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ON THE ANOMALOUS SPLITTINGS OF THE MULTIPLET 
2 1 STATES IN DIATOMIC MOLECULES L

B y

I. K o v á c s

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST 

(Received 20. V II. 1961)

I t  has been shown th a t the anomalies observed in the m u ltip let splitting o f  th e  X 2 2 ‘ 
term  of the H gH , the B 2 2  term  o f the YO and th e  А 3 2ц  and th e  B '3 2jJ terms o f  the N 2 
m olecule are th e  sam e character as those observed at the 72  term  o f  the M nH m olecule, 
the reason in al the five  cases being the same: th e  perturbation o f  not too far ly in g  П  term s. 
A  satisfactory agreem ent has been found betw een  the experim ental and theoretical results.

As is know n, for diatom ic m olecules in most o f th e  cases the m ultip let 
2  term s can be described b y  a simple form ula as follow s:

25+1F i{N ) =  B N ( N  +  1) +  D N 2(N  +  l ) 2 +  2S+1/,(IV ), (1)

where 2S +  1 means the m ultip licity  o f  the respective 2  term, i =  1, . . . 
2 S -f- 1 and the individual indices correspond in the usual notation  to  the 
states J  =  N  +  S, N  +  S  —  1, . . . ,  N  —  S,  where N  and  J  are the rotation al 
quantum  num bers in H und’s case b) and a) respectively , В and D  are the 
rotational constants, and in 2S + 1/;  (N ) apart from th e  rotational quantum  
num ber occur tw o constants: e, the con stan t o f the sp in-spin  interaction and 
y,  the constant of the interaction  betw een  rotation and spin.

I f  the perturbation, disregarded in  th e  first approxim ation, caused part
ly  by the spin-orbit in teraction  and p artly  by the term s neglected a t the 
separation o f the wave equation is added to  the above form ula, the influence  
o f other neighbouring term s m ay also be taken into account. In th is respect 
it has been found th at, should these la tter  terms be ly in g  far enough, in  a first 
approxim ation the influences o f the m ore distant ly in g  term s alter on ly  the 
values o f the constants B, D, e and у  in  formula (1) w ith o u t any change tak 
ing place in the structure o f formula (1). [1, 2, 3, 4].

More detailed investigations h ave , however, show n that for a few  di
atom ic m olecules, such as H gH , YO, N 2, and MnH, th e  Х 22 +, B22 ,  А 32 ц ,  
В'32 й  and 12  term s, respectively , in d icate a considerable deviation  from  
a formula o f  the structure o f  (1) [5, 6, 7, 8, 9]. This dev ia tion  m anifests itse lf  
b y  the fact th a t the m ultip let sp littings observed experim entally can n ot be 
harm onized w ith  those calculated on th e  basis of form ulas of type (1). The 
author o f  the present paper succeeded in  interpreting the above anom aly  
observed at the 12  term  o f the MnH m olecule as the perturbation o f  a 717

1 Acta P hys. H ung . Тот. X V % Fasc. 1.



2 I. k o v á c s

term  which is ly in g  far enough from the 1E  term  to cross th e  latter hut n o t  
so far as to render the variation o f  the d istan ce between th e  tw o terms w ith  
th e  rotational quantum  num ber negligible com pared to th e  distance itse lf b e 
tw een  the tw o term s [4]. The anom alous behaviour of the X 2E + and the B2E  
term s of the H g H  and YO m olecules, resp ectively  and th a t o f  the А 3Ец and  
В'3Ей  term s o f  th e  N 2 m olecule w ill, in th e  present work, be interpreted in  
th e  sam e w ay, v iz . by the perturbation o f th e  not too far ly in g  П  terms.

terms

D etailed calculations lead  to  the resu lt th a t the 2E  term s for the per
turbation  o f d ista n t lying 2П term s satisfy  th e  following form ula:

p
F[(N)  —

hv

p m  =  - f -
hv

where |  is th e  constant occurring in the m atr ix  elem ents o f  the spin-orbit 
interaction  and rj is that of th e  interaction  resu lting from th e  term s neglected  
at the separation o f the w ave equation (cf. [10, 11]), hv being  the d istance  
betw een the 2E  and 2П term s. Form ula (2) apart from a con stan t displacem ent 
does not show  a n y  difference in  structure from  (1).

If, on th e  other hand, th e  variation o f  hv with the rotational quantum  
num ber is not negligible, hv has to  be replaced b y  another expression:

hv(2E , 2П) ^  hv +  (BL -  B n) N ( N  +  1 ) , (3>

where hv represents this tim e the term difference betw een the vibrational 
sta tes, whereas from  the point o f  view  of perturbation th e  tw o components- 
o f the 2П  term  can be replaced b y  their arithm etic mean.

Since in  (2) the reciprocal values of term  distances are g iven , we exp an d
(3) in a series in  powers o f th e  sam e functions and we obtain

+

B E +  8

B s  +  8

hv
1

7]*

/ 7

j

7

N ( N  + 1 )  +  B j  N 2( N  +  l ) 2 +

у  — 8
hv

N

N ( N  + i )  +  DEN 2(N  +  l ) 2 -  

I»?
(2)

У — 8
hv

( N + l ) ,

1 1 (Д д— B n) N (N  +  1)
hv(2E, 2IJ) hv (hv)2

(4 )

Acta Phys. H ung. Тот . X V .  Fasc. 1.



ON THE ANOMALOUS SPLITTINGS OF TH E MULTIPLET 2  STATES 3

Substituting (4) in  (2) we h ave

where

F[(N) =  Fr(N) -  aN2(N  +  1), 

F'2(N) =  Щ Щ  +  o N ( N  +  l ) 2, ]

F 1(iV) =  —  - +  B N (N  +  1) +  D N 2{N  +  ] )2 4  - —  y N , 
hv 2

i 2 1

and

F 2(iV) =  —— \- B N {N  +  1 ) +  D N 2{N  +  l ) 2 -------ÿ (J V + l)
hv 2

В =  B r +  8 — -----p  {B- ~  Bn)- ; 5 =  D r -  8 A A f ------- BA
hv {hv)2 {hv)2

о „ л Z v i B n — Br)V =  у  — 8 -----; cr =  4 ----------------------  .
hv {hv)2

(5)

( 6 )

( 7 )

Since F 1(iV) and F 2(iV) apart from a con stan t d isplacem ent are o f co m 
pletely  the sam e structure as the unperturbed terms in (1), th e  experim ental 
data will furnish the constants B, D  and у  in stead  of Bs , D z  and y.  Thus for  
the experim entalist F 1(iV) and F 2(iV) will represent the “unperturbed” term  
values and deviations from these are to be ta k en  as the perturbations caused  
by the 2/7 term .

On the basis o f (5) for the doublet sp littin g  of the 2E  term  we have

where

zIF;2 IF,., =  2aIV (IV +  1)

1

TV-

A F „  =.12 =  У N  +

( 8 )

(9)

Thus, the difference o f the perturbed and unperturbed doublet sp littin gs  
will be

AF'i2 - A F 12 = 2 oN{N  +  1) N  + ( 10)

Figs, la , lb  and lc  refer to  the v ibrational states v"  =  0, 1, 2 o f  th e  
X 2L + term  o f the H gH  m olecule. The circles represent the deviations betw een  
the experim entally  observed doublet sp littings and the theoretical ones co m 
puted with the experim entally determ ined values ÿ = 2 ,1 1 ,  1,78, 1,30 c m “ 1 
(cf. [5]), whereas the lines drawn in full represent the expressions on the r igh t  
side o f (10), calculated w ith the values an =  4 ,24  • 10“ 4 cm “ 1, =  5,45 • 1 0 “ 4

1* Acta Phys. H ung. Тот. X V . Fasc. 1 .



4 I. KOVÁCS

c m -1 , a2 =  6,28 • 10-4  c m -1 . Experim ent and theory h a v e  been found to  be 
in  good agreem ent.

I f  on th e  basis o f  (7) th e  value o f  a  is calculated theoretically  (see [9], 
form ula (40)) b y  assum ing th a t the perturbation is caused  by the А 2П  term  
ly in g  over th e  .X2S + term  as high as hv ~  26 000 c m - 1 , we obtain indeed  
values o f th e  order o f  10“ 4 c m -1 . The increase of these va lu es with the grow th  
o f  the v ibrational quantum  number is m ade clear as w ell, since, as regards 
th e  v ibrational states ly in g  higher, hv decreases gradually and in (7) (hv)2 
figures as th e  denom inator.

Acta Phys. H ung. Тот. X V .  Fasc. 1.



ON THE ANOMALOUS SPLITTINGS OF THE MULTIPLET S  STATES 5

Sim ilarly to  the above, F ig. 2 shows th e  deviation from  the expected  
m ultipet sp litting on the v' = 0  vibrational sta te  o f the B2 £  term  o f the Y  О 
m olecule. Here y'  =  0,143 cm -1  (instead o f th e  evidently  erroneous 0,148 cm - 1  
in [6]), while cr = — 1,92 • 10“ 7 c m -1 . T aking into consideration that th e

А 2 П term  in th is m olecule is ly in g  about hv ~  4000 cm -1  from  th e B2 S  term  
the theoretically  calculated value o f  a is indeed o f the order o f  10-7  cm - 1 . 
The agreem ent betw een theory and experim ent is here also satisfactory.

3 V  .terms

For the perturbation of m ore distant ly in g  3/7 terms form ula (1) o f th e  
3E  term  is in first approxim ation m odified in  th e  following w ay:

F'(N)

p m

2 i 2
3 hv

2 £2
" 3 hv

2 ¥
3 hv

+ Bs  -f- 8
hv

g 2

6 hv

N { N  +  1 ) +  D s N 2 { N + 1)2 -

ft?
— N ---------h
2 N +  3

у  — 4
hv

N ,

B e +  8 ~ \ N ( N  +  1) +  D s N 2(N  +  l ) 2 +
hv

+ e —
I 2

6 hv
у  — 4

B r +  a - fhv

hv

N ( N  +  1) +  D r N 2{ N +  l ) 2

( 11)

_ í £ _ J L ] J L ± l _ ( y _ 4 Í l )
6 hv

( IV+ 1 ) .
2 N - 1  Г hv J

Acta Phys. Hung. Тот . X V . Fasc. J .



6 I. KOVÁCS

In a sim ilar w ay as in the foregoing calculations we obtain

F[(N) =  Щ Щ  -  [a(N +  1) -  r] N(N  +  1),

F[(N) =  F j N ) ,  (12)

F'3(N) =  +  [aN +  r] N(N +  1),
where

and

F J N )  =  A  —  +  B N ( N  +  1) +  D N 2(N  +  l ) 2 -  ë  —  ---------h ÿ N ,
3 hv 2 N + 3

F2(N)  =  —  ~  +  B N ( N  +  1) +  D N 2(N  +  l ) 2 +  ë -  y ,  (13)
3 hv

_______ 9  £2 _  /V 4 - 1
F3(N) =  +  B N ( N  +  1) +  D N ‘2(N +  l ) 2 -  ë _  ÿ ( iV + l)

В  =  By +  8 -У—  — 4 (B r — B„) 
hr (hr)2

С®г ~  ®л) .
2 (hr)2

6 (hv) ’

D =  D S - 8 y ’j B i: ®л) 
(hr)2

-  .. „ Í4  . „ „ frl(Bn — B E) .у == у — 4 -----: <7 =  4 —— :
hv (hr)2

т  =
Р ( В П -  B s)

4 (hr)2

(14)

Sim ilarly to  the foregoing notv Fi(N) ,  F ^ N ) ,  F 3(N)  represent the unperturbed  
term  va lu es determ ined from  experim ental data. For the difference betw een  
th e  observed and calculated  m ultip let sp litting

A F'n  -  A F ~  =  -  [o(iV +  1) -  r] iV(iV +  1 ) , I

A F 2 2  — A F 32— [+V  +  т] N (N  +  1)

is obtained.
In F igs. 3a, 3b, 3c th e  v ibrational states v =  0, 1, 2 of the A 3 term  

o f  the N 2 m olecule are show n [7]. The circles represent the deviations betw een  
the experim entally  observed triplet sp littin g  and the theoretical ones calculated  
w ith  th e  values ё0 =  + 0 ,8 8 8  cm -1 , ёг =  + 0 ,8 8 4  c m - 1 , i 2 =  + 0 ,8 7 6  cm -1  
and у  — + 0 ,0 0 5  cm -1  (instead o f e =  -—0,444, — 0,442, — 0,438 and у  =  
=  ■—0,0020 in [7]) w hich have been determ ined experim entally , w hereas the 

lines drawn in full represent the expressions on th e  right sides o f (15) calcul-

Acta P hys. H ung. Тот. X V .  Fasc. 1.



ON THE ANOMALOUS SPLITTINGS OF THE MULTIPLET 2  STATES 7

COT'1

N2,A3Z l ,  v-Q 

Э ЛГ32 -ÄT32 ■ (CN+T) N(N+1)

f)AF,'2 -Щ г = -la(N*1) -TIN (N+ 1) 
<T*1,9-10~e cm'1 
r=-1,8-10'6cm~’

+ 0,1

- 0,1

cm'1 \ N2, A3 E l, v/-1

+ 0,2

1- 0,1

Э

ff -  2,2 -10'6 cm-1 

T*-2,2-10-6cm'1

F ig . 3 a, b, c
Acta Phys. Hung. Тот . X V .  Fase. 1.



8 I. KOVÁCS

ated w ith  the values a 0 =  —f-1,1 • 10“ 6 cm “ 1, x0 = — 1,8 • 10“ e cm “ 1, 
a1 = 4 - 2 ,2  • 10“ 6 c m “ 1, xx = — 2,2 • 10“ 6 cm “ 1, o2 = 2 ,8  • 10“ 6 cm “ 1, 
t 2 = — 3,0 • 10“ 6 cm “ 1. Experim ent and theory h a v e  been found to  be in  
good agreem ent.

I f  on the basis o f  (14) the values o f a and x are calculated th eoretica lly  
(see [10] form ula (36, (37)) by assum ing that th e  perturbation is caused by  
the С3 П и term  ly ing  over the A 3 E„ term  as h igh  as hv ~  29 000 c m “ 1 we 
obtain values o f the order o f 10“ 7 cm “ 1. It is probable that the perturbations 
o f the В '3 Ей  and th e  а'1 Ей  states or o f the unknow n lower sta te  of the

K aplan bands p lay even  an im portant part in the form ation o f the va lu e  o f x 
(see below ). The increase o f  these va lu es with th e  grow th of the vibrational 
quantum  num ber is m ade clear as w ell, since as regards the vibrational states  
ly ing higher, hv decreases gradually.

In  F ig. 4 the v ibrational sta te  v'  = 5  o f th e  В  '3 Ей  term  o f the N 2 
m olecule is shown. The circles represent th e  deviations betw een the experim ent
ally  observed trip let sp littings and th e  theoretical ones calculated w ith  the

f Зё)
values e = 0 ,4 1  cm 1 cf. [8], where X =  ■ and у  = — 0,0033 cm —l which

have been determ ined experim entally. A s can he seen  the circles representing  
the tw o trip let sp littings practically coincide ind icating  that on the right side 
o f (15) a ^  0, which is possible through  (14) i f  Bz  — Bn, but in  th is  case 
even  T ív  0 m ay resu lt. Thus, this interpretation  does not appear probable 
and m oreover taking in to  account th e  term  schem e o f  the N2 m olecule [12] 
the nearest 3П  term  w hich m ight cause th is perturbation  is lying so far, i. e. 
hv is so h igh , that the theoretical estim ations for th e  va lu e of X furnish a value  
of an order o f m agnitude which is m uch lower th an  would follow  from  the  
experim ental results.

Acta P hys. H ung. Тот. X V .  Fasc. 1.



ON THE ANOMALOUS SPLITTINGS OF THE MULTIPLET 2  STATES 9-

If, by tak ing into account th e  spin-orbit interaction , sim ilarly  to the  
foregoing we exam ine the influence o f  other term s as well for the perturbations 
of the x27, 1П, 5E, 577 and 3E  term s w e obtain a form ula sim ilar to  (15) w ith  
the on ly  difference that in these th e  first term  does not appear a t  all, that is 
a =  0, hence the tw o curves coincide. Thus e. g. for the perturbation o f the x77 
term

AF[2 -  A F x2 =  x N { N  N ( N  +  1 ),

AF's2 -  A F ~  =  r iV 2 (iV + 1 ) ^ r lV (jV  +  1)
N  — —

2

(16)

is obtained, where values o f all the constants (B,  D, e, ÿ, t)  are to  be obtained  
b y  substituting t] =  0 in (14) the difference being th a t the sign o f  X this tim e  
is the opposite. In th is case the tw o curves coincide, this single curve is shown  
in F ig. 4, where x =  — 1,53 • 10~4 cm - 1 . In the term  scheme there are singulet 
term s to  be found in the neighbourhood of th e  J3'3 Ей  term , ou t o f which  
the unknown lower sta te  o f  the K aplan  bands, both  from the point of v iew  
of d istance and sym m etry, appears to  be a possible cause of th is perturbation.

Sum m ing up it  can be sta ted  th at the anom alous behaviour of the  
X 227+, B2 E, A 3 Eu -, В'3 Ей  and 7E  term  o f the H gH , YO, N 2 and MnH m ole
cule, respectively , is o f the same character and in  all the five  cases it  is caused  
alike b y  the perturbation o f not too  distant ly in g  77 term s. T hese perturb
ations are brought about b y  the spin-orbit interaction  and by th e  transm ission  
of the term s neglected at the separation of the w ave equation. Since the near
ness o f other term s is not infrequent, such deviations m ay occur elsewhere as- 
w ell, and in all probability  th ey  do appear in several other cases, too , apart 
from those described in the present work.
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OB АНОМАЛЬНОМ РАСЩЕПЛЕНИИ МУЛЬТИПЛЕТНЫХ ^-СОСТОЯНИЙ 
В ДВУХАТОМНЫХ МОЛЕКУЛАХ I 

И . КОВАЧ

Р е з ю м е

Доказывается, что обнаруженные аномалии в мультиплетном расщеплении термов 
X 2 2+  молекулы HgH, В3 2  молекулы YO, A 3 2 £  и В' 32~  молекулы N2 по характеру 
подобны аномалиям, обнаруженным на 72  — терме молекулы МпН. Показывается 
далее, что причина во всех этих пяти случаях одна и та же: возмущение П  — термов, не 
очень далеко лежащих. Экспериментальные и теоретические данные хорошо согласу
ются.

-Acta Phys. H ung, Тот. X V . Fase. 1.



INVESTIGATION OF AN ARBITRARY SCREW 
DISLOCATION IN A CYLINDRICAL ELASTIC BODY

By

I . K ovács

INSTITUTE FOR EXPERIMENTAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by E. N a g y . — R ece iv ed  5. VIII. 1961)

A straight screw dislocation situ ated  excentrica lly  within an e lastic  cylinder w as  
investigated . B y  applying a conformal transform ation such a solution o f  the stress fie ld  is  
determ ined, which fulfils the boundary conditions a long  the surface o f  th e  cylinder as w ell 
a s along the core o f the dislocation. W ith  th e  help o f  th is stress field  th e  dislocation energy  
as a function o f  distance from  the centre o f  the cylinder can be obtained. U sing this energy  
expression one arrives a t the conclusion th a t  the stress required for the production  of a screw  
dislocation  in a perfect elastic cylinder is o f  the order o f  fi/2л,  which is th e  theoretical critical 
shear stress for the perfect crystal, as determ ined by F r e n k e l  with his sim plified  model.

Introduction

According to  our present know ledge th e  plastic deform ation of crysta l
lin e  m aterials takes place by dislocations [1]. Nam ely, in case o f the perfect 
crysta l the value o f the critical shear stress at which the slip  begins is

!l
2tt

* ( 1 )

where fi is the shear modulus o f  th e  m aterial. This estim ate is given by F r e n 
k e l  [2] on the basis o f  a sim ple crystal m odel. According to  experim ents, 
how ever, the slip w ill begin at a va lue of 10 —4 fi —  10~5 u. Thus it  is ev id en t  
th a t we are not dealing with perfect crystals when in vestigatin g  the p lastic  
deform ation, but th a t we have to  suppose som e kind o f in ternal irregularities 
w hich m ake the slip in the crysta l s ign ifican tly  lighter. Such crystal defects  
are ju st the dislocations.

W e can distinguish two kinds o f dislocations: edge and screw  dislocations. 
W ith the help o f these num erous plastic properties o f crystalline m aterials 
can be explained. For the theoretical treatm en t we restrict ourselves first o f  all 
to  elastic m odels, which give su ffic ien tly  good approxim ation. The sim plest  
m odels are the V olterra  dislocations [3] (F ig . 1). Here th e  dislocations are 
in  a central position in an elastic cylinder and they  are form ed by cu ttin g  
up the crystal along a plane contain ing th e  axis and displacing the cut su r
faces w ith respect to  each other. In  the case o f  a perfect cylinder, however, th is

Acta Phys. H ung. Тот. X V . Fasc. 1.



12 I. KOVÄCS

displacing gives in fin ite  stresses at th e  axis of the cylinder, to avoid  which  
w e rem ove a hole w ith  radius r0 along th e  axis o f th e  cylinder.

The properties o f  V o lterra  dislocations m ay be easily obtained from  
the theory o f  e lastic ity . To our know ledge, a solution  o f the more general 
problem , n am ely  the determ ination o f  th e  stresses produced by these d istor
tions and th e  elastic energy stored in  th e  solid for screw  dislocations n o t in  
the centre o f  the cylinder, has never been  attem pted . This problem is , how 
ever, in teresting, because i f  we know th e  energy o f dislocation  as a function  
o f  the distance from th e  ax is, then th e  gradient o f th is energy gives th e  force

a, by 0)
Fig. 1. Volterra dislocations; a, b edge dislocations, c screw  dislocation

acting on th e  dislocation. Calculations h a v e  already been  carried out for edge  
dislocations b y  J. S. K o e h l e r  [4]. In th e  following we investigate the general 
screw dislocations.

The Volterra dislocations in general position

Let us assum e a dislocation parallel with the ax is o f a cylinder w ith  
radius R,  at a d istance x 0. The slip plane o f  the d islocation  goes through the  
axis o f  the cylinder (F ig . 2). The d isplacem ent (b) a long the cut is now  only

Fig. 2. a )  screw d islocation  on the d istan ce  x0 from th e  ax is o f cylinder 
b)  coordinate system s in a z  — const, plane

Acta Phys. H ung. Тот. X V .  Fase. 1.



ARBITRARY SCREW DISLOCATION IN A CYLINDRICAL ELASTIC BODY 13

in the z-direction, thus all the com ponents o f  the displacem ent vector  
u(ux, uy, uz) except uz are zero. Because o f th e  axial sym m etry  we have

(2)

uz is determ ined b y  th e  equations o f  elastic equilibrium  ([1] p. 36.), according  
to  this:

Auz =  0 , (3)

. Э2 82
where A =  is the tw o-dim ensional Laplacian operator. Knowing

uz th e  only stresses differing from  zero can b e calculated:

Змг Эц.
^X2  ẐX I1'' ~Z ’ °yz ®zy ~ № ~Z •

За: ay

We have to  find such a solution  of equ. (3) which fulfils the follow ing  
condition:

— lim  uz -\- lim uz — b ,
ji-»+0 y—>—0

because uz is discontinuous a t у  =  0. The suitable solution  for centrally  
situated  dislocations [1] is found to  be

b уuz0 =  — a r c t g ^ -  . 
Zn X

(5)

In order to  solve the general problem w e app ly  such a conform al tran s
form ation in the (X, y) plane (F ig. 2b), w hich transform s tw o  circles w ith  
different centres in to  tw o concentric circles. As such a transform ation does 
not change the tw o-dim ensional Laplacian equation we can use im m ediately  
the central solution for the d islocation in the im age plane. From  this solution  
an inverse transform ation gives th e  solution in  the general case.

Let us determ ine the necessary conform al m apping. W e introduce the
com plex v ariables

z =  X  -(- i y (6)
and in the im age plane

CO =  и -f- i v  . (7)

It is known th at the function

a • z +  bсо =  — =-------
c • z -J- d

Acta Phys. H ung. Тот . X V .  Fasc. 1.



14 I. k o v á c s

transform s a circle in to  another circle. In th e  present case a suitable function  is

£;
( 8 )

where X[, l i  are the inverse points o f  b o th  circles, w hich are given b y

Xj ■ I, =  R 2
and

(Xi — x0) ■ (£,• — *0) =  r2

From  th ese we have

R t  +  x l -  r02 ± V(â » + * « - fÎ)2 - 4 * Î B *
x‘J i = ---------------------щ -----------

A  sim ple calculation shows th a t w ith  such a choice of ж,- and I,- the 
function (8) transform s the nonconcentric circles o f  F ig . 2b into concentric  
circles w ith  centre in th e  origin o f the (и , v) plane. T hus we can write

(9>

( 10)

( 11)

b v
uz =  —  a r c t g —  . 

2л и
( 12) ,

On th e basis o f  the equs. (6), (7), (8) wc find

и 4 IV
x2 +  y 2 _ { x i + Çi )x  +  RZ

+  i
(a  -  £i)y

(x — I ,)2 +  J 2 (ж — f /)2 +  у 2

W ith the use o f the Cauchy— R iem ann relations

(13),

and the equations 

we have

du dv du dv
Эя 0y 3y dx

Ли = 0 ,  Av =  0

9 2 “ z , Э2 ц г =  Q
0.x2 3y2

The function (12) thus satisfies equ. (3). I f  we substitu te the va lue of 
vju, uz w ill have the follow ing form:

b
иy = ----- arc tg

2 71
(ж, -  À)y

Ж2 +  y 2 -  (ж,. +  f ,.) ж +  Я 2
( 14),
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ARBITRARY SCREW DISLOCATION IN A CYLINDRICAL ELASTIC BODY 15.

This solution  satisfies the botm dary conditions too  (A ppendix I):

ж — -— \ - y ---- — =  0 ,  for X2 -j- y 2 =  R 2 , 15)
Эж 0у

and

(* — * о ) у ~ + У - ^ = = 0 > for (ж — ж0)2 +  y 2 =  r2 . (16)
ox 3y

respectively .
A  final sim ple com putation  shows that i f  x Q — 0, then th e  expression 

(14) w :ll go over in to  the central solution

b у
Uz0 =  —  a r c tg ^ -  . 

2л x

Further we have to take in to  consideration that the stresses, derived 
from  the displacem ent (14), produce a non-zero couple [5] in th e  point (ж0, 0). 
This means th at our screw dislocation  is not y e t  stable. In order to stabilize  
the dislocation the couple m ust be zero, therefore we have to  consider the  
follow ing equations:

92 ux э 2 Ux Э2 ux =  0 a2uy 32 Uy Э3 uy =  0 
Э*2 0y2 3z2 ’ Эж2 8y2 3z2

In the case o f  a screw dislocation  the vo lu m e dilatation is zero, thus

Эи,-

3 i
=  0 , i  =  Ж, y ,  z .

The condition of axial sym m etry ensures that th e  stress field does not depend 
on z. The solutions which sa tisfy  these conditions are

UX =  A oJZ Uy  =  — A 0 Xi >

where A 0 is a constant. From (18) we have

(18)

°xy  №
8 ц х ! ЗЫу =  H{A oZ — A ^z) =  0 ,
3у  Эж

=  №A 0У ’ °yz =  lu A 0 x • (19)

The latter stresses do not fu lfil yet the boundary conditions. To reach 
th is we have to determ ine such a solution (u') o f  equ. (3) th a t the am ount

A cta  Phys. H ung. Тот . X V . Fasc. 1.
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o f  stress given by th e  d isplacem ent u'z and stresses (19) satisfy togeth er  the 
b oundary conditions. This means:

I . [I

I I . [Л

8  u z 

dx -y
8 uz

8y
+  x o xz +  у а ' уг  =  ц

du'
+  У

du'.
=  0

Эл: 8y J

for X 2 y ■ =  R 2 ,

8 u'z 8 u'
(л ;-л :0) — ^ + y —  

8л: 8y

du'

+  {x — x0)o'xz +  ye'yz= f t
du'

+  У
du'.

— fix0 — -  — /лх0 A0y  =  0 
Эл:

8л: Эл;

for (x — x0)2 +  у 2 =  Г2 .

In  polar coordinates we have

du, , du'z s in #  du'z
---- ?_ =  c o s # -------------------- ------ — ,

Эл; 8r r 8#

therefore th e  boundary conditions are

I . *ïL =  0
8 г

И .  г
dr

du,
Эг

cos #
L# du'z

8 #
=  0

for г — R ,

for (л; — х0)2 +  У2 =  ri .

W e confine ourselves to  an approxim ative so lu tion  of this problem . If 
a;0 is v ery  sm all, then  th e  tw o boundary conditions are identical in  a good 
approxim ation, and th en  u'z Qai 0. The case interesting for us is x 0 r0. We 
m ay take th en  and #  1, or cos & e ^ \ .  W ith  these approxim ations
the boundary condition II  w ill be sign ificantly  sim plified:

for r ^  x 0 and cos #  ds: 1 . (20)

for r =  R . (21)

Further
8 #

8uz

8r

A x2

=  0

W e can satisfy these tw o conditions by the fo llow ing solution o f  equ. (3): 

u'z =  (A В • log  r) r2 sin 2 #  . (22)

A  sim ple com putation show s that

1 2 log R  „  A n
a  =  A a- B =  —

1 -  2 log
ë R

1 _  2 1 o g -^ -
R
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ARBITRARY SCREW DISLOCATION IN A CYLINDRICAL ELASTIC BODY 17

and thus

1 _ 2 1 o g  —
A 6 R

uz = ------ -------------------------- r*2 sin Z гг .
2 1 — 2 log-^5-

ë ft

(23)

W e w ill choose the value o f  yf0 so that th e  stresses acting in the plane 
z =  const, produce zero couple in the point (x 0, 0). This ensues i f  (Appendix II)

[(r — x0 cos $) <rÿ.] rd rdft =  I (r — *„cos d) [I Quz
r 9$

+  '
Эи,,
dz

rdrd& =  0 , (24)

r «

where
, b (Xj — £,-) уuz =  u7 -f- и, — -----arc t g ---------------— -------— ------

271 6 ** + y 2  - ( * ,  +  £.) * +  Я-

1 -  2 log —4 6 R
+  - ^ -------------------  r2 sin 2 d ,

+

2 1 _  2 log - 2 -
ë R

(25)

From (24) we have

A = -------Í—
(я* -  ' 9

ui  =  A 0rz .

f t2 — * 0  +  (*i — *o)2 — л:2 +  *o* /log  '
Л

(26)

(27)

K nowing A 0 we can fin a lly  obtain the stresses acting around a screw  
dislocation in a general position

=
fxb (Xi -  f ,)[(r2 +  ft2) cos I? — (ж,- +  I,) r]
2тг [r2 -)- ft2 — (я,- +  |,-)r cos # ]2 +  (ж,- — | , ) 2 r2 sin 2 #

■ +

1 — 2 log
ft

1 - 2 1 o g - = 5 -  
ft

r cos 2 #  +  r •

The energy o f a screw dislocation in  general position

The energy o f a screw dislocation is ([1 ] p. 38)

[7 = - I  f  ai zb d r ,

(28

(29)

2 Acta Phys. Hung. Тот . X V .  Fase. 1 .
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where th e  integration  has to be perform ed over th e  surfaces o f  the cu t, or in  
th e  present case, at $  =  0. From (28)

( #  =  ° )  =
, u b __  Xj — £,■_______
2n г* +  Л * - ( * ( +  г ,)г

2 !o g

+  f t A 0
R

21°8t

r 4" /лА0 r . (30)

Consider the first term  o f (30). T he determ ination o f the energy derived  
from  th is  term  gives a result valid  in  th e  whole in terva l — (R  —  r0) <  x {) <  
<  (R  —  r0) . According to (29) m aking use o f expressions (9), (10):

U о

R

R
f tb 2 r  Xj —  I,- ___
4л  J r2 + R2 - ( x i  + Í i)r

x„+r„

dr  =

Го + Х„

dr log
8л

R2 — x0 Xj 

R 2 - x 0 t i  ‘

I f  we insert the va lues o f Xf and w e can write

№  w  Д 2 -  *1 +  r2 +  |/(R 2 +  xl  -  r l f  -  4xj R 2 
8л  S R 2- x 02 +  r02 -  f (R 2 +  * § -  rg)2 -  4*02 Ra

(31)

л , . rT /лЬ2 , f?
I f  x 0 — 0 we obtain С 0 =  ■------l o g -----

4л  r0
in agreem ent w ith  a former result ([1]

p. 38.) further if  x0 =  R  —  r0 (there is still no slip th u s there is no dislocation) 
then  U0 =  0. The rem aining tw o term s lead to

U 1
Rb A 0

2

R2 — (*o +  ro)2 1 -  log *0  +  r0

and

U2 =
/лЬА0

R
x0
R

(32)

Го)2] . (33)

The expressions (32), (33) are va lid  only in th e  case x 0 r0. W e shall 
see, how ever, th at for dislocations w hich have greater distances from th e sur
face o f  th e  cylinder th e  energy v ery  rapidly reaches practically th e  to ta l 
energy. The terms (32), (33) give v ery  little correction also in th e  v icin ity
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o f the surface, thus their effects are entirely negligible. Therefore we have  
to  stu d y  only the term  given b y  (31). A form suitable for calculation results, 
i f  the following substitutions are introduced:

rtí =  к ■ b, x0 =  R  — n ■ b — r0 — R — (n k) b , 

where n ■ b is the d istance o f  the dislocation from  the surface. W ith these

(R2 +  x2 -  r2)2 -  4*2 R2 =  4R 2 b2{n +  k)2

+ fc)2- f c 2 b2
4 R2

:4 R2b2{n +  k)2

1 —

1 —

(n +  k)2

k2___
(n +  A)2

b(n +  k) 
R

4-

, for n-b <ê.R ,

further

R 2 — x% +  ro =  2(ra +  k) Rb — (n + k)2b2 + k 2b2o^2(n +  k)Rb,

b>

for 71 • b <g R .

Fig. 3. a )  perfect crysta l; b)  screw dislocation on an interatom ic d istance from the
surface o f crystal

Substituting these expressions into (31) we h ave

fib2 . n +  к +  Уп(п 4" 2fc) 
8л:  ̂ n к — \n(n  -f- 2k)

(34)

It can be seen th at the energy o f dislocation  in th is approxim ation is  
independent o f  the radius o f the cylinder, w hile for sm all n it  depends s ig n i
fican tly  on the radius o f  the core o f the dislocation.

Before proceeding further some assum ptions are to be m ade about r0. 
Consider at first a perfect cubic crystal. A  sim ple answer can be obtained  
b y  consulting Fig. 3. It seem s clear that in th is case the on ly  logical choice o f

r0 is 6|/2/2, thus к =  ]/2/2-

For increasing integer values o f n th e  dislocation m oves off from th e  
surface o f the cylinder b y  steps o f the interatom ic distance. I f  we determ ine

2 * Acta Phys. H ung. Тот. X V . Fasc. 1.
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th e  change o f  the d islocation  energy for such an elem entary slip, th en  we can 
determ ine an average force acting along th e  path b and resulting in ju st  the  
sam e am ount o f  work. It is  obvious th a t this force m ust be given b y  the  
m inim um  force F  leading to  slip along an interatom ic distance. For such an 
elem entary slip the work done by the external stress per u n it length is given  by

A =  a • b2 =  F  ■ b = A U 0 .

From this

a =  ^ L .  
b2

(35)

F ig .  4. E nergy o f  a screw d islocation  as a fun ction  o f distance from  the surface o f  cylinder

F igs. 4  and 5 show  th e  energy o f a screw dislocation and the stress (35) 
as a fu nction  o f distance from  the surface in the case o f  a perfect crystal. 
O n th e ordinates o f F ig . 4 w e have p lo tted  the quotien t o f  the actual and 
m axim um  va lu e o f d islocation  energy. The m axim um  o f  th e  energy is found  
ev id en tly  in  th e  centre. For th e  com putation  we used th e  value R  =  0,1 cm  
and b =  2,5  • 10~8 cm. It m ay  be seen th a t at 1000 in teratom ic distances  
from  th e surface the energy o f  dislocation rises to more th an  half o f its m ax i
m um  value. A t the sam e tim e  the force required for the m ovem ent o f  d isloc
ation  decreases very rapid ly  b y  orders o f  m agnitude. T he greatest force re
quired for th e  slip will be necessary at th e  first elem entary step. Then the
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crystal is still perfect, so th is force can be regarded as the critical shear stress 
o f the perfect crystal. For th is we get from  (34) and (35)

3 и
ocrQzi —  -----  .

4 2 n

Thus we have obtained the theoretical shear stress of th e  perfect crystal on  
the basis o f  an elastic m odel.

W ith the d islocation m oving off from  th e surface, th e  force decreases 
very  rapidly, further slip tak ing  place on th e  influence o f  v ery  small forces. 
All th is is in perfect agreem ent w ith experience. The presence o f  defects o f  th e  
typ e  investigated  decreases th e  stress sign ificantly , leading to  plastic deform 
ation. At a few  thousand interatom ic d istances from the surface the force

Fig. 5. Force acting on a screw dislocation as a function  o f  distance from  the surface of cy lind er

derived from the change o f the elastic energy o f dislocation is practically zero, 
but the m ovem ent o f the d islocation is hindered by some frictional force, g iv 
ing the required stress o f 1 0 ~ 4 (i— 10-5 /I for the plastic deform ation. This 
frictional force cannot be studied , how ever, on hand o f th is  elastic m odel, 
because here all the forces acting betw een th e  atom s play an im portant role.

In Fig. 4 we have p lotted  the energy for a dislocation the core radius 
o f which is r0 =  4b. In th is case the curve reaches its m axim um  a little slow er, 
but the shape o f the curve is identical w ith  the former one. The difference 
betw een the forces acting on the two kinds o f  dislocations is very  sm all and  
cannot be represented in  the figure. Larger differences are found only betw een

ju
the forces, which are required for the first step , this va lue is here 0 ,3 5 ——.

I tc
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This decrease can be understood because in the presence o f  a core w ith  radius 
46 the crysta l cannot an y  longer be considered perfect, and, as we have seen, 
the largest force is necessary for the p lastic deform ation o f  the perfect crystal.

Summary

On th e basis o f an elastic m odel we show  that th e  stresses required for 
plastic deform ation decrease very sign ifican tly  in th e  presence o f  a d isloc
ation , as w ell as the com m encem ent o f  th e  plastic deform ation o f a perfect 
crystal is equivalent to  th e  production o f  a dislocation. For the production  
o f  a d islocation  the stress required is o f  th e  order o f (1).

W e can conclude from  this result th a t even i f  a perfect crystal w ould  
ex ist, nevertheless the slip w ould not tak e place sim ultaneously  in th e  whole  
slip plane, b u t the critical shear stress w ould produce a dislocation first. A bout 
a few  thousand  interatom ic distances from  the surface th is can be m oved al
ready b y  v ery  small forces, leading to  th e  production o f a new  dislocation, etc. 
In  th is fic titiou s process extrem ely  large slips would arise, which probably  
w ould lead to  the fracture o f  the solid. Thus we see th a t a crystal free from  
dislocations would behave as a perfectly  rigid body suffering fracture under  
the critical stress. From  th is we have to  conclude th a t dislocations not on ly  
m ake th e  p lastic deform ation easier, but th a t w ithout th is  m echanism  brittle  
fracture w ould  set in before a plastic deform ation could com m ence.

Appendix I

B y  differentiating equ. (12) we h ave

and

0И- b 1 3 V

Qx 2 71 i +
V |2

u ]
0* и

duz b 1 0 f v
dy 2 n

i + w r
dy I и

W ith th ese  we can w rite instead o f  (15), (16)

and

X 0 _l )
dx . « J

— xnl A

Э Í V
+  3 '—  —0 y  ( и

=  0 ,

V
0Ж I u

+ J
0 V

dy u
=  0

for X 2 - j -  y 2 =  .R2 , 

for ( x  — x 0)2 +  y 2 =  r2 .
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respectively . After d ifferentiating we find

а
l v

2 x  —  (xj +  £,) ’ V

d x \ и . (x i — £i)y U
4

( v X 2 ~ y 2 — {Xi +  If) r + R 2 t v

\ и (x, -  £<) j 2 U

T hus we obtain

9 ' V
+  y  —

9y
9 R2 -  x 2 -  y 2

Л/
9л: и и

•Чл1

1

U
=  0 for X 2 +  y-  =  R2 ,

further

(*
(  V 9 ' V
— +  y — —

( u 9y u

W e applied here (11)

r20 — (x — x0)2— y 2 / j M 2 0

(* i ~ £ i ) y  i » J
for (x — *0)2 +  y 2 =  r2 .

xu ix i +  £/) =  R 2 +  x l  — r2 .

Acta Phys. Hung. Тот. X V , Fasc. 1.
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Appendix II

I t  is evident on th e  basis o f  F ig. 6 th at th e  couple acting on th e  point 

(*o> °) is
R 2л

[ J [(r — a:0 cos #) aí2r] rd rdft =  j  J (r — xQ cos ■&) aiz r d r d f t  —

Го 2л

-  j  j  ( r ' a , ' J r ' d r ' d P  
0 0

(36)

In the first term  on th e  right side we have w ritten

ffi>z — +  alz  +  a%z >
where

„1 _  ^a oz
(Xi — £,) [(r2 +  ß 2) cos & — (Xi +  Si) r]

2n [r2 +  B 2 — (Xj +  £,) r cos # ]2 +  (xj — f  ,)2 r2 sin2 ■&

1 — 2 log

<4 =  Mo
R

1 _ 2 1 o g ^ ~
ß

r cos 2#  , cr|2 =  r .

Let us investigate at first th e  follow ing integral

h  = j J (ro\z) r d r d ï ï  .
Ó 0

An elem entary calculation  shows th at can be w ritten  in the follow ing form;

R

h  =
/лЬ * 1 r 2 - n d&

4 n 2 ri,- ,  ' 2 +  яcos P -----------------
J ЛУ 2 rS,

Because

r2 — Л2 
2 Г X:

d&

c o s$  —

0

r* +  xj 
2 r x ,

rdr .

In —
-

dd 2n
cos #  — a ]/a2 — 1

for a >  1 ,
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we can write

r 4 j t  r  f t  J
• — i f

4л Г X;

r ‘ —  X I

4л r Xj

W ith these we have 

R
fib
4л

R X(

2л rdr -)- j 2л rdr — J 2л rdr

Xi Ô

for r >  X,

for r <  xt .

=  (R2 -  xj)
2

After a sim ilar com putation we find

R  2 n

=  — x0 J" j~ olz cos & rdrdê  =  x0 xt log  .
R

Further we have

J3 =  J  f (r — #0 cos &) a\z rdrdd — 0 , 
о o'

R  2.1

J4 =  J J (r — x0 cos i?) erf- rdrdd =  [iA0 л
R i

о 0

W ith these th e  value o f  th e  first term  becom es

I  г +  h  +  h  +  h  =  -“ I« 2 -  xj  +  *0 Xj log
R

+  |МА0 тгЛ4/2 (37>

The second term on the right side o f  equ. (36) can be calculated in  the  
follow ing w ay. Let us consider the expression

h  =  J* f  (r'orK) r 'd r 'd tf',
0 o

where

al/ =  _______ (*,• — ft) [(r/2 +  rp) cos & — («f +  Si — 2ac0)r/]
2л; [г'2 +  г(,— (*,■ +  £, — 2*0) r ' cos $ ']2 -{-(ж,-— £,)2r'2s in 20 '

It can be seen th a t th e  integral Ib can be obtained from  the in tegral h ,  
i f  we su b stitu te  (x/ —  *„), I,- —  я 0), r0 for Xj, it, R,  resp ectively . On th e  basis.
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o f  th is we have
fib

2~ {r o -  (*< -  * o )2} • (38)

In  the calculation  o f the in tegral
r. 2л

h =  J J ( r ' a ^ r ' d r ' d d '

we confine ourselves to  an approxim ation. From  (23) we have

1 — 2 log
u H # ',r ') R

1 _  2 log
R

(r'2 sin 2 2íc0 r 'sin  # ') ,

where
r =  ^r'2 +  ж§ +  2ж0 r' cos d' .

Because r' <  r0<i ж0 w e can take x 0 instead  of r in good approxim ation, 
and thus we can write

di  fi 8u'z ( r \ d ’) 
r' dd '

ш  fiA„ (r' cos 2d'  -j- xü sin &'),

w ith this we h ave I6 =  0.
U sing th e  expression

щ, — A 0 z (r +  #0 cos d ' ) ,

th e  value o f the final integral can be obtained too. This is

r„ 2л

f 7 = J  j { r ' z) r ' d r ' d d ' — [ iAün- ^~- .

W ith the values from (24) and (36) we find

fib
2

RA
R2 — x‘j +  # 0 Xjlog ~~~ I “I- цА0п —------

R

and from this

A q =  —

- y - E rit— (*/ — * .)‘ ] -  !>■ -  0

— — ! R-- -r j+  < * ,-* .)■ - «„ *, log - J - I .
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ИССЛЕДОВАНИЕ ВИНТОВОЙ ДИСЛОКАЦИИ, 
ЭКСЦЕНТРИЧЕСКИ РАЗМЕЩАЮЩЕЙСЯ В УПРУГОМ ЦИЛИНДРЕ

И. КОВАЧ

Р е з ю м е

Исследовалась винтовая дислокация, эксцентрически размещающейся в упругом 
цилиндре. Применением конформного преобразования для пространства напряжений 
можно получить решение, выполняющее граничные условия как по поверхности цилиндра, 
так и по полости дислокации. Если данное пространство напряжений известно, можно 
определить энергию дислокации как функцию расстояния от центра цилиндра. На осно
вании полученного таким путем выражения энергии можно сделать вывод по отношению 
порядка величины напряжения, необходимого для создания винтовой дислокации в 
упругом цилиндре, не имеющем дефектов: он получается равным jifi. л . Данная величина 
совпадает с теоретическим критическим напряжением сдвига идеального кристалла, 
определенным Френкелем на основе простой модели кристалла.
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A CONTRIBUTION TO THE PROBLEM 
OF INELASTIC MAGNETIC SCATTERING 

OF POLARIZED NEUTRONS IN Fe AND Ni

B y

L. Va LENTA and §T. ZAJAC
FACULTY OF TECHNICAL AND NUCLEAR PHYSICS, CVUT, PRAHA, CZECHOSLOVAKIA 

(Presented b y  A. K ón ya . — R eceived  2. X . 1961)

M agnetic sm all-angle scattering o f  slow  polarized neutrons is studied in  Fe and N i 
a t 0°K  b y  m eans of the spin w ave theory. The cross section  is calculated in  dependence on  
th e  polarization of incom ing and scattered neutrons supposing the spin o f th e  incom ing par
ticles to be polarized parallel or antiparallel to  the spontaneous m agnetization o f  th e  crystal. 
W ith the constants used in  th is paper, th e  value o f the lim itin g  angle w ithin w h ich  scattering  
•can only take place w as about 49' for F e  and 23' for N i.

1. Inelastic m agnetic scattering proves to  have become an interesting  
tool for studying the spin waves in  ferrom agnetics. There is a great number 
of papers dealing w ith  th is problem , nevertheless little  a tten tion  has been  
paid to  polarization effects till n ow  (see e. g. [1], . . . , [16]). S ince the ex 
perim ental possibilities for stu d yin g  such effects have increased in the last 
years, it  seem s to  be in teresting to  exam ine th e  polarization effects in more 
detail. In th is paper we w ill try  to  gain more in sigh t into w hat m agnitude  
of th e  polarization effects can he expected  from  the sm all-angle scattering  
experim ents w ith slow  polarized neutrons.

2. It is known th at tw o m echanism s are im portant in our problem  [17], 
[18], [3], nam ely the creation and annihilation o f  spin waves and phonons. 
N ow , the annihilation o f both spin  w aves and phonons tends to  zero if  the  
tem perature decreases to  0° К  [18], [3]. I f  we choose the energy o f  th e  scatter
ed neutrons so th at their w ave len gth  is greater th an  the corresponding Bragg  
w ave length  and their ve loc ity  is sm aller than  th e  velocity  o f sound in the  
crystal, phonons cannot be produced.

H ence, taking th e  neutrons slow  enough and lim iting our considerations 
to  0° К  we m ay confine our discussion to  the m echanism  of exc ita tion  o f spin  
waves on ly . This w ill be done in th is  paper, because it  sim plifies th e  theoretical 
approach to  the problem  and m oreover, it  has th e  advantage th a t th e  experi
m ents are more “ pure” and their interpretation  is easier. R ecently  th is effect 
has been studied experim entally  b y  m eans of unpolarized neutrons [16].

3. In  th is paper we w ill avail ourselves o f  th e  paper by A v a k y a n ts  [2], 
who discussed the m agnetic sm all-angle scattering o f  an unpolarized neutron  
beam  on a sim ple cubic la ttice  at 0° K . Follow ing A vakyants we w ill extend  
his results to include polarization effects and ap p ly  the results to  iron and 
nickel. F irst o f all, it  is necessary to  sketch A v a k y a n ts’ procedure briefly:
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The interaction  energy operator is taken in  th e  form

V  = ePn V (г -  г/()

Рп
eh

2 МсРпа ■

(1>

where е is the charge o f  the electron; [in is the m agnetic mom ent o f th e  neutron;
is th e  Dirac m atrix  o f the k-th electron w hose position vector is r*; r is 

the position  vector o f  the neutron, M  its mass; h is P lanck’s constant; c is the  
velo c ity  o f  light in vacuum  and yn Ssi — 1,91; fin a lly  d is the Pauli sp in  m atrix  
for the neutron.

The m otion o f th e  neutron before (index 0) and after (index 1) scatter
ing is described b y  w ave functions o f  the form o f  a plane w ave

•

<Po,l =  е'/ЛРо','Г ’ (2)

where Q  is the vo lu m e o f the ferrom agnetic crysta l, p 0il the m om entum
1

o f the neutron and 2 =  +  ■— its sp in  quantum  num ber; % is th e  spin w ave
2

function o f the neutron . The crystal before scattering  is supposed to  be com 
p lete ly  m agnetized w ith  spins directed along th e  г-axis. I t  can be described  
b y  the w ave function

ф о =  T 7 =  2  eP (r i)  S * (si) • • • Vn  M  S K (% ) , (3)1 . p

where N  is the num ber o f atom s in th e  crystal, P  is the perm utation operator* 
Ep =  +  1 (-)- for even  perm utations, —  for the odd ones). The atom ic wave  
functions ярк (г;) for the 1-th electron on the fc-th atom  are supposed to be 
«-functions identical for all the atom s, the only difference being in  th e  centre 
o f the atom s to  w hich th ey  are attached . S +  г/г (s/) are the corresponding  
electronic spin w ave functions. The one-spin w ave state o f th e  crystal can  
be described after B loch  [19] by

•  •  •  V i ( * • / ) S - y * ( s i) - - - w n (vn ) s 'a ( s n ) ;

( 4 >
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here к is the spin wave vector (see § 4) and l runs over all indices of the atoms 
in the crystal. Avakyants has shown that introducing the abbreviations

4 = - 4 “ (Po — P i) . Чо =n q

F =  \ip* ipeiv dr, г 0
me-

o0l =  i tx  (ff) , Ofji =  S i^ (s )  o(i> S,/$(s) ,

we may write for the matrix element Va_„1

*0-1 =  <  9i Ф11 V \<Po Ф0 >  =

л г0 Fyn ti2 
Q \ N M { a <n '  °01 '  (CT01 Чо) («Й • Чо)} • gi(q-k )R , .

(5 )

R , is the position vector of the l-th atom. Calculating | V lĥ 1 |2, Avakyants 
used the usual averaging procedure and obtained the formula for unpolarized 
beams.

4. Let us proceed now to the discussion of the polarization effects. 
As may easily be seen, ей is a vector with constant components

aoi — (1» M>).

Denoting symbolically the state with the spin component H----
2

we find О"01 for the four possible transitions:

Г
2 MU)»

Transition «01

t - t (0, 0, 1)

t - - 1 (1 . i, 0)

(1» 0)

>  1 (0, 0 , - 1 )

Hence, we obtain for j kó_>i |2

1
In

‘Yn F  12

Q M
P  j J £ ei(4-k)K,|25 ( 7>
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where, according to  (5) and (6), the fo llow ing value is to  be substituted  for P :

Transition P

t -> t qlz (1 -  qlz)
t (1 -qlz)2
1 - 1 (1 +  qlz)2
1 - 1 qlz (1 -  qlz) ■

The corresponding cross section is g iven by the form ida

where

V M 12 Qe
Q M

Pa

P l M Q 2
(2лП)3 (2л)3

dÜTld3 к;

( 8)

dQ fi is the elem ent o f the scattering angle o f pt, d3 к  — dkx dky dkz and

7 2л:
*,• =  7Г" xi ’ (*/tra

0 , 1, 1) .

€ 3 is equal to  the num ber o f  elem entary cells in the crysta l, a is th e  lattice  
constant o f  th e  crystal.

H ence, inserting (7) in to  (8) we obtain

2л Q M  jo^MQ2 1 nr0H2 y n F  |2
’ ~ T  Po (2лП)3 (2л)3 ~ W  Q M  

• P  | 27 e'O k)Ri |2 dQfl <P • к .

N ow , according to  W e i n s t o c k  [17],

(9)

I y  e/(4-k)B, |2 =  N  £  ô (q _  k +  2лг), (10)
i В f

w here В is th e  volum e per atom  and T is a n y  reciprocal la ttice  vector. B ecause  
w e are dealing w ith  very  slow  neutrons, whose w ave length  is greater than

€  — ( C ~  1) we can take o n ly r = 0  in(10), since the conservation  of m om entum  
a

a3
■could not be respected otherw ise. For В  we have В — ——-, where Nj  is the

Acta Phys. H ung. Тот. X V .  Fasc. 1.



INELASTIC MAGNETIC SCATTERING OF POLARIZED NEUTRONS 33

num ber o f atom s in any elem entary cell. Hence, we have

ei(4~k)R; 2 * NNj ô (q k) ( И )

w ith  Nj  =  2 resp. 4 for Fe resp. N i. Inserting (11) into (9), p u ttin g  F oá 1 
and integrating over k, we get

г2 V2 Nde =  - ^ - P l PdQPl. ( 12)
4F o

F inally , integration over í tö Pl gives

a =  I h ^ L c p i p d üpi (13)
4 p 0 J

5. Integrating in (13) we m ust respect the conservation o f energy and 
m om entum  where we take Ia2k2 for the energy o f th e  spin w ave and h к for 
its m om entum  [19], [2]. I  is the exchange integral. W e get

where

Pi  =  P о
cos ß +  /c o s 2 ß  -f- ß2

г +~Г
cos ß  = Po • Pl 

Po Pl'l
•} ß

r-
2м Т а 2 '

(14)

Taking 1 = 2 0 5  к for Fe [20] and I  — 290 к for N i [21] (к is th e  B oltz
m ann constant) we obtain ßpe =  1,43 • 10-2  and ß ŷ, =  6,69 • 1 0 ~ 3. Since 
p2 m ust be real and positive, the inequality

sin  ß ^ ß (15)

m ust hold. We see th a t scattering is possible on ly  w ithin  a sm all angle given  
b y  (15). Using the values o f ß for Fe and N i we find  the value o f  th e  lim iting  
angle for both m etals. W e obtain 49 ' for Fe and 23' for Ni. W e see th a t the 
scattering cone is extrem ely  narrow. N evertheless, successful m easurem ents 
have recently been m ade on iron [16].

6. For further calculations we use the spherical coordinates for 
Po ( p o> 0 o> ф ») and Pi (Pn в ,  Ф). In  th e  following results for <90 =  0 are pres
ented . In this case the follow ing form ulae are necessary:

P i = P a
cos 0  +  / cos2 0  -f- ß2 — 1

" l + ß

9o2 =
ß  -f- sin2 0  — cos 0  [ cos2 0  ß2 — 1

" 2 Г

(16)

(17)
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U sing (16) and (17) we obtain  from (12) th e  differential cross section  
for Fe and N i in  dependence on the polarization o f the incom ing and out- 
com ing neutrons as show n in F ig . 1 and Fig. 2.

Inserting (16)— (17) into (13) and carrying out the integration  0  within, 
th e  in terval (0, arccos ]j 1 —ß 2). we obtain after som e rather tedious calcul* 
ations the to ta l cross section per atom  as shown in Table 1.

Table 1

Transition Fe
a (barns)

Ni
a (barns)

t - t 5.86 IO"6 1.27 i o - 6

t - 1 3.32 1(TS 7.22 i o - 6

1 - t 6.44 IO"5 1.40 IO -5
5.86 10“6 1.27 IO“ 6

unpolarized 5.47 IO“ 5 1.19 10-5

H ere the formulae for the particular integrals have been expanded into power  
series in ß and higher term s om itted . The detailed calculation o f the integrals 
and their expansion into power series can be found in [22].
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7. Fig. 1, 2 and Table 1 show clearly a strong dependence o f the  
cross sections on the polarization o f the neutrons before and after the scatter
ing process. There is some hope that similar effects m ay be expected  at a 
tem perature higher than 0° K . The small va lu e o f the scattering cross section  
at 0° К  is not surprizing, since similar results have been obtained for the  
unpolarized beam s. Moreover, we m ay exp ect, on the basis o f  calculations 
carried out for unpolarized beam s [6] that a fairly great increase o f the cross 
section  will set in  w ith increasing tem perature. The influence o f  tem perature 
w ill be the subject o f further calculations.

8. As m ay be seen from (14), all angles <9 are allowed for ß  >  1. H ence, 
the scattering is no longer lim ited to small angles as in the case o f  iron and  
nickel. The analysis shows th a t it could appear at m aterials w ith  a low  Curie 
tem perature. A rough estim ation  shows [22] that it m ight be so in some o f  
the rare earth m etals.

9. Let us briefly  sum m arize our results: The scattering cross sections 
per atom  for th e  scattering at 0° К  were calculated for various initial and  
final polarizations o f the spin o f  the neutron in  the direction o f  the m agnetiz
ation o f the crystal. A strong dependence o f  the scattering cross section on  
the polarization o f neutrons before and after scattering has been found. W ith  
the constants used in this paper the value o f  the lim iting angle w ithin which  
scattering can on ly  take place was about 49' for Fe and 23' for N i.

A cknowledgm ent: Our thanks are due to  P. HÁjícek  for the checking  
som e o f our calculations.
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О НЕЭЛАСТИЧНОМ МАГНИТНОМ РАССЕЯНИИ ПОЛЯРИЗОВАННЫХ 
НЕЙТРОНОВ В Fe И Ni НА МАЛЫЕ УГЛЫ 

Л. ВАЛЕНТА и Ш. ЗАЯЦ

Р е з ю м е

На основе теории спиновых волн изучено неупругое магнитное рассеяние медлен 
ных поляризованных нейтронов на малые углы в железе и никеле при 0° К. Эффективное 
сечение рассчитано в зависимости от поляризации до и после рассеяния нейтронов, пред
полагая спины ориентированные параллельно или антипараллельно спонтанной намаг
ниченности кристалла. Пользуясь константами, применяемыми в этой работе, для пре
дельного угла, внутри которого возможно рассеяние, получилось значение 49’ для же
леза и 23’ для никеля.

ч
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DAS STATISTISCHE ATOMMODELL 
IM IMPULSRAUM. I

Von

A. KÓNYA
FORSCHUNGSGRUPPE FÜR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE 

DER WISSENSCHAFTEN, BUDAPEST

(E ingegangen: 9. X . 1961)

Es wird hier gezeigt, dass im  R ahm en der statistischen  Theorie des A tom s die D ichte
verteilung w(p) der E lektronen in dem  dreidim ensionalen Im pulsraum eine Näherungslösung  
des M ehrteilchenproblem s darstellt, w elche der D ichteverteilung g(r) der E lektronen in dem  
dreidim ensionalen K oordinatenraum  äqu ivalent ist. D ie  beiden D ichtefunktionen sind durch  
sym m etrische R elationen m iteinander verknüpft, die in nu llter  Näherung der quantenm echa
nischen Transform ationstheorie entsprechen.

Die Problem e der Q uantenm echanik können  in verschiedenen Reprä
sentationen  behandelt werden. B ei den Problem en der E lektronenschalen  
b enutzt man m eistens die K oordinaten- und die Im pulsrepräsentation. Je nach  
der gew ählten R epräsentation bekom m t m an die Lösung in  der Form der 
K oordinatenw ellenfunktion f ( r v  r2, . . .) bzw . der Im pulsw ellenfunktion  
%(pi, p zi • • •)• Die beiden W ellenfunktionen sind m iteinander durch die Fourier- 
Transform ation verknüpft. K ennt m an die F unktion  ip, so lä sst sich p(r), die  
E lektronendichte im  dreidim ensionalen K oordinatenraum , bzw . D(r) =  
=  4тгг2р(г), die radiale E lektronenverteilung im  K oordinatenraum  definieren, 
w elche letztere m it dr m ultipliziert die Anzahl der Elektronen in  der K ugel
schale zwischen den Radien r und r -j- dr angibt. Ebenso können  wir aus der 
K enntnis der Funktion % die E lektronendichte im  dreidim ensionalen Im puls
raum  co(p), bzw. ü(p)  =  4тгp2co(p), die radiale E lektronenverteilung im  Im puls
raum  ableiten [1], [2], wo Ü(p)dp  die A nzahl der Elektronen m it einem  
Im pulsbetrag zwischen p  und p  dp  angibt.

Für Atom e m it mehreren E lektronen liefert die statistische Theorie des 
A tom s eine sehr einfache und zu vielen  Zwecken nützliche N äherung der 
E lektronendichte im  K oordinatenraum  [3]. Burkhardt hat gezeigt [4], dass 
m an in Rahm en dieser Theorie die radiale E lektronenverteilung im  Im puls
raum  Q(p)  aus der K enntnis der D ichte p(r) berechnen kann. KÓNYA [5], bzw . 
Coulson und March [6], [7] haben später diesbezüglich ausführliche R ech
nungen durchgeführt und die gew onnene Im pulsverteilung für die B estim m ung  
der Form  und Breite der Com pton-Linie angew endet.

Unser Ziel ist es je tz t, die von  der statistisch en  Theorie des A tom s gelie
ferte Im pulsverteilung ausführlich zu untersuchen. Wir wollen zeigen, dass 
in R ahm en dieser Theorie nicht nur die E lektronendichte g(r), sondern auch
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<jű(p) als eine äquivalente N äherungslösung des quantenm echanischen Mehr
teilchenproblem s zu betrachten ist, w elche der Im pulsrepräsentation ent
spricht.

Zu diesem  Zwecke werden wir in § 1 die B erechnung von co(p) aus g(r) 
erörtern und Zusam m enhänge zwischen den beiden D ichtefunktionen ableiten. 
D anach bew eisen wir in § 2, dass co(p) eine äquivalente N äherungslösung des 
M ehrteilchenproblem s is t , aus welcher p(r) sich w ieder eindeutig bestim m en  
lä sst und zwar der um gekehrten Aufgabe entsprächend au f eine sym m etrische  
W eise. In § 3 werden wir zeigen, dass die B eschreibung der E lektronenver
te ilu n g  durch co(p) der Im pulsrepräsentation der Q uantenm echanik entspricht 
und  eine N äherung der quantenm echanischen R esu lta te  vom selben Grade 
bedeutet wie die Beschreibung im K oordinatenraum .

§ 1

B ei der A bleitung der Grundzusam m enhänge der statistischen Theorie 
des A tom s zerteilt m an das A tom volum en in kleine Y olum enelem ente dvr, 
innerhalb welcher das P otentia l annähernd konstant is t , wo aber noch  genug 
viele  E lektronen sich befinden, die wir statistisch  behandeln können. Diese 
E lektronen in einem  R aum elem ent von  der A nzahl g(r)dvr bilden dann ein 
vollständ ig  entartetes, freies Fermi-Gas am absoluten Nullpunkt der Tem pe
ratur. D er Im pulsbetrag der E lektronen ändert sich  in jedem  V olum en
elem ent von  N ull bis zu dem m axim alen W ert

р  =  (Зтг2)1/ . ^ ‘/.(г). ( l )

D ie E lektronen befinden sich also in einer K ugel vom  Radius P  um  den 
A nfangspunkt des Im pulsraum es.

W enn wir nun annehm en, dass die Funktion g(r) gegeben is t  und sie 
eine m onoton fallende Funktion der Veränderlichen r ist, so können wir für 
die D ichte co(p) eine einfache Form el angeben. Wir bestim m en hier sofort diç
A nzahl der Elektronen m it einem Im pulsbetrag grösser als p,  also die Grösse 

00

C Q(p)dp.  Daraus können  wir dann co(p) einfach erhalten.
E lektronen, die einen Im pulsbetrag grösser als p  haben, kom m en in 

allen V olum enelem enten vor, für welche

( 2)

ist.
D ie E lektronen in  einem solchen V olum enelem ent erfüllen also im  

K oordinatenraum  den R aum inhalt dvr, und im Im pulsraum  den R aum inhalt

—  (P 3 — p 3) . Ihre A nzahl ergibt sich daraus zu

—  - ~ ( P 3 - p 3)d vr. 
h3 Зтг2

Acta P hys. Hung. Тот. X V .  Fase. 1.



a DAS STATISTISCHE ATOMMODELL IM IMPULSRAUM 39

Die Anzahl aller E lektronen m it einem Im pulsbetrag grösser als p  erhal
ten  wir durch eine Sum m ation dieser Beiträge, wo wir alle Y olum enelem ente  
in  B etracht ziehen m üssen, die der Relation (2) genügen. Es is t  also

“  Kp )

j  Q(p) dp  =  ~  ±  J  r2 (P* -  p») dr , (3)

p »

•wo r(p) den B etrag des R adiusvektors b ed eu tet, für welchen

p  =  P  =  (Зл2уиНвЦ г )  (4)

ist.*  D ie Funktion r(p) ist also die inverse F u nktion  von p  — P(r).
Aus Gl. (3) können wir sofort sehen, dass Q(p)  ebenso w ie D(r) norm iert 

is t . W enn wir näm lich  den Grenzradius des A tom s im K oordinatenraum  m it 
r0 bezeichnen, so bekom m en wir m it Hilfe v o n  Gl. (1)

°° r0 r0

\ Q (p )  dp = - ~  ~ ~  j  r*P3 dr =  J D(r) dr =  N ,  (5)
о 0 "o

w o N  die Anzahl der E lektronen in dem betrachteten atom aren System  
bedeutet.

Der physikalische Inhalt der Gl. (3) wird besonders klar, wenn wir diese  
folgenderm assen um form en:

r(p)
Q ( p ) d p = \  D(r)dr

1 4
------ ---— p 3 r3(p ).

h3 9л ( 6 )

Elektronen m it einem grösseren Im pulsbetrag als p  befinden  sich im  
K oordinatenraum  nur innerhalb der Kugel m it dem  Radius r(p),  wo r(p) durch  
die Gl. (4) bestim m t ist. Das erste Glied auf der rechten Seite von  Gl. (6) gibt 
■die A nzahl aller E lektronen innerhalb dieser K ugel an. U m  nur die A nzahl 
der Elektronen m it einem  Im pulsbetrag gr osser als p  zu erhalten , müssen wir 
diesen W ert um die Anzahl der dort beliridlichen, aber kleineren Impuls als 
p  besitzenden E lektronen verkleinern. Diese letzteren  erfüllen im  K oordinaten-

4л . 4л
raum  den R aum teil —  r \P) und im  Im pulsraum  den R au m teil—~РЛ• So erhal-

* W enn n(r) keine m onoton fallende Funktion v o n  r is t , dann haben w ir im  allgem einen  
m ehrere r,(p)-W erte. D em entsprechend w ird dann auf der rechten Seite der Gl. (3) eine Sum m e  
v o n  m ehreren Integralen stehen. D ie Rechnungen sind in  diesem allgem eineren Falle auch  
o h n e  Schwierigkeit durchführbar, wir w erden aber uns d am it hier nicht beschäftigen.
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ten  wir für ihre Anzahl
1

¥
4

9л
P 3ra{ p ) , ( 7>

was genau das zw eite Glied au f der rechten  Seite der Gl. (6) ist.
Mit H ilfe der Gin. (5) und (6) können  wir sofort auch die A nzahl der 

E lektronen m it einem Im pulsbetrag k leiner als p  angeben:

P r,
[  G{p) dp =  j  D(r) dr +  J L  ~ p 3 r3(j9 ) , (8).

® dp)

w elche —  w ie die Gl. (6) —  eine einfache, anschauliche Bedeutung h a t. A lle  
Elektronen näm lich, die sich ausserhalb der Kugel m it dem Radius r(p)  im  
K oordinatenraum  befinden, haben einen kleineren Im pulsbetrag als p .  Das 
erste Glied a u f der rechten Seite der Gl. (8) gibt eben die A nzahl dieser E lektro
nen an. Es kom m en aber noch E lektronen m it einem Im pulsbetrag k leiner als 
p  auch im  Inneren der K ugel mit R adius r(p) vor, ihre Anzahl gibt uns eben 
der Ausdruck unter (7) an. Darum steh t dieser A usdruck jetzt m it positivem  
Vorzeichen in  Gl. (8).

Die radiale E lektronenverteilung im  Im pulsraum , Q(p),  lässt sich  aus 
jeder der Gin. (3), (6) oder (8) berechnen. So folgt z. B . aus Gl. (3)

Q ( p )  = Q ( p ) d p

P

_ i  4
h3

r(P)

r2 dr =
h3 Зл

p 2 r3(p ) . (9>

D ieser Zusam m enhang wurde zum  erstenm al vo n  B u r k h a r d t  fü r  die  
radiale Im pulsverteilung angegeben.

Man kann sofort bem erken, dass das zweite Glied a u f den rechten Seiten 
der Gin. (6) und (8) sich einfach m it H ilfe von Q(p) ausdrücken lä sst. So be
kom m t m an diese G leichungen in fo lgenden Formen:

» dp)J Q ( p ) d p =   ̂D(r )dr  -  (10)

P  0

P ro

I Q ( p ) d p  = J D(r)dr  +  ~ p Q ( p ) .  (11).
0 r(p)

Aus Gl. (9) für ü(p)  haben wir endlich den einfachen Ausdruck für die 
E lektronendichte im  Im pulsraum

(P)
1

Зл2 3(P)- ( 12);
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Zusam m enfassend kann man also au f Grund der Gin. (4) und (12) fo lgen
des behaupten: Ist die E lektronendichte im  K oordinatenraum  durch die m ono
ton  fallende Funktion o(r) beschrieben, so ist die E lektronendichte im  Im puls
raum

bei dem Im pulsw ert p  — (Зл2)1/» ho'^r)

gegeben durch die Form el co(p) = ----------- r3( p ) . ( l^ )1
fr3 3Л2

Es ist leicht festzustellen , dass m it der F unktion  g(r) auch co(p) monoton  
abnim m t.

§ 2

Wir wenden uns je tz t zu der um gekehrten A ufgabe. Wir w ollen  anneh
men, dass die E lektronendichte im  Im pulsraum  co(p) bekannt und eine m ono
ton fallende Funktion is t . Unsere A ufgabe sei es, die E lektronendichte im 
K oordinatenraum  g(r) zu bestim m en.

Form al gewinnt m an die L ösung dieser A ufgabe sehr einfach durch die- 
Um kehrung der Ausdrücke unter (13): Die D ichte g(r) ist

bei dem K oordinatenw ert r ' =  (3n2yi’ hoill>(p)

1 1 (14>
gegeben durch die Form el g(r) = -------------p 3 .

%3 Зл1

W ieder sieht man sofort, dass m it der F unktion m{p) auch g(r) m onoton  
abnim m t.

B ei dem Vergleich der Gin. (13) und (14) fä llt die volle Sym m etrie der 
beiden Transform ationen auf. W eiter is t  es auch ersichtlich, dass die A nw en
dung der zwei Transform ationen nacheinander die ursprüngliche F unktion  
reproduziert. Dam it haben wir also zwischen den beiden D ichtefunktionen  
einen w echselseitigen und eindeutigen Zusam m enhang gewonnen.

D ie grundlegenden Formeln unter (14) kann man auch ohne B enützung  
der Ergebnisse der U ntersuchungen im  Koordinatenraum  erhalten , durch 
eine U m kehrung unseres bisherigen G edankenganges, in dem m an die E igen
schaften der Verteilung im  Im pulsraum  zugrunde legt. Das wollen wir nun im  
folgenden durchführen.

N ehm en wir ein V olum enelem ent dvp des Im pulsraum es, w o die E lektro
nendichte co(p) ist. In diesem  V olum enelem ent befinden sich also m(p)dtfp 
E lektronen, die alle einen Im pulsbetrag p  haben. Unsere erste Frage ist: wo 
befinden sich diese Elektronen im  K oordinatenraum ?
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Ein E lektron m it dem Im pulsbetrag p  ist in  unserem  System  nur dann  
gebunden, wenn seine Gesam tenergie dem m axim al m öglichen W ert der 
potentiellen Energie höchstens gleich ist:

p !_
2m

< e ( F - F0) ,

wo e die E lem entarladung, m die Masse des E lektrons, V  — V(r) das P otential 
und V0 — V(r0) den W ert des Potentials am Atom rand bedeuten. Daraus 
fo lgt also, dass die Elektronen m it dem  Im pulsbetrag p  sich um  den A tom 
kern innerhalb einer K ugel mit dem  Radius r(p) befinden, so dass im  Inneren 
der K ugel die obige U ngleichung gültig  ist.

Da die ausgew ählte Elektronengruppe im  Im pulsraum  den R aum inhalt
4зт

dvp, im  K oordinatenraum  den R aum inhalt —  r3(p)  ausfüllt, lässt sich die A n

zahl der E lektronen in  dieser Gruppe in der Form

ausdrücken, woraus

w ( p ) d v p =
H3

1
Зтг2

r3( p ) d v p

r(p)  =  (Зл2)Ч>НсоЦр) (14)

fo lg t. Dieser Ausdruck ist m it der ersten Zeile der Form el (13) identisch .
So sind wir also in  der Lage, bei gegebenem  co(p) zu jedem  Im pulsbetrag  

p  den Retrag des R adiusvektors r(p) angeben zu können, so dass alle E lektro
nen m it dem  Im pulsbetrag p  sich im  K oordinatenraum  im Inneren einer Kugel 
m it dem Radius r(p) befinden.

Jetzt gehen wir zur R estim m ung der D ichte g(r) über. W ählen wir ein 
V olum enelem ent dvr im  K oordinatenraum , welches vom  Atom kern aus gem es
sen eben den durch Gl. (14) bestim m ten A bstand r(p) hat. Die E lektronen, die 
sich in  diesem  V olum enelem ent aufhalten , können höchstens den Im pulsbetrag  
p  haben, welcher Gl. (14) genügt. D iese E lektronen erfüllen also im  Im puls
raum  die K ugel m it dem  Radius p.  So ist aber

woraus

e(r) dvr =
1

П3

<?W =
1

h3
(15)

fo lg t, was m it der zw eiten  Zeile der Form el (13) identisch  ist.
Ähnlich unserem  G edankengang im  § 1 kann m an auch integrale Zusam 

m enhänge herleiten, die den Zusam m enhängen unter (3), (10) und (11) en t
sprechen.
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Bestim m en wir z. B . m it H ilfe  der je tz t bekannten F unktion  w(p) die 
A nzahl der E lektronen, welche einen R adiusvektor kleiner als r haben, d. h .

