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ERRATUM
Zur Rezension des Werkes »Zur Physik und Chemie der Kristallphosphore«
Herausgegeben von Dr. Ing. Henry Ortmann
Acta Phys. Hung. 18, 151, 1965.
Yon

Pal Kovacs

Zeile 16 (Punkt c) in der linken Spalte soll richtig heissen: Lumineszenz der IlI— VI —
Verbindungen;
In Zeile 29 soll 11l — VI durch Il — VI ersetzt werden.

Zeilen 14 — 22 in der rechten Spalte sollen lauten:
Das Organisationskomitee hatte es sich zum Ziel gesetzt, Forscher von den verschie-
densten Arbeitsplatzen einzuladen, um auf diese Weise in den Vortragen und nach-
folgenden Diskussionen einen maoglichst breiten Uberblick Gber den Stand dieses
interessanten Gebietes der Festkdérperphysik zu erhalten, und die Perspektiven der
weiteren Forschung zur Diskussion zu stellen.
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ON THE ANODIC SIDE OSCILLATIONS OE LOW
PRESSURE DC GAS DISCHARGES

By

J. Bito

INDUSTRIAL RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST

(Presented by G. Szigeti — Received: 10. X. 1963)

The more important results available so far in the literature dealing with the anode
oscillations are reviewed and the author’sown investigations of the anode oscillations appearing
in low-pressure direct current mercury-argon discharges are described. It is found that direct
and alternating current heating of the cathode influence the anode oscillations and curves
showing the dependence of the amplitude and frequency of the oscillations on the cathode
heating current are given. The influence exercised by an external magnetic field on the anode
oscillations is also studied.

1. Introduction

The experimental and theoretical investigation of the characteristics of
oscillations which appear in the anode space has been undertaken by several
authors [1—13].

No unanimous view, however, has been formed so far concerning the
explanation of the origin of the anode oscillations. The investigations carried
out so far have demonstrated that there are a number of discharge factors
that play an important part in the development of the oscillations and that
have a strong influence on the characteristics of the oscillations.

Some of the authors [4, 8] trace the development of oscillations back
to the periodic fluctuations appearing in the anode fall. Others [11] regard
the displacement taking place in the heat equilibrium of the anode as being
the cause of these oscillations. The investigations carried out so far [8, 12, 13]
have also demonstrated that the surface and shape of the anode have a con-
siderable influence on the oscillations and further that in the case of anodes
arranged close to the wall of the discharge tube the disturbing effect of the
wall will make itself felt in the characteristics of the oscillation [14]. Also the
appearance of the anode spots with their glow balls may exercise an influence
on the oscillations of the anode space [15].

In the course of his earlier investigations [13] the present author — after
a detailed analysis of the relevant literature — has dealt with the dependence
of the characteristics of the anode oscillations on the shape and the dimen-
sions of the anode, on the intensity of the discharge current, as well as on the
voltage of the auxiliary electric circuit applied at the anode.

i Acta Phys. Hung. ToT. XV III. Fase. I.



2 J. BITO

The object of the investigations reported in the present article is to show
that there are further factors influencing the oscillations and to analyse the
influence of some of them in more detail. In particular the results of investig-
ations of the influence exercised by the cathode heating and the external
magnetic field on the anode oscillations will be reported.

2. Method of investigation

The experimental setup employed in the experiments may be seen in
Fig. 1. The discharge tube T was fed by the stabilized direct current source
SDC, and the current of the discharge limited by the symmetrically arranged
ohmic resistances R2and R2 The discharge current could be read on the instru-
ment It and the tube voltage of the discharge on the instrument Yt.

i1
220V

Fig. 1. Circuit diagram of the experimental setup

The current of the heating circuit which was placed next to the cathode
K could be adjusted through the variation of the voltage Vhand the resistance
Rh respectively. The heating current was measured by the instrument Ih,
the heating voltage by the instrument Vh.

At the anode A an auxiliary electric circuit was used which was fed by
the stabilized direct current source APS. The current of the circuit was shown
by the instrument la, the voltage by the instrument Va.

The measurements were effected partly by using a rotating disc and
partly with the help of a photocell. The rotating disc method was applied
mainly in the investigation of oscillations of lower frequency. Both with the

Acta Phys. Hung. ToT. XVIII. Fasc. 1.



ANODIC SIDE OSCILLATIONS OP LOW PRESSURE DC GAS DISCHARGES 3

photo-cell and the rotating disc method the observations took place directly
at the anode.

In the photo-cell measurements the light, the fluctuations of which could
be observed at the anode, passed to the photo-cell through a slit which had
been appropriately adjusted. The current fluctuations obtained from the
photo-cell were amplified by the amplifier A and the signals then passed to
the vertical input of the oscilloscope O. The horizontal input obtained oscilla-
tions of known frequency of the generator G. The frequency of the anode
oscillations was determined by the Lissajoux curve method. The investigations
of the oscillations (determination of frequency, amplitude) were limited to
investigating the light fluctuations of the anode space, as it appeared from
earlier investigations [7, 13], that the frequency of the current oscillations
of the anode space is equal and their amplitude proportional to the frequency
and amplitude, respectively, of the light fluctuations observed there. This
statement was oscilloscopically checked for some value of the discharge
current prior to the measurements, under the appropriate experimental
conditions.

3. Test conditions

The length of the glass-walled discharge tube was 500 mm, its internal
diameter 36 mm, its wall thickness 1 mm.

The cathode of the discharge tube was formed by a wolfram double
spiral provided with an oxide coating promoting electron emission. On both
sides of the cathode at a distance of 3mm from the spiral one auxiliary elec-
trode was arranged, each being of a thickness of 0,2 mm, width of 5 mm,
length of 14 mm, which had a potential identical with that of the spiral.
The anode of the discharge tube was composed of two parts. In the course
of the experiments two anode constructions made of nickel were used, which
are shown in Fig. 2. In the one case (Fig. 2a) the anode was formed by a cylind-
er and a disc arranged in it, while in the other a needle was co-axially arranged
in the cylinder (Fig. 2b). The tip of the needle pointed in the direction of the
positive column. The dimensions and characteristic data of the individual
types may be seen in Figs. 2c and 2d, respectively. Both the wall thickness
of the nickel cylinder and the thickness of the nickel disc were 0,2 mm. Both
anode parts were provided with separate copper terminals.

The discharge tubes passed through the customary vacuum treatment,
at the end of which it was filled with argon jiurified in a FeBa arc and of
3 mmHg pressure, and mercury of some 60 mg weight. In the course of the
experiments neither the gas pressure, nor the type of gas has been varied.
The adjustment of the gas pressure of the tube was effected to a precision
of 0,05 mmHg. The pressure of the mercury vapour was determined by the

i* Ada Phys. Hung. ToT. XV III. Fase. 1.



4 J. BITO

wall temperature of the discharge tube which depended on the ambient
temperature. In the course of the investigations the ambient temperature
mounted to 25 1'€.

Fig. 2. The nickel anode constructions and their dimensions employed in the tests

Prior to starting the measurements the discharge tube was operated
for 30 minutes, under the same conditions as those of the measurement.
The starting of the discharge was effected through the provision of proper
cathode heating and the high-frequency pre-ionization of the discharge space.4

4. Results

The investigations have been carried out at a discharge current of 100 mA
and 400 mA. The voltage-current characteristics typical of the discharge
tubes employed in the tests can be seen in Fig. 3. In the region of both the
100 mA and the 400 mA discharge currents the characteristics can be sub-
stituted to a good approximation by a straight section of negative slope,
hence here there is no distinguished section of the characteristics as would
influence the oscillations or bring about further oscillation effects.

Saggau [16] has studied the influence of cathode heating on the oscilla-
tions of the discharges. In the course of his investigations he has found that

Acta Phys. Hung. ToT. XVIIIl. Fasc. 1.



ANODIC SIDE OSCILLATIONS OF LOW PRESSURE DC GAS DISCHARGES 5

the cathode heating has no influence on the frequency of the oscillations
in the case of neon gas of 2 mmHg pressure. From his results it appears that
under the investigated discharge conditions the frequency of the oscillations
does not depend either on the -athode fall or on the positive anode fall.

Fig. 3. The tube voltage vs. discharge current characteristics of the discharge tube

Fig. 4. The dependence in the case of direct current heating of the frequency mg of anode
oscillations on the heating current 1h at a discharge current of 100 mA and 400 mA

His measurements were carried out at a discharge current of 5 mA
and the frequency of the observed oscillations was in the 1000 cps frequency
range.

Our own investigations also included the determination of the depend-
ence of the oscillation frequency on the cathode heating. The results of the
measurements effected under the discharge conditions described above did
not agree with the results of saggau [16J.

Acta Phys. Hung. ToT. XVIII. Fasc. 1.



6 J. BITO

W hat resulted was that the oscillations of both the positive column
and the anode space were influenced by the variation of the cathode heating
current. Fig. 4 shows the dependence of the frequency of the oscillations on
the intensity of the cathode heating current (direct current heating), at a supply
voltage of 400 V in the case of discharge currents of 100 mA and 400 mA.
It may be seen that at the given constant discharge current the frequency of
the anode oscillations diminishes with the increase of the heating current
intensity. The shape of this decreasing curve may be well approximated by
reciprocal functions. As it could be expected on the basis of former investig-
ations [13], the growth of the discharge current increased the frequency of
the oscillations in this case as well.

Fig. 5 demonstrates the dependence of the oscillation amplitudes on the
heating current at a discharge current of 100 mA and a supply voltage of
400 Y. The curve a was obtained with alternating current heating, while the
curve b shows the dependence resulting in the case of direct current heating.
W ith the increase of the heating current the amplitude diminishes in both
cases. This decrease is considerable particularly in the curve obtained in the
case of direct current heating. From Fig. 5 it may also be seen that higher
oscillation amplitudes will result with alternating current heating than in the
case of direct current heating. Besides, the shape of the oscillations will also
be distorted and more harmonic oscillations of the oscillation frequencies will
appear, a fact that may be connected with the heating current of 50 cps
frequency.

In any case it may be seen from Figs. 4 and 5 that the stability of the
anode spaces is considerably affected (at least in the case of the discharge
tubes of 500 mm length used and under the discharge conditions described)
by the cathode heating, its intensity, and whether it is of a periodic (in this
case of 50 cps frequency) or constant character. What may further be seen is
that with the increase of the heating current the stability of the anode space
will grow both in the case of direct and alternating current, while the amplitude
and frequency of the oscillations will diminish.

The results shown in Figs. 4 and 5 have been obtained when the anode
construction to be seen in Fig. 2a was employed. When that shown in Fig. 2b
was used the frequency and amplitude of the oscillations increased as this
could he expected on the basis of the results of [13]. The amplitude and
frequency dependence on the heating current is not reproduced here as also
in this case these were found to be similar to the dependence obtained in the
case of the anode construction shown in Fig. 2a.

The increase of the casing height of the anode cylinder led also in this
case to a decrease of only the amplitudes and the number of the harmonic
oscillations. The character of the dependence on the heating current remained
unchanged.

Ada Phys. Hung. ToT. XVIII. Fasc. 1.



ANODIC SIDE OSCILLATIONS OF LOW PRESSURE DC GAS DISCHARGES 7

Summarizing the results it may be seen that under the measuring cond-
itions employed here it is possible to influence not only the characteristics
of the oscillations of the positive column but also the oscillations of the anode
space from the cathode space through the cathode heating. The results obtained
here do not agree with those of Saggau [16]. This might possibly be ascribed
to the differences between the discharge conditions.

Investigations have also been made concerning the influence exercised
by the external magnetic field on the anode oscillations. So far no report
has appeared in this connection in the available literature. The effect of the

\arb units

Fig. 5. The dependence of the amplitude A, recorded in arbitrary units, of the anode oscilla-
tions on the heating current with direct (b) and alternating current (a) heating

magnetic field upon the positive column and upon the basic processes of the
plasma of arc discharge are known [17] but regarding the oscillations of
the anode space no investigations have as yet been made.

The conclusions which could be drawn from the present experiments
are mostly of a qualitative character. The external magnetic field parallel to
the axis of the discharge leads in a known manner [17] to the contraction,
perpendicularly to the direction of the field, of the anode glow-space and the
shift of the discharge away from the wall. As a consequence, the amplitudes
of the oscillations are reduced and the number of harmonic oscillations de-
crease correspondingly yet the oscillation frequency remains unchanged. Fresh
oscillations of any considerable amplitude did not arise up to 20 kcps. Beyond
this no investigations have been made. When the discharge current grew, the
influence of the magnetic field increased and the amplitudes diminished ac-
cordingly. This stabilized the anode space to some extent probably through
the reduction of the wall losses.

In certain respects it appears as if the phenomenon observed here may
be caused by the same factor [14] as that influencing the oscillations and
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mentioned in the introductory section, i.e. the part played by the nearness
of the wall, When the wall of the discharge tube is sufficiently near to the axis
of the discharge and to the discharge electrode, a significant part ofthe electrons
may reach the wall surface by way of diffusion and thereby near the electrodes
for instance in the present case in the space before the anode, the number
of ionizations as well as the concentration of the space charges will he reduced.
In order to neutralize the electrons accumulating at the wall an ion current
will start from the anode space, which will result in further displacements
around the anode. If complete neutralization does not result a radial electric
field will develop which will strongly influence the value of the anode fall.

The axial magnetic field parallel to the axis of the discharge tube, at the
same time, stabilizes also the anode-side end of the positive column. This sta-
bilization has shown itself in the reduction of the oscillation amplitude and
the noise level.

When the direction of the magnetic field was perpendicular to the axis
ofthe discharge tube, eddy-like turbulent phenomena, well visible to the naked
eye, developed both in the anode space and in the part of the positive column
close to the anode. These decayed rapidly, without spreading any further.
Here investigations using a photomultiplier have shown that a large number
of new frequencies arise while in the centre of the turbulence very high but
rapidly decaying amplitudes could be observed.

In the course of previous investigations [13] it was possible, by using
the anode construction presented in Fig. 2a, to achieve that one glow' light
from the discharge should appear also on the tube end side of the anode plate.

This effect could be reproduced also in the present case by using the
disc arranged in the cylinder at the anode and leaving the cylinder electrically
unconnected. The same could be achieved, however, also through employing
a magnetic field, by shifting the external magnetic field of perpendicular
direction to the discharge, from the anode-side end of the positive column
towards the end of the discharge tube. One may say that the plasma space,
originally induced by the magnetic field at the anode-side end of the positive
column had become frozen into the magnetic lines of force. Through the displa-
cement of the magnetic field this also was shifted to the end of the tube.
The glow light behind the electrodes at the hack plate of the anode remained
as long as the magnetic field existed there.

Similarly to the influence exerted on the anode oscillations [13] by the
electric circuit arranged at the anode, the stabilizing effect (lower amplitudes,
lower noise level) of a magnetic field could be observed also in the case of an
external magnetic field parallel to the discharge axis. When in addition to
the anodic circuit also the magnetic field perpendicular to the discharge axis
acted upon the anode space, the turbulent effects described above increased
considerably at low currents of the anode circuit la.
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It will have become clear from the above that also the cathode heating
influences the oscillations of both the positive column and the anode space.
In the case of direct current cathode heating it was possible to achieve a more
stable anode space as against that of the alternating current. A similar stabi-
lizing effect was also found when an external magnetic field was applied parallel
to the axis of the discharge.
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Ob AHOAHbIX KONEBAHWNAX TFTA30BbI X PA3PAAOB MOCTOAHHOTIO
TOKA HUWU3KOIro AAB/NTEHWNA

n. BUTO

Pes3iwo me

ABTOp o03HakOMAMBaeT 4YuWTaTena ¢ BaXHelW WMy pesynbTaTamu, OTHocAWMMMCA K
aHOAHbIM KoNne6aHWAM rasoBblX paspAfoB M BCTPeyalw W MMWUCA NO HacTOAWMIA feHb B nuTepa-
Type. lMoABnsA W Mecs nNpuW rasoBoM paspsfe aHoAHble KoneGaHWA wuccnefdyTcsd B PTYTHO-
aproHHoM paspsife NOCTOAHHOIO TOKa HU3KOro faBneHns. B paGoTe paccmaTpuBaeTcs panee,
KaKoe BAUSIHME CKa3blBaeT HarpeBaHne KaTofa MOCTOAHHbLIM U NepeMeHHbIM TOKaMy Ha aHOAHbI e
KonebaHua. [aéTca 3aBUCUMOCTb aMMAUTYAbl M 4YacTOoTbl Kone6aHW OT Toka HarpeBaHus
Katofa. MccnepgyeTcsd BAWAHWE BHEWHEro MAarHWTHOrO MNONMA Ha aHOAHble KoneGaHUSA.
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The isochronal annealing of tungsten (with K ,Si, A1 impurity contents, cold-worked
in factory) shows that the electrical resistivity measured in liquid air decreases in stages with
increasing temperature. From simultaneous microscopical and isothermal annealing investig-
ations it was found that the first stage, which was observed above 900° K, is due to the
rearrangement of the dislocations, while the second and the third stage arise from the primary
and secondary recrystallization. The resistivity of the samples, which contain K, Si impurities,
decreases continuously, because in this case the secondary recrystallization takes place quickly
after the primary recrystallization. The resistivity change in the first stage shows logarithmic
kinetics, the activation energy being 110 J; 10 Kal/mol for both samples, which value is an
estimate for the activation energy of self-diffusion in tungsten.

Introduction

The recovery and recrystallization in cold-worked tungsten have been
investigated by many authors [1—8]. According to Schultz [4] the resistivity
of tungsten wire deformed by drawing at room temperature decreases during
isochronal annealing in stages. He assumed the first of these observed at about
400° € to be due to vacancy migration, while the processes taking place above
600° C arise from dislocation annihilation. Resistivity change during the second-
ary recrystallization was obtained only in highly deformed samples.

Koo [5] as well as Neimark and Swalin [6] investigated the resistivity
change in the temperature range of 250—450° C, and explained the obtained
decrease by vacancy annihilation. Their isothermal annealing data, however,
showed that in this temperature interval different processes occur.

Increasing of the resistivity has been observed during recrystallization
by Kieber and Kohistrung [8]. We have shown, however, that this ano-
malous behaviour arises from the change of the geometrical sizes of the wire,
probably caused by a Langmuir cycle during heat treatment.

It is difficult to make a comparison between the available data because
the samples investigated by different authors contained different impurities
and were deformed by different amounts at different temperatures.

In order to study the recovery and recrystallization in tungsten with
different impurity contents its electrical resistivity was measured in liquid air.

*Present address: Research Institute of Non-Ferrous Metals, Budapest, X 1. Fehérvari ut.
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Investigations of the kinetics of the dislocation rearrangement in tungsten
are not available in the literature. In the present work this process was investig-
ated also by isothermal annealing. From the measurements we determined
the kinetics and obtained an estimate for the activation energy of the process.

Experimental procedure

The specimens were drawn at constantly decreasing temperatures from
sinterized tungsten rods forged at 1500° C. The final drawing was done at
about 600° C, and after this process the diameter of the wires became 0,3 mm.
The differences between the two kinds of samples investigated by us were
as follows:

a) before the reduction K, Si (UC) and K, Si, Al (GK) impurities were
added to the tungsten oxide, respectively, the total amount of these impur-
ities being about 1% [9];

b) the sinterizing and the annealing of the rods were carried out in
somewhat different ways during the forging. A large part of the impurity
content has been evaporated during the sinterizing. The drawing process
between 4,3 and 0,3 mm diameter and the initial grain size were approximately
the same in the case of both samples. The densities of the two kinds of 4,3 mm
diameter rods differed (GK 18,8 g/cm3 and UC 19,0 g/cm3), therefore the
same drawing process caused different amounts of strain.

The heat treatment of the wires was carried out in vacuum by direct
heating in the temperature interval 900 —2500° K. Before heating the pressure
was 10-5 mmHg it became about 10~3 mmHg at 2500° K because of the
warming up of the entire system.

During isochronal annealing the specimens were heated for 15 minutes
at each temperature in steps of 100—200° C. Isothermal annealing was made
in the temperature interval of 1000—1400° K with annealing times from 5
minutes to 7 hours. The temperature of the specimen was determined on the
basis of the data of Langmuir by measuring the heating current. The error
incurred in the temperature measurement arises from the following factors:

1. resistivity change of the sample during the heating;

2. change of the geometrical sizes caused by the Langmuir cycle;

3. the cooling effect of the grips is a function of the temperature;

4. the error in the current measurement.

The errors 1—3 can be eliminated by suitable corrections. The accuracy
of the temperature measurement at about 1500° K was ~10° C.

The resistivity of the specimens was measured after every annealing
process in liquid air and in alcohol at room temperature. The change of the
temperature in liquid air was eliminated by the use of a tungsten dummy
of the same diameter as that of the specimen. The resistivity measurements
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were carried out by means of a Diesselhorst compensator. The error in these
measurements amounted to 0,2%. In order to eliminate the geometrical sizes
of the specimen we used the ratio

r80°’K &S0°K
r293°k 7293k

Simultaneously with the resistivity measurements microscopical investigations
were made after every step of annealing.

Experimental results

Figs, la and Ib show the results obtained by isochronal annealing.
Before annealing the resistivity of the GK samples is about 5% higher than
that of the UK samples. The recovery process takes place in both materials
at about 900° K and up to 1500° K the resistivity varies in the same manner.

rs0O’K
r293°K

Fig. la. Resistivity change in GK wires during isochronal annealing. Annealing time is 15

In this interval there is no change in the texture of the samples (Fig. 2),
further at this stage the resistivity of the drawn wires decreases by more than
20%. In the deformed matrix of the GK wires grains of about 1/j, diameter
appear, after heating at 1700° K. This process can be considered as the beginn-
ing of the primary recrystallization. The resistivity change up to 1900° K is
less than 1%. After heating at 2100° K large grains with well-defined boundar-
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rsoy
r1S3‘K

Fig. Ib. Resistivity change in UC wires during isochronal annealing. Annealing time is 15’

ies appear. After 2300° K the whole cross-section is covered by large grains
of 10—15 mm length and of 0,1 —0,3 mm diameter produced during secondary
recrystallization. The resistivity decreases by a further 10% during this
process.

According to our resistivity measurements carried out on UC wires,
the last two processes are not sharply separated, further, the primary and
secondary recrystallization take place at lower temperatures (Fig. 2). When
the length of the grains becomes about one millimeter the resistivity gradually
tends towards a constant value.

The isothermal recovery process of UC wires treated at different tempera-
tures is shown in Fig. 3.

Discussion

According to the data of Thompson [10] the vacancies produced by cold
working in b.c.c. metals disappear at temperatures lower than TM/5, where
TM is the temperature of the melting point in °K, which is 730° K in the
case of tungsten. Our specimens were worked at higher temperatures, therefore
we can assume that the vacancy migration took place during the deformation
process.

Our results show that the recovery during isothermal annealing has
logarithmic kinetics (Fig. 4):

- - = A —Bbgt, (1)
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’ch("'.tt '
Before annealing Before dnnealing
—_— e _x] D -
1350 7i f720 7T

2450 °K 2450 °K

Fig. 2. Micro-photographs made from UC and GK wires at different stages of the heat
treatment
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'a0’K
293\

Fig. 3. Resistivity change in TJC wires during isothermal annealing

42.

Fig. 4. Resistivity change in UC wires as a function of log t

where Ap is the extra-resistivity measured in liquid air after time t and AqOis
the total resistivity change during heat treatment, and A and B are constants.

Similar kinetics has also been observed during recovery in yield point
investigations [11] as well as in the release of the stored energy [12]. In these
cases the recovery process took place by dislocation rearrangement and anni-
hilation. It may be assumed therefore that the process is the same in our case.
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The rate of such a process is governed by the climb motion of the disloca-
tions, which means that the activation energy is proportional to the measured
quantity [13], therefore the rate of the resistivity change may be given in the
following form:

d h

A BO RT
dt (2)

where Ea is the activation energy of the self-diffusion, T is the absolute
temperature, R is the universal gas constant, and Kk and b are constants.
Eq. (2) can be transformed by integration into (1), therefore E 0 can be deter-

Ao
mined from the data given by the linear function - (log f) 1. From the
."9%0

present measurements we obtained EO0O= 110~ 10 Kal/mol. According to
VAN Liempt [14] the activation energy of self-diffusion in tungsten is about
140 Kal/mol. The migration energy of the vacancy in tungsten was measured
by Koo [5] who obtained 39,2 Kal/mol. Kraftmakher and Strelkov [15]
from specific heat measurements obtained an energy of 72,5 Kal/mol for the
vacancy formation in tungsten. With the use of these values for the activation
energy of the self-diffusion in tungsten we obtain 111,7 Kal/mol. Our result
is in good agreement with the mentioned data within the given accuracy for
both UC and GK samples.

The resistivity change during secondary recrystallization in tungsten
with different impurity contents may be caused by dislocation annihilation,
decreasing of the grain boundary surface and impurity segregation. The indi-
vidual effect of these processes isnot well known at present, but further measur-
ements will be made in order to investigate the effect of the single processes.

Summary

The resistivity of highly deformed tungsten was measured in liquid air
during annealing. From the measurements, it was found that if the tungsten
contains K, Si, Al impurities, the resistivity decreases in stages, while if the
impurity contains only K, Si, the resistivity decreases continuously. The
resistivity decrease starting above 900° K may probably be ascribed to disloc-
ation rearrangement, the activation energy of this process being 110~ 10
Kal/mol for both Uc and GK wires. For GK wires a stage of constant resist-
ivity begins at about 1500° K. Simultaneous microscopical investigations show
that this stage is due to the primary recrystallization. Another stage was also
observed above 2100° K, which arises from the secondary recrystallization.
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The continuous decrease of the resistivity in UC wires can he explained by the
fact that in these wires the secondary recrystallization takes place very quickly
after the primary recrystallization.
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M3IMEHEHWE COMPOTUMBAEHWNA BO/NIb®PAMOBbBLIX MPOBONOK,
PASPABOTAHHbBIX B XONOAHOM COCTOAHMWN, B MPOLECCAX
OBHOBNEHUWA N PEKPUCTANNUIALUNN

E. KOBAY-YETEHWN

Pestome

M3MmepeHHOEe B XMWAKOM BO3J4yXe CONPOTMB/AEHWE BONb(PamMoOBOi MPOBOMOKMU, M3FrOTOB-
NEeHHON B 3aBOACKMNUX YCNOBUAX XONOAHbIM MeTOAOM U cofepxaweir K, Siun Al, npn N30XPOHHOM
TeMnepupoBaHUM W3MeHAeTCA CcKaykamMu. B CcOOTBeTCTBUM C pesynbTaTaMW, MOAYyYEHHbIMU
CbEMKaMMN MeTannn4yecKkoro MUKPOCKOMa M M30TEPMMUYECKUM TeMnepupoBaHWeM, YyMeHbLIeHUNSA

conpoTuBneHna ob6ycnoeBnumBalwTCcA: noABnAwweeca cBbiwe 900° K — nepepacnpegeneHunem
agvcnokauuin, HaunmHawwmiica npu 1500° K 61M3KO FOPU3OHTaNbHbIW y4yacTOK — MNEePBUYHON
pekpucTtannusauunein, a cnegytou,ee ymeHbl eHne, HauynHalouweeca npu 2100° K — BTOpUYHOi

pekpuctannusayvein. ConpoTuBAeHNEe MPOBONOKU C Nerupywwummn anemeHtamum K, Si ymMeHb-
lWaeTcad MOHOTOHHO, TaK KaK MepBMYHAs UM BTOPUYHAA pekpucTanausayum 6bICTPO crefyoT
ofHa 3a ApYyroi. MpejwecTBYWWNA NepBMYHOK pekpucTannmsalmMym npouecc nokasblBaeT nora-
PUBMUNYECKYIO KUHETUKY, aHeprua aktusauum 110 i 10 kcal/mol gns o6omx BUAOB NPOBONOKMW.
3T0O MOXHO CYMTaTb OLEHKOW NO OTHOWEHUIO camMOoAUMDdY3INOHHOW IHEPTUU aKTuBaLUUN BONb-
hpama.
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The behaviour of wave functions in momentum space under rotation is studied in detail
and the results are used to reduce the number of independent variables in the integral wave
equation for a three-particle system.

1. Introduction

It is known that the number of independent variables in Schrodinger’s
equation for N interacting particles can be reduced from 3N to 3iV — 6 by
making use of the translational and rotational invariance of the problem.
The reduction has been carried out explicitly by a number of authors [1—5].
Schroadinger’s equation transforms into an integral equation [6—13] in the
momentum space, and from the invariance of this equation under rotation
it is evident that a similar reduction should be possible in the momentum
space also. But, this problem, unlike its counterpart in the coordinate space,
has not attracted much attention, probably because integral equations are
believed to he less convenient for physical applications than differential
equations. But, if we leave aside the question of solvability of the equations,
the reduction of the number of independent variables by itself is a problem
of considerable theoretical interest. In this connection mention must be made
of the work of M. Lévy [14] who, by using some theorems of Hecke and
Erdélyi, succeeded in reducing the integral equation for a single particle
in a central field to one involving a single variable. By analogy with the
equation in coordinate space this may be called “the radial equation in momen-
tum space”. In the relativistic case he gets a pair of linked integral equations
which are different hut derivable from the four equations previously obtained
by Rubinowicz [12] by applying the Fourier transformation to Dirac’s
equation. The equations are new and cannot be derived from the radial equa-
tions in coordinate space by the simple Fourier transformation.

In the present paper we consider a system of three spinless particles
interacting through a potential dependent only on their mutual distances,
and discuss methods for setting up the radial equations in momentum space
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for States of definite symmetry and orbital angular momentum. The case
of s states being trivial, only P states are discussed here in some detail. The
generalization to an arbitrary number of particles and to arbitrary values
of | is straightforward, although the equations may be too complicated to be
presented. The procedure in outline is as follows:

After the elimination of the motion of the centre of mass the wave
function in momentum space G(pv p2) is described by means of six coordinates,
the lengths of the vectors pv p.2 the angle B between them, and three Euler
angles &, Xdetermining the orientation in the p-space of the triangle formed
by px and p2 The rotational symmetry of the problem permits G(pvp2 to
be expanded in a series of the form (6) which, when substituted in the integral
equation, again gives a linear expression in Uimr with coefficients involving
integrals over f T. Equating to zero the coefficient of each I/;nil in this expres-
sion one gets a system of simultaneous integral equations for determining
the fT These are the radial equations in momentum space. The equations
split up into two independent sets, one involving only odd values of T, and
the other only even values.

Before proceeding to derive the radial equations we must emphasize
that the rotation, reflection and permutation symmetries remain unaltered
in momentum space. If, for instance, a wave function has the form y>r) —
= R(r) YIm((? 9 in coordinate space, then its Fourier transform will have
the form

G(p) = [i'p"r J R(r)J, i(pr)  dr].Yim(0', 9), W
6
where 6', g are the polar and azimuthal angles of the vector p. In fact, the
entire theory of angular momentum, as formulated in coordinate space, can
be taken over unmodified to the momentum space.2

2. The integral equation and the Poincaré —Whittaker coordinates

In the author’s work on the problem of three bodies [4] in quantum
mechanics (to be referred to as |) the coordinates used by Poincaré and
W hittaker [15] in the classical problem proved to be very helpful in deriving
the radial equations and in introducing the symmetries mentioned in the pre-
vious section. As pointed out by Jackson [5] this system of coordinates is
superior in many respects to those used by other workers. As we wish to retain
the advantages gained, the same coordinates will be used in momentum space
with the consequent simplification in the mathematical analysis.

If rxand r2are the Cartesian coordinates of the particles 1 and 2 relative
to the 3rd particle and if, to avoid unnecessary complications, the centre oi
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gravity of the system is taken to be at rest, then the angular momentum
operators take the form (see end of Sec. 157, ref. [15])

MW= —irl *\1- ir2xy2. @)

In momentum space these operators become

m(p):—lplx---ILS ------ PiX - - 3)

and Schkodinger’s equation for the three-particle system with the potential

energy -J- 1/2(r2) -(- 1/1X(r12) goes over into the integral equation
1 1 1 1
(2n) 212 = L _ _ P2
2 W m3 Pl + 2 1m2 m3
1
P i mP2- E C(p..p2) TG(p,,pZ) = (4)
m .

= J[ri(dG(Pi + Q>Pi) + V2(s)G(PnP2 + €) + ~Ae)c(pi + e,p 2— E)Jée>

where the V’s are the Fourier transforms of the U's. We now pass on to the
Poincaré—Whittaker coordinates by the transformations

pViPrx + ipiy) = sin 0,eW = e*(cos ®x i sin ®xcos X),

P2 1p*x + ®rT) = s*n 2e<i= g<(cos ®>~r i sin d2cos A), (5)

PizIPi = COS = sin *1sin M PzzIP2 = O0OS”2 = sin ®2sin A,
h=10¢, B = dP2—0¢,.

The coordinates are interpreted physically as follows: In addition to
the axes OX, OY, Oz fixed in momentum space let us take another set of
axes Ox, Oy, Oz determined partly by the vectors p{p2 Then &, X are
the Euler angles specifying the relative orientation of the two sets of axes.
If OK is perpendicular to the plane ZOz, then / = <OK, O0X), ® = <0K, Ox),
and A= <0z, Oz). The symbol (A, B) used here denotes the angle between
the vectors A, B. It is easily seen that the vectors pxand p, both lie in the
xy-plane and that pjis directed along Ox.

It is to be noted that, while in coordinate space the transformation
affects only the kinetic part of the Hamiltonian leaving the potential energy
unaltered, in momentum space it does just the opposite thing. The difference
is brought to clear relief when one considers the contribution to the kinetic
energy arising from the motion of the third particle. While in eq. (5) of I it
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gives rise to all the eight terms occurring as the coefficient of 2C, in eq. (4)
of the present paper the full effect is contained in a single term py m 2.
This is an important difference between the two treatments.

Returning to eq. (3) we find that the components of angular momentum
in the new coordinates involve the Euler angles ®, A only and have the
usual forms given in the literature [16]. It should, therefore, be possible to
write the wave function G as a linear combination of the symmetric top
functions Uimr(<P, y, A) (see Appendix) with coefficients which are functions
of px,p2 0. Thus,

C(p.p2 = . Ulnr(0,x, X). 6)

This is the analogue of eq. (1) in the three-particle case. For states of even
(or odd) parity the summation extends over even (or odd) values of T only.
The simplification results from the fact that a total reflection at the origin
of the p-space is obtained by changing ® to n -f- ® and by keeping the other
coordinates unaltered. A symmetric top function, as a consequence, gets
multiplied by a factor e'Tn. Thus, for P states of odd parity arising, for instance,
from component angular momenta Ix 0, 2— 1, the wave function can be
written in the form
Gm=:f 1Uimi + f - 1tNim-1

This will be called Case (ii). For P states of even parity, which can occur only
when Ixand 12 are equal, we must have

m= fa ~lmo »

This will be called Case (i). The rotational symmetry of the problem, however,
makes it unnecessary to carry out the calculation for the 21 - 1 values of
m separately, the functions fr being the same for all m. We, therefore, put
m = 0 in the above equations, obtaining

Gio= fi Umi + /- 1[/,0-i » C)o = /o U UI0. (7)

The next step is to substitute the expressions (7) into eq. (4). It is expected
that after some manipulations one will get on the right-hand side a linear
expression in UI0l and [/10_1 in Case (ii), with coefficients involving integrals
over/, and/_,. The linear independence of the functions Ulm, UU)_y will then
give a pair of simultaneous integral equations for determining fy and f_v
In Case (i) one should get a single integral equation for f 0. But, at the very
outset a difficulty arises in substituting the series into the integral equation,
because the two are expressed in different coordinates. Two courses are open
to us, either, to transform eq. (4) to the new coordinates, or, to express the
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functions Ui,,iTin Cartesian coordinates. The second alternative is found to
be more convenient if use is made of the following analysis.

The components of angular momentum of the system are given by the
expressions (2) or (3), which are formally the same as the angular momentum
of two particles relative to a fixed centre. It is, therefore, possible to write
the eigenfunctions of total angular momentum as Clehsch—Gordan series,
that is, as series of products of the spherical harmonics Y/imi(fj, (or),
Y 12m(?2, 42). Since the t/inlT are also eigenfunctions of the same operators,
it follows that a Clehsch—Gordan series Xim must admit of an expansion of

the form S gr(0) U\mr. The expansion for a spherical harmonic, which is the
T
simplest example of such a series, is worked out in the Appendix. For given |

and m a Clehsch—Gordan series can, however, originate from component
angular momenta in an infinite variety of ways. For series of different origin
(that is, arising from different pairs of values of Z and 2) the coefficients
8A&) in the expansion will, of course, be different. Let us now select at random
21 -f- 1 series yjm of different origin. These may be looked upon as 21 + 1
equations for determining the U[mr in terms of the ytm. If the equations are
solved and the solution is expressed in Cartesian coordinates then the result
must be unique, that is, must be independent of the choice of the 21 j 1
Clehsch—Gordan series. Thus, we are able to express the [/,mr in Cartesian
coordinates without getting involved in intricate calculations.

3. Reduction of the integral equation

Once the functions t/,mr are expressed in Cartesian coordinates it is
easy to subtitute them into eq. (4) and eliminate the angular variables. In Case
(i) some simplification is achieved by taking the wave function in the form
—2iplp., sin Q F(pv p2 (pi,,p2) UI00 which, by the procedure outlined above,
can he written as

G(PvPz) = [Pt+Pi- —c-c]F (8)
Here, p, - piX + ipxY, p2_ = Pix — iPiY, (Pv P-i> is the angle between
Pi, p2 and c.c. means ’the complex conjugate’. For this wave function eq. (4)
takes the form

— 2ipip2sin &-TFU 10 = j[Lj(e)f(D{(/>i+ + 9+)p>~ — c-c-}

+ "e)-FQQ(pi+(P2 + e-) —ccc} +
+ h;2e)F(I2{(pl+ + o+)(p,_ —e_) —c.c.}] do,
where

F@Q= F (Jp, + 0j,p2 <p, + Q,p2>), F@= F(pt, p2+ g|, < Pj,p2+ (?),
F@2) = (ip, + e|l, p2—t,<p, 4-e,p2—0>).
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Since the integration is to be performed with p, and p2 fixed, nee can use
for the purpose the components of g in the frame Oxyz and write

6r = X(XR) + @ (YR) + Q(zR).

(R= X,Y,Z, and (xX)etc. are the direction cosines.) This gives
g+ = [px(cos 0-\-i sin ® cos A)-\-Qy (— sin 0-\-i cos ® cos A)-(-pr (— i sin A)] e**.

The last term in this expression involves sin Aand will cause difficulties unless
the corresponding integral over g vanishes. That the integral does indeed vanish
can be seen bv reflecting the vector gon the p~-plane. This leaves <A+ (2, p2)s
jpj-f-gj etc. unchanged but changes gz into its negative. Thus, the integrand
changes sign after the reflection, and the contributions to the integral from
the original and the reflected volume elements cancel exactly. The term involv-
ing oz can, therefore, he omitted from the expressions for p+, g_ which, after
substitution in the integral equation, give rise to an expression containing
the factor U100 only. The omission of this common factor then leads to the
equation

TF= f[K(o) Fe> {1 + pt\ gx- eycot0)} +
+ ~e)-P2){I + eosec 0)} + (9)
+ F12(q) F(12) {1 + pYHQx — Qycot 0) — P21Qycosec 0}] do.

This is the radial equation for P states of even parity. It differs from the equa-
tion for s states by the additional terms involving gx and gy. The symmetry
with respect to the indices 1 and 2 can be restored in this equation by writing
—ogxsin 0 -f- Qycos0 as the component of g perpendicular to p2

In Case (ii) it is convenient to take the wave function in the form

[2iG(PI,p2) = F,(n10L(P1+ n 10 {P1))+p.2P2(u 104(P2) + 1 10_LD2)), (10)

which is explicitly symmetrical in the indices 1 and 2 and is, therefore, suitable
for introducing the permutation symmetry in the case of two identical particles.
The expression simplifies to

G(PnPi) = Pi Ftcos O, -f p2F, cos 82

and the calculation proceeds as in Case (i) with the necessary modifications.
As already mentioned, the result will be a pair of simultaneous integral equa-
tions for Fj and F2obtained by equating to zero the coefficients of Ulm and
L'10-1 in the final equation. The derivation is simple and is omitted for brevity.
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Appendix

The expression for a spherical harmonic in terms of the symmetric top
functions.

Since the coefficient of L4nT in the expansion is independent of m,
it is sufficient to derive the expression for one particular value of m. For
m — —I the function C/r_;T has the simple form

-1 x X,
Ui_h — exp. (— Hu = Ird) «i1])/20) ! (I-7)! (1+ t) cos — sm-’-;-

This value of m is, therefore, likely to simplify the calculation. The spherica
harmonics are defined by the formula

—_ira)! . d
Y ,m(0,tp) = (@ — i) !]13 sin O)m (cos20 gy
I+ ml d (cos 0)
"2+ 1 1w 1
with as the normalization factor. For m = —|
4n 241
. . A)
Yt-ABvtpi) = V.m (sin O,e-"y Y21 --2-. I
12 z—r (1-\r
(- e+ n: T

The desired expansion is obtained by replacing — Zby m in YI_Il and [7/_/r
in the above equation, and is

2141 45 (. i) _
Y Im(ei* <Pi) Lo 2.') ' ma+ T
Z+ r (11)
9 ulTT§>

where, the index x increases from —Zin steps of 2, and the bar over Yim
means that the function is normalized. Finally, the replacement of Uimr
by em® Ulnz in eq. (11) gives the corresponding expansion for Fim(02 2).
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=
COONOUTAWNE

BO/IHOBbLIE YPABHEHWA B MPOCTPAHCTBE VMMMNY/N1IbCOB
L JATTA MAOMIAP
Pesome
AETaanO n3yyaetca noesefeHMe BOJIHOBbIX (hyHKLI,VIVI BO Bpauwatoliemca npocTpaHCTBe

UMMYNbCOB. PesynbTaTbl MCMOMNb30BaHbl ANA YMeHbLEHWS 4YMcna He3aBUCUMbIX MepeMeHHbIX
B WHTerpasbHOM BO/SIHOBOM YPaBHEHWW [NA TPEXYACTUYHOW CUCTEMBI.
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SOME PARAMETERS OF THE MOVING STRIATIONS

By

G. Lakatos and J. Bito
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(Presented by G. Szigeti. — Received: 17. XII. 1963)

The authors present their results relating to the development and the properties of
moving striations. A brief outline of the measuring method and the test conditions is given.
The current dependence of the striation frequency, the temperature dependence of the discharge
characteristics, the current dependence of the relative current, light and voltage fluctuation
amplitudes were determined at stabilized temperatures of 20, 25 and 40° C with a discharge
tube arranged in a water jacket. A relation found empirically and valid in a given current
range representing the current dependence of the striation frequency is given. Similarly,
another such relation represents the current and pressure dependence of the travelling speed
of striations.

1. Introduction

The instability of the positive column of the individual gas and vapour
discharges is a fact that has long been known. Abria had conducted observa-
tions already in 1843 of the oscillation effects appearing in rare gas and
mercury vapour discharges and according to the available reference works [1]
he was the first to describe the individual characteristics of the striation pro-
cesses. By now there arc many papers available dealing with this subject,
which testify the importance the subject has gained.

There is as yet no agreement concerning the origin ofthe moving striation.
The cause of the striation lies according to some authors in the anisotropy
of the charge distribution in the cathode space [3, 4] according to others it
may be due to the anisotropy on the cathode side [5, 6] or that of the basic
processes of the discharge [7, 8]. In the case of a sufficiently high degree of
ionization the plasma of the positive column will collect the oscillations appear-
ing in a certain frequency range and conduct and amplify them [2]. According
to Donahue et al. [9] the moving striation develops as the superposition of
two space charge waves with different signs which will move along the axis
of the discharge tube in opposite directions. The travelling speed of the
negative space charge waves gained along the axis is —in the case of non-elec-
tronegative gases and vapours — substantially higher than the correspon-
ding velocity of the positive space charge waves [2].

There are various possibilities for the theoretical description of the
moving striation. It is usual to consider the plasma as a dielectric medium of
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known charge distribution [10] and to solve the space equations for it by
taking into account the corresponding initial and boundary conditions. The
waves resulting in this way will not always be of a sinusoidal character [10].

In the theoretical investigations it is usual to start from the Boltzmann
transport equation and the Fokker—P lanck equation making use of the
Maxwell equation and supposing the Maxwell—Boltzmann Or Fermi—
Dirac distribution [7].

In the course of their earlier investigations [11, 12] the authors have
established that the character (ohmic or inductive) and the size of the limiting
resistance placed in the external electric circuit influence the parameters of
the striation. For certain currents they could show [11] that the inductive
resistance inserted in the limiter circuit influences the frequency of the moving
striation, while the variation of the ohmic resistance of the external circuit
will change the velocity and wavelength of the striation; with increasing ohmic
resistance the travelling speed and wavelength of the striation will diminish.

From the results obtained in earlier investigations [13] the authors
have drawn the conclusion that the slope and type (positive or negative
tangent) of the discharge characteristics play an important part in the develop-
ment of the oscillations and the striation. It was possible to show that there
is an unambiguous connection — which was discussed by the authors also
theoretically [14] — between the observed number of oscillations and the
angle formed by the characteristics and the straight line characterizing the
limiter resistance.

In the present article the authors report the results of their investigations
of the dependence of certain characteristic parameters of the moving striation
on current and pressure and discuss the characteristic points of the recorded
curves characterizing the individual sections by equations obtained empiri-
cally.

2. Test method

In their investigations the authors applied the measuring method intro-
duced by Donahue et al. [9] which they [15] described in detail earlier.
Accordingly, the investigation of the characteristics of the moving striation
was effected by the photocell method: W ith the help of an oscilloscope it was
possible to demonstrate the current fluctuations — which are caused by the
light fluctuation characteristic of the striation — of a photocell adjusted to
the discharge section to be investigated, the fluctuations being amplified by
an amplifying stage. The determination of the frequency of the oscillations
was effected by a generator of calibrated frequency, by the help of the Lissa-
joux method. With this method the spot dependence of the light intensity
of the striation developing along the axis of the discharge tube could be
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investigated. On the basis of frequency and wavelength measurements also
the travelling speed of the striation could be determined.

The discharge was maintained by a stabilized direct current supply
source and the ohmic resistances arranged symmetrically with respect to the
supply source used for limiting the discharge current. The authors limited
their investigations to the striation processes connected with negative space
charge waves of fairly high travelling speed.

3. Test conditions

The discharge tube was a glass tube of 1200 mm length, 38 mm external
diameter and 1 mm wall thickness. Following vacuum technical treatment the
tube was filled with argon gas of different pressures, (1, 2, 3 and 4 mm mercury
pressure) and mercury of some 60 mg weight. The vapour pressure of the mer-
cury was determined by the ambient temperature, while the gas pressure
could be set to a precision of 70,05 mm Hg.

The determination of the pressure dependence of the individual striation
parameters was carried through in a discharge tube, in order to prevent
possible discrepancies in the results due to differences caused by the use of
discharge tubes or electrodes. The variation of the pressure of the discharge
tubes could be achieved with the help of the glass extensions [16] arranged
at one of the ends of the tube.

In order to maintain the pressure of the mercury vapour at a given
constant value the whole discharge tube was arranged in a water jacket,
in which a constant flow of water of given velocity was maintained. With the
help of an ultra-thermostat the temperature of the water performing ther-
mostation could be set to the required value to an accuracy of ~0,02° C.

The tests were started after the discharge tube had operated for 20
minutes during which its performance could be considered to be stationary
at the individual temperatures set in advance.

The measurements were carried out at water jacket temperatures of
20, 25 and 40° C. The electrodes soldered in at the two ends of the discharge
tube were of identical construction. They were formed by a wolfram double-
spiral to which an electron emitting coating had been applied and two auxiliary
electrodes arranged at the two sides of the spiral and on a potential identical
with that of the spiral. The cathode did not obtain any external heating, it was
heated by the discharge only.

4. Results

The dependence of the striation frequency on the discharge current at
stabilized external wall temperatures of 20, 25 and 40° C is shown in Fig. 1.
The authors gave already earlier [13] the curve representing the current
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dependence of the striation at 25° C. There they have pointed out that the
frequency separation occurring at currents under 20 mA and presented in
the case of a temperature of 25° C arises on account of the different sizes of
the external ohmic limiter elements. At another occasion [14] the authors
discussed also theoretically the influence exerted by the external parameters

Fig. 1. The dependence of the frequency n of the moving striation on the discharge current;
at temperatures of 20, 25 and 40° C

mentioned here upon the moving striation, and the theoretical and experi-
mental results have shown good agreement.

In the present case in order to ensure greater clarity the frequency sepa-
ration under 20 mA observed earlier is not shown in Fig. 1, only the frequency
curve belonging to a feed voltage of 200 ¥. Similarly to the results obtained
previously at 25° C and reported in [13] the measurements carried out at
temperatures of 20 and 40° C have also shown that under 20 mA, different
frequency curves belongs to the ohmic limiter resistances of different sizes.
This may be explained on the basis of the results of [13, 14], when the sections
of the characteristics under 20 mA are considered. These sections are repre-
sented for the various temperatures in Fig. 2.

Above 20 mA the size of the external ohmic limiter resistance has no
influence on the frequency of the striation. It may be seen from the curves
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of Fig. 1that the frequency of the striation will grow with increasing discharge
current and further that the oscillation frequency will be reduced with the
increase of the temperature.

In Fig. 1 the sections of the curve above 20 mA and plotted in a semi-
logarithmic scale may he characterized by straight lines up to a certain current

Fig. 2. The dependence of the discharge tube voltage Vton the current i; of the discharge
tube, at stabilized temperatures of 20, 25 and 40° C

intensity. These may be described by a relatively simple relation which was

found empirically:
n(it)y= n0(T) + C(T)\n(i,liol, (1)

where n(it) is the frequency of the striation,
it the discharge current,
o 20 mA,
nQ(T) the frequency resulting at 20 mA, its value depending on the
temperature,
C(T) the constant depending on the temperature (in the investigated
current range).
The values of n((T) resulting at different temperatures are shown in Table 1.

Table 1
T (°0) »,(F) (cps)
20 500
25 450
40 430
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The temperature dependence of C(T) in the range 20—40° C may be seen
in Fig. 3.

The intervals of validity of the relation (1) are the current ranges extend-
ing at 40° C from 20mA to 40mA, at 25° C from 20mA to 70mA and at
20° C from 20mA to 50mA. Inside these current ranges the relation (1) describes
unambiguously the current dependence of the frequency of the moving stri-
ation. Here the frequency is independent of the variation of the size of the
external resistance. This aswell as the temperature dependence of the frequency
curves may he explained when the type of the characteristics shown in Fig. 2
and the earlier results [13, 14] are remembered.

Fig. 3. The dependence of c(T) in relation (1) on the temperature T

In Fig. 1 the characteristics representing the current dependence of the
frequency have a characteristics point at 120 mA, where the frequency breaks
down. It is remarkable that the breaking points — which appear in the case
of all three temperatures at a discharge current of 120 mA — do not lie above
each other as isto be expected from the earlier sections of the frequency curves
recorded at the different temperatures. In the current section extending to
120 mA, with the exception of a few values, the highest striation frequencies
were found for all currents to belong to the curves recorded at 20° C while
the lowest ones belonged to the 40° C curves. Against this at 120 mA the
highest break-down was found in the 20° C frequency curve. The amount of
the frequency-breaks at the investigated temperatures is shown in Table 2.
W ith the increase of the temperature the frequency breakdown will become
smaller. This admits of the conclusion, that the cause giving rise to the break-
down is temperature-dependent and that its effect will be reduced with the
increase of the temperature. As an internal cause of this kind in the first place
the pressure ofthe mercury vapour may be considered, as the voltage-discharge
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Table 2
T (°C) 20°C 25°C 40°C
Amount of frequency- 375 370 285

breaks (cps)

current characteristics recorded at various temperatures have no distinctive
section or point in the break-down current range around 120 mA. Here the
characteristics may be replaced by a straight line of small negative slope

(Fig. 2).

Fig. 4. The dependence of the amplitude At of the relative light fluctuations
on the discharge current it

The pressure of the mercury vapour in the discharge tube will increase
with the rise of the temperature and the concentration of the neutral mercury
atoms in the discharge space will grow accordingly. The frequency break-down
to be seen in Fig. 1 as well as the values given in Table 2 permit of the con-
clusion that the growing concentration of the mercury atoms will suppress
the cause giving rise to the frequency break-down. A deeper interpretation
of this phenomenon necessitates above all the measurements to be carried
out at higher temperatures. Here we shall merely show the influence of this
frequency break-down on the other parameters.

The striation has been accompanied also in the present case by a current
fluctuation of the same frequency as that of the light fluctuation and the
voltage fluctuation. The dependence of these current fluctuations on the
discharge current is shown in Fig. 4. The vertical axis shows the relative current
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fluctuation in per cents of the discharge current plotted, while the horizontal
axis gives the discharge current in mA. Fig. 4 only shows the curves recorded
at 40° C as the curves recorded at all three temperatures are similar to each
other, the position of their characteristic points being identical.

The voltage values by which the three curves shown in Fig. 4 are marked
refer to the feed voltages corresponding to the external resistances at which

Fig. 5. The dependence of the amplitude Aj of the relative light fluctuations on. the discharge
current it at various supply voltages

the individual curves were obtained. Therefore the size of the external resist-
ance was of influence in this case as well. This external influence — as is shown
by Fig. 4 — will assert itself not only in the current range below 20 mA,
as this could have been expected on the basis of Fig. 1, but in the whole of the
investigated current range.

The curves shown in Fig. 4 have two characteristic maxima, amplitude
jumps appearing at 15 mA and at 120 mA. Of these the latter is the larger.
The amplitude jump appearing at 15 mA may be interpreted on the basis
of the discharge characteristics shown in Fig. 2 using the arguments of [13].
The very high amplitude jump appearing at 120 mA is presumably connected
with the frequency breakdown to be observed in Fig. 1 at the very same cur-
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rent. The phenomenon possesses — to a certain extent — the character of
a resonance. Its fuller explanation may presumably be found through the
variation of the concentration of the atoms in the mercury vapour and by
investigating the influence on the oscillations of the number of neutral mercury
atoms at the given temperature, e.g. by investigating the processes of heat
conduction, damping, loss of energy connected with metastable atoms, etc.

50 100 150 200
if [mAJ

Fig. 6. The dependence ofthe amplitude A, of the relative voltage fluctuations on the discharge
current it at various supply voltages

In Fig. 5 the current dependence of the light fluctuations relative to
the overall light emitted by the discharge tube at a temperature of 20° Cis
reproduced. On the vertical axis the amplitudes of the light fluctuation are
given in per cent of the overall light, while the horizontal axis shows the
discharge current. The curves were taken at all three temperatures mentioned
above. The current dependence of the investigated striation parameter has
been influenced also in this case by the size of the external resistance. W ith
the increase of the current intensity the size of the relative light fluctuation
diminishes. In the case of low currents it was possible to demonstrate that very
high relative light fluctuations occur below 20 mA, this may be connected
with the specific features of the characteristics [13] (Fig. 2).

At 120 mA the curves have a distinguished section also in this case.
Here, too, a maximum relative light fluctuation appears at the point of the
frequency breakdown. Similarly to the case shown in Fig. 4 in Fig. 5the higher
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values belong to the lower supply voltages. At lower supply voltage values
the limiting resistance will be smaller at a given current and also the angle
formed by the resistance characteristics and the discharge characteristics will
be smaller. Keeping these facts in mind it is presumably possible to interpret
also this influence of the external resistance.

The voltage fluctuations in percentages of the discharge tube voltages
are shown in Fig. 6 as function of the discharge current.

Fig. 7. The dependence of the velocity v of the moving striation on the gas pressure p in the
case of argon gas, at various current values

Similarly to the curves representing the current dependence of the
striation parameters examined earlier a characteristic section may be found
also in this curve at a discharge current of 120 mA. Also the size of the relative
amplitudes of the voltage fluctuations is influenced by the resistance of the
external electric circuit, as this is evident from Fig. 6. Here, however, there is
that difference as against the current and light fluctuation curves shown in
Figs. 4 and 5 that the curve that represents the current dependence of the
amplitudes of the voltage fluctuations at the lower supply voltage hasamplitude
values lower than the curve taken at the higher supply voltage. In the cases
of the two oscillation parameters examined previously (Figs. 4 and 5) the
higher amplitudes belonged to the curve corresponding to the higher supply
voltage values.

Earlier [15] the authors reported that the travelling speed of moving
striations depend on the pressure of the argon gas employed together with
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mercury in the discharge tube. The investigations were carried out at a tem -
perature of 25° C and the argon pressure was varied in the 1—4 mm Hg
pressure range. They determined the travelling speed of moving striations
in the current range of 20—300 mA. The pressure dependence of the travelling
velocity could be represented by a hyperbolic curve reproduced here in Fig. 7.

In the course of the present investigations further computations and
measurements have been made of the pressure dependence of the velocity
of striations and it was found empirically that in the current range of 20—100
mA it can be expressed by the following relation:

baz(i — *0) —m0 (2

p mexp [at (i — i0)] + nngp [(OI —a3) (i — in]]

where v is the travelling velocity of the moving striation,

p the pressure of the employed argon gas,

i the discharge current.
The values and the dimensions of the constants in the above relation are
shown in Table 3. It is evident from the Table that the difference iq — a3

Table 3

Constant Numerical value Dimension

c0 3,275'1(5 cm sec-1 mm Hg
m, 1,15 101 cm sec-1

n, 2,10 10 mm Hg
fll 236 +10-2 mA-1
«o 103 *i0-2 cm sec-1 inA-1
« 224 +10-2 mA-1
»0 Z,(D 10 mA

in the denominator ofthe first member of equ. (2) may be taken to good approx-
imation as zero:
O —a3— 0. )

W ith this relation (2) can be written in the simpler form:

= --F;-_-é-)z-p"i:a-’- er_ @]-:--ﬁa--b O, (i — i,,) — " e (4)

This relation is valid for the 20—100 mA current range only. For currents
above 100 mA the shape of the curve will differ from that given above. The
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reason for this is probably that the output fed in to the tube will grow nearly
proportionally with the increase of the current intensity (the tube voltage
changing only little meanwhile) and simultaneously with this the temperature
difference will increase between the mercury and the water jacket and thus
the vapour pressure of the mercury cannot be maintained in a sufficiently
stable way.

In order to give physical meaning to the coefficients appearing in equ.
(2), (3) and (4) further experiments are required in which for instance the
vapour pressure of the mercury should be varied or the vapour pressure of the
mercury maintained at a stable value.
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O HEKOTOPbLIX MAPAMETPAX MNMOABVXHOIMO CNOEOBPA3OBAHWA
Ob. NAKATOL ., i. 6uTo

Pesome

Mocne o630pa BaXHelLWMNX pe3ynbTaToB, CBA3AHHbIX C MOSIBIEHWEM W CBOWCTBaMM
NOABMXHOro crioeobpasoBaHns, aBTopaMuM KOPOTKO OMUCbIBAIOTCA METO[ W3MEpPeHWUss U ycno-
BUA nccnegoBaHmsa. MNpu TemnepatypHo — cTabununsnpoBaHHOW pas3pagHON Tpybke, NMOMeLLeH-
HON B BOAAHOM KOXYXe, AN 3HadyeHnl TemnepaTtypbl 20, 25 1 40° C onpefenstoTcsa 3aBUCUMOCTH
4acToTbl CfioeobpasoBaHUA OT TOKa; XapaKTepuUCTUKU paspsifjia oT Temnepatypbl; aMnauTyfbl
Ko/lebaHW OTHOCMTENIbHOrO TOKa, CBeTa M HanpsXeHWsA OT ToKa. 3aBMCMMOCTb 4acToTbl C/loe-
obpa3oBaHuUsA OT TOKa, felicTBUTeNbHasA B onpefeNéHHOM WUHTepBase TOKa, BbIBOAUTCA 3KCNepu-
MeHTanbHo. [laéTcs 3aBMCMMOCTb MNOCTynaTe/NibHOW CKOpPOCTW cnoeob6pasoBaHMsi OT TokKa MU
faBneHuns, HalifjéHHas TakXe 3KCnepuMeHTanbHO.
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The electrons of the Thomas —Fermi atom with equal energy and angular momentum
are considered as being in the same quantum states. W ith the help of the Bohr—Sommerfetd
quantization condition these states are characterized by continuously varying quantities nr
and n* corresponding to the radial and principal quantum numbers of wave mechanics.
States with integral n* and half-integral nr-values correspond to the wave-mechanical one-
electron states.

As an application of the method developed the energy and the Bohr—Sommerfeld
orbits corresponding to the occupied quantum-mechanical states of the Ag atom are determ-
ined here. The results are in satisfactory agreement with those of wave mechanics.

1. Introduction

The statistical theory of the atom as worked out by Thomas and Fermi
and developed by Dirac, Weizsacker and Gombas [L—3] does not contain
quantum numbers. Recently Atfred has pointed out [4] that for the impro-
vement of the Thomas—Fermi (TF) model and also for its applications to
more subtle physical problems it seems necessary to define a total set of
quantum numbers and to decompose the total charge density into shells or
subshells corresponding to these quantum numbers.

The definition of the quantity corresponding to the azimuthal quantum
number and the construction of the Z-subshells was first given by Fermi [5].
On this basis Kenya has suggested [6] that the quantity corresponding to the
magnetic quantum number is the component of the angular momentum of
the electron in an arbitrarily fixed direction.

Gombas and his coworkers were the first to aim at a statistical model
of the atom with electron shells corresponding to the principal quantum
number [3, 7—9]. They used a complex method applying the statistical method
separately to every shell with fixed number of electrons and successively
determined the charge distribution of the shells by the help of the variational
method, minimizing the total energy of the atom.

A method by which to define a total set of quantum numbers n, I, m
was given by Ailfred [4]. His method is mathematically exact and the quan-
tum numbers obtained have only integer values. However, the physical mean-
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ing of his quantum numbers is not very clear and can be inferred only from
the resulting charge distribution in the shells and subshells.

In practice the definition of the principal quantum number and the
grouping of the electrons in corresponding shells is of the greatest importance.
We deal here with the problem of the principal quantum number in the TF
atom starting from well-known physical ideas: the Bohr—Sommerfeld
quantization rule [10, 11] and the connection between the quantum numbers
of the old quantum theory and those of wave mechanics, as this was shown
by Kramers [12] and Langer [13] with the help of the Wentzel—Kra-
mers—Brillouin (WKBj method [14—16].

As an application of the proposed method allowing comparison of the
results with those obtained from wave mechanics we present here a calculation
of one-electron energy levels corresponding to the occupied wave mechanical
states of the Ag atom.

2. Definition of quantities corresponding to the radial and principal
quantum numbers

The principal quantum number has no such obvious, physically evident
meaning as e.g. the angular momentum has in respect of the azimuthal quan-
tum number. We, therefore, can define it only by starting from the well-
known relation

n=nr+ I+ 1=n r-\-k, 1)

nr, 1 and k representing the radial, angular and azimuthal quantum numbers
respectively.

In (1) only the meaning of k is known in the statistical theory of the atom.
As Fermi has shown [5], the continuously varying quantity corresponding
to this quantum number is

* = e Mv (2)

where M is the absolute value of the angular momentum %= hj2n, h =
= Planck’s constant).
To attribute a reasonable meaning in the statistical theory also to nr,
we apply the Bohr—Sommerfeld quantization rule
ra
\'prdr — I prdr — 2nh nr. 3)
r
Here pr denotes the radial component of the momentum along the orbit to
be defined presently and rr and r2are the radii belonging to the extreme points
of the orbit.
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We now define a Bohr—Sommerfeld orbit as follows. In the statistical
theory of the atom electrons in a volume element dv are treated as totally
free. Consequently, we may describe the states of these electrons by their
momentum vectors p the maximum possible absolute value of which,

P(r) = (3n-y13Mo'13(r), (4)

is the radius of the Fermi sphere in the momentum space [p(r) is the total
electronic charge density and r the distance from the nucleus].
An electron with momentum p has an energy

E=-f--¢e 0V(r) (5)
2m

and an angular momentum
M = rXp, (6)

where e0 denotes the elementary charge and V(r) the potential. As is well
known, in the TF model

eoV(r) = om (7)

Denoting the radial and azimuthal components of the momentum by
prand pj we obtain from formulas (4)—(7)

Pt )

Pr=t (p2—p'iYll= £+ [2me, V(r) + 2mE -

9
M 2
- 4+ P2 2mE

These formulas give the momentum components of all electrons possessing
equal energy and angular momentum. In a volume element dv at a distance r
from the nucleus (see Fig. 1) these electrons are those which have a momentum
p with end point on the curve of intersection between the sphere with radius
p — (2 m)1R2 [E f- eOV(r)yi°- around the origin of the momentum space and
the spherical cylinder with radius p+ = M/r and with its axis parallel to r
through the origin of the momentum space.

It follows from (9) that electrons with energy E < 0 and angular momen-
tum M can be found only in a spherical shell around the nucleus the limiting
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spheres having the respective radii rx and r2 which distances are the roots
of the equation
M 2
P2r)+2mE --—--—--— = 0. (10)
r2

All electrons move in a central field of force. Classically we can consider
them as revolving on the same orbit. Formula (9) gives the radial momentum

Fig.l. Momentum vectors in the Fermi sphere belonging to the same energy and angular
momentum values

component along one of these possible orbits. Making use of (3) the conti-
nuously varying quantity

1/2
ny 2menV (r) 2mE — dr, (11,

which is the analogue of the discrete radial quantum number of the quantum
theory, may he regarded as corresponding to these electrons.
Further, we define with the help of (1), (2) and (11) the quantity

n* = n* -f- k*, (12

which also varies continuously and which in the TF theory is the quantity
corresponding to the principal quantum number of quantum theory.

In this way electrons of energy E and angular momentum M are correl-
ated with a Bohr—Sommerfeld orbit characterized by the quantities n*
and n* and perihelion and aphelion r, and r2 respectively.

Since the angular momenta of the electrons in the TF atom have all
possible directions, strictly speaking we do not obtain one orbit only for given
E and M-values, but a continuity of orbits characterized by the same data
(n*, n*, r15r2) and lying in different planes which all contain the nucleus of
the atom.
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For the case E = 0 [i.e. for an electron with maximum momentum
P(r)] our definition (11) is identical with the formula used by Gombas [17]
to calculate the number of electrons with given /-values.

3. Formulas and numerical data for the TF atom

We now treat numerically the free, neutral TF atom. For this case the
electronic charge density may be written [1]

Z <f(x) 32
0= ® (13)
471113 X
where
1 9n2
r — fix, (14)
4 27

(15)

me&i

and Z is the number of the electrons. The function q(x) is the solution of the
TF differential equation

d2om e 12(x) (16)
dx2 X112
satisfying the conditions
PO)= 1. (*<) = > xQp'(x0) = 0 )

(x0denotes the limiting radius ofthe atom. For free neutral TF atoms x0= °°).

Substituting these formulas in (8), (9), (11) and (12) we get the following
general result for the TF atom. At the distance r = fix the electron with the
momentum components

oy . ° Nz ? (18)
- (65)23 a0 X

. 12

4 * 793 q(x) R- — (19)
(613 «o X X2
is in the state characterized by the quantities
3 13
Z13d(a, R) (20)
4n2
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(radial quantum number) and

13
Z13[® (a, B) + na] (21)
\n2

(principal quantum number). The new symbols introduced here are

k*
3p 13 9 (22)
z 13
4
£ = - B» E, (23)
(S0]
(@ Rx2-a 2]'I2— (24)

where x1= rlfi and x2= r.Jfi are the roots of the equation
Xcp(x) — R X2—a2= 0 (25)

corresponding to the equ. (10). From these roots we get the data of the
Bohr—Sommerfeld orbit which may he considered to correspond to this
state. The parameters a and B may vary in the intervals

0< «™ H*)max = 0,6974

and
0< B< o00. (26)

On this basis we can treat atoms with arbitrary atomic number Z
if the function ®(a, B) is known. The integral representing this function was
computed numerically for several values of the parameters and is tabulated
in Tables 1 and 2.

For the special case # = 0 the function ®(a, R) is identical with the
function ®(a) introduced by Fermi [5]. In Table 2 the values denoted by -f- are
those evaluated by Fermi.

Further in Table 3 we give some parameter values a,, and B0 for which

RBo) = °-

For B 1 and a = 0 the interval of integration in (24) is very small
and lies very near to the nucleus. We can therefore replace <p(X) by the series
expansion [1]

<Ppx) =1+ <PO)* + -i-xI-4- ... (27)
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0
0,003288
0,005120
0,009904
0,01239

0,01576
0,02043
0,02710
0,03057
0,04526

0,07108
0,1215
0,2378
0,4240
0,9353

1,649

3,965

8,817
18,70
31,97

50
75
100
250
500
1000

00

with

Table 1

Values of the function ®(a, R)

3,654
3,014
2,914
2,758
2.696

2,630
2,554
2,474
2,436
2,309

2,155
1,961
1,704
1,484
1,179

0,971
0,694
0,497
0,351
0,270

0,219
0,179
0,156
0,099
0,070
0,050
0

a = 0,075 a = 0,15
3,523 3,150
2,772 2,497
2,666 2,400
2,492 2,247
2,444 2,169
2,377 2,124
2,304 2,041
2,223 1,971
2,185 1,934
2,054 1,800
1,906 1,660
1,712 1,468
1,457 1,217
1,252 0,999
0,926 0,686
0,725 0,496
0,435 0,202
0,249 0,019
0,103
0,033

9(0)= — 158

a= 0,30

2,300
1,855
1,765
1,631
1,572

1,519
1,454
1,376
1,342
1,226

1,081
0,895
0,668
0,449
0,131

0,007

807.

a= 045

1,466
1,223
1,160
1,045
1,000

0,951
0,893
0,825
0,794
0,691

0,553
0,395
0,169

a= 0,57

0,736
0,605
0,560
0,475
0,441

0,399
0,345
0,289
0,266
0,181

0,068

Retaining the first two terms only we get the asymptotic formula

which may he used if B >

®(0

40.

0)~

2[8 -

m
<p'(0)yP
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Table 2

Values of the function o (a,8) for a = 0

a ®(a, 0) a ®(a, 0)
0 3,654 0,4 1,739
0,025 3,635 0,425 1,612
0,05 3,584 0,4472 1,48
0,075 3,523 0,45 1,466
0,1 3,415 0,475 1,324
0,125 3,292 0,5 1,187
0,15 3,170 0,525 1,040
0,175 3,017 0,5440 0,88+
0,2 2,897 0,55 0,885
0,225 2,748 0,575 0,736
0,25 2,606 0,6 0,587
0,275 2,456 0,625 0,430
0,3 2,310 0,6324 0,36+
0,3162 2,2+ 0,65 0,282
0,325 2,186 0,675 0,132
0,35 2,017 0,6974 0
0,375 1,892

4. The relation between the statistical quantities n*, n* and the
wave-mechanical quantum numbers

Energy levels

As can be seen from (20) and (21) the quantities n* and n* belonging
to the occupied states of the TF model have all possible values between zero
and some maximum value depending on Z. The fact that these quantities
are continuous variables is characteristic of the model just as is the con-
tinuity of the energy E and the angular momentum M.

When trying to correlate the TF model with the wave-mechanical atom
the problem arises how to choose from this continuity the states which appro-
ximate those of the quantum-mechanical shell atom. Such a selection process
must, of course, be based on some general principle which may be applied to
all atoms and all types of states.

As was proved by Féenyes [18] the TF model is an approximate solution
of the wave-mechanical many-body problem, which may be obtained by
the WKB method using first order approximation. On the other hand Kra-
mers [12] and Langer [13] were led to the conclusion that in the WKB
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Table 3

Zeros of the function ®(a, R) :

®K,B)=0

ao A a. A
0 a 0,4291 0,5
0.075 42,35 0,4455 0,42401
0,0875 31,973 0,45 0,410
0,1111 18,704 0.4646 0,35
0,1145 17,5 0,5010 0,23779
0,1237 15,0 0,5405 0,15
0,1342 12,5 0,5570 0,12151
0,1485 10,0 0,575 0,095
0,15 9,80 0,5908 0,075
0,1572 8,8170 0,5941 0,07108
0,1688 75 0,6147 0,05
0,2002 5,0 0,6198 0,04526
0,2198 4,0 0,6380 0,03057
0,2203 3,9653 0,6426 0,02710
0,2435 3,0 0,6458 0,025
0,2805 2,0 0,6528 0,02043
0,30 1,73 0,6611 0,01576
0,3046 1,6489 0,6674 0,01239
0,3391 1.2 0,6724 0,00990
0,3555 1,0 0,6831 0,00512
0,3564 0,93527 0,6879 0,00329
0,3865 0,75 0,6974 0

method one should use the Bohr—Sommerfeld quantum conditions with
half-integer values of the quantum numbers in order to get an approximation
of the wave-mechanical states.

From these statements one may conclude that an orbit in the TF
model with

= (/=10,1,2, ...) (29)
corresponds to a quantum-mechanical state with the angular quantum num -

ber I. This correspondence was used by Fermi too [5]. In a similar manner
an orbit in the model with

n*=nr+ * (nr=20,1,2,..) (30)
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corresponds to a quantum-mechanical state with the radial quantum number nr
From (12) it follows that

n* = n*+ k*=nr+ /+ 1= n (31)

and this means that wave-mechanical states with principal quantum number
re are approximated by states with integer n*-values (re* = k= 1, 2,3, ...)
in the TF model. Consequently, the orbits corresponding to the wave-mecha-
nical states must satisfy the relation
3 VI3
Z'13[0(a, B) + crma] = re. (32)
I )
Thus, in these cases the parameters a and R do not vary in the full inter-
vals originally given by (26). From (31) we see that both k* and n* have
minimum values 0 and maximum values re. This means that

O<ac< L 1 (33)

and to a fixed a-value in (32) a unique /1-value belongs which may be determ-
ined by numerical interpolation from Tables 1 and 3. Thus for given re and
k* — 0 (re* = re) we obtain the parameter value 8n0 and for k* = re (re* = 0)
the value Bnnboth depending upon Z. As may be seen from the definition (24)
of the function ®(a, R), the relation Bn0 > Rnnis valid for any Z-value. Using
the equ. (23) we get the minimum and maximum energies En0 and Enn of
the electrons with the principal quantum number re in the TF model.

The energies En0 and Enn are shown in Fig. 2 as functions of Z for
re= 1,2,5/2, 3,4 and 5. For comparison the theoretical term values obtained
by Latter [19] when solving the one-electron Schroédinger equation with
TF potential are also plotted for the cases n — 2 and re= 3. All Latter’s
wave-mechanical term values belonging to a given re are lying between the two
limiting curves En0 and Enn obtained here from the TF model. This justifies
the selection rule (32) used for the determination of the states corresponding
to the principal quantum number re

It is also possible to determine the s-, p-, d- and /-states in a shell with
given re. For this purpose for k* the values (29a) have to be substituted in (22)
and the a(+" — values so obtained in (32). This results in the relation

3 1/3

Rn,l+i) + 7ra/+i] ~n> (34)
4n2

which is fulfilled only by certain values of Ard+p For given re and | (i.e. for
given di+j) (34) may be regarded as the secular equation for the determination
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Fig. 2. The limiting energies En 0 and Enn as functions of the atomic number.

Ordinate: y —E> E in Rydberg units.
+ term values for s-states 1

O term values for p-states } calculated by Latter [19]
O term values for d-states J

of the parameter value 3(n+i and so for the approximation of the wave-
mechanical energy eigenvalue Enl.

As an application of the method described we determine here the energy
levels of the occupied states in the Ag atom.

The Ag atom with Z = 47 has the electron configuration

(1s)2 (2s)2 (2p f (3s)2 (3p f (3d)1D (4s)2 (4p f (4d)10 (5s)2.

According to (29) and (22) the parameter a has then the values ot;+i = 0,1041,
0,3123 and 0,5205, respectively, for the s-, p- and d-states. From Table 1 we
first determine the values @ (a/+p, B) by interpolation and then with their help
the Bn,i+ " values satisfying the condition (34) for n = 1, 2, 3,4 and 5.

The numerical results are summarized in Table 4. For comparison theore-
tical term values obtained by Latter [19] and by Gaspar [20] and further
experimental energy values from Landolt-Bérnstein [21] are also given.
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2s
3s
4s
5s

Bn,I+$

4,300
0,625
0414
0,015
0,001

0,550
0,091
0,009

0,061
0,001

7
2

A. KONYA

~EnJ+i

1648.0
239,5
43,68
5,747
0,3832

210,7
34,87
3,448

23,64
0,4598

Table 4

Energy values of the occupied states in the Ag atom
(in Rydberg units)

1,6
4.8
2,4
3,1
4,7

9,6
7,0
8,5

1,6
11

Latter [19]

1777,0

251,7

44,75
5,934
0,4021

232,2

37,51
3,768

24,04
0,4652

- En,l

Gaspar [20]

1831,9

261,6
46,52
6,44

0,428

245,30
39,40
4,24

25,30
0,75

Landolt—
Bornstein[21]

1879,3
280,4
52,98
7,14
0,556

253,3
43,36
4,28

27,34
0,390

Having obtained the values al+i and BRnj+i we may determine now
the Bohr—Sommerfeld Orbits corresponding to the occupied wave-mecha-
nical states in the Ag atom. For this purpose we first solve equ. (25). The
numerical results in units of a0 are given in Table 5.

The radial charge densities of the electrons in the corresponding wave-
may he calculated from

mechanical

states

2s
3s
4s
5s

Table 5

(in units of a0)

0,002882
0,002748
0,002638
0,002453
0,002210

0,02895
0,02760
0,02735

0,1092
0,1023

Ada Phys. Hung. ToT. XV III. Fase. 1.

0,04121
0,1894
0,4445
1,3443
2,6592

0,1727
0,5076
1,3603

0,4563
1,6820

the eigenfunctions

rmax

0,02
0,10
0,38
0,88
2,50

0,10
0,33
0,90

0,30
1,15

given by

Data of the orbits corresponding to the occupied states in the Ag atom
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Gaspar [20]. The maxima of these charge densities rmax «— given in Table 5
too — and the aphelion of the orbits lie nearly at the same distance from the
nucleus.

5. Discussion

The method applied here to the treatment of the states existing in the
TF model is closely related to some previous investigations that were carried
out before the beginnings of quantum mechanics on the basis of the Bohr —
Sommerfeld theory. That theory gave orbits with definite energies and angular
momenta for the electrons in a spherically symmetrical field. By using empi-
rical term values it was possible to calculate effective electric fields V(r) of
the atoms with the help of formulas similar to (11). Publications of Fues [22],
Hartree [23] and Jeffreys [24] are based on this idea. After the relation
between the quantum numbers in the old and new quantum theory had been
pointed out [12, 13] these investigations were repeated by Sugiura and
Urey [25, 26] with half-integral values of the quantum numbers. With the
same method Prokofjev has calculated an effective potential field in analytic
form for the sodium atom [27] which has often been used.

The way we have followed here is just the reverse. Starting from a given
atomic potential field (the TF potential) we examined the states existing in
this field of force and from the continuity of these states we selected those
corresponding to the wave mechanical states.

The selection rule we obtained was as follows: In the states corresponding
to the wave-mechanical ones the characteristic quantities n* and k* must
have the values

n* n=123, ...,

(35)

k*=/+ —=— —A
2 2 2 2
As Fig. 2 shows the first condition defines energy intervals closely
related to the wave-mechanical energy eigenvalues obtained from approximate
calculations of the same order carried out by Latter [19]. If we choose non-
integer values for n* (in Fig. 2 this is the case for n* = 5/2) the obtained
energy intervals do not agree with the quantum-mechanical term values.
The difference between the limiting energies En0 and En, increases
with increasing n*. This property corresponds to the empirical observation,
that the /-splitting of the term values grows as the principal quantum number
n increases. The TF model also accounts for the fact, that for given n the
energy values lie the lower the smaller the value of I
In Fig. 2 one may observe an overlap of the neighbouring energy inter-
vals. The limiting curves E33 and Ei0 further E4i and -E50 intersect. This
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behaviour corresponds to the fact known from the periodic system of the
elements, that at several values of Z the sequence of the energy terms differs
from that of the principal quantum numbers. It occurs e.g. that the 4s- or
5s-states precede the 3d- and 4/-states, respectively, etc.

A more detailed and quantitative investigation of this behaviour cannot
he carried out by the examination of the limiting curves En0 and E,, n only,
one must also determine the s-, p- ... states existing within every single
energy interval.

This further selection can be made by applying the second condition (35).

By the simultaneous application of both the conditions (35) those states
are selected which approximate the wave-mechanical ones asregards both the
energy values and the spatial positions of the electrons in these states. This is
shown by the Tables 4 and 5.

It is reasonable to compare the obtained energy values with those given
by Latter [19] because these are eigenvalues of one-electron Schrédinger
equations with TF potential. The column in Table 4 marked % gives the
difference in per cent between these two values. As may be seen the errors
are of some per cent only, which may be regarded as satisfactory in view of
the simplicity of the applied method. The errors are partly caused by inaccur-
acies in the values of the function ®(a, #) and by the graphical interpolation.

Term values for several other atoms and further applications of the
method developed here will be published in subsequent papers.

The author is greatly indebted to Prof. P. Gombas for valuable discus-
sions. His thanks are due to Mrs. J. Huszar and Miss E. Szabo for carrying
out the numerical calculations and for drawing the figures.

REFERENCES

[N
el

Gombas, Statistische Behandlung des Atoms, Hb. d. Phys. Vol. XXXV, Springer,
Berlin —Gottingen—Heidelberg, 1956.

H. Thomas, Rev. Mod. Phys., 35, 508, 1963.

. Gombas, Rev. Mod. Phys., 35, 512, 1963.

C. R. Aifred, Phys. Rev., 125, 214, 1962.

Fermi, Zs. f. Phys., 48, 73, 1928.

