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ON THE ANODIC SIDE OSCILLATIONS OE LOW 
PRESSURE DC GAS DISCHARGES

B y

J. B itó
IN D U S T R IA L  R E S E A R C H  IN S T IT U T E  F O R  T E L E C O M M U N IC A T IO N  T E C H N IQ U E , B U D A P E S T  

( P r e s e n t e d  b y  G . S z ig e t i  — R e c e iv e d :  10 . X .  1 9 6 3 )

T h e  m o r e  im p o r ta n t  r e s u lt s  a v a i la b le  s o  fa r  in  th e  l i t e r a tu r e  d e a lin g  w it h  th e  a n o d e  
o s c i l la t io n s  a re  r e v ie w e d  a n d  t h e  a u th o r ’s o w n  in v e s t ig a t io n s  o f  t h e  a n o d e  o s c i l la t io n s  a p p e a r in g  
in  lo w -p r e s s u r e  d ir e c t  c u r r e n t  m e r c u r y -a r g o n  d is c h a r g e s  are d e s c r ib e d . I t  is  fo u n d  t h a t  d irec t  
a n d  a l t e r n a t in g  c u r r e n t  h e a t in g  o f  t h e  c a t h o d e  in f lu e n c e  t h e  a n o d e  o s c i l la t io n s  a n d  c u r v e s  
s h o w in g  t h e  d e p e n d e n c e  o f  t h e  a m p litu d e  a n d  f r e q u e n c y  o f  t h e  o s c i l la t io n s  o n  t h e  c a th o d e  
h e a t in g  c u r r e n t  are g iv e n .  T h e  in f lu e n c e  e x e r c is e d  b y  an  e x t e r n a l  m a g n e t ic  f ie ld  o n  t h e  a n o d e  
o s c i l la t io n s  is  a lso  s tu d ie d .

1. Introduction

T h e ex p e rim en ta l an d  th e o re tic a l in v es tig a tio n  o f th e  c h a rac te ris tic s  of 
o scilla tions w hich a p p e a r  in  th e  an o d e  space has b een  u n d e rta k e n  b y  several 
au th o rs  [1 — 13].

N o unan im o u s v iew , how ever, h a s  been fo rm ed  so fa r  concern ing  the  
e x p lan a tio n  of th e  orig in  of th e  anode oscillations. T h e  in v es tig a tio n s  carried  
o u t so fa r  have  d e m o n s tra te d  th a t  th e re  are a n u m b e r  of d ischarge  factors 
th a t  p la y  an  im p o r ta n t  p a r t  in th e  d ev e lopm en t o f  th e  oscilla tions a n d  th a t  
have a s tro n g  influence on th e  ch a rac te ris tic s  of th e  oscillations.

Som e of th e  a u th o rs  [4, 8] tra c e  th e  dev e lo p m en t of o sc illa tions back  
to  th e  period ic  f lu c tu a tio n s  ap p ea rin g  in  the  anode fall. O thers [11] regard  
th e  d isp lacem en t ta k in g  place in  th e  h e a t  equ ilib riu m  o f th e  anode as being 
th e  cause o f these  osc illa tions. The in v es tig a tio n s  ca rr ied  ou t so fa r  [8 , 12, 13] 
have also d e m o n s tra te d  th a t  the  su rface  and  shape o f th e  anode h a v e  a con­
siderab le  influence on th e  oscillations an d  fu rth e r  th a t  in th e  case o f anodes 
a rran g ed  close to  th e  w all of th e  d isch arg e  tu b e  th e  d is tu rb in g  e ffec t o f th e  
w all w ill m ake itse lf  fe lt in  th e  ch a rac te ris tic s  of th e  oscillation  [14]. Also th e  
ap p ea ran ce  of th e  an o d e  spo ts w ith  th e ir  glow balls m a y  exercise an  influence 
on th e  oscillations o f th e  anode space  [15].

In  th e  course of his earlier in v es tig a tio n s  [13] th e  p resen t a u th o r  — afte r 
a d e ta iled  analysis o f th e  re lev an t l i te ra tu re  — h as d e a lt w ith  th e  dependence 
o f th e  ch a rac te ris tic s  o f th e  anode oscillations on th e  shape an d  th e  d im en­
sions o f th e  anode, on th e  in te n s ity  o f  th e  d ischarge cu rren t, as w ell as on the  
vo ltag e  of th e  a u x ilia ry  electric  c irc u it applied  a t  th e  anode.
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2 J. BITÓ

T he o b jec t o f th e  in v e s tig a tio n s  rep o rted  in  th e  p resen t a r tic le  is to  show  
th a t  th e re  are fu r th e r  fac to rs  in flu en c in g  th e  o scilla tions and  to  analyse th e  
in flu en ce  of som e o f th em  in m ore  de ta il. In  p a r tic u la r  th e  re su lts  o f investig ­
a tio n s  o f th e  in fluence  exercised  b y  the  ca th o d e  h ea tin g  an d  th e  ex te rn a l 
m ag n e tic  fie ld  on th e  anode osc illa tions will be  rep o rted .

2. Method of investigation

T he ex p e rim en ta l se tu p  em p lo y ed  in  th e  ex p erim en ts  m a y  be seen in  
F ig . 1. T he d ischarge  tu b e  T  w as fed  b y  th e  s tab iliz ed  d irec t c u rre n t source 
SD C, a n d  th e  c u rre n t o f th e  d isch arg e  lim ited  b y  th e  sy m m etrica lly  a rranged  
ohm ic resistances R 2 an d  R 2. T he d ischarge  c u rre n t could be re a d  on th e  in s tru ­
m e n t I t and  th e  tu b e  vo ltage  o f th e  discharge on th e  in s tru m e n t Y t .

i I
2 2 0  V

F i g .  1 .  C ircu it d ia g r a m  o f  th e  e x p e r im e n ta l  se tu p

T he c u rre n t o f th e  h ea tin g  c irc u it w hich w as p laced  n e x t to  th e  cathode 
К  cou ld  be a d ju s te d  th ro u g h  th e  v a r ia tio n  of th e  v o ltag e  V h an d  th e  resistance 
R h resp ec tiv e ly . T h e  h ea tin g  c u r re n t was m easu red  b y  th e  in s tru m e n t I h, 
th e  h e a tin g  v o ltag e  b y  th e  in s tru m e n t V h.

A t th e  anode A an au x ilia ry  elec tric  c ircu it w as used  w h ich  w as fed by  
th e  s tab ilized  d ire c t c u rre n t source A P S . The c u r re n t of th e  c irc u it was show n 
b y  th e  in s tru m e n t l a, th e  v o ltag e  b y  th e  in s tru m e n t V a.

T he m easu rem en ts  w ere e ffec ted  p a r tly  b y  using  a ro ta t in g  disc and  
p a r t ly  w ith  th e  h e lp  of a p h o to ce ll. The ro ta t in g  disc m e th o d  w as applied 
m a in ly  in  th e  in v e s tig a tio n  o f osc illa tions of low er frequency . B o th  w ith  th e
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ANODIC SIDE OSCILLATIONS OP LOW PRESSURE DC GAS DISCHARGES 3

pho to -cell and  th e  ro ta tin g  disc m e th o d  th e  o b se rva tions to o k  p lace d irec tly  
a t  th e  anode.

In  th e  pho to -cell m easu rem en ts  th e  l ig h t, th e  f lu c tu a tio n s  o f  w hich could  
be observed  a t  th e  anode, passed  to  th e  p h o to -ce ll th ro u g h  a s lit  w hich h a d  
been  ap p ro p ria te ly  a d ju s te d . T he cu rren t f lu c tu a tio n s  o b ta in e d  from  th e  
pho to -cell w ere am plified  b y  th e  am plifier A a n d  th e  signals th e n  passed to  
th e  v e rtic a l in p u t  of th e  oscilloscope O. T he h o riz o n ta l in p u t o b ta in e d  oscilla­
tio n s  of know n freq u en cy  of th e  g en e ra to r G. T he freq u en cy  o f th e  anode 
oscilla tions w as de te rm ined  b y  th e  L issa joux  cu rv e  m ethod . T he in v estig a tio n s 
o f  th e  oscillations (d e te rm in a tio n  o f freq u en cy , am plitude) w ere  lim ited  to  
in v es tig a tin g  th e  lig h t f lu c tu a tio n s  o f th e  a n o d e  space, as i t  ap p eared  fro m  
earlie r in v es tig a tio n s  [7, 13], th a t  th e  freq u en cy  of th e  c u r re n t oscillations 
o f  th e  anode space is eq u a l and  th e ir  a m p litu d e  p ro p o rtio n a l to  th e  frequency  
an d  am p litu d e , re spec tive ly , o f th e  ligh t f lu c tu a tio n s  o b se rv ed  th e re . T h is 
s ta te m e n t w as oscilloscopically  checked  fo r  som e value o f  th e  d ischarge 
c u rre n t p rio r to  th e  m easu rem en ts , u n d e r  th e  a p p ro p ria te  ex p erim en ta l 
cond itions.

3. T est conditions

T he le n g th  of th e  g lass-w alled d ischarge  tu b e  was 500 m m , its  in te rn a l 
d iam e te r  36 m m , its  w all th ickness 1 m m .

The ca th o d e  of th e  d ischarge tu b e  w as fo rm ed  b y  a w olfram  double  
sp ira l p ro v id ed  w ith  an  oxide co a ting  p ro m o tin g  electron em ission . On b o th  
sides of th e  ca th o d e  a t  a d is tan ce  of 3 m m  fro m  th e  sp iral one au x ilia ry  elec­
tro d e  was a rran g ed , each  being  of a th ick n ess  of 0,2 m m , w id th  of 5 m m , 
le n g th  of 14 m m , w hich h a d  a p o te n tia l id en tica l w ith  t h a t  o f th e  sp ira l. 
T he anode of th e  d ischarge tu b e  w as co m posed  of two p a r ts . In  th e  course 
o f th e  ex p erim en ts  tw o anode co n stru c tio n s  m ad e  of nickel w ere used, w hich  
are  show n in  F ig . 2. In  the one case (F ig. 2a) th e  anode was fo rm ed  b y  a c y lin d ­
er an d  a disc a rran g ed  in  i t ,  w hile in  th e  o th e r  a needle was со-ax ia lly  a rran g ed  
in  th e  cy linder (F ig. 2b). T he tip  of th e  need le  p o in ted  in  th e  d irec tion  of th e  
po sitiv e  co lum n. The d im ensions a n d  c h a ra c te r is tic  d a ta  o f th e  in d iv id u a l 
ty p e s  m ay  be seen in  F igs. 2c an d  2d , re sp ec tiv e ly . B o th  th e  w all th ickness 
o f th e  nickel cy linder and  th e  th ickness of th e  nickel disc w ere  0,2 m m . B o th  
anode p a rts  w ere p ro v id ed  w ith  sep a ra te  co p p e r te rm inals.

T he d ischarge  tu b es  passed  th ro u g h  th e  cu sto m ary  v a c u u m  tre a tm e n t, 
a t  th e  end o f w hich i t  w as filled w ith  a rg o n  jiu rified  in a F e B a  arc an d  o f 
3 m m H g p ressu re , an d  m ercu ry  o f some 60 m g w eight. In  th e  course o f th e  
ex p erim en ts  n e ith e r  th e  gas p ressu re , n o r th e  ty p e  of gas h as  been v a ried . 
T he a d ju s tm e n t of th e  gas p ressu re  of th e  tu b e  was e ffec ted  to  a precision  
o f ^ 0 ,0 5  m m H g. The p ressu re  of th e  m ercu ry  v ap o u r was d e te rm in ed  by  th e
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4 J . BITÓ

w all te m p e ra tu re  of th e  d ischarge tu b e  w hich d ep en d ed  on th e  a m b ie n t 
te m p e ra tu re . In  th e  course of th e  in v es tig a tio n s  th e  am b ien t te m p e ra tu re  
m o u n te d  to  25 1 ' € .

F i g .  2 .  T h e  n ic k e l a n o d e  c o n s t r u c t io n s  a n d  th e ir  d im e n s io n s  e m p lo y e d  in  t h e  t e s t s

P r io r  to  s ta r tin g  th e  m easu rem en ts  th e  d ischarge  tu b e  was o p e ra te d  
fo r 30 m in u te s , u n d e r th e  sam e co n d itio n s  as th o se  o f  th e  m easu rem en t.

T h e  s ta r t in g  of th e  d ischarge w as e ffec ted  th ro u g h  th e  provision o f p ro p e r 
ca th o d e  h e a tin g  an d  th e  h ig h -freq u en cy  p re-io n iza tio n  o f  th e  d ischarge space. 4

4. Results

T he in v es tig a tio n s  h a v e  been c a rrie d  ou t a t a d isch arg e  cu rren t o f 100 m A  
an d  400 m A . The v o ltag e -cu rren t ch a rac te ris tic s  ty p ic a l of th e  d ischarge  
tu b e s  em p lo y ed  in  th e  te s ts  can be seen in  Fig. 3. In  th e  region of b o th  th e  
100 m A  a n d  th e  400 m A  d ischarge c u rre n ts  the  c h a rac te ris tic s  can  be  su b ­
s ti tu te d  to  a good ap p ro x im a tio n  b y  a s tra ig h t sec tio n  of n eg a tiv e  slope, 
hence h ere  th e re  is no d is tin g u ish ed  sec tio n  of th e  ch a rac te ris tic s  as w ould  
in fluence  th e  oscillations or b ring  a b o u t fu r th e r  o sc illa tion  effects.

S a g g a u  [16] has s tu d ie d  th e  in flu en ce  of ca th o d e  h ea tin g  on th e  o sc illa ­
tio n s  of th e  d ischarges. In  th e  course o f  h is  in v estig a tio n s he has fo u n d  th a t
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ANODIC SIDE OSCILLATIONS OF LOW PRESSURE DC GAS DISCHARGES 5

th e  ca th o d e  h ea tin g  h as  no in fluence  on th e  frequency  of th e  oscillations 
in th e  case of neon gas o f 2 m m H g  pressure. F ro m  his resu lts i t  ap p ea rs  th a t  
u n d er th e  in v es tig a ted  d ischarge cond itions th e  frequency  of th e  oscillations 
does n o t depend  e ith e r  on the -a th o d e  fall or on  th e  positive a n o d e  fall.

F i g .  3 .  T h e  t u b e  v o l t a g e  v s . d is c h a r g e  cu r r e n t  c h a r a c t e r is t ic s  o f  t h e  d is c h a r g e  tu b e

F i g .  4 .  T h e  d e p e n d e n c e  in  t h e  c a s e  o f  d ir e c t  c u r r e n t  h e a t in g  o f  th e  f r e q u e n c y  м д o f  a n o d e  
o s c i l la t io n s  o n  t h e  h e a t in g  c u r r e n t  I h a t  a d is c h a r g e  cu rren t o f  1 0 0  m A  a n d  4 0 0  m A

H is m easu rem en ts  w ere ca rried  o u t a t  a discharge c u r re n t of 5 m A  
a n d  th e  freq u en cy  o f th e  o b served  osc illa tions w as in th e  1000 cps freq u en cy  
range.

O ur own in v es tig a tio n s  also  inc luded  th e  d e te rm in a tio n  o f  th e  d e p e n d ­
ence o f th e  o sc illa tion  freq u en cy  on the  c a th o d e  h ea tin g . The resu lts  o f th e  
m easu rem en ts  e ffec ted  u n d e r th e  d ischarge  conditions d esc rib ed  above d id  
n o t agree w ith  th e  resu lts o f S a g g a u  [16J.
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W h a t re su lted  w as th a t  th e  oscilla tions o f b o th  th e  p o sitiv e  colum n 
an d  th e  anode space  w ere in flu en ced  b y  th e  v a r ia tio n  o f the  c a th o d e  h ea ting  
c u rre n t. F ig . 4 show s th e  dependence  o f th e  fre q u e n c y  o f th e  o sc illa tio n s on 
th e  in te n s i ty  o f th e  ca th o d e  h ea tin g  c u r re n t  (d irec t c u r re n t heating ), a t  a supply  
v o ltag e  o f 400 V in  th e  case o f d isch arg e  c u rre n ts  o f  100 mA a n d  400 mA. 
I t  m ay  be  seen t h a t  a t  th e  given c o n s ta n t d ischarge  cu rren t th e  fre q u e n c y  of 
th e  anode oscilla tions d im in ishes w ith  th e  in crease  o f th e  h e a tin g  cu rren t 
in te n s ity . T h e  sh ap e  of th is  decreasing  curve m a y  be  w ell a p p ro x im a te d  by  
rec ip ro cal fu n c tio n s . As i t  could be ex p ec ted  on th e  basis  of fo rm er in v es tig ­
a tio n s [13], th e  g ro w th  o f th e  d isch arg e  c u rren t in creased  th e  f re q u e n c y  of 
th e  o scilla tions in  th is  case as well.

F ig . 5 d e m o n s tra te s  th e  d ependence  of th e  o sc illa tio n  am p litu d es on the  
h ea tin g  c u rre n t a t  a d ischarge  c u rre n t o f 100 m A  a n d  a supp ly  v o lta g e  of 
400 У. T he cu rv e  a w as o b ta in ed  w ith  a lte rn a tin g  c u r re n t h ea tin g , w h ile  the  
cu rve  b show s th e  d ependence  re su ltin g  in  th e  case o f  d irec t c u rre n t hea tin g . 
W ith  th e  increase  o f th e  h ea tin g  c u r re n t  th e  a m p litu d e  d im in ishes in  b o th  
cases. T his decrease is considerab le  p a r tic u la r ly  in  th e  curve o b ta in e d  in  the  
case o f d ire c t c u rre n t h e a tin g . F ro m  F ig . 5 i t  m ay  also  be seen t h a t  h igher 
o scilla tion  am p litu d es  w ill re su lt w ith  a lte rn a tin g  c u r re n t hea tin g  th a n  in  th e  
case o f d ire c t c u rre n t h ea tin g . B esides, th e  shape o f th e  oscillations w ill also 
be d is to r te d  a n d  m ore  harm o n ic  osc illa tions of th e  o sc illa tion  frequenc ies will 
a p p ea r, a fa c t t h a t  m ay  be co nnec ted  w ith  th e  h e a tin g  cu rren t o f  50 cps 
freq u en cy .

In  a n y  case i t  m ay  be  seen from  F igs. 4 an d  5 t h a t  th e  s ta b il i ty  o f the  
anode spaces is con sid erab ly  a ffec ted  (a t  leas t in  th e  case of th e  d ischarge  
tu b e s  o f 500 m m  le n g th  u sed  an d  u n d e r  th e  d ischarge  conditions described) 
b y  th e  ca th o d e  h e a tin g , its  in te n s ity , a n d  w h e th e r i t  is o f a periodic (in  th is 
case o f 50 cps frequency) o r c o n s tan t c h a ra c te r . W h a t m a y  fu rth e r  b e  seen is 
t h a t  w ith  th e  increase  o f th e  h ea tin g  c u r re n t th e  s ta b i l i ty  of the  an o d e  space 
w ill grow b o th  in  th e  case o f  d irec t an d  a lte rn a tin g  c u r re n t , while the  a m p litu d e  
a n d  freq u en cy  o f th e  oscilla tions will d im in ish .

The re su lts  show n in  F igs. 4 an d  5 h av e  been o b ta in e d  when th e  anode 
co n stru c tio n  to  be seen in  F ig . 2a w as em ployed . W hen  th a t  shown in  F ig . 2b 
w as used  th e  freq u en cy  a n d  am p litu d e  o f  th e  o sc illa tions increased as th is 
could  he ex p ec ted  on th e  basis o f th e  resu lts  o f [13]. The am p litu d e  and  
freq u en cy  d ependence  on th e  h ea tin g  c u rre n t is n o t rep ro d u ced  here as also 
in  th is  case th e se  w ere fo u n d  to  be s im ila r to  th e  d ep en d en ce  ob ta in ed  in  the  
case o f th e  anode co n s tru c tio n  show n in  F ig . 2a.

The increase  o f th e  casing h e igh t o f  th e  anode cy lin d er led also in  th is 
case to  a decrease o f only  th e  a m p litu d es  an d  th e  n u m b e r  of the  h a rm o n ic  
osc illa tions. T he c h a ra c te r  o f th e  d ependence  on th e  h e a tin g  cu rren t re m a in e d  
unch an g ed .
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Summarizing the results it m ay be seen th at under the m easuring cond­
itions em ployed here it  is possible to  influence n o t only the characteristics 
o f the oscillations o f the positive colum n but also the oscillations o f  the anode 
space from the cathode space through the cathode heating. The results obtained  
here do not agree w ith  those of Saggau  [16]. This m ight possibly be ascribed 
to the differences betw een  the discharge conditions.

In v es tig a tio n s  h a v e  also been  m ade concern ing  th e  in flu en ce  exercised 
b y  th e  ex te rn a l m ag n e tic  field  on  th e  anode osc illa tions. So fa r  no  re p o rt 
has ap p ea red  in th is  connection  in  th e  availab le  l i te ra tu re . T he e ffec t of th e

\arb units

F i g .  5 . T h e  d e p e n d e n c e  o f  t h e  a m p litu d e  A ,  r eco r d e d  in  a r b itr a r y  u n it s ,  o f  t h e  a n o d e  o s c i l la ­
t io n s  o n  t h e  h e a t in g  cu rren t w i t h  d ir e c t  (b )  a n d  a l t e r n a t in g  c u r r e n t  (a )  h e a t in g

m ag n etic  fie ld  upon  th e  positive co lum n and  u p o n  th e  basic  p rocesses of th e  
p lasm a  of arc d ischarge  are k n o w n  [17] b u t  reg ard in g  th e  oscilla tions o f 
th e  anode space no in v es tig a tio n s  have  as y e t  been  m ade.

T he conclusions w hich cou ld  be d raw n fro m  th e  p re se n t ex p erim en ts  
are  m o stly  of a q u a lita tiv e  c h a ra c te r . The e x te rn a l m agnetic  f ie ld  para lle l to  
th e  axis of th e  d ischarge  leads in  a know n m a n n e r  [17] to  th e  c o n trac tio n , 
p erp en d icu la rly  to  th e  d irection  o f th e  field , o f th e  anode glow -space and  th e  
sh ift of th e  d ischarge aw ay from  th e  wall. As a consequence, th e  a m p litu d e s  
of th e  oscillations are  reduced a n d  th e  n u m b e r of harm onic oscillations d e ­
crease co rrespond ing ly  y e t th e  o scilla tion  freq u en cy  rem ains u n ch an g ed . F re sh  
oscilla tions of an y  considerab le am p litu d e  d id  n o t arise up to  20 kcps. B eyond  
th is  no in v estig a tio n s have been  m ade. W hen  th e  d ischarge c u r re n t grew, th e  
in fluence of th e  m ag n etic  field increased  an d  th e  am plitudes d im in ished  a c ­
cord ingly . This s tab ilized  th e  anode  space to  som e ex ten t p ro b a b ly  th ro u g h  
th e  reduc tion  o f th e  w all losses.

In  certa in  re sp ec ts  it a p p e a rs  as if  th e  phenom enon  o bserved  here m ay  
be caused b y  th e  sam e fac to r  [14] as th a t  in fluencing  th e  oscillations a n d
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m en tio n ed  in  th e  in tro d u c to ry  sec tio n , i.e. th e  p a r t  p layed  b y  th e  nearness 
o f  th e  w all, W hen  th e  w all of th e  d ischarge  tu b e  is su ffic ien tly  n e a r  to  th e  axis 
o f th e  d ischarge  a n d  to  th e  d ischarge elec trode , a s ig n if ican t p a r t  o f th e  electrons 
m ay  reach  th e  w all su rface  by  w ay  o f d iffusion a n d  th e re b y  n e a r th e  electrodes 
for in s ta n c e  in  th e  p re sen t case in  th e  space b efo re  th e  anode, th e  n u m b er 
of ion iza tio n s as w ell as th e  c o n c e n tra tio n  of th e  sp ace  charges w ill he  reduced . 
In  o rd e r to  n e u tra liz e  th e  e lec trons accu m u la tin g  a t  th e  w all an  io n  cu rren t 
w ill s ta r t  from  th e  anode space, w h ich  will re su lt  in  fu r th e r  d isp lacem en ts  
a ro u n d  th e  anode. I f  com plete  n e u tra liz a tio n  does n o t  resu lt a ra d ia l  electric  
fie ld  w ill develop w h ich  will s tro n g ly  in fluence th e  value of th e  anode fall.

T he ax ia l m ag n e tic  fie ld  p a ra lle l to  th e  axis o f  th e  discharge tu b e , a t  th e  
sam e tim e , s tab ilizes also th e  anod e-sid e  end  of th e  p ositive  co lum n. T his s ta ­
b iliz a tio n  has show n its e lf  in th e  re d u c tio n  of th e  oscillation  a m p litu d e  and  
th e  noise level.

W hen  th e  d irec tio n  of the  m a g n e tic  field  w as p e rp en d icu la r to  th e  axis 
o f th e  d ischarge  tu b e , eddy-like tu rb u le n t  phen o m en a , w ell visible to  th e  nak ed  
eye, developed  b o th  in  th e  anode sp ace  an d  in  th e  p a r t  o f the  p o s itiv e  colum n 
close to  th e  anode. T hese decayed  ra p id ly , w ith o u t sp read ing  a n y  fu rth e r . 
H ere  in v e s tig a tio n s  u sin g  a p h o to m u ltip lie r  h av e  show n  th a t  a la rg e  n u m b er 
o f  new  frequencies a rise  w hile in  th e  cen tre  of th e  tu rb u len ce  v e ry  h ig h  b u t 
ra p id ly  decay ing  am p litu d es  could  be  observed .

In  th e  course o f  p rev ious in v e s tig a tio n s  [13] i t  w as possible, b y  using 
th e  anode  co n stru c tio n  p resen ted  in  F ig . 2a, to  ach ieve  th a t  one glow' ligh t 
fro m  th e  d ischarge  sh o u ld  ap p ear also  on th e  tu b e  en d  side of th e  an o d e  p la te .

T h is effect could  be rep roduced  also in th e  p re se n t case b y  usin g  the  
d isc a rra n g e d  in  th e  cy lin d er a t th e  an o d e  and  leav in g  th e  cy linder e lec trically  
u n co n n ec ted . T he sam e could be ach ieved , how ever, also th ro u g h  em ploying  
a  m a g n e tic  fie ld , b y  sh iftin g  th e  e x te rn a l m ag n e tic  fie ld  of p e rp en d icu la r 
d ire c tio n  to  th e  d ischarge , from  th e  anode-side en d  o f  th e  p o sitiv e  colum n 
to w a rd s  th e  end o f th e  d ischarge tu b e . One m ay  say  th a t  the  p la sm a  space, 
o rig in a lly  in d u ced  b y  th e  m agnetic  f ie ld  a t  th e  anod e-sid e  end of th e  positive  
co lum n h a d  becom e fro zen  in to  th e  m a g n e tic  lines o f fo rce . T hrough  th e  d isp la ­
cem en t o f  th e  m a g n e tic  fie ld  th is  also  w as sh ifted  to  th e  end o f th e  tu b e . 
T he glow lig h t b eh in d  th e  electrodes a t  th e  hack  p la te  o f the  anode rem ain ed  
as long  as th e  m ag n e tic  fie ld  ex isted  th e re .

S im ila rly  to  th e  in fluence  e x e rte d  on th e  anode oscillations [13] b y  the  
e lec tric  c ircu it a rra n g e d  a t  th e  anode, th e  stab iliz ing  e ffec t (lower a m p litu d e s , 
low er noise level) o f a m ag n e tic  fie ld  co u ld  be o bserved  also in th e  case o f an 
e x te rn a l m ag n e tic  fie ld  p a ra lle l to  th e  d ischarge ax is . W hen in a d d itio n  to  
th e  anod ic  c ircu it also th e  m agnetic  f ie ld  p e rp en d icu la r to  the d isch arg e  axis 
a c te d  u p o n  th e  anode space , th e  tu rb u le n t  effects describ ed  above increased  
co n sid e rab ly  a t  low  c u rre n ts  o f th e  a n o d e  circu it I a.
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I t  w ill h av e  becom e clear from  th e  above th a t  also th e  ca th o d e  h e a tin g  
influences th e  oscillations o f b o th  th e  p o sitiv e  colum n a n d  th e  anode space . 
In  th e  case of d irec t c u rre n t ca thode h e a tin g  i t  w as possible to  achieve a m ore 
stab le  anode space as a g a in s t th a t  o f th e  a lte rn a tin g  c u rre n t. A sim ilar s ta b i­
lizing effect w as also fo u n d  w hen an e x te rn a l m agnetic  fie ld  w as applied  p a ra lle l 
to  th e  axis o f th e  d ischarge.
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ELECTRICAL RESISTIVITY CHANGE IN COLD-WORKED 
TUNGSTEN WIRES DURING RECOVERY 

AND RECRYSTALLIZATION

B y

E l is a b e t h  K ovács-Cs e t é n y i *
R E S E A R C H  IN S T IT U T E  F O R  T E C H N IC A L  P H Y S IC S , B U D A P E S T  

( P r e s e n t e d  b y  T . M illn e r . — R e c e iv e d  2 4 . X .  1 9 6 3 )

T h e  is o c h r o n a l a n n e a l in g  o f  t u n g s t e n  (w ith  K , S i ,  A1 im p u r ity  c o n t e n t s ,  c o ld -w o r k e d  
in  f a c to r y )  sh o w s  t h a t  t h e  e le c tr ic a l  r e s i s t i v i t y  m ea su red  in  l iq u id  air d e c r e a s e s  in  s ta g e s  w it h  
in c r e a s in g  te m p e r a tu r e . F r o m  s im u lta n e o u s  m ic r o sc o p ic a l a n d  is o th e r m a l a n n e a lin g  in v e s t ig ­
a t io n s  i t  w a s  fo u n d  t h a t  t h e  f ir s t  s t a g e ,  w h ic h  w a s  o b s e r v e d  a b o v e  9 0 0 °  K ,  i s  d u e  to  t h e  
r e a r r a n g e m e n t  o f  th e  d i s lo c a t io n s ,  w h ile  t h e  se c o n d  a n d  t h e  th ir d  s ta g e  a r is e  f r o m  th e  p r im a r y  
a n d  s e c o n d a r y  r e c r y s t a l l iz a t io n .  T h e  r e s i s t i v i t y  o f  th e  s a m p le s ,  w h ic h  c o n t a in  K , S i im p u r it ie s ,  
d e c r e a s e s  c o n t in u o u s ly , b e c a u s e  in  t h is  c a s e  t h e  s e c o n d a r y  r e c r y s t a l l iz a t io n  t a k e s  p la c e  q u ic k ly  
a f te r  t h e  p r im a r y  r e c r y s t a l l iz a t io n .  T h e  r e s i s t iv i t y  c h a n g e  in  t h e  f ir s t  s t a g e  s h o w s  lo g a r ith m ic  
k in e t ic s ,  t h e  a c t iv a t io n  e n e r g y  b e in g  1 1 0  J ;  10 K a l/m o l f o r  b o th  sa m p le s ,  w h ic h  v a lu e  i s  an  
e s t im a t e  fo r  th e  a c t iv a t io n  e n e r g y  o f  s e lf -d if fu s io n  in  t u n g s t e n .

Introduction

T he recovery  a n d  rec ry s ta lliz a tio n  in co ld -w orked  tu n g s te n  have been 
in v e s tig a te d  by  m a n y  au th o rs  [1 — 8] .  A ccording to  S c h u ltz  [4] th e  re s is tiv ity  
o f tu n g s te n  wire defo rm ed  b y  d raw in g  a t  room  te m p e ra tu re  decreases d u rin g  
iso ch ro n a l annealing  in  stages. H e assum ed th e  f i r s t  of these o b se rv ed  a t  ab o u t 
400° €  to  be due to  v acan cy  m ig ra tio n , while th e  processes ta k in g  place above 
600° C arise from  d islocation  an n ih ila tio n . R e s is tiv ity  change d u rin g  th e  second­
a ry  rec ry s ta lliz a tio n  w as o b ta in ed  only  in h ig h ly  deform ed sam ples.

K o o  [5] as w ell as N e i m a r k  an d  Sw a l in  [6 ] in v e s tig a te d  th e  re s is tiv ity  
change in  th e  te m p e ra tu re  range  o f  250—450° C, an d  ex p la in ed  th e  o b ta in ed  
decrease by  v acan cy  an n ih ila tio n . T heir iso th e rm a l an nea ling  d a ta , how ever, 
show ed th a t  in th is  te m p e ra tu re  in te rv a l d iffe re n t processes occur.

Increasing  o f th e  re s is tiv ity  has been o b se rv ed  during  rec ry s ta lliz a tio n  
b y  K l e b e r  an d  K o h l s t r u n g  [8 ]. We have show n , how ever, t h a t  th is  a n o ­
m alous b eh av io u r a rises from  th e  change of th e  geom etrical sizes of th e  w ire , 
p ro b a b ly  caused b y  a L an g m u ir cycle d u rin g  h e a t  t re a tm e n t.

I t  is d ifficu lt to  m ake a com parison  b e tw een  th e  av a ilab le  d a ta  because 
th e  sam ples in v e s tig a te d  b y  d iffe re n t au th o rs  co n ta in ed  d iffe re n t im p u ritie s  
an d  w ere deform ed b y  d ifferen t am o u n ts  a t  d iffe ren t te m p e ra tu re s .

In  order to  s tu d y  the  reco v e ry  and  re c ry s ta lliz a tio n  in  tu n g sten  w ith  
d iffe ren t im p u rity  co n ten ts  its  e lec trica l re s is tiv ity  was m easu red  in liqu id  a ir.

* P r e s e n t  a d d r e ss :  R e se a r c h  I n s t i t u t e  o f  N o n -F e r r o u s  M eta ls , B u d a p e s t ,  X I .  F e h é r v á r i ú t .

A d a  Phys. Hung. Tom. X V I I I .  Fasc. 1.
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In v e s tig a tio n s  of th e  k in e tics  of th e  d islocation  re a rra n g em e n t in  tu n g sten  
are  n o t av a ilab le  in th e  l i te ra tu re . In  th e  p re se n t w ork  th is  process w as investig ­
a te d  also b y  iso th e rm a l ann ea lin g . F ro m  th e  m easu rem en ts  we de te rm in ed  
th e  k in e tics  a n d  o b ta in e d  an  e s tim a te  fo r th e  a c tiv a tio n  energy o f  th e  process.

Experimental procedure

T he specim ens w ere d raw n  a t  c o n s ta n tly  d ecreasin g  te m p e ra tu re s  from  
sin te rized  tu n g s te n  rods forged a t  1500° C. The f in a l  draw ing w as done a t 
a b o u t 600° C, a n d  a fte r  th is  process th e  d iam ete r o f  th e  wires b ecam e  0,3 mm. 
T he differences b e tw een  th e  tw o k in d s  o f sam ples in v es tig a ted  b y  us were 
as follow s:

a) before  th e  red u c tio n  K , Si (UC) an d  K , Si, A l (GK) im p u ritie s  were 
a d d ed  to  th e  tu n g s te n  oxide, re sp ec tiv e ly , th e  to ta l  am o u n t of th e se  im p u r­
itie s  be ing  a b o u t 1%  [9 ];

b) th e  sin te riz in g  an d  th e  an n ea lin g  of th e  ro d s  were c a rr ie d  ou t in 
so m ew hat d iffe ren t w ays d u rin g  th e  forg ing . A la rg e  p a r t  of th e  im p u rity  
c o n te n t has been  e v a p o ra te d  d u rin g  th e  s in te riz ing . The d raw in g  process 
b e tw een  4,3 a n d  0,3 m m  d iam e te r  a n d  th e  in itia l g ra in  size were a p p ro x im a te ly  
th e  sam e in th e  case o f b o th  sam ples. T h e  densities o f th e  tw o k inds o f  4,3 mm 
d ia m e te r  rods d iffered  (G K  18,8 g /cm 3 an d  UC 19,0 g/cm 3), th e re fo re  the 
sam e d raw ing  process caused  d iffe ren t am o u n ts  o f s tra in .

T he h e a t t r e a tm e n t o f th e  w ires w as carried  o u t  in  v acu u m  b y  d irect 
h e a tin g  in  th e  te m p e ra tu re  in te rv a l 900 — 2500° K . B efore  h ea tin g  th e  pressure 
w as 1 0 -5 m m H g  i t  becam e ab o u t 1 0 ~3 m m H g a t  2500° К  b ecau se  o f th e  
w arm in g  u p  of th e  en tire  system .

D u rin g  isoch rona l an n ea lin g  th e  specim ens w ere h e a te d  for 15 m inu tes 
a t  each  te m p e ra tu re  in  s tep s  of 100 — 200° C. Iso th e rm a l an n ea lin g  w as m ade 
in  th e  te m p e ra tu re  in te rv a l o f 1000— 1400° К  w ith  an nea ling  tim e s  from  5 
m in u te s  to  7 h o u rs . T he te m p e ra tu re  o f  th e  specim en w as d e te rm in ed  on th e  
basis  o f th e  d a ta  o f L an g m u ir by  m easu rin g  th e  h e a tin g  c u rren t. T h e  error 
in cu rred  in  th e  te m p e ra tu re  m easu rem en t arises fro m  th e  follow ing fac to rs :

1. re s is tiv ity  change o f th e  sam ple  du ring  th e  h e a tin g ;
2. change o f th e  g eom etrica l sizes caused  b y  th e  L an g m u ir cycle ;
3. th e  cooling effect o f  th e  grips is a function  o f th e  te m p e ra tu re ;
4. th e  e rro r  in  th e  c u rre n t m easu rem en t.
T he erro rs 1 — 3 can be  e lim in a ted  b y  su itab le  co rrec tions. T he accu racy  

o f  th e  te m p e ra tu re  m easu rem en t a t  a b o u t 1500° К  w as ^ 1 0 °  C.
T he re s is tiv ity  of th e  specim ens w as m easured  a f te r  every  an n ea lin g  

p rocess in  liq u id  a ir  an d  in  alcohol a t  ro o m  te m p e ra tu re . The change o f  the  
te m p e ra tu re  in  liqu id  a ir w as e lim in a ted  b y  th e  use o f  a tu n g sten  d u m m y  
o f th e  sam e d iam e te r  as t h a t  of th e  specim en . The re s is tiv ity  m easu rem en ts

Acta Phys. Hung. Тот. X V I I I .  Fase. 1.
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w ere ca rr ied  ou t by  m ean s of a D iesse lho rst co m p en sa to r. The e rro r in  these  
m easu rem en ts  am o u n ted  to  0 ,2% . In  o rd e r to  e lim in a te  th e  geom etrica l sizes 
of th e  specim en we used th e  ratio

r80°K &S0 °K

r293°K  í?293 ’K

S im u ltan eo u sly  w ith  th e  re s is tiv ity  m easu rem en ts  m icroscopical in v es tig a tio n s  
were m ade a fte r  every  s tep  of an n ea ling .

Experimental results

F igs, l a  an d  l b  show  th e  re su lts  o b ta in ed  b y  isochronal an n ea lin g . 
Before an nea ling  th e  re s is tiv ity  of th e  G K  sam ples is ab o u t 5%  h ig h e r th a n  
th a t  o f th e  U K  sam ples. The reco v ery  process ta k e s  place in b o th  m a te ria ls  
a t a b o u t 900° К  an d  u p  to  1500° К  th e  re s is tiv ity  v aries in  th e  sam e m an n er.

г вО’К 

r293°K

F i g .  l a .  R e s i s t iv i t y  c h a n g e  in  G K  w ir e s  d u r in g  iso c h r o n a l a n n e a lin g . A n n e a lin g  t im e  is  1 5 ’

In  th is  in te rv a l th e re  is no change in  th e  te x tu re  o f th e  sam ples (F ig. 2), 
fu r th e r  a t  th is  s tage  th e  re s is tiv ity  o f  th e  draw n w ires decreases b y  m ore th a n  
20% . In  th e  defo rm ed  m a tr ix  o f th e  G K  wires g ra in s  o f ab o u t 1/j, d iam e te r 
a p p ea r, a f te r  h ea tin g  a t  1700° K . T h is  process can  be considered as th e  beg in n ­
ing o f th e  p rim ary  re c ry s ta lliz a tio n . The re s is tiv ity  change up to  1900° К  is 
less th a n  1% . A fte r h e a tin g  a t 2100° К  large g ra in s  w ith  w ell-defined  b o u n d ar-

Acta Phys. Hung. Torn. X V I I I  Fasc. 1.
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Г80Ч
r!S3‘K

F i g .  lb. R e s i s t i v i t y  c h a n g e  in  U C  w ir e s  d u r in g  i s o c h r o n a l  a n n e a lin g . A n n e a l in g  t im e  is  15 ’

ies ap p ea r. A fte r  2300° К  th e  w hole cross-section  is covered b y  large  grains 
o f 10— 15 m m  le n g th  an d  of 0,1 — 0,3 m m  d ia m e te r  p roduced  d u rin g  secondary  
re c ry s ta lliz a tio n . T h e  re s is tiv ity  decreases b y  a fu r th e r  10%  d uring  th is  
process.

A ccord ing  to  o u r re s is tiv ity  m easu rem en ts  carried  o u t on  UC wires, 
th e  la s t  tw o  processes are  n o t sh a rp ly  s e p a ra te d , fu rth e r , th e  p r im a ry  and  
seco n d ary  re c ry s ta lliz a tio n  ta k e  p lace  a t  low er te m p e ra tu re s  (F ig . 2). W hen 
th e  le n g th  o f th e  g ra in s  becom es a b o u t one m illim e te r  th e  re s is tiv ity  g radually  
te n d s  to w ard s  a c o n s ta n t va lue .

T he iso th e rm a l recovery  process of UC w ires tre a te d  a t d iffe re n t te m p e ra ­
tu re s  is show n in  F ig . 3.

Discussion

A ccord ing  to  th e  d a ta  of T h o m p s o n  [10] th e  vacancies p ro d u c e d  b y  cold 
w o rk in g  in  b .c .c . m e ta ls  d isap p ea r a t  te m p e ra tu re s  low er th a n  T M/5, w here 
T M is th e  te m p e ra tu re  of th e  m e ltin g  p o in t in  °K , w hich is 730° К  in th e  
case o f tu n g s te n . O u r specim ens w ere w orked  a t  h ig h e r te m p e ra tu re s , therefo re  
w e can  assum e t h a t  th e  v acan cy  m ig ra tio n  to o k  p lace  during  th e  defo rm ation  
process.

O ur re su lts  show  th a t  th e  reco v ery  d u rin g  iso th e rm al an n ea lin g  has 
lo g a rith m ic  k in e tic s  (F ig . 4):

~ ~  =  A  —  ß b g t ,  ( 1 )

Acta Phys. Hung. Тот. X V I I I .  Fase. 1.



ELECTRICAL RESISTIVITY CHANGE IN COLD-WORKED TUNGSTEN WIRES 15

----  e .--*1 ? -
1350 7i f720 7Г

/600 Vf 2000  0/f

/7 2 0  °K 2120 °K

24 5 0  °K 2 4 5 0  °K
F i g .  2 .  M ic r o -p h o to g r a p h s  m a d e  f r o m  U C  a n d  G K  w ir e s  a t  d if fe r e n t  s t a g e s  o f  t h e  h e a t

t r e a t m e n t

Acta Phys. Hung. Тот. X V I I I .  Fasc. 1,
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'ао’к
r293 VT

F i g .  3 .  R e s i s t iv i t y  c h a n g e  in  TJC w ires  d u r in g  i s o th e r m a l a n n e a lin g

42.

F i g .  4 .  R e s i s t iv i t y  c h a n g e  in  U C  w ires  a s  a fu n c t io n  o f  lo g  t

w h ere  Ад is th e  e x tra -re s is tiv ity  m easu red  in liq u id  a ir  a f te r  tim e  t an d  A q0 is 
th e  to ta l  re s is tiv ity  change d u rin g  h e a t  t re a tm e n t, a n d  A  and  В  are  co n stan ts .

S im ilar k in e tic s  has also been  observed  d u rin g  recovery  in  y ie ld  po in t 
in v e s tig a tio n s  [11] as well as in  th e  release of th e  s to red  energy [12]. In  these 
cases th e  recovery  p rocess to o k  p lace  b y  d islocation  rea rran g em en t and  an n i­
h ila tio n . I t  m ay  be assum ed  th e re fo re  th a t  th e  process is th e  sam e in  our case.

Acta Phys. Hung. Тот.. X V I I I .  Fasc. 1.
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The ra te  of such  a process is governed  b y  th e  climb m otio n  o f  th e  d isloca­
tio n s , w hich m eans th a t  th e  a c tiv a tio n  energy  is p ro p o rtio n a l to  th e  m easured  
q u a n ti ty  [13], there fo re  th e  ra te  of th e  re s is tiv ity  change m ay  be  given in th e  
follow ing form :

d h

А в о

dt
R T

( 2 )

Summary

T he re s is tiv ity  of h ig h ly  deform ed tu n g s te n  was m e asu red  in  liqu id  a ir  
d u rin g  annea ling . F ro m  th e  m easu rem en ts , i t  w as found  t h a t  if  th e  tu n g s te n  
con ta in s K , Si, A1 im p u ritie s , th e  re s is tiv ity  decreases in  s tag es , while if  th e  
im p u rity  co n ta in s only K , Si, th e  re s is tiv ity  decreases co n tin u o u sly . T h e  
re s is tiv ity  decrease s ta r tin g  above 900° К  m a y  p ro b ab ly  be ascrib ed  to  d is lo c ­
a tio n  re a rran g em en t, th e  a c tiv a tio n  energy  o f th is  process be ing  110 ^  10 
K al/m ol for b o th  Uc and  G K  w ires. F o r G K  w ires a stage o f  c o n s tan t re s is t­
iv ity  begins a t  ab o u t 1500° K . S im ultaneous m icroscopical in v es tig a tio n s  show  
th a t  th is  stage  is due to  th e  p rim a ry  rec ry s ta lliz a tio n . A n o th e r  stage  was also 
observed  above 2100° K , w h ich  arises from  th e  secondary  rec ry s ta lliz a tio n .

2 Acta Phys. H ung. Тот. X V I I I .  Fuse. 1.

w here E a is th e  ac tiv a tio n  energy  of th e  self-d iffusion, T  is th e  abso lu te  
te m p e ra tu re , R  is th e  u n iv e rsa l gas c o n s ta n t, an d  к an d  b a re  co n stan ts . 
E q . (2) can be tran sfo rm ed  by  in te g ra tio n  in to  (1), therefo re  E 0 can  be d e te r-

Ao
m ined  from  th e  d a ta  given b y  th e  linear fu n c tio n  -  (log f) 1. F rom  th e

. ^ 9 o

p re se n t m easu rem en ts  we o b ta in e d  E 0 =  110 ^  10 K al/m o l. A ccording to  
VAN L i e m p t  [14] th e  ac tiv a tio n  energy  of self-d iffusion in  tu n g s te n  is a b o u t 
140 K al/m ol. The m ig ra tio n  energy  of th e  v a c a n c y  in  tu n g s te n  w as m easu red  
b y  K o o  [5] w ho o b ta in ed  39,2 K al/m ol. K r a f t m a k h e r  a n d  S t r e l k o v  [15] 
from  specific h e a t m easu rem en ts  o b ta in ed  an  energy  of 72,5 K al/m o l for th e  
v acan cy  fo rm atio n  in  tu n g s te n . W ith  th e  use o f  th e se  values fo r  th e  ac tiv a tio n  
energy  o f th e  self-diffusion in  tu n g s te n  we o b ta in  111,7 K a l/m o l. O ur re su lt 
is in  good ag reem en t w ith  th e  m en tio n ed  d a ta  w ith in  th e  g iven  accuracy  fo r  
b o th  UC and  G K  sam ples.

T he re s is tiv ity  change d u rin g  secondary  re c ry s ta lliz a tio n  in  tu n g s te n  
w ith  d ifferen t im p u rity  c o n ten ts  m ay  be cau sed  by  d islocation  an n ih ila tio n , 
decreasing  of th e  gra in  b o u n d a ry  surface an d  im p u rity  seg reg a tio n . The in d i­
v id u a l effect of these  processes is n o t well know n a t  p resen t, b u t  fu r th e r  m e a su r­
em en ts will be m ade in  o rd e r to  in v es tig a te  th e  effect o f th e  single processes.
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The co n tin u o u s  decrease o f  th e  re s is tiv ity  in  UC w ires can  he ex p la in ed  b y  th e  
fac t t h a t  in  th ese  w ires th e  secondary  rec ry s ta lliz a tio n  ta k e s  place v e ry  qu ick ly  
a fte r  th e  p rim a ry  rec ry s ta lliz a tio n .
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И З М Е Н Е Н И Е  С О П Р О Т И В Л Е Н И Я  В О Л Ь Ф Р А М О В Ы Х  П Р О В О Л О К ,  
Р А З Р А Б О Т А Н Н Ы Х  В  Х О Л О Д Н О М  С О С Т О Я Н И И , В  П Р О Ц Е С С А Х  

О Б Н О В Л Е Н И Я  И  Р Е К Р И С Т А Л Л И З А Ц И И

Е .  К О В А Ч - Ч Е Т Е Н И

Р е з ю м е

И з м е р е н н о е  в ж и д к о м  в о з д у х е  с о п р о т и в л е н и е  в о л ь ф р а м о в о й  п р о в о л о к и , и з г о т о в ­
л е н н о й  в  з а в о д с к и х  у с л о в и я х  х о л о д н ы м  м е т о д о м  и  с о д е р ж а щ е й  К ,  S i и  AI, п р и  и з о х р о н н о м  
т е м п е р и р о в а н и и  и зм е н я е т с я  ск а ч к а м и . В  со о т в ет с т в и и  с р е з у л ь т а т а м и , п о л у ч е н н ы м и  
съ ё м к а м и  м е т а л л и ч е с к о г о  м и к р о с к о п а  и  и з о т е р м и ч е с к и м  т е м п е р и р о в а н и е м , у м е н ь ш е н и я  
с о п р о т и в л е н и я  о б у с л о в л и в а ю т с я :  п о я в л я ю щ е е с я  свы ш е 9 0 0 °  К  —  п е р е р а с п р е д е л е н и е м  
д и с л о к а ц и й , н а ч и н а ю щ и й с я  п р и  15 0 0 °  К  б л и з к о  г о р и зо н т а л ь н ы й  у ч а ст о к  —  п е р в и ч н о й  
р е к р и с т а л л и з а ц и е й , а  с л е д у ю щ е е  у м е н ь ш е н и е , н а ч и н а ю щ еес я  п р и  2 1 0 0 °  К  —  в т о р и ч н о й  
р е к р и с т а л л и з а ц и е й . С о п р о т и в л е н и е  п р о в о л о к и  с  л е г и р у ю щ и м и  эл ем ен т а м и  К , S i у м е н ь ­
ш а ет ся  м о н о т о н н о , т а к  к а к  п е р в и ч н а я  и  в т о р и ч н а я  р е к р и с т а л л и з а ц и и  б ы стр о  с л е д у ю т  
о д н а  з а  д р у г о й .  П р е д ш е с т в у ю щ и й  п ер в и ч н о й  р е к р и с т а л л и з а ц и и  п р о ц е с с  п о к а з ы в а е т  л о г а ­
р и ф м и ч е с к у ю  к и н е т и к у , э н е р г и я  а к т и в а ц и и  1 1 0  í  10  k c a l/m o l д л я  о б о и х  в и д о в  п р о в о л о к и .  
Э т о  м о ж н о  с ч и т а т ь  о ц е н к о й  п о  о т н о ш ен и ю  с а м о д и ф ф у з и о н н о й  э н е р г и и  а к т и в а ц и и  в о л ь ­
ф р а м а .
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WAVE EQUATIONS IN MOMENTUM SPACE

B y

S. D a t t a  M a j u m d a r
DEPARTM ENT O F PHYSICS, U N IV ER SITY  COLLEGE OF SCIEN CE, CALCUTTA, IN D IA  

(P re se n ted  by  A. K ó n y a .  — Received 4. X I .  1963)

The  behav iour  of w a v e  functions in m o m e n tu m  space u n d e r  ro ta t io n  is s tu d ied  in detail  
a n d  the  re su l ts  are used to  reduce  the  n u m b e r  of in d ep en d en t  variables  in th e  in teg ra l  wave 
e q u a t io n  for a three -par t ic le  system.

1. Introduction

I t  is know n th a t  th e  n u m b er o f in d ep en d en t v a riab les  in S c h r ö d i n g e r ’s 
e q u a tio n  fo r N  in te ra c tin g  partic les  can  be red u ced  from  3N  to  3iV — 6 by  
m ak in g  use of th e  tra n s la tio n a l a n d  ro ta tio n a l in v a rian ce  o f th e  problem . 
The red u c tio n  has b een  carried  o u t ex p lic itly  b y  a n u m b e r of a u th o rs  [1 — 5]. 
S c h r ö d i n g e r ’s eq u a tio n  tran sfo rm s in to  an in te g ra l equa tion  [6 — 13] in th e  
m o m en tu m  space, a n d  from  th e  in v a rian ce  of th is  eq u a tio n  u n d e r  ro ta tio n  
i t  is ev id en t th a t  a s im ila r red u c tio n  should be  possib le  in  th e  m o m en tu m  
space also. B u t, th is  p ro b lem , u n lik e  its  c o u n te rp a r t in  th e  co o rd in a te  space, 
has n o t  a ttra c te d  m u ch  a tte n tio n , p ro b ab ly  b ecau se  in teg ra l eq u a tio n s  are 
be lieved  to  he less con v en ien t fo r physica l a p p lica tio n s  th a n  d iffe ren tia l 
eq u a tio n s . B u t, if  w e leav e  aside th e  question  o f so lv ab ility  of th e  eq u a tio n s, 
th e  re d u c tio n  of th e  n u m b e r of in d e p e n d e n t v a ria b le s  b y  itse lf  is a p roblem  
o f considerab le  th e o re tic a l in te re s t. I n  th is  connec tion  m en tion  m u s t be m ade 
of th e  w ork  of M. L é v y  [14] w ho, b y  using som e theo rem s o f H e c k e  and  
E r d é l y i , succeeded in  reducing  th e  in teg ra l e q u a tio n  for a single p artic le  
in  a c e n tra l field  to  one invo lv ing  a single v a r ia b le . B y an a lo g y  w ith  th e  
e q u a tio n  in  coo rd in a te  space th is  m a y  be called “ th e  ra d ia l eq u a tio n  in m om en­
tu m  sp ace” . In  th e  re la tiv is tic  case he gets a p a ir  o f linked  in te g ra l equa tions 
w hich  a re  d ifferen t h u t  derivable  fro m  th e  four e q u a tio n s  p rev io u sly  o b ta in ed  
b y  R u b in o w ic z  [12] b y  app ly in g  th e  F ourie r tra n s fo rm a tio n  to  D ir a c ’s 
eq u a tio n . The eq u a tio n s  are  new  a n d  can n o t be d e riv ed  from  th e  ra d ia l eq u a ­
tions in  coo rd in a te  space  b y  th e  sim p le  F ourie r tra n sfo rm a tio n .

In  th e  p resen t p a p e r  we con sid er a sy stem  o f th ree  spin less partic les 
in te ra c tin g  th ro u g h  a p o te n tia l d ep en d en t on ly  on th e ir  m u tu a l d istances, 
and  discuss m ethods fo r se ttin g  u p  th e  rad ial e q u a tio n s  in m o m en tu m  space
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for States o f defin ite sym m etry and orbital angular m om entum . The case 
o f S  states being trivial, on ly  P  sta tes are discussed here in som e detail. The 
generalization to  an arbitrary num ber of particles and to arbitrary values 
o f l is straightforw ard, although th e  equations m ay be too com plicated to be 
presented. The procedure in outline is as follows:

A fte r th e  e lim in a tio n  o f th e  m otion  of th e  cen tre  of m ass th e  w ave 
fu n c tio n  in  m o m e n tu m  space G(pv  p 2) is described  b y  m eans of six  coord inates, 
th e  len g th s  o f  th e  v ec to rs  p v  p.2, th e  angle в  b e tw een  th em , a n d  th re e  E u ler 
angles Ф, X d e te rm in in g  th e  o r ie n ta tio n  in  th e  p -sp a c e  of th e  tr ia n g le  form ed 
b y  p x an d  p 2. T h e  ro ta tio n a l sy m m e try  of th e  p ro b lem  p e rm its  G(pv  p 2) to  
b e  ex p an d ed  in  a series o f th e  form  (6 ) w hich, w hen  su b s titu te d  in  th e  in teg ra l 
e q u a tio n , ag a in  gives a lin e a r  expression  in  Uimr w ith  coeffic ien ts involving 
in te g ra ls  over f T. E q u a tin g  to  zero th e  coeffic ien t o f  each l/;mT in  th is  expres­
s ion  one gets  a system  o f s im u ltan eo u s  in te g ra l eq u a tio n s  fo r de te rm in in g  
th e  f T. T hese a re  th e  ra d ia l e q u a tio n s  in m o m e n tu m  space. T h e  equations 
s p lit  up  in to  tw o  in d e p e n d e n t se ts , one invo lv ing  on ly  odd v a lu es  of T, an d  
th e  o th e r on ly  even  values.

B efore p ro ceed in g  to  derive  th e  rad ia l e q u a tio n s  we m u s t em phasize 
t h a t  th e  ro ta t io n , re flec tion  an d  p e rm u ta tio n  sy m m etrie s  re m a in  u n a lte red  
in  m o m en tu m  space. If, fo r in s ta n c e , a w ave fu n c tio n  has th e  fo rm  y>(r) — 
=  R ( r )  Y lm ((?, <p) in  co o rd in a te  sp ace , th e n  its  F o u rie r  tra n s fo rm  will have 
th e  form

G(p)  =  [ i ' p ^ r  J  R ( r )  J ,  i(pr) dr] . Y im(0', <p' ) , W
ó

w h ere  6 ' ,  cp' a re  th e  p o la r an d  a z im u th a l angles o f  th e  v ec to r p .  In  fac t, th e  
e n tire  th e o ry  o f  a n g u la r  m o m e n tu m , as fo rm u la te d  in  co o rd in a te  space, can 
b e  ta k e n  over u n m o d ified  to  th e  m o m en tu m  space . 2

2. The integral equation and the Poincaré — W hittaker coordinates

In  th e  a u th o r ’s w ork  on th e  p rob lem  of th re e  bodies [4] in  q u an tu m  
m ech an ics  (to  be re fe rred  to  as I) th e  co o rd in a tes  used  b y  P o i n c a r é  and  
W h i t t a k e r  [15]  in th e  classical p ro b lem  p roved  to  be v e ry  h e lp fu l in  deriv ing  
th e  ra d ia l  e q u a tio n s  an d  in  in tro d u c in g  th e  sy m m etrie s  m en tio n ed  in  th e  p re ­
v io u s  sec tion . A s p o in te d  o u t b y  J a c k s o n  [5] th is  sy stem  of co o rd in a tes  is 
su p e rio r  in  m a n y  resp ec ts  to  th o se  u sed  b y  o th e r w o rk ers . As we w ish  to  re ta in  
th e  a d v a n ta g e s  ga ined , th e  sam e co o rd in a tes  w ill be u sed  in  m o m e n tu m  space 
w ith  th e  co n seq u en t sim p lifica tio n  in  th e  m a th e m a tic a l analysis .

I f  rx a n d  r2 a re  th e  C artesian  co o rd in a tes  o f th e  p a rtic le s  1 a n d  2 re la tive  
to  th e  3 rd  p a r tic le  an d  if, to  avo id  u n n ecessary  com plica tions, th e  cen tre  o i
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g ra v ity  o f th e  sy s tem  is ta k e n  to  be  a t  re s t, th e n  th e  a n g u la r  m o m en tu m  
o p e ra to rs  tak e  th e  fo rm  (see end  o f  Sec. 157, re f. [15])

M W =  — i r l *  \ 1 -  ir2 X У2 . (2)

In  m o m en tu m  space th ese  o p e ra to rs  becom e

3 3
m (p) =  — lP  1 X ----------lP i  X - - (3)6p , 3 p.2

an d  S ch k ö d in g er ’s eq u ation  for th e  three-particle  system  w ith  th e  potentia l  
en ergy  -j- l / 2(r2) -(- l / 12(r12) goes over in to  th e  integral eq u a tio n

-  ( 2 л ) ?12
1 1 1I____ 1

PÎ +  ~2
f J _  _ 1

2 Ш, m3 1 m 2 m3
P 2

1
- P i  ■ P 2 -

m .
E C ( p , , p 2) T G ( p , ,p 2) = (4)

= j [ ri(?) G ( P i  +  Q->Pi) + V2 ( s ) G ( P n P 2  + e) +  ^2(e)c(pi + e , p 2 — £?)]áe>
w here th e  V ’s are th e  F o u rie r tran sfo rm s of th e  U's. We now  p ass  on to  th e  
P o i n c a r é — W h it t a k e r  co o rd in a tes  by  th e  tra n sfo rm a tio n s

p V i P r x  +  ip iy )  =  sin 0 , eWl =  e'*(cos Ф х i sin Фх cos X) ,

P2 1(p*x  +  Ф гт) =  s*n ^2 e,<ri =  e,,<(cos Ф> ~r i sin Ф2 cos Â ), (5)

P iz IPi =  C0S =  sin *̂ 1 sin  4̂ PzzlP2 =  COS 2̂ =  sin Ф2 s in  A , 
ф  =  ф , , в  =  Ф2 — ф , .

T he co o rd ina tes are in te rp re te d  p h y sica lly  as follows: In  add ition  to  
th e  axes O X , OY, OZ fixed  in  m o m en tum  sp ace  le t us ta k e  a n o th e r set of 
axes O x, Oy, Oz d e te rm in ed  p a r t ly  b y  th e  v e c to rs  p {, p 2. T h en  Ф, X are  
th e  E u le r angles specify ing  th e  re la tiv e  o r ie n ta tio n  of th e  tw o  sets of axes. 
I f  O K  is p e rp en d icu la r to  th e  p lan e  ZOz, th en  /  =  <OK, O X ), Ф = < 0K , O x ), 
a n d  Я =  <OZ, O z). T he sym bol ( A ,  В )  used h e re  denotes th e  angle betw een  
th e  vec to rs A , B.  I t  is easily  seen th a t  th e  v e c to rs  p x and  p ,  b o th  lie in  th e  
x y -p lan e  and  th a t  p j is d irec ted  along Ox.

I t  is to  be n o te d  th a t ,  w hile in co o rd in a te  space th e  tra n sfo rm a tio n  
a ffec ts  only th e  k in e tic  p a r t  o f  th e  H a m ilto n ian  leaving th e  p o te n tia l energy  
u n a lte re d , in m o m en tu m  space i t  does ju s t  th e  opposite  th in g . T he d ifference 
is b ro u g h t to  c lear re lief w hen one considers th e  co n tr ib u tio n  to  th e  k in e tic  
en erg y  arising  from  th e  m o tio n  o f th e  th ird  p a rtic le . W hile in  eq. (5) o f I i t

Acta Phys. Hung. Тот . X V I I I .  Fasc. 1.



2 2 S. DATTA MAJUMDAR

gives rise  to  all th e  e ig h t te rm s occu rrin g  as th e  coeffic ien t of 2C, in  eq. (4) 
o f th e  p re se n t p a p e r th e  fu ll effect is co n ta ined  in  a single te rm  py ■ p 2. 
T h is is an  im p o r ta n t difference b e tw een  th e  tw o tre a tm e n ts .

R e tu rn in g  to  eq. (3) we fin d  t h a t  th e  co m p o n en ts  of angu la r m o m en tu m  
in  th e  new  co o rd in a tes  involve th e  E u le r  angles Ф, A only a n d  h av e  th e  
usual form s given in  th e  l i te ra tu re  [16]. I t  shou ld , therefo re , be possib le to  
w rite  th e  w ave fu n c tio n  G as a lin e a r  co m b in a tio n  of th e  sy m m e tric  top  
fu n c tio n s  Uimr(<P, y, A) (see A ppend ix ) w ith  coeffic ien ts  which a re  functions 
o f p x, p 2, 0 .  T hus,

C (p „p 2) =  Ulmr(0,x,X) .  (6)
T

T his is th e  analogue o f  eq. (1) in th e  th re e -p a rtic le  case. For s ta te s  o f even 
(or odd) p a r i ty  th e  su m m atio n  e x te n d s  over even (o r odd) values o f  т only. 
T he s im p lifica tion  re su lts  from  th e  fa c t th a t  a to ta l  reflection  a t  th e  origin 
o f th e  p -sp ace  is o b ta in e d  by  chang ing  Ф to  n  -f- Ф a n d  b y  keep ing  th e  o ther 
co o rd in a tes  u n a lte re d . A sy m m etric  to p  fu n c tio n , as a consequence , gets 
m u ltip lied  by  a fac to r  e'Tn. T hus, for P  s ta te s  of odd p a r i ty  arising, fo r in stan ce , 
from  co m p o n en t a n g u la r  m o m en ta  l x 0 , Z2 — 1, th e  w ave fu n c tio n  can be 
w ritte n  in  th e  form

G?m =-: f 1 U imi +  f - 1 t^im-1  •

T h is w ill be called  Case (ii). F o r P  s ta te s  of even p a r i ty ,  w hich can o ccu r only 
w hen  lx an d  l2 are  eq u a l, we m u st h a v e

m =  fa  ^ lm o •

T his w ill be called Case (i). The ro ta tio n a l sy m m etry  o f  th e  problem , how ever, 
m akes i t  u n n ecessary  to  ca rry  o u t th e  ca lcu la tion  fo r  th e  21 —(- 1 v a lu es  of 
m  s e p a ra te ly , th e  fu n c tio n s  f r being  th e  sam e for all m.  W e, th e re fo re , p u t 
m =  0 in th e  above e q u a tio n s , o b ta in in g

G'io =  f i  U mi +  / - 1 [ / ,o - i  » C)o =  /о  U Uï0. (7)

T h e  n e x t step  is to  su b s ti tu te  th e  expressions (7) in to  eq. (4). I t  is ex p ec ted  
th a t  a f te r  som e m an ip u la tio n s  one w ill get on th e  r ig h t-h a n d  side a linear 
exp ression  in  Ul01 and  [ /10_ 1, in  Case (ii), w ith  coeffic ien ts involv ing  in teg ra ls  
o v e r / ,  a n d / _ , .  The lin e a r  independence  o f th e  fu n c tio n s  Ulm, UU)_y w ill then  
give a p a ir  o f s im u ltan eo u s in te g ra l eq u a tio n s fo r d e te rm in in g  fy  a n d  f _ v  
In  Case (i) one should  g e t a single in te g ra l eq u a tio n  fo r  f 0. B u t, a t  th e  very  
o u tse t a d ifficu lty  arises in  su b s ti tu tin g  th e  series in to  th e  in teg ra l eq u a tio n , 
because  th e  tw o are exp ressed  in d iffe ren t coo rd inates. Tw o courses a re  open 
to  us, e ith e r , to  tra n s fo rm  eq. (4) to  th e  new  co o rd in a tes , or, to  ex p ress  the
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fu n c tio n s Ui„iT in  C artesian  coo rd ina tes. T he second a lte rn a tiv e  is found to  
be m ore co n v en ien t if  use is m ad e  of th e  fo llow ing  analysis.

The com ponen ts of an g u la r m o m en tu m  o f th e  system  a re  given by  th e  
expressions (2) or (3), w hich are  fo rm ally  th e  sam e as the  a n g u la r  m o m en tu m  
o f two partic les  re la tiv e  to  a fix ed  cen tre . I t  is, therefo re , possib le  to  w rite  
th e  e igenfunctions of to ta l  a n g u la r  m o m en tu m  as C lehsch— G ordan series, 
th a t  is, as series of p ro d u c ts  o f th e  sp h e rica l harm onics Y/imi(fj, (рг), 
Y l2m (?2, <p2). Since th e  t / imT are also e ig en fu n c tio n s of th e  sam e o p era to rs , 
i t  follows th a t  a C lehsch—G ordan  series Xim m u s t ad m it o f an  expansion  o f 
th e  form  S  gr(0 )  U\mr. The ex p ansion  for a sp h e rica l h arm o n ic , w hich is th e

T

sim p lest exam ple  of such a series, is w orked  o u t in  the  A p p en d ix . F o r given l 
a n d  m  a C lehsch — G ordan  series can , h o w ev er, o rig inate  fro m  com ponen t 
an g u la r m o m en ta  in an in fin ite  v a r ie ty  o f w ay s. F o r series o f  d iffe ren t o rig in  
( th a t  is, a rising  from  d iffe ren t p a irs  o f v a lu es  of Z, and Z2) th e  coefficients 
8Á&)  in th e  expansion  will, of course, be d iffe ren t. L et us now  se lec t a t ran d o m  
21 -f- 1 series yjm o f d iffe ren t o rig in . These m a y  be looked u p o n  as 21 +  1 
eq u a tio n s  fo r d e te rm in in g  th e  U[mr in  te rm s o f  th e  y tm. I f  th e  equa tions a re  
solved an d  th e  so lu tion  is expressed  in C a rte s ian  coord inates th e n  the  re su lt 
m u st be u n iq u e , th a t  is, m u st be in d e p e n d e n t of th e  choice o f  th e  21 j 1 
Clehsch — G ordan  series. T hus, we are able to  express the  [/,mr in  C artesian  
co o rd ina tes w ith o u t g e ttin g  in v o lv ed  in in tr ic a te  ca lcu lations.

3. R eduction  of the in teg ra l equation

Once th e  fu n c tio n s t / ,mr are  expressed  in  C artesian  co o rd ina tes i t  is 
easy  to  s u b titu te  th em  in to  eq. (4) an d  e lim in a te  th e  angu lar v a riab le s . In  Case 
(i) som e s im p lifica tion  is ach ieved  b y  ta k in g  th e  w ave fu n c tio n  in  the  fo rm  
— 2 ip Ip., sin  Q F ( p v  p 2, (pi,, p 2))  U100 w hich, b y  th e  procedure  o u tlin ed  above, 
can  he w ritte n  as

G( P v P z )  =  [ P t+ P i -  — c- c-] F  • (8 )

H ere , p , -  p iX +  ipxY, p 2_ =  P ix  — iPiY, ( P v  P-i> is th e  angle betw een  
Pi, p 2, an d  c.c. m eans ’th e  com plex  c o n ju g a te ’. F o r th is  w ave fu n c tio n  eq. (4) 
ta k e s  th e  form

—  2 i p i p 2 sin & - T F U 100 =  j ’[L j(e ) f (1) {(/>i+ +  9+)p>~ — c-c-}

+  ^ (e )-F (2)(p i+ (P 2-  +  e - )  — c.c.} +

+  h;2(e )F (I2) { (p l+ +  o + )(p ,_  — e_ ) — c.c.}] d o ,
w here

F (1) =  F  ( |p , +  o j,p 2, < p ,  +  Q ,p2> ) , F (2) =  F ( p t , p 2 +  g|, <  P j , p 2 +  (?),

F (l2) =  (ip , +  e | , p 2 — t> , < p ,  4 - e ,p 2 — о> ) .
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Since th e  in te g ra tio n  is to  be p e rfo rm ed  w ith  p , a n d  p 2 fixed, лее can  use 
fo r th e  p u rp o se  th e  co m p o n en ts  of q in  th e  fram e O xyz and  w rite

6r =  Qx (xR ) +  Qy (yR ) +  Qz (zR ) .

(R  =  X ,  Y ,  Z , and  (x X ) e tc . are th e  d ire c tio n  cosines.) This gives

g+ =  [px (cos 0 - \ - i  sin  Ф cos À ) - \ - Q y  ( — sin  0 - \ - i  cos Ф cos А) -(-рг ( — i sin  A)] e‘*.

T he la s t  te rm  in th is  exp ression  invo lves sin  A and  w ill cause d ifficu lties unless 
th e  co rresp o n d in g  in te g ra l over q v an ish es . T h a t th e  in te g ra l does in d eed  v an ish  
can  be seen  b v  re flec tin g  th e  v ec to r q on  th e  p ^ - p l a n e .  T his leaves <(/>! +  (?, p 2)s 
jpj-f-gj e tc . u n ch an g ed  b u t  changes qz in to  its  n e g a tiv e . T hus, th e  in te g ra n d  
changes sign  a fte r  th e  re flec tio n , an d  th e  co n tr ib u tio n s  to  th e  in te g ra l from  
th e  o rig in a l an d  th e  re f le c ted  volum e e lem en ts  cancel e x a c tly . The te rm  in v o lv ­
ing qz c a n , th e re fo re , he o m itte d  from  th e  expressions fo r p+, q_ w h ich , a f te r  
su b s ti tu t io n  in  th e  in te g ra l  eq u a tio n , g ive rise to  an  expression c o n ta in in g  
th e  fa c to r  U100 only. T h e  om ission o f  th is  com m on fa c to r  th en  lead s to  th e  
eq u a tio n

T F =  f [ K(o) F«> {1 +  p t \ qx -  ey cot 0)} +

+  ^ (e )-P ’(2){ l +  eosec 0)} +  (9)

+  F12(q) F (12) {1 +  pYHQx — Qycot 0 )  — P 2 1 Q y c o s e c  0}] do.

This is th e  ra d ia l  eq u a tio n  fo r P  s ta te s  o f  even p a r ity . I t  differs from  th e  e q u a ­
tio n  fo r S  s ta te s  b y  th e  a d d itio n a l te rm s  involv ing  qx an d  gy. The sy m m e try  
w ith  re sp e c t to  th e  ind ices 1 and  2 can  be  resto red  in  th is  equa tion  b y  w ritin g  
— gx sin 0  -f- Qy cos 0  as th e  com ponen t o f  q p e rp en d icu la r  to  p 2.

In  Case (ii) it  is co n v en ien t to  ta k e  th e  wave fu n c tio n  in the  fo rm

/2  i G ( P l , p 2) =  F , ( и 101(Ф1) + и 10_ 1{Ф1))+ р.2 Р2( и 101(Ф2) + и 10_ 1(Ф2)), (10)

w hich  is ex p lic itly  sy m m etrica l in th e  ind ices  1 and  2 a n d  is, therefo re , su ita b le  
fo r in tro d u c in g  th e  p e rm u ta tio n  sy m m e try  in  the  case o f  tw o  iden tica l p a rtic le s . 
T he ex p ressio n  sim plifies to

G( P n P i )  =  Pi Ft cos Ö, - f  p 2 F, cos в2

a n d  th e  ca lcu la tio n  p roceeds as in Case (i) w ith  th e  n ecessary  m o d ifica tio n s. 
As a lre a d y  m en tioned , th e  resu lt w ill be a pa ir of s im u ltan eo u s in te g ra l e q u a ­
tio n s fo r F j an d  F 2 o b ta in e d  by  e q u a tin g  to  zero th e  coefficients o f Ulm and  
L'10-1 in  th e  fin a l eq u a tio n . The d e riv a tio n  is simple a n d  is om itted  for b re v ity .
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Appendix

The expression fo r  a spherical harmonic in  terms o f  the symmetric top  
func tions .

Since th e  coefficient of LZimT in th e  expansion  is in d e p e n d e n t of m ,  
i t  is su ffic ien t to  derive the  expression  fo r one p a rtic u la r  v a lu e  of m. F o r  
m — — l the  fu n c tio n  С/г_;т has th e  sim ple fo rm

Ui_h — exp . (— Ни -)~ 1тФ) • i1 ]/(21) ! ( l - т ) !  ( 1  +  t ) 1
- 1/2 X l-X • лcos — s in ---

2 2

This v a lue  of m  is, therefo re , lik e ly  to  s im p lify  th e  ca lcu la tion . T he spherica  
harm onics are defined  b y  th e  fo rm ula

Y , m(0,tp) =
(Z — ira) ! ]1/3
(l +  m)l

sin  0)m d

d  (cos 0)
(cos2 0 1)'

w it h
' 21 +  1 1/2 

4 л
1

------- as th e  n o rm a liz a tio n  fac to r. For m  =  — l
2 41

Y t-A ß v tp i) =  V m  (sin 0, e - ^ y  У(21)1
A)'

---- I
2

(l -  т)! (Z +  r):
1/2 Z — г ( l - \-r  у u,-h.

T he desired  ex p ansion  is o b ta in ed  by  rep lac in g  — Z by  m  in  Y l_ l and [7/_/r 
in  th e  above e q u a tio n , and  is

Y Im(ei* <Pi)
2 1 + 1 1/2 ( -  i ) ‘ x .

4 n 2 '  r
Г)! (I +  T)!

Z +  r
9 u 1тт •>

( 11)

w here, th e  in d ex  x increases from  —Z in s te p s  of 2, and  th e  b a r  over Y im 
m eans th a t  th e  fu n c tio n  is no rm alized . F in a lly , the  re p la c e m en t of U imr 
b y  е‘тв U lmz in  eq. (11) gives th e  co rresp o n d in g  expansion  fo r  F im(02, <p2) .
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В О Л Н О В Ы Е  У Р А В Н Е Н И Я  В П РО СТРАН СТВЕ ИМПУЛЬСОВ

Ш. ДАТТА МАЮМДАР

Р е з ю м е

Детально изучается поведение волновых функций во вращающемся пространстве 
импульсов. Результаты использованы для уменьшения числа независимых переменны х  
в интегральном волновом уравнении для трёхчастичной системы.
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SOME PARAMETERS OF THE MOVING STRIATIONS

By

G. L a k a t o s  and J. B itó
IN D U S T R IA L  R E S E A R C H  IN S T IT U T E  F O R  T E L E C O M M U N IC A T IO N  T E C H N IQ U E , B U D A P E S T  

(Presented by G. Szigeti. — Received: 17. XII. 1963)

The authors present their results relating to the development and the properties of 
moving striations. A brief outline of the measuring method and the test conditions is given. 
The current dependence of the striation frequency, the temperature dependence of the discharge 
characteristics, the current dependence of the relative current, light and voltage fluctuation 
amplitudes were determined at stabilized temperatures of 20, 25 and 40° C with a discharge 
tube arranged in a water jacket. A relation found empirically and valid in a given current 
range representing the current dependence of the striation frequency is given. Similarly, 
another such relation represents the current and pressure dependence of the travelling speed 
of striations.

1. In tro d u c tio n

T he in s ta b ili ty  o f th e  p ositive  colum n o f th e  ind iv idual gas an d  v ap o u r 
d ischarges is a fa c t th a t  has long been  know n. A b r i a  had  co n d u c ted  observa­
tio n s a lread y  in  1843 o f th e  o sc illa tion  effects appearing  in  ra re  gas an d  
m ercu ry  v ap o u r d ischarges an d  acco rd ing  to  th e  availab le  re fe rence  works [1] 
he w as th e  f irs t to  describe th e  in d iv id u a l c h a rac te ris tic s  of th e  s tr ia tio n  p ro ­
cesses. B y  now  th e re  arc m any  p ap e rs  av a ilab le  dealing w ith  th is  su b jec t, 
w hich  te s tify  th e  im p o rtan ce  th e  su b je c t has ga ined .

T here  is as y e t no ag reem en t concern ing  th e  orig in  of the  m o v in g  s tria tio n . 
T he cause of th e  s tr ia tio n  lies accord ing  to  som e au th o rs  in  th e  an iso tro p y  
of th e  charge d is tr ib u tio n  in the ca th o d e  space [3, 4] accord ing  to  others it  
m ay  be due to  th e  an iso tro p y  on th e  ca th o d e  side  [5, 6] or t h a t  o f th e  basic  
processes of th e  d ischarge [7, 8 ]. In  th e  case o f  a suffic ien tly  h igh degree o f  
io n iza tio n  th e  p lasm a of th e  positive  colum n w ill collect th e  o sc illa tions a p p ea r­
ing in a ce rta in  frequency  range an d  conduct a n d  am plify  them  [2]. A ccording 
to  D o n a h u e  e t al. [9] th e  m oving  s tr ia tio n  deve lops as th e  su p erposition  o f 
tw o space charge w aves w ith  d iffe ren t signs w h ich  will m ove a lo n g  the  axis 
o f th e  d ischarge tu b e  in opposite  d irec tions. T h e  trav e llin g  speed  of th e  
n eg a tiv e  space charge w aves gained  along th e  ax is  is — in th e  case o f non-elec- 
tro n e g a tiv e  gases an d  v ap o u rs  — su b s ta n tia lly  h igher th a n  th e  co rrespon­
d ing  velo c ity  o f th e  positive  space charge w aves [2 ].

T here  are  v a rious possib ilities fo r th e  th e o re tic a l d esc rip tio n  of th e  
m oving  s tr ia tio n . I t  is usual to  consider the p la sm a  as a d ie lec tric  m edium  o f
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know n ch arg e  d is tr ib u tio n  [10] an d  to  solve th e  space  equ a tio n s fo r  it  by  
ta k in g  in to  accoun t th e  co rrespond ing  in itia l an d  b o u n d a ry  co n d itio n s. The 
w aves re su ltin g  in th is  w ay  will n o t a lw ays be o f a sinuso idal c h a ra c te r  [10].

I n  th e  th e o re tic a l in v es tig a tio n s  i t  is usual to  s ta r t  from  th e  B o l t z m a n n  
t r a n s p o r t  eq u a tio n  an d  th e  F o k k e r — P l a n c k  e q u a tio n  m aking  u se  of th e  
M a x w e l l  eq u a tio n  a n d  supposing  th e  M a x w e l l — B o l t z m a n n  or F e r m i— 
D ir a c  d is tr ib u tio n  [7].

In  th e  course o f th e ir  earlie r in v es tig a tio n s  [11, 12] th e  a u th o rs  have 
e s ta b lish e d  th a t  th e  c h a ra c te r  (ohm ic o r  inductive) a n d  th e  size of th e  lim iting  
re s is tan ce  p laced  in  th e  ex te rn a l e le c tr ic  circuit in flu en ce  th e  p a ra m e te rs  of 
th e  s tr ia t io n . F o r c e r ta in  cu rren ts  th e y  could show  [11] th a t  th e  in d u c tiv e  
re s is tan ce  in se rted  in  th e  lim ite r c irc u it influences th e  frequency  o f th e  m oving 
s tr ia tio n , w hile th e  v a r ia tio n  of th e  ohm ic res is tan ce  of th e  e x te rn a l circuit 
w ill ch an g e  th e  v e lo c ity  an d  w av e len g th  o f the  s tr ia t io n ;  w ith  in c reas in g  ohm ic 
re s is tan ce  th e  trav e llin g  speed and  w av e len g th  o f th e  s tr ia tio n  w ill d im in ish .

F ro m  th e  re su lts  ob ta in ed  in  earlie r in v es tig a tio n s  [13] th e  au th o rs  
h av e  d ra w n  th e  conclusion  th a t  th e  slope and  ty p e  (positive o r n eg a tiv e  
ta n g e n t)  o f  th e  d ischarge  c h a rac te ris tic s  p lay  an im p o r ta n t  p a r t  in th e  d eve lop ­
m en t o f  th e  oscillations an d  the  s tr ia t io n . I t  was possib le  to  show  t h a t  th ere  
is an  u n am b ig u o u s  connec tion  — w h ich  was d iscussed  b y  th e  a u th o rs  also 
th e o re tic a lly  [14] — b e tw een  th e  o b se rv ed  n u m b e r o f oscillations an d  th e  
angle fo rm e d  b y  th e  ch a rac te ris tic s  a n d  th e  s tra ig h t  line ch a rac te riz in g  th e  
lim ite r  re s is tan ce .

In  th e  p resen t a r tic le  th e  a u th o rs  re p o rt th e  re su lts  o f th e ir  in v es tig a tio n s  
o f th e  d ep en d en ce  o f c e r ta in  c h a ra c te r is tic  p a ra m e te rs  o f th e  m oving  s tr ia tio n  
on c u r re n t  an d  p ressu re  an d  discuss th e  ch a ra c te ris tic  po in ts  of th e  recorded  
curves ch a rac te riz in g  th e  in d iv idua l sections by  eq u a tio n s  o b ta in ed  em p iri­
cally .

2. Test method

In  th e ir  in v es tig a tio n s  th e  a u th o rs  applied th e  m easuring  m e th o d  in tro ­
duced  b y  D o n a h u e  e t al. [9] w hich  th e y  [15] described  in d e ta il earlier. 
A cco rd in g ly , th e  in v e s tig a tio n  of th e  ch a rac te ris tic s  o f th e  m oving s tr ia tio n  
w as e ffec ted  b y  th e  p h o to ce ll m e th o d : W ith  the  h e lp  o f an  oscilloscope it  was 
possib le  to  d e m o n s tra te  th e  cu rren t f lu c tu a tio n s  — w hich  are cau sed  b y  th e  
lig h t f lu c tu a tio n  c h a ra c te ris tic  of th e  s tr ia tio n  — o f a photocell a d ju s te d  to  
th e  d isch arg e  section  to  be in v e s tig a te d , th e  f lu c tu a tio n s  being am p lified  by  
an  a m p lify in g  stage. T h e  d e te rm in a tio n  of the  freq u en cy  of th e  o scilla tions 
w as e ffec ted  b y  a g e n e ra to r  of c a lib ra te d  frequency , b y  th e  help o f th e  Lissa- 
jo u x  m e th o d . W ith  th is  m eth o d  th e  sp o t dependence  o f th e  lig h t in te n s ity  
o f th e  s tr ia t io n  develop ing  along th e  axis of th e  d ischarge  tu b e  could  be
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in v e s tig a te d . On th e  basis of freq u en cy  and w av e len g th  m easu rem en ts  also 
th e  trav e llin g  speed  o f th e  s tria tio n  could  be de te rm in ed .

T he d ischarge  w as m a in ta in e d  b y  a s ta b iliz e d  d irect c u r re n t  supp ly  
source an d  th e  ohm ic resistances a rra n g e d  sy m m etrica lly  w ith  re sp e c t to  th e  
su p p ly  source used  fo r lim iting  th e  d ischarge  c u rre n t. The a u th o rs  lim ited  
th e ir  in v es tig a tio n s  to  th e  s tr ia tio n  processes co n n ec ted  w ith  n e g a tiv e  space 
charge w aves of fa ir ly  h igh trav e llin g  speed.

3. Test conditions

T h e d ischarge  tu b e  w as a glass tu b e  of 1200 m m  leng th , 38 m m  ex te rn a l 
d ia m e te r  and  1 m m  w all th ickness. F o llow ing  v a c u u m  techn ica l t r e a tm e n t  th e  
tu b e  w as filled  w ith  argon  gas of d iffe ren t p ressu res , (1, 2, 3 and  4 m m  m ercury  
p ressure) and  m ercu ry  o f som e 60 m g w eigh t. T h e  v ap o u r p ressu re  o f th e  m er­
cury  w as d e te rm in ed  b y  th e  a m b ie n t te m p e ra tu re , while th e  gas pressure 
could be se t to  a p rec ision  of ^ 0 ,0 5  m m  Hg.

T he d e te rm in a tio n  of th e  p ressu re  d ependence  of the  in d iv id u a l s tr ia tio n  
p a ra m e te rs  w as ca rried  th ro u g h  in  a d ischarge tu b e , in o rd e r to  p rev en t 
possible d iscrepancies in th e  resu lts  d u e  to  d ifferences caused b y  th e  use of 
d ischarge tu b es  or e lec trodes. The v a r ia tio n  o f  th e  pressure o f th e  discharge 
tu b es  could  be ach ieved  w ith  th e  h e lp  of th e  g lass extensions [16] a rranged  
a t  one o f th e  ends of th e  tu b e .

In  o rd er to  m a in ta in  th e  p re ssu re  of th e  m ercu ry  v a p o u r  a t  a given 
c o n s ta n t v a lue  th e  w hole d ischarge tu b e  w as a rran g ed  in a w a te r  ja c k e t, 
in  w hich  a c o n s ta n t flow  o f w a te r o f g iven v e lo c ity  was m a in ta in e d . W ith  th e  
help o f an  u ltra - th e rm o s ta t  the  te m p e ra tu re  o f  th e  w ate r p e rfo rm in g  th e r ­
m o s ta tio n  could be se t to  th e  re q u ire d  v alue  to  an  accuracy  o f  ^ 0 ,0 2 °  C.

T he te s ts  w ere s ta r te d  a fte r th e  d ischarge  tu b e  h ad  o p e ra te d  for 20 
m in u te s  d u rin g  w hich  its  perfo rm ance  could b e  considered to  be  s ta tio n a ry  
a t  th e  in d iv id u a l te m p e ra tu re s  set in  advance .

T he m easu rem en ts  w ere ca rried  o u t a t  w a te r  ja c k e t te m p e ra tu re s  o f  
20, 25 an d  40° C. T he electrodes so ld ered  in a t  th e  tw o ends o f th e  d ischarge 
tu b e  w ere of id en tica l co n stru c tio n . T h ey  w ere fo rm ed  by  a w o lfram  doub le­
sp ira l to  w hich an e lec tron  em ittin g  co a tin g  h a d  been  applied  a n d  tw o  au x ilia ry  
electrodes a rran g ed  a t  th e  tw o sides o f th e  sp ira l an d  on a p o te n tia l  iden tica l 
w ith  th a t  of th e  sp ira l. T he ca thode d id  n o t o b ta in  an y  ex te rn a l h e a tin g , it  w as 
h e a te d  b y  th e  d ischarge  only.

4. Results

T he dependence of th e  s tr ia tio n  freq u en cy  on th e  d ischarge  cu rren t a t  
s tab ilized  ex te rn a l w all te m p e ra tu re s  of 20, 25 an d  40° C is show n in Fig. 1. 
The a u th o rs  gave a lread y  earlier [13] th e  cu rv e  rep resen tin g  th e  cu rren t
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d ep en d en ce  of th e  s tr ia tio n  a t 25° C. T here th e y  h av e  po in ted  o u t  th a t  th e  
fre q u e n c y  se p a ra tio n  occurring  a t  c u rre n ts  u n d e r  20 mA an d  p re se n te d  in  
th e  case o f a te m p e ra tu re  of 25° C a rises on a c c o u n t of th e  d iffe re n t sizes o f 
th e  e x te rn a l ohm ic lim ite r  e lem en ts. A t a n o th e r  occasion [14] th e  au th o rs  
d iscussed  also th e o re tic a lly  th e  in flu en ce  ex e rted  b y  th e  ex te rn a l p a ra m e te rs

Fig. 1. The dependence of the frequency n of the moving striation on the discharge current;
at temperatures of 20, 25 and 40° C

m e n tio n e d  here  u p o n  th e  m oving s tr ia tio n , an d  th e  th eo re tica l a n d  experi­
m e n ta l re su lts  h av e  show n good ag reem en t.

In  th e  p re se n t case in  o rder to  en su re  g re a te r  c la r ity  th e  fre q u e n c y  sepa­
ra tio n  u n d e r  20 m A  o b serv ed  earlie r is n o t  show n in  F ig . 1, only th e  freq u en cy  
curve  b e long ing  to  a feed  vo ltage  o f 200 У. S im ila rly  to  th e  re su lts  o b ta in ed  
p rev io u sly  a t  25° C a n d  rep o rted  in  [13] th e  m easu rem en ts  c a rr ie d  ou t a t 
te m p e ra tu re s  of 20 a n d  40° C h av e  also  show n t h a t  u n d e r 20 m A , d iffe ren t 
freq u en cy  curves belongs to  th e  ohm ic  lim ite r re s is tan ces  of d iffe re n t sizes. 
T his m a y  be ex p la in ed  on th e  basis o f  th e  resu lts  o f [13, 14], w hen th e  sections 
of th e  c h a ra c te ris tic s  u n d e r  20 mA a re  considered . T hese sections a re  rep re ­
sen ted  fo r  th e  v a rio u s  te m p e ra tu re s  in  F ig . 2.

A bove 20 m A  th e  size of th e  e x te rn a l ohm ic lim ite r  re s is tan ce  has no 
in flu en ce  on th e  f re q u e n c y  of th e  s tr ia t io n . I t  m a y  be  seen from  th e  curves
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of F ig . 1 th a t  th e  freq u en cy  of th e  s tr ia tio n  w ill g row  w ith  in c reas in g  d ischarge 
c u rre n t and  fu r th e r  th a t  th e  o scilla tion  freq u en cy  will be re d u ced  w ith  th e  
increase of th e  te m p e ra tu re .

In  Fig. 1 th e  sections of th e  curve above 20 m A  and  p lo tte d  in a sem i- 
logarithm ic  scale m ay  he ch a rac te rized  by  s tra ig h t  lines up to  a c e r ta in  cu rren t

V,
1 w

[Volt]
150

%0

130

120

110 -

100 -

QQ L-----I------■----- 1----- 1----—------1------:------1------I------------------
10 20 30 40 50 50 70 SO 90 100 110

It [mA]

Fig. 2. The dependence of the discharge tube voltage Vt on the current i; of the discharge 
tube, at stabilized temperatures of 20, 25 and 40° C

in te n s ity . These m a y  be described  b y  a re la tiv e ly  sim ple re la tio n  w hich w as 
fo u n d  em pirically :

n ( i t) =  n 0(T )  +  C ( T ) \n ( i , l i 0l) ,  (1)

w here n(it) is th e  freq u en cy  of th e  s tria tio n , 
i t th e  d ischarge c u rre n t,

Ч о 20 m A ,
n 0(T ) th e  freq u en cy  re su ltin g  a t 20 m A , its  value d ep en d in g  on th e  

te m p e ra tu re ,
C(T)  th e  c o n s ta n t d epend ing  on the  te m p e ra tu re  (in th e  in v es tig a ted  

c u rre n t range).
The va lu es  of n 0(T ) re su lting  a t  d iffe ren t te m p e ra tu re s  are show n in Table 1.

Table 1

T  (°C) »„(Г) (cps)

20 500

25 450

40 430
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T he te m p e ra tu re  d ependence  of C (T ) in  the  ran g e  2 0 —40° C m a y  b e  seen 
in F ig . 3.

T h e  in te rv a ls  o f v a lid ity  of th e  re la tio n  (1) are  th e  cu rren t ran g es e x ten d ­
ing  a t  40° C from  20m A  to  40m A , a t  25° C from  20m A  to  70m A  and  a t 
20° C fro m  20m A  to  50m A . Inside th e se  cu rren t ran g es  th e  re la tion  (1) describes 
u n am b ig u o u s ly  th e  c u rre n t d ependence  of th e  freq u en cy  of th e  m o v in g  s tr i­
a tio n . H e re  th e  freq u en cy  is in d e p e n d e n t of th e  v a r ia tio n  of th e  size of th e  
e x te rn a l res is tan ce . T h is as well as th e  te m p e ra tu re  dependence  of th e  freq u en cy  
curves m a y  he ex p la in ed  w hen th e  ty p e  o f the  c h a rac te ris tic s  show n in  Fig. 2 
an d  th e  ea rlie r re su lts  [13, 14] are  rem em bered .

In  F ig . 1 th e  c h a rac te ris tic s  rep re sen tin g  th e  c u rre n t dependence  of the  
fre q u e n c y  h av e  a ch a rac te ris tic s  p o in t a t  120 m A , w here  th e  freq u en cy  breaks 
dow n. I t  is rem ark ab le  t h a t  th e  b re a k in g  po in ts — w hich  ap p ear in  th e  case 
of a ll th re e  te m p e ra tu re s  a t  a d ischarge  cu rren t o f 120 m A  — do n o t  lie above 
each  o th e r  as is to  be ex p ec ted  from  th e  earlier sec tions o f th e  freq u en cy  curves 
reco rd ed  a t  th e  d iffe ren t te m p e ra tu re s . In  th e  c u r re n t section ex te n d in g  to  
120 m A , w ith  th e  ex cep tio n  of a few  v a lu es , th e  h ig h e s t s tria tio n  frequencies 
w ere fo u n d  for all c u rre n ts  to  be long  to  th e  curves recorded  a t 20° C while 
th e  low est ones belonged  to  th e  40° C curves. A g a in s t th is  a t 120 m A  the  
h ig h est b reak -d o w n  w as found  in th e  20° C freq u en cy  curve. The a m o u n t of 
th e  fre q u en cy -b reak s  a t  th e  in v e s tig a te d  te m p e ra tu re s  is shown in T ab le  2. 
W ith  th e  increase of th e  te m p e ra tu re  th e  frequency  breakdow n w ill becom e 
sm aller. T h is adm its  o f th e  conclusion , t h a t  the  cause giv ing rise to  th e  b re a k ­
dow n is te m p e ra tu re -d e p e n d e n t an d  t h a t  its  effect w ill be reduced  w ith  th e  
increase  o f th e  te m p e ra tu re . As an in te rn a l  cause o f th is  k ind in th e  f i r s t  place 
th e  p re ssu re  of th e  m ercu ry  v ap o u r m a y  be considered, as th e  vo ltage-d ischarge

Acta Pliys. Hung. Тот. X V I I I .  Fasc. 1.
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T ab le 2

T  (°C) 20° C 25‘ C 40° C

A m o u n t  o f  fre q u e n c y -  
b re a k s  (cps) 375 370 285

c u rre n t ch a rac te ris tic s  recorded  a t  various te m p e ra tu re s  h a v e  no d is tin c tiv e  
section  or p o in t in  th e  b reak -dow n  cu rren t ra n g e  around 120 mA. H ere th e  
ch a rac te ris tic s  m ay  be rep laced  b y  a s tr a ig h t  line of sm all nega tive  slo p e
(F ig . 2).

F i g .  4 .  T h e  d e p e n d e n c e  o f  t h e  a m p litu d e  A t o f  t h e  r e la t iv e  l ig h t  f lu c tu a t io n s  
o n  t h e  d isc h a r g e  c u r r e n t  i t

The p ressure  of th e  m ercu ry  v ap o u r in  th e  discharge tu b e  will in c rease  
w ith  th e  rise of th e  te m p e ra tu re  an d  the  co n c e n tra tio n  of th e  n e u tra l m e rc u ry  
atom s in  th e  d ischarge space w ill grow  acco rd in g ly . The fre q u e n c y  b reak -d o w n  
to  be seen in  F ig . 1 as well as th e  values g iv en  in  Table 2 p e rm it of th e  c o n ­
clusion th a t  th e  grow ing co n cen tra tio n  o f  th e  m ercury  a to m s  will su p p ress  
th e  cause g iv ing  rise to  th e  freq u en cy  b reak -d o w n . A d eep e r in te rp re ta tio n  
of th is  phenom enon  n ecessita tes  above a ll th e  m easu rem en ts  to  be c a rr ie d  
o u t a t  h ig h er tem p era tu res . H ere  we sha ll m ere ly  show th e  in fluence o f  th is  
frequency  b reak -dow n  on th e  o th e r  p a ra m e te rs .

T he s tr ia tio n  has been accom pan ied  a lso  in  the  p re sen t case by  a c u r re n t  
f lu c tu a tio n  of th e  sam e freq u en cy  as th a t  o f th e  light f lu c tu a tio n  a n d  th e  
v o ltage  f lu c tu a tio n . The d ependence  of th e se  cu rren t f lu c tu a tio n s  on th e  
d ischarge c u rre n t is show n in F ig . 4. The v e r t ic a l  axis shows th e  re la tiv e  c u r re n t
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f lu c tu a tio n  in  p er cen ts o f  th e  d ischarge c u rre n t p lo tte d , while the  h o rizo n ta l 
axis gives th e  d ischarge c u rre n t in m A . F ig . 4 only show s th e  curves reco rd ed  
a t  40° C as th e  curves reco rd ed  a t all th r e e  te m p e ra tu re s  are sim ilar to  each 
o th e r, th e  p o sitio n  o f th e ir  ch a rac te ris tic  po in ts  being  id en tica l.

T he v o lta g e  values b y  w hich th e  th r e e  curves show n in Fig. 4 are  m ark ed  
refer to  th e  feed v o ltages co rrespond ing  to  th e  e x te rn a l resistances a t  w hich

F i g .  5 . T h e  d e p e n d e n c e  o f  t h e  a m p litu d e  A j  o f  t h e  r e la t iv e  l ig h t  f lu c t u a t io n s  on. t h e  d is c h a r g e  
c u r r e n t  i t a t  v a r io u s  s u p p ly  v o lta g e s

th e  in d iv id u a l curves w ere o b ta ined . T h ere fo re  the  size o f  th e  ex te rn a l re s is t­
ance was o f  in fluence  in  th is  case as well. T h is  ex ternal in fluence  — as is show n 
by  Fig. 4 — will assert i ts e lf  not only  in  th e  c u rre n t range below 20 m A , 
as th is  cou ld  h av e  been ex p ec ted  on th e  b a s is  of Fig. 1, b u t  in the w hole o f  th e  
in v e s tig a te d  c u rre n t ran g e .

The cu rv es  show n in  F ig . 4 have tw o  ch a rac te ris tic  m axim a, a m p litu d e  
ju m p s  a p p e a rin g  a t 15 m A  and  a t 120 m A . Of these  th e  la tte r  is th e  la rg e r. 
T he a m p litu d e  ju m p  ap p e a rin g  at 15 m A  m ay be in te rp re te d  on th e  basis  
o f th e  d isch arg e  ch a ra c te ris tic s  shown in  F ig . 2 using th e  argum ents o f  [13]. 
T he very  h ig h  am p litu d e  ju m p  app earin g  a t  120 mA is p resu m ab ly  co n n ec ted  
w ith  th e  freq u en cy  b reak d o w n  to be o b se rv ed  in Fig. 1 a t  th e  very  sam e cur-
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re n t. T he phenom enon  possesses — to  a ce rta in  e x te n t — th e  c h a ra c te r  o f 
a resonance . I ts  fu lle r ex p la n a tio n  m ay p re su m a b ly  be fo u n d  th ro u g h  th e  
v a r ia tio n  of th e  co n cen tra tio n  o f th e  atom s in  th e  m ercu ry  v a p o u r  and  b y  
in v es tig a tin g  th e  in fluence  on th e  oscillations o f th e  n u m b er o f n e u tra l  m ercu ry  
a to m s a t  th e  g iven  te m p e ra tu re , e.g. by  in v e s tig a tin g  th e  p rocesses of h e a t 
co n d u c tio n , dam p in g , loss o f en erg y  connected  w ith  m e ta s ta b le  a tom s, e tc .

1 __
5 0 100 1 5 0 200

if  [ m A J

F i g .  6 .  T h e  d e p e n d e n c e  o f  t h e  a m p litu d e  A „  o f  t h e  r e la t iv e  v o l t a g e  f lu c t u a t io n s  o n  t h e  d isc h a r g e  
cu r r e n t i t a t  v a r io u s  s u p p ly  v o l t a g e s

In  Fig. 5 th e  c u rre n t dependence  of th e  lig h t f lu c tu a tio n s  re la tiv e  to  
th e  overall ligh t e m itte d  by th e  discharge tu b e  a t a te m p e ra tu re  of 20° C is 
rep roduced . On th e  v e rtic a l ax is th e  am p litu d es of th e  lig h t f lu c tu a tio n  a re  
given in per cen t o f th e  overa ll ligh t, while th e  h o rizon ta l axis shows th e  
d ischarge  cu rren t. T he curves w ere tak en  a t  a ll th re e  te m p e ra tu re s  m en tio n ed  
above . The c u rre n t dependence o f th e  in v e s tig a te d  s tr ia tio n  p a ra m e te r  has 
been  influenced  also in  th is  case b y  th e  size o f  th e  e x te rn a l resistance . W ith  
th e  increase of th e  c u rre n t in te n s ity  th e  size o f th e  re la tiv e  lig h t f lu c tu a tio n  
d im in ishes. In  th e  case of low c u rre n ts  it was possib le to  d e m o n s tra te  th a t  v e ry  
h igh  re la tive  lig h t f lu c tu a tio n s  occur below  20 m A , th is  m a y  be connected  
w ith  th e  specific fea tu re s  of th e  ch a rac te ris tic s  [13] (Fig. 2).

A t 120 m A th e  curves h av e  a d is tin g u ish ed  section also in  th is  case. 
H ere , too, a m ax im um  re la tiv e  ligh t f lu c tu a tio n  appears a t th e  p o in t of th e  
freq u en cy  b reakdow n . S im ilarly  to  th e  case show n in Fig. 4 in  F ig . 5 th e  h ig h er
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valu es  belong  to  th e  low er su p p ly  v o ltag es . A t low er supp ly  v o lta g e  values 
th e  lim itin g  resis tan ce  will be sm alle r a t  a given c u rre n t and  also th e  angle 
fo rm ed  b y  th e  resistance  ch a ra c te ris tic s  an d  th e  d ischarge  ch a rac te ris tic s  will 
be sm aller. K eep ing  these  fac ts  in  m in d  i t  is p re su m ab ly  possible to  in te rp re t 
also th is  in fluence  of th e  e x te rn a l re s is tan ce .

T he v o ltag e  f lu c tu a tio n s  in  p e rcen tag es of th e  d ischarge tu b e  voltages 
are  show n in F ig . 6 as fu n c tio n  o f th e  d ischarge c u rre n t.

F i g .  7 . T h e  d e p e n d e n c e  o f  th e  v e lo c i t y  V  o f  t h e  m o v in g  s t r ia t io n  o n  th e  g a s  p r e s su r e  p  in  th e  
c a s e  o f  a r g o n  g a s , a t  v a r io u s  c u r r e n t  v a lu e s

S im ila rly  to  th e  curves rep re sen tin g  th e  c u rre n t dependence o f the 
s tr ia tio n  p a ra m e te rs  exam ined  ea rlie r a ch a rac te ris tic  sec tion  m ay  be  found 
also in  th is  cu rve  a t  a d ischarge  c u rre n t o f 120 mA. Also th e  size of th e  re la tiv e  
am p litu d es  o f th e  vo ltage  f lu c tu a tio n s  is in fluenced  b y  th e  resistance  o f the  
e x te rn a l e lec tric  c ircu it, as th is  is ev id e n t from  Fig. 6 . H ere , how ever, th e re  is 
t h a t  d ifference as ag a in st th e  c u rre n t an d  lig h t f lu c tu a tio n  curves show n in 
F igs. 4 an d  5 th a t  th e  cu rve  th a t  rep re sen ts  th e  c u rre n t dependence o f the  
am p litu d es  o f th e  vo ltag e  f lu c tu a tio n s  a t  th e  low er su p p ly  vo ltage  has a m p litu d e  
v a lu es  low er th a n  th e  cu rve  ta k e n  a t  th e  h igher su p p ly  vo ltage . In  th e  cases 
o f  th e  tw o  oscilla tion  p a ra m e te rs  ex am in ed  p rev io u sly  (Figs. 4 an d  5) th e  
h ig h er a m p litu d es  belonged to  th e  cu rv e  correspond ing  to  the  h igher supp ly  
v o ltag e  values.

E a rlie r  [15] th e  a u th o rs  rep o rted  th a t  th e  tra v e llin g  speed o f m oving 
s tr ia tio n s  d ep en d  on th e  p ressu re  o f  th e  argon gas em ployed  to g e th e r  w ith
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m ercu ry  in th e  d ischarge  tu b e . T he in v es tig a tio n s  were ca rr ied  o u t a t a te m ­
p e ra tu re  of 25° C a n d  th e  argon  pressure  w as v a ried  in th e  1 —4 m m  H g 
p ressu re  range. T h ey  d e te rm in ed  th e  tra v e llin g  speed o f m o v ing  s tr ia tio n s  
in  th e  cu rren t ran g e  o f 20—300 m A . The p re ssu re  dependence o f  th e  trav e llin g  
ve lo c ity  could be rep resen ted  b y  a hyperbo lic  cu rv e  rep ro d u ced  here  in F ig . 7.

In  th e  course o f th e  p re se n t in v es tig a tio n s  fu r th e r  c o m p u ta tio n s  a n d  
m easu rem en ts h a v e  been m ade o f th e  p re ssu re  dependence o f  th e  v e lo c ity  
o f s tr ia tio n s  an d  i t  was found  em pirica lly  t h a t  in  the  c u rren t ran g e  of 20 —100 
m A  i t  can  be expressed  by  th e  follow ing re la tio n :

V =  --------------------------------- 5--------------------------------- b a 2 (i —  *o) — m 0’ (2)
p  ■ exp [ a t (i — i0)] +  n0 ex p  [(0l — a3) (i — in]]

w here v is th e  trav e llin g  v e lo c ity  of th e  m o v in g  s tria tio n , 
p  th e  p ressu re  of th e  em ployed  argon  gas, 
i th e  d ischarge  cu rren t.

The values an d  th e  dim ensions o f  th e  c o n s ta n ts  in th e  ab o v e  re la tion  are  
show n in  T able  3. I t  is ev id en t from  th e  T ab le  th a t  th e  d ifference iq — a3

Table 3

C o n stan t N u m erica l value D im ension

c0 3,275 • 105 c m  s e c -1  m m  H g

m„ 1,15 • 101 c m  s e c -1

n„ 2,10 • 10 m m  H g

fll 2,36 • 10-2 m A -1

«о 1,03 • io-2 c m  s e c -1  in A -1

«3 2,24 • 10-2 m A - 1

»0 2,00 • 10 m A

in  th e  d en o m in a to r of th e  f irs t m em b er of equ . (2 ) m ay  be ta k e n  to  good a p p ro x ­
im a tio n  as zero:

Oj — a3 — 0 . (3)

W ith  th is  re la tio n  (2) can be  w r it te n  in th e  sim p ler form :

v = --------------- 7Г — ----------b O, ( i — i„) — "*» • (4)
p - e x p  [a, (i — i0)] +  n0

This re la tio n  is v a lid  for th e  20 — 100 mA c u r re n t range o n ly . F o r c u rre n ts  
above 100 mA th e  shape o f th e  cu rve  will d iffe r from  th a t  g iven  above. T he
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reason  fo r th is  is p ro b ab ly  th a t  th e  o u tp u t  fed in to  th e  tu b e  will grow  n early  
p ro p o rtio n a lly  w ith  th e  increase of th e  cu rren t in te n s ity  (the tu b e  vo ltag e  
ch an g in g  on ly  l i ttle  m eanw hile) an d  s im u ltan eo u sly  w ith  th is  th e  te m p e ra tu re  
d iffe rence  w ill increase b e tw een  th e  m ercu ry  and  th e  w a te r  ja c k e t a n d  th u s  
th e  v a p o u r  p ressure  of th e  m ercu ry  c a n n o t be m a in ta in e d  in a su ffic ien tly  
s tab le  w ay .

In  o rd e r to  give ph y sica l m ean ing  to  th e  coeffic ien ts app earin g  in  equ. 
(2), (3) a n d  (4) fu r th e r  ex p erim en ts  a re  requ ired  in  w hich  for in s ta n c e  th e  
v a p o u r  p re ssu re  of th e  m ercu ry  shou ld  be varied  or th e  v a p o u r p ressu re  o f  the 
m ercu ry  m a in ta in e d  a t  a s tab le  va lue .
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ДЬ. ЛАКАТОШ и  й . бито

Р е з ю м е

П осле обзора важнейш их результатов, связанных с появлением и свойствами 
подвиж ного слоеобразования, авторами коротко описываются метод измерения и усло­
вия исследования. При температурно — стабилизированной разрядной трубке, помещен­
ной в водяном кож ухе, для значений температуры 20, 25 и 40° С определяются зависимости  
частоты слоеобразования от тока; характеристики разряда от температуры; амплитуды  
колебаний относительного тока, света и напряж ения от тока. Зависимость частоты слое­
образования от тока, действительная в определённом интервале тока, выводится экспери­
ментально. Д аётся зависимость поступательной скорости слоеобразования от тока и 
давления, найдённая такж е экспериментально.
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QUANTUM NUMBERS AND ENERGY LEVELS IN THE 
THOMAS-FERMI ATOM

By

A . KÓNYA
R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S , H U N G A R IA N  ACADEM Y O F  S C IE N C E S , B U D A P E S T

(R ece iv ed : 2. IY. 1964)

T he e lectrons o f th e  T h o m a s  — F e r m i  atom  w ith  e q u a l energy a n d  a n g u la r  m o m en tu m  
a re  considered  as being  in  th e  sam e q u a n tu m  sta tes. W ith  th e  help of th e  B o h r — S o m m e r f e l d  
q u a n tiz a tio n  co n d ition  these  s ta te s  a re  ch arac te rized  b y  con tinuously  v a ry in g  q u an titie s  nr 
a n d  n* correspond ing  to  th e  ra d ia l  a n d  p rin c ip a l q u a n tu m  num bers o f  w ave m echanics. 
S ta te s  w ith  in te g ra l n* and  h a lf- in teg ra l nr -values c o rre sp o n d  to  th e  w ave-m ech an ica l one- 
e lec tro n  s ta te s .

As an  ap p lica tio n  o f th e  m e th o d  developed th e  e n erg y  and th e  B o h r — S o m m e r f e l d  
orb its  co rresponding  to  th e  occupied  q u a n tu m -m ec h an ic a l s ta te s  of th e  A g a to m  are d e te rm ­
ined  here. The re su lts  are  in  sa tis fac to ry  ag reem en t w i th  those of w ave m echanics.

1. Introduction

T he s ta tis t ic a l  th e o ry  of th e  a to m  as w o rk ed  out by  T h o m a s  and  F e r m i  
a n d  developed  b y  D ir a c , W e i z s ä c k e r  and  G o m b á s  [1 — 3] does n o t co n ta in  
q u a n tu m  n u m bers. R ecen tly  A l f r e d  has p o in te d  out [4] t h a t  fo r  the  im p ro ­
v e m e n t o f th e  T h o m a s — F e r m i  (TF) m odel a n d  also for i ts  ap p lica tions to  
m ore su b tle  physica l problem s it  seems n ecessa ry  to define  a to ta l set o f  
q u a n tu m  num bers an d  to  decom pose th e  to ta l  charge d e n s ity  in to  shells o r 
subshells co rrespond ing  to  th e se  q u an tu m  n u m b e rs .

T he defin itio n  of th e  q u a n t i ty  co rrespond ing  to  the a z im u th a l q u a n tu m  
n u m b e r an d  th e  co n stru c tio n  o f th e  Z-subshells w as first g iv en  b y  F e r m i  [5].  
On th is  basis K ó n y a  has suggested  [6] th a t  th e  q u a n tity  co rrespond ing  to  th e  
m agnetic  q u a n tu m  n u m b er is th e  com ponen t o f the  an g u la r m om en tum  o f 
th e  elec tron  in  an  a rb itra r ily  fix e d  d irection .

G om bás  an d  his cow orkers w ere the  f i r s t  to  aim  a t a s ta tis t ic a l  m odel 
o f th e  a to m  w ith  electron  shells co rrespond ing  to  the p r in c ip a l q u a n tu m  
n u m b e r [3, 7 — 9]. T h ey  used a com plex  m e th o d  app ly ing  th e  s ta t is t ic a l  m eth o d  
se p a ra te ly  to  every  shell w ith  fixed  n u m b er o f electrons a n d  successively 
d e te rm in ed  th e  charge d is tr ib u tio n  of the  shells b y  the  help o f  th e  v a ria tio n a l 
m e th o d , m inim izing th e  to ta l  energy  of th e  a to m .

A m eth o d  b y  w hich to  define a to ta l s e t  o f q u an tu m  n u m b ers  n, l, m  
w as given b y  A l f r e d  [4]. H is m e th o d  is m a th em a tica lly  e x a c t a n d  th e  q u a n ­
tu m  num bers o b ta in e d  have on ly  in teg e r v a lu es . H ow ever, th e  p h ysica l m ean-
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ing  of his q u a n tu m  n u m b e rs  is no t v e ry  clear and can  be  inferred o n ly  from  
th e  re su ltin g  charge d is tr ib u tio n  in th e  shells and su b sh e lls .

In  p rac tice  th e  d e fin itio n  of th e  p rincipal q u a n tu m  num ber a n d  the 
g ro u p in g  o f th e  elec trons in  co rrespond ing  shells is o f  th e  g rea test im p o rta n c e . 
W e dea l h ere  w ith  th e  p ro b lem  of th e  p rin c ip a l q u a n tu m  num ber in  th e  T F  
a to m  s ta r t in g  from  w ell-know n p h y s ica l ideas: th e  B o h r —So m m e r f e l d  
q u a n tiz a tio n  ru le [10, 11] an d  the  con n ec tio n  betw een  th e  q u an tu m  n u m b ers  
o f th e  o ld  q u a n tu m  th e o ry  and  tho se  o f  w ave m ech an ics , as th is w as show n 
b y  K r a m e r s  [12] an d  L a n g e r  [13] w ith  th e  help  o f  th e  W e n t z e l — K r a ­
m e r s — B r i l l o u i n  ( W K B j m ethod  [14 — 16].

As an  ap p lica tio n  o f  th e  p rop o sed  m ethod  a llow ing  com parison o f  the  
re su lts  w ith  th o se  o b ta in e d  from  w ave m echanics we p re se n t here a ca lcu la tio n  
o f o n e-e lec tron  energy  levels  co rrespond ing  to  th e  o ccu p ied  wave m ech an ica l 
s ta te s  o f  th e  Ag a tom .

2. D efinition of quantities corresponding to the radial and principal
quantum numbers

T he p rin c ip a l q u a n tu m  n um ber h a s  no such o b v io u s , physically  ev id en t 
m ean ing  as e.g. th e  a n g u la r  m o m en tu m  h as in re sp ec t o f  th e  az im u th a l q u a n ­
tu m  n u m b e r. W e, th e re fo re , can d e fin e  i t  only b y  s ta r t in g  from  th e  well- 
know n re la tio n

n =  nr +  l + l = n r - \ - k ,  (1)

n r, l a n d  к  rep re sen tin g  th e  rad ia l, a n g u la r  and  a z im u th a l q u an tu m  n u m b ers  
re sp ec tiv e ly .

In  (1) on ly  th e  m ean in g  of к is k n o w n  in th e  s ta t is t ic a l  theory  o f th e  a tom . 
As F e r m i  has show n [5], th e  co n tin u o u sly  v a ry in g  q u a n ti ty  co rrespond ing  
to  th is  q u a n tu m  n u m b e r is

k*  = -----M , (2)
h

w here M  is th e ab so lu te  value o f  th e  angular m o m en tu m  (% =  hj2 л ,  h =  
=  P l a n c k ’s co n sta n t).

To a t t r ib u te  a reaso n ab le  m ean in g  in  the  s ta t is t ic a l  th eo ry  also  to  n r, 
we ap p ly  th e  B o h r —S o m m e r f e l d  q u a n tiz a tio n  ru le

ra
\ p r dr — I p r dr  — 2 nh  n r . (3)

r ,

H ere p r d en otes th e rad ia l com p on en t o f  the m o m e n tu m  along th e  orb it to 
be d efin ed  p resen tly  and г г and r2 are th e  radii b e lo n g in g  to  the ex trem e points  
o f  th e  orb it.
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W e now  define a B o h r—S o m m erfeld  o rb it  as follows. In  th e  s ta tis tic a l 
th e o ry  o f th e  a to m  electrons in a volum e e lem en t dv are tr e a te d  as to ta lly  
free. C onsequen tly , we m ay  describe  th e  s ta te s  o f these e lec trons b y  th e ir  
m o m en tu m  vecto rs p  th e  m ax im u m  possible a b so lu te  value o f  w hich,

Р(г) =  (Зл-у13По'13 ( г ) ,  (4)

is th e  radius o f th e  F erm i sphere in the m o m en tu m  space [p(r) is th e  to ta l 
e lec tro n ic  charge d e n s ity  and r th e  d istance from  th e  n u cleu s].

A n electron w ith  m om en tu m  p  has an en erg y

E  =  - f - - e 0 V ( r )  (5)
2m

and an angular m om en tu m
M  =  r X p  , (6)

w here  e0 denotes th e  e lem en ta ry  charge and  V(r)  th e  p o te n tia l. As is well 
k now n , in th e  T F  m odel

eo V(r)  =
2m

( 7 )

D enoting  th e  ra d ia l and  az im u th a l co m p o n en ts  of th e  m o m en tu m  by 
p r an d  p j  we o b ta in  from  fo rm u las  (4) —(7)

P± ( 8 )

Pr =  ±  ( p 2 — p ' i Y 1'1 =  ±  [2  me„ V(r) +  2 m E  -
r

=  ± P 2(r) 2m E
M 2

( 9)

T hese form ulas give th e  m o m en tu m  com ponen ts of all e lec trons possessing 
eq u a l energy  an d  a n g u la r  m o m en tu m . In  a vo lu m e elem ent dv a t  a d istance  r 
from  th e  nucleus (see F ig . 1) th ese  electrons are th o se  w hich h a v e  a m o m en tu m  
p  w ith  end po in t on th e  curve o f in te rsec tion  b e tw een  th e  sp h ere  w ith  rad ius 
p  — (2 m )1!2 [E  -f- e0V(r)yi°- a ro u n d  th e  origin o f  th e  m o m en tu m  space and  
th e  spherica l cy linder w ith  rad iu s  p ± =  M /r  a n d  w ith  its  ax is p a ra lle l to  r 
th ro u g h  th e  origin o f th e  m o m en tu m  space.

I t  follows from  (9) th a t  e lec trons w ith  en erg y  E  <  0 an d  a n g u la r  m o m en ­
tu m  M  can be found  only  in a spherica l shell a ro u n d  the  nucleus th e  lim iting
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spheres h av in g  th e  re sp ec tiv e  rad ii rx an d  r2 w h ich  d istances a re  th e  roots 
o f  th e  eq u a tio n

M 2
P 2( r ) + 2 m E -------— =  0 .  (10)

r2

All e lec trons m ove in a ce n tra l f ie ld  of force. C lassically  we can  consider 
th e m  as rev o lv in g  on th e  sam e o rb it. F o rm u la  (9) gives th e  ra d ia l m o m en tu m

Fig. 1. M o m e n tu m  v e c t o r s  in  t h e  F e r m i  sp h e r e  b e lo n g in g  to  t h e  sa m e  e n e r g y  a n d  a n g u la r
m o m e n t u m  v a lu e s

co m p o n en t a long  one of these  possib le o rb its . M aking use of (3) th e  con ti­
n u o u s ly  v a ry in g  q u a n ti ty

n*r 2men V (r) 2 m E  —
1/2

d r , ( 11)

w h ich  is th e  analogue o f th e  d iscre te  ra d ia l q u a n tu m  n u m b er of th e  q u an tu m  
th e o ry , m ay  he reg a rd ed  as co rrespond ing  to  these  electrons.

F u r th e r , we define w ith  th e  help  o f (1), (2) an d  (11) th e  q u a n t i ty

n* =  n* -f- k*. ( 12)

w hich  also varies  co n tin u o u sly  an d  w hich  in th e  T F  th eo ry  is th e  q u a n tity  
co rresp o n d in g  to  th e  p rin c ip a l q u a n tu m  n u m b er o f q u a n tu m  th e o ry .

In  th is  w ay  elec trons o f energy  E  and  an g u la r m o m en tu m  M  a re  correl­
a te d  w ith  a B o h r —S o m m er fel d  o rb it ch a rac te rized  b y  th e  q u a n tit ie s  n* 
a n d  n* an d  perihelion  an d  aphelion  r, and  r2, resp ec tiv e ly .

Since th e  an g u la r m o m en ta  o f th e  e lectrons in  th e  T F  a to m  have all 
possib le  d irec tio n s, s tr ic tly  speak ing  we do no t o b ta in  one o rb it on ly  fo r given 
E  an d  M -v a lu es , b u t  a c o n tin u ity  of o rb its  ch a rac te rized  by  th e  sam e d a ta  
(n*, n*, r15 r2) an d  ly ing  in  d iffe ren t p lanes w hich all con ta in  th e  nucleus of 
th e  a tom .
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For the  case E  =  0 [i.e. for an  electron w ith  m axim um  m om entum  
P(r)] our definition (11) is identical w ith  the form ula used by Gombás [17] 
to  calculate the  num ber of electrons w ith  given /-values.

3. F o rm ulas and  n u m erica l data  for th e  TF atom

We now  tre a t num erica lly  th e  free , n e u tra l T F  a tom . F o r th is  case the  
e lectron ic  charge d en sity  m ay  be w r itte n  [1]

о =
Z

4 71 [ l 3

<f(x) 3/2 
X

where

r — fix  ,
1 9л2
4 2Z

7 ’ me  g

(13)

(14)

(15)

an d  Z  is th e  n u m b er o f th e  electrons. T he fu n c tio n  q(x)  is th e  so lu tio n  of th e  
T F  d iffe ren tia l eq u a tio n

d2 cp qp!l2(x)

dx2 X1!2
(16)

satisfying the  conditions

<P(0 ) =  1. ?(*<>) =  °> x 0(p'(x0) =  0 (17)

( x 0 deno tes th e  lim itin g  rad iu s  of th e  a to m . For free n e u tra l  T F  a to m s x 0 =  °° ).
S u b s titu tin g  th e se  form ulas in  (8 ), (9), (11) a n d  (12) we get th e  follow ing 

general re su lt for th e  T F  atom . A t th e  d istance r =  fix  th e  e lec tron  w ith  th e  
m o m en tu m  com ponen ts

4 ^ z 2/3 a
(18)P±  - (6 я )2/3 a0

•>
X

4 * z 2/3 ' q(x)
ß  -  —

X2

1/2
(19)

(6 r̂)-/3 «0 X

is in th e  s ta te  ch a rac te rized  by th e  q u an titie s

3
4 л 2

1/3
Z 1/3 Ф(а, ß) ( 20 )
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(rad ia l q u a n tu m  num ber) an d

3
\ л 2

1/3
Z 1!3 [Ф (a, ß )  +  na]

(p rin c ip a l q u a n tu m  n u m b er). T he new  sym bols in tro d u ced  h ere  are

k*
З л
4

1/3

£ = -

Ф(с

( 21 )

9 (22)
z 1/3

в» E ,
eо

(23)

ß x 2 - a 2]' I2 —  , (24)

w here x1 =  r1lfi a n d  x2 =  r.Jfi are  th e  roo ts o f th e  equa tion

X cp(x) — ß  X2 — a2 =  0 (25)

co rresp o n d in g  to  th e  equ. (10). F ro m  these  ro o ts  we get th e  d a ta  of th e  
B o h r —S o m m e r f e l d  o rb it w hich  m ay  he considered  to  co rresp o n d  to  th is  
s ta te . T he p a ra m e te rs  a an d  ß  m ay  v a ry  in th e  in te rv a ls

0 <  « ^  H * ) ] m a x  =  0,6974

an d
0 <  ß  <  oo . (26)

O n th is  basis  we can  t r e a t  a to m s w ith  a rb itra ry  a to m ic  n u m b er Z  
if  th e  fu n c tio n  Ф(а, ß) is know n. T he in teg ra l rep resen tin g  th is  fu n c tio n  was 
c o m p u ted  n u m e ric a lly  fo r sev era l v a lues o f th e  p a ram e te rs  an d  is ta b u la te d  
in T ab les 1 a n d  2.

F o r th e  specia l case ß  =  0 th e  fu n c tio n  Ф(а , ß) is id e n tic a l w ith  th e  
fu n c tio n  Ф(а) in tro d u c e d  b y  F ermi  [5]. In  T ab le  2 th e  values d en o ted  by  -f- are 
th o se  e v a lu a te d  b y  F e r m i .

F u r th e r  in  T ab le  3 we give som e p a ra m e te r  va lues a„ an d  ß 0 for w hich
ßo) =  °-
F o r ß  1 a n d  a =  0 th e  in te rv a l of in te g ra tio n  in  (24) is v e ry  sm all 

a n d  lies v e ry  n e a r  to  th e  nucleus. W e can th e re fo re  rep lace <p(x) b y  th e  series 
ex p ansion  [1]

<p(x) =~- 1 +  <p'(0) * +  - i -  х 3Г- 4- . . .

Acla Phys. H ung. Тот. X V I I I .  Fase. 1.

(27)



QUANTUM NUMBERS AND ENERGY LEVELS IN THE THOMAS-FERMI ATOM 45

Table 1
V a lu e s  o f  th e  f u n c t io n  Ф ( а ,  ß )

ß а = 0 а = 0,075 а  =  0,15 а = 0,30 а  =  0,45 а = 0,575

0 3,654 3,523 3,150 2,300 1,466 0,736

0,003288 3,014 2,772 2,497 1,855 1,223 0,605

0,005120 2,914 2,666 2,400 1,765 1,160 0,560

0,009904 2,758 2,492 2,247 1,631 1,045 0,475

0,01239 2.696 2,444 2,169 1,572 1,000 0,441

0,01576 2,630 2,377 2,124 1,519 0,951 0,399

0,02043 2,554 2,304 2,041 1,454 0,893 0,345

0,02710 2,474 2,223 1,971 1,376 0,825 0,289

0,03057 2,436 2,185 1,934 1,342 0,794 0,266

0,04526 2,309 2,054 1,800 1,226 0,691 0,181

0,07108 2,155 1,906 1,660 1,081 0,553 0,068

0,1215 1,961 1,712 1,468 0,895 0,395

0,2378 1,704 1,457 1,217 0,668 0,169

0,4240 1,484 1,252 0,999 0,449

0,9353 1,179 0,926 0,686 0,131

1,649 0,971 0,725 0,496 0,007

3,965 0,694 0,435 0,202

8,817 0,497 0,249 0,019

18,70 0,351 0,103

31,97 0,270 0,033

50 0,219

75 0,179
100 0,156

250 0,099
500 0,070

1000 0,050
oo 0

w ith
9/ ( 0 ) =  — 1, 58807 .

R eta in in g  th e  f irs t tw o  te rm s only we g e t th e  a sy m p to tic  fo rm ula

w hich m ay  he used if  ß

Ф (О,0 ) ~

>  40 .

тг

2 [ß  -  <р'(0)уР
(28)
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Table 2
V a lu e s  o f  t h e  fu n c t io n  Ф ( а ,  ß )  for  a  =  0

a Ф(a, 0) a Ф(а, 0)

0 3,654 0,4 1,739
0,025 3,635 0,425 1,612
0,05 3,584 0,4472 1,48
0,075 3,523 0,45 1,466

0,1 3,415 0,475 1,324
0,125 3,292 0,5 1,187
0,15 3,170 0,525 1,040
0,175 3,017 0,5440 0,88+
0,2 2,897 0,55 0,885
0,225 2,748 0,575 0,736
0,25 2,606 0,6 0,587
0,275 2,456 0,625 0,430
0,3 2,310 0,6324 0,36+
0,3162 2,2+ 0,65 0,282
0,325 2,186 0,675 0,132
0,35 2,017 0,6974 0

0,375 1,892

4. The relation between the statistical quantities n*, n*  and the 
w ave-m echanical quantum numbers

Energy levels

As can  be  seen from  (20) a n d  (21) th e  q u a n titie s  n*  a n d  n*  be longing  
to  th e  occup ied  s ta te s  o f th e  T F  m odel h av e  all possible v a lu es  betw een zero  
a n d  som e m ax im u m  v a lu e  d ep en d in g  on Z.  T he  fa c t th a t  th e se  q u an titie s  
are  co n tin u o u s v a riab les  is c h a ra c te ris tic  o f th e  m odel ju s t  as is the  co n ­
t in u i ty  o f  th e  energy  E  a n d  th e  an g u la r m o m en tu m  M .

W h en  try in g  to  co rre la te  th e  T F  m odel w ith  th e  w ave-m echan ica l a to m  
th e  p rob lem  arises how  to  choose from  th is  c o n tin u ity  th e  s ta te s  w hich a p p ro ­
x im a te  th o se  o f th e  q u a n tu m -m e c h a n ica l shell a to m . Such a selection  process 
m u st, o f course , be b ased  on som e general p rin c ip le  w hich m a y  be applied  to  
a ll a to m s a n d  all ty p es  o f s ta te s .

As w as p ro v ed  b y  F é n y e s  [18] th e  T F  m odel is an  ap p ro x im a te  so lu tion  
o f  th e  w av e-m ech an ica l m a n y -b o d y  p ro b lem , w hich m ay  be  ob ta in ed  b y  
th e  W K B  m e th o d  using f irs t o rd e r ap p ro x im a tio n . On th e  o th e r  h and  K r a ­
m e r s  [12] a n d  L a n g e r  [13] w ere led  to  th e  conclusion t h a t  in  th e  W K B
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T a b le  3

Zeros of the function Ф ( а ,  ß )  :

Ф К , ßn) = О

ao A a. A

0 OO 0,4291 0,5

0.075 42,35 0,4455 0,42401

0,0875 31,973 0,45 0,410

0,1111 18,704 0.4646 0,35

0,1145 17,5 0,5010 0,23779

0,1237 15,0 0,5405 0,15

0,1342 12,5 0,5570 0,12151

0,1485 10,0 0,575 0,095

0,15 9,80 0,5908 0,075

0,1572 8,8170 0,5941 0,07108

0,1688 7,5 0,6147 0,05

0,2002 5,0 0,6198 0,04526

0,2198 4,0 0,6380 0,03057

0,2203 3,9653 0,6426 0,02710

0,2435 3,0 0,6458 0,025

0,2805 2,0 0,6528 0,02043

0,30 1,73 0,6611 0,01576

0,3046 1,6489 0,6674 0,01239

0,3391 1.2 0,6724 0,00990

0,3555 1,0 0,6831 0,00512

0,3564 0,93527 0,6879 0,00329

0,3865 0,75 0,6974 0

m eth o d  one should  use th e  B o h r — S o m m e r f e l d  q u an tu m  co n d itions w ith  
h a lf-in teg e r va lues of th e  q u a n tu m  n u m b ers  in  o rd e r to  get an  ap p ro x im a tio n  
o f th e  w ave-m echan ical s ta te s .

F ro m  th ese  s ta te m e n ts  one m ay  conclude  th a t  an  o rb it  in  th e  T F  
m odel w ith

=  (/ =  0 ,1 ,2 ,  . . . )  (29)

co rresponds to  a q u an tu m -m ech an ica l s ta te  w ith  th e  an g u la r q u a n tu m  n u m ­
b e r I. This co rrespondence was u sed  b y  F e r m i  to o  [5]. In  a s im ila r m an n e r 
an  o rb it in th e  m odel w ith

n* =  n r +  * (nr =  0 , 1, 2, . . .) (30)
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co rresponds to  a q u an tu m -m ech an ica l s ta te  w ith th e  ra d ia l  q u an tu m  n u m b e r  n r 
F ro m  (12) it  follows th a t

n* =  n* +  k*  =  n r +  / +  1 =  n  (31)

an d  th is  m eans th a t  w ave-m echan ica l s ta te s  w ith  p r in c ip a l q u a n tu m  n u m b er 
re are  ap p ro x im a te d  b y  s ta te s  w ith  in te g e r  n*-values (re* =  re =  1, 2, 3, . . .) 
in th e  T F  m odel. C onsequen tly , th e  o rb its  co rrespond ing  to  the w av e-m ech a­
n ica l s ta te s  m u st sa tis fy  th e  re la tion

3 V/3
Z ' l3 [ 0 (a ,  ß) +  ста] =  re. (32)

4 ж- )

T h u s, in  these  cases th e  p a ra m e te rs  a and  ß  do n o t  vary  in th e  fu ll in te r ­
vals o rig inally  given b y  (26). F rom  (31) we see t h a t  b o th  k* an d  n*  have 
m in im um  values 0 and  m ax im u m  va lu es  re. This m ean s th a t

0 < a <
2  7 1 1/3

4
Z ' l 3

(33)

an d  to  a fix ed  а -value in  (32) a un ique  /1-value belongs w hich m ay be  d e te rm ­
in ed  b y  n u m erica l in te rp o la tio n  from  T ab les 1 an d  3. T hus for g iven  re and  
k* — 0 (re* =  re) we o b ta in  th e  p a ra m e te r  value ß n 0 a n d  for k* =  re (re* =  0) 
th e  v a lu e  ßn n b o th  d ep en d in g  upon Z .  A s m ay  be seen from  the d e fin itio n  (24) 
o f th e  fu n c tio n  Ф(а, ß), th e  re la tion  ßn 0 >  ßn n is v a lid  fo r  any Z -v a lu e . U sing 
th e  equ . (23) we get th e  m in im um  and  m axim um  energ ies E n 0 a n d  E n n of 
th e  e lec trons w ith  th e  p rin c ip a l q u a n tu m  n um ber re in  th e  T F  m odel.