T
•die Grösse J D(r)dr. Im  folgenden bezeichnen wir wieder den Im pulsbetrag  

о
m it p ,  welcher bei dem  angenom m enen r-Wert Gl. (14) genügt.

Zu jedem  V olum enelem ent dvp ' des Im pulsraum es, w elches zu einem  
Im pulsbetrag p'  >  p  gehört, ordnet die Gl. (14) wegen des m onotonen Abfalls 
der Funktion co(p) einen R adiusw ert r' <  r zu . Alle E lektronen in diesen  
Volum enelem enten des Im pulsraum es gehören also zu der betrachteten  Gruppe.

X)ie Anzahl aller dieser Elektronen is t  j" co(p')dvp..
P

B ei den Volum enelem enten des Im pulsraum es, die zu Im pulsbeträgen  
p '  <  p  gehören, ist das Verhältnis der R adiusw erte nach Gl. (14) r' >  r. Aus 
einem  solchen V olum enelem ent des Im pulsraum es gehören also nicht mehr 
alle dort befindlichen m{p')dvp, E lektronen zu unserer betrachteten  Gruppe. 
W ir m üssen näm lich die E lektronen ausser R echnung lassen, die im  Raum - 

4 71
inhalt — (r,s — r3) sich ausserhalb der Kugel m it dem  Radius r(p)  im  K oordi

natenraum  befinden. D ie Anzahl der so losgetrennten E lektronen in einem  
Volumenelement dvp, ist

1
Й»

r3) dvp. .

So gelangen wir zu dem A usdruck

I D(r) dr =  I  co(p') dvp. -  - L  - L  j  (r'3 -  r3) dvp. ,

0 0 p '< p

woraus wir mit R ücksicht auf Gl. (5) den der Gl. (3) entsprechenden Zusam 
menhang

r  p

I D(r) dr =  N ------—  —  ( P ,2(r'3 -  r3) dp'  (16)
J ftS 3 7 t J
0 0

erhalten. Nach einigen U m form ungen und mit H ilfe der Gin. (5) und (15) folgt 
daraus, dass

Г со

j ’ D(r) dr =  j  Ü(p') dp' +  j  rD{r) (17)

0 p

is t , welche das A nalogon zur Gl. (10) ist.
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N ochm als au f Gl. (5) zurückgreifend erhalten wir auch die R elation

r„ p

I' D(r) dr =  I  Q(p')  d p ' - J  rD(r) , (18)

г о

w elche der Gl. (11) entspricht.
Die Gin. (16), (17) und (18) sind natürlich auch m it der Gl. (15) in  Über

einstim m ung. So folgt z. B. aus Gl. (16) durch eine D ifferentiation n ach  r, dass

p
D ( r ) = —  — r°~ I p'*dp '  =  4тгг2 —  p 3 

К3 л  J h3 Зтг2
0

is t , was m it Gl. (15) identisch  ist.

§ 3

N achdem  wir die Zusam m enhänge der Funktionen  g(r) und co(p) fest
gestellt haben, steh t vor uns die fo lgende Frage: w elche Beziehung besteht 
zw ischen diesen und den quantenm echanischen Ergebnissen?

Im  w esentlichen kann man den Zusam m enhang zwischen den beiden 
D ichtefunktionen  o(r) und w(p) durch die folgenden zwei G leichungen aus- 
drücken:

e(r) =  —  
h3 L p3-

(19)

“o II 1 l 3.
Ъпг

(20)

Bei der B estim m ung der F unktion  co(p) aus g(r) gibt uns die Gl. (19) 
den W ert der unabhängigen Variablen p  =  P , wo der Wert von co(p) nach 
Gl. (20) zu berechnen ist. Im  um gekehrten Falle, b ei der B estim m ung von  
g(r) aus co(p), gibt uns die Gl. (20) den W ert der unabhängigen Variablen r, 
wo der W ert von  g(r) nach Gl. (19) zu berechnen ist.

D ie B eziehung dieser R esultate zu  der Q uantenm echanik wurde bezüg
lich der Gl. (19) schon früher festgeste llt. F ényes  h at nämlich bew iesen  [8], 
dass m an den Ausdruck (19) herleiten kann, indem  man die E inelektron
dichten im  K oordinatenraum  aus der nullten N äherung der K oordinaten
w ellenfunktionen der Elektronen nach der W K B-M ethode [9] b ild et und 
diese über die vo llbesetzten  Q uantenzustände sum m iert (bzw. in tegriert).
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Unsere Aufgabe ist also hier, nur einen ähnlichen Beweis für die Gl. (20) 
zu  geben. Dazu verfahren wir folgenderm assen. D urch die Fourier-Transfor
m ation der —  m it H ilfe der W K B-M ethode gew onnenen — nullten  Näherung  
der K oordinatenw ellenfunktionen stellen  wir eine Näherung der Im puls
wellenfunktionen vom  selben Grade her, mit H ilfe deren wir näherungsw eise 
die Einelektronendichten im  Im pulsraum  bilden können. Zum Schluss müssen 
wir noch diese E inelektronendichten über alle vo llb esetzten  Q uantenzustände  
sum m ieren (bzw. integrieren).

N ehm en wir an, dass die Schrödinger-G leichung unseres E inelektron
problem s sich z. B . in den D escartes-K oordinaten separieren lä sst, dass man 
also die Lösung in  der Form

V  =  V x ( x )  Vy(j) V z { z )

schreiben kann.
N ach der W K B-M ethode is t  die nullte N äherung der W ellenfunktion  

im  Bereich der klassischen Bahn

y> =  A  exp Í ( I \dx  +  Py dy  +  p z dz) A exp
И

( 21 )

wo p x, py , p : die Im pulskom ponente und A  den Norm ierungskoeffizienten  
bezeichnen.

D ie Im pulskom ponenten sollen noch die fo lgenden »Q uantenbedingun
gen« erfüllen:

(j) p x dx — 2 nhkx , I  p y d y  =  2 ti fik y , j /т, dz  =  2 jzfikz,

wo kx, ky, kz ganze Zahlen (Q uantenzahlen) sind.
Durch die Fourier-Transform ation der N äherungs W ellenfunktion (21) 

gewinnen wir eine N äherung der Im pulsw ellenfunktion vom  selben Grad:

i exP y>dv — С  1 exp
i

p r  — pdrJ 1 n J % J L
dvr ,

wo C der N orm ierungskoeffizient ist.
Durch elem entare U m form ungen bekom m en wir daraus, w enn wir die 

Änderung der Funktion exp  [. . ] in  dem  Integrationsbereich vernachlässigen.

X ed C” exp ( 22)

Zu dieser Näherung der Im puls W ellenfunktion gehören noch die Quanten- 
bcdingungen in der Form

ej) % dpx =  2ntik'x , (jj y  dpy — 2лкку , rj) s  dp ,  =  2nfik'z ,

wo kx, ky, k'z wieder ganze Zahlen sind.
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Die G esam telektronendichte im  Im pulsraum  ist nun durch die Sum m e

<0(р ) =  2 2 хЛ р ) хАр ) (23>
j

gegeben, wo j  den durch die 3 Q uantenzahlen beschriebenen Quanten
zustand bezeichnet. D ie Sum m ation ist au f alle vollbesetzte Zustände aus
zudehnen.

W enn wir uns au f ein kleines Volum en vp des Im pulsraum es be
schränken, so wird C" =  Vp *4 w om it aus Gl. (23)

fo lg t. Die Integralgrösse gibt hier einfach die A nzahl der b esetzten  Quanten
zustände. Es ist also

dn =  dk'x dk'y dk'z .

Mit H ilfe der Q uantenbedingungen —  analog zum Verfahren von 
F én y es  [8] —  ergibt sich folgender Ausdruck für co(p):

"(p) -  V  ü w  v4 $ d*dyJ‘ =  w  (24>
wo vr das V olum en im  K oordinatenraum  bed eu tet, welches durch die Elektro
nen m it Im pulsbetrag p  ausgefüllt ist.

B ei gegebenem  Im pulsbetrag p  (d. h. bei gegebener k inetischen  Energie) 
liegen die Zustände m it der k leinstm öglichen Energie im K oordinatenraum  
im  Inneren einer K ugel mit Radius r(p) um den K ern . Das ausgefüllte Volumen 
im  K oordinatenraum  ist also

4л Ч р Ь
w elcher W ert in Gl. (24) eingesetzt zur Gl. (20) führt, was zu bew eisen unser 
Ziel war.
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СТАТИСТИЧЕСКАЯ МОДЕЛЬ АТОМА В ПРОСТРАНСТВЕ ИМПУЛЬСОВ. I
А. КОНЬЯ

Р е з ю м е

В настоящей работе показывается, что в рамках статистической теории атома 
распределение электронов ш (р ) в трехмерном пространстве импульсов составляет прибли
женное решение проблемы многих тел, эквивалентное распределению плотности электро
нов о (г) в трехмерном пространстве координат. Между этими двумя распределениями 
плотности имеются симметрические зависимости, которые в нулевом приближении соот— 
втствуют теории преобразования квантовой механики.
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THE SPACE-TIME CORRELATION FUNCTION 
FOR A SYSTEM OF IDENTICAL PARTICLES 

AT ZERO TEMPERATURE

By

D. K i s d i

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST

(Presented b y  A . K ónya. — R eceived  15. III. 1962)

The ground state  space-tim e correlation fu n ction  is calculated for both of boson and  
ferm ion system s b y  using the B o go liu bo v ’s canonical transform ation technique. The m eth od  
em ployed is valid  for flu ids exh ib iting quantum  degeneracy like H e II.

1. Introduction

In the description o f slow-neutron scatterin g  by a sy stem  of in teracting  
particles the space-tim e correlation function  G(r, t) introduced by Van  H ove 
[1] plays an im portant role. The calculation  o f G(r, t) from  first principles is 
extrem ely d ifficult, requiring the know ledge o f  the solutions of the energy  
eigenvalue problem

Н \ Ф а >  =  Е а \ Ф а > ,  (1)

where H  is the H am iltonian o f  the scattering  system  and th e  eigenstates are 
labelled b y  A.  Owing to the difficulties in vo lved  in the m any-body problem  
G(r, t) has been calculated for a number o f  sim ple models and  besides a series 
o f approxim ation m ethods has been developed for the determ ination of G(r, i). 
In th is paper we are using a new  m ethod for the calculation o f  G(r, t), w h ich  
is based on the B ogoliubov’s [2] canonical transform ation technique and is 
valid  for system s com posed o f a large num ber o f weakly in teracting id en tica l 
particles at zero tem perature, i. e. for su ch  system s in w hich  the quantum  
degeneracy plays a significant role.

In the follow ing we are em ploying u n its  in which h =  1 and M  =  — ,
2

where M  is the mass o f  a particle in the sy stem . The space-tim e correlation  
function for a large, hom ogeneous fluid in th e  quantum  sta te  | ФA >  is defined
by [1, 3]

G ( r 2  —  r 1 5 12  -  t j )  =  <  ФА ! Q tiH )  Qh{r 2 )  I ФА > .  ( 2 )

Q,(r) =  e,Hi P (r) e ~ iHt,

where g0 is the average d en sity  o f the p articles, g0 =  N /Q  (N:  the num ber  
o f  the particles, Q: the volum e o f the system ; both of them  approach in fin ity
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b u t q0 rem ains fin ite) and P(r) is the d e n s ity  operator. In  the configuration  
space P(r) is given by

P( r )= |« 5 ( r -R y), (3)
j - 1

where R x, . . . R N are the position  vectors o f  th e  particles. For a large, h o m o 
geneous sy stem

<  ФА I p (r) ! ф А >  =  eo (4 >

and thus th e  definition (2) can be rew ritten

G(r2 -  r1; t2 — ta) =  Q0 +  2 ’ <  Ф А  I P (rl) ! ФВ >  (5 )
В

(ВФА)
<  ф в  I F ( r 2 )  I ФА >  е !' ( в - » - £ а ) (1 2 -< 1 ) .

On th e basis o f (5) th e  calculation o f  th e  space-tim e correlation fu n ction  
is reduced to  the determ ination of the off-diagonal m atrix  elem ents o f  th e  
density  operator. These m atrix  elem ents o f  P(r) are determ ined and G(r, t) 
is calculated in  Secs. 2 and 3, respectively , for system s o f  identical bosons and  
ferm ions.

2. System of interacting bosons

First w e consider the problem  o f a system  com posed o f a large num ber  
o f  w eakly in teracting bosons. It is con ven ien t to use th e  m ethod o f second  
quantization . Let y>(r) be th e  field  operator o f  the boson fie ld  considered, and  
let it be Fourier-analysed:

* ) - W 2 a * ~ .  (6>

The ann ih ilation  operator ak and its H erm itian  conjugate, th e  creation operator  
ak satisfy  th e  com m utation rules appropriate for Bose sta tistics. The H am il
tonian o f th e  system  can then  be written in  the form

л = л0 + лы,
Л0 =  — J v»*(r) V2 Ÿ>(r) d 3 г  =  2J  к2 а* «к ,

к

н ш  =  у  J j  V*(ri) V*(r2) U(r2 — »h) y(r2) ip(r,) d 3 rx d3 1

---  ^  ôp —к öq_|_k ßq ttp ,
2

(?)
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where U(r) is the interaction potential and Vk is its Fourier transform

Vk =  n ~ 1 j  U ( r ) e ikrd 3 r .  (8)

From the sym m etry properties U(—r) =  U(r) it follows

V-k =  Vk. (9)

I f  there were no interaction  betw een th e  particles, th e  ground sta te  o f  
th e  system  would be one in which all particles are condensed in the sam e  
sta te  к =  0, i. e. the ground sta te  would be characterised b y

«к 1 ]> — 0 ,  for all k=^=0. (10)

Bogoliubov [2] showed first that when a weak interaction is present, the 
ground state of the system is characterised by

Як J Ф0 >  =  0 ,  for all k=^=0,  (11)

where ak is the annihilation operator for an elem entary excita tion  defined b y

a k =  u k a k ----- Vk ffl -k (12)

a k =  u k a k +  v k a * k , (13)

uk =  cosh x k , i’k =  sinh жк , (14)

n o  N K  tanh 2 = --------------------- . (15)
k~ +  N V k

The sta te  w ith one elem entary excitation o f  m om entum  к  is

]фк >  =  a* [ Ф0 >  (16)

and the energy o f the elem entary excitation  is given by

E k =  1f{k2 +  N V k)2 — N 2 V\.  (17)

U sing (11) together w ith  (12) we can com pute the average num ber o f  
particles in the m om entum  sta te  к for th e  ground state  | Ф0 > .  One fin d s

<  nk >  =  <  Ф() I a* ak I Ф0 >  =  for к ф  0 . (18)
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I t  is im portant to  note th a t all m om entum  states h a v e  fin ite occupation  
num bers as N  —> ° ° , except th e  state w ith  к  =  0, for w hich  the occupation  
num ber is proportional to  N  [4]:

<  rao >  =  Í1 — v ) N ,  (19)
where

v =  JV-1 J 2 'e g  = ------------ f i ^ d 3k.  (20)
к (2 7t)3p0 J

H ere L'  represents a sum m ation over th e  к  space w ith к  0.
N ow  we turn to the calculation o f  th e  space-tim e correlation function  

for the ground state o f the system . U sing th e  language o f  second quantization  
th e  density  operator (3) can be written in  th e  form

P(r) =  y>*(r) y>(r) = -----af ak e'(k—0». (21)
Ü  k ,l

B y  using th e  relation N  =  27ак ak and w riting separately th e  terms in w hich  
к  =  0 or 1 = 0 ,  the density  operator becom es

P(r)
1

D
1V+ a*u ak e'kr +  a0

к
N  ' a * e lkr
к

a* «к ei(k_l)r . ( 22)

W hen N  is a very large num ber we m ay regard the m om entum  sta te  к  =  0 
as a more or less infinite reservoir for the production and absorption o f particles 
w ith  higher m om enta, w hich means th a t we do not in sist on the con stan cy  
o f  the to ta l num ber o f particles, and thus w e m ay write

«0 1 Фо >  =  <  I Ф0 >  =  С \ Ф0 > ,  (23)

where C is a number

c -  =  V ( T = v ) N .  (24)

U sing (22) together Avith (11), (13) and (23), it is easy to  determ ine th e  m atrix  
elem ents <  Фв | P (г) | Ф0 >  . The nonvanish ing off-diagonal m atrix elem ents  
fall into tw o  categories:

1. th ose  in which | Фв  >  is a s ta te  w ith one elem entary excita tion  :
j Фв >  =  I Фк >  == ak I Фп > .  For such a state

<  Фк I P (r) I ф 0 >  =  - | -  (uk +  vk) e - ik<.
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2. those in which ] Фд >  is a state w ith  tw o elem entary excitations: 
Фв >  =  I Фк,| >  =  «к a* I Ф0 -> • For such a state

<  Фк,| I P(г) I Ф0 >  =  — - (wk vi +  w, vk) e i(k f,)r,

The space-tim e correlation function  (5) for th e  ground state is then

G(r2 — r,, t2 — tj) =

=  Qo +  9Ô1 1 У <  ф о I P(*i) I &к >  <  &k I F (r2) I Ф0 >  +к

+  - - i?«“ 1 S '  <  Ф0 1 Pfri) ! >  <  rK i  I P ( r2) I <t>0 >  e‘( ^ + £dd2-h)2 k.l

The insertion o f (25) and (26) into (27) yields

G(r, t) =  [1 +  F(r, t) -  *] Mg  0  +  {[1 +  F(r, t)]2 +

+  [1 +  S(r, í) ]2 -  1 -  2v [F (r , t) +  S (r, «)]},

(26)

(27)

vhere

and

hír, t) =  Q - 1 У! e‘ kr) =  — —  I e'(£k' kr) ds k
~  (2л:)3 J

F(r, t) =  iV-1 > v г;2е'(Ек'-кг) = -----L
T  (2л)3 -  I v\

Qo J
,2e< W -kr)d3 kî

S(r, t) =- N  1 uk vk e'(Eki—kr) _  ------ -̂---- j g!(£k' kr) d3 k_
к (2л)3 p0 J

(28)

(29)

(30)

(2л)3 p0

For t =  0 the space-tim e correlation function  reduces to

G(r, 0) =  d(r) +  g (r ) , (31)

where 0(r) denotes the three-dim ensional Dirac delta-function and g(r) is the  
conventional pair distribution function [1]. From  (29) and (30), respectively, 
it follows h(r, 0) =  d(r) and F (0 , 0) =  v, and therefore (28) leads to

w ith
Mr) =  p0 {[1 + / ( r ) ] 2 +  [1 +  s(r)]2 -  1 -  2v [ /(r) +  s(r)]} , (32)

/ ( r) =

S(r) =

1

(2л )3«о - 
1

(2л:)3 "о .

uj|e ,krd3 k,

ukvke ,krd3k.
(33)

The expression (32) is in agreem ent w ith th e  result o f Le e , H uang and  
Y ang [5].
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3. System o f interacting ferm ions

N ex t we consider th e  problem o f a system  com posed of a large num ber

o f  w eak ly  interacting ferm ions having  spin — . For sim plicity  the interaction

poten tia l is taken  as sp in-independent:* U — U(r), where r is th e  relative  
position  vector o f tw o particles. The H am iltonian for such  a system  is g iven  by

H  =  H 0 +  H ln t ,

H 0 =  2  fc2 <<r «k<r »kcr
(34)

# ,n t  =  у  2  К  a * 2 +  к«Г2 а ?2СГ2 ^ P ic r i '

. 1 1
Here a is the spin in d ex  which can take on the values +  — or — -  . The creation

z z

and annihilation operators a*a, aka sa tisfy  the usual anticom m utator relations. 
The sum m ation in th e  interaction term  is taken over k , px, p2, o1 and a2. The 
Fourier transform  o f th e  interaction potentia l Vk is given by (8).

U sing the techn ique which has been developed b y  B o g o litjb o v  [6] i t  
can be show n th at th e  ground sta te  o f  th e  system  is characterised b y

акa I &0 =  0 , (35)

where aka is the annihilation  operator for an elem entary excitation  given  by

with

«kl =  «к «kl — г’к а -к- | , 
« k - i  =  мк «к—I +  К  « - к | ,

u k =  COS Хк , Vk =  Sin Xk , Х_к =  Xk .

(36)

(37)

The real num ber xk is determ ined b y  th e  following sy stem  of nonlinear integral 
equations

tan g  2 xk =  —

1

ek — ?

У К

ek =  fe2 +  2  (2 К  -  К - l )  Sin2 X ,,l

2 sin2 xk =  N ,
к

where V 0 =  Uk=0 and the last equation determ ines th e  number ?.. 

* The generalization to sp in-dependent interactions is straightforward.

(38)

( 39)
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The sta te  w ith  one elem entary excita tion  o f m om entum  к and spin  
in d ex  a is

I > = « & ! * < , >  (40)

and the energy o f the elem entary excitation  is given, independently  of a, b y

Е и = У ( е к - Х ^  +  А».  (41)

The m atrix elem ents o f the d en sity  operator

P(r) =  ip*(v) y,(r) =  ~  J Z  a*b aV(J eI(k_,)r (42)
k,l,CT

can  be calculated by using the inverses of eqs. (36), which are given by

a k i  —  ы к a k\  +  t 'k  « î_ k —a 1 

«к -*  =  мкак__̂  — v k a t kx .
(43)

We find that an off-diagonal m atrix  elem ent <C Фв | P(r) | Ф0>  is non-vanish
ing only if  I Фв  >  corresponds to  a state  w ith  two elem entary excitations  
o f  opposite spin

and  we get
ф в >  =  \ ф ч ,  •— ±  >  =  a h  « * - + 1 ф о > (44)

< Ф н ,,_ * |Р ( г ) |Ф 0 > =  -^~(uk vi + ui ví )e  í(k ' ,)r- (45)

The space-tim e correlation function (5) for th e  ground sta te  is then

G(r2 — r15 f2 — tj) =  e0 +  e ô \ 2  <  ф0 1 P(Tî) I фч,  i - i  >
<  ФН , I P (r2) I Ф0 >  «,*(£+*,> (*.-*!) 

and the insertion o f (45) yields

(46)

G(r, t) =  F(r, f) h (r, t) +  Qo J 1 -  i -  F* (r, f) +  - 1 S 2 (r, t)\ ,
I z z

where

and

hfr, i) =  f i - 1 >. — -------
к (2л)3

P (r, t) = 2ÍV-1 >? fc'W -k d  = 2
к (2тг)3 р0

S( r, 0  = 2ÍV-1 S  и, V,, е‘(Ек(- кг) -  .
2

к (2я)3 „

i(£kI-kr) ^3 j{

\ ' i e '
(t :kt - k r )  (p k

(47)

(48)

(49)
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The pair distribution function g(r) can be obtained from the relation  
(31). The fact that h(r, 0) =  ô(r) and F(0, 0) =  1 leads to

g ( r ) = J i - y ^ w + Y ^ r ) !

w ith

/0 0  =

s(r) =

2
(2»)» e0

2

(2^)3 0o

t>£ e ,kr d3 k,

J uk vue ikr d3 к .

(50)

(51)

In  the case o f an ideal ferm ion gas there is no interaction  betw een the particles and 
we have [6]

ul =  0 , Vi, =  1 if
F (52).

u t =  1 , vk =  0 i f  Zc >  kp  ,

where fe/? is th e  Fermi m om entum  k p =  (Ъл- Q0)'U. Substitu ting (52) into  (51) we get

Г, ч 3 (sin  kp r — kF r cos kF r )
/ (  r) = ----------— -^3-73------------- and s(r) =  0 (53),

and g(r) takes the well-known form  developed f irs t by W ign er  and Seitz [7].
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ПРОСТРАНСТВЕННО-ВРЕМЕННАЯ ФУНКЦИЯ КОРРЕЛЯЦИИ 
ДЛЯ СИСТЕМ ТОЖДЕСТВЕННЫХ ЧАСТИЦ ПРИ ТЕМПЕРАТУРЕ 

АБСОЛЮТНОГО НУЛЯ

д. кишди

Р е з ю м е

В работе определяется пространственно временная функция корреляции основа 
ного состояния для систем бозонов и ферми-частиц при помощи метода канонического 
преобразования Боголюбова. Примененный метод действителен для жидкостей, у кото-- 
рых квантово-механическое вырождение играет важную роль, например НеII.
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BUDAPEST

(R eceived 16. V. 1961)

In a previous paper [1] w e exam ined the tem perature dependence o f  the- 
reverse current o f  germ anium  junction d iodes. The reverse characteristics 
show ed -— instead  o f saturation — a linear v o lta g e  dependence. The in v estig 
ations o f J. T. L a w  [2], W . T. E r ik sen  et al. [3], A. R. F . P lum m er  [4], 
H . Statz and G. A. de Mars [5] and J. I. Carasso  [6] deal w ith  the linear  
characteristic. On the basis o f  th e  tem perature dependence o f  the character
istics and o f th e  m easurem ent o f  very sm all currents (1 0 ~ 10 A)  on the one  
hand the gap o f germ anium , on the other th e  activation  energy  o f the resist
ance o f the supposed shunting w ater layer could  be determ ined. This a c tiv 
ation  energy below  0° C show ed a fairly good  agreement w ith  that o f ice. 
In our present paper we report our exam inations on silicon diodes o f th e  
ty p e  1N253. The m easuring m ethod and the defin ition  of the saturation  current 
are th e  same as described in [1]. The functions I s( l/T ) and R (l/T ') are to  be  
seen in  Fig. 1 p lotted  in a logarithm ic scale. On the basis o f  F ig . 1 a gap o f
0.55 eV is obtained for silicon, w hich value is ju st  half the exp ected  one. This 
discrepancy can be interpreted b y  the assum ption that in rea lity  in the silicon  
diode there is a p-i-n  junction and not a p-n  one. (In the layer i  the condition  
Na —  N a =  0 is fulfilled.) N am ely , as R. N. H a l l  pointed ou t [7], the reverse 
current is determ ined b y  the recom bination current of th e  layer i and not  
b y  its diffusion current. In such a case the current-voltage characteristics are 
given b y  the relation

edni

L
exp

eV
2 k T

1 ,

where d is the th ickness o f the layer i, Tj th e  life tim e o f th e  carriers, щ — 
ЛЕ

— {N cN v)'/2e is the concentration of the carriers in th e  intrinsic sem i
conductor. A ssum ing that Т,- is but a slowly vary in g  function o f  the tem perat
ure, the difference can be explained by the tem perature dependence o f щ.*

* Probably, this is the reason also for a similar discrepancy found b y  Y . I. F istul  [8].

Acta Phys. Hung. Тот . X V . Fasc. 1.



58 A. LŐRINCZY and G. PATAKI

Taking into  consideration the factor 2 in  тг/ AE =  1,1 eV appears for 
th e  gap o f  silicon, in  good agreem ent w ith  the corresponding data figuring  in 
the literature. The shunting resistance defined on the basis o f the linear part 
o f the characteristic shows a tem perature dependence, as it  was found in  case 
o f  germ anium . There is a break near 0° C and below 0° C th e  slope is 7.7 kcal/

IgR
\K(MS2)
6

5

-3

2

mol (in case of germanium 9.1 kcal/mol, while the activation energy of ice, 
according to the measurements of R . C. Bradley, is 12.3 kcal/mol).

The facts th at by cooling below  0° C the excess current does n o t dis
appear and th a t the shunting resistance shows an activation  energy near to  
th a t o f  ice, give reason for the h ypothesis suggested first by L a w  th a t  the 
excess current is produced b y  ionic conduction . Of course, it cannot be assum ed  
th a t on th e  surface o f  germ anium  pure water is absorbed. The various im 
purities can considerably influence th e  tem perature dependence o f th e  resist
ance o f  the shunting layer. J. I. Carasso  [6] exam ining the transient pheno-
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mena comes to  the conclusion th at probably the whole excess current is pro
duced by the electrolytic current of the im purity  m etal ions occurring on the  
surface. In th is case the tem perature dependence of the m ob ility  of the m etal 
ions m ust be taken  into account.

IjA

1N253
248°K
Js -0 ,00133fjA  
R - 236500 MQ

0.001
Os

______L-a___!_______ .______ .______.______ ,____________________________ _
0  50 100 150 200 250 300 350 400 450 500 V

F i g .  2

The exam inations were carried out on encapsulated diodes. It seem s to  
be advisable to  perform th e above-m entioned experim ents on grown p-n,  
resp. p-i-n  junctions.

F inally , th e  authors w ish to  express their  thanks to  D r . Z. B o d ó  for his 
valuable advice and critical remarks.
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The phenom enon o f v ibrational relaxation has been observed in a number 
o f  gases and vapours through the exhaustive investigations on ultrasonic 
v e lo c ity  and absorption. The phenom enon was explained by the H e r z f e l d —  
R ic e — K n e s e r  theory  as due to  th e  delay in th e  transfer o f energy from the  
extern al energy o f translation to  th e  internal energy o f vibration  at higher 
sound frequencies. A number o f m olecular theories and subsequent m odific
ations utilizing the quantum  m echanical treatm ent [1— 3] have been available 
since then , which try  to evaluate th e  relaxation tim es and their pressure and 
tem perature dependence. A sim ple and rapid m ethod to evaluate th e  relax
ation tim es in gases was suggested in our previous work [4] in w hich the vibr
ational relaxation  tim es were evaluated  for over 12 m olecules. In  the present 
paper, the m ethod has been applied to  the halogen molecules and the results 
h ave been com pared w ith the experim ental data .

Libration of molecules and relaxation

The m echanism  o f ultrasonic relaxation proposed in our previous com 
m unication  (loc. cit.) has been based on the assum ption o f a characteristic  
frequency o f the gas m olecules. W hen the sound frequency approaches th is  
natural frequency o f molecules a resonant absorption occurs and th e  v ibration
al energy does not contribute to  the heat cap acity  as the m olecule becom es 
“ stiffer” at th e  resonance point, thus giving a rise in the ultrasonic velocity . 
T his natural m olecular frequency can be calculated as follow s: Consider 
a single gas m olecule. It w ill be rotating around an axis passing through its  
centre o f gravity . W hen a sound wave o f low  frequency is propagated, the  
rotation  o f th e  m olecule is unaffected . B ut at higher frequencies, there are 
head-on collisions o f  these rotating molecules due to  rapid pressure alterations. 
T his affects the purely rotational m otion o f m olecules and leads to a sort 
o f rotary oscillation o f  the m olecules or th e  libration of m olecules at higher  
sound  frequencies. These rotary oscillations w ill be characteristic o f  th e
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m olecules under consideration w ith  definite tim e constant and m ay be called 
the libration  frequency o f the m olecule. This libration  frequency can be given  
b y  an equation o f th e  t y p e / 0=  ( l/2 jr )(c /Z )\ where I  is the m om ent o f  inertia 
and c is the couple acting on the m olecule to m aintain  the rotatory oscillations 
excited  b y  the sound w aves o f appropriate frequency. To a certain approxim 
ation c m ay be su b stitu ted  by the interaction energy between a pair o f  m ole
cules g iven by L o n d o n ’s relationship E  =  0.75 Va2/r6, where L is  th e  ionization  
poten tia l, a the polarizability and r is the m ean m olecular separation. Thus 
th e  libration frequency (and hence th e  ultrasonic relaxation frequency, since 
b oth  are identical a t the resonance point) can be evaluated  by the relationship  
/о  =  Д/2тг)(0.75 Vdljr r‘T)vK

Relaxation in halogens

E xperim ental results are availab le for relaxation tim es o f  halogen 
m olecules from the work o f R ic h a r d s o n  [5] by th e  ultrasonic v e lo c ity  m ethod  
and o f S h ie l d s  [6] b y  the absorption m ethod. There is, how ever, a consider
able discrepancy betw een  the data o f  th e  two authors and as y et no theoretical 
values o f  relaxation tim es for these m olecules are available for com parison.

U sing  the above relation for f 0 th e  values o f  relaxation  frequencies have  
been calculated at 1 atm . pressure for chlorine at 25° C, brom ine at 60° C

Table 1

Molecular constants for halogens

Molecules V
eV

a
°A

/X 1040 
gm—cm2

a X Ю24 
cc.

r x io 6
cm

C h lo r in e ..................... 11.48 3.976 108.0 4.50 5.78 at 20 °C

B r o m in e ...................... 10.55 4.566 342.6 6.43 4.90 at 60 °C

I o d in e .......................... 9.28 4.982 741.6 18.95 5.60 at 180 °C

Table 2

R elaxation frequencies for halogens

Molecules
Present Work R i c h a r d s o n S h i e l d

Temp.
°c

f,
Kcs

Temp.
°C Kcs

Temp.
°C

/о
Kcs

C h lo r in e ...................... 25 129.4 17 56 25 39

B r o m in e ...................... 60 167.4 58 130 1 0 0 275

I o d in e .......................... 180 210.7 1808 250 253 2 1 0 0
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and iodine at 180° C. The m olecular constants u sed [6— 8] are given in Table 1. 
The mean distance is assum ed to  be th e  sam e as the m ean free path g iven  
b y  the relation r = 0 .7 0 7  кТ/тгa2p .  A com parison betw een th e  observed and  
calculated values has been made in Table 2.

Discussion

For chlorine the value o f f 0 calcu lated  b y  ourselves is higher than  th e  
values obtained by the two other authors but it just fits  th e  upper part o f  
the S shape dispersion curve given b y  R ic h a r d s o n  (loc. c it .) . Bromine and  
iodine give excellent agreem ent w ith  the d ata  o f R ic h a r d s o n . The agreem ent 
obtained is very  surprising taking into account the sim plicity  o f  the proposed  
m echanism  o f relaxation.

Sh ie l d s  (loc. cit.) has rightly  poin ted  out the w ant o f  a correlation  
betw een the relaxation  tim e and the m ass or vibrational spectra of m olecule. 
In the present work the ultrasonic relaxation  frequency is found to be related  
with the m om ent of inertia and ion isation  potential of the molecule.

Since th e  ultrasonic relaxation is due to  the libration o f the m olecules  
which are effectively  in the ground sta te  as far as the rotational energy leve l 
is concerned, an increase in  tem perature w ill cause a decrease in the num ber  
of such librating m olecules. The num ber o f molecules in  the ground s ta te  
will be IV =  N 0 exp(— UjkT).  The effect o f  increase in tem perature will th ere 
fore be to  sh ift the relaxation frequency to  a higher value and it should e x 
ponentially  depend on tem perature.

I f  w e use the sta tic  va lue o f  r =(v'I* —  çr), where v is the volum e per  
m olecule, for molecular separation, the pressure dependence o f  relaxation can  
be q u an titatively  explained. H ow ever, it  is incorrect to use th e  static d istan ce  
for m olecular separation as the libration  starts after head-on  collision. I t  is, 
therefore, right to use the mean free path  for molecular separation in ev a lu a t
ing libration frequencies.

Conclusion

From  L o n d o n ’s dispersion energy, the molecular libration frequencies 
can be calculated, which are found to be identical w ith ultrasonic relaxation  
frequencies. This forms a sim ple and quick  method for evaluating vibrational 
relaxation tim es for gases. Though the m ethod is not v ery  rigorous, it  gives  
surprisingly excellent agreem ent w ith  th e  experim ental data and therefore  
can be u tilized  for a rapid check o f experim ental results on new substances, 
i f  the m olecular constants are know n.
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Introduction

Num erous former investigations deal w ith the electrical resistiv ity  
change o f p lastically  deformed m etals [1— 5]. In m ost o f  th em  the extra  
resistiv ity  caused b y  extension was investigated; v a n  B u e r e n  and J o n g e n - 
b e r g e r  [4] as w ell as P r y  and H e n n ig  [5] made com bined extension and 
tw istin g  m easurem ents. All experim ents were performed at 78° К  or at lower 
tem peratures and except for the results o f the com bined m ethods the m axim um  
of the strain was about 40% . According to  th ese m easurem ents the resistiv ity  
change depends on the strain in the follow ing way:

A q — a ■ e p , (1)

where a is a value between 0,04 and 0,16 p Q  cm , while p  lies between 1,3 
and 1.5. According to  the calculation of v a n  B u e r e n  in the case o f  single glide 
the resistiv ity  change expected  on the basis o f  the theory is [6]

Aq =  A • e‘l̂  +  В  • e3% (2)

where A  and В are constants depending on the initial defect concentration. 
The first term  on the right-hand side o f equ. (2) arises from vacancies and th e  
second from dislocations. For large deform ations the glide w ill be m ultiple  
and then the resistiv ity  change is proportional to the square o f strain:

Aq ~ s2. (3)

Thus th e  previous m easurem ents show  that a single glide takes place 
for sm all deform ations and th en  the resistiv ity  change caused b y  dislocations 
is negligible as compared to  th e  effect caused b y  vacancies. For large deform 
ations B l e w it t , Co ltm a n  and R e d m a n  [7] made m easurem ents for copper 
single crystals. T hey have strained the specim ens by more th an  100% , and  
at 4.2° К  found a quadratic dependence o f  resistiv ity  on strain  in correspond
ence w ith (3).
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In th e  present investigation  pure torsional strain was applied. T h e  
am ount o f  this can be defined as [6]

£ =  —  & —  , (4)
2 1 w

where 0  is the angle o f  tw ist and r and l are radius and length o f th e  wire- 
W ith th is m ethod o f deform ation £max =  300— 400%  can be produced. The 
m easurem ents were perform ed at 0° C and the results show  that at th is tem 
perature th e  extra resistiv ity  л aries w ith  the strain more than linearly  for 
sm all deform ations, but defin itely  depends on for large deformations. 
(e >  0,6).

Experim ental procedure and results

Polycrystalline silver wires annealed at 500° C for tw o hours, o f 99.99%, 
purity, 100 mm long and 1 mm in diam eter have been investigated . The 
apparatus used is show n in F ig. 1. The specim en has been soft-soldered to  th e  
heads 1. The disc 2 could m ove in perpendicular d irection, thus the specim en  
was a litt le  stretched b y  the springs 3. This stress w as about 1 kg/m m 2. The  
elongation o f the specim en was indicated  b y  the indicator dial 4 (the error is 
about + 0 .0 0 5  mm). The angle o f tw ist is shown b y  th e  pointer 5. The e lastic  
effect w as elim inated b y  the free backward m otion o f  the torsion head in  
a ball bearing when n ot tw isted . The p otentia l leads (У) and current leads (I) 
were placed as can be seen in the Figure. The entire apparatus was subm erged  
into m elting ice, th e  tem perature during one m easurem ent was con stan t  
w ithin  0,1° C. The resistiv ity  was determ ined w ith a Diesselhorst p o ten tio 
m eter.

The resistiv ity  change and the elongation as a function  of strain can be  
seen in F ig . 2. The specim ens can be tw isted  about 100 tim es up to fracture* 
according to  (4) th is is about e = 4 0 0 % .

To determ ine th e  specific resistiv ity  change we have to consider th e  
dim ensional changes o f  the specim en too . The change o f  cross-section can  
only  be estim ated . Let us suppose th a t th e  change o f  th e  volum e is negligib le  
com pared to  the linear changes, then we can write

from this
A V  =  A(q ■ l) = l A q  +  q • Al =  0,

I M  
i q

Al
l '

W ith the use o f this we have

Ao _  AR _ 2AI 
R l

( 5)
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The m axim um  elongation  of a specim en was about 8 m m , thus for larger  
tw isting the accuracy o f  elongation m easurem ents m ay be compared w ith  
the accuracy o f resistiv ity  m easurem ents. B ut this is not true for sm all tw is t
ing, thus here significant scattering can be expected . I t  can also be seen in 
Fig. 3, which shows the extra specific resistiv ity  calculated  on the basis o f

F ig . 1

equ. (5). According to  th is  the extra resistiv ity  varies w ith  an exponent greater 
than one for strains e <  0,5 in correspondence w ith  former m easurem ents 
made at low  tem peratures. But a sign ificant difference appears for e >  0,6. 
This part o f the curve w as replotted as a function o f e"1' (see Fig. 4). The points 
measured all lie n icely  along a straight line. The calculation w ith  th e  least 
squares m ethod leads to  the follow ing results:

zl q =  0.046 e1-49 [iQ cm for e <  0.5,

Aq  = 0 .0 3 2  cm  for e >  0.6.

5* Acta Phys. Hung. Тот. X V . Fasc. 1.
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These results m ean th a t in polycrystalline silver wires deformed b y  to r 
sion at 0° C for sm all deform ation the extra resistiv ity  arises first o f all from  
vacancies, while the effect o f  dislocations is observed on ly  at large deform 
ations. From  this it can be concluded th at the vacancies v ery  rapidly escape 
from the m aterial at th is tem perature i f  th e  vacancy concentration exceeds  
a fixed  value.The dependence o f extra resistiv ity  on e*/* can be compared w ith  
the result o f B lewitt and coworkers [7]. T hey  found th at th e  resistiv ity  change

F ig . 4

caused b y  dislocations is Ад ^  a2 (a  is the flow  stress) regardless of tem pera
ture (T  <  300° K). B ut th e  relation cr =  er(e) varies w ith  the tem perature; 
approxim ately there is о ~  eq, where q =  1 at 4,2° К  (then Лд ~  e2), and  
q decreases w ith  increasing tem perature and is about 0.5 at 300° K. Correct 
comparison cannot be g iven, because in th e  case o f single crystals the relation  
a =  a(e) depends on the orientation. So it  is quite probable th a t the difference  
betw een th e  present result and the theory leading to equ. (3) is caused b y  a 
tem perature effect. Further studies w ill therefore be m ade in order to in v estig 
ate the effect o f tem perature.
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DISTANCE TO POTENTIAL MINIMEM 
OF THE ELECTRONIC SPACE-CHARGE 

FROM EXTERNALLY HEATED CATHODES IN INERT 
HIGH-PRESSURE GAS-DISCHARGES

By

T. Z. SzELÉNYI
RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, 

SECTION OF ELECTRON PHYSICS, BUDAPEST

(R eceived  9. IX . 1961)

In m any problem s of high-pressure gas discharges from  externally  
h eated  cathodes the electronic space-charge p lays an im portant part. In con
trast to  the electron em ission in vacuum , where in the last years formulas [1, 
2], and a nom ogram m  [3] have been published b y  means o f w hich one m ay  
calculate the extension and density  distribution o f the space-charge in high- 
pressure gases, there are at this tim e  —  to our know ledge —  no m athem atical 
expressions available for this purpose.

To overcom e th is d ifficulty in  close analogy to the equation for the case 
o f  potential m inim um  in vacuum , and also to  th e  space-charge equation in  
high-pressure gases [4], we m ay se t up a differential equation for the one
dim ensional case w ith  infinite plane-parallel electrodes on the basis of Pois
son’s equation

V U  _
dV ~  E0 K \ d U | d x \ ,

w here the B oltzm ann factor has been  inserted on the basis o f  th e  equation

l =  i s e*W»/[ÄT(x)] ' (2)

In these equations U  is the poten tia l at the poin t x; x is the d istance from the  
cathode; is the saturation  value o f  the electronic current den sity ; i the elec
tronic discharge current density w hich flow s w ithout producing ionization  
betw een  the electrodes; e the electronic charge; k the B oltzm ann constant; 
T(x) th e  tem perature o f  the gas and  also of the electrons at *; e 0 th e  dielectric 
con stan t; К  the m ean electron m ob ility  in th e  gas.

E xtend ing a well-known m eth od  [5], and tak in g  at first T  as a constant 
w e solve eq. (1) b y  m ultiplying b o th  sides by (dU/dx )2

(dU 2 V U h d U
dx dx2 s0K dx

0e U;kT
( 3 )
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Then because o f the identity

d
dx

dU
dx

=  3
dU
dx

2 d*U
dx2

(4 )

we are able to integrate eq. (3) betw een  the lim its zero and Um, th e  potential 
m inim um , which leads for the d istance xm o f th is  to

=
k T \I ] / — isE0K  j_3_ ^

. 3„

3 i 2

+  |/3 arctg

1 — ;— h +

(5>

У
Уз — i

i. — i — 2] f i  1

To insert subsequently  the tem perature variation  w ith d istance, we m ay 
use on the basis o f  th e  data found in  ref. [6], th e  following equation:

T(x)  — T 0 - \ - { T c — T 0) e~ y x . ( 6 )

Here T Q is the tem perature o f  th e  gas at a rela tively  great d istance from 
th e  cathode; Tc is th e  cathode tem perature and у  a constant.

B y  aid of form ula (6) we iterate in a succession o f com putations to the 
proper value Tm, tak ing  first in eq. (5) a supposedly correct tem perature.

For exam ple in a discharge in  argon, specified  by the constants: p  =  
=  500 mm m ercury; Tc = 3 0 0 0  °K ; К  = 1 ,0  m 2/Vs; is =  104 А /m 2; i =  
=  10-2  А /m 2; у  =  6,28 cm -1 ; T 0 =  300° K, we obtain  xm =  3,5 m m  and 
Tm =  535° K.

These values are in accordance w ith  the position  o f the v irtu a l cathode 
o f  th e  discharge, com puted on the basis o f the m ean free path variations, and 
o f  the required ion ization  energy o f electrons.

I f  in  eq. (5) i had th e  value: 0,1 or 1 А/m2, th en  xm would be dim inished  
to  1,4 or 0,5 mm, respectively . This change of th e  distance to  th e  potentia l 
m inim um  in direction of the incandescent cathode calls forth th e  increase 
o f Tm to  1200 and 1920° K. This augm entation  transfers in m any cases the 
v irtu al cathode into a region, where —  in consequence o f the longer m ean free 
paths —  the electrons are able to  ion ize the gas and so alter com p letely  the 
character o f the discharge. We experienced this change, which occurs reversibly  
in b oth  directions on augm enting and dim inishing th e  discharge current.

The author w ould like to th an k  Professor E . Winter, m em ber of the 
H ungarian A cadem y o f  Sciences, for suggesting th e  subject of th is paper and 
for valuable discussions.
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INTERPOLATION FORMULAE FOR POSITIVE 
THOMAS-FERMI IONS

r B y

T. SzONDY
RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST

(R eceived 25. X . 1961)

The solution  o f the Thomas-FermI equation cp"(x) =  х~'1г (pl* (x) can 
be w ritten in  the w ell-know n form cp (x) =  <p0(x) +  k(x)rj0(x), cp0(x) and  ?]0(x) 
being given functions independent o f  the nuclear charge Z  and th e  number 
o f  electrons N.  In the case of free p o sitiv e  ions k(x) depends very slig h tly  on 
x  and it  is a function o f the “degree o f  ion ization” q =  ( Z — INO/Z.1

1 See e. g. P . G o m b á s , Statistische B ehand lung des A tom s. (H db. der P h y s. B d . X X X V I. 
.  127. Springer Verlag, B e r l in — G ottin gen—Heidelberg, 1956.)
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The value o f  the function k(x  =  0, q) can be determ ined in the in terval 
0,5 >  q >  0,007 b y  the in terpolation  formula

A(q) =  2,76 lg q +  1,17 q —  lg (—k) ~  1,47 . (1)

T he boundary radius я0 of the ion , defined b y  cp(x0) =  0, can be determ ined  
in  th e  same in terva l o f q b y  th e  interpolation formula

B(q) =  0,351 lg  q +  lg(*o +  7,70) ^  0,921 . (2)

The functions A(q) and B(q) g iven  in the F igure2 depend very  sligh tly  on q.
Form ulae (1) and (2) are based on the v ery  accurate resu lts presented  

b y  S. K o b a y a s h i.3

2 In the Figure th e  circlets and crosses refer to  th e  calculated va lu es o f  A (q )  and 
B ( q ) , respectively.

3 S. K o ba y a sh i, Jap . Phys. Soc., 14, 1039, 1959.
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DAS KIRCHHOFFSCHE GESETZ IM FALLE 
STARK ADSORBIERENDER MEDIEN

Von

I. Ketskeméty
INSTITUT FÜR EXPERIMENTALPHYSIK DER UNIVERSITÄT, SZEGED 

(E ingegangen 28. X . 1961)

§ 1. Planck le itete  eine den Em issionskoeffizienten ev und den A bsorp
tionskoeffizien ten  av enthaltende Form des K irchhoffschen Gesetzes ab , die 
durch die Gleichung

~  =  (1) 
av

ausgedrückt werden kann, w obei die spezifische Strahlungsintensität im  
nnern des Mediums bedeutet [1]. Bei H erleitung von  Gl. (1) wurde von

Planck vorausgesetzt, dass das Medium nicht stark absorbierend, d. h . das 
Produkt aus der zu v gehörigen W ellenlänge A und dem  A bsorptionskoeffi
zienten  av klein gegen Eins ist. In der letzteren Zeit versuchte C. v . Frag
s t e in , Gl. (1) auch für den Fall stark absorbierender M edien herzuleiten [2]. 
A nschliessend an die kritische Behandlung der FRAGSTEiNschen H erleitung  
wollen wir zeigen, dass die obenerwähnte Forderung von Planck, die ursprür g- 
lich zur Verm eidung einer kom plizierten Berücksichtigung von B eugungs
erscheinungen diente, als eine wesentliche Voraussetzung bezüglich der G ültig
keit von Gl. (1) anzusehen ist.

§ 2. Fragsteins Gedankengang ist der folgende.
Betrachten wir das zylindrische E lem entarvolum en d V  m it der Basis 

da  und der Höhe d im  Inneren eines stark absorbierenden Mediums (A bb. 1). 
Im  therm odynam ischen Gleichgewichte wird die Strahlungsenergie d 6E,  die

Acta P hys. H ung. Тот. X V .  Fase. 1.
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in  Pfeilrichtung, d. h. senkrecht zu da, von  d V  innerhalb des Frequenzinter
valls (V, v -f- dv) in  das R aum w inkelelem ent dQ  durch d ie Basisfläche 2' 
em ittiert wird, durch die G leichung

d
d6E — 2ev dv da dQ dt j" e ^ d~ĥ  dh (I>

о

beschrieben. D ie Energie d 6E  m uss gleich sein  dem jenigen B ruchteile d aA  der  
vo n  links (s. A bb. 1) in der gleichen R ichtung und im  gleichen R aum w inkel
elem ent dQ  au f die linke B asisfläche 1 des Zylinders fa llenden Energie, der  
in  der Zeit dt und im  Frequenzintervall ( v, v -f- dv) in d V  absorbiert w ird , 
d. h. gleich dem  W erte

d6A  =  2 dv da dQ dt {1 -  e~aA) . (II).

Aus d üE  =  d°A  würde sich Gl. (1) ergeben, wie gross auch av ist. Die 
obige FßAGSTEiNsche Herleitung ist aber für a vX >  1 fehlerhaft, obwohl sie 
formal exakt zu sein scheint. Um dies zu zeigen, wollen wir zunächst auf eine 
experimentelle Arbeit von S. I. Wawilow und M. D. Galanin [3] hinweisend

§ 3. Von Wawilow und Galanin wurde experim entell gezeigt, dass das  
Lam bert-Bouguersche A bsorptionsgesetz für Lichtstrahlen, die im Innern  
eines stark absorbierenden M ediums entstehen , nicht gü ltig  sein kann. D ie  
erw ähnten A utoren fanden näm lich , dass die spektrale Intensitätsverteilung; 
des von dünnen Schichten n ich t schwach absorbierender Lösungen em ittier
ten  Fluoreszenzlichtes bei Verm inderung-der Schichtdicke eine Ä nderung au f
w eist, die n ich t gedeutet w erden kann, wenn das Lam bert-Bouguersche  
G esetz —  ebenso wie bei Gl. (I) und (II) —  hinsichtlich der Absorption des von  
dem  strahlenden Medium em ittierten  L ichtes als gültig angenom m en wird. 
(D ie WAWiLOW-GALANiNschen Versuchsergebnisse scheinen infolge der starken  
Fluoreszenzlöschung, d. h. der kleinen A usbeute, durch eine »spektrale W ir
kung« der Sekundärfluoreszenz [4] nicht m erklich beein flusst, also zuverlässig  
zu sein.) N ach Wawilow und Galanin w erden die im  Inneren eines stark  
absorbierenden M ediums em ittierten  Strahlen v i e l  s t ä r k e r  als die von aussen  
eindringenden Strahlen gleicher Frequenz absorbiert. (Som it kann man n icht 
dieselben Fluoreszenzcharakteristiken den V olum elem enten der O berfläche 
fluoreszierender Medien wie denen im Inneren der Medien zuordnen, wenn  
a v A >  1 b esteh t.)

§ 4. Auch vom  theoretischen  G esichtspunkt aus kann m an die G ültigkeit 
vo n  Gl. (I) bei stark absorbierenden Medien bezw eifeln; es is t  vielm ehr fraglich,, 
ob sich die drei Grössen er, a v, im  Falle a v X >  1 widerspruchslos definieren  
lassen .

N ehm en wir näm lich an , dass die Gl. (1) auch für a v V  >  1 besteht;; 
X ’ soll die W ellenlänge im  M edium  bezeichnen. Mit dem  E insetzen г>Нг/8л:-
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s ta tt  in Gl. (1), d. h. m it der Einführung der räum lichen spektralen  Energie 
dichte tf, und der Lichtgeschw indigkeit v im  M edium , ergibt sich

V

oder w eg en ----=  k'
v

vak' u„ dv dt =  8nev dv d t .

(2)

(3)

Die rechte bzw. linke Seite dieser G leichung is t  offenbar gleich  der zu dv 
gehörigen Strahlungsenergie, die in der V olum eneinheit, in dem  Zeitabschnitt 
dt em ittiert bzw. absorbiert wird. Aus Gl. (3) fo lg t, dass für den Quotienten  
aus der Zahl der in  der Raum -, Zeit- und Frequenzintervalleinheit absorbierten

( _  U„
Lichtquanten und der spektralen L ichtquantendichte n„ — ——

hv
die Beziehung

dnv
dt obs

уд„Л'и„
hv
Ц,
hv

=  va„ к' (4)

b esteh t, d h., dass säm tliche Photonen der Frequenz v nur eine m ittlere
1 , 4 1

Lebensdauer zlt = ----- — besitzen . Ist nun avk' ^  1, so soll At <̂ — sein, und
vavk' v

hieraus folgt wegen AvAt 1, dass die U nbestim m theit Av der Frequenz der  
Lichtquanten hv v ie l grösser als v selbst ist. D iese Diskrepanz lä sst sich unseres 
Erachtens nur dadurch elim inieren, dass m an 1t„ im Spektralgebiete, wo  
avk <  1 nicht b esteh t, als gleich N ull ann im m t. Anders gesagt, kann die 
Form (1) des K irchhoffschen G esetzes bei starker Absorption n ich t angew en
det werden. D agegen ist die das A bsorptions- und Emissionsvermögen e n t
haltende, ursprüngliche Form  des K irchhoffschen Gesetzes —  wie man d ies  
leicht einsieht —  auch für stark absorbierende Medien gültig.

Auch an dieser Stelle sei Herrn Prof. D r. A. B u d ó  aufrichtiger D a n k  
für die w ertvollen K onsultationen ausgesprochen.
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R E C E N S I O N E S

E n g e l— T h ie l h e im  : Kernenergie-Technik

Einführung in die P hysik  und Technik der Kernenergie-Erzeugung, Verlag M oderne Industrie, 
M ünchen, 300 Seiten, 99 A bb., 360 T abellen , Leinen, DM 3 6 .—

D as Ziel der Verfasser ist es, über die 
physikalischen, technischen und ökonom i
schen Fragen der Atom reaktoren einen Ü ber
blick zu geben, der die allgem einen K en n t
nisse eines durchschnittlichen Ingenieurs zu 
bereichern geeignet is t , und dabei auch für 
den gebildeten, doch nicht fachm ännischen  
Leser eine nützliche Lektüre b ildet.

Das B uch ist im  wesentlichen in  vier 
A bschnitte zu teilen . Das erste K apitel 
behandelt auf ungefähr 100 Seiten die ph ysi
kalischen und technischen Grundlagen des 
Them as. N ach Einführung in die w ichtigsten  
kernphysikalischen Begriffe erläutern die 
Verfasser die E ntstehungsbedingungen der 
sich selbst erhaltenden Spaltungskettenreak
tionen. D iese E rläuterung wird v o n  zahl
reichen Tabellen und Graphikons beg leitet, 
die die grundlegenden Angaben über die 
R eaktionsphysik enthalten . Nach einer kurzen  
Bekanntm achung m it der Steuerung und  
R egelung der R eaktoren behandelt das Buch  
die K ühlung derselben, sowie F ragen in  
Verbindung m it dem  Schutz gegen Strahlun
gen. Am  E nde des K apitels besprechen die 
Verfasser die H erstellung von B rennstoffen  
für R eaktoren und die Prinzipien der K ern
strahlungsm essungen.

Im  zw eiten  K apitel behandelt das B uch  
die verschiedenen R eaktorentypen. A u f u n 
gefähr 60 Seiten lie st m an über heterogene  
W asserreaktoren, hom ogene R eaktoren, orga
nisch gekühlte, gasgekühlte, graphitm ode
rierte, flüssigm etallgekühlte R eaktoren , so
w ie F lüssigm etall-B rennstoff-R eaktoren und 
schnelle Reaktoren. Abschliessend befassen  
sich  die Autoren m it den Problem en der 
Schnellreaktoren und führen deren bekannt
este  Typen vor.

Im  dritten  K apitel untersuchen die V er
fasser die W irtschaftlichkeit der K ern
reaktoren. Aus D aten über den Energie
bedarf der w ichtigsten G ebiete der Erde 
ziehen sie Schlüsse a u f den  Zeitpunkt, zu 
dem die K ernenergieerzeugung wirtschaftlich  
betrieben werden kann. E in  verhältnism ässig  
ausführlicher Teil dieses K ap ite ls befasst sich  
m it dem  Schiffsantrieb durch Reaktoren.

D as le tz te  K apitel des W erkes untersucht 
die M öglichkeiten der p raktischen  Anwendung  
der therm onuklearen E nergie , und gibt eine 
Ü bersicht über den gegenw ertigen Stand der 
w issenschaftlichen F orschung.

D as B uch behandelt fa s t  alle w ichtigen  
G ebiete der friedlichen Anwendung der 
K ernenergie und eben d ieses um fassende  
B estreben der Verfasser m a ch t es schon von  
vorneherein unm öglich a u f  entsprechendem  
w issenschaftlichem  N iv ea u  ausführliche In 
form ationen über die behan delten  Fragen zu  
geben. D as Buch m uss a lso  als ein vo lk s
tüm lich-w issenschaftliches W erk angespro
chen w erden , da weder die Behandlungsart, 
noch die aus dem B u ch  zu schöpfenden  
K enntnisse  dem F achm ann N eues sagen  
können. Im m erhin wird das Interesse an  
diesem  B uch  durch die v ie len  Abbildungen, 
die der schnellen Referenz und dem leichten  
V erständnis dienlich sind , beträchtlich ge 
hoben.

D ie  A utoren haben der Darlegung der 
sow jetischen  Fachliteratur sichtbar keinen  
grossen R aum  gew idm et; besonders auf
fallend is t  dies h insichtlich der die R eaktor
physik  un d  die therm onuklearen R eaktionen  
behandelnden Kapitel.

L. P ál
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Halbleiterprobleine

in  R eferaten des H albleiterausschusses auf T agungen des V erbandes Deutscher P hysikalischer  
G esellschaften. B ad Pyrm ont 1959. Band V. H erausgegeben von  P rof. Dr. Fritz Sauter, Köln. 
Mit 132 Abbildungen. Friedr. V iew eg und Sohn, Braunschweig, 1960.

Das B uch  enthält acht A ufsätze von  
verschiedenen Autoren und eine kurze 
B erichtigung zum  R eferat v o n  J. T elto w  
aus dem  III. Band der Serie »H albleiterprob
leme«. D ie einzelnen Referate sind  der Reihe  
nach folgende:

1. J . J A l l  M A N N ,  Neuere Ergebnisse der 
Ultrarotspektroskopie von fe s ten  K örpern  
(m it 41 Abbildungen).

Das Absorptionspektrum  des festen Kör
pers kom m t durch drei E ffek te  zustande:

1. Erregung von  G itterschwingungen,
2. Strom wärm e erzeugt v o n  den freien  

L adungsträgern und
3. innerer lichtelektrischer E ffekt vom  

kurzwelligen Ultrarot bis ins U ltraviolett.
Die A bsorptionsbandenkante ist der 

charakteristischeste Teil des Spektrum s. Der 
ihr entsprechende Q uantensprung ist der 
grösste im  beobachtbaren Spektrum . W eiter
hin gehören der K ante n och  sehr v iele  
energieärm ere Q uantenübergänge an. Das 
R eferat befasst sich überw iegend m it den 
Vorgängen in  der Nähe der B andenkanten  
des Ge und Si. D iese V orgänge sind:

1. G itterschw ingungen im  fernen U ltra
rot (in E m ission  und A bsorption),

2. E xzitonenspektren  (in Absorption),
3. E lektronenspektren v o n  Frem datom en  

und Störstellen  (nur in E m ission ) sowie
4. »D iam agnetische Resonanzspektren«  

freier Ladungsträger im  M agnetfeld (in A b
sorption).

D ie experim entell erhaltenen Ergebnisse 
sind durch zahlreiche schöne Abbildungen  
veranschaulich t, die hier nur zum  Teil 
erwähnt w erden können. So z. B. Bänder
m odelle von  Ge und Si; e ffek tiv e  Masse von  
E lektronen des Ge bei 4° K ; Absorptionsband  
von  Ag und Au und der U n tersch ied  zwischen  
den A bsorptionsbändern des Ge bzw. des 
Si und ihre T em peraturabhängigkeit; das 
Absorptionsband des Ge im  M agnetfeld und  
dessen D eutung; experim entell einwandfreie 
D arstellung und D eutung der E xzitonen- 
niveaus. In  U nterkapiteln  wird a u f die Fälle  
hingew iesen, in  denen FERMI-Statistik ver
w endet werden muss (Indium antim onid , 
Indium arsenid).

A u f dem  Gebiete der Spektren der freien  
Ladungsträger wird das A bsorptionsspektrum  
von  p-Ge bei verschiedenen Trägerkonzentra
tionen, das A bsorptionspektrum  von  Те und  
die E lektronenbänder im  Trägerspektrum  
des n-Si behandelt.

Die Besprechung der Absorptionspektren  
von  Frem datom en enthält den F a ll von  В 
in  Si, wo ein w asserstoffähnliches Spektrum  
in  Absorption erh alten  wurde, un d  weiter 
den von As in  Ge und die O szillation im  m ag
netischen Felde. E s folgt die V erteilung des 
lichtelektrischen Strom es im  Spektrum  des 
golddotierten Ge und e isendotierten  Si. 
Interessant is t  fernerhin die T abelle  über 
die Ionisierungsspannungen v o n  gelösten  
Frem datom en in  Ge. W eiter fo lgen  die 
A bsorptionsspektren der G itterschwingungen  
von  Ge- bzw. S i-K rista llen  und ihre theoreti
sche D eutung. N ach  optischer Anregung  
oder T rägerinjektion stellt sich das therm ische  
Gleichgewicht durch Strahlung her. Lehr
reich sind sch liesslich  auch die Abbildungen  
zur R ekom binationsstrahlung v o n  Si und 
Ge sowie zu den  therm ischen E m ission s
spektren von  Ge im  Vergleich m it der 
»schwarzen« Strahlung.

2. O. G. F o l b e r t h , Überblick über einige 
physikalisch-chem ische Eigenschaften der 
AIURV- Verbindungen unter besonderer Berück
sichtigung der Zustandsdiagram m e  (m it 10 
A bbildungen).

Die AHIBV-Verbindungen sind n eb en  den 
H albleiterw erkstoffen  und dem  Ge und Si 
die bedeutendsten  Grundstoffe der m odernen  
Technologie der H albleiter. D iese V erbin
dungen können in  folgende G ruppen ein
geteilt werden:

Gruppe I. Verbindungen m it geringem  
Dam pfdruck am  Schm elzpunkt: In Sb , GaSb, 
AlSb.

Gruppe II. Verbindungen m it erhebli
chem  D am pfdruck am  Schm elzpunkt: InAs, 
GaAs, InP, G aP.

Gruppe III. Verbindungen m it hohem  
Schm elzpunkt un d  hohem  D am pfdruck am 
Schm elzpunkt: A l A s, AIP, В As, B P , InN , 
G aN, AIN, B N .

Nach den Z ustandsdiagram m en der I. 
Gruppe werden die technologisch w ichtigen  
D aten der einzelnen Glieder nur kurz bekannt
gegeben, da die B ehandlung dieser Gruppe der 
beim  Ge und Si üb lichen Verfahren ähnlich  
ist.

B ei der II. G ruppe sind die H erstellungs
verfahren der V erbindungen, die M ethoden  
zum  U m schm elzen und K ristallzüchten be
schrieben. D an ach  werden für jed es Glied 
die bezüglichen Zustandsdiagram m e und 
zahlreiche kennzeichnende technologische An
gaben m itgeteilt.
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Die Glieder der III. Gruppe sind am  w enig
sten erforscht, daher werden hier keine  
Zustandsdiagram m e vorgelegt; dagegen wer
den bei den einzelnen V erbindungen, w enn  
auch nur ganz kurz, w ichtige A ngaben  
über B ehandlung und E igenschaften  m it
geteilt. Sehr wertvoll ist die Tabelle am Ende 
des R eferates, in  der die charakteristischesten  
technischen D aten der ganzen A lnBv-Ver- 
bindungsgruppe zusam m engefasst sind. 
(U nter dem  T itel »Literatur« werden 130 
L iteraturstellen aufgereiht.)

3. H . Kjröm er , Negative effektive M assen  
in H albleitern  (m it 5 A bbildungen).

Der R eferent gibt zuerst die Begriffe der 
effektiven  und der gerichteten effektiven  
Masse und die tensoriellen Begriffe der 
longitudinalen  und transversalen M assen an. 
Dann wird die Lagerung der negativen  
Massen im  Valenzband von  Ge in  versch ie
denen kristallographischen R ichtungen (100), 
(110), (111) m itgeteilt. Durch R esonanz
m essungen gelang es m it H ilfe des Z yk
lotrons an G e-K ristallen die E xistenz nega
tiver Massen m =  — 0,22 m0(wo m0 die 
Masse des freien E lektrons bedeutet) im  
Einklang m it der Theorie experim entell 
nachzuw eisen. Es wird a u f die praktischen  
A nw endungsm öglichkeiten der negativen  
Masse hingew iesen, wie z. B. M ikrowellen
generator und -Verstärker (14 L iteratur
stellen).

4. O. Ma d e l u n g , D as Verhalten von  
H albleitern in  hohen M agnetfeldern  (m it 22 
A bbildungen).

In anschaulicher W eise wird zuerst die 
LANDAUsche Theorie der H alb leiter in  
starken M agnetfeldern besprochen. In star
ken M agnetfeldern krüm m en sich näm lich  
die E lektronenbahnen kreisförm ig, wodurch  
sich die Bewegung periodisch gesta ltet und  
diese m uss gem äss der Q uantenm echanik  
gequantelt werden. Es werden die Folgen der 
abgeleiteten  Gleichungen besprochen. Solche 
Folgen sind z. B. die Änderung des B änder
m odells, die Aufspaltung der Therm e im  
M agnetfeld und dam it die Änderung der 
Z ustandsdichte.

D ie Verteilung der Ladungsträger ver
ändert sich  im  M agnetfeld, wodurch auch  
die elektrische L eitfäh igkeit geändert wird. 
Im  folgenden U nterkapitel wird die Theorie 
der galvanom agnetischen E ffekte in starken  
M agnetfeldern angegeben. D ie longitudinalen  
und transversalen W iderstandsänderungen  
im  E inklang m it der Theorie werden in  
Abbildungen wiedergegeben. D ie Ergebnisse  
von M essungen m agneto-optischer E ffekte  
sind nach der Besprechung der Theorie, in  
den Abbildungen 11 — 22, durch G raphiko
nen zusam m engefasst. A u f Grund der Theorie  
werden diese experim entellen Befunde kri
tisch  behandelt. Die Vorteile und Ergebnisse

der M agnetoabsorptionsm essungen für die 
B estim m ung von H albleiterparam etern wer
den in 5 P unkten  zusam m engefasst. (Zum  
R eferat gehören 88 L iteraturstellen).

5. H. Sc h m id t , E influss von B andstruk
tur und E lektron-Gitter-W echselwirkung a u f  
die Lichtabsorption in  H albleitern  (m it 7 
Abbildungen).

Dieses R eferat behandelt von einem  e in 
heitlichem  G esichtspunkt aus die T heorie der 
H albleiter Ge, In  und InSb. Bei der Fülle 
des Stoffes beschränkt sich der A utor nur 
auf zwei Fälle der L ichtabsorption , u . z. auf 
die sogenannten direkten Übergänge, Sprung 
des Elektrons oder Loches zw ischen zwei 
Bändern, der bei hohen  Frequenzen den 
H auptanteil der A bsorption liefert. Die 
andere Gruppen bilden  die sogenannten  
indirekten Ü bergänge m it B eteiligung des 
G itters. Sprung eines Elektrons (L oches) 
innerhalb eines B andes oder zw ischen zwei 
Bändern, wobei noch  ein Schallquant der 
G itter-schwingungen am  Prozess te iln im m t. 
Der ganze S to ff wird in  drei A ufsätze geteilt:

A )  Im  A ufsatz »Bandstruktur in  H a lb 
leitern« liest m an über die E in te ilch en - 
näherung, Sym m etrien  des InSb- und Ge- 
G itters, W ellenfunktionen bei к =  0 ohne 
Spin, Feinstruktur des V alenzbandes in  Ge, 
kugelsym m etrische Näherung für das V alenz
band in Ge und die G esam theit der bekannten  
Energiebänder in Ge, Si, InSb m it A bbil
dungen.

B )  Im  A bschn itt über E lektron-G itter- 
W echselwirkung w erden nach U m grenzung  
der allgem einen A nsätze die W echselw irkung  
zwischen Löchern und Gitter in Ge, die 
L eitfähigkeit von p-Ge und die E lektron- 
G itter-W echselw irkung in Ge, S i, InSb 
besprochen.

C) Schliesslich behandelt der R eferent 
im  letzten  A ufsatz die allgem eine Theorie  
der Absorption durch direkte Ü bergänge; 
die Lichtabsorption in  p-Ge durch direkte  
Übergänge von V alenz- ins L eitungsband  
und die L ichtabsorption an freien Ladungen. 
A u f die experim entellen  Arbeiten wird nur 
hingewiesen (D as R eferat berücksichtigt 43 
L iteraturstellen.)

6. D. Ge is t , Der Maser (B ericht m it 19 
Abbildungen).

Die Bezeichnung Maser ist aus den  
Anfangsbuchstaben des Satzes »M icrowave 
am plification by stim ulated  em ission  of 
radiation« gebildet, und es wäre angeraten, 
diese B ezeichnung auch im  Ungarischen  
beizubehalten.

Der Maser kann als Verstärker von  300 
MHz bis hinauf zu 20 000 MHz auftreten , 
während Transistoren von Tonfrequenz bis 
hin auf zu 250 M Hz reichen. Sie w erden also 
vom  Maser in dieser H insicht w e it über
troffen. Er zeichnet sich in praktischer H in 
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sich t durch ex trem  geringes R au schen  aus. 
D ie W irkungsweise des Masers w ird am  
B eispiel des A m m oniakm oleküls erläutert. 
Ausser dem  A m m on iak  werden auch  andere 
zur M aserherstellung geeignete S to ffe  be
schrieben, w ie A lkalidam pf, param agnetische  
Salze, z. B . G adolin ium  — und Chromsalze 
sam t ihrer H erstellu ng  und W irkungsweise. 
E s gehören hierher neutronenbestrahltes 
Quarz und phosphordotiertes Si. D ie  Arbeit 
m acht uns w eiterh in  m it der A rbeitsw eise von  
Zwei- und D rei-N iveau-M asern sow ie m it den 
theoretischen B edingungen der H ochfrequenz
stab ilitä t der D rei-N iveau-M asern bekannt. 
Im  K apitel über die M aser-Schaltungen sind 
in  einer grossen T abelle  die technischen  
D aten  der versch iedenen A nw endungsm ög
lichkeiten  zusam m engefasst. A m  Schluss 
wird die Theorie und  M essung des Maser- 
Rauschens erläutert. (D er R eferent g ib t 173 
L iteraturstellen an .) A bschliessend fo lg t eine 
kurze D iskussionsbem erkung v o n  K rö m eh ,

7. H . Z ü c k l e r , Nachtrag zu m  Referat : 
Silizium karbid , E igenschaften und Anw endung  
als M aterial f ü r  spannungsabhängige W ider
stände  (H albleiterproblem e Bd. I l l ,  S. 207 — 
229) m it 2 A bbildungen).

A uf dem  G eb iete der H erstellung von  SiC 
sind infolge B enützun g von A r-, H 2-, CO- 
und N j-Schutzatm osphären hervorragende  
Ergebnisse erzielt worden. D ie B estim m ung  
der optischen K on stan ten  geschah durch 
A bsorptionsm essungen .

D ie an K rista llen  auftretenden fläch en
haften  E lektrolum ineszenzerscheinungen las
sen  sich als R ekom binationsstrahlung der 
über die p-n-G renze injizierten Ladungs
träger verstehen. D as P unktleuchten  ent
steh t, wenn die p-n-Schicht an S tellen  hoher 
Störstellendichte zusam m enbricht (Stossioni- 
sation).

D ie E rgebnisse von  L eitfäh igkeitsm es
sungen an E inkrista llen  (H allkonstante, 
spez. L eitfäh igkeit und B ew eglichkeit) wer
den in  6 A bbildungen m itgeteilt und K on
taktw iderstandsm essungen für Spezialfälle  
durch Z ahlenangaben w iedergegeben (Die 
A rbeit gibt 62 L iteraturstellen  an.)

8. K . H a u f f e  und W . Sc h o t t k y , Deck
schichtbildung a u f  M etallen  (m it 26 Abbil
dungen).

D as R eferat u m fasst beinahe die H älfte  
des Y. Bandes. D ie  am  Ende gegebene Auf
reihung der 148 B ezeichnungsschlüssel er
fordert 6 Seiten , w as a u f die F ülle und Viel 
fä ltigkeit des S to ffes hinweist.

D ie Problem stellung kann am  kürzesten

m it den  W orten der A utoren  gekennzeichnet 
w erden: »In der vorliegenden D arstellung  
wird der Versuch unternom m en, die gegen
w ärtige K enntnis über den M echanism us der 
D eckschichtbildung a u f M etallen in  einem  
zusam m enfassenden B erich t niederzulegen. 
B rin gt m an M etalle und Legierungen in  
Berührung m it gasförm igen, flüssigen oder 
festen  chem ischen A genzien , und sind die 
therm odynam ischen V oraussetzungen für 
einen  R eaktionsablauf gegeben, so beobachtet 
m an eine mehr oder m inder rasche R eaktion  
m it dem  M etall, deren M echanismus und  
G eschw indigkeit von  den jew eiligen V ersuchs
bedingungen abhängen«.

