equation has the sam e form as in the  
previous case, and the new kernel, K'al\  is again given b y  (15)

Im  K (a,) =  2 л 3G-p- .

The (/ — l) and (Z — a) scattering is therefore described b y  the same В —S 
equation. This allows us to include in th e  study of m ulti-channel lep ton  
scattering processes with antileptons too, and to draw som e conclusions about  
the cross-sections.

The relevant scattering reactions are

+  e~ vtt +  e -  , (16a)

ve + “ >■ ve +  » (16b)

Vp + Vp +  ■ (16c)

—*■ ve +  e _ , (16d)

ve +  e~ Ve +  e -  , (16e)

Ve +  e Vp +  [Л~ . (16f)

We do not consider in our discussion other leptonic processes. T hey  
can be obtained either by charge-conjugation, or include neutral currents 
(like ve -j- Ve —► vß -j-  vfl), or are governed b y  electrom agnetic interaction  
(for exam ple e h -j- e~ -*■ // -f- /_i~, etc.).

Рз t t Рл

Fig. 2

The (l — a) pairs of 16a, b, c, d, e, f  can be grouped in to  four channels 
again: (vp e), (ve fi), (vfl /л) and (ve e). We call them  channel 5, 6 , 7, 8, respect
ively . Together w ith the four channels of the l — l scattering, we deal now w ith  
an eight-channel problem.

The channels 1, 2, 3, 4 and 5, 6 , 7, 8 do n ot m ix (because o f  muonic and  
electronic numbers conservation). The eqs. (7a, b, c) are va lid  even in th is 
generalized case. In the four (Z — a) channels we can write

( G l% \ (  G0K  \ ( G -оъ \
g № G0K G6e

G-n G1H =  G0I  + G0K  G0K Gn G1S
V G87 Gss J \  G0K  G0K  / V G&1 GSSJ
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U sing the orthogonal transform ation

V
\

][2
1 1 
1 —  1/

eq. (17) can be diagonalized; the equalities G78 =  G87 (T-invariance) and G55 =  
=  Ggg, G77 =  Gg8 (our m odel) have to be em ployed. The diagonalization leads  
to  the follow ing equations

G =  G0 +  G0K G  . (18a)

G+ =  G0 +  2 G0K G + (18b)

G - =  G0 , (18c)

where we defined the functions

G =  GK =  G66, (19a)

G =  G77 +  G87, (19b)

G _ =  G77 — G87. (19c)

The general function G is a 8 X  8 m atrix  in the channel-space with elem ents  
Gfc; (k, l =  1 , 2 , . . .  8); the equation for G is a direct product of eqs. (5) and 
(17), w hich is diagonalized b y  a m atrix ( U  X V). The result of this procedure 
are the eqs. (7a, b, c) and (18a, b, c). I t  is im portant to  note that the kernels 
of these equations are th e  same.

From 19a, b, c we get

G55 =  G66 =  G , (20a)

G77 =  G87 =  - i -  (G+ +  G~ ) , (20b)

c 78 =  G87 =  J (G+ -  G - ) . (20c)

Comparing eqs. (7a, b, c) and (18a, b , c) we see th a t there are on ly  three 
independent solutions, nam ely G+, G~  and G ';  other functions G can be 
expressed w ith  the help o f  these and G0 (G =  G =  G+ , G~ =  G0).
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Collecting now these results, we get

Gji — G22 : G5S =  ^ee — G + » (21a)

G33 =  G44 — (G+ =  G~) ■> (21b)

<?34 =  C 43 =  4  (G +  -  G ~ )  . ( 2 1 c )

G-n = Css = y  (G+ + G0) , (21d)

c78 = c8, = 4- (C- -  Go) • (2le)

A M ULTI-CHANNEL MODEL 2 4 9

In the scattering problem  the GqS do not contribute to  the scattering am plitude  
(the initial and final sta tes are free particle states). Therefore we can write 
instead o f (21d) and (21e)

G-11 = G88 =  G78 =  G87 =  —  G +. (2 If)
♦

The cross-sections for reactions (1) and (16) are now given by the form ulas

AF</) =  о и  =  =  fi(G )®, fT.4F(„) == (755 =  ff63 =  f a(G )2 , (22a)

G A  -  *34 =  *43 = 4  (G +  -  G “ ) 2 ’ ( 2 2 b >4

=  =  a44 =  4 - / ; (G + +  G -)2 , (22c)
4

(7 =  (777 =  (788 =  (77g =  (787 =  ——fa i ß  )“ • (22d)
4

Here again f  and f a are common kinem atical factors for l — l and l — a 
scatterings, respectively. For high energies (higher th an  any real lep ton  m ass) 

fl/fa — 3, in the low energy lim it (fc2 —► 0) f j f a — 1 (in the laboratory frame 
system  of reference).

In the low -energy lim it (1/4 Er — к2 —► 0) it is possible to  fin d  other  
relations am ong the cross-sections a It was shown in [3], that in th is lim it 
one can define “ scattering lengths” a , a ~ , and a , corresponding to  the vertex-  
functions G+ , G ~, and G+ , respectively. I f  we realize th at the eqs. (18a) 
and (18b) are essentially  the same and differ only in  the definition o f  the
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coupling constant (one gets eqs. (18b) from (18a) by changing A2 —* 2 A2, A is 
th e  coupling constant; see [3]), we can im m ediately  write [3]

a

r.+  —

A

2 ’

. AI .
2

Щ
=  1/2 a+ .

(23a)

(23b)

(23c)

The cross-section is obtained from the general formula

Z
in our case it  gives

a AF(a.l)

<*A

»
°  F

a

4 nk2(a)2;

л  № A2 , (24a)

лк2 A2,
2

(24b)

-Î— л к 2 A2 , 
2

(24c)

—  n F A 2 . 
2

(24d)

I t  is in teresting to  note th at these formulas lead to the relations

в  A F  =  2 О a  == 2 Op =  2 (J . (25)

IV. Conclusions

In (25) the indices A  and F  denote cross-sections for allow ed and for
bidden processes o f F e i n b e r g  and P a i s . In our model there is no difference 
betw een these tw o categories o f  w eak lepton  processes. M oreover, there ex ist 
“ super allow ed” reactions ( la , b) and (16a, b) w ith  cross-sections tw ice as high  
as the allow ed or forbidden ones. R eactions (16c, d, e, f) are included which  
do not belong to any category o f  F e i n b e r g  and P à i s , w ith the same cross- 
sections. From (22a, b, c) a relation identical to  (11) follows:

2 (<?A +  ° f ) >  0\4F(1) =  ( f e l f a )  a A F (a)-  ( H O

This is true for any value o f the energy.
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The main result of this paper is contained in th e  relations (11), (11'), 
and (25), which make direct com parison w ith  experim ents possible. The equality  
of сгд and Op allows to  distinguish betw een  our m odel and the F e i n b e r g  and 
P a is  theory . U nfortunately, the experim ental situ ation  today in lepton  
physics prevents us from drawing any definite conclusion as regards the 
valid ity  o f  these results.
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МНОГОКАНАЛЬНАЯ МОДЕЛЬ СЛАБОГО РАССЕЯНИЯ ЛЕПТОНОВ
А. ВАНЧУРА

Р е з ю м е

С помощью уравнения Бете—Солпитера развивается модель слабого рассеяния на 
основе четырехфермионной теории слабых взаимодействий. Она приводит к некоторым 
соотношениям между эффективными сечениями разных процессов слабого рассеяния. 
В низкоэнергетическом пределе эффективные сечения всех рассматриваемых реакций 
выражаются через единственное постоянное.
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LEPTONIC DECAYS WITH A I  =  3/2 AND J S  =  2 
IN THE UNITARY SYMMETRY SCHEME

By
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A possible gen era liza tio n  of Ca b ib b o ’s fo rm alism  is inv estig a ted  in  th e  lep ton ic  d e ca y s  
o f  th e  s tran g e  p a rtic les.

As it  seems the leptonic decays of the m eson and baryon octets can  
sufficiently well be described b y  C a b i b b o ’s schem e [1] w hich am algam ates 
the unitary sym m etry considerations [2] and  the conserved vector current 
hypothesis [3]. I f  the AS  =  AQ and A I  =  1/2 rules are v io lated , the violation  
has to  he very sm all. The question arises, h ow  we should ex ten d  C a b i b b o ’s  

form alism  in the case such sm all violation ex ists .
Let us suppose that weak current is of th e  following form :

An — S/( +  Sfl- +  j ß , ( 1 )

where

S M =  J Z g n a T T '
na

(2)
S ,  5 =

na

and j ft is the current o f leptons. T na is a tensor operator under S U 3, where n 
denotes the irreducible representation according to  which the tensor operator 
transform s, and a represents the set o f quantum  numbers (I,  I 3, Y). A ssum 
ing th at there are no neutral weak currents, T na is a tensor operator for which  
AQ =  + 1 .  I f  the A I  =  1/2 and AQ =  AS  rules are valid, we m ay restrict 
ourselves to  the currents T 8110 and in  the general case we have
to consider higher representations as well. The sim plest candidates are the  
T'°, T10* and T27 currents.

I f  we w ant to  reduce the num ber of the unknow n param eters, we have 
to  m ake some assum ptions about the relevant com bination o f the different 
currents. For sim plicity , let us suppose that Sfl can  be obtained from T® 110 -f- 
-j- Т/,0,110 -f- T 10*110 b y  an L2-rotation, where L ,  is one of the infinitesim al
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operators o f the SU 3-group, as given by d e  S w art  [4]. More exactly, we require 
th at

Sp =  f 2  eieL-(Tf;no +  Т } У 10 +  T 10’;U0) « - '« 4  (3)
th a t is

S M =  / 2  (a T 8’110 +  ЬТ*1' # *  +  aT10’110 —
_  jT’lÔ /üVsl _|_ а JU0*;110 _|_ ejuo»;!/«1/«! _j_
_ |_  у  J 4 0 * ; 3 / , a / 2- l  _ |_  ^ J 4 0 * ; 0 0 2 ^  ?

where
a =  cos 0/2 , 

b =  —sin 0/2 ,

а =  l/4(cos 0/2 +  3 cos 30/2) , 

ß  =  l/4(sin  0/2 -  3 sin 30/2) , 

у =  |A3/4(sin 0/2 -|- sin 30/2) ,

<5 =  |/3/4(cos 0/2 — cos 30/2) .

W e assum e a similar form  for S/l5 w ith  T ®5 and T^5*. In ad d ition , we
suppose th a t the T® operators are the m em bers of the sam e octet as th e  electro
m agnetic current.

The m atrix elem ents o f the lep ton ic decays w ill have the follow ing form:

<y-zn> «2; h h I н  I y* »1 «!> =
{<y2 и2 e II Г" II y ^ )  +  <y2 re.

К  ̂ nag °1 re а re2 a2 q}  ■

Q il Кь  II V i  n i > } - < l i h  IЬ  I °> > (4)

where y 1 and y2 characterize the sta te  o f  the strongly interacting particles, 
lx and I2 stand  for the leptons, <rex a2 rea | re2 a2 g> is the generalized CG-coefficent
[4], and the expressions <(|| T  ||> are th e  reduced m atrix  elem ents, w hich , by  
taking in to  account the space-tim e sym m etries, can be further reduced to  give 
the L orentz-invariant reduced m atrix elem ents.

From  the ratio (тг~ —► [ i~vfl) / ( K ~  —>- vß) one obtains:

0 =  30° . (5)

Then the coefficients a and b will h ave just the va lu es, conjectured b y  Ma t 
t h e w s  and Salam  [5]. The current T 10* 002 appears with reduced weight 
as com pared w ith the other currents (Ô =  0,11 while a  =  0,97 and b =  —0,26). 
Since the reduced m atrix elem ents o f th e  T* currents can be taken on  th e  basis
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of the CVC-hypothesis, we are left w ith  two param eters in the case o f the 
leptonic decays o f the pseudoscalar m esons: th ey  are h10 and h10,, th e  reduced  
m atrix elem ents o f the Tß° and T*°* currents. A ssum ing that h10 =  h10,, 
from the rate o f the К 4 —► л° -f- e 1 v decay we get:

(УЗО/15)А10 =  - 0 ,0 2 3  . (6)

Some results, calculated for X -m esons, are given  in Table I. The rate 
of the decay n~ —*■ л°е~ v is not very  much affected  b y  the T 10 and T10* 
currents.

Table I

D ecay rates for pseudoscalar mesons (in 106 sec -1 )

Calculated E xperim ental
*io ^ 0 hm =  0

Щ К +  и»- л°е+  
Щ Щ  -*■ л  ev)
X

3,79 4,9 3,79 ±  0,35 [6i
8 10 7,7 ±  1,2 [6i
0.1 0 0,07 ±  °0f [7]

(K°  7i+e~v) am plitude
(K°  n+ e- v ) am plitude

Assum ing again the equality o f the T10 and T10 reduced m atrix elem ents, 
in the case o f the baryon octet we rem ain w ith four unknown param eters: 
two reduced m atrix elem ents from T*5, d$l and d8a, and the reduced m atrix  
elem ents o f T'j1 and Tj®, which we denote by ai0 and d10, respectively. d 1 =  
=  (2 |fl5 /10)d s1 and d2 =  (l/[f3)dg2 correspond to  H E and H°,  respectively , 
in the notation  of C a b i b b o  [1]. (The w eak m agnetism  and the induced pseudo
scalar term  are neglected.)

Since the experim ental data are very  poor, we shall determine th e  values 
of the parameters by m aking some sim ple assum ptions. For the m atrix elem ent 
of the /3-decay we obtain:

(a — |/2(n +  a )A )y fl +  (a ( d l +  d2) — ][2(a - f  a)D) yß у в , (7)

where

A  =  (f3 0 /1 5 )a 10, D  =  ( /3 0 /1 5 )d lo .

Since according to experim ents the coefficient o f yß is nearly equal to 1, 
A  w ill be sm all in any case. I f  we choose A  to make th e  vector coupling constant 
equal to  th at obtained from the 0 14-decay, we get:

A  =  — 5,75 • 10 -3 . (8)
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I t  is know n, th at th e  coefficient o f y,,yb, divided b y  that of y fl, is about 1,25. 
L et us suppose, for sim plicity, th a t D  =  1.25 A ;  then for d l and d, we get 
0,6  and 0,65, respectively , as in C a b j b b o ’s paper [1]. The decay rates obtained  
for the baryons are given in Table II.

Table II

D eca y  rates for baryons

-» ре~ V i , i  • i o - 3
-> пе~ V 0,9 • 1 0 - 3
—> Ле~ V 0,9 • 10~3

1О)■ 0,1 ■ IO"3
-> Е х е~ V 0,3 ■ IO -3
—з- пе+ V 1,0 • ю - 6
-> пе~ V 1,3 • IO“ 3
->• ре ~  V 1,9 • IO-»

The non-leptonic decays have not been investigated . H ow ever, one m ay  
quite w ell im agine, that the K°  —*■ K °  am plitude will be considerably reduced 
as com pared w ith  th e  case when all currents are supposed to  appear with the  
sam e weight.
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Л Е П Т О Н Н Ы Й  РА С П А Д C A I  =  3/ 2 H A S  = 2  
В СХЕМ Е У Н И Т А РН О Й  СИММЕТРИИ

Т. НАДЬ

Р е з ю м е

Исследуется возможное обобщение формализма Кабиббо в лептонном распаде 
странных частиц.
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THE RENORMALIZABLE VECTOR BOSON THEORY 
OF WEAK INTERACTION

B y

A . F r e n k e l  and P. H ráskó

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

E x p e rim e n ta l consequences an d  some th e o re tic a l aspects o f th e  use  o f the  v e c to r  boson 

p ro p ag a to r (- = ^ r  ( g ^  -  - % a )  k * 1  щ  a re  in v es tig a te d .

In the interm ediate vector boson th eory  of weak interaction  one generally
— i Í к к  1

takes the boson propagator in the fo r m --------- giW — — —— -------------  . I f  Af„§>
1 (2я)М  M l  fc2 -  M l  r

I klt |, th is theory leads to  the four-ferm ion F e r m i  theory , but as is well 
known, both o f these theories are non-renorm alizable. A certain theoretical 
possibility o f the construction o f a renorm alizable vector boson theory (r.v.b .

— i ( fc /с 1 1
theory) w ith the new propagator —------ g^e — — —----------- - has been suggested

(2 тг)4 " к2 к2 — M j
by B i a l y n i c k i  — B ir u l a  [1].  W ith such a propagator, how ever, serious d epart
ures from th e F e r m i  theory m ay be supposed to occur even  if  M v j kfl |. 
Since the F e r m i  theory is in excellent agreem ent with the overw helm ing m ajority  
of the experim ental data, it  seem s at first sight that th e  r .v .b . theory should  
be in strong disagreem ent w ith  them . Surprisingly enough, the study o f  the  
general behaviour of the energy distributions o f  the /S-particle and o f the recoiled  
ion in allowed nuclear /J-decay shows th a t the r.v.b. th eory  fits  the m easured  
data at least as well as the F e r m i  theory does [2].

Several m ethods for the construction o f the r. v . b .theory m aybe conceived. 
The functional-derivative approach of I. B i a l y n i c k i — B i r u l a  has already  
been m entioned. Another possib ility , pointed  out to the authors by G. M a r x  
m ay consist in  the introduction of a m assless scalar boson with indefin ite  
m etric. A third w ay of treating the problem  m ay be based on the hypothesis  
that a vector-boson has to  be coupled to  the conserved part of the current 
only. I f  this current itse lf is not strictly conserved, we are led  to a non-local 
field  theory. (The hypothesis when applied to  electrodynam ics, does not alter  
the theory, the electric current being str ic tly  conserved.) For second order 
graphs w ith  an internal boson line this approach leads sim ply to  the replacem ent 
of the conventional vector boson propagator w ith that used  in the present  
note. For other cases the situation  is, how ever, more com plicated [3].

17 Aria Phys. H ung. Тот. X I X . ,  1965. .



258 A. F R E N K E L  and P . H RASK Ó

The detailed investigation  o f th e  general graph rules o f  the theory is  
in  progress.

Note added in proof.  W hile this paper w as in press, it  has been found  
th a t the r. v . b. theory is in agreem ent w ith  th e  experim ental data in m uon

V
decay [4] and in  A 0 decay [5 ], h u t strongly contradicts the —  rule for the

c
lep ton  polarization in neutron decay. Thus the r. v . b. th eory  would be in 
adequate to describe weak in teraction  processes even if  the use of the trans
versal propagator could be theoretically  ju stified .

In a forthcom ing paper [6 ] an ew  approach to the description of unstable  
particles for resonances) w ill be given, w ith  a possible application to th e  
interm ediate vector  boson th eory  of weak interactions.
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ПЕРЕНОРМИРУЕМАЯ ВЕКТОРНАЯ БОЗОННАЯ ТЕОРИЯ 
СЛАБОГО ВЗАИМОДЕЙСТВИЯ

А . Ф Р Е Н К Е Л  и П . Х Р А Ш К О

Р е з ю м е
Исследуются экспериментальные следствия и некоторые теоретические положения 

векторного бозонного пропагатора -  j —  [ g ^ — 1 щ  .
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AN APPLICATION OF THE QUASIPOTENTIAL METHOD 
TO PION NUCLEON SCATTERING

B y

P.  S . I s a e v  and J .  S m i t h *

The quasipotential m ethod developed in D ubna Laboratory w as applied to pion-nucleon  
scattering processes up to the energies 500 MeV, for obtaining the resonance behaviour of  
te P33 -phase shift. A lthough num erical calculations have not yet been com pleted, the existence  
o f  a resonance seem s very probable.

In the strong interaction theory use has been recently m ade of dispersion  
relations which together w ith  the unitarity  condition lead  to  the system  of 
nonlinear equations. The solution  of such is connected w ith  great techn ica l 
dificulties and, besides, is not unique.

Another approach is the use of the B e t h e —Sa l pe t e r  equations. In th at  
case m athem atical difficulties are connected with the solution  of integralо
equations containing four-dim ensional integrals.

H owever, on the basis o f  the B e t h e — Sa l pe te r  equations one can derive 
for each partial wave uncoupled integral equations contain ing the three- 
dim ensional integration. This approach has been recen tly  developed by  
L o g uno v  and T a v k h e lid ze  [1 ]. In the present paper it  is  used for solv ing  
the problem o f pion-nucleon scattering at energies up to 500 MeV to obtain  
the resonance behaviour of the P 33- ph ase sh ift in the considered energy range. 
We determine the T-m atrix in the following way:

JOINT INSTITUTE FOR NUCLEAR RESEARCH, DUBNA, USSR

S = 1  +  i (2n ) 4 ( p l - f

In deriving a linear integral equation  for the T-am plitude we m ake use o f the  
follow ing definition of the tw o-tim e Green function and th e  potential [1]

G " 1 =  C0- i  +  V ,
(3)
( 4 )

* Perm anent address: Tait In stitu te , Roxburg Street, Edinbourgh, Scotland.
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where G g l is the inverse tw o-tim e Green function  of the sy stem  of non-inter
acting я m eson and nucleon, and V  is the potential. U sin g  the ordinary  
technique we write the equation for the am plitude T (p , q) in the fo rm [l].

T ( p , q )  =  V ( p , q )  +  ~  j  V ( p , p ' )  G0( p ’) T ( p '  q) d 3p ' . (5)

C = ---------- is a constant w hich can he find from  the un itarity  condition. The
8(2тг)2 7

function G0(p ') for the pion-nucleon scattering is determ ined in the follow ing
way:

G 0 ( P l  > P i  ’ P i n )  — ЛГ7^
• Yp2 +  M 2 +  Yi>2 +  p2

Y(p 2 +  M 2) ( p 2 +  p 2)

. _________ ц(р) Ц (p)_________
w -  — (Yp2 +  /и +  К рм - m 2) ’

( 6 )

where p,  M  — are the pion and nucleon m asses, respectively , p  is a m om entum  
in the centre-of-m ass system  and W  =  со -)- E, u> =  | p 2 -j- p2 , E  =

J p 2 -f- M 2. The expression (6) and the potential V(p,  p ')  by definition [1], 
are taken on the mass shell. This means th a t in eq. (5) th e  integration over  
the interm ediate state o f p '  m a y b e  considered as a special form of the an a ly 
tic continuation  into the unphysical region.

It should be em phasized that eq. (5) is derived in th e  framework o f field  
theory.

The equations for the partial w ave am plitudes are derived from eq.
(5) w ith the aid o f the projection operators[2]

»  T u  =  V  (/*+54,e Ц+>  + £ . . *  L<->) , (7)
e

L<+) =  ( l + l ) P t (cos 0) =  P'e (cos 0 ), (8)
p q

L̂ _) l' p c (cos 0) -f- [P * 5 ]__ p ' (cos .
. . . . . .  Ip ! 151

These operators possess the following properties:

J L f  (p ,p ')  L 2 ( p ' , g) dQp■ = .  4л • • L**) (p , g ) , (9)

■ J í ,y ( p ,p ' ) L + ( p ' ,g ) d f íp .  =  0 .
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From eqs. (5) — (9) we find  the equations for the partial w ave am plitudes 
(in the variables W):

f ‘e± m  =  V [ ± (W)

' V U  W *  W)  f l F ' 4 -  2W ' 2(M* +  //-■) (М 2

(2 n)2
( 10)

W  ( W 2 -  W 2)

There are tw o possibilities for determ inanting the potentials Vé+(W)  
either from eq. (4), or solving eq. (10) by the m ethod o f iterations. For the 
second case, in the B o r n  approxim ation, it is sufficient to take tw o pole 
F e y n m a n n  graphs. It is, however, known that th e  B o r n  approxim ation  
explains the 33-resonance only q u a lita tiv e ly ^ ]. Therefore we include additional 
graphs which are due to  the isobar sta te  of the nucleon in the interm ediate  
state. W e do not use the contribution from the pion-pion interaction  since 
it is essential only for sm all s and p  w aves of л N -scattering as it follow s from  
the dispersion relation m ethod [4].

A partial contribution to the 33-potential from th e pole graphs sym m etriz
ed in the initial and final states is o f  the form:

у зы
У P312 21 b

■ (E'  +  M) (E  +  M )  
2 M

W  4  W +  2 M

( W  — W  —2 M ) Q 1
a
b

( И )

where
2 M  y w  4  M ) (E  4  M)

QÁ -

<?2

-1-1
M 1 Г P e (z dz
! b 2 .) !«

1 , 1 1

[EE'  4  (£ '  -  E)-  4  (E'  4 - E) (ш' 4  со) — M 2 -  p 2

|6| =  2 jp] | p ' | ,

g2 is the coupling constant o f л  N  in teraction .
The expressions for the partial contributions o f other waves as w ell as 

for the contributions to  the potential from  isobar sta te  of the nucleon are 
not written down here.