T he energies E n 0 a n d  E n n a re  show n in F ig . 2 as functions o f  Z  for 
re =  1, 2, 5/2, 3, 4 an d  5. F o r  com parison  th e  th e o re tic a l te rm  values o b ta in ed  
b y  L a t t e r  [19] w hen so lv ing  th e  one-e lec tron  S c h r ö d i n g e r  e q u a tio n  w ith  
T F  p o te n tia l  are  also p lo tte d  for th e  cases n — 2 a n d  re =  3. A ll L a t t e r ’s 
w ave-m echan ica l te rm  v a lu es  belonging to  a given re a re  ly ing  betw een  th e  tw o 
lim itin g  curves E n 0 an d  E n n o b ta in ed  h ere  from  th e  T F  model. T h is ju s tif ie s  
th e  selec tion  ru le  (32) u sed  for th e  d e te rm in a tio n  o f  th e  s ta tes co rrespond ing  
to  th e  p rin c ip a l q u a n tu m  n u m b er re.

I t  is also possible to  de term ine  th e  s-, p-, d- a n d  / - s ta te s  in a shell w ith  
given re. F o r th is  pu rpose  fo r k* th e  v a lu es  (29a) h av e  to  be s u b s titu te d  in  (22) 
an d  th e  a (+  ̂ — values so ob ta in ed  in (32). This re su lts  in  the re la tio n

3
4 л 2

1/3

ßn,l+i) +  7ra/ + i] ~ n > (34)

w hich  is fu lfilled  on ly  b y  certa in  va lu es  o f ßn<i+p  F o r  given re an d  l (i.e. for 
given <ii+j) (34) m ay  be reg a rd ed  as th e  secu lar e q u a tio n  for the d e te rm in a tio n
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F i g .  2 .  The lim itin g  energies E n  0 an d  E n n as fu n c tio n s  of the  a to m ic  num ber.

O rd in a te : y — E> E  in  R y d b e rg  un its .
+  te rm  v a lu es for s -s ta te s  1
О  te rm  v a lu es for p - s ta te s  } ca lcu la ted  b y  L atter  [19]
□  te rm  v a lu es for d -s ta te s  J

of th e  p a ra m e te r  v a lu e  /3(n+i a n d  so for th e  ap p ro x im a tio n  o f  th e  w ave- 
m echan ical energy eigenvalue E n l.

As an  ap p lica tio n  of th e  m e th o d  described  w e determ ine  h e re  th e  energy 
levels of th e  occupied  s ta te s  in th e  Ag atom .

The Ag a to m  w ith  Z  =  47 h as  th e  e lec tron  co n figu ra tion

(Is )2 (2s)2 (2p f  (3s)2 (3p f  (3d)10 (4s)2 (4p f  (4d)10 (5s)2.

A ccording to  (29) an d  (22) th e  p a ra m e te r  a has th e n  th e  values ot;+i =  0,1041, 
0,3123 an d  0,5205, re spec tive ly , fo r th e  s-, p-  a n d  d -s ta tes . F ro m  T able  1 we 
f irs t  de te rm ine  th e  values Ф (а /+р, ß) by  in te rp o la tio n  and  th e n  w ith  th e ir  help 
th e  ßn, i+_̂ values sa tisfy ing  th e  cond ition  (34) fo r n =  1, 2, 3, 4 an d  5.

T he num erica l resu lts  are sum m arized  in T ab le  4. F o r com parison  th e o re ­
tic a l te rm  values o b ta in e d  by  L a t t e r  [19] an d  b y  G á s p á r  [20] and  fu r th e r  
ex p e rim en ta l energy  values from  L a n d o l t -B ö r n s t e i n  [21] are  also  given.
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Table 4
E n e r g y  v a lu e s  o f  th e  o c c u p ie d  s ta te s  in  t h e  A g  a to m  

( in  R y d b e r g  u n its )

ß n , l + $ ~ E n J + i 0 /
/0

- E n , l

L a t t e r  [ 1 9 ] G á s p á r  [2 0 ]
L a n d o l t —

B ö r n s t e i n [2 1 ]

Is 4 ,3 0 0 1648 .0 1 ,6 1 7 7 7 ,0 1831 ,9 1879 ,3

2 s 0 ,6 2 5 2 3 9 ,5 4 ,8 2 5 1 ,7 2 6 1 ,6 280 ,4

3s 0 Д 1 4 4 3 ,6 8 2 ,4 4 4 ,7 5 4 6 ,5 2 52 ,98

4s 0 ,0 1 5 5 ,747 3,1 5 ,9 3 4 6 ,4 4 7 ,14

5 s 0 ,001 0 ,3 8 3 2 4 ,7 0 ,4 0 2 1 0 ,4 2 8 0 ,5 5 6

2 P 0 ,5 5 0 210 ,7 9 ,6 2 3 2 ,2 2 4 5 ,3 0 253 ,3

3p 0 ,091 34 ,87 7 ,0 3 7 ,5 1 3 9 ,4 0 4 3 ,3 6

i p 0 ,0 0 9 3 ,448 8 ,5 3 ,7 6 8 4 ,2 4 4 ,28

3 d 0 ,0 6 1 7 2 3 ,6 4 1 ,6 2 4 ,0 4 2 5 ,3 0 2 7 ,3 4

i d 0 ,0 0 1 2 0 ,4 5 9 8 1,1 0 ,4 6 5 2 0 ,7 5 0 ,390

H av in g  o b ta in e d  th e  values al+i an d  ß nj +i we m ay d e te rm in e  now 
th e  B o h r — S o m m e r f e l d  orb its  co rrespond ing  to  th e  occupied w av e-m ech a­
n ica l s ta te s  in  th e  A g a to m . F o r th is  purpose we f ir s t  solve eq u . (25). The 
n u m erica l resu lts  in  u n its  of a0 are  g iven in T ab le  5.

T he rad ia l charge densities o f th e  electrons in  th e  co rrespond ing  wave- 
m ech an ica l s ta te s  m a y  he ca lcu la ted  from  th e  eigenfunctions given b y

Table 5
D a t a  o f  th e  o r b it s  co rr e sp o n d in g  t o  th e  o c c u p ie d  s t a t e s  in  th e  A g  a to m

(in  u n i t s  o f  a 0)

Tj r 2 rmax

I s 0 ,0 0 2 8 8 2 0 ,0 4 1 2 1 0 ,0 2

2s 0 ,0 0 2 7 4 8 0 ,1 8 9 4 0 ,1 0

3s 0 ,0 0 2 6 3 8 0 ,4445 0 ,3 8

4s 0 ,0 0 2 4 5 3 1 ,3443 0 ,8 8

5s 0 ,0 0 2 2 1 0 2 ,6592 2 ,5 0

2 p 0 ,0 2 8 9 5 0 ,1727 0 ,1 0

3P 0 ,0 2 7 6 0 0 ,5 0 7 6 0 ,3 3

i p 0 ,0 2 7 3 5 1 ,3603 0 ,9 0

3 d 0 ,1 0 9 2 0 ,4 5 6 3 0 ,3 0

i d 0 ,1 0 2 3 1 ,6820 1 ,15
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G á s p á r  [20]. T he m ax im a  of th ese  charge d en sitie s  rmax •— g iven  in T ab le  5 
to o  — and  th e  aphelion  o f th e  o rb its  lie n ea rly  a t  th e  sam e d is ta n c e  from  th e  
nucleus.

5. D iscussion

The m ethod  ap p lied  here to  th e  t r e a tm e n t o f the  s ta te s  ex isting  in th e  
T F  m odel is closely re la te d  to  som e p rev ious in v estig a tio n s t h a t  w ere carried  
ou t before th e  beg inn ings of q u a n tu m  m echan ics on the basis o f  th e  B o h r  — 
S o m m e r f e l d  th eo ry . T h a t  th eo ry  gave o rb its  w ith  defin ite  energ ies an d  an g u la r 
m o m en ta  for th e  elec trons in a spherica lly  sy m m etrica l field . B y  using em p i­
rica l te rm  values it  w as possible to  ca lcu la te  effective e lec tric  fields V(r) o f 
th e  a tom s w ith  th e  help  of fo rm ulas sim ilar to  (11). P u b lica tio n s o f F u e s  [22], 
H a r t r e e  [23] and  J e f f r e y s  [24] are based  on th is  idea. A fte r  th e  re la tio n  
betw een  th e  q u a n tu m  n u m b ers  in th e  old an d  new  q u an tu m  th e o ry  h ad  been  
p o in ted  ou t [12, 13] th ese  in v estig a tio n s w ere rep ea ted  b y  S u g iu r a  an d  
U r e y  [25, 26] w ith  h a lf-in teg ra l va lu es  of th e  q u an tu m  n u m b ers . W ith  th e  
sam e m ethod  P r o k o f j e v  has ca lcu la ted  an e ffec tive  p o ten tia l fie ld  in a n a ly tic  
fo rm  for th e  sodium  a to m  [27] w hich  has o ften  been used.

The w ay  we h av e  follow ed here  is ju s t  th e  reverse . S ta r tin g  from  a g iven 
a to m ic  p o te n tia l field  (th e  T F  p o ten tia l)  we ex am in ed  th e  s ta te s  ex isting  in  
th is  field  of force an d  from  th e  c o n tin u ity  o f  th e se  s ta te s  we selected  tho se  
co rrespond ing  to  th e  w ave m echan ical s ta te s .

T he selection  ru le  we o b ta in ed  w as as fo llow s: In  the  s ta te s  correspond ing  
to  th e  w ave-m echan ica l ones th e  c h a ra c te r is tic  q u an titie s  n* an d  k* m u s t 
h av e  th e  values

n* n =  1, 2, 3, . . . ,

k* = /  +  —  =  —  , — A  ____ (35)
2 2 2 2

As F ig . 2 show s th e  f irs t cond ition  defines energy in te rv a ls  closely 
re la te d  to  th e  w ave-m echan ica l energy  e igenvalues o b ta ined  fro m  ap p ro x im a te  
ca lcu la tio n s of th e  sam e o rder carried  ou t b y  L a t t e r  [19]. I f  we choose n o n ­
in te g e r  va lues fo r n* (in Fig. 2 th is  is th e  case fo r n* =  5/2) th e  o b ta in ed  
en erg y  in te rv a ls  do n o t  agree w ith  th e  q u a n tu m -m e c h a n ica l te rm  va lues.

The d ifference betw een  th e  lim itin g  energ ies E n 0 a n d  E n „ increases 
w ith  increasing  n * . T his p ro p e rty  co rresponds to  th e  em p irica l ob serv a tio n , 
th a t  th e  /-sp littin g  of th e  te rm  values grows as th e  p rincipal q u a n tu m  n u m b e r 
n  increases. The T F  m odel also accoun ts fo r th e  fac t, th a t  fo r given n th e  
energy  values lie th e  low er th e  sm aller th e  v a lu e  of l.

In  Fig. 2 one m ay  observe an  overlap  o f  th e  ne ighbouring  energy in te r ­
v a ls . The lim iting  curves E 33 an d  E i0  fu r th e r  E 4i  and -E5i0 in te rsec t. T h is
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b e h av io u r co rresponds to  th e  fac t k n o w n  from  th e  period ic  sy s tem  o f the  
e lem en ts, th a t  a t  severa l values of Z  th e  sequence o f th e  energy te rm s  differs 
from  th a t  o f th e  p rin c ip a l q u a n tu m  n u m b ers . I t  occurs e.g. th a t  th e  4s- or 
5 s-s ta te s  p recede  th e  3d- an d  4 /-s ta te s , re spec tive ly , e tc .

A  m ore d e ta iled  an d  q u a n ti ta t iv e  in v es tig a tio n  o f  th is  b eh av io u r can n o t 
he ca rr ied  o u t b y  th e  ex am in a tio n  o f  th e  lim iting  cu rv es E n 0 an d  E„ n only , 
one m u s t also d e te rm in e  th e  s-, p -  . . . s ta te s  ex is tin g  w ith in  ev e ry  single 
energy  in te rv a l.

T h is fu r th e r  selec tion  can be m ade b y  app ly ing  th e  second co n d itio n  (35).
B y  th e  s im u ltan eo u s ap p lica tio n  o f b o th  th e  co n d itions (35) th o se  s ta te s  

are  se lec ted  w hich a p p ro x im a te  th e  w ave-m echan ica l ones as regards b o th  the  
energy  values an d  th e  sp a tia l p o sitions o f th e  e lec trons in  these s ta te s . T his is 
show n b y  th e  T ab les 4 a n d  5.

I t  is reasonab le  to  com pare th e  o b ta in e d  energy  values w ith  th o se  given 
b y  L a t t e r  [19] because th ese  are e igenvalues o f one-electron  S c h r ô d i n g e r  
e q u a tio n s  w ith  T F  p o te n tia l. The co lum n in T ab le  4 m arked  %  gives the  
d ifference in  p e r cen t be tw een  th ese  tw o  values. As m a y  be seen th e  errors 
a re  o f som e p e r cen t on ly , w hich m a y  be reg ard ed  as sa tis fac to ry  in  v iew  of 
th e  s im p lic ity  o f th e  ap p lied  m ethod . T he errors are p a r t ly  caused b y  in a c c u r­
acies in  th e  values o f th e  fu n c tio n  Ф(а, ß ) an d  by  th e  g raph ica l in te rp o la tio n .

T erm  values fo r severa l o th e r  a to m s and  fu r th e r  ap p lica tions o f th e  
m e th o d  developed  here w ill be p u b lish ed  in su b seq u en t papers.

T he a u th o r  is g re a tly  in d e b te d  to  P ro f. P . G o m b á s  for v a lu ab le  d iscus­
sions. H is th a n k s  are  due  to  Mrs. J .  H u s z á r  an d  Miss É .  Szabó fo r ca rry in g  
o u t th e  n u m erica l ca lcu la tions an d  fo r d raw ing  th e  figu res.
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К В А Н Т О В Ы Е  Ч И С Л А  И  Э Н Е Р Г Е Т И Ч Е С К И Е  У Р О В Н И  
В А Т О М Е  Т О М А С А - Ф Е Р М И

А. КОНЬЯ

Р е з ю м е

Р а с с м а т р и в а ю т с я  э л ек т р о н ы  в а т о м е  Т о м а с а — Ф е р м и  с о д и н а к о в ы м и  э н е р г и е й  и 
м о м ен т о м  к о л и ч ест в а  д в и ж е н и я , н а х о д я щ и е с я  в т о м  ж е  к в а н т о в о м  с о с т о я н и и . И с х о д я  
и з  к в а н т о в о г о  у с л о в и я  Б о р а — З о м м е р ф е л ь д а , эт и  с о с т о я н и я  х а р а к т е р и з у ю т с я  н еп р ер ы в н о  
в а р ь и р у ю щ и м и с я  в ел и ч и н а м и  л ’  и  л * , о т в еч а ю щ и м и  р а д и а л ь н о м у  и г л а в н о м у  к в ан тов ы м  
ч и сл а м  в о л н о в о й  м е х а н и к и  С о ст о я н и я  с  ц ел ы м и  з н а ч е н и я м и  л *  и п о л у ц е л ы м и  л* с о о т ­
в е т с т в у ю т  о д н о э л е к т р о н н ы м  с о с т о я н и я м  в о л н о в о й  м е х а н и к и .

В  к а ч ест в е  п р и м е н е н и я  р а з в и т о г о  м е т о д а  в р а б о т е  о п р е д е л я е т с я  э н е р г и я  и  ор би ты  
Б о р а — З о м м е л ф е л ь д а  а т о м а  A g , с о о т в е т с т в у ю щ и е  за н я т ы м  к в а н т о в о -м е х а н и ч е с к и м  с о ­
с т о я н и я м . Р е зу л ь т а т ы  у д о в л е т в о р и т е л ь н о  с о г л а с у ю т с я  с  д а н н ы м и  к в а н т о в о й  м е х а н и к и .
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GRAPHICAL METHOD FOR THE CONSTRUCTION OF THE 
PATTERSON FUNCTION OF ONE-DIMENSIONAL 

STRUCTURE MODELS

B y

Maria  F a r k a s -J a h n k e
R E S E A R C H  IN S T IT U T E  FO R  T E C H N IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  SC IEN CES,

B U D A P E S T

( P r e s e n te d  b y  G . S z ig e t i .  — R e c e iv e d  7. I. 1 9 6 4 )

A  g r a p h ic a l m e th o d  fo r  th e  c o n s tr u c t io n  o f  P a t t e r s o n  fu n c t io n s  o f  o n e -d im e n s io n a l  
s tr u c tu r e  m o d e ls  i s  g iv e n . T h e  m e th o d  ca n  b e  a p p lie d  t o  t h e  d e te r m in a t io n  o f  th e  a p p r o x im a te  
e le c tr o n  d e n s i t y  d is t r ib u t io n  a lo n g  th e  la r g e  p er io d  o f  m o le c u le  ch a in s  t o o .  S in c e  in  m o st  c a s e s  
1 h e  in t e n s i t y  o f  th e  f ir s t  r e f le x io n s  o f  X - r a y  d if fr a c t io n  p a l t e r n s  c a n n o t  b e  a c c u r a t e ly  m e a s u r e d ,  
a c o r r e c t io n  fo r  t h i s  ca se  is  a lso  g iv e n .

In  th e  case of th ree-d im en sio n a l c ry s ta l  s tru c tu re  d e te rm in a tio n s  b y  
F o u rie r syn th esis , th e  chem ical com position  o f th e  m a tte r , th e  num ber an d  
atom ic  n u m b er o f th e  atom s in  th e  u n it cell a re  usually  k n o w n ; th e  aim  of th e  
s tru c tu re  d e te rm in a tio n  is th e  d e te rm in a tio n  o f  th e  coord inates o f th e  atom s [1]. 
O ne-d im ensional s tru c tu re  d e te rm in a tio n s  a re  generally  u n d e r ta k e n  to  rev ea l 
th e  e lectron  d e n s ity  d is tr ib u tio n  along re la tiv e ly  long periods in  fib rous m a tte r  
b u ilt  up  of m olecule-chains. In  th is  case w e have fewer d a ta ,  because th e  
n u m b er, positio n  and  re la tiv e  heigh t of th e  m ax im a of th e  elec tron  d e n s ity  
d is tr ib u tio n s  are  unknow n. F o r th e  a p p ro x im a te  re so lu tion  of the  p h ase  
prob lem  in th e  F o u rie r sy n th esis  [2] we h a v e  to  con stru c t an  ap p ro x im a tiv e  
m odel using  also th e  in fo rm atio n s derived  fro m  o th e r in v es tig a tio n s  and  c h a n g ­
ing th e  p a ram e te rs  of our m odel, to  a p p ro x im a te  th e  real d is tr ib u tio n  as w ell 
as possible, th e  F o u rie r sy n th es is  is su ita b le  only  for th e  re fin em en t of th e  
s tru c tu re  d e te rm in a tio n . C hanging th e  p a ra m e te rs  successively , th e  co rrec tness 
of th e  d irec tion  and  th e  a m o u n t of a lte ra tio n  m u s t be co n tro lled  in each case 
b y  a sim ple an d  rap id  m eth o d . F o r th is  rea so n  it  is c o n v e n ie n t to  co m p are  
th e  P a tte rso n  function  co m p u ted  from  th e  d a ta  of th e  X -ray  d iffrac tio n  p a t te rn  
w ith  th e  P a tte rso n  fu nc tion  belonging to  each  d is tr ib u tio n . The follow ing 
g raph ica l m eth o d  is well su itab le  for th is  p u rpose .

T he d e fin ition  of th e  P a tte rso n  fu n c tio n  in one-d im ensional case is th e  
follow ing, as i t  is well know n:

P(x) =  N  I o(u) • g(x  f u) du , (1)
o'

w here p(u) m eans th e  e lec tron  d en sity  d is tr ib u tio n  along th e  u-axis, l th e  
len g th  and  N  th e  n u m b er of th e  periods in  th e  sam ple, x  th e  ra te  of tra n s la -
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tio n  of q(u) along th e  u -ax is . I t  is c lear, t h a t  a fter a tra n s la tio n  in и th e  values 
o f  P(x)  w ill be  d iffe ren t fro m  zero on ly  a t  such  x  ran g es, w here non-zero  va lu es  
o f th e  o rig in a l and  tr a n s la te d  elec tron  d e n s ity  d is tr ib u tio n  functions o v erlap  
each o th e r.

L e t us decom pose now  th e  p e rio d  to  n in te rv a ls . In  th is  w ay  w e p u t

o (u )  =  p, (u) +  p2 (u ) +  . . . +  pn ( u ) , (2)

w here th e  fu n c tio n s p,(u) differ from  zero  only in in te rv a ls  no t o v e rlap p in g  
each o th e r . W e m ay  now  w rite  P(x)  in  th e  following fo rm :

P(x)  =  N  j  [^ (u )  +  q2( u) +  . . .  p„(u)] • [px(x +  u) +  . . .  Qn(x +  u)] d u  =
b

n 1 ! (3)
=  N  2  [ f Qi(u) ■ Qi(x 4 - u ) d u  +  j  p,(u) • Qk(u  +  x) d u ] .

i,k= 1 6 6

In te g ra ls  o f  th e  f irs t ty p e  su p p ly  non-zero  te rm s only  in  cases when x is sm a lle r 
th a n  th e  le n g th  of th e  g re a te s t in te rv a l. In teg ra ls  o f  th e  second ty p e  will 
d iffer fro m  zero w hen tw o  d ifferen t in te rv a ls  ov erlap .

As P(x)  is th e  sum  o f these in te g ra ls , i t  can be  de te rm ined , if  w e are 
able to  e v a lu a te  b o th  ty p e s  of in teg ra ls .

T he o n e-d im ensiona l electron  d e n s ity  d is tr ib u tio n  can  be a p p ro x im a te d  
by  a g ra d u a l fu n c tio n  consisting  of s te p s  of equal w id th . I f  for th e  lim itin g  
p o in ts  o f  th e  in te rv a ls  we choose th e  e n d  po in ts  of th e  ce rta in  steps, all o f  th e  
p,(u)-s c o n ta in  only one s te p , i.e. each p,(u) will have  a c o n s tan t va lu e  in side  
th e  in te rv a l  o f th e  s tep  a n d  will be e q u a l to  zero o u ts id e  it. In  th is  case th e  
in te g ra l o f  th e  p ro d u c t o f  p,(u) and  Qk(u  -)- x) will b e  eq u a l to  th e  p ro d u c t  
o f b o th  h e ig h ts  of th e  s tep s  m u ltip lied  b y  th e  leng th  o f  th e  overlapp ing  in te r ­
v a ls . T he re su ltin g  fu n c tio n s  are re p re se n te d  therefo re  b y  triang les, w ith  b ase  
equal to  2 В  an d  h e ig h t e q u a l to  A B C  (F ig . 1). E ach  Pj(x) in teg ra l h a s  its  
m ax im u m  v a lu e  in th e  case, when x  is equal to  th e  d is tan ce  b e tw een  th e  
m iddle p o in ts  of th e  non -zero  in te rv a ls  o f  p,(u) and  Qk(u).  I t  m eans t h a t  a t  x 
values, co rrespond ing  to  th e  d istances b e tw een  the  m id d le  points of th e  s tep s  
we d raw  tr ia n g le s  w ith  b ase  o f 2J3 an d  A B C  of heigh t, a n d  a fte r it  we a d d  th e  
values of th e  func tions a t  th e  su itab le  p o in ts , we o b ta in  th e  P a tte rso n  fu n c tio n  
o f th e  m odel.

T he P a tte rso n  fu n c tio n  c o n stru c ted  according to  th e  m ethod  d esc rib ed  
co n ta in s all te rm s of th e  series:

P(x) 1 II 2  \F ^
h=о
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O n th e  o th e r h a n d , as th e  f irs t reflexions do n o t  a p p ea r on sm all-ang le  X -ray  
d iffrac tio n  p a tte rn s , or c an n o t be m easu red  a c c u ra te ly , th e  P a tte rs o n  function  
co m p u ted  from  th e  d a ta  of th e  p a tte rn  does n o t  co n ta in  th e  f irs t  te rm s  of P(x) .  
T h e  possible absence of te rm s belonging  to  h ig h e r h indices does no t cause

f ! u l

a,

к a fu)

a \
___L u

1 b /

F i g .  1 .  T h e  c o n s t r u c t io n  o f  t h e  P a t t e r s o n  f u n c t io n  fo r  t h e  c a s e  w h e n  t w o  s t e p s  o v e r la p
I

a) ?*(«)> b) Q i(u) a n d  Qk( x  +  u ), c )  P , ( x )  =  (  g,(u), ok( x  +  u )  d u
0

a g rea t e rro r because th e  values of F J 2, i.e . th e  in te g ra l in te n s ity  o f reflex ions 
o f h igher o rd er are  sm all in  these  cases, b u t  va lues of \Fh\2 belonging to  
h — 0 , 1, 2 m ay  be considerab le .

W e th ere fo re  have  to  su b tra c t also from  th e  P a tte rso n  function  co n ­
s tru c te d  in  th e  w ay  described  th e  te rm s  belo n g in g  to  th e  ind ices h =  0, 1, 2 . 
T he  correc tion  fu nc tions are  being c o n s tru c te d  as follows: each  Fkj2 can be 
w ritte n  in th e  form  used in  F o u rie r series:

i
F hj2 =  j P (x ) cos I ti hu/l  du .  (5)

o'
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S u b s titu tin g  P(x)  b y  its  form  decom posed  to  th e  sum  of trian g le  fu n c tio n s , 
Pj(x),  th is  expression d is in teg ra tes  in to  th e  sum  o f in teg ra ls  co n ta in in g  now  
th e  P,(x)  func tions w hich  can easily  be  given in a n a ly tic a l form . A fte r  th e  
d e te rm in a tio n  of these  in teg ra ls  th e  g enera l form  o f F h - will be:

F ig .  2 .  a )  P a t t e r s o n  f u n c t io n  fo r  n a t iv e  R T T  ( r a t  t a i l  t e n d o n )  d e te r m in e d  fro m  t h e  m e a s u r e d  
in te g r a l  in t e n s i t i e s  o n  sm a ll  a n g le  X -r a y  p a t t e r n s ,  b )  P a t te r s o n  f u n c t io n  g r a p h ic a lly  c o n s t r u c t e d

fr o m  t h e  m o d e l  o f  n a t iv e  R T T

w here лс, m ean s th e  v a lu e  o f x  b e long ing  to  the  m ax im u m  of P ,(x),  a n d  m  
m eans th e  n u m b er of trian g les .

M u ltip ly in g  th e  v a lu es  of F hj2, co rrespond ing  to  th e  reflex ions w hich  
can n o t he m easured  b y  cos 2 n  hujl,  w e o b ta in  th e  te rm s  w hich h av e  to  be 
su b tra c te d  as corrections from  our g rap h ica lly  co n stru c ted  P a tte rso n  fu n c tio n .
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The d a ta  of th e  assum ed m odel, i.e. th e  h e igh ts an d  co o rd in a tes  of th e  
steps have  to  be varied , u n til th e  g rap h ica lly  co n stru c ted  P a tte rs o n  fu n c tio n  
is s im ilar to  th e  P a tte rso n  fu n c tio n  c o m p u ted  from  th e  in te n s itie s  m easured  
on th e  X -ray  d iffrac tion  p a tte rn  (F ig . 2). T h is  m odel can th e n  be tre a te d  as 
f irs t ap p ro x im atio n  of th e  F o u rie r sy n th es is , an d  the  d e te rm in a tio n  of th e  
s tru c tu re  can be th en  refined in th e  usual w ay .
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L o n d o n , 1 9 5 8 .
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ГРАФ И ЧЕСКИ Й  М ЕТОД Д Л Я  О П Р Е Д Е Л Е Н И Я  Ф У Н КЦ И И  ПАТТЕРСОНА  
О ДН ОМ ЕРНОЙ С Т РУ К Т У РН О Й  МОДЕЛИ

М. Ф А Р К А Ш - Я Н К Е

Р е з ю м е

Даётся графический метод для составления функций П аттерсона одномерных 
постепенных структурных моделей. Метод может быть использован и при определении  
распределения электронной плотности вдоль больш ого периода молекулярны х цепей. 
Так как интенсивность первичного отражения диффракционной картины рентгеновых 
лучей большей частью является не точно измеримой, даётся коррекция и для этого случая.
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INELASTIC TWO-PRONG л- p INTERACTIONS 
AT 17,2 GeV IN EMULSION

B y

G. B o z ó k i , E . F e n y v e s , É v a  G o m b o s i  and E . N a g y

C E N T R A L  R E S E A R C H  IN S T IT U T E  O F P H Y S IC S , B U D A P E S T  

(P r e s e n t e d  b y  L . J á n o s s y .  — R e c e iv e d  2 . V I I . 1 9 6 4 )

T h e  a n g u la r  a n d  m o m e n tu m  d is t r ib u t io n s  o f  p io n s  a n d  p r o to n s  o b s e r v e d  in  tw o -p r o n e  
n ~  — p  in te r a c t io n s  in  e m u ls io n  are in v e s t ig a t e d .  T h e  r e s u l t s  g iv e  f u r th e r  s u p p o r t  to  t h g  
a s s u m p t io n  t h a t  in  th e s e  e v e n t s  t h e  in c id e n t  p io n  u n d e r g o e s  a q u a s i- e la s t ic  s c a tt e r in g . T h e  
c r o s s - s e c t io n  fo r  t h i s  p r o c e s s  is  e s t im a te d  t o  b e  a  z z  2  m b .

1. Introduction

W e have in v es tig a ted  th e  in e la s tic  tw o -p ro n g  in te rac tio n s  a t  17,2 GeV 
in em ulsion. T he aim  of ou r w ork w as to  s tu d y  th e  qu asi-e lastic  d iffraction  
c h a ra c te r  of ine lastic  processes a t  sm all m u ltip lic itie s  suggested  orig inally  b y  
M o r r i s o n  [1, 2] an d  confirm ed la te r  b y  o th e r  au th o rs  [3 — 5], an d  ex ten d  
o u r prev ious in v es tig a tio n s  carried  o u t a t 7 GeV [6 ] to  h igher energies.

2. Experimental

T he m easu rem en ts  w ere m ade in Ilfo rd  G5 em ulsion ir ra d ia te d  b y  a
jr_ -beam  of (17,2 ^  0,2) GeV energy . The p la te s  were 14,5 cm  X 23,5 cm X 
X 0,06 cm in size.

S canning  th e  p la te s  b y  follow ing th e  tra c k s  of p rim ary  p ions and  using  
a p p ro p ria te  selec tion  c rite ria  100 tw o-p rong  ine lastic  — p  in te rac tio n s  
w ere found . In  th e  analysis 40 m ore ev en ts  o f  th e  sam e ty p e , a n d  hav ing  th e  
sam e p rim ary  energy  m easured  b y  th e  A lm a-A ta  groups are  also included  [7].

The m ass an d  m o m en tu m  of th e  pa rtic le s  w ere d e te rm in ed  b y  a com bin­
a tio n  of b lo b -d en sity  an d  m u ltip le  sc a tte rin g  m easu rem en ts on re la tiv is tic  
tra c k s  h av in g  dip  angle < 5 ° .  To th e  rem ain in g  re la tiv is tic  p a rtic le s  geom etri­
cal co rrec tion  w as app lied . F o r tra c k s , w here b/b о >  M  irre sp ec tiv e  o f th e ir  
d ip  angles tw o o f th e  follow ing th re e  p a ra m e te rs  w ere m easu red : blob den sity , 
m u ltip le  sc a tte rin g  and  range.

F o r th e  sc a tte rin g  m easu rem en ts  a K o ris tk a  R4 m icroscope was used . 
T he sc a tte rin g  of secondary  p a rtic le s  w as d e te rm in ed  a t  cell le n g th s  for w hich 
th e  ra tio  of th e  signal to  noise w as a t  leas t 2. T he spurious sca tte rin g  w as 
d e te rm in ed  b y  m eans of sc a tte rin g  m easu rem en ts  on p rim ary  tra c k s  of w ell- 
know n energies on a to ta l  len g th  o f ab o u t 15 m .
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3. R esu lts an d  discussion

In  F igs. 1 an d  2 we have p lo tte d  th e  m o m en tu m  an d  tra n sv e rse  m o­
m e n tu m  d is tr ib u tio n s  o f secondary  p io n s and  p ro to n s  o rig in a tin g  in  tw o -p ro n g  
n ~  —p  in te rac tio n s  in th e  cen te r o f  m ass system  (CMS) of th e  co llid ing  pion 
an d  nucleon .

Fig. 1. The momentum distribution of secondary pions and protons in the CMS

T he average  m o m en ta  of p ions a n d  p ro tons in  th e  CMS are  <(Pcms) =  
=  (0,93 0,08) GeV/с an d  <(pcms) — (1»8 ^  0,3) GeV/с. The av erag e  tr a n s ­
v erse  m o m en ta  of p ions an d  p ro to n s  a re  <(P^> =  (0,29 ^  0,02) GeV/с and  
( p Px , =  (0,34 ±  0,05) GeY/c.

F ig . 3 shows th e  an g u la r d is tr ib u tio n  of p ions an d  p ro tons in  th e  CMS.
O ne can  see c learly  from  F ig . 3 t h a t  all p ro to n s  are  em itted  b a c k w a rd  

in  th e  CMS. The d is tr ib u tio n  of pions is also very  asy m m etric , th e y  are  e m itted , 
how ever, m o stly  in  th e  fo rw ard  d irec tio n .

A c ta  Phys. H u n g . Тот . X V I I I .  F a sc . 1.
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Fig. 2. The transverse momentum distribution of pions and protons in the CMS

T he fo u r-m o m en tu m  tra n s fe r  in  th e  tw o -p ro n g  я -  — p  in te rac tio n s  
was in v es tig a ted  in  th e  w ay  suggested  by  som e o f th e  au tho rs in  a previous 
p a p e r [8 ]. W e h av e  ca lcu la ted  th e  fo u r-m o m en tu m  tra n sfe r  sq u a re d , t, for 
л  -m esons in  th e  reac tio n :

+  p  ->■ p  +  л ~  +  к л °  (к =  1, 2 , . . .) , (1)

A c ta  P hys. H ung. Torn. X V I I I .  Fase. 1.
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C O S ÿrrN

Fig. 3. The angular distribution of pions and protons in the CMS

an d  th e  fo u r-m o m en tu m  tra n sfe r  sq u a re d  for ch a rg ed  pions hav ing  th e  sm aller 
fo u r-m o m en tu m  tra n s fe r  (irrespec tive  o f th e ir  charge) in th e  re a c tio n :

7 i~ -f- p  —i>- n -+- n ~  -)- n '  -f- к ’ 7 i°  (к'  =  0, 1, . . .) (2)

T he d is tr ib u tio n s  w hich  were o b ta in e d  app ly ing  a p p ro p ria te  geo m etrica l cor­
rec tio n  [6 ] can be seen in  Figs. 4a a n d  4b.

A c ta  P h y s . H u n g . Т от . X V I I I .  Fasc. 1.
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. c h Й .
3  (G -eV /c)2

Fig. 4. The four-momentum transfer distribution: of n in reaction (1) and that of pions 
having the minimum four-momentum transfer in reaction (2) irrespective of their charge

The shape of th ese  h is to g ram s is v e ry  sim ilar to  those  o b ta in ed  b y  some 
of th e  au th o rs  in th e  analysis of i t~  — p  in te ra c tio n s  in  em ulsions a t  7 GeV 
an d  in  bubb le  cham bers a t  7 and  16G e\ [8 ]. B oth d is tr ib u tio n s  are ra p id ly  falling  
off w ith  increasing  t q u ite  sim ilar to  th e  c h a ra c te ris tic  fo u r-m o m en tu m  t r a n s ­
fer d is tr ib u tio n  in h igh-energy  e lastic  sca tte rin g . In  [8 ] it was also show n from  
th e  b u b b le  ch am b er d a ta , th a t  in  reac tions of th e  ty p e  (2) in th e  m a jo rity  
of cases th e  fo u r-m o m en tu m  tra n s fe r  ca lcu la ted  fo r th e  л ^ -m eson is less th e n  
th a t  o b ta in ed  for th e  n  -m eson. F ro m  th ese  re su lts  th e  au th o rs  o f [8 ] h av e  
concluded  in acco rdance  w ith  M o r r i s o n  [1, 2] an d  o th e r a u th o rs  [3 — 5], 
th a t  in th e  ine lastic  tw o-p rong  tx~ — p  in te rac tio n s  th e  inc id en t p ion  u n d e r­
goes a quasi-elastic dif fraction scattering and has a ce rta in  ten d en cy  to  m a in ta in

5 A c ta  P h ys . H ung . Тот . X V I I I .  F a se . 1.
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its  charge . O ur p re se n t ex p e rim en ta l re su lts  g ive fu r th e r  su p p o rt to  th is  
conclusion .

F ro m  th e  o b serv ed  n u m b e r o f ev en ts  h a v in g  fa s t fo rw ard  e m itte d  pions 
th e  cross section  o f  th e  qu asi-e lastic  d iffrac tio n  sca tte rin g  can be rough ly  
e s tim a te d . T ak in g  in to  accoun t th e  p ro b a b ility  o f collisions on free  and  quasi- 
free  p ro to n s  in  em ulsion , th e  cross section  fo r th e  л ~  — p  qu asi-e la stic  d iffrac­
tio n  sc a tte rin g  tu rn s  ou t to  be a ^  2 m b a t  17 GeV. This v a lu e  is in good 
a g reem en t w ith  th e  resu lts o f M o r r is o n  [1 ], w ho has found  a =  2,25 m b 
fo r th e  sam e ty p e  o f  even ts p ro d u ced  by  16 GeV л  “ -m esons in  a hydrogen  
b u b b le  cham ber.

S everal a t te m p ts  were m ad e  to  exp la in  th e se  ex p e rim en ta l resu lts  [9]. 
O ne in te rp re ta tio n  w as th a t  th e  in c id e n t pion undergoes d iffrac tio n  sc a tte rin g  
on a v ir tu a l p ion  o f  th e  ta rg e t nucleon . A n o th e r in te rp re ta tio n  w as given b y  
th e  exchange of a P o m eran ch u k o n  betw een  th e  incom ing  pion a n d  th e  ta rg e t 
p ro to n  or betw een  th e  incom ing p ion  an d  v ir tu a l  ta rg e t  p ion. A ll these  m odels 
how ever, m u st be tre a te d  w ith  g rea t p re c a u tio n . The only  conclusion  th a t  
c a n n o t be d isp u te d  is th a t  the inelastic in te ra c tio n s  a t sm all m u ltip lic itie s  
h av e  quasi-elastic dif fraction character.
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Д В У Х Л У Ч Е В Ы Е  Н Е У П Р У Г И Е  ВЗА И М О Д ЕЙ С ТВИ Я В ЭМУЛЬСИИ ПРИ
Э Н Е РГ И И  17,2 ГЕВ

Г . Б О З О К И ,  Е .  Ф Е Н Ь В Е Ш ,  Е .  Г О М Б О Ш И  и  Е .  Н А Д Ь

Р е з ю м е
Было исследовано угловое и импульсное распределение двухлучевы х взаимодей­

ствий П" р в эмульсии. Полученные результаты подтверждают предполож ение, что 
при этих событиях пион рассеивается квази-упруго. Сечение этого процесса приблизи­
тельно равняется 2 мб.
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TRANSMISSION CURVE OF THE S35 CONTINUOUS 
BETA-RADIATION IN AIR

By

T. V e r t se  and D. B e r é n y i
IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R IA N  A C A D EM Y  O F  S C IE N C E S  (ATO M KI),

D E B R E C E N

(R eceived  3. I I . 1964)

J t is n o t only in th e  fu n d am en ta l re sea rch  of n u c lea r physics b u t also 
in  th e  ap p lica tio n s in w hich rad iac tiv e  nucleides are used a n d  above all w hen  
s tan d a rd iz in g  p u re  b e ta -e m itte r  sources th a t  it  becom es n ecessa ry  to  ta k e  
th e  ab so rp tio n  in th e  air la y e r  betw een th e  co u n te r and  th e  ion source in to  
accoun t.

H ow ever, some p rob lem s m ay arise in  connection  w ith  carry ing  o u t 
such  a co rrec tion . F irs t of all, th e  ab so rp tio n  o f th e  c o n tin u o u s  /3-radiation 
is supposed  to  be ex p o n en tia l, a lth o u g h  d ev ia tio n s  from  th is  law  w ere observed . 
On th e  o th e r h an d  th e re  are  considerab le d ifferences in th e  l i te ra tu re  betw een  
th e  values of p /q de te rm in ed  on th e  basis o f th e  ex p o n en tia l law . (The p re sen t 
s ta te  is sum m arized  in [1].)

F u r th e r  th e  m easu rem en ts  refer in m o st cases to  A1 an d  from  these  it  
is possible w ith  th e  help o f a correction  fo rm u la  only [2] to  o b ta in  th e  a b so rp ­
tio n  coefficient fo r air. H ow ever, no tran sm iss io n  curve in  a ir  o f any co n ­
tin u o u s /З-rad ia tio n  has been pub lished  in th e  lite ra tu re . (T here are  some recen t 
m easu rem en ts in  connection  w ith  th e  co rrec tion  to  th e  abso rp tion  in 
a ir [3].)

I t  w as, th e re fo re , found  w orthw hile  to  m easure th e  tran sm issio n  curve  
in a ir for th e  con tinuous /З-ra d ia tio n  of S35. T h is is one of th e  p u re  b e ta  em itte rs  
w ith  th e  low est en d p o in t energy  of th e  co n tin u o u s b e ta -sp e c tru m  and  th ere fo re  
is very  sensitive  to  th e  a b so rp tio n  in air.

The m easu rem en ts w ere m ade w ith  sc in tilla tio n  tech n iq u es , th e  d e tec tin g  
ph o sp h o r w as a p lastic  sc in tilla to r  ( 0 20 m m X 3  m m  in size) coupled to  a 
RCA 6342/A m u ltip lie r. To th e  A1 cy linder co n ta in in g  th e  m u ltip lie r  a v acuum - 
cham ber device was jo ined  in  such a w ay th a t  allowed to  p ro d u ce  a v acu u m  
in th e  space betw een  th e  source and  th e  sc in tilla to r  or to  m a in ta in  there  a ce r­
ta in  pressure. T he ex p e rim en ta l a rran g em en t can be seen in  F ig . 1 w here th e  
respective  dim ensions are also in d ica ted . T he position  of th e  source was ch an g e­
able b y  p lacing  a p p ro p ria te  in se ts  in to  th e  v a cu u m  cham ber. B efore the  sc in til­
la to r  a t a d is tan ce  of ab o u t 10 m m  was p laced  an  A1 d iap h rag m  w ith  an open ing  
of 0  16 m m  an d  2 m m  th ick n ess .

5* Acta Phys. H ung. Тот. X V I I I .  Fase. 1.



6 8 T. VERTSE and D. BERÉNYI

In  th e  course o f th e  m easu rem en ts  th e  p ressu re  w as changed  in  the 
v acu u m  ch am b er from  one a tm osphere  to  vacuum  (1 0 -2 H gm m ). In  F ig . 2 
th e  tran sm iss io n  curves ta k e n  a t th re e  d ifferen t so u rce -d e tec to r d is tan ces  
can be seen . The th ree  cu rv es  sa tis fac to rily  coincide dow n to  75%  tran sm issio n  
an d  even th e n  only th e  cu rv e  co rrespond ing  to  th e  la rg e s t so u rce-d e tec to r

F i g .  1 .  E x p e r im e n t a l  a r r a n g e m e n t  for  th e  in v e s t ig a t io n  o f  t h e  t r a n s m is s io n  o f  th e  S'15 b e t a -
r a y s  in  air o f  v a r y in g  p ressu re

d istan ce  (84 m m ) dev ia tes  from  th e  tw o  o th e rs . This can  p ro b a b ly  be ex p la in ed  
b y  b a c k sc a tte rin g  from  th e  b o tto m  of th e  vacuum  ch am b er.

T he coincidence o f th e  tran sm issio n  curves co rrespond ing  to  th e  27 
a n d  42 m m  so u rce -d e tec to r d istance  (w here b a c k sc a tte rin g  from  th e  b o tto m  
is neglig ib le) shows th a t  th e  m easu rem en t is p rac tica lly  n o t  in fluenced  b y  s c a t­
te r in g  fro m  th e  side w alls o f  th e  v acu u m  cham ber. This m ean s th a t  if th e  tra n s -
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m ission is m easu red  a t  a su ita b ly  fixed  so u rce-d e tec to r d is tan ce  as fu n c tio n  
o f th e  a ir p ressu re  an d  th e  th ick n ess  o f th e  a ir layer is exp ressed  in m g/cm 2, 
th e  m easu red  values im m ed ia te ly  give th e  decrease of th e  in te n s ity  of th e  S3° 
con tin u o u s b e ta -ra d ia tio n , ow ing to  th e  a b so rp tio n  of th e  a ir  lay e r a t d iffe ren t 
so u rce -d e tec to r d istances in  a tm o sp h eric  p ressu re . In  Fig. 2 th e  tran sm issio n  cur-

X

F i g .  3 .  T h e  tr a n s m is s io n  as f u n c t io n  o f  th e  h ig h  v o l t a g e  a p p lied  t o  t h e  m u lt ip l ie r  a t  a  g iv e n  
v a lu e  o f  t h e  a b so r b e r  ( so lid  c u r v e ) .  T h e  u p p e r  d a s h e d  c u r v e  g iv e s  t h e  c o u n t in g  r a te  w i t h o u t  

a b so rb er , a n d  t h e  lo w e r  d a sh e d  c u r v e  t h a t  w ith  t h e  a b so r b e r

ves are rep ro d u ced  w hich  w ere o b ta in ed  fo r  various d istan ces  as fu n c tio n  o f th e  
pressure. On th e  x-axis th e  v alues of th e  correspond ing  so u rce -d e tec to r d is tan ce  
a t  a tm o sp h eric  p ressu re  in  m m  are also  in d ica ted . I t  can  be seen t h a t  th e  
in te n s ity  o f th e  ra d ia tio n  in v es tig a ted  h e re  decreased to  a b o u t h a lf  its  o rig in a l 
va lue  a lread y  a fte r  p e n e tra tin g  15 m m  of a ir a t  a tm o sp h e ric  p ressu re . W e

Acta Phys. H ung. Тот. X V I I I .  Fasc. 1.
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shou ld  like to  m ake th e  fo llow ing rem ark  on th e  role o f  th e  high v o ltag e  o f 
th e  m u ltip lie r . I f  th e  tran sm iss io n  is m easu red  as fu n c tio n  o f  th e  high v o lta g e  
a t  a g iven  v a lu e  of th e  ab so rb e r a change o f  th e  tran sm iss io n  will be o bserved  
(see th e  so lid  cu rve  in  F ig . 3). One can  easily  see t h a t  th e  m in im um  o f 
th e  cu rve  d e te rm in es  th e  re a l value of th e  tran sm issio n . As a m a tte r  o f fa c t 
w hen using  low er values o f th e  h igh v o ltag e  th a t  co rrespond  to  th e  m in im u m  
o f th e  cu rve  th e n  th e  low -energy  p a r t  o f th e  sp ec tru m  w ill be cu t off a n d  a t

F i g .  4 .  T h e  b e t a - s p e c tr u m  o f  S 35 a t  d if f e r e n t  air p r e s s u r e s  b e tw e e n  t h e  so u r c e  a n d  th e  d e t e c t o r  
( th e  s o u r c e -d e t e c t o r  d is ta n c e  w a s  42  m m )

h ig h e r ones th e  d a rk  c u rre n t w ill m ake itse lf  fe lt m ore a n d  m ore. I t  m ay  also 
be  seen from  F ig . 3 th a t  a t  th e  va lu e  of th e  h igh  voltage  w h ere  th e  tran sm issio n  
h as  a m in im u m  th e  co u n tin g  ra te  a tta in s  its  s a tu ra tio n  v a lu e , i t  shows a p la te a u  
(cf. th e  d ash ed  curves in F ig . 3). In  our m easu rem en ts  th e  h igh  voltage  h a d  
a va lu e  o f 1250 V.

In  F ig . 4 th e  sc in tilla tio n  /З-spectra  o f S35 are given a t  d ifferen t v a lu es  
o f th e  p ressu re  betw een  th e  source and  th e  d e tec to r. In  th e se  m easu rem en ts 
th e  so u rc e -d e te c to r  d is tan ce  w as 42 m m  (th e  d a ta  fo r th e  d iaph ragm  w ere 
in d ica ted  earlie r).

Acta Phys. Hung. Тот. X V I I I .  Fase. I .
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W e also to o k  th e  tran sm iss io n  curve fo r th e  /l-rays o f  S35 in a lu m in iu m  
abso rbers. In  th e se  m easu rem en ts  th e  A1 foils w ere p laced  on th e  to p  o f th e  
d iap h rag m  (see F ig . 1). T he va lu e  of th e  h ig h  voltage, as ea rlie r, was 1250 Y 
a n d  th e  so u rce-d e tec to r d is tan ce  42 m m . T h e  form  of th e  tran sm issio n  cu rv e  
o b ta in ed  (F ig. 5) co rresponds to  th e  ex p e rim en ta l [4, 5] a n d  th eo re tica l [6 ] 
curves recen tly  p u b lished  in  th e  lite ra tu re . I t  can  be seen t h a t  th e  tran sm issio n  
curve  ta k e n  fo r a ir  has th e  sam e form  w hen p lo tte d  in a h a lf-lo g arith m ic  scale

%

F i g .  5 . T h e  t r a n s m is s io n  o f  t h e  S 35 b e ta -r a y s  in  a ir  a n d  in  A1 p lo t t e d  in  a h a lf - lo g a r ith m ie  
s c a le . T h e  s o u r c e -d e te c to r  d is t a n c e  w a s  42  m m  a n d  t h e  g e o m e t r y  w a s  t h a t  o f  F ig .  1

(F ig. 5). A d ev ia tio n  from  th e  s tra ig h t line appears m a in ly  a t  sm aller v a lu es  
o f th e  abso rber. F rom  th e  s tra ig h t sec tio n  of the  cu rv es  (a t la rger th ic k ­
nesses of th e  abso rber: fo r a ir from  a b o u t 1,5 m g/cm 2, i.e . a t  a tm o sp h eric  
p ressu re  a t  10 — 12 m m ; fo r A1 from  a t  a b o u t 3 m g /cm 2) th e  v alue  o f  (ijq 
w as de te rm in ed  as 246,7 fo r a ir. F o r A1 i t  was fo u n d  to  be 256,7 cm 2/g. 
F rom  our ex p erim en ta l d a ta  for A1 we ca lcu la ted  a v a lu e  o f 244,1 cm 2/g fo r 
a ir  on th e  basis o f th e  F u rn ie r  fo rm ula  [2]. T h is value agrees w ith  our m easu red  
v a lu e  v e ry  well. I t  is to  be n o te d  here t h a t  th e  mass a b so rp tio n  coeffic ien ts 
fo r A1 to  be found  in  th e  l i te ra tu re  show  considerab le  d ivergences: 290 cm 2/g [7], 
211 cm 2/g [8 ], 277 cm2/g [1].

F ina lly , we n o te  th a t  in  these  m easu rem en ts  we d isreg a rd ed  th e  effect 
due to  th e  b a c k sc a tte rin g  from  th e  su rface  o f th e  sc in tilla to r . Owing to  th is  
effect we can define an  effec tive  w indow  th ick n ess  the  v a lu e  of w hich is a b o u t 
0,1 m g/cm 2 [9] accord ing  to  an earlier m easu rem en t o f ours.
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T he a u th o rs  are in d e b te d  to  P ro f. A. S z a l a y  fo r th e  excellen t w ork ing  
co n d itio n s a t  th is  I n s t i tu te  an d  to  D r. Cs. Ú j h e l y i , rad io ch em ist, fo r  th e  
carefu l p re p a ra tio n  of th e  source.
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RESTRICTIONS ON THE VERTEX FUNCTIONS

B y

G. P ó c s i K
IN S T IT U T E  F O R  T H E O R E T IC A L  P H Y S IC S , R O L A N D  EÖ TV Ö S U N IV E R S E ! Y , (B U D A P E S T  

(R e c e iv e d  19 . I I I .  1 9 6 4 )

1. In  th e  p resen t n o te  i t  is show n t h a t  in th e  th eo rie s  possessing c o n ­
served  c u rre n ts  th e  v e rte x  fu n c tio n s are re s tr ic te d  by  c e r ta in  in teg ra l o r d if­
fe ren tia l re la tio n s. These re s tr ic tio n s  are  th e  necessary co n d itio n s for c u r re n t 
co nserva tion . T herefore, th e y  are very  u sefu l 1. for the  s im p lifica tion  of v a rio u s  
ca lcu la tions concerning th e  e lec tro m ag n etic  form  fac to rs  an d  2 . to  c o n tro l 
th e  c o m p a tib ility  of th e  c u rre n t con serv a tio n  and th e  v a rio u s  a p p ro x im a te  
v e r te x  fu n c tio n s.

2. T he renorm alized  e lec tro n -p h o to n  v e rtex  Г t, tra n sfo rm s  as a four- 
v ec to r  u n d e r th e  L orentz  g roup , th e re fo re , its  m ost gen era l form  can b e  con­
s tru c te d  from  12 in v a r ia n ts :

L e t us assum e th a t  th e  ph y sica l v acu u m  is in v a rian t u n d e r  space in v ersio n , 
charge co n ju g a tio n  and  tim e  inversion . I t  is easy  to  see t h a t  these  lead  in  tu rn  
to  th e  follow ing res tric tio n s :

T he sign -\~l— is valid  fo r ц  =  0 jj. (2) does n o t im pose a n y  res tr ic tio n  on  (1).

( 1 )

1 . ± Т ц(р , ,р 2) =  y0 Гр (— р и Р ю ,  — P2,P2o) Уо- ( 2 )

This s ta te s  th a t  
tions.

2 .

2 ’ 5’ 6» S’ 11 a re  even/odd func-

(3)

3. r ? ( P i , P i )  =  Уо r u(Yi>vPi)y»- (4)
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C onsequen tly , F ^ p ,  p ' )  =  F * ( p ' , p )  e tc . F ro m  (3) a n d  (4) we see th a t  
F j, . . F „  F 12/ F 8, . . F u  a re  rea l/im ag in a ry .

F u r th e r  re s tric tio n s a re  im posed b y  th e  a sy m p to tic s . N am ely, fo r zero  
m o m en tu m  tra n s fe r  b e tw een  free sp inors for p  —■► 00 th e  v ertex  fu n c tio n  
behaves as y ^ / Z ( y /t and

2FÁP->p) +  4m F4( p ,  p)  +  1 F3( p , p )  =  — p 2 =  m2 (5)
m m

l im ( 2/>u F, ( p ,p )  +  Уц Р3{Р,Р)  +  4Р МГР*](Р>Р) =  z i V  (6 )
p - » ~

3. In  th e  following w e shall exam ine th e  conditions fo r  gauge in v a ria n c e .
F rom  (1) and  (3) i t  follow s th a t  on ly  th e  in v a ria n ts  F t , 3, 4, 9, 1(), 12 can  

c o n tr ib u te  to  th e  e lec tro m ag n etic  form  fa c to rs . T herefo re , charge co n ju g a tio n  
in v arian ce  o f  th e  vacuum  s ta te  is a su ffic ien t condition  fo r  “ weak gauge in v a ­
rian ce”  [1]. In  o th e r w ords, charge  co n se rv a tio n  in one e lec tro n  m atrix  e lem en t 
a u to m a tic a lly  holds:

Q u U ( p ) r " ( p , p ’) u ( p ' )  =  0 .  (7)

As is w ell-know n, a necessary  co n d itio n  for gauge in v arian ce  is ju s t  th e  
W a r d  id e n ti ty  an d  th e  genera lized  W a r d  id e n ti ty  [2]. T h ese  can be com bined  
in to  an e q u a tio n  w hich ho lds in each gauge

Qß j  d x r " ( p x,Px)  =  0 ^ г " { р , р Ъ  (8 )
6

P x = P x  +  (1 — x ) p '  ■

F o r th e  in v a r ia n ts  we o b ta in  th e  re s tric tio n s

A P ’ P')  —  p QFA p , p ' )  +  Q2FA p , p ' )  =  J  2Qp x f A P x, P x)

B ( p , p ' )  -  F3( p , p ' )  +  PQ F5( p , p ’) +  Q2 F 7( p , p ' )  =

=  j  d x  (F3 ( Px, Px ) +  2 ( 2x  -  1 ) p x <?F4 ( p x, p x) )  (9)
Ö

C (p , p ' )  =  PQF, (p , p ') +  Fe (p , p' )  =  2 J  d x p x QFa ( Px, Px) ,

D ( p , p ' )  =  Fe ( p , p ' )  +  p QFu>(P’P') +  Qi F n ( p , p ’) =  о

o r in d iffe ren tia l form

d A ( p , p ' )  

9P,.

9 B ( p , p ' )

8Px

=  2p AF ,( p ,p ) ,  B ( p , p ' )  +  C ( p , p ' )  =  F3(p ,p )

=  - A -  C (p , p') =  2p; F4( p , p), D( p , p ') =  0
9P/.

(10)
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I f  a ce rta in  v e rtex  does n o t sa tisfy  th e  conditions (8 ) — (10), th e n  it 
c an n o t be com patib le  w ith  charge co n se rv a tio n . F u rth e rm o re , th e  in v a r ia n ts  
c o n tr ib u tin g  to  th e  e lec tro m ag n etic  form  fa c to rs  are no t in d e p e n d e n t o f th e  
o th e r in v a ria n ts  F This im m ed ia te ly  follows i f  we consider (10) on the  m ass 
shell. F o r in stan ce , in case o f sm all m o m en tu m  tran sfe r (QF^IdQ2) Q'1 --  0 =  
-  (9 F ,/3 p 2) Ç 2 =  0 e tc .

4. As an  exam ple we sha ll exam ine w h e th e r or n o t  E d w a r d s ’ lin e a r  
p ro g ram  [3] possesses th e  p ro p e rtie s  (8) —(10). F irs t of all, i t  can  be seen t h a t  
th e  genera l eq u a tio n s  are  co m p a tib le  w ith  (8 ). H ow ever, th e  a p p ro x im a te  
v e r te x  given b y  E d w a r d s  is

an d  fo r large p

m 2 (1 — x)

p 2 ж -(- m2

Э ( р 2у-18л

dp" y p  -f- m

/8,-r
( И )

( 12)

A sim ple ca lcu la tion  show s th a t  for la rg e  p  (11) and  (12) c o n tra d ic t (10). 
S im ilarly , it  is tru e  th a t  in N a m b u ’s  th e o ry  the  a p p ro x im a te  ax ial v e c to r  

v e r te x  p a r t  is n o t com patib le  w ith  th e  conserved  ax ia l v e c to r  c u rren t [4].
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PRESSURE IN A RELATIVISTICALLY DEGENERATED  
FERMION GAS WITH SCALAR INTERACTION

B v

G. M a r x  a n d  J .  N é m e t h

IN S T IT U T E  F O R  T H E O R E T IC A L  P H Y S IC S , R O L A N D  EÖ TVÖ S U N IV E R S IT Y , B U D A P E S T  

(R e c e iv e d  2 3 . I I I . 1 9 6 4 )

F o r the  analysis o f th e  g ra v ita tio n a l collapse in h y p e rs ta rs  it is necessary  
to  know  the  p ressu re -d en sity  re la tio n  for the  rea l b a ry o n  gas also  in the  
ex trem e  re la tiv is tic  reg ion  [1]. T he th e o ry  of n u c lea r m a tte r  en ab les  us to  
c o m p u te  th e  p re ssu re -d e n s ity  re la tio n  in th e  s ta te  o f  n o n re la tiv is tic  dege­
n e ra c y . T he case o f re la tiv is tic  d eg en eracy  has been  tre a te d  w ith o u t any  
in te ra c tio n  [2] and  w hen only  th e  rep u ls iv e  core w as ta k e n  in to  a c c o u n t [3], 
as of course one has no deta iled  in fo rm a tio n  abou t th e  b aryon  in te ra c tio n s  at 
v e ry  sh o rt d istances. A n e x tra p o la tio n  of th e  p ressu re -d en sity  re la tio n  was 
tr ie d  u n d e r th e  a ssu m p tio n  th a t  th e  rest-m ass d e n s ity , given by  th e  tra c e  of 
the  energy  tenso r, has to  be positive . I t  possib ly  te n d s  to  zero if th e  d ensity  
grow s beyond  all lim its . T his is e q u iv a le n t to  the  conclusion

(H ere  p  m eans th e  p ressu re , u th e  en e rg y  den sity  an d  n th e  p a rtic le  den sity .) 
(1) does n o t con ta in  v e ry  m uch in fo rm a tio n  abou t th e  b e h a v io u ro f  th e  fu n c tio n s 
p(n),  u(n)  a t very  h igh densities.

H ere  i t  is our aim  to  derive th e  p ressu re -d en sity  re la tio n  from  a sim ple 
m odel in te rac tio n  in th e  w hole re la tiv is tic  dom ain . W e do no t allow  neg lec t of 
an y  re la tiv is tic  effect, b u t  we do m ak e  an  over-sim plifica tion  in  re sp ec t of 
in te rac tio n s . B ecause o f th is  our re su lts  c an n o t be ex p ec ted  to  be c o rre c t, th ey  
a t  m o st supp ly  som e in fo rm atio n  on th e  m a th e m a tic a l p ecu lia ritie s  of the  
p ressu re -d en sity  law  in th e  ex trem e re la tiv is tic  do m ain .

In  our ap p ro x im a tio n  a zero -range in te rac tio n  will be used, th e  re la tiv ­
istic  sca la r version o f th e  tw o-nucleon  p o ten tia l U (r12) =  C ô(r 12) [4]. In  a 
n o n -q u an tized  sca la r fie ld  th e  en erg y  o f a ferm ion gas w ith  p artic le  d e n s ity  n 
in th e  T hom as — F erm i ap p ro x im a tio n  is know n to  be

p <  и an d  lim  ^  =  —
ч-*- и 3 ( 1 )

c-
1 P + P P  d V  . (2)
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T h e  field  eq u a tio n  d e te rm in in g  th e  scalar p o te n tia l  / i s  of th e  follow ing form :

V 2/ ---- ~ f ~  y 2f =  * n g n ^ ] f l  -  ß 2> . (3)

H ere  m  is th e  b a re  m ass c o n s ta n t of the fe rm io n s, g  is th e  coup ling  c o n s ta n t 
a n d  is th e  ra n g e  of th e  fie ld . T he k ine tic  en e rg y  of th e  p a rtic le s  is ta k e n  
in to  accoun t b y  ca lcu la tin g  th e  m ean  values <  >  of the  v e lo c ity  (/?)-dependent 
exp ression  w ith  th e  help of th e  F e rm i d is tr ib u tio n . O ur aim  is to  ev a lu a te  th e  
d ependence  o f th e  pressure

P  =
Э E  
8F

an d  o f th e  en erg y  density

u
£

V

on  th e  p artic le  d e n s ity  n a t  zero  te m p e ra tu re . T o  m ake th e  e v a lu a tio n  of (1) 
possib le , we go to  th e  lim it / t -1  =  0 [4]. L e t us in tro d u ce  dim ensionless 
q u a n tit ie s :

<F =  —

w ith

n p и
•> Л =  , ( X )  =  ----

n 0 Pn Uq

n 0 -- u o =  Pn — mc- n n •
32 7t2 g 2 m 2 c 

3 fi2 h3

M inim izing th e  en e rg y  E  w ith  re sp ec t to  <p, we a rr iv e  a t th e  re la tio n  (4)

<P =
3
2 7(1 — <P)3

„1/3

1 -  q>

j / 2 / 3

(1 -  4>)2

y l  13
In I

1 — (p

„2 /3

(1 -  <p Y  I

T his is th e  ex p lic it form  of th e  fie ld  equa tion  (3) in  the  lim itin g  case /<-1 =  0 
a n d  is eq u iv a len t to

<p =  y „< ]/l — ß 2} .  (5)
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(3) enab les us to  ca lcu la te  (p for ev e ry  d en sity  va lu e  v. T he p ressu re  an d  th e  
energy  d en sity  tu rn  o u t to  be of th e  follow ing fo rm :

n  — -  V Yv213 -f-(l —  (p)2 —  у -1  <p>(\ +  <p) ,

4
( 6 )

to =  —  V УV2,3 + ( 1  —  ер)2 +  y x <p( 1 +  (f) .
4

W hen re la tio n  (4) is tak en  in to  acco u n t n  and  to tu rn  ou t to  be fu n c tio n s of v. 
These are  show n in th e  F igure. H ere  we h av e  chosen th e  p a ra m e te r  va lues 
у  =  1,38 and  m  =  0,71-10_24 g,  because  th ese  rep roduce  th e  ex p erim en ta l 
d en sity  and  energy  o f th e  nuclear m a tte r  a t zero pressure. In  th is  case

n 0 =  2,8 • 1038 c m “ 3, u0 =  1,12 • 10“  MeV c m “ 3, p„ =  1,79 ■ 1029 a tm .

(This is n o t m ean t to  be an e x p lan a tio n  of th e  sa tu ra tio n  in  com m on nucleic 
because, th e  equ ilib rium  s ta te  p  =  0 is — in th e  case of W igner forces — in th e  
re la tiv is tic  dom ain  [4] co n trad ic ted  b y  the  fac ts  o f n uc lear physics.)

One sees t h a t 7i a t  f irs t has th e  n o n re la tiv is tic  form  0,2r°^3, la te r  i t  will be 
decreased  by  th e  a ttra c tiv e  in te ra c tio n , and  for v -* ■  oo it  w ill increase as 
0 ,2 5 r4̂ 3 like a n eu tr in o  gas w ith o u t a n y  in te ra c tio n . The cause of th is  b eh av io u r 
is c lear: for v ->  oo th e  p o ten tia l p  —>■ 1 and th e  physica l re s t m ass

M  =  m  +  =  m( 1 — <p) ,
c-

occurring  in  the  p a rtic le  energy an d  m o m en tu m , d isap p ear [4]. A t th e  sam e 
tim e  th e  m ax im um  F erm i velocity  app roaches c since

1

У1 -  ß 2

-  ln

3 ( l - у )3
2 v <P (1 -  <ру
.А'З

1 - < f
+ 1 +

„2/3

(1 -  <ру

ten d s  to  in fin ity  for v -> oo. A ccord ing  to  th e  field  eq u a tio n  (4) <p rem ains 
fin ite  also for in fin ite  densities, th u s  its  in fluence looses in  im p o rtan ce  in th e  
ex trem e  re la tiv is tic  region. The p o s tu la te d  re la tio n  (1) is verified  for th is  ty p e  
of in te rac tio n .

A bove a c ritica l d en sity  eq u a tio n  (3) can  be sa tisfied  n o t only  b y  one, 
b u t b y  th ree  d iffe ren t values of у  fo r a given d en sity  v. (As a m a tte r  o f fac t,
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F i g .  1

n o t one, b u t th re e  d iffe ren t va lues o f  p o te n tia l an d  v e lo c ity  can give th e  sam e 
F e rm i m o m en tu m  accord ing  to  th e  re la tiv is tic  fo rm ulas.) In  th e  F ig u re  along 
th e  b ra n c h  В  th e  p o te n tia l  decreases to  1 (<p 1) for r  ->  oo, an d  th e  m ax im um
F e rm i velo c ity  ->  c. In  th is  case (1) will be sa tisfied  b y  neg a tiv e  va lu es  of p  
an d  и :

3
u ív  Зп ------- r 4/3 for la rge  v .

1 4
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In  th e  b ra n c h  C th e  in te ra c tio n  p lays a decisive role in  th e  re la tiv is tic  reg ion: 
F o r V ->  oo th e  p o te n tia l  <p ->• th e  m ax im um  F e rm i velocity  ->  0, th u s

p  ^  и — 0,5 yv2.

(The in e q u a lity  (1) h as  lo s t its  v a lid ity , b u t  p /u  <  1 a n d  so th e  sound  ve lo c ity  
rem ains below  th e  ve lo c ity  of lig h t also in  th is  case.)

T he n eg a tiv e  en erg y  s ta te s  — in  th e  sense of D irac  — are ch a rac te rized  
b y  <  J / l — ß% >  <  0, i.e. b y  cp <  0. W e do no t in te n d  to  in v es tig a te  these 
so lu tions in  th e  p re se n t paper.

T he equ ilib riu m  s ta te  of th e  fe rm io n  gas is a t  v =  0,42, p  =  0. I f  by 
com pression th e  m a tte r  reaches h igher a n d  h igher d en sitie s  i t  m oves a long  th e  
b ran ch  A .  I t  is p ro b lem a tic  w heth er th e  s tran g e  b ran ch es  В  and  C m a y  h av e  
an y  p h ysica l m ean ing . I f  m a tte r  could  ju m p  from  A  to  C th e  fie ld  w ould  
do m in a te  and  th e  gas w ould collapse. (This “ sca la r co llapse”  is so m ew h at 
sim ilar to  th e  g ra v ita tio n a l collapse. I t  could  be s to p p e d  on ly  b y  a q u a n tu m  
flu c tu a tio n a l effect.) W e n o te  th a t  th e  occurrence of s ta te s  o f  negative  p ressu re  
of th e  ferm ion  gas a t  v e ry  h igh densities is n o t c e rta in  b u t  only  possib le . This 
is, how ever, a v e ry  in te re s tin g  p o ssib ility : P erh ap s b y  com pression  th e  rea l 
m a n y -n e u tro n  sy stem  m ay  be b ro u g h t to  an  ex trem ely  b o u n d  s ta te , in  w hich 
i t  has lo st its  p o sitive  m ass b u t  still h a s  p reserved  its  b a ry o n ic  charge . (The 
tra n s itio n  o f com m on te r re s tr ia l  nuclei in to  th is  su p e rb o u n d  s ta te  b y  tu n n e l 
effect is slow ed dow n b y  th e  m an y  degrees of freedom . As i t  is show n [5], 
for lig h t nucle i — e.g. fo r d eu te ro n  —• su ch  a su p erb o u n d  s ta te  does n o t  ex ist.) 
The fo rm a tio n  of such  supernucle i w ith  negligible or n eg a tiv e  re s t m ass m ay  
offer a possib ility  for th e  im ploding  h y p e rs ta r  to  decrease  its  g ra v ita tio n a l 
m ass below  th e  C h an d rash ek ar lim it. T h is m ay p re v e n t th e  g ra v ita tio n a l 
collapse inside th e  s in g u la rity . This m a th e m a tic a l p o ss ib ility , suggested  b y  our 
m odel, seem s to  deserve a m ore d e ta iled  (and  m ore rea lis tic ) in v e s tig a tio n .

6 Acta Phys. H ung. Тот. X V I I I .  Fase. I .
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The a u th o rs  are in d eb ted  to  P ro f. P . G o m b á s  and  to  D r. D . K i s d i  fo r 
v a lu a b le  d iscussions on m an y -fe rm io n  sy stem s. One of th e  a u th o rs  (G. M.) is 
h ig h ly  in d e b te d  to  P ro f. J .  R o b i n s o n  for th e  k in d  in v ita tio n  to  th e  S ou thw est 
C en te r for A d v an ced  S tudies in  D allas (T exas). T he discussions on th e  p rob lem  
o f g ra v ita tio n a l collapse have  g iven  the  in it ia tiv e  for th is  w ork .
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RECENSIONES

G. H e r t z

L ehrbuch  der K ernphysik , B and I I I ,  A ngew andte K ern p h y sik

B . G. T e u b n e r  V e r la g s g e s e ll s c h a f t ,  L e ip z ig , 1 9 6 2 .

I m  B a n d  I I I  d e s  L e h r b u c h e s  d e r  K e r n p h y s ik  w e r d e n  d ie  w is s e n s c h a f t l ic h e n  G ru n d la g en  
fü r  d ie  t e c h n is c h e  A n w e n d u n g  k e r n p h y s ik a l is c h e r  E r s c h e in u n g e n  b e h a n d e l t ,  o h n e  d a ss  a u f  
E in z e lh e it e n  d er  t e c h n is c h e n  D u r c h fü h r u n g  e in g e g a n g e n  w ü r d e . D a d u r c h  i s t  d a s  B u c h  e in e r ­
s e it s  g u t  ü b e r s ic h t l ic h , n ic h t  a llz u  la n g ,  a n d e r s e its  j e d o c h  g e n ü g e n d  a u s fü h r l ic h  u m  d e n je n ig e n ,  
d ie  k e r n p h y s ik a l is c h e  M e th o d e n  a n z u w e n d e n  b e a b s ic h t ig e n ,  ü b er  d ie  p h y s ik a l is c h e n  b e z ie ­
h u n g s w e is e  p h y s ik o -c h e m is c h e n  G r u n d la g e n  der e in z e ln e n  A n w e n d u n g s g e b ie t e  e in e n  h in r e i ­
c h e n d e n , w is s e n s c h a f t l ic h e n  Ü b e r b lic k  zu  g eb en .

D a s  B u c h  h a t  e in e n  U m fa n g  v o n  3 2 0  S e ite n  u n d  g l ie d e r t  s ic h  in  9 K a p i t e l .  D ie  e in z e ln e n  
K a p ite l  s in d  in  m e h r e r e , in s g e s a m t  7 6  P a r a g r a p h e n  g e g l ie d e r t .  D a s  B u c h  i s t  k la r  u n d  e in fa c h  
g e s c h r ie b e n  u n d  fü r  je d e n  m it  e n ts p r e c h e n d e r  V o r b ild u n g  le ic h t  v e r s tä n d l ic h .  D er  W e r t  d e s  
B u c h e s  w ird  d u r c h  d ie  79  sc h ö n e n  A b b ild u n g e n , 41  T a b e lle n  u n d  d u r c h  d ie  z a h lr e ic h e n  L i t e ­
r a tu r a n g a b e n  in  g r o s s e m  M asse  e r h ö h t .

I m  fo lg e n d e n  g e b e n  w ir  e in e n  k u r z e n  Ü b e r b lic k  ü b e r  d ie  im  B u c h  b e h a n d e lt e n  P r o b le m e .
K a p ite l  A  g ib t  e in e  E in fü h r u n g  in  d ie  T h eo r ie  d e r  R e a k to r e n . E s  b e h a n d e lt  d ie  im  R e a k ­

to r  a b la u fe n d e n  V o r g ä n g e , F ra g en  d er  S ta b i l i t ä t  u n d  d e r  A u s n u tz u n g  d e s  s p a ltb a r e n  M a te r ia ls ,  
so w ie  d ie  w ic h t ig s te n  zu r  E r g ä n z u n g  d er  th e o r e t is c h e n  B e r e c h n u n g  b e n u t z t e n  e x p e r im e n te lle n  
M e th o d e n . Im  K a p ite l  В  w erd en  d ie  v e r s c h ie d e n e n  M e th o d e n  d er  I s o t o p e n t r e n n u n g  b e s p r o c h e n .  
E s  h a n d e lt  s ic h  h ier  u m  e in e  n e u a r t ig e  D a r s te l lu n g  d ie s e s  G e b ie te s , in  d er  s ä m t l ic h e ,  s c h e in b a r  
se h r  v e r s c h ie d e n e n  V er fa h r e n  u n te r  e in e m  e in h e i t l ic h e n  G e s ic h t s p u n k t  b e h a n d e lt  w e r d e n .

D a s  n ä c h s t e  K a p ite l  is t  d er  T h e o r ie  der th e r m o d y n a m is c h e n  E f f e k te  d er  I s o t o p e n  
g e w id m e t . A u f  G r u n d la g e  d er M e th o d e  d er  Z u s ta n d s u m m e n  w e r d e n  d ie  th e r m o d y n a m is c h e n  
G le ic h g e w ic h te  in  I s o t o p e n s y s t e m e n , v o r  a lle m  d ie  B e r e c h n u n g  d e s  c h e m is c h e n  I s o t o p e n -  
a u s ta u s c h e s  b e h a n d e lt ,  d a  d ie se  fü r  d ie  t e c h n is c h e  I s o t o p e n t r e n n u n g  v o n  g r o s se r  B e d e u tu n g  i s t .

I m  K a p ite l  D  w ird  e in e  k u r z e  Ü b e r s ic h t  ü b e r  d a s  G e b ie t  d er  R a d io c h e m ie  g e g e b e n .  
W ir f in d e n  h ier  d ie  B e h a n d lu n g  d er  c h e m is c h e n  E ig e n s c h a f te n  d er n a tü r l ic h e n  r a d io a k t iv e n  
N u k lid e n ,  d er  T r a n s u r a n e  u n d  d er  k ü n s t l ic h  r a d io a k t iv e n  I s o to p e , so w ie  d ie  B e h a n d lu n g  d er  
s p e z ie l le n  M e th o d e n , d ie  fü r  d a s  A r b e it e n  m it  d e n  in  e x t r e m  sta rk er  V e r d ü n n u n g  v o r lie g e n d e n  
r a d io a k t iv e n  E le m e n t e n  e n t w ic k e l t  w o r d e n  s in d .

D  as n ä c h s t e  K a p ite l  b e h a n d e lt  d ie  A n w e n d u n g  d er  r a d io a k t iv e n  N u k l id e  in  der P h y s ik  
u n d  T e c h n ik . E s  w ird  n e b e n  z a h lr e ic h e n  B e is p ie le n  d e r  A u s n u tz u n g  d e r  a u s g e s a n d te n  h o c h ­
e n e r g e t is c h e n  S tr a h lu n g  u n d  d er A n w e n d u n g  der M e th o d e  d er  M a r k ie r u n g  a u c h  k u rz  a u f  d ie  
A lte r b e  S tim m u n g  m it t e l s  der R a d io a k t iv i t ä t  e in g e g a n g e n .

I m  K a p ite l  F  w er d e n  d ie  V e r fa h r e n  zur H e r s te l lu n g  m a r k ie r te r  V e r b in d u n g e n , d ie  
A n w e n d u n g  v o n  r a d io a k t iv e n  N u k lid e n  in  d er c h e m is c h e n  A n a ly t ik  ( I n d ik a to r a n a ly s e , I s o t o -  
p e n v e r d ü n n u n g s -  u n d  A k t iv ie r u n g s a n a ly s e )  so w ie  in  d e r  c h e m isc h e n  K in e t ik  u n d  der S tr u k t u r ­
leh re  e r lä u te r t .

E in  w e it e r e s  K a p ite l  b e h a n d e lt  d ie  V e r w e n d u n g  d er  s ta b ile n  I s o t o p e .  E s  w e r d e n  a u s ­
fü h r lic h  d ie  V a r ia t io n e n  in  d er  n a tü r l ic h e n  I s o t o p e n z u s a m m e n s e tz u n g  d e r  E le m e n te  u n d  d ie  
n e u e n tw ic k e l t e n  V e r fa h r e n  zu r I s o t o p e n a n a ly s e  b e s p r o c h e n . D ie  A n w e n d u n g  w ird  a n  e in e r  
R e ih e  v o n  B e is p ie le n  b esc h r ie b e n .

Ü b e r  d ie  u m fa n g r e ic h e  A n w e n d u n g  r a d io a k t iv e r  N u k lid e  in  M e d iz in  u n d  B io lo g ie  w ir d  
im  K a p ite l  H  n u r  e in  a llg e m e in e r  Ü b e r b lic k  g e g e b e n  : a n  e in e r  R e ih e  v o n  t y p is c h e n  B e is p ie le n  
w e r d e n  d ie  w ic h t ig s t e n  A r b e it s m e th o d e n  e r lä u te r t  u n d  ih re  F r u c h tb a r k e it  g e z e ig t .

Im  le t z te n  K a p ite l  s c h l ie s s l ic h  w ir d  a ls  A b s c h lu s s  d e s  B u c h e s  e in e  a u s fü h r lic h e  B e h a n d ­
lu n g  d e s  D o s is b e g r if fe s  u n d  d er D o s is m e s s u n g , s o w ie  e in e  v e r h ä lt n is m ä s s ig  e in g e h e n d e  D a r ­
s te l lu n g  d er  m ö g lic h e n  S c h ä d ig u n g e n , d er  z u lä ss ig e n  B e la s tu n g e n  u n d  d er  n o tw e n d ig e n  S tr a h -  
le n s c h u tz m a s s n a h m e n  g e g e b e n .

L . B o z o k y

6* .Icta Phys. Hung. Тот. X V I I I .  Fase. 1.



84 RECENSIONES

11. J a n c e l —T u . K ahan

E lectrodynam ique des p lasm as

f o n d é e  su r  la  M é c a n iq u e  s t a t i s t iq u e

T o m e  1: P r o c e s s e s  p h y s iq u e s  e t  M é th o d e s  m a th é m a t iq u e s  X X  -f- 6 2 2  p . D u n o d , P a r is  1 9 6 3 .

U n d o u b t e d ly  p la s m a  p h y s ic s  is  o n e  o f  t h e  m o s t  in te r e s t in g  t o p ic s  o f  m o d e r n  p h y s ic s .
S p e c ia l i s t s  in  q u ite  a  w id e  r a n g e  o f  s u b j e c t s  fr o m  t h e  t h e o r e t ic a l  a s t r o p h y s ic is t  t o  th e  

e le c tr ic a l  e n g in e e r , are e n g a g e d  in  r e s e a r c h  in  t h i s  d ir e c t io n . T h e  r a p id  d e v e lo p m e n t  o f  th is  
b r a n c h  o f  p h y s ic a l  s c ie n c e  i s  in f lu e n c in g  a lso  t h e  o th e r  b r a n c h e s  a n d  im p o r ta n t  r e s u lt s  o b ta in e d  
in  p la s m a  p h y s ic s  w ill  e f f e c t ,  d ir e c t ly  o r  in d ir e c t ly ,  th e  fu tu r e  l i fe  o f  m a n k in d .

T h e  e v e r - in c r e a s in g  s p e e d  o f  t h e  r a p id  d e v e lo p m e n t  o f  p la s m a  p h y s ic s  h a s  g iv e n  r ise  
to  a d id a c t ic  p r o b le m . I t  i s  p e r h a p s  t r u e  t o  s a y ,  t h a t  so fa r  th e r e  h a s  b e e n  n o  c o m p r e h e n s iv e  
t e x t b o o k ,  t h a t  w o u ld  b e  c u te r  fo r  t h e  u n iv e r s i t y  s t u d e n t  a n d  a t  t h e  s a m e  t im e  fo r  t h o s e  s t a r t in g  
to  s p e c ia liz e  in  p la sm a  p h y s ic s ,  a n d  t h a t  w o u ld  d e a l  s y s t e m a t ic a l ly  w it h  th e  w h o le  p h y s ic a l  
w o r ld  o f  p la s m a s .  T o  e x p r e s s  o u r  m is g iv in g s  m o r e  c le a r ly :  th e  o th e r w is e  e x c e l le n t ,  s m a lle r  or 
la rg er  t e x t b o o k s  or m o n o g r a p h ie s  are e ith e r  t o o  s h o r t  or to o  n a r r o w  in  sc o p e  — i .e .  t o o  s p e ­
c ia l iz e d  — t o  b e  a b le  t o  g iv e  a n  a t  o n c e  d e e p  a n d  m a n y -s id e d  s u r v e y  in  a s e lf  c o n t a in e d  fo rm . 
B u t ,  in  o r d e r  t o  m a k e  t e a c h in g  a t  t h e  u n iv e r s i t ie s  m o r e  e f f e c t iv e  in  o u r  o p in io n  j u s t  t h i s  w o u ld  
b e n e e d e d :  t o  d e c r e a s e  t h e  g a p  b e tw e e n  th e  a c t u a l  s t a t e  o f  p la s m a  p h y s ic s  r e s e a r c h  a n d  th e  
l e v e l  o f  t h e  t e x t  b o o k s .

T h e  p r e s e n t  v o lu m e , b e in g  th e  f ir s t  p a r t  o f  a  se r ie s , is  a c o n d e n s e d  v e r s io n  o f  t h e  m a te r ia l  
o f  le c t u r e s  d e liv e r e d  a t  t h e  S o r b o n n e  b y  t h e  a u th o r s . T h e y  r e c o g n iz e d  t h a t  a c o m p r e h e n s iv e  
w o r k  o f  t h i s  k in d  is  o f  in t e r e s t  t o  s p e c ia li s t s  o f  d if fe r e n t  b r a n c h e s , a n d  t h e y  th e r e fo r e  g iv e  
a s e l f - c o n ta in e d  r e v ie w  o f  t h e  w h o le  b a s ic  t h e o r y .

T h e  p r e s e n t  v o lu m e  is  d e v id e d  in to  e ig h t  c h a p te r s .
In  C h a p te r  1 th e  g e n e r a l  p r o p e r t ie s  a n d  t h e  f u n d a m e n ta l  p r o c e s s e s  g o in g  o n  a m o n g  

t h e  c o n s t i t u e n t s  a n d  th e  f o r m a t io n  a n d  d e c a y  o f  t h e  p la sm a s  a re  d e s c r ib e d .
C h a p te r  2 c o n ta in s  a n  e x c e l le n t  s h o r t  s u m m a r y  o f  t h e  b a s ic  p r in c ip le s  o f  s t a t i s t i c a l  

m e c h a n ic s  to g e th e r  w ith  a r e v ie w  a lso  o f  s o m e  m o d e r n  a p p r o a c h e s  r e la t in g  to  t h e  e v o lu t io n  
o f  n o n e q u il ib r iu m  s y s t e m s  a n d  th e ir  a p p lic a t io n s  to  th e  c a s e  o f  p la s m a s .

I n  C h a p te r  3 th e  d y n a m ic s  o f  b in a r y  c o l l i s io n s  is  s tu d ie d .
C h a p te r  4  is  d e v o t e d  to  t h e  d e ta ile d  s t u d y  o f  m o tio n  in  d i f f e r e n t  e x te r n a l  e le c t r ic  and  

m a g n e t ic  f i e ld s  o f  g iv e n  d is t r ib u t io n s  a n d  to  t h e  B r o w n ia n  m o t io n  o f  c h a r g e d  p a r t ic le s .
C h a p te r s  5 a n d  6 g iv e  a r e v ie w  o f  th e  t h e o r y  o f  th e  B o lt z m a n n  e q u a t io n , t h e  tr a n s p o r t  

e q u a t io n s ,  t h e  m a c r o s c o p ic  e q u a t io n s  a n d  t h e  s e v e r a l- f lu id -m o d e l  o f  p la sm a s .
I n  C h a p te r  7 th e  m e a n  fr e e  p a th  t h e o r y  o f  tr a n s p o r t  p r o p e r t ie s  o f  e q u ilib r iu m  p la sm a s  

is  e x p o u n d e d .
T h e  l a s t  c h a p te r  is  a c o m p r e h e n s iv e  t r e a t m e n t  o f  th e  g e n e r a l  m e th o d  fo r  th e  a p p r o x ­

im a te  s o lu t io n s  o f  B o lt z m a n n ’s in te g r o -d i f f e r e n lia l  e q u a t io n .
I n  t h e  A p p e n d ix  u s e f u l  m a th e m a t ic a l  s u m m a r ie s  are g iv e n .
T h e  g e n e r a l  im p r e s s io n  o f  t h e  p r e s e n t  r e v ie w e r  is  t h a t  t h e  a u th o r s  h a v e  in d e e d  r e a c h e d  

th e ir  t w o fo ld  a im : to  p r o v id e  u p - t o - d a t e  in fo r m a t io n  a n d  a t  t h e  s a m e  t im e  to  r e m a in  o n  th e  
s o lid  g r o u n d  o f  p e d a g o g y , i .e .  to  g iv e  o n ly  “ n e c e s s a r y  e le m e n ts ”  fo r  th e  b u ild in g  o f  a  v e r y  
n e a t  s t r u c t u r e .

E x c e l le n t  w o rk  h a s  b e e n  d o n e  b y  t h e  p u b lis h e r s  a s r e g a r d s  t h e  c a re fu l p r in t in g  a n d  
b e a u t i f u l  p r e s e n ta t io n  o f  th e  v o lu m e .

W e  h o p e  t h a t  t h is  e x c e l le n t  b o o k  w il l  s o o n  b e  fo llo w e d  b y  t h e  n e x t  v o lu m e s  a n d  t h a t  
i t  w il l  b e c o m e  a n  e f f e c t iv e  t o o l  in  th e  h a n d s  o f  t h e  s p e c ia lis t  a s  w e l l  a s  t h e  s c ie n t is t  w o r k in g  
in  o th e r  b r a n c h e s  o f  p h y s ic s .

I . A b o n y i

K . J .  B in n s  a n d  P . J .  L a w ren so n

A nalysis and  C om puta tion  of E lec tric  an d  M agnetic  Field P rob lem s

P e r g a m o n  P r e ss , O x fo r d  — L o n d o n — N e w  Y o r k  — P a r is , 1 9 6 3 . 3 3 3  p a g e s , 84  s n e t .

T h e  b o o k  p r e s e n ts  a v e r y  c o m p r e h e n s iv e  t r e a t m e n t  o f  t h e  a n a ly t ic a l  a n d  n u m e r ic a l  
m e th o d s  fo r  t h e  s o lu t io n  o f  t h e  t w o -d im e n s io n a l  s ta t io n a r y  a n d  q u a s i- s t a t io n a r y  e le c tr ic  
a n d  m a g n e t ic  f ie ld  p r o b le m s  in  n o t  m o re  t h a n  3 3 3  p a g e s .

A d a  Phys. H ung. Тот. X V I I I .  Fase. 1.
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T h e  m a th e m a t ic a l  k n o w le d g e  r e q u ired  o f  t h e  r e a d e r  is  o n  t h e  a v e r a g e  e n g in e e r ’s l e v e l ,  
a s s u m in g  t h e  n o r m a l c a lc u lu s  a n d  so m e  p r a c t ic e  in  t h e  s o lu t io n  o f  o r d in a r y  d if f e r e n t ia l  e q u a ­
t io n s ,  th e  u s e  o f  s im p le  F o u r ie r  se r ie s  a n d  o f  t h e  e le m e n ta r y  th e o r y  o f  fu n c t io n s  o f  a c o m p le x  
v a r ia b le .  T h e  m o re  a d v a n c e d  m a th e m a t ic a l  m e th o d s  u se d  in  t h e  b o o k  are f u l ly  e x p la in e d  
in  th e  t e x t  s u c h  a s  th e  s o lu t io n  o f  p a r t ia l  d i f f e r e n t ia l  e q u a t io n s , t h e  u se  o f  d o u b le  F o u r ie r  
se r ie s  a n d  e l l ip t ic  f u n c t io n s .

T h e  b o o k  is  d iv id e d  in t o  fo u r  p a r ts . P a r t  I g iv e s  a g en era l in tr o d u c t io n  in to  t h e  p r o b le m .  
I t  c o n ta in s  a n  in tr o d u c t o r y  c h a p te r  p o in t in g  o u t  t h e  b a s ic  a n a lo g ie s  in  t h e  m e th o d s  o f  s o lu t io n  
o f  s e v e r a l  o th e r  im p o r ta n t  f i e ld s ,  su c h  as th e  th e o r y  o f  h e a t  c o n d u c t io n  a n d  th e  f lo w  o f  f lu id s  
a s  w e ll  a s  s t a t i c  a n d  q u a s is ta t ic  e le c tr ic  a n d  m a g n e t ic  p r o b le m s. C h a p te r  2 is  d e v o te d  t o  b a s ic  
f ie ld  th e o r y  g iv in g  in  a v e r y  c o n c is e  fo rm  t h e  t h e o r y  o f  e le c tr ic  a n d  m a g n e t ic  f ie ld s  a n d  a  c le a r  
e x p la n a t io n  a n d  d e f in it io n  o f  t h e  p h y s ic a l  q u a n t i t ie s  u se d  in  t h e  la t e r  p a r ts  o f  th e  b o o k . T h e  
b a s ic  p h y s ic a l  r e q u ir e m e n ts  a re  c o l le c te d  in  t h is  p a r t ,  in  ord er t h a t  t h e  o th e r  th r e e  p a r t s  o f  
t h e  b o o k  m a y  b e  u sed  in d e p e n d e n t ly  o f  e a c h  o th e r .

P a r t  I I  e n t i t le d  “ D ir e c t  M e th o d s ”  c o n ta in s  th r e e  c h a p te r s :  C h a p te r  3 o n  th e  m e th o d  
o f  im a g e s , C h a p te r  4 o n  t h e  d ir e c t  m e th o d  o f  th e  s o lu t io n  o f  L a p la c e ’s  e q u a t io n  b y  s e p a r a t io n  
o f  th e  v a r ia b le s  a n d  C h a p te r  5 o n  t h e  so lu t io n  o f  P o is s o n ’s e q u a t io n  fo r  m a g n e t ic  f i e ld s  o f  
d is tr ib u te d  c u r r e n ts .

P a r t  I I I ,  th e  lo n g e s t  o f  t h e  fo u r , is  d e v o te d  t o  tr a n s fo r m a t io n  m e th o d s .  I t s  f ir s t  c h a p te r  
(C h a p te r  6 )  g iv e s  an  in tr o d u c t io n  to  co n fo r m a l tr a n s fo r m a t io n . T h e  n e x t  tw o  c h a p te r s  (C h a p ­
te r s  7 a n d  8 )  d e a l  w ith  c u r v e d  a n d  p o ly g o n a l b o u n d a r ie s . C h a p te r  9 c o n ta in s  th e  n e c e s s a r y  
d e t a i ls  o f  t h e  e l l ip t ic  in te g r a ls  a n d  f u n c t io n s , w h ile  C h a p te r  10 e x t e n d s  t h e  tr a n s fo r m a t io n  
m e th o d  to  th e  g e n e r a l c a s e .

P a r t  IV  on  th e  n u m e r ic a l  m e th o d s  d e a ls  c h ie f ly  w ith  t h e  m e th o d  o f  f in i t e  d i f f e r e n c e s  
a n d  w it h  so m e  p o ss ib le  u s e s  o f  t h e  M o n te  C arlo  m e th o d .

A t  t h e  e n d  o f  e a c h  c h a p te r  a d e ta ile d  l i s t  o f  r e fe r e n c e s  is  g iv e n .  A t  t h e  en d  o f  th e  b o o k  
fo u r  A p p e n d ic e s  p r o v id e  v a lu a b le  to o ls  for  c a r r y in g  o u t  th e  n e c e s s a r y  c o m p u t a t io n s  a n d  
a n  a d d it io n a l  b ib lio g r a p h y .

T h e  b o o k  w r it te n  in  a v e r y  c lea r  s t y le  c o n t a in s  m a n y  p r a c t ic a l  e x a m p le s  a n d  f ig u r e s  
r e fe r r in g  t o  v a r io u s  f ie ld  p r o b le m s . I t  ca n  b e  r e g a r d e d  as a v a lu a b le  g u id e  fo r  e n g in e e r s  
a n d  p h y s ic is t s  fa c e d  w it h  t w o -d im e n s io n a l  s t a t ic  a n d  q u a s is ta t ic  p r o b le m s .

P u b lis h e d  b y  P e r g a m o n  P r e ss  th e  b o o k  h a s  t h e  u s u a l h ig h  s ta n d a r d  o f  P e r g a m o n  
p u b lic a t io n s .

J .  A n t a l

P  t i n t e d  i n  H u n g d f y

A k ia d á s é rt  fe le l az  A k ad ém ia i K ia d ó  ig az g a tó ja  M ű szak i s z erk e sz tő  : F a rk a s  S ándor
A  k é z ira t  n y o m d á b a  é rk e z e tt :  1964. IX . 28. — T e rjed e lem : 7 ,50  (A /5) ív  37 á b ra
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T h e  A c t a  P h y s i c a  p u b lis h  p a p ers  o n  p h y s ic s ,  in  E n g lis h , G e r m a n , F r e n c h  a n d  R u s s ia n .  
T h e  A c t a  P h y s i c a  a p p e a r  in  p a r ts  o f  v a r y in g  s iz e ,  m a k in g  u p  v o lu m e s .
M a n u s c r ip ts  s h o u ld  b e  a d d r e s s e d  to  :

A c t a  P h y s i c a ,  B u d a p e s t  5 0 2 ,  P o s t a f i ó k  2 4 .

C o r r e sp o n d e n c e  w i t h  t h e  e d ito r s  a n d  p u b lis h e r s  sh o u ld  b e  s e n t  to  t h e  s a m e  a d d r e s s .  
T h e  r a t e  o f  s u b s c r ip t io n  t o  t h e  A c t a  P h y s i c a  is  110  f o r in ts  a  v o lu m e . O rd ers  m a y  b e  

p la c e d  w i t h  “ K u ltú r a ”  F o r e ig n  T r a d e  C o m p a n y  fo r  B o o k s  a n d  N e w s p a p e r s  ( B u d a p e s t  I . ,  
F ő  u . 3 2 . A c c o u n t  N o .  4 3 -7 9 0 -0 5 7 -1 8 1 )  o r  w i t h  r e p r e s e n t a t iv e s  a b r o a d .

L e s  A c t a  P h y s i c a  p a r a is s e n t  en  fr a n ç a is ,  a l le m a n d , a n g la is  e t  r u s s e  e t  p u b l ie n t  d e s  
t r a v a u x  d u  d o m a in e  d e  la  p h y s iq u e .

L e s  A c t a  P h y s i c a  s o n t  p u b lié s  so u s  f o r m e  d e  f a s c ic u le s  q u i s e r o n t  réu n is  en  v o lu m e s .  
O n  e s t  p r ié  d ’e n v o y e r  le s  m a n u s c r it s  d e s t in é s  à  la  r é d a c t io n  à  l ’a d r e sse  s u iv a n t e  :

A c t a  P h y s i c a ,  B u d a p e s t  5 0 2 ,  P o s t a f i ó k  2 4 .

T o u t e  c o r r e sp o n d a n c e  d o i t  ê tr e  e n v o y é e  à c e t t e  m ê m e  a n d r e s s e .
L e  p r ix  d e  l ’a b o n n e m e n t  e s t  d e  11 0  fo r in t s  p a r  v o lu m e .
O n p e u t  s’a b o n n e r  à  l ’E n tr e p r is e  d u  C o m m e r c e  E x té r ie u r  d e  L iv r e s  e t  J o u r n a u x  

« K u ltú r a »  ( B u d a p e s t  L ,  F ő  u . 3 2 . —  C o m p te -c o u r a u t  N o . 4 3 -7 9 0 -0 5 7 -1 8 1 )  o u  à  l ’é t r a n g e r  
c h e z  t o u s  l e s  r e p r é s e n ta n ts  o u  d é p o s ita ir e s .

« A c t a  P h y s i c a »  п у б л и к ю т  т р а к т а т ы  и з  о б л а с т и  ф и з и ч е с к и х  н а у к  н а  р у с с к о м ,  
н ем ец к о м , а н г л и й с к о м  и  ф р а н ц у з с к о м  я з ы к а х .

« A c t a  P h y s i c a »  в ы х о д я т  о т д ел ь н ы м и  в ы п у с к а м и  р а зн о г о  о б ъ е м а . Н е с к о л ь к о  в ы ­
п у с к о в  с о с т а в л я ю т  о д и н  том .

П р е д н а з н а ч е н н ы е  д л я  п у б л и к а ц и и  р у к о п и с и  с л е д у е т  н а п р а в л я т ь  п о  а д р е с у :

A c t a  P h y s i c a ,  B u d a p e s t  5 0 2 ,  P o s t a f i ó k  2 4 .

П о  з т о м у  ж е  а д р е с у  н а п р а в л я т ь  в с я к у ю  к о р р е с п о н д е н ц и ю  д л я  р ед а к ц и и  и  а д м и ­
н и с т р а ц и и .

П о д п и с н а я  ц ен а  « A c t a  P h y s i c a »  —  П О  ф о р и н т о в  з а  т о м . З а к а з ы  п р и н и м а е т  п р е д ­
п р и я т и е  п о  в н еш н ей  т о р г о в л е  к н и г  и  г а з е т  « K u l t ú r a »  (B u d a p e s t  L ,  F ő  u . 3 2 . Т е к у щ и й  
с ч е т :  №  4 3 -7 9 0 -0 5 7 -1 8 1 )  и л и  е г о  з а г р а н и ч н ы е  п р е д с т а в и т е л ь с т в а  и  у п о л н о м о ч е н н ы е .
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PERIODIC FOCUSING OF DENSE ELECTRON REAMS 
WITH THIN LENSES

By

M. S z il á g y i

R E S E A R C H  IN S T IT U T E  F O R  T E C H N IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  SC IE N C E S , B U D A P E S T  

( P r e s e n te d  b y  G . S z ig e t i .  — R e c e iv e d  23 . I .  1 9 6 4 )

I n  t h e  f i r s t  p a r t  o f  t h is  p a p e r  t h e  s t a b i l i t y  o f  a n  a x ia l ly  s y m m e t r ic  d e n se  e le c t r o n  
b e a m , fo c u s e d  b y  m e a n s  o f  a  p e r io d ic  se r ie s  o f  t h i n  le n s e s  is  c o n s id e r e d . T h e  r e s u l t s  h e r e  
o b ta in e d  a re  d i f f e r e n t  fr o m  t h o s e  g iv e n  b y  J . R .  P i e r c e  [1 ].

I n  t h e  s e c o n d  p a r t  a n  in v e s t ig a t io n  o f  t h e  p e r io d ic  fo c u s in g  o f  a  s h e e t  e le c tr o n  b e a m  
b y  m e a n s  o f  t h in  c y l in d r ic a l  le n s e s  i s  g iv e n . T h e  r e q u ir e d  v a lu e  o f  t h e  f o c a l  le n g t h  o f  t h e  
le n s e s  is  d e te r m in e d . I t  is  f o u n d  t h a t  t h is  k in d  o f  f o c u s in g  is  s t a b le .

In troduction

P eriod ic  focusing is a successful m e th o d  for focusing  dense e lec tro n  
b eam s. The m a in  p o in t o f th is  m ethod  is th e  co m pensa tion  of th e  space 
charge  d iv e rg en t effect o f th e  beam  b y  an  a ligm en t of id e n tic a l lenses. T he 
case w hen th e  focal len g th  o f th e  lenses ( f )  is fa r  g rea te r th a n  th e  p ra c tic a lly  
no ticeab le  ex ten s io n  of th e ir  fie lds in  th e  d irec tio n  of th e  ax is  has been co n ­
sidered . Such lenses are called  th in .  F u r th e r  w e suppose th a t  th e  space l b e tw een  
tw o  ne ig h b o u rin g  lenses is also fa r  g rea te r th a n  th e  e x ten s io n  of th e  fie ld s.

The f irs t  p a r t  of th e  p a p e r  is concerned  w ith  th e  s ta b i l i ty  of an  ax ia lly  
sy m m etric  dense elec tron  b eam , focused b y  m eans of a series of id e n tic a l 
converg ing  th in  e lec tron  lenses i. e. w ith  th e  change of th e  geo m etry  o f  th e  
b eam  w hen th e  in it ia l  co n d itions undergo  sm all v a r ia tio n s , ta k in g  in to  
acco u n t th e  d iverg ing  effect o f  th e  space ch a rg e .

T his p ro b lem  was d iscussed  p rim arily  b y  J .  R . P i e r c e  [1 ] . In  th e  course 
o f  ou r in v e s tig a tio n  resu lts  q u ite  d ifferen t f ro m  those g iven  b y  J .  R . P i e r c e  
h a v e  been  o b ta in e d . W e h av e  d raw n  his a t te n t io n  to  th is  d isc rep an cy . On th e  
in it ia tio n  o f P i e r c e  W . W . R ig r o d  re p e a te d  th e  ca lcu la tio n  an d  o b ta in ed  
re su lts  ag reeing  w ith  those  g iven  here  [2].

In  th e  second  p a r t  th e  period ic  focusing  o f sheet dense  e lec tron  b eam s 
b y  m eans o f a series of th in  cy lind rica l lenses is d ea lt w ith . T his p rob lem  is 
n o t t r e a te d  in  th e  li te ra tu re . W e give a sim p le  expression  fo r th e  re q u ire d  
va lu e  o f th e  focal len g th  o f th e  lenses. I t  is fo u n d  th a t  th is  k in d  of focusing  
o f  dense sh ee t b eam s is s ta b le  in  a ll cases.

B o th  p rob lem s m ay  be ap p lied  to  e le c tro s ta tic , m a g n e tic  and  com ple­
m e n ta ry  th in  lenses.
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88 M. SZILAGYI

1. The stability o f an axially symmetric electron beam focused by m eans o f  a
series o f thin lenses

L e t us p lace a series o f  id e n tic a l th in  e lec tro n  lenses, w ith  a focal le n g th  / ,  
p e rio d ica lly  a t  an  eq u a l d is tan ce  l from  each  o th e r (Fig. 1). A lam inar p a ra lle l 
e lec tro n  b eam  arrives in to  th e  sy stem , p a ra lle l to  th e  z-ax is. The beam  rad iu s  
is r 0. T he edge tra je c to ry  o f  th e  beam  w ill be exam ined  la te r .  In  th e  th in  lens 
a p p ro x im a tio n  it  can  be assum ed  th a t  th e  beam  m otion  in  th e  section b e tw een  
a n y  tw o  lenses is d e te rm in ed  only  b y  space  charge a n d  th e  lenses change 
su d d en ly  th e  slopes o f th e  b eam  tra je c to r ie s  w ith  re sp e c t to  th e  z-ax is. T he 

d r  ,
slope —— =  r0 th u s  fo rm ed  im m ed ia te ly  a f te r  th e  len s , gives th e  v a lu e  o f 

dz
th e  in it ia l  slope for th e  m o tio n  in th e  follow ing sec tion .

P a ra m e te rs  l an d  /  c h a rac te riz in g  th e  system  m a y  be chosen so th a t  
th e  co n fig u ra tio n  o f  th e  b eam  w ould be id en tica l in  a ll sections a n d  sy m ­
m e trica l w ith in  th e  sec tions w ith  re sp ec t to  th e  cen tre  o f  th e  section . T hese 
re q u ire m e n ts  are realized  i f  th e  co n d ition

/
-  =  -  2 rj (1)

is sa tis fied , w here th e  v alue  o f r(, is d e te rm in ed  bv  th e  le n g th  /, beam  ra d iu s  r №
I

an d  b e a m  p erveance  P  —  — r—-- , in  th e  w ay  given in  [1], s im u ltan eo u sly

sa tis fy in g  th e  cond ition
Щ1*

1 =  2z„

(H ere zmin is th e  co o rd in a te  o f th e  m in im u m  beam  cross-section , I  th e  b eam  
c u rre n t in  am pères and  U 0 th e  acce le ra tin g  p o te n tia l in  volts.) E v id e n tly  
r'o <  0 .

I t  shou ld  be m en tio n ed  th a t  exp ression  (1) is n o t  concerned w ith  th e

f irs t  lens p laced  in th e  p lan e  z =  0. T he convergence — o f th is  lens should
f i

be th e  h a lf  o f th e  convergence —  o f all th e  o th e r lenses because th is  lens

changes th e  slope o f th e  edge p a th  from  zero to  r'0.
L e t us now  pass to  th e  question  o f  stability. F ro m  a p rac tica l p o in t o f  

view  th is  is a question  o f  decisive im p o rtan ce  because  i t  is im possib le  to  
ensure  a to ta l  id e n ti ty  a n d  s tead iness o f  th e  in itia l cond itions. So u n s ta b le  
focusing  is n o t p rac ticab le .

Suppose th a t  in an  a rb itra ry  p o in t z th e  d ev ia tio n s o f the  b eam  rad iu s  
and  slope from  th e  ideal v a lues r an d  r' g iven in  Fig. 1 a re  dr and  ôr' because
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PERIODIC FOCUSING OF DENSE ELE-CTRON BEAMS 89

in s tead  of r u a n d  rg th e  in it ia l  values are r 0 -f- ôr0 an d  r'0 -)- őrg. (The p rim es 
rep resen t d e riv a tio n  w ith  re sp ec t to  2). T h en  we can w rite

( 2 )

(3)

The p a r t ia l  deriv a tiv es  in d ica te  th e  degree of d e v ia tio n  of the  va lu es  r  
an d  r ',  co rrespond ing  to  an  a rb itra ry  p o in t 2, w hich o rig in a tes  in the  v a r ia tio n  
of th e  in itia l va lues r 0 and  r'0.

L et us consider th e  sec tion  betw een  th e  n -th  a n d  (n -|- l) - th  lenses 
an d  rew rite  expressions (2) a n d  (3) for th e  p o in t im m ed ia te ly  a f te r  the  (n -)- l ) - th  
lens. In  th is  case th e  in itia l cond ition  co rresponds to  th e  beginning o f  th e  
sec tion ; th u s  r u =  rn an d  r ’0 =  r’n. We o b ta in

and

ô r n  + 1 =
dr

3 rn
ôr„

dr

3ró
àr;

n + 1
(4)

ôrn +1 =
8r '
3r„

K  +  ^ y
n + i  3 r0

<5r'
П +  1 /

ó rn + l- ( 5 )

H ere th e  la s t te rm  ap p ears  because th e  (n -f- l ) - t h  lens affects th e  
dev ia tio n  of th e  beam  slope a lread y  a t th e  p o in t im m ed ia te ly  a fte r th e  lens.

O ur ta s k  is now  th e  d e te rm in a tio n  o f  th e  p a r tia l d e riv a tiv es . F o r th is  
th e  expressions o f th e  beam  m otion  d e te rm in ed  by  space charge given in [1]

l* Acta Phys. H ung. Тот. X V I I I .  Fuse. 2.



90 M. SZILÁGYI

will be u sed . I t  is co n v en ien t to  w rite  th e se  expressions in  th e  follow ing w ay :

( 6)

174yp

J 2 r n

and
174 y p

174 / P
= r  =  ± I n —  +

ro 174 1IP
( 7 )

I f  we consider th e  co n v erg en t p a r t  o f  th e  beam  th e  n eg a tiv e  sign shou ld  
be chosen  b efo re  th e  ro o t, a n d  th e  p o sitiv e  sign if  th e  d iv e rg en t p a r t  o f  th e  
b eam  is considered .

L e t us d iffe ren tia te  b o th  sides o f e q u a tio n  (6) w ith  re sp e c t to  r 0 a n d  r<J. 
W e h av e

and

Эг'

8r„

174 VP

( m y p)  174 V P  z  ( 174yp )
e — --------- --------- e

Эг'

8ró _  ci ^ y p ) _____ L  _  =  174 1f P z  _ 2_r' е{тщрУ
174 У Р  174 f P  2 r0 (174 / p )2

( 8)

(9)

L et us now  d iffe re n tia te  b o th  sides o f  eq u a tio n  (7) w ith  respect to  th e  
sam e p a ra m e te rs . We o b ta in :

and

dr' 1 dr

Эг0 r dr0
174 )rP 2 r '

174 }IP~

dr' 1
—  +  -  
dr’0 (]dr’o r

174 УР 2 r '
174 УР

( 10)

( H )

T he fo rm  o f th e  expressions (8)— (11) does n o t depend  on  th e  fac t w h e th e r 
th e  co n v e rg e n t o r th e  d iv e rg e n t p a r t  o f  th e  beam  is in v es tig a ted .

In  th e  case o f th e  sec tio n  considered  we have r 0 =  rn an d  r'0 =  r'n. 
A t th e  f in a l  p o in t of th e  sec tio n  z — l. I n  a n  ideal case w e have: rn =  rn+1 
an d  =  r(j+1. So we h av e
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PERIODIC FOCUSING OF DENSE ELECTRON BEAMS 91

Г*=  Гп =  Г,n n + 1 r o = r n  =  r n +1 ■

T hus from  expressions (8)— (11) the  d e riv a tiv e s  are

8r
3 rn

К

n + 1

8r 2 lr »■
3r ' [ n+1 (174 ] /P f

dr'

3r0

8r '

8^

(174 Y P f l

П +  1

n + 1

2  r 2 + r0

i  +  J iL

F rom  (4) we have

br' =
1

8r

®ro L+i

Г 8 r
brn<4+i -

CD *4 о n -Ы

and

< 4  + 1 = dr I 

9r0 |n + 2

< 4  +  2 —
8r '
dr

brn + 1
0 In +  2

(13)

(14)

(15)

(16)

(17)

(18)

(12)

A ccord ing  to  (13)— (16), th e  p a r t ia l  deriv a tiv es  d ep e n d  only on  r 0 
an d  r'0. B esides, fo r any  va lu es  o f к we h a v e  r 0 =  rk a n d  =  r’k.

T herefo re  we m ay  om it th e  indices. T h e  fa c t shou ld , how ever, be m e n ­
tio n ed  th a t  these  d e riv a tiv es  are  concerned  w ith  th e  im m e d ia te  beg in n in g  
o f th e  sec tion . S u b s titu tin g  (17) and  (18) in to  (5) we o b ta in

8r
8r П+2 9r0
9 ró

co

8*o \дг 8Г
Эг,

9 ró

<4+1

- <4

dr'
drn

br„ —

brn + 1

/
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92 M. SZILÁGYI

R e d u c in g  th e  e q u a tio n  we have

. \  dr dr' 1 Эг 1
d r n +2 —  — h —  -  d r n +1 +

L dro dro f  9r0 J

, Г dr dr' dr' dr . л ^
+ ---------------------------------- dr =  0

dr0 d r ' d r0 8 ró

L e t us now  s u b s titu te  th e  values o f  th e  d e riv a tiv e s  from  (13)— (16) and  

th e  v alue  o f  —  from  (1) in to  (19). T he coefficien t o f ôrn is

dr _  dr'_ dr _  / ^ író j í //'ó P ró2 =  j
3 ru 8r(; 8r0 8r(; ' r 0 ] |  r0 j r2

T he coeffic ien t o f ôrn+1 is

8r dr' 1 Эг _  lr'0 lr'0
— i ----------------— ----— — i ------------- r  1 T

9 t0 9r0 /  8r0 r0 r9

2jr^  _ 2 IrIf =  2 Г 2 lr ?
r0 (174 VP)* 4  (174 | P ) 2r0 '

T h ere fo re  equa tion  (19) m ay  be w r it te n  in th e  fo llow ing w ay:

<5^+2  — 2 M ôrn+1 + ó r n =  0 ,  (20)
w here

2 /г ' 3
M  =  1 +  -  “ -° - . (21)

(174 f P ) 2 ru

The so lu tio n  o f e q u a tio n  (20) is [ l ] :

а) ôrn =  const, cos [га arc cos M ] , ;f  M  j <Ç 1 , (22)

б) ôrn =  const, ch  [n arc ch M  ] cos у л п ,  i f  \M\ ]> 1 ,  (23)

w here

1, if M  <  — 1 ,
7 _  0, if  M  >  1 .

The v a lu e  o f  ôrn m u s t n o t increase a rb itra r ily  in  th e  section b e tw een  
th e  n -th  an d  (n  -f- l) - th  lenses if  the  focusing  is to  be s ta b le . T herefore e x p re s ­
sion  (22) re fe rs  to  the  s ta b le  an d  exp ression  (23) to  th e  u n stab le  focusing . 
T hus in th e  s ta b le  region o f  focusing  th e  fo llow ing cond itio n  m u st be sa tis f ied :

Acta Phys. H ung. Тот . X V I I I .  F asc. 2.
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]M | <  1 .  (24)

L e t us in tro d u ce  th e  d im ensionless v ariab les

Z  =  174 y p  —  (25)
ro

an d

R =  —  . (26)
ro

T hen

R ' =  d R  I =  1 É L I  r° _  (27)
d Z  |z .o  ~ 174 f P  dz |z_0 174 ]/P

an d

L  =  174 УР — . (28)
ro

E xpression  (21) can  be w ritte n  in  a d im ensionless form  b y  m ean s of (27) 
a n d  (28):

M  =  1 +  2 R ^ L . (29)

I f  th e  value o f  L  is given we know  th e  v a lu e  o f R ’n. To each  va lu e  of L 
belong tw o values o f R q. These v alues m ay be re a d  from  F ig . 11.8 in  [1], 
co n seq u en tly  to  each  value o f L  be long  tw o values o f  M : th e  la rg e r M  belongs 
to  th e  sm aller -—R'0 an d  th e  sm aller M  belongs to  th e  larger — R q.

T he p a ra m e te r  M  versus L  is p lo tte d  in F ig . 2. W e can see ( th e  h atched  
sec tion) th a t  th e  s ta b ili ty  cond itio n  (24) is sa tis f ied  for

0 < L <  2 ,116 , (30)

n am ely  a t  th e  sm alle r values of — R'0. F ocusing  is s tab le  on ly  for

0 <  — fi,) <  0,78 . (31)

F ocusing  is u n s tab le  along th e  w hole lower p o rtio n  of th e  cu rv e . (This lower 
p o rtio n  is given in  th e  F igure o n ly  in  p a r t. I f  we increase th e  v a lu e  o f — R'0 
fu r th e r , th e  v alue  o f  M  decreases ra p id ly  and  in  th e  case — R'0 ->  oo we have
M  -> —  oc).

As a lread y  m en tio n ed  these  resu lts  are q u ite  d ifferen t from  th o se  given 
in  [1]. T he form  o f th e  curve M  =  M (L) d iffers v e ry  m uch fro m  P ie r c e ’s 
cu rv e . H e has fo u n d  tw o s tab le  sec tions: for th e  f irs t  section  0 <  L  <  2,04, 
0 <  — Й,', <  0,70, an d  for th e  second  1,71 <  L  <  2,16, 0,92 <  — R'0 <  1,51.
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A ccord ing  to  ou r in v es tig a tio n s  th e  second  section  does n o t  ex ist, an d  
th e  f i r s t  one p ro v e d  to  be a l i t t le  w ider. As (— R'0 L )max =  2 ,57 , w ith  th e  
a id  o f  (1), (27) a n d  (28) i t  can  be  seen easily  t h a t

l

7 )
5,14 . (32)

Acta Phys. Hung. Тот. X V I I I .  Fasc. 2.

A ccord ing  to  F ig . 2 th is  v a lu e  falls in to  th e  u n stab le  reg io n . In  th e  
s tab le  reg ion  th e  m ax im u m  va lu e  o f  (— R ’0 L )  lies a t  th e  b o u n d a ry  o f  th is  
reg ion  a n d  its  v a lu e  is (— R'0 L )max  ̂ stab- =  1,65.

H ence

—  =  3 ,3 0 . (33)
f  , max. stab.

E x p ress io n  (33) de te rm in es th e  m ax im u m  ap p licab le  value of th e  lens con-
l \

v ergence . T h a t is a new  re su lt also, because  in  [1] th e  v alue  —  =  5,14
/ 1 max

/  )
fell in to  th e  b o u n d a ry  o f  th e  stab le  reg ion . So we see t h a t  th e  value o f —

f  /max. stab.
is sm a lle r in  th e  case w hen  space charge  is ta k e n  in to  accoun t th a n  in  th e

l )
absence o f space charge  w hen —  =  4 [1]. H ow ever, no  special

J  Jmax.stab.
conclusion  can  he d raw n  from  th is  fa c t, since in  [1], in  th e  absence of 
space ch arg e , effects due to  th e  d e v ia tio n  of th e  in it ia l  cond itions w ere no t 
s tu d ied .
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2. Focusing o f  a sheet electron beam with a series of thin cylindrical lenses

L et us now  consider th e  case o f focusing  a dense sh ee t beam . I f  th e  
b eam  len g th  is fa r g rea te r  th a n  th e  o th e r  dim ensions a n d  th e  beam  w id th  
W  is fa r  g re a te r  th a n  th e  b eam  th ick n ess  2y, i t  m ay  be assum ed  th a t  space 
charge forces are  ac tin g  on ly  in  th e  d irec tio n  o f th e  y  co o rd in a te . In  th is  case 
we m ay  a p p ly  th e  sam e ap p ro x im a tio n  as in  th e  case o f  an  ax ia lly  sy m m e t­
rica l beam . E v id e n tly  in  th is  case th in  cy lin d rica l lenses m u s t be  p u t a t  a d is ­
tan ce  / from  each o th e r. T he lenses m ay  be  e le c tro s ta tic , m ag n e tic  or th e ir

1
co m bina tions b u t th e y  all m u st have  th e  sam e convergence —  . I f  л\е rep lace  l

th e  co o rd in a te  r b y  у  in  F ig . 1 th is  F ig u re  w ill be app licab le  fo r th e  case o f 
sheet b eam s also because in  th e  given a p p ro x im a tio n  th e  b eam  w id th  W  in  
th e  d irec tio n  of th e  лг-co o rd in a te  (p e rp en d icu la rly  to  th e  p lan e  o f th e  F igu re) 
can be assum ed  to  rem ain  c o n s ta n t.

In  o rd e r to  keep  th e  b eam  co n fig u ra tio n  id en tica l in  all sections an d  
sy m m etrica l w ith in  th e  sec tions w ith  re sp ec t to  th e  cen tre  o f th e  sec tio n  
th e  follow ing cond ition  m u st be sa tis fied :

j = - 2  У0, (34)

w here th e  value o f yó is d e te rm in ed  b y  th e  re q u irem en t

l = 2 z m . (35)

H ere y 0 is th e  in itia l h a lf-w id th  of th e  b eam , y'0 th e  in it ia l  v a lue  of th e  slope 
of th e  edge p a th , /  th e  focal le n g th  of th e  cy lin d rica l lenses an d  zm th e  co o rd in ­
a te  o f th e  m in im um  b eam  cross sec tion .

L e t us in tro d u ce  th e  d im ensionless new  v ariab les

and

Z , =  154

J
Jo

P  z

WVo ~ feJo

(36)

(37)

T h en  th e  beam  co n fig u ra tio n  d e te rm in ed  only b y  space charge is given 
b y  th e  follow ing eq u a tio n  [3] :

Y  =  Z \ +  Y ’0 Z S +  1 , (38)
w here
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Y '  =
d Y 1

l - k i - v -
(39)

d Z s 154

T he v a lu e  of th e  c o n s ta n t к, ap p ea rin g  in  expressions (37) an d  (39), is

k  =
1

154
W

РУ» '
(40)

A ccord ing  to  (38) th e  form  of th e  b eam  b o u n d a ry  is p a rabo lic . W e 
know  fro m  th e  expression

Y '  =  2ZS +  Y ' =  0 (41)

th a t  th e  a p e x  o f  th e  p a ra b o la  co rresponds to  th e  co o rd in a te

= ----- y -  • (42)

T his c o o rd in a te  gives th e  location  o f  th e  m in im um  b eam  cross-section . 
T hus we can rew rite  (35) w ith  th e  new  v ariab les in th e  form

— 2 Z sm — Y 0 ,
w here

L S =  Z S (/) =  - / -  •
«Jo

F ro m  (39), (43) an d  (44) we have

—  =  — k ' Jo •
Jo

N ow  an  e x a c t expression can  be o b ta in ed  fo r th e  co n d itio n  (34):

1 J A  2L j

/  fc2Jo fcjo

2 T 2 P I
-----— =  4,74 • 104

I^Jo

(43)

(44)

(45)

(46)

E x p re ss io n  (46) gives th e  value o f th e  focal len g th  f  o f  th e  ap p lied  th in  
cy lin d rica l lenses requ ired  fo r th e  periodic focusing of a sh ee t beam  w ith  a 
p e rv ean ce  P , w id th  W , in it ia l  th ick n ess  2y 0 an d  lens perio d  /. I f  th e  beam  
e n te rs  in to  th e  sy stem  p a ra lle l to  th e  г-ax is th e  re la tio n

1 1  1

л  2" ‘ 7
(4 7 )
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w ill be ev id en tly  v a lid  in  th is  case also, w here j \  is th e  focal le n g th  o f th e  
f irs t lens.

I f  th e  v a ria tio n s  o f th e  b eam  b o u n d ary  shou ld  no t to  be to o  large, 
e v id e n tly  th e  v alue  o f  Z m ust be decreased , i.e. m ore lenses m u st be applied . 
I t  can  be easily  seen th a t  in  case Z sm >  1 th e  b eam  b o u n d a ry  crosses th e  
z-axis. As th is  is n o t desirable we can  assum e th e  v alue  L s max =  2 as th e  
lim it, from  th e  p o in t o f view  of p ra c tic a l ap p lica tio n . T his —  acco rd ing  to  
(46) —  gives th e  cond ition

4  = 8 , (48)
J  m ax

w hich determ ines th e  p rac tica lly  app licab le  m ax im u m  values o f th e  convergence 
and  th e  lens space. O bviously , it  m u st also be ta k e n  in to  accoun t th a t  b o th  
th e  focal leng th  a n d  th e  lens space m u st be considerab ly  la rg e r th a n  th e  
ex ten s io n  o f th e  lens fields (th in  lens ap p ro x im atio n ).

L et us now  consider th e  p ro b lem  of stab ility . F o r th is  th e  v a ria tio n  
o f th e  b eam  config u ra tio n  u n d er th e  in fluence  o f  sm all v a ria tio n s  o f th e  
in itia l values of beam  th ickness y„ and  beam  b o u n d a ry  slope y'0 m ust be 
considered .

Suppose th a t  a t  an  a rb itra ry  p o in t z th e  v a ria tio n s  of th e  values y  
an d  y ' are  ôy an d  ô y ', resp ec tiv e ly , as a consequence o f th e  fa c t th a t  th e  
in itia l values a r e y 0 -f- dy0 an d y ó  ô y ’0 in s tead  o f y () an d y ó . T hus im m ed ia te ly  
a fte r  th e  (n -f- l ) - th  lens we can w rite  sim ilarly  to  (4) an d  (5):

д Уп + 1 —
9У я 1 Qy

дУ п  +  — г- h ' n (49)
Э.Уо U i ÖJo n+1

V . »  -  df f y n  +
9У

Öy’n -
<Ъп +1 (50)

9.Го /9Jo \п+1 n + 1

L et us now  de te rm ine  th e  p a r tia l  d e riv a tiv e s . E q u a tio n  (38) can be 
re w ritte n  in  th e  fo rm

Z ' i + Y ' Z s +  ( l -  Y )  =  0.  (51)
H ence

Z s =  ' [ -  Y ’0 ±  У У/f =  4( 1 -  У) j . (52)

U sing  (36), (37) and  (39) eq u a tio n  (52) m ay be w ritte n  as

г
(53)
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F ro m  (41) a n d  (52) follows

Г
1 — Z -Y '  =  k y ' = ±  KVó2 -  4(1 -  Y )  =  ± /  к2 у ó2 — 4

У о

T he sign befo re  th e  ro o t sh o u ld  be n eg a tiv e  or positive  d epend ing  on 
w h e th e r th e  co n v erg en t p a r t  or th e  d iv e rg en t p a r t ,  re sp ec tiv e ly , o f  th e  beam  
is considered .

B y  m eans o f  (54) exp ression  (53) m ay  be w ritte n  th u s :

- Г -  =  ~  ( /  -  У0) • (55)
2

N ow  le t us rew rite  expressions (53) an d  (55) b y  using  (40). W e o b ta in  
th e  fo llow ing tw o fo rm u lae :

У' To =  4 ,74  • 104 z (56)

an d

±  /  Уо2 +  9,48 • 104 (y  — y 0) -  y 'o =  4 , 7 4 - 1 0 ^  * .  (57)

D iffe re n tia tin g  (56) an d  (57) tv ith  resp ec t to  y 0 we o b ta in

- ^ 1  =  0 (58)
9jo

an d
P  9v '

9,48 • 104-----------У - -  II
----------------w W .  (59,

L e t us notv d iffe ren tia te  w ith  re sp ec t to  y'0. T he resu lts  are

^ ------1 =  0 (60)
Эyó

an d
P  Эу

2 у ' +  9 ,4 8 -1 0 1---------

----------------- " S é - - i - o .  (6 . ,
2 У

In  th e  case o f th e  considered  sec tion  be tw een  th e  n - th  an d  (re -f- l) - th  
lenses we h av e  y 0 =  y n an d  у'й =  y'n. A t th e  f in a l p o in t o f th e  sec tio n  у  =  /.
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As y'n =  y'n+i an d  y n =  y n+1 have  b een  re q u ire d  we m a y  w rite  y 0 =  y n =  
=  Уп+i an d  y ' o = y ' n — y'n+i- T hus th e  va lu es  o f  th e  p a r t ia l  de riv a tiv es  a re , 
from  (58)— (61) (th e  indices m ay  be  o m itte d  fo r th e  reason  exp la ined  in  th e  
ax ia lly  sym m etrica l case), given b y

зУ 3 /  х (62)
öjo Эу0

3 /  _= ^  - 0 . (63)
аУо зу'о

S u b s titu tin g  (62) an d  (63) in to  (49), we sh a ll im m ed ia te ly  see

tyn+l =  дУп =  const- (») =  0Уо ■ (64)

T hus —  in d e p e n d e n tly  of th e  value o f  f  —  th e  v a r ia t io n  of th e  b e a m  
th ick n ess  rem ains c o n s ta n t d u rin g  focusing, i.e . focusing is s ta b le  in  all cases. 
W e com e to  th e  sam e conclusion i f  th e  d e m o n s tra tio n  g iv en  in  th e  a x ia lly  
sy m m etrica l case is perfo rm ed . T h en  we o b ta in

tyn+g — 2 0Уп+1 +  f y n  =  0 , (65)

w hich com pletely  agrees w ith  (20), if  M  =  1. In  th is case  i t  follows fro m  
b o th  (22) an d  (23) th a t  ôyn =  co n st.

T hus th e  sh ee t beam  focusing w ith  a series of th in  cy lin d rica l lenses is
l

alw ays stab le . P ra c tic a lly , expression  (48) d e te rm in es  the  m a x im u m  value o f  —.
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М . С И Л А Д И

Р е з ю м е

В первой части работы исследована стабильность интенсивного аксиально-сим­
метричного электронного пучка, фокусируемого периодической системой тонких линз. 
Получены результаты, отличные от данны х Д ж . П ирса [1].

Во второй части рассматривается периодическая фокусировка ленточного пучка  
электронов системой, состоящей из тонких цилиндрических линз. Определена необ­
ходимая величина оптической силы линз. У становлено, что такая фокусировка является  
стабильной.
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THE INTENSITY DISTRIBUTION 
OF THE TRIPLET BANDS OF THE CO MOLECULE

B y

I.  K o v á c s  a n d  R .  T ő r ö s

D E P A R T M E N T  O F  ATO M IC P H Y S IC S , P O L Y T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T  

(R e c e iv e d  3 1 . I I I .  1 9 6 4 )

T h e  fo r m u la e  fo r  t h e  in t e n s i t y  d i s t r ib u t io n  o f  t h e  3d  — 3П  t r a n s it io n  a re  e la b o r a te d  
fo r  t h e  c a s e  w h e n  b o th  t e r m s  t a k in g  p a r t  in  t h e  t r a n s it io n  b e lo n g  to  H u n d ’s  in te r m e d ia t e  c a s e .  
T h e  o b s e r v e d  in t e n s i t y  v a lu e s  o f  t h e  d3/1 — tv '  1 1  t r a n s i t io n  o f  t h e  CO m o le c u le  a re  co m p a r e d  
w it h  th o s e  c a lc u la te d  f r o m  t h e  in t e n s i t y  f o r m u la  d e r iv e d . T h e  g o o d  a g r e e m e n t  c o n f ir m s  t h e  
a s s u m p t io n  t h a t  t h e  u p p e r  s t a t e  o f  t h e  m e n t io n e d  t r a n s i t io n  i s  in d e e d  a 3zl s t a t e .

1. Introduction

The “ tr ip le t”  b an d s  o f the  CO m olecule w ere f irs t p h o to g ra p h e d  un d er 
h igh  reso lu tion  b y  G e r o  [1] who m ad e  a f in e -s tru c tu re  analysis o f  several o f 
th e  b an d s . A ccording to  G e r o ’s f in d in g s th e  t r ip le t  bands arise f ro m  a d3IJ  — 
—  a 377 tra n s itio n , w here b o th  3/7  te rm s  belong to  th e  in te rm e d ia te  case b e ­
tw een  H u n d ’s cases a )  an d  b). R ecen tly , Ca r r o l l  [2] again p h o to g ra p h e d  th e  
3— 0 h a n d  u n d er h igh reso lu tion  an d  carried  o u t its  ro ta tio n a l analysis . B y 
m eans o f a se m i-q u a n tita tiv e  m e th o d  he also d e te rm in ed  th e  in te n s i ty  d is­
tr ib u tio n  w ith in  th e  b a n d . L ike M u l l ik e n  [3] Ca r r o l l  came to  th e  conclusion 
th a t  th e  u p p e r s ta te  p rev io u sly  assu m ed  to  be  3IJ  is, in all p ro b a b ility , an 
in v e rte d  3A s ta te , an d  i t  was in  order to  prove th is  t h a t  he m easu red  th e  in te n ­
s ity  d is tr ib u tio n  of th e  b ran ch es as w ell. The f in a l decision as to  th e  te rm  s ta te  
o f th e  u p p e r s ta te  can  be reached  —  accord ing  to  Ca r r o l l  —  only  by  a 
com parison  of th e  m easu red  in te n s ity  d is tr ib u tio n  w ith  th a t  o b ta in e d  by  th e  
th e o ry .

T he aim  of th e  p re se n t p ap er is to  derive su c h  form ulae fo r th e  in te n s ity  
d is tr ib u tio n  o f th e  %A —  3/7  tra n s it io n  w hen b o th  s ta te s  be long  to  H u n d ’s 
in te rm e d ia te  case, and  th e n  to  com pare  th e  th e o re tic a l results w ith  Ca r r o l l ’s 
m easu rem en ts .