D as R eferat verte ilt sich auf drei grössere 
K apitel. Das erste K ap ite l behandelt die 
Transportvorgänge in  binären Verbindungen  
m it E igenstörstellen , die Verallgem einerung  
der Transporttheorie und die Tracerdiffusion.

Im  zw eiten  K ap itel berichten die R efe 
ren ten  über die strom lose D eckschichtbil
dung in  Gasen bei Q uasineutralität und  
lokalem  Störstellengleichgew icht, über das 
dam it verbundene allgem eine W achstum s
gesetz  sowie w ichtige Sonderfälle, über  
Verallgem einerung bei innerem  G itterum bau, 
m ehrphasige D ecksch ichten , M essung des 
Schichtw achstum s, B eobachtungsergebnisse  
und über Prüfung der Theorie.

Im  dritten A b schn itt folgt schliesslich  
die Besprechung der vorangehenden V or
gänge in  Spezialfällen w ie z. B. divergenz
freier Störstellentransport, Oberflächen- und  
R aum ladungseffekte, Raum ladungsrand
sch ich ten  im  elektrochem ischen G leichge
w icht m it der G asphase, Chemisorption, 
am bipolare D iffusion, allgem eine Grund
g leichungen  in D ecksch ichten  ohne Q uasi
neutra litä t, Spezialisierungen: grosse Ion en
bew eglichkeit und elektronischer T unnel
effek t in  sehr dünnen D eckschichten, K eim 
bildungsprozesse im  A nfangsstadium  des 
W achstum s sehr dünner Deckschichten, D eck
schichtbildung auf M etallen in  E lek tro ly t
lösungen . (D as R eferat berücksichtigt 138 
L iteraturstellen .)

9. J . T e l to w , Berichtigung zum Referat : 
A ssozia tion  und Wechselwirkung von Stör
stellen in  lonenkristallen  und Halbleitern  
(H albleiterproblem e B d. III, 1956, S. 26 ff.). 
E s w erden fün f S tellen  m it den verbesserten  
T ex ten  angegeben.

D er Band en th ä lt abschliessend die 
Inhaltsübersicht über die früheren vier  
B ände.

Z. Gy u l a i
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G e o r g  v . B é k é s y : Experim ents in H earing

Translated and edited by E . G. W ever. M cGraw-Hill B ook Co., N ew  Y ork, eto. 1960. 745 pages

The book in question can reckon on 
particular in terest in  this country. This is 
due not only  to the personality o f the author, 
but also to the N obel-Prize he was awarded 
lately . The M cGraw-Hill Publishing Company 
have issued in  their Series »Psychology«  
the m ost im portant works o f BÉKÉSY in 
English. A ll are scientific publications which  
have appeared in  periodicals, part o f  them  
being translations from  the original German.

B é k é s y  has not w ritten  any books — 
apart from  a sm aller sum m ary chapter in  
the H andbook o f E xperim ental P sychology — 
but his literary ac tiv ity  is all the sam e very  
im pressive. Making an estim ation on the 
basis o f  the review ed book, the bibliography  
of B é k é s y ’s articles m ust contain  at least 
83 pages, in  rea lity  a som ew hat greater 
num ber was printed. The issued bulky  
volum e although not containing all publica
tions o f BÉKÉSY succeeds through system a
tization , arrangem ent and contraction of 
the articles as well as by om ittin g  some 
parts in presenting his whole life-work in the 
form o f a book. I t  represents a t the same 
tim e an appreciation o f the sc ien tist who 
has just celebrated his 60th  birthday.

BÉKÉSY is an in tu itive  researcher, an 
excellent experim entist and a m an o f clear 
reasoning. The resu lts, obtained by his 
precision preparative techniques, which have 
been m entioned repeatedly w ith  great ad
m iration, represent the m ost im portant 
phases o f  up -to-date b iophysics. H is H unga
rian friends and his former collaborators 
know him  as a versatile  researcher. He 
found alw ays, even under adverse circum 
stances, an adequate and practicable solution, 
he h im self designed his experim ental instru
m ents and m oreover also m ade his charac
teristic  illustrations. H is a c tiv ity  falls — it  
m ay be said — com pletely  in  the field  of 
acoustics, where he proved to be m any- 
sided. The acoustic plans o f the first studios 
o f the H ungarian Broadcasting Station  are 
also connected w ith  his nam e, as well as 
the construction  o f a new audiom eter nam ed  
after him . A s professor he lectured at the 
U niversity  o f  B udapest in the years 1941 — 46 
on practical and physiological physics.

From  the 83 publications o f  the book 45 
contain researches m ade in  the Post-O ffice  
Research In stitu te  o f  B udapest and about 
32 report on work done in th e  P sycho
acoustic L aboratory o f  H arvard U niversity.

The editor does not follow  the chronolo
gical order w hen com piling the subject 
m atter, but he arranges the substance of the

ind ividual articles — as far as possible — 
log ica lly  in groups. In  th is manner e. g . a 
very  instructive experim ental technical part 
(Chapters 3 and 4) resu lts, which has been  
collected  from the substance of 14 papers.

The whole m atter is divided in to  four 
parts. The first part constitutes an in tro 
du ction  to the reading o f  the other parts. 
B esides the afore-m entioned experim ental 
technical chapters it  deals w ith the problem s 
o f  hearing researches and w ith the an atom y  
o f  th e  ear.

The second part co llects — well-ordered — 
th e  substance o f w ork on the condu ction  
o f  hearing. In th is part o f 100 pages arc 
published the results referring to the ph ysics  
o f  th e  middle ear (Chapter 5) and hone  
conduction  (Chapter 6).

T he following p art comprising 200 
pages bears the title  “ P sychology of H earing” . 
T his is  the m ost heterogeneous part o f  the  
book , though it can cou n t, no doubt, o n  the  
m ost universal in terest. The papers dealing  
w ith  the perception o f  hearing, as w e ll as 
w ith  the determ ination threshold o f hearing  
(Chapter 7), further th ose  on the perception  
o f  direction and d istan ce  (Chapter 8) and  
on the distortion and inertia o f th e  ear 
(Chapter 9) are contained  in this part, and 
here can also be found the room acoustics  
(Chapter 10), consisting o f the subject o f  3 
papers.

F inally , the fourth  part contains the  
resu lts o f the m ost in teresting and the m ost 
profound work o f B é k é s y . These are p u b li
cations dealing w ith  the mechanics o f  the  
inner ear. The whole part com es to 300 pages, 
o f  w hich the earlier papers, treating o f  the  
vibrations of the coch lea , occupy 2 chapters  
(Chapters 11 and 12, 130 pages). The clas
sical papers of the f ir s t  period o f w ork of  
B é k é s y  can here he read in English tran s
la tion . The follow ing chapter leads already  
to  a new  period o f  research (frequency ana
ly sis  and law  of contrast). The (last) Chapter 
14 sum s up the la te s t  papers o f B é k é s y  
on  the electrophysiology of the coch lea  
(80 pages).

B esides th e  b ib lio g ra p h y  re fe rre d  to  
a b o v e , th e  w orks m e n tio n ed  in  th e  p a p e rs  
o f  B é k é s y  are also e n u m e ra te d  a t  th e  end  
o f  th e  book. I t  m a y  n o t  be  su p e rflu o u s to  
p u b lish  som e ad d en d a  to  th e  b ib lio g ra p h y , 
th u s  m ak in g  th e  co llec tio n  m ore co m p le te .

01. Folyadékok diffúziós állandójának  
m érése (M easurem ent o f  the diffusion con
sta n t o f fluids). Szt. Is tv á n  Akadém ia fe l
o lvasása i, I, 10, 1925 (dissertation).
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02. Über ein Verfahren um , für D iffusions
m essungen, zw ei F lüssigkeiten übereinander  
zu schichten. P hys. Zeits., 28 ., 812 — 814, 
1927.

ad 19. P ublished  also in  R ussian: Uspekhi 
F izich . N auk 15, 7 5 6 - 7 7 2 ,  1935.

ad 24. U n altered  reprint: A k ust. Zeits., 
1, 128 — 134, 1936.

ad 25. The correct title: Ü ber die photo
elektrische Fourier-A nalyse eines gegebenen  
K urvenzuges.

ad 25a. Sur la  reverberation optim um  
des petites sa lles. Revue d’A coustique, 5, 
145 —182, 1936. — K is zeneterm ek optim ális 
akusztikai v iszonyairó l (On th e  optim um  
acoustical conditions of sm all room s). Magyar 
P osta  M űszaki K özlem ények, 11, 135 —163, 
1937.

ad 27. To be precise: an answ er w ithout 
t it le  to the le tter  o f W. L o tter m o ser  
entlitled  “ B em erkungen zu den subjektiven , 
harm onischen T eiltönen nach G. v o n  B ék ésy”

ad 36. Appeared: Schriften  zur Sing- 
und Sprechkultur Bd. I, M ünchen und Berlin, 
1940, pp. 1 1 0 - 1 1 3 .

ad 37a. A vibrációs érzés szerepe a te c h 
n ikában (The role o f  th e  sensation o f  v ib ra 
tio n s in  the technics). Magyar P osta M űszaki 
K özlem ények, 15, 9 — 20, 1941.

ad  41. Page num bers: 67 — 75. Published  
also: Arch, für Sprach- und Stim m ph ysio l., 
5, 1 1 7 - 1 2 4 ,  1941.

ad 71. Page num bers: 448—468. 
R everting again to  the subject m atter  

co llected  in the presen t volum e, we m ay  
s ta te  that it  is a properly selected  and  
com piled  collection, w hich can be read as 
i f  i t  were indeed a book . Professor E r n e s t  
Gl e n  W ev er  deserves high appreciation for 
th e  first rate so lu tion  o f the v ery  hard  
literary  task, tak ing  care also of th e  tran s
la tio n . The book h as an exem plary fin ish  
and shows excellent typographical ta ste  — 
routine m atters as regards the publishers. 
I ts  price is fairly h igh , which ev id en tly  has 
to  be ascribed to  th e  necessity o f  obtain ing  
so m any perm issions for reprinting.

T. T arnóczy

Absorption Spectra in the U ltraviolet and Visible Region

E dited  by L. Láng, Publishing H ouse of the H ungarian A cadem y o f  Sciences, B ud apest

The in troductory  volum e and the first 
volum e o f the com pilation issu ed  by the  
Publishing H ouse o f  the H ungarian Academ y  
o f  Sciences in  1959 has been discussed in  
Volum e V II o f  th e  H ungarian Journal o f 
Physics (M agyar Fizikai F olyó ira t, p. 400, 
1959). In  the m eantim e the second edition  
o f the in troductory  volum e and the first 
volum e have appeared (M arch, 1961) and 
the first ed ition  o f  the second vo lum e (July, 
1961). W e m u st consider it  as fortu nate  that 
after a good sta r t a new vo lum e has been 
added to  th is  usefu l series, as for those 
working in  th e  fie ld  of chem ical structure 
research, ev ery  new  volum e in  the inter
national literatu re brings a great help, 
ow ing to th e  v a s t  number o f organic com
pounds. The necessity  and ind ispensability  
o f handbooks o f  th is kind for th o se  dealing 
w ith  absorption spectroscopy is dem onstrated  
b y  the fa c t th a t  recently th e  following 
com prehensive works am ply supplied with  
tables have been  published:

H . M. H e r s h e n s o n : U ltra v io let and  
Visible A bsorption Spectra, In d ex  for 1930 — 
1954. Academ ic Press Inc. 1956, Volum e II. 
In dex  for 1955 — 1957; Academ ic Press Inc. 
1961.

M. J . K a m l e t : Organic E lectron ic Spectral 
D ata , Volum e I. 1946 — 1952. Interscience  
Publishers Inc. 1960.

H . E . U n g n a d e : Organic E lectron ic  
Sp ectra l D ata, V olum e II. 1953 — 1955, 
Interscience P ublishers Inc. 1960.

A s another featu re o f interest it  m ay  he 
added  that the series edited by the P u b lish 
in g  H ouse o f the H ungarian A cadem y o f  
Sciences has been  taken over w ith ou t  
change by the A cadem ic Press In c ., to be 
issu ed  in cooperation  w ith the righ t o f  
distribution  in  N o rth  and South Am erica. 
T hese facts prove th a t  it  was right to  start 
th e  edition of th is series and that it  is desir
able to  continue it .

In  the second vo lum e the aim  expressed  
in  th e  preface begins to  take shape, nam ely  
em phasis on the im portance o f the in ter 
nationa l character o f  the series. This volum e  
already includes spectra  taken b y  P olish  
authors. It is to be hoped  that in the future  
m ore and more research workers from  
abroad will subm it their  works for publication  
in  th is  series.

In  the second volum e sim ilarly to  the  
m eth od  followed in  the first the spectra of 
further substances (289) are published w ith  
continuous num bering (171 — 349). T he m ea
surem ent data g iven  were obtained in  various 
so lv en ts and o ften  in  media of varying pH  
and the figures contain  the log e curves 
com puted  from th e  m easurem ent records. 
T he table of conten ts annexed to the volum e
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lists all the m aterial m entioned in  the book, 
according to both nam e and m olecular 
form ula. The index m entions also the nam es 
and place o f work of th e  authors, g iving the  
reference numbers o f the spectra prepared  
by each author. The ind ex  summarizes the  
bibliographic data o f the articles in which the  
spectra in  question were published, or those  
which are in any relation w ith  the m aterial.

The series can be considered to be o f  
great va lue to spectroscopic research and  
in  v iew  o f  this one m ight have expected the  
publishers to pay greater atten tion  to the

binding o f the various volum es. The structure  
keeping the pages loosely in  th e  otherwise  
tastefu l b lack clothcover does n ot seem  to 
stand up to  m uch use. This, natu ra lly , does 
not dim inish the intrinsic value o f  the volum e  
but in  our opin ion the rich m aterial would  
have deserved greater care to  avoid  such 
minor faults.

The publication  of further volum es is 
awaited w ith  great interest; i t  is hoped that 
th ey  w ill bring new success to  H ungarian  
spectroscopists in  the international fie ld  of  
research.

I. K ovAcs*

Departm ent of Atom ic P hysics, Polytechnical U n iversity , B udapest.
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ANISOTROPE STRUKTUR SCHRÄG AUFGEDAMPFTER
ALUMINIUMSCHICHTEN

Von

E.  F.  PóczA
FORSCHUNGSINSTITUT FÜR TECHNISCHE PHYSIK DER UNGARISCHEN AKADÊMIE DER WISSEN

SCHAFTEN, BUDAPEST

(Vorgelegt von  Z. Gyulai. — E ingegangen 23. I. 1961)

Die m it in  einem  W inkelbereich von 5° —90° schräg aufgedam pften  dünnen halbdurch
sichtigen A lum inium schichten durchgeführten optischen  Elektronendiffraktions- und E lek 
tronenm ikroskopischen U ntersuchungen haben das anisotrope V erhalten  der Schichten gezeigt. 
U rsache der Anisotropie ist, dass in  der Struktur der Schichten die einzelnen K ristalle m it 
ihrer Längsrichtung in senkrechter R ichtung zur E infallsfläche der Bedam pfung w achsen , 
ohne dass aber in  solchen dünnen Schichten noch eine kristallstrukturell ausgezeichnete Orien
tation  auftreten würde. W enn wir das K ristallaggregat als zw eidim ensional betrachten, lässt 
sich ein geeigneter Ordnungsgrad einführen. U nter Verwendung der S ta tist ik  der auf den e lek 
tronenm ikroskopischen A ufnahm en befindlichen K ristalle  wurde der Ordnungsgrad v o n  bei 
verschiedenem  Einfalbvinkel bedam pften Schichten gem essen. Dieser wurde m it befriedigen
der Annäherung dem  die optische Anisotropie der K ristallaggregate kennzeichnenden P olari
sationsgrad gleich gefunden. Aus den Statistiken über die A bm essungen wurde die Erklärung  
der anisotropen Struktur des Aggregates an Hand der Berechnung der W achstum sbedingun
gen der einzelnen K ristallkörnchen gegeben und festgeste llt, dass m öglicherw eise die A u sge
staltung der anisotropen Struktur des ganzen A ggregates durch die A n isotrop ie  des W achstum s 
der einzelnen K ristalle verursacht wird.

l'bersicht über die Literatur

D ie im  Vakuum  aufgedam pften, w eniger als einige hundert Â dicken  
halbdurchsichtigen M etallschichten finden heute bereits in  zahlreichen G ebie
ten  der Technik und der W issenschaft praktische A nw endung. Obwohl bei 
der H erstellung solcher Schichten der D am pfstrahl bei Bedam pfung fast in 
jedem  Falle senkrecht auf die Oberfläche des Substrates auffällt, so sp ielt 
doch unter den kontraststeigernden M ethoden der elektronenm ikroskopischen  
U ntersuchungen oft die schräge Bedam fpung der Präparate m it einem Schw er
m etalldam pf, der kleinkörnige K ristalle ergibt, wie z. B .: Gold, Palladium , 
P latin , Uran, eine Rolle.

D ie auf diese W eise hergestellten Schichten weisen vielfach eine le ich t  
erkennbare optische Anisotropie auf und bei polarisiertem  Licht hängt ihre 
A bsorption von  der Lage der Polarisationsebene zu der b ei der Bedam pfung  
ausgezeichneten E infallsebene ab. Diese Erscheinung wurde zuerst von  
K u n d t  [1] bei K athodenzerstäubung beobachtet. Die hier ebenfalls aus den  
schräg auf die M etalloberfläche fallenden Atom strahlen entstehende zusam 
m enhängende M etallschicht zeigt auch im  Falle des senkrecht einfallenden  
polarisierten Lichtes die A bhängigkeit der Durchlässigkeit vom  Azim ut und
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dies ergibt einen dem D ichroism us ähnlichen Effekt. B r a u n  [2] nim m t als 
Erklärung der Erscheinung eine fadenartige Ausbildung der Struktur der au f
gedam pften Schichten an und erklärt dam it, dass die in  der Schichtenstruktur  
entstehenden länglichen K ristalle die polarisierten elektrom agnetischen W ellen  
nur dann durchlassen, wenn die Schwingungsrichtung des elektrischen V ektors 
der W ellen senkrecht zur R ichtung der Fäden ist, d. h. w enn diese längliche  
Fadenstruktur einen H ertz-E ffekt verursacht. Die V oraussetzung dafür ist, 
dass die Fadenentfernungen in  die Grössenordnung der K ristallabm essungen  
fallen, also im  Vergleich zur W ellenlänge k lein  sind. Ist dies nicht der Fall, 
so kom m t der von DU B ois und Rubens [3] beobachtete E ffekt zur G eltung; 
sind näm lich die A bm essungen der Längsfäden (K ristalle) grösser als die 
W ellenlänge des benützten  L ichtes, so ist die R ichtung der grösseren D urch
lässigkeit d iejenige, in w elcher die Schw ingungsrichtung parallel zu der R ich 
tung der Fäden verläuft. D ie  R ichtigkeit der Annahm e von  Braun wurde  
durch U ntersuchungen vo n  König und Helwig [4] nachgewiesen. Ihre 
elektronenm ikroskopischen U ntersuchungen zeigten, dass die in schräg auf
gedam pfte Schichten eingeordneten K ristalle annähernd eine N etzstruktur  
aufweisen, und als W irkung dieser Struktur kann die entstehende optische  
A nisotropie als ein H ertz-E ffekt erklärt w erden. Bei der qualitativen D iskussion  
der Strukturen wird darauf verwiesen, dass in der die optische A noistropie  
verursachenden Struktur die K ristallkerne nicht orientiert, jedoch h in sich t
lich ihrer Form  gew isserm assen geordnet sind, und die U rsache dieser Ordnung 
der schattenw erfenden W irkung der K ristallkerne zugeschrieben werden kann. 
Reimer [5] führte m it Au, A g, Cu, M n-Schichten parallel optische und elek 
tronenm ikroskopische U ntersuchungen durch. Nach seinen  Beobachtungen  
haben die aufgedam pften M etallschichten im  sichtbaren Spektrum für das 
senkrecht zur Einfallsebene der B edam pfung polarisierte Licht eine grössere 
D urchlässigkeit als für das m it der E infallsebene parallel polarisierte. B e i den 
untersuchten Stoffen zeigte der Polarisationsgrad eine starke W ellenlängen
abhängigkeit. D ie elektronenm ikroskopischen U ntersuchungen wiesen in  den 
untersuchten Schichten eine fadenförm ige Anordnung der länglichen K rista ll
aggregate au f und lieferten den Beweis dafür, dass die Erscheinung ein H ertz- 
Effekt ist. B ei einzelnen in  Toluol getauchten  Silberschichten konnte auch  
nachgew iesen werden, dass im  Falle richtig  gewählter K ristallabm essungen  
auch der d u  B ois-E ffek t erzeugt werden kann, und dass die Bestim m ung des- 
kritischen Inversionspunktes m öglich is t . D ie U ntersuchungen von Reimer 
bieten w egen der starken W ellenlängenabhängigkeit des Polarisationsgrades 
keine M öglichkeit, durch eine vereinfachende Annahm e zu  einem q u a n tita ti
ven Zusam m enhang zw ischen der Struktur und dem für die entstehende A n iso
tropie charakteristischen Polarisationsgrad zu gelangen. E s bedarf eingehende
rer U ntersuchungen, um auch die U rsachen der E n tsteh u n g solcher S ch ich t
strukturen aufzuklären.
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Die optische A nisotropie aufw eisenden Metalle haben im  allgemeinen  
einen hohen Schm elzpunkt. Nach den U ntersuchungen von  E vans und  
W ilman  [6 ] ergeben solche M etalle im  F alle schräger A ufdam pfung, über 
einer Schichtdicke von einigen hundert A , eine sehr charakteristische, in 
Richtung der Aufdam pfung beugende lau t den jüngsten U ntersuchungen  
von R ums und Baklagina  [7] genau m it der R ichtung der A ufdam pfung  
zusam m enfallende einachsige (Typ II) T extur. Die Frage lieg t auf der H and, 
ob nicht auch der für das optisch nachw eisbare anisotrope V erhalten veran t
wortliche E ffekt m it dieser E igenschaft im Zusam m enhänge stehe. Die E rgän
zung der m orphologischen U ntersuchungen durch E lektronendiffraktionsunter
suchungen bezw eckt, gerade diese Frage zu klären. Obwohl nach den zur 
Verfügung stehenden Literaturangaben [8 , 9] und nach unseren Erfahrungen 
bei diesen M etallen eine ausgezeichnete O rientation im B ereich einer Schicht
dicke von weniger als hundert Â nicht zu erwarten ist, erscheint es doch der 
Mühe Avert, dies m it einer em pfindlicheren M ethode nachzuprüfen, weil eine 
solche Textur in geringem Masse eventuell bereits unm ittelbar im  A usgangs
stadium  der Entstehung der Schichten auftritt.

Für die beschriebenen Zielsetzungen wurde als V ersuchsm aterial A lu 
m inium  gew ählt. Dieses M etall zeigt im  Falle einer schrägen Aufdam pfung  
ein aussergewöhnliches V erhalten, da es trotz seines niedrigen Schm elzpunktes 
einen schrägwinkligen einachsigen T extu rtyp u s darstellt, w ie es sonst nur 
M etalle m it hohem  Schm elzpunkte sind. A lum inium  ist als das zur H erstellung  
von  Spiegeln und halbdurchlässigen Schichten  verw endete Material schon  
wegen seiner Verbreitung in der Industrie interessant. Es zeig t im  Falle von  
kleinen A ufdam pfungsw inkeln sehr gut den L ichtpolarisationseffekt, in der 
Literatur sind jedoch im H inblick darauf durchgeführte qu an tita tive U nter
suchungen nicht zu finden [1 0 ].

Herstellung von Aluminiunischichten

B ei der H erstellung der Schichten wurde die übliche Anordnung ver
w andt (Abb. 1). Das 99.995-prozentig reine Alum inium  wurde von einem  
W olframfaden (W) abgedam pft. Das nötige Vakuum , in  dem  der gesam te  
Gasdruck unter 10~ 5 Torr war, wurde durch eine Q uecksilberdiffusionspum pe, 
die m it einer Gefriervorrichtung m it flüssiger Luft versehen war, erzeugt. 
Bis zum Absaugen der bei der Aufdam pfung freigewrordenen Gase waren die  
als Präparatbehälter dienenden, auch die M ikrogitter tragenden und m it einer 
Form var-H aut versehenen M ikroskopobjektträger (D) durch einen von aussen  
beweglichen D eckel (F ) vom  D am pfstrahl abgedeckt. D ie A bdeckung wurde 
bei 2 • 10 5 Torr abgenom m en und die Präparate hergestellt. Der A ufdam 
pfungswinkel (a) wmrde zw ischen 5° und 90°, die Menge des verdam pften

Acta Phys. H ung. Тот. X V . Fase. 2.1*
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M aterials, vom  Aufdam pfungsw inkel abhängig, zw ischen 5 mg und 100 mg 
variiert. D ie E ntfernung des Präparates vom  W olfram faden variierte zw ischen  
10 20 cm , die A ufdam pfung erfolgte im  allgem einen aus einer E ntfernung
von 14 cm . D ie verdam pfte Menge k onnte aus der A ufdam pfungsgeschw in
digkeit, d. h. auf Grund der Messung der zur A ufdam pfung nötigen  Zeit 
bestim m t werden. Die M enge des hineingebrachten M aterials wurde so bem essen, 
dass diese auch im  Falle des kleinsten gew ählten W inkels die pro O berflächen
einheit b enötigte  M aterialm enge auch dann noch zu decken fähig war, w enn

Abb. 1. Schem a der H erstellung der Schichten

das Präparat für die Zeitdauer (etwa 15 sec) des A bsaugens der beim Schm elzen  
des M aterials freiwerdenden Gase abgedeckt wurde. D ie G leichm ässigkeit der 
A bdam pfung vom  W olfram faden wurde wie fo lgt nachgeprüft: bei genau  
bem essenem  Glühstrom wurde in verschiedenen M engen aufgetragenes M aterial 
verdam pft. N ach den B eobachtungen erwies sich die V erdam pfungsgeschw in
digkeit (die pro Sekunde verdam pfte M aterialm enge) im  verw endeten G ebiet 
innerhalb von  10% unverändert und war nur von  der Tem peratur abhängig  
(Tab. I).

B ei reproduzierbarer D am pfstrahlintensität war die Feststellung der 
Schichtdicke durch Berechnung m öglich, eine w eitere M ethode zur M essung  
der Schichtdicke war durch A bsorptionsm essungen gegeben, ausserdem konnte  
die bei gleichen B edingungen durch m ehrm aliges Aufdam pfen hergestellte  
Schicht von  mehrfacher D icke nach dem  ToLANSZKYschen Verfahren [11] 
gem essen werden. D ie drei M ethoden erm öglichten die B estim m ung der 
Schichtd icke m it einem  relativen  Fehler von  weniger als 15% . Diese befried i
gende Ü bereinstim m ung erm öglichte die Durchführung der Schichtd icken
bestim m ung durch eine einfache A bsorptionsm essung b ei zwei W ellenlängen  
(5360 Â , 7700 Â).

Acta P hys. H ung. Тот. X V . Fase. 2.
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Tabelle I

Beziehung zw ischen den Param etern der Aufdam pfung

Heizstrom
Die Menge des 
eingeführten 

Materials
Bedampfungszeit Bedampfungs-

geschwindigkeit

Ampère mg sec mg/sec

30 31,3 6 i 0,51
30 15,0 28 0,53

30 14,5 26 0,56

28 14,0 35 0,40

28 14,0 41 0,34

28 15,0 42 0,36

28 15,0 37 0,40

28 10,0 26 0,38

28 10,0 27 0,37

28 20,0 57 0,35

Messung des Polarisationsgrades

An unter definierten Bedingungen hergestellten Schichten wurden m it 
H ilfe eines in  unserem  Laboratorium  gebauten Polarisationsm ikroskops und  
eines L ichtintensitätsm essers, T yp M agnephot II , Transm issionsm essungen in  
den vier M axim um - und M inim um positionen des drehbaren O bjekttisches 
durchgeführt und der Polarisationsgrad der Schicht aus dem  M ittelwert der 
fast gleichen In tensitäten  der Parallelpositionen berechnet. D iese M ethode 
lieferte zugleich eine K ontrolle, da im  Falle einer unrichtigen Zentrierung, 
einer V erletzung oder sonstiger A sym m etrie die zwischen den In tensitäten  
der zwei parallelen M axim um -M inim um positionen auftauchende w esentliche 
Differenz sofort auf eine U nstim m igkeit aufm erksam  m achte, die dann durch 
entsprechende E instellung des K reuztisches beseitigt w erden konnte. D ie  
Abweichung der M axim um -M inim um positionen von der senkrechten, bzw . 
parallelen Lage erm öglichte ebenfalls die em pfindliche R egistrierung der 
A sym m etrie der E instellung. D ie vor der L ichtquelle angebrachten Schm al- 
band-Interferenzfilter erm öglichten auch die M essung und A bsorptionskontrolle  
in den verschiedenen Spektralgebieten. D ie M essungen w urden im  allgem einen  
im  7700 Á Bereich durchgeführt. Von der geringen elliptischen Polarisation  
des durchgelassenen Lichtes wurde wegen deren G eringfügigkeit abgesehen.

Die W ellenlängenabhängigkeit des Polarisationsgrades im  sichtbaren  
Licht wurde m it einem  aus einem  M onochrom ator in unserem  Laboratorium  
hergestellten Spektrophotom eter nachgeprüft. D ie M essungen an einigen  
Präparaten überzeugten uns, dass bei den A lum inium schichten im Bereich

A d a  Phys. H ung. Тот. X V . Fase. 2.
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zwischen 4 0 0 0 —8000 Â  der Polarisationsgrad nur eine geringfügige W ellen
längenabhängigkeit au fw eist, und im  Grossteil der Präparate den in  der 
oben beschriebenen B estim m ung des Polarisationsgrades auftretenden M ess
fehler nicht bedeutend überschreitet. D ie im  vollen Spektralbereich gem essenen

%

30

20

10

4000 5000 6000 7000 8000Â

Abb. 2/a W ellenlängenabhängigkeit des Polarisationsgrades

W erte einiger solcher Schichten sind in  Abb. 2/a dargestellt. Die Präparate 
wurden eben wegen dieser geringen W ellenlängenabhängigkeit gew ählt, da 
bei solchen Präparaten zu erwarten ist, dass ein eindeutiger Zusam m enhang  
zwischen der Struktur und dem auftretenden Polarisationseffekt aufgefunden  
werden kann. Obzwar sich bei einem T eil der Präparate (Abb. 2/6) auch eine

Acta Phys. H ung. Тот. X V . Fase. 2.
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stärkere W ellenlängenabhängigkeit zeigte und der A blauf den M essungen von  
R e im e r  [5] für Silberschichten ähnlich  war, wurden keine Präparate gefunden, 
bei denen die von R e im e r  bei Silber nachgewiesene G itterinversion beobachtet 
werden konnte. In einigen Fällen verringert sich der Polarisationsgrad mit der

Abb. 2/c. W ellenlängenabhängigkeit des Polarisationsgrades

%

Abb. 3. Abhängigkeit des Polarisationsgrades vom A ufdam pfungswinkel der Schichten

Vergrösserung der W ellenlänge (Abb. 2/c). Diese Inhom ogenität der Präparate  
ist in den bei der Aufdam pfung unverm eidlichen Unterschieden zu suchen, 
und deren Klärung b ild et den G egenstand weiterer U ntersuchungen. Vorlie
gender A ufsatz berichtet über U ntersuchungen, die an hom ogenen und dadurch

A rt a Phys. H un". Тот. Х У . Fase. 2.
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W ellen längenabhängigkeit kaum aufw eisenden Präparaten durchgeführt 
w urden.

D ie unter einem  kleinen E infallsw inkel schräg aufgedam pften A lum inium 
sch ich ten  zeigen einen starken P olarisationseffekt. Abb. 3 ste llt die Messer
gebnisse von  bei verschiedenen E infallsw inkeln aufgedam pften Schichten dar. 
D er Polarisationsgrad verringert sich  stark von den kleinen W inkeln (flacher 
E infall) zu den grossen W inkeln hin (steiler E infall), ein geringer E ffekt war 
jed och  auch noch im  Falle eines W inkels von 70° zu  beobachten. D ie M essun
gen des Polarisationsgrades an den in  den B ereich von 4 0 — 80 Â  fallenden  
S ch ichten  wurden in  einem  gem einsam en D iagram m  angegeben. D ie ver
hältn ism ässig  grosse Streuung in  einem  so kleinen Bereich gab keine M öglich
k eit zur F eststellung einer eindeutigen  D ickenabhängigkeit. D ie ausgezogene 
Linie ste llt  eine volle Messreihe der Schichtdicke um  70 Â dar. D ie relative  
Streuung der gem einsam  hergestellten  Schichten war klein, die zwischen den 
verschiedenen M essreihen bestehende Streuung stam m t wahrscheinlich von  
den schwer zu kontrollierenden V akuum verhältn issen  her. Im  Falle kleinerer 
W inkel kann die grössere Streuung auch durch die m it dem G lühfaden Wechsel 
in k leinem  Masse variierende G eom etrie erklärt werden.

Elektronendiffraktionsuntersuchungen

A n A lum inium schichten durchgeführte E lektronendiffraktionsunter
suchungen haben bew iesen, das bei den unter einem W inkel von  5— 90° 
aufgedam pften  Schichten in  dem  untersuchten Schichtdickenbereich von  
30— 150 Â keine ausgezeichnete O rientation auftritt. Von den Schichten  
w urden Transm issionsaufnahm en gem acht, w obei das E lektronenbündel unter 
einem  W inkel von  0°, 30° und 45° einfiel. Die vo n  diesen Elektronogram m en  
erhaltenen In tensitätsverteilungen  w iesen weder v isuell noch nach Auswertung  
der R inge auf photom etrischem  W ege auf eine ausgezeichnete Orientation  
hin. A bb. 4/a ste llt eine unter einem  W inkel von  30° gem achte Aufnahm e von  
einer unter einem  W inkel von  10° aufgedam pften Schicht und die P hoto- 
inetrierkurve eines für die U ntersuchung solcher Intensitätsverteilungen  
geeigneten  K reisdiagram m es dar. D as Photom eter tastet den R ing mit dem  
kleinen  leuchtenden Fleck in der W eise ab, dass bei der im  K reise gedrehten 
A ufnahm e der Tisch auch eine Oszillationsbew^egung durchführt und der 
in A bb. 4/6 eingezeichnete W eg häufig  nacheinander über das Ringm axim um  
führt. Wäre die In ten sitä t entlang des R inges wegen einer ausgezeichneten  
O rientation nicht gleichm ässig, so sollte an der H üllkurve der häufigen M axi
m alw erte die sym m etrisch ungleichm ässige In ten sitätsverteilu n g bemerkbar 
sein.

Unser Elektronenm ikroskop erm öglichte, auch E lektronendiffraktions
aufnahm en von einem  ausgew ählten  Gebiet des Präparates zu machen,,
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Abb. 1 a. E lektronendiffraktionsaufnahm e eines unter 10° aufgedam pften P räparates von  
einer Schichtdicke von 70 Â  m it einem  zu der Norm alen des P räparates um  30° gen eig ten  E lek

tronenbündel. D ie Strecke der Fotom etrierung is t  eingezeichnet

Abb. 5. K leinfeld-Elektronenbeugungsdiagram m  einer unter 20° aufgedam pften 70 Â.
dicken Schicht

Acta P hys. H ung. Тот. X V . Fase. 2.
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dadurch, dass durch das vor der Projektionslinse angebrachte Diaphragma 
nur jene Bündel durchgelassen werden, die vo n  diesem b estim m ten  Gebiet 
kom m en. Mit d iesen  Bündeln w urde dann das Elektronenbeugungsdiagram m  
des Präparates hergestellt. A uf den  so hergestellten  Aufnahm en machen sich  
en tlan g  der den D eb y e—Scherrer Ringen entsprechenden K reise bereits die 
den einzelnen K ristallkörnchen entsprechenden E inkristallflecke, überein
ander gelagert, bem erkbar. A u f den in dieser W eise hergestellten Aufnahmen  
h ä tte  sich eine schräge T exturachse auffallend bemerkbar m achen müssen. 
E in e A sym m etrie solcher N atur m achte sich auch auf d iesen  Aufnahmen  
n ich t bemerkbar, die statistische Unordnung der von den einzelnen Kristalli- 
ten  entstam m enden Flecken ist offensichtlich (Abb. 5).

Als Ergebnis der E lektronendiffraktionsuntersuchungen kann daher 
festg este llt w erden, dass die kristallographischen Achsen der im  K ristall
aggregat angeordneten K ristalliten im Raum statistisch  ungeordnet liegen, und  
dass bei den untersuchten Schichtdicken keine ausgezeichnete Orientation 
au ftritt.

Elektronenm ikroskopische Untersuchungen

A uf den m it einem Form var-Film  bedeckten  O bjektträger wurde bei 
H erstellung der aufgedam pften Schichten in  jed em  Falle auch das mit einem  
Form var-Film  bedeckte M ikrogitter gelegt, sodass von der gegebenen Probe 
ein für die U ntersuchung im Elektronenm ikroskop geeignetes Präparat leicht 
abgetrennt w erden konnte. V on  diesen Präparaten wurden die elektronen
m ikroskopischen Aufnahm en m it einem Elektronenm ikroskop T yp »Hitachi«, 
m it einem A uflösungsverm ögen vo n  8 Â, gem acht. Die unm ittelbare Vergrösse- 
rung war im allgem einen 50 ООО-fach, in einzelnen Fällen 100 000-fach. A u f  
den  E lektronenm ikroskopaufnahm en konnten  vom  A ufdam pfungsw inkel 
abhängig K ristallaggregate verschiedener A bm essungen und Anordnungen  
beobachtet w erden. Auf die B ilder wurde in  der Weise eingestellt, dass an 
denselben kleine Verunreinigungen geeigneter Grösse ausgesucht wurden, 
deren Schatten die Bedam pfungsrichtung gu t nachwies. Bei den unter einem  
kleinen W inkel aufgedam pften Schichten war die Bedam pfungsrichtung n ich t  
nur wegen der Richtung der Schatten, sondern auch w egen der Anordnung 
der Kristalle nach ihrer Längsrichtung, bereits mit einem  Blick, in guter  
Annäherung zu erkennen. In A bb. 6 ist die Elektronenm ikroskopaufnahm e  
eines unter einem  W inkel von 10° aufgedam pften Alum inium präparates von  
einer Schichtdicke von etwa 70 Â dargestellt. Um  zu bew eisen , dass eine au f
fallende ausgezeichnete Anordnung auftritt, w urden zwei K opien  der Aufnahm e 
nebeneinander gestellt. In L age a)  verläuft die Aufdam pfungsrichtung von  
links nach rechts, in Lage b)  vo n  oben nach unten. Bei einer Schichtdicke von
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70 Á wurde für A ufdam pfungsw inkel zwischen 5 —90° auch die statistische  
A usw ertung der Elektronenm ikroskopaufnahm en durchgeführt. A u f je  einer 
A ufnahm e wurden 500— 1000 K ristalle gefunden. D ie bei einer unm ittelbaren  
50 000-fachen Yergrösserung aufgenom m enen B ilder wurden im allgem einen  
noch durch eine sechsfache optische Yergrösserung vergrössert. An den sich mit 
ihrer Längsachse in verschiedenen R ichtungen anordnenden K ristallen , die 
im allgem einen eine längliche Form hatten , wurde die R ichtung der Längs-

A b b . 6. E lek tro n en m ik ro sk o p isch e  A ufnahm e einer u n te r  10° au fg ed am p ften  70 Â dicken 
A lu m in iu m sch ich t. D er P fe il am  R an d  der A ufnahm e w eist a u f  d ie R ich tu n g  d e r B edam pfung  

hin , ih re  L änge  b e trä g t  2000 Â. E tw a  50 000-fache Y ergrösserung

achse bezeichnet, sodann wurde in Intervallen v o n  je 10° die R ichtungs
verteilung der K ristalle, d. h. der Prozentsatz der sich zu einer R ichtung paral
lel anordnenden K ristalle bestim m t. Jeder K ristall wurde proportional seiner 
Längenabm essung berücksichtigt. In  Abb. 7 sind die so erhaltenen H ysto- 
gramme für die verschiedenen Aufdam pfungsw inkel dargestellt. D er äusserste 
in das Diagram m  eingezeichncte Kreis entspricht 16% . Die erhaltenen H is to 
gramme beweisen, dass sich die K ristallkörnchen m ittlerer A bm essungen  
m it ihrer Längsachse senkrecht zur A ufdam pfungsrichtung anordnen. Diese 
Anordnung ist um so ausgeprägter, je flacher der E infallsw inkel des D am pf
strahles bei der Bedam pfung ist.

Ordnungsgrad des Kristallkonglomerats

Zum quantitativen  Vergleich der H ystogram m e ist es zw eckm ässig, den 
Ordnungsgrad des K ristallaggregats zu definieren. S te llt man sich die einzel
nen K ristallkörnchen als dünne Stäbchen vor, deren Richtung und Länge
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A b b . 7. R ich tu n g sv e rte ilu n g  von L än g sach sen  der K ris ta lle

A cta  Phys. Hang. Тот . X V .  Fase. 2.
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■der Längsachse der K ristallkörnchen entspricht, so soll dem  K ristallaggregat 
eine Zahl zugeordnet werden, deren W ert ^ 1  ist, wenn alle Stäbchen parallel 
zueinander liegen und 0, wenn säm tliche Stäbchen nach R ichtung und Grösse 
ungeordnet sind. Eine diesen V oraussetzungen entsprechende Masszahl kann  
durch das folgende Verfahren erm ittelt w erden: Die L ängsachse des T eilchens 
von einer Länge Л,- schliesse m it einer w illkürlichen, als Bezugsachse gew ählten  
X -A chse eines K oordinatensystem s X , Y  einen W inkel <pt ein. D ann sei 
der Einstellungsgrad der Linienstrecke in  B ezug auf diese Achse die Grösse 
Rh die sofort in einer leicht verallgem einbaren Form defin iert werden soll:

Л, cos 2<pj

hi
R , =

/i, cos2 (fi — hj sin2 cpj

Für ein Linienstreckenkonglom erat, das aus mehreren Linienstrecken (S tä b 
chen) —  deren R ichtungsw inkel (pt und G esam tlänge h, is t — besteh t, ist 
der Einstellungsgrad R 0 bezogen auf die durch (p =  0 ausgezeichnete X -  
Achse

R n
cos 2 (fi 
- h

Ist für eine grosse Zahl von Linienstrecken in  dem gew ählten K oordinatensys
tem  die V erteilungsfunktion h =  h(rp) b ek an n t, die gleich durch die B edin-

2ж
gung ( h((p) d(p =  0 normiert gegeben sei, so ist 

ó

2n
R0 =  j h ((p) cos 2cp dcp. 

(i

Diese gleichwohl von der Verteilung und der Achse abhängige Grösse kann  
durch eine nur für die Verteilung charakteristische, als M asszahl des O rdnungs
grades geeignete Grösse ersetzt werden: näm lich durch den M axim alwert 
der Einstellungsgrade bezogen auf die verschiedenen A chsen (R ) mit R ich 
tungsw inkel гр (s. Abb. 8 ).

D iese Bedingung zeichnet die Achse y> =  гр0 dadurch aus, dass der E in- 
■stellungsgrad in dieser R ichtung einen M axim alwert und in  dazu senkrechter  
R ichtung einen Minimalwert aufnim m t. S etzt man die in der A bb. 8 angegebe
nen W erte ein, so erhält man w egen der Periodizität von h((f>) und der cos- 
Funktionen

2 1
R v =  \  h (cp) cos2 (<p — ip) dtp.

0
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y>0 und i î  können  aus der Bedingung

dRf
d f  ,

0

berechnet w erden.
Der dazugehörige W ert des Einstellungsgrades — Ordnungsgrad ge

nannt —
2 л  2л  2л

R = R f0 =  f h(<p) cos 2 [99 — a rctg ( j h(<p) sin 295 d<p / f  h(cp) cos 2<p d<p)\ 
b b 0

is t nun nur für die Verteilung kennzeichnend.

Abb. 8. Feststellung; des Ordnungsgrades eines durch gegebene Verteilungsfunktion gek en n 
zeichneten A ggregates

Bei A usw ertung der H ystogram m e m uss noch ein G esichtspunkt b erü ck 
sichtigt w erden. Bei der D eutung der physikalischen E igenschaften solcher 
K ristallaggregate können die K ristallkörnchen offensichtlich nicht durch eine 
gerade Strecke charakterisiert werden, da doch ihre A usdehnung in andere 
R ichtungen auch nicht gleichgültig  ist. D em entsprechend kann die D efin ition  
des Ordnungsgrades weiter verallgem einert werden. Als Ordnungsgrad des aus 
zw eidim ensionalen K ristallen bestehenden K onglom erates nimmt m an den 
Ordnungsgrad eines K onglom erates aus eindim ensionalen Kristallen, deren  
Länge teils m it den Längs-, te ils mit den Querdim ensionen der ursprünglichen  
Kristalle übereinstim m t.

Im  einfachsten  Falle, w enn die A nnahm e von T eilchen gleicher Form , 
bzw. gleichen Verhältnisses ajb von Längen und Querausdehnungen begründet 
is t, verm indert sich der Ordnungsgrad, abhängig von  dem Verhältnis ajb, 
wegen der A usdehnung der Kristalle in zw ei R ichtungen - im V erhältnis  
(ajb -  Ща/Ь +  1), wie dies leicht nachw eisbar ist. Zur quantitativen  A us
wertung der H ystogram m e ist  auch im  H inblick auf die Bestim m ung dieses

Acta Phys. H ung. Тот. X V . Fase. 2.
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A usdehnungsverhältn isses die statistische U ntersuchung der K ristallausdeh
nungen  notw endig.

Statistik der Kristallausdehnungen

An den sich au f den elektronenm ikroskopischen A ufnahm en befindlichen  
1500— 1000 K ristallkörnchen wurden M essungen durchgeführt und eine S tatistik  
aufgestellt. Abb. 9 ste llt eine vollständ ige V erteilung dar. D ie Fläche der auf- 
;getragenen P unkte is t  der Zahl der K ristalle der gegebenen Abm essungen

20

15

10

5

200 400 600 800À

Abb. 10. Längs- und Q uerverteilungsfunktion

proportional. In  A bb. 10 sind getrennt auch die Verteilungen bezüglich der 
L ängenausdehnung und der darauf senkrechten Querausdehnungen darge
ste llt . D ie angegebene S tatistik  gibt die D aten einer unter einem  A ufdam pfungs
w inkel von 10° hergestellten  Schicht an. D ie Verteilungen der K ristalle in  
B ezug auf Längs- und Querdim ension sind beide einer n ichtsym m etrischen  
G lockenkurve ähnlich. Der M ittelw ert w eicht bei der V erteilung bezüglich  
der L ängenausdehnung w esentlich  vom  w ahrscheinlichsten W ert ab. Die 
M om ente der V erteilung sind in  Tab. II  angegeben. L aut Angaben der 
Tabelle liegt die V erteilung n icht sehr weit von  der logarithm ischen N orm al
verteilung. B erechnet man m it H ilfe des M ittelw ertes der Q uotienten der 
aufeinanderfolgenden M omente den M ittelwert der logarithm ischen Streuung  
(er) und den logarithm ischen M ittelwert (X g) gemäss dem  Zusam m enhang  
[12] der logarithm ischen N orm alverteilung

log jun =  log X g +  —  n log2 a,

ylcta Phys. Hung. Тот. X V . Fase. 2.
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Tabelle II

D aten  der V erteilungsfunktionen

X  X i n  N i
Iх n Iх ? H-3 Iх  n !  V n - i ^mitt X g

Länge Á 302,1 333,0 357,0 376.2
1.101
1,082
1,055

1,481 285,6

Breite А 166,2 173,7 181,5 188,1
1.047
1.047 
1.036

1,333 159,5

so sind diese um 5% bzvv. 4% niedriger als der dem  ersten M om ent en t
sprechende einfache M ittelw ert. D as Verhältnis der A bm essungen, als Quo
tient der logarithm ischen M ittelw erte, ist gleich 1,79. Der Q uotient der 
durch einfache M ittelw ertbildung bestim m baren D urchschnittsabm essungen  
ist gleich 1,83. Der D urchschnittsw ert der A usdehnungsverhältn isse (1,89) 
stim m t hierm it und auch m it dem W ert 1,98 gut überein; der letztere Wert 
wurde für dasselbe Präparat in  der W eise bestim m t, dass die S ta tistik  nur für 
jen e K ristalle aufgestellt wurde, deren Längsrichtung m it der A ufdam pfungs
richtung einen W inkel von  ^ 1 5 °  einschloss. Es kann festgestellt w erden, dass 
die Längenausdehnung der Kristalle annähernd dop p elt so gross is t  wie die 
Querausdehnung.

Zusam m enhang des Ordnungsgrades und des Polarisationsgrades

Wird sowohl die V erteilung der Abm essungen sow ie die Anordnung der 
K ristalle berücksichtigt, so kann der Ordnungsgrad für ein K ristallaggregat, 
das praktisch als in einer Fläche angeordnet angenom m en werden kann, mit 
H ilfe der obigen Überlegungen berechnet werden. D ie Integralw erte wurden  
aus den für Intervalle von  je  10° aufgenom m enen Treppenfunktionen durch 
Sum m ierung berechnet (Tab. III R„).  D ie Abm essungen der Kristalle wurden

Tabelle III

Zusam m enhang zwischen Ordnungsgrad und Bedainpfungswinkel

Bedampfungswinkel ; 5° ! 10° 20° ! 30° 50° 90°

Д » %
I

63,9 46,2 30,3 28,8 13,8 1,3

% 21,3 15,4 10,1 9,6 4,6 0,4

A d a  Phys. Hung. Torn. X V . Fase.
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—  gem äss ihrem  D urchschnittsverhältn is — m it a/b — 2 in die Rechnungen  
ein gesetzt. Für die Verteilungen der in Abb. 5 aufgetragenen H ystogram m e  
ergeben sich nach  dieser R echnung als Ordnungsgrade die in  T ab. III ange
gebenen  W erte R 2. D er L ichtstreueffekt des als zw eidim ensional anzusehenden  
K ristallaggregates, bzw. die E n tsteh u n g  der Polarisation kann  so gedeutet 
w erden, als w ären diese kleine für Licht undurchlässige Streuteilchen. U nter  
A nw endung des RABINET-Prinzips [13] kann das Aggregat der K ristalle —  die 
undurchsichtigen Teilchen als Sp alten  ähnlicher Form  angenom m en —- als ein  
der Form des K ristalls entsprechender Spalt angesehen werden. D as Aggregat,,

Tabelle IV

Z usam m enhang zwischen Polarisationsgrad und Ordnungsgrad

Präparat Gemessener Polari
sationsgrad %

Berechneter Ord- 
nungsgrad %

Al 5° 23,8 21,3
A l 10° 16.4 15,4
Al 20° A 12,6 11,1
Al 20° В 14,6 10,1
Al 20° C 13,0 9,3
Al 30° А 8,5 9,7
Al 30° В 8,8 9,6

Al 50° 2,6 4,6
Al 90° 0,5 0,4

das einem Spalt entspricht, dessen  Länge um  eine Grössenordnung kleiner ist 
als die auffallende W ellenlänge, polarisiert das darauffallende natürliche 
L icht. N ehm en wir an, dass ein  kleiner K ristall als ein unendlich dünner Spalt, 
v o n  derselben Länge wie der K ristall in dieser R ichtung, angesehen werden  
kann. Dann lä sst er aus dem a u f ihn fallenden natürlichen L ich t polarisiertes 
L icht durch, dessen  Intensität m it der Längsdim ension des K ristalls proportio
nal ist. W ird das zw eidim ensionale K ristallkörnchen durch zw ei in Längs- 
bzw . Querabm essungen gleiche aufeinander senkrechte dünne Spalte ange
nähert, so ist das durchgelassene Licht te ilw eise polarisiert, und sein P olari
sationsgrad kann aus dem V erhältn is a/b der A bm essungen durch den Z usam 
m enhang (ajb —  l)f{ajb -)- 1) berechnet w erden. Ist die V erteilung des sich in  
verschiedenen R ichtungen anordnenden, verschieden langen Spaltaggregates 
seiner R ichtung nach bekannt, so kann die Streuung des K ristallaggregats als 
Sum m e der In ten sitä t der polarisierten Streuungen der einzelnen E lem ente  
berechnet w erden, undzwar w ie leicht einzusehen ist, durch eine Rechnung, die 
der bei der E inführung des Ordnungsgrades des K ristallaggregats durchge

Acta Phys. H ung. Тот. X V . Fas-. 2.
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führten analog ist. H ieraus kann sofort die Folgerung gezogen w erden, dass der 
oben definierte Ordnungsgrad des bei den besagten  E inschränkungen in  einer 
Fläche angeordneten K ristallaggregats m it dem Polarisationsgrad des entstehen
den polarisierten Lichtes bei genügend grosserW ellenlänge übereinstim m en m uss. 
In Tab. IV  ist der Ordnungsgrad einiger Schichten und deren b ei einer W ellen
länge von  7700 Á  gem essener Polarisationsgrad verglichen. M it R ücksicht 
darauf, dass ja  die Verhältnisse b ei den Schichten endlicher D icke bei der 
Berechnung nur annähernd in  B etrach t gezogen wurden, ist die Ü bereinstim 
m ung zwischen den gem essenen und berechneten Angaben überraschend gut.

Folgerungen aus der Statistik der Kristallausdehnungen auf die 
bei der Aufdampfung auftretenden Vorgänge

Aus der in Abb. 9 dargestellten  S tatistik  kann die A bhängigkeit der 
Querabm essung der K ristalle von  der Länge des K ristalls bestim m t werden
(Abb. 11., o, 6).

Abb. 11.a. Abhängigkeit des D im ensionverhältn isses der Kristalle von  der Länge 
b. A bhängigkeit der durchschnittlichen B reite der Kristalle v o n  der Länge

An der Abbildung ist die F läche der M esspunkte proportional der Zahl 
der K ristalle der gegebenen A bm essungen. B e i der D arstellung wurde die 
M ittelw ertbildung für die A usdehnung in der Querrichtung durchgeführt. 
E s kann festgestellt werden, dass im  Bereich, in  welches die K ristallkörnchen  
durchschnittlicher Abm essungen faden , das A usdehnungsverhältn is annähernd  
2 ist. D ie kürzeren K ristalle sind runder, die Längeren schlanker als diesem  
V erhältnis entspricht.

2* Acta Phys. H ung. Тот. X V . Fase. 2 .
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D as A nw achsen der K ristallkörnchen schräg aufgedam pfter Schichten  
steh t lau t unserer vorhergehenden F eststellungen  n ich t m it der in  dünnen 
Sch ichten  auftretenden kristallstrukturell ausgezeichneten O rientation im  
Z usam m enhang. T rotzdem  w achsen die K ristalle —  w ie aus den elektronen
m ikroskopischen A ufnahm en geschlossen^werden kann —- senkrecht zur R ich
tu n g  der A ufdam pfung in länglicher Form , und auch als Ergebnis der sta tisti
schen A usw ertung kann festgeste llt werden, dass die vom  kristallstrukturellen  
Standpunkt ungeordneten K örnchen doch bezüglich ihrer geom etrischen Form  
ausgezeichnet sind. Aus dem Obigen fo lgt für das W achstum  ein M echanism us, 
la u t w elchem  die sich form enden K ristallkerne senkrecht zur A ufdam pfungs
richtung schneller w achsen als in  R ichtung der A ufdam pfung. E in  ganz

Abb. 12. M echanism us des W achstum s der K ristalle

schem atischer M echanism us des W achstum s kann für ein  in einer F läche ange
ordnetes K ristallaggregat, in  guter Ü bereinstim m ung m it den Versuchsergeb
nissen , w ie fo lgt angegeben werden: In  einer Schicht gegebener Schichtdicke 
können die sich form enden kleinen K ristalle durch k leine R echtecke konstanter  
D icke angenähert w erden, deren eine Seite (b) fast parallel zur R ichtung der 
A ufdam pfung verläuft. Ihre andere Seite (a) liegt annähernd senkrecht zur 
R ichtung der A ufdam pfung. Das au f die Fläche (ac) einfallende R ündel erreicht 
die F läche unter einem  W inkel vo n  90° — #  und n im m t das M aterial zum  
A nw achsen au f (Abb. 12). D agegen kann das A nw achsen des K ristalls in seit
licher R ichtung n ich t unm ittelbar durch das Strahlenbündel verursacht 
w erden, da aus dem  unm ittelbaren  B ündel kein M aterial auf die F läche (bc) 
fä llt . D ie F läche (bc) sam m elt das zu ihrem  eigenen W achstum  nötige Material 
aus ihrer U m gebung durch M igration und ström t das für das W achstum  nötige  
M aterial au f einer Strecke von  der Länge der K ante (b) —  quasi w ie v o n  einer 
n egativen  Quelle proportional zum  Quadrat der Länge (6) auf die Fläche 
(bc) aus.

Ist die In ten sitä t des D am pfstrahles AV/At  —  gem essen z. B . durch das 
M aterialvolum en, das durch die au f den D am pfstrahl senkrechte F lächen
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einheit in der Z eiteinheit durchgeht, —  so erreicht pro Sekunde und pro 
Flächeneinheit die Substratfläche ein D am pfstrahlvolum en von  AVfAt  sin & 
und die Fläche (ac), die dem D am pfstrahl gegenüber liegt, ein Volum en von  
A VJAt cos b. D ie W achstum sgeschw indigkeit der K antenlängen AajAt bzw. 
Ab/At  kann aus der au f die Flächen ( bc) bzw. (ac) pro Sekunde gelagerten Schicht
dicke gerechnet werden.

Angenom m en, dass auf der Fläche (ac) das R eflexionsverm ögen des 
Dam pfstrahles (r) ist, dann ist die W achstum geschw indigkeit der K ante (b)

Ab
At

AV  *r -------  COS <7.
At

Durch die die einander gegenüberliegenden zw ei Flächen (bc) erreichende 
M aterialm enge w ächst die K ante (a) in beiden R ichtungen m it der G eschwin
digkeit:

Aa =  2 y-b- 
At bc

AV
At

sin ■&,

wo der Proportionalitätsfaktor к auch die für die Migration charakteristische  
K onstante enthält. Aus dem Grenzwert der Q uotienten beider W achstum s
geschw indigkeiten ergibt sich für den Zusam m enhang zw ischen der Rreite 
und der Länge die D ifferentialgleichung:

=  [- rc 6 -i =  K6-L 
da \ 2 x t g &

B etrachtet man das Flächenproblem  (c =  const), so ist die Lösung

b =  K  )/a -  k0,

bzw . es ergibt sich für das V erhältnis der A bm essungen

a 1 У a 
b K  f l  — k j a

In Abb. 12 wurden für die dort angegebenen D aten  die mit diesem  Zusam m en
hänge berechneten K urven eingetragen. Aus der sich an die (von der S tatistik  
herrührenden) M esspunkte m it dem  kleinsten Fehler anschm iegenden K urve 
ergab sich

К  =  9,56 Â - 1  und k 0 =  15 Â .

Der M echanismus des W achstum s ist für das W achstum  in zw ei R ichtungen  
nicht derselbe. Grundsätzliche Ursache der A bw eichung ist, dass der schräg

Acta Phys. Hung. Тот. X V . Fase. 2.
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einfallende D am pfstrahl nur die ihm  gegenüberliegende Fläche erreicht, nicht 
aber die beiden seitlichen  F lächen. Auch vom  angegebenen M echanism us 
unabhängig ergibt sich  bei einer derartigen geom etrischen A nordnung auf 
jed en  Fall eine A sym m etrie beim  W achstum  in zw ei R ichtungen, und dam it 
kann vielleicht der ungefähre W ert von  2 für das durchschnittliche Verhältnis

Abb. 13. Aufnahm e einer a u f eine schräge G lasplatte m it Sedim entie- 
rung aufgetragenen Schicht. Yergrösserung 5-fach

Abb. 14. E lektronenm ikroskopische Aufnahm e einer A lum inium schicht. 
Yergrösserung 220 000-fach

der Abm essungen q u alitativ  erklärt werden. B ei der Schrägaufdam pfung  
werfen näm lich die sich nach E infallen  des D am pfstrahles form enden K ristall
kerne in R ichtung der A ufdam pfung einen Schatten  an der R ückfläche der 
K ristalle, sodass hierher M aterial weder durch M igration noch d irekt gelangt. 
E s besteht daher auch im  Falle gleichm ässiger M aterialaufnahm e ein  U nter
schied zw ischen dem W achstum  der K ristalle nach vorne und nach den Seiten, 
haben ja  die K ristalle nur eine R ichtung nach vorne und zwei seitliche R ich
tungen. Der bei den K ristallen durchschnittlicher A bm essungen gefundene 
W ert des V erhältnisses der A usdehnungen der K ristalle von ungefähr 2, kann 
als W irkung der q u alitativ  erklärten A sym m etrie verstanden w erden. Um
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:zu beweisen, dass solche aus rein geom etrischen V erhältnissen stam m ende  
asym m etrische W achstunisbedingungen die auf den elektronenm ikroskopischen  
Aufnahm en beobachtete K ristallform verteilung und Schichtstruktur verur
sachen können, wurde ein qualitativer Versuch durchgeführt. A uf eine von  
der Vertikalen um 20° geneigte G lasplatte wurde eine a u f dem  Funkenerosions
wege hergestellte M essingkörnchen v o n  etw a 1 [i Durchm esser enthaltende  
Suspension sedim entiert. Vergleicht m an die Aufnahm e der sich form enden  
Schichtstruktur (Abb. 13) m it der elektronenm ikroskopischen A ufnahm e  
(Abb. 14) einer unter 20° aufgedam pften A lum inium schicht, so bekom m t man 
einen vollkom m en gleichen Eindruck, und es ist danach wahrscheinlich, dass 
beim  E ntstehen  der anisotropen Struktur beider Schichten solche geom etrische 
Schattenw urfeffekte eine w esentliche R olle spielen.

Bei der H erstellung der elektronenm ikroskopischen A ufnahm en hat 
Herr Ingenieur J á n o s  T r e m m e l , bei der Verfertigung der Statistiken haben  
meine M itarbeiterinnen Frl. I l d i k ó  K o l e s z á r  und Frl. Z s u z s a n n a  O s a p a i  

m itgew irkt, wofür ihnen herzlich gedankt sei.
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АНИЗОТРОПИЧЕСКАЯ СТРУКТУРА КОСО НАПАРЕННЫХ 
АЛЮМИНИЕВЫХ СЛОЕВ

Й. ПОЦА

Р е з ю м е

Оптические, электроннодифракционные и электронномикроскопические исследо
вания, проведенные на тонких полупрозрачных алюминиевых слоях, косо напаренных в 
интервале углов от 5° до 90°, показали, что они имеют анизотропический характер. При
чиной анизотропии является рост некоторых небольших кристаллов в структуре слоев 
в направлении их длины перпендикулярно к плоскости падения при напылении. Он 
происходит, однако, без появления в таких тонких слоях какой-нибудь ориентации, от
личной с точки зрения структуры кристалла. Вводится мера степени упорядоченности,
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подходящая для характеристики упорядоченности по формам таких агрегатов, которые- 
можно рассматривать, как двухмерные друзы. Применением статистики кристаллов,, 
находящихся на электронно-микроскопических съемках, измерялась степень упорядо
ченности испаренных при разных углах падения слоев. Результат измерения оказался 
равным со степенью поляризации, характерной для оптической анизотропии друза. 
Исходя из статистики дается объяснение анизотропической структуры друзов с одно
временным вычислением условий роста кристаллов. Установлено, что сформирование 
анизотропической структуры всего друза обусловливается анизотропическим характером, 
роста отдельных кристаллов.

A c ta  Phys. H ung. Тот. X V . Fase. 2,



ZEITABHÄNGIGE DÄMPFUNGSERSCHEINUNGEN AN 
NICKEL BEI ZIMMERTEMPERATUR*

V on

I. G a á l

I. LEHRSTUHL FÜR EXPERIMENTALPHYSIK, ROLAND EÖTVÖS UNIVERSITÄT, RUDAPEST** 

(Vorgelegt von  E . N agy. — Eingegangen: 26. V . 1961)

Mit einem  Torsionspendel nach K e  wurde die zeitabhängige Ä nderung der am plitud en
abhängigen D äm pfung an statisch  und dynam isch im  nicht-plastischen Gebiet deformiertem.' 
N ickel bei Zim m ertem peratur untersucht. Es war unser Ziel, uns e in en  allgem einen Ü berblick  
über die W irkung der m it den D äm pfungsm essm ethoden untrennbar zusam m enhängenden  
Deform ationen auf die D äm pfung zu verschaffen. D ie M essergebnisse lassen sich dadurch  
erklären, dass sich die K onzentration der um  die Versetzungen angehäuften  atom aren F eh l
stellen unter der W irkung elastischer D eform ationen ändert.1

E inleitung

Als ein sehr w ertvolles H ilfsm ittel zum  Studium  der G itterfehlstellen  
haben sich M essungen der inelastischen E igenschaften  erw iesen. Ihre besondere  
Bedeutung lieg t darin, dass sie einerseits auch bei höheren Tem peraturen auf 
die Fehlordnung sehr em pfindlich sind, und andererseits m it ihrer H ilfe auch 
die den Fehlstellen  eigenen Bew egungen und ihre W echselwirkungen u n ter
sucht werden können. D ie experim entell und theoretisch am einfachsten zu 
behandelnden inclastischen Erscheinungen sind die D äm pfung der D eform a
tionsschw ingung und die A bhängigkeit der elastischen Modulen vo n  der 
Frequenz der M esschwingung. Bei den D äm pfungsm essungen kann m an bei 
geeigneter W ahl der Frequenz, der Tem peratur und verschiedener V orbehand
lungen der Probe die einzelnen Typen der Fehlstellen und ihre verschiedenen  
W echselwirkungen voneinander getrennt untersuchen .2

W enn wir Däm pfungsm essungen bei der U ntersuchung einer durch  
irgendeine Vorbehandlung zustande gebrachten Fehlordnung durchführen oder 
die Theorien der D äm pfungserscheinungen m it den M essergebnissen vergleichen  
wollen, so ist es unbedingt notw endig die W irkung der M esschwingungen und 
anderer m it der M essm ethode untrennbar zusam m enhängender D eform ationen  
auf die Fehlordnung zu kennen. D eshalb ist es w ünschensw ert, sich einen

* Auszug aus der D iplom arbeit; Roland E ö tv ö s U niversität, Budapest.
** N eue Adresse: Forschungsinstitut für T echnische Physik der Ungarischen A kadem ie  

der W issenschaften, Budapest.
1 D ie um  die Versetzungen angehäuften atom aren Fehlstellen werden im  folgenden die 

Cottrellatm osphäre der Versetzung genannt werden.
2 Über die D äm pfungserscheinungen b efin d et sich eine um fangsreiche Z usam m enfas

sung in [1].
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allgem einen Ü berblick über die W irkung elastischer D eform ationen au f die  
Fehlordnung zu verschaffen.

Die ersten U ntersuchungen über die W irkung elastischer D eform ationen  
a u f die D äm pfung stam m en v o n  R e a d  [2, 3 ], der bei einer Frequenz vo n  10 
kH z die W irkung der statischen  K om pression, die Änderung der D äm pfung  
während der Schw ingung bei ein  und derselben Am plitude und den E in fluss  
der Schw ingung m it einer grössten A m plitude auf die bei den kleineren A m p li
tuden  gem essene Däm pfung untersuchte. D ie A bhängigkeit der D äm pfung  
vo n  den früheren Schw ingungsam plituden wurde auch schon bei den N ied er
frequenzen beobachtet [4, 5 ]. Vor kurzem  haben Ch a m b e r s  und S m o l u - 
CHOWSKI [6] experim entell gezeigt, das sich eine Reihe der durch die M ess
schw ingungen zustandegekom m enen D äm pfungsänderungen als die V eränder
ung der K onzentration  der Cottrell-atm osphäre beschreiben lässt.

Experimentelles

Zu unseren U ntersuchungen benutzten  wir ein Torsionspendel nach  
K e [7]. Als Torsionsfaden, das heisst als Probekörper, w urden bei 750° C 
im Vakuum  vier Stunden lang geglühte und nachher m it einer G eschwindigkeit 
v o n  1° C/sec abgekühlte, polykristalline Feinnickelfäden3 verw endet, die einen  
Durchm esser von  1 mm h a tten  und 600 m m  lang waren. D as Gewicht des 
Pendelkörpers war 310 pond, und wir erregten nur solche Schw ingungen, deren  
D eform ationsam plituden1 k leiner als 1 5 - 1 0  8 waren. D em entsprechend w ar  
die an einer beliebigen Ebene des Fadens angreifende m akroskopische äussere  
Spannung im m er kleiner als 520 pond/m m 2. Da die kritische G leitspannung  
in  der aktiven  G leitebene der N ickeleinkristalle bei Z im m ertem peratur nach  
[8 ] 580 pond/m m 2 beträgt, dürfen wir voraussetzen, dass unter unseren  
M essbedingungen nur wenige neue V ersetzungen zustande kom m en k ön n en .5

Das Abklingen der freien Schwingungen des Pendels wurde mit der 
PoGGENDORFschen visuellen Methode beobachtet. Um die »mittlere Dämpfung« 
gemäss

Q- Ц А )
log 2

N - 1 ( 1 )

3 Johnson-M atthew  high p u rity  nickel.
4 D ie Schw ingungs- oder D eform ationsam plitude einer D eform ationsschw ingung des  

Torsionsfadens is t  der W ert der e„,2-K om ponente des in  Zylinderkoordinaten aufgeschriebenen  
D eform ationstensors in  der »Rinde« des Fadens im  M om ent, wo die kinetische Energie der

Schw ingung N u ll ist. In  der quasistatischen N äherung i s t f 9,2 =  -^— Vl^1) д  (Hierbei sind <ft

die »W inkelam plitude« der Schw ingung, l die Länge und R  der R adius des Fadens.)
5 O bwohl vor kurzem  an K upfer und Alum inium einkristallen auch  dreimal so k leine  

kritische G leitspannungen gem essen wurden als in  [8] angegeben sind , zeigt sich unsere V or
aussetzung doch als befriedigend, w eil die kritische G leitspannung in den polykristallinen K ör
p ern  20 oder 30 m al grösser ist als in  den entsprechenden Einkristallen [14].
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ausrechnen zu können, zählten  wir die A nzahl der Schw ingungen während  
der Zeit, in der die Schw ingungsam plitude auf die H ä lfte  ihres ursprüng
lichen  W ertes sank.

Die mittlere Däm pfung

Integriert m an die aus der Bew egungsgleichung stam m ende E nergie
gleichung nach der Zeit über eine Periode der Schwingung ties Probestücks, 
so erhält man, da freie äussere Kräfte feh len , das folgende R esultat:

U+T
S’ S' a ik (*s> 0  £ik (xs, t) d V  dt =  0 . (2 )

t. V

Hierbei ist das Y olum enintegral über den Probekörper ausgedehnt, und die 
Periode ist dadurch definiert, dass am A nfang (t =  t0) und am  Ende (t =  t 0 +  T) 
der Periode die kinetische Energie des Probekörpers gleich N ull ist.

Der D eform ationstensor (eik) lässt sich  ebenso wie der Spannungstensor  
{aik) in einen idealelastischen und einen inelastischen A n teil spalten. D er  
idealelastische D eform ationstensor (e^) s te llt  den D eform ationszustand des 
Idealgitters in harm onischer Näherung dar, und der inelastische Tensor (ej-fc) 
entspricht dem Beitrag der eigentlichen G itterfehlstellen und  des unharm oni
schen Teiles der Gitterschwingungen6 zur G esam tdeform ation. Die B edeutung  
der Aufteilung des Spannungstensors (aik =  aeik +  a\k) is t  völlig  analog der 
des Deform ationstensors. D as adiabatische HooKEsche G esetz drückt den  
Zusam m enhang zwischen den idealelastischen Teilen der Deform ations- und  
'Spannungstensoren aus.

Dieser A ufteilung nach lässt sich die Gl. (2) in die fo lgende Form schrei
ben:

toi T f , , deeik(x. ,t )  „ ,  ,
i ( (x„ t) ——  dV  dt

otи  V
'•+T +  

dtto V

+  a ik (Ap  t)
9e 'ik (xs, t) 

91

(3)

d V  dt.

D em entsprechend ist die Abnahm e der adiabatischen elastischen Energie  
w ährend einer Periode der Schwingung

~  I’ °1 к {xs. t0 +  T) Eeik (xs, ta +  T ) d V  — 1 j' aeik (xs, t0) eeik (xs, t0) dV
*  V *  V

U + T

-  í  Í
to V

» и « , . . )  Щ - ' 1  +  « , , ( * ,dt dt
dV  d t .

(4)

6 Vgl.: Therm ische U n elastiz itä t, W ärm eleitung und W ärm eausdehnung. (z .B .: in [15]).
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D efinieren wir die D äm pfung der Probe au f die folgende W eise:

Д  Probe _ in  einer Periode dissipierte adiabatische elastisch e Energie 
27i. adiabatische elastische Energie der Probe

so ergibt sich aus der Gl. (4), dass einerseits

/J Probe __
—  I' a‘\k (xs, t0) ejk (xs, t0) dV  f  (flk (xs, tg +  T) e<k (xs, t0 +  T ) d V
2 у 2 у

2л  I <fik i0) к *o) ^
2 Y

und andererseits

/ |  Probe .

U+T
f  f

Эе? k
aik ' +  aik '

3 4 ' d V  dt
Í0 V dt dt

2я.  —  ftreik- - ^ - d V  
2 ÿ k dt

ist.
Aus (5) bekom m t m an für den schw ingenden Torsionsfaden: 

__ V a d  {£Zf (R ’ *o))~ l l>AD (£z f  { R i  t q + j J tД  Pende' (g* („)
2.T/^D(f,ç (R,f(l))2

(5 )

( 6>

(7>

Hierb ei sind t eZlp(R, t0) der idealelastische A nteil der Schw ingungsam plitude  
und had der adiabatische, elastische Torsionsm odul. W eil I eZ<p{Rl tg)
— e,zlp(R , i 0 -f- T) J 1 und EeZql =  at lZ(p m it einem a <§ 1 ist, lässt sich  die 

Gl. (7) auch so schreiben:

d  lo g  (S) __ A Pendel (S, t)
dt  T( S , t )

( 8 )

w obei wir die Schw ingungsam plitude, sz<p {Ri h>) — ezf (Ri to) 4  (Ri lo) 
m it S  bezeichnet haben.