E q. (10) is solved by the F r e d h o l d  determ inant m ethod. In the general 
case the integrals will diverge. H ow ever, i f  one subtraction is made th en  the 
integrals Avili converge. Such a subtraction looks as a renorm alization o f  the  
theory.
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T he p o sitio n  o f  th e  reson ance in  various s ta te s  and its  w id th  are deter
m in ed  in  a u su a l w a y .

T he n um erica l ca lcu la tion s h a v e  n o t y e t  b een  com p leted . H ow ever, th e  
p relim in ary  ca lcu la tio n s p o in t to  th e  ex isten ce  o f  resonance so lu tio n s  in th e  
con sid ered  approach .
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ПРИМЕНЕНИЕ КВАЗИПОТЕНЦИАЛЬНОГО МЕТОДА 
К РАССЕЯНИЮ ПИОНА НА НУКЛОНЕ

П. С. ИСАЕВ и ДЖ . СМИТ

Р е з ю м е

Квазипотенциальный метод, разработанный в Дубне применяется к процессам 
рассеяния пиона на нуклоне вплоть до энергий 500 Мэв для получения резонансного 
поведения фазы Р3  ,. Несмотря на то, что численные расчеты еще не закончены, наличие 
резонанса кажется весьма вероятным.
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A PROOF OF THE COMPLETENESS OF THE SOLUTIONS 
OF THE SCHRÖDINGER EQUATION IN THE A-PLANE

B y

G. B ü r d et  and M. GlFFON

INSTITUT DE PHYSIQUE NUCLÉAIRE DE LYON, LYON, FRANCE

It is proved th a t the system  of solutions o f the Sc h r ö d in g e r  equation in the com plex  
Д-plane is com plete.

O f great m a th em a tica l in terest is th e  p rob lem  o f d eterm in in g  th e  p o te n 
tia l V(r) from  a g iven  d istr ib u tion  o f  R egge p o les, th a t  is to  sa y  th e  e s ta b lish 
m en t o f  eq u a tio n s in th e Я-p lan e o f  th e  sam e ty p e  as th o se  o f  Ge l ’f a n d  
and L e v it a n  [1] or Ma r c h e n k o  [2], w h ich  are va lid  in  th e  fc-plane.

The f irst s tep  to  be overcom e is th e  e s ta b lish m en t o f  a com p leten ess  
re la tion  for th e  so lu tion s o f  th e  S ch r ö d in g er  eq u ation  in  th e  com p lex  angular  
m om entum  p la n e , and th is is th e  aim  o f th is  paper.

We use th e  same m ethod as J ost and K o h n  [3] have used to  prove the  
com pleteness relation in the fc-plane.

Let us consider the integral:

/(fc, r) =  -  ( Ad Я [ Щ  G(A, fc, r, r') d r ' , ( 1)J J rr'
г  0

w here fc(r') is an  arbitrary fu n ctio n  w hich  does n o t m ake th e in te g ra l 
diverge,

G(A, h, r, r') is th e  Gr e e n ’s fu n ction  w h ich  allow s u s to  exp ress a so lu tion  
■̂ (Я, к, r) o f th e  S ch r ö d in g er  eq u ation  in  term s o f  y 0(A, fc, r), th e  so lu tion  
o f  th e  free-ScHRÖDiNGER eq u a tio n  (i.e . w ith  zero p o te n tia l)  fo llow in g  th e  
relation

у(Я, к, r) =  1/>0(A, fc, r) - f  f G(A, fc, r, r') V(r') %(Я, fc, r2) dr' . (2)
o‘

It can be show n that G(A, fc, r, r') can be expressed in term s o f a physical 
solution  rp which is defined in th e  origin by:

lim  (p(X, fc,r) ■ r~X-  2 = 1  (3)
r ->0
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and by a J ost solution defined at in fin ity  by:

lim  /(Я , — ft, r) • e ~ ikr  =  1 ,  4)
Г —>  ° °

so that G can be written as

G(À, k , r , r ) = ---------------- — ------ --------------» (5)
ДЛ, ft)

where /(Я — ft) is the Jost function defined by

Д Я , - -  ft) =  Г [ /(Я , -  fc,r), ДЯ, ft, r)]. (6)

The contour Г  is the im aginary axis o f the Я-plane com pleted by a sem i
circle at in fin ity  in the 14еЯ >  0 half-plane. The potentia l is assumed to  be 
regular, i.e . its first and second absolute m om ents ex ist, which im plies (4) 
that the functions (p(X, ft, г) and ДЯ, — ft, ft) are holom orphic in the half-plane  
ИеЯ >  0, such th at the only poles are the zeros a, of the J ost function /(Я  — ft). 

U nder these assum ptions we can evaluate the integral by the residue

method

'<*• -> = «  2 • <7>
1 0 ЭЯ

Taking into  account

8/ ( Я’ k) =  i ~ ~  / ( « ; ,  *) M'1 («я *). (8)
ЭЯ ;.=d, ft

where

M- (a,, ft) =  J  / 2(ab -  dr (9)

0
and

9>(Я, ft, r) =  - ± -  [/(Я , k)f (X,  -  ft, r) - ДЯ, -  k)f (X,  ft, r)] (10)
2 ik

which for Я =  a, reduces to

, ft, r) =  —7—/ ( a , , ft) f (a , ,  — ft, r) . ( 11)
2 ift

We obtain

/(* , r) =  to V  f - * ' .  (12)
;  J ГГ' М 2  ( a ,  ft)

0
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On the other hand we can evaluate the integral along the contour, along the  
im aginary A axis, tak ing  into account that

/ ( / ,  — fc, r) =  / (  — A, — fc, r) . (13)

We can show that

fc, r) <9(r
> (A , k, r')

4 / ( A , - f c )

y (— a, fc, r')

/ ( -  A, -  fc)
+  / ( A , fc,r') 0 (r'

у(А, к, г ) y ( — А, fc, r) I 
/ (A, — k) / ( —A, — к) I

(14)

I f  now  we use the relation betw een the J ost and the (p solutions

/(A , — к, r) =  ~  [/(A , -  к) <p{— A, к , r) — / ( — A, — k) <p(A, k, r)] (15)

we have

A2 d/. Hr')
rr'

о 0

/(A , — fe, r )/(A , — fe, r') dr 
/(A , -  k ) / ( -  A, -  fc)

( 16)

To evaluate the integral along the curved portion we need the asym ptotic  
forms o f the solutions o f the Schrödinger equation and of the J ost function
for I A I —► oo.

We know  (5) th at for regular potentia ls the functions <jo(A, fc, r) and  
/(A ,—fc) ten d  to  the correspondent quantities of the free Schrödinger equa
tion  as I A I — oo. Hence we have

lint 9?(A, fc, r) =  r ' ! 2 ,
Ml—

lim  < p { - Â , k , r )  = r “A+S, (17)
Ml—

lim /(A , — fc) =  2 • e 4 ]/Afc
Ml-

2A
t I

valid  for ; arg A I <  я — e.
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Taking in to  account (15) and (17) we deduce lim /(A , —k, r), and hence
1*1—

w e can write the asym ptotic form of the integral as

екУ rr'

2A

2/

0 (r -  r') + 0 (r' -  r)

dX

dX

(18)

T he first in tegral in the bracket can be neglected and we are le ft w ith

J . . . =  i J Í Ö * ' .  Jim
f r r ’ R

w ith  R =  lo g -----
r

=  inh(r)

(19)

in  virtue o f  th e  properties of the ô-function. 
We h ave finally

I(fc, r) =  inh(r)  — 2 j  X2 dX J* Г  ̂ •MO . /(A, — k , r ) f ( X ,  — k, r') dr , ^
f (X,  -  k ) / ( -  A, -  k)

I f  we com pare th e  result (20) w ith  th a t obtained b y  the residue m ethod (16), 
w e see th a t

h(r) =  J h(r') dr' — 2  (a k) / ( « ; , -  k ,r)  . / (« ; ,  -  M Q2 'M “ 2(a;,  k)

( 21 )

2 i
71

f  A2
J / (A , -  k ) / ( -  A, fe)

/(A, — k, r) _ /(A, — k ,r ')

This relation (21) can only be satisfied for all and every square integrable  
h(r) if

V M - 2(ay., k)
a

/ ( « ; ,  -  k, r) 
r

2 i  Г _________A2 rfA________ /(A , — k, r) /(A , — k, r') _
71 J /(A , — k ) / ( — A, — fc) r r'

0

(22 ) 

О  •
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This relation (22) can be w ritten  as a St ie l t je s  integral if  we define a spectral 
function p k(X) in the following sense

dPk f f l  _
dX

2 i ^X?__________
n  /(A , — k ) f (  — A, — k) 

Ó(X -  aj)

“T  M *(a j ,k )

and we obtain

for Xe [0, too]

for the zeros of f (X
(23)

k)

JP k, r) dp,, (X) =  0{r — r') . (24)

(22) or (24) prove the com pleteness of th e  set of the J ost solution of the 
Schrödinger equation modified by  the facto r r -1.
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ДОКАЗАТЕЛЬСТВО ПОЛНОТЫ РЕШЕНИЙ УРАВНЕНИЯ 
ШРЕДИНГЕРА В Я — ПЛОСКОСТИ

Г. БУРДЭ и М. ЖИФОН

Р е з ю м е

Доказано, что система решений уравнения Шредингера является полной в комп
лексной Я — плоскости.
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ON THE CONNECTION BETWEEN VACUUM-LIKE 
AND LIGHT-LIKE SOLUTIONS OF THE BETHE-SALPETER

EQUATION

I t  is shown that a vacuum -like so lution  of the B e t h e —Sa l p e t e r  equation  in  ladder 
approxim ation does im ply a light-like so lution  w ith  the sam e eigenvalue.

The question whether a vacuum -like solution o f the B. S. eq u ation  does 
necessarily im ply light-like solutions corresponding to  the same eigenvalue  
has been recently raised in some papers [1].

For vacuum -like solutions and light-like solutions we mean w ave functions 
describing bound states w ith four m om entum  P,, =  0 and P /f ^  0 , P 2 =  0, 
respectively .

W e th ink the problem rather interesting also in order to throw  light 
on the existence of massless bosons associated  with non-conventional solutions 
o f  Quantum  Field Theory which has often  been discussed at this Conference.

A  very in tu itive although not com pletely rigorous way o f looking at 
sym m etry breaking solutions is the follow ing: suppose y o u  have tw o particles 
A  and В  w ith different quantum  num bers and consider a bound sta te  made 
up o f them  w ith  four m om entum  P /t =  0 (Fig. 1)

N ow , i f  you look at the graph from  below to  above you m ay consider 
it as a spontaneous coupling betw een the particles A  and B,  w hich breaks 
th e  original sym m etry.

I f  a vacuum -like solution of th e  B. S. equation does im ply light-like  
solutions corresponding to  the same coupling constant, then these m assless 
particles so generated correspond to G o l d s t o n e ’s bosons. So non-sym m etrical 
solutions w ithout associated bosons could be obtained from a B. S. equation  
w ith  a vacuum  like solution but no light-like solutions corresponding to  the 
sam e eigenvalue.

We apply this analysis to a ladder B. S. equation for scalar particles 
of equal masses m. W hen P 2 =  0 and P n ^  0 the W ic k ’s rotation is feasible  
but the resulting equation:

B y

A. B a s s e t t o , S. C i c c a r i e l l o  and  M .  T o x i n

ISTITUTO Ш FISICA DELL'UNIVERSITA, PADOVA, ITALY

(1)
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w ith  P /( =  e n^, Пр =  (0 0 1 — i), has a com plex Kernel. In fact P is fix ed  
and after the rotation  its fourth com ponent becom es im aginary. No choice 
of Lorentz frame can avoid this difficulty.

N ow  we suppose we know th e  eigenvalues and the eigenfunctions 
{Фо} o f  the equation:

Fig.  1

and recall that u su ally , when p 2 0 , th ey  are n o t degenerate w ith  respect 
to  the four dim ensional angular m om entum . W ith  the A nsatz:

cp(pP) =  e-h <ph (p , n) , (3)
0

and b y  putting

Фп (p, n) =  (p 2 +  m-) cph (p ,  n) (4)

b y  collecting equal powers o f e2, we transform  th e equation (1) w ith coupling  
constant Яд into th e  following system :

Ф0(р) =  t i  j  K ~ ( p ,  к) Ф0(к) d l k,

Ф^п, p ) =  N(n, p)  Ф0(р) +  kl  J K - ( p ,  к) Ф,(п, k) P  k, (5)

Фн(п, p )  =  N(n, p)  Ф/1_ 1(п, p)  +  kl J K ~ ( p ,  k) Фн(п , k) d ' k ,

w ith  the known term  N  ( n ,p)  = (11 ■P)2
(p 2 +  m2)2

com plex , but the F redholm’s K ernel

K ( p , k )
1

[(k - p ) 2 +  p 2] ( p 2 +  m2) (k2 +  m 2)
real and sym m etric.

The first equation is ju st the same as in the case P t, =  0. Now F r e d 

h o l m ’s theorem s sta te  that the inhom ogeneous Л-th equation can have solution  
i f  and only if  the known term is orthogonal to all the eigenfunctions correspond-
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ing to the same eigenvalue of the hom ogeneous associated equation , the  
first one in our case, th a t is

J  N  (re, p) (re, p) [Ф1 (p)} * d l p =  0 . (6)

This condition is verified when no degeneracy is present w ith  respect 
to the four dim ensional angular m om entum . W e consider here the case 
in which the eigenfunction is an S  w ave solution. Then:

I T  »w ф л-1  (n- P ) ^ ( P 2) d 'P  =  n nv [g F ( 4 - re nv F 2) =  0 (7>
J  ( p ~  +  rei2)2

because re2 =  0. This argum ent can be easily  generalized to  the higher waves. 
So when there is no degeneracy, F r e d h o l m ’s requirem ent is satisfied. Therefore 
we are able to  solve the system  (5); it  is easy to prove that the series (3) so 
obtained is to ta lly  convergent.

Suppose now that there is degeneracy and we h ave, for instance, a four 
dim ensional “ S  w ave” and a “ D  w ave” solution of th e  equation (2) correspond
ing to the sam e eigenvalue X2a. Then i f  w e start w ith  the “D  w ave” solution  
in  the known term, the orthogonality conditions:

! , ^ V) , ' ,  /2  (PL>) Y 2 (n ■p ) f  0 (F '■) d*P =  0 , (8)
J (p- +  m -y

I 7 n 7 /2  (P~) Y A n ■ P) f *  (P2) Y 2im (?) di P =  0 (9)
J (p-  +  f»2)2

are clearly satisfied .
In conclusion, vacuum -like solutions always im p ly  lightlike solutions  

corresponding to the sam e coupling constants and analytic in th e  origin
p  ■ P  =  0 .
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СВЯЗЬ МЕЖДУ ВАКУУМНО-ПОДОБНЫМИ И СВЕТО
ПОДОБНЫМИ РЕШЕНИЯМИ УРАВНЕНИЯ БЕТЕ-СО  Л ПЕТЕРА

А. БАССЕТТО, К. ЧИККАРИЕЛЛО и М. ТОНИН

Р е з ю м е

Показывается что вакуумноподобное решение уравнения Бете—Солпетера в це
почном приближении содержит светоподобное решение, с тем же собственным значением.
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FINITE AND DISCONNECTED SUBGROUPS AND 
ELEMENTARY PARTICLE SYMMETRIES

B y

T. F u l t o n *

THE JOHNS HOPKINS UNIVERSITY, BALTIMORE. MARYLAND, USA

The subgroups of the SU 3 group are in vestiga ted  in connection  w ith elem entary particle 
physics. It is found that the fin ite  and disconnected subgroups o f  S U 3 cannot account for the 
elem entary particle spectrum .

Introduction

The three dim ensional unitary unim odular group [1, 2] (SU3) has been 
particularly successful in  accounting for many aspects of the spectrum  
of elem entary particles and their strong, electrom agnetic and w eak inter
actions. This success has m otivated  a search for more fundam ental sym m etries, 
based at tim es on dynam ical m odels, at tim es on a ttem p ts to connect SU3 
w ith other sym m etries (e.g. argum ents o f  surrent conservation).

The researh I am to  report on, the details o f w hich  will be published  
shortly [3], is less fundam ental in its approach than th e  work referred to  above. 
My co-workes and I have attem pted to  proceed in th e  opposite d irection. 
We asked the question: “ Are there groups representing sym m etries lower 
than  the one corresponding to SU3 w hich  still retain  those characteristics 
of SU 3 which have been found useful?” W e were thus naturally  led to  restrict 
ourselves to the subgroups o f SU3, both  fin ite  and in fin ite . Two obvious types  
of subgroups o f SU3 w hich are not acceptable in the present context are direct 
products o f Abelian phase groups and SU 2. They are rank one groups and hence 
can have on ly  one independent quantum  number associated  with th em . Our 
interest is in  subgroups in  which there ex ist operators corresponding to  two  
quantum  numbers (e.g. charge, Q, and hypercharge, Y ) ,  th a t is, groups which  
have a structure similar to  th at of a rank tw o group.

One m ay object th a t a lim itation  o f our search for groups o f  lower 
sym m etry to  subgroups o f  SU 3 is too restrictive. Such a narrower v iew  has 
distinct advantages, how ever. In she fir st  place, all o f  these subgroups have

* Guggenheim  and F ulbright fellow on leave  for the abadem ic year 1964—65 a t the 
In stitu t für Theoretische P hysik  der U n iversität W ien.
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274 T. FULTON

been listed [4, 5, 6 ], thus enabling one to com pletely  cover th is more lim ited  
area. Secondly, one m ay well hope that some o f the more usefu l aspects of 
S U 3 m ay be retained in  its subgroups. F inally , th e  structure o f  SU 3 can be 
utilized  in applying the subgroups to  the elem entary particle spectrum  (for 
in stan ce in the assignm ent of charge and hypercharge operators).

Case, K a rplus  and Y ang (hereafter referred to as C. K . Y.) [7] have  
considered the analogous problem  in relation to  isotopic sp in  and charge 
independence som e years ago. T h ey  exam ined th e  consequences o f replacing 
SU 2 b y  the crystal groups in th e  description o f isotopic m u ltip lets. Some o f  
the results of their work provided us with a m otivation  for m aking our own 
attem p t. T hey fin d  it possible to  m aintain charge independence up to a m axi
m um  value of the isotopic spin, I ,  which is a function  of the particular crystal 
group. An aspect o f  this result is the well know n fact th at there exists an 
upper lim it to the dimensions o f th e  irreducible representations, which is again 
a function o f the particular crysta l group. T h ey  also find th a t charge is not 
conserved, except modulo an in teger determ ined by the group.

The first o f the results o f C. K. Y. quoted above can actu a lly  be looked  
on as a possible advantage o f fin ite  groups. I t  is attractive to  consider the  
possib ility  o f an upper lim it to  th e  dimension o f irreducible representations 
in to  which particles or resonances are placed. There is strong evidence for 
charge independence only for I  < / 3/2. (E vidence for charge independence at 
higher I  exists on ly  for nuclei and is made less precise by th e  effects of the  
Coulomb interaction).

The lack o f exact charge conservation is o f  course an unacceptable result 
o f C. K. Y. As I w ill briefly ind icate later, i f  the tetrahedral group were used  
to  describe isotop ic  spin (charge conservation modulo three), the reaction  
n + -(- p  —► 71 ~ -f- n would be allow ed to take place. It is necessary therefore 
to  make charge conservation a separately im posed postulate. This postulate, 
how ever, represents an additional sym m etry condition, and therefore ser
ves to generate a new group. In fact, as we shall briefly  indicate later, 
and as can be shown more rigorously, charge cons ervation , when im posed  
as an additional condition on the fin ite subgroups of S U 2, generates the  
full SU2 group.

Since w'e consider only th ose subgroups o f SU3 for w hich two quantum  
num bers can be defined, one m a y  be led to  exp ect that the separate im position  
o f charge conservation is less restrictive than  for subgroups o f SU2 and does 
not lead back to  the full SU 3 group. For exam ple, one m ay hope that, although  
charge m ay be made to be conserved ex a c tly  in all reactions, hypercharge 
could still be conserved only m odulo an integer. This would necessarily im ply, 
through the G e l l —M a n n — N i s h i j i m a  relation , the conservation of I 3 m odulo  
tw ice that integer. Our subsequent investigations have not led to  these originally  
hoped for results.
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II. Subgroups of SU , and elem entary particles

I t  is useful at th is stage to review  briefly , and to ex ten d  som ewhat, the  
work o f C. K. Y ., since it serves to illustrate in a com pactw ay the approach  
which was followed in the case of subgroups o f  SU 3.

One can classify subgroups o f SU , in to  three types:

a)  Abelian phase groups. These correspond to rotations about one ax is  
and are trivial.

b)  F inite subgroups. They correspond to  restricted fin ite  angles of rotation  
about a specified and lim ited num ber o f axes. These groups are the  
fin ite dihedral, the tetrahedral, the octahedral and the icosahedral 
group.

c)  D isconnected group. This is the in fin ite dihedral group, com posed  
of continuous rotations about one axis, and rotations of n radians 
about the other tw o orthogonal axes.

We concentrate our attention  on the groups listed under b)  above, and  
for the sake of specificity , on the tetrahedral group.

Follow ing the analysis o f C. K. Y ., we consider the double tetrahedral 
group, T',  rather than the tetrahedral group, T.  The group T'  bears the sam e  
relation to T  as SU2 does to  the three dim ensional rotation group R 3 (i.e. it  
allows, speaking crudely, for double valuedness). There are tw enty-four  
elem ents in T'  rather than tw elve, as in T.  It is not necessary in  this brief and  
sem i-qualitative review to  give the character table of T ' . B riefly  T'  has elem ent 
types E, C2 and C3 and their powers, corresponding to u n ity  and rotations b y  

2л
л  and -  and their m ultiples, and seven inequivalent irreducible represent

ations, which we shall denote by Fv  Г л, Г v  Г 2, Г 2, Г 2, 1 3. The subscript denotes 
the dim ension of the representation. Representations w ithout bars are real 
and jГп Г n are com plex conjugates o f each other.

Charge m ultiplets can now be assigned by subducing elem ents of T'  
from elem ents o f SU,. Arbitrarily choosing the z axis as an axis of h ighest 
sym m etry in T'  (a threefold sym m etry axis corresponding to  elem ent typ es  
C3), elem ents е“ ь?> of SU ,, w ith ip a continuous variable, go over into elem ents 
of T :

C3 =  e'Uw ; Wj =  0 ,
4 л  
3

We define the operator f 3 in T'  to  be such as to give the correct values 
of the characters. N ot surprisingly, for the irreducible representations
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Г 2 and Г 3, I s turns out to  be exactly  the sam e as the corresponding J3 for SIL . 
For exam ple, for Г 3, the character is correctly  given b y  the choice

f  1 0 0
0 0 0

, 0 0 - 1 ,
w ith

У..(С3) =  T'r C3 — 0 .

Thus th e  я  mesons can be assigned to  Г 3, and, in  a similar fashion, th e  
nucleons can be associated w ith  Г 2 ( Г 1 corresponds to  an 1 =  0 sta te).

The irreducible representations Tj,  Г j correspond to  only parts o f  irre
ducible representations o f  S U 2, as will be indicated later. One can define I 3 
for these to o . For exam ple

- 2 n i i n i  j

С3 (Г3) =  е 3 =  e 3 3 .

This shows th a t the operator J3 for th is  representation is the one b y  one 
m atrix

h — 1 .

In  other w ords this representation would accom m odate a singlet boson o f charge
— I.

The problem  of non-conservation o f charge can be illustrated q u alita ti
vely  by operating in sta tes o f Зя + and Зя° mesons, v iew ed  first as sta tes in  
representations of SU.2 and then  of T ' . Consider the product state, operated on 
b y  the group elem ent e'1*4’. Define

O m  Of) =  e,i !‘<1V e<hwv eiI*U)y’.

For SU ,,

°ra  (f) I ^U) nt*) (̂3)> =  eiUf | я (ц nf2) я (+3)> ,
and

О /  \  I 0 0 0 \  1 i О О О ч
1 2 3( f )  I ^(l) Я(2) n (3) > — 1 ■ I ^(l) л (2) Л(3)> ■

The sam e operation in T'  gives

and
0U3 (Wj) I я (1) Я(2) Л(3)У — 1 ■ i nt)  n(2) *(S)> ■.