2. Intensity distribution

One of th e  reasons Ca r r o l l  gave for th e  u p p e r  s ta te  b e in g  3zl is th a t  
w hile for a 377 ->  3П  tra n s itio n  th e  Q b ran ch  in  th e  3I70 -*• 3I J 0 com ponen t 
sh o u ld  he m issing an d  in  th e  3I71 ->  3IJ 1 an d  3П 2 -> 3П 2 co m p o n en ts  i t  should
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Branches

* А - * П *n-*zi

P Á J ) R A J - i )
(J -  2) (J -  1)
8jq(j -  i)Cï(J) 

(J -l) (J+2) (2J+1)
QÁJ) QAJ) 8J(J+1) Cí(J) Ci'(J)

R A J ) P A J + 1) (J+2) (J+3)
8(J+l)CÍ(J+l)Ci'(J)

qp 2A J ) qJJ12(J - 1) (J-2) (J -l)
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i-factors
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QÀJ) QÄJ)
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J(J+1)Q(J)C£(J)

__  (J+ 2) ( J + 3 ) ___
(J + l)  C'(J+1) C|(J) 

(J -2 )  ( J - l )
-  X) C'i(j)

( J - l )  (J+2) (2J+1) 
J(J+1) C3(J) Q (J) 

(J+2) (J+3) 
(J + l)  C'3( J + 1) C'(J) 

(J -2 )  ( J - l )  
8JC((J—1) C£(J) 

( J - l )  (J+2) (2J + l)  
8J(J+1) Ci(J) CJ(J) 

(J+2) (J+3) 
8(J+1) C((J+1) C"(J) 

(J -2 )  ( J - l )  
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8(J+1) Cá(J+l) C"(J)

{(J—2)(J+3)+J(J +  1) +  (У'—2)( У" —2)}2 

{(J—1 )(J + 4 )+ J (J + l) +  (Y' —2)(Y" —2)}2

{(J -3 )(J + 2 )u'+ ( J - l ) - J ( J + l ) u'- (J - l) - (J -2 ) (J + 2 ) (Y " -2 )} 2

{( J -2 K J +  3)«' +( J ) - J ( J +  l)u +- ( J ) - ( J - 1 ) (  J +  3)( Y" —2)}2

{(J -1 )(J +  4 K + (J + 1 )-J (J + 1 )u'- (J + 1 )-J (J + 4 )(Y " -2 )} 2

{ (J -3 )(J + 2 K -(J -1 K + (J )+ J (J + 1 )uí+ (J -1 K -(J )-4 (J -3 )J (J + 1 )(J + 2 )}2

{(J-2)(J+3)«í-(JK+(J)+J(J+l)uí+(J)IÍ''-(J)-4(J-2)J(J+2)2}2

{(J -1 )(J + 4 )uí- (J + 1 )u''+(J)+J(J+1)„í +(J+1)u'- (J )-4 (J -1 )J (J + 2 )(J + 3 )}2

{( J — 3)( J + 2K + (J)—J (J +  l)u"~(J) -  4J(J+2)( Y'—2)}2

{(J -2 )(J + 3 )u''+ (J )-J (J + l)uJ -(J )-4 J (J + 2 )(Y '-2 )}2

{( J — 1 )( J+4)“з +( J)—J( J + 1 )«з “( J)—4 J( J  +  2)( Y'—2)}2

{(J—3)(J+2)«3+(J—I)u3+(J)+J(J+l)ug_(J—1)«3- (J )+ 4(J—2)J(J+2)2}2

{( J -  2 )( J + 3K  +( J K +( J) + J(J+l К  -( J)»3 -( j)  +  4(J— 1) J( J+  2)(J+3)}2

{(J—1)(J+4)tt3+(J + l)u3+(J)+J(J+1)«3_(J+ 1)“3_(J)+4J2(J +2)(J+4)}2
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be v e ry  w eak , in  th e  p resen t case, in  general, i t  is ju s t  the  Q b ra n c h e s  th a t  a re  
th e  s tro n g e s t am o n g  all th e  b ra n c h e s  in all su b b a n d s . R e c e n tly  one of th e  
au th o rs  (I. K .) e la b o ra te d  th e  fo rm u lae  for th e  in te n s ity  d is tr ib u tio n  of th e  
3A —  3П  tra n s it io n  fo r all such cases w here b o th  s ta te s  belong to  H u n d ’s case 
a )  o r b ), as well as w hen  one o f th e m  belongs to  th e  in te rm ed ia te  case [4]. T he 
case w hen  b o th  s ta te s  belong sim ultaneously  to  th e  in te rm ed ia te  case was n o t 
d ea lt w ith . Ca r r o l l ’s p ap er b ecam e  accessible to  the  a u th o r  on ly  in th e  
course o f p ro o fread in g  of [4]. I t  is, how ever, e v id e n t a lready  fro m  th a t  p a p e r 
th a t  in  th e  case o f  a  34  —  3/7  tra n s it io n  th e  Q b ran ch es are  a c tu a lly  m uch 
s tro n g e r th a n  th e  co rrespond ing  P  a n d  R  b ran ch es , in  co n tra s t to  th e  3П  —  3/7  
tra n s it io n . This su p p o rts  Ca r r o l l ’s assu m p tio n . O ne m ight assum e th a t  fu r th e r  
ev idence  m ay  be p ro v id ed  b y  th e  com parison  b e tw een  th e  e x p e rim e n ta l an d  
th e o re tic a l resu lts  a lre a d y  o b ta in ed .S in ce  in th e  u p p e r  s ta te  Y '  =  — 12,92 c m -1 
an d  in  th e  low er Y "  — 24,7 c m “ 1, i t  seems possib le  th a t  am ong th e  e labo ra ted  
cases th e  in te n s ity  form ulae  o f th e  3z1(int) - a 377(a) tran s itio n  ( th a t  is, w here 
th e  SA  te rm  belongs to  H u n d ’s in te rm e d ia te  case, a n d  the  377 te rm  to  H u n d ’s 
case a ))  m ay  be ap p lied  to  th e  o b se rv ed  in te n s ity  v a lu es  of the  d3A  jnv —> a3IJnorm 
tra n s it io n . U n fo rtu n a te ly  th e  com p ariso n  show s th a t  in th e  case of J  >  10 
H u n d ’s case a)  c a n n o t be re g a rd e d  as a good ap p ro x im a tio n  even  for th e  
low er a3I I  te rm , a n d  fu r th e r  t h a t  fo r th e  q u a n ti ta t iv e  co m p ariso n  in te n s ity  
d is tr ib u tio n  fo rm ulae  are ab so lu te ly  necessary  w here  b o th  3Zl a n d  377 te rm s  
belong  to  H u n d ’s in te rm e d ia te  case. These fo rm u lae , how ever, re q u ire  com pli­
c a te d  ca lcu la tio n s fo r th e ir  ap p lic a tio n  to  all J  w h ich  m ake th e  use  of an elec­
tro n ic  co m p u te r n ecessary . This w as th e  reason  w h y  th e  a u th o r d id  n o t  e lab o ra te  
such  fo rm u lae , since he assum ed t h a t  th e  ex p e rim en ta lly  o b se rv ed  cases m ay  
be u n d e rs to o d  b y  m eans of som e o rd in a ry  case a lre a d y  tre a te d . S ince , how ever, 
in  th e  p re sen t case, th is  a ssu m p tio n  was n o t ju s tif ie d , the  in te n s i ty  fo rm ulae, 
or to  be  m ore e x a c t, th e  i-fac to rs , co rrespond ing  to  th e  3zl(m t) —  317(int) case, 
h av e  been  derived  b y  m eans o f  th e  m ethod  described  a lread y  in  th e  p ap er 
m en tio n ed  [4]. T he resu lts  are su m m arized  in th e  T ab le . The d e n o ta tio n s  in th e  
expressions given in  th e  T able h a v e  th e  follow ing m eaning .

F o r a 3Zl —  3/7  tra n s itio n , i f  th e  3zl te rm  is n o rm a l ( Y ' =  А за / В за >  0)

u i±( J ) = [ Y ' ( Y ' - 4 )  +  J 3]l/3 ±  ( Y ' - 2 ) ,

» s±( J ) = [ Y '(  Y ' —  4) +  ( J  +  1)2]1/2 ±  (Y ' -  2) ,

C i(J )  = 2 Y '(Y ' —  4) ( J  -  1) ( J  +  2) +  (2J  —  1) (J  —  1 ) J ( J  +  2 ) , 

C'2(J )  = Y ' ( Y '  —  4) +  J ( J +  1 ) ,

C'3(J )  = 2  Y '( Y ' —  4) ( J  -  2) ( J + 3 )  +  ( 2 J + l )  ( J  —  1) ( J + l )  ( J + 3 )  ,

( ! )

while fo r in v e rte d  3A  te rm  ( Y ' <C 0) th e  coeffic ien t o f 2 Y '(Y ' —  4) in  C{(J) is 
eq u a l to  ( J — 2 )(J  -j- 3) in s te a d  o f ( J — 1 )(J  +  2);. and  in  C’3(J) it  is 
e q u a l to  ( J —  1) (J  2) in s te a d  o f  ( J —  2) ( J  -f- 3).

A d a  P hys. Hung. Tom. X V J h .  Fasc. 2
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F or n o rm al 3/7  s ta te  (Y "  =  А зп/ В зп >  0):

u l ±( J ) = [ Y " ( Y " - í )  +  4 J 3] ^ ±  ( Y " - 2 ) ,

“ Г (J)  =  [ Y " ( Y " - 4 )  +  4 ( J  +  l )2] l/2 ±  ( Y "  —  2 ) ,

C Ï(J) =  Y " ( Y " - 4 ) J ( J  +  1) +  2 (2J +  1) ( J - 1) J ( J  +  1) ,

C 'iiJ) = Y " ( Y " — 4) +  4 J ( J +  1) ,

C â(J) = Y " ( Y "  —  4) ( J —  1 ) ( J +  2) +  2(2J  +  1 ) J ( J  +  1) ( J  +  2 ) ,

( 2)

while for in v e rte d  3/7  te rm  (У" <  0) th e  coefficient o f У" (У ” —  4) in  C[{J) 
is eq u a l to  ( J  —■ 1) ( J  +  2) in stead  o f  J ( J  +  1) and  in C3 (J )  it  is e q u a l to  
J ( J  -f- 1) in s tead  of (J —  1) ( J  +  2). F o r  a 3/ 7 —- 3Zl tra n s itio n  th e  ex ­
pressions w ith  single p rim e will change to  th o se  w ith  do u b le  prim e a n d  vice 
versa.

In  th e  F igures th e  th e o re tic a l v a lu es  o f th e  i-fac to rs as given in th e  T ab le  
an d  ca lcu la ted  w ith  th e  values Y ' =  — 12,92 c m -1 a n d  Y "  =  24,7 c m -1 
w ith  th e  help  o f an  e lectron ic  co m p u te r a re  show n b y  th e  cu rves, w hereas th e  
circles rep re sen t th e  ex p erim en ta l i-fac to rs  ca lcu la ted  b y  m ean s of th e  o bserved  
d a ta  o f th e  3— 0 b an d  of th e  d 3A -> a3I J  tra n s it io n  of th e  CO m olecule. F o r  th e  
ca lcu la tion  o f th e  ex p erim en ta l i-fac to rs acco rd ing  to  th e  m e th o d  p u b lish ed  b y  
N o la n  an d  J e n k in s  [5], we have firs t d e te rm in ed  th e  em ission te m p e ra tu re  
from  th e  ex p erim en ta l d a ta ,  and  th e n , u s in g  th is , th e  ex p e rim en ta l d a ta  have  
been m u ltip lied  b y  th e  co rrespond ing  e x p o n e n tia l fac to r. F in a lly , th e  p ro p o r­
tio n a lity  fac to r  has been ev a lu a ted  w ith  th e  least sq u ares  m ethod . F ro m  th e

2* Acta Phys. H ung. Тот. X V I I I .  Fasc. 2.



106 I. KOVÁCS and R. TŐRÖS

F igu res i t  can  be  seen th a t  th e  ag reem en t is good , especially , i f  i t  is considered  
th a t  fo r th e  in d iv id u a l b ran ch es  in  general o n ly  th ree  m easu red  poin ts w ere 
av a ilab le  w hich  them selves re su lte d  m oreover fro m  a se m i-q u a n tita tiv e  m e a su r­
em en t, an d  th a t  th e  i-fac to rs w ere n o t d irec tly  o bserved  d a ta  e ith e r , th e ir  va lu es  
b e ing  in flu en ced  b y  th e  u n c e r ta in ty  of th e  d e te rm in a tio n  o f  th e  te m p e ra tu re .

О

The good ag reem en t o f th e  th e o re tic a l a n d  e x p e rim e n ta l resu lts show s 
w ith o u t a n y  d o u b t th a t  th e  u p p e r s ta te  o f  th e  “ tr ip le t”  b an d s of th e  CO 
m olecule is in d eed  a 3A-mv te rm .
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Р А С П Р Е Д Е Л Е Н И Е  И НТЕН СИ ВН О СТИ  В Т Р И П Л Е Т Н О Й  С В Я ЗИ  М О ЛЕКУЛЫ  СО

И . К О В А Ч  и Р . Т Э Р Э Ш

Р е з ю м е
Теоретическая формула распределения интенсивности в переходе 3А — 3i7  была 

тщательно выведена для случая; когда оба терм а, принимающие участие в переходе, от  
носятся к среднем у случаю Г ун да. Формула интенсивности, выведенная теоретически, 
сравнивается с наблюдаемыми значениями интенсивности перехода А3А — а3П  в м олекуле  
СО. Удовлетворительное совпадение упомянутых значений подтверж дает предполож ение, 
согласно которому высшим состоянием данного перехода является именно состояние 3А.

A d a  Phys. H ung. Тот . X V I I I .  Fase. 2.



T H E  R O T A TIO N A L  ST R U C T U R E  OF T H E  d\t  STATE  
OF T H E  CO M O LEC U LE

B y

I . K ová cs

D E P A R T M E N T  O F  ATOM IC P H Y S IC S , P O L Y T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T  

( R e c e iv e d  31 . I I I .  1 9 6 4 )

T h e  m u lt ip le t  s p l i t t in g  o f  t h e  d sA  t e r m  o f  t h e  C O  m o le c u le  t a k e n  a s  a  fu n c t io n  o f  t h e  
r o t a t io n a l  q u a n tu m  n u m b e r  sh o w s  a  d e v ia t io n  fr o m  t h e  k n o w n  tr ip le t  t e r m  fo r m u la . B y  t a k i n g  
in t o  a c c o u n t  t h e  s p in -s p in  in te r a c t io n  s im u l t a n e o u s ly  w i t h  th e  p e r t u r b a t io n  o f  a 1A  t e r m  
a r is in g  fr o m  t h e  s p in -o r b it  in te r a c t io n  i t  w a s  p o s s ib le  t o  g iv e  a n  in te r p r e ta t io n  fo r  th e  d e v ia t io n  
o b s e r v e d .

, 1. In tro d u c tio n

Ca r r o l l  [1] in v estig a ted  th e  ro ta t io n a l  sp in  sp litting  o f  th e  v ' =  3 level 
o f th e  d2 3A s ta te  o f th e  CO m olecule an d  fo u n d  th e  ex p erim en ta l resu lts  to  b e  in  
ag reem en t on ly  to  a f irs t ap p ro x im a tio n  w ith  th e  sp litting  c a lc u la te d  accord ing  
to  th e  know n tr ip le t  fo rm ula  e stab lish ed  b y  B u d Ó [2]. E v e n  a fte r ta k in g  
sev era l co rrec tions in to  accoun t th e re  still re m a in s  a sy s te m a tic  d iscrepancy  
of th e  o rder o f ab o u t 1— 2 c m “ 1. T hese, e ssen tia lly , consist in  t h a t  m ainly  th e  
m idd le  co m p o n en t of th e  d3A te rm , ta k e n  as a function  o f  th e  ro ta tio n a l 
q u a n tu m  n u m b e r, runs d iffe ren tly  from  w h a t is to  he ex p ec ted  on  the  hasis o f 
th e  tr ip le t  fo rm u la . D ev iations of a sim ilar k in d  have a lready  b e e n  observed in  
th e  case of П  te rm s , in  p a r tic u la r , in th e  case  of the  A 317 s ta te  of the  N H  
m olecule [3], in  th a t  of th e  3П  s ta te s  of th e  P H  and P F  m olecules [4], [9 ] 
a n d  th e  4i J  s ta te  o f th e  0 ^  m olecule [5]. T h ese  deviations co u ld  exce llen tly  
be in te rp re te d  b y  sim u ltan eo u sly  ta k in g  in to  acco u n t the  sp in -sp in  in te rac tio n  
neg lec ted  so fa r , an d  th e  p e r tu rb a tio n  of o th e r  П  term s of lo w er m u ltip lic ity  
due to  th e  sp in -o rb it in te ra c tio n  [6 ], [7], [1 0 ]. W ith  th is  m e th o d  also th e  
d ev ia tio n s observed  b y  Ca r r o l l  m ay  be in te rp re te d , as we a re  show ing below .

2. The interpretation o f the anom alous spin  splitting of th e  d 3A term

W hen th e  sp in -sp in  in te ra c tio n  is ta k e n  in to  accoun t s im u ltan eo u sly  
w ith  th e  p e r tu rb a tio n  of a XA  te rm  (co m p le ted  b y  the  in te ra c tio n  b e tw een  
ro ta tio n  an d  sp in ), th e  m eth o d  e la b o ra te d  e a r lie r  an d  described  in [6] and  [7]
gives th e  follow ing resu lts  in  th e  case o f  th e  3A  te rm s :

Acta Phys. Hung. Тот . X V I I I . 'F a s c .  2.
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F[(J) = FAJ) ~ j -  + ß S l j +  y ( j  +  y )  , 

F'AJ)=W) - - t  + ßSlj +  \ y ,
O ü

а д +  ß ^ i j + i  — У J +

(1)

w here F 2(J),  F 2(J)  rep resen t th e  p e rtu rb ed , i.e . ac tually  o b se rv ed
te rm s , an d  F ^ J ) ,  F 2{J), F 3(J)  th e  te rm  v a lu e s  ca lcu la ted  w ith  the aid o f  th e  
tr ip le t  fo rm u la  estab lish ed  b y  B udo. F u r th e r  ß  =  a —  3e w ith

\H  1Ai)\2
hv (3A , *A)

( 2)

H (3A 2, t j 2) is the spin-orbit interaction  matrix elem en t of the perturb­
ation betw een  the 3A and XA  terms and h v(3A 1A) the distance of these tw o  
term s, e is th e  constant o f  the spin-spin interaction, w hile у is that o f  the  
interaction betw een rotation  and spin. S2iy _ j, S2j ,  S2j  + 1 are the three elem ents  
of the transform ation m atrix  in the interm ediate case betw een H u n d ’s cases 
a)  and b)  for the 3A term , th e  explicit expressions for w hich  are the follow ing  
[8]:

( J - - 2 ) ( J + 3 )  g Y ' - 2  ( J - l ) ( J + 3 )  ,оч
2J 1 ]/c[(j) ’ 2J ]/c'(J) ’ 2J+1 YW)

T he value o f  th e se  tra n s fo rm a tio n  m a tr ix  e lem ents m ay  b e  calcu lated  n u m e ric ­
a lly  w hen Y'  is know n ( Y ' = — 12,92 c m -1 ). For th e  v a lu es  of C[(J), C2{J), 
Ci(J) see th e  p receding  p a p e r  in th is  J o u rn a l .

F o r th e  differences b e tw een  th e  m u ltip le t sp li t t in g s  as o bserved  and  
ca lcu la ted  b y  th e  aid  o f th e  tr ip le t fo rm u la  by  m ean s o f (1) th e  fo llow ing  
expressions a re  ob ta in ed :

( F - F 2)ots- ( F l- F 2)calc= ( F i - F ' 2) - ( F 1- F 2) = ß ( S l J^1- - S l J)+ yJ,
(4)

(F2- F 2)ots- ( F 2- F 3) C= ( F 2—F'3)— (F2—F3) = ß ( s \ j —$ j +1) +  y (J + l ) .

In  Fig. 1 th e  circles re p re se n t these d ifferences (i.e. th e  le f t side of (4)), while 
th e  th e o re tic a l values (i.e. th e  righ t side o f  (4)) c a lcu la ted  w ith  ß =  — 2,15 c m -1 
an d  y =  — 0,0178 c m -1  lie  on the  fu ll-d ra w n  curves. T h e  constan ts ß  a n d  y 
h av e  b een  d e te rm in ed  f ro m  th e  e x p e rim e n ta l d a ta . A s can  be seen th e  ag ree­
m en t b e tw een  th eo ry  a n d  ex perim en t is excellent.

A d a  Phys. H ung . Тот. X V I I I .  Fasc. 2.
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C a r r o l l  p u b lish ed  also th e  in d iv idua l o b se rv ed  and  c a lc u la ted  values 
o f the  F.,(J) te rra . R e la tio n  (1) g ives th e  follow ing expression fo r th e  dev ia tions 
betw een  th ese  valu es:

F obs _  pcaW =  F;> _  F., =  -  ß-  +  ßS?; . +  -1 y .  15)
3 3

In  Fig. 2 th e  circles rep re sen t th e  observed  v a lu e s , i.e. th e  le f t side of (5), 
w hereas th e  curve in d ica te s  the  th e o re tic a l values ca lcu la ted  from  th e  rig h t side 
o f (5). As can  be seen th e  ag reem en t betw een  th e  ex p erim en ta l a n d  theo re tica l 
resu lts  is excellen t also here.

S um m ariz ing , i t  m a y  be s ta te d  th a t  th e  d ev ia tion  fro m  th e  tr ip le t 
fo rm ula  m ay  be sa tis fac to rily  in te rp re te d  b y  s im u ltan eo u sly  ta k in g  in to  
acco u n t th e  sp in -sp in  an d  the  sp in -o rb it in te ra c tio n s . F or th e  m u ltip le t 
sp littin g s th ese  tw o com plete ly  d iffe re n t m echan ism s give form ulas o f  th e  sam e 
s tru c tu re .

A cta  Phys. Hung. Тот. X V I I I .  Fuse. 2
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Р О Т А Ц И О Н Н А Я  С Т РУ К Т У РА  СОСТОЯНИЯ d3A М О ЛЕКУЛЫ  СО

И . К О В А Ч

Р е з ю м е

М ультиплетное расщ епление терма d3A молекулы СО, взятое как функция от рота­
ционного квантового числа, показывает некоторое отклонение от известной формулы 
триплетного терма. Принимая во внимание спин-спиновое взаимодействие одновременно  
с возмущ ением терма 1Л; обусловленным спин-орбитальным взаимодействием, стало воз­
можным дать теоретическое объяснение упом янутого выше отклонения.
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X-RAY POWDER DIFFRACTION STUDY 
OF THE W 03 W20O58 SHEAR TRANSFORMATION

B y

P . G a d ó

IN S T IT U T E  F O R  T E L E C O M M U N IC A T IO N  T E C H N IQ U E , D E P A R T M E N T  F O R  T E S T IN G  O F  BA SIC M A T E R IA L S ,
B U D A P E S T

(P r e s e n t e d  b y  T . M illn er  — R e c e iv e d  16 . V I I . 1 9 6 4 )

B y  m e a n s  o f  c o n t in u o u s  h ig h - te m p e r a tu r e  d if f r a c t o m e tr y  t h e  sh ea r  m o d e l  o f  t h e  
c r y s ta l lo g r a p h ic  t r a n s fo r m a t io n :  W O 3^ W 20O 58 w a s  e x p e r im e n ta l ly  s t u d ie d .  S o lid  s t a t e  r e a c t io n  
in  t h e  r a n g e  5 0 0  — 6 0 0 °C  r e s u lt s  in  d e f e c t iv e  b e t a - t u n g s t e n -o x id e  s t r u c t u r e s ,  t h e  sh e a r  b e t w e e n  
a d ja c e n t  b lo c k s  b e in g  r a n d o m  in s t e a d  o f  p a r a l le l - e q u id is t a n t .  A  d if f e r e n c e  h a s  b een  e s t a b l i s h e d  
b e t w e e n  t h e  m e c h a n is m  o f  r e d u c t io n  a n d  o x id a t io n .

In tro d u c tio n

In  an y  a t te m p t  to  th ro w  ligh t on th e  re a rra n g em e n ts  and  m o v em en ts  
th a t  ta k e  p lace on an  a to m ic  scale d u rin g  th e  tra n s fo rm a tio n  of tu n g s te n  
tr io x id e  in to  b e ta -tu n g s te n -o x id e  (described  m ore p rec ise ly  b y  th e  fo rm u la  
W2o05S) an d  v ice versa , i t  is f irs t of all n ecessa ry  to  becom e fam ilia r w ith  th e se  
tw o  s tru c tu re s .

T u n g sten  tr io x id e  h as  a s ligh tly  d is to r te d  rh en iu m -trio x id e  ty p e  o f 
la ttic e . F o r th e  s tu d y  of th e  k inetics of th e  tra n s fo rm a tio n  i t  suffices to  s ta te  
th a t  accord ing  to  th is  s tru c tu re  each  W  io n  is su rro u n d ed  o c tah ed ra lly  b y  six  
0 2~ ions, an d  each  of th e se  oxygens belongs to  tw o a d ja c e n t  o c ta h e d ra , i.e. 
th e  co -o rd ina tion  p o ly h ed ra  are jo in ed  b y  sh a r in g  corners (F ig . la ) .

In  b e ta -tu n g s te n -o x id e , on th e  o th e r h a n d , th e  sam e m u tu a l a rra n g e m en t 
o f W  an d  0  ions is re s tr ic te d  to  th e  inside o f  p a r tic u la r  b locks. These reg io n s 
of R e 0 3-ty p e  s tru c tu re  fo rm  slabs w hich are  la rge  in  tw o d im ensions, b u t  o n ly  
seven  o c ta h e d ra  w ide in  th e  th ird  d im ension . T he n e ig h b o u rin g  slabs jo in  each  
o th e r in  b o u n d a ry  regions cha rac terized  b y  co -o rd in a tio n  o c tah ed ra  sh a r in g  
edges, in s tead  o f corners, as is n o rm al in  trio x id e . —  In  a perfect W 20O S8 
c ry s ta l  these  b o u n d a ry  reg ions form  p a ra lle l e q u id is ta n t ru n n in g  w alls o f 
“ re c u rre n t d isloca tio n s”  as re fe rred  to  b y  M a g n é l i  [1]. “ D islo ca tio n ”  as co m ­
p a re d  w ith  th e  tr io x id e , because  th e  th re e  d im ensional R e 0 3 ty p e  n e tw o rk  
ex ten d in g  th e re  th ro u g h o u t th e  en tire  c ry s ta llite  is d is tu rb e d  here p erio d ica lly  
b y  th e  b o u n d a ry  regions b e tw een  a d ja c e n t b locks (Fig. lb ) .

T his re la tio n  betw een  th e  tw o  s tru c tu re s  is clear f ro m  Ma g n é l i’s d e ­
scrip tio n , an d  W a d s l e y  [2] m entions b e ta -tu n g s te n -o x id e  as an  o u ts ta n d in g  
exam ple  o f “ sh ea r s tru c tu re s ” . The reaso n  fo r th is  is t h a t  if  an  e x te n d e d
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vo lu m e of tu n g s te n -tr io x id e  is ta k e n , th e n  oxygen  ions a re  rem oved fro m  
c e r ta in  a p p ro p r ia te  positions (F ig . 2a), th e  rem ain in g  la tt ic e  can  be sh ea red , 
a n d  as a re su lt b e ta -tu n g s te n -o x id e  is fo rm ed  —  a t least in  a m odel or on a 
d raw in g  (F ig. 2b).

F i g .  1 .  P r o je c t io n  o f  t h e  id e a liz e d  W O s a n d  W 2(l0 58 s t r u c t u r e s  p a r a lle l  t o  t h e  [0 1 0 ] a x is .  U n i t
c e lls  are o u t l in e d

a )  T h e  R e 0 3- t y p e  s t r u c tu r e  o f  W 0 3, r e p r e s e n te d  b y  o n e  la y e r  o f  c o - o r d in a t io n  o c t a h e d r a .
b )  B o u n d a r y  r e g io n s  b e tw e e n  t h e  R e 0 3- ty p e  s la b s  o f  W 20O 53. A lo n g  t h e  d o t t e d  z ig - z a g  l in e s

o c ta h e d r a  sh a r e  e d g e s

The a im  o f our in v es tig a tio n  was ju s t  to  answ er th e  questio n  as to  how  
fa r  n a tu re  a c tu a lly  follows th e  proposed m o d e l of tra n s itio n .

Results

B e ta -tu n g sten -o x id e  w as p rep ared  in  o u r  L a b o ra to ry  v e ry  m any  tim e s  in  
re la tiv e ly  d iffe re n t ways. T h e  s ta tis tic a l in te rp re ta tio n  o f th e  pow der p h o to ­
g rap h s ta k e n  fro m  these specim ens rev ea led  tw o  facts:
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1. The line b re a d th  of th e  d ifferen t h k l reflections v a r ie s  ju s t  as in  th e  
case o f a defec t s tru c tu re . T he 010, 208, 403, 218, 413, 2 ,0 ,11 , 605, 020, e tc . 
reflec tions are  sh a rp , while th o se  w ith  ind ices 105, 302, 303, 106, 115, 312, 116, 
e tc . are  often  ra th e r  b ro ad en ed . T hus the  line  b re a d th  does n o t  depend on th e

0)

™20 fye

b>

F i g .  2 .  M o d e l o f  t h e  sh e a r  m e c h a n is m  o f  tr a n s fo r m a t io n
a )  R e m o v in g  th e  О io n s  fro m  a p p r o p r ia te  s ite s .
b) S h e a r  o f  t h e  a d ja c e n t  b lo c k s  a lo n g  t h e  a n io n -v a c a n c ie s

B ragg  angle or an y  fu n c tio n  o f i t ,  b u t  lines b e long ing  to  a p a r t ic u la r  fam ily  a re  
sh a rp  an d  o th ers  b road .

2. R egard ing  pow der specim ens of d iffe ren t origins, i t  co u ld  be e stab lish ed  
th a t  th e  sc a tte rin g  o f d values belonging  to  th e  second group o f  lines m en tio n ed  
above is m uch m ore im p o r ta n t (1— 3% ) th a n  th a t  of the  d v a lu es  given b y  th e  
f irs t , sh a rp e r fam ily  of lines (0,2— 0,3% ).

In  o rder to  exp la in  th e  d iffe ren t b e h av io u r o f the tw o g ro u p s of reflex ions 
in  re sp ec t of b re a d th  and  d isp lacem en t of th e  lines, we accom plished  a l in e a r  
a lgebraic  tra n sfo rm a tio n  be tw een  th e  (hkl) ind ices of tr io x id e  and  ( H K L )
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indices o f b e ta -o x id e , re sp ec tiv e ly . The re su lts  o f th is  a lg eb ra ic  tra n s fo rm a tio n  
are  su m m arized  in  Fig. 3.

A cco rd in g  to  th e  a lg eb ra ic  b e h a v io u r  tak en  u p  d u rin g  linear t r a n s ­
fo rm a tio n  b y  th e  lines one can  again d is tin g u ish  d efin ite  groups of ind ices in 
b o th  oxides.

In  th e  f i r s t  group we f in d  on th e  b e ta - tu n g s te n -o x id e  side indices 010, 
208, 403, e tc . w h ich  co rresp o n d  to  th e  sh a rp  lines an d  tra n s fo rm  in to  r a tio n a l 
c o u n te rp a r ts  in  th e  tr io x id e  sy s tem  (020, 201 , 201, e tc .) a n d  vice versa .

W 0 3 —  W!n 0 s e W70 Ose ~*~ WO]
3/ 2 0 1 11/9 0  - 2/ 9
0 1/ 2 0 0 2  0

0 O r n i i n  9 A 3 8 0  3/ l 9

Group 1 wo.

W 0 3 W20O58
0 2 0  - — - 0 1 0

2 0 1  — — — 2 0 $

2 0 1  — — - w o

2 2 1  — ------- 2 1 8

2 2 1  - ------- 4 1 3

0 0 2  - ------- 2 ,0 .1 1

W O  - — - 6 0 5

0 2 2  - ------- 2 , 1 . 1 1

W O  — ------- 6 1 5

0,08, 0,97 
/

001 
\

0,08,0,1.06

1.98,0,0.08 
/

200 
\

etc. 7.05. 7 0.08

W20O58 
. 105

Group 3.

F i g .  3 .  T h e  m a t r ic e s  o f  t h e  l in e a r  a lg e b r a ic  t r a n s f o r m a t io n ,  a n d  s u m m a r y  o f  i t s  r e s u lts  ( s e e  t e x t )

The seco n d  group o f ind ices is id e n tic a l w ith  th e  p rev io u sly  m en tio n ed  
fam ily  b e lo n g in g  to  th e  u su a lly  b ro ad en ed  lines of th e  d e fec t be ta -ox ide  (105, 
302, 303, e tc .) . T he tra n s fo rm a tio n  selec ts fro m  th is  g ro u p  index-pairs w hich  
a m a lg am a te  in to  single ind ices  in th e  tr io x id e  s y s te m  (105— 106 -> 0 0 1 ; 
302— 303 —> 200 ; etc.). I n  th e  reverse d ire c tio n  of tra n s fo rm a tio n  a sp lit t in g  
of indices is observed , o f  course.

In  th e  tr io x id e  sy s te m  th e re  are s t i l l  som e o th e r indices th a t  h a v e  no 
c o u n te rp a r ts  in  th e  W 20O58 sy s tem . The ab sen ce  of these  reflec tions in  th e  la t te r  
case can b e  ex p la in ed  b y  space-g roup  e x tin c tio n .

T rac in g  th e  c ry s ta llo g rap h ic  p lanes o f  th e  b e ta -o x id e  s tru c tu re , i t  c an  be 
s ta te d  t h a t  a ll th e  indices belong ing  to  s h a rp  reflexions describe p lanes w hich  
ru n  co n tin u o u s ly  th ro u g h  th e  walls b e tw een  neighb o u rin g  b locks, b u t  th o se  of
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th e  second group belong to  those  p lanes w h ich  suffer serious d is to rtio n  in  th e  
b o u n d a ry  region as a re su lt of th e  sh ea r w h ich  m igh t c re a te  b e ta  oxide o u t of 
trio x id e .

To gain  m ore in fo rm atio n  on th e  m echan ism  o f tra n s fo rm a tio n , we 
designed a glas-flow  h igh  te m p e ra tu re  a t ta c h m e n t to  a H ilg er reco rd in g  d iff­
ra c to m e te r  [3] an d  p rep a red  con tinuous d iffrac to g ram s d u rin g  th e  re d u c tio n  
of tu n g s te n  trio x id e  in  N 2 H 2 gas m ix tu re  an d  du ring  th e  o x id a tio n  o f  b e ta -  
tu n g sten -o x id e  in  a ir. T he reac tio n s to o k  p lace  betw een  300 and  800°C.

W 2„O i8

h k l

/3 (1 0 - 3°)

- *  W 0 3 -  

h k l

*  w 20o 53

h k l

0 2 0 01 0 0 2 0
23 8 2 3 8 3 3 7

4 0 3 20 1 4 0 3
2 3 7 2 1 8 3 6 0

3 0 3 20 0 3 0 3
4 6 0 2 6 9 4 8 6

F i g .  4 .  C h a n g e  in  t h e  b r e a d th  o f  t h e  d if fr a c t io n  l in e s  d u r in g  t r a n s f o r m a t io n  in  b o t h  d ir e c t io n s

O bserv ing  som e selec ted  d iffrac tio n  lines w ith  th e  aid  o f  h ig h  te m p e ra tu re  
d iffra c to m e try , we found  th a t  th e  ev en ts  in  th e  d irec tion  o f red u c tio n  d iffer 
from  th o se  in  th e  d irec tio n  o f ox id a tio n .

F irs t  of all, w hen  red u c in g  in  a gas c o n ta in in g  H 2 th e re  is an  in te rm e d ia te  
phase b e tw een  th e  tw o oxides, while o x id a tio n  seem s to  le ad  d irec tly  fro m  
b e ta -o x id e  to  tr io x id e . This in te rm e d ia te  p h ase  has n o t y e t  b een  d e te rm in e d  
in  fu ll d e ta il, b u t i t  is v e ry  p ro b ab ly  e ith e r  a h y d ro g en -co n ta in in g  oxide 
(hyd rogen-bronze) or an  in te rm e d ia te  ox id e , o f th e  com p o sitio n  W 0 2 96 [4 ]. 
In  an y  case, i t  has been  p ro v ed  to  have  a R e 0 3-ty p e  la ttic e , th u s  its  ex is ten ce  
does n o t affo rd  a d d itio n a l in fo rm atio n  re g a rd in g  th e  geom etric  shear m odel of 
c ry sta llo g rap h ic  tra n sfo rm a tio n .

T he d iffrac tio n  o b serv a tio n s rev ea l, how ever, som e o th e r  in te re s t in g  
d ifferences in  th e  m echan ism  of tra n s fo rm a tio n s  p ro ceed in g  in  o p p o site  
d irec tions. N am ely :

1. T he overa ll l in e -b re a d th  increases considerab ly  in  th e  d irec tio n  o f 
red u c tio n , b u t  show s no or negligible in crease , or even a decrease in th e  
d irec tion  o f o x id a tio n  (F ig . 4).

2. Since b e ta -o x id e  pow ders consist o f  t in y  need le -sh ap ed  c ry s ta ls , f la t  
pow der specim ens w ith  s tro n g  p re fe rred  o r ie n ta tio n  can  be  p rep a red  easily . 
This is genera lly  reg a rd ed  as u ndesirab le  in d iffrac to m etric  p rac tice . I n  ou r 
case, how ever, i t  led to  a d d itio n a l in fo rm a tio n  ab o u t th e  tra n s fo rm a tio n ,
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because  th e  anom alous in te n s i ty  d is tr ib u tio n  of p re fe rred  o rien ta tio n  w as 
re ta in e d  d u rin g  o x id a tio n , b u t  lost d u rin g  red u c tio n  o f  th e  sam e specim en
(F ig . 5).

W ith  th e  a id  of h ig h  te m p e ra tu re  d iffra c to m e try  i t  was also possib le 
to  observe t h a t  i f  th e  c ry s ta ll i te  size o f tr io x id e  was e x tre m e ly  sm all (a b o u t 
200— 300 Â) th e n  th e  red u ced  p ro d u c t d id  n o t  show  th e  ch a rac te ris tic  p a t te rn  
fo r W 20O58, b u t  only  a s tro n g ly  d is to r te d  W 0 3 p a t te rn . T he tra n sfo rm a tio n  
w as in  th is  case p erfec tly  co n tinuous.

w 2„ 0 58 - w o 3 -» w 20o 58

hkl hkl

10520
60 22

30255 0 0 1 ,..
20 70 50

®l®ioo 20 01095 30 100

30355 100 2 0 0 ,.. 100 55

106ee 60 55

F i g .  5 .  C h a n g e  in  t h e  in t e n s i t y  d is t r ib u t io n  g iv e n  b y  s p e c im e n s  w i t h  p re ferred  o r ie n t a t io n ,  
d u r in g  r e d u c t io n  a n d  o x id a t io n ,  r e s p e c t iv e ly

D iscussion

On th e  basis  of th e  describ ed  e x p e rim e n ta l find ings th e  follow ing m odel 
is suggested  fo r  th e  tra n s fo rm a tio n s :

D u rin g  red u c tio n  o f  W 0 3, f irs t  an  in te rm e d ia te  phase  is fo rm ed , th e  
oxygen  a to m s leave  th is  a t  d iscre te  p o sitio n s, w hich fo rm  walls d irec tly  o r b y  
d iffusion . In  th is  w ay  th e  c ry s ta l  is b ro k e n  u p  in to  b locks, th e  inside o f  w hich  
re ta in  th e  co -o rd in a tio n  o f  th e  trio x id e  la tt ic e . A t th e  w alls o f v a c a n t oxygens 
(in re sp ec t to  W 0 3) b o u n d a rie s  are fo rm ed  b y  shear b e tw een  ad jacen t b locks. 
T he b o u n d a rie s  are n o t p e rfe c tly  o rdered  a n d  are d is tr ib u te d  ran d o m ly  a t  th is  
s tage . T hus th e  b e ta -tu n g s te n -o x id e  p re p a re d  b y  solid s ta te  reac tio n  (u n d e r 
th e  describ ed  cond itions) h as  a defect s tru c tu re  co m p ared  w ith  M a g n e l i ’s  

idea l a rra n g e m e n t of p a ra lle l an d  e q u id is ta n t walls o f “ re c u rre n t d is lo ca tio n s” . 
T he p e rfec tio n  o f th e  specim en  can, o f cou rse , be in c reased  b y  h ea t t r e a tm e n t:  
T here  is a co n tin u o u s tra n s it io n  in  th e  s tru c tu re  an d  degree of pe rfec tio n , 
from  d iso rd e red  tr io x id e  —  th ro u g h  d iso rd e red  b e ta -o x id e  —  to  th e  p e rfec t 
W 20O58. T h is m eans, th a t  th e  defect p h ase  fills u p  th e  com position  range 
b e tw een  W 0 3 an d  W 0 2 9(l. T he co n stan cy  o f com position  seems to  be valid  
only  for th e  p e rfec t W 20O58 c ry sta ls .
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The m echan ism  of tra n s fo rm a tio n  is m u ch  m ore sim p le  w hen  s ta r tin g  
w ith  a b e ta -o x id e  specim en. W h e th e r th e  c ry s ta ls  are defec tiv e  or p e rfec t, 
th e re  are sites w here oxygen ions are lack ing  com pared  w ith  tr io x id e , an d  i f  
th e  c ircum stances p rom ote  o x id a tio n , th e  v a c a n t  places are  filled  b y  oxygens. 
T he en te rin g  oxygens spring  th e  b o u n d a ry  reg ions and  sh ea r ta k e s  place. T h e  
p lanes of sh ear are  spaced u n ifo rm ly  or ra n d o m ly  accord ing  to  th e  p rim ary  
d is tr ib u tio n  of b lock-w alls in  th e  b e ta -tu n g sten -o x id e .

A second p a r t  of th is  re sea rch  is u n d e r ta k e n  b y  u sin g  sing le-crysta l 
m ethods.
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И ЗУ Ч Е Н И Е  П Р Е О Б Р А ЗО В А Н И Я  СДВИГА W 0 3 ^  W 2oOä3 РЕ Н Т ГЕ Н О В Ы М И  
ЛУЧАМ И  П О РО Ш К О -ДИ Ф Ф РАК Ц И О Н Н Ы М  М ЕТОДОМ

п. Г А Д О  

Р е з ю м е

Непрерывным высокотемпературным диффракциометром изучается эксперимен­
тально модель сдвига кристаллографического преобразования W 0 3 W 20O5S. Реакция
твёрдого состояния в интервале температур 500—600° С результирует в дефекте структуру  
бетаокиси вольфрама, сдвиг м еж ду смежными блоками беспорядочен вместо параллельно- 
эквидистантного. Устанавливается различие м еж ду механизмами раскисления и окис­
ления.
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ON THE CONVERGENCE 
OF THE PERATIZATION METHOD

B y

I .  M O N T V A Y

IN S T IT U T E  F O R  T H E O R E T IC A L  P H Y S IC S , R O L A N D  E Ö T V Ö S U N IV E R S IT Y , B U D A P E S T  

( P r e s e n te d  b y  K . N o v o b á t z k y  — R e c e iv e d  23 . V I . 1 9 6 4 )

R e c e n t ly  G . F e i n b e r g  a n d  A . P a i s  h a v e  fo u n d  a  m e th o d  for  t h e  s o lu t io n  o f  t h e  in te g r a l  
e q u a t io n  s u m m in g  t h e  la d d er  g r a p h s  in  th e  t h e o r y  o f  w e a k  in te r a c t io n s .  T h e  p r e s e n t  p a p e r  
s h o w s  t h e  c o n v e r g e n c e  o f  th e ir  m e t h o d  in  t h e  c a s e  o f  z e r o  in c o m in g  m o m e n t a  a n d  e x a m in e s  
t h e  c o n n e c t io n  b e t w e e n  t h e  r e g u la r iz e d  a n d  u n r e g u la r iz e d  e q u a t io n s . I t  i s  s h o w n  t h a t  i t  is  
p o s s ib le  t o  o b ta in  t h e  r e s u lts  o f  t h e  r e g u la r iz a t io n  p r o c e d u r e  d ir e c t ly  fr o m  t h e  o r ig in a l, u n r e g u l­
a r iz e d  e q u a t io n .

1. Introduction

Since th e  fie ld  th eo ry  of w eak  in te ra c tio n s  (the  fou r-ferm ion  in te ra c tio n  
th e o ry  as well as th e  in te rm e d ia te  boson th e o ry ) is u n ren o rm alizab le , for a v e ry  
long tim e  i t  w as n o t possible to  ca lcu late  th e  p ro b ab ility  o f w eak processes 
fo rb id d en  in  th e  low est order. T he so lu tion  of th is  problem  is o f h igh  im p o rtan ce  
in  m an y  resp ec ts . In  th e ir  f ir s t  p a p e r G. F e in b e r g  and  A. P a is  (F P )  [1] h av e  
g iven  a rev iew  o f th e  unso lved  questions w hich  can  be answ ered  if  th e  p ro b a ­
b ili ty  am p litu d es can  be ca lc u la ted  also in  h ig h e r order. The p ro ced u re  (pera tiz - 
a tio n ) proposed  b y  th em  leads to  fin ite  co rrec tions of th e  f ir s t  o rd er am p litu d e , 
due  to  th e  sum  o f higher o rd e r lad d er g rap h s . This co rrec tio n  changes for 
ex am p le  th e  coup ling  c o n s ta n t in  th e  re a c tio n  v,,e~ —> fx~ve from  g2/m~ to  
3g2/4m 2. This can  be seen from  th e  zero m o m en tu m  lim it of th e  am p litu d e . T he 
sam e re su lt can  be o b ta in ed  also in  a sim pler w ay  [2] if  one deals d irec tly  w ith  
th e  case o f zero incom ing m o m en ta . D enote  th e  am p litu d es o f th e  processes 
vfle~  -a- [A~ve a n d  vee~  -> vee~  b y  M odd an d  M evtn,re sp e c tiv e ly , an d  in tro d u ce  
th e  am p litu d e

M +- =  M odd ±  M evcn =  m * y « (  1 +  yi1)) / p ( l  +  Y(P )  ■ (1,1 )

In  th e  lad d e r ap p ro x im a tio n  one gets for

T± =  T race A f£  (1,2)

th e  following B e th e— S alpeter eq u a tio n :
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120 I. MONTVAY

т Ч р )
— tg2(4 +  m 2 р 2) 4 ig2 x

p 2 - f  m ~  (2л;)4

x P T ± ( p ’) [ ^  +  m ~ 2 ( p - p ' ) 2] d , , 

J p ' 4 ( p '  — P)2 +  ™2]

(1,3)

H ere th e  n o ta tio n s  are  th e  sam e as in  th e  p ap ers  of F P  ([1] an d  [2]). R eg u la riz ­
ing  th e  boson  p ro p a g a to r  in  th e  k e rn e l we are  led  to  th e  eq u a tio n

Т Ц р , М )
— tg2(4 - f -m  2p 2) , 4 ig 2 M 1 x

p 2 +  m-  “  (2 л)*

x  Г Т Ц Р ' , М )  [4 +  m ~ 2( p  p ') 2]
J p'2[ ( p ' - p ) 2 +  m2] (p'2+ M 2)2

(1,4)

(see re f. [2], eq. (2,17)), w here M  is th e  reg u la riza tio n  m ass, th u s  we n e e d  th e  
so lu tio n  lim  T ±(p,  M ) .

In  th e  p re se n t p a p e r  we sha ll d ea l w ith  th e  e q u a tio n s  (1,3) a n d  (1,4). 
In  S ection  2 we f irs t rep ro d u ce  th e  so lu tion  o f (1,4) w ith  th e  p e ra tiza tio n  m eth o d  
an d  show  th a t  th e  p ro ced u re  converges i f  th e  coupling c o n s ta n t is sm all enough . 
V c  ex am in e  th e  connec tion  b e tw een  th e  so lu tion  a n d  th e  u n reg u la rized  
e q u a tio n  (1,3) an d  p rove a co n jec tu re  o f F P . E q u a tio n  (1,3) is in v e s tig a te d  in 
S ection  3. I t  is show n th a t  th e  re su lts  o f F P  can be o b ta in e d  d irec tly  fro m  i t ,  
w ith o u t th e  reg u la riza tio n . I t  is an  in te re s tin g  fe a tu re , how ever, t h a t  th e  
u n reg u la rized  eq u a tio n  sp lits  in to  tw o  coup led  eq u a tio n s  an d  i t  is n o t  so easy  
to  p ro v e  th a t  th e se  are  n o t in  c o n tra d ic tio n  w ith  each  o th e r . W e deal w ith  th is  
p ro b lem  in  th e  A p p en d ix , w here we p ro v e  u n d e r c e r ta in  a ssu m p tio n s t h a t  th e  
tw o  eq u a tio n s  do ind eed  n o t  c o n tra d ic t each  o ther.

2. T he regu la rized  equa tion  for T 1-

I n  th e  eq u a tio n  (1,4) th e  in te g ra tio n  has to  he e x te n d e d  over th e  w hole 
p '  space . F o r o u r pu rposes i t  w ill be m ore  conven ien t to  in tro d u ce  n ew  in teg ­
r a t io n  v a riab le s , since we w an t to  p ro v e  th e  convergence of th e  N eu m an n  
series in  te rm s  o f  sq u are  in te g ra b ility . F ir s t  o f all we pe rfo rm  th e  in te g ra tio n  
over th e  an g u la r v ariab les  in  th e  P Í P 2P 3 space: th ese  a re  § '  and  ç>'. T h e  o th e r 
tw o  new  v ariab les  are

R ' =  Yip' i2 +  P 22 +  Pi  Y  +  p Y  ■>

P<>Ф'  =  a r c t g ---------- —/O l f
P i  +  p'Y  +  p'Y

(2, 1)
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(These are  po lar co o rd ina tes in  th e  q =  p [ 2 +  p '22 -|- p i 2; л  =  p i 2 p lane). T hus 
th e  connection  b e tw een  th e  old an d  new  v ariab les  is th e  fo llow ing

p'o =  i  УR '  sin  Ф ' V

p i  =  УR.' cos Ф' ■ sin &' • s in  cp',
_________  (“ 5“ )

p i  =  УR '  cos Ф'  • sin ■&' • cos 9/ ,  

р'з =  УR ’ cos Ф' • COS

C hoosing p x =  р 2 to  be zero an d  p 0 ^  0 one has

(p  —  p ')2 =  R (cos Ф —  sin Ф) -)- R '(cos Ф'  —  sin  Ф') ■—-

— 2 cos & y R R '  cos Ф cos Ф' ±  2 УR R '  sin Ф s in  Ф' .

The Ja c o b ia n  can be o b ta in ed  from  (2,2)

d(PÓPÍPÍPÍ)  : R , l^ctg Ф'  sin
0 (R' Ф’ &' <p') ±  4

I t  is now  possible to  w rite  dow n th e  eq u a tio n  for Т ±(ДФ , M).  In tro d u c in g  th e  
new  un k n o w n  fu nc tion

П  ( ЛФ, M )  =  (2,3)
У cos Ф — sm  Ф

we o b ta in  th e  follow ing (m ore sym m etrica l) e q u a tio n  in th e  n ew  variables

т | ( йф, M) =  -  ig2 ctg1/4 ф  _  P _  + -------------L ------------ -t-
ycos Ф — sin  Ф m2 R (co s Ф — sin Ф) -f- m2j

4ig2TTM* ç ç ‘ Г £ ( К 'Ф ',М )  {ctg Ф - c t g Ф '}2/4_______________  v
(2тт)4 J  J  |/ (c o s í> — sin Ф) (cos Ф ' — sin Ф ') [М 2+ Д '(С 08Ф '— э т Ф ') ] 2

о о

х Ц _____ g ” ” ') U v r  (2,4)
[ т 2 4 y R R '  cos Ф cos Ф' J

H ere fCjP is an  a b b rev ia tio n  s ta n d in g  fo r th e  exp ression

[R (cos Ф — sin Ф) -f- R '(cos Ф ' — sin Ф') -j- m 2 — j

Х д а Фй 'ф ')  =  1о8 -  2 VR R ' co-8- *  co s  Ф ' I' -  4 R R ' sin Ф sin . (2,5)
[R (cos Ф — sin Ф) -f- R '(cos Ф ' — sin  Ф') -f- m 2 -f-

+  2 y R R '  cos Ф cos Ф ' ] 2 -  4 R R ' sin Ф sin  Ф' \
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122 I. MONTVAY

W e m u st now  f in d  th e  so lu tio n  of (2,4) in  th e  lim it M  -> oo. F o llow ing  F P  
we suppose  th a t

П ( М > ,  M )  =  т и т м )  +  T U M )  ^ g 1/40 . (2,6)
(/cos Ф — SU1 0

In tro d u c in g  th e  n o ta tio n s

mwR'f)  = «як™™) „вJ Г Фд,i°Фcl T ,inJ )~,', ^  • <2-7>\ R R  (cos Ф — sin  Ф) (cos Ф — sm  Ф )

3 * 9  • 9.

_____Ml .
16л:3 " 2m2 Л3

an d  su p p osing

— 3 i s 2 c tg 1/1 Ф
т и к ® , м ) =  -  ----------- —  —  • „  8 = -  ±R (cos Ф — sin  Ф) -f- m2 |/ cos Ф — sin Ф

±  fei M4 Г f — — ф 7 M) +  T2s(M)—  х >̂(кфд'Ф') е/Ф' dir,(
.! J  [R '(co s Ф' — sin  Ф ') -f- M 2]2 
0 0

T: (M) =  -  , fe M4 г f  [ГЬ(Д,Ф>, M) +  Tls(M)] ctg Ф' ЛФ' «ГД'
m2 “ ) j [К '(со в Ф ' — в т Ф ')  -f- М 2] 2(совФ ' — 8т Ф ')

0 0 (2,8b)

one gets th e  so lu tio n  o f eq . (2,4). E q . (2,8a) can be decom posed  in to  th e  follow­
ing  tw o  in te g ra l eq u a tio n s :

t r (ДФ, M )  = ------------ ~  3 tg2----------------ctg 1/1 Ф_
R (c o s Ф  — sin Ф) -f- m 2 (/совФ — 8т Ф

±  К  M< Г f  1 ф , (2 ,9 .)
J  J  [Д '(совФ ' — sin  Ф') +  M 2] 2

о о

, Н Я Ф ,  M )  = ±  1, м< Г Г ±
J  J [Я ' (cos Ф' — sin Ф') +  М 2]2

о о
°о я/2 /9 9Ы

±  1, М ‘ i f  ю ш т в .  ’O ’) _ № J R ,
J  J  [R '(cos Ф ' — sin Ф ') -)- if f2]2 
« 0

In  th is  w ay  th e  so lu tio n  Т^5(ЛФ , M ) is sim ply

T í s ( R 0 ,  M )  =  t p ( R Ф , M ) +  Г |3(М ) i /  (ДФ, M ) . (2,10)
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T he eq. (2 ,8b) for T 2S becom es now

T .U I M ) _  +kM* f  Г _____  » ? ( * '* '■ « )  « г  < « '
“ m2 2 J J  [jR'(cos Ф '— sin Ф ') +  М 2]2 (cos Ф' — sin  Ф')

о о

X í i  х *  ^  f  Г -_ _ _ _ _ Y w r* * * * _ _ _ _ _ _ т
I 1 2 J  J  [Л '(со»Ф ' - s i n 0 ') +  ^VÍ2]2 (co3 0 ' - s i n 0 ')  1

0 ° (2,11)

-ц 1 Mi Г Г _______^ ( Д ' Ф Ч М ) / ^ 7^ ^  1~]
2 J J  [R'(cos<Z>'— sin  Ф 'х -f- M 2]2 (cos Ф' — sin Ф') } 

о о

A ccording to  th e  m ean in g  of reg u la riza tio n , in th e  so lu tions of th e  equ a tio n s
M  m ust te n d  to  in f in ity . (In  our case only  the  q u a n t i ty  lim  T § (0 я /4 , M )

Alp­
has a p h y sica l m eaning , since th e  p o in t p  =  0, p 2 =  0 corresponds to  R  =  0
Ф =  я /4 .)

W e solve (2,9a) a n d  (2,9b) by  i te ra tio n . I f  th e  i te ra tio n  series converges, 
th e re  is

lim  tr±w  (КФ, M )  =  t r  (R<P, M )  ,
( 2, 12)

lim  ts± w  (ЯФ, M )  =  t f  (R<P, M )  .
k^°°

In  every  i te ra tio n  s te p  we solve (2,11) exac tly  a n d  so ob ta in  Т ^ Ц М ) .  Thus 
in  th e  fc-th ite ra tio n  s te p  we o b ta in  fo r  T | ( R 0 ,  M ) fro m  (2,8) an d  (2,6)

T ^ k\ R 0 ,  M )  — tpm ( R 0 ,  M )  +  Т $ \ М )  Г c tg 1/4 Ф _ _ _  _|_ ts( R 0 ,  M )  (2,13)
|/cos Ф — sin  Ф

R enouncing  th e  su m m atio n  of th e  N eu m an n  series, we le t M  te n d  to  in fin ity  
in  every  i te ra tio n  s tep . T he “ so lu tio n ”  o b ta in ed  in  th is  w ay is

S § ( R 0 )  =  Hm lim  T l w ( R 0 ,  M )  . (2,14)

T he w hole p rocedure  converges if  th e  N eum ann  series (2,12) converges. The 
functions

К ^ Й Ф Я 'Ф ')  [ R '(cos Ф' —  sin Ф') +  M 2—  ie ]~ 2;

—  3%2 c tg 1/4 0{[R (cos Ф — sin Ф) +  m2 — is] (^co s Ф — sin Ф —  if)} -1 ; 

a n d
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124 I. MONTVAY

°o л/2
f f Km* (R<£R' Ф') [Д '(сов Ф' —  sin  Ф')  +  M 2—  ie ] - 2 
0 Ô

th a t  is th e  k e rn e l an d  inhom ogeneities in  (2,9a) a n d  (2,9b) are sq u a re  in teg r- 
ab le . T hus if  [fcj | ( th is  m eans g2) is sm all en ough  th e  convergence is assured. 
T he rem a in in g  questio n  is, w h e th e r th e  fu n c tio n  (2,14) satisfies th e  original, 
u n reg u la rized  eq u a tio n , w hich  can  be  o b ta in ed  from  (2,4) b y  o m ittin g  th e  
fa c to r  M 4 [K '(cos Ф'  — sin Ф') +  M 2] 2. B ecause o f (2,11) it  is obv ious th a t

lim  ГЙ*> (M ) =  0
M

T ak in g  in to  a cco u n t (2,13) one gets

lim  Г | (Л)(Я Ф ,М ) =  lim  t r w  ( R Ф, M )  .
M

(2,15)

(2,16)

T h u s th e  so lu tio n  o b ta in ed  w ith  th e  p e ra tiz a tio n  m ethod  is S s i ß -Ф) =  
=  lim  ir ^ (Й Ф , oo) w hich sa tisfies th e  eq u a tio n

3 ig2 Ctg1/ ’ Ф
R (cos Ф — sin Ф) -f- m 2 j^cos Ф sin Ф

OO л/2

± h ,  (  j К ^ ^ Ф К Ф ' )  S%(R'0' )  АФ' d R ',

(2,17)

since S f  is th e  lim it o f th e  co n v erg en t N eu m an n  series of th is  eq u a tio n . B y  
m ak in g  use of (2,7) an d  (2,3) th e  co rrespond ing  in te g ra l eq u a tio n  in  th e  four- 
m o m en tu m  space is

S 4 p ' ) d 4p '
S * ( p ) ~ ^ ± » t f

p* +  m 2 (2 n ) 4 )  [ ( p -  p y  +  m 2] p ' 2
(2,18)

w here th e  re la tio n  b e tw een  S a n d  S$ is s im ila r to  th a t  for T ± an d  as 
g iven  b y  (2,3):

* < » > -  s u m . (2,19)

T his re su lt agrees e x a c tly  w ith  th e  con jec tu re  o f  F P  in  [2]. T h e  solu tion  o f 
(2,18) an d  so th e  zero energy  a m p litu d e  can be o b ta in e d  w ith  ite ra tio n .

3. The u n reg u la rized  eq u a tio n  for T*

N ow  we tu r n  to  th e  u n reg u la rized  e q u a tio n  (1,3). O rig inally  we w an ted  
to  solve th is  eq u a tio n  fo r T ±(p).  Since we h a v e  now  found t h a t  S 1(p),  th e  
so lu tion  o b ta in e d  w ith  th e  reg u la riza tio n  p ro ced u re , satisfies (2,18) we in ­
v e s tig a te  w h e th e r S ± =  T ±. This can  be tru e  o n ly  if

A d a  Phys. Hung. Тот. X V I I I .  Fasc. 2.
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th is  m eans if

- i g 2 4 ig2 (- S * ( p ' )
m 2 ± m 2 (2n) i J p ’2

± 4  n 2 =  r  s 4 p :j  p -

d ' p ' ,

(3,1)

is sa tisfied .
B efore ex am in in g  w hether (3,1) is satisfied  w e show  th a t  (2,18) an d  (3,1) 

follow  d irec tly  fro m  th e  u n reg u la rized  eq. (1,3). T h is m eans: 1. w ith  th e  p ro ­
cedure discussed in  Sec. 2 one gets th e  solu tion  o f  th e  u n reg u la rized  eq u a tio n ; 
2. i t  is possible to  g e t th e  sam e re su lt  w ith o u t th e  reg u la riza tio n . L e t us con­
sider th e  in te g ra l e q u a tio n :

W(x ) =  (cp(x) - f  y)x{x)  +  * f Щ х х ' )  +  %{x)o{x')\  ip(x')dx' ,  (3,2)
0

w here cp an d  Z  are sq u a re  in teg rab le  fu n c tio n s of th e ir  v ariab les, %(x) is bounded

an d  ( %(x')o{x')dx'  is d ivergen t. (F o r  th e  sake o f  sim plic ity  le t  us suppose 
ó

Z( x x ' )  ->  0 an d  x(x ' )  o{x ')  ->  0 i f  x '  -*■ oo.) I t  is clear f ro m  (3,2) th a t
th e  so lu tio n  is o f th e  form

гр{х) =  ( у ф )  +  fo ) x (x ) , (3,3)

w here y>0 does n o t d ep en d  on x.  T h u s  th e  in te g ra l on th e  r ig h t-h a n d  side of 
(3,2) can  ex is t on ly  if  гр0 =  0. (If  th e  in te g ra l does n o t  ex ist th e  e q u a tio n  has no 
m ean ing  a t  all.) I n  th is  Avay (3,2) can  be decom posed  in to  tw o  equ a tio n s:

ip(x) =  <p(x)%(x) -(- A I Z(xx')xp(x')dx'  , 
b

0 =  y  -f- A I a(x')%p(x')dx' .
(3,4)

L et us a p p ly  now  th is  decom position  to  eq. (1,3). T h e  tw o  eq u a tio n s co rresp o n d ­
ing to  (3,4) are (2,18) an d  (3,1). T h is is easily seen w hen  w ritin g  th e  equations 
in  th e  new  v ariab les  in tro d u ced  in  (2 ,2). One gets  th e  u n reg u la rized  equa tion  
b y  o m ittin g  th e  fa c to r  iff4 [B '(cos Ф'  —  sin Ф') M 2] -2 from  (2 ,4). T hus th e
correspondence b e tw een  th e  fu n c tio n s in  (3,2) an d  th e  functions in  th e  unregul- 
arizcd  eq u a tio n  is th e  following:

<-» • 9  * „ 2

m  л
cp —>

R (cos Ф — sin Ф) +  m 2 
c tg 1/4 Ф

\lcos Ф — sin Ф — is 
8 c tg 1/4 Ф

IS

; 27->-К£?>(ЯФ К'Ф ');

A—>- •
3 m2 УсоэФ ' — sin  Ф' — is 

W riting  th e  eq u a tio n s  in  th e  old v a ria b le s  one gets  (2,18) and (3,1).
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T he rem ain in g  p rob lem  is th e  p ro o f  of (3,1). T h e  d irect p ro o f  seem s to  he 
ra th e r  d ifficu lt. W ritin g  th e  eq u a tio n  in  th e  new  v a riab le s  one o b ta in s  a com ­
p lic a te d  eq u a tio n :

± 2 л 3 = Т Ц Я ' Ф ')  d$>' d R ^ _  
(cos Ф' — sin Ф') ] / t g 0 '

(3 ,5)

о 0

T he p ro b lem  becom es sim pler w hen  one supposes t h a t  th e  p a th  o f in teg ra tio n  
in  th e  com plex  p'0 p lan e  m ay  be r o ta te d  so as to  coincide w ith  th e  im ag in ary  
ax is. T h e  p ro o f of (3,1) on th is  a ssu m p tio n  is o u tlin e d  in  th e  A p p en d ix .

4. Conclusion

In  th e  case o f zero  incom ing  m o m en ta  i t  is possib le  to  sum  u p  th e  h igher 
o rd e r la d d e r g raphs w ith  th e  a id  o f th e  B ethe— S a lp e te r  eq u a tio n . Solving th is  
e q u a tio n  one does n o t  need  to  reg u la rize  or m ake a c u t off, since th e  eq. (1,3) 
red u ces to  (2 ,18) w hich  has an  i te ra t iv e  so lu tio n  i f  g- is sm all enough . The 
i te ra t io n  becom es possib le  because o n ly  a p a r t  o f th e  boson p ro p a g a to r  appears 
in  (2 ,18 ). One m ay  sa y , th a t  in  th is  case th e  “ d iv e rg e n t”  p a r t  of th e  p ro p ag a to r 
does n o t  give an y  in te ra c tio n  in  th e  lad d er a p p ro x im a tio n .

I t  w ould  be v e ry  in te re s tin g  to  in v es tig a te  th e  case o f non -v an ish in g  
in co m in g  m o m en ta . In  th is  case th e  prob lem  is m uch  m ore com plica ted , 
h o w ev er, th e  su m m a tio n  of th e  m o s t d ivergen t p a r ts  o f the  g rap h s  leads to  an 
e q u a tio n  sim ilar to  (1,1) [1].

C oncerning th e  p e ra tiz a tio n  m e th o d  we h av e  fo u n d  th e  fo llow ing resu lts.
1. T he m eth o d  leads to  th e  co rrec t re su lt  in th e  case o f th e  e q u a tio n  for T ±(p).
2. T h is eq u a tio n  can  be  solved also w ith o u t th is  m e th o d . I t  is a n o th e r  question , 
w h e th e r  generally  p e ra tiz a tio n  g ives th e  co rrec t answ er. The m e th o d  (as a 
m a th e m a tic a l one) seem s to  be g en era l enough. P a is  e t al. [3— 4] h a v e  u tilized  
i t  fo r in s tan ce  in  th e  sc a tte rin g  th e o ry  of s in g u la r  p o ten tia ls . T h ere  also th e  
co rrec t so lu tions a re  o b ta in ed  w hich  seem s to  show  th a t  th e  m e th o d  is m a th e ­
m a tic a lly  exact.

T h e  a u th o r  w ou ld  like to  th a n k  Prof. K . N a g y  and  D r. G. P ó c s ik  fo r 
s t im u la tin g  discussions.

A ppendix

T he in te g ra tio n  p a th  in  (1,3) can  be ro ta te d  in  th e  com plex  p'0 p lane so 
as to  fa ll on th e  im a g in a ry  axis i f  th e  functions T ±(p ' )  have su ita b le  an a ly tica l 
p ro p e rtie s . In  th is  case one can  pe rfo rm  th e  in te g ra tio n  over th e  angu lar 
v a riab le s  in  an  E u c lid ian  p[ p'2 p'3 p 4 space. T h is reduces th e  m a th e m a tic a l 
d ifficu lties. F o r ex am p le  also th e  p ro o f  of th e  convergence becom es sim pler.
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N ow  we p rove (3,1) assum ing  th e se  an a ly tica l p ro p e rtie s  of T ~ .  T he  
un reg u la rized  in te g ra l eq u a tio n  becom es a f te r  th e  a n g u la r  in teg ra tio n

T ± («) =  — g2+  9  —1— л  o  __9m  4m- n  „
T -  ( s ' ) { \  +  3m2 K J s s ' ) j  d s ' . (A ,l)

H ere th e  follow ing n o ta tio n s  w ere in tro d u c e d :

p  - ;

jr  t  > \  s  +  s ' +  m2 nK m(ss)  =  - *1
2 ss

1 -
4 ss'

(s -1- s ' +  m 2)2

F irs t o f all one no tes th e  a sy m p to tic  form  o f th e  kernel:

1

K m(ss’) ~

if s >  s'

if  s ' >  s
a n d  s o r s ' |>  m 2 .

(A ,2)

(A ,3)

The fu n c tio n s — 3 ig2(s m 2) 1 an d  K m(ss’) a re  square in te g ra b le , so eq . (A ,l)
is of th e  ty p e  (3,2). H ere th e  co rrespond ing  functions are

9  '
— 3 »áT 
s -f- m 2

y ->  — lf  ; z -*  1 ;
m"

К m{ss)  ;
3 m

o 2

2 4 тг2

(A ,4)

T hus eq. (A ,l)  can  be sp lit (like (3,2) in to  (3,4)) in to  th e  e q u a tio n s :

-  3 %2 I
s -(- mТ± ( * ) ,  — i  .^  4

j  K m(ss ) T i (s') ds '

a nd
T  (s')ds'  =  ^  4 .

(A ,5a)

(A ,51»)

F or th e  p roo f of (A ,5b) i t  is usefu l to  ex am in e  f irs t the  a sy m p to tic  b e h a v io u r  
of T  (s). I f  s m 2 we have from  (A,3)

s m~ 4 71"
1 f

s
j T ±(s') ds' Г -T- W  ds' (A ,6)
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S upposing  n o w  ) T  + (s')ds'  <  oo i t  is possib le  to  p ro v e  (A ,5b). B ecause  o f 
o'

(A ,6) we can  w rite

T +~(s) 3 ig2 З ё 2 Г
4 л 2

T ±(s ' )ds , \ +  о
1

(A ,7)

H ere th e  coeffic ien t of th e  s 1 te rm  v an ish es  i f  j T~(s ' )d s '  ex ists. This m eans
? b

th a t  (A ,5b) h o ld s . The ex is ten ce  of ) T ±( s ’)ds '  follows fro m  th e  a sy m p to tic  
d iffe ren tia l e q u a tio n  0

T*"(s)  +  - T * ' ( s) ± - ^ f T T ±(S)
s 4 л л s2 s4

o b ta in ed  f ro m  (A ,6). The so lu tio n  of th is  e q u a tio n  is o f th e  form

w here

2 ± 3 g 2

1 +

4 л 2 ;

з 7
4 л 2

(A ,8 )

(A ,9)

Ы - 1 1 -F 3 g 3
4 r

I f  th e  c o n s ta n ts  a 1 , a 2 a re  chosen  in (A ,9) in  a w ay w h ich  g u aran tees  t h a t  also

(A ,6) is sa tis f ie d , th e  ex is ten ce  of j T ±(s ' )ds '  can be ea s ily  show n. T his co m ­
pletes th e  p ro o f  of (A ,5b).
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О СХОДИМ ОСТИ П ЕРА ТИ ЗАЦ И О Н Н О ГО  М ЕТОДА

И . М О Н Т В А И

Р е з ю м е
В последнее время Г. Ф ейнбергом и А. П айсом был найден метод для реш ения ин­

тегрального уравнения, суммирующ его лестничную  диаграмму в теории слабого взаи­
модействия. В данной работе показывается сходимость упом янутого метода в случае  
нулевого входного момента и исследуется связь м еж ду регулированным и нерегулиро- 
ванным уравнениям и. Оказывается возможным получить результаты регулированного  
процесса непосредственно из оригинального, нерегулированного уравнения.
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T H E O R E T IC A L  IN T E R P R E T A T IO N  
O F SOME P R O P E R T IE S  O F T H E  P E R IO D IC  SY STE M  

B Y  T H E  T H O M A S -F E R M I M O D EL

B y

A. KÓNYA
R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S , H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , B U D A P E S T

( R e c e iv e d  1 . V I I I .  1 9 6 4 )

B y  m e a n s  o f  q u a n t i t ie s  d e f in e d  in  t h e  s t a t i s t i c a l  th e o r y  o f  a t o m s  a s  a n a lo g o u s  q u a n t i t ie s  
t o  t h e  q u a n tu m  n u m b e r s  o f  w a v e  m e c h a n ic s  [7 ]  s e v e r a l  p r o b le m s  o f  t h e  a to m ic  s h e l l  s t r u c tu r e  
are  d e a l t  w it h :  t h e  m a x im a l  p r in c ip a l  q u a n tu m  n u m b e r  a n d  t h e  f i r s t  a p p e a r a n c e  o f  t h e  p r in c ip ­
a l q u a n t u m  n u m b e r s  in  t h e  p e r io d ic  s y s t e m  o f  t h e  e le m e n ts ,  t h e  c o m p le t io n  o f  t h e  e le c tr o n  
s h e l ls  a n d  th e  a n o m a lo u s  s e q u e n c e  o f  t h e  e le c t r o n ic  s t a t e s  w i t h  h ig h e r  a n g u la r  q u a n tu m  
n u m b e r s . T h e  T h o m a s  — F e r m i  m o d e l g iv e s  a  t h e o r e t ic a l  d e s c r ip t io n  f o r  a ll  t h e s e  c h a r a c t e r is t ic  
p r o p e r t ie s  o f  t h e  a to m ic  s t r u c t u r e ,  a v e r a g in g  t h e  d is c o n t in u o u s  c h a n g e s  in  t h e  p e r io d ic  s y s t e m  
o f  t h e  e le m e n ts .

1. In tro d u c tio n

F ek m i was th e  f irs t  to  ap p ly  th e  T h o m as— F e rm i (T F) a to m  to  th e  th e o ­
re tic a l in te rp re ta tio n  of th e  anom alous filling  of th e  one-e lec tron  q u a n tu m  
levels in  th e  period ic  sy s tem  of th e  e lem en ts [1]. S ince t h a t  tim e  his m e th o d  
has been  in v es tig a ted  b y  severa l a u th o rs  [2— 6 ]. T he m a in  p rob lem  d iscussed  
here is in  w h a t o rd er th e  “ q u a n tu m  s ta te s ”  defined  in  th is  m odel are  occupied  
by  th e  electrons.

In  [1] th e  follow ing in te rp re ta tio n  o f th e  an g u la r q u a n tu m  n u m b e r  was 
given b y  F erm i for th e  T F  atom . I f  we t r e a t  th e  e lec tro n s in  each  volum e 
e lem ent dv  o f th e  a to m  as to ta lly  free, th e n  th e se  e lec tro n s are  fu lly  c h a ra c te r ­
ized b y  th e ir  m o m en tu m  v ec to r p  h av in g  ab so lu te  v a lu es  from  zero to

P (r) =  (3 7 , (1)

th e  ra d iu s  of th e  F e rm i sphere (g(r) d eno tes th e  e lec tro n ic  charge d en sity ). 
The a n g u la r  m o m en tu m  o f an  elec tron  w ith  th e  m o m en tu m  p  has th e  ab so lu te  
value

M  =  rP ±  , (2)

w here p x  is th e  a z im u th a l com ponen t of p .  T he  m ax im al an g u la r m o m e n tu m  
occurring  in  dv  is th e n

M max =  rP(r)  . (3)
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T he d e fin itio n  given b y  F e r m i  for th e  q u a n t i ty  k* co rresp o n d in g  to  th e  
a z im u th a l q u a n tu m  n u m b er к o f  q u a n tu m  m echan ics is now

k* = - - M  . (4)
h

H e co nsidered  the  e lec tro n s  w ith

I <  к* £  l +  1 (5)

as t h e  e le c t ro n s  w i t h  t h e  a n g u l a r  q u a n t u m  n u m b e r  l, c o m m o n ly  c h a r a c t e r i z e d  
b y  t h e  q u a n t i t y

& * = / + — . (6)
2

As w as  s h o w n  b y  A. K ó n y a  in  an  e a r l ie r  p u b l i c a t io n  [7] t h e  q u a n t i t y

1 Л  M 2 ' 1/2
n* = ------ 2 m e 0 V ( r ) 2 m E --------—  dr  (7)

лК J [ r2
Г !

a n d
n*  =  n* +  k* (8)

can  also be d efin ed  using th e  B o h r — S o m m e r f e l d  q u a n tiz a tio n  conditions. 
In  (7) E  d en o tes  th e  e n e rg y  o f th e  e lec tro n

E  =  f -  -  e0 V(r)  , (9)
2 m

e 0 is th e  e le m e n ta ry  charge a n d  V(r) is th e  e lec tro s ta tic  p o te n tia l  due to  th e  
nu c leu s an d  to  th e  electronic ch a rg e  a ro u n d  th e  nucleus. T he in te g ra l m u s t he 
e x te n d e d  to  th e  in te rv a l w here  th e  in te g ra n d  is positive.

The q u a n t i ty  n* co rresponds to  th e  ra d ia l  q u a n tu m  n u m b e r if  we in tro ­
duce h a lf  in te g e r  q u an tu m  n u m b ers

П* = n r +  ~ .  (10)

F rom  (8), (6 ) and  (10) i t  follows th a t

n* =  nr +  / +  1 , (11)

w hich  m eans t h a t  the  q u a n t i ty  n* co rresponds to  th e  p rin c ip a l q u a n tu m  
n u m b e r an d  t h a t  th e  in teg e r v a lu es  of n* co rrespond  to  th e  d iscrete  v a lues of 
th e  p rin c ip a l q u a n tu m  n u m b e r.
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T he T F  m odel is chosen  here as th e  basic  m odel. In  th is  case one can  use 
th e  v ariab les  in tro d u ced  b y  F ermi

1 9 л 2 I1/3 n 2
( 12)Л =  — — °0 ’ «о — ~  ■>

4 2 Z 1 me5

<P(x) =
jUX

Z e 0
■V(x). (13)

S u b s titu tin g  these  v ariab les  in to  (7) an d  using  th e  re la tio n s (8) a n d  (4) 
we o b ta in  th e  follow ing expression  for th e  q u a n ti ty  n* :

w here

and

3
4n2

1 /3
Z 1/3 [Ф(а, ß)  4- л а \ ,

к*
Í Зл 1 /3  ’

Z '/3
1 4

(Éл )213 а0

8Z 4/3 e2

X ,
<t>(a,ß) =  j [x<p{x)

X.

ßx? — а2]1/2
d x

X

(14)

(15)

(16)

(17)

T he in te rv a l of in te g ra tio n  in  (17) is lim ited  b y  th e  zeros x1 and  x 2 o f  th e  
fu nc tion  u n d e r  th e  sq u are  ro o t. The n u m erica l values o f th e  function  Ф (a, ß) 
are  given in  [7] in  T ab les 1 an d  2.

The resu lts  b rie fly  sum m arized  h e re  enable  a m ore d e ta iled  in v e s tig a tio n  
of the  p ro p ertie s  of th e  period ic  sy s tem  to  be m ade th a n  th a t  of F e r m i  using  
th e  an g u la r q u an tu m  n u m b e r only. In  th e  follow ing we d e te rm in e  th e  m a x im a l 
p rin c ip a l q u a n tu m  n u m b e r o f th e  a to m s in  th e ir  g ro u n d  s ta te s  (S ection  2), 
th e  f irs t ap p earan ce  o f th e  p rin c ip a l q u a n tu m  n u m b ers  (Section  3), th e  
com pletion  of th e  e lec tro n  shells (S ection  4) an d  th e  ap p ea ran ce  of th e  s ta te s  
w ith  d iffe ren t angu la r a n d  p rinc ipa l q u a n tu m  n u m b ers  (Section  5).

T he m ost s trik in g  phenom enon  in  th e  periodic sy s tem  is th a t  th e  s ta te s  
w ith  h ig h er angu la r q u a n tu m  num bers a re  occupied  la te r  as m ay  be su p p o sed  on 
th e  basis o f th e  energy  sequence of th e  hyd rogen ic  te rm s . I t  w ill be  show n 
th a t  th is  an o m aly  m a y  be described  b y  th e  ra tio  o f th e  m ax im al a n g u la r  
q u a n tu m  n u m b er to  th e  m ax im al p rin c ip a l q u a n tu m  n u m b e r an d  t h a t  th e  
value o f th is  ra tio  for th e  T F  m odel lies v e ry  n ea r to  t h a t  fo r th e  vrave m e c h a ­
n ica l shell m odel (S ection  6).
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2. The maxim al principal quantum  number o f the atoms

F ro m  (14) we o b ta in  d ire c tly  th e  m a x im a l value o f  th e  q u a n tity  n* fo r 
th e  T F  a to m  w ith  th e  a to m ic  n u m b er Z

n max —
3 1/3

4л :2
г ^ [ Ф ( а ,  ß )  +  na )max. (18)

F i g .  1 .  T h e  m a x im a l  p r in c ip a l q u a n tu m  n u m b e r  n max a n d  t h e  m a x im a l  a n g u la r  q u a n tu m  
n u m b e r  l m a x  o f  t h e  a to m s  in  t h e  g r o u n d  s t a t e  a s  f u n c t io n s  o f  t h e  a t o m ic  n u m b e r  Z

B y n u m e ric a l in te rp o la tio n  from  T ab les  1 and 2 given in  [7] we o b ta in  

[Ф (а, ß )  +  л а ] тах =  3,76 (19)

a n d  th is  m a x im u m  belongs to  th e  p a ra m e tr ic  values

а =  0,067 an d  /3 =  0 .  (20)

F ro m  (18) th e n  follows

n * ax  =  1 ,5 9 z 1/3. (21)

This re la tio n  is g rap h ica lly  show n b y  th e  u p p er sm o o th  curve in  F ig . 1 
to g e th e r  w ith  th e  values o f  n max ta k e n  fro m  th e  B o h r — S t o n e r  tab le  o f  
e lec tron  co n fig u ra tio n s . T he re su lt  m ay  be considered  as a good ap p ro x im atio n . 
I t  is c h a ra c te r is tic  th a t  th e  T F  a to m  has, in  general, so m ew h at g rea te r n max 
values th a n  th e  w ave m ech an ica l shell a to m , b u t  th e  d ifference decreases w ith  
increasing  a to m ic  nu m b er.
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F ro m  th e  value o f  th e  p a ra m e te r  a under (20) we reach  th e  follow ing 
in te re s tin g  conclusion. A ccording to  (15) and  (4) th e  s ta te  specified b y  n * ax 
has th e  a n g u la r  m o m en tu m  M  <  % i f  Z  <  1000. On th e  basis of (5) th is  m eans 
th a t  th e  e lec trons beg in  to  occupy f i r s t  th e  s-sta tes o f  a new  shell —  in  fu ll 
ag reem en t w ith  th e  B o h r— Stoner  ta b le .

The re su lt (21) fo r  th e  p rin c ip a l q u an tu m  n u m b e r  m ay be com pared  
w ith  th a t  fo r th e  an g u la r q u a n tu m  n u m b e r. As So m m erfeld  [8] an d  I v a n e n k o  
an d  La r in  [4] have show n, th e  m ax im a l value of th e  an g u la r m o m en tu m  in 
an  a tom , as can  be seen from  (3), is

=  [rP (r)]„
Зтг 1/3

Z 113 [*9?(*)]max ( 22 )

F rom  n u m erica l tab le s  fo r th e  fu n c tio n  f ( x )  it follow s [9] th a t

[*9K*)]max =  0,70 . (23)

So, fro m  (4), we o b ta in

k*ax =  0,93Z>'3 . (24)

This re la tio n  is g rap h ica lly  show n b y  th e  low er sm oo th  curve  in  Fig. 1 
to g e th e r w ith  th e  values o f  lmax ta k e n  fro m  th e  B o h r— S toner  tab le .

A correspondence  b e tw een  th e  q u a n titie s  k* ax a n d  /max m ay  be o b ta in e d , 
as follows fro m  (6), b y  red u c in g  th e  v a lu es  of kmax b y  th e  c o n s tan t 1/2. These 
red u ced  v a lu es  are g rap h ica lly  show n b y  th e  curve w ith  d o tted  line in  F ig . 1. 
So one has an  ap p ro x im a tio n  of th e  sam e  ch arac te r as o b ta in ed  above for th e  
p rin c ip a l q u a n tu m  n u m b e r.

3. First appearance of the principal quantum  numbers

F e r m i has g iven  a th eoretica l ca lcu la tio n  o f  th e  a tom ic n u m b ers Z; at 
w hich  a s ta te  w ith  an an gu lar q u an tu m  num ber l f ir s t  appears [1]. S om m er­
f e l d  [8] g a v e  th e re la tion

Z,  =  1,25 I + , / = 0 , 1 , 2 , 3 (25)

easily  o b ta in ab le  from  (24) an d  (6).
H av in g  th e  expression  (21) for th e  m ax im al p rin c ip a l q u a n tu m  n u m b e r 

we can ca lcu la te  sim ila rly  th e  a tom ic n u m b ers  Z„ a t  w hich  a s ta te  w ith  th e  
p rin c ip a l q u a n tu m  n u m b e r n f irs t ap p ears . F rom  re la tio n s  (21) and  (11) we get

Z n =  0 ,25 n 3 . (26)
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(As follow s fro m  th e  co n tin u o u s change o f n* in  th e  s ta t is t ic a l  th eo ry  of 
a to m s, th e  re su lts  o b ta in e d  fo r Z„ m u st be tr e a te d  as low er lim its  o f th e  
em pirica l d a ta ) .

In  T ab le  1 th e  re su lts  ro u n d e d  up  to  th e  n e x t  in teg er n u m b e rs  are com ­
p a red  w ith  th e  Z n va lues ta k e n  fro m  th e  B o h r — S t o n e r  tab le .

I f  th e  s ta te s  w ere occupied  b y  th e  e lec trons all over th e  period ic  sy stem  
o f th e  e lem en ts  w ith o u t an y  an o m aly , th a t  is in  th e  sequence o f  th e  hydro- 
genic te rm s , th e  values of Z n sh o u ld  be 1, 3, 11, 29, 61, 111, 183 and  281 fo r 
th e  values o f n  g iven  in  T ab le  1. As we can see, th e  Z n values o b ta in e d  from  (26) 
ap p ro x im a te  th e  values ta k e n  fro m  th e  B o h r — S t o n e r  tab le  a n d  n o t those  o f 
th e  shell m odel w ith o u t anom aly .

W e ge t m ore d e ta iled  in fo rm a tio n  if  we com pare  th e  v a lu es  o f Z n and  Z ; 
also given in  T ab le  1.

A d -s ta te  ( th e  3 d -sta te ) ap p ea rs  in  th e  T F  m odel f irs t i f  Z ( =  20. A t th is  
a tom ic  n u m b e r th e  e lec trons h av e  a lre a d y  b eg u n  to  occupy th e  shell w ith  th e  
p rin c ip a l q u a n tu m  n u m b e r n =  4, to o , since th e  v alue  Z n fo r n  =  4 is 16. 
S im ilarly  we fo u n d  th a t  a t th e  f irs t  ap p ea ran ce  o f th e  s ta te  4f  (l =  3) a t  Z 3 =  54 
th e re  are  e lec tro n s a lread y  in  s ta te s  w ith  n =  5 an d  n — 6, t h a t  is in th e  O- 
a n d  P -she lls  to o . F u r th e r  th e  e lec trons in  th e  T F  m odel beg in  to  occupy th e  
shells w ith  n  =  6 a n d  n  =  7 befo re  th e  f irs t ap p earan ce  of a 5g -sta te .

A ll th e se  s ta te m e n ts  are in  acco rdance  w ith  th e  ta b le  o f  electron  con­
fig u ra tio n s .

4. C om pleted shells

T he co m p le tio n  o f a shell in  th e  s ta t is t ic a l  th e o ry  o f  a to m s m ay  be 
described  as follow s.

F o r a g iven  va lu e  o f th e  q u a n t i ty  n* th e  o th e r q u a n tu m  variab le  k* 
m ay  h av e  th e  v alues

T a b le  1

F irst appearance of the principal and angular quantum  num bers

Shell n

z „
Sub­
shell l

г ,

(26)
Bohr —Stoner 

table (25)
B ohr — Stoner 

tab le

к 1 1 l S 0 1 l

L 2 2 3 p l 5 5

M 3 7 l i d 2 20 21

N 4 16 19 f 3 54 58

О 5 32 37 g 4 114 —

P 6 54 55

Q 7 86 87

R 8 128 —
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0 < ; k*  <  n* (27)

as is show n b y  (8). A t th e  f irs t ap p e a ra n ce  of th e  q u a n tu m  n u m b e r n* th e  
v alue  o f k* is given b y  (20) an d  (15):

k* 0,067
Зл: 1/3

Z 1'3. (28)

W ith  increasing  Z  th e  q u a n tity  k*  increases from  th is  value to  its  m ax im ­
al value l* =  n* . The s ta te s  ch a rac te rized  b y  n* m a y  be tre a te d  as com-

F i g .  2 .  T h e  p r in c ip a l  q u a n tu m  n u m b e r  JV o f  t h e  o u te r  c o m p le te d  s h e l l  o f  t h e  a to m s  a s  a f u n c t io n
o f  th e  a t o m ic  n u m b e r  Z

p le te ly  filled  b y  elec trons a t  th e  a tom ic n u m b e r Z a t w h ich  k* a tta in s  its  m a x im ­
al value k* =  n * .

I f  in  th e  T F  a to m  w ith  th e  a to m ic  n u m b er Z  th e  o u te r  co m p le ted  shell 
has th e  p rin c ip a l q u a n tu m  n u m b er N ,  th e n  the  s ta te  w ith  th e  m a x im a l k* 
value in  th is  shell is th e  m ax im al k* v a lu e  in  the  w hole a to m . This m ean s th a t  
th e  shell ch a rac te rized  b y  N  is co m p le te ly  filled b y  elec trons, if  N  =  к * ax, 
w here fcmax is given b y  (24):

N  =  0 ,9 3 Z 1/3. (29)

So th e  expression  (24) w ith o u t th e  reduction  b y  1/2 has th e  follow ing 
d irec t p h y sica l m ean ing : i t  gives th e  p r in c ip a l q u a n tu m  n u m b er of th e  ou ter 
com pleted  shell in  th e  T F  a to m  as a fu n c tio n  of the  a to m ic  num ber.

T he re su lt (29) is show n g rap h ica lly  in  Fig. 2 co m p ared  w ith  th e  em pirica l 
d a ta  ta k e n  fro m  th e  B o h r — S t o n e r  ta b le . H ere, too , w e h av e  an ap p ro x im a tio n  
c h a rac te ris tic  o f th e  T F  th e o ry . T he th e o re tic a l c u rv e  averages th e  d iscon­
tin u o u s changes in  th e  period ic  sy stem  o f th e  e lem ents.
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5. The filling o f  the states in  the shells

In  th e  d e fin itio n  of n* in  (8) th e  p a ra m e te r  a con ta ins th e  q u a n tity  k* 
as can  be seen fro m  (14) an d  (15). So form ula (14) d istingu ishes am o n g  electrons 
w ith  th e  sam e a n g u la r  q u a n tu m  n u m b er acco rd in g  to  th e ir  en e rg y  value E .

T he co m m o n ly  occurring  tw o  q u an titie s  n*  a n d  k* in  (14) m ak e  i t  possible 
to  in v e s tig a te  m ore  de ta iled  p ro p e rtie s  in  th e  period ic  sy stem , dete rm in ed  b y  
th e  s im id tan eo u s occurrence o f th e  tw o q u a n tu m  num bers n a n d  l.

H ere we w ish  to  discuss th e  prob lem  o f w h a t are th e  m a x im a l p rinc ipal 
q u a n tu m  n u m b ers  IV; of th e  shells h av in g  o ccup ied  s-, p- ,  d-, a n d ^ -s ta te s .

T he d isco n tin u o u s curves in  F ig . 3a u n d  3b show  g rap h ica lly  the em piri­
ca l d a ta  IV; ta k e n  from  th e  ta b le  o f electron  co n fig u ra tio n s fo r th e  cases l =  
=  0, 1, 2 an d  3.

The q u a n tit ie s  N *  co rresp o n d in g  to  th e  q u a n tu m  n u m b e rs  IV; as fu n c ­
tio n s  o f th e  a to m ic  n u m b er Z  m a y  be ca lcu la ted  in  th e  T F  m o d e l as follow s:

C orrespond ing  to  (15) a n d  (6) th e  v a lu e  o f th e  p a ra m e te r  a m ust b e  
chosen  as

a/ + Ï Зтг

4

1/3
Z 1/3

Z =  0 , 1 , 2 , 3 . (30)

F or given v a lu es  of l th e  m ax im u m  of th e  q u a n t i ty  n* is, accord ing  to  (14),

N f  =
' 3 I1/3 

4 л2 j Z ^ [ 0 ( a l+ ß)  -j- л а 1+1] max • (31)

The in te g ra l Ф(а, ß) as show n  b y  T ab le  1 in  [7], is a m o no ton ica lly  d e ­
creasing  fu n c tio n  o f  th e  p a ra m e te r  ß  for a =  co n st, fo rm  w h ich  we o b ta in

1/3
Z 1/3 [Ф(ат  , 0) +  n a l+i] . (32)

This re la tio n  m ay  be e v a lu a te d  easily fo r a n y  Z  and  l v a lu es  w ith  th e  a id  
o f  th e  T able 2 in  [7].

T he re su lts  a re  show n b y  th e  con tinuous curves in  F ig . 3a and  3b. T he 
ap p ro x im a tio n  h e re  is also of th e  ty p e  usual in  th e  T F  th e o ry . T h e  th eo re tica l 
cu rv es  describe th e  general b e h a v io u r  of th e  em p irica l cu rves, b u t  th ey  do n o t  
ac c o u n t for th e  a b ru p t  changes.

Nf--
4л:2
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6 . The anom aly in the periodic system  o f the elem ents

The theoretical discussions g iven above allow  us to conclude, in accord­
ance w ith  the earlier results of Fermi [1], that th e  T F  model is able to  describe

s - states 

d- states

J p - states 

^f-states

F i g .  3 a  a n d  3 b .  T h e  m a x im a l  p r in c ip a l q u a n t u m  n u m b e r s  N t h a v in g  o c c u p ie d  f - s ta te s  as
f u n c t io n s  o f  t h e  a t o m ic  n u m b e r  Z

a p p ro x im a te ly  th e  anom alous sequence in  th e  fillin g  o f th e  e lec tro n ic  sta tes 
w ith  h igher an g u la r q u a n tu m  n u m b ers .

H ere we w an t to  p rove  th is  ch a ra c te ris tic  b e h a v io u r  of th e  T F  a to m  in a 
d irec t an d  v e ry  sim ple m anner.

L e t us in v es tig a te  th e  ra tio  o f th e  m ax im al a n g u la r  and p rin c ip a l q uan ­
tu m  n u m b ers  o f th e  a to m s. The values o f th is  q u o tie n t , de te rm in ed  from  the  
B o h r — St o n e r  tab le , are  show n in F ig . 4  as a fu n c tio n  of the  a to m ic  num ber 
Z.  This fu n c tio n  has v alues betw een  0 an d  1/2 a n d  fo r large Z  i t  approaches
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th e  lim it 1/2. This specific  p ro p erty  is caused  by  th e  anom alous o rd e r o f  filling 
th e  e lec tro n ic  levels.

In  an  atom ic  shell m odel w ith  re g u la r  filling (i.e. occurring  in  th e  sequence 
of th e  h y d ro g en ic  te rm s)  th e  m a x im a l angu la r q u a n tu m  num ber Zmax w ould 
be eq u a l to  n max —  1 fo r th e  a tom s w ith  com ple ted  shells. C o n seq u en tly  in 
th is  case th e  ra tio  lmax/n max ten d s to  u n i ty  as th e  a to m ic  n u m b er Z  increases.

In  th e  case of th e  anom alous f illin g  of the  q u a n tu m  sta tes , as w as show n 
in [6], o n ly  th e  v alue  lmax =  [nmax/2] belongs to  n max, [umax/2] d e n o tin g  the  
in teg e r p a r t  of th e  frac tio n . T hus in  th e  wave m echan ica l shell a to m  w ith

F i g .  4 .  T h e  r a t io  o f  t h e  m a x im a l  a n g u la r  q u a n t u m  n u m b er  t o  t h e  m a x im a l p r in c ip a l  q u a n tu m  
n u m b e r  in  t h e  a to m s  a s  a f u n c t io n  o f  t h e  a t o m ic  n u m b er  Z

an o m aly  /max/nmax te n d s  to  1/2, in  acco rdance  w ith  th e  periodic sy s te m  of th e  
e lem en ts.

F o r  th e  T F  a to m  w ith  Z  e lec tro n s  th e  ra tio  o f  th e  tw o m a x im a l q u an tu m  
n u m b e rs  is, accord ing  to  (24), (6) a n d  (21),

/m axK ax =  0,58 -  0 ,3 1Z -l'»  (33)

w ith  th e  lim itin g  v a lu e  0,58 for Z  ->  oo.
T h is  ra tio  lies v e ry  near to  t h a t  o f the  shell m o d e l w ith a n o m a ly , in d ic a t­

ing  th e  ten d e n c y  o f th e  electrons in  th e  T F  a to m  to  favour th e  s ta te s  w ith  
low er a n g u la r  m o m en tu m . Fig. 4 show s th a t  in som e in te rva ls  o f Z  th e  ap p ro x ­
im a tio n  given b y  th e  T F  a tom  is ev e n  b e tte r  as in  th e  lim it for la rg e  Z. This is 
w hy th e  T F  a to m  is ab le  to  rep re sen t th e  c h a ra c te r is tic  anom aly  in  th e  periodic 
sy s tem  o f th e  e lem en ts  w ith  a good ap p ro x im a tio n .
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Т Е О РЕ Т И Ч Е С К А Я  И Н Т Е Р П Р Е Т А Ц И Я  Н Е К О Т О РЫ Х  СВОЙСТВ П ЕРИ О ДИ Ч ЕС К О Й  
СИСТЕМЫ ЭЛ ЕМ ЕН ТО В МОДЕЛЬЮ  ТОМ АСА—Ф ЕРМ И

А . К О Н Ь А

Р е з ю м е
С помощью некоторых величин, определенны х в статистической теории атома как 

аналоги квантовым числами волновой механики [7], рассматриваются некоторые проб­
лемы оболочечной структуры атома: максимальное главное квантовое число в периоди­
ческой системе элементов, комплетность электронных оболочек и аномальный порядок 
заполнения электронных состояний с большим значением побочного квантового числа. 
Модель Т омаса—Ферми даёт теоретическое описание в сех  этих характерны х свойств атом­
ной структуры, усредняя прерывисто меняющиеся свойства в периодической системе 
элементов.
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C O M M U N I C A T I O N  E S  B R E V E S

ELECTRON SCATTERING RY ATOMS 
AND THE EXISTENCE OF NEGATIVE IONS

B y

T .  T i e t z

D E P A R T M E N T  O F  T H E O R E T IC A L  P H Y S IC S , U N IV E R S IT Y  O F  1,01)2 L Ö D Z , P O L A N D  

( R e c e iv e d  12 . I I I .  1 9 6 4 )

I t  is well kn o w n  th a t  th e  s tu d y  of th e  s c a tte r in g  of e lec tro n s  by  n e u tra l  
a to m s n e a r zero en erg y  is o f g re a t in te re s t in  connection  w ith  th e  physics o f  
th e  u p p e r a tm o sp h ere  as well as in  a s tro p h y sics . Since th e  e n e rg y  of th e  s c a t ­
te re d  e lectrons is o f th e  order o f  zero to  50 eV  th e  Born a p p ro x im a tio n  loses 
its  v a lid ity . A co n v en ien t m e th o d  for th e  ca lcu la tio n  of th e  p h a se  shifts is, in  
th is  case , th e  v a r ia tio n a l m e th o d . In  order to  f in d  a su itab le  so lu tion  of th e  
S ch rôd inger e q u a tio n

k 2 1(1 +  1) 2 V(r) R,(r) =  0 ( 1 )

we shall here a p p ly  th e  v a r ia tio n a l m ethods o f  H u l t h é n  [1], К о н и  [2] a n d  
M a l ik  [3]. In  eq. (1) к =  2E,  w here  E  is th e  en e rg y  of th e  s c a tte re d  e lec tron . 
F o r in  eq. (1) one m a y  use th e  charge  d e n s ity  as given h y  th e  H a r t r e e  or 
H a r t r e e — F o c k  w ave functions fo r th e  b o u n d  electrons. T h is  can  be v e ry  
well a p p ro x im a te d  b y  series o f ex p o n en tia l fu n c tio n s  as w as d one  b y  H o l t s - 
m a r k  [4], R u a r k  [5] an d  B y a t t  [6] in  th e  fo llow ing  w ay:

h ( r ) = - i v d „ e x p ( - y „ r ) ,  (2 )
r

w here  A n an d  y n a re  co n stan ts  depend ing  on  th e  atom ic n u m b e r  Z. T h e ir  
n u m erica l values can  be found  in  th e  p ap er o f  B y a t t  [7]. L e t  L; he equal to

L t = J A , «
d 2 / ( Ï + 1)
dr2 r2

-2 V(r)  +  k2 R , ( r )dr

a n d  le t R ( (r) h av e  th e  follow ing asy m p to tic  fo rm s:

lim  R ;(r) — sin kr  -f- (— l ) i a cos kr ,

lim  R;(r) =  0 . 
r-> о

(3)

(4)
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In  th is  case th e  v a r ia tio n  o f  eq. (3) Mri th  re sp ec t to  Ri(r)  gives

ôLi =  — kôa  o r ó(L; +  ka) =  0 . (5)

In  eqs. (4) a n d  (5) a =  t a n  A;, where A; den o tes  th e  p h a se  shift. F o r th e  s tu d y  
of th e  s c a tte r in g  of e lec tro n s by  n e u tra l  a to m s n ear ze ro  energy i t  is enough 
to  ca lcu la te  th e  phase sh if t fo r 1 =  0. H en ce  we om it th e  in d ex  l from  L ,  R  and  
A. A ccord ing  to  H u l t h e n ’s m ethod  th e  p h ase  shift A ca n  be ca lc u la ted  from  
th e  fo llow ing  re la tio n s:

L  =  0 , dL/dCj =  0 , i =  1, . .  . , n  and  A =  arc ta n  a . (6)

The K o h n  m eth o d  is g iv en  by

Э L
da a = a K

k, dL/dCj =  0 a n d  =  arc t a n  (Ьк/к -f- aK) . (7)

The s u b sc r ip t К  refers to  K o h n’s m e th o d . In  eqs. (6) and (7) c4, . . . .  c„ 
deno te  in d e p e n d e n t p a ra m e te rs  in th e  t r ia l  function  R(r) .

Ma l ik ’s m eth od  is  g iven  b y

I R 2 V ( r ) j 0(kr)dr =  — ak  , 3L/3c,- =  0 an d  AM =  a rc  ta n  (aM -(- L M/k)  , (8)
о

w here th e  su b sc rip t M  refers to  th e  M a l ik  m ethod  a n d  j 0(kr) d en o te s  th e  
spherica l B essel fu n c tio n  w hich is re g u la r  a t  th e  o rig in . D enoting th e  Bessel 
fu n c tio n s b y  j v =  (n k r / 2 ) ^ 2J v+i(kr),  w here  v =  0, 1, 2 , 3, 4 , . . . ,  we  can fi t  
R(r)  b y

1R 0 ( r )  =  c o ( j o  +  À ) +  ci ( / i  +  Аз) +  h  —  a /s >

■iR u(r) =  co(jo +  /2) +  ci( /i +  Аз) +  c2(a’4 +  Ae) +  сз(Аз +  A?) +  As —  ay9 , (9 )

3«o(r) =  co(Ao +  A2) +  ci (Ai +  Аз) +  cz{ji  +  Ae) +  сз(Аз +  A?) +  ci(js  +  A10) +

+  cs(A9 +  All) +  A12 — aAi3 *

w here e0, c15 c2, c3, c4 a n d  c5 are c o n s ta n ts .T h e  la s t e q u a tio n  shows t h a t 4B 0(r), 
2B 0(r) a n d  3B 0(r) sa tis fy  th e  sam e b o u n d a ry  cond itions as R(r) o f eq . (4). The 
tr ia l w av e  fu n c tio n  4í í 0(r) depends o n ly  on th e  tw o c o n s ta n ts  c0 an d  c4 an d  the  
tr ia l  w ave fu n c tio n  3R 0(r) depends on  s ix  co n stan ts  c,-. E q . (9) show s t h a t  i t  is 
possible to  w rite  th e  t r i a l  wave fu n c tio n  in te rm s o f  th e  Bessel fu n c tio n  j v, 
v d ep en d in g  on th e  n u m b e r  of c o n s ta n ts  c,. To o b ta in  an  expression  fo r th e  
phase  sh if ts  A we s u b s ti tu te  xR^r)  in to  eq. (3), in  th is  special case we have
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L  =  CgA +  c \ B  -f- a-C +  CqciD  +  cua E  -)- cxa F  +  cuG -f- c4#  +  n l  - f  J ,  (10) 

Avhere th e  c o n s ta n ts  A ,  B ,  C, . . J  are  given b y

A  =  _  2 j' V(r) [ j 0(r) +  j 2( r ) f  dr  ,

В
25 лк

21

15 л к

11

2 I T ( r ) [ j 'i ( r )  j 3(r)]2 d r ,

- 2 j  V (r) M r) dr

D =  5k —  4 [ V{r) [j\{r) +  y3(r)] [j'0(r) +  j 2(r)] dr  , 
Ô

E =  +  4 j  F(r) Ш 0 +>2(ОЗЛ('-) dr ,
0

f  =  4 f  T(r) [A(r) +  b(r)]j-,(r)dr
6

G =  — 4 f  F(r) [ j 0(r) +  j 2(r) ] j4(r)d r ,

И  =
25 A -4 j T ( r ) [A ( r )+ y 3(r)]74(r)rfr

( И )

/  =  _ 5fc +  4 J  V(r) j 5(r) j t (r) dr .

J  =
1 0 л к

2 j 1/ (г) Л ( г) dr

T he la s t fo rm ula  for A ,  B , .  . J  h as  been  ca lc u la ted  b y  th e  aid o f  th e  in teg ra ls

P — 4

J  J p( a x ) J p(ax)

d x 2 2 "
X 71 p 2 — я2

d x l
X 2 P  ’

, R e ( p  +  q) >  0, a >  0

( 12)
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as also b y  th e  help o f th e  d iffe ren tia l e q u a tio n  for th e  j v(r). Since th e  sc a tte r in g  
p o te n tia l V(r)  is a co n tin u o u s fu n c tio n  o f  r and

}  г |F (r)j dr +  f  r2 j V{r) I dr <  o o , (13)
0 i

th e  p h ase  sh if t Я (к =  0) o f  zero en e rg y  sca tte rin g  is re la te d  to  th e  n u m b e r of 
e igenvalues m  as follow s [8 ]: X(k =  0) =  т л .  F ro m  th e  s tu d y  of th e  b eh av io u r 
o f th e  p h a se  sh ift Я n e a r  zero energy  one can  get in fo rm a tio n  on th e  n u m b e r  of 
b o u n d  s ta te s  m  an d  say  w h e th e r th e  ex istence  [9] o f  neg a tiv e  ions is possible 
or n o t. I n  th e  T able we h a v e  lis ted  som e n u m erica l re su lts  for Ян a n d  Я и for 
a n e u tra l  ca rb o n  a to m .

T a b le

T h e  p h a se  s h if t  o f  lo w  e n e r g y  e le c t r o n s  s c a t te r e d  b y  n eu tr a l ca rb o n

к 2

0 ,0 0 5 2 ,8 2 2 ,8 2

0 ,0 1 2 ,6 9 2 ,6 9

0 ,1 1 ,9 6 1 ,9 6

1 ,0 0 ,9 1 0 ,9 1

F ro m  th e  T ab le  we see t h a t  th e  ze ro -en erg y  phase s h if t  confirm s th e  ex istence  
o f th e  a lre a d y  e stab lish ed  C~-ion. I f  w e p u t  R(r)  =  2jR0(r) ог Щ г) =  :s^u th e  
expression  fo r L  (eq. (3)) a n d  l — 0 we o b ta in  m ore accu ra te  re su lts . O u r tr ia l 
w ave fu n c tio n s  given b y  eq. (9) h a v e  th e  follow ing conven ien t p ro p e r ty  for 
p ra c tic a l ca lcu la tio n s. T he c o n s ta n ts  А ,  В ,  C, . . .  are  in d e p e n d e n t o f th e  
v a r ia tio n a l p a ram e te rs  с,- an d  a an d  fu r th e r  th e y  c a n  be o b ta in ed  a n a ly tic a lly  
b y  sim ple in te g ra tio n s  o f  th e  p o te n tia l  given b y  eq . (2).
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CONTRIBUTION TO THE PROBLEM 
OF THE ENTROPY INCREASE 

OF QUANTUM MECHANICAL MANY-BODY SYSTEMS
By
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(Received 20. IV. 1964)

One o f th e  fu n d a m e n ta l p rob lem s in  th e  s ta tis t ic a l  m echanics o f ir re v e rs ­
ib le processes is to  u n d e rs ta n d  w h y  a n d  in  ívhat w ay  m an y -p artic le  sy stem s 
ap p ro ach  equ ilib rium . As is well k n o w n , th e  m a in  p o in t o f th is  p ro b lem  
becom es c lear, w hen we t r y  to  reconcile  th e  irrev ers ib le  b eh av io u r o f m a c ro ­
scopic system s w ith  th e  re v e rs ib ility  o f  th e  u n d erly in g  m icroscopic e q u a tio n s  
of m otion . In  th e  la s t few  years sev era l au th o rs  [1— 4] h av e  d ea lt w ith  th is  
p rob lem  a n d  reasonab le  progress has b een  m ade.

The u su a l ap p ro ach  to  these  p ro b lem s is b ased  on G ib b s ’ id ea  o f th e  
fin e -g ra in ed  an d  coarse-g rained  s ta tis t ic a l  ensem bles w hich  can he tr a n s la te d  
in to  th e  language  o f q u a n tu m  s ta t is t ic a l  m echanics in  te rm s o f th e  f in e ­
g ra ined  a n d  coarse-g rained  d en sity  o p e ra to rs  co rrespond ing  to  von N e u m a n n ’s 
m icro- an d  m acro -observab les. W e sh o u ld  like to  em phasize  th a t  th e  con cep t 
of th e  m icro- an d  m acro-observab les —  a t  least as th is  w as used  especia lly  b y  
N . G. v a n  K ä m p e n  [5] —  can be b ased  on th e  o b jec tiv e  p ro p ertie s  o f th e  
m easuring  a p p a ra tu s . In  fa c t, th is  m ean s th a t  th e  d is tin c tio n  b e tw een  th e se  
tw o k inds o f o p era to rs  —  or ra th e r  b e tw een  th e  tw o  k in d s  of com plete  se ts  of 
co m m u tab le  physica l q u a n titie s  ch a rac te riz in g  th e  sy s te m  u n d e r co n sid e ra tio n  
—  leads to  an  ad eq u a te  descrip tion  o f  re a lity .

The tim e  evo lu tion  o f th e  f in e -g ra in ed  s ta tis t ic a l  ensem ble is described  
b y  von  N e u m a n n ’s e q u a tio n  of m o tio n  o f th e  fin e -g ra in ed  d en sity  o p e ra to r

fÄ0 = [ H ,  g], (1;

(w here H m eans th e  H a m ilto n ia n  of th e  system ) w hich can  be derived  fro m  th e  
reversib le  S c h r ö d in g e r  eq u a tio n . T he so lu tio n  of eq . (1) is o b ta in ed  in  th e  
form

e(*) = u(- t)e(0)U(t), (2)

w here th e  u n ita ry  o p e ra to r

(— H i
I n

U(i) =  exp

Acta Phys. H ung. Тот. X V I I I .  Fasc. 2.



146 J. I. HORVÁTH

d e te rm in es a rev e rs ib le  tim e  ev o lu tio n . T his m eans th a t  th e  s ta tis t ic a l  average  
v a lu e  of an  a rb i t r a ry  o p e ra to r  A  rep re sen tin g  a p h ysica l q u a n t i ty

<A> =  Tr  {Ao} (4)

is in d e p e n d e n t o f  tim e ; i.e. th e  fin e -g ra in ed  ensem ble describes an  equ ilib riu m  
sy s tem , a n d  th e  en tro p y  o f  th e  ensem ble

S(t) =  —kTr{e(t) log Q{t)} (5)

does n o t in c rea se  (k is th e  B o ltzm an n  c o n s ta n t) .
On th e  o th e r  h an d , th e  coarse-g rained  d en sity  o p e ra to r  ch a rac te riz in g  

th e  co arse-g ra in ed  ensem ble —  accord ing  to  its  usual d efin itio n  — has a 
d iffe ren t ev o lu tio n  law  w h ich  can  be d e te rm in ed , e.g. b y  P a u l i ’s m aste r  
eq u a tio n  [6 ], o r th e  generalized  m a s te r  e q u a tio n  of L. v a n  H o v e  [7] and  th a t  
o f  I. P r ig o g in e  an d  P . R é s i b o i s  [8], re sp ec tiv e ly . F rom  th is  new  evo lu tion  
law  of th e  ensem ble  th e  in crease  o f th e  e n tro p y  of th e  coarse-g rained  ensem ble 
can  be o b ta in e d .

R e c e n tly , Y. M. F a in , in  h is o therw ise v e ry  in te re s tin g  rev iew  artic le  [9 ], 
p o in ted  o u t t h a t  th e  increase o f  e n tro p y  h as  n o th in g  to  do w ith  th e  coarsen ing  
o f  th e  ensem bles an d  th e  e n tro p y  of th e  fin e-g ra in ed  ensem ble increases, to o . 
W e can , h o w ev er, n o t agree w ith  F a Í n ’s o b jec tio n s , since he h as  n o t  ta k e n  in to  
acco u n t th e  d iffe ren t ev o lu tio n  laws o f th e  fine-g ra ined  a n d  coarse-grained  
d en sity  o p e ra to rs .

To p ro v e  th a t  th e  in crease  of th e  e n tro p y  is indeed  in d ep en d en t of the  
coarsen ing  m e th o d  b u t  d ep en d s on th e  ev o lu tio n  law  o f th e  sy stem , we w ill 
suggest a rea so n ab le  coarsen ing  w ith o u t ch an g in g  th e  ev o lu tio n  o p era to r U(i) 
a n d  show  t h a t  in  th is  case no increase of th e  e n tro p y  is o b ta in e d .

L e t us in tro d u c e  as a coarse-g rained  d e n s ity  o p e ra to r th e  tim e  average  
o f th e  fin e -g ra in ed  d en sity  o p e ra to r:

t

p (í) =  ~  I e(^) «It ,
0

w hich in  th e  en erg y  re p re se n ta tio n  has th e  m a tr ix  elem ents

J --  g ,е0ш^
7i P  (t) m'y =  ( ti \q(0)\ m E n -  E m

One im m e d ia te ly  o b ta in s th e  follow ing p ro p e rtie s  of P(t):

( 6)

( ? )
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as well as

and

P(o) =  Q(o) , ( n  P(o)' m ) =  ( n  |8(o)j 7TÍ) , 

i<n e (0)| m ) , if  n  =  m
( n  P(oc)j m )  =

0 , if  n ф  m

( n  P(?) rtiy — 0 for t =  2lfr/\En—  E mj an d  n=f=m (l =  1, 2,

(8)

(9)

• ) .  (io)

i.e., th e  m a tr ix  e lem ents o f P(t) oscillate a ro u n d  zero w ith  frequencies d ep en d in g  
on th e  energy  differences. F u rth e rm o re

T r { P  (0 } =

T,  jP 2(t)}

1 ,

j < r r { e 2(0)},
\ - + Т г { еЩ ,

i f  t <  OO , 
if t —y OO .

( 11)

( 12)

T he la t te r  s ta te m e n ts  are  v e ry  im p o r ta n t  and  no t a t  a ll tr iv ia l. T h ey  can  he 
p roved  as follows:

1 — cos шпт t

T r  jP2(i)} =  > ' ^ ( n  P (t)'m >< m |P (t)|>  =
n m

=  ^  ^ \ ( п \о(0)\т У\22
п m м пт ^

<  > ’ 2 ’ l< 0 .s(°) m >l2 =  T ,{ e 2(0 )} .
n m

<

because
1 — cos X

(x Ф  ° )  •

In d eed , th e  function  g iven hy  th e  e q u a tio n

y ( x )  =  1 ------ X 2 — cos X

is n eg a tiv e  fo r x  =f= 0 a n d  zero for x  =  0. (This p ro p e r ty  of y(x)  follow s m ost 
easily  from  th e  fac t th a t  y ( 0) =  0 and  y '  =  — x -\- sin x  h as  th e  opposite  sign  to  
th a t  of .r). T he second s ta te m e n t follows from  eq. (9).

I t  is w ell know n th a t  a pure  s ta te  o f  th e  s ta tis tic a l ensem ble is c h a ra c te r ­
ized b y  Tr{e-(i)} = 1 an d  T r i m }  <  1 corresponds to  a m ix tu re . O w ing  to  
th is , eq. (12) m eans th a t  even  if  for t =  0 th e  fine-g ra ined  ensem ble is in  a pure 
s ta te , th e  coarse-g rained  ensem ble re p re se n ts  a m ix tu re  for t <  « ,  b u t  for 
t —̂ oo th e  s ta te  of th e  sy s tem  tends a g a in  to  a pure s ta te .
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Due to  th e  fa c ts  th a t

t t + A t I

P (i + At)  — P (t) =  11 I б(т) dr + 1 j 8(T) dr — (t +  At)  j q(t) rfr J
a n d

t+At
l i m ------ q(t) dr =  q (t)
At^O A t  J

fo r  th e  tim e d e r iv a tiv e  of P  (t) th e  equation

P ( ,)  =  Hm p('+A>-pw = «KO - p<0
At^O t t

(13)

c a n  be  o b ta in ed . T h is e q u a tio n  o f  m otion fo r  P (t) has been  d eriv ed  b y  v o n  
N eum ann’s e q u a tio n  of m o tio n  fo r  Q(t), i.e. b y  eq. (1), an d

i>(0) =  0 , p (oo ) =  0 . (14)

The e n tro p y  o f th e  coarse-g rained  ensem ble  is defined as

• ^ ( 0  —  kTi- {P(t) lo g P (t)J  (15)

a n d  i t  can easily  b e  show n th a t  i ts  tim e d e r iv a tiv e  is given b y

— k T r  (p (i)  log P(<)} =  0 fo r i =  0 , 

t =  2lhj\En —  E mj , t =  oo (l =  1, 2, . . . )  .

T h is  m eans, h o w ev e r, th a t  & (t)  o scillates a ro u n d  zero (w ith  decreasing  am p li­
tu d e )  an d , th e  e q u a tio n  of m o tio n  indeed  does n o t  resu lt in an  e n tro p y  increase 
o f  th e  co arse-g ra in ed  s ta tis tic a l ensem ble.
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T heoretical In te rp re ta tio n  of U pper A tm osphere E m issions
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T h e  o r ig in  o f  u p p e r  a tm o s p h e r e  e m is s io n  
h a s  b e e n  t h e  s u b j e c t  o f  r e s e a r c h  fo r  a  lo n g  
t im e .  I n  t h e  e a r ly  2 0 t h  c e n tu r y  t h e  id e a  
s t i l l  p r e v a i le d  t h a t  t h e  g lo w  o f  t h e  n ig h t  s k y  
w a s  e n t ir e ly  d u e  t o  t e le s c o p ic  s t a r s .  T h is  
a s s u m p t io n  w a s  r e j e c t e d  w h e n  t h e  s ta r s  
w e r e  a s s ig n e d  o rd ers  o f  m a g n itu d e  a n d  i t  
w a s  fo u n d  t h a t  t h e y  g a v e  a b o u t  l / 5 t h  p a r t  
o f  t h e  g lo w  o f  th e  n ig h t  s k y . I n  v i e w  o f  t h e  
f a c t  t h a t  t h e  b r ig h tn e s s  in c r e a s e s  f r o m  th e  
z e n i t h  t o  t h e  h o r iz o n  i t  w a s  a s s u m e d  t h a t  
t h e  r e s t  w a s  d u e  t o  u p p e r  a t m o s p h e r ic  
e m is s io n . I t  is  k n o w n  t h a t  in  t h e  a u r o r a e  
t h e  e n e r g y  r e q u ir e d  fo r  t h e  e m iss io n  o f  t h e  
b a n d s  N 2, N J  a n d  0 2 i s  s u p p lie d  b y  d r if t in g  
p a r t ic le s  o r ig in a t in g  in  t h e  S u n . T h e  s p e c ­
t r u m  o f  t h e  g lo w  o f  t h e  n ig h t  s k y  is ,  h o w e v e r ,  
c h a r a c te r iz e d  b y  t h e  f a c t  t h a t  i t  c a n  be  
a t tr ib u t e d  t o  w e a k e r  e x c i t a t io n ,  a n d  c a n  
b e  e x p la in e d  w it h o u t  r e c o u r s e  to  a n  e x t e r n a l  
s u p p ly  o f  e n e r g y . E a r lie r  in v e s t ig a t io n s  a lso  
le a d  t o  in fe r  t h a t  u p p e r  a tm o s p h e r e  e m is s io n  
i s  d u e  t o  t h e  r e le a s e  o f  e n e r g y  a c c u m u la te d  
d u r in g  t h e  d a y .

T h e  f i r s t  in te r n a t io n a l  c o n fe r e n c e  o n  
u p p e r  a tm o s p h e r e  e m is s io n  w a s  h e ld  in  1 9 4 7 ,  
w h e r e  i t  w a s  s t a t e d  t h a t  in fo r m a t io n  o n  t h is  
p r o c e s s  w a s  q u ite  in s u f f ic ie n t .

A t  t h e  S y m p o s iu m  a r r a n g e d  in  1 9 5 5  m a n y  
m o r e  r e s u l t s  w e r e  r e p o r t e d ,  w h ic h  w a s  d u e  
t o  t h e  f a c t  t h a t  b y  t h e  a p p l ic a t io n  o f  m a in s  
s p e c tr o g r a p h s , m o re  s e n s i t iv e  e m u ls io n s  a n d  
e le c tr o n  m u lt ip l ie r s  in tr o d u c e d  a f t e r  t h e  
f ir s t  c o n fe r e n c e , su c h  d a ta  b e c a m e  a v a i la b le  
t h a t  m a d e  p o s s ib le  a  m o r e  th o r o u g h  i n v e s t ­
ig a t io n  o f  t h e  p r o b le m s  c o n n e c te d  w i t h  s k y  
g lo w  a n d  a u ro ra e . I m p o r t a n t  r e s u l t s  w e r e  
o b ta in e d  f r o m  t h e  p h o to e le c tr ic  m e a s u r e ­
m e n ts  in tr o d u c e d  e a r ly  in  t h e  I n t e r n a t io n a l  
G e o p h y s ic a l  Y e a r  in  1 9 5 5 , p r o v id in g  a 
f u r th e r  b a s is  fo r  s t u d ie s  o n  th e  in t e n s i t y  
v a r ia t io n  a n d  g e o g r a p h ic a l  d is t r ib u t io n s  o f  
v a r io u s  r a d ia t io n s .

I n  r e c e n t  y e a r s ,  f o l lo w in g  t h e  e v a lu a t io n  
o f  m o r e  p r e c is e  o b s e r v a t io n s  a n d  m e a s u r e ­
m e n t s ,  th e  s i t u a t io n  s t i l l  im p r o v e d  a n d  i t  
b e c a m e  p o s s ib le  t o  r e f in e  t h e o r e t ic a l  h y p o ­

t h e s e s .  T h e  p a p ers c o l l e c t e d  in  t h e  w o r k  
r e v ie w e d  h ere  s u m m a r iz e  th e  r e s u lt s  o f  
r e c e n t  in v e s t ig a t io n s  d is c u s s e d  a t  t h e  S y m ­
p o s iu m  h e ld  in  1962 .

P .  A .  F obsyth  p r e s e n t e d  a m e th o d  t o  
d e t e r m in e  t h e  d eg ree  o f  io n iz a t io n  in  t h e  
a u r o r a l a tm o s p h e r e  b y  r a d a r  m e a s u r e m e n ts .  
G. S. I van o v -K h o l o d n y  d e a lt  w i t h  t h e  
so u r c e  a n d  a c c e le r a t io n  o f  e le c tr o n s  t h a t  
p e n e t r a t e  d e e p  in to  t h e  a tm o s p h e r e  a n d  t h e  
c o n n e c t io n s  w h ic h  t h e s e  e le c t r o n s  h a v e  w i t h  
a u r o r a e . I n v e s t ig a t in g  t h e  in te r a c t io n s  o f  
so la r  p la s m a  w ith  th e  g e o m a g n e t ic  f ie ld  J .  W .  
D u n g e y  in te r p r e te d  t h e o r e t ic a l ly  th e  a u r o r a l  
z o n e s . P .  J .  K ellogg  d is c u s s e d  th e  p r o p e r ­
t ie s  o f  e n e r g e t ic  p a r t ic le s  in c id e n t  o n  t h e  
to p  o f  t h e  a tm o s p h e r e . Y .  I .  Ga l p e r in  d e ­
sc r ib e d  t h e  c h a r a c te r is t ic s  o f  p r o to n  a u r o r a e ,  
s h o w in g  t h a t  — u n d e r  q u ie t  m a g n e t ic  c o n ­
d it io n s  —  t h e y  a p p ea r  u s u a l ly  in  th e  a u r o r a l  
z o n e , a n d  — w h ile  m o v in g  to w a r d s  t h e  
e q u a to r  — c a u se  in c r e a s in g  m a g n e t ic  d i s ­
t u r b a n c e .

A  t h o r o u g h  in v e s t ig a t io n  o f  u p p er  a t m o ­
sp h e r e  e m is s io n  w a s f a c i l i t a t e d  b y  th e  o b s e r v ­
a t io n s  o n  n a tr iu m  a n d  l i t h iu m  c lo u d s  e m i t ­
t e d  b y  r o c k e t s .  T h u s  e .g .  a c c o r d in g  t o  t h e  
in v e s t ig a t io n s  o f  A . D a l g a r n o , th e  n a tr iu m  
v a p o u r  r e le a s e d  a b o v e  1 9 0  k m s  c o n t r ib u t e s  
a  g r e a t  d e a l  t o  th e  t r a n s f e r  o f  v ib r a t io n a l  
e n e r g y . B a s e d  o n  l i t h iu m  c lo u d  m e a s u r e ­
m e n ts  J .  E .  B lamont p r o v e d  h is  th e o r e t ic a l  
c o n s id e r a t io n  reg a rd in g  t h e  tu r b u le n c e  c o n ­
d it io n s  p r e v a i l in g  in  t h e  l a y e r  b e tw e e n  9 0  
to  13 0  k m s  o f  th e  a t m o s p h e r e  a n d  f o u n d  
t h a t  a b o v e  10 0  k m s t h e  e q u a t io n s  o f  m o le ­
cu la r  d i f f u s io n  a n d  b e lo w  t h a t  l e v e l  th o s e  o f  
t u r b u le n t  d if fu s io n  w e r e  v a l i d .  G. F. J . Ma c ­
d o n a ld ’s r e s u lt s  are a ls o  w o r t h  m e n t io n in g :  
h is  in v e s t ig a t io n s  sh o w  t h a t  a t  h e ig h ts  b e ­
t w e e n  4 0  —  80  k m s  th e  p r e v a i l in g  w in d  is  z o n a l ,  
b lo w in g  f r o m  e a s t  to  w e s t  in  su m m e r  a n d  
fro m  w e s t  t o  e a s t  in  w in te r .

F r o m  e x p e r ie n c e  g a in e d  in  n u c le a r  e x ­
p lo s io n  t e s t s  carr ied  o u t  a t  a l t i t u d e s  r a n g in g  
fro m  4 0 0  t o  5 0 0  k m s s o m e  c o n c lu s io n s  m a y  
a lso  b e  d r a w n  as reg a rd s u p p e r  a tm o s p h e r ic
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e m is s io n  p r o c e s s e s .  T . O b a y a s h i  d esc r ib ed  
l ig h t  p h e n o m e n a  o f  th e  u p p e r  a tm o s p h e r e  
d u e  to  t h e  h ig h -e n e r g y  n u c le a r  e x p lo s io n s  
w h ic h  to o k  p la c e  in  t h e  p e r io d  1 9 5 8  to  1961 . 
A s  is  k n o w n  s u c h  e x p lo s io n s  p r o d u c e  a la rg e  
a m o u n t  o f  r a d io a c t iv e  m a te r ia l  a n d  e m it  
v a r io u s  r a d ia t io n s  e x c i t in g  a n d  io n iz in g  th e  
a ir  in  t h e  h ig h  a tm o s p h e r e ;  t h e y  a lso  c a u se  
m a g n e t ic  a n d  io n o s p h e r ic  s t o r m s , a u ro ra e  a n d  
n ig h t  glow ' o f  t h e  s k y . I n  t h e  lo w e r  io n o ­
sp h e r e  in c r e a s e d  io n iz a t io n  c a u s e s  a se v e r e  
a t te n u a t io n  o f  r a d io  w a v e s  p a s s in g  th r o u g h  
i t  a n d  a n  a r t i f i c ia l  r a d ia t io n  b e l t  is  fo rm e d

f r o m  th e  c h a r g e d  p a r t ic le s  in j e c t e d  a b o v e  
t h e  io n o sp h e r e  a n d  tr a p p e d  b y  t h e  g e o m a g ­
n e t i c  f ie ld .

I n  t h e  o p in io n  o f  th e  a u th o r s  o f  th e  
p r e s e n t  v o lu m e  t h e  S y m p o s iu m  w a s  a  g o o d  
e x a m p le  for t h e  f r u i t f u l  c o o p e r a t io n  o f  U A I  
a n d  U I G G , in  s t r iv in g  to  c lear  t h e  c o m m o n  
p r o b le m s  o f  a s t r o n o m y  a n d  g e o p h y s ic s .  T h e  
f u t u r e  i s  a lso  p r o m is in g :  s t e a d ily  im p r o v in g  
m e t h o d s  o f  o b s e r v a t io n  a n d  m e a s u r e m e n t  
w i l l  m a k e  p o s s ib le  t h e  e x p a n s io n  o f  t h e o ­
r e t i c a l  re sea rch .

F .  D É s i

Absorption Spectra in the U ltraviolet and V isible Region

\  o lu in e s  II I  a n d  I V , P u b l is h in g  H o u se  o f  t h e  H u n g a r ia n  A c a d e m y  o f  S c ie n c e s , B u d a p e s t  
1 9 6 2  a n d  1963  (4 2 4  a n d  4 1 4  p p .,  r e s p .)