E ndlich  erhält man aus (8 ) für die m ittlere D äm pfung bei der S ch w in 
gungsam plitude A :

Q - 1 (A) =  - z ------------- ^ ------------------ . (9)
f ( S - A p™ú'l (S , t (S) ) )~'ds

A l  2
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Messergebnisse

D ie ersten M essungen bezogen sich  a u f die W irkung der statischen elas
tischen  D eform ation, w elche im Torsionsfaden durch Belastung m it dem  
Pendelkörper zustande kom m t. Abb. 1 zeigt die D äm pfung des P en d els7, 
als Funktion der nach der B elastung des Fadens abgelaufenen Zeit in dem  
Fall von aufeinander folgenden E n tlastu n gen  und W iederbelastungen. Die 
D äm pfung erreicht m it der Zeit einen stationären W ert. D ie zur E instellung  
des stationären W ertes erforderliche Z eit war nach allen  drei B elastungen

a-'íAi-io3

Abb. la .  Die am plitudenabhängige Änderung der Pendeldäm pfung nach  der B elastung des 
Torsionsfadens m it dem  Pendelkörper.

[(N eben den Kurven ist die nach der B e lastu n g  abgelaufene Zeit verm erkt.)

annähernd 150 Stunden: und während 300 Stunden k onnte man keine ausser
halb des M essfehlers liegende Änderung des stationären W ertes festste llen . 
Mit Hilfe m ilder, dem S ta tiv  des P endels gegebener S tösse wurden solche  
kleine transiente B iegungen erregt, die ähnlich  den B iegungen  sind, die bei 
der B elastung und E ntlastung des F adens unverm eidlich auftreten. D ie so 
zustandegekom m enen B iegungen verursachten  eine Ä nderung des sich schon  
eingestellten  stationären W ertes der D äm pfung, die in  2 — 5 Stunden völlig  
abklang. D em entsprechend lässt sich die D äm pfungsänderung nach der 
Belastung des Fadens im  W esentlichen durch die in der A nfangsphase der 
statisch en  D ehnung auftretenden V orgänge erklären.

7 Die D äm pfung eines Pendels in  der L u ft b esteh t aus zwei A n teilen ; aus der v iskosen  
Däm pfung der L u ft und aus der durch die Feh lordnung der Probe bestim m ten , sogenannten  
inneren D äm pfung. In [16] wurde an Hand v o n  vielse itigen  E xperim enten  festgeste llt, dass 
unter unseren M essbedingungen die Däm pfung der L u ft am plitudenunabhängig ist.

Acta P hys. H ung. Тот. X V . Fase. 2.



118 I. gaAl

Die W irkung der M esschwingungen als dynam ische D eform ationen  
wurde im  nach  der statischen  B elastung erreichten stationären Zustand u n ter 
sucht. E s wurde m it [5] übereinstim m end festgestellt, dass bei derselben  
T em peratur und bei derselben Frequenz an derselben Probe die (m ittlere) 
D äm pfung eine eindeutige F unktion  der m om entanen Schw ingungsam plitude  
und der A nfangsam plitude der M esschwingung ist, sofern eine bestim m te Z eit 
zw ischen den au f einanderfolgenden Anregungen der M esschwingungen  
abgew artet wurde. D ie nötige »W artezeit« hängt von der A nfangsam plitude  
der vorherigen Schw ingungen stark ab. D er E influss der Tem peratur au f d ie  
W artezeit wurde nicht untersucht.

flA Ю3

Abb. lb .  D ie Ä nderung der zur A m p litu d e  3,75 • IO-6 gehörigen D äm pfung bei aufeinander
folgenden B elastungen  und E ntlastungen . Die Z eitpunkte der B elastungen  sind durch a u sg e
zogene Linien bezeichnet, während die Zeitpunkte der E ntlastungen durch punktierte L in ien  
dargestellt sind. D aten  der aufeinanderfolgenden M essungen sind die folgenden: l \  =  3 ,06 sec  

und 17° C; T„ =  1,7 sec und ■&., =  19° C und T 3 =  3,03 sec und A  =  20,5° C.

Nach dem  Abklingen einer Schw ingung, deren A nfangsam plitude  
1 1 ,2 5 -1 0  G war, sanken die zu einer beliebigen A m plitude gehörigen D ä m 
pfungsw erte, die während des Abklingens der m it der A nfangsam plitude v o n  
5 -1 0 ^ 6 angeregten Schw ingungen gem essen wurden, allm ählich. 5 S tu n d en  
nach der A nregung der Schw ingung m it einer A nfangsam plitude von 11,25 •
• 10“ G änderten sich die bei den Anregungen von  Schw ingungen mit A n fan gs

am plituden v o n  5 • 10~G gem essenen D äm pfungsw erte n ich t mehr, sofern d ie  
W artezeit zw ischen den K ontrollm essungen mehr als 1 Stunde betrug. D iese  
letzteren D äm pfungsw erte w aren natürlich dieselben, w elche bei den S ch w in 
gungen, die m it einer A nfangsam plitude v o n  5 -10 6 angeregt worden w aren  
unabhängig von  den früheren Schw ingungszuständen auftraten , sofern m it
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der Messung eine hinreichende Zeit n ach  der letzten  Anregung gew artet  
wurde (vgl. A bb. 2).

Endlich wurde die Frequenzabhängigkeit der am plitudenabhängigen  
D äm pfung untersucht. D ie Messungen w urden  an dem selben Faden durch
geführt, und das Gewicht des Pendelkörpers war bei den beiden Frequenzen  
dasselbe, nur wurde sein T rägheitsm om ent entsprechend verändert. Zuerst 
wurde die m ittlere D äm pfung bei T1 =  3 ,06  sec und d1 =  17° C, dann b e i

а-'(А)*ю3

Abb. 2. Die A bhängigkeit der m ittleren  D äm pfung v o n  der A nfangsam plitude und v o n  der
Wartezeit.

(N eben  den K urven ist die Anfangsam plitude der M esschwingung u n d  die nach der A nregung  
der Schwingung m it der Anfangsam plitude von  11,25 • 10~6 abgelaufene Zeit verm erk t.)

T2 =  1,7 sec und #2 =  19° C und zum Schluss wieder b ei T3 =  3,03 sec und  
#3 =  20,5° C gem essen. D ie  A nfangsam plitude war im m er 6 ,2 5 -IO“ 6 und  
nach allen Veränderungen der Frequenz w urde die E instellung des stationären  
Zustands abgew artet (vgl. Abb. 3).

In Abb. 4 ist die D äm pfung in dem  stationären Z ustand bei =  3 ,06  
sec und #x =  17° C als F unktion  der Schw ingungsam plitude dargestellt. D ie  
A nfangsam plitude war 6,25 -10 A

Diskussion
Unter der V oraussetzung, dass der am plitudenabhängige A nteil der 

Däm pfung ausschliesslich v o n  der durch G r a n a t o  und L ü c k e  vorgeschlagenen
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Abb. 3. D ie Frequenzabhängigkeit der m ittleren Däm pfung im  stationären Z ustand . 
(D ie  Num m ern bezeichnen  die aufeinanderfolgenden M essungen.)

(T1(A), b zw A P(A)* 103

Abb. 4.  D ie D äm pfung und die m ittlere  Däm pfung als Funktion der Schw ingungsam plitude.
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W echselwirkung zwischen dem  Versetzungsnetzw erk und der C ottrellatm o- 
sphäre stam m t [9], erhalten wir nach [9] und [5] für die D äm pfung des P en 
dels den folgenden Ausdruck8

A Pendel ( S )  =  A °( œ,ê )  - K F 3eEi ( 10)

H ierbei sind zd°(co, b) der am plitudenunabhängige A nteil der D äm pfung und  
S  die Schw ingungsam plitude. К  hängt nur von  den D aten  des V ersetzungs
netzwerkes ab, und Г  ist bei ein und demselben V ersetzungsnetzw erk eine lineare  
F unktion der »mittleren« K onzentration der Cottrellatm osphäre, also eine  
eindeutige F unktion der K onfiguration der um  die V ersetzungen angehäuften  
atom aren Fehlstellen. Zum Schluss sei noch  bemerkt, dass bei der A bleitung  
des Ausdrucks (10) vorausgesetzt war, dass während der Schwingung der V er
setzungsstrecken einerseits neue V ersetzungen nicht en tsteh en  können und  
andererseits die K onfiguration der Cottrellatm osphäre unverändert b leib t. 
D em entsprechend beschreibt die G leichung (10) die D äm pfung als eine ein 
deutige F unktion der m om entanen Schw ingungsam plitude (S), der Frequenz  
(со) und der Tem peratur ($).

Da die D äm pfung unter unseren M essum ständen stark  von der A nfangs- 
am plitude der M esschwingung und der W artezeit zw ischen den aufeinander
folgenden M essungen abhängt, müssen wir m indestens eine der bisherigen  
V oraussetzungen ablehnen.

B ei der R evision der V oraussetzungen können wir gleich bem erken, 
dass sich die K onfiguration der Cottrellatm osphäre w ährend der Schw ingung  
der V ersetzungsstrecken verändert, w eil einerseits das Spannungsfeld einer  
schw ingenden Versetzungsstrecke und dem entsprechend die Wechselwirkungs
energie zw ischen ihr und einer atom aren Fehlstelle und infolgedessen die 
Gleichgewichtskonfiguration der Cottrellatm osphäre von der Schwingungsampli
tude der V ersetzungsstrecken abhängt, und w eil andererseits die Beweglichkeit 
der Zwischengitteratom e und der Leerstellen auch bei Z im m ertem peratur 
gross genug ist, um die K onfiguration der Cottrellatm osphäre in der R ichtung  
des m om entanen G leichgewichts während der »Messung« merklich zu ver
schieben.

Um die Verhältnisse m odellm ässig zu veranschaulichen, schreiben wir 
den zeitlichen M ittelwert der W echselwirkungsenergie zw ischen einer harm o-

8 In der A rbeit [9] ist die Däm pfung für hom ogene und harm onisch deformierte P roben
—  X

f  ßSangegeben, und dort wurde die Funktion Ei (—x) =  I -----da in eine Potenzreihe en tw ickelt.

D as Glied JJcri* è\k d V dt  wurde neben JJcr^ dV dl  in der Gl. (6) vernachlässigt, weil 

EAD (A) — A<ad(0)n ach  [17]
t<(0)

A (A )  ist.
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nisch, m it einer Am plitude | 0 schw ingenden Stufenversetzung9 und 
ruhenden atom aren Fehlstelle auf:

+i

A’ s )
1 i' A y
л  J (x — u ) 2  +  y -
— l

1
| / l  — u2

d u .

einer

( l la >

D em entsprechend ist die G leichgew ichtskonzentration der C ottrellatm osphäre 
um die schw ingende Stufenversetzung:

CÍ0 =  c0exp ujo  (*> У- *)
k&

(11b)

also ist Q , von  der Schwingungsfrequenz unabhängig und nim m t m it zu n eh 
m ender Schw ingungsam plitude — z. B . in  der Lage (0, ö, z) gemäss exp  
(—  (ö2 -)- I q)" 1) —  ab. Obwohl spannungsinduzierte P latzw echselvorgänge in  
der Nähe der schw ingenden V ersetzungen in der E instellung der G leich 
gew ichtskonzentration eine w esentliche R olle spielen, w eisen  wir doch d arau f  
hin, dass die Leerstellen bzw . die Zw ischengitteratom e w ährend 10 M inuten  
vgl. Tab. I) bei Z im m ertem peratur (in einem  spannungsfreien Kristallbereich) 
durch die BROWNsehe B ew egung 2 bzw. 4 - IO4 G itterabstände zurücklegen,10 
was m it der »Ausdehnung« der Cottrellatm osphäre vereinbar ist (vgl. [20]) 
und infolgedessen bem erkenswerte K onfigurationsänderungen in der C ottrell
atm osphäre bei Zim m ertem peratur zustande kommen können.

E ntsprechend diesen Erwägungen werden wir die Messergebnisse u n ter  
den A nnahm en diskutieren, dass

1. der am plitudenabhängige A nteil der Däm pfung ausschliesslich von  
der durch G r a n a t o  und L ü c k e  vorgeschlagenen W echselwirkung zw ischen  
dem V ersetzungsnetzw erk und  der Cottrellatm osphäre stam m t,

2. neue Versetzungen unter den gegebenen M essbedingungen n icht e n t
stehen können,

3. die K onfiguration der Cottrellatm osphäre sich so »langsam« än d ert, 
dass die G leichung (10) gültig b leibtund die Veränderung der Cottrellatm osphäre  
sich nur in der Änderung des Param eters Г  w iderspiegelt.

Obwohl die G leichgew ichtskonzentration der Cottrellatm osphäre m it 
abnehm ender Am plitude zunim m t (vgl. Gl. (11b)), n im m t die K onzentration

9 D ie G leichgew ichtslage (1er Stufenversetzung ist in der Z-Achse und sie schw ingt in 
der X -R ichtung.

lu Der D iffusionskoeffizient der Leerstellen wurde nach der F orm el D — • v ■ e x p /
S/к/  - e x p /—H/k&/  berechnet [11]. D ie eingesetzten Zahlenwerte w aren die folgenden: G itter
abstand, а =  3,5 Â; A ktivierungsentropie für die W anderung der L eerstellen (B o ltz m a n n - 
K onstante, S/k  =  2 [11]; v =  5 • 1012 sec-1 (ist e tw a  gleich der DEBYE-Frequenz, vgl. [22]); 
A ktivierungsenthalp ie für die W anderung der L eerstellen  =  0,98 eV [10] und M esstem peratur 
& =  300° K.

Das V erhalten  der Zwischengitteratom e ist hier und im  folgenden durch das B eispiel der  
W asserstoffverunreinigungen veranschaulicht. Der D iffusionskoeffizient des W asserstoffes in  
N ickel wurde gem äss der Form el D  — D 0exp ( — Q/k&) aus den D aten D 0 =  2 • IO-3 cm 2 sec- ' 
und 8,7 kcal/gA t extrapoliert, die bei 650° C bestim m t wurden [12].
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der Cottrellatm osphäre während des A bklingens der Schw ingung doch a ll
m ählich ab, weil die P latzw echselvorgänge die G leichgew ichtskonzentration  
während der A bklingungszeit der freien Schwingung auch bei den niedrigsten  
messbaren A m plituden noch nicht einstellen können. D ie K onzentrations
abnahme hängt stark davon ab, wie lange die Schw ingung bei den versch iede
nen A m plituden gedauert hat (vgl. Gl. (28)). D em entsprechend hängt die 
D äm pfung auch von der A nfangsam plitude und von der W artezeit ab, da die 
Däm pfungswerte nur dann reproduzierbar sind, wenn die M esschwingung  
von dem selben A nfangszustand in derselben W eise ausgeht, also wenn einer
seits die W artezeit zw ischen den aufeinanderfolgenden M essungen gross genug  
ist, sodass die G leichgew ichtskonfiguration um  das ruhende V ersetzungsnetz
werk sich wieder einstellen kann, und w enn andererseits die Schw ingungen  
immer m it derselben A nfangsam plitude angeregt werden. Geht die Schw in
gung näm lich von denselben A nfangszuständen aber m it verschiedenen  
A nfangsam plituden aus, so werden sich die zu einer beliebigen A m plitude  
gehörenden D äm pfungsw erte nicht reproduzieren, da die Schwingung in  den  
verschiedenen Fällen bei den verschiedenen A m plituden verschiedene Zeit 
gedauert hat.

Die allm ähliche Abnahm e des Param eters Г  w ährend des A bklingens 
zeigt unm ittelbar, dass die m ittlere K onzentration der C ottrellatm osphäre  
während der Schwingung tatsächlich abnim m t. Die zu  den verschiedenen  
Am plituden gehörigen G -W erte wurden aus der G leichung

S В / |P endel P3
^ P e n d e l _)----------  _  -  =  /1О(й,,0) _  К —------E i

4 as  s2
г
$Г

( 12)

berechnet. (D ie Gleichung (12) wurde aus der Gleichung (10) durch partielle  
A bleitung nach S erhalten.) D ie R esultate der A usw ertung der in der A bb.4  
dargestellten M essergebnisse ist in der T ab. I zusam m engefasst. D ie starke

Tabelle I

о
X
73

О

X

О
X-

*

О
X

X -
Ц О
J .  х 

^  Г Г
1 ^  г

, ^  1

О
X

+  S r
% и  h

+

SÓJ-tT
C p

'o'оИЗ

£
X
тГ

^  1

3,125 10.00 1.12 0,68 1,84 1,87 3,2
0 ,875 175

2.500 8,75 1,12 0.68 1,52 1,49 3,5
0 ,860 240

1.875 7,50 1.12 0,68 1.19 1.19 4 ,0
0 ,835 925

1,250 6.25 1,12 0,68 0.88 0,90 5 ,0
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A bnahm e des Param eters Г  is t  n icht überraschend, weil die m ittlere K on zen 
tration  der Cottrellatm osphäre auf die K onfiguration der Fehlstellen sehr  
em pfindlich  ist.

Da die Abnahm e der C ottrellatm osphärenkonzentration nach unseren  
V oraussetzungen durch die Schw ingung verursacht ist, h a t man nach dem  
A bklingen einer Schwingung die Zunahm e der C ottrellatm osphäre zu beobach
ten . Diese Zunahm e zeigt sich  sehr prägnant in  der A bnahm e der D äm pfung, 
sofern die A nfangsam plitude der Schw ingung, die für die B eobachtung der 
allm ählichen Zunahm e der C ottrellatm osphäre benutzt wird, w esentlich kleiner  
als die A nfangsam plitude der Schw ingung is t , die den zu beobachtenden  E ffek t  
zustande gebracht hat (Abb. 2). Die A bnahm e der D äm pfung lässt sich als 
Zunahm e der C ottrellatm osphärenkonzentration interpretieren, weil die m itt 
lere D äm pfung

A S

Q 1 (A) =  l ° g 2 j ' j s A°(co,ä)  +  —  I eK  r 3Ei ' Г de j 'dsJ  1 S 4 J « .

bei Г  2 ,22 , konstantem  A°(ca, д), К  und A  eine m onoton  abnehm ende  
F unktion  des Param eters Г  is t . (Auch b ei den vorgekom m enen niedrigsten  
D äm pfungsw erten war nach der Tab. I Г  >  3.)

D ie A bnahm e der D äm pfung nach statischer D eform ation lässt sich  
folgenderw eise erklären. Im  M om ent der B elastung bauchen  sich die in  den  
G leitebenen liegenden V ersetzungsstrecken sprunghaft aus [13], und die A nhäu
fung der atom aren Fehlstellen  um  die neue Lage der V ersetzungen verursacht 
eine allm ähliche Abnahm e der D äm pfung bis zur E instellung des »Gleich
gewichtes«.

Im  folgenden werden wir die zur A nhäufung der »neuen« C ottrellatm o
sphäre erforderliche Zeit abschätzen , um  zeigen  zu können, dass das b eobach
te te  »Gleichgewicht« der E instellung der G leichgew ichtskonfiguration der 
Z w ischengitteratom e und der Leerstellen um  die neue Lage der V ersetzungen  
entspricht.

D a das A usbauchen der V ersetzungsstrecken unter unseren M essbedin
gungen gross genug ist11 um  die spannungsinduzierte K opplung zwischen den  
ausgebauchten V ersetzungsstrecken und den in  ihren ursprünglichen Lagen  
zurückgebliebenen atom aren Fehlstellen  aufzuheben, lä sst sich der E in ste l
lungsvorgang der G leichgew ichtskonzentration  als die Überlagerung zweier 
verschiedener Vorgänge behandeln . D iese zw ei Vorgänge sind  das V erschw in
den der A nhäufung der atom aren F eh lstellen , die um die ursprüngliche Lage 
der V ersetzungen die Cottrellatm osphäre gebildet haben, und die allm ähliche

11 N ach  den D aten [18] lieg t die A m plitude des Ausbaucliens bei den Spannungen von  
400 pond in der Grössenordnung v o n  103 G itterabständen.
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Zunahme der K onzentration der F ehlstellen  um die neue Lage der V ersetzun
gen bis zur E instellung des G leichgew ichtszustandes. D em entsprechend wird 
die K onzentration der verschiedenartigen atom aren F ehlstellen  in der »neuen« 
bzw. in der »alten« Cottrellatm osphäre —  Cg(xs, t), C„(xs, t), . . . ,  C„(xs, t) bzw . 
Cl(xs, t), Cg(xs, t), . . . ,  C‘a(xs, t) —  durch die folgenden G leichungen und A nfangs
bedingungen gegeben:12

~ 9 (14)
11 dt

Go (*s)> (15)

1 э cLU l = -----------— , (16)
D l dt

— r i—  b 0. (17)

H ierbei sind U(xs) die W echselwirkungsenergie zwischen dem V ersetzungs
netzw erk und den in der Lage JAS] liegenden atom aren F ehlstellen , Сд0, 
C“aо? . . •, C‘aо die Teilkonzentrationen der durch das sprunghafte Ausbauchen  
zerstörten unbekannten alten Cottrellatm osphäre im  Zeitpunkt N ull, Cj, 
Cg, Cg die m ittleren Teilkonzentrationen der verschiedenartigen atom aren  
Fehlstellen  in der Probe und D 1, D2, . . . ,  Dl ihre D iffusionskoeffizienten . 
Da Cào und U‘ unbekannt sind, m üssen wir uns m it groben Näherungen  
begnügen.

D ie Lösung der Gl. (14) und (16) unter den A nnahm en, dass

U ‘ 1 ) t t u  t  . d U i  < \  , d U ‘
w  -  w " |ti 1<“  - * “>+  a v (x2 — x20)

al +  b1 X x b‘ X 2 wenn X t >  0, X 2 >  0 und X , -)- X 2 <  —r  is t ,
b‘

— a ‘-\-b‘ X i  — 6' X 2 wenn X x 0, X 2 0 und — -------ist,
b'

— a l -f- b ' X t +  bl X 2 wenn Х г <j 0, X 2 0 und — X x X 2 <  — — is t ,
b'

(18)

— a' — b1 X , — b‘ X 2 wenn X t 0, X 2 <  0 und X x +  X 2 ------- — ist,
b ‘

12 Der obere Index i unterscheidet im m er die zu den verschiedenartigen atom aren Fehl
stellen  gehörenden Grössen.
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im d

Q o (*s) =  Q  exp
U ‘
kd

wird die folgende z. B. im  B ereich  X x >  0, X 2 >  0 und X r +  X> <  ■
b‘

Cà {xs, 0 =  CJ-----  ̂du dv

D F

B - 2 C  E+2C

exp  (a‘ 6' X ,  — b' X ,  +  b‘\ Dt) j | е-<и,+»*> du dv

D + 2C F+2C

B—C E -  C

C ‘ (*s, t) =  C ‘ exp (a‘ -  b 1 X ,  -  V X 2) +  ±° -  J |

D—C F—C

(19)

( 20 )

e -(u-+!,2) du dv —

robei:

- C|! exp (a1 -  b‘ X 2 -  b‘ X 2)
71

B+C E+C

e (U'+V^dudv,

DFC f +c

( 21 )

sind.

B =  <■'____ * ; ,
] [ W 1  2

D = V,
l'4D' t

E
x 1~ x .

\r4 l ) 4
; F

- X ,  
|ÆW t

D ie B edeutung dieser N äherung liegt darin, dass sie zeigt, dass wenn sich
al

V
aus den Gl.13

die Ausdehnung der Cottrellatm osphäre, — , bei beliebig gew ählten t‘e und t\.

m ax CÁ (xs, t‘) _ 

C Á (xs, °o)
= 0.99, (22a)

C U xsAl) 
CL(X„ 0)

=  0.10 (22b)

13  D a wir a u f  d a s  V erschw inden d e r  C o ttre lla tm o sp h äre  des d e fo rm ie rten  V erse tzu n g s
n e tz w e rk es  w äh ren d  d e r  E n tla s tu n g  a u s  d e r  R e p ro d u z ie rb a rk e it de r E in s te llu n g sze it des s ta tio 
n ä re n  Z u stan d es bei d e n  W ied erb e las tu n g en  schliessen u n d  w eil sie a u f  die k le in en  M engen der 
z u rü ck g eb lieb en en  A n h äu fu n g en  n ic h t zu  em pfind lich  is t ,  m üssen  w ir in  (22a) u n d  in  (22b) 
v e rsch ied en e  E in s te llu n g sg en au ig k e iten  fo rd ern .
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zu weniger als einige G itterabstände ergibt, die in  (22) vorgeschriebenen K on
zentrationsänderungen auch bei den tatsächlichen U' und C ‘a0 während t'e 
und 4  natürlich nicht eintreten können.

Die E instellung des stationären Zustandes der D äm pfung erforderte 
150 Stunden nach der B elastung des Fadens. N ach  (22a) ist die dieser Z eit
dauer entsprechende A usdehnung der aus Leerstellen gebildeten  Cottrell- 
atm osphäre 100 G itterabstände. D ie in derselben W eise berechnete A usdeh
nung der aus W asserstoffatom en bzw. aus K upfer atom en gebildeten  Cottrell- 
atm osphäre ist 3,3-10® bzw. 7,3 • 10 2 G itterabstände.14 D em entsprechend  
ste llte  sich die G leichgew ichtskonfiguration der W asserstoffatom e um das 
Y ersetzungsnetzw erk schon während eines Bruchteiles der 150 Stunden »voll
ständig« ein. Die beobachtete E instellungszeit wurde durch die B ew eglich
k eit der Leerstellen bestim m t. Die Beobachtungszeit war jedoch zu kurz, 
um  merkliche Bew egung der K upferatom e beobachten zu k ön n en .15

W eil die E instellungszeit bei allen W iederbelastungen fa st dieselbe Avar, 
darf man voraussetzen, dass die C ottrellatm osphäre, die sich im deformier
ten  Zustand angehäuft hatte, während der 10 Stunden der E ntlastung wieder

a ‘
»fast völlig« verschw indet. Aus der Gl. (22b) ergibt sich, dass (10 Stunden)

b'
für die Leerstellen 60 G itterabstände ist, was den obigen D aten  der A u s
dehnung der Leerstellen-Cottrellatm osphäre entspricht, wenn wir nicht ausser 
acht lassen, dass die Cottrellatm osphäre des YersetzungsnetzW erkes bei der 
E ntlastung des Fadens durch die sprunghafte Bewegung der V ersetzungs
strecken zerstört w ird, was bei der A bleitung der Gl. (21) und (22b) vernach
lässigt wurde.

Zum Schluss diskutieren wir die Frequenzabhängigkeit der D äm pfung. 
W ir bem erken, dass unter unseren M essbedingungen selbst der am plituden
abhängige A nteil der D äm pfung frequenzabhängig war. W enn der am plituden
abhängige A nteil der D äm pfung frequenzunabhängig wäre, so dürfte man
sta tt

C-Г1 M ) -  Q3 l (A) <J, \ ( A )  J Pendel

A f ( A * )  V 2
] Pendel ( y f * ) )

4 - <  A* <  A
2 '

(23)

11 Die A ktiv ierungsenerg ie  de r C o ttre lla tm o sp h äre  w urde  in  allen d re i F ä llen  als 0,15 eY 
angenom m en  [20]. D er D iffu sionskoeffiz ien t der K u p fe ra to m e  w urde a u s  den D a ten  D 0 
10 “ 3 cm 2sec - 1  u n d  Q =  35 k cal/gA t b e rech n et. ([12], vg l. F ussnote  10).

15 D em entsp rechend  k a n n  m an bei geeigneter W ah l der T e m p e ra tu r , der B elastung  u n d  
d e r  B eob ach tu n g sze it eine aus b e lieb igartigen  a to m a re n  Fehlstellen  g eb ild e te  C o ttre lla tm o 
sp h ä re  um  die V erse tzungen  herste llen .
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schreiben:

( 24)

und infolgedessen wäre nach den D aten  der Abb. 3

AS — /1§^>0,17-IO-3. (25)

D ie U ngleichung (25) widerspricht aber der folgenden U ngleichung:

AS -  A° <  Ç.71 (A) -  Ag ~  <?2- i  (A)  -  А?, (26}

weil nach Tab. I und Abb. 3

Ag -  Ag <  0,16 10-® (27)

Entsprechend der V oraussetzung der allm ählichen Abnahm e der Cottrell- 
atm osphärenkonzentration während des Abklingens m üssen wir versuchen  
die Frequenzabhängigkeit der am plitudenabhängigen Däm pfung dadurch zu  
erklären, dass die A bnahm egeschw indigkeit der m ittleren  K onzentration  der 
Cottrellatm osphäre bei den verschiedenen Frequenzen verschieden is t . Nvin 
setzen wir voraus, dass die K onfigurationsänderung der C ottrellatm osphäre  
während der Schwingung m it spannungsinduzierter D iffusion unter dem  E in
fluss einer frequenzunabhängigen W echselw irkungsenergie zwischen dem  Ver
setzungsnetzw erk und den atom aren Fehlstellen sta ttfin d et. Diese V orausset
zung ist darauf gegründet, dass unter unseren M essum ständen die G eschw in
digkeit der Versetzungen (die 10-7  m /sec war; vg l. [18]) um 10 Grössen
ordnungen kleiner war als die Schallgeschw indigkeit in  N ickel (5 • 103 m /sec). 
D em entsprechend lässt sich die quasistatische Berechnung des Spannungs
feldes der schwingenden V ersetzungsstrecken (vgl. Gl. (11a)) als eine gute  
N äherung betrachten.

W enn während des Abklingens der Schwingung von  der A m plitude  
A  au f die Am plitude В  in  den Z eitpunkten t0 =  0 , tl5 . . . ,  tk, . . . ,  tn =  t 
die A m plituden А  =  A 0, . . . ,  A k, . . . ,  A n =  В  sind, und  zu diesen Schw in
gungsam plituden die W echselw irkungsenergien U 0, Ux, . . . ,  Uk, . . . ,  Un 
gehören, so wird die K onfiguration  der Cottrellatm osphäre in der Zeit t

16 Der am plitudenunabhängige Anteil der Däm pfung ändert sich nach dem  G esetz:

C‘a ^ b (xs, t) =  lim (*s, t0, t j , . (28)

wobei C‘n durch die Rekursionsform el

О 1 (to. &) (todr (1 со2 rjj exp  ( — Q/kD)-  -)- to2 z lr2) 1,2,

A vo Q in  der Grössenordnung der Aktivierungsenergien der D iffusion lieg t [21].
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C'0 — G leichgew ichtskonzentration im  Zeitpunkt Null,

C{ =  CÍ +  D ‘ (AC‘ +  grad U‘0 grad C£) (h — t0),

Ci+i  =  Cl  +  D ‘ (ACL +  grad U‘k grad C‘k) (tk+1 — tk),

C,i =  C '+1 -L D 1 (AC‘n+1 +  grad U^+l  gradC ^ )  (tn — t„_j)

gegeben sind (vgl. Gin. (14) und (16)). Weil einerseits tk — tk x bei T3 =  3,0ik 
sec im m er grösser als bei T2 =  1,7 sec war,17 und w eil andererseits Cq2 j> Cós. 
und DÍ3 >  D ‘02 w aren ,18 ist nach der Gl. (13) zl2Pende,(yl*) <  A£ende'(A*), und  
infolgedessen dürfen wir sta tt (23) wieder die Ungleichung (24) schreiben, 
woraus sich der schon bekannte W iderspruch ergibt.

Dieser W iderspruch w eist darauf hin, dass entweder die W echselwir
kungsenergie von der Frequenz abhängt, oder die W irkung der durch die 
nicht plastischen D eform ationen zustande gebrachten V ersetzungen nicht 
vernachlässigt werden darf (vgl. [14]). Da b ei der A bleitung der Gl. (10)
die durch die C ottrellatm osphäre dissipierte kinetische Energie der zurück
laufenden V ersetzungsstrecken ausser acht gelassen  war [9], so können w ir  
zwischen diesen zw ei M öglichkeiten nur nach neueren Erw ägungen einen  
U nterschied m achen. Bemerken wir aber, dass wenn man eine geschw indig
keitsabhängige W echselwirkung voraussetzt, w elche von der G eschw indigkeit 
der V ersetzungsbew egung so abhängt, dass b ei den grösseren G eschw indig
keiten  auch die dissipierte Energie grösser ist, so is t  nicht nur die M öglichkeit 
der Erklärung der Frequenzabhängigkeit gegeben, sondern d am it kann v ie l
leicht auch erklärt werden, warum  man bei den  m it den grösseren A nfangs
am plituden angeregten Schw ingungen bedeutend grössere D äm pfungsw erte  
m isst als bei den Schwingungen, die eine kleinere Anfangsam plitude haben.

Schlussfolgerungen

1. Die am plitudenabhängige D äm pfung ist eine eindeutige Funktion  
der A nfangsam plitude, der m om entanen Schw ingungsam plitude, der Frequenz  
und der Tem peratur, sofern zw ischen den aufeinanderfolgenden M essungen  
eine hinreichende Zeit abgew artet wird.

17 Es sind näm lich Q2 1  >̂ Qä1 und <C T31.
18 Die Tem peraturabhängigkeit dieser Grössen is t  die folgende:

D ‘ =  D ' exp ( — Q‘/k&) und C[ =  C*0 exp  ( +  Q'/k&).

Vor den Anregungen wurde im m er die Einstellung der G leichgew ichtskonzentration um, 
das ruhende Versetzungsnetzwerk abgew artet.
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2. D ie durch die statischen und dynam ischen D eform ationen verursach
ten  D äm pfungsänderungen lassen sich als spannungsinduzierte B ew egungen  
der atom aren F ehlstellen  um  das V ersetzungsnetzw erk beschreiben.

3. Auch der am plitudenabhängige A nteil der Däm pfung ist frequenz
abhängig.

4. E ine Ursache der oft gefundenen W idersprüche zwischen den  Erwar
tungen  der Theorie von  G r a n a to  und L ü c k e  bezüglich  des am plitudenab
hängigen A nteils der Däm pfung und den M essergebnissen [19] kann  in den 
spannungsinduzierten K onzentrationsänderungen der C ottrellatm osphäre und 
in der E ntstehung neuer Versetzungen verm utet w erden.

Herrn Prof. Dr. E . N a gy  danke ich  herzlich für die Anregung zu dieser 
A rbeit und für sein ständiges Interesse.
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ЗА В И С Я Щ И Е  ОТ В Р Е М Е Н И  Я В Л Е Н И Я  И С П А РЕ Н И Я  Н А Н И К К Е Л Е  П РИ  
КОМ НАТНОЙ Т Е М П Е Р А Т У Р Е  

И. ГА Л

Р е з ю м е

При помощи крутильного маятника по Ке  исследуется изменение зависящего от 
амплитуды испарения, которое является функцией времени, на никкеле, деформиро
ванном статически и динамически в непластичной области, при комнатной температуре. 
Цель данной работы — дать общий обзор влияния деформаций на испарение, находя
щихся в неразрывной зависимости с измерительными методами испарения. Результаты 
измерения объясняются тем, что концентрация мест дефектов в атоме, накопленных во
круг дислокаций, изменяется под действием упругих деформаций.
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RELATIVISTIC EQUATION OF MOTION FOR A CHARGED 
PARTICLE WITH SPIN AND MAGNETIC MOMENT

I. T R A N SLA TIO N A L E Q U A T IO N  OF MOTION 

By

I. F. Farkas

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by K. N ovob átzk y . - R eceived  20. VIII. 1961)

Starting from the m odified form o f  the energy-m om entum  tensor, the translational equa
tion  of m otion is determ ined by using I n f e l d ’s m ethod. The four-potential is expanded in  
term s of the powers of 1/c. The self-force acting on the particle is calculated . The divergent 
term s in the equations o f m otion are elim inated by the m ethod  o f com pensating auxiliary field. 
It is shown that similar results are obtained i f  fie ld  equations o f higher order are used. The varia
tio n  of the rest mass caused by the self-force is also given .

§. I. Introduction

In recent years the problems o f the equations o f motion h ave been studied  
b y  a number of authors. Their aim was to in vestigate  the equations of m otion  
for particle m odels w hich approach really ex istin g  elem entary particles as 
closely  as possible. These investigations can be divided into  tw o groups.
1. The reaction of the proper field  is calculated on the basis o f a rather sim ple 
m odel, and 2. in the case of more com plicated m odels the equations are deter
m ined regarding the particle as a te st  particle. In the case of the sim plest model, 
that of a charged point particle, th e  radiation reaction  was given b y  D irac [1]. 
Here the divergent term s, that appear in the equations of m otion , can be 
incorporated into the mass. A m odel which approaches real elem entary par
ticles better has been proposed b y  B habha  [2]. Later B habha and Corben [3] 
im proved D irac’s original m ethod for the derivation  of the equations o f  
m otion. P ryce [4] has shown th at the m ethod for the elim ination o f the diver
gent term proposed b y  D irac is equ ivalent with the m odification o f  the energy- 
m om entum  tensor by adding a term

Up =  T aß 9  ̂K aßu,

where K aßß depends only on the coordinates o f th e  particles and is antisym 
m etric in the indices a, ß.  The aim o f the further investigations w as to ensure 
the fin iteness of the self-energy. In  addition to  the aforem entioned authors 
E liezer [5] and Gupta  [6] also succeeded in obtain ing a fin ite  va lue for the 
self-energy by applying advanced potentia ls. T his procedure has, however,
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tw o im portant shortcom ings: its rather formal character and the fa c t  that 
th e  physica l m eaning o f th e  advanced poten tia l is not clear enough to  be used  
w ith ou t criticism .

M any authors derive the equations o f  m otion from  a variational principle. 
In th is w ay  im portant results have been obtained b y  Frenkel [7] and 
Horváth [8]. In the derivation  o f th e  correct equations of m otion there is 
another problem  to be solved: n am ely  the in teraction  between charge and 
external field  is known from Lorentz’s work, the in teraction  b etw een  m ag
netic m om ent and fie ld  has yet to be clarified. M any authors have treated  
th is problem , e. g. Bhabha and Corben [3] and Marx [9]. The clarification  
o f the interaction betw een m agnetic m om ent and fie ld  is o f param ount 
im portance because th is  strongly influences the structure of the equations 
o f m otion.

W e should like to  recall one o f  B h a b h a ’s rem arks, according to  which  
the appearance o f the divergent term s is caused b y  the energy-m om entum  
tensor used, which does not describe the singular field of the particles 
con ven ien tly . This energy-m om entum  tensor has been  modified b y  M a r x  [9] 
and th is m odified form  w ill be used in  our calculations.

§ 2. Thejderivation of the equations of motion from linear
field equations

I t  is a w ell-know n fact that one cannot deduce the equations o f  m otion  
from  linear field  equations. Therefore we use the m ethod proposed b y  
I n f e l d  [10] for their derivation, th e  essence o f w hich is the follow ing. 
Introducing into the linear field  equations the weak gravitational fie ld  created 
b y  the particle and its  field  the fie ld  equations cease to be linear and one 
can deduce the equations of m otion  from these nonlinear field  equations 
w ith ou t any other hypothesis. F in a lly  we take th e  equations o f  m otion in 
the lim it when gap ten d s to Óa(S and the gravitational constant x tends to  zero. 

In  the calculation we make use o f  the gravitational and the linear field  
equations. It follows from  the gravitational equations th at the com plete energy- 
m om entum  tensor o f  th e  system  is divergence-free:

Vß Т аР =  0 , (1 )

w hich ensures the conservation o f a four-vector. N ow  if  we integrate eq. (1) 
over a dom ain V, w hich includes th e  particle, w e obtain the equations o f  
m otion :

~ \ A ß T aU v  =  0, (2)
dr J
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which depend only on the positon  o f the particle. (Here r denotes the proper 
tim e.) Let us take the aforem entioned lim it, when g^  —> baß and x —>- 0, 
then the eq. (2) obtains the fo llow ing form:

f  ! Э/3 Taßdv =  0. (3)
d'C J

{Greek indices run from 1 to 4 , Rom an indices from 1 to 3, further x =

=  ict =  ix0 and 9a = ------- .
dxß

The com plete energy-m onem tum  tensor consists of tw o parts: the  
kinem atic energy-m om entum  tensor taß of the particle and the energy-m om en
tum  tensor Eaß o f the electrom agnetic field, the latter describes the in ter
action of the particle and the external field. Therefore

T aß =  faß 4 ”  E aß. ( 4 )

U sing eq. (4) we write eq. (3) in the form

dt Г dt Г
- -  I dß taß dV =  — —  J Qß E aß dv. (5)

In a well-known manner we describe the spin o f the particle by a second- 
order antisym m etric tensor. In the rest system

■^23 =  axi S 31 =  oy, S 12 =  Gz, ( 6 )

where o(ax, ay, az) denotes the spin vector of the particle.
As experim ental facts suggest a very close connection ex ists betw een  

the spin and the m agnetic m om ent o f the particle in the rest system . There
fore, if  we wish to proceed in accordance with a m odel, in which the particle has 
m agnetic m om ent in the rest system  only, w e have to require th a t at the  
tim e T the elem ents Sa4 o f the tensor Saß vanish in the reference system  m oving  
together with the particle. This condition has th e  со variant form

«p"pS =  0, (7)

where ua denotes the four-velocity o f the particle.

§ 3. The kinematic energy-momentum tensor

The m echanical behaviour o f  the particle is described by the kinem atic 
•energy-m om entum  tensor. Its exp licit form is necessary when solving the
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equations o f m otion (5). On the basis o f  the results obtained b y  HÖNL [11] 
and N a g y  [12] we write it in the form:

tap  =  j  (m aß +  m aßy % )  <H*) <1т. ( 8 )

The tensors ma8 and maßy are sym m etric in  the indices a, ß. The function  Ö (4) 
represents the four-dim ensional d-function of D ir a c

d(4) =  d(*, — I,)  d(x2 — | 2) d(x3 — | 3) ô I Xi
1 ic

=  d(3)d
ic

(9)

The sr(T) denotes the world line.
The tensors maß and ma(3j, are g iven b y  N a gy  in  the form:

m „p =  m o м ц
2 c2

( S a v U„ U ß +  S ß v U v U a) ,

m aßy  =  -  y  ( S 7 a » ß  +  S y/3 Ua).  ( 1 0 )

W ith  this choice taß fulfils the usual physical conditions. Substituting  
(10) in to  (8) and perform ing the prescribed integration  w hich is very  
sim ple because of the d-functions, th e  kinem atic energy-m om entum  tensor 
has the form:

laß =  mnß à{b) +  maßk дк ó(3) 4 -  
‘ н dl dt

1
ic l aßi uk dkô ( 3)

1
ic

dr
dt

( И )

where d(3) — d(xx —  | x) . . .  b(x3 — | 3). The detailed exam ination o f the eq. 
(11) shows th at the kinem atic energy-m om entum  tensor o f  the particle describes 
a point-like pole-dipole system . I f  w e w ish to build up a particle m odel which  
takes also the spin into account, the sim plest w a y  of its realisation is to 
use a pole-dipole system . We note th a t in the case o f  a particle h avin g  higher 
m om ents, one has to start w ith an energy-m om entum  tensor th a t contains 
derivatives of higher order.
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§ 4. The equation o f m otion of a particle with charge 
and m agnetic mom ent

For the derivation of the equation of m otion it is necessary to give the 
electrom agnetic properties of the particle. The electric charge o f  th e  particle 
is characterized by the scalar q u an tity  e, the m agnetic m om ent b y  the vector  
I1t(mx, my, mz). The com ponents o f the m agnetic m om ent can be associated  
w ith the spatial elem ents o f an antisym m etric tensor in the fo llow ing sense

P 23 =  mx, P 31 =  my, P 12 =  mz.

The elem ents P ai o f the tensor Paß can be represented by another vector 
p(px, py, p 2). I t is clear that the vector p describes the electric m om ent of 
the particle. As we wish to com pare the electrom agnetic properties of the  
par-ticle w ith those o f real elem entary particles, we require th at the 
electric m om ent vanish  in the rest system  of th e  particle. In other words if

t)
the particle is at rest, th e  vector p =  —  , m has to vanish. This condition

c
can easily be w ritten  in the covariant form

P„ß « p =  » .  ( 1 2 )

(Frenkel’s condition [7]).
In order to facilitate the calculations we follow Marx and introduce 

an antisymmetric tensor Ma/I with the prescription

M.nß P uß +  —  К  Pun Uß -  И с  Pßn Ua) , (13»

where the tensor P aß is antisym m etric in  the indices a, [3 and its elem ents are 
equal to the com ponents o f the vectors ttt and p, respectively. I t  is easy to
see th a t (12) is satisfied  by the choice o f  Maß. L et us suppose further that
the tensors which describe the behaviour o f  the spin and the m agnetic m om ent 
of the particle are related by

M aß =  g Soß, (14)

where the constant g is characteristic o f  the particle.
The fields, both  the external one and that caused by the particle, are 

described by M axw ell’s equations which w e write in the form

9a F ßo +  dp F ea H- 9» F aß =  0 , (15а

dß Faß =--- Ья (S a +  9ßp aß), (15b)
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where Faß denotes th e  electrom agnetic field tensor, Sa is the four-current 
.density, which, in  the case o f a poin t particle, takes th e  form

Sa = * j n a d(4)dT, (16)

•and dß /j,aß is the polarized current density  arising from  the electric and m agne
tic m om ent. This is defined by

Paß — J M aß 0(4) dr. (17)

The tensor fie ld  described b y  M axwell’s equations (15a) and (15b) has 
a vanish ing rotation . This m akes possible to represent the tensor field  b y  a 
four-vector field. The four-vector field  (the four-potentials) w hich we in tro
duce in this w ay, is related to the field  tensor b y

K ß =  3a Aß - d ß Ä a. (18)

The eq. (15a) is au tom atically  satisfied  by this choice of F^.  As th e  eq. (18) 
does not specify a unique A a, w e prescribe L orentz’s condition:

Э a A a =  0. (19)

Substitu tin g  (18) in to  (15b) and m aking use o f (19) we obtain the differential
■equation

□  A =  -  ^ ( S a +  Qß p aß), (20)

which determ ines th e  four-potentials. On the right-hand side o f  th e  equation  
o f m otion (5) we h ave to su b stitu te  the energy-m om entum  tensor Eaß by  
the one which describes the in teraction  between th e  external fie ld  and the par
ticle. In its form ulation we have to  take into account the fact th a t the particle  
has also a m agnetic m om ent. H avin g  this in m ind one obtains the energy- 
m om entum  tensor E aß as a result o f  the variation o f the Lagrangian:

-  - V  [UaPßa +  Uß p aa]  F ff. (21)
c~

336

Eaß =
4л

F  F — aß F FaQ ßs 4 & e<r

H ere we have used the concise notation:

F  о- =  Fae ue. ( 22 )
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Our next task  is to subtract the d i\ergen ce o f the energy-m om entum  
tensor defined by (21). It follows from a sim ple calculation th at

9/з E„ß — F (l<r S,, ft,?A * 1,* —

\ [ F „ a K x  +  ,  /*hr +  U>.F„r) F ,r]-

(23)

The four-potentials defined by (18) can be d ivided  into two parts in the fo l
low ing way:

A a =  A ' + A l ,  (24)

where A ea denotes the four-potentials of the external electrom agnetic field and 
A  a gives the contribution o f the particle. As we m entioned before, the field  
o f the particle is singular in the place of the particle, but the external field  
is not. It is very im portant to stress this if  we wish to calculate th e  right-hand  
side of (5). Therefore it w ill be useful to write th e  divergence o f  the energy- 
m om entum  tensor Eaft as a sum o f term s some o f w hich are singular and some 
nonsingular in the place of the particle. This can be done easily  w ith the  
help o f (24). N am ely, if  лее su bstitu te  (24) into (18), the field tensor is obtained  
in the form:

F „p =  K ß  +  Piß,  (25)

and we get the desired decom position by substitu ting  (25) into (23):

1
9/3 F "ß — К

1
( “ u  H h r +  И д / О  F a

f t , A  9 „  к  -

1

F c и -x (ta Гак

K S a -  ~ M,T>ßa F Íf. (26)

-  8, F L / t ^ +  .. K f t u ,  +  F n

As F eaß is not singular at the points o f the world line o f the particle, the integra
tion  can be carried out easily. The result is

d
dr

1 • e 1
Ua — - Am Uo Fl и -f-x (in ы n 1

c- c 2

____* Fe M„ r  (to 1VI о/ C“ WK \  M,r>. u„ 11 
c4

1 d / , .(M
c- dr

F e) 4- F s .a of a *

3„ Ft

( 27)
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In (27) Fa denotes the force by w hich the particle acts on itself. Since we will 
be interested  in it, w e write it in  detail:

Ff =  7 ; J ' K s '  +  T ^ a“Ff

+  —  («« ,<h.a +  'G / О  F a dv.

(28)

The evaluation  of f f  is not simple because the field  quantities F^ß are singular 
in the place of the particle and —  since a point particle m odel is used — 
the quantities Sa, fiaß give nonvanishing contributions only in a sm all v ic i
n ity  o f the particle. Therefore it seem s to be advantageous to expand Ftß 
in a series near the singularity. Then the integration can be carried ou t easily. 
In the follow ing we expand the four-potential A*  instead o f f !p, because 
this seem s to he m ore advantageous.

§ 5. The expansion of the four-potential

In  order to calculate the in tegral defined b y  (28), we have to  expand 
the quantities Fl,  and Aa in series. W e follow the m ethod o f Infeld and 
Plebanski [14], w hich is briefly the following: we expand in power series the 
Green’s function  o f th e  equation, w hich determ ines the potentials A *, accord-

1ing to increasing powers of —  . The four-potential w ill be given b y  its w ell-
c

known integral representation.
W e have thus to  consider the equation

□  G =  — ő ( 4 ) =  -Ь*(х„ — .<) , (29)

where Г] is the “ fu n ction ” of x„, x', denotes the coordinates of th e  source.
. 1We are seeking the power series i n —-o f the function  G(x„, x’,,) in th e  follow ing

c
form :

G(xv, x ’„) У  a 2l
1

r*~n У  a»n+i
п= о r 2n + l

(30>

D enote b y  Gsvtn(x„ x'v) the part o f  th e  Green’s function  that contains the even.

powers o f , and by Gùàd(xv, x'v) th a t containing odd powers o f —  on ly . There-
c c
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fore

G even =  J L
C n— о c

Q o d d  _
N  a2n + l 

c  n =  0

1
с2П+1

(31а)

(31b)

Substituting the power series (31a) into (29) a differential equation is 
obtained for a2n-> w hich is solved b y  means o f  successive approxim ation. 
F inally  G vtn can be expressed b y  the power series '

where r

/^even _
со ‘2 ri

у  à^nUt — t ' 
Ú » 2 п !

л 1
4ясг ’ с2" ’

xk \ and

ad*) d u - t ' ) .
3 t2n

(32)

(33)

We note that in the literature th is  part of th e  Green’s function  is denoted  
usually:

Gevetl _  jrj (34)

In a similar m anner the part o f the G reen’s function w hich contains
1

the odd powers o f — can be represented by the series:

Qodd _ \
r‘in+1

-r - ------------<5(2n+l) (t — t').
2nrc n 0 c2n+1(2n +  1)!

(35)

In the literature the usual notation  is

Godd =  Ü.  (36)

W ith the help o f the functions D  and D one can construct th e  retarded 
Green’s function in the following form :

_  1 1 со <___  1 \П
D ret =  D  =  —  D =  — - —  > ’ i—  ' тп <5(n) (t -  t'). (37)

2 4 ncr cn n !

Making use of the retarded Green’s function we are now able to calculate the  
retarded four-potential w ith  the w ell-know n in tegral representation:

j S . r e t  =  4 ж  j “  d í ■ Ç  d s x > D ret (Xk  _  ^  t  _  q  Qa (3 8 )
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where д{х'к, t') is the com plete current density vector. In  our case

àa (Xk, «') =  S„ (x'k, t) +  %fiaß (x’k, t’), (39)

where th e  notation 3  ̂= ----- is used. I f  we substitu te (37) into (38) and per-
dxß

form the integration w ith respect to i' , we obtain

A S ' n t =  У  (~ 1)П
—  c4 n!

9Î1.1 r"'1 ga (xk t') d3 x ' . (40)

L et us calcvdate the integral in (39) making use o f (39):

J г"-1  (S a +  %  П и к  +  94 H a t ) d 3 x ' =  

e dL
c dt

Г -Г " -! +  QBM * T n~1,

»here

(41)

dr d ta
U a ---------- = -------------=  V

dt dt
- ,  M * ß = M afi

dr
dt

(42)

In the integration w e took into account the defin itions (16) and (17), and 
the w ell-know n properties of the Ó-function. Comparing the expressions 
(40) and (41), we obtain  the retarded four-potential in the form:

^S.ret _  у  i ------>
“ о с п п \

va rn- 1 +  dß M t ßrn- i (43)

W ith th is four-potential one can calculate the fie ld  tensor Faß on the basis 
of eq. (18). W ith th is in mind we can  start w ith  the evaluation o f the self
force g iven by (28).

The only th ing still rem aining to be shown is that the four-potential 
A ß ,ret g iven by (43) satisfies the Lorentz condition. This can be seen easily  
in the follow ing w ay:

3 a AS-nt =  >:. ( - i ) n 3" —  3a (va rn~1) +  9U (3^ M*ß rn~1) (43a)

The second term in the sum vanishes because M*ß is antisym m etrical in the 
indices a and ß , therefore only the first term has to  be investigated . Let us
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write it down in detail:

8u A $ < ret =  V  ( 1 )П d ?  —  ( r " - i  9a r a +  v a 9„ r " - 1).
n= 0 C n \  c

(43b)

Since va depends on ly  on t, only th e  term with a =  4 remains, therefore:

3U AS 'rtt =  V  - 1 f  a? " (r" -1 Э4 r4 +  8 , rn- i  +  t>4 Э4 r"-i) . (43c)
„  =0 e r e !  C

On the other hand t:4 =  ie, and so

8a _4,f'ret = X’ -L - I )  e (V/. (n — 1 ) r" 3 zA. — (n -  1) rn~3 vk zk) -  0, (43d) 
i^O c" n! r

where zk = x k i k. Therefore we infer that the four-potential given by (43) 
satisfies (19).

§ 6. The evaluation o f the self-force

In this § we give the explicit form  of the self-force. In order to do this 
we evaluate the integral, giving the self-force F„ in the rest system . N aturally , 
the final result w ill be expressed in covariant form.

E q. (28), taking into account (16) and (17), gives the following equation  
for the self-force:

F s
dt
dr

\ F S -<1er M ( 3 ) +  „ M „ V ( 3 R F r, dv-\-

dt
dr

FSaM *kd(3)- (иаЩ „  +  икМ*а) FS <3(3 ) d v +  (44)

dt
dr

F t  M U  (3(3) +  -- К  M*„ +  u4 M*a) F* 0(3) bv.

The second term on the right-hand side o f (44) can be transform ed w ith  the  
help o f  Gauss’s theorem  into a surface integral. If the surface tends to in fin ity , 
then the value of the integral depends on the values th at the ô(3) function  
and the field  tensor F t  take in in ifin ity . The ô-function vanishes everyw here  
except at the location o f its singularity, and the functions F t  tend to zero 
if the surface tends to in fin ity . Therefore this integral vanishes.
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N om let us w rite the eq. (44) in the rest system :

F s =a

+

i e F i t d(3) +  —  Mfk 0a F sik (5(3) dv

I —  M U  FSk +  —  dai MZ  f ?4 +  1 m  F  ft •
c c c

( 45)

+  —  M*k Fft  - f  M*, F% vt 
c c-

<5(3) dv.

The self-force can be decom posed into spatial and tim e-like parts. The spatial 
com ponents are

■JF  ? =

+  I l 

ié F U  +  ~  M*k а, Ffk -  -  M U  F  ft 
2 c

f [ — AT* П  +  —  M% F ski +  - -  M* Ffk V
J { c c c2

d(3) dv +  

d(3) dv,

(46a)

and the tim e-like com ponent is

F s  — — - 
4 _  2 .

Mfk d t F f k + -  M * F f t 0(3)dv. (46b)

From  now on we om it the notations “ ret” and “ proper” because o f the accum ula
tion  o f  the indices. The evaluation w ill proceed in the following w ay. Substituting  
th e  series (43) o f A ,f ’ret into (46a) and (46b), and carrying out th e  prescribed ope
rations one arrives at the final form  o f the self-force i. e. the term  proportional to  

1 1---- , th at proportional to —  , etc. o f the power series o f the four-potential
c° c

are determ ined. In  each step we thus calculate the contribution to the self
force and obtain th e  approxim ations F„, F * , F „ , . . . one after the other.

0 X 2
1

(N aturally , ordered according to the increasing powers o f  -— .) The great

num ber o f term s th a t appear in each step o f  the approxim ation involves, 
h ow ever, uncerta in ty  in the evaluation, therefore a more concise and 
shorter procedure w ill be follow ed.

Carrying ou t the d ifferentiations w ith  respect to the spatia l coordi
nates and considering an arbitrary term of the self-force Fa , we obtain terms 
of the follow ing type:

9?r", a fr '1"1,. . . ,  Эf r n~ \
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•or putting it in a more concise form:

Э" r"~s, (48)

where Q =  0, 1, 2, 3, 4, 5, 6 , 7. After having carried out the differentiations 
w ith  respect to the tim e, we get

Q? rn~e =  A n( — l ) n rn- s-*n+n г>пепг>п_ 1еп_1. . .v1e1 +

+  A n_ i (  . .3, (t-jzx) +  • • ■ +

+  (vn-1 га-т • • • v i  zi)) +
+  l ) " - 2 rn- « - 2< ^ 2)+n- 2K _ 2 en_ 2. . .9?( » ! * ! ) + .  •• +

+  Vn_ 2 en_2 . . . a ,  ( f ,  z2 0, (v L z,)) +  . . . +  (49)

+  Э? (l’n-2  Zn-2  • • P i  zi)) +  • • • +
+  A i ( -  1)' r" -e~2i+' (vt et . . . Э Г г К  * ! ) + • • •  +

+  Vi e , . . . Эр (»,■ z,.. . . 0f2 (t-m zm. . . Эр p s zs . . . Эр («! Zj))))) +

+  А 1 ( - 1 )г'’- « - 2+'Э Г 1 K zi)-

Here the follow ing notations have been used: A n, A n_v  . . . , A 1 denote the  
•constants due to the differentiations w ith respect to the tim e, their indices 
refer to the num ber of differentiations perform ed on r" z, denotes the vector

X-    £  j
.Xj — while e, =  -------— ■ Because of th e  accum ulation o f the indices

I*/ f/|
we have introduced the sim plification  that th e  indices occurring tw ice im p ly  
sum m ation and at the same tim e indicate th e  number of the differentiations,
•e. g.:

Vn— 1 en — 1 =  v n — ll — 11 +  vn — 12 efl~ l2 "b Vn — Ï3en—13’ fôO)

further instead o f the vectors rn e which occur after the differentiations o f  
я I we use the unit vectors built o f them , i f  th ey  them selves are not differen
tiated  w ith respect to t. W e note that

JVAs =  n — i, (51)
S=0

and / gives the number of the u n it vectors. In  order to determ ine the nonvanish
ing terms in the expression o f the self-force we go over to the polar coordi
n ate  form o f the ő(3)-function

íj j / (xk, t) <H*i — fi)- ■. Ö (x., — f 3) dxx dx2 dx3 =

= ~  j  J j ( r , i 2 , t ) à  ( r ) d r d ü ,

О О

( 52 )
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144 I. F. FARKAS

where f(r,  О, t) represents any one of the terms o f th e  type M*ß Fjja w hich  
appear in th e  equation o f the self-force, and Q is the solid  angle.

In  connection  with the integration o f the unit vectors appearing after  
the d ifferentiation w ith respect to tim e and their spatial coordinates, we 
note the follow ing. It is easy  to dem onstrate the v a lid ity  of the follow ing  
statem ent: I f  e,- ej . . . ek is a product o f  n unit vector com ponents, and n 
is odd, the integral vanishes; and in the case o f even n :

4 я

le ,  ek d ü  =  ôik,
4л J 3

О

4л

le ,  ек е, es  d ü  =  —г (ôik д/8 +  à n ôkS -f- à iS ôkl),
4л J 3-o

о

4.1

-7— I e < ek ei em e„ es d ü  =  — - [d ik (ôlm ônS+ ô ln <5mS +  <5;s  ômn) +
J o-d-7

° (53)
+  à  и ( à km à / is  “b  à kn à m S ^ mn ) +  . . . +

+  à j s  (àk i  à n,n +  ^ 7 7 1  ô/n +  ô kn S em) ] ,

where is the Kronecker sym bol.
Now w e are ready to  calculate the self-force m aking use of the results 

o f eqs. (49), (52), and (53).
First o f  all we have to in vestigate, for what n the different term s in 

(47) give a nonvanishing contribution. These terms can be found w ith  the  
help of (49). As it was m entioned before, th e  evaluation  is carried through in 
the reference system  Su, w hich is a rest system  at the tim e r. This sy stem  is 
characterized by the fact th a t the sp atia l com ponents o f  the velocity  four- 
vector ua van ish . Therefore in  the eq. (49) only those term s remain in  w hich  
the second, third, and higher derivatives o f  the ve loc ity  w ith respect to  tim e  
are involved  as factors. The eq. (49) show s that the first nonvanishing term  
occurs if  n =  2 i. On the other hand we have to take into account the pro
perties (53) o f  the products o f the unit vector com ponents, and the fact that 
the á(3) function  is used to  give the position o f th e  particle in the argu
m ent o f the integrand. Therefore the powers of the function  r1 =  \xn — £k\T 
w ith p ositive exponents g ive zero except for the case j  =  0 .

In th e  follow ing we g ive the detailed  evaluation o f  the self-force, where 
the contributing terms are selected by the principles sta ted  above. N aturally , 
we have to take into account also Frenkel’s condition (12) and the con stan cy
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o f  the length  o f the ve loc ity  four-vector in  the following way:

M„ßUß =  0,

MaBuß +  M af.ùnß “ß

M„ß uß

M < , ß  u ß

ß “p~

„ß iiß ■

0,

M„ß üß — 0, (54)

and

3M a/5 iip +  3M„p üß +  M ap üp =  0,

Uß 4M 0/3 iiß +  6M„p üß 4 M aß üß +  M aß u<,4> =  0,

Ma Ma =  —  С' ,

Мц Ma =  0,

M« Ma +  Ma M„ =  0,

Ma Ma +  3Üa Ü„ =  0,

"!,4) u„ +  4u„ ü„ 4- 3 m„ ü„

(55)

0.

As the evaluation is carried out in the rest system  S°, the nonvanishing  
terms have to be w ritten in  a covariant form . For this purpose we require the

О
V~ 1 2various derivatives of the expressions я =  (1 — ) , я 1, the v e lo c ity
c-

four-vector ua and the M*p with respect to  the proper tim e. In the order o f  
this enum eration, in the rest system  these are given by

d  Í _  V-

dt c2

1

0,

d2
dt2

<P
dt3

d4

dt4

d
dt

d 1
dt2

d3
dt3

d4

df4

1 —

1 —

i’-
c-

V-

(vs vs),

i  ,3 .. .
=  -■ (»’S »’s ) .c~

(56)

1

1 —

1 —

1 —

c

V2

c2

V2

c2

V2

c2 I
о X “

4 (vs vs ) 3 (tis iis ) -f- ( (»’s vs )~

0,

t  1 . V
—  (»’s »’s).

—  (»s »’s).
(57)

c-
1
c2 4(^ s »’s) +  3('f’s »’s) H---- 7  (»’s »’s)2
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T h e  derivatives o f the ve loc ity  four-vector in  th e  rest system  are: 

ua (0 , ic),

«a K 0 ) ,

un\vk, —  (vs vs )

4 . . 3 i .
V ft +  —  Vk ( i s vs ), — (vs vs )

1 0 ........... 1 5 ................ i
n 4) +  “ Г  »ft K  «s) +  —Г »ft К  »s) 4 ( ’» s  » s )  +

(58)

+  3(rs üs ) -|-----— (t)s vsy
c~

M aking use o f  eq. (57), the derivatives o f th e  tensor M*ß w ith  respect to the  
proper tim e can be w ritten in  the rest system  in the form:

d  
dt 

d 2

M*ß =  M aß,

M i ß  — Maß у  M  з (v s  i s ) ,
dt~ c-

M i ß  =  M llß —  - 3r M a ß  ( i s  v s )  — M a ß  ( v s  i s ) ,  
dt2 c2 c-

£  M * ß  =  M i f  -  4 -  M n ß ( v s  V S )  -  - -  M a ß  ( v S  i s )
d r  с- c2

-  —  M,  
c-

aß
3

4 ( » s  »s) +  3 (üs üs ) -|---- — ( i s i s ) 2
c-

T h ese  equations have the covariant form:

M aß,

M a ß  — M a ß  ( i l v Û„),
c-

... з  . з
Maß----- Г M a ß ( i l v Ü v ) ----- 7  M o ß ( ü v ù „ ) ,

C“ C“

м $  — 4 -  м и/5 К  К  — 4  ^ uß “Л “с- с-

1
C“

М aß 4(«,и ,.) +  3(ü„ü„) -  - 4  (û„ ùL,)'-
О-

(59)

(60)
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On the right-hand side o f the equations th e  dots denote differentiations w ith  
respect to the proper tim e. W e require further that

M 0ß M„ß =  b2, (61)

where b2 is a constant. D ifferentiating th e  eq. (61) w ith  respect to the  
proper tim e, we obtain the follow ing relations:

M aßM aß- b \  =  0,

M aß M aß +  M aß M aß =  Щ +  bl =  0,

M aß M aß +  3M aß M nß =  bl +  Щ  =  0,

M #  M aß -f- 4 M aß M aß -)- 3M aß Maß =  l>l 4- 4bj -(- 36| =  0 .

Considering the integral g iving the self-force, we see th a t the terms w hich  
appear in it are o f the type:

8? rn,. . .,8? Tn~ ' . (62)

W e should like to know, w hich o f these term s give a nonvanishing contribu
tio n  if  we take in to  account th a t the diam eter of the particle is zero. I t  fo l
lows that term s, m ultiplied b y  r give zero, i f  l >  0.

Consider the term  8? rn“ 7. As it was m entioned already, we obtain a 
nonzero contribution if  n =  2 i, where i is th e  number of the differentiations 
performed on / ' ~ 7. In this case we have

We see that w hile i =  0, 1, 2 , 3, 4 , 5, 6, 7, n m ay take the values n =  0, 2 ’ 
4, 6, 8, 10, 12, 14. Consider now the case, w hen i  <  re — i ~  t i. e. t =  i 4- k*5 
where k* >  0. This means th at we envisage th e  term of the type:

M -  1 ) 'V “ 7- 2Í+Í [ 9 Г ' (»/*,. • +  • . . +  » ,*/. • . 9 ? - ' (»!*!]. (63)

L et us decom pose the differentiation in the follow ing way:

8?-' =  3| 8,K* . (64)

W e see that a term  o f the ty p e  (63) does not vanish in the rest system  i f  all 
the Vj-s are differentiated at least once w ith  respect to tim e. Eq. (64) show s 
that this condition can be satisfied  easily, m oreover “ superfluous” differen
tiations remain. These will be used either for the differentiations of v,-s,

Acta Phys. Hung. Тот. X V . Fuse. 2.
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or for the d ifferentiations o f the z,-s. I t  can be seen th a t the index Z gives the  
num ber o f the unit vectors in the exponent o f r, and its  value depends on  
w hether we differentiate i>,• or z,-. Therefore the exponent o f  r takes the form:

n - 7 — 2 i +  / = & * + /  —  7 ,

because n — 2i -)- k*. In  th is case the follow ing possib ilities occur:

k* =  1 
k* =  2 
k* =  3

Z =  1, 2, 3, 4, 5, 6 Z =  i 
Z =  0 ,1 ,2 ,  3 ,4 ,  5 Z = Z  
I =  0, 1, 2, 3, 4 l =  i

n =  3, 5, 7, 9, 11, 13, 
n =  4 , 6, 8, 10, 12, 
n =  5, 7, 9, 11,

/ = i — l  n =  4, 6, 8, 10, 12, 14, 
I =  i — 1 n =  5, 7, 9, 11, 13,

k* -  4 i = 0, 1 , 2 , 3 / = i n
l = i -  2 n

k* — 5 i = 0, 1 , 2 / = 1 n
/ = i -  2 11

k* = 6 / 0, 1 / = i n
Z = i -  2 n

k* =  7 / = 0
Z = i - 2 n

6, 8,  10 1Г =  i - - 1 11 =  6,8,10,11,
8, 10, 12, 14,
7, 9 / =  i - 1 n = 7, 9, 11,
9, 11, 13,
8 / =  i - - 1 n =  8, 10,
10 , 12 / - 3 n =  1 2 , 1 4

l - 1 11 =  9
11 1 3 11 =  13. (65)

From the definition o f  the vector z, follow s that its derivatives w ith respect 
to tim e t are

Z : ---  V : ( 66 )

On the basis o f com pletely analogous considerations we obtain  the other term s 
too.

N ow  we are able to give the nonvanishing term s o f the self-force. Its  
spatial part was given by (46a). Let us consider it in detail:

F f  = i e  I ' 0(3) dv +  j M ik ( 9, F% 4(3) dv  +

1 M k4 \F f k 4(3) dv  +  -  M lk \ F ski 4(3) dv +  (67)
c J c J

+  ' M lk | > f 4 4(3) dv +  - V M n vk \ F sik 4(3) dv,

Aria Phys. Hung. Тот. X V . Fuse. 2.
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The fourth com ponent of the self-force from (46b) is:

F f F % m d v - M M \ F dr. ( 68 )

N ote that not all the terms of the self-force need be calculated. I t  can be seen 
that the calculation o f the first term  in (67) m akes the evaluation o f the fourth  
term  of (67) and o f the second term  of (68) superfluous. In the sam e w ay it 
is  sufficient to determ ine the third term  in (67), because knowing th is the sixth  
term  can be written down easily. Therefore, we have to calculate on ly  the first, 
second, third and fifth  term of (67) and the first term  of (68). The first term  is

B a =  ie \ F a id(3)dv.  (69)

It can be seen th a t the fourth com ponent o f  Ba is zero. S ubstitu ting  the  
four-potential given b y  (43) into (69), we obtain

B : =  ie V-, ( - 1)"
Г о  Cn  n \

3?(ied, r" 1 +  M*kdkdIrn=1) —

— -*
1
ic

1
ic

v ,rn- 1 +  M * d krn 1 + (70)

M * r n 1 ------  M t v , Э, rn M 4(3) dr.

Perform ing now the prescribed spatia l differentiations, we obtain  only terms 
o f the type appearing also in (47), therefore their value can be determ ined b \ 
the m ethod described above. The result o f the len gth y  but elem entary calcula
tion is:

В I =

1
3c3

2  . 2  . .
..J_ ________ -fi - ) -  ie

I
Зс2 r V

r  v i 
3c3 3c2 r

*  1 ___ p __ * M  V. 1
4 /  K

3 c3r
4  k v k

c3 r

M i,

3c

1

— M tk V,. +  — —- M lk vk 4 -----— M*k vK-\-
4  O f 4  / * 4

M u< i k (i’s vs )

(71)

- f  M,* +  - 7-  M *  +  ~  M lk i k ( i s v s )
( .1  r
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T he covariant form  o f (71) is:

R
3c2 i 3c3

u --------и (и и* * a  „  а  V * * v  V
С*5

7 . . .  2е •• 2е •••

+  1 ^ г м - и'
е -  М  и в +  е М  Ùe

С6 гЗс4

4е . 4в *
Г Мао «е — —  «а », М т й„ —

Зс4 Зс6 а  I ' f o  * * 0

2е • y • 2е ” .
--------------- 7- м а е  “ е ------ —  » а  » „  М  ие,

с4'  ае е с»

(72)

w here the dot m eans differentiation w ith  respect to  the proper tim e. In the  
equation  (72) we have taken into account the relations (54) and (60). W e see, 
th a t i f  the particle has only charge, we obtain the know n result.

The other term s o f the self-force can also be determ ined in  a sim ilar w ay, 
new  problem s do n ot arise anywhere. The term s w ill be denoted b y  th e  letters  
o f  the alphabet:

e .. e
- M..C U p  —

3c4

ß

3 c 3 r  - “ <* Uß ~  3 c 4 M "ß Ü ß +  3 r ,; M -ß Uß ( “ v +

* ..
+  —  M „e uv ue »a +

2e ...
3c6 cbr

41
15

21 . ■■
— M s»uv M eB ua

M ße M ßs (ü„ ü„) +

U f,

+  - Tc5
7 . . . .  19

„ , M 0 V M  g uß (uv u„) +  — -  M ev M ev (uv u„) —
3c4 15 c*

7— M qv u„ M gß uß — M ß„ M ßa (iiv iiv)
3c

4 . . 6  . • • .
—  M ev uv Meß uß -  - ~ M oß uß M ov »,• 
r z  C.

M QV M qv (ùv ù„f +  - ~  m cv м е„ Я  üv) -  J  M $  M ßß +

1141 __ - ,  .. . . 691 .
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~ M ovM ev
+  J T-c° 3c2

M ov Û , M eß i i ß  -

A r  M QV ü v M oß i i ß  +  6 M  M  (ü, u„) -  
c- 5c-

—  M orM Bv+  A r  Mgy w, M oß up — A r  M  ii„ M„ß u3 
15 c~ C“

Цд
c5 M e.' “ /s +  - M C- M ov(uv ü„) -

(73).

2 IV
3

■Mew +  4c4 7*
1 M

15 ei'

2
M aß Mßn «e

4
15c4 r 15c4 r

13
M aßM ßoiie 3299

15c4 r 60c° r

15c5

M aß Mßo Ü„ -

'ß1,±ßeue [

—  M  M- _ irx nv nv

+ “ c5 M rjß Mßs ïï3 +  —  M aß M ßs Üs +  —  — Mnß M ßs ù

12 c 

2

3c5

11

M aß M ßo ü'„ +  —  -- MaßM ß ün +
3c5

M a/j Mße “» +  - „ . M ag Mg> w,,------ -  Mnß M ßg ü„ (ü„ ü„) -
3c5

10

ß lrißs ue '

k  _ Ma/3 M ft Mfi (« , Û,,) — M aß M ßQ iip (ii„ iiv)

M nß Mßs iis (iiv i l ) ----- ~  M aß Mßo_ ue (iiv ü,,) 4  -
Ar/

D  =

3c<

12u,
c»

2e
3c3 r 

e
3c6

- M ae úe 4-

a  V  VQ

toß Üß {il„ilv 4- '
13 .

U,
15c« r

2e ■ .. 2e •
--------M  un — M

3c4 e e 3 c«

~~ 3c‘ M "fi
üß ~

QV -

a.Q о '
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1 2
-------M nfíM fín un -|---------
3á r  ß ße e 3c5

M „ ß  M ßs ü„ ■

M „>.u; M p, uo up

u „

c® r

2
3

11

1
3c5

1

M aß Mßä ue +

2 Mgß U/S .V/5„ u r ^  M g , ,  u r M eP u  n

Mey » , M ep üp +  M ev ú„ M aß uß

71
E a =  — " . M nß M ß ii (ú„ iiv) -  M aß M ß u  (û„ uv

3с7 8 -15c® ?