O / \ ] 0  0 0 \  T i 0  0  0 \
123 VPj) \ л(1) Л(2) Л(3)> — 1 • I я (1) я (2) Я(»)> •

Thus, since y> is arbitrary in SU2, the tw o  states o f  я  m esons, differing by a 
charge o f  three, are d istinguished, while in  T'  they  are not. I f  y)j were restricted  
to  the va lu es 0  or я, sta tes  differing b y  two units o f  charge would not be 
distinguished.
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A more detailed look at the nature o f th is difficulty can be had if one 
considers a scattering problem, say  n —N  scattering. We th en  have to deal 
with product representations and their reduction to irreducible representations. 
Thus, for л  — N  scattering (denoting the irreducible representations in SU.> 
by their dim ension), we have

2 ® 3 =  2 ®  4

for SU2 (i.e. the usual I  =  1/2 and J =  3/2 representations), while for T'

Г 2 <8> Г 3 =  Г 2 ©  I \  ©  T 2 •

There is no general method for treating th e  Clebsch—Gordan problem for 
fin ite groups. One m ust actually operate on the states w ith  enough group  
elem ents to  ascertain that one has obtained th e  correct irreducible representa
tions. For the case o f n —N  scattering, the sta tes comprising the irreducible 
representations are:

Г,

[  2
\Л^ П/

=  —— \л° n )
^3 1

}'з

' 3

- 1л°рУ

\л~р>  ;

Г;

Г 2

3
2 =  -п \ ^ р >  + \71 п> ;

2  n i
— о 3

Р
[я+ и ) -)- / 2 

3
\ла рУ

Г.,
f  2 1
/ у  \п  п > +  у =  \л  Р /  i

=  е !л  Р )
1

Р
\л~  п )

As expected , the Т' group is adequate to  represent isotopic m ultiplets for 
which I  <  1 and so the Clebsch — Gordan coefficients for the Г 2 representation

are the usual ones for 1 . The representations Г 2 and Г2 each

contain pieces of the I  =  —- representation o f SU2. If we associate an inde-

Act2  Phy*. Hung. Тот. X IX ., 1965.



278 T. FU LTO N

pendent scattering am plitude A  w ith each  of the representations, we can see 
im m ediately  that the reaction  n +p  —► n ~ n  is allow ed, and its am plitude is 
given by

А ( л +  р - + л ~ п )  =  [А(ГЛ) — А { Г 2)\.

Since th is reaction v io la tes charge conservation, w e m ust forbid it. This 
implies

А ( Г 2) =  A ( F 2) ,

which can occur in general only if  the representations T 2 and l  .L coalesce into  
a single irreducible representation. A un itary  transform ation will th en  take 
such a representation in to  the equivalent standard representation for I  =  3/2. 
Thus, charge conservation has served to  regenerate the four-dim ensional 
representation of SU .2 itself.

III. Subgroups o f SU.J

Surprisingly, all the detailed discussions of these subgroups [4, 6 ] are 
not very recent and are restricted to g iv in g  the orders o f  each group and the 
generators. I t  was therefore necessary for us to first derive the group theore
tica l properties, such as class structure, character tab les and irreducible 
representations, before carrying out an analysis sim ilar in detail but much  
more len gth y  and com plicated than th e  above one for subgroups o f  SU 2.

The f in ite  groups possessing “rank tw o-like” structure are of tw o types:
a)  A nalogues of the crystal groups. W e call th em  E(n),  where n is the 

order of the group, and is З699, 72<p, 216cp, 60, 168, 360qp, w ith 99 =  1 or 3. 
The last fact is the reflection  of the trip le valuedness o f  rotations w hich is 
possible in S U 3 (the analogue of the double valuedness in  SU2).

b) A nalogues of the dihedral groups. We call th ese  /l(3n2) and A(6n2), 
where the order again appears inside the parentheses and n is integer. The 
disconnected continuous groups arise from  the A groups in the lim it n — 00.

A num ber of the E  groups have e igh t and even ten  dimensional repre
sentations. I f  we further require some reflection  of charge independence, we 
have to dem and that one o f  the crystal groups be a subgroup of the E  we 
consider. This restricts us to  27(216), w hich  has T'  as a subgroup. W e are 
clearly already in d ifficu lty , since T' accounts for charge independence only  
for /  <  1, rather than I  3/2, as we would w ish. W hat is worse, T ' is em bedded  
in  E  (216) the wrong w ay, so that the w rong charge m ultip let is associated  
w ith  a given hypercharge. T he sim ultaneous assignm ent o f  the correct Q and:T  
is thus quite a severe condition . It turns ou t that we can still correctly m ake
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such an assignm ent in the octet representation o f  27(216) but a t the price of 
giving up the hoped-for close connection with T ' .

We can now again turn to th e  Clebsch — Gordan problem by looking 
at the scattering of an octet of m esons by an octet o f baryons. Considering 
the reduction of product representations, we have

8 » 8  =  I s ® 8S ®  27s © 8A ©  10A ©  IÜA

for SU 3, and

Z>278 =  Z [  ©21 ф ( Г | © Г | ©27* ©27* )© ^ A @ (^A + Г А )© (Г А © Г А )

for 27(216). The superscripts A  and S  stand for antisym m etric and symmetric 
com binations of the constituent sta tes, respectively. The highest dimension of 
an irreducible representation for 27(216) is eight and we can once more see, as 
we did for SU2 and T',  how higher dim ensional irreducible representations of 
SU 3 becom e reducible in to  the low er dim ensional representations of 27(216). 
The detailed Clebsch—Gordan analysis leads to  states, as i t  does in T', 
in which there are com ponents o f different charge present. This tim e, there 
are also com ponents of different hypercharge as well, both hypercharge and 
charge differing from each other b y  three units. The requirem ent of charge 
conservation alone leads also to hypercharge conservation, m akes the re
presentations coalesce and causes 27(216) to go over into SU 3.

As far as the disconnected groups associated w ith the zl-s are conserved, 
Q and У  are assignable and are e x a c tly  conserved in reactions. However, the 
m axim um  dimensions o f  irreducible representations are three for Zl(3oo2) and 
six  for Zl(6oo2), so th at only Sakata-like, rather than octet m odels can be 
accom m odated. Invariance under these A groups im plies only charge sym m etry, 
rather than charge independence.

In sum m ary, our failure to ap p ly  finite and  disconnected subgroups of 
SU 3 to  the elem entary particle spectrum  serves to  strengthen our belief in the 
tightness of the SU 3 schem e. At th e  same tim e, the detailed analysis of the 
hitherto little  known subgroups o f S U 3 which we have carried ou t, may have 
as yet unforseen physical applications.
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КОНЕЧНЫЕ И РАЗДЕЛЁННЫЕ ПОДГРУППЫ 
И СИММЕТРИИ ЭЛЕМЕНТАРНЫХ ЧАСТИЦ 

т. Ф УЛТОН 

Р е з ю м е

Рассматриваются подгруппы группы SU3 в отношении физики элементарных час
тиц. Найдено, что конечные и разделённые подгруппы SU3 не могут употребляться для 
спектра элементарных частиц.
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S ec tio n  В

BETHE-SALPETER EQUATION AND CONSERVATION 
LAWS IN NUCLEAR PHYSICS

By

W .  B r e n i g

MAX-PLANCK-INSTITUT FÜR PHYSIK AND TECHNISCHE HOCHSCHULE, MUNICH, BRD

Finite nuclei are considered using the m ethod of interacting quasi particles. T he ju stifi
cation of th is description is  based on the application  of the B e t h e —Sa l p e t e r  technique. 
The num ber o f free param eters is reduced w ith  the help of invariance properties.

1. Introduction

M any o f the low  energy properties of system s o f strongly in teractin g  
particles can be described very well, i f  one considers them  as system s o f  w eakly  
interacting quasi particles. This description has been very fruitful in  the  
theory o f solids as well as liquid H e3 and H e1.

R ecently great progress has been made in generalizing the th eory  o f  
Ferm i liquids to cover the theory o f fin ite  nuclei.1

A lthough the m ethod of interacting quasi particles in m any cases does 
not lead to  new  results as far as applications are concerned it  sheds a new  
light on m any older calculations or g ives a theoretical justification  o f certain  
m odels or m ethods.

H isto tica lly  one m ay distinguish three different stages concerning the  
justification  o f the quasi particle description:

a)  The H a r t r e e  —  F o c k  approxim ation. This is essentially  a weak  
interaction approxim ation assum ing th a t u0/(fc|/2m <g 1, where v0 is a m easure 
of the strength of the tw o-body interaction and fc|/2m a measure of the average  
kinetic energy o f the particles, kj being the Fermi m om entum .

b)  T -m atrix and random  phase approxim ation. These are essentia lly  low  
density or high density  approxim ations assum ing akf 1 or me2/kf <§ 1 
respectively , where a is an effective tw o  particle scattering length.

c)  A pplication o f B e t h e — S a l p e t e r  techniques. In this approach one 
considers a sufficiently  narrow energy range Ae and singles out those diagram s 
in a perturbation expansion which vary  strongly w ithin  Ae from the ones 
which can be treated as constants. U sually  no attem p t is made to  calculate

:A. B . Mig d a l , N ucl. P hys., 57, 29, 1964.
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these constants. T hey are considered as m icroscopic parameters o f  the system . 
Since Ae/e can be m ade arbitrarily small b y  confining oneself to  a sufficiently  
narrow range o f excitation  energies this approach is virtually  exact.

U sually the number of free parameters in  such an approach is rather 
large, how ever. The aim of th is lecture is to  show  that invariances such as 
gauge invariance or Galilean invariance or the corresponding conservation  
law s follow ing from them  lead to  m any relations between these parameters, 
thus reducing the number o f independent param eters considerably.

2. The response function

There is a large class of experim ents w hich can be described by means 
o f the so-called response function. Let us consider some exam ples 

a )  D ipole y-absorption.
The cross section for the absorption o f a dipole y-ray can be written as

cr(co) =  4 ne2ImR(co)  ; со 0 , (1)

where R(co) is the dipole response function

R(co) =  ( D
H E 0 — со

D +  D
ly H  — E 0 +  a> — i y

D ( 2 )

D  being the dipole operator.
b)  E lastic y-ray scattering.
The cross-section in  this case is given by

Oei
e 2 1 Г 2
—  Z ---------- I adco — e2 a»2 R(co) .
m 2 я2 J

о
(3)

c)  Inelastic electron scattering.
As an exam ple consider the longitudinal dipole form factor F^k)

I F,(k)  I2 =  12л <Л(к г Щ Н  - E 0 -  co)j,(kr)} . (4)

Further exam ples m ay be found in  M ig d a l ’s paper (see footnote 1) The quanti
ties considered in our exam ples can all be obtained as special “ expectation  
va lu es” o f a general m atrix response function

R(œ)  =
ai,pß

I
H  — E 0 — со — i y

Qßi +  P/M
H

1 _____

E 0 +  ш —iy
( 5 )
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where

Q an =  ty a t y / i  ,  ( 6 )

and ipa", y>a are the creation and annihilation operators of ferm ions in the state  
characterized b y  the quantum  num ber(s) a. For instance the dipole response is 
obtained by

R(co) =  ED*ßRax tfDßx , ( 7)

where Da/I are the m atrix elem ents o f  the dipole operator i.e.

D =  E D af,q^  . (8 )

W e therefore consider the general response function  in more detail,
i) H artree — F ock approxim ation.
The shell m odel m ay serve as a first approxim ation for the determ ination  

of the response function . I f  the sta tes with the quantum  num bers а, ц are 
chosen so as to coincide with the single particle states of the shell model, the  
response function takes a particularly simple form

R /л jl> R a X ̂ 1 !i ̂ /i/. .
where

Д З И  =  -  - ,
e? — «к — со — i y  4  — e“ +  a* - -

e®, e® are the Hartree — Fock single particle energies of the shell model states 
a, к and N a, K k their occupation num bers in the ground state

(9)

( 10)

N a
1 ; if  a occupied ,

0 ; if  a unoccupied .
( 11)

(10) describes the fact, th at the particle-hole pair created by q k̂ remains in its  
sta te  and has the excitation  energy e® — e®.

ii) Random  phase approxim ation.
U sually there are m any particle-hole sta tes in the shell m odel having  

approxim ately the sam e energy. Because of th is approxim ate degeneracy the  
residual interaction will lead to a strong m ixing o f the shell m odel excitations. 
The effect o f this m ixing m ay be treated  in the so called random  phase appro
xim ation. In this approxim ation one can derive the following equation for the  
response function

R a \ ,n ß  =  № aß ~  E  R y k M )  » ( 1 2 )
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iii) H igher order corrections.
To tak e into account all higher order corrections it  is convenient to  use 

Feynm an diagrams. The iterative so lu tion  of (12) m ay be written in  m atrix  
form as

R  =  R s0( 1 -  V°R)  =  R s0 -  R soV°Rs0 +  R s0V"Rs0V°Rs0 +  . . . (13)

and illu strated  by diagram s in the follow ing manner

Fig.  1

All higher order diagram s notv m ay be classified as either “ single particle 
dressing” or “ vertex renorm alization” diagrams. T ypical single particle 
dressing diagram s are

Fig.  2

A ll these diagrams are sum m ed up i f  one replaces th e  single particle propag
ator o f th e  shell m odel G° (indicated b y  an open arrow.)

1 _  N  N
G° ( 0  =  — ï t V -  + ------- f - r -  (14)e - e“ - f  vy e — £„ — ly  

b y  the dressed propagator G indicated b y  a full arrow

Gaß (£) — Sa (£) ^aß +  Gaß (f  ) » (15)

where g(e)  has the sam e form as G°, e® being replaced b y  ea and G r is non
singular a t the renorm alized single particle energies ea.

T yp ica l vertex renorm alization diagram s are

Fig.  3
A ll these diagrams are sum m ed up if  one replaces the bare vertex  V°  b y  the 
renorm alized vertex V. The equation o f the response function for the external 
field  Q
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w ith

QRQ =  QRS( 1 -  VR)Q =  QRST ,

T  =  Q — V R ST

(s, w) =  Gaß
COГ т M-f]

(16)

(17)

and the energies o f the external lines are chosen according to the diagram

R  therefore depends on e, s' and со. The R(ca) o f eq. (5) is obtained from  
R(co, e, s') of eq. (16) after integrating over s and s'.

3. Transformation to quasi particles

The crucial point in the further treatm ent o f  (16) is the fact th a t R 4 
contains a part, which is singular at the particle-hole excitation  energies 
г a — ?/<• I f  one uses (15) one obtains

Rn Sa +  Six
2

— e R aXtfiß •> (18)

where rs has the same form as R 0s but the ’s are replaced b y  the ea ’s. R  con
ta in s no more poles and ő-functions and V  sim ilarly is nonsingular at the 
particle-hole excitation  energies.

One can now elim inate the renorm alization factors z as w ell as R y. 
A fter some algebra one finds

ImQRQ =  Imqrs T
w ith

T  q -  vtsT  ,
( 19)
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where we have introduced the quasi particle quantities, rs, g, v, T  instead o f  
the renorm alized ones R s, Q, V, T.  In m atrix  notation th ey  are related b y

rs =  Z ~ 2R S -  R r , 
t =  Z T ,
q =  Z(1 +  V R r)~'Q  , (20 '
v =  Z \  1 +  V R r) ~ i V

w ith  the aid o f (19) the response function is expressed in term s of the quasi 
particle quantities. The param eters contained in  them  are: The m atrix elem ents 
g o f the external field , the renorm alized single particle energies ea and the  
effective vertex  v. The question then arises how  they  can be determ ined.

First o f all one sees from  the spectral decom position o f  G, th a t the single 
particle energies o f  the A  particle system  can be read o ff from  the energy  
levels of the A  1 and A  — 1 particle system s. They m ay be taken from  
experim ent therefore.

We shall now  see that in m any cases o f interest the requirem ent of gauge 
invariance leads to  Q — q and a com bination o f gauge invariance and Galilean 
invariance leads to  further relations betw een th e  quantities g, v and the ea. 
In som e cases these relations are sufficient to  determ ine all free parameters in  
term s o f the experim entally observable ea ’s.

4. Conservation laws

To explore the consequences of gauge invariance it is convenient to  
assum e, th at the particles have an in fin itesim al charge ds and investigate the  
response to  a purely longitudinal vector potentia l i.e.

Q =  Ôe (P  • к — со) ei(*-r-eí). (21)

The only effect o f th is field is to  m ultip ly the field  operators ip(x) by the phase 
factors exp (ide • e'kx). From th is after som e algebra (com pare for instance  
M i g d a l , loc. c it.) one can deduce an id en tity  for the corresponding rq in  
m atrix notation

T Q =  e ‘k ■r g ^ + ^  r )  e ‘k r . ( 2 2 )

This id en tity  is valid  for all к  and со. E xpansion into powers o f  к after com pari
son of the corresponding powers on both sides o f (22) yields a set o f identities  
for the various m ultiples. In particular for the dipole term  (putting r =  D)

(Tp  — coTD)/ia =  Z ~ \ e a — ел +  co)iD/ia . (23)
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The r. h. s. o f this equation m ay now  be inserted into the equation (16) for t .  
After applying the procedure w hich transform s (16) in to  the quasi particle  
language (19) one obtains finally

(er  -  ea +  fi>)D«M +  ojda/l +  2  Vab,rP iN p -  N >) Dß\ ■
ßA

(24)

Since this is valid for all со one has the tw o equations

D af, =  dafl (25)
and

К  -  O  Va» =  -  - Par +  2  v*rí> (N ß -  • (26)
m ß л

In an analogous w ay one may derive from Galilean invariance the tw o corres
ponding equations

Pa„ =  Par (27)
and

(*r ■ -  О  P ar =  2  V̂ r ß  (N ß ~  N à  P ßi ■ (28 >
ß>-

This means that in the case of n approxim ately degenerate levels (eH — eß) 
contributing to the response function one has 2n relations am ong the m atrix  
elem ents o f the vertex operator v.

The above considerations apply to excitations w ith isospin zero. In the  
case of isospin one Galilean invariance has no effect and the consequences o f  
gauge invariance are m odified because of the presence o f exchange forces. 
I f  one uses the approxim ation o f “ effective charges” i.e. eD  =  e'd one can  
relate e'je to  the exchange correction of the dipole sum rule .2

УРАВНЕНИЕ БЕТЕ-СОЛПЕТЕРА И ЗАКОНЫ СОХРАНЕНИЯ 
В ЯДЕРНОЙ ФИЗИКЕ

В. Б Р Е Н И Г

Р е з ю м е

Рассматриваются конечные ядра методом взаимодействия квази-частиц. Доказа
тельство данного описания ядер основывается на применении техники Бете—Солпетера. 
Число свободных параметров уменьшается с помощью инвариантных свойств.

2 W. B r e n ig , Theory of giant dipole resonance, Advances in T heoretical P h ysics, 
1, 59, 1965.
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MANY-BODY FOUNDATIONS OF THE 
NUCLEAR SHELL MODEL

B y

B .  H .  B r a n d o w

INSTITUTE FOR THEORETICAL PHYSICS, COPENHAGEN, DENMARK

W e w ish to show how the general features o f the shell model em erge w hen one extends  
the B r u e c k n e r —B e t h e — Go ld sto n e  theory of nuclear m atter to the case o f fin ite nuclei. 
The basic idea is to use perturbation theory, together w ith  suitable partial sum m ations. The 
starting poin t is //,, - -  7 \- where Vsm *s a one-body operator chosen to optim ize
convergence of the expansion. After som e com m ents on perturbation theory , we shall indicate  
how the B r u e c k n e r  reaction m atrix can be calculated w ith in  the fin ite geom etry defined by  
the above JT0. F inally, we shall discuss the form  of w hich leads to a rapid convergence 
of the linked-cluster expansion.

B loch— Horowitz expansion

For m ost nuclei, the shell-m odel w avefunction  consists o f  a superposition  
of several Slater determ inants ( H 0 eigenstates), thus a degenerate version of 
the G o l d s t o n e  expansion is required. This was discovered b y  B l o c h  and 
H o r o w i t z  [1]. Their im portant and elegant result is not very fam iliar, and a 
brief discussion would seem worthwhile.

Let us expand the tota l nuclear w avefunction in terms o f H 0 eigenstates

^  =  2  ai ф , . (U
i

W e break up the sum 27,- into “ degenerate” and “ nondegenerate” parts, 
P V  =  T ,£D, Q4> =  27,-̂ D, where D  is a finite-dim ensional quasi-degenerate  
subspace. (E xact degeneracy is not necessary). Then the Schroedinger equation  
can be written in the form [2 ]

[H () +  V  -  E I ] d A  =  0 , (2)

A  =  colum n vector (- - - a, - -), isD.
This looks ju st like the fam iliar form of degenerate perturbation theory 

in low est order, except that the effective interaction,

V  — V  +  V — —----- V  (3)

19 Ida Phys. Hung. Тот. X I X . ,  1965.
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now includes all effects due to  the non-degenerate Ф,- ’s.
N o “ m any-body” features have been introduced y e t. (The Ф, ’s are, o f  

course, Slater determ inants.) It is convenient to choose the degenerate Ф,- ’s by  
the follow ing prescription: The single-particle states o f  th e  closed-shell “ core” 
m ust all be occupied, and all the rem aining particles (the “ valence” particles) 
m ust be distributed am ong certain low -lying single-particle states called 
valence sta tes. The in teraction  energy is defined by

AE  =  E  — A + H 0A I A + A  =  A  + V A / A + A  . (4)

The im portant result o f B loch  and H o ro w itz  is th a t A E  can be expressed as 
a sum o f “ core” and “ va len ce” term s, A E  =  AEC -f- A E V. The “ core” term  
AEC is g iven  by the fam iliar Go ld st o n e  expansion for the closed-shell nucleus 
one w ould obtain by physically  rem oving the valence particles. E quation  (2) 
reduces to  the much sim pler form

[HoV +  V v -  E v I ] dA  =  0 , (5)

where H 0y is the va lence-state  part o f  H 0, and E v — E  — E c, E c =  E oc -f- 
-f- AE C being the to ta l energy of the above closed-shell nucleus. The valence  
in teraction  H v is given b y  a m odification of (3) in  w hich (a) the propagator is 
now (E  — AE C — iT0) -1 (), and (b) in  th e  perturbation expansion o f a parti
cular m atrix  elem ent, ( E v )y, there are no diagrams containing unlinked core 
parts, i.e . parts which look  like the conventional vacuum  to vacuum  Go ld - 
s t o n e  diagrams for the core particles.

In  low est order th is  agrees w ith  an old argum ent by B e th e  [3 ], that 
one should  use the Brueckner reaction  m atrix as th e  effective 2-body inter
action for S M calculations. The B l o c h — H orow itz  formalism also provides 
a system atic  w ay to  exam ine corrections to th is sim ple picture. One such  
correction, which m ay be significant, comes from th e exchange o f a “ virtual 
phonon” between tw o valence particles, corresponding to a state-dependent 
polarization of the core.

Effective 2-body interaction

F or a sim ple c lo sed -sh e ll n u c leu s , th e lo w es t  term  in th e  G o ld st o n e  
e x p a n sio n  is

1 A 

"  mn
Vmn> =

=  4 "  2  11 ?1 d3 Гг f r ’ f 2)|2Smn (?n ?2) •
"  mn J J

(6 )
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H eie we have introduced an effective 2 -body interaction ,

vWv 1 n

Ф ( ? )

where Фтг,(гх, r2) =  <fm{r )̂(pn(?г)- The correlated 2 -body w avefunction 4Jmn is- 
determ ined by the B e t h e  — G o l d s t o n e  equation,

mn (* ' » G) ф ф^m ri л mn
у  <Pa ( r l) <Pb ( h )  <a b  M  4Jmn> 

a ,b > A  E a -)- E b —• E m — E n
(8)

It turns out th at V sm is quite weak for the in term ediate states a, b , 
thus a form of W K B  approxim ation should be quite satisfactory. Further
more, we know from nuclear m atter studies that Cmn is negligible unless r t 
and r, are rather close together. This leads us to  focus our atten tion  on a

particular center-of-m ass point R
1
— (r j -f- f2), and then to assum e

E a ** A(K)  — [h- /2Mm*(R)]Sj \  . (9)

Ignoring (for now) the exclusion-principle restriction th a t a, b >  A ,  Yve obtain

1
Vf + \ 2P -  У mn (R ) A ri R)

eher
=  [Mm*  (R)/h2] v(r) Wmn ( f , R)  ,

}’mn(R) =  [■M m* (R )IV ] [2A(R)  -  E rn -  E n] .