. Koénya, Acta Phys. Hung., 13, 219, 1961.

. Gombas and K. Ladanyi, Acta Phys. Hung. 5, 313, 1955; 7, 255, 1957: 7, 263, 1957;
8, 301, 1958.

Nookwn
T>Mr O

Brillouin, Journal de Phys, et le Radium, 7, 353, 1926.

short survey of the WKB method may be found in E. U. Condon and G. H. Shortley,
The Theory of the Atomic Spectra, Cambridge University Press, 1952, pp. 339 —344.
17. P. Gombas, Acta Phys. Hung., 12, 329, 1960.

18. I. Fényes, Zs. f. Phys., 125, 336, 1948.

8. P. Gombas and K. Ladanyi, Zs. f. Phys., 158, 261, 1960.
9. P. Gombas and T. Szondy, Acta Phys. Hung., 14, 335, 1962.
10. N. Bohr, Phil. Mag., 26, 1, 1913.
11. A. Sommerfeld, Ber. Akad. (Minchen), 425, 1915.
12. H. A. Kramers, Zs. f. Phys., 39, 828, 1926.
13. R. E. Langer, Phys. Rev., 51, 669, 1937.
14. G. Wentzel, Zs. f. Phys., 38, 518, 1926.
L.
A

Acta Phys. Hung. ToT. XVIII. Fasc. 1.



QUANTUM NUMBERS AND ENERGY LEVELS IN THE THOMAS-FERMI ATOM 53

19. R. Latter, Phys. Rev., 99, 510, 1955.
20. R. Gaspar, Acta Phys. Hung., 6, 105, 1956.
21. Landolt-Rornstein, Atom- und Molekularphysik, Bd. I., Springer, Berlin, 1950.

22. E. Fues, Zs. f. Phys., 11, 369, 1922.

23. D. R. Hartree, Proc. Cambridge Phil. Soc., 21, 615, 1924.

24. H. Jeffreys, Proc. London Math. Soc., 23, 428, 1924.

25. Y. Sugiura and H. C. Urey, Kgl. Danske Vid. Selskab. Math, fys., 7, No. 13, 1926.
26. Y. Sugiura, Phil. Mag., 4, 495, 1927.

27. V. C. Prokofjev, Zs. f. Phys., 48, 255, 1929.

KBAHTOBbLIE YUNCNA W 3HEPFETUWYECKWE YPOBHMU
B ATOME TOMACA-®EPMMWU

A. KOHbA

Pesome

PaccmaTpuBatoTca 31eKTPOHbI B aToMe Tomaca— ®PepMuM C OAUMHAKOBBLIMW 3Hepruen u
MOMEHTOM KONMYecTBA ABUXEHWUS, HaXxOAAlW MecA B TOM Xe KBaHTOBOM cOCTOAHUKM. Wcxops
M3 KBAaHTOBOro ycnoBus bopa—3omMMepdenbaa, 3TU COCTOSAHUSA XapaKTepuU3yl TCA HenpepblBHO
BapbUpylWMUMUCA BeNUYNHAMKU N’ U N*, OTBeYalw LW MMN pajuanbHOMy U FMaBHOMY KBaHTOBbIM
yncnam BOMHOBOW MexaHUKM COCTOAHUS C LeNbIMU 3HAYEHWAMWU N* W NOAyLUeNbIMU N* COOT-
BeTCTBYIOT OJHO3MNEKTPOHHbLIM COCTOSSHUAM BONHOBOW MexaHUKMU.

B KauecTBe NpUMeHeHWA pa3BUTOro MeToga B paboTe onpefensieTcs 3Heprms M op6UTHI
Bopa—3ommendenbaa atoma Ag, COOTBETCTBYK LW MEe 3aHATbBIM KBAHTOBO-MeXaHWYeCKWM CO-
CTOAHUAM. Pe3ynbTaTbl Y[OBNETBOPUTENbHO COrnacyloTcss C faHHbIMW KBaHTOBOW MeXxaHUKW.
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A graphical method for the construction of Patterson functions of one-dimensional
structure models is given. The method can be applied to the determination of the approximate
electron density distribution along the large period of molecule chains too. Since in most cases
lhe intensity of the first reflexions of X-ray diffraction palterns cannot be accurately measured,
a correction for this case is also given.

In the case of three-dimensional crystal structure determinations by
Fourier synthesis, the chemical composition of the matter, the number and
atomic number of the atoms in the unit cell are usually known; the aim of the
structure determination is the determination of the coordinates of the atoms [1].
One-dimensional structure determinations are generally undertaken to reveal
the electron density distribution along relatively long periods in fibrous matter
built up of molecule-chains. In this case we have fewer data, because the
number, position and relative height of the maxima of the electron density
distributions are unknown. For the approximate resolution of the phase
problem in the Fourier synthesis [2] we have to construct an approximative
model using also the informations derived from other investigations and chang-
ing the parameters of our model, to approximate the real distribution as well
as possible, the Fourier synthesis is suitable only for the refinement of the
structure determination. Changing the parameters successively, the correctness
of the direction and the amount of alteration must be controlled in each case
by a simple and rapid method. For this reason it is convenient to compare
the Patterson function computed from the data of the X-ray diffraction pattern
with the Patterson function belonging to each distribution. The following
graphical method is well suitable for this purpose.

The definition of the Patterson function in one-dimensional case is the
following, as it is well known:

P(x) = N 1 o(u)eg(x f u)du, (1)
d

where p(u) means the electron density distribution along the u-axis, | the
length and N the number of the periods in the sample, x the rate of transla-
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tion of g(u) along the u-axis. It is clear, that after a translation in Wthe values
of P(x) will be different from zero only at such x ranges, where non-zero values
of the original and translated electron density distribution functions overlap
each other.

Let us decompose now the period to n intervals. In this way we put

o(u) = p, (u) + p2(u) + ...+ pn(u), (2)

where the functions p,(u) differ from zero only in intervals not overlapping
each other. We may now write P(x) in the following form:

P(x) = N L [*(u) + a2(u) + ... p,(W)] <[pXx+ u) + ... Q(x + u)] du =

=N Zn fl i i(x 4 d i d )
= N 2 [£Q) mifc4-u)du + | p(w) -Q(u + %) du].

Integrals of the first type supply non-zero terms only in cases when X is smaller
than the length of the greatest interval. Integrals of the second type will
differ from zero when two different intervals overlap.

As P(x) is the sum of these integrals, it can be determined, if we are
able to evaluate both types of integrals.

The one-dimensional electron density distribution can be approximated
by a gradual function consisting of steps of equal width. If for the limiting
points of the intervals we choose the end points of the certain steps, all of the
p,(u)-s contain only one step, i.e. each p,(u) will have a constant value inside
the interval of the step and will be equal to zero outside it. In this case the
integral of the product of p,(u) and Qk(u -)- X) will be equal to the product
of both heights of the steps multiplied by the length of the overlapping inter-
vals. The resulting functions are represented therefore by triangles, with base
equal to 2B and height equal to ABC (Fig. 1). Each Pj(x) integral has its
maximum value in the case, when X is equal to the distance between the
middle points of the non-zero intervals of p,(u) and Qk(u). It means that at X
values, corresponding to the distances between the middle points of the steps
we draw triangles with base of 2J3 and ABC of height, and after it we add the
values of the functions at the suitable points, we obtain the Patterson function
of the model.

The Patterson function constructed according to the method described
contains all terms of the series:

2nh
PO 12 A X (4)
h=o0 |
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On the other hand, as the first reflexions do not appear on small-angle X-ray
diffraction patterns, or cannot be measured accurately, the Patterson function
computed from the data of the pattern does not contain the first terms of P(x).
The possible absence of terms belonging to higher h indices does not cause

flul

Fig. 1. The construction of the Patterson function for thelcase when two steps overlap

a) ?7*(«)> b) Qi(u) and Qk(x + wu), ¢) P,(x) = (()g,(u), ok(x + u) du

a great error because the values of FJ2 i.e. the integral intensity of reflexions
of higher order are small in these cases, but values of \Fh\2 belonging to
h — 0,1,2 may be considerable.

We therefore have to subtract also from the Patterson function con-
structed in the way described the terms belonging to the indices h = 0, 1, 2.
The correction functions are being constructed as follows: each Fkj2 can be
written in the form used in Fourier series:

i
F hj2 = dj P(x) cos It hu/l du. (5)
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Substituting P(x) by its form decomposed to the sum of triangle functions,
Pj(x), this expression disintegrates into the sum of integrals containing now
the P,(x) functions which can easily be given in analytical form. After the
determination of these integrals the general form of Fh- will be:

Fig. 2. a) Patterson function for native RTT (rat tail tendon) determined from the measured
integral intensities on small angle X-ray patterns, b) Patterson function graphically constructed
from the model of native RTT

where /© means the value of x belonging to the maximum of P,(x), and m
means the number of triangles.

Multiplying the values of Fhj2, corresponding to the reflexions which
cannot he measured by cos 2n hujl, we obtain the terms which have to be
subtracted as corrections from our graphically constructed Patterson function.
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The data of the assumed model, i.e. the heights and coordinates of the
steps have to be varied, until the graphically constructed Patterson function
is similar to the Patterson function computed from the intensities measured
on the X-ray diffraction pattern (Fig. 2). This model can then be treated as
first approximation of the Fourier synthesis, and the determination of the
structure can be then refined in the usual way.
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FrPA®UNUYECKUM METOA ANM1A ONPEAEMNEHUA ®YHKLUUW NATTEPCOHA
OAHOMEPHOW CTPYKTYPHOW MOJENU

M. PAPKAWI-AHKE

Pestome

[aéTca rpaduueckuii MeToh ANS CcOCTaBfeHUs (YHKuUwWii MaTTepcoHa OAHOMEPHbIX
MOCTENEHHbIX CTPYKTYPHbIX Mogeneil. MeTo4d MOXET 6blTb MCMOMAbL30BAH W MPU OMpedeneHnu
pacnpegeneHus 31eKTPOHHON MAOTHOCTM BAOMAbL 60MbLLWOr0 Nepuoga MOMEeKYNsiPHbIX Leneii.
Tak KakK MHTEHCUMBHOCTb MEPBMUHOIO OTPaXeHWUs ANDNPaKLMOHHOW KapTUHbI PEHTreHOBbIX
Nyuyeii 60NbLIEA YACTbIO SABNSIETCS He TOUHO M3MEPUMOA, La8TC KOPPeKLMUs U ANs 9TOr0 caydas.
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The angular and momentum distributions of pions and protons observed in two-prone
n~ — p interactions in emulsion are investigated. The results give further support to thg
assumption that in these events the incident pion undergoes a quasi-elastic scattering. The
cross-section for this process is estimated to be a zz 2 mb.

1. Introduction

We have investigated the inelastic two-prong interactions at 17,2 GeV
in emulsion. The aim of our work was to study the quasi-elastic diffraction
character of inelastic processes at small multiplicities suggested originally by
Morrison [1, 2] and confirmed later by other authors [3—5], and extend
our previous investigations carried out at 7 GeV [6] to higher energies.

2. Experimental

The measurements were made in Ilford G5 emulsion irradiated by a
jr_-beam of (17,2 ~ 0,2) GeV energy. The plates were 14,5 cm X 23,5 cm X
X 0,06 cm in size.

Scanning the plates by following the tracks of primary pions and using
appropriate selection criteria 100 two-prong inelastic — p interactions
were found. In the analysis 40 more events of the same type, and having the
same primary energy measured by the Alma-Ata groups are also included [7].

The mass and momentum of the particles were determined by a combin-
ation of blob-density and multiple scattering measurements on relativistic
tracks having dip angle <5°. To the remaining relativistic particles geometri-
cal correction was applied. For tracks, where b/bo> M irrespective of their
dip angles two of the following three parameters were measured: blob density,
multiple scattering and range.

For the scattering measurements a Koristka R4 microscope was used.
The scattering of secondary particles was determined at cell lengths for which
the ratio of the signal to noise was at least 2. The spurious scattering was
determined by means of scattering measurements on primary tracks of well-
known energies on a total length of about 15 m.
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3. Results and discussion

In Figs. 1 and 2 we have plotted the momentum and transverse mo-

mentum distributions ofsecondary pions and protons originating in two-prong
n~ —p interactions in the center of mass system (CMS) of the colliding pion

and nucleon.

Fig. 1. The momentum distribution of secondary pions and protons in the CMS

The average momenta of pions and protons in the CMS are <(Pcms) =
The average trans-

= (0,93 0,08) GeV/c and <(pcms) — (1»8 ~ 0,3) GeV/c.
verse momenta of pions and protons are <(P">= (0,29 ~ 0,02) GeV/c and
= (0,34 = 0,05) GeYlc.

(pR, =
Fig. 3 shows the angular distribution of pions and protons in the CMS.
that all protons are emitted backward

One can see clearly from Fig. 3
in the CMS. The distribution of pions is also very asymmetric, they are emitted,

however, mostly in the forward direction.
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Fig. 2. The transverse momentum distribution of pions and protons in the C\VS

The four-momentum transfer in the two-prong #- —p interactions
was investigated in the way suggested by some of the authors in a previous
paper [8]. We have calculated the four-momentum transfer squared, t, for

N -mesons in the reaction:

+ p->mp + 1~ + kn° (k= 1,2, ..., (1)
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COS jyrrN

Fig. 3. The angular distribution of pions and protons in the CMS

and the four-momentum transfer squared for charged pions having the smaller
four-momentum transfer (irrespective of their charge) in the reaction:

7i~ f-p —-n 4+~ n~ -)-n* -k 7i°c (x = 0,1, ..)) 2)

The distributions which were obtained applying appropriate geometrical cor-
rection [6] can be seen in Figs. 4a and 4b.
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(V)

.ch N
3 (G-eV/c)2

Fig. 4. The four-momentum transfer distribution: of n_in reaction (1) and that of pions
having the minimum four-momentum transfer in reaction (2) irrespective of their charge

The shape of these histograms is very similar to those obtained by some
of the authors in the analysis of it~ — p interactions in emulsions at 7 GeV
and in bubble chambers at 7and 16Ge\ [8]. Both distributions are rapidly falling
off with increasing t quite similar to the characteristic four-momentum trans-
fer distribution in high-energy elastic scattering. In [8] it was also shown from
the bubble chamber data, that in reactions of the type (2) in the majority
of cases the four-momentum transfer calculated for the n”~-meson is less then
that obtained for the n -meson. From these results the authors of [8] have
concluded in accordance with Morrison [1,2] and other authors [3—5],
that in the inelastic two-prong tx~~ — p interactions the incident pion under-
goes a quasi-elastic diffraction scattering and has a certain tendency to maintain
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its charge. Our present experimental results give further support to this
conclusion.

From the observed number of events having fast forward emitted pions
the cross section of the quasi-elastic diffraction scattering can be roughly
estimated. Taking into account the probability of collisions on free and quasi-
free protons in emulsion, the cross section for the n~ — p quasi-elastic diffrac-
tion scattering turns out to be a”™ 2 mb at 17 GeV. This value is in good
agreement with the results of Morrison [1], who has found a = 2,25 mb
for the same type of events produced by 16 GeV n *“-mesons in a hydrogen
bubble chamber.

Several attempts were made to explain these experimental results [9].
One interpretation was that the incident pion undergoes diffraction scattering
on a virtual pion of the target nucleon. Another interpretation was given by
the exchange of a Pomeranchukon between the incoming pion and the target
proton or between the incoming pion and virtual target pion. All these models
however, must be treated with great precaution. The only conclusion that
cannot be disputed is that the inelastic interactions at small multiplicities
have quasi-elastic diffraction character.
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OBYX/NIYUYEBBLIE HEYMNPYIME B3AUMOLEWCTBUA B 3MY/IbCUUN MPU
OQHEPIMWN 17,2 TEB

.. 6O30KWN, E. PEHbBBEW , E. TOMBOWMW nv E. HAQb
Pesome

Bblno nccnefoBaHoO yrioBoe U MMMY/bCHOE pacnpegenieHne ABYX/Jy4YeBbiX B3auMopeii-
cTBuit M p B amynbcuu. lMonydeHHble pesynbTaTbl MOATBEPXAANT MPefMonoXeHWe, 4TO
npu 3TUX cobbITUAX NUOH paccenBaeTca KBasu-ynpyro. CedeHue 3TOro npouecca npubansu-
TeNbHO paBHSAeTCcA 2 M.
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Jt is not only in the fundamental research of nuclear physics but also
in the applications in which radiactive nucleides are used and above all when
standardizing pure beta-emitter sources that it becomes necessary to take
the absorption in the air layer between the counter and the ion source into
account.

However, some problems may arise in connection with carrying out
such a correction. First of all, the absorption of the continuous /3-radiation
is supposed to be exponential, although deviations from this law were observed.
On the other hand there are considerable differences in the literature between
the values of p/q determined on the basis of the exponential law. (The present
state is summarized in [1].)

Further the measurements refer in most cases to Al and from these it
is possible with the help of a correction formula only [2] to obtain the absorp-
tion coefficient for air. However, no transmission curve in air of any con-
tinuous /3-radiation has been published in the literature. (There are some recent
measurements in connection with the correction to the absorption in
air [3].)

It was, therefore, found worthwhile to measure the transmission curve
in air for the continuous /3-radiation of S3&. This is one of the pure beta emitters
with the lowest endpoint energy of the continuous beta-spectrum and therefore
is very sensitive to the absorption in air.

The measurements were made with scintillation techniques, the detecting
phosphor was a plastic scintillator (O 20 mm X3 mm in size) coupled to a
RCA 6342/A multiplier. To the Al cylinder containing the multiplier a vacuum-
chamber device was joined in such a way that allowed to produce a vacuum
in the space between the source and the scintillator or to maintain there a cer-
tain pressure. The experimental arrangement can be seen in Fig. 1 where the
respective dimensions are also indicated. The position of the source was change-
able by placing appropriate insets into the vacuum chamber. Before the scintil-
lator at a distance of about 10 mm was placed an Al diaphragm with an opening
of 0 16 mm and 2 mm thickness.
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In the course of the measurements the pressure was changed in the
vacuum chamber from one atmosphere to vacuum (10-2 Hgmm). In Fig. 2
the transmission curves taken at three different source-detector distances
can be seen. The three curves satisfactorily coincide down to 75% transmission
and even then only the curve corresponding to the largest source-detector

Fig. 1. Experimental arrangement for the investigation of the transmission of the S'15 beta-
rays in air of varying pressure

distance (84 mm) deviates from the two others. This can probably be explained
by backscattering from the bottom of the vacuum chamber.

The coincidence of the transmission curves corresponding to the 27
and 42 mm source-detector distance (where backscattering from the bottom
is negligible) shows that the measurement is practically not influenced by scat-
tering from the side walls of the vacuum chamber. This means that if the trans-
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mission is measured at a suitably fixed source-detector distance as function
of the air pressure and the thickness of the air layer is expressed in mg/cm2
the measured values immediately give the decrease of the intensity of the S3
continuous beta-radiation, owing to the absorption of the air layer at different
source-detector distances in atmospheric pressure. In Fig. 2 the transmission cur-

Fig. 2. Transmission curves of beta-rays with continuous spectral distribution of S35 in air
at different source-detector distances

Fig. 3. The transmission as function of the high voltage applied to the multiplier at a given
value of the absorber (solid curve). The upper dashed curve gives the counting rate without
absorber, and the lower dashed curve that with the absorber

ves are reproduced which were obtained for various distances as function of the
pressure. On the x-axis the values ofthe corresponding source-detector distance
at atmospheric pressure in mm are also indicated. It can be seen that the
intensity of the radiation investigated here decreased to about half its original
value already after penetrating 15 mm of air at atmospheric pressure. We
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should like to make the following remark on the role of the high voltage of
the multiplier. If the transmission is measured as function of the high voltage
at a given value of the absorber a change of the transmission will be observed
(see the solid curve in Fig. 3). One can easily see that the minimum of
the curve determines the real value of the transmission. As a matter of fact
when using lower values of the high voltage that correspond to the minimum
of the curve then the low-energy part of the spectrum will be cut off and at

Fig. 4. The beta-spectrum of S35 at different air pressures between the source and the detector
(the source-detector distance was 42 mm)

higher ones the dark current will make itself felt more and more. It may also
be seen from Fig. 3 that at the value of the high voltage where the transmission
has a minimum the counting rate attains its saturation value, it shows a plateau
(cf. the dashed curves in Fig. 3). In our measurements the high voltage had
a value of 1250 V.

In Fig. 4 the scintillation /3-spectra of S3 are given at different values
of the pressure between the source and the detector. In these measurements
the source-detector distance was 42 mm (the data for the diaphragm were
indicated earlier).
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We also took the transmission curve for the /l-rays of S&in aluminium
absorbers. In these measurements the Al foils were placed on the top of the
diaphragm (see Fig. 1). The value of the high voltage, as earlier, was 1250 Y
and the source-detector distance 42 mm. The form of the transmission curve
obtained (Fig. 5) corresponds to the experimental [4, 5] and theoretical [6]
curves recently published in the literature. It can be seen that the transmission
curve taken for air has the same form when plotted in a half-logarithmic scale

%

Fig. 5. The transmission of the S35 beta-rays in air and in Al plotted in a half-logarithmie
scale. The source-detector distance was 42 mm and the geometry was that of Fig. 1

(Fig. 5). A deviation from the straight line appears mainly at smaller values
of the absorber. From the straight section of the curves (at larger thick-
nesses of the absorber: for air from about 1,5 mg/cm2 i.e. at atmospheric
pressure at 10—12 mm; for Al from at about 3 mg/cm2) the value of (ijq
was determined as 246,7 for air. For Al it was found to be 256,7 cm2g.
From our experimental data for Al we calculated a value of 244,1 cm2g for
air on the basis of the Furnier formula [2]. This value agrees with our measured
value very well. It is to be noted here that the mass absorption coefficients
for Alto be found in the literature show considerable divergences: 290 cm24g [7],
211 cm2g [8], 277 cm2g [1].

Finally, we note that in these measurements we disregarded the effect
due to the backscattering from the surface of the scintillator. Owing to this
effect we can define an effective window thickness the value of which is about
0,1 mg/cm2[9] according to an earlier measurement of ours.

Acta Phys. Hung. ToT. XVIII. Fase. 1.



72

T. VERTSE and D. BERENY

The authors are indebted to Prof. A. Szaray for the excellent working
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RESTRICTIONS ON THE VERTEX FUNCTIONS

By

G. Pécsik
INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSE!Y, (BUDAPEST

(Received 19.111. 1964)

1. In the present note it is shown that in the theories possessing con-
served currents the vertex functions are restricted by certain integral or dif-
ferential relations. These restrictions are the necessary conditions for current
conservation. Therefore, they are very useful 1. for the simplification of various
calculations concerning the electromagnetic form factors and 2. to control
the compatibility of the current conservation and the various approximate
vertex functions.

2. The renormalized electron-photon vertex It transforms as a four-
vector under the Lorentz group, therefore, its most general form can be con-
structed from 12 invariants:

(1)

Let us assume that the physical vacuum is invariant under space inversion,
charge conjugation and time inversion. It is easy to see that these lead in turn
to the following restrictions:

1. +Typ,,pd = yOrp(—puPrw, —P2P20) Yo (2)
The sign -\~l— is valid for 4 = 0jj. (2) does not impose any restriction on (1).
2 @)
This states that » 5 6 s 11 are evenfodd func-
tions.

3. r?2(Pi,Pi) - Yo ru(Yi>vPi)y»- (4)
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Consequently, F”*p,p') = F*(p',p) etc. From (3) and (4) we see that
Fj, .. F, F12/F8 .. Fu are real/imaginary.

Further restrictions are imposed by the asymptotics. Namely, for zero
momentum transfer between free spinors for p —w00 the vertex function
behaves as y*/Z(yk and

2FAP->p) + 4mF4p,p) + 1 F3(p.,p) = — p2=m2 (5)
m m

lim (2/>uF, (p,p) + YuP3{P,P) + APMP*](P>P) = ziV (6)
P

3. In the following we shall examine the conditions for gauge invariance.

From (1) and (3) it follows that only the invariants Ft,3 49 1) 12 can
contribute to the electromagnetic form factors. Therefore, charge conjugation
invariance of the vacuum state is a sufficient condition for “weak gauge inva-
riance” [1]. In other words, charge conservation in one electron matrix element
automatically holds:

QuuU(p)r*(p,pu(p’) = 0. (M)

As is well-known, a necessary condition for gauge invariance is just the
W ard identity and the generalized Ward identity [2]. These can be combined
into an equation which holds in each gauge

QB%dxr"(px,Px)z orr"{p,pd (8)
Px=Px + (1—x)p'I
For the invariants we obtain the restrictions
AP ’P')— pQFAp,p") + Q2FAp,p') = J 2Qpxf APx,Px)
B(p,p') - F3p,p') + PQFXp,p’) + Q2F7p,p') =
= g'jdx (R(Px,Px) + 2(2x - 1)px<4(px,pX)) (9)

C(p,p’) = PQF, (p,p")+  Fe(p,p) = 2J dxpxQFa(Px,Px),

D(p,p’) = Fe(p,p’) + p QFu>(P'P’) + QiFn(p,p’) = o

or in differential form

dA(p,p'
(PP = 25 AF (p.p), B(p.p) + C(p.p) = FXp.p) (10)
9P,.

9B (p.,p’ . '
(p.P") -A-C(p,p") = 2p; FAp,p), D(p,p’) = 0
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If a certain vertex does not satisfy the conditions (8)—(10), then it
cannot be compatible with charge conservation. Furthermore, the invariants
contributing to the electromagnetic form factors are not independent of the
other invariants F This immediately follows if we consider (10) on the mass
shell. For instance, in case of small momentum transfer (QF"1dQ2Q1--0 =
- (9F,/3p2 C2= 0 etc.

4. As an example we shall examine whether or not Edwards’ linear
program [3] possesses the properties (8)—(10). First of all, it can be seen that
the general equations are compatible with (8). However, the approximate

vertex given by Edwards is

m2(l —x) /&

7
p 2>k-(- m2 )
and for large p
3 (payisn (12,
dp" yp --m

A simple calculation shows that for large p (11) and (12) contradict (10).
Similarly, it is true that in Nambu’s theory the approximate axial vector
vertex part is not compatible with the conserved axial vector current [4].
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For the analysis of the gravitational collapse in hyperstars it is necessary
to know the pressure-density relation for the real baryon gas also in the
extreme relativistic region [1]. The theory of nuclear matter enables us to
compute the pressure-density relation in the state of nonrelativistic dege-
neracy. The case of relativistic degeneracy has been treated without any
interaction [2] and when only the repulsive core was taken into account [3],
as of course one has no detailed information about the baryon interactions at
very short distances. An extrapolation of the pressure-density relation was
tried under the assumption that the rest-mass density, given by the trace of
the energy tensor, has to be positive. It possibly tends to zero if the density
grows beyond all limits. This is equivalent to the conclusion

p< wnand lim » = —
y-*- 3 S

(Here p means the pressure, u the energy density and n the particle density.)
(1) does not contain very much information about the behaviourofthe functions
p(n), u(n) at very high densities.

Here it is our aim to derive the pressure-density relation from a simple
model interaction in the whole relativistic domain. We do not allow neglect of
any relativistic effect, but we do make an over-simplification in respect of
interactions. Because of this our results cannot be expected to be correct, they
at most supply some information on the mathematical peculiarities of the
pressure-density law in the extreme relativistic domain.

In our approximation a zero-range interaction will be used, the relativ-
istic scalar version of the two-nucleon potential U(r12 = Co(r12 [4]. In a
non-quantized scalar field the energy of a fermion gas with particle density n
in the Thomas—Fermi approximation is known to be

1
c-

P+PP dV . (2
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The field equation determining the scalar potential /is of the following form:
V2 —~f~ y2f= *ngn~rlfl - B2>. (3)

Here m is the bare mass constant of the fermions, g is the coupling constant
and is the range of the field. The kinetic energy of the particles is taken
into account by calculating the mean values < > ofthe velocity (/?)-dependent
expression with the help of the Fermi distribution. Our aim is to evaluate the
dependence of the pressure

3E
8F

and of the energy density

on the particle density n at zero temperature. To make the evaluation of (1)
possible, we go to the limit /t-1 = 0 [4]. Let us introduce dimensionless
quantities:

n p n
F= — [ =3 = , (xy = ====
no0 Pn Ua
with
hg 32712g2m2c
— = Pn — - .
uo n—mc-nn 3i2h3

Minimizing the energy E with respect to 9 we arrive at the relation (4)

3 »1/3 jl213
P= 7(1 — P3
2 1 P i (1- a2
yl13 L2103
In |
1—0 1- 9Y1

This is the explicit form of the field equation (3) in the limiting case /<-1 = 0
and is equivalent to

@ = y.<l/l —B33. (5)
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(3) enables us to calculate (p for every density value v. The pressure and the
energy density turn out to be of the following form:

n —- vyv2s-f-(I - (E2- y-1 9« <p).
4

(6)

to- — VW23+(1 — ep2+ y x<p(l+ (f) .
4

W hen relation (4) is taken into accountn and to turn out to be functions of v.
These are shown in the Figure. Here we have chosen the parameter values
y = 1,38 and m = 0,71-10_24 g, because these reproduce the experimental
density and energy of the nuclear matter at zero pressure. In this case

n0= 2,8 «+108cm*“3, u0= 1,12 «10“ MeV cm*“3, p,, = 1,79 m10D atm.

(This is not meant to be an explanation of the saturation in common nucleic
because, the equilibrium state p = 0 is —in the case of Wigner forces — in the
relativistic domain [4] contradicted by the facts of nuclear physics.)

One sees that#d at first has the nonrelativistic form 0,2r°/~3, later it will be
decreased by the attractive interaction, and for v .. oo it will increase as
0,25r48 like a neutrino gas without any interaction. The cause of this behaviour
is clear: for v -> oo the potential p —m1 and the physical rest mass

M=m+ =m(1l— <,
C_

occurring in the particle energy and momentum, disappear [4]. At the same
time the maximum Fermi velocity approaches c since

1 3 (1-y)3
yi- g2 2 v € Q-
A3 2I3
- In

+ 1+
1-<f 1- <y

tends to infinity for v -> oo. According to the field equation (4) < remains
finite also for infinite densities, thus its influence looses in importance in the
extreme relativistic region. The postulated relation (1) is verified for this type
of interaction.

Above a critical density equation (3) can be satisfied not only by one,
but by three different values ofy for a given density v. (As a matter of fact,
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not one, but three different values of potential and velocity can give the same
Fermi momentum according to the relativistic formulas.) In the Figure along
the branch B the potential decreasesto 1(p 1) forr -> 0o, and the maximum

Fermi velocity -> c. In this case (1) will be satisfied by negative values ofp
and u:

3
uiv 3n - r43 for large v .
1 4
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In the branch C the interaction plays a decisive role in the relativistic region:
For v-> o0 the potential < -> the maximum Fermi velocity -> 0, thus

p~™owu — 0,5 yv2

(The inequality (1) has lost its validity, but p/u < 1 and so the sound velocity
remains below the velocity of light also in this case.)

The negative energy states — in the sense of Dirac — are characterized
by < J/I— %> < 0, i.e. by @< 0. We do not intend to investigate these
solutions in the present paper.

The equilibrium state of the fermion gas is at v = 0,42, p = 0. If by
compression the matter reaches higher and higher densities it moves along the
branch A. It is problematic whether the strange branches B and C may have
any physical meaning. If matter could jump from A to C the field would
dominate and the gas would collapse. (This “scalar collapse” is somewhat
similar to the gravitational collapse. It could be stopped only by a quantum
fluctuational effect.) We note that the occurrence of states of negative pressure
of the fermion gas at very high densities is not certain but only possible. This
is, however, a very interesting possibility: Perhaps by compression the real
many-neutron system may be brought to an extremely bound state, in which
it has lost its positive mass but still has preserved its baryonic charge. (The
transition of common terrestrial nuclei into this superbound state by tunnel
effect is slowed down by the many degrees of freedom. As it is shown [5],
for light nuclei — e.g. for deuteron —e such a superbound state does not exist.)
The formation of such supernuclei with negligible or negative rest mass may
offer a possibility for the imploding hyperstar to decrease its gravitational
mass below the Chandrashekar limit. This may prevent the gravitational
collapse inside the singularity. This mathematical possibility, suggested by our
model, seems to deserve a more detailed (and more realistic) investigation.
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The authors are indebted to Prof. P. Gombas and to Dr. D. Kisdi for
valuable discussions on many-fermion systems. One of the authors (G. M.) is
highly indebted to Prof. J. Robinson for the kind invitation to the Southwest
Center for Advanced Studies in Dallas (Texas). The discussions on the problem
of gravitational collapse have given the initiative for this work.
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G. Hertz

Lehrbuch der Kernphysik, Band Ill, Angewandte Kernphysik

B. G. Teubner Verlagsgesellschaft, Leipzig, 1962.

Im Band 11l des Lehrbuches der Kernphysik werden die wissenschaftlichen Grundlagen
fur die technische Anwendung kernphysikalischer Erscheinungen behandelt, ohne dass auf
Einzelheiten der technischen Durchfihrung eingegangen wirde. Dadurch ist das Buch einer-
seits gut Ubersichtlich, nicht allzu lang, anderseits jedoch gentigend ausfihrlich um denjenigen,
die kernphysikalische Methoden anzuwenden beabsichtigen, lUber die physikalischen bezie-
hungsweise physiko-chemischen Grundlagen der einzelnen Anwendungsgebiete einen hinrei-
chenden, wissenschaftlichen Uberblick zu geben.

Das Buch hat einen Umfang von 320 Seiten und gliedert sich in 9 Kapitel. Die einzelnen
Kapitel sind in mehrere, insgesamt 76 Paragraphen gegliedert. Das Buch ist klar und einfach
geschrieben und fur jeden mit entsprechender Vorbildung leicht verstandlich. Der Wert des
Buches wird durch die 79 schonen Abbildungen, 41 Tabellen und durch die zahlreichen Lite-
raturangaben in grossem Masse erhdht.

Im folgenden geben wir einen kurzen Uberblick Gber die im Buch behandelten Probleme.

Kapitel A gibt eine Einfuhrung in die Theorie der Reaktoren. Es behandelt die im Reak-
tor ablaufenden Vorgange, Fragen der Stabilitat und der Ausnutzung des spaltbaren M aterials,
sowie die wichtigsten zur Erganzung der theoretischen Berechnung benutzten experimentellen
Methoden. Im Kapitel B werden die verschiedenen Methoden der Isotopentrennung besprochen.
Es handelt sich hier um eine neuartige Darstellung dieses Gebietes, in der sdmtliche, scheinbar
sehr verschiedenen Verfahren unter einem einheitlichen Gesichtspunkt behandelt werden.

Das nachste Kapitel ist der Theorie der thermodynamischen Effekte der Isotopen
gewidmet. Auf Grundlage der Methode der Zustandsummen werden die thermodynamischen
Gleichgewichte in Isotopensystemen, vor allem die Berechnung des chemischen Isotopen-
austausches behandelt, da diese fir die technische Isotopentrennung von grosser Bedeutung ist.

Im Kapitel b wird eine kurze Ubersicht Uber das Gebiet der Radiochemie gegeben.
Wir finden hier die Behandlung der chemischen Eigenschaften der natiirlichen radioaktiven
Nukliden, der Transurane und der kunstlich radioaktiven Isotope, sowie die Behandlung der
speziellen Methoden, die fur das Arbeiten mit den in extrem starker Verdinnung vorliegenden
radioaktiven Elementen entwickelt worden sind.

Das nédchste Kapitel behandelt die Anwendung der radioaktiven Nuklide in der Physik
und Technik. Es wird neben zahlreichen Beispielen der Ausnutzung der ausgesandten hoch-
energetischen Strahlung und der Anwendung der Methode der Markierung auch kurz auf die
AlterbeStimmung mittels der Radioaktivitat eingegangen.

Im Kapitel F werden die Verfahren zur Herstellung markierter Verbindungen, die
Anwendung von radioaktiven Nukliden in der chemischen Analytik (Indikatoranalyse, Isoto-
penverdinnungs- und Aktivierungsanalyse) sowie in der chemischen Kinetik und der Struktur-
lehre erlautert.

Ein weiteres Kapitel behandelt die Verwendung der stabilen Isotope. Es werden aus-
fuhrlich die Variationen in der natirlichen Isotopenzusammensetzung der Elemente und die
neuentwickelten Verfahren zur lIsotopenanalyse besprochen. Die Anwendung wird an einer
Reihe von Beispielen beschrieben.

Uber die umfangreiche Anwendung radioaktiver Nuklide in Medizin und Biologie wird
im Kapitel H nur ein allgemeiner Uberblick gegeben : an einer Reihe von typischen Beispielen
werden die wichtigsten Arbeitsmethoden erlautert und ihre Fruchtbarkeit gezeigt.

Im letzten Kapitel schliesslich wird als Abschluss des Buches eine ausfihrliche Behand-
lung des Dosisbegriffes und der Dosismessung, sowie eine verhaltnismé&ssig eingehende Dar-
stellung der moglichen Schéadigungen, der zulassigen Belastungen und der notwendigen Strah-
lenschutzmassnahmen gegeben.

L. Bozoky
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11. Jancel—Tu. Kahan
Electrodynamique des plasmas
fondée sur la Mécanique statistique
Tome 1: Processes physiques et Méthodes mathématiques X X -f- 622 p. Dunod, Paris 1963.

Undoubtedly plasma physics is one of the most interesting topics of modern physics.

Specialists in quite a wide range of subjects from the theoretical astrophysicist to the
electrical engineer, are engaged in research in this direction. The rapid development of this
branch of physical science is influencing also the other branches and important results obtained
in plasma physics will effect, directly or indirectly, the future life of mankind.

The ever-increasing speed of the rapid development of plasma physics has given rise
to a didactic problem. It is perhaps true to say, that so far there has been no comprehensive
textbook, that would be cuter for the university student and at the same time for those starting
to specialize in plasma physics, and that would deal systematically with the whole physical
world of plasmas. To express our misgivings more clearly: the otherwise excellent, smaller or
larger textbooks or monographies are either too short or too narrow in scope — i.e. too spe-
cialized — to be able to give an at once deep and many-sided survey in a selfcontained form.
But, in order to make teaching at the universities more effective in our opinion just this would
be needed: to decrease the gap between the actual state of plasma physics research and the
level of the text books.

The present volume, being the first part of a series, is a condensed version of the material
of lectures delivered at the Sorbonne by the authors. They recognized that a comprehensive
work of this kind is of interest to specialists of different branches, and they therefore give
a self-contained review of the whole basic theory.

The present volume is devided into eight chapters.

In Chapter 1 the general properties and the fundamental processes going on among
the constituents and the formation and decay of the plasmas are described.

Chapter 2 contains an excellent short summary of the basic principles of statistical
mechanics together with a review also of some modern approaches relating to the evolution
of nonequilibrium systems and their applications to the case of plasmas.

In Chapter 3 the dynamics of binary collisions is studied.

Chapter 4 is devoted to the detailed study of motion in different external electric and
magnetic fields of given distributions and to the Brownian motion of charged particles.

Chapters 5 and 6 give a review of the theory of the Boltzmann equation, the transport
equations, the macroscopic equations and the several-fluid-model of plasmas.

In Chapter 7 the mean free path theory of transport properties of equilibrium plasmas
is expounded.

The last chapter is a comprehensive treatment of the general method for the approx-
imate solutions of Boltzmann’s integro-differenlial equation.

In the Appendix useful mathematical summaries are given.

The general impression of the present reviewer is that the authors have indeed reached
their twofold aim: to provide up-to-date information and at the same time to remain on the
solid ground of pedagogy, i.e. to give only “necessary elements” for the building of a very
neat structure.

Excellent work has been done by the publishers as regards the careful printing and
beautiful presentation of the volume.

We hope that this excellent book will soon be followed by the next volumes and that
it will become an effective tool in the hands of the specialist as well as the scientist working
in other branches of physics.

I. Abonyi

K. J. Binns and P. J. Lawrenson
Analysis and Computation of Electric and Magnetic Field Problems
Pergamon Press, Oxford —London—New York —Paris, 1963. 333 pages, 84 s net.
The book presents a very comprehensive treatment of the analytical and numerical

methods for the solution of the two-dimensional stationary and quasi-stationary electric
and magnetic field problems in not more than 333 pages.
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The mathematical knowledge required of the reader is on the average engineer’s level,
assuming the normal calculus and some practice in the solution of ordinary differential equa-
tions, the use of simple Fourier series and of the elementary theory of functions of a complex
variable. The more advanced mathematical methods used in the book are fully explained
in the text such as the solution of partial differential equations, the use of double Fourier
series and elliptic functions.

The book is divided into four parts. Part | gives a general introduction into the problem.
It contains an introductory chapter pointing out the basic analogies in the methods of solution
of several other important fields, such as the theory of heat conduction and the flow of fluids
as well as static and quasistatic electric and magnetic problems. Chapter 2 is devoted to basic
field theory giving in avery concise form the theory of electric and magnetic fields and a clear
explanation and definition of the physical quantities used in the later parts of the book. The
basic physical requirements are collected in this part, in order that the other three parts of
the book may be used independently of each other.

Part Il entitled “Direct Methods” contains three chapters: Chapter 3 on the method
of images, Chapter 4 on the direct method of the solution of Laplace’s equation by separation
of the variables and Chapter 5 on the solution of Poisson’s equation for magnetic fields of
distributed currents.

Part 111, the longest of the four, is devoted to transformation methods. Its first chapter
(Chapter 6) gives an introduction to conformal transformation. The next two chapters (Chap-
ters 7 and 8) deal with curved and polygonal boundaries. Chapter 9 contains the necessary
details of the elliptic integrals and functions, while Chapter 10 extends the transformation
method to the general case.

Part IV on the numerical methods deals chiefly with the method of finite differences
and with some possible uses of the Monte Carlo method.

At the end of each chapter a detailed list of references is given. At the end of the book
four Appendices provide valuable tools for carrying out the necessary computations and
an additional bibliography.

The book written in a very clear style contains many practical examples and figures
referring to various field problems. It can be regarded as a valuable guide for engineers
and physicists faced with two-dimensional static and quasistatic problems.

Published by Pergamon Press the book has the usual high standard of Pergamon

publications.
J. Antal
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PERIODIC FOCUSING OF DENSE ELECTRON REAMS
WITH THIN LENSES
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(Presented by G. Szigeti. — Received 23. |. 1964)

In the first part of this paper the stability of an axially symmetric dense electron
beam, focused by means of a periodic series of thin lenses is considered. The results here
obtained are different from those given by J. R. Pierce [1].

In the second part an investigation of the periodic focusing of a sheet electron beam
by means of thin cylindrical lenses is given. The required value of the focal length of the
lenses is determined. It is found that this kind of focusing is stable.

Introduction

Periodic focusing is a successful method for focusing dense electron
beams. The main point of this method is the compensation of the space
charge divergent effect of the beam by an aligment of identical lenses. The
case when the focal length of the lenses (f) is far greater than the practically
noticeable extension of their fields in the direction of the axis has been con-
sidered. Such lenses are called thin. Further we suppose that the space | between
two neighbouring lenses is also far greater than the extension of the fields.

The first part of the paper is concerned with the stability of an axially
symmetric dense electron beam, focused by means of a series of identical
converging thin electron lenses i. e. with the change of the geometry of the
beam when the initial conditions undergo small variations, taking into
account the diverging effect of the space charge.

This problem was discussed primarily by J. R. Pierce [1]. In the course
of our investigation results quite different from those given by J. R. Pierce
have been obtained. We have drawn his attention to this discrepancy. On the
initiation of Pierce W. W. Rigrod repeated the calculation and obtained
results agreeing with those given here [2].

In the second part the periodic focusing of sheet dense electron beams
by means of a series of thin cylindrical lenses is dealt with. This problem is
not treated in the literature. We give a simple expression for the required
value of the focal length of the lenses. It is found that this kind of focusing
of dense sheet beams is stable in all cases.

Both problems may be applied to electrostatic, magnetic and comple-
mentary thin lenses.

i Acta Phys. Hung. ToT. XVIII. Fasc. 2.



88 M. SZILAGYI

1. The stability of an axially symmetric electron beam focused by means of a
series of thin lenses

Let us place a series of identical thin electron lenses, with a focal length /,
periodically at an equal distance | from each other (Fig. 1). A laminar parallel
electron beam arrives into the system, parallel to the z-axis. The beam radius
is r0. The edge trajectory of the beam will be examined later. In the thin lens
approximation it can be assumed that the beam motion in the section between
any two lenses is determined only by space charge and the lenses change

suddenly the slopes of the beam trajectories with respect to the z-axis. The
dr

slope ?z r0 thus formed immediately after the lens, gives the value of
the initial slope for the motion in the following section.

Parameters | and / characterizing the system may be chosen so that
the configuration of the beam would be identical in all sections and sym-
metrical within the sections with respect to the centre of the section. These
requirements are realized if the condition

- = - 2rj
/ )

is satisfied, where the value of r(, is determined bv the length /, beam radius rNe

|
and beam perveance P __LLrE’-‘-' in the way given in [1], simultaneously

satisfying the condition
1= 2z,

(Here zmin is the coordinate of the minimum beam cross-section, | the beam
current in ampeéres and UO the accelerating potential in volts.) Evidently
ro< O.

It should be mentioned that expression (1) is not concerned with the

first lens placed in the plane z= 0. The convergence — of this lens should
fi

be the half of the convergence — of all the other lenses because this lens

changes the slope of the edge path from zero to roO.

Let us now pass to the question of stability. From a practical point of
view this is a question of decisive importance because it is impossible to
ensure a total identity and steadiness of the initial conditions. So unstable
focusing is not practicable.

Suppose that in an arbitrary point z the deviations of the beam radius
and slope from the ideal values r and r' given in Fig. 1 are dr and &r' because
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PERIODIC FOCUSING OF DENSE ELE-CTRON BEAMS 89

instead of ruand rgthe initial values are r0 -f- 6r0 and r0 -)- 6rg. (The primes
represent derivation with respect to 2). Then we can write

(2)

®)

The partial derivatives indicate the degree of deviation of the values r
and r', corresponding to an arbitrary point 2, which originates in the variation
of the initial values rO and ro.

Let us consider the section between the n-th and (n -|- I)-th lenses
and rewrite expressions (2) and (3) for the point immediately after the (n-)-1)-th
lens. In this case the initial condition corresponds to the beginning of the
section; thus ru= rn and r0= rh. We obtain

dr A dr .
srn+l= or,, ) ar; 4
3rn 3r0 h+1
and
8r'
orn+l = K + A7y < orn+l- (5)
3, n+i 3r0 m+1 /

Here the last term appears because the (n -f- I)-th lens affects the
deviation of the beam slope already at the point immediately after the lens.
Our task is now the determination of the partial derivatives. For this
the expressions of the beam motion determined by space charge given in [1]

I* Acta Phys. Hung. ToT. XVIII. Fuse. 2.
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will be used. It is convenient to write these expressions in the following way:

174yp
6
J 2rn (©)
174y p
and
=r = In— + (7)
174 /P ro 174 1P

If we consider the convergent part of the beam the negative sign should
be chosen before the root, and the positive sign if the divergent part of the
beam is considered.

Let us differentiate both sides of equation (6) with respect to rOand <.
We have

ar'
8r, (myp) 174 VP z ( 174yp) 8)
e — e s e
174 VP
and
ar'
8ré6_ ci"yp) L _ = 174 1Pz _ 2.1 e{Twpy (9)
174 YP 174 fP 2r0 (174 /p )2

Let us now differentiate both sides of equation (7) with respect to the
same parameters. We obtain:

dr’ 1 dr
ar0 r dr0
. 10y
174 )rP 2r
174 YIP~
and
dr’ 1
—  + -
dro r dr0 {
174 YP 2r (H)
174 YP

The form of the expressions (8)—(11) does not depend on the fact whether
the convergent or the divergent part of the beam is investigated.

In the case of the section considered we have rO0O= rn and r0= rn.
At the final point of the section z — I. In an ideal case we have: rn= rn+l
and = r(j+1. So we have
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M*=T= Th+a ro = rn= rntlm (12)

Thus from expressions (8)—(11) the derivatives are

8
r K (13)
3 pe1
8r 21 (14)
3r[ntl (174 ]/Pf
dr' (174 Y P fl (15)
3r0 41 #r0
8r i+ Jil (16)
8r n+1l
From (4) we have
1 r . 8r
br' = ¢ <4+ - brn (17)
r 8% nw
®oL+i
and
8r '
<4 +1= <442 _ brn+1 (18)
dr | dro jn+ o2
9r0 |n+2

According to (13)—(16), the partial derivatives depend only on r0
and r0. Besides, for any values of k we have r0= rk and = rk.

Therefore we may omit the indices. The fact should, however, be men-
tioned that these derivatives are concerned with the immediate beginning
of the section. Substituting (17) and (18) into (5) we obtain

8r dr'
<4+1 br,, —
8 2 9r0 drn
9ré
8
8% brn+l
\ar 8r-<4

ar, /

9ré
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Reducing the equation we have

\ dr dr' 1 3r1
h

drn+2 — — — - drn+1+
Ldro dro f 9roJ
, Cdr dr' dr' dr . n N
+ dr =0
drO dr' drO0 8r6

Let us now substitute the values of the derivatives from (13)— (16) and

the value of — from (1) into (19). The coefficient of &rn is
dr _dr'_ dr _ [/ ™ iré ji 6 Pro2 = j
3ru  8r 8r0  8r( " r0]] ro j r2

The coefficient of érn+l is

8r _ dr 1 ar _ Ir'o Iro
— 1 — i r 1T
9t0 9r0 [/ 8r0 ro r9
2jrn 0 210rlf =2r 21r?
ro (174 VP)* 4 (174 | P)2r0 "

Therefore equation (19) may be written in the following way:

&§"M+2 — 2 MoOrn+l +6rn= 0, (20)
where
2 Ir'3
M= 1+- *-° - (21)
(174 fP)2ru

The solution of equation (20) is [I]:

a) orn= const, cos [raarccosM], ;f Mj<C1, (22)
6) orn= const,ch [narcch M Jcosynn, if \M\]>1, (23)
where

1, if M < —1,
7_0 if M> 1.

The value of érn must not increase arbitrarily in the section between
the n-th and (n -f- I)-th lenses if the focusing is to be stable. Therefore expres-
sion (22) refers to the stable and expression (23) to the unstable focusing.
Thus in the stable region of focusing the following condition must be satisfied:
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M| < 1. (24)

Let us introduce the dimensionless variables

Z= 174 yp — (25)
ro
and
R= — . (26)
ro
Then
R'= dR I = 1 ELI re (27)
dZ |z.0 ~ 174 fP dz |z 0 174 ]/P
and
L= 174YP — . (28)
ro

Expression (21) can be written in a dimensionless form by means of (27)
and (28):

M= 1+ 2RAL. (29)

If the value of L is given we know the value of Rh. To each value of L
belong two values of Rqg These values may be read from Fig. 11.8 in [1],
consequently to each value ofL belong two values of M: the larger M belongs
to the smaller —R'0 and the smaller M belongs to the larger —R q.

The parameter M versus L is plotted in Fig. 2. We can see (the hatched
section) that the stability condition (24) is satisfied for

0<L< 21186, (30)
namely at the smaller values of —R'0. Focusing is stable only for
0< —fi)< 0,78. (31)

Focusing is unstable along the whole lower portion of the curve. (This lower
portion is given in the Figure only in part. If we increase the value of —R'0
further, the value of M decreases rapidly and in the case —R'0 -> 00 we have
M -> — oc).

As already mentioned these results are quite different from those given
in [1]. The form of the curve M = M(L) differs very much from Pierce’s
curve. He has found two stable sections: for the first section 0 < L < 2,04,
0< —W', < 0,70, and for the second 1,71 < L < 2,16, 0,92 < —R'0 < 1,51.
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According to our investigations the second section does not exist, and
the first one proved to be a little wider. As (—R'OL)max = 2,57, with the
aid of (1), (27) and (28) it can be seen easily that

|
5,14 . (32)
7)

According to Fig. 2 this value falls into the unstable region. In the
stable region the maximum value of (—ROL) lies at the boundary of this

region and its value is (—R'OL)max"stab- = 1,65.
Hence
— = 3,30. (33)
f ,max stab.
Expression (33) determines the maximum applicable value of the lens con-
I\
vergence. That is a new result also, because in [1] the value — = 514
/ 1mBex
1)
fell into the boundary ofthe stable region. So we see that the value of —
f /max. stab.
is smaller in the case when space charge is taken into account than in the
)
absence of space charge when — = 4 [1]. However, no special
J Jmax.stab.

conclusion can he drawn from this fact, since in [1], in the absence of
space charge, effects due to the deviation of the initial conditions were not
studied.
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2. Focusing of a sheet electron beam with a series of thin cylindrical lenses

Let us now consider the case of focusing a dense sheet beam. If the
beam length is far greater than the other dimensions and the beam width
W is far greater than the beam thickness 2y, it may be assumed that space
charge forces are acting only in the direction of the y coordinate. In this case
we may apply the same approximation as in the case of an axially symmet-
rical beam. Evidently in this case thin cylindrical lenses must be put at a dis-
tance / from each other. The lenses may be electrostatic, magnetic or their

1
combinations but they all must have the same convergence — . If n\ereplace |

the coordinate r by y in Fig. 1this Figure will be applicable for the case of
sheet beams also because in the given approximation the beam width W in
the direction of the m-coordinate (perpendicularly to the plane of the Figure)
can be assumed to remain constant.

In order to keep the beam configuration identical in all sections and
symmetrical within the sections with respect to the centre of the section
the following condition must be satisfied:

j= -2 Yo (34)

where the value of yé is determined by the requirement
I=2zm. (35)

Here y Ois the initial half-width of the beam, y'0 the initial value of the slope
of the edge path,/ the focal length of the cylindrical lenses and zmthe coordin-
ate of the minimum beam cross section.

Let us introduce the dimensionless new variables

J (36)
Jo
and

Z,= 154 P z (37)
WVo ~ flo

Then the beam configuration determined only by space charge is given
by the following equation [3]:

Y = Z\+ YO0ZS+ 1, (38)
where
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vt = day 1 (39)
dZs 154 | -k i - v

The value of the constant Kk, appearing in expressions (37) and (39), is

1 w
k = (40)
154 PY» '

According to (38) the form of the beam boundary is parabolic. We
know from the expression

y'= 228+ Y'= 0 (41)

that the apex of the parabola corresponds to the coordinate

=y - (42)

This coordinate gives the location of the minimum beam cross-section.
Thus we can rewrite (35) with the new variables in the form

—2Zsm— YO, (43)
where

LS= ZS()= -/- - (44)
«Jo

From (39), (43) and (44) we have
— = —k'Jo- (45)
Jo

Now an exact expression can be obtained for the condition (34):

1 JA 2Lj 272 Pl
------ = 4,74 +104 (46)

/ fc2Jo fcjo 1"Jo

Expression (46) gives the value of the focal length f of the applied thin
cylindrical lenses required for the periodic focusing of a sheet beam with a
perveance P, width W, initial thickness 2y 0 and lens period /. If the beam
enters into the system parallel to the r-axis the relation

(47)
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will be evidently valid in this case also, where j\ is the focal length of the
first lens.

If the variations of the beam boundary should not to be too large,
evidently the value of Zmust be decreased, i.e. more lenses must be applied.
It can be easily seen that in case Zsm > 1 the beam boundary crosses the
z-axis. As this is not desirable we can assume the value Lsmax = 2 as the
limit, from the point of view of practical application. This — according to
(46) — gives the condition

4 =8, (48)

which determines the practically applicable maximum values ofthe convergence
and the lens space. Obviously, it must also be taken into account that both
the focal length and the lens space must be considerably larger than the
extension of the lens fields (thin lens approximation).

Let us now consider the problem of stability. For this the variation
of the beam configuration under the influence of small variations of the
initial values of beam thickness y,, and beam boundary slope y'0 must be
considered.

Suppose that at an arbitrary point z the variations of the values y
and y' are 6y and 0y', respectively, as a consequence of the fact that the
initial values arey0-f- dyOandyé O0yOinstead ofy ()andy6. Thus immediately
after the (n -f- I)-th lens we can write similarly to (4) and (5):

9y a 1 @

ayn+1 — wyn+ —~r- h'n (49)
D Ui Qo n+l
and
Qy . bn+l
V.» - @ fyn + Oyh - b (50)
9o \n+1 9o n+l /

Let us now determine the partial derivatives. Equation (38) can be
rewritten in the form
Z'i+Y'Zs+ (1- Y) = 0. (51)
Hence

Zs= " [-YO0% YYIi= 4(1- Y)j. (52)

Using (36), (37) and (39) equation (52) may be written as

.
(53)
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From (41) and (52) follows

r
Y'= ky'= £ KV62- 4(1- Y)= % [ K2y02—4 1— Z-
Yo

The sign before the root should be negative or positive depending on
whether the convergent part or the divergent part, respectively, of the beam
is considered.

By means of (54) expression (53) may be written thus:

- - = -~ / - L]
r ) ( Y0) (55)

Now let us rewrite expressions (53) and (55) by using (40). We obtain
the following two formulae:

Yy' To= 4,74 <104 z (56)
and
+ |/ Yo2+ 9,48 «104 (y—y0 - yo=4,74-10" *. (57)
Differentiating (56) and (57) tvith respect to y 0 we obtain
-~1 =0 (58)
9jo
and
9v '
9,48 «104----------- y- -
---------------- w W . (59,
Let us notv differentiate with respect to y'0. The results are
N s 1=0 (60)
30
and
3y

................. "Sé--i-0. 6.,

In the case of the considered section between the n-th and (re -f- 1)-th
lenses we have y0= yn and y'ii = y'n. At the final point of the section y = /.
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As y'n = y'n+i and yn = yn+l have been required we may write yO=yn =
= ¥Yn+i and y'o=y'n—y'n+i- Thus the values of the partial derivatives are,
from (58)— (61) (the indices may be omitted for the reason explained in the
axially symmetrical case), given by

3y 3/ X

(62)
éjo 3y0
31 -~ . (63)
aYo 3y0
Substituting (62) and (63) into (49), we shall immediately see
tyn+l = gyn= const- (») = 0Yom (64)
Thus — independently of the value of f — the variation of the beam

thickness remains constant during focusing, i.e. focusing is stable in all cases.
We come to the same conclusion if the demonstration given in the axially
symmetrical case is performed. Then we obtain

tyn+g — 2 0yn+1 + fyn = 0, (65)

which completely agrees with (20), if M = 1. In this case it follows from
both (22) and (23) that dyn= const.
Thus the sheet beam focusing with a series of thin cylindrical lenses is

|
always stable. Practically, expression (48) determines the maximum value of —
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NEPNOANYECKAA P®POKYCUPOBKA MHTEHCUBHBLIX 3NEKTPOHHbIX
NYYKOB TOHKMMW NVMH3AMU

M. CUnAaQN

Peswome

B nepsoit yacTu paboTbl uccnefoBaHa CTabUbHOCTb WMHTEHCUBHOIO aKCWasibHO-CUM-
METPUYHOr0 3/1eKTPOHHOro nyyka, (POKycUpyemoro nepuofuyeckoir CUCTEMON TOHKMUX JINH3.
MonydyeHbl pe3ynbTaTbl, OTAWYHbIE OT faHHbIX [X. Mupca [1].

Bo BTOpOil YacTu paccmaTpuBaeTcsa nepuogmyeckas (OKYyCMPOBKAa JIEHTOYHOro MNy4ka
31eKTPOHOB CUCTEMOW, COCTOSILLLel W3 TOHKUX LUUAUHAPUYECKUX NUH3. OnpefeneHa Heob6-
X04nMMasi BeiMYMHa ONTUYECKOW CUAbl NIMH3. Y CTAHOB/IEHO, YTO Takas (DOKYyCUpPOBKa ABMseTCA
CTabunbHON.
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THE INTENSITY DISTRIBUTION
OF THE TRIPLET BANDS OF THE CO MOLECULE

By
l. Kovacs and R. Téros

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST

(Received 31. 111. 1964)

The formulae for the intensity distribution of the 3d — 3n transition are elaborated
for the case when both terms taking partin the transition belong to Hund’'s intermediate case.
The observed intensity values of the d31 — tv'11 transition of the CO molecule are compared
with those calculated from the intensity formula derived. The good agreement confirms the
assumption that the upper state of the mentioned transition is indeed a 3zl state.

1. Introduction

The “triplet” bands of the CO molecule were first photographed under
high resolution by Gero [1] who made a fine-structure analysis of several of
the bands. According to Gero’s findings the triplet bands arise from a d3J —
— a3/7 transition, where both 37 terms belong to the intermediate case be-
tween Hund’s cases a) and b). Recently, Carrot1 [2] again photographed the
3—0 hand under high resolution and carried out its rotational analysis. By
means of a semi-quantitative method he also determined the intensity dis-
tribution within the band. Like Multliken [3] Carroll came to the conclusion
that the upper state previously assumed to be 31J is, in all probability, an
inverted 3A state, and it was in order to prove this that he measured the inten-
sity distribution of the branches as well. The final decision as to the term state
of the upper state can be reached — according to Carroll — only by a
comparison of the measured intensity distribution with that obtained by the
theory.

The aim of the present paper is to derive such formulae for the intensity
distribution of the 9% — 37 transition when both states belong to Hund’s
intermediate case, and then to compare the theoretical results with Carroll’s
measurements.

2. Intensity distribution

One of the reasons Carroll gave for the upper state being 2l is that
while for a 377 -> 31 transition the Q branch in the 370-*31J0 component
should he missing and in the 371-> 31J1and 312-> J12components it should
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SQYOL ‘d pue SOVYAOM



5 'esed “IIIAX Lol ‘Buny ‘shyd ey

QAJ)
RAJ)
ap HJ)
<))
SR3EJ)
NP 13(J)
°Quv)
PRI3(J)
°p ,AJ)
pQdJ)
gR-M)
P 3J)
QAJ)

R3(J)

QAJ)
pAj+i)
ar23J-i)
PQ-37)
PRI +i)
rRA(JI* i)

RP3i(J+i)
RFI)
RQ33(J)
aP2(J+ 1)
R3J—)
QAJ)

PAJ+])

(J-1) (I+2) (23+1)
J(J+1)Q(J)CE()
_ (@+2) (3 +3)__
(J+1) C'(J+1) C|(9)
(J-2) (3-1)

- X Ci()
(J-1) (J+2) (23+1)
J(J+1) C3I) Q(J)
(J+2) (J+3)
(J+1) CYI+ 1) C')
(J-2) (3-1)
8JC((J—1) CEQ)
(J-1) (3+2) (2I+1)
8J(J+1) Ci(J) CI(J)
(J+2) (J+3)
8(J+1) C((3+1) C"(J)
(J-2) (3-1)
8JQ(J-1) CQ)
(J-1) (3+2) (23+1)
8J(J+1) CAJ) C'(J)
(J+2) (J+3)
8(J+N)Ci(I+NC'II)
(J3-2) (3-1)
8JC'(J-1) C"()
(J-1)(3+2) (23+1)
8J(J+ IC'(J) ")
_ (3+2) (3+3)___
8(J+1) Ca(J+l) C"()

{(J—2)(3+3)+I(I + D+ (Y'—2(Y"—2)}2

{(Q—1)(I+2)+I(A+1) + (Y'=2)(Y" —2)}2

{(3-3)(d+2)u'+ (I-1)-J (I+ 1) u'-(I-1)-(I-2)(I+2) (Y "-2)}2

{(3-2K 3+ 3)< +(J)-J (I+ u+(J)-(I-1)(I+ 3)(Y"—2)}2

{(3-1)(I+ 4K +(I+1)-J(A+1)u'-(I+1)-J(I+4)(Y "-2)}2

{(3-3)(I+2K -(J-1K +(I)+I(I+1)ui+(I-1K -(3)-4(J-3)I(J+1)(J+2)}2
{(3-2)(3+3)«i-(IK+(I)+I(I+N)ui+(I)IF*-(3)-4(3-2)I(I+2)32
{(3-1)(3+4)ui-(I+1)u*+(I)+I(I+1),, i +(I+1)u-(3)-4(I-1)I (I +2) (I +3)}2
{J—3)J+ 2K +(I)—I(I+ hu"~J)- 4I(I+2)(Y'—2)}2
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be very weak, in the present case, in general, it is just the Q branches thatare
the strongest among all the branches in all subbands. Recently one of the
authors (I. K.) elaborated the formulae for the intensity distribution of the
31 — 3II transition for all such cases where both states belong to Hunp’s case
a) or b), as well as when one of them belongs to the intermediate case [4]. The
case when both states belong simultaneously to the intermediate case was not
dealt with. CARROLL’s paper became accessible to the author only in the
course of proofreading of [4]. It is, however, evident already from that paper
that in the case of a 34 — *I] transition the Q branches are actually much
stronger than the corresponding P and R branches, in contrast to the 3/7 — 3[T
transition. This supports CARROLL’s assumption. One might assume that further
evidence may be provided by the comparison between the experimental and
theoretical results already obtained.Since in the upper state Y’ = —12,92 cm —1
and in the lower Y’ = 24,7 em~1, it seems possible that among the claborated
cases the intensity formulae of the 2A(int) — 3/I(a) transition (that is, where
the 34 term belongs to HunD’s intermediate case, and the 3/7 term to Hunp’s
case a)) may be applied to the observed intensity values of the d34;,, —a®*[1,rm
transition. Unfortunately the comparison shows that in the case of J > 10
Hunp’s case a) cannot be regarded as a good approximation even for the
lower a®/l term, and further that for the quantitative comparison intensity
distribution formulae are absolutely necessary where both 34 and 3IT terms
belong to Hunp’s intermediate case. These formulae, however, require compli-
cated calculations for their application to all J which make the use of an elec-
tronic computer necessary. This was the reason why the author did not elaborate
such formulae, since he assumed that the experimentally observed cases may
be understood by means of some ordinary case already treated. Since, however,
in the present case, this assumption was not justified, the intensity formulae,
or to be more exact, the i-factors, corresponding to the 34(int) — 3/I(int) case,
have been derived by means of the method described already in the paper
mentioned [4]. The results are summarized in the Table. The denotations in the
expressions given in the Table have the following meaning.
For a 34 — 3[1I transition, if the 34 term is normal (Y’ = A43,/Bs, > 0)

u(N)=[Y'(Y' —4) + JF*2 &+ (Y’ —2),

ug (N)=[Y'(Y' —4) + (J + 1)*]2 £ (Y’ —2),
G(J) =2Y'(Y'—49)J—=)J+2)+@J—1)(J—1)JJ + 2), (1)
Calf) =T"(T" —4) + I+ L)y

Ca(J) =2Y'(Y' —4) (J—2) (J+3)+(2J+1) (J —1) (J+1) (J+3),
while for inverted 34 term (Y’ << 0) the coefficient of 2Y'(Y’' — 4) in C{(J) is

equal to (J—2)(J + 3) instead of (J—1)(J + 2);. and in Cy(J) it is
equal to (J—1) (J + 2) instead of (J —2) (J + 3).

Acta Phys. Hung. Tom. XVIli. Fasc. 2



INTENSITY DISTRIBUTION OF THE TRIPLET BANDS OF THE CO MOLECULE 105

For normal 37 state (Y" = A3n/Bs3n > 0):

ul£(J)=[Y"(Y"-0) + 4397+ (Y"-2),
T Q=LY (Y "-4) + 40+ DIRE (Y7 —2),

CiQd) = Y "(Y "-4)J(J + 1)+ 21+ 1) (J-1IQ + 1), 2)
Clid) =Y "(Y"—4)+ 41(J+ 1),
Ca(l) =Y"(Y" —4) (J— 1)(J+ 2) + 2(20 + 1)IJ + 1) (I + 2),

while for inverted 37 term (¥ < 0) the coefficient of ¥ (¥Y” — 4) in C[{J)
is equal to (J —ml) (J + 2) instead of J(J + 1) and in C3(J) it is equal to
J(J 1) instead of J — 1) (J + 2). For a 37— 32 transition the ex-
pressions with single prime will change to those with double prime and vice
versa.

In the Figures the theoretical values of the i-factors as given in the Table
and calculated with the values Y'= —1292cm-1 and Y" = 24,7 cm-1
with the help of an electronic computer are shown by the curves, whereas the
circles represent the experimental i-factors calculated by means ofthe observed
data of the 3—0 band of the d3A -> a3J transition of the CO molecule. For the
calculation of the experimental i-factors according to the method published by
Notan and Jenkins [5], we have first determined the emission temperature
from the experimental data, and then, using this, the experimental data have
been multiplied by the corresponding exponential factor. Finally, the propor-
tionality factor has been evaluated with the least squares method. From the

Vad Acta Phys. Hung. ToT. XVIII. Fasc. 2.
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Figures it can be seen that the agreement is good, especially, if it is considered
that for the individual branches in general only three measured points were
av ailable which themselves resulted moreover from asemi-quantitative measur-
ement, and that the i-factors were not directly observed data either, their values
being influenced by the uncertainty of the determination of the temperature.

0]

The good agreement of the theoretical and experimental results shows
without any doubt that the upper state of the “triplet” bands of the CO
molecule is indeed a 3A-mv term.
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PACMNPEALENEHWE WHTEHCWUBHOCTU B TPUNMAETHOW CBA3U MONEKY/bl CO
n. KOBAY n P. TOP3O W

Pestome

TeopeTuyeckas Gopmyna pacnpefefieHns WHTeHCUBHocTM B nepexoge 3A — 37 6bina
TWaTeNbHO BbIBefeHa ANA cnydas; Korga ob6a Tepma, NpMHMMAlOLWMe yyacTue B nepexofe, oT
HOCATCSH K cpefHemy cnyyaw [yHAa. ®opMyna UHTEHCMBHOCTU, BbIBefeHHasi TEOPeTUYECKH,
CpaBHMBaeTCA C HabNtOAaeMbIMY 3HAYEHUAMU UHTeHeuBHOCTK nepexoga A3A —adl B monekyne
CO. Y[0BNeTBOPUTENbHOE COBMAfEHME YNTOMAHYTbIX 3HAYEHUI NOATBEPXAAeT NPeAMnonoXeHue,
COrNacHO KOTOPOMY BbICLUMM COCTOSIHUEM fAaHHOr0 nepexoja sABAsieTCA MMeHHO cocTosiHme 3A.
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The multiplet splitting of the dsA term of the CO molecule taken as a function of the
rotational quantum number shows a deviation from the known triplet term formula. By taking
into account the spin-spin interaction simultaneously with the perturbation of a 1A term

arising from the spin-orbit interaction it was possible to give an interpretation for the deviation
observed.

, 1. Introduction

Carroll [1] investigated the rotational spin splitting of the v' = 3 level
of the d3A state of the CO molecule and found the experimental results to be in
agreement only to a first approximation with the splitting calculated according
to the known triplet formula established by BudO [2]. Even after taking
several corrections into account there still remains a systematic discrepancy
of the order of about 1—2 cm“ 1 These, essentially, consist in that mainly the
middle component of the d3A term, taken as a function of the rotational
quantum number, runs differently from what is to he expected on the hasis of
the triplet formula. Deviations of a similar kind have already been observed in
the case of M terms, in particular, in the case of the A3l7 state of the NH
molecule [3], in that of the 31 states of the PH and PF molecules [4], [9]
and the 4J state of the 0~ molecule [5]. These deviations could excellently
be interpreted by simultaneously taking into account the spin-spin interaction
neglected so far, and the perturbation of other I terms of lower multiplicity
due to the spin-orbit interaction [6], [7], [10]. With this method also the
deviations observed by Carroll may be interpreted, as we are showing below.

2. The interpretation of the anomalous spin splitting of the d3A term

When the spin-spin interaction is taken into account simultaneously
with the perturbation of a XA term (completed by the interaction between
rotation and spin), the method elaborated earlier and described in [6] and [7]
gives the following results in the case of the 3A terms:
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HO)=FA) ~j-+BS1j+ yG(+y) .

F'AJ)=W) --{ +BSlj+ \y, (6N
ag + BAij+i—y J+
where F2J), F2(J) represent the perturbed, i.e. actually observed

terms, and F7J), F2{J), F3(J) the term values calculated with the aid of the
triplet formula established by Budo. Further B = a— 3e with

\H 1AI)\2 2

hv (3A, *A) (%)

H(3A2 tj2) is the spin-orbit interaction matrix element of the perturb-

ation between the 3A and XA terms and hv(3A1A) the distance of these two

terms, e is the constant of the spin-spin interaction, while y is that of the

interaction between rotation and spin. S2iy_j, S, S2j +1are the three elements

of the transformation matrix in the intermediate case between Hund’s cases

a) and b) for the 3A term, the explicit expressions for which are the following
[81]:

(J--2)(J+3) g Y'-2 (J-DI+3) |,

2] 1 Vel 20 Y@ 2w YW)

The value of these transformation matrix elements may be calculated numeric-
ally when Y' is known (Y "= —12,92 ¢m-1). For the values of C[(J), CJ),
Ci(J) see the preceding paper in this Journal.

For the differences between the multiplet splittings as observed and
calculated by the aid of the triplet formula by means of (1) the following
expressions are obtained:

(F -F 2ots- (F |- F 2cdlc=(Fi-F'2-(F £ F 2=R(S1J E-S1J)+ yJ,
@)
(F2F ots-(F2F 3 C=(F2—F3—(F2—F3=R(s\j—$ j +)+ y(J+I).

In Fig. 1 the circles represent these differences (i.e. the left side of (4)), while
the theoretical values (i.e. the right side of (4)) calculated with B= —2,15 cm-1
and y = —0,0178 cm-1 lie on the full-drawn curves. The constants B and y
have been determined from the experimental data. As can be seen the agree-
ment between theory and experiment is excellent.
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Carroll published also the individual observed and calculated values
of the F.,(J) terra. Relation (1) gives the following expression for the deviations

between these values:

Fobs_ pcaW= F>_ F.,= - R-+ RS? .+ -1ly. 15)
3 3

In Fig. 2 the circles represent the observed values, i.e. the left side of (5),
whereas the curve indicates the theoretical values calculated from the right side
of (5). As can be seen the agreement between the experimental and theoretical
results is excellent also here.

Summarizing, it may be stated that the deviation from the triplet
formula may be satisfactorily interpreted by simultaneously taking into
account the spin-spin and the spin-orbit interactions. For the multiplet
splittings these two completely different mechanisms give formulas of the same

structure.
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POTAUMOHHAA CTPYKTYPA COCTOAHUA d3A MONEKY/bl CO

n. KOBAY

Pe3stowme

MynbTunnetHoe pacuienneHue Tepma d3A monekynbl CO, B3AToe KakK hyHKUUS OT poTa-
LMOHHOTO KBAHTOBOFO YWcfa, NOKas3blBaeT HEKOTOPOe OTKJ/IOHEHWE OT W3BECTHOW opMybl
TpunneTHoro Tepma. MpuHMMas BO BHMMaHWe CMUH-CMUHOBOE B3aMMOZeNCTBME OAHOBPEMEHHO
c Bo3myuieHuem Tepma Ul; o6ycnoBneHHbIM CNUH-0p6UTaNbHBIM B3aWMOAeliCTBMUEM, CTaNo BO3-
MOXHbIM faTb TeopeTnyeckoe 06bSACHEHWE YNOMSHYTOro Bblille OTK/OHEHUS.
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X-RAY POWDER DIFFRACTION STUDY
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(Presented by T. Millner — Received 16. VII. 1964)

By means of continuous high-temperature diffractometry the shear model of the
crystallographic transformation: WO 3" W 20058was experimentally studied. Solid state reaction
in the range 500 —600°C results in defective beta-tungsten-oxide structures, the shear between
adjacent blocks being random instead of parallel-equidistant. A difference has been established
between the mechanism of reduction and oxidation.

Introduction

In any attempt to throw light on the rearrangements and movements
that take place on an atomic scale during the transformation of tungsten
trioxide into beta-tungsten-oxide (described more precisely by the formula
W20059 and vice versa, it is first of all necessary to become familiar with these
two structures.

Tungsten trioxide has a slightly distorted rhenium-trioxide type of
lattice. For the study of the kinetics of the transformation it suffices to state
that according to this structure each W ion is surrounded octahedrally by six
02~ ions, and each of these oxygens belongs to two adjacent octahedra, i.e.
the co-ordination polyhedra are joined by sharing corners (Fig. la).

In beta-tungsten-oxide, on the other hand, the same mutual arrangement
of W and 0 ions is restricted to the inside of particular blocks. These regions
of Re0 3-type structure form slabs which are large in two dimensions, but only
seven octahedra wide in the third dimension. The neighbouring slabs join each
other in boundary regions characterized by co-ordination octahedra sharing
edges, instead of corners, as is normal in trioxide. — In a perfect W200 S8
crystal these boundary regions form parallel equidistant running walls of
“recurrent dislocations” as referred to by Magneéti [1]. “Dislocation” as com-
pared with the trioxide, because the three dimensional Re0 3 type network
extending there throughout the entire crystallite is disturbed here periodically
by the boundary regions between adjacent blocks (Fig. Ib).

This relation between the two structures is clear from Magnéli’s de-
scription, and Wadsley [2] mentions beta-tungsten-oxide as an outstanding
example of “shear structures”. The reason for this is that if an extended
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volume of tungsten-trioxide is taken, then oxygen ions are removed from
certain appropriate positions (Fig. 2a), the remaining lattice can be sheared,
and as a result beta-tungsten-oxide is formed — at least in a model or on a
drawing (Fig. 2b).

Fig. 1. Projection of the idealized W Os and W 2(I0 58 structures parallel to the [010] axis. Unit
cells are outlined

a) The Re03-type structure of W 03, represented by one layer of co-ordination octahedra.
b) Boundary regions between the R e03-type slabs of W 20053. Along the dotted zig-zag lines
octahedra share edges

The aim of our investigation was just to answer the question as to how
far nature actually follows the proposed model of transition.

Results

Beta-tungsten-oxide was prepared in our Laboratory very many times in
relatively different ways. The statistical interpretation of the powder photo-
graphs taken from these specimens revealed two facts:
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1. The line breadth of the different hkl reflections varies just as in the
case of a defect structure. The 010, 208, 403, 218, 413, 2,0,11, 605, 020, etc.
reflections are sharp, while those with indices 105, 302, 303, 106, 115, 312, 116,
etc. are often rather broadened. Thus the line breadth does not depend on the

0)

™Dfye

Fig. 2. Model of the shear mechanism of transformation

a) Removing the O ions from appropriate sites.
b) Shear of the adjacent blocks along the anion-vacancies

Bragg angle or any function of it, but lines belonging to a particular family are
sharp and others broad.

2. Regarding powder specimens of different origins, it could be established
that the scattering of d values belonging to the second group of lines mentioned
above is much more important (1—3%) than that ofthe d values given by the
first, sharper family of lines (0,2—0,3%).

In order to explain the different behaviour of the two groups of reflexions
in respect of breadth and displacement of the lines, we accomplished a linear
algebraic transformation between the (hkl) indices of trioxide and (HKL)
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indices of beta-oxide, respectively. The results of this algebraic transformation
are summarized in Fig. 3.

According to the algebraic behaviour taken up during linear trans-
formation by the lines one can again distinguish definite groups of indices in
both oxides.

In the first group we find on the beta-tungsten-oxide side indices 010,
208, 403, etc. which correspond to the sharp lines and transform into rational
counterparts in the trioxide system (020, 201, 201, etc.) and vice versa.

WO03— WInOse Wo Cse ~*~V\q
32 0 1 w9 0 -29
0 12 0 0 2 0
0 orniin 9 A38 0 319
Groupl WO W20058 Group 3.
0,08, 0,97 . 105
wo3 w20058 OO{I.
020 - — -010 0,08,0,1.06
200 — — —20% 1.98,0,0.08
200 — — -w o 20/0
\
221 — e 218
PY L R— 413
002 = —eeee 2,0.11
WO - — -605
(3 S — 2,1.11
WO — et 615
etc. 705.70.08

Fig. 3. The matrices of the linear algebraic transformation, and summary ofits results (see text)

The second group of indices is identical with the previously mentioned
family belonging to the usually broadened lines of the defect beta-oxide (105,
302, 303, etc.). The transformation selects from this group index-pairs which
amalgamate into single indices in the trioxide system (105—106 ->001;
302— 303 — 200; etc.). In the reverse direction of transformation a splitting
of indices is observed, of course.

In the trioxide system there are still some other indices that have no
counterparts in the W20058system. The absence of these reflections in the latter
case can be explained by space-group extinction.

Tracing the crystallographic planes of the beta-oxide structure, it can be
stated that all the indices belonging to sharp reflexions describe planes which
run continuously through the walls between neighbouring blocks, but those of
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the second group belong to those planes which suffer serious distortion in the
boundary region as a result of the shear which might create beta oxide out of
trioxide.

To gain more information on the mechanism of transformation, we
designed a glas-flow high temperature attachment to a Hilger recording diff-
ractometer [3] and prepared continuous diffractograms during the reduction
of tungsten trioxide in N2 ~ H2gas mixture and during the oxidation of beta-
tungsten-oxide in air. The reactions took place between 300 and 800°C.

/3(10- 3°)

W2,0i8 -* W 03 -* w 20053

hkl hkl hkl
020 010 020

238 238 337
403 201 403

237 218 360
303 200 303

460 269 486

Fig. 4. Change in the breadth of the diffraction lines during transformation in both directions

Observing some selected diffraction lines with the aid of high temperature
diffractometry, we found that the events in the direction of reduction differ
from those in the direction of oxidation.

First of all, when reducing in a gas containing H2there is an intermediate
phase between the two oxides, while oxidation seems to lead directly from
beta-oxide to trioxide. This intermediate phase has not yet been determined
in full detail, but it is very probably either a hydrogen-containing oxide
(hydrogen-bronze) or an intermediate oxide, of the composition W 02% [4].
In any case, it has been proved to have a Re03type lattice, thus its existence
does not afford additional information regarding the geometric shear model of
crystallographic transformation.