(74 )

- 1.  Л̂ о/9 Mp„ »„ («,. W„) - - \  м ,„  Mß0 iie (ù„ û„)
Зс* “ ~ o c '

13 . 2
-  . M„p M ße “ o « J  +  —3 c  ' c

M„p M e„ u„ u„ iiß -J-

3 ^ 7  М Л +  3ct  r M -ß iVî  “e (75)

G(l

* Vf Vf II<4)
3 c  *  s

5
3c5 Maß Mßn “ в +

3 •• . 10
rT ;. M«ß MßSue - 3c5

-ví,,„ 'м„ -

7  М "0Й * Л +
2 1OJ

3«a.

2
3c* r 3c5

2 „v .__ J\/I i » /VI Tl il -- 2 M  M_ m nvuv IV1oßUß C(
ua 3c7

g a ß l v l ßQ U q  *

M„ß M ßn i  — M aß M ße u„ ■ 
З с 1 r  '  r c 3c3

м й  û

4
3c

2
3c7

-  M (1/s /Vfp,, w„ («„ û „ )------“ M,,„ M..„ ù„ ii„ ü„ -‘ a ß  e »  u /3 “ f  u 2

7  M,.p M ßoii (il,, il,) +  YC7 -
2 M evuv M ei,uv

+  3 M aviiv M epup (ii,. à,) « a

C7
М„,. ii„ N eP üp + (76)
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2M or », M eß «/ 3 c6 r
ûa M e> „ M ei Û,

--------—  “ i “ /! u a +  jr- - M a/3 M /3o »„  (м„ Ú,,) +
7̂ r 5c6 r6c7

7
6c6 r

» a  M e v K M (!ß Uß -

TT  2  л ,г  l r  • • •• 1  1/r •
H a =  —  T 7  M aa M o„ » /Î »o  «,• “  ~T . M n/3 M /Jo « „  'i c ‘ ' 3cV

- - r M « A A  ' 2ГС4 3c5
M aßMßeÜe -

M „й M„„ ú„ u„ ú „ ----- — Ma(5 М,,„ ые ú,.l a/3 u ß 1 (77)

+  30^ . ~ M aßMße Ílq (Ú„ Ü„) -  M aß M ß„ ú„ (ü„ ú„)

+  V  M nß M ße ù0 (в„ û„) +  —  Mnß M ßq и (il,, û„

Our aim was to determ ine the effect of the self-force on the particle. 
The results are contained in the relations (73), (74), (75), (76) and (77). It is 
a rem arkable fact th at in  the equations the d ivergent term s tend to in fin ity  
in the sam e order, and the order o f  the derivatives occurring is not higher than  
four. The possibilities o f the elim ination o f the divergent terms will be discussed 
in the n ext paragraph.

§ 7. The elimination of the divergence of the electromagnetic mass

In the preceding chapter we have calculated th e  effect o f the proper 
field  on the particle. In  the expression o f the self-force divergent term s occur. 
We see th at these are built up from the products o f  M aß, . . ., M^ß and ua, 
. . . ,  и <a4>. N ow  our task  is to elim inate these divergencies on the basis o f some 
conven ient principles, and so to ensure that the electrom agnetic m ass is of 
fin ite  value.

One can infer at once that all the divergent term s can be incorporated  
into the mass by m eans o f the classical mass renorm alization. This follows 
from the fact that the polarized current density four-vector is not proportional 
to the four-velocity and so the self-force has also com ponents which are not 
parallel to the acceleration four-vector.
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It is a well-know n fact that the infin ite va lue o f  the self-energy of a 
point particle is due to  definition, it  has no physica l reason. Therefore 
there are different possible w ays to  elim inate the d ivergent self-energy of the 
point particle. For instance we can use the m ethod proposed b y  P a u l i and 
V l L L A R S  [15] for the elim ination o f the divergencies in quantum  electro
dynam ics. The m ain feature o f th is regularization theory is th a t  it applies 
such regularized Green’s functions w ith  which the com m utators do not become 
singular. I t  was this m ethod by m eans o f which W e n t z e l  and D ir a c  obtained 
the equation of m otion o f a point particle. The m ain shortcom ing of this 
m ethod lies in its form al character and it  breaks dow n when it  is applied to  
the self-energy problem  in the case o f  the scalar fie ld . The th eory  o f  the com 
pensating auxiliary fie ld  has more physical m eaning and approaches reality  
better than the former. This m ethod ensures th e  fin ite  va lu e  o f  the self
energy b y  means o f th e  introduction o f an auxiliary field . A further possibility  
for the elim ination o f the divergencies is offered b y  the application  of field  
equations of higher order.

The divergencies, which occur in the equation o f m otion w ill be eliminated 
here by m eans o f the com pensating field  m ethod. Later it w ill b e shown that 
the result would be identical w ith that obtained i f  higher order fie ld  equations 
were applied. It should be noted th a t all the m ethods enum erated give iden
tica l results in the classical theory.

D enote by f flv th e  field  tensor and by aß the four-potentia l o f the com 
pensating field. The f lv and aß be related as usual:

f n v = Q» av — 9,< V  (78)

W e have to choose f llv and aß so as to ensure that th ey  act on th e  particle and 
cannot be radiated in  the form o f  free waves. W ith a view  to  th is the four- 
p otentia l of the com pensating fie ld  is chosen in th e  form:

s  =  y «  +  < v)- (79)

W e note that we have chosen th e  retarded solution  from am ong the A r‘‘ 
functions which sa tisfy  (20) because only this one has a p h ysica l m eaning.. 
N ow  because of (79) the potentia l A adv has to be considered as th a t  of a really  
existing  physical fie ld  if  we accept the m ethod o f  the com pensating field as 
a possible w ay for the determ ination of the real equation o f  motion. W ith  
these considerations the m odified field  of the particle becom es:

Al =  A f  ( A f  -  A f v). (80)
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A fter this introduction we in vestiga te  w hether in our case the appli
cation o f only one com pensating auxiliary  field w ill be sufficient to  ensure the  
finiteness o f  the electrom agnetic m ass. For this purpose we have to expand  
aß into a series. This has been done already for th e  even function  given b y  
(32), nam ely

G 1even _____
2

(Gret +  Gadv). ( 81)

N om we can write or,, in  the form:

% = i '  ,  ! ТП 9Г \r*”- ' 9ll(x'k,t)d>x', 
п=о . c J

(82)

where the vector Qß is defined by (39). Making use o f  the relations (41) and 
(42) we can transform (82) into the form

“ 1
«„ =  >>'- — 9 fn

11 ~ 0 2 re! c-n VS dß M *ß r2n^1 (83)

Substituting (43) and (83) into (80) it  can be seen at once th a t on ly  the
1

odd powers o f — rem ain. A detailed exam ination show s that the term s which
c

“ 1 ”  . 1 
diverge as -—  are alw ays proportional to the even powers of —  . This state- 

r c
m ent will be m odified i f  the term w hich  we have to  evaluate has originally

1
been m ultiplied by som e power o f —  in  th e  eqs. (46a) and (46b). H ow ever, the

c
divergent term s cancel each other even  in this case.

Now we show that the same resu lt is obtained i f  we use field  equations 
of higher order. The sim plest generalization, which sa tisfies also the sym m etry  
conditions, has been proposed by B o p p  [17] and P o d o l s k y  [18]. Their 
m ethod is the follow ing. The relation betw een the fie ld  tensor Faß and the 
four-potential A a is m aintained, the Lorentz condition is to be satisfied , but 
instead o f (20) an equation o f the fourth  order is used:

1 -  - J r  □ ]  □  A a =  -  4л: g'a. (84)

(If K q =  0, we obtain d ’A lem bert’s eq uation  again and in  this case g'a =  pa.) 
The solution o f the eq. (84) can be reduced to tw o functions, w hich, in 
their turn, satisfy  second order equations. Thus we have:

□  К  =  -  4ло’а 

( □  -  K l )  A :  =  -  4щ ' а

(85 )
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and
A '  — A"■̂ a JXCf (8 6 )

N o te  th a t i f  K q =  0, or in other w ords, if  we consider a fie ld  o f  zero rest 
m ass, th en  th e  results obtained on  th e  basis o f  th e  field  equations o f higher 
order are identica l w ith  those obta ined  by the m ethod o f the com pensating  
fie ld

A" =  a„. (87)

W ith  th e  help o f  a com pensating auxiliary fie ld  we succeeded in elim i
n atin g  th e  longitudinal electrom agnetic mass. W ith  this the fin a l form of the 
translational equation o f m otion can now be given

B„ =
2e-
3c3 » a ------c-

7e . .
—  —  M a,e u e |u „ i t „ ) —

2e "• e , ,  ...
~ W MaeUe~ J < A  aeUs~

4e • .. 4e ■ ..
Me — 7 7  u« “r M vo uo —3c4 3c6

( 88 )

2e ЛТ ■ 2e ÍJ ■
-------- --  M  Ua --------7  Ma  Uv M vg и  .r \ cb

@ 6 2 e *
C a =  -  —  M ae Ue +  —  M e i  ( l i„  i l v) +  j ^ M , e 4 e iie Ua +

+  ~  c5
-  7  7  M  uv M el3 uß (uv u„) +  

oc4

+  7 Г 7 7  Л / ег A f  (w„ Û,.) -  — -  M e„ u„ M , ,  Uß -  
I O C “ OC“

-  37Г M eí> (“» “ .) -  -77  *ß -

- 4 -  M eßüßMev ü -  4 4 -  M e, (“ , Û,,)3 +
C“ OD C4

34  M ev м ел  Ü„ Ü„) -  4  м<*> m * +

"a
C5

4 . .. 6 ,
^ 7  * 4 *  11 ß сз - Ai’e» M eß uß +
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+  Л -  M ev M ev (ü„ u„) -  - L  M e„ +
DC'2 lb

+  4 “  M  M eß u ß -  - 4, M er M p ß  u ß +
Cz C“

+  “г  [ ^ r  M -  ^  M >f “f  +  " « • M <■ “ J

м е„ M e„
u (4)

_ ?—  M  M  +  
15 c5 w № +

(89)

4-----г  M a/5 M p0 üg - f  ——  M aj3 M ß0 Up +
cJ “ ' 3ca

+  | 24  “e +  £ г  ^  +

+  — 7  M aß M ß p lip +  ——  M ag М<4) u v —

— “  M aß M ßB üp (û„ u„) — - | 4  M «JS M ft ûp (ü„ û„)

1(~ M aßM ßeüe (üvü,) -  4 4  M aßMßeüe(iivüv) -
Зс Зс7

— г  M aß М д. Up (ù„ û„) +
DC7

12
- M evM eßu„ iiß (ü„û„J ua.

D„ =  ~ e M ' ú
2e

3C4 «*-« 3c, M« A  (“> > )-
— ------ Ma u„ M„p ü3 ----------- M„„ М„я üß

e
3c6
2

3c5

1
3c5

3c‘
ag aß

M„ß Mße Ü„H--- — ux Мдв üg uß +

M aß M ßg ü g.

(90)

E a =  — - y y  W-ß M ßs üa (“ * * 0  +  3c? M»ßMß„ Mg (u„ ü„) -
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Зс7
M aßM ßn'Üß(ll,.Ü,)

-  ~  M ß M p , ,  ûe (ü, u,) -b -2?- M a ß  M e „ u„ iiq iiß -  

-------—  M , я М я„ u„
3c5 *a/3 iV±ßo UQ

3c5
l oß  ir*ßo

( 91 )

10 „  .. 10 ~  .
“З^Г M ”ß ue -  3c, M «/> M ßo uo -

—  M„ÄM $ u „  .
3c5 o/3 l v l ßQ Me

G a  =  U„ M eß i l ß Üa  -  2 _ M aß M e„ i lß  U„ i i 0
c1 S c

+  ~  ^a/» %  »c +  “  M H/3 M ßo » , (» , “ ) -

- — M aßMevÜß üvüe 2—  M a ß  M ß ,  Û 0 ( i l , ,  i l )  +

- f -  ( -  2 ^ е, » , M gv uv +  3M e„ ü„ M eß uß) (u„ ü„)

(92)

■ i¥ g„ ü,. M e ß  ü ß  +  2Me„ ü,, M e ß  i i ß  —

6 c 7
M evü„Meßuß ua.

H a  =  -  ~  M a ß  M p ,  ü ß  i l 0 ü„ +  з2. M aß  M ßo U„ -

—  V ^ M a ß  M p ,  Üß  U„ ù n —  - 1 -  M a ß  M v e  U e i lß  i l v -
c‘ c i

— —  M n ß M  ßeiie (ü,, u„) +  —  M a ß M ß  il (ùvüv) +
ОС7 с 7

(93)

+  - — Ma/) Мд, Ue (û„ û,,) .

The four-work of the self-force g iven  b y  (38) is not zero, and therefore 
it  influences the rest m ass, too . In the follow ing we g ive the variation o f the
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Trést mass caused b y  the effect o f  the self-force:

-------Г Л .  +  Ma F a), (94)

where denotes the external force acting on the particle, while Fsa is the  
self-force.

Substitute (27) for the first term, (88). . . (92) for the second term of 
i(94), then

1
c2

Fl,

V («. F 't -  «, f;)| + - j9- M.f м,„ я  »,) +
с- 15 c°

3cf  M aßußM aeue +  —  M aß M oß (ù,. ù,.)

+  —  M oßMaeußüe
T  M °ß üß м «е “ в +

214
- — M afM ap(ù, il,)2 +  ~ M ^ M oß~

1
Зс3

1
Зс

M aß M,.ß (Ü,, Ü„) +  —  M a/3 ilß Maß il0 (à,. il„) -t-

c° 

1

3c3
M aßiiß M ae ug +

+  —  2-  M aj3 (u„ »,.) -  -  Mnß M aß

и u < 4> 
a a

15 c5 3c4 M ’’e Uß

3 c
2 • . 2
—  M n/3 u/s Affle ue +  - -  ug M„e M„ß uß uu u,

4 12— M aß Uß M ae us (u„ u„) —  —  M ae u a M aß u ß (u„ u,.)
c < r*

is obtained.
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РЕЛЯТИВИСТИЧЕСКОЕ УРАВНЕНИЕ ДВИЖЕНИЯ ДЛЯ ЗАРЯЖЕННЫХ ЧАС
ТИЦ СО СПИНОМ И МАГНИТНЫМ МОМЕНТОМ

I. Трансляционное уравнение движения

и .  Ф. ФАРКАШ

Р е з ю м е
Исходя из модифицированной формы тензора энергии-импульса при помощи метода 

Инфельда определяется трансляционное уравнение движения. Четырёхмерный потен
циал разлагается в степенной ряд по степеням 1 /с. Вычисляется самодействие частиц. 
Расходящиеся члены в уравнении движения исключаются методом компенсационного 
вспомогательного поля. Показывается, что подобные результаты получаются и при при
менении высшего порядка уравнений поля.
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RELATIVISTIC EQUATION OF MOTION FOR A CHARGED 
PARTICLE WITH SPIN AND MAGNETIC MOMENT

II. E Q U A T IO N  OF M OTION OF SPIN

By

I. F . F a r k a s

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by K. N ovobátzky. — R eceived  20. V III. 1961)

The equation o f m otion of spin is  determ ined from  the m odified  energy-m om entum  
tensor b y  the m ethod o f I n f e l d . W ith the aid of th e  four-potential th e  m om entum  due to  
the self-field o f the particle is calculated . The d ivergent term s of the equation  could be e li
m inated by the use o f  a com pensating auxiliary field .

Introduction

The particle in  the rest-system  was characterized in  addition to i t s  
electrical charge and m echanical mass by its  m echanical d ipole m om ent and  
b y  its m agnetic m om ent, strongly connected w ith  the former. I t  is necessary, 
therefore, to give in  addition to th e  translational equation o f  m otion the eq u a
tion o f m otion for the m echanical dipole m om ent and m agnetic mom ent too .

We have seen th a t the translational equation  of m otion  can be deter
m ined b y  the elim ination o f the divergence o f  th e  energy-m om entum  tensor, 
w ith  the help o f  a conservation law. This ensured the conservation  of th e  
whole fourm om entum  o f the system . Sim ilarly, we want to derive the equation  
of m otion for the spin from a law  o f conservation.

Let us introduce therefore the following tensor of rank three:

®oßy =  Xa Tßy Xß T ay, (1)'

where xa is the coordinate o f a point of th e  space, Taß th e  to ta l energy- 
m om entum  tensor o f  th e  system . 0 aßy can be im m ediately  seen  to  be antisym - 
m etrical in  the first tw o  indices. D eterm ining the divergence o f  the tensor  
defined b y  eq. (1):

9 y  & a ß y  =  A y  T ß y ~  Öß y  T a y  +  * a  9 y  T ß y  ~  Xß Qß T a y  =  0 > ( 2 >

where we have taken into account that the tensor is divergence-free. The  
disappearance o f the divergence o f  the tensor &aßy, defined b y  eq. (1), is 
connected with the conservation o f a tensor of rank tw o. We h a v e  to integrate  
eq. (2) over a three-dim ensional region v, contain ing the particle in  its interior. 
Let us further assume th at the quantities o f w hich Taß is constructed disappear
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•on the boundary o f the region. Accordingly:

G afty d V ( 3 )

As the three-dim ensional divergence is equal to zero, th e  relation (3) takes  
the follow ing form:

N aß [ & a ß i d v = 0 ,
dx  J

(4)
N aß =  — N ßl =  const.

T he detailed  investigation  o f  N aß shows th a t its spacelike part is equal to  the 
total m om entum  and its tim elike part gives the centre o f  mass of the system . 
The energy-m om entum  tensor o f the system  can be d iv ided  into tw o charac
teristic parts:

Taß =  taß +  E aß, (5)

where t ^  is the kinematic energy-momentum tensor defined by Hönl [1] 
and Nagy [2] by the following equation:

tap =  tnap d(3) +  maß,. dkô (3) ~ ---- ---  mnßi uk Qk 0(3)
H * d t d t  и

dT
rfT +

ic dt
l a ß \ '

dr
d t

0(3),

where

taß =  m 0 ua uß — (Savuvuß +  Sßvuv ua),

( 7 )

maßy -  y  ( S y a  Uß +  Syß «  a ) .

It m ay be m entioned th a t S^  is an antisynnnetrical tensor, which describes 
the spin o f  the particle in the follow ing way:

•S33 =  ax, S 31 =  oy, S 12 =  o z, (8)

here o(ox, ay, az) denotes the spin vector. We have assum ed further that in 
the rest-system  the elem ents Sai of th e  tensor Saß are equal to zero. T his condi
tion  m ay be written in a covariant form:

Sap Up =  0, (9)
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where Uß gives the four-velocity o f  the particle. is the energy-m om entum  
tensor o f  the electrom agnetic fie ld  which w as determ ined b y  Marx [4] for 
particles w ith m agnetic m om ent. In such a case th e  energy-m om entum  tensor  
o f  the electrom agnetic field is:

E ° ' = - h [ F °*Fß , - ^ L F , ' F « — —  K / V  +  uß f âa) (10)

where F aß is the electrom agnetic field  tensor and F a m eans the following  
abbreviation:

F „  =  F aeue. (11)

N ow  Ave have to g ive the tota l current density four-vector:

в а  =  S a +  d ß f l aß , ( 1 2 )
where

S a =  I Ua á(4 ) dr,  f i aß  =  J M aß 0(4) dr  (13)

{r denotes the proper tim e). In  eq. (13) e m eans the total charge and the  
antisym m etric tensor gives th e  m agnetic m om ent and electric m om ent of 
th e  particle as follow s:

М ю =  тх, M 31 =  my, M  12 =  m.,

w here Ш(тх, my, mz) denotes the m agnetic m om entum  vector o f  the particle, 
!Д т) are th e  coordinates o f the world line, and 0(4) is the four-dim ensional 
Dirac ô-function

0  ( * 1  —  f l )  • <5 ( * 2  —  £ 2 )  ■ 0  ( * 3  -  £ 3)

Let us assum e further th a t in the rest system  the particle has no electric m om en
tum ju st as actual elem entary particles do not have any. This condition  
m ay be w ritten in  a covariant form:

M aßuß =  0. (15)

Su b stitu tin g  expression (5) into (4) we obtain:

1
2c

a  */54 x ß  *a4) d v  —
1
ic

d
dr

j ( * a  E ß i  — Xß E ai) dv. (16)

T he paper o f  N agy  referred to above described th e  left and right-hand side 
o f  (16) tak ing into account an external field only. In  our case it  is m odified
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because we Avant to take into account also the effect o f  the self-field o f  the- 
particle. In  th is case eq. (16) reads:

S a ß  +  —  ( S av U v U ß —  S „  U„ U a )  =
CL

=  F„„ M aß -  Fßa М аа +  - L  («e M ßa -  Up M J  Fa -  (17).

-  -7 -  4 ~  Í (*» E ß* -  xß dv - L F sß +  t ß Fi.  ic dr  J

As the integral on th e  right side o f  (17) includes th e  effect o f th e  self-fieldr 
our task  is now to determ ine this integral.

T h e  e f f e c t  o f  t h e  s e l f - f i e l d

To determ ine th e  integral in  expression (17), its  form given b y  (3) is
used:

dt
!aß = — J 3Y (xa E sßy -  xß F SJ dv

dt ('
( 18)

=  —  —  I ( Щ а  — E Saß  +  X a  9y E*ßy — X ß  37 E J  dv.

As Eaß is sym m etrical the first tw o term s o f the integrand cancel each other. 
The divergence o f  th e  energy-m om entum  tensor E aß is:

Qß E aß - — F w Sa— — flak da F aA —

- 9 , F a .  Д *  +  -  —  (“ « ^  +  U b F c J  F  a-C“

(19>

Substituting this in to  (18), Ave get th e  following relation:

dt |’ j 
dr JbFß„s,т +  F saK +

+  9 x

— X*

F ß .  И . Х  +  —  ( u ß  P x .  +  “ x V ß . )  F sa
C“

Fa .  S.  +  - -  И.Х 9a i ’oX +

+  9 X I F a .  Ц . Х  +  —  ( » a  (*X .  +  U X f * a . )  F S. dv.

( 2 0 )
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Let us m odify further the third and sixth term  o f the integrand:

x„ 9, F ßa Mol, +  “ Г ("/3 Мха +  UX Mßa) F c

=  9Л*а F ßa MaX +  —  {^ßMxa +  U\Mßa) F a — ( 21 )

F ßaMtта +  —  (UßMaa +  Ua flßa) Ff
c-

Introducing the decom position (21) into integral (20) and neglecting the  
three- dim ensional divergence, w e obtain:

laß
dt Г
dr J

dt Г
dr J '
dt Г 
dr

F ßa S  a +  —-  Max Эр F dv 4-

F ßa Mai (Uß Mia +  «4 Mßa) F a dv -  (22)

j Щ а Mao. +  —  iuß Maa +  Ua Mßa) F  adv  +  [a^lß] .

As we Avant to determ ine integral (22) for a pole-dipole point particle, in the  
■case when the values o f  Sa and differ from zero in the neighbourhood o f  
th e  particle only, it  is suitable to  refer Iaß to the point of the particle. Then 
•eq. (22) has the follow ing form:

dt Г,
dr

{Xa â) F %r S a  +  ~  MaX Qß F a)i Jr  9 4 | F % ,  Ц а 4 +

+  ^ r ( UßMia+ UiMßa) F c
, dt tdv — - -$a 

dr F A rV

+  — MaX 9/3 F aX '+  9 4 F ßa Mai H---- 7  (Uß Mia +  Ui Mßa) F c2
dt
dr

dt

dv  +  (23)

+  ----- a4 I Ax
1

F ßa uai +  —  (UßMia +  ы4 Mßa) F a dv —

dt j'
dr  J F ßa Maa +  —  (11 ß Maa +  “a Mßa) F a dv +  [a 7 Î ß\ .

■Using the form o f the self-force g iven  above:

d  ua Sa ~Ь 2 Mao 9 a F OQ ”Ь  9  4 j ^  a ß  //д -4 - f-  я ( l ip  / / 4(r
c-

Ui Mßa) Fa d v = \ f f Ö ( Z ) d v  =  F f
( 24)
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Iaß takes the following form: 

dt Г
K ß  =  aJ T~ | ' ( * a  -  Ш 1 Ф )  d v  ~ K F p  +  - | - J  3 4 * a

ó(3)

F%rMU +

1
+  — {uß MTa +  ut Mfa) F i

c

- A  Í F ^ M * a á(3) dv +  [ a - ß ) .  
dr J

dv — (25)

The integrals giving Iaß in  relation (25) will be determ ined in a coordinate 
system  m oving w ith  th e  particle. In  this system  Iaß m ay be decom posed to  
spacelike and tim elike com ponents. The spacelike com ponent is:

K j  =  J (*, -  Se) f№ 3) dv  -  j  (xj -  S j ) f W 3) dv +  gt F sj -  

-  g} Ft  +  Mfj f F ei 0(3) dv -  Mfe J  Fji 0(3) dv

and the tim e-like com ponents are:

Kj  = ( * 4  -  К) J/j <H3) dv -  J  (Xj -  Sj)fl 0(3) dn 4- f4 Ft -  gj F I  (26b)
and

I c4 =  Í (xe -  1С)Л  à(i) dv -  (*4 - 14) F* 4- f ,  -  K  F I  (26c)

The first term o f (26b) and the third term o f (26c) are equal to zero. In eq. 
(26a) we have to determ ine the fir st integral on ly , because the others have  
already been calculated by the author [5] for the determ ination o f th e  transla
tional equation o f m otion . The first term  on the right-hand side o f  (26a) can be 
determ ined in the sam e way as in  the determ ination o f the translational equa
tion o f m otion. The details o f th e  calculation are, therefore, om itted  here. 
W e are now able to give the equation of m otion o f th e  spin:

1 ,A
Сг

1

S„ß +  —  ( S a„ u v U ß —  S ßv и„ иа) =  F w M„fi — F ß<r M ra 

(ua M ßü. — u ß M ua)  F a
C“

+  Ua Uv M vß

e
3 er

1 UoU„M„

M aß +

19
140 с4 r

MaeM ß(ü„ u„) —

140 c4 r
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6 С2 Г
M ae —  —  M o ,  ( ú „  û „ )  +  - i -  Un H„ M ,*’6 M e£ +

+  M a n \ M e ß  -  -V  M , ß  (й„ û„) +  - L  uß uv M m
C" C“

— — — ^  +  M ß°. Mp’u"DC* Г 

«g
10 c4 r

M e„M ev üp------- u ß (u, it,,) +  2M„p M ve ii

------7' up (“ .Я ) +  M  ii-g -  и M .  u„
2c4 r e e * 6c3r A -

1 7 7  +  1 7
M a ß  H — U a  U v M v ß  

Cz

+  ± UßuvM „ ) - - £ r -  ua uvM rß-
1

Зс2 г
М а,  +

1
7 ua uv M ve M,ß + \ ußuß M eil

C“
H---- “  M a, U v M ep w j -f

C“ I

1 7 7 M eß + - ^ Uß % M e* +

10 c4
(M ne M e„ u„ u ß +  M a„ Afft ü„ H„

■--------M„„ ù„ M„„ u
r2 c 4 r a® e e*> v 2c4 1

Mae u, üp ■

+ (M„g iWe/î (ù„ ü„) + M„g Mg„ ù„ Up)

+

1 м  ( м   ̂ 1 u v uv) J
Зс2 г M °e\M eß с2 У

1
М а, М р, uv up +  ■ 2 ,

Зс4 г Зс4 r

1
M aS M e„ Uv Uß

1
5с4 г 10 c4r

1
M ß e  M ev u v iia +

1
6с4 г Зс4 r

+

Mßo M ev uv úa +

l d(J 1V±QV UV Uß '
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1
3 С4 Г

4

м„ u„ M ve

15,

М,

M aeM ßoüeuv-

М ар М в„ Üß -

eß-  —  ufiu» M m 5c4 i
1 (IQ 1V± QV UV Uß

■ M aß M oß ( » „  Ю

M ae M pv Uv Üß  -V
3C4 r c e 3c4 r

+  \ u a M l  uv J F ev 0(3) dv +  M l  J F as 0(3) d v + [ a ^ l ß ] .

Our first remark is th a t the equation o f m otion for the spin also contains m any  
divergent term s, if  лее tak e into account also the effect o f  the self-field . E very  
divergent term  is m ultip lied  b y  the reciprocal o f the diam eter o f the particle. 
1\оле \ve face the sam e problem as in  the case o f  th e  determ ination o f the  
translational equation o f m otion, n am ely  we have som ehow  to  renorm alize 
the divergent term s. The d ifficu lty  is greater in th is case as the d ivergent terms 
are m ultiform . Therefore, луе have to introduce again a com pensating auxiliary  
field  w ith  the aid o f  which the d ivergent term s can be elim inated. This 
auxiliary field  is th e  sam e as the one used to renorm alize the translational 
equation o f m otion. N am ely, i f  луе compare th e  translational equation of 
m otion  w ith  the equation  o f m otion o f spin, it  can be seen that th ey  are closely  
related. The structural uniform ity o f  th e  equations is also proved b y  the fact 
th at in  relation (27) no higher derivative w ith  respect to the proper time 
than  th e  fourth is included. E lim inating thus th e  divergencies in  the same 
Avay as in  the translational equation o f m otion, the final form o f th e  equa
tion  o f m otion o f sp in  is:

Saß +  \  Фа,. uv uß -  Sßv U„ ua) =  F I  M aß — F l  Maa +
C“

+  V  (“« Mß* -  uß M wr) n  +  M * j  Е Г  0(3) dv -  (28)
cz

-  M *a j F)"4 d(3 ) dv.

Discussion

The relativ istic  invariant form  o f the self-force, acting on a pole-dipole 
point particle has been given. Considering th a t m any publications are con
cerned w ith  the sam e problem , it  seem s to be useful to com pare our results 
w ith  th e  pre\ious ones.

I t  was m entioned above th a t B h a b h a  [6] and B h a b h a  and C o r b e n  [7] 
have carried out calculations to  determ ine the self-force acting on the pole-
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dipole point particle. In the calculations such an energy-m om entum  tensor  
was used for the electrom agnetic field, w hich  is valid in vacuum . I f  the particle  
has an independent m agnetic m om ent, not deducible from  the charge, the 
interaction with the electrom agnetic field  cannot be described with this energy- 
m om entum  tensor only. W e have used, therefore, in our calculations the energy- 
m om entum  tensor m odified by Marx [4] by which, we think, this k ind of 
electrom agnetic field is described better. To describe the m echanical behaviour  
of our particle we have applied the tensor tap according to  INagy [2]. As the 
energy-m om entum  tensor applied here is extended in com parison with Bhabha 
and Corben’s, it could be presum ed th at term s of other k ind would appear in 
the expression of self-force too. It is rem arkable — and we w ant to lay special 
emphasis on this -  - that although our energy-m om entum  tensor is d ifferent 
from the usual, and our m ethod o f calcu lation  is also d ifferent, the final stru c
ture of the self-force is the sam e as th a t o f  the expression given by Bhabha 
and Corben. Terms of other type appear neither in th e  term s Ba, Ca and  
Ga given by the translational equation o f m otion (these term s are due to th a t  
part of our energy-m om entum  tensor w hich agrees w ith  the usual tensor) 
nor in term s Da, Ea and Ha, which are the consequence o f  the com pletion  
of the energy-m om entum  tensor. Thus in the expresion o f the self-force in our 
work as well as in Bhabha and Corben’s no higher than th e  fourth derivative  
ol quantities is included, further the term containing e. g. u a does not appear. 
In the two cases the term s o f the same ty p e  only differ in  their coefficients.

H owever, there exists a great difference between th e  divergent term s 
of the self-force, determ ined by the two m ethods. In the power series used  
by us all d ivergent terms approach in fin ity  in the same order, and because  
in our case the divergent term s could not be w ritten in the form o f a com plete  
differential, o f  necessity we had to use another m ethod to elim inate the  
divergencies. The difference in the coefficien ts is partly due to this, and  
partly to the use o f the m odified energy-m om entum  tensor.

All we have said also applies to the equation of m otion o f spin. A part 
from the constant coefficients, this equation involves terms o f the same ty p e  
as Bhabha and Corben’s equation. It m ay be m entioned th a t it contained  
at first som e term s which did not appear in  the expression for the tran sla
tional equation o f m otion. These terms were divergent and disappeared w ith  
the elim ination o f divergencies. So the use o f  the same m ethod to elim inate  
the divergencies, nam ely the m ethod of introducing an auxiliary field, seem s 
to he justified.

Our calculations have show n further th a t the rest m ass depends on th e  
self-force too, in the w ay given in relation (95) of the translational equation  
o f  m otion.

Thanks are due to Dr. K. Nagy and Dr. G. Marx for valuable advice 
anil continuous interest.
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РЕЛЯТИВИСТИЧЕСКОЕ УРАВНЕНИЕ ДВИЖЕНИЯ ДЛЯ ЗАРЯЖЕННЫХ  
ЧАСТИЦ СО СПИНОМ И МАГНИТНЫМ МОМЕНТОМ

II. Уравнение движения спина

и. Ф. Ф АРКАШ  

Р е з ю м е

Уравнение движения спина определялось из модифицированного тензора энергии 
импульса применением метода Инфельда. При помощи четырехмерного потенциала вы 
числяется импульс, появляющийся вследствие собственного поля частицы. Расходя 
щиеся члены уравнения могут быть исключены методом компенсационного вспомога 
тельного поля.
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ELECTRONIC POLARIZABILITIES OF THE FREE  
NEUTRAL ATOM
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(Presented by A. K ónya. — R eceived 16. X . 1961)

T aking into consideration the statistica l m ethod and L a t t e r ’s potentia l we h ave ob
tained analytical form ulae for the to ta l induced quadrupole m om ent, the field  at the nucleus 
produced b y  the change o f  density  corresponding to  the change o f m om entum  and th e  change  
o f the electric field  gradient at the nucleus produced by an external charge. Four tab les are 
presented b y  the help o f  w hich we can calculate the above m entioned quantities for any neutral 
atom .

Rabi has pointed  out th a t the hyperfine sp litting  due to  the nuclear 
quadrupole m om ent includes the effect o f an electric quadrupole m om ent 
induced in  the electron shells. In  order to obtain an estim ate o f the m om ent 
induced in  a core we consider the Thomas—Fermi m odel and adopt the p o ten 
tia l due to  Latter [1]. For the electrons of m axim um  energy E  =  0 the  
m om entum  p  is given for the Latter potentia l according to statistical conside
rations [2]:

p 2 Ze2 (p (X)
2m r

e2 Q (3cos2 в  -  1) 
4r3

for Z<p(x)^>l, ( 1 )

and for Z(p(x) <  1 the m om entum  p  is zero since Latter’s potentia l vanishes. 
In  eq. (1) (p(x) is the Thomas—Fermi function  [3] o f the free neutral atom  at 
a point in the electron cloud, r is the length  of the vector from the nucleus 
to th is point and x is related to r as follow s [4]

r =  (0.88534'uhIZ1 3) x =  px  , (2)

where aH is the first Bohr radius of the hydrogen atom . In eq. ( l ) 0 i s  the angle  
between the 'X -axis and the radius vector  o f length  r from the nucleus to  
an electron in  the core, and Q is the nuclear quadrupole m om ent. Z in  eqs. 
(1) and (2) is the atom ic num ber o f the atom  considered. The density p o f  elec
trons in the statistical theory o f the atom  is given by 8тгр3/ЗЛ3. I f  p 0 is the  
m axim um  m om entum  for Q =  0 and Ap is the change o f  m om entum  associated  
w ith the term  containing Q in eq. (1) we have

( p 0 Ap)Jm =  e- Q(3 cos2 О —- l)/4r3. (3)
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D enoting b y  A q the density  due to the second term  o f eq. (1) we have

zl o =  8-rpo zip/A3. (4)

Taking in to  consideration eqs. (1), (3) and (4) we obtain

A q =  ;r(2me2/ft2 r2)3 2 (Z<p/r)' 1 Q(3 cos2 0 - 1 ) .  (5)

T he potential due to  zip is th a t o f  a to ta l induced quadrupole m om ent Qmd.

я  Г о

@lnd =  2тг  ̂ J r4 (3cos2 0  — 1) zip sin 0 d  Odr =

° ° (6)
=  (16тг2/5) (2me2/A2)3/2 (IZ1!3 j 'fa r )1/2 dr,

o

w here r0 appearing in the upper lim it of the integral in  the last form ula accord
in g  to L a t t e r ’s potentia l is g iven  by Z<p(r0/ p)  =  Zq)(x0) =  1 and p  is given  
b y  eq. (2). Changing the variable x according to eq. (2) we obtain  for Qiad 
th e  following expression

<?ind =  [2 (1 .7707)2/3/5я] Q f  [xcp(x)]^dx  =
0 (7)

*o
=  (3/10)<? J  [xy{x)Y-li dx =  (3/10)<? 1(0, xa),

0

where x 0 is g iven  by Zy(x 0) =  1. The la st form ula for Qmá has been obtained  
b y  S t e r n h e i m e r  [5] w ith th e  difference th a t in  the upper lim it o f  the integral 
in  eq. (7) stands °° instead o f x 0. As the integral o f eq. (7) in case o f in tegra
tion  from zero to in fin ity  d iverges, S t e r n h e i m e r  concludes th a t the T h o m a s — - 

F e r m i  m odel is inadequate for the calculation o f the tota l induced quadrupole 
m om ent Qind. This conclusion o f S t e r n h e i m e r  is correct only for the sta tistica l 
potentia l o f  th e  free neutral atom  originally  introduced b y  T h o m a s  and  
F e r m i , but it  is n ot for the statistica l potentia l o f the free neutral atom  given  
b y  L a t t e r ,  as it  is shown in eq. (7).

In T able I  we have listed  the values o f x 0 as functions o f the atom ic  
number Z.

Using the numerical values of K o b y a s i i i  [ 6 ]  andTAiMA we have calculated 
numerically the integral J(0, x0) given in eq. (7) as a function of x 0. Table II  
gives some numerical values of 1(0, ж0) from x 0 =  0.42 to x =  14.5.
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Table I

The x0-values as functions o f the atom ic num ber Z

z 2 3 4 5 6 7 8 9 10
*0 0,7566 1,3977 1,9422 2,4019 2,8464 3,2356 3,5943 3,9281 4,2420
z 11 12 13 14 15 16 17 18 19
*0 4,5363 4,8156 5,0817 5,3359 5,5792 5,8130 6,0384 6,2558 6,4659
z 20 21 22 23 24 25 26 27 28
*0 6,6695 6,8669 7,0587 7,2452 7,4267 7,6035 7,7764 7,5455 8,1100
z 29 30 31 32 33 34 35 36 37
*0 8,2713 8,4342 8,5824 8,7355 8,8841 9,0332 9,1734 9,3141 9,4525
Z 38 39 40 41 42 43 44 45 46
*0 9,5884 9,7223 9,8542 9.9837 10,1132 10,2374 10,3641 10,4840 10,6059
z 47 48 49 50 51 52 53 54 55
x u 10,7238 10,8420 10,9572 10,0725 11,1849 11,2961 11,4070 11,5146 11,6237
7. 56 57 58 59 60 61 62 63 64
X0 11,7289 11,8352 11,9392 12,0414 12,1443 12,2438 12,3441 12,4432 12,5406
Z 65 66 67 68 69 70 71 72 73
*0 12,6382 12,7329 12 8293 12,9232 13,0154 13.9049 13,1998 13,2905 13,3810
z 74 75 76 77 78 79 80 81 82
*0 13,4690 13,5582 13,6461 13,7319 13 8187 13,9049 13,9884 14,0735 14,1576
z 83 84 85 86 87 88 89 90 91
*0
Z
x n

14,2394

92
14,9581

14,3224 14,4048 14,4843 14,5656 14,6452 14,7248 14,8028 14,8814

Table II

I  (0, #0) as a function of x0

x o 0,42 0,54 0,66 0,78 0,90 1,20 1,50
1(0, x„) 0,13174 0,19757 0,26716 0,34008 0,41721 0,61563 0,81951

*0 1.80 2,10 2,40 2,70 3,00 3,30 3,60
1(0, x„) 1,02703 1,23603 1,44507 1,65322 1.85982 2,06451 2,26681

*0 3.90 4,50 5,10 5,70 6,30 6,90 7,50
7(0. *„) 2,46654 2,85820 3,23853 3,60774 3,96641 4,31443 4,65193

*11 8,10 8,7 9,3 10.0 11,50 13,00 14,50

/(0 . r0) 4,97967 5,29818 5,60770 5,90910 6,64513 7,31622 7,94992

Table I and II allow  us to calculate the num erical value of 1(0, x 0) for 
a given atom ic number Z.  U sing the L a t t e r  potentia l we can calculate in  
the sam e m anner as (lind the follow ing quantities: the field  at the nucleus 
E ind produced by the change of density  A q corresponding to  Ap as w ell as 
the change o f  the electronic field  gradient at the nucleus produced b y  the
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Sind,*(0) =  (е/2Я*) j  [x<p(x)yr-dx =  («/2Я2) I  (0, *0)
0

as w ell as

9 Ex 6e I
9 x 10R 3 J

J W  ( x ) ] 4 * d x =

( 8 )

(9)

w here 1(0, # 0) is given  by eq. (6 ) and its num erical values are g iven  in Table II. 
A s it  is shown in  form ulae (7), (8 ) and (9) the introduction  o f L a t t e r ’s poten-

9 Ex  1 ,
t ia l enables us to  calculate th e  quantities Qiad, E ind, f? (0) and A -------- in the

8* J
sta tistica l theory o f the atom . In  Table III we present som e num erical values 
for the to ta l induced quadrupole m om ent @ind o f several elem ents, as well 
as the values for the to ta l corrected quadrupole m om ent QCOII. For the quadru
pole m om ent Q we have adopted th e  same values as St e r n h e im e r . Our values 
for QCOII are com pared w ith the theoretical values obtained for QcorT by St e r n 
h e im e r , who proceeded in a w ay different from ours.

T a b le  I I I

E ffect o f  the induced quadrupole m om ent

Qcorr/l® 24 cm"
Elem ent Z Ql IO"21 cm 2

St e r n h e im e r Our values

Lu 71 5,9 8,0 9,62

Eu 63 1,2 4,2 4,79
Al 13 0,156 0,177 1,13

Table III shows that L a t t e r ’s potentia l gives sensible results for Qcorr 
and allows us to calculate the quantities g iven b y  eqs. (7), (8 ) and (9) in a very  
sim ple m anner. It is known th a t the calculation of these quantities with great 
accuracy is possible only b y  th e  m ethods o f  quantum  m echanics, but th is 
procedure is rather com plicated . The on ly  quantity  calcu lated  by St e r n 
h eim er  [7] quantum -m echanically  is £ ind(0) for helium and helium  like ions, 
for which he used the L ö w d in  approxim ate w ave functions. In  order to ca l
culate .Eilld(0) for atom s w hich contain more than two electrons he has adopted
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8 Ex
extern a l charge -------- . I f  we assum e that an external charge —e is placed

d x
Í 8 E x\

at X  =  R then we obtain for E ind, д(0) and — ---- the follow ing formulas
( dx
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the Thomas—Fermi—Dirac m odel and has calculated E ini(0) num erically  
for Z  =  18 and Z  — 51 using different slopes at x =  0, i. e. for various radii 
•of neutral atom s. H is results [8 ] contained in  Table IV o f his paper [9] are 
com pared with ours for f ( 0, X0)/2 in Table IV  o f  the present paper.

T a b le  IV

A com parison of our va lu es (R- Ie) F ind, *(0) w ith  the corresponding 
Ster n h eim er  values for (R 2/e) -kind’ *(0) obtained from  the  

T hom as-Ferm i-Dirac m odel for different slopes at x  0.

St e r n h e im e r  O u r values
Z

*0 («79 «ind *<»> Л0 («79«ind * О»

18 7,25 2,98
18 6,66 2,73 6,2558 1,96
18 5,46 2,22

57 9,66 3,50 11,8352 3,36
57 3,81 1,47

In the Thomas— F ermi—D irac model the solutions w ith a less negative slope at 
x  =  0 pass through a m inim um  at large x  and correspond to neutral atom s, th ey  are cut 
off a t the value x 0. In  our case x0 is  given  by Z<p(x0) =  0. The best values for (R2/e) E ind, 
t(0) are the low est ones. For Z  —  18 our value is b etter  than Ster n h eim er’s and for 
Z  —  57 Sternh eim er’s value is better than ours.

Sternheimer has pointed ou t that his results for 1(0, x 0)j2 are the better  
the lower they are, i. e. the best value for Z =  18 is 2,22(x'0 =  5,46) and for 
Z =  57 it is 1,47(*ó =  3,81). T able IV shows th a t our value for 1(0, x 0)[2 
for Z =  18 is better than Sternheimer’s value and 1(0, x 0)/2 for Z =  57 is

worse than his. Our formulas for ( f nd, £ind(°) an<1 A
’ Э Ex 

Э x
given  by eq. (7),

( 8 ) and (9) show th a t it  is possible to calculate th ese b y  the help o f Latter’s 
potential in a sim ple manner. Owing to the accuracy o f  the experim ental values 
and the lack of theoretical values it  is difficult to  estim ate the accuracy of 
the formulas (7), (8 ) and (9). I t  seem s that the values obtained from these 
form ulas w ill be larger than the experim ental ones, but they  w ill not differ 
essentia lly  from the values obtained by the Thomas—Fermi—Dirac m ethod. 
U ndoubtedly , quantum  m echanics would give better results but the corre
sponding data for atom s with more than two electrons are not g iven in 
the literature.
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ЭЛЕКТРОННАЯ ПОЛЯРИЗУЕМОСТЬ СВОБОДНЫХ НЕЙТРАЛЬНЫХ
АТОМОВ
т. титц  

Р е з ю м е
к

В данной работе, применяя статистический метод и потенциал Лэтера, выводится 
аналитическая формула для плотностью индуцированного квадрупольного момента,, 
для поля ядра, созданного изменением плотности, соответствующей изменению импульса 
и градиента электрического поля ядра, созданного внешним зарядом. Имеется несколько 
таблиц, с помощью которых возможно вычисление упомянутых выше величин в случае: 
нейтрального атома.
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DERIVATION OF ORTHOGONAL MANY-ELECTRON 
GROUP ORBITALS AND THE EFFECT OF SMALL EXTER
NAL PERTURBATION ON A SYSTEM CONSISTING OF 

LOOSELY COUPLED ELECTRON GROUPS
By

E.  K a p u y

RESEARCH GROUP FOR THEORETICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES, BUDAPEST 

(Presented by A . K ónya. — R eceived  30. X . 1961)

A  set o f equations for deriving orthogonal m any-electron group orb ita ls is deduced. This 
approach can be utilized  to  define an e x a c t  measure for th e  localizability o f  th e  electron groups 
in a system . It is shown th a t an IV-electron model operator J^ can  be introduced the eigenfunc
tions o f  which are antisym m etrized products o f the m any-electron group orb ita ls. Taking H  J P  
as perturbation the first order correction vanishes and th e  second order correction is ju st the  
dispersion interaction betw een  the separated groups. T ak in g  an external electric or m agnetic  
field  as perturbation th e  corrections up  to  second order are additive by groups, i. e., they are 
the sum  o f the contributions of the separated electron groups.

M ost of the iV-electron system s (except hom ogeneous electron gas) 
consist o f M  regions (N  >  M  ^  2) of higher density, which are separated  
b y  lower density dom ains. Thus it  is reasonable to assume th a t the to ta l 
w ave function of th e  system  can  be taken to  a good approxim ation as an 
antisym m etrized product of strongly  orthogonal antisym m etric m any-electron  
group orbitals

W N x \ N ^ . . N M l V  (_  i )p V i  ( i ; 2). . . Щ

X fo ( N i -f- 1,... N x +  N 2)... ipM (N  — N M 1

Here, P  m eans those perm utations w hich interchange th e  electrons 
betw een group orbitals, p  is the p arity  of the perm utations.

(Delocalized тг-electron cloud m ust be regarded as one group, of course.)
As has been proved [1 ,2 ,3 ] , for M  antisym m etric m any-electron group 

orbitals y)]( 1, 2, . . ., N j)  m utually orthogonal in  th e  strong sense there exists 
a com plete set of one-electron functions u„ w hich can be partitioned  into M  
subsets

U U>  w 12>  M 1 3 ! - b " U / b  u  12> U M 1 ’ u M 3 v

such th a t each of the 2, . . . ,  lV /)’s can be expanded in term s o f u /,,
и 1 3 , ■ ■ ■ only

V / =  (A /!)"5 de t[u /h, ].

A d a  Phys. Hung. Torn. X V .  Fas
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C onsequently the full H ilbert space o f th e  set u„ w ill be decom posed into  
M  m utually  perpendicular subspaces 1 , 2 , . . .  M,  and each o f the f ] (  1, 2 , . . .  iV/)’ s 
are localized to  the corresponding subspace.

In  th e  beginning w e assum e th at th e  set u„ and its  decom position into  
M  subsets are known. L et us introduce the follow ing projection operators

? / ( l ' l /) =  2 '  иЪ(1'),
i

Q ‘ =  ^(1|1') g7(2|2')... q W N Í ) ,  ( I =  1, 2, ...M).

W hen the sum  of the subsets comprises the com plete set

M
^  q1 (1 ! 1') =  0(1 Г).
1~\

T aryin g  th e  \p,{ 1, 2, . . . IV/)’s in the energy expression [3, 4, 5, 6]

E =  H(0) +  ^ U ? ( l > 2 , . . . i V , )
T .

N , H (  1) + W /j J L
2 I r12

f i  (1,2

X d{l )d(2) . . .d(N,)

+  У  M l  ld ( l)d (2). . .d (iV / )d(^) d (A)...d(eo) 1 - W*j (*', A,...to)
ij 2 J ru

J*i
X У/ (*, А,...ы) (1, 2,...N,)y>, (1, 2, . . .N[)

( 1 )

and tak ing into account th at they are constrained to be normalized and localized 
to the corresponding subspace, we ob ta in  the fo llow ing set of equations

Q1 H 1 f j  ( 1 ,2 , ...IV;) =  E 1 rp j ( \ ,2 , . . .N,), ( I  =  1 ,2 ,...M ), (2)

í Nj  Ni  1 Nj  r
H 1 =  ' V  H  (a) +  ------ - +  2  N j  У  d{x) d(A)...d(m)

| a  =  1 l~a<ß f aß J¥ l̂ a - 1  J

X ------¥>*(*', A,...co)j .
Га« !

The antisym m etric solutions y /0( l ,  2, . . . N  j) (I  =  1 , 2 , . . .  M ) o f  eqs. (2) 
belonging to the low est values E l0(I  =  1, 2, . . .  M )  correspond to  th e  ground 
sta te  o f  the system . K eeping the operators H 1 and Q1 fixed, each o f  eqs. (2) 
has further antisym m etric solutions y /15 у /2, f l v  • •• w ith Lagrangian m ulti
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pliers E 11, E í2, E 13, . . . .  The group orbitals 1, 2, . .  . N  j) (I =  1, 2, . . .  M ;
=  0, 1, 2, . . .) have the follow ing properties

J y>% ( 1 , 2 Wlx ( 1 ,2, . . .N,) d( 1) d(2).. .d(N,)  =  1, (3)

S W% ( l , 2 , . . . N I) W a ( l , 2 , . . . N 1)d ( l ) d (2 ) . . . d (N I) =  0, х ф А  (4) 

J f %  ( U 2 ,...TVy) y>I}i (1, 2',...N'j) d ( l)  =  0, (5)

The best ground state energy given by this approach lies betw een the best 
energy obtained by th e  H artree— Fock m ethod and the exact non-relativistic  
ground state energy o f the system . It m ay be close to the la tter  when the  
electron groups o f  the real system  are strongly localized to  different regions 
o f the space. This fact can be utilized  to define an exact measure for the local- 
izability  of the electron groups in  the system . The strongly localized group 
orbitals m ay be chem ically invariant for changes o f distant parts o f the  
m olecule and can be used as building units to construct the to ta l electronic 
w ave functions o f som e m olecules w ithout any calculation [7].

To obtain approxim ate group orbitals orthogonal in the strong sense, 
we choose a fin ite  set o f orthonorm alized one-electron spin-orbitals ivv (v =  
=  1, 2, . . .  n) and divide it up in tu itive ly  into M  subsets и>ц (I  =  1, 2, . . . M;  
i  =  1, 2, . . .  íí/ ^ í N i)  such th at each of the tc /s  occurs in one o f  the subsets 
only [3, 6, 8]. The approxim ate group orbitals <p/( 1, 2, . . . N j) (I  =  1, 2, . . .  M ) 
•constructed from the individual subsets

Vi =  У  ci<i,<...ix . 5 det [w /(i, изn ]

will then  be substituted  into the energy expression (1). Variation o f the coef
ficients c , taking in to  account th a t the functions q?/(l, 2, . . . N  j) have to 
be norm alized, leads to a set o f M  eigenvalue equations o f the follow ing ty p e

Н 'с '  =  & с ' ,  {I =  1 ,2 ,...M ), (7)

which can be solved b y  iteration  for the low est roots E/0 (I  — 1, 2, . . .  M )  
and th e  corresponding coefficients c /0 ( 1 = 1 , 2 , . . .  M).  These quantities 
belong to the ground sta te  o f the system . K eeping the ground sta te  coefficients 
c i0 in  th e  operators H 7 fixed  we can determ ine the roots E 7* and the coeffi
cients c 1“ (x =  1, 2, . . .  ('v/); I  =  1, 2, . . .  M)  belonging to the excited  
states o f  the corresponding electron groups. E ven  th is relatively  sim ple proce
dure seem s to be a very prom ising one [9].

O f course, the results strongly depend on the choice and the decom position  
o f  the basic setw,,. I t  would be probably a good starting point if  we knew  the 
exclu sive  orbitals and some oscillator orbitals o f  the system  which have

Acta Phys. Hung. Тот. X V . Fasc.



180 E. KAPUY

been  defined b y  Foster and Boys [10]. H ow ever, we can subject th e  basic 
set Wh decom posed in tu itive ly  to  an arbitrary unitary transform ation

v l i  =  У У 1и J j w J j >

Jj

w hich  has to be determ ined as to  g ive the best to ta l energy for th e  ground 
sta te . R eplacing the ic’s by the v’s in th e  formula for the approxim ate group 
orbitals (6) and varying the m atrix  elem ents V u j j  in the energy expression  
(1) w e obtain a set of equations for th e  V n j f s  w hich has to be solved  with  
eqs. (7) sim ultaneously. In  th is  w ay we can determ ine the best decom position  
o f  the basic set into M  subsets o f g iven  dim ension, and the best approxim ate  
group orbitals for the ground state

<Pio= 2 c/i<It<...1>/(N ;!)“i d et[u /fi,i; ;Í!,...t;/l>/].

The latter are solutions of the set o f  equations

Q1 H 1 f , 0 (1, 2 ,...TV;) =  È 10 <Pjo (1, 2 ,...TV;), (I =  1 , ( 8 )

w here
N ,  l  N I  r

H ' =  l \  H(a) +  y;  +  2 N J  2  d ( * )  d ( A) -  dM
f a = l  l= a < ß  f nß  J¥-l a = l  J

X  1 P -  9?*0 ( * ' ,  + . . .Ы)  (p,„ (x,  + . , .0J)  j ,
rax I

q'( 1 1) =  2  Vli (1)
1 = 1

Q' =  q ' ( l \ l ' )q r  (2|2')...$ /

K eeping the operators H 1 and Q1 fixed  each of the eqs. (8) has further anti
sym m etric solutions (of fin ite  num ber: (^ )) ç>7l, (pl2, (pl3, . . .  w ith  Lagrangian  
m ultipliers E n , E 11, E 13, . . .  Mhich have also the properties (3), (4) and (5). 
Increasing su itab ly  the basic set wv, we can obtain  better approxim ate group 
orbitals. To im prove convergence we can define “ alm ost” orthogonal group 
orbitals Tpj exactly  as in case o f  tw o-electron orbitals [11].

The “ alm ost” orthogonal group orbitals are the “ b est” orbitals which 
are norm alized and orthogonal to all one-electron basis functions vjj o f  
all th e  other subspaces. A ltern atively  we can add to  the approxim ate group 
orbitals (pi( 1, 2, . . . TV;) such antisym m etric functions f / ( l ,  2, . . . TV;) which  
are
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1. flex ib le  enough to  take into account the rem aining part o f th e  in tra
group correlation (containing m any variational param eters and th e  inter- 
electronic coordinates explicitly),

2. orthogonal to  all one-electron basis functions vjj of all the other  
subspaces and to its ow n approxim ate group orbital cp[.

The variational param eters h ave to be determ ined by using the energy  
expression

V  =  ^ P H P d r ,
where

P
M  I

~ r  У  <P i— (P i - i f i  V i + i - ^ V m , • 

i= i !

The follow ing considerations eq u ally  hold for th e  exact case as w ell as 
for the approxim ate one. Observing th a t the operators Ql H l and Q1 H 1 Q1 
have the sam e eigenvalues and eigenfunctions we construct the follow ing  
N  electron model operator

( M
=  У  P '  У  Q' H'  ( N x +  +  1 , N X +

T? l~ Í

+  . . .N ,_1 +  2,.. .N1+ . . . N i) Q < \ - 2 J U m  + Я ( 0 ) ,
) U

J*i  .
where

n ly ö  =  ! d{\ )d(2) . . .d{NI)d(x)d(X)...d{œ) 1 ~ P l*
2 J rlx

XVjy  *(*', Vjt  (*, К - m ) Via (1% 2 ( 1 , 2 JVy).

Here, P  m eans those perm utations w hich permute th e  electrons betw een  
the group orbitals, 3Í? is sym m etric in  th e  space-spin variables of the electrons. 
One can easily  show th a t a wave function  of the fo llow ing type

W =  'I X > V ,.. .Q  1

/  N 2\ . . .NMl v
N1 K- iy Pv iA hz , . . . ^ )

X v - i v { N  l +  1 +  2 , . . . N X +  N 2 ) . ~ i j > M e ( N  — N M +  1 ,...N)

is exact eigenfunction o f it  and belongs to  the eigenvalue

E,P , V . . . Q £i.« +  E°-r +  . . .EMa -  У I Им +  Щ 0).
UJ*i
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P articu larly , !P0’0» • • • о and Е 0, 0, • • • о аге eigenfunction and eigenvalue  
o f  th e  ground sta te , respectively . I f  we take H  —  3Í? as a perturbation and  
carry out a perturbation calculation  (the ground state is assum ed to be non
degenerate) w e observe that th e  first order correction vanishes (as usual in  
self-consistent theories) and the second order correction w ill be

4  t U  |2^  ^ _________
T j  E ' °  +  E J° -  E l»  -  E J ’
J t l  v>0

T he latter is ju st  the w ell-know n dispersion interaction. I t  is a part o f the  
intergroup correlation energies w hich, apart from  the Fermi correlations, a m  
neglected  in th e  zeroth order approxim ation o f th is approach.

We assum e now  that the system  is subject to  a small external perturba
tion  of the follow ing form (e. g. external electric or m agnetic field)

N
O f  =  ~У g  ( a ) .

a = l

T aking as a perturbation we have up to second order

Щ \ » и -E,0,0,...0 2 l N i "0,0 ■
/=i

M
у  ^

/=1 “  E In — E l»

< ß  =  J  V?« (1 ,2 ,.. .N,)  a (1) w,ß ( 1 , 2 d( 1) d(2). . .d(NI),

i .e . ,  in this approxim ation the correction is expressed as a sum  o f contributions 
o f  the separate electron groups. C onsequently, in  this approach the electric  
polarizability  and the diam agnetic susceptib ility  (including high-frequency  
param agnetism ) are exactly  additive. Thus in case of system s for which th e  
above approach is valid, it is ju stified  to calcu late the electric polarizability  
and the d iam agnetic susceptib ility  etc. b y  groups separately. In  practice th is  
can be done b y  a variational m ethod similar to  th at of G u y  and T i l l i e u  [12].

Note added in  proof. (4th A ugust, 1962.)T . L. A l l e n  and H. S h u l l  ha v e  based the b o n d  
energy concept on th e  virial theorem . (J. Chem. P h y s., 35, 1644, 1961.) T his generalized bond- 
energy concept can be applied to th e  zeroth order energy o f our approach.
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ПРОИЗВОДСТВО ОРТОГОНАЛЬНЫХ МНОГОЭЛЕКТРОННЫХ 
ГРУППОВЫХ ОРБИТ И ИССЛЕДОВАНИЕ ВОЗДЕЙСТВИЯ НЕБОЛЬШОГО 

ВНЕШНЕГО ВОЗМУЩЕНИЯ НА СИСТЕМУ, СОСТОЯЩУЮ ИЗ СЛАБО 
СВЯЗАННЫХ ЭЛЕКТРОННЫХ ГРУПП

Э. КАП УИ 

P е з io м е

Для производства ортогональных электронных орбит выводится система уравне
ний. Данное приближение может быть использовано для определения точной меры лока
лизуемое™ электронных групп системы. Показывается, что возможно выводить N  — элек
тронный модельный оператор JT, «собственными функциями» которого являются анти- 
симметризированные произведения многоэлектронных групповых орбит. Принимая 
Я — Ж  за возмущение, поправка первого порядка исчезает, в то время как поправка 
второго порядка отвечает дисперсионному взаимодействию между различными группами. 
Если возмущением считать внешние электрическое или магнитное поля, то поправки до- 
второго порядка аддитивны по группам, то-есть они представляют собой суммы добавок 
отдельных электронных групп.
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THE TIME DISTRIBUTION OF THE GAMMA RADIATION 
EMITTED IN THE FISSION OF U235

By

S. D É si, A . L a j t a i  and L . N a g y

CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUD APEST 

(Presented by L. Pál. — R eceived 2. IV. 1962)

Using a tim e-to-pulse-height converter o f  high resolving pow er, the time distribution  
o f the gam m a rays em itted w ith  the thermal fission  of U23ä has been  determined up to  a few  
nanoseconds. The tim e distribution of the gam m a radiation was foun d  to be varying w ith  the  
gam m a energies, th a t is, the tim e delays with respect to the even t o f  fission were observed to 
increase w ith decreasing gam m a energies.

Introduction

The energy spectrum  in the range o f  20 to 250 keV  o f the gam m a radia
tion  from U 235 fission  has been investigated  by S k l ia r e v s k ii  et al. [1] 
by means o f  an experim ental set-up w hich  enabled them , on the basis o f  
geom etrical considerations, to  obtain som e inform ation on the lifetim e o f  the  
excited  states o f the fission  fragm ents em itting gam m a rays. The values were 
estim ated to be in the range from 0,5 to  2,5 nanoseconds.

In the present m easurem ents the tim e distribution o f  the gam m a radia
tion from therm al neutron induced fission  o f  U235 has been  investigated  in the  
gam m a energy range above 25 keV, em ploying the scintillation  m ethod for 
detecting gam m a rays and fission fragm ents.

Experimental apparatus

The schem atic diagram  of the experim ental equipm ent is shown in  F ig . 1. 
An uranium layer was exposed to a beam  of therm al neutrons from  the  
horizontal reactor channel. The event o f fission  was observed by a scintillation  
detector m ounted directly on the layer. The gamma detector, on th e  other  
hand, was placed at a distance of 20 cm from  the layer in  a position norm al 
to the neutron beam . The tim e delay betw een  the pulses from  the two detectors  
was converted by means o f a tim e-to-pulse-height converter into a pulse  
proportional in am plitude to  the tim e delay, which w as analysed b y  a 128- 
channel kick sorter.

The layer consisted o f an electrolytically  deposited m ixture of uranium  
oxides, 2 m g/cm 2 thick, enriched to 35%  U 235 on th in  aluminium backing.

7 Acta P hys. Hung. Тот. X V . Fuse. 2.
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The fission fragm ents were d etected  by a 18 ц  thick p lastic scintillation fo il 
[2]. Foils o f such thickness are hardly sen sitive  to gamma rays and to  fa st  
neutrons. The ligh t pulses from  the scintillator were passed to  the m ultip lier  
w ith  the aid o f a plexiglass lig h t guide 10 cm long, 25 mm in  diam eter, and in

Fig. 2. B lock diagram o f  the apparatus

this way the m ultiplier was n o t in the beam  o f the reactor channel. The gam m a  
detector was a 3 0 x 2 0  mm stilbene crystal. The m ultipliers were both o f 6810  
A type. To reduce the tim e spread only th e  central areas o f  25, resp. 30 m m  
diam eter o f  th e  photocathodes were used.

The pulses from the m ultiplier anodes were put in  the tim e-to-pulse- 
height converter operating in  the nanosecond delay range. The w orking

Acta Phys. H ung. Torn. X V . Fasc. 2.
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principle o f this device being identical w ith  that o f Garg [3], only the m odifica
tions introduced will be dealt w ith  in the follow ing. The block diagram  of 
the apparatus is shown in Fig. 2. L im iter circuits (L) w ith  D3a pentodes have  
been em ployed betw een the phototubes and the converter (C4) consisting of 
a 6B N 6 tube. Since th e  p late current pulses of the 6810-A  m ultiplier obtained  
for the p lastic scintillator were o f a duration of about 15 nanoseconds, i. e. 
longer than  the in tervals to  be m easured, the pulses from  the fission  detector  
were fed to the lim iter w ithout their  passing through a stretching cathode  
follower. This had the advantage th at the disturbing effect due to the piling-up  
of low  am plitude pulses from the h igh in tensity  radiations of gam m as and 
fast neutrons, to which the fission detector and the ligh t guide were exposed, 
was much less observed than  in th e  case when pulse stretching was applied. 
The num ber of background pulses being considerably lower on th e  gam m a 
detector side, there a pulse shaper w as used.T he pulses delivered by th e  lim iter  
were o f a w idth  of 8 nanoseconds, th u s the tim e in terval analysed was o f  about 
the sam e length.

Pulses arriving in g 3 o f the 6 B N 6  tube not accom panied by pulses in  
glf produced signals at the anode th e  am plitudes o f  w hich, due io  the short 
interval analyzed, were similar to th ose  o f coincidence pulses. Since these  
pulses would have caused a considerable shift in the base level of the am plifying  
system , a neutralizing stage (IV) had been inserted betw een the third grid 
and the anode of the converter tube, driven by the lim iter. The ou tput pulses 
from the p late circuit o f  N,  o f opposite phase but nearly alike in shape to  the 
input pulses, were fed to the anode o f  the 6B N 6 tube across a trim m er capaci
tor. This variable trim m er capacitor could be adjusted so that the tw o pulses 
passed to the anode o f the 6BN6 tu b e  through the inter-electrode capacity  
and the neutralizing stage were approxim ately o f the same am plitude, thus 
they  neutralized each other. Since th is neutralization did not induce a con d u ct
ing current in the plate circuit of the 6 B N 6  tube, its e ffect was m erely capacitive  
and did not affect the am plitudes o f  the conducting (coincidence) pulses 
produced b y  the in tegration  of the conducting current at the RC  elem ent 
of the p late circuit.

The output pulses from  the converter, being on ly  o f the order o f 10 mV, 
had to be am plified to the value o f a few  volts b y  the preamplifier (A±) and 
passed through a w hite follower (W F)  to the am plifier (A 2), which am plified  
the pulses to the level required by th e  pulse height analyser.

The number o f chance events w as reduced b y  a second converter (C2) 
of the sam e construction as the first one, w ith the difference that a cable of 
known delay (D) had been introduced in  one of its  channels, while th e  other 
channel received the pulses at the sam e tim e as Cv  The signals from C2 through  
am plifier (A5) were fed to  a discrim inator (ID)  which gated  the slow coincidence  
circuit (C4) only when pulses from M 2 were preceded b y  those of M v

Acta P hys. Hung. Тот. X V . Fasc. 2.
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The am plitude i. e. energy sen sitiv ity  o f  the apparatus could be adjusted  
b y  th e  pulses o f  side channels w hich were passed through am plifying stages 
o f  variable gain (A 3, A v  resp.) to  fast pulse shaping triggers (Tx, T2, resp.) 
operating w ith secondary em ission tubes. The output pulses o f  the quasi
fa st coincidence u n it C3, coupled to  the triggers, entered the second channel 
o f th e  slow coincidence unit C4, w hich delivered the gating pulses for the pulse 
heigh t analyser.

C a l i b r a t i o n

In the calibration process both  detectors were stilbene crystals placed  
at equal distances from a Na22 source. An additional cable o f  know n delay

Delay (nsec ) Cain

Fig. 3. T im e delay vs pulse height 
calibration curve of the converter

w as inserted betw een  the detector M2 and the converter. The num ber o f the  
channel corresponding to the peak of the resolution curve w as determ ined. 
The observed positions of the peaks for various lengths of delay  are shown in  
F ig . 3 as the tim e delay vs pulse height calibration curve o f  the converter. 
The channel w id th  w as 1.4 X 10 10 sec, the m easurable tim e in terval was found  
to  be about 8 nanoseconds.

The threshold energy o f th e  gam m a radiation  to be m easured was deter
m ined by the am plification factor o f  A i  and b y  the fixed bias o f  the trigger  
T2 in  the side channel of M2. A t a given am plification  o f A 4 th e  voltage o f M., 
applied in the m easurem ents w as decreased to  the threshold voltage which  
had been found ju st sufficient to  make the pulses of a y-source o f known 
energy trigger T2. The threshold energy o f the gam m a radiation was calculated  
b y  the ratio o f th e  am plification o f the two voltages of the m ultiplier, tak ing

Acta Phys. Hung. Тот. X V . Fasc. 2.
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into account the energy of the y-source. The calibration curve is show n in 
Fig. 4, where the threshold energy v s  am plification o f A á is p lo tted . Almost 
the sam e data were obtained in th e  checking m easurem ent by m eans of an 
X -ray apparatus.

R esults

The experim ental set-up described above w as used to in vestiga te  the 
tim e distribution o f the gamma radiation  from fission  fragm ents for various 
threshold energies. The tim e d istribution  curves are shown in F ig. 5 together  
with the tim e resolution curves obta ined  for Na22 gam m a radiation at the 
same threshold energies. It is apparent that while th e  tim e resolution  curves 
for the N a22 gam m as are sym m etrical, the time distribution curves for the 
fission  fragm ent gam m a rays are asym m etrical. W ith  increasing threshold  
energies, however, th e  asym m etry decreases and fin a lly  vanishes at th e  level 
of 95 keV, where the distribution curve almost coincides with th a t obtained  
for N a22. (The lower value o f the N a22 resolution curve at the half-w idth  is 
due to the fact that the tim e spread o f the Na22 gam m a rays of about 500 keV 
is sm aller than th at o f gamma rays from  fission fragm ents, generally o f  lower 
energies. This higher tim e spread a t lower threshold energies is apparent also 
when the N a22 curves in  Fig. 5 are com pared.) In order to illustrate th is grow
ing tendency towards asym m etry in  th e  distribution curves as the threshold  
energies becom e lower, we have show n in Fig. 6 the whole set o f distribution  
curves p lotted for various threshold energies.

I t  is to be noted  th at the d istribution  as w ell as the resolution  curves 
do not tend  to constant values, but increase anew after having reached their 
m inim um  values. This m ay be due to  the fact th at th e  neutralizing stage did 
not fu lly  com pensate the single pulses passing through the inter-electrode  
capacity. Furtherm ore, the gam m a detector being sensitive to fast neutrons 
as w ell, the fission neutrons also m u st have contributed to the num ber of 
counts in this range o f delay.

The above results were checked b y  inserting lead  plates o f successively  
increasing thickness (1,3 and 5 m m ) in  front of th e  gamma detector. W ith 
increasing absorber thickness, the fission  gamma rays becam e increasingly  
harder. The tim e distribution curves for the fission  gamma rays passing 
through the absorbers are shown in F ig. 7. For th is m easurem ent th e  lowest 
threshold energy was chosen. It is seen from the figure that th e  tendency  
towards asym m etry in  the d istribution  curves decreases w ith increasing  
absorber thickness. Since the d istribution  curves for lead absorbers o f  3 and 
5 mm thickness are alm ost identical, on ly  the curve for 5 mm absorber thick
ness is shown.

A d a  Phys. Hung. Тот. X V .  Fasc.
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90 85 80 75 70 65 6 0  55 50 45 40 35 30 
Number of channels (1.4. Ю'юsec/channel)

F ig .  5. T im e d is tr ib u tio n  curves o f th e  f iss io n  gam m a ra d ia tio n  and tim e  re so lu tio n  curve 
o f th e  N a22 gam m a ra d ia tio n  p lo tte d  for v a r io u s  th resh o ld  energ ies
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Fig. 6. Tim e distribution o f fission gam m a rays for various threshold energies

Fig. 7. Time distribution curves o f fission gam m a radiation for lead  absorbers o f various
thicknesses

As a qualitative statem ent it ean be inferred from  the m easurem ents 
that the gam m a rays o f 25 to 100 keV in energy are em itted  by fission frag
ments w ith lifetim es in the range from  10 10 to 10 9 sec decreasing w ith  
increasing energies.

I eta P hys. H un". Tc
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РАСПРЕДЕЛЕНИЕ ПО ВРЕМЕНИ ГАММА-ИЗЛУЧЕНИЯ ПРИ ДЕЛЕНИИ U 235-

Ш. Д Е Ш И , А. ЛАЙТАИ и Л . НАДЬ

Р е з ю  м е

Измерялось распределение по времени гамма-излучения до нескольких ммксек., 
образующегося при делении U235, т.е. испускающегося из осколков деления с помощью 
конвертера амплитуда время с большой разрешающей способностью. Распределение 
по времени гамма-излучения изменялось в зависимости от энергии излучения, а именно, 
в случае малых энергий получалось большее время запаздывания по отношению к момен
ту деления.
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C O M  M U  N  I C  A T  I  0  B R E V I S

EINE NEUE FORM DES NICHT-KLASSISCHEN ABSTOS- 
SUNGSPOTENTIALS ZUR ERSETZUNG DES PAULISCHEN 
BESETZUNGSVERBOTES IM FALLE ZYLINDERSYMME

TRISCHER ELEKTRONENVERTEILUNG

V oll

T .  S z O N D Y

FORSCHUNGSGRUPPE FÜR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE DER WISSEN
SCHAFTEN, BUDAPEST

(E ingegangen: 1. X I . 1961)

A uf Grund der statistischen  Theorie atom arer System e kann ein A bstos- 
sungspotential abgeleitet werden, welches die B ildpunkte der E lektronen  
aus den schon besetzten  Phasenraum -Zellen ausstösst, und dam it für die  
annähernde Erfüllung des Paulischen B esetzungsverbotes auch dann sorgt, 
wenn die Faktoreigenfunktionen der E lektronen in einer H artreeschcn V aria
tionsfunktion nicht orthogonalisiert sind [1]. In  dieser A rbeit wird das A b stos- 
sungspotential für zylindersym m etrische S ystem e abgeleitet. D iese Sym m etrie
eigenschaft kom m t häufig vor, und das Potentia l hat in  diesem Fall eine  
besonders einfache Form.