( 10)

( И )

(Corrections to this “ reference-spectrum ” approxim ation [4] are too large to  
ignore, but are sm all enough so th at rather simple estim ates should suffice.) 
The remainder of the program [5] involves an approxim ate separation o f

relative and center-of-m ass m otions to convert y'mn(R) — ----into y'nm(R),
4

follow ed by a partial-w ave separation o f (10). To calcu late the partial-w ave  
effective interaction

g L  =  vLW J 0 L , (12)

we m ay approxim ate the uncorrelated relative w avefunction  b y  a Bessel 
function, 0 L(r, R)  j L[rkmn(jR)], again using som ething like a W K B  approx
im ation. This should be satisfactory because m ost o f the resulting error in 
4*i w ill be cancelled when one divides b y  the corresponding At this stage
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th e  equations for the Wj's are form ally the sam e as in nuclear m atter, and 
can be solved b y  standard m ethods [4, 5]. The actual partial-w ave expansion  
o f Фтп can be avoided by a projection-operator technique, replacing the local 
form (7) o f gmn b y  a nonlocal one:

<r\ gnm (r,R)I r'> =  2  Y L (r)gm,hL(r,R) У Г  (r') =
L,M

(13)
=  (4Л )-1 2 ’ (2L +  !) Smn.L (r, R) Pi. (r • f )  .

L

Compared to  the corresponding expression of B r u e c k n e r , G ammel and 
W e it z n e r  [6 ], th is form of gmn has the virtue o f treating the ’‘starting energy” 
(Em  -(- En)  in  an exact manner. This should lead to  a significant im provem ent 
in the treatm ent o f  the low -density  surface region. W e believe th a t m odified  
form s o f “ local-density” and W K B  approxim ations, as outlined here, w ill be 
satisfactory for the rem aining features o f the B e th e  — Go l d st o n e  equation (8).

Shell-m odel potential

H ug enh o ltz  [7] has sh o w n  th a t  th e  Go ld st o n e  w a v efu n ctio n  (for a 
clo sed -sh e ll n u c leu s) can be w ritten  in th e  form

p  =  ex P { 2  w r) ’ (14)
r

where the W s  are linked, open diagram s. The first few  term s are shown in  
Fig. 1, where the black box stands for all possible “ self-energy” insertions. 
The third diagram  arises from  the — V sm  term  in V  =  v — F s m - We argue 
th a t one obtains “ optim um ” convergence [5] b y  choosing V SM to  make the  
second and third diagrams o f F ig. 1 cancel each other. In other words, V $м — 
= s u m  of all self-energy insertions. The first few  o f these are show n in F ig. 2.

The first diagram, (a), is ju st the usual H artree— F ock expression, 
P h Fi but w ith  the potential v replaced by the effective interaction (13). 
Diagram  (b) represents a “ renorm alization” o f VHF due to  th e  fact that the  
“ norm ally-occupied” states n are actually  occupied less th an  100% o f the  
tim e. W e estim ate that, at the density of nuclear m atter (the centre o f a 
nucleus), diagram  (b) я« — 15% tim es diagram (a). Diagram  (c) is the first 
m em ber o f a class of 3-body cluster diagrams which B e th e  [8] has recently  
show n to have a very sm all net effect. The fourth diagram, (d), is also quite 
sm all, o f order -(-2 to -)-3 MeV at the nuclear m atter density.
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The first o f these diagrams, VHF, is attractive and (very roughly) 
proportional to the particle density , g, while the la tter 3 are repulsive and  
nearly proportional to  n2. Clearly the latter diagrams (w hich represent correc
tions to  VfiF arising from  correlations w ithin  the sea of background particles 
n , n') are responsible for the saturation phenom enon. For th is reason we shall 
call the sum  of the la tter (g2) term s the “ saturation p oten tia l” , F sat, thus  
VsM =  V h F +  f^sat-

N otice that we have not used any variational argum ent [9] to  obtain  
VSM• The present m ethod is both sim pler and less am biguous than a con
sistent application o f variational m ethods w ithin the framework of the G o l d -

-  W  -  W  + W - ' - 14" + —
F i g .  1 .  The first few diagram s in the exponent o f equation (14)

m

O)
Ш '

b)

n'

Fig.2. The first few diagram s in the expansion of Vs m  for norm ally-occupied states <pm

stone  expansion. Furthermore, the present m ethod also applies to  the B loch — 
H orow itz expansion for open-shell nuclei.

An interesting result of this analysis is th at the single-particle eigen
values (of our H 0 — T  -j- Vsm) arc n°t equal to the “ rem oval energies” w hich  
are observed, for exam ple, in “ p ickup” (p  —*• d),  (d  —► t) and “knockout” 
(p  —► 2p)  reactions. The same diagrams (Fig. 2) also occur in the calculation  
of the rem oval energy [10], but there is an im portant difference in  their  
numerical evaluation. These terms are actually  insertions w ithin the diagrams 
of Fig. 1, when one is calculating thus certain of their energy denom i
nators m ust be evaluated  “ off the energy shell” [4]. This d istinction appears 
for the first tim e in th e  denom inator associated w ith  the m iddle of term 2d.  
In Vsm th is denom inator is always quite large, w ith  the result that the net 
contribution of this term  is quite sm all. For the rem oval energy, how ever, 
this denom inator can he very sm all, or even zero. The net contribution is 
therefore large ( ~  -}- 15 MeV) [11] and also com plex, corresponding to  the  
fin ite lifetim e of a physical hole. Furtherm ore, this term  becom es strongly  
velocity-dependent [11], in such a w ay th at the “ effective m ass” for the  
“ rem oval potentia l” (whose expectation  values lead to  the observed rem oval 
energies) is expected to  be considerably larger (and perhaps >  1) than  the  
corresponding effective mass describing the velocity-dependence of VSM. 
There is some experim ental evidence for th is [12, 13]. (N otice th at we are 
referring here to the single-particle eigenvalues o f the H 0 — T  +  v SM w hich
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optim izes convergence for a closed-shell nucleus. We are n ot y et ready to com 
m en t on the relation  betw een th e  observed rem oval energies and the valence- 
s ta te  energies w hich are m ost appropriate for the H oV o f (5).)

For a given tw o-body potentia l, v, we believe th a t the present Vsat 
term s will be a little  more repulsive than the corresponding VR term  used by  
B h u e c k n e h ’s group [9, 14]. B u t in  view  o f several recent developm ents in  
th e  theory of nuclear m atter [8], it is not possible to say  y e t whether the 
present form o f VgM would lead to  reasonable density d istributions for actual 
nuclei.
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ОБОСНОВАНИЕ ЯДЕРНОЙ ОБОЛОЧЕЧНОЙ МОДЕЛИ 
В РАМКАХ ЗАДАЧИ МНОГИХ ТЕЛ

Б. Г. БРЭ Н ДА У

Р е з ю м е

Работа ставит своей целью показать, как проявляются общие свойства оболочеч
ной модели при распространении теории Брюкнера—Бете—Голдстона на случай конеч
ных ядер. Основная идея метода заключается в применении теории возмущений с соответ
ствующей парциальной суммацией. Исходное выражение определяется, как Н0=  Г -f F sad 
где Vsm одночастичный оператор, обеспечивающий оптимальную сходимость выражения. 
После некоторых замечаний по отношению применения теории возмущений показывается 
метод вычисления матрицы реакции Брюкнера в пределах конечной геометрии, опреде
лённой выше упомянутым Н„. Наконец, дискутируется форма FSAÍ, обеспечивающая 
быструю сходимость связанного разложения по корреляционным функциям.
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ON A SIMPLE METHOD OF CALCULATING ATOMIC 
ONE-ELECTRON EIGENFUNCTIONS

B y

P. G o m b á s

PHYSICAL INSTITUTE, UNIVERSITY FOR TECHNICAL SCIENCES AND RESEARCH GROUP FOR 
THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

Starting from  a statistica l atom  m odel in  w hich electrons are grouped in shells according  
to  the principal quantum  num ber, a m ethod is  developed to calculate atom ic one-electron  
eigenfunctions in a simple w ay.

As is w ell known the H a r t r e e  self-consistent field  m ethod is an 
iteration procedure which m akes possible the determ ination o f eigenfunctions 
and energies o f  atom ic electrons. Since the application of the m ethod involves  
the solution by iteration o f a com plicated system  of d ifferential equations, 
the solution can be obtained in a reasonably short tim e on ly  b y  com puter. 
Hence the developm ent o f  a m ethod w ith the help o f w hich we can obtain  
Hartree eigenfunctions in a simple wTay  is interesting from  the practical as 
well as theoretical point o f  view . In recent years a number o f papers appeared  
dealing w ith such problem s. In w hat follows we would like to  talk of a pro
cedure which is com pletely different from previous ones and which gives good  
Hartree eigenfunctions and energies.

The procedure is in tim ately  tied  to  a sta tistica l atom  m odel, in w hich  
electrons are grouped in shells according to  the principal quantum  num ber 
[1]. The shells are the K- ,  L-,  M -, . . . shells w hich correspond to  the successive 
values n =  1, 2, 3, . . .  . o f  the principal quantum  number. The atom  is then  
constructed, starting w ith  the К -shell, b y  the superposition o f the successive  
L -, M -, N, . . . shells. The tw o electrons o f the К -shell have been treated  
according to H y l l e r a a s , whereas the electrons o f the other shells — w hich  
are assumed to  be separated from each  other — globally i.e. statistica lly . 
The kinetic energy has been calculated by m eans of the W e i z s ä c k e r  energy  
expression. The P a u l j  exclusion principle, nam ely  the fact th a t the electrons 
of one particular shell cannot occupy the com pletely filled levels of the inner 
shells, has been taken in to  account b y  a repulsive potentia l deduced earlier 
from the sta tistica l theory o f  an electron gas [2]. The potentia l energy of the  
electrons o f a shell consists o f  the foliow ing contributions: first, the electron — 
nucleus interaction, second, the interaction o f electrons o f a particular shell 
w ith the electrons of other shells and fin a lly  the electron—electron interaction  
within the one shell. This latter has been corrected according to  F e r m i  and
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A maldi in  order to  elim inate the e lec trostatic  self in teraction  of electrons. 
We are now working on th e  problem  of correlation and  exchange betw een 
electrons [3].

The radial electron d en sity  of the ra-th shell is taken  to be

D n =  =  A h r*»e-^  , (1)

where is the electron density  of the n-th  shell, r is the distance from the 
nucleus, A n is a norm alising factor, xn and are variational param eters to  be 
determ ined from the m inim ization o f energy. The distributions o f the tota l 
radial electron density for atom s obtained in this w ay are good even in  the  
case of h ea v y  atom s (e.g. H g ++). The calculated radial density m axim a, 
characteristic of different shells, are in very good agreem ent w ith those of 
the Hartree calculations.

The radial density, as a function o f r, describes correctly only the outer
m ost, so called principal m axim um , but not the inner ones which originate  
from the orthogonalization of the electron eigenfunctions. Our calculated  
radial d en sity  distribution gives only the average o f these inner m axim a. 
This is connected  w ith the fact that the orthogonality conditions for th e  same 
values o f l, which are equivalent to the Pauli exclusion principle, have been  
taken in to  account by m eans o f a repulsive potential. I t  is to  be noted, how ever, 
th at the averaging o f the secondary m axim a is hardly noticeable in th e  to ta l 
radial electron density of th e  atom.

In  one shell the average values o f  the squares o f radial eigenfunctions 
can be obta ined  from the radial d en sity  o f the particular electron shell b y  
dividing th e  radial density  o f  the shell b y  the electron number. In the case o f  
the n-th shell

f n
Dn
N„

where f n is the radial eigenfunction and N n the number o f electrons in  the n-th  
shell.In our approxim ation f n turns ou t to  be the sam e for all the electrons 
of the и-th  shell independently  of l. This is not the casein  the H artree m ethod , 
where sta tes w ith different l of the n-th  shell are d ifferent in  th at the position  
and num ber of inner m axim a of the squares of radial eigenfunctions cor
responding to different values of l are different. The outerm ost principal 
m axim um  o f a particular shell, how ever, is practically  at the sam e place 
independently  of l. That spatially  well separated shells are form ed in  atom s  
i s due precisely to this fact. The result th a t our ca lcu la ted /^  function is inde- 
p endent o f  /, is reasonable in a first approxim ation since our corresponds 
to the outerm ost (principal) m axim um , which also nearly coincide in the  
Hartree m ethod for different states o f  th e  same shell.
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I f  we orthogonalize our approxim ate f n radial eigenfunctions w ith the  
m ethod of Schmidt to the radial w ave functions o f the inner shells w ith the  
sam e l, then we get a surprisingly good approxim ation to  th e  H artree eigen
functions. The squares o f the orthogonalized eigenfunctions describe correctly  
also the secondary m axim a. These m axim a and the roots betw een the m axim a  
are practically the same as the H artree values. The orthogonalization has 
been performed w ith the m ethod o f Schmidt as follows. In the iC-shell there 
are tw o Is states. Our radial eigenfunction o f the К -shell electrons is there
fore identical w ith f ls, accordingly we have

fls = f i  ■

Of the 8 electrons of the L-shell two are in the 2s and six in the 2p  states. Our 
f 2 can be identified w ith f 2p, accordingly we have

fip =  f i  ■

The radial eigenfunction f 2s is then obtained, if  we put

/ 2s =  afls +  f l  ,

where the constant a w ill be determ ined from the orthogonalization of f 2s to  
f u . For the n ext shell M  we can proceed in a sim ilar way, and we have

fid — /3  -

/зр — ßfip +  /з

h s  —  У  f i s  +  i f  i s  +  Уз »

where the constant ß  is determ ined from the orthogonalization o f f 3p to f w  
and the constants у and /( from the orthogonalization o f / 3s t o  f ls and / 3s to  f zs. 
This procedure can be continued for the n ext shells.

Apart from the outerm ost electrons o f the atom  the obtained eigen
functions approxim ate very well the Hartree functions, even for h eavy atom s 
(e.g. H g++) as it  can be seen in the figures (in the figures r is in  units o f a0, 
and f ni in  units o f 1 /|/a 0’ where a0 is the first Bohr radius) [4]. The agreem ent 
is not so good for the outer electrons o f  the atom s. This is because, on the one 
hand, for the outer electrons even the starting eigenfunction is not as good as 
for the inner electrons, since on the periphery o f  the atom  the electron density  
is less accurate than in the inner shells, on the other hand, because o f the large 
num ber o f orthogonalizations for the outer electrons errors m ight accum ulate  
in this case.
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F ig .  1. The radial eigenfunction of the 3s state o f H g ++ as a function o f r.
------ —  ou r e ig en function ,
----------th e  H a r t r e e  e igen fu n ctio n

Fig. 2. T he ra d ia l  e igen fu n ctio n  of th e  3p  s ta te  o f H g ++ as a  fu n c tio n  o f r.
----------- our e ig en function ,
---------- th e  H a r t r e e  e ig e n fu n c tio n
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Fig . 3. The radial eigenfunction of the 3d state o f H g as a function of r.
----------  o u r e ig en function ,
------— th e  H a r t r e e  e igen function

Fig. 4. T he ra d ia l e igen function  of th e  4s s ta te  o f H g  as a fu n c tio n  of r.
----------  o u r e igen fu n ctio n ,
---------- th e  H a r t r e e  e ig e n fu n c tio n
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Fig. 5. The radial eigenfunction o f the 4d  sta te  o f  Hu as a function o f r.
-------- our eigenfunction ,
--------- th e  H a r t r e e  e igen fu n ctio n

Fig. 6. T h e  ra d ia l  e ig en function  o f th e  i p  s ta te  o f H g ++ as a  fu n c tio n  of r .
----------  o u r  e igen fu n ctio n ,
---------- th e  H a r t r e e  e ig e n fu n c tio n
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ОБ ОДНОМ ПРОСТОМ МЕТОДЕ ОПРЕДЕЛЕНИЯ АТОМНЫХ 
ОДНОЭЛЕКТРОННЫХ СОБСТВЕННЫХ ФУНКЦИЙ

П. ГОМБАШ

Р е з ю м е

Исходя из статистической модели атома, в которой электроны сгруппированы в 
оболочках по главным квантовым числам, разработан метод для вычисления простым 
методом атомных одноэлектронных собственных функций.

A da  Phys. Hung. Тот. X I X . .  1965.





THE METHOD OF EFFECTIVE INTERACTION 
IN NUCLEAR PHYSICS

B y

P .  M l T T E L S T A E D T

MAX-PLANCK-INSTITUT FÜR PHYSIK UND ASTROPHYSIK, 
MÜNCHEN, BRD

In the nuclear tw o-body problem the Ga m m e l—T h a l e r  hard core poten tia l can be 
replaced by any one of an in fin ite  number o f equivalen t non local potentials, w hich  are regular 
everyw here. Such potentials can easily be constructed . I t  is investigated , to w hat degree 
equivalent tw o-body potentials are also equivalen t for the nuclear m any bod y problem, 
and can therefore be used as effective in teraction  in the m any body H am iltonian.

Introduction

The nuclear m any body problem  is characterized b y  the special nature 
of the nucleon-nucleon interaction. Our knowledge of these forces com es from  
an analysis o f the deuteron data and o f the nucleon-nucleon scattering data.

I f  one fits  the tw o nucleon data b y  a local tw o body potentia l ( G a m m e l —  

T h a l e r ,  H a m a d a — J o h n s t o n  [1]) th is potentia l is found to  be strongly  
repulsive for short distances. I w ill assum e here th a t th is repulsion is well 
approxim ated by a hard core. (A recent analysis o f scattering data seems to  
show that also a “ soft” core would be sufficient. I w ill not discuss th is experi
m ental question here, but those problem s which arise from the existence of a 
hard core).

The nuclear forces are sufficiently  attractive to  form a superfluid ground 
state . This superfluidity is well know n for fin ite  system s from the energy 
spectra and the m om ents of inertia. For nuclear m atter the question is still 
open whether the nuclear forces are strong enough to  yield  superflu id ity. 
I will assume here that the nuclear m atter is also superfluid and discuss the  
consequences o f this assum ption.

I f  the tw o body interaction v has a hard core the m atrix elem ents 
( a ß  I v I дуУ are infin ite. In this case neither perturbation theory  nor the  
B C S - B o g o l j u b o v  m ethod can be applied to the nuclear m any body problem. 
H ow ever, partial sum m ations of the perturbation series can still give fin ite  
results. The norm al ground state energy is probably w ell approxim ated by the 
B r u e c k n e r  particle-particle ladder approxim ation, but this is not relevant to  
our problem since we will assume th at th e  nuclear m atter is in a superfluid state.

For the calculation o f the superfluid state the B r u e c k n e r  approach is 
not convenient for the following reasons: I f  the interaction has a sufficiently
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a t t r a c t i v e  p a r t  t h e  B r u e c k n e r  m a t r i x  tB w h i c h  i s  d e f i n e d  b y  t h e  e q u a t i o n

P
tB = V — V — tB

e

has a singularity. This case is o f particular in terest since a singularity in iB 
is a sufficient (but not necessary) condition  for the superflu id ity o f the ground 
state  o f  an infin ite system * [2]. This d ifficu lty  can, how ever, be rem oved by  
principal value integrals [3] or b y  a convenient renorm alization o f the energy  
denom inators, which makes the singularity vanish . (Reference Spectrum  
M ethod [4]).

A second point is th at the BCS sta te  is essentia lly  sym m etric in  particles 
and holes, but tB is a particle-particle ladder only. This problem can be solved  
b y  using instead o f tB the G a l i t z k i  m atrix  tg w hich is sym m etric in particles 
and holes. The tw o-particle operator tg  is defined b y  the equation

tn =  v
(1  -  P )

V -V------------------- '  tr

Here the superflu id ity o f the ground sta te  is necessary and sufficient for the 
existence o f a singularity in tg.  A gain this singularity can be treated  by 
principle value m ethods ( L o m o n  and M c M i l l a n  [ 5 ] ) .

A  more serious d ifficu lty  is th at a partial sum m ation of the perturbation  
series like tB or tg  is a very dubious approach to  a superfluid system . This can 
easily  be seen if  one calculates the ground state  energy E 0 of the reduced  
BCS-H am iltonian in ladder approxim ation. E 0 is then not proportional to  
the volum e o f the system  but sim ply a constant. For more realistic forces 
w hich interact not on ly  in P  =  0 sta tes, the break-down o f the ladder approxi
m ation w ill be less drastic but still present. The underlying reason is th a t the 
superfluid state depends non-analytically  on the interaction v and can there
fore n ot be obtained b y  a power series in v. — The B C S - B o g o l j u b o v  m ethod  
w hich solves just th is problem is, how ever, not applicable on account o f the  
singular hard core.

The se d ifficulties would disappear if  one could com bine the BCS- 
B o g o l j u b o v  m ethod w ith  the B r u e c k n e r  m ethod in such a w ay th a t one 
uses the non-singular {-operator (tB or tg)  as an effective interaction in the  
m any body H am iltonian, th at m eans one starts w ith  the H am iltonian

P f  1
H  V  — — af~ a , ------ X1 ( i k  It' l m ) a, a £  a m a(, ,

T  2m 2 i%
l m

* This means that a som ewhat weaker interaction is sufficient for superfluid ity than for 
the existence of a singularity in tB. The difference is, how ever, very sm all in the nuclear case. 
Therefore we will neglect it here.
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where v is sim ply replaced by /. Perturbation theory or the B C S - B o g o l j u b o v  

m ethod could then be applied to th is H am iltonian.
H owever, there is no obvious justification  for such a procedure. Moreover, 

it is quite clear th at th is m ethod cannot be exact, since the f-operator is not 
herm itian. — N evertheless, this m ethod has been applied to the calculation of 
the normal state by B r u e c k n e r  and Go ld m an  [6] and very recently  by  
B r u n n e r  [7] and to  the calculation of the superfluid nuclear m atter by  
B r u e c k n e r  et al. [8]. The results are surprisingly good.

A  more convincing m ethod o f  constructing an effective poten tia l is to  
replace the singular hard core poten tia l b y  a non-local pseudo-potential which 
reproduces the wave function for large distances. The H u a n g , Y a n g , L e e  [9] 
potential and the S cott — Mo szk o w sk i [10] separation m ethod p otentia l is o f 
this kind. However in both cases the effective potentials are not herm itian  
and variational techniques like the H artree  — F ock  or the H a r t r e e  — 
B o g o ljubo v  m ethod could become inconsistent.

There is, how ever, no d ifficulty in replacing the local hard core potential 
by a soft herm itian but non-local potentia l which fits  all the tw o body data. 
We know that only a local potential v is uniquely determ ined by the tw o body  
scattering data, — or at least up to  a constant, i f  there is one bound state  as 
in the proton-neutron problem — but an infinite num ber of non-local potentials  
gives the sam e tw o b od y data [11].

Such potentials have been obtained for exam ple b y  Gr e e n  [12] and 
T a b a k in  [14] from the experim ental tw o body data. U sing these potentia ls as 
effective interactions in the m any b od y problem these authors obtained very 
encouraging results [12] [13] [14].

B u t even for these hermitian potentia ls which f it  all the tw o b od y data 
the question is still open, how one can ju stify  the use of these potentia ls as 
effective interactions in  the m any b ody problem. The equivalence o f these  
potentials for the tw o body problem does not im ply their equivalence for the 
m any body problem. This will be discussed now.

The canonical transform ation

The Schrödiger equation of the m any body problem is

P  I tyVi/ =  E n ] \pn ,

where

н  =  г т , .  +  ~  2 vik =  n () + Я ,
* i,k

and v ik is the G a m m e l — T h a l e r  potentia l. I f we apply a canonical trans-
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form ation e‘s (S  herm itian) to  th is equation we obtain the new  problem

e~isHeise~is \ Wn) =  E ne~is | Wn> ,

H  I xpny =  E n I %pny

w ith  the same spectrum  E n.
W e will try  to  choose e's such that the interaction  in H  is not singular 

[15], [16]. For the operator S  we m ake the ansatz

S =  J dr^lr/lr'^lE <r1r2 I Q  I r[rá> y> + ( r l)ip + (r.,)<p(ró)ip(T\) ,

where Q  is a tw o b od y operator.
The transform ed H am iltonian H  is then given by

H r = H  +  i [ H , S ]  + j [ [ H , S ] , S ] + . . . .