The diffraction observations reveal, however, some other interesting
differences in the mechanism of transformations proceeding in opposite
directions. Namely:

1. The overall line-breadth increases considerably in the direction of
reduction, but shows no or negligible increase, or even a decrease in the
direction of oxidation (Fig. 4).

2. Since beta-oxide powders consist of tiny needle-shaped crystals, flat
powder specimens with strong preferred orientation can be prepared easily.
This is generally regarded as undesirable in diffractometric practice. In our
case, however, it led to additional information about the transformation,
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because the anomalous intensity distribution of preferred orientation was
retained during oxidation, but lost during reduction of the same specimen
(Fig. 5).

W ith the aid of high temperature diffractometry it was also possible
to observe that if the crystallite size of trioxide was extremely small (about
200—300 A) then the reduced product did not show the characteristic pattern
for W20058 but only a strongly distorted W 03 pattern. The transformation
was in this case perfectly continuous.

w2,088- wo3-» w2003

hkl hkl
10520
60 22
302% 001,..
20 70 50

®I®ico 20 010% 30 100
303% 100 200,.. 100 55

106ee 60 55

Fig. 5. Change in the intensity distribution given by specimens with preferred orientation,
during reduction and oxidation, respectively

Discussion

On the basis of the described experimental findings the following model
is suggested for the transformations:

During reduction of W03, first an intermediate phase is formed, the
oxygen atoms leave this at discrete positions, which form walls directly or by
diffusion. In this way the crystal is broken up into blocks, the inside of which
retain the co-ordination of the trioxide lattice. At the walls of vacant oxygens
(in respect to W 03) boundaries are formed by shear between adjacent blocks.
The boundaries are not perfectly ordered and are distributed randomly at this
stage. Thus the beta-tungsten-oxide prepared by solid state reaction (under
the described conditions) has a defect structure compared with Magneti’s
ideal arrangement of parallel and equidistant walls of “recurrent dislocations”.
The perfection of the specimen can, of course, be increased by heat treatment:
There is a continuous transition in the structure and degree of perfection,
from disordered trioxide — through disordered beta-oxide — to the perfect
W?20058. This means, that the defect phase fills up the composition range
between W 03 and W029(. The constancy of composition seems to be valid
only for the perfect W20053 crystals.
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The mechanism of transformation is much more simple when starting
with a beta-oxide specimen. W hether the crystals are defective or perfect,
there are sites where oxygen ions are lacking compared with trioxide, and if
the circumstances promote oxidation, the vacant places are filled by oxygens.
The entering oxygens spring the boundary regions and shear takes place. The
planes of shear are spaced uniformly or randomly according to the primary
distribution of block-walls in the beta-tungsten-oxide.

A second part of this research is undertaken by using single-crystal
methods.
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M3YUEHWE TPEOBPA3OBAHWA CABUTA W03~ W20d83 PEHTIFEHOBbIMW
NY4YAMN NMOPOWKO-ANDP PPAKLUMOHHBIM METOAOM

n. rago

Pesome

HenpepbIBHbIM BbICOKOTEMMNEPATYPHbIM AU (HPaKLMOMETPOM K3y4vaeTcAa 3IKCNEePUMEH-
TasbHO MOfJenb cABWUra Kpuctannorpaduyeckoro npeobpasoBaHms W03 W 20055 Peakuus
TBEPAOro COCTOAHMA B MHTepBasne Temnepatyp 500—600° C pe3ynbTupyeT B feieKTe CTPYKTYpY
6eTaokuncy Bonbdhpama, CABUT MeXAY CMeXHbIMWU 6n10KaMn 6ecnopsAfovyeH BMeCTO napanfienbHo-
9KBUANCTAHTHOr0. YcTaHaBNMBaeTCA pasnuume Mexpay MexaHW3Mamum PackKucneHns u OKuc-
neHuns.
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Recently G. Feinberg and A. Pais have found a method for the solution of the integral
equation summing the ladder graphs in the theory of weak interactions. The present paper
shows the convergence of their method in the case of zero incoming momenta and examines
the connection between the regularized and unregularized equations. It is shown that it is
possible to obtain the results of the regularization procedure directly from the original, unregul-
arized equation.

1. Introduction

Since the field theory of weak interactions (the four-fermion interaction
theory as well as the intermediate boson theory) is unrenormalizable, for a very
long time it was not possible to calculate the probability of weak processes
forbidden in the lowest order. The solution of this problem is of high importance
in many respects. In their first paper G. Feinberg and A. Pais (FP) [1] have
given a review of the unsolved questions which can be answered if the proba-
bility amplitudes can be calculated also in higher order. The procedure (peratiz-
ation) proposed by them leads to finite corrections of the first order amplitude,
due to the sum of higher order ladder graphs. This correction changes for
example the coupling constant in the reaction v, e~ — fx~ve from g2Zm~ to
3g24m2 This can be seen from the zero momentum limit of the amplitude. The
same result can be obtained also in a simpler way [2] if one deals directly with
the case of zero incoming momenta. Denote the amplitudes of the processes
vfle~ -a [A~ve and vee~ -> vee~ by Modd and M evtn,respectively, and introduce
the amplitude

M+= Modd+ Mewen= m *y«(1+ yil))/p(l + YP) = (1,1)
In the ladder approximation one gets for

T+ = Trace AfE (1,2)

the following Bethe—Salpeter equation:
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—tg2(4 + m 2p2) 4i92 X

y
THe) p2-f m-~ (2n;)4

(1,3)
X Pre(pyr+ m-2(p-pr)2) d,
J p'4(p' —P)2+ ™7

Here the notations are the same as in the papers of FP ([1] and [2]). Regulariz-
ing the boson propagator in the kernel we are led to the equation

—tg2A4-f-m 2p2 , 4ig2M 1 x

T M
HP ) p2+ m- “ @2n)*

(1,4)
X T TUP' M) [4+ m~2p p")7

p'2[(p*-p)2+ mJ (p'2+ M 2)2

(see ref. [2], eq. (2,17)), where M is the regularization mass, thus we need the
solution lim T#(p, M).

In the present paper we shall deal with the equations (1,3) and (1,4).
In Section 2we first reproduce the solution of (1,4) with the peratization method
and show that the procedure converges if the coupling constantissmall enough.
Vc examine the connection between the solution and the unregularized
equation (1,3) and prove a conjecture of FP. Equation (1,3) is investigated in
Section 3. It is shown that the results of FP can be obtained directly from it,
without the regularization. It is an interesting feature, however, that the
unregularized equation splits into two coupled equations and it is not so easy
to prove that these are not in contradiction with each other. We deal with this
problem in the Appendix, where we prove under certain assumptions that the
two equations do indeed not contradict each other.

2. The regularized equation for T1-

In the equation (1,4) the integration has to he extended over the whole
p' space. For our purposes it will be more convenient to introduce new integ-
ration variables, since we want to prove the convergence of the Neumann
series in terms of square integrability. First of all we perform the integration
over the angular variables in the PP 2P 3 space: these are §' and ¢>. The other
two new variables are

R'= Yip'i2+ P2+ PiY + pY ®»
(2,1
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(These are polar coordinates in the q= p[2+ p2-|-pi2; n = pi2plane). Thus
the connection between the old and new variables is the following

po= i YR'sin®' .
pi = YR'cos ®' msin & < sin cp,

- (“5‘)
pi = YR'cos ®' esinm& ecos 9,

p'3s = YR’cos @' « 06
Choosing px= p2to be zero and p0” 0 one has

(p —p"H2= R(cos ® — sin ®) -)- R ‘(cos &' — sin ®') =~

— 2cos &yRR' cos ®cos®' + 2 YRR' sin ®sin ®' .

The Jacobian can be obtained from (2,2)

d(POPIPIPT) : R, Irctg @' sin

0 (R"P & ) + 4
It is now possible to write down the equation for T £(4®, M). Introducing the
new unknown function

n e, M) = 2,3
( ) Ycos @ —sm & (2:3)

we obtain the following (more symmetrical) equation in the new variables

T|(Ap, M) = - ig2  ctgldp _ P _ + L -
ycos @ —sin® m2 R(cos ® —sin @) -f- m2
4ig2TM* ¢ ¢* FrE(K'eo',M) {ctg ® -ctg ®'}24 v
(211)4 J J |/(cosi>—sin @) (cos @' —sin @) [M2+4'(CO08P '— 371D ")]2
00
x L, ") U v 24)

g
[T2 4 yRR' cos ®cos ' J
Here fCjP is an abbreviation standing for the expression

[R(cos ® —sin @) f- R'(cos @' — sin ®') -j- m2 — j

X aadin‘g')= 108 - 2VRR'co8* cos®'I'- 4RR"sin ®sin . (2,5)
[R(cos ® —sin @) -f- R'(cos ®' — sin ®') -f- m2 -f-
+ 2yRR'cos ® cos ®']2- 4 RR'sin ®sin ®' \
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We must now find the solution of (2,4) in the limit M -> oo. Following FP

we suppose that

NMM> M) =TurtTm) + TUM) ~g 1/40 . (2,6)
(lcos @ — SULO

Introducing the notations

MWR'f)= @K™™) 8] [ @i G T . )5 s, *

L

16n:3 " 2m2 13

and supposing
— 3is2 ctgllo
THK®,m)= "R(cos ® —sin ®) f-m2 ~ TYcos & —sin &

£ BMAMT ——  7M)+ TA(M)— ‘@) g dir,
(.]! g) [R'(cos dbq)—l\s/an (o) -f-(M 12 xArpa'®) (
T: (M) = - yfeMarf [Fb(4,P>M) + TIs(M)] ctg @ D' IO
m2 “ ) j [K'(coB®' —BT®D") -f- M J2(cosd' — 81D ')
(2,8b)

one gets the solution of eq. (2,4). Eq. (2,8a) can be decomposed into the follow-

ing two integral equations:

tr(ad, M) = ———eeeeeeem ~ 3192 ctg /19
R(cos® — sin ®) -f-m2 (/coB®d—8r @

K M<l f 1o,
[A'(coB®' — sin @) + M 2Z]2

I+

J J
0o

1M<r|- +
J J [A'(cos @' —sin ') + M 2]2

]
I+

HAD, M)

052 /9 9bl

1, M if o Ww T B.’0)_NJR,
J 61 [R'(cos @' — sin &) -)- iff2]2
«

I+

In this way the solution TA5(1d, M) is simply
Tis(R0, M) = tp(R®, M) + T|3(M) i/ (4D, M ). (2,10)
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The eq. (2,8b) for T2S becomes now

T.UIM) _ keM* f |- »?2(**'B«) | «T <«'
“ m?2 2 JJ [R'(cos @ '—sin @Y+ M 2]2(cos @' — sin @)
0o
Xiixx M frl- Y xRk |
11 2 Atcoyd—sin0") + "M22(te80™-3sM0') 1
0 ° (2,11)
-yl Mirrr Ao YUM ) /AT A 1~]

2 JJ [R'(cos<Z>'—sin ®'x-f- M 2]2(cos @' —sin @') }
00

According to the meaning of regularization, in the solutions of the equations

M must tend to infinity. (In our case only the quantity Ailm T§(0 a/4, M)
has a physical meaning, since the pointp = 0,p2= 0 corregponds to R =0
O = q/4)
We solve (2,9a) and (2,9b) by iteration. If the iteration series converges,
there is
lim tew (K®, M) = tr (R<P, M) ,
(2,12
lim tew (AP, M) = tf (R<P, M) .

kAoo

In every iteration step we solve (2,11) exactly and so obtain TAL M). Thus
in the fc-th iteration step we obtain for T|(R0, M) from (2,8) and (2,6)

TAKRO, M) —tpm (RO, M) + T$\M ) T ctgl/do | ts(RO, M) (2,13)
|/cos @ — sin @

Renouncing the summation of the Neumann series, we let M tend to infinity
in every iteration step. The “solution” obtained in this way is

S§(RO) = Hm lim TIw (RO, M) . (2,14)

The whole procedure converges if the Neumann series (2,12) converges. The
functions

KA A'd') [R'(cos @' — sin @) + M2— ie]~2

— 3%2ctg¥40{[R(cos ® — sin ®) + m2— is] (“cos ® — sin ® — if)} -1;

and
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0 n2
(1; éKm* (R<£ER' @') [4'(coB @' — sin ®') + M2— ie]-2

that is the kernel and inhomogeneities in (2,9a) and (2,9b) are square integr-
able. Thus if [fcj| (this means g2) is small enough the convergence is assured.
The remaining question is, whether the function (2,14) satisfies the original,
unregularized equation, which can be obtained from (2,4) by omitting the
factor M4[K'(cos @' — sin ®') + M 2] 2 Because of (2,11) it is obvious that

lim TA*> (M) = 0 (2,15)
M
Taking into account (2,13) one gets

lim [ |(XAD,M)= '\I/lim trw (R®, M) . (2,16)

Thus the solution obtained with the peratization method is SsiB-®) =
= lim ir™(M®, oo) which satisfies the equation

3ig2 Ctigl/’ &
R (cos ® —sin ®) -f-m2 jAcos @ sin @
o N2 (2,17)
+h, (j KMOK®') S%(R'0') A®' dR ",

since ST is the limit of the convergent Neumann series of this equation. By
making use of (2,7) and (2,3) the corresponding integral equation in the four-
momentum space is

S4p')d4p’

S*(p2~’\i»tf , (2,18)
p* + m2 (2n)4) [(p- py + m2]p'2
where the relation between S and S$ is similar to that for T+ and as
given by (2,3):
<y > - sum (2,19)

This result agrees exactly with the conjecture of FP in [2]. The solution of
(2,18) and so the zero energy amplitude can be obtained with iteration.

3. The unregularized equation for T*

Now we turn to the unregularized equation (1,3). Originally we wanted
to solve this equation for Tz+(p). Since we have now found that S1(p), the
solution obtained with the regularization procedure, satisfies (2,18) we in-
vestigate whether S+ = T+. This can be true only if
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-ig2 4ig2 j S*(p") d'p’
m2 + m2(2n)i D72 '
this means if

x4 n2_ s4p: 3,1)
J p-
is satisfied.

Before examining whether (3,1) is satisfied we show that (2,18) and (3,1)
follow directly from the unregularized eq. (1,3). This means: 1. with the pro-
cedure discussed in Sec. 2 one gets the solution of the unregularized equation;
2. it is possible to get the same result without the regularization. Let us con-
sider the integral equation:

W(x) = (cp(¥) -f y)x{x) + *Of Wxx") + %{x)o{x")\ ip(x")dx’, (3.2)
where qpand Z are square integrable functions of their variables, %(x) is bounded
and ( %(x")o{x")dx' is divergent. (For the sake of simplicity let us suppose

0

Z(xx') -> 0 and x(x') o{x') -> 0 if x' “moo0.) It is clear from (3,2) that
the solution is of the form

) = (yop) + fo)x(x), (8.3)

where y0 does not depend on x. Thus the integral on the right-hand side of
(3,2) can exist only if p0 = 0. (Ifthe integral does not exist the equation has no
meaning at all.) In this Avay (3,2) can be decomposed into two equations:

ip(x) = <p()%(x) -(- A1 Z(xx")xp(x")dx" ,
b (3.4)
0=y -~ A1l ax")%p(x)dx" .

Let us apply now this decomposition to eq. (1,3). The two equations correspond-
ing to (3,4) are (2,18) and (3,1). This is easily seen when writing the equations
in the new variables introduced in (2,2). One gets the unregularized equation
by omitting the factor iff4[B'(cos ®' — sin @) M 2]-2 from (2,4). Thus the
correspondence between the functions in (3,2) and the functions in the unregul-
arized equation is the following:

<@+ 9 *,2
-
R(cos ® —sin®) + m2 IS m n
ctgl4od
;o 27->-KE?>(ADPK'DY),
\lcos ® —sin ® — is

8 ctgl4o

. . A— .
3m2 Ycoad' —sin ' —is

Writing the equations in the old variables one gets (2,18) and (3,1).
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The remaining problem is the proof of (3,1). The direct proof seems to he
rather difficult. Writing the equation in the new variables one obtains a com-
plicated equation:

TUA'®") d$>' dR"
+ 2n3= H ) @8 - (3,5)

(cos @' —sin ¢') 1/tg0"
0

The problem becomes simpler when one supposes that the path of integration
in the complex p'0 plane may be rotated so as to coincide with the imaginary
axis. The proof of (3,1) on this assumption is outlined in the Appendix.

4. Conclusion

In the case of zero incoming momenta it is possible to sum up the higher
order ladder graphs with the aid of the Bethe—Salpeter equation. Solving this
equation one does not need to regularize or make a cut off, since the eq. (1,3)
reduces to (2,18) which has an iterative solution if g- is small enough. The
iteration becomes possible because only a part of the boson propagator appears
in (2,18). One may say, that in this case the “divergent” part of the propagator
does not give any interaction in the ladder approximation.

It would be very interesting to investigate the case of non-vanishing
incoming momenta. In this case the problem is much more complicated,
however, the summation of the most divergent parts of the graphs leads to an
equation similar to (1,1) [1].

Concerning the peratization method we have found the following results.
1. The method leads to the correct result in the case of the equation for T x(p).
2. This equation can be solved also without this method. It is another question,
whether generally peratization gives the correct answer. The method (as a
mathematical one) seems to be general enough. Pais et al. [3— 4] have utilized
it for instance in the scattering theory of singular potentials. There also the
correct solutions are obtained which seems to show that the method is mathe-
matically exact.

The author would like to thank Prof. K. Nagy and Dr. G. Poécsik for
stimulating discussions.

Appendix

The integration path in (1,3) can be rotated in the complex p'0 plane so
as to fall on the imaginary axis if the functions T x(p') have suitable analytical
properties. In this case one can perform the integration over the angular
variables in an Euclidian p[ p'2p'3p 4 space. This reduces the mathematical
difficulties. For example also the proof of the convergence becomes simpler.
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Now we prove (3,1) assuming these analytical properties of T~. The
unregularized integral equation becomes after the angular integration

T+()= — . 4m92n9 ) T- (s"){\+ 3m2K Jss")jds". (A,

+m

Here the following notations were introduced:

p -
_ - (A.2)
Km(ss) = =7 55 M2 8 1 .
2ss (s-ts'+ m22
First of all one notes the asymptotic form of the kernel:
if s > ¢
Km(ss’) ~ and s or s'|> m2. (A,3)
if s> s

The functions —3ig2(s m2 land Km(ss’) are square integrable, so eq. (A,l)
is of the type (3,2). Here the corresponding functions are

— 3T
' > — pooz-r 1y
s-f-m2 y mhc
A4
- (A.4)
K m{ss) ;
{ss) 3m?2 4Tr2
Thus eq. (A,l) can be split (like (3,2) into (3,4)) into the equations:
- 3%2 1 - .
* 24 Km(ss ) Ti(s') ds' (A,5a)
LEA GRS~ S B (ss)Ti(s)
and
T (shds' = ~ 4 . (A ,51»)

For the proof of (A,5b) it is useful to examine first the asymptotic behaviour
of T (s). Ifs m2 we have from (A,3)

1

fT+s)ds r-rw ds (A ,6)
S m~ 471 s
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Supposing now )T Hs')ds' < oo it is possible to prove (A,5b). Because of
d

(A,6) we can write

: , 1
T s) 3ig2 jjg F1(s)ds,\ + o (A7)

Here the coefficient of the s 1term vanishes if j T~(s')ds' exists. This means
? b
that (A,5b) holds. The existence of ) T (s’)ds' follows from the asymptotic

differential equation 0

T*() + -T*'(s)x -~fT T (A,8)
S 4nns2 s4

obtained from (A,6). The solution of this equation is of the form

(A9)
5+ 3g2
T 4n2;
where
37
1+ 4n2
and
3g3
-1 -
bl 1-F 4 r

If the constants al, a2 are chosen in (A,9) in a way which guarantees that also

(A,6) is satisfied, the existence of jT +(s')ds' can be easily shown. This com-
pletes the proof of (A,5b).
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O CXOAMMOCTW MNEPATU3ALUMOHHOIO METOAA
n. MOHTBAMN
Pesome

B nocnegHee Bpema . ®deitH6eprom n A. lMalicom 6bin HalgeH MeTOA ANS peLleHns WH-
TerpanbHOro ypaBHEHUSA, CYMMUPYHOLWEro NeCTHUYHYK fuarpammy B Teopuu cnaboro B3au-
MofelicTBusi. B paHHOW pa6oTe NOKas3blBaeTCA CXOAMMOCTb YMNOMSHYTOro MeToja B c/y4ae
HY/NeBOr0 BXOAHOr0 MOMEHTa W MCCMefyeTcs CBsi3b MeXAy PeryiMpoBaHHbIM WM Heperynumpo-
BaHHbIM ypaBHeHUsAMU. OKasbiBaeTcsi BO3MOXHbIM MONYYUTb pe3ynbTaTbl PeryimMpoBaHHOro
npouecca HemnocpeiCcTBEHHO M3 OPUTMHANBLHOTO, HEPEry/siMpoBaHHOr0 YpPaBHEHUS.
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By means of quantities defined in the statistical theory of atoms as analogous quantities
to the quantum numbers of wave mechanics [7] several problems of the atomic shell structure
are dealt with: the maximal principal quantum number and the first appearance of the princip-
al quantum numbers in the periodic system of the elements, the completion of the electron
shells and the anomalous sequence of the electronic states with higher angular quantum
numbers. The Thomas —Fermi model gives a theoretical description for all these characteristic
properties of the atomic structure, averaging the discontinuous changes in the periodic system
of the elements.

1. Introduction

Fekmi was the first to apply the Thomas— Fermi (TF) atom to the theo-
retical interpretation of the anomalous filling of the one-electron quantum
levels in the periodic system of the elements [1]. Since that time his method
has been investigated by several authors [2—6]. The main problem discussed
here is in what order the “quantum states” defined in this model are occupied
by the electrons.

In [1] the following interpretation of the angular quantum number was
given by Fermi for the TF atom. If we treat the electrons in each volume
element dv of the atom as totally free, then these electrons are fully character-
ized by their momentum vector p having absolute values from zero to

P() = (3 7 , @)

the radius of the Fermi sphere (g(r) denotes the electronic charge density).
The angular momentum of an electron with the momentum p has the absolute
value

M = Pz, @

where px is the azimuthal component of p. The maximal angular momentum
occurring in dv is then

Mmax = rP(r) . 3)
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The definition given by Fermi for the quantity k* corresponding to the
azimuthal quantum number k of quantum mechanics is now

k* =--M . (4)

He considered the electrons with
I < k*£ 1+ 1 (5)
as the electrons with the angular quantum number I, commonly characterized
by the quantity
& *=/+— . (6)
2

As was shown by A. Kénya in an earlier publication [7] the quantity

n* = 1” 2me0V (r)2meE - M —21/2dr (7)
J [ r
and
n* = n* + k* (8)

can also be defined using the Bohr—Sommerfeld quantization conditions.
In (7) E denotes the energy of the electron

E = - e0V(r) , (9)

f -
2 m
e0is the elementary charge and V(r) is the electrostatic potential due to the
nucleus and to the electronic charge around the nucleus. The integral must he
extended to the interval where the integrand is positive.

The quantity n* corresponds to the radial quantum number if we intro-
duce half integer quantum numbers

*=nr+ ~ . (10)

From (8), (6) and (10) it follows that
n* = nr+ /+ 1, (11)

which means that the quantity n* corresponds to the principal quantum
number and that the integer values of n* correspond to the discrete values of
the principal quantum number.
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The TF model is chosen here as the basic model. In this case one can use
the variables introduced by Fermi

1 9n2 113 n2
_ 1o L (12)
N=7 22,0 ©— "
T avix) (13)
W= 260 '

Substituting these variables into (7) and using the relations (8) and (4)
we obtain the following expression for the quantity n*:

3 1/3
Z1U3 [P(a, B) 4- na\, (14)
4n2
where
. (15)
i 1/3 ’
13n 73
14
EMN2B a0 (16)
8Z43 e2
and
X
dx
<t>(a,R) = j [x<p{x) Bx? —a2l2 (17)

X
X

The interval of integration in (17) is limited by the zeros xl1and x2of the
function under the square root. The numerical values of the function ® (a, R)
are given in [7] in Tables 1 and 2.

The results briefly summarized here enable a more detailed investigation
of the properties of the periodic system to be made than that of Fermi using
the angular quantum number only. In the following we determine the maximal
principal quantum number of the atoms in their ground states (Section 2),
the first appearance of the principal quantum numbers (Section 3), the
completion of the electron shells (Section 4) and the appearance of the states
with different angular and principal quantum numbers (Section 5).

The most striking phenomenon in the periodic system is that the states
with higher angular quantum numbers are occupied later as may be supposed on
the basis of the energy sequence of the hydrogenic terms. It will be shown
that this anomaly may be described by the ratio of the maximal angular
gquantum number to the maximal principal quantum number and that the
value of this ratio for the TF model lies very near to that for the vrave mecha-
nical shell model (Section 6).
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2. The maximal principal quantum number of the atoms

From (14) we obtain directly the maximal value of the quantity n* for
the TF atom with the atomic number Z

1/3

3
N max — r\[e (a, s) + na)max. (18)
4n22

Fig. 1. The maximal principal quantum number nmax and the maximal angular quantum

number Imax of the atoms in the ground state as functions of the atomic number z

By numerical interpolation from Tables 1 and 2 given in [7] we obtain

[®(a, s) + na]Tax = 3,76 (19)

and this maximum belongs to the parametric values

a= 0,067 and /3= 0. (20)
From (18) then follows

n*ax = 1,59z13 (21)

This relation is graphically shown by the upper smooth curve in Fig. 1
together with the values of nmax taken from the Bonr— Stoner table of
electron configurations. The result may be considered as a good approximation.
It is characteristic that the TF atom has, in general, somewhat greater nmax

values than the wave mechanical shell atom, but the difference decreases with
increasing atomic number.
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From the value of the parameter a under (20) we reach the following
interesting conclusion. According to (15) and (4) the state specified by n*ax
has the angular momentum M < %if Z < 1000. On the basis of (5) this means
that the electrons begin to occupy first the s-states of a new shell — in full
agreement with the Bohr—Stoner table.

The result (21) for the principal quantum number may be compared
with that for the angular quantum number. As Sommerfeld [8] and Ivanenko
and Larin [4] have shown, the maximal value of the angular momentum in
an atom, as can be seen from (3), is

3 1/3
= [rP(N)]. " z 113 [*92(*)]max (22)

From numerical tables for the function f(x) it follows [9] that

[*K=*)]max = 0,70 . (23)
So, from (4), we obtain

k*ax = 0,937>3. (24)

This relation is graphically shown by the lower smooth curve in Fig. 1
together with the values of Imax taken from the Bohr— Stoner table.

A correspondence between the quantities k*axand /max may be obtained,
as follows from (6), by reducing the values of kmax by the constant 1/2. These
reduced values are graphically shown by the curve with dotted line in Fig. 1.
So one has an approximation of the same character as obtained above for the
principal quantum number.

3. First appearance of the principal quantum numbers

Fermi has given a theoretical calculation of the atomic numbers Z; at
which a state with an angular quantum number | first appears [1]. Sommer-
feld [8] gave the relation

Z,= 125 |+ , /=0,1,2,3 (25)
easily obtainable from (24) and (6).
Having the expression (21) for the maximal principal quantum number

we can calculate similarly the atomic numbers Z, at which a state with the
principal quantum number n first appears. From relations (21) and (11) we get

Zn= 0,25 n3. (26)
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(As follows from the continuous change of n* in the statistical theory of
atoms, the results obtained for Z, must be treated as lower limits of the
empirical data).

In Table 1 the results rounded up to the next integer numbers are com-
pared with the Znvalues taken from the Bohr— Stoner table.

If the states were occupied by the electrons all over the periodic system
of the elements without any anomaly, that is in the sequence of the hydro-
genic terms, the values of Zn should be 1, 3, 11, 29, 61, 111, 183 and 281 for
the values of n given in Table 1. As we can see, the Znvalues obtained from (26)
approximate the values taken from the Bohr— Stoner table and not those of
the shell model without anomaly.

We get more detailed information if we compare the values of Znand Z;
also given in Table 1.

A d-state (the 3d-state) appears in the TF model first if Z( = 20. At this
atomic number the electrons have already begun to occupy the shell with the
principal quantum number n = 4, too, since the value Zn for n = 4 is 16.
Similarly we found that at the first appearance ofthe state 4f (I = 3)at Z3= 54
there are electrons already in states with n = 5 and n — 6, that is in the O-
and P-shells too. Further the electrons in the TF model begin to occupy the
shells with n = 6 and n = 7 before the first appearance of a 5g-state.

All these statements are in accordance with the table of electron con-
figurations.

4. Completed shells

The completion of a shell in the statistical theory of atoms may be
described as follows.
For a given value of the quantity n* the other quantum variable k*

may have the values
Table 1

First appearance of the principal and angular quantum numbers

Zy r,

Shell n Bohr —Stoner Shel Bohr—Stoner
(26) table (25) table
K 1 1 [ s 0 1 !
L 2 2 3 p ! 5 5
M 3 7 li d 2 20 21
N 4 16 19 f 3 54 58
0 5 32 37 g 4 114 —
P 6 54 55
Q 7 86 87
R 8 128 —
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0<; k* < n* (27)

as is shown by (8). At the first appearance of the quantum number n* the
value of k* is given by (20) and (15):

3n: 183
k* 0,067 Z13, (28)

W ith increasing Z the quantity k* increases from this value to its maxim-
al value I* = n*. The states characterized by n* may be treated as com-

Fig. 2. The principal quantum number JVofthe outer completed shell of the atoms as a function
of the atomic number Z

pletely filled by electrons at the atomic number Z at which k* attains its maxim -
al value k* = n¥*.

If in the TF atom with the atomic number Z the outer completed shell
has the principal quantum number N, then the state with the maximal k*
value in this shell is the maximal k* value in the whole atom. This means that
the shell characterized by N is completely filled by electrons, if N = k*ax,
where fcmax is given by (24):

N = 0,93Z13 (29)

So the expression (24) without the reduction by 1/2 has the following
direct physical meaning: it gives the principal quantum number of the outer
completed shell in the TF atom as a function of the atomic number.

The result (29) is shown graphically in Fig. 2 compared with the empirical
data taken from the Bohr— Stoner table. Here, too, we have an approximation
characteristic of the TF theory. The theoretical curve averages the discon-
tinuous changes in the periodic system of the elements.
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5. The filling of the states in the shells

In the definition of n* in (8) the parameter a contains the quantity k*
as can be seen from (14) and (15). So formula (14) distinguishes among electrons
with the same angular quantum number according to their energy value E.

The commonly occurring two quantities n* and k* in (14) make it possible
to investigate more detailed properties in the periodic system, determined by
the simidtaneous occurrence of the two quantum numbers n and I

Here we wish to discuss the problem of what are the maximal principal
quantum numbers IV; of the shells having occupied s-, p-, d-, and”-states.

The discontinuous curves in Fig. 3a und 3b show graphically the empiri-
cal data IV; taken from the table of electron configurations for the cases | =
= 0,1,2 and 3.

The quantities N* corresponding to the quantum numbers IV; as func-
tions of the atomic number Z may be calculated in the TF model as follows:

Corresponding to (15) and (6) the value of the parameter a must be
chosen as

a4 Z= 0,1,2,3. (30)
3T V3
T 71

For given values of I the maximum ofthe quantity n* is, according to (14),

'3 113
NTf = T ZM[0(al+  R) -j- nal+l]maxe (31)
4n2]

The integral ®(a, B) as shown by Table 1 in [7], is a monotonically de-
creasing function of the parameter B for a = const, form which we obtain

13
Nf-- Z13[®(atr , 0) + nal+i]. (32)
4n2

This relation may be evaluated easily for any Z and | values with the aid
of the Table 2 in [7].

The results are shown by the continuous curves in Fig. 3a and 3b. The
approximation here is also of the type usual in the TF theory. The theoretical
curves describe the general behaviour of the empirical curves, but they do not
account for the abrupt changes.
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6. The anomaly in the periodic system of the elements

The theoretical discussions given above allow us to conclude, in accord-
ance with the earlier results of Fermi [1], that the TF model is able to describe

S - states

d- states

L]p -states

N-states

Fig. 3a and 3b. The maximal principal quantum numbers Nt having occupied f-states as
functions of the atomic number z

approximately the anomalous sequence in the filling of the electronic states
with higher angular quantum numbers.

Here we want to prove this characteristic behaviour ofthe TF atom in a
direct and very simple manner.

Let us investigate the ratio of the maximal angular and principal quan-
tum numbers of the atoms. The values of this quotient, determined from the
Bohr—Stoner table, are shown in Fig. 4 as a function of the atomic number
Z. This function has values between 0 and 1/2 and for large Z it approaches
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the limit 1/2. This specific property is caused by the anomalous order of filling
the electronic levels.

In an atomic shell model with regular filling (i.e. occurring in the sequence
of the hydrogenic terms) the maximal angular quantum number Znax would
be equal to nmax— 1 for the atoms with completed shells. Consequently in
this case the ratio Imax/nmax tends to unity as the atomic number Z increases.

In the case of the anomalous filling of the quantum states, as was shown
in [6], only the value Imax = [nmax/2] belongs to nmax, [umax’2] denoting the
integer part of the fraction. Thus in the wave mechanical shell atom with

Fig. 4. The ratio of the maximal angular quantum number to the maximal principal quantum
number in the atoms as a function of the atomic number z

anomaly /max/nmax tends to 1/2, in accordance with the periodic system of the
elements.

For the TF atom with Z electrons the ratio of the two maximal quantum
numbers is, according to (24), (6) and (21),

/maxKax = 0,58 - 0,31Z-I'» (33)

with the limiting value 0,58 for Z -> oo.

This ratio lies very near to that of the shell model with anomaly, indicat-
ing the tendency of the electrons in the TF atom to favour the states with
lower angular momentum. Fig. 4 shows that in some intervals of Z the approx-
imation given by the TF atom is even better as in the limit for large Z. This is
why the TF atom is able to represent the characteristic anomaly in the periodic
system of the elements with a good approximation.
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TEOPETUYECKASA MHTEPMPETALNA HEKOTOPbLIX CBONCTB MEPUOANUYECKOW
CNCTEMblI 9N1TEMEHTOB MOJE/IbIO TOMACA—®EPMWU

A. KOHbA

Pesome

C nomolbio HEKOTOPbIX BEIMYMH, OMNPEeAeNeHHbIX B CTATUCTMUECKOM TEopuUK aToMa Kak
aHanorm KBaHTOBbIM 4MC/laMy BOSIHOBOM MexaHUKW [7], paccMaTpuBaloTCs HEKOTOpble Mpo6-
nemMbl 060/104€UYHON CTPYKTYpPbl aToMa: MaKCMManbHOe FflaBHOe KBaHTOBOE YMC/I0O B MepUOAM-
YeCKOMN CMCTEME 3/1EMEHTOB, KOMMIETHOCTb 3/IEKTPOHHbLIX 060/104EK M aHOMallbHbIl MOPSAOK
3aMONHEHNS 3M1EKTPOHHbIX COCTOSIHMI C 60MbLWNUM 3HaYeHMeM MNOo60YHOr0 KBAHTOBOMO 4ducha.
Mogenb Tomaca—depMun JaéT TEOPETMUECKOE OMMCAHUE BCEX 3TUX XapaKTepHbIX CBOMCTB aToM-

HOWM CTPYKTYpbl, yCpeaHsAsi MPepbIBUCTO MeHsIOWIMecs CBOWCTBA B MepuOAUYECKONR cucTeme
3/1EMEHTOB.
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It is well known that the study of the scattering of electrons by neutral
atoms near zero energy is of great interest in connection with the physics of
the upper atmosphere as well as in astrophysics. Since the energy of the scat-
tered electrons is of the order of zero to 50 eV the Born approximation loses
its validity. A convenient method for the calculation of the phase shifts is, in
this case, the variational method. In order to find a suitable solution of the
Schrédinger equation

1+ 1)

k2 2V(r) R(r)=0 (1)

we shall here apply the variational methods of Hurthén [1], KoHu [2] and
Matik [3]. In eq. (1) kK = 2E, where E is the energy of the scattered electron.
For in eq. (1) one may use the charge density as given hy the Hartree oOr
Hartree— Fock wave functions for the bound electrons. This can be very
well approximated by series of exponential functions as was done by Holts-
mark [4], Ruark [5] and Byatt [6] in the following way:

h(r)y=-ivd,exp(-y.,r), (2)

r
where An and yn are constants depending on the atomic number Z. Their
numerical values can be found in the paper of Byatt [7]. Let L; he equal to

2 /(i+1)

Lt= JA ,«
dr2 r2

-2 V(r)+ k2 R,(r)dr (3)

and let R( (r) have the following asymptotic forms:

lim R;(r) — sin kr -f- (—1)ia cos kr, (4)
lim R;(r) = 0.
>0
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In this case the variation of eq. (3) Mith respect to Ri(r) gives

oLi = —kdéa or o(L; + ka) = 0. (5)
In eqgs. (4) and (5) a = tan A, where A denotes the phase shift. For the study
of the scattering of electrons by neutral atoms near zero energy it is enough
to calculate the phase shift for 1= 0. Hence we omit the index | from L, R and
A According to Hulthen’s method the phase shift A can be calculated from
the following relations:

L=20,d/dCj= 0, i=1 ...,n and A= arctana. (6)

The Kohn method is given by

3L
k, du/dCj= 0 and = arc tan (bk/k -f- aK) . 7)
da a=akK
The subscript K refers to Kohn’s method. In eqs. (6) and (7) ¢4, .... c,

denote independent parameters in the trial function R(r).
Malik’s method is given by

I R2V(r)jo(kr)dr = —ak , 3L/3c-= 0 and AM= arc tan (aM-(- LM/k) , (8)
0

where the subscript M refers to the Malik method and jOkr) denotes the
spherical Bessel function which is regular at the origin. Denoting the Bessel

functions by jv= (nkr/2)*2v+i(kr), where v= 0,1, 2, 3,4,..., we can fit

R(r) by

Ro(r) = co(jo + A)+ ci(/i + A3) + h — als>

RU(r) = co(jo + /2)+ ci(/i + As) + 284  + Ag)  + ca(Pst+ A?) +As— ay9(9)

3«0(r) = coffo + A+ ci(Ai + A3) + cz{ji + Ae) + c3(As + A?) +ci(js + A0+
+ o + Al)+ Az — aA3*

where €0, cl5¢2, c3, c4and c5are constants.The last equation shows th at4((r),
2B Qr) and 3B Qr) satisfy the same boundary conditions as R(r) of eq. (4). The
trial wave function 4i0(r) depends only on the two constants cOand c4 and the
trial wave function 3R O(r) depends on six constants c-. Eq. (9) shows that it is
possible to write the trial wave function in terms of the Bessel function jv,
v depending on the number of constants c¢,. To obtain an expression for the
phase shifts A we substitute xR”r) into eq. (3), in this special case we have

Acta Phys. Hung. ToT. XVIIIl. Fasc 2.



ELECTRON SCATTERING BY ATOMS 143

L = CgA+ c\B -f-a-C+ CqiD + cwaE -)- cxaF + cuG -f-c# + nl -fJ, (10)

Avhere the constants A, B, C, .. J are given by

A = 20V [Jor) + j2r)f dr,

B ZZK 2|T(r)[j'i(r) j3(n]2dr,

15 nK

1 -2) V(r)Mr)dr

D= 5k— 4 0[ Vir) G\Mn) + y3(n] [°Ar) + jAn] dr,

E= +4j F(r)Wwd 0 +>2(C3/1(-) dr , "
0
f =4 6f T(r) [A(r) + b(r)]j-.(r)dr
G= —4f F(r) [JOr) + j2Ar)]j4r)dr,
a= A L T(O)[A() Y3074
[ = _ 5fc+ 473 V(r)j5r)jt(r)dr .
105K
J = 2j ¥(ryn(r)ydr
The last formula for A, B,. . J has been calculated by the aid of the integrals
P—4
dx 2 2 Re(p+ >0, a> 0
X nop2— a2
(12)

dx
J Jp(ax)Jdp(ax)
X 2P "
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as also by the help of the differential equation for the jv(r). Since the scattering
potential V(r) is a continuous function of r and

8 r|F(r)j dr + f r2jV{r)I dr < oo, (13)
i

the phase shift A4 (k = 0) of zero energy scattering is related to the number of
eigenvalues m as follows [8]: X(k = 0) = 7Tn. From the study of the behaviour
of the phase shift Anear zero energy one can get information on the number of
bound states m and say whether the existence [9] of negative ions is possible
or not. In the Table we have listed some numerical results for Ax and 7n for
a neutral carbon atom.

Table

The phase shift of low energy electrons scattered by neutral carbon

K2

0,005 2,82 2,82
0,01 2,69 2,69
0,1 1,96 1,96
1,0 0,91 0,91

From the Table we see that the zero-energy phase shift confirms the existence
of the already established C~-ion. If we put R(r) = ZRO(r) or r) = :s"u the

expression for L (eq. (3)) and | — 0 we obtain more accurate results. Our trial
wave functions given by eq. (9) have the following convenient property for
practical calculations. The constants A, B, C, ... are independent of the

variational parameters ¢- and a and further they can be obtained analytically
by simple integrations of the potential given by eq. (2).
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One of the fundamental problems in the statistical mechanics of irrevers-
ible processes is to understand why and in ivhat way many-particle systems
approach equilibrium. As is well known, the main point of this problem
becomes clear, when we try to reconcile the irreversible behaviour of macro-
scopic systems with the reversibility of the underlying microscopic equations
of motion. In the last few years several authors [1—4] have dealt with this
problem and reasonable progress has been made.

The usual approach to these problems is based on Gibbs’ idea of the
fine-grained and coarse-grained statistical ensembles which can he translated
into the language of quantum statistical mechanics in terms of the fine-
grained and coarse-grained density operators corresponding to von Neumann’s
micro- and macro-observables. We should like to emphasize that the concept
of the micro- and macro-observables — at least as this was used especially by

N. G. van Kampen [5] — can be based on the objective properties of the
measuring apparatus. In fact, this means that the distinction between these
two kinds of operators — or rather between the two kinds of complete sets of

commutable physical quantities characterizing the system under consideration
— leads to an adequate description of reality.

The time evolution of the fine-grained statistical ensemble is described
by von Neumann’s equation of motion of the fine-grained density operator

fAO =[H , g], @

(where H means the Hamiltonian ofthe system) which can be derived from the
reversible Schroadinger equation. The solution of eq. (1) is obtained in the

form
&() = u(-t)e(o)U(t), @)
where the unitary operator

U(i) = exp (— Hi
I'n
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determines a reversible time evolution. This means that the statistical average
value of an arbitrary operator A representing a physical quantity

<A> = Tr {Ao} (4)

is independent of time; i.e. the fine-grained ensemble describes an equilibrium
system, and the entropy of the ensemble

S(t) = —kTr{e(t) log Qt)} (5)

does not increase (Kis the Boltzmann constant).

On the other hand, the coarse-grained density operator characterizing
the coarse-grained ensemble — according to its usual definition — has a
different evolution law which can be determined, e.g. by Pauti’s master
equation [6], or the generalized master equation of L. van Hove [7] and that
of I. Prigogine and P. Résibois [8], respectively. From this new evolution
law of the ensemble the increase of the entropy of the coarse-grained ensemble
can be obtained.

Recently, Y. M. Fain, in his otherwise very interesting review article [9],
pointed out that the increase of entropy has nothing to do with the coarsening
of the ensembles and the entropy of the fine-grained ensemble increases, too.
We can, however, not agree with Fain’s objections, since he has not taken into
account the different evolution laws of the fine-grained and coarse-grained
density operators.

To prove that the increase of the entropy is indeed independent of the
coarsening method but depends on the evolution law of the system, we will
suggest a reasonable coarsening without changing the evolution operator U(i)
and show that in this case no increase of the entropy is obtained.

Let us introduce as a coarse-grained density operator the time average
of the fine-grained density operator:

t

p@)=~ 1e(")dt, (6)
0

which in the energy representation has the matrix elements

J—g dr En- Em

7 P@) mMy= (u\gO\m -

One immediately obtains the following properties of P(t):
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P(0) = Qo) , (n P(o) m) = (n [8(c)j 7T, ®
as well as
. i<n ¢(0))m), if n=m
P =
(n P(oc)j m) 0 i ongom €)
and

(n P(?) rtiy — 0 for t= 2lfrAEn— Emj and n=f=m (1= 1,2, $). (io)

i.e., the matrix elements of P(t) oscillate around zero with frequencies depending
on the energy differences. Furthermore

Tr{P(0}= 1, (11
i if t< Q@

T, iP2(} j<rr{e20)}, | < , 12,
\-+Tr{ew, , if t—y Q0.

The latter statements are very important and not at all trivial. They can he
proved as follows:

TrjPAi)} = > '~ (n P()'m><m|P(t)|> =

1—cos wnrt

A AN (n\o(0)\T W22

n m MnaT A

< >7’2 ’I<0.s(°) m>12= T,{e2(0)}.

because

1 — cos x
o °) -

Indeed, the function given hy the equation

is negative for x =0 and zero for x = 0. (This property of y(x) follows most
easily from the factthat y(0)= 0 andy' = —x -\- sin x hasthe opposite sign to
that of .r). The second statement follows from eq. (9).

It is well known that a pure state of the statistical ensemble is character-
ized by Tr{e-(i)} = 1 and Trim} < 1 corresponds to a mixture. Owing to
this, eq. (12) means that even if fort = 0 the fine-grained ensemble is in a pure
state, the coarse-grained ensemble represents a mixture for t < «, but for
t -2 oo the state of the system tends again to a pure state.
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Due to the facts that

t t+At |
P(i T A) —P() = 1l E('I)dr+ 1 S(Ddr—(t + At) jo(1)rfrJ
and
AL
lim ------ q(t)dr = g (t)
AMO At J

for the time derivative of P (t) the equation
P() = AI;%np('+,§>-pN = <K3: po (13)

can be obtained. This equation of motion for P(t) has been derived by von
Neumann’s equation of motion for Qt), i.e. by eq. (1), and

i>0) = 0, p(oo) = 0. (14)
The entropy of the coarse-grained ensemble is defined as
A0 —  kTi- {P(t) logP(t)J (15)
and it can easily be shown that its time derivative is given by

— kTr (p(i) log P(<)} = 0 for i= 0,
t= 2Ihj\En— Emj, t= o0 (I = 1,2, ...)

This means, however, that &(t) oscillates around zero (with decreasing ampli-
tude) and, the equation of motion indeed does not result in an entropy increase
of the coarse-grained statistical ensemble.
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Theoretical Interpretation of Upper Atmosphere Emissions

Edited by D. R. Bates, Pergamon Press, New York, Oxford, London, Paris, 1963, 264 pages

The origin of upper atmosphere emission
has been the subject of research for a long
time. In the early 20th century the idea
still prevailed that the glow of the night sky
was entirely due to telescopic stars. This
assumption was rejected when the stars
were assigned orders of magnitude and it
was found that they gave about I/5th part
of the glow of the night sky. In view of the
fact that the brightness increases from the
zenith to the horizon it was assumed that
the rest was due to upper atmospheric
emission. It is known that in the aurorae
the energy required for the emission of the
bands N2, NJ and 0 2is supplied by drifting
particles originating in the Sun. The spec-
trum of the glow of the night sky is, however,
characterized by the fact that it can be
attributed to weaker excitation, and can
be explained without recourse to an external
supply of energy. Earlier investigations also
lead to infer that upper atmosphere emission
is due to the release of energy accumulated
during the day.

The first international conference on
upper atmosphere emission was held in 1947,
where it was stated that information on this
process was quite insufficient.

At the Symposium arranged in 1955 many
more results were reported, which was due
to the fact that by the application of mains
spectrographs, more sensitive emulsions and
electron multipliers introduced after the
first conference, such data became available
that made possible a more thorough invest-
igation of the problems connected with sky
glow and aurorae. Important results were
obtained from the photoelectric measure-
ments introduced early in the International
Geophysical Year in 1955, providing a
further basis for studies on the intensity
variation and geographical distributions of
various radiations.

In recent years, following the evaluation
of more precise observations and measure-
ments, the situation still improved and it
became possible to refine theoretical hypo-

theses. The papers collected in the work
reviewed here summarize the results of
recent investigations discussed at the Sym-
posium held in 1962.

P. A. Fobsyth presented a method to
determine the degree of ionization in the
auroral atmosphere by radar measurements.
G. S. lvanov-Kholodny dealt with the
source and acceleration of electrons that
penetrate deep into the atmosphere and the
connections which these electrons have with
aurorae. Investigating the interactions of
solar plasma with the geomagnetic field J. W.
Dungey interpreted theoretically the auroral
zones. P. J. Kellogg discussed the proper-
ties of energetic particles incident on the
top of the atmosphere. Y. I. Galperin de-
scribed the characteristics of proton aurorae,
showing that — under quiet magnetic con-

ditions — they appear usually in the auroral
zone, and — while moving towards the
equator — cause increasing magnetic dis-
turbance.

A thorough investigation of upper atmo-
sphere emission was facilitated by the observ-
ations on natrium and lithium clouds emit-
ted by rockets. Thus e.g. according to the
investigations of A. Dalgarno, the natrium
vapour released above 190 kms contributes
a great deal to the transfer of vibrational
energy. Based on lithium cloud measure-
ments J. E. Blamont proved his theoretical
consideration regarding the turbulence con-
ditions prevailing in the layer between 90
to 130 kms of the atmosphere and found
that above 100 kms the equations of mole-
cular diffusion and below that level those of
turbulent diffusion were valid. G. F. J. Mac-
donald’s results are also worth mentioning:
his investigations show that at heights be-
tween 40 — 80 kms the prevailing wind is zonal,
blowing from east to west in summer and
from west to east in winter.

From experience gained in nuclear ex-
plosion tests carried out at altitudes ranging
from 400 to 500 kms some conclusions may
also be drawn as regards upper atmospheric
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emission processes. T. Obayashi described
light phenomena of the upper atmosphere
due to the high-energy nuclear explosions
which took place in the period 1958 to 1961.
As is known such explosions produce a large
amount of radioactive material and emit
various radiations exciting and ionizing the
air in the high atmosphere; they also cause
magnetic and ionospheric storms, aurorae and
night glow' of the sky. In the lower iono-
sphere increased ionization causes a severe
attenuation of radio waves passing through
it and an artificial radiation belt is formed

from the charged particles injected above
the ionosphere and trapped by the geomag-
netic field.

In the opinion of the authors of the
present volume the Symposium was a good
example for the fruitful cooperation of UAI
and UIGG, in striving to clear the common
problems of astronomy and geophysics. The
future is also promising: steadily improving

methods of observation and measurement
will make possible the expansion of theo-
retical research.

F. DEsi

Absorption Spectra in the Ultraviolet and Visible Region

\ oluines IIl and

IV, Publishing House of the Hungarian Academy of Sciences, Budapest

1962 and 1963 (424 and 414 pp., resp.)

Edited by L. Lang

The introductory and first volumes of
the compilation of spectra, issued at the
initiative of L. Lang, was first reviewed in
the Hungarian Journal of Physics (Magyar
Fizikai Folyéirat, in 1959 (7, 400, 1959).
In 1962 the publication of volume Il and
the second edition of the previous volumes
prompted a more extensive account of these
publications in the Acta Phys. Hung., (15,
86, 1962), as well as in the Hungarian
Journal of Physics (10, 249, 1962). As volum -
es Il and IV of this series and the third
edition of the introductory volume have
also been published since, it seems wel
worth to recall some of the data of the
preceding volumes when discussing the
more recent issues. The four volumes of the
compilation published so far, contain the
spectra of 706 substances, on 1660 pages.
A very useful table of contents has also
been annexed as a separate supplement to
each of the volumes, in which the names
of the substances are given (both according
to the official and the practical nomencla-
ture), together with their formulae arrang-
ed in accordance with the system of
Chemical Abstracts and indicating the cor-
responding numbers of figures and pages
as well as the names and respective places
of work of the co-authors and sum-
marizing the bibliographic data of articles
published on the relevant subject, arranged
in alphabetical order according to authors.
In the cases of most of the substances the
authors have used more than one solvent
for the investigation of spectra, which is
most advantageous and useful from just the
point of view of this compilation. Quite
naturally all absorption spectra throughout
the series are given on uniform scales — a
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point facilitating the
spectra and thus affording a synoptical
presentation of the compiled material. On
the verso of each of the figures the data
necessary for a quantitative analysis can be
found in the original registrations of the
measurings, with the help of which the user
of the volumes may be able to draw the
spectra for himself on the desired scale.
In order to obtain a uniform level in a work
where spectra taken with different apparat-
uses are to be published side by side, various
difficulties have to be overcome by both the
editor and this collaborators. In the latest
volume (and it is hoped also in the forth-
coming ones) an increasing number of such

comparability of the

.spectra were published for which the neces-

sary measuring data were obtained by
means of registering apparatuses. The editors
had also considered publishing the original
data. Fortunately, however, the idea has
been abandoned, for one of the most out-
standing merits of this series lies in the fact
that the spectra can be found on identical
scales and that the tables are arranged uni-
formly, which could not have been the case
with the original data. Had the original
data been given in the compilation, the user
of the series would have had to convert
these for himself, making it much more
difficult for him to use the data required,
not to mention the fact that the original
registrations could be fitted into the volume
obviously only on a reduced scale, thus
making a precise reading of them impossible.
The firm stand of the editorial committee
ensuring the uniformity of the volumes is,
in my view, greatly to be appreciated.

To come back to volumes Ill and IV, it can
be said that contributions from some new
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have lent new colour to the
compilation. From among the authors of
volume Il we wish to mention the publica-
tions of A. R. Katritzky and R. A. Jones,
as well as those of J. Mostew and his col-
laborators; from among the contributors to
volume IV the publications submitted by
L. Lang, K. Lempert and G. Doleschall,
as well as G. Parkanyi and R. Zahradnik
ought to be mentioned, for — in comparison
to the previous edition — they give inform-
ation on new fields of research. It should be
stressed that from the very outset this com-
pilation of spectra has not aimed at comple-
teness, its main purpose being to supplement
other similar compilations by publishing the
most recent results of its contributors. Thus
no system has been followed when compiling
the material, the only aim being publications
of — as far as possible — the latest data
available in spectroscopic research. The

co-authors

A selection from nine of the lectures
of the 7th European Congress on Mole-
cular Spectroscopy, held in Budapest in
July 1963, was published in volume IV of
this series, the volume appearing just in time
for the opening of the Congress. It should be
mentioned that the staffs both of the Pub-
lishing House and the Printers of the Hunga-
rian Academy of Sciences, togethér with
the editorial com mittee and their collabora-
tors did their utmost to bring about this
happy co-incidence of events.

In the single volumes more and more
coauthors from abroad have subm itted their
latest scientific results for publication. Thus,
the original aim of the publication, its inter-
national character, may well be considered to
have been realized. It is hoped that in the
forthcoming volumes we shall be able to
witness a further development of this most
fruitful international cooperation.

above principle is exemplified fully by the

the material of volume 1V. I. Kovacs*

Zur Physik und Chemie der Kristallphosphore

Herausgegeben von Dr. Ing. Henry Ortmann
(Akademie-Verlag, Berlin, 1962. 236 Seiten UM 55)

Die Unterkommission Leuchstoffe der
Sektion fur Physik der Deutschen Akademie
der W issenschaften zu Berlin veranstaltete
vom 27 —29. November, 1961 eine interna-
tionale Tagung Uber die Physik und Chemie
der Kristallphosphore.

Der vorliegende Band ist eine Sammlung
der im Rahmen des Kolloquiums vorgetra-
genen 37 Arbeiten, in denen Uber Forschun-
gen aus den folgenden Gebieten der Physik
und Chemie der Kristallphosphore berichtet
wurde:
aj theoretische
mechanismus;
b/ Lumineszenz der Alkali-Halogenide;
¢/ Lumineszenz der |l —IV-Verbindingen;
diI Silberhalogenide;

e/ organische Phosphoren,
fl technische Anwendungen.

Ein verhaltnismassig grosser Teil der
Referate beschéaftigte sich mit den Unter-
suchungen an Zink- und Calciumsulfid und
den dabei gewonnenen Resultaten. Verfahren
der Einkristallzichtung von Phosphoren
und Luminophoren und deren Nachbehand-
lung, sowie optische und elektrische Mess-
methoden bei der Untersuchung dieser Stoffe
wurden behandelt. Die Anzahl der Mittei-
lungen bezuglich der 11l —V1 Verbindungen

- 16 Vortrage — zeigt, dass dieses Thema
in der Festkorperphysik im Mittelpunkt des

Probleme des Lumirieszenz-

* Department of Atomic Physics,

Polytechnical

Interesses steht und von vielen Forschern
bearbeitet wird.

Im Rahmen der theoretisch-physikalischen
Untersuchungen wurde die Frage der La-
dungstrager und deren Diffusion, ferner der
Mechanismus des Lumineszenzentrums be-
handelt.

W eiterhin wurden Uber die traditionellen
Alkali- und Silberhalogenide, organische
Phosphore und schliesslich Ergebnisse auf
dem Gebiet der praktischen Anwendungen
fir die Dosimetrie und die Lumineszenzbild-
schirme berichtet.

Das Organisationskomitee hatte es sich
zum Ziel gesetzt, Forscher von den verschie-
diese Weisrbeitsplatzen einzuladen, um auf
A denstene in den Vortrdgen und nachfol-
genden Diskussionen einen maoglichst breiten
Uberblick Gber den Stand dieses interessanten
Gebietes der Festkorperphysik zu erhalten,
und die Perspektiven der weiteren Forschung
zur Diskussion zu stellen.

Die Zahl der Teilnehmer war aus ver-
schiedenen Grinden bedauerlicherweise ge-
ringer als vorausgesehen. Der Sammelband
enth&lt deswegen nicht Beitrdge aus allen
Spezialgebieten, die einzelnen Beitrage zeugen
jedoch von sorgféltiger Forschungsarbeit.

Die Redaktion des schdn ausgestatteten
Bandes wurde von Dr. Ortmann gewissen-
haft besorgt, man vermisst jedoch die Dis-

University, Budapest
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kussionen, die das rege Interesse der Teil-
nehmer an der Tagung widerspiegeln wirden.
Auch die Auswertung der Konferenz ware
dem Leser erleichtert, wenn die Er6ffnungs-
ansprachen von Prof. R. Rompe und Dr.

F. Sauter

Il. Ortmann wiedergegeben worden waren,
sowie auch die Schlussworte des letzteren, in
denen festgestellt wurde, dass das Ziel der
Konferenz erreicht wurde.

Pal Kovacs

Festkdrperprobleine |

(Halbleiterprobleme VIT), Friedr. Vieweg & Sohn, Braunschweig 1962. Preis DM 58.

gquote it
Halbleiterprobleme

F estkorperprobléme | or, to
under its oldstyle title,
VIT deals mainly with the general lectures
of the 1961 Bad Pyrmont conference. This
widening of the scope is reflected and ex-
plained in the foreword by Prof. Sauter,
where the indivisibility of solid state physics
is clearly emphasized. The reviewer complet-
ely agrees with this view, allowing for a
separate semiconductor literature for tech-
nical applications only, where rough and
sometimes even macroscopic concepts are
sufficient. | feel that it is imperative to forge
further links with theoretical physics, parti-
cularly with field theory and quantum
statistics, which seem to inject new blood and
add further impetus to the rapidly developing
science of solid state physics.

The first paper, written by Vink, deals
with interactions among defects in semicon-
ductors. The treatment is along the familiar
lines of the mass action law. The paper by
Gremmelmaier gives a lucid description of
the tunnel diode, while that of BOER deals
with the field and current inhomogeneities
observed in CdS in high fields. The paper by
Cardona gives a very good account of the
Faraday rotation in semiconductors, one of
the few effects, which although not the easiest
to measure accurately, are nevertheless ca-
pable of furnishing an unambiguous value of
the carrier effective mass.

The next two papers are complementary
to each other, that of Reik dealing with the
theoretical, that of Schmidt—Tiedemann
with the experimental aspects of hot electrons
in semiconductors. The subject is in the stage
of rapid development, contributing to the
clarification of quite a few theoretical con-
cepts, and simultaneously to the possible
construction of some new semiconductor
devices. Next comes Hund’s paper on the
electronic energy bands and properties of
metals. It describes in very simple terms the
new theoretical ideas and some experimental
methods used in recent years for Fermi-
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surface determination. This task, which was
regarded as almost hopeless for two decades
is now in the forefront of research activity in
the most advanced laboratories, and offers
real hope for a quantitative determination of
the properties of solids in the foreseeable
future.

Now follows the paper of Schwab on the
catalytic effect of semiconductors. A close
relationship is established between the
number of free electron places in a Brillouin
zone and the activation energy for catalysis.
The next two papers deal with the problem of
noise, that of Bittel summarizing the more
elementary theoretical aspects, while that of
Kleinknecht and Seiler the special cases
encountered in semiconductors, mainly in
germanium.

The paper of Neuert contains some tech-
nical data on the decay of a few inorganic
scintillators, as a result of nuclear irradiation.
Severin’s paper introduces the reader to a
new, fascinating subject: the magnetic pro-
perties of ferromagnetic oxides, with special
emphasis on the recently much investigated
yttrium-iron garnets. In these materials
various spin wave and magnetostatic reson-
ances can be established, which make the
determination of the internal field possible.

The last two papers deal with transport
theory. Both are detailed, the former, that of
Eggert giving a comprehensive, easily
readable account on the mobility of semicon-
ductors, while the second, by Schottky,
tackles the problem of the solution of the
Boltzmann-equation for semiconductors. It
amounts to an iterative solution of the trans-
port equation, with the introduction of
higher order relaxation times.

It is usual for the reviewer to complete his
review by referring to printing standards,
errors, etc. This is not a difficult task at all.
This book from F. Vieweg and Sohn is, in all
such respects, as excellent as usual.

E. Nagy
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M. A. Canoxkos

3awmTa TPaKTOB PajvMo U MPOBOAHOW TeNeOHHOM CBA3M OT MOMEX U LUYMOB

IrocypapcTBeHHOe

TenedoHHas cBA3bL MoJlyunmna LINPOKOe
pacnpocTpaHeHue B KoHue XIX Beka. Ha
nepBomM 3Tane pasBuUTUA — [0 MOSABJIEHUSA
9NeKTPOHHbIX flaMN — BHUMaHWe Hay4Hol
MbICAN 6bII0 COCPEJOTOYEHO Ha MNOBbILIEHUMN
3h(PeKTUBHOCTM 3NEKTPOaKyCTUUYECKUX Mnpe-
obpasoBaTesiell U yMeHbLUEHUN NOTepb B COe-
OUHUTENbHbIX NUHUAX. WN306peTeHne ycunu-
Tefleil C 3NeKTPOHHbIMY NaMnammn 3HaYnNTeNbHO
YBENNYNNO AaNbHOCTb MPOBOAHON TeneoH-
HOW C€BA3M M cnoco6cTBOBanNo 6bICTPOMY pas-
BUTUIO pajnoTeneOHHOA cBA3U, a 3aTeM K
MHOFOKaHanbHOW MNPOBOAHON CBAW.

PacwunpeHne obnactu npumeHeHus Tene-
(hoHHOW cBA3M noTpeboBano pewnTb 3ajady
no MoBbILIEHUIO ee Ka4yecTBa. M3BeCTHO, 4To
KayecTBO Mepefayu peyn ¢ [OCTATOYHOW non-
HOTOW onpegenseTca BenWYUHON pasbopun-
BOCTW peyun, obecneynBaemMoin TenethoHHbIM
TpakToM. [lo3aTomy 6bifI0 o6palieHo ocoboe
BHMUMaHWe Ha pa3paboTKy Teopuu pasbopum-
BOCTW peyn, BK/OYaA co3gaHue MeTo[0B pac-
yeTa M u3MepeHus. Martepuanbl, cCBA3aHHble
¢ pa3paboTKoli 3TUX BOMPOCOB, paccpefoTo-
YeHbl MO pPasIMYHbIM U3JaHUAM.

KHura M. A. CanoxkoBa npegcrtasBnseTr
co60ii NMonbITKY 0606WNTL 3TU MaTepuanbl W,
NOMOJIHUB WX [AHHbIMU W3 Mason3BECTHbIX
MCTOYHWKOB, BEAOMCTBEHHbIX W34aHU n pa-
60T aBTOpa, co3jaTb nocobue no Bomnpocam
sawuT!,l TpakTOB CBA3M OT MOMeEX W LIYMOB.
LleHHON ABNAeTCA KHUra M NOTOMY, 4YTO, He-
CMOTPA Ha TO, YTO BONpPOCaM MOMexX03alinThbl
TPaKTOB CBSAA3W MOCBSILLEHO CPaBHUTENLHO
MHOro paboT, BCe Xe LUenblli psfj BOMNPOCOB
[0 CMX Nop He Halén TpebyeMoro ocBeLeHUs.
Kpome Toro, maTtepuanbl Mo nomexosaliuTe
TPakToB He 0606LLeHbI.

[MoaToMy B HacTosILed KHUre caenaHbl no-
NbITKN paspabaTbiBaTb MeTOAbl MOBbILIEHNS
pasbopumMBOCTM peyun; yaenAaTb 0coboe BHU-
MaHWe [OMNONHEHWIO TEOpWM LIYMOB B 4acTu
amMnAUTYAHbIX pacnpefenieHnii U ydyeta mac-
KUpyloLWwero [eliCTBUSA CNOXHbIX MOMEX; W3-
NOXWUTb CYWHOCTb METOAMKWU WM3MepeHuii no-
Mex03alyMLLeHHOCTU TPaKTOB M UX 3/IeMeH-
TOB; faTb aHalnM3 pas/iInuyHbIX CNOCO60B CHU-
XeHUs YpOBHA Mnomex, nonajarmowwmnx B Tpak-
Tbl TenetOHHOW CBA3U; PacCMOTPeTb MeTOAbl
[OCTUXEHNA BO3MOXHO 6onblieli pasbopun-
BOCTW peyn, nepefaBaemMoli No TpakTam CBA3MN,
nyTeM OCYyLLeCTB/IEHUSA COOTBETCTBYHOLMX Ya-
CTOTHbIX W aMnAUTYAHbIX XapaKTepucTuk,
nccnefoBatb BAMSIHUE WCKaXeHW, BHOCK-
MbIX TPaKTOM CBSi3M, Ha pas3bopumBOCTb peyn
N onpefeInTb YCN0BUSA, NMPU KOTOPbIX UCKa-
KeHWSA He OKasblBalOT CYLIeCTBEHHOro BAUSA-

5*

n3faTtenbCTBO NuUTepaTypbl Mo BoMpocam cBA3M W pajuo, Mockea, 1963

HUA Ha HOMexo3alWnTy TpakTa; onpefennTb

3D (heKTUBHOCTb Pas/IMyHbIX CNOCO60B MNoMe-

X03alWMNTbl MPUMEHUTENbHO K KOHKPETHbIM

Tunam TPakToB.

[na 6ernoro 4YTeHUs M MOMHOrO MOHWMa-
HUA KHWUIX aBTOPOM npejnonaraeTcs NPo4vHoe
3HaHMWe TaKuWX pasfefioB MaTeMaTUKK, Kak
anrebpa, guddepeHumanbHoe U MHTerpanbHoe
NCYUCNEHUNA, TEOPUA KOMMEKCHbIX 4uUCen wu
T. 4., Aafiee OCHOBbl aHanusa ®dypbe, cneuu-
anbHble QYHKLWUKW, Hanpumep, yHKUUn Bec-
cena, Mamma-hyHKUMA. B OTHOWeEHUM nof-
roTOBMIEHHOCTW 4MTaTena B obnactv U3NKMW,
3/leCb B NepBYI0 o4vepedb Heo6Xo0AMMO TBepjoe
3HaveHue pasfenoB aKyCTUKM (aKyCcTUyeckue
BEe/INYNHBI N UX U3MepeHue).

MoHorpagus M. A. CanoxkoBa COCTOUT
13 cnefywwWwmnx rna.:

I. Momexn n uUx mackupylolulime feiicTBUSA.

I. MeTogbl OUEHKW W M3MepeHUA Mnomexosa-
W NLLEHHOCTN TPAKTOB.

I11. AHanu3 MeTofoB NPSAMOLM MoMexo3awnTbl
TPaKTOB.

IV. MeToabl KOCBEHHOI MomMexo3alnTbl Tpak-
TOB.

V. BnuaHue WCKaXeHWn B TpakTax Tene-
(DOHHOI CBA3M Ha MX MOMexo3aluLleH-
HOCTb.

VI. 3awuTa TpakToB TeneOHHOW CBA3N OT
noMex Wu LIYMOB.
naBa |. B Heli paccmaTpuBaeTca obuiasn

Teopua nomex, B MepBYH o4epeab MCCNefy-

I0TCA BOMPOCbI, He [OCTATOYHO OCBELLEHHbIE

B NuTepaType. [laeTcs nepeyveHb PasInYHbIX

BWOB MOMeX, MWCC/efyeTcsa Mackupytollee

felicTBUE MOMeX, 3aTpyAHsOLLee BOCNpUATUe

peun. [lna onpegeneHWs BAUAHUA MNOMeX Ha
pa3bopynMBOCTb peun WUCTONKYKTCA KakK UX
yacToTHas, TaK M aMNANTyaHas CTPYKTYpbl.

B rnaBe MOXHO HaWiTu fanee MeToAbl M3Me-

peHMsi 1 OLeHKW cneKTpa momex, MpUYemM npu

paccMOTpeHUN [aHHOro BoMpoca HapsApy co
cXemMaMy 3KCNepuMeHTas/lbHbIX YCTAHOBOK YU-

TaTteflb MOXeT YACHUTbL cebe u3Myeckme

OCHOBbI M3MepeHWi, JUCKYTUPYeMble aBTOPOM

B 3aKpbITOM MaTemMaTU4yecKom BUJE.
naBa cogepXuT 20 pUCYHKOB, 2 Tabnuubl

N 57 COOTHOLUEHWNA.
naea Il. Mocne onpegeneHns Heo6Xoam-

MbIX MPW OLEHKe NMomMexosalneHHOCTN Tpak-

TOB MNOHATWIA aBTOpP NepexoAuT K onpegene-

HUIO KONWYECTBEHHbIX COOTHOLUEHUA MexAay

3TMMKN BennynHamu. C n3amepeHneM nomexosa-

WWLLEHHOCTU TPpakToB B [AeACTBUTENbHOCTHU

3aHMMaeTca 2-i § rnaeBbl, B KOTOPOM OAHO-

BPEMEHHO C YSICHEHWEM TeopeTMUYeCKNX OCHOB

faeTca 6n0K-CXeMa ycTpoicTBa ANnA M3Mepe-

Ada Phys. Hung. ToT. XV III. Fuse. 2.



154 RECENSIONES

HUA pas3bopynMBOCTM peyYn TOHANbHbIM MeTO-
LOM.

MnaBa cofepXunT 11 pUCYHKOB,
nmubl 1 45 COOTHOLUEHWA.

nasa Ill. Mpwn aHannse meToA0B NpsIMOiA
nomMexo3aLMLeHHOCTN TPAKTOB aBTOP He oCTa-
HaBNMBaeTCA Ha 3NeKTPUYECKON 3alnTe, Teo-
puMsA M NpakTuka KOTopoi nofpo6Ho paspabo-
TaHa. PaccmatpuBalTcs MeTofbl aKycTuue-
CKOl 3aWnTbl. B rnaBe nonyymnm MecTo Takue
N3MepUTeNbHble MNPUEMbl, Kak MeTO4 MNpoCT-
paHCTBEHHON AUCKPUMWHALUW, LINPOKO WC-
Nnonb30BaHHOW B TeneoOHHON CBA3N MeTOq
KOMMeHcauun n apyrve BaXHble MeTOAbl W3-
MepeHus.

MnaBa cofep>XunT 22 pucyHka n 111 cooT-
HOLUEHWA.

naea IV. B rnaBe paccmaTpuBalTCa BO-
npocbl ONTUMaNnbHON YYBCTBUTENbHOCTKW, pa-
LMOHANbHOW YyBCTBMUTENbHOCTWM TpakTa, Ba-
puauumn 4yBCTBUTENBHOCTU M MOLLHOCTU, KOM-
npeccun LMHaAMUYECKOro AgmanasoHa peuu.

MnaBa cogepXuT 11 pucyHkos un 95 cooT-
HOLUEHWA.

naBa V. Cpean Bcex rnas Hapsay c 3-i
rnasoii ob6nafaeT BbICOKOW MaTeMaTU4eckom
notpe6HoCcTb0. KOPOTKO YNOMAHYTbI NUHEN-

2 Tab-

Hble MCKaxeHUs. KpaTKoCTb TPaKTOBKU 06y-
cnoBaMBaeTCA TeM, UYTO BAUAHME 3TOr0 BMAa
NCKaXeHUn Ha pas3bopumBOCTb peyn pJocTa-
TOYHO un3y4vyeHo. Heobxogumoli 060CHOBaH-
HOCTbIO [UCKYTUPYIOTCA HeNnHelHble uCKa-
XeHnsa B nocaeaywwmx MNATU naparpadax.

B rnaee copgep>xaTtca 6 pucyHkos u 40
COOTHOLUEHWIA.

nasa VI. B nepBoii uyacTu paccmatpu-
BalOTCA XapakKTepucTUKM U LWymosalmTa
3NeKTpoaKycTUYecKoli annapatypbl, 3aTem
cneayloT TpakKTbl TeneoHHOW NpPOBOAHONM
CBA3N W pagmoTeneoHHble TPaKTbl CBA3N. B
[aHHOW rnaBe uuTaTeNb HaxX0AUT W CXeMbl
pasnnyHbIX annapaTtoB TEXHUKWU CBA3N.

B rnaee coaepxatcs 48 pucyHkoB, 1 Tab-
nmua n 35 COOTHOLUEHWIA.

B 3aknioueHune cnepyeT YMNOMAHYTb O
coBpeMeHHocTM KHurn M. A. Canoxkosa
«3alWnTa TPpakToB pajnmo n NPOBOLHOWN Tene-
(hOHHOW CBA3M OT NOMEX W LIYMOB», OHa 6ypeT
nonesHoW Ana CTY[EeHTOB BTY30B CBSA3W, WH-
eHepoB, acnMpaHTOB W Hay4HbIX COTPYyA-
HWKOB, cneynannsnpylomnxca B obnactun pa-
OMO W NPOBOAHON TenedOHHOW CBA3N.

3. ®drozewmn

M. A. Canoxkos

PeueBoin curHan B KVI6epHeTVIKe N CBA3N

[ocyfapcTBEHHOe M34aTeNbCTBO /MTepaTypbl

Bonpocamun, noctaBneHHbIMU B KHUre M.
A. CanoxkoBa «PeuyeBoli curHan B Kubep-
HeTUKe W CBA3M», 3aHMManucCb BO MHOIMMUX
NUTepaTypHbIX U3jaHUAX cepeauHbl XX cTO-
neTHA. [NaBHbIM 06pa3om 3T paboTbl NOCBA-
leHbl BOMPOCaM CXaTua U pacliunpeHus
o6béMa CWrHanOB peyn, aBTOMaTU4YeCKOro
pacrnosHaBaHus 3BYKOB peynm M WX CUHTe3a.
Ecnn paccmaTtpuBaTb YMNOMsSHYTble paboTbl
6onee KOHKPETHO, TO B PaHHWUX MU3AaHUAX
CTaBUNM BOMPOC O MpeobpasoBaHUU AUMHaAMU-
YecKoro guanasoHa peyun, Nosxe MOABUINCH
paboTbl N0 BOMpPOCaM 4YacTOTHOW W BpPeMeH-
HOW KOMMPEecCMN CUTrHanoB peyun, fanee no
(hOHEMHOMY KOAMPOBaHWIO, aBTOMaTUYECKOMY
pacnosHaBaHWIO U CUHTE3y peyu U UX NpPUOo-
XEeHUAM B KU6epHeTUKe U TeXHUKe CBA3N.
O6buiee 4ncno NoAo6HLIX U TECHO CBA3AHHbIX
C HUMK paboT A[OXOAWUT [0 ThbICAUMN.

ABTOpP KHUTU CTaBUT CBOEW LeNblo 06be-
OVHUTL MaTepuanbl No 3To npobneme, gaTb
NX KpuTuyeckoe o606uieHne. B moHorpaduu
M. A. CanoxkoBa paccmaTpuBalTCA Hau-
fonee BaXHble [N HacToALWero mnepuoja
pasBuTUA KnOGEPHETUKM U CBA3M BOMPOCHI.
LleHHbIM 4N yuTaTens SABNAETCA O6LUMPHBINA

slcla Phys. Hung. ToT. XVIIIl. Fase. 2.

no sonpocam cBA3W un pafno, Mocksa, 1963

CMUCOK NUTepaTypbl, BKAYawWMiA B cebe
715 n3gaHnWii U COCTOALMIA rnaBHbIM 06pasom
M3 WHOCTPaHHbIX WCTOYHUKOB.

KHura pasgeneHa Ha e yactu. B nepsoii
yacTu paccMaTpuBaroTcst obLiMe BONPOChl Teo-
puun nHhopmauum, pedeobpasoBaHnsa, NPUHLM-
noB npeo6pasoBaHWsi U BOCNPUSATUA peuM,
T. e. TOT )yHAaMeHT, Ha KOTOPOM MOCTpoeHa
Teopus ©KaTua U paclimpeHnss o6béma peue-
BOFO CWUrHana, aBTOMATU4YecKOro pacnosHa-
BaHUA U CUHTe3a peyun. Bo BTOpoil yacTum pac-
cMaTpMBaKlTCA MeToAbl HEnocpeiCTBEHHOTO
KOMMNaHAMPOBAHUA W OrpaHW4YeHUs, NUHIBU-
CTUYECKOr0 M napamMeTpuYeckoro KOMMaHAu-
poBaHUA, a TakKXe MeToAbl aBTOMAaT MYecKoro
pacrno3HaBaHUsi U CUHTe3a peun. M3 napameT-
pUYECKUX METOLOB PacCMOTPeHbl MOJIOCHbIE,
rapMoHuueckme n GopMaHTHble MeToabl. Oco-
6oe BHUMaHWe ypeneHO MNpoGieMe OCHOBHOI
TOoHa. Kpome 3TOro paccMOTpeHbl NpakTuye-
CKUe NMPUMEHEHUSI 3TUX MeTOLOB KaK /sl CBAA-
3K, TaK W ANs ueneil aBTOMaTUKW U KubepHe-
TUKW, B YaCTHOCTM ANA PeyveBOro ynpasJieHUs
M 4N YUTaloWKUX M roBopsilMX MawwuH. B
NPUNOXEHUN PACCMOTPEHblI MeTOAbl aHanm3a
peyeBbIX CWUrHaNoOB, amnnapaTtypa W MeTofbl
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OLEHKN KayecTBa npeobpa3oBaHHOW
NPUHATAsA TEPMUHONOTUA.

[Ansa 6ernoro 4TeHWs U NONHOro NOHWMa-
HUS KHUTW aBTOp NpejnonaraeTt 3HaHWe TakKnx
pasgenoB matemaTUKK, Kak anreébpa, agudde-
peHumnanbHoe W WHTerpanbHOe WCYUCNEHUSA,
Teopusi KOMMEKCHbIX u4ucen, npeobpasosa-
HMa ®Pypbe, Slannaca u fpyrue, cBsi3aHHble
C nepeyncneHHbIMK pasgenamu obnactm mate-
MaTukn. B obnactm usnkm yntatenb A0N-
XXeH ObITb 3HAKOM C o6uieli (hn3MKon, ocobeH-
HO >XenaTeNbHO TBEPJOE 3HAHMWE OCHOB aKyc-
TUKN (aKycTUYeCcKue BENIUYUHbI U UX U3Me-
peHue).

KHura M. A. CanoXkoBa COCTOUT U3 crie-
OYHOLWNUX rNa.:

peun,

I. Teopusas uHhoOpMaUUM B MPUMEHEHUN
K peyeBOMY CUrHany.
Il. Teopua peyeobpasoBaHus.
I1l. XapaKTepuUCTUKK PYCCKON peun.
IV. Mpeobpa3oBaHne peyun. BnumsaHue no-

MeX.
V. BocnpuAatue peudn.
V1. Metog!,l HenocpeACTBEHHOW KomMpec-

CUKN, 3KCNnaHagnpoBaHNAN OrpaHNYeHuA.

VIIl. MapameTpuyeckne MeTofbl KOMMaHAn-
poBaHUA peyn U reHepuposaHue (BOC-
npounssefeHne) pedeBbiX KonebaHWi.

VIIl. CnekTpanbHO MO/IOCHbIE METOAbI.

IX. TapMOHMYeCKNe W KOPPenALUNOHHbIE
MeTOAbI.

X. ®PopmMaHTHble MeTOfbl.
X1. ®OoHeMHble M Apyrve NMNHIBUCTUYECKNE

METOAbI.
X11. TlpaKTuyeckne MPUMEHEHNUA MeTo/f0B
KOMMNaHAWpoBaHNA, aBTOMaTUYeCKOro

pacnosHaBaHMA W CUHTe3a peyun.

B kHure HymepytoTca 450 cTtpaHuy. OHa
coflepXXnT 203 pucyHka, 221 COOTHOLIEHUNE U
39 Tabnuy.

B 3akntoueHue cnepyet ewé pas ynoms-
HYTb 0 BaXHOCTU KHuUrnm M. A. Canoxkosa,
OHa 06yaeT SABNATbCA, NO HaWeMy MHEHUIO,
HacTONbHON KHUTON cneumanucTos, paboTato-
Wnx B 06nacTv TeEXHUKM CBA3W, aBTOMATUKMU,
KNBEPHETUKN, B CMEXHbIX C HUMW 06nacTax
1, B NepBYI0 o4yepedb, AN WHXEHEPOB, acnu-
pPaHTOB W HayYHbIX COTPYLHMKOB, N3y4ato LW nx
BOMPOCbl Npeo6pa3oBaHuUA peyu.