B etrachten wir ein System  m it der als zylindersym m etrisch vorau s
gesetzten  E lektronendichte q, w elche aus den Teildichten Qm der E lektronen  
m it der m agnetischen Q uantenzahl m (m =  0, • • • )  zusam m engesetzt
ist [2]. D ie Sym m etrieachse des System s sei gleichzeitig die «-Achse eines  
Z ylinderkoordinatensystem s, und der Im puls der E lektronen sei in die orth o
gonalen K om ponenten p R, p z und p rp zerlegt (Abb. 1).

Zu den Elektronen in  einem  kleinen herausgegriffenen V olum enelem ent 
dv (Abb. 1) gehört im  Im pulsraum  eine Im pulskugel m it dem Radius P  =  
=  3'* jA 3 h g'A Wir nehm en an, dass die Bildpunkte derjenigen E lektronen,, 
welche sich in dv befinden und deren m agnetische Q uantenzahl m is t , im  
Im pulsraum  in einem K ugelschnitt en thalten  sind, w elcher aus der Im p u ls
kugel durch die F lächen Rpv =  (m ^  1/2) h herausgeschnitten ist (A bb. 2).

E in neues Elektron kann infolge des Paulischen B esetzungsverbotes  
im  V olum enelem ent dv nur dann untergebracht werden, wenn sein B ild 
punkt in eine noch nicht b esetzte, also ausserhalb der Im pulskugel liegende  
Im pulszelle fä llt. D asselbe Ergebnis erhält m an aber [1], w enn  man annim m t, 
dass das neue Elektron unter der W irkung eines nicht-klassischen A bstossungs-

potentials steh t, für welches —— P 2 eine gu t annähernde untere Grenze gibt

(p  bezeichnet die E lektronenm asse). D ieses A bstossungspotential muss m an  
zu den elektrostatischen P otentia len  addieren. Es ist zw eckm ässig, P 2 durch

Acta Phys. H ung. Тот. X V . Fase. 2.



»

1 9 4  T. SZ0NDY

ç m auszudrücken, wobei m w ieder die m agnetische Q uantenzahl des E lek 
trons bedeutet.

Es bezeichne Pz =  P^p^)  den zu einem  gegebenen p v-W ert gehörenden  
M axim alwert vo n  p z (siehe A b b . 2). Aus dem  Zusam m enhang: E lektronendichte  

1 rim Phasenraum  = ------ — =  2 !h? folgt für das Volum en des K ugelschnitts
4 л Ч 3 1 *

Acta Phys. H ung. Тот. X V . F
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<üm (siehe Abb. 2): a>m =  4 л3 h3 gm. Ebenfalls aus der A bbildung folgt a>m =  
=  AR-1  jrP2, wo m it Pi  der M ittelw ert der zu iom gehörenden P?-W erte bezeich
net wurde. Wir haben also:

PI =  4.T2 А2 Rom.

D er M ittelwert der zu a>m gehörenden p ^-Werte ist

(rn+Vd**-1

( 1 )

P l dl \(m-4t)hR-i _____
(m+Vs)*«-1

J dp(m-iß/iR-i

А2 (m- 1l 12)

R 2
( 2 )

Wir haben also für das A bstossungspotentia l, welches a u f ein Elektron  
m it der m agnetischen Q uantenzahl m w irkt, den Näherungsausdruck

2 p
P-

2 p
(PI P-\  =<p

А2 2 я 2 on, R
2 R ’

(3 )

In der unm ittelbaren Nähe der z -Achse wird das A bstossungspotentia l durch diesen 
Ausdruck überschätzt, da die Integrationsgrenzen in der Gl. (2) ausserhalb der Im pulskugel 
liegen. Dieser Fehler ist nur im  Falle m =  0 von B edeutung. Da das A bstossungspotentia l in  
allen praktisch w ichtigen Fällen von den inneren, m indestens teilw eise abgeschlossenen  
Schalen der Atom rüm pfe stam m t, welche auch bei einer M olekülbildung in  guter Näherung 
unverändert bleiben, und da das A bstossungspotential in  der besprochenen N äherung nur von  
der V erteilung der inneren Schalen abhängt, genügt es, den Fehler nur für den F all freier Atom e  
zu korrigieren.

Im  Falle von p , d . . . -Zuständen kann m an zur B eseitigung des Fehlers davon Gebrauch 
m achen, dass m an aus den zu derselben N ebenquantenzahl aber verschiedenen m agnetischen  
Q uantenzahlen gehörenden W ellenfunktionen physikalisch gleichwertige L inearkom binationen  
bilden kann. Das Verfahren kann m an am einfachsten durch ein Beispiel erklären. Nehm en wir 
an, dass wir das auf ein p z-Elektron w irkende A bstossungspotential berechnen wollen. Man 
berechnet dann zunächst das auf ein p x (oder ein p^)-Elektron wirkende P oten tia l. Das auf ein 
p z-E lektron wirkende A bstossungspotential erhält man daraus infolge von Sym m etriegründen  
durch eine Drehung der K oordinatenachsen um  90°.

Im  Falle von s-Zuständen kann m an von der K en ntn is Gebrauch m achen, dass die 
genaue Form des A bstossungspotentials kugelsym m etrisch sein muss. Der K ern liege im  N u ll
punkt des K oordinatensystem s. In den in  der лу-E bene liegenden, vom  K ern ausgehenden  
R ichtungen (siehe Abb. 1) lau tet der Ausdruck (3)

я . Г + 1
"247 (4)

wo m it r die in  der Abb. 1 dargestellte Polarkoordinate bezeich net wurde. D ie in  der Nähe der 
3-Achse liegende »fehlerhafte Zone« verlässt m an aber am  schnellsten in  einer zur 2-Achse 
senkrechten R ichtung. Infolge der K ugelsym m etrie kann m an dann den A usdruck (4) auch in  
allen anderen R ichtungen als gültig annehm en, wom it ein  überwiegender T eil des Fehlers 
b eseitig t ist.

Selbstverständlich kann man den vor dem A bstossungspotential stehend en  Proportio
nalitätsfaktor auch aus em pirischen D aten bestim m en [3], wodurch die N äherung verbessert 
w erden kann.
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U m  eine Abschätzung der G enauigkeit des neuen A bstossungspotentials zu erh alten , 
wurde es in  das statistische A tom m odell, in  w elchem  die E lektronen nach der H aup tq uan ten
zahl gruppiert sind [4], e ingebaut und die Energie bzw. die E lektronendichte des A rgon-A tom s  
berechnet. D ie erhaltenen W erte für den Yariationsparam eter bzw . die Energie stim m en  m it 
den von  G o m b á s  und L a d á n y i  berechneten W erten ausserordentlich gut überein, die U nter
schiede sind kleiner als 1,2% .
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Theoretical Physics in the T w entieth Century 
A Memorial Volum e to W olfgang Pauli

■edited by M. Fierz and V. F. W eisskopf, Interscience Publishers, Inc. N ew  York 1., N . Y .

H ad not unexpected  death carried him  
aw ay, P a u l i  would have been 60 years old 
on the 25th  April 1960. O riginally the editors 
wanted to celebrate th is birthday b y  p u b lish 
ing “ Theoretical P hysics in the T w entieth  
Century” . I t  was a d ifficu lt task to com pile 
a volum e w orthily reflecting the role p layed  
b y  P a u l i  in  the birth and developm ent of 
modern physics. The difficulty lies in  P a u l i ’s 
scien tific  character, rather unique in  our age.

N obody has watched w ith  a more passio
nate inquisitiveness the m anifestations of 
the secrets o f the universe, and at the same 
tim e, nobody has taken natural science more 
seriously than he. He looked upon nature  
w ith  the enthusiasm  o f  G o eth e  and w ith  the 
reverence o f N e w t o n . He believed w ith  a 
staunch fa ith  in its com prehensiveness, yet 
one significant step in  the recognition  of 
rea lity  becam e a deep experience to him. 
H is conception so receptive o f ph ysica l 
rea lity , never led to cheap m ystifica tion  or 
obscure announcem ents. On the contrary, his 
works are characterised by a m odest com 
petence and his respect fe lt for nature m ani
fests itse lf  in  a scien tific  responsib ility  
o f the h ighest degree. Y. F. W e i s s k o p f  
called him  the liv ing  conscience o f physics. 
W hen looking through his oeuvre one cannot 
overem phasize that insp iration  w ith w hich his 
vigourous m ind and exacting dem ands —  
-always leading to clarification and ordering  
of thoughts — filled not only his stu dents  
in Ham burg and Zurich, but through scien
tif ic  sym posia and his extensive correspon
dence m uch wider circles as well.

As we lea rn  f rom  th e  forword, th e  ed ito rs  
— c o n t r a r y  to t h e  o rd in a ry  p ra c t ic e  (of 
collecting original eassys from th e  f r iends  
and  pup i ls  o f  P a u l i ) —  originally  p l a n n e d  a 
collect ion  o f  articles comprising  th e  p re sen t  
s t a te  o f  physics  in all  f ields, where  P a u l i  
has  c o n t r ib u te d  to t h e  so lu t ion  of p rob lem s.  
I t  soon becam e clear, t h a t  the rea l isa t io n  of 
th is  p lan  would  s im ply  h ave  m ean t  t h e  w r i t 
ing o f  a comple te  m o d e rn  h a n d b o o k  of

physics, as there is p ra ctica lly  no fie ld  o f  
physics where the th o u g h ts o f  P a u l i  h ave  
not le f t  their mark. Thereafter the book  
assum ed its  final shape in  w hich we can find  
articles o f  tw o kinds, first those  sum m arizing  
the developm ent ach ieved  in  the fie ld s  
nearest to  P a u l i ’s in terest; then report-like  
recollections of the estab lishm ent o f the  
P a u l i  principle, dealing in general w ith  
the “ rom an tic” period th a t saw the form ation  
of the fundam ental concep tion s of quantum - 
m echanics.

The first group includes nine essays. The ar
ticle o f G. V entzel  elaborates the history o f  
the quantum  theory of fie ld s till 1947. F . V i l - 
la r s ’ article deals w ith th e  m ethods devised  
in the follow ing years, to overcom e the d iffi
culties presented by d ivergence first o f all 
w ith th e  m ethod of régularisation; further
more w ith  the non-local theories and their  
connection  * w ith in d efin ite  m etrics. The  
essay o f  R .  J ost “ The P au li principle and  
the L orentz group” is devoted  to the pro
blem s o f  the fundam ental relations betw een  
the spin and statistics. I t  contains a detailed  
discussion o f the TCP-thesis com prising also the  
recent researches of L e h m a n n —Sy m a n zik  — 
Z im m e r m a n n  and W ig h t m a n , respectively  
into th e  theory of fields. The relations b e t
ween spin and statistics are treated also from  
another aspect, in the w ork o f Y. B a r g m a n , 
w ritten about P a u l i ’s general attitude  
towards the special and general theory o f  
re la tiv ity . P auli  holds a special opinion  
as regards the theory o f  solid bodies. 
He did n ot like this branch o f physics, 
which instead  of m athem atical severity and  
logically  closed order abounds in uncertain  
m odels and uncontrollable m athem atical 
hyp otheses. N evertheless, i t  is hardly n eces
sary to em phasize the significance of h is  
work done in  this field , for instance the role 
of the P a u l i  principle in  the band theory , 
or the treatm ent of spin according to P a u l i  
in the phenom ena o f m agnetic  resonance. 
The short remarks o f H . B. G. Casim ir  on
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this subject are followed b y  the article of
R. E. P e y e r l s  dealing w ith  the sam e problem. 
P a ul i  introduced the hyp oth esis o f the  
neutrino for the exp lanation  o f the anomalies 
observed in  Д-decay in 1931 (in a year when  
am ong the elem entary particles only the 
early recognised electron and proton were 
known), because the law  o f conservation of  
energy etc. connected  w ith  the basic prin
ciples o f relativ istic  physics w as a living  
reality  to him . C. S. W u presents a com 
plete description o f the ex citin g  history and 
present sta te  o f neutrino physics.

Two articles in this book rev ive the spirit 
o f P a u l i  in  a form , which is to some extent 
independent, the chapter entitled  “ Statis
tica l M echanics” b y  M. F i e r z  and L. B. 
L a n d a u ’s article on “ F undam ental Prob
lem s” . From  the first we learn that P auli  
lectured for long years on sta tistica l m echa
nics and especially  liked to exp lain  its train  
of thoughts abounding in h idden refinem ents 
to his pupils. T hat is w hat m akes this article 
topical in the volum e. L. B . L a n d a u  recalls

the m emory o f P a u li’s brave and criticaL 
attitu d e  in  his “ funeral address”  on the  
present form o f f ie ld  theories usin g  ^-opera
tors and H am ilton ians.

All these artic les, written in  a serious 
tone and a clear sty le  serve the purpose well, 
setting  up a m em orial in  honour o f a man 
who detested everyth ing superficia l and 
negligent.

The articles o f  R . K ro nig , W . H e i s e n 
b e r g  and B. L. v a n  d e r  W a e r d e n  give a 
historical review  o f  the heroic age o f  quantum  
theory. From these  w e should like to  m ention  
in  particular th e  la st one w h ich, tracing  
clearly and in stru ctiv e ly  the b irth  o f  the  
exclusion princip le and of the sp in  theory, 
dislcoses w ith  an  im pressive com pleteness 
the in tu itive  stren gth  and the h ig h ly  respon
sible self-d iscip line o f P a u l i .

To the vo lu m e, which ends w ith  an 
exten sive  b ib liography, N. Bo hr  has written  
an introduction in  warm words.

F. KÁRÓL YHÁZY"
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N - в  SCATTERING DISPERSION RELATION 
IN THE LEE MODEL WITH DIPOLE GHOST

By

К. L. Nagy

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by K. F . N ovob átzk y  — R eceived: 28. VIII. 1961)

The N —& scattering dispersion is exam ined in the L e e  m odel in the dipole ghost case. 
The dipole ghost produces a second order pole in  the relation .

1. Dispersion relations are regarded as appropriate tools (at least we hope 
th ey  are) when we w ish to decide w hether in a theory the usual basic principles 
are fulfilled or not. Since in alm ost all theories, treated by means o f a H am il
ton ian  formalism, ghost states em erge, the question naturally  arises: w hat is 
the influence of ghosts, or indefin ite m etric, on the form of the dispersion re
lations. Since, how ever, a theory w ith  an indefin ite m etric possesses a probabi- 
listical interpretation i f  it contains only a m ultipole type o f ghost, it is m ainly  
this case in which we are interested . The form , or the m odification o f the 
dispersion relations in a relativ istic , causal theory w ith dipole ghosts was 
calculated earlier [1 ]. The aim of this paper is to check the relations in the extre
m ely  simple case o f the Lee m odel, which thus m ay give a better insight into  
the problem.

Dispersion relation m ethods in the Lee m odel were applied already by  
Goldberger and Treiman [2], De Celles and Feldman [3] and b y  Amado 
[4] to  several problem s, but in each paper the existence o f ghosts was excluded  
b y  an appropriate cut-off. In th is paper the denotations concerning the Lee 
m odel are the sam e as in [5] or [6 ], those o f the dispersion relations follow  
closely  the notations of [2 ].

2. The Lee model starts from the Hamiltonian

allow ing only the transitions V  7̂ - N  -{- 0 ,  g0 is the bare coupling constant, 
which is im aginary, m =  (fc2 -f- The com m utation  relations have the usual
form , except for y)v, for which

H  =  — mv I f*  ipv dp  +  j œ (к) а* (к) a (к) dk —
( 1 )

р л / у \ ш 0("Р ~  Я~  feH ^N(g)V’»(r)« * (fc) -  wtiP) Vn ( q ) a (k ) \ -d p d q  dk

( 2)
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is prescribf i  w hich gives rise to  an indefinite m etric. The real vacuum  | 0 )> 
and N  particle sta tes | N  >  are the corresponding bare sta tes, the real V 
particle state (and the scattering eigenstates) have to be determ ined from

(Я  —  E)  I E  >  =  0 , (3)

where because o f the conservation theorem s | E  >  has the form

IE  >  =  ( — сгр* +  J  <p (к) a* (k) dfc) | 0 >  . (4)

In the dipole ghost case beside th e  real V  particle state a dipole ghost state  
I D  satisfy ing the equation

( H - E ) \ D > =  I E  > (5)

is also needed for com pleting the sta te  vector space. | D >  obviously  has also 
th e  form

ID >  =  ( -  dipt +  4>N J $ ( * )  «* (fc) dk) I 0 > .

All the results o f  the m odel are characterized b y  a function

h(z) =  a -\~ bz z2 G(z) ,
where

rs . + f i l"  , ь-2L + filA , c(,) _ r 
go j  «s J 2ш> J

k2 dk
2a>3 (со —  z)

( 6)

(V

( 8 )

a and b are fin ite param eters. Choosing their values appropriately, one can set 
up the dipole ghost case. The energy eignevalue of the real V  particle state  
can be determ ined from  the zero o f  h(z), i. e.

h(E) =  0 , E =f= о* .

In the dipole ghost case E  0 and h'(E) =  0. The renorm alized coupling  
constant is

2 h"(E)
g2 =

Furtherm ore
3 (h'"{E))2

< E \ E >  =  |cgu|2A'(E) =  0 ,  < E \ D >  = I W h"{E) >  0 ,

< D \ D > I cSo Г } 4'"<£ ) + T
i d  , d* h"(E)

(9)

( 10)
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Choosing c and d appropriately we prescribe

<  D j D  >  =  0 . ( П )

In this case, the projection operator, projecting the state vectors into th e  sub
space I E  ^>, I D  >  is

\ E > < D \  1 D > < E \
< D \ E >  < E \ D >  ’

( 12)

and finally  from the S c h r ö d i n g e r  equation  and from (3) and (5) we obtain

e iHt \E >  =  e ~ iEt I E  > ,  e ~ iHt \ D  >  =  e ~ iEt (| D  >  — it \ E  »  (13)

3. We start now  to stu d y  the N  —  О scattering dispersion relation. The 
S-m atrix elem ent is [2]:

Swa>' — <  N O a out J N 0 U’ in >  =  ô (к — к ' )  +

+  2л:i ô(œ — w ' ) ----- ------ 9Л (со),
2со (2л)3

where

SK (tu) =  i j “dt в  ( -  t) е~ш  <  IVI [ j,j*(t)] I N  >  ,
— oo

(14)

(15)

j  =  ~TF=  V*n  V>v , j*{t) =  e iHt -~=ß- f *  e iHt . 
у 4л У 4 л

Because of T i t c h m a r s h ’s theorem  we have the dispersion relation

d a /  1 т Ш  (со') 
со' — со — ie

(16)

(17)

Using the formulae o f the previous section we obtain

<  iV I J-F7*(i) I iv  >  =  e'ÍEC - - T -  +
It

4л  2л h"(E)

thus from (15)

1m (со) =  _  X -  Ô {со -  E) — (h" (E)) -1 <5'(co — E) +  
4

d------- (со2 -  /с2)!/2 |3R (co)|2 0  (со -  /с).
4л

(18)

( 19)
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T his is in com plete  agreem ent w ith  our general result for a relativistic fie ld  
theory. Note th a t  the coefficien t of the ő-function is again the renormalized  
coupling con stan t, th at of th e  d'-function another param eter characteristic o f  
th e  model. Therefore if  one w ants to decide whether in a theory there is a 
dipole ghost b y  com paring dispersion form ulae with the experim ental resu lts  
one has to seek for second order poles in th e  dispersion relations.
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ДИСПЕРСИОННОЕ СООТНОШЕНИЕ N - в  РАССЕЯНИЯ В МОДЕЛИ ЛИ 
С ДИПОЛЬНЫМ ПРИЗРАКОМ

К. Л. Н а д ь  

Р е з ю м е

Исследуется дисперсионное соотношение N —& рассеяния в модели Ли в случае 
дипольного призрака. Полюс второго порядка в соотношении обусловливается диполь
ным призраком.
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HIGH INTENSITY NEUTRON DIFFRACTOMETER

B y

P. S z a b ó , E. K r é n  and J. G o r d o n

DEPARTMENT OF SOLID STATE PHYSICS, CENTRAL RESEARCH INSTITUTE OF PHYSICS, BUDAPEST 

(Presented by L. Pál — R eceived 13. IX . 1961)

D esign and characteristics o f a high in ten sity  neutron diffractom eter are described. 
The su itab ility  o f the m ethod o f single crystal growing and orientation  worked o u t b y  the  
authors is proved by single crystal m easurem ents. D iffraction m easurem ents on crysta ls o f  
known structure and properties, and com parison betw een measured and calculated in ten sities , 
as well as angles o f reflection give a favourable account of the in ten sity , resolving pow er and 
accuracy to be obtained w ith the equipm ent described.

1. Introduction

A neutron diffractom eter has been built in the D epartm ent o f  Solid  
State P hysics, Central Research In stitu te  o f Physics, B udapest. The research  
work which is being done here is concerned w ith  structural disorder phenom ena  
in solids.

The m aterials involved are chiefly polycrystalline. The study of structural 
disorder in polycrystalline m aterials o ften  requires the m easurem ent o f  e x 
ceedingly w eak neutron scattering or o f sm all changes in th is. Therefore the  
problem o f getting sufficient in tensity* is here still harder than  it is generally  
in the case o f the neutron diffraction o f polycrystalline m aterials. Our aim  was 
to  build a diffractom eter suitable for such experim ents.

N eutron diffractom eters built only for experim ents w ith  single crystals  
m ay be of a com paratively sm all size, occasionally  not larger than some com 
mercial X -ray  diffractom eters [1]. Investigation  of polycrystalline m aterials, 
on the other hand, requires generally m uch larger equipm ent. Principally  
there are tw o types of arrangem ent of these large diffractom eters, represented  
best by those of W o l l a n  and S h u l l  and B a c o n , S m i t h  and W h i t e h e a d , 

respectively [2].
The advantage o f the B a c o n  type lies in that it can be used in a sim ple  

m anner also as neutron spectrom eter. In th e  W o l l a n  and S h u l l  typ e, on the  
other hand, it is easier to  provide good radiation shielding. This is ind ispens

* In ten sity  is used throughout this work in  th e  sense: number o f neutrons flying through 
the whole cross section  o f the m onochrom atic beam  in  un it tim e.

Acta Phys. H ung. Тот. X V . Fasc. 3.
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able not only from  the health point of view  b u t also for low ering sufficiently  
the background in ten sity , which otherwise reduces the accuracy of the d if
fraction m easurem ent.

In accordance with our aim s we have had to  consider th is latter circum 
stance as decisive regarding the choice of typ e. Thus our neutron diffractom eter  
follow s the arrangem ent of W o l l a n  and S h u l l .

In our efforts to  ensure great in ten sity  we were able to  solve some problems 
arising in the construction  of diffractom eters. These results have been published  
elsew here, their application to  the design o f our diffractom eter will be dealt 
w ith  here fo llow ing the description of the equipm ent. F inally  an account is 
given  o f our m easurem ents to  check the physica l characteristics of our appa
ratus.

Fig. la .  Arrangem ent o f  the diffractom eter  
^primary collim ator, 2 m onochrom ator, 3 m onitor counter ,4 ex it tub e, 5 sam ple on goniom eter  
head, 6 angular scale o f the detector, 7 secondary collim ator, 8  Cd shutter, 9 d etector, 

10 reactor shielding 11, 12, 13  and 14 shieldings

2. Equipment

The design o f our arrangem ent and a photograph o f it are shown in F igs, 
la  and 16.

One o f th e  horizontal channels of the YVRS type reactor of our In stitu te  
w as used. The channel had a diam eter o f 10 cm  and a len gth  o f 250 cm.

A S o l l e r  type collim ator [3] was placed into the channel, at its ou tle t. 
This type o f  collim ator allows a large beam  cross section  w ith  small angular  
divergence. W e were using tw o  different cross sections: 5 cm  wide, 4 cm h igh , 
and 4 cm w ide, 3 cm high, as well as tw o different angular divergences: 20'
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and 10'. The dividing p lates were m ade of steel and were 0.5 and 0.3 m m  thick. 
Their length  and num ber will be d iscussed in Section 3.

The m onochrom ating single crysta l was located  in front o f th is primary 
collim ator, at a distance of about 30 cm from it. I t was lying on a goniom eter  
head on which it could be adjusted. Its  angular position  around a vertical axis 
could be read on a scale divided in m inutes of arc.

The (111) reflection  o f lead proved  to be the m ost suitable for our pur
poses [2]. The lead crysta l used w as 5 cm high, 20 cm long and about 2 cm

Fig. lb.  Photograph o f the diffractom eter

th ick . It had a “ F a n k u c h e n  cut” (4] at 3.5 degrees to  the reflecting plane in 
order to  dim inish the cross section o f th e  m onochrom atic beam w ith ou t appre
ciable loss o f in tensity . Preparation and orientation o f large lead crystals are 
discussed in Section 3.

The m onochrom ator was surrounded by a 50 cm thick boron paraffin  
shield to absorb the undiffracted neutrons. In addition to  this there w as a 10 cm  
thick layer of B,C inside and a b eam  stopper containing lead outside the 
paraffin shield, in front o f the beam  port. The dial o f the m onochrom ator 
could be inspected across the shield b y  a periscope.

The m onochrom atic beam  of neutrons, reflected b y  the m onochrom ating  
crystal, was allowed to  pass through a horizontal ex it tube in the shield . This 
tube had a rectangular cross section 5 cm  high and 3.5 cm wide. Its w alls were
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m ade of 2 cm th ick  B 4C and paraffin and were not touched by the monochro
m atic beam .

One w all of th is tube contained a cav ity  where a monitor counter was 
placed. The counts o f  the detector were related to  the counts of the monitor 
to  elim inate the effect o f  the fluctuations of the reactor power.

The subsequent parts of the diffractom eter (sam ple, secondary collim ator 
and detector) were placed on a large goniom eter and could be m oved on two  
horizontal rails, b oth  at right angles to  the axis o f the reactor channel. The axis 
o f the goniom eter w as at a d istance o f about 120 cm from the reactor wall.

The sam ple could be adjusted on a goniom eter head and its position  
could be read on a scale w ith 2' marks w ith reference to the angular position  
o f  the detector.

U sing such wide beam s it  is necessary to  have also a secondary collim ator 
o f  S o l l e r  typ e in front of the detector to  ensure sufficient resolving power in  
the diffraction m easurem ents. The collim ator used w as about 120 cm long, 4 cm 
high, 5 cm wide and o f the same angular divergence as the prim ary one. Its  
dividing plates were like those o f the primary collim ator. It could be rotated  
around its horizontal axis to make its plates parallel to  the plates o f the primary 
collim ator to  an accuracy of 0.5'.

The detector w as a special end-w indow  ty p e  proportional counter (fee 
Section 3) filled at a pressure of 700 Hgmm w ith  B F 3 enriched in B 10 to 82% . 
Its  diam eter was 6 cm , its length  50 cm.

D etector and secondary collim ator had 1.5 cm th ick  B 4C and 10 cm thick  
boron paraffin sh ields. Betw een secondary collim ator and detector there was a 
shutter containing a Cd plate. The Cd plate could be m oved b y  rem ote control 
in  front of the end-w indow  of the detector for m easurem ents o f the true back
ground counting rates.

D etector and secondary collim ator together w ith  their shields weighed  
about 200 kgs. T hey were placed upon and adjusted  on a large arm of 200 cm  
length  w hich could be rotated around the axis o f the goniom eter. Its angular 
position could be read on a scale w ith  0.01° d ivision .

The rotations o f  detector and sample could be coupled in such a manner 
th a t the ratio o f their angular velocities was 2 : 1 .  This could be achieved w ith  
an accuracy o f  about 1/2' by  m eans o f  steel tapes wrapped around ground steel 
drums. The range o f  rotation o f the detector was 220°. As the m onochrom atic  
beam  was inclined b y  about 22° to  the axis of the channel (see section 4), the  
detector could be rotated  at one side up to  132° from the m onochrom atic 
beam , i. e. the h ighest accessible angle o f reflection i  was 66°.

In addition to  the direct v isual reading o f an y  of the three angular posi
tions, a m echanical counter system  was provided for remote reading in units 
o f 0.01°. D etector, sam ple and m onochrom ator could be rotated  b y  electro
m otors. The rotations could be m ade either continuous or through prescribed
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m ultiples o f 0.01°, w ith  the help o f  a present circuit and m echanical counter. 
In this manner rem ote operation and control was possible.

The counting system  of the detector and of the m onitor was a conventio
nal one and im pulses are ruled out b y  this system .

3. Special features

W e investigated  the problem o f in tensity  transm itted  through S o l l e r  

collim ators [5]. According to  the resu lt o f our considerations there is an opti
mum in their length, respectively in the number o f dividing p lates, if  their 
height and total w idth , the dim ensions of the reactor channel and the allowed 
angular divergence are given. We b u ilt collim ators w ith  approxim ately these 
optim um  dim ensions. The ratio I opt of the in ten sity  transm itted  directly  
through these optim um  collim ators to  the number o f neutrons em erging in 
unit tim e and unit solid angle through 1 cm2 of the in let cross section  of the  
reactor channel is show n in Table 1 along with the principal dim ensions of the 
collim ators.

T ab le  1

D ata of the op tim um  collimators 
(A ll linear d im ensions are in cm .)

No.
Total cross 

section Horizontal
angular

divergence

Thickness of 
dividing 
plates

Number of 
collimating 
channels

Ôpt.
height width

l 4 5 20' 0,05 10 3,47 • IO“3
2 4 5 10' 0,03 20 1,69- 10-3
3 3 4 20' 0,03 18 2,05 • 10-3
4 3 4 10' 0,03 22 9,5 ■ 10-4

We chose a very sim ple stationary  furnace m ethod [6] for the growing 
of large m onochrom ator crystals, m aking use of a special X -ray goniom eter  
and follow ing a simple procedure [7] for checking the single crystal character 
of our large crystals and for orienting them  and perform ing the “ F a n k u c h e n  

cu t” . The crystal chosen as m onochrom ator in this w ay should not have con ta i
ned orientation differences greater than  1/2°. While th is resu lt, arrived at on the 
basis o f X -ray m eausrem ents, referred only to a th in  surface layer of the 
crystal, it  w ill be proved in Section 4a b y  neutron diffraction m easurem ents 
to  hold for its whole volum e. The m easurem ents o f the mosaic spread o f the 
m onochrom ating crystal w ill be reported also in Section 4a.

We built proportional B F 3 counters o f  a design [8] differing from th a t gene
rally used in such work [9]. This im proved construction leads to  a greater sensi
t iv ity , in fact very near to  100% for a therm al neutron beam  travelling parallel 
to  the axis o f the counter tube [8, 10].
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4. Measurements

Our task  was to  choose the w ave length  in such a manner th a t the in ten
s ity  was largest while the beam  contained the least am ount o f contam ination  
from  other w ave lengths. Furtherm ore we had to  select a m onochrom ating  
crystal o f suitable m osaic spread (i. e. the half-value breadth ß o f  the angular 
distribution  o f the m osaic blocks) so as to  obtain the desired resolving power. 
F in ally  we m ade som e m easurem ents on polycrystalline materials characteristic 
o f the perform ance o f our equipm ent.

We used collim ator No. 1 (Table 1) for the m easurem ents. It was suffi
cien t to  open 3 collim ating channels out o f the to ta l o f 10. E ven  th is intensity  
w as too high for the single crystal m easurem ents. W e therefore put a Cd slit 
of 5 mm  high and 35 mm wide opening in front o f  the detector. For the ex 
perim ents w ith  polycrystalline m aterials this slit w as not used.

The axis of the m onochrom ator and of the detector as well as the dividing  
plates o f the prim ary and secondary collim ator were adjusted to  be approxi
m ate ly  vertical and to  be parallel to  each other w ith  an accuracy o f  15'. Accord
ing to  elem entary considerations th is is already appropriate for all the colli
m ators o f Table 1.

a) Single crystal measurements

An im portant requirem ent o f the m onochrom ating single crystal is that 
its  m osaic spread should be approxim ately equal to  the horizontal angular 
divergence o f the prim ary beam . W e choose the m onochrom ating crystal on 
th e  basis o f  an estim ate of the m osaic spread from  the m onochrom ator rocking 
curve. The detector was placed to receive neutrons reflected from  the m ono
chrom ator at about 22° to the prim ary beam . (This corresponds roughly to the  
m axim um  o f the M axwell distribution of the therm al neutrons.) After adjust
m ent o f the crystal, the in ten sity  (counting rate) w as measured as a function o f  
the angular position  o f the m onochrom ator around its vertical ax is. A plot o f  
the num ber o f counts versus counter setting (rocking curve) for the crystal 
fin a lly  chosen is show n in Fig. 2. The half-value breadth o f th is rocking curve 
is 0.30°. ß  can then  be com puted [11] in a rough approxim ation from  the equa
tion

0,30 =
a2 +  2ß2

2 ( 1 )

a was 0.33° and thus ß =  0.19°. Therefore the above crysta l is suitable 
for both our collim ators (either 10' or 20' angular divergence). The curve 
shows the in ten sity  at 0.5° out o f the m axim um  o f the rocking curve to be less
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th en  1 per cent of the m axim um  in ten sity . This compares favourably w ith  the  
value of 3 p ercen t at 2° out o f the m axim um  given by W  o l l a n  and S h u l l  [2].

Moreover, nearly the whole of th is diffuse radiation occurs also if  th e  Cd 
shutter m entioned in Section 2 is inserted . Thus it m ay be regarded as b ack 
ground and can be elim inated from the diffraction m easurem ents by use o f  the  
Cd shutter.

So as to  check the effect o f the “ F a n k u c h e n  cut” o f  th e  m onochrom ating  
crystal on the width o f the beam  Cd-backed films placed before and behind

th e crystal were exposed and showed the beam  to  become narrower by a factor  
of about 2 when reflected. This corresponds to  w hat is to be expected  from th e  
angle o f the “Fankuchen c u t” (Section 2).

We com pared the in ten sity  o f the reflected  beam with th e  in tensity  of th e  
second-order contam ination o f w ave length  Я/2 contained in it  w ith  the v iew  o f  
choosing the final position o f the m onochrom ating crystal, i .e .  the principal 
w ave length  A o f the m onochrom atized beam . This was done b y  analysing th e  
reflected  beam  w ith  the help o f a second single crystal placed on the goniom eter 
head for sam ples.

In view  o f subsequent m easurem ents we used the (111) reflection  of lead  
for the analysis. The analysing crystal had been arranged in  the so-called  
transm ission position, otherwise its dim ensions would have had  to  be incon
v en ien tly  large. The length o f th is crystal w as accordingly 5 cm . Its height 
was also 5 cm, adjusted to the height o f the beam . Its th ickness was chosen  
1 cm , to give m axim um  in ten sity .

Acta Phys. H ung. Тот. X V . Fasc. 3.
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W e m easured the parallel (111) rocking curve of th e  analysing crystal 
w ith  optim um  thickness. T i is show n for one position of th e  m onochrom ating  
crysta l in F ig. 3. This curve contains tw o peaks. The large one corresponds 
to  the principal w ave length  Я o f the m onochrom atized beam  and the sm a ll 
one to  the second-order contam ination  of w ave length Я/2. The ratio of the la tter  
to  the whole in ten sity  is given b y  the ratio o f  the areas o f th e  tw o peaks and is 
found to  be less than 0.010. ( W o l l a n  and S h u l l  [2] obtained  0.016 for th is). 
The curve shows furthermore th a t wave lengths outside these peaks are v irtu a lly  
n on existen t in  the m onochrom atized beam .

Fig. 3. R ocking curve o f  analysing crystal

Since th e  spectral com position of th e  m onochrom atized beam was found  
to  be satisfactory  we chose th is  position o f  th e  m onochrom ator as the final one. 
The principal wave length  reflected  from it  was Я =  1.12 A , com puted from  the  
angle o f  reflection  $ m . For th e  determ ination of the va lu e o f  it was n eces
sary to  know  the zero position  of the counter. This had been known at first 
only  approxim ately  (see above). It could now  be determ ined as the position  o f  
the counter at the m axim um  of the large peak  of Fig. 3.

The analysing crysta l was prepared carefully in th e  sam e manner as th a t  
used as m onochrom ator. W e m ay thus suppose that th eir  m osaic structures are 
virtually  equal. The breadth of the parallel rocking curve (0.20°, see F ig . 3) 
is then in  close connection w ith  the m osaic spread o f th ese  crystals. I f  w e sup
pose the angular distribution  o f m osaic blocks to be a Gaussian fu n ction  o f
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half-value breadth ß, the theory of the double crystal spectrom eter [1 2 ] shows 
that

ß
0,22

T 4
-  =  0,16 О

in reasonably good accord w ith the va lu e obtained from  the single crysta l 
rocking curve, Fig. 2.

b) Measurements with polycrystals

We m easured the reflections of polycrystalline N i for comparison w ith  
calculated data. The first f iv e  reflections are shown in Fig. 4, where the  
counting rate is given as function of the counter angle 2$.

The num ber of counts at different settings and the number o f p o in ts  
constitu ting  a D ebye— Scherrer peak w as chosen to fu lfil the requirem ent 
th a t the sta tistica l accuracy o f the integrated peak should be better than 5 per 
cent w ith a probability of 97% , assum ing Poisson statistics.

We used sam ples similar in form and dim ensions to our analysing crysta l. 
The crystalline powders were contained in  vanadium  b oxes. The vanad ium  
walls were 0.3 mm thick.

The angles of reflection m ay be determ ined sim ply as the angles at th e  
m axim a in F ig. 4, th ey  could be measured w ith  an accuracy o f about 0 .05°. 
Comparison o f the measured values w ith those calculated shows agreem ent 
w ithin  0.05°. (See Table 2.)
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The breadth  of the D eb ye— Scherrer lines and its dependence on 2#  in  
F ig. 4 also corresponds to  w hat m ay be ex p ected  on the ground of collim ator  
divergence and m osaic spread o f the m onochrom ating crystal.

Comparison of our line breadths, Intensities and background (40— 50 
counts per m inute, not shown in the figures) w ith  those found in the literature  
gives a favourable account o f the perform ance o f our equipm ent. It should be 
rem em bered th a t the in ten sity  could be increased (if a sufficient quantity o f  
the m aterial is available) b y  opening further collim ating channels o f the  
collim ator.

W hen com paring the m easured with th e  calculated in ten sity  ratios, in 
th e  latter the attenuation  o f incident and diffracted beam and the tem perature  
factor have to  be taken into account.

Beam  attenuation  was determ ined for the Ni sam ple from the tran s
m ission of th e  m onochrom atic beam . The effective linear absorption coefficien t 
jUeff turned ou t to  be 0.415 cm -1  and w ith  th is  value the beam  attenuation in 
the diffraction m easurem ents could be com puted .

The tem perature factor as given b y  the well-known D ebye— W aller  
form ula was used, the value o f  the characteristic tem perature being based on  
specific heat data.

Table 2

M easured and calcu lated  values
o f th e  angle o f reflection  ft and of the ratio  R  =  1 щ 1 1 щ  for N i powder

hkl Ill 200 220 311 222

^meas. 15,90 18,50 26,65 31,80 33,35

^calc. 15,93 18,50 26,67 31,76 33,36

^meas. 1 0,53 0,51 0,68 0,24

^calc. 1 0,56 0,56 0,81 0,25

Table 2 shows m easured and calculated values of the ratio of the in ten sity  
I  hkl ° f  the reflection  (hkl) to  the in tensity  Jm  o f the reflection  (111). The agree
m ent is very  good.

Similar m easurem ents made on polycrystalline NaCl have shown the  
sam e general features.

5. Summary

We have designed and built a high in ten sity  neutron diffractom eter w ith  
appropriate resolving power. Our m easurem ents (Section 4) show this aim  to  
have been achieved.
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The single crystal m easurem ents show  also that b y  our method o f crystal 
growing [6] and orientation [7] we were able to prepare suitable m onochrom at- 
ing crystals.

The in ten sity  m ay be further increased by us;ng a greater num ber of 
collim ating channels o f our collim ator.

The resolving power can be im proved , i f  necessary, b y  using collim ators 
of smaller angular divergence. Collim ators of 10' horizontal angular diver
gence were already built for this purpose.

The equipm ent can be used, o f  course, for work w ith sm all single crystals, 
soo. In th is case a correspondingly sm aller number o f collim ating channels 
thould be opened.
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НЕЙТРОННЫЙ ДИФРАКТОМЕТР С ВЫСОКОЙ ИНТЕНСИВНОСТЬЮ 

П. С а б о , Е. К р е н  и Й. Г о р д о н

Р е з ю м е

Даётся отчёт о конструкции и физических параметрах установки для дифракции 
нейтронов с высокой интенсивностью. Оказалось, на основе измерений, проведенных 
нами на монокристалле, что наш метод является пригодным для выращивания и ориен
тации монокристалла. Дифракционные измерения, проведенные на монокристаллах с 
известной структурой, сопоставление измеренных и рассчитанных углов отражения и 
интенсивностей дают представление об интенсивности, разрешающей способности и точ
ности, осуществляемые нашей установкой.
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INVESTIGATIONS OF THE VACUUM NEED 
OF /3-SPECTROSCOPES*

B y

Z. B o d y ** and D . B e r é n y i

INSTITUTE OF NUCLEAR RESEARCH OF THE HUNGARIAN ACADEMY OF SCIENCES (ATOMKI), DEBRECEN 

(Presented b y  A. Szalay. — R eceived  16. IX . 1961)

The vacuum  dependence o f transm ission and resolving power for ^-spectroscopes w as 
theoretically  investigated . For the vacuum  dependence of both transm ission and reso lv ing  
power analytic form ulae were obtained. These w ere in  good agreem ent w ith  experim ental data  
obtained by a /i-spectrom eter o f the toroid-sector type.

1. Introduction

It is well known that an apparatus in  which a stream  o f m icroparticles 
passes through a given space has to  fulfil certain  vacuvm -technical requirem ents 
as the apparatus does not operate independently  of the pressure present in  th a t  
particular space. N am ely, at higher pressures, the number o f  collisions betw een  
the particles and the molecules o f the gas (air) present in  the given space in 
creases. Because of such collisions, the particles m ay lose energy and m a y  be 
com pelled to  change their in itia l directions. Thus e.g. a beam  o f particles w ith  
parallel trajectories becom es diffuse after passing through th e  gas-filled space, 
th at is the beam  widens.

In /З-spectroscopes, the m icroparticles involved are electrons, which m a y  
be scattered on the molecules o f  the gases o f  which the air is composed. In case  
o f electrons scattered on atom s and m olecules, the cross-section is some orders 
o f m agnitude smaller than in case of atom -atom  or m olecule-m olecule sca tter 
ing [1]. In ten sity  relations vary  through scattering, and the transm ission as 
w ell as the resolving power deteriorate.

Although the problem o f the optunal vacuum  alw ays arises w henever  
/З-spectroscopes are designed, y et hardly a n y  investigations have been reported  
on this subject in the literature. One of th e  data comes from  L a w s o n  and  
T y l e r  [2], who observed th a t the in ten sity  o f  a beam o f 165 keV electrons 
reduced to h a lf in their spectrom eter at a pressure of 27 mm H g. Furtherm ore, 
in  recent years, P o rter  et al. investigated  th e  in ten sity  as a function  of pressure 
for several electron lines of lower energy [3] in  a magnetic lens /3-spectrometer.

* This report is based on investigations carried out at ATOMKI during the p h y sic ists’ 
sum m er practice.

** Present address: In stitu te  for Experim ental Physics, Debrecen.
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N evertheless, th e y  did not inquire into the change of resolving power, neither  
did th ey  deal w ith  the interpretation of the phenom enon. Therefore it seem ed  
w orth-w hile to  te s t  how the transm ission and resolving power vary as functions  
o f the vacuum  in  case of different electron energies, when th e  mean free p a th  
o f  electrons in th e  spectrom eter also is taken in to  consideration.

Our com putations were in  fact estimations,  designed —  first of all —- to  
decide on the vacuum  value to  be m aintained in  a spectroscope of given reso lv 
ing  power and transm ission, in  order that practica lly  no effect o f  the “vacu u m ”  
m ight be observed. (This effect derives from th e  interaction betw een  the electrons  
and the m olecules of residual gas). Our com putations were supplem ented b y  
m easurem ents m ade w ith a /З-spectrom eter o f  toroid-sector type [4— 5] and  
w ere carried ou t for several internal conversion lines o f different energies and  
for a continuous /З-spectrum , respectively , a t various pressures (10~3 mm H g—  
20 mm Hg).

2. Rough estimate of the vacuum dependence of transmission

The transm ission of /З-spectroscopes is usually  defined as the ratio o f  th e  
num ber o f m onoenergetic particles entering the detector to  that leaving th e  
source. It is obvious that in addition  to the geom etrical factors of the apparatus, 
th e  transm ission is a function o f the pressure, too. Therefore, i f  the part o f  th e  
transm ission dependent on geom etrical and other factors is denoted b y  T0, 
and the part dependent on th e  vacuum  va lu e by P, the effective transm ission  
m ay be expressed by

T =  P  ■ T0 , (1)
where 0 <  P  <  1,

It can be seen that the case of P  =  1, i.e . T =  T0, w ill take place w hen  
“ absolute va cu u m ” is assum ed. E v id en tly  P  is the probability  for the n on 
scattering o f  an arbitrary electron passing from the source to the d etector. 
More precisely, the above-defined P  is equivalent to the probability o f  non- 
scatterm g on ly  i f  all the scattered electrons are supposed “ to be lost to  u s” , 
in other w ords, not to contribute to the transm ission. T hus, at any ra te , we 
obtain a rough under-estim ate which m eans that the transm ission and reso lv 
ing power do not essentially  deteriorate even  at a vacuum  value worse th an  
th a t determ ined by the above supposition  (see also Chapter 4). The facts, 
how ever, are as follows: The atom -electron scattering cross-section, e la stic  
or inelastic, is the largest for the small angles subtended b y  the initial direction. 
Because o f  th is  and on account of the fin ite  w idth of the detector, a sign ificant 
num ber o f scattered electrons m ay also fa ll w ithin the effective surface o f  the  
detector, consequently

P < P t <  1 , (2)
where P t is th e  effective P -value.
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N ow  P  and P t m ust be calculated. For th is purpose, the follow ing con 
ditions are suggested as sim plifications:

1. We suppose the air to consist of pure nitrogen, partly  because the pro
portion o f nitrogen in air is by far the b iggest and partly because the other  
relatively significant com ponent, i.e . oxygen , behaves like nitrogen from the  
view -point of the scattering pattern, their atom ic numbers (Z) differing b y  one 
only.

2. For the sake o f sim plicity, our calculations were m ade for a уЗ-spectro- 
scope o f semicircular focusing, a condition closely approxim ated by our ß- 
spectrom eter o f the toroid-sector typ e, th e  calculations g iv ing inform ation  
also on the vacuum  requirem ents o f  other typ es of spectroscopes, particularly  
those w ith a transversal m agnetic field.

Let us consider a beam  of N  electrons passing through a gas-filled space. 
While traversing a path of length ds, the num ber of electrons scattered from  
the beam  is

d N  =  — Na0 ■ ng ds, (3)

where a0 is the to ta l cross-section (elastic +  inelastic) for atom -electron sca t
tering, ng is the density  o f gas in particles/cm 3. In our case ng — 7.1 • 10le j> 
(pressure in mm Hg). The solution o f (3) is g iven by

N  =  N 0e~a°neS, (4)

where N0 is the in itia l in ten sity  o f  the beam  (when s =  0). The assum ption o f  
single scattering is reasonable if  N / N 0 does not differ much from  unity .

N  .
Taking into consideration th at — is the probability o f non-scattering,

No
we have

and from (2) and (5)

NP  =  __ e-7,l IOiJ(r0Sp
N n

e - 7 , M 0 '4 s p  <  P t <  1

(5)

(6)

Zero index at cr0 points to the fact that the lower lim it in the integration  
over the solid angle was d  =  0. In other words, an electron scattered  through  
an angle, how ever sm all, is regarded as scattered out of the “ lin e” , th at is, it  
reduces the transm ission.

The rather rough estim ate obtained in th is m anner, how ever, is a definite  
under-estim ate, since choosing the vacuum  value accordingly, a requirem ent 
higher than the effective vacuum  need will be m et. On the other hand, in th is  
case we can be sure that no distortion of the spectrum  will take place because 
o f the residual air.
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N aturally  cris energy-dependent. A t higher relativ istic  energies, how ever, 
cr0 is independent o f  energy in good approxim ation; for nitrogen we have [6]

<70 ~  1.6 • 1 0 ~ 18 cm2 ,

while in a lower relativ istic  case, we m ay calculate cr0-values on the basis o f  
reference [6].

Thus e.g . from such calculations at a pressure o f  10~ 2 mm H g, i f  s =  
=  100 cm , the inequality  0.975 <[ Pt <7 1 will be obtained for the high rela

tiv istic  energies.

3. More accurate computations of the vacuum dependence of transmission
and resolving power

Let us consider tw o electron groups o f energies E j and E.z (that is o f cor
responding m om enta), w hich can ju st be separated b y  the spectroscope in 
question E x and E2 are near values.

The resolving power, as it is w ell know n, is given b y  the relation

(m ostly expressed in percentage), (7)

where I  is the m om entum  o f the particles (proportional to  Hg), H  is the m ag
netic fie ld  strength, and p is the radius o f the curvature of the path  o f  the 
electron.

A [Hg) is the half-w idth  of the in ten sity  distribution function of the “ lines” 
(appearing at the position  of the focus when electrons of a given energy are 
exam ined) which belongs to  energies E x and Ev  respectively . In a less precise 
w ay (7) interprets the fact that w hen tw o Gaussian-like functions are super
im posed, the individual functions can be distinguished from each other only  
if  their m axim a are at least a half-w idth distant from  each other. (Considering 
that the energies are approxim ately identical, the half-w idths are practically  
the sam e.)

Subsequently, our com putations were made according to the follow ing  
considerations. F irst, we determ ined the point where the particle, scattered at 
an arbitrary place o f its trajectory and through an arbitrary angle, falls on the  
plane o f  the detector. Then we ascertained the probability  density functions 
of the param eters (the place and conic angle of scattering and their functional 
relations) which determ ine the coordinates of the p oin ts, where the electrons 
fall on th e  plane o f the detector. Then the distribution of these points was 
com puted.

AI A (Hg) 
I ~  я Г
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Let us take F ig. 1. Perpendicular to  the plane o f the F igure, a hom oge
neous m agnetic field  is present. The electrons leaving the source at point A  
reach the detector or the photographic plate at point В when a /3-spectroscope 
o f semicircular focusing is used. I f  an electron undergoes scattering at point C, 
i.e . is deflected from the initial path  by an angle ft' (measured in the plane of 
the Figure), so th at it  passes to  a new  orbit, it  w ill not reach th e  detector at 
point В any more, but at a certain distance z from  it. Of course, b y  scattering  
not on ly  a change o f  direction m ay occur, but also a loss of energy. The latter,

Fig. 1. Scattering o f  the electron on a n itrogen m olecule in a sem icircular focusing
^-spectroscope

how ever, is negligible when relativ istic  energies are concerned. In  the case o f  
inelastic scattering, the average loss of energy for nitrogen is 80 eV, while in 
the case of elastic scattering it  is even  less.

According to the sim ple calculations given in  A ppendix 1, z is related to  
the conic angle ft and the azim uth cp (measured from  the m edial plane o f the  
spectroscope) of the scattering, as w ell as to the coordinates o f th e  scattering  
point in the following way:

z  =  у  ■ ft COS <p —  r ft-  s in 2<j?. (8)

It is to  be noted, however, th a t slit S  (Fig. 1) is o f  a fin ite w id th , and so 
the electrons m ove in a beam  of fin ite  w idth and not along a single path. The 
beam  becom es focused b y  the effect o f the m agnetic field , that is, it  contracts 
to  the sm allest —  but fin ite  — w idth , after having travelled along a semicircle. 
The electrons do not arrive at ind ividual points o f th is fin ite in terval with  
equal probability, but present a probability distribution called “ w indow  curve”  
(F ig. 2).*

* In the Figure the trajectories ending in the different points x , near axis x were con
sidered parallel for the sake o f sim plicity. For the further considerations, how ever, this con
d ition  is not essential.
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Therefore scattering m ay not be undergone on ly  b y  electrons m oving on 
the p ath  which ends in  point 0 corresponding to the m axim um  of the line, but 
also b y  the electrons travelling along a path which leads to  an arbitrary point 
X  of the line (x being the distance from  the point belonging to the m axim um  of 
the line). D istribution z for point x w ill be given also b y  (8), only displaced by  

n am ely , the electron arriving originally at point x (if  not scattered) will fall 
on the plane in the neighbourhood o f x, at distance z from x , owing to  the

Fig. 2. W indow curve in  th e  semicircular focusing spectroscope and schem atization o f  the effect
o f scattering on a nitrogen m olecule

scattering . The arrivals at different points x are not equally probable. The 
probab ility  o f arrival is characterized by the w indow  curve (normalized to  
u n ity ).

I f  we want to  get inform ation on the deterioration of the resolving power 
th a t is the change o f  the w indow  curve, we m ust know  the distribution of all 
the scattered electrons, in other words the distribution  of the electrons which  
originally  travelled on a path ending in any poin t x, but which underwent 
scattering. This distribution can be determ ined i f  both  x and z are taken to be 
probability  variab les, and the density  functions belonging to  their con
vo lu tion  are considered. It is to  be noted th a t here the m ajority of the 
electrons is supposed to have already been scattered . Thus the distribution of 
scattered  electrons w ill really y ield  the new w indow  curve.

The probability  density function  belonging to  the probability variable x 
is given  by the aforem entioned w indow  curve, and it  m ay approxim ately be 
considered a G aussian curve:*

/ ( * )  = (9)

* In this w ay our calculations becom e more general as th ey  are thus not restricted to a 
spectroscope o f the sem icircular focusing type.

A cta  Phys. Hung. Тот . X V .  Fasc. 3.



INVESTIGATIONS ОГ TH E VACUUM NEED OF /3-SPECTROSCOPES 221

As it  is obvious from  (8), the d en sity  functions of y ,  cos <p, sin2 (p & m ust be 
known for the determ ination o f the density  function o f z, which also w ill be a 
Gaussian curve according to the considerations detailed in  A ppendix 2:

g (z) =
Кг.

2*
e 22* ( 10)

Tiz-

I f  the wanted probability variable is denoted by £, according to  [9], its 
distribution also w ill be Gaussian and the m ean square w ill be

P  =  x2 + z 2, (11)

while its density function  expressed in a suitable form is given by

A (f) =
1

r X 2 z 2 1
r I 2 n 7 Г  +

where
X-

r2
Q2 1

8 In 2 r2

e 2 r*

JVo
8 In 2

—  ^ 2 , 4 4 -  A4 • IO“ 7p s ,
T2

( 12)

(13)

(14)

are calculated on the basis of the d en sity  functions o f x and z (see A ppendix 2). 
Here Q is the half-w idth  of the original w indow  curve; r/0 is the original resolv
ing power (without scattering), A is the Broglie wave length  of the electron in 
10-2 A; p  is the pressure in mm H g and s the average length  of the path  
in cm traversed by th e  electron from  source to detector.

The distribution after scattering (really the w indow  curve after scatter
ing) as shown by (12) w ill d istinctly  differ from the original scatter-free distri
bution (original w indow  curve), w hen z2 is large enough as com pared w ith  x2. 
I f  the half-w idth o f the new  lines is denoted b y  Qs, then  on the basis o f  (12)

Ql =  8 In 2 ( x 2 +  z2) (15)

and thus from (13), (14) and (15), the deteriorated resolving power will be

Ql
VÏ- =  8 In 2 Vo

8 In 2
(16)

while the relative deterioration o f the resolving power becom es

Vo VoP  _1 r
V s VÖ+ 81n2

У r/2 +  l ,3 5 - 1 0 ~ e A4ps ’
(17)
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th a t  is P r varies betw een  1 and 0. I t  is 1 if  the resolution  has not deteriorated  
at a ll, and 0 w hen th e  line has becom e im perceptible and has dissolved into the  
background ow ing to  the scattering.

In the sam e w ay , the change o f  transm ission can also be given i f  we take  
th e  m axim um  o f th e  lines for th e  measure o f transm ission. These m axim a are 
obtained  b y  p u ttin g  x  and f  equal to  0 in (19) and (12), respectively . In th is  
case, the relative deterioration o f  transm ission (as compared w ith  P t) defined  
in  point 2. w ill be

1

У 2 n X*

%
yrjl -)- 1,35 • 10-e  Л4 p  s

(18)

where T0 is the transm ission w ith ou t scattering, and Ts th a t w ith  scattering. 
T hen, i f  the transm ission does n o t deteriorate, P t is equal to  1; and when the 
line has becom e im perceptible and dissolved into  the background, Pt =  0. 
As it  can be seen, the resolving power and transm ission deteriorate in quite  
th e  sam e w ay, according to our calculations, w hen the vacuum  worsens. 4

4 .  E x p e r i m e n t a l  r e s u l t s  a n d  c o m p a r i s o n  w i t h  t h e  c a l c u l a t i o n s

In vestigation s were carried out on the vacuum  dependence o f transm is
sion and resolving power by m eans o f a m agnetic ^-spectrom eter of the toroid- 
sector type [4, 5] m entioned in  the introduction .

The resolving power o f th e  spectrom eter was ~ 6 % , the average length  
o f electron path  betw een source and detector was 50 cm. The detector was a 
scin tilla tion  counter, with a scintillator disc 12 mm  in diam eter.

M easurem ents were carried through as follows: A t 14 vacuum  values  
from  10“ 3 to  20 m m  Hg, the 624, 329 and 92 keV internal conversion lines o f  
Cs137, A u198 and Ce144, respectively , were taken . Such a series o f  curves for Cs137 
is represented in  F ig. 3. The asym m etrical position  of certain curves (as e.g. 
in  case o f the 4 m m  Hg one in  F ig. 3) is due to  the inertness o f the vacuum  
gauge. Furtherm ore, the in fluence o f the different vacuum  values on the  
continuous /1-spectrum of Co60 was also in vestigated  w ith  the above spectro
m eter.

The eva lu ation  of the above m easurem ents for conversion lines reveals 
how  the resolving power and transm ission vary  at different energies as function  
o f the vacuum , and thus com parison w ith  theoretical com putations becom es 
possible. B y  transm ission here sim ply the m axim um  of the line is m eant. On 
th e  other hand, the photograph o f the continuous /1-spectrum to be seen in
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Fig. 3. Internal conversion line o f  the 624 keV  Cs137 m easured by a /1-spectrometer o f  the  
toroid-sector type and taken at different vacuum  values
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Fig. 4 discloses the vacuum  value at w hich already noticeable deviation  is 
shown b y  the low  energy portion of the continuous spectrum . From the Figure  
it is seen, th at in the case o f a vacuum  better than 5 ■ 10~2 m m  Hg the vacuum  
has no noticeable effect even on the electrons o f  the sm allest energy m easurable 
by our spectrom eter under the given conditions; i.e. in our case, the m ain te
nance o f a vacuum  o f 5 • 10—2 mm Hg seem s to  be perfectly  sufficient.

Fig. 5 illustrates the com parison o f  our calculations and m easurem ents 
for the transm ission.T he dotted  lines show the rough estim ates given in point 2. 
It can be seen th at they  represent an overestim ation o f one and a half or tw o  
orders of m agnitude. The fact is that every  experim ental point lies above  
them . The continuously drawn curves correspond to the more accurate ca lcu 
lations given in Part 3. The conversion lines for the 92 keV electrons o f  
Ce1M and 329 keY electrons o f A u198 are superim posed on an intensive, con 
tinuous /З-spectrum . This m ay result in the apparent deviations owing to sca t
tering out o f and into the line, as well as to  difficulties o f evaluation.

Fig. 6 sums up the experim ental and theoretical results for the resolving  
power. According to the calculations, the theoretical curves are identical for 
transm ission and resolving power. It is to  be noted th a t th e  experim ental 
points both for Figs. 5 and 6 were obtained b y  taking as r/0 and T0 those values  
r] and T  which had been evaluated from the shape of the experim ental line 
measured at a pressure 10-3  m m  Hg.

The Figures, especially F ig. 5 reveal th a t while e.g. at 3 • 10_1 mm H g  
only  10 per cent o f the 624 keY electrons are such th at have n o t scattered at all 
(dotted curve), at the same tim e the transm ission has scarcely deteriorated  
(1— 2% ), which m ay be due to  the m ajority o f electrons having  undergone 
scattering through a small angle. Electrons th a t have undergone scattering  
through such a sm all angle reach the detector despite the scattering, and thus  
the transm ission does not change. In other words, under the above conditions, 
the m ajority o f electrons have already been scattered, but there are few  o f  
them  where the scattering angle is larger th an  a certain angle $ min. This 
depends on param eters o f the instrum ent; first o f all, on the size o f the detector. 
Thus, the continuously drawn theoretical curve m ay be regarded as one th a t  
shows the proportion o f electrons having taken  part in the scattering in which  
th ey  deviated  from the original path  by an angle larger than $ min. Furtherm ore, 
the Figure also reveals that the range of m ultiple scattering begins at 1 0 ~ 1 
mm Hg.

Fig. 7 gives —  so to speak —  a more direct check-up of our assum ptions 
and of the calculations based on these. According to form ulae (17) and (18), 
the relative deterioration o f transm ission and resolving power as function o f  
the vacuum  is expressed by the sam e function . I f  this holds good, by form ing 
quotient P t/P r from the experim ental data and by expressing it  as function  
of the vacuum , we are to obtain a straight line Pt/Pr =  1. As it  can be seen,
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Fig.  5. R elative deterioration o f the transm ission (P t) as function o f the vacuum  for electrons o f  different energies. The dotted  curves 
correspond to theoretical com putations, assum ing th at electrons once scattered have already scattered out o f  the beam , while the continuous

curve represents the better theoretical estim ate
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Fig. 6. R elative deterioration o f the resolving power (P^) as function o f the vacuum  for electrons o f different energies. The continuous curves
are results o f the theoretical estim ate
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the d ata  although deviating by quite large errors from  the straight line, parti
cularly at worse vacuum  values, flu ctu ate around un ity  inside an order of 
m agnitude.

Thanks are due, first of all, to  Prof. A. S z a l a y  for providing excellent 
w orking conditions and to  Prof. B .  G y i r e s  for his valuable help w ith  the m athe
m atical calculations. A cknow ledgem ent is due also to Dr. Cs. Ú j h e l y i  for 
preparing the sources as well as to  B . G y a r m a t h y  and G y . M e s z é n a  for re
v iew in g  the m anuscript and m aking helpful suggestions.
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Fig. 7. The measure o f  reliability o f  our theoretical estim ates. The values obtained from m ea
surem ents do not differ in  order o f m agnitude from the values expected on the basis o f the

com putations

Appendix 1

Expressions of z in terms of the scattering parameters 

Let the equation  of orbit before scattering be

*2 _|_ j2  =  r2 , (19)
after scattering

(* —  m)2 +  (y —  v f  =-- e2 . (20)

As indicated b y  Fig. l
&'r ^  |/u2 -f- b2 (21)

and
z =  ]/q2 — V2 — r -f- и . (22)
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To determ ine and p the follow ing should be considered: #' is in fact the pro
jection  o f the scattering cone angle to  the plane perpendicular to the m agnetic  
field , r is the radius o f curvature measured in th is plane (before scattering) 
which is determ ined b y  the electron velocity  com ponent ly ing in th is plane at 
a constant m agnetic field . After scattering, i f  it  did not occur in  the above- 
m entioned plane, the velocity  com ponent in the plane w ill change and so will 
radius r. The radius thus changed is Q.

Let us consider Fig. 8 . The particle originally travelled along path  OB- 
After scattering in to  cone angle # , its path is represented b y  section  О A- 
Triangle OAB  does not lie in the plane of the Figure. It makes angle tp w ith  the 
Figure and with triangle ÖCB o f its plane. C is the projection o f A  at angle (f.

The length of OB  (not its direction !) can be chosen so that

BA
OB

tan &, — — tan  
OB

BC
—  -  =  cos w , 
BA

from which
tan #' =  cos <p tan #  .

For sm all angles
ê  cos <p . (23)

N ow  let us find OC,  that is the ve loc ity  com ponent measured in the plane 
of the Fig. after scattering.
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According to  F ig . 8

0OCf  =  (OB)2 +  (BC)2 , 

OB — OA • cos #  , 

BC  =  B A  ■ cos cp , 
B A  =  OA • sin #  ,

from  which
(OA)2 (cos2 #  +  cos2 cp • sin2 $) =  (OC)2 •

OA  is the to ta l v e lo c ity  proportional to  radius r preceding the scattering, OC 
being  proportional to  radius о follow ing the scattering having the sam e factor 
o f  proportion.

Q =  Ilr2 (cos2 $  +  cos2 <f • sin2 # ) =  r J/cos2 #  +  sin2 ■& — sin2 cp • sin2 #  =

=  Г У1 — sin2 (p • sin2 §.
I f  #  is small

Q г y i  -

On the basis o f  equations (19)— (24)

: sin 2 <p. (24)

z =- у  #  cos cp — r ft2 sin2 rp , (25)

i.e . i f  у  is not too  sm all, the higher powers of #  are negligible.

Appendix 2

The density functions of probability variables z and x as well as the mean squares

The calculation  o f the density  function o f z from (25) is a rather intricate 
ta sk , as the tw o members o f  the sum  on the right are not independent of each 
other. H ow ever, as & is a value far below  u n ity  (in radian) both for single and 
m ultip le scattering, it m ay be expressed by

z =  у  $  • cos cp . (26)

The poin ts o f scattering along the circum ference o f the circle show a
у

uniform distribution . Then using the transform ation у  =  г — in (26), the den-
r

у
s ity  function o f —  w ill be

T
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Let us use the approach that instead of y  we take its mean value for (27)

Thus

M  (y) =  M

z = —  r &  C O S  9 9 . 
n

(28)

From the graph of transm ission vs. pressure it can be seen th at where 
transm ission is reduced by ^Л 0% , the probability o f nonscattering com puted  
in the previous chapter does n o t differ m uch from zero. This m eans th at  
m ultiple scattering occurs at such pressures.

The am ount û cos 99 gives the projection o f #  to  an arbitrary plane which  
is, in  our case, perpendicular to the direction o f the m agnetic fie ld . I f  û cos 99 =  
=  a, then  the density  function o f a in the case o f  m ultiple scattering [1 ,7] is

/ ( a )  da
|/2я:а2

1 2a2 7e da

and

/ ( * )  =

where

1 . . f ( a \  - 1 P 2?
2

—  r
2r ) У 2 7 I Z 2

n V n !

2 2 1
=  a2 r2 and —  tf2 =  a 2

Л 2
and

0,1

§ 2 =  [ #2 P ( û ) d û ,  (cf. [1 ,7 ] ) .
6

According to  [8]

P(0) dû  =  К
Z  +  1 2 û%

(#2 +  ÛIY- û2 (û2 + û lf
û d û ,

(30)

(31)

(32)

(33)

A> =
A2 • 6 • Z

в  ’

where

К  =  —— -  ng -s , О — 4тг Г г2 Q (г) г2 dr ,

Z  is the atom ic number of the scattering atom s,
A is the wave length  of the scattered  electrons divided by 2л, 
а-н is the first Bohr radius o f  the hydrogen atom ,
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ng is the d en sity  o f the scattering m edium  in particles/cm 3, 
g(r) denotes the radial electron density  in the atom  o f the scattering  

m edium .
s denotes the path  (in cm) travelled  b y  the electrons in the space filled  

w ith  the scattering m edium . Otherwise as in [6]

^nitrogen =  1 5 -6  •

Integral (32) for energies o f 0.5 MeV becom es

$ 2 42 К  =  1.17 • 10~6 A4 -ps , (34)

(A in  10~2A ;  p  in m m H g; s in  cm ).

In (34), factor 42 also is energy-dependent to  a slight degree (logarithm ically). 
In  more accurate calculations, it  also has to  be considered, i f  an energy sub
stan tia lly  different from  0.5 MeV is concerned.

22
Finally  we give the value o f  —  more accurately calculated for three 

energies:

8 In 2 • =  2.55 • IO“ 6 p  • s (624 keV),

8 In 2 • —■ =  1.55 • 10~5.p  ■ s (329 keV),

8 1 n 2  • —  =  1 .4 4 - IO“ 4 -p  s ( 80 keV).
r2

(p  in m m  H g, s in cm)

X 2 is the m ean square and Q the experim ental half-w idth. Their relation is

QX z =  ----------- .
8 In 2

This relation is sim ply obtained b y  the lines being approxim ated b y  Gaussian 
curves.
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ИССЛЕДОВАНИЕ ВАКУУМНОЙ ПОТРЕБНОСТИ БЕТА-СПЕКТРОМЕТРОВ

3. Бэди и Д. Верени
Р е з ю м е

Теоретически исследуется вакуумная зависимость трансмиссионной и разрешаю
щей сил для бета-спектрометров. Выводятся аналитические формулы для вакуумной 
зависимости трансмиссионной и разрешающей сил. Результаты хорошо согласуются с 
экспериментальными данными, полученными бета-спектрометром тороидально-сектор
ного типа.
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ABSORPTION OF NEUTRINOS 
IN THE COULOMB FIELD OF THE NUCLEI

B y

M. E l k i s h e n *

INSTITUTE FOR THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by K. F. N o vob átzk y  — R eceived 14. II. 1962)

T he cross sections o f  high energy neutrinos are calculated  for the ab sorption in  the 
Coulom b-field o f atom ic nuclei, giving another neutrino and tw o charged leptons. The cases of 
the local Ferm i interaction and the case o f  the indirect weak interaction  (transm  'ted  by a 
boson field  w ith  heavy quanta) are discussed separately. The probability  o f the em ission of a 
real h ea v y  boson is also determ ined.

One of the m ost im portant problem s of the w eak interaction is the  
question: are the term s o f the weak current coupled to  each other d irectly  (i.e. 
is the Ferm i-type four fermion interaction  local) or is the coupling trans
m itted b y  a boson field  w ith  heavy quanta [1]? The answer to th is  problem  
m ay be expected  only from  high energy experim ents because at low  energies 
(e.g. in th e  case of spontaneous decays) the detection  o f any n on-locality  is 
im possib le. The m ost im portant absorbers for high energy neutrinos are the  
nuclei, b u t here the possible weak non locality  is m ade unobservable b y  the  
strong nonlocality  com ing from the pionic form factors of the nucleons [2]. 
The only possib ility  for finding the non locality  of the w eak current in teraction  
is to consider the lepton-lepton coupling: e.g. the (ev)(/irj) interactions. The

V +  e  —> [X +  1) (1)

reaction, how ever, is very  far beyond present observational possib ilities, b e
cause o f th e  very high energy threshold [3]. Therefore we shall now discuss the  
absorption o f high energy neutrinos in the Coulomb fie ld  of atom ic nuclei, 
going through the (ev)(fj,y]) coupling:**

V -f- nucleus —> rj Ц -|- e + -f- nucleus ,

V -)- nucleus —>-1) -T /I + -f- e— -(- nucleus .
( 2)

* Perm anent address: Cairo U n iversity , D epartm ent of P hysics, Cairo, U A R  
** I f  th e  interaction is transm itted betw een  the weak currents by a charged heavy  

boson, the probability  o f the decay [л —> e +  у  turns out to be rather high, contradicted by the 
experim ental facts. The probability  o f this unobserved decay ty p e  w ill be, how ever, zero, if  
the neutrinos connected w ith  the muons in the weak current (v) and those connected w ith  the  
electrons (r\) are different particles [4].
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W e shall discuss the reaction (2) first by the Ferm i interaction, th en  by the 
hypothesis o f the interm ediate boson field.

Our Feynm ann diagrams using local Fermi interaction  w ill be as follows:

Fig. 1

A ssum ing the ex isten ce  of an interm ediate boson field  transm itting the inter
action betw een the weak currents, the diagrams will be different:

nucleus nucleus 

Fig. 2

nucleus

Our S-m atrix elem ents for F igs. 1 and 2 will be [5]

Si = ife
%V2

«V У a l+J 5 ■ U-n У a ■ - 1+/ 5-  iSÂK) У ß A ß  Ve X 
Z Zu

1 + 7 5X ô(kv—kll—k7]—k'e) ô ( k ’e—ke+ k y)dk'edky+ ^ J uv ya 

X % Уа— J — iSÄK) y ß A ß uvö (kv- k ^ - k v—ke) Ô ( К —к ^ + к у) dkl dk~\ •

( 3 )

s 2 =

X у а

eg*(2n)12
n v
1 + 7 5

1 • 1-*V
w4 7a — uv veAc(k B) y ß A ß(ky) Sc(k;) X

U V Ö (кв - K —K ) 4 K ~ k u + k y ) dk dkBdk'ß+ u  y a 1 + 7 5 X

X Sc(k'e) yßA ß(ky) veAc(kB)u llya ^ ^ -  uvô (kB- k v- k ' e) Ô{ к ^ - к д —к^) X

1 + 7 5 1 + 7 5
(4 )

X ô (k'e- k e+ k y) dky dkB dk'e +  u7] ya — -—  ve U/Xya — —  uv (cp+ dß cPa —

— 3ß<pZ <Pa) A p{ky)ô (kB—kv—ke)ô(k'B—kB+ k y) X 

X ö(kv—kll— k'B)dky dk'B dkB\.
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The external field is assum ed to be the Coulomb field  o f a nucleus o f  charge Z.

n v .A , A  =  . nl  =  — 1 •4тгг
(5)

The Fourier transform  o f the Coulomb potential A  is given by th e  following 
equation:

7 e  Г
A ß{x) =  nß =  nß j  A (ky) ô (Щ) e 'V  d1 ky , (6)

where
7e

A ^ )  =  ^ r -  V)

One can prove, that S2 is exactly  the sam e as Sv  i f  the m om entum  transfer of 
the boson is small com pared to its  mass ц and i f  th e  coupling con stan t is

g * = f / * * V 8- (8)

So it is sufficient only to  calculate the S-m atrix elem ent for the case of the 
interm ediate vector boson field, from  which one can easily  obtain th a t o f the 
local Ferm i interaction b y  putting th e  mass of the interm ediate boson ц =  oo.

The cross-section can be calculated from S2 in the usual w ay and our 
cross-section will be:

a =
L d(fcg +  feg +  fcg -fcg)

I I s  +  — Ц.|4
d3 k v d3 кp d3 ke. (9)

W e have evaluated the expression L  in (9) in the general case [6], b u t it  con
tains very m any term s, so we quote th e  results by tak in g  zero angle reactions 
only.

Since
d3 kv =  Ц  dkv d-Qv , d-> =  к I dkM d.Qu

and (10)
d3 ke — k “  dked ű e.

Integrating in (9) over th e  delta function:

* =  f  F {E ,  E J d E ^ d E ' d Q ^ d Q ' d Q ^
( 1 3 7 ) -  J

Here
f  2 JVT 2

oQ=  J -[cm -], kv =  E M , k0fl =  E M  and k°e =  EeM ,  
2л %2 c2

( П )

( 12)

where M  is the nucleon m ass. We take it  as unit energy.
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The differential cross-section for zero angles equals

■Z2 aod a  =

where

F  ( E , E  , E e) =

■ F (E, Ep, E e) dE^ dEe d Q v dQe dl
( 1 3 7 ) -

_ 8 M 2 c4 h2 ß e ß  { Е - Е ^ - Е ' У - Щ Е *

( 13)

2n\Eil( l - ß tl) +  Ee( l - ß e)\i
X

X
1

K -  mi+2M2 Ее(Ее+Е )̂(1 -i?e)]2 , , т 2+2М2ЕДЕ-Еи-Е е)(1-&) 2
[ + K-- J

X ^ h S M t E Z l - S ß ' - ß r + W ' ß p - b ß i ß ' i + W + ß l ß r - ß i )  +  

+  m l ( 1  + ß  - ß - ß eß  ) - 2 m l b -  l - 2 ß e+ ß l )  )  +

+
[ m l - m ^ M Z E ^ E ' + E J i l - ß j y 1 +  — nt^+2M8£ |1E (l— ^ X

X Jo,5 +  ( 1 - 3 , 5 ^ - 1 , 5ß e +

+  4/S2— 1,5/J®-|- i ß  ß e—S , 5 ß l ß e- \ - ß l ß e)  — 2 m e ( 1—2/? -f/?2) +
E .

+  ml (1—ßu +  ße—ßeßn)\ +

X
[ m l - m j + 2 M ^ E e( E e+ E ^ l - ß e)\

X

1 + 

1

m l + 2 M * E ' ( E - E ' - E J ( l - ß t )

ц-

X
1 +  2 M - E  E  (1 — ß  )

Г
К  ~  m }  +  2 M * E ß(E t +  E J ( l  - f l j ]

X ^ M t K E ' + E ^ - ß r E J E ' + E J - E J E ' + E r M l - ß ' K l - ß J  -

-  2 M 2E e( E e+ E fi) (1 - ß ey- -  M ^ E e E ll( 3 - 6 ß e- 1 0 ß ll+ 1 8 ß l l ß e -

E e+ E u
-  8 ß J l + 3 ß l + 5 ß l - 8 ß l ß e+3ß2eßl) - 2  e  I n

E „
(1 - /S J  +
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+  mj( +  4 - 3 ß - 3 ß e+ 2 ß eß \ - m l ( + 2 + 2 ß - 2 ß - 2 ß eß J  -  1,5

4 M * ( E - E ß) * ( l - ß e)( l - ß J

M 2 E e ■ Eß

[ ^ + m 2e+ 2 M 2 E e( E - E e- E ß)(l

__________________________ 2 M j E p - E )

1 +  - m l + W ' - E p E j l - ß J  
/л2

+

+

[ m l - m * + 2 M * E e(El + E ll) { l - ß ' ) ]  [ ^ - m 2+ 2 M 2E ^ E ( 1 - ß ^ ) ]
X

X
3 M E f( Ä - l ) [ ( f t - l ) - ( / 3 MA - l ) + ^ - l ) ] + 2 - ^ - ( A - l )

, , m2+ 2 M 2E e( E —E e—Е м)(1 —ß ’e) 2

X

[ т * - т 2+ 2 М 2Е Д £ ё+ Е Д 1 - / у ]  [ ^ + т 2+ 2 М 2Е е( Е - Е е- Е Д 1 - & ) ]  

2M  (E — Е д)

X

! ! - « ; + 2 М гЗ Д 1 - Ц
(Ее+Е ^(1-/5 ,)(1-/у+М Е Д ^-1)х

X [2 (& — 1) — {ßeßfj. 1) +  {ßji 1) 2/?^(/Зе 1)] • (14>

B y putting  the mass o f the interm ediate boson / t  =  o o , one can get 
F„  (E , Ep, Ee) valid  for local Ferm i interaction: 8

F „ (F , E^ , Ee) 8 M 2 c4 ̂  ßß( E —E ß—E e) E 2 E 2 
2 я |Е Д 1 - ^ )  +  Е в( 1 - ^ ) | 4

X
1

[ m2 -  m2 +  2 M 2 E c( Ec +  E J  ( 1 -  & j]2
1 ,5M 2E 2(1 —3(3e—/S^+ З ^ /З ^  —

-  -У  ( I - / ? , ) 2 } +
E ß

1
[ т ? - т * + 2 М 2Е Д Е е+ Е Д 1 -  ^ ) ] 2

0,5М2E  (Е -\-Ee) ( l —ß  )2 (l-\-ße) +

+  М 2Е 2( 1 - 3 ,5 ^ - 1 ,5 ^ + 4 / 1 2- 1 , 5 ^ + 4 /1 ^ ^ 3 ,5 /? 2^ + ^ ^ )  -  

-  2m.2 J >  ( 1 - ^ + т е2(1 -/? Д 1 + & )1  +
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[ m l - m l + 2 M * E t( E , + E J { l - ß ' ) ] [ m * - m l + 2 M * E J E e+ E J ( l - ß j ]
X

X 2M 2 [ ( E ' + E J * - ß ILE lHEe+ E J - E . ( E ' + E j \ ( l - ß ' ) ( l - ß J  -

-  2 M 2 Ее(Ее+ Е Д 1  - ßey + M 2E e Е Д + 3 —6Д - 1 0 ^ + 1 8 ^  ße -

-  в / ^ н з ^ + б ^ - е / ^ + з / а д  -

-  - ^ £ ± 5 l ( 1 - / У  +  т ? ( 4 - 3 ^ — 3 & + 2 / З Д  -
E„

- 2 m * { l + ß lX l - ß e) - l , ' >
m2emj__ I

M2EeEß j '
(15)

H „ e  A = - ^ - .  ^  =  T = J f e L  (16)П/£ C rvfl

and
- ( * ! « ,* , )  =  *5 л , ( 1 - А ) .  (17)

F i g .  3

Fig. 3 shows the energy dependence o f  the differential cross-section for the two  
cases (Ferm i interaction  and assum ption of the interm ediate boson) for the 
special energy distribution between th e  final particles:

E 71: E l l : E e =  4 : 3 : 3, (18)

i.e . F(E,  0 .3E,  0.3-E). I t  can be seen from  the diagram s that the differential 
cross-section obtained b y  using local Ferm i in teraction  increases quickly as 
the energy o f the incident neutrino ten d s to in fin ity . In  the case o f  th e  inter
m ediate boson hypothesis it  increases slow ly and ten d s to  a finite va lu e as the 
energy o f the incident neutrino tends to  infin ity. This fin ite value depends on 
the m ass o f the interm ediate boson.
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From equation (14) and (15) one can find the energy dependence o f  the  
cross-section also for other energy distributions:

F irstly , b y  putting E ^c^ ^ E .  and E e^  ^ , ße and w iH be approxim a

te ly  equal to  zero. In th is case all the k inetic energy is taken aw ay b y  the  
em itted  neutrino. In th is case one gets:

F
M  M

M  M

„ m ,  m  .E,  - —  , —E =  const, lor E —>• oo,

(19)

for E  —► o o .

Secondly, by p u ttin g  Ev ^  0 and Eß =  т/л/М all th e  kinetic energy  
was assum ed to be taken b y  the electron. One finds:

E, E  -
M  M

E, E ~  -niE ,  — 'i  
M  M

=  0 , for E —> oo , 

=  OO , for E —>■ oo .

( 20 )

Thirdly, for the case when E  od 0 and E e —— and all the k in etic
M

energy is taken aw ay b y  the m uon, it was found that F(E,  E, 0) =  oo and  
F œ[E, E. 0) =  oo, when E —> со.

In equations (14) and (15), by neglecting the mass o f  the electron w ith  
respect to its energy (i.e. tak ing ße — 1) we get a very sim ple equation:

F ( E , E Æ e) = 8AT2 c4 h2 /3. (Е - Е ^ - Е ' У-ЩЕ*
2 n \ E / l - ß J ' f

X

X
M 2 -ЕД.Е|Ц+ Е (,)(1~/?^)2+ 0 ,5 М -Д ^( — 1 + & + /% -/? » )

( 21)

[ - m l+ Z M z E ^ E '+ E J i l - ß j y - m l + i M E ^ E j l  -  ß j  

V-
and

m ' - c W ß ^ E - E ^ - E ' Y E ' E l  x 
2 я |Е Д 1 - / у |*

М2ЕД £ Д £ ?)( 1 -  ß ßy + o , 5 M ^ E f X -  1 + ß ß + ßf, -  f t )  

[ -  т , Н 2 М = £ Д т £ (1)(1 -  ß j ]*

( 22)

This calculation was done b y  considering th a t the field of the nucleus is a pure 
1/r Coulomb field. This is true only if  we have a point charge. As we know the
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nucleus is surrounded by electrons and this necessitates som e im portant alter
a tion s (screening o f the Coulomb field  due to  th e  electron charge distribution). 
W e intend to  get a rough estim ation  for the influence of th is screening on our 
previous results. So instead o f tak ing  the Coulomb field as equ . (5) we take it:

4ят
(23)

from  which one can obtain in stead  of (7)

A ( k y) =
Ze

k.- 1 /rj
(24)

w here r0 is the screening param eter and its  va lue is

rо —
137

Z ^ m e
=  Z‘/>. 0 ,5 2 9 - 1 0 -8 cm . (25)

One would ex p ect, therefore, th a t the screening of the Coulomb field b y  the  
outer electrons w ould lead to  a decrease in th e  cross-section. From  equation (24) 
w e can see th e  following: if th e  m om entum  transfer to  th e  recoil nucleus is  
large, the va lue l /го can be neglected , со, r, t k® and equ. (24) takes the form

Z p
A (k y) = ~ - .  (26)

ky

For small m om entum  transfer to  the recoil nucleus one can neglect ky со ■ r to  
l /го and equ. (24) will be

A  {ky) =  / Q Z e . (27)

I t  follows th a t th is screening effect prevents the cross-section from tending to  
in fin ity  in th e  case of zero m om entum  transfer.

So tak in g  the screening effect into consideration one obtains instead  o f  
equ. (14)

[EM( 1 -  f t j  +  E e( 1 -  ße)]‘ F(E,  £ M, E e) _ 

\ [ E , { l - ß , )  +  E e ( 1 _ & ) ] 2 +  J - | 2
(28)

It can be seen th a t the difference between (28) and (14) is th a t instead o f p u ttin g  
the num erator [-ЕД1 — /1|Ц) +  -Е,е( 1 — ß e)]4 we put:
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The relation betw een Fsc and F  will be

F J E , E  Ee) = F  (E, E  Ee)

ro \ E , ( l - ß , ) + E e( l - ß e)Y

Substituting r0 w ith its value one gets

(29)

F sc( E ,E ^ ,E e) =
1 +

F  (E, Ep, E e)
22/3 (30)

(137)2 1 
1

A + l ~ ß e
1 +  ße

where Fsc means taking the screening effect into consideration. From (30) 
it can be seen that for relativistic electron velocities the term  Ee (1 — ß e) w ill be 
negligible, and the whole expression will depend only on th e  energy of the o u t
going m uon and our equation will be:

F sc
F

1 + Z -Ф -12

(137)2 Q— I 2 L
™2e ( 1 + ß J  J

(31)

We will notv evaluate the factor in front o f  F (E ,E M,E e). For different energies

E„ (KeV) 0 10 10* 10» 10» 10»

Fsc 0,9997 0,992 0,98 0,943 0,82 0,12
F

This table was taken for Z  =  64. So as one can see the Coulomb screening effect 
is im portant only for very high energies.

In th is second part o f our paper the absorption of high energy neutrinos 
in a field  o f  nucleus giving a real boson and a charged lepton  w ill be discussed.

V -)- nucleus —>■ nucleus -f-  [ x ~  -f- В  + ,

7] -j- nucleus —> nucleus -f- e~ - +  B + .

One can also get the other reaction:

V -f- nucleus —► nucleus -f- [J,+ -f~ B~,  
rj +  nucleus —>- nucleus -(- e+ -f- B~ .
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T his boson is assum ed to be coupled to  the w eak current d irectly. It w ill n o t  
liv e  for a long tim e and decays e.g . to  ц + or e + and neutrino like:

B + —> ju+ V, B + —► e+ -(- г].

The F eynm ann diagrams for reaction (32) w ill be:

jf  ________________ _ _ v

(32)

Я
n u c leu s

F ig .  4

I t  can be seen th a t the S -m atrix  for Fig. 4 is:

1 +  r 5

nucleus

s  eg (2л) i  
F 3/2 ]/2co h

j J" % У а ^ а ^ с(.К)Урер u„ô(kv — kB — к'и) X

X ô {k'p — k  ̂+  ky) dkt, dky -J- (33)

+ j j  ^ у аеа 1 +  У a U7] 4 ( * в )  ер А р 0{ку — к^ — k'B) 6 (k'B -  kB+ k y) dk'B dky\ ,

where is th e  polarization vector o f the boson. We have calculated the cross 
section for th e  S-m atrix elem ent, but it  contains a lot o f  term s [6]. W e quote  
again only th e  zero angle resu lts. The cross-section will be:

where
а =  Z 2 oB f G (E , E B) dEB dQB dQ ,

crB = ------ 1% =  0,34 • 10 37 cm ,
He

(34)

E B =
k°B he 
M e2

E =  кУ tlc
M e2

and

ln = 4 г  =  - щ —  =  0 ,e - Ю -16cm .he 8 /* fi

Our cross-section for the tw o  different cases o f polarization is:

а =  Zj~ ob J  G | |  ĵ  (E , E ß) dEß dQB dQ

(35)

(36)

(37)
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So

„ У 8 с2л/г2 ____ß /j. ß  в ^ Е в (E  E B)1
’ ß ) =  (n> +  ß 2B M*E%yi* \E[l( l  — /Зм) + Е в (1 — /5ß)|4

— ------  * { M 2E 2 (1 +  /?Bj9M)( l  — ß e ) -^4г^ +

+  mg E b . i ) | m 2 ^ + l  , 2M 2E 2(1 ßB)(l  +  ßß) +  (ß  ̂+  ßB)
E — E 1 +  ßi

+

- 2 M 2E 2E ß( l  - ß B) ( l  + ß , l) ( l  +  ß B) +  f i2(ß^ +  ß B) +  2m l
E

+

+

E — E , ( W b)

1 +  ßb

4 M 2 E 2B ßp ße  ■ 1 - ^
1 +  ßB 2

+
+  2 M 2E  (E — EB)(1 - ß j ]

— M E B(1 —ßB) (1 — /3J +

(38)

M  (E — EB)
К  -  ̂  +  2M 2 EEB (1 - f t , ) ]  [/i2 -  +  2 M 2 E (E  — E B)( 1 -  f t j ]

2 M E  (1 -  f t , ) ( l  +  f t )  -  2 M E B f t  (1 -  /J2ß ) -  m

1 +  ßB

ßb
M ( E - E B)

G± ( E , E B) =
]Í8 с2л  /i2

(fi2 +  ß l  м чЁ % ур
f t  ß в M E'l (E — E B)2 

E ^ - ß , )  +  E B ( l ~ ß B)\i
(39)

2 A P E l ( l + ß Bß lL) ( l - ß B) - /i 2( l + ß il) + 2 m l - b - ( ß B - l )  +  m l ( l + ß ll)
_|_________________________________________& ____________________

’ 2 [m2 -  f l2 +  2M2 E E B (1 -  ßB)\2

+ __________2M2 E' l  (1 —ft)__________
[fi2 -  m l  +  2 M2 E ( E - E B) (1  -  f t ) ] 2

Í 7Г7 2
2M E B J M E R ( ß R — 1)(1 — ß  ) +  - -------» ■ ■

_____________ B \ В У В  Д 'V  M ( E  —  E B)_________
К  - i “ 2 +  2M '2 E E B (1  -  ß s W  -  m l  +  2 M 2E  (E - E B) (1  - f t ) ]  '

The differential cross-section obtained from  equation (40) is greater th an  th at 
of (41). B oth  cross-sections ten d  to in fin ity  when the energy of the incident 
neutrino tends to  in fin ity.
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T aking the screening effect o f the Coulomb field  in to  consideration eq u a
tions (38) and (39) take the form

GI|SC( E ,E B) =  - T — ------------------------------ Ц --------------------------------y G n( E , E B) (40)

Г  +  г 1 [Ё Д 1  - ßii) +  E B ( l - ß B)]\
and

G±sc( E , E B) =  j — '--------------------------------Ц ---------------------------------y G ± ( E , E B).  (41)

Г + i f t E ^ l - ß J  +  E s i  l - ß B))\
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АБСОРПЦИЯ НЕЙТРИНО В КУЛОНОВСКОМ ПОЛЕ ЯДРА
М. Элкишен

Р е з ю м е

Вычисляется сечение нейтрино высоких энергий для абсорпции в кулоновском 
поле ядра атома, результирующей другое нейтрино и два заряженных лептона. Отдельно 
обсуждаются случаи локального Ферми-взаимодействия и случай слабого косвенного 
взаимодействия (переданного полем бозонов с тяжёлыми квантами). Кроме этого опре
деляется и вероятность эмиссии реального тяжёлого бозона.
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ÜBER DAS AUFTRETEN YON ELEKTROLUMINESZENZ 
IN ZINKSULFID-EINKRISTALLEN  

DURCH EINWANDERUNG VON KUPFER*

Von

H .  H a r t m a n n  u n d  G. S c h u l t z

PHYSIKALISCH-TECHNISCHES INSTITUT DER DEUTSCHEN AKADEMIE DER WISSENSCHAFTEN ZU BERLIN, 
BEREICH LUMINESZENZFORSCHUNG, LIEBENWALDE, DDR

(Vorgelegt von  G. Szigeti. — U m gearbeitet eingegangen am  20. X . 1962)

W erden leuchtfähige Z inksulfid-Einkristalle durch nachträgliche D iffusionsversuche m it 
einer relativ  hohen K upferkonzentration dotiert, so tr itt gleichzeitig m it der durch UV- 
Strahlung anregbaren blauen Fluoreszenz blaue E lektrolum ineszenz auf. D ie Ergebnisse der 
Cu-Einwanderungen werden qualitativ  beschrieben. D abei ist unter 300-facher Vergösserung 
ein über das gesam te K ristallvolum en gleichm ässig verteiltes L euchten zu beobachten, welches 
nur an den senkrecht zur optischen Achse verlaufenden Streifen oder an anderen m echanischen  
Baufehlern einen verstärkten A ustritt erfährt.

Es wird über einige qualitative U ntersuchungen an elektrolum ineszie- 
renden ZnS-Einkristallen berichtet. V orausgeschickt sei, dass diese Versuche 
vorläufig noch n icht zur K lärung des A nregungsm echanism us der E lektro
lum ineszenz durchgeführt wurden. Sie dienten als Zusatz m it anderen bereits 
publizierten Ergebnissen [1, 2] der W eiterführung der Zentrenforschung an 
ZnS : Cu-Leuchtstoffen.

Die zur Untersuchung verw endeten E inkristalle wurden aus der D am pf
phase in einem zw eiteiligen Ofen gezüchtet, dessen Tem peratur in der Subli
m ationszone 1300 °C betrug. In der Mitte des Ofenkörpers hatte der Tem peratur
gradient einen flachen Verlauf von etwa 10 °C/cm. Die Dauer der Züchtung  
betrug mehrere Tage, und die Versuche konnten sowohl in einer ström enden  
H 2S— HCl-Gasatmosphäre als auch bei verschiedenen Zusam m ensetzungen  
des Trägergases in abgeschm olzenen Ampullen durchgeführt werden. B eijed em  
Versuch bildeten sich m orphologisch unterschiedliche K ristalle, deren E r
scheinungsform en ebenfalls an anderer Stelle beschrieben sind [1].

Für die vorliegenden Experim ente wurden zunächst nur die hexagonalen  
Prism en gew ählt, welche hinsichtlich  der P o ly typ ie  m eist stark fehlgeordnet 
waren. Bereits während der Züchtung konnten bei einem  A ktivatorzusatz von  
10“ 5— 10-8  g Cu/g ZnS in Abhängigkeit von bestim m ten exper;m entellen Fak
toren, wie Zusam m ensetzung des Trägergases oder Züchtungstem peratur, 
K ristalle mit blauer oder seltener mit grüner Elektrolum ineszenz beobachtet 
werden. Von ausschlaggebender Bedeutung für die B ildung der unter UV- 
Anregung grünleuchtenden oder der gleichzeitig elektrolum ineszenten blauen

* Vortrag auf dem  Sym posion über L um ineszenz, B alatonvilágos, 7 — 10 Juni 1961.
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Zentren war eine durch die Versuchsbedingungen vorgegebene A kzeptorstellen
konzentration des Grundm aterials [3].

Durch nachträgliche D iffusionsversuche in  verschiedenen G asatm osphä
ren (an der Luft sow ie unter Chlorwasserstoff und H 2S— HCl-Gasgemischen) 
konnten  K ristalle m it der him m elblauen eigen aktivierten  oder der grünen 
Photolum ineszenz in blauleuchtende Beispiele um gew andelt werden. Nur im  
le tzten  Falle war dann eine entsprechende E lektrolum ineszenz erkennbar. 
M itunter verliefen die A ktivatordiffusionen beim  Vorliegen höherer Chlor
w asserstoff-A nteile auch an vorher nichtlum ineszierenden K ristallen positiv . 
Als günstigste Einw anderungstem peratur für Kupfer erwies sich in allen E x 
perim enten das G ebiet um 400 °C. Der Diffusionsprozess begann bereits bei 
300° C. Es entstanden  bei diesen rela tiv  niedrigen Tem peraturen jedoch nur 
B eispiele m it intensitätsschw achem  Leuchten bei Anregung durch elektrische 
Felder. ZnS-K ristalle, welche bereits während der Züchtung als elektrolum i- 
neszenzfähig entstanden  waren, erfuhren durch eine nachträgliche Cu-Dotie- 
rung in  ihrem L um ineszenzverhalten keine w esentliche B eeinflussung. Bei 
vorgegebener hoher A ktivatorkonzentration  kam es nur zu einem  im  Vergleich  
zur A usgangskonzentration sehr geringen Einbau des Cu. In den m eisten Fällen  
erwies es sich als vorteilhaft, den K ristall nachträglich m it einer heissen ver
dünnten  K C N -Lösung zu behandeln. A uf Grund der B eseitigung der ober
fläch lich  anhaftenden A ktivatorsch icht konnte das Lum ineszenzverhalten  
besser beobachtet werden.

D ie von O r t m a n n  [4] an Cu-dotierten Zinksulfid-Pulvern durch ent
sprechendes N achtem pern gefundenen Effekte der G rün-Blau-U m w andlung  
der Photolum ineszenz konnten au f Grund der durchgeführten Ein- und Aus
w anderungsexperim ente an E inkristallen  bestä tig t werden. Mit der blauen  
Fluoreszenz verbunden war, wie erw ähnt, jeweils wieder eine blaue E lektro
lum ineszenz zu beobachten.

D ie A nw endung höherer D iffusionstem peraturen ergab bei gleicher 
vorgegebener A ktivatorkonzentration  im  Vergleich zum  Versuch bei 400 °C 
einen geringeren E inbau des Kupfers im  grünleuchtenden Zustand. Bei 
V erw endung von Schw efelw asserstoff Hessen die aktivierten  K ristalle m eisten  
einen Cu-Ausbau erkennen. So konnte ein grünleuchtendes Prisma bei nach- 
trägKchem m ehrstündigen Tem pern um  450° C in  einer H 2S-Gasatm osphäre 
in  ein blaulum ineszierendes B eispiel um gew andelt werden, welches dann gleich
zeitig  E lektrolum ineszenz zeigte.

D ie m ikroskopische B eobachtung des Leuchtens bei Anregung durch 
elektrische Felder zw ischen K upferelektroden (ohne K ontaktierung) ergab eine 
über das gesam te K ristallvolum en gleichm ässig verteilte  Lum ineszenz. D abei 
wurde eine 300-fache Vergrösserung verw endet. Nur an den senkrecht zur opti
schen Achse verlaufenden Streifen oder an anderen m echanischen Baufehlern  
kam  es zu einem  verstärkten A ustritt des Lum ineszenzlichtes. Die Elektro-
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lum ineszenz blieb während der A uflösung der K ristalle in Säure erhalten. 
R eststücke ergaben nach Anlösen m it konzentrierter Salpetersäure in  jeder 
Phase das typische L euchten des A usgangskristalls.

D ie vorliegende kurze und zusam m enfassende Beschreibung der rein 
qualitativen Ergebnisse sollte zunächst nur einige H inweise für die Präpara
tion elektrolum ineszenter ZnS-Einkristalle durch nachträgliche D iffusions
versuche m it Kupfer geben. Diese ersten  grundlegenden Versuche werden zur 
Zeit weitergeführt und die Ergebnisse zu einem späteren Z eitpunkt an anderer 
Stelle publiziert.

L IT E R A T U R

1. H. H a r t m a n n , Phys. S tat. Sol., 2, 585, 1962.
2. H . H a r t m a n n , Phys. S tat. Sol., 2, 929, 1962.
3. N. R ie h l  und H. Or t m a n n , M onographie Nr. 72 zur A ngew . Chem. 1957.
4. H. O r t m a n n , Mber. D t. Akad. W iss., 2 , 3, 1960.

О ПОЯВЛЕНИИ ЭЛЕКТРОЛЮМИНЕСЦЕНЦИИ В ЦИНКСУЛЬФИДНОМ МОНО
КРИСТАЛЛЕ ЧЕРЕЗ МИГРАЦИЮ МЕДИ

Г. Г а р т м а н н  и  Г. Ш у л ь ц

Р е з ю м е

Светящийся цинксульфидный монокристалл диффузионным приемом дополняется 
относительно высокой концентрацией меди, вследствие чего одновременно с синей флуо
ресценцией, вызванной UV-излучением, появляется и синяя электролюминесценция. 
Качественно описываются результаты миграции меди. При этом при 300-кратном увели
чении по всему объёму кристалла наблюдаются равномерно распределённые светящиеся 
точки, которые усиленно выражаются только при наличии перпендикулярной оптической 
оси полосы или других дефектов, имеющихся в механической структуре.
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C O M M U N I C A T I O N E S  BRE VES

PION DECAY AND THE ANOMALOUS INTERACTION
OF MUONS

B y

Ch é n  S h í * and G. Ma r x

INSTITUTE OF THEORETICAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Received 19. VI. 1961)

One o f the m ost puzzling problem s of elem entary particle physics is 
the origin o f  the m uon m ass. It seem s th a t the m ost convincing explanation  
for the electron-m uon mass difference is to suppose an “ anom alous” in ter
m ediately strong interaction  (beside the weak and electrom agnetic in ter
actions) referring to m uons only. On the other hand, a definite experim ental 
proof for such an anom alous in teraction  does not ex ist as yet. If, how ever, 
the coupling constant and the range o f  the interaction is not too large, one 
can quite well im agine that the consequences o f  th is interaction remain  
unobserved for m oderate energies o f  our present experim ental possibilities.**  
As it  is know n, indirect effects, where th e  interaction takes place on ly  v irtually , 
and thus the short range does not present any obstacle, produce a much 
more serious lim itation  for the ex istence o f an anom alous interaction. One of 
the m ost accurately know n data o f  the muon is its  anom alous m agnetic  
m om ent. The good agreem ent betw een the experim ental and theoretical values 
represents the m ost serious argum ent against such an anom alous interaction  
[4]. Marshak has also drawn a tten tion  [5] to the good agreem ent betw een  
theoretical and experim ental values o f  the branching ratios (я  —> e) : (я  —> fi), 
which m ay serve as a similar argum ent [6]. Here we wish to give a semi- 
quantitative check in order to get som e inform ation about the lim itations  
for the anom alous interaction due to  th e  above-m entioned branching ratio.

The relevant experim ental and theoretical values are: The m agnetic  
m om ent o f  the m uon [4]

/ iexp =  (1,001145 ±  0,000022) ц 0.

* N ow  in  Peking, a t the Academ ia Sinica.
** A n interaction having a range o f the order of a nucleon Com pton w ave len gth  in  the 

energy range E  <  1 GeV does not produce any observable e ffect. Some m easurem ents with 
cosm ic ray energies seem  to  point to som e anom alous interaction [1]. More detailed inform ation  
can be expected  only from  high-energy accelerators. Because o f technical d ifficu lties such ex
perim ents were started on ly  very recently [2]. Muon-nucleus scattering experim ents w ith  an 
accuracy o f  more than 10-30 cm 2 for m om entum  transfers o f several GeV/с w ould be highly  
desirable [3, 4].
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Q uantum electrodynam ics gives

/^theor == 1 , 0 0 1 1 6 5  H q  ,

th u s the supposed anom alous contribution m ust be less than

ôt* =  i“exp -  /“ theor =  ( -  2 ,0  ±  2 ,2 )  • 1 0 - 5 ^ 0. (1 )

The experim ental branching ratio (л + —>-e+ ) : (л + —> ц +) is [ 7 ]

R  xp =  ( 1 .2 1  ±  0 . 0 7 )  - 1 0 “ 4 .

T he theory o f  th e  universal w eak V  —  A  in teraction  gives the result

Д Шеог =  1 . 2 8 - I O ' 4 ,

w hich m ay be m odified by an electrom agnetic correction [8]

R'theor=  I .2 3 .I O -4.

T hus the “ anom alous” correction —  resulting from  the “ strange” m uon  
interaction  —  m u st be less than

ÔW ^ t h e o r  - ^ e x p

w
^ e x p

ôw' - ^ t h e o r  - ^ e x p

w - ^ e x p

=  (5 ±  6) • 10-2,

=  (2 ± 6 )  -10 -2 ,

(2)

(3)

respectively .
Let us suppose first that th e  anom alous interaction  is caused b y  a scalar 

m eson (a) h avin g  the rest m ass m coupled to  th e  muons ( ц) and nucleons 
(M ) w ith  the sam e coupling con stan t g [9]. R estriction  (1) gives [5, 10]

JL2.
hc

<  IO“ 4 (4)

I f  we do not wish to suppose an extrem ely  large cr-mass (m M ), g 
has to  be sm all as to its order or sm aller than  th e  electric charge. (Pseudo
scalar and vector m eson give a sim ilar result [10, 11].)

W e have calculated  the effect o f the ff-interaction on the л  —>■ g  decay. 
From  the diagram  Fig. 1 in the low est order o f  th e  perturbation theory, with
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th e  cut-off param eter A  for th e  IC-meson one obtains

óul 1 Í s2 Ï2 A  \4
F ( A ,A „ ,M )Íg2 г A

l he .M .

where F  is of the order o f u n ity . (The interference term drops out.) (2) and (3) 
require

3 _
he

< A
M

J L
M

(5)

Supposing A  >  m, (4) and (5) give

g~
Hc

< io~2.

Thus it seems th a t the о -interaction proposed b y  S c h w i n g e r  cannot be strong.

Another possibility studied here is the interm ediately strong K -pair  
interaction having the interaction Lagrangian

Tint =  -  G<Pa (9 i — %)<Pa{v>r,yiVn +  WpYiWp +  V’pYiV’p)- (6)

This coupling was studied repeatedly [4, 13, 14] in connection w ith the hyperon  
model of G o l d h a b e r  [12]. Considering (6) as the expression describing th e  
kaonic interactions of strange particles, Gx2 ~  1 (x is th e  kaon m ass). Is th is  
assum ption in  agreem ent w ith  the properties of the m uon?

The anom alous m agnetic m om ent o f  m uons, corresponding to the d ia 
gram Fig. 2 was calculated by V é r t e s  [15]:

ÔfJ, 1
fz0 8 (2тг)4

m2
Л 2

(GA2)2. (7)

Here A  is the cut-off m om entum  for kaon field. Factors o f  “ 2тг” of the order 
10~4, originated from th e double v irtu a l kaon line p lay  an im portant role. 
(7) and (1) together give

G A 2 ^  —  . (8)
m
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The correction to th e  decay probability  л  —> /л according to F ig. 3 in  
the low est order o f perturbation theory is

ôw
w

1
Т -П *

('GA2)21
1

26л8
(GA2)* Г . (9)

The first is the interference term  betw een 3a and 3b, the second corresponds 
to  3b. I  and Г  denote integrals o f the order o f u n ity , b u t containing also  
x, M,  A  and А л. “ 2 tî” -s here are also im portant. The second term is sm all 
com pared to  the first, thus comparing (9) and (2— 3)

GA2 <  2 . (10)

К P
nf

a) V

Fig. 3

Л+

n b)

(8) and (10) give th at th e  effects treated  above allow  an interaction o f  
the type (6) i f

GA2 ^  1 .
(И ) can be fulfilled if  e. g.

G x 2 ^ 1 ,  A  ^  X ,

w hich was supposed also in [11, 13, 14]. Thus the hypothesis o f  the “ universal” 
kaon interaction  can be m aintained considering the anom alous m agnetic  
m om ent and the branching ratio (л —»- e) : (jr —>- ц). (The “ reality o f the  
2jr-s” and the applicability  o f th e  perturbation theory is in th is case, o f course, 
questionable.) Another possib ility , leading also to (11) is

Gx2 <g 1, A X ,

th e n  w e m a y  w ell b e liev e  th e  p ertu rb ation  th eo ry  to  be correct, b u t th e  
effec ts  w h ich  are n ot d ivergen t (i. e. do n o t co n ta in  A )  tu rn  o u t to  be sm all, 
co n tra d ic tin g  th e  b asic id ea  o f  th e  Go l d h a b e r  m odel.

The central problem rem ains the theoretical determ ination of the  
m uon-electron m ass difference. Perturbational calculations given by Co w - 
l a n d  [11] (for scalar c-interaction) and b y  VÉRTES [15] (for JC-pair in ter
action) show the anom alous m ass bm to be sm all:

dm
m

<  10~3.
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U nfortunately, it  m ay be decided on ly  by m eans o f other m ethods than the  
perturbation theory, whether an anom alous m uon interaction  which does 
not contradict the experim ental results (1), (2), (3) m ay exp la in  the ano
malous mass of the m uon or not. According to  our opinion th e  first possi
b ility  is not y et excluded.

Note added in proof:  The new est experim ental value for öpjij,0 in (1) is 
3 ±  5. 10_e, according to the report of G. Charpak et al. at he X I . H igh  
E nergy Conference in G eneva, 1962. This result does not m od ify  the essence 
o f  our conclusions given above.
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ZUR THEORIE DER ELEKTRONENSTRUKTUR 
DES Br-ATOMS UND DES Te-ATOMS

Yon

R. G á s p á r

FORSCHUNGSGRUPPE FÜR THEORETISCHE PHYSIK DER UNGARISCHEN AKADEMIE DER WISSENSCHAFTEN,
BUDAPEST

(E ingegangen: 20. X . 1961)

Wir haben die Einelektronenergien und die radialen E igenfunktionen  
mehrerer Atom e m it Hilfe eines universellen Potentialfeldes bestim m t [1]. 
D ie erste Rechnung, die sich m it einem  H alogenatom  beschäftigt, ist die hier 
angegebene, welche die Struktur des Br-A tom s aufklärt. D ie Berechnungen  
über das Те-Atom  sollen die Elektronenstruktur einer der schw ersten E lem ente  
der V I6 Gruppe im  periodischen System  der E lem ente erklären.

1. Einführung
Die radiale Schrödinger-G leichung, w elche die W ellenfunktionen und 

die Energiecigenwerte der E lektronenzustände bestim m t, lau tet

wo

d2f
d x 2 +

У -До* 1(1 +  i )
X 1 - j -A 0X 1 +  Ax

f =  o,

e =  2Е/л2 e 2 a0 x, у =  2 Z/ua0 x, 

und x =  r/i_1, fi =  0,8853 a0 Z -1/3,

f  =  —  fcaC 0 ,88532e - 2 

ka =  (3/4) (3/jt)1/3 e2 ist.

( 1 )

( 2)

In  (2) bezeichnet r den Abstand des E lektrons vom  Kern, Z  die Ordnungszahl 
des A tom s, E  die Energie und f  die radiale E igenfunktion des E lektrons. D ie 
W erte der K onstanten sind die folgenden:

A0 =  0,1837 , A 0 =  1,05, а = 0 ,0 4 ,  A  =  9 und C =  3 ,la ,71.

Mit l wurde die N ebenquantenzahl des E lektrons bezeichnet. Wir lösen die 
Differentialgleichung (1) mit den R andbedingungen

/ ( 0 ) = r ( 0 ) =  . . .  = / (' - 1)(0) =  o ,

JO) =  c o n s t . ,  

lim  f (x )  =  0 .
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Über das Problem  der A bleitung und der Lösung der D ifferentialgleichung (1) 
gibt eine frühere A rbeit [2] Auskunft.

2. Elektronenstruktur des Br-Atom s

Die E lektronenkonfiguration des Br-Atom s im  Grundzustand ist die 
folgende:

( l s ) 2 (2s)2 (2p )6 (3s)2 (3p )6 (4s)2 (3d)10 (4p)5.

Die E lektronenstruktur unterscheidet sich von  derjenigen der früher 
behandelten  A tom e hauptsächlich dadurch, dass hier zuerst eine n ich t abge
schlossene (np)5 Schale auftritt.

D ie radialen W ellenfunktionen des Br-A tom s geben wir in Tab. I und II 
an, wo auch die to ta le  radiale D ichte der Elektronen und die Potentialw erte  
m itgete ilt sind. Die Tab. III  en thält die Einelektronenergien, neben diesen  
haben wir die M ittelw erte der R öntgenterm w erte als E xperim entalw erte ange
geben. D ie beste Ü bereinstim m ung zwischen den berechneten und gem essenen  
W erten besteht unserer Erwartung entsprechend in dem  F all der locker gebun
denen E lektronen [3].

D ie aus den Versuchen auf indirektem  W ege erhaltenen W erte für die 
diam agnetische Suszeptib ilität beziehen sich au f das Br-Ion. Unsere R echnun
gen geben die E inelektronw ellenfunktionen des B r~-A tom s, und wenn wir enne 
Pseudodichte des B r“ -Ions m it den B esetzungszahlen des Br~-Ions und den 
W ellenfunktionen des Br-A tom s berechnen, dann befindet sich die so erhaltene  
E lektronendichte in einer kleineren U m gebung des Atom kerns als im  freien 
B r~-Ion , weil wir die gegenseitige A bstossung zw ischen dem letzten  np E lek
tron und den E lektronen des neutralen A tom s vernachlässigt haben. So können  
wir erw arten, dass der W ert der diam agnetischen Suszeptib ilität, m it dieser 
E lektronendichte berechnet, kleiner sein wird als jener im  freien Ion. In der Tat 
ist der berechnete W ert der diam agnetischen Suszeptib ilität, — 27,72 10“  6 cm 3 
M ol- 4  im  Vergleich zu dem em pirischen W ert, — 39,0 10—6 cm 3 Mol- 1 , Avirklich 
eine kleinere Grösse.

3. Elektronenstruktur des Te-Atom s

Die Elektronenkonfiguration des Т е-A tom s im  Grundzustand ist die 
folgende:

( ls ) 2 (2s)2 (2p)5 (3s)2 (3p)6 (3d)10 (4s)2 (4p)6 (4d)10 (5s)2 (5p)4.

U nter den E lem enten in  der VR-Gruppe des periodischen System s der E le
m ente sind Те und Se bekannt als H albleiter, die sehr ähnliche E igenschaften  
haben. D iesen E lem enten können wir das Polonium  zuordnen, das eine sehr
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ähnliche Gitterstruktur aufweist. D ie E lektronenstruktur der A tom e dieser 
E lem ente unterscheidet sich von derjenigen der früher behandelten A tom e der 
YI(,-Gruppe dadurch, dass hier die Elektronen in  den (ns)2 (np )4 Schalen in 
starker W echselwirkung mit den Elektronen einer inneren [(n —  l ) d ] 10 Schale 
stehen.

Die radialen W ellenfunktionen des Те-A tom s geben wir in Tab. IV, V. 
und V I an. In diesen Tabellen sind  auch die tota len  radialen D ichten der 
Elektronen und die W erte des universellen P otentia ls m itgeteilt. D ie Tab. V II

X

Abb. 1. Die radiale D ichte  D  =  4 л г2д des Te-Atom s

en th ält die Einelektronenergien und die als experim entelle W erte angegebenen  
R öntgenterm m ittelw erte. In A bb. 1 haben wir die radiale D ichte D  =  4nr2Q 
des Т е-Atoms aufgezeichnet. A bb. 1 zeigt deutlich  die räum liche Verteilung  
der Elektronengruppen im T e-A tom .

Für die Durchführung der numerischen Rechnungen m öchte ich Frau
I. K ocsis  auch an dieser Stelle meinen D ank aussprechen.
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Tabelle I

D ie  radialen E ig en fu n k tio n en /d er  s-E lektronen des B r-A tom s un dd as Poten tia l E d es Br-Atom s 
/ i n  atom aren E inheiten  von  1/aJ'2, E  in  atom aren E inheiten  von  e/a0;

X  in  dim ensionslosen L ängeneinheiten

X
/

V
ls 2$ 3s 4s

0,000 0,000 0,000 0,000 0,000
0,006 0,629 0,197 0,079 0,028 3138,86
0,012 1,189 0,372 0,148 0,054 1560,02
0,018 1,685 0,526 0,210 0,076 1033,68
0,024 2,123 0,660 0,264 0,095 770,533
0,030 2,507 0,777 0,310 0,112 612,625
0,036 2,842 0,876 0,349 0,126 507,344
0,042 3,133 0,960 0,383 0,138 432,167
0,048 3,384 1,029 0,410 0,148 375,789
0,054 3,597 1,085 0,431 0,155 331,947
0,060 3,776 1,128 0,448 0,161 296,885
0,066 3,925 1,159 0,460 0,166 268,203
0,072 4,046 1,180 0,467 0,168 244,314
0,078 4,142 1,191 0,470 0,169 224,108
0,084 4,215 1,192 0,470 0,169 206,800
0,090 4,268 1,185 0,466 0,168 191,807

0,108 4,323 1,119 0,436 0,157 156,874
0,126 4,257 1,000 0,384 0,138 131,983
0,144 4,108 0,840 0,315 0,113 113,372
0,162 3,903 0,653 0,235 0,084 98,948
0,180 3,663 0,446 0,148 0,052 87,454
0,198 3,405 0,227 0,056 0,018 78,091
0,216 3,139 0,003 - 0 ,0 3 7 - 0 ,0 1 5 70,325
0,234 2,874 - 0 ,2 2 0 - 0 ,1 2 9 — 0,049 63,785
0,252 2,617 — 0,440 - 0 ,2 1 9 —0,081 58,209
0,270 2,371 - 0 ,6 5 3 —0,304 - 0 ,1 1 2 53,404
0,288 2,139 - 0 ,8 5 7 —0,385 — 0,141 49,222

0,324 1,722 — 1,230 — 0,528 - 0 ,1 9 2 42,315
0,360 1,370 - 1 ,5 5 1 —0,643 —  0,233 36,858
0,396 1,080 - 1 ,8 1 6 —  0,728 - 0 ,2 6 2 32,452
0,432 0,844 —  2,027 - 0 ,7 8 4 —  0,281 28,830
0,468 0,656 - 2 ,1 8 6 —  0,813 - 0 ,2 8 9 25,808
0,504 0,507 —2,299 - 0 ,8 1 5 —  0,288 23,255
0,540 0,390 - 2 ,3 6 9 - 0 ,7 9 5 —  0,278 21,074
0,576 0,298 —2,404 - 0 ,7 5 4 —  0,260 19,194
0,612 0,227 —2,407 - 0 ,6 9 6 —  0,236 17,559
0,648 0,171 —2,383 —  0,623 —  0,207 16,129
0,684 0,129 —2,339 - 0 ,5 3 9 - 0 ,1 7 3 14,867
0,720 0,095 —2,277 —0,444 — 0,136 13,750
0,756 0,069 —2,202 —0,343 —0,097 12,754
0,792 0,048 — 2,116 - 0 ,2 3 6 — 0,056 11,862
0,828 0,031 — 2,024 - 0 ,1 2 7 — 0.014 11,060
0,864 0,017 —  1,926 - 0 ,0 1 5 0,027 10,336
0,900 0,004 —  1,825 0,096 0,069 9,681
0,936 - 1 ,7 2 4 0,207 0,110 9,085
1,008 - 1 ,5 2 2 0,420 0,187 8,044
1,080 - 1 ,3 2 9 0,620 0,257 7,168
1,152 - 1 ,1 5 0 0,801 0,318 6,425
1,224 - 0 ,9 8 8 0,961 0,368 5,788
1,296 —0,843 1,099 0,407 5,239
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Tabelle I  (Fortsetzung)

X
f

V
l s 2 s 3 s 4s

1,368 - 0 ,7 1 5 1,215 0,436 4,761
1,440 - 0 ,6 0 3 1,309 0,454 4,344
1,512 - 0 ,5 0 7 1,384 0,462 3,976
1,584 - 0 ,4 2 4 1,439 0,461 3,652
1,656 - 0 ,3 5 4 1,477 0,452 3,363
1,728 - 0 ,2 9 4 1,500 0,435 3,106
1,800 - 0 ,2 4 4 1,509 0,412 2,875
1,872 - 0 ,2 0 2 1,506 0,382 2,668
1,944 - 0 ,1 6 6 1,493 0,348 2,482
2,016 - 0 ,1 3 6 1,472 0,309 2,312
2,088 - 0 ,1 1 1 1,443 0,267 2,159
2,160 - 0 ,0 9 0 1,407 0,222 2,020

2,304 - 0 ,0 5 8 1,323 0,126 1,776
2,448 - 0 ,0 3 5 1,228 0,025 1,571
2,592 - 0 ,0 1 8 1,126 - 0 ,0 7 6 1,397
2,736 - 0 ,0 0 3 1,024 - 0 ,1 7 5 1,249
2,880 0,923 — 0,270 1,122
3,024 0,827 — 0,360 1,011
3,168 0,737 — 0,443 0,915
3,312 0,653 - 0 ,5 1 9 0,831
3,456 0,577 - 0 ,5 8 7 0,757
3,600 0,507 — 0,648 0,692
3,744 0,444 —0,702 0,635
3,888 0,388 — 0,748 0,583
4,032 0,339 — 0,787 0,537
4,176 0,294 — 0,819 0,496
4,320 0,255 — 0,845 0,459

4,608 0,191 —0,881 0,396
4,896 0,142 — 0,898 0,344
5,184 0,105 — 0,898 0,300
5,472 0,078 — 0,886 0,264
5,760 0,057 — 0,864 0,234
6,048 0,041 — 0,835 0,208
6,336 0.030 — 0,801 0,186
6,624 0,021 — 0,763 0,167
6,912 0,014 — 0,723 0,151
7,200 0,009 — 0,681 0,136
7,488 0,005 — 0,639 0.124
7,776 0.002 — 0,598 0,113
8,064 — 0,557 0,104
8,640 — 0,481 0,088
9,216 — 0,411 0,075
9,792 - 0 ,3 4 9 0,065

10,368 — 0,294 0,056
10,944 — 0,247 0,050
11,520 - 0 ,2 0 7 0,044
12,096 - 0 ,1 7 3 0,039
12,672 —0,144 0,035
13,248 —0,119 0,032
13,824 —0,099 0,029
14,400 —0,082 0,026
14,976 — 0,067 0,024
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Tabelle I  (Fortsetzung)

X
f

V1« 2s 3s 4s

1 6 ,1 2 8 - 0 ,0 4 6 0 ,021
1 7 ,2 8 0 - 0 ,0 3 1 0 ,0 1 8
1 8 ,4 3 2 - 0 ,0 2 0 0 ,015
1 9 ,5 8 4 - 0 ,0 1 3 0 ,0 1 4
2 0 ,7 3 6 - 0 ,0 0 8 0 ,0 1 2
2 1 ,8 8 8 — 0 ,0 0 5 0 ,011
2 3 ,0 4 0 - 0 ,0 0 2 0 ,0 1 0
2 4 ,1 9 2 0 ,0 0 9
2 5 ,3 4 4 0 ,0 0 8
2 6 ,4 9 6 0 ,0 0 7
2 7 ,6 4 8 0 ,0 0 6
2 8 ,8 0 0 0 ,0 0 6
2 9 ,9 5 2 0 ,0 0 5
3 1 ,1 0 4 0 ,005

Tabelle II
D ie radialen E igenfunktionen f  der p -  und (/-Elektronen des Br-Atom s und die radiale Dichte D

des Br-Atom s
f  in  atom aren E inheiten  v o n  1 /a j /2, D  in atom aren E inheiten  v o n  l / a 0;

X  in  d im ensionslosen L ängeneinheiten

- D
2 p 3  p 4  P 3  d

0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0
0 ,0 0 6 0 ,0 0 3 0 ,0 0 1 0 ,0 0 0 0 . 0 0 0 0 ,8 8 3
0 ,0 1 2 0 ,0 1 2 0 ,0 0 5 0 ,0 0 2 0 ,0 0 0 3 ,154
0 ,0 1 8 0 ,0 2 7 0 ,0 1 1 0 ,0 0 3 0 ,0 0 0 6 ,3 3 5
0 ,0 2 4 0 ,0 4 6 0 ,0 1 8 0 ,0 0 6 0 ,0 0 0 1 0 ,0 5 4
0 ,0 3 0 0 ,0 7 0 0 ,0 2 8 0 ,0 0 9 0 ,0 0 0 14 ,027
0 ,0 3 6 0 ,0 9 8 0 ,0 3 9 0 ,0 1 2 0 ,0 0 1 18 ,038
0 ,0 4 2 0 ,1 3 0 0 ,0 5 2 0 ,0 1 6 0 ,001 2 1 ,9 2 8
0 ,0 4 8 0 ,1 6 4 0 ,0 6 6 0 ,0 2 0 0 ,001 25 ,587
0 ,0 5 4 0 ,2 0 2 0 ,0 8 1 0 ,0 2 5 0 ,0 0 2 2 8 ,9 3 7
0 ,0 6 0 0 ,2 4 3 0 ,0 9 7 0 ,0 3 0 0 ,0 0 3 3 1 ,9 3 5
0 ,0 6 6 0 ,2 8 6 0 ,1 1 4 0 ,0 3 5 0 ,0 0 3 3 4 ,5 5 4
0 ,0 7 2 0 ,3 3 1 0 ,1 3 2 0 ,0 4 1 0 ,0 0 4 3 6 ,7 9 1
0 ,0 7 8 0 ,3 7 8 0 ,1 5 1 0 ,0 4 7 0 ,0 0 5 3 8 ,6 5 2
0 ,0 8 4 0 ,4 2 6 0 ,1 7 0 0 ,0 5 2 0 ,0 0 6 4 0 ,1 5 2
0 ,0 9 0 0 ,4 7 5 0 ,1 8 9 0 ,0 5 8 0 ,0 0 8 4 1 ,3 1 9

0 ,1 0 8 0 ,6 3 0 0 ,2 5 0 0 ,0 7 7 0 ,0 1 3 4 3 ,0 9 3
0 ,1 2 6 0 ,7 8 9 0 ,3 1 2 0 ,0 9 6 0 ,0 1 9 4 2 ,9 5 2
0 ,1 4 4 0 ,9 4 9 0 ,3 7 4 0 ,1 1 5 0 ,0 2 7 4 1 ,7 0 8
0 ,1 6 2 1 ,1 0 6 0 ,4 3 3 0 ,1 3 4 0 ,0 3 7 4 0 ,0 2 1
0 ,1 8 0 1 ,2 5 9 0 ,4 9 0 0 ,1 5 1 0 ,0 4 8 3 8 ,3 7 0
0 ,1 9 8 1 ,4 0 4 0 ,5 4 3 0 ,1 6 7 0 ,0 6 0 37 ,061
0 ,2 1 6 1 ,5 4 1 0 ,5 9 1 0 ,1 8 2 0 ,0 7 4 3 6 ,2 6 1
0 ,2 3 4 1 ,6 6 8 0 ,6 3 4 0 ,1 9 5 0 ,0 9 0 3 6 ,0 2 5
0 ,2 5 2 1 ,7 8 5 0 ,6 7 2 0 .2 0 6 0 ,1 0 6 3 6 ,3 3 5
0 ,2 7 0 1 ,891 0 ,7 0 4 0 ,2 1 5 0 ,1 2 4 3 7 ,1 2 3
0 ,2 8 8 1 ,9 8 7 0 ,7 3 0 0 ,2 2 3 0 ,1 4 3 3 8 ,0 4 5
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Tabelle II (F ortsetzung)

X
f D

2p 3p 4 P 3d

0,324 2,146 0,766 0,233 0,185 41,354
0,360 2,264 0,780 0,236 0,230 44,706
0,396 2,343 0,774 0,233 0,279 47,707
0,432 2,388 0,748 0,223 0,329 49,947
0,468 2,403 0,707 0,209 0,381 51,007
0,504 2,392 0,650 0,190 0,434 51,513
0,540 2,359 0,582 0,167 0,488 50,895
0,576 2,308 0,504 0,141 0,541 49,527
0,612 2,243 0,418 0,113 0,594 47,597
0,648 2,166 0,326 0,082 0,647 45,295
0,684 2,081 0,229 0,051 0,698 42,804
0,720 1,990 0,130 0,019 0,748 40,277
0,756 1,895 0,029 - 0 ,0 1 3 0,796 37,843
0,792 1,798 — 0,072 — 0,045 0,842 35,599
0,828 1,700 - 0 ,1 7 3 — 0,077 0,886 33,164
0,864 1,602 —0,272 — 0,108 0,928 31,930
0,900 1,506 — 0,368 — 0,137 0,968 30,569
0,936 1,411 — 0,462 — 0,166 1,005 29,534
1,008 1,232 — 0,639 — 0,218 1,074 28,382
1,080 1.067 — 0,799 — 0,264 1,132 28,275
1.152 0,919 - 0 ,9 4 1 — 0,303 1,182 28,943
1,224 0,786 — 1,064 — 0,333 1,223 30,078
1,296 0,669 - 1 ,1 6 8 — 0,356 1,255 31,436
1,368 0,567 - 1 ,2 5 4 — 0,372 1.280 32,798
1,440 0,479 — 1,323 — 0,381 1,297 34,004
1,512 0,403 - 1 ,3 7 6 — 0,383 1.308 34,944
1.584 0,339 — 1,414 — 0,380 1,312 35,556
1,656 0,284 — 1,439 — 0,370 1,311 35,813
1,728 0,237 - 1 ,4 5 2 — 0,356 1,306 35,718
1,800 0,197 - 1 ,4 5 4 — 0,338 1,296 35,293
1.872 0,164 — 1,448 — 0,315 1.282 34,571
1,944 0,136 - 1 ,4 3 3 — 0,290 1,264 33,597
2,016 0,113 - 1 ,4 1 2 — 0,261 1,244 32,416
2,088 0,093 — 1,385 — 0,230 1,222 31,076
2,160 0,077 — 1,353 - 0 ,1 9 7 1,197 29,618

2,304 0,052 — 1,278 — 0,127 1,143 26,511
2,448 0,034 - 1 ,1 9 4 — 0,053 1,085 23,363
2,592 0,022 - 1 ,1 0 5 0,022 1,024 20,364
2,736 0,013 — 1.015 0,096 0,962 17,632
2,880 0,006 - 0 ,9 2 6 0,169 0,900 15,232
3,024 - 0 ,8 3 9 0,239 0,839 13,182
3,168 - 0 ,7 5 8 0,306 0,780 11,474
3,312 - 0 ,6 8 1 0,368 0,723 10,082
3,456 - 0 ,6 1 0 0,426 0,669 8,969
3,600 - 0 ,5 4 4 0,479 0,618 8,094
3,744 — 0,484 0,527 0,570 7,418
3,888 - 0 ,4 3 0 0,571 0,524 6,903
4,032 - 0 ,3 8 1 0,610 0,482 6,516
4,176 - 0 ,3 3 6 0,645 0,442 6,226
4,320 - 0 ,2 9 7 0,675 0,405 6,009

4,608 —0,230 0,724 0,340 5,717
4.896 - 0 ,1 7 7 0,758 0,284 5,440
5,184 - 0 ,1 3 6 0,780 0,236 5,351
5,472 - 0 ,1 0 4 0,792 0,197 5,170
5,760 —0,079 0,795 0,163 4,961
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Tabelle II (F ortsetzung)

X
f

D
2 p 3 p 4  P 3  d

6 ,0 4 8 - 0 ,0 6 0 0 ,7 9 0 0 ,1 3 5 4 ,7 2 2
6 ,3 3 6 —  0 ,0 4 6 0 ,7 7 9 0 ,1 1 2 4 ,4 5 7
6 ,6 2 4 —  0 ,0 3 4 0 ,7 6 4 0 ,0 9 3 4 ,2 3 7
6 ,9 1 2 —  0 ,0 2 6 0 ,7 4 4 0 ,0 7 6 3 ,8 7 7
7 ,2 0 0 —  0 ,0 2 0 0 ,7 2 2 0 ,0 6 3 3 ,5 7 7
7 ,4 8 8 - 0 ,0 1 5 0 ,6 9 8 0 ,0 5 2 3 ,2 8 0
7 ,7 7 6 - 0 ,0 1 1 0 ,6 7 2 0 ,0 4 3 2 ,9 9 2
8 ,0 6 4 —  0 ,0 0 8 0 ,6 4 5 0 ,0 3 5 2 ,7 1 6
8 ,6 4 0 —  0 ,0 0 4 0 ,5 9 0 0 ,0 2 4 2 ,2 1 0
9 ,2 1 6 - 0 .0 0 2 0 ,5 3 6 0 ,0 1 6 1 ,7 7 4
9 ,7 9 2 0 ,4 8 3 0 ,0 1 1 1 ,4 1 0

1 0 ,3 6 8 0 ,4 3 3 0 ,0 0 7 1 ,111
1 0 ,9 4 4 0 ,3 8 7 0 ,0 0 5 0 ,8 7 0
1 1 ,5 2 0 0 ,3 4 4 0 ,0 0 3 0 ,6 7 7
1 2 ,0 9 6 0 ,3 0 5 0 ,0 0 2 0 ,5 2 5
1 2 ,6 7 2 0 ,2 7 0 0 ,0 0 1 0 ,4 0 6
1 3 ,2 4 8 0 ,2 3 8 0 . 0 0 1 0 ,3 1 3
1 3 ,8 2 4 0 ,2 1 0 0 ,2 4 0
1 4 ,4 0 0 0 ,1 8 5 0 ,1 8 5
1 4 ,9 7 6 0 ,1 6 3 0 ,1 4 1

1 6 ,1 2 8 0 ,1 2 5 0 ,0 8 3
1 7 ,2 8 0 0 ,0 9 6 0 ,0 4 8
1 8 ,4 3 2 0 ,0 7 3 0 ,0 2 8
1 9 ,5 8 4 0 ,0 5 6 0 ,0 1 6
2 0 ,7 3 6 0 ,0 4 3 0 ,0 0 9
2 1 ,8 8 8 0 ,0 3 2 0 ,0 0 5
2 3 ,0 4 0 0 ,0 2 4 0 .0 0 3
2 4 ,1 9 2 0 ,0 1 8 0 ,0 0 2
2 5 ,3 4 4 0 ,0 1 4 0 ,0 0 1
2 6 ,4 9 6 0 ,0 1 0 0 ,0 0 1
2 7 ,6 4 8 0 ,0 0 7
2 8 ,8 0 0 0 ,0 0 5
2 9 ,9 5 2 0 ,0 0 3
3 1 ,1 0 4 0 ,0 0 2

Acta Phys. H ung. Тот. X V . Fase. 3.



ZUR THEORIE DER ELEKTRONENSTRUKTUR DES Br-ATOMS 265

Tabelle III

Die m it dem  universellen P oten tia l bestim m ten  Energieterm e der E lektronen des Br-Atom s 
und die R öntgenterm w erte nach L a n d o l t  und B ö r n s t e in  

(E s werden die arithm etischen M ittelw erte der R öntgendublette angegeben)
D ie Energiewerte sind in atom aren Einheiten von  e2/a 0 angegeben

Is 2 s 3s 4 s

Universelles P o te n t ia l............................ 490,0 62,79 9,227 0,8989

Nach L a n d o l t —B ö r n s t e i n ............... 496,3 - 9,740 —

2 P 3 P 4 P

Universelles P o te n t ia l............................ 57,007 7,1086 0,4256

Nach L a n d o l t — B ö r n s t e i n ............... 58,025 6,7025 0,2500

3 d

Universelles P o te n tia l ............................ 3,126

Nach L a n d o l t —B ö r n s t e i n ............... 2,600

5* Acta Phys. Hung. Тот. X V .  Fase. 3.
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Tabelle IV

D ie radialen E ig en fu n k tio n e n /d e r  s-E lektronen des Те-A tom s 
f  in  atom aren E inheiten  von  l /a j /2; x  in  dim ensionslosen Längeneinheiten

X
f

1S 2 s 3 s 4s 5s

0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0
0 ,0 0 6 0 ,2 7 8 0 .0 9 0 0 ,0 4 0 0 ,0 1 7 0 ,0 0 6
0 ,0 1 2 0 ,5 1 6 0 ,1 6 7 0 ,0 7 4 0 ,0 3 2 0 ,011
0 ,0 1 8 0 ,7 1 9 0 ,2 3 2 0 ,1 0 2 0 ,0 4 4 0 ,0 1 5
0 ,0 2 4 0 ,8 9 1 0 ,2 8 6 0 ,1 2 6 0 ,0 5 4 0 ,0 1 8
0 ,0 3 0 1 ,0 3 4 0 ,3 3 0 0 ,1 4 5 0 ,0 6 3 0 ,021
0 ,0 3 6 1 ,1 5 2 0 ,3 6 4 0 ,1 6 0 0 ,0 6 9 0 ,0 2 3
0 ,0 4 2 1 ,2 4 9 0 ,3 9 0 0 ,1 7 1 0 ,0 7 4 0 ,0 2 5
0 ,0 4 8 1 ,3 2 6 0 ,4 0 9 0 ,1 7 9 0 ,0 7 7 0 ,0 2 6
0 ,0 5 4 1 ,3 8 5 0 ,4 2 0 0 ,1 8 4 0 ,0 7 9 0 ,0 2 7
0 ,0 6 0 1 ,4 3 1 0 ,4 2 6 0 ,1 8 6 0 ,0 8 0 0 ,027
0 ,0 6 6 1 ,4 6 1 0 ,4 2 5 0 ,1 8 5 0 ,0 7 9 0 ,0 2 7
0 ,0 7 2 1 ,4 8 0 0 ,4 2 0 0 ,1 8 2 0 ,0 7 8 0 ,0 2 6
0 ,0 7 8 1 ,4 9 0 0 ,4 1 0 0 ,1 7 7 0 ,0 7 6 0 ,0 2 6
0 ,0 8 4 1 ,4 9 0 0 ,3 9 6 0 ,1 7 0 0 ,0 7 3 0 ,0 2 5
0 ,0 9 0 1 ,4 8 3 0 ,3 7 9 0 ,1 6 1 0 ,0 6 9 0 ,0 2 3

0 ,1 0 8 1 ,4 2 7 0 ,3 0 9 0 ,1 2 8 0 ,0 5 4 0 ,0 1 8
0 ,1 2 6 1 ,3 3 5 0 ,2 2 0 0 ,0 8 6 0 ,0 3 6 0 ,0 1 2
0 ,1 4 4 1 ,2 2 3 0 ,1 2 1 0 ,0 3 9 0 ,0 1 6 0 ,0 0 5
0 ,1 6 2 1 ,1 0 4 0 ,0 1 6 - 0 ,0 0 9 - 0 ,0 0 5 - 0 ,0 0 2
0 ,1 8 0 0 ,9 8 4 —  0 ,0 8 9 - 0 ,0 5 7 - 0 ,0 2 6 - 0 ,0 0 9
0 ,1 9 8 0 ,8 6 9 — 0 ,1 9 2 — 0 ,1 0 4 - 0 ,0 4 6 — 0 .0 1 6
0 ,2 1 6 0 ,7 6 1 — 0 ,2 8 9 - 0 ,1 4 6 — 0 ,0 6 5 —  0 ,0 2 2
0 ,2 3 4 0 ,6 6 2 - 0 ,3 8 0 - 0 ,1 8 5 - 0 ,0 8 1 —  0 .027
0 ,2 5 2 0 ,5 7 2 — 0 ,4 6 3 - 0 ,2 1 9 - 0 ,0 9 6 — 0 ,0 3 2
0 ,2 7 0 0 ,4 9 2 — 0 ,5 3 8 - 0 ,2 4 8 - 0 ,1 0 8 — 0 ,0 3 6
0 ,2 8 8 0 ,4 2 2 — 0 ,6 0 4 - 0 ,2 7 2 - 0 ,1 1 7 — 0 ,0 4 0

0 ,3 2 4 0 ,3 0 5 - 0 ,7 1 0 — 0 ,3 0 3 - 0 ,1 3 0 — 0 ,0 4 4
0 ,3 6 0 0 ,2 1 8 - 0 ,7 8 3 - 0 ,3 1 5 - 0 ,1 3 3 — 0 ,0 4 5
0 ,3 9 6 0 ,1 5 3 — 0 ,8 2 6 — 0 ,3 0 9 —  0 ,1 2 8 —  0 ,0 4 3
0 ,4 3 2 0 ,1 0 5 — 0 ,8 4 5 — 0 ,2 8 7 - 0 ,1 1 6 — 0 ,0 3 9
0 ,4 6 8 0 ,0 6 9 —  0 ,8 4 4 - 0 ,2 5 3 - 0 ,0 9 9 — 0 ,0 3 3
0 ,5 0 4 0 ,0 4 2 - 0 ,8 2 7 - 0 ,2 0 9 - 0 ,0 7 7 - 0 ,0 2 5
0 ,5 4 0 0 ,0 2 0 - 0 ,7 9 8 - 0 ,1 5 7 - 0 ,0 5 3 —  0 ,0 1 7
0 ,5 7 6 - 0 ,7 6 1 - 0 ,1 0 1 — 0 ,0 2 7 — 0 ,0 0 8
0 ,6 1 2 - 0 ,7 1 7 — 0 ,0 4 2 0 ,0 0 0 0 ,001
0 ,6 4 8 —  0 ,6 7 0 0 ,0 1 8 0 ,0 2 8 0 ,0 1 0
0 ,6 8 4 — 0 ,6 2 1 0 ,0 7 7 0 ,0 5 4 0 ,0 1 9
0 ,7 2 0 — 0 ,5 7 2 0 ,1 3 5 0 ,0 7 9 0 ,0 2 8
0 ,7 5 6 —  0 ,5 2 3 0 ,1 9 1 0 ,1 0 3 0 ,0 3 6
0 ,7 9 2 —  0 ,4 7 7 0 ,2 4 3 0 ,1 2 4 0 ,0 4 3
0 ,8 2 8 — 0 ,4 3 2 0 ,2 9 2 0 ,1 4 3 0 ,0 4 9
0 ,8 6 4 —  0 ,3 9 0 0 ,3 3 7 0 ,1 5 9 0 ,0 5 4
0 ,9 0 0 —  0 ,3 5 1 0 ,3 7 7 0 ,1 7 3 0 ,0 5 8
0 ,9 3 6 — 0 ,3 1 5 0 ,4 1 3 0 ,1 8 4 0 ,0 6 2
1 ,0 0 8 — 0 ,2 5 1 0 ,4 7 2 0 ,1 9 8 0 ,0 6 6
1 ,0 8 0 — 0 ,1 9 8 0 ,5 1 5 0 ,2 0 3 0 ,0 6 7
1 ,1 5 2 - 0 ,1 5 5 0 ,5 4 2 0 ,1 9 8 0 ,0 6 4
1 ,2 2 4 —  0 ,1 2 0 0 ,5 5 7 0 ,1 8 5 0 ,0 5 9
1 ,2 9 6 —  0 ,0 9 3 0 ,5 6 0 0 ,1 6 6 0 ,051
1 ,3 6 8 — 0 ,0 7 1 0 ,5 5 3 0 ,1 4 1 0 ,0 4 2
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Tabelle IV  (Fortsetzung)

X f
1S 2s 3s 4 s 5 s

1 ,4 4 0 — 0 ,0 5 4 0 ,5 4 0 0 ,1 1 3 0 ,0 3 1
1 ,5 1 2 — 0 ,0 4 1 0 ,5 2 0 0 ,0 8 1 0 ,0 2 0
1 ,5 8 4 - 0 ,0 3 1 0 ,4 9 7 0 ,0 4 7 0 ,0 0 8
1 ,6 5 6 - 0 ,0 2 3 0 ,4 7 0 0 ,0 1 3 — 0 ,0 0 4
1 ,7 2 8 - 0 ,0 1 6 0 ,4 4 2 — 0 ,0 2 2 - 0 ,0 1 7
1 ,8 0 0 — 0 ,0 1 1 0 ,4 1 3 — 0 ,0 5 6 - 0 ,0 2 8
1 ,8 7 2 - 0 ,0 0 7 0 ,3 8 3 - 0 ,0 9 0 — 0 ,0 4 0
1 ,9 4 4 — 0 ,0 0 4 0 ,3 5 4 - 0 ,1 2 2 - 0 ,0 5 0
2 ,0 1 6 —  0 ,0 0 1 0 ,3 2 5 —  0 ,1 5 3 - 0 ,0 6 0
2 ,0 8 8 0 ,2 9 7 - 0 ,1 8 1 - 0 ,0 6 9
2 ,1 6 0 0 ,2 7 1 - 0 ,2 0 8 —  0 ,0 7 7

2 ,3 0 4 0 ,2 2 2 - 0 ,2 5 4 - 0 ,0 9 0
2 ,4 4 8 0 ,1 7 9 —  0 ,2 9 2 - 0 ,0 9 8
2 ,5 9 2 0 ,1 4 2 - 0 ,3 2 1 - 0 ,1 0 3
2 ,7 3 6 0 ,1 0 9 - 0 ,3 4 2 —  0 ,1 0 4
2 ,8 8 0 0 ,0 8 2 - 0 ,3 5 5 — 0 ,1 0 2
3 ,0 2 4 0 ,0 5 8 — 0 ,3 6 2 — 0 ,0 9 7
3 ,1 6 8 0 ,0 3 6 - 0 ,3 6 4 - 0 ,0 8 9
3 ,3 1 2 0 ,0 1 7 — 0 ,3 6 1 — 0 ,0 8 0
3 ,4 5 6 — 0 ,3 5 5 - 0 ,0 6 8
3 ,6 0 0 — 0 ,3 4 5 - 0 ,0 5 6
3 ,7 4 4 - 0 ,3 3 3 - 0 ,0 4 2
3 ,8 8 8 — 0 ,3 2 0 — 0 ,0 2 8
4 ,0 3 2 — 0 ,3 0 5 — 0 ,0 1 3
4 ,1 7 6 — 0 ,2 8 9 0 ,0 0 1
4 ,3 1 0 - 0 ,2 7 3 0 ,0 1 6

4 ,6 0 8 - 0 ,2 4 1 0 ,0 4 5
4 ,8 9 6 - 0 ,2 1 0 0 ,0 7 2
5 ,1 8 4 —  0 ,1 8 1 0 ,0 9 7
5 ,4 7 2 - 0 ,1 5 5 0 ,1 1 9
5 ,7 6 0 - 0 ,1 3 2 0 ,1 3 9
6 ,0 4 8 —  0 ,1 1 1 0 ,1 5 6
6 ,3 3 6 —  0 ,0 9 4 0 ,1 7 0
6 ,6 2 4 —  0 ,0 7 8 0 ,1 8 2
6 ,9 1 2 - 0 ,0 6 5 0 ,1 9 1
7 ,2 0 0 —  0 ,0 5 4 0 ,1 9 8
7 ,4 8 8 - 0 ,0 4 5 0 ,2 0 3
7 ,7 7 6 - 0 ,0 3 7 0 ,2 0 7
8 ,0 6 4 - 0 ,0 3 1 0 ,2 0 9
8 ,6 4 0 —  0 ,0 2 1 0 ,2 0 9
9 ,2 1 6 — 0 ,0 1 4 0 ,2 0 5
9 ,7 9 2 — 0 ,0 0 9 0 ,1 9 8

1 0 ,3 6 8 — 0 ,0 0 6 0 ,1 8 9
1 0 ,9 4 4 — 0 ,0 0 4 0 ,1 7 9
1 1 .5 2 0 —  0 ,0 0 2 0 ,1 6 8
1 2 ,0 9 6 0 ,1 5 7
1 2 ,6 7 2 0 ,1 4 5
1 3 ,2 4 8 0 ,1 3 4
1 3 ,8 2 4 0 ,1 2 3
1 4 ,4 0 0 0 ,1 1 3
1 4 ,9 7 6 0 ,1 0 4

1 6 ,1 2 8 0 ,0 8 6
1 7 ,2 8 0 0 ,0 7 1
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Tabelle V

D ie  radialen E igenfunktionen f  der p-E lektronen des Т е-Atom s und die radiale D ichte D  
des T e -A to m s ; / in  atom aren E in h eiten  von l /a j /2, D  in  atom aren E inh eiten  von l / a 0;

X in dim ensionslosen Längeneinheiten

X f D
2p 3p 4 P 5p

0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0 0 ,0 0 0
0 ,0 0 6 0 ,0 0 2 0 ,0 0 1 0 ,0 0 0 0 ,0 0 0 2 ,1 9 5
0 ,0 1 2 0 ,0 0 7 0 ,0 0 3 0 ,0 0 1 0 ,0 0 0 7 ,5 7 5
0 ,0 1 8 0 ,0 1 6 0 ,0 0 7 0 ,0 0 3 0 ,0 0 1 14 ,701
0 ,0 2 4 0 ,0 2 8 0 ,0 1 3 0 ,0 0 5 0 ,0 0 1 2 2 ,5 4 8
0 ,0 3 0 0 ,0 4 2 0 ,0 1 9 0 ,0 0 8 0 ,0 0 2 3 0 ,4 1 0
0 ,0 3 6 0 ,0 5 8 0 ,0 2 6 0 ,0 1 1 0 ,0 0 3 3 7 ,8 0 6
0 ,0 4 2 0 ,0 7 6 0 ,0 3 4 0 ,0 1 4 0 ,0 0 4 4 4 ,4 5 6
0 ,0 4 8 0 ,0 9 6 0 ,0 4 3 0 ,0 1 8 0 ,0 0 5 5 0 ,1 9 5
0 ,0 5 4 0 ,1 1 7 0 ,0 5 3 0 ,0 2 2 0 ,0 0 6 5 4 ,9 6 6
0 ,0 6 0 0 ,1 3 9 0 ,0 6 3 0 ,0 2 6 0 ,0 0 7 5 8 ,7 6 9
0 ,0 6 6 0 ,1 6 2 0 ,0 7 3 0 ,0 3 0 0 ,0 0 8 6 1 ,6 6 4
0 ,0 7 2 0 ,1 8 6 0 ,0 8 4 0 ,0 3 5 0 ,0 0 9 6 3 ,7 2 9
0 ,0 7 8 0 ,2 1 0 0 ,0 9 4 0 ,0 3 9 0 ,0 1 0 6 5 ,0 6 7
0 ,0 8 4 0 ,2 3 5 0 ,1 0 5 0 ,0 4 4 0 ,0 1 1 6 5 ,7 8 7
0 ,0 9 0 0 ,2 6 0 0 ,1 1 6 0 ,0 4 8 0 ,0 1 2 6 5 ,9 9 6