A fter ordering the i/j(r)-operators, H  is seen to be o f  the form

H = H 0 +  H W+  2 W ( n ) .
n̂ 3

Here H 0 is the free H am iltonian, H w is the contribution of the tw o body forces

H w =  —  <ik \w\ lm)  a+ ajt  am ae
2 i,k

I m

and 1V(n) is the contribution o f the n-body forces. A canonical transform ation  
e!S, applied to  the m any particle H am iltonian H  will therefore generally lead  
to  m any body forces. This is th e  price we have to  pay for the possibility of 
m aking the tw o body force tv regular.

To obtain the two body interaction tv, it is sufficient to  consider the two  
b ody system . In th is case, the tw o particle H am iltonian

h =  h(l +  v w ith  (A0 +  V) I =  £,■ I 1p]y

is transform ed in to

h =  h0 -)- w =  e~lS3hein with h | ipf)  =  Bi \ У>7У
M'here

w =  e~ iaveia +  e~in [h0, eia] .
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Our goal is to find a transform ation e u, w hich yields an interaction w , which  
is regular everywhere and which m akes the m any b od y  contribution in  H  
small. The first conditions can easily be satisfied, as w ill be shown in the n ex t  
section. The second condition is very difficult to form ulate and I w ill assum e 
in this lecture that the m any body term s are sufficiently  sm all to  be neglected.

The G a m m e l — T h a l e r  potential v is obtained from the deuteron data  
and from the tw o body scattering phase shifts bi(k). The transform ation e'n 
leads generally to a H am iltonian h =  h0 -f- w w ith  the sam e eigenvalues

(К  +  «*) I уГ ) =  Ei I rpfy

but with different eigenfunctions | 1/)^) =  e l!J | y*> and therefore to different 
phase shifts Si(k).

The nuclear potentia l v is not really known. A ny other potentia l w, 
which yields the same tw o body data has the same em pirical ju stifica tion . 
Therefore we will restrict here the transform ation el!J so th at the new potential 
w  yields the same two body data as v. The potential w  w ill then  generally be 
non-local, since only a local potential is uniquely determ ined by the experi
m ental tw o body data. W e w ill call here tw o potentials “ equ ivalent” if  th ey  
correspond to the same tw o body data.

It follow s from the transform ation properties o f  H  and H  under a 
canonical transform ation ets, that equivalent tw o body interactions obviously  
correspond to the same m any body spectrum  E n. B ut H  — H 0 -j- H„ and the  
two body contribution H 2 =  H 0 -)- H w o f  H  does not y ield  the same energy  
spectrum . The difference com es from the m any body forces in H  m entioned  
above.

The condition, that the transform ation e‘a leads to  a potentia l w,  which  
is equivalent to  v can easily be form ulated in terms o f the scattering t-m atrix. 
Let tv and tw be the {-m atrices of the scattering process w hich correspond the  
potentials v and w respectively. The m atrices are then defined by

t, P =

G '  P  =  «  P

1
V -

К  -  e ( p )
1

7 7 — *w | P > *  s(p) -  i y

where e(p) = ----- . The potentials v and w  are equivalent if
2 m

<P ! G I P~> =  <P I he ! P>
i.e.

< p | ® 1 -j---------- V
e

-1  , 1 j - i
p >  =  < p  »  j i  +  —  I  ! p >  ,
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where e is the energy denom inator and

w  =  e ~ i a v e ia  +  e ~ ici [A0, e i a ] .

This condition  on the operator eiSi is d ifficult to  elucidate. Therefore I w ill 
discuss here another m ethod of constructing a phase sh ift conserving  
transform ation e ' a .

L et hA =  hQ -f- vA and hg =  h0 -f- Vg he tw o arbitrary tw o particle  
H am iltonians hut w ith the sam e energy spectrum  e y . The eigenstates [ y>y у 
and I ipy У can then be related  to  each other by a unitary operator

Wy ) =  eia \y>?) .

Since the sta tes j ipy )  and | yiy )  form a com plete orthonorm al set, we get

eia =  \  j у ? }  (у>в\
V

or

<r| e'n | 0  =  ( О -
V

where г = г г — r2 and r' =  r ( — r'2. The potentials vA and % are eq u ivalen t, 
i f  y>y (r) and y>y (r) are a sym p totica lly  equal. The transform ation elli will then  
not change the asym ptotic behaviour o f  a given wave function . This can easily  
be seen: An arbitrary w ave function j{(r) is transform ed b y  e si in to  the function

£00 =  ]  0 |  еШ\г'Ух(r ' ) d r ' ,

C ( r ) =  У  y ,? ( r )$  d r ' r f ' ( r ' ) X(r').
V

For large r we have y>y (r) =  i/y (r) and therefore

C(r) -  V  rpB (r) j  dr' (r') x(r') =  X(r) ■

The construction  of a phase shift conserving operator e,u is now stra ight
forward: From  an arbitrary pair o f equivalent tw o body H am iltonians hA 
and hg w ith  eigenstates ] y>fiy and | y>y )  respectively, we obtain  the operator

e'" =  2  l^ >  < ^ i •
V

This operator, applied to the potential v gives an equ ivalent potential

w I Iß TL+  e [h0, e J .
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Explicit examples for e,:J

a) The separation method

To illustrate qualitatively th e  effect o f a canonical transform ation on th e  
G a m m e l — T h a l e r  potential v, which does not change the asym ptotic phase  
o f the wave function and which m akes the potentia l regular for sm all distances, 
I w ill discuss here the S c o t t — M o s z k o w s i c i  separation m eth o d [1 0 ]to  estim ate  
a regular equivalent potential tc. This poten tia l is not ex a ctly  herm itian  
and does not fit  the deuteron data precisely, but the method is very  instructive.

Fig. 1

The potential v(r) changes its sign at r =  rc. Therefore the phase function  
f)0(k ; r), for the s-w ave, which is defined by the differential equation

has a zero at r =  d(k). (Fig. 1) N ow  the potentia l is separated in to  tw o parts: 
The short range potential

d' (k; r) = ----- l -  v(r) sin2 (kr  - f  d0 (k; r)),
к

àü(k; 0) =  О

r >  d

gives no phase shift and the long range part

0
VsM(r) =

v(r) r >  d

Acta Phys. Hung. Тот. Л IX .. 1965.
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yields the sam e phase sh ift as v(v). I f  we consider w as approxim ately obtained  
b y  a canonical transform ation elQ from v,  this transform ation has the effect 
that

1. The short range part of v is projected  out;
2. The long range part o f v is not changed;
3. The new potential w  is m om entum  dependent, since the separation  

distance d  =  d(k) is m om entum  dependent.
In  term s of wave functions the eigenstates | >  o f (hn -|- v) are related

to  the eigen states | xpf >  o f (A0 -j- w) b y

—  I ß  I V \  I и \e I y>i > =  I y>i > •

The effect o f  elil on the w ave function is therefore (F ig. 2).

1. T o project out the parts w ith  r < r f ;
2. N o t to change th e  phase sh ift i.e . the asym ptotic  behaviour.
An operator, w hich transform s th e  wave function  ipu'(r) into y>' (r) and 

the p o ten tia l v into the regular p oten tia l w  can easily  be constructed: I f  we 
start again  from tw o sets of eigenstates | гру }  and | y y >, the transform ation

<r! eia |r'> =  J g  xp? (r) (r')
v

which transform s xpw(r) into

Wv (г) =  У  V? (r) \  VlB (r ') Ww (r') dv'
V

has the desired effect, i f  xp^(r) ■ r =  0 for r <[ rc. T hat part of w>, w hich com es 
from the transform ation of v , i.e.

< r j-« ß  г е ш  jr 's, _  y ,B  y ,B ‘ (r ')  j  d r » г,(г " ) y ) A  (г "^ 5
p.”

is then regular everyw here, even if  v(r) has a singular hard core.
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b )  The Villars transformation

V il la r s  has given an exp licit exam ple for a phase shift conserving  
transform ation elS! which transform s th e  interaction v in to  a regular one [15]*. 
The eigenstates of

1. The free tw o particle equation

К  I t p / j v /  =  £ / t v  i t f  f i r  У 1

2. The B ethe  — Go ld sto ne  equation

(ho +  Pv )  i V,«v> =  e„v I % v  У

re asym ptotically  equal, i.e. th ey  have the sam e phase and the wave function  
MV(r) ■ r vanishes for r <( rc (Fig. 3). The | \pßv )  are not orthogonal, but an 
rthogonal set | y>fiv )  can be constructed . I f  we assum e th a t (h„ -f- Pv)  has 
о bound state the canonical transform ation

e'° =  ! v >
ß,v

w ill approxim ately sa tisfy  the relation

e~i!\ h 0 +  Pv) eia =  hu

and will preserve the phase of an arbitrary w ave function.
I f  one applies th is transform ation to  the tw o body ham iltonian h — hfl -)- 

+  v, one obtains an equivalent potentia l

w v =  e~ ia v eiS! +  e“ iß [/i0, eifl] =  e“ iß(t; -  Pv) eia .

*  A n o th e r in te re s tin g  exam ple  h as b een  g iven  b y  B el l  [16].
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The properties o f th is new poten tia l can easily  be seen: For sm all distances, 
V — P v  a lm ost vanishes, and therefore w  w ill be very sm all in  th at region. 
For large d istances, P v  0, and e'a ^  1 so th a t Wy ^  v  for long distances. 
The transform ed potential Wy is therefore qualita tively  sim ilar to  the S c o t t  —  

M o s z k o w s k i  potentia l wSAI.
V i l l Ar s  has shown th a t w y  can approxim ately be expressed in term s 

o f B r u e c k n e r ’s tB-m atrix. One obtains

i.e . the herm itian  part o f th e  tB-m atrix. These investigations show th at the  
use o f tß as an effective in teraction  has the sam e justification  as the use of any  
other eq u ivalent potential as effective interaction .

c) Hermit ian Bethe—Goldstone equation

To avoid  th e  non-herm itian operator (hQ -)- Pv)  and the corresponding  
nonorthogonal eigenstates | у 4,У it  has been proposed[17] to use the herm itian  
B e t h e  — G o l d s t o n e  equation

(h0 +  P v P )  | %„„ > =  r)ßv I XIIV) .

The eigenstates o f this equation belong to  tw o classes:
1- If P  I Xnv > =  I > we llave I > =  I >>

where j is the solution o f the ordinary BG -equation.
2- I f  P  I X,lr}  =  0 we have \x,„ > =  | (pßv >, 

where [ q>ßv У is the free tw o-particle w ave function.
Therefore the eigenstates [ х^У seem  to  be very convenient for our 

problem:
a)  The sta tes | y4lv)  are asym p totica lly  equal to the free tw o-particle  

sta tes I cpflvy
b)  T hey  form a com plete orthonorm al set o f states.
The operator e‘Q is then given by

=  a  -  P )  +  2  №*ß><<p°ß\ ■
<*,ß>кр

Here the transform ed p otentia l is exactly  given by

w  =  e~ia(v -  P v P ) e in ,
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since
e~isl (h0 +  P v P )  eia =  h0 .

H ow ever, it is easily  seen th at for occupied sta tes | cp̂ fy w ith  P  j tp f̂) =  0 
we have

<9V I w \<Pr*> = <9V I v I 9V»'>
and we do not get a new  potential. The reason is, that the sta tes J below  
the Ferm i surface are free states and therefore the w avefunction  %,,v(r) does 
not vanish inside the hard core.

d) Construction of  equivalent potentials from the two body data

Instead of searching for a convenient transform ation e‘n and then trans
form ing the potentia l v into an equivalent p o ten tia l w one can sim ply try  to  
f it  the empirical tw o body data b y  a nonlocal potential. From  the J o s t  —  

K o h n  theorem  we know  that on ly  a local p oten tia l is un iquely determ ined  
(up to a constant) b y  the nuclear tw o body data . But an in fin ite  set of non
local potentials w ould give the sam e results.

N on-local potentials w(r, r') which fit  th e  experim ental tw o body data  
have been obtained for exam ple b y  G r e e n  [12], and T a b a k i n  [14]. U sing  
these potentials, perturbation th eory  and the B C S - B o g o l j u b o v  m ethod can  
im m ediately he applied. In the spirit of the canonical transform ation philosophy  
these non local potentials m ay be considered as obtained from v b y  the tran s
form ation

wn (r, r') = <r I e~ ia v eisi + е ~ ш \h0, eia] |r'> .

Each of these equivalent ivQ(r, r') then belongs to  another H am ilton  operator 
H  =  e~l!,H  eis which has the sam e eigenvalues E n as the original H .  However* 
the tw o body parts o f these operators H  [Í2] do not have the sam e spectrum . 
The use o f an equivalent potential w  as an e ffective  interaction can therefore 
only be justified  if  the many b od y  terms in H  can be neglected. We do not 
know  very much about these term s.

In addition to  th is problem , we are in th e  difficult s ituation , that w e  
do not know , w hich one of the in fin ite  number o f  equivalent tw o body poten
tials M>ß(r, r') is the realistic one. C onsequently we do not know , when we have  
to take into account m any body forces and w hen not.

In conclusion, we see that for a ju stification  of the m ethod o f effective  
interaction the follow ing problems m ust be so lved: One has to

1. reduce the great am biguity in the em pirical potentia l tv by new  
experim ental data

2. give at least a rough estim ation  of the m any body forces in  H.
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М ЕТО Д ЭФ Ф ЕК ТИ ВН О ГО  ВЗАИ М О ДЕЙ СТВИ Я  
В Я Д Е Р Н О Й  Ф И ЗИ К Е

П. МИТТЕЛЬШТАДТ

Р е з ю м е

В задаче двух тел ядерной физики потенциал твёрдой сердцевины Гаммела- 
Талера может быть заменён любым из эквивалентных нелокальных потенциалов беско
нечного числа, везде регулярных. Такие потенциалы сконструировать нетрудно. Далее 
доказывается, что в какой степени эквивалентны потенциалы в случае двух тел, в такой 
же степени эквивалентны для проблемы многих тел ядерной физики, и, таким образом, 
могут использоваться для выражения эффективного взаимодействия в гамильтониане 
многих тел.
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A NEW METHOD FOR THE CALCULATION 
OF TEMPERATURE AVERAGES

B y

E. P r a v e c z k i

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST

A new m ethod will be presented for the calculation of the tem perature averages. The 
m ethod is in close connection w ith  the Gr e e n ’s function  m ethod, as it  is based upon the so called  
projection relations, which can be regarded as the solutions o f the Gr e e n ’s function problem . 
From the projection relations we get the exact form ulas and series expansions w ith  the help of 
the principle o f perturbation and renorm alization.

Most problems in statistical physics are connected w ith the calculation  
of tem perature averages. These quantities are usually  one-tim e averages, 
how ever, in recent years two-tim e averages have becom e o f interest too .

Several m ethods are known for evaluating such averages. One o f them  
is  the well known G r e e n ’s function m ethod, by which the tw o-tim e averages 
can be calculated from w hich the one-tim e averages can be obtained.

Besides its definite advantages, the G r e e n ’s function m ethod has s o m e  

drawbacks. It  is d ifficult, for instance, to  obtain with this m ethod the results 
of the high tem perature expansions.

A m ethod will now  be presented, which in principle is similar to the 
G r e e n ’s function m ethod, but is m arkedly different in its form. It is based 
upon the so-called projection relations. These projection relations can be 
obtained as follows.

Let A  and В  be tw o operators on a physical system . The tw o-tim e averag
es o f these operators are defined as

<B A( l ) }  =  T r { B A ( t ) e - ßH} I T r {e - ßH} , 

( A ( t ) B )  =  T r{ A ( t ) B e~ ßH}/Tr {e~ßHj  .
( 1 )

The latter can be reduced to  the former by making use of the general relations

Tr{abc} =  Tr{bca}  , 

A(t  -)- s) =  A(s)  ,

where we have put E(s) =  i —  . In fact,
9s
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<A(t )B}  =  T r { B e ~ ßH A ( t ) } /Tr(e~ßH} =  T r { B A ( t  +  í /3)e“ /ÍH}/T r{e“ '1" } -  

=  <B A ( t  +  iß)y  =  eß m  ( B A ( t ) y  .

L et us write ( A ( t ) B  — r]BA(t)y (rj =  i l )  in  the shorter form,

(A( t )  I В ) ,  =  ( A ( t ) B  -  VBA(t )y  .

U sing the above relation we get

<A(t) I By„ =  [eßE(t> -  r,] ( B A ( t ) y  ,

hence the projection relations are obtained in the form

4  (2)

<^й в > -  W . -

I t  has been assum ed in the la st step th a t ( A y  =  ( B y  =  0 .
E quivalent forms o f th e  projection functions to  be used in the present 

treatm ent are

< В А ( ф  

<A(t) B y

e PE(t)  _  v

1

(eiHt Ae~iHt By ,

1 - rje -ßE(t) ■ (eiHI Ae~iHt |B<_,

(3)

< * « ' »  =  - p « h ^ < r “ ' A
(4)

<BA(t)y =

( A ( t ) B y

(5)

The set o f basic relations (2) and (3 — 5) can be used for constructing various 
types of form ulae corresponding to the tasks to be performed. In simpler 
cases, expressions in closed form , in more com plicated cases, however, expres
sions containing an infinite series are obtained.
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Let us assume th at for the operator A(t)  the equation o f m otion is

[E(t) -  Q] A( t)  =  0 , ( 6 )

in  which Q  is tim e independent,

- i [ H , Q ]  =  0 .
81

Then, from (5) we get the expressions

In  cases to which an equation of the form (6) cannot be applied, expansions 
m ust be performed. This can be done by m aking use of tw o general principles, 
nam ely renorm alization and perturbation.

Using renorm alization, the expansion becom es sim pler, if  one assum es 
the renorm alized energy to be tem perature dependent only. Let the renorm aliz
ed energy be e, then, by expanding (5) in £  — e, we obtain

( B A ( t ) )

<A( t )B>

1 8" e ‘el /
n= 0 n\ den eße —  г]

n=o

1 a е~м
Til deu 1 — rje~ße

[E  — e]n A \ B ) V, 

<[E — e]n A \ B ) V .

( 8 )

These expressions are useful m ainly for the evaluation o f one-tim e averag
es, like

( B A )  =  2
n= 0

( A B )  2

2
n= 0

1 dn 1
n! den ^

X ’ 1 8" 1

n= 0 ni 8<5n 1 r/e

<[E — e]" A \ B ) V , 

- ( [ E - e ] " A \ B > v .

( 9 )

f  has not y et been defined. Let us choose it  so that in (9) the terms w ith  
n =  1 be equal to  zero, then we have

_ ( E A \ B \  
( A \ B ) V

(10)
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On the other hand, i f  the sum o f the term s with n — 1 and 2 is set equal 
to  zero we get,

where
ßo

ff. _  <E * B \ B ) V
'o — ; ■—

<A\B>v

eßei _f_ r]

( И )

ßo =  ß eß4 — ^

Let us now renorm alize with tim e dependent energy e(t). E xpanding  
(4) in E  — e(t) we find

B A ( t )> =

: A ( t ) B )  =

1
eßE(l) — ^ e(t)]n А \ В } Л ,

n =о n l

1
1 - ß g - m  о 2  e ~ H , ) l  <[£  -  e(t))nA \B y v \ .

n=0

( 12)

T aking the terms w ith  n =  1 equal to  zero reproduces expression (10). 
The other condition, th at is assum ing the terms w ith n =  1 and 2 to  be zero, 
leads, how ever, to

ei (0 =  «о - i y 0 ( 0 ,
У1  +  ( e g  -  4)  *2 -  1

It is apparent that the com plex e1({) describes dam ped oscillations.
Let us use now the principle of perturbation. W e assum e the H am iltonian  

to have th e  form H  — H n g H 1 and we define

elH> =  e,/ioi s(t) .

The function  s(t) can th en  be expanded in powers o f g  as

s(t) =  2  ё П sn (t) , H x(t) =  H , ef"»',
n=0

t t

sn( t ) = - ^ - (  ■■ ■ j d t 1. . . d t n T { H i P ) . . . H 1(tn)} 
0 0

(13)
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and T  is the time ordering Feynm an operator. Introducing this formula into  
(3), we get

<BA(t )y  =  я е |  - £  g" < A n( t ) \B) n , (14)e№(0 _  rj —0

е л «  в / = t ' i s >

as a fin a l result, where

A n (t) =  2  eiH°‘ S"> A s*~m (0 •m=o

These expressions of closed form as w ell as the series expansions can  
be applied to a variety  of problem s in sta tistica l physics. The m ethod has 
been applied already to  the theory o f ferrom agnetism  and a num ber of known  
results could be reproduced.

The advantage o f the m ethod seems to  be the quick and m echanical 
way in which the results can be obtained.

НОВЫЙ МЕТОД ДЛЯ ВЫЧИСЛЕНИЯ 
СРЕДНИХ ТЕМПЕРАТУР

Е. ПРАВЕЦКИ

Р е з ю м е

Работа ознакомливает читателя с новым методом определения средних температур. 
Метод находится в тесной связи с методом функций Грина, так как он базируется на так 
называемом проекционном соотношении, которое можно считать решением проблемы 
функций Г рина. На основе теории возмущений и принципа перенормировки, исходя из 
проекционного соотношения, можно вывести точные формулы и серии выражений.
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Von
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Inhaltsverzeichnis: 1. E inleitung; 2. D ie physikalische Fragestellung; 3. Der W ahrschein
lichkeitsoperator g; 4. Reduzierte W ahrscheinlichkeiten о B ; 5. Untersuchung des Zeitablaufs; 
6. Störungsrechnung; 7. Näherungsm ethoden; 8. M atrixdarstellung von  о und pB; 9. F elddars
tellung des Vielteilchenproblem s.

1. Einleitung

G egenstand dieser U ntersuchung ist die Gesam theit aller physikalischen  
Fragen hinsichtlich System en vom  Typ

H  =  Ei ti +  E t<j Vjj . (1)

Für die durch derartige HAMiLTONoperatoren charakterisierten n ichtrelati
v istischen quantenm echanischen Vielteilchenprobleme ex istierten  bereits 1930 
alle Voraussetzungen zu deren Behandlung. Trotzdem  erschienen in den nach
folgenden Jahren nur vereinzelte U ntersuchungen, und erst seit etwa 1955 
werden diese Problem e in grossem U m fang und m it w achsendem  Erfolg  
angegriffen. Charakteristisch für diese neuere E ntw icklung ist, dass viele  
Probleme mehrfach gelöst wurden m it scheinbar ganz verschiedenen M ethoden, 
aber gleichen Ergebnissen. Um  daher einen Überblick über die vorliegende  
Problem atik und die bisherigen Erfolge zu gewinnen, ist es erforderlich, diese 
scheinbar so verschiedenen M ethoden au f ihren gem einsam en Ursprung  
zurückzuführen. Die genauere U ntersuchung zeigt nun, dass v iele M ethoden  
lediglich durch die V erwendung unterschiedlicher und für jeden speziellen  
Zweck extra eingeführter charakteristischer Bestim m ungsgrössen von ein 
ander abweichen.

Hier soll nunmehr die gesamte Problematik  so grundsätzlich wie nur 
irgend m öglich angegriffen werden, w eil es nur so m öglich ist, zu den funda
m entalsten charakteristischen Grössen vorzustossen, aus denen sich alle 
sonst verw endeten Bestim m ungsgrössen dann als Spezialfälle ergeben. E in  
solches Vorgehen führt autom atisch zur D efin ition  eines W ahrscheinlichkeits
operators Q, aus dem die bekannten D ichtem atrizen [1] [2] [3] als spezielle  
Darstellungen hervorgehen.
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2. Die physikalische Fragestellung

Die allgemeinste physikalische Frage , die in der Theoretischen P hysik  
an ein System  gerichtet werden kann, ist folgenderm assen formulierbar:

E ine Messung am System  hat zur Zeit 0 die Inform ation »A« 
ergehen. W elche Inform ation »B« würde eine Messung zur Zeit

i ergeben?
( 1 )

Das betrachtete physikalische System  wird durch seinen ÜAMiLTONoperator 
H  charakterisiert. Eine durch Messung gewonnene Inform ation besteht in  der 
Angabe der gem essenen Grössen, der erzielten M essergebnisse und einer 
Angabe über den »Wert« der betreffenden Inform ation. Zur Beantw ortung  
der Frage (1) sind folgende Einzelproblem e zu lösen:

1. A nalyse der A nfangsinform ation »A«,
2. Beschreibung des Zeitablaufs,
3. A nalyse der zur Fragestellung »В « gehörigen Inform ation.
Im  Rahm en der Q uantentheorie gehören zu einer Information »A«, 

»B«, . . . folgende Angaben: Es m üssen die zu einer Inform ation gehörigen, 
gleichzeitig und unabhängig voneinander messbaren Grössen als untereinander 
vertauschbare HlLBERToperatoren

A v  . . ., A F —► A  B v  В  В  f ^ F  (2)

bekannt sein. U bersichtshalber werden Indizes, wo im m er m öglich, fort
gelassen. F  ist die Zahl der Freiheitsgrade des betrachteten  System s, und im  
allgem einen gilt [A,  ß ] _ ^ 0 .  Ferner gehört zur Inform ation die Angabe der 
erzielten M essergebnisse, die bei optim aler M essgenauigkeit übereinstim m t 
m it der A ngabe der M esswerte

a v  . . ., aF — a hv  . . ., bf —► b , (3)

also der Eigenw erte der Operatoren (2). Sie charakterisieren die zum M ess
ergebnis gehörigen E igenzustände des System s, die HiLBERTvektoren Фа 
bzw. Фь. Liegen nur ungefähre Messergebnisse vor, so kann der Zustand nicht 
eindeutig bestim m t, sondern lediglich eine W ahrscheinlichkeit wx für das 
Vorhandensein eines Z ustands Фх angegeben werden, hier also die G esam theit 
aller w a bzw . w Dieser K enntnis äquivalent ist ein E nsem ble von M  gleich
artigen (numerierbaren) System en, von denen sich M x in Zuständen Фх 
befinden. D ann ist w x =  M J M .