3. drozem

slcta Phys. Hung. Torn. XV III. Fase,
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ELEMENTARY CALCULATIONS
OF THE MADELUNG CONSTANTS
OF SOME CUBIC LATTICES

By

F. Bukovszky™

INSTITUTE OF EXPERIMENTAL PHYSICS, TECHNICAL UNIVERSITY, BUDAPEST

(Presented by Z. Gyulai — Received in revised form 10. 1. 1964)

An elementary method (the so-called “chain method”) [1] is applied to the evaluation
of the Madelung constant of crystal lattices both of the NaCl and the CsCl-type. The binding
energies are summed up over suitably chosen cylinder shells resulting in very good approx-
imate values for the Madelung constant. The Madelung constants both of CaF2 and ZnS-type
lattices are determined from linear relations given by Benson and van Zeggeren [2].

I. Introduction

The first calculations concerning crystal structure energies were published
by E. Madelung [3] about forty years ago, and asimple and clear theory for the
mechanism of crystal growth was given by Kossel and Stranski in 1927 [4].
The methods applied in the calculations were mostly rather complicated and
therefore physicists, chemists and mineralogists have for long been trying to
develop simpler and more accurate methods. We mention the method by
Frank [5] and that worked out by Fathy and the author [1]. The main
features of the latter method may briefly be outlined in the following.

The chains or half-chains consisting of equidistant ions of alternating
sign are considered as the basic elements of a crystal body. The binding energies
are first summed up along such chains or half-chains; this method may there-
fore be called *“chain method”. By the aid of certain lemmata the difficulties
arising in such summations can be overcome.

The ions with positive and negative charges, playing symmetrical roles,
will he simply called “red” and “black” ions and in the figures will be marked
by empty (O) or filled () circles, respectively.

Let the charge ofthe ions forming the chain be e, e being the charge of an
electron, and let d be the distance of two neighbours in the chain. The binding
energy of a pair of ions is then

* Present address: The Federal Advanced Teachers’ College, Lagos, Nigeria

| Acta Phys. Hung. ToT. XVIII. Fasc. 3.
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and the energy required to bind the next ion to the lattice is some multiple
this expression, e.g.
g e2
or

® Uz2=x —
T d

In the following we shall use d as the unit oflength and e2d as the unit ofenergy.
Their values are collected in Table I.

<f(0)

Fig. 1. The ion joins the half-chain with the binding energy ip(0) or <(a), respectively

The binding energy of an ion joining a half-chain and continuing it is

(Fig. 1)

9,(0) y (- 1)"-1e— = 1In2
n
and for an ion being at the distance the binding energy has the value
1
n+a—4
= - 1
7<) r21:1( jin2-f-a (1)
Table |

Length and energy units used in the present calculations

d e2d
angstrom electronvolt
NaCl 2,81 513
CsCl 3,56 4,05

Acta Phys. Hung . ToT. XVIIIl. Fasc. 3.
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For greater distances (a ;> 40) the simple asymptotic formula

1

P 1Ye.
9>(®)~(—= 1" 5, ¢4
holds to an accuracy sufficient for most practical purposes. Finally, the binding
energy of a complete chain at the distance lais (Fig. 2)

z(°) v 2

as can be proved in a simple way.

Fig. 2. The contribution of a complete chain, infinite in both directions, to the binding energy
of the ion A is x(a)

In the following the place of the joining ion, or of the ion for which the
binding energy is to be calculated, usually denoted by A, will be called the
point of reference. The ion of a chain or half-chain nearest to the point of refer-
ence will be called the initial link of the chain or half-chain. The chain or
half-chain will be called a red (black) chain or half-chain if its initial link is a
red (black) ion. In the sodium-chloride lattice these chains run parallel to the
edge, in the lithium-chloride lattice parallel to the diagonal of the elementary
cell.

Il. The Madelung constant of NaCl

Let a red ion in the interior of the crystal body be the point of reference.
We shall call the plane containing the point of reference and being perpendi-
cular to the direction of the chain the “basic plane”. In the NaCl crystal this
basic plane is a lattice plane which contains the initial links of the parallel
chains (Fig. 3). The lattice points are to be found along concentric circles
around the point of reference and the chains represented by these lattice
points (initial links) form co-axial cylindric shells. These shells contain either
red chains or black chains and may be called red shells or black shells, re-
spectively.

Acta Phys. Hung. ToT. XV III. Fasc. 3.



F. BUKOVSZKY

The radii of these successive shells can be given by the simple formula

k= Qi ]fxk (3)
with gL= 1 and
1 213 41 51 g1 7 g1 9i 10 1 12 13114
1 2 4 51 81 9110 13116 17 18 20 251 26
(See Fig. 3).

Fig. 3. The basic plane of a NaCl crystal with the radii of a few concentric circles. The initial
inks of the chains form a geometric quadratic lattice

The numerical values of the functions pand %which were already given
in [1] have been newly computed to an eight-digit accuracy (see Table II).
These values make possible to calculate the energies of the cylindrical

shells as well as their sums. These are given in Table II.
The first column of the Table shows the serial numbers of the shells,the

second the quantity
« = QliEtxk
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Table 11

Binding energy in the NaCl lattice

K a Chain energy Energy of a shell Total energy

0 0 1,38629436 1 1,38629436 1,38629436
1 | ,11816506 4 47266024 1,85895462
2 2 —,02727194 4  — 10908776 1,74986686
3 4 —,00366634 4 —,01466536 1,73552015
4 5 ,00165470 8 ,01323760 1,74843910
5 8 —,00022957 4  —,00091828 1,74752082
6 9 ,00013013 4 ,00052052 1,74804134
7 10 —,00007617 8  —,00060936 1,74743198
8 13 ,00001774 8 ,00014192 1,74757390
9 16 —,00000488 4 —,00001952 1,74755438
10 17 ,00000327 8 ,00002616 1,74758054
ikl 18  —,00000222 4 — 00000888 1,74757166
12 20 —,00000104 8 —,00000832 1,74756334
13 25 ,00000018 12 ,00000216 1,74756550
14 26 —,00000014 8 —,00000112 1,74756438
15 29 ,00000006 8 ,00000048 1,74756486
16 32  —,00000002 4 —,00000008 1,74756478
17 34  —,00000001 8 —,00000008 1,74756470
18 36  —,00000001 4 —,00000004 1,74756466
19 37 ,00000001 8 ,00000008 1,74756474
20 40 —,00000000 8  —,00000000 1,74756474

and the third column the binding energies of the chains. This column contains
the values
%(«)= 2 (-1)n+0-11P= ~ = (-1)°-11"- + 2-¢>(a)
n \ja

=-~ jnz a
except for the first row, since \(a) is not defined for a — 0. Here, instead,
22(0)

is to be found. The fourth column shows the number of chains in each shell,
and the fifth the corresponding binding energy. The last column contains the
sum of the energies of the preceding shells, that is the energy of the cylinder
ofradius Qk. These latter energy values are approximate values of the Madelung
constant of NaCl. Their accuracy may be judged from the Table below:
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K = 1 3 | 5 1 8 9 13 15

number of exact digits 1 2 3 1 4 5 6 7

They can be easily checked by comparison with the values given by 0. Emers-
leben and Y. Sakamoto [6].

I11. Application of the chain method to the CsCl lattice

The lattice of CsCl is quite different from the lattice of NaCl though the
chemical behaviour of the two substances is very similar. Each ion of NaCl is

Fig. 4. Elementary cell of the CsCl lattice. The smallest ion-ion distance is d

urrounded by six neighbours of opposite charge, while in the case of CsCl a
say) red ion has eight black neighbouring ions situated at the corners of a
ube in the centre of which the red ion sits (Fig. 4). The role of red and black
ons may be interchanged. The length of the diagonal, according to our choice
rf unit of length, is 2. The elementary cell lies at the origo of the system of
feference as shown in Fig. 4. As the basic plane is orthogonal to the direction
oi the chain, e.g., the direction (2) shows the (I,I,I)-plane to be a basic plane.

We project the initial links of the black chains also on this basic plane.
In the Figure these points are marked by crossed circles. As can be seen we

have for the longest side of the triangle (Fig. 5)
Ju2+ V2+u V
and with this we obtain for the radii of the cylindrie shells

&= QJfxk m 4)

This formula is similar to that obtained for NaCl. Here the xk have the following

values:
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k =1 2 3 4 6 7 13j 14 15
51 1 ni1
1 3 4 7 9112 13 i%l]Bi%?lZSlZ? 28j3 3
N(CsCIl) @ ei(NaCl).

The numerical calculation of the chain energies is in principle the same as
for NaCl [1]. A red chain consists of two symmetrical black half-chains and

Fig. 5. The basic plane of the CsCl crystal with the radii of the first 15 concentric circles. The
intersections of the chains form a geometric lattice of regular triangles

one red ion which isthe initial link at the distance |[la (see Fig. 2). The binding

energy for each half chain is

gk= 3V (- 1)"“1
n-n K(@3ra)2+ 8 Xk

from which we obtain for the chain-energy

Xk= - — + 20k = —-J=-+6>"(-D)"-1—____1 _ ©)
Qk 18 xk b 3Nn)2+ 8xk
1/8xk + 62\0.
i'ith
K 2, 5 6, 10, 12, 15

= 5
xk = 3 9, 12, 21, 27, 36
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The calculation is somewhat different in the case of black chains. In the
lattice type considered a black chain consists of an “upper” (black) and a
“lower” (red) half-chain (Fig. 6). The symmetry is lost, and both half-chains
have to be treated separately. The words “upper” and “lower” refer to Fig. 6.
The initial link of the upper half-chain is at the distance 1/3 and that of the
lower half-chain at the distance 2/3 from the basic plane.

Fig. 6. A black chain consists of an “upper” (black) and a “lower” (red) half-chain. The chain
is in the fc-th cylindric shell, x = 1,3, 4,7,8,9, 11, 13, 14

The distance of the nth link of the kth lower half-chain from A is

Rkn= -1 f(3n —1)2 -(- 8 xk

and the binding energy of this lower half-chain in respect of the point A is

1
_ " " J— N . 6
K= b, 08 DT MBI 2 + sk 2kl ®)

Similar formulas can be obtained for the upper half-chain also:
'M = yK (3n-2)2+ 8%k,

= 32 - |) 1 / -=- = + 3'2 2 ( )
2 ( V( ) » X k,
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Xk

12
21
27
36

The energy of the chain

8 9

16 19

Table 111

11 13 ' 14
25 28 31

Energy values for red chains

3
VeW

0,61237243
,35355339
,30618621
,23145502
,20412414
,17677670

] XK.

0,09992815
,05888730
,5102202
,03857555
,03402065
,02946277

Chain energy

-0,01280353
—,00022959
— 00005409
—,00000172
—,00000024
—,00000008

from (6) and (7) is therefore

&l + N2 =

—2kA -

165

®

The coTpwu tation of the sums EkO, Zkl and Zk2 in the formulas (5), (6)
and (7) can be significantly simplified by the use ofthe method ofthe successive
arithmetical means discussed briefly in the Appendix.

IV. The Madelung constant of CsCl

We give the results of our calculations in a few tables. Tables Ill and IV
contain energy values for red and black chains calculated according to the

formulas (5) and (6), respectively.

Xk

13
16
19
25
28
31

Table IV

Energy values for black chains

0,20707332
,09245585
,06832757
,04955419
,04456887
,04084023
,03554059
,03356305
,03188282

0,18294707
,09155538
,06821142
,04954837
,04456715
,04083966
,03554051
,03356301
,03188281

3[r*., -

0.07237875
,00270141
,00034845
,00001746
,00000516
,00000171
,00000024
,00000012
,00000003

Acta Phys. Hung. ToT. XVIIIl. Fasc. 3.



166 F. BUKOVSZKY

Table V

Binding energy in the CsClI lattice

K xk a Energy of a chain Energy of a shell Total energy
— . 1,38629436 1 1,38629436 1,38629436
1 | 8/9 ,07237875 6 ,43427250 1,82056686
2 3 24/9 —,01280353 6 —,07682118 1,74374568
3 4 32/9 ,00270141 6 ,01620846 1,75995414
4 7 56/9 ,00034845 12 ,00418140 1,76413554
5 9 7219 —,00022959 6 —,00137754 1,76275800
6 12 96/9 —,00005409 6 —,00032454 1,76224346
7 13 104/9 ,00001746 12 ,00020952 1,76264298
8 16 128/9 ,00000516 6 ,00003096 1,76267394
9 19 152/9 ,00000171 12 ,00002052 1,76269446
10 21 168/9 — .00000172 12 —,00002064 1,76267382
11 25 200/9 ,00000024 6 ,00000144 1,76267526
12 27 216/9 —,00000024 6 —,00000144 1,76267382
13 28 22419 ,00000012 12 ,00000144 1,76267526
14 31 248/9 ,00000003 12 ,00000036 1,76267562
15 36 288/9 —,00000008 6 —,00000048 1,76267514

The negative energy values mean that the red ion which is situated in the point
of reference is repulsed by the red chains which have initial links of the same
charge. The energies of the black chains are for the same reason positive.

W ith the energy values in Tables 11l and IV we can evaluate the
Madelung constant of CsCl. The results are given in Table Y in an arran-
gement similar to that of Table II.

Here, too we obtain in the last column the approximate values of the
Madelung constant. Their accuracy is shown below:

K = 1 3 5 7 9 11 1 14
number of exact digits = 1 2 3 4 5 6 1 7

Our result agrees with that obtained by other authors.

V. The Madelung constant of ZsS and CaF2 lattices

There exist certain simple relations between some of the constants for
cubic-type crystals. These relations, suspected by Wheeler and determined
by Hoppe [7] and Benson and van Zeggeren [2], may be written as
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M (CaFa) = (Z‘ AT(Na Cl) + 2 M (CsCl),
1/3 1
M (ZraS) = ij)- M (Na Cl) + 7 M (CsCl).

W ith the help of our results (Tables Il and Y)

M(NaCl) = 1,747565 ,

M(CsCl) = 1,762675

and we have for calcium fluorite

M (CaF2 = 5,038785
and for zinc blende
Af(ZnS) = 1,638055 .

These results agree with those known from the literature.

VI. Summary

The results of the present paper may be briefly summarized as follows.

a) The chain method developed originally for lattices of the NaCl-type
can be applied to the lattice of CsCl also.

b) Parallel chains are considered along co-axial cylindric shells, the radii
of which are given by the formula

= Q\xks

The quantities gl and xk have different values for the lattice of NaCl
and for that of CsCl-type, they can easily be determined.

¢) The numerical calculations may be carried out using only elementary
mathematical operations. The results which are given in a few Tables, are
correct to six decimal digits.

d) The Madelung constant of CaF2type and ZnS-type lattices are com-
puted from linear relations between their Madelung constants and those of
NaCl- and CsCl-type crystals.

e) The values of the Madelung constant of NaCl, CsCl, CaF2and ZnS are
shown in column 1. of Table VI which, for comparison, includes in column 2.
the values published by Benson and van Zeggeren [2].
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Table VI
1 2.
NacCl 1,747565
CsCl 1,762675 1,7626747730
CaF2 5,038785 5,0387848798
ZnSs 1,638055 1,6380550533
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Appendix

Method of the successive arithmetical means

We consider the following infinite sum

I/n-+ a

and denote the series of its partial sums by

AD? *k*kK (O eee

the successive arithmetical means of which are

an+ k1l

fn n=1,223, .. ..

The common limes both of an and n be a. We shall prove that

1
lac - «l = ! n+ 0

and
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Wn—aj= ., + 0|

which means that the series of the successive arithmetical means converges
better than the original series.
We shall first prove that

+ : @
For this purpose we write
(- D)>(aj=J "(-1)n1TF="r= =
n=i /n + a
~Jo YW ¢ If-« = J "1(2kf~+r "
The n-th partial sum of this, for n = 2/, is
i-i | | 1
N2k-p 1)2+ a x=i ¥Y(2nc)2 -f- a

= Nx— r(x) = al)—amk).

X =1

aty and afi can be expressed by the so-called Eulersche Summenformel (the
sum formula of Euler) in the following way:
i-i i-i
= jL()dx + y [Ix(i- 1)+ [ x0)]+ fBx(*)/i(*)d*,
0 0

where is the polynom of Bernoultti of index 1. So we obtain

={i ix-jm "] 7 (Ofr+bData - +
I-1 I
+  JBLUX)f[(x\dx —J B1x)f2(X)dx *“F const”

0 1
where
Z-1 1 n—1
iicyax — lraoyax=n- [— + const.
0.] 1.] 2J \u2+ a
n
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The limit a can be expressed also with the help of the Eulerschen Summen-
formeln:

«={ J [/i(*0 —/211 ] dx}+ (_fj (x)f'i{x)dx— \ Bfx)ffx)dx).
|

Hence, because of

15i(*K -
after some changes we obtain
@ -a\< — f du 1 ( 1 1 ,
2 J I'ur-\-a 21 Y(n—1D2+ a \n2-\-a
n—1
I ( 1 S e 1 12 1 1

[1/(re —1) 2-j- a IAre+ 2)2+ aj n n2 a Y(n2)2 a

The three last terms are of the order0 ——. The first term can he checked

against the first mean-value theorem of the integral calculus:

r —= -1 . Otf<l
:11 fu24-a Y(n —0)24 a

Hence

Loowldlo 1 wenoep(Lo_L1ogpll
2 JA\n —#)24a n2l 2n n2

On the other hand it can be similarly shown that
K - N + o0jdp).
From the two last expressions it follows that

K-«l = +
2n 1nz
qu.e d

We discuss now the /n-series.
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un + an+l

n
1 |
) + g
d3,z(2*+1)2+ « 0 /(2* + 3)»+ 1 U@em)2+ a
i-1 / 1
= >'"3(*)- Y —? = MA>- /S
£70 ) I n f(2*)2+ a

Using again the Eulersche Surrunenforniel we obtain

n+1
.9 du -
. —ajl = -9%-
b = -2 e a  J ymdfalt?®
n-1
n+1
[ du r du
Yu2+ a ) ]m2+ a Y(n —#j)2-f o N« —#22 - a
0
where
< 1.
0,
Hence

As, on the other hand, it can be shown that

1
- an
T @n)y
it follows that
1
N 0
— @2nf . n3

The proof continues in a similar way also for the case n = 21 4- 1 and
gives the same result as above. Our statement is thus fully proved.
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poNe
maom

BblYNCNEHUWNE MOCTOAHHOW MALENIYHIA 3/IEMEHTAPHbLIM MNYTEM
ANA HECKONIbKMX KYBUWYECKWMX PELWETOK

®. BYKOBCKWU
Pesome
COOTBeTCTByIOIJ.U/IM NPpUMEHEHNEM ULEenHOro mMertoga aBTOPOM BblYUCAAETCA NOCTOAHHasA
Ma,u,enyHra ana pELLIéTOK NaCl n CsCl. Ha ocHoBe 3aTux pe3ynbTatoB, MCNonb3ys NNHENHbIE

3aBucuMocTu beHsoHa u LlerrepeHa, onpefensieTca 3HavyeHMe MOCTOAHHOW MagenyHra ans
pewéTtok CaF2 U ZnS.
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SOME DEVELOPMENTS IN THE SEMIEMPIRICAL
THEORIES OF MOLECULAR CRYSTALS. 1.
THE HUCKEL APPROXIMATION

By
J. Ladik

CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Presented by G. Schay. — Received 11. VI. 1964)

The paper reviews the calculation of energy hands in the Huckel approximation of
one-dimensional periodic and nearly periodic polymers, which have an arbitrary number of
atoms in the elementary cell. In the derivation the Hohn—KARMAN periodic boundary con-
dition has been used and only nearest neighbour interactions have been taken into account.
The matrix formulation of the problem is extended also to three-dimensional molecular
crystals by taking into account only interactions between first, second and third neighbours
with arbitrary symmetry and with an arbitrary number of atoms in the elementary cell.
Finally, appropriate expressions are given also for the‘case when we have slightly different
types of units in the three-dimensional polymers.

Introduction

For the investigation of the physical properties of different organic
synthetic- and biopolymers the semiempirical theories of molecular crystals
have an increasing importance. We shall discuss here only those semiempirical
theories, which refer to polymers in which 1) there is a small, but non-
negligible overlap-type interaction between atoms belonging to different
molecules as compared to the interactions within the molecules and 2) it is
possible to define an elementary cell (periodic polymers) or an approximate
elementary cell (pseudoperiodic polymers). Further 3) the van der Waals
type interactions between the different molecules of the molecular crystal
are not included in these theories.

Using the simple LCAO MO method in its semiempirical form and neg-
lecting the overlap integrals (Fujcker approximation), we can derive com-
paratively simple expressions for the calculation of the energy band structure
of a molecular crystal, if wo introduce the Born— Karman periodic boundary
condition and we take into account only interactions between nearest neigh-
bours in the one-dimensional case and between the first, second and third
neighbours* in the three-dimensional case. In this paper we review the

* We shall call first neighbours of a given elementary cell characterized by the lattice
vector Rj = jlal + j,a, + j3a3 («,, a2 and a3 are the primitive translation vectors) in a
three-dimensional solid those cells which have such R/, = hlal -j- h.,a2 + h3a3 lattice vectors,
that =~ +1 and h2= j2 h3=j3 or h. —j2* 1 and hv= j\, h3= j3 holds, or finally

(footnote continued on page 174)
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resulting expressions for one- and three-dimensional periodic and pseudo-
periodic molecular crystals. In a subsequent paper we give the appropriate
expressions for the semiempirical SCF LCAO MO and Cl methods (Pariser—
Parr—Pople approximation [1, 2]).

One-dimensional case

If we have in a linear chain N elementary cells and n atoms within the
elementary cell, which contribute electrons to the delocalized electron system,
we may write for the crystal orbitals in the tight binding (LCAQO) approxim-
ation (see for instance [3])

p=1,2,
H - A 7 c I
Xf/P,i(r) o I2:icp. hto —J“)» t= 12 .. n. (1)
Here is the coefficient of the Z-th atom in the j-th elementary cell

in the crystal orbital characterized by the two quantum numbers p and t,
C>i(ri— ja) is the atomic orbital belonging to the Z-th atom of the j'-th ele-
mentary cell and a is the primitive translation vector. Introducing the Born—-
KARMAN periodic boundary condition

Yp-/Ir + Ma) = Yp/r), (21

for the coefficients the Bloch condition [3]

i2>xp ) 3)
cp.rji = exP <l
NoJ P
follows. If 2Vis a large number we may substitute the integer p(p 1,2,..., N)
by the continuous variable
0<1k<,2n (4)
N
and may rewrite (3) in the form
ck.ULI = e'kick.t:la (5)
(continued)
h3= j3 +*1 and hl = jt, h2= j.,- We define as second neighbours those cells for which two
components of the lattice vector are simultaneously different, e.g. h, —j, i 1,i2= m; 1
and h3 = ji3. Finally, we shall call third neighbours those cells for which all three components
are different = jt+ 1l,hz= j2+ land h3= j3 + 1.1t should be mentined that the second

and third neighbours defined in this way are in most cases (but not always) the second and
third nearest neighbours in a geometrical sense. The number of the first neighbours of an
elementary cell is 6 and the number of the second and third neighbours (as defined above)
is 12 and 8, respectively.
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Substituting the wave function (1) with condition (5) into the expres-
sion of the expectation value of the effective one-electron Hamiltonian of
the system and applying the variation principle, it is possible to arrive at
an eigenvalue problem of a Hermitian complex matrix. Although this has
already been demonstrated for the one-dimensional case [3], it will be repeated
here in detail, because on its basis it will be easy to generalize the resulting
expressions for the three-dimensional case.

For the expectation value of the effective one-electron Hamiltonian
we may write

J %* UpdV
2 2 eikch of ill —ja) H 2 2 & dv
J j 1ul h 1S=
N n
2 2 e ikcrmp* (1 j~) 2 2 e%ckSpn(b - lia) 4V
] 1" _h=1 s=1
0" K<;2xX (6)

where for the sake of simplicity we have dropped the index t.

Introducing further the simplifying condition that we take into account
only interactions between nearest neighbours, we find that from the sum-
mation according to h we have to keep only the terms

h=j or j£lI. @)

In this way we obtain the expression

M2 2 c*<cM s + Btseik+ Rrse~ik]

where
Bi,s= <o 1(h —ja) \H\ p3(rs—ja)}, Bj=s=
= <p1(i—ja) WLK(rs—(j£I) 9>
and
S1S= <d1(Li —ja) !®B(is —ja)} * Sij =
= <p1(0 —ja) 1P, (rs— (jxl)a)}.

In equ. (8) the first term in the brackets of the nominator and the deno-
minator refers to the case h = j, while the second and the third to the cases
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h=j+ 1and h=j— 1. Since the terms of the double sums in equ. (8) do
not depend on j, the summation according to j gives merely a factor N in
the nominator and the denominator.

Applying the variation principle we obtain in the usual way with the
aid of the minimum conditions

3 <H) _ 3<4) |—1,2, ., 1,
9c?,, acks s= 1,2, ...,n,

0<,K<,2n (9)

the secular equation

= 2\P>.s - S'sf(fe) + e'Vt,s - srse(k)) +
5=1

9C?;/
+ e~‘k(Rrss — STse(™c))] ck;s — 0« (10)

Here we have denoted by e(k) the minimum values of <CH> as a function
of the coefficients c*g and c*;s.

If we neglect the overlap integrals, as is usual in the simple Huckel
approximation,

S,s=\5s5,Sls= 0, (11)
we obtain the matrix eigenvalue problem
ycku= e(k),chu. (12)
Here the elements of the matrix y are
Vis = Ris+ Btsek + Brse km (13)

Since even in the most general case, when we have not only a translation
of the elementary cells but also a screw, the relation

Ris = R7,i (14)

holds, we have always y/s= ys;. Therefore y is a Hermitian complex matrix
with real e(k)teigenvalues but complex eigenvectors. The eigenvaluest = 1, 2,
.., nhofy for a given k value belong to the n different energy bands, and
the e(k)tvalues for given t but k varying from 0 to 2n form the f-th energy
band.
For the solution ofthe complex matrix eigenvalue problem (12) standard
mathematical methods are known. The most simple one is to rewrite the
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eigenvalue problem of a complex matrix of order n as the eigenvalue problem
of a real matrix of order 2n (for the details and for the determinations of the
limits of the energy bands see [4]).

For actual numerical computations we have to substitute the values
of the /%iSand Rfi integrals into equations (13) and (14). In the simple Huckel
approximation the RiiS integrals are taken as empirical parameters. The Bfs
integrals can be calculated with the aid of the relation

B,ARI) _ \s(R i)
Bts(R*) sts(Ro) ’

if we know the values of the parameters Ri>s (RR). (Here Rx and J12 denote
two different distances between the Gentres | and s).

In the case when we have N units in the linear chain, which are not
all identical, but differ only slightly, it is yet possible to determine the
energy bands approximately. If the Born— Karman periodic boundary con-
dition is valid for the chain and we take into account only nearest neighbour
interactions, we can write down for the chain in the Huckel LCAO MO ap-
proximation the equation

K BI2 0 .. 0 Bi.jv
B|,2 a2 Br’3 ° . . 0 0
0 bu A3 .. 0 0

(16)

0 0 0 me An—i Bgr-LN
Bu 0 0 mm B/v-i jv Agr

Here in the diagonal the matrices Aj refer to the different units including in
their diagonal elements the — Aterms (where Ais the root of the determinantal
equation (16) ) and the matrices and their transposed B; i+l refer to
the interaction between the neighbouring units. If we have m different kinds

m
of units, the order of determinant D will be r = A _qtnhwhere n- isthe order
i=i
m -
of the i-th type matrix and < its frequency in the chain _(]I: N . The
i=i
exact solution ofthat matrix eigenvalue problem of order r which is equivalent
to the determinantal equation (16), is practically impossible because of the

extremely high order involved.
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By a generalization of a method due to Orlov and Men [5] Beleznay
and Biczd [6] were able to show that by neglecting only second and higher
order terms, equation (16) may he substituted by the equation

A B .0 B
BPA B ..O O
5 = B’ .0 0 =o. (17)

B' o O...B'" A

Here the average matrices A and B are defined by

m . m
A= PiAi ;B = pjik Bjik , (18)

i=i j=l
where pi is the probability of the occurrence of the i-th type of unit and pj
is the probability to have the unit k after j in the chain (nearest neighbour

frequency).

The neglected terms, as is possible to show [6], are O(a% Bfj+i), where

the deviation matrices w Ri,i+i are defined by

at— A-—A, ft,i+i — B/,,+i —B = (18a)

It should be mentioned that in order to keep small the errors due to
the neglection of the second and higher order terms, as Beleznay and Bicz6
[6] have pointed out, it is advantageous to use the diagonalized forms of
the matrices Aginstead of the original ones. By doing this we have of course
to perform an appropriate transformation also on the matrices Bjk in (18)
[6], which have, in general, in the case of molecular crystals, elements smaller
by an order of magnitude than the elements of the A- matrices. It should be
emphasized further that the performation of the average matrices according
to equations (18) and the substitutions of equation (16) by (17) will lead to
small errors only in that case if the units of the chain differ only slightly
(pseudoperiodic polymers).

Equation (17) refers to a periodic structure for which we can write, in
analogy with equation (12) and (13), the complex Hermitian matrix eigen-
value problem

Yit= (A+ Belk-j- B'e~Kk) ckt= e(k)tck]t, (19)

which can be solved in the above mentioned way.

Acta Phys. Hung. ToT. XV III. Fasc. 3.



DEVELOPMENTS IN THE SEMIEMPIRICAL THEORIES OF MOLECULAR CRYSTALS, | 179

Three-dimensional case

In the case of a three-dimensional molecular crystal, if the Born—
KARMAN boundary condition is valid, we may write

Wkt (I + Bn) = VK.iB), (20)
where

Bn= -"i® + -"2-2+ N3a3. (21)

JVj, N2, N3 are large integers (N1N 2N 3 is the number of elementary cells in
the crystal) and av a, and a, are the primitive translation vectors. In contra-
diction to the one-dimensional case k is now also a vector. If we introduce
for 4>ht{r) again LCAO crystal orbitals, we can write

Ay NANLY kY, o, (r, - Rj)), (22)
jijyja=1 =1
where the symbolJ stands as an abbreviation ofji,j2andy3and the summation
index | runs from 1 to n, the number of atoms within the elementary cell,
which contribute electrons to the delocalized electron system. Rj in the argum-
ent of @;(r;— Rj), the atomic orbital of the Z-th atom in the elementary
cell characterized by i1, is the lattice vector

Ay=N«l+N?22+73«3- (23)

If we put equation (22) into equation (20) we obtain for the coefficients
cktj,i the Bloch condition

oktlji — okt e~Bj- (24)

Since the possible vectors k of a Brillouin zone are usually given by the pos-
sible values of their rectangular components, it is advantageous to express
also the primitive translation vectors cq, a2 a3 which are not always rectan-
gular, and thus also the vectors Rj in their rectangular components. In this
way we obtain

hBj = kxjx + kyjy+ kzjz, (25)
where

jr=jlaU+ [2a2 + Y3asrm (r= x,y,2) (26)

Substituting equations (26), (25) and (24) into the expression (22) of
the crystal orbitals, we form with the a'd of the latter the expectation value
of the Hamiltonian
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<= [Tt FktdV =

NEtNN. n
J Y 2 exP Y ~ikr[j'ialr+ J2a2r+ a 3a3r]

j,Juj, 1=1 r=X,y,Z
n IrfF (27)
rNiVN3 n

i, F®P T

+ A “lr+ N2a2 + A3ft3r] ® CiJ-JOj(XJ— ht) v,
r=xy,z

where in the brackets in the denominator we have the same expressions as
in the nominator. Taking into account only first, second and third neighbour
interactions (for their definition see the Introduction) we have the conditions

K =h or jiil’
K=iz or (28)
K=:3 °r j3x 1
W ith the aid of these conditions and by introducing the neglections customary
in the HUCKEL approximation, after a somewhat lengthy but simple calculation

quite similar to the procedure described in detail in the one-dimensional case

(equs. (8)—(14) ), we arrive again at the eigenvalue problem of a complex
matrix:

ye kt = e(k)tEk,t- (29)

The elements of y are defined by

Ytj= Bii+ Y [Btjyseda+ (BU se-inn 2W Ne,120HT)+
s=1 b>t

+ (B tr)s,,ei(n-n,)+ (80 )spte~Kn~n)+ (8 o )s.t

+ (Btj++)i.23e'X'10RHB) + W +)1,2,2eK~-TTLHTHB)+

30
+ (Btr+k2,z e’ (THTady + (Bf,/-)i,2,2 e’ (TIHT~TE) + (30)
+ (Bu )i,2,3e(-TIHR+HB) + (Brf-)w er‘Ob-'+>*> +
+ (Mi74H)i23e~<HBIB) + {RT,rh,™ e-i(ni+ m\
where
ns— 2 krasr (s = i*2»3). (31)

r=xy,z
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The rather complicated expression (30) refers to the general case, in
actual cases it is simplified considerably by the symmetry of the crystal.
The first term of equation (30) refers to the case hl= jv h2= j2,h3=j3
the 6 terms of the first sum arise from the cases hx= jx” 1, h2—j2 h3=j3
or K = 7i» hi=iiz=* *3=7*3 or ai =7i» *2=7*2» *3= Y3+ Im The 12
terms of the second sum originate from the cases, when two of the three
hs (s = 1, 2, 3) differ simultaneously from the appropriate js-s by + 1-Finally,
the last 8 terms refer to the cases when all three hs-s differ from the appropriate
7S by = 1.

It should be pointed out that in general for a given i and j pair of
atoms in all above-mentioned cases the integrals Rjj may have different
values. This is indicated by the subscripts, where the lower indices of the
Rij-s refer to the components of h which differ from those ofj by |l| and
the -j- or — signs indicate whether the components of n differ from those
ofj by +1 or —1. Thus we have for instance for {BT,j~ )23

{RzT+)i,23= <0i(u —7i%“i-7*2«2 —73«SWH id](Zj —
— (- D — — il «a— (P3+ 1)53)>

It can easily be shown that yi,j — Yj.ii i-e- y is a Hermitian complex
matrix with real eigenvalues. The appropriate integrals can be determined
again on the basis of the overlap integrals with the aid of equ. (15). We can
then write down for an actual case the elements of the y matrix numeri-
cally and can determine the eigenvalues e(k)t of y, which are functions of k.
Substituting different components of the vectors k into the y matrix, for
which the vectors k lie within the first Brillouin zone, we can determine the
minima and maxima of the energy surfaces in the k space. In this way the
energy band structure of an arbitrary molecular crystal can be obtained in
the HUCKEL approximation.

It is possible to generalize our results (29)— (30) also to the case of
three-dimensional pseudoperiodic polymers. We have to substitute in this case
the appropriate elements of the average matrices A and B into equation (30).
We can then formulate our results on the basis of equations (20) and (30)
in the form

yokd = A+ j? (B/ein*+ (B%) e~in‘) +
=

+ 2 (B(.+ + (BY) e-*m«+ BV eP’ + (Bv7)fe~"m)+ (32)

v=12
+ Bterms ¢ kt — e(h)t Ckj >
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where we have used the abbreviations

ns = 2 K asr (»: 1,213)1
r=x.y,z
tv= 1,2 33)
ms,V= 2 kr(asr+ avr)
r=xy,z (S)> \Y
v= 1,2
Ps,v - 2 K ®I’,)
r=x.y,z S>m vV

The last 8 terms of the y matrix, which are not shown here for brevity, cor-
respond to the last 8 terms of equation (30) in which all three components
hy, h, and h3 differ from ]\, j2 and jr3 by ~ 1.

If we have m slightly different kinds of units in our molecular crystal
with the probabilities p(), A is defined again, as in the one-dimensional

case by
m
A= 2E£p{HAQ- (34)

l

The elements of the matrices Ad) consist of only the integrals /A*], which
correspond to interactions within the i-th kind of unit.
The average matrices B are defined by the equations

bs= _2k|ij‘k)Bs(J'k) (*=1,2,3),
= ¥ opeiR ey V= L2 (35)
" SvE| ' ' S>> r
|m * @ V= 112
BSV S ity OV) Bgpj (M)
M=1 s> v

and similar expressions for the average matrices B occurring in the 8 further
terms in equation (32). We have among them for instance the matrix

BL3+= 2 (36)
jk=1
The nearest neighbour frequencies p”'ki (the probabilities to have the unit
k afterj) may generally depend on the direction in the pseudoperiodic crystal.
This is indicated by the further lower and upper indices of the p~k*s. The
elements of matrices are the interaction integrals between the atoms
of the neighbouring j and k type of units. We can write for instance for the
u, z element of the matrix BijAj+(j’i)
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(BjXVIR)Uz= (Buy(-% 23= <0 uiLu—Jl«l — 12«2 — J303) \H\ ® (37)
Bmiz-Ui- 1)eg1— 02+ 1)g2~ (¥Y3+ 1)£3)>»
where denotes the u-th atomic orbital of the j-th type of unit and
the z-th one of the fc-th type of unit.
Just as for the periodic case it is also true for the average matrices
ihat the interchange oftheir -f- and — indices is equivalent to the transposition
of their elements:

bs = (Bs)1 (5= 1,2,3),
v= 1,2
b57=m :y (38)
S>v ’
«= 1,2
B7,M = (B"-) &
S> V

B]"23 «— (B "3 )*
and so on. We have used these relations when we have written down the
eigenvalue problem of the y matrix. From relations (38) we have the result
that the y matrix is always Hermitian and has therefore real eigenvalues,
which can be determined.

It should be emphasized again that we can use equation (32) only if
the different units of a molecular crystal differ from each other only very
little. Otherwise the neglcction of the second and higher order correction
terms (see equations (18a)) will cause serious errors in our results.

In an actual case the unpleasant looking expression (32) is simplified
greatly because of the symmetry of the crystal. By determining all neces-
sary integrals BUZ on the basis of the appropriate overlap integrals and
knowing the composition and the nearest neighbour frequencies of the pseudo-
periodic molecular crystal, it is possible to determine the eigenvalues e(k)t
of the y matrix. Calculating the minima and maxima in the Kk space of the
different energy surfaces obtained we can also determine the band structure
of a pseudoperiodic polymer.
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O NONYSIMMNUNPNYECKNX TEOPUNAX MOJNEKYNAPHBLIX KPUNCTANIOB
I. APUBNTNXXEHWE MO KKENA

A NAIVK

Pesome

Pa6oTa 03HakoMnWBaeT uuTaTens Cc onpeAeseHWEeM 3HEPrUM CBA3N B NPUBAVKEHUM
FKXKens oAHOpasMepHblIX MepPUOANYECKUX UM 6/IM3KO MEepPUOAMYECKMX MOSMMEPOB, UMEHLLUX
B 3/1eMEHTAapHOM fYeiiKe MPOM3BOSIbHOE YMCN0 aTOMOB. [pu BbIBOAE (hOPMY/bl MCMONb3YOTCA
nepuojgnyeckme rpaHuyHble ycnosuss bopHa—KapmaHa ¥ MpuMHMMalOTCA BO BHMMaHWe B3au-
MOAeNCTBMA NUWb caMbliX 6avkalwmx cocegeli. Mony4dyeHHblli MaTpuyHblli opmanusm 0606-
waetca M ANA TPEXMEPHbIX MONEKYNAPHbIX KPUCTannoB C MPOU3BOJIbHOW cuMMeTpuein n c
NPOM3BO/SIbHBIM YWUC/AOM aTOMOB B 3/1eMeHTapHOW Auelike. [JaHHbIN dopmanu3m o6obuiaeTcs,
Korfja B TPEXMEepHbIX MOSIMMepax BCTPeYalOTCA 3/1eMeHTbl HEMHOrO

pasnn4yHoro Tuna.
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SOME DEVELOPMENTS IN THE SEMIEMPIRICAL
THEORIES OF MOLECULAR CRYSTALS. Il.
THE PARISER—FPARR—FPOPLE APPROXIMATION

By
J. Ladik
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(Presented by G. Schay. — Received 11. VI. 1964)

Using the Born—Karman periodic boundary condition and taking into account
only nearest neighbour interactions in the one-dimensional case and interactions between
the first, second and third neighbours in the three-dimensional case, general matrix formul-
ation is given for the calculation of energy bands of one- and three-dimensional arbitrary
molecular crystals in the Pariser— Parr— Pople approximation. The expressions are general-
ized to the case, when we have in the one- or three-dimensional molecular crystals slightly
different types of units.

Introduction

The semiempirical SCF LCAO MO and semiempirical Cl methods
(Pariser— Parr—Pople approximation) are important tools for the better
understanding of the electronic structure of molecules with delocalized 71-
clectron systems. Therefore it seems useful to extend these methods also to
the calculation of the energy band structure of one- and three-dimensional
periodic or pseudoperiodic molecular crystals (see the preceding paper [1]).
Using the Born— Karman periodic boundary condition and taking into
account only interactions between nearest neighbours in the one-dimensional
case and between first, second and third neighbours (see the Introduction
of [1]) in the three-dimensional case, it is possible to calculate the energy
levels and wave functions of a molecular crystal in a comparatively simple
way as the eigenvalues and eigenvectors of a complex Hermitian matrix
(as in the H ucker case, see [1]). It should be mentioned that in the application
of the Cl method to crystals the difficulty arises that in principle we have
to take into account an infinite number of configurations. In the case of a
molecular crystal, however, the interaction between molecules in different
elementary cells is comparatively small and thus it is probable that if we
take into account in the semiempirical Cl method only a limited number of
selected configurations, this will not cause very serious errors. For the definite
solution of the problem it is necessary of course to perform detailed numerical
calculations on molecular crystals with the semiempirical Cl method.
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One-dimensional case

In the case of a linear chain with iV-elementary cells and with n atoms
within in each elementary cell we can write down an LCAO crystal orbital
in the form of equ. (1) of [1]. Introducing the Born— Karman boundary
condition we obtain for the coefficients the B1loch condition (equ. (5) of [1]).

On the other hand for a molecule of m atoms we can obtain the coef-
ficients of the SCF MO-s in the Pariser— Parr—Pople approximation [2, 3]
as the eigenvectors of the matrix F, which has the elements

m

fus — N+ S PLIFI—ED+ o ~2) Yu— (x)

n.=A.- Yu= Bu (I® *), 2
Here J, and £; are the ionization potential and electron affinity on the Zth

atom in the molecule, zsis the effective nuclear charge of the sth atom,
the charge density, pss is defined by

P>6= 27C*,ers (3)
and the pis bond order by
nf
Pi.s = 2.]’?I c;,iCniS (4)
r=

where rif is the number of the filled orbitals. The two-centre integrals Rij
and y/j are defined by the expressions

R i= J<HA(ik) H c ®ild)avx, (5)
vu = JAHO Abl -1 <1 fc) S dK, ©
2
1
where in the one-electron integral /SfHc= — ®A + Vc (Fcis the core poten-

tial) [2, 3]. In actual calculations the integrals RBis are treated as adjustable
parameters and are taken to be different from zero only between neighbouring
atoms, while the integrals y;Sare approximated in a systematic way [2, 3, 4].
For starting we can use the values pf8 and pY} resulting from a H ickel
calculation, which are substituted into equations (1) and (2). Then the eigen-
value problem of the matrix is solved and from the resulting eigenvectors,
with the aid of equations (3) and (4), a new set of p”s and p™l is obtained.
The procedure is repeated until self-consistency is reached.
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We may imagine our linear chain as one molecule of m — n. N atoms
and the equations (1) and (2) hold of course also for the whole linear chain.
It is, however, impossible to solve the eigenvalue problem of the resulting
matrix F because of the very large order of nN. If we introduce, however,
the Bloch condition for the LCAOQO coefficients in the expression of OE (the
variation of the total energy of the many electron system) in Roothaan’s
first paper [6], we take into account only nearest neighbour interactions and
introduce the neglections used by Pople [3] in the molecular case, after a
somewhat lengthy but simple calculation it is possible to show that the
matrix F will have only the order a and its elements can be written in the
form

Fu— A+ —®Ru(lN—EJ+ (p8B—2z8 y/s+ Jg (pBB— z.) (yte +
n el Sl
+ 718 + Atieik+ Age k—— (PuYu+ PuYm) = A+ &j + dp )
1
af = %:1 ~ (Pl.- zB Ym ’ Puyn + Al

FI* —As ?Pu Yis o (Pi.sYmY Pu ¥Ym) + Atse'’k“b A,se k—

— A8+ Om+ Ap ® S) (8)
Im= ~ “, PuYm+ Averik m
In these equations
Bis= J Bi@ —ja) Hegs(r9— Y+ 1)«) dVt, (9)

YM= jRA —y)fA(a —l«)— (a —(¥Y%1)o) G (r2+ (j £ 1)a)dvydv2,
re
(10)

where @;(r;— ja) is the atomic orbital centred on the 1th atom of the jr-th
elementary cell, pp(pp. are the bond orders between the /-th atom of an
elementary cell and the /-th, s-th atom, respectively, in the right (-)- sign) or
left (— sign) neighbouring cell. Their starting values can be determined from a
HUCKEL calculation of a molecule consisting of two interacting elementary
cells of the chain.
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Having formed the elements of the matrix F its eigenvalue problem
F(fc) c(k)l —e(k)lc(k)l (11a)
can be solved in the usual way by separating its real and imaginary part [6]:

e |

Am - pes WueieT )y gy

Here F ~ is the real and F(("l) the imaginary part of the matrix F and u(k)t
is the real and v(k)t the imaginary part of the complex eigenvector c(k)t. It
should be mentioned that the eigenvalue problem (lib) is twofold degenerate.
The eigenvectors belonging to a given eigenvalue e(k)t are, as is easy to show,
ut-f W and + *uf+ W) 01 — i(wf+ ivi).

After solving the eigenvalue problem (11) it is possible to form the new,
always real charge densities py and complex bond orders p,s, py, phS

Pis = 2 N c*cr8=pl«et Ip@:\ (12a)

r=1

Pis = 2J7? c*e"lijcrseik(it) = 2 _V c*,crsexik = p((et (k) +

4- (k) = Piscos Kk 4; ipis sin K, (12b)
where p\” is the real and p\\"]) the imaginary part of pls. Substituting

equations (12) into equations (8) we obtain for the elements of the real and
imaginary part of the matrix F the following results

F<@ (k) = a,+ jglip,', —z)(yi+ y9+ {Bi\+Bi) cos k —
S=
(13a)

—y (p\T)+yM + PM)_Ym)»

UT (k)= Ris- yZ p\11] Vis + (Bts + B)cos K - yZ (p™)¥Vis + PAe~Y,7) (13b)
Fr (k)= (AH-A T)sink- 1 (p£r)l-yM+pKr -y.5), (13c)
Zi

K= - 1pNely.8+ (At- AT)sinft- y (PAM+Y++ WINJ"Yr)s  (13d)
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We have the relations for the integrals B and y

Bis= R.1,Ri*= B.1, [, =y, Lye. —y.1 (19

and by the definition of the complex bond orders

Pi, = KI és pu = p~i (15)
or
p\lC = pir p\r+=p¢f~
(16)
pir = — pdf) pdnpt= —pdf)-

hold. Therefore, as we can see from inspection of their elements, the sub-
matrix F(Rt) is a symmetrical matrix and F¥I'* an antisymmetrical one. So the
whole matrix of order 2n occurring in equation (11)is a symmetrical matrix
and has therefore always real eigenvalues.

Continuing the procedure described here in an interative way to self-
consistency we can obtain the SCF eigenvalues and eigenvectors as a function
of k. Determining the limits of each band (the maxima and minima of the
functions e(fe)i) we can obtain the energy band structure of the linear chain
in the Pariser—Parr— Pople approximation.

After having performed this calculation we can introduce also a limited
Cl for the excited states. As first step we can take into account Cl only bet-
ween singlet excited configurations. We can write the interconfigurational
matrix elements for a molecule in this case in the Pariser— Parr approxim-
ation [2] in the form [4]

IGW m = i-m I H I‘d) bN,) = 2 (2 CLp ch,p Cm,r C;;r — C;,p Ch,p Cm,r C*r) y p>r +
p=I r—

+ (Em — ei) Aih Am,l (17)

where 1®, >T is the singlet excited many electron wave function for the

state in which one electron is promoted from the ith MO to the mth one and

is a Kronecker delta. In the double sum the first terms are the exchange
terms and the second ones the Coulomb terms.

Forming these matrix elements between all the considered configurations

we obtain the interconfigurational matrix (G). Solving the eigenvalue problem

Gbv= Evbv (18)

of this matrix, we obtain the different excitation energies Ev of the many-
electron system.

3 Acta Phys. Hung. ToT. XVIII. Fasc. 3.



190 J. LADIK

If we introduce for the coefficients the Biloch condition (see equ. (5)
of [1]) and take into account only nearest neighbour interactions, after a
simple calculation we obtain, in the case of a linear chain, for the inter-
configurational matrix elements between singlet excited states in the Pariser—
Parr approximation for a given value k the expression

'Gwii (*)= jg Jj [2¢]p (k) cb,p(fe)emr (k) cifl (k) *(ypr + y+re2k+ y~te" 2*) —

p=1r~1

— ciiP(fc) ¢;,p (k) cmyr (fe) G1 (k) (ypr -f y+r+ y-n] + [e (k\m— e (fc);] SbSwL  (19)

In this expression we obtain in the exchange terms the factors e 2k because
we have such a combination of the coefficients that for both coefficients
belonging to the p-th atom of the j-th elementary cell we have to take their
complex conjugate and for both coefficients of the r-th atom of the (j » 1)-th
cell we need not do so. Thus we have for the exponential factors the expres-
sion e~2j7. c2M+1%k = e'+' . At the same time in the Coulomb terms we
always have for a given centre the complex conjugate of a coefficient only once
(e.g. ecmr(k) c*r(k)). Therefore the exponential factors cancel.
Expression (19) shows that

= OGUT)* (20>

holds and thus the matrix G(k) is Hermitian with real eigenvalues. These
can be determined for a given Kk value in the usual way.

It should be mentioned that transitions between levels belonging to
different k values are spectroscopically forbidden. Therefore in a Cl calculation
such excitations should not be taken into account. Further it is possible to
show that singly excited configurations belonging to different k values do
not interact. Therefore the remaining interconfigurational matrix elements
are those given by equ. (19).

As we have already mentioned in the introduction, in the application
of the Cl method the difficulty arises that, in principle, we have to take into
account an infinite number of configurations for crystals. In the case of mole-
cular crystals with weakly interacting units we can, however, hope that if
we include in our interconfigurational matrix elements only nearest neighbour
interactions, this will not cause very serious errors. The justification of this
assumption will be possible only on the basis of actual numerical calculations.
To be able to do this we have derived the formula (19) for the intercon-
figurational matrix elements for a given k value.

In the case of nearly periodic (pseudoperiodic) linear chains with j
kinds of units, which are only slightly different, we can calculate the energy
band structure in the Pariser—Parr— Pople approximation, as in the
HUCKEL case, again with the aid of an average matrix (see [1]),

Acta Phys. Hung. ToT. XVIII. Fasc. 3.



DEVELOPMENTS IN THE SEMIEMPIRICAL THEORIES OF MOLECULAR CRYSTALS, Il 191

F(fc)ck,t = e(fe)tCk,t (21)
Here
F—Fa Fb+ Fb, (22)
where
Fa= 2 P*Fa (23)
d=I

is the average matrix of the units and

Fg = Pb " (24)

2
4=

is the average interaction matrix between the units. In equ. (23) Pdis the
frequency of the dth type of unit and the matrix Fdis defined by

(Fa)ii= (aiyd + —PuVi~ Ei)+ 2 (Pjj—zil pm (25)
i**
and

(FOij = (Add = (Aj— — Pi}pijd - (26)

In equ. (24) Pdj is the probability to have the unit/ after the unit d, going
from left to right (-)-) or in the opposite (—) direction and the matrices Fuj
are defined by

(Fd.Dii = (otk)dr = _21(PjJ - VG- P&YbI+ Buesi (27)
1 .

and

(FdPij — (Mit))d.f — Py vEj + Atjerlk o (28)
d,f

To perform an actual calculation we have to begin with some starting
charge densities (p,:i)a and bond orders (p,y)d/> (Pij)dfi (Ptj)a,f taken from a
HUCKEL calculation. With their aid we can form the different matrices Fd
and Fdj and from the latter the average matrices Pg and F~. Solving the
eigenvalue problem (21) of the Hermitian complex matrix F we obtain the
eigenvalues e(k)t and eigenvectors c(k)(. From the latter we can obtain the
new average charge densities p,,- and the average complex bond orders ptj,
py, p/je After that we can use equations (13a)— (13d) for the further cal-
culation substituting in these the average charge densities and bond orders

3* Acta Phys. Hung. ToT. XVIII. Fasc. 3.



192 J. LADIK

and using everywhere the average values of the different quantities ocur-
ring here:

i= i= N MNd? j— X 29
li 1 £i Jde( i)d? zi >a*Pd( i)d? (29)
Wj= 7y pabid v & (30)
g A 31

B4 —  PdANC dof (31)

Continuing this iterative procedure until self-consistency is reached we
can obtain the self-consistent eigenvalues and eigenvectors e(k)t , c(k)t
of the average matrix F. Determining the minima and maxima ofthe different
functions e(k)t we can obtain the energy band structure of a pseudo-
periodic linear chain in the semiempirical SCF LCAO approximation.

It should be mentioned, however, that since the individual values (7,)d
and (Ej)d may differ considerably, the applicability of the method is still
more restricted to units which differ only slightly than it is in the Huckel
approximation. To keep the errors due to the neglections of the average
matrix method [7] as small as possible, it is again advantageous to start
with the diagonalized forms of the different matrices Fd (together with the
appropriate transformations on the matr:ces Fdj).

Having the SCF eigenvalues of the average matrices F(k) we can per-
form again a limited CI calculation for the excited states. For this purpose
we can use again the expression (19), but with the average integrals (30)
yij and ytj-

Three-dimensional case

By using the crystal orbitals for a three-dimensional lattice given by
equ. (22) of [1] we obtain an expression for the elements of the matrix
F similar to that in the HUCKEL case (see equ. (30) of [1]), we have only to
replace the Rij-s occurring there by the quantities defined by equations
(1), (2), (7) and (8). Thus we can formulate the problem of the calculation
of the energy bands of a three-dimensional molecular crystal as the eigen-
value problem defined by

Fckt — Mi)tfk,t9 (32)
where the elements of the matrix F are defined now by
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Fiji= fa + 2 Kfal+ (W + 2 Kfa+l, + {Ri,n)e.t + (fail,+ (4Arrbl +
s—1 8>t
t=1,2

+ (Atj++)1,2,3 + (Aj++)1,2.3 + (A Tf+)1,23 + (A j+~),23+ (Atj—),2,3 +(ATi+_)I,2,3 +

+ (OrH123 + (AT jiz.s- (33)

In equation (33) we have, if i —j
Ab — «i- — L + — Pi,i(L — -Ei) + — «j)yi,f (34)

1
m* =W = >"(pu- *)(yAe- — (PIA (rin).+ (Ail).et"
j=I n

Hs= Jp kraSis= 1,2,3 (35)

r=x,\y,z

1
0?7 ).*= («“ wt= ~(Pjj - ZjKyrfkt - — (PiVktirrkt+ ~Is.t eH("“*H*
j-i 1
(s<t t=1,2), (36)
M 1,= @lTk.= 2 "ovc - fAram,t- — @irgm L1, +
(s>t r=1,2) (37)

and e.g.

Am* )23 (@i ),2,3 — _2(Pi4 Zi) (Yol )1, 2,3 5 (Pii+ )1, 23 (fi> )1,2,3%b
J_

+ (fe+11,2,3e" i(nrt+"3 (38)

with similar definitions for the other integrals (/kOi.a,?,- If /7 ==j, the terms
in F,j are defined by

Ikj= Aj- yPuyy. (39)
(an). = - Z-(PiiX(?ij)s+ (w eti"(»=1.2,3), (40)
(4™Mwm = - - (Fikkt (rikX.t + (ff/ktesi("-+") (s>t t= 1, 2), (41)
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T \n = - —(pWld n(yM n+ N )«edn-rt) (*>* *= 1, 2) (42)

and e.g.

(AtF)1,2,3 = - v (K f4)1,2,3(yitr9l.2.3 + (fttr4)1,2,3eini~nSt9  (43)

with similar definitions for the other integrals (j3i,j)ll23- For the definitions
on the various integrals Bjj we refer to the example given by equation (32)
of [1]. There the meaning ofthe different indices is also explained. The integrals
yij are defined in a similar manner as the integrals Bjj. E.g.

(i )23=) PiZOL—ALi- T Yws) G —N 1= (A 12
+ 12
3 — N«3) CUL LAY 2 (44)
(KF)., 2,3-j AN —ji«d—)i P2—¥3?3) vi (ij, -
7i DI O+ e (3 4)@s) dFJdE.. (45)

In the course of an actual calculation we can start with the Huckel
values pij, pi~i etc. and p,j, pRj etc. After solving the eigenvalue problem
of the complex Hermitian matrix (32) for a given vector k, which has an
end point within the first Brillouin zone of the crystal, we have to form the
new charge densities and bond orders from the eigenvectors so obtained.
We have to take care, however, in the calculation of their definitions:

nf
Pl 22, QoM (i=j OTi==j), (46a)

(pi-)»= 2 = anc'.je+In' = Pi.iexi'™

na= kT(iB s= 1,2,3 (46b)
r-x,y,z
and e.g.
(Pitj)2,3= Pijei(n2nj) (47a)
(Prj+)1,2,3="Pi,ie-iwi- "2n3) (47D)

with similar definitions for the other complex bond orders.
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Continuing the iterations until self-consistency is reached the SCF
eigenvectors and eigenvalues of F can be determined for a given vector k.
Repeating this procedure for other vectors k within the first Brillouin zone
the maxima and minima of the eigenvalues as functions of k or in other words
the energy band structure of the three-dimensional molecular crystal in the
semiempirical SCF LCAO approximation can be determined.

It should he pointed out that for a real crystal the rather complicated
expression (34) is much simplified by the symmetry of the crystal. Therefore
it seems to be possible to carry out such calculations in the near future.

Having performed a semiempirical SCF LCAO calculation for a three-
dimensional molecular crystal, we can write down again with the aid of the
resulting eigenvectors the interconfigurational matrix elements between
singlet excited states for a given vector Kk by generalizing the one-dimensional
expression (19)

'GTIL (k) = y vy [2c,; (k) clp(fc)emr(k) c* (K) m ypr +
p=1r=1

+ N{(rp+nse2"-+ (7p.r)»e-2int + V.  {(yi,r+)8,e2(-+“) + (yp,F)8te-2iK+H) +
8= 1 8>t
t=12

+ (ypV)steddd-n) + Mpr)ste-2iCalt) + (yR +)i,:,3e2i(ni+,2+13) +

+ (rii+)i,23ed(- i+ 3>+ (yR'+)i,2.se2*H-mvH°>+ (y+#-) 1,23e2(n +n2- ) +

+ (YR7-)i,23e-&K-iHxet 5>+ (yp-;-)iz23e-A(-m"3>+ (yp,7+HVv,d3 +
+ (yPr Ji L b Lipisnied ) —apiny c;,p(k) emr(k) cl (k) ()] + (e(fe)ym—
e(k)i) <.h ~m.I- (48)

Here the symbol ( )" means an expression in the integrals similar to that
we have in the first part of but without the exponential factors,
it can be shown that

1G ~ (k) = (iGEX (k)Y (49)

holds again and therefore G is Hermitian with real eigenvalues.

It should be mentioned, as it was pointed out already in the one-
dimensional case, that Cl calculations should be applied to molecular crystals
only with great caution. It will be possible to decide only after performing
actual calculations, which excited configurations are important and should
therefore be included in the CI calculations.
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In case we have v kinds of units only slightly different in the three-
dimensional molecular crystal, we can calculate the energy bands from the
equation

= (50)

Here the average matrix F is defined by

F= Fa+ 2 (F+ Fr)+ 2 (pPM+ F+T+ F-t++ F.-) + Ff# + KU +
8=1 8>t
t=1.2

+ Fiu  F43 + FA23 + Fitj - FIsS+ Fli23 (51)

The component average matrices of F have as elements the averages of the
matrix elements (34)—(43). Thus we have e.g.

(FAI,;= ézlpa(«i)a (FAIj= 2 Pd(Aj)d, (52)

(FsV)iji= 2 pi-@n («r @)n
(53)
(FsV)ij= 2" PiUdDNe r (d
and
(KU)ui= é pw <f)(6i- Hd)1,2,35
" (54)

PrAAYATAM . 3.3

df=1

(KU h

Here e.g. (Bt,j~+d")i,2, 3 Is defined by equ. (43), ifindex i refers to the i-th
atom of the d-th type of unit and index j to the y-th atom of the f-th type of
unit and P ~ 3 1{d” is the frequencyto have a d-th type ofunit at the elementary
cell characterized by the lattice vector Rj = jlal-)-j,a" -f~-y303 and an /-th

type of unit at the lattice point Rjm— (jx+ D“t+ (J1 — DR+ (¥Y3+ 1)®3

Starting with the appropriate charge densities and bond orders known
from a previous HUCKEL calculation we can form, with the aid of equations
(34)— (43), all quantities a- and for the different units and different inter-
actions. Substituting these into the appropriate equations ((52)—(54) type)
we can construct the terms of the average matrix F. Solving the eigenvalue
problem of the latter for a given k vector, with the aid of the resulting eigen-
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vectors we can form the charge densities and bond orders belonging to the
average system. After obtaining these we can continue our calculation by
solving the eigenvalue problem of the matrix F defined by equations (33)—
(43), but using for Ij, Ei, Zj, Rij, yij their average values over all units (see
equations (29)—(31)) and for (8~)s, (Y,Y)S, (Bij )S) (y1/)st etc. their average

values for all types of interactions (e,g.) (y/j+)Sf= J? P/t (YA 1U™)s,i-
d,f=l
Continuing this iterative procedure we can determine the SCF eigenvectors

and eigenvalues of F for a given vector k. Repeating this procedure for dif-
ferent vectors k lying within the first Brillouin zone of the average lattice,
we can determine the limits of the different energy bands.

Having obtained the SCF eigenvectors we can determine the inter-
configurational matrix elements between singlet excited states for a given
vector k also for nearly periodic three-dimensional molecular crystals, if we
use equation (48) with the average integrals ypr.
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NookwNE

O MONYSMMNUPNYECKNX TEOPUNAX MONEKYNAPHbBIX KPUCTANNOB
IL MPUBNMNXEHWE T1IAPU3EPA—NAPPA—MOMNNA

A. NAIVH

Peswome

[aétca obWwmnii MaTpuUHbIi hopmannsm N9 onpefesieHNs 3HepreTUYeCKNX Mosioc 0fHO-
N TPEXMEPHbIX MPOU3BOJIbLHLIX MOMEKYNSAPHbIX KpUcTannoes B npubnumxeHun [Mapusepa—
Mappa—IMonna npu nepnognyecknx rpaHnUYHbIX ycnosuax BbopHa—KapmaHa, B KOTOpPOM
NPUHUMAOTCA BO BHUMaHWe TO/IbKO B3aMMOAENCTBUSA caMblX 6AM3KUX cocefieil. BbipaxeHus
obobulaloTCA U ANA cnyyas, Korga B OAHO- MAM TPEXMEPHbIX KpucTannax BCTPeyawTCsa HeM-
HOr0 pasfinyHble MOA3NTIEMEHTbI.
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INTENSITY CORRELATION OF COHERENT
LIGHT BEAMS
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By making use of the coincidence technique, the intensity correlation between two
coherent light beams produced by splitting a light beam by means of a semitransparent
mirror could be verified. The data obtained in this way are in good agreement with the
result predicted by a semi-classical theory.

Introduction

§ 1. More than ten years ago we started a series of measurements
in this Laboratory which aimed at the investigation of the dual nature of
light. In our first experiment [1] we split a weak beam of light into two com-
ponents and showed, that the pulses registered by two photomultipliers placed
in the paths ofthe beams were distributed at random. The rate of coincidences
between the signals registered by the multipliers did not exceed the rate of
random coincidences which are obtained if the multipliers are exposed to
independent beams of light.

When considering the beam of light as consisting of single photons the
above result could be interpreted by saying that “photons falling on the semi-
transparent mirror are not split — but at random pass on in the one or the
other ofthe components ofthe beam”. From the evaluation ofthe experimental
results it was concluded that if there were photons in the beam which were
split after all, their relative rate could not have exceeded e= (—0,29 1 0,30)%
of the total intensity. The value of the standard error e = ~ 0,30 % of e
was obtained from the expression

;
~T

(@)}
a
1

(1)

where T = 2 p,sec was the resolving time of the measuring arrangement [1],
T = 10 hours the total time of measurement and p the efficiency of the
multipliers in respect of the recording of a single photon. By the comparison
of the energy carried in the beam as measured by a thermoelement with the
rate qf pulses recorded, it was found that p ~ 1/300.
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Similar results were obtained later by Brannen and Ferguson [2],
their analysis was also based on similar arguments.

I. Theory of the experiment

8 2. The above analysis of the coincidence experiments has, however, a
weakness. If we were to assume that photons are split in two by the semi-
transparent mirror, then we may argue that because of previous splitting
processes the photons which are contained in the primary beam are already
small fractions of an original photon. Indeed, suppose, e. g. that an excited
atom emits one photon in one emission process. The radiation emitted by the
atom spreads like a dipole wave into all directions and only a very small part
of this wave is fed into the arrangement. Therefore, if photons can be split
at all this means that only small fractions of photons will enter the arran-
gement, to begin with. The probability of response of the photocathode to
one such fraction is very much smaller than the value p obtained for the
efficiency of the cathode.

In order to express the above argument in more usual terms we state
that the wave function representing the beam entering the arrangement is
the superposition of very many photon states, each having a very small
amplitude only. Thus, even a very weak beam contains many overlapping
photon states, each with a rather small probability. When the beam falls on
the dividing mirror, each of the components of the wave function is separated
into two components.The correct value ofp, which must be used in (1), is there-
fore p = PLfiP, where P f(is the effective efficiency ofthe cathode and P the aver-
age square of the probability amplitude ofthe photon states in the beam. Since
P 1, the correct estimation of the value of de gives a much larger value
than that obtained by using p in (1) and given in our first publication [1].
Thus the fact that no systematic coincidences were then observed does not
contradict the assumption, that the individual photon states are divided by
the mirror.

8 3. The nature of a beam of light emitted by a macroscopic source has
recently been investigated from the theoretical and experimental points of
view by several authors [3], [4], [5]. Some of the investigations were carried
out in a semi-classical manner, i. e. it was assumed that the atoms of the
source emit dipole radiation in accordance with the concepts of classical
electrodynamics and further that the propagation of the waves also takes
place according to classical theory. It was, however, assumed [3], [4] that such a
beam when falling on a photocathode produces photo electrons such that the
probability density of the emission of an electron is proportional to the energy
absorbed by the cathode. More precisely, the probability of the emission
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of a photo electron during a time dt from a surface element dS of the cathode
is given by
dP = aE~dSdt, 2)

where a is a constant of proportionality and E the instantaneous electric
field strength of the beam.

8 4. Consider a beam of light of constant intensity that falls on a cathode.
The probabilities of the emission of photo electrons in various intervals of
time are according to (2) independent of each other and we expect emissions
at random times. If the beam is split into two components in such a way that
these are both of constant intensity and fall on two separate cathodes, then
the emission of photo electrons from the cathodes takes place at random and
therefore no correlation between the times of emission from the two cathodes
is to be expected. Thus, recording the coincidences between the signals obtained
from the cathodes, we expect only random coincidences, as it was indeed
found in the early experiments.

A real beam of light shows fluctuations of intensity as was shown by
several authors (e. g. [3], [4]). The fluctuations are mainly caused by the
interference of the wave hands which are emitted by the individual atoms
of the source. The relative fluctuations are independent of intensity and are
of the order of 100 %.

When such a fluctuating beam of light is split into two components it
must be assumed that the components show identical fluctuations. Owing
to the fluctuations the probability densities for emission of electrons by the
cathodes also vary in time. Denoting by P”"i, (),), P2, Qz) the probability
densities for emissions from the surface elements dSv dS2 respectively, around
the points and Q2 of the two cathodes 1 and 2, we expect for the rate of
coincidences registered by a coincidence arrangement

Cs= $ (P"QJPzi"Qjydtdt' dS"S,. 3)

The rate of the accidental coincidences which are to be expected if there were
no correlation between the intensities of the beams falling on the two cathodes
is given by the following expression :

Co= J <PA"Qi)y (AAA (?2>dtdt' dS1dS2. ()

The integration must be extended over [i— 1| < T and over the cathode
surfaces Sv S2. We find

CsA>Com

The excess of the observed coincidences Cs over the random rate CO
which is caused by the correlation of the fluctuations may be written
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= n = -7 - f<«i(*. <?) W (*\ <2)>dtdt' dS1dS2 (5)
"0 ol

The effect is largest, i. e. x has its maximum if the resolving time T
of the apparatus is of the same order of magnitude as the period pf the fluct-
uations of the beam. The theory shows that the period of the fluctuations
of the beam is of the same order of magnitude as the time the beam takes
to traverse its effective coherence length.

The detailed calculations show similarly, that the fluctuations are in
phase in respect of surfaces on which the illumination is coherent. In the
experiment it is therefore necessary to ensure that the illumination of the
whole cathode is coherent.

Summarizing the theoretical considerations one expects a close connec-
tion between the coherence length J1 of the beam as observed directly by a
Michelson type of interferometer and the quantity x.

One finds

(6)

where g2is a factor describing the degree of coherence of the illumination of
the cathodes and c is the velocity of light.

In the following it will be shown that the quantities /1 and g2 can be
expressed by the visibility of an interference pattern when this is produced
by the same light beam as that used for the investigation of the correlation
of the fluctuations.

From the theory [4] we obtain the expression

n= f V2(x)dx, (?)
o}
where

V(x) Imax -min
+ h

(8)

is the visibility of the interference pattern (produced e.g. in a Michelson
interferometer) and x is the path difference between the interfering beams.
In eq. (8) Imax. stands for the maximum of the intensity and Imin for the
minimum of the intensity of the interference pattern. Further, on the basis
of the theory g2 is given by the following expression:
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stands for the visibility of the interference pattern when beams going through
points and @2 of the cathodes 1 and 2, respectively are brought to inter-
ference by a suitable arrangement, and it is certain that the path difference
between the interfering beams is considerably smaller than /1.

It should be noted that eqgs. (7) and (9) are valid only for the case when
the intensities of the interfering beams are equal. If this condition is not
satisfied, instead of eq. (7) one has to put

n-= Of \Vi2ix)?2dx» (7a)

where y12(n;) is the complex degree of the longitudinal coherence defined by
Zernike [6]. In an analogous manner one obtains then

g2= — -MriAQiiQzfdstds,, (CEY)

where yu(Qi, Q2 denotes the complex degree of the transversal coherence.

Il. The experiment

8§ 5. The experimental task was thus the following. A monochromatic
beam of light was to he divided by a suitable optical device into two coherent
components. The components were to be registered by photomultipliers by
pulse technique. The excess of the rate of coincidences obtained from the
coherent beams over the rate of coincidences obtained from independent
beams was to be measured and compared with the coherence properties of
the beam used in the experiment using eq. (6). As the rate of coincidences
must be supposed to be affected not only by the micro-fluctuations as described
in 88 1—4 but also by macroscopic fluctuations of the intensity of the light
source, special precautions were to be taken to exclude the possible effects
of such macroscopic fluctuations.

The method

§ 6. The block diagram of the experimental setup is shown in Fig. 1.
The beam emitted by the light source J?”of finite size is split into two
coherent components and by the semi-transparent mirror tv#0. The
coherent beams thus obtained are passed to multipliers PM, and PM2 re-
spectively. By means of a coincidence circuit of resolution time rthe number Cs
of coincidences in unit time between the output pulses of the multipliers can
be counted. Exposing the same two multipliers to two incoherent beams
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Coincidence circuit

Fig. 1. The block diagram of the experimental arrangement

(which are of the same intensity, wave length, etc. as the two coherent beams
wdil and dS2) the accidental coincidences CO per unit time can be counted at
the output of the coincidence circuit.

Light source

§ 7. Before describing in detail our experiment let us consider some
aspects of previous measurements [5] referred to in 8§ 3.

The light source used in all these experiments was a gaseous discharge
tube excited by microwaves. The possibility cannot be excluded altogether
that such an excitation might give rise to intensity modulation in the beams

4&1and N8r, in addition to the natural fluctuations which are to be investig-
ated. At excitation frequencies of 1000— 2500 Mc/s needed for the light sources
used in these experiments the period of the macroscopic intensity fluctuations
of the beam may range from 0,2 to 0,5 Giscc. Now, in the papers quoted
above the coherence length of the light source used was given as J1 = 30 cm.
W ith this value one obtains for the average duration of emission T = Ji/c ~
~ 10~9 sec, i. e. the period of the possible intensity modulation due to the
excitation is found to be of the same order of magnitude as that of the natu-
ral intensity fluctuations. Consequently, the results of the measurements of
the intensity fluctuations of coherent light beams carried out with sources of
this kind are unsuitable as a precise check on the theory. We have therefore
used a gaseous discharge lamp supplied by d. c. as light source ¥, to avoid
the additional modulation caused by the high-frequency excitation.

It must be noted, however, that d. c. excitation by itself does not neces-
sarily guarantee the absence of macroscopic fluctuations of intensity of the
source. One might suppose, e. g. that in the avalanches developing in the
gas discharge several atoms may simultaneously emit wave trains which are
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not independent of each other. Checking, however, the light source applied
in our experiment we found that the intensity fluctuations due to avalanche
processes did not affect the results of the measurement (see § 14).

Optical arrangement

§ 8. In order to eliminate possible instabilities in the electronic and
optical part of the measuring apparatus which may cause slow variations,
the multipliers registering the coincidences were illuminated alternately by
coherent and incoherent light beams in an arrangement shown in Fig. 2.

Let us consider first the measurement of systematic coincidences between
two coherent light beams. The light beam emitted by the source [a krypton
discharge lamp supplied by d.c.) passes through the glass plate dj to the
input of the monochromator which selects the wave length = 5570 A from
the beam. The output slit «i*width 80 p, height 80 p) of the monochromator
acts as a secondary source. The beam formed by the collimator lens J3? (with a
focal length of 30 cm) passes through the polarizator SA to the mirror
where it is split into two coherentbeams S81 and The intensity correlation
of these two beams was investigated by registering the coincidences between
the output pulses of the multipliers PM 2 and PM2 placed in the way of the
beams. To provide well-defined apertures for the beams incident on the multi-
pliers, the mirrors and were provided at their centres with holes of 3mm
in diameter.

For the recording of random coincidences multipliers PMland PM2had
to be illuminated by incoherent light beams. For this purpose the mirror
was moved into the position blocking the way of beam $02 while the beam

was directed as beforehand towards multiplier PMr Multiplier PM2 was
illuminated by a beam <4i3obtained from that part of the original light beam
which is reflected on the glass plate & This beam avoiding the monochromator
is reflected on the mirrors and MKband reaches multiplier PM2after having
covered a path which is by 6 meters longer than the path of beam In order
to obtain, in the case of incoherent illumination, a pulse rate approximately
equal to that obtained when illuminating multiplier PM2by the beam coherent
to beam i. e. in order to adjust the intensity of the incoherent beam to a
value approximately equal to the intensity of the coherent one, a grey wedge
77~ was put in the way of the beam.

Arrangement for the determination of V(x)

8 9. The optical system of the measuring arrangement can be checked

by the telescope The mirrors and and the semi-transparent mirror
constitute a Michelson interferometer, the interference pattern of which
can be observed in the telescope & Replacing the mirrors and <M2by mir-

rors without holes and placing the multiplier PM3in the way of the beam
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the visibility V(x) of the interference pattern can be determined for a given
difference #; between the armlengths under the same experimental conditions
as those obtained in the coincidence experiment. Repeating the measurement
of visibility for different values of x the function V(x) can be established.

Electronics

§ 10. For counting systematic and random coincidences the outputs of
the multipliers PMr and PM2are connected to a slow-fast coincidence circuit.
In addition to the systematic and random coincidences, the numbers of pulses
appearing during the measuring time on the output of multipliers PM Xand
PM?2 (denoted by Nx and iV2 respectively) are also counted. As mentioned
above measurements with either coherent or incoherent illumination followed
each other alternately. The duration of each run was 200 sec. A programmed
automatic remote control was used to adjust the optical arrangement for
the two kinds of illumination. Control measurements (e. g. measurement of
the dark current pulse rate of the multipliers) were also provided for by this
automatic control.

Method of evaluation

§ 11. As we have seen above, in order to compare the experimental and
theoretical results relating to the intensity correlation of coherent light beams
the systematic coincidences of two coherent light beams as well as the random
coincidences had to be measured in the same arrangement. However, the
comparison of these two kinds of coincidences cannot be carried out directly
as the numbers of pulses counted by multipliers PMXand PM2cannot be made
exactly identical for coherent and incoherent illuminations. To overcome this
difficulty a method already described in connection with a previous experi-
ment [1] was used.

Expressing the so-called effective resolution time 0 by the number Cs
of the systematic coincidences and the numbers and N2 of pulses registered
by the multipliers, we have in case of coherent light beams

0= Cs (10)
2N N2

Correspondingly, the resolution time r of the coincidence circuit in case of

incoherent illumination — denoting the random coincidences by GO and the
numbers of pulses registered by IM( and N% — can be expressed as
_ C
2N[ IV’ (11)

or expressing r by the numbers of pulses measured during the coherent illu-
mination

4* Acta Phys. Hung. ToT. XV III. Faec. 3.
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T - (12)
2N ,N 2

From eqgs. (10) and (12) together with eq. (6) one obtains the relation

XX= 0 — (13)

For the evaluation of our results also the dark current pidses of the
multipliers used in the measurement have to be taken into account. Denoting
the dark current pulses of multipliers PM, and PM2by iq and v2 respectively,
we obtain instead of (13)

. o —T (14)
| — y2
Nhj N h
".here
iVg= N1+ vl, Nt2= N2+ v2

Evaluating the quantities defined by (10) and (11) separately for each
consecutive pair of readings taken with coherent and incoherent illumination,
respectively (measuring run), we may compute the mean value of their dif-
ference, i.e. 0 —r and the error A(0 — x).

As the secular change in both the number of counts Ntl and Nfl and in
the dark current pulses jg and v2 was negligibly small during the few hundred
measuring runs it was not necessary to use eq. (14), i. e. the corrected form
of (13) for each individual run, but it was sufficient to take the correction into
account in the mean value only, i.e. finally the quantity

©- ryn A(0"1)

1—
N tt

had to be determined. It should be noted that the dark current correction

amounted to about 10%.

§ 12. The visibility V(x) was determined at different values of x from
the intensity distribution of the respective interference pattern using on
average 8— 10 fringes for every value of x. The effective coherence length /i
was then computed according to eq. (7). The visibility as a function of the
path difference is shown in Fig. 3.

As the direct measurement of V(Qv Q>) is very difficult from the technical
point of view, the function V(Qv @) which is needed for the determination
of g2 (see eq. (9)) was determined from the expression
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. . Z(z1—1z2
sin 71 Sin 71

¥ ¥ 16
Q. Q@ o Y (i —Yu) p 2(@i- 22 (18)

¥ ¥

where yx, *qand r2 s2are the coordinates of and @2 respectively, Y and Z
are the sizes of the exit slit & of the monochromator, and / is the focal length
of the second collimating lens -S* The validity of eq. (16) was proved by ex-
periments [7]. The results derived in this way for /1 and g2are listed in Table 1.

MX)

Fig. 3. The measured visibility curve

I1l. Results and conclusions

§ 13. Two series of measurements were performed: the first consisted
of 440, the second of 634 runs. The main parameters of the measurements
and the results are listed in Table 1.

For the sake of illustration a sample of the results of one measuring
series is reproduced in Table 2. It should be mentioned that although the
intensity of the light beams and <"2were equal, the difference in the sensi-
tivities and dark currents of the multipliers 1M1 and PM2resulted in a fairly
large difference of Ntl and Nft.

From the set of values obtained for the individual runs (see the histo-
gram of Fig. 4) it could be established that the distribution of 0 — T is Gaus-
sian. A j;2-test was carried out to prove that no systematic variation affected
the value of 0 — r.

8§ 14. Finally, measurements were carried out to determine whether
the individual emissions of the light source used in our experiment were really
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Number
of measuring
runs

440
634

361

NtIx 10-¢

6,6211
6,6568
6,6683
6,6640
6,6201
6,6168
6,5883
6,5575
6,6014
6,6693

66,2636

Table 1

r N (I N.a N 0-7 n
10“* sec 10s sec-1 103 sec-1 103 sec”1 105 sec"1 10” 13 sec 10"12 sec cm
1,2 34 54 2,6 0,6 493+ 28 154 =3 53+ 0,2
1,2 24 35 2,4 0,5 473+ 34 153 £ 4 46t 02
1,2 44 50 2,3 0,6 -0,37 £ 2,7 0,4t o
Table 11
Sample of a measuring series containing 10 measnring runs.
The number of pulses refers to a measuring time of 200 sec each.
. . f . u
iV/.xio-« c. (10- 2 sec) NtIX10-« n>1]o- c. (10~12 sec)
10,7056 837 1181 6,5831 10,7128 856 1214
10,7518 874 1221 6,6149 10,7889 841 1178
10,7744 858 1194 6,6250 10,7846 821 1149
10,8062 912 1266 6,5883 10,7662 821 1157
10,7610 851 1194 6,5431 10,7735 777 1102
10,7407 841 1183 6,5647 10,7210 749 1064
10,7118 866 1227 6,5113 10,7099 806 1156
10,7046 819 1167 6,5238 10,7138 806 1153
10,7581 796 1121 6,5739 10,7653 837 1183
10,7816 896 1246 6,6149 10,7928 846 1185
107,4958 8550 12 000 65.7430 107,5288 8160 11 541

T= 1154 X 10-12 sec.
@ T= 46 x 10-12 sec.