0 ,1 0 8 0 ,3 3 6 0 ,1 4 9 0 ,0 6 2 0 ,0 1 6 6 4 ,5 9 4
0 ,1 2 6 0 ,4 1 1 0 ,1 8 1 0 ,0 7 5 0 ,0 1 9 6 1 ,9 1 5
0 ,1 4 4 0 ,4 8 2 0 ,2 1 0 0 ,0 8 6 0 ,0 2 2 5 9 ,5 6 4
0 ,1 6 2 0 ,5 4 8 0 ,2 3 6 0 ,0 9 7 0 ,0 2 5 5 8 ,4 0 0
0 ,1 8 0 0 ,6 0 7 0 ,2 5 8 0 ,1 0 6 0 ,0 2 7 5 8 ,7 0 4
0 ,1 9 8 0 ,6 6 0 0 ,2 7 7 0 ,1 1 3 0 ,0 2 9 6 0 ,3 9 1
0 ,2 1 6 0 ,7 0 7 0 ,2 9 0 0 ,1 1 8 0 ,0 3 1 6 3 ,1 6 6
0 ,2 3 4 0 ,7 4 6 0 ,3 0 0 0 ,1 2 1 0 ,0 3 1 6 6 ,6 4 4
0 ,2 5 2 0 ,7 7 8 0 ,3 0 6 0 ,1 2 3 0 ,0 3 2 7 0 ,4 4 0
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Tabelle V (F ortsetzung)

X
/ D

2 p 3p 4 p 5 p

0 ,2 7 0 0 ,8 0 4 0 ,3 0 7 0 ,1 2 3 0 ,0 3 2 7 4 ,2 0 6
0 ,2 8 8 0 ,8 2 4 0 ,3 0 5 0 ,1 2 1 0 ,0 3 1 7 7 ,6 6 4

0 ,8 2 4 0 ,8 4 7 0 ,2 9 0 0 ,1 1 3 0 ,0 2 9 8 2 ,9 1 8
0 ,3 6 0 0 ,8 4 9 0 ,2 6 2 0 ,1 0 0 0 ,0 2 6 8 5 ,4 0 1
0 ,3 9 6 0 ,8 3 6 0 ,2 2 5 0 ,0 8 3 0 ,0 2 1 8 5 ,1 7 3
0 ,4 3 2 0 ,8 1 1 0 ,1 8 0 0 ,0 6 3 0 ,0 1 6 8 2 ,7 9 7
0 ,4 6 8 0 ,7 7 6 0 ,1 3 0 0 ,0 4 0 0 ,0 1 0 7 9 ,0 4 6
0 ,5 0 4 0 ,7 3 5 0 ,0 7 6 0 ,0 1 6 0 ,0 0 4 7 4 ,6 8 5
0 ,5 4 0 0 ,6 9 0 0 ,0 2 0 — 0 ,0 0 8 - 0 ,0 0 3 7 0 ,3 6 8
0 ,5 7 6 0 ,6 4 2 - 0 ,0 3 7 — 0 ,0 3 2 —  0 ,0 0 9 6 6 ,5 6 9
0 ,6 1 2 0 ,5 9 4 - 0 ,0 9 2 — 0 ,0 5 5 - 0 ,0 1 5 6 3 ,5 8 3
0 ,6 4 8 0 ,5 4 6 - 0 ,1 4 6 —  0 ,0 7 7 — 0 ,0 2 1 6 1 ,5 3 8
0 ,6 8 4 0 ,4 9 9 — 0 ,1 9 8 —  0 ,0 9 8 — 0 ,0 2 6 6 0 ,4 4 2
0 ,7 2 0 0 ,4 5 5 - 0 ,2 4 6 - 0 ,1 1 6 — 0 ,0 3 1 6 0 ,2 1 0
0 ,7 5 6 0 ,4 1 2 —  0 ,2 9 1 —  0 ,1 3 3 —  0 ,0 3 5 6 0 ,6 9 3
0 ,7 9 2 0 ,3 7 2 - 0 ,3 3 3 —  0 ,1 4 7 - 0 ,0 3 8 6 1 ,7 1 5
0 ,8 2 8 0 ,3 3 5 —  0 ,3 7 0 —  0 ,1 6 0 - 0 ,0 4 2 6 3 ,0 8 7
0 ,8 6 4 0 ,3 0 1 —  0 ,4 0 4 —  0 ,1 7 0 —  0 ,0 4 4 6 4 ,6 2 9
0 ,9 0 0 0 ,2 6 9 - 0 ,4 3 3 —  0 ,1 7 7 —  0 ,0 4 6 6 6 ,1 8 0
0 ,9 3 6 0 ,2 4 0 - 0 ,4 5 9 — 0 ,1 8 3 —  0 ,0 4 7 6 7 ,6 0 2
1 .0 0 8 0 ,1 9 0 - 0 ,4 9 9 — 0 ,1 8 8 —  0 ,0 4 8 6 9 ,6 5 5
1 ,0 8 0 0 ,1 4 9 - 0 ,5 2 6 —  0 ,1 8 5 —  0 ,0 4 7 7 0 ,2 5 1
1 ,1 5 2 0 ,1 1 7 —  0 ,5 4 0 - 0 ,1 7 5 —  0 ,0 4 4 6 9 ,2 3 5
1 ,2 2 4 0 ,0 9 0 - 0 ,5 4 5 —  0 ,1 6 0 - 0 ,0 3 9 6 6 ,7 2 7
1 ,2 9 6 0 ,0 7 0 - 0 ,5 4 1 —  0 ,1 3 9 —  0 ,0 3 3 6 3 ,0 0 9
1 ,3 6 8 0 ,0 5 4 —  0 ,5 3 0 — 0 ,1 1 5 —  0 ,0 2 6 5 8 ,4 5 6
1 ,4 4 0 0 ,0 4 1 - 0 ,5 1 3 —  0 ,0 8 9 - 0 ,0 1 9 5 3 ,4 2 3
1 ,5 1 2 0 ,0 3 2 - 0 ,4 9 3 —  0 ,0 6 0 —  0 ,0 1 1 4 8 ,2 4 8
1 ,5 8 4 0 ,0 2 4 - 0 ,4 6 9 —  0 ,0 3 0 —  0 ,0 0 3 4 3 ,2 0 5
1 ,6 5 6 0 ,0 1 8 - 0 ,4 4 4 0 ,0 0 0 0 ,0 0 5 3 8 ,5 0 3
1 ,7 2 8 0 ,0 1 4 - 0 ,4 1 7 0 ,0 3 1 0 ,0 1 3 3 4 ,2 8 4
1 ,8 0 0 0 ,0 1 1 - 0 ,3 9 0 0 ,0 6 1 0 ,0 2 1 3 0 ,6 3 0
1 ,8 7 2 0 ,0 0 8 - 0 ,3 6 3 0 ,0 9 0 0 ,0 2 9 2 7 ,5 7 6
1 ,9 4 4 0 ,0 0 6 - 0 ,3 3 7 0 ,1 1 8 0 ,0 3 6 2 5 ,1 1 9
2 ,0 1 6 0 ,0 0 5 - 0 ,3 1 1 0 ,1 4 5 0 ,0 4 3 2 3 ,2 2 6
2 ,0 8 8 0 ,0 0 4 - 0 ,2 8 7 0 ,1 7 0 0 ,0 4 9 2 1 ,8 4 5
2 ,1 6 0 0 ,0 0 4 - 0 ,2 6 3 0 ,1 9 3 0 ,0 5 4 2 0 ,9 2 2

2 ,3 0 4 0 ,0 0 3 - 0 ,2 2 0 0 ,2 3 5 0 ,0 6 4 2 0 ,1 3 3
2 ,4 4 8 - 0 ,1 8 2 0 ,2 6 9 0 ,0 7 0 2 0 ,3 2 8
2 ,5 9 2 - 0 ,1 5 0 0 ,2 9 6 0 ,0 7 5 2 1 ,0 5 9
2 ,7 3 6 - 0 ,1 2 2 0 ,3 1 7 0 ,0 7 7 2 1 ,9 6 2
2 ,8 8 0 - 0 ,0 9 9 0 ,3 3 2 0 ,0 7 7 2 2 ,7 9 3
3 ,0 2 4 - 0 ,0 8 0 0 ,3 4 1 0 ,0 7 5 2 3 ,4 0 4
3 ,1 6 8 — 0 ,0 6 5 0 ,3 4 5 0 ,0 7 2 2 3 ,7 2 2
3 ,3 1 2 - 0 ,0 5 2 0 ,3 4 6 0 ,0 6 7 2 3 ,7 3 0
3 ,4 5 6 —  0 ,0 4 2 0 ,3 4 3 0 ,0 6 1 2 3 ,4 4 5
3 ,6 0 0 - 0 ,0 3 3 0 ,3 3 7 0 ,0 5 5 2 2 ,8 9 8
3 ,7 4 4 - 0 ,0 2 6 0 ,3 2 9 0 ,0 4 7 2 2 ,1 3 2
3 ,8 8 8 - 0 ,0 2 1 0 ,3 2 0 0 ,0 3 9 2 1 ,2 0 0
4 ,0 3 2 - 0 ,0 1 7 0 ,3 0 8 0 ,0 3 0 2 0 ,1 5 2
4 ,1 7 6 - 0 ,0 1 3 0 ,2 9 6 0 ,0 2 1 1 9 ,0 3 2
4 ,3 2 0 - 0 ,0 1 0 0 ,2 8 3 0 ,0 1 1 1 7 ,8 7 8

4 ,6 0 8 - 0 ,0 0 6 0 ,2 5 7 - 0 ,0 0 7 1 5 ,5 8 5
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T abelle  V (F ortsetzung)

X
f

D
2 p 3p 4p 5p

4 ,8 9 6 — 0 ,0 0 3 0 ,2 3 0 - 0 ,0 2 6 1 3 ,4 4 6
5 ,1 8 4 — 0 ,0 0 2 0 ,2 0 4 - 0 ,0 4 4 1 1 ,5 5 1
5 ,4 7 2 0 ,1 7 9 - 0 ,0 6 1 9 ,9 3 1
5 ,7 6 0 0 ,1 5 6 - 0 ,0 7 7 8 ,5 8 1
6 ,0 4 8 0 ,1 3 6 - 0 ,0 9 1 7 ,4 7 7

6 ,3 3 6 0 ,1 1 8 - 0 ,1 0 4 6 ,5 8 6
6 ,6 2 4 0 ,1 0 1 - 0 ,1 1 6 5 ,8 7 1
6 ,9 1 2 0 ,0 8 7 - 0 ,1 2 6 5 ,3 0 0
7 ,2 0 0 0 ,0 7 5 - 0 ,1 3 5 4 ,8 4 2
7 ,4 8 8 0 ,0 6 4 - 0 ,1 4 3 4 ,4 7 3
7 ,7 7 6 0 ,0 5 4 - 0 ,1 5 0 4 ,1 7 2
8 ,0 6 4 0 ,0 4 6 - 0 ,1 5 5 3 ,9 2 2
8 ,6 4 0 0 ,0 3 3 - 0 ,1 6 4 3 ,5 2 7
9 ,2 1 6 0 ,0 2 4 — 0 ,1 6 9 3 ,2 1 9
9 ,7 9 2 0 ,0 1 7 - 0 ,1 7 2 2 ,9 5 7

1 0 ,3 6 8 0 ,0 1 2 — 0 ,1 7 3 2 ,7 1 9
1 0 ,9 4 4 0 ,0 0 9 - 0 ,1 7 1 2 ,4 9 8
1 1 ,5 2 0 0 ,0 0 6 - 0 ,1 6 9 2 ,2 8 8
1 2 ,0 9 6 0 ,0 0 4 - 0 ,1 6 5 2 ,0 8 8
1 2 ,6 7 2 0 ,0 0 3 - 0 ,1 6 1 1 ,8 9 8
1 3 ,2 4 8 0 ,0 0 2 - 0 ,1 5 6 1 ,7 2 0
1 3 ,8 2 4 0 ,0 0 2 - 0 ,1 5 1 1 ,5 5 3
1 4 ,4 0 0 0 ,0 0 1 - 0 ,1 4 5 1 ,3 9 8
1 4 ,9 7 6 0 ,0 0 1 - 0 ,1 3 9 1 ,2 5 5

1 6 ,1 2 8 - 0 ,1 2 7 1 ,0 0 5
1 7 ,2 8 0 — 0 ,1 1 5 0 ,7 9 9
1 8 ,4 3 2 — 0 ,1 0 4 0 ,6 3 1
1 9 ,5 8 4 - 0 ,0 9 4 0 ,4 9 7
2 0 ,7 3 6 - 0 ,0 8 4 0 ,3 8 9
2 1 ,8 8 8 - 0 ,0 7 5 0 ,3 0 4
2 3 ,0 4 0 - 0 ,0 6 6 0 ,2 3 7
2 4 ,1 9 2 - 0 ,0 5 9 0 ,1 8 4
2 5 ,3 4 4 —  0 ,0 5 2 0 ,1 4 3
2 6 ,4 9 6 —  0 ,0 4 6 0 ,1 1 0
2 7 ,6 4 8 - 0 ,0 4 1 0 ,0 8 5
2 8 ,8 0 0 - 0 ,0 3 6 0 ,0 6 6
2 9 ,9 5 2 - 0 ,0 3 1 0 ,0 5 1
3 1 ,1 0 4 - 0 ,0 2 8 0 ,0 3 9
3 2 ,2 5 6 - 0 ,0 2 4 0 ,0 3 0
3 3 ,4 0 8 - 0 ,0 2 1 0 ,0 2 3
3 4 ,5 6 0 - 0 ,0 1 9 0 ,0 1 7

3 6 ,8 6 4 - 0 ,0 1 4 0 ,0 1 0 2
3 9 ,1 6 8 - 0 ,0 1 1 0 ,0 0 5 9
4 1 ,4 7 2 - 0 ,0 0 8 0 ,0 0 3 4
4 3 ,7 7 6 —  0 ,0 0 6 0 ,0 0 1 9
4 6 ,0 8 0 - 0 ,0 0 5 0 ,0 0 1 1
4 8 ,3 8 4 - 0 ,0 0 3 0 ,0 0 0 6
5 0 ,6 8 8 - 0 ,0 0 2 0 ,0 0 0 3
5 2 ,9 9 2 - 0 ,0 0 2 0 ,0 0 0 1
5 5 ,2 9 6 - 0 ,0 0 1 0 ,0 0 0 0 5
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Tabelle VI

Die radialen E ig en fu n k tio n en /d er  d-E lektronen des Те-Atom s und das P oten tia l V  
des Te-Atoras; / i n  atom aren E inheiten  von l / a 0, V  in  atom aren E inh eiten  von e/a0, 

X  in  dim ensionslosen L ängeneinheiten

X
f V

3d 4 d

0,000 0,000 0,000
0,006 0,000 0,000 4085,52
0,012 0,000 0,000 2029,88
0,018 0,000 0,000 1344,67
0,024 0,000 0,000 1002,06
0,030 0,000 0,000 796,516
0,036 0,001 0,000 659,503
0,042 0,001 0,000 561,654
0,048 0,002 0,001 488,284
0,054 0,002 0,001 431,237
0,060 0,003 0,001 385,617
0,066 0,004 0,001 348,307
0,072 0,005 0,002 317,232
0,078 0,006 0,002 290,952
0,084 0,007 0,003 268,441
0,090 0,008 0,003 248,945

0,108 0,014 0,005 203,525
0,126 0,020 0,007 171,173
0,144 0,028 0,010 146,990
0,162 0,037 0,013 128,251
0,180 0,048 0,017 113,322
0,198 0,059 0,021 101,162
0,216 0,072 0,026 91,078
0,234 0,086 0,030 82,590
0,252 0,100 0,035 75,353
0,270 0,115 0,041 69,116
0,288 0,131 0,046 63,692

0,324 0,163 0,057 54,732
0,360 0,197 0,069 47,655
0,396 0,231 0,080 41,942
0,432 0,264 0,091 37,247
0,468 0,296 0,101 33,331
0,504 0,327 0,111 30,023
0,540 0,356 0,119 27,198
0,576 0,383 0,127 24,763
0,612 0,408 0,134 22,646
0,648 0,430 0,139 20,794
0,688 0,450 0,143 19,161
0,720 0,467 0,147 17,715
0,756 0,482 0,149 16,426
0,792 0,495 0,150 15,273
0,828 0,505 0,149 14,235
0,864 0,513 0,148 13,299
0,900 0,519 0,146 12,452
0,936 0,524 0,143 11,681
1,008 0,526 0,134 10,3354
1,080 0,523 0,122 9,2044
1,152 0,514 0,108 8,2444
1,224 0,501 0,091 7,4223
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T abelle  V I (F o rtse tzu n g )

X
f V

3d 4 d

1,296 0,485 0,074 6,7130
1,368 0,466 0,054 6,0967
1,440 0,446 0,035 5,5579
1,512 0,424 0,014 5,0842
1,584 0,401 — 0,006 4,6655
1,656 0,378 - 0 ,0 2 7 4,2938
1,728 0,355 — 0,047 3,9624
1,800 0,332 - 0 ,0 6 6 3,6657
1,872 0,310 - 0 ,0 8 6 3,3991
1,944 0,289 —0,104 3,1587
2,016 0,268 —0,122 2,9413
2,088 0,249 —0,139 2,7441
2,160 0,230 —0,154 2,5647

2,304 0,196 — 0,183 2,2515
2,448 0,166 —0,209 1,9885
2,592 0,140 — 0,230 1,7658
2,736 0,117 —0,248 1,5757
2,880 0,098 —0,262 1,4124
3,024 0,081 — 0,274 1,2713
3,168 0,068 —0,282 1,1486
3,312 0,056 —  0,288 1,0413
3,456 0,046 —0,292 0,9471
3,600 0,038 —0,294 0,8640
3,744 0,031 —0,294 0,7904
3,888 0,026 —0,292 0,7250
4,032 0,021 —0,289 0,6666
4,176 0,017 —0,285 0,6143
4,320 0,014 —  0,281 0,5674

4,608 0,010 —  0,269 0,4870
4,896 0,006 - 0 ,2 5 5 0,4211
5,184 0,004 — 0,240 0,3666
5,472 0,003 —0,225 0,3211
5,760 0,002 - 0 ,2 1 0 0,2828
6,048 0,001 —0,194 0,2505
6,336 0,001 —0,180 0,2229
6,624 - 0 ,1 6 5 0,1992
6,912 —0,152 0,1788
7,200 — 0,139 0,1612
7,488 —0,128 0,1458
7,776 - 0 ,1 1 7 0,1324
8,064 — 0,107 0,1206
8,640 — 0,088 0,10097
9,216 — 0,073 0,08555
9,792 —0,061 0,07325

10,368 — 0,050 0,06332
10,944 - 0 ,0 4 1 0,05521
11,520 —0,034 0,04854
12,096 —0,028 0,04298
12,672 - 0 ,0 2 3 0,03832
13,248 - 0 ,0 1 9 0,03438
13,824 —0,015 0,03102
14,400 - 0 ,0 1 3 0,02814
14,976 —0,010 0,02565
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Tabelle V I (Fortsetzung)

X
/ V

3 d 4 d

16,128 —0,007 0,02158
17,280 - 0 ,0 0 5 0,01844
18,432 - 0 ,0 0 3 0,01594
19,584 —0,002 0,01393
20,736 -0 ,0 0 1 0,01229
21,888 -0 ,0 0 1 0,01091
23,040 - 0 ,0 0 1 0,00976
24,192 0,00877
25,344 0,00791
26,496 0,00717
27,648 0,00652
28,800 0,00595
29,952 0,00544
31,104 0,00499
32,256 0,00458

33.408 0,00421
34,560 0,00388

36,864 0,00331
39,168 0,00284
41,472 0,00244
43,776 0,00211
46,080 0,00182
48,384 0,00158
50,688 0,00138
52,992 0,00120
55,296 0,00105
57,600 0,00092

T abelle  VII

Die m it dem  universellen Poten tia l bestim m ten Energieterm e der E lektronen des Te-Atom s 
und die R öntgenterm w erte nach L a n d o l t  und B ö r n s t e in  ( E s werden die arithm etischen  
M ittelw erte der R öntgendublette angegeben). Als W ert des 5p-Terms steh t die erste 

Ionisationsenergie. (D ie Energiewerte sind in atomaren E inh eiten  von e2/a 0 angegeben)

ls 2 s 3s 4s 5s

Universelles P o te n t ia l................................... 1133,62 167,45 31,38 4,843 0,3816

Nach L a n d o l t — B ö r n s t e i n ...................... 1171,62 181,90 37,07 6,220

2p 3p 4 P 5p

Universelles P o te n t ia l................................... 158,27 27,32 3,434 0,1320

Nach L a n d o l t — B ö r n s t e i n ...................... 164,88 31,10 4,065 0,3290

3d 4 d

Universelles P o te n t ia l................................... 18,92 1,035

Nach L a n d o l t —B ö r n s t e i n ...................... 21,28 1,512
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THERMAL SHOCK INVESTIGATIONS 
ON GERMANIUM MONOCRYSTALS

By

Z. B o d ó , G. P á s z t o r , M. S. S z il á g y i  and A. Z a w a d o w s k i

RESEARCH INSTITUTE FOR TELECOMMUNICATION TECHNIQUE, BUDAPEST 

(R eceived 15. X II . 1961)

In the course of our experim ents we exam ined the tim e dependence o f  a 
therm oelectric transient process taking place under the in fluence of a pulselike  
heat liberation w ithin a heater put on a germ anium  m onocrystal. The m easur
ing adjustm ent can be seen in Fig. 1. The heater W is h eated  up within 100 
/isec by  the energy-stored condenser C. The h eat is transferred to  the germ anium  
crystal by m eans o f a mica p late of a th ickness of 5— 10 /л, coated  w ith an e v a 
porated gold layer. The evaporated gold layer sets up a con tact with the sur
face of the crystal. H aving put a contact also on the opposite (cold) side o f  the  
crystal we obtained the tim e dependence o f  the arising therm ovoltage. The 
m easurem ents were carried out on various sam ples. From th e four character
istics to  be seen in Fig. 2, the a)  and b)  ones show the m easuring results o f  
hom ogeneous n-, or /»-type crystals of the sam e geom etric dimensions (their  
thickness: 0.7 cm , their area: 0.25 cm2) while the characteristics c) and  
d)  show  the resultant therm ovoltages of com bined system s m ade out o f  slices 
of opposite typ es and of a thickness of 0.03 cm . These th in  sam ples were o f  the  
same com position as the former crystals (they were sliced from th em ). 
In the m om ents follow ing th e  discharge o f  th e  condenser th e  total heat-drop  
takes place close to the surface o f the crystal and later spreads over to the more 
distant parts o f it . C onsequently, if  the therm oelectric coefficien t reverses its  
sign because o f  the p — n junction near th e  surface, th e  therm ovoltage  
put down from the sample also changes its  sign in the course of tim e (see 
Fig. 3).

We tried to  explain the measured results by th e  following ca lcu 
lation.

It is known that the therm al con d u ctiv ity  of germ anium  used for th e  
production of rectifiers and transistors is d ecisively  determ ined by the therm al 
conductiv ity  o f the grating (the thermal con d u ctiv ity  of th e  electrons and the  
holes can be neglected) and according to th e  m easurem ents we obtain a va lue  
o f к =  0.14 cal/cm secK °.

Considering the density  o f germanium near room -tem perature (p =  5.32  
g/cm 3) and its specific heat (C =  0.074 cal/gK °) [1] the con stan t in the diffe-
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rential equation of heat propagation hold ing for the tem perature  
germ anium

d T
d t

x
oC

- A T  =  0

T  w ith in

( 1 )

Fig. 1

is known:

a2 — — —  =  0'356 cm ! sec-1 . (2)
qC

So in the case o f one-dim ensional problems (of the same tem perature at a plane 
o f X =  const.) the tem perature is given b y  the solutions T(x, t) of the p artia l
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differential equation
9 T  ,  a2 T
----- =  a2--------- ,

9t Эх2
(3)

I f  germ anium  occupies the h a lf space o f x  >  0, T(0, t) =  f( t)  is a given lim it  
and as is know n, the solution is given by the integral

satisfying the in itia l condition T(x, 0) =  0. This value of T(x, t) means the te m 
perature difference referring to  the tem perature of the p lane x =  «>.

Let us take a hom ogeneous germ anium  m onocrystal, the differential 
therm ovoltage o f which (a) should be m uch higher than th a t of the m etals. 
Let us place the crystal so th a t one of its  faces falls in th e  plane x =  0 , its  
opposite face in the plane x — *>=. (which can be regarded as an infinite one) 
and according to these planes let us put m etallic contacts on the germanium  
crystal.

The therm ovoltage betw een these tw o  m etallic contacts is given by

q>(t) =  $ a d T ~ a f { t )  (5)

in such cases, when the therm ovoltage of th e  m etals is neglected  and when the  
rise of tem perature is not su ffic ien tly  high for the tem perature dependence o f a 
to  be taken in to  consideration. Equation (5) indicates th a t b y  means o f the  
m easurem ents o f  <f (t) and a the values o f  f( t)  can be determ ined and by th e  
help of equation (4) T(x , t) can be calculated.
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C onsequently, the curves obtained from  the hom ogeneous samples can be 
regarded as sim ple therm ocouple tem perature-tim e dependence m easurem ents, 
in which germ anium  forms one branch o f th e  therm ocouple.

The calculation  was considerably sim plified  by the fa ct that the m easured  
functions f( t)  could be approxim ated from  the instant t —- 0 on a very large  
section by th e  following analytic  function:

f ( t ) = A ( e - » - e - ^ ,  (6)

where A, ?. and fi are approxim ately chosen constants. Thus from equation (4) 
we get

T(x, t)  =  Ae * * t \ u \ Y J i  +  i 4a2 t -  U У fu +  i
1 X2
4a21

where

U (s +  £r) =
re - i 2

(s — £)2 +  r2
d i .

( ? )

( 8 )

is a tabular [2] function.
K now ing T(x, t) e.g. in  case of a /»-type sample o f  a thickness d  (and o f  a 

therm ovoltage ap, put on a sam ple o f n -typ e and of a d iff. therm ovoltage an) 
the function obtained by m easurem ent can be calculated:

<p(t) =  § a d T  =  an T ( d , t )  +  ap [T( 0, t) -  T(d,  t ) ] , (9)

The curves calculated by equation (9) show ed a qualitative agreem ent w ith  
the m easured results. The measured and calculated curves were o f sim ilar  
shapes, but a quantitative agreem ent could not be a tta in ed . One reason for 
th is is certa in ly  that the h eat transfer betw een  the tw o germanium pieces was 
neglected in  the calculation (the heat transfer coefficients were considered as 
in fin ite), b u t th is cannot be the sole reason for the discrepancy.

According to the above, the curve m easured on th e  single sample can be 
regarded as a m easurem ent in tim e o f the tem perature drop on the germ anium  
sam ple. In th e  case of m easurem ents effectuated on p-,  and n-type m aterials 

<pn(t) a .
should be =  —  =  const.

4>P{t) ap
A ccording to our m easured results th is  is not th e  case. Further ex a m i

nations show ed that the form  o f the curves q (t) depends, also in the case o f  the  
same m aterial, considerably on the state o f  the surface. The surface is h igh ly  
reactive to  various chem ical effects (corrosion, boiling in  carbon tetrachloride, 
or in w ater, e tc .) and even physical (rubbing w ith soft leather) ones. It changes  
also after fresh attacking, staying in the air for a certain tim e. The ex ten t of
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th e  observed changes ranges from  about 20 to  30% and it  is im probable th a t  
it  could be explained sim ply b y  the incidental change o f  the heat transfer  
betw een gold and germ anium . It is possible th a t the surface returns to  the  
state o f therm ic equilibrium  on ly  after a m uch longer tim e th an  does the in te 
rior o f  the m aterial. In any case it seems to be worthwhile to  continue th e  e x 
perim ents, because this seem s to  be a new m ethod for the exam ination  o f  sur
faces.
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Lehrbuch der Kernphysik, Band II, Physik der Atomkerne
H erausgegeben von Prof. Dr. G. H ertz , m it B eiträgen von K. F . A l e x a n d e r , D . 

G i e s s l e r , K. L a n i u s , A. L ösche , D . L y o n s , G. R i c h t e r , J. Sc h i n t l m e i s t e r , C. F. W e i s s ,
S. W ohlrab  und W. L o h m a n n . B. G. Teubner V erlagsgesellschaft, L eipzig, 1960. 915 Seiten  
m it 328 Abbildungen.

Der zweite Band des Lehrbuchs der Kernphysik en th ä lt die eigentliche K ernphysik, d. h. 
den S toff, den die Verfasser dem Ziel des Lehrbuches entsprechend für die Ausbildung des 
K ernphysikers von W ichtigkeit gehalten  haben. Es war eine schwierige A ufgabe, aus der un ge
heuren Fülle der T atsachen diejenigen auszuwählen, w elche als gesicherte Grundlagen bzw . 
G esetzm ässigkeiten dem  selbständig arbeitenden K ernphysiker bekannt sein müssen. D ie 
richtige Auswahl ist den Verfassern gut gelungen, das behandelte M aterial ist einerseits gross 
und erschöpfend, sodass es als genügende Grundlage für die weitere E ntw icklung gelten kann, 
anderseits enthält der Band keine B etrachtungen über unwesentliche E inzelheiten .

Das Buch gliedert sich in vier K apitel: A )  E igenschaften  der stab ilen  Kerne, B )  K ern
um w andlungen, C ) Theorie der A tom kerne, D )  Neutronenphysik; der A nhang enthält zw ei 
ausführliche K erntafeln.

A) Eigenschaften der stabilen K erne

In diesem K apitel werden zunächst die K ernbausteine, der A ufbau und die System atik  
der Atom kerne, der M assendefekt und die B indungsenergie und schliesslich  der K ernspin  
und die K ernm om ente behandelt. Es wird hauptsächlich das T atsachenm aterial dargestellt, 
ohne dass schon eine genauere K enntnis der erst später behandelten Theorie vorausgesetzt wäre.

B) Kernum wandlungen

Dieses K apitel bildet den H aup tteil des Buches. In  den ersten zw ei A bschnitten werden  
der radioaktive Zerfall und die spontanen K ernum wandlungen behandelt. A ls Einleitung d ien t 
eine historische D arstellung, der E ntw icklung der K ernphysik aus der Lehre vom  radioaktiven  
Zerfall entsprechend. Der exponentielle Zerfall, die allgem eine Zerfallstheorie, die natürlichen  
Zerfallsreihen, die E igenschaften des R adium s, die spontane Spaltung und die Em ission v o n  
A lphateilchen bilden die w ichtigsten Punkte dieses A bschnittes.

Die folgenden A bschnitte über K ernreaktionen und K ernspaltung bringen eine Zusam 
m enfassende D arstellung des ausserordentlich grossen B eobachtungsm aterials auf dem G ebiete  
der K ernreaktionen bei niederen E nergien, d. h. bei solchen Energien, bei denen noch keine  
neuen schweren T eilchen wie Mesonen usw . entstehen.

Die experim entellen  Anordnungen zur B eobachtung von K ernreaktionen, die Ä q u i
valenz von Masse und Energie, der Zwischenkern, der W irkungsquerschnitt und seine E nergie
abhängigkeit, die y-induzierten R eaktionen, die K ernreaktionen mit N eutronen, m it Protonen, 
m it a-Teilchen, m it Deuteronen, m it »schweren Ion en «, m it Elektronen und m it N eutrinos 
sow ie die therm onuklearen R eaktionen werden ebenso ausführlich behandelt wie die T atsachen  
und die Energetik der K ernspaltung, die Asym m etrie, das Tröpfchenm odell und die D ynam ik  
der Spaltung, die R ad ioaktiv ität der Spaltprodukte, die Spaltneutronen und die verzögerten  
N eutronen.

Da eine D arstellung dieses ungeheuer v ielfä ltigen  Gebietes ohne Eingehen auf die 
T heorie der K ernreaktionen nicht m öglich ist, werden in den nächsten A b schn itten  die w esent-
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liebsten  E rgebnisse dieser Theorie in  m öglichst einfacher und physikalisch  verständlicher Weise 
abgeleitet. E s werden der Compoundkern nach dem  Ferm igas-M odell, die allgem einen Eigen
schaften  des W irkungsquerschnitts und das E inteilchenm odell ausführlich behandelt.

In einem  Schlussabschnitt über K ernprozesse bei extrem  hohen Energien w urde der 
N achdruck auf die D arstellung der experim entellen  Ergebnisse gelegt, da die theoretischen  
E ntw ick lungen  auf diesem  G ebiete noch stark im  Flusse sind.

C) Theorie der A tom kerne

In diesem  K apitel wird eine einführende Darstellung der K erntheorie gegeben . Das 
M aterial is t  in drei A bschnitte eingeteilt: Theorie der leichtesten  K erne, Theorie der leichten  
bis schweren Kerne und Theorie des B eta-Z erfalls. Im  um fangreichsten m ittleren A bschnitt 
fin d en  wir wieder zwei T eile , und zwar: Teil 1. Kernkräfte  m it Abhandlungen über L adungs
unabhängigkeit der K ernkräfte, Sättigung und A ustauschcharakter der K ernkräfte, Kern
kräfte und M esonentheorie, sowie Typen von  P oten tia len  und T eil 2. Kernm odelle , m it den 
folgenden A bschnitten: 1. Schalenm odell, 2. K ollektives M odell, 3. Compoundkern-Modell, 
4. O ptisches Modell und 5. Bem erkungen über d ie Grundlagen der Kernm odelle.

A us dem  Gebiete der Kernm odelle wird die durch den E rfolg des Schalenm odells ausge
löste  neuere E ntw icklung zum  kollektiven und optischen M odell in  ihren H auptzügen darge
ste llt, obw ohl hier m anche D inge noch im F lusse sind. Die V erw endung der Q uantenm echanik  
wurde m öglichst eingeschränkt, gewisse V orkenntnisse auf diesem  Gebiete sind aber zum  Ver
ständnis unerlässlich.

D ) N eutronenphysik

D as K ap itel enthält a n sta tt einer vo llständ igen  B ehandlung dieses um fangreichen Ge
b ietes nur einzelne, ausführliche D arstellungen charakteristischer und wichtiger T eilgebiete, 
wie E igenschaften  des freien N eutrons, E rzeugung freier N eutronen, experim entelle M ethoden  
der N eutronenspektroskopie und Bewegung v o n  Neutronen in kom pakter M aterie. B ei der 
B eschreibung der experim entellen M ethoden w erden hauptsächlich diejenigen hervorgehoben, 
w elche sich von  den im  ersten Band behandelten  Verfahren besonders charakteristisch unter
scheiden.

Am  Schluss des B andes befinden sich zw ei ausführliche und n ich t nur für den Lernenden, 
sondern auch für den auf kernphysikalischem  G ebiet schon selbständig arbeitenden Leser 
sehr nützliche K erntabellen , welche die w ich tigsten  Daten für die Anfang 1959 bekannten, 
etw a 1500 K erne enthalten . Aus der beigegebenen farbigen K erntafel kann man einfach die 
A rt der U m w andlung, das A uftreten  von m etastab ilen  Zuständen, ev t. auftretendem  doppeltem  
/^-Zerfall usw . entnehm en.

Das sehr schöne, m it v ielen  guten Abbildungen und T abellen  ausgestattete Buch, 
w elches als Lehrbuch an den U niversitäten  und H ochschulen der D eutschen Dem okratischen  
R epublik eingeführt wurde, kann allen an K ernphysik  interessierten  Fachleuten em pfohlen  
werden.

Dr. L. Bozóky

P. T. L a n d s b e r g , Thermodynamics with Quantum Statistical Illustrations.
X  -f- 500 pages, Interscience Publishers, N ew  York —L ondon, 1961; V olum e 2 of  

M onographs in  Statistical P hysics and T herm odynam ics, ed ited  b y  I. Prigogine.

Of the fiv e  main chapters o f the book, th e  first three deal w ith  the general theory o f the 
fundam ental laws of classical therm odynam ics. T he basic idea o f  the author’s particular treat
m ent o f the subject m ay be characterized by th e  statem ent that it  is the la test developm ent of 
the axiom atic  approach inaugurated by C. Ca r a t h é o d o r y . It is n o t only the first system atic, 
genetic exposition  o f the law s and statem ents o f  classical heat theory , built up on str ic tly  axio
m atic grounds, but also presents m any new criticism s and generalizations. In this respect, the 
book fills  a w ide gap in the literature on therm odynam ical principles.

The strict axiom atic treatm ent involves an abstract sty le w h ich  could be partly  m odified  
only by inserting num erous carefully chosen exam ples. Thus the book w ill be of in terest only to 
the reader already well acquainted w ith general therm odynam ics.

Chapter I begins w ith  an exposition  on th e  nature and scope o f therm odynam ics, and 
proceeds im m ediately  to the ex a ct definition o f  partitions and enclosures, both ad iab atic  and 
diatherm ic. I t  is to be welcom ed th at the author does not avoid b u t points out exp lic itly  all the 
conceptual d ifficu lties, an a ttitude characteristic o f  the whole work. The derivation  o f the
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concept o f em pirical tem perature, by use of the zeroth law follows. In  the remainder o f  the  
chapter, the first law is expounded, together w ith  a thorough topological investigation  o f  equi
librium  states in  the phase space. The use of top o lo g y  is an essential and novel feature o f  the  
treatm ent throughout the hook.

Chapter II begins w ith the classification o f  representative sets o f  points in th e  phase  
space. The axiom atic foundation o f the second law  corresponds in all relevant respects to  the  
treatm ent o f Ca r a t h é o d o r y . It m ay be noted  th a t the author discards the concept o f  
reversibility and m akes use of the term  quasi-static  process for any continuous sequence of 
equilibrium  states. He calls a tten tion  to the fact th a t neither this concept nor that o f reversi
b ility  are used w ithout am biguity in current therm odynam ical literature.

Chapter III is devoted to the axiom atics o f  the third law, and in m any respects introduces  
new results. A n axiom atic treatm ent o f this law , on the lines inaugurated by Ca r a t h é o d o r y , 
was long due, since its  various form ulations are o f  a later date than  Ca r a t h é o d o r y ’s work. 
L a n d s b e r g  points out th a t one has to go beyond the theorem  on P fa ffian s as established by  
Ca r a t h é o d o r y , and by m aking explic it reference to  the boundaries o f  the domain of d efin ition  
o f the P faffian  equations for quasi-static  adiabatic changes, he gives th e  necessary conceptual 
and m athem atical extension. It is shown that the assertion o f the tendency o f entropy approach
ing a fin ite  value at T  —» 0, and the principle o f u n atta in ab ility  o f the absolute zero of tem pera
ture, are not equivalent statem ents (the former one going further) and are not deducible from  
one another. This result m ay be reassuring to those who think the princip le of un atta in ab ility  
comes w ithin the scope of the second law. The la st  paragraph of the chapter gives a thorough  
discussion of the problem atics o f any axiom atic approach, and dispels th e  common b e lie f that  
therm odynam ics is a discipline particularly su ited  to this sort o f treatm ent, and presents a 
possible system  of therm odynam ic axiom s, w ith ou t pretending to have  reached this goal de
fin itively .

Chapter IV deals w ith  basic applications and extensions, such as th e  empirical determ in
ation o f entropy and absolute tem perature scales, the extension o f therm odynam ics to  open  
and non-equilibrium  system s (sim ple and com pound system s), application to chemical therm o
dynam ics, additional therm odynam ic functions and their properties, the classical ideal and 
quantum  gas. These topics, more fam iliar to  those who are acquain ted  w ith “ ordinary7 
therm odynam ics, are indispensable for a better understanding of the basic principles discussed  
in the previous chapters. The treatm ent leads to the threshold of irreversible therm odynam ics, 
hut w ithout entering it. The paragraph on therm odynam ic cycles is a careful and thou ght-  
raising stu dy  o f the correlations betw een the various formulations of the second law.

Chapter V is a survey of som e com binations o f therm odynam ics and statistical m ech a
nics, treating basic problem s such as the sta tistica l m echanics o f the ideal gas, b lack-body  
radiation and param agnetics. The m ethods of sta tistica l mechanics and the statistical concept 
of entropy are discussed on a broad basis, including their applications to  general inform ation  
theory (non-therm odynam ic entropy). Paragraph 34 o f this chapter is perhaps the m ost en lig h t
ening one logically. It compares the fundam ental principles of therm odynam ics w ith those of  
statistical m echanics and clarifies the relations o f interdependence and overlapping am ong  
them . E veryone who is interested in the basic principles underlying therm odynam ics and 
statistical physics should acquaint him self w ith  these parts of the book.

A better understanding o f the te x t is furthered throughout by m any original and in 
structive “ problem s” and by appendices which go deeper into some details . The first appendix  
gives a valuable com m ent on the m ode o f treatm ent adopted.

On the whole, it  m ay be safely stated th a t L a n d s b e r g ’s book is an original and, in  view  
of its crystal-clear logic, an alm ost unique contribution to therm odynam ical literature. The  
attractive lay -ou t gives credit to Interscience Publishers. As a w elcom e innovation , the book  
has for its frontispiece the portraits o f the pioneers in  the field o f therm odynam ics, from  
R o bert  B o y l e  to Co n sta n tin  Ca r a t h é o d o r y .

G. S ch ay

J. F. Nye: Propriétés physiques des cristaux
Leurs representation par des tenseurs et des m atrices  

traduit de l ’anglais par D. B lanc et T. P ujbe. — Dunod, P aris, 362 pages 
1 6 X 2 5 , 87 F igures. 1962.

Solid sta te  physics has during the last few  years reached the stage , where the need for, 
and the possib ility  o f obtaining detailed inform ation on m onocrystalline sam ples is continually  
increasing. R esults from the free electron m odel having been duly derived and compared w ith  
experim ents, it  has been established that this theory  is only capable o f interpreting scalar
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characteristics o f  crystals. It had been tacitly  assum ed that the m icrocrystalline texture o f  the  
solid gives rise to  isotropy , which w ould enable any solid  property to be described by m eans o f  
tensors o f zero rank, i.e. scalars. T his expectation  having naturally fa iled , the free electron  
m odel has had to be discarded, and on the same lev e l o f approxim ation the lattice poten tia l has  
had to be ex p lic it ly  taken into consideration.

Crystal properties now appear in  tensorial form , crystal sym m etry  establishing relations 
betw een the tensor com ponents. Solid state p h ysic ists , and particularly experim entalists, are 
confronted w ith  a new  formalism , w hich has been lit t le  used in the p ast. This forms the subject  
m atter o f the book by J . F. N y e  (original English ed ition  in 1957). This book is very helpful 
and instructive. Starting from fundam ental assum ptions it introduces tensors and m atrices, 
and makes the distinction  betw een  them  quite clear. The various physical properties are 
clearly defined in  th is context, and the subsequent calculations are alw ays helped by physical 
reasoning, not being  merely som e convenient applications of a m athem atical theorem  chosen  
from  the realm  o f  physics. The la y o u t o f the book , together w ith th e  numerous w ell chosen  
exam ples, the sum m aries at the end o f chapters, and the very clear ty p e  and printing m akes 
enjoyable reading and enables the reader entirely fam iliarise him self w ith  the subject. I t  is fe lt, 
how ever, th at it  is unfortunate th a t a few topics are neglected. T he transport properties o f  
conducting crysta ls , although o f universal interest, are som ewhat superficially treated. N one  
o f  the m agnetic effects, even the m ost com m on, the H all effect and m agneto-resistivity, are 
m entioned. In th is  setting the real significance o f  th e  Onsager princip le is lost. N evertheless  
the book contains m uch other usefu l inform ation, is easy  to read, and can be h igh ly recom 
m ended.

E . N a gy

R. H. D i c k e — J .  P. W i t t k e : Introduction to Quantum Mechanics
A ddison—W esley P ublish ing Company, In c. Reading, M assachusetts, USA. (10 — 15. 

C hitty St. L ondon W . 1) 369 pages, 1960.

The purpose o f the book is to  introduce the reader into the ph ysica l concepts and m ath e
m atical form alism s of non-relativ istic  quantum  m echanics, by g iv in g  illustrative exam ples  
o f  both  theory and m ethods. I t  is assum ed that the reader is fam iliar w ith atom ic structure, 
classical m echanics, electrom agnetism , integral and differential calculus and differential equa
tions at the undergraduate leve l.

The book is intended to serve as a tex tb ook  at the graduate lev e l but is also su itab le  
for advanced undergraduates. T he m ost particular part o f the book  is its last chapter, dea
ling w ith qu antu m  statistical m echanics, where the techniques th a t p lay an im portant role 
in  m odern ph ysics are developed. The first section , containing three chapters, poin ts out 
th e  inab ility  o f  classical concepts to explain m any  atom ic-scale phenom ena and suggests  
how to alter the basic ideas o f classical m echanics to  explain experim ental observations.

In Chapter 1 the review  o f  several phenom ena, e.g. black bod y radiation, photoelectric  
effect, atom ic lin e  spectra, is g iven .

Chapter 2 introduces the concept o f wave fun ction . Several exam ples illustrating the u n 
certain ty  princip le are discussed.

In Chapter 3 the quantum  m echanical law  o f  m otion, the tim e-dependent Schrödinger 
equation, is ou tlined  and its sim plest applications corresponding to th e  m otion of a particle in  
one dim ension are given. This chapter also introduces the concept o f probability den sity  
current.

Chapter 4 begins w ith a brief discussion o f  th e  properties o f  Fourier integrals and the  
Dirac delta fun ction . E xpectation  values o f physical quantities are th en  calculated.

In Section  2 quantum  theory  is further developed  in six chapters by close analogy w ith  
the general form ulations of classical m echanics. Som e elem ents o f classical formalisms: L ag
range’s equations, Poisson brackets etc. can be found in Chapter 5.

In Chapter 6 quantum  m echanics is estab lished  on a formal postulatory basis. The role 
o f the operator algebra in quantum  formalisms is investigated .

Chapter 7 is devoted to the problem  o f m easurem ent. An explanatory  exam ple o f photon  
polarization  is investiga ted  in detail.

Chapter 8 shows that for classical system s quantum  m echanics leads to the sam e pre
dictions as c lassica l m echanics.

Chapter 9 treats o f angular m om entum  operators. The addition  of two angular 
m om enta is also considered here.
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The Schrödinger equation w ith  spherically sym m etric potential is treated in Chapter 10. 
The radial equation is solved for the case o f  th e  hydrogen atom  and the three dim ensional 
harm onic oscillator.

The third Section represents a considerable broadening of the m aterial and of the scope  
o f the problem s that can be handled.

In Chapter 11 the m atrix representation o f  w ave  functions and operators is introduced. 
This chapter also deals with the Schrödinger, H eisenberg and in teraction  representations.

In Chapter 12 the m atrix formalism  for angular m om entum  operators is first developed; 
system s w ith one-half spin are further discussed. The problem of param agnetic resonance is 
treated in detail. Som e elem ents o f the theory o f  H ilbert space and transform ations betw een  
tw o representations are considered in Chapter 13.

In Chapter 14 the m ost im portant approxim ation m ethods such as perturbation theories, 
variational m ethod, W K B m ethod are introduced and  applied to various problems.

In Chapter 15 the interaction o f a charged particle  and a strong electrom agnetic field  is 
discussed. T reatm ent o f the Zeeman effect and the resonant transitions betw een atom ic energy  
levels are also included in this chapter

Chapter 16 is devoted to the problem  o f scattering . After introducing some im portant  
concepts the Born approxim ation and the m ethod o f  partial waves are treated.

Chapter 17 discusses the effects o f sta tis t ic s  on the behaviour o f particle system s. 
E xam ples o f the helium  atom  and hydrogen m olecule are considered.

The last chapter (Chapter 18) contains som e elem ents o f quantum  statistica l m echanics. 
The density m atrix formalism is introduced for the description of m ixed states. The equation  
o f m otion of the density  m atrix is derived. M oreover ordered and disordered ensem bles, entropy, 
various stationary ensem bles, Bose — E instein and F erm i — Dirac statistics are briefly discussed.

P. SzÉPFALUSY

V. H e i n e : Group Theory in Quantum Mechanics
An Introduction to its  P resent Usage.

Pergam on Press, L ondon—Oxford — N ew  York — Paris, 1960.

The value o f the application of group theory in quantum m echanics was recognized  
early. Soon after the foundation of quantum  m echanics several papers and three books (E . P. 
W i g n e r , 1931; H. W e y l , 1931; B. L. Van  d e r  W a e r d e n , 1932) dealt w ith  this subject. In the  
follow ing decades the field of application steadily  w idened  and was ex ten ded  to the theory  o f  
polyatom ic m olecules and solid bodies, nuclear p h y sics and quantum  fie ld  theory. As there  
has been a trem endous am ount of review  literature dealing with this su bject, it is all the m ore 
surprising that not a single book has appeared u n til v ery  recently, which has attem pted to  sum  
up this field , even in  its main outlines. In his book W . H e i n e  introduces the present usage o f  
group theory in quantum  m echanics. As stated in  th e  preface, the book has been w ritten for 
research students in  physics and chem istry, at a lev e l now offered at m any  universities. This 
entailed  a serious restriction on the selection of the su bject matter. The reader is assum ed to  
have com pleted only a preliminary basic course in  quantum  mechanics (e .g . L. S c h i f f : Q uan
tum  M echanics) a specialized knowledge of particu lar branches of ph ysics is not assum ed. 
Therefore, where possible, the simpler applications o f  basic principles are dem onstrated. For 
the sake of logical sequence the necessary m atrix algebra etc. is given in  a separate appendix. 
W ithin its necessary lim itations, the treatm ent is sim p le , concise and clear. A t the end o f m ost  
sections there is a brief summary and references are g iv en  to enable the reader to obtain a more 
detailed  knowledge o f the subject. A series o f problem s to be solved by th e  reader is appended  
to each section. These problems are extrem ely varied , som e being sim ple drill in the m ethods 
described in the section , while others are extensions o f  the subject m atter  to problems w hich  
have had to be om itted  in the te x t owing to the lim ited  size of the volum e. The exam ples are 
very useful in prom oting a thorough understanding o f  the material.

In Chapter I the essential m athem atical concep ts and expressions o f  sym m etry opera
tions and sym m etry transform ations of the H am ilton ian  in general are g iven , the defin ition  
of the group is form ulated , group representations are introduced and the grounds for the app li
cation  of group theory to quantum  m echanics are established.

Chapter II illustrates the applications of group theory to the quantum  theory o f the  
free atom . First the irreducible representations o f th e  fu ll rotation group and their properties 
as w ell as the relationship between infinitesim al rota tion  operators and angular m om entum  are 
shown, then the reduction of the product representtation  X d J' is stud ied . This is follow ed
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b y  the transform ation properties o f  the spin, the sp in  functions and th e  Pauli principle. U n 
fortu nately , a m ore detailed description o f the representations of the sym m etric group (Y ou ng  
sym m etrizer) is m issing. A t the end o f  this chapter th e  calculations o f  m atrix elem ents and  
selection  rules are developed.

Chapter III  is devoted to th e  irreducible representations o f  fin ite  groups. H ere th e  
concept o f character is introduced and the projection  operators, w ith  which the fun ction s  
belonging to  a g iven  row of a given irreducible representation  can be identified , are given . T he  
irreducible representations o f product groups and th e  derivation and representations o f cry sta l  
poin t groups are described. F in ally , the relationship betw een group theory and the D irac  
m ethod is show n.

In Chapter IV  group theory is applied to the disturbance o f param agnetic ions in  cry sta l
line fields, the tim e reversal transform ations and K ram er’s theorem; a general formula for the  
calculation o f W igner coefficients is given . In the la st  section hyperfine structure is d iscussed .

In Chapter У  group theory is applied to the quantum  theory o f  m olecules. First the e lec 
tron w ave fun ction  is considered w ith  regard to the m ost frequently used  (Valence Bond, M ole
cular Orbital, H ybrid  Orbital) approaches. This section  lacks detailed  coverage. The c la ss if i
cation  o f the electronic states o f th e  m olecule is possib le, w hatever th e  approach, on ly  b y  
m eans o f group theory. The rem ainder o f this chapter deals w ith m olecular vibrations.

Chapter V I is devoted to  solid state physics. The irreducible representations o f  space  
groups, the boundaries o f the sym m etry o f crystals and finally  the so-called tensor properties  
o f  crystals are considered.

In Chapter VII on nuclear physics, isotopic sp in formalism  is introduced and it is sh ow n  
how  to build up the correct antisym m etric nuclear w ave function. T his Chapter also deals 
w ith  nuclear forces, the shell m odel and the deuteron. N ew  concepts such as “ intrinsic p a r ity ” 
and “ strangeness” are touched on. The application o f  group theory to  nuclear reactions is 
investigated . The fundam ental (conservation) theorem  is also treated  here.

Chapter V III is devoted to  relativistic  quantum  m echanics. The irreducible rep re
sentations of the proper and the com plete Lorentz group are described, w h ich  leads to the D irac  
equation. In th is  connection charge conjugation and the transform ation properties o f p h ysica l 
quantities in  general are treated . T he n ext section deals w ith beta decay. Finally, the recen tly  
discovered p a r ity  non-conservation and the sym m etries o f positronium  are dealt w ith.

The e igh t chapters are com pleted by an A p pend ix  of considerable exten t. This includes  
the required m atrix  algebra and theoretical group theorem s w ith proofs, the tables o f W igner  
coefficients, th e  character tables o f  usual crystal po in t groups, etc.

The L agrangian form alism  and the transform ation properties o f  fields are not inc lu ded , 
apparently because these are beyond the scope o f  th e  hook.

In conclusion it  m ay be stated  that the book  is very useful prim arily for researchers 
interested in  atom ic, m olecular and solid state ph ysics. The applications of group th eo ry  to  
quantum  m echanics are described in detail. For th ose  who w ish to  stu dy  special problem s  
more thorough ly  a list o f  General References and a bibliography are included at th e  end  
o f  the book.

E . K a p u y

P rin ted  in  H ungary
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SOME REMARKS ON THE ENERGY  
BAND STRUCTURE OF PROTEIN

By

J. Ladik
CENTRAL RESEARCH INSTITUTE FOR CHEMISTRY OF THE HUNGARIAN 

ACADEMY OF SCIENCES, BUDAPEST

(Presented by G. S ch a y .— Received 2. II. 1962)

The energy bands o f protein were calculated by using the chem ical m odel o f E v a n s  
and Ge r g e l y  devised to  dem onstrate the w ay in which the infin ite МО-s are originated. 
The calculation based on th e  simple LCAO MO theory was perform ed by the m ethod developed  
by K o u t e c z k y  and Za h r a d n ik  [7]. In the first approxim ation the 2p, orbitals o f  the С, О 
and N  atom s of the peptide (H —N —C = 0 )  group were used , while in a second four-centre 
approxim ation also the em p ty  2p . orbital o f the H atom  was taken  into consideration. A variation  
o f the values o f the integrals aH , H and /3q h has shown the results to change only to a 
slight ex ten t w ith the va lues of these param eters.

T he first three-centre approxim ation resulted in 5,11 e v  for the w idth  o f the forbidden  
band betw een the highest filled  and the low est unfilled band, while in the four-centre appro
xim ation th is value was on ly  3.95 ev. These findings and the fact th at the band w idths ob
tained were larger than those given by E v a n s  and G e r g e l y  suggest the electronic conductiv ity  
o f  protein, found experim entally , to arise from  the m obility o f the я electrons on the infinite  
МО-s of the model considered.

The results o f the more realistic four-centre approxim ation also show in comparison  
w ith a free m onopeptide group a significant increase in electron affin ity and a considerable  
stab ilization  energy ( ' 32 kcal/m ole peptide groups) in th e  protein m olecule.

The first theoretical calculation for the energy bands of protein was 
performed in 1949 by Evans and Gergely [1]. These authors used for their 
calculations the m odel shown in F ig. 1, according to  which the л  electrons 
of the peptide groups o f the protein chains are interacting through the H 
bonds (indicated by dotted  lines) and so infinite m olecular orbitals, perpendi
cular to the direction of the protein chains are form ed. These МО-s can go 
through different protein chains or through the different parts o f the same 
folded chain.

R R R
1

• • • H - N1 c = o • •1 • H - NI R1 R1
C = 0  •1

1
• H = N1 C = 0  •1 • H - N1 c =  o •

1
R

1
R

1
R C = 0  •1 • H - N1

Fig. 1

1
R

1
R

Evans and Gergely have assumed a delocalization of the л  electrons 
in the protein molecule so as to interpret several experimental findings which
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suggest a possible energy transfer to  take place in th is m olecule w ith  the aid 
o f electron wandering. R ecently  Eley and his coworkers [2], [3], [4] have  
sta ted  different typ es of proteins to  be sem iconductors w ith a forbidden band 
w idth  o f 2.6 —3.1 ev. This sem iconductiv ity  is interpreted by Eley and 
Spivey [4] for various reasons as electronic and not protonic, while Taylor [5] 
does not exclude the possibility o f protonic con d u ctiv ity  in proteins. For their 
calculations, Evans and Gergely used the sim ple LCAO MO m ethod, taking
the peptide О group as the elem entary cell in the “ one-dim ensionalC

solid” o f the m odel. Assum ing the N  atom  to be in a trigonal sp2 hybrid sta te  
and taking only the € , О and N  atom s o f the peptide groups as centres, th ey  
obtained the band structure show n in Table I.

Table I
The energy bands of protein in ev relative to the lowest filled level

Band 1 ................  0 —0,13 Doubly filled
Band 2 ................  3,17 — 3,43 Doubly filled
Band 3 ................  6 ,48—6,60 | Unfilled

It is seen from the above Table that according to this calculation the  
forbidden band w idth  is 3.05 ev , which is in good agreem ent w ith  the values  
found experim entally  by E l e y  and coworkers. It m ust be noted that in the  
case o f a pyram idal N  atom  th ey  obtained ~ 4 .2  ev  for the forbidden band  
w idth . H ow ever, the trigonal sp2 hybrid state o f  the N atom  seem s to be the  
m ore realistic assum ption.

The above calculation w ould nevertheless appear to  be som ewhat 
unsatisfactory, and that for tw o reasons. W hen, nam ely, the calculation was 
being carried out, the suitable integral values a, and ßi j  in the LCAO MO 
m ethod were not y e t  known for the com pounds containing hetero atoms and  
the estim ated values used b y  E v a n s  and Ge r g el y  seem  to  be som ewhat 
unrealistic. On the other hand, i f  а л  electron interaction  through the H bonds 
is assum ed, it  w ould appear necessary to  take into account also the em pty  
2p z orbital of the H atom . The calculation o f the energy bands of protein  
was therefore repeated by the present author, b y  m eans o f the sim ple LCAO MO 
m ethod (H ü c k el  m ethod), on th e  basis o f the m odel o f E v a n s  and Ge r g el y , 
but w ith  the a, and ßj j  values which the literature usually  records. The 
calculation was performed both  for a peptide group w ith  three-centre л electron  
MO-s,

3

1 = 1
.y У / i ( i )
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and for a peptide group w ith  four-centre n electron MO-s,
4

2 * ,  
i = 1

, jVi- (2)

as th e  e lem en tary  cell. H ere y>i stan d s for th e  SbATER-type 2p z o rb ita l for th e  
i-th  a tom  and th e  c,,j-s are con stan t.

It should be noted th at shortly after the com pletion of this calculation  
the work o f S u a r d , B e r t h ie r  and P ullm an  [6] was published on the SCF 
LCAO MO calculation o f the energy bands of protein. In the more refined 
approxim ation of these authors also the lone electron pair of the О atom  was 
taken into account. They got ev  for the forbidden band w idth , th is value  
representing in this case the energy necessary to  prom ote an electron from  
the energy band that arises from the levels of the electron pairs o f the О atom s 
to the unfilled band. On the other hand, the energy necessary to prom ote a 
л electron to the conduction band was found by the above authors to be 
^ 6 .7  ev  (the mean value for the excitation  energies into singlet or triplet 
states). In  the calculation o f S u a r d , B e r t h ie r  and P ul l m a n , how ever, the  
em pty 2pz orbitals o f the H atoms were equally disregarded, so that the results 
of this more simple calculation m ay also contribute to the solution of the  
problem.

Method

The energy bands were calculated by the m ethod of K o u t e c k y  and 
Za h r a d n ik  [7]. Accordingly the LCAO MO of an infin ite one-dim ensional 
macromolecule (or of a cycle m olecule of N  cells, where N  is a very large 
number, w ith the first and the Vth cell adjoining) can be written in the form

Tm,p (r) =  У, am,p-,j,i <Pi (r, — j a) .  (3)
i  1 i = i

Here n is the number o f atom s in the elem entary cell, a is the prim itive trans
lation vector in the direction of the chain , f ; the position vector o f the electron  
taken from the Ith nucleus, <pi(ji—ja)  denotes the atom ic orbital o f the 1th 
atom  in the j th elem entary cell, and m ean its coefficient in the MO
with quantum  numbers m and p (m =  1, . . ., n; p  --  1, . . . , TV). Since the  
wave function (3) m ust be invariant w ith  respect to the translation a or its 
m ultiples

Vm.r ( f + j â )  ----- Wm,p (r) , (4)

it follows (see for exam ple [8]) that

%m,P-,j.i =  e x p
i2npj
1 Г гт,р%1 ■ (5)

1* Acta Phys. Hung. Тот. X V .  Fasc. 4.
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W riting
2 лр 
N

(6 )

for a very large N  we m ay consider к to change continuously from 0 to 2л.
B y  perform ing a usual variation procedure w ith  the w ave function (3), 

neglecting the overlap integrals and applying the usual approxim ations o f  
the HticKEL form o f the LCAO MO theory, one gets the follow ing secular 
determ inant [7]

? l - £ У 1,2 У 1,3 • • • У\,п
У 2,1 У г - £ Уг.з • • ■ Уг,п
Узд Уз , 2 У з -  е . . ■ Уз,п

У г, . У п.9 У г,. 3 • ■ У г,— £

Here УI — a i +  ß t,ie ‘k +  ß t,ie ik->

and 9— .. - ik
Уl,s —  ß l,s  +  ßus e 'k +  ßl,s ■ e

where and /3;s are the usual integrals a, and ß of the H ückel m ethod,1 
ß i i  resp. ßi  i are the resonance integrals betw een the 1th atom  of an elementary- 
cell and the Ith atom  of the n ex t cell on the right, resp. left o f it . ßi  s, resp. 
ßi  s stand for the resonance integral betw een the 1th atom  o f a cell and 
th e  sth atom  o f the next neighbouring cell right, resp. left o f it.

In  the case o f protein, the m odel shown in F ig. 2 can be taken  as a first 
approxim ation. According to  th is m odel a peptide group (H N  — C =  O) forms 
th e  elem entary cell and only the 2p z orbitals o f  the С, О and the hybridized  
N  atom  are taken into account.

—C2= 0 3 • • • H —N —C = 0  • • H - N —C =
2 3 1 2 3 1 2

F ig. 2

The d otted  lines indicate the hydrogen bonds through which the л 
electron in teraction  takes place. On the basis o f  th is model it  is possible to  
im m ediately  w rite up the appropriate secular determ inant o f  the protein  
m olecule:

а х-  е ß l,2 ßT.S e ~ ik

ß i , i а 2- е ß2,3 =  0 . (8 )

ß t i  е ‘к ß3,2 a 3- e

1 The la tter  are resonance integrals betw een atom s belonging to the sam e cell.
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(According to  the Hückel approxim ation integrals /3,-,• betw een the nearest 
neighbour atom s were considered.)

For the value o f =  a N taking into account th at the N atom  1 is in the  
sp2 hybrid state and th a t it  takes part in a hydrogen bonding as hydrogen  
donor w ith  a slight m odification o f its  value as given in the literature [9], [10], 
the value a N_ H- . . =  a N — 0,20/3 =  (0,90 — 0,20) ß  =  0,70/3 was used. Here 
a N_ H • • • denotes the integral value a o f  an N atom  taking part in a hydrogen  
bond, a N is the same integral when th e  H atom attached to the N  atom  does 
not take part in a hydrogen bond and ß is the resonance integral betw een tw o  
C atom s in benzene. For a2 =  aocN(a C atom  in the neighbourhood o f an N and 
0  atom ) the value o f 0,27/3 was taken  [11], [12], while for a3 =  a 0, considering  
again th at the 0  atom  takes part in  a hydrogen bond, by slightly  m odifying  
the value reported in the literature [9], [10], a о . . . н - =  « о  +  0.20/3 =  
=  (1.30 -f- 0.20) ß =  1.50/3 was used. Here a о ... н stands for the integral a 
for an О atom  taking part in a hydrogen bond and ao for ап О atom  which  
does not. For /312 =  /32>1 =  ßc, n  the value ßc,N — ßi while for ß2 3 =  /З3 2 =  
=  ßc,o the value ßc.o =  2.00 ß  w as em ployed [9]. For the integral value  
ßß 3 — ß 31 denoting the interaction between the ж electrons o f  th e  О and  
N  atom  through the hydrogen bond, the value 0.20/3 was used after P u l l m a n  

[10]. It is to be noted th at each tim e when som ew hat m odified param eter 
values, as compared w ith  those g iven  in the literature, were used, their appli
cation seemed to be reasonable on the basis o f calculations perform ed for 
other compounds containing hetero atom s.

The numerical param eter values given above allow the eq. (8) to  be solved. 
Substituting the m axim um  resp. m inim um  values o f elk and e~‘k, i.e. -f- 1, 
resp. — 1, the upper and lower lim its of the energy bands can be obtained.

As a second approxim ation th e  model shown in Fig. 3 w as em ployed. 
Here the em pty 2p z orbital of the H  atom  being also considered there will

—C = 0  • • • H —N —C = 0  • • • H — N —
3 4 1 2 3 4  1 2

F ig . 3

now be four atoms in the elem entary cell. The appropriate secular determ inant 
will be the following:

ax — e ßl ,2 0 tű Z' 1 л 1 Pr

А д «2 — e ß'1,3 0

0 ßi,2 "-3 е Ä,4

ß l i  eik 0 ßi,3 «4 — £
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H ere for ах =  ан  =  —0.60/3 was taken. The negative sign is reasonable, 
considering th a t betw een a л  electron on the 2p z orbital of the H atom  and the  
Is  electron a repulsion is tak ing place (ß is n egative !). For ßt 2 =  /32 1 =  /3N h 
th e  value 0.80/3 and for ß 1 ß  =  /34д =  ßo,H g iving the interaction  between  
th e  л  electron o f th e  0  atom  and the л  electron o f the otherwise em pty 2p z 
orbital o f the H  atom , a value o f  0.40/3 was used. The other integrals щ and 
ß i j  are the same as in  (8), so that the values given above were used for them. 
B y  substituting th e  param eter values and -f-1, resp. — 1 for e'k and e~,k in (9), 
th e  upper and lower lim its o f the resulting four energy bands can be calculated.

For the sake o f  com parison, the energy levels o f a peptide group were 
also calculated. For th is calculation the same а,- and /3,-j  values were used as 
in equ. (8), on ly  ß ß 3 =  /З31 =  0 (a peptide group which, though bonded by  
hydrogen bonds to  other peptide groups, is n ot in л  interaction w ith  them ). 
In  a second case the values a N =  0.90/3 and a о =  1.30/3 were em ployed, taking  
th e  other param eters constant (a peptide group being neither in hydrogen  
bonding, nor in л  electron interaction  w ith other groups).

Since the above choice o f the integrals ан , /3N,h and /Зо,н is rather 
arbitrary, it seem ed useful to investigate the effect o f the variation  o f these  
param eters. This w as performed on the sim plified system  shown in Fig. 4.

0  • ■ • H - N
1 2 -3

F ig. 4

H ere the param eter values a Q =  1.50/3, a N =  0.70/3 were kept constant, 
and for the other three param eters the values show n in Table II  were applied.

Table II

The values in ß  units o f a H, /?N H and ß0  H used for the  
investigation on the parameter variation  

of the О . . . H — N system

N u m b e r « Н f t i . H /'O .H

l - 0 ,6 0 0 .8 0 0 ,4 0

2 —  0 ,4 0 0 .8 0 0 .4 0

3 - 0 ,8 0 0 ,8 0 0 ,4 0

4 - 0 ,6 0 0 ,8 0 0 ,3 0

5 — 0 ,6 0 0 ,8 0 0 ,5 0

6 - 0 ,6 0 0 ,7 0 0 ,4 0

7 — 0 .6 0 0 ,9 0 0 ,4 0
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Results

U sing the appropriate param eter values given above equ. (8) results in 
the energy band system  shown in T able III.

Table l i t

The energy bands of protein in  the three-centre approximation

la ß units In ev Band width 
in ev

Band 1 3 .2 1 5 -  3,066 7 .6 8 -  7,33 0,35 Doubly filled
Band 2 0 ,9 9 5 -  0,697 2 .3 8 -  1.66 0.72 Doubly filled
Band 3 - 1 .4 4 3 --------1.587 — 3.45------ 3.79 0.34 Unfilled

In Table III the energy values are given in relation to E c +  a c, where 
E c is the energy of a 2p  electron in a free carbon atom  and ac is the integral a 
o f a C atom  in a carbon chain. The results obtained from equ. (8) in ß  units 
are converted to ev-s w ith  the aid o f  the ß  value, ß = —2.39 ev , given by  
P a r i s e r  ans P a r r  [13] on the basis o f the electronic spectrum  o f benzene. 
Forbidden band widths are as follow s: 4.95 ev  ( =  2.071 ß) betw een the tw o  
filled bands and 5.11 ev  ( =  2.140 ß) betw een the second filled and the unfilled  
band.

R esults arrived at by the so lu tion  of equ. (9) are shown in Table IY.

Table IV

The energy bands of protein in  the four-centre approximation

In ß units In ev Band width 
in ev

Band 1 3 .202— 3,133 7 .6 5 -  7.49 0.16 Doubly filled

Band 2 1.270— 1.036 3 .0 4 -  2.48 0.56 Doubly filled

Band 3 - 0 .6 1 5 ------- 1.001 — 1.47------ 2.39 0.92 Unfilled

Band 4 - 1 .5 2 0 --------1.754 - 3 . 6 3 ------ 4.19 0.56 Unfilled

Here the zero poin t of the energy scale is the sam e as in the preceding  
case. The forbidden band widths are 4.45 ev ( =  1.863 ß), 3.95 ev  ( =  1.651 ß) 
and 1.24 ev  ( =  0.519 ß),  respectively.

The results calculated  for a peptide group in th e  tw o above m entioned  
cases are condensed in Table V.

B y  assuming in a rough approxim ation the density  of the levels to be 
equal in all parts o f a band, it w ill be possible to  estim ate the stab ilization
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T a b le  V

The n  electron levels of a m onopeptide group in ß  units

Energy level Peptide group 
with H bonds

Peptide group 
without H bonds

3.13 3.03
£.* 0.85 1.00

f 3 - 1 .5 1 - 1 .5 5

due to the л  electron interaction betw een the peptide groups o f the protein  
m olecule. This is performed w ith  the aid o f the equation

^ 1,1 + 4̂ . 2 + J2,1 y2,2 2 (et -(- e2) , ( 10)

where E itl m eans the lower and £,• 2 the upper lim it of the ith doubly filled  
energy band (i =  1, 2) and f 15 e2 stands for the energies o f the filled MO-s 
of a peptide group. The results are given in kcal/m ole peptide group in Table V I.

T a b le  V I

Stabilization energy of the protein m olecule in kcal/m ole peptide group

Peptide group Peptide group
with H bonds without H bonds

Protein three-centre
approximation ..........................

Protein four-centre
0.7 4.8

approxim ation .......................... 37.1 32.3

The energy levels obtained for the sim plified system  previously m entioned  
(see F ig. 4) w ith  the varied param eter values given in Table II , are shown in  
T able V II.

T a b le  V II

R esults o f the parameter variation investigation  in ß  units

Number f3 E AEX AE2

l 1.61 1.03 - 1 .0 3 4.25 0.58 2.06
2 1.62 1.05 - 0 .8 7 4.29 0.57 1.92
3 1.59 1.00 - 1 ,1 9 4.18 0.59 2.19
4 1.55 1.06 - 1 .0 1 4.16 0.49 2.07
5 1.66 1.00 - 1 .0 6 4.32 0.66 2.06
6 1.59 0.96 - 0 .9 6 4.14 0.63 1.92
7 1.62 1.09 - 1 .1 1 4.33 0.53 2.20
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Неге Ej, e2, e3 mean the MO energies o f  the 0  . . . H — N system , E  =  2 f! +  
is the to ta l л  electron energy o f th is  system , AEr =  (f2 — f,) and AEZ =  
= («з -  *a)-

D iscussion

A comparison o f the results obtained for the energy bands o f protein  
in the three-centre approxim ation (Table III) with those o f E vans and Gerg ely  
(Table I) will show th a t i f  more realistic parameter values and th e  m ethod  
of K o u t e c k y  and Za h r a d n ik  [7] are applied, the va lue (5.11 ev) obtained  
for the w idth of the forbidden band betw een the h ighest filled and the unfilled  
band w ill significantly exceed the va lu e of 3.05 ev calculated by E va n s  and 
Ge r g e l y . There is a close agreem ent between the former value and that 
of ~ 5  ev , obtained by S u a r d , Be r t h i e r  and P u llm an  [6] for the forbidden  
band w idth  in their SCF LCAO MO calculation  of protein. It is essential, how ever, 
to point out that according to these authors the h ighest filled band arises 
from the levels o f the lone о-type electron pairs of the 0  atoms and the value 
of ~ 5  ev  is the m idpoint o f the excita tion  energies to  a singlet, resp. triplet 
state, while in the calculation of E v a n s  and Gerg ely  as well as in the present 
calculation, the highest filled band is а л  electron band. Since in both the SCF 
and the above calculation it turned out that the theoretical forbidden band  
width ( ~ 5  ev) does not agree w ith the experim ental one (2.6—3.1 ev) found 
by E l e y  and his coworkers [4] it w ould seem probable th at the electronic con
d u ctiv ity  of protein reported by th e  latter authors could not arise from  
the m odel discussed.

The case w ith th e  results o f  th e  four-centre approxim ation is quite  
different. Here for the forbidden band  w idth under discussion a va lue o f only  
3.95 ev  was found (see Table IV), and if  it  is considered that in a real protein  
m olecule there are la ttice  errors, im purities, other groups of the m olecule 
able to  perturb the л  electron system  o f the m odel, e tc ., this value does not 
exclude the possibility o f the electronic conductiv ity  observed in protein 
to arise chiefly  from the л  electron system  of the m odel discussed. I t  seems 
probable that in an SCF calculation the four-centre approxim ation w ould also 
result in the value of ^ 4  ev for the forbidden band w idth  between th e  band 
arising from the levels o f  the cr-type lone electron pairs o f the 0  atom s and the 
low est unfilled 7t-type band. In th is respect particular interest attaches to 
the results of the calculations of S u a r d , B e r t h i e r  and P u l l m a n , presently  
in progress as m entioned in their paper previously referred to.

It appeared equally interesting to make a com parison betw een  the  
excitation  energies obtained in the