Der Wert  »J« einer solchen Information ist natürlich am grössten bei 
genauer K enntnis des Zustands Фх und am kleinsten, wenn alle wx gleichgross
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sind. Als Mass für den Unwert (U nkenntnis) kann angesehen werden: die 
Zahl der G esam tzustände des Ensem bles der numerierten E inzelsystem e, die 
zur gleichen Verteilung »Mx« gehören (bei vollständiger K enntn is nur ein 
einziger !). Diese Zahl stim m t überein mit den möglichen U m num erierungen  
der System e, die deren E inzelzustände verändert, aber die G esam tverteilung  
»Mx« unverändert lässt. Diese Zahl ist bekanntlich

R =
Ml

п хм х\ / /
1

rwx
M

für M  O O . ( 4 )

Som it ist R ein Mass für den Inform ationsw ert. Das gleiche gilt für eine 
m onotone Funktion von R  ', die so gewählt w ird, dass der Inform ationsw ert 
zweier System e sich addiert:

I =  —  ln R  1 =  Ex wx ln w x 
M

S < ,  0. (5)

Diese im  Bereich —oo . . . 0 variierende F unktion  stimmt b is auf einen un
w esentlichen D im ensionsfaktor к m it der negativen  Entropie überein.

W eiterhin sind Besonderheiten zu beachten, die im Zusam m enhang m it 
Fragen vom  Typ (1) auftreten können. So wird das Problem (2.1) zeitunab
hängig, wenn eine der drei Bedingungen

t =  0, [ H , A ] _  =  0 ,  [Я , B ]_  =  0 (6)

e rfü llt is t. E ine gewisse, w enngleich  unw esen tliche  K o m p lik a tio n  t r i t t  auf, 
w enn  der ÜAMiLTONoperator, wie in  der S tö ru n g sth eo rie  o ftm als  üb lich , 
ze itab h än g ig  is t:

—  ^ = 0 ,  e tw a  H, =  H" +  g V  , (7)
dt

w eil dann die H t für verschiedene t wegen

[H v  H i \ -  = t e i - & ) [ r , H ° L  *  0 (8)

nicht mehr m iteinander vertauschbar sind. Gewisse Vereinfachungen treten  
auf, wenn in (2) /  <  F  ist, weil dann die gesuchte Inform ation von vorn
herein von einfacherer Art ist. D ieser Fall w ird in K apitel 4 besprochen.

Nach den im  Anschluss an (1) gem achten Ausführungen ist zunächst 
die Analyse der Anfangszustände  durchzuführen. Bei vollständiger K enntnis
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des M essergebnisses a besteht sie in  der Angabe des zugehörigen Zustands 
Фя, der sich aus dem Eigenwertproblem

А Ф а =  Фа а (9)

berechnet. Bei ungenauer M essung m üssen alle in Frage kom m enden Фа 
m it den aus der M essung folgenden W ahrscheinlichkeiten w a bestim m t werden. 
Ist nur ein Teil der Grössen A t von  (2) gem essen w orden, so m üssen die wa 
durch geeignete A nnahm en bestim m t werden, wie m inim ale Willkür, m inim aler 
Inform ationsw ert, G leichverteilung, m axim al chaotische Verteilung, etc. . .

In  d er ScHRÖDiNGERdarstellung b e s te h t der Zeitablauf  d a r in , dass 
alle A n fan g szu stän d e  Фа ü bergehen  in

Фа —> Фa =  77° фа =  U{t) Фа . (10)

Im  b eso n d eren  F alle  z e itu n a b h ä n g ig e r HAMlLTONoperatoren v e re in fa ch t 
sich (10) zu

77° e (И )

Diese vereinfachte Z eitabhängigkeit wird im  folgenden verwendet. Treffen 
dagegen die V oraussetzungen (7) zu, so sind in allen nachfolgenden Formeln  
lediglich die Exponentialfaktoren durch die unendlichen Produkte v o n  (11) 
zu ersetzen.

D ie dritte Aufgabe besteht in der Analyse der gefragten Information  »B«. 
Die zugehörigen m öglichen M esswerte folgen aus der Eigenwertgleichung

ВФ„ = Ф ь Ь .  (12)

Im  Falle f  <  F  m üssen die B, von (2) ev tl, noch ergän zt werden durch Auf
suchen von  Operatoren

C/+1, • • -, Cp  —*■ C Cf+i, . . . , Cp —► c, (13)

die untereinander sowie m it den В,- vertauschbar sind und  mit ihnen zusam m en  
ein vollständiges System  observabler Grössen bilden. D a die Grössen В  und C 
als gleichzeitig  und unabhängig voneinander m essbar angesehen werden, 
bilden ihre E igenzustände einen Produktraum

Фьс =  ФЬ Ф с =  Фс Фь (14)

m it den Faktorräum en der Фь und der Фг.
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Die Antwort a u f  die Frage (1) wird nunm ehr durch A ngabe der W ahr
scheinlichkeiten Wb für die Messergebnisse b gegeben. Nach elem entaren R egeln  
der W ahrscheinlichkeitstheorie gelten die Beziehungen

Wb F c Wbc Wbc == F a Wbc:a tVa , ( I '} )

während die hierin auftretenden U bergangsw ahrscheinlichkeiten in der 
Quantentheorie durch

Wbc,a =  I (Фьс, Va) |2 =  (Фье, F  a) (Va, &be) (16)

bestim m t werden. G leichzeitig m it den w b aus (15) können  die zu den В  
gehörigen Erwartungswerte in der Form

ß  =  Eb bwb =  l ' hc bwbc (17)

als bei vielen gleichartigen Messungen beobachtete sta tistisch e M ittelwerte  
bestim m t werden.

3. Der W ahrscheinlichkeitsoperator о

Die in (2.15 und 16) auftretenden W ahrscheinlichkeiten können als 
Erwartungswerte von Operatoren dargestellt werden. Bei vollständiger Inform a
tion »a« ist die W ahrscheinlichkeit, zur Zeit t die Inform ation »i>. c« zu erhalten , 
nach (2.16):

Wbc а =  {Фьс, Qa ФЪс) m it Qa =  V a) ( lF a . (1)

qa wird allgem ein als W ahrscheinlichkeitsoperator bezeichnet und b ed eu tet  
hier den zu Wa gehörigen Projektionsoperator mit den Eigenw erten

Qa — 0,1 QZa  =  Qa , (2)

denen zufolge die daneben stehende charakteristische G leichung gilt.
Die zur unvollständigen Anfangsinformation »A« gehörige Wahrscheinlich

keit, bei t die Inform ation »b, c« zu erhalten, ist

wbc =  {Фьс, Q(I>bc) m it Q =  Fa Qa w a . (3)

Für den hier auftretenden allgem eineren W ahrscheinlichkeitsoperator gilt

e =  ZaVa) Ы  Va =  Z a e ~ ^ Ht 0q) e<'/*>«‘ . (4)
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Er b esitzt offenbar die E igenschaften

g Wa =  Wa iva, daher l l a( g — wa) =  0 . (5)

Diese G leichungen lassen seine Bedeutung unm ittelbar erkennen: Seine E igen 
vektoren sind die zur Inform ation »A" gehörigen V ektoren ÿ7, und seine 
E igenw erte die zur gleichen Inform ation gehörigen W ahrscheinlichkeiten wa.

D ie Ausdrücke (1) und (4) lassen erkennen, dass die Wahrscheinlich
keitsoperatoren ga und g herm itisch, norm iert und p ositiv  definit sind:

g* — g Trg =  1 0 <Ç p 1 . (6)

Die mit T rg  bezeichnete Spur ist bekanntlich gleich der Summe der E igen 
werte, so dass die Norm ierung aus Ea w a — 1 folgt. D ie le tzte  Gleichung (6) 
folgt aus der W ahrscheinlichkeitsbedeutung aller Erwartungswerte. Für den 
Z eitahlauf des W ahrscheinlichkeitsoperators kann die Beziehung

g(t) 4------ \II, o(i)l =  0 o(0) =  »A « (7)
ft

aus (4) entnom m en werden. D a p(0) durch die Anfangsinform ation »A« v o ll
ständig b estim m t ist, was durch die zw eite Gleichung (7) sym bolisch aus
gedrückt werden soll, und die erste G leichung von erster Ordnung h in sich t
lich t ist, wird g(t) durch die Gleichungen (7) vollständig bestim m t. 

Erwartungsiverte von der Art (2.17) können in der Form

В =  Е Ьс(ФЬс, дВФьс) =  Tr g B Tr B g (8)

durch Spurbildungen m it g dargestellt werden. Innerhalb einer Spur über zw ei 
Operatoren is t  deren R eihenfolge bekanntlich beliebig.

Der in (2.5) eingeführte Informationsivert kann durch den Operator 
ln  g dargestelll werden, denn sein Erw artungsw ert (8) stim m t entsprechend

I  =  Tr g ln д =  E a w a ln wa (9)

m it (2.5) überein. Man beachte, dass bei vollständiger Inform ation

Ta =  Tr gd ln ga =  0 (10)

g ilt. F ür die Zeitableitungen der Erwartungswerte (8) und (9) gilt

B  =  Tr Bg =  — T r  B[q, =  —  Т г[Я , B ] _ g

n  *  ( i i >

I  =  —  Tr  [pin p, H ]_  =  0.
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Die erste  G leichung lä ss t e rkennen , dass das E rg e b n is  di s gleiche is t, welches 
m an  auch  bei ÜEiSENBERGdarstellung der O p era to ren  zu e rw a rte n  h ä tte . 
Die Z e itu n ab h än g ig k e it des m ittle re n  In fo rm a tio n sw erts  folgt b e re its  d a rau s, 
dass der Z e ita b la u f d u rch  eine u n itä re  T ra n sfo rm a tio n  b esch rieb en  wird u n d  
die S p u rb ild u n g  in v a r ia n t gegen u n itä re  T ran sfo rm atio n en  is t.

Zusam m enfassend ist festzustellen , dass durch die E inführung von  
W ahrscheinlichkeitsoperatoren q die zu (2.1) gehörige Problematik  folgender- 
m assen aufgeteilt wird: In n(t) ist die Anfangsinform ation und der Zeitablauf 
enthalten , während die spezielle zur Inform ation »B, C« gehörige Frage
stellung durch Bildung geeigneter Erw artungsw erte berücksichtigt wird.

4. Reduzierte W ahrscheinlichkeiten q b

Wir berücksichtigen nunm ehr den zu (2.12 und 13) gehörigen Fall 
f  <  F, in dem die Endinform ation aus einem  »interessierenden« Anteil В 
und einem  »nicht interessierenden« A nteil C b esteh t. Dem entsprechend enthält 
auch die A nfangsinform ation »A« und der aus ihr konstruierte, in  diesem K apitel 
m it Q =  Obc bezeichnete W ahrscheinlichkeitsoperator A n teile , die für die 
Inform ation В  w esentlich sind, und solche, die es nicht sind . D ie zur Infor
m ation В  gehörigen W ahrscheinlichkeiten (2.15) können als Erw artungsw erte  
im Faktorraum  der Фь allein dargestellt werden

t » B  =  ( Ф ь ,  Qb  Ф ь )  ,  (1)

während der hier definierte Operator q b  der reduzierten Wahrscheinlichkeit 
entsprechend (2.15) gem äss

Qb  =  27С(ФС, две Фс) — Trc oBc (2)

durch Spurbildung im  Faktorraum  der Фс aus q b c  hervorgeht. Dieser Operator 
is t, je nach der speziellen Fragestellung »B«, oftm als entscheidend einfacher. 
Auch können entsprechende Erwartungsm erte wegen

B  =  T rB  q =  TrB Trc В qbc =  T rBB T r c QBC =  Т гв В дв (3)

als Spuren über qb  allein dargestellt werden.
Für den Zeitablauf  allerdings folgt aus (2) und (3.7)

Q b  =  T rc q b c  =  —  T rc  [ ß BC ,H ]_  . (4)
П

D en Ü A M iLTON operator des System s denken wir uns gem äss

H - H B +  Hc -j HBC (5)
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zerlegt in A nteile, die nur von В  bzw . C allein abhängen, und einen gem ischten  
A nteil. H B kann w egen U nabhängigkeit von C aus der Spurbildung (4) heraus
gezogen werden. D ie V ertauschung m it Hc verschw indet unter der Spur, 
wie im  Zusam m enhang m it (3.8) erw ähnt wurde. D aher geht (4) in

P s  ~  [H B, Qb \ -  —  ~ 7 ~  T rc  [ o B C ,  H s c ] _  ( 6 )

Ti n

über. D er Z eitablauf von  q b  wird also durch den C -Anteil der Inform ation  
m itbestim m t, wie anschaulich erw artet werden m uss. Die zu Qß gehörige 
reduzierte Inform ation J ß  =  ln qb w ird im  Z eitablauf ebenfalls vom  C-Anteil 
her beeinflusst; denn es gilt

Ï в  =  ( i ß )  Tr в ln qb  7Vc [f)flc, HBc ] -  (7)

für die zeitliche Änderung ihres ErwartungsW erts.
E n th ä l t  der HAMiLTONoperator k e in en  g em isch ten  A nteil H BC, so w erden 

die T e ilin fo rm atio n en  В  u n d  C u n ab h än g ig . Die r e c h te  Seite v o n  (6) v e r
sch w in d e t, u n d  fü r  den  h ie r n ic h t b e tra c h te te n  In fo rm a tio n sa n te il Qç =  
=  Tr в  Qbc  lä ss t sich  eine en tsp rech en d e , von две  unab h än g ig e  G leichung 
m it H c s t a t t  H B an g eb en . D er Operator der g esam ten  hier unkorrelierten 
Wahrscheinlichkeit k a n n  als P ro d u k t

Qbc — Qb Qc ( 8 )

angesetzt werden. Auch in  Fällen H BC ^  0 wird (8) oftm als als N äherungs
ansatz verw endet, der einer Vernachlässigung der Korrelation entspricht. 
In diesem  Falle geht (6) in

Qb  +  ~тг [ H b ^ bc ■> QbI =  0 m it H Bc — 1 rc H BC qc (9)
Ti

über. H Bc bedeutet hier den über die Teilinform ation C gem ittelten  A nteil 
der W echselw irkungsenergie. Die durch (8) und (9) beschriebene Näherung  
entspricht im  klassischen Falle der VbASOV-gleichung [4] und im  quanten
m echanischen Fall dem  H artree  — FoCKschen Näherungsverfahren [5]. 
Ausserdem  verschw indet bei Vernachlässigung der K orrelation im  Sinne von  
(8) die rechte Seite von (7), und auch die Teilinform ation В  bleibt näherungs
weise zeitunabhängig.

B ei A nw endung  d ieser B e tra c h tu n g e n  au f V ie lte ilch en p ro b lem e m it 
HAMiLTONoperatoren vom  T y p  (1.1) b e s itz e n  alle p h y sik a lisch  in te ressie ren d en  
G rössen en tsp rech en d

В  =  2 )  B t +  Zi<j Bij (10)
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Teilchen- und Paareigenschaften. D em entsprechend sind unter der Inform ation  
»B« die E igenschaften »1« bzw. »1,2« von  einem bzw . von  zwei T eilchen zu 
verstehen:

В  = 1 С =  2 , . . ..,1V

в  = 1,2 с  =  3 , . . . , N
( П )

während »C« die übrigen, jeweils n ich t interessierenden Teilchen enthält. 
In diesem  Sinne kann eine Hierarchie reduzierter W ahrscheinlichkeitsopera
toren

Qb  — Pi, P12» 9m» • • • (12)

aufgestellt werden, deren Zeitableitungen (6) ein gekoppeltes G leichunssystem , 
die sogenannte BBG K Y-H ierarchie [6], bilden, w ährend die Erwartungswerte  
von  (10) nur q1 und p12 enthalten:

Z j l  =  N Zi<i  1 = (13)

Die hier auftretenden binom ischen Faktoren folgen aus den Sum m ationen  
von (10) und bedeuten gemäss (13) die Teilchen- bzw . Paarzahl.

5. Untersuchung des Zeitablaufs

W enn H  in den zur Inform ation A  gehörigen M essgrössen A,  enthal
ten ist, so treffen die V ereinfachungen von (2.6) zu , und der Wahrscheinlich- 
keitsoperator wird zeitunabhägig:

ß =  0 [#,£>]_ =  0 .  (1)

Bei m axim alem  W ert der Inform ation A  b esteh t hier die A ufgabe in der 
Berechnung der E igenw erte von H  und den Ai,  siehe auch (11 b is 13). D a
neben kom m en Lösungen von (1) m it geringerem Inform ationsw ert in B e
tracht. D ie allgem einste Lösung von  (1) ist eine willkürliche F u k tion

Q = f { H ,  A v  A z, . . .) [H,At ]_  =  0 (2) -

von H  und den m it H  und untereinander vertauschbaren Grössen. Liegt 
nur über H  allein eine Anfangsinform ation vor, so kom m t als Lösung auch 
nur q =  / ( Я )  in B etracht, und es können alle A ussagen der Therm odynam ik  
gewonnen werden. Spezialfälle sind  die kanonische und die grosskanonische
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G esam theit (letztere, wenn neben H  auch die Teilchenzahl N  in der A nfangs
inform ation enthalten  ist):

ß(F-H) 3(7 -H- ÍN)g =  e ' ’ Q — e J ' .

ß ,  F  bzw. J ,  £ sind Param eter zur Festlegung der Normierung sowie der m itt
leren Energie und Teilchenzahl.

W enn H  in  den zur A nfangsinform ation A  gehörigen Grössen nicht 
en th a lten  ist, so ist g ^  0, und der Zeitablauf  wird durch (3.7) beschrieben. 
Eine gewisse Vereinfachung dieser Gleichung, die für viele Zwecke nützlich  
ist, erhalten wir durch den A nsatz

g(t) =  K (t, t) m it K \ f ,  t") =  W ,  *')

m it einem  O perator К , der die Gleichungen

^ 7 K i t ' ,  t") =  0 =  K i t ' ,  t") [ —  - - i - я
dt fr { dt" fr

(4)

(5)

erfü llt. Jew eils eine dieser beiden Gleichungen kann durch die H erm itizitäts- 
forderung (4) ersetzt werden. A nalog zu (3.4) ist

K (t' ,  t") =  e~ * HV g(0) eh H‘" (6)

die formale Lösung der Gleichungen (4) und (5).
Eine andere M öglichkeit b esteh t darin, д entsprechend

e(t) =  ihG(t +  0, t -  0) G V ,  *') =  G(t", t') (7)

durch einen Operator iliG zu beschreiben, der die inhomogenen Gleichungen

—  +  ~ H  ih G ( t \ t" )  =  ö(t' - t " ) =  i h G ( t ' , t " ) i ~  —  +  — H  \ (8)
dt’ H ’ \ Q t "  h \

erfüllt.  Der in der D efin ition  (7) hinzugefügte F aktor ih vereinfacht die Her- 
m itizitäts- und N orm ierungseigenschaften von G. E ine m ögliche Lösung von
(7) und (8), die für t'  >  l" m it (6) übereinstim m t, also die B edingung

0(«' -  t") ( ih G ( t ,  t") -  K  (t' t")) =  0 (9)
erfü llt, ist

ih G ( t \  t") =  K ( t \ t" )  — e{t” -  t') e ~ i H(r~n  (10)

Acta Phys. Hung. Тот. X I X . .  1965.



HER WAHRSC11EIM.ICHKEITS0PERAT0R g 331

{m an beachte beim E insetzen von (10) in (8), dass für die Stufenfunktion  
0 =  0 gilt). Derartige Lösungen inhom ogener Gleichungen sind oftm als leichter  
zu handhaben als die von hom ogenen G leichungen. Ein B eisp iel hierfür ist  
die Behandlung stationärer Probleme m it g =  0 durch die zeitabhängige  
Theorie. E ine Lösung dieser Art von (8) erhalten  wir durch form ale A uflösung

G (t\ t") =  G(t' -  t") =
% _8 

i  dt'
n ( 11)

u n d  F o u R i E R - d a r s t e l l u n g  d e r  ö - F u n k t i o n

G(t', t")
de e - 0 7 * ) 4 f ' - O

2nH e -  H
( 12 )

D i e  F o u R i E R t r a n s f o r m i e r t e  v o n  G  i s t  die v o n  H ug enh oltz  [7] u n t e r s u c h t e  

R e s o l v e n t e

R(e) =
e

1
H

у  Ф ' Ж
n e Ep

(13)

des Operators H,  der zusam m en m it den Projektionsoperatoren P n =  Фп) (Фп 
durch seine Eigenwerte E n dargestellt werden kann.

j J m c

____  Gfiom

( • ; • ) *  * J f» L
■

A b b .  1

Gret

-------— Re c

Gav

Die beim  Auflösen (11) der D ifferentialgleichung (8) entstehende U n 
bestim m theit entspricht dem H inzufügen willkürlicher Lösungen der zuge
hörigen hom ogenen Gleichung. Ü ber deren Wahl jedoch verfügen wir ein
deutig, indem  wir in (12) die Integration  über e in einer komplexen Ebene 
durchführen und den genauen W eg angeben, siehe A bbildung.

Die Singularitäten des Integranden liegen auf der reellen Achse an den 
Orten e =  E n der Energieeigenw erte. Führen wir die Integration  (12) ober
halb der reellen Achse durch, so en tsteh t die zu 0(t', t") proportionale, retar
dierte Lösung Gret. Bei einem  Integrationsw eg unterhalb der reellen A chse en ts
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steht die zu  6(t", t') proportionale avancierte Lösung Gav. E in Integrationsw eg, 
der nur bei einer einzigen Singularität E n oberhalb, bei allen übrigen aber 
unterhalb verläuft, entspricht einer inhom ogenen L ösung Gn, die nur h in sich t
lich des Z ustands Фп retardiert ist. Sie entspricht einem  Anfangszustand Фп 
des System s. B ei geringerem  Inform ationsw ert, wenn also die Zustände Фп 
m it W ahrscheinlichkeiten ivn besetzt sind , wird ein Integrationsw eg b en ötig t, 
der sich bei jeder Singularität aufspaltet in  einen Teilw eg oben herum m it dem  
G ewicht w n und einen A n teil unten herum  m it dem A n teil 1 — wn. G -Funktio- 
nen mit geschlossenen Integrationsw egen, die bestim m te Singularitäten u m 
fassen, lassen  sich als D ifferenz zweier Lösungen der inhom ogenen Gleichung; 
auffassen und sind daher hom ogene L ösungen G/,nm.

6. Störungsrechnung

B esteht der HAMiLTONoperator H  =  H u -)- V  w ie in (2.7) aus zw ei 
Anteilen und sind alle zu H u allein gehörigen Aussagen vom  Typ (2.1) b ek an n t, 
so kann das Problem  im  B ahm en einer Störungstheorie untersucht werden  
(  Potenzentwicklung nach V). D ie Erfahrung hat gezeigt, dass die zeitabhängige  
Form der Störungstheorie der zeitunabhängigen auch in den Fällen (2.6) 
überlegen is t , in denen sie nicht unbedingt notw endig wäre (der form ale  
Grund besteht letzten  Endes darin, dass sich  m it Exponentialfunktionen le ich ter  
rechnen lässt als mit Partialbrüchen).