A(z-f)) =

19 X 10-12 sec.

g*

0,314
0,314

®i~*i
(10-12 sec)

- 33
+ 43
+ 45
+ 109
92
+ 119
+ 71
14

10-12 sec

55 + 2
48 + 2

(10-24 sec)

1089
1849
2 025
11 881
8 464
14 400
5 041

196
3 844
3721

52 510

0T¢

‘e 1@ SVMYVd "A9
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independent of one another (see 8 5 and 7). In these checking measurements
the conditions were so chosen as to allow registration of only such systematic
coincidences that resulted from simultaneous emission processes in the
avalanches of the kind mentioned in § 7. These incidental emission processes
affect the intensity of the whole spectrum emitted by the source and therefore
their effect can be measured even if the beam & 0is obtained by using the
entire spectrum of the source In this case /Nl 0 and according to (6)

Fig. 4. The histogram representing the measured frequency © —r and the theoretical curve

the correlation effect disappears. By analysing in the same way, as was de-
scribed above, the results obtained when the light beam contains the entire
spectrum ofthe source, the contribution ofthe avalanche effect to the intensity
fluctuation can be evaluated.

361 runs of measurement were carried out to determine the avalanche
fluctuations. As a result we obtained

x'= (—0,4" 3)«10“12 sec.

The respective quantities are listed in the last rony of Table 1. The fact that
the error is of the same order as in the two measurements described in § 13
shows that within the experimental accuracy the light source did not influence
the experimental results.

It can be seen from Table 1 that there is a very good agreement between
the measured and the theoretically predicted values. This quantitative agree-
ment supports the semi-classical theory of light which we made use of when
interpreting the phenomenon.

Thanks are due to our collaborators Mr. K. Titschka, Mr. |I. Czigany
and Mr. L. Imre for their valuable assistance in the experiments.

Acta Phys. Hung. ToT. XVIIIl. Fate. 3.



212

N

GY. FARKAS et a].

REFERENCES
A. Adém, L.Janossy and P.Varga, Acta Phys. Hung.,4,4,1955; Ann. Phys. 16, 409, 1955
E. Brannen and H. I. S. Ferguson, Nature 177, 481, 1956.
R. Hanbury-Brown and A. G. Little, Phil. Mag., 45, 663, 1954.
R. Hanbury-Brown and R. Q. Twiss, Proc. Roy. Soc., A 242, 300, 1957.
E. Wo1if, Phil. Mag., 2. 351, 1957.
E. M. Purceltt, Nature, 178, 1149, 1956.
L. Mandet, Proc. Phys. Soc., 72, 1037, 1958.
L. Janossy, Nuovo Cim., 6. 111, 1957.
L. Janossy, Nuovo Cim., 12, 369, 1959.
R. Q. Twiss and R. Hanbury-Brown, Nature, 117, 27, 1956.
G. A. Rebka and R. V. Pound, Nature, 180, 1035, 1957.
E. Brannen, H. |I. S. Ferguson and W. Wehlau, Can. J. Phys., 36, 371, 1958.
R. Q. Twiss and A. G. Little, Aust. J. Phys., 12, 77, 1959.
F. Zernike, Physica, 5., 875, 1938.
M. Born and E. Wolutf, Principles of Optics, Pergamon Press, London, 1959.
J. Bakos, K. Kantor and P. Varga, Reports of the Central Research Inst, of Phys.,
9, 207, 1961.
J. Bakos and K. Kantor, Optik, 18, 554, 1961.

Z.Erdékurti and K. Kantor, Optik, 20, 304, 1963.

KOPPENAUNA MHTEHCUMBHOCTW KOTFEPEHTHbIX MYYKOB CBETA

Ab. ®APKAW, N. AHOW MW, X. HAPAWN u N. BAPIrA
Pesome

Mcnonb3oBaHMe TeXHUKW COBMNAfeHWA MO3BONWIO npoBepnTbL KoOppenauntd MHTEHCUB-

HOCTM MeXAy ABYMS KOFepeHTHbIMW MyyKaMy cBeTa, MOJyYeHHbIMU pasfeneHveM nyyka npu
noMoLLM MONYNpo3payvyHOro 3epkana. PesynbTaTbl M3MepeHUs XOpPOLIO corfacylTca ¢ npeg-
CKasaHUsiMn BblpaboTaHHOW HaMW KBa3MK/laCCUYeCKOW Teopuii.
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We have calculated the specific conductivity (crQ values of adenylic acid assuming
for it a stereo-structure of a chain in the w atson-cuwcx model of DINA. The deformation
potential approximation has been used for the calculation of the interaction of the charge
carriers with the phonons correspondig 1. to vibrations perpendicular to the planes of the
bases; 2. to the C-N bond stretching vibration of the carbon atom and the N atom of the
NH2group of adenine. We have found in the first case a0= 3,58 04 R-lcm-1 and in
the second a0= 8,81 «104 cm-1.

Introduction

Conductivity measurements of DNA have been reported several times
in the literature. Duchesne et al. [1] give 0,80 eV, E1ey and Spivey [2] 1,21
eV, while O0’Konski and Shirai [3] give 1,15—1,20 eV for the activation
energy of d. c. conduction. If the mechanism of conduction were electronic
and DNA were an intrinsic semiconductor, these results would give for the
forbidden hand width 1,60 eV, 2,42 eV, 2,30—2,40 eV, respectively. E ley
and Spivey have found cr0 in

.C
a= ale kT 1)

to have the order of magnitude 103 i2-1 cm-1, while from. O’KonskTs and
Shirai’s data [3] a0= 107 Q~xcm*“1 is obtained. The origin of this dis-
crepancy is not clear.

On the other hand O’Konski and Shirai [3, 4] give about 0,12 eV
for the activation energy and 10 _3 i2“1cm -1 for a0 (4) of the high frequency
(109 c. p. s.) a. c. conductivity of desiccated DNA.

Eley and Spivey interpret their results on the basis of intrinsic electronic
conductivity due to the overlap of the electrons of the superimposed base
pairs in DNA [5]. O’Konski and Shirai take this possibility also as probable.
To be able to compare the experimental results with the theoretical ones it
seemed interesting to estimate also theoretically the value of a0 assuming
an intrinsic electronic conductivity in DNA.

Ada Phys. Hung. ToT. XVIII. Fasc. 3.
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Method

To estimate the specific conductivity of the intrinsic conduction of
DNA we have to calculate the mobility of the electrons and holes. The latter
depends on the band structure of DNA and on the scattering of these particles
on those lattice vibrations inside the macromolecule which correspond to the
acoustic phonons. We can write for the mobility of the electrons and holes
in the deformation potential approximation [6] for the three-dimensional case

2327032 e,j Me
3 ef,m**/* (fcT)32 ’ (2)
and
2321112 c( e
3 e\h TUER(KT) 3R 3

respectively. Here c(; is the elastic constant for longitudinal acoustic waves,
T is the absolute temperature, sie and elh are the deformation potentials of
the electron, and hole, respectively:

o0Wc, @)
_ Owy,, .
N (5)

where 6Wci denotes the change of the lower limit of the lowest unfilled energy
band with the dilatation A of the lattice and 6Wvu has a similar meaning for
the upper limit of the highest filled band. Further m* and m™* are the effective
masses of the electron and hole, resp. which, assuming a parabolic energy
wave number connection, can be written in the form

. K-n2 A en2
m? (6)
2a2AWC * m" ’ 2a2Awy ’

where a is the lattice constant and AWGC AWV arc the widths of the conduct-
ivity and valence band, respectively.
For the specific conductivity we can write

= + P /*), (7

where n is the density of mobile electrons and p the density of holes, which
are given by
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n= e0ve-wr)lkT.2 (2 n m*kT/h2)32 (8)

and
p = e-(WFRwWW)ikT.2 (2 n nthkT/h2)312, 9)
where b/,. = -t —— in a good approximation. Substituting equations (2),

(3) and (8), (9) into (7) we obtain

a= Ihci 2T = ane 2V (10)

31T raj ¢ m* e\h
where AW is the forbidden band width between the conduction and valence

bands.
In the one-dimensional caselit is possible to show that

C]_hZ«
n el mfl2{kTfl2 ()
and a similar expression holds for /jh. Here ctis the elastic constant parallel
with the directions of the linear chains. In the one-dimensional case we have

. oa
for the dilatation A — -—-- and this should be substituted into equations (4)
a

and (5). In this case the acoustic vibrations correspond to such vibrations
in which the distance between the planes of the base pairs changes.

For the number of mobile electrons in the one-dimensional case one
obtains

1 *12
| [ ——— ____r_n____ (kTyI2, -(Wa-w F)IKT (12)

and a similar expression for the number of holes. Substituting (11) and (12)
into (7) we obtain

a —cl¥%2 - - I— A g 2T g AT (13)

n Lm*£,2 £]%

In the calculation we have taken for the appropriate value found
for graphite [7],2c~= 3,60 «10u din/cm2 In the determination of the effective
masses and deformation potentials as first approximation we used the energy
band data calculated for polyadenylic acid in the tight binding approximation
[8].3 For the calculation of the effective masses (equ. 6) we have taken
a= 3,36 A and AWC= 0,246 eV, AW, = 0,320 eV [8].

1 We call that case one dimensional, when we have linear chains parallel to each
other.
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To determine eie and we have calculated 6Wct and OWvu for da =
= 0,05a = 0,05+3,36 = 0,17 A. Assuming that the B\j resonance integrals
between atom i belonging to one base and atom jf belonging to its superimposed
neighbour are proportional to the appropriate overlap integrals SJj, as a
first step we have determined all these integral values between two super-
imposed adenine molecules for a distance of 3,36 -[- 0,17 = 3,53 A. (The S'jj
and R'jj integral values for 3,36 A between two adenine molecules have been
determined previously [5, 91). On the basis of these values we have calculated
the new R'jj integral values for 3,53 A. Substituting these in the eigenvalue
problem of the complex Hermitian matrix C= A -j- B'' -f- Btr~XK which
gives the energy bands of polyadenylic acid [8], one could obtain directly
the energy bands at the changed adenine-adenine distance (in matrix C matrix
A contains the integrals a- = (ifj, Hw) and R,j = (/)m Htpj) which contribute
to the matrix elements of the one-electron effective Hamiltonian with atomic
wave function belonging to the same molecule, while B contains the interaction
parameters R'jj between atoms belonging to different neighbouring adenine
molecules. For further details see |8])-

Since we are interested only in the change of the lower limit of the
lowest unfilled and of the upper limit of the highest filled band, we have
not solved again the matrix eigenvalue problem, but we have performed a
perturbation treatment. We may rewrite

C(l,05a) = A+ (B(a) + /IB)eik+ (Bir(a) + ABtr) e~ik, (14)
where the matrix /IB contains the change of the integrals R'jj e. g. we have
(/1B)ny= Ri,y(l,05a) — R'jj(a). (15)

From the numerical results we could see that all the elements of the AB
matrix are small. Therefore it was enough to perform only a first order per-
turbation calculation. By taking the eigenvectors u belonging to the limits
of the bands under consideration and by taking into account that these limits
have occurred at k = 0, 4, we can write [8]

owe,= - utJAB + ABTucx , (K= n), (16a)
UUAB + ABI) . (k= 0), (16b)3

2" In graphite the distance between the different layers (3,36 A) is the same as the
distance between nucleotide base pairs in DNA and we can assume that their density is
not very different.

3 In the energy band calculation for polyadenylic acid it was assumed that the adenine
molecules have the same position relative to each other as the one within one chain of DNA,
i. e. they are parallel to each other. The distance between them is 3,36 A and they are
distorted relative to each other by an angle of 36°.
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where uQnis the eigenvector belonging to the lower limit of the conduction
band and u,0 belonging to the upper level of the valence band. With the aid
of these expressions we could determine eie and ell

To obtain some information about the effect of scattering of the electrons
and holes on vibrations in the plane ofthe adenine molecules (optical phonons)
we have calculated the specific conductivity belonging to the vibration of
the C—N bond between aring carbon atom and the the NH 2-group ofadenine.
As a first approximation we have used the elastic constant ¢ = 8,53 <1012
din/cm2 [7] of graphite in the plane of the layers. The effective masses will
be the same as in the previous case. The deformation potentials have now
been calculated with the aid of the expressions

dwe, = —u~dA «dil, 17)
SWvo= uT{/1 Au”o. (18)
This calculation became very simple because the matrix /1A consisted of only
two elements M/3c,n(hd = -d/?N(H2,c = /?¢c,MH2)(EO05ac N) — /3c,n(hd(«c,n) (ac,N =

= 1,34 A) For RCn(H? (a) we have taken 3,33 eV [9] and we have calculated
Rc,K(C2 (1,05a) again on the basis of the appropriate overlap integrals.

Results

We have obtained in the case of the vibrations perpendicular to the
planes of the bases sie = 0,448 eV and ep, = 0,352 eV. For the C—N vibration
between the NH2group and the adjacent carbon atom the results are sie =
= 0,999 eV, Erf = 1,465 eV, resp.

W ith the aid of these we have obtained in the first case

a0= ace+ aoch= (1,1510*+ 2,43 ml0*)R “1cm*“1= 3,58 «10*R “1cm*“1 (19)
and in the second case

a0= ale+ aoh (5,47 +10*= 3,3410*) Q~xcm*“1= 8,81 «10*R “1cm*“1l (20)

Discussion

We can see from the above results that the theoretically computed a0
values fall between the experimental values for d. c. conductivity given by
Eley and Spivey [2] (103 B “1 cm“l and by O’Konski and Shirai [3]
(107 B “1 cm*“1). Since our calculation was only an approximate one, in which
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we have used the energy band structure of polyadenylic acid instead of the
band structure of real DNA we can assume that the theoretically found cr(
values, calculated for interactions with different types of phonons do not differ
very strongly from the d.c. conductivity of DNA.

Assuming an intrinsic electronic mechanism for conduction in DNA
we have for the width of the forbidden band between the highest filled and
lowest unfilled energy band of DNA from the d. c. conductivity measurements
the value AW = 2,40 eV [2, 3]. The theoretical value from band structure
calculations for the forbidden band width between the highest filled and
lowest unfilled singlet band is 3,50 eV [10]. For the width between the highest
filled and lowest unfilled triplet hand we find about 2,00 eV [11]. Since the
experimentally found lowest triplet excited state has 2,55 eV energy [12]
it is probable that the forbidden band width determined by d. c. conduction
measurements refers to the first unfilled triplet band.

Our theoretical cOvalues do not agree, however, with the experimental
ones found by high frequency a. c. conductivity measurements (10-3 O “1cm -1)
[3]. The band gap (0,24 eV) determined by high frequency a. c. conductivity
measurements [3] does not agree with the appropriate theoretical value
(~ 2,00 eV) either.

A priori, one would expect that data determined by high frequency a. c.
conductivity measurements should agree with the computed ones. Namely in
d. c. measurements we have an electric current not only along the macro-
molecule, but the current flows also through the junctions between different
macromolecules. Therefore the measured values refer rather to these junctions
than to the inside ofthe macromolecules. On the other hand in high frequency
a. c. measurements the current alternates practically only along single macro-
molecules and therefore the measured values are more characteristic of the
intrinsic conductivity of the macromolecule. The fact that the experimental
and theoretical cr0 and AW values agree for d. c. measurements, but not for
a. c. measurements indicates that the conduction mechanism of DNA is more
complicated than it has been supposed and further experimental and theoretical
work is required to clear up the situation.
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TEOPETUYECKOE ONPEAENEHWE 3NEKTPUYECKOW MPOBOAMMOCTW DNS
®. BENE3HAW, . BULUO n 9. NAAUK
Pesome

BbluncnawTca 3HaYeHUA YAeNbHOW 31eKTPONPOBOAMMOCTM MNONMALEHUNOBOW KUCNOThI
(cr0), npegnonaras, 4To NPOCTPaHCTBEHHAA CTPYKTypa NONAWafeHNNI0BOW KUCAOTbl U eAUHUYHON
uenn DNS B mogenn BaTcoHa—Kpuka ogumHakoBa. [na onucaHWs B3aMMOAENCTBUS MeXnay
3N1eKTPOHaMu 1M hOHOHAMWN NPUMEHEHO NPUBAMXKeHUEe AedOpMaLMOHHOro NoTeHunana. ®oHOHbI,
NPUHATbIE BO BHMMaHWe MpU BblUncAeHUAX |. COOTBETCTBYIOT KofebaHWAM, nepneHAnKynap-
HbIM K N0CKOCTW 6a3MCOB W 2. COOTBETCTBYIOT BaNeHTHbIM Koneb6aHmam C — N cBA3N Mexpy
aToMOM yrna u atomom asoTa B NH2 rpynne afeHwnoBoli KucnoTbl. B nepBom cnyvae aAnsa
3/1eKTPONPOBOAHOCTU nony4yeHo 3HauyeHue a0= 3,58 w104 LU1 cm-1, a Bo BTOpOoM — <0=
= 8,81 «10* iUlcm-1
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A SUPERCONDUCTIVE MODEL WITH TWO
KINETIC ENERGIES

By
J. Németh

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EOTVOS UNIVERSITY, BUDAPEST
and
NUCLEAR RESEARCH INSTITUTE, DEBRECEN

(Presented by K. Novobatzky — Received 24. VIII. 1964)

A superconductive model is examined with two kinetic energies. The energy valuee
are determined in second order approximation with an exact wave function and with ths
BCS wave function. The correction of the BCS method is examined in this special case.

1. Introduction

Recently Bardeen, Cooper and Schrieffer have had great success in
explaining the superconductivity with their approximation method [1]. Their
results gave the initiative to Bohr, Mottelson and Pines [2] to raise the
possibility of applying the BCS method to atomic nuclei. Although the super-
fluid nuclear model proved to be very successful for the explanation of certain
nuclear properties [3] it raised some problems connected with the application
of the BCS method to nuclei. The BCS model wavefunction is not an exact
particle number eigenfunction, and in the case of systems with low particle
numbers this fact may cause significant errors. To estimate these errors it
becomes important to consider in more detail the so-called degenerate model [4].
In this case the kinetic energy of different states is supposed to be a constant,
and it is possible to diagonalise the Hamilton operator exactly. In the degenerate
model the error of the BCS approximation turned out to he [5]

AE = Eexact- EBCS= - i- - A (ON\ (1)
2 dN2

where (ON)2= (A2 — <(A>2 is the mean square deviation of the particle
number operator. If we add this energy correction to the energy obtained
by the BCS method for the case of the degenerate model we get back the exact
energy. The question arises, however, to what extent this correction method
is applicable if we have no constant kinetic energy. To decide this problem
it seems to be useful to examine the simplest model with no constant kinetic
energy in a more detailed manner, namely a model where the kinetic energy
has two possible values.
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2. The exact treatment of a model with two Kkinetic energies

Let the number of the possible states be Q. In Q/2 state the Kkinetic
energy is ex in Q/2 it is e2. The model Hamilton operator of the system is the
following

nf2 a
H = cifaicl «*+ + at- ak—) + 2 e2 (at+ ai+ + at- ai~) —
1 i=0/2+1
L (2)
—V2 2 ai-ai~aj+m

i |
From (2) it can be seen that the first Qj2 states and the second Qj2 states
are completely equivalent. The most general exact wavefunction of this system
is the superposition of terms of the type
K K i+aks— <+ ak-\ [<i+ ®-
N/2-m1
where the bn-s should be determined by minimalizing the ground state energy.

Here rii means the number of particle pairs which have kinetic energy el and

o Q2 1 Q/2
N/2 —mu that of kinetic energy e2. There are different states
ni \N/2 - B,

with the same bni, factor and the summation over n,- runs from 0to N/2. The
normalization condition for bI{ is

NiZ Q2 Q/2
= 1. 3>
n2|=0bn< ni N/2 - n. (

The energy of the system turns out to be

E =2 Yb*N Q/2 ! Q/2 . N 2 — ni(e2— £)
ni =’ [2v2—n
VN Q/21( UI2 U
2 ’ N/2 - ni
Vo < jQr2’ Q2 \ N o ____N___n,_ )
ini , N/2-n,} 2 12 2 j
Q/2 Q/2 Q "N
CY 2K K Nz o, 2 2
'Q2 Q\2 Q N \
—V2 bmer-i o T b ”-j\'

To obtain the bn,factors let us minimalize the energy by taking into account
the normalization condition
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' 2

8 E -1 Ybn|R/2 Q
1ni N/2- n- -0
Qb” - '

From this we get
Ne2— 2 mr-(e2— £j) — A — Fra, Q
N Q N
-V ) , ¥ ni (5)
tQ N Q N
—btrl 8- __é--__mj+ bm-i Vi + i

If we express bn+1from (5) and put it back into (4), we get for the energy

VN

We may determine the value of A with the help of (3) and (5). The solution
of (5) is possible only approximately. In the following we shall deal with two

different approximations, i.e. with the case a), when A = (s — e?/VQ 1
\
and with the case b), when B = ------9-----<g 1.
(«2 — fl)

Let us consider aproximation a) first. The solution of (5) in this case,
if wec take only second order terms in A into account, turns out to be

1
bn, = 1+A N + 2A2- - — (n, - N14)2-
Q Q -1 '
N/2. (7)
i2Ne {2Q -1) N
4(Q—1)2
\% NA2Q2V
A= Ne- — N (Q- N/2)- 2 {1-N/2£2),
there
e ei + e2

Substituting (7) back into (6), we get

N
E= Ne-——-—N(Q- N/2+ 1) NAa~ A | — 8)
2 2V(Q - 1) 2Q
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In the case of approximation b), taking only second order terms in B into
account, we get as a solution of (5) and (3)

— 1+ OB2
MNI2— o, 1 ],
I \NI2
1 N
bN — B + OB2
812 ©
N/2
bN — ! OB2
0-2
N
1= N—VN[O N\ V2 QN Q
2 419 23 S2—er 8 2 T +1
and the energy is
N
E=ce,N VN Q +1 (10)
2 e2- £l 8 (2 2 1

In the following the energy of the system in the BCS approximation will be
evaluated and the results will be comparad with (8 and (10), respectively.
In this way it is possible to get information about the error of the BCS method
for this model.

3. The determination of the energy with the BCS method
The energy computed with the BCS method, turns out to be
E =12ekvR—V E I ukvkuk,vkm—V Z vi,
or in the case of our simple model
‘e VQ
E = Q(ekv\ + e2vl)-——-— — (UxVj + u2v2)2---—-- — (n] + nJ), (11)
4 2

N = U(v2+ V1), (12)
Let us minimalize the energy, taking into account the given particle number

9(E- ) _ Q
dvj "
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We get for Vi after eliminating A

vVQ o 1—2 1 —2«]|
2(e2  ei) M »1 + MV))

(13)
2F(t>| —vf) = 0.

In approximation a) the following expression is obtained for ig and v\ with
the help of (12) and (13)

N N \e2—el
N 2Q VQ
+
2Q Q—2 ~ (1 —N/20)
(14)
N N 52 a1
v
w= N 2Q Q
2Q Q—2 (1 —N120Q)
Q
Substituting this into (11), the energy becomes
oot )
© (15)
(£2- £1)2 1—N/2Q
vQ O-2-* 1 N\

Let us evaluate now the mean square deviation of the particle number

(ON)2= <iV2> — <iV>2= 2IV- 47 id= 2iV 1

2
° (16)
41V2 N (e2 — ei)a
Q 2Q F2
[Q —2NjQ (1- N /2Q)]
and from (8) the second derivative of the energy turns out to be
d2€_- V 1 *2- C)2 (17)
dN?2 2 + 2VQ Q-1

Acta Phyt. Hung. ToT. XVIIIl. Fate. 3.



226 J. NEMETH

Now from (1), (16) and (17) we obtain for the energy

E Vit @-e2 gyp=ne- VN
4 F2R (B - 1), Q~ T +11_ (18)
N (e2—el)2 4 + 0 (e2- £1)2 N
2VQ 2R v Q

Comparing (8) and (18) we see that the deviation between them is only of
the order 1V/B2 A better result is obtained if one starts from the following
consideration. The energy

E(N) = RH(N) - dl\df)\z- (ONY

-i-

Z
and the wave function are choosen in such a way that not <f/(iV)),but E(N)
should be minimalized. The result is

2 _ i@2- eyNoq Ny

1 2Q + vV & 2Q ]
2 (e2- £I)N N
2Q Vi?2 20

and the energy is
V -
E-Né— " N Q-JL +1 N(4-ei)2 1 _N/20). (19)
2 2 2V(Q- 1)

Comparing (19) with (8) we see that they are just equal.
In the b) approximation the results are (up to orders of B2

N V2N i 1 N
1- . (20)
2Q (e2—£i)2 16 u
V 2 Ne 1 N_
16 (e2—£I)2 U
The energy is
Fiv £ v Jv F28 R N
E= £liV— ) @b
2 2 B ] 8 (e2- £i)
and the mean square deviation is given by
Vv
(SMV2= 21V 1— 2 (22)
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The second derivative of the energy is

d2E _ V V2Q (23)
dN?2 2 8 (e2 — £j)
W ith the help of (1), (21) (22) and (23) the energy turns out to be
1 d2E . VN
E'= £ (ON)2= erN — Q.
2 dN2 2
24
V2 QN (Q N N’ (24)
ei —et 8 (2 2 J

Comparing (24) with (10), the deviation is again of the order of 1/12, but now
it is not possible to get better results even by minimalizing E'. The reason
for this may be that the energy operator does not depend only on N, but
on other operators too.

The results obtained by the model with two kinetic energies shows that

1 d2e . 2
we arrive at better results by adding the correction term — 27~ (0iV)

to the BCS energy expression. If we do not know the form of E(N) to deter-
mine the energy correction, we may get better and better results by suc-
cessive approximation.

4. The determination of the energy with the quasi-spin formalism

In the following we want to get the approximate energy for the cases
discussed above with the help of the quasi-spin formalism [5]. The basis of
this method, as is known, is the following.

Let us introduce the pair creation and absorption operators

Bt = aU aU

and define the following quantities:

S Bi Bi Q __ Bi --TBt

Xi emememee 5 =T

where
ni= 2B8tRI.
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W ith the help of these definitions it is easy to show that the Sx = 2 Sx,
Sy — £Syt, Sz= ESZ operators obey just the usual spin commutator rules.
The energy operator in the degenerate model will be the following

H=¢e(Q-2S2-V[S*~Sz(Sz+1)], (25)
where
S2= SX+ S2+ S2.

Using this formalism for our model, let us denote by the spin of the
first i2/2 state and with S2the second Qj2 state.
The energy operator will be the following

H = el(Q/2- 2(Sy),) + e2(0/2- 2(S22) -V [S*- S2(S2+ 1)].  (26)

The energy in the a) and b) approximations can be determined by
second order perturbation calculation. In case a) the unperturbed ground
state wave function is the following

(V®AP = | Ne W, S2m21Sm) fsimi V2m2, (27)

where mx, m2, m are the eigenvalues of (Sj)* (S2z and (S)z and Sy, S2 S°
are the eigenvalues of Sf, S2 and S2 respectively.
The Hamilton operator is

HO= e(Q —2Sz) — V [S2—S2(S2+ 1)], (28)
Hy=-(e2-Sy)[(S22-(Sy)z]. (29)

The energy turns out to be

E —EO+ Ey + E2, (30)
where

EO=e(Q—2m) —V [S°(S°+ 1) —m (m+ 1)] =

31
VN (31)
= eN _— B
u-T +11°'
where we took into account that
M = eeeeeemeees — and S°—U/2, Sy= S2= 12/4,
2 2
Ey = y»OHyY0) = — (e2— B) V (Symy S2m21S° m)2(m2- mt)= 0 (32)

mum
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E2= >’ (wyH, Wf 1 = - (ea- €)2 -1 - X
— E,—£n r Er So

x N (S11:S2m2JS°m) X (Sxm1S2m21Srm) « (M2 — mj) (33)

where Er— E 0 is the excitation energy
Er—EO0O— Vr(Q —r 1), (34)

and S is the quasi-spin of the excited state

e 2can be evaluated with the help of the calculation rules ofthe Clebsch—
Gordan coefficients
~V  milSgm2I1S°m) (SImISLm2\Srm) —m2) =
= (1- (- DSr-S)[(2s, + 1)(2Sr+ 1)S]12 X (35)
X (10Srm|S°m)-JE(1S1S°S1; S, Sr) .

Here the only term differing from zero will he that for which S°= Sr+ 1
and in this case the value of (35) will be

S02— m2 (36)
25° —1 "

Substituting (36) into (33) and taking into account (34), E2is the following

(e2-ei)2 N N (37)

V(iQ- 1) 2 2Q

e?2=

W ith the help of (31), (32) and (37) the energy turns out to be

E=eN —— TV (2- 7)2 N (38)
2 2 2 viQ- 1) 2 2Q

(38) is just equivalent to (8).
In the b) approximation the unperturbed wave function is

\Y WSi mi VSzmz » (39)
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and the energy operator is

0 Q
He—g (2 AR , 2(8)

u\'= -V [SI+ SI- (SD2{(SD2+ 1} - (S2)2{(S)2+1} +

+ 2 {(SX+(S2_ + (SX_ (S2+1}].

The energy terms will be the following

EO= BtN ,
#1 = - V[M S, + 1)+ S2(S2+ 1)- m?K + 1)
VN
i2(m2+ 1)] = —
2 2
where we took into account that
N Q
4 2 4
and
e2= - 2 F2 o [Siesxs - mk - Ly x
2 (e2- f£))

X (S2(S2+ 1) —ml, (m2+ 1))Y2 mom[ — 1, m\ ame@-\- 1, +

+ (Si(Si+ 1)- m[(mi+ 1)) /2«(Sa(S2+ 1) - (mj - )12 X
r
X direj -f- 1, dmf— 1, m2]2= — F2 Q e f- 1
2(2—cXY 2 [ 4 4
R Q v 2 F2 BRIV R v
- * +10) + 1
4 2 4 2, e2—£Ex 8 2 2

Here the excitation energy is
Er= EOQO-f- 2r (e2—£))

and the quasi-spin values in the excited states are

m f = _ﬁ_________l_\_/____h r,
Hi., U r
4
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Substituting (42), (43) and (44) into (30) we get for the energy the following
expression

VN V2 QN 1

E=¢eN -
9 - 8 2

(45)

which is equivalent to (10). The advantage of the quasi-spin formalism is
that we may use it even in those more complex cases where the exact cal-
culation is not possible, and we may get the excitation energy in a certain
approximation exactly.

It is a pleasure for the author to express her thanks to Prof. G. Marx
for his valuable advices and to Dr. J. Zimanyi for a useful discussion.
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MOAENb CBEPXMPOBOAMNMOCTWM C ABYMA 3HAYEHNAMW
KWHETUYECKOW 3HEPT NN

M. HOMET
Pesome

VccnegyeTca mMofenb CBEPXMPOBOAUMOCTMY C ABYMSA 3HAYEHUAMMN KUHETUYECKOW 3Heprum.
3HaYeHUa 3HepPruun onpefensitoTCa BO BTOPOM MPUBAMKEHUN MPUMEHEHWEM TOYHOW BOSTHOBOM
yHKUMM 1 npumeHeHnem BCS BonHoBoli yHkuun. Koppekuna metoga BCS uccnegyetcsa B
[aHHOM cneuuanbHOM ciay4ae.
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ZUR THEORIE UND PRAXIS DER BERECHNUNG DER
UBERTRAGUNGSFUNKTION OPTISCHER SYSTEME*

Von
Werner Reichel
VEB CARL ZEISS JENA, JENA, DDR

(Vorgelegt von N. Barany. — Eingegangen 25. VIIl. 1964)

Die optische Ubertragungstheorie wird kurz erldutert und eine Methode zur Berech-
nung der Frequenzibertragungsfunktion (FUF) fur ein in der geometrisch-optischen Kor-
rektion vorgegebenes System entwickelt. Die Bedeutung der FUF als Giitemass fur die
optische Abbildung und zur Korrektion optischer Systeme wird diskutiert.

Die geometrisch-optischen Aberrationen werden auf die Offnung normiert und in die
W ellenaberrationsbetrage durch graphische Integration UuUberfuhrt.

Einige charakteristische Zusammenhéange der verschiedenen Bildfehler mit der FUF
werden an optischen Systemen aus der Praxis aufgezeigt. Besonderer Wert wurde dabei auf
das ausseraxiale Gebiet gelegt.

1. Einleitung

Die Anwendung der Ubertragungstheorie aus der Nachrichtentechnik
auf die Optik hat fiur ausgedehnte Objektstrukturen ein objektives Mass fir
die Abbildungsgiite optischer Systeme bei inkohdrenter Beleuchtung ergeben,
welches sich relativ einfach berechnen und messen ldsst. Ein optisches System
wird natirlich nicht durch eine Ubertragungsfunktion, sondern durch eine
Schar solcher Funktionen charakterisiert, deren Anzahl jeweils durch die
Objektivparameter wie Blende (Offnung), Fokussierung, Bildformat und
Lichtart bestimmt wird. Es bedeutet jedoch gegenuber der bisherigen Testung
einen Fortschritt, denn fur die Bildgiite eines optischen Systems wurde haupt-
séchlich das Auflésungsvermdgen herangezogen, die I'dhigkeit zwei benach-
barte Objektelemente (Punkt oder Linien) getrennt wiederzugeben. Eine
solche subjektive Beobachtung lauft aber auf eine Schwellenmessung hinaus
und ist daher starken Schwankungen unterworfen. Ausserdem genlgt es fir
die Abbildungsqualitdt eines Objektives durch ein optisches System im all-
gemeinen nicht, getrennte Objektelemente wieder als getrennte Bildelemente
abzubilden (aufzuldsen), sondern es ist notwendig dieselben mehr oder weniger
nach Phase und Amplitude der Originalfunktion getreu als Bildfunktion
wiederzugeben. Die Qualitdt eines optischen Bildes wird also so definiert
dass das Objekt dem Bild mdglichst &hnlich wird.

Um solche allgemeinen Zusammenhdnge zu klé&ren, ist die optische
Ubertragungstheorie entwickelt worden. Sie unterscheidet sich von der elek-

* Vorgetragen auf der Il. Optischen Konferenz in Budapest, 1963.
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trischen Ubertragung allein dadurch, dass die dort zeitlich nacheinander zu
ibertragenden Signale in der Optik durch rdumliche (ein- oder zweidimensional)
nebeneinander ersetzt werden. Es liegt dann nahe, das optische System als
Ubertragungsglied (Filter) von Objekt zum Bild oder umgekehrt aufzufassen.
Charakteristische Ubertragungseigenschaften des Systems werden durch die
sogenannte Ubertragungsfunktion (response) beschricben. Sie wird im wesen-
tlichen durch Restfehler und Beugung vom Objektiv bestimmt, wenn man
von Streulicht, Transparenz u. a. absieht. Sind diesem elementaren Prozess
noch weitere Abbildungsschritte wie fotographische Emulsionen, Zwischen-
abbildungen, Projektion usw. angeschlossen, dann kann man aus diesen Funk-
tionen der Einzelglieder, sofern es sich um lineare Prozesse handelt, durch
Produktbildung die Gesamtiibertragungsfunktion berechnen. Das schwichste
Glied bestimmt in dieser Kette natiirlich die resultierende Qualitit, doch soll
hier nur der elementare Prozess der eindimensionalen Abbildung vom Objekt
zum Bild verfolgt werden.

~ Grundsitzlich kann man jede als Objekt vorhandene Lichtverteilung .
als zweidimensionales Fourierintegral oder als Fouriersumme darstellen. Mit
anderen Worten kann durch Superposition von sinusféormigen Helligkeits-
verteilungen jede im Objekt vorhandene Helligkeitsverteilung erreicht werden.
Oder umgekehrt lisst sich jeder beliebigen Objektsintensitiitsverteilung ein
Frequenzspektrum zuordnen.

Bei der Verschiedenartigkeit optischer Bilder, deren Intensitidtsver-
teilungen in grossen Grenzen variieren, ist es jedoch nicht méglich, eine uni-
verselle Verteilung bzw. Spektrum anzugeben. Man geht deshalb von ein- oder
zweidimensionalen elementaren periodischen Strukturen mit konstanter Inten-
sitdtsverteilung aus, die man in der Frequenz (Gitterkonstante) variiert und
ermittelt nacheinander rechnerisch oder experimentell die Ubertragungseigen-
schaften. Diese Gitter stellen dann durch Variation in ihren Abmessungen
annihernd natiirlich ausgedehnte Objekte dar. Die Frequenziibertragungs-
funktion gibt dann an, wie das gesamte Frequenzspektrum, welches durch
das Auflésungsvermégen begrenzt wird, in seinen Frequenzen nach Ampli-
tude und Phase gegeniiber dem Objektgitter mit konstanter Amplitude und
Phase durch das optische System iibertragen wird. Dabei ist allerdings Voraus-
setzung, dass die Grundform des Elementargitters objektseitig im Bild erhalten
bleibt. Wegen dieser Voraussetzung hat sich ein Strichgitter mit cosinus-
formiger Lichtverteilung, auch kurz oft Sinusgitter genannt, bewiihrt. Kom-
pliziertere Strukturen wie z. B. ein Rechteckgitter, welches wegen seiner
leichteren Herstellung zum Messen der Ubertragungseigenschaften oft benutzt
wird, ldsst sich ja bekanntlich auf Sinusgitter zuriickfithren. Welchen charak-
teristischen Verlauf solche ﬂbertragungskurven fiir ein optisches System
jeweils besitzen, soll dann spéter am Beispiel eriortert werden. Der Frequenz-
bereich oder die Bandbreite und die Kontrast- bzw. Modulationstiefe werden
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durch relative (")ffnung und Restfehler bestimmt. Auf Grund von Bildana-
lyseli weiss man bereits, welche Frequenzen fiir die jeweiligen Verwendungs-
zwecke durch Steuerung der Aberrationen anzustreben sind. Hierin liegt die
praktische Bedeutung der Ubertragungstheorie fiir den Objektivkonstrukteur.
Der Begriff Frequenz wird hier nicht als zeitabhiingige Grosse, sondern als
reziproke Linge in Form der Linienfrequenz gebraucht.

Obwohl die mathematischen Grundlagen der Ubertragungstheorie fiir
optische Systeme heute allgemein bekannt sind, sollen kurz die Zusammen-
hinge aufgezeigt werden. Die wesentlichen Gedankengiinge sind von Durrieux
- 1946 und spiter von MarfcHAL und H. H. Horkins 1951 aufgegriffen und
weiter entwickelt worden. Der optische Abbildungsprozess kann fiir inkohirente
Beleuchtung in Form des Faltungsintegrals beschrieben werden. Allerdings
ist hierfiir eine wesentliche Voraussetzung, dass die Abbildung isoplanatisch
ist, die Abbildung also ein linearer Vorgang ist. Der Ausdruck linear besagt,
dass zwischen Objekt und Bild lineare mathematische Beziehungen bestehen,
die sich durch das Faltungsintegral beschreiben lassen. Nun ist die Abbildung
bei korrigierten Systemen selten iiber die ganze Offnung isoplanatisch, sondern
nur fiir einen kleinen Bereich. Das bedingt allerdings, dass die Objekte so klein
sind, dass sie in einen solchen Bereich hineinfallen.

Andererseits dndern sich die Aberrationen eines korrigierten Systems
— nur solche sind Gegenstand der folgenden Betrachtungen — und damit
auch die Punktbildintensitit relativ langsam, so dass man, um eine Anderung
derselben innerhalb eines Feldes beobachten zu konnen, sich um wesentliche
Betrige bewegen muss, die gemessen in den Dimensionen des Beugungsbildes
betrdachtlich sind. Demzufolge kann man die Abbildung kleiner Details in
einem solchen isoplanatischen Gebiet untersuchen. Die Punktbildintensitit
ist demzufolge vom Ort in diesem Bereich unabhiingig. Die Ausdehnung des
Punktbildes wird aber fiir ein korrigiertes System praktisch in keinem Falle
grosser als ca. 1 mm im Durchmesser sein. Ausserhalb kann der Intensitits-
beitrag, wie zahlreiche Punktbildintensititsberechnungen fiir verschiedene
Aberrationstypen zeigten [1], vernachlissigt werden. Streng mathematisch
ist natiirlich das Lichtgebirge unendlich ausgedehnt.

2. Theoretische Grundlagen der optischen Ubertragungstheorie

In Bild 1 ist der Abbildungsvorgang schematisch mit den jeweiligen
Koordinatensystemen skizziert. Fiir die Objekt- und Bildebene sowie Ein-
(EP) und Austrittspupille (AP) werden normierte Koordinaten verwendet.
Es ldsst sich dann die Bildintensititsverteilung B’ als Faltungsintegral aus
Objektintensitit B und Punktbildintensitit (Lichtgebirge) G schreiben

Bii(w ;0= H B(u,v) G(u' — u,v' —v)dudv. - (2.1)
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Die Punktbildintensitdt wird durch Restaberrationen bestimmt und ist
andererseits proportional dem Amplitudenquadrat

G(u'v') ~| F(u',v")\2. (2.2)

Unter gewissen Voraussetzungen kann die Amplitude als zweidimensionales
Fourierintegral auf Grund der Kirchhoffschen Beugungstheorie geschrieben
werden.

F(u\v') = const j If(x",y')exp |2 ai(u'x -)-v'y)}dx Ay". (2.3)

Die Funktion f(x\ y') wird Wellen- oder Pupillenfunktion genannt und ist
die inverse Fouriertransformierte der Amplitude F(u', v'). Fur die Gréssen

B1 B und G gelten die gleichen mathematischen Beziehungen, die ent-
sprechenden kleinen Buchstaben sind jeweils die inversen Fouriertransformier-
ten. Es gilt dann

G(u',v')= Jj g(s'.t') exp {2ni(s'n t' t/)} ds' dt', (2-4)
g(s\t")= G(n',il)exp{—2ni(s’u t'v)} du'dv'. (2.5)
Setzt man diese Transformationsformeln in GIl. (2.1) ein, dann erh&lt man

B'(u',v)= f| g(s',t’)b(s',t")Yexp [2ni(s'n -j-t" F)}ds"dt’ (2.6)

oder
b'(s', t') = g(s', t') mb(s', t"). (2.7)

Da Intensitaten immer reell sind, muss fir die inversen Fouriertransformatio-
nen in GIl. (2.7) gelten

b(-s',-t') = b*(st'y> (2.8)

1 konjugiert komplex
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und entsprechend fur

g(—s', —t) und b'(—s', —1t'). (2.9)

Als Ubertragungsmass definiert man nun nicht das Lichtgebirge G selbst,
sondern seine inverse Fouriertransformiertc

b'(s',t')
b(s't) °

g(s\ O (2.10)

das Frequenzspektrum der Intensitdten von G. Man ordnet also ganz analog
wie in der elektrischen Nachrichtenibertragung den Orts- oder Original-
funktionen B, B' und G eine gleichwertige Darstellung auf den Frequenz-
koordinaten s', t' mit Hilfe der Fouriertransformation — in der elektrischen
Nachrichtentubertragung ist es die speziellere Laplace-Transformation — in
Form der Frequenz (Spektral)- oder Bildfunktion b, b' und g zu. Es ist das
Verdienst von H. H. Hopkins [2], diese Grosse, die sogenannte Frequenz-
iibertragungsfunktion (frequency response function) g(s', t'), auch kurz FUF
genannt, als Mass fir die Bildgute ausgedehnter einfacher Objekte erkannt
zu haben, denn dieselbe ldsst sich fir inkohé&rente Beleuchtung als Auto-
korrelation der Pupillenfunktion ausdricken.
Nach Duffieux [3] ergibt sich dann

g(s',t')= JII(*" 1) [o(*" —s'y' —t')dx'dy . (2.11)

Zur Berechnung dieses Ausdruckes ist also nur die aus den Konstruktions-
daten des optischen Systems berechenbare Wellenfunktion f(x', ') notwendig,
wéhrend man ohne Anwendung der Fouriertransformation aus der Wellen-
aberration W(x', y') das Lichtgebirge G berechnen muss und durch Faltung
die Bildintensitdt meistens graphisch gewinnt und erst dann fir die ent-
sprechenden Frequenzen das Ubertragungsmass nach Amplitude und Phase
bestimmen kann [1].

Es ist nun vorteilhaft, nicht die Grosse g(s't'), sondern eine relative
Frequenzubertragungsfunktion D auf die Frequenz Null bezogen, einzufiuhren:

D (s't") *=or(s,*)+ PTjR(GL{) = T(s', *)eexp {io(s', t)}.  (2.12)

Die Funktion D(s’, t') tritt im allgemeinen komplex auf und kann deshalb
nach Real- und Imagindrteil oder Betrag (Amplitude) und Phase getrennt
werden.
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Nach einem Vorschlag von H. H. Hopkins kann man noch aus Sym-
metriegrinden eine Verschiebung um die Strecke x' s'/2 undy' -~ t'/2 vor-
nehmen, so dass sich die normierte Frequenzibertragungsfunktion wie folgt
ergibt

D(s, n = JJ/(*" + s'2,y' + t72)/»(F - »72,¥ - *[2)dx'dy' =
H\f(x',y)\*dx'dy G o
(2.13)
Dieser Ausdruck bedeutet anschaulich nichts anderes als den gemeinsamen
Flacheninhalt der um s', t' bezilglich ihres Koordinatenursprunges versetzten
Pupillenfunktion bezogen auf die Pupillenflaiche S. Nur im (dberdeckten
Gebiet C (auch Durchschnitt genannt) in Bild 2 ist das Integral von Null

verschieden. Fur den Spczialfall kreisformiger Pupille'nflachen errechnet sich
fir ein aberrationsfreies Objektiv

D(s') = wf2 arc cos (s'/2) — sin [2 arc cos (s'/2)]]. (2.14)

Fuhrt man noch ein um den Winkel ® gedrehtes Koordinatensystem x, yr
ein und verwendet ein eindimensionales Strichgitter parallel zur y '-Achse
ausgerichtet, dann l&sst sich eine Frequenz s' ldngs der .V-Achse definieren
und die Ubertragungsfunktion in Abhangigkeit von Azimut und Frequenz s'
darstellen

D(s',0) =~-~f(x"+s'12,y")f*(x'-s'12,y")ydx’dy" . (2.15)

Der Ubergang zur eindimensionalen Darstellung und Einbeziehung des Azi-
mutes vereinfacht sowohl den experimentellen Aufwand zur Ermittlung der
Ubertragungsfunktion als auch die Rechnung. Ausserdem lassen sich ja die
Aberrationen nach Azimuten und Einfallshohen klassifizieren.
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3. Verfahren und Méglichkeiten zur Ermittlung der Ubertragungsfunktionen
optischer Systeme

In den letzten Jahren sind verschiedene Verfahren zur Berechnung der
Ubertragungsfunktion optischer Systeme nach der im Abschnitt 2 geschil-
derten Theorie entwickelt worden. Bild 3 gibt als Schema die einzelnen Schritte
und die bestehenden Zusammenhdnge wieder.

Optische Konstruktionsdaten

Strahlenoptische Rechnung
(axial, ausseraxial)
|

normierte Strahlenaberration

auto-

W ellenaberration m at.

analytisch graphisch Kor-

rektion

1
Toleranz- Aufspaltung nach Bildfehler geom .-
theorie opt.
nd ahe-
u Pupillenfunklion Nahe
tab. rungen
Werte

Ubertragungsintegral
numerische Rechnung

digital analog

Bild 3

Ausgangspunkt ist im allgemeinen das optische System, dessen Kon-
struktionsdaten bekannt sind. Das Objektiv sei nach den bekannten geo-
metrisch-optischen Strahldurchrechnungsformeln axial und ausseraxial etwa
mit einem Rechenautomaten durchgerechnet und die geometrisch-optischen
Aberrationen liegen demzufolge in der uUblichen Darstellung vor. Es soll nun
entschieden werden, welche Abbildungseigenschaften vom System in Form
der Ubertragungsfunktionen zu erwarten sind. Diese Aufgabenstellung ist am
gebrduchlichsten, da man in der Praxis stets von einem System ausgeht,
welches fir den jeweiligen Zweck weiter- oder umkorrigiert wird. Die Uber-
tragungsfunktion soll also neben einer Masszahl bzw. Gutekriterium haupt-
sédchlich dazu verwendet werden, bestimmte Abbildungseigenschaften durch
Variation der Restfehler in einem Objektiv rechnerisch zu ermitteln bzw.
einen exakten Zusammenhang zwischen Restfehler und Bildglte zu liefern,
der dem Optikkonstrukteur bisher fehlte. Der Optikrechner war bis jetzt nur
auf Erfahrungswerte und gewisse Faustformeln angewiesen, die er sich auf
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Grund der Restfehler und Bildleistung am schr sorgfiltig ausgefithrten Muster
sammeln konnte.

Es wire natiirlich auch denkbar, dass man sich die Abbildungseigen-
schaften vorgibt und ein System zu berechnen versucht. Solche allgemeinen
Ansitze erfordern grossen Rechenaufwand bis man auf die bekannten Objektiv-
typen kommt und werden deshalb in der Praxis kaum angewendet; es sei
denn, es werden systematische Untersuchungen fiir einen speziellen Zweck
gefordert.

Um jedoch die Uhertragungsfunktion aus den Konstruktionsdaten berech-
nen zu konnen, miissen die Restfehler in normierter Form als Wellenaberration
vorliegen; diese fiir praktisch ausgefiihrte Systeme zu ermitteln, sind ver-
schiedene Wege beschritten worden.

Einmal ist es moglich, am Muster die Wellenaberration interfero-
metrisch mit dem TwyMAN—GREEN-Interferometer bzw. Kruc—LAu-Inter-
ferometer zu ermitteln, zum anderen rechnerisch durch einen Integrations-
prozess aus den geometrisch-optischen Restfehlern. Fiir die rechnerische
Gewinnung der Wellenaberration, die hier allein betrachtet werden soll, sind
analytische Methoden speziell fiir Rechenautomaten entwickelt worden, die
gleichzeitig eine Potenzreihendarstellung nach Bildfehlern liefern [4], [5], [6],
doch sind diese Methoden fiir mehrlinsige Systeme recht aufwendig und nur
mit grossen programmgesteuerten Rechenautomaten mdoglich. Es soll deshalb
im folgenden Abschnitt eine graphische Methode ausfiihrlich behandelt
werden, die bei relativ wenig Rechenaufwand exakt die Wellenaberration aus
den geometrisch-optischen Restfehlern zu ermitteln gestattet. Diese so gewon-
nene Wellenaberration wird dann anschliessend nach Bildfehlerkoeffizienten
mittels der Methode der kleinsten Quadrate aufgespalten [T7].

Eine Méglichkeit, die Berechnung der Wellenaberration zu umgehen
und direkt aus den Restaberrationen in Niéherung die ﬁbcrtragungswcrte zu
berechnen, wird im 5. Abschnitt erwihnt. Aus Bild 3 ist weiterhin durch die
Toleranztheorie von MARECHAL und HopPkins bzw. durch den allgemeinen
Zusammenhang zwischen Wellenaberration und Ubertragungsfunktion ein
exakter Weg aufgezeigt, schon gewisse Ubertragungseigenschaften aus dem
normierten Wellenaberrationskoeffizienten zu erkennen, zumal fiir einige
Koeffizientenkombinationen aus der Schule von H. H. Horkins tabellierte
Werte vorliegen. Es wird so moglich, in vielen Fillen einige Besonderheiten
an optischen Systemen bereits an den normierten Wellenaberrationskoef-
fizienten zu erkennen, ohne die ﬁbertragungsfunktion im einzelnen mit relativ
grossem Rechenaufwand berechnen zu miissen. Ein Schritt weiter wire nun,
die Restfehler so zu verindern, dass die gesuchten Ubertragungswerte reali-
siert werden. Hierzu miisste man durch systematische Variationen auto-
matisch die Restfehler in diese Schranken einengen. Als Bewertungsfunktion
wird hierfiir die FUF als sogenannte Merit-Funktion fiir die entsprechenden
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Linienfrequenzen gewéhlt. Es ist Ublich, die verschiedenen Aberrationsanteile
noch mit entsprechenden Gewichten zu versehen, da die FUF ein integrales
G utekriterium des optischen Systems darstellt und die Betrdge der Rest-
fehleranteile unterschiedlich eingchen. In einem weiteren Schritt kdnnte durch
Variation versucht werden, die Konstruktionsparameter des Systems so zu
verdndern, dass die Restaberrationen in diesen vorgegebenen Schranken etwa
nach der Methode von Girard— W ynne [8] oder nach Fialovszky’ [9] ein-
geengt werden. Doch sind fir solche Rechenverfahren zunéchst systematische
Untersuchungen (ber die Zusammenhdnge von Aberrationen und Bild-
eigenschaften Voraussetzung. Erste Erfahrungen mit grésseren Rechen-
automaten haben an Systemen gezeigt, dass eine sinnvolle automatische Kor-
rektion nur durch das grundlegende Verstdndnis der Bildfchlertheorie und die
Voraussetzung des Erfahrungsschatzes des Optikkonstrukteurs erreicht wer-
den kann.

Zur numerischen Berechnung der Frequenzibertragungsfunktion fur
die einzelnen Linienfrequenzen sind verschiedene Verfahren speziell fir
Rechenautomaten entwickelt worden. Eine recht genaue Methode von Hopkins
und Goodbody [10] soll noch detailliert im Abschnitt 5 dieser Arbeit fur
die Berechnung einiger Beispiele benutzt werden. Neben den bekannten
numerischen N&herungsverfahren (Simpson, Stirting), das Integral zu ldsen,
hat Barakat [5] jetzt mit Hilfe der Gaussschen Quadraturtheorie fir hdhere
Ordnungen in Verbindung mit Legendreschen Polynomen eine Methode vor-
geschlagen, die geeignet ist, auch nicht dquidistante Integrationselemente zu
verwenden. Da die bisher geschilderten Verfahren gréossere Rechenautomaten
erfordern, sei noch erwé&hnt, dass mit geringerem Zeitaufwand unter Ver-
wendung der exakten mathematischen Beziehungen ohne Vernachldssigung
die Berechnung auch auf Analogrechenmaschinen durchgefihrt wurde. Man
hat hier den Vorteil, systematisch durch Eingeben der Aberrationskoeffizienten
in die Potentiometer relativ schnell ein System zu optimieren; natirlich haf-
tet diesem Verfahren naturgemadss eine beschrdankte Genauigkeit an. Welche
Verfahren sich jemals fur die gesamte praktische Objektivberechnung durch-
setzen werden oder ob alle diese Uberlegungen nur gelegentlich fiir Spezial-
zwecke angewendet werden ~— yvo ihre Brauchbarkeit schon erwiesen ist —
kann wohl heute noch nicht entschieden werden, da noch nicht genugend
Erfahrungen vorliegen.

4. Ermittlung der Wellenaberration in normierter Darstellung aus den
geometrisch-optischen Restfehlern durch graphische Integration

Jede Objektivberechnung wird zundchst von der geometrischen Optik
ausgehen und erst, wenn die Aberrationen klein sind, einer wellenoptischen
Feinkorrektion bedurfen, denn eine wellenoptische Betrachtung ist unum-
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ganglich, wenn die durch Aberrationen verursachten Abweichungen der Wel-
lenflache gegentiber der Referenzflache klein sind. Daher erscheint es wichtig,
aus der geometrischen Strahldurchrechnung gewonnene Aberrationen in die
W ellenaberration umzurechnen. Dies ist nicht schwierig, da die Strahlen auch
nach beliebig vielen Brechungen und Spiegelungen (Satz von Malus) stets
senkrecht auf den Wellenflaichen stehen und man deshalb dem Strahlen-
biundel geometrisch eine Wellenflachenschar zuordnen kann. Eine Wellen-
flache (Isoeikonalflache) nennt man innerhalb einer Welle jede Fldche, deren
sdmtliche Punkte im betrachteten Zeitpunkt sich in gleicher Phase befinden.
Unter der Wellenaberration versteht man nun die Abweichung der durch
Aberrationen deformierten Wellenfldche l&ngs eines Strahles von einer geeig-
neten Bezugs- oder Referenzflache (z. B. Kugel), die als optische Wegdifferenz
gemessen wird. Die so definierte Wellenaberration wird positiv gezahlt, wenn
die deformierte Welle innerhalb der Referenzkugel liegt. Legt man das
Zentrum der Referenzkugel in die ideale Bildende und die Referenzkugel in
die Awustrittspupille des aus sphdrischen Flachen aufgebauten zentrierten
Systems, dann besteht zwischen den optischen Wegdifferenzen und der Ab-
weichung des Strahles (Aberration) vom Zentrum der Referenzkugel nach
einigen Umformungen und Integration der bekannte Zusammenhang [12]

Wi(a')= (f[ sin @ -f- r/[ cos ®) cos a' da’, (4.1)
0

wobei allerdings rechtwinkelige Koordinaten (f(, 7] senkrecht zum Bezugs-
oder Referenzstrahl mit der Bildebene in der fj, "~[-Ebene benutzt sind,
a' der Winkel zwischen Strahl- und Bezugs(Referenz)strahl und & der
Azimutwinkel in der Bildebene bedeuten. Man erhélt so die Wellenaberration
in der ublichen Schreibweise eines unbestimmten Integrals, die wegen ihrer
Wellenldngenabhéngigkeit in Einheiten von A ermittelt wird. Dabei ist die
Anderung des Zentrums der Referenzkugel um den Betrag AR vom Radius
der Referenzkugel R infolge des mit Aberration behafteten Strahles unberick-
sichtigt geblieben. Da es sich jedoch aber nach Voraussetzung um Kkorrigierte
Systeme mit kleinen Aberrationen handelt und die Grdsse AR fiir die ver-
schiedenen Strahlen gegenuber R klein bleibt, ist dieser Ansatz erlaubt.

Nach GIl. (4.1) I&sst sich nunmehr die Wellenaberration aus der Strahl-
aberration berechnen, wenn letztere aus der geometrisch-optischen Durch-
rechnung bekannt ist. Dies soll in Anlehnung an die geometrische Optik fir
das axiale und ausseraxiale Gebiet getrennt erfolgen. In einem zentrierten
System tritt im axialen Gebiet wegen der Rotationssymmetrie nur der Ab-
bildungsfehler der sphérischen Aberration auf, der vom Azimut & unab-
hédngig ist. Die Bezugsachse ist mit der optischen Achse identisch. GIl. (4.1)
spezialisiert sich zu
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W(a') = ( 7)cosa'da’, (4.2)
0

da ® — 0 und QJE/3® = 0. Die GroBe rj’ ist aber als sphédrische Queraber-
ration bekannt und ergibt sich sofort aus der bei der Strahldurchrechnung
ermittelten sphérischen Lé&ngsaberration (As'= s' —s')*

vf= — As’tangd’. (4.3)

Dem bisherigen Winkel a' entspricht jetzt der Winkel o' in der technischen
Strahlenoptik (Bild 4), der fur kleine Aberrationen As' m— die W inkelaber-
ration Aa’ ist gegen a' zu vernachldssigen — gleich 6' fir die Integration
angenommen werden kann und es ergibt sich

W(6')= j —As'sino'do'. (4.4)
0

Eine negative Schnittweitenaberration As' wird also eine positive Wellen-
aberration ergeben. Die Schnittweitenaberrationen sind fir die einzelnen
Strahlen aus der Strahldurchrechnung in Millimeter oder kleineren L&ngen-
einheiten fir die entsprechende Lichtwellenldnge bekannt, so dass die Wellen-
aberration W in die zugehdrigen Lichtwellenldngeneinheiten leicht umzurech-
nen ist.

Fir das ausseraxiale Gebiet fallt nun die Rotationssymmetrie weg, die
Wellenaberration wird vom Azimut ® abhdngig. Es soll deshalb die Ermitt-
lung der Wellenaberration fir @ = 0 und n (Meridionalschnitt) und & = n/2
und 3yr/2 (Sagittalschnitt) im einzelnen aufgezeigt werden. Dies bedeutet keine
grundsdtzliche Beschrdnkung nach GI. (4.1), vielmehr bieten sich diese Ebenen
auf Grund der uUblichen geometrischen Durchrechnung eines Systems zwangs-
ldufig an.

* e. hierzu Tiedeken, Lehrbuch f. Optikkonstrukteur Bdn. 1. S. 42 (Berlin 1963)
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Fir den Meridionalschnitt dient als Referenzstrahl der Bezugs (Haupt)-
oder besser Schwerstrahl mit dem Neigungswinkel oB gegen die optische
Achse und als Zentrum der Referenzebene der Schnittpunkt 0' vom Bezugs-
strahl mit der GauRschen Bildebene (00, 0") nach Bild 5. Im {brigen gelten
die entsprechenden Formeln und Vereinbarungen aus GIl. 4.4 auch fir die
Queraberration rj'

an
Wm{t'm) = ) —n'cosamdi'm. (4.5)
0
0
\%
p
(6]
Bild 5

Da der Wert der L&ngsaberration As'm in der Regel bei der Strahldurch-
rechnung nicht anfallt, lasst sich nach dem Sinussatz diese Grdsse nach r/* wie
in Bild 5 angedeutet, umrechnen. Fiir den Meridionalschnitt sei darauf hinge-
wiesen, dass die Wellenflache in beiden Azimuten & = 0 und n d. h. fiur
positive und negative Werte von &m selbstverstandlich gesondert berechnet
werden muss und die Begrenzung des oberen und unteren Randstrahles durch
Vignettierung bestimmt wird.

Fir den Sagittalschnitt (® = n/2 und 3n/2) reicht aber wegen der
Symmetrie zum Meridionalschnitt die H&lfte der Apertur aus. Nach. GI. 4.1
ergibt sich dann die Wellenaberration W's, wenn i' aus der geometrischen
Strahldurchrechnung* bekannt ist, zu

Ws(&i)= jf -i'cosdida. (4.6)

0
Somit hat man die Wellenaberration auch fir den Sagittalschnitt gewonnen.
Es erscheint angebracht, um die Aberrationen fir die verschiedenen Aper-
turen miteinander vergleichen zu kdénnen, auf die Randaperturen &max zu
normieren. Es hat sich die folgende Substitution nach Richter fur die ver-
schiedenen Winkel &' zur erleichterten Integration als vorteilhaft erwiesen:

, ! 1—cosa' sin2 ,
qg= 8% = 27220 22 A e 0< gq'< 1 (4.7)
I1"raax 1 CCS (7max sin  d'max

Die Variable p in GIl. 4.7 ist der Pfeilhdhe des Meridianbogens der Wellen-
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flache proportional und die Entwicklung der Aberrationen nach p ist bis zu
beliebig grossen Offnungen der Wellenflache brauchbar. Aus diesem Grunde
wird auch die jeweilige maximale Apertur mit pmax normiert.

Die neue Variable g', die vom Verfasser [7] schon in einer friheren
Arbeit benutzt wurde, kennzeichnet nicht den Raumwinkel, sondern die
Apertur und es ergibt sich in guter N&herung

g'~ r'2. (4.8)

Fir eine kreisférmige Pupille gilt dann r'~= x'2-j-j'2 Die Wellenaberration
wird so eine Funktion der normierten Polarkoordinaten r' bzw. q' und @ fir
den jeweiligen Bildwinkel aB.

Fihrt man in Gl. 4.4, 45, 4.6 die neue normierte Offnungskoordinate
g' ein, dann erhdlt man die Wellenaberration fir das axiale Gebiet

f-l' 4
W(Qq')= f - As'pmaxdq' = f - Zi'dq (4.9)
6 6
fur den Meridionalschnitt
Am (o} am
Wm(4m)= f Pmasdg'm= f —rj'dg'm (4,10)
0 stn om 6
und flir den Sagittalschnitt
ws(q's)= f — fctg as pmaxdq’ = j — £'dg's. (4.11)
0 0
Die Integration wird wie erwahnt, graphisch numerisch in Stufen von Aq" — 0,1

durchgefuhrt. An Beispielen in Bild 6 soll die Methode erldutert werden.

Im oberen Teil des Bildes ist fir ein Objektiv auf Grund der Strahl-
durchrechnung die normierte spharische Aberration As' gegen die Offnungs-
koordinate q' aufgetragen. Es wurden jeweils 5 Strahlen durch das Objektiv
nach den ublichen trigonometrischen Formeln, gerechnet, so dass die Kurve
eindeutig zu zeichnen madglich war. Bei entsprechendem Zeichnungsmass-
stab lassen sich durch graphische Integration dann in dquidistanten Schritten
zehn Werte der Wellenaberration gewinnen, wie sie in Wellenldngeneinheiten
in Bild 6 links oben aufgetragen sind. Die Integrationsschritte werden dadurch
von den Hdéhenabstufungen der Strahlen unabhéngig, wéhrend die &quidistante
Stufung bei der nachfolgenden Potenzreihenentwicklung sich dagegen sehr
giinstig und vereinfachend auswirkt. Eine analytische Darstellung der Aber-
rationskurve (etwa in Form einer Potenzreihe flr die Einfallshéhen) wiirde
eine weit grossere Anzahl von Strahldurchrechnungen erfordern.

Grundsatzlich wdare damit die Wellenaberration fiur die verschiedenen
Azimute gewonnen und die Berechnung des Frequenzibertragungsintegrals*

* hierzu Tiedeken, Lehrbuch f. Optikkonstrukteur Bdn. 1. S. 63 (Berlin 1963 )
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madoglich. Jedoch hat es sich als nitzlich erwiesen, um allgemeinere Zusam -
menhdnge zu erfassen, dieselbe nach den verschiedenen Bildfehlern aufzu-
spalten. Dadurch ist man in der Lage, den Einfluss der auftretenden Bild-
fehler quantitativ einzeln oder kombiniert in ihren Auswirkungen auf das
Integral der FUF zu studieren und Dank der Normierung die verschiedenen

Objektive untereinander zu vergleichen. Ausserdem lassen sich die Werte der
FUF fur die einzelnen Bildfehler besser tabellieren und zusidtzlich gewisse
Toleranzen in Verbindung mit dem Rayleigh-Kriterium festlegen, wie bei H. H.

Hopkins

[13] und Maréchal

[14] n&her ausgeflhrt.

In Anlehnung an Nijboer l&sst sich die Wellenaberration in normier-
ten Polarkoordinaten (?', ®) fur eine kreisformige Pupille schreiben

W (f',0) =

+
+ {W-nf + Wnh f'3+ WSLf'5 + Wn f'r)cos ¢
+ ( W 2f' -+ Wi2r -j- f*6) cos 2 ®
= { *PRf'3 + H2f 5cos3®
+ ( W4if'4)cos 4 @
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Die einzelnen Koeffizienten charakterisieren die folgenden Bildfehler

Defokussierung

Wi0, Brso Spharischer Offnungsfehler

B7! Verzeichnung

W 31, Ll.l,i, TTn Koma

w22 Zweischalenfehler (Astigmatismus)
Wn, w 6i Astigmatischer Offnungsfehler
B'33’ W53 Dreiblattfehler (trefil)

Vierblattfehler (tetrafil)

Die hier gegebene Darstellung berticksichtigt alle Fehler bis zur 7. Ordnung,
doch reicht erfahrungsgemdss fur normale Aufnahme- und Wiedergabe-
objektive die Darstellung bis zur 5. Ordnung (in GIl. 4.12 eingerahmt) aus.
Spezialobjektive und Mikroobjektive verlangen gelegentlich auch Ent-
wicklungen bis zur 7. Ordnung, doch ist damit ein erhdhter Rechenaufwand
und Genauigkeit der Ermittlung der Wellenaberration verbunden.

Zu bemerken ist noch, dass in der hier gewdhlten Darstellung fur jeden
Bildwinkel aB ein neues Koordinatensystem verwendet wurde, so dass der
Bildwinkel in die Aberrationsfunktion wie urspringlich bei Nijoboer nicht
eingeht und die Berechnung der einzelnen Koeffizienten fir jeden Bild-
winkel einschliesslich Vignettierung erfolgen kann. Ferner wird fir das ausser-
axiale Gebiet der Referenzpunkt in den realen Bildpunkt gelegt, so dass die
Verzeichnung nicht in die Aberrationsfunktion eingeht. Die Verzeichnung ist
ja auch kein Abbildungsfehler, der auf Unvollkommenheiten der Strahlen-
vereinigung zuriickzufiihren ist, sondern nur die geometrische Ahnlichkeit der
Bildfigur verfélscht und ist deshalb einfach zu bewerten. Es gibt allerdings
auch Bestrebungen, den Verzeichnungsterm mit in die Phase der komplexen
Frequenzibertragungsfunktion einzubeziehen, hier soll aber aus praktischen
Grinden davon Abstand genommen werden.

Und nun zur Berechnung der Aberrationskoeffizienten selbst. Durch
graphische Integration wurde die Wellenaberration in dquidistanten Schritten
von ' bzw. I' gemessen und es kann nun fiur den entsprechenden Azimut-
winkel ® der Polynomausdruck aus GIl. 4.12 zugeordnet werden. Die Bestim-
mung der Koeffizienten wurde nach der Methode der kleinsten Quadrate vor-
genommen und es bleiben durch die bereits erfolgte Aufspaltung der Wellen-
aberration hdchstens drei Koeffizienten zu bestimmen {brig. Die Aberrations-
koeffizienten werden so bestimmt, dass die Summe der Fehlerquadrate ein
Minimum wird. Das wird durch Nullsetzcn der partiellen Differentialquotienten
erreicht. Man erh&lt dann die sogenannten Normalgleichungen, aus denen sich
die Koeffizienten bestimmen lassen. Da die Wellenaberration aber stets in 10

Acta Phys. Hung. ToT. XV IIl. Fate. 3.



248 W. REICHEL

Tabelle 1

vV 1.6/77.5 v 743 v 1,6/77 v 781
wio = 13439 Mo = — 7,95 A wio = 19,208 , 4 = - 124155

MERIDIONALSCHNITT (® = 0,a)

aB = -9,50 -7,75° -3,20" -9,60° -7,90° -3,60"
twz = 2,42 1,02 70 1,60 — 2 - os
-iw 4 = 5,02 7,61 5,41 2,95 6,50 1,89 4
W60 = -2,08 -4,08 -5,00 -1,19 -3,27 -3,16 4
+w3 = 4,68 1,67 4,10 6,27 3,54 4,68 1A
“y o= -4,50 -3,25 — 2,25 -2,85 -2,05 —2 oo 4
+ - MDD 4+ W22 = o+ M4, «i3=- o3 + was

Bild 7. Sagittalschnitt a = — 7,8°, 4= 588 mn

dquidistanten Schritten von q' ermittelt wird, bedeutet es eine wesentliche
Rechenerleichterung, wenn man nur einmal die verschiedenen Summen von @'
zu berechnen hat. Bei Benutzung einer vollautomatischen Rechenmaschine
lassen sich dann die Koeffizienten in wenigen Minuten bestimmen. Tab. 1
zeigt fur zwei Versuchsrechnungen den Korrektionszustand in Form normierter
Wellenaberrationskoeffizienten fir das axiale Gebiet und den Meridional-
schnitt in drei Bildfeldwinkeln. Wie man sofort erkennt, enthalt der Meri-
dionalschnitt alle Koeffizienten doch lassen sich bestimmte Kombinationen
nur durch Hinzunahme weiterer Azimute (z. B. Sagittalschnitt) aufspalten.
Es ist aus GIl. 4.12 abzulesen, dass um alle Koeffizienten 5. Ordnung einzeln
zu erfassen, eine Stufung der Wellenfliche mit & = 60° erforderlich ist.
In der praktischen Objektivberechnung begniigt man sich aber meistens mit
der Stufung @& == 90° (Meridional- und Sagittalschnitt). Es wird spéter ins-
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besondere an Bild 7 noch erldutert werden, dass die Koeffizientendarstellung
fiir den Meridionalschnitt bereits wichtige Schlussfolgerungen auf die Uber-
tragungseigenschaften zuldsst.

Die Fehler durch die Potenzreihenentwicklung blieben bei zahlreichen
Beispielen unter 0,1 Wellenldngen. Diese Genauigkeiten sind fur die Praxis
ausreichend, wenn man bedenkt, dass diese Methode mit relativ wenig Auf-
wand fur erste systematische Untersuchungen an praktisch ausgefiihrten
Systemen angewendet worden ist.

Kirzlich hat Barakat [5] eine analytische Methode zur Berechnung
der Wellenaberration direkt aus der Strahldurchrechnung verdffentlicht und
die Aberrationskoeffizienten mit Hilfe Tschebyscheffscher Polynome mit
grosser Genauigkeit berechnet. Der Rechenaufwand ist dabei erheblich und
nur mit grossen Rechenmaschinen zundchst fur Spezialfdlle zu bewdltigen.
Es konnen jedoch solche Verfahren in Zukunft bei entsprechender Rechen-
kapazitdt fiur die sogenannte automatische Korrektion optischer Systeme
Ubernommen werden, wobei die Frequenzibertragungsfunktion als Merit-
funktion, wie im vorigen Abschnitt angedeutet, benutzt werden kann. Erste
Ansdtze sind bereits vorhanden [15], es ldsst sich aber noch kein abschliessen-
des Urteil daruber fiur die praktische Optikkonstruktion abgeben.

5. Berechnung der Frequenziubertragungsfunktion aus der Wellenaberration
und einige bemerkenswerte Zusammenhé&nge

Die numerische Berechnung der komplexen Frequenzibertragungs-
funktion soll, wie bereits angedeutet, nach einem Verfahren von Hopkins
und Goodbody [10], [16] vorgenommen werden. Es wurde speziell fir
Rechenautomaten entwickelt und gewinnt nunmehr an praktischer Bedeutung,
da es gelingt, die Restfehler eines aus der Praxis vorliegenden Systems in
Form normierter Wellenaberrationskoeffizienten nach Nijboer darzustellen,
die Ausgangspunkt fir die Berechnung sind.

Die Wellenaberration wird zunéchst in die Pupillenfunktion umgerech-
net, die innerhalb der Pupille wie folgt verknipft sind

A*\Y) = 1(*\Y) exp {ikW (x',y)}. (5.1)

Die Amplitudendurchldssigkeit T wird bis auf einen unwesentlichen Faktor
gleich der tatsdchlichen Amplitude der Welle gesetzt, da die ideale Amplitude
Uber der gesamten Referenzfliche als konstant angenommen und auf Eins
normiert werden kann. Es wird hierbei vorausgesetzt, dass die Welle weder
durch Absorption noch durch Reflexion oder Streuung geschwé&cht ist, mit
anderen Worten sei die gesamte Pupille als gleichmdssig durchldssig ange-
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nommen. Mit dieser in der Praxis meist erfullten Bedingung ldsst sich dann
Gl. 2.15 mit GI. 5.1 kombiniert schreiben

D(s',®)=-i_jT exp {ik[Wx"+ s'12,y") - W(x"' - s'/2,y")]}dx dy’ (5.2)

oder unter Einfihrung einer zweckmdéssigen Abkilirzung,

Y= s + 572,y) - W{* - 572,y)], (5.3)

ergibt sich dann
D(s,0>) = -A- Jj exp jifcs' V(x',y ,s)}dx dy"'. (5.4)
Fur die numerische Integration teilt man zweckmadssig die x’— y'-Ebene in

rechteckférmige Elemente mit den Ldngen 2Ax' und 2Ay' und den Zeigern
n, m auf. Die Funktion V wird durch eine Taylorentwicklung

$) = Wir{x",y) + ~(*F72)2 4"/ (x"y') +
(5.5)
+ ~ (572)aW\- (x"y") + ...

im Punkt (xn, y'm) mit den Mittelpunktskoordinaten xn — (2n —al) Ax' und
ym= (2m— 1) Ay' eines solchen Elementes ersetzt, so dass die GIl. 5.4 fur das
Fldchenelement lautet
Xn+Ax $"T-\-,El,y'
o1, ( ex iksV(x'f; s)}dx'dy'. (5.6
iy G b e LiksV( )}dxdy*. (5.6)

X'n-Nx' y'm-Ay

Dn,m(s',0) =

Die Beitrdge der einzelnen Fl&dchenelemente, deren Zentren innerhalb des
Integrationsgebietes S liegen, werden summiert, so dass man das Integral,
abgesehen von einem Restglied wie bei Goodbody [16] n&her ausgefihrt,
als Doppelsumme schreiben kann.

D(s',0)= -L 2 Vexp t (5.7)
n m & N,m *iyntm
3T(S (‘D) = —— £ CmZn,m esinc XN.Musinc s (58)
™C n m
* Die Ausdricke in Gl. 5.5 wie W~ und W sind Differentialquotienten.
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3(5',%)= sin 3nm-sine Eim-sine $ n>m, (5.9)
™C n m
mit

8, m= k.s'V, (5.10)
SU = K ms' mAy' ~ V, (5.11)

ay
%nm= k ms'-Ax' ~ r v m (5.12)

0X

Ne sei die Anzahl der Flachenelemente der aufgeteilten Pupillenflache C.
Diese Aufteilung des Integrationsgebietes in elementare Gebiete ist sehr vor-
teilhaft, da man beliebig gestaltete Integrationsflaichen dam it erfassen kann.
Fir die nachfolgenden Beispiele wurden die Pupdlenelemerte 2At' = 24y' =
= 0,1 gewdhlt, so dass fur einen Quadranten einer kreisférmigen Pupillen-
flache (C) 79 Pupillenelemente zu bestimmen waren. Auf die Einzelheiten
der Berechnung und Programmierung sei in dieser Darstellung verzichtet.
Die aus der Praxis ausgewdhlten Beispiele konnten leider nicht auf die tabel-
lierten Werte der FUF von Hopkins zuriickgefiuhrt werden, so dass die Berech-
nung auf der Rechenmaschine ,Oprema"“ des YEB Carl Zeiss Jena vorgenom-
men wurde. Es seien hier einige Bemerkungen Uber die geometrisch-optischen
N&herungsmethoden eingeschoben. Nach einem Vorschlag von Hopkins [17]
kann die Grosse V in geometrischer Naherung wie folgt in das Ubertragungs-
integral eingehen

vV = Wr (x',y') = const L" i'. (5.13)

Die Grosse L' ist als Linienfrequenz in Linien/mm des verwendeten Sinus-
gitters mit der normierten Frequenzvariabein s' durch die folgende Beziehung
verknipft

L = 15.14)

wobei /1 die Lichtwellenldnge und U die wirksame Blendenzahl bedeuten.
Die Grosse der normierten Queraberration setzt sich aus den verschiedenen
Anteilen der normierten Strahlaberration wie folgt zusammen

I'= f'cos ® -f- r\" sin ®. (5.15)

Diese Ndherung d. h. Vernachldssigung der hdheren Ableitungen aus GIl. 5.5
ist nur fur bestimmte Betrdge der einzelnen Aberrationskoeffizienten, die
sehr unterschiedlich ist und nur fur kleine Linienfrequenzen s' zuldssig.
Mehrere Autoren haben diese Né&herungen untersucht und man findet bei
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Mivamoro [19] eine zusammenfassende Darstellung. Diese Verfahren sind
z. B. von Lukosz [18], ZOLLNER, STUTTER und HAUsER [20 [ weiter ausgebaut
worden. Der Vorteil solcher Ndherungsmethoden besteht darin, dass man nicht
erst die Wellenaberration durch Integration aus der Strahlaberration gewin-
nen muss, da letztere (Strahlaberrationsbetrag &') direkt in das ﬂbertragungs-
integral eingeht und zusiitzlich das Integrationsglied uaabhingig von der
Frequenz wird. Natiirlich bedingt das fiir die Mittelpunktskoordinaten %, %7,
jedes Pupillenelementes eine geometrische Strahldurchrechnung zur Ermittlung
der Queraberration, dass fiir komplizierte optische Systeme mit 5—10 Linsen
auch mit Rechenautomaten cinen nicht geringen Rechenaufwand bedeutet. Die
in dieser Arbeit benutzte graphische Methode kommt dagegen mit einer sehr
viel geringeren Anzahl von Strahldurchrechnungen aus und ldsst durch die
normierte Aberrationskoeffizientendarstellung bereits eine Bewertung der
Bildgiite und Tabellierung der FUF zu. Will man dann noch die Pupillenele-
mente fiir die Integration als Rechenerleiterung dquidistant wiihlen, dann
wird man die Strahlen in der entsprechend aufgeteilten Eintrittspupille aus-
wiihlen und dieselbe anstatt der Austrittspupille auch als Integrations-
gebiet verwenden, denn eine gleich abstindige Aufteilung der Austritts-
pupille ist schwierig. Die Voraussetzung, die Eintrittspupille bei der Integration
gleich der Austrittspupille setzen zu diirfen, gilt aber nur, wenn die Pupillen
aberrationsfrei ineinander abgebildet werden und ist fiir die meisten Objektive
auch nur in Niherung erfiillt. Allerdings eignet sich die graphische Methode
zur Ermittlung der Wellenaberration fiir Rechenautomaten wenig, hat aber,
wie aufgezeigt, einige andere Vorteile und war auch urspriinglich nicht dafiir
bestimmt. Abschliessend sei festgestellt, dass bei Anwendung der geometrischen
Néherungsverfahren jeweils zu iiberpriifen ist, ob diese vereinfachten Annah-
men gerechtfertig sind. Ausserdem ist der rechnerische Aufwand nicht so viel
geringer wie gelegentlich behauptet wird. Das schliesst natiirlich nicht aus,
dass charakteristische Merkmale der Wellenaberration im Zusammenhang mit
der Ubertragungsfunktion auf die Strahlaberration iibertragen werden kén-
nen unter den obigen Voraussetzungen. Doch ist es besser, prinzipielle Uber-
legungen zunichst mit der Wellenaberration korrekt zu kliren, wie es in den
folgenden Beispielen durchgefiihrt werden soll.

Bild 8 zeigt im unteren Teil den Korrektionszustand und im oberen
die Ubertragungswerte fiir die giinstigste Einstellebene. Es handelt sich hier
um eine Versuchsrechnung eines Spezialobjektives, welches fiir Fernseh-
zwecke verwendet werden sollte. Die eingezeichnete Frequenzgrenze lisst sehr
schon erkennen, dass fiir das Fernsehen nur ein relativ kleiner Frequenzteil
benétigt wird [21], dieser jedoch optimal auskorrigiert sein muss. Die strich-
punktierte Kurve stellt zum Vergleich ein aberrationsfreies Objektiv der
gleichen Offnung dar. Im Bild 9 ist dagegen selbst fiir die giinstigste Einstell-
ebene diese Fernsehforderung nur schlecht erfiillt. Der Optikkonstrukteur
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weiss bereits aus der Erfahrung, dass tUberkorrigierte Objektive kontrastarm
sind. Hier ldsst sich aber ein quantitativer Vergleich anstellen. Man erkennt
diese Zusammenhé&nge auch am Verhéltnis der Aberrationskoeffizienten. Rit*
(Ri6 = W JW 60) in Verbindung mit der Toleranztheorie .[13]. Ein weiteres
Beispiel zeigt Bild 10 ebenfalls fur das axiale Gebiet. Es handelt sich um ein
Spezialobjektiv mit geringer Offnung und sehr kleinen Restfehlern. Hier macht
sich schon die Beugung sehr stark bemerkbar und geometrisch-optische Ndhe-
rungsrechnungen wirden in diesem Fall schon zu betrdchtlichen Fehlern
fuhren. Durch eine entsprechende Dehnung der Abszisse fir die Linien-

AP g/300

frequenz kann man sofort auf Systeme mit grisserer Offnung (z. B. £2= 2)
bei gleicher Korrektion Ubergehen.

Auch das ausseraxiale Gebiet wurde an praktischen Beispielen unter-
sucht und in Bild 11 ist fir ein Projektionssystem die FUF in komplexer
Darstellung aufgetragen. In diesem Zusammenhang sei nochmals kurz auf
Bild 7 eingegangen. Die Versuchsrechnung V 743 sollte auf Grund ihrer gunsti-
gen axialen Kontrastverhéltnisse (vgl. Bild 8) fur Fernsehzwecke Verwendung
finden, jedoch genilgten fir den Rand des Bildformats die Kontrastver-
héaltnisse nicht. Der tiefere Grund lag hierfiur in der negativen Komasumme
fiir den Bildwinkel @B — 7,75°. Durch Anderung der Konstruktionsparameter
ist es gelungen, die Komasumme (Ws + [IP5l) auch fiir den Rand des Fernseh-
formats positiv zu bekommen. Allerdings wurde wie aus der Tabelle zu entneh-
men ist, die axiale Bildqualitdt wenig verschlechtert, doch ist der Gewinn
im Kontrast fir die Randzone fir den ohnedies etwas schlechteren Sagit-
talschnitt gegenliber dem Meridionalschnitt erheblich (Bild 7].

An einigen Beispielen konnte auch experimentell, nachdem die Wellen-
aberration mit einem Interferometer nach Krug— Lau ermittelt wurde und
mit der Rechnung ubereinstimmte, die Kontrastibertragungsfunktion [7]
gemessen werden (Bild 12).
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Den Optikkonstrukteur interessieren aber in erster Linie die Berechnung
und Zusammenhédnge, wie man zu einer guten Bildqualitdit kommt und erst
in zweiter Linie die Bestatigung durch praktische Messung am ausgefiihrten
Typ, deshalb wurde auch in dieser Arbeit ausschliesslich die Berechnung der

Bild 11

FUF behandelt und das Experiment nur zur Bestatigung der Theorie heran-

gezogen.

Diese Beispiele mdgen genligen, um zu zeigen, dass mit Hilfe der FUF
speziell in der optischen Rechenpraxis mit dieser entwickelten Methode [22]
bereits einige quantitative Schlisse uber die Bildleistung von optischen

Systemen mdglich sind.
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O TEOPWUW U MPAKTWKE OMPELENEHWSA MEPELATOUYHOW ®YHKUUN
OMNTUNYECKWNX CUCTEM

B. PEMXEN
Pestome

KOopoTKO paccmMaTpuBarTCA BOMPOCbI ONTUYECKOV NepeAaaTOUYHOW Teopunm U paspabaTbl-
BaeTcsi MeTo4 ANA onpefeneHUs nepefaToyHOl (YHKLMWU 4YacTOTbl CUCTEMbI, 3afjaHHON B KOp-
peKunyM reoMeTpuyeckoil ONTUKMW. WCTONKYyeTCA 3HauyeHUe MepesaTovyHOW (YHKLUM YacToTbl
KakK NoAxoAsuieil Ansi ONTUYECKOr0 OTOGPaXXeHUsi U K KOPPEKLMU ONTUYECKOW CUCTEMBbI.

Abeppaumnn reoMeTpUYecKoin ONTUKN YPerynnupoBaHbl Ha BOCXO4HOe OTBEpPCTME M cymMMa
BO/MIHOBbIX abeppauuii onpeseneHa yepes rpaguyeckoe UHTerpupoBaHue. MepesaTouHol (yHK-
LuMeil 4acToTbl MNOKasblBaeTCH HECKONbKO XapaKTepUCTUUEeCKUX 3aBUCUMOCTElN pasnnMyHbIX
OWMNGBOK M306paKeHUss ONTUYECKMUX CUCTEM, B3ATbIX U3 MPakTUKW. [pu 3TOM OTAENbHOe 3Ha-
yeHue OyaeT nexaTb BHe akKcuanbHOl o6nacTu.
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MONOCRYSTALS OF Mn-PHTHALATE

By
Edmond Lendvay
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(Presented by G. Szigeti — Received 29. IX. 1964)

Investigation of luminescent Mn-phthalate monocrystals, prepared by diffusion grow-
ing method, was carried out. It was observed that the crystals have different morphology
and the crystals so grown are needles, platelets and twins.

1. Introduction

In the course of investigating the luminescent properties of Mn-salts
it is essential to take into consideration the physical and luminescent charac-
teristics of the Mn-phthalate. This compound shows a very intensive red
luminescence probably due to the excess of Mn-ions in the lattice. It is charac-
teristic for this emission that the temperature and the exciting wavelength
strongly influence the intensity and the shape of the spectrum [1]. Generally
at room temperature the intensity of the luminescence is much higher than
of other pure Mn-salts. The compound is of special interest, because the anion
in the lattice is organic and the interaction between the lattice and the activator
seems to be simpler than in the case of crystal phosphors.

The samples earlier investigated were microcrystalline powders. The
X-ray patterns show a definite crystal structure. A detailed study of them
made possible to determine the data of the unit cell. According to these
investigations the unit cellismonoclinic.The cell data are: a = 4,436 ~ 0,010 A
b= 13,690 + 0,020 A; ¢ = 5,720 + 0,002 A; R = 108°27' + 10' [2].

As the investigation of microcrystalline materials is not sufficient in
many respects, we prepared single crystals for the further experiments. The
present paper deals with the problem of the preparation of Mn-phthalate
crystals and their properties.

2. Growth method

The problem of the preparation of Mn-phthalate is complicated by the
fact that the compound is practically insoluble in solvents, and decomposes
without melt. Its vapor pressure before its decomposition is practically
negligible, and the resistivity against acidic and basical reagents is low. All
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these mean that the usual crystal growth methods are unsuccessful for the
preparation of the single crystals of Mn-phthalate. The only method for pro-
ducing single crystals is the diffusion growth method, which was applied
first by Johnston and Frenelicjs for the preparation of sparingly soluble
crystals [3, 4].

In our experiments this method of crystal growth was used. The ground
materials were K-phthalate and different Mn-salts (e.g. MnCIl2, Mn-acetate,
etc.). The saturated solutions of the mentioned compounds were put separately
into cylindrical vessels of 7,0 cm in length. First both “ion source” vessels
were immersed into a bath of distilled water, and then the disposing of the

Fig. 1. Mn-phthalate crystals developed by the diffusion crystal growth method

saturated solutions into the cylindrical vessels was carefully done. The distance
between the two vessels was 0,5 cm. As the formation of Mn-phthalate takes
place only above 70°C, during the diffusion growth process the whole crystal-
lisator was in a Hopler ultrathermostat at 80°C. For the prevention of the
strong vaporisation of solvent, the water surface in the crystallisator was
covered by paraffin oil. At the mentioned temperature the diffusion rate of
reactants was sufficient, and after 3 days pink Mn-phthalate crystals with
different sizes developed between the vessels and on the top of the cylinder
containing the K-phthalate. In Fig 1 such a characteristic Mn-phthalate crystal
group is shown. This group was formed after 4 days. The length of certain
needles in the group reaches 4,0—6,0 mm with thickness of ~ 0,1 mm. Among
the crystals one can find not only needles, but other types of crystals, too.
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3. Different types of crystals

During the diffusion process and reaction at 80°C in water different
types of crystals develop. Generally these crystals are needles or platelets.
The needles usually appear in branches as it is well observable in Fig. 1.
The microphotograph of such a branch is shown in Fig. 2. Sometimes interesting
platelike crystals appear together with a needle-branch. These crystals develop
at the end point of the needle-branch where the growth of the needles began.
In some cases the symmetrical distribution of these platelets can be observed
in a definite plane on both sides of the branch. This situation is shown in Fig.
3/a. In a very usual case the platelike crystals develop only on one side of the

%

Fig. 2. Mn-phthalate needles. The length of certain crystals reaches 4—6 mm
with a thickness of 0,1 mm

branch. All of these crystals lie in the same plane without any twist around
the branch axes, similarly to the type of distribution mentioned before. A very
interesting growth feature consists of needles and platelets of the mentioned
type. In this latter case the crystal group contains only a few short needles
but the mentioned thin platelike crystals appear in a great number. In the
group the arrangement of platelets is very similar to that of Fig. 3/a, but
certain platelike crystals partly overlap on both sides of the branch. (See
Fig. 3/b.) It seems possible that in the latter case there is a connection between
the high density of platelike crystals and the moderate development of needles
but the verification of this requires a further detailed study of the growth
process.

Corresponding to the monoclinic structure all types of Mn-phthalate
crystals show a very strong birefringence in polarized light. Between crossed
nicois at a suitable orientation of crystals the needles are homogeneously
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extinguished or illuminated. The platelike crystals behave similarly, but the
phenomenon is not homogeneous. In Fig. 4 a big, but thin platelet is shown
in polarized light. From Fig. 4 and from Fig. 3 (both of which were photo-
graphed in polarized light) it can be determined that these crystals are twins.
These tw’ns show the abnormal interference colours characteristic of a mono-

Fig. 3.a — Mn-phthalate needle-branch with shield—shaped thin twin crystals in sym-
metrical distribution on both sides of the branch; b — Characteristic thin twinplatelets
and repeated twins overlapping each other

Fig. 4. Big, thin twin in polarized light. The plane ofthe plate corresponds to the <010>-
plane. The twin plane is the <100>plane

clinic system in polarized light when the crystal is lying on its <(olo)> face.
In this case the b-axis is normal to the face, and certain parts of the crystal
are reddish for one setting of the polarizers and bluish when the polarizers
are turned [5]. This is not possible for monoclinic crystals lying on any face
parallel to the b-axis.
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The mentioned facts mean that the c-axis of the crystal lies in the plane
of the platelets and parallel to its long edges. Furthermore, the twin-plane
corresponds to the <(100/ plane, and all the optical and other properties are
related to each other by this plane of symmetry. In the Figures it is easily

Fig. 5. Thick, twinned Mn-phthalate crystal in polarized light. One wing is completely
extinguished, the other is illuminated

Fig. 6. Characteristic Mn-phthalate platelike crystal in polarized light

visible that the two wings incline to the c-axis with an angle of approximately
41°. These observations are also valid for another type oftwinned crystals of Mn-
phthalate. These crystals have not so perfect a morphology as the mentioned,
but they are larger and thicker than that of the previous twins. In Fig. 5
such a characteristic, thick twinned crystal is shown in polarized light. In the
left lower corner of the picture some small twins of the previous type are also
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visible, therefore the comparison is very easy. In the Figure one wing of the
twin is completely extinguished, but on the other wing the strong striations
on the surface are observable. During a complete revolution the middle part
of the crystal may not extinguish at any position of the polarizers. It means
that the differently oriented wings overlap and this leads to confusing effects
In the left upper corner of the Figure a normal, untwinned plate can be seen.
This type of crystal is also common. In Fig. 6 a characteristic, untwinned
platelike crystal is shown. The morphology of it is almost entirely similar
to the twinned crystal in Fig. 5

All these crystals are large enough for physical investigations. They
exhibit a brilliant red luminescence, if we excite them with a HP mercury lamp,
but on irradiation with 265 or 254 nm mercury line the crystals do not show
luminescence. The intensity of lighting is higher than that of powders.
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MOHOKPUCTA/JIbl ®TATATA Mn

3. NEHABAMW
Pesome

MpoBoAMNMCbL WCCNefOBaHUSA NIOMUHECLEHLUN MOHOKpucTannoB Tanata Mn, nony-
YeHHbIX AUGGHY3MOHHBIM MeTOAOM BblpawuBaHus. B Xxopje uccnefoBaHWA BbISBAANOCH, YTO
KpUcTannbl UMET pasMyHyto Mopdonoruio. MonyyeHHble AaHHbIM MeTOAOM KpucTanfbl ABS-
I0TCA Wronb4vaTbiMU, NNACTUHYATBIMU U [BONHbLIMU.
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Let u(t) and v(t) be Hilbert transforms of each other so that we have
the relations

Wy = J v dx i_p T »(*)dx

v(t) =

X — t © n J x -t (1)
Further, let g and p be defined by

u(t) (2)

We shall show that (1) implies certain relations between q and p, which are
similar to the partial differential equations of Hamilton’s canonical form of
the equations of motion

dq 3H , dp oH 1%4)
- I
dt dp dt dq

where H is a suitable function of g and p.

Clearly, g= ®(1), p = v(t), so that q and p are certain functions of t.
Inversely, there exist functions % and J1 such that

= x(9) (4a)
L= A(p). (4b)

If the inverse relations are not single valued, we can still obtain an H. Of
course it will not be unique as can be realised from (9).
Let us put

qg+=0(xa), pzx=y>(xa). ()

The first relation of (1) gives us after substitution of the values of u(t) and
v(t) as given in (2)
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P.
dq JLp ldp/dxdx _ 1 p T dp M(t) =
dt n J x—t n J n() —t n
P (6)
P
— M {N =— (= M{p) dP
- {n(p)} dpu(}1 {Nen

here use has been made of the relation (4b) twice and M(t) has been written
P+

d
for P P in the above deduction.
N(p) —t
* d
Similarly, we shall use (4a) and substitute N(t) forP  -—--—-- q ------- lo
J x(q) —t
_ _ Q-
show that the second relation of (1) gives
dp 1 f dgjdxdx 1~ dq
dt n X —t 7L ’ x{q) .
= (?)
SN {t) = = Nx(a)} - N {x(q")}dg’
q 7
Let
P A
H = j— M {A(p)}dp’ + 5 — N {*(?)}dq"; (8)
n n

with H thus chosen (6) and (7) can be written in the form (3) as required.
9+

. dp dq
Recalling that M(t) = P and =pl
A(P) x{q) —t

9+
dp" dg”
npry-npny er 1 x(97)-x(q") ©

(9) then shows the existence of an H.
Thanks are due to Professor D. Basu, Ph. D., (Dublin) for valuable
comments and encouragement.

have from (8)

q pe

p-
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Based mainly on the work of Euntis [1] and Siatis [2] the permanent-
magnet beta-ray spectrograph has become one of the fundamental instruments
of nuclear spectroscopy. As is well known, these spectrographs operate on the
classical principle of semicircular focusing in a homogeneous magnetostatic
field. Recently, this type of instrument developed especially in two directions:
in order to obtain high resolving power, large beta-ray spectrographs (gmax :
40—50 cms) were introduced [3], whereas Si1atis [4] built a set of spectro-
graphs, which was soon followed by others.*

At this Institute a large special permanent-magnet beta-ray spectro-
graph, the so-called Band Spectrograph [5] was constructed, the maximum
curvature radius of which is 75 cms. The spectrograph is half-ring shaped.
The width of the operating band is 15 cms. This makes measurements in
the range from gmin = 60 to gmax. = 75 cms possible. The length of the air
gap is 4 cms. The adjustment of the Band Spectrograph is now in progress.

In the course of the construction of the Band Spectrograph it became
also necessary to build a small conventional permanent-magnet beta-ray
spectrograph. This instrument, the so-called Spectrograph Baby [6] plays an
important role not only in connection with some construction problems, but
also as an essential supplement to the Band Spectrograph in research work.
As a matter of fact, the two spectrographs together form one operative unit.
The maximum g ofthe Spectrograph Baby is 7,5 cms. The area of the pole-
pieces is 13 X 18 cm2and the air gap is 2,5 cms long. The yoke is U-shaped.

In both spectrographs the pole-pieces serve as the upper and lower
walls of the vacuum chambers of the horizontal state. (Here the source- and
film-holders, in which the entrance slit and the film are in the same plane,
are mounted.) The magnetic fields of the instruments are excited by small
permanent-magnet prisms, which are mounted directly on the upper pole-
piece and surrounded by a common magnetizing coil. The opposite ends of
the prisms fit into the upper part of the yoke. The material of the pole-pieces

* E. ¢g. at the Centre of Nuclear Spectroscopy, Orsay (France) and at California Uni-
versity, Berkeley (USA)
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is softiron “Fermax” (made by the Hungarian firm “Csepel Vas- és Fémm(ivek”
in Budapest) and the yokes are made of ordinary soft iron. The permanent-
magnet pieces are made of “Alnico—5”** steel (of a size of 13 X 33 X 37
mm3 in the Band Spectrograph and 13 X 33 X 37,5 mm3 in the Spectro-
graph Baby). At present, 50 of these pieces are being built into the larger
spectrograph and 10 into the smaller one.

Fig. 1. Magnetic characteristic curves of the Band-Spectrograph (o) and the Spectrograph
Baby (¢). The points indicated are the averages of several independent measurements

In permanent-magnet beta-ray spectrographs is is also necessary to
change the intensity of the magnetic field. By si1atis’ magnetization procedure
[4] one can produce magnetic fields constant in time both in spectrograph
sets and in single spectrographs. The quick setting of different values of the
constant magnetic field is especially important in our case, where the operating
band of the spectrograph includes different energy ranges depending on the
intensity ofthe magnetic field in the air gap. The changing ofthe magnetization
state of the permanent magnets, and thus the setting of the whole magnetic

** Made by the Hungarian firm *“Kdébanyai Vas- és Acélént6dé” (Budapest).
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circuit of the spectrograph takes place by the coil surrounding the permanent
magnet prisms. To solve the whole problem quantitatively it is necessary to
know a unique relation between the remanent magnetic field intensity in
the air gap after magnetization with a certain current in the coil, and the
intensity of the magnetizing current. This relation is called the magnetic
characteristic curve of beta-ray spectrographs of permanent-magnet type [1].

The theoretical deduction of the characteristic curve is too difficult a
task. Thus, we determined it experimentally by measuring the remanent
magnetism in the air-gap as a function of the magnetizing current (after
switching off the current). The uniqueness and applicability of the function
are assured by degaussing after every measurement of the remanence. It is
to be noted here that the characteristic curve concerned is evidently not
identical with the magnetization curve of the spectrograph [I].

In Fig. 1. the characteristic curves of the Band Spectrograph and the
Spectrograph Baby can be seen. The intensity of the magnetic field in the
air-gap was measured by a test coil connected to a fluxmeter. The coil was
calibrated in the Spectrograph Baby by means of the well-known conversion
lines of the Th (B -j- C C"). The degaussing was carried out in the case
ofthe Band Spectrograph by direct current and in the case of the Spectrograph
Baby by alternating current.

In practice, of course, the inverse of the magnetic characteristic curve
is to be used and even the energy characteristic curve [6] can be obtained
from the magnetic one in a simple way.
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recensiones

Miltton Kerker

Electromagnetic Scattering

International Series of Monographs on Electromagnetic W ares Vol. 5,
Oxford —London—NewYork—Paris,

The volume gives a collection of papers
presented at the Interdisciplinary Conference
on Electromagnetic Scattering (ICES) held
at Clarkson College of Technology, Potsdam
N. Y. August 1962. As Milton Kerker, the
Editor of these proceedings, points out in the
Preface the six sections of the book correspond
to the six scientific sessions of the conference:
(the chairmen are shown in parentheses)
1. Particle Scattering (H. C. van de Hulst),
2. Light Scattering in the Atmosphere and
Space (P. Swings), 3. Microwave and Radio-
wave Scattering in the Atmosphere (J.
Stewart Marschall),, 4. Light Scattering
in Solution (Peter Debye), 5. Interaction
in Solids and Liquids (Victor K. la Mer),

6. Multiple Scattering (Victor Twersky).
The Preface is followed by a short
Introduction by Professor van de Hulst,

outlining the purpose and the spirit of this
meeting “The problem of ‘keeping in touch’
with developments in related fields becomes
really bewildering” — he says. “In this
situation great benefit can be derived from
a meeting of experts in widely varying fields
on what seems to he common ground, an
interdisciplinary conference.” “The Inter-
disciplinary Conference on Electromagnetic
Scattering set a fine example of such mutual
inspiration accross widely different fields of
specialisation™.

As for the subjects treated in the con-
ference and this volume: about one-third of
the program was devoted to the scattering
properties of single particles while the other
end of the scale of problems was formed by
multiple scattering. Between these limits are
treated the problems in which the distinction
of individual scattering particles in the

medium is itself not an easy question.
Part 1 contains papers on “Particle
Scattering”. J. B. Keller and B. R. Levy

report on “Scattering of Short Waves”, P. J.
Wyatt on “Light Scattering from Objects
with Spherical Symmetry” and S.
and M. Kerker on “Scattering of Electro-
magnetic Waves from Two Concentric

Levine

Pergamon Press,
1963, 592 pages, L 7 net
Spheres, when Outer Shell has a Variable

Refractive Index”. Y. Ikeda gives an
“Extension of the Rayleigh-Gans Theory”,
W. A. Farone, M. Kerker and E. Matije-
VIO discuss “Scattering by Infinite Cylinders
at Perpendicular Incidence”. R.
deals with “Scattering Diagrams in the Mie
Region”, J. R. Hodkinson with “Light
Scattering and Extinction by Irregular
Particles larger than the W avelength” and
W. Hetter with “Theoretical and Experi-
mental Investigation of the Light Scattering
of Colloidal Spheres”.

Part 2 entitled “Light Scattering in the
Atmosphere and Space” contains J. M.
Greenberg, A. C. Lind, R. T. Wang and
L. F. Libelo‘s paper on “The Polarisation
of Starlight by Oriented Nonspherical Part-
icles”, M. F. Ingham’s paper on “Scattering
by Interplanetary and Cislunar Dust Part-

Penndorf

icles”. Further B. Donn and R. S. Powell
deal with “Angular Scattering from Irregu-
larly shaped Particles with Application to

Astronomy”, P. Swings with “Scattering by
Cometary Particles”. “Scattering and Polari-
sation Properties of Polydispersed Suspen-
sions with Partial Absorption” is treated by
D. Deirmendijian, “Mie Scattering of an
Atmospheric Air Volume” by K. Bullrich
and “Rayleigh Scattering and Polarization
in the Atmosphere” by T. Gehrels.

Part 3 on “Microwave and Radiowave
Scattering in the Atmosphere” contains the
following papers: “Back-Scatter by Dielectric
Spheres with and without Metal Caps” by
D. Attas and M. Glover, “Surface Waves
Associated with the Back-Scattering of
Microwave Radiation by Large Ice Spheres”
by J. R. “Calculations of
the Total Attenuation and Angular Scatter
of Ice Spheres” by B. M. Herman and L. J.

Probert-Jones,

Battan, “The Role of Radio Wave Scat-
tering in the Study of Atmospheric Micro-
structure” by R. Bolgiano Jr. and “At-

mospheric Scatter Reflection Phenomena in
Radio W ave Propagation” by A. Spizzichino
and J. Voge.
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“Light Scattering in Solution” is treated
in Part 4 in various conditions: by dilute
solution of high polymers, by nonideal
solutions, by electrolyte solutions containing
charged colloidal particles, by non-Gaussian
macromolecular coils and by soap films in
the respective papers of H. Benoit, D.
Stigter, J. Th. G. Overbeek, A. Vrij, H.
F. Huisman, A. Peterun and A. Vrij. The
rest of this Part is concerned with “The
Application of Light Scattering and Small-
Angle X-Ray Scattering to Interacting Bio-
logical Systems” (S. N. Timasheff) and
“Light Scattering Studies on Monodisperse

Silver Bromide Sols” (D. H. Napper and
R. H. Ottewill).
Part 5 is entitled “Interaction in Solids

and Liquids”, where P. Debye’s article on
“Light Scattering and Molecular Forces” is
followed by “Scattering of Electromagnetic
Radiation as a Tool for Investigating Critical
Phenomena (The Low-Angle X-Ray Scat-
tering of the Nitrobenzene-n-Heptane Sys-
tem in the Critical Region)” by H. Brum-
berger and W. C. Farrar, “Optical Ex-
tinction by Metal Precipitates in Semi-
conductors and Insulators” by B. R. Gos-
siCK, “The Scattering of Light by Hetero-
geneities in Crystalline Polymeric Solids” by
R. S. Stein, “Absolute Intensity of Small
Angle X-Ray Scattering in Solid High Poly-
mer Research” by O. Kratky and finally
“Light Scattering from Elastic Strains” by
M. Goldstein.

The last partofthe book, Part 6, is devoted
to Multiple Scattering. C. C. Grosjean
reports on “Recent Progress in the Develop-
ment of a New Approximate General Theory
of Multiple Scattering”. A paper by C. M.

J. Thewlis

RECENSIONES

Chu, S. W. Churchitt and S. C. Pang
considers “A Variable-Order Diffusion-Type
Approximation for Multiple Scattering”.
“Multiple Scattering of Waves” is treated
in “Dense Distributions of Large Tenuous
Scatterers” by V. Twersky and in “Media
with Anisotropic Scattering” by Z. Sekera.
T. W. MULLIKIN deals with “Uniqueness
Problems in the Mathematics of Multiple
Scattering”, C. M. Chu, J. A. Leacock,
J. C. Chen and S. W. Churchill with
“Numerical Solutions for Multiple, Aniso-
tropic Scattering.” The book concludes with
H. C.van de Hulst’s “Remarks on Multiple
Scattering”.

The above list of papers may show quite
clearly that the volume gives valuable in-
formation in a very wide field of science. Its
interdisciplinary character makes it in some
respects more inspirative than the wusual
proceedings of other, much more conventional
symposia. The book is not a Treatise on
Electromagnetic Scattering, its aim being
to give a collection of interesting and inspir-

ative individual contributions in this field,
where the common denominator is the
electromagnetic scattering. It can be used

to advantage primarily by research workers,
but it may also be of value for the beginners
and students who may even obtain some
general perspectives of the entire field.

Credit is due to Milton for
careful editing. The book was published as
Volume 5 of the International Series of
Monographs on Electromagnetic Waves by
Pergamon Press at the usual high standard
of this Publisher.

Kerker

J. Antal

(Harwell)

Encyclopaedic Dictionary of Physics

Vol. 6, Pergamon Press, Oxford,

The volume contains 883 pages in large
octave form. The preparatory committee
of the complete work included more than
150 famous personalities. The number of
contributors to this volume was approximat-
ely 400. The title words of volume 6 begin
with “Radiation, continuous” and end with
the expression “Stellar luminosity”.

As regards its dimensions this book is
almost equivalent to large handbooks, yet
its vocabulary character makes everything
in it easily accessible. Young researchers may
even use it as a textbook, if one has patience
to look up for the title words following each
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other. Thus e. g. the words of radioactivity
occupy approximately 140 pages. The text
of each title word is immediately followed
by the literature of the subject.

Title words are given as commonly used
in the English speaking countries. Thus it
may occur that e. g. instead of the expression
“screw dislocations” one finds “screw dis-
placements”. The reader has to try to find
a corresponding synonim, if any word seems
to be missing.

References are ample and well selected,
yet e. ¢g. under the title word “Schlieren”
reference is missing to Schardin’s detailed
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article in the Ergebnisse der exakten Natur-
wissenschaften, 20, 303—439, 1942, where
all aspects of the phenomenon are treated.

Naturally, it is impossible to avoid some
printer’s errors. Thus e. g. on page 198 under
the title word Rate Process H act= activa-
tion energy should probably be replaced by

A 77act = activation energy and accordingly
Sact = should read A Ssci = activation ent-
ropy;

Similarly, it should be mentioned that
on page 223 the title word Recombination
should include, in addition to the positive
ion as electron capturing place, the positive
hole, also as electron capturing place.

On page 537 under the title word Solenoid
it would be desirable to give the formula
of the magnetic field intensity appearing
inside the coil.

On page 637 the title word Specific
Resistance is said to increase in general with
temperature. It could perhaps be mentioned
that this assertion is in general valid for
metals, but the case is just the opposite for
semiconductors.

Such small deficiencies, which may cause

difficulties for the young physicists, ought
to he corrected.

The book gives a precise historic back-
ground of concepts of major importance,
which is useful in many cases. References
to related fields are carefully selected, thus
particularly to biology and biophysics, an

important advantage regarding the rapid
development of physics in our days. As a
whole the book is equally useful for the

researcher and the applied physicist.

The layout, printing, figures and tables
are all exemplary.

This book can be used by all who have
already acquainted themselves with the
fundamentals of experimental and theoretical
physics. However, certain self-discipline is
required of the reader to look up for the
precise definition of any concept with which
he may not be familiar. Doing so for years
one may obtain precise information on many
subjects at the expense of a comparatively
small amount of work. It is, however, neces-
sary that the reader has access to all volumes
of the Dictionary.

Z. Gyulai

R. K. Wangsness

Introduction to Theoretical Physics (Classical Mechanics and Electrodynamics)

John Wiley and Sons Inc., New York and London 1963. Pp X 413

This textbook will be found useful by
anybody who wants to learn theoretical
physics, and in particular by those who

want to work in the field of quantum mecha-
nics. The book requires only the knowledge
of the very elements of experimental physics
and of differential and integral calculus, and
although its style always remains easy-to-
read and clear, it gradually digs deeper not
only into physics but also into mathem atics,
providing thereby an excellent starting point
for further studies. Care has been taken

g*

throughout the book to teach not only the
subject-matter itself, but also the physical
way of thinking.

The book consists of three main parts:
Mechanics, Electrodynamics and Interactions
of Electromagnetic Fields and M atter. These
parts deal not only with the basic laws,
but discuss also many applications in detail,
in particular those which may be important
for the study of quantum mechanics.

T. Szondy

Acta Physc. Hung. ToT. XV IIIl. Fasc. 3.
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NOTES ON THE QUANTUM-MECHANICAL DISCUSSION
OF THE GIBBS PARADOX

By
Gy. Fay
DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST*

(Presented by I. Kovacs. — Received 3. 111. 1964)

Starting from the deductive development of quantum theory as worked out by N eum ann
and making use of the quantum-theoretical propositional calculus it will be shown that the quan-
tum theoretical entropy of any physical property increases if the property is replaced by a logi-
cally weaker one.

Introduction

It has been the recognition that the entropy is an information-theoretical
concept, i. e. that its value depends on the conditions under which the
given thermodynamical system is investigated, that led to the resolution
of the thermodynamical Gibbs paradox1 [1]. More strictly speaking: one can
assign to a thermodynamical system such properties, which, although unim-
portant concerning its macroscopical behaviour, may affect the value of its
entropy. L. SzitAbd [2] made the first quantitative investigations concerning
the change of the entropy of a system due to some external action origin-
ating in the knowledge of certain microscopical properties of it.

Before exposing the aims ofthe paper let us formulate the Gibbs paradox
in general.

Let us consider two samples of gases isolated by a wall. Let the state
of the gases be determined by their pressures (P1?P2), their volumes (Vt =
= V2— V) and the numbers of their molecules (Nv N.2. If the system
1+ 2 is thermally homogeneous it has entropy the value of which is

s= S+ s2.
Let us remove now the wall and let us consider the thermodynamical system
obtained in this way. Let the entropy of the new system be S12 Then it fol-

lows from thermodynamics that

* Present address: Department of Physics, Technical University for Heavy Industry,
Miskolc, Hungary.
1

In the paper [1] Fenyes has completely resolved the cinbs paradox. The present

paper actually does not deal with the thermodynamical cinbns paradox, but it gives a more
general discussion of a property of the entropy recognized in the course of investigating the
Gibbs paradox.

| Acta Phys. Hung. ToT. XVIIIl. Fasc. 4.



274 GY. FAY
as= S2- (S, + S > 0.

This change AS of the entropy does not vanish even if the systems 1 and 2
are “completely equivalent” meaning by this, that they are thermodyna-
mically equivalent, i.e. the observables (P, V, N) describing their state and
their equations of state are identical. This latter means in the case of ideal
gases that their molecular weights are the same. As we could have devided
the system 1+ 2 by the wall purely mentally, it appears paradoxical that
this purely mental action can change the entropy.2

This purely mental dividing means, however, that while we assigned
to every molecule of the system 1+ 2 (without wall) the property that it
can move in the volume 2V, the volume available for any molecule of the
system 1+ 2 (with wall) is only V.3 This can also be formulated so that the
mental removing of the wall is equivalent to replacing a certain property
of the molecules (subsystems)4 comprising the gas (the thermodynamical
system) by a consequence of it.

Naturally phenomenological thermodynamics cannot make statements
concerning such “F” and “2F” type properties of molecules (more generally:
subsystems) making up a thermodynamical system, since of the “proper-
ties” of the molecules (meant in a general sense) only their number N enters
explicitly.5

Consequently, this problem must be investigated in the framework of
a theory which explicitly investigates the properties of the subsystems
of a physical system. Our aim is evidently to show: Whenever a property
of a system is replaced by a (weaker) consequence of it, the entropy of the system
increases. The theory which makes possible such investigations is the quantum
heory.6

2. The macroentropy of quantum-mechanical ensembles

Let us consider a quantum-mechanical ensemble with the statistical
operator U, and let us investigate how a macroscopical observer can char-
acterize it. His procedure is always the following: he considers some property
g and measures the probability with which occurs in the ensemble. Besides,

2Natura|ly only if we assume that the state of the system is uniquely determined
by its pressure P, and its volume 2 V. In this case the system is not changed by mentally devid-
ing it by a wall, as we do not take notice of the fact that the gas is made up of molecules.
The paradox lies in the fact that if we take into account also the mixing of the gas caused
by the removing of the wall, that is, if we take into account that the original system (P, V) =

(/. 1) has been converted into the system (P, 21) :-(P, 2v), the entropy of the latter

system will differ from the entropy of the former one.

3Thus here we already abandoned the phenomenological attitude.

AThese are already not thermodynamical systems.

50r not even this, in more restricted considerations (cf.2).

6D etailed guantitative investigations concerning properties of physical systems have
been carried out by Neumann ([3], Chapter Ill. p. 5., and Chapter 1Y. p. 3.).

Alti Phys. Hung. ToT. XVIIIl. Fasc. 4.
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however, he inevitably measures also the complementary property £x
Namely, by stating that the property £xisnotpresent in some system picked
out at random, he shows at the same time that the property (“not £r”)
is present. Denoting £xby £2 the method of measuring of the macroscopical
observer interested only in one property can be characterized by the operators
Ex and E2 which belong to the properties £x and £2 and which satisfy the
relations
Ex+ E2= 1,

Ere«E2= 0.
Let us assume now that the observer wants to obtain information

about the properties £x, £2, £3, ..., eN. Similarly as previously it follows also
in this case, that

(1)
-1

We shall show, however, that also the “orthogonality relations”

Er Ek= 0 (rdok) (2)
can always be fulfilled in the sense that iftheset ExE2 E3 ..., Eyu = {F}
is not orthogonal but is “complete”, i.e. it satisfies (1), one can always assign
in a unique way to the set {Ejs} (i= 1,2,3,...,N) aset {Fn} (n = 1, 2, 3,

... M = 2) for which the orthogonality relations

F,-Fk=0 (i=f=k) 29
hold.
This set {Fn} can be constructed in the following way. Let us recast
the operator Ef by making use of the fact, that forevery k (k = 1,2,3,.. ., N)
1 = Ek+ (1 — EK).
Thus

Ei= 1.1.1 .. 1.Ei:.1...1=[Ey+ 1—£,)] «[E, + (1- E2].
oL [E P+ @2- £,_)] -Ei... [En+ (1- En)]. 3)
In order to simplify the expression let us introduce the notation'

Ek= Et, 1— Ek= EK (k= 1,2,3, ... N).

7 These symbols have been used by Neumann [3], pp. 217—S8.

I* Acta Phys. Hung. ToT. XV IIIl. Fase. I.
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Let us denote the symbols -j-, — collectively by — f- or sk= —,
and these symbols can occur in the k'th factor of the following expression
obtained from (3) in a straightforward manner

Et= X1 Ej (si= +)+ 4)
*=% 7=i

The summation must be extended to every possible combination of the sym-
bols -f- and —, keeping thereby s-= -)-« Let us denote the n’th term on the
right hand side of (4) by E,. The number of the E,’s is evidently equal to
2N, the number of ways in which the symbols - and — can be distributed
over N factors. Evidently also zeros can occur among the Fns. Now it is
easily verified that the E,’s satisfy the orthogonality relations (2'). Namely,
if i ==k, the only difference between EF and F” can be that there exists
a subscript m with the property that while in the m’tli factor of E-
Emor Em stands, in the m’th factor of F\ Em or Em stands, respectively.

However, as
Em-Em= Em-Em” 0, (5)

(2") can be satisfied by means of (3). Here we made use of the fact that the Efs
commute, which means that the macrosopical properties et can he measured
simultaneously. This is just a consequence of the macroscopical character of
these properties. Naturally by (1)

Consequently, we can say that the method of measuring of the macro-
scopical observer can be characterized by the set {E-} of operators satisfying
the conditions (1) and (2). Such sets will be called in the following normalized.
Consequently, the normalized set {E,} determines completely the probability
distribution e- of the mixture having the statistical operator U

e-= Trace EE; , (6)
and by (1) for such e,’s

=z

2 et= 1 (7

Thus it is essentially this discrete probability distribution that char-

acterizes the view-points of the macroscopical observer. As to the gauge of

the tincertainty in the value of the probability variable et — which is cha-

racteristic of the methods of the observer — it is suitable to choose the mathe-
matical entropy of the distribution e-

Acta Phys. Hung. ToT. XVIIIl. Fasc. 4.
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Entr (S)= —K  e-loge,-, (8)
i=i

(K> 0,constant).

There remains the question, how the entropy (8) belonging to the set
{Ej} can be compared with the entropy of the set {Ej}' obtained from the set
{Ej} by replacing the j’th property by aconsequence of it belonging to the
projection operator E}; that is, replacing Ej by such an E} for which

Ej «Ej = Ej. €

This problem will be investigated in the next section.

3. The replacement of the inacroscopical property

Let us now consider the case when the macroscopical observer wants
to obtain information about the ensemble with the statistical operator U8
in such a way that instead of investigating the j’th properly £e¢he investigates
the weaker property €j. This method of observation can be represented instead
of the set {r-} by a set {c,-},the difference between {e,} and {e} being that
the j’th property e-in {e} is replaced by a consequence €] of it. Evidently
the set {Ej}’ of projection operators belonging to {e,}' will no longer have the
properties (2.1) and (2.2), i.e. it will not be normalized. Thus although we can
formally define the entropy of the corresponding set of probablities {e,},
{e,} is no longer a probability distribution and consequently the expression

N
—EE£ eloge = K (ellog + e, loge2+ ...+ e)logej+ ...+ eNlogeN)
i=i
€j= Trace UE]

cannot be regarded as entropy and there is no reason for comparing it with

the original expression

N
— K J?¢loge-.

=1

Consequently, the set {Ej}' must be orthogonalized and must be com-
pleted, i.e. by a procedure similar to that carried out in Section 2 a set {En}
must be assigned to it in a unique way for which

8This is naturally possible, as U does not depend on the £,’s.

Acta Phys. Hung. ToT. XVIIIl. Fasc. 4.



273 GY. FAY

M
2 pn=1 @ = 2")° ()
n=1

E, «Fk=0 (1 k). (2)

The entropy can be constructed only for this normalized set {E,} by the
definition

Entr' (S) = K ~V/,log/;,,
(=1

where
fn = Trace UFn.

This will essentially be the entropy to be compared with Entr (S) and for
which we shall show10 that

Entr’ (S) > Entr (S).

In order to do this, let us normalize the set {E-}. Let us begin with
the orthogonalization. Be

Et= y Eb'sEQmER.. Et...Ef (i =f5)), ©)
while for the case i = j
Ej= JVv __Ej-Ej*...Ej...Es~.
Denoting the expression to be summed by Fn (n= 1,2,3,.. M — 2N)

we have obtained the set {En} which is the orthogonalization of the set {E,}"
This set {E,} can, however, be simplified by taking into account that the set
{E.,} is normalized. Let us therefore introduce the notation

F(sh,sj) = En Ez . meE/,_j Eff'Eh+j ... Ey_i Ej1Ej+1leesE g JEM
E (Vi?Sjyst) = E\ 22 em E[_IE-{EM+1. . . EftLJEAE/T+i se«Ej_\EjEj+i . ..
eeeEAr _jEN, (4)

*oh hol:e
2

9we should essentially write m = 2N -f- 1, where FM = 1 — _V’ Fn, but we shall
n=1
see that this makes no essential difference.
Dwith the difference that the summation should be extended from 1 to 2N + 1,
where/2/+1 = 1 — £ fn, hut the statement for this case is a consequence of the statement (3).

Acta Phys. Hung. ToT. XVIII. Fasc. 4.
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It can be verified that the E,’s of all the other types are zero, as if — apart

from the j’th factor — at least two -f- signs occur, the operator product is
zero because of the orthogonality of the set {EJ.11&Thus if §-= —,
1" h h i

F (+5 sji +) = 0. (5)

This simplification of the set {Fn}can be expressed also in the form

E.= VF(-,+,+)+f(-,-,-f) (ij=)). (6)

h¥=i

We shall also need the relation
Ej=F (-, +) (7)

corresponding to the case i = ]'ml2-13 This may be proved as follows.
According to the definition

F(-,+)= Ff. .Ej.. .Eh=EjJ[ EF= Ej//I(1 - EJ,

where use has been made of the fact that E commutes with the EJs.14 Thus
it is sufficient to show that

It 1 EJ=Ej, (73

i*i

as in this case by Ej «Ey = Ej «Ey = Ey the relation (7) follows immediately.

(7J expresses, however, a self-evident fact if we formulate it in terms
of the decisions {ej belonging to the normalized set {EJ. The corresponding
statement for the gjs is

£j= e1&e2&. .. &6&j-i &sj+1 & . .&SN. (7'

This is, however, certainly true, as any of the properties e, e.g. e, means that
neither nor s2nor any of the e,’s different from e, is present. One of the
ejs must namely be present inevitably.

iy, aking use of the fact that the Efs commute among themselves and they also com-
mute with Ej. Namely if Ej commutes with Ej and Ej commutes with Ej, because of the
transitivity of the commutabilities (cf. [3], p. 92.) also the Efs commute with Ej: The corn-
mutability of Ej and Ejfollows from the fact that Ej « Ej isahermitian operator (cf. [3],p. 51.).

Prhis is, naturally, independent of h, as in F (—, +) apart from the j’th term the
symbol — stands in every term.

B express my thanks to my colleague R. TOROS for the sim plification of this proof.

Hcr. footnote 11.
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Finally, we shall need also the following relation: when x, >0, (i =
n

= 1,2,..., n)and X(< 1,
i=1
2xi|0g2’xi> 2xi|°gxi- (8)
Before proving the increase of the entropy we have to investigate the

completeness of the set {Fn}. It can be seen, that the Ffsobtained from (3.3)
form already an orthogonal set, i.e. (3.2) is fulfilled,

Fi mFk= 0 (i k; i, k= 1,2,..., 2n). (9)

The set {Fn} is, however, not complete, as

2N N
2 F n= E1+ ...+ Ej+ ...+ EN= £ E i-E j+E'j =
=1
= 1—(Ej—Ej)p 1, (10)

unless ejis not a trivial consequence of sj, that is if E', #f=Ej. It has been shown
in Section 2 that a set of projection operators representing the measure-
ment of a macroscopical observer must be complete. Therefore the set {F,}

must be completed by adding to it the term FX+i= 1— Fn, for

=1
which (as can easily be shown)

FneFzn+i= F2af+ieFn=0 (re= 1, 2,..., 2N).

It is now this modified set for which the expressionl
241
- K y f nlogfn,
=1

fn = Trace UFn

must be regarded as entropy in the sense of Section 2, and this expression must
be compared with the original expression

N
— K Y eilogeim

1=
This will be done in the following Section.

B ct footnote 11.
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4. The increase of the entropy

Making use of the relations (3.6) (3.7) and (3.8) it can easily be shown
that
2-v+i N
K ~ fnlog/, > —K etloget. (1)

=1

As — K < 0, it is sufficient to show that

2741 N
Y fnlog/,, < Y eiloge-
n=I i=1
2n
or what is the same, introducing the notation f2+i = 1 — fn= 1—f,

it is sufficient to show that

2>fnlogfn+ (1 —/) log(1-/) < 2 e‘logei-

1=1 1=1
Instead of this, however, we shall prove the stronger statement
: Ifn log/n < 2 Ieilog e (2)
= 1=

which implies, because of (1 —f) log (1 —f) < 0, the relation (1).
In order to prove (2) let us express the e/s in terms of the s, making
use of (3.6).

ei = ihil
(/« = Trace UFhi, Fhi= F (-,+ ,+) + F (-, -,+)).
f® O (© f® 0) (0

Substituting this into (2) we obtain

2n N |
2:fnlog/l« < 2 logU 't/ ®)
n=i 1n#l

i=i h~i
(Zﬂt:/y =/(-, +) = Trace I/F (-, +))e

Let us take now into account that of the s only the /n-(-j-)’s and the
fhi (—)’s differ from zero: //,,(+) = Trace UFhi{—, +, +), fhi(—) —
= Trace UFhi (—uy—"%»+)
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~Fhj(V) 1°g ffty(+ ) —I/1(+) 1°g/fty(+ ) J

defhi( ) Igfy(—) = 0
*

Thus the left hand side of (3) can be decomposed into two parts
2Y N

2 fnlosfn = N« (+)bg/,(+)+ ~ bl -) log/, (-
] l—lh’\i()g() e g/, (-)

Making use of this result it is sufficient to prove that

y NT . log/« AN« (-] -
"1 /thlt,(+)og (+)+ﬂ#/ (- )logl«(-)

,ft/;“ (J«(+ )+/«(—))|°g;t\#! (/«(+)+/« (=) <O

or what is the same

11 g UIeTel ) 109 A1ft(+)

Dot it
+ >Yft,(-)iog/ft,(-)" l0g ~ j« (-) < 0.
it N1 !

This is, however, trivial because of (3.8).16

We have thus completed our task.

It should be noted that the probabilities /, (-)-), ., and
/1;,(—),/2J(—), =+ express the correlation of the set {jE;}' in the sense that
they measure the probability of the simultaneous occurrence of the properties
€j and ¢€j, respectively, with one of the e/s.
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16Apart from the j’th term all terms give a negative contribution to the sums 4
In the case of the j’'th term we have (cf. footnote 5.):

Z fhj(x)log V fhi(x) = V fhj<z) logfhj(zx)
ft#d ft#f hij

— thj () logfhj (+) —fhj () logfhj () = O
Naturally in the sums Y the value h 5#j does not occur.

h*j
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SAMEYAHNA K KBAHTOBOMEXAHWYECKOMY PACCMOTPEHWIO
MAPAOOKCA TUBBCA

L. ©AUN
Pestome
Ha ocHoBe AEAYKTUBHOI0O MNOCTpoeHUA KBaHTOBOW Teopum, pa3p¢':160TaHHOr0 Han-
MaHHOM, N TaKXe C nomMoulbi oLeHUBaKLWero BblHUCAEHUA KBaHTOBOW Teopun fOoKasblBaeTcHd,

4YTO KBaHTOBOMEXaHMYecKasa 3HTponuA no6oro (bI/I3I/IHGCKOFO cBolicTBa BO3pacTaeT npu 3ame-
LLeHNN JaHHOro cBoicTBa 60nee cnabbiM B /IOTMYECKOM CMblC/e.
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NEW ALPHA-DECAY BARRIER PENETRABILITIES
WITH 1IGO POTENTIAL:
EVEN- AND ODD-MASS NUCLEI
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The 1go potential is used for the calculation of barrier penetrabilities for ground and
excited state transitions of even mass nuclei and for transitions of odd-mass nuclei, measured
after 1959. The barrier penetration factors were calculated by numerical integration in the
W KB approximation, taking into account centrifugal barrier effects for even-even nuclei,
but ignoring noncentral interactions. Using the calculated penetration factors and the experi-
mental alpha half-lives, the reduced level widths were calculated in each case. Hindrance
factors for odd-mass alpha-particle emitters are also given.

Introduction

In 1959 Rasmussen [1], [2] discussed in detail the calculation of alpha-
decay barrier penetration factors using lgo potential and gave numerical
results for all known ground and excited-state transitions of even-even nuclei
and for alpha decay groups of odd-mass nuclei. Since then a lot of experi-
mental data have been collected which require the calculation of penetration
factors and reduced widths.

Like in Rasmussen’s paper, the nuclear potential used here is the real
part of the potential derived by Igo [3] from data on elastic scattering of
alpha particles of 10 MeV, and valid in the surface region. The potential is
of the form

r— 1,17 -

V{r) = — 1100 exp MeV,
0,574

where r is the distance in fermis and A is the mass number of the daughter
nucleus.

Method of calculation

As is well known [4], the natural logarithm of the penetration factor P
equals the WKB integral

.
i 1/2
(8AN1 y(m+ ™ + w 1+ -e dr

- +
-~y r 2Mr-
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Table |

Variation in the values of
I and P with the number of intervals

Calculated results

Barrier
Number penetration
of interval? | factors®
n
112 72,7284 2,60 (- 32)
224 72,7246 2,61 (- 32)
336 72,7237 2,61 (- 32)
448 72,7233 2,61 (- 32)

aThe number in parentheses is the power of ten by which the preceding number is
to be multiplied.

evaluated between the inner and outer classical turning points, where the

MaMr
inte%rand vanishes. Here M = M -------- M—-is the reduced mass of the S\istem.
a+ r

Ze is the charge of the daughter nucleus, | is the orbital angular momentum
of the alpha particle emitted and E is the total decay energy, i.e., alpha-
particle energy, plus electron-screening correction given by Es = 65,3 (Z-f-2)75

— 80 (Z -j- 2)25eV, plus recoil energy Erc = —ii-—-—. The exact value for Mu,
Tr

4,00278 a. m. u. is from Ajzenberg and Lauritsen’s [5] measurement on
the mass of the He atom, for Mr Jelepov and Peker’s data [6] are used.
The numerical constants were taken from the paper by Cohen—Du Mond—
Layton— Rollett [7].

Numerically the integrations were carried out on an Urall type electronic
computer. The outer and the inner turning points were found by Newton
iteration. The barrier integral was evaluated by a Gauss quadrature with
the barrier region divided into 336 intervals.

Table 11

Calculated results for an error of 10 keV

Experimental data calc Ulated esults

a-particle a-proup Barrie_r Reduced
Partiil half-life - intensity (fefis) (fermis) I P actor e

recoil cor- 1 for a decay % P (MeV)

rections (MeV)

5,165 1,482 (13) 100 9,525 52,409 75,467 1,68 (- 33) 0,115
5,175 9,525 52,308 75,315 1,95 ( - 33) 0,0989
5,185 9,525 52,207 75,163 2,27 ( - 33) 0,0850
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Table 111

Ground-state transitions of even-even nuclei

E cperimental data Calculated results
) a-particl_e _ . Barrier Reduced
Atomic Mass energy with Partial half-life a-group Rf penetration width
No. No. screening + for a-decay intensity (fenni's) factor @
Z A recoil cor- (sec) % P (MeV)

rections (MeV)

86 216 8,194 1,67 (- 3) 100 9,35 2,65 (- 16) 0,00649
88 220 7,602 0,03 100 9,35 7,98 (-19) 0,120
94 234 6,335 3,24 (4) 100 9.42 3,36 (- 26) 0,263
94 244 4,663 2,396 (15) 100 9,48 541 (-36) 0.221
926 238 6,649 9,00 (3) 100 9,46 1,28 (- 25) 2,49
96 240 6,392 2,316 (6) 70 9,47 9,09 (-27) 0,0874
96 246 5,500 1,261 (11) 100 9,51 2,00 (-31) 0,113
96 248 5,185 1,482 (13) 100 9,53 2,27 (-33) 0,0850
98 244 7,330 1,50 (3) 100 9,52 1,50 (- 23) 0,128
98 246 6,905 1,285 (5) 78 9,53 2,92 (-25) 0,0595
98 248 6,372 2,938 (7) 82 9,54 1,14 (- 27) 0,0700
100 250 7,592 1,800 (3) 100 9,58 2,78 (-23) 0,0573
100 252 7,205 1,08 (5) 100 9,59 8,94 (-25) 0,0297

In the case of ¥Pu240 (a-particle energy with screening correction Ea+
-j- Esc = 5,202 MeV) the variation of I and P with the interval number n
was investigated. In Table | some typical data are given for n = 112, 224,
336, 448. With the barrier region divided into 336 intervals, it may be seen
that the values of | are in agreement to three figures.

The dependence of the penetration factor on the experimental error
of alpha particle energy was investigated. Assuming after Hanna [8] an
experimental error of 10 kev for an alpha particle of an energy of 5 MeV
the case of %eCm248 (with Ea-)- Esc -f- Er c) was studied. The results are shown

Table IV

Excited state transitions

Experimental data Calculated results
Atomic Mass a-particle Barrier Reduced
No. No. energy. with Partial half-life ‘a-group Spin penetration width
7 A screening -f for a-decav intensity and factor o
recoil cor- (sec) (%) parity P (MeV)

rections (MeV)

94 240 5,044 2,075 (11) 3.1 (- 3) 6+ 6,24 (- 35) 0,00686
98 246 6,862 1,285 (5) 22 n 1,16 (- 25) 0,0423
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in Table Il. The fact is that a change of 10 kev in the value of E causes change
in the first figure in 1. So the required accuracy oftwo figures in the integration
is greater than that required by the experimental accuracy of E.

Let us now do the calculation of the reduced alpha emission width &
using the experimental decay rate data from the following expression

where Ais the decay constant and h is Planck’s constant.

Results

Table Il lists the data used for even-even nuclei taken from [9],and the
calculated results. The results were calculated with total decay energy (Ea-)-
-f- Esc -f- Erc). The Tables are of the same form as that of Rasmussen. The
calculated quantities are R,-, P and &

The calculated results are consistent with those of Rasmussen’s and
complete Rasmussen’s Tables.

Table IV presents the results of the calculations on excited-state trans-
itions of even-even nuclei. Only two data are given here, taken from [9].

Table V lists for odd-odd nuclei the results of the calculations on excited
and ground state transitions. The experimental data were taken from [9— 10].
Here the penetration factors were calculated with 1=0.

Table VI shows the result of the calculations for transitions of odd-
mass nuclei. The experimental data used are taken from [9, 11— 14]. The
penetration factors of odd-mass nuclei are calculated with 1=0, as by
Rasmussen. The reason for this is that one usually expects a mixture of two
or more | values in the alpha groups of odd nuclei that are generally not known
from experiments.

Table V1 also lists the hindrance factor F, expressed by

F_ ai+ al
2aldd
where <;2 and <£ are the reduced widths for ground-state transitions of the
nearest-neighbour even-even nuclei. In cases where the data for one or both

of the nearest even-even neighbours are unknown, the next available data
have been taken to calculate F.
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85

87

89

91

97
99
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Table V

Alpha groups of odd-odd nuclei

a-paiticle Barrier
Mass Neutron energy with _ . penetration Reduceg width
No. No. screening + Partial half-life a-group factor Q@
A N recoil cor- for a-decay intensity p (MeV)
rection (MeV) (sec) (%)
Experimental data Calculated results
1
214 129 8,979 3,33 (-2) 100 6,35 ( - 14) 0,135 ( - 5)
216 131 7,969 5,00 (- 3) 100 ;1,44 (- 15) 0,00397
218 133 6,786 1,5 100 1,83 ( - 20) 0,105
218 131 8,030 8,33 (- 2) 100 3,97 (- 17) 0,000866
220 133 6,847 27,5 100 4,46 (- 21) 0,0234
222 133 7,123 5,5 100 7,14 (- 21) 0,0730
224 135 6,317 1,044 (4) 100 4,19 (- 24) 0,0655
226 135 6,969 108 100 2,97 (- 22) 0,0892
228 137 6,284 7,920 (4) 2,5 4,00'(-25) 0,00226
6,259 10,5 3,07 (—25) 0,0124
6,246 12,0 2,67 ( - 25) 0,0163
6,232 2,3 2,30 (—25) 0,00363
6,218 20,7 1,97 ( - 25) 0,0379
6,206 1,0 1,73 ( - 25) 0,00209
6,181 2,3 1,32 (—25) 0,00630
6,168 9,0 1,15 ( - 25) 0,0284
6,150 0,8 9,42 (—26) 0,00307
6,137 0,3 8,17 ( - 26) 0,00307
6,128 11 7,40 ( - 26) 0,00538
6,121 2,8 6,85 ( - 26) 0,0148
6,114 2,7 6,34 (—26) 0,0154
6,085 0,6 4,59 (- 26) 0,00473
6,179 0,5 4,29 (- 26) 0,00422
6,060 0,8 3,47 ( - 26) 0,00835
6,044 11 2,90 ( - 26) 0,0137
6,011 1,4 1,99 ( - 26) 0,0254
5,995 0,3 1,66 (—26) 0,00653
5,979 0,4 1,38 ( - 26) 0,0105
5,941 7,3 8,93 (- 27) 0,296
5,935 11,3 8,33 (—27) 0,491
5,914 1.4 6,52 (- 27) 0,0777
5,900 2,0 5,54 (- 27) 0,131
5,895 1,4 5,22 (- 27) 0,0970
5,891 2,5 4,98 (—27) 0,182
5,845 1,0 2,89 (- 27) 0,125
240 147 6,820 1,584 (4) 100 3,26 (—25) 0,556
246 147 7,512 4,2 (2) 100 3,08 (- 23) 0,221
248 149 7,023 1,5 (3) 100 3,63 ( - 25) 5,27
252 153 6,787 1,210 (7) 100 4,02 (- 26) 0,00590
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86
87

88

89

213
215
217
221

213

219
223

225

EXpel mental

Neutron No.

128
129
130
134

125

131
135

136

a-particle
energy
(MeV)
Ea+Em+
+E,C
9,408
8,796
8,489
6,482
6,262
7,066
8,183
6,008
5,994
5,971
5,881
5,850
5,738
5,669
5,631
5,562
5,492
5.465
6,814
6,800
6,716
5,958
5,922
5,860
5,851
5,810
5,764
5,735
5,706
5,678
5,073
5,060
4,988
4,971

L. KOHLMANN and T. VOROS

Table VI

Alpha groups of odd-odd nuclei

data Calculated results
Partial Barrier Reduced .
half-life a-group penetration width Hindrance
for a decay intensity factor factor
(sec) % P (Mev) F
2 100 6,00 ( - 13) 0,239 (- 8) 0,382 (-38)
1,67 (- 2) 100 1,03 ( - 14) 0,166 ( - 4) 0,353 (4)
2 100 7,63 (- 16) 0,188 ( - 5) 0,375 (6)
2,88 (2) 84 1,62 (- 22) 0,517 (- 1) 3,11
16 1,84 ( - 23) 0,867 (- 1) 1,86
1,62 (2) 100 8,09 (- 21) 0,219 ( - 2) 0,281 (2)
1,67 (- 2) 100 4,80 (- 17) 0,359 (- 2) 0,616 (2)
1,011 (6) 1 4,55 ( - 25) 0,624 (- 4) 0,228 (4)
0,3 3,90 ( - 25) 0,210 ( - 4) 0,0674 (5)
0,5 3,02 ( - 25) 0,468 ( - 5) 0,303 (5)
10,5 1,10 ( - 25) 0,270 ( - 2) 0,526 (2)
50 7,74 (- 26) 0,183 ( - 1) 0,0775 (2)
24 2,11 ( - 26) 0,323 (-1) 0,420 (1)
10,3 9,27 ( - 27) 0,315 (- 1) 0,507 (1)
0,9 5,86 ( 27) 0,436 ( - 2) 0,326 (2)
2,4 2,51 ( - 27) 0,271 (- 1) 0,524 (1)
0,2 1,05 ( - 27) 0,542 (- 2) 0,262 (2)
0,07 7,43 (- 28) 0,267 ( - 2) 0,532 (2)
1,32 (2) 40 4,92 (- 22) 0,177 (- 1) 0,0803 (2)
46 4,33 (- 22) 0,231 (-1) 0,0617 (2)
14 1,99 (- 22) 0,153 (- 1) 0,0932 (2)
8,64 (5) 54 9,22 ( - 26) 0,194 (- 1) 0,744 (1)
30,7 6,13 ( - 26) 0,166 ( - 1) 0,871 (1)
8,1 3,01 (—26) 0,891 (- 2) 0,162 (2)
2,1 2,72 (—26) 0,256 ( - 2) 0,564 (2)
0,95 1,69 ( - 26) 0,187 (- 2) 0,773 (2)
2,9 9,80 (-27) 0,982 (-2) 0,147 (2)
0,5 6,94 (- 27) 0,239 (- 2) 0,605 (2)
0,6 4,90 (—27) 0,406 ( - 2) 0,356 (2)
0,08 3,49 (- 27) 0,760 ( - 3) 0,191 (3)
6,938 (8) 48,7 1,26 ( - 30) 0,160 (1) 0,863 (- 1)
36,1 1,04 ( - 30) 0,143 (1) 0,0962
6,9 3,62 (- 31) 0,788 0,178
5,5 2,81 ( - 31) 0,809 0,171
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Table VI (continued)

EXperimental data Calculate d results

s § o-particle Partial Barrier Reduced .

o 5 energy half-life a-group penetration width Hindrance

gN ==z (MeV) for a decay intensity factor [¢2 factor

Sow foEgy W P i F
4,907 1,0 1,07 ( - 31) 0,386 0,358
4,879 1.8 6,98 ( - 32) 0,107 (1) 0,129
4,848 0,1 4,32 (- 32) 0,956 (1) 0,145 (1)
4,823 0,4 2,93 ( - 32) 0,564 0,245
4,633 0,2 1,36 ( - 33) 0,605 (1) 0,228 (- 1)

90 223 133 7,723 0,1 100 3,48 (- 19) 0,823 (-9) 0,173 (9)

91 227 136 6,679 2,298 (3) 2,3 2,08 (- 23) 0,138 ( - 2) 0,0871 (3)
6,668 0,3 1,87 (- 23) 0,200 ( - 3) 0,600 (3)
6,612 49,5 1,08 (- 22) 0,569 (- 1) 0,211 (1)
6,569 11,5 7,11 (1 24) 0,202 (- 1) 0,594 (1)
6,561 14,8 6,56 ( - 24) 0,281 (- 1) 0,427 (1)
6,547 9,3 5,71 ( - 24) 0,203 ( - 1) 0,591 (1)
6,521 2,6 4,41 ( - 24) 0,736 ( - 2) 0,163 (2)
6,501 7,8 3,61 (- 24) 0,270 ( - 1) 0,445 (1)
6,481 0,7 2,95 (- 24) 0,296 ( - 2) 0,405 (2)
6,470 0,4 2,64 (- 24) 0,189 (—2) 0,635 (2)
6.443 0,8 2,00 ( - 24) 0,498 ( - 2) 0,241 (2)

229 138 5,802 1,296 (5) 19,1 1,81 (- 27) 0,234 (1) 0,528 (- 1)
5,761 9,8 1,10 ( - 27) 0,197 (1) 0,627 (- 1)
5,746 13,4 9,17 ( - 28) 0,323 (1) 0,382 (-1)
5,721 4,7 6,75 (—28) 0,154 (1) 0,802 (- 1)
5,710 36,8 5,90 ( - 28) 0,138 (2) 0,0891 ( - 1)
5,695 39 4,90 ( - 28) 0,176 (1) 0,0701 ( - 1)
5,665 8,9 3,37 ( 28) 0,583 (1) 0,211 (- 1)
5,646 0,6 2.66 ( - 28) 0,499 0,248
5,630 0,74 2,18 ( - 28) 0,752 0,164
5,607 1,77 1,63 (- 28) 0,241 (1) 0,514 (- 1)
5,549 0,07 7,75 (- 29) 0,200 0,618
5,542 0,15 6,90 ( 29) 0,481 0,257
5,446 0,05 2,02 (- 29) 0,549 0,225
231 140 5,170 1,082 (12) 11,0 4,85 (- 31) 0,601 (—3) 0,198 (3)

5,142 2,5 3,23 (- 31) 0,205 ( - 3) 0,584 (3)
5,140 20 3,14 ( - 31) 0,169 ( - 2) 0,708 (2)
5,123 25,4 2,45 (—31) 0,274 (—2) 0,436 (2)
5,096 1,4 1,65 ( - 31) 0,225 ( - 3) 0,531 (3)
5,084 ! 0,4 1,38 (- 31) 0,766 ( - 4) 0,156 (4)
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Atomic No.
VA

Table VI (continued)

E'cperimental data Calculated results

o S a-particle Patriai Barrier Reduced )

ShBz e e G e Cwgn Wit

X E + Ere (sec) % P Mev) F
5,061 22,8 9,84 (-32) 0614 (-2) 0,195 (2)
5,043 3,0 7,53 (-32) 0,106 (-2) 0,113 (3)
5,009 2 (—3) 452 (—32) 0,117 (-5) 0,102 (6)
4,960 1,4 2,14 (-32) 0,173 (-2) 0,690 (2)
4,901 4. (-2) 8,59 (-33) 0,123 (-3) 0,0970 (4)
4,943 8,4 3,44 (-33) 0,647 (-1) 0,184 (1)
4,818 1 2,31 (-33) 0,115 (-1) 0,104 (2)
4,785 1,5 1,36 (- 33) 0,293 (-1) 0,408 (1)
4,748 1(-1) 7,41 (-34) 0,357 (-2) 0,334 (2)
4,735 1(-1) 5,99 (- 34) 0,443 (-2) 0,270 (2)
4,703 15 (-2) 352 (—34) 0,113 (-2) 0,106 (3)
4,669 8,0 (—3) 1,99 (-33) 0,106 (-2) 0,113 (3)
4,609 3 (-3) 7,18 (- 34) 0,111 (-2) 0,108 (3)

237 144 4,993 7,006 (13) 0,441 3,47 (-33) 0513 (-4) 0,177 (4)
4,991 0,925 3,37 (-33) 0,111 (-3) 0,0819 (4)
4,982 0,242 2,93 (-33) 0,334 (-4) 0,272 (4)
4,936 1,487 1,42 (-33) 0,423 (-3) 0,215 (3)
4,921 1,565 1,12 (-33) 0,564 (-3) 0,161 (3)
4,906 51,42 8,82 (-34) 0,236 (-1) 0,385 (1)
4,889 19,38 6,72 (-34) 0,118 (-1) 0,0777 (2)
4,883 16,82 6,10 (- 34) 0,111 (-1) 0,0819 (2)
4,858 0,119 4,07 (- 34) 0,188 (-4) 0,482 (4)
4,829 0,126 2,54 (-34) 0,200 (-3) 0,453 (3)
4,825 0,293 2,38 (—34) 0,497 (-3) 0,182 (3)
4,816 0,067 2,05 (-34) 0,132 (-3) 0,0688 (4)
4,811 0,178 1,89 (-34) 0,380 (-3) 0,170 (3)
4,780 1,605 1,13 (- 34) 0,573 (-2) 0,159 (2)
4,775 0,573 1,04 (-34) 0,222 (-2) 0,409 (2)
4,775 4,617 7,46 (- 35) 0,250 (-1) 0,363 (1)
4,713 0,063 3,67 (-35) 0,693 (-3) 0,131 (3)
4,710 0,085 3,49 (-35) 0,984 (-3) 0,0922 (3)
4,696 0,024 2,75 (—35) 0,353 (-3) 0,257 (3)
4,688 0,054 2,40 (-35) 0,910 (-3) 0,0997 (3)
4,628 0,01 8,49 (-36) 0,476 (-3) 0,191 (3)
4,497 0,02 8,18 (-37) 0,988 (-2) 0,0922 (2)

239 145 5,282 7,569 (11) 73,3 8,03 (-32) 0,346 (-1) 0,268 (1)
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Table VI (continued)

Experimental data Calculated results

2 a-particle Partial Barrier Reduced i

Bz ey e amiy  penetation width M ctor

] Ea+E8et (se0) % P (MeV) F

z ‘bArec
5,270 1,5 6,75 ( - 32) 0,847 ( - 2) 0,110 (2)
5,231 11,5 3,83 (- 32) 0,114 (- 1) 0,816 (1)
5,201 3,2 (-2) 2,47 (- 32) 0,492 ( - 4) 0,189 (4)
5,189 9 (-4) 2,06 (- 32) 0,165 ( - 5) 0,562 (5)
5,179 2,1 (-2) 1.78 ( - 32) 0,447 (- 4) 0,208 (4)
5,154 5 (—3) 1.23 ( - 32) 0,154 ( - 4) 0,601 (4)
5,132 8 (-3) 8,81 (- 33) 0,344 (- 4) 0,270 (4)
5,123 6 (-4) 7,69 (- 33) 0,295 ( - 5) 0,314 (5)
5,110 5(-3) 6,32 (- 33) 0,300 ( - 4) 0,309 (4)
5,084 3(-3) 4,25 ( - 33) 0,267 (- 5) 0,347 (4)
5,078 5(-4) 3,88 (- 33) 0,488 ( - 5) 0,190 (5)
5,058 3 (-3) 2,85 ( - 33) 0,398 (- 4) 0,233 (4)
5,035 8 (-4) 2,00 ( - 33) 0,151 ( - 4) 0,613 (4)
4,993 7(-4) 1,04 ( - 33) 0,255 ( - 4) 0,363 (4)
4,988 7(-4) 9,59 ( - 34) 0,276 (—4) 0,336 (4)
4,949 1,5 (-3) 5,17 ( - 34) 0,110 ( - 3) 0,846 (3)
4,920 6 (-4) 3,25 ( - 34) 0,699 ( - 4) 0,133 (4)
4,861 2,6 (-3) 1,25 ( - 34) 0,789 ( - 3) 0,118 (3)
4,857 2,6 (-3) 1,17 ( - 34) 0,842 ( - 3) 0,110 (3)
4,812 4 (-4) 5,56 ( - 35) 0,273 ( - 3) 0,340 (3)
4,752 2 (-4) 2,03 ( - 35) 0,373 ( - 3) 0,248 (3)

146 5,675 1,454 (10) 0,25 5,66 (—30) 0,872 (- 4) 0,101 (4)
5,641 0,12 3,62 (- 30) 0,653 (- 4) 0,135 (4)
5,716 86 9,62 (- 30) 0,176 ( - 1) 0,501 (1)
5,598 0,04 2,05 ( - 30) 0,385 ( - 4) 0,230 (4)
5572 12,7 1,45 ( - 30) 0,173 (- 1) 0,512 (1)
5,545 1( 2) 1,01 ( - 30) 0,196 ( - 4) 0,451 (4)
5,516 1,33 6,80 ( - 31) 0,386 (- 2) 0,229 (2)
5,448 1,5 (-2) 2,67 (- 31) 0,111 ( - 3) 0,797 (3)
5,418 1(-4) 1,76 ( - 31) 0,124 ( - 5) 0,715 (5)
5,404 5(-4) 1,44 ( - 31) 0,683 ( - 5) 0,129 (5)
5,399 3 (—4) 1,34 ( - 31) 0,440 ( - 5) 0,200 (5)
5,368 2,4 (-3) 8,67 (- 32) 0,546 (- 4) 0,162 (4)
5,348 1,3 (-3) 6,52 (- 32) 0,393 (- 4) 0,224 (4)
5,318 6 (-4) 4,24 (- 32) 0,279 (- 4) 0,316 (4)
5,305 9 (-4) 3,51 (- 32) 0,505 ( - 4) 0,175 (4)
5,301 3 (—4) 3,32 (- 32) 0,178 ( - 4) 0,495 (4)
5,280 7(-4) 2,44 ( - 32) 0,565 ( - 4) 0,157 (4)
5,262 3(~4) 1,88 (—32) 0,315 (- 4) 0,280 (4)
5,237 4 (- 4) 1,30 ( - 32) 0,606 ( - 4) 0,146 (4)
5,223 7(-4) 1,06 (—32) 0,131 ( - 3) 0,677 (3)
5,217 3 (—4) 9,67 (- 33) 0,612 (—4) 0,144 (4)
5,210 3 (—4) 8,72 ( - 33) 0,679 ( - 4) 0,130 (4)

148 7.511 4,380 (2) 100 3,19 ( - 23) 0,205 0,250
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Conclusion

The present investigation gives a great number of new data on barrier
penetrability collected since the excellent papers of Rasmussen were published.
They complete Rasmussen’sTables for the ground and excited state transitions
of even- and odd-mass nuclei and offer a possibility for new investigations of
odd-odd nuclei, which have not been dealt with by Rasmussen.
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HOBAA MPOXOAMMOCTb YEPE3 MOTEHUWANIbHbLIA BAPLEP
C NOTEHUMANOM WUIro MNPV a-PACMAJE: YETHbLIE W HEYETHbIE A4PA

Nn. KONbMAHH un T. BEPEW

Pesome

MoTeHymnan MIro mcnonb3yeTcs nNpu onpefeneHMn NpoxXoAMMOCTU Yepe3 NOTeHLManbHbIA
6apbep ANA MepexofoB YETHbIX U HEYETHbIX Silep B OCHOBHOE W BO36YX/AEHHble COCTOSIHUSA,
M3MepeHHbIX mocne 1959 r. ®akTop MPOXOAMMOCTM 4epe3 MOTeHUManbHbIi Gapbep onpepge-
NANCA YUCNEHHbIM WHTerpupoBaHuem B npubnmxeHun BKB, npuHumalrowiem BO BHUMaHWe
LEeHTPO6EeXHbIN 6apbepHbl 3hdeKT YETHO-YETHbIX Afep, nNpeHebperas HeLeHTPanbHbIM B3awu-
mMofeicTBMEM. Mcnonb3ysa MOMyYeHHbI (akTop NPOXOAMMOCTA M 3IKCMNEepPUMeHTalbHOe 3Ha-
YeHWe nepuofda nonypacnaga a-4acTul, B KaXAoM cnydae onpefensieTcs yMeHbLIEHHAs WNPUHA
ypoBHei. MpuBoaAaTca TakXe N bapbepHble (akKTopbl ANA M3ny4daTenein a-yacTul, C HeyETHOWM
Maccoi.
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The occurrence of MOQ(n,Zn) Mo91lm reaction has been demonstrated at 14,8 MeV
neutron energy and the isomeric cross-section ratio — = 10,6 has been determined. For the

reactions Mo@(n, 2n) Mo91*,91m the cross-section values ag= 159 mb, ccm = 15 mb were found.

Introduction

Previous investigations of (y, n) and («, 2n) reactions in Mo® nuclei
[1, 2, 3, 4, 5] have shown that no short-life (nearly 1 minute) isomeric state
of Mo9 will be produced by an (n, 2n) reaction [3], whereas in (y, n) reaction
at energy Ey= 14,5 MeV the cross-section ratio of isomeric and ground
states has been found to be 0,2 [4].

For the (n, 2re) reaction, the activity of the short half-life isomeric
state was found only in traces at a bombarding neutron energy of even
18 MeV [4]. The threshold energy of the process (13,2 MeV) [6] permits to
produce a level of 658 keV above the ground state at a bombarding neutron
energy of 14,8 MeV. The purpose of our investigations has been to demonstrate
the existence of the above mentioned isomeric state under the conditions of
(n, 2n) reaction at an energy of 14,8 MeV, and to determine the isomer cross-
section ratio (Og/crm).

Measurement and evaluation

Natural Mo metal was irradiated for 3 minutes by neutrons produced
in D -|- T reaction at a bombarding energy of Ed = 250 keV. The beta activity
of the foil was measured by an end-window GM counter. The decay curve
obtained is shown in Fig. 1. By analysing the complex decay curve, components
with the following half lives were obtained: 60,5 hours, 74 minutes, 15,7
minutes, 60,4 seconds.

In addition to the 15,7 minute half life (pertaining to the ground state
of Mo9l), there appeared two components with half lives of 60,4 second and
74 minutes, respectively. The latter may be assigned to an Nb97 isotope
coming from the Mo97(n, p) reaction also having a gamma-decay isomeric
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state with a half life of 1 minute and an energy of 750 keY, which may as well
be responsible for the production of a component with a half life of 1 minute.
The end-window GM counter employed has a sensitivity of 0,5 per cent for
gamma particles of 750 keV. To determine unambiguously the production

Fig. 1. The analysed complex decay curve

of Mo9ltn, the decay curve was measured by means of a gamma spectrometer
in such a way that only particles over 850 keV were detected. Under such
circumstances, the activity with a half life of 1 minute was also obtained,
which could only be produced by the positron decay of Mo9m (Fig. 2) [7].
In order to determine the Mo9l isomer cross-section ratio, we had to study a
possible contribution of the Nb97m activity to the 1-minute half-life component
measured by GM counter.
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The least unfavourable condition was assumed, i.e. that Nb97 nuclei in
the ground state can only be produced through the decay of the isomeric
state. By measuring the activity of the 74-minute half life, we determined the
number and activity of the Nb97m nuclei. The activity value so obtained is
the greatest possible contribution of Nb9,m to the measured 1-minute activity.
The above assumption does not appreciably affect the value obtained for the

Fig. 2. The decay scheme

isomeric cross-section ratio since the Nb97m could contribute to the measured
activity of the 1-minute half life by not more than 5 per cent. For the decay
scheme in Fig. 2 the relationship between cross-sections and activities will be

og _ A\ (1 —e~Xm)(Ag— 0,43 Xm) 0,57 ?m
am Al @ - Xm) + Xg- Am *

Taking the above relationship into account, for the isomeric cross-section
ratio the value a*aT = 10,6 ~ 0,3 was obtained in the Mo® (n, 2n) Mo',lg,9Im
reaction at a bombarding energy of 14,8 MeV.

In addition to the isomeric cross-section ratio at 14,8 MeV bombarding
energy the absolute cross-section of the reaction Mo® (n, 2n) Mo9* was also
determined. Accepting the result ag= 159 mb obtained by us, the isomeric
cross-section value am= 15 mb is obtained by means of the measured ratio.
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MCCNEJOBAHWNE PEAKLUWW Mo92(n,2n)Mo9l’9l™

M. BAYO, M. YNKAN n A. MAXUT

Pesome

Peakuna Mo9(n, 2n)Mo9lT HabntogaeTca Npu aHeprum HeliTpoHoB 14,8 MeV; onpege-
NsAeTcA OTHOLIEHWE W3OMEPHOro MOMepeyHOro ceyeHUs = 10,6. Mpwn peakunax Mo%R2(n, 2n)

aT
M09IE’ 91T AN MOMNepeyHOro ceyeHWs HangeHbl 3HadeHus ag= 159 mb; at = 15 mb.
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NWCCNEAOBAHMNE OAN®OY3NOHHOIO MPOLUECCA
B TEEPMAHUNN

,q. Heprew, M. 111 Cunagn wun B. Buskenetn

HAYYHO-UCCNELOBATENbCKWUMA WHCTUTYT, MPOMBIW NEHHOCTN TEXHWKW CBHA3MU,
BYOANEWT

(MpeactaBneHo . Curetn. — MMocTtynuno 23. X. 1964)

ABTOpbI UccneaoBanu ANGdY3NI0 CypbMbl B FepMaHuM C MOMOLLbI0 YeTblIPeX30HA0BOMO
MN3MEPEHUs M NOCNOWHOro TpaBfieHUs. Mo HaweMy OnbITY M —I C/ON U3MEPSAIOTCA fIerye, Yem
anddysnoHHble p—N nepexoabl. N3amMepeHnsa NpoBoOAUAN HA 9K30- U SHAOANDPY3UOHHBIX CNONX.

1. BBegeHue

B TexHOMOrMm npomn3BoACTBa BbICOKOYACTOTHBLIX MOMYMNPOBOAHMKOBBLIX MPU-
60poB AN POPMMPOBAHUA AbIPOYHOrO, UM 3MEKTPOHHOIO €0 Hanbonee 4acto
NpUMeHsieTCs  MeTod Auddy3un. Heckonbko COOOLLEHUA MNOCBELLEHbI OLEHKe
CNoeB, B KOTOPbIX KOHLEHTpauus MnpuMmeceli MepemMeHHasi, M KOTOpble CO34aHbl
nytem auddysun. TMpocTeiwmm U3 M3BECTHbIX METOLOB fABASETCS MOC/0MHOe
M3MepeHne NMOBEPXHOCTHOrO COMPOTUBAEHUS, NPUMEHUMbIA ®ynepom K [AuueH-
6eprepom |1 ). MpuMeHsieMbIA UMM METOA, AN U3MEPEHMS TONLWMUHBI YAaneHHOro
CNOsi He NPUrofeH Npu HebOoNbLIOA rNy6uHe NPOHUKHOBEHMS Anddy3nn. Aiinee
n NainbeHrayT [2] npuMeHANU MeTof M3MepeHus Beca YAaleHHOro Ccnos Ans
onpeaeneHnss ero TOMWMHLI, MPUrofeH AN BecbMa Herny6okoi amddysum
(~ 1 mK).

Mpegnonaras, 4TO (hopma pacnpegeneHns Audysum 1 KOHLEeHTpawms
MpVMeceil B NCXOAHOM MaTepuane M3BECTHbI, M3Mepsisi MOBEPXHOCTHYH MPOBOAM-
MOCTb W TONWMHY ANPEHY3MOHHOTO C/I08 MOXHO MNPOCTO ONPefeNnTb KOHLEHT-
paumMio Ha MOBEPXHOCTU C MOMOLLBIO Auarpammbl, UMetoLLeiics B cTaTbe KaTpuca
[3], 1, 3HasA 370, MOXHO ONPeAENUTb KOHLEHTPaUMIO Npumecn Ans No6oro nexa-
LLero noj MOBEPXHOCTbIO €nos. Ho 310 He mpuMeHUMO B 06LieM cnydyae. Tak,
HanpumMep, MO OMbITY HECKONIbKMX aBTopoB [2, 4, 5] pacnpefeneHne KOHLEHT-
pauun npumecen, anddyHANPYEMbIX B KPEMHUIA, He COOTBETCTBYET hyHKUMK erfc,
a KOHUEHTpauus y MOBEPXHOCTW YMEHbLUAETCS TOMIbKO MEASIEHHO, HO B 06/1acTu
nepexoja W3MeHseTCs OYeHb pe3ko. B cnyuyae Takoro pacnpefesneHns npumMecy,
KOTOPOE HeNnb3s OnucaTb MPOCTOW aHaNUTUYecKoW (yHKUMen, MeToa Kartpuca
HenpumeHuM. Kpome TOro,3T0T MeTOA NpeanosioraeT, Yto B 06pasLie napaniesnbHo
€ro MOBEPXHOCTM WMEETCS 3/IEKTPOHHO-AbIPOYHbIA MEepexod, T. €., Hampumep,
B NAaCTVMHKY W3 MO/TyNPOBOLHUKA p-Tvna AM(hyHAMPYET NpUMeCh, CO3daroLLas
Ha MOBEPXHOCTW Croi 3NEKTPOHHOW NPOBOAMMOCTHM.
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2. MeTog wn3MepeHus

MprMeHseMbIA HamMmW MeTOZ, ANS ONpejeneHns pacnpegeneHus andpyHau-
PYEMOI MpUMECM BO MHOrOM aHO/IOrMYeH MeTohy, MpuMeHsieMoMmy AlAnecom u
Nan6eHraytom [2]. MeToa cocToMT B MOCNeAOBaTENbHOM TPaB/iEHUW CNOEB, U B
onpefeneHun UX TOMLMHBI MyTeM B3BELUMBAHMUSA, Ha TPaBfIEHHbIX MOBEPXHOCTAX
M3MepPSANN  YeTbIPEX30HAOBYHO MOBEPXHOCTHYHO MPOBOAMMOCTD.

OCHOBOW BbIYMCNEHUS CAYXWUN CReAYHLWMA pacyeT: MOBEPXHOCTHas MNpo-
BOAMMOCTb, ONpefeneHHas HenocpeACTBEHHO YeTbIPEX30HA0BOM METOAOM Ha pac-
CTOAHMM X OT MOBEPXHOCTW, BbIpaXaeTCs CheaytoLleid 3aBUCUMOCTBIO:

S(x) = ra(t)dt. (1)

X

3pecb <(X) —ygenbHas NpPOBOAMMOCTb B TOUKE X, t — MepeMeHHas UHTerpupo-
BaHUA U | — rnybuHa NPOHWKHOBEHUA anddy3umn. OnpefeneHne S(x) € NOMOLLBHO
YeTbIPEX30HAOBOrO0 METOAY BO3MOXXHO W3 Creaylollero BbipaxeHus [6]:

1
S(x) = 2
4,53 ()
rge | — TOK, NpoTeKaloLWmin Yepe3 ABa KpaiHUX KOHTaKTa, a U — usmepsemas

Pa3HOCTb NOTEHLMANOB Ha BHYTPEHHbIX KOHTaKTax. AugdepeHuupys BbipaKeHne
(1) nonyuum
dS(x)
(*) = dx (3)

M KOHUEHTpauuio npumMeceit —JV MOXHO onpegenuTb, 3Has N — N(o).

N3mepeHns nNpoBOAMAUCH HA COOTBETCTBEHHO MOArOTOB/IEHHBLIX FepMaHue-
BbIX MNacTUHKax TonwmHoi B 2C0—3CO MK. Ha 1Mx NoBepxHOCTK ChopMmUpoBascs
CMOM C HEOAHOPOAHONM KOHLUEHTpauuein npumecein, ¢ rnybuHON NPOHUKHOBEHUS
5—13 MK, B pe3ynbTaTe andihy3um 13 napoBoi ¢asbl. (B cnyyae p — n+ nepe-
Xofja rnybuHON MPOHWKHOBEHUSA, KaK NpPaBW/o, Ha3biBAeTCA PacCTOSiHME OT Mo-
BEPXHOCTW [0 3/1eKTPOHHO-ALIPOYHOr0 nepexofa, a B Cly4vae n+ — n Mnepexoja
rny6uHOA NPOHWKHOBEHWS Ha3blBAETCA PaccTOsHWE OT MOBEPXHOCTM o06pasya
[0 Takoi MOBEpPXHOCTM BHYTpM 06pasua, rae KOHUEHTpauwus npumeceii B fBa
pasa 6onblle, YeM MCXOAHas KOHLIEHTpauus B o6pasue). C 06paTHOM CTOPOHbI
NNacTUHKN NerupoBaHHbIA CMoi yaanancs LWAndOBKONA.

MpuroaHbliA cocTaB TpaBUTeNs Ans yaaneHus cnoes: 1 Bec. 4. HF (38%),
1 Bec. 4. H20 2 (30%) u 4 Bec. Y. AUCTUNNNPOBAHHON BOAbl. MMPUMeEHAsS AaHHbIiA
TpaBuTeNb ANSA TPaBieHWs CNof C YNOMSHYTON ry6UHON NPOHWKHOBEHUS [0-
cTaTouHbIM sBnsetcsa Bpema B 20—30 cek. npu 0° C. TonwmHy yaaneHHoro cnos
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onpegensnu B3BeLUVBaHMEM Ha MUKPOAHA/IMTUYECKUX Becax, M OHa Oblia 0KOo
0,4 MK. Hawm akcnepyMeHTbl MoKasanu, 4To Te(IoH U NULEUH MOArOTOB/IEHHbIE
B LLAPCKOI BOAKe M B MPUMEHSEMOM TpaBMTENe CBON BEC HE MEHANN B XOfe TpaB-
NeHws. TMoaToMy repmaHueBble 06pasiLbl HAKNEMBANW HAa NOAKNAAKY M3 TedioHa
N BCE M3MEpPEeHUs MpoBOAWMANCL Be3 CHATUA obpasua ¢ noAknagku. Takum obpa-
30M 06paTHas CTOpOHa NMaCTUHKM 3aliulianack OT TpaBuUTens, W TpasfieHue
NPOUCXOAMN0 AOCTaTOYHO ObICTPO, TaK KakK MOKPbITUE Mepef TpaBfieHNeM U pacT-
BOPEeHVEe Mepef B3BELUMBAHWEM CTa/IM HEHYXHbIMWU. [lpuMeHeHVe TedioHa W
nuuenHa He B/IWSET 3aMETHO Ha TOYHOCTb M3MEPEHWUS.

3MepeHne noBepXHOCTHOM NPOBOAUMOCTY NPOBOAMIOCH 0ObIYHBIM YETbIPEX-
30HA0BLIM MPUGOPOM. PacCTosiHMe MeXAy KoHTakTamu - 1 mMMm. Bce pgaHHble
MOBEPXHOCTHOM MPOBOAVMMOCTM BbIUMCASANUCL KaK cpegHee 10-M M3MEpPEHWiA,
CLeNaHHbIX B pa3/IMyHbIX MecTax NOBEpPXHOCTU. MecTo U3MepeHuidi Ha NoBepPXHO-
CTU KpucTania nocfie Kaxaoro TpaBfeHUs Oblin OfHW U Te XXe C TOYHOCTbI0 B
+0,1 MM. TOBEPXHOCTHYIO MPOBOAMMOCTb, OMpPEeAeneHHY0 Kak cpefHee W3Me-
PEHWIA MO BblpaXXeHWto (2), M306pasunn Kak (PYHKLUMIO PacCTOSAHUA OT MOBepX-
HOCTW, W NOCNe 3TOr0 KPMBYIO MPOXOASLLYHO Yepe3 M3MepeHHble TOYKU rpagu-
yeckn auddepeHUMpoBann No Kaxaplii 0,5 MK. Tak Mo BblpaxeHuto (3) ornpe-
fensanu yHkumo a = a(x). Ans Toro, 4tobbl ONpefennTb KOHLEHTpauuo npu-
mecn N(X) NPUMEHANN KPWBYIO, WM3TOTOB/IEHHYIO MO MPUBAVKEHHOWR hopmyne,
B MnepBoil Tabnuue ctatem KaTpuca. CoOTBETCTBYHOWWME (POPMYAbI 418 KPEMHUS
nveroTcs B ctatbe MpBuHa [7].

3. PesynbTarthbl
a. N3mepeHne auchdpysum n+ —n.

Bbille onucaHHbIM METOAOM MCCMefoBanW paccrpefeneHne npumecn nosy-
YyeHHoe Audihy3meldi CypbMbl B 06pasue repmaHus n — tuna. B cnydyae ynoms-
HYTbIX pasMepoB TO/LMHa 06pasLa MeHblle, Yem MOJIOBMHA PACCTOSAHUA MeXay
KOHTaKTaMMn YeTbIPEX30HLOBOr0 annapara [6], utak nepneHAMKYISPHbIM K MO-
BEPXHOCTM KpWUCTania KOMMOHEHTOM Hanpsi>XXeHWs MOXHO npeHebpeyb No cpas-
HEHWIO C NapannefibHbIM KOMMNOHEHTOM, T. €. MOXHO OMpefenTb NOBEPXHOCTHYIO
NPOBOAMMOCTb MO BbIPXKEHNIO (2).

Ha puc. 1un3o6paxeHa KOHLEHTpaLMs NPMMECK B 3aBUCMMOCTU OT paccTos-
HUSA W3MEpPEHHOI MOBEPXHOCTU OT MepBOHaYa/IbHOW MOBEPXHOCTU B AUpYHAU-
poBaHHOM 06pasLie.

Kak BMAHO Ha pUCYHKe, pacrpefeneHue rMpuMMecu XOpOLLO COrflacyeTcs C
TEOPETMYECKOW 3aBUCUMOCTbIO erfc U KOI(MULMEHT AnddY3nM NpubamsnTensHo
coBnafgaeT C paccymTaHHON BenuumHoi [8] (D =12 « KO-11 cmM2cek Mpu TeMm-
nepatype 770° C).

OTHOCUTE/bHblE OTK/IOHEHMSI JeCATU W3MEpPeHUN, Kak (PYyHKLUuUA paccTos-
HWS MOKasaHbl Ha puc. 2. BUAHO, 4TO OTK/OHEHWE W3MEpPEeHWA Npu nociefoBa-
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Puc. /. OuddysnoHHbIN npodunb cros

\ —-

B 9 10 11 Xmk

Puc. 2. CpepHve OTKMOHEHUA M3MEPEHUs cnos

TEeNbHOM TPaBNEHUN HUYTOXHO BO3pacTaeT. B OAHOPOAHON uacT MaTepuana
BbILLEOMNMCAHHbIM METOAOM HENMb3si 6GblI0 OMPEeAesUTb KOHLEHTPaLMIO MpUMECH,
T. K. U3MEHEHWUs BCNeACTBMM TpaBleHWUs ObliM OAHOTO MOpsiAKa C pasbpocamu.
Kpome 3TOro B AaHHOW 061acT MHXXEKLMA TOKOBbIX KOHTaKTOB Takxe Mellana
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M3MEPEHMIO, HO 3TO MOXKHO OblN0 YCTPAHUTb YMEHbLLEHVWEM TOKa. MO3TOMY KOH-
LeHTpauuio npumeceli B OfHOPOAHOM YacTM MaTepuana OMpeAenusn Hemocpes-
CTBEHHO W3 MPOBOAVMMOCTM, W3MEPEHHOW O06bIYHO YETbIPEX30HAO0BLIM METOLOM.

Puc. 3. Onddy3moHHblii npodunb cnos

0. W3mepenne auchcpysum n - p.

PacnpefeneHne npumec B 0bpasue p — TWMa, KOTOPbIA MOABEPrAM oOne-
paumn audgysmn ofHOBPEMEHHO C NpeblayLiyM 06pasLoM n — Tuna, NokKasaHo
Ha puc. 3. 3MepeHne cumtany npuemieMbiM TOSIbKO [0 TeX Mop, NMOKa OTHOCU-
Te/lbHOe OTKJ/IOHEHME 3HAYEHWI MOBEPXHOCTHOW MPOBOAUMOCTU, W3MEPEHHbIX B
[ecATn MecTax, He npesblwaeT 10%. 3TO OTKNOHEHME M3006paXkeHo Ha puc. 4,
Kak (DYHKUUS PaccTOsHUS WM3MEPEHHOW MOBEPXHOCTM OT NepBOHAaYa/ibHOM no-
BEPXHOCTW 06paslia, OTCHoAa BUAHO, UTO KOHLEHTPALMIO NPUMECK YBEPEHHO Onpe-
[enuTb yaaeTca TOMbKO Ha nepsbix 8,5 MK. HauuMHas oT paccTosHMsA B 9 MK OT
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nepBOHaYasbHON MOBEPXHOCTU 00pasua, M3MepeHHble 3HAYeHUS MOBEPXHOCTHOW
MPOBOAUMOCTM C BOMbLUMMUN OTK/IOHEHMAIMW OT CPEAHEro MOCTEMEeHHO YBeNM4YMBa-
NINCb. 3TO SIBNEHME HeMnb3A 00BACHWUTL TeM, YTO CTPaBMAN YXKe BeCb AM((Y3NOH-
HbI CNOW, W JOCTUINM OCHOBHOW MaTepwan p-tuna. [leno B ToM, 4TO Npu LOCTU-
KEHUN MaTepuana p-Tuna MOBEPXHOCTHas MPOBOAMMOCTbL [O/DKHA Oblia ObITh
PE3KO YBENMYMBATLCA, TaK KaK OO0/MbLUOe COMPOTWMB/EHUE p — n MEpPeExXoda yxe
He MpensATcTBYeT MPOHMKHOBEHWIO TOKa B 06M1acTb p-Tuna. B nocnegctsuu no-
BEPXHOCTHas NPOBOAMMOCTbL OYEHb MeAJIEHHO U MOCTENEHHO YMEHbLUAETCS TakxXe,
Kak TofwwmHa obpasya p-Tvna u3-3a NOCneAoBaTeNlbHbIX TPaBAeHWii HECKONbKO
yMeHbLUaeTCs. B Hawem cnydae MNOMoXeHWe Obi0 MHBLIM, Ha Hanuyue MnoBepx-

0
"
40

30

1 2 3 ~ 5 6 7 8 9 10 11K

Puc. 4. CpeagHue OTK/IOHEHWUSI U3MepPeHUst cnosi

HOCTW n-CNoSA yKasanu TakXKe U3MepeHuUs MeTOLOM Tepmo3oHAa. o Hallemy MHe-
HUK 06BACHEHVE AaHHOrO SIB/IEHWS Crefytollee: NMPUBAMXKasacb K p —n nepe-
XO4y MajeHue HanpsHKeHWs MeXAy TOKOBbIMW KOHTaKTaMu [OCTUraeT O4YeHb
60MbLLUOIA BeNMUMHLI, NOA BAUSHUEM KOTOPOTO MOXET MPOU30ATU Npoboi cme-
LEeHHOr0 B 06paTHOM HampaB/feHUW p — n Mepexofa, Tak ero COnpoTMBEHME
YMEHbLUAETCS, YaCTb TOKa MNPOXOAUT uepe3 Bray6 nexawiue cfiow, U MO3TOMY
nafeHve HanpsXeHWs, U3MEpPEeHHOe MeX[y BHYTPEHHbIMU KOHTaKTamu, YMeHb-
LuaeTcs.

B. V3mepeHune ak3oguddysum

B kauecTBe npumepa 60nee CNOXHOMO cnyvas, onpedensnun pacnpegeneHuve
npumecy B o06pasle, MOABepratoLleMycs MpefBapuTesIbHO CHavaia npoueccy
anddyann 13 napoBoit asbl, a nocne Anddy3nn ellle onpeaenceHHOe BPems Bbl-
LepxwuBanca npu Temnepatype Audiysum B BakyyMe.

Mcnonb3oBaB BbiBegeHHoe Homypa [9] BbipakeHWe ANns ABOWHOW  AMd-
y3um NOAyyYuMm, 4TO

Cj (X, t) = COerfc X -(C0- C2erfc ---------- , 4
J (X0 2(Dig + Rf)1R2 (V g) 2(Dt)'/2 )
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roe Cr{x, t) KOHUEHTpaumMs, MonayyeHHas Mocne 3K30audy3un, MPOTEKAOLNIA
Bpems t, C2 — MOBEPXHOCTHas KOHLEHTpauus B KOHLUe mpolecca anddysnm,
D — koathdmumeHT anddysun, KOTOpbIA M3-3a MOCTOSIHCTBA TemnepaTypbl BO
BpeMs andidysnm He meHsancs, u t0 — Bpems aHaoanddy3umn. 3HaveHne Co n D
onpegenuan n3 gaHHbIX Auddysnun, NpoBeAEeHHON B TakKWMX >Ke YCOoBUAX C Npo-

Puc. 5. Mpodunb ak3oantdpysnm cnos

JomknTensHocTolo t0+ . C2 MpuMHMManM paBHOW CpedHeMY 3HAYEHUHO MOBEpX-
HOCTHOI KOHLEHTpaLmu, NosyyeHHOW Npu MpoBefeHUn B UAEHTUYHBIX YCNOBUAX
HECKOMbKUX Anddy3nii.

Ha puc. 5. BUAHO pacnpegeneHne KOHLEHTpauuuM B TaKOM Cfiyyae v onpe-

JeneHHasn no (4) kpmsas. Pe3y/nbTaThbl 3KCNEPEMeHTa CpaBHUMbI C KPUBOW, Nony-
yeHHON U3 (4).
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INVESTIGATION OF THE DIFFUSION PROCESS IN GERMANIUM
By

G. NYERGES, M. S. SZILAGY!I and B. VIZKELETY

Abstract

The authors investigated diffusion of antimony in germanium by the four-point probe
and gradual etching. In the experiments the n+—n layer could be more easily measured than
the p-n junction made by diffusion. The measurements were carried out on in-diffused and
out-diffused layers.
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DIE BERECHNUNGEN DER IsnsbS-ZUSTANDE
DES WASSERSTOFFMOLEKULS AUF GRUND
DER METHODE DER MOLEKULBAHNEN II.

Von
F. Berencz
INSTITUT FUR THEORETISCHE PHYSIK, JOZSEF ATTILA UNIVERSITAT, SZEGED

(Vorgelegt von A Kdnya.— Eingegangen: 16. XI. 1964)

Es wurde die Elektronenergie des IsSs'S-Zustandes des Wasserstoffmolekuls auf Grund
der Methode der Molekulbahnen berechnet. Es wurde weiterhin festgestellt, dass die auf Grund
der Methode der Molekilbahnen berechneten Energien der Isns'S-Zustdnde (n= 1, 2, 3)
des Wasserstoffmolekiils von dem empirischen Wert eine Differenz von 4,5%-en zeigen.
Die Methode der Molekiilbahnen ist also fur eine theoretische Behandlung sowohl des Grund-
zustandes als der angeregten Zustdnde geeignet.

Einleitung

Es ist wohlbekannt, dass die Ldsung der Schrddingergleichung schon
im Falle von Atomen auf uniberwindliche mathematische Schwierigkeiten
stosst, die bei Molekilproblemen noch gesteigert werden. Deshalb ist man
bei Losung von Molekilproblemen auf Ndherungsmethoden angewiesen. Die
eine sehr oft erfolgreich gebrauchte Ndherungsmethode ist die sogenannte MO
(Molecular Orbital)-Methode, zu deren Ausarbeitung Hund [1], Mulliken [2],
Huckel [3] und Lennard-Jones [4] beigetragen haben. Bei der MO-Methode
wird angenommen, dass die Elektronen im Molekul nicht den einzelnen Ato-
men, sondern dem Molekil als ganzes angehdéren, d. h. dass sich die Eigen-
funktion eines Elektrons auf das ganze Molekil erstrecke. Dementsprechend
werden die Molekilhahnen der einzelnen Elektronen mehrzentrig im Gegen-
sédtze zu den einzentrigen Atombahnen. Die mehrzentrigen Molekilbahnen
der einzelnen Elektronen lassen sich aber auf Grund der LCAO (Linear Com-
bination of Atomic Orbitals)-Methode als Linearkombination der einzelnen
einzentrigen Atomhahnen angeben. Die Eigenfunktion des Molekuls, d. h.
die MO des Molekils wird als Produkt der Molekilbahnen der einzelnen
Elektronen angegeben. Es muss aber bemerkt werden, dass zwischen zwei
Atombahnen nur dann eine effektive Linearkombination sich verwirklichen
kann, wenn die Grdsse der Energien berechnet mit den einzelnen Atombahnen
vergleichbare Grdsse haben, ihre Ladungswolken sich maximal bedecken
und betrefflich der Molekilachse dieselbe Symmetrie besitzen. Weinbaum [5]
fuhrte zuerst beziglich des Grundzustandes des W asserstoffmolekiils quanten-
mechanische Berechnungen auf Grund der sogenannten LCAO— MO-Methode
mit verhdltnismassig guten Resultaten durch. In einer friheren Arbeit [6]
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berechneten wir den angeregten Is2s1S-Zustand des Wasserstoffmolekils auf
Grund der Methode der Molekilbahnen, in dieser Arbeit werden die vorigen
Berechnungen auf den angeregten Is3s1S-Zustand ausgebreitet. Schiesslich
werden die WEINBAUMschen und unsere Resultate mit den empirischen Werten
verglichen.

Die Rechenmethode

Die W asserstoffeigenfunktionen der ns-Zustdnde werden durch den fol-
genden Zusammenhang geliefert:

ns(r ex f
(r 0321/ p Rnir) > (1)

_ n—1 2r "oy (. 2y 2r
R‘\(r)—l 112 - 0 232! ) 2)

ist. Die Molekilbahn des 1s3sl1S-Zustandes des Wasserstoffmolekils wird
als Produkt der Molekilbahnen der einzelnen Elektronen angegeben, bei
welchen sich das erste Elektron im Grundzustand und das zweite Elektron im
angeregten Zustand befindet. Die Molekiulbahnen der einzelnen Elektronen
haben nach (1) und (2) die folgende Gestalt:

b (rai) + b (rM) = -\=r [exp (— ral) + exp (—rftl)], (3)
n
G2 .
exp - —= (Il ---ra+ j-rl2 +
3s(ra2) + 3sU) 2/3 1 p 3 \\( 3 127
(4)
+ exp bl

Unter Bericksichtigung von (3) und (4) kann die Molekllbahn des 1s3s1S-
Zustandes des Wasserstoffmolekuls in der folgenden Form angegeben werden:

Va= 3j [exp(—rgl) + exp(—rft)] X

X exp

-tllh T r2+ 27 ° )

' 2
+ EXp 62 1 - —Im + ----rL
3 27
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Die Elektronenergie wird dann auf Grund des folgenden Zusammenhanges
berechnet:

jVa H'Pnd
jVaHPndr (6)
JV&da
wo
1
H= Ha-\-Hb— — 7)
rbl rQ F12 ¥
und
H 1
- AN ®)
' (9)
2 rip
ist.

Die Resultate der Berechnungen

Weinbaum [5] fiihrte bezliglich des Grundzustandes des W asserstoff-
molekils quantenmechanische Berechnungen auf Grund der sogenannten
LCAO—MO-Methode durch und gelangte mit der Molekiulbahn von der
Gestalt:

Vi= [Is (ral + 1«Wi)] [b (rw) + Is (ré2)] (10)

zu einer Elektronenergie von 1,12755 a. u. Verfasser berechnete in einer
friheren Arbeit [6] den Is2s1S-Zustand des Wasserstoffmolekiils auf Grund
der Molekiilbahn von der Gestalt

Ve = [lIs (rai) + Is (rbl] [2s (r&2) + 2s (rf?)] (11)

und erhielt eine Elektronenergie von 0,68086 a.u. In dieser Arbeit wurde
der Is3s1S-Zustand des Wasserstoffmolekiils auf Grund der Molekiilbahn von
der Gestalt

Va = tls (rai) + b (rft)] [3s (ra2) + 3s (rft2)] (12)

berechnet mit einem Resultat von 0,63400 a. u. fur die Elektronenergie.
Vergleichen wir die oben angefiihrten Resultate mit den empirischen
W erten, die der Reihe nach die folgenden sind:

(Is)21s 1,17442 a. u.
1s2s1S 0,71188 a. u.
1s3sl1S 0,65975 a. u. [7].
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Die Differenzen zwischen den berechneten und empirischen Werten in den
einzelnen Zustdnden sind wie folgen:

(Is)2*S 0,04687 a. u. (4,00%),
Is2s1S 0,03102 a. u. (4,36%),
IsSsiS 0,02575a. u. (3,90%).

Die Differenzen zwischen den auf Grund der LCAO—MO-Methode erhaltenen
Resultaten und den empirischen Werten bleiben unter einer minimalen Fehler-
Grenze von 4,5%-en in allen drei Fallen. Aus dieser Tatsache kann man die
Schlussfolgerung ziehen, dass die in der Einleitung beschriebene Form der
MO-Methode zu einer theoretischen Behandlung sowohl des Grundzustandes
als der angeregten Zustdnde mit einem verhdltnismdssig guten Resultat
geeignet ist.

Ich danke auch an dieser Stelle Fraulein A. Boidizsar flr die Hilfe
bei den numerischen Rechnungen.

Anhang

Bei der Berechnung der Elektronenergie mussten mehrere Integrale
bestimmt werden, welche bisher in der Literatur nicht vorgekommen sind.
Diese seien folgendermassen bezeichnet:

I(a, B,y,6stunv) =

| exp (—aral —Brbl)exp (—yra2—%2 X
712

X ral rflr“2ri2 m— dxxda2.

Bei der Berechnung der Integrale wird die Methode von Kotani und seinen
Mitarbeitern benutzt. Der Integrand wird in elliptischen Koordinaten darge-
stellt und die gegenseitige Entfernung der beiden Elektronen wird durch die
NEUMANNSsche Reihenentwicklung berucksichtigt. Unsere Integrale wurden
mit Hilfe der von Kotani, Amemiya und Simose [8], gleichwie von Miller,
Gerhauser und Matsen [9] tabellierten folgenden Hilfsintegralen ausge-
drickt:

An ) = j e_al du ,
1

Bn(B)= | e~vvndv,
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GEZry= Jlp;vyer>w(l—vn~-advt,
-1

W (i,a:k,8) = ] f 14 PFSQ: (**H)P: (/1) X
|

i
X (Rl - 12 (@MW — 1)*2dnxdn2.

Die neuen Integrale ergaben sich wie folgt.

/(4 0y 0000,0) = f- [hi(2,R 2i- rJgOR Q(O,yR"+C,-
-H02,R;0,yRj @O R) Gg(4yR) - C -
- H (,R2i-RI@ @RRIOyYy r]- B+
+H) [0,Roy r] 2Ry r)+ & .

1 (2,0y 0,0.0,1.0)-£ [#72, R 3,y r) @O R) Gyoy r) + Ci+
+HI R 2] )@ ORIy «) + G-
- H ,RLy rJ@ ORJ(,-1rl-C,-
-H»(2,R;0,yR) Gg(O,R) Gg(4,yR)-C8-
- H(0,R3y r) IR R @Oy r) - C-
- . R2y r) @R R G(l,y fi) - CO+
+ H O, R Ly ri@QRR @,y fi] + Qu+

+ H (O, ROy rfJRR Q@GY r)+C1.

1(2,0,y ,0002,00=-~ [ng(>,R 4y r) @O R G,y a) + C3+
+2H (e, R3y r)@OR G(ly ) + 2QU-
- 2H(;,R 1y rJOR ®B,y r] - 20a-

- g2 ROy RGO R G4,y r) - Cb-
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- (IO,R;4,-MS(2,R) Cq (c4 £) "Cu

S OHSAOR;3, L J6u(2R) 6y yrg1- 200

28 (0R51 7w J6Y(2R) Gy, 1+ 200 +

'8
+ LI_I'(U,R;O,M GQ(Z,R) Gg (44 8)+ CZUJ '

2.0~ 00030 BN \u (2 R5 ] R)Gg(0R) Gglo-s + ol
bR (2R by g JGp0R) G, L ) 302

+ 2HS(2,R; 3 Gg(0,R) Ggj2.4 s1+ 2C,3 -

14 8)
< abb (2Rl ¢ )GO(0R) Bg(, ,, 1 202
- 3Hg(LRSL, ) GR(0R) Byl ) 30T

S (LR 69 (0,R) cg Iy g) = 6%
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- 2800 Ri3, ) GY(LR) 6y fpy g - 6B
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t 3 (o.R: 1 7 g) Gy (L R) By 7 git G

b oRee(0 R 0 60 (2 R) 6y gy ) 4631

g

1(2,Qy 00 Q4 0] |2Rgg|.[rﬂ» (2,R: 8- R) Gy (0.R) Ci{e,) k) + B+
¥ 4;1;;J2,R;5,i 8)Gg(O,R) 6 (4 1 8)+ g+
b5 (L R4 lleg(O,R) Gy (yy 5 )4"3CH
- SHg (2, R; 2 1w Gy (0,R) Go(y 48 303

- 49y (2R 1, I (0, R) Gg(S4 8) 4C3 -
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(/0 a0l kg C3B
&6 1692 D) Gy «) "3
- 4Hg (0, L5~ Al @ [) Gty n)- co-
- BHglo, L 4i-a) e ) @y a] - 4+
+ 5Hg o, [l 2y A) G2 R) Go(4,]i )+ co+
+4Hg (0, 4; Ly AjG@R) Gy(5y «) + CB+

+ Hg (0, 4; Qy &) G2 R c6.y a) + cH4.

*°) = § |[BH®(2’R2'T «) - A%(°-A:2’T *)] GS(°-T R) ~
- BHg[2,4 oy A) - Ho (0, 4 0y A)] cui2,jB j-

- 2HyJo, b; 2,y Aj Gg70,j fl) 2Hg Jo, 4;0,y [Alc»J2,y Aj}.

3- If H@R3T., . (»..3LR]G(*4 R+

+ [BHg (2,4 2y Al - Ho(o, G2y a)icyll | A] -
I3Hg 32, A;1y A) - HgJo S 1y A)] G2,y A) -
[3H» 32, Loy Oj- Hgdo oy s}Jc? 3,y ) -

- 2Hgdo, [y 3y fi)egJdoy n]- 2Hgdo, [ 2,y AnGefi, [n1) +

+ 2o, L1y 5) Quz2y A)+ 2Hgdo, oy f) Qi3y n)j.

2°)- -IrIN (-34T1 i - "0 5T «)]c! (ed™) +
2 [3Hg( 2113, | «) -H gj>*:;]_®NNH_
2 [3H» -H g MSH_

13Hy Jso*°4*) - Ho(<) K50 A )] N*4B'
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(0 R 44 r)G8. . - 4Hg fomsddall] -

(«. R 1,4 «)|@K Fiu 2Hg {0, RiO.J «J|Ci(44 R|

/(, Ly ,0,0030=~ jBHY(2,R 5y r)- HJ(, R 5,|r)] Qo | r)+
t 3[H8 2R 44 r) - b 0. R4 4 r)y (n -1
t 2[BHg R,R; 3,4 nj1. Ho («,R;3.4r)H iy R)
2‘[SHg 12 R;2, 4 RJ OR;2.-4) ] Gllgy 1)
Sy PARMERILANL S Legi )h g
[3Hg"2,R;0,y R) - Hy ¢ Gg (T, . b
(«+*a4s)@L, y - 6H( R44R @I
(@r:3,4 )@Y 4 o\'* 40 g TRIGN 1

()),R;l,-Jr)@(44 r_)+ 2Hy («,r;° .4 r‘!G;;>K )

1, 1,4 ,00,»40)-i {[«UER 4 «)- |

+4[3|_|_|' iZR 54[")1 /\81(OR S.4r )] |

v tray a0 (JRA R (er)
5[32»12,R;2.4«)|-«8|(°-r'2-4r|HMr)

4 [3;|»|(2. Ri 4.J-R]1- HsS (°-Ril-T * I]cg @_ r)

[3Hj(2,R;0,yR) - Hg(o,R;0,yR)]cg(6.yR)-
-2H»(o,R:6,yRj GjolIfi] - 8Hg (o, R; 5vy fil&(l,y r] -
- 10ffg (o, R; 4,y r1&@”2y r) + IOHg(0,R; 2,y r) Q& (4,y r) +
+ 8Hg(o,R; I,y R] Gg(s,y r] + 2Hg (0, R; 0,y r) Ggjo.y r)}.
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,Q0Q0] = yZ [3H8 (2,R 2y r) - H(2,R 0+ ] @OR) -
- B8O R 2,1 - HHO ROy rIQRR) -

- Z2»[, R0y R@OR+ 2O RO | fij @R Ry .

,00,Lo]=~ sBRYER3 {rI- HR11INQOR
- 5[sHg[0o,R3 1 Rj-H«jo,R;LjR )@@ R +

+ 35U R;2,yfij - 3H[2, R0,y fijj GOR) -

- 375Ho R 2,y R) - 3[o, ROy fijj G2 R -

- 1OfgysR: Ly i@ R+ HHg O RLYy @2 R)-

- > ROy i) GO R+ 6O ROY RIGRR).

°100]=~ B[R R3y r)- R 1y r}1@OR
- 5B, R3Yy R- HOR 1y rI @2 R J-

- 3[R 2 [ - 3HY[2,ROY rIQ@OR +
+3f3Y(0.R 2y —3P ROy fijj G2 R) -

- 102 R 1y RGO R+ 10bOR Ly r] Q@2 R +

+ 62ROy RGO R- 6O ROY rJARR)].

o >)- W {[p«F(2F > 4 F ) - ™M (2- wocom{s*) *

+ 21Hg(2,R:0,yR)]Gg (0. R)
-JI05Hg(0,R;4,yR) - THY (. R 2y r] +

+ 21Hg(O,R;0, mRj] G2 R) -

- M0H[R.-R2y Rj- 60Hy[2, ROy Rjj QO R +
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+ [HO $B (0, 11; 2,y 1) - 605» (0, 4; 0,y n]J Q@,Rr) +

+ 24h 72 R0,y 1) &QR) - A (0,1;0,y 1) G (2 1)].

0y .v ,Q020)=y ™ {?[5HO(r, /1 ;4yii)- 240,y )] QW)

+

7[69» (o, n; 4,y i) - Hg (o, 1; 0,y )] Gg(2, 1) +

H[ 5 @ - 32 G» (0, i) -

“ BN« -reTg) T FPlegrrT gyl GO ) -

i20,,A,

2006724, 0,y fij @Qi) + 200y (0,4, 0y 1) Q2 ) -
2B (2,4 Ly ] QW) + 890, i4; Ly 1) G2 ) -

8H» (2, 14; 0y ] @@Qn) + 8 (o, 1; 0y ) G2 1)j .

2)= A {I[sHg@2 4,1 1) - 98 it; 0,1 i1)] GYOM)

- Trow (0, %4,y N) - $H(0,1;0y W]j Q2 1) -

- 1S (2 W8,y W) - 3IB2a1y )] GQWN) -+

14750, ii; 3,1 i) - 3% (0, H; 1,1 )| G ) -

0270 [2,11; 0,y 1hj QO 1) + 205 [0, 14, Oy ) Q@2 ) +

+ 2Bk ( i QO M) + BB Lyii] QE i)-

/(2,0,1, -L, 0,0,2,15

85h I2,R;°, y if) GO, 1) + 8 [0,; 0y i) G2 M.

3 ZOVIi)eo [21 [ns» (1, 5; 5,1 9) --109»(2,in;3,y#]

3A»(2,4;1,yin)]c»0(0, 1) -
Zl.[nﬂ» ~0, i ; 5,y fij - HOH» [o,#i; 3,y nj

3H»(0,4; Ly ™ Q@2 n) +
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+ 9 [355A%[2,/1;4,yii ) - 42fff 2, R 2,-1 Ry +
I %) B0k -

- 973%fff (o, K ;4,|1 3 - 42ff'f(«,$|;2,iﬂ;|+

+ 1I5fff [0. R;»,-1-*)] G2 R)

-60[w° {2,R3y ). 3u 24 1-14)] Gxo, A) +
+60 7598 (0, R 3,1 ) - 3ax(< @R A -
—20 oy ) - 7 (2,950-1A)] @O ) +
+ 20 [9s» (0,152,j U 1- =y (05 0,-1a)] eg(2 ) +

+ 721 22, A1,y M) GO R)- 72fff (O,R; Ly R QY(2 ).

wh [ »:(u b 5.4-%)-uH*(2-* 3T *)
+3H(A; 1yid)]c® OR) -
- 2[I5ff> (0,r: 5y 1) - WE»(0,r: 3,[) +
+ 39°(0,9;1,ya)]ch (2, R) -
— B (2, T 4,y 1) -42H @2 T2y A] +
+ 15fff 72 5% 0,y 11)] G(0, ) +
+ 9[3BA? (0, A;4,yn| - 42fff (0,9;2.-1 9) +
+ 150 A0y HjEF@ A
-60 [759»(2,9;3,yi)~ 3ffgly , 1,+ 5)]QO F) +
+ 00[7ffg (0, A 3y 5)- 3Mgal,A.1,29)] @R ) +
+ [958 ST 2y i) - 72 5% 0,-1 )G ) -
- DIHYO, K2y W] - 7H0F0-19)] @E A +
+ 726 (2,54 Ly ) &0 A) - 72fffio, A 1-1a)C12
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@ i.i-, 0022, -n/ii-{2B1s5H 2 56] 5) - 3BF(, 14 )

+ 2AHy (2, fi; 2 *Bj - 5HO(2, fi; 0,1 fi)| GO B) -

- BLMBF OB 6,  fi) - By (o, B; 4, *fi) +

+ 2199°(0,01;2,y11) - 55»(0,51;0,y11)]c8(2, r)

— 70 r219° 72, ¢ ;4 *¢i) - 18a° (Vfiiz,y B) +

+ 555 (2,0:0,yi)le» (0, B) +

+ 770 as (0,8 ;4 .,y fi) - 188270, 8; 2~ fi) +

+ 5w "0, B 0,y fijjoe (2, 8) +

779> 2524 9) - 35F|21\12, R; 0, " 10, R) -

rrrat boAi2,44a) 351 (o,fS;O,VI 1@E2R)j.

(t-'eT-T-00%-0)-
= -g-[45ff»(2,8B;2,yB) = 15ff»(2,8:0,yR] - 154» (O.B; 2,i-rZ) +

+ 57° (0, B; 0,y fi) + 44“jo, 3; O,y [3)).

“1-1-00,0)-
=~ [45»72R;3y B] - 155 (2,B; Ly R) - 15 (0, R;3tjRj 4

+ 57" (0, R; Ly fi) + 45b [0, B; 1, y fi)).

‘(> T 0-0-1-1)
2;')%0 315 9» (2. 8; 4y fi) - 210a» 22 R; 2y R j

639° (28; 0~ gj - 105w (O,r;4,y B) +
709 (0, B; 2y Bj - 2Lk (o, 3; 0y B) +
+ B (0, B;2 Bj- 24w (o fi;0y R)|.
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(1,1.4,4,,0,2,0).

flz NBA2r; 4,y oj- A9°206; 0y sj 35HgOB; 2.y +

84

i(0,B;0, Fg&) + 84°(0,i1;0, J&ijj.

'@ T Yw°-2-0 —sHo [3I5H(s* Y 5) - 210"i42Rr-3T R+

+ 638" W 4 . 105ﬂ(|(».*5,_|_ B) +

70 0. R3 ! - 2is;
+ 70w 3 2|;|,,J°‘R: 1)+

+ 56A° («.A 3! - 24a» j
K) 'p 1T *)]-

130, 1y, i 0,02 2j= [3159» (2, 3; 6, j-Bf - 3159» (2. B; 4,y B
189942 B; 2, Bj - 455572 B; 0, "

105" (0, B; 6y Bj + KB (05,<, —

63» (O, r:2y 8j + 1595 (0,9; 0y &j + 10e/3j (0, B; 4,

—72F|"j0,r3; 2,i A)+»B}(.,9; »4 K)]-

cj= 38?2 G°GI+ 58» GG+ 789° AlGg + 94° G° G“mit den Argumen-
ten in den betreffenden Reihen.
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OMPEAENEHWNE COCTOAHUA Isns® MOJNIEKY/1bl BOAOPOAA METOAOM
MONEKYNAPHbBIX OPBUT II

®. BEPEHL,

Pestome

B pa6oTe onpejensieTcs aHeprus 3MeKTPoOHA B COCTOSAHWUM 1s3s’S MONEKy/nbl Bogopoda
UTO 3Heprus, HaiigeHHas

Ha OCHOBE MeToda MONEKYNAPHbIX 0op6uT. [anee onpeaensiercs,
1, 2, 3) MOfeKy/bl BOAOPOAA, OT-

MeTOAOM MOMKYNAPHbLIX OP6UT ANA COCTOSAHWUS Isn.sCS (n =
NnYaeTcss OT IMMUPUUECKOro 3Ha4YeHUs Ha 4,5%. MeToa MOMEKYNAPHbIX O0P6UT rofeH Ans

TeopeTn4yeckoro paccMoTpeHMA KakK OCHOBHOro, Tak u BO36y)K,D,éHHbIX COCTOSIHUA.
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CALCULATION OF NUCLEAR QUADRUPOLE MOMENTS

By
M. Tisza
PHYSICAL INSTITUTE, UNIVERSITY FOR TECHNICAL SCIENCES, BUDAPEST

(Presented by A. Kénya. — Received 24. X1. 1964)

The aim of this paper is to determine the quadrupole moments of some nuclei, starting
from Skyrme’s semiempirical energy formula for a nucleon gas, and minimizing the energy
by means of a three-parameter variational expression for the nucleon density.

The quadrupole moments are calculated from the obtained densities and the results
are compared with the empirical data.

1. The calculation of the energy and quadrupole moment of nuclei
For the calculation of the energy of the nucleus, we made use of the
expression derived by Skyrme [1] for the sum of the Fermi kinetic and the
interaction energy resulting from the nuclear forces. Skyrme’s expression
is given by
Ev=$ W v(e)dyv, (5]
where

Wr(g) = e0g0 (2)
gis the total density of the nucleon gas, while e0 and gOare constants given by
e0 = 15 MeV, q0= 1,4 « 1038 cm*“3. 3)

Following Skyrme we use the expression
A'= 18 ( (grad g)-dv (4)

for the energy resulting from the inhomogeneity of the nucleon gas, where
B =12 «10“8 MeV ¢«cmb (5)

In addition to the Skyrme terms we take into account also the energy resulting
from the Coulomb repulsion of the protons
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Ec= f ZJJ g;figlw)r(;]') dvdv', (6)

where gp (1) denotes the proton density. Thus the binding energy of the nucleus
consists of the following terms

E —Ev-)- Ej Ec. ()

Our approximate normalized density of the nucleon gas is the following varia-
tional expression

p(r, & — ie_ATl4 2xr2e~*r‘cos2al, (8)
n32 (s 3 -)- xJ-2 5)

where A is the mass number and x, $k and 2 are variational parameters.
This expression makes it possible to investigate the deviations from spherical
symmetry of the nucleus. The spherically symmetric case belongs to x = 0.
The deviation from spherical symmetry is generally characterized by the
quadrupole moment of the nucleus. The quadrupole moment

qg= —J"0o(r; & [3c0s2&— 1] r2dv (9)

can be calculated by means of (8) and we obtain

2Z 4 Xb 10
2L + fix2) (=9
where
H A= 1 (11
Using (8) we obtain for the energy terms
2g2 1 49 2x2 32
Ec= 22825 —Il f U2x5--u X 14— X2 (12)
y2n (1 + fix3)2 J 60 2+ 1 3
A3l . 5/2
14 fix3
(f3 n:)3p2(1 + fix3)3 .2*24 1
712 5
fl2X2 f13 X3 (13)
A2!3 . 572
14 fix3 + -~ 2X3
1/2n32q0(1 4- 4n3)2 X24 11 4
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3A2BP \772
E,= 1+ (IX3
22321 + fix3)2 x4+ 1
7 (14)
fiax 37 2
12 X+ 1

In the following we consider only the simpler case when x = 1, i.e. »
and g (r;$) has the following form

e(r;0)= Ar(l + 2/tA2r2cos2#) e_pn\ (15)
where
AP
V=
32 (1 -)- (16)

The energy terms reduce then to the form

A 346
Ev= ) 1" fl fl-£ 13
(f370)3Pq (L + f1)3
AZA3 1l fl o
_ I3
112932p0 (L + fi)2 P2
3BA2P
E, = B (18)
2(28)3/2 (1 + fi)3 + TNA+12 N
72e28
Ec= ¢ 1 i 4 (19)
1/271(1 + 7)2 60

In this simpler case we have calculated the energy of the nucleus Tal73.
We have minimum energy when 9= 0,2199 « 1013 cm-1, fi = 0,992 and the
value of the energy per nucleon number is E/A = —6,32019 MeV. Having
obtained the values of the parameters Aand fi we can compute the quadrupole
moment by using (10) and the result is g — 15 « 10-24 cm2 Our results must
be compared with the measured quantities E/A = —8,03089 MeV and q =
= 6,6 «10"2Acm2

2. Discussion

In the following the cause of the discrepancy between the calculated
and the experimental results obtained for the energy as well as for the quad-
rupole moment will be discussed.

Let us begin with the energy. Skyrme determined the constants in the
energy by disregarding the Coulomb term. Consequently, the discrepancy in
the energy values is probably due to the fact that we took into account also
the Coulomb term without changing the parameters [3].
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Additional problems arise in the case of the quadrupole moment. First
of all we notice that this quantity is not a smoothly varying function of the
mass number A, and therefore we can only estimate the order of magnitude
of the quadrupole moment on the basis of our model. There may be cases,
where the agreement between the computed and measured moments is worse
than in our example, while in other cases the agreement may be better.

It is well known that in unfortunate cases the error in the densities
obtained by the method of energy variation may be significant even if the
energy value is fairly accurate. (This can be readily seen e.g. in an example
given by Preuss [2]. He showed that we can construct a wave function for
the hydrogen atom satisfying all the conditions required of a variational wave
function and approximating the energy up to any required accuracy, never-
theless leading to wrong values for the diamagnetic susceptibility, the error
of which indefinitely increases.)

It seems, however, more probable in our case that the error is not
primarily due to an unfortunate choice of the variational function, but the
semiempirical energy expression of Skyrme gives erroneous results if deviations
from spherical symmetry are allowed for the nucleon density.

In connection with this we refer to a paper by Gombas and Kisdi [3],
where a nuclear molecule consisting of two C12 nuclei is investigated. This
investigation is also based on the semiempirical energy expression of Skyrme,
and the authors obtain the result that the energy of the system consisting
oftwo C12nuclei shows a minimum at a distance of R = 3,6 « 10—3cm between
the centres of the nuclei. This minimum actually corresponds to a stable state
of a strongly deformed Mg2nucleus. This fact also indicates that a variational
calculation based on the energy expression of Skyrme leads to a nucleon
density which deviates much more from spherical symmetry than the experi-
mental density does.
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BbIUNCNEHUWE AAEPHOINO KBAAPYMOJ/IbHOFO MOMEHTA
M. TUCA
Pestome
Ll,el'IbIO ,anHOIZ pa60TbI ABNAeTCA onpeaeneHne KBafpynoslbHOro MOMEHTa HEKOTOPbIX
Anep, ncxopgsa mns HonySMnMpMHECKOIZ (*)OpMyl'IbI JHEPrun gna HYK/IOHHOro rasa CKapma n MUHN-
MU3NPYyA 3HEPTrn0 € NOMOWbIK BapMalMOHHOIO BblpaXeHUAa AnA NAOTHOCTWM HYKNOHOB, cojep-

Xauwero Tpu napameTtpa. KBa,qpynoanbHZ MOMEHT BblYNCNAETCA Ha OCHOBE I'IOI'IyLIeHHOI\/'I nnoT-
HOCTW W CpaBHMBaETCA C OMNbITHbIMW AaHHbIMW.
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PACUET TPAEKTOPUWN SNMNEKTPOHA, ABUWXYLWEIOCH
MEXAY KOAKCUANbHbIMN TPYBEAMW, BTNPUCYTCTBUN
Monoro 3aNEKTPOHHOIO MYYKA

M. CWIAIM

MWHCTUTYT TEXHUWYECKOW ®U3NKW BEHFTEPCKOW AH, BYALAMNEWT

(MpeactaBneHo . Curetn. — TMloctynuno 24. XI1. 1964)

B pa6oTe onpefefieHa TPaeKTOPUS 3/EKTPOHA, MCXOASILLEr0 C BHYTPEHHel rpaHuubl
aKCUanbHO-CUMMETPUYHOr0 TPy6UYaTOro WHTEHCMBHOIO 3/1EKTPOHHOIO MyuKa, ABUXKYLLErocs
MeXAy ABYMS KOaKCUaNbHbIMU AAVHHBIMKW MPOBOAAWMUMK LuAUHAPaMu. WccnegoBaHo BAus-
HWe pas/IMUHbIX MapameTPOB CUCTEMbl Ha ABUXEHWe 3NeKTpPoHa. [JalTcs GopMynbl 4ns onpe-
[eNeHNs .MaKCMManbHOro nepBeaHca MNydyka W MakCUManbHOW ANWHBLI CUCTEMbI.

B pasnnuHbIX 31eKTPOHHbIX NPU60Opax 4Yacto NPUMEHSKOTCS MOSble UHTEH-
CVBHbIE 3M1EKTPOHHbIE My4YKWU. Kak M3BECTHO, B TaKWX My4yKax [AeNCTBYIOT CUfbl
3MIEKTPOCTATUYECKOr0 OTTaNKMBAHUA MEX[Y 3/1eKTPOHaMu, KOTOopble MpUBOAAT
K M3MEHeHMIO (DOpMbl NyYKa. TOUHOE MUCCNefoBaHWe PacLUMPEHNS NMyYKa ABNAETCS
ype3BblYaliHO CMOXHOW 3agayeil, TaK Kak Heobxo4MMO COBMECTHO pellaTb ypas-
HeHue MNyaccoHa U ypaBHEHUS ABWKEHUSA. B HacTosLeld cTaTbe Npobiema annpok-
CUMUPYETCS peLLeHVeM CNefytoLLeid 3agaun.

PaccmoTpuM nfeanbHO (POKYCMPOBaHHLIA MOMbIA 3MEKTPOHHBLIA MYYOK C
MOCTOSIHHBIM  MOMEPEYHbIM CEYEHMEM, OrPaHWUYEHHbIA  LUMAMHAPUYECKUMMU MO-
BepxHOCTAMU. C rpaHuLbl Nyyka HauMHaKOT CBOE [ABUXEHWE 3/M1EKTPOHbI, BHECEH-
Hble B CUCTEMY M3BHe. B fanbHenleM nccnefyercs ABMXEHME TaKOoro — He OTHO-
cAlerocs K Nyyky — 3/1eKTPOHA B 3/1EKTPOCTATUYECKOM M0J1e, CO3[4aHHOM Mpo-
CTPAHCTBEHHbIM 3apsAA0M My4YyKa C KOHEYHOW M MOCTOSIHHOW TONWMHOW. Tpaek-
TOPUA 3NEKTPOHA, WCXOAALLEro C BHELUHEN rpaHulbl My4yka, PaccMOTpeHa B
cratbe [1]. YacTHOMy cnyyato 6eCKOHEYHO TOHKOro ny4yka nocesueHa pabota [2].
B HacTosileid paboTe OMNpeaensercs TPaeKTOpUS 3MeKTPOHA, HayvaBLUEro CBOe
[BWKEHWE Ha BHYTPEeHHel rpaHuue nydyka. [puMeHseTcs HepensTUBUCTCKOE
NpUGANKeHHE.

MycTb ANMHHBIA aKCUANbHO-CUMMETPUYHBIA WHTEHCUBHBIA MOMbIA 3M€eK-
TPOHHBIA NYYOK ABVIKETCSA MeXAy ABYMS L/IMHHBLIMU KOaKCUanbHbIMU MPOBOAS-
WMMX UMNMHAPAMU N0 HanpasieHnto, nepneHanKynspHOMY NI0CKOCTU YepTexa
(puc. 1.). Mprmem 06LLYH OCb CUCTEMbI 38 OCb Z LIMAMHAPUYECKOA CUCTEMbI KO-
opauHat 1, a, z. Oba UWAMHApa HaxoAATCs Ha OAMHAKOBOM MnoTeHuuwane Un
Paanyc BHYTPEHHEro UnanHapa 0603Haumm yepes R 1, paguyc BHELLIHErO LWANHAPA
—yepe3 R2 lMy4yok orpaHNYeH LUMIMHAPUYECKMMMN NOBEPXHOCTAMW C pafuycom a
C BHYTPEHHE CTOPOHbI 1 C paguMycoMm b C BHELUHEA CTOpoHbl. lMonepeyHoe ceue-
HWe BCE CMCTEMbI MOKa3aHO Ha puc. 1. CeuyeHue Myuyka 3aITPUXOBAHO.
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B Takoil cucTeMe Ha 3/M1EKTPOHbI AENCTBYHOT TOMIbKO CW/bl NPOCTPAHCTBEH-
Horo 3apsiga. Bcneacteve 60MbLLONK A/IMHBI My4yKa, a TakKXKe BpallaTeslbHOW CUM-
METPWM, 3TN CU/bl AENCTBYIOT ML B pagnaibHOM HanpaBneHun. Kak M3BecTHO,
pacnipefeneHve NoTeHUMana no CEYeHUHO MOMOro MyykKa WMEET BWA, MOKa3aHHbIN
Ha puc. 2. ViMeeTcs HEKOTOPbIA paguyc re, MpyM KOTOPOM MOTEHLUMan AOCTUraet
MWHMMAaNIbHOTO 3HayeHWsl. Ha 3NeKTPOHbI, KOTOpble ABMXYTCA MPU 3TOM paBHO-
BECHOM paguyce, CW/bl He AENACTBYIOT. ONEKTPOHbI, HaxXOAALLMECH BO BHELLHEN
yacTu nydka (r > re), OTK/IOHAKTCSA OT ocu. B cnyyae r < re cuibl NpoCTpaH-
CTBEHHOrO 3apsifja [AeCTBYHOT B 0OpPaTHOM HamnpaBieHUM.

Mpexae 4eM NPUCTYMUTb K WUCCNEOBAHWUIO BHYTPEHHER rpaHuLbl My4Ka,
NpuUMeM cnegytolime [ONyLeHus:

1. PacnpefeneHue noTeHumana Oygem y4mTblBaTb TO/IbKO MPU BbIYMUCIEHUN
CWMbl, [eWCTBYHOWEN Ha 31eKTPOH. CKOpOCTW BCEX 3/M1EKTPOHOB MPUGIMKEHHO
onpegensdoTcs noTteHuyuanom UO.

2. CuyutaeM, 4TO MJIOTHOCTL TOKA PaBHOMEPHO pacnpejensieTcs No nore-
PEUYHOMY CEYEHWHD MNyudKa.

O6a fonyuleHns BEPHbI MPU 0BObIYHLIX MHTEHCMBHOCTAX U HE O4YeHb 60/b-

nx BeInYMHax OTHOLUEeHUA

Bygem npuvMeHsTb NpakTU4yeckyro cuctemy egnHny MKCA.
Tenepb paccMOTPUM [ABVDKEHWE 3/1EKTPOHA, WCXOLALLEro C BHYTPEHHeM
rpaHuubl nyyka. [na 3Toro 3nekTpoHa

r< a
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Ecnun vimeeT MecTo BTOpOe fOMyLieHWe, TO B 3TOW 06/1aCTU pacnpefeneHne noTeH-
uvana onpefensercs Cnefylowum BbipaxeHuem [3]:

| r2- a2

v =mna 2nen”2rj YUg b2—a2 " RFX &
rage
1 b2In - 4 a2ln- -4-—- (b2- a2 2)
w A b R1] 2
30ecb | — nonHas cuna Toka Nyyka, €0 — BeNMYMHa AN3NEKTPUYECKON Mpo-

[
HULAEMOCTN BaKyyma, a /= — — aBCoNoTHas BeMYMHA OTHOLLEHNWS 3apsiia
T

9/1EKTPOHa K €ero macce.
YpaBHeHMe [OBWXKEHUA 3NEKTPOHa WMeeT BUA:

______ = MN-—--. (3)

MPUBAMKEHHO MOXHO CUMTaTb, 4TO

dz

Vzyuo, 4
ot y (4)

TaK KaK MnornepeyHas COCTaBsAOLLas CKOPOCTU 3M1IEKTPOHA B paccMaTprBaeMom
NPUGAMKEHNN Mana MO CPaBHEHUKO C MPOAOMLHON COCTaBAIOLWE. YunuTbiBas
COOTHoOLeHne (4), u3 (1) n (3) nony4ymm ypaBHeHUe TPaeKTOpuUK:

d’r | r2- a2 1
dz2 450 UIR2 ®R—a2 r ° (%)

Acta Phys. Hung. ToT. XV III. Fase. 4.



328 M. CUNAAWN
HayvasibHble ycnosma WUMEOT Cfle,qleLLl'VIM BUA:

r(0)= a
dr (6)
dz

NHTerpmpyem ypasHeHune (5) oguH pa3 ¢ yyetom (6). Monydaetcs:

Idr_fl | rée- a2 jr_

(dz) 21e0Y20U3R b2—a2 a ?)

OTKyAa
B dr
dz = (8)

2ne0Y2rj U 32

Mepen KOpHeM BbIGpanM OTPULATENbHbIA 3HAK, TaK KakK Npu MOM0XWUTENbHOM
NpupaLLeHN KOOPAMHATbLI z BEMYMHA KOOPAMHATbl r A0/MKHA YMEHbLUATLCS.
WHTerpupys ypaBHeHue (8), nonyyunm:

— 1
z 21e0ll w82 b2—a2 % div .
a r2- a2l - JA”Tn ( )

rae iv nepeMeHHas MHTErpMpoBaHNs, KOTOPYIO 3aMEHUM HOBOW MepeMeHHOM u no
thopmyne
m—Y—inw, (10)
OTKyfa
dw = — 2ue~"2du . (H)
C nomoupto (10) 1 (11) MOXHO HanucaTb:

1/—n—
\ a

|- div 2 1| e~urdu = }/nerf In — (12)
J —y“minw J

roe

erf =-J e “rdu (13)
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(vHTerpan sepoATHocTM). M3 (9) 1 (12) nonyymm BblpaXKeHWe AN TPaeKTopuu
3NEKTPOHa:
2 2n 2e0 ule b2

a | ri

erf (14)

BoipaxxeHue (14) ¢ ydeToM (2) nocne nNpocTbiX Npeobpa3oBaHWil NPUBOAMTCA K
crnefylolemy Buay:

% erf H )

(15)
a
E = v, s K2|
1 2n2e0)/2r] Bj a b
roe
in A
! +1n Rn
2 b .
Rn b R2 (16)
Ri Q b In A
R,
(17)
m 2 B32

—TnepBeaHc ny4ka. OTKNOHEHME 9/1EKTPOHa TeM Cu/ibHee, YeM MeHbLUEe Be/nMYnHa

2 r
- - NpU JaHHOM —, T. €. Yyem 6onbLUe BeNMUYUHLI NepBeaHca P 1 napameTtpa F. U3
a a

Rn
thopmynbl (16) cpasy BMAHO, YTO C POCTOM OTHOLLEHUSA -Y- BenuuMHa F pacTerT, a

C POCTOM — OHa Y6biBaeT. AHa/n3 (hopMy/bl NOKa3biBaeT, YTO BeMUMHA F Mo-
Ri

HOTOHHO pacTeT C POCTOM Beﬂl/l‘-II/IHbIaB.
MpeacTaBnseT Takke MHTepeC noseaeHWe (QyHKUMM F npu (MKCMPOBaH-
HbIX 3HAYeHUnAX :bVIEbX e O603HauYNM
y= R (18)

rge -»—< y < 1. YuuTtbiBas, l4T0Lb2 = yl%, nepenuiem gopmyny (16).
X

R,
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nOﬂy‘—II/ITCFI cnegyrollee COOTHOLLEHME:

F ==Y (19)

b
AHaNN3 NOKasblBaeT, YTO MPWU BCEX BO3MOXHbLIX 3HAUEHMAX MapameTpoB y U —
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nmeeT mecTo A < 0. (Mpn 3TOM Heo6XOAMMO MOMHUTb, 4YTO JTIA< a < b< 4,
no onpegeneHnto). M3 gopmynbl (19) BUMAHO, 4TO B 3TOM ciydae 0 < F < 1K

R.
Be/IMYNHA F pacTeT C pOCTOM—% a TaK>XKe C pocToM A.

B kauecTBe npumepa Ha puc. 3. MOKaXXeM rpankn 3aBUCHMOCTI 6e3spas-
MEPHOW BEMNYNHBI

Z p 2 21)
a 1 2n2e0\2? a

OTT , MOCTPOEHHbIE HA OCHOBaHUM COOTHOLWEHMIA (15) 1 (19) npuy = 0,6. CnnoLu-
b b

Hble KPYBbIE OTHOCATCA K clydalo — = 1, 2, a LUTPUXOBble — K Ciy4yao — —m 1.4,
a a

K,
BefMunHbl OTHOLWLEHWA — yKa3aHbl Ha KPUBbIX.
w4
W3 cooTHOWweHUA (15) Nerko MOXHO OnpefennTb MakKCUMasbHYI BEIMUNHY

rnepBeaHca My4ka, KOTOPbIA MOXET ObiTb MPOMYLLEH Yepe3 PacCMaTpUBaeMyto
cucTeMy ¢ AnvHoli | OYeBMAHO, YTO YC/IOBMEM MaKCUMasbHOrO MepBeaHca 6yaeT
PaBEHCTBO PACCTOSHWS OT OCWM PACCMOTPEHHOIO 3/1EKTPOHA Pafuycy BHYTPEH-
Hero uuMHApa, T. €.

| jsh]

ml—

npu

2 (22)
:

o
mlN

MopcTaBnss 3T paBeHCTBA, & TakXXe 3HAYeHWs YHUBePCa/ibHbIX MOCTOAHHbIX
B (15), monyymm CrefytoLlee BbIpaXXeHME:

2
’ erf In— 1
a ) a
P 23
n, a b

BcnegctBue NpUHATBIX AOMYLLEHWIA, a TakxXe MOTOMy, YTO AauMHa | Mo onpege-
NEHUIO  [JO0/KHA ObiTb HAMHOIO GO/blUe BCEX MOMEPEYHbIX PasMEPOB CUCTEMbI,

o a
BENMYMHA PTax He MOXET ObiTb OYEHb 6ONbLLOK. BennunmHa — cBs3aHa ¢ OcTaslb-

*®i
HbIMM MapameTpaMn CneayrowmnM NpPoCTbiIM COOTHOLLEHMEM:
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Mpu [aHHOW BenMUMHE MepBeaHCa [/MHAa CUCTEMbl TakKXe OrpaHuueHa
ycnosusmmn (22). OTcioga cnefyet, 4To

erf
1] I 02 10-2 KI
= ' b r2

a 'max iR Jp *2
\Ri a’ b

(24)

B 3ak/ioyeHve AN NOMHOTHI PACCMOTPUM BblpXKEHME TPAeKTOPUMU 31EKT-
POHa, UCXOASLLErO C BHELLUHE rpaHuLbl TPy64YaToro nyyka [1], KOTOpoe B HaLLMX

0003HaYEeHUsAX NMeeT BMA:
J e"2du . (25)

YCnoBMeM MaKCMManbHOro nepsBeaHca B 3TOM C/yyae AB/AETCH

3gecb b< r< R,

r Ro
— = —  npu 26
b b If (26)

MofCTaBNsS 3HAYEHNS YHMBEPCANIbHbIX MOCTOSHHbLIX B opmyny (25), ¢ y4eToMm
(2) wn (26) nonyuutcs cnefyloLmMin pe3ynbTar:

in A
b
PTax= 1,32-10-4 b a (27)
11 G iA - g3/2
Ri a
roe
g(x) = ewurdu, (28)
0
In
In -|-------- +
R2 b \
2 (29)
R1 a R x in A
Ri

(3HaueHus hyHKUMKM g(X) MOTYT 6biTb HageHbl C MOMOLLBIO TabnuLL).
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AHa/IOTMYHO, A1 MaKCUMa/lbHOW [/IMHbI CUCTEMbI MOJyYaeMm:

1 0“2 g "4
1,15- 1 1 b 1 (30)
b max ]/p GIW a
K a Ri.

Mpwn pelieHnn KOHKPEeTHbIX 3afay HeobXOAMMO, KOHEYHO, MccnefoBaTb 0be
TpaekTopum no qopmynam (15) u (25). MakcumanbHas BelMyYuHa nepBeaHca
onpeaensieTca Bcerga Tol u3 qopmyn (23) u (27), KoTopas AaeT MeHbllee 3Ha-
yeHue. Takoe XXe NPaBuIo MMEET MECTO M NPU OMpPeSeieHUn MakCUManbHOR ANWHBI
CUCTEMbI Ha OCHOBaHWMM opmyn (24) n (30).

B KauyecTBe nprMepa pacCMOTPEH My4YoK ¢ nepeeaHcom P = 1,92 « 10-ti a/B"2,

. a b

[ABWXKYLLMIACS B CUCTEME, KOTOPas MMEET credytolime napameTpbl: — =2, — = 3

R [ Ri Ri
W —= 4. B 3ToM ciyyae no copmyne (24) nonydaercs -— =19,38, a no

R 1 | I R 1l max
thopmyne (30) — — = 18,04

A1 /max
NNTEPATYPA

1.N. Wax,J. Appl. Phys.. 20, 242, 1949,
2. L. A. Harris, IRE Convention Record, part 3., p. 11 —18, 1956.
3. K. K.N.cChang, Proc. IRE, 45, 1522, 1957,

CALCULATION OF THE TRAJECTORY OF AN ELECTRON MOVING
BETWEEN COAXIAL TUBES IN THE PRESENCE
OF A . HOLLOW ELECTRON BEAM
By
M. SZILAGYI

Abstract

The trajectory of an electron starting off the internal boundary of an axially symmetrical
hollow dense electron beam moving between two coaxial long conductive cylinders is determ-
ned. The influence of different parameters of the system on the electron motion isinvestigated.
Formulae are given for the determination of the maximum beam perveance and system
length.
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MEPNOAVNYECKAA 3JIEKTPOCTATUNYECKAA
®OKYCUMPOBKA NEHTOYHbLIX 3S/NEKTPOHHbLIX
MOTOKOB

M. Cunaum

MWHCTUTYT TEXHUUYECKOWN ®WN3UKWN BEHTFTEPCKOW AH, BYJANEWT

(MpepactaBneHo . Curetn. — Moctynuno 24. XI. 1964)

B pa6GoTe uccnegyetcs nepuojmyeckas 3nektpocrtatmyeckas GOKYCUMPOBKA NEHTOUYHOTO
31EeKTPOHHOTO My4yka. ®oKycupyrlas cuctema MMeeT NNOCKOCTb CUMMETPUM, COBMaZato Ly yto
CO CpefHell MNOCKOCTb NyyKa. TONWMHA NOTOKA MOXET GbiTb COM3MEPUMON C NEPUOAOM CcCUC-
TeMbl. OnpeAeneHbl YCNOBUSA ONTUManbHOW GOKYCUMPOBKM: BENWYMHA (OKYCUPYH LEr0 NOTEH-
unana, npubnanXeHHas TPaekKTOpPWUSA 3NeKTPOHOB, MepBeaHC MNyuyka, a TakxXe Heo6XoAuMmoe
pacnpedeneHne NNOTHOCTW TOKa NO CeYEHUI Nyuyka. MapakcuanbHoe NpubGAUXEHWe paccmaTt-
puBaeTcs KaK 4acCTHbIW cnyyail. [ins 3Toro cnyyas NpUBOAMTCS CPaBHeHWe YCNoBUN (QoOKycU-
POBKM NEHTOYHOro MNOTOKa C XapaKTepucTukamu (OKYCUPOBKU LWNAUHAPUYECKOTO MNyuKa.
B 3akfnouyeHUnW onpepeneHa popma 3NeKTPoJOB ANS paccMaTpuBaeMoro BuWAa MONf, a Takxe
3aBUCUMOCTb NepBeaHca Ny4yka OT FeOMEeTPUYECKNX mapamMeTpoB. HailifeHo, 4To MakcumanbHas
BeNMYMHA NepBeaHca AOCTUraeTCs BHe mapakcuanbHOW o6nacTu.

BBefeHune

Mepuogmueckas 3snekTpocTaTMyeckas (OKYCUMPOBKA C YCMEXOM MNpume-
HAeTCA AN COXpaHeHUst (hOpMbl MHTEHCUBHBIX 3M1EKTPOHHLIX NOTOKOB. B HacTo-
fAllee BpeMs [OCTATOMHO MOMHO pa3paboTaHa Teopusi MepuoAMYEcKOi 3/71eKTPo-
CTATUYECKOW (DOKYCMPOBKM LMAuHApuueckux nyukos [I, 2, 9]. Ha npakTtuke,
0AHAKO, B pPa3/IMYHbIX 3/1EKTPOHHbIX Mpubopax 4acTo MPUMEHSAOTCA TakXke U
NEHTOYHbIE MYYKM OONbLUOK MHTEHCMBHOCTW. 15 (POKYCMPOBKM TaKUX MYYKOB
TaKXKe UMCMO/b3YITCA pasNnyHble MEepUOLMYECKMe 3MeKTpOCTaTUYecKue Ccuc-
Tembl [3—5].

Teopusi MEPUOSMYECKON 3MEKTPOCTATUYECKON (DOKYCUPOBKU JIEHTOUHBIX
My4yKoB B MapakcuanbHOM npubavxeHun gaHa B paboTax [5, 6]. Pokycuposka
NEHTOYHbIX MY4YKOB Cepueli TOHKWUX /IMH3 paccmaTpuBanace B pabote [7].

B HacTosweid paboTe mccnegyeTcs (POKYCMPOBKA LUMPOKOFO JIEHTOYHOrO
3NEKTPOHHOrO MOTOKa MEPUOAMNYECKON 3NEKTPOCTATUUYECKON CUCTEMON, MMEIOLLIE
NNOCKOCTb CUMMETPUK, KOTOpas COBMAafaeT CO CpefHeil MNOCKOCTbI MyukKa.
PaccmaTpmBaeMblii cnyyald CyLleCTBEHHO OT/AMYAeTCAa OT C/yyasi KPWUBOMMHEN-
HbIX NEHTOYHbIX NOTOKOB [10—13]. TMepuof cUCTEMbl MOXET ObITb COU3MEPUMbIM
C TONLWMHOW MyYKa, MAK BbITb HAMHOIO G0MbLLE 3TOW BENMYMHBI. PaccmaTpuBaeTcs
Cnyyail oNTUManbHOW (HOKYCMPOBKM, KOTOpas onpeaensercs  MWHUMaJTbHOM
BOJTHACTOCTLIO MYyuKa.

PesynbTaTtbl paboTbl NPUBGAMMXKEHHO MOFYT ObITb PacNpPOCTPaHeHbl Takxe U
Ha cfyyaidi Tpy6uaTbiX My4YKOB, €CAM TOMLMHA My4Ka W MEpuoj CUCTEMbI Majbl
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Mo CpaBHEHWIO C AMaMeTpoM nyuyka. (Mbl NOMy4uMM COOTBETCTBYIOLLYKO TpyO6-
yaTylo CUCTEMY, €CMIN CEYeHWEe M/OCKOM CHUCTEMbl MOBEPHEM BOKPYT OCU CUM-
MeTpuK )

OnTyMasibHas (DOKYCMPOBKA JIEHTOYHOIO MyyKa

PaccMOTPUM  A/IMHHLIA  MHTEHCUBHLIA NIEHTOYHBIA  3M1IEKTPOHHbIA  MOTOK.
PacnofioXXum NpsMOYro/ibHYH CUCTEMY KOOPAMHAT X, Y, Z TaKuM 06pasom, YToObl

Hanpas/ieHWe ABUXEHUS Ny4yKa COBMaso C HanpasneHuem ocv z (puc. 1). Myctb
WwunprHa nydyka W (no HanpaBfeHWO OCKM X) HaMHOro 60/blie ero ToAWMHbI (Mo
HanpaBfeHN0 OCK Y), @ B TO XK€ BPeMs [A/MHA My4yKa HaMHOrO NpeBbIIaeT ero
LUIMPUHY. B 3TOM Cnyyae MOXHO CUMTaTb, YTO CWMbl MPOCTPAHCTBEHHOMO 3apsja
[ENCTBYIOT TO/IbKO MO HAMpaB/eHWIO OCU Y. 3TN CU/bl KOMMEHCUPYIOTCS MOCTOSH-
HbIM BO BpPeMEHU 3NEKTPUYECKMM MOMEM 3MEKTPOAHON CUCTEMbI, PACMO0XEHHON
C ABYX CTOPOH BOMM3U MyuyKa. ONeKTPOoAbl CUMbHO BbITAHYThHI MO HanpasieHUo
ocu x. Ha Hux npuknagbiBaloTcs MOTEHUMasbl, MEPUOLMYECKN MEHSAIOLLMECS MO
HanpaBfeHN0 OCU z, TaKMM 06pa3om, 4ToObl (hOKycupyloLlas CUCTeMa, Tak e
Kak 1 NoTOK, 6blI CUMMETPUYHBLIMU OTHOCUTENBHO NAOCKOCTU XZ (puc. 1.). Mpak-
TUYECKU MO HaMpaB/EHUIO OCWM X CUSMbl He AEACTBYHOT, T. K. LUMPWHA My4vKa U
[JIMHA 3/1EKTPOAO0B BeIMKKW. [10 3TON NpUYMHE, eCiiv 3NeKTPOHbI BXOAAT B CUCTEMY
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B M/IOCKOCTW z = 0 napannefibHO OCW z, OHM OGyayT ABMraTbCs B MIOCKOCTAX,
napanfiesnbHbIX MA0CKOCTM yz. [lo3TOMy BCe pacCMOTPEHMEe MOXET ObiTb Mpo-
BeAEHO B 3TOW MNOCKOCTW, ANS CUCTEMbI, CUMMETPUYHON OTHOCUTENILHO OCU Z

MpumeM TakXe crefytolive AONyLLEeHUS:

a) TlOTOK cuMTaeTcs faMMHapHbLIM, 3M1EKTPOHHbIE TPAeKTOpPUM He Mepe-
cekaloTcAd. TakuMm 06pa3oM, BAMSHWEM TeMIOBbIX CKOpPOCTel npeHebperaem.
B 3TOM NpubAMmKeHUW BeMUMHA CUMbl TOKA MOCTOSIHHA BHYTPU NIO60ro cnos
My4yka, OFPaHUYEHHOTO 3MEKTPOHHLIMU TPAEKTOPUAMM.

6) KomneHcupyrowum BAWSHUEM MOMIOXUTENbHBLIX WOHOB, HaxXOAALLMXCS
B MOTOKe, npeHebperaem.

B) OrpaHM4nBaeMcsi paCCMOTPEHUEM TaKMX MOTOKOB, B KOTOPLIX CKOPOCTY
3N1eKTPOHOB O4YeHb Maslbl M0 CPaBHEHWMIO CO CKOPOCTbIO CBeTa. TakuM 06pasom,
penaTuBUCTCKME 3PEKTbI MOTYT He YUUTLIBATLCA. 3TO BfIEYET 3a COOOW NpeHeod-
PEXEHWNE MAarHWTHbIMA CWMaMK, BO3HMKAKOLMMU MEXAY NapaiensHo ABUXKY-
LUMMUCS 31EKTPOHAMMU.

B paboTe npuMmeHsieTcs npakTuyeckasa cuctema eaunHuy, MKCA.

PacnpegeneHune noTeHumana (GPOKyCMpYHOLLEA CUCTEMbI B CPeaHel MoCKo-
CTW 3afaeTcs CMefyloWuM MNPOCTbIM BbIPAXKEHNEM:

&(r) = U0+ Uycos—z. @)
P

3pecb UO - cpeaHuiA MOTEHUMan Mo Ocu T, Ha KOTOPbIA HakKnaablBaeTCs Nepuoau-
yeckasl COCTaBfisitOllas MOTeHUMana ¢ amnanTyaoid [7r; p — nepuog (hoKycu-
pytoLlel cucTembl. ECnmn M3BECTHO OCEBOE pacnpefesnieHne NoTeHumana, TO Benu-
YMHa MOTeHUMana B NMPOU3BO/IbHOW TOYKE MPOCTPAHCTBA MOXET ObiThb HailfeHa C
MOMOLLI0 CNeAYHOLWEro COOTHOLLeHMs [8]:

u(y. 2) = O + iy) - Dz —iy) 2

MoactaBnaa BbipakeHue (1) B (2), nonyumm obLlee pacrpegeneHve noTeHumana,
KOTOpOoe WMeeT BUZ:

U(y, z) = U0 Ulch ycos z. (3)
P P

MycTb Ha 3aneKTpoAbl hOKYCUPYHOLLEA CUCTEMbI MOMEPEMEHHO MPUIOXKEHbI
noteHynanol ([/,, + [/) n (UO— Uf), a BennumHy pacCTOSAHUA MeXay CuUM-
METPVYHO PacnonOXeHHbIMW 3neKTpodamm 0603HaumM yepes 2b (puc. 1). Torga,

noactasnsas B (3) 3HadeHua U — UOrt Uf, z = k% Ny —b Mbl NOAy4YnM
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BeMUMHY UxX KaK (DYHKUMIO MapameTpoB (OKYCUPYHOLLEA cucTembl (34ecb K
YETHOE WM HEYEeTHOE Liesoe YUCNO, B 3aBUCMMOCTU OT MOTEHLMana 3/7eKTposa):

u, v, (4)
ch— b

Mbl 6yfem paccmaTpuBaTb Crydaid, Korga

u f

un

TO-eCTb OFPaHMYMBaEMCsi MalbIMK 3HaYeHUsAMI (POKycupytoLlero noteHymana Ul.
MpUMeHUM [N Hawero cfyyas MeTOA aHanm3a, paspaboTaHHbl Ans

aKCMalbHO-CUMMETPUYHBIX MY4YKOoB [2]. TpaekTopuio NBOro 3nekTpoHa nyyka
OyfeM uckatb B Buie

r2y=Jo+ Ti(r)e (5)

Ecnn yganoch ocyLecTBUTb ONTUMa/bHYIO (POKYCUPOBKY, TO y 1SBnsieTCs nepuo-
[NYeCKOl (hYHKLMER OT I, aMNAnTyJa KOTOPOl HAMHOIO MeHbLLE, YeM MOCTOSHHAs

cocTaBnAowas y 0. B 3ToM cnyyae HaKMOH TPAeKTOpMM TakKXKe SIBMSETCA Manoi
Be/IMUMHOWA. Takum 06pasom,

2n—<g1, EAPTT
Mo dz

MpenctaBuM BblpaxkeHue (3) B BUae psaga Tainopa, ¢ ydetom (5). Mony-
umnTCH CNeaytoLmii pesynbrar:

2N 2n 2n
U(y, z)=Uo+ U, ¢h "-To +FM1—sh-—y0+
P P P
A ¥ 2n 2n (6)
i ch -yo0o+... COS—T.
P P

2ny1 2:ryr
13 masnioctn BeUYUHbI----— CnefyeT, 4to U BeNYMHA------- Mana, ecnv nepuog
Mo P

o o . P

CUCTEMbI HAMHOTO G0/bLLe Y O UIN COM3MEPUM C 3TOI BENMYUHON (Cnyyali — 1
Mo

SBNSETCSH MPAKTUYECKM Maio MHTEPecHbIM). Mo 3TO MpuuMHe uneHbl psga, Co-

2nyr o
faepxauime------- B CTEMEHW BbIlIE BTOPOA, MOrYT ObiTb OMYLUEHbI.
P
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BennumHa y-BOil COCTaBMSOLLEN 3NEKTPUYECKOro MO, CO3AaHHOro (POKy-
CUPYIOLLE CUCTEMOI, MOXET ObITb BbipakeHa ¢ nomouibto (5) u (6). Monyyaetcs

alll y, z) 2” 2”

E(y.T) = =~ w1 ashS—y0
3y P P
21 2n 3 m
mX ch-2150 + Y Sh e Jo CCS}D"Z- )
P! P 2 P p P

Kpome 3Toro, feiicTBYeT elle ¥ Mofie NMPOCTPAHCTBEHHOIO 3apsAa, Mpuyem
TaKXKe M0 HanmpaBfeHuMio ocv y. [MpeanonoXuM cHadvana, YTo NAOTHOCTb TOKa
PaBHOMEPHO pacrpefensieTcs Mo CeyeHUo nyuyka. B 3aTom cnyuyae BennumHa Ha-
MPSXKEHHOCTY MOMS MPOCTPAHCTBEHHOIO 3apsiia paBHa

Ee(y,z L||y)
(v.2) 2e0Wu(z) @
roe 1(y) — cuna ToKa B Cfioe Myyka C TO/MLUMHOW 2y, OrpaHWYeHHOM MOBEPX-

HOCTAMU, OnpeaeneHHbIMA PaccMaTpMBaeMoii U CUMMETPUYHON el TPaeKTOPUSAMMU.
BennunHa atoii cunbl Toka ¢ yyetom (5) cBsi3aHa C MOMHLIM TOKOM My4yka 1m
CMefytoLWMM COOTHOLLEHMEM:

Uy) ~ = LYo) = const. 9

JO wax

34ech Jomax — CpefHAs BeNMYMHA PACCTOSAHMA KpaiiHell TpaekTopuu nyyka oT
ocK, U(z) — CPeAHsis CKOPOCTb 3/1EKTPOHOB MO CEYEHMIO MyuykKa, a e0 — BennumHa
AV3NEKTPUYECKOA NPOHMLLAEMOCTM BaKyyMa.