E d ited  b y  L . L á n g

T h e  in t r o d u c t o r y  a n d  f i r s t  v o lu m e s  o f  
t h e  c o m p ila t io n  o f  s p e c tr a , i s s u e d  a t  th e  
in i t ia t iv e  o f  L . L á n g , w a s  f i r s t  r e v ie w e d  in  
t h e  H u n g a r ia n  J o u r n a l  o f  P h y s i c s  (M a g y a r  
F iz ik a i  F o ly ó ir a t ,  in  19 5 9  ( 7 , 4 0 0 , 1 9 5 9 ). 
I n  196 2  t h e  p u b lic a t io n  o f  v o lu m e  II a n d  
t h e  s e c o n d  e d i t io n  o f  t h e  p r e v io u s  v o lu m e s  
p r o m p te d  a  m o r e  e x t e n s iv e  a c c o u n t  o f  th e s e  
p u b lic a t io n s  in  t h e  A c t a  P h y s .  H u n g .,  (1 5 , 
8 6 , 1 9 6 2 ) , a s  w e l l  a s in  t h e  H u n g a r ia n  
J o u r n a l  o f  P h y s i c s  ( 1 0 , 2 4 9 , 1 9 6 2 ) .  A s  v o lu m ­
e s  I I I  a n d  IV  o f  t h is  se r ie s  a n d  th e  th ir d  
e d it io n  o f  t h e  in tr o d u c t o r y  v o lu m e  h a v e  
a lso  b e e n  p u b lis h e d  s in c e , i t  s e e m s  w e l  
w o r th  t o  r e c a l l  s o m e  o f  t h e  d a ta  o f  th e  
p r e c e d in g  v o lu m e s  w h e n  d is c u s s in g  th e  
m o re  r e c e n t  i s s u e s .  T h e  fo u r  v o lu m e s  o f  th e  
c o m p ila t io n  p u b lis h e d  so  f a r ,  c o n ta in  t h e  
s p e c tr a  o f  7 0 6  s u b s ta n c e s , o n  1660  p a g e s . 
A  v e r y  u s e f u l  ta b le  o f  c o n t e n t s  h a s  a lso  
b e e n  a n n e x e d  a s  a s e p a r a te  s u p p le m e n t  to  
e a c h  o f  t h e  v o lu m e s ,  in  w h ic h  th e  n a m e s  
o f  t h e  s u b s t a n c e s  a re  g iv e n  ( b o t h  a c c o r d in g  
t o  th e  o f f i c ia l  a n d  th e  p r a c t ic a l  n o m e n c la ­
tu r e ) ,  t o g e t h e r  w it h  th e ir  fo r m u la e  a rra n g ­
ed  in  a c c o r d a n c e  w ith  t h e  s y s te m  o f  
C h em ica l A b s t r a c t s  a n d  in d ic a t in g  th e  c o r ­
r e s p o n d in g  n u m b e r s  o f  f ig u r e s  a n d  p a g e s  
a s  w e ll a s  t h e  n a m e s  a n d  r e s p e c t iv e  p la c e s  
o f  w o r k  o f  t h e  c o - a u th o r s  a n d  s u m ­
m a r iz in g  t h e  b ib lio g r a p h ic  d a t a  o f  a r t ic le s  
p u b lis h e d  o n  t h e  r e le v a n t  s u b j e c t ,  a rra n g ed  
in  a lp h a b e t ic a l  o rd er  a c c o r d in g  to  a u th o r s .  
I n  t h e  c a s e s  o f  m o s t  o f  t h e  s u b s ta n c e s  t h e  
a u th o r s  h a v e  u s e d  m o re  t h a n  o n e  s o lv e n t  
fo r  th e  in v e s t ig a t io n  o f  s p e c tr a ,  w h ic h  i s  
m o s t  a d v a n t a g e o u s  a n d  u s e f u l  fro m  j u s t  th e  
p o in t  o f  v i e w  o f  t h is  c o m p ila t io n .  Q u ite  
n a tu r a l ly  a ll  a b s o r p t io n  s p e c tr a  th r o u g h o u t  
t h e  se r ie s  a r e  g iv e n  o n  u n ifo r m  sc a le s  — a

p o in t  f a c i l i t a t in g  t h e  c o m p a r a b ili ty  o f  th e  
s p e c tr a  a n d  t h u s  a ffo r d in g  a  s y n o p t ic a l  
p r e s e n ta t io n  o f  t h e  c o m p ile d  m a t e r ia l .  O n  
t h e  v e r so  o f  e a c h  o f  th e  f ig u r e s  t h e  d a ta  
n e c e s s a r y  fo r  a  q u a n t i t a t iv e  a n a ly s i s  c a n  b e  
f o u n d  in  t h e  o r ig in a l  r e g is tr a t io n s  o f  th e  
m e a s u r in g s , w i t h  t h e  h e lp  o f  w h ic h  t h e  u ser  
o f  t h e  v o lu m e s  m a y  b e  a b le  to  d r a w  th e  
s p e c tr a  for h im s e l f  o n  th e  d e s ir e d  sc a le . 
I n  o rd er  to  o b t a in  a  u n ifo rm  le v e l  in  a  w ork  
w h e r e  sp e c tr a  t a k e n  w ith  d if f e r e n t  a p p a r a t ­
u s e s  are to  b e  p u b lis h e d  sid e  b y  s id e ,  v a r io u s  
d if f ic u l t ie s  h a v e  t o  b e  o v e r c o m e  b y  b o t h  th e  
e d it o r  a n d  t h is  c o lla b o r a to r s . I n  t h e  la t e s t  
v o lu m e  (a n d  i t  i s  h o p e d  a lso  in  t h e  fo r th ­
c o m in g  o n e s )  a n  in c r e a s in g  n u m b e r  o f  su c h  

.s p e c tr a  w ere  p u b lis h e d  for w h ic h  t h e  n e c e s ­
s a r y  m e a su r in g  d a ta  w ere  o b t a in e d  b y  
m e a n s  o f  r e g is t e r in g  a p p a r a tu s e s . T h e  e d ito r s  
h a d  a lso  c o n s id e r e d  p u b lis h in g  t h e  o r ig in a l  
d a ta .  F o r t u n a t e ly ,  h o w e v e r , t h e  id e a  h a s  
b e e n  a b a n d o n e d , fo r  o n e  o f  t h e  m o s t  o u t ­
s t a n d in g  m e r its  o f  t h is  ser ies l ie s  in  t h e  fa c t  
t h a t  th e  s p e c tr a  c a n  be fo u n d  o n  id e n t ic a l  
s c a le s  a n d  t h a t  t h e  ta b le s  are a r r a n g e d  u n i­
f o r m ly , w h ic h  c o u ld  n o t  h a v e  b e e n  t h e  ca se  
w it h  th e  o r ig in a l  d a ta . H a d  t h e  o r ig in a l  
d a t a  b een  g iv e n  in  th e  c o m p ila t io n , t h e  u ser  
o f  t h e  se r ie s  w o u ld  h a v e  h a d  t o  c o n v e r t  
t h e s e  for h im s e l f ,  m a k in g  i t  m u c h  m ore  
d if f ic u l t  for  h im  t o  u se  th e  d a t a  r e q u ir e d ,  
n o t  to  m e n t io n  t h e  fa c t  t h a t  t h e  o r ig in a l  
r e g is tr a t io n s  c o u ld  b e  f i t t e d  in t o  t h e  v o lu m e  
o b v io u s ly  o n ly  o n  a r e d u c e d  s c a le ,  th u s  
m a k in g  a p r e c is e  r e a d in g  o f  t h e m  im p o s s ib le .  
T h e  f ir m  s t a n d  o f  th e  e d ito r ia l  c o m m it t e e  
e n su r in g  t h e  u n ifo r m it y  o f  t h e  v o lu m e s  is ,  
in  m y  v ie w , g r e a t ly  to  b e a p p r e c ia t e d .

T o  co m e  b a c k  t o  v o lu m e s  I I I  a n d  I V , i t  ca n  
b e  sa id  t h a t  c o n t r ib u t io n s  fr o m  s o m e  new

Acta Phys. H ung. Тот. X V I I I .  Fasc. 2.



RECENSTONES 151

c o - a u th o r s  h a v e  le n t  n e w  c o lo u r  to  t h e  
c o m p ila t io n . F r o m  a m o n g  t h e  a u th o r s  o f  
v o lu m e  III  w e  w ish  to  m e n t io n  th e  p u b lic a ­
t io n s  o f  A . R . K atritzky  a n d  R . A . J o n e s , 
a s w e ll  a s th o s e  o f  J .  M o st e w  a n d  h is  c o l ­
la b o r a to r s ;  fr o m  a m o n g  t h e  c o n tr ib u to r s  to  
v o lu m e  IV  t h e  p u b lic a t io n s  s u b m it te d  b y  
L. L á n g , К . L e m p er t  a n d  G . D o lesch all , 
as w e ll  a s G. Pá r ká n yi  a n d  R . Za h r a d n ik  
o u g h t  to  b e  m e n t io n e d , fo r  — in  c o m p a r iso n  
to  t h e  p r e v io u s  e d it io n  — t h e y  g iv e  in fo r m ­
a t io n  o n  n ew  f ie ld s  o f  r e s e a r c h . I t  sh o u ld  b e  
s t r e s s e d  t h a t  fro m  th e  v e r y  o u t s e t  th is  c o m ­
p ila t io n  o f  sp e c tr a  h a s  n o t  a im e d  a t  c o m p le ­
t e n e s s ,  i t s  m a in  p u r p o se  b e in g  to  s u p p le m e n t  
o th e r  s im ila r  c o m p ila t io n s  b y  p u b lis h in g  th e  
m o s t  r e c e n t  r e s u lt s  o f  i t s  c o n tr ib u to r s .  T h u s  
n o s y s t e m  h a s  b e e n  fo llo w e d  w h e n  c o m p ilin g  
t h e  m a te r ia l ,  t h e  o n ly  a im  b e in g  p u b lic a t io n s  
o f  — a s  fa r  a s  p o ss ib le  — t h e  la t e s t  d a ta  
a v a ila b le  in  sp e c tr o s c o p ic  r e sea rch . T h e  
a b o v e  p r in c ip le  is e x e m p lif ie d  fu l ly  b y  t h e  
th e  m a te r ia l  o f  v o lu m e  IV .

A  s e le c t io n  f r o m  n in e  o f  t h e  le c tu r e s  
o f  th e  7 th  E u r o p e a n  C o n g ress  o n  M o le ­
cu la r  S p e c t r o s c o p y ,  h e ld  in  B u d a p e s t  in  
J u ly  1 9 6 3 , w a s  p u b lis h e d  in  v o lu m e  IV  o f  
th is  se r ie s , t h e  v o lu m e  a p p e a r in g  j u s t  in  t im e  
fo r  th e  o p e n in g  o f  th e  C on gress. I t  s h o u ld  be  
m e n tio n e d  t h a t  t h e  s t a f f s  b o th  o f  t h e  P u b ­
l is h in g  H o u se  a n d  th e  P r in te r s  o f  t h e  H u n g a ­
r ia n  A c a d e m y  o f  S c ie n c e s , t o g e t h ë r  w ith  
t h e  e d ito r ia l  c o m m it t e e  an d  t h e ir  c o lla b o r a ­
to r s  d id  th e ir  u t m o s t  to  b r in g  a b o u t  th is  
h a p p y  c o - in c id e n c e  o f  e v e n t s .

In  th e  s in g le  v o lu m e s  m o r e  a n d  m ore  
c o a u th o r s  fro m  a b r o a d  h a v e  s u b m i t t e d  th e ir  
la t e s t  s c ie n t if ic  r e s u l t s  for  p u b lic a t io n .  T h u s ,  
t h e  o r ig in a l a im  o f  th e  p u b lic a t io n , i t s  in te r ­
n a t io n a l  c h a r a c te r , m a y  w e ll b e  c o n s id e r e d  to  
h a v e  b een  r e a l iz e d . I t  is  h o p e d  t h a t  in  th e  
fo r th c o m in g  v o lu m e s  w e sh a ll b e  a b le  to  
w itn e s s  a fu r th e r  d e v e lo p m e n t  o f  t h i s  m o s t  
f r u it fu l in te r n a t io n a l  c o o p e r a t io n .

I .  K o v á c s *

Zur Physik und Chemie der Kristallphosphore
I I .

H e r a u s g e g e b e n  v o n  D r.  I n g .  H e n r y  Or t m a n n  
(A k a d e m ie -V e r la g , B e r l in ,  1 9 6 2 . 23 6  S e it e n  U M  5 5 )

D ie  U n te r k o m m is s io n  L e u c h s to f f e  d er  
S e k tio n  fü r  P h y s ik  d er D e u t s c h e n  A k a d e m ie  
der W is s e n s c h a f te n  zu  B e r lin  v e r a n s ta l t e t e  
v o m  27 — 2 9 . N o v e m b e r , 19 6 1  e in e  in te r n a ­
t io n a le  T a g u n g  ü b er  d ie  P h y s ik  u n d  C h em ie  
der K r is ta l lp h o s p h o r e .

D er  v o r l ie g e n d e  B a n d  i s t  e in e  S a m m lu n g  
der im  R a h m e n  d es  K o llo q u iu m s  v o r g e tr a ­
g e n e n  37  A r b e it e n , in  d e n e n  ü b e r  F o r s c h u n ­
g en  a u s  d en  fo lg e n d e n  G e b ie te n  d er  P h y s ik  
u n d  C h em ie  d er  K r is ta llp h o s p h o r e  b e r ic h te t  
w u rd e :
a j  t h e o r e t is c h e  P r o b le m e  d e s  L u m ir ie sz e n z -  
m e c h a n is m u s ;
b /  L u m in e s z e n z  d er A lk a li-H a lo g e n id e ;  
с/ L u m in e s z e n z  d er  II  — IV -V e r b in d ü n g e n ;  
d I  S ilb e r h a lo g e n id e ;  
e / o r g a n is c h e  P h o s p h o r e n ,  

f l  t e c h n is c h e  A n w e n d u n g e n .
E in  v e r h ä lt n is m ä s s ig  g r o s s e r  T e il der  

R e fe r a te  b e s c h ä f t ig te  s ic h  m it  d e n  U n te r ­
s u c h u n g e n  a n  Z in k - u n d  C a lc iu m s u lf id  u n d  
d e n  d a b e i g e w o n n e n e n  R e s u lt a t e n .  V er fa h ren  
d er  E in k r is ta l lz ü c h t u n g  v o n  P h o s p h o r e n  
u n d  L u m in o p h o r e n  u n d  d eren  N a c h b e h a n d ­
lu n g , so w ie  o p t is c h e  u n d  e le k t r is c h e  M e ss­
m e th o d e n  b e i d er  U n te r s u c h u n g  d ie se r  S to ffe  
w u r d e n  b e h a n d e lt .  D ie  A n z a h l d er  M it te i­
lu n g e n  b e z ü g lic h  der I I I  —V I  V e r b in d u n g e n  

- 16 V o r tr ä g e  — z e ig t ,  d a s s  d ie s e s  T h em a  
in  d er  F e s tk ö r p e r p h y s ik  im  M it te lp u n k t  d es

I n te r e s s e s  s t e h t  u n d  v o n  v ie le n  F o r s c h e r n  
b e a r b e i t e t  w ir d .

Im  R a h m e n  d e r  t h e o r e t is c h - p h y s ik a l is c h e n  
U n t e r s u c h u n g e n  w u r d e  d ie  F r a g e  d er  L a ­
d u n g s tr ä g e r  u n d  d e r e n  D if fu s io n , f e r n e r  der  
M e c h a n is m u s  d e s  L u m in e s z e n z e n tr u m s  b e ­
h a n d e lt .

W e ite r h in  w u r d e n  ü b er  d ie  t r a d it io n e l le n  
A lk a li-  u n d  S i lb e r h a lo g e n id e , o r g a n is c h e  
P h o s p h o r e  u n d  s c h l ie s s l ic h  E r g e b n is s e  a u f  
d e m  G e b ie t  d er  p r a k t is c h e n  A n w e n d u n g e n  
fü r  d ie  D o s im e tr ie  u n d  d ie  L u m in e s z e n z b i ld ­
s c h ir m e  b e r ic h te t .

D a s  O r g a n is a t io n s k o m ite e  h a t t e  e s  s ic h  
z u m  Z ie l g e s e t z t ,  F o r s c h e r  v o n  d e n  v e r s c h ie -  
d ie s e  W e is r b e it s p lä tz e n  e in z u la d e n , u m  a u f  
A  d e n s te n e  in  d e n  V o r tr ä g e n  u n d  n a c h f o l ­
g e n d e n  D is k u s s io n e n  e in e n  m ö g l ic h s t  b r e ite n  
Ü b e r b lic k  ü b er  d e n  S ta n d  d ie se s  in te r e s s a n te n  
G e b ie te s  der F e s t k ö r p e r p h y s ik  z u  e r h a lt e n ,  
u n d  d ie  P e r s p e k t iv e n  d er  w e ite r e n  F o r s c h u n g  
z u r  D is k u s s io n  z u  s t e l le n .

D ie  Z a h l d er  T e iln e h m e r  w a r  a u s  v e r ­
s c h ie d e n e n  G r ü n d e n  b e d a u e r l ic h e r w e is e  g e ­
r in g e r  a ls  v o r a u s g e s e h e n .  D er S a m m e lb a n d  
e n t h ä l t  d e sw e g e n  n ic h t  B e itr ä g e  a u s  a lle n  
S p e z ia lg e b ie te n , d ie  e in z e ln e n  B e it r ä g e  z e u g e n  
j e d o c h  v o n  s o r g fä lt ig e r  F o r s c h u n g s a r b e it .

D ie  R e d a k t io n  d e s  s c h ö n  a u s g e s t a t t e t e n  
B a n d e s  w u rd e  v o n  D r . O r tm a n n  g e w is s e n ­
h a f t  b e s o r g t ,  m a n  v e r m is s t  j e d o c h  d ie  D is -

* D e p a r t m e n t  o f  A to m ic  P h y s ic s ,  P o ly t e c h n ic a l  U n iv e r s i ty ,  B u d a p e s t
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k u s s io n e n ,  d ie  d a s  r e g e  I n te r e s s e  d e r  T e i l ­
n e h m e r  a n  der T a g u n g  w id e r s p ie g e ln  w ü r d e n .  
A u c h  d ie  A u s w e r tu n g  d er  K o n fe r e n z  w ä r e  
d e m  L e se r  e r le ic h t e r t ,  w e n n  d ie  E r ö f f n u n g s ­
a n s p r a c h e n  v o n  P r o f .  R .  R o m p e  u n d  D r.

I I . O r tm a n n  w ie d e r g e g e b e n  w o r d e n  w ä r e n ,  
so w ie  a u c h  d ie  S c h lu s s w o r te  d e s  le tz te r e n , in  
d e n e n  f e s t g e s t e l l t  w u r d e , d a s s  d a s  Z ie l d er  
K o n fe r e n z  e r r e ic h t  w u r d e .

P á l K ovács

F .  S a u t e r  : Festkörperprobleine I

( H a lb le i t e r p r o b le m e  VIT), F r ie d r . V ie w e g  & S o h n , B r a u n s c h w e ig  1 9 6 2 . P r e is  D M  58.

F  e s t k o r  p e r  p r o b l è m e  I  or, to  q u o t e  i t  
u n d e r  i t s  o ld s t y le  t i t l e ,  H a l b l e i t e r  p r o b l è m e  
V I T  d e a ls  m a in ly  w i t h  th e  g e n e r a l l e c t u r e s  

o f  t h e  1961  B a d  P y r m o n t  c o n fe r e n c e . T h is  
w id e n in g  o f  t h e  s c o p e  is  r e f le c te d  a n d  e x ­
p la in e d  in  t h e  f o r e w o r d  by P ro f. S a u t e r , 
w h e r e  th e  in d iv is ib i l i t y  o f  so lid  s t a t e  p h y s ic s  
i s  c le a r ly  e m p h a s iz e d .  T h e  r e v ie w e r  c o m p le t ­
e ly  a g r e e s  w it h  t h i s  v ie w , a l lo w in g  fo r  a 
s e p a r a te  s e m ic o n d u c t o r  lite r a tu r e  fo r  t e c h ­
n ic a l  a p p lic a t io n s  o n l y ,  w h ere  r o u g h  a n d  
s o m e t im e s  e v e n  m a c r o s c o p ic  c o n c e p t s  are  
s u f f ic ie n t .  I f e e l  t h a t  i t  i s  im p e r a t iv e  t o  fo rg e  
fu r th e r  lin k s  w it h  th e o r e t ic a l  p h y s ic s ,  p a r t i ­
c u la r ly  w ith  f i e ld  th e o r y  a n d  q u a n tu m  
s t a t i s t i c s ,  w h ic h  s e e m  t o  in je c t  n e w  b lo o d  a n d  
a d d  fu r th e r  im p e tu s  t o  th e  r a p id ly  d e v e lo p in g  
s c ie n c e  o f  s o lid  s t a t e  p h y s ic s .

T h e  f ir s t  p a p e r , w r it te n  b y  V i n k , d e a ls  
w it h  in te r a c t io n s  a m o n g  d e fe c t s  in  s e m ic o n ­
d u c to r s .  T h e  t r e a t m e n t  is  a lo n g  t h e  fa m il ia r  
l in e s  o f  th e  m a s s  a c t io n  la w . T h e  p a p e r  b y  
G r em m elm a ier  g iv e s  a lu c id  d e s c r ip t io n  o f  
t h e  t u n n e l  d io d e , w h i le  t h a t  o f  BÖER d e a ls  
w it h  th e  f ie ld  a n d  c u r r e n t  in h o m o g e n e it ie s  
o b s e r v e d  in  C dS in  h ig h  f ie ld s .  T h e  p a p e r  b y  
Ca rdo n a  g iv e s  a v e r y  g o o d  a c c o u n t  o f  th e  
F a rad a y  r o t a t io n  in  s e m ic o n d u c to r s ,  o n e  o f  
t h e  f e w  e f fe c ts ,  w h ic h  a lth o u g h  n o t  t h e  e a s ie s t  
t o  m e a su r e  a c c u r a t e ly ,  are n e v e r t h e le s s  c a ­
p a b le  o f  fu r n is h in g  a n  u n a m b ig u o u s  v a lu e  o f  
t h e  ca rr ier  e f f e c t iv e  m a ss .

T h e  n e x t  tw o  p a p e r s  are c o m p le m e n t a r y  
t o  e a c h  o th e r , t h a t  o f  R e ik  d e a lin g  w i t h  th e  
t h e o r e t ic a l ,  t h a t  o f  S c h m id t—T ie d e m a n n  
w it h  t h e  e x p e r im e n ta l  a s p e c ts  o f  h o t  e le c tr o n s  
in  s e m ic o n d u c to r s .  T h e  s u b je c t  is  in  t h e  s ta g e  
o f  ra p id  d e v e lo p m e n t ,  c o n t r ib u t in g  t o  th e  
c la r if ic a t io n  o f  q u i t e  a fe w  t h e o r e t ic a l  c o n ­
c e p t s ,  a n d  s im u lta n e o u s ly  t o  t h e  p o s s ib le  
c o n s tr u c t io n  o f  s o m e  n ew  s e m ic o n d u c t o r  
d e v ic e s .  N e x t  c o m e s  H und’s p a p e r  o n  th e  
e le c tr o n ic  e n e r g y  b a n d s  a n d  p r o p e r t ie s  o f  
m e ta ls .  I t  d e s c r ib e s  in  v e r y  s im p le  t e r m s  th e  
n e w  t h e o r e t ic a l  id e a s  a n d  so m e  e x p e r im e n ta l  
m e th o d s  u se d  in  r e c e n t  y e a r s  fo r  F erm i-

su r fa c e  d e te r m in a t io n . T h is  t a s k ,  w h ic h  w a s  
r e g a r d e d  a s  a lm o s t  h o p e le s s  fo r  tw o  d e c a d e s  
is  n o w  in  t h e  fo r e fr o n t  o f  r e s e a r c h  a c t iv i t y  in  
th e  m o s t  a d v a n c e d  la b o r a t o r ie s ,  a n d  o f fe r s  
rea l h o p e  fo r  a q u a n t i t a t iv e  d e te r m in a t io n  o f  
t h e  p r o p e r t ie s  o f  s o l id s  in  th e  fo r e s e e a b le  
fu tu r e .

N o w  fo l lo w s  th e  p a p e r  o f  S chwab o n  t h e  
c a t a ly t i c  e f f e c t  o f  s e m ic o n d u c t o r s .  A  c lo s e  
r e la t io n s h ip  is  e s t a b l is h e d  b e tw e e n  t h e  
n u m b e r  o f  fr ee  e le c tr o n  p la c e s  in  a B r illo u in  
z o n e  a n d  t h e  a c t iv a t io n  e n e r g y  fo r  c a t a ly s is .  
T h e  n e x t  t w o  p a p ers  d e a l w i t h  th e  p r o b le m  o f  
n o is e ,  t h a t  o f  B it t el  s u m m a r iz in g  t h e  m o r e  
e le m e n ta r y  th e o r e t ic a l a s p e c t s ,  w h ile  t h a t  o f  
K l e i n k n e c h t  a n d  Se i l e r  th e  sp e c ia l c a s e s  
e n c o u n te r e d  in  s e m ic o n d u c t o r s ,  m a in ly  in  
g e r m a n iu m .

T h e  p a p e r  o f  N e u e r t  c o n t a in s  so m e  t e c h ­
n ic a l d a ta  o n  th e  d e c a y  o f  a fe w  in o r g a n ic  
s c in t i l la t o r s ,  a s a r e s u lt  o f  n u c le a r  ir r a d ia t io n .  
Se v e r i n ’s p a p er  in tr o d u c e s  th e  rea d er  to  a 
n e w , f a s c in a t in g  s u b j e c t :  t h e  m a g n e t ic  p r o ­
p e r t ie s  o f  fe r r o m a g n e t ic  o x id e s ,  w ith  s p e c ia l  
e m p h a s is  o n  th e  r e c e n t ly  m u c h  in v e s t ig a t e d  
y t t r iu m - ir o n  g a r n e t s .  I n  th e s e  m a te r ia ls  
v a r io u s  s p in  w a v e  a n d  m a g n e to s ta t ic  r e s o n ­
a n c e s  c a n  b e e s ta b l is h e d ,  w h ic h  m a k e  t h e  
d e t e r m in a t io n  o f  t h e  in t e r n a l  f ie ld  p o s s ib le .

T h e  l a s t  tw o  p a p e r s  d e a l  w ith  t r a n s p o r t  
t h e o r y .  B o t h  are d e t a i le d ,  t h e  fo rm er , t h a t  o f  
E g g e r t  g iv in g  a c o m p r e h e n s iv e , e a s i ly  
r e a d a b le  a c c o u n t  o n  t h e  m o b i l i t y  o f  s e m ic o n ­
d u c to r s ,  w h ile  t h e  s e c o n d ,  b y  Sc h o t t k y , 
t a c k le s  t h e  p r o b le m  o f  t h e  so lu t io n  o f  t h e  
B o lt z m a n n - e q u a t io n  fo r  s e m ic o n d u c to r s .  I t  
a m o u n t s  t o  an  i t e r a t iv e  s o lu t io n  o f  t h e  t r a n s ­
p o r t  e q u a t io n ,  w it h  t h e  in tr o d u c t io n  o f  
h ig h e r  o r d e r  r e la x a t io n  t im e s .

I t  i s  u s u a l  for t h e  r e v ie w e r  to  c o m p le te  h is  
r e v ie w  b y  re ferr in g  t o  p r in t in g  s t a n d a r d s ,  
e r r o r s , e t c .  T h is  is  n o t  a d if f ic u lt  ta s k  a t  a ll .  
T h is  b o o k  fro m  F . V ie w e g  a n d  S o h n  is , in  a ll  
s u c h  r e s p e c t s ,  a s e x c e l le n t  a s u su a l.

E . N agy
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M. А. С а п о ж к о в

Защита трактов радио и проводной телефонной связи от помех и шумов
Государственное издательство литературы по вопросам связи и радио, Москва, 1963

Телефонная связь получила широкое 
распространение в конце X IX  века. На 
первом этапе развития — до появления 
электронных ламп — внимание научной 
мысли было сосредоточено на повышении 
эффективности электроакустических пре­
образователей и уменьшении потерь в сое­
динительных линиях. Изобретение усили­
телей с электронными лампами значительно 
увеличило дальность проводной телефон­
ной связи и способствовало быстрому раз­
витию радиотелефонной связи, а затем и 
многоканальной проводной свяи.

Расш ирение области применения теле­
фонной связи потребовало решить задачу  
по повышению ее качества. Известно, что 
качество передачи речи с достаточной пол­
нотой определяется величиной разборчи­
вости речи, обеспечиваемой телефонным 
трактом. Поэтому было обращено особое 
внимание на разработку теории разборчи­
вости речи, включая создание методов рас­
чета и измерения. Материалы, связанные 
с разработкой этих вопросов, рассредото­
чены по различным изданиям.

Книга М. А. Сапожкова представляет  
собой попытку обобщить эти материалы и, 
пополнив их данными из малоизвестных 
источников, ведомственных изданий и ра­
бот автора, создать пособие по вопросам  
защит!,I трактов связи от помех и шумов. 
Ценной является книга и потому, что, не­
смотря на то, что вопросам помехозащиты  
трактов связи посвящено сравнительно 
много работ, все ж е целый ряд вопросов  
до сих пор не нашёл требуемого освещения. 
Кроме того, материалы по помехозащите 
трактов не обобщены.

Поэтому в настоящей книге сделаны по­
пытки разрабатывать методы повышения 
разборчивости речи; уделять особое вни­
мание дополнению теории шумов в части 
амплитудных распределений и учета мас­
кирующ его действия сложны х пом ех; и з­
лож ить сущ ность методики измерений по­
мехозащ ищ енности трактов и их  элем ен­
тов; дать анализ различных способов сни­
ж ения уровня пом ех, попадающих в трак­
ты телефонной связи; рассмотреть методы 
достиж ения возможно большей разборчи­
вости речи, передаваемой по трактам связи, 
путем осущ ествления соответствующих ча­
стотных и амплитудных характеристик, 
исследовать влияние искаж ений, вноси­
мых трактом связи, на разборчивость речи 
и определить условия, при которых иска­
ж ения не оказывают существенного влия­

ния на номехозащ пту тракта; определить  
эффективность различных способов пом е­
хозащиты применительно к конкретным 
типам трактов.

Д ля беглого чтения и полного поним а­
ния книги автором предполагается прочное 
знание таких разделов математики, как  
алгебра, дифференциальное и интегральное 
исчисления, теория комплексных чисел и 
т. д ., далее основы анализа Ф урье, специ­
альные функции, например, функции Б е с ­
селя, Гамма-функция. В отношении п о д ­
готовленности читателя в области физики, 
здесь в первую очередь необходимо твердое  
значение разделов акустики (акустические 
величины и их измерение).

Монография М. А. Сапожкова состоит  
из следую щ их глав:

I. П омехи и их маскирующие действия.
I. Методы оценки и измерения пом ехоза­

щищенности трактов.
III. А нализ методов прямой помехозащиты  

трактов.
IV. Методы косвенной помехозащиты т р а к ­

тов.
V. Влияние искаж ений в трактах т ел е ­

фонной связи на их помехозащ ищ ен­
ность.

VI. Защ ита трактов телефонной связи от 
пом ех и шумов.

Глава I . В ней рассматривается общ ая  
теория пом ех, в первую  очередь и ссл еду­
ются вопросы, не достаточно освещенные 
в литературе. Дается перечень различных 
видов пом ех, исследуется маскирующее 
действие помех, затрудняю щ ее восприятие 
речи. Д ля  определения влияния помех на 
разборчивость речи истолкуются как их  
частотная, так и амплитудная структуры. 
В главе можно найти далее методы и зм е­
рения и оценки спектра пом ех, причем при  
рассмотрении данного вопроса наряду со  
схемами экспериментальных установок чи­
татель мож ет уяснить себе физические 
основы измерений, дискутируемые автором  
в закрытом математическом виде.

Глава содерж ит 20 рисунков, 2 таблицы  
и 57 соотношений.

Глава II. После определения необходи­
мых при оценке помехозащищенности т р а к ­
тов понятий автор переходит к определе­
нию количественных соотношений м еж ду  
этими величинами. С измерением пом ехоза­
щищенности трактов в действительности  
занимается 2-й § главы, в котором о д н о ­
временно с уяснением теоретических основ  
дается блок-схема устройства для изм ер е­

5* A d a  Phys. Hung. Тот . X V I I I .  Fuse. 2.
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ния разборчивости речи тональным мето­
дом.

Глава содер ж и т 11 рисунков, 2 таб­
лицы и 45 соотношений.

Глава III.  П ри анализе методов прямой 
помехозащ ищенности трактов автор не оста­
навливается на электрической защ ите, тео­
рия и практика которой подробно разрабо­
тана. Рассматриваются методы акустиче­
ской защиты. В главе получили место такие 
измерительные приемы, как метод прост­
ранственной дискриминации, широко ис­
пользованной в телефонной связи метод 
компенсации и другие важны е методы и з­
мерения.

Глава содер ж и т  22 рисунка и 111 соот­
ношений.

Глава IV.  В главе рассматриваются во­
просы оптимальной чувствительности, ра­
циональной чувствительности тракта, ва­
риации чувствительности и мощ ности, ком­
прессии динамического диапазона речи.

Глава содер ж и т  11 рисунков и 95 соот­
ношений.

Глава V. Среди всех глав наряду с 3-й 
главой обладает высокой математической 
потребностью. Коротко упомянуты  линей­

ные искаж ения. Краткость трактовки обу­
словливается тем , что влияние этого вида 
искаж ений на разборчивость речи доста­
точно изучено. Необходимой обоснован­
ностью дискутирую тся нелинейные иска­
ж ен и я  в последую щ их пяти параграф ах.

В главе содерж атся  6 рисунков и 40  
соотношений.

Глава VI. В первой части рассматри­
ваются характеристики и шумозащита 
электроакустической аппаратуры, затем  
следую т тракты телефонной проводной  
связи и радиотелефонные тракты связи. В 
данной главе читатель находит и схемы  
различных аппаратов техники связи.

В главе содерж атся  48 рисунков, 1 таб­
лица и 35 соотнош ений.

В заключение следует упом януть о 
современности книги М. А. Сапожкова  
«Защита трактов радио и проводной теле­
фонной связи от пом ех и шумов», она будет  
полезной для студентов втузов связи, ин­
ж енеров, аспирантов и научных сотруд­
ников, специализирую щ ихся в области ра­
дио и проводной телефонной связи.

3. Фюзеши

М. А. С а п о ж к о в

Речевой сигнал в кибернетике и связи

Государственное издательство литературы по вопросам связи и радио, Москва, 1963

Вопросами, поставленными в книге М. 
А. Сапож кова «Речевой сигнал в кибер­
нетике и связи», занимались во многих 
литературны х изданиях середины  X X  сто­
летня. Главным образом эти работы посвя­
щены вопросам сжатия и расширения 
объёма сигналов речи, автоматического 
распознавания звуков речи и их синтеза. 
Если рассматривать упомянутые работы 
более конкретно, то в ранних изданиях 
ставили вопрос о преобразовании динами­
ческого диапазона речи, п озж е появились 
работы по вопросам частотной и времен­
ной ком прессии сигналов речи, далее по 
фонемному кодированию, автоматическому 
распознаванию и синтезу речи и их прило­
жениям в кибернетике и технике связи. 
Общее число подобных и тесно связанных 
с ними работ доходит до тысячи.

Автор книги ставит своей целью объе­
динить материалы по этой проблем е, дать 
их критическое обобщение. В монографии 
М. А. С апож кова рассматриваются наи­
более важны е для настоящ его периода 
развития кибернетики и связи  вопросы. 
Ценным для читателя является обширный

slcla Phys. H ung. Тот. X V I I I .  Fase. 2.

список литературы , включающий в себе 
715 изданий и состоящ ий главным образом  
из иностранных источников.

Книга разделена на две части. В первой 
части рассматриваются общие вопросы тео­
рии информации, речеобразованпя, принци­
пов преобразования и восприятия речи, 
т. е . тот фундамент, на котором построена 
теория сжатия и расширения объёма рече­
вого сигнала, автоматического распозна­
вания и синтеза речи. Во второй части рас­
сматриваются методы непосредственного 
компандирования и ограничения, лингви­
стического и параметрического компанди­
рования, а такж е методы автомат пческого 
распознавания и синтеза речи. И з парамет­
рических методов рассмотрены полосные, 
гармонические и формантные методы. Осо­
бое внимание уделено проблеме основною  
тона. Кроме этого рассмотрены практиче­
ские применения этих методов как для свя­
зи , так и для целей  автоматики и киберне­
тики, в частности для речевого управления  
и для читающих и говорящих машин. В 
прилож ении рассмотрены методы анализа  
речевых сигналов, аппаратура и методы
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оценки качества преобразованной речи, 
принятая терминология.

Д ля беглого чтения и полного понима­
ния книги автор предполагает знание таких 
разделов математики, как алгебра, диффе­
ренциальное и интегральное исчисления, 
теория комплексных чисел, преобразова­
ния Ф урье, Лапласа и други е, связанные 
с перечисленными разделами области мате­
матики. В области физики читатель дол­
ж ен быть знаком с общей физикой, особен­
но ж елательно твёрдое знание основ акус­
тики (акустические величины и их изме­
рение).

Книга М. А. Сапожкова состоит из сл е­
дую щ их глав:

I. Теория информации в применении 
к речевому сигналу.

II. Т еория речеобразования.
III. Характеристики русской речи.
IV. П реобразование речи. Влияние по­

мех.
V. Восприятие речи.

VI. Метод!,I непосредственной компрес­
сии, экспандированияи ограничения.

VII. Параметрические методы ком панди­
рования речи и генерирование (вос­
произведение) речевых колебаний.

VIII. Спектрально полосные методы.
IX . Гармонические и корреляционные 

методы.
X . Формантные методы.

X I. Фонемные и другие лингвистические 
методы.

X II. Практические применения методов 
компандирования, автоматического 
распознавания и синтеза речи.

В книге нум ерую тся 450 страниц. Она 
содерж ит 203 рисунка, 221 соотношение и 
39 таблиц.

В заключение следует ещё раз упом я­
нуть о важности книги М. А. Сапож кова, 
она будет являться, по нашему мнению, 
настольной книгой специалистов, работаю ­
щ их в области техники связи, автоматики, 
кибернетики, в см еж ны х с ними областях  
и, в первую очередь, для инж енеров, аспи­
рантов и научных сотрудников, изучаю щ их  
вопросы преобразования речи.

3. Фюзеши

;lcta Phys. Hung. Torn. X V I I I .  Fase,
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ELEMENTARY CALCULATIONS 
OF THE MADELUNG CONSTANTS 

OF SOME CUBIC LATTICES
By

F.  B u k o v s z k y *
IN S T IT U T E  O F  E X P E R IM E N T A L  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T  

(Presented by Z. Gyulai — Received in revised form 10. I. 1964)

An elementary method (the so-called “chain method”) [1] is applied to the evaluation 
of the Madelung constant of crystal lattices both of the NaCl and the CsCl-type. The binding 
energies are summed up over suitably chosen cylinder shells resulting in very good approx­
imate values for the Madelung constant. The Madelung constants both of CaF2 and ZnS-type 
lattices are determined from linear relations given by Be n s o n  and van  Zeg g eren  [2].

I. In tro d u c tio n

T he f irs t  ca lcu la tio n s concern ing  c ry s ta l  s tru c tu re  energies w ere p u b lished  
b y  E . M a d e l u n g  [3] a b o u t fo r ty  years ago , an d  a sim ple an d  clear th e o ry  fo r the  
m echan ism  o f c ry s ta l g ro w th  was g iven b y  K o s s e l  a n d  S t r a n s k i  in  1927 [4]. 
T he m eth o d s app lied  in  th e  ca lcu la tions were m o stly  r a th e r  co m p lica ted  and 
th e re fo re  physic is ts , ch em ists  an d  m inera log ists  h a v e  fo r long been  try in g  to  
develop  sim p ler an d  m ore  accu ra te  m eth o d s. W e m en tio n  th e  m e th o d  by  
F r a n k  [5] an d  th a t  w orked  o u t b y  F a t h y  an d  th e  a u th o r  [1]. T he m ain  
fea tu re s  o f  th e  la t te r  m e th o d  m ay  b r ie f ly  be o u tlin ed  in  th e  follow ing.

T he chains or h a lf-ch a in s  co n sisting  of e q u id is ta n t ions of a lte rn a tin g  
sign are considered  as th e  basic  e lem ents o f a c ry s ta l b o d y . The b in d in g  energies 
are  f irs t  su m m ed  up  a lo n g  such  chains or h a lf-cha ins; th is  m ethod  m a y  th e re ­
fore be called  “chain method” . B y th e  a id  of ce rta in  le m m a ta  th e  d ifficu lties 
arising  in  such  su m m atio n s  can be overcom e.

T he ions w ith  p o sitiv e  an d  n eg a tiv e  charges, p la y in g  sy m m etrica l roles, 
w ill he sim p ly  called “ r e d ”  an d  “ b la c k ”  ions and  in th e  figures will be m arked  
b y  e m p ty  (O) or filled  (ф )  circles, re sp ec tiv e ly .

L e t th e  charge  of th e  ions form ing th e  chain  be ± e ,  e being  the  ch arg e  of an 
e lec tro n , an d  le t d  be th e  d istance  of tw o  neighbours in th e  chain. T he b ind ing  
en erg y  o f a p a ir  o f ions is th en

e2
и  — -----

d
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158 F. BUKOVSZKY

a n d  th e  energy  re q u ire d  to  b in d  th e  n e x t ion  to  th e  la ttic e  is som e m u ltip le  
th is  expression , e.g . d 

] 
SD 1В- or

e2
U 2 = X  —

d d

In  th e  follow ing we sh a ll use d  as th e  u n it  o f le n g th  an d  e2/d as th e  u n i t  o f e n e rg y . 
T h e ir  values are  co llected  in  T ab le  I .

<f(0)

Fig. 1. The ion joins the half-chain with the binding energy ip(o) or <p(a), respectively

The b in d in g  energy  of an  io n  jo in ing  a ha lf-chain  a n d  co n tin u in g  i t  is
(Fig. 1)

9,(0) ÿ  ( -  1)"-1 • —  =  In 2 
n

a n d  fo r an  ion  b e in g  a t  th e  d is tan ce  th e  b ind ing  en erg y  has th e  v a lu e

1
?(«) =  2  ( -

n = 1
n+a—1

j/n 2-f- a
( 1 )

Table I

Length and energy units used in the present calculations

d e2/d
angstrom electronvolt

NaCl 2,81 5,13
CsCl 3,56 4,05
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ELEMENTARY CALCULATIONS O F THE MADELUNG CONSTANTS 159

F o r g re a te r  d istances (a ;>  40) the  s im p le  a sy m p to tic  fo rm ula

9> (® )~ (— ! ) “ •
1

2 f ä

holds to  an  accu racy  su ffic ien t for m o st p ra c tic a l p u rp o ses . F inally , th e  b in d ing  
energy  o f a com plete ch a in  a t  th e  d is ta n c e  I a is (F ig. 2)

Z ( ° ) V  ( _
П -- — oo

( 2)

as can  be p ro v ed  in  a sim p le  way.

Fig. 2. The contribution of a complete chain, infinite in both directions, to the binding energy
of the ion A is x(a)

In  th e  following th e  place of th e  jo in in g  ion, o r o f  th e  ion for w h ich  th e  
b in d in g  en erg y  is to  be ca lcu la ted , u su a lly  d en o ted  b y  A ,  will be  ca lled  th e  
p o in t o f reference. The ion  o f  a chain o r  ha lf-chain  n e a re s t  to  th e  p o in t o f  re fe r­
ence w ill be called th e  in i t ia l  link  o f  th e  chain  o r ha lf-cha in . T h e  ch a in  or 
h a lf-ch a in  w ill be called a  re d  (black) c h a in  or h a lf-ch a in  if  its  in it ia l  lin k  is a 
red  (b lack) ion. In  th e  sod ium -ch lo ride  la ttic e  these  ch a in s  run  p a ra lle l to  th e  
edge, in  th e  lith iu m -ch lo rid e  la ttice  p a ra lle l to  th e  d iag o n a l o f th e  e le m e n ta ry  
cell.

I I . T he M adelung constan t o f  NaCl

L e t a red  ion in th e  in te rio r  o f th e  c ry sta l b o d y  be  th e  p o in t o f  reference. 
We sha ll call th e  p lane co n ta in in g  th e  p o in t o f re fe ren ce  and  being  p e rp e n d i­
cu lar to  th e  d irec tion  o f  th e  chain th e  “ basic p lan e” . In  th e  NaCl c ry s ta l  th is  
basic p lan e  is a la ttic e  p lan e  w hich co n ta in s  th e  in i t ia l  links of th e  para lle l 
chains (F ig . 3). The la t t ic e  points a re  to  be fo u n d  a long  concen tric  circles 
a ro u n d  th e  p o in t of re fe rence  and  th e  chains re p re se n te d  b y  th e se  la ttic e  
po in ts  (in itia l links) fo rm  co-axial c y lin d ric  shells. T h ese  shells c o n ta in  e ith e r  
red  chains or b lack  chains and  m ay  b e  called red  shells or b lack  shells, re ­
spec tive ly .

Acta P hys. Hung. Тот. X V I I I .  Fasc. 3.



160 F. BUKOVSZKY

T he ra d ii o f  th e se  successive shells can  b e  g iven b y  th e  sim ple fo rm ula

Qk =  Qi ]fxk (3)
w ith  gL =  1 a n d

к = 1 2 1 3 4 1 5 1 6 1 7 8 1 9 i 10 11 12 13 1 14

** = 1 2 4 5 1 8 1 9 1 10 13 1 16 17 18 20 25 1 26

(See F ig . 3).

Fig. 3. The basic plane of a NaCl crystal with the radii of a few concentric circles. The initial 
links of the chains form a geometric quadratic lattice

T he n u m e ric a l va lues of th e  fu n c tio n s <p a n d  % w hich w ere a lread y  given 
in  [1] h av e  b een  new ly  co m p u te d  to  an  e ig h t-d ig it accu racy  (see T able I I ) .

T hese v a lu es  m ake possib le to  ca lcu la te  th e  energies o f th e  cy lindrica l 
shells as w ell as th e ir  sum s. T hese a re  given in  T ab le  II .

T he f i r s t  co lu m n  of th e  T ab le  show s th e  se ria l num bers o f  th e  shells ,th e  
second th e  q u a n t i ty

« =  QliÊtx k

Acta Phys. H ung. Тот. X V I I I .  Fasc. 3.
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T a b le  II

Binding energy in the NaCl lattice

к a C hain  en erg y E nergy  o f a  shell T o ta l energy

0 0 1,38629436 1 1,38629436 1,38629436
1 l ,11816506 4 ,47266024 1,85895462
2 2 —,02727194 4 —,10908776 1,74986686
3 4 —,00366634 4 —,01466536 1,73552015
4 5 ,00165470 8 ,01323760 1,74843910
5 8 —,00022957 4 —,00091828 1,74752082
6 9 ,00013013 4 ,00052052 1,74804134
7 10 —,00007617 8 —,00060936 1,74743198
8 13 ,00001774 8 ,00014192 1,74757390
9 16 —,00000488 4 —,00001952 1,74755438

10 17 ,00000327 8 ,00002616 1,74758054
11 18 —,00000222 4 —,00000888 1,74757166
12 20 —,00000104 8 —,00000832 1,74756334
13 25 ,00000018 12 ,00000216 1,74756550
14 26 —,00000014 8 —,00000112 1,74756438
15 29 ,00000006 8 ,00000048 1,74756486
16 32 —,00000002 4 —,00000008 1,74756478
17 34 —,00000001 8 —,00000008 1,74756470
18 36 —,00000001 4 —,00000004 1,74756466
19 37 ,00000001 8 ,00000008 1,74756474
20 40 —,00000000 8 —,00000000 1,74756474

and  th e  th i rd  colum n th e  b in d in g  energ ies of the  cha ins. T his co lum n co n ta in s 
th e  values

% (« )=  2  ( - l ) n+û- 1 1 P = ^  =  ( - l ) ° - 11 ^ -  +  2-ç>(a)
n = - ~  j n z  a  \ j a

ex cep t fo r th e  f irs t row , since \ ( a )  is n o t  defined fo r a  — 0. H ere , in s te a d ,

2? ( 0)

is to  be fo u n d . The fo u r th  colum n show s th e  n u m b er o f  chains in  ea c h  shell, 
an d  th e  f if th  th e  co rrespond ing  b in d in g  energy. The la s t  colum n c o n ta in s  th e  
sum  o f th e  energies o f th e  p receding  sh e lls , th a t  is th e  en erg y  of th e  cy linder 
o f rad iu s  Qk. These la t te r  en e rg y  values a re  ap p ro x im ate  v a lu es  of th e  M adelung  
c o n s ta n t o f  N aCl. T heir accu racy  m a y  be  judged  from  th e  T able below :

Acta P hys. H ung. Тот. X V I I I .  Fasc, 3.



!62 F. BUKOVSZKY

к  = 1 3 ! 5 1 8 9 13 15

n u m b e r  o f  e x a c t  d ig its 1 2 3 1 4 5 6 7

T h ey  can  be  easily  checked  b y  com parison  w ith  th e  values g iven  b y  0 .  E m ers- 
l e b e n  an d  Y . Sakam oto  [6].

III. Application o f the chain method to the CsCl lattice

T he la ttic e  o f CsCl is q u ite  d iffe ren t fro m  th e  la ttice  o f  N aC l th ough  th e  
chem ical b e h a v io u r  o f th e  tw o  su b stan ces is v e ry  sim ilar. E a c h  ion of NaCl is

F i g .  4 .  E le m e n t a r y  c e l l  o f  t h e  C sC l la t t ic e .  T h e  s m a l le s t  io n - io n  d is t a n c e  is  d

u rro u n d e d  b y  s ix  n e ighbours o f  opposite  ch a rg e , while in  th e  case of CsCl a 
say ) red  ion  h as  e ig h t b lack  n e ig h b o u rin g  ions s itu a te d  a t  th e  corners o f a 
u b e  in  th e  c e n tre  o f  w hich th e  re d  ion sits (F ig . 4). The ro le o f  re d  an d  b lack  
ons m a y  be in te rc h a n g e d . T h e  le n g th  o f th e  d iag o n a l, acco rd in g  to  our choice 
r f  u n i t  o f le n g th , is 2. T he e le m e n ta ry  cell lies a t  th e  origo o f  th e  system  o f 
feference as show n  in Fig. 4 . As th e  basic p lan e  is o rth o g o n a l to  th e  d irection  
oi th e  ch a in , e .g ., th e  d irec tio n  (2) show s th e  ( l , l , l ) - p la n e  to  be  a basic p lane .

W e p ro je c t th e  in itia l links o f th e  b lack  ch a in s  also on th is  basic p lane . 
I n  th e  F ig u re  th e se  p o in ts  a re  m ark ed  b y  crossed  circles. As can  be seen we 
h a v e  fo r th e  lo n g est side o f  th e  tr ia n g le  (F ig. 5)

]/u2 +  V2 + u  V

a n d  w ith  th is  we o b ta in  fo r th e  ra d ii o f th e  c y lin d rie  shells

Qk =  Qi ]fxk ■ (4)

T h is fo rm u la  is s im ila r to  t h a t  o b ta in e d  for N aC l. H ere  th e  x k h a v e  th e  following 
values :

Acta Phys. H ung. Тот. X V I I I .  Fuse. 3.
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к  =  1 2 3 4 5 1 6 7
8 ! 9 1 10 1 11 1 12 13 j 14 15

x k =  1 3 4 7 9 1 12 13 i 6 1 19 1 2! 1 25 1 27 28 j 31 36
and

^(CsCl) Ф  e i(NaCl).

T he n u m erica l ca lcu la tio n  of th e  c h a in  energies is in  p rincip le  th e  sam e as 
fo r NaCl [1]. A  red  ch a in  consists o f  tw o  sy m m etrica l b la c k  h a lf-cha ins and

О

о

F ig . 5. The basic plane of the CsCl crystal with the radii of the first 15 concentric circles. The 
intersections of the chains form a geometric lattice of regular triangles

one red  ion w hich  is th e  in it ia l  link  a t  th e  d istance  |Га (see F ig . 2). T he b in d in g  
energy  fo r each  h a lf  ch a in  is

cpk =  3 V  ( -  I ) " “ 1 ------ ,
n -л K (Зга)2 +  8 Xk

from  w hich we o b ta in  fo r th e  ch a in -en erg y

X k =  -  —  +  2 (pk =  — - J = -  +  6 > ’ ( -  l)" -1 — ____ 1 ___
Qk 1'8 x k Ь  3 n)2 +  8 x k

(5)

+  6 2 \ o .

i'ith
]/8xk

к  =  2, 5, 6, 10, 12, 15,
x k =  3, 9, 12, 21, 27, 36,
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T he c a lc u la tio n  is so m ew h a t d iffe ren t in  th e  case o f b la c k  chains. In  th e  
la t t ic e  ty p e  co n sid e red  a b la c k  ch a in  consists  o f  an  “ u p p e r”  (b lack) a n d  a 
“ lo w er”  (red) h a lf-c h a in  (F ig . 6). T he sy m m e try  is lo st, a n d  b o th  h a lf-cha ins 
h a v e  to  be t r e a te d  sep a ra te ly . T h e  w ords “ u p p e r”  an d  “ lo w er”  re fe r to  F ig . 6. 
T h e  in itia l lin k  o f  th e  u p p e r h a lf-ch a in  is a t  th e  d istance  1/3 an d  th a t  o f th e  
lo w er half-cha in  a t  th e  d is tan ce  2/3 from  th e  b as ic  p lane.

F i g .  6 .  A  b la c k  c h a in  c o n s is t s  o f  a n  “ u p p e r ”  (b la c k )  a n d  a  “ lo w e r ”  (r e d )  h a l f - c h a in .  T h e  c h a in  
i s  i n  t h e  fc-th  c y l in d r ic  s h e ll ,  к  =  1 , 3 ,  4 ,  7 , 8 , 9 , 1 1 , 1 3 , 14

T he d is ta n c e  o f th e  n th lin k  o f  th e  k th low er h a lf-cha in  fro m  A  is

R k,n =  - I  f (3 n  — ! )2 -(- 8 x k

a n d  th e  b in d in g  en erg y  o f th is  low er h a lf-ch a in  in  re sp ec t o f  th e  p o in t A  is

1
I "  МГЪ------ ^П= 1ч>кл =  Ъ 2  ( - 1)"- — ^ 2  к, 1 •]А(Зл — l)2 +  8 x k

Sim ilar fo rm u la s  can be o b ta in e d  for th e  u p p e r  h a lf-ch a in  also:

'M  =  y K ( 3 n - 2 ) 2 +  8*k ,

П .2  =  3 2  ( -  I )"“ 1 V / ,  » - = -  =  +  3 • 2 k , 2
f ( 3 n  -  2)“ +  8 x k

w ith

( 6 )

(7)
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к  =  1 3 4 7 8 9 11 13 ' 14

x k =  1 4 7 13 16 19 25 2 8 31

Table II I
E n e r g y  v a lu e s  f o r  red  ch a in s

X k
3

■ * ж .. Chain energyVeW

3 0 ,6 1 2 3 7 2 4 3 0 ,0 9 9 9 2 8 1 5 - 0 ,0 1 2 8 0 3 5 3

9 ,3 5 3 5 5 3 3 9 ,0 5 8 8 8 7 3 0 — ,0 0 0 2 2 9 5 9

12 ,3 0 6 1 8 6 2 1 ,5 1 0 2 2 0 2 —  0 0 0 0 5 4 0 9

21 ,2 3 1 4 5 5 0 2 ,0 3 8 5 7 5 5 5 — ,0 0 0 0 0 1 7 2

27 ,2 0 4 1 2 4 1 4 ,0 3 4 0 2 0 6 5 — ,0 0 0 0 0 0 2 4

36 ,1 7 6 7 7 6 7 0 ,0 2 9 4 6 2 7 7 — ,0 0 0 0 0 0 0 8

T he energy  o f th e  chain  from  (6) and  (7) is therefore

4>k,l +  9^,2 =  — 2 k A  • (8)

The с о т р и  ta t io n  o f th e  sum s E k0, Z kl and  Z k2 in  th e  form ulas (5), (6) 
an d  (7) can  be s ig n ifican tly  sim plified  b y  th e  use of th e  m e th o d  of th e  successive 
a rith m e tic a l m eans d iscussed  briefly  in  th e  A ppendix .

IV. T he M adelung co n stan t o f CsCl

W e give th e  re su lts  o f ou r ca lcu la tio n s in a few ta b le s . Tables I I I  a n d  IV  
co n ta in  en erg y  values fo r red  an d  b lack  chains c a lc u la te d  accord ing  to  th e  
fo rm ulas (5) an d  (6), resp ec tiv e ly .

Table IV
E n e r g y  v a lu e s  fo r  b la c k  ch a in s

Xk 3 [ r * . ,  -

1 0 ,2 0 7 0 7 3 3 2 0 ,1 8 2 9 4 7 0 7 0 .0 7 2 3 7 8 7 5

4 ,0 9 2 4 5 5 8 5 ,0 9 1 5 5 5 3 8 ,0 0 2 7 0 1 4 1

7 ,0 6 8 3 2 7 5 7 ,0 6 8 2 1 1 4 2 ,0 0 0 3 4 8 4 5

13 ,0 4 9 5 5 4 1 9 ,0 4 9 5 4 8 3 7 ,0 0 0 0 1 7 4 6

16 ,0 4 4 5 6 8 8 7 ,0 4 4 5 6 7 1 5 ,0 0 0 0 0 5 1 6

19 ,0 4 0 8 4 0 2 3 ,0 4 0 8 3 9 6 6 ,0 0 0 0 0 1 7 1

25 ,0 3 5 5 4 0 5 9 ,0 3 5 5 4 0 5 1 ,0 0 0 0 0 0 2 4

28 ,0 3 3 5 6 3 0 5 ,0 3 3 5 6 3 0 1 ,0 0 0 0 0 0 1 2

31 ,0 3 1 8 8 2 8 2 ,0 3 1 8 8 2 8 1 ,0 0 0 0 0 0 0 3
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T ab le  V

B in d in g  e n e r g y  in  th e  C sC l la t t ic e

к xk a E n e rg y  o f  a  chain  i E nergy  o f a  she ll Total en erg y

0 _ . 1 ,3 8 6 2 9 4 3 6 1 1 ,3 8 6 2 9 4 3 6 1 ,3 8 6 2 9 4 3 6

1 l 8/9 ,0 7 2 3 7 8 7 5 6 ,4 3 4 2 7 2 5 0 1 ,8 2 0 5 6 6 8 6

2 3 2 4 /9 — ,0 1 2 8 0 3 5 3 6 — ,0 7 6 8 2 1 1 8 1 ,7 4 3 7 4 5 6 8

3 4 3 2 /9 ,0 0 2 7 0 1 4 1 6 ,0 1 6 2 0 8 4 6 1 ,7 5 9 9 5 4 1 4

4 7 56 /9 ,0 0 0 3 4 8 4 5 12 ,0 0 4 1 8 1 4 0 1 ,7 6 4 1 3 5 5 4

5 9 72 /9 — ,0 0 0 2 2 9 5 9 6 — ,0 0 1 3 7 7 5 4 1 ,7 6 2 7 5 8 0 0

6 12 96 /9 — ,0 0 0 0 5 4 0 9 6 — ,0 0 0 3 2 4 5 4 1 ,7 6 2 2 4 3 4 6

7 13 1 04 /9 ,0 0 0 0 1 7 4 6 12 ,0 0 0 2 0 9 5 2 1 ,7 6 2 6 4 2 9 8

8 16 1 28 /9 ,0 0 0 0 0 5 1 6 6 ,0 0 0 0 3 0 9 6 1 ,7 6 2 6 7 3 9 4

9 19 1 52 /9 ,0 0 0 0 0 1 7 1 12 ,0 0 0 0 2 0 5 2 1 ,7 6 2 6 9 4 4 6

10 21 1 6 8 /9 — .0 0 0 0 0 1 7 2 12 — ,0 0 0 0 2 0 6 4 1 ,7 6 2 6 7 3 8 2

11 25 2 00 /9 ,0 0 0 0 0 0 2 4 6 ,0 0 0 0 0 1 4 4 1 ,7 6 2 6 7 5 2 6

12 27 2 1 6 /9 — ,0 0 0 0 0 0 2 4 6 — ,0 0 0 0 0 1 4 4 1 ,7 6 2 6 7 3 8 2

13 28 2 2 4 /9 ,0 0 0 0 0 0 1 2 12 ,0 0 0 0 0 1 4 4 1 ,7 6 2 6 7 5 2 6

14 31 2 4 8 /9 ,0 0 0 0 0 0 0 3 12 ,0 0 0 0 0 0 3 6 1 ,7 6 2 6 7 5 6 2

15 36 2 8 8 /9 — ,0 0 0 0 0 0 0 8 6 — ,0 0 0 0 0 0 4 8 1 ,7 6 2 6 7 5 1 4

T h e  n eg a tiv e  e n e rg y  values m e a n  th a t  th e  re d  ion  w hich is s i tu a te d  in  th e  p o in t 
o f  reference is rep u lsed  b y  th e  r e d  chains w h ich  have in it ia l  links of th e  sam e  
ch arg e . T he energ ies of th e  b la c k  chains a re  fo r th e  sam e reason  p o s itiv e .

W ith  th e  en erg y  values in  Tables I I I  a n d  IV  we ca n  ev a lu a te  th e  
M adelung  c o n s ta n t  of CsCl. T h e  resu lts  a re  g iven  in  T ab le  Y  in  an  a r r a n ­
g e m e n t s im ila r to  th a t  o f T a b le  I I .

H ere, to o  we o b ta in  in  th e  la s t co lum n  th e  a p p ro x im a te  values o f th e  
M adelung  c o n s ta n t . T heir a c c u ra c y  is show n below :

к  =  1 3 5 7 9 11 I 14

n u m b e r  o f  e x a c t  d ig its  =  1 2 3 4 5 6  1 7

O ur re s u lt  agrees w ith  t h a t  o b ta in ed  b y  o th e r  au th o rs .

V. The M adelung co nstan t o f Z sS  and  CaF2 la ttic e s

T here e x is t  ce rta in  s im p le  re la tions b e tw e e n  some o f  th e  co n stan ts  fo r  
c u b ic -ty p e  c ry s ta ls . These re la tio n s , su sp ec ted  b y  W h e e l e r  an d  d e te rm in ed  
b y  H o p p e  [7] a n d  B e n s o n  a n d  v a n  Z e g g e r e n  [2], m ay  be  w r itte n  as
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M  (Ca F a) =  - Ç  AT (N a  Cl) +  2 M  (C sC l),
Zi

1/3 1
M  (Zra S) =  Tp- M  (N a  Cl) +  —  M  (C sC l). 4 Z

W ith  th e  he lp  of our re su lts  (Tables I I  a n d  У)

M (N aC l) =  1,747565 ,

M (  CsCl) =  1,762675

a n d  we h av e  for calcium  flu o rite

M (C aF 2) =  5,038785
a n d  fo r zinc blende

Af(ZnS) =  1,638055 .

These re su lts  agree w ith  th o se  know n fro m  th e  l i te ra tu re .

VI. S u m m ary

T he resu lts  o f th e  p re se n t p ap e r m a y  be b riefly  su m m arized  as follow s.
a )  T he chain  m e th o d  developed  o rig in a lly  for la ttic e s  of th e  N aC l-ty p e  

can  be app lied  to  th e  la tt ic e  o f CsCl also .
b)  P a ra lle l chains a re  considered  a long  co-ax ial cy lin d ric  shells, th e  ra d ii 

o f w hich  are  given b y  th e  form ula

Qh =  Q\ \ x k •

T he q u a n titie s  q1 a n d  x k have d iffe ren t values fo r th e  la ttic e  o f  N aCl 
a n d  fo r th a t  o f C sCl-type, th e y  can ea s ily  be de te rm in ed .

c)  T he  num erica l ca lcu la tio n s m a y  be  carried  o u t u s in g  only e le m e n ta ry  
m a th e m a tic a l opera tions. T he resu lts  w h ich  are g iven in  a few T ab le s , are 
co rrec t to  six  decim al d ig its .

d )  T he  M adelung c o n s ta n t of C aF 2-ty p e  an d  Z n S -ty p e  la ttices  a re  com ­
p u te d  fro m  lin ea r re la tio n s  b e tw een  th e ir  M adelung c o n s ta n ts  an d  th o se  of 
N aCl- an d  CsCl-type c ry s ta ls .

e)  T he  values o f th e  M adelung c o n s ta n t of N aCl, CsCl, CaF2 an d  ZnS are 
show n in  co lum n 1. o f T ab le  V I w hich , fo r com parison , inc ludes in  co lu m n  2. 
th e  values pub lished  b y  B e n s o n  and  v a n  Z e g g e r e n  [2].
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T ab le V I

1. 2.

N a C l 1 ,7 4 7 5 6 5

CsCl 1 ,7 6 2 6 7 5 1 ,7 6 2 6 7 4 7 7 3 0

C a F 2 5 ,0 3 8 7 8 5 5 ,0 3 8 7 8 4 8 7 9 8

Z nS 1 ,6 3 8 0 5 5 1 ,6 3 8 0 5 5 0 5 3 3

A cknow ledgem ents

The a u th o r  wishes to  ex p ress  his th a n k s  to  Prof. Z. G y u l a i  for c o n s ta n t 
in te re s t  in  th is  w o rk ; to  th e  M a th e m a tic a l R esea rch  In s t i tu te  o f  th e  H u n g a ria n  
A cad em y  o f S ciences, D e p a r tm e n t for D iffe ren tia l E q u a tio n s , an d  especially  
to  d r . G .  F r e u d ,  fo r th e  p ro o f  g iven  in  th e  A p p en d ix ; to  th e  H u n g a rian  C en tra l 
S ta tis tic a l O ffice, D e p a rtm e n t o f  E lec tron ic  C om puters, a n d  especially  to  M rs. 
F . J a n c s ó  fo r h e lp  in  n u m e ric a l c a lcu la tio n s; an d  to  h is colleagues a t  th e  
I n s t i tu te ,  w h ere  th is  w ork  w as carried  o u t, fo r d e ta iled  a n d  help fu l d is­
cussions.

A ppendix

Method o f  the successive arithmetical means

W e co n sid e r th e  fo llow ing in fin ite  sum

]/n- +  a

a n d  deno te  th e  series of its  p a r t ia l  sum s b y

^2’ * * * ’ О-пч • • •

th e  successive a rith m e tic a l m ean s of w hich are

ßn an +  «П + 1 , n =  1, 2, 3, . .  . .

The co m m o n  limes b o th  o f  an an d  ßn be a. W e shall p ro v e  th a t

la « -  «I =  I  +  02 n
1

an d
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\ßn — a| =  +  0  Í“t | ’(2 n y  n3

w h ich  m ean s th a t  th e  series o f  th e  su cc ess iv e  a r ith m etica l m eans con verges  
b ette r  th an  th e  original series.

W e sha ll f irs t p rove  th a t

+  . (1)
I n  { n I

F o r th is  purpose  we w rite

( -  1 ) > ( a j =  J ' ( - l ) n- 1 TF = ^ =  =
n=i ]/n +  a

~  Jo Y W  f  I f - «  “  J  ' 1i ( 2 k f ~ + r  '

The n -th  p a r tia l  sum  o f th is , for n =  2/, is

i - i  I l 1

1̂ (2ж -p  I )2 +  a  x=i У(2дс)2 -f- a

= /i (x) — г (x) =  a/!1) — a/i2).
X 0  X = 1

aty and a(n can  b e exp ressed  b y  th e  so -ca lled  Eulersche Sum m en form el  (th e  
su m  form ula  o f  E u ler ) in  th e  fo llow in g  w ay:

i - i  i - i

=  j / . ( * )  dx +  у  [ / x(i -  1) +  / x(0)] +  f  B x( * ) / i (* )  d* ,

0 0 

w here is th e  p o lynom  of B e r n o u l l i o f in d ex  1. So we o b ta in

= {1Ш  ÍX -  j m  ' j  + 7 ( У(п — l)a + a -  +
0 1

l-l  l
+  j B 1( x ) f [ ( x \ d x  — J B 1( x ) f 2( X ) d x  “F const ^

0 1
w here

Z - l  l n —1

I f i ( x ) d x  — Г f 2(X )  d x = ^ ~  Г —  -----  + c o n s t .
J J 2 J  \ u 2 +  a

0 1 n
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T he lim it a c an  b e  expressed  also w ith  th e  h e lp  of th e  Eulerschen S u m m e n ­
fo r m e ln :

« =  { f  [ / i ( * 0  — / 2И ]  dx} +  f  (x)f'1{ x ) dx — \ Bfx) f fx)dx) .
0 Ö i

H ence , because  o f

| 5 i ( * K  —П
a f te r  som e ch an g es we o b ta in

|a  - a \ < —  f  du  1 ( 1 1 ,
2 J  I!и г - \ -а  2 I У ( п — l ) 2 +  a \ n 2 - \ - a

n  — 1

I ( 1 - .............1_____ I 2 1 1
[]/(re — l ) 2-j- a  lA(re +  2)2 +  aj n  n 2 a  Y ( n 2 ) 2 a

T he th ree  la s t  te rm s  are o f th e  o rder 0  —— . T he f irs t te rm  can he ch eck ed
71-

a g a in s t th e  f i r s t  m ean-va lue  th e o re m  of th e  in te g ra l ca lcu lus:

Г --= -1 , 0<tf < 1.
J f  u2 4- a Y( n  — Û) 2 4- a

n - 1
H ence

1 , /  1 1 , n (  1 1 , n l  1
CLn    CL ; C  —-  — , ":rm ------ f- О  ------ — ----------f- О    .

2 ]/\ n  — # )2 4- a  n 2 I 2 n  n 2

O n th e  o th e r  h an d  i t  c an  be s im ila rly  sh o w n  th a t

K - ^  +  o j d p ) .

F ro m  the  tw o  la s t  expressions i t  follows th a t

K - « l  =  +  .
2 n  1 n z

qu .e  d

I I

We d iscuss now  th e  /?n-series.
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ßn u n  +  a n + l

1 l
+ 2. Í 3 ,Z ( 2 * + 1 ) 2 +  « X о / ( 2 *  +  3 )» +

1i-1  /
=  > ' /з(*) -  У —?

£” o I л f(2 * )2 +  a

1 1/(2л:)2 +  а

=  Æî> -  /S^-

U sing  ag a in  th e  Eulersche Surrunenforniel we o b ta in

П +  1

|j9„ — a| = -----I 22
du

2U“ a J |/ M2 - f -  a  !
Л - 1

Í + 0

Л+ 1
Г  du Г du

J У и2 +  а , ) ]/и2 +  а У(п — # j)2 - f -  о ]/(« — # 2)2 -|- а

О

w here

Hence

0 ,
< 1 .

\ßn — а| <  — -------Ь о
(2ге)2

As, on th e  o th e r h a n d , i t  can  be show n th a t

I ßn -  «I ^
(2 n)2

+  o
1

it  follows th a t

I ßn — а|
(2 n f

0
1

. n3

T he p ro o f co n tin u es  in  a sim ilar w ay  also fo r th e  case n  =  21 4- 1 an d  
gives th e  sam e re su lt as above. O ur s ta te m e n t is th u s  fu lly  p roved .
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Р е з ю м е

Соответствующим применением цепного метода автором вычисляется постоянная  
М аделунга для реш ёток N a C l и C sC l. На основе этих результатов, используя линейные 
зависимости Б ензона и Ц еггерена, определяется значение постоянной М аделунга для  
реш ёток C aF 2 и Z n S .
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SOME DEVELOPMENTS IN THE SEMIEMPIRICAL 
THEORIES OF MOLECULAR CRYSTALS. I. 

THE HÜCKEL APPROXIMATION

B y

J .  L a d i k

C E N T R A L  R E S E A R C H  I N S T IT U T E  F O R  C H E M IS T R Y  O F  T H E  H U N G A R IA N  A C A D EM Y  O F  S C IE N C E S , B U D A P E S T  

( P r e s e n te d  b y  G . S c h a y . — R e c e iv e d  11 . V I . 1 9 6 4 )

T h e  p a p e r  r e v ie w s  t h e  c a lc u la t io n  o f  e n e r g y  h a n d s  in  t h e  H ü c k e l  a p p r o x im a t io n  o f  
o n e - d im e n s io n a l  p e r io d ic  a n d  n e a r ly  p e r io d ic  p o ly m e r s ,  w h ic h  h a v e  a n  a r b itr a r y  n u m b e r  o f  
a t o m s  in  t h e  e le m e n ta r y  c e l l .  I n  t h e  d e r iv a t io n  t h e  Ho h n  — K Á R M Á N  p e r io d ic  b o u n d a r y  c o n ­
d it io n  h a s  b e e n  u s e d  a n d  o n ly  n e a r e s t  n e ig h b o u r  in te r a c t io n s  h a v e  b e e n  t a k e n  in t o  a c c o u n t .  
T h e  m a tr ix  fo r m u la t io n  o f  t h e  p r o b le m  is  e x t e n d e d  a lso  t o  t h r e e -d im e n s io n a l  m o le c u la r  
c r y s ta ls  b y  t a k in g  in to  a c c o u n t  o n ly  in te r a c t io n s  b e t w e e n  f ir s t ,  s e c o n d  a n d  th ir d  n e ig h b o u r s  
w it h  a r b itr a r y  s y m m e tr y  a n d  w i t h  a n  a r b it r a r y  n u m b e r  o f  a to m s  in  t h e  e le m e n ta r y  c e l l .  
F in a l ly ,  a p p r o p r ia te  e x p r e s s io n s  a re  g iv e n  a lso  fo r  t h e ' c a s e  w h e n  w e  h a v e  s l ig h t ly  d i f f e r e n t  
t y p e s  o f  u n i t s  in  t h e  th r e e -d im e n s io n a l  p o ly m e r s .

In tro d u c tio n

F o r th e  in v es tig a tio n  o f th e  p h y sica l p ro p erties  o f d iffe ren t o rg an ic  
sy n th e tic -  a n d  b iopo lym ers th e  sem iem pirica l theories o f m olecu lar c ry s ta ls  
h av e  an  in creasin g  im p o rtan ce . W e sh a ll discuss here only  th o se  sem iem pirica l 
th eo rie s , w h ich  re fe r to  po lym ers in  w hich  1) th e re  is a  sm all, b u t  non- 
neglig ib le  o v erlap -ty p e  in te ra c tio n  b e tw een  a tom s belong ing  to  d iffe ren t 
m olecules as com pared  to  th e  in te ra c tio n s  w ith in  th e  m olecules an d  2) i t  is 
possible to  define an  e lem en ta ry  cell (period ic  polym ers) o r an  ap p ro x im a te  
e le m e n ta ry  cell (pseudoperiod ic  po lym ers). F u r th e r  3) th e  v an  der W aals 
ty p e  in te ra c tio n s  b e tw een  th e  d iffe ren t m olecules o f th e  m olecular c ry s ta l  
a re  n o t in c lu d ed  in  th e se  theo ries.

U sing th e  sim ple LCAO MO m e th o d  in  its  sem iem pirica l fo rm  a n d  n e g ­
lec tin g  th e  overlap  in teg ra ls  ( F U j c k e l  ap p ro x im a tio n ), we can  derive co m ­
p a ra tiv e ly  sim ple expressions for th e  ca lcu la tio n  o f th e  en e rg y  b a n d  s tru c tu re  
o f  a m olecu lar c ry sta l, i f  wo in tro d u ce  th e  B o r n — K á r m á n  period ic  b o u n d a ry  
co n d itio n  a n d  we ta k e  in to  accoun t o n ly  in te ra c tio n s  b e tw een  n ea re s t n e ig h ­
b o u rs  in  th e  one-d im ensional case an d  b e tw een  th e  f ir s t ,  second  a n d  th ird  
neighbours*  in  th e  th ree -d im en sio n a l case. I n  th is  p a p e r  we rev iew  th e

* W e  s h a l l  c a ll  f ir s t  n e ig h b o u r s  o f  a g iv e n  e le m e n ta r y  c e ll  c h a r a c te r iz e d  b y  t h e  la t t i c e  
v e c t o r  R j  =  j l a l +  j . ,a „  +  j 3a 3 ( « , ,  a 2 a n d  a 3 a re  t h e  p r im it iv e  t r a n s la t io n  v e c t o r s )  i n  a 
th r e e - d im e n s io n a l  s o lid  t h o s e  c e l ls  w h ic h  h a v e  s u c h  R / ,  =  h l a l -j- h.,a.2 +  h 3a 3 la t t i c e  v e c t o r s ,  
t h a t  = ^ ± 1  a n d  h 2 =  j 2, h 3 =  j 3,  o r  h .  — j 2 ±  1 a n d  h v =  j \ ,  h 3 =  j 3 h o ld s , o r  f i n a l l y

( fo o t n o te  c o n t in u e d  o n  p a g e  1 7 4 )
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re su ltin g  exp ressions for one- and  th ree -d im en sio n a l period ic  an d  p seudo- 
period ic  m o lecu la r c ry sta ls . In  a su b se q u e n t p ap e r we give th e  a p p ro p ria te  
expressions fo r  th e  sem iem pirica l SCF LCAO MO and  C l m ethods ( P a r is e r —  
P a r r — P o p l e  a p p ro x im a tio n  [1, 2]).

O ne-d im ensional case

I f  we h a v e  in  a lin ea r  ch a in  N  e le m e n ta ry  cells a n d  n  a tom s w ith in  th e  
e lem en ta ry  cell, w hich c o n tr ib u te  e lec trons to  th e  delocalized  e lec tron  sy s te m , 
we m ay  w rite  fo r  th e  c ry s ta l o rb ita ls  in  th e  t ig h t  b in d in g  (LCAO) a p p ro x im ­
a tio n  (see fo r in stan ce  [3])

Xf/P,i(r) =  ^  2 ср.‘^ ф ‘ to  — J “ ) »
7=i '= i

p = l , 2 ,  
t =  1,  2,  . .  n .

( 1 )

H ere is th e  coefficien t o f th e  Z-th a to m  in th e  j - th  e lem en ta ry  cell
in  th e  c ry s ta l  o rb ita l ch a rac te rized  b y  th e  tw o  q u a n tu m  num bers p  a n d  t , 
C>i(ri— ja )  is th e  a tom ic o rb ita l belonging  to  th e  Z-th a to m  o f th e  j '- th  e le­
m e n ta ry  cell a n d  a is th e  p rim itiv e  tra n s la t io n  vec to r. In tro d u c in g  th e  B o r n — - 

KÁRMÁN p e rio d ic  b o u n d a ry  cond ition

Ур-Лг +  Па) =  УрЛг),  (21

fo r  th e  c o e ff ic ie n ts  th e  B l o c h  c o n d itio n  [3]

c p , r  j , i  =  exP
i 2 ж p  , 

N  J p , i < i

follows. I f  ZV is a large n u m b e r we m ay s u b s ti tu te  th e  in teg e r p (p  
b y  th e  co n tin u o u s  v a riab le

0 < 1к < , 2 л
N

an d  m ay  re w rite  (3) in  th e  fo rm

c k , U ], l =  e ‘k i  c k , t : I ■

(3)

1 , 2 , . . . ,  N )

(4)

(5)

(c o n t in u e d )
h 3 =  j 3 ± 1  a n d  h l  =  j t ,  h 2 =  j . , -  W e  d e f in e  a s  s e c o n d  n e ig h b o u r s  th o s e  c e lls  fo r  w h ic h  t w o  
c o m p o n e n t s  o f  t h e  la t t i c e  v e c t o r  a re  s im u lta n e o u s ly  d if f e r e n t ,  e .g .  h , —  j ,  i  1 , i 2 =  /■> ; 1
a n d  h 3 =  ji3. F in a l l y ,  w e  s h a ll  c a l l  th ir d  n e ig h b o u r s  t h o s e  c e lls  fo r  w h ic h  a l l  t h r e e  c o m p o n e n t s  
a r e  d if fe r e n t  =  j t  ±  1 , h z  =  j 2 ±  1 a n d  h 3 =  j 3 ±  1 . I t  s h o u ld  b e  m e n t in e d  t h a t  t h e  s e c o n d  
a n d  th ir d  n e ig h b o u r s  d e f in e d  in  t h i s  w a y  a re  in  m o s t  c a s e s  (b u t  n o t  a lw a y s )  t h e  s e c o n d  a n d  
th ir d  n e a r e s t  n e ig h b o u r s  in  a  g e o m e tr ic a l  s e n s e . T h e  n u m b e r  o f  t h e  f i r s t  n e ig h b o u r s  o f  a n  
e le m e n ta r y  c e l l  i s  6  a n d  th e  n u m b e r  o f  t h e  s e c o n d  a n d  th ir d  n e ig h b o u r s  (a s  d e f in e d  a b o v e )  
i s  12  a n d  8 , r e s p e c t iv e ly .
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S u b s titu tin g  th e  w ave fu n c tio n  (1) w ith  condition  (5) in to  th e  ex p re s­
sion o f th e  e x p ec ta tio n  v a lu e  o f  th e  e ffec tive  one-electron  H am ilto n ian  o f 
th e  system  an d  app ly ing  th e  v a r ia tio n  p rin c ip le , it  is possib le  to  arrive  a t  
an  eigenvalue p rob lem  of a H erm itian  co m p lex  m atrix . A lth o u g h  th is  h as  
a lre a d y  been d e m o n s tra te d  fo r th e  o n e-d im ensiona l case [3], i t  w ill be rep ea ted  
here  in  de ta il, because on its  basis i t  w ill be  easy  to  generalize  th e  re su ltin g  
expressions for th e  th ree-d im en sio n a l case.

F o r th e  ex p ec ta tio n  value  o f th e  e ffec tive  one-e lec tron  H am ilto n ian  
we m ay  w rite

J  %* Щс d V

J
2  2  e ikJch 0 f  ill — ja )
j  I U l

H 2  2 e'kh 
h  1 s=1

d v

N  n

2  2 e ikj c* ■'ф * (-1 “  j~)
j  1 "“i

2  2  e‘kh ck’S ф л ( ь  - lia)
_ h =  1 s=  1

d V

о ^  к < ; 2 ж (6)

w here for th e  sake of s im p lic ity  we h av e  d ro p p e d  the  in d e x  t.
In tro d u c in g  fu r th e r  th e  sim p lify ing  co n d itio n  th a t  we ta k e  in to  acco u n t 

o n ly  in te rac tio n s  betw een  n e a re s t n e ig h b o u rs , we find  th a t  from  th e  su m ­
m atio n  accord ing  to  h we h av e  to  keep  o n ly  th e  term s

h = j  or j ± l .  (7)

In  th is  w ay  we o b ta in  th e  expression

П 2  2  c* < cM s  +  ßts eik +  ßr,s e~ik]
<H > =  ------------------------------------------------ . W

N 2 2 c*’‘ c«s ls>.s + eik + e “ " 4
/=1 s = i

w here

ßi,s =  <ф 1 (.h  — ja )  \H\ ф3 (rs — ja ) }  , ß j >s =

=  < ф 1 (Li —ja) IЩ <PS (rs — ( j ± l )  q)>
an d

S I,S =  <Ф1 (Li —ja) ! ФВ (is — ja)} * S i j  =

=  <ф 1 (ü  — ja )  I Ф, (rs — ( j ± l ) a ) } .

In  equ. (8) th e  f irs t  te rm  in  th e  b ra c k e ts  o f  th e  n o m in a to r an d  th e  d en o ­
m in a to r  refers to  th e  case h =  j ,  w hile th e  second  and th e  th i r d  to  th e  cases
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h =  j  +  1 an d  h =  j  —  1. Since th e  te rm s  of th e  d o u b le  sum s in eq u . (8) do 
n o t d ep en d  on j ,  th e  su m m atio n  acco rd in g  to  j  g ives m erely  a fa c to r  N  in  
th e  n o m in a to r  an d  th e  d en o m in a to r.

A p p ly in g  th e  v a r ia t io n  p rincip le  we o b ta in  in  th e  u su a l w ay  w ith  th e  
aid o f  th e  m in im um  cond itions

Э < H ) _ 3 < Я )

9c?,, 9 cks

th e  secu la r eq u a tio n

=  2\P > .s -  S'.s£(fe) +  e‘V t ,s  -  sr,s e(k)) +
9C ?;/ 5=1

+  e ~ ‘k  ( ß r ,s  —  S T ,s  e (^c) ) ]  c k ; s  —  0  • ( 1 0 )

H ere we h av e  d en o ted  b y  e(k) th e  m in im u m  values o f  <CH> as a fu n c tio n  
o f th e  coeffic ien ts c*g a n d  c*;s.

I f  w e n eg lec t th e  over lap  in te g ra ls , as is u su a l in  th e  sim ple H ü c k e l  
ap p rox im ation ,

S,.s =  \ s , S l s =  0 ,  (11)

we o b ta in  th e  m a tr ix  e igenvalue  p ro b lem

ycku =  e(k),chu. (12)

H ere th e  elem ents o f th e  m a tr ix  у  a re

V i,s =  ß i,s  +  ß t ,s  e ‘k +  ßr,s e  ,k  ■ (13)

Since even in  th e  m o st general case, w hen we h a v e  n o t only a tra n s la t io n  
of th e  e lem en ta ry  cells b u t  also a screw , th e  re la tio n

ßis =  ß7,i (14)

holds, we have  a lw ays y/ s =  ys ;. T h erefo re  у  is a H e rm itia n  com plex m a tr ix  
w ith  re a l e(k)t e igenvalues b u t  com plex  eigenvecto rs. T h e  eigenvalues t  =  1, 2, 
. . ., n  o f  у  for a given к  v a lue  belong  to  th e  n d if fe re n t energy b a n d s , an d  
th e  e(k)t values fo r g iven  t  b u t к v a ry in g  from  0 to  2 n  fo rm  the  f- th  en erg y  
b an d .

F o r  th e  so lu tion  o f  th e  com plex m a tr ix  e igenvalue prob lem  (12) s ta n d a rd  
m a th e m a tic a l m eth o d s a re  know n. T h e  m ost sim ple one is to  re w rite  th e

l — 1,2, . •., ti , 
s =  1, 2, . . ., n ,

0 < , к < , 2 л (9)
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eigenvalue p rob lem  o f a com plex  m a tr ix  o f o rd e r  n  as th e  e igenvalue  p ro b lem  
o f a rea l m a tr ix  o f o rd er 2n (for th e  details a n d  fo r the  d e te rm in a tio n s  o f  th e  
lim its  o f th e  en erg y  b an d s see [4]).

F o r ac tu a l n u m erica l co m p u ta tio n s  w e h a v e  to  s u b s ti tu te  th e  v a lu es  
o f  th e  /?;iSan d  ß f i  in teg ra ls  in to  eq u a tio n s (13) a n d  (14). In  th e  sim ple H ü c k e l  
ap p ro x im a tio n  th e  ßiiS in teg ra ls  a re  tak en  as em p irica l p a ra m e te rs . T he ß f s 
in teg ra ls  can  be ca lcu la ted  w ith  th e  aid o f  th e  re la tion

ß , A R i) _  \ s ( R i) 
ß ts(R*) s ts (Ro)  ’

i f  we know  the values o f the param eters ßi>s (Rß). (Here R x and Л2 denote  
tw o different distances betw een th e  Gentres l  and s).

In the case when we have N  units in th e  linear chain, which are n o t  
all identical, but differ only sligh tly , it is y e t  possible to  determine th e  
energy bands approxim ately. I f  the B orn— K á r m á n  periodic boundary con ­
dition  is valid  for the chain and we take into account only nearest neighbour 
interactions, we can write down for the chain in the H ückel LCAO MO ap ­
proxim ation the equation

К B l,2 0 . . 0 Bi.jv
B i,2 a 2 Вг,з • . . 0 0
0 b u A 3 . . 0 0

0 0 0 ■ • A-n —i Вдг-l.N
B U 0 0 ■ ■ B /v -i ,jv Адг

(16)

H ere  in  th e  d iagonal th e  m a trices  Aj refer to  th e  d ifferen t u n its  including in  
th e ir  d iagonal e lem ents th e  — A te rm s  (where A is th e  root o f th e  d e te rm in a n ta l 
eq u a tio n  (16) ) an d  th e  m atrices and  th e i r  tran sp o sed  B; i+1 refer to
th e  in te ra c tio n  b e tw een  th e  ne ighbouring  u n its . I f  we have m  d ifferen t k in d s

m

of u n its , th e  o rd er o f d e te rm in a n t D  will be r  =  ^  qt nh w here  n,- is th e  o rd e r
i= i

m
o f th e  i- th  ty p e  m a tr ix  and  </,- its  frequency  in  th e  chain (]i =  N  . T h e

i=i
e x a c t so lu tion  of t h a t  m a tr ix  e igenvalue  p rob lem  o f order r w h ich  is eq u iv a len t 
to  th e  d e te rm in a n ta l e q u a tio n  (16), is p ra c tic a lly  im possible because of th e  
e x trem e ly  high o rd er invo lved .
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B y a g enera liza tion  o f  a m eth o d  due  to  Orlov a n d  Men  [5] B e l e z n a y  
an d  B iczó  [6 ] were able to  show  th a t  b y  neg lecting  o n ly  second a n d  h igher 
o rd e r te rm s , e q u a tio n  (16) m ay  he s u b s ti tu te d  b y  th e  equa tion

A  В 0 . . .  О В

В ' Ä В . . .  О О

5  =  О В' А  . . .  О 0 = о .  (17)

В ' о О . . .  в '  А

Неге th e  av erag e  m atrices  A and  В a re  defined b y

m _ m
A =  Pi A i ; В  =  p jik В jik , (18)

i=i j=l

w here p i  is th e  p ro b a b ility  o f  th e  o ccu rren ce  of th e  i - th  ty p e  of u n i t  a n d  pj  
is th e  p ro b a b ili ty  to  h av e  th e  u n it к  a f te r  j  in  th e  c h a in  (nearest n e ig h b o u r 
frequency).

T he neg lec ted  te rm s , as is possib le to  show  [6], a re  О (а% ßfj+i), w here 
th e  d e v ia tio n  m atrices щ  ßi,i+i are d e fin ed  by

a t — А,- — A , ßt,i+i — B/,,+i — В  ■ (18a)

I t  sh o u ld  be m en tio n ed  th a t  in o rd e r  to  keep sm a ll the  e rro rs  due to  
th e  n eg lec tio n  o f th e  second  an d  h ig h er o rd e r te rm s, as B e le z n a y  a n d  B iczó 
[6] h a v e  p o in te d  o u t, i t  is a d v a n ta g e o u s  to  use th e  d iagonalized  fo rm s of 
th e  m a tric e s  A ,• in s tead  o f  th e  o rig inal ones. B y do ing  th is  we h av e  o f  course 
to  p e rfo rm  a n  a p p ro p ria te  tra n s fo rm a tio n  also on th e  m atrices Вj k in  (18) 
[6], w h ich  h av e , in  g enera l, in  th e  case o f  m olecular c ry s ta ls , e lem en ts sm aller 
b y  an  o rd e r o f m ag n itu d e  th a n  th e  e lem en ts  o f th e  А,- m atrices. I t  sh o u ld  be 
em p h asized  fu r th e r  th a t  th e  p e rfo rm a tio n  o f th e  av e ra g e  m atrices accord ing  
to  e q u a tio n s  (18) an d  th e  su b s titu tio n s  o f  eq u a tio n  (16) b y  (17) w ill lead  to  
sm all e rro rs  on ly  in  t h a t  case if  th e  u n its  of th e  c h a in  differ o n ly  sligh tly  
(p seudoperiod ic  po lym ers).

E q u a tio n  (17) re fers to  a p erio d ic  s tru c tu re  fo r  w hich  we can  w rite , in 
an a lo g y  w ith  e q u a tio n  (12) and  (13), th e  com plex H e rm itia n  m a tr ix  eigen­
v alue  p ro b lem

У £k-,t =  (A  +  В elk -j- B ' e~,k) ck.t =  e(k ) t ck]t, (19)

w hich  can  be solved in  th e  above m e n tio n e d  w ay.
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T hree-d im ensional case

In  th e  case o f  a th ree-d im en sion a l m olecu lar crysta l, i f  th e  B o rn—  
KÁRMÁN b oun dary  co n d itio n  is v a lid , w e m ay  w rite

Wk,t (l +  B n)  =  Vk.iB), (20)
w here

B n  =  -^ i ®i +  -^2 -2 +  N 3 a 3 . (21)

JVj, N 2, N 3 are large in teg ers  ( N 1N 2N 3 is th e  n u m b e r o f e le m e n ta ry  cells in  
th e  c ry s ta l)  and  av  a., a n d  a , are th e  p rim itiv e  tr a n s la tio n  v ec to rs . In  c o n tra ­
d ic tio n  to  th e  one-d im ensional case к is now  also  a vecto r. I f  we in tro d u ce  
fo r  4>h,t{r) again  LCAO cry s ta l o rb ita ls , we can  w rite

^  (r) =  N' ^ Nl J  ск Ч , Ф, (r, -  R j ) , (22)
jijjtyja = 1 1 = 1

w here  th e  sym bol J s ta n d s  as an a b b re v ia tio n  o f j i , j 2 a n d y 3 an d  th e  su m m atio n  
in d ex  l ru n s  from  1 to  n , the  n u m b e r  o f a tom s w ith in  th e  e le m e n ta ry  cell, 
w h ich  c o n tr ib u te  e lec trons to  the  delocalized  e lec tro n  system . Rj  in  th e  a rg u m ­
e n t o f Ф;(г; — Rj),  th e  atom ic o rb ita l  of th e  Z-th a to m  in th e  e le m e n ta ry  
cell ch a rac te rized  by  J ,  is th e  la ttic e  v ec to r

^ у = Л « 1 + Л ? 2 + 7 з « з -  (23)

I f  we p u t eq u a tio n  (22) in to  e q u a tio n  (20) we o b ta in  for th e  coeffic ien ts 
ck,t j,i th e  Bloch cond ition

ck,t\j,i — ck.t;i e‘~ Bj- (24)

Since th e  possible v ec to rs  к  o f a B rillo u in  zone are  u sua lly  given b y  th e  pos­
sible va lues o f th e ir  re c ta n g u la r  co m p o n en ts , i t  is ad v an tag eo u s to  express 
also th e  p rim itiv e  tr a n s la tio n  v ec to rs  cq, a2, a 3, w h ich  are n o t a lw ays re c ta n ­
gu lar, a n d  th u s  also th e  vectors R j  in  th e ir  re c ta n g u la r  co m ponen ts. In  th is  
w ay  we o b ta in

h B j  =  kx jx  +  kyj y +  kzj z , (25)
w here

jr =  j l  a U +  / 2 a 2 ,  +  Уз a 3 r ■ (r =  x , y , z )  ( 2 6 )

S u b s titu tin g  e q u a tio n s  (26), (25) an d  (24) in to  th e  exp ression  (22) of 
the  c ry s ta l o rb ita ls , we fo rm  w ith  th e  a 'd  of th e  la t te r  th e  e x p e c ta tio n  value 
o f  th e  H am ilto n ian
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<я> = f  ' r j t H 'F k't d V  =

N t N 2N ,  n

У  2 ехР У  ~~ik r [ j ' i  a lr+  J 2 a 2r+ a 3a 3r]
__  J  j , J u j ,  1 = 1______ r= X ,y ,ZJ

Л и
гNi JV, N3 n

2  2 e*p
ftiftj/i, /=1

]rfF

+

(27)

+  ^  “ l r  +  Л 2 a 2 ,  +  A 3 f t 3 r ]  • CÍ J - J 0 j ( X J — h t )
r = x , y , z

d V ,

w here in  th e  b ra c k e ts  in  th e  d en o m in a to r we h av e  th e  sam e exp ressions as 
in  th e  n o m in a to r. T ak in g  in to  acco u n t o n ly  f irs t , second  and  th i rd  n e ig h b o u r 
in te ra c tio n s  (for th e ir  defin itio n  see th e  In tro d u c tio n )  we have th e  co n d itio n s

К  =  h  or j i i 1 ’

K = i z  or (28)

К  =  ;'з ° r  j 3 ± 1 •

W ith  the  aid of these conditions and by in troducing  th e  neglections custom ary  
in  the  HÜCKEL approxim ation , afte r a som ew hat len g th y  b u t simple calculation 
quite sim ilar to  th e  procedure described in  detail in the  one-dim ensional case 
(equs. (8)— (14) ), we arrive again a t the  eigenvalue problem  of a com plex 
m atrix :

yc_k,t =  e(k)t£k,t- (29)

T he e lem en ts o f  у  a re  defined  b y

Y t j = ß i , i +  У  [ ( ß t j ) s e <n ‘ + ( ß Ü s e ~ i n ’ )
s =  1

where

2 Ш П е , 1 ^ П,+П‘) +
b>t

+  (,ß t r ) s , , e i(n ‘ - n ,)  +  ( ß Ü ) s , t e ~ K n ,~ n ,) +  ( ß ü ) s , t

+  (ßtj++)i. 2,зе'Х"1+Л2+Пз) +  Ш +)1,2,2еК~П1+Пг+Пз)+
+  ( ß t r +k2,z е‘(П1~Па+Па) +  (ßf,/-)i,2,2 е‘(П1+Пг~Пз) +
+  (ß u  )i,2,3 е-,(-П1+П2+Пз) +  ( ß r f - ) w e r ‘0b-'+>*> +

+  (^íi7+)i.2,3 е~<(П1+П8-Пз) +  { ß T ,r h ,™ e - i ( n i + m \

ns — 2  k r asr (s =  i * 2»3).
r = x ,y , z

(30)

(31)
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The ra th e r  co m p lica ted  ex p ressio n  (30) re fe rs  to  th e  gen era l case, in 
a c tu a l cases i t  is s im p lified  co n sid e rab ly  b y  th e  sy m m e try  o f  th e  c ry sta l. 
T he f irs t te rm  of e q u a tio n  (30) re fe rs  to  th e  case h 1 =  j v  h2 =  j 2, h 3 =  j 3, 
th e  6 te rm s  o f th e  f irs t su m  arise f ro m  th e  cases h x =  j x ^  1, h2 — j 2, h3 =  j 3

ог К  =  7i» hi =  i i  ±  *з=7*з or ai = 7 i» *2=7*2» *з =  Уз ±  !■ The 12
te rm s  o f th e  second su m  o rig inate  fro m  th e  cases, w hen  tw o  o f  th e  th ree  
hs (s =  1, 2, 3) differ s im u ltan eo u sly  f ro m  the  a p p ro p ria te  j s-s b y  ±  1- F in a lly , 
th e  la s t 8 te rm s  refer to  th e  cases w h en  a ll th ree  hs-s d iffer from  th e  a p p ro p ria te
7>s b y  ±  1 .

I t  shou ld  be p o in te d  ou t t h a t  in  general fo r a given i a n d  j  p a ir  of 
a to m s in  a ll ab ove-m en tioned  cases th e  in teg ra ls  ß j j  m ay  h a v e  d ifferen t 
v a lu es . T his is in d ica ted  b y  th e  su b sc r ip ts , w here th e  low er ind ices  of th e  
ß i j - s re fe r to  th e  com ponen ts of h  w h ich  differ fro m  those  o f j  b y  |l |  and  
th e  -j- or —  signs in d ic a te  w h e th e r th e  com ponen ts o f h  differ fro m  th o se  
o f j  b y  + 1  or — 1. T h u s we have fo r  instance  fo r {ßT,j~ ) 1>2,з

{ ß Z T +) i,2,3 =  <0 í ( ü  — 7i “ i -7*2 «2 — 7з «s \H i ф ] ( Z j  —

— (Л  -  ! )  « 1  —  (7*2 — i l  «а — (7*з +  ! )  5з)> •

I t  can  easily  be show n th a t  yi,j — Yj.ii i-e - у  is a H e rm itia n  com plex 
m a tr ix  w ith  rea l e igenvalues. The a p p ro p r ia te  in teg ra ls  can  be d e te rm in ed  
again  on th e  basis o f th e  overlap  in te g ra ls  w ith  th e  a id  o f equ. (15). W e can  
th e n  w rite  dow n for a n  a c tu a l case th e  elem ents o f  th e  у  m a tr ix  n u m eri­
ca lly  an d  can  determ ine  th e  e igenvalues e(k)t o f y ,  w hich  are fu n c tio n s  o f k. 
S u b s titu tin g  d ifferen t com ponen ts o f  th e  vecto rs к  in to  th e  у  m a tr ix , for 
w hich  th e  vectors к lie w ith in  th e  f i r s t  B rillouin zone, we can  d e te rm in e  th e  
m in im a an d  m axim a o f  th e  energy su rfaces in  th e  к  space. In  th is  w ay  th e  
energy  b a n d  s tru c tu re  o f  an  a rb i t r a ry  m olecular c ry s ta l  can  be o b ta in e d  in  
th e  HÜCKEL ap p ro x im a tio n .

I t  is possible to  generalize o u r  resu lts (29)— (30) also to  th e  case of 
th ree -d im en sio n a l pseudoperiod ic  p o ly m ers . W e h a v e  to  su b s titu te  in  th is  case 
the  a p p ro p ria te  e lem ents o f  th e  av e rag e  m atrices A  a n d  В in to  e q u a tio n  (30). 
W e can  th e n  fo rm u la te  o u r resu lts  o n  th e  basis o f  eq u a tio n s (20) an d  (30) 
in  th e  form

y °k J  = Ä  +  j ?  (В / e in‘ +  (Bs+)' e~in‘)  +
=■1

+  2  (B(;„+ +  (BSV ) ' e-'*m-.« +  B V  e‘P-.’ +  (Bv7)f e~ '*»■») +  (32)
> V

v = 1 2

+  В term s ç_k,t — e(h)t Çkj >
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w here  we h av e  used  th e  a b b re v ia tio n s

n s =  2  К  a s r
r = x ,  y , z

m s , V =  2  k r ( a sr  +  a v r )  
r = x , y , z

P s , v  -  2  К  ®r,)
r = x , y , z

T h e la s t 8 te rm s  o f th e  у  m a tr ix , w hich  are n o t show n here fo r b re v ity , co r­
re sp o n d  to  th e  la s t 8 te rm s o f e q u a tio n  (30) in  w hich  all th re e  com ponents 
h y, h, an d  h3 d iffer from  ] \ ,  j 2 a n d  jr3 b y  ^ 1.

I f  we h av e  m  s lig h tly  d iffe ren t k inds o f u n its  in  our m o lecu la r c ry s ta l 
w ith  th e  p ro b ab ilitie s  p (,), A is defined  again , as in  th e  one-d im ensional 
case b y

m
A  =  2 £ p {i) A(0 • (34)

;= l

(» =  1 ,2 ,3 ) ,

tv  =  1 ,2  
(s ) >  V  

V =  1,2 
S > ■  V

(33)

T h e e lem en ts  o f th e  m atrices  A <!) consist o f o n ly  th e  in teg ra ls  /?(•'], w hich 
co rresp o n d  to  in te rac tio n s  w ith in  th e  i- th  k ind  o f  u n it.

T he av erag e  m atrices В are  defined  b y  th e  equa tions

b s =  2  p Hj'k )B s (J'k)
j,k-l

m
И++ =  V  n < +(j,k) «++(/,*) 

,,V ---- ^  f s , v  " s ,®
SM= l

m
В ' S  n +- 0\*) B+“ (M)S,V   JrSfV ^SfV

M= 1

( * =  1 , 2 ,3 ) ,

V =  1, 2
s >  r

V  =  1,2 
S >  V

(35)

a n d  s im ila r expressions for th e  av e rag e  m atrices В occurring  in  th e  8 fu r th e r  
te rm s  in  e q u a tio n  (32). W e h av e  am ong  th e m  fo r in stan ce  th e  m a tr ix

в Ц з+ =  2
j,k=  1

(36)

T he n e a re s t n e ig h b o u r frequencies p ^ 'ki (the  p ro b ab ilitie s  to  h a v e  the  u n it 
k  a f te r  j )  m a y  genera lly  d ep en d  on th e  d irec tion  in  th e  p seudoperiod ic  crysta l. 
T h is  is in d ic a te d  b y  th e  fu r th e r  low er an d  u p p e r  indices o f th e  p ^ ’k^-s. T he 
e lem en ts  o f  m a trices  a re  th e  in te ra c tio n  in teg ra ls  b e tw een  th e  a tom s
o f  th e  n e ig h b o u rin g  j  an d  k  ty p e  o f  u n its . W e can  w rite  fo r in s ta n c e  for th e  
u, z e lem en t o f th e  m a tr ix  B ïj2\j+(j’,i)
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(B jXVJ’k))u,z =  ( ß u y (j- %

■ m i z - U i -

,2,3 =  < 0 u \ L u  — J l « l  —  J 2 « 2  —  J3O3)

1) £ 1  — O 2 +  1) £ 2  ~  (Уз +  1) £з)> »

\H\ ■
(37)

w here denotes th e  u -th  a tom ic o rb ita l  of the  j - th  ty p e  of u n it a n d  
th e  z-th  one o f th e  fc-th ty p e  of u n it .

J u s t  as for th e  period ic  case i t  is also tru e  fo r th e  average m atrices  
ih a t  the  in te rch an g e  o f  th e ir  -f- and  —  indices is e q u iv a le n t to  the tra n sp o s itio n  
o f  th e ir  e lem ents:

b s-  =  (B s )1

b 5 ,7 =  m : y

В7,Г =  (B^-)' 

B]^2,3 •— ( В ^ з  )*

( S =  1 ,2 ,3 ) ,  

v =  1,2  
s > v  ’

« =  1,2
•>

S >  V

(38)

an d  so on. W e have used  these  re la tio n s  w hen we h av e  w ritten  dow n  th e  
e igenvalue prob lem  o f th e  у  m a trix . F ro m  re la tions (38) we have th e  re su lt 
th a t  th e  у  m a tr ix  is a lw ays H e rm itia n  and  has th e re fo re  real e ig enva lues, 
w hich can  be d e te rm in ed .

I t  shou ld  be em phasized  ag a in  t h a t  we can use eq u a tio n  (32) o n ly  if  
the  d iffe ren t u n its  o f a m olecu lar c ry s ta l  differ from  each  o th e r o n ly  v e ry  
little . O therw ise th e  neg lcc tion  of th e  second an d  h ig h er order co rrec tio n  
te rm s (see equ a tio n s (18a)) will cause serious errors in o u r resu lts.

In  an  ac tu a l case th e  u n p le a sa n t looking exp ression  (32) is s im p lified  
g rea tly  because  of th e  sy m m etry  o f  th e  crysta l. B y  de te rm in in g  a ll neces­
sa ry  in teg ra ls  ß UiZ on th e  basis o f  th e  ap p ro p ria te  overlap  in te g ra ls  and  
know ing  th e  com position  an d  th e  n e a re s t  ne ighbour frequencies of th e  pseudo- 
period ic  m olecu lar c ry s ta l, i t  is possib le  to  d e te rm in e  th e  e igenvalues e(k)t 
o f  th e  у  m a tr ix . C alcu la ting  th e  m in im a  an d  m ax im a  in  th e  к  space  o f  th e  
d iffe ren t en erg y  surfaces o b ta in ed  we can  also d e te rm in e  th e  b a n d  s tru c tu re  
o f  a pseudoperiod ic  po ly m er.

A cknow ledgm ent

T he a u th o r  w ould like to  express h is g ra titu d e  to  P rofessor P .-О. L ö w d i n  
for his c r itica l rem ark s an d  for m a k in g  possible th e  ca rry in g  ou t o f  p a r t  of 
th is  w ork  d u ring  th e  a u th o r ’s s ta y  a t  th e  U p p sa la  Q u an tu m  C h em istry  
G roup. T h e  a u th o r  is v e ry  g ra te fu l to  P ro fessor G. D e l  R e  for h a v in g  called 
his a tte n tio n  to  th e  p ro b lem  of a rb i t r a ry  th ree -d im en sio n a l m olecular c ry s ta ls  
an d  to  M r. G. B iczó an d  M r. F . B e l e z n a y  for m ak in g  th e ir  resu lts  av a ilab le  
before pu b lica tio n .
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О П О Л У  ЭМ П И РИ Ч ЕСК И Х Т Е О Р И Я Х  М О Л Е К У Л Я Р Н Ы Х  КРИ СТАЛЛО В  
I. П Р И Б Л И Ж Е Н И Е  Г Ю К К Е Л Я

Я. ЛАДИК 

Р е з ю м е

Работа ознакомливает читателя с определением энергии связи в приближении  
Гкжкеля одноразмерны х периодических и близко периодических полимеров, имеющих 
в элементарном ячейке произвольное число атомов. П ри выводе формулы используются  
периодические граничные условия Б орна—Кармана и принимаются во внимание взаи­
модействия лишь самых ближ айш их соседей. Полученны й матричный формализм обоб­
щ ается и для трёхмерны х молекулярны х кристаллов с произвольной симметрией и с  
произвольным числом атомов в элементарной ячейке. Данный формализм обобщ ается, 
наконец, для случая, когда в трёхмерны х полим ерах встречаются элементы немного  
различного типа.
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SOME DEVELOPMENTS IN THE SEMIEMPIRICAL 
THEORIES OF MOLECULAR CRYSTALS. II.

THE PARISER—PA R R —POPLE APPROXIMATION

B y

J .  L a d i k

C E N T R A L  R E S E A R C H  IN S T IT U T E  F O R  C H E M IS T R Y  O F  T H E  H U N G A R IA N  ACAD EM Y O F  S C IE N C E S , B U D A P E S T  

(P r e s e n te d  b y  G . S c h a y .  — R e c e iv e d  11 . V I. 1 9 6 4 )

U s in g  t h e  B o r n  —  K á r m á n  p e r io d ic  b o u n d a r y  c o n d it io n  a n d  t a k in g  in to  a c c o u n t  
o n ly  n e a r e s t  n e ig h b o u r  in te r a c t io n s  in  t h e  o n e - d im e n s io n a l  ca se  a n d  in t e r a c t io n s  b e t w e e n  
t h e  f i r s t ,  s e c o n d  a n d  th ir d  n e ig h b o u r s  in  t h e  t h r e e - d im e n s io n a l  c a se , g e n e r a l  m a tr ix  f o r m u l­
a t io n  i s  g iv e n  fo r  t h e  c a lc u la t io n  o f  e n e r g y  b a n d s  o f  o n e -  a n d  th r e e - d im e n s io n a l  a r b it r a r y  
m o le c u la r  c r y s ta ls  in  t h e  P a r i s e r — P a r r — P o p l e  a p p r o x im a t io n .  T h e  e x p r e s s io n s  are g e n e r a l­
iz e d  t o  t h e  c a s e , w h e n  w e  h a v e  in  t h e  o n e -  or th r e e - d im e n s io n a l  m o le c u la r  c r y s ta ls  s l i g h t ly  
d if f e r e n t  t y p e s  o f  u n it s .

In tro d u c tio n

T he sem iem pirical SCF LCAO MO a n d  sem iem pirical C l m eth o d s 
( P a r i s e r — P a r r — P o p l e  ap p ro x im atio n ) are  im p o r ta n t too ls fo r th e  b e t te r  
u n d e rs ta n d in g  o f  th e  electron ic  s tru c tu re  o f  m olecules w ith  delocalized  71- 
c lec tro n  system s. T herefore i t  seem s useful t o  e x ten d  these  m e th o d s  also to  
th e  ca lcu la tio n  o f  th e  energy  b a n d  s tru c tu re  o f  one- and  th ree -d im en sio n a l 
period ic  or pseudoperiod ic  m o lecu lar c ry sta ls  (see the  p reced in g  paper [1]). 
U sing th e  B o r n — K á r m á n  period ic  b o u n d a ry  condition  a n d  ta k in g  in to  
acco u n t only  in te ra c tio n s  b e tw een  n ea rest n e ig h b o u rs  in th e  o n e-d im ensiona l 
case an d  betw een  f irs t, second a n d  th ird  n e ig h b o u rs  (see th e  In tro d u c tio n  
o f [1]) in  th e  th ree-d im en sio n a l case, it  is p ossib le  to  ca lc u la te  th e  en e rg y  
levels an d  w ave func tions of a m olecular c ry s ta l  in  a c o m p a ra tiv e ly  sim ple 
w ay  as th e  eigenvalues an d  eigenvecto rs o f  a  com plex H e rm itia n  m a tr ix  
(as in  th e  H ü c k e l  case, see [1]). I t  shou ld  be m en tio n ed  th a t  in  th e  ap p lica tio n  
o f  th e  C l m e th o d  to  c rysta ls  th e  d ifficu lty  a rises  th a t  in  p rin c ip le  we h a v e  
to  ta k e  in to  acco u n t an  in fin ite  n u m b e r of con fig u ra tio n s. I n  th e  case o f  a 
m o lecu lar c ry s ta l, how ever, th e  in te ra c tio n  b e tw een  m olecules in  d iffe ren t 
e lem en ta ry  cells is co m p ara tiv e ly  sm all an d  th u s  i t  is p ro b a b le  th a t  if  we 
ta k e  in to  acco u n t in  th e  sem iem pirica l Cl m e th o d  only a l im ite d  num ber o f  
selec ted  co n fig u ra tio n s, th is  w ill n o t  cause v e ry  serious errors. F o r  th e  d e fin ite  
so lu tion  o f th e  p ro b lem  it is n ecessary  of course to  perform  d e ta ile d  n u m erica l 
ca lcu la tio n s on m olecu lar c ry sta ls  w ith  th e  sem iem pirica l C l m e th o d .
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O ne-dim ensional case

In  th e  case o f a lin e a r  chain w ith  iV -elem entary  cells and w ith  n  a tom s 
w ith in  in  each  e le m e n ta ry  cell we can  w rite  down a n  LCAO c ry s ta l o rb ita l 
in  th e  fo rm  o f equ . (1) o f  [1]. In tro d u c in g  th e  B o r n — K ármán b o u n d a ry  
cond ition  we o b ta in  for th e  coefficients th e  B loch co n d itio n  (equ. (5) o f  [1]).

O n th e  o th e r h a n d  fo r a m olecule o f  m  a tom s w e can o b ta in  th e  coef­
fic ien ts  o f th e  SCF МО-s in  th e  P a r ise r — P arr— P o pl e  ap p ro x im atio n  [2, 3] 
as th e  e igenvec to rs o f th e  m a tr ix  F , w h ich  has th e  elem ents

m

f u =  — I\  +  —  P l,l(f l — E l) +  ~ ZJ  Y u  —  (x)2 8̂ 1

П .  =  A . -  Yu  =  ßu (IФ  *), (2)

H ere J , a n d  £ ; are th e  io n iza tio n  p o te n tia l  and  e le c tro n  affin ity  on th e  Zth 
a to m  in th e  m olecule, zs is th e  effective n uclear c h a rg e  of the s th  a tom , 
th e  charge d en sity , p ss is defined  b y

P >,6 =  2 ^ c * , e r,s (3)
Г  —  1

an d  th e  p i s bo n d  o rder b y

nf

Pi.s =  2 J ?  c;,iCriS, (4)
r = l

w here rif is th e  n u m b e r o f  th e  filled  o rb ita ls . T he tw o-cen tre  in te g ra ls  ß ij  
an d  у / j a re  defined  b y  th e  expressions

ß i =  J  <PÎ (ik) H c. <P» i l 4 ) àVx, (5)

Y u  = J <P\ Ю 94 Ы  -1-  <PI fc2) 9>. id К , (6)
Г12

1
w here in  th e  one-e lec tron  in teg ra l /S/j H c =  — ■ A  +  V c ( F cis the  core  p o te n ­

tia l)  [2, 3]. In  a c tu a l ca lcu la tions th e  in teg ra ls  ß is  a re  tre a te d  as a d ju s ta b le  
p a ra m e te rs  an d  are ta k e n  to  be d iffe ren t from  zero o n ly  betw een n e ig h b o u rin g  
a to m s, w hile th e  in teg ra ls  y;;S are a p p ro x im a te d  in  a  sy stem atic  w ay  [2, 3, 4]. 
F o r s ta r t in g  we can  use th e  values pfß  and  pŸ} re su ltin g  from  a H ückel  
ca lcu la tio n , w hich are  s u b s ti tu te d  in to  eq u a tio n s ( 1) a n d  (2). T hen th e  eigen­
v a lu e  p ro b lem  o f th e  m a tr ix  is so lved an d  from  th e  resu lting  e igenvec to rs, 
w ith  th e  a id  o f  eq u a tio n s  (3) and  (4), a new  set o f  p^s and  p^l is o b ta in e d . 
T he p ro ced u re  is re p e a te d  u n til  se lf-consistency  is reach ed .
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W e m ay  im agine ou r lin ear chain  as one m olecule o f m  — n. N  a to m s 
a n d  th e  eq u a tio n s (1) an d  (2) ho ld  o f course also fo r th e  w hole lin ea r ch a in . 
I t  is, how ever, im possib le  to  solve th e  e igenvalue p ro b lem  o f th e  re su ltin g  
m a tr ix  F  because o f th e  v e ry  large o rd e r o f  n N .  I f  we in tro d u ce , h ow ever, 
th e  B loch cond ition  fo r th e  LCAO coefficien ts in  th e  expression  o f ÔE ( th e  
v a ria tio n  o f th e  to ta l  energy  o f th e  m a n y  e lec tron  sy stem ) in  R o o t h a a n ’s 
f irs t p a p e r [6], we ta k e  in to  accoun t o n ly  n ea re s t n e ig h b o u r in te ra c tio n s  an d  
in tro d u ce  th e  neg lections used  b y  P ople [3] in  th e  m o lecu lar case, a f te r  a 
som ew hat len g th y  b u t  sim ple ca lcu la tion  i t  is possib le to  show  t h a t  th e  
m a tr ix  F  w ill have o n ly  th e  o rder я  a n d  its  e lem ents can  be w ritte n  in  th e  
form

F u  — A +  — ■ P u  (I\ — E {) +  ( p 8,B — z8) y / s +  J g  (p B_B —  z.) (y,te +
^ e^l S=1

+  7 1,s) +  Ati eik +  Ад e ik — —  (Pu Yu +  P u  Ум) =  A +  á j  +  dp (?)

à f  =  2  ~  (РГ. -  zß  Ум
8=1

1
2 РмУи +  Ад

Fl* '— A,s —P u  Y is ~  (Pi.s Ум Y P u  Ум) +  Ats e'k “Ь A,в e ,k —
Z Z

— À ,8 +  Дм +  À,в Ф  S)

Дм =  ~  “ P u  Ум +  At. e±ik ■
Z

(8 )

In  these  eq u a tio n s

ßis =  J  9>í (a  — ja )  H c <ps ( rSl — (У ±  1) «) dVt, (9)

Ум =  j  <P\ (A  — y«) fA (a  — J«) —  (a  — (У ±1)о )  • Ç5e (rS2 +  ( j  ±  1) a) dVy dV2,
Г12

( 10)

w here Ф;(г; — ja )  is th e  a to m ic  o rb ita l c e n tre d  on th e  1- th  a to m  o f th e  jr’- th  
e lem en ta ry  cell, p p ( p p . are th e  bo n d  o rders be tw een  th e  /- th  a to m  o f an  
e lem en ta ry  cell and  th e  /- th , s-th  a to m , re sp ec tiv e ly , in  th e  r ig h t (-)- sign) or 
le ft (—  sign) n e ighbouring  cell. T heir s ta r t in g  values can  be d e te rm in ed  from  a 
HÜCKEL calcu la tio n  o f a m olecule consisting  o f tw o  in te ra c tin g  e lem en ta ry  
cells o f th e  chain .
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H av in g  fo rm ed  th e  e lem en ts  o f th e  m a tr ix  F  its  e igenvalue  p ro b lem

F(fc) c(k) l —- e ( k ) l c (k ) l (11a)

can  be so lved  in  th e  u su a l w ay  b y  se p a ra tin g  its  re a l a n d  im ag in a ry  p a r t  [6 ]:

F (Re)
w

C(Im)
h w

p(Im) 
—  Г  (fc)

p(R e)
M*)

I t ' l  = « ( * ) .
S(*)'

Iv(/c)jt v (*))t
( l i b )

H ere  F ^  is th e  re a l an d  F((”I) th e  im ag in a ry  p a r t  of th e  m a tr ix  F an d  u(k)t 
is th e  re a l a n d  v(k) t th e  im a g in a ry  p a r t  o f th e  com plex  e igenvec to r c(k)t. I t  
shou ld  be m e n tio n e d  th a t  th e  eigenvalue p ro b lem  ( l i b )  is tw o fo ld  d eg en era te . 
T h e  e igenvec to rs be long ing  to  a given e igenvalue  e(k)t a re , as is easy  to  show , 
u t - f  Щ  a n d  +  *(u f +  Щ) 01 —  ï(wf +  iv t).

A fte r so lv ing  th e  e igenvalue  p rob lem  (11) i t  is possib le to  fo rm  th e  new , 
alw ays re a l ch arg e  densities р ц  an d  com plex  b o n d  orders p , s, р ц ,  p ltS

P i s  = 2 ^  c*, cr,8= p }« e> +  ip(1C\ (12a)
Г  =  1

Pis =  2 J ?  C * , e " lkj cr>s eik(i±!) =  2 _V c*,cr,s e±ik =  р(‘(е)± (к) +
Г =  1

4- (к) =  Pis  cos к  4 ; ipis  sin к, (12Ь)

w here р \ ^  is th e  rea l a n d  p\\"]) th e  im a g in a ry  p a r t  o f  p ls. S u b s titu tin g  
eq u a tio n s  (12) in to  eq u a tio n s  (8) we o b ta in  fo r th e  e lem en ts o f th e  rea l a n d  
im ag in a ry  p a r t  o f th e  m a tr ix  F  th e  fo llow ing resu lts

F<«e) (k) =  a , +  j g  ip , ' ,  — z,) ( y i  +  y,>8) +  {ßi\ +ßü)  cos к  —
S= 1

—  у  (р\Т)+ Ум +  Р (м )_ Ум) »

(13а)

Ц Т  (к) =  ß i s -  у  р\11,] Vis +  (ßts +  /9,7») cos к  -  у  ( р ^ )¥ Vis +  Р Й е)~У,7) (13Ь)
Z  Z

F,(r  (к) =  (ÄH - Ä 7.) sin к -  1  (р£г)+ У м + Р к Г  -у ,: ,) , (13с)
Zi

(к) =  -  I  р № ] у,,8 +  (А+ -  Ат.) sin  ft -  у  (РЙП)+ У,+ +  WJm)” У,т.) • (13d)
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We have  th e  re la tio n s for th e  in te g ra ls  ß  and  y

ßi,s =  ß . ,1 , ßi,* =  ß . ,1, Д, =  y . ,I, y £ . —  y.,1 ( 14)

an d  b y  th e  d e fin ition  o f  th e  com plex b o n d  orders

Pi,, =  К  l és p ú  =  p~i (15)
or

р \ Г  =  p í r  p \ r + =  p {r ~
(16)

p i r  =  — pdf) p d m>+ =  —  p d f)-

ho ld . T herefore, as we can  see from  in sp ec tio n  of th e ir  e lem ents, th e  s u b ­
m a tr ix  F (Rt) is a sy m m etrica l m a tr ix  an d  F*'1"^ an  a n tisy m m e tric a l one. So th e  
w hole m a tr ix  o f  o rder 2n  occurring  in  e q u a tio n  (11) is a sy m m etrica l m a tr ix  
a n d  has th ere fo re  alw ays re a l eigenvalues.

C on tinu ing  th e  p ro ced u re  described  h e re  in  an in te ra t iv e  w ay to  self- 
consistency  we can  o b ta in  th e  SCF e igenvalues and  eigenvecto rs as a fu n c tio n  
of k. D e te rm in in g  th e  lim its  o f each b a n d  (th e  m ax im a a n d  m inim a o f th e  
fu n c tio n s e(fe)i) we can o b ta in  th e  energy  b a n d  s tru c tu re  o f  th e  linear c h a in  
in  th e  P a r i s e r — P a r r — P o p l e  a p p ro x im a tio n .

A fter h av in g  perfo rm ed  th is  ca lcu la tio n  we can in tro d u c e  also a l im ite d  
C l for th e  ex c ited  s ta te s . As f irs t s tep  we ca n  ta k e  in to  a c c o u n t Cl on ly  b e t ­
w een singlet ex c ited  con figu ra tions. W e can  w rite th e  in te rc o n fig u ra tio n a l 
m a tr ix  e lem ents for a m olecule in  th is  case in  th e  P a r i s e r — P a r r  a p p ro x im ­
a tio n  [2] in  th e  form  [4]

l G W m  =  i-m I H  I ’ Ф ь ^ , )  =  2  (2 CL p c h ,p  Cm ,г C;,r  —  C ;,p  C*h ,p  Cm , r  C,*r )  y p>r +
p = l  Г — 1

+  ( £ m  —  e i )  ^ i , h  ^ m , l  ( 1 7 )

w here 1Ф ,_>т is th e  sing le t exc ited  m a n y  electron w av e  function  fo r th e  
s ta te  in  w hich one elec tron  is p rom oted  fro m  th e  i th  MO to  th e  m th  one a n d  

is a K ronecker de lta . In  th e  double su m  th e  firs t te rm s  are the  ex ch an g e  
te rm s  and  th e  second ones th e  Coulom b te rm s .

Form ing  these  m a tr ix  e lem ents b e tw een  all the  considered  con figu ra tions 
we o b ta in  th e  in te rc o n fig u ra tio n a l m a tr ix  (G). Solving th e  eigenvalue p ro b lem

G bv =  E v bv (18)

o f th is  m a trix , we o b ta in  th e  d ifferen t e x c ita tio n  energies E v of the  m an y - 
e lec tro n  system .
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I f  we in tro d u c e  for th e  coefficients th e  B loch  co n d itio n  (see eq u . (5) 
o f  [1]) an d  t a k e  in to  a c c o u n t only n e a re s t  ne ighbour in te ra c tio n s , a f te r  a 
sim ple c a lc u la tio n  we o b ta in , in  th e  case o f  a linear c h a in , for th e  in te r-  
c o n fig u ra tio n a l m a tr ix  e lem en ts  betw een  s in g le t excited  s ta te s  in  th e  P a r is e r —  
P a r r  a p p ro x im a tio n  for a g iv en  value к  th e  expression

'G w ii  (*) =  j g  J j  [2 c j 'p  (к) с ь , р  ( f c ) c m ,r  (k) cifI (к ) • ( y p ,r  +  y+r e2ik +  y~t e “ 2 * )  —
p  =  1 г  ~  1

— ciiP (fc) c;,p (k)  cm,r (fe) Cj*r (k) (yp>r - f  y+r +  y - r)] +  [e (k)m — e (fc);] <5i>b <5m>1. (19)

I n  th is  e x p re ss io n  we o b ta in  in  th e  exchange  te rm s th e  fa c to rs  e 2,k b ecau se  
w e have su c h  a  co m b in a tio n  o f th e  coeffic ien ts  th a t  fo r  b o th  coeffic ien ts 
belonging  to  th e  p - th  a to m  o f  th e  j - th  e le m e n ta ry  cell we h av e  to  ta k e  th e ir  
com plex  c o n ju g a te  and  for b o th  coefficients o f  th e  r-th  a to m  o f the  ( j  ^  l ) - th  
cell we need  n o t  do so. T h u s  w e have fo r th e  ex p o n en tia l fac to rs  th e  e x p re s ­
sion  e~2,j7i. c2l !̂±1 k̂ =  e'+ ' . A t th e  sam e tim e  in th e  C oulom b te rm s  we 
alw ays h av e  fo r  a given c e n tre  th e  com plex  con jugate  o f a coefficient on ly  o n ce  
(e.g . cm r(k) • c*r(k)). T herefo re  th e  e x p o n e n tia l factors cancel.

E x p re ss io n  (19) show s t h a t

=  O G U T )* (2o>

holds an d  th u s  th e  m a tr ix  G (к) is H e rm itia n  w ith  re a l eigenvalues. T h ese  
can  be d e te rm in e d  for a g iv en  к  value in  th e  usual w ay .

I t  sh o u ld  be m en tio n ed  th a t  t ra n s it io n s  betw een  levels be longing  to  
d iffe ren t к  v a lu e s  are spec tro scop ica lly  fo rb id d e n . T herefore  in  a Cl ca lcu la tio n  
su ch  e x c ita tio n s  should n o t  b e  tak en  in to  accoun t. F u r th e r  i t  is possib le  to  
show  th a t  s in g ly  excited  c o n fig u ra tio n s  belonging  to  d iffe ren t к v a lu es  do 
n o t  in te ra c t. Therefore th e  rem ain ing  in te rc o n fig u ra tio n a l m a trix  e lem en ts  
a re  those  g iv en  b y  equ. (19).

As we h a v e  a lready  m en tio n ed  in  th e  in tro d u c tio n , in  th e  ap p lic a tio n  
o f  th e  C l m e th o d  th e  d iff ic u lty  arises t h a t ,  in  princip le, w e have to  ta k e  in to  
accoun t an  in f in ite  n u m b er o f  co n fig u ra tio n s for cry sta ls . I n  th e  case o f  m o le­
cu la r c ry s ta ls  w ith  w eakly  in te ra c tin g  u n i ts  we can, h o w ev er, hope t h a t  if 
we include in  o u r in te rco n fig u ra tio n a l m a tr ix  elem ents o n ly  n ea rest n e ig h b o u r 
in te ra c tio n s , th is  will n o t cau se  very  serious errors. T he ju s tif ic a tio n  o f  th is  
a ssu m p tio n  w ill be possible o n ly  on th e  b as is  o f ac tu a l n u m erica l ca lcu la tio n s. 
To be able to  do th is we h a v e  derived  th e  form ula (19) for th e  in te rc o n ­
fig u ra tio n a l m a tr ix  e lem ents fo r a g iven к  value.

In  th e  case of n e a r ly  periodic (pseudoperiod ic) lin e a r  chains w ith  j  
k inds o f u n i ts ,  w hich are  o n ly  sligh tly  d iffe re n t, we can  ca lcu la te  th e  en e rg y  
b a n d  s t ru c tu re  in  th e  P a r is e r — P a r r — P o p l e  ap p ro x im a tio n , as in  th e  
H Ü C K E L  case , again  w ith  th e  aid  of an  av e rag e  m a tr ix  (see [1]),
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F(fc)ck,t =  e(fc)tÇk,t (21)
Неге

F — Fa Fb +  Fb , (22 )
w here

Fa =  2  P * Fa (23)
d = l

is th e  average m a tr ix  of th e  u n its  and

Fg =  2  Р Ь П '  (24)
<i,f= l

is th e  average in te ra c tio n  m a tr ix  betw een  th e  un its . In  e q u . (23) P d is th e  
freq u en cy  of th e  d th  ty p e  o f  u n it  and  th e  m a tr ix  F d is d e fin ed  by

( F d)i,i =  ( â i ) d +  — P u V i  ~ E i ) +  2  ( P j j— zù  pm (25)
i**

and

( F , t ) i , j  =  ( Â , j ) d  =  ( Ä , j  —  — P i , } P i , j ) d  • (26)

In  equ . (24) P dj  is th e  p ro b a b ility  to  have th e  u n it /  a fte r th e  u n it d, going 
from  le ft to  r ig h t (-)-) or in  th e  opposite  (— ) d irec tion  an d  th e  m atrices F  u j  
are  defined  by

(F d ,f)i,i =  (ô ti* ) d.r = 2 (P jJ  -  2i) Vtj -  -  Р&Уы +  ßu e±i
i 1 4

(27)
/d .f

and

(Fd,f)i,j — (^itj)d.f — Рц v£j +  A tje±lk •
'd,f

(28)

To perfo rm  an  ac tu a l ca lcu la tio n  we h a v e  to  begin w ith  som e s ta r t in g  
charge densities (p ,:i)a an d  b o n d  orders (p,y)d,/> (Pi,j)d fi (Pt,j)a,f ta k e n  from  a 
HÜCKEL calcu la tion . W ith  th e ir  a id  we can fo rm  the  d iffe re n t m atrices F d 
an d  F dj  an d  from  th e  la t te r  th e  average m a tric e s  Р д an d  F ^ .  Solving th e  
e igenvalue p rob lem  (21) o f th e  H erm itian  co m p lex  m a trix  F  we o b ta in  th e  
eigenvalues e(k)t a n d  e igenvecto rs c(k)(. F ro m  th e  la tte r  w e can  o b ta in  th e  
new  average  charge densities p,,- an d  th e  av e rag e  com plex b o n d  orders p t j ,  
р ц ,  p / j • A fter th a t  we can use equations (13a)— (13d) fo r th e  fu rth e r  c a l­
cu la tio n  su b s titu tin g  in  these  th e  average ch a rg e  densities a n d  bond  o rd e rs
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an d  u sin g  everyw here  th e  average v a lu es  o f the  d iffe re n t q u an titie s  ocur- 
rin g  here:

S

I i =  £i =
d= 1 J^Pd(-^i)d? Z i — У* Pd(*i)d?

d d
(29)

ÿi.j =  ^ p <i(yi,j)d, 
d v t j —  JS*d,f=i

(30)

ß'4 — Pd(Â,j)d>d d,f
(31)

C o n tin u in g  th is  i te r a t iv e  p ro ced u re  u n ti l  se lf-consistency  is re a c h e d  we 
can  o b ta in  th e  se lf-co n sis ten t e igenvalues an d  e ig en v ec to rs  e(k)t , c(k)t 
o f  th e  av e rag e  m a tr ix  F . D e te rm in in g  th e  m in im a  a n d  m a x im a  of th e  d iffe ren t 
func tions e(k)t we can  o b ta in  th e  en e rg y  b an d  s tru c tu re  of a pseudo- 
periodic l in e a r  ch a in  in  th e  sem iem p irica l SCF LCA O  ap p ro x im a tio n .

I t  sh o u ld  be m e n tio n e d , how ever, t h a t  since th e  in d iv id u a l v a lu es  (7,)d 
an d  (Ej)d m a y  d iffer c o n sid e rab ly , th e  a p p lic a b ility  o f  th e  m eth o d  is still 
m ore re s tr ic te d  to  u n its  w h ich  d iffer o n ly  slig h tly  th a n  i t  is in  th e  H ückel 
a p p ro x im a tio n . To keep  th e  errors d u e  to  th e  n eg lec tio n s  of th e  average  
m a tr ix  m e th o d  [7] as sm a ll as possib le , i t  is ag a in  ad v an ta g e o u s  to  s ta r t  
w ith  th e  d iag o n a lized  fo rm s  of th e  d if fe re n t m a trice s  F d (toge ther w ith  the 
a p p ro p ria te  tra n s fo rm a tio n s  on th e  m a t r :ces F dj ) .

H a v in g  th e  SCF eigenvalues o f th e  average m a tr ic e s  F  (к) we c a n  p er­
fo rm  ag a in  a  lim ited  C l ca lcu la tio n  fo r  th e  excited  s ta te s .  For th is  purpose 
we can use ag a in  th e  exp ressio n  (19), b u t  w ith  th e  average  in te g ra ls  (30) 
ÿi j an d  y t j -

T hree-d im ensional case

B y  u s in g  th e  c ry s ta l  o rb ita ls fo r a th ree -d im en sio n a l la ttice  g iven  b y  
equ. (22) o f  [1] we o b ta in  an  ex p ress io n  for th e  e lem ents of th e  m a trix  
F  sim ilar to  th a t  in  th e  HÜCKEL case (see equ. (30) o f  [1]), we have  o n ly  to  
rep lace th e  ßij-s  occu rrin g  th e re  b y  th e  q u an titie s  defined  b y  eq u a tio n s  
(1), (2), (7) a n d  (8). T h u s  we can fo rm u la te  th e  p ro b le m  of the  ca lcu la tion  
o f th e  en e rg y  b an d s o f  a  th ree -d im en sio n a l m olecu lar cry sta l as th e  eigen­
value p ro b le m  defined  b y

F c k,t — ^{к~) tfk,t9

w here th e  e lem ents of th e  m a trix  F  a re  defined  now  b y

(32)
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Fi,i =  f a  +  2 K f a l  +  ( Ш  +  2  K f a + l ,  +  {ßi , r)° . t  +  ( f a i l , +  (Д г г Ы  +
s —1 8 > t  

t =  1,2

+  ( Ä t j + + ) l ,2 ,3  +  ( Ä j + + ) l,2 .3  +  ( À î f + )l,2 ,3  +  ( Â j + ~ )l,2 ,3  +  ( Â t j ---- ) l ,2 ,3  + ( Â T i + _ )l ,2 ,3  +

+  (ДПГ+)1,2,3 +  (ÂTj ) l ,2 ,3 -  (33)

In  e q u a tio n  (33) we h a v e , i f  i — j

Д ы  — « i -  —  L +  —  P i , i ( L  —  - E i )  +  —  « j ) y i , f (34)

1
m *  =  Ш  =  > '  ( p u  -  *j) (yA)e -  —  (PÍA  (гй ). +  (Ail) . e±"

j= l ^

Hs =  J p  k r a S i s =  1 , 2 , 3
r  =  x,y,z

(35)

1
0?“ )..* =  (« “ )»,t =  ^ ( P j j  -  ZjKyrfkt -  —  (P iV k t ir ^ k t  +  ^ l s . t  e ±i(“*+n*' 

j - i  1
(s <  t t =  1, 2), (36)

m i , = («i1 Tk . = 2 ’ о»« -  fa ( râT),t - — (píít)m Ш1, +

( s > t  г = 1 , 2 ) (37)

an d  e.g.

( Д м *  ) l ,2 ,3  ( ® i  ) l ,2 ,3  —  2 ( P i  4  Zj )  ( У ь Д  ) l ,  2, 3 _  ( P i , i + ) l ,  2 ,3  ( f  i»> ) l , 2 ,  3 “b
j -1 2

+  ( f e +1 l ,2 ,3 e' Í (n r t+ "3) (38)

w ith  sim ilar definitions fo r  th e  o th e r in teg ra ls  (/kOi.a,?,- I f  /’ =f= j ,  th e  te rm s 
in  F , j are defined  by

/k j =  A,j -  у Р ч  у у .

(Д й). =  -  - (PÍiX (7Íj)s +  ( Щ  eti"’ ( » = 1 .2 ,3 ) ,
Zi

(39)

(40)

( Д ^ ) м  =  -  -  (F ik k t  ( r ík X .t  +  ( f f / k t  e±i("-+"‘) ( s > t  t =  1, 2), (41)
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т \ л  =  -  —  (р Ш л (уЛ л +  № ) « e±i(n-- rt) (* >  * * =  1, 2) (42)

and e.g.