Eine störungstheoretische B ehandlung kann die inhomogene Gleichung
(5.8) als Ausgangspunkt  w ählen  und neben G einen zu H °  gehörigen O perator  
G(, einführen. Zwischen beiden gilt dann die Integralgleichung

G(t, t') =  G0(t, t') +  Y  dt" G0(t, t") V(t") G(t", t ' ) . (1)

Ihre R ichtigkeit wird durch Differenzieren und Vergleich mit (5.8) und der 
dazugehörigen ungestörten Gleichung gezeig t. Diese Integralgleichung kann  
durch eine Potenzreihe gelöst werden, die m an dadurch erhält, dass man 
G au f der rechten Seite von (1) durch den W ert ersetzt, der aus der Gleichung^ 
(1) selbst fo lgt und dieses Verfahren sukzessiv  fortsetzt.

Andere W ege der störungstheoretischen Behandlung beginnen damit,, 
alle Operatoren entsprechend

SpoA  — Sp Â o ,  Â  =  А е - т н ч ,  7, =  ««»>«■* oe~m n°t  (2 )

v o n  d e r  S c H R Ö D i N G E R d a r s t e l l u n g  i n  d i e  Wechselwirkungsdarstellung z u  ü b e r 

f ü h r e n .  S ie  b e s i t z e n  d a n n  d i e  d u r c h

Z  =  - -  [ # ° ,  Л ] -  Q +  - l- [ V , o } _  =  0 (3)
n n

Acta Phys. Hung. Гот. X IX ., 1965.



DER W AHRSCHEINLICHKEITSOPERATOR q 333

charakterisierten Zeitabhängigkeiten. Für den in  (5.4) eingeführten К -Opera
tor entstehen die Beziehungen

5(f) =  K (t ,  t) K \ t ' ,  t") =  K(t", t')

Í Э
—  ч—

I dt' h
l- V ’ K ( t ' ,  f") =  0 =  K ( t ' ,  t") (—  — l-  V"

( 9i" h

K (t ' ,  t") =  ' / / « e - m n r n Qoojjt"em v(t)d t  _  Qu S t ( r ) .

(4)

D ie  letzte  Zeile lässt den Zusam m enhang mit der bekannten S-M atrix erkennen.

7. Näherungsm ethoden

Die zur Lösung des Problem kreises verw endeten N äherungsm ethoden  
sin d  sehr v ielseitig . Sie können hier nur in grossen Zügen dargelegt werden. 
E ine der H auptaufgaben besteht darin, die Gleichung (4.6) f i i r  den reduzierten 
Operator qb durch eine von gBC unabhängige N äherungsgleichung zu ersetzen. 
H insichtlich der im  Zusam m enhang m it (4.12) erwähnten B B G K Y -H ierarchie  
bedeutet dies, die Gleichungshierarchie bei irgendeinem  gew ünschten gl2. . . „ 
abzubrechen. Die einfachste N äherung b esteh t, wie in (4.8 und 9) bereits 
ausgeführt wurde, in der Vernachlässigung der Korrelation.

Bei stationären Problem en kann die E xtrem aleigenschaft der Energie, 
oder bei geringerem Inform ationsw ert der freien  Energie, zu einem  Variations- 
Verfahren ausgebaut werden. B ei der V ariation über q m üssen dann allerdings 
die E igenschaften (3.6) dieses Operators im  Ansatz oder durch geeignete  
N ebenbedingungen erfüllt werden.

Die aus der Störungslheorie entspringenden M öglichkeiten für N äherungs
verfahren bestehen im  Abbrechen der Potenzreihen [8] sow ie in  der D urch
führung von Teilsum m ationen über einzelne Glieder der Potenzreihen [9]. 
Schliesslich bleiben noch solche Näherungsm ethoden zu erw ähnen, die im  
R ahm en der O peratorendarstellung nicht unm ittelbar dargestellt w erden  
können, sondern auf die zu den Operatoren q und qb gehörigen M atrixdarstel
lungen aufbauen.

8. Matrixdarstellung von  q und qb

Eine Matrixdarslellung  der Theorie en tsteh t durch beiderseitige P rojek 
tion  aller Operatoren auf die als vollständig, normiert und orthogonal vorau s
gesetzten V ektoren Фх eines System s v o n  Zuständen x. Insbesondere der 
W ahrscheinlichkeitsoperator q geht hierbei in  die üblicherw eise als D ich te 
m atrix bezeichnete Grösse

q(x , X1) =  (Фх, q Фх)  m it (Фх, Фх.) =  bxx, (1)
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über. Alle Gleichungen der bisherigen Theorie bleiben formal gültig als M atrix
gleichungen für die entsprechenden M atrixelem ente.

V on h ie r aus e rh a lte n  w ir d u rch  F ouR iE R transfo rm ation  der D iffe ren z
k o o rd in a te n  die so g en an n te  W iGNER-darstellung d e r Dichtematrix[lO]

X
2

X  - j - ( 2)

D am it en tsteh t eine der klassischen S ta tistik  sehr ähnliche Form der Theorie 
[11]; denn für viele Erwartungswerte gilt

А  — j j dx dp A { p ,  x} q{p , я } m it \ \  dx d p  g lp ,  x\ =  l . (3)

Die G leichung für den Zeitablauf jedoch is t  kom plizierter:

g \p ,x )
' Э Э 
dp dx'

9
Эле

H { p ,x )  ß { p ,x )  \p,=PiX,_ x. (4)

Sie stim m t nur in erster Ordnung vo n  li mit der klassischen, L i o u v i l l e -  

schen G leichung überein. Ausserdem is t  zu erwähnen, dass die Lösungen von  
(2) bzw. (4) in  der Regel n ich t positiv d efin it sind, w esw egen auch g(p, x)dx dp 
nicht die einfache B edeutung der k lassischen S tatistik  haben kann, näm lich  
die W ahrscheinlichkeit dafür anzugeben, dass das S ystem  gewisse O rtseigen
schaften X und Im pulseigenschaften p  b esitz t.

N unm ehr betrachten wir den Spezialfall von physikalischen System en, 
bei denen alle Vektoren Фх sich m ittels irgendwelcher Operatoren a\  en tsp re
chend

Фх =  a \  Ф0 mit яхФ0 =  0 НФп =  0 (5)

durch einen einzigen norm ierten Hilbeitvektor Ф0 m it den Eigenschaften (5) 
darstellen lassen . Ф0 wird dann als »Vakuum«-Vektor bezeichnet. Die le tz te  
der E igenschaften  (5) kann durch Um norm ierung des H am iltonoperators H  
(H inzufügen einer geeigneten K onstante) erreicht werden. Dam it die Zustände
(5) ein norm iertes O rthogonalsystem  b ilden , müssen die Operatoren ax die 
E igenschaften

(Фх, Фх ) =  (Ф0, ах4'Ф0) =  Ó X X ' (6)

besitzen. E tw as weiter als (6) geht die Forderung

(«x<4 — |5ХХ,)Ф0 =  0 (7)
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an die Operatoren ax. Sie h at zum B eisp iel die G ültigkeit der G leichungen

P„axP a(t') =  axV a( t ’) HaxV(t')  =  0 (8)

m it P 0 =  Ф0)(Ф0 als dem Projektionsoperator des V akuum s zur F olge, w enn  
Wa{t') irgendein durch Linearkom binationen der Фх aufgebauter Vektor

Va{t') =  J d x 0 xf ( x , *') =  J d x a № 0f(x ,  t') (9)

ist. Der Beweis erfolgt durch E insetzen von (9) in (8), Verwendung von  (7) 
und B eachtung von (5).

Bei System en mit den E igenschaften (5) und (7) können die M atr ix 
elemente des К -Operators von  (5.4) in eine übersichtliche Form gebracht w erden. 
Zunächst gilt infolge (5.6) und analog zu (1)

щ х г ,  x 'Y )  =  £ а(Фх, ¥ а(П)«>ат п , Ф х,) =

=  2 > а(Фа, е ^ т ’а\.Ф0) (Ф0ахе-«1»н, Фа) .

W egen (8) kann im Innern dieses Ausdrucks ohne Fehler

Ф„) (ф о 1 е~фп)Н(1'~п

ersetzt werden. Bezeichnen wir Erwartungswerte eines Operators 0  über ein 
Ensem ble von System en mit

( 10 )

(И)

=  2 > а(Фа0Ф а) (12)
und führen mit

a(x, t) =  еф*)Н,ахе~фн)т «+(*, t) =  e^ )H,a ^ e ~ ^ )Ht (13)

die Ü EiSEN B ER G darstellung der Operatoren ax ein, so erhält (10) d ie  ü b e r 
s ic h tlic h e  Form

K ( x ' t \  x"l") =  (x", t")a(x't')$>

g ( x x " ,  t) =  <gcd (x", t)a(x', t)^> .

In der zw eiten Zeile stehen die aus К  m it t' =  (" =  t hervorgehenden M atrix
elem ente von Q. Bei v ielen  U ntersuchungsm ethoden werden M atrixdarstellun
gen in der Form (14) b en u tzt. In anderen M ethoden aber werden diese Matrizen 
durch solche ersetzt, die inhom ogenen Gleichungen genügen und nur für 
(' >  t" m it den Grössen (14) übereinstim m en. D ann entstehen die bekannten  
Greenschen Funktionen.
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9. Felddarstellung des Vielteilchenproblems

E i n  b e s o n d e r e r  F a l l ,  a u f  d e n  d i e  b e s p r o c h e n e n  V o r a u s s e t z u n g e n  (8.5 
u n d  7) z u t r e f f e n ,  i s t  d i e  Felddarstellung d e s  V i e l t e i l c h e n p r o b l e m s ,  b e s c h r i e b e n  

d u r c h  e i n e n  H A M iL T O N O p e r a to r

H  =  j dr, xp\ f, +  I y f  y,f tV, у ,Г |,

( 1 )

bPv w l h  =  2 ) b fv  У>2\+ =  tvl» f l ]+  =  0 »

dessen Feldoperatoren y> den angegebenen M inus- oder P lusvertauschungen  
genügen. Mit der dr15 dx2, . . . sind Sum m ationen über alle Orts- (und gegebenen
falls auch Spin-) E igenschaften  zu verstehen. D ie in (8.5 und 7) eingeführten  
Operatoren sind hier

«Î — ipl ■ ■ . rplf ax =  %pN . . . щ  , (2)

während ö-Funktionen und Sum m ationen über Teilchenzustände im D etail 
bedeuten:

y { ± l ) p n , d ( i , p t) dx  = ' drx. . . dx
m

N (3)

D er N orm ierungsfaktor N  ! rührt daher, dass in  W irklichkeit keine unterscheid
baren Teilchen vorliegen, sondern blosse »Ja — N ein«-Ereignisse, so dass 
jew eils über die Zahl der Paare, Tripel, . . . n -tupel sum m iert werden muss.

M i t  H  u n d  d e n  a n g e g e b e n e n  V e r t a u s c h u n g e n  d e r  xp k a n n  f ü r  d i e  Z e i t a b -  

h ä n g i g k e i t  v o n  xpi ( i n  d e r  H E i s E N B E R G d a r s t e l l u n g )  l e i c h t  e i n e  Wellengleichung 
a b g e l e i t e t  w e r d e n :

----------- ~  =  [V>v Щ -  =  (*1 +  1  * 2  Vt vn  Vi) Wi • (4 )i dt J

Mit (1) und (2) en tsteh t für die M atrixdarstellung des HAMiLTONoperators

< « X  =  ( + ,  ‘ i +  Z i c j  v i j )  à xx, . (5)

Sie stim m t bis a u f die unw esentliche Ó-Funktion (3) m it dem  H amilton- 
operator (1.1) der Teilchentheorie überein. D ie Gleichungen (4) und (5) lassen  
übrigens in einfachster W eise die Äquivalenz von  W ellen und (ununterscheid
baren !) Teilchen innerhalb der Q uantentheorie erkennen. Die E lem ente der 
D ichtem atrix  folgen m it (2) aus (8.14):

p(*, t) =  <4xp\, . . . xp*N.xpN . . . . (6)

Zur D arstellung reduzierter D ichten  unterteilen wir die Variabein in zwei 
Gruppen

В  =  1 , .  . . ,  n C =  n -)- 1, . . . ,  N  , (7)

Acta Phys. Hung. Тот. X IX .,  1965.



DER WAHRSCHEINLICHE EITSOPERATOR 337

die den Teilinform ationen »B« und »C« entsprechen. So en tstehen  durch Spur- 
hildung über C die m it (6) form al fast übereinstim m enden reduzierten D ichten

Qn(x,  x ' , t )  —  . . . 1p l,y )n . . . . (8 )

Allerdings m üssen bei der Aufteilung der Spurbildung im  Sinne von  Tr =  
— TrBT rc  die Norm ierungsfaktoren b each tet werden. B ild et man näm lich  
die Teilspuren ebenfalls im  Sinne von (3), so bleiben entsprechend

1 . . . dtN IГ * р - Л  1Г dxn+1 . . . dxN ( N -  n)l ni
! NI ~  J1 n !  J' (N  —  n )  ! NI

noch B inom ialkoeffizienten unberücksichtigt, die sich bei der jeweils zw eiten  
Spurbildung von (8) in der Form

Tr.i Qn
m

(N ny.nl
( 10)

bemerkbar m achen. Da (10) die Zahl der unter N  Teilchen vorhandenen  
n-tupel bedeutet, können die D iagonalelem ente von (8) vom  T eilchenbegriff 
her gesehen als n-tupeldichten aufgefasst werden.
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ON THE “BEST” APPROXIMATION 
IN QUANTUM MECHANICS

B y

T. A. H o f f m a n n

CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST

In quantum  m echanical approxim ations the d ifficu lty  generally arises that the error 
o f  calculation cannot be estim ated uniquely. B y  using m atrix  calculus and th e  rules o f trace  
calculus the paper facilitates the error of approxim ation to  be defined un iquely  for any quantum  
m echanical calculation (in the framework of m atrix form alism ). This also m akes possible to  
find a more rapidly convergent m ethod to carry out th e  calculations. The m eth od  is very su it
able for use w ith  com puters as it  contains direct operations only.

The curious title  of th is report concerns the fairly wide fie ld  of approx
im ations in quantum  m echanics, where some quantity  or some quantities are to  
be approxim ated in the procedure of the approxim ation in  a considerably  
more exact w ay than the other ones. G enerally some deviation  quantities are 
to  he m inim ized. In this sense we consider th is  problem as the problem of th e  
“ b est” approxim ation. To some exten t the so lu tion  of any variational problem  
is a “ b est” approxim ation too , thus the fo llow ing general treatm ent is an  
extension  of the variational procedure in a certain respect.

In the approxim ating m ethods of q uantum  mechanics there is a general 
drawback, th at usually in any approxim ating stage one does not know th e  
measure o f approxim ation; one does not k n ow , how large is th e  deviation from  
the required quantities. In m ost cases one estim ates the m easure o f  the approx
im ation only b y  comparison of the ob ta in ed  value with th e  experim ental 
one. In th is case, however, one cannot conclude, whether th e  m athem atical 
approxim ation had a certain error, or the p h ysica l approxim ation has neglected  
some physical facts.

The lack o f a measure o f the approxim ations accom panied constantly th e  
calculations in quantum  m echanics. Therefore it  is worth w hile to  consider th e  
w ay, how  a measure m ay be constructed for the approxim ations in general.

I f  such a measure is obtained one m ay judge at any step  in an ap p rox
im ation the am ount of deviation  from th e exact values, irrespective o f  th e  
physical approxim ation, or of the final experim ental values. I f  such a q u a n tity  
is in our possession, a thorough investigation  o f  th is one shows at the same tim e  
the best w ay how  to make a m ost successful n ex t approxim ation. This is th e  
sense in which we have called this m ethod the “ best” approxim ation m ethod
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in quantum  m echanics. The detailed description o f  th e  method is appearing  
elsewhere [1] and here w e give only a sketch  of the features of the procedure.

The question arises how to  defin e the m easure of an error. In  the  
variety o f  real numbers it  is very easily  defined as for instance

d =  1 b — bn \ , (1)

d =  (b — b0f  , (2)

where b0 is to  be approxim ated by b. T his definition has three essen tia l pro
perties:

1. d  is  0, if  the approxim ation is  th e  exact one;
2. d  is 0 only in th is  case;
3. d  is  always a rea l non-negative number.

The rea lity  is necessary to make possible the larger-sm aller com parison. 
The n on -n egativ ity  is necessary in order not to fin d  difficulties near error 0, 
com paring approxim ations w ith positive and negative deviations.

N atu ra lly  (1) and (2) are not th e  only possib ilities having properties  
1. — 3. For instance any

d =  (b -  b0)k , (3)

where fc is an  even integer is apt too. H ow ever, the choices (1) and (2) are 
usually used  for the sake o f  sim plicity.

N ow  le t  us form ulate the general ex a c t problem o f  quantum m echanics 
iu the density  matrix form alism .  The tim e-independent Schrôdinger equation , 
t  о which w e shall пола restrict ourselves, m ay he w ritten

HR -  R H  =  0 , (4)

tvhere H is th e  H am iltonian m atrix an d R is the /»-electron density m atrix  
(see e.g. [2 ], [3 ]). One can easily  show th a t  the n-electron density m atr ix  is 
idempotent (see [3]) i.e.

R- — R =  0 . (5)

F in ally  in the case w hen  m  separate states of the system  must be tak en  
into account in  the approxim ation we h ave

tr R — m =  0 , (6)

where trR is th e  trace of m atrix  R.
One m a y  see that equations (4) and (5) are m atrix  equations, w hereas

(6) is a scalar equation. T he former ones suggest th a t  we shall look  for a 
measure o f  th e  deviation in  the m atrix form .
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A very convenient form o f the kind needed is the trace o f the square o f  
a m atrix (or generally of a product o f itself and  o f its conjugate transposed). 
N am ely, if  D is any squared real m atrix (we restrict ourselves for the sake o f  
sim plicity of the presentation to  squared real com m utable m atrices, hut the  
extension is obvious, e.g. see [1]), then

d  =  tr(D2) (7)
has the properties that

1. d  is 0, i f  D =  0;
2. d  is 0 on ly  in  this case;
3. d is alw ays a real non-negative num ber.
One m ay see these properties easily i f  one takes in to  account th a t  

tr(D 2) is the sum  of the squares o f  all elem ents o f  D.
Now we m ay define as the measure of th e  approxim ation o f  some m atrix  

quantity  the trace of  the square o f  the deviation. For exam ple, i f  we approxim ate  
a density m atrix R 0 b y  R, the m easure of the approxim ation w ill be represented  
b y  three non-negative numbers corresponding to  the three equations (4) — (6),

d J. =  fr{[(HR -  RH) -  (HR,, -  R„H)]-} , (8)

d г =  H [ ( R 2 -  R) -  (Ro -  R())]2} , (9)

rf3 =  [(tr R — m) — (tr R„ — m)]2 • (19)

N ow , since R 0 satisfies the exact equations (4) — (6), we have

dA =  tr [(HR -  R H )2] , (11)

dz =  tr  [(R2 -  R )2] , (12)

d 3 — (tr R — m)2 . (13)

These represent the m easures of the approxim ation. In  the case o f  
exactness all three o f them  are 0.

N ow  let us m ake the follow ing change. W ith a given R  the values d x, 
dz and d3 are generally positive numbers, e .g . different from  0. We have to  
change R b y  a m atrix ÓR to obtain a better approxim ation, i.e . one for w hich  
d v  d2 and d3 are sm aller positive (or 0) num bers than  those before. This m ay be 
achieved in  the usual w ay b y  constructing the variations o f  d v  d2 and d 3. 
B y  taking into account only first order term s in  <5R we obtain

bdl =  2tr (BdR) , (14)

bd2 =  2tr (bóR ) , (15)

=  2tr [(tr R — m)i)R] , (16)
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where B and b are sim ple m atrix expressions of R and H given b y  equations

A =  H R  — RH . (17)

В =  A H  — H A . (18)

a =  R- -  R , (19)

b =  2 Ha — a . (20)

In th e  evaluation  o f these quan tities we have used several w ell known  
rules o f th e  trace form ing procedure (see e.g. [1]).

N ow  we can prove a very im portant lem m a. According to th is , i f  M and 
N are tw o  m atrices, w hich have fix ed  deviations from  the m atrix 0 , then  
tr (MN) reaches its least value if

M = — AN,  (21)

where A is a constant. (For the proof see [ l o 
u s in g  th is lem m a one obtains for the m inim a o f 6dv  őd2 and <3d3 in 

(14) — (16) the relations
ÔR =  - A B  , (22)

ŐR =  — цЬ , (23)

ŐR =  —v(tr R  — m )I , (24)

respectively , where А, /г and v are con stan ts and I is th e  unity m atrix o f  the 
same order as R.

Since dj, d2 and d3 are non-negative numbers, th e  best approxim ation  
is obtained i f  ôd15 őd2 and dô3 have th e  largest possible negative va lu es, i.e. 
their m inim a. However, th e  three choices for ŐR given in  (22)—(24), supplying  
these m inim a for the respective quantities, do not generally  coincide. Therefore 
we have chosen in our m ethod instead o f  them

ŐR —AB — p b  — v(tr R — m)I . (25)

Here A, p  and v are to  be determ ined from th e sim ultaneous m inim i
zation o f ôd1? ôd2 and Ód3 up to the second order in ÔR (or in a more ex a ct w ay  
up to  the fourth order).

The w hole procedure consists o f  d irect m atrix operations only (m atrix  
m ultip lication , sum and trace form ing) and of the so lu tion  of a sy stem  of 
linear equations for the coefficients А, p ,  v.

Som etim es in the usual approxim ations some o f th e  equations (e.g . (5)) 
are taken as fulfilled exactly . H owever, th e  analysis has show n that som etim es
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even  in this case it is more convenient to allow matrices R, w hich do not 
ex a ctly  fulfil (5) hut, instead of th is , the other equations are fulfilled in a 
better approxim ation. The situation is som ewhat sketched in the follow ing way.

I f  we plot the map of the geom etric structure given b y  equations (4), 
(5) and (6) in the space o f the m atrix  R, these supply  three hypersurfaces in 
th is space. For the sake o f  sim plicity  let us represent R in a tw o-dim ensional 
space and let us investigate only tw o o f equations (4) — (6). The left hand sides

Fig. I

o f the investigated two o f equations (4 )—(6) give values different from 0 for 
som e R. In this w ay we m ay construct the level-curves for these equations, i.e. 
curves connecting points in the R space giving fix ed  values for th e  investigated  
le ft hand sides. One of these level-curves belongs to  0 for each equation. These 
are represented by the tw o sets o f curves for tw o equations in F ig. 1. The thick  
curves are the О-curves. The exact solution of the problem corresponds to  the 
intersection o f the tw o th ick  lines o f  the tw o 0-curves.

I f  one o f the equations is to be fulfilled ex a ctly  in every step , one has to  
m ake sure in every step to  get back  again to th e  respective О-curve. This is 
represented in Fig. 1 b y  starting from  a point o f one of the О-curves and pro
ceeding in the first step  along th e  th in  continuous arrow, but afterwards 
along the th in  dashed arrows, in each second step  returning to  the 0-curve 
again. H owever, if  we disregard after the first step  the exact fulfilm ent of 
th e  respective equation, but consider it as an equation to be approxim ated  
stepw ise, we see that the approxim ation of the crosspoint o f the tw o 0-curves
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is more sm oothly perform ed than in the former process. (See the continuous 
arrows in  Fig. 1). This approxim ation rem oves som etim es one o f  the ap
proxim ations already obtained to  more distant level curves, i.e. the error of the 
corresponding equation  increases, but at th is cost th e  error of th e  other one 
decreases. The question  is w hether the overall error is thus decreased or not.

This question can be answered only i f  we define in  some w ay  an overall 
error quantity . U nfortunately , there are m any w ays to  define such a quantity  
and it  depends entirely  on personal taste  how  to  choose the decisive overall 
error quantity . A ll o f  the choices are, how ever, uniform  in the fact th a t they  
supp ly  0 in  the case, — and only in  th is case, — w hen the approxim ation is an 
exact one.

In the restricted case given above we m ay choose for instance

(/q : d  ̂ —{— £̂2 “f" dg (26)

as the overall error qu an tity  (dv  d2 and d3 given by (11) — (13)), or in  another 
w ay we m ay choose

d0 =  dx -f- d2 +  d3 . (27)

The latter one has the advantage th at using th is form the w eights o f  
th e  corrections o f the errors are proportional to the respective errors in  question.