YpaBHeHVe ABWXXEHWUS PaccMaTpyBaeMOro 3/eKTPOHa WMeEeT BUA;

= - V(E + Eo¢), (10)

. e
rae j —— — abCcontoTHas BE/IMUYMHA OTHOLLEHMA 3apsiAa 3/1EKTPOHA K €ero Macce.

Mepeligem B 3TOM ypaBHEHMM OT MPOWM3BOAHON MO BPEMEHW K MPOM3BOAHONM MO
KOOpAMHaTe z, Ha OCHOBaHUM COOTHOLUEHWS

at - vZ(j> 2). (11)

[fle V2 — COCTaBNAOWAaA CKOPOCTM v MO HanpaBieHUI0 OCU Z, B TOUKE C KOOPAW-
Hatamu (y, z). U3 (11) cnegyet, uTo

a2y z92v o dw dy (12)
dt2 dz2 dz dz
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Tenepb nepenuwem ypasHeHue (10) ¢ yuetom (7), (8), (12), (5) u (9). Mony-
yaeTcs cnegytoulee audepeHUMansHOE YpaBHEHME BTOPOrO MoOpsiAKa:

rf2di 1odvz dyr 2n 2. 2n
dz* vz dz dz «'P o Jich P -Jo +
2;‘| 3 v2 2n
+ N-Sh Jo COS----- Z=
P P P
= LWTH _%_ﬂ_ S h __?_ﬂ__yncos_%_n__ 7 4- Y UYo) (13)
Wooop P p 260W W\ u(z)

TaK Kak B c/lyyae OnTUManbHON (hOKYCUPOBKU MomnepeyHas COCTaB/stoLLas
CKOPOCTM 3/1EKTPOHA MpPEeHeBPexXMMo Mana No CPaBHEHWHD C Z-BOW COCTaB/SsiHO-

Weld, MOXHO CYMTaTb, 4TO
vt (y,z)frv(y,z) = \2riU (y,s). (14)

Ha ocHoBaHWM cooTHoLeHui (3) 1 (4), a Takxe YCNOBUiA

EI <é 1 2270 « } dit A 1 (15)
Mon ' ' dz
MOXXHO HanuncaTtb.
2
vAY 20U0 14 E Leos 2"z ch 2
200 p L ,

\% P 2 1P p
! [Ej1 COS*.._%_{-I_-Z ch’l——z—j]-\]o +J i——%p—sh-—fl—j]—\lo (16)
dvz U, 2n 2n 2n
ch 3o +
dz 200 p P P
2N 2n U, 2n 2n gy
----------- + e —Z sh +
+J|Psh Jo 2U0p Osp oz PJO
1 U, *2n . 4n 2n
+ Vv L e R ] R — zch-— jo0 (17)
8 1UD0) p p
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Ux 2n , 1n
1 COS-———=Z (g - Jo +
\ Mnryuv, 24 0 P
2n 2n 3 (U 2 2 2N
+ J1 T sh - Jo + — g—i S zch2-— Jo (18)
p P 8 1UJ
u,\2 ,2n ,
€082 - r ch''5--mmmm- ju
2rjuti U o P P
u 21r . 2n 2N 2n
— —€0S=Z f -22J0  J - Shecomee Jo (19)
n 0 P P P P

MoacTaBvM 3TU BblpaXKeHWUs B ypaBHeHWe (13). Ecnu orpaHnumnTbCs Yse-
HaM¥ BTOPOro nopsifka ManocTu, TO MOAYYMM CheaytoLlee NMHeRHOe HeoLHOPOs-
Hoe AuddepeHUMansHOe ypaBHeEHMe BTOPOro Mopsfka:

. 2n dy.
PoALY o —Ch—ynsin A —
2n dz2 2170 p p dz
2T U, ch--z—l-l-:yncos ------ Z9j - sh———-—y,cos---z-p--z
p 2UO0 p Un =
1. 4n: <
vl sh -—-}:I-yOcos‘2~--2-/--l-z + P1(jo) ) (20)
4y« p p & ieow f27 C/jf

Mpu BbiBoZe ypaBHeHMA (2C) 6bI10 YUTEHO, UTO €ro MociefHUA YneH nmeet
BE/IMYNHY BTOPOro nopsigka manoctu [2]; no3ToMy B AaHHOM MPUOGAMXKEHUN Cpe-
[HAS CKOPOCTb 3/1IEKTPOHOB MOXET ObiTh 33fjaHa BblpaXKeHUEM

u(z) = |/2rU0= const. (21)

[ns npubnmxeHHOro OMpeaeneHnss TPAeKTOPUM 3/1EKTPOHA PacCMOTPUM
TONbKO T€ ufieHbl ypaBHeHUs (20), KOTOpble MMEIOT BeIMYMHBI NePBOro nopsjka
ManocTun, TO-eCTb cnegytollee AnddepeHUnanbHOe ypaBHEHNE:

d2y, 2n 9Tr 2N
— J0 COS e 2. (22)
dz2 p  2Un P P

B 3T0 ypaBHeHMe He BXOAWT Y/ieH, XapaKTepusupyrLuii NpoCTPaHCTBEH-
Hblld 3apag nyyka. Takum 06pa3oM, MPOCTPAHCTBEHHbIV 3apsg B NMePUOANYECKOM
(hOKyCMpytoLLEM NOME B NEPBOM NPUBAMKEHUN He BAUSET Ha (JOpMy TpaeKTopuu.
PelleHMe YypaBHEHWS WMeEET BUA:

2n
i (x + 2z - ] y0cos--—- z. 23
e e e 2n 2V, (23)
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MpPOU3BO/bHbIE MOCTOSHHbIE CX 11 C2 MOTYT 6bITb ONPeAeneHbl U3 HayabHbIX

YCNOBWIA. TyCTb 3M1IEKTPOH BXOAMT B CUCTEMY Mapasifie/ibHO OCK 2 U ero HayasibHOoe
paccTosiHMe OT OCK COCTaBNsieT

°) = "osh - 0. 24
y(®) = Yo 2n 2y, ’ @

Torga Hava/lbHble YC/TIOBUSI UMEIOT BUA;

2n
Foo pJLI sn T 25
yi(°) on 200 5 Yo ( )
n

@i . Q. (26)

B atom cnyyae ¢,= cr= OW OKOH4YaTe/bHbIM peLIeHneM, cornacHo (23), 6ygert

2n 2n
P "M sh “_ymcos - 2. (27
2n 2U s P p

vyl

Tenepb NOACTaBUM BEIMYMHBI YX U €r0 MPOU3BOAHbLIX, PACCUUTAHHbLIX Ha

OCHOBaHWUW BblpaXkeHns (27), 06paTHO B ypaBHeHMe (20) 1 BbIMWLLIEM NOCTOSAHHbLIE

ufieHbl MOJTYYEHHOro paBeHCTBa. [locne NpoCTbiIX Mpeo6pasoBaHWili NOAy4UTCA
Cnegyowmnin pesynbrar:

Uux 2= _ p/(Y o) . 1 (28)
uUj nedOw nlr sh— vy,

P

3T0 COOTHOLLEHME BblpaXKaeT HeOOXOAMMOE YC0BME ONTMMA/LHON (hoKycy-
POBKW: paBHOBeCME (POKYCHMPYHOLUX CUA1 C CUAaMU MPOCTPAHCTBEHHOIO 3apsja.
(KOoHe4yHo, peyb MAeT O paBHOBECMM CpeaHMX BenuumH). Ecnv nopobpatb napa-
MEeTPbl (POKYCUPYIOLLE CUCTEMbI TaKMM 06pa3oM, YTOObl MMENO MeCTO COOTHOLLIE-
Hue (28), TO TPAeKTOPUS 3NeKTPOHa OyAeT MOYTU NPSMOMANHEAHOW M Ha OCHO-
BaHun (5) u (27) oHa NpPUOBAMXKEHHO OyAeT ONpeaensTbCA BblPaXEHUEM

Y(*)= Yo- -f- Ty;-sh— yO0cos r, (29)
2ti 2UQ p p

rae Heobxo4uMmas BenMyMHa ~paccymTbiBaeTcs no (28). B cnyvae onTUMasibHOWM
Uo

(hOKYCUPOBKM TOYHOrO pelleHns ypaBHeHUs (20) He TpebyeTcs, TaK Kak amniu-
Tyfa BO/IHUCTOCTM TPAeKTOPMU OueHb Mana.
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CooTHoLeHne (28) [OMKHO BbIMNOAHATLCA MPU BCEX 3HAYEHUSIX Y BHYTPU
NnoTOKa, MHaye BO3HUKHYT nepTypbaumun. Tak Kak (hoKycupyoLwas cuna bbicTpo
pacTeT npu ypaneHunm OT OCW, NO3TOMY ANS BbINOJIHEHUS 3TOro Tpe6oBaHUA
Heo6xo4uMo, 4TOObl Cuna MPOCTPAHCTBEHHOrO 3apsfja TakXke BO3pocTaia Mo
TaKOMY >Ke 3aKOHY. [T0BOpS A3bIKOM OMNTUKW, MO CYTWU fAena peyb UAET O TOM, YTO
cneunansHO nopobpaHHoe pacnpegeneHune MAOTHOCTM TOKa ny4ka /(y) AOMKHO
CKOMMeHCUpoBaTh clhepuyeckyto abeppauuio cUCTeMbl. Tenepb paccymTaem 3To
pacnpeseneHue.

Ecny NAOTHOCTL TOKA MEHSIETCS MO MOMEPeYHOMY CeYEHUMIO MNyuyka, TO
BMecTo (9) OymeT AeiCTBUTENbHbIM CeAytollee COOTHOLLIEHME:

I(y) = 2W\j(y)dy. (30)

0

Mpn NpPOU3BONBLHOM 3HAYeHUU Y BbipaxeHue (28) paet:

neOW ¥2rqu32 1 2 41
= -y- (31)
Uy) 5 Lu o\ o

Vckomoe pacnipefeneHve NAOTHOCTM Toka noayuutes u3 (30) wu (31):

1 odl v eOl)uBR g An (32)

H
y) 2W dy Un P

CnegyeT OTMETWTb, UTO MPaKTUYECKOEe OCYLLECTB/IEHME TaKOro pacnpeeneHms
SIBNISETCS C/IOXKHOM 3afayei.

BBefeM BeNMUMHY CpPeAHEro nepeeaHca My4yka, Kotopas — KakK 00blMHO —
BblpaXxaeTcs Yepes

P = B/B3/2. (33)

3anuiuem cooTHoLLeHUWe (28) Ana KpaiiHeli TpaekTopumn nyyka y 0= yOmex Torga
C y4yeToM (33) nonyyrmM nepeeaHC Myuka, KOTOPbIA MOXET ObiTb ONTUMaILHO

ChoKyCUpOBaH Mpu 3afaHHOM 3HAYeHUU —- :

uo

p= oy MW (34)
Un
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MapakcuanbHbIA cny4ai

Ecnn BbiNnonHAeTCA ycnosue

fromax'l» (35)
P

TO MOXeT 6bITb NPUMEHEHO MapakcuanbHOoe NPUOMKEHME U 3afada YNpOCTUTCA.
B 3TOM cnyyae BMECTO COOTHOLLEHWI (28) 1 (29) —c yyeToMm (9) 1 (35) — MOXKeEM
NoMb30BaTbCs CMELYIOWUMN BbIPAXKEHUAMM:

Jh 2= _ P2 n (36)
uJd 4n2e0W 12r) L1y 0,
n
N R T
r@=ro-- -—=¢t @37
2 no P

BobipaxkeHus (36) v (37) coBnagatoT ¢ (hopMynamu, nonyyeHHsIMKA B paboTe
[5] nyTeM NpUMGAMXKEHHOTO peLleHnst napakcnanbHOro ypasHeHus. B aToMm cnyvae

HGO6XO/J|VIMaﬂ BeNMMYNHa—Yy-HE 3aBUCUT OT BENNYNHDI yO, Mo3TOMYy MJIOTHOCTb

TOKa PaBHOMEPHO pacrnpeAensieTcs Mo CeuyeHUo Myudka:

22260]1[b) uyy2 (A

P1 no

2= const. , (38)

cornacHo (32) u (35), Tak Kak B napakcuanbHOM cly4yae Ctepuyeckoin abeppa-
UMeld MOXHO mnpeHebpeyb.

BenmumHa nepeeaHca nydka B 9TOM C/lydae MOXET ObiTb MOSyYeHa W3 Bbl-
paxeHnin (33) n (36), nam un3 (34) n (35):

P = 4n2e,y2r] "Fo. Ui (39)
nn

CpaBHeHWEe YCIOBWIA (HOKYCUPOBKU LMSIMHAPUYECKOTO
N NEHTOYHOrO MyYKOB

B napakcuanbHOM Ciy4yae NIerko MOXHO CPaBHWUTb APYr C APYroM YC/0BUs
ONTUMaNbHOM (HOKYCMPOBKM NIEHTOYHOIO U aKCUabHO-CUMMETPUYHOTO LMANHA-
pryeckoro nyykoB. C 3Toll Lenbio Oyaem paccMaTpvBaTb My4KW, VMEHOLLMe Oan-
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MakoBble MapameTpbl WM OfLUHAKOBble CPefHWEe MOMEepPeYHbIE CEeYeHUs, KOTopble
0603HaunM 4epe3 SO. [N NEHTOUHOro nyyka

SO= 2Wy 0T, (40)
a 4na LUMIMHAPUYECKOro Myuka
50= dAr<>1ax» (41)

rge "BUBX — cpefHWUA paguyc nydka. O603HauMMm napameTp (HOKycupoBKu-"1
no
B C/lyyae NIeHTOYHOro nyyka yepes Fh a B cnydae UMAMHAPUYECKOTO Ny4Ka Yepes

F,n- AHanorMyHo, amnanTyfbl BOMHACTOCTW TPaeKTOPWiA, pacCUMTaHHbIX B Mep-
BOM MpuBAMXEHUN, BYAYyT COOTBETCTBEHHO BblpaXKeHbl Yepe3 b. u b,
W3 BbipaxeHuin (36), (37) u (40) cnemyet, uTO

.- 42)

2n2£0P v U rs o0

(43)

B cnyvae UMAMHOPUYECKOrO My4YKa, HAa OCHOBAHWW Pe3ynbTaToB paboThl
[1], a Takxe BblpaxeHUs (41), MOXHO Hanucatb:

2p4n

(44)
1 3/12€0 [/22) Ugl2 Sy

(45)

311 opMybl BEPHBI, €CIN OCEBOE pacnpefeneHne HoKYCUPYIOLLEro noTeHuana
onpegensieTcs BblpaxeHnem (1).
N3 cpaBHeHus dopmyn (42)—(45) nonydvaem, 4TO

0,866 (46)

= y3= 1,732 (47)
Bs
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NTak, ecnm napameTpbl 060MX MYYKOB OfMHAKOBbI, TO 4715 (POKYCUPOBKM
NEHTOYHOro nyyka TpebyeTcsi HEeCKO/IbKO MeHbllee MoJfie, HO BOJHWUCTOCTb MO-
ToKa OypeT Gonblle, YeM B aKCUa/lbHO-CUMMETPUYHOM Cllyuae.

HakoHel, cpaBHUM MeXay CO00M BeNMUYMHbLI MEepBeaHCOB MpPU OMTUMASb-
HOW (hOoKycupoBKe, B cnyyae Fx= FR— F. BennunHy nepeeaHca UWMAMHAPW-
UECKOro nyyka B MapakcuMasbHOM MPUBAMKEHUA MOAYYMM W3 BbIPQXKEHWIA
(33), (41) n (44):

p _2 n3eny2l romax ! in6 (48)

— \F

O603HauMM nepBeaHC NIEHTOYHOro MoTOKa yepe3 P s Torga w3 (39) u (48) nony-
yaem, 4To
8JFyO0Tax (49)
Py 3906 % max

3 3TOro BbIpaXKeHMs1 BWAHO, YTO MpW roTax” y 0Taxu MPOYMX paBHbIX MNapa-
MeTpax MepBeaHC ONTUMabHO (HOKYCMPYEMOrO NEHTOYHOrO MyyKa MOXET Ha-
MHOro MpeBbIlaTh NePBEaHC LWAMHAPUYECKOTO Myyka, Tak Kak W §>yOraxno
onpeaeneHuio.

3aK/toveHue

Bbilwe 6bliM onpegeneHbl YCNOBMS ONTUMaTbHOW (DOKYCUMPOBKM NEHTOY-
HbIX 3/IEKTPOHHbLIX MOTOKOB 3/IEKTPOCTATUYECKUMU MOMSMU NPU  NPOU3BONLHOW
BEe/IMUMHE Mepuofa nons. PacrnpegeneHne noTeHUMana Ha ocv 3ajaBasioCb Mpo-
CTbiM BbIpaXeHrem (1), KOTOpOoe SIBASETCA XapakKTepHbIM ANS MPUMEHSIEMbIX
Ha npakTuke oKycupylowmx cuctem. [Mo3Tomy, NofyyeHHble pesynbTaThbl Ka-
YeCTBEHHO BEpPHbI A/1s1 N0B0IA NNOCKO-CUMMETPUYHON 3/1EKTPOCTATUYECKO Nepmo-
amnyeckoli  cuctembl* (Kaxgas KOHKpeTHas cuctemMa B MEPBOM MPUOBAKEHUN
MOXET OblTb OXapaKTepu3oBaHa CBOel BennuuHon [/,). Tem He MeHee, npep-
CTaBnsieT MHTepec (hOKycupyoLWwas cuctema, 4aa KoTopoin opmyna (1) sBnsetcs
CTPOTUM BbIp@XEHWEM pacrpejeneHns nons.

OnpegennM cHavana (HopMy 3/MEKTPOLOB, CO3falOLLMX Takoe pacnpefe-
neHue. CaToli Uenblo nogctaBum BenmuuHbl UQ +  Uf B neByt0 YacTb BbIpaXeHWs
(3), a BenmunHy Uv paccumTaHHyto no qopmyne (4), — B NpaByt 4YacTb 3TOro
BblpaXKeHus. [lonyuyaeTcs cnegytollee YypaBHEHUE:

COS - z = dz (50)

* B pab6oTe [4], Hanpumep, paccmaTpuBanach cneyunanbHaa cucrema. lMepBeaHCc ny4yka
MMen BeNMUYMHY Takoro e nopsafka, Kak M B HacTosuweil pa6orTe.
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3[ecb NONOXNTENbHbIM 3HAK OTHOCUTCS K 3/1EKTpoAam ¢ noteHumanom (U0 + Uf),
a oTpuuaTenbHblii 3HaK — K 3nekTpogam ¢ noTeHuwanom (UO— Uf). dopma

b 1
3MEeKTPOAOB, paccumTaHHas no qopmyne (50) ans cnydvaa — = " nokasaHa Ha
P

puc. 2. Ha pucyHKe yKasaHbl TakXKe 3KBUMOTEHUMaNbHble MHUM UQ, (i/0+ UX)
n ([/0- H,.

[ns 37Ol cucTeMbl BbipaxkeHue (4) ABNSETCS CTPOrMM COOTHOLLEHMeM. [loa-
cTaBnas BennuunHy [7j u3 (4) B qopmynbl (28), (29), (32) u (34), Mbl nony4vaem
YCNOBMA ONTUMa/IbHOW (DOKYCUMPOBKM [A/151 [AHHON CUCTEMbI:

U o]
. _ PAYo) (51)
"o ne0 WU T g AN
p
2n
sh
U 2
P Ut P - tus _n_ (52)
4 uo ¢y 2N g P
\Y

i) (53)
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P = neOi)ﬁ]-T--- ' (54)

PaccMOTpMM €eLLe BOMPOC O TOM, KaK GYAeT N3MEHATLCA BeNMUMHA NepBeaHca

Vf Jomax
npy (QUKCMPOBaAHHOM 3HAYEHUM —- , €CIU MEHATb BE/IMUUHY OTHOLLEHUSA=----=-- .
na
w
MycTb m= const. BeegeM cnefytouime 0603HaYeHUS:
Jomax
Jo,
= 7< 1 (55)
in Y% g (56)

Torga Ha ocHosaHuu (54), (55) mn (56), nofcTaBMB 3HAYeHMs yHUBepPCab-
HbIX MOCTOSIHHBIX, MOMYYUM Crlefytollee BbIpaXKeHWe A8 MepBeaHca:

2 W
Pp=263 10 Uf SO y) o 312 (57)
U Yowax
rge
sh 2£
IE>y) = £ ‘ (58)
ch2 ¢

OYHKUMA/(I, y) UMEET CneaytoLime acumMnToThbl:
a) Mpu ! <g 1 (napakcuanbHbIA cnyyai):

I(E,y )~ 22, (59)

€C/M Yy He OYeHb Manas BeSMuMHa,
6) Mpu 1 g~ 1

I(E, Y) ™ 21 exp (60)
TakuM 06pa3oM, BE/IMUMHA MepBeaHca C POCTOM | CHayana pacTeT, a MOTOM
pPe3ko ybbiBaeT. [P HEKOTOPOM 3HauYeHUn | = | opt MepBeaHc 4OCTUraeT MaKcu-

MaslbHOM BenuuuHbl. CornacHo (58), BenMuuHa | opt onpefensieTca cnefyrowum
TPaHCLEHAEHTHLIM YPaBHEHWEM:
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1
— th [5H1-- th 2fopt.= 1. (61)

y y 2fopt.

patnkn pyHKumMn/(l, y) nokasaHbl Ha pucC. 3. MPX TPEX PasHbIX 3HAYEHUSIX y.
Ha pucyHke BWAHO, YTO  POCTOM Y Be/IMUYMHA MepBeaHca CUIbHO pacTeT U B TO
e BpemMsl MOMIOXKEHNE MaKCMMyMa CMELLaeTcs B CTOPOHY 6O/bLUMX 3HAYeHUn |.
(Cm. Tabnuuy 1.).

N3 Tabnuubl BUAHO, YTO NpW BCEX MPaKTUYECKM MHTEPECHbIX 3HAYEHUSX
KO3(bhuLMeHTa 3anoNHEHNS Y MaKCUMaibHas BeIMYMHA NepBeaHca AO0CTUraeTcs
BHE MapakcuanbHOW 06nacTn. [lMpakTuuyeckas MOME3HOCTb HacTosWeld paboThl
COCTOWT KaK pa3 B TOM, YTO C ee MOMOLLbI0 CTAHOBUTCA BO3MOXHbIM pacyeT (PoKy-
CUpYHOLMX cUCTeM Ana 6051ee MHTEHCUBHBIX NEHTOYHBLIX MOTOKOB, YeM C MOMOLLbHO
napakcuanbHoi Teopun. CUIbHO MEHSIOLLMECH C PacCTOSHMEM MEPUOAMYECKME
nonsa (pjomax) UMELOT eLlle U TO MPEUMYLLECTBO, YTO B HUX (AYKTyauum npoc-
TPaHCTBEHHOIO 3apAa UMELOT MeHbLLIee BAUSHWE, BCIEACTBME YEro yBeNn4mBaeTcs
CTabUNbHOCTb (POKYCUPOBKM.

Ta6bnuuya 1
Yy £opt /max
0,50 0,73 0,289
0,65 1,15 0,623
>.80 211 1,454
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PERIODIC ELECTROSTATIC FOCUSING OF SHEET ELECTRON BEAMS
By

M. SZILAGYI

Abstract

An investigation of the periodic electrostatic focusing of sheet electron streams is
given. The focusing system has a plane of symmetry, which coincides with the medium plane
of the beam. The beam thickness may be comparable with the period of the system. The
following optimal focusing conditions are determined: the value of the focusing potential,
the approximate electron trajectories, the beam perveance and the required current density
distribution in the beam cross section. The paraxial approximation is considered as a special
case. In this case the focusing conditions for sheet beams are compared with those for the
cylindrical ones. Finally the electrode shapes for the considered type of electric field are
determined, and the beam perveance as a function of geometric parameters is given. It is
found that the maximum value of the perveance is achieved out of the paraxial region.
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THE MUON DECAY IN THE RENORMALIZABLE
VECTOR BOSON THEORY

By
J. Nyiri and A. Sebestyén
CENTRAL RESEARCH INSTITUTE OF PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(Presented by L. J&nossy . — Received 26. X 1. 1964)

The mechanism of the muon decay is investigated on the basis of a renormalizable

vector boson (r. v. b.) theory. It is found, that the r. v. b. and Fermi theories lead essentially
to the same results.

In a recent paper [1] A. Frenkel and P. Hrasko have discussed in
detail the effect of a renormalizable vector boson theory on some processes
of weak interactions. In calculating transition matrix elements the presence

of an intermediate boson was taken into account by including the following
propagator:

K kB 1
(U
(2ny K2 m2, — K2
where mwis the mass of the boson. Several authors also pointed out the pos-
sibility of using this propagator, which leads to a renormalizable theory.

In the case of mw | kn this propagator takes the form
b, kek L 2)
= re k2 ml

which indicates that, in contradiction to the vector boson theory generally
used, this propagator may yield some deviations from a four-fermion inter-
action. Indeed, in [1] the authors show that the spectrum of unpolarised
electrons of neutron-decay calculated on the basis of the propagator (1)
differs from that of the Fermi theory, and fits the experimental data somewhat
better. In the same work it is shown that the shape of the spectrum for the
decay of the H3nucleus is reproduced by the r.v. b. theory as well as it is
by the Fermi theory.

In the present work the decay of the muon is discussed by making use
of the propagator (l). We have investigated the spectrum of unpolarized
electrons, compared it with that of the Fermi theory, and the same was done
for the angular correlation function. We remark that we considered everywhere
pure V — A coupling. The effect of Coulomb correction was neglected in the

Acta Phys. Hung. ToT. XVIII. Fasc. 4.



352 J. NYIiRI and A. SEBESTYEN

calculation, as its handling is rather unclarified, and therefore we compared
the results with the corresponding uncorrected expressions of the Fermi
theory.

In the formulae natural units H— ¢ = 1 were used.

1. The spectrum of electrons

In the Fermi theory the spectrum of electrons of the muon-decay has
the following form

m— J2+ (a+ !)j (3)

~Ferml(j) =

(27)3

where a = , and f, me and m;( stand for the coupling constant, the

electron and muon mass respectively; y is the total energy of the outcoming
electron, measured in units of m;( Kinematics shows thaty lies in the interval

K«,
If the relativistic limit is taken in (3), one can identify the Michel
3
parameter g, and it is found that gq= — . This value is confirmed by experi-

mental data [4, 5].
The corresponding expression of the r.v.b. theory is the following

m
W(y) = ¢ ’ . A
(28)3  4/32 \Yy2 3|’3y * 3. R * R
a 5a , 5
6 T A1 “)
) _ 3 .
cn Y Py e - i
y +yy2+ 8 4p (2n)3 iR3

Here g denotes the coupling constant, and

0= pH!

g is related to the Fermi coupling constant in the following way
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It is easily seen, that for large values of B the two spectra will coincide.

In Fig. 1 we have plotted the spectrum of electrons fRy) (continuous
line) for mw= 10m,,.

As the difference between the Fermi and r. v. h. spectra is very small
even at this value of the boson mass mw, we have only indicated a few points
of the Fermi spectrum by small circles.

In theories taking into account the effect of an intermediate boson,
strong indications can he found that the mass of the boson must be even

greater than the value mentioned above [6]. In [1] the authors also hold
the opinion that mw~ 50 GeV. The latest experiments seem to indicate [8]
that if a vector boson exists at all, its mass must be greater than 1,8 GeV,
which corresponds in our notation to mw— 17 m,,.

2. The coupling constant

Following the well-known procedure of integrating the spectrum for the
electron energy, we get the relation between the life-time of the muon r
and the coupling constant

1 irrtc4 1 g4
r 192 nah7 8 m4,’
If we put
/ 1 8~,
18 mifv

we get hack the formula of the Fermi theory. Wu shows [9] that using the
experimental value of the life-time
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r= 2,198 m10-« see,
we get

/= 1,435 «10"19 erg cm3

which corresponds to

4,059-10 9erg cm3.

3. The angular correlation function

Calculating the angular correlation function on the basis of the V—A
theory, we get the following expression

dN L-_
Yy

y-+ (@a-f-1)j
</(cos ﬁ) Fermi \ a 37
4, 1 1 4a 1.1 . ®)
_y3~ + . ., Fa2)r—a is I?
V3T TR 9y 3

where $ is the angle between the directions of the muon spin and of the
electron momentum. The corresponding formula in the r.v.b. theory is
given by

dN a 1 ba
y 2 - Y+ ha+ 1
r/(cos ft) y 35 RO+ 7 6/5
i 5 . 2
alb5a Iny YYz- a ay a(a + 1)+ as
-~ 6 I T + ~B Y+Y . .y2- « 8 419
4 . 4 a 1 ,111la 1 a MMa 1
—_ * - | - 1. — + H + _ e -1z 6
T R L Vi T gty g ®
5 :
L=1,&8"3gi ay~ oy (5a + 3) +
4 3 yy y +Yy2—« o

U /, J1 ",
4/3. (y) () cos

where /r(y) is the same as before. The definition of f2(y) can he read from
formula (6), and it is essentially the spectrum of “forward-backward” dif-
ference. The omitted constants of proportionality contain the coupling con-
stants, the mass of muon e. t. c., and their numerical values coincide for the
Fermi and the r. v. b. formulae.
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In Fig. 2f2y) is plotted (continuous line), and its agreement with the corres-
ponding Fermi term is indicated in a manner similar to Fig. 1.
4. The helicity of the electron

The Fermi theory gives for the ratio of the probability of forward-
backward polarization and the total probability the following formula

= Yf QY
/Fermi —4y2+ 3(a+ 1)y - 2a
The same expression in the r. v. b. theory takes the form
t —1 _ \(¥Y2- a)dy —a - 3) a(8y - 3a —5)
ay (8y —3a —5) —fy2
y (8y ) y y X
8 I'y2- a Y+ YY2— «
(8

4 7
X|x/2- « l—0 Y2+ (a + ﬂ.)y“"“a—a +

+ Y+ In J —®r—a
y + Yy2 - a

The quantities occurring in these formulae are the same as before.

At the lowest electron energy, i. e. y = |Aa, these two expressions give
equally zero; at the highest energy y = —5 the Fermi theory gives —1,

in contrast to the r. v. b. theory, which yields a value of — 1+ 6,08 «10~4.
The difference between the two expressions is the greatestin the immediate
neighbourhood of the lower limit, and practically disappears above 1 MeV.
Experimental data are unfortunately absent at these low electron energies.
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5. Conclusions

It may be seen from the formulae and the figures as well that for
mu, @ 10m/ the agreement of the spectra and angular correlations for the
Fermi and the r. v. b. theories is very pronounced. Therefore the shapes of the
curves in the two theories are essentially the same. Present experimental data
agree fairly well with these shapes of spectrum and angular correlation function.
Measuring errors, however, put the choice between the two theories far
beyond the reach of possibilities. As to the coupling constant, it differs from
the value calculated in [1]. The reason for this deviation is not quite clear,
nevertheless it is commonly accepted that the muon decay provides a better
tool for the determination of the coupling constant than the nuclear /3-decay.

In [1] the authors have supposed the universal feature of weak inter-
actions. We must emphasize, however, that the different results concerning
the coupling constant of nuclear 8 and muon decay might be understood by
giving up this assumption. In this case we presume that the interaction
Lagrangian of nuclear decay must take the following form

Lnuci ar(*) = gn my>n(x) (1 + i ) yayp(x) Bn(x) : -f H.c. +

+ ge:y>e® (1 + iy5yayr{x) Bax) : + H.C.

Similarly for muon decay

LfI(x) = gB: yv(x) 1 + iy5 yrip(x)-Ba(x) : + H.c +

+ gemviex) (I + ir9yamvy Bn{x) : + H.C
where H. c. means the Hermitian conjugate; ifn, ¥p, Y, and ipMstand for
the neutron, proton, electron, neutrino and muon fields, respectively. Ba(x)

is the a-th component of the vector boson operator, and gn, gMge are the dif-
ferent coupling constants which, in this picture, are not equal. According

to this assumption, instead of the result of [1]--9}-: 4,84 «10 AHerg cm3

we have to write—<-2l= 4,84 «10 49 erg cm3; similarly for the muon decay

m |

= 4,059 «10“Yerg cm3 .

This way we can deduce the ratio

€n-= 1,192 .
ga
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By measuring a sufficientnumber of different processes, it is possible to deter-
mine the value of each coupling constant separately.

Finally we wish to express our sincere thanks to Mr. A. Frenkel and
Mr. P. Hrasicé for the many valuable discussions.
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PACMNAL MIOOHA B NMEPEHOPMUWPYEMOW TEOPUWN CNABbIX
B3AVUMOAENCTBUMN

0. HUPUN un A. WEBEWTEH

Pe3wme
PaccmaTtpnBaeTcs MexaHM3M pacnajfa MIOOHAa Ha OCHOBAaHWMW MEPEHOPMUPYEMON Teopuwu

C MPOMEXYTOUYHbIM BEKTOPHbIM 6030HOM. MOKa3aHo, 4YTO 3Ta TeOpuUsA M Teopus G epMu NPUBOAAT
NPakTUYecCKM K OLHOMY M TOMY Xe pe3ynbTaTy.
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EXTRAORDINARY ORBITALS
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By
I. Tamassy-Lentei
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(Presented by A. Kénya — Received 29. XII. 1964)

For a representation of the one-electron orbitals in the united atom model one can
use, in addition to the usual hydrogen-like orbitals, also extraordinary functions, continuous
in the electron coordinates but having only piecewise continuous derivatives. Computations
are made for H with a linear combination of middle point centred ordinary ylis, ysls,, tp3liz
and extraordinary |y>2pz j orbitals. The results obtained for the energy show a considerable
improvement on introducing the extraordinary orbital jy>2pz \ =

Owing to mathematical difficulties the wave function of molecules with
several electrons can be determined only approximately, even in the simplest
diatomic case. If the Hamiltonian operator is H, with the help of the varia-
tional method we can always approximate the energy ofthe system by minimiz-
ing the expression

E _ j>* Hy>dv
§ip* ipdv
with respect to the trial function ip.

If we want to overcome the difficulties of the many-centre integrals,
one of the possibilities is to use the approximation method known as the
united atom model (sometimes called as one-centre method). In this model
the electron orbitals are constructed from one-electron functions centred on
a single point. For molecules of type X 2the middle point of the nuclei can be
chosen for such centre.

As one-electron functions one often chooses hydrogenlike functions of
the form

yaniml — Rt 0) Timi (A <p)i

where Rni is the normalized radial wave function,

n- 11— |J< 2Z B2

«<i (0 [(n + 2)1>2n

n«o 1

* We are going to use atomic units, i.e. we measure distance in a0 units, and energy

in e2a( units (e is the positive elementary charge, and aOthe radius of the first Bohr-orbit
in the hydrogen atom).
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LM is the (n -f-/)-th derivative of the (21 I)-th Laguerre polynomial.
Moreover,

21+ 1 (l- |m,p)L 2

Y Im, (0, @
an  (/+ 1ml

P\m* (cos &) einfP

is the normalized spherical harmonic,

E_ A}+\ml!
pmi /[ 4= _C_ (X _ X2ym,ii2-—m (X2 1)/

w24 dxH+WK
the non-normalized associated Legendre polynomial and
X = €0S U.

The one-electron functions belonging to the ground state and to some of the
low-lying excited states are of the form

Vio =
az2ir
rjio ,1 /2 -

_ —L re cos U,

V>2po = 32H)
ot
1/2 3 . 1

_ r-e 3 cos )

V3do 81 )

The parameters anl occurring in the functions are treated usually as variational
parameters.

Any molecular orbital can be expressed in the form
V=12 k* -
1

where the constitute a complete system of functions. Since in practice only
the first few terms of the series are retained, it is very important to assure
rapid convergence by a suitable choice of the functions y,- (here it is not im-
portant any more that the functions chosen should be members of a complete
system). Besides rapid convergence we require also that the computation of
the integrals should be relatively easy. For this reason, also in the case of
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the one-centre method, the choice p\T3(cos #) e"nir for angular dependence
(advantageous because of the orthogonality) combined with a hydrogen-like
radial part is often made. Experience shows that for molecules the convergence
of these orbitals is less rapid than for atoms, but it is still satisfactory. Thus,
with help of the complete system the one-electron orbitals can be
represented in the form

V= Y Kim, Vnlm, =
nimi

If we restrict our attention to spherically symmetrical approximation, then
we have only to consider the terms with | = ml= 0, i.e. only the superposi-
tion of s states. In general, however, not even a linear combination of infinitely
many s states will yield the characteristics of the molecule with the desired
accuracy. In practice, when we can restrict ourselves to a finite number of
terms of the series, it is advantageous to take into consideration besides the s
states also states of p,d,f,... character, i.e. states with higher angular
momentum.

In the case of molecules of type X 2 the centre is usually located at the
middle point of the nuclei, and then, in case of a single electron, for reasons
of symmetry the states with | odd cannot occur in the linear combination.
Orbitals with lower value | give as a rule a more substantial contribution to
the energy. Therefore, ordinary p-orbitals being not suited in our case, we
might try a modified version of them.

In computing electron energies, Snyder and Parr [1] have considered
among the basic functions also extraordinary functions continuous in the
electron coordinates but having only piecewise continuous derivatives. If we
work with such a function having a non-continuous derivative, between the
nodal planes atomic orbitals can be split into individual lobes, e.g.

vePz = (V>Pz Wpz ) |
(>0 yooo_ o 0 <x>°)
(z<0), r 1-/2 yPz (z<0).

Snyder and Parr have used this method for He, a two-electron system,
in order to take into account correlation. According to their calculations,
the electrons prefer being located in opposite lobes instead of the same lobe.
But for He there was no great improvement in the energy in comparison with
the usual basic functions.

The usual functions of types s, pX, py and pz were considered by Snyder
and Parr also in connection with the extraordinary functions |pXx |, ]pVyj
and jpz|.
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In the case of molecular systems extraordinary functions have first
been employed by pewar [2] and his group, in order to describe n electrons
of conjugated unsaturated molecules; they located electrons with opposite
spins in opposite lobes of the yi-atomic orbitals. The “split-p-orbital” (SPO)
method worked out by them in order to account for the vertical correlation
of n electronic systems represents the wave function of molecules as a linear
combination of lobes of the same type.

In the case of the one-centre model such extraordinary functions can
also be taken into account instead of the functions with | odd. The effect of
these extraordinary functions on the results will be exposed in detail in the
following for the case of H2.

For the ground state of H2 computations have already been made with
the help of the united atom model, where the wave function was taken as a
linear combination of a few ordinary hydrogen-like functions centred in the
middle point [3], or upon an arbitrary point [4]. Let us now complete the
wave function of this one-electron molecule also with an extraordinary function
of type 'pz]in addition to the usual hydrogen-like s, d functions so that

., 12 -5
V>2P,= Wip,= re cos $, (0 <[ #<~a:/2),
= 321
Vo2p, 1= e . owr
W = - V= 3*22E re cos &, (/2 < & <rn).

Thus we choose the Z-axis as molecular axis. Let us therefore represent the
wave function in the form of the following linear combination

V>=ykifi, (i=1Is, Is',(2P2),3dz).
i

Here the non-orthogonality of the function \and s and d-type ones can
be taken into account exactly. If the Hamiltonian operator is

Ho= - — - +

2 ral rbi R

Ay,

the energy of the system can be determined from the secular equation

Il Hjj — ESij || = 0,
where
Hij= j y>f H Tjdv
and
Sij = J wf fj dv.
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For the usual ordinary functions the energy terms of type

1
4/ =] (') v>j(1) dvi > L roa b

due to the attraction between the electron and the nucleus, are easily determ -
ined, if we expand I/rul in a series of Legendre polynomials. As is well
known,

1 “ ool ey \* r A
> o> ! >-— -— P2l (cos &) P, (cos #,)
Ul (h-\- ,m )  r>htl
and so
—im - m R
) T D
4= 2 (hil\w - ml
ghninT)p L &) e<T- TNo»
with
gh(l,n' I =] R*t (") #,7 () —- r2dr
0
and
ch(lm FTr) - (ft- K - "il)l (21 + )¢ =109 (2r +5(/" -1 m ;i)!1/2X
(ht Iml- (I+ \m, - m
sin 'O
J:’m (cos d) P;”1 (cos {})PCI m" (cos — —A>e

0

The value of the coefficients ch resulting from the integration with
respect to the angle is to be found in the book cf Condon-Shortley[5], e. g.

When extraordinary functions occur, it is expedient to use the above
series of Legendre polynomials, and then

Lfj = J| ipf (1) - y)i(1)dvx='SCh(lo,/ 0)gh(nl,n T)
ru 3

(ni/ — 0 for all functions). If one of tpi and y5 is identical with |y)2z | then
it is advisable in calculating Chto split the integration according to # for the
product of the Legendre polynomials into two domains one extending from 0
to n/2 (C1) and the other from /2 to n (C'L). Thus

Ch(10,1°0)= CR (10,/" 0) + Ch(l0, [ 0).
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Table 1

h c@o cC@y c@® 2 cC@® 2
0 1314 1 34 /15/16 /15/16

1 11213 —12/3 -/15/15 —IT5/15
2 /3116 13116 /15716 /15/16

3 0 0 3/15/70 3/15/70

4 —13/96 —13/96 13/r5/768 13/15/768

5 0 0 0 0

6 131256 131256 —/15/320 —115/320
7 0 0 0 0

8 — /31512 —/3/512 13/15/10240 13//5/10240
9 0 0 0 0

10 71316144 7/3/6141 - 291 543008 _29/i5/43008

W hile in the ordinary case the series reduces to a few terms, because the ch
with higher indices vanish, such a simplification does not take place here.
The coefficients Cn occurring in the course of the computations are given in
Table I.

The series consists now of infinitely many terms, but it can be seen
that the coefficients Cnrapidly decrease as h increases, and the situation is
similar for the multiplicative factors gh(nl, n’I) too. Thus we can achieve
satisfactory accuracy by retaining only a few terms of the series.

In Table Il we survey the values obtained with the orbital containing
also the extraordinary function, when taking into account the first ten
members of the sum.The same Table contains also the values of the variational
parameters yielding the minimum energy, and the total energy value for the
experimental nuclear distance R = 2.

Table 11
= E kiipi °10 «0 alzl asdz E
i= s, Is' 1,5 1,6 -0,516149
Is, 12pz\ 1 3 —0,514116
Is, 3dz 0,9 6,4 -0,518411
Is, Is', 12pz2\ 1,5 1,7 3 -0,54387
Is, 12pz\, 3dz 1 3 6,6 -0,54919
Is, Is', 2pz\ 3dz 1,5 1,7 3 6,6 -0,58674
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The exact value of the energy is E = —0,60263 [6]. (For H2 this com-
puted value of the energy is to be considered more accurate than the experi-
mental one.) So the functions |ip2p | with non-continuous derivatives complete
advantageously the usual hydrogen-like functions and improve the energy
considerably.

If necessary, the orbitals can be augmented in a similar way by further
extraordinary orbitals with higher odd values of I.
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4
5.

HEOBbIKHOBEHHbLIE OPEVWTbl B COEAMHEHHOW ATOMHOW MOLENW

N. TAMAWWMWN-NEHTEN

Pestwome

Ana npeacTaBneHWs OAHO3NEKTPOHHbIX OP6GMUT B COEANHEHHOW aTOMHON MoAenn Hapagy
C 06bIKHOBEHHbIMW BOAOPOAONOAOGHBIMU OPEMTAMU MOXHO WCMONb30BaTb TakKXe U HEOObIKHO-
BEHHble (YHKLUWMW, HenpepbiBHble B KOOPAMHATEe 31eKTPOHA, HO WMelLWMne TONbKO OTPbIBOYHO
HenpepbiBHble NPOM3BOAHbIE. BbiyncneHns nposefeHbl And Hf npumeHeHnem NuHeliHON KOM-
6MHaLUN CpefHETOYEYHbIX LEHTPUPOBAHHbIX 0p6MT Yyls, yls,, yjaiz N HEeOOGbIKHOBEHHbIX 0p6UT
\YyDP\- MonyueHnbiit pesynbTaT ANA 3Heprum NoKasbiBaeT, UTO BBEAEHUEM HEOGbIKHOBEHHbIX
op6uT Y2Pj MOXKHO AOBMTHCA 3HAUMTENLHOTO YNYULW EHUS MOAENu.

Acta Phys. Hung. ToT. XV IIl. Fase. 4.






COMMUNICATIONES BREVES

UBER DIE GEGENSEITIGE BEZIEHUNG VON
KONSTANTEN EINIGER THEORIEN UBER
KONZENTRATIONSAUSLOSCHUNG UND
KONZENTRATIONSDEPOLARISATION DER PHOTO-
LUMINESZENZ VON LOSUNGEN
Von
C. BOjARSKr

. PHYSIKALISCHES INSTITUT, TECHNISCHE HOCHSCHULE GDANSK, GOANSK, POLEN
(Eingegangen 28. Y. 1964)

In den gegenwadrtig bestehenden Theorien lUber den Einfluss der Kon-
zentration auf die Lumineszenz von Ldsungen treten gewisse Konstanten auf,
die durch Vergleich von Theorie und Versuchsergebnissen [1]— [5] bestimmt
werden konnen. So tritt in der Theorie von Lérster der kritische Abstand RO
auf, wahrend in der Theorie von Jabbonski der Radius Rj der sogenannten
Wirkungssphdre auftritt. Die Lrage der gegenseitigen Beziehung der Kon-
stanten RUund Rj ist letztens in mehreren Abhandlungen diskutiert worden
[6]—[13]. Im Lalle der Photolumineszenzausléschung durch Lremdstoffe
erhielt Jabbonski [6]

Rj — 1,327 RO, (1)
im Lalle von Konzentrationsdepolarisation dagegen nach Kawski [7]
Rj = 1,44 RO. (2)

In den Ausdriucken (1) und (2) Rq= ROgIeichsetzend findet Kawski [13]

A= 1,085 3)
R

und stellt fest, dass die Radien der Wirkungssphdren fir die Depolarisation
und die Ausléschung durch absorbierende Lremdstoffe sich deutlich von
einander unterscheiden. Abgesehen davon, dass die Beziehung (2) nicht ein-
wandfrei ist, was in [14] erwiesen wird, muss die Grundlosigkeit der Annahme
RO= ROunterstrichen werden. Aus der Theorie von Lérster [2] wissen wir
nahmlich, dass der kritische Abstand zwischen den Molekilen von den indi-
viduellen Eigenschaften der einwirkenden Partner abhé&ngig ist; er kann also
im Lalle der Konzentrationsdepolarisation nicht derselbe sein wie im Falle
der Ausldschung durch absorbierende Fremdstoffe. Sofern ndhmlich die erste
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Erscheinung auf Grund der Ubertragung von Anregungsenergie zwischen
Molekilen derselben Art auftritt, so ist die zweite Erscheinung durch die
Energielibertragung zwischen Molekiilen verschiedener Art bedingt. Somit ist
also die Behauptung Kawski’s, dass Rj und Rj sich deutlich unterscheiden,

Ri
keineswegs der Fall. Dagegen glauben wir, die Beziehungen—f und

Ro «0
gleichen zu kénnen. Der Vergleich scheint notwendig, da man fir diese Bezie-

hungen verschiedene Werte fur den Fall des Ausléschens (1,327, [6]) und fur
den Fall der Depolarisationl (1,367, [8]; 1,44, [7]; 1,327, [10]) erhalten hat.
W ir behaupten, dass die Werte dieser Beziehungen im Falle des Ausldschens
wie im Falle der Depolarisation identisch sind, d. h.

Ver-

(4)
K RO

ist. Um die Gleichung (4) zu beweisen, sei an die Definition des kritischen
Abstandes und der Radien der Wirkungssphéren fiur die Depolarisation und
fir das Ausldschen erinnert. Der Radius der Wirkungssphére fur die Depolari-
sation Rj wurde aus der Bedingung bestimmt, dass die relative Wahrschein-
lichkeit der Energietubertragung fur die Zentren mit zwei Molekiilen 1/2
betragt. Ahnlich bestimmte man den Radius der Wirkungssphare fiir das
Ausldéschen R' aus der Bedingung, dass die relative Ausbeute der Zentren
mit einem Ldschmolekil 1/2 betréagt. Der kritische Abstand R Owurde dagegen
als derjenige Abstand zwischen zwei einwirkenden Molekilen definiert, bei
dem die Wahrscheinlichkeit der Emission von Photolumineszenz und der
strahlungslosen Ubertragung von Anregungsenergie einander gleich sind.
Bemerken wir, dass bei der Bestimmung der Radien der Wirkungssphéren
fir die Depolarisation und das Ausléschen dieselben vereinfachenden Voraus-
setzungen angenommen wurden, denen zufolge die Wahrscheinlichkeit der
Energieubertragung konstant und unabh&ngig von dem gegenseitigen Abstand
R der einwirkenden Molekile ist, die sich innerhalb der Wirkungssphére
befinden, dagegen ist sie gleich Null fir Molekiile, die sich im Abstand R > R
beziehungsweise R > Rj befinden. Da die gegenseitigen Abstdnde zwischen
einwirkenden Molekiilen in verschiedenen Zentren, die zu derselben Gruppe
von Zentren zugehdren (z. B. mit einem Ldéschmolekil), verschieden sein
kénnen, und die Wahrscheinlichkeit des Ausléschens eines angeregten Molekils
durch ein Léschmolekiul nach Foarster [2] mit dem Abstand fir die Dipol-
Dipol-Wechselwirkung wie R -6 abnimmt, so ist Rj > ROmit der Beziehung (1)
Ubereinstimmend, die aus der Bedingung, dass der mittlere W ert der relativen
Ausbeute der Zentren mit einem Ldschmolekil gleich 1/2 ist, erhalten wurde.

1Die eingehende Diskussion der in den Abhandlungen [8] und [7] erhaltenen Werte
ist in [11] und [14] angegeben worden.
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Im Falle der Wirkungssphére fir die Depolarisation fuhrt die Bedingung,
dass der mittlere Wert der relativen Wahrscheinlichkeit der Ubertragung
von Energie fir Zentren mit zwei lumineszierenden Molekilen 1/2 betrégt,

selbstverstdndlich zu demselben Wert der Beziehung—— wie im Falle der
RO
Ausléschung. Somit gilt also die Beziehung (1) nicht nur im Falle der Fremd-

I6schung, sondern auch im Falle der Depolarisation. Genauere Berechnungen,
die im Rahmen des sogenannten Schichtmodells des lumineszierenden Zen-
trums durchgefuhrt wurden, ergaben fir die besprochene Beziehung den
etwas geringeren Wert 1,279, der durch die auf Grund von Versuchen erm ittel-
ten Werte Rj und Rnsehr gut bestatigt wird [11].
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UNIVERSAL POTENTIAL EIGENFUNCTIONS
AND EIGENVALUES FOR THE SELENIUM ATOM

By
R. Gaspar

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 8. XII. 1964)

This report completes a series of calculations for the elements in the Vb
column of the periodic table [1]. Se is extensively used as a semiconductor
material and together with the other elements of the VIb column it has a
number of remarkable properties [2], the quantitative investigation of which
is made possible by means of the eigenfunctions and potential values published
here.

The radial Schrédinger equation

"4 +
gx42 T X 1a-A0X  14-Ax = (u
where
f= 2E/i2t2n,1, y = 2z//0\ {= ~ KaC0,88532e~2
2)
X = r/r-1, fi —0,8853a0Z-1", Ka= (3/4) (3/tr)1/3e2
and

10= 0,1837, A, = 1,05, a--0,04, A =9 C=3,l0o0°
was solved with the boundary conditions

[(0)  Je(">  eee /" U (0) = O

/ () = const.,
and

lim f(x) = 0.
X0°

In (1) and (2) Z — 34 is the atomic number of selenium, E is the energy
eigenvalue,/the radial eigenfunction of the electron, | the azimuthal quantum
number and r the distance of the electron from the nucleus.

[3] gives details about the theoretical background of equation (1).

7* Acta Phys. Hung. ToT. XV III. Fasc. 4.



372 K. GASPAR

Table 1

The radial eigenfunctions f of the electrons with quantum uumber 1= 0 and total poten-
tial ¥ in the Se atom./ and Vv are in atomic units of 1/03/2 and e/al); respectively, x is
dimensionless (see text)

X \%
Is 2 3s 1*

0.000 0,000 0,000 0,000 0,000 0,000
0,006 0,172 0,054 0,021 0,008 3078,86

0,012 0,325 0,102 0,040 0,015 1530,23

0,018 0,461 0,144 0,057 0,021 1014,00

0,024 0,582 0,181 0,071 0,026 755,853
0,030 0,687 0,213 0,084 0,031 600,968
0,036 0,780 0,241 0,095 0,035 497,714
0.042 0,861 0.264 0,104 0,038 423,966
0,048 0,931 0,284 0,112 0,041 368,662
0,054 0,990 0,300 0,118 0,043 325,657
0,060 1,041 0,312 0,12.3 0,045 291,261
0,066 1,083 0,321 0,126 0,046 263,129
0,072 1,118 0,328 0,128 0,047 239,694
0,078 1,146 0,331 0,129 0,047 219,875
0,084 1,167 0,332 0,130 0,047 202,895
0,090 1,18.3 0,331 0,129 0,047 188,188
0,108 1,202 0,315 0,121 0,044 153,917
0,126 1.188 0,284 0.108 0,039 129,500
0,144 1,150 0,242 0,090 0,033 111,243
0,162 1,096 0.191 0.069 0,025 97,0925
0,180 1,032 0,136 0,046 0,016 85,8161
0,198 0,962 0,077 0,021 0,007 76,6295
0,216 0,890 0,016 — 0,004 -0,002 69,0095
0,234 0,818 — 0,045 — 0,029 -0,011 62,5938
0,252 0,747 -0,106 —0,053 -0,020 57,1232
0,270 0,679 -0,165 — 0,077 -0,029 52,4081
0,288 0,614 -0,221 — 0,099 -0,037 48,3057
0,324 0,498 -0,325 — 0,139 -0,051 41,5285
0,360 0,398 — 0,415 —0,171 -0,063 36,1743
0,396 0,316 -0,491 -0,196 -0,072 31,8509
0,432 0,248 - 0,552 -0,213 -0,078 28,2968
0,468 0,194 0,599 -0,223 -0,081 25,3315
0,504 0,150 -0,633 -0,225 -0,081 22.8260
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0,540
0,576
0,612
0,648
0,684
0.720
0,756
0,792
0.828
0,864
0.900
0,936
1,008
1,080
1.152
1.224
1,296
1.368
1.440
1,512
1,584
1.656
1,728
1.800
1,872
1,944
2,016
2,088
2,160

2,304
2,448
2,592
2,736
2,880
3,024
3,168
3,312

0,115
0.088
0,066
0,049
0,035
0,024
0.014
0.005
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Table

2s

-0,655
-0,668
-0,671
-0,667
-0,657
-0,642
—0,623
-0,601
-0,576
-0,550
—0,523
-0,495
-0,440
-0,386
-0,335
-0,289
-0,246
-0,209
-0,176
-0,147
-0,121
—0,099
-0,079
-0,062
—0,047

-0,033
-0,020
-0,008

I (continued)

-0,222
-0,213
-0,199
— 0,181
-0,159
-0,135
—0,108
—0,080
—0,051
—0,021
+ 0,009
0,038
0,097
0.152
0,203
0.248
0,287
0,321
0,349
0,372
0,390
0.403
0,411
0,416
0.417
0,416
0,412
0,405
0,397

0,377
0,352
0,326
0,298
0,271
0,245
0,219
0,196

-0,079
-0,075
-0,069
-0,061
-0,053
-0,043
-0.033
-0,022
-0,010
+0,001
0,012
0,024
0,045
0,065
0,083
0,098
0,110
0,119
0,125
0,129
0,130
0,129
0,126
0,120
0,114
0,105
0,096
0,085
0,073

0,048

0,021
-0,006
-0,034
-0,060
-0,085
-0,109
-0,131
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20,6859
18,8409
17,2371
15,8328
14,5954
13,4984
12,5210
11,6460
10,8591
10.1488
9,50524
8,92010
7,89848
7,03942
6,30994
5.68502
5,14561
4,67678
4,26675
3,90611
3,68732
3,30414
3,05155
2,82534
2,62202
2.43861
2,27267
2,12208
1,98504

1,74563
1,54444
1,37394
1,22833
1,10311
0,994765
0,900475
0,817989
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3,456
3,600
3,744
3,888
4,032
4,176
4,320

4,608
4,896
5,184
5,472
5,760
6,048
6,336
6,624
6,912
7,200
7,488
7,776
8,064
8,640
9,216
9,792
10,368
10,944
11,520
12,096
12,672
13,248
13,824
14,400
14,976

16,128
17,280
18,432
19,584
20,736
21,888
23,040
24,192
25,344
26,496
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Table | (continued)

0,174
0,154
0,136
0,120
0,105
0,092
0,080

0,061
0,046
0,034
0,025
0,019
0,013
0,009
0,006
0,004
0,001

4s

-0,151
-0,169
-0,185
-0,200
-0,212
-0,222
-0,231

-0,244
0,251
0,253
0,252
0,248
0,241
0,232
-0,222
20,212
0,200
-0,188
-0,176
0,165
-0.141
0,120
-0,099
-0,081
-0,064
-0,048
-0.034
-0,020
0,007

0,745483
0,681463
0,624711
0,574200
0,529092
0,488668
0,452333

0.389968
0,338747
0,296276
0,260755
0,230815
0,205397
0,183680
0,165013
0,148878
0,134859
0,122622
0,111891
0,102442
0,086675
0,074174
0,064131
0,055965
0,049251
0,043677
0,039003
0,035051
0,031681
0,028786
0,026280
0,024098

0,020497
0,017666
0,015395
0,013539
0,012000
0,010705
0,009603
0,008655
0,007832
0,007112
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Table 11

The radial eigenfunctions / of the electrons with quantum number I = 1,2 and the total
radial charge density D in the Se atom, f and D are in atomic units of 1/aJ/2 and 1/«0,
respectively, x is in dimensionless units (see text)

Ip bp \p 3d
0.006 0,001 0,000 0,001 0,000 0,0659
0,012 0,003 0,001 0,004 0,000 0,2357
0,018 0,007 0,003 0,008 0,000 0,4744
0,024 0,012 0,005 0,015 0,000 0,7546
0,030 0,019 0.007 0,022 0,000 1,0548
0,036 0,026 0,010 0.031 0.000 1,3591
0,042 0,035 0.014 0,041 0,000 1,6556
0,048 0,044 0,017 0,052 0,000 1,9358
0,054 0,054 0,021 0,064 0,000 2,1936
0,060 0,065 0,026 0,077 0,001 2,4257
0,066 0,076 0,030 0,091 0,001 2,6300
0,072 0.089 0,035 0.105 0,001 2,8059
0,078 0,101 0,040 0,120 0,001 2,9535
0,084 0,114 0,045 0.135 0,002 3,0740
0,090 0,127 0,050 0.150 0.002 3,1691
0,108 0,169 0,066 0,199 0,003 3,3216
0,126 0,212 0,083 0,249 0,005 3,3240
0,144 0,256 0,100 0,298 0,007 3,2103
0,162 0,299 0,116 0,346 0,009 3,1083
0,180 0,340 0,131 0,392 0,012 2,9776
0,198 0,380 0,146 0,435 0,015 2,8686
0,216 0,418 0,159 0,474 0,019 2,7959
0,234 0,453 0,171 0,509 0,023 2,7646
0,252 0,485 0,181 0,540 0,027 2,7748
0,270 0,515 0,191 0,566 0,032 2,8224
0,288 0,542 0,198 0,588 0,037 2,9009
0,324 0,587 0,209 0,618 0,047 3,1202
0,360 0,622 0,214 0,630 0,059 3,3727
0,396 0,645 0,214 0,625 0,071 3,6086
0,432 0,660 0,208 0,605 0,085 3,7943
0,468 0,666 0,198 0,571 0,098 3,9118
0,504 0,665 0,184 0,525 0,112 3,9556
0,540 0,658 0,167 0,469 0,126 3,9300
0,576 0,646 0,147 0,404 0,140 3,8446
0,612 0,630 0,125 0,333 0,154 3,7122
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Table Il (continued)

X D
2 K3 *p 3
0,648 0,610 0,101 0,257 0,168 3,5467
0,684 0,588 0,075 0,177 0,182 3,3615
0,720 0,564 0,049 0,094 0,195 3,1686
0,756 0,539 0,022 0,011 0,208 2,9781
0,792 0,512 —0,005 —0,073 0,221 2,7980
0,828 0,486 —0,032 —0,156 0,233 2,6343
0,864 0,459 —0,059 -0,237 0,244 2,4910
0,900 0,433 —0,085 —0,316 0,255 2,3704
0,936 0,407 —0,110 0,392 0,265 2,2736
1,008 0,358 -0,159 -0,534 0,284 2,1498
1,080 0,312 —0,204 —0,660 0,301 2,1089
1,152 0,270 —0,244 —0,767 0,316 2,1329
1,224 0.232 —0,279 —0,856 0,328 2,2014
1,296 0.199 —0,309 —0,926 0,338 2,2951
1,368 0,170 —0,334 —0,977 0,345 2,3972
1,440 0,144 —0,355 1,011 0,351 2,4947
1,512 0,122 —0,372 —1,027 0,355 2,5778
1,584 0,103 —0,384 ~ 1,027 0,358 2,6406
1,656 0.087 ~ 0,393 —1.013 0,359 2,6795
1,728 0,073 -0,399 —0,986 0,359 2,6935
1,800 0,061 -0,401 — 0,946 0,357 2,6830
1,872 0,051 —0,401 —0,896 0,355 2,6499
1,944 0,043 —0,399 —0,837 0,351 2,5966
2,016 0,036 -0,395 —0,770 0,347 2,5261
2,088 0,030 —0,389 -0,696 0,342 2,4415
2,160 0,025 -0,381 -0,616 0,336 2,3460
2,304 0,017 -0,363 —0,442 0,323 2,1328
2,448 0,012 -0,342 —0,257 0,309 1,9065
2,592 0.008 -0,319 —0,065 0,293 1,6828
2,736 0,005 -0,295 +0,129 0,277 1,4724
2,880 0,004 -0,271 0,319 0,261 1,2817
3,024 0,002 -0,247 0,505 0,245 1,1139
3,168 0,001 -0,225 0,683 0,230 0,9698
3,312 0,001 -0,203 0,852 0,214 0,8484
3,456 —0,183 1,011 0,200 0,7481
3,600 -0,165 1,159 0,186 0,6663
3,744 -0,147 1,295 0,172 0,6005
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3,888
4,032
4,176
4,320

4,608
4,896
5,184
5,472
5,760
6,048
6,336
6,624
6,912
7,200
7,488
7,776
8,064
8,640
9,216
9,792
10,368
10,944
11,520
12,096
12,672
13,248
13,824
14,400
14,976

16,128
17,280
18,432
19,584
20,736
21,888
23,040
24,192
25,341
26,496

2P
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Table Il (continued)

bp

—0,132
-0,117
-0,104
-0,092

—0,072
-0,056
-0,043
-0,033
-0,025
-0,018
-0,013
-0,008
-0,004

/

1,420
1,534
1,636
1,727

1,879
1,993
2,074
2,126
2,153
2,159
2,147
2,121
2,084
2,037
1,983
1,923
1,859
1,724
1,585
1,447
1,314
1,188
1,070
0,961
0,860
0,768
0,685
0,610
0,542

0,426
0,333
0,258
0,199
0,151
0,113
0,081
0,055
0,033
0,012

3d

0,160
0,148
0,137
0,126

0,107
0.091
0,077
0,065
0,054
0,046
0,038
0,032
0,027
0,022
0,019
0,016
0,013
0,009
0,006
0.004
0,003
0,002
0,001
0.001
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0,5481
0,5069
0,4745
0,4492

0,4135
0,3902
0,3727
0,3573
0,3419
0,3256
0,3081
0,2897
0,2705
0,2511
0,2317
0,2126
0,1942
0,1598
0,1295
0,1038
0,0823
0,0647
0,0505
0,0392
0,0304
0,0237
0,0188
0,0149
0,0117

0,0072
0,0044
0,0027
0,0016
0,0009
0,0005
0,0003
0,0001
0,00004
0,00001
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The configuration of electrons in the Se atom is
(1s)2 (2s)2 (2p)s (3s)2(3p)6 (3d)10 (4s)2 (4p)4

The radial eigenfunctions and the energy eigenvalues of the electrons
are given in the Tables I, Il and Il together with the radial particle density

X
Fig. 1. The radial particle density D = 4n r-q in the Se atom
Table 111

The energy eigenvalues of the wuniversal potential for the electrons in the Se atom and
the X-ray term values in atomic units of ezao0

Is 2s 3« s

Universal potential 460,51 58,237 8,3936 j 0,7700
Landolt—Bornstein®* 466,26 60,93 8,605

2p 3p 4P
Universal potential 52,762 6,39 0,3568
Landolt—Boérnstein® 53,734 6,09 0,34
Universal potential 2,6499
Landolt—Bo6rnstein™* 2,446

* Landolt— Bornstein, Zahlenwerte und Funktionen, Atom und Molekularphysik,

1. Teil, Atome und lonen, Springer-Ylg, Berlin, 1954, p. 226— 228.
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and the total potential in the Se atom. The energy eigenvalues are compared
with the average X-ray doublet term values corrected by the work function
of selenium, 4,87 eV. In Fig. 1 the radial particle density of the Se atom is
displayed, where the formation of the various electron groups is clearly
visible.

Help with the numerical calculations is acknowledged to Mrs. J. Kocsis.
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A SIMPLE METHOD FOR THE CALCULATION
OF COULOMB AND HYBRID INTEGRALS

By
T. SzONDY

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Received 4. 11. 1965)

This paper deals with a simple method for reducing the calculation
of Coulomb and hybrid integrals (3) to the calculation of overlap integrals (2).
The present method may have advantages over the customary ones if the
basic charge distributions (1) have large azimuthal and/or principal quan-
tum numbers.

Let us introduce the notation

InityNly=rne rblT(8,®); (n> /> 0; / integer), (1)

wdiere r, B and ® denote spherical polar co-ordinates and Sim (0, ®) denotes
a normalized real spherical harmonic [1]. We shall consider overlap integrals
defined by

°n,I,m G) = Jdx a00 Qn.im (r; 0 , (2)
and Coulomb or hybrid integrals defined by
cnimG) = A dxldx2a (r,) rfalQeim(r2; C), (3)

where the subscripts 1and 2 refer to the electrons and a(t) denotes any charge
distribution satisfying the usual continuity and normalizability conditions.
By virtue of the relation [21

- 0(3)GI2) , (4)

where A2denotes the Laplace operator acting on the co-ordinates of electron 2,
we obtain from (2)
I
Onim G) = 1j drldr2or(r) [A2r% hAm (r2; (5)
v 4n
Considering only cases when n > |+ 2, integrating by parts and taking into

account that
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onim(y ;0 =r2lgyr2  (r;0- Zz+ Y r2e¥m:; Q (6
the result

C,.m(f) = - L @) + aw:- I Cn_ li(m(@© -

u(e + 1) —/(/ + 1) (7
777777777777777777777777777777777 A2 b n72,1,414)

follows in a straightforward manner. The recurrence relation (7) makes possible
a systematic raising (or after recasting a systematic lowering) of the sub-
script n and its use requires only the calculation of overlap integrals of the
type (2).

In order to make use of the recurrence relation (7) we have to calculate
the starting terms. This can be done within the framework of the present
program in the following way.

By making use of the expansion [3]

o  * 477
2 2 TIV-Trr''1l4 siim(ov ®@)5;>1(02D 2 ilr,>r?2
'I /=00 m=-1 ™ 1
— )
Y N rir21 Isi,m {(g\vi o \) si,m (®@2* N2) Zrl r2
[-0m —¢ 2%+ 1
and of the orthogonality relations
n 2n
fdesine [d0 S, m(0, ®)SVjm. (B, ®) = 61X 6m, ©)]
0 0
the well known relation
.
cn (O: an dr (t¢(ty r-r-t 5~ (0, ®) dssn+l+2e G+
e 21+ 1,
(10
+ r'Sljn (0, ®) I dssn_,+1e’is
follows immediately. Let us define now the function
fl+2e-Cs |
C; «) = dr Irror S'm (&)
(n)

+ rISym (0 ,®) j dssn~l+1le-"
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Evidently

From (11) it follows that

(13)

and
(14)

i.e.
| (15)

It can be expected that the integrand on the right hand side of (15) is generally
a very smooth function of a and thus the integral is very well suited for
numerical evaluation. In this case, however, the calculation of Cn;m (f)
requires only the calculation of a few overlap integrals of the type (2).

The method discussed here can be applied also to Coulomb and hybrid
integrals in which the Slater-type charge distribution (1) is replaced by a
Gaussian one. Similar tricks can, in principle, be applied also to other types of,
integrals (e.g. exchange integrals) but the results could not, so far, be brought
to a form which appears practically useful.

Somewhat similar techniques have been used in a paper by D. M.
Schrader [4] for the evaluation of other integrals. This paper contains also
a few references interesting in this connection. Compare also with a paper
of J. S. Wang [5].
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Tarnéczy Tamas

Akusztika, Fizikai akusztika

(Acoustics. Physical Acoustics). In Hungarian. Akadémiai Kiadé, Budapest 1963. 550 pages

The title “Physical Acoustics” indicates the subject and purpose of this book,
which deals with a wide range of acoustical phenomena, the discussion not being restricted
to special fields of certain research methods or applications. The book discusses several
technical problems which lie outside the scope of the title.

The style of the book is not quite homogeneous. Occasionally, it gives a theoretical
analysis of the problems in experimental physics, while in many cases only the results are
given. The bibliographic material treated isvery large; it includes many references to “classical”
sources as well as to modern publications. In addition to references in foreign languages,
many Hungarian publications are given in the bibliography. These pages illustrate the wide
range of the author’s publications also. Unfortunately, the short references (name, date)
scattered throughout the text are not precise enough to facilitate further checking, but in
spite of this the exact bibliography at the end of the chapters can be used for extensive
studies.

The book consists of eight chapters.

Chapter 1 begins with the survey of simple laboratory equipment used for detect-
ing and recording vibrations. This is followed by the now classical discussion of free and forc-
ed vibrations of a simple, single degree-of-freedom vibrating system. The discussion is com-
pleted by a description of self-sustained vibrations, and non-linear systems.

Chapter 2 deals with vibration superpositions and their theory. After discussing Fourier
series, graphical Fourier analysis and mechanical analyzers, the chapter ends with correlation
analysis.

Chapter 3 mainly deals with one- and two-dimensional vibrating bodies, which are
large compared with the wavelength. As a possible application it discusses the musical instru-
ments and this is followed by a survey of human voice generation and mechanical sound sources
(pipes, sirens). A schematic summing up of thermo and electromechanical transducers ends
the Chapter.

Chapter 4 discusses the sound-wave equation, plane and spherical waves and sound
radiation. Several methods are treated, by which it becomes possible to make sound waves
visible by means of mechanical and optical devices. Non-linear phenomena and radiation
pressure are considered.

In Chapter 5 several characteristics of sound propagation (Doppler effect, dispersion,
absorption, diffraction, reflection, refraction) are dealt with and many numerical values are
given. The discussion of some applications and special phenomena completes this Chapter.

Chapter 6 deals with the technical applications of the information given in the
previous chapters: matching problems on the interface of different media, acoustic lenses,
mirrors and wave guides, Helmholtz resonators, sound absorbers and acoustic filters.

In Chapter 7, after dealing with the basic concepts of statistical room-acoustics, the
principles of standing waves in an enclosure are discussed, definitions of diffusion and
clarity are given. Methods of sound amplification are also dealt with.

Chapter 8 is concerned with the schematic discussion of microphones, the measurements
of frequency, wavelength, velocity, power, etc., as well as the methods of sound recording.

Thus, the book covers an extremely wide field of science and this seems to be the
reason for some of the unfortunate mistakes found in the tex. For example the method
of defining the constant xk by measurements in equ. 1.6; the doubtful method of solving the
differential equ. 1.10; the numerical example given on pages 238 —239; the wrong sign in the
differential equ. 8.13 and the presence of capacity C; and finally the errors in the dimensions
and the numerical factors of equs. 4.121, 8.27, 8.30, 8.31.
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Special attention should be drawn to the careful selection of the contents of the book
and to the remarkably good figures. Owing to the several references of historical, artistic or
technical nature, the text of the book is interesting.

Owing to language difficulties this beautifully printed book will be accessible to a
limited number of readers only, however, in the Hungarian literature of acoustics it will cer-
tainly satisfy a long-felt need.

Z. Barat

R. Ritsch1 und G. Holdt
Emissionsspektroskopie

Akademie-Verlag, Berlin, 1964, 411 pp.

The Physical Society of the German Democratic Republic and the German Academy
of Sciences in Berlin held a conference on emission spectroscopy on October 9—12, 1962 with
a number of participants from abroad. The book reviewed here contains the lectures delivered
at the conference. 253 figures and 70 tables add to the value of this well produced book
in an attractive cloth binding.

Through the publication of the forty-three lectures delivered, the book affords
a good outline of the present European level of emission spectroscopy. Side by side with the
theoretical lectures problems occurring in practice have also been considered. Some of the
more important lectures have been dealt with in full, while the rest have been summarized
according to subject-matter.

In his lecture V. Vukanovic deals with processes taking place in the arc which are
important in tracer element investigations. The processes are treated with mathematical
exactitude. The experiments were carried out in connection with gallium contamination.
He concludes that the changes in three parameters (arc temperature, electron pressure and
transport velocity) must be taken into consideration.

G. Ehrlich lectured on the developmental trends of the spectroscopical investigation
of substances of high purity emphasizing that the detection-limit is as low as 0,01 ppm at
best. In his lecture he dwelt at length upon the direction of development, and suggested a
few possibilities that may increase the efficiency of the methods employed.

K. Zimmer outlined the present state of density transformations with a critical approac
to the various transformation processes.

G. Holdt deals with the application of dispersion diagrams. He discusses in detail the
dispersion curves formed by the value pairs of ¥ from the inter-related analysis — and
standard lines. A number of examples are displayed for the examination of dispersion
diagrams

T. Torok deals with the theory of L-transformation by which the basic features of
the L-transformation may well be interpreted.

J. Rubeska dealt in two lectures with the measurement of the width of spectral lines,
and with one of the methods of concentration determination and the problems of principles
arising therefrom,; in the second lecture he introduced some practical examples of this
method.

K. Lenz reports on his investigations with ruby lasers. A detailed account was given
of his results concerning the investigation of the optimal chromium content of the ruby
crystal.

The rest of the lectures will be discussed under various subject headings.

A number of accounts were given on the construction of various spectroscopical
apparatus and component parts as well as on their favourable applications.

G. Scheiber dealt with photographical problems of spectra, J. Witting discussed the
Raman-spectroscopical application of low-pressure mercury vapour lamps, R. Ritsch1 and
Ch. Roeseler examined the fine structure of mercury lines in low-pressure discharges,
E. Kranz discussed the construction and peculiarities of a plasma burner free from contami-
nation, M. Riemann reported on the stabilized arc necessary for analysis in solution,
E. Scheller spoke of the addition of a 70 cm camera lens to a three-prism glass spectro-
graph, P. Krosplin introduced the pre-resolving-apparatus of a PGS 2 plane-grating spec-
trograph. W. Guttmann discussed the application of a duplometer, while M. Frank gave
an account of his investigations with the A. R. L. quantometer. J. Gaudnik also lec-
tured on investigations executed with a direct-measuring apparatus. K. Gaulrapp and
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G. Schmutzler spoke of their researches carried out by a heavy-duty tliree-meter grating-
polychromator and a vacuumpolychromator.

A number of lectures covered the investigations of spectra resolved in time. A vibrating
mirror was employed by B. Vorsatz, and the apparatus employed by him was improved
by M. Zeise. A valuable lecture in this field was delivered by E. Plsko.

Many lectures were given covering the field of spectrochemical analysis. In accord-
ance with the treatment of the material employed so far, these, too, will be reviewed in the
order adopted by the book. V. Svoboda dealt with the spectrographic examination of radio-
active substances, R. Gerbatsch employed atomic absorption flame photometry in the
examination of substances of high purity, R. Schindler and H. Fuchs discussed the applica-
tion of X-ray fluorescence spectral analysis in geology.J. Czakow and R. Grzelak determined
the contaminating elements of lead by means of a specially constructed electrode. V. S.
Burakov and A. A. Jankovszki dealt with the possibilities of reducing the effects of the
third element, G.J. Kibisov, L. N. Antropov, N. B. Kubasova, and V. E. Kolobkova gave
an account of a spectrographic quantitative method of universal application. L. Péter determ-
ined the magnesium content of alumina alloys by means of a new method. E. Gegus in-
troduced a new spectrochemical process for the analysis of the inclusions of steels. H. HenniGER
and H. Scheller detected carbon content in steels of low and high alloyage by means of the
PGS 2 plane grating spectrograph. K. Doerffel and R. Wagner gave information on a
method developed for the quantitative analysis of ancient archeological bronze findings.
F. Macher carried out a spectrochemical analysis of furnace aluminum by means of spark
excitation, and L. Paksy gave news of amodel experiment concerning contamination. Ch. Kere-
kes determined thorium in wolfram confirming his experimental results theoretically as well,
L. Moenke-Blankenburg carried out geochemical examinations by employing a grating
spectrograph. B. Bernolak and K. So6s reported on the spectrographical analysis of ferrites
and their bases, G. Dumacke gave an account of his spectrochemical process for analyzing
silicates. A. Spackova and L. Bouberlova detected scandium in minerals, O. Szakacs dealt
with the solution analysis of trace contaminations. A. Peth& spoke about the direct determ-
ination of the vanadium and nickel content of mineral-oils, and, similarly, petrolchemical
spectroscopical examination was discussed by P. Buncak.

Briefly it is certain that the material of this valuable conference at the highest
level has appeared as a useful referencebook — owing to the painstaking work of editorship
and typography — for which our congratulations must be expressed to the editors,

R. Ritschl and G. Holdt.
I. Kovacs*

G. Ya. Lyubarskii
The Application of Group Theory in Physics

Pergamon Press, Oxford, 1960.

In recent years the applications of group theory in modern theoretical physics have
expanded remarkably. Without a knowledge of group theory it is hardly possible to study
the physics of elementary particles theoretically. This is why physicists areespecially interes-
ted in books on group theory concerned with problems related to physics or the applications of
group theory in physics. Lyubarskii’sbook completely satisfies the requirements of physicists
in this respect. In the Introduction we read that the author had three aims in writing
the book: 44 ..to present in detail, consistently and as concisely as possible those parts of
the theory of representations of finite and continuous groups that are most important in
application; to consider groups of interest in theoretical physics; and, finally, to demonstrate
the principles according to which the abstract concepts and the theorems of representation
theory are applied in theoretical physics.”

Chapters | and Il deal with the elements of group theory and the general mathematical
characterization of some specific (perturbation, rotation, full orthogonal, Euclidean, point)
groups. The next three Chapters comprising about sixty pages treat of the theory of group
representations. This general part is followed by ample physical applications in Chapters VI,

* Department of Atomic Physics, Polytechnical University, Budapest.
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YIl and VIII, including, in particular, the small oscillations of symmetrical systems, the
problems of second order phase transitions and the group theory of the physical properties
of crystals. Chapter IX is concerned with infinite groups in general and in particular with
the Lie group. In Chapter X the representations of the rotation group in two or three dimen-
sions are considered. This Chapter also deals with spinor and tensor algebra, as well as the
representation theory of the full orthogonal group. Then follows the description of the pro-
perties and calculation of Clebsch-Gordan and Racah coefficients.

Chapter X1l entitled “The Schrdédinger Equation” deals with conservations laws and
the classification of quantum states. A separate Chapter is devoted to the problems of
absorption and the Raman scattering of light. The main emphasis is laid on thegroup-theoretical
treatment of selection rules concerning the scattering of light on atoms and molecules and
absorption.

The representations of the Lorentz group, so important in physics, are considered in
detail. In addition to the general characteristics of the Lorentz group the infinitesimal operators
of the Lorentz group, the classification of irreducible representations, the product of the
irreducible representations of the Lorentz group, complex-conjugated representations, spinor
and tensor algebra are described. The Chapter ends with the representation of the full Lorentz
group.

In the Chapters concerned with relativistically invariant equations the group-theoretical
treatment of problems relating to the Dirac equation, the spin and the relativistically invariant
operation of time-inversion are given.

The last Chapter contains applications in nuclear physics (scattering matrix, angular
distribution in nuclear reactions).

At the end of the book an Appendix consisting of five Paragraphs and a detailed
bibliography are attached. The Appendix includes exact Tables for the irreducible representa-
tions of the perturbation group, the irreducible representations of point groups and Racah
coefficients.

It can be regarded as a particular merit of G. Ya.Lyubarskii’s book that, in addition
to a rigourous mathematical exactitude, it never fails to observe the physicist’s viewpoint.
This is why it has become a handbook much used by theoretical physicists.

K. Nagy

Printed in Hungary
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