(À tf+ )l,2,3 =  -  y  ( K f +)l,2,3(yiîr+)l.2.3 +  (fttr+)l,2,3eÍ(ni~nS+,,s) (43)

w ith  s im ila r d e fin itions for th e  o th e r  in teg ra ls  (j3i,j)ll2,3- F o r  th e  defin itions 
on th e  v a rio u s in teg ra ls  ß j j  we re fe r to  th e  ex am p le  given b y  equation  (32) 
o f  [1]. T here  th e  m ean ing  o f th e  d iffe ren t ind ices is also e x p la in ed . The in teg ra ls  
y i j  are  d e fin ed  in  a sim ilar m a n n e r  as th e  in teg ra ls  ß jj .  E .g .

( r í j  )2, 3 = j  j^iíZÜL—  Â « i — к11 79. Уз -з)
'  12

Ç’j i f j , — Л “ 1 — (Уа +  1)«2

(Уз — !)« з )  \2 Щ А У 2, (44)

( К Г ) . , 2 , 3 - j <Pi Л  — ji  «1 —) i  Р2 — Уз ?з) V i  ( íj , -

(7i l )® i  (Уг +  1)®2 (Уз 4)®з) d F jd E ,. (45)

In the course of an actu al calculation we can start w ith  the H ückel 
values p i j ,  pî~i e tc . and p , j ,  pß j  etc. After solving the eigenvalue problem  
o f the com plex H erm itian m atrix  (32) for a given vector k,  which has an  
end point w ith in  the first B rillouin zone o f th e  crystal, we have to form th e  
new  charge densities and bond orders from  the eigenvectors so obtained. 
W e have to  take care, how ever, in the calculation of their definitions:

P ij
nf

2 2  CU CM
l - i

(i =  j  ОТ i =f= j),

(pi,-)» = 2 cm c'.je+ln' =  Pi.i e±i"‘
1=1

na=  k T (iB
Г -  x ,y ,z

s =  1 ,2 , 3

an d  e.g.

(P itj)2,3 =  Pi.j ei(n2_nj,)

(Prj+') l , 2 ,3 = P i , i e - i<ni- ”2,n3)

w ith  sim ilar definitions for the other com plex bond orders.

(4 6 a)

(46b)

(47a)

(4 7 b )
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C ontinu ing  th e  ite ra tio n s  u n til  se lf-consistency  is reached  th e  SCF 
eigenvecto rs an d  e igenvalues of F  ca n  be  dete rm in ed  fo r a given v e c to r  k. 
R ep ea tin g  th is  p rocedure  for o ther v e c to rs  к w ith in  th e  f irs t B rillou in  zone 
th e  m ax im a  an d  m inim a o f th e  eigenvalues as functions o f  к  or in  o th e r  w ords 
th e  en erg y  b a n d  s tru c tu re  o f th e  th ree -d im en sio n a l m o lecu lar c ry s ta l in  th e  
sem iem pirica l SCF LCAO a p p ro x im a tio n  can  be d e te rm in ed .

I t  shou ld  he p o in ted  o u t th a t  fo r  a rea l c ry s ta l th e  ra th e r  co m p lica ted  
expression  (34) is m uch  sim plified  b y  th e  sy m m etry  o f  th e  crysta l. T herefo re  
i t  seem s to  be possible to  c a rry  ou t su c h  calcu lations in  th e  near fu tu re .

H av in g  p erfo rm ed  a sem iem pirica l SCF LCAO calcu la tio n  fo r a  th ree - 
d im ensional m olecular c ry s ta l, we can  w rite  dow n ag a in  w ith  th e  a id  o f  th e  
re su ltin g  eigenvectors th e  in te rc o n fig u ra tio n a l m a tr ix  elem ents be tw een  
sing let ex c ited  s ta te s  fo r a given v ec to r  к  b y  generaliz ing  th e  one-d im ensional 
expression  (19)

' G î ï L  (к) =  у  у  [2 с ,; (к)  c l p(fc)cm,r (к)  с *  (к) ■
р = 1г=1

Ур.г +

+  ^ { ( r p +.r)s e2i"- +  (7p.r)»e-2in«} +  V  {(yí,r+)8,,e2i(”-+“‘) +  ( y p-,r- ) 8.t e -2iK+IH) +
8  =  1 8>t 

t= 1,2

+  (ypV)s,te2i<n'-nt) +  (Ур,г )s,t e-2i("â_Ilt)j +  (yP+; +)i,:.,3e2i(ni+,,2+,l3) +

+  ( r í í +) i ,2,3 e2i(- i +^ +n3> +  (y P+,r" +) i ,2. s е2* н -п»+п°>+ (y + r+- ) 1,2,3e2i(n‘+n2- n3) +  

+  (yP,7- )i,2,3 e-2i<-i+n«+“»> +  (yp-;-)i>2,3 e-2i(ni-n» ‘ ”з> +  (yp,7+)v, 2l 3 +

+  ( y P,r ) i , 2 , 3 e  2 i ( n i + D 3 + n 3 )  j  — Ci,p i h )  c ;,p (k)  cm,r (k) c l  (k )  () ']  +  (e(fe)m —

e(k)i) <5; ,h  ^ m ,l- (48)

H ere  th e  sym bo l ( ) ' m eans an  ex p ress io n  in  th e  in te g ra ls  sim ilar to  th a t
we h av e  in  th e  f irs t p a r t  o f  b u t  w ith o u t th e  expo n en tia l fac to rs ,
i t  can  be show n th a t

1G ^ ( k )  =  ( i G i£ X ( k ) Y  (49)

holds ag a in  an d  there fo re  G is H e rm itia n  w ith  real eigenvalues.
I t  shou ld  be m en tio n ed , as it  w as po in ted  o u t a lread y  in th e  one­

d im ensional case, th a t  C l calculations sh o u ld  be app lied  to  m olecular c ry s ta ls  
only  w ith  g rea t cau tion . I t  w ill be possib le  to  decide o n ly  a fte r p erfo rm in g  
ac tu a l ca lcu la tions, w hich excited  co n fig u ra tio n s are im p o rta n t an d  shou ld  
th erefo re  be  included  in  th e  C l ca lcu la tio n s.
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In  case we have v k in d s  o f u n its  on ly  slig h tly  d iffe ren t in th e  th re e -  
d im ensional m o lecu la r c ry s ta l, we can ca lc u la te  th e  en erg y  b an d s from  th e  
eq u a tio n

=  (50)

H ere th e  av e rag e  m a tr ix  F  is defined  b y

F =  Fa +  2  (F s+ +  F r)  +  2  ( p M +  F + Г +  F - t++  F. - )  +  F f #  +  K U  +
8 = 1  8 > t

t =  1,2

+  Ft . U  Fi+ti,3 +  Fi-,2,3 +  Fi^j -f- F1AS+ +  Fli2>3 • (51)

T he co m p o n en t average m a trices  of F  h av e  as elem ents th e  averages o f th e  
m a tr ix  e lem en ts  (34)— (43). T h u s we have  e.g .

and

(FA)i,;=  2  p a («i)a
d= 1

(F A)i,j =  2 P  d(Â,j)d,

(FsV)i,i= 2 p i . - (d'f) ( « r (d' ° ) , H

(FsV)i,j =  2 " P i U d'{)№ r (d’\

v

( K U ) u i =  2  p w <d'f)(ói+- +(d'f))1,2,35
d , f - l

( K U h =  2  Р Г ^ ^ Ч ^ Г ^ П . З . З
d ,f  =  1

(52)

(53 )

(5 4 )

H ere e.g. (ßt,j~+ d̂’̂ )i ,2, з Is d e fin ed  b y  equ . (43), if  index  i refers to  th e  i - th  
a to m  of th e  d - th  ty p e  of u n i t  a n d  index  j  to  th e  y -th  a to m  o f  th e  f - th  ty p e  o f  
u n it an d  Р ^ з 1 {d'^  is th e  freq u en cy  to  have a d - th  ty p e  of u n i t  a t  th e  e le m e n ta ry  
cell ch a ra c te riz e d  b y  th e  la tt ic e  v ec to r R j  =  j 1a 1 -)- j,a^  -f- y3o3 and  an  / - t h

ty p e  o f u n it  a t  th e  la ttic e  p o in t R j ■ — ( j x +  l ) “ t +  (Л ---  1)®2 +  (Уз +  1)®3-
S ta r tin g  w ith  th e  a p p ro p ria te  charge densities an d  b o n d  orders k n o w n  

from  a p rev io u s HÜCKEL calcu la tio n  we can  fo rm , w ith  th e  a id  of e q u a tio n s  
(34)— (43), a ll q u a n titie s  a,- a n d  for th e  d iffe ren t u n its  a n d  d ifferen t in te r ­
ac tions. S u b s titu tin g  these  in to  th e  a p p ro p r ia te  equ a tio n s ((52)— (54) ty p e )  
we can  c o n s tru c t th e  te rm s o f  th e  average  m a tr ix  F . S o lv ing  th e  e igenvalue  
p rob lem  o f th e  la t te r  for a g iven  к v ec to r, w ith  th e  aid o f th e  resu lting  e ig en ­
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vecto rs we can  form  th e  charge d en sitie s  and  b o n d  orders b e long ing  to  th e  
av erag e  system . A fte r ob ta in ing  th e s e  we can con tinue  our ca lcu la tio n  b y  
so lv ing  th e  e igenvalue  prob lem  o f th e  m a trix  F  d efin ed  by  eq u a tio n s  (33)—  
(43), b u t  u sin g  fo r I j ,  E i,  Zj, ß ij ,  y i j  th e ir  average  values over a ll u n its  (see 
e q u a tio n s  (29) —(31)) an d  fo r ( ß ^ ) s, (y,y)s, ( ß i j  )S)(, ( y l / ) s,t etc. th e i r  av erag e

V

valu es  fo r a ll ty p e s  o f in te ra c tio n s  (e,g.) (y /j+ )Sjf =  J ?  P ^ t ' (y A 1 *d’̂ )s,í-
d,f=l

C o n tin u in g  th is  i te ra t iv e  p rocedure  w e can d e te rm in e  th e  SCF e ig en v ec to rs  
an d  e igenvalues o f F  fo r a given v e c to r  k. R e p e a tin g  th is  p ro ced u re  fo r d if­
fe re n t v ec to rs  к ly in g  w ith in  the  f i r s t  B rillou in  zone of th e  av e ra g e  la ttic e , 
we can  d e te rm in e  th e  lim its  of th e  d iffe ren t en e rg y  bands.

H a v in g  o b ta in e d  th e  SCF e ig en v ec to rs  w e can  d e te rm in e  th e  in ter- 
c o n fig u ra tio n a l m a tr ix  e lem ents b e tw e e n  s in g le t ex c ited  s ta te s  fo r  a g iven 
v e c to r  к also fo r n e a r ly  period ic  th re e -d im e n s io n a l m o lecu lar c ry s ta ls , if  we 
use e q u a tio n  (48) w ith  th e  av erag e  in teg ra ls  ÿ p r .
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О П О Л У  Э М П И Р И Ч Е С К И Х  Т Е О Р И Я Х  М О Л Е К У Л Я Р Н Ы Х  К Р И С Т А Л Л О В  
IL  П Р И Б Л И Ж Е Н И Е  Г 1 А Р И З Е Р А —П А Р Р А —П О П Л А

Я. ЛАДИН 

Р е з ю м е

Д аётся общий матричный формализм дл я  определения энергетических полос одно- 
и трёхмерных произвольных молекулярны х кристаллов в приближении П аризера— 
П арра—П опла при периодических граничны х условиях Б орна—Кармана, в котором 
принимаются во внимание только взаимодействия самых близких соседей. Вы ражения  
обобщаются и для случая, когда в одно- или трёхмерных кристаллах встречаются нем­
ного различные подэлементы.
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INTENSITY CORRELATION OF COHERENT 
LIGHT BEAMS

B y

G y . F a r k a s , L. J á n o s s y , Z s . N a r a y  a n d  P.  V a r g a

C E N T R A L  R E S E A R C H  IN S T IT U T E  O F  P H Y S IC S , B U D A P E S T

(R e c e iv e d  1 2 . Y I . 1 9 6 4 .)

B y  m a k in g  u s e  o f  t h e  c o in c id e n c e  t e c h n iq u e ,  th e  i n t e n s i t y  c o r r e la t io n  b e t w e e n  tw o  
c o h e r e n t  l ig h t  b e a m s  p r o d u c e d  b y  s p l i t t in g  a  l ig h t  b e a m  b y  m e a n s  o f  a s e m it r a n s p a r e n t  
m irro r  c o u ld  b e  v e r if ie d . T h e  d a ta  o b ta in e d  in  t h i s  w a y  a r e  in  g o o d  a g r e e m e n t  w i t h  th e  
r e s u lt  p r e d ic te d  b y  a s e m i-c la s s ic a l  th e o r y .

In tro d u c tio n

§ 1. M ore th a n  te n  years  ago we s ta r te d  a series of m easu rem en ts 
in  th is  L a b o ra to ry  w hich  aim ed a t  th e  in v estig a tio n  o f th e  d u a l n a tu re  of 
lig h t. In  our f irs t  ex p e rim en t [1] we sp lit a weak b e a m  o f ligh t in to  tw o  com ­
p o n e n ts  an d  show ed, th a t  th e  pulses reg is te red  b y  tw o  p h o to m u ltip lie rs  placed 
in  th e  p a th s  o f th e  beam s w ere d is tr ib u te d  a t ran d o m . T he ra te  o f coincidences 
b e tw een  th e  signals reg is te red  b y  th e  m ultip liers d id  n o t exceed th e  ra te  of 
ra n d o m  coincidences w hich are o b ta in e d  if  the  m u ltip lie rs  are ex p o sed  to  
in d e p e n d e n t beam s o f lig h t.

W hen  considering  th e  beam  o f lig h t as consisting  o f single p h o to n s  the 
above re su lt could be in te rp re te d  b y  say in g  th a t  “ p h o to n s  falling on th e  sem i­
t ra n s p a re n t  m irro r are  n o t sp lit —  b u t  a t  random  p ass  on in th e  one or the 
o th e r o f th e  com ponen ts o f  th e  b eam ” . F ro m  the  e v a lu a tio n  of th e  ex p e rim en ta l 
re su lts  i t  was concluded  th a t  if  th e re  w ere pho tons in  th e  beam  w h ich  were 
sp lit a f te r  all, th e ir  re la tiv e  ra te  could  n o t have exceeded  e =  (— 0,29 i  0 ,30)%  
o f th e  to ta l  in te n s ity . T he value o f  th e  s ta n d a rd  e rro r  ÔE  =  ^  0 ,30 %  of e 
w as o b ta in ed  from  th e  expression

ôs = r
~T

( 1 )

w here т =  2 p,sec was th e  resolving tim e  of the  m easu rin g  a rra n g e m en t [1], 
T  =  10 hours th e  to ta l  tim e  of m easu rem en t a n d  p  th e  effic iency  o f the  
m u ltip lie rs  in  respect o f th e  reco rd ing  o f a single p h o to n . B y th e  com parison  
o f th e  energy  carried  in  th e  beam  as m easured  b y  a th e rm o e lem en t w ith  the 
ra te  q f pulses recorded , it  was found  th a t  p  ~  1/300.
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S im ilar re su lts  were o b ta in e d  la te r  b y  B r a n n e n  an d  F e r g u s o n  [2 ], 
th e i r  analysis w as also based  on sim ilar a rg u m en ts .

I. T heory  o f  the experim en t

§ 2. The ab o v e  analysis o f th e  coincidence ex perim en ts h a s , how ever, a 
w eakness. I f  we w ere to  assum e t h a t  pho tons a re  sp lit in  tw o  b y  th e  sem i­
tra n s p a re n t  m irro r, th e n  we m a y  argue th a t  because  of p rev io u s sp littin g  
processes th e  p h o to n s  w hich are  co n ta ined  in  th e  p rim ary  b eam  are  a lready  
sm a ll frac tions o f  an  orig inal p h o to n . Indeed , suppose , e. g. t h a t  an excited  
a to m  em its  one p h o to n  in  one em ission  process. T he ra d ia tio n  e m itte d  by  th e  
a to m  spreads like a dipole w ave in to  all d irec tio n s an d  only a v e ry  sm all p a r t  
o f  th is  w ave is fed  in to  th e  a rran g em en t. T h erefo re , if  p h o to n s  can  be sp lit 
a t  a ll th is  m eans t h a t  only sm a ll frac tions o f  p h o to n s  w ill e n te r  th e  a r ra n ­
g e m e n t, to  beg in  w ith . The p ro b a b ili ty  of re sp o n se  of th e  p h o to ca th o d e  to  
one su ch  frac tio n  is v e ry  m u ch  sm aller th a n  th e  value p  o b ta in e d  for th e  
e ffic iency  of th e  ca th o d e .

In  o rder to  express th e  a b o v e  arg u m en t in  m ore u su a l te rm s  we s ta te  
t h a t  th e  w ave fu n c tio n  rep re se n tin g  the  b e a m  en te rin g  th e  a rran g em en t is 
th e  superp o sitio n  o f  very  m a n y  p h o ton  s ta te s , each h av in g  a very  sm all 
a m p litu d e  only . T h u s , even a v e ry  w eak b e a m  con ta ins m a n y  overlapping  
p h o to n  s ta te s , each  w ith  a r a th e r  sm all p ro b a b ility . W hen th e  b eam  falls on 
th e  d iv id ing  m irro r , each  of th e  com ponen ts o f  th e  w ave fu n c tio n  is sep a ra ted  
in to  tw o  com ponen ts.T he co rrec t v a lu e  o fp , w h ich  m u st be used  in  (1), is th e re ­
fore  p  =  P LfiP ,  w h ere  P  f( is th e  e ffec tive  efficiency o f  th e  ca th o d e  a n d  P  the  a v e r­
age sq u are  o f th e  p ro b a b ility  a m p litu d e  of th e  p h o to n  s ta te s  in  th e  beam . Since 
P  1, th e  co rrec t e s tim a tio n  o f  th e  value o f  ôe gives a m u ch  larger value 
th a n  th a t  o b ta in e d  b y  using  p  in  (1) and g iven  in  our f irs t p u b lica tio n  [1]. 
T h u s  th e  fac t t h a t  no sy s te m a tic  coincidences w ere th en  o b se rv ed  does n o t 
c o n tra d ic t  th e  a ssu m p tio n , t h a t  th e  in d iv id u a l p h o to n  s ta te s  are  divided b y  
th e  m irro r.

§ 3. The n a tu re  of a b eam  o f ligh t e m itte d  b y  a m acroscopic  source has 
re c e n tly  been in v e s tig a te d  fro m  th e  th e o re tic a l an d  e x p e rim e n ta l points o f 
v iew  b y  severa l au th o rs  [3], [4], [5]. Some o f th e  in v estig a tio n s were carried  
o u t in  a sem i-classical m an n er, i. e. i t  was assu m ed  th a t  th e  atom s of th e  
sou rce  em it d ipo le  ra d ia tio n  in  accordance w ith  th e  co ncep ts of classical 
e lec tro d y n am ics a n d  fu r th e r  t h a t  th e  p ro p ag a tio n  of th e  w aves also ta k e s  
p lace  accord ing  to  classical th e o ry . I t  was, h o w ever, assum ed [3], [4] th a t  such a 
b e a m  w hen fa lling  on a p h o to c a th o d e  produces p h o to  elec trons such  th a t  th e  
p ro b a b ility  d e n s ity  o f th e  em ission  of an e lec tro n  is p ro p o rtio n a l to  the  energy  
ab so rb ed  b y  th e  ca thode . M ore precisely , th e  p ro b ab ility  o f  th e  em ission
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of a p h o to  elec tron  d u rin g  a tim e dt  from  a su rface  e lem ent d S  o f th e  ca thode
is given by

dP =  a E~ d S  d t , (2)

w here a  is a c o n s ta n t of p ro p o rtio n a lity  and  E  th e  in s ta n ta n e o u s  electric  
fie ld  s tre n g th  of th e  beam .

§ 4. Consider a b eam  of ligh t o f  c o n s tan t in te n s i ty  th a t  falls on a ca thode . 
T he p ro b ab ilitie s  o f th e  em ission o f  pho to  e lec trons in  various in te rv a ls  of 
t im e  are accord ing  to  (2) in d ep en d en t o f each o th e r  an d  we ex p ec t em issions 
a t  ran d o m  tim es. I f  th e  beam  is s p li t  in to  tw o co m p o n en ts  in such  a w ay  th a t  
th ese  are b o th  of c o n s ta n t in te n s ity  an d  fall on tw o  sep a ra te  ca th o d es , th en  
th e  em ission of p h o to  electrons fro m  th e  ca thodes ta k e s  place a t  ra n d o m  an d  
th ere fo re  no  co rre la tio n  betw een th e  tim es of em ission from  th e  tw o  ca thodes 
is to  be expec ted . T h u s, recording th e  coincidences b e tw een  th e  signals o b ta in ed  
from  th e  ca thodes, we expect o n ly  ran d o m  coincidences, as i t  w as indeed  
found  in  th e  early  experim en ts.

A rea l beam  o f lig h t shows f lu c tu a tio n s  o f in te n s ity  as w as show n by  
severa l au th o rs  (e. g. [3], [4]). T h e  f lu c tu a tio n s  are m ain ly  caused  b y  th e  
in te rfe ren ce  of th e  w ave hands w h ich  are e m itte d  b y  th e  in d iv id u a l a tom s 
o f th e  source. The re la tiv e  f lu c tu a tio n s  are in d e p e n d e n t o f in te n s ity  an d  are 
o f  th e  o rd er of 100 % .

W h en  such a f lu c tu a tin g  b e a m  o f ligh t is sp lit in to  tw o com ponen ts it  
m u s t be assum ed th a t  th e  com ponen ts show  id e n tic a l f lu c tu a tio n s . Owing 
to  th e  f lu c tu a tio n s  th e  p ro b ab ility  densities fo r em ission o f e lec trons b y  th e  
ca th o d es also v a ry  in  tim e . D en o tin g  b y  P ^ i ,  (),), P 2(i, Q.z) th e  p ro b a b ility  
densities fo r em issions from  th e  su rface  elem ents d S v  d S 2, re sp ec tiv e ly , a ro u n d  
th e  p o in ts  and  Q2 o f  th e  tw o c a th o d es  1 an d  2, we expec t for th e  ra te  of 
co incidences reg is te red  b y  a co incidence a rran g em en t

Cs =  $ ( P ^ Q J P z i ^ Q j y d t d t '  d S ^ S , .  (3)

T he ra te  of th e  acc id en ta l coincidences w hich are  to  be ex p ec ted  i f  th e re  were 
no  co rre la tion  betw een  th e  in ten sitie s  o f th e  beam s fa lling  on th e  tw o  ca thodes 
is given b y  th e  follow ing expression :

Co =  J  <PA ^ Q i)y  (AAA  (?2)> d t d t ' d S 1d S 2. (4)

T he in te g ra tio n  m u st be ex ten d ed  over [i — 1'| <  т  an d  over th e  ca th o d e  
su rfaces S v  S 2. W e f in d

Cs A> Co ■

The excess o f th e  observed coincidences Cs over th e  ra n d o m  ra te  C0 
w hich  is caused b y  th e  co rrelation  o f  th e  f lu c tu a tio n s  m ay  be w ritte n
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Ti: = ^  =  - 7 -  f  < « ï(* . <?i) Щ ( * \  <?2)> d td t '  d S 1 d S 2. (5)
''O ^0 J

T h e  effect is la rg es t, i. e. x  has its  m ax im u m  if  th e  reso lv ing  tim e  т  
o f th e  a p p a ra tu s  is o f  th e  sam e o rd e r o f m ag n itu d e  as th e  period  p f  th e  f lu c t­
u a tio n s  o f th e  b eam . The th e o ry  show s th a t  th e  period  o f th e  f lu c tu a tio n s  
o f th e  b eam  is o f  th e  sam e o rd e r o f  m ag n itu d e  as th e  tim e  th e  b eam  ta k e s  
to  tra v e rse  its  e ffec tiv e  coherence len g th .

T he d e ta iled  ca lcu la tions show  sim ilarly , t h a t  th e  f lu c tu a tio n s  are in  
p h ase  in  re sp ec t o f  surfaces on w hich  th e  illu m in a tio n  is co h eren t. In  th e  
e x p e rim e n t i t  is th e re fo re  n ecessary  to  ensure  t h a t  th e  illu m in a tio n  o f  th e  
w hole ca th o d e  is co h eren t.

S u m m ariz in g  th e  th e o re tic a l considera tions one expects a close connec­
t io n  b e tw een  th e  coherence le n g th  Л  o f th e  b eam  as observed  d ire c tly  by  a 
M ichelson ty p e  o f  in te rfe ro m e te r  a n d  th e  q u a n t i ty  x.

O ne finds

(6 )

w here g2 is a fa c to r  describ ing  th e  degree o f  coherence o f th e  illu m in a tio n  o f  
th e  ca th o d es a n d  c is th e  v e lo c ity  o f  lig h t.

I n  th e  fo llow ing i t  w ill be show n th a t  th e  q u a n titie s  Л  an d  g2 can  be 
ex p ressed  b y  th e  v is ib ility  o f an  in te rfe ren ce  p a t te rn  w hen th is  is p roduced  
b y  th e  sam e lig h t b eam  as th a t  u sed  for th e  in v es tig a tio n  o f  th e  co rre la tio n  
o f th e  f lu c tu a tio n s .

F ro m  th e  th e o ry  [4] we o b ta in  th e  expression

w here

Л  =  f  V 2(x) dx  , 
ó

V(x) Imax -̂ min
+  h

(?)

( 8 )

is th e  v is ib ility  o f  th e  in te rfe ren ce  p a tte rn  (p roduced  e. g. in  a M ichelson 
in te rfe ro m e te r)  a n d  x  is th e  p a th  difference be tw een  th e  in te rfe rin g  beam s. 
In  eq . (8) I  max. s ta n d s  for th e  m ax im u m  o f th e  in te n s ity  an d  Imin for th e  
m in im u m  o f th e  in te n s ity  o f th e  in te rfe ren ce  p a t te rn .  F u r th e r , on th e  basis 
o f th e  th e o ry  g2 is g iven b y  th e  follow ing exp ression :

g2=sVJj K2(Çi’&)rfSidS2,
w here

( 9 )
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s tan d s  fo r th e  v is ib ility  o f  th e  in te rfe ren ce  p a tte rn  w h en  beam s going th ro u g h  
po in ts  a n d  @2 o f th e  ca thodes 1 a n d  2 , re sp ec tiv e ly  a re  b ro u g h t to  in te r ­
ference b y  a su itab le  a rra n g e m en t, a n d  i t  is ce rta in  t h a t  th e  p a th  d ifference 
betw een  th e  in te rfe rin g  beam s is con sid erab ly  sm aller th a n  Л.

I t  shou ld  be n o te d  th a t  eqs. (7) a n d  (9) are v a lid  o n ly  for th e  case w hen 
th e  in ten s itie s  of th e  in te rfe rin g  beam s are equal. I f  th is  cond ition  is n o t 
sa tisfied , in s tead  of eq. (7) one has to  p u t

Л  =  f \Vi2Íx ) ? d x  ̂ (7 a )
o'

w here у 12(л;) is th e  com plex  degree o f th e  lo n g itu d in a l coherence d efin ed  by  
Zern ike  [6 ]. In  an  analogous m an n er one ob ta ins th e n

g2 =  -— - ^ I r i Á Q i i Q z f d S t d S , ,  (9a)

w here y u (Qi, Q2) d eno tes th e  com plex degree o f th e  tra n sv e rsa l coherence.

II. The experim en t

§ 5. T he ex p e rim en ta l ta sk  was th u s  th e  fo llow ing. A m o n o ch ro m atic  
b eam  o f lig h t was to  he d iv ided  by  a su itab le  op tical dev ice in to  tw o co h eren t 
co m ponen ts. The com ponen ts were to  be reg istered  b y  p h o to m u ltip lie rs  by  
pulse te ch n iq u e . T he excess o f th e  r a te  o f coincidences o b ta in ed  fro m  th e  
coheren t beam s over th e  ra te  of coincidences o b ta in e d  from  in d e p e n d e n t 
beam s w as to  be m easu red  and  com pared  w ith  th e  coherence p ro p ertie s  of 
th e  b eam  used  in  th e  ex p erim en t using  eq . (6). As th e  ra te  of coincidences 
m u st be supposed  to  be a ffec ted  n o t on ly  b y  th e  m ic ro -flu c tu a tio n s as describ ed  
in  §§ 1— 4 b u t  also b y  m acroscopic f lu c tu a tio n s  of th e  in te n s ity  of th e  lig h t 
source, special p recau tio n s were to  be ta k e n  to  exclude th e  possible e ffec ts  
o f such  m acroscopic f lu c tu a tio n s .

The method

§ 6 . T he  block d iag ram  of th e  ex p e rim en ta l s e tu p  is show n in  F ig . 1. 
T he b eam  e m itte d  b y  th e  lig h t source J?” of f in ite  size is sp lit in to  tw o  
coheren t com ponen ts an d  b y  th e  se m i- tra n sp a re n t m irro r tv#0. T h e  
coheren t beam s th u s  o b ta in e d  are passed  to  m u ltip lie rs  PM , an d  PM 2, r e ­
spective ly . B y  m eans o f  a coincidence c ircu it o f reso lu tion  tim e  r t h e  n u m b e r Cs 
o f  coincidences in  u n it  tim e  betw een  th e  o u tp u t pulses o f  th e  m u ltip liers  can  
be co un ted . E xposing  th e  sam e tw o m u ltip lie rs  to  tw o  in co h eren t b eam s
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Coincidence circu it

F i g .  1 .  T h e  b lo c k  d ia g r a m  o f  t h e  e x p e r im e n ta l  a r r a n g e m e n t

(w hich  are  o f  th e  sam e in te n s ity , w ave le n g th , e tc . as th e  tw o  coheren t beam s 
■'di1 an d  dS2) th e  acc id en ta l coincidences C 0 p e r  u n it tim e  can  be coun ted  a t  
th e  o u tp u t o f  th e  coincidence c ircu it.

Light source

§ 7. B efore describ ing in  d e ta il ou r ex p erim en t le t us consider som e 
asp ec ts  o f  p rev io u s m easu rem en ts  [5] re fe rred  to  in  § 3.

The l ig h t source used  in  a ll these  ex p erim en ts  w as a gaseous d ischarge 
tu b e  ex c ited  b y  m icrow aves. T h e  possib ility  can n o t be ex c lu d ed  a lto g e th e r 
t h a t  such an  ex c ita tio n  m ig h t give rise to  in te n s ity  m o d u la tio n  in  th e  b eam s 

â&1 a n d  Л8г, in  add ition  to  th e  n a tu ra l  f lu c tu a tio n s  w hich  a re  to  be in v es tig ­
a te d . A t e x c ita tio n  frequencies o f  1000— 2500 Mc/s needed  fo r th e  ligh t sources 
u sed  in  th e se  ex p erim en ts  th e  p e rio d  of th e  m acroscopic in te n s i ty  f lu c tu a tio n s  
o f  th e  b e a m  m ay  range  fro m  0,2 to  0,5 (j l s c c . Now, in  th e  papers q u o ted  
above th e  coherence len g th  o f  th e  lig h t source used  was g iven  as Л  =  30 cm . 
W ith  th is  v a lu e  one o b ta in s  fo r th e  average  d u ra tio n  o f em ission T  =  Л /с  ~  
~  10~9 sec, i. e. th e  period  o f  th e  possible in te n s ity  m o d u la tio n  due to  th e  
e x c ita tio n  is fo u n d  to  be o f  th e  sam e o rd er o f  m ag n itu d e  as t h a t  of th e  n a t u ­
ra l  in te n s ity  f lu c tu a tio n s . C o nsequen tly , th e  resu lts  of th e  m easu rem en ts o f 
th e  in te n s ity  f lu c tu a tio n s  o f  co h e ren t lig h t b eam s carried  o u t  w ith  sources o f 
th is  k in d  a re  u n su itab le  as a precise  check on th e  th e o ry . W e have th e re fo re  
u sed  a gaseous discharge la m p  supp lied  b y  d . c. as lig h t source  У , to  av o id  
th e  a d d itio n a l m od u la tio n  cau sed  b y  th e  h ig h -freq u en cy  ex c ita tio n .

I t  m u s t be n o ted , h o w ev er, th a t  d. c. e x c ita tio n  b y  i ts e lf  does n o t neces­
sa rily  g u a ra n te e  th e  absence o f  m acroscopic  f lu c tu a tio n s  o f  in te n s ity  o f th e  
source. O ne m ig h t suppose, e. g. th a t  in  th e  avalanches developing  in  th e  
gas d isch a rg e  severa l a to m s m a y  s im u ltan eo u sly  em it w ave tra in s  w hich a re
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n o t in d e p e n d e n t of each  o th e r . C hecking, how ever, th e  lig h t source app lied  
in  our ex p erim en t we fo u n d  th a t  th e  in te n s ity  f lu c tu a tio n s  due to  av a lan ch e  
processes d id  n o t affect th e  resu lts o f  th e  m easu rem en t (see § 14).

Optical arrangement

§ 8 . In  order to  e lim in a te  possib le  in stab ilities  in  th e  e lec tron ic  and  
o p tica l p a r t  o f th e  m easu rin g  a p p a ra tu s  w hich m ay  cause  slow v a ria tio n s , 
th e  m u ltip lie rs  reg iste ring  th e  coincidences were illu m in a te d  a lte rn a te ly  b y  
coheren t a n d  incoheren t l ig h t beam s in  an  a rran g em en t show n in  F ig . 2.

L e t us consider f ir s t  th e  m easu rem en t of system atic  coincidences b e tw een  
tw o coheren t ligh t beam s. T he ligh t b e a m  em itted  b y  th e  source [a k ry p to n  
d ischarge lam p  supplied  b y  d. c.) passes  th ro u g h  th e  g lass p la te  dj to  th e  
in p u t o f th e  m o n o ch ro m ato r w hich se lec ts  th e  w ave le n g th  Я =  5570 Â  from  
th e  beam . T he o u tp u t s lit « i^ w id th  80 p ,  h e igh t 80 p)  o f  th e  m o n o ch ro m ato r 
ac ts  as a seco n d ary  source. T he beam  fo rm ed  b y  th e  co llim a to r lens J3? (w ith  a 
focal len g th  o f  30 cm) passes th ro u g h  th e  p o la rizá to r SA to  th e  m irro r  
w here i t  is sp lit in to  tw o co h eren t beam s S81 and  T he in te n s ity  co rre la tio n  
o f these  tw o  beam s was in v es tig a ted  b y  reg istering  th e  coincidences b e tw een  
th e  o u tp u t pulses of th e  m u ltip liers  P M 2 an d  PM 2, p laced  in  th e  w ay  o f th e  
beam s. To p rov ide  w ell-defined  a p e rtu re s  fo r th e  beam s in c id e n t on th e  m u lti­
p liers, th e  m irro rs an d  were p ro v id e d  a t th e ir  cen tre s  w ith  holes o f 3 m m  
in d iam ete r.

F o r th e  record ing  o f  ran d o m  coincidences m u ltip lie rs  P M 1 an d  P M 2 h ad  
to  be illu m in a ted  by  in co h e ren t ligh t b e a m s. F o r th is  p u rp o se  th e  m irro r  
w as m oved  in to  th e  position  b lock ing  th e  w ay of b eam  Я0 2, w hile th e  b eam  

was d irec ted  as b e fo reh an d  to w ard s  m u ltip lie r PM r  M ultip lier P M 2 was 
illu m in a ted  b y  a beam  <áí3 o b ta in ed  fro m  th a t  p a r t  o f th e  o rig inal l ig h t b eam  
w hich is re fle c ted  on th e  glass p la te  d2$. T h is  b eam  avo id ing  th e  m o n o ch ro m ato r 
is re flec ted  on th e  m irrors an d  ^Ж ь a n d  reaches m u ltip lie r  PM 2 a f te r  h av in g  
covered a p a th  w hich is b y  6 m eters lo n g e r th a n  th e  p a th  o f  beam  I n  o rder 
to  o b ta in , in  th e  case of in c o h e re n t illu m in a tio n , a pulse r a te  ap p ro x im a te ly  
eq u a l to  th a t  o b ta ined  w hen  illu m in a tin g  m u ltip lier PM 2 b y  th e  beam  co h eren t 
to  beam  i. e. in  o rder to  a d ju s t th e  in te n s ity  of th e  in co h e ren t b e a m  to  a 
v a lu e  ap p ro x im a te ly  eq u a l to  th e  in te n s i ty  o f th e  co h eren t one, a g rey  wedge 
77^ w as p u t  in  th e  w ay o f th e  beam .

Arrangement fo r  the determination o f  V(x)

§ 9. T he optical sy s te m  o f the  m easu rin g  a rra n g e m en t can be checked  
b y  th e  te lescope The m irro rs  a n d  and  th e  se m i- tra n sp a re n t m irro r 

c o n s titu te  a M ichelson in te rfe ro m e te r , th e  in te rfe ren ce  p a tte rn  o f w hich 
can be observed  in  th e  te lesco p e  &  R ep lac in g  th e  m irro rs and  <^#2 b y  m ir­
ro rs w ith o u t holes and  p lac in g  the  m u ltip lie r  PM 3 in  th e  w ay  of th e  b eam
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th e  v is ib ility  V(x) o f th e  in te rfe ren ce  p a t te r n  can be d e te rm in ed  for a  g iven  
difference я; betw een  th e  a rm len g th s  u n d e r  th e  sam e e x p e rim e n ta l co n d itio n s 
as those  o b ta in ed  in  th e  coincidence ex p e rim e n t. R e p e a tin g  th e  m easu rem en t 
o f  v is ib ility  for d ifferen t va lues o f x  th e  function  V(x)  c an  be e s tab lish ed .

Electronics

§ 10. F o r coun ting  sy stem atic  a n d  ran d o m  coincidences the o u tp u ts  of 
th e  m u ltip lie rs  РМ г an d  PM 2 are co n n ec ted  to  a slow -fast coincidence c irc u it. 
In  ad d itio n  to  th e  sy s tem a tic  and  ra n d o m  coincidences, th e  num bers o f  pu lses 
app earin g  d u rin g  th e  m easu ring  tim e  on  th e  o u tp u t o f  m u ltip liers  P M X an d  
PM 2 (deno ted  b y  N x an d  iV2, re sp ec tiv e ly ) are also c o u n te d . As m en tio n ed  
above m easu rem en ts w ith  e ith e r  co h e ren t or incoheren t illu m in a tio n  fo llow ed 
each  o th e r a lte rn a te ly . T he d u ra tio n  o f  each  ru n  was 200 sec. A p ro g ram m ed  
a u to m a tic  rem o te  con tro l was used  to  a d ju s t th e  o p tic a l a rran g em en t for 
th e  tw o k in d s  of illu m in a tio n . C on tro l m easu rem en ts (e. g. m easu rem en t of 
th e  d a rk  c u rre n t pulse ra te  o f th e  m u ltip lie rs)  were also p ro v id ed  for b y  th is  
a u to m a tic  con tro l.

Method o f  evaluation

§ 11. As we have seen above, in  o rd e r  to  com pare th e  ex p erim en ta l a n d  
th e o re tic a l re su lts  re la tin g  to  th e  in te n s i ty  co rrelation  o f co h eren t lig h t b eam s 
th e  sy s tem a tic  coincidences o f tw o co h e re n t lig h t beam s as w ell as th e  ra n d o m  
coincidences h ad  to  be m easu red  in th e  sam e a rra n g e m en t. H ow ever, th e  
com parison  o f  these  tw o k inds o f co incidences canno t be ca rried  ou t d ire c tly  
as th e  n u m b ers  o f pulses co u n ted  b y  m u ltip lie rs  PM X an d  P M 2 canno t be m ad e  
e x a c tly  id en tica l for coheren t and  in c o h e re n t illu m ina tions. To overcom e th is  
d ifficu lty  a m eth o d  a lread y  described  in  connection  w ith  a previous e x p e ri­
m en t [1] w as used.

E x p ressin g  th e  so-called  effective re so lu tio n  tim e  0  b y  th e  n u m b e r Cs 
o f th e  sy s tem a tic  coincidences an d  th e  n u m b e rs  and  N 2 o f  pulses reg is te red  
b y  th e  m u ltip lie rs , we h av e  in  case o f co h e re n t ligh t b eam s

0  = Cs
2 N , N 2

( 10)

C orrespondingly , th e  reso lu tio n  tim e  r  o f  th e  coincidence c ircu it in  case o f 
incoheren t illu m in a tio n  —  d en o ting  th e  ra n d o m  coincidences b y  CÓ a n d  th e  
num bers o f pulses reg is te red  b y  1V( a n d  N% — can be exp ressed  as

r  =
C

2 N [  IV' ( 11)

or expressing  r  b y  th e  n u m b ers  o f pu lses m easu red  d u rin g  th e  coheren t i l lu ­
m in a tio n
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T -
2 N , N 2

(12)

F ro m  eqs. (10) a n d  (12) to g e th e r  w ith  eq. (6) one o b ta in s  th e  re la tion

XX =  0  — (13)

F o r th e  ev a lu a tio n  o f  o u r resu lts  also  th e  d a rk  c u rre n t pidses o f th e  
m u ltip lie rs  u se d  in  the  m easu rem en t h av e  to  be  tak en  in to  accoun t. D en o tin g  
th e  d a rk  c u r re n t pulses o f m u ltip lie rs  PM , a n d  PM 2 b y  iq a n d  v2, re sp ec tiv e ly , 
we o b ta in  in s te a d  o f (13)

0 — T
X  =

I  —
Nh j

y 2

N h

(14)

'.here
iVq =  N 1 +  vl , N t 2 =  N 2 +  v2

E v a lu a tin g  th e  q u a n titie s  defined  b y  (10) and  (11) sep a ra te ly  for e ach  
consecu tive  p a ir  o f read ings ta k e n  w ith  co h e re n t and  in c o h e re n t illu m in a tio n , 
re sp ec tiv e ly  (m easuring  ru n ) , we m ay  co m p u te  th e  m ean  v a lu e  of th e ir  d if­
ference, i. e. 0  — г and  th e  e rro r  A ( 0  — x ) .

As th e  secu la r change in  b o th  th e  n u m b e r  of coun ts N tl and  N fl a n d  in  
th e  d a rk  c u r re n t  pulses jq a n d  v2 was n eg lig ib ly  sm all d u rin g  th e  few h u n d re d  
m easu ring  ru n s  i t  was n o t  n ecessary  to  u se  eq. (14), i. e. th e  corrected  fo rm  
o f (13) fo r e a c h  in d iv id u a l ru n , b u t  i t  was su ffic ien t to  ta k e  th e  correction  in to  
acco u n t in  th e  m ean v a lu e  on ly , i. e. f in a lly  th e  q u a n t i ty

A ( 0 ^ 1 )

N tt

h ad  to  be d e te rm in ed . I t  shou ld  be n o te d  th a t  th e  d a rk  cu rren t co rrec tio n  
am o u n ted  to  a b o u t 10% .

§ 12. T h e  v is ib ility  V(x)  was d e te rm in e d  a t  d iffe ren t values o f x  f ro m  
th e  in te n s i ty  d is tr ib u tio n  o f  th e  re sp ec tiv e  in te rfe rence  p a tte rn  using  on  
average 8— 10 fringes fo r ev e ry  value o f x .  T he  effective coherence le n g th  Л  
was th en  co m p u te d  acco rd in g  to  eq. (7). T h e  v isib ility  as a function  o f th e  
p a th  d ifference  is show n in  F ig . 3.

As th e  d ire c t m easu rem en t of V(Qv  Q>) is very  d ifficu lt from  th e  te c h n ic a l 
p o in t o f v iew , th e  fu n c tio n  V(Qv  @2) w h ich  is needed fo r th e  d e te rm in a tio n  
o f g2 (see eq . (9)) was d e te rm in ed  from  th e  expression

(0 -  т ) П

1 —
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V(Q,, Q2)
sin 71

71

¥
Y ( j i  — Уч)

¥

S in  71
Z (z1 — z2)

¥
JZ Z (zi -  z2)

¥
(16)

w here y x, *q an d  r 2, s2 are th e  co o rd ina tes o f  an d  @2, re sp ec tiv e ly , Y  a n d  Z  
are  th e  sizes o f th e  e x it slit &  o f th e  m o n o ch ro m ato r, and  /  is th e  focal le n g th  
o f th e  second co llim ating  lens -S*. T h e  v a lid i ty  o f eq. (16) w as p ro v ed  b y  e x ­
p e rim en ts  [7]. The resu lts  derived  in  th is  w ay  fo r  Л  and g2 are  l is te d  in T able 1.

V(x)

III. Results and conclusions

§ 13. Two series o f m easu rem en ts  w ere perform ed: th e  f ir s t  consisted  
o f  440, th e  second o f 634 ru n s . T h e  m ain  p a ra m e te rs  o f th e  m easu rem en ts  
a n d  th e  resu lts  a re  lis ted  in  T ab le  1.

F o r th e  sake of illu s tra tio n  a sam ple o f  th e  resu lts o f  one m easu ring  
series is rep ro d u ced  in  T able 2. I t  should  b e  m entioned  t h a t  a lth o u g h  th e  
in te n s ity  of th e  lig h t beam s an d  <^2 were e q u a l, the  d ifference in  th e  sen s i­
tiv itie s  an d  d a rk  cu rren ts  of th e  m u ltip lie rs  1>M 1 and  PM 2 re s u lte d  in  a fa ir ly  
la rge  difference o f  N tl and  N f t .

F ro m  th e  se t of values o b ta in e d  for th e  in d iv idua l ru n s  (see th e  h is to ­
g ram  of Fig. 4) i t  could be e stab lish ed  th a t  th e  d is trib u tio n  o f  0  —  т is G au s­
sian . A  j;2-te s t was carried  o u t to  p ro v e  th a t  n o  system atic  v a r ia tio n  a ffec ted  
th e  v a lu e  o f 0  —  r .

§ 14. F in a lly , m easu rem en ts were c a rr ie d  ou t to  d e te rm in e  w h e th e r 
th e  in d iv id u a l em issions o f th e  lig h t source u s e d  in  our ex p e rim e n t were re a lly

A c ta  P hys. H u n g . Т о т . X V I I I ,  Fasp. 3 ,
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Table I
N u m b e r r N (l N ,a - 0 - т Л g ’ л

o f  m easu rin g  
ru n s 10“ * sec 10s s e c - 1 103 sec-1 103 sec“ 1 10я s e c " 1 10” 13 sec 1 0 " 12 sec cm s*

1 0 - 12 sec

44 0 1 ,2 34 54 2 ,6 0 ,6 4 9 ,3  ±  2 ,8 154 ± 3 5 ,3  ±  0 ,2 0 ,3 1 4 55 +  2

63 4 1,2 24 35 2 ,4 0 ,5 4 7 ,3  ±  3 ,4 153 ± 4 4 ,6  ±  0 ,2 0 ,3 1 4 48  +  2

361 1 ,2 44 50 2 ,3 0 ,6 - 0 , 3 7  ±  2 ,7 0 ,4  ±  3 r^0 0 ,0 3 ~ 0

Table II
Sample of a measuring series containing 10 measnring runs. 

The number of pulses refers to a measuring time of 200 sec each.

N tlx  1 0 - • iV /.x io-« c . (10 - 12 sec)
Nt l X 10-« Л ' |> ] 0 - ‘ c . u

(10~ 12 sec)
® i~*i 

( 1 0 - 12 sec) (1 0 -24 sec)

6 ,6 2 1 1 1 0 ,7 0 5 6 837 1 181 6 ,5 8 3 1 1 0 ,7 1 2 8 8 56 1 2 1 4 -  33 1 089

6 ,6 5 6 8 1 0 ,7 5 1 8 8 74 1 221 6 ,6 1 4 9 1 0 ,7 8 8 9 841 1 178 +  43 1 84 9

6 ,6 6 8 3 1 0 ,7 7 4 4 8 58 1 194 6 ,6 2 5 0 1 0 ,7 8 4 6 821 1 149 +  45 2 02 5

6 ,6 6 4 0 1 0 ,8 0 6 2 9 12 1 266 6 ,5 8 8 3 1 0 ,7 6 6 2 821 1 157 +  109 11 881

6 ,6 2 0 1 1 0 ,7 6 1 0 851 1 194 6 ,5 4 3 1 1 0 ,7 7 3 5 777 1 102 +  92 8 4 6 4

6 ,6 1 6 8 1 0 ,7 4 0 7 841 1 183 6 ,5 6 4 7 1 0 ,7 2 1 0 749 1 06 4 +  119 14  4 0 0

6 ,5 8 8 3 1 0 ,7 1 1 8 86 6 1 227 6 ,5 1 1 3 1 0 ,7 0 9 9 80 6 1 156 +  71 5 041

6 ,5 5 7 5 1 0 ,7 0 4 6 819 1 167 6 ,5 2 3 8 1 0 ,7 1 3 8 80 6 1 153 +  14 196

6 ,6 0 1 4 1 0 ,7581 79 6 1 121 6 ,5 7 3 9 1 0 ,7 6 5 3 837 1 183 -  62 3 84 4

6 ,6 6 9 3 1 0 ,7 8 1 6 89 6 1 246 6 ,6 1 4 9 1 0 ,7 9 2 8 84 6 1 185 +  61 3 721

6 6 ,2 6 3 6 1 0 7 ,4 9 5 8 855 0 12 00 0 6 5 .7 4 3 0 1 0 7 ,5 2 8 8 816 0 11 541 45 9 52  51 0

T =  1 1 5 4  X  1 0 - 1 2  se c . 
@_T =  4 6  X  1 0 - 1 2  se c . 
A ( z - f ) )  =  19  X  1 0 -1 2  s e c .
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in d e p e n d e n t o f one an o th e r (see § 5 and  7). I n  these  checking  m easu rem en ts 
th e  cond itions w ere so chosen as to  allow re g is tra tio n  o f on ly  such  sy s tem atic  
co incidences t h a t  re su lted  fro m  sim u ltan eo u s em ission processes in  th e  
av a lan ch es  of th e  k in d  m en tio n ed  in  § 7. T h ese  in c id en ta l em ission processes 
a ffec t th e  in te n s ity  o f th e  whole sp ec tru m  e m itte d  b y  th e  source and  there fo re  
th e ir  e ffect can be  m easured  ev en  i f  the  b e a m  & 0 is o b ta in e d  b y  using  th e  
e n tire  sp ec tru m  o f  th e  source In  th is  case Л  0 an d  accord ing  to  (6)

F i g .  4 .  T h e  h is to g r a m  r e p r e s e n t in g  t h e  m e a su r e d  f r e q u e n c y  © —r  a n d  t h e  th e o r e t ic a l  c u r v e

th e  co rre la tio n  e ffec t d isappears. B y  ana lysing  in  th e  sam e w ay , as was d e ­
sc rib ed  above, th e  re su lts  o b ta in ed  w hen the  l ig h t beam  co n ta in s  th e  en tire  
sp ec tru m  of th e  source , th e  c o n tr ib u tio n  of th e  av a lan ch e  effect to  th e  in te n s ity  
f lu c tu a tio n  can be ev a lu a ted .

361 runs o f  m easu rem en t w ere carried  o u t to  de term ine  th e  avalanche 
f lu c tu a tio n s . As a re su lt we o b ta in ed

x '  =  ( — 0,4 ^  3) • 10“ 12 sec.

The respec tive  q u a n titie s  are lis ted  in  the  la s t  г о л у  of Table 1. T he fac t th a t  
th e  e rro r is o f th e  sam e order as in  th e  tw o m easu rem en ts described  in  § 13 
show s th a t  w ith in  th e  ex p erim en ta l accuracy  th e  lig h t source d id  n o t in fluence 
th e  ex p e rim en ta l re su lts .

I t  can  be seen fro m  Table 1 t h a t  there  is a v e ry  good ag reem en t betw een  
th e  m easu red  an d  th e  th eo re tica lly  p red ic ted  v a lu es . This q u a n ti ta t iv e  ag ree­
m en t su p p o rts  th e  sem i-classical th e o ry  of l ig h t w hich we m ad e  use o f w hen 
in te rp re tin g  th e  phenom enon .

T h an k s  are d u e  to  our co llabo ra to rs M r. K . T itschka, M r. I . Czigany 
an d  M r. L. I mre for th e ir  v a lu ab le  assistance in  th e  ex p erim en ts .
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К О Р Р Е Л Я Ц И Я  И НТЕН СИ ВН О СТИ  К О Г Е Р Е Н Т Н Ы Х  ПУЧКОВ С В Е Т А

Д Ь .  Ф А Р К А Ш , Л .  Я Н О Ш И , Ж .  Н А Р А И  и П . В А Р Г А

Р е з ю м е

И спользование техники совпадений позволило проверить корреляцию интенсив­
ности м еж ду  двумя когерентными пучками света, полученными разделением пучка при 
помощи полупрозрачного зеркала. Результаты  измерения хорош о согласую тся с пред­
сказаниями выработанной нами квазиклассической теорий.
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THEORETICAL ESTIMATION OF THE 
CONDUCTIVITY OF DNA

B y

F . B e l e z n a y

R E S E A R C H  IN S T IT U T E  F O R  T E C H N IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , B U D A P E S T

G. B iczó and  J .  L a d i k

C E N T R A L  R E S E A R C H  I N S T IT U T E  F O R  C H E M IS T R Y  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S ,
B U D A P E S T

(P re sen ted  b y  G. Schay . —• Received 30. V I. 1964)

W e h a v e  calcu la ted  th e  specific c o n d u c tiv ity  (cr0) v a lu es o f adenylic  acid  assum ing  
fo r i t  a s te reo -s tru c tu re  o f a  c h a in  in  th e  W a t s o n - С ш с к  m odel o f DINA. T he d e fo rm a tio n  
p o te n tia l  a p p ro x im atio n  h as  b een  used  for th e  calcu la tion  of th e  in te ra c tio n  of th e  charge 
carrie rs  w ith  th e  phonons co rresp o n d ig  1. to  v ib ra tio n s  p e rp en d icu la r  to  th e  p lan e s  o f th e  
b ases; 2. to  th e  C-N bon d  s tre tc h in g  v ib ra tio n  of th e  carbon  a to m  a n d  th e  N a to m  of th e  
N H 2-group of aden ine. W e h a v e  found  in  th e  f i r s t  case a0 =  3,58 • Ю4 ß -1 c m -1 a n d  in 
th e  second a 0 =  8,81 • 104 cm -1 .

In tro d u c tio n

C o n d u c tiv ity  m easu rem en ts  of D N A  have been  re p o r te d  sev era l tim es 
in  th e  l i te ra tu re . D u c h e s n e  e t al. [1] g ive 0,80 eV, E l e y  an d  S p i v e y  [2] 1,21 
eV, while O ’K o n s k i  a n d  S h i r a i  [3] give 1,15— 1,20 eV for th e  a c tiv a tio n  
energy  o f d . c. co n d u c tio n . I f  th e  m ech an ism  of c o n d u c tio n  were e lec tron ic  
an d  D N A  w ere an  in tr in s ic  sem ico n d u c to r, these re su lts  w ould give fo r th e  
fo rb idden  h a n d  w id th  1,60 eV, 2,42 eV , 2,30— 2,40 eV, re spec tive ly . E l e y  
an d  S p i v e y  have found  cr0 in

_ VGct
a  =  a 0 e kT (1)

to  h a v e  th e  order o f m a g n itu d e 103 Í2 -1  c m -1 , w hile from . O’K o n s k T s and  
S h i r a i ’s d a ta  [3] a 0 =  107 Q ~ x c m “ 1 is ob tained . T h e origin o f  th is  d is­
crep an cy  is n o t clear.

On th e  o th e r h a n d  O ’K o n s k i  a n d  S h i r a i  [3, 4 ] give ab o u t 0,12 eV 
fo r th e  a c tiv a tio n  en erg y  a n d  10 _3 Í2“ 1 c m -1 for a 0 (4) o f  th e  high freq u en cy  
(109 c. p . s.) a . c. c o n d u c tiv ity  of d e s icca ted  DNA.

E l e y  an d  Sp i v e y  in te rp re t  th e ir  re su lts  on th e  basis  o f  in trin sic  e lec tro n ic  
co n d u c tiv ity  due to  th e  overlap  of th e  electrons o f th e  superim posed  base 
pa irs  in  D N A  [5]. O ’K o n s k i  and  S h i r a i  ta k e  th is p o ss ib ility  also as p ro b ab le . 
To be ab le to  com pare th e  e x p e rim e n ta l resu lts  w ith  th e  th eo re tica l ones it  
seem ed in te re s tin g  to  e s tim a te  also th e o re tic a lly  th e  v a lu e  of a 0 a ssu m in g  
an  in tr in s ic  electron ic c o n d u c tiv ity  in  D N A .
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M ethod

To e s tim a te  th e  specific  co n d u c tiv ity  o f  th e  in tr in s ic  conduction  o f  
D N A  we h av e  to  ca lcu la te  th e  m o b ility  o f th e  e lectrons a n d  holes. The la t te r  
dep en d s on th e  b a n d  s tru c tu re  o f  D N A  an d  on th e  sc a tte rin g  o f  these  partic les  
o n  th o se  la tt ic e  v ib ra tio n s  inside  th e  m acrom olecule  w hich correspond  to  th e  
a co u stic  p h o n o n s. W e can w rite  fo r th e  m o b ility  of th e  e lec tro n s and  holes 
in  th e  d e fo rm a tio n  p o te n tia l a p p ro x im a tio n  [6] fo r th e  th ree-d im en sio n a l case

a n d

23/2 л 3/2 e,j  Й4 e
3 ef,m**/* (fcT)3/2 ’

23/2 ^ 1/2 c(>/ Й4 e

3 e\h т%512( к Т ) 312 ’

( 2 )

(3)

re sp ec tiv e ly . H ere  c( ; is th e  e la s tic  c o n s tan t fo r  lo n g itu d in a l acoustic  w aves, 
T  is th e  ab so lu te  te m p e ra tu re , s ie and  elh a re  th e  d e fo rm atio n  p o ten tia ls  o f  
th e  e lec tro n , an d  hole, re sp ec tiv e ly :

ôWc,
(4)

_  ÔWv„ 
A

(5)

w h ere  öWci  d en o tes  th e  change o f th e  low er lim it  of th e  low est unfilled  en erg y  
b a n d  w ith  th e  d ila ta t io n  A o f  th e  la ttice  a n d  6 W v u has a  s im ila r  m eaning fo r 
th e  u p p e r  lim it o f  th e  h ig h est filled  b an d . F u r th e r  m* an d  m * are  the  effective 
m asse s  o f th e  e lec tro n  a n d  ho le , resp . w h ich , assum ing  a p arab o lic  en e rg y  
w av e  n u m b e r  co n n ec tio n , c an  be w r itte n  in  th e  form

m *
e

К- л 2 ^ Й2 л 2
2 a2 AW C ’ m " ’ 2 a2 A Wv ’

(6 )

w here  a is th e  la ttic e  c o n s ta n t a n d  A W C, A W V arc th e  w id th s  o f the  c o n d u c t­
iv i ty  an d  va lence  b a n d , re sp ec tiv e ly .

F o r  th e  specific  c o n d u c tiv ity  we can  w rite

=  +  P /*/,), (7

w here  n  is th e  d en sity  o f  m obile  e lectrons a n d  p  th e  d e n s ity  o f  holes, w h ic h  
a re  g iven  b y
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n =  e- 0 v « - w r ) lk T . 2 (2 л  m* kT/h 2)3/2 (8)
an d

p  =  e- ( w F- w Vu-)ikT. 2 (2 л  m*h kT/h2)3!2, (9)

w here b/,. =  ------- - ----  in  a good ap p ro x im atio n . S u b s titu tin g  eq u a tio n s  (2),

(3) and  (8), (9) in to  (7) we o b ta in

a =
Зтг

! hci,i
* PLra j e- m* e\h

A W  
2 k T =  an e

A W  
2 k T

( 10)

w here A W  is th e  fo rb idden  b an d  w id th  b e tw een  th e  co n d u c tio n  an d  valence  
b ands.

In  th e  one-d im ensional case1 i t  is possib le to  show  th a t

CJ_ h2 «
П £I  m f l 2 { k T f l 2 (И)

an d  a s im ila r expression  holds for /j,h. H ere  c± is th e  e la s tic  co n stan t p a ra lle l 
w ith  th e  d irec tions of th e  lin ear chains. In  th e  one-d im ensional case we h av e  

. ôa
for th e  d ila ta tio n  A — -----an d  th is  shou ld  be su b s titu te d  in to  eq u a tio n s  (4)

a
a n d  (5). In  th is  case th e  acoustic  v ib ra tio n s  correspond to  such v ib ra tio n s  
in  w hich th e  d istance  b e tw een  th e  p lanes o f  th e  base p a irs  changes.

F o r th e  n u m b er o f m obile e lec trons in  the  one-d im ensional case one 
o b ta in s

1 m*1/2
n — ------= ---------

2 ^ 2 n  %
( k T y l 2 , - ( W Cl- W F) lk T ( 12)

an d  a s im ila r expression  for th e  n u m b er o f holes. S u b s titu tin g  (11) a n d  (12) 
in to  (7) we o b ta in

a ---- c_l %e2 ■—  -------1--------^----  e
n  L m* £,2 £]%

A W  
2 к T

=-= ^0 e

A W  
2k T (13)

In  th e  ca lcu la tion  we have ta k e n  fo r the  a p p ro p ria te  value fo u n d  
fo r  g rap h ite  [7],2 c ^ =  3,60 • 10u  din /cm 2. In  th e  d e te rm in a tio n  of th e  e ffec tive  
m asses an d  d efo rm atio n  p o ten tia ls  as f i r s t  ap p ro x im a tio n  we used th e  en erg y  
b a n d  d a ta  ca lcu la ted  for po lyadeny lic  ac id  in  the  tig h t b in d in g  ap p ro x im a tio n  
[8 ] .3 F o r th e  ca lcu la tio n  of th e  effec tive  masses (equ . 6) we have ta k e n  
a =  3,36 Â an d  A W C =  0,246 eV, A W ,  =  0,320 eV [8].

1. We call that case one dimensional, when we have linear chains parallel to each
other.
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To d e te rm in e  eie an d  w e have c a lc u la ted  ôWct a n d  Ö Wvu for ôa =  
=  0,05a =  0,05 • 3,36 =  0,17 Â . A ssum ing t h a t  th e  ß\ j reso n an ce  in te g ra ls  
b e tw een  a to m  i belonging  to  one base and  a to m  jf belonging to  i ts  superim posed  
n e ig h b o u r are  p ro p o rtio n a l to  th e  a p p ro p ria te  overlap  in te g ra ls  SJj, as a 
f i r s t  s tep  we h a v e  d e te rm in ed  a ll these in te g ra l values b e tw een  tw o su p e r ­
im posed  ad en in e  m olecules fo r  a d istance o f  3,36 -[- 0,17 =  3,53 Á. (The S'jj  
a n d  ß'jj in te g ra l values for 3 ,36  Â betw een  tw o  adenine m olecules have b een  
d e te rm in ed  p rev io u sly  [5, 91). O n the  basis o f  these  values w e have ca lcu la ted  
th e  new  ß'jj in te g ra l values fo r  3,53 Â. S u b s titu tin g  th e se  in  th e  e igenvalue  
p ro b lem  o f  th e  com plex H e rm itia n  m a tr ix  C =  A -j- B ' ' -f- B tr~ 1K w h ich  
gives th e  en e rg y  bands o f  po ly ad en y lic  a c id  [8], one co u ld  o b ta in  d ire c tly  
th e  energy  b a n d s  a t  th e  c h an g ed  ad en ine-aden ine  d istance  (in  m a tr ix  C m a tr ix  
A  co n ta in s  th e  in teg ra ls  a,- =  (ifj, Н щ )  a n d  ß , j  =  ()/),■, Htpj) w hich  c o n tr ib u te  
to  th e  m a tr ix  e lem en ts of th e  one-e lec tron  effective H a m ilto n ia n  w ith  a to m ic  
w ave fu n c tio n  belong ing  to  th e  same  m olecule, while В c o n ta in s  th e  in te ra c tio n  
p a ra m e te rs  ß'jj be tw een  a to m s  belonging to  different  n e ig h b o u rin g  ad e n in e  
m olecules. F o r  fu r th e r  d e ta ils  see |8])-

Since we a re  in te re s te d  o n ly  in th e  change of th e  low er lim it o f  th e  
low est u n filled  a n d  of th e  u p p e r  lim it o f  th e  h ighest filled  ban d , we h a v e  
n o t  so lved a g a in  th e  m a tr ix  e igenvalue p ro b lem , b u t  we h av e  perfo rm ed  a 
p e r tu rb a tio n  t r e a tm e n t. W e m a y  rew rite

C (l,0 5 a) =  A +  (B (a) +  /IB) eik +  (Bir(a) +  A B tr) e ~ ik, (14)

w here th e  m a tr ix  /IB co n ta in s  th e  change o f  th e  in teg ra ls  ß'jj  e. g. we h a v e

(/1В)лу=  ßi,y(l,05a) — ß'jj(a).  (15)

F ro m  th e  n u m e ric a l resu lts  w e could see t h a t  all th e  e lem en ts  of th e  A B  
m a tr ix  are sm all. Therefore i t  w as enough to  perfo rm  o n ly  a firs t o rder p e r ­
tu rb a tio n  c a lcu la tio n . B y ta k in g  th e  e igen v ec to rs  и be lo n g in g  to  th e  lim its  
o f  th e  b an d s  u n d e r  co n sid e ra tio n  and  b y  ta k in g  in to  ac c o u n t th a t  these lim its  
h av e  o ccu rred  a t  к  =  0, ti, w e can w rite  [8]

ôWc, =  -  u ‘c' J A B  +  A B 1') u c x , (к =  n ) , (16a)

u U A B  +  A B 1') , (к =  0 ) ,  (16b) 2 3

2' I n  g r a p h ite  t h e  d is ta n c e  b e t w e e n  t h e  d i f f e r e n t  la y e r s  (3 ,3 6  Â )  i s  th e  sa m e  a s  t h e  
d is t a n c e  b e t w e e n  n u c le o t id e  b a s e  p a ir s  in  D N A  a n d  w e  c a n  a s s u m e  t h a t  th e ir  d e n s i t y  is  
n o t  v e r y  d i f f e r e n t .

3 I n  t h e  e n e r g y  b a n d  c a lc u la t io n  fo r  p o ly a d e n y l ic  a c id  i t  w a s  a s s u m e d  t h a t  t h e  a d e n in e  
m o le c u le s  h a v e  t h e  s a m e  p o s i t io n  r e la t iv e  to  e a c h  o t h e r  a s th e  o n e  w i t h i n  o n e  c h a in  o f  D N A ,  
i .  e . t h e y  a re  p a r a l le l  t o  e a c h  o t h e r .  T h e  d is t a n c e  b e t w e e n  th e m  i s  3 ,3 6  Â  a n d  t h e y  a re  
d is t o r t e d  r e la t iv e  t o  e a c h  o th e r  b y  a n  a n g le  o f  3 6 ° .
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w here  иС)П is th e  eigenvecto r belonging to  th e  lower lim it  o f  th e  co n d u c tio n  
b a n d  an d  и„ 0 belonging  to  th e  up p er leve l o f  th e  valence b a n d . W ith  th e  a id  
o f  th ese  expressions we could  determ ine  eie an d  e1/1.

To o b ta in  some in fo rm a tio n  abou t th e  effect of sc a tte r in g  of the  e lec tro n s 
a n d  holes on v ib ra tio n s  in th e  p lan e  of th e  ad en in e  m olecules (op tical p h o n o n s) 
we h av e  ca lcu la ted  th e  specific  c o n d u c tiv ity  belonging to  th e  v ib ra tio n  o f 
th e  C— N  b o n d  betw een  a rin g  carbon  a to m  a n d  th e  the  N H 2-group  of ad e n in e . 
As a f irs t ap p ro x im a tio n  we h av e  used th e  elastic c o n s ta n t c =  8,53 • 1012 
d in /cm 2 [7] o f g rap h ite  in  th e  p lane of th e  layers. The e ffec tiv e  m asses w ill 
be th e  sam e as in  th e  p rev io u s case. T h e  deform ation p o te n tia ls  h av e  n o w  
been  ca lcu la ted  w ith  th e  a id  o f th e  exp ressions

dWc, =  — u ^ d A « CiiI, (17)

SWvo =  ujT(l /I A u ^o . (18)

This ca lcu la tion  becam e v e ry  sim ple because  th e  m atrix  /1А consisted  o f  o n ly  
tw o  elem ents ^1/3c ,n(h2) =  -d/?N(H2),c =  /?с,Мн2)(Е 0 5 а с N) —  /3c,n(h2)(«c,n) (ac,N =  
=  1,34 A). F o r ß C: n(H2) (a ) we have  tak en  3 ,3 3  eV [9] an d  w e have ca lc u la ted  
ßc ,K(C2) (1,05а) again  on th e  basis of th e  ap p ro p ria te  o v e rla p  in tegrals.

R esults

W e have o b ta in ed  in  th e  case of th e  v ib ra tions p e rp en d icu la r to  th e  
p lanes of th e  bases s ie =  0,448 eV and  ep, =  0,352 eV. F o r th e  C— N v ib ra tio n  
b e tw een  th e  N H 2-group an d  th e  ad jacen t ca rb o n  atom  th e  re su lts  are s ie =  
=  0,999 eV, Erf =  1,465 eV, resp .

W ith  th e  aid  of these  we have o b ta in e d  in the f i r s t  case

a0 =  aoe +  aoh =  (1,15 • 10* +  2,43 ■ 10*) ß “ 1 cm “ 1 =  3,58 • 10* ß “ 1 cm “ 1 (19) 

an d  in  th e  second case

a0 =  a0e +  aoh (5,47 • 10* =  3,34 • 10*) Q ~ x cm “ 1 =  8,81 • 10* ß “ 1 cm “ 1. (20)

Discussion

W e can  see from  th e  above  resu lts t h a t  th e  th e o re tic a lly  com p u ted  a 0 
va lues fa ll b e tw een  th e  ex p e rim en ta l v a lu es  for d. c. c o n d u c tiv ity  g iven b y  
E ley an d  Spiv ey  [2] (103 ß “ 1 c m “ 1) a n d  b y  O’K o nski an d  Shirai [3] 
(107 ß “ 1 c m “ 1). Since our ca lcu la tio n  was o n ly  an a p p ro x im a te  one, in  w h ich
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we have u se d  th e  energy b a n d  s tru c tu re  o f  po lyadeny lic  ac id  instead  o f  th e  
b a n d  s tru c tu re  o f rea l D N A  w e can assum e th a t  th e  th eo re tica lly  fo u n d  cr(l 
v a lu es , c a lc u la te d  for in te ra c tio n s  w ith  d iffe re n t types o f  phonons do n o t d iffe r 
v e ry  s tro n g ly  from  th e  d . c. co n d u c tiv ity  o f  DNA.

A ssum ing  an  in tr in s ic  electronic m ech an ism  fo r conduction  in  D N A  
we have fo r th e  w id th  o f th e  forb idden  b a n d  betw een th e  highest filled  a n d  
low est u n fille d  energy b a n d  o f  D N A  from  th e  d. c. c o n d u c tiv ity  m easu rem en ts  
th e  value A W  =  2,40 eV [2, 3]. The th e o re tic a l v a lue  f ro m  band  s t ru c tu re  
ca lcu la tions fo r  th e  fo rb id d e n  b and  w id th  betw een  th e  h ighest filled  a n d  
low est u n fille d  singlet b a n d  is 3,50 eV [10]. F o r  the  w id th  betw een th e  h ig h e s t 
filled  an d  lo w est unfilled  t r ip le t  hand  we f in d  abou t 2 ,00  eV [11]. S ince th e  
e x p e rim e n ta lly  found  low est tr ip le t e x c ite d  s ta te  h as  2 ,55  eV energy  [12] 
i t  is p ro b ab le  t h a t  th e  fo rb id d e n  b an d  w id th  d e te rm in ed  b y  d. c. co n d u c tio n  
m easu rem en ts  refers to  th e  f ir s t  unfilled  t r ip le t  b an d .

O ur th e o re tic a l cr0 v a lu e s  do n o t a g re e , how ever, w ith  the  e x p e rim e n ta l 
ones found  b y  h ig h  freq u en cy  a . c. c o n d u c tiv ity  m easu rem en ts  (10-3 O “ 1 c m -1) 
[3]. The b a n d  gap (0,24 eV) de te rm ined  b y  h igh  fre q u e n c y  a. c. c o n d u c tiv ity  
m easu rem en ts  [3] does n o t  agree w ith  th e  a p p ro p ria te  theo re tica l v a lu e  
( ~  2,00 eV) e ith e r .

A p r io r i, one w ould e x p e c t th a t  d a ta  d e te rm in ed  b y  h igh  frequency  a . c. 
co n d u c tiv ity  m easu rem en ts  shou ld  agree w ith  the  c o m p u te d  ones. N am e ly  in 
d . c. m easu rem en ts  we h a v e  an  electric  c u rre n t n o t o n ly  along th e  m a c ro ­
m olecule, b u t  th e  cu rren t flow s also th ro u g h  th e  ju n c tio n s  betw een d iffe re n t 
m acrom olecu les. Therefore th e  m easured v a lu e s  refer r a th e r  to  these ju n c tio n s  
th a n  to  th e  in sid e  of th e  m acrom olecules. O n th e  o ther h a n d  in  high fre q u e n c y  
a. c. m easu rem en ts  th e  c u r re n t  a lte rn a tes  p rac tica lly  o n ly  along single m a c ro ­
m olecules a n d  therefo re  th e  m easured  v a lu e s  are m ore charac teris tic  o f  th e  
in trin s ic  c o n d u c tiv ity  o f th e  m acrom olecule. The fa c t t h a t  the  e x p e rim e n ta l 
an d  th e o re tic a l cr0 an d  A W  values agree fo r  d . c. m easu rem en ts , b u t n o t  for 
a. c. m easu rem en ts  in d ica te s  th a t  the  co n d u c tio n  m ech an ism  of DNA is m ore  
co m plica ted  th a n  i t  has b een  supposed  a n d  fu r th e r  e x p e rim e n ta l and th e o re tic a l 
w ork  is re q u ire d  to  clear u p  th e  s itu a tio n .
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Т ЕО РЕТИ Ч ЕС К О Е О П Р Е Д Е Л Е Н И Е  Э Л ЕК ТРИ Ч ЕС К О Й  ПРОВОДИМ ОСТИ D N S

Ф. БЕЛЕЗНАИ, Г. БИЦО и Я. ЛАДИК

Р е з ю м е

Вычисляются значения удельной электропроводимости полиадениловой кислоты  
(сг0), предполагая, что пространственная структура полиадениловой кислоты и единичной 
цепи D N S в модели Ватсона— Крика одинакова. Д л я  описания взаимодействия м еж ду  
электронами и фононами применено приближ ение деформационного потенциала. Фононы, 
принятые во внимание при вычислениях I. соответствуют колебаниям, перпендикуляр­
ным к плоскости базисов и 2. соответствуют валентным колебаниям С — N  связи м еж ду  
атомом угля и атомом азота в N H 2 группе адениловой кислоты. В первом случае для  
электропроводности получено значение а0 =  3,58 ■ 104 LU1 см-1, а во втором — <г0 =  
=  8,81 • 10* Í U 1 с м -1.
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A SUPERCONDUCTIVE MODEL WITH TWO 
KINETIC ENERGIES

B y

J .  N é m e t h

IN S T IT U T E  O F  T H E O R E T IC A L  P H Y S IC S , R O L A N D  E Ö T V Ö S U N IV E R S IT Y , B U D A P E S T
an d

N U C L E A R  R E S E A R C H  IN S T IT U T E , D E B R E C E N  

( P r e s e n t e d  b y  K . N o v o b á t z k y  — R e c e iv e d  2 4 . V I I I .  1 9 6 4 )

A  s u p e r c o n d u c t iv e  m o d e l  is  e x a m in e d  w it h  tw o  k in e t i c  e n e r g ie s . T h e  e n e r g y  v a lu e e  
a r e  d e t e r m in e d  in  s e c o n d  o rd er  a p p r o x im a t io n  w it h  a n  e x a c t  w a v e  f u n c t io n  a n d  w it h  th s  
B C S  w a v e  fu n c t io n . T h e  c o r r e c t io n  o f  t h e  B C S  m e th o d  is  e x a m in e d  in  t h i s  s p e c ia l  c a se .

1. In troduc tion

R ecen tly  B a r d e e n , Co o p e r  a n d  S c h r i e f f e r  have h ad  g re a t success in 
e x p la in in g  th e  su p e rc o n d u c tiv ity  w ith  th e ir  ap p ro x im a tio n  m e th o d  [1]. T heir 
re su lts  gave th e  in itia tiv e  to  B o h r , M o t t e l s o n  an d  P i n e s  [2] to  raise the  
p o ss ib ility  o f ap p ly in g  th e  BCS m e th o d  to  a to m ic  nuclei. A lth o u g h  th e  super­
f lu id  nu c lea r m odel p ro v ed  to  be v e ry  successful fo r th e  ex p la n a tio n  o f certa in  
n u c lea r  p roperties [3] i t  ra ised  som e problem s co n n ec ted  w ith th e  ap p lica tio n  
o f  th e  BCS m eth o d  to  nuclei. T he BCS m odel w av efunc tion  is n o t  an  exact 
p a rtic le  n u m b er e igen function , a n d  in  th e  case o f  system s w ith  low  partic le  
n u m b ers  th is  fac t m a y  cause s ig n ifican t erro rs. To estim a te  th e se  errors it  
becom es im p o rta n t to  consider in  m ore  d e ta il th e  so-called  deg en era te  m odel [4]. 
I n  th is  case th e  k in e tic  energy  o f d iffe ren t s ta te s  is supposed  to  be a co n stan t, 
a n d  i t  is possible to  diagonalise th e  H am ilto n  o p e ra to r  exac tly . In  th e  degenerate  
m odel th e  e rro r of th e  BCS ap p ro x im a tio n  tu rn e d  o u t to  he [5]

A E  =  E exact -  E BCS =  -  i -  -  ^  (ÔN) \  (1)
2 d N 2

w here  (ÔN)2 =  ( A 2)  —  <(A>2 is th e  m ean sq u are  dev ia tion  o f th e  partic le  
n u m b e r o p era to r. I f  we ad d  th is  energy  co rrec tion  to  th e  en e rg y  ob ta ined  
b y  th e  BCS m eth o d  fo r th e  case o f  th e  degenerate  m odel we get b a c k  th e  exact 
energy . The question  arises, how ever, to  w hat e x te n t th is  co rrec tio n  m ethod  
is applicab le  if  we h av e  no c o n s ta n t k inetic  energy . To decide th is  p roblem  
i t  seem s to  be usefu l to  exam ine th e  sim plest m odel w ith  no c o n s ta n t k inetic  
energy  in  a m ore d e ta iled  m an n e r, n am ely  a m odel w here th e  k in e tic  energy 
h as  tw o  possible va lues.
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2. The exact treatm ent o f  a m odel w ith tw o kinetic energies

L e t th e  n u m b e r o f th e  possib le  s ta te s  be Q.  I n  Q/2 s ta te  th e  k in e tic  
energy  is ex, in  Q/2 i t  is e2. The m odel H am ilto n  o p e ra to r  of th e  sy s tem  is th e  
follow ing

n/2 a
H  =  £ i{ a i< I «*+ +  a t -  a k - ) +  2  e 2 ( a t+  a i+ +  a t -  a i~ )  —

1 i= 0 /2 + l

— V  2  2  a i - ai~ aj+ ■
i I

(2)

F ro m  (2) i t  can  be seen  th a t  th e  f i r s t  Qj2 s ta te s  a n d  th e  second Q j2 s ta te s  
are co m p le te ly  e q u iv a le n t. The m o st genera l ex ac t w av efu n c tio n  o f th is  sy stem  
is th e  su p erp o sitio n  o f  te rm s o f th e  ty p e

К  K i+ ak<—  < +  ak - \  [ < i+ ®i-
N / 2 - m 1

w here th e  bn -s shou ld  be d e te rm in ed  b y  m in im aliz ing  th e  g round  s ta te  energy . 
H ere rii m eans th e  n u m b e r  of p a rtic le  pa irs w hich  h a v e  k in e tic  en e rg y  e15 and

N/2  —■ щ  th a t  o f k in e tic  energy  e2. T here are
Q/2 1 Q/2

n i \N /2  -  в ,
d iffe ren t s ta te s

w ith  th e  sam e bni, fa c to r  an d  th e  su m m atio n  over n,- ru n s  from  0 to  N/2.  The 
n o rm a liza tio n  co n d itio n  for ЬП{ is

Q/2 Q/2

n i N / 2  -  n .

N i  2

2 bn<
rii = 0

The en erg y  of th e  sy s tem  tu rn s  o u t to  be

N

=  1 .

E =  2 УЬ*П1
Q/2 / Q/2 '

ni ’ [-ZV/2 — rij 2 —  n i ( e 2 —  £ l )

V N
-2

V 2  <

- У 2 К  K +1

— V  2  bm 6^ - i

Q / 2 ] (  ÜI2 
N/2 -  ni

Ü

jQ/2 ’ Q/2 \ N
—------П:

N
------- — n,

1 n i , N / 2 - n , } 2 1 2 2 j

Q/2

n i

'Q/2

n,

Q/2  
[N/2  -  n, 

Q\2
N / 2 - n

Q

2
' N

2

Q N  \
----------------- b n,\ .

1 2  2 'j

(3>

(4)

To o b ta in  th e  bn, fa c to rs  le t us m in im alize  th e  en e rg y  b y  ta k in g  in to  accoun t 
th e  n o rm aliza tio n  co n d ition
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8 E - l  У Ь 2П |ß /2
' Q  2

1 n i N / 2  -  п,-

F rom  th is  we get
Qb„

N e 2 — 2 re,- (e2 — £j) — Я — Fra,

=  0 .

Q

— V
N Q  N

+  n i

— ЬЛ( +1
t Q N--------га,- ------- га,
1 2 2 j

2 2

+  b m - i  V n i
Q  N

+  "i

(5)

I f  we express bn.+ 1 from  (5) and  p u t  i t  b ack  in to  (4), we get for th e  en erg y

V N
E  =  X (6)

We m ay  de te rm ine  th e  v alue  of Я w ith  th e  help  of (3) a n d  (5). The so lu tio n  
o f (5) is possible only  ap p ro x im a te ly . In  th e  follow ing we sh a ll deal w ith  tw o  
d iffe ren t a p p ro x im a tio n s , i.e. w ith  th e  case a), w hen A  =  (s —  e ^ / V Q  1

V Q
and  w ith  th e  case b), w hen В  = ------------- <g 1.

(«2 — fl)
L et us consider ap ro x im atio n  a) f ir s t . T he so lu tion  o f  (5) in  th is  case, 

if  wc ta k e  on ly  second o rd er te rm s in  A  in to  accoun t, tu rn s  o u t to  be

bn, =
1
Q

N/2.

1 + A
N

+  2 A 2 - - — (n, -  N14)2 -  
Q - 1 '

i2№ { 2 Q - l )
4 (Q —  l ) 2

N

2 Q

V  N A 2Q 2 V
Я =  N e  -  —  N  (Q  -  N / 2) -  2 { 1 - N / 2  £2),

there

e = ei +  e2

( 7 )

S u b s titu tin g  (7) back  in to  (6), we get

E  =  N e ------— N ( Q  -  N /2  + 1 ) ------ N ^ a ~  ^
2 2 V ( Q  -  1)

I  —
N

2 Q
( 8 )
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I n  th e  case o f  ap p ro x im a tio n  b ), tak in g  o n ly  second o rd e r te rm s in  В  in to  
a cco u n t, we g e t as a so lu tion  o f  (5) and  (3)

^Nl 2 —

bN —

bN —
Ö-2

7 ^ / 2
I \NI2

[1 +  O B 2],

1
ß /2  
N /2

1

N
B  +  O B 2

[N/ 2}

O B 2,

1 =  N  — V

a n d  th e  en e rg y  is 

E  =  e , N

N [ O N  \ V 2 Q N Q

T + l2 1 2 2 J s2 — ег 8 2

V N Q

2
N + 1

(9)

(10)
e2 - £l 8 ( 2  2 1

In  th e  fo llow ing  th e  energy o f  th e  system  in  th e  BCS a p p ro x im a tio n  w ill be 
e v a lu a te d  a n d  th e  results w ill be co m p arad  w ith  (8) a n d  (10), resp ec tiv e ly . 
In  th is  w ay  i t  is possible to  g e t in fo rm atio n  a b o u t th e  e rro r o f th e  BCS m e th o d  
fo r th is  m odel.

3. T h e  de te rm in a tio n  o f the  energy  w ith  the  BCS m ethod

The e n e rg y  com pu ted  w ith  th e  BCS m e th o d , tu rn s  o u t to  be

E  =  1 2 e k v2k — V  E  Г  u k vk u k, vk■ — V Z  v i ,

o r in th e  case o f  our sim ple m odel

V  O“ VQ
E  =  Q (ek v\  +  e2v l ) ----- —-— (u x Vj +  u 2 v2)2 ------ —  (n| +  n | ) , (11)

4 2

N  =  Ü(v2 +  V1), (12)

L e t us m in im alize  the  en e rg y , ta k in g  in to  acco u n t th e  g iven  partic le  n u m b e r

9 ( E - Ж )  _ Q
dVj "
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W e get for Vi a f te r  e lim in a tin g  A

2(e2 ei)
VQ

(Ml »1 +  M2 Vj)
1 — 2 1 — 2«|

(13)

2 F(t>| — vf) =  0 .

In  a p p ro x im a tio n  a) th e  follow ing ex p ressio n  is o b ta ined  fo r  iq  and  v\  w ith
th e  help  o f (12) an d  (13)

N  
2 Q

N

+

N  \ e2 — el
2 Q  V Q

Q — 2 ~  (1 — N / 2 Ü )
(14)

v\  =
N

2 Q

N
N

2 Q
S2 £1 

V Q

Q  — 2 (1 — N12 Q)
Q

S u b s titu tin g  th is  in to  (11), th e  energy  becom es

P  V N  n  N  N
E  =  e N ---------- • Q --------------------

2 2 2 Q
(15)

(£2 -  £l)2 1 — N / 2 Q
V Q Û - 2 - * 1 N \

Q 2 Q  I

L et us e v a lu a te  now  th e  m ean  square  d e v ia tio n  of th e  p a r tic le  num ber

N
(ÔN)2 =  <iV2> — <iV>2 =  2 IV -  4 ̂  id =  2 iV

4IV2

1
2 Q

(16)

Q
N

2 Q
(e2 — ei)a

F 2
[Q —  2 N j Q  ( 1 - N /2 Q)]

an d  from  (8) th e  second d e riv a tiv e  of th e  energy  tu rn s  o u t  to  be

d 2 £ _ -  V  1 (*2 -  С,)2
d N 2 2 +  2 V Q  Q -  1

(17)
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Now from  (1), (16) an d  (17) we o b ta in  fo r  th e  energy

E
V

4
1 + (e2 - e i ) 2

F 2ß ( ß -  1) ,

N  (e2 — el)2

(ô N ) 2 =  N e -
V N

Q ~ T  +  1 I _

2 V Q
1

N

2 ß
+  0 (e2 -  £l)2 N

Q

(18)

V

C om paring  (8) and  (18) we see th a t  th e  devia tion  b e tw e e n  th em  is o n ly  o f 
th e  o rd er IV /ß2. A b e t te r  re su lt is o b ta in e d  if  one s ta r ts  from  th e  fo llow ing  
co n sid e ra tio n . The energy

E ( N )  =  ( H (N )  -  - i -  d̂ p -  (ÔNY
\  Z d l \ z

an d  th e  w av e  fu n c tio n  a re  choosen in  su c h  a w ay th a t  n o t  <f/(iV )), b u t  E ( N )  
should  be m in im alized . T h e  resu lt is

„2 _  _i_ (g2 -  £l) N
1 2 Q  +  v æ

2 (e2 -  £l) N

1 -

2 Q V i ? 2

N  ,
------ !
2 Q  ]

N

2 Ü
an d  th e  e n e rg y  is

V
E = N ë — N

2
Q - J L  +  1

2
N ( 4 - e i )2 
2 V(Q  -  1)

(1 — N / 2 Q ) .  (19)

C om paring  (19) w ith  (8) w e see th a t  th e y  a re  ju s t  equal.
In  th e  b ) a p p ro x im a tio n  the  re su lts  a re  (up to  o rders of В 2)

N V 2 N  ü  1
2 Q  (e2 — £i)2 16

1 -
N
Ü

( 20 )

V 2 №

16 (e2 — £l)2
1 —

N_
Ű

T he en erg y  is 

E  =  £l iV —
FiV £?_____ ÍV J V ) _____________

2 2 ß  ] 8 (ê2 -  £i)

F 2ß  ß  N
( 21 )

an d  th e  m ean  square d e v ia tio n  is g iven b y

(<57V)2 =  2 IV 1 —
JV
ß

( 22 )
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T he second d e riv a tiv e  o f th e  energy  is

d 2 E  _  V  V 2 Q

d N 2 2 8 (e2 — £j)
(23)

W ith  th e  help  o f (1), (21) (22) an d  (23) th e  energy  tu rn s  o u t to  be

E '  =  £
1 d 2E

2 d N 2
(ÔN)2 =  ег N  —

V N ■Q_
2

V 2 Q N ( Q  N  N '
ei  — et 8 ( 2  2 Ü

(24)

C om paring (24) w ith  (10), th e  dev ia tio n  is ag a in  of th e  o rd e r o f 1/12, b u t now  
i t  is n o t possible to  get b e tte r  resu lts  even  b y  m in im alizing  E ' . The rea so n  
fo r th is  m ay  be th a t  th e  energy  o p e ra to r  does n o t depend  on ly  on N ,  b u t  
on o th e r o p era to rs  too .

The re su lts  o b ta in ed  b y  th e  m odel w ith  tw o  k inetic  energ ies shows t h a t
1 d 2E  . 2

we arrive  a t  b e tte r  re su lts  b y  ad d in g  th e  co rrec tion  te rm  —  ^ ^ (oiV)

to  th e  BCS energy  expression . I f  we do n o t know  the  form  o f E ( N )  to  d e te r ­
m ine th e  en erg y  co rrec tion , we m ay  get b e t te r  and  b e t te r  resu lts  b y  su c ­
cessive ap p ro x im a tio n .

4. The determination o f the energy w ith the quasi-spin formalism

In  th e  follow ing we w an t to  get th e  ap p ro x im a te  en e rg y  for th e  cases 
discussed above w ith  th e  help  o f th e  q u asi-sp in  form alism  [5]. The basis  o f 
th is  m e th o d , as is know n, is th e  follow ing.

L et us in tro d u ce  th e  p a ir  c rea tio n  a n d  ab so rp tio n  o p era to rs

ß i  =  a,._ a l +  ,

ß t  =  a U  a U

an d  define th e  follow ing q u a n titie s :

where

S Xi
ß i  ß i  Q __ ß i  -- ß t

------------ 5 — -------T----

ni =  2 ß t ß i .
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W ith  th e  h e lp  of these  d e fin itio n s i t  is easy  to  show  t h a t  th e  S x =  2  S x., 
S y — £ S y t, S z =  E S Z. o p e ra to rs  obey  ju s t  th e  u su a l sp in  c o m m u ta to r  ru le s . 
T he en erg y  o p e ra to r in  th e  d egenera te  m odel will be  th e  following

H = e( Q - 2 S z) - V [ S * ~ S z (Sz + 1 ) ] ,  (25)
w here

S2 =  S 2X +  S 2 +  S 2 .

U sing  th is  form alism  fo r our m odel, le t us d en o te  b y  th e  sp in  o f  th e  
f irs t  Í2/2 s ta te  and  w ith  S 2 th e  second Q j2  s ta te .

T he en erg y  o p e ra to r  w ill be th e  follow ing

H  =  e1 (Q/2 -  2 (Sy),)  +  e2 (Û/2 -  2 ( S 2)z) - V [ S * -  S 2 (S2 +  1 )]. (26)

T he en erg y  in  th e  a) an d  b) ap p ro x im a tio n s  can  be d e te rm in ed  b y  
second o rd e r p e r tu rb a tio n  ca lcu la tion . I n  case a) th e  u n p e rtu rb e d  g ro u n d  
s ta te  w ave fu n c tio n  is th e  following

(V®Ä)° =  I  №  Щ  S 2 m 2 I Sm)  f simi V2m2, (27)

w here m x, m 2, m  are th e  eigenvalues o f  (S j)^  (S2)z a n d  (S)z and  Sy, S 2, S°  
are  th e  e igenvalues o f S ‘f, S 2 an d  S 2, resp ec tiv e ly .

T he H am ilto n  o p e ra to r  is

H 0 =  e ( Q  — 2 S z) — V  [S 2 — S 2 (S2 +  1 ) ] ,  (28)

H y = - ( e 2 - S y ) [ ( S 2)2 - ( S y ) z].  (29)

T he energy  tu rn s  ou t to  be

w here
E  — E 0 +  Ey  +  E 2 ,

E 0 =  e(Q — 2 m)  — V  [S° (S° +  1) — m (m +  1)] =

=  e N  —
V N

Ű - T + 1 1 '

w here we to o k  in to  ac c o u n t th a t

(30)

(31)

m  = -----------—  a n d  S° — Ű/2  , Sy =  S 2 =  !2 /4 .
2 2

Ey =  (у>0 Н у У 0) =  — (e2 — Ey) V  (Sy my S 2 m 21 S° m)2 (m2 -  m t) =  0 (32)
m u  m 2
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E 2 =  > ’ (щ  H , Wrf  1 =  -  (ea -  e)2 -  1 -  X
—  E , — £n r E r So

X ^  (S 1 т : S 2 m2 J S° m) X (Sx m 1 S 2 m 2 1 S r m) • (m2 — mj) (33)

(34)

w here E r —  E 0 is th e  ex c ita tio n  energy

E r — E 0 — V r  (Q  — r -f- 1 ), 

an d  S  is th e  quasi-sp in  of th e  ex c ited  s ta te

üУ  = ---------- r .
2

e 2 can  be ev a lu a ted  w ith  th e  help  o f  th e  calcu lation  ru les  o f  th e  C lebsch—  
G ordan  coefficients

~V m 1 Sq m 2 I S° m)  (S 1 m l S L m 2 \ S r m)  — m 2) =

=  (1 -  ( -  l)S r-S ”) [(2 s ,  +  1) (2 S r +  1) S ] 1/2 X (35)

X ( 1 0 S rm |S °m )-JE ( lS 1S °S 1; S ,  S r) .

H ere th e  only  te rm  d iffering  from  zero  w ill he th a t  fo r w hich  S° =  S r +  1 
an d  in  th is  case th e  v alue  o f  (35) w ill be

S 02 — m 2 (36)
2 S °  — 1 '

S u b s titu tin g  (36) in to  (33) an d  ta k in g  in to  accoun t (34), E 2 is th e  fo llow ing

e 2 = -
(e2 - e i ) 2 N
V ( Q  -  1) 2

1 -
N  

2 Q
(37)

W ith  th e  help  of (31), (32) an d  (37) th e  en erg y  tu rn s  o u t to  be

E  =  e N -----—  TV
2 2 2

(*2 -  ^ ) 2 
V{Q  -  1) 2

1 —
N

2 Q
(38)

(38) is ju s t  eq u iv a len t to  (8).
In  th e  b) ap p ro x im a tio n  th e  u n p e r tu rb e d  wave fu n c tio n  is

V WSi mi VSzmz  » (39)
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a n d  th e  e n e rg y  o p era to r is

Ü
H ° — £| ( 2 ^ (^ 1)2

Q

2
2 (S ,), (40)

u \  = - V  [SI  +  SI  -  (S1)2{(S1)2 + 1} -  (S 2)2{(S2)2+ 1 }  +  

+  2 {(Sx)+ (S2)_  +  (S x)_  (S2)+ }].

T he energy  te rm s  will be th e  following

E 0 =  Bt N ,

#1 =  -  V  [ M S ,  +  1) +  S 2( S 2 +  1) -  m ? K  +  1)

V N

(41)

(42)

(43)

i°2(m°2 +  1)] == —
2 2

w here we to o k  in to  acco u n t th a t

Q

4
N
2

Q

4
an d

e 2 = -  2
F 2 [(Si ( s x +  1) -  m[ К  -  1 ) )1 /2 X

2 (e2 -  £j)

X (S 2 (S 2 +  1) — m!, (m 2 +  I ) )1/2 ■ ôm[ —  1, m\  à m r2-\- 1, +

+  (S i (S i +  1) -  m [  (m i +  I))’/2 • (S a (S 2 +  1) -  (mj -  l ) ) 1/2 X (44)

F 2X d/rej -f- 1, dm£ — 1, m2]2 =  —
2 (e2 — cx)

Q Г Q f —  +  1
2 [ 4 4

ß
- *  + l )

„Q IV 2 F 2 ß lV ß IV

4 2 4 2 , e2 — £x 8 2 2
+  1 •

H ere th e  e x c ita tio n  en e rg y  is

E r =  E 0 -f- 2r (e2 — £,)

an d  the  q u as i-sp in  values in  th e  ex c ited  s ta te s  are

r ß  IV
m [ = ------------------h r ,

Hi., Ű
4

r .
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S u b s titu tin g  (42), (43) an d  (44) in to  (30) we ge t for th e  en e rg y  th e  fo llow ing  
expression

E =  e ,N  - V N
9

V 2 Q N  Л
b 2  —  8 2

(45)

w hich is eq u iv a len t to  (10). The a d v a n ta g e  of th e  quasi-sp in  form alism  is 
th a t  we m ay  use i t  even in  tho se  m ore com plex  cases w here  th e  e x a c t c a l­
cu la tion  is n o t possible, an d  we m ay  get th e  ex c ita tio n  en e rg y  in  a c e r ta in  
a p p ro x im a tio n  exac tly .

I t  is a p leasure  for th e  a u th o r  to  ex p ress  h er th a n k s  to  P ro f. G. M a r x  
fo r his v a lu ab le  advices a n d  to  D r. J .  Z i m á n y i  for a u sefu l discussion.
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М О ДЕЛ Ь СВЕРХП РОВО ДИ М ОСТИ  С Д В У М Я  ЗН А Ч Е Н И Я М И  
К И Н ЕТИ Ч ЕСК О Й  Э Н ЕРГИ И

Й. Н Э М Е Т

Р е з ю м е

И сследуется модель сверхпроводимости с двумя значениями кинетической энергии. 
Значения энергии определяются во втором приближ ении применением точной волновой  
функции и применением BCS волновой функции. К оррекция метода BCS исследуется в 
данном специальном случае.
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ZUR THEORIE UND PRAXIS DER BERECHNUNG DER  
ÜBERTRAGUNGSFUNKTION OPTISCHER SYSTEME*

V o n

W e r n e r  R e i c h e l

V E B  C A R L  Z E IS S  J E N A , J E N A , D D R  

(V o r g e le g t  v o n  N . B á r á n y .  —  E in g e g a n g e n  25. V I I I .  1 9 6 4 )

D ie  o p t is c h e  Ü b e r tr a g u n g s th e o r ie  w ird  k u r z  e r lä u te r t  u n d  e in e  M e th o d e  zu r B e r e c h ­
n u n g  d er  F r e q u e n z ü b e r tr a g u n g s fu n k t io n  ( F Ü F )  f ü r  e in  in  der g e o m e t r is c h - o p t is c h e n  K o r ­
r e k t io n  v o r g e g e b e n e s  S y s t e m  e n t w ic k e l t .  D ie  B e d e u t u n g  der F Ü F  a ls  G ü te m a s s  f ü r  d ie  
o p t is c h e  A b b ild u n g  u n d  zu r  K o r r e k t io n  o p t is c h e r  S y s te m e  w ird  d is k u t ie r t .

D ie  g e o m e t r is c h -o p t is c h e n  A b e r r a t io n e n  w e r d e n  a u f  d ie  Ö ffn u n g  n o r m ie r t  u n d  i n  d ie  
W e lle n a b e r r a t io n s b e tr ä g e  d u rch  g r a p h is c h e  I n t e g r a t io n  ü b e r fü h r t .

E in ig e  c h a r a k te r is t is c h e  Z u s a m m e n h ä n g e  d e r  v e r s c h ie d e n e n  B i ld f e h le r  m it  d er  F Ü F  
w e r d e n  a n  o p t is c h e n  S y s t e m e n  a u s  d er  P r a x is  a u f g e z e ig t .  B e so n d e r e r  W e r t  w u rd e  d a b e i  a u f  
d a s  a u s s e r a x ia le  G e b ie t  g e le g t .

1. E in le itu n g

Die A nw endung  der Ü b e rtra g u n g s th e o rie  aus d er N a c h ric h te n tec h n ik  
a u f  die O p tik  h a t  fü r ausgedehn te  O b je k ts tru k tu re n  ein o b jek tiv es  M ass fü r 
die A bb ildungsgü te  op tischer S ystem e b e i in k o h ä re n te r  B e leu ch tu n g  e rg eb en , 
w elches sich re la tiv  einfach berechnen  u n d  m essen lässt. E in  optisches S y stem  
w ird  n a tü rlic h  n ich t du rch  eine Ü b e rtra g u n g sfu n k tio n , so n d ern  du rch  eine 
S char solcher F u n k tio n en  c h a ra k te ris ie r t, deren  A nzahl jew eils d u rch  die 
O b je k tiv p a ra m e te r  wie B lende (Ö ffnung), F okussierung , B ild fo rm at u n d  
L ic h ta r t  b e s tim m t w ird. Es b e d e u te t je d o c h  gegenüber d e r b isherigen  T e s tu n g  
einen  F o r ts c h r it t , denn fü r die B ildgü te  e in es  optischen S y stem s w urde h a u p t ­
säch lich  das A uflösungsverm ögen  h e ran g ezo g en , die I 'ä h ig k e it  zwei b e n a c h ­
b a r te  O b jek te lem en te  (P u n k t oder L in ien ) ge tren n t w iederzugeben . E in e  
solche su b jek tiv e  B eo b ach tu n g  lä u f t ab e r a u f  eine Schw ellenm essung h in a u s  
u n d  is t d ah er s ta rk e n  S chw ankungen  u n te rw o rfen . A usserd em  genügt es fü r  
die A b b ild u n g sq u a litä t eines O b jek tives d u rc h  ein op tisch es System  im  a ll­
gem einen n ic h t, g e tren n te  O b jek te lem en te  w ieder als g e tre n n te  B ildelem ente 
abzub ilden  (aufzulösen), sondern  es is t n o tw e n d ig  dieselben m eh r oder w en iger 
n a c h  P hase  u n d  A m plitude  d er O rig in a lfu n k tio n  g e treu  als B ild fu n k tio n  
w iederzugeben . Die Q u a litä t eines o p tisc h e n  Bildes w ird  also so d e f in ie r t 
dass das O b jek t dem  B ild  m öglichst ä h n lic h  w ird.

U m  solche allgem einen  Z u sam m en h än g e  zu k lä re n , is t die o p tisch e  
Ü b ertrag u n g sth eo rie  en tw ick e lt w orden . Sie u n te rsch e id e t s ich  von der elek-

* V o r g e tr a g e n  a u f  d er  I I .  O p t is c h e n  K o n f e r e n z  in  B u d a p e s t ,  1 9 6 3 .
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tr isc h e n  Ü b e rtra g u n g  allein  d ad u rch , dass die do rt z e itlich  n ach e in an d er zu 
ü b e r tra g e n d e n  Signale in  d e r O p tik  durch  räu m lich e  (ein- o d e r zw eidim ensional) 
n e b e n e in a n d e r e rse tz t w erd en . Es liegt d a n n  nahe, das op tische  S y stem  als 
Ü b e rtrag u n g sg lied  (F ilte r) v o n  O bjek t zu m  B ild  oder u m g e k e h rt au fzu fassen . 
C h a ra k te ris tisc h e  Ü b e rtrag u n g se ig en sch aften  des S ystem s w erden d u rc h  die 
so g en an n te  Ü b e rtra g u n g sfu n k tio n  (response) beschrieben . Sie w ird im  w esen ­
tlic h e n  d u rc h  R estfeh le r u n d  B eugung v o m  O bjek tiv  b e s tim m t, w enn m a n  
von  S tre u lic h t, T ran sp a ren z  u . a. ab sieh t. S in d  diesem  elem en taren  P ro zess  
n o ch  w eitere  A b b ild u n g ssch ritte  wie fo to g rap h isch e  E m ulsionen , Z w ischen ­
ab b ild u n g en , P ro je k tio n  u sw . angeschlossen, dann  k a n n  m a n  aus diesen F u n k ­
tio n e n  d er E inzelg lieder, so fern  es sich u m  lineare P rozesse  han d e lt, d u rc h  
P ro d u k tb ild u n g  die G e sa m tü b e rtra g u n g sfu n k tio n  b e rech n en . Das sch w äch ste  
G lied b e s tim m t in  dieser K e tte  n a tü rlich  d ie  resu ltie ren d e  Q u a litä t, doch  soll 
h ie r n u r  d er e lem en ta re  P rozess der e ind im ensionalen  A b b ild u n g  vom  O b je k t 
zum  B ild  v e rfo lg t w erden.

G ru n d sä tz lich  k an n  m a n  jede als O b je k t v o rh an d en e  L ich tv e rte ilu n g  . 
als zw eid im ensionales F o u rie rin te g ra l oder als F o u rie rsu m m e darstellen . M it 
a n d e ren  W o rte n  k an n  d u rc h  S up erp o sitio n  von sinusfö rm igen  H e llig k e its ­
v e rte ilu n g en  jed e  im  O b jek t v o rh an d en e  H e llig k e itsv e rte ilu n g  erreicht w e rd en . 
O der u m g e k e h rt lä ss t sich je d e r  belieb igen  O b je k ts in te n s itä tsv e rte ilu n g  ein  
F re q u e n z sp e k tru m  zu ordnen .

Bei d e r  V ersch ied en artig k e it o p tisch e r B ilder, d e ren  In te n s i tä ts v e r ­
te ilu n g en  in  grossen G renzen v ariie ren , is t  es jedoch n ic h t m öglich, eine u n i­
v erse lle  V e rte ilu n g  bzw . S p e k tru m  anzugeben . M an geht desh a lb  von ein- o d e r 
zw eid im ensionalen  e lem en ta ren  period ischen  S tru k tu re n  m it  k o n stan te r I n te n ­
s itä ts v e r te ilu n g  aus, die m a n  in  der F re q u e n z  (G itte rk o n s ta n te )  v a riie r t u n d  
e rm itte l t  n a c h e in a n d e r rech n erisch  oder ex p erim en te ll die Ü b e rtrag u n g se ig en ­
sch a ften . D iese G itte r  s te llen  dann  d u rch  V aria tion  in  ih re n  A bm essungen  
a n n ä h e rn d  n a tü r l ic h  au sg ed eh n te  O b jek te  d a r . Die F re q u e n z ü b e rtra g u n g s ­
fu n k tio n  g ib t d an n  an , wie das gesam te F re q u e n z sp e k tru m , welches d u rc h  
das A uflösungsverm ögen  b e g re n z t w ird, in  seinen F req u en zen  nach A m p li­
tu d e  und  P h ase  gegenüber dem  O b je k tg itte r  m it k o n s ta n te r  A m plitude u n d  
P h ase  d u rch  das op tische S y stem  ü b e rtra g e n  w ird . D abei is t  allerdings V o ra u s ­
se tzu n g , dass die G rundfo rm  des E le m e n ta rg itte rs  o b je k tse itig  im  Bild e rh a lte n  
b le ib t. W egen dieser V orausse tzung  h a t  s ich  ein S tr ic h g itte r  m it cosinus- 
fö rm iger L ich tv e rte ilu n g , au c h  kurz  oft S in u sg itte r  g e n a n n t, bew ährt. K o m ­
p liz ie rte re  S tru k tu re n  wie z. B. ein R ec h te c k g itte r , w elches wegen se in e r  
le ich te ren  H ers te llu n g  zum  M essen der Ü b ertrag u n g se ig en sch aften  oft b e n u tz t  
w ird , lä ss t sich  ja  b e k a n n tlic h  a u f  S in u sg itte r  zu rü ck fü h ren . W elchen c h a ra k ­
te ris tisc h e n  V e rla u f solche Ü b e rtrag u n g sk u rv en  fü r e in  optisches S y s te m  
jew eils b e s itz e n , soll d an n  s p ä te r  am  B eisp ie l e rö rte rt w e rd en . D er F re q u e n z ­
b e re ich  oder die B an d b re ite  u n d  die K o n tra s t-  bzw. M odula tionstiefe  w e rd e n
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d u rch  re la tiv e  Ö ffnung  u n d  R estfeh le r b e s tim m t. A uf G rund  v o n  B ild an a­
lysen Weiss m an  b e re its , w elche F req u en zen  fü r  die jew eiligen V erw endungs­
zw ecke d u rch  S teu eru n g  der A b erra tio n en  a n z u s tre b e n  sind . H ie rin  liegt die 
p rak tisch e  B ed eu tu n g  d er U b ertrag u n g sth eo rie  fü r  den O b je k tiv k o n s tru k te u r. 
D er B egriff Frequenz  w ird  h ier n ic h t als ze itab h än g ig e  G rösse, sondern  als 
rez ip roke Länge in  F o rm  der L in ien frequenz g eb rau ch t.

O bw ohl die m a th em atisch en  G ru n d lag en  d e r Ü b ertrag u n g sth eo rie  fü r  
op tische  System e h e u te  allgem ein b e k a n n t s in d , sollen kurz  die Z usam m en­
hänge aufgezeig t w erden . Die w esen tlichen  G edankengänge sind  v o n  D u ffieu x  
1946 u n d  sp ä te r  von  Maréchal u n d  H . H . H opk ins  1951 aufgegriffen  u n d  
w eite r en tw ick e lt w orden . D er op tische  A bb ildungsprozess k an n  fü r  in k o h ä ren te  
B e leu ch tu n g  in  F o rm  des F a ltu n g sin teg ra ls  b esch rieb en  w erden . A llerdings 
is t h ie rfü r eine w esentliche V orausse tzung , d ass  die A bbildung  isop lan a tisch  
is t, die A bb ildung  also ein linearer V organg  is t .  D er A usdruck  lin ea r b esag t, 
dass zw ischen O b jek t u n d  Bild lineare  m a th e m a tisc h e  B eziehungen  besteh en , 
die sich  du rch  das F a ltu n g s in teg ra l besch re iben  lassen . N un is t die A bbildung  
bei k o rrig ie rten  S ystem en  selten  ü b e r die ganze Ö ffnung  iso p lan a tisch , sondern  
n u r  fü r  einen k le inen  B ereich . Das b e d in g t a lle rd in g s, dass die O b jek te  so k lein  
sind , dass sie in  e inen  solchen B ere ich  h in e in fa llen .

A ndererse its  än d ern  sich die A b e rra tio n e n  eines k o rrig ie rte n  System s 
—  n u r  solche sind  G egenstand  d er fo lgenden  B e trach tu n g en  —  u n d  d am it 
auch  die P u n k tb ild in te n s itä t  re la tiv  langsam , so dass m an, u m  eine Ä nderung  
derse lben  in n erh a lb  eines Feldes b eo b ach ten  zu  können , sich u m  w esentliche 
B eträge  bew egen m uss, die gem essen in  den D im ensionen  des B eugungsbildes 
b e trä c h tlic h  sind . D em zufolge k an n  m an  die A bbildung  k le in e r D etails in 
einem  solchen isop lan a tisch en  G eb iet u n te rsu c h e n . Die P u n k tb ild in te n s itä t  
is t dem zufolge vom  O rt in  diesem  B ereich  u n ab h ä n g ig . Die A u sd eh n u n g  des 
P u n k th ild e s  w ird  ab e r fü r  ein k o rrig ie rte s  S y stem  p rak tisch  in  keinem  F alle  
grösser als ca. 1 m m  im  D urchm esser sein. A usserh a lb  k an n  d e r In te n s i tä ts ­
b e itrag , wie zahlreiche P u n k tb ild in te n s itä tsb e re c h n u n g e n  fü r  versch iedene 
A b e rra tio n s ty p en  ze ig ten  [1], v e rn ach läss ig t w erden . S treng  m a th em a tisch  
is t  n a tü r lic h  das L ich tgeb irge  u n en d lich  a u sg ed eh n t.

2. T heoretische G rundlagen der op tischen  U bertragungstheorie

In  B ild  1 is t d er A bb ildungsvorgang  sch em atisch  m it d en  jew eiligen 
K o o rd in a ten sy stem en  sk izziert. F ü r  die O b jek t- u n d  B ildebene sowie E in- 
(E P ) u n d  A u s tr ittsp u p ille  (AP) w erd en  n o rm ie r te  K o o rd in a ten  v erw en d e t. 
Es lä ss t sich d an n  die B ild in te n s itä tsv e rte ilu n g  B '  als F a ltu n g s in te g ra l aus 
O b je k tin te n s itä t В  u n d  P u n k tb ild in te n s itä t  (L ich tgeb irge) G schreiben

B \ u ' , v ' ) =  (I B ( u , v ) G ( u ' — u , v ' — v) du  dv  . (2-1)
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Die P u n k tb ild in te n s i tä t  w ird  d u rc h  R e s ta b e rra tio n en  b es tim m t u n d  is t 
an d e re rse its  p ro p o rtio n a l dem  A m p litu d e n q u a d ra t

G(u' ,v ' )  ~ |  F ( u ' , v ' ) \2 . (2.2)

U n te r  gew issen V orausse tzungen  k a n n  die A m p litu d e  als zw eidim ensionales 
F o u rie r in te g ra l a u f  G ru n d  der K irchhoffschen  B eugungstheorie  geschrieben  
w erden .

F ( u \  v') =  co n st j  I f ( x ' , y ' )  ex p  |2  я  i (u ' x'  -)- v' y ' )}  dx'  A y ' . (2.3)

Die F u n k tio n  f ( x \  y ' )  w ird  W ellen- o d er P u p illen fu n k tio n  g e n an n t u n d  ist 
die in v e rse  F o u rie rtran sfo rm ie rte  d e r A m plitude  F ( u ' ,  v').  F ü r die G rössen

В 1, В  u n d  G gelten  die gleichen m a th e m a tisc h e n  B eziehungen, d ie  e n t­
sp rech en d en  k leinen  B u ch stab en  s ind  jew eils die in v e rsen  F o u rie rtran sfo rm ie r­
te n . E s g ilt d ann

G ( u ' , v ' ) =  J j  g(s' , t ' )  ex p  {2 л  i(s' и t' t/)}  ds' dt' ,  (2-4)

g ( s \ t ' ) =  G ( n ' , i / ) e x p { — 2 л  i (s’ и  t ' v ')} d u ' d v ' . (2.5)

S e tz t m an  diese T ran sfo rm a tio n sfo rm eln  in  Gl. (2.1) ein , dann  e rh ä l t  m an

B ' ( u ' , v ' ) =  f |  g(s',  t ’) b(s', t ' )  exp  [2 л  i(s' и  -j- t' F )} d s ' dt'  (2.6)

oder
b'(s', t') =  g(s' ,  t') ■ b(s', t ' ) . (2.7)

D a In te n s i tä te n  im m er ree ll sind , m uss fü r  die in v e rsen  F o u rie rtra n sfo rm a tio ­
n en  in  Gl. (2.7) gelten

b ( - s ' , - t ' )  =  b*(s’, t 'y> (2.8)

1 k o n ju g ie r t  k o m p le x
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und en tsp rech en d  fü r

g ( — s ',  — t ') u n d  b ' (— s ' ,  — t ' ) . (2.9)

Als Ü b e rtrag u n g sm ass  defin ie rt m a n  n u n  n ic h t das L ich tgeb irge  G selbst, 
so n d e rn  seine inverse  F o u rie rtran sfo rm ie rtc

g (s \ О b' (s ' , t ' )

b (s', t ') ’
( 2 . 10)

das F re q u e n z sp e k tru m  der In te n s i tä te n  von G. M an ordnet also  ganz analog 
wie in  d er e lek trisch en  N a c h ric h te n ü b e rtra g u n g  den O rts- o d er O rig inal­
fu n k tio n e n  В,  B '  u n d  G eine g leichw ertige D ars te llu n g  a u f d en  F req u en z­
k o o rd in a te n  s' ,  t '  m it  H ilfe der F o u rie r tra n s fo rm a tio n  —  in  d e r e lek trischen  
N a c h ric h te n ü b e rtra g u n g  is t es die speziellere L ap lace -T ran sfo rm atio n  —  in  
F o rm  d e r F req u en z  (Spektral)- o d e r B ild fu n k tio n  b, b' und  g zu . E s is t das 
V erd ien st von  H . H . H o pk in s  [2 ], diese G rösse, die so g en an n te  F req u en z­
ü b e rtra g u n g sfu n k tio n  (frequency  response  fu n c tio n ) g(s' ,  t '),  a u c h  k u rz  F Ü F  
g e n a n n t, als M ass fü r  die B ildgü te  au sg ed eh n te r einfacher O b jek te  e rk an n t 
zu h ab e n , denn  dieselbe lässt sich  fü r  in k o h ä re n te  B eleu ch tu n g  als A u to ­
k o rre la tio n  der P u p illen fu n k tio n  au sd rücken .

N ach  D u ffie u x  [3] e rg ib t sich  dann

g (s ' ,t ')=  JJ / ( * ' , / )  / • (* '  — s ',y '  — t ' ) d x ' d ÿ  . (2.11)

Z u r B erechnung  dieses A usdruckes is t  also n u r  die aus den K o n s tru k tio n s ­
d a te n  des op tischen  System s berech en b are  W ellen funk tion  f ( x ' ,  ÿ ' )  no tw end ig , 
w äh ren d  m an  ohne A nw endung  d e r F o u rie rtran sfo rm a tio n  au s d e r W ellen­
a b e rra tio n  W (x ' ,  y ' )  das L ich tgeb irge  G b e rech n en  m uss u n d  d u rc h  F a ltu n g  
die B ild in te n s itä t m eistens g rap h isch  gew innt u n d  erst d an n  fü r  die e n t­
sp rech en d en  F req u en zen  das Ü b ertrag u n g sm ass  n ach  A m plitude  u n d  Phase 
b es tim m en  k an n  [1].

E s is t  n u n  v o rte ilh a f t, n ic h t die Grösse g(s' t ' ) ,  sondern  eine re la tiv e  
F re q u en zü b e rtrag u n g sfu n k tio n  D  a u f  die F req u en z  N ull bezogen, e inzu füh ren :

D ( s 't ') * =  r (s ', *') +  i jR (s', {') =  T ( s ' ,  *') • exp {i 9 ( s ' ,  t ' ) } . (2.12)

Die F u n k tio n  D ( s ’, t ') t r i t t  im  allgem einen k o m p le x  au f u n d  k a n n  deshalb 
n ach  R eal- u n d  Im a g in ä rte il oder B e trag  (A m plitude) u n d  P h a se  g e tren n t 
w erden .
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N ach  einem  V orschlag  von  H . H . H opkins k a n n  m an noch  au s  Sym ­
m e trieg rü n d en  eine V ersch iebung  u m  die S trecke x '  s '/ 2 und y '  -|~ t ' /2 v o r­
n eh m en , so dass sich  die n o rm ie rte  F re q u e n z ü b e rtrag u n g sfu n k tio n  w ie fo lg t 
e rg ib t

D ( s , n  =  J J  / ( * '  +  s ' /2, y '  +  t72 ) / » ( F  -  »72 , У  -  *'/2) dx '  d y '  =
H \ f ( x ' , y ) \ * d x ' d y  G  •

(2.13)

D ieser A u sd ru ck  b e d e u te t an sch au lich  n ich ts  an d eres  als den gem einsam en 
F lä c h e n in h a lt der u m  s ',  t' bezüglich  ih res  K o o rd in a ten u rsp ru n g es v e rse tz ten  
P u p ille n fu n k tio n  bezogen  a u f  die P up illen fläch e  S.  N ur im  ü b e rd e c k te n  
G eb ie t C (auch  D u rc h sc h n itt g en an n t)  in  B ild 2 is t  das In te g ra l v o n  N u ll

v e rsch ied en . F ü r  den  Spczialfall k re isfö rm iger P upille 'n flächen  e rre c h n e t sich 
fü r  ein  ab e rra tio n sfre ies  O b jek tiv

D(s')  =  tt[2 arc  cos (s '/2) — sin [2 arc  cos ( s '/2 ) ] ] . (2.14)

F ü h r t  m an  n och  ein u m  den W inkel Ф gedreh tes K o o rd in a te n sy s te m  x ,  y r 
e in  u n d  v e rw en d e t ein  e ind im ensionales S tr ic h g itte r  paralle l zu r y '-A chse 
a u sg e ric h te t, dann  lä ss t sich  eine F req u en z  s ' längs d er .V-Achse defin ieren  
u n d  die Ü b e rtra g u n g sfu n k tio n  in  A b h än g ig k e it v o n  A zim ut und  F req u en z  s ' 
d a rs te llen

D ( s ' , 0 )  = ~ - ^ f ( x ' + s ' l 2 , y ' ) f * ( x ' - s ' l 2 , y ' ) d x ’ dy '  . (2.15)

D er Ü b erg an g  zur e ind im ensionalen  D arste llu n g  u n d  E inbeziehung  des Azi- 
m u te s  v e re in fa ch t sow ohl den ex p erim en te llen  A u fw an d  zur E rm itt lu n g  der 
Ü b e rtra g u n g sfu n k tio n  als auch  die R ech n u n g . A usserdem  lassen s ich  ja  die 
A b e rra tio n e n  n ach  A z im u ten  u n d  E in fa llsh ö h en  klassifizieren .
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3. Verfahren und M öglichkeiten zur Erm ittlung der Übertragungsfunktionen
optischer System e

In  den  le tz te n  J a h re n  s ind  versch iedene V erfahren  zu r B erechnung  d e r 
Ü b e rtrag u n g sfu n k tio n  op tisch er S ystem e n a c h  d er im  A b sc h n itt  2 geschil­
d e rten  Theorie en tw icke lt w orden . B ild  3 g ib t a ls Schem a die e in ze ln en  S ch ritte  
u n d  die besteh en d en  Z usam m enhänge  w ieder.

O p tis c h e  K o n s t r u k t io n s d a t e n

S tr a h le n o p t is c h e  R e c h n u n g  
( a x ia l ,  a u s s e r a x ia l)

I
n o r m ie r te  S tr a h le n a b e r r a t io n

W e lle n a b e r r a t io n  
a n a ly t is c h  g r a p h is c h

1
T o le r a n z ­

th e o r ie
u n d
ta b .

W erte

A u f s p a l t u n g  n a c h  B i ld f e h le r  

P u p i l le n f u n k l io n

Ü b e r t r a g u n g s in t e g r a l  
n u m e r is c h e  R e c h n u n g  

d ig i ta l  a n a lo g

a u to ­
m a t.
K o r ­

r e k t io n
I

g e o m .-
o p t .

N ä h e ­
r u n g e n

B i l d  3

A u sg an g sp u n k t is t im  allgem einen  das op tische S y stem , dessen K o n ­
s tru k tio n sd a te n  b e k a n n t sind . D as O b jek tiv  sei nach den  b e k a n n te n  geo­
m etrisch -o p tisch en  S trah ld u rch rech n u n g sfo rm e ln  ax ial u n d  au sse rax ia l e tw a  
m it einem  R ech en au to m a ten  d u rch g erech n e t u n d  die g eom etrisch -op tischen  
A b erra tio n en  liegen dem zufolge in  d er üb lich en  D arste llung  v o r . Es soll n u n  
en tsch ied en  w erden , w elche A bb ildungse igenschaften  vom  S y stem  in F o rm  
d er Ü b ertrag u n g sfu n k tio n en  zu e rw arten  sin d . Diese A ufgabenste llung  is t am  
geb räu ch lich sten , da m an  in  der P rax is  s te ts  von  einem  S y stem  au sg eh t, 
w elches fü r den jew eiligen Zw eck w eiter- o d e r u m k o rrig ie rt w ird . Die Ü b e r­
trag u n g sfu n k tio n  soll also neben  e in er M asszah l bzw. G ü te k rite r iu m  h a u p t­
säch lich  dazu  v erw endet w erden , b e s tim m te  A bb ildungseigenschaften  d u rch  
V aria tio n  der R estfeh ler in  einem  O b jek tiv  rechnerisch  zu  e rm itte ln  b zw . 
einen  ex ak ten  Z usam m enhang  zw ischen R estfeh le r und  B ild g ü te  zu lie fern , 
d er dem  O p tik k o n s tru k te u r  b ish er feh lte . D er O p tik rech n er w a r  bis je tz t  n u r  
a u f  E rfah ru n g sw erte  u n d  gewisse F a u s tfo rm e ln  angew iesen, die er sich a u f
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G ru n d  d e r R estfeh le r u n d  B ild le istung  a m  sehr so rg fä ltig  au sgefüh rten  M uster 
sam m eln  k o n n te .

E s w äre  n a tü r lic h  au ch  d en k b a r, dass m an sich  die A bbildungseigen­
sch a ften  v o rg ib t u n d  e in  System  zu b e rech n en  v e rsu c h t. Solche allgem einen  
A nsätze  e rfo rd e rn  grossen  R ech en au fw an d  bis m an a u f  d ie  b ek an n ten  O b je k tiv ­
ty p e n  k o m m t u n d  w erd en  deshalb in  d e r  P rax is k a u m  angew endet; es sei 
denn , es w erden  sy s te m a tisc h e  U n te rsu ch u n g en  fü r  e in en  speziellen Zw eck 
g efo rd ert.

U m  je d o c h  die U b e rtra g u n g s fu n k tio n  aus den K o n s tru k tio n sd a te n  b e re c h ­
n en  zu  k ö n n e n , m üssen  d ie  R estfeh ler in  n o rm ie rte r  F o rm  als W ellen ab erra tio n  
v o rliegen ; diese fü r  p ra k tis c h  au sg e fü h rte  System e zu  e rm itte ln , s in d  v e r­
sch iedene W ege b e sc h r it te n  w orden.

E in m a l is t es m öglich , am  M u ste r  die W e llen ab erra tio n  in te rfe ro - 
m e trisch  m it dem  T w y m a n — G R EEN -Interfcrom eter b zw . K rug— ÜAU-Inter- 
fe ro m ete r zu  e rm itte ln , zu m  anderen  rech n erisch  d u rc h  einen In te g ra t io n s ­
prozess au s  den  g eo m etrisch -o p tisch en  R estfeh le rn . F ü r  die rech n erisch e  
G ew innung  d e r W e llen ab erra tio n , die h ie r  allein b e t r a c h te t  w erden so ll, sind  
an a ly tisch e  M ethoden  spezie ll für R e c h e n a u to m a ten  en tw ick e lt w o rd en , die 
g leichzeitig  eine P o te n z re ih en d a rs te llu n g  n a c h  B ild feh le rn  liefern [4], [5 ], [6], 
doch s in d  d iese M ethoden  fü r  m ehrlinsige System e re c h t  aufw endig  u n d  n u r  
m it g rossen  p ro g ra m m g e s te u e rte n  R e c h e n a u to m a ten  m öglich . Es soll deshalb  
im  fo lg en d en  A b sc h n itt eine g rap h isch e  M ethode ausführlich  b e h a n d e lt 
w erden , die b e i re la tiv  w en ig  R ech en au fw an d  e x ak t die W e llen ab erra tio n  aus 
den  g eo m etrisch -o p tisch en  R estfeh le rn  zu  e rm itte ln  g e s ta t te t .  Diese so gew on­
nene W ellen ab erra tio n  w ird  dann  ansch liessend  n a c h  B ild feh lerkoeffiz ien ten  
m itte ls  d e r M ethode d er k le in sten  Q u a d ra te  au fg esp a lten  [7].

E in e  M öglichkeit, d ie B erech n u n g  der W e llen ab erra tio n  zu u m g eh en  
u n d  d ire k t au s  den R e s ta b e rra tio n en  in  N äherung  d ie  Ü b e rtrag u n g sw erte  zu 
b e rech n en , w ird  im  5. A b sc h n itt e rw ä h n t. Aus B ild  3 i s t  w eiterh in  d u rc h  die 
T o le ran z th eo rie  von  M a r é c h a l  u n d  H o p k i n s  bzw . d u rc h  den a llgem einen  
Z u sam m en h an g  zw ischen  W ellen ab erra tio n  und  Ü b e rtra g u n g s fu n k tio n  ein 
e x a k te r  W eg  aufgezeig t, schon  gewisse Ü b ertrag u n g se ig en sch aften  au s dem  
n o rm ie rte n  W ellen ab erra tio n sk o effiz ien ten  zu e rk e n n e n , zum al fü r  einige 
K o e ffiz ien ten k o m b in a tio n en  aus der S chu le  von H . H . H o p k i n s  ta b e llie r te  
W erte  vo rliegen . E s w ird  so m öglich, in  v ielen  F ä llen  einige B eso n d erh e iten  
a n  o p tisch en  System en b e re its  an  d en  n o rm ie rten  W ellen ab erra tio n sk o ef­
fiz ien ten  zu  e rk en n en , o h n e  die Ü b e rtrag u n g sfu n k tio n  im  einzelnen m it re la tiv  
grossem  R ech en au fw an d  b erech n en  zu  m üssen . E in  S c h r i t t  w eiter w äre  n u n , 
die R estfeh le r  so zu v e rä n d e rn , dass die gesuch ten  Ü b e rtrag u n g sw erte  rea li­
s ie rt w erd en . H ierzu  m ü ss te  m an d u rc h  sy s tem a tisch e  V aria tio n en  a u to ­
m a tisch  die R estfeh le r in  diese S ch ran k en  einengen. A ls B ew ertu n g sfu n k tio n  
w ird  h ie rfü r  die F Ü F  als sogenann te  M e rit-F u n k tio n  fü r  die en tsp rech en d en
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L in ien frequenzen  gew äh lt. E s is t üb lich , die versch iedenen  A b e rra tio n san te ile  
n och  m it en tsp rech en d en  G ew ichten  zu v erseh en , da die F Ü F  ein in teg ra les 
G ü tek rite r iu m  des op tisch en  S ystem s d a rs te llt  u n d  die B e trä g e  der R e s t­
feh le ran te ile  un te rsch ied lich  eingchen . In  e inem  w eiteren  S c h r it t  k ö n n te  du rch  
V aria tio n  v e rsu ch t w erden , die K o n s tru k tio n sp a ra m e te r  des S ystem s so zu 
v e rä n d e rn , dass die R e s ta b e rra tio n en  in  diesen vorgegebenen  S ch ran k en  e tw a 
n a c h  der M ethode v o n  G i r a r d — W y n n e  [8] o d e r nach  F i a l o v s z k y ’ [9] e in ­
geeng t w erden. D och sind  fü r  solche R ech en v erfah ren  zu n äch st sy stem atisch e  
U n te rsu ch u n g en  ü b e r  die Z usam m enhänge v o n  A b e rra tio n en  u n d  B ild ­
e igenschaften  V o rausse tzung . E rs te  E rfa h ru n g e n  m it g rösseren  R echen­
a u to m a te n  h ab en  an  S ystem en  gezeigt, dass e ine  sinnvolle a u to m a tisc h e  K o r­
re k tio n  n u r  du rch  das g rund legende V erstän d n is  d er B ild fch lertheo rie  und  die 
V o rau sse tzu n g  des E rfah ru n g ssch a tze s  des O p tik k o n s tru k te u rs  e rre ich t w er­
den  k a n n .

Z ur n um erischen  B erech n u n g  der F re q u e n z ü b e rtrag u n g sfu n k tio n  fü r 
die einzelnen  L in ien freq u en zen  sind  versch iedene  V erfah ren  speziell fü r 
R ech en au to m a ten  en tw ick e lt w orden . E ine re c h t genaue M ethode v o n  H o p k i n s  
u n d  G o o d b o d y  [10] soll noch  d e ta illie r t im  A b sc h n itt 5 d ieser A rbeit fü r 
die B erechnung  ein iger Beispiele b e n u tz t w erd en . N eben d en  b ek an n ten  
nu m erisch en  N äherungs v e rfah ren  (S i m p s o n , S t i r l i n g ), das In te g ra l  zu lösen, 
h a t  B a r a k a t  [5] j e tz t  m it H ilfe d e r G aussschen Q u a d ra tu r th e o rie  fü r höhere 
O rdn u n g en  in  V erb in d u n g  m it L egendreschen  P o lynom en  eine M ethode v o r­
geschlagen, die geeignet is t, au ch  n ich t ä q u id is ta n te  In teg ra tio n se lem en te  zu 
verw enden . D a die b ish e r gesch ilderten  V erfah ren  grössere R e c h e n a u to m a ten  
e rfo rd e rn , sei noch  e rw äh n t, dass m it geringerem  Z eitau fw an d  u n te r  V er­
w end u n g  der ex a k te n  m a th em a tisch en  B ez iehungen  ohne V ernach lässigung  
die B erechnung  au ch  a u f  A n a lo g rechenm asch inen  d u rch g e fü h rt w urde . M an 
h a t  h ie r den V orteil, sy s tem a tisch  d u rch  E ing eb en  d er A b erra tionskoeffiz ien ten  
in  die P o te n tio m e te r  re la tiv  schnell ein S ystem  zu o p tim ieren ; n a tü r lic h  h a f­
t e t  diesem  V erfahren  n a tu rg em äss  eine b e sc h rä n k te  G enau igkeit an . W elche 
V erfah ren  sich jem als fü r  die gesam te  p rak tisch e  O b jek tiv b e rech n u n g  d u rch ­
se tzen  w erden  oder ob alle diese Ü berlegungen  n u r  gelegentlich  fü r  Spezial­
zwecke angew endet w erden  •—- yvo ih re  B ra u c h b a rk e it schon erw iesen  ist —  
k an n  w ohl h eu te  n o ch  n ich t en tsch ied en  w erd en , da noch  n ic h t  genügend 
E rfah ru n g en  vorliegen .

4. Ermittlung der W ellenaberration in norm ierter Darstellung aus den 
geom etrisch-optischen Restfehlern durch graphische Integration

Je d e  O b jek tiv b erech n u n g  w ird  zu nächst v o n  der g eom etrischen  O ptik  
ausgehen  u n d  e rs t, w enn die A b e rra tio n en  k le in  sind , einer w ellenoptischen  
F e in k o rrek tio n  b ed ü rfen , denn  eine w ellenop tische B e tra c h tu n g  is t unum -
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gäng lich , w enn  die d u rc h  A b e rra tio n en  v e ru rsach ten  A bw eichungen  d e r W el­
len fläch e  gegenüber d er R eferenzfläche klein  sind . D a h e r  erschein t es w ichtig , 
aus d er geom etrischen  S tra h ld u rc h re c h n u n g  gew onnene A b e rra tio n en  in  die 
W e llen ab erra tio n  um zu rech n en . D ies is t  n ich t schw ierig , da die S tra h le n  auch 
n a c h  belieb ig  vielen  B rechungen  u n d  Spiegelungen (S atz  von M a l u s ) ste ts  
se n k rech t a u f  den W ellenflächen  s te h e n  u n d  m an  deshalb  dem  S tra h le n ­
b ü n d e l geom etrisch  eine W ellen flächenschar zu o rd n en  k an n . E in e  W ellen­
fläche  (Isoeikonalfläche) n e n n t m an  in n erh a lb  e iner W elle jede F läch e , deren 
säm tlich e  P u n k te  im  b e tra c h te te n  Z e itp u n k t sich in  gleicher P hase  befin d en . 
U n te r  d e r W ellen ab erra tio n  v e rs te h t m an  n u n  die A bw eichung d e r du rch  
A b e rra tio n e n  d e fo rm ie rten  W ellenfläche längs eines S trah les  von  e in e r  geeig­
n e te n  B ezugs- oder R eferenzfläche  (z. B . K ugel), die als op tische W egdifferenz 
gem essen w ird. Die so defin ie rte  W e llen ab erra tio n  w ird  p ositiv  g e z ä h lt, w enn 
die d e fo rm ie rte  W elle in n erh a lb  d e r R eferenzkugel lieg t. L eg t m a n  das 
Z e n tru m  d er R eferenzkugel in die idea le  B ildende u n d  die R eferenzkugel in 
die A u s tr ittsp u p ille  des aus sp h ä risch en  F lächen  au fg eb au ten  z e n tr ie rten  
S y stem s, d an n  b e s te h t zw ischen d en  optischen  W egdifferenzen  u n d  d e r A b­
w eichung  des S trah les  (A b erra tio n ) v o m  Z en tru m  d e r R eferenzkugel nach  
ein igen U m form ungen  u n d  In te g ra tio n  der b e k a n n te  Z u sam m en h an g  [12]

Wl( a ' ) =  ( f[  sin Ф -f- r/[ cos Ф) cos a' da ',  (4.1)
о

w obei a llerd ings rech tw inkelige  K o o rd in a te n  (f( , ?][) sen k rech t zu m  B ezugs­
oder R e fe ren zs trah l m it der B ildebene in  der f j ,  ^[-E bene b e n u tz t  sind , 
a '  d e r W inkel zw ischen S trah l- u n d  B ezugs(R eferenz)strah l u n d  Ф der 
A z im u tw in k e l in  d er B ildebene b e d e u te n . M an e rh ä lt  so die W ellen ab erra tio n  
in  d er ü b lichen  Schreibw eise eines u n b es tim m ten  In te g ra ls , die w egen ih re r 
W ellen län g en ab h än g ig k e it in E in h e ite n  von Я e rm itte l t  w ird. D a b e i is t die 
Ä n d e ru n g  des Z en tru m s der R eferenzkugel u m  d en  B e trag  A R  v o m  R ad ius 
d er R eferenzkugel R  infolge des m it A b erra tio n  b e h a f te te n  S trah les u n b e rü c k ­
s ic h tig t geblieben. D a  es sich jed o ch  a b e r n ach  V orau sse tzu n g  u m  k o rrig ie rte  
S ystem e m it k le inen  A b e rra tio n en  h a n d e lt u n d  die G rösse A R  fü r  die v e r­
sch iedenen  S trah len  gegenüber R  k le in  b le ib t, is t d ieser A nsatz  e r la u b t.

N ach  Gl. (4.1) lä s s t sich n u n m e h r  die W e llen ab erra tio n  aus d e r  S tra h l­
a b e rra tio n  b erech n en , w enn  le tz te re  aus der g eo m etrisch -o p tisch en  D urch ­
re c h n u n g  b e k a n n t is t . D ies soll in  A n lehnung  an  d ie  geom etrische O p tik  fü r 
das ax ia le  u n d  au sserax ia le  G eb ie t g e tre n n t erfo lgen . In  einem  z e n tr ie r ten  
S y stem  t r i t t  im  ax ia len  G ebiet w egen der R o ta tio n ssy m m etrie  n u r  d er A b­
b ild u n g sfeh le r der sp h ärisch en  A b e rra tio n  auf, d e r  vom  A zim u t Ф u n a b ­
häng ig  is t. Die B ezugsachse ist m it d er op tischen  A chse iden tisch . Gl. (4.1) 
sp ez ia lis ie rt sich zu
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W (a')  =  (' 7)'cos a 'd a ' ,  (4.2)
о

d a  Ф — 0 u n d  Э JE/ЭФ =  0. Die G röße rj’ is t  ab er als sph ärisch e  Q u e ra b e r­
ra tio n  b e k a n n t u n d  e rg ib t sich so fo rt aus d er bei d e r S tra h ld u rc h re c h n u n g  
e rm itte lte n  sp h ärisch en  L ä n g sa b e rra tio n  (A s ' =  s '  — s')*

vf = — A s ’ t a n g ó '.  (4.3)

D em  b isherigen  W inkel a '  en tsp rich t j e tz t  d e r W inkel o '  in  der tech n isch en  
S tra h le n o p tik  (B ild 4), d e r fü r kleine A b e rra tio n en  A s '  ■—- die W in k e lab er­
ra tio n  A a ’ is t  gegen a '  zu  v e rnach lässigen  —  gleich ö ' fü r  die In te g ra tio n  
angenom m en w erden k a n n  und es e rg ib t sich

W (ö ')  =  j  — A s '  s in  o' d ö ' . (4 .4)
о

E ine  n eg a tiv e  S ch n ittw e ite n a b e rra tio n  A s '  w ird  also eine  positive W ellen ­
ab e rra tio n  ergeben . D ie S c h n ittw e ite n a b e rra tio n e n  s in d  fü r  die e inzelnen  
S trah len  aus der S trah ld u rch rech n u n g  in  M illim eter o d er k le ineren  L än g en ­
e inh e iten  fü r  die en tsp rech en d e  L ich tw ellen länge  b e k a n n t, so dass die W ellen ­
a b e rra tio n  W  in  die zugehörigen  L ich tw e llen län g en e in h e iten  le ich t u m z u re c h ­
nen ist.

F ü r  das au sserax ia le  G ebiet fä llt  n u n  die R o ta tio n ssy m m etrie  weg, d ie  
W ellen ab erra tio n  w ird  v o m  A zim ut Ф ab h än g ig . Es soll deshalb  die E r m i t t ­
lung  der W e llen ab erra tio n  fü r  Ф =  0 u n d  n  (M erid io n a lsch n itt) u n d  Ф =  л /2  
u n d  3yr/2 (S a g itta lsc h n itt)  im  einzelnen au fgezeig t w erden . D ies b e d e u te t ke in e  
g ru ndsä tz liche  B esch rän k u n g  nach  Gl. (4 .1), v ie lm ehr b ie te n  sich diese E b en en  
a u f  G rund  d e r üb lichen  geom etrischen  D u rch rech n u n g  eines System s zw angs­
läufig  an.

* e . h ie r z u  T ie d e k e n , L e h r b u c h  f . O p t ik k o n s t r u k te u r  B d n . 1. S . 4 2  (B e r lin  1 9 6 3 )
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F ü r d en  M erid io n a lsch n itt d ien t als R e fe ren zs trah l d e r Bezugs (H a u p t)-  
o d e r besser S ch w erstrah l m it  dem  N eigungsw inkel cr'B gegen die o p tisch e  
A chse u n d  als Z en tru m  d e r R eferenzebene  d er S c h n ittp u n k t 0 ' vom  B ezugs­
s tra h l  m it d e r  G außschen  B ildebene (0Ó, 0 ')  n ach  B ild  5. Im  ü b rigen  gelten  
die e n tsp re c h e n d en  F o rm eln  u n d  V ere in b aru n g en  aus Gl. 4 .4  auch  fü r  die 
Q u e ra b e rra tio n  rj'

Om
W m {ö'm) =  )' — n '  c o s a'm dö'm . (4 .5)

о

0'
V
P‘

O'o

B i l d  5

D a der W e rt d e r L ä n g sab e rra tio n  As'm in  d er R egel b e i d er S tra h ld u rc h ­
rech n u n g  n ic h t  an fä llt, lä s s t s ich  nach  d em  S inussa tz  diese G rösse n ach  r/' w ie 
in  B ild 5 a n g e d e u te t, u m rech n en . F ü r  d en  M erid io n a lsch n itt sei d a ra u f  h in g e ­
w iesen, d ass  d ie W ellenfläche in  beid en  A z im u ten  Ф =  0 u n d  л  d. h . f ü r  
positive  u n d  n e g a tiv e  W erte  v o n  ä'm se lb s tv e rs tä n d lic h  g eso n d ert b e re c h n e t 
w erden  m uss u n d  die B eg ren zu n g  des o b e ren  u n d  u n te re n  R a n d s tra h le s  d u rc h  
V ig n e ttie ru n g  b e s tim m t w ird .

F ü r  d e n  S a g itta ls c h n itt  (Ф =  л /2  u n d  Зл/2) re ic h t ab e r w egen d e r  
S ym m etrie  z u m  M erid io n a lsch n itt die H ä lf te  der A p e rtu r  au s . N ach . Gl. 4.1 
e rg ib t sich  d a n n  die W e llen ab erra tio n  W's, w enn i '  aus d e r geom etrischen  
S trah ld u rch rech n u n g *  b e k a n n t is t, zu

Ws ( â i ) =  j f  - i ' c o s ô i d â .  (4 .6)
ö

S om it h a t  m a n  die W ellen ab erra tio n  au c h  fü r  den S a g itta ls c h n itt  gew onnen . 
E s e rsch e in t an g e b ra c h t, u m  die A b e rra tio n e n  fü r die v ersch ied en en  A p e r­
tu re n  m ite in a n d e r  verg le ichen  zu k ö n n e n , a u f  die R a n d a p e r tu re n  ö r'nax zu  
no rm ieren . E s  h a t  sich die fo lgende S u b s titu tio n  n ach  R ic h te r  fü r  die v e r ­
sch iedenen  W in k e l ä '  zu r e rle ic h te rte n  In te g ra tio n  als v o r te ilh a f t  erw iesen:

, p '  1 — cos ä' s in 2 g ' ,q =  —£-—  = ------------ ;----- ^  .----  0 <  q <  1
l^raax 1 COS (7max sin  ö"max

(4.7)

D ie V ariab le  p  in  Gl. 4 .7  i s t  d er P fe ilh ö h e  des M erid ianbogens der W ellen ­
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fläche  p ro p o rtio n a l u n d  die E n tw ick lu n g  d e r  A b erra tio n en  n a c h  p  is t b is  zu  
belieb ig  grossen Ö ffnungen  der W ellen fläche  b rau ch b a r. A us diesem  G ru n d e  
w ird au ch  die jew eilige m ax im ale  A p e rtu r  m it p max n o rm ie r t .

D ie neue V ariab le  q',  die vom  V erfasser [7] schon  in  einer frü h e re n  
A rb e it b e n u tz t w urde , k en n ze ich n e t n ic h t den  R au m w in k e l, sondern  die 
A p e rtu r  u n d  es e rg ib t sich in  g u te r  N äh e ru n g

g ' ~  r '2 . (4 .8 )

F ü r  eine kreisförm ige P up ille  g ilt d ann  r'~ =  x ' 2 -j- j ' 2. D ie  W e llen ab erra tio n  
w ird  so eine F u n k tio n  der n o rm ie rten  P o la rk o o rd in a ten  r ' bzw . q' u n d  Ф fü r  
den  jew eiligen B ildw inkel a'B.

F ü h r t  m an  in  Gl. 4 .4 , 4 .5 , 4.6  die n eu e  n o rm ierte  Ö ffn u n g sk o o rd in a te  
q' ein , d an n  e rh ä lt m an die W e llen ab erra tio n  fü r das ax ia le  G ebiet

я' 4'
W(q')  =  f -  A s '  p max dq'  =  f -  Z i ' dq  (4.9)

6 6

fü r den M erid ionalschn itt
Я m Cí' 9 m

Wm(4m)=  f Pmasdq'm =  f — rj'dq'm (4 ,10)
ó stn o m 6

und  fü r  den S a g itta lsc h n itt

ws(q's)=  f — f c t g  as p ’maxd q ’ =  j' —  £' dq's . (4 .11)
о о

Die In te g ra tio n  w ird  wie e rw ä h n t, g raph isch  n um erisch  in  S tu fe n  von Aq' —  0,1 
d u rch g e fü h rt. A n B eispielen  in  B ild  6 soll d ie  M ethode e r lä u te r t  w erden.

Im  oberen Teil des B ildes is t fü r ein  O b jek tiv  a u f  G ru n d  der S t r a h l ­
d u rch rech n u n g  die n o rm ie rte  sphärische  A b e rra tio n  A s '  gegen  die Ö ffn u n g s­
k o o rd in a te  q' au fg e trag en . E s w u rd en  jew eils 5 S trah len  d u rc h  das O b je k tiv  
n a c h  den  üb lichen  tr ig o n o m etrisch en  F orm eln , gerechnet, so dass die K u rv e  
e in d eu tig  zu zeichnen  m öglich  w ar. B ei en tsp rech en d em  Z eich n u n g sm ass­
s ta b  lassen  sich  d u rch  g raph ische  In te g ra tio n  d an n  in ä q u id is ta n te n  S c h r it te n  
zehn W erte  der W ellen ab erra tio n  gew innen, wie sie in  W ellen län g en e in h e iten  
in  B ild  6 links oben au fg e trag en  sind . Die In te g ra tio n s sc h r it te  w erden d a d u rc h  
von den  H ö h en ab stu fu n g en  d er S trah len  u n ab h än g ig , w ä h re n d  die ä q u id is ta n te  
S tu fu n g  bei d er nach fo lgenden  P o ten zre ih en en tw ick lu n g  sich  dagegen se h r  
g ü n stig  u n d  v ere in fach en d  a u sw irk t. E ine an a ly tisch e  D a rs te llu n g  d e r A b e r ­
ra tio n sk u rv e  (e tw a in  F o rm  einer P o ten zre ih e  fü r  die E in fa llsh ö h en ) w ü rd e  
eine w eit grössere A nzah l v o n  S tra h ld u rch rech n u n g en  e rfo rd e rn .

G ru n d sä tz lich  w äre d a m it die W ellen ab erra tio n  fü r  die versch iedenen  
A z im u te  gew onnen u n d  die B erechnung  des F re q u e n z ü b e rtrag u n g s in te g ra ls  *

* h ie r z u  T ie d e k e n , L e h r b u c h  f . O p t ik k o n s tr u k te u r  B d n . 1 . S . 6 3  (B e r lin  1 9 6 3  )

A d n  Phys. H ung. Тот . X V I I I .  Fase. 3.



24ö W. REICHEL

m öglich . J e d o c h  h a t  es sich  als nü tz lich  erw iesen, u m  allgem einere Z u sa m ­
m enhänge  zu  erfassen , d iese lbe  nach  d en  versch iedenen  B ildfeh lern  a u fz u ­
sp a lten . D a d u rc h  is t m an  in  d er Lage, d e n  E influss d e r  au ftre ten d en  B ild ­
feh le r  q u a n t i ta t iv  einzeln o d e r k o m b in ie rt in  ihren A usw irkungen  a u f  das 
In te g ra l d e r F Ü F  zu s tu d ie re n  und  D a n k  d e r  N orm ierung  die versch iedenen

O bjek tiv e  u n te re in a n d e r  zu  verg leichen . A usserdem  lassen  sich die W erte  der 
F Ü F  fü r d ie  einzelnen B ild feh le r besser tab e llie ren  u n d  zusätzlich  gewisse 
T oleranzen  in  V erb indung  m it  dem  R a y le ig h -K rite riu m  festleg en , wie bei H . H . 
H o p k in s  [13] u n d  M a r é c h a l  [14] n ä h e r  au sg efü h rt.

In  A n leh n u n g  an  N i j b o e r  lässt s ich  die W e llen ab erra tio n  in  n o rm ie r­
te n  P o la rk o o rd in a te n  (?', Ф) fü r eine k re isfö rm ige  P u p ille  schreiben

W ( f ' , 0 )  =
+  {W-n f  +  Wn  f ' 3 +  WS1 f '5 
+  ( Щ 2 f ' - + W i2 r ,/l 
± { _____________ *P33 f ' 3

+  (

+
+  Wn  f ' r) cos Ф
-j- f*6) cos 2 Ф
+  H 53 f  5) cos 3 Ф 

W4i f '4) cos 4 Ф
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D ie e inzelnen  K o effiz ien ten  c h a rak te ris ie ren  die fo lgenden  B ild feh ler

W i0, B^so
B7!!
W 31, Щ  i, TTn
W 22
W n , w 6i
В'зз’ w 53

D efokussierung  
S p h ä risc h e r O ffnungsfeh ler 
V erze ichnung  
K om a
Z w eischalenfeh ler (A stigm atism us) 
A stig m a tisch e r O ffnungsfeh ler 
D re ib la ttfe h le r  (trefil) 
V ie rb la ttfe h le r  (te tra fil)

D ie h ie r gegebene D ars te llu n g  b e rü c k s ic h tig t alle F e h le r  bis zu r 7. O rdnung , 
doch re ich t erfah rungsgem äss fü r  norm ale A u fn ah m e- u n d  W iedergabe- 
o b jek tiv e  die D arste llu n g  bis zur 5. O rdnung (in  Gl. 4.12 e in g e rah m t) aus. 
S pezia lob jek tive  und  M ik ro o b jek tiv e  verlangen  gelegentlich  au c h  E n t­
w ick lungen  bis zur 7. O rdnung , d o c h  is t dam it e in  e rh ö h te r R ech en au fw an d  
u n d  G enau igkeit der E rm ittlu n g  d e r  W ellen ab erra tio n  v e rb u n d en .

Zu bem erken  is t no ch , dass in  d e r  hier gew äh lten  D arste llu n g  fü r  jeden  
B ildw inkel a'B ein neues K o o rd in a ten sy stem  v e rw e n d e t w urde, so dass der 
B ildw inkel in  die A b e rra tio n s fu n k tio n  wie u rsp rü n g lich  bei N i j b o e r  n ich t 
e ingeh t u n d  die B erechnung  der e inzelnen  K oeffiz ien ten  fü r  je d e n  B ild­
w inkel einschliesslich  V ig n e ttie ru n g  erfo lgen  k an n . F e rn e r  w ird fü r  das ausser- 
ax iale  G eb iet der R efe ren zp u n k t in  d en  realen B ild p u n k t gelegt, so dass die 
V erzeichnung  n ich t in  die A b erra tio n sfu n k tio n  e in g e h t. Die V erze ichnung  ist 
ja  auch kein  A bbildungsfeh ler, d e r  a u f  U nvo llkom m enheiten  d e r S trah len ­
vere in ig u n g  zu rü ck zu fü h ren  is t, so n d e rn  n u r die geom etrische  Ä h n lich k e it der 
B ild figur verfä lsch t u n d  is t deshalb  einfach  zu b ew erten . Es g ib t allerd ings 
auch  B estreb u n g en , d en  V erze ich n u n g sterm  m it in  die Phase d er kom plexen  
F req u en zü b e rtrag u n g sfu n k tio n  e inzubeziehen , h ie r soll aber aus p ra k tisc h e n  
G ründen  davon  A b s ta n d  genom m en w erden.

U n d  n u n  zur B erechnung  d e r  A berra tionskoeffiz ien ten  se lb s t. D urch  
g raph ische  In te g ra tio n  w urde  die W ellen ab erra tio n  in  ä q u id is ta n te n  S ch ritten  
v o n  q' bzw . Г  gem essen u n d  es k a n n  n u n  fü r d en  e n tsp rech en d en  A z im u t­
w inkel Ф der P o ly n o m au sd ru ck  au s G l. 4.12 z u g eo rd n e t w erden. D ie  B estim ­
m ung  der K oeffiz ien ten  w urde n ach  d e r  M ethode d e r  k le in sten  Q u a d ra te  v o r­
genom m en u n d  es b le iben  durch  d ie  b e re its  erfo lg te  A ufspa ltung  d e r  W ellen­
a b e rra tio n  höchstens d re i K o effiz ien ten  zu b estim m en  übrig . D ie A b e rra tio n s­
koeffiz ien ten  w erden so b es tim m t, d a ss  die S um m e der F e h le rq u a d ra te  ein 
M inim um  w ird . Das w ird  du rch  N u llse tzcn  der p a rtie lle n  D iffe ren tia lq u o tien ten  
e rre ich t. M an e rh ä lt d a n n  die so g e n a n n te n  N orm alg leichungen , aus den en  sich 
die K oeffiz ien ten  b es tim m en  lassen. D a  die W ellen ab erra tio n  ab e r s te ts  in  10
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Tabelle 1

V  1 .6 /7 7 .5 V 7 4 3 V  1 ,6 /7 7  V  781

w i0  =  13Д З Я M’co =  — 7 ,9 5  Я w i0  =  19,20Я w e o  = -  12Д 5Я

M E R I D I O N A L S C H N I T T  (Ф  =-  0 ,я )

а  в  = - 9 , 5 0 - 7 , 7 5 ° - 3 , 2 0 " - 9 , 6 0 ° - 7 , 9 0 ° - 3 , 6 0 "

+ w z  = 2 ,4 2 1 ,02 ,7 0 1 ,6 0 — ,21 -  Д1 Я

- i w 4 = 5 ,0 2 7 ,61 5 ,4 1 2 ,9 5 6 ,5 0 1 ,8 9 Я

W 60 = - 2 , 0 8 - 4 , 0 8 - 5 , 0 0 - 1 , 1 9 - 3 , 2 7 - 3 , 1 6 я

+  w 3 = 4 ,6 8 1 ,67 4 ,1 0 6 ,2 7 3 ,5 4 4 ,6 8 я

“ V  = - 4 , 5 0 - 3 , 2 5 — 2 ,2 5 - 2 , 8 5 - 2 , 0 5 1 to о о я

+  =  M>20 + w 22 =  «'ll! + M)4,  « i3 == «>31 +  W 33

ä q u id is ta n te n  S c h r it te n  von  q' e rm itte lt  w ird , b e d e u te t es eine w esentliche 
R ech en e rle ich te ru n g , w enn m an  n u r  e inm al die versch iedenen  S u m m en  von q' 
zu  b e rech n en  h a t .  B ei B e n u tzu n g  e in er v o llau to m a tisch en  R echenm asch ine  
lassen  sich d a n n  die K oeffiz ien ten  in  w enigen M inuten  b es tim m en . T ab . 1 
ze ig t fü r  zw ei V ersu ch srech n u n g en  d en  K o rre k tio n sz u s ta n d  in  F o rm  no rm ierte r 
W e llen ab erra tio n sk o effiz ien ten  fü r  das axiale G eb ie t und  den  M eridional- 
s c h n it t  in  d re i B ild fe ldw inkeln . W ie m an so fo rt e rk en n t, e n th ä l t  der Meri- 
d io n a lsc h n itt  alle K oeffiz ien ten  doch  lassen sich  b estim m te  K o m b in a tio n en  
n u r  d u rch  H in z u n a h m e  w e ite re r A zim ute  (z. B . S a g itta lsc h n itt)  au fspalten . 
E s is t aus Gl. 4.12 abzulesen , dass  u m  alle K o effiz ien ten  5. O rd n u n g  einzeln 
zu  erfassen , eine S tu fu n g  der W ellenfläche m it Ф =  60° e rfo rderlich  ist. 
In  der p ra k tisc h e n  O b jek tiv b e rech n u n g  b eg n ü g t m a n  sich ab e r m eistens m it 
d e r S tu fu n g  Ф == 90° (M eridional- u n d  S a g itta lsc h n itt) . Es w ird  sp ä te r  ins­

A c ta  P h ys . H u n g . Т о т . X V I I I .  F ase. 3.
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besondere an  Bild 7 n o ch  e r lä u te r t  w erd en , dass die K o effiz ien ten d arste llu n g  
fü r  den M erid io n a lsch n itt bere its  w ich tig e  Schlussfo lgerungen  au f d ie Ü b er­
trag u n g se ig en sch aften  zu lässt.

Die F eh ler d u rch  die P o ten zre ih en en tw ick lu n g  b lieb en  bei zah lre ich en  
B eispielen  u n te r  0,1 W ellen längen . D iese G enau igkeiten  sind  fü r die P rax is  
au sre ich en d , w enn m an  b e d e n k t, d ass  diese M ethode m it re la tiv  w enig  A uf­
w and  fü r  e rs te  sy stem atisch e  U n te rsu ch u n g en  an  p ra k tis c h  au sg e fü h rten  
S ystem en  angew endet w orden  is t.

K ü rz lich  h a t  B a r a k a t  [5] eine ana ly tische  M ethode  zur B erech n u n g  
d er W ellen ab erra tio n  d ire k t aus d e r S tra h ld u rc h re c h n u n g  v e rö ffen tlich t u n d  
die A b erra tio n sk o effiz ien ten  m it H ilfe  T schebyscheffscher P o lynom e m it 
grosser G enauigkeit b e rech n e t. D er R ech en au fw an d  is t  dab e i e rh eb lich  u n d  
n u r  m it grossen  R echenm asch inen  z u n ä c h s t fü r  Spezialfälle  zu bew ältig en . 
E s k ö n n en  jed o ch  solche V erfah ren  in  Z u k u n ft be i e n tsp rech en d er R ech en ­
k a p a z itä t  fü r  die so g en an n te  a u to m a tisc h e  K o rre k tio n  op tischer S ystem e 
ü b ern o m m en  w erden, w obei die F re q u e n z ü b e rtrag u n g sfu n k tio n  als M erit- 
fu n k tio n , wie im  vorigen  A b sc h n itt an g e d e u te t, b e n u tz t  w erden  k a n n . E rs te  
A nsätze  s in d  bere its  v o rh a n d e n  [15], es lä s s t sich ab er n o ch  kein  ab sch liessen ­
des U rte il d a rü b er fü r  die p rak tisch e  O p tik k o n s tru k tio n  abgeben.

5. Berechnung der Frequenzübertragungsfunktion aus der W ellenaberration 
und einige bem erkenswerte Zusam m enhänge

Die num erische  B erechnung  d e r  kom plexen  F re q u e n z ü b e rtrag u n g s ­
fu n k tio n  soll, wie b e re its  a n g e d e u te t, n ach  einem  V erfah ren  von  H opkins 
u n d  Goodbody [10], [16] v o rg en o m m en  w erden. E s w urde spezie ll fü r 
R ech en au to m a ten  en tw ick e lt u n d  g ew in n t nu n m eh r an  p ra k tisc h e r B ed eu tu n g , 
d a  es ge ling t, die R estfeh le r eines au s  der P rax is vo rliegenden  S y stem s in 
F o rm  n o rm ie rte r  W ellen ab erra tio n sk o effiz ien ten  n a c h  N ijb o e r  d a rzu ste llen , 
die A u sg an g sp u n k t fü r  die B erech n u n g  sind .

Die W ellen ab erra tio n  w ird  z u n ä c h s t in  die P u p illen fu n k tio n  u m g erech ­
n e t, die in n e rh a lb  der P up ille  wie fo lg t v e rk n ü p ft sind

Я * \ У )  =  т( * \  У )  exp { i k W ( x ' , y ) } . (5.1)

Die A m p litu d en d u rch lässig k e it т w ird  b is a u f einen unw esen tlich en  F a k to r  
gleich der ta tsäch lich en  A m p litu d e  d e r  W elle gesetzt, d a  die ideale A m p litu d e  
ü b e r d er gesam ten  R eferenzfläche als k o n s ta n t angenom m en  u n d  a u f  E ins 
n o rm ie rt w erden  k an n . E s w ird  h ie rb e i v o rau sg ese tz t, dass die W elle w eder 
d u rch  A b so rp tio n  noch  d u rch  R eflex io n  oder S treu u n g  geschw ächt is t ,  m it 
an d eren  W o rten  sei die gesam te P u p ille  als g leichm ässig  durch lässig  ange-
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n o m m en . M it d ieser in  der P ra x is  m eist e rfü llte n  B ed ingung  lä s s t sich dann  
Gl. 2.15 m it Gl. 5.1 k o m b in ie rt schreiben

D( s ' ,  Ф) =  - i _ j ï  exp  {ik [ Щ х '  +  s '12, у ' )  -  W ( x '  -  s ' /2 ,y ' ) ] }  d x  d ÿ '  (5.2) 

o d er u n te r  E in fü h ru n g  einer zw eckm ässigen A b k ü rzu n g ,

У =  +  572,у) -  W{* - 572,у)] , (5.3)
s

e rg ib t sich  d an n

D (s',Ö >) =  -A -  J j exp  jifc s ' V ( x ' ,  y  , s')} dx  d ÿ ' . (5.4)

F ü r  die n u m erisch e  In te g ra tio n  te i l t  m an zw eckm ässig  die x ’ —  y '-E b e n e  in  
rech teck fö rm ig e  E lem en te  m it d en  L ängen  2A x '  u n d  2 A y '  u n d  den Zeigern 
n, m  auf. D ie F u n k tio n  V  w ird  du rch  eine T ay lo ren tw ick lu n g

s) = W 'i' { x ' , y )  +

+

~ ( * 7 2 )2 Щ '/ (x',y') +  

~  ( 5' / 2)4 W\- (x',y') +  . . .

(5.5)

im  P u n k t (x'n, y 'm) m it den M itte lp u n k tsk o o rd in a te n  x'n —  (2n —■ 1) A x ' u n d  
y ’m =  (2 m — 1) A y ' eines so lchen  E lem entes e rs e tz t ,  so dass d ie  Gl. 5.4 fü r d as  
F läch en e lem en t la u te t

X n + A x  $'т-\-Ду'

Dn,m(s',0 ) =  .  1, .  .7  ( I ex p  { i k s V ( x ' f ;  s’) } dx ' dy ' .  (5.6)
4 A x’ A y ' J J

Х ' п - Л х '  ÿ ’m - A ÿ

D ie B eiträg e  d e r einzelnen F läch en e lem en te , deren  Z e n tre n  innerhalb  des 
In te g ra tio n sg e b ie te s  S  liegen, w erden  su m m ie rt, so dass m a n  das In te g ra l, 
abgesehen  v o n  e in em  R estg lied  wie bei Goodbody  [16] n ä h e r  au sg efü h rt, 
als D oppelsum m e schreiben  k a n n .

D ( s ' , 0 ) =  - L 2  V e x p  t
n  rn & n,m  * i ) n tm

3Î( S  Ф) =  — —  £  COS 2 n , m  • s i n c  Xn.m ■ s i n c  ,
™ C n m

(5.7)

(5 .8)

* Die Ausdrücke in Gl. 5.5 wie W '̂ und W*/ sind Differentialquotienten.
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3 ( 5 ' , ф ) =  sin 3 n m - sine T£n m - sine $ n>m, (5 .9 )
™ С n  m

m it
8„,m =  k . s ' V ,  (5 .10)

S U  =  к ■ s' ■ A y '  ~  V, (5 .11)
ay

%n,m =  k  ■ s ' - A x '  ~ r v  ■ (5 .12)
O X
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N e  sei die A n zah l der F lächene lem en te  d e r  au fgete ilten  P up illen fläch e  C. 
D iese A ufte ilu n g  des In teg ra tio n sg eb ie tes  in  e lem entare  G eb ie te  ist sehr v o r ­
te ilh a f t ,  da m an  beliebig  g e s ta lte te  In te g ra tio n sflä ch e n  d a m it  erfassen k a n n . 
F ü r  die nach fo lgenden  B eispiele w urden  die P u p d le n e le m e rte  2A t '  =  2 Д у ' =  
=  0,1 gew ählt, so dass fü r e inen  Q u a d ra n te n  einer k re isfö rm igen  P u p ille n ­
fläch e  (C) 79 P u p illene lem en te  zu  b e s tim m e n  w aren. A u f die E in ze lh e iten  
d er B erechnung  u n d  P ro g ram m ieru n g  sei in  dieser D a rs te llu n g  v e rz ic h te t. 
D ie aus der P rax is  ausgew äh lten  Beispiele k o n n te n  leider n ic h t  au f die t a b e l ­
lie r te n  W erte  d er F U F  von H o p k i n s  z u rü c k g e fü h rt w erden, so dass die B e re c h ­
n u n g  a u f  der R echenm asch ine  „O p rem a“  des Y E B  Carl Zeiss J e n a  v o rg en o m ­
m en w urde . E s seien h ier einige B em erk u n g en  ü b er die g eo m etrisch -o p tisch en  
N äh eru n g sm eth o d en  eingeschoben . N ach e in e m  V orschlag v o n  H o p k in s  [17] 
k a n n  die Grösse V  in  geom etrischer N äh e ru n g  wie folgt in  d a s  Ü b e rtrag u n g s­
in te g ra l eingehen

V =  W'r  ( x ' , y ' )  =  c o n s t L ' i ' .  (5 .13 )

Die Grösse L ' is t  als L in ienfrequenz in  L in ien /m m  des v e rw en d e ten  S in u s­
g itte rs  m it der n o rm ie rten  F req u en zv a riab e in  s '  durch  die fo lgende B eziehung  
v e rk n ü p ft

L '  =
2 I Q  ’

15.14)

w obei Л die L ich tw ellen länge u n d  ü  die w irksam e B len d en zah l b e d e u te n . 
Die G rösse der n o rm ie rten  Q u e rab e rra tio n  s e tz t  sich aus d e n  versch iedenen  
A n te ilen  der n o rm ie rte n  S tra h la b e rra tio n  w ie fo lg t zusam m en

I '  =  f ' cos Ф -f- r\' sin  Ф . (5 .1 5 )

D iese N äh eru n g  d . h . V ernach lässigung  d e r h öheren  A b le itu n g en  aus Gl. 5.5 
is t n u r  fü r  b e s tim m te  B eträg e  d er e in ze ln en  A berra tionskoeffiz ien ten , die 
seh r un te rsch ied lich  is t u n d  n u r  fü r k le in e  L in ien frequenzen  s '  zu lässig . 
M ehrere A u to ren  h ab en  diese N äheru n g en  u n te rsu c h t u n d  m a n  f in d e t b e i
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M i y a m o t o  [19] eine zusam m enfassende D arste llu n g . D iese V erfahren  s in d  
z. B . von  L u k o s z  [18], Z ö l l n e r , S t u t t e r  u n d  H ä u s e r  [20] w eiter a u sg e b a u t 
w orden . D er V o rte il solcher N äh e ru n g sm e th o d en  b es teh t d a r in , dass m an  n ic h t  
e rs t die W ellen ab erra tio n  d u rc h  In te g ra tio n  aus der S tra h la b e rra tio n  g ew in ­
n e n  m uss, d a  le tz te re  (S tra h la b e rra tio n s b e tra g  f ') d irek t in  das U b e rtra g u n g s ­
in te g ra l e in g e h t u n d  zu sä tz lich  das In te g ra tio n sg lie d  u aab h än g ig  v o n  d er 
F req u en z  w ird . N atü rlich  b e d in g t das fü r  d ie  M itte lp u n k tsk o o rd in a ten  x'n, x'm, 
jed es  P u p illen e lem en tes  eine geom etrische S tra h ld u rc h re c h n u n g  zur E rm itt lu n g  
d er Q u e ra b e rra tio n , dass fü r  kom pliz ie rte  op tische  S y stem e  m it 5— 10 L insen  
au c h  m it R e c h e n a u to m a ten  e inen  n ich t g e ringen  R ech en au fw an d  b e d e u te t. D ie 
in  d ieser A rb e it  b e n u tz te  g raph ische  M eth o d e  kom m t dagegen  m it e in er seh r 
v iel g erin g eren  A nzahl v o n  S tra h ld u rch rech n u n g en  au s u n d  lässt d u rc h  die 
n o rm ie rte  A b e rra tio n sk o e ffiz ie n te n d a rs te llu n g  bere its e ine  B ew ertung  d er 
B ildgü te  u n d  T abe llie rung  d e r F Ü F  zu. W ill m an dann  n o ch  die P u p illen e le ­
m en te  fü r  d ie  In te g ra tio n  als R ech en erle ite ru n g  ä q u id is ta n t  w ählen, d a n n  
w ird  m an d ie  S trah len  in  d e r e n tsp rech en d  au fge te ilten  E in tr ittsp u p ille  a u s ­
w äh len  u n d  dieselbe a n s ta t t  der A u s tr ittsp u p ille  a u c h  als In te g ra t io n s ­
g eb ie t v e rw e n d e n , denn  eine  gleich ab s tä n d ig e  A u fte ilu n g  der A u s t r i t t s ­
pup ille  is t  schw ierig . Die V o rau sse tzu n g , d ie E in tr ittsp u p ille  bei der In te g ra t io n  
gleich d e r A u s tr ittsp u p ille  se tzen  zu d ü rfe n , gilt aber n u r ,  w enn die P u p ille n  
a b e rra tio n s fre i in e in an d er ab g eb ild e t w e rd en  und  is t fü r  d ie  m eisten  O b je k tiv e  
au c h  n u r  in  N äh eru n g  e rfü llt . A llerdings e ignet sich die graphische M ethode  
zu r E rm it t lu n g  der W ellen ab erra tio n  fü r  R e c h e n a u to m a ten  wenig, h a t  a b e r , 
w ie au fg eze ig t, einige an d e re  V orteile u n d  л var auch u rsp rü n g lich  n ic h t d a fü r  
b e s tim m t. A bsch liessend  sei fes tg este llt, d a ss  bei A nw endung der geom etrischen  
N äh eru n g s v e rfa h re n  jew eils zu  ü b e rp rü fen  is t , ob diese v e re in fach ten  A n n a h ­
m en  g e re c h tfe rtig  sind. A usserdem  ist d e r  rechnerische A ufw and  n ich t so v iel 
geringer w ie gelegentlich  b e h a u p te t  w ird . D as sch liesst n a tü rlic h  n ic h t aus, 
dass c h a ra k te ris tisch e  M erkm ale der W e llen ab erra tio n  im  Z u sam m en h an g  m it 
d er Ü b e rtra g u n g sfu n k tio n  a u f  die S tra h la b e rra tio n  ü b e r tra g e n  w erden  k ö n ­
n en  u n te r  d e n  obigen V o rausse tzungen . D o c h  ist es b e sse r , p rinzip ielle Ü b e r­
legungen  z u n ä c h s t m it d e r W e llen ab erra tio n  k o rrek t zu  k lä ren , wie es in  den 
fo lgenden  B eisp ielen  d u rc h g e fü h rt w erd en  soll.

B ild  8 ze ig t im  u n te re n  Teil den  K o rre k tio n sz u s ta n d  und  im  o b e ren  
die Ü b e rtrag u n g sw erte  fü r  die g ü n stig ste  E in ste lleb en e . E s h an d e lt s ich  h ie r 
u m  eine V ersu ch srech n u n g  eines S pez ia lo b jek tiv es , w elches fü r F e rn s e h ­
zw ecke v e rw e n d e t w erden so llte . Die eingezeichnete  F requenzgrenze  lä s s t  seh r 
schön  e rk e n n e n , dass fü r  d as  F ernsehen  n u r  ein r e la tiv  k leiner F re q u e n z te il 
b e n ö tig t w ird  [21], d ieser jed o ch  o p tim a l ausk o rrig ie rt se in  m uss. D ie s t r ic h ­
p u n k tie r te  K u rv e  s te llt zu m  V ergleich e in  ab erra tio n sfre ies  O b je k tiv  der 
gleichen Ö ffn u n g  dar. Im  B ild  9 is t d ag eg en  selbst fü r  die günstigste  E in s te l l­
ebene d iese F e rn seh fo rd e ru n g  n u r sc h le c h t erfü llt. D e r  O p tik k o n s tru k te u r
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w eiss b e re its  aus der E rfa h ru n g , dass ü b erk o rrig ie rte  O b jek tiv e  k o n tra s ta rm  
sind . H ie r lä s s t  sich a b e r e in  q u a n t i ta t iv e r  V ergleich an ste llen . M an e rk e n n t 
diese Z u sam m en h än g e  a u c h  am  V erh ä ltn is  der A b erra tionskoeffiz ien ten . ßit  ̂
(ßi6 =  W J W 60) in  V erb in d u n g  m it d e r T o le ran z th eo rie  . [13]. E in  w eite res 
B eispiel ze ig t B ild  10 eben fa lls  fü r  das ax ia le  G ebiet. E s  h an d e lt sich  u m  ein 
S p ez ia lo b jek tiv  m it geringer Ö ffnung u n d  seh r k leinen R estfeh le rn . H ier m a c h t 
sich  schon  die B eugung seh r s ta rk  b e m e rk b a r  u n d  geom etrisch -op tische  N ä h e ­
ru n g srech n u n g en  w ü rd en  in  diesem  F a l l  schon zu  b e trä c h tlic h en  F e h le rn  
fü h ren . D u rch  eine en tsp rech en d e  D eh n u n g  der A bszisse fü r die L in ien -

AP  9 / 3 0 0

frequenz k a n n  m an  so fo rt a u f  System e m it g rösserer Ö ffnung (z. B . £2 =  2) 
be i g leicher K o rrek tio n  übergehen .

A u ch  das au sserax ia le  G ebiet w u rd e  an  p ra k tisc h e n  B eispielen u n te r ­
su c h t u n d  in  B ild 11 is t  fü r  ein P ro jek tio n ssy s tem  die F Ü F  in k o m p lex e r 
D a rs te llu n g  au fg e trag en . I n  diesem  Z u sam m en h an g  sei nochm als k u rz  a u f  
B ild  7 e ingegangen . Die V ersu ch srech n u n g  V 743 so llte  a u f  G rund ih re r  g ü n s ti­
gen ax ia len  K o n tra s tv e rh ä ltn is se  (vgl. B ild  8) fü r F ernsehzw ecke V erw en d u n g  
fin d en , je d o c h  gen ü g ten  fü r  den R a n d  des B ild fo rm a ts  die K o n tra s tv e r ­
h ä ltn isse  n ic h t. D er tie fe re  G rund  lag  h ie rfü r  in  d er n eg a tiv en  K om asu m m e 
fü r  den B ildw inkel a'B —  7 ,75°. D urch  Ä n d eru n g  d er K o n s tru k tio n sp a ra m e te r  
is t  es ge lungen , die K o m asu m m e ( W s +  IP 51) auch  fü r  d en  R an d  des F e rn se h ­
fo rm a ts  p o s itiv  zu b ek o m m en . A llerdings w urde wie aus d er Tabelle zu  e n tn e h ­
m en is t, d ie axiale B ild q u a litä t  w enig  v e rsch lech te rt, doch is t d er G ew inn 
im  K o n tra s t  fü r  die R an d zo n e  fü r d en  ohnedies e tw as  sch lech teren  S ag it- 
ta ls c h n it t  gegenüber d em  M erid io n a lsch n itt e rheb lich  (B ild 7].

A n ein igen  B eispielen  k o n n te  a u c h  exp erim en te ll, nachdem  die W ellen ­
a b e rra tio n  m it einem  In te rfe ro m e te r  n a c h  K r u g — L a u  e rm itte lt w u rd e  und  
m it d er R ech n u n g  ü b e re in s tim m te , die K o n tra s tü b e rtra g u n g s fu n k tio n  [7] 
gem essen w erden  (B ild 12).
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D en  O p tik k o n s tru k te u r  in te ressie ren  a b e r  in  e rste r L inie die B erechnung  
und  Z u sam m en h än g e , wie m an  zu  einer g u ten  B ild q u a litä t k o m m t und  e rs t  
in  zw eite r Linie die B estä tig u n g  d u rch  p ra k tisc h e  M essung a m  au sg efü h rten  
T yp , deshalb  w urde  auch  in d ieser A rbeit aussch liesslich  die B erechnung  d e r

B i l d  11

F Ü F  b e h a n d e lt u n d  das E x p e rim e n t n u r zur B e s tä tig u n g  der T heorie  h e ra n ­
gezogen.

D iese B eispiele m ögen genügen , um  zu ze igen , dass m it H ilfe  der F U F  
speziell in  der o p tisch en  R ech en p rax is  m it d iese r en tw ickelten  M ethode [22] 
be re its  einige q u a n ti ta t iv e  Schlüsse über die B ild le istung  v o n  optischen  
S ystem en  m öglich sind .
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О П ТИ Ч ЕС К И Х  СИСТЕМ

В. Р Е Й Х Е Л

Р е з ю м е

К оротко рассматриваются вопросы оптической передаточной теории и разрабаты­
вается метод для определения передаточной функции частоты системы, задан ной  в кор­
рекции геометрической оптики. И столкуется значение передаточной ф ункции частоты 
как подходящ ей для оптического отображ ения и к коррекции оптической системы.

Аберрации геометрической оптики урегулированы  на восходное отверстие и сумма 
волновы х аберраций определена через графическое интегрирование. П ередаточной функ­
цией частоты показывается несколько характеристических зависимостей различных 
ош ибок изображ ения оптических систем, взяты х из практики. При этом отдельное зна­
чение будет леж ать вне аксиальной области.
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MONOCRYSTALS OF Mn-PHTHALATE

By

E d m o n d  L e n d v a y

R E S E A R C H  IN S T IT U T E  F O R  T E C H N IC A L  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D E M Y  O F  SC IE N C E S , B U D A P E S T  

(Presented by G. Szigeti — Received 29. IX. 1964)

Investigation of luminescent Mn-phthalate monocrystals, prepared by diffusion grow­
ing method, was carried out. It was observed that the crystals have different morphology 
and the crystals so grown are needles, platelets and twins.

1. In tro d u c tio n

In  th e  course o f in v e s tig a tin g  th e  lum inescen t p ro p e rtie s  of M n-salts  
i t  is e ssen tia l to  ta k e  in to  considera tion  th e  physica l a n d  lum inescen t c h a ra c ­
te ris tic s  o f th e  M n -p h th a la te . This co m p o u n d  shows a v e ry  in ten siv e  re d  
lum inescence p ro b a b ly  due to  th e  excess o f  M n-ions in  th e  la ttic e . I t  is c h a ra c ­
te r is tic  for th is  em ission t h a t  th e  te m p e ra tu re  and  th e  ex c itin g  w av e len g th  
s tro n g ly  in fluence  th e  in te n s i ty  an d  th e  sh ap e  of the  sp e c tru m  [1]. G enera lly  
a t  room  te m p e ra tu re  th e  in te n s i ty  of th e  lum inescence is m uch  h ig h er th a n  
o f o th e r  p u re  M n-salts. T he com pound  is o f  special in te re s t , because th e  an io n  
in  th e  la ttic e  is o rganic a n d  th e  in te ra c tio n  b e tw een  th e  la t t ic e  an d  th e  a c t iv a to r  
seem s to  be sim pler th a n  in  th e  case o f  c ry s ta l p h o sphors.

The sam ples earlie r in v e s tig a te d  w ere  m icro cry sta llin e  pow ders. T h e  
X -ra y  p a tte rn s  show  a d e fin ite  c ry s ta l s tru c tu re . A d e ta ile d  s tu d y  o f  th e m  
m ade possible to  d e te rm in e  th e  d a ta  o f  th e  u n it cell. A ccord ing  to  th e se  
in v estig a tio n s th e  u n it  cell is m onoclin ic .T he cell d a ta  are : a =  4,436 ^  0,010 Â ; 
b =  13,690 ±  0,020 Á; c =  5,720 ±  0,002 Â ; ß =  108° 2 7 ' ±  10 ' [2].

As th e  in v es tig a tio n  o f  m ic ro c ry sta llin e  m ateria ls  is n o t su ffic ien t in  
m a n y  resp ec ts , we p re p a re d  single c ry s ta ls  fo r th e  fu r th e r  ex p erim en ts . T h e  
p re sen t p a p e r  deals w ith  th e  prob lem  o f  th e  p re p a ra tio n  o f M n -p h th a la te  
c ry sta ls  an d  th e ir  p ro p ertie s .

2. G row th m eth o d

The p ro b lem  o f th e  p re p a ra tio n  o f M n -p h th a la te  is co m plica ted  b y  th e  
fac t th a t  th e  com pound  is p ra c tic a lly  in so lu b le  in  so lv en ts , an d  decom poses 
w ith o u t m elt. I ts  v ap o r p ressu re  before  its  decom position  is p ra c tic a lly  
negligible, an d  th e  re s is tiv ity  aga in st ac id ic  an d  basica l reag en ts  is low . A ll
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th e se  m ean  t h a t  th e  u su a l c ry s ta l  g ro w th  m eth o d s are unsuccessfu l fo r th e  
p re p a ra tio n  o f  th e  single c ry s ta ls  of M n -p h th a la te . The o n ly  m eth o d  fo r p ro ­
duc ing  single c ry s ta ls  is th e  diffusion g ro w th  m ethod , w h ich  was ap p lied  
f i r s t  b y  J o h n s t o n  and  F r e n e l ic js  for th e  p re p a ra tio n  o f  sparing ly  so lub le  
c ry s ta ls  [3, 4 ].

In  ou r ex p e rim en ts  th is  m e th o d  of c ry s ta l  g row th  w as used . The g ro u n d  
m a te ria ls  w ere K -p h th a la te  a n d  d iffe ren t M n-salts (e.g. M nCl2, M n -ace ta te , 
e tc .) . The s a tu ra te d  so lu tions o f  th e  m en tio n ed  com pounds w ere p u t s e p a ra te ly  
in to  cy lin d rica l vessels o f 7,0  cm  in  le n g th . F irs t b o th  “ io n  source”  vessels 
w ere im m ersed  in to  a b a th  o f  d istilled  w a te r , an d  th e n  th e  d isposing o f  th e

F ig . 1 . M n-phthalate  crystals developed b y  th e  diffusion crysta l growth m ethod

s a tu ra te d  so lu tio n s in to  th e  cy lin d rica l vessels was carefu lly  done. The d is ta n c e  
b e tw een  th e  tw o  vessels w as 0,5 cm. As th e  fo rm atio n  o f  M n -p h th a la te  ta k e s  
p lace on ly  a b o v e  70°C, d u rin g  th e  d iffusion  g ro w th  process th e  whole c ry s ta l-  
lisa to r  w as in  a H öp ler u l tr a th e rm o s ta t  a t  80°C. F o r th e  p rev en tio n  o f  th e  
s tro n g  v a p o risa tio n  of so lv e n t, th e  w a te r  surface in  th e  c ry s ta llisa to r  w as 
covered  b y  p a ra ff in  oil. A t th e  m en tio n ed  te m p e ra tu re  th e  diffusion ra te  o f 
re a c ta n ts  w as su ffic ien t, a n d  a fte r  3 d ay s  p in k  M n -p h th a la te  c rysta ls  w ith  
d iffe ren t sizes developed  b e tw een  th e  vessels an d  on  th e  to p  of th e  cy lin d e r 
co n ta in in g  th e  K -p h th a la te . I n  F ig  1 such  a c h a ra c te ris tic  M n -p h th a la te  c ry s ta l  
g roup  is sh ow n . T his g roup  w as fo rm ed  a f te r  4 days. T h e  len g th  o f c e r ta in  
needles in  th e  g ro u p  reaches 4 ,0 — 6,0 m m  w ith  th ickness o f  ~  0,1 m m . A m ong  
th e  c ry s ta ls  one can  fin d  n o t  only  need les, b u t  o th e r ty p e s  of c ry sta ls , to o .

A cta  P h ys . H u n g .  Т о т . X V I I I .  F asc. 3.



MONOCRYSTALS OF Mn-PHTHALATE 259

3. D ifferen t types o f  crystals

D uring  th e  d iffusion  process and  re a c tio n  a t 80°C in  w a te r  d iffe ren t 
ty p e s  o f  c ry sta ls  develop . G enera lly  these c ry s ta ls  are need les or p la te le ts . 
The needles u su a lly  ap p ear in  b ran ch es as i t  is well o b serv ab le  in Fig. 1. 
The m ic ro p h o to g rap h  o f such a b ra n c h  is show n in  Fig. 2. S om etim es in te re s tin g  
p la te lik e  c ry s ta ls  a p p e a r to g e th e r w ith  a n eed le -b ran ch . These c ry s ta ls  develop 
a t th e  end  p o in t o f  th e  n eed le -b ran ch  where th e  g row th  of th e  needles began . 
In  som e cases th e  sy m m etrica l d is tr ib u tio n  o f  th e se  p la te le ts  can  be observed  
in  a de fin ite  p lane on b o th  sides o f  th e  b ran ch . T h is  s itu a tio n  is show n in F ig . 
3 /a . In  a v e ry  u su a l case th e  p la te lik e  crysta ls  develop  only  on  one side of th e

%

F i g .  2 .  M n -p h th a la te  n e e d le s .  T h e  le n g t h  o f  c e r t a in  c r y s ta ls  r e a c h e s  4  — 6 m m  
w it h  a t h ic k n e s s  o f  0 ,1  m m

b ran ch . A ll of th ese  c ry sta ls  lie in  th e  sam e p la n e  w ith o u t a n y  tw is t a ro u n d  
th e  b ra n c h  axes, s im ila rly  to  th e  ty p e  of d is tr ib u tio n  m entioned  before. A v e ry  
in te re s tin g  g row th  fea tu re  consists o f needles a n d  p la te le ts  o f  th e  m en tioned  
ty p e . In  th is  la t te r  case th e  c ry s ta l  group c o n ta in s  only a few  sh o rt needles 
b u t  th e  m en tio n ed  th in  p la te lik e  c rysta ls  a p p e a r  in  a g rea t n u m b e r. In  th e  
g roup  th e  a rra n g e m en t of p la te le ts  is very  s im ila r  to  th a t  o f  F ig . 3/a, b u t  
ce rta in  p la te lik e  c ry s ta ls  p a r t ly  overlap  on b o th  sides of th e  b ran ch . (See 
F ig . 3/b.) I t  seem s possible th a t  in  th e  la tte r  case th e re  is a co n n ec tio n  betw een  
th e  h igh  d en sity  o f  p la te lik e  c ry s ta ls  an d  the  m o d e ra te  d ev e lo p m en t of needles 
b u t  th e  v e rific a tio n  o f  th is  req u ires  a fu r th e r  d e ta iled  s tu d y  o f th e  g row th  
process.

C orrespond ing  to  th e  m onoclin ic  s tru c tu re  all ty p es  o f  M n -p h th a la te  
c ry s ta ls  show  a v e ry  s tro n g  b ire fringence  in  p o la rized  ligh t. B e tw een  crossed 
niçois a t  a su itab le  o rie n ta tio n  o f  crystals th e  needles are hom ogeneously
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e x tin g u ish e d  or illu m in a te d . The p la te lik e  crystals b e h a v e  sim ilarly , b u t  the  
p h en o m en o n  is n o t hom ogeneous. In  F ig . 4 a big, b u t  th in  p la te le t is show n 
in  p o la rized  lig h t. F ro m  F ig . 4 an d  fro m  Fig. 3 (b o th  o f  w hich w ere p h o to ­
g ra p h e d  in  po larized  lig h t) i t  can  be d e te rm in e d  th a t  th e se  crystals a re  tw ins. 
T hese tw ’ns show  th e  a b n o rm a l in te rfe ren ce  colours c h a ra c te ris tic  o f a  mono-

F i g .  3 . a  —  M n -p h th a la te  n e e d le -b r a n c h  w i t h  s h ie ld — s h a p e d  t h i n  t w in  c r y s ta ls  i n  s y m ­
m e tr ic a l  d i s t r ib u t io n  o n  b o t h  s id e s  o f  t h e  b r a n c h ;  b  —  C h a r a c te r is t ic  th in  t w in p la t e l e t s  

a n d  r e p e a t e d  t w in s  o v e r la p p in g  e a c h  o t h e r

F i g .  4 .  B ig ,  t h in  tw in  in  p o la r iz e d  l ig h t .  T h e  p la n e  o f  t h e  p la t e  co r r e sp o n d s  t o  t h e  < 0 1 0 > -  
p la n e .  T h e  tw in  p la n e  i s  t h e  < 1 0 0 > p l a n e

clinic sy s te m  in po la rized  lig h t w hen th e  cry sta l is ly in g  on its <(olo)> face. 
In  th is  case th e  b-ax is is n o rm a l to  th e  face , and c e r ta in  p a rts  o f th e  c ry s ta l 
a re  re d d ish  fo r one s e tt in g  o f th e  p o la rize rs  and b lu ish  w hen th e  p o la rize rs  
a re  tu rn e d  [5]. This is n o t  possible fo r m onoclin ic c ry s ta ls  ly ing on a n y  face 
p a ra lle l to  th e  b -ax is.
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T he m en tio n ed  fa c ts  m ean  th a t  th e  c-axis o f th e  c ry s ta l  lies in  th e  p lane 
o f  th e  p la te le ts  an d  p a ra lle l to  its  lo n g  edges. F u rth e rm o re , th e  tw in -p la n e  
co rresponds to  th e  <(100/ p lane , an d  a ll th e  op tica l a n d  o th e r p ro p e rtie s  are 
re la te d  to  each  o th e r b y  th is  plane o f  sy m m etry . In  th e  F igures i t  is easily

F i g .  5 .  T h ic k ,  tw in n e d  M n -p h th a la te  c r y s t a l  in  p o la r iz e d  l ig h t .  O n e  w in g  is  c o m p le t e ly  
e x t in g u is h e d ,  t h e  o t h e r  is  i l lu m in a te d

F i g .  6 .  C h a r a c te r is t ic  M n -p h th a la te  p la te l ik e  c r y s ta l  in  p o la r iz e d  l ig h t

visib le t h a t  th e  tw o w ings incline to  th e  c-axis w ith  an  ang le  of a p p ro x im a te ly  
41°. T hese observa tions a re  also valid  fo r a n o th e r  ty p e  o f tw in n e d  c ry s ta ls  o f  Mn- 
p h th a la te . These c ry sta ls  h av e  n o t so p e rfe c t a m orpho logy  as th e  m e n tio n e d , 
b u t  th e y  are la rger an d  th ic k e r  th a n  th a t  of th e  p rev io u s  tw ins. I n  F ig . 5 
su ch  a ch a rac te ris tic , th ic k  tw in n ed  c ry s ta l  is show n in  po larized  lig h t. In  th e  
le ft low er co rner of th e  p ic tu re  some sm a ll tw ins of th e  p rev ious ty p e  a re  also
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v is ib le , th e re fo re  th e  com parison  is very  easy . I n  th e  F igure  one wing o f th e  
tw in  is co m p le te ly  ex tin g u ish ed , b u t  on th e  o th e r  w ing th e  s tro n g  s tr ia tio n s  
on  th e  surface a re  observab le . D u rin g  a co m p le te  rev o lu tio n  th e  m iddle p a r t  
o f  th e  c ry s ta l m a y  n o t  e x tin g u ish  a t  any  p o sitio n  of th e  p o la rize rs . I t  m eans 
t h a t  th e  d iffe re n tly  o rien ted  w ings overlap  a n d  th is  leads to  confusing  effects. 
In  th e  left u p p e r c o rn e r of th e  F ig u re  a n o rm a l, u n tw in n ed  p la te  can  be seen. 
T h is  ty p e  o f c ry s ta l  is also com m on. In  F ig . 6 a c h a ra c te ris tic , u n tw in n ed  
p la te lik e  c ry s ta l is show n. T h e  m orphology o f i t  is a lm o st en tire ly  sim ilar 
to  th e  tw in n e d  c ry s ta l  in  F ig . 5.

A ll th ese  c ry s ta ls  are la rg e  enough fo r p h y sica l in v es tig a tio n s . T hey  
e x h ib it  a b r il l ia n t re d  lum inescence , i f  we excite  th e m  w ith  a H P  m ercu ry  la m p , 
b u t  on  ir ra d ia tio n  w ith  265 or 254 n m  m ercu ry  line  th e  c ry s ta ls  do n o t show 
lum inescence . T he in te n s ity  o f  lig h tin g  is h ig h er th a n  th a t  o f pow ders.
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Р е з ю м е

Проводились исследования люминесценции монокристаллов фталата Мп, пол у­
ченны х диффузионным методом выращивания. В х о д е  исследования выявлялось, что 
кристаллы имеют различную  морфологию. Полученные данным методом кристаллы явля­
ю тся игольчатыми, пластинчатыми и двойными.
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E Q U A T IO N S O F H A M IL T O N ’S C A N O N IC A L  FORM

By

P a r e s h  K u m a r  B is w a s

D E P A R T M E N T  O F  T H E O R E T IC A L  P H Y S IC S , IN D IA N  A S S O C IA T IO N  F O R  T H E  C U L T IV A T IO N  O F  S C IE N C E ,
JA D A V P U R , C A LCU TTA -32, IN D IA

( R e c e iv e d  3. V I I I .  1 9 6 4 )

L et u(t) an d  v(t) be H ilb e rt tra n sfo rm s  o f each o th e r  so th a t  we h av e  
th e  re la tio n s

u ( t )  =
I  f  v ( x ) d x

Л  J X  —  t
v(t) = i _ p  Г » (* ) d x

Л  J X  —  t ( 1 )

F u r th e r , let q an d  p  be defined  b y

u(t) ( 2)

W e sha ll show  th a t  (1) im plies ce rta in  re la tio n s  betw een q an d  p ,  w hich are  
sim ilar to  th e  p a r t ia l  d iffe ren tia l eq u a tio n s o f  H am ilto n ’s canon ical fo rm  o f 
the  eq u a tio n s  o f m otion

dq    3H  dp  ЭH  /Q4
— —   ̂ 9 Í 'J )

dt dp dt dq

w here H  is a su itab le  fu n c tio n  of q an d  p .
C learly, q =  Ф(1), p  =  v(t) ,  so th a t  q a n d  p  are c e r ta in  functions o f  t. 

In v e rse ly , th e re  ex ist fu n c tio n s % an d  Л  su ch  th a t

l =  x(9) (4a)
t  =  A ( p ) .  (4b)

I f  th e  inverse re la tio n s  are  n o t single v a lu ed , we can s till  o b ta in  an H .  O f 
course it  will n o t be un ique  as can be rea lised  from  (9).

L et us p u t
q + = 0 ( ± a ) ,  p ± = y > ( ± a ) .  (5)

T he f ir s t  re la tio n  o f (1) gives us a f te r  su b s ti tu tio n  of th e  va lu es  of u(t) a n d  
v(t) as given in  (2)
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dq

dt

P.
J L p Г d p / d x d x  _  1 p  Г 
л J x — t Л J

dp  1
Л (р )  — t л

M (t) =

p - (6)

P
—  M  {Л (р)}  =  —  f (' —  M  {Л ( p ' ) }  dP ' 
л dp U  л

here  use h as  b e e n  m ade o f  th e  re la tion  (4b) tw ice an d  M (t)  has been  w ritte n  
P +

d p
fo r P

Л ( р )  — t
in  th e  ab o v e  ded u c tio n .

?+
dq

S im ila rly , we shall u se  (4a) and  s u b s t i tu te  N(t)  fo r P  ---- ------------  1 о
J x(q) — t

Q—
show  th a t  th e  second re la tio n  of (1) gives

dp  1 f  d q j d x d x  1 ^  i  dq
dt л X — t 71 ■) x{q)  —  *

<7-

- N { t ) = -  — N { x ( q ) }  =  -

dq 71
N {x(q')}dq'

L e t
p я

H  =  j —  M  { A (p ') }  d p '  + [  —  N  {*(?')} dq '  ; 
J л J л

(?)

( 8 )

w ith  H  th u s  chosen (6) a n d  (7) can be w r itte n  in th e  fo rm  (3) as re q u ire d .
P  + 9+I

P -

R eca llin g  th a t  M (t)  =  P  

h av e  from  (8)

<7 P*
dp"

d p

A (P)
and m  =  p  J

dq

x { q )  — t

p -

Л ( р " ) - Л ( р ' )
+ Jr - 1

9+
dq"

x ( q ”) - x ( q ' )
(9)

(9) then  show s th e  ex is ten ce  of an  H .
T h a n k s  a re  due to  P ro fesso r D. B a s u , P h . D ., (D ub lin ) for v a lu a b le  

com m ents a n d  e n co u rag em en t.
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MAGNETIC CHARACTERISTIC CURVE FOR A SPECIAL 
PERMANENT-MAGNET BETA-RAY SPECTROGRAPH 

SET OF TWO UNITS

By

F . I l l é s  and D . B e r é n y i

IN S T IT U T E  O F  N U C L E A R  R E S E A R C H  (A TO M K I) O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S , D E B R E C E N

( R e c e iv e d  2 2 . I X .  1 9 6 4 )

B ased  m ain ly  on th e  w ork o f  E l l is  [1] an d  S l ä t is  [2] th e  p e rm an en t- 
m ag n e t b e ta - ra y  sp ec tro g rap h  has becom e one of th e  fu n d a m e n ta l in s tru m e n ts  
of n u c lea r  spec tro sco p y . As is well k n o w n , these sp ec tro g rap h s  o p e ra te  on th e  
classical p rinc ip le  o f  sem icircu lar focusing  in a hom ogeneous m a g n e to s ta tic  
field . R ecen tly , th is  ty p e  of in s tru m e n t developed especia lly  in  tw o d irec tio n s: 
in  o rd e r to  o b ta in  h ig h  reso lv ing  p o w er, large b e ta - ra y  sp ec tro g rap h s  (g max : 
40— 50 cm s) w ere in tro d u c e d  [3], w hereas S l ä t is  [4] b u ilt  a se t o f  sp e c tro ­
g rap h s, w hich  w as soon follow ed b y  others.*

A t th is  In s t i tu te  a large spec ia l p e rm a n e n t-m ag n e t b e ta - ra y  sp ec tro ­
g rap h , th e  so-called  B a n d  Spectrograph  [5] was c o n s tru c te d , th e  m ax im u m  
c u rv a tu re  rad iu s  o f w hich  is 75 cm s. T he sp ec tro g rap h  is h a lf-ring  shaped . 
T he w id th  of th e  o p e ra tin g  b a n d  is 15 cms. T h is m akes m easu rem en ts  in 
th e  ra n g e  from  gmin =  60 to  gmax. =  75 cms possib le . T he len g th  o f  th e  air 
gap is 4 cm s. The a d ju s tm e n t of th e  B an d  S p ec tro g rap h  is now  in  progress.

In  th e  course o f  th e  c o n s tru c tio n  o f th e  B a n d  S p ec tro g rap h  i t  becam e 
also n ecessary  to  b u ild  a sm all co n v en tio n a l p e rm a n e n t-m ag n e t b e ta - ra y  
sp ec tro g rap h . This in s tru m e n t, th e  so-called  Spectrograph Baby  [6] p lay s an 
im p o r ta n t role n o t o n ly  in  connec tion  w ith  some co n stru c tio n  p ro b lem s, b u t 
also as a n  essen tia l su p p lem en t to  th e  B an d  S p ec tro g rap h  in  re sea rch  w ork. 
As a m a t te r  of fa c t, th e  tw o sp ec tro g rap h s  to g e th e r fo rm  one o p e ra tiv e  u n it. 
The m ax im u m  g o f  th e  S p ec tro g rap h  B ab y  is 7,5 cm s. T he a rea  o f  th e  pole- 
pieces is 13 X 18 cm 2 a n d  th e  air g ap  is 2,5 cms long . T he yoke is U -shaped .

In  b o th  sp ec tro g rap h s  th e  pole-pieces serve as th e  up p er a n d  lower 
w alls o f th e  v acu u m  cham bers of th e  h o rizo n ta l s ta te . (H ere th e  source- and  
film -ho lders, in  w h ich  th e  en tran ce  s lit and  th e  film  are  in  th e  sam e p lane , 
are  m o u n ted .) T he m ag n e tic  fields o f  th e  in s tru m e n ts  are  excited  b y  sm all 
p e rm a n e n t-m ag n e t p rism s, w hich a re  m o un ted  d ire c tly  on th e  u p p e r  pole- 
piece a n d  su rro u n d ed  b y  a com m on m agnetiz ing  coil. T he opposite  ends of 
th e  p rism s f i t  in to  th e  u p p er p a r t  o f th e  yoke. The m a te r ia l of th e  pole-pieces

* E .  g . a t  t h e  C e n tr e  o f  N u c le a r  S p e c t r o s c o p y ,  O rsa y  ( F r a n c e )  a n d  a t  C a lifo r n ia  U n i ­
v e r s i t y ,  B e r k e le y  (U S A )
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is so f t iron  “ F e rm a x ”  (m ade b y  th e  H u n g a rian  f irm  “ Csepel Vas- és F ém m ű v ek ”  
in  B u d ap est)  a n d  th e  yokes are  m ad e  of o rd in a ry  soft iron . T h e  p erm an en t- 
m a g n e t pieces a re  m ade o f “ A ln ico— 5” ** s te e l (of a size o f  13 X 33 X 37 
m m 3 in  th e  B a n d  S p ec tro g rap h  a n d  13 X 33 X 37,5 m m 3 in  th e  S pectro ­
g ra p h  B aby). A t p re se n t, 50 o f  th e se  pieces a re  being  b u ilt  in to  th e  la rger 
sp e c tro g ra p h  a n d  10 in to  th e  sm alle r one.

F i g .  1 .  M a g n e t ic  c h a r a c t e r is t ic  c u r v e s  o f  t h e  B a n d -S p e c tr o g r a p h  ( o )  a n d  t h e  S p e c tr o g r a p h  
B a b y  ( • ) .  T h e  p o in t s  in d ic a te d  a re  t h e  a v e r a g e s  o f  s e v e r a l  in d e p e n d e n t  m e a s u r e m e n ts

In  p e rm a n e n t-m ag n e t b e ta - r a y  sp ec tro g rap h s  is is also  necessary  to  
c h an g e  th e  in te n s i ty  o f  th e  m a g n e tic  field . B y  S l ä t i s ’ m a g n e tiza tio n  procedure 
[4] one can p ro d u c e  m agnetic  fie ld s c o n s ta n t in  tim e  b o th  in  sp ec tro g rap h  
se ts  an d  in single sp ec tro g rap h s. T he quick  se tt in g  of d iffe ren t values o f th e  
c o n s ta n t  m ag n e tic  fie ld  is espec ia lly  im p o r ta n t in  ou r case, w here th e  o p era ting  
b a n d  o f th e  sp e c tro g ra p h  in c ludes d iffe ren t en e rg y  ranges d ep en d in g  on th e  
in te n s i ty  o f th e  m ag n e tic  fie ld  in  th e  a ir  gap. T he chang ing  o f th e  m ag n etiza tio n  
s ta te  o f th e  p e rm a n e n t m ag n e ts , a n d  th u s  th e  se ttin g  o f th e  w hole m agnetic

* * M ad e b y  t h e  H u n g a r ia n  f ir m  “ K ő b á n y a i  V a s -  é s  A c é lö n tő d é ”  ( B u d a p e s t ) .
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c ircu it o f th e  sp e c tro g ra p h  ta k e s  p lace  b y  th e  coil su rro u n d in g  th e  p e rm a n e n t 
m ag n e t p rism s. To solve th e  w hole p rob lem  quantitatively  i t  is n ecessary  to  
k now  a un ique  re la tio n  be tw een  th e  re m a n e n t m agnetic  f ie ld  in te n s ity  in  
th e  a ir  gap a f te r  m ag n e tiza tio n  w ith  a c e r ta in  cu rren t in  th e  coil, a n d  th e  
in te n s i ty  o f th e  m ag n etiz in g  c u rre n t. T his re la tio n  is ca lled  th e  magnetic  
characteristic curve o f b e ta - ra y  sp ec tro g rap h s  o f  p e rm a n e n t-m ag n e t ty p e  [1].

T he th e o re tic a l d ed u c tio n  o f  th e  c h a ra c te r is tic  curve is to o  d ifficu lt a 
ta s k . T hus, we d e te rm in ed  i t  experimentally  b y  m easu rin g  th e  re m a n e n t 
m ag n e tism  in th e  a ir-gap  as a fu n c tio n  o f  th e  m agn etiz in g  c u rre n t (a f te r  
sw itch in g  off th e  cu rren t) . T he un iqueness a n d  ap p licab ility  o f  th e  fu n c tio n  
a re  assu red  b y  degaussing  a fte r  ev e ry  m easu rem en t of th e  rem an en ce . I t  is 
to  be  n o ted  here  th a t  th e  ch a ra c te ris tic  cu rv e  concerned  is e v id e n tly  not 
id en tica l w ith  th e  m ag n e tiza tio n  curve  o f th e  sp ec tro g rap h  [ I ] .

In  F ig . 1. th e  c h a ra c te ris tic  curves o f  th e  B an d  S p ec tro g rap h  an d  th e  
S p ec tro g rap h  B a b y  can  be seen. T he in te n s ity  o f th e  m ag n e tic  fie ld  in  th e  
a ir-g ap  was m easu red  b y  a te s t  coil co n n ec ted  to  a f lu x m e te r . T he coil w as 
c a lib ra te d  in  th e  S p ec tro g rap h  B a b y  b y  m eans o f th e  w ell-know n conversion  
lines o f th e  T h  (B -j- C C "). T h e  degaussing  was ca rried  o u t in  th e  case 
o f  th e  B an d  S p ec tro g rap h  b y  d irec t cu rren t a n d  in  th e  case o f  th e  S p ec tro g rap h  
B a b y  b y  a lte rn a tin g  cu rren t.

In  p rac tice , o f course, th e  inverse  of th e  m agnetic  c h a ra c te r is tic  cu rve  
is to  be used an d  even th e  en erg y  c h a ra c te r is tic  curve [6] can  be o b ta in ed  
from  th e  m ag n etic  one in  a sim ple w ay.
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r e c e n s i o n e s

M il t o n  K e r k e r

Electrom agnetic Scattering

I n t e r n a t io n a l  S er ies  o f  M o n o g r a p h s  o n  E le c tr o m a g n e t ic  W a r e s  V o l .  5 , P e r g a m o n  P r e s s ,  
O x fo rd  — L o n d o n — N e w Y o r k — P a r is , 1 9 6 3 ,  5 9 2  p a g e s , L  7 n e t

T h e  v o lu m e  g iv e s  a  c o l le c t io n  o f  p a p e r s  
p r e s e n te d  a t  t h e  I n t e r d is c ip l in a r y  C o n fe r e n c e  
o n  E le c tr o m a g n e t ic  S c a t te r in g  ( I C E S )  h e ld  
a t  C la rk so n  C o lleg e  o f  T e c h n o lo g y , P o t s d a m  
N . Y .  A u g u s t  1 9 6 2 . A s  M i l t o n  K e r k e r , th e  
E d it o r  o f  th e s e  p r o c e e d in g s , p o in ts  o u t  in  th e  
P r e fa c e  t h e  s ix  s e c t io n s  o f  t h e  b o o k  c o r r e s p o n d  
t o  t h e  s ix  s c ie n t if ic  s e s s io n s  o f  t h e  c o n fe r e n c e :  
( t h e  c h a ir m e n  a re  s h o w n  in  p a r e n t h e s e s )
1 . P a r t ic le  S c a t te r in g  ( H .  C. v a n  d e  H u l s t ) ,
2 . L ig h t  S c a t te r in g  in  t h e  A t m o s p h e r e  a n d  
S p a c e  (P . Sw in g s), 3. M ic r o w a v e  a n d  R a d io ­
w a v e  S c a t te r in g  in  t h e  A t m o s p h e r e  (J . 
St e w a r t  Ma rsch a ll),, 4. L ig h t  S c a t te r in g  
in  S o lu t io n  (P e t e r  D e b y e ), 5. I n t e r a c t io n  
in  S o l id s  a n d  L iq u id s  (V icto r  K . la  M e r ), 
6. M u lt ip le  S c a t te r in g  (V ictor  T w e r s k y ).

T h e  P r e fa c e  i s  fo l lo w e d  b y  a s h o r t  
I n t r o d u c t io n  b y  P r o fe s s o r  v a n  d e  H u l s t , 
o u t l in in g  t h e  p u r p o s e  a n d  th e  s p ir it  o f  th is  
m e e t in g  “ T h e  p r o b le m  o f  ‘k e e p in g  in  t o u c h ’ 
w it h  d e v e lo p m e n ts  in  r e la t e d  f ie ld s  b e c o m e s  
r e a l ly  b e w ild e r in g ”  —  h e  s a y s . “ I n  th is  
s i t u a t io n  g r e a t  b e n e f i t  c a n  b e  d e r iv e d  fro m  
a  m e e t in g  o f  e x p e r t s  in  w id e ly  v a r y in g  f ie ld s  
o n  w h a t  se e m s  t o  h e  c o m m o n  g r o u n d , a n  
in te r d is c ip l in a r y  c o n f e r e n c e .”  “ T h e  I n t e r ­
d is c ip l in a r y  C o n fe r e n c e  o n  E le c tr o m a g n e t ic  
S c a t te r in g  s e t  a f in e  e x a m p le  o f  s u c h  m u t u a l  
in s p ir a t io n  a c c r o ss  w id e ly  d if fe r e n t  f i e ld s  o f  
s p e c ia l i s a t io n ” .

A s  fo r  t h e  s u b j e c t s  t r e a t e d  in  t h e  c o n ­
fe r e n c e  a n d  th is  v o lu m e :  a b o u t  o n e - th ir d  o f  
t h e  p r o g r a m  w a s  d e v o t e d  t o  t h e  s c a t t e r in g  
p r o p e r t ie s  o f  s in g le  p a r t ic le s  w h ile  t h e  o th e r  
e n d  o f  t h e  sc a le  o f  p r o b le m s  w a s  fo r m e d  b y  
m u lt ip le  s c a t t e r in g . B e t w e e n  th e s e  l i m i t s  are  
t r e a t e d  t h e  p r o b le m s  i n  w h ic h  th e  d is t in c t io n  
o f  in d iv id u a l  s c a t t e r in g  p a r t ic le s  in  th e  
m e d iu m  is  i t s e l f  n o t  a n  e a s y  q u e s t io n .

P a r t  1 c o n ta in s  p a p e r s  o n  “ P a r t ic le  
S c a t te r in g ” . J .  B . K e l l e r  a n d  B .  R .  L e v y  
r e p o r t  o n  “ S c a t te r in g  o f  S h o r t  W a v e s ” , P . J . 
W y a t t  o n  “ L ig h t  S c a t te r in g  fr o m  O b je c ts  
w it h  S p h e r ic a l S y m m e t r y ”  a n d  S . L e v i n e  
a n d  M . K e r k e r  o n  “ S c a t te r in g  o f  E le c t r o ­
m a g n e t ic  W a v e s  f r o m  T w o  C o n c e n tr ic
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d e a ls  w i t h  “ S c a t te r in g  D ia g r a m s  in  t h e  M ie  
R e g io n ” , J . R . H o d k i n s o n  w it h  “ L ig h t  
S c a t te r in g  a n d  E x t in c t io n  b y  Ir r e g u la r  
P a r t ic le s  la r g e r  th a n  t h e  W a v e le n g t h ”  a n d  
W . H e l l e r  w ith  “ T h e o r e t ic a l  a n d  E x p e r i ­
m e n t a l  I n v e s t ig a t io n  o f  t h e  L ig h t  S c a t te r in g  
o f  C o llo id a l  S p h e r e s” .

P a r t  2 e n t it le d  “ L ig h t  S c a t te r in g  in  t h e  
A t m o s p h e r e  a n d  S p a c e ”  c o n ta in s  J .  M . 
G r e e n b e r g , A . C. L i n d , R . T . W a n g  a n d
L . F .  L i b e l o ‘s p a p e r  o n  “ T h e  P o la r is a t io n  
o f  S t a r l ig h t  b y  O r ie n te d  N o n s p h e r ic a l  P a r t ­
ic le s ” , M . F . I n g h a m ’s p a p e r  o n  “ S c a t te r in g  
b y  I n t e r p la n e t a r y  a n d  C is lu n a r  D u s t  P a r t ­
ic le s ” . F u r th e r  B . D o n n  a n d  R . S . P o w e l l  
d e a l w i t h  “ A n g u la r  S c a t te r in g  fr o m  I r r e g u ­
la r ly  s h a p e d  P a r t ic le s  w i t h  A p p lic a t io n  t o  
A s t r o n o m y ” , P . S w i n g s  w it h  “ S c a t te r in g  b y  
C o m e ta r y  P a r t ic le s ” . “ S c a t te r in g  a n d  P o la r i ­
s a t io n  P r o p e r t ie s  o f  P o ly d is p e r s e d  S u s p e n ­
s io n s  w i t h  P a r t ia l  A b s o r p t io n ”  is  t r e a t e d  b y  
D . D e i r m e n d j i a n , “ M ie  S c a t te r in g  o f  a n  
A t m o s p h e r ic  A ir  V o lu m e ”  b y  K . B u l l r i c h  
a n d  “ R a y le ig h  S c a t te r in g  a n d  P o la r iz a t io n  
in  t h e  A tm o s p h e r e ”  b y  T . G e h r e l s .

P a r t  3 o n  “ M ic r o w a v e  a n d  R a d io w a v e  
S c a t te r in g  in  th e  A t m o s p h e r e ”  c o n ta in s  t h e  
f o l lo w in g  p a p e r s:  “ B a c k - S c a t te r  b y  D ie le c t r ic  
S p h e r e s  w i t h  a n d  w i t h o u t  M e ta l C a p s”  b y  
D . A t l a s  a n d  M . G l o v e r , “ S u r fa c e  W a v e s  
A s s o c ia t e d  w it h  t h e  B a c k - S c a t te r in g  o f  
M ic r o w a v e  R a d ia t io n  b y  L a r g e  Ic e  S p h e r e s ”  
b y  J .  R . P r o b e r t - J o n e s , “ C a lc u la t io n s  o f  
t h e  T o t a l  A t te n u a t io n  a n d  A n g u la r  S c a t te r  
o f  I c e  S p h e r e s ”  b y  B .  M . H e r m a n  a n d  L . J .  
B a t t a n ,  “ T h e  R o le  o f  R a d io  W a v e  S c a t ­
t e r in g  in  t h e  S tu d y  o f  A tm o s p h e r ic  M ic r o ­
s t r u c t u r e ”  b y  R . B o l g i a n o  J r . a n d  “ A t ­
m o s p h e r ic  S c a t te r  R e f le c t io n  P h e n o m e n a  in  
R a d io  W a v e  P r o p a g a t io n ”  b y  A . S p i z z i c h i n o  
a n d  J .  V o g e .
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“ L ig h t  S c a t te r in g  in  S o lu t io n ”  is  t r e a t e d  
in  P a r t  4  in  v a r io u s  c o n d it io n s :  b y  d i lu te  
s o lu t io n  o f  h ig h  p o ly m e r s ,  b y  n o n id e a l  
s o lu t io n s ,  b y  e le c t r o ly t e  s o lu t io n s  c o n ta in in g  
c h a r g e d  c o l lo id a l  p a r t ic le s ,  b y  n o n -G a u s s ia n  
m a c r o m o le c u la r  c o i ls  a n d  b y  s o a p  f i lm s  in  
t h e  r e s p e c t iv e  p a p e r s  o f  H . B e n o i t , D .  
S t i g t e r , J .  T h . G . O v e r b e e k , A . V r i j , H .  
F .  H u i s m a n , A . P e t e  r u n  a n d  A . V r i j . T h e  
r e s t  o f  t h i s  P a r t  i s  c o n c e r n e d  w i t h  “ T h e  
A p p l ic a t io n  o f  L ig h t  S c a t te r in g  a n d  S m a ll-  
A n g le  X - R a y  S c a t te r in g  t o  I n t e r a c t in g  B io ­
lo g ic a l  S y s t e m s ”  ( S .  N .  T i m a s h e f f )  a n d  
“ L ig h t  S c a t te r in g  S tu d ie s  o n  M o n o d isp e r s e  
S i lv e r  B r o m id e  S o ls ”  ( D .  H . N a p p e r  a n d  
R . H . O t t e w i l l ).

P a r t  5 i s  e n t i t l e d  “ I n t e r a c t io n  in  S o lid s  
a n d  L iq u id s ” , w h e r e  P . D e b y e ’s  a r t ic le  o n  
“ L ig h t  S c a t te r in g  a n d  M o le c u la r  F o r c e s ”  is  
f o l lo w e d  b y  “ S c a t te r in g  o f  E le c tr o m a g n e t ic  
R a d ia t io n  a s  a  T o o l  fo r  I n v e s t ig a t in g  C r it ica l  
P h e n o m e n a  (T h e  L o w - A n g le  X - R a y  S c a t ­
t e r in g  o f  t h e  N it r o b e n z e n e - n - H e p t a n e  S y s ­
t e m  in  t h e  C r it ic a l R e g io n ) ”  b y  H . B r u m - 
b e r g e r  a n d  W . C. F a r r a r , “ O p tic a l  E x ­
t in c t io n  b y  M e ta l P r e c ip i t a t e s  in  S e m i­
c o n d u c to r s  a n d  I n s u la t o r s ”  b y  B .  R . G o s -  
s iC K , “ T h e  S c a t te r in g  o f  L ig h t  b y  H e t e r o ­
g e n e i t ie s  in  C r y s ta ll in e  P o ly m e r ic  S o l id s ”  b y  
R . S . S t e i n , “ A b s o lu t e  I n t e n s i t y  o f  S m a ll  
A n g le  X - R a y  S c a t te r in g  in  S o l id  H ig h  P o ly ­
m e r  R e s e a r c h ”  b y  O . K r a t k y  a n d  f in a l ly  
“ L ig h t  S c a t te r in g  f r o m  E la s t ic  S tr a in s ”  b y  
M . G o l d s t e i n .

T h e  la s t  p a r t  o f  t h e  b o o k ,  P a r t  6 , is  d e v o t e d  
t o  M u lt ip le  S c a t te r in g .  C. C. G r o s j e a n  
r e p o r t s  o n  “ R e c e n t  P r o g r e s s  in  t h e  D e v e lo p ­
m e n t  o f  a  N e w  A p p r o x im a t e  G e n e r a l T h e o r y  
o f  M u lt ip le  S c a t te r in g ” . A  p a p e r  b y  C. M .

C h u , S . W . C h u r c h i l l  a n d  S . C . P a n g  
c o n s id e r s  “ A  V a r ia b le -O r d e r  D if fu s io n - T y p e  
A p p r o x im a t io n  f o r  M u lt ip le  S c a t t e r in g ” . 
“ M u lt ip le  S c a t te r in g  o f  W a v e s ”  i s  t r e a te d  
in  “ D e n s e  D is t r ib u t io n s  o f  L a r g e  T e n u o u s  
S c a t te r e r s ”  b y  V .  T w e r s k y  a n d  in  “ M ed ia  
w it h  A n is o t r o p ic  S c a t te r in g ”  b y  Z . S e k e r a . 
T . W . M U L L IK IN  d e a ls  w it h  “ U n iq u e n e s s  
P r o b le m s  in  t h e  M a th e m a t ic s  o f  M u lt ip le  
S c a t te r in g ” , C . M . C h u , J . A .  L e a c o c k , 
J .  C . C h e n  a n d  S .  W . C h u r c h i l l  w ith  
“ N u m e r ic a l  S o lu t io n s  fo r  M u lt ip le ,  A n is o ­
t r o p ic  S c a t t e r in g .”  T h e  b o o k  c o n c lu d e s  w ith  
H .  C . v a n  d e  H u l s t ’s  “ R e m a r k s  o n  M u lt ip le  
S c a t te r in g ” .

T h e  a b o v e  l i s t  o f  p a p ers  m a y  s h o w  q u ite  
c le a r ly  t h a t  t h e  v o lu m e  g iv e s  v a lu a b le  in ­
f o r m a t io n  in  a  v e r y  w id e  f ie ld  o f  s c ie n c e .  I t s  
in te r d is c ip l in a r y  c h a r a c te r  m a k e s  i t  i n  so m e  
r e s p e c t s  m o r e  in s p ir a t iv e  t h a n  t h e  u s u a l  
p r o c e e d in g s  o f  o t h e r ,  m u c h  m o re  c o n v e n t io n a l  
s y m p o s ia .  T h e  b o o k  is  n o t  a  T r e a t i s e  o n  
E le c tr o m a g n e t ic  S c a t te r in g , i t s  a im  b e in g  
t o  g iv e  a  c o l le c t io n  o f  in te r e s t in g  a n d  in s p ir ­
a t iv e  in d iv id u a l  c o n tr ib u t io n s  i n  t h i s  f ie ld ,  
w h e r e  t h e  c o m m o n  d e n o m in a to r  i s  th e  
e le c t r o m a g n e t ic  s c a t t e r in g .  I t  c a n  b e  u s e d  
to  a d v a n ta g e  p r im a r i ly  b y  r e s e a r c h  w o r k e r s ,  
b u t  i t  m a y  a ls o  b e  o f  v a lu e  fo r  t h e  b e g in n e r s  
a n d  s t u d e n t s  w h o  m a y  e v e n  o b t a in  so m e  
g e n e r a l  p e r s p e c t iv e s  o f  th e  e n t ir e  f i e l d .

C r e d it  i s  d u e  t o  M i l t o n  K e r k e r  for  
c a r e fu l  e d i t in g .  T h e  b o o k  w a s  p u b li s h e d  as  
V o lu m e  5 o f  t h e  I n t e r n a t io n a l  S e r ie s  o f  
M o n o g r a p h s  o n  E le c tr o m a g n e t ic  W a v e s  b y  
P e r g a m o n  P r e s s  a t  t h e  u s u a l h ig h  s ta n d a r d  
o f  t h i s  P u b lis h e r .

J .  A n t a l

J .  T h e w l is  ( H a r w e l l )

Encyclopaedic D ic tionary  o f Physics

V o l. 6 , P e r g a m o n  P r e s s ,  O x fo r d , L o n d o n , N e w  Y o r k ,  P a r is ,  196 2

T h e  v o lu m e  c o n t a in s  8 8 3  p a g e s  in  la r g e  
o c t a v e  fo r m . T h e  p r e p a r a to r y  c o m m it t e e  
o f  t h e  c o m p le te  w o r k  in c lu d e d  m o r e  t h a n  
1 5 0  fa m o u s  p e r s o n a l i t ie s .  T h e  n u m b e r  o f  
c o n t r ib u t o r s  t o  t h i s  v o lu m e  w a s  a p p r o x im a t ­
e ly  4 0 0 .  T h e  t i t l e  w o r d s  o f  v o lu m e  6 b e g in  
w it h  “ R a d ia t io n ,  c o n t in u o u s ”  a n d  e n d  w it h  
t h e  e x p r e s s io n  “ S te l la r  lu m in o s i t y ” .

A s  r e g a r d s  i t s  d im e n s io n s  t h i s  b o o k  is  
a lm o s t  e q u iv a le n t  t o  la r g e  h a n d b o o k s ,  y e t  
i t s  v o c a b u la r y  c h a r a c te r  m a k e s  e v e r y t h in g  
in  i t  e a s i ly  a c c e s s ib le .  Y o u n g  r e s e a r c h e r s  m a y  
e v e n  u s e  i t  a s a t e x t b o o k ,  i f  o n e  h a s  p a t ie n c e  
t o  lo o k  u p  fo r  th e  t i t l e  w o r d s  fo l lo w in g  e a c h

o th e r . T h u s  e . g . t h e  w o rd s  o f  r a d io a c t iv i t y  
o c c u p y  a p p r o x im a t e ly  140  p a g e s .  T h e  t e x t  
o f  e a c h  t i t l e  w o r d  is  im m e d ia t e ly  fo llo w e d  
b y  t h e  l i te r a tu r e  o f  t h e  s u b je c t .

T it le  w o r d s  a re  g iv e n  as c o m m o n ly  u sed  
in  t h e  E n g lis h  s p e a k in g  c o u n tr ie s .  T h u s  i t  
m a y  o c c u r  t h a t  e .  g . in s te a d  o f  t h e  e x p r e s s io n  
“ sc r e w  d is lo c a t io n s ”  o n e  f in d s  “ s c r e w  d is ­
p la c e m e n ts ” . T h e  r e a d e r  h a s  t o  t r y  t o  f in d  
a c o r r e s p o n d in g  s y n o n im , i f  a n y  w o r d  se e m s  
t o  b e  m is s in g .

R e fe r e n c e s  a r e  a m p le  a n d  w e l l  s e le c te d ,  
y e t  e . g . u n d e r  t h e  t i t l e  w o r d  “ S c h lie r e n ”  
r e fe r e n c e  is  m is s in g  t o  S c h a r d i n ’s  d e ta i le d
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a r t ic le  in  t h e  E r g e b n is s e  d er  e x a k t e n  N a t u r ­
w is s e n s c h a f t e n ,  2 0 , 3 0 3 — 4 3 9 , 1 9 4 2 , w h e r e  
a ll  a s p e c t s  o f  t h e  p h e n o m e n o n  are  t r e a te d .

N a t u r a l ly ,  i t  i s  im p o s s ib le  t o  a v o id  so m e  
p r in te r ’s erro rs . T h u s  e . g . o n  p a g e  19 8  u n d e r  
t h e  t i t l e  w o r d  R a t e  P r o c e s s  H act =  a c t iv a ­
t io n  e n e r g y  sh o u ld  p r o b a b ly  b e  r e p la c e d  b y  
A 77act =  a c t iv a t io n  e n e r g y  a n d  a c c o r d in g ly  
S act =  s h o u ld  r e a d  A  S s c i  =  a c t iv a t io n  e n t -  
r o p y ;

S im ila r ly , i t  s h o u ld  b e  m e n t io n e d  t h a t  
o n  p a g e  22 3  t h e  t i t l e  w o r d  R e c o m b in a t io n  
s h o u ld  in c lu d e , in  a d d it io n  t o  t h e  p o s i t iv e  
io n  a s  e le c tr o n  c a p t u r in g  p la c e ,  t h e  p o s i t iv e  
h o le , a ls o  a s e le c tr o n  c a p t u r in g  p la c e .

O n  p a g e  53 7  u n d e r  t h e  t i t l e  w o r d  S o le n o id  
i t  w o u ld  b e  d e s ir a b le  t o  g iv e  t h e  fo r m u la  
o f  t h e  m a g n e t ic  f i e ld  in t e n s i t y  a p p e a r in g  
in s id e  t h e  c o il.

O n  p a g e  6 3 7  t h e  t i t l e  w o r d  S p e c if ic  
R e s is t a n c e  i s  s a id  t o  in c r e a s e  in  g e n e r a l w it h  
t e m p e r a tu r e . I t  c o u ld  p e r h a p s  b e  m e n t io n e d  
t h a t  t h i s  a s s e r t io n  i s  in  g e n e r a l  v a l id  fo r  
m e ta ls ,  b u t  th e  c a s e  i s  j u s t  t h e  o p p o s it e  fo r  
s e m ic o n d u c to r s .

S u c h  s m a ll  d e f ic ie n c ie s ,  w h ic h  m a y  c a u s e

d if f ic u l t ie s  fo r  t h e  y o u n g  p h y s i c i s t s ,  o u g h t  
t o  h e  c o r r e c te d .

T h e  b o o k  g iv e s  a  p r e c is e  h is t o r ic  b a c k ­
g r o u n d  o f  c o n c e p t s  o f  m a jo r  im p o r ta n c e ,  
w h ic h  is  u s e f u l  in  m a n y  c a s e s .  R e fe r e n c e s  
t o  r e la t e d  f i e ld s  a re  c a r e fu l ly  s e le c t e d ,  th u s  
p a r t ic u la r ly  t o  b io lo g y  a n d  b io p h y s ic s ,  a n  
im p o r ta n t  a d v a n t a g e  r e g a r d in g  t h e  r a p id  
d e v e lo p m e n t  o f  p h y s ic s  in  o u r  d a y s .  A s  a  
w h o le  t h e  b o o k  is  e q u a lly  u s e f u l  fo r  th e  
r e s e a r c h e r  a n d  t h e  a p p lie d  p h y s ic i s t .

T h e  la y o u t ,  p r in t in g ,  f ig u r e s  a n d  t a b le s  
a re  a l l  e x e m p la r y .

T h is  b o o k  c a n  b e  u s e d  b y  a l l  w h o  h a v e  
a lr e a d y  a c q u a in te d  t h e m s e lv e s  w i t h  th e  
fu n d a m e n ta ls  o f  e x p e r im e n ta l  a n d  th e o r e t ic a l  
p h y s ic s .  H o w e v e r ,  c e r ta in  s e l f - d is c ip l in e  is  
r e q u ir e d  o f  t h e  r e a d e r  to  lo o k  u p  fo r  th e  
p r e c is e  d e f in i t io n  o f  a n y  c o n c e p t  w i t h  w h ic h  
h e  m a y  n o t  b e  fa m il ia r . D o in g  s o  f o r  y e a r s  
o n e  m a y  o b ta in  p r e c is e  in fo r m a t io n  o n  m a n y  
s u b je c t s  a t  t h e  e x p e n s e  o f  a  c o m p a r a t iv e ly  
s m a ll  a m o u n t  o f  w o r k . I t  i s ,  h o w e v e r ,  n e c e s ­
s a r y  t h a t  t h e  r e a d e r  h a s  a c c e s s  t o  a l l  v o lu m e s  
o f  t h e  D ic t io n a r y .

Z. Gy u la i

R . K . W a n g s n e s s

Introduction to Theoretical Physics (Classical M echanics and Electrodynam ics)
J o h n  W ile y  a n d  S o n s  I n c . ,  N e w  Y o r k  a n d  L o n d o n  1 9 6 3 . P p  X  4 1 3

T h is  t e x tb o o k  w i l l  b e  fo u n d  u s e fu l  b y  
a n y b o d y  w h o  w a n t s  t o  le a r n  t h e o r e t ic a l  
p h y s ic s ,  a n d  in  p a r t ic u la r  b y  th o s e  w h o  
w a n t  t o  w o r k  in  t h e  f i e ld  o f  q u a n tu m  m e c h a ­
n ic s .  T h e  b o o k  r e q u ir e s  o n ly  t h e  k n o w le d g e  
o f  t h e  v e r y  e le m e n ts  o f  e x p e r im e n ta l  p h y s ic s  
a n d  o f  d if f e r e n t ia l  a n d  in te g r a l  c a lc u lu s , a n d  
a l t h o u g h  i t s  s t y le  a lw a y s  r e m a in s  e a s y - to -  
r e a d  a n d  c le a r , i t  g r a d u a l ly  d ig s  d eep er  n o t  
o n ly  in t o  p h y s ic s  b u t  a ls o  in t o  m a th e m a t ic s ,  
p r o v id in g  t h e r e b y  a n  e x c e l le n t  s ta r t in g  p o in t  
fo r  fu r th e r  s t u d ie s .  C are h a s  b e e n  ta k e n

t h r o u g h o u t  t h e  b o o k  t o  t e a c h  n o t  o n ly  th e  
s u b j e c t -m a t te r  i t s e l f ,  b u t  a lso  t h e  p h y s ic a l  
w a y  o f  th in k in g .

T h e  b o o k  c o n s i s t s  o f  th r e e  m a in  p a r ts :  
M e c h a n ic s , E le c tr o d y n a m ic s  a n d  I n t e r a c t io n s  
o f  E le c tr o m a g n e t ic  F ie ld s  a n d  M a t te r . T h e s e  
p a r t s  d e a l n o t  o n ly  w it h  t h e  b a s ic  la w s ,  
b u t  d is c u s s  a ls o  m a n y  a p p lic a t io n s  i n  d e ta i l ,  
in  p a r t ic u la r  t h o s e  w h ic h  m a y  b e  im p o r ta n t  
fo r  t h e  s t u d y  o f  q u a n tu m  m e c h a n ic s .

T .  S z o n d y
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T h e  A c t a  P h y s i c a  p u b lis h  p a p ers  o n  p h y s ic s ,  in  E n g l is h ,  G e r m a n , F r e n c h  a n d  R u s s ia n .  
T h e  A c t a  P h y s i c a  a p p e a r  in  p a r ts  o f  v a r y in g  s iz e ,  m a k in g  u p  v o lu m e s .
M a n u s c r ip ts  s h o u ld  h e  a d d r e s s e d  t o  :

A c t a  P h y s i c a ,  B u d a p e s t  5 0 2 ,  P o s t a f i ó k  2 4 .

C o r r e sp o n d e n c e  w i t h  t h e  e d ito r s  a n d  p u b lis h e r s  s h o u ld  h e  s e n t  t o  t h e  s a m e  a d d r e ss .  
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NOTES ON THE QUANTUM-MECHANICAL DISCUSSION 
OF THE GIBBS PARADOX

By

Gy . F áy

D E P A R T M E N T  O F  A TOM IC P H Y S IC S , P O L Y T E C H N IC A L  U N IV E R S IT Y , B U D A P E S T *  

(Presented by I. Kovács. — Received 3. III. 1964)

Starting from the deductive development of quantum theory as worked out by N e u m a n n  
and making use of the quantum-theoretical propositional calculus it will be shown that the quan­
tum theoretical entropy of any physical property increases if the property is replaced by a logi­
cally weaker one.

Introduction

I t  has  been th e  recogn ition  th a t  th e  en tro p y  is an  in fo rm a tio n -th e o re tica l 
concep t, i. e. th a t  i ts  v a lue  depends on th e  co n d itio n s u n d e r w h ich  th e  
given th e rm o d y n a m ic a l sy stem  is in v e s tig a te d , t h a t  led  to  th e  re so lu tio n  
o f th e  th e rm o d y n a m ic a l G ib b s  p a ra d o x 1 [1]. More s tr ic t ly  speak in g : one can 
assign to  a th e rm o d y n a m ic a l sy stem  such  p ro p e rtie s , w hich , a lth o u g h  u n im ­
p o r ta n t  concern ing  i ts  m acroscop ical b eh av io u r, m a y  affect th e  v a lu e  of its  
e n tro p y . L. S z il Áb d  [2] m ade th e  f ir s t  q u a n tita tiv e  in v estig a tio n s concern ing  
th e  change o f th e  e n tro p y  o f a sy s tem  due to  som e e x te rn a l ac tio n  orig in ­
a tin g  in  th e  know ledge o f ce rta in  m icroscopical p ro p e rtie s  o f it.

B efore exposing  th e  aim s of th e  p a p e r  le t us fo rm u la te  th e  G ib b s  p a ra d o x  
in general.

L e t us consider tw o  sam ples o f  gases iso la ted  b y  a w all. L e t th e  s ta te  
o f th e  gases be d e te rm in ed  b y  th e ir  p ressu res (P 1? P 2), th e ir  vo lum es ( V t =  
=  V2 — V)  an d  th e  n u m b ers  of th e ir  m olecules ( N v  N.2). I f  th e  system  
1 +  2 is th e rm a lly  hom ogeneous i t  h as  en tro p y  th e  v alue  of w hich  is

S =  S, + s2 .

L et us rem ove  now  th e  w all and  le t us consider th e  th e rm o d y n a m ic a l system  
o b ta in ed  in  th is  w ay . L e t th e  e n tro p y  o f th e  new  sy s tem  be S12. T h en  i t  fol­
lows fro m  th e rm o d y n am ics  th a t

* Present address: Department of Physics, Technical University for Heavy Industry, 
Miskolc, Hungary.

1 In the paper [1] F é n y e s  has completely resolved the G i b b s  paradox. The present 
paper actually does not deal with the thermodynamical G i b b s  paradox, but it gives a more 
general discussion of a property of the entropy recognized in the course of investigating the 
G i b b s  paradox.
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à S =  S12 -  (S, +  S2) >  0.

T his change AS of th e  e n tro p y  does n o t v a n ish  even if  th e  sy stem s 1 and  2 
are  “ co m ple te ly  e q u iv a le n t”  m ean in g  b y  th is , th a t  th e y  are  th e rm o d y n a ­
m ica lly  e q u iv a le n t, i.e. th e  o b servab les (P , V, N )  describ ing  th e ir  s ta te  an d  
th e i r  eq u a tio n s  o f  s ta te  are  id e n tic a l. This la t te r  m eans in  th e  case of idea l 
gases th a t  th e ir  m olecular w e ig h ts  are th e  sam e. As we could  h av e  dev ided  
th e  sy s tem  1 +  2 b y  th e  w all p u re ly  mentally,  i t  appears p a ra d o x ic a l th a t  
th is  p u re ly  m e n ta l ac tion  can  ch an g e  th e  e n tro p y .2

T his p u re ly  m en ta l d iv id in g  m eans, h o w ever, th a t  w hile we assigned 
to  e v e ry  m olecule of th e  sy s te m  1 +  2 (w ith o u t w all) th e  p ro p e r ty  th a t  i t  
can  m ove in  th e  vo lum e 2 V,  th e  vo lum e av a ilab le  for a n y  m olecule of th e  
sy s te m  1 +  2 (w ith  w all) is o n ly  V.3 This can  also be fo rm u la te d  so th a t  th e  
m e n ta l  rem o v in g  o f th e  w all is e q u iv a len t to  rep lac in g  a c e r ta in  p ro p e rty  
o f  th e  m olecules (subsystem s)4 com prising  th e  gas (th e  th e rm o d y n a m ic a l 
sy s te m ) b y  a consequence o f i t .

N a tu ra lly  phenomenological  th e rm o d y n am ics  can n o t m ake s ta te m e n ts  
co n cern in g  such  “ F ”  and  “ 2 F ”  ty p e  p ro p ertie s  o f m olecules (m ore generally : 
su b sy stem s) m a k in g  up a th e rm o d y n a m ic a l sy s tem , since o f  th e  “ p ro p e r­
t ie s ”  o f  th e  m olecules (m ean t in  a genera l sense) on ly  th e ir  n u m b e r N  en te rs  
e x p lic itly .5

C o n seq u en tly , th is  p rob lem  m u st be in v e s tig a te d  in  th e  fram ew ork  o f 
a th e o ry  w hich  ex p lic itly  in v e s tig a te s  th e  p ro p e rtie s  o f th e  subsystem s 
o f a  p h ysica l sy s tem . O ur a im  is ev id e n tly  to  show : Whenever a property  
o f  a system is replaced by a (w eaker) consequence o f  it, the entropy o f  the system 
increases.  T he th e o ry  w hich m ak es possib le su ch  in v es tig a tio n s  is th e  quantum  
heory .6

2. The macroentropy o f quantum -m echanical ensem bles

L e t us co n sid e r a q u a n tu m -m e c h a n ica l ensem ble w ith  th e  s ta tis tic a l 
o p e ra to r  U,  a n d  le t  us in v e s tig a te  how  a m acroscop ica l o b se rv e r can  c h a r­
a c te riz e  it. H is p ro ced u re  is a lw ay s th e  fo llow ing: he considers som e p ro p e rty  
Cj a n d  m easures th e  p ro b a b ility  w ith  w hich occurs in  th e  ensem ble . B esides,

2 N a t u r a l ly  o n ly  i f  w e  a s s u m e  t h a t  t h e  s t a t e  o f  t h e  s y s t e m  i s  u n iq u e ly  d e te r m in e d  
b y  i t s  p r e ssu r e  P ,  a n d  i t s  v o lu m e  2 V .  I n  t h i s  c a s e  t h e  s y s t e m  is  n o t  c h a n g e d  b y  m e n ta l ly  d e v id -  
in g  i t  b y  a w a ll ,  a s  w e  d o  n o t  t a k e  n o t ic e  o f  t h e  f a c t  t h a t  t h e  g a s  i s  m a d e  u p  o f  m o le c u le s .  
T h e  p a r a d o x  l ie s  in  t h e  f a c t  t h a t  i f  w e  t a k e  in to  a c c o u n t  a lso  t h e  m ix in g  o f  t h e  g a s  c a u se d  
b y  t h e  r e m o v in g  o f  t h e  w a ll , t h a t  i s ,  i f  w e  t a k e  in to  a c c o u n t  t h a t  t h e  o r ig in a l s y s t e m  ( P , V )  ■

( / ’. I ) h a s  b e e n  c o n v e r t e d  in t o  t h e  s y s t e m  ( P ,  2 1 )  : - ( P ,  2 V ) ,  t h e  e n t r o p y  o f  t h e  la t t e r  
s y s t e m  w il l  d iffe r  f r o m  t h e  e n t r o p y  o f  t h e  fo rm e r  o n e .

3 T h u s  h e r e  w e  a lr e a d y  a b a n d o n e d  t h e  p h e n o m e n o lo g ic a l  a t t i t u d e .
4 T h e s e  a re  a lr e a d y  n o t  th e r m o d y n a m ic a l  s y s t e m s .
5 O r n o t  e v e n  t h i s ,  in  m o r e  r e s t r ic t e d  c o n s id e r a t io n s  ( c f .2).
6 D e t a i le d  q u a n t i t a t iv e  in v e s t ig a t io n s  c o n c e r n in g  p r o p e r t ie s  o f  p h y s ic a l  s y s t e m s  h a v e  

b e e n  ca r r ie d  o u t  b y  N e u m a n n  ( [ 3 ] ,  C h a p te r  I I I . p . 5 .,  a n d  C h a p te r  IY . p . 3 .) .

A l t i  P hys. Hung. Тот . X V I I I .  Fasc. 4.
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how ever, he in e v ita b ly  m easures a lso  th e  co m p lem en ta ry  p ro p e r ty  £x. 
N am ely , b y  s ta tin g  th a t  th e  p ro p e rty  £x is n o t p re sen t in  som e sy s tem  p ick ed  
ou t a t  ra n d o m , he show s a t  th e  sam e tim e  th a t  th e  p ro p e r ty  (“ n o t  £г” ) 
is p re se n t. D en o tin g  £x b y  £2, th e  m e th o d  o f m easu ring  o f  th e  m acroscop ica l 
observer in te re s te d  on ly  in  one p ro p e rty  can  be ch a ra c te riz e d  b y  th e  o p e ra to rs  
E x an d  E 2 w h ich  belong to  th e  p ro p e rtie s  £x an d  £2 an d  w hich sa tis fy  th e  
re la tio n s

E x +  E 2 =  1,

E r • E 2 =  0.

L e t us assum e now  th a t  th e  o b se rv e r w an ts  to  o b ta in  in fo rm a tio n  
ab o u t th e  p ro p ertie s  £x, £2, £3, . . ., eN. S im ila rly  as p rev io u sly  i t  follow s also 
in  th is  case, th a t

( 1 )
1 =  1

W e shall show , how ever, th a t  also th e  “ o rth o g o n a lity  re la tio n s”

E r E k =  0 ( г ф к )  (2)

can  a lw ays be fu lfilled  in  th e  sense t h a t  i f  th e  se t E x, E 2, E 3, . . ., E ц  =  {F,} 
is n o t o rth o g o n a l b u t  is “ co m p le te” , i.e . i t  sa tisfies (1), one can alw ays assign 
in  a u n iq u e  w ay  to  th e  se t {Ejs } (i  =  1, 2, 3, . . ., N )  a se t { F n} (n  =  1, 2, 3, 
. . ., M  =  2) for w hich th e  o rth o g o n a lity  re la tio n s

F , - F k =  0 (i=f=k)  (2 ')
hold .

T his se t { F n} can  be co n s tru c te d  in  th e  follow ing w ay . L e t us re c a s t 
th e  o p e ra to r  Ef  b y  m ak in g  use of th e  f a c t ,  th a t  fo r ev e ry  к (к =  1 , 2 , 3 , . .  ., N )

T hus
1 =  Е к +  (1 —  Е к).

Ei  =  1.1. 1. . . 1 . Ei: . 1 . . . 1 =  [Ey +  (1 —  £ ,) ]  • [E,  +  (1 -  E 2)].

. . . [£ ,_ !  +  (1 -  £ ,_ ,) ]  - E i . . .  [ E n  +  (1 -  E n )]. (3)

In  o rd e r to  sim plify  th e  expression  le t us in tro d u ce  th e  n o ta t io n  '

E k =  E t ,  1 —  E k =  E k (k =  1, 2, 3, . . ., N) .

7 These symbols have been used by N e u m a n n  [3], pp. 217 — 8.

l* A cta  P h ys . H u n g . Тот . X V I I I .  F a se . I .
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L e t us d e n o te  th e  sym bo ls -j-, —  co llec tiv e ly  b y  —  -f- or sk =  — ,
an d  th e se  sy m b o ls  can o ccu r in  th e  k ' t h  fa c to r  o f th e  follow ing exp ression  
o b ta in ed  fro m  (3) in  a s tra ig h tfo rw a rd  m a n n e r

Et =  X I  Ej' (si =  + )  • (4)
'*=± 7=i

T he su m m a tio n  m u st be e x te n d e d  to  ev e ry  possib le  co m b in a tio n  of th e  sy m ­
bols -f- a n d  — , keep ing  th e re b y  s,- =  -)-• L e t us den o te  th e  n ’th  te rm  on th e  
r ig h t h a n d  s id e  o f (4) b y  E „. The n u m b e r o f  th e  E „’s is ev id e n tly  eq u a l to  
2 N, th e  n u m b e r  o f  w ays in  w hich  th e  sym bo ls -J- an d  —  can  be d is tr ib u te d  
over N  fa c to rs . E v id e n tly  also zeros can  occu r am ong  th e  Fn  s. N ow  i t  is 
easily  v e rif ie d  t h a t  th e  E „ ’s sa tis fy  th e  o r th o g o n a lity  re la tio n s  (2 '). N am ely , 
i f  i  =f= k,  th e  o n ly  d ifference b e tw een  Е г- a n d  F ^ can  be t h a t  th e re  ex is ts  
a su b sc r ip t m  w ith  th e  p ro p e r ty  t h a t  w hile in  th e  m ’tli fa c to r  o f Е,- 
E m or Em  s ta n d s , in  th e  m ’th  fac to r  o f F \  Em  or E m s ta n d s , re sp ec tiv e ly . 
H ow ever, as

E m -Em =  E m - E m ^  0, (5)

(2 ')  can  be sa tis f ie d  b y  m ean s o f (3). H ere  we m ad e  use o f th e  fa c t th a t  th e  E f  s 
co m m u te , w h ich  m eans t h a t  th e  m acro so p ica l p ro p e rtie s  e(- can  he m easu red  
s im u ltan eo u s ly . T his is ju s t  a  consequence o f  th e  macroscopical  c h a ra c te r  o f  
th ese  p ro p e rtie s . N a tu ra lly  b y  (1)

2 N  N

2 F n =  2 E t =  i -
n=1 i= 1

C o n seq u en tly , we can  say  th a t  th e  m e th o d  o f m easu rin g  o f th e  m acro- 
scopical o b se rv e r can  be c h a ra c te r iz e d  b y  th e  se t {E,-} o f o p era to rs  sa tis fy in g  
th e  co n d itio n s (1) and  (2). S u ch  sets w ill be  ca lled  in  th e  fo llow ing normalized.  
C on seq u en tly , th e  n o rm alized  se t {E,} d e te rm in e s  co m p le te ly  th e  p ro b a b ility  
d is tr ib u tio n  e,- o f  th e  m ix tu re  h av in g  th e  s ta t is t ic a l  o p e ra to r  U

e,- =  T race  E E ; ,
a n d  b y  (1) fo r su ch  e,’s

N

2 et =  1-
t= 1

( 6 )

(7)

T hus i t  is e ssen tia lly  th is  d iscre te  p ro b a b ili ty  d is tr ib u tio n  th a t  c h a r ­
ac te rizes th e  v iew -p o in ts  o f  th e  m acroscop ica l observer. A s to  th e  gauge o f  
th e  t in c e r ta in ty  in  th e  v a lu e  o f  th e  p ro b a b ili ty  v a riab le  e(- —  w hich  is ch a ­
ra c te r is tic  o f  th e  m ethods o f  th e  observer —  i t  is su itab le  to  choose th e  m a th e ­
m a tic a l e n tro p y  o f  th e  d is tr ib u tio n  e,-
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E n tr  (S) =  — К  е,- log е,-, (8)
i= i

( K >  0, c o n s ta n t) .

T here rem ains th e  qu estio n , how  th e  e n tro p y  (8) belong ing  to  th e  se t 
{Ej} can  be com pared  w ith  th e  e n tro p y  o f  th e  set {Ej}  ' o b ta in e d  from  th e  se t 
{Ej} b y  rep lac in g  th e  j ’t h  p ro p e rty  b y  a consequence o f i t  be long ing  to  th e  
p ro jec tio n  o p e ra to r  E}; t h a t  is, rep lac in g  Ej  b y  such  an  E} fo r w hich

Ej  • Ej  =  Ej  . (9)

T his p ro b lem  will be in v e s tig a te d  in  th e  n e x t section .

3. The rep lacem ent of th e  inacroscopical property

L e t us now  co n sid er th e  case w h en  th e  m acroscop ical observer w an ts  
to  o b ta in  in fo rm atio n  a b o u t th e  ensem ble w ith  th e  s ta tis t ic a l  o p e ra to r  U 8 
in  such  a w ay  th a t  in s te a d  of in v e s tig a tin g  th e  j ’t h  p ro p e r ly  £,• he in v es tig a te s  
th e  w eaker p ro p e rty  e'j. T h is m ethod  o f o b se rv a tio n  can  be rep re sen ted  in s te a d  
o f th e  se t {г-,} by  a se t {c,-}', th e  d ifference betw een  {e,} an d  {e,}' b e ing  th a t  
th e  j ’th  p ro p e r ty  e,- in  {e,} is rep laced  b y  a consequence e'j o f i t .  E v id e n tly  
th e  set {Ej}’ of p ro jec tio n  o p era to rs  be long ing  to  {e,}' w ill no longer h av e  th e  
p ro p ertie s  (2.1) an d  (2.2), i.e. i t  w ill n o t be no rm alized . T hus a lth o u g h  we can  
fo rm ally  define th e  e n tro p y  of th e  co rrespond ing  se t o f p ro b ab litie s  {e,}', 
{e,}' is no longer a p ro b a b ility  d is tr ib u tio n  an d  co n seq u en tly  th e  exp ression

N
— Е  £  e, log e, =  К  (e1 log +  e., log e2 +  . . . +  e) log ej +  . . . +  eN log eN)

i=i
e'j =  T race  UE'j

can n o t be reg a rd ed  as e n tro p y  an d  th e re  is no reaso n  fo r co m p arin g  i t  w ith  
th e  orig inal expression

N
— K  J ?  ej log e,- .

;= i

C onsequen tly , th e  se t {Ej}'  m u s t be o rth o g o n alized  an d  m u s t be com ­
p le ted , i.e . b y  a p ro ced u re  sim ilar to  t h a t  ca rried  o u t in  S ection  2 a se t {E n} 
m u st be assigned to  i t  in  a un ique  w ay  fo r w hich

8 This is naturally possible, as U does not depend on the £ ,’s.
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M
2 p n =  1 (■M  =  2")° (1)
n=1

E , • F k =  0 ( 1 ф  к). (2)

T he e n tro p y  can  be c o n s tru c te d  on ly  fo r th is  no rm alized  se t {E„} by  th e  
d efin itio n

w here

E n t r '  (S)  =  К  ^ V /„ lo g / ; , ,
П — 1

f n  =  T race U F n .

T his w ill e s se n tia lly  be th e  e n tro p y  to  be co m p ared  w ith  E n t r  (S)  an d  fo r 
w hich  we sh a ll show 10 th a t

E n t r ’ (S) >  E n t r  (S).

In  o rd e r to  do th is , le t us no rm alize  th e  se t {E,-}. L e t us begin  w ith  
th e  o rth o g o n a liza tio n . Be

Et =  У  Esl ' ■ Es? ■ Eg3. .  ,Et . ..  Esf  (i =f=j), (3)

w hile for th e  case i =  j

E ’j =  JV E j '- E j * . . . E j . . .E s*.
S i ...S j—l S j+j .  .  y = ±

D en o tin g  th e  exp ression  to  be  sum m ed b y  F n (n =  1, 2, 3, . . M  — 2N) 
we have  o b ta in e d  th e  se t {E n} w hich  is th e  o rth o g o n a liza tio n  o f th e  set {E,}'. 
T h is set {E„} can , how ever, be  sim plified  b y  ta k in g  in to  acco u n t th a t  th e  se t 
{E,} is n o rm a lized . L e t us th e re fo re  in tro d u c e  th e  n o ta tio n

F  (,sh, sj) =  Е л Ez  . ■ • E /,_ j Ef/‘ E h+j . . . Ey_i E j 1 E j +1 • • • Е дг_ ]Е М

E  (̂ /i? Sj•) s t) =  E\  _Z?2 • ■. . ЕГ_1Е - {ЕГ+1 . . . EftLjE^E/T+i • • • E j _ \ E j ,E j +í . . .

• • • Едг_ j E n , (4)

(* Ф  h  h Ф  ])•

2Я
9 W e  s h o u ld  e s s e n t ia l ly  w r it e  M  =  2 N  -f- 1 , w h e r e  F M  =  1 —  _V’ F n ,  b u t  w e  s h a ll

n= 1
s e e  t h a t  t h is  m a k e s  n o  e s s e n t ia l  d i f f e r e n c e .

10 W it h  t h e  d if fe r e n c e  t h a t  t h e  s u m m a tio n  s h o u ld  b e  e x t e n d e d  f r o m  1 t o  2 N  +  1, 
w h e r e /2y +1 =  1 — £  f n , h u t  t h e  s t a t e m e n t  fo r  t h is  c a s e  is  a  c o n s e q u e n c e  o f  t h e  s t a t e m e n t  (3 ) .

Acta Phys. H ung. Тот. X V I I I .  Fasc. 4.



QUANTUM MECHANICAL DISCUSSION OF THE GIBBS PARADOX 279

I t  can  be verified  th a t  th e  E „’s of a ll th e  o th e r ty p e s  are  zero, as if  —  a p a rt 
from  th e  j ’th  fac to r —  a t  least tw o -f- signs occu r, th e  o p era to r p ro d u c t is 
zero b ecau se  of th e  o r th o g o n a lity  o f  th e  se t { E J .11 12 13 T h u s  if  s,- =  — ,
1 ^  h  h ji

F  ( + 5  s j i  + )  =  0. (5)

T his sim p lifica tio n  o f th e  set { F n} can be ex p ressed  also in  th e  form

E , =  V F ( - , + , + ) + f ( - , - , - f )  ( i j =j ) .  (6)
h¥=i

W e sh a ll also n eed  th e  re la tio n

Ej  =  F  ( - ,  + )  (7)

co rrespond ing  to  th e  case i  =  ]'■12-13 T h is m ay  be p ro v e d  as follow s. 
A ccord ing  to  th e  defin ition

F ( - ,  + ) =  F f  . .  .Ej . .  .Ей  =  E j  J  [  ЕГ =  E j  / / ( 1  -  E J ,

w here use has been m ad e  of th e  fa c t t h a t  EJ- com m utes w ith  the  E J s .14 Thus 
i t  is su ffic ien t to  show  th a t

I t  (1 E J  =  E j , ( 7 J
i*i

as in  th is  case by  Ej  • Ey =  Ej • Ey =  Ey th e  re la tio n  (7) follows im m ed ia te ly .
(7 J  expresses, how ever, a se lf-ev id en t fact if  w e fo rm ula te  i t  in  te rm s 

o f th e  decisions { e j  belong ing  to  th e  no rm alized  se t { E J .  The co rrespond ing  
s ta te m e n t fo r th e  g js  is

£j =  e1 & e 2 & . . . & é j - i  & S j + 1  &. . .& sN .  ( 7 'J

T h is is, how ever, c e rta in ly  tru e , as a n y  o f th e  p ro p e rtie s  e, e.g. e, m ean s th a t  
n e ith e r  n o r  s2 n o r a n y  o f th e  e,’s d iffe ren t from  e, is p resen t. O ne o f th e  
e js  m u st n am ely  be p re se n t in ev itab ly .

11 M a k in g  u se  o f  t h e  f a c t  t h a t  th e  E f s  c o m m u t e  a m o n g  t h e m s e lv e s  a n d  t h e y  a ls o  c o m ­
m u t e  w it h  E j .  N a m e ly  i f  E j  c o m m u te s  w it h  E j  a n d  E j  c o m m u t e s  w ith  E j , b e c a u s e  o f  th e  
t r a n s i t i v i t y  o f  t h e  c o m m u t a b i l it ie s  (c f . [3 ] , p . 9 2 .)  a lso  t h e  E f  s  c o m m u te  w it h  E j :  T h e  corn- 
m u t a b i l i t y  o f  E j  a n d  E j  f o l lo w s  fr o m  th e  fa c t  t h a t  E j  • E j  is  a h e r m it ia n  o p era to r  (c f . [ 3 ] ,p .  5 1 .) .

12 T h is  is ,  n a tu r a l ly ,  in d e p e n d e n t  o f  h , a s  in  F  ( — , + )  a p a r t  fro m  th e  j ’t h  t e r m  th e  
s y m b o l — s t a n d s  in  e v e r y  t e r m .

13 I  e x p r e s s  m y  t h a n k s  t o  m y  co lle a g u e  R . TŐRÖS for th e  s im p l i f ic a t io n  o f  t h is  p r o o f .
14 Cf. f o o tn o t e  11.
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F in a lly , we sh a ll need  also th e  follow ing re la tio n : w hen  x , > 0 ,  (i =
n

=  1 , 2 , . . . ,  n ) a n d  X( <  1,
i=  1

2  x i lo g  2 ’ x i  >  2  x i l ° g  x i • (8)

B efore p ro v in g  th e  increase  o f  th e  e n tro p y  we have to  in v e s tig a te  th e  
com pleteness o f th e  se t { F n}. I t  c a n  be seen, t h a t  th e  F f  s o b ta in e d  from  (3.3) 
fo rm  a lread y  an  o rth o g o n a l se t, i.e . (3.2) is fu lfilled ,

Fi  ■ F k =  0 (i ф  k; i, к  =  1, 2 , . . . ,  2n ). (9)

T he se t { F n} is, how ever, n o t co m p le te , as

2 N  N
2 F n =  E 1 +  . . .  +  E'j +  . . . +  E N =  £ E i - E j + E ' j  =

1 = 1

=  1 — (E j  — Ej)  ф  1 , ( 10)

un less e'j is n o t a tr iv ia l  consequence  o f S j,  th a t  is i f  E', =f= Ej.  I t  h a s  been show n 
in  S ec tio n  2 t h a t  a se t o f p ro je c tio n  o p e ra to rs  rep resen tin g  th e  m easu re­
m e n t o f a m acroscop ica l o b se rv e r m u st be co m p le te . T herefo re  th e  set {F„}

m u s t be co m p le ted  b y  ad d in g  to  i t  th e  te rm  F 2y+i  =  1 — F n, fo r
/7=1

w hich  (as can  easily  be show n)

F n • F zn+i  =  F 2if+i • F n =  0 (re =  1, 2 , . . . ,  2N) .

I t  is now  th is  m odified  se t fo r w hich th e  expression15

2^+1
- K  y f n \ o g f n ,

/1=1

fn  =  T race U F n

m u s t be re g a rd e d  as e n tro p y  in  th e  sense o f S ec tio n  2, and  th is  expression  m u s t 
be co m p ared  w ith  th e  orig inal expression

N
—  K  У  e i log e i  ■

i = 1

T his will be done in  th e  fo llow ing  Section.

15 Cf. f o o t n o t e  11 .
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4. The increase o f the en tropy

M aking  use o f th e  re la tio n s (3 .6) (3.7) and  (3.8) i t  can  easily  b e  show n
th a t

2 -v + i N
K  ^  fn  lo g / „  >  — к et log et . ( 1 )

1 =  1

As — К  <  0, i t  is su ffic ien t to  show  t h a t

2 ^ + 1  N
У  fn  log /„  <  У  ei log e,-

n = l i = 1
2n

or w h a t is th e  sam e, in tro d u c in g  th e  n o ta tio n  f 2x+i  = 1 — f n =  1 — f ,
i=i

it  is su ffic ien t to  show  th a t

2 > f n  log f n +  (1 —/ )  log (1 - / )  <  2  e‘ lo g ei •
1 =1  1 = 1

In s te a d  of th is , how ever, we shall p ro v e  th e  s tro n g e r s ta te m e n t

fn  log /n  <  2  ei log e‘ (2)
i' = l i = l

w hich im plies, because  o f  (1 — f )  log  (1 — f )  <  0, th e  re la tio n  (1).
In  o rder to  p ro v e  (2) le t us ex p ress  th e  e /s  in  te rm s  of th e  s, m aking  

use o f (3.6).

e i =  í h i  1 
h^i

( / «  =  T race U F hi , F hi =  F  ( - , + , + )  +  F  ( - ,  - , + ) ) .
(ft) O') (0 (ft) 0) (0

S u b s titu tin g  th is  in to  (2) we o b ta in

2Л N I
2 : f n  log/« < 2  log U ’/ft/
n = i  i = i h ^ i  1л#1

(3)

(27ft, = / y  = / ( - ,  + )  =  T race I / F  ( - ,  +  ))•

L et us ta k e  now  in to  acco u n t t h a t  o f  th e  s o n ly  th e  / л,- (-j-)’s an d  the  
fhi (— )’s differ from  zero: //,, ( + )  =  T race U F h i{—-, +  , + ) ,  f hi (— ) — 
=  T race  U F hi (— ч — '» + )
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^ f h j ( V )  l°g /fty( +  ) —// ! /(+) l°g/fty( +  ) J

J £ f h j (  ) l°g/fty( — ) =  0.
h*j

T h u s  th e  left h a n d  side of (3) c a n  be decom posed  in to  tw o p a r ts

2-Y N

2 f n  los f n  =
rt= 1 1=1

M ak ing  use o f th is  re su lt i t  is su ffic ien t to  p ro v e  th a t

^ / « (  +  ) b g / „ ( + )  +  ^ Ы - )  l o g / „ ( - )
h^i h^i

у
i =  1

^ 7 ft ,‘ ( +  ) lo g /«  ( +  ) +  ^ / «  ( -  ) log/« ( -  )
/2#1 Л#/

^  (/«(  +  ) + / « (  — )) l°g ^ (/«( +  ) + / «  (~•))
,ft#I ft#!

o r w h a t is th e  sam e

<  0

,1! > ' ( / f t , ( + ) 1°g / « ( + ) ) -  
ft#! ft#!

log ^ / f t , (  +  )
ft#!'

+ > Y f t , ( - ) i o g / f t , ( - ) ^
ft#! /l#í

log ^ / « ( - )
ft#!

<  0 .

T h is is, how ever, t r iv ia l  because o f  (3.8).16 
W e have th u s  com pleted  o u r ta sk .
I t  shou ld  be  n o te d  th a t  th e  p ro b ab ilitie s  / ,  (-)-), ., an d

/ 1; (— ) , / 2J(— ), • • • express th e  co rre la tio n  o f th e  se t {jE,}' in  th e  sense th a t  
th e y  m easu re  th e  p ro b a b ility  of th e  s im u ltan eo u s occurrence o f  th e  properties 
e'j a n d  e'j, re sp ec tiv e ly , w ith  one o f  th e  e/s.

A cknow ledgem ent

I  express m y  th a n k s  to  P ro f. I .  F é n y e s  fo r  conversa tions d u rin g  w hich 
th e  p ro b lem s p re se n te d  have b een  clarified .

16 A p a r t  fr o m  t h e  j ’t h  te r m  a ll  t e r m s  g iv e  a  n e g a t iv e  c o n tr ib u t io n  t o  t h e  su m s

I n  t h e  c a s e  o f  t h e  j ’t h  t e r m  w e  h a v e  ( c f .  f o o tn o t e  5 .):

ч ’’

Z  f h j  ( ± )  lo g  V  f hJ ( ± )  =  V  f h j < ± )  lo g  f h j ( ± )  
f t# J  f t# f  h í j

—  f h j  ( ± )  lo g  f h j  ( ± )  —  f h j  ( ± )  lo g  f h j  ( ± )  =  0.

N a t u r a l ly  in  th e  s u m s  У  t h e  v a lu e  h  5#  j  d o es  n o t  o c c u r .
h*j
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ЗА М Е Ч А Н И Я  К К ВАН ТО ВО М ЕХА Н И Ч ЕСК О М У  РАССМОТРЕНИЮ  
П АРАДО К СА ГИББСА

Д .  Ф А И

Р е з ю м е

Н а основе дедуктивного построения квантовой теории, разработанного Наи- 
манном, и такж е с помощью оценивающего вычисления квантовой теории доказывается, 
что квантовомеханическая энтропия лю бого физического свойства возрастает при заме­
щении данного свойства более слабым в логическом смысле.
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NEW ALPHA-DECAY BARRIER PENETRABILITIES 
WITH IGO POTENTIAL:

EVEN- AND ODD-MASS NUCLEI
B y

L. K O H L M A N N  a n d  T. V Ö R Ö S  

C E N T R A L  R E S E A R C H  IN S T IT U T E  F O R  P H Y S IC S , B U D A P E S T  

( P r e s e n t e d  b y  L . J á n o s s y .  — R e c e iv e d  8. V I . 1 9 6 4 )

T h e  I g o  p o te n t ia l  i s  u s e d  fo r  t h e  c a lc u la t io n  o f  b a rr ier  p e n e t r a b i li t ie s  fo r  g r o u n d  a n d  
e x c i t e d  s t a t e  tr a n s it io n s  o f  e v e n  m a s s  n u c le i  a n d  fo r  t r a n s i t io n s  o f  o d d -m a s s  n u c le i ,  m e a su r e d  
a f te r  1 9 5 9 . T h e  b arr ier  p e n e t r a t io n  f a c to r s  w e r e  c a lc u la te d  b y  n u m e r ic a l in te g r a t io n  in  th e  
W K B  a p p r o x im a t io n , t a k in g  in t o  a c c o u n t  c e n tr ifu g a l  b a r r ie r  e f f e c t s  fo r  e v e n - e v e n  n u c le i ,  
b u t  ig n o r in g  n o n c e n tr a l in te r a c t io n s .  U s in g  t h e  c a lc u la te d  p e n e t r a t io n  fa c to r s  a n d  t h e  e x p e r i ­
m e n ta l  a lp h a  h a lf - l iv e s ,  t h e  r e d u c e d  le v e l  w id th s  w ere  c a lc u la t e d  in  e a c h  c a s e . H in d r a n c e  
fa c to r s  fo r  o d d -m a s s  a lp h a -p a r t ic le  e m it t e r s  a re  a lso  g iv e n .

In troduc tion

In  1959 R a s m u s s e n  [1 ], [2] discussed  in  d e ta il th e  ca lcu la tio n  o f a lpha- 
decay  b a rrie r  p e n e tra tio n  fac to rs u sing  I go p o te n tia l  an d  gave num erica l 
re su lts  fo r all know n g ro u n d  an d  e x c ite d -s ta te  tra n s it io n s  o f even -even  nuclei 
an d  fo r a lp h a  decay  g roups of odd-m ass nuclei. S ince th e n  a lo t o f  ex p eri­
m e n ta l d a ta  have b een  collected  w hich  requ ire  th e  ca lcu la tio n  o f p e n e tra tio n  
fac to rs  an d  reduced  w id ths.

L ike in  R a s m u s s e n ’s p ap er, th e  n uc lear p o te n tia l  used  here  is th e  rea l 
p a r t  o f th e  p o te n tia l  derived  b y  I go [3] from  d a ta  on e lastic  sc a tte r in g  o f 
a lp h a  partic les  o f 10 MeV, an d  v a lid  in  th e  su rface  reg ion . T he p o te n tia l  is 
o f th e  fo rm

V{r)  =  — 1100 exp
r — 1,17 -■

0 ,574
MeV,

w here r is th e  d is tan ce  in  ferm is a n d  A  is th e  m ass n u m b e r of th e  d a u g h te r  
nucleus.

M ethod o f calculation

As is well know n  [4], th e  n a tu ra l  lo g a rith m  o f th e  p e n e tra tio n  fac to r  P  
equals th e  W K B  in te g ra l

я.
- I  = (8A Í)1

~ Y
у (т) + ™ + ш ± 1 ± - е

r 2 M r -

1/2
dr

я»
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Table I
V a r ia t io n  in  t h e  v a lu e s  o f  

I  a n d  P  w i t h  th e  n u m b e r  o f  in t e r v a ls

C a l c u l a t e d  r e s u l t s

N u m b er 
o f in te rv a l?  

n
I

B a rrie r
p e n e tra tio n

factors®
P

112 7 2 ,7 2 8 4 2 ,6 0  ( - 3 2 )

22 4 7 2 ,7 2 4 6 2 ,6 1  ( - 3 2 )

33 6 7 2 ,7 2 3 7 2 ,6 1  ( - 3 2 )

4 48 7 2 ,7 2 3 3 2 ,6 1  ( - 3 2 )

a T h e  n u m b e r  in  p a r e n th e s e s  is  t h e  p o w e r  o f  t e n  b y  w h ic h  t h e  p r e c e d in g  n u m b e r  is  
to  b e  m u lt ip l ie d .

e v a lu a te d  b e tw een  th e  in n e r a n d  o u te r  c lassical tu rn in g  p o in ts , w here th e
M a M r

in te g ra n d  v an ish es . H ere M  = -------------- is th e  red u ced  m ass o f  th e  svstem .
6 M a +  M r *

Ze  is th e  charge o f  th e  d a u g h te r  nuc leu s, l is th e  o rb ita l a n g u la r  m om en tu m  
o f th e  a lp h a  p a r tic le  e m itte d  a n d  E  is th e  to ta l  decay  energy , i.e ., a lpha- 
p a r tic le  energy , p lu s  e lec tron -screen ing  co rrec tion  g iven b y  E sc =  65,3 (Z-f-2)7̂ 5

—  80 (Z  -j- 2)2̂ 5 eV, p lus recoil en e rg y  E r c =  —----- — . T he ex ac t v a lu e  for M u,
]\T г

4,00278 a. m . u . is from  A jz e n b e r g  an d  L a u r it s e n ’s [5] m easu rem en t on 
th e  m ass of th e  H e  a to m , fo r M r J e l e po v  a n d  P e k e r ’s d a ta  [6] are  used. 
T he n u m erica l c o n s ta n ts  w ere ta k e n  from  th e  p a p e r  b y  Co h en— D u  Mo n d —  

L a y t o n — R o llett  [7].
N u m erica lly  th e  in te g ra tio n s  w ere carried  o u t on an  U ra l I  ty p e  e lectron ic  

c o m p u te r . T he o u te r  an d  th e  in n e r  tu rn in g  p o in ts  w ere fo u n d  b y  N ew ton 
i te ra t io n . The b a r r ie r  in te g ra l w as e v a lu a te d  b y  a G auss q u a d ra tu re  w ith  
th e  b a rr ie r  reg ion  d iv ided  in to  336 in te rv a ls .

Table II
C a lc u la te d  r e s u l t s  fo r  a n  error  o f  10  k e V

E x p e r i m e n t a l  d a t a C a l c u 1 a t e d e s u  1 t  s

a -p a r tic le

P a r ti .i l  h a lf- life  
reco il co r- 1 fo r  a  d e c a y  

re c t io n s  (MeV)

a -p ro u p
in te n s ity

Of/0
. R‘(ferm is)

К»
(ferm is) I

B a rr ie r
p e n e tra tio n

fac to r
P

R educed
w id th

<52
(MeV)

5 ,1 6 5  1 ,4 8 2  ( 1 3 ) 100 9 ,5 2 5 5 2 ,4 0 9 7 5 ,4 6 7 1 ,6 8  ( - 3 3 ) 0 ,1 1 5

5 ,1 7 5 9 ,5 2 5 5 2 ,3 0 8 7 5 ,3 1 5 1 ,9 5  ( - 3 3 ) 0 ,0 9 8 9

5 ,1 8 5 9 ,5 2 5 5 2 ,2 0 7 7 5 ,1 6 3 2 ,2 7  ( - 3 3 ) 0 ,0 8 5 0
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T a b le  III

G r o u n d -s ta te  t r a n s i t io n s  o f  e v e n - e v e n  n u c le i

E c p e r i m e n t a l d a t a C a I c u l a t e d  r e s u l t s

A tom ic
N o.
Z

M ass
N o.
A

a -p a rtic le  
en erg y  w ith  
sc reen ing  +  
recoil cor­

rec tio n s  (MeV)

P a r t ia l  half-life  
fo r  a -d ecay  

(sec)

a -g ro u p
in te n s i ty

%

Rf
(fenn i s)

B a rrie r
p e n e tr a tio n

fa c to r
P

R ed u ced
w id th

Ô2
(MeV)

8 6 216 8 ,1 9 4 1 ,6 7  ( - 3 ) 1 00 9 ,35 2 ,6 5  ( - 16 ) 0 ,0 0 6 4 9

8 8 220 7 ,6 0 2 0 ,0 3 1 00 9 ,35 7 ,9 8  ( - 19 ) 0 ,1 2 0

94 234 6 ,3 3 5 3 ,2 4  (4 ) 1 00 9 .42 3 ,3 6  ( - 2 6 ) 0 ,2 6 3

94 244 4 ,6 6 3 2 ,3 9 6  ( 15 ) 1 00 9 ,48 5 ,4 1  ( - 3 6 ) 0 .2 2 1

96 238 6 ,6 4 9 9 ,0 0  ( 3 ) 1 00 9 ,46 1 ,2 8  ( - 2 5 ) 2 ,4 9

96 240 6 ,3 9 2 2 ,3 1 6  (6 ) 70 9 ,47 9 ,0 9  ( - 2 7 ) 0 ,0 8 7 4

96 246 5 ,5 0 0 1 ,2 6 1  ( 11 ) 1 00 9 ,51 2 ,0 1  ( - 3 1 ) 0 ,1 1 3

96 248 5 ,1 8 5 1 ,4 8 2  ( 13 ) 1 00 9 ,53 2 ,2 7  ( - 3 3 ) 0 ,0 8 5 0

98 244 7 ,3 3 0 1 ,5 0  ( 3 ) 1 00 9 ,52 1 ,5 0  ( - 2 3 ) 0 ,1 2 8

98 246 6 ,9 0 5 1 ,2 8 5  ( 5 ) 78 9 ,53 2 ,9 2  ( - 2 5 ) 0 ,0 5 9 5

98 248 6 ,3 7 2 2 ,9 3 8  ( 7 ) 82 9 ,54 1 ,1 4  ( - 27 ) 0 ,0 7 0 0

100 250 7 ,5 9 2 1 ,8 0 0  ( 3 ) 1 00 9 ,58 2 ,7 8  ( - 2 3 ) 0 ,0 5 7 3

100 252 7 ,2 0 5 1 ,0 8  ( 5 ) 1 00 9 ,59 8 ,9 4  ( - 25 ) 0 ,0 2 9 7

In  th e  case o f  94P u 240 (a -p a rtic le  energy  w ith  screening  co rrec tion  E a +  
-j- E sc =  5,202 MeV) th e  v a r ia tio n  of I  a n d  P  w ith  the  in te rv a l  n u m b er n  
w as in v es tig a ted . In  T able I  som e ty p ic a l d a ta  are given fo r  n  =  112, 224, 
336, 448. W ith  th e  b a rrie r  reg ion  div ided  in to  336 in te rv a ls , i t  m ay  be seen 
th a t  th e  values of I  are in  ag reem en t to  th re e  figures.

The dependence of th e  p e n e tra tio n  fa c to r  on th e  e x p e rim e n ta l e rro r 
of a lp h a  p a rtic le  energy  w as in v e s tig a te d . A ssum ing  a f te r  H anna  [8] an  
ex p e rim en ta l e rro r  of 10 k e v  fo r an  alpha p a r tic le  of an  en e rg y  of 5 MeV 
th e  case of 9eCm248 (w ith  E a -)- E sc -f- E r c) w as s tu d ied . The re su lts  are show n

T ab le  IV

E x c it e d  s t a t e  t r a n s i t io n s

A to m ic
No.

Z

Mass
No.
A

E x p e r i m e n t a l  d a t a C a lcu la ted  resu lts

a -p a r tic le  
en erg y  w ith  
screen ing  - f  
reco il cor­

rec tio n s  (MeV)

P a r t ia l  half-life  
fo r  a -d e c a v  

(sec)

a -g ro u p
in te n s i ty

(% )

Spin
and

p a rity

B a r r ie r
p e n e tr a tio n

fa c to r
P

R ed u ced
w id th

Ô*
(MeV)

94  240  

98  246

5 ,0 4 4

6 ,8 6 2

2 ,0 7 5  ( 1 1 ) 

1 ,2 8 5  ( 5 )

3 ,1  ( - 3 ) 

22

6 +

2 +

6 ,2 4  ( - 35 ) 

1 ,1 6  ( - 2 5 )

0 ,0 0 6 8 6

0 ,0 4 2 3
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in  T ab le  I I .  T he fa c t is t h a t  a change o f  10 k ev  in  th e  v a lu e  of E  causes change 
in  th e  f ir s t  fig u re  in  I .  So th e  req u ired  a c c u ra cy  of tw o fig u re s  in  the  in te g ra tio n  
is g re a te r  th a n  th a t  re q u ire d  b y  th e  e x p e rim en ta l a c c u ra c y  of E.

L et us now  do th e  ca lcu la tio n  o f th e  reduced  a lp h a  em ission w id th  Ô2 
using  th e  ex p e rim en ta l d ecay  ra te  d a ta  from  th e  fo llow ing  expression

h ’

w here A is th e  decay  c o n s ta n t an d  h is P la n c k ’s c o n s ta n t.

R esu lts

T ab le  I I I  lis ts  th e  d a ta  used for ev en -ev en  nucle i ta k e n  from  [9 ],a n d  the  
ca lcu la ted  re su lts . The re su lts  were ca lc u la ted  w ith  t o ta l  decay en erg y  (E a -)- 
-f- E sc -f- E r c). T he T ab les are  of th e  sam e form  as t h a t  o f R asm ussen . The 
ca lcu la ted  q u a n titie s  are  R,-, P  an d  <52.

T h e  ca lcu la ted  re su lts  are  c o n s is te n t w ith  th o se  o f  R asmussen’s and  
com plete  R asmussen’s T ab les .

T ab le  IV  p resen ts  th e  resu lts  o f th e  ca lcu la tions o n  ex c ited -s ta te  t r a n s ­
itio n s o f even -even  n uc le i. O nly tw o  d a ta  are g iven  h e re , ta k e n  fro m  [9].

T ab le  V  lis ts  for o d d -o d d  nuclei th e  re su lts  o f th e  ca lcu la tions on ex c ited  
an d  g ro u n d  s ta te  tra n s it io n s . The e x p e rim e n ta l d a ta  w ere  ta k e n  from  [9— 10]. 
H ere  th e  p e n e tra tio n  fa c to rs  were c a lc u la te d  w ith  1 = 0 .

T ab le  V I show s th e  re su lt o f th e  calcu la tions fo r  tran s itio n s  o f  odd- 
m ass nuc le i. T he e x p e rim e n ta l d a ta  u sed  are ta k e n  fro m  [9, 11— 14]. The 
p e n e tra tio n  fac to rs  of odd -m ass n u c le i are c a lcu la ted  w ith  1 = 0 ,  as by  
R asm ussen . T he reason  fo r  th is  is t h a t  one usually  e x p e c ts  a m ix tu re  o f  tw o 
or m ore l v a lu es  in  th e  a lp h a  groups o f  o d d  nuclei th a t  a re  generally  n o t  know n 
from  ex p e rim en ts .

T ab le  V I also lis ts  th e  h in d ran ce  fa c to r  F,  ex p ressed  by

F _ àî +  àl 
2àldd ’

2 2w here <5j a n d  <32 are th e  red u ced  w id th s  for g ro u n d -s ta te  tra n s itio n s  o f  the  
n e a re s t-n e ig h b o u r ev en -ev en  nuclei. In  cases w here th e  d a ta  for one o r b o th  
o f th e  n e a re s t  even -even  neighbours are  unknow n, th e  n e x t av a ilab le  d a ta  
h av e  b een  ta k e n  to  ca lcu la te  F.
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T a b le  V

A lp h a  g r o u p s  o f  o d d -o d d  n u c le i

A tom ic
N o.
Z

M ass
N o.
A

N e u tro n
N o.
N

a -p a itic le  
energy  w ith  
sc reen ing  +  
reco il co r­

rec tio n  (MeV)

P a r tia l  half-life 
fo r  a -decay  

(sec)

a -g ro u p
in te n s ity

(%)

B a rr ie r
p e n e tr a tio n

fa c to r
P

R educed w id th
Ô2

(MeV)

E x p e r im e n ta l d a ta C a lc u la te d  resu lts

85 21 4 129 8 ,9 7 9 3 ,3 3  ( - 2 )
1

100 6 ,3 5  ( - 1 4 ) 0 ,135  ( - 5 )
21 6 131 7 ,9 6 9 5 ,0 0  ( - 3 ) 100 ; 1 ,44  ( - 1 5 ) 0 ,0 0 3 9 7
21 8 133 6 ,7 8 6 1 ,5 100 1 ,83  ( - 2 0 ) 0 ,105

87 218 131 8 ,0 3 0 8 ,3 3  ( - 2 ) 100 3 ,9 7  ( - 1 7 ) 0 ,0 0 0 8 6 6
22 0 133 6 ,8 4 7 2 7 ,5 100 4 ,4 6  ( - 2 1 ) 0 ,0 2 3 4

89 22 2 133 7 ,1 2 3 5,5 100 7 ,1 4  ( - 2 1 ) 0 ,0730
2 2 4 135 6 ,3 1 7 1 ,0 4 4  (4 ) 100 4 ,1 9  ( - 2 4 ) 0 ,0655

91 22 6 135 6 ,9 6 9 108 100 2 ,97  ( - 2 2 ) 0 ,0892
22 8 137 6 ,2 8 4 7 ,9 2 0  (4 ) 2,5 4 ,0 0 ' ( - 2 5 ) 0 ,0 0 2 2 6

6 ,2 5 9 10,5 3 ,0 7  ( — 2 5 ) 0 ,0 1 2 4
6 ,2 4 6 1 2 ,0 2 ,67  ( - 2 5 ) 0 ,0163
6 ,2 3 2 2 ,3 2 ,3 0  ( — 2 5 ) 0 ,0 0 3 6 3
6 ,218 20 ,7 1 ,97  ( - 2 5 ) 0 ,0379
6 ,2 0 6 1,0 1 ,73  ( - 2 5 ) 0 ,0 0 2 0 9
6 ,181 2 ,3 1 ,32  ( — 2 5 ) 0 ,0 0 6 3 0
6 ,1 6 8 9 ,0 1 ,15  ( - 2 5 ) 0 ,0 2 8 4
6 ,1 5 0 0 ,8 9 ,4 2  ( — 2 6 ) 0 ,0 0 3 0 7
6 ,1 3 7 0 ,3 8 ,17  ( - 2 6 ) 0 ,0 0 3 0 7
6 ,1 2 8 1,1 7 ,40  ( - 2 6 ) 0 ,00538
6 ,121 2 ,8 6 ,85  ( - 2 6 ) 0 ,0148
6 ,1 1 4 2 ,7 6 ,3 4  ( — 2 6 ) 0 ,0154
6 ,0 8 5 0 ,6 4 ,5 9  ( - 2 6 ) 0 ,0 0 4 7 3
6 ,1 7 9 0 ,5 4 ,2 9  ( - 2 6 ) 0 ,0 0 4 2 2
6 ,0 6 0 0 ,8 3 ,47  ( - 2 6 ) 0 ,00835
6 ,0 4 4 1,1 2 ,90  ( - 2 6 ) 0 ,0137
6 ,011 1 ,4 1 ,99  ( - 2 6 ) 0 ,0 2 5 4
5 ,995 0 ,3 1 ,66  ( — 2 6 ) 0 ,0 0 6 5 3
5 ,979 0 ,4 1 ,38  ( - 2 6 ) 0 ,0105
5 ,941 7 ,3 8 ,93  ( - 2 7 ) 0 ,2 9 6
5 ,935 1 1 ,3 8 ,3 3  ( — 2 7 ) 0,491
5 ,9 1 4 1,4 6 ,5 2  ( - 2 7 ) 0 ,0777
5 ,9 0 0 2 ,0 5 ,54  ( - 2 7 ) 0 ,131
5 ,8 9 5 1,4 5 ,22  ( - 2 7 ) 0 ,0 9 7 0
5 ,891 2 ,5 4 ,98  ( — 2 7 ) 0 ,182
5 ,845 1 ,0 2 ,89  ( - 2 7 ) 0 ,125

97 24 0 147 6 ,8 2 0 1 ,5 8 4  (4 ) 100 3 ,26  ( — 2 5 ) 0 ,556
99 24 6 147 7 ,5 1 2 4 ,2  ( 2 ) 1 0 0 3 ,0 8  ( - 2 3 ) 0,221

24 8 149 7 ,023 1 ,5  ( 3) 1 0 0 3 ,63  ( - 2 5 ) 5 ,27
2 5 2 153 6 ,7 8 7

1

1 ,2 1 0  (7 ) 1 0 0 4 ,0 2  ( - 2 6 ) 0 ,0 0 5 9 0

Acta Phys. Hung. Тот. X V I I I .  Fasc. 4.



290 L. KOHLMANN and T. VÖRÖS

T a b le  V I

A lp h a  g r o u p s  o f  o d d -o d d  n u c le i

E X p  e г m e n t a l  d a t a C a l c u l a t e d r e s u l t s

6
Z
• Sn
3о

<

©
z

s
N

eu
tr

on
 N

o.
 

N

a -p a r tic le
energy
(MeV)

Ea+Em+ 
+  E „ C

P a r tia l
half-life

fo r a  decay  
(sec)

a -g ro u p
i n te n s i ty

%

B arrie r
p e n e tra tio n

fac to r
P

Reduced
w idth

(MeV)

H in d ran c e
facto r

F

85 21 3 128 9 ,4 0 8 2 1 0 0 6 ,0 0  ( - 1 3 ) 0 ,2 3 9  ( - 8 ) 0 ,3 8 2  ( - 8 )

86 215 129 8 ,7 9 6 1 ,6 7  ( - 2 ) 1 0 0 1,03  ( - 1 4 ) 0 ,1 6 6  ( - 4 ) 0 ,3 5 3  (4 )

87 21 7 130 8 ,4 8 9 2 10 0 7 ,63  ( - 1 6 ) 0 ,1 8 8  ( - 5 ) 0 ,3 7 5  (6 )

221 134 6 ,4 8 2 2 ,8 8  ( 2 ) 8 4 1,62  ( - 2 2 ) 0 ,5 1 7  ( - 1) 3 ,1 1

6 ,2 6 2 16 1,84  ( - 2 3 ) 0 ,867  ( - 1) 1 ,8 6

88 2 13 125 7 ,0 6 6 1 ,6 2  ( 2 ) 10 0 8 ,09  ( - 2 1 ) 0 ,2 1 9  ( - 2 ) 0 ,2 8 1  (2 )

2 19 131 8 ,1 8 3 1 ,6 7  ( - 2 ) 1 0 0 4 ,8 0  ( - 1 7 ) 0 ,3 5 9  ( - 2 ) 0 ,6 1 6  (2 )

2 23 135 6 ,0 0 8 1 ,0 1 1  (6 ) 1 4 ,5 5  ( - 2 5 ) 0 ,6 2 4  ( - 4 ) 0 ,2 2 8  (4 )

5 ,9 9 4 0 ,3 3 ,9 0  ( - 2 5 ) 0 ,2 1 0  ( - 4 ) 0 ,0 6 7 4  ( 5)

5 ,971 0 ,5 3 ,0 2  ( - 2 5 ) 0 ,468  ( - 5 ) 0 ,3 0 3  ( 5 )

5 ,881 1 0 ,5 1 ,10  ( - 2 5 ) 0 ,2 7 0  ( - 2 ) 0 ,5 2 6  (2 )

5 ,8 5 0 50 7 ,7 4  ( - 2 6 ) 0 ,183  ( - 1) 0 ,0 7 7 5  (2 )

5 ,7 3 8 2 4 2 ,11  ( - 2 6 ) 0 ,3 2 3  ( - 1) 0 ,4 2 0  ( 1)

5 ,6 6 9 1 0 ,3 9 ,2 7  ( - 2 7 ) 0 ,315  ( - 1) 0 ,5 0 7  ( 1)

5 ,631 0 ,9 5 ,86  ( 2 7 ) 0 ,4 3 6  ( - 2 ) 0 ,3 2 6  (2 )

5 ,5 6 2 2 ,4 2 ,51  ( - 2 7 ) 0 ,271  ( - 1) 0 ,5 2 4  ( 1)

5 ,4 9 2 0 ,2 1 ,05  ( - 2 7 ) 0 ,542  ( - 2 ) 0 ,2 6 2  ( 2)

5 .4 6 5 0 ,0 7 7 ,43  ( - 2 8 ) 0 ,267  ( - 2 ) 0 ,5 3 2  ( 2 )

89 2 2 3 134 6 ,8 1 4 1 ,3 2  (2 ) 4 0 4 ,9 2  ( - 2 2 ) 0 ,1 7 7  ( - 1) 0 ,0 8 0 3  ( 2 )

6 ,8 0 0 4 6 4 ,3 3  ( - 2 2 ) 0,231  ( - 1) 0 ,0 6 1 7  ( 2 )

6 ,7 1 6 14 1,99  ( - 2 2 ) 0 ,1 5 3  ( - 1) 0 ,0 9 3 2  ( 2 )

22 5 136 5 ,9 5 8 8 ,6 4  ( 5 ) 5 4 9 ,2 2  ( - 2 6 ) 0 ,1 9 4  ( - 1) 0 ,7 4 4  ( 1)

5 ,9 2 2 3 0 ,7 6 ,13  ( - 2 6 ) 0 ,1 6 6  ( - 1) 0 ,8 7 1  ( 1)

5 ,8 6 0 8 ,1 3 ,01  ( — 2 6 ) 0 ,891  ( - 2 ) 0 ,1 6 2  ( 2 )

5 ,851 2 ,1 2 ,72  ( — 2 6 ) 0 ,2 5 6  ( - 2 ) 0 ,5 6 4  ( 2 )

5 ,8 1 0 0 ,9 5 1 ,69  ( - 2 6 ) 0 ,187  ( - 2 ) 0 ,7 7 3  ( 2 )

5 ,7 6 4 2 ,9 9 ,8 0  ( - 2 7 ) 0 ,9 8 2  ( - 2 ) 0 ,1 4 7  (2 )

5 ,7 3 5 0 ,5 6 ,9 4  ( - 2 7 ) 0 ,2 3 9  ( - 2 ) 0 ,6 0 5  ( 2)

5 ,7 0 6 0 ,6 4 ,9 0  ( — 2 7 ) 0 ,4 0 6  ( - 2 ) 0 ,3 5 6  (2 )

5 ,6 7 8 0 ,0 8 3 ,4 9  ( - 2 7 ) 0 ,7 6 0  ( - 3 ) 0 ,1 9 1  (3 )

22 7 138 5 ,0 7 3 6 ,9 3 8  (8 ) 4 8 ,7 1 ,26  ( - 3 0 ) 0 ,160  ( 1) 0 ,8 6 3  ( - 1)

5 ,0 6 0 3 6 ,1 1 ,04  ( - 3 0 ) 0 ,143  ( 1) 0 ,0 9 6 2

4 ,9 8 8 6 ,9 3 ,62  ( - 3 1 ) 0,788 0 ,1 7 8

4 ,9 7 1 5 ,5 2 ,81  ( - 3 1 ) 0 ,809 0 ,1 7 1
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T a b le  V I  ( c o n t in u e d )

E X p  e г i m e n t a l  d a t a C a l c u l a t e d r e s u l t s

A
to

m
ic

 N
o.

 
Z

й N
eu

tr
on

 N
o.

 
N

о -p artic le  
en erg y  
(MeV)

E a+ E ,e+ 
+  Vrec

P a r tia l
half-life

for a  d ecay  
(sec)

a -g ro u p
in te n s ity

0//0

B a r r ie r
p e n e tra tio n

fa c to r
P

R ed u ced
w id th

Ô2
(MeV)

H in d ran ce
fac to r

F

4 ,9 0 7 1,0 1 ,0 7  ( - 3 1 ) 0 ,3 8 6 0 ,3 5 8

4 ,8 7 9 1 ,8 6 ,9 8  ( - 3 2 ) 0 ,1 0 7  ( 1) 0 ,1 2 9

4 ,8 4 8 0 ,1 4 ,3 2  ( - 3 2 ) 0 ,9 5 6  ( 1) 0 ,1 4 5  ( 1)

4 ,8 2 3 0 ,4 2 ,9 3  ( - 3 2 ) 0 ,5 6 4 0 ,2 4 5

4 ,6 3 3 0 ,2 1 ,3 6  ( - 3 3 ) 0 ,6 0 5  ( 1 ) 0 ,2 2 8  ( - 1)

90 223 133 7 ,7 2 3 0,1 100 3 ,4 8  ( -  1 9 ) 0 ,8 2 3  ( - 9 ) 0 ,1 7 3  (9 )

91 227 136 6 ,6 7 9 2 ,2 9 8  ( 3 ) 2 ,3 2 ,0 8  ( - 2 3 ) 0 ,1 3 8  ( - 2 ) 0 ,0 8 7 1  ( 3 )

6 ,6 6 8 0 ,3 1 ,8 7  ( -  2 3 ) 0 ,2 0 0  ( - 3 ) 0 ,6 0 0  (3 )

6 ,6 1 2 4 9 ,5 1 ,0 8  ( - 2 2 ) 0 ,5 6 9  ( - 1 ) 0 ,2 1 1  ( 1)

6 ,5 6 9 11 ,5 7 ,1 1  ( 2 4 ) 0 ,2 0 2  ( - 1 ) 0 ,5 9 4  ( 1 )

6 ,561 14 ,8 6 ,5 6  ( - 2 4 ) 0 ,281  ( - 1) 0 ,4 2 7  ( 1)

6 ,5 4 7 9 ,3 5 ,7 1  ( - 2 4 ) 0 ,2 0 3  ( - 1 ) 0 ,5 9 1  ( 1 )

6 ,5 2 1 2 ,6 4 ,4 1  ( - 2 4 ) 0 ,7 3 6  ( - 2 ) 0 ,1 6 3  ( 2 )

6 ,5 0 1 7 ,8 3 ,6 1  ( - 2 4 ) 0 ,2 7 0  ( - 1 ) 0 ,4 4 5  ( 1)

6 ,4 8 1 0 ,7 2 ,9 5  ( - 2 4 ) 0 ,2 9 6  ( - 2 ) 0 ,4 0 5  ( 2 )

6 ,4 7 0 0 ,4 2 ,6 4  ( - 2 4 ) 0 ,1 8 9  ( — 2 ) 0 ,6 3 5  ( 2 )

6 .4 4 3 0 ,8 2 ,0 0  ( - 2 4 ) 0 ,4 9 8  ( - 2 ) 0 ,2 4 1  ( 2 )

229 138 5 ,8 0 2 1 ,2 9 6  ( 5 ) 19,1 1 ,8 1  ( - 2 7 ) 0 ,2 3 4  ( 1 ) 0 ,5 2 8  ( - 1 )

5 ,7 6 1 9 ,8 1 ,1 0  ( - 2 7 ) 0 ,1 9 7  ( 1 ) 0 ,6 2 7  ( - 1)

5 ,7 4 6 1 3 ,4 9 ,1 7  ( - 2 8 ) 0 ,3 2 3  ( 1) 0 ,3 8 2  ( - 1 )

5 ,7 2 1 4 ,7 6 ,7 5  ( — 2 8 ) 0 ,1 5 4  ( 1 ) 0 ,8 0 2  ( - 1)

5 ,7 1 0 3 6 ,8 5 ,9 0  ( - 2 8 ) 0 ,1 3 8  ( 2 ) 0 ,0 8 9 1  ( - 1)

5 ,6 9 5 39 4 ,9 0  ( - 2 8 ) 0 ,1 7 6  ( 1) 0 ,0 7 0 1  ( - 1)

5 ,6 6 5 8 ,9 3 ,3 7  ( 2 8 ) 0 ,5 8 3  ( 1 ) 0 ,2 1 1  ( - 1)

5 ,6 4 6 0 ,6 2 .6 6  ( - 2 8 ) 0 ,4 9 9 0 ,2 4 8

5 ,6 3 0 0 ,7 4 2 ,1 8  ( - 2 8 ) 0 ,7 5 2 0 ,1 6 4

5 ,6 0 7 1 ,7 7 1 ,6 3  ( - 2 8 ) 0 ,2 4 1  ( 1 ) 0 ,5 1 4  ( - 1)

5 ,5 4 9 0 ,0 7 7 ,7 5  ( - 2 9 ) 0 ,2 0 0 0 ,6 1 8

5 ,5 4 2 0 ,1 5 6 ,9 0  ( 2 9 ) 0 ,481 0 ,2 5 7

5 ,4 4 6 0 ,0 5 2 ,0 2  ( -  2 9 ) 0 ,5 4 9 0 ,2 2 5

231 140 5 ,1 7 0 1 ,0 8 2  ( 1 2 ) 1 1 ,0 4 ,8 5  ( - 3 1 ) 0 ,6 0 1  ( — 3 ) 0 ,1 9 8  (3 )

5 ,1 4 2 2 ,5 3 ,2 3  ( - 3 1 ) 0 ,2 0 5  ( - 3 ) 0 ,5 8 4  ( 3 )

5 ,1 4 0 20 3 ,1 4  ( - 3 1 ) 0 ,1 6 9  ( - 2 ) 0 ,7 0 8  (2 )

5 ,1 2 3 2 5 ,4 2 ,4 5  ( — 3 1 ) 0 ,2 7 4  ( — 2 ) 0 ,4 3 6  ( 2 )

5 ,0 9 6 1 ,4 1 ,6 5  ( - 3 1 ) 0 ,2 2 5  ( - 3 ) 0 ,5 3 1  (3 )

5 ,0 8 4  ! 0 ,4 1 ,3 8  ( - 3 1 ) 0 ,7 6 6  ( - 4 ) 0 ,1 5 6  (4 )
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T a b le  V I  (c o n t in u e d )

E ' c p e r i m e n t a l  d a  t  а C a l c u l a t e d  r e s u l t s
A

to
m

ic
 N

o.
 

Z
Ó

Z
g ^
ce

X
N

eu
tr

on
 N

o.
N

a -p a r tic le
en erg y
(M eY)

+  Erec

P á t r iá i  
h a  lf-life  

fo r  a  decay  
(sec)

a -g ro u p
in te n s ity

%

B a rrie r
p e n e tra tio n

fac to r
P

R educed
w id th

Ô2
(McV)

H in d ran c e
fac to r

F

5 ,0 6 1 2 2 ,8 9 ,8 4  ( - 3 2 ) 0 ,6 1 4  ( - 2 ) 0 ,1 9 5  ( 2 )

5 ,0 4 3 3 ,0 7 ,5 3  ( - 3 2 ) 0 ,1 0 6  ( - 2 ) 0 ,1 1 3  ( 3 )

5 ,0 0 9 2  ( — 3 ) 4 ,5 2  ( — 3 2 ) 0 ,1 1 7  ( - 5 ) 0 ,1 0 2  (6 )

4 ,9 6 0 1 ,4 2 ,1 4  ( - 3 2 ) 0 ,1 7 3  ( - 2 ) 0 ,6 9 0  ( 2 )

4 ,9 0 1 4  ( - 2 ) 8 ,5 9  ( - 3 3 ) 0 ,1 2 3  ( - 3 ) 0 ,0 9 7 0  (4 )

4 ,9 4 3 8 ,4 3 ,4 4  ( - 3 3 ) 0 ,6 4 7  ( - 1 ) 0 ,1 8 4  ( 1)

4 ,8 1 8 1 2 ,3 1  ( - 3 3 ) 0 ,1 1 5  ( - 1 ) 0 ,1 0 4  ( 2 )

4 ,7 8 5 1 ,5 1 ,3 6  ( - 3 3 ) 0 ,2 9 3  ( - 1) 0 ,4 0 8  ( 1)

4 ,7 4 8 1 ( - 1) 7 ,41  ( - 3 4 ) 0 ,3 5 7  ( - 2 ) 0 ,3 3 4  ( 2 )

4 ,7 3 5 1 ( - 1) 5 ,9 9  ( - 3 4 ) 0 ,4 4 3  ( - 2 ) 0 ,2 7 0  ( 2 )

4 ,7 0 3 1 ,5  ( - 2 ) 3 ,5 2  ( — 3 4 ) 0 ,1 1 3  ( - 2 ) 0 ,1 0 6  ( 3 )

4 ,6 6 9 8 ,0  ( — 3 ) 1 ,99  ( - 3 3 ) 0 ,1 0 6  ( - 2 ) 0 ,1 1 3  ( 3 )

4 ,6 0 9 3 ( - 3 ) 7 ,1 8  ( - 3 4 ) 0 ,111  ( - 2 ) 0 ,1 0 8  ( 3 )
93 2 3 7 144 4 ,9 9 3 7 ,0 9 6  ( 13 ) 0 ,4 4 1 3 ,4 7  ( - 3 3 ) 0 ,5 1 3  ( - 4 ) 0 ,1 7 7  (4 )

4 ,9 9 1 0 ,9 2 5 3 ,3 7  ( - 3 3 ) 0 ,1 1 1  ( - 3 ) 0 ,0 8 1 9  (4 )

4 ,9 8 2 0 ,2 4 2 2 ,9 3  ( - 3 3 ) 0 ,3 3 4  ( - 4 ) 0 ,2 7 2  (4 )

4 ,9 3 6 1 ,4 8 7 1 ,42  ( - 3 3 ) 0 ,4 2 3  ( - 3 ) 0 ,2 1 5  ( 3 )

4 ,9 2 1 1 ,5 6 5 1 ,12  ( - 3 3 ) 0 ,5 6 4  ( - 3 ) 0 ,1 6 1  ( 3 )

4 ,9 0 6 5 1 ,4 2 8 ,8 2  ( - 3 4 ) 0 ,2 3 6  ( - 1 ) 0 ,3 8 5  ( 1 )

4 ,8 8 9 1 9 ,3 8 6 ,7 2  ( - 3 4 ) 0 ,1 1 8  ( - 1) 0 ,0 7 7 7  ( 2 )

4 ,8 8 3 1 6 ,8 2 6 ,1 0  ( - 3 4 ) 0 ,1 1 1  ( - 1) 0 ,0 8 1 9  ( 2 )

4 ,8 5 8 0 ,1 1 9 4 ,0 7  ( - 3 4 ) 0 ,1 8 8  ( - 4 ) 0 ,4 8 2  (4 )

4 ,8 2 9 0 ,1 2 6 2 ,5 4  ( - 3 4 ) 0 ,2 0 0  ( - 3 ) 0 ,4 5 3  (3 )

4 ,8 2 5 0 ,2 9 3 2 ,3 8  ( — 3 4 ) 0 ,4 9 7  ( - 3 ) 0 ,1 8 2  ( 3 )

4 ,8 1 6 0 ,0 6 7 2 ,0 5  ( - 3 4 ) 0 ,1 3 2  ( - 3 ) 0 ,0 6 8 8  (4 )

4 ,8 1 1 0 ,1 7 8 1 ,89  ( - 3 4 ) 0 ,3 8 0  ( - 3 ) 0 ,1 7 0  ( 3 )

4 ,7 8 0 1 ,6 0 5 1 ,1 3  ( - 3 4 ) 0 ,5 7 3  ( - 2 ) 0 ,1 5 9  ( 2 )

4 ,7 7 5 0 ,5 7 3 1 ,04  ( - 3 4 ) 0 ,2 2 2  ( - 2 ) 0 ,4 0 9  ( 2 )

4 ,7 7 5 4 ,6 1 7 7 ,4 6  ( - 3 5 ) 0 ,2 5 0  ( - 1 ) 0 ,3 6 3  ( 1)

4 ,7 1 3 0 ,0 6 3 3 ,6 7  ( - 3 5 ) 0 ,6 9 3  ( - 3 ) 0 ,1 3 1  ( 3 )

4 ,7 1 0 0 ,0 8 5 3 ,4 9  ( - 3 5 ) 0 ,9 8 4  ( - 3 ) 0 ,0 9 2 2  ( 3 )

4 ,6 9 6 0 ,0 2 4 2 ,7 5  ( — 3 5 ) 0 ,3 5 3  ( - 3 ) 0 ,2 5 7  (3 )

4 ,6 8 8 0 ,0 5 4 2 ,4 0  ( - 3 5 ) 0 ,9 1 0  ( - 3 ) 0 ,0 9 9 7  ( 3 )

4 ,6 2 8 0 ,0 1 8 ,4 9  ( - 3 6 ) 0 ,4 7 6  ( - 3 ) 0 ,1 9 1  ( 3 )

4 ,4 9 7 0 ,0 2 8 ,1 8  ( - 3 7 ) 0 ,9 8 8  ( - 2 ) 0 ,0 9 2 2  ( 2 )
94 2 3 9 145 5 ,2 8 2 7 ,5 6 9  ( 11 ) 7 3 ,3 8 ,0 3  ( - 3 2 ) 0 ,3 4 6  ( - 1) 0 ,2 6 8  ( 1 )
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T a b le  V I  ( c o n t in u e d )

E x p e r i m e n t a l  d a t a  C a l c u l a t e d  r e s u l t s
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half-life 

for a  decay  
(sec)

a -g ro u p  
in te n s ity

%

B a rrie r
p e n e tra tio n

fa c to r
P

R educed
w id th

Ô2
(MeV)

H in d ran ce
fac to r

F

5 ,2 7 0 1 ,5 6 ,7 5  ( - 3 2 ) 0 ,8 4 7  ( - 2 ) 0 ,1 1 0  ( 2 )
5 ,2 3 1 1 1 ,5 3 ,8 3  ( - 3 2 ) 0 ,1 1 4  ( - 1) 0 ,8 1 6  ( 1)
5 ,2 0 1 3 ,2  ( - 2 ) 2 ,4 7  ( - 3 2 ) 0 ,4 9 2  ( - 4 ) 0 ,1 8 9  (4 )
5 ,1 8 9 9  ( - 4 ) 2 ,0 6  ( - 3 2 ) 0 ,1 6 5  ( - 5 ) 0 ,5 6 2  ( 5)
5 ,1 7 9 2 ,1  ( - 2 ) 1 .78  ( - 3 2 ) 0 ,4 4 7  ( - 4 ) 0 ,2 0 8  (4 )
5 ,1 5 4 5 ( — 3 ) 1 .2 3  ( - 3 2 ) 0 ,1 5 4  ( - 4 ) 0 ,6 0 1  (4 )
5 ,1 3 2 8 ( - 3 ) 8 ,8 1  ( - 3 3 ) 0 ,3 4 4  ( - 4 ) 0 ,2 7 0  (4 )
5 ,1 2 3 6  ( - 4 ) 7 ,6 9  ( - 3 3 ) 0 ,2 9 5  ( - 5 ) 0 ,3 1 4  ( 5 )
5 ,1 1 0 5 ( - 3 ) 6 ,3 2  ( - 3 3 ) 0 ,3 0 0  ( - 4 ) 0 ,3 0 9  (4 )
5 ,0 8 4 3 ( - 3 ) 4 ,2 5  ( - 3 3 ) 0 ,2 6 7  ( - 5 ) 0 ,3 4 7  (4 )
5 ,0 7 8 5 ( - 4 ) 3 ,8 8  ( - 3 3 ) 0 ,4 8 8  ( - 5 ) 0 ,1 9 0  ( 5 )
5 ,0 5 8 3 ( - 3 ) 2 ,8 5  ( - 3 3 ) 0 ,3 9 8  ( - 4 ) 0 ,2 3 3  (4 )
5 ,0 3 5 8 ( - 4 ) 2 ,0 0  ( - 3 3 ) 0 ,1 5 1  ( - 4 ) 0 ,6 1 3  (4 )
4 ,9 9 3 7 ( - 4 ) 1 ,0 4  ( - 3 3 ) 0 ,2 5 5  ( - 4 ) 0 ,3 6 3  (4 )
4 ,9 8 8 7 ( - 4 ) 9 ,5 9  ( - 3 4 ) 0 ,2 7 6  ( — 4 ) 0 ,3 3 6  (4 )
4 ,9 4 9 1 ,5  ( - 3 ) 5 ,1 7  ( - 3 4 ) 0 ,1 1 0  ( - 3 ) 0 ,8 4 6  ( 3 )
4 ,9 2 0 6  ( - 4 ) 3 ,2 5  ( - 3 4 ) 0 ,6 9 9  ( - 4 ) 0 ,1 3 3  (4 )
4 ,8 6 1 2 ,6  ( - 3 ) 1 ,2 5  ( - 3 4 ) 0 ,7 8 9  ( - 3 ) 0 ,1 1 8  ( 3 )
4 ,8 5 7 2 ,6  ( - 3 ) 1 ,1 7  ( - 3 4 ) 0 ,8 4 2  ( - 3 ) 0 ,1 1 0  ( 3 )
4 ,8 1 2 4  ( - 4 ) 5 ,5 6  ( - 3 5 ) 0 ,2 7 3  ( - 3 ) 0 ,3 4 0  ( 3 )
4 ,7 5 2 2 ( - 4 ) 2 ,0 3  ( - 3 5 ) 0 ,3 7 3  ( - 3 ) 0 ,2 4 8  ( 3 )

95 241 146 5 ,6 7 5 1 ,4 5 4  ( 10 ) 0 ,2 5 5 ,6 6  ( — 3 0 ) 0 ,8 7 2  ( - 4 ) 0 ,1 0 1  (4 )
5 ,641 0 ,1 2 3 ,6 2  ( - 3 0 ) 0 ,6 5 3  ( - 4 ) 0 ,1 3 5  (4 )
5 ,7 1 6 86 9 ,6 2  ( - 3 0 ) 0 ,1 7 6  ( - 1) 0 ,5 0 1  ( 1)
5 ,5 9 8 0 ,0 4 2 ,0 5  ( - 3 0 ) 0 ,3 8 5  ( - 4 ) 0 ,2 3 0  (4 )
5 ,5 7 2 1 2 ,7 1 ,4 5  ( - 3 0 ) 0 ,1 7 3  ( - 1) 0 ,5 1 2  ( 1)
5 ,5 4 5 1 (  2 ) 1 ,01  ( - 3 0 ) 0 ,1 9 6  ( - 4 ) 0 ,4 5 1  (4 )
5 ,5 1 6 1 ,3 3 6 ,8 0  ( - 3 1 ) 0 ,3 8 6  ( - 2 ) 0 ,2 2 9  ( 2 )
5 ,4 4 8 1 ,5  ( - 2 ) 2 ,6 7  ( - 3 1 ) 0 ,1 1 1  ( - 3 ) 0 ,7 9 7  (3 )
5 ,4 1 8 1 ( - 4 ) 1 ,7 6  ( - 3 1 ) 0 ,1 2 4  ( - 5 ) 0 ,7 1 5  ( 5 )
5 ,4 0 4 5 ( - 4 ) 1 ,4 4  ( - 3 1 ) 0 ,6 8 3  ( - 5 ) 0 ,1 2 9  ( 5 )
5 ,3 9 9 3 ( — 4 ) 1 ,3 4  ( - 3 1 ) 0 ,4 4 0  ( - 5 ) 0 ,2 0 0  ( 5 )
5 ,3 6 8 2 ,4  ( - 3 ) 8 ,6 7  ( - 3 2 ) 0 ,5 4 6  ( - 4 ) 0 ,1 6 2  (4 )
5 ,3 4 8 1 ,3  ( - 3 ) 6 ,5 2  ( - 3 2 ) 0 ,3 9 3  ( - 4 ) 0 ,2 2 4  (4 )
5 ,3 1 8 6  ( - 4 ) 4 ,2 4  ( - 3 2 ) 0 ,2 7 9  ( - 4 ) 0 ,3 1 6  (4 )
5 ,3 0 5 9  ( - 4 ) 3 ,5 1  ( - 3 2 ) 0 ,5 0 5  ( - 4 ) 0 ,1 7 5  (4 )
5 ,301 3  ( — 4 ) 3 ,3 2  ( - 3 2 ) 0 ,1 7 8  ( - 4 ) 0 ,4 9 5  (4 )
5 ,2 8 0 7 ( - 4 ) 2 ,4 4  ( - 3 2 ) 0 ,5 6 5  ( - 4 ) 0 ,1 5 7  (4 )
5 ,2 6 2 3 ( ~ 4 ) 1 ,8 8  ( — 3 2 ) 0 ,3 1 5  ( - 4 ) 0 ,2 8 0  (4 )
5 ,2 3 7 4  ( - 4 ) 1 ,3 0  ( - 3 2 ) 0 ,6 0 6  ( - 4 ) 0 ,1 4 6  (4 )
5 ,2 2 3 7 ( - 4 ) 1 ,0 6  ( — 3 2 ) 0 ,1 3 1  ( - 3 ) 0 ,6 7 7  ( 3 )
5 ,2 1 7 3  ( — 4 ) 9 ,6 7  ( - 3 3 ) 0 ,6 1 2  ( — 4 ) 0 ,1 4 4  (4 )
5 ,2 1 0 3  ( — 4 ) 8 ,7 2  ( - 3 3 ) 0 ,6 7 9  ( - 4 ) 0 ,1 3 0  (4 )

99 24 7 148 7 .5 1 1 4 ,3 8 0  ( 2 ) 100 3 ,1 9  ( - 2 3 ) 0 ,2 0 5 0 ,2 5 0
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Conclusion

T he p resen t in v e s tig a tio n  g ives a g rea t n u m b e r of new  d a ta  on b a rrie r  
p e n e tra b ili ty  co llec ted  since th e  ex ce llen t papers o f R a s m u s s e n  w ere p u b lished . 
T h ey  com ple te  R a s m u s s e n ’s T ab les fo r  th e  g round  a n d  ex c ited  s ta te  tra n s itio n s  
of even- an d  odd-m ass nuclei an d  offer a p o ssib ility  fo r new  in v e s tig a tio n s  of 
o d d -o d d  nuclei, w h ich  have n o t b een  d ea lt w ith  b y  R a s m u s s e n .
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Н О ВАЯ П РО ХО ДИ М О СТЬ Ч Е Р Е З  П О Т Е Н Ц И А Л Ь Н Ы Й  Б А Р Ь Е Р  
С П ОТЕНЦИАЛОМ  ИГО ПРИ а-РА С П А Д Е : Ч Ё Т Н Ы Е  И Н Е Ч Ё Т Н Ы Е  Я Д Р А

Л . К О Л Ь М А Н Н  и  Т .  В Е Р Е Ш

Р е з ю м е
Потенциал Иго используется при определении проходимости через потенциальный 

барьер для переходов чётных и нечётных ядер в основное и возбуждённы е состояния, 
измеренны х после 1959 г. Фактор проходимости через потенциальный барьер опреде­
лялся численным интегрированием в приближении В К Б , принимающем во внимание 
центробежны й барьерный эффект чётно-чётных ядер, пренебрегая нецентральным взаи­
модействием. И спользуя полученный фактор проходимости и экспериментальное зна­
чение периода полураспада а-частиц, в каж дом  случае определяется уменьш енная ширина 
уровней. Приводятся такж е и барьерные факторы для излучателей а-частиц с нечётной 
массой.
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IN S T IT U T E  F O R  E X P E R IM E N T A L  P H Y S IC S , K O S S U T H  U N IV E R S IT Y , E E E R E C E N  

( P r e s e n te d  b y  A . S z a la y . — R e c e iv e d  2 4 . I X .  1 9 6 4 )

T h e  o c c u rre n c e  o f  M o92 ( n , 2 n )  M o91m r e a c t io n  h a s  b e e n  d e m o n s tr a te d  a t  1 4 ,8  M eV  

n e u tr o n  e n e r g y  a n d  t h e  is o m e r ic  c r o s s - s e c t io n  r a t io  — =  1 0 ,6  h a s  b e e n  d e te r m in e d . F o r  th e  

r e a c t io n s  M o92 (n , 2 n ) M o91*,91m t h e  c r o s s - s e c t io n  v a lu e s  a g =  15 9  m b , crm =  15 m b  w e r e  fo u n d .

In tro d u c tio n

P rev ious in v estig a tio n s of (y, n) a n d  («, 2n) reac tio n s in  M o92 nuclei 
[1, 2, 3, 4 , 5] have show n th a t  no sh o rt-life  (nearly  1 m in u te ) isom eric  s ta te  
of Mo91 will be p ro d u ced  b y  an  (n , 2n) re a c tio n  [3], w hereas in (y, n) reac tio n  
a t  energy  E y =  14,5 MeV th e  c ross-sec tion  ra tio  o f isom eric a n d  g round  
s ta te s  has been found  to  be 0,2 [4].

F o r th e  (n , 2re) reac tio n , the  a c t iv i ty  of th e  sh o rt half-life isom eric 
s ta te  w as found  on ly  in  trace s  a t  a b o m b ard in g  n e u tro n  energy  o f even 
18 MeV [4]. The th re sh o ld  energy  o f th e  process (13,2 MeV) [6] p e rm its  to  
p roduce  a level of 658 keV above th e  g ro u n d  s ta te  a t  a b o m b ard in g  n e u tro n  
energy  o f 14,8 MeV. T he purpose  of our in v es tig a tio n s  has been to  d e m o n s tra te  
th e  ex istence  of th e  above m entioned  isom eric s ta te  u n d e r the  co n d itio n s  of 
(n , 2n) reac tio n  a t  an  energy  of 14,8 MeV, an d  to  d e te rm in e  th e  iso m er cross- 
sec tion  ra tio  ( Og/crm).

Measurement and evaluation

N a tu ra l Mo m e ta l was ir ra d ia te d  fo r 3 m in u tes  b y  n eu tro n s p ro d u ced  
in  D -|- T  reac tio n  a t  a b o m b ard in g  en erg y  of E d =  250 keV. The b e ta  a c tiv ity  
of th e  fo il w as m easu red  b y  an  end -w indow  GM c o u n te r. The d e cay  curve 
o b ta in e d  is show n in  F ig . 1. B y ana ly sin g  th e  com plex decay  curve, co m p o n en ts  
w ith  th e  follow ing h a lf  lives were o b ta in e d : 60,5 h o u rs , 74 m in u te s , 15,7 
m in u tes , 60,4 seconds.

In  ad d itio n  to  th e  15,7 m in u te  h a lf  life (p e rta in in g  to  th e  g ro u n d  s ta te  
of Mo91), th e re  a p p ea red  tw o com p o n en ts  w ith  h a lf  lives of 60,4 second  and  
74 m in u te s , resp ec tiv e ly . The la t te r  m a y  be assigned  to  an N b 97 iso tope 
com ing from  th e  Mo97(n, p )  re ac tio n  also hav in g  a g am m a-d ecay  isom eric

Acta Phys. Hung. Тот. X V I I I .  Fasc. 4.



296 J . BACSÓ, J . CSIKAI and A. PÁZSIT

s ta te  w ith  a h a lf  life of 1 m in u te  a n d  an  energy  o f  750 кеУ , w h ich  m ay  as w ell 
be  responsib le  fo r th e  p ro d u c tio n  o f a co m p o n en t w ith  a h a lf  life o f 1 m in u te . 
T h e  end-w indow  GM  co u n te r em p lo y ed  has a  se n s itiv ity  of 0,5 p e r cen t fo r 
g am m a p artic le s  o f  750 keV . To de te rm ine  u n am b ig u o u sly  th e  p ro d u c tio n

o f Mo91tn, th e  d e c a y  curve w as m easu red  b y  m ean s of a gam m a sp ec tro m e te r 
in  such  a w ay  t h a t  only  p a rtic le s  over 850 keV  w ere d e tec ted . U nder su ch  
c ircu m stan ces , th e  a c tiv ity  w ith  a h a lf  life o f  1 m in u te  w as also o b ta in ed , 
w h ich  could  o n ly  be p ro d u ced  b y  th e  p o s itro n  decay  of Mo91m (F ig . 2) [7]. 
I n  o rd er to  d e te rm in e  th e  Mo91 isom er cross-sec tion  ra tio , we h a d  to  s tu d y  a 
possib le  c o n tr ib u tio n  of th e  N b 97m a c tiv ity  to  th e  1 -m inute  half-life  com ponen t 
m easu red  b y  GM co u n te r.
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T he le a s t u n fav o u rab le  co n d itio n  w as assum ed , i.e . th a t  N b 97 n ucle i in  
th e  g ro u n d  s ta te  can  on ly  be p ro d u c e d  th ro u g h  th e  decay  of th e  isom eric 
s ta te . B y  m easu ring  th e  a c tiv ity  o f  th e  74-m inu te  h a lf  life , we d e te rm in ed  th e  
n u m b e r and  a c tiv ity  o f th e  N b97m nuclei. The a c tiv i ty  value so o b ta in e d  is 
th e  g re a te s t possible c o n tr ib u tio n  o f N b 9,m to  th e  m easu red  1-m inu te  a c tiv ity . 
The above a ssu m p tio n  does n o t ap p re c ia b ly  affect th e  v a lu e  o b ta in e d  for th e

isom eric  cross-section  ra tio  since th e  N b97m could c o n tr ib u te  to  th e  m easu red  
a c tiv i ty  of th e  1 -m inu te  h a lf  life b y  n o t m ore th a n  5 p e r cen t. F o r th e  decay 
schem e in Fig. 2 th e  re la tio n sh ip  b e tw een  cross-sections and  a c tiv itie s  will be

og _  A \  (1 — e~Xmt) (Ag — 0,43 Xm) 0,57 ?.m 
am A l  (1 -  Xm) +  Xg -  Am *

T ak in g  th e  above re la tio n sh ip  in to  acco u n t, fo r th e  isom eric cross-section  
ra tio  th e  value а ^ а т =  10,6 ^  0,3 w as o b ta in ed  in  th e  Mo92 (n, 2n) M o',lg,9Im 
re a c tio n  a t  a b o m b ard in g  energy  o f 14,8 MeV.

In  a d d itio n  to  th e  isom eric cross-section  ra tio  a t  14,8 MeV b o m b ard in g  
en erg y  th e  abso lu te  cross-section  o f th e  reac tio n  Mo92 (n , 2n) Mo91* w as also 
d e te rm in ed . A ccep ting  th e  re su lt ag =  159 m b o b ta in e d  b y  us, th e  isom eric 
cross-section  v alue  am =  15 m b is o b ta in e d  b y  m eans o f th e  m easu red  ra tio .
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И С С Л ЕДО ВА Н И Е РЕ А К Ц И И  Мо92(л,2л)М о91’91™

Й . Б А Ч О ,  Й .  Ч И К А И  и  А . П А Ж И Т

Р е з ю м е

Реакция Mo92(л, 2л)Мо91т наблюдается при энергии нейтронов 14,8 MeV; опреде­

ляется отношение изомерного поперечного сечения =  10,6. При реакциях Мо92(л, 2л)
а т

Мо91£’ 91т для поперечного сечения найдены значения ag =  159 m b ; а т  =  15 m b .
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И ССЛ ЕДО ВА НИ Е Д И Ф Ф У З И О Н Н О Г О  ПРОЦЕССА
В Г Е РМ АН И И

Д. Н е р г е ш , М. 111. Си л а д и  и  Б. В и з к е л е т и

Н А У Ч Н О - И С С Л Е Д О В А Т Е Л Ь С К И Й  И Н С Т И Т У Т ,  П Р О М Ы Ш Л Е Н Н О С Т И  Т Е Х Н И К И  С В Я З И ,
Б У Д А П Е Ш Т

(Представлено Г. Сигети. — П оступило 23. X . 1964)

Авторы исследовали диффузию сурьмы в германии с помощью четырехзондового 
измерения и послойного травления. По нашему опыту п —п слои измеряются легче, чем 
диффузионные р —п переходы. Измерения проводили на экзо- и эндодиффузионных слоях.

1. Введение

В технологии производства высокочастотных полупроводниковых при­
боров для формирования дырочного, или электронного слоя наиболее часто 
применяется метод диффузии. Несколько сообщений посвещены оценке 
слоев, в которых концентрация примесей переменная, и которые созданы 
путем диффузии. Простейшим из известных методов является послойное 
измерение поверхностного сопротивления, применимый Фулером и Дицен- 
бергером |1 ). Применяемый ими метод для измерения толщины удаленного 
слоя не пригоден при небольшой глубине проникновения диффузии. Айлее 
и Лайбенгаут [2] применяли метод измерения веса удаленного слоя для 
определения его толщины, пригоден для весьма неглубокой диффузии 
( ~  1 мк).

Предполагая, что форма распределения диффузии и концентрация 
примесей в исходном материале известны, измеряя поверхностную проводи­
мость и толщину диффузионного слоя можно просто определить концент­
рацию на поверхности с помощью диаграммы, имеющейся в статье Катриса 
[3], и, зная это, можно определить концентрацию примеси для любого лежа­
щего под поверхностью слоя. Но это не применимо в общем случае. Так, 
например, по опыту нескольких авторов [2, 4, 5] распределение концент­
рации примесей, диффундируемых в кремний, не соответствует функции erfc, 
а концентрация у поверхности уменьшается только медленно, но в области 
перехода изменяется очень резко. В случае такого распределения примеси, 
которое нельзя описать простой аналитической функцией, метод Катриса 
неприменим. Кроме того,этот метод предпологает, что в образце параллельно 
его поверхности имеется электронно-дырочный переход, т. е., например, 
в пластинку из полупроводника р-типа диффундирует примесь, создающая 
на поверхности слой электронной проводимости.
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2. Метод измерения

Применяемый нами метод для определения распределения диффунди- 
руемой примеси во многом анологичен методу, применяемому Айлесом и 
Лайбенгаутом [2]. Метод состоит в последовательном травлении слоев, и в 
определении их толщины путем взвешивания, на травленных поверхностях 
измеряли четырехзондовую поверхностную проводимость.

Основой вычисления служил следующий расчет: поверхностная про­
водимость, определенная непосредственно четырехзондовом методом на рас­
стоянии X от поверхности, выражается следующей зависимостью:

S(x)  =  I' a(t) d t . (1)
X

Здесь <у(х) — удельная проводимость в точке х, t — переменная интегриро­
вания и I — глубина проникновения диффузии. Определение S(x)  с помощью 
четырехзондового методу возможно из следующего выражения [б]:

S(x)  =
1

4,53 ( 2)

где I  — ток, протекающий через два крайних контакта, a U — измеряемая 
разность потенциалов на внутренных контактах. Дифференцируя выражение 
(1) получим

°(*) =
d S (x )

d x
( 3 )

и концентрацию примесей — JV можно определить, зная N  — N(o) .
Измерения проводились на соответственно подготовленных германие­

вых пластинках толщиной в 2С0—ЗСО мк. На их поверхности сформировался 
слой с неоднородной концентрацией примесей, с глубиной проникновения 
5—13 мк, в результате диффузии из паровой фазы. (В случае р  — п + пере­
хода глубиной проникновения, как правило, называется расстояние от по­
верхности до электронно-дырочного перехода, а в случае п + — п перехода 
глубиной проникновения называется расстояние от поверхности образуа 
до такой поверхности внутри образца, где концентрация примесей в два 
раза больше, чем исходная концентрация в образце). С обратной стороны 
пластинки легированный слой удалялся шлифовкой.

Пригодный состав травителя для удаления слоев: 1 вес. ч. HF (38%), 
1 вес. ч. Н20 2 (30%) и 4 вес. ч. дистиллированной воды. Применяя данный 
травитель для травления слоя с упомянутой глубиной проникновения до­
статочным является время в 20—30 сек. при 0° С. Толщину удаленного слоя
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определяли взвешиванием на микроаналитических весах, и она была около 
0,4 мк. Наши эксперименты показали, что тефлон и пицеин подготовленные 
в царской водке и в применяемом травителе свой вес не меняли в ходе трав­
ления. Поэтому германиевые образцы наклеивали на подкладку из тефлона 
и все измерения проводились без снятия образца с подкладки. Таким обра­
зом обратная сторона пластинки защищалась от травителя, и травление 
происходило достаточно быстро, так как покрытие перед травлением и раст­
ворение перед взвешиванием стали ненужными. Применение тефлона и 
пицеина не влияет заметно на точность измерения.

Измерение поверхностной проводимости проводилось обычным четырех- 
зондовым прибором. Расстояние между контактами - 1 мм. Все данные
поверхностной проводимости вычислялись как среднее 10-и измерений, 
сделанных в различных местах поверхности. Место измерений на поверхно­
сти кристалла после каждого травления были одни и те же с точностью в 
± 0 ,1  мм. Поверхностную проводимость, определенную как среднее изме­
рений по выражению (2), изобразили как функцию расстояния от поверх­
ности, и после этого кривую проходящую через измеренные точки графи­
чески дифференцировали по каждый 0,5 мк. Так по выражению (3) опре­
деляли функцию а =  а(х). Для того, чтобы определить концентрацию при­
меси N(x) применяли кривую, изготовленную по приближенной формуле, 
в первой таблице статьи Катриса. Соответствующие формулы для кремния 
имеются в статье Ирвина [7].

3. Результаты

а. Измерение диффузии п+ — п.

Выше описанным методом исследовали расспределение примеси полу­
ченное диффузией сурьмы в образце германия п — типа. В случае упомя­
нутых размеров толщина образца меньше, чем половина расстояния между 
контактами четырехзондового аппарата [6], итак перпендикулярным к по­
верхности кристалла компонентом напряжения можно пренебречь по срав­
нению с параллельным компонентом, т. е. можно определить поверхностную 
проводимость по выражению (2).

На рис. 1 изображена концентрация примеси в зависимости от расстоя­
ния измеренной поверхности от первоначальной поверхности в диффунди- 
рованном образце.

Как видно на рисунке, распределение примеси хорошо согласуется с 
теоретической зависимостью erfc и коэффициент диффузии приблизительно 
совпадает с рассчитанной величиной [8] (D == 1 • 2 • Ю-11 см2/сек при тем­
пературе 770° С).

Относительные отклонения десяти измерений, как функция расстоя­
ния показаны на рис. 2. Видно, что отклонение измерений при последова-
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Рис. 2. Средние отклонения измерения слоя

тельном травлении ничтожно возрастает. В однородной части материала 
вышеописанным методом нельзя было определить концентрацию примеси, 
т. к. изменения вследствии травления были одного порядка с разбросами. 
Кроме этого в данной области инжекция токовых контактов также мешала
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измерению, но это можно было устранить уменьшением тока. Поэтому кон­
центрацию примесей в однородной части материала определили непосред­
ственно из проводимости, измеренной обычно четырехзондовым методом.

0. Измерение диффузии п р.

Распределение примеси в образце р — типа, который подвергли опе­
рации диффузии одновременно с предыдущим образцом п — типа, показано 
на рис. 3. Измерение считали приемлемым только до тех пор, пока относи­
тельное отклонение значений поверхностной проводимости, измеренных в 
десяти местах, не превышает 10%. Это отклонение изображено на рис. 4, 
как функция расстояния измеренной поверхности от первоначальной по­
верхности образца, отсюда видно, что концентрацию примеси уверенно опре­
делить удается только на первых 8,5 мк. Начиная от расстояния в 9 мк от

Acta Phys. Hung. Тот. X V I I I .  Fase. 4.

Рис. 3. Диффузионный профиль слоя
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первоначальной поверхности образца, измеренные значения поверхностной 
проводимости с большими отклонениями от среднего постепенно увеличива­
лись. Это явление нельзя объяснить тем, что стравили уже весь диффузион­
ный слой, и достигли основной материал p -типа. Дело в том, что при дости­
жении материала p -типа поверхностная проводимость должна была быть 
резко увеличиваться, так как большое сопротивление р  — п  перехода уже 
не препятствует проникновению тока в область p -типа. В последствии по­
верхностная проводимость очень медленно и постепенно уменьшается также, 
как толщина образца p -типа из-за последовательных травлений несколько 
уменьшается. В нашем случае положение было иным, на наличие поверх-

М %  s 71

40 

30 

20 

10

1 2 3 ^ 5  6 7 8 9 10 11 Хмк

Рис. 4. Средние отклонения измерения слоя

ности п - слоя указали также измерения методом термозонда. По нашему мне­
нию объяснение данного явления следующее: приближаясь к р  — п  пере­
ходу падение напряжения между токовыми контактами достигает очень 
большой величины, под влиянием которого может произойти пробой сме­
щенного в обратном направлении р  — п  перехода, так его сопротивление 
уменьшается, часть тока проходит через вглуб лежащие слои, и поэтому 
падение напряжения, измеренное между внутренными контактами, умень­
шается.
в. Измерение экзодиффузии

В качестве примера более сложного случая, определяли распределение 
примеси в образце, подвергающемуся предварительно сначала процессу 
диффузии из паровой фазы, а после диффузии еще определенное время вы­
держивался при температуре диффузии в вакууме.

Использовав выведенное Номура [9] выражение для двойной диф­
фузии получим, что

Cj (X, t) =  С0 erfc X

2 (Dig +  ß f )1/2
- ( C 0 -  C2) erfc ---------- ,

V 2' 2 (D t)'/2
(4)
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где Сг{х, t) концентрация, полученная после экзодиффузии, протекающий 
время t, С2 — поверхностная концентрация в конце процесса диффузии, 
D — коэффициент диффузии, который из-за постоянства температуры во 
время диффузии не менялся, и t0 — время эндодиффузии. Значение Cö и D 
определили из данных диффузии, проведенной в таких же условиях с про­

должительностью t0 +  t. С2 принимали равной среднему значению поверх­
ностной концентрации, полученной при проведении в идентичных условиях 
нескольких диффузий.

На рис. 5. видно распределение концентрации в таком случае и опре­
деленная по (4) кривая. Результаты эксперемента сравнимы с кривой, полу­
ченной из (4).

3 Acta Phys. Hung. Тот. X V I I I .  Fase. 4.

Рис. 5 .  Профиль экзодиффузии слоя
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4. Выводы

По нашим измерениям в образцах, имеющих р  — п переход, созданный 
диффузией, в определении концентрации вблизи глубины проникновения 
появляются трудности из-за больших отклонений и постепенного роста зна­
чений поверхностной проводимости. Распределение примеси хорошо можно 
определить в таких тонких образцах, в которых нет изменения типа прово­
димости. В случае проведения после эндодиффузии и экзодиффузии распре­
деление примеси в пределах ошибки соответствует теоретическому.
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T h e  a u th o r s  in v e s t ig a t e d  d if fu s io n  o f  a n t im o n y  in  g e r m a n iu m  b y  th e  fo u r -p o in t  p ro b e  
a n d  g r a d u a l  e t c h in g . I n  t h e  e x p e r im e n ts  t h e  n  +  — n  la y e r  c o u ld  b e  m o r e  e a s i ly  m e a s u r e d  th a n  
t h e  p - n  j u n c t io n  m a d e  b y  d if fu s io n . T h e  m e a s u r e m e n ts  w e r e  c a r r ie d  o u t  o n  in -d i f fu s e d  a n d  
o u t - d i f f u s e d  la y e r s .
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D IE  B E R E C H N U N G E N  D E R  lsnsbS-Z U ST Ä N D E  
D E S  W A S S E R S T O F F M O L E K Ü L S A U F  G R U N D  
D E R  M E T H O D E  D E R  M O L E K Ü L B A H N E N  II.

Von

F . B e r e n c z

IN S T IT U T  F Ü R  T H E O R E T IS C H E  P H Y S IK , J Ó Z S E F  A T T IL A  U N IV E R S IT Ä T , S Z E G E D  

(Vorgelegt von A. Kónya.— Eingegangen: 16. XI. 1964)

Es wurde die Elektronenergie des lsSs'S-Zustandes des Wasserstoffmoleküls auf Grund 
der Methode der Molekülbahnen berechnet. Es wurde weiterhin festgestellt, dass die auf Grund 
der Methode der Molekülbahnen berechneten Energien der lsns'S-Zustände (n =  1, 2, 3) 
des Wasserstoffmoleküls von dem empirischen Wert eine Differenz von 4,5%-en zeigen. 
Die Methode der Molekülbahnen ist also für eine theoretische Behandlung sowohl des Grund­
zustandes als der angeregten Zustände geeignet.

E in le itung

E s is t  w o h lb ek an n t, dass die L ö su n g  der S ch röd ingerg le ichung  schon 
im  F alle  v o n  A tom en  a u f  u n ü b erw ind liche  m a th em a tisch e  S chw ierigkeiten  
s tö ss t, die be i M olekülproblem en noch  g este ig ert w erden . D eshalb  is t  m a n  
bei L ösung von  M olekülproblem en a u f N äh e ru n g sm e th o d en  angew iesen. D ie 
eine sehr o ft erfo lgreich  g eb rau ch te  N äh eru n g sm eth o d e  is t die so g en an n te  MO 
(M olecular O rb ita l)-M ethode , zu deren A u sa rb e itu n g  H u n d  [1], M u l l ik e n  [2], 
H ück el  [3] u n d  L e n n a r d -J ones  [4] b e ig e trag en  h ab en . B ei d er M O -M ethode 
w ird  angenom m en, dass die E lek tro n en  im  M olekül n ic h t den einzelnen  A to ­
m en, sondern  dem  M olekül als ganzes an g eh ö ren , d. h . dass sich die E ig en ­
fu n k tio n  eines E lek tro n s  a u f  das ganze M olekül e rs treck e . D em en tsp rech en d  
w erden die M olekü lhahnen  der einzelnen E le k tro n e n  m eh rzen trig  im  G egen­
sä tze  zu den  e in zen trig en  A to m b ah n en . D ie m eh rzen trig en  M olekü lbahnen  
der e inzelnen  E lek tro n en  lassen  sich ab e r a u f  G ru n d  der LCAO (L inear C om ­
b in a tio n  o f A tom ic O rbita ls)-M ethode als L in ea rk o m b in a tio n  der e inzelnen  
e inzen trig en  A to m h ah n en  angeben. D ie E ig en fu n k tio n  des M oleküls, d. h. 
die MO des M oleküls w ird  als P ro d u k t der M olekü lbahnen  der e inzelnen  
E le k tro n e n  angegeben . E s m uss aber b e m e rk t w erden , dass zw ischen zwei 
A to m b ah n en  n u r d an n  eine effektive L in ea rk o m b in a tio n  sich  verw irk lich en  
k an n , w enn  die Grösse d e r E nerg ien  b e re c h n e t m it den  einzelnen  A to m b ah n en  
verg le ichbare  Grösse h a b e n , ihre L adu n g sw o lk en  sich  m ax im al bed eck en  
u n d  be tre fflich  der M olekülachse dieselbe S y m m etrie  b esitzen . W e in b a u m  [5] 
fü h rte  zu e rs t bezüglich  des G ru n d zu stan d es des W assersto ffm olekü ls q u a n te n ­
m echanische B erech n u n g en  a u f  G rund d e r so g en an n ten  LCAO— M O -M ethode 
m it v erh ä ltn ism ässig  g u te n  R esu lta ten  d u rch . In  e in er frü h eren  A rb e it [6 ]
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308 F. BERENCZ

berechneten w ir den angeregten ls2 s1S -Z ustand  des W asserstoffm oleküls au f 
G rund der M ethode der M olekülbahnen, in  dieser A rbeit werden die vorigen 
B erechnungen au f den angeregten ls3 s1S-Z ustand ausgebreitet. Schiesslich 
werden die WEiNBAUMschen und  unsere R esu lta te  m it den em pirischen W erten 
verglichen.

Die R echenm ethode

Die W asse rs to ffe ig en fu n k tio n en  d er n s-Z u stän d e  w erden  d u rch  den  fo l­
genden  Z u sam m en h an g  g e lie fe rt:

wo

Rn(r) = 1

ns(r)

n — 1 
1 ! 2 !

n 3/2 ]/j
exp R n i r ) >

2r
+ ( "  _ ! ) ( " -  2)

2! 3!
2r

( 1 )

( 2 )

is t .  Die M olek ü lb ah n  des l s 3 s 1S -Z u stan d es des W assersto ffm olekü ls w ird  
als P ro d u k t d e r M olekü lbahnen  der e inze lnen  E lek tro n en  angegeben , bei 
w elchen sich  d as  e rste  E le k tro n  im  G ru n d z u s ta n d  u n d  das zw eite E le k tro n  im  
an g ereg ten  Z u s ta n d  b e fin d e t. D ie M olekü lbahnen  d er e inzelnen  E lek tro n en  
h ab e n  n a c h  (1) u n d  (2) die fo lgende G esta lt:

b  (rai) +  b  (rM) =  -= r  [exp  ( — ral) +  exp  ( — r ftl) ] , (3)
\ n

3s ( ra2) +  3sU )
3 /3 71

exp _  _G?2_ (l - - - r a2 +  j - r l 2
3 \ \  3 27

+

+  exp 'Ы
( 4 )

U n te r  B e rü ck sich tig u n g  v o n  (3) u n d  (4) k a n n  die M olekü lbahn  des ls 3 s 1S- 
Z u stan d es des W assersto ffm o lekü ls in  d er fo lgenden  F o rm  angegeben  w erden :

V,a =  3j [ e xp ( — rgl) +  e x p (— rftl)] X

X

+

exp

exp

- t l l h T r °2 +

'62

27

2

+ (5 )

1 -----— Гм +  ----  rL
3 27
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Die E lek tro n en erg ie  w ird  d an n  a u f  G ru n d  des fo lgenden  Z u sam m enhanges 
b e rech n e t:

jV a Н'Рл d r

JV§ d a
( 6 )

WO

H =  H a -\- H b — — 
гы rQ2 r '' 12

1
¥ (7)

und

is t.

Ha = - - U -

1
(8)2 ral

1
(9)2 rb2

Die Resultate der Berechnungen

W e in b a u m  [5] fü h rte  bezüglich  des G ru n d zu stan d es  des W asse rs to ff­
m oleküls q u an ten m ech an isch e  B erech n u n g en  au f G ru n d  d er so g en an n ten  
LCAO— M O -M ethode d u rch  u n d  gelan g te  m it der M olekü lbahn  v o n  d er 
G esta lt:

Vi =  [ls  (r<u) +  1« W i)] [Ь  (гщ) +  Is (r62)] (10)

zu einer E lek tro n en erg ie  von  1,12755 a. u . V erfasser b erech n e te  in  e in er 
frü h eren  A rb e it [6] den  ls 2 s 1S -Z u stan d  des W assersto ffm olekü ls a u f  G ru n d  
der M olekülbahn  von d er G esta lt

V>2 =  [ l s  (rai) +  l s  (rbl] [2s (ra2) +  2s (rft2)] (11)

u n d  e rh ie lt eine E lek tro n en erg ie  von  0,68086 a. u . In  d ieser A rb e it w urde  
der ls 3 s 1S -Z u stan d  des W assersto ffm o lekü ls a u f  G ru n d  d e r M olekü lbahn  von  
der G esta lt

Va =  t l s  (rai) +  b  (rftl)] [3s (ra2) +  3s (rft2)] (12)

b erech n e t m it einem  R e su lta t  von 0,63400 a. u . fü r  die E lek tro n en e rg ie .
V ergleichen w ir die oben an g e fü h rte n  R e su lta te  m it den  em pirischen  

W erten , die d er R eihe n a c h  die fo lgenden  sind :

( ls )21S 1,17442 a. u.
ls 2 s 1S 0,71188 a. u.
ls 3 s lS  0,65975 a. u . [7].
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D ie D ifferenzen  zw ischen d en  b e rech n e ten  u n d  em pirisch en  W erten  in den  
einzelnen Z u stän d en  sind  wie folgen:

( l s )2 *S 0,04687 a. u. (4 ,00% ),
ls 2 s 1S  0,03102 a. u. (4 ,36% ),
lsS s iS  0,02575 a. u. (3 ,90% ).

D ie D ifferenzen  zw ischen den  a u f  G rund  d er LCAO— M O -M ethode e rh a lten en
R e su lta te n  u n d  den  em p irisch en  W erten  b le iben  u n te r  e iner m in im alen  F eh ler- 
G renze v o n  4 ,5 % -en  in  a llen  d re i F ä llen . A us d ieser T a tsa c h e  k an n  m an  die 
S ch lussfo lgerung  ziehen, d ass  die in d er E in le itu n g  besch riebene  F o rm  d e r 
M O -M ethode zu  einer th e o re tisc h e n  B eh an d lu n g  sow ohl des G ru n d zu stan d es  
als der an g e reg ten  Z u s tä n d e  m it e inem  v erh ä ltn ism äss ig  g u ten  R e su lta t  
geeignet is t.

Ich  d a n k e  auch an  d ieser Stelle F rä u le in  A. B o l d i z s á r  fü r die H ilfe 
be i den n u m erisch en  R ech n u n g en .

A nhang

Bei d e r  B erechnung  d e r E lek tro n en erg ie  m u ssten  m ehrere  In te g ra le  
b e s tim m t w erd en , w elche b ish e r in der L ite ra tu r  n ich t vo rgekom m en sin d . 
D iese seien fo lgenderm assen  b eze ich n et:

1
7l2

I(a ,  ß, y, ô s t и  v) =

ex p  ( — a  ral — ß  rbl) exp  ( — у  ro2 — %2) X 

X rsal г(й1 r“2 rvb2 ■ —  dxx da2 .

B ei der B e rech n u n g  der In te g ra le  w ird  die M ethode von  K o t a n i  u n d  seinen  
M ita rb e ite rn  b e n u tz t. D er In te g ra n d  w ird  in  e llip tischen  K o o rd in a ten  d a rg e ­
s te llt  u n d  die gegenseitige E n tfe rn u n g  d e r be iden  E le k tro n e n  w ird  d u rch  die 
NEUMANNsche R e ih en en tw ick lu n g  b e rü c k s ic h tig t. U nsere  In te g ra le  w u rd en  
m it H ilfe d e r  von  K o t a n i , A m e m i y a  u n d  S i m o s e  [8 ] ,  gleichw ie von M i l l e r , 
G e r h a u s e r  u n d  M a t s e n  [9] ta b e llie r te n  fo lgenden  H ilfs in teg ra len  au sg e­
d rü c k t:

A n ( a )  =  j  e _ a / ‘ d u  ,
i

B n (ß ) =  I e~ßv vn dv ,
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G; (Z, ß )  =  J 1 p ;  (V.) e r *  v\ (1 — V ^ -  d v t ,
-1

Щ  (i,  a ; k , ß )  =  ]  f /4  /*S Q:  (**+) P : (/Í_) X
i i

X (RI -  1)"/2 (iWl — 1)*,/2 dn xdn2 .

Die n euen  In teg ra le  e rg ab en  sich wie fo lg t.

/  (4, 0, у  0, 0, 0, 0,o) =  f -  [hí (2 , R; 2, i -  rJ Gg (0, R) Gg (o, y R ^ + C , -  

- H 0̂ 2 ,R ;0 ,y R j  Gg (0, R) Gg(4,yR) -  C, -

-  Hg (0 , R; 2, i -  R) Gg (2, R) Gg (о, у  r] -  C3 +

+  Hg [0 , R; 0 , y  r] Gg(2, R) Gg (2 , y  r) +  C4] .

I  (2 , 0, у  ,0, 0 . 0 , l . o ) - £  [я^2, R; 3, y  r) Gg (0, R) Gg(o, у  r) +  Cä +

+  Hg ( 2 , R; 2, | r) Gg (0, R) Gg ( l , y  «) + C6 -

-  Hg (2 , R; 1, y  rJ Gg (0, R) Gg (2 , - I rJ - C , -

-H » (2 ,R ;0 ,y R )  Gg(0,R) G g (4 ,y R )-C 8 -

-  Hg (0 , R; 3, y  r) Gg (2, R) Gg (o, y  r) -  C, -

-  Hg [0 . R; 2, y  r ) Gg (2, R) Gg (l, y  fi) -  C10 +

+  Hg (0 , R; 1, у  r J Gg (2, R) Gg (2 , y  fi] +  Cu +

+  Hg (0 , R; 0,y  r ] Gg (2, R) Gg (3 , y  r) +  C12] .

I  (2 , 0, у  , 0, 0, 0, 2 , o) =  ~  [ng (2 , R; 4, y  r) Gg (0, R) Gg (o, y  я) +  CI3 +  

+  2Hg (2 , R; 3, y  r ) Gg (0, R) Gg (l, y  я) + 2CU -

-  2Hg (2 , R; 1, y  r J Gg (0, R) Gg (з, y  r] -  2Clä -

-  Hg (2, R; 0, y  R j Gg (0, R) Gg (4 , y  r) -  C16 -
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[2, о ,- О, О, О, 3, о

1 (2, О, у  О, О, О, 4, oj

-  Я »  ( lО, R ;  4 , -ИG S  ( 2 ,  R )  C g  ( c 4 * ) - c „  -

-  2 H S  1( 0 , R ;  3 , 4 * ) G g  ( 2 ,  R )  G g  ( ‘ ■ T 8 1 -  2 C 18 +

+  2 Я » ( o , R ; l , T * ) G g  ( 2 ,  R )  G g  ( ’  : ' 8 1 +  2 C 19 +

+  Щ ( 0 ,  R ;  0 , И G g  ( 2 ,  R )  G g  (44 8 ) +  C 20 j  •

j  R 8 
;  6 4 \ щ  ( 2 , R ;  5 , j R )  G g  ( 0 ,  R ) G g  ( 0 , - 2" +  c 2l +

+  3  HS ( 2 ,  R ;  4 . T  8 )  G g  ( 0 ,  R )  G g  (> 4 * J 3 C , 2 - j -

+  2 HS ( 2 ,  R ;  3 ,4 8 )  G g  ( 0 ,  R )  G g  j 2 , 4  s 1 +  2 C „ 3  -

-  2 H» ( 2 ,  R ;  2 .4  8 )  G g  ( 0 ,  R )  G g  ( * 4 * 1 -  2 C 21 -

-  3  Hg ( 2 , R ; 1 4 « : )  G g  ( 0 ,  R )  G g  IS t 8 )  -  3 C 25 -

-  щ ( 2 ,  R ;  0 , и G g  ( 0 ,  R )  c g  Í : 4 8 ) —  G 26

- щ ( 0 ,  R ;  5 , и G g  ( 2 ,  R )  G g f o 4 8 ) -  C„ -

-  З Я » ( 0 , R ;  4 4 8 )  G g  ( 2 ,  R )  G g  j( ■ • T 8 j — G2s

-  2 Я 0° ( 0 ,  R ;  3 4 « )  G g  ( 2 ,  R )  G g  1( 2 4 8 j  —  G 29 +

+  2  H g [ 0 , R ;  2 •T8)  G g  ( 2 ,  R )  G g  j( s 4 8 j +  G 30 +

+  З Я » ( 0 ,  R :  1 T 8)  G g  ( 2 ,  R )  G g ( ‘ • T 8 j +  G 31 +

+  Я о ° ( 0 ,  R ;  0 , I 8 ) G g  ( 2 ,  R )  G g  ( :54 8 ) 4 “ G 32J  .

R 9 Г
l 2 8 " [ Я »  ( 2 ,  R ;  6 , - J  R )  G g  ( 0 .  R ) C i ( « „ J  к) +  c 33 +

+  4  я ; ;  J 2 ,  R ;  5 , i 8 ) G g  ( 0 ,  R )  G g  ( ■ 4 8 ) +  g34 +

+  5 Я »  ( 2 ,  R ;  4 , T 8 !1 G g  ( 0 ,  R )  G g  ( 2 4 8 ) 4 “ 3 C 35

-  5  Hg ( 2, R; 2, T 8 ) G g  ( 0 ,  R )  G  g ( * 4 8 ) 3 C 36

-  4 Я »  ( 2, R; 1,i8)G g  ( 0 ,  R) G g  ( s 4 8 ) -  4 C 3,  -
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( 2 , Д; 0, 1 Gg (0, Д) Gg J<> 4 Я) С38

Jo, Д; 6 , - И 1 Gg (2, Д) Gg((’4 « ) 3̂9

-  4Hg (o , Д; 5, ~  д] Gg (2, Д) Gg J l, у  л) -  C40 -

-  5Hg Jo, Д; 4, i -  ä ) Gg (2, Д) Gg (2, у  д] -  C4l +

+  5Hg [о, Д; 2, у  д )  Gg (2, R) Gg ( 4, | й ) +  C42 +

+  4Hg (о , Д; 1, у  Д j  Gg (2, R) Gg ( 5, у  « )  +  C13 +

+  Hg (о, Д; О, у  ä ) Gg (2, R) Gg (б, у  д )  +  C44 | .

°* °) =  §  |[ 3H°° (2’ R • 2’ т «) -  я »° ( ° - Ä: 2’ T  * ) ]  G»° (°- T R) ~

-  [3Hg [2, Д; О, у  д) -  Hg (о, Д; 0, у  д)] Gg J2, j ß j -

-  2Hg Jo, Д; 2, у  Дj Gg 0̂, j  fl) 2Hg Jo, Д ; 0, у  д|с» J2, у  Д j}.

») -  If  j[3H! (2-R-3-T R ) -  «î (»• “ ■3- 1 R) ] G! ("• 4 R) + 
+  [3Hg (2, Д; 2, у  д] -  Hg ( о ,  Д; 2, у  я ) J Gg J l ,  I  д] -

I 3Hg J2, Д ; 1, у  д) -  Hg Jo, Я; 1, у  д)] Gg J2, у  д) -  

[зН» J2, Д; 0 , у  Д j -  Hg Jo, Д; 0 , у  я}]с? J3, у  д) -  

-  2HgJo, Д; 3, у  fi)cg Jo, у  л] -  2HgJo, Д; 2, у  Ä^Ggfl, | л )  +

+ 2Н» Jo, Д; 1, у  я) Gg J2, у  д)+ 2HgJo, Д; 0, у  д) Gg J3, у  л) j .

2- °) - -Ir IN  (!- Я;4,т й]- "!(»•й; *• т «)]с! («• 4*) +
2  [ 3 H g ( 2 . Л ! 3 , | к ) - H g j >*з4в)NNH-
2 [ з Н » - H g | M3-H-
13 H g  Js•*°4*) -  H g ( < ) ,  К ; 0 , А д ) ] N*4B)-

Acta Phys. Hung. Тот. X V I I I .  Fase. 4.



314 F. BERENCZ

(о, R; 4, 4  r )|G§|(°-t r )1 -  4 Hg 1[о,л; з,4 я]И ‘--И
(«. R; 1,4 «)lG§lK R]1 +  2Hg 1(о, R iO .J  «Jlci(44 R)|

/  ( l ,  1, y , 0, 0, 0, 3, 0 =  ~  j[3Hg ( 2, R; 5, y  r ) -  Hg (o, R; 5 , | r)] Gg (o, | r) +

+  3 [зн§ [2, R; 4, 4  r ) -  h „°|j o .  R: 4, 4  r ) H ( ■ - И

+  2 |[3 Hg 1(2, R; 3, 4  n j1 -  Ho ( « , R ; 3 , 4 r ) H i ! 4 R )

- 2 |[3Hg 1̂2, R; 2 ,  4  R J (O, R; 2 . - 4 « ) ] G ! I ( 5 4 r )

- 3 I[ з я 0° 1( 2 , R ; 1 . 4 r )1 -  «s  1( ° - R i I 4 R ) H [ “ • i  я )

[3 H g ^ 2 ,R ;0 ,y  R) -  Hÿ ( c G g  ( ï
' ■ H -

( « • * 4 s ) Gg 1: » - и -  6Hg( R: 4, 4  R) Gg 1■ - H

(o, r:3, 4 r) Gg 1> 4 я )! +  4Hg (> - R‘ 2- T R)1 Gg 1N r )

(».R;1, - J r ) Gg (44 r ) + 2Hg («,r ;° . 4 r ! Gg Ж )

I ( l ,  1,4 , 0,0, », 4, o) -  i  {[«U (2, R; i4  «) -  Hi (о, ±  r)J Ci («, 4  r) +

+  4 j[з щ  1( 2 . R ; 5 , 4 r )1 - ^ 8 1 (o, R ; S . 4 r ) ] c î |
• :

+ 5 I[зн° 1'i, R; 4, y  я]1 -  я 0о !0'R“4R)] Gg 1(24r)
- 5 I

[зя» j(2, R; 2 , 4 « ) | - « 8 | ( ° -r ' 2- 4 r I HMr)
- 4 I

[ з я » | (2. Ri 4. J-R]1 -  HS ( ° - R i l - T * l ] c g (54r)
[ 3 H j ( 2 , R ; 0 , y R )  -  H g ( o , R ; 0 , y R ) ] c g ( 6 . y R ) -  

- 2 H » ( o , R : 6 , y R j  Gg j o l f i ]  -  8Hg (o, R; 5, y  f i ]  Gg ( l ,  y  r ]  -  

-  10ffg (o, R; 4, y  r ] Gg 2̂, y  r ) +  lOHg (o, R; 2, y  r ) Gg ( 4, y  r ) +  

+  8Hg(o,R;  l , y  R] G g ( s , y  r ]  +  2Hg (o, R; 0, y  r ) G g j ô . y  r )} .
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, О, О, О, о] = y2' |[зН§ (2, R: 2, у  r) -  Hg (2, R; 0, ±  r)] Gg (0. R) -

-  [зЯ§ (о, R; 2 ,1  rJ -  Hg (o, R; 0, у  rJJ Cg (2, R) -

-  2Я» [2, R: 0, у  Rj Gg (0, R) + 2Hg (o, R; 0, |  fij Gg (2, R)j .

, 0, 0, 1, 0] = ~  {5 [3Hg (2, R; 3 , { rJ -  Hg (2. R: 1 ,1  r)] Gg (0, R)

-  5 [sHg [0, R; 3, I  R j-H « jo ,R ;l,jR  )] Gg (2, R) +

+ 3^5Я»|Ч R;2,yfij -  3Hg [2, R; 0 ,y  fijj Gg (0, R) -

-  3 5̂Hg[o, R; 2 ,y  R) -  3Hg [o, R; 0, y  fijj Gg (2, R) -

-  lOffg ĵ 2, R :  1 ,  у  fij Gg ( 0 ,  R) +  1 0  H g  (o, R; 1 ,  у  Gg ( 2 ,  R)-

-  6Hg(j>, R; 0, y  fi) Gg (0, R) + 6Hg (o, R: 0, у  R] Gg (2, R)j .

°. 1, 0. 0] = ~  J5 [3Hg [2, R; 3, y  r) -  Hg (2, R; 1, y  r}] Gg (0, R)

-  5 [3Hg (0, R; 3, y  Rj -  Hg (o, R; 1, у  rJ J Gg (2, R) J-

-  3 [.5 Hg 2̂, R; 2, l{ r|  -  3Hg [2, R: 0, у  rJJ Gg (0, R) +

+ 3 ĵ 5Hg (0. R; 2, у  — 3Hg [o, R; 0, у  fijj Gg(2, R) -

-  lOHg 2̂, R: 1, у  Rj Gg (0, R) + 10H» 0̂, R; 1, y  r] Gg (2, R) +

+ 6H» (2, R; 0, у  Rj Gg (0, R) -  6Hg (o, R; 0, у  rJ Gg (2, R) j .

• »• «• > )- ш {[»««*(2-* > 4 * ) - ™«i(2-«•«•■{•*)
+ 21Hg(2,R:0,yR)]Gg (0. R)

- Jl05Hg(o,R;4,yR) -  70Hg (o. R: 2, у  r] +

+ 21Hg(0,R;0, ■ Rj] Gg (2, R) -

-  [l40 Hg [[2. R; 2, у  Rj -  60Hg [2, R; 0, у  R jj Gg (0, R) +

+
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+ [но Я§ (о, й; 2,у  й) -  60 Я» (о, й; 0, у  л] J Gg (2, R) +

+ 24Я» 2̂, R  ; 0 , у  й) G» (О, R )  -  24 Я» (о, й; 0 , у  й) Gg (2, й) j.

(г, 0, у  , у  , О, 0, 2, о)= у ^  {? [5Н0° (г, Л ; 4 у й ) -  Я»̂ 2, й; 0, у  й)] Gg (О, й)

7 [бЯ » (о , й ;  4 , у  й )  -  Hg (о , й ;  0 , у  й ) ]  Gg (2, й ) +

+ н [ 5Я» (2 -  ЗЯ»̂ 2 G» (0 , й )  -

-  14 И « - ’• Т 8) -  ЗЯ» (••8 ' 1' Т 8)|]  Gg (2 , й )  -

-  20Я» 2̂, й; 0, у  fíj Gg (О, й) + 20Hg (о, й; 0, у  й) Gg (2, й) -

-  28Я» (2, й; 1, у  й] Gg (О, й) + 28Hg (о, й; 1, у  й) Gg (2, й) -

-  8Н» (2, й; 0, у  й] Gg (О, й) + 8Я» (о, й; 0, у  й) Gg (2, й) j .

Í (2, О ,I , А  , 2) = ^  {7 [sHg (2, Я; 4 ,1  й) -  Я0» (2, й; 0,1 й)] Gg (О,й)

-  7 [ъ Щ  (о, й; 4 , у  й) -  Я» (о, й; 0, у  й] j  Gg (2, й) -

-  14  5̂Я» ( 2, й; 3 , у  й) -  ЗЯ» 2̂, Я ; 1 , у  й)] G» (О, й) +

+  14 5̂Н»[о, й; 3 ,1  й) -  ЗЯ» (о, H; 1 ,1  й)| G» (2, й) -

-  02Я» [2, й; 0, у  й j Gg (0, й) + 20Я» [о, й; 0, у й )  Gg (2, Я ) +

+ 28 Я» ( j Gg (0, й) + 28Я» 0̂, й; 1, у й ]  Gg (2, й ) -

-  8Я» Í2, R;°, у  if) Gg (0, й) + 8Я» [о, й; 0, у й) G» (2, й)[ .

/(2, 0 ,1 , -L, 0,0,2,15 й»
[21 [пя» (г, Я ;  5 ,1  я ) - - 10Я»(2,й;3,уй|J 20 160

ЗЯ»(2,Я;1,уй)]с»о(0, й) -

21 [ п Я »  ^0, й ;  5 , у  f í j  -  Ю Н » [ о ,  й ;  3 , у  n j

ЗН»(о,Я; 1, у  й^ Gg (2, й) +
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+ 9 [з5Ях° [2,Л;4,уй ) -  4 2 fff (2, R; 2,-1 R)| +

+ 15Я° 2̂, » • !* ) ] Gg (0, R) -

-  9 3̂5fff (о, К ;4 ,|й J -  42fff («,я;2,±я;| +

+ 15fff [о. R;»,-!-*)] G» (2, R)

-  60 [ ш °  1[2, R; 3, у  й) -  3 Щ  f 2, Я, 1,-1 Я)] G»(0, Я) +

+ 60 | 7̂Я§ (о, R; 3 ,1  Я) -  3я*(< Gg (2, Я) -

— 20 ^9Щ ) -  7Я» (2, я ; 0 ,-1  я) ] Gg (0, Я) +

+  20 [ 9 Я» (o ,í;2, j ü 1 -  "‘Щ  (0, Я; 0,-1 я)] eg (2, Я) +

+  72Щ  ^2, Я; 1, y  й) G° (0, R ) -  72f f f  (o, R; 1, y  R j Gg (2, Я)| .

wm|м [ и » : ( ч ь 5 . 4 - * ) - и н * ( 2- * 3- T  * )

+ З н ф д ;  1 ,уй )]с° (0, R) -  

-  21 [l5ff» (о, R; 5, y  й) -  Wff„» (o, R: 3 , |й )  +

+  З Я ° ( о , Я ; 1 , у Я ) ] с Й  (2, R) -

— 9̂ 35Я° (2, Я; 4, у  й) -4 2 Я» (2, Я: 2, у  я] +

+ 15fff 2̂, Я; 0, у  й)] G« (0, Я) +

+ 9 [35Я? (о, Я ;4,уй | -  42fff (о, я ; 2 ,-1  я) +

+ 15Я» 0̂, Я; 0, у  Я j  j Gf (2, Я)

-6 0  [7Я»(2,Я;3,уй)~ 3ffg|у ,  1,±  я)'] Gg (0, Я) +

+ 60 [7ffg (0, Я; 3, у  я) -  3ffg (11,Я,1,±Я)] Gg (2, Я) +

+ 20 [9Я3° (2, Я; 2, у  й) -  7 Я" (2, Я; 0 ,-1  fl)]1 Gg (0, Я) -

-  20 Ĵ 9Hg (0, Я; 2, у  й] -  7 Я» (0, Я; 0,-1 я)] Gg (2, Я) +

+ 72Я» (2, Я; 1, у  й) G» (0, Я) - 72fff ío, Я: 1,-1 я )С!2,
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(2. i . i - ,  0,0, 2. 2) ,  - п ^ й -  {231[з5Н! (2, Я; 6, ]  я) -  ЗЗЯ- (., Я; 1. 4  я)

+ 21 Hg (2, fi; 2, * ßj -  5Н0° (2, fi; 0 ,1  fi) | GJJ (О, ß) -  

-  231 3̂5Я° 0̂, ß; 6, fi) -  35Я» (о, ß; 4, * fi) +

+ 21Я°(о,Л;2,уЛ) -  5Я»(о,Я;0,уй)]с8(2, R)  

^ 2 1 Я °  ^2, R ; 4, -* f i )  -  1 8 Я °  (V fi: 2 , у  ß) +— 770

+  5 Я » ( 2 , й ; 0 , у й ) ] с »  (0 , ß) +

+  7 7 0  |̂ 21 Я §  (о, ß ; 4 , y f i )  -  1 8 Я ? ^ 0 , ß ;  2, ~  f i )  

+  5 Щ  ^0, ß ;  0 , у  f i j j c «  (2 , ß )  +

+

[77Я » 2, Я; 2, 4  я) -  3 5 Я » 1 4 \
2, ß; 0, и ] GS (0, ß) -

^7 7 Я " |)» , Я ; 2 , 4 я ) 35 Щ (0, ß; 0, и ] G? (2, ß)j .

' ( ‘ - ' • т - т - 0' 0'» - 0) -

=  - g - [ 4 5 f f » ( 2 , ß ; 2 , y ß )  -  1 5 f f » ( 2 , ß : 0 , y ß ]  -  1 5 Я »  (о. ß ;  2, i - ß )  +

+ 5Я° (о, ß; 0, у  fi) + 4Я“ jo, ß; 0, у  ßj).

‘- т - т - 0-0- , 0 ) -
= ~  [45Я» 2̂, ß; 3, у  ß] -  15Я» (2, ß; 1, у  ß) -  15Я» (о, ß; 3tj ß j  4- 

+ 5Я" (о, ß; 1, у  fi) + 4Я» [о, ß; 1, у  fi)).

'(> •  Т 0- 0- 1- 1)
IV

2520

+

| 3 1 5  Я »  ( 2, ß ;  4, у  f i )  -  210Я »  ^2, ß ;  2, у  ß  j 

6 3 Я °  ( 2, ß ;  0, -* ß j  -  10 5  Щ  (о, ß ;  4 , у  ß )  +

70Я» (о, ß; 2, у  ßj -  21 Я» (о, ß; 0, у  ß) +

56Я» (о, ß; 2, ßj -  24Щ  (о, fi; 0, у  ß) | .
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3 5Hg(o,ß; 4 , y ß j  +

'  (■• T • У »• °-1 2- 0  — sHo- [315H* (*• * 5 6 7 8 9- У я) -  210"i 4 (2- R - 3-T R) +

+  6 3 Я "  jW 4
‘ j

105 Я (|
( » • * 5 ' Т В )  +

+  7 0  Щ  \(0 . R: 3, ! -  2i я;; J
° ' R :  ‘ • 1 я )  +

+  5 6 Я ° ( « . А З !
K )

-  24я» j
° ' л 1 ' Т * ) ] -

1 J(l, 1, y ,  i  0, 0, 2, 2 j =  [з15Я» (2, ß; 6, j- ßj -  315Я» ( 2. ß; 4, у  ßj

2̂, ß; 0,

г„°(о,Я;<

+  lO e /J j  ( 0 ,  ß ;  4 ,

— 72Я" jo, ß ;  2,

C j  =  З Я ?  G° GJ +  5 Я »  G» G° +  7 Я °  G!J Gg +  9 Я °  G° G“ m it  d e n  A r g u m e n -  
t e n  in  d en  b e tr e f fe n d e n  R e ih e n .

i  Я ) + » В } ( . , Я ;  », 4  К)]  -

6 3 Я »  (о, R ; 2, y  ß j  +  1 5 Я »  (о, Я ; 0, у  ß j

189Я,“ 2̂, ß; 2, ßj -  45Я» 

105Я" (о, ß; 6, у  ßj + Ю5Д
и -

‘• т я Ь

(1,1.4,4,«,0,2,0).
1̂05 Я° 2̂, ß ;  4 , у  ß  j  -  21Я" ( 2, ß ;  0, у  ß j  

i(o,ß;0, J- ß )  +  8Я°(о,й;0, J ß j j .

fi7
84 0
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О П Р Е Д Е Л Е Н И Е  СОСТОЯНИЯ l s n s ^  М О Л ЕК У Л Ы  В О ДО РО ДА  М ЕТОДОМ  
М О Л Е К У Л Я Р Н Ы Х  О РБ И Т  II

Ф. БЕРЕНЦ

Р е з ю м е

В работе определяется энергия электрона в состоянии l s 3 s ’S  молекулы водорода 
на основе метода молекулярны х орбит. Д алее определяется, что энергия, найденная  
методом молкулярны х орбит для состояния lsn.sCS (n  =  1 , 2 ,  3 ) молекулы водорода, от­
личается от эмпирического значения на 4,5% . Метод молекулярны х орбит годен для 
теоретического рассмотрения как основного, так и возбуж дённы х состояний.
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CALCULATION OF NUCLEAR QUADRUPOLE MOMENTS

B y

M. T isza

P H Y S IC A L  IN S T IT U T E , U N IV E R S IT Y  F O R  T E C H N IC A L  S C IE N C E S ,, B U D A P E S T

(P r e s e n t e d  b y  A . K ó n y a .  — R e c e iv e d  2 4 . X I .  1 9 6 4 )

T h e  a im  o f  t h is  p a p e r  is  to  d e te r m in e  t h e  q u a d r u p o le  m o m e n ts  o f  s o m e  n u c le i ,  s t a r t in g  
fr o m  S k y r m e ’s  s e m ie m p ir ic a l  e n e r g y  fo r m u la  for  a  n u c le o n  g a s , a n d  m in im iz in g  t h e  e n e r g y  
b y  m e a n s  o f  a th r e e -p a r a m e te r  v a r ia t io n a l  e x p r e s s io n  f o r  t h e  n u c le o n  d e n s i t y .

T h e  q u a d r u p o le  m o m e n ts  are c a lc u la t e d  fro m  t h e  o b ta in e d  d e n s i t ie s  a n d  t h e  r e s u l t s  
are c o m p a r e d  w ith  t h e  e m p ir ic a l d a ta .

1. The calculation of the energy and quadrupole m om ent o f  nuclei

F o r th e  ca lcu la tio n  of th e  en erg y  of th e  nucleus, we m ad e  use of th e  
exp ression  derived  b y  S kyrme  [1] fo r the sum  o f th e  F erm i k in e tic  and  th e  
in te ra c tio n  energy  resu ltin g  fro m  th e  n u c lea r forces. S k y r m e ’s expression  
is g iven  b y

E v = $ W v ( e) d v ,  (1)
w here

W r (g) =  e0 g0 ( 2)

g is th e  to ta l d en s ity  o f  th e n u c leon  gas, w hile e 0 an d  g0 are co n sta n ts  g iven  b y  

e 0 =  15 MeV, q0 =  1,4 • 1038 c m “ 3. (3)

F o llo w in g  S kyrm e  w e use th e  exp ression

Я,' =  | в (  (grad q)°- dv  (4)

fo r th e  energy  re su ltin g  from  th e  in h o m o g en e ity  of th e  n u c leo n  gas, w here

В  =  1,2 • IO “ 63 MeV • cm 5. (5)

In  a d d itio n  to  th e  S k y r m e  te rm s we ta k e  in to  a c c o u n t also th e  en e rg y  resu ltin g  
from  th e  Coulom b repu lsion  of th e  p ro tons
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Е с =  - в 2 f i  g p (l)g p (ï ) d v d v ' ,  (6)2 JJ |r —r'|

w here qp ( ï  ) deno tes th e  p ro to n  d en sity . T hus th e  b in d in g  energy of th e  nucleus 
consists  o f th e  follow ing te rm s

E  — E v -)- E j E c . ( ? )

O ur a p p ro x im a te  n o rm alized  d en sity  o f  th e  nucleon  gas is th e  fo llow ing v a r ia ­
tio n a l  expression

p(r, &) — ------------—-----------  ie _A‘r1 4  2xr2 e~*‘r‘ cos 2â J , (8)
л 3/2 (Яf 3 -)- xJ-2 5)

w here A  is th e  m ass n u m b e r an d  x ,  Ях and  Я2 a re  v a ria tio n a l p a ra m e te rs . 
T his exp ression  m akes i t  possible to  in v es tig a te  th e  dev ia tio n s from  spherica l 
sy m m e try  of th e  nucleus. T he sp h e rica lly  sy m m etric  case belongs to  x  =  0. 
T he d ev ia tio n  from  sp h erica l sy m m e try  is g en era lly  ch a rac te rized  b y  the 
q u ad ru p o le  m o m en t o f th e  nucleus. T h e  q u ad ru p o le  m om ent

q =  —  J"o(r; &) [3cos2 & — 1] r2 dv (9)

can  be ca lcu la ted  b y  m eans o f (8) a n d  we o b ta in

2z ц х ъ

w here

H-

Я2 (1 +  fix2)

Я =  Я,

( 10)

( 11)

U sing (8 ) we o b ta in  for th e  energy  te rm s  

z2 e2 Я„ „ „ 1 49
E c =  ------- — I l  -f------- u 2 x 5 -|- и

У2л  (1 +  f i x 3)2 J 60
2 x2

А 3 Я1!
( f 3  л:)3р2(1 +  f ix 3)3

fl2 X2
7 /2

я 2 +  1 

1 4  fix3

5

3 /2
1 -|----- X2

3

. 2*2 4  1

5 /2

4

f l 3 X 3

A 2! 3

]/2 л 312 q0 (1 4 - 4 л:3)2
1 4  fix3

X2 4  1 I
5/2 3

+  - ^ 2 X 3
4

( 12)

(13)
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E , =
З А 2 B P

2(2тг)3/2 (1 +  f ix 3)2

f l 2  X

1 +  (IX3
\7 /2

' *2 +  1

37 2 7/2-

12 X2 +  1

(14)

In  th e  follow ing we consider on ly  th e  sim p ler case w hen x  =  1, i.e. ^  
an d  g (r ; $) has th e  follow ing form

w here
e ( r ; 0 ) =  ЛГ(1 +  2 /tA2 r2 cos2 #) е_д r\

IV = A P
TI3/2 (1 -)-

(15)

(16)

T he energy  te rm s reduce  th e n  to  th e  form

Ev =  £0
A 3 A6

E, =

( f  3  7 t ) 3 P q ( 1  +  f l ) 3 

A 2 A3
|/2я3/2р0 (1 +  fi)2

3 B A 2 P

1 ' fl fl~ -f- fA3

1 fl  p  ----fl3
4

E c =

2 ( 2 я ) 3/ 2 ( 1  +  f i ) 3  

Z 2 e2 Я

1 13
+ T ^  + l2  ^

1 /2 7 1 ( 1  +  ^ ) 2
1 fi

49
60

(17)

(18) 

(19)

In  th is  sim pler case we h av e  ca lcu la ted  th e  energy  of th e  nucleus Т а 173. 
W e have m in im um  energy  w hen  Я =  0,2199 • 1013 c m -1 , fi =  0,992 an d  th e  
v a lu e  of th e  energy  per nucleon  n u m b er is E / A  =  — 6,32019 MeV. H av in g  
o b ta in e d  th e  values o f th e  p a ra m e te rs  Я and  f i  we can com pu te  th e  quad ru p o le  
m o m en t b y  using  (10) an d  th e  re su lt is q — 15 • 1 0 -24 cm 2. O ur re su lts  m u st 
be com pared  w ith  th e  m easu red  q u a n titie s  E / A  =  — 8,03089 MeV an d  q =  
=  6,6 • IO " 24 cm 2.

2. D iscussion

In  th e  follow ing the  cause of th e  d isc rep an cy  b e tw een  th e  ca lcu la ted  
an d  th e  ex p e rim en ta l resu lts  o b ta in e d  for th e  en erg y  as w ell as fo r th e  q u a d ­
ru p o le  m om en t w ill be d iscussed.

L et us begin  w ith  th e  en erg y . Skyrme d e te rm in ed  th e  c o n s ta n ts  in  th e  
en erg y  b y  d isregard ing  th e  C oulom b te rm . C onsequen tly , th e  d isc rep an cy  in  
th e  energy  values is p ro b ab ly  due to  th e  fa c t t h a t  we to o k  in to  acco u n t also 
th e  Coulom b te rm  w ith o u t chan g in g  th e  p a ra m e te rs  [3].
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A d d itio n a l p ro b lem s arise in  th e  case of th e  q u ad ru p o le  m o m en t. F irs t 
o f a ll we n o tice  th a t  th is  q u a n ti ty  is n o t a sm o o th ly  v a ry in g  fu n c tio n  o f th e  
m ass n u m b e r A ,  a n d  th e re fo re  we can  on ly  e s tim a te  th e  o rd er of m ag n itu d e  
of th e  q u ad ru p o le  m o m en t on th e  basis  o f our m odel. T here  m ay  be  cases, 
w here th e  ag reem en t b e tw een  th e  co m p u te d  an d  m easu red  m om ents is w orse 
th a n  in  o u r ex am p le , w hile in  o th e r  cases th e  a g reem en t m ay  be b e tte r .

I t  is w ell know n th a t  in  u n fo r tu n a te  cases th e  e rro r  in  th e  densities 
o b ta in e d  b y  th e  m e th o d  o f en erg y  v a r ia tio n  m ay  be sig n ifican t ev en  if  th e  
en e rg y  v a lu e  is fa ir ly  a c c u ra te . (This can  be read ily  seen e.g. in  an  ex am p le  
g iven  b y  P r e u ss  [2]. H e show ed t h a t  we can  c o n s tru c t a w ave fu n c tio n  for 
th e  h y d ro g e n  a to m  sa tis fy in g  a ll th e  co n d itions re q u ire d  o f a v a r ia tio n a l w ave 
fu n c tio n  a n d  a p p ro x im a tin g  th e  en e rg y  up  to  a n y  re q u ire d  accu racy , n e v e r­
th e less  lead in g  to  w rong  values fo r th e  d iam ag n e tic  su scep tib ility , th e  e rro r 
o f w h ich  in d e fin ite ly  increases.)

I t  seem s, h o w ev er , m ore p rob ab le in  our case th a t  th e  error is n ot  
p rim arily  due to  an  u n fo rtu n a te  ch o ice  o f  th e v a r ia tio n a l fu n ction , b u t th e  
sem iem p ir ica l en ergy  exp ression  o f  S k y r m e  g ives erroneous resu lts if  d ev ia tio n s  
from  sp h erica l sy m m e tr y  are a llow ed  for th e  n u cleon  d en sity .

I n  co n n ec tio n  w ith  th is  we re fe r  to  a p ap e r b y  G om bás an d  K is d i  [3], 
w here a n u c lea r m olecule co n sisting  o f  tw o C12 n u c le i is in v e s tig a te d . This 
in v es tig a tio n  is also b ased  on th e  sem iem pirica l en e rg y  expression  of S k y r m e , 
an d  th e  au th o rs  o b ta in  th e  re su lt t h a t  th e  energy  o f  th e  system  consisting  
o f tw o  C12 nucle i show s a m in im um  a t  a d is tan ce  o f R  == 3,6 • 10—13 cm  b e tw een  
th e  cen tre s  o f th e  nucle i. T his m in im u m  a c tu a lly  co rresponds to  a s ta b le  s ta te  
of a s tro n g ly  defo rm ed  M g24 nucleus. T h is fac t also in d ic a te s  th a t  a v a r ia tio n a l 
c a lc u la tio n  based  on th e  energy  exp ression  o f S k y r m e  leads to  a nucleon  
d e n s ity  w hich  d ev ia tes  m u ch  m ore from  spherica l sy m m e try  th a n  th e  e x p e ri­
m e n ta l d e n s ity  does.
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В Ы Ч И С Л Е Н И Е  Я Д Е Р Н О Г О  К В А Д Р У П О Л Ь Н О Г О  М О М Е Н Т А

M . Т И С А

Р е з ю м е
Целью данной работы является определение квадрупольного момента некоторых 

ядер, исходя из полуэмпирической формулы энергии для нуклонного газа Скарма и мини­
м изируя энергию с помощью вариационного выражения для плотности нуклонов, содер­
ж ащ его три параметра. Квадрупольны й момент вычисляется на основе полученной плот­
ности и сравнивается с опытными данными.
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РАСЧЕТ ТР А Е К Т О Р И И  Э Л Е К Т Р О Н А ,  Д В И Ж У Щ Е Г О С Я  
М Е Ж Д У  К О А К С И А Л ЬН Ы М И  ТР У БА М И , В ПРИСУТСТВИИ 

ПОЛОГО Э Л Е К Т Р О Н Н О Г О  ПУЧКА

М. СиЛАДи
И Н С Т И Т У Т  Т Е Х Н И Ч Е С К О Й  Ф И З И К И  В Е Н Г Е Р С К О Й  А Н , Б У Д А П Е Ш Т

(Представлено Г. Сигети. — Поступило 24. XI. 1964)

В работе определена траектория электрона, исходящ его с внутренней границы  
аксиально-симметричного трубчатого интенсивного электронного пучка, движ ущ егося  
.между двумя коаксиальными длинными проводящими цилиндрами. Исследовано влия­
ние различных параметров системы на движ ение электрона. Даются формулы для опре­
деления .максимального первеанса пучка и максимальной длины системы.

В различных электронных приборах часто применяются полые интен­
сивные электронные пучки. Как известно, в таких пучках действуют силы 
электростатического отталкивания между электронами, которые приводят 
к изменению формы пучка. Точное исследование расширения пучка является 
чрезвычайно сложной задачей, так как необходимо совместно решать урав­
нение Пуассона и уравнения движения. В настоящей статье проблема аппрок­
симируется решением следующей задачи.

Рассмотрим идеально фокусированный полый электронный пучок с 
постоянным поперечным сечением, ограниченный цилиндрическими по­
верхностями. С границы пучка начинают свое движение электроны, внесен­
ные в систему извне. В дальнейшем исследуется движение такого — не отно­
сящегося к пучку — электрона в электростатическом поле, созданном про­
странственным зарядом пучка с конечной и постоянной толщиной. Траек­
тория электрона, исходящего с внешней границы пучка, рассмотрена в 
статье [1 ]. Частному случаю бесконечно тонкого пучка посвящена работа [2]. 
В настоящей работе определяется траектория электрона, начавшего свое 
движение на внутренней границе пучка. Применяется нерелятивистское 
приближение.

Пусть длинный аксиально-симметричный интенсивный полый элек­
тронный пучок движется между двумя длинными коаксиальными проводя­
щими цилиндрами по направлению, перпендикулярному плоскости чертежа 
(рис. 1.). Примем общую ось системы за ось z цилиндрической системы ко­
ординат г, a, z. Оба цилиндра находятся на одинаковом потенциале Un. 
Радиус внутреннего цилиндра обозначим через R 1, радиус внешнего цилиндра 
— через R 2. Пучок ограничен цилиндрическими поверхностями с радиусом а 
с внутренней стороны и с радиусом b с внешней стороны. Поперечное сече­
ние всей системы показано на рис. 1. Сечение пучка заштриховано.
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В такой системе на электроны действуют только силы пространствен­
ного заряда. Вследствие большой длины пучка, а также вращательной сим­
метрии, эти силы действуют лишь в радиальном направлении. Как известно, 
распределение потенциала по сечению полого пучка имеет вид, показанный 
на рис. 2. Имеется некоторый радиус ге, при котором потенциал достигает 
минимального значения. На электроны, которые движутся при этом равно­
весном радиусе, силы не действуют. Электроны, находящиеся во внешней 
части пучка (г >  ге), отклоняются от оси. В случае г <  ге силы простран­
ственного заряда действуют в обратном направлении.

Р и с .  1

Прежде чем приступить к исследованию внутренней границы пучка, 
примем следующие допущения:

1. Распределение потенциала будем учитывать только при вычислении 
силы, действующей на электрон. Скорости всех электронов приближенно 
определяются потенциалом U0.

2. Считаем, что плотность тока равномерно распределяется по попе­
речному сечению пучка.

Оба допущения верны при обычных интенсивностях и не очень боль­

ших величинах отношения
R,

Будем применять практическую систему единиц МКСА.
Теперь рассмотрим движение электрона, исходящего с внутренней 

границы пучка. Для этого электрона

г <  а.
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Если имеет место второе допущение, то в этой области распределение потен­
циала определяется следующим выражением [3]:

где

U  (г) =  и 0

1

ш А

I r2 -  a2
ln  Г (1)

2леи ^2rj YU ç b2 — a2 Rx

b2 ln ~  4-  a 2 ln  - - 4 ------ (b2 -  a2) (2)
b R ] 2

Здесь I  — полная сила тока пучка, е0 — величина диэлектрической про-
е

ницаемости вакуума, а г /=  — — абсолютная величина отношения заряда
т

электрона к его массе.
Уравнение движения электрона имеет вид:

d°-r d U
------ =  Г)------ .
dt2 dr

( 3 )

Приближенно можно считать, что

dz
dt

V z y U 0 , (4)

так как поперечная составляющая скорости электрона в рассматриваемом 
приближении мала по сравнению с продольной составляющей. Учитывая 
соотношение (4), из (1) и (3) получим уравнение траектории:

I  г2 -  а 2 1
4яе0 U l12 Ь2 — а2 г '

d ’ r

dz2 ( 5 )
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Начальные условия имеют следующий вид:

г(0) =  а
dr

dz

Интегрируем уравнение (5) один раз с учетом (6). Получается:

ldr_ fl  __________ I r2e -  a2 jr_

( dz ) 2ле0 У2r) U 312 b2 — a2 a

откуда

dz =
dr

2ле0 У2г] U 3J 2

( ? )

(8 )

(6 )

Перед корнем выбрали отрицательный знак, так как при положительном 
приращении координаты z  величина координаты г должна уменьшаться. 
Интегрируя уравнение (8), получим:

Z

а
2ле0 Щ и 30'2 Ь2 — а2

— г!а
b2 — а2 Г div
г2 -  a2 J  -  jA^Tn (9)

где ív переменная интегрирования, которую заменим новой переменной и  по 
формуле

откуда
и  — У — ln  w , (10)

dw =  — 2ue~“2 d u  . ( H )

С помощью (10) и (11) можно написать:

1/ —In —г/а \  а

I ------div _  2 I e~uгdu  =  } / л e r f
J — У-*■ In w J

ln  —

где

erf =-J е “г du  

о

( 12)

(13)
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(интеграл вероятности). Из (9) и (12) получим выражение для траектории 
электрона:

2

а
2п 2 е0 U l 12 b2

I ri
erf (14)

Выражение (14) с учетом (2) после простых преобразований приводится к 
следующему виду:

(15)

где

%
e rf Н )

a Г  р F R., b к 2 |
1 2л 2 е0 ]/ 2г]

’ ’ ß j  а Ь

R n b R 2

R i о, b

1 , Rn
—  + l n - ^ -
2 b

in  A

— 1

In A
R,

(16)

m 12 в3'2
(17)

— первеанс пучка. Отклонение электрона тем сильнее, чем меньше величина
2 Г

- - при данном — , т. е. чем больше величины первеанса Р  и параметра F . Из
а а

Rn
формулы (16) сразу видно, что с ростом отношения -у - величина F  растет, а

с ростом — -  она убывает. Анализ формулы показывает, что величина F  мо-
R i

b
нотонно растет с ростом величины — .

а
Представляет также интерес поведение функции F  при фиксирован- 

Ь b
ных значениях — и —  • Обозначим 

a R x

У =
R, (18)

«2 Я ,где -ъ— <  у <  1. Учитывая, что—-  =  у ■ —- ,  перепишем формулу (16).
b R x

R ,

Acta Phys. H ung. Тот. X V I I I .  Fase. 4.



330 М .  С И Л А Д И

Получится следующее соотношение:

F R ,

V
b
-■> У 
а

(19)

b
Анализ показывает, что при всех возможных значениях параметров у и —
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имеет место А  <  0. (При этом необходимо помнить, что Л А <  а <  Ь <  Я , 
по определению). Из формулы (19) видно, что в этом случае 0 <  F  <  1 и

R;величина F  растет с ростом—% а также с ростом А.

В качестве примера на рис. 3. покажем графики зависимости безраз­
мерной величины

Z
а

р
1 2п2 е0 \  2??

2

а
( 21 )

от — , построенные на основании соотношений (15) и (19) при у =  0,6. Сплош- 
/•

b Ь
ные кривые относятся к случаю — =  1, 2, а штриховые — к случаю — =■ 1,4.

а а
К ,Величины отношения — указаны на кривых.
■*4

Из соотношения (15) легко можно определить максимальную величину 
первеанса пучка, который может быть пропущен через рассматриваемую 
систему с длиной I. Очевидно, что условием максимального первеанса будет 
равенство расстояния от оси рассмотренного электрона радиусу внутрен­
него цилиндра, т. е.

a a z I
— =  —  при — =  — . (22)
г К , а а

Подставляя эти равенства, а также значения универсальных постоянных 
в (15), получим следующее выражение:

Р шах

ln  —
2

erf 1
а 2 ) a

1 F
b «2 ß3/2

Л , a b _

(23)

Вследствие принятых допущений, а также потому, что длина I по опреде­
лению должна быть намного больше всех поперечных размеров системы,

а
величина Ртах не может быть очень большой. Величина —— связана с осталь-

•®i
ными параметрами следующим простым соотношением:

R,

Иг
'

a b
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При данной величине первеанса длина системы также ограничена 
условиями (22). Отсюда следует, что

I 1 ]

Cl1Оi-H(MОr—H1

e rf Kl
a  'm a x Í R  J? *2

\ R i

b r 2

а ’ b

(24)

В заключение для полноты рассмотрим выражение траектории элект­
рона, исходящего с внешней границы трубчатого пучка [1], которое в наших 
обозначениях имеет вид:

J е"2 du . (25)

)

Здесь b <  г <  R,.

Условием максимального первеанса в этом случае является

г Ro— =  —  при 
b b 1

(26)

Подставляя значения универсальных постоянных в формулу (25), с учетом
(2) и (26) получится следующий результат:

где

Р т а х =  1,32 -1 0 -4
b s(/ i n  A

1 b

2

а

l I G Í A b -I g3/2

R i а

g(x) =  еиг d u ,  
Ô

(27)

(28)

R 2 b а \

R 1 a R x

l n - | ------- -  +
R ,  2

ln

in A
R i

(29)

(Значения функции g(x) могут быть найдены с помощью таблиц).
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Аналогично, для максимальной длины системы получаем:

1 1,15- IO“2 g in  A i
1 b 1

b max ]/p G ! W-
К

b a 
a R i.

(30)

При решении конкретных задач необходимо, конечно, исследовать обе 
траектории по формулам (15) и (25). Максимальная величина первеанса 
определяется всегда той из формул (23) и (27), которая дает меньшее зна­
чение. Такое же правило имеет место и при определении максимальной длины 
системы на основании формул (24) и (30).

В качестве примера рассмотрен пучок с первеансом Р =  1,92 • 10-ti а/в^2,
a b

движущийся в системе, которая имеет следующие параметры: —  =2, —  =  3
R i R i

R , / /
и —- =  4. В этом случае по формуле (24) получается ----  =19,38, а по

R 1 I R l I  max
I

формуле (30) — —— =  18,04.
. ^ 1 /max
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П Е Р И О Д И Ч Е С К А Я  ЭЛЕКТРО СТА ТИЧЕСКА Я 
Ф ОКУСИРОВКА Л Е Н Т О Ч Н Ы Х  Э Л Е К Т Р О Н Н Ы Х

ПОТОКОВ

М. Силаци
И Н С Т И Т У Т  Т Е Х Н И Ч Е С К О Й  Ф И З И К И  В Е Н Г Е Р С К О Й  А Н ,  Б У Д А П Е Ш Т

(П р е д с т а в л е н о  Г. С и гет и . — П о с т у п и л о  24. X I . 1964)

В р аб о те  и с с л е д у е т с я  п е р и о д и ч е с к а я  э л е к т р о с т а т и ч е с к а я  ф о к у с и р о в к а  л ен то ч н о го  
эл е к т р о н н о г о  п у ч к а . Ф о к у с и р у ю щ а я  с и стем а  и м еет  п л о с к о с т ь  с и м м е т р и и , со вп ад аю щ у ю  
со ср ед н ей  п л о с к о ст ью  п у ч к а . Т о л щ и н а  п о то к а  м о ж е т  б ы ть  с о и зм е р и м о й  с п ер и о д о м  си с ­
тем ы . О п р ед ел ен ы  у с л о в и я  о п т и м а л ь н о й  ф о к у с и р о в к и : в ел и ч и н а  ф о к у с и р у ю щ е г о  п о т е н ­
ц и а л а ,  п р и б л и ж е н н а я  т р а е к т о р и я  э л е к т р о н о в , п е р в е а н с  п у ч к а , а  т а к ж е  н ео б х о д и м о е  
р а с п р е д е л е н и е  п л о т н о с ти  т о к а  по сеч ен и ю  п у ч к а . П а р а к с и а л ь н о е  п р и б л и ж е н и е  р а с с м а т ­
р и в а е т с я  к а к  ч ас тн ы й  с л у ч а й . Д л я  э т о г о  с л у ч а я  п р и в о д и т с я  с р а в н е н и е  у с л о в и й  ф о к у с и ­
р о в к и  л ен то ч н о го  п о т о к а  с х а р а к т е р и с т и к а м и  ф о к у с и р о в к и  ц и л и н д р и ч е с к о г о  п у ч к а . 
В  за к л ю ч е н и и  о п р е д е л е н а  ф орм а э л е к т р о д о в  д л я  р а с с м а т р и в а е м о го  в и д а  п о л я , а  т а к ж е  
з а в и с и м о с т ь  п е р в е а н с а  п у ч к а  от  г е о м е т р и ч е с к и х  п а р а м е т р о в . Н а й д е н о , ч то  м а к с и м а л ь н а я  
в е л и ч и н а  п е р в е а н с а  д о с т и га е т с я  вн е  п а р а к с и а л ь н о й  о б л асти .

Введение

Периодическая электростатическая фокусировка с успехом приме­
няется для сохранения формы интенсивных электронных потоков. В насто­
ящее время достаточно полно разработана теория периодической электро­
статической фокусировки цилиндрических пучков [Î, 2, 9]. На практике, 
однако, в различных электронных приборах часто применяются также и 
ленточные пучки большой интенсивности. Для фокусировки таких пучков 
также используются различные периодические электростатические сис­
темы [3—5].

Теория периодической электростатической фокусировки ленточных 
пучков в параксиальном приближении дана в работах [5, б]. Фокусировка 
ленточных пучков серией тонких линз рассматривалась в работе [7].

В настоящей работе исследуется фокусировка широкого ленточного 
электронного потока периодической электростатической системой, имеющей 
плоскость симметрии, которая совпадает со средней плоскостью пучка. 
Рассматриваемый случай существенно отличается от случая криволиней­
ных ленточных потоков [10—13]. Период системы может быть соизмеримым 
с толщиной пучка, или быть намного больше этой величины. Рассматривается 
случай оптимальной фокусировки, которая определяется минимальной 
волнистостью пучка.

Результаты работы приближенно могут быть распространены также и 
на случай трубчатых пучков, если толщина пучка и период системы малы
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по сравнению с диаметром пучка. (Мы получим соответствующую труб­
чатую систему, если сечение плоской системы повернем вокруг оси сим­
метрии .)

Оптимальная фокусировка ленточного пучка

Рассмотрим длинный интенсивный ленточный электронный поток. 
Расположим прямоугольную систему координат х, у, z таким образом, чтобы

направление движения пучка совпало с направлением оси z (рис. 1). Пусть 
ширина пучка W  (по направлению оси х) намного больше его толщины (по 
направлению оси у), а в то же время длина пучка намного превышает его 
ширину. В этом случае можно считать, что силы пространственного заряда 
действуют только по направлению оси у.  Эти силы компенсируются постоян­
ным во времени электрическим полем электродной системы, расположенной 
с двух сторон вблизи пучка. Электроды сильно вытянуты по направлению 
оси X .  На них прикладываются потенциалы, периодически меняющиеся по 
направлению оси z, таким образом, чтобы фокусирующая система, так же 
как и поток, были симметричными относительно плоскости xz (рис. 1.). Прак­
тически по направлению оси х  силы не действуют, т. к. ширина пучка и 
длина электродов велики. По этой причине, если электроны входят в систему
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в плоскости z =  0 параллельно оси z, они будут двигаться в плоскостях, 
параллельных плоскости yz. Поэтому все рассмотрение может быть про­
ведено в этой плоскости, для системы, симметричной относительно оси z.

Примем также следующие допущения:
а) Поток считается ламинарным, электронные траектории не пере­

секаются. Таким образом, влиянием тепловых скоростей пренебрегаем. 
В этом приближении величина силы тока постоянна внутри любого слоя 
пучка, ограниченного электронными траекториями.

б) Компенсирующим влиянием положительных ионов, находящихся 
в потоке, пренебрегаем.

в) Ограничиваемся рассмотрением таких потоков, в которых скорости 
электронов очень малы по сравнению со скоростью света. Таким образом, 
релятивистские эффекты могут не учитываться. Это влечет за собой пренеб­
режение магнитными силами, возникающими между параллельно движу­
щимися электронами.

В работе применяется практическая система единиц МКСА.
Распределение потенциала фокусирующей системы в средней плоско­

сти задается следующим простым выражением:

Ф(г) =  U0 +  Uу cos---- z . (1)
Р

Здесь U0 - средний потенциал по оси г, на который накладывается периоди­
ческая составляющая потенциала с амплитудой [7г; р  — период фокуси­
рующей системы. Если известно осевое распределение потенциала, то вели­
чина потенциала в произвольной точке пространства может быть найдена с 
помощью следующего соотношения [8]:

U (у, z) = Ф(г +  iy) -\- Ф (z — iy) ( 2)

Подставляя выражение (1) в (2), получим общее распределение потенциала, 
которое имеет вид:

U(y, z) =  U0 -f- U 1 ch ycos z. (3)
P ' P

Пусть на электроды фокусирующей системы попеременно приложены 
потенциалы ([/„ +  [//) и (U0 — Uf), а величину расстояния между сим­
метрично расположенными электродами обозначим через 2b (рис. 1). Тогда,

р
подставляя в (3) значения U — U0 r t  Uf, z = k — и у  — Ь, мы получим

2
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величину Ux как функцию параметров фокусирующей системы (здесь к 
четное или нечетное целое число, в зависимости от потенциала электрода):

U ,
V,

ch —  Ь

Мы будем рассматривать случай, когда

(4)

U f

Un

то-есть ограничиваемся малыми значениями фокусирующего потенциала U/.
Применим для нашего случая метод анализа, разработанный для 

аксиально-симметричных пучков [2]. Траекторию любого электрона пучка 
будем искать в виде

г ( 2 ) =  Jo +  T i  (г) • (5)

Если удалось осуществить оптимальную фокусировку, то у 1 является перио­
дической функцией от г, амплитуда которой намного меньше, чем постоянная 
составляющая у 0. В этом случае наклон траектории также является малой 
величиной. Таким образом,

2л —— <g 1, 
Го

d Y i

dz
< íí 1  .

Представим выражение (3) в виде ряда Тэйлора, с учетом (5). Полу­
чится следующий результат:

U (у, z ) = U  о +  U, ch 2л 2л , 2л
-Г о  + Г 1 ---- sh ----- у 0 +

P P Р
г ! 2л: I2 2л

ch - у 0 + . . .  
Р

2лcos---- г .
Р

( 6 )

2 л у 1 2 : г у г
Из малости величины------ следует, что и величина------- мала, если период

Го Р
р

системы намного больше у 0 или соизмерим с этой величиной (случай —  1
Го

является практически мало интересным). По этой причине члены ряда, со- 
2 л у  г

держащие-------в степени выше второй, могут быть опущены.
Р
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Величина у-вой составляющей электрического поля, созданного фоку­
сирующей системой, может быть выражена с помощью (5) и (6). Получается

Е(у, г) = а Щ у ,  z )

э у

=  ~ и  1
2 л  2 л

- s h ------- у 0
Р Р

■Ух
2 л v 2:T , У" c h ----- Jo +  ~

2 n 3 271
s h -------Jo

P ! P  2 P p

Zn
C C S --------- Z  .

P
( ? )

Кроме этого, действует еще и поле пространственного заряда, причем 
также по направлению оси у. Предположим сначала, что плотность тока 
равномерно распределяется по сечению пучка. В этом случае величина на­
пряженности поля пространственного заряда равна

Ee(y,z) Ц у )
2е0 Wu(z) ( 8)

где 1(у) — сила тока в слое пучка с толщиной 2у, ограниченном поверх­
ностями, определенными рассматриваемой и симметричной ей траекториями. 
Величина этой силы тока с учетом (5) связана с полным током пучка 1п 
следующим соотношением:

Ц у )  ~  =  ЦУо) =  const. (9)
Jo ш а х

Здесь Jomax — средняя величина расстояния крайней траектории пучка от 
оси, u(z) — средняя скорость электронов по сечению пучка, а е0 — величина 
диэлектрической проницаемости вакуума.

Уравнение движения рассматриваемого электрона имеет вид:

=  -  V (Е +  Ее) , (10)
е

где íj — —  — абсолютная величина отношения заряда электрона к его массе.т
Перейдем в этом уравнении от производной по времени к производной по 
координате z, на основании соотношения

=  vz (j> z) 1 (11)dt

где v z —  составляющая скорости v  по направлению оси z, в точке с коорди­
натами (у, z). Из (11) следует, что

d2 у  „ d 2 у dvy dy
— —  =  vj ----------—  +  V, — —  — .

dt2 dz2 dz dz
(12)

5* A cta  Phys. H u n g . Т от . X V I I I .  F a se . 4.
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Теперь перепишем уравнение (10) с учетом (7), (8), (12), (5) и (9). Полу­
чается следующее дифференциальное уравнение второго порядка:

r f2 J i

dz*
1 dvz dy  1 _ LL

v z dz dz O
«T

+
2л 3 v 2

^ - S h
2л

P P P

U !

Jo

2л 2 2 л:
J i ch - Jo +  

Р
2лcos-----z =

У  Ц У о )у] _ т 2 л  . 2 л  2 л=  —— и л---- s h ------yn cos----- z 4-
v\ р р  p 2e0 W v\ u(z)

(13)

Так как в случае оптимальной фокусировки поперечная составляющая 
скорости электрона пренебрежимо мала по сравнению с z-вой составляю­
щей, можно считать, что

vt (y , z ) f^v(y ,z )  =  \2riU (у,я). (14)

На основании соотношений (3) и (4), а также условий

E l
и п

< ê  1 ,
2? iJ i  1

«  1 , d l L

dz
^  1 (15)

можно написать:

vz^ Y 2 г) U0 1 + E l
2U0

1 [Ejlсо \ U 0

V P

2л
C O S * --------- Z

V

2л , 2л
-  C O S Z ch
0 P L p

A  1 2л |2 2л:ch----
2 1 P p

, „ 2л , 2л , 4л ch------Jo +  J i -----sh ------Jo

dvz
dz

2л 2л
+  J i ----- sh ------Jo

P P
+

P p p  I

U , 2 л  . 2л
ch

2л
----- Jo +
P2U0 P P

U,
2U0

2л
---------  C O S

p

2л
-------- Z

p
dy,
dz

sh J 0 +
P

1 U,  * 2л . 4л
+  V  T T - ' ---------8 Ш -----------Z  c h -—  J o

8  1 U 0 ) p  p

2л

P

(16)

(17)
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V, п  r ) U ,

1 —
U x 2л

C O S ---------Z
2 и 0

, 1л
c« ----- Jo +

P

+  J l
2л 2л 3 ( U ,----- sh ----- Jo + — 1— 1
P P 8 1U J

2 2л: 2л
s ----- z c h 2 ------ Jo

2 r j U tí

U , \ 2 „ 2 л :  „ 2л:
cos2 ------г ch"5-------j u

P PU  о

U  2тг
— — c o s ------Z

и  о P

, 2 71
, h ----- Jo

P

2л 2л
J i ----- sh------- Jo

P  P

(18)

(19)

Подставим эти выражения в уравнение (13). Если ограничиться чле­
нами второго порядка малости, то получим следующее линейное неоднород­
ное дифференциальное уравнение второго порядка:

Р  А 1 У '

2 л  dz2
U. 2 л  , 2л  dy.

--------------— c h ---------yn sin ----------- Z ---- ------------
2Ï70 р  р  dz

2 .T

P

U , , 2л: 2л
c h ----- yn c o s ------ z • j j

2U0 p
U, . 2 л  2л- s h ----- у., c o s -------z

2Un

1
4

' U  1
U  «

4л:
s h ----- y 0 c o s“ -

P '  P
2 2Л!2 ------- Z +

P

P i  (jo)
& i e 0 W  f2^ C/jf

( 20)

При выводе уравнения (2C) было учтено, что его последний член имеет 
величину второго порядка малости [2]; поэтому в данном приближении сре­
дняя скорость электронов может быть задана выражением

u(z) =  |/2г] U0 =  c o n s t . (21)

Для приближенного определения траектории электрона рассмотрим 
только те члены уравнения (20), которые имеют величины первого порядка 
малости, то-есть следующее дифференциальное уравнение:

d2 у,   2л
dz2 р 2 U n

9 т г  2  Л
—  J o  C O S --------- 2 .

P P
(22)

В это уравнение не входит член, характеризирующий пространствен­
ный заряд пучка. Таким образом, пространственный заряд в периодическом 
фокусирующем поле в первом приближении не влияет на форму траектории. 

Решение уравнения имеет вид:

J i  (*) С1 +  с2 z -
2л

U Л , 2л 2л
s h ------у 0 c o s ------z .

2 U,
(23)

A cta  P h y s . H u n g . Т от . X V I I I .  F a se . 4.



342 М . С И Л А Д И

Произвольные постоянные сх и с2 могут быть определены из начальных 
условий. Пусть электрон входит в систему параллельно оси 2 и его начальное 
расстояние от оси составляет

у (° )  =  У о
2 л: 2 U,

V ,  . 2 л
s h ------у 0 . (24)

Тогда начальные условия имеют вид:

и

y i ( ° ) р  J L l
2 л  2 U0

sh
2л

-----У о
Р

d Y i

d z 2 = 0

=  0 .

(25)

(26)

В этом случае с ,=  сг =  Ои окончательным решением, согласно (23), будет

У 1 (* )
Р

2л
ил

2 U ,

sh
2л

— У» cos 
Р

2л 
—  2 .

р

(27)

Теперь подставим величины ух и его производных, рассчитанных на 
основании выражения (27), обратно в уравнение (20) и выпишем постоянные 
члены полученного равенства. После простых преобразований получится 
следующий результат:

U x 2 =  _  р / ( У о )  . 1

U j  ле0 W  и Г  s h —  у,,
P

(28)

Это соотношение выражает необходимое условие оптимальной фокуси­
ровки: равновесие фокусирующих сил с силами пространственного заряда. 
(Конечно, речь идет о равновесии средних величин). Если подобрать пара­
метры фокусирующей системы таким образом, чтобы имело место соотноше­
ние (28), то траектория электрона будет почти прямолинейной и на осно­
вании (5) и (27) она приближенно будет определяться выражением

У(*) =  Уо -  - f -  т у ; -  sh —  у 0 cos г, (29)
2 ti  2 U Q р  р

где необходимая величина ^рассчитывается по (28). В случае оптимальной
U  о

фокусировки точного решения уравнения (20) не требуется, так как ампли­
туда волнистости траектории очень мала.

A c ta  P h ys . H u n g . Т о т . X V I I I .  F ase. 4.



П Е Р И О Д И Ч Е С К А Я  Э Л Е К Т Р О С Т А Т И Ч Е С К А Я  Ф О К У С И Р О В К А 343

Соотношение (28) должно выполняться при всех значениях у внутри 
потока, иначе возникнут пертурбации. Так как фокусирующая сила быстро 
растет при удалении от оси, поэтому для выполнения этого требования 
необходимо, чтобы сила пространственного заряда также возростала по 
такому же закону. Говоря языком оптики, по сути дела речь идет о том, что 
специально подобранное распределение плотности тока пучка /(у) должно 
скомпенсировать сферическую аберрацию системы. Теперь рассчитаем это 
распределение.

Если плотность тока меняется по поперечному сечению пучка, то 
вместо (9) будет действительным следующее соотношение:

I ( y )  =  2 W \ j ( y ) d y .  (30)
Ô

При произвольном значении у выражение (28) дает:

Ц у )  =
ле0 W  У 2 r] U3J 2 u 1 2 4я

P \ u 0 \ P
-у - (31)

Искомое распределение плотности тока получится из (30) и (31):

Ну)
1 d l

2 W  dy

2л* е0 ][2г) и 3012 и л
U n

ch 4л
У ■ 

Р
(32)

Следует отметить, что практическое осуществление такого распределения 
является сложной задачей.

Введем величину среднего первеанса пучка, которая — как обычно — 
выражается через

Р  = в/в3/'2. (33)

Запишем соотношение (28) для крайней траектории пучка у 0 =  у 0max- Тогда 
с учетом (33) получим первеанс пучка, который может быть оптимально

сфокусирован при заданном значении —-  :
U  о

Р  =  7Т£0 |/27] W  { и ,

U n
s h T o i (34)
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Параксиальный случай

Если выполняется условие

Го m a x 'll»  (35)
Р

то может быть применено параксиальное приближение и задача упростится. 
В этом случае вместо соотношений (28) и (29) — с учетом (9) и (35) — можем 
пользоваться следующими выражениями:

и

J h  2 =  _  P2J n _____
U J  4 л 2 e0 W  Í2r) Щ12у 0 ,

Г(2) =  Го 1 _  JL и ,__ _ рис , 2л

2
сия

и 0 Р

(36)

(37)

2 я 2 б 0 ] [ Ъ )  ц у 2 

Р1
( А  2

и 0
=  con st. , (38)

согласно (32) и (35), так как в параксиальном случае сферической аберра­
цией можно пренебречь.

Величина первеанса пучка в этом случае может быть получена из вы­
ражений (33) и (36), или из (34) и (35):

Р  =  4л2 е„ У2 г] ^ Г о , [ U i

и п
(39)

Сравнение условий фокусировки цилиндрического 
и ленточного пучков

В параксиальном случае легко можно сравнить друг с другом условия 
оптимальной фокусировки ленточного и аксиально-симметричного цилинд­
рического пучков. С этой целью будем рассматривать пучки, имеющие оди-

A c ta  P h ys , H u n g . Т о т . X V I I I .  F a se . 4.

Выражения (36) и (37) совпадают с формулами, полученными в работе 
[5] путем приближенного решения параксиального уравнения. В этом случае

необходимая величина—у-не зависит от величины у0, поэтому плотность

тока равномерно распределяется по сечению пучка:
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паковые параметры и одинаковые средние поперечные сечения, которые 
обозначим через S 0. Для ленточного пучка

S0 =  2 W у 0 та% , (40)

а для цилиндрического пучка

5 0 =  я г <>та х » (41)

где ''вшах — средний радиус пучка. Обозначим параметр фокусировки-^1
и 0

в случае ленточного пучка через Fh а в случае цилиндрического пучка через 
F,n- Аналогично, амплитуды волнистости траекторий, рассчитанных в пер­
вом приближении, будут соответственно выражены через Ь,. и Ь,,.

Из выражений (36), (37) и (40) следует, что

п

F ,  =
2л:2 £ 0 P v U r S 0

(42)

(43)

В случае цилиндрического пучка, на основании результатов работы 
[1], а также выражения (41), можно написать:

и

2 р Ч п
1 ЗЛ2 е0 [/2?J Ug/2 Sg

(44)

(45)

Эти формулы верны, если осевое распределение фокусирующего потенциала 
определяется выражением (1).

Из сравнения формул (42)—(45) получаем, что

и

0,866 (46)

=  уз =  1,732.
д„

(47)
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Итак, если параметры обоих пучков одинаковы, то для фокусировки 
ленточного пучка требуется несколько меньшее поле, но волнистость по­
тока будет больше, чем в аксиально-симметричном случае.

Наконец сравним между собой величины первеансов при оптималь­
ной фокусировке, в случае Fx =  Fß — F. Величину первеанса цилиндри­
ческого пучка в параксиальном приближении получим из выражений 
(33), (41) и (44):

Р — - л 3 еп У 2Г) 
2

г О max ! irtó

— \ F -

(48)

Обозначим первеанс ленточного потока через Р я. Тогда из (39) и (48) полу­
чаем, что

_ 8JF у 0 тах (49)
Р  З я г 2г  ц  OJU  о max

Из этого выражения видно, что при готах^ у отахи прочих равных пара­
метрах первеанс оптимально фокусируемого ленточного пучка может на­
много превышать первеанс цилиндрического пучка, так как W  §>у0тахпо 
определению.

Заключение

Выше были определены условия оптимальной фокусировки ленточ­
ных электронных потоков электростатическими полями при произвольной 
величине периода поля. Распределение потенциала на оси задавалось про­
стым выражением (1), которое является характерным для применяемых 
на практике фокусирующих систем. Поэтому, полученные результаты ка­
чественно верны для любой плоско-симметричной электростатической перио­
дической системы.* (Каждая конкретная система в первом приближении 
может быть охарактеризована своей величиной [/,). Тем не менее, пред­
ставляет интерес фокусирующая система, для которой формула (1) является 
строгим выражением распределения поля.

Определим сначала форму электродов, создающих такое распреде­
ление. С этой целью подставим величины U0 ±  Uf  в левую часть выражения
(3), а величину Uv  рассчитанную по формуле (4), — в правую часть этого 
выражения. Получается следующее уравнение:

2 л
c o s ------- z  =  dz

P
(50)

* В  р а б о т е  [4 ] , н а п р и м е р , р а с с м а т р и в а л а с ь  с п е ц и а л ь н а я  си стем а . П е р в е а н с  п у ч к а  
и м е л  в е л и ч и н у  т а к о г о  ж е  п о р я д к а ,  к а к  и  в  н а с т о я щ е й  раб о те .
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Для этой системы выражение (4) является строгим соотношением. Под­
ставляя величину [7j из (4) в формулы (28), (29), (32) и (34), мы получаем 
условия оптимальной фокусировки для данной системы:

U
и

( _

о

о
_  Р Д У о )

ле0 ]/21] W U T sh
4л

У о
р

р Uf
sh

2л

Р U  2л
4л и 0 ch

2л
- _ _t u s

6 Р
V

j ( y )
2.-Т2 £0 ] [ 2 г ,  И Г V f

и п

. 4тг 
с п -------- у

ch2—  b

(51)

(52)

(53)

Acta P hys. H u n g . Torn. X V I I I .  F a s e ■ 4.

Здесь положительный знак относится к электродам с потенциалом ( U0 +  Uf), 
а отрицательный знак — к электродам с потенциалом (U0 — Uf). Форма

Ь 1
электродов, рассчитанная по формуле (50) для случая — =  —  показана на

р  4
рис. 2. На рисунке указаны также эквипотенциальные линии U0, ( í / 0 +  Ux) 
и ([/0 -  Н,).



348 М . С И Л А Д И

, , ___ и
Р  =  л е 0 |/2 Г]-----

Р

и .
и п

, 4л:
s h --------J o ,

ch 2 — -  b
(54)

Рассмотрим еще вопрос о том, как будет изменяться величина первеанса
, Vf Jom axпри фиксированном значении —- , если менять величину отношения--------.

Пусть
W

Jom ax

и а

■= const. Введем следующие обозначения:

J o ,

1 л

=  7  <  1

У о ,
=  f .

(55)

(56)

Тогда на основании (54), (55) и (56), подставив значения универсаль­
ных постоянных, получим следующее выражение для первеанса:

где

Р  =  2,63 10 U f

и п

2 W

/(£> у) =  £

У0 шах 

sh 2£

-Д£,  у) Ф 312,

ch2 £  ‘

Функция/ ( I ,  у) имеет следующие асимптоты: 
а) При !  <g 1 (параксиальный случай):

/ ( £ ,  у ) ~ 2| 2 ,

(57)

(58)

(5 9 )

если у не очень малая величина, 
б) При Í g> 1

/ ( £ ,  У) ™  2 Í  ехр (60)

Таким образом, величина первеанса с ростом |  сначала растет, а потом 
резко убывает. При некотором значении |  =  | opt первеанс достигает макси­
мальной величины. Согласно (58), величина | opt определяется следующим 
трансцендентным уравнением:

A cta  P h ys . H u n g . Т от . X V I I I .  F a se . 4.
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—  t h  Í5H 1-- 
у у

1

2fopt.
t h  2f o p t. =  1 . ( 61)

Графики функции/(I, у) показаны на рис. 3. при трех разных значениях у .  

На рисунке видно, что ростом у величина первеанса сильно растет и в то 
же время положение максимума смещается в сторону больших значений | .  
(См. таблицу 1.).

Из таблицы видно, что при всех практически интересных значениях 
коэффициента заполнения у максимальная величина первеанса достигается 
вне параксиальной области. Практическая полезность настоящей работы 
состоит как раз в том, что с ее помощью становится возможным расчет фоку­
сирующих систем для более интенсивных ленточных потоков, чем с помощью 
параксиальной теории. Сильно меняющиеся с расстоянием периодические 
поля (p^jomax) имеют еще и то преимущество, что в них флуктуации прос­
транственного заряда имеют меньшее влияние, вследствие чего увеличивается 
стабильность фокусировки.

Т а б л и ц а  1

У £opt /max

0 ,5 0 0 ,7 3 0 ,2 8 9

0 ,6 5 1 ,1 5 0 ,6 2 3

> ,8 0 2,11 1 ,454

Acta  P h ys . H u n g . Тот . X V I I I .  F a se . 4.
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M. S Z IL Á G Y I 

A b s t r a c t

A n  in v e s t ig a t io n  o f  t h e  p e r io d ic  e le c t r o s ta t ic  fo c u s in g  o f  s h e e t  e le c tr o n  s t r e a m s  i s  
g iv e n .  T h e  f o c u s in g  s y s t e m  h a s  a  p la n e  o f  s y m m e tr y ,  w h ic h  c o in c id e s  w i t h  th e  m e d iu m  p la n e  
o f  t h e  b e a m . T h e  b e a m  t h ic k n e s s  m a y  b e  c o m p a r a b le  w it h  th e  p e r io d  o f  th e  s y s t e m . T h e  
fo llo w in g  o p t im a l  fo c u s in g  c o n d it io n s  are d e te r m in e d :  t h e  v a lu e  o f  t h e  fo c u s in g  p o t e n t ia l ,  
t h e  a p p r o x im a t e  e le c tr o n  t r a je c to r ie s ,  th e  b e a m  p e r v e a n c e  a n d  th e  r e q u ir e d  cu r r e n t d e n s i t y  
d is t r ib u t io n  in  t h e  b e a m  cro ss  s e c t io n .  T h e  p a r a x ia l  a p p r o x im a t io n  is  c o n s id e r e d  as a s p e c ia l  
c a s e . I n  t h i s  c a s e  t h e  fo c u s in g  c o n d it io n s  for  s h e e t  b e a m s  are c o m p a r e d  w it h  th o s e  fo r  t h e  
c y l in d r ic a l  o n e s .  F in a l ly  t h e  e le c t r o d e  sh a p e s  fo r  t h e  c o n s id e r e d  t y p e  o f  e le c tr ic  f i e ld  a re  
d e te r m in e d , a n d  t h e  b e a m  p e r v e a n c e  a s a f u n c t io n  o f  g e o m e tr ic  p a r a m e te r s  is  g iv e n .  I t  i s  
fo u n d  t h a t  t h e  m a x im u m  v a lu e  o f  t h e  p e r v e a n c e  i s  a c h ie v e d  o u t  o f  t h e  p a r a x ia l  r eg io n .
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THE MUON DECAY IN THE RENORMALIZABLE 
VECTOR BOSON THEORY
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J .  N y í r i  and A. S e b e s t y é n

C E N T R A L  R E S E A R C H  IN S T IT U T E  O F  P H Y S IC S  O F  T H E  H U N G A R IA N  A C A D EM Y  O F  S C IE N C E S , B U D A P E S T  

( P r e s e n te d  b y  L . J á n o s s y  . — R e c e iv e d  26 . X I .  1 9 6 4 )

T h e  m e c h a n is m  o f  t h e  m u o n  d e c a y  is  i n v e s t ig a t e d  on  th e  b a s i s  o f  a r e n o r m a liz a b le  
v e c t o r  b o so n  (r. v .  b .)  th e o r y . I t  i s  f o u n d , t h a t  t h e  r . v .  b . a n d  F e r m i t h e o r ie s  le a d  e s s e n t ia l ly  
t o  t h e  sa m e  r e s u lt s .

In  a re c e n t p ap er [1] A. F r e n k e l  a n d  P . H r a s k ó  h av e  d iscussed  in  
d e ta il the  effect o f a reno rm alizab le  v e c to r  boson th e o ry  on some p rocesses 
o f  w eak in te ra c tio n s . In  ca lcu la tin g  t r a n s i t io n  m a trix  e lem en ts  th e  p resence  
o f  an  in te rm e d ia te  boson w as ta k e n  in to  acco u n t by  in c lu d in g  the  fo llow ing 
p ro p ag a to r:

( 2 n y

К  k ß

к2
1

m 2, — к2 (U

w here m w is th e  m ass of th e  boson. S evera l au th o rs  also p o in te d  ou t th e  p o s­
s ib ility  of u sing  th is  p ro p a g a to r, w hich lead s to  a ren o rm alizab le  th e o ry . 

In  th e  case o f m w | k n th is p ro p a g a to r  takes th e  fo rm

i „ k« k ß 1

to r ß k2 m l
( 2 )

w hich in d ica tes  th a t ,  in  c o n tra d ic tio n  to  th e  vecto r boso n  th e o ry  g en era lly  
used , th is  p ro p a g a to r  m ay  y ield  som e d ev ia tio n s  from  a four-ferm ion  in te r ­
ac tion . In d eed , in  [1] th e  au th o rs  show  th a t  th e  sp e c tru m  of u n p o la rised  
e lec trons of n e u tro n -d e c ay  ca lcu la ted  on th e  basis o f th e  p ro p a g a to r (1) 
differs from  th a t  o f th e  F e rm i th e o ry , an d  f i ts  th e  e x p e rim e n ta l d a ta  so m ew h at 
b e tte r .  In  th e  sam e w ork  i t  is show n th a t  th e  shape of th e  sp ec tru m  fo r th e  
decay  of th e  H 3 nucleus is rep ro d u ced  b y  th e  r . v . b. th e o ry  as well as i t  is 
b y  th e  F erm i th e o ry .

In  th e  p re se n t w ork th e  decay o f th e  m uon  is d iscussed  b y  m ak ing  use 
o f th e  p ro p a g a to r  (I) . W e have in v e s tig a te d  th e  sp e c tru m  of u n p o la rized  
e lec trons, com pared  it w ith  th a t  of th e  F e rm i th eo ry , a n d  th e  sam e w as done 
fo r th e  an g u la r co rre la tio n  fu n c tio n . W e re m a rk  th a t  we co n sid ered  everyw here  
p u re  V — A  coupling . T he effect o f C oulom b correction  w as neglec ted  in  th e
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ca lcu la tio n , as its  h an d lin g  is ra th e r  u n c la rif ied , and  th e re fo re  we co m p ared  
th e  re su lts  w ith  th e  co rresp o n d in g  u n c o rre c ted  exp ressions of th e  F e rm i 
th e o ry .

In  th e  fo rm ulae  n a tu r a l  u n its  H — c =  1 were u sed .

1. The spectrum o f electrons

In  th e  F e rm i th e o ry  th e  sp ec tru m  o f  e lectrons o f th e  m uon-decay  has 
th e  fo llow ing form

^ F e r m l ( j )  =  —
(2 я ) 3 ■—  J 2 +  ( a +  ! ) j (3)

w here a = , an d  f ,  m e an d  m;( s ta n d  for th e  co u p lin g  c o n s ta n t, th e

K « ,

e le c tro n  a n d  m u o n  m ass re sp ec tiv e ly ; у  is th e  to ta l  en e rg y  o f the  o u tco m in g  
e le c tro n , m easu red  in u n its  o f  m;(. K in e m a tic s  shows th a t  у  lies in th e  in te rv a l

I f  th e  re la tiv is tic  lim it  is ta k e n  in  (3), one can  id en tify  th e  M ichel
3

p a ra m e te r  q, an d  i t  is fo u n d  th a t  q =  —  . T his value is confirm ed b y  e x p e r i­

m e n ta l d a ta  [4, 5].
T h e  correspond ing  exp ression  o f th e  r. v . b. th e o ry  is th e  fo llow ing

W (y)  = g m ,

\ Y y 2 -( 2  я ) 3 4 /3 2

4  3 . 4
-------У  +  *— ■
3ß 3

—  +  —  -  1 
ß ß

а
6

5a , 5

T  ^  1
+  7

+  l n
У - K y 2 — a 3 . a

- a y  +  —  a (a  +  1) +  —  
8 4py  +  У y 2 +

H ere  g  den o tes  th e  coup ling  co n s tan t, a n d

g

(2л)3 i ß 31- Ш

( 4 )

0  =  р Н !  .

g  is re la te d  to  th e  F erm i coup ling  c o n s ta n t in  the  fo llow ing  w ay

/  =
1 g 2

n l 2l w
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I t  is easily  seen, th a t  for large values of ß  th e  tw o  spectra  w ill coincide.
In  Fig. 1 we have p lo tte d  th e  sp e c tru m  o f electrons f ß y )  (con tinuous 

line) for mw =  10m,,.
As th e  difference betw een  th e  F erm i a n d  r . v . h. sp e c tra  is very  sm all 

even  a t  th is  va lue  o f th e  boson m ass mw, we h a v e  only in d ic a te d  a few p o in ts  
o f th e  F erm i sp ec tru m  by  sm all circles.

In  theories ta k in g  in to  acco u n t th e  e ffec t of an in te rm e d ia te  boson , 
s tro n g  ind ica tions can  he fo u n d  th a t  th e  m ass of the b o son  m u st be even

g re a te r  th a n  th e  v a lu e  m en tio n ed  above [6]. I n  [1] the  a u th o rs  also hold 
th e  op in ion  th a t  m w ~  50 GeV. T he la te s t ex p e rim en ts  seem  to  ind ica te  [8] 
th a t  i f  a v ec to r boson  ex ists a t  all, its m ass m u s t be g re a te r  th a n  1,8 GeV, 
w hich  corresponds in  our n o ta tio n  to  m w — 17 m„.

2. The coupling constant

Follow ing th e  w ell-know n procedure  of in te g ra tin g  th e  sp e c tru m  for th e  
e lec tro n  energy , we get th e  re la tio n  b e tw een  th e  life-tim e o f  th e  m uon r  
an d  th e  coupling c o n s ta n t

I f  we p u t

1 irr't c4 1 g4 
r  192 л я h7 8 m 4, '

/ 1 8~ ,
1/8 m'fv

we ge t h ack  th e  fo rm u la  of th e  F e rm i th e o ry . W u  shows [9] t h a t  using th e  
e x p e rim en ta l value o f th e  life-tim e

6 A c ta  P h ys . H ung. Т о т . X V I I I .  Fasc. 4.
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we get

г  =  2,198 ■ 1 0 -«  see, 

/ =  1,435 • lO " 19 erg  cm 3

w hich co rresponds to

m 2
w

4 ,0 5 9 -1 0  19 erg cm 3 .

3. The angular correlation function

C alcu la tin g  th e  a n g u la r  co rre la tio n  function  on th e  basis of th e  V — A 
th e o ry , we ge t th e  fo llow ing expression

d N L-—

</(cos ft) Fermi
\ У у  а 3 ’

y-  +  (a -f- l )  j

4 „ 1 1 4а 1 1
— у 3 ~ « +  ■ У 2 - о ' У -)— а2 -)---- а
3 1 3j 3 3

is I? (5)

w here $  is th e  angle be tw een  th e  d irec tio n s  of th e  m u o n  spin a n d  o f  th e  
e lec tro n  m o m en tu m . T he co rrespond ing  form ula in  th e  r. v. b . th e o ry  is 
g iven b y

d N
r/(cos ft)

a Í 5 a 5

~ 6 I T + ~ ß

У у 2 3/5 Г
a 1

ß  +  7

ln У У  У 2 -  а

У + У . у 2 - «

ау

Ьа
У2 +  ----- h а +  1

6/ 5

3 , .  а 2
а (а  +  1) +  —  

8 4/9

4 . 4 , а  ,1 „ 1 11а 1 а П а „1
— у* - - у ------ 1 -  У 2 —  +  «Н +  у  — . . . - 1 2
3/9 3 ' ß ' 1 6 ß 3 3 2/5

( 6)

а

4
5
3 УУ

L = l „ £ ^ J g ï

у  + У  у 2 — «
ау~ У (5а +  3) +

О

4/3.
U /, (у) Л (г) cos // ,

w here / г(у) is th e  sam e as before. T h e  defin ition  o f  f 2 ( y )  can he re a d  from  
fo rm u la  (6), an d  i t  is essen tia lly  th e  sp ec tru m  o f “ fo rw a rd -b a ck w a rd ”  d if­
ference. T he o m itted  c o n s ta n ts  of p ro p o rtio n a lity  c o n ta in  the  co u p lin g  con­
s ta n ts , th e  m ass o f m uon  e. t .  c., a n d  th e ir  n u m erica l va lues coincide fo r th e  
F e rm i a n d  th e  r . v . b . fo rm ulae .
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In  F ig . 2 f 2(y) is p lo tte d  (con tinuous line), a n d  its  ag reem en t w ith  th e  co rres­
p o n d in g  F erm i te rm  is in d ica ted  in  a m a n n e r sim ilar to  F ig . 1.

4. The helicity of the electron

T he F e rm i th e o ry  gives for th e  ra t io  o f  th e  p ro b a b ility  of fo rw ard - 
b ack w ard  p o la riza tio n  an d  th e  to ta l  p ro b a b ili ty  th e  follow ing form ula

t - l =  Y f
4у  — a — 3

/Fe rm i — 4y2 +  3 (a  +  l ) y  -  2a  

T he sam e exp ression  in  th e  r. v . b . th e o ry  ta k e s  th e  form

t  — I  _  \ (У2 -  a )(4y — a  -  3) a(8y  -  3a — 5)

ay  (8y — 3a — 5) ^  у  — f y 2

x i Уу2 -  «

+ «У +

8  l ' y 2 -  a

4 7
■ —  У2 +  (a +  l ) y -  —  a

о  0

In

У +  У У2 — «

1 ) у -----— a
6

j  —  Ъ г  —  а

X

+

у  +  Уу2 -  а
T he q u a n titie s  occu rring  in  th ese  fo rm ulae  a re  th e  same as befo re .

( V

( 8 )

A t th e  low est e lec tron  energy , i. e. у  =  |Aa, these  tw o exp ressions give

eq u a lly  zero; a t  th e  h ighest en erg y  y  =  ———  th e  Ferm i th e o ry  gives —1,
2

in  c o n tra s t  to  th e  r. v . b . th e o ry , w hich  y ields a value of — 1 +  6,08 • 10~4. 
T h e  difference b e tw een  th e  tw o expressions is th e  g rea test in  th e  im m ed ia te  
ne ighb o u rh o o d  of th e  low er lim it, an d  p ra c tic a lly  d isappears ab o v e  1 MeV. 
E x p e rim e n ta l d a ta  are u n fo rtu n a te ly  a b se n t a t  th e se  low e le c tro n  energies.

6 A c ta  P hys. H ung. Т о т . X V I I I .  F asc. 4.
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5. Conclusions

I t  m a y  be seen from  th e  fo rm u lae  an d  th e  f ig u re s  as well t h a t  for 
m u, g> 10m/( th e  ag reem en t of th e  sp e c tra  and  a n g u la r  co rre la tions fo r  th e  
F e rm i an d  th e  r . v . b . th eo rie s  is v e ry  p ro n o u n ced . T h ere fo re  th e  shapes o f  th e  
cu rves in th e  tw o  th eo ries  are  essen tia lly  th e  sam e. P re s e n t ex p e rim en ta l d a ta  
agree fa ir ly  w ell w ith  th ese  shapes of sp e c tru m  and  a n g u la r  co rre la tion  fu n c tio n . 
M easuring  e rro rs , how ever, p u t th e  choice betw een  th e  tw o th eo rie s  fa r 
b ey o n d  th e  reach  o f possib ilities . As to  th e  coupling c o n s ta n t, it  d iffers from  
th e  va lu e  ca lcu la ted  in  [1]. The reaso n  fo r th is  d e v ia tio n  is no t q u ite  c lear, 
n ev erth e less  i t  is com m only  accep ted  t h a t  th e  m uon d e c a y  provides a b e tte r  
to o l for th e  d e te rm in a tio n  o f th e  coup ling  c o n s tan t th a n  th e  n uclear /3-decay.

In  [1] th e  a u th o rs  h av e  supposed  th e  u n iv e rsa l fe a tu re  of w eak  in te r ­
ac tio n s. W e m u st em p h asize , how ever, t h a t  th e  d iffe re n t resu lts co ncern ing  
th e  co u p ling  c o n s ta n t o f n u c lea r ß  a n d  m uon  decay m ig h t be u n d e rs to o d  by  
g iv ing  up  th is  a ssu m p tio n . In  th is  case we p resum e th a t  th e  in te ra c tio n  
L a g ra n g ia n  o f n u c lea r d ecay  m ust ta k e  th e  follow ing fo rm

Lnuci ar(*) =  gn ■ y>n(x) (1 +  i Лу~°) y a y>p(x) B n(x) : - f  H .c .  +

+  ge : y>e(x) (1  +  i y5) y a y)r{x) B a(x) : +  H.C.

S im ila rly  fo r m uon  decay

L fl(x) =  g ß : yv(x) (1 +  i у 5) y r,ipv(x)-Ba(x) : +  H. c. +

+ ge ■ We(x ) (! + i r5) y ay>v{x) Bn{x) : + H.C

w here  H . c. m eans th e  H e rm itia n  c o n ju g a te ; ij>n, y>p, y)e, and ipM s ta n d  for 
th e  n e u tro n , p ro to n , e lec tro n , n e u tr in o  an d  m uon fie ld s , re sp ec tiv e ly . B a(x) 
is th e  a - th  co m p o n en t o f th e  v ec to r b o so n  o p era to r, a n d  gn, gM, ge are  th e  d if­
fe re n t coup ling  c o n s ta n ts  w hich, in  th is  p ic tu re , a re  n o t equal. A ccord ing

g1to  th is  a ssu m p tio n , in s te a d  of th e  re s u lt  of [ 1 ] ------ =  4,84 • 10 4<J e rg  cm 3
m - w

§ e  8 nwe h av e  to  w r i te ------- =  4,84 • 10 _49 e rg  cm 3; s im ila rly  for th e  m u o n  decay
m l

=  4 ,0 5 9  • IO“ 19 erg cm 3 .

This w ay we can deduce the ratio

-ёп- =  1 ,192  .
g  a
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B y m easu rin g  a su ffic ien t n u m b er o f  d ifferen t p rocesses, it  is possib le  to  d e te r­
m ine th e  v alue  o f each  coupling  c o n s ta n t s e p a ra te ly .

F in a lly  we w ish  to  express o u r sincere th a n k s  to  Mr. A . F r e n k e l  and  
M r. P . H rasicó for th e  m an y  v a lu a b le  d iscussions.
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EXTRAORDINARY ORBITALS 
IN THE UNITED ATOM MODEL

B y

I . T amássy-Le n t e i

IN S T IT U T E  O F  T H E O R E T IC A L  P H Y S IC S , K O SSU T H  L A JO S  U N IV E R S IT Y , D E B R E C E N  

(P r e s e n te d  b y  A . K ó n y a  — R e c e iv e d  2 9 . X I I .  1 9 6 4 )

F o r  a r e p r e s e n ta t io n  o f  th e  o n e -e le c tr o n  o r b it a ls  in  th e  u n ite d  a t o m  m o d e l o n e  c a n  
u s e ,  in  a d d it io n  t o  t h e  u s u a l  h y d r o g e n - l ik e  o r b ita ls , a ls o  e x tr a o r d in a r y  f u n c t io n s ,  c o n t in u o u s  
in  t h e  e le c tr o n  c o o r d in a te s  b u t  h a v in g  o n ly  p ie c e w is e  c o n t in u o u s  d e r iv a t iv e s .  C o m p u ta t io n s  
a re  m a d e  fo r  H w i t h  a lin e a r  c o m b in a t io n  o f  m id d le  p o in t  c en tr e d  o r d in a r y  y>l s , y>l s , ,  tp3li z 
a n d  e x tr a o r d in a r y  | y>2p z  j o r b ita ls . T h e  r e s u lt s  o b ta in e d  fo r  th e  e n e r g y  s h o w  a c o n s id e r a b le  
im p r o v e m e n t  o n  in tr o d u c in g  t h e  e x t r a o r d in a r y  o r b ita l  j y>2p z \ ■

Ow ing to  m a th e m a tic a l d ifficu lties th e  w av e  function  o f  m olecules w ith  
sev era l e lectrons can  be d e te rm in ed  only a p p ro x im a te ly , ev en  in  th e  s im p lest 
d ia to m ic  case. I f  th e  H a m ilto n ian  opera to r is H ,  w ith  th e  h e lp  o f the  v a r ia ­
tio n a l m eth o d  we can  alw ays ap p ro x im a te  th e  en e rg y  of th e  sy s te m  b y  m in im iz­
ing th e  expression

E  _  j> *  Hy> d v  
§ip* ip dv

w ith  re sp ec t to  th e  t r ia l  fu n c tio n  ip.
I f  we w a n t to  overcom e th e  d ifficu lties o f  th e  m a n y -c e n tre  in teg ra ls , 

one o f th e  possib ilities is to  use th e  ap p ro x im a tio n  m eth o d  know n as th e  
u n ite d  a to m  m odel (som etim es called  as o n e -cen tre  m e thod). In  th is  m odel 
th e  e lec tro n  o rb ita ls  are c o n s tru c te d  from  o n e-e lec tron  fu n c tio n s  cen tred  on  
a single p o in t. F o r m olecules o f ty p e  X 2 the  m id d le  po in t o f th e  nucle i can  be  
chosen for such cen tre .

As one-e lec tron  func tions one often  chooses hyd rogen like  functions o f  
th e  fo rm

y^nlml —  R n l  0 ) I lml ( A <p)i

w here R ni is th e  no rm alized  ra d ia l  w ave fu n c tio n ,

K i  (0
{n -  l — 1)! I1«

[(n +  Z)!]:> 2n J 2 Z  13/2

n « o  I

2 Zr
0 = --------- ;

nan
* W e  are g o in g  t o  u se  a to m ic  u n i t s ,  i .e .  w e  m e a s u r e  d is ta n c e  in  a 0 u n i t s ,  a n d  e n e r g y  

in  e 2/ a (l u n i t s  (e is  t h e  p o s i t iv e  e le m e n ta r y  ch a rg e , a n d  a 0 t h e  ra d iu s  o f  t h e  f i r s t  B o h r -o r b it  
in  th e  h y d r o g e n  a to m ) .
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L^l+i is th e  (n  -f- /)-th  d e r iv a tiv e  of th e  (21 l ) - th  L aguerre  po ly n o m ia l. 
M oreover,

У  lm, (û, cp) 21 +  1 ( l -  | m , | ) L  

4л  (/ +  I ml I)!

1/2
P\m* (cos &) eimfP

is th e  n o rm alized  sp h erica l harm onic ,

1 A } + \ m l !
p m i  /  4 =  _ L _  (X _  X 2 y m , i i 2 -------------- ( X 2 _  1 ) /

' w  241 dxl+ W K

th e  n o n -n o rm alized  asso c ia ted  L egendre po lynom ial a n d

X  =  cos Û .

T he o n e-e lec tron  fu n c tio n s  belonging  to  th e  g round s ta te  and  to  som e o f  th e  
low -ly ing  ex c ited  s ta te s  a re  o f th e  fo rm

1/2
e - a l 0 rVio =

V>2po =

а  21Г
rjO , 1 / 2 ------
—L r e  '  cos û ,
32я)

V 3 d o  — 81

1/2
r-e

О32Г

3 (3cos2 # 1) .

T he p a ra m e te rs  anl o ccu rrin g  in  th e  fu n c tio n s  are t r e a te d  usually  as v a r ia tio n a l 
p a ra m e te rs .

A n y  m olecular o rb ita l  can  be ex p ressed  in th e  fo rm

V =  2  k‘ ’
i

w here th e  c o n s titu te  a com plete  sy s te m  of fu n c tio n s . Since in  p ra c tic e  only 
th e  f ir s t  few  te rm s o f th e  series are re ta in e d , i t  is v e ry  im p o rta n t to  assure 
ra p id  convergence b y  a  su itab le  choice o f  th e  fu n c tio n s  у,- (here i t  is n o t  im ­
p o r ta n t  a n y  m ore th a t  th e  fu n c tio n s chosen  should  be  m em bers of a com plete  
sy stem ). B esides ra p id  convergence w e requ ire  also  t h a t  th e  c o m p u ta tio n  of 
th e  in te g ra ls  shou ld  be re la tiv e ly  e a sy . F o r th is  re a so n , also in  th e  case of
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th e  one-cen tre  m e th o d , th e  choice р \т>< (cos #) e"n,ir for a n g u la r  dependence 
(ad v an tag eo u s  because o f the  o r th o g o n a lity )  com bined  w ith  a h y d rogen -like  
ra d ia l  p a r t  is o ften  m ade. E xp erien ce  shows t h a t  fo r m olecules th e  convergence 
o f these  o rb ita ls  is less rap id  th a n  fo r a tom s, b u t  i t  is s till sa tis fa c to ry . T h u s, 
w ith  help  o f th e  com plete  sy s te m  th e  one-e lec tron  o rb ita ls  can  be
rep resen ted  in th e  form

V =  У  Kim, Vnlrn, ■
nlmi

I f  we re s tr ic t our a t te n tio n  to  sp h erica lly  sy m m etrica l a p p ro x im a tio n , th e n  
we have on ly  to  consider th e  te rm s  w ith  l =  m l =  0, i.e. on ly  th e  sup erp o si­
t io n  o f s s ta te s . In  genera l, how ever, n o t even a lin ea r  co m b in a tio n  of in fin ite ly  
m a n y  s s ta te s  w ill y ie ld  th e  c h a rac te ris tic s  o f th e  m olecule w ith  th e  desired  
accu racy . In  p rac tice , w hen we ca n  re s tr ic t ourselves to  a f in ite  n u m b er of 
te rm s  of th e  series, it  is ad v an tag eo u s  to  ta k e  in to  co n sid e ra tio n  besides th e  s 
s ta te s  also s ta te s  o f p , d , f , . . .  c h a ra c te r , i.e . s ta te s  w ith  h ig h e r an g u la r 
m o m en tu m .

In  th e  case of m olecules of ty p e  X 2, th e  cen tre  is u su a lly  lo c a te d  a t th e  
m idd le  p o in t of th e  nuclei, and  th e n , in  case o f a single e lec tro n , fo r reasons 
o f sy m m etry  th e  s ta te s  w ith  l o d d  can n o t occu r in  th e  lin e a r  co m b in a tio n . 
O rb ita ls  w ith  low er va lu e  l give as a ru le a m ore  su b s ta n tia l c o n tr ib u tio n  to  
th e  energy . T herefo re , o rd in a ry  p -o rb ita ls  b e in g  n o t su ited  in o u r case, we 
m ig h t t r y  a m odified  version o f th e m .

In  co m p u tin g  e lec tro n  energ ies, S n y d e r  a n d  P a r r  [1] h a v e  considered  
am ong  th e  basic  fu n c tio n s also e x tra o rd in a ry  func tions co n tin u o u s  in th e  
e lec tro n  coo rd inates b u t  hav ing  o n ly  piecew ise con tin u o u s d e riv a tiv e s . I f  we 
w ork  w ith  such  a fu n c tio n  h av in g  a n o n -co n tin u o u s  d e riv a tiv e , be tw een  th e  
n o d a l p lanes a to m ic  o rb ita ls  can  be  sp lit in to  in d iv id u a l lobes, e.g.

V P z  =  ( V > P z  W p z  )  i

( * > 0 ) у , -  _  I 0 < * > ° )

(z < 0 ) , г 1 - / 2  y>Pz (z<  0 ) .

S n y d e r  an d  P a r r  h av e  used th is  m eth o d  fo r  H e, a tw o -e lec tro n  system , 
in  o rd er to  ta k e  in to  acco u n t co rre la tio n . A ccord ing  to  th e ir  ca lcu la tio n s, 
th e  elec trons p refer be ing  located  in  opposite  lobes in stead  of th e  sam e lobe. 
B u t for H e th e re  w as no  g rea t im p ro v em en t in  th e  energy  in  com parison  w ith  
th e  u su a l basic  fu nc tions.

The u su a l fu n c tio n s o f ty p es s, p x, p y an d  p z w ere considered  b y  S n y d e r  
an d  P a r r  also in  connection  w ith  th e  e x tra o rd in a ry  fu n c tio n s | p x |, ] p y j 
a n d  j p z |.
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In  th e  case o f m o lecu lar sy stem s e x tra o rd in a ry  functions h a v e  firs t 
been  em p lo y ed  b y  D e w a r  [2] an d  his g roup , in  o rd e r to  describe n  e lec trons 
o f c o n ju g a te d  u n s a tu ra te d  m olecules; th e y  lo ca ted  e lec trons w ith  opposite  
sp ins in  opposite  lobes of th e  yi-atom ic o rb ita ls . T h e  “ sp lit-p -o rb ita l”  (SPO) 
m e th o d  w orked  o u t b y  th e m  in  o rd e r to  acco u n t fo r th e  v e rtica l co rre la tio n  
o f л  e lec tro n ic  sy stem s rep resen ts  th e  w ave fu n c tio n  o f  m olecules as a linear 
co m b in a tio n  of lobes o f th e  sam e ty p e .

I n  th e  case o f th e  one-cen tre  m odel such e x tra o rd in a ry  fu n c tio n s  can 
also be ta k e n  in to  ac c o u n t in s tead  o f th e  fu n c tio n s w ith  l odd. T he e ffec t of 
th e se  e x tra o rd in a ry  fu n c tio n s  on th e  re su lts  w ill be exposed  in  d e ta il in  th e  
fo llow ing  fo r th e  case o f H 2 .

F o r  th e  g round  s ta te  of H 2 c o m p u ta tio n s  h av e  a lread y  been m ad e  w ith  
th e  h e lp  o f  th e  u n ite d  a to m  m odel, w here  th e  w ave fu n c tio n  was ta k e n  as a 
lin ea r  co m b in a tio n  o f  a few o rd in a ry  h y d rogen -like  func tions c e n tre d  in  th e  
m idd le  p o in t [3], or u p o n  an  a rb i t r a ry  p o in t [4]. L e t us now  co m p le te  th e  
w ave fu n c tio n  of th is  one-e lec tron  m olecule  also w ith  an  e x tra o rd in a ry  fu n c tio n  
o f  ty p e  ' p z ] in  a d d itio n  to  th e  u su a l hyd rogen -like  s, d fu n c tio n s so th a t

V> 2P,=  W ip,=
4 p

32л

d i p r1/2 - - 5—
re cos $ ,

V>2 p ,  I = j

W  =  -  V2p. =
*2p

32л

02 рГ1/2 -  ~

re cos &,

( 0  < [  # < ^ я : / 2 ) ,  

( я / 2  <  &  < ^ л ) .

T h u s we choose th e  Z -ax is  as m o lecu la r axis. L e t us th ere fo re  re p re se n t th e  
w ave fu n c tio n  in  th e  fo rm  of th e  fo llow ing lin ea r co m b in a tio n

V > = y k i f i ,  (i =  ls ,  l s ' , ( 2 Pz),3dz).
i

H ere  th e  n o n -o rth o g o n a lity  of th e  fu n c tio n  \ a n d  s an d  d -ty p e  ones can
be ta k e n  in to  a cco u n t e x a c tly . I f  th e  H a m ilto n ia n  o p e ra to r  is

н =  -  —  -  —  +  ^ r ,
2 ral rbí R

th e  en e rg y  of th e  sy s tem  can be d e te rm in e d  fro m  th e  secu lar e q u a tio n

II Hjj — ESij || =  0,
w here

H íj =  j  y>f H Tfj dv
an d

Sij =  J wf f j  dv.
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F o r th e  u su a l o rd in a ry  func tions th e  energy  te rm s  o f ty p e

1
4/ =J (!) V > j (  1 )  d v i > ( u  =  a, b)

due to  th e  a ttra c tio n  b e tw een  th e  e le c tro n  and  th e  nuc leu s, are  easily  d e te rm ­
ined , i f  we ex p an d  l / r ul in a series o f L egendre  p o lynom ia ls . A s is w ell 
know n,

1

r u l

and  so

“ h (  lj _ I fyj \ * r ^
> ’ >' ' > - — -----  P^l  (cos &u) P„ml (cos #,)

(h-\- ,m )! r>h+1

4 = 2
yh — j  m,  —  m', ] ) ! 1/2

ch ■ (lmh / ' m',)

w ith

and

ch (l m Г т г ) -

(h - f -  \ щ  —  m'l I ) !
gh ( ni ,  n' Ï )  p  c o s  &u) е'<т‘- т№»

gh (:nl, n' l') =  j  R*t (r) й „ т  (r) — -  r2 dr

0

( ft  -  К  -  " i l ) I  ( 2 /  +  1 ) ( /  —  I От; 1)! ( 2 Г  + ! ) ( / '  - I  m ; i ) ! 1/2
(h +  I ml —  m ' | ) !  (I +  \ m,  | ) !  (Г - f  |  m\  | ) !

X

J sin 'O'
P ,m' (cos d) P ;”1' (cos {})PÇl m‘' (cos — ——At> •

0
T he v a lu e  o f  th e  co e ffic ien ts  ch resu ltin g  from  th e  in te g ra tio n  w ith  

resp ect to  th e  angle is to  be found in  th e  b ook  c f  Co n d o n -S h o r t l e y [5 ] , e. g.
W hen  e x tra o rd in a ry  functions occu r, it  is ex p ed ien t to  use th e  above 

series of L egendre po lynom ials , and  th e n

L f j  =  I ipf (1) —  y)j( 1) d v x =  'S Ch (l 0, /' 0) gh (nl, n Г)
J rul л

(ni/ — 0 fo r all fu n c tio n s). I f  one of tpi an d  y>j is id e n tic a l w ith  | y)2pz | th e n  
i t  is adv isab le  in  c a lcu la tin g  Ch to  sp lit  th e  in te g ra tio n  accord ing  to  #  fo r th e  
p ro d u c t o f th e  L egendre polynom ials in to  tw o dom ains one ex ten d in g  from  0 
to  л/2  (C l)  an d  th e  o th e r  from  я/2  to  n  (C'L). T hus

Ch (l 0, l’ 0) =  Ch+ (l 0 , /' 0) +  Ch_ (l 0, Г 0).
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T a b le  I

h C* (00, 10) C* (00, 10) C* (10, 20) C* (10, 20)

0 / 3 / 4 / 3/4 / Ï 5 / 1 6 /1 5 / 1 6

1 I / 2/3 — 1/ 2/3 - / 1 5 / 1 5 -— / Г 5 / 1 5

2 / 3 / 1 6 /3 / 1 6 / Ï 5 / 1 6 /1 5 / 1 6

3 0 0 3 /1 5 /7 0 3 / Ï 5 / 7 0

4 — / 3 / 9 6 — / 3 / 9 6 1 3 /Г 5 /7 6 8 1 3 /Ï 5 /7 6 8

5 0 0 0 0

6 /3 /2 5 6 /3 /2 5 6 — / 1 5 /3 2 0 — / 1 5 /3 2 0

7 0 0 0 0

8 — /3 /5 1 2 — /3 /5 1 2 1 3 /1 5 /1 0 2 4 0 1 3 / /5 /1 0 2 4 0

9 0 0 0 0

10 7 /3 /6 1 4 4 7 /3 /6 1 4 1 - 29/ Г 5/ 4ЗОО8 — 2 9 /Í 5 /4 3 0 0 8

W hile  in  th e  o rd in a ry  case th e  series reduces to  a few  te rm s , because th e  ch 
w ith  h igher in d ices  v an ish , su ch  a sim p lifica tio n  does n o t ta k e  place here. 
T h e  coeffic ien ts Cn occurring  in  th e  course o f th e  c o m p u ta tio n s  are  given in  
T ab le  I.

The series consists now  o f in fin ite ly  m a n y  te rm s , b u t  i t  can  be seen 
t h a t  th e  coeffic ien ts  Cn r a p id ly  decrease as h increases, a n d  th e  s itu a tio n  is 
s im ila r  for th e  m u ltip lic a tiv e  fac to rs  gh (nl , n ’ Г) too . T hus we can  achieve 
sa tis fa c to ry  acc u ra cy  b y  re ta in in g  only  a  few  te rm s  o f th e  series.

In  T ab le  I I  we su rv ey  th e  values o b ta in e d  w ith  th e  o rb ita l con ta in in g  
also  th e  e x tra o rd in a ry  fu n c tio n , w hen ta k in g  in to  acco u n t th e  f irs t te n  
m em bers of th e  sum . The sam e T ab le  co n ta in s  also th e  va lu es  o f th e  v a ria tio n a l 
p a ra m e te rs  y ie ld in g  th e  m in im u m  energy , a n d  th e  to ta l  energy  v alue  for th e  
e x p e rim e n ta l n u c le a r  d is tan ce  R  =  2.

T a b le  II

=  E  kiipi °10 «,'0 a 1 2 PZ1 asdz E

i =  Is, Is ' 1 ,5 1,6 - 0 ,5 1 6 1 4 9

Is, 1 2pz\ 1 3 — 0 ,5 1 4 1 1 6

Is, 3dz 0 ,9 6 ,4 - 0 ,5 1 8 4 1 1

Is, Is ',  1 2pz\ 1 ,5 1,7 3 - 0 , 5 4 3 8 7

Is, 1 2pz\, 3dz 1 3 6 ,6 - 0 , 5 4 9 1 9

Is, Is ', 2pz\, 3dz 1 ,5 1 ,7 3 6 ,6 - 0 , 5 8 6 7 4
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T he e x a c t va lue  of th e  energy  is E  =  — 0,60263 [6]. (For H 2+ th is  com ­
p u te d  va lu e  of th e  en e rg y  is to  be considered  m ore accu ra te  th a n  th e  ex p eri­
m en ta l one.) So th e  fu n c tio n s  | ip2p | w ith  n o n -co n tin u o u s d e riv a tiv e s  com plete  
a d v an tag eo u sly  th e  u su a l h y d rogen -like  fu n c tio n s a n d  im prove th e  energy  
co n sid erab ly .

I f  necessary , th e  o rb ita ls  can b e  au g m en ted  in  a sim ilar w ay  b y  fu r th e r  
e x tra o rd in a ry  o rb ita ls  w ith  higher o d d  values o f l.
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Н Е О Б Ы К Н О В Е Н Н Ы Е  О Р Б И Т Ы  В С О Е Д И Н Е Н Н О Й  А Т О М Н О Й  М О Д Е Л И

И . Т А М А Ш Ш И - Л Е Н Т Е И

Р е з ю м е

Д л я  п р е д с т а в л е н и я  о д н о э л е к т р о н н ы х  о р б и т  в с о ед и н ё н н о й  а то м н о й  м о д е л и  н а р я д у  
с  о б ы к н о в е н н ы м и  во д о р о д о п о д о б н ы м и  о р б и т а м и  м о ж н о  и с п о л ь з о в а т ь  т а к ж е  и  н е о б ы к н о ­
вен н ы е  ф у н к ц и и , н е п р е р ы в н ы е  в  к о о р д и н а т е  э л е к т р о н а , н о  и м ею щ и е  т о л ь к о  о тр ы в о ч н о  
н е п р е р ы в н ы е  п р о и зв о д н ы е . В ы ч и с л е н и я  п р о в е д е н ы  д л я  H f  п р и м е н е н и е м  л и н е й н о й  к о м ­
б и н а ц и и  с р ед н ет о ч е ч н ы х  ц е н т р и р о в а н н ы х  о р б и т  y ls, y ls,, yj3dz и  н е о б ы к н о в е н н ы х  о р б и т  
\у2р,\- П о л у ч е н н ы й  р е з у л ь т а т  д л я  э н е р г и и  п о к а зы в а е т , ч то  в в ед ен и ем  н е о б ы к н о в е н н ы х  
о р б и т  jy>2pj м о ж н о  д о б и т ь с я  зн а ч и т е л ь н о г о  у л у ч ш е н и я  м о д е л и .

A cta  P h y s . H u n g . Тот . X V I I I .  F a se . 4.





COMMUNICATIONES BREVES

ÜBER DIE GEGENSEITIGE BEZIEHUNG VON 
KONSTANTEN EINIGER THEORIEN ÜBER  

KONZENTRATIONSAUSLÖSCHUNG UND 
KONZENTRATIONSDEPOLARISATION DER PHOTO­

LUMINESZENZ VON LÖSUNGEN
V on

C. BojARSKr
I . P H Y S IK A L IS C H E S  IN S T IT U T , T E C H N IS C H E  H O C H S C H U L E  G D A N S K , GOA N S K , P O L E N  

(E ingegangen  28. Y. 1964)

In  den  gegenw ärtig  besteh en d en  T heorien  ü b er den  E influss d e r K o n ­
zen tra tio n  a u f  die L um ineszenz von L ösungen  tre te n  gewisse K o n s ta n te n  auf, 
die du rch  V ergleich von T heorie u n d  V ersuchsergebn issen  [1]— [5] b e s tim m t 
w erden kö n n en . So t r i t t  in der Theorie v o n  L örster d e r k ritisch e  A b s ta n d  R0 
au f, w äh ren d  in  der T heorie  von  J abbonski der R ad iu s  R j  der so g en an n ten  
W irk u n g ssp h äre  a u f t r i t t .  D ie L rage d e r gegenseitigen  B eziehung d e r K o n ­
s ta n te n  Ru u n d  Rj  is t le tz te n s  in  m eh reren  A b h an d lu n g en  d isk u tie r t w orden
[6]— [13]. Im  Lalle d er P ho to lum in eszen zau slö sch u n g  d u rch  L rem d sto ffe  
e rh ie lt J abbonski [6]

R'j — 1,327 R'0 , (1)

im  Lalle von  K o n zen tra tio n sd ep o la risa tio n  dagegen n a c h  K aw sk i [7]

Rj =  1,44 R 0 . (2)

In  den A usd rü ck en  (1) u n d  (2) R q =  R0 g leichsetzend  f in d e t K a w ski [13]

^  =  1,085 (3)
R'j

u n d  s te llt fe s t, dass die R ad ien  der W irk u n g ssp h ä ren  fü r  die D ep o la risa tio n  
u n d  die A uslöschung d u rc h  ab so rb ie rende  L rem dsto ffe  sich d e u tlic h  von  
e in an d er u n te rsch e id en . A bgesehen d av o n , dass die B eziehung  (2) n ic h t e in ­
w andfre i is t , was in  [14] erw iesen w ird , m uss die G ru n d losigke it der A n n ah m e 
R’0 =  R0 u n te rs tr ic h e n  w erd en . Aus der T heorie von L örster [2] w issen w ir 
n äh m lich , dass der k ritisch e  A b stan d  zw ischen den M olekülen  von  den in d i­
v iduellen  E ig en sch aften  d er e inw irkenden  P a r tn e r  ab h än g ig  is t; er k a n n  also 
im  Lalle d er K o n z e n tra tio n sd e p o la risa tio n  n ich t derse lbe  sein wie im  F a lle  
d er A uslöschung du rch  abso rb ie ren d e  F rem d sto ffe . Sofern  n ähm lich  die e rs te
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E rsch e in u n g  a u f  G rund  d er Ü b e rtra g u n g  v o n  A nregungsenerg ie  zw ischen 
M olekülen  d e rse lb en  A rt a u f t r i t t ,  so is t die zw eite E rsch e in u n g  du rch  die 
E n e rg ie ü b e rtra g u n g  zw ischen M olekülen  v e rsch ied en er A rt b e d in g t. Som it is t 
a lso  die B e h a u p tu n g  K aw ski’s, dass R j  u n d  R j  sich  d eu tlich  u n te rsch e id en ,

R'i R,
keinesw egs d e r F a ll. D agegen g lau b en  w ir, die B ez ieh u n g en — f  u n d —— ver-

Ro «o
gleichen  zu  k ö n n e n . D er V erg leich  sch e in t n o tw en d ig , da m an  fü r  diese B ezie­
h u n g en  v ersch ied en e  W erte  fü r  den  F a ll des A uslöschens (1 ,327, [6]) u n d  fü r  
den  F a ll d er D ep o la risa tio n 1 (1,367, [8]; 1,44, [7]; 1,327, [10]) e rh a lten  h a t .  
W ir b e h a u p te n , dass die W erte  d ieser B ez iehungen  im  F alle  des A uslöschens 
w ie im  F a lle  d e r D ep o la risa tio n  id en tisch  s in d , d. h.

К  R 0
(4)

is t . U m  die G leichung  (4) zu bew eisen , sei an  die D efin ition  des k ritisch en  
A b stan d es  u n d  d er R ad ien  d er W irk u n g ssp h ä ren  fü r  die D ep o la risa tio n  u n d  
fü r  das A uslöschen  e rin n e rt. D er R ad iu s  der W irk u n g ssp h äre  fü r  die D epo lari­
sa tio n  R j  w u rd e  aus der B ed in g u n g  b e s tim m t, dass die re la tiv e  W ah rsch e in ­
lich k e it d e r E n e rg ie ü b e rtra g u n g  fü r  die Z e n tre n  m it zwei M olekülen 1/2 
b e trä g t . Ä h n lich  b es tim m te  m a n  den R ad iu s  der W irk u n g ssp h äre  fü r  das 
A uslöschen  R '  au s der B ed in g u n g , dass die re la tiv e  A u sb eu te  der Z en tren  
m it einem  L öschm olekü l 1/2 b e trä g t .  D er k r itisc h e  A b stand  R 0 w urde  dagegen 
als derjen ige  A b s ta n d  zw ischen  zwei e in w irk en d en  M olekülen  defin ie rt, bei 
dem  die W a h rsch e in lich k e it d er E m ission  v o n  P h o to lu m in eszen z  u n d  d e r 
s trah lu n g slo sen  Ü b e rtra g u n g  v o n  A nregungsenerg ie  e in a n d e r gleich sin d . 
B em erken  w ir, dass bei d er B estim m u n g  d e r R ad ien  der W irk u n g ssp h ä ren  
fü r  die D ep o la risa tio n  u n d  das A uslöschen d iese lben  v e re in fach en d en  V o rau s­
se tzu n g en  an g en o m m en  w u rd en , denen  zufolge die W ah rsch e in lich k e it d e r 
E n e rg ie ü b e rtra g u n g  k o n s ta n t u n d  u n a b h än g ig  v o n  dem  gegenseitigen  A b s ta n d  
R  der e in w irk en d en  M oleküle is t, die sich  in n e rh a lb  d er W irk u n g ssp h äre  
b e fin d en , d agegen  is t sie gleich N u ll fü r  M oleküle, die sich im  A b s ta n d  R  >  R  j 
beziehungsw eise R  >  R j  b e fin d en . D a die gegenseitigen  A b stän d e  zw ischen 
e in w irk en d en  M olekülen in  v ersch ied en en  Z e n tre n , die zu derse lben  G ruppe  
v o n  Z e n tre n  zugehören  (z. B . m it e inem  L öschm olekü l), versch ieden  sein  
k ö n n en , u n d  die W ah rsch e in lich k e it des A uslöschens eines an g e reg ten  M oleküls 
d u rch  ein L öschm olekü l n ach  F örster  [2] m it dem  A b s ta n d  fü r  die D ipol- 
D ipo l-W echselw irkung  wie R -6  a b n im m t, so is t  R j  >  R'0 m it d e r B eziehung (1) 
ü b e re in s tim m e n d , die aus d er B ed ingung , dass d e r m ittle re  W e rt der re la tiv e n  
A u sbeu te  d er Z en tren  m it e inem  L öschm olekü l gleich 1/2 i s t ,  e rh a lte n  w u rd e .

1 D ie e ingehende  D iskussion  de r in  den  A b h a n d lu n g en  [8] u n d  [7] e rh a lten en  W erte  
is t  in  [11] u n d  [14] angegeben w orden .
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Im  F alle  der W irk u n g ssp h äre  fü r  die D ep o la risa tio n  f ü h r t  die B ed in g u n g , 
dass der m ittle re  W ert d er re la tiv e n  W a h rsch e in lich k e it d e r Ü b e rtra g u n g  
von  E nerg ie  fü r  Z en tren  m it zw ei lum ineszierenden  M olekü len  1/2 b e t r ä g t ,

se lb s tv e rs tän d lich  zu dem selben  W ert d e r B ez ieh u n g —— w ie im  F alle  d e r
R 0

A uslöschung. S om it g ilt also die B eziehung (1) n ich t n u r  im  F a lle  der F re m d ­
löschung, so n d ern  auch  im  F a lle  der D ep o la risa tio n . G enauere  B erech n u n g en , 
die im  R ah m en  des so g en an n ten  Schich tm odells des lum inesz ie renden  Z e n ­
tru m s  d u rc h g e fü h rt w urden , ergaben  fü r  die b esp rochene B eziehung d en  
e tw as geringeren W ert 1,279, d e r du rch  die a u f  G rund  von  V ersuchen  e rm it te l ­
te n  W erte  R j  u n d  R n seh r g u t b e s tä tig t w ird  [11].
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UNIVERSAL POTENTIAL EIGENFUNCTIONS 
AND EIGENVALUES FOR THE SELENIUM ATOM

By

R .  G á s p á r

R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y S IC S  O F T H E  H U N G A R IA N  A C A D E M Y  O F  SC IEN C ES,
B U D A P E S T

(R eceived  8. X II. 1964)

T his rep o rt com pletes a series of ca lcu la tio n s for the e lem en ts  in  the V Ib  
co lum n of th e  period ic  tab le  [1]. Se is e x te n s iv e ly  used as a  sem iconducto r 
m a te r ia l an d  to g e th e r  w ith  th e  o th e r  e lem en ts o f the V Ib  co lu m n  it has a 
n u m b e r o f rem ark ab le  p ro p ertie s  [2], the  q u a n ti ta t iv e  in v e s tig a tio n  of w hich 
is m ade possible b y  m eans of th e  eigen functions a n d  p o ten tia l v a lu es  pub lished  
here .

The rad ia l Schröd inger e q u a tio n

w here

an d

d'4'
dx2

e + /(/ +  U
X 1 -\-A0 X 1 4- A x

f =  o,

f =  2E/i2 t 2 n ,,1 , y =  2Z //0 \  { =  ^ K a C 0,88532 e~ 2 

X =  г/г- 1 , fi — 0 ,8853ao Z - 1 ^ ,  K a =  (3/4) (З/тг)1/3 e2

1 0 =  0,1837, A „ =  1,05, a - - 0 ,0 4 ,  A  =  9, C =-- 3 , lo 0 ‘

(U

(2)

w as solved w ith  th e  b o u n d a ry  cond itions

/(0 )  ./•'("> • • •  / " ’ 11 (0) =  0

/ (,) =  const.,
an d

lim  f (x )  =  0.
X-»o°

In  (1) an d  (2) Z  — 34 is th e  a to m ic  n u m b er o f  selenium , E  is th e  energy 
e ig e n v a lu e , / th e  ra d ia l  e igen func tion  of the  e le c tro n , l the a z im u th a l q u an tu m  
n u m b e r an d  r th e  d is tan ce  of th e  elec tron  from  th e  nucleus.

[3] gives d e ta ils  ab o u t th e  th eo re tica l b ack g ro u n d  o f eq u a tio n  (1).
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Table I

T h e  r a d ia l e ig e n f u n c t io n s  f  o f  t h e  e le c tr o n s  w i t h  q u a n tu m  u u m b e r  1 =  0  a n d  t o t a l  p o te n ­
t ia l  У  in  t h e  S e  a to m . /  a n d  V  are  in  a t o m ic  u n it s  o f  1 /o J /2 a n d  e /a l); r e s p e c t iv e ly ,  x  is

d im e n s io n le s s  ( s e e  t e x t )

X
f

V
Is 2» 3 s 4*

0.000 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0

0 ,0 0 6 0 ,1 7 2 0 ,0 5 4 0 ,0 2 1 0 ,0 0 8 3 0 7 8 ,8 6

0 ,0 1 2 0 ,3 2 5 0 ,1 0 2 0 ,0 4 0 0 ,0 1 5 1 5 3 0 ,2 3

0 ,0 1 8 0 ,461 0 ,1 4 4 0 ,0 5 7 0 ,0 2 1 1 0 1 4 ,0 0

0 ,0 2 4 0 ,5 8 2 0 ,181 0 ,0 7 1 0 ,0 2 6 7 5 5 ,8 5 3

0 ,0 3 0 0 ,6 8 7 0 ,2 1 3 0 ,0 8 4 0 ,0 3 1 6 0 0 ,9 6 8

0 ,0 3 6 0 ,7 8 0 0,241 0 ,0 9 5 0 ,0 3 5 4 9 7 ,7 1 4

0 .0 4 2 0 ,861 0 .2 6 4 0 ,1 0 4 0 ,0 3 8 4 2 3 ,9 6 6

0 ,0 4 8 0 ,931 0 ,2 8 4 0 ,1 1 2 0 ,0 4 1 3 6 8 ,6 6 2

0 ,0 5 4 0 ,9 9 0 0 ,3 0 0 0 ,1 1 8 0 ,0 4 3 3 2 5 ,6 5 7

0 ,0 6 0 1,041 0 ,3 1 2 0,12 .3 0 ,0 4 5 2 9 1 ,2 6 1

0 ,0 6 6 1 ,083 0 ,321 0 ,1 2 6 0 ,0 4 6 2 6 3 ,1 2 9

0 ,0 7 2 1 ,118 0 ,3 2 8 0 ,1 2 8 0 ,0 4 7 2 3 9 ,6 9 4

0 ,0 7 8 1 ,146 0 ,331 0 ,1 2 9 0 ,0 4 7 2 1 9 ,8 7 5

0 ,0 8 4 1 ,167 0 ,3 3 2 0 ,1 3 0 0 ,0 4 7 2 0 2 ,8 9 5

0 ,0 9 0 1,18.3 0 ,331 0 ,1 2 9 0 ,0 4 7 1 8 8 ,1 8 8

0 ,1 0 8 1 ,202 0 ,3 1 5 0 ,1 2 1 0 ,0 4 4 1 5 3 ,9 1 7

0 ,1 2 6 1 .188 0 ,2 8 4 0 .1 0 8 0 ,0 3 9 1 2 9 ,5 0 0

0 ,1 4 4 1 ,150 0 ,2 4 2 0 ,0 9 0 0 ,0 3 3 1 1 1 ,2 4 3

0 ,1 6 2 1 ,096 0 .191 0 .0 6 9 0 ,0 2 5 9 7 ,0 9 2 5

0 ,1 8 0 1 ,032 0 ,1 3 6 0 ,0 4 6 0 ,0 1 6 8 5 ,8 1 6 1

0 ,1 9 8 0 ,9 6 2 0 ,0 7 7 0 ,0 2 1 0 ,0 0 7 7 6 ,6 2 9 5

0 ,2 1 6 0 ,8 9 0 0 ,0 1 6 —  0 ,0 0 4 - 0 , 0 0 2 6 9 ,0 0 9 5

0 ,2 3 4 0 ,8 1 8 —  0 ,0 4 5 —  0 ,0 2 9 - 0 , 0 1 1 6 2 ,5 9 3 8

0 ,2 5 2 0 ,7 4 7 - 0 , 1 0 6 — 0 ,0 5 3 - 0 , 0 2 0 5 7 ,1 2 3 2

0 ,2 7 0 0 ,6 7 9 - 0 , 1 6 5 —  0 ,0 7 7 - 0 , 0 2 9 5 2 ,4 0 8 1

0 ,2 8 8 0 ,6 1 4 - 0 , 2 2 1 —  0 ,0 9 9 - 0 , 0 3 7 4 8 ,3 0 5 7

0 ,3 2 4 0 ,4 9 8 - 0 , 3 2 5 —  0 ,1 3 9 - 0 , 0 5 1 4 1 ,5 2 8 5

0 ,3 6 0 0 ,3 9 8 —  0 ,415 —  0 ,1 7 1 - 0 , 0 6 3 3 6 ,1 7 4 3

0 ,3 9 6 0 ,3 1 6 - 0 , 4 9 1 - 0 , 1 9 6 - 0 , 0 7 2 3 1 ,8 5 0 9

0 ,4 3 2 0 ,2 4 8 -  0 ,552 - 0 , 2 1 3 - 0 , 0 7 8 2 8 ,2 9 6 8

0 ,4 6 8 0 ,1 9 4 0 ,5 9 9 - 0 , 2 2 3 - 0 , 0 8 1 2 5 ,3 3 1 5

0 ,5 0 4 0 ,1 5 0 - 0 , 6 3 3 - 0 , 2 2 5 - 0 , 0 8 1 2 2 .8 2 6 0
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T a b le  I  ( c o n t in u e d )

X
f

Is 2s 3 s 4 S

0 ,5 4 0 0 ,1 1 5 - 0 , 6 5 5 - 0 , 2 2 2 - 0 , 0 7 9 2 0 ,6 8 5 9

0 ,5 7 6 0 .0 8 8 - 0 , 6 6 8 - 0 , 2 1 3 - 0 , 0 7 5 1 8 ,8 4 0 9
0 ,6 1 2 0 ,0 6 6 - 0 , 6 7 1 - 0 , 1 9 9 - 0 , 0 6 9 17 ,2 3 7 1

0 ,6 4 8 0 ,0 4 9 - 0 , 6 6 7 —  0 ,1 8 1 - 0 , 0 6 1 1 5 ,8 3 2 8

0 ,6 8 4 0 ,0 3 5 - 0 , 6 5 7 - 0 , 1 5 9 - 0 , 0 5 3 1 4 ,5 9 5 4

0 .7 2 0 0 ,0 2 4 - 0 , 6 4 2 - 0 , 1 3 5 - 0 , 0 4 3 1 3 ,4 9 8 4

0 ,7 5 6 0 .0 1 4 — 0 ,6 2 3 — 0 ,1 0 8 - 0 . 0 3 3 1 2 ,5 2 1 0

0 ,7 9 2 0 .0 0 5 - 0 , 6 0 1 — 0 ,0 8 0 - 0 , 0 2 2 1 1 ,6 4 6 0

0 .8 2 8 - 0 , 5 7 6 — 0 ,0 5 1 - 0 , 0 1 0 10 ,8 5 9 1

0 ,8 6 4 - 0 , 5 5 0 — 0 ,0 2 1 + 0 ,0 0 1 1 0 .1 4 8 8

0 .9 0 0 — 0 ,5 2 3 +  0 ,0 0 9 0 ,0 1 2 9 ,5 0 5 2 4

0 ,9 3 6 - 0 , 4 9 5 0 ,0 3 8 0 ,0 2 4 8 ,9 2 0 1 0

1 ,008 - 0 , 4 4 0 0 ,0 9 7 0 ,0 4 5 7 ,8 9 8 4 8

1 ,0 8 0 - 0 , 3 8 6 0 .1 5 2 0 ,0 6 5 7 ,0 3 9 4 2

1 .152 - 0 , 3 3 5 0 ,2 0 3 0 ,0 8 3 6 ,3 0 9 9 4

1 .2 2 4 - 0 , 2 8 9 0 .2 4 8 0 ,0 9 8 5 .6 8 5 0 2

1 ,296 - 0 , 2 4 6 0 ,2 8 7 0 ,1 1 0 5 ,1 4 5 6 1

1 .368 - 0 , 2 0 9 0 ,3 2 1 0 ,1 1 9 4 ,6 7 6 7 8

1 .440 - 0 , 1 7 6 0 ,3 4 9 0 ,1 2 5 4 ,2 6 6 7 5

1 ,512 - 0 , 1 4 7 0 ,3 7 2 0 ,1 2 9 3 ,9 0 6 1 1

1 ,5 8 4 - 0 , 1 2 1 0 ,3 9 0 0 ,1 3 0 3 ,5 8 7 3 2

1 .656 — 0 ,0 9 9 0 .4 0 3 0 ,1 2 9 3 ,3 0 4 1 4

1 ,728 - 0 , 0 7 9 0 ,4 1 1 0 ,1 2 6 3 ,0 5 1 5 5

1 .8 0 0 - 0 , 0 6 2 0 ,4 1 6 0 ,1 2 0 2 ,8 2 5 3 4

1 ,8 7 2 — 0 ,0 4 7 0 .4 1 7 0 ,1 1 4 2 ,6 2 2 0 2

1 ,944 - 0 ,0 3 3 0 ,4 1 6 0 ,1 0 5 2 .4 3 8 6 1

2 ,0 1 6 - 0 , 0 2 0 0 ,4 1 2 0 ,0 9 6 2 ,2 7 2 6 7

2 ,0 8 8 - 0 , 0 0 8 0 ,4 0 5 0 ,0 8 5 2 ,1 2 2 0 8

2 ,1 6 0 0 ,3 9 7 0 ,0 7 3 1 ,9 8 5 0 4

2 ,3 0 4 0 ,3 7 7 0 ,0 4 8 1 ,7 4 5 6 3

2 ,4 4 8 0 ,3 5 2 0 ,0 2 1 1 ,5 4 4 4 4

2 ,5 9 2 0 ,3 2 6 - 0 , 0 0 6 1 ,3 7 3 9 4

2 ,7 3 6 0 ,2 9 8 - 0 , 0 3 4 1 ,2 2 8 3 3

2 ,8 8 0 0 ,2 7 1 - 0 , 0 6 0 1 ,10311

3 ,0 2 4 0 ,2 4 5 - 0 , 0 8 5 0 ,9 9 4 7 6 5

3 ,1 6 8 0 ,2 1 9 - 0 , 1 0 9 0 ,9 0 0 4 7 5

3 ,3 1 2 0 ,1 9 6 - 0 , 1 3 1 0 ,8 1 7 9 8 9
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T able I (continued)

X

/
V

Is 2s 3s 4s

3 ,4 5 6 0 ,1 7 4 - 0 , 1 5 1 0 ,7 4 5 4 8 3

3 ,6 0 0 0 ,1 5 4 - 0 , 1 6 9 0 ,6 8 1 4 6 3

3 ,7 4 4 0 ,1 3 6 - 0 , 1 8 5 0 ,6 2 4 7 1 1

3 ,8 8 8 0 ,1 2 0 - 0 , 2 0 0 0 ,5 7 4 2 0 0
4 ,0 3 2 0 ,1 0 5 - 0 , 2 1 2 0 ,5 2 9 0 9 2

4 ,1 7 6 0 ,0 9 2 - 0 , 2 2 2 0 ,4 8 8 6 6 8

4 ,3 2 0 0 ,0 8 0 - 0 , 2 3 1 0 ,4 5 2 3 3 3

4 ,6 0 8 0 ,0 6 1 - 0 , 2 4 4 0 .3 8 9 9 6 8
4 ,8 9 6 0 ,0 4 6 - 0 , 2 5 1 0 ,3 3 8 7 4 7
5 ,1 8 4 0 ,0 3 4 - 0 , 2 5 3 0 ,2 9 6 2 7 6
5 ,4 7 2 0 ,0 2 5 - 0 , 2 5 2 0 ,2 6 0 7 5 5
5 ,7 6 0 0 ,0 1 9 - 0 , 2 4 8 0 ,2 3 0 8 1 5
6 ,0 4 8 0 ,0 1 3 - 0 , 2 4 1 0 ,2 0 5 3 9 7
6 ,3 3 6 0 ,0 0 9 - 0 , 2 3 2 0 ,1 8 3 6 8 0
6 ,6 2 4 0 ,0 0 6 - 0 , 2 2 2 0 ,1 6 5 0 1 3
6 ,9 1 2 0 ,0 0 4 - 0 , 2 1 2 0 ,1 4 8 8 7 8
7 ,2 0 0 0 ,0 0 1 - 0 , 2 0 0 0 ,1 3 4 8 5 9
7 ,4 8 8 - 0 , 1 8 8 0 ,1 2 2 6 2 2
7 ,7 7 6 - 0 , 1 7 6 0 ,1 1 1 8 9 1
8 ,0 6 4 - 0 , 1 6 5 0 ,1 0 2 4 4 2
8 ,6 4 0 - 0 . 1 4 1 0 ,0 8 6 6 7 5
9 ,2 1 6 - 0 , 1 2 0 0 ,0 7 4 1 7 4
9 ,7 9 2 - 0 , 0 9 9 0 ,0 6 4 1 3 1

1 0 ,3 6 8 - 0 , 0 8 1 0 ,0 5 5 9 6 5
1 0 ,9 4 4 - 0 , 0 6 4 0 ,0 4 9 2 5 1
1 1 ,5 2 0 - 0 , 0 4 8 0 ,0 4 3 6 7 7
1 2 ,0 9 6 - 0 . 0 3 4 0 ,0 3 9 0 0 3
1 2 ,6 7 2 - 0 , 0 2 0 0 ,0 3 5 0 5 1
1 3 ,2 4 8 - 0 , 0 0 7 0 ,0 3 1 6 8 1
1 3 ,8 2 4 0 ,0 2 8 7 8 6
1 4 ,4 0 0 0 ,0 2 6 2 8 0
1 4 ,9 7 6 0 ,0 2 4 0 9 8

1 6 ,1 2 8 0 ,0 2 0 4 9 7
1 7 ,2 8 0 0 ,0 1 7 6 6 6
1 8 ,4 3 2 0 ,0 1 5 3 9 5
1 9 ,5 8 4 0 ,0 1 3 5 3 9
2 0 ,7 3 6 0 ,0 1 2 0 0 0
2 1 ,8 8 8 0 ,0 1 0 7 0 5
2 3 ,0 4 0 0 ,0 0 9 6 0 3
2 4 ,1 9 2 0 ,0 0 8 6 5 5
2 5 ,3 4 4 0 ,0 0 7 8 3 2
2 6 ,4 9 6 0 ,0 0 7 1 1 2
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Table II

T h e  r a d ia l  e ig e n f u n c t io n s  /  o f  t h e  e le c tr o n s  w it h  q u a n tu m  n u m b e r  l  =  1 , 2 a n d  t h e  t o t a l  
r a d ia l c h a r g e  d e n s i t y  D  in  t h e  S e  a to m , f  a n d  D  a re  in  a to m ic  u n i t s  o f  1 /a J /2 a n d  l / « 0, 

r e s p e c t iv e ly ,  x  is  in  d im e n s io n le s s  u n it s  (se e  t e x t )

/
I)

I p Ър \ p 3d

0 .0 0 6 0 ,0 0 1 0 ,0 0 0 0 ,0 0 1 0 ,0 0 0 0 ,0 6 5 9
0 ,0 1 2 0 ,0 0 3 0 ,0 0 1 0 ,0 0 4 0 ,0 0 0 0 ,2 3 5 7
0 ,0 1 8 0 ,0 0 7 0 ,0 0 3 0 ,0 0 8 0 ,0 0 0 0 ,4 7 4 4
0 ,0 2 4 0 ,0 1 2 0 ,0 0 5 0 ,0 1 5 0 ,0 0 0 0 ,7 5 4 6
0 ,0 3 0 0 ,0 1 9 0 .0 0 7 0 ,0 2 2 0 ,0 0 0 1 ,0548
0 ,0 3 6 0 ,0 2 6 0 ,0 1 0 0 .0 3 1 0 .0 0 0 1 ,3591
0 ,0 4 2 0 ,0 3 5 0 .0 1 4 0 ,0 4 1 0 ,0 0 0 1 ,6556
0 ,0 4 8 0 ,0 4 4 0 ,0 1 7 0 ,0 5 2 0 ,0 0 0 1 ,9358
0 ,0 5 4 0 ,0 5 4 0 ,0 2 1 0 ,0 6 4 0 ,0 0 0 2 ,1 9 3 6
0 ,0 6 0 0 ,0 6 5 0 ,0 2 6 0 ,0 7 7 0 ,0 0 1 2 ,4 2 5 7
0 ,0 6 6 0 ,0 7 6 0 ,0 3 0 0 ,0 9 1 0 ,0 0 1 2 ,6 3 0 0
0 ,0 7 2 0 .0 8 9 0 ,0 3 5 0 .1 0 5 0 ,001 2 ,8 0 5 9
0 ,0 7 8 0 ,1 0 1 0 ,0 4 0 0 ,1 2 0 0 ,001 2 ,9 5 3 5
0 ,0 8 4 0 ,1 1 4 0 ,0 4 5 0 .1 3 5 0 ,0 0 2 3 ,0 7 4 0
0 ,0 9 0 0 ,1 2 7 0 ,0 5 0 0 .1 5 0 0 .0 0 2 3 ,1691

0 ,1 0 8 0 ,1 6 9 0 ,0 6 6 0 ,1 9 9 0 ,0 0 3 3 ,3 2 1 6
0 ,1 2 6 0 ,2 1 2 0 ,0 8 3 0 ,2 4 9 0 ,0 0 5 3 ,3 2 4 0
0 ,1 4 4 0 ,2 5 6 0 ,1 0 0 0 ,2 9 8 0 ,0 0 7 3 ,2 1 0 3
0 ,1 6 2 0 ,2 9 9 0 ,1 1 6 0 ,3 4 6 0 ,0 0 9 3 ,1 0 8 3

0 ,1 8 0 0 ,3 4 0 0 ,1 3 1 0 ,3 9 2 0 ,0 1 2 2 ,9 7 7 6

0 ,1 9 8 0 ,3 8 0 0 ,1 4 6 0 ,4 3 5 0 ,0 1 5 2 ,8 6 8 6

0 ,2 1 6 0 ,4 1 8 0 ,1 5 9 0 ,4 7 4 0 ,0 1 9 2 ,7 9 5 9
0 ,2 3 4 0 ,4 5 3 0 ,1 7 1 0 ,5 0 9 0 ,0 2 3 2 ,7 6 4 6

0 ,2 5 2 0 ,4 8 5 0 ,1 8 1 0 ,5 4 0 0 ,0 2 7 2 ,7 7 4 8

0 ,2 7 0 0 ,5 1 5 0 ,1 9 1 0 ,5 6 6 0 ,0 3 2 2 ,8 2 2 4

0 ,2 8 8 0 ,5 4 2 0 ,1 9 8 0 ,5 8 8 0 ,0 3 7 2 ,9 0 0 9

0 ,3 2 4 0 ,5 8 7 0 ,2 0 9 0 ,6 1 8 0 ,0 4 7 3 ,1 2 0 2
0 ,3 6 0 0 ,6 2 2 0 ,2 1 4 0 ,6 3 0 0 ,0 5 9 3 ,3 7 2 7
0 ,3 9 6 0 ,6 4 5 0 ,2 1 4 0 ,6 2 5 0 ,071 3 ,6 0 8 6
0 ,4 3 2 0 ,6 6 0 0 ,2 0 8 0 ,6 0 5 0 ,0 8 5 3 ,7 9 4 3
0 ,4 6 8 0 ,6 6 6 0 ,1 9 8 0 ,5 7 1 0 ,0 9 8 3 ,9 1 1 8
0 ,5 0 4 0 ,6 6 5 0 ,1 8 4 0 ,5 2 5 0 ,1 1 2 3 ,9 5 5 6
0 ,5 4 0 0 ,6 5 8 0 ,1 6 7 0 ,4 6 9 0 ,1 2 6 3 ,9 3 0 0
0 ,5 7 6 0 ,6 4 6 0 ,1 4 7 0 ,4 0 4 0 ,1 4 0 3 ,8 4 4 6
0 ,6 1 2 0 ,6 3 0 0 ,1 2 5 0 ,3 3 3 0 ,1 5 4 3 ,7 1 2 2
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Table II (continued)

X

f

D

2 P 3 P *p 3 d

0 ,6 4 8 0 ,610 0 ,101 0 ,2 5 7 0 ,1 6 8 3 ,5 4 6 7

0 ,6 8 4 0 ,588 0 ,0 7 5 0 ,1 7 7 0 ,1 8 2 3 ,3 6 1 5

0 ,7 2 0 0 ,5 6 4 0 ,0 4 9 0 ,0 9 4 0 ,1 9 5 3 ,1 6 8 6

0 ,7 5 6 0 ,5 3 9 0 ,0 2 2 0 ,0 1 1 0 ,2 0 8 2 ,9781

0 ,7 9 2 0 ,512 — 0 ,0 0 5 — 0 ,0 7 3 0 ,2 2 1 2 ,7 9 8 0

0 ,8 2 8 0 ,4 8 6 — 0 ,0 3 2 — 0 ,1 5 6 0 ,2 3 3 2 ,6 3 4 3

0 ,8 6 4 0 ,4 5 9 — 0 ,0 5 9 - 0 , 2 3 7 0 ,2 4 4 2 ,4 9 1 0

0 ,9 0 0 0 ,433 — 0 ,0 8 5 — 0 ,3 1 6 0 ,2 5 5 2 ,3 7 0 4

0 ,9 3 6 0 ,407 — 0 ,1 1 0 0 ,3 9 2 0 ,2 6 5 2 ,2 7 3 6

1 ,0 0 8 0 ,358 - 0 , 1 5 9 - 0 , 5 3 4 0 ,2 8 4 2 ,1 4 9 8

1 ,0 8 0 0 ,312 — 0 ,2 0 4 — 0 ,6 6 0 0 ,3 0 1 2 ,1 0 8 9

1 ,1 5 2 0 ,2 7 0 — 0 ,2 4 4 — 0 ,7 6 7 0 ,3 1 6 2 ,1 3 2 9

1 ,2 2 4 0 .2 3 2 — 0 ,2 7 9 — 0 ,8 5 6 0 ,3 2 8 2 ,2 0 1 4

1 ,2 9 6 0 .1 9 9 — 0 ,3 0 9 — 0 ,9 2 6 0 ,3 3 8 2 ,2951

1 ,3 6 8 0 ,1 7 0 — 0 ,3 3 4 — 0 ,9 7 7 0 ,3 4 5 2 ,3 9 7 2

1 ,4 4 0 0 ,1 4 4 — 0 ,3 5 5 —  1 ,0 1 1 0 ,3 5 1 2 ,4 9 4 7

1 ,5 1 2 0 ,122 — 0 ,3 7 2 —  1 ,0 2 7 0 ,3 5 5 2 ,5 7 7 8

1 ,5 8 4 0 ,1 0 3 — 0 ,3 8 4 —  1 ,0 2 7 0 ,3 5 8 2 ,6 4 0 6

1 ,6 5 6 0 .087 —  0 ,3 9 3 — 1 .0 1 3 0 ,3 5 9 2 ,6 7 9 5

1 ,7 2 8 0 ,073 - 0 , 3 9 9 — 0 ,9 8 6 0 ,3 5 9 2 ,6 9 3 5

1 ,8 0 0 0 ,061 - 0 , 4 0 1 — 0 ,9 4 6 0 ,3 5 7 2 ,6 8 3 0

1 ,8 7 2 0,051 — 0,401 — 0 ,8 9 6 0 ,3 5 5 2 ,6 4 9 9

1 ,9 4 4 0 ,0 4 3 — 0 ,3 9 9 — 0 ,8 3 7 0 ,3 5 1 2 ,5 9 6 6

2 ,0 1 6 0 ,0 3 6 - 0 , 3 9 5 — 0 ,7 7 0 0 ,3 4 7 2 ,5 2 6 1

2 ,0 8 8 0 ,0 3 0 — 0 ,3 8 9 - 0 , 6 9 6 0 ,3 4 2 2 ,4 4 1 5

2 ,1 6 0 0 ,0 2 5 - 0 , 3 8 1 - 0 , 6 1 6 0 ,3 3 6 2 ,3 4 6 0

2 ,3 0 4 0 ,0 1 7 - 0 , 3 6 3 — 0 ,4 4 2 0 ,3 2 3 2 ,1 3 2 8

2 ,4 4 8 0 ,012 - 0 , 3 4 2 — 0 ,2 5 7 0 ,3 0 9 1 ,9 0 6 5

2 ,5 9 2 0 .0 0 8 - 0 , 3 1 9 — 0 ,0 6 5 0 ,2 9 3 1 ,6 8 2 8

2 ,7 3 6 0 ,005 - 0 , 2 9 5 + 0 , 1 2 9 0 ,2 7 7 1 ,4 7 2 4

2 ,8 8 0 0 ,0 0 4 - 0 , 2 7 1 0 ,3 1 9 0 ,2 6 1 1 ,2 8 1 7

3 ,0 2 4 0 ,0 0 2 - 0 , 2 4 7 0 ,5 0 5 0 ,2 4 5 1 ,1 1 3 9

3 ,1 6 8 0 ,001 - 0 , 2 2 5 0 ,6 8 3 0 ,2 3 0 0 ,9 6 9 8

3 ,3 1 2 0 ,001 - 0 , 2 0 3 0 ,8 5 2 0 ,2 1 4 0 ,8 4 8 4

3 ,4 5 6 — 0 ,1 8 3 1 ,0 1 1 0 ,2 0 0 0 ,7 4 8 1

3 ,6 0 0 - 0 , 1 6 5 1 ,1 5 9 0 ,1 8 6 0 ,6 6 6 3

3 ,7 4 4 - 0 , 1 4 7 1 ,2 9 5 0 ,1 7 2 0 ,6 0 0 5
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Table II (continued)

/
X

2P Ър 4 P 3d

3 ,8 8 8 — 0 ,1 3 2 1 ,420 0 ,1 6 0 0 ,5 4 8 1
4 ,0 3 2 - 0 , 1 1 7 1 ,534 0 ,1 4 8 0 ,5 0 6 9
4 ,1 7 6 - 0 , 1 0 4 1 ,636 0 ,1 3 7 0 ,4 7 4 5
4 ,3 2 0 - 0 , 0 9 2 1,727 0 ,1 2 6 0 ,4 4 9 2

4 ,6 0 8 — 0 ,0 7 2 1 ,879 0 ,1 0 7 0 ,4 1 3 5
4 ,8 9 6 - 0 , 0 5 6 1 ,993 0 .0 9 1 0 ,3 9 0 2
5 ,1 8 4 - 0 , 0 4 3 2 ,0 7 4 0 ,0 7 7 0 ,3 7 2 7
5 ,4 7 2 - 0 , 0 3 3 2 ,1 2 6 0 ,0 6 5 0 ,3 5 7 3
5 ,7 6 0 - 0 , 0 2 5 2 ,1 5 3 0 ,0 5 4 0 ,3 4 1 9
6 ,0 4 8 - 0 , 0 1 8 2 ,1 5 9 0 ,0 4 6 0 ,3 2 5 6
6 ,3 3 6 - 0 , 0 1 3 2 ,147 0 ,0 3 8 0 ,3 0 8 1
6 ,6 2 4 - 0 , 0 0 8 2 ,121 0 ,0 3 2 0 ,2 8 9 7
6 ,9 1 2 - 0 , 0 0 4 2 ,0 8 4 0 ,0 2 7 0 ,2 7 0 5
7 ,2 0 0 2 ,0 3 7 0 ,0 2 2 0 ,2 5 1 1
7 ,4 8 8 1 ,983 0 ,0 1 9 0 ,2 3 1 7
7 ,7 7 6 1 ,923 0 ,0 1 6 0 ,2 1 2 6
8 ,0 6 4 1 ,859 0 ,0 1 3 0 ,1 9 4 2
8 ,6 4 0 1 ,724 0 ,0 0 9 0 ,1 5 9 8
9 ,2 1 6 1 ,585 0 ,0 0 6 0 ,1 2 9 5
9 ,7 9 2 1,447 0 .0 0 4 0 ,1 0 3 8

1 0 ,3 6 8 1 ,314 0 ,0 0 3 0 ,0 8 2 3
1 0 ,9 4 4 1 ,188 0 ,0 0 2 0 ,0 6 4 7
1 1 ,5 2 0 1 ,070 0 ,001 0 ,0 5 0 5
1 2 ,0 9 6 0 ,961 0 .0 0 1 0 ,0 3 9 2
1 2 ,6 7 2 0 ,8 6 0 0 ,0 3 0 4
1 3 ,2 4 8 0 ,7 6 8 0 ,0 2 3 7
1 3 ,8 2 4 0 ,685 0 ,0 1 8 8
1 4 ,4 0 0 0 ,6 1 0 0 ,0 1 4 9
1 4 ,9 7 6 0 ,5 4 2 0 ,0 1 1 7

1 6 ,1 2 8 0 ,4 2 6 0 ,0 0 7 2
1 7 ,2 8 0 0 ,3 3 3 0 ,0 0 4 4
1 8 ,4 3 2 0 ,2 5 8 0 ,0 0 2 7
1 9 ,5 8 4 0 ,1 9 9 0 ,0 0 1 6

2 0 ,7 3 6 0 ,151 0 ,0 0 0 9
2 1 ,8 8 8 0 ,1 1 3 0 ,0 0 0 5
2 3 ,0 4 0 0 ,081 0 ,0 0 0 3
2 4 ,1 9 2 0 ,0 5 5 0 ,0 0 0 1
2 5 ,3 4 1 0 ,0 3 3 0 ,0 0 0 0 4
2 6 ,4 9 6 0 ,0 1 2 0 ,0 0 0 0 1

Acta Phys. Hung. Тот. X V I I I .  Fasc. 4.



378 R. GÁSPÁR

T he c o n fig u ra tio n  o f e lec trons in  th e  Se a to m  is

(I s )2 (2s)2 (2p ) s (3s)2 (3p )6 (3d)10 (4s)2 (4p )4.

T h e ra d ia l e igen fu n c tio n s an d  th e  energy  eigenvalues o f th e  electrons 
are  g iven  in  th e  T ab les I ,  I I  an d  I I I  to g e th e r  w ith  th e  ra d ia l p a rtic le  d en sity

X

F i g .  1 .  T h e  r a d ia l  p a r t ic le  d e n s i t y  D  =  4 л  r - q  in  t h e  S e  a to m

T a b le  II I

T h e  e n e r g y  e ig e n v a lu e s  o f  t h e  u n iv e r s a l  p o t e n t ia l  fo r  t h e  e le c tr o n s  in  t h e  S e  a to m  a n d  
t h e  X - r a y  te r m  v a lu e s  in  a t o m ic  u n i t s  o f  e 2/ a 0

ls 2 s 3« 4s-

U n iv e r s a l p o te n t ia l 4 6 0 ,5 1 5 8 ,2 3 7 8 ,3 9 3 6  j 0 ,7 7 0 0

L a n d o l t — B ö r n s t e i n * 4 6 6 ,2 6 6 0 ,9 3 8 ,6 0 5

2p 3p 4P

U n iv e r s a l p o te n t ia l 5 2 ,7 6 2 6 ,3 9 0 ,3 5 6 8

L a n d o l t — B ö r n s t e i n * 5 3 ,7 3 4 6 ,0 9 0 ,3 4

U n iv e r s a l  p o te n t ia l 2 ,6 4 9 9

L a n d o l t — B ö r n s t e i n * 2 ,4 4 6

* L a n d o l t — B ö r n s t e i n , Z a h le n w e r te  u n d  F u n k t io n e n ,  A to m  u n d  M o le k u la r p h y s ik ,
1 . T e i l ,  A t o m e  u n d  I o n e n ,  S p r in g e r -Y lg , B e r l in , 1 9 5 4 , p . 2 2 6 — 2 2 8 .
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a n d  th e  to ta l  p o te n tia l  in  th e  Se a tom . T h e  energy  eigenvalues are co m p ared  
w ith  th e  av erag e  X -ray  d o u b le t te rm  values co rrec ted  b y  th e  w ork fu n c tio n  
o f  selen ium , 4,87 eV. In  F ig . 1 th e  ra d ia l p a rtic le  d en sity  o f  th e  Se a to m  is 
d isp lay ed , w here  th e  fo rm a tio n  of the  v a rio u s  elec tron  g roups is c lea rly  
v isib le .

H elp  w ith  th e  n u m erica l ca lcu la tions is acknow ledged  to  M rs. J .  K o c s is .
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A SIMPLE METHOD FOR THE CALCULATION 
OF COULOMB AND HYBRID INTEGRALS

By

T. S z O N D Y

R E S E A R C H  G R O U P  F O R  T H E O R E T IC A L  P H Y SIC S O F  T H E  H U N G A R IA N  A C A D E M Y  O F  S C IE N C E S ,
B U D A P E S T

(Received 4. II. 1965)

This p ap e r deals w ith  a sim ple m e th o d  for red u c in g  th e  c a lcu la tio n  
o f Coulom b a n d  h y b rid  in te g ra ls  (3) to  th e  ca lcu la tio n  of o v e rlap  in teg ra ls  (2). 
T h e  p resen t m e th o d  m ay  h a v e  ad v an tag es  over th e  c u s to m a ry  ones i f  th e  
basic  charge d is tr ib u tio n s  (1) h av e  large a z im u th a l a n d /o r  p rin c ip a l q u a n ­
tu m  num bers.

L et us in tro d u ce  the n o ta tio n

9 п ,1,т (у Л )  =  r n e  :r Б 1т(в ,Ф );  ( n  >  / >  0 ; / in teg e r) , (1)

wdiere г, в  an d  Ф deno te  sp h e rica l po lar co -o rd in a tes  an d  Si m ( 0 ,  Ф) d en o tes  
a norm alized rea l spherica l h a rm o n ic  [1]. W e shall consider overlap  in te g ra ls  
defined  by

° n , l , m  G ) =  J  d x  a 00 Qn.l .m (r; 0  , (2)

a n d  Coulomb or h y b rid  in te g ra ls  defined b y

c n,i,m G) =  Я  dx 1 dx2 a (r,) rfa1 Qn>l m (r2; C ), (3)

w here th e  su b sc rip ts  1 an d  2 re fe r  to  the  e lec tro n s and  a(t)  d eno tes any  ch arg e  
d is tr ib u tio n  sa tis fy in g  th e  u su a l c o n tin u ity  a n d  n o rm a lizab ility  cond itio n s. 

B y v irtu e  o f th e  re la tio n  [21

- =  0(3)Gl2) , (4)

w here  A 2 denotes th e  L aplace o p e ra to r  ac tin g  on th e  co -o rd in a tes  of e lec tron  2, 
we o b ta in  from  (2)

0 n,l,m G) =
l

4 л
I j dr1 dr2 or(rx) [A2 r124  QnAm (r2 ; (5)

C onsidering on ly  cases w hen n  >  l +  2, in te g ra tin g  b y  p a r ts  an d  ta k in g  in to  
acco u n t th a t
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ôn,i,m ( ч  ; 0 = r 2 1 tv r‘2 (r2 ; 0 -  z(z + !) r2 2 en>/,m ( r 2 ; C) (6)Ct/ о
th e  re su lt

C„,,,m (f) =  -  ~  O n A m  (4) +  2(W +  1} Cn_li(,m (C) -
4Z 4

u («  +  1) — /(/ +  1) (7)
---------------------------------^ 2  b n — 2,1,4 1 4 )

follow s in  a s tra ig h tfo rw a rd  m an n er. T he recu rren ce  re la tio n  (7) m akes possib le  
a sy s te m a tic  ra is in g  (or a f te r  reca s tin g  a sy stem atic  low ering) of th e  su b ­
sc r ip t n  a n d  its  use req u ires  on ly  th e  c a lcu la tio n  of o v e rlap  in teg ra ls  o f  th e  
ty p e  (2).

I n  o rd e r to  m ake use o f th e  recu rren ce  re la tio n  (7) we have to  ca lcu la te  
th e  s ta r t in g  te rm s . This can  be done w ith in  th e  fram ew o rk  o f th e  p re se n t 
p ro g ram  in  th e  follow ing w ay.

B y  m ak in g  use o f th e  ex p an sio n  [3]

- l _

00 * 4.77
2  2  T 7V -7rr'"1 4 S l i m ( 9 v Ф1) 5 ;>т(0 2,Ф 2) i / r , > r 2
/= 0  m  =  - l  M  1

Y  N  r l r 2 l 1 S l , m  { ß \ i  Ф \ )  S l , m  (®2* ^ 2 )  Z/ r 1 r 2

( 8)

/ -  0 m  —  t  2* +  1

a n d  o f th e  o r th o g o n a lity  re la tio n s

71 2n
f d e  sin в  [  d 0  S, m ( 0 ,  Ф) S Vjm. ( в ,  Ф) =  ölX óm,
о о

th e  w ell know n re la tio n
Г

4 n
C n , l , m  (0 = d r  ( t ( t )

2/ +  1 „

+  r' S ljn ( 0 ,  Ф) I dssn_,+1 e^is

г-г- t  5 ^  ( 0 ,  Ф) d ssn+I+2 e Cs +

follows im m ed ia te ly . L e t us define now  th e  function

(C; «) =  dr  I Г - г ~ г  S ‘.m (&’ф )

+  rl Sym (0 ,Ф ) j dssn~l+1e - ^

(9)

( 10)

f /  +  2 e -Ç s  I

( П )
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E v id e n tly

о
F rom  (11) it follows th a t

(13)

a n d

(14)

i.e .

l (15)

0

I t  can  be ex p ec ted  th a t  th e  in te g ra n d  on th e  r ig h t  h an d  side o f  (15) is genera lly  
a v e ry  sm oo th  fu n c tio n  of a a n d  th u s  th e  in te g ra l is v e ry  w ell su ited  fo r 
n u m erica l e v a lu a tio n . In  th is  case, how ever, th e  c a lcu la tio n  of Cn ; m (f)  
re q u ire s  only  th e  ca lcu la tion  o f a few  overlap  in teg ra ls  o f th e  ty p e  (2).

T he m e th o d  discussed here  can  be ap p lied  also to  C oulom b and  h y b rid  
in te g ra ls  in  w hich  th e  S la te r- ty p e  charge d is tr ib u tio n  (1) is rep laced  b y  a 
G aussian  one. S im ilar tr ick s  can , in  p rincip le , be  app lied  also to  o th e r  types of, 
in te g ra ls  (e.g. exchange in teg ra ls) b u t  the  re su lts  could n o t, so fa r , be b ro u g h t 
to  a fo rm  w hich appears p ra c tic a lly  useful.

S om ew hat s im ila r te ch n iq u es  have b e e n  used  in a p a p e r  by  D. M. 
S c h r a d e r  [4] fo r  th e  e v a lu a tio n  o f o ther in te g ra ls . This p a p e r  con ta ins also  
a few  references in te re s tin g  in  th is  co n n ec tio n . C om pare also  w ith  a p a p e r

1. T h e  d e f in i t io n  o f  t h e  m (© , Ф )’э c a n  b e  fo u n d  e .g .  in  th e  p a p er  b y  С. C. J . R o o t h a a n

in  J .  C h em . P h y s . ,  1 9 , 1 4 4 5 , 1 9 5 1 .
2 . S e e  e .g .  H . A . B e t h e , E . E . S a l p e t e r , E n c y c lo p a e d ia  o f  P h y s ic s ,  V o l .  X X X V . ,  p . 2 6 6 .

(S p r in g e r , B e r l in  — G ö tt in g e n  — H e id e lb e r g , 1 9 5 7 .)
3 . C f. e .g .  L . I . S c h i f f ,  Q u a n tu m  M e c h a n ic s , p . 1 7 3 . (M c G r a w -H ill ,  N e w  Y o r k —T o r o n to  —

L o n d o n , 1 9 4 9 .)  a n d  re f . [1 ] .
4 . D . M . S c h r a d e r , J .  C h em . P h y s . ,  4 1 , 3 2 6 6 , 1964 .
5 . J . S . W a n g , C h in e s e  J . P h y s . ,  3, 6 7 , 1 9 3 9 .

o f  J .  S. W a n g  [5].

R E F E R E N C E S
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T a r n ó c z y  T a m á s

Akusztika, F izikai akusztika

(A c o u s t ic s .  P h y s ic a l  A c o u s t ic s ) .  In  H u n g a r ia n . A k a d é m ia i K ia d ó ,  B u d a p e s t  1 9 6 3 . 5 5 0  p a g e s

T h e  t i t l e  “ P h y s ic a l  A c o u s t ic s ”  in d ic a t e s  t h e  s u b je c t  a n d  p u rp o se  o f  t h i s  b o o k ,  
w h ic h  d e a ls  w i t h  a w id e  r a n g e  o f  a c o u s t ic a l  p h e n o m e n a , t h e  d is c u s s io n  n o t  b e in g  r e s tr ic te d  
t o  s p e c ia l  f i e ld s  o f  c e r ta in  r e s e a r c h  m e th o d s  or  a p p lic a t io n s . T h e  b o o k  d is c u s s e s  s e v e r a l  
t e c h n ic a l  p r o b le m s  w h ic h  l ie  o u ts id e  t h e  sc o p e  o f  th e  t i t le .

T h e  s t y l e  o f  t h e  b o o k  is  n o t  q u ite  h o m o g e n e o u s . O c c a s io n a l ly ,  i t  g iv e s  a  th e o r e t ic a l  
a n a ly s is  o f  t h e  p r o b le m s  in  e x p e r im e n ta l  p h y s ic s ,  w h ile  in  m a n y  c a s e s  o n ly  t h e  r e s u l t s  are  
g iv e n .  T h e  b ib l io g r a p h ic  m a te r ia l  t r e a t e d  is  v e r y  la r g e ;  it  in c lu d e s  m a n y  r e feren ces  t o  “ c la s s ic a l”  
so u r c e s  a s  w e l l  a s to  m o d e r n  p u b lic a t io n s . I n  a d d it io n  to  r e fe r e n c e s  in  fo r e ig n  la n g u a g e s ,  
m a n y  H u n g a r ia n  p u b lic a t io n s  a re  g iv e n  in  t h e  b ib lio g r a p h y . T h e s e  p a g e s  i l lu s tr a te  t h e  w id e  
r a n g e  o f  t h e  a u th o r ’s p u b lic a t io n s  a lso . U n f o r t u n a t e ly ,  t h e  s h o r t  r e fe r e n c e s  ( n a m e , d a te )  
s c a t te r e d  th r o u g h o u t  th e  t e x t  a re  n o t  p r e c is e  e n o u g h  to  f a c i l i t a t e  fu r th e r  c h e c k in g , b u t  in  
s p i t e  o f  t h i s  t h e  e x a c t  b ib l io g r a p h y  a t  t h e  e n d  o f  th e  c h a p te r s  c a n  b e  u sed  fo r  e x t e n s iv e  
s t u d ie s .

T h e  b o o k  c o n s is t s  o f  e ig h t  c h a p te r s .
C h a p te r  1 b e g in s  w i t h  t h e  s u r v e y  o f  s im p le  la b o r a to r y  e q u ip m e n t  u se d  fo r  d e t e c t ­

in g  a n d  r e c o r d in g  v ib r a t io n s . T h is  is  fo llo w e d  b y  t h e  n o w  c la s s ic a l  d is c u s s io n  o f  fr e e  a n d  fo r c ­
ed  v ib r a t io n s  o f  a s im p le , s in g le  d e g r e e -o f - fr e e d o m  v ib r a t in g  s y s t e m .  T h e  d is c u s s io n  i s  c o m ­
p le te d  b y  a d e s c r ip t io n  o f  s e lf - s u s ta in e d  v ib r a t io n s ,  a n d  n o n -l in e a r  s y s te m s .

C h a p te r  2 d e a ls  w it h  v ib r a t io n  s u p e r p o s it io n s  a n d  th e ir  t h e o r y .  A fte r  d is c u s s in g  F o u r ie r  
s e r ie s ,  g r a p h ic a l F o u r ie r  a n a ly s is  a n d  m e c h a n ic a l  a n a ly z e r s , t h e  c h a p te r  en d s w ith  c o r r e la t io n  
a n a ly s is .

C h a p te r  3 m a in ly  d e a ls  w it h  o n e -  a n d  tw o -d im e n s io n a l  v ib r a t in g  b o d ie s , w h ic h  are  
la r g e  c o m p a r e d  w i t h  t h e  w a v e le n g t h .  A s a p o s s ib le  a p p lic a t io n  i t  d is c u s s e s  th e  m u s ic a l  in s t r u ­
m e n ts  a n d  t h is  is  fo llo w e d  b y  a s u r v e y  o f  h u m a n  v o ic e  g e n e r a t io n  a n d  m e c h a n ic a l  s o u n d  so u r c e s  
(p ip e s ,  s ir e n s ) . A  s c h e m a t ic  s u m m in g  u p  o f  th e r m o  a n d  e le c t r o m e c h a n ic a l  tr a n s d u c e r s  en d s  
t h e  C h a p ter .

C h a p te r  4  d is c u s s e s  t h e  s o u n d -w a v e  e q u a t io n ,  p la n e  a n d  s p h e r ic a l w a v e s  a n d  s o u n d  
r a d ia t io n . S e v e r a l  m e th o d s  a re  t r e a te d , b y  w h ic h  i t  b e c o m e s  p o s s ib le  to  m a k e  s o u n d  w a v e s  
v is ib le  b y  m e a n s  o f  m e c h a n ic a l  a n d  o p t ic a l  d e v ic e s .  N o n - lin e a r  p h e n o m e n a  a n d  r a d ia t io n  
p r e ssu r e  are c o n s id e r e d .

In  C h a p te r  5 s e v e r a l  c h a r a c te r is t ic s  o f  s o u n d  p r o p a g a t io n  (D o p p le r  e f fe c t ,  d is p e r s io n ,  
a b s o r p t io n , d i f f r a c t io n , r e f le c t io n ,  r e fr a c t io n )  a re  d e a lt  w ith  a n d  m a n y  n u m er ica l v a lu e s  are  
g iv e n .  T h e  d is c u s s io n  o f  so m e  a p p lic a t io n s  a n d  s p e c ia l  p h e n o m e n a  c o m p le te s  t h i s  C h a p te r .

C h a p te r  6 d e a ls  w i t h  t h e  t e c h n ic a l  a p p lic a t io n s  o f  t h e  in fo r m a t io n  g iv e n  in  t h e  
p r e v io u s  c h a p te r s :  m a tc h in g  p r o b le m s  o n  t h e  in te r fa c e  o f  d i f f e r e n t  m e d ia , a c o u s t ic  le n s e s ,  
m irro rs  a n d  w a v e  g u id e s , H e lm h o lt z  r e s o n a to r s ,  s o u n d  a b so r b e r s  a n d  a c o u s t ic  f i l t e r s .

In  C h a p te r  7 , a f te r  d e a l in g  w it h  th e  b a s ic  c o n c e p ts  o f  s t a t i s t i c a l  r o o m -a c o u s t ic s ,  th e  
p r in c ip le s  o f  s t a n d in g  w a v e s  in  a n  e n c lo s u r e  a re  d is c u s s e d , d e f in i t io n s  o f  d i f f u s io n  a n d  
c la r i t y  are g iv e n .  M e th o d s  o f  s o u n d  a m p li f ic a t io n  are  a lso  d e a l t  w i t h .

C h a p te r  8 i s  c o n c e r n e d  w i t h  t h e  s c h e m a t ic  d is c u s s io n  o f  m ic r o p h o n e s , th e  m e a s u r e m e n t s  
o f  f r e q u e n c y , w a v e le n g t h ,  v e lo c i t y ,  p o w e r , e t c . ,  a s  w e ll  as t h e  m e th o d s  o f  s o u n d  r e c o r d in g .

T h u s , t h e  b o o k  c o v e r s  a n  e x t r e m e ly  w id e  f ie ld  o f  s c ie n c e  a n d  t h is  s e e m s  t o  b e  t h e  
r e a s o n  fo r  so m e  o f  t h e  u n fo r t u n a te  m is ta k e s  f o u n d  in  th e  t e x .  F o r  e x a m p le  t h e  m e th o d  
o f  d e f in in g  t h e  c o n s t a n t  к  b y  m e a s u r e m e n ts  in  e q u .  1 .6 ;  th e  d o u b t f u l  m e th o d  o f  s o lv in g  th e  
d if f e r e n t ia l  e q u . 1 .1 0 ;  t h e  n u m e r ic a l  e x a m p le  g iv e n  o n  p a g e s  2 3 8  — 2 3 9 ;  t h e  w ro n g  s ig n  in  t h e  
d if f e r e n t ia l  e q u . 8 .1 3  a n d  t h e  p r e s e n c e  o f  c a p a c i t y  C; a n d  f in a l ly  t h e  errors in  th e  d im e n s io n s  
a n d  t h e  n u m e r ic a l f a c to r s  o f  e q u s . 4 .1 2 1 , 8 .2 7 , 8 .3 0 ,  8 .3 1 .

8 Acta P hys. Hung. Тот. X V I I I .  Fasc. 4.



386 RECENSIONES

Special attention should be drawn to the careful selection of the contents of the book 
and to the remarkably good figures. Owing to the several references of historical, artistic or 
technical nature, the text of the book is interesting.

Owing to language difficulties this beautifully printed book will be accessible to a 
limited number of readers only, however, in the Hungarian literature of acoustics it will cer­
tainly satisfy a long-felt need.

Z. Barát

R. R it s c h l  und G. H o ld t

E m issionsspek troskop ie

Akademie-Verlag, Berlin, 1964, 411 pp.

The Physical Society of the German Democratic Republic and the German Academy 
of Sciences in Berlin held a conference on emission spectroscopy on October 9 —12, 1962 with 
a number of participants from abroad. The book reviewed here contains the lectures delivered 
at the conference. 253 figures and 70 tables add to the value of this well produced book 
in an attractive cloth binding.

Through the publication of the forty-three lectures delivered, the book affords 
a good outline of the present European level of emission spectroscopy. Side by side with the 
theoretical lectures problems occurring in practice have also been considered. Some of the 
more important lectures have been dealt with in full, while the rest have been summarized 
according to subject-matter.

In his lecture V . V ukanovic  deals with processes taking place in the arc which are 
important in tracer element investigations. The processes are treated with mathematical 
exactitude. The experiments were carried out in connection with gallium contamination. 
He concludes that the changes in three parameters (arc temperature, electron pressure and 
transport velocity) must be taken into consideration.

G. E h r l ic h  le c tu red  on th e  d e v e lo p m en ta l t r e n d s  o f th e  sp ec tro sco p ica l in v es tig a tio n  
o f su b s tan ces o f h ig h  p u rity  em p h asiz in g  th a t  th e  d e te c tio n -lim it is as low  as 0,01 p p m  a t  
b e s t . In  his le c tu re  he  dw elt a t  le n g th  upo n  th e  d irec tio n  of develo p m en t, an d  suggested  a 
few  possib ilities t h a t  m ay  increase th e  efficiency of th e  m ethods em ployed .

K . Z im m er  o u tlin ed  th e  p re se n t s ta te  of d e n s ity  tran s fo rm a tio n s  w ith  a  c ritica l ap p ro ach  
to  th e  v a rio u s tran s fo rm a tio n  processes.

G. H oldt deals w ith the application  of dispersion diagrams. He discusses in detail the  
dispersion curves formed by the value pairs of У  from the in ter-related  analysis — and 
s tan d a rd  lines. A num ber of exam ples are displayed for the exam ination  of dispersion 
diagram s

T. T örök deals w ith the theo ry  of L -transform ation by which th e  basic features of 
th e  L -transform ation  m ay well be in terp re ted .

J .  R u b e s k a  d e a lt  in tw o le c tu re s  w ith  th e  m ea su re m e n t of th e  w id th  o f sp ec tra l lines, 
a n d  w ith  one of th e  m ethods of co n ce n tra tio n  d e te rm in a tio n  and th e  p ro b lem s of p rincip les 
a ris in g  th e re fro m ,; in  th e  second lec tu re  he in tro d u c e d  some p ra c tic a l exam ples o f th is  
m eth o d .

K. L en z  reports on his investigations with ruby lasers. A detailed account was given 
of his results concerning the investigation of the optimal chromium content of the ruby 
crystal.

The rest of the lectures will be discussed under various subject headings.
A number of accounts were given on the construction of various spectroscopical 

apparatus and component parts as well as on their favourable applications.
G. Sc h e ib e r  dealt with photographical problems of spectra, J. W it t in g  discussed the 

Raman-spectroscopical application of low-pressure mercury vapour lamps, R. R itsch l  and 
Ch . R ö seler  examined the fine structure of mercury lines in low-pressure discharges, 
E. K ranz discussed the construction and peculiarities of a plasma burner free from contami­
nation, M. R ie m a n n  reported on the stabilized arc necessary for analysis in solution, 
E. S ch eller  spoke of the addition of a 70 cm camera lens to a three-prism glass spectro­
graph, P. K r ö p l in  introduced the pre-resolving-apparatus of a PGS 2 plane-grating spec­
trograph. W. Gu ttm a n n  discussed the application of a duplometer, while M. F ra nk  gave 
an account of his investigations with the A. R. L. quantometer. J. G a u d n ik  also lec­
tured on investigations executed with a direct-measuring apparatus. K . Ga u lr a pp  and
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G . Sch m utzler  spoke of th e ir  researches carried  ou t b y  a h eav y -d u ty  tlire e -m e te r  g ra ting - 
p o ly ch ro m ato r and  a v acu u m p o ly ch ro m ato r.

A  n u m b e r  o f  le c tu r e s  c o v e r e d  t h e  in v e s t ig a t io n s  o f  s p e c tr a  r e s o lv e d  in  t im e .  A  v ib r a t in g  
m irro r  w a s  e m p lo y e d  b y  B . V orsatz, a n d  t h e  a p p a r a tu s  e m p lo y e d  b y  h im  w a s  im p r o v e d  
b y  M . Ze is e . A  v a lu a b le  le c tu r e  in  t h is  f i e ld  w a s  d e liv e r e d  b y  E . P lsk o .

M a n y  le c tu r e s  w e r e  g iv e n  c o v e r in g  th e  f ie ld  o f  s p e c tr o c h e m ic a l  a n a ly s i s .  In  a cco rd ­
a n c e  w it h  th e  t r e a t m e n t  o f  t h e  m a te r ia l  e m p lo y e d  so  fa r , t h e s e ,  to o , w ill  b e  r e v ie w e d  in  th e  
o rd er  a d o p te d  b y  t h e  b o o k . V . Svoboda  d e a lt  w ith  th e  s p e c tr o g r a p h ic  e x a m in a t io n  o f  r a d io ­
a c t iv e  s u b s ta n c e s , R . Gerba tsch  e m p lo y e d  a to m ic  a b s o r p t io n  f la m e  p h o t o m e t r y  in  th e  
e x a m in a t io n  o f  s u b s ta n c e s  o f  h ig h  p u r i ty , R .  S ch in d ler  a n d  H . F uchs d is c u s s e d  t h e  a p p lic a ­
t io n  o f  X - r a y  f lu o r e s c e n c e  sp e c tr a l a n a ly s is  in  g e o lo g y . J .  Cza k o w  an d  R . Gr z e l a k  d e te r m in e d  
t h e  c o n t a m in a t in g  e le m e n ts  o f  lea d  b y  m e a n s  o f  a s p e c ia l ly  c o n s tr u c te d  e le c t r o d e .  V . S . 
B urakov  a n d  A . A . J a nk o vszk i d e a lt  w i t h  t h e  p o s s ib il i t ie s  o f  r e d u c in g  t h e  e f f e c t s  o f  th e  
th ir d  e le m e n t ,  G. J .  K ib is o v , L . N . An t r o po v , N . B. K u b a so v a , a n d  V. E . K olo bko v a  g a v e  
an  a c c o u n t  o f  a s p e c tr o g r a p h ic  q u a n t i t a t iv e  m e th o d  o f  u n iv e r s a l  a p p lic a t io n . L . P é t e r  d e te r m ­
in e d  t h e  m a g n e s iu m  c o n t e n t  o f  a lu m in a  a l lo y s  b y  m e a n s  o f  a n e w  m e th o d . E . Gegus in ­
tr o d u c e d  a n e w  s p e c tr o c h e m ic a l  p r o c e s s  fo r  t h e  a n a ly s is  o f  t h e  in c lu s io n s  o f  s t e e l s .  H . H e n n iGER 
a n d  H . S ch eller  d e t e c t e d  ca r b o n  c o n t e n t  in  s t e e ls  o f  lo w  a n d  h ig h  a l lo y a g e  b y  m e a n s  o f  th e  
P G S  2 p la n e  g r a t in g  s p e c tr o g r a p h . K . D o e r f fe l  an d  R . W agner  g a v e  in fo r m a t io n  on  a 
m e th o d  d e v e lo p e d  for  t h e  q u a n t i t a t iv e  a n a ly s is  o f  a n c ie n t  a r c h e o lo g ic a l b r o n z e  f in d in g s .  
F . Ma cher  ca rr ied  o u t  a s p e c tr o c h e m ic a l  a n a ly s is  o f  fu r n a c e  a lu m in u m  b y  m e a n s  o f  sp ark  
e x c i t a t io n ,  a n d  L . P a ksy  g a v e  n e w s  o f  a m o d e l  e x p e r im e n t  c o n c e r n in g  c o n t a m in a t io n .  Ch . K er e ­
k es  d e t e r m in e d  th o r iu m  in  w o lfr a m  c o n f ir m in g  h is  e x p e r im e n ta l  r e s u lts  t h e o r e t ic a l ly  a s w e ll,
L . Mo e n k e -B la n k en bu rg  ca rr ied  o u t  g e o c h e m ic a l  e x a m in a t io n s  b y  e m p lo y in g  a  g ra tin g  
s p e c tr o g r a p h . B. Ber n o lá k  a n d  K . S o ó s  r e p o r te d  o n  th e  s p e c tr o g r a p h ic a l  a n a ly s i s  o f  fe rr ite s  
a n d  th e ir  b a s e s ,  G . D üm acke g a v e  an  a c c o u n t  o f  h is  s p e c tr o c h e m ic a l  p r o c e s s  fo r  a n a ly z in g  
s i l ic a t e s .  A . Spackova  a n d  L . B o uberlo va  d e t e c t e d  s c a n d iu m  in  m in e r a ls , O . S zakács d e a lt  
w it h  t h e  s o lu t io n  a n a ly s is  o f  tr a c e  c o n t a m in a t io n s .  A . P et h ő  s p o k e  a b o u t  t h e  d ir e c t  d e te r m ­
in a t io n  o f  t h e  v a n a d iu m  a n d  n ic k e l c o n t e n t  o f  m in e r a l-o ils , a n d , s im ila r ly , p e tr o lc h e m ic a l  
s p e c tr o s c o p ic a l  e x a m in a t io n  w a s  d is c u s s e d  b y  P . B u n ca k .

B r ie f ly  i t  is  c e r ta in  t h a t  t h e  m a te r ia l  o f  th is  v a lu a b le  co n fe r e n c e  a t  t h e  h ig h e s t  
l e v e l  h a s  a p p e a r e d  as a  u s e fu l  r e f e r e n c e b o o k  — o w in g  to  t h e  p a in s ta k in g  w o r k  o f  e d ito r sh ip  
a n d  ty p o g r a p h y  — fo r  w h ic h  o u r  c o n g r a tu la t io n s  m u s t  b e  e x p r e s se d  t o  t h e  e d ito r s ,  
R . R itsch l  a n d  G. H o ld t .

I .  K ovács*

G. Y a . L y u b a r sk ii

The A pplication o f G roup Theory in  Physics

P e r g a m o n  P r e s s ,  O x fo rd , 1 9 6 0 .

I n  r e c e n t  y e a r s  t h e  a p p lic a t io n s  o f  g r o u p  th e o r y  in  m o d e r n  t h e o r e t ic a l  p h y s ic s  h a v e  
e x p a n d e d  r e m a r k a b ly . W it h o u t  a k n o w le d g e  o f  g ro u p  t h e o r y  i t  i s  h a r d ly  p o s s ib le  to  s tu d y  
th e  p h y s ic s  o f  e le m e n ta r y  p a r t ic le s  t h e o r e t ic a l ly .  T h is  is  w h y  p h y s ic is t s  are e s p e c ia l ly  in te r e s ­
te d  in  b o o k s  o n  g ro u p  t h e o r y  co n c e r n e d  w i t h  p r o b le m s  r e la te d  t o  p h y s ic s  or th e  a p p l ic a t io n s  o f  
g r o u p  th e o r y  in  p h y s ic s .  L y u b a r s k ii’s b o o k  c o m p le te ly  s a t is f ie s  t h e  r e q u ir e m e n ts  o f  p h y s ic is t s  
in  t h is  r e s p e c t .  In  t h e  I n tr o d u c t io n  w e  r e a d  t h a t  th e  a u th o r  h a d  th r e e  a im s  in  w r it in g  
t h e  b o o k :  44. . . t o  p r e s e n t  in  d e ta i l ,  c o n s i s t e n t ly  a n d  as c o n c is e ly  as p o ss ib le  t h o s e  p a r ts  o f  
t h e  th e o r y  o f  r e p r e s e n ta t io n s  o f  f in i t e  a n d  c o n t in u o u s  g r o u p s  t h a t  are m o s t  im p o r ta n t  in  
a p p lic a t io n ;  to  c o n s id e r  g r o u p s  o f  in te r e s t  in  th e o r e t ic a l  p h y s ic s ;  a n d , f in a l ly ,  t o  d e m o n s tr a te  
th e  p r in c ip le s  a c c o r d in g  to  w h ic h  th e  a b s t r a c t  c o n c e p ts  a n d  t h e  th e o r e m s  o f  r e p r e s e n ta t io n  
th e o r y  are  a p p lie d  in  t h e o r e t ic a l  p h y s ic s .”

C h a p te r s  I  a n d  I I  d e a l w it h  t h e  e le m e n ts  o f  g ro u p  th e o r y  a n d  th e  g e n e r a l m a th e m a t ic a l  
c h a r a c te r iz a t io n  o f  so m e  s p e c if ic  ( p e r tu r b a t io n , r o ta t io n , f u l l  o r th o g o n a l ,  E u c l id e a n ,  p o in t)  
g r o u p s . T h e  n e x t  th r e e  C h a p te r s  c o m p r is in g  a b o u t  s ix t y  p a g e s  t r e a t  o f  th e  t h e o r y  o f  gro u p  
r e p r e s e n ta t io n s . T h is  g e n e r a l p a r t  is  fo llo w e d  b y  a m p le  p h y s ic a l  a p p lic a t io n s  in  C h a p te r s  V I ,

* D e p a r t m e n t  o f  A t o m ic  P h y s ic s ,  P o ly t e c h n ic a l  U n iv e r s i t y ,  B u d a p e s t .

8* Acta Phys. Hung. Тот. X V I I I .  Fasc. 4.
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Y I I  a n d  V I I I ,  in c lu d in g , in  p a r t ic u la r , t h e  s m a ll  o s c i l la t io n s  o f  s y m m e tr ic a l  s y s t e m s ,  th e  
p r o b le m s  o f  se c o n d  o r d e r  p h a s e  t r a n s i t io n s  a n d  th e  g r o u p  t h e o r y  o f  th e  p h y s ic a l  p ro p er tie s  
o f  c r y s t a l s .  C h a p te r  I X  is  c o n c e r n e d  w i t h  in f in i t e  g ro u p s  in  g e n e r a l  a n d  in  p a r t ic u la r  w ith  
t h e  L ie  g r o u p . In  C h a p te r  X  t h e  r e p r e s e n t a t io n s  o f  th e  r o t a t io n  g ro u p  in  tw o  or  th r e e  d im e n ­
s io n s  a re  c o n s id e r e d . T h is  C h a p te r  a lso  d e a ls  w i t h  sp in o r  a n d  t e n s o r  a lg e b r a , a s  w e l l  a s th e  
r e p r e s e n t a t io n  t h e o r y  o f  t h e  f u l l  o r th o g o n a l  g r o u p . T h e n  f o l lo w s  th e  d e s c r ip t io n  o f  th e  p ro ­
p e r t ie s  a n d  c a lc u la t io n  o f  C le b sc h -G o r d a n  a n d  R a c a h  c o e f f ic ie n t s .

C h a p te r  X I I  e n t i t l e d  “ T h e  S c h r ô d in g e r  E q u a t io n ”  d e a ls  w it h  c o n s e r v a t io n s  la w s a n d  
t h e  c la s s i f ic a t io n  o f  q u a n tu m  s t a t e s .  A  s e p a r a te  C h a p te r  i s  d e v o te d  to  t h e  p r o b le m s  o f  
a b s o r p t io n  a n d  th e  R a m a n  s c a t t e r in g  o f  l ig h t .  T h e  m a in  e m p h a s is  is  la id  o n  t h e g r o u p - t h e o r e t ic a l  
t r e a t m e n t  o f  s e le c t io n  r u le s  c o n c e r n in g  t h e  s c a tte r in g  o f  l ig h t  o n  a to m s  a n d  m o le c u le s  a n d  
a b s o r p t io n .

T h e  r e p r e s e n ta t io n s  o f  th e  L o r e n tz  g r o u p , so im p o r ta n t  in  p h y s ic s ,  a re  c o n s id e r e d  in  
d e t a i l .  I n  a d d it io n  t o  t h e  g e n e r a l  c h a r a c t e r is t ic s  o f  th e  L o r e n tz  g r o u p  th e  in f in i t e s im a l  o p era to rs  
o f  t h e  L o r e n tz  g r o u p , t h e  c la s s i f ic a t io n  o f  ir r e d u c ib le  r e p r e s e n t a t io n s ,  t h e  p r o d u c t  o f  t h e  
ir r e d u c ib le  r e p r e s e n ta t io n s  o f  t h e  L o r e n tz  g r o u p , c o m p le x -c o n j u g a te d  r e p r e s e n t a t io n s , sp in o r  
a n d  t e n s o r  a lg e b r a  a re  d e s c r ib e d . T h e  C h a p te r  e n d s  w ith  t h e  r e p r e s e n ta t io n  o f  t h e  f u l l  L o r en tz  
g r o u p .

I n  t h e  C h a p te r s  c o n c e r n e d  w ith  r e la t iv i s t i c a l ly  in v a r ia n t  e q u a t io n s  th e  g r o u p -th e o r e t ic a l  
t r e a t m e n t  o f  p r o b le m s  r e la t in g  to  th e  D ir a c  e q u a t io n , th e  s p in  a n d  th e  r e la t iv i s t i c a l ly  in v a r ia n t  
o p e r a t io n  o f  t im e - in v e r s io n  a re  g iv e n .

T h e  la s t  C h a p te r  c o n t a in s  a p p l ic a t io n s  in  n u c lea r  p h y s ic s  ( s c a t te r in g  m a t r ix ,  a n g u la r  
d is t r ib u t io n  in  n u c le a r  r e a c t io n s ) .

A t  t h e  e n d  o f  t h e  b o o k  a n  A p p e n d ix  c o n s is t in g  o f  f i v e  P a r a g r a p h s  a n d  a d e ta ile d  
b ib l io g r a p h y  are a t t a c h e d .  T h e  A p p e n d ix  in c lu d e s  e x a c t  T a b le s  fo r  th e  ir r e d u c ib le  r e p r e s e n ta ­
t io n s  o f  t h e  p e r tu r b a t io n  g r o u p , t h e  ir r e d u c ib le  r e p r e s e n t a t io n s  o f  p o in t  g r o u p s  a n d  R a c a h  
c o e f f ic ie n t s .

I t  c a n  b e  r e g a r d e d  a s  a p a r t ic u la r  m e r i t  o f  G. Y a . L y u b a r s k i i ’s b o o k  t h a t ,  in  a d d it io n  
t o  a r ig o u r o u s  m a t h e m a t ic a l  e x a c t i t u d e ,  i t  n e v e r  fa ils  t o  o b s e r v e  th e  p h y s i c i s t ’s v ie w p o in t .  
T h is  i s  w h y  i t  h a s  b e c o m e  a h a n d b o o k  m u c h  u sed  b y  t h e o r e t ic a l  p h y s ic is t s .

K . N agy
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