The introduction  of the trace calculus for norm al, for inner product and 
for general m atrices, helps the m anipulations in  the analysis a great deal. 
In  th e  A ppendix w e summarize som e o f the rules occurring in th is  trace 
calculus.

In [1] the exp licit forms are given for a special case, the one electron  
approxim ation, for th e  n-electron density m atrices, m aking full use o f th is  
trace calculus.

L et us sum m arize here the end results o f the m ethod given in  [1] for a 
system  o f n electrons o f which n 1 are unpaired, the others paired, having  the 
n-electron H am iltonian m atrix H, tak ing into account the Pauli principle.

Let us denote the to ta l density  m atrix (in the three dim ensional space) 
b y  p and that o f the unpaired electrons by p„. The exact equations for the  
system  are then

2 лQu Qu — 0 V (28)

f  — 2q +  Qu =  0 , (29)

Hpu — е „ н  =  о , (30)

Ho — pH =  0 , (31)

tr Qu — n, =  0 , (32)

tr о — n =  0 . (33)
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The corresponding deviations d v  . . . ,  d6 can be constructed in  a w ay  
similar to  the generation o f equations (11) — (13) from  equations (4) — (6). 
Perform ing the analysis sketched above, the corrections for the in itia l approx
im ative m atrices g0 an gao will be

ÓQ =  --- / 2a 2 — Ä3I (34)
and

bQu =  — Hia 3 — |íí2a4 — p3a5 — fi4I , (35)

where I is the unit m atrix of the sam e order as q and g , further

»3 =  (Quo ~  Quo) (2Qu„ — I) , (36)

a4 =  Qo 2p0 -)- guo , (37)'

a , =  Wguo +  gU0H-  -  2Hp,„ H . (38)

a 4 =  2а4(бо -  I) , (39)

a , =  H-p„ +  00H 2 -  2Hp0H . (40)

All these formulas are valid on ly  in the case when the m atrices p0 and 
gu0 are sym m etric and com m utable, a restriction which can easily  be rem oved  
in the general case (see [1]).

The seven constants Я 4 ,  Я 2 ,  Я 3 ,  /uL, fi,, fi3 and fi4 are to  be determ ined by  
m inim izing

d0 =  d l  d% (41)

according to  these seven param eters, where g is replaced b y  gn -)- Ög and gu 
by Quo +  ÛQu- N eglecting term s of higher order than  the second gives a linear 
system  o f equations for them  which can easily be solved.

The stepwise approxim ation in  th is w ay is a “ b est” approxim ation in  
the sense th at d0 is tend ing  to  reach 0 in  the m ost convenient w ay. A t each  
step the num erical value o f d0 gives a measure for the approxim ation.

The process is very  adequate to  m ake calculations on autom atic com 
puters, since the operations are all direct m atrix operations (no inversion  
operation is necessary), which are very  easily program m ed on such com puters..

Appendix

Som e rules o f the trace calculus will be given below  w ithout proof. The 
m atrices are considered to  be real and sym m etric ones, except som e evident  
cases using the transposition rules.
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1. The trace of a product o f tw o squared m atrices is alw ays com m utative.
2. The trace o f a product o f more than  tw o squared m atrices does not 

change its va lu e b y  cyclic perm utation o f the m atrices, but generally changes 
b y  any other perm utation.

3. The trace o f the sum  o f matrices is equal to the sum  o f their traces.
4. The trace o f  a m atrix is equal to the trace of its transposed.
5. If

tr (A2) =  tr (B-) ,
then

tr (A B) ^  —tr (A2) =  —tr (B 2)

and equality  holds only in the case

В =  - A  .

6. The inner product o f  a m atrix M o f size p  X r w ith a m atrix N of 
size q X s is defined as a m atrix of the size p q  X rs, where each elem ent m у 
o f m atrix M is replaced b y  a m atrix m yN. This inner product is denoted by
M O(N).

7. Let М2 and M2 be m atrices such th a t th ey  can be m ultiplied with  
each other and N x and N2 sim ilarly. Let us denote the (usual) m atrix product 
o f  Mj and M2 b y  M and th a t o f  N 2 and N2 b y  N, i.e.

and

Then we have

8. If

and

then
M O(N)

M =  M2M2 

N =  NtN2 .

MO(N) =  [MANj)] [M20 ( N 2)1 .

M =  Mj +  M2 

N =  N, +  N2.

M A N j) +  MtO(N2) +  M X )^ )  +  M20(N2) .

9. I f  b o th  and M2, and in addition N 2 and N2, are com m utable the  
inner product is likewise th a t in  the sense th a t if

and
MjM2 =  M,M, 

В Д  =  N2N l ,
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th en  e.g.
MtM20 (N ,N 2) =  M,M10 ( N 2N 1) ,

but n ot in  the case i f  any of the first two equations are not valid .
10. The trace of the inner product is equal to  the product o f the traces 

of the factors, i.e.
tr [M O(N)] — tr M • tr N .

11. I f  none o f the matrices M 15 M2, N x and N2 are 0, further

=  Ш20 ( Щ  ,

and the sizes of Мг and M2 are the same (this already assures th a t the sizes of 
and N2 are the same too), then

M1 =  a M2
and

a =  N2 ,
where a is any num ber.

12. If
MO(N) =  0 .

then either 

or

M O .

N =  0 ,

or both . (It is to  em phasize th at th is conclusion is not true in the case of the  
ordinary m atrix m ultiplication.)

13. The transposition rule for the inner m ultiplication is

[M O (N)]+ =  M + 0 (N + ) .

14. Let us take a square m atrix A of the size к X к, where к is a positive  
integer. Let l be any divisor o f k. Then the m atrix  A can be d ivided  into sm all 
square matrices o f the size I X I. Let us take the traces of these sm all square 
m atrices. In this w ay the sum  o f the first l o f the diagonal elem ents should be 
denoted by A n , the sum of the n ex t l of the diagonal elem ents b y  A 22, and so 
on. The sum of the diagonal elem ents of the second square m atrix o f size l X I 
on the top of the m atrix A be A 12, etc. So we obtain a square m atrix of the

к к
size - - X —  of elem ents A,y, which will be called the /th partia l trace of A 

denoted by tr(A.
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15. E vid en tly  by th is definition

tr (tr, A) =  tr A .

16. I f  к has a divisor m, and m has a divisor 1, we have

trm (tr, A) =  trm A .
i

17. I f  the size o f m atrix A is к X к

trfc A  =  tr A .

18. The operation o f partial trace form ing is generally not com m u tative ,
i.e.

tr, (AB) ^  tr, (BA) .

19. I f  A  and В are com m utable m atrices so are their partial traces.
20. Let A  be a square m atrix o f  size к X к and В a square m atrix  o f  

size l X l-
Then we have

tr, [A O (B )] =  (tr B) • A .

21. The partial trace form ation is additive, i.e.

tr, (A B) =  tr, A -)- tr, В .

22. The partial trace form ing corresponds to som e kind of integration or 
sum m ation.
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«НАИЛУЧШЕЕ» ПРИБЛИЖЕНИЕ В КВАНТОВОЙ МЕХАНИКЕ
т. А. ГОФФМАНН

Р е з ю м е
В квантовомеханических приближениях вообще привело к трудностям то обстоя

тельство, что ошибка расчетов не могла быть однозначно оценивана. В статье с помощью 
матричного вычисления и применением правил вычисления следов найден способ одно
значного определения ошибки расчета для любого квантовомеханического вычисления. 
Это позволяет найти более сильно сходящуюся процедуру для проведения расчетов. 
Процедура весьма пригодна в случае вычислительных машин, так как она содержит 
только прямые операции.
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ВЛИЯНИЕ ОБМЕННОГО ВЗАИМОДЕЙСТВИЯ 
НА ПАРАМАГНИТНЫЙ РЕЗОНАНС

Н. А. П о т а п к о в

МАТЕМАТИЧЕСКИЙ ИНСТИТУТ им. В. А. СТЕКЛОВА АН СССР, МОСКВА, СССР

В работе исследуется уширение резонансной линии, обусловленное изменением 
■обменного взаимодействия вследствие тепловых колебании кристаллической решетки.

1. Исследование влияния обменного взаимодействия (о. в.) на резо
нансные характеристики разведенных парамагнетиков представляет инте
рес, т. к. это влияние должно существенно зависеть от концентрации пара
магнитных атомов. О. в. приводит к появлению дополнительных частот и 
уширению резонансной линии; последнее обусловлено изменением величины 
обменного интеграла при тепловых колебаниях атомов решетки.

Резонансные свойства системы описываются обычно с помощью вы
сокочастотной (в. ч.) магнитной восприимчивости, которая при малых ампли
тудах в. ч. поля может быть представлена через запаздывающие функции 
Грина [1]

где ц — магнетомеханическое отношение, S — оператор спина электрона; 
J,  g — координаты узлов решетки; со — частота в. ч. поля; (а, ß) =  (x , y z ). 

Функции Грина определяются из уравнения [2]

Производные от операторов определяются из уравнений движения

где Ж  — гамильтониан системы (не включающий взаимодействие системы 
с в. ч. полем).

( 1 )

г — ' 
dt
dsl

( 3 )
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В дальнейшем мы будем, для определенности, считать, что постоянное 
магнитное поле направлено по оси Z, а в. ч. поле — по оси х. Тогда выра
жение (1) для в. ч. восприимчивости приводится к виду:

Ххх
ТЩ1-

2
<t Sp

Хух —

S /g >  -T <|Sg I s^"g> - f  j s f+ S> <^Sg I Sf } ,

(4)
s j i >  —  <^Sg I S^"g> 4- I — <§SJ I Syg>} .

2. Сначала мы рассмотрим влияние обменного взаимодействия на резо
нансные частоты; при этом гамильтониан системы представим в виде:

=  -  fi E H s f  +  Г / ( / , , / , )  (S/1S/2) , (5)

где H  — постоянное магнитное поле; D  — константа анизотропии; I — обмен
ный интеграл.

Для определения функций Грина мы получим, используя (2) и (3) 
цепочку уравнений:

(Е - fiH) I sf$>  —  <ê(s+ Sg +  s |  s+) I Sf§> —

i <6>
E I ( g , h) [<ësy s* \sf  l> -  g>sf s„+ I sf  §>] =  - -  < 2 s j >  A(g  —/ ) ,

2n

(E  — fj,H) <g(s + s |  4- s |s ,+ ) I s/^> 4- —- <^s+ |syg> -

=  - y -  < 6 (S/)2 — 2s(s 4- 1 )>  4- Z / ig ,  /i) <g(s+ sz 4- sj; Sgb) sï I Sy §> - f  (7) 
'In

+  Г  I(g , h) < ф («  4- 1) -  3(s|)2] sft+ I sy§> -  E l(g ,  h) <§(s+ )2 s i  I s/g>  .

В последних трех членах уравнения (7) произведем интерполяционное 
расцепление; при этом последний член исчезает, т. к. <(ŝ ")2> =  0. Средние 
значения (sj;) и <(sg)2>, а также E  I(g, h) зависят от координат узлов решетки.
Заменим приближенно _V I(g, h) I, ( s zh> -*■ <sz> и <(sg)2> -> (<sz)2> и

(Л)
просуммируем уравнения (6) и (7) по индексу g. В результате получим 
систему уравнений (здесь и далее полагаем s =  1)

(Е  -  p H )  G1

(Е  — /лН — /  <sz>) G2 4-

D
H.,

т ( Ц *г)2

■ <2sz> ,

=  —  < 6 И 2 -  4> ,

( 8)
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где
=  J > < ê s+  |s /g >  ; G2 =  E <è{s+  s |  +  sf s+ ) I sj^> . (9)

g

Определитель системы (7) имеет следующие конри

E 1i2 =  juH + ~  < s z )  ±  ~  ] f p  <sz>2 +  Я 2 +  2D l  <3(sz)2~  2 у . (10) 

Из решения системы (8) получим для Gx следующее выражение

с  ш  =  —  f <2sZ>(£ i  -  -  7 <s'> -  Е <3 И 2 - 2»
1  ̂ ; 2тг i Е  — E y

(2sz) (Б, — ц Н  -  //.sz>_- !><3(s2)2 -  2>
е  Е ,

Полюса функции G, в точках и Е2 соответствуют резонансным частотам 
системы; для больших величин обменного интеграла (I<Sz)g>D будем 
иметь приближенно

Е х с *  f i H  +  I ( s z)  +  °  ■ <3^ 2 27 ,
2 <sz>

(12)

е 2 =  , я  d  2 .
2 <s*>

(13)

Таким образом Е2 соответствует частоте обычного парамагнитного резо
нанса.

Для D§> J  (S z)  получим

Е ! ~  p H  +  J<s2> +  ^  +  - ]  /<S2> +  ~  /< 3(«2)2 -  2> , (14)
Z Z Z

Я ^ / Я Г - . ' Л  +  Л  [<s2> -  <3(s2)2 -  2>] . (15)
Z Z

3. В работе будет исследоваться уширение резонансной линии, обу
словленное изменением о. в. между парамагнитности атомами вследствие 
тепловых колебаний кристаллической решетки. Так как о. в. является 
короткодействующим, можно ограничиться учетом его только между бли
жайшими соседями. Это ограничение является несущественным, так как 
можно последовательно рассмотреть вклад от о. в. между ближайшими
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соседями, вторыми и т. д. При малой концентрации парамагнитных атомов 
п

С =  —  , с— концентрация, га — число парамагнитных атомов, N  полное

число атомов решетки) их можно разбить на группы, из одиночных атомов 
(не имеющих ближайших парамагнитных соседей), из двух, трех и т. д. ато
мов. Тогда в. ч. восприимчивость можно представить в виде

Xaß =  ni XÍf  +  п2xift +  n3 x í f  +  . .  ■ , (16)

где Xaß — в- ч- восприимчивость соответствующей группы атомов, п. — число 
таких групп в кристаллической решетке.

Рассматриваемый механизм дает вклад в для i  >  2.
При малых с будем иметь

п(п — 1) 1 сп
п„ = --------------- --------- ~ ------- :

2! N  2
п3

п(п  — 1) (га — 2) с2 п--------------------------- ------  .
3! 6

(17)

Мы ограничимся вычислением Xaß ~  с, вычисление высших членов Xaß 
производится ацалогично. Представим гамильтониан системы в виде:

З Г  =  З Г  =  ~  ~  E [ A ( k , f ,g ) b lc +  A ( k , f , g)6fc+ ] , (18)
Z

где
A ( k , f ,  g) =  N -V2 a(k ,f ,  g) [e<( W) — e< (*«] , (19)

Для определения функций Грина, в том же приближении как и в § 2, полу
чим следующие уравнения.

{ Е  — ц  H )  Gx -(- —  G2 =  —— <2s j ) ,  (20)
2 2л

[E  , Æ  I  <*i>] G., +
D

I < 4 s l Y  -  2> G, +  <3 ( s l f y  Z  F ,  (k , f ) -

<si> Z [ F 2 (k , f  )] +■ <3 (s*)2 -  2> 27 [F, ( * , / )  +  F +  ( * , / ) ]  =

2 Л
'6(s}Y  -  4> , ( 21 )

где
F i (k , f )  =  Z A ( k ,g ,h ) < è b k s + \ s j  $>;

F  г (kJ )  =  E  A (k ,  g, h) <é(s+ sf +  sf s+) | s / l> .

( 2 2 )
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<S2> и <(si)2> средние значения для группы i =  2. Для функций Fj(j  =  1, 2) 
используя те же приближения что и для Gy и производя расцепления

<^bkbk.<p(sgß) \s f^ >  =  <6fr

<«&/,• Ь р ф ? )  I sy§> =  <bk b£}<4<p(s%) I s /§ > , (23)

<b k V > =  0; <A bk'} =  <K bk > =  d(k k'); <6A. 6A+ > =  h<̂
e lT  — 1

получим систему уравнений:

(E - //Я -  hœk) F , { k J )  +  j  F 2( k J )  =  0 ,

D
2

где

+  J<3 J J  -  2>

(24)

F i ( k J )  +  [E — /'// — /коА — J< s|> ] F 2( k J )  =  I ( k J ) ,

I ( k J )  =  —  «2(fe)[l cos (k /)] {<*§> G,_ +  <2 -  3 (s |)2> Gj (bk 6fc+> , (25)

l — g — h — вектор соединяющий пару атомов. Определяя Fj из (24) и под
ставляя в (21) мы получим систему уравнений для Gl и G2. Из решения по
следней определим функцию G1( которая непосредственно входит в выра
жение для X-

А(Е)
( £ - £ , ) ( £ - £ . , )  - i n  Р"{Е) ’

(26)

где

£

£ 1i2 =  /гЯ +  у  <S|> ±  К,

J
2

(27)

<*§>* + y Iy + j < 3 ( s í ) 2 - 2 >

И(£) =  —  {<2sy> (£ - f iH -  J<*î» +  Я<2 -  3(sy)2>} 
2тг

i

2я
U

(28)

<s|>2 [í’i(S ) +  £ , ( £ ) ] +  y  <s|> <3 (s|)2 2> [P3(£) +  P4(E)] I ,

P (E ) =  <2sy> J  £  — jí/Я  — J<s2)2 [Pj(£) +  P 2(£)] +

+  "  <s|> <2 -  3 ( s J )  [P s(£ )  +  P 4( £ ) ] l— ~  £< 3(s))2 -  2> , 
Z  Z  71

( 2 9 )
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P i ( E )  =  — - £ 2 a ( f t )  [ !  -  COS ( f t , g  — A)] <bk Ak+> X  
i n

X
Y  <^> +  R  Y  < 4 > - R

E  — e2 E  — e'

( 3 0 )

P ,(E )  =  — E 2  a(k)  [1 -  cos (h, g -  ft)] <6k+ bk> x  
2K

~  <s2> +  RZ Zx E - e 1 E - e ' o

(31)

P 3( £ )  =  — Z 2a(k) [1 -  cos (ft, g -  A)] <ft, 6k+> 
Z K E — €1 E  — s2

p * ^  ~ ^ E 2 a W  l 1 — cos Í*’ s  ~  A)1 < V  Afc>Z K E  — e[ E

. (32)

^ - r V ( 3 3 )
9̂!

P (£ )  =  P '(E ) -  in  P"(E ),

® i,a ~  P '1 ,2  “b  h c o / t  ; € j f2 ~  P '1 ,2

(34)

(35)

Для других функций, входящих в выражение (4) для х будем иметь

£  <êsg I s /  =  Gx( — Е)
Л ( - Е )

(Е  +  Е 1) ( Е  +  Е 2) 4  ^ Р ' ( - Е )
, (36)

<tSg I s/^>  =  <§Sg I sj g> =  0 .

Резонансные частоты системы определяются уравнением

(со -  Ej) (со — E J  =  0 .

В области о) ~ Е 2 будем иметь приближенно:

Г  -- У̂ (-А'г)/-̂ '2

1 со — Е 2 — '

(37)

( 3 8 )

Е 2 Е 2
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Ширина линии в окрестности со =  Е 2 равна

Г =  р  " - - Р ' { Е г) .  (39)
е 2 ~ е х

Выполняя интегрирование по к получим для ширины линии следующее 
выражение

Г я =
2 л R 2

а2(к* 1 2
sin к* I

к* I
(к* <5)2

h œk*
е о'  — 1

где

<S|> ( Е2 — ц Н)  +  <3(s|)2 - 2 >
Z

2 К

Y  0 !>  +  Д  ] ,

Нс

(40)

(41)

Соответственно в окрестности œ =  Ех ширина резонансной линии имеет 
вид:

hü)k*
Г  1 =  Г 2 в 0  . (42)
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T H E  EFFECT OF E XC H A NG E IN TERAC TIO N ON PARAM AGNETIC RESO N ANC E

By

N. A. PO TAPK OV  

A b s t r a c t

The widening o f the resonance line due to th e  change of the exchange interaction caused  
hy the therm al oscillations of the crystal lattice is  investigated .

23* Acta Phys. Hung. Тот. X IX ., 1965.





NUCLEAR MATTER WITH MOMENTUM-DEPENDENT 
NUCLEAR FORCES

B y

P . R e n n e r t

INSTITUTE OF THEORETICAL PHYSICS- TECHNICAL UNIVERSITY, DRESDEN, DDR

N u c lea r m a tte r  w ith  m o m en tu m -d ep en d en t n u c lear forces h a v e  been in v e s tig a te d  w ith  
th e  re su lt  th a t  th o se  forces a re  su itab le  to  e x p la in  certa in  p ro p e rtie s  o f a to m ic  n u c le i and 
n u c le a r sc a tte r in g  experim en ts .

Inform ation is obtained on nuclear forces from  scattering experim ents 
in the tw o-nucleon problem  and from  saturation conditions in  th e  many- 
nucleon problem. The evaluation  o f the experim ents yields potentials as the 
Ga m m e l—T h a l er  potential [1], the H a m a d a —J o h n st o n  potential [2] or the 
Y a l e  potentia l [3].

These potentials have space-dependent parts contain ing a repulsive core. 
Such a core brings som e difficulties into the evaluation , causing th e  per
turbation series to diverge. W ith th e  m ethod developed by B r u e c k n e r  and 
others [4] the perturbation calculation m ay be extended to  hard core potentials, 
but the m athem atical evaluation is very  com plicated — so for fin ite  system s 
tw o se lf consistent fields are needed — and also there are some sim plifications 
whose influence is not known exactly  [5].

In the last years m om entum -dependent forces [6] attracted more and 
more atten tion  [7]. There we consider the two equivalent forms

Vi =  *>i(r) +  pa>i(r)p/2m ,

V 2 =  V2 (r) +
1
2 2m + l ( r )

iL,
2 m

with r =  I I and p — In general we have to  add tensor and
spin orbital forces and to  consider spin- and isospin dependence. The tw o  space 
functions v(r) and co(r) have no singularities.

The pure space-dependent part v(r) is an attractive potential, th e  m om ent
um -dependent part a repulsive one which increases w ith  energy. I t  is the 
counterpart to  the hard core. In the potentials [1], [2 ], [3] for h igh ener
gies the hard core is the main part and it  is repulisve too . There is a straight
forward connection betw een hard core potential and m om entum -dependent 
potential. B e l l  [8] and B a k e r  [9] pointed  out, th at there is a un itary  trans-
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form ation for the S c h r ö d i n g e r  equation of a tw o  nucleon system  from hard 
core potentia l to  m om entum -dependent potentia l. Therefore th is potential 
is on ly  a special case of the m ore general transform ation o f th e  hard core 
potentia l, which we know from th e lecture of M i t t e l s t a e d t  [ 1 0 ] .

The m om entum -dependent potential is analysed in som e papers [6], [7]. 
Phase shifts are calculated, m ain ly  b y  G r e e n  [11]. He pointed out, that b y  

su itab le choice o f  the space-dependent parts the phase shifts o f  th e  m om entum - 
dependent in teraction  are near to  the phase sh ifts obtained for a hard core 
potentia l. B ut for th is potential he evaluates a binding energy which is too  
low . H ow ever, we know  other m om entum -dependent forces [12] calculated  
from  saturation values.

The binding energy and th e  saturation d en sity  m ay be determ ined by a 
sim ple T h o m a s  —  F e r m i  m ethod as opposed to  th e  hard core potential, where 
th is m ethod diverges. The d en sity  dependence o f  the k inetical energy E K 
and the part E ^  o f  the potential energy we get from  the pure space-dependent 
part o f  the in teraction  is

E k/A  ~  Q*/3, E f !  A  ~  Q

( Q is the density and A  the to ta l number of particles). So w ith ou t other parts 
we have the so-called nuclear collapse. But th e  m om entum -dependent part 
o f the interaction energy is proportional to

E (pm)iA  ~  .

This part increases faster than E ŝp , and if  the m om entum  dependent part is 
repulsive we get saturation. So S e y l e r  and B l a n c h a r d  [12] calculate binding  
energies for fin ite nuclei to be near to  the B e t h e  —  W e i z s ä c k e r  mass formula.

So we see th a t m om entum -dependent forces are suitable to  explain the  
properties o f nuclear m atter and fin ite nuclei and also o f  nucleon-nucleon  
scattering. We know  potentials w hich give a good approxim ation for saturation  
values and we know  potentials w hich give a good approxim ation for phase 
sh ifts. But to date we do not know  a potential w hich explains b oth  saturation  
and scattering in a satisfactory m anner. Some calculations are prepared [13] 
to  find  such a potentia l.

I am indebted  to Prof. W . M a c k e  f o r  m any helpful discussions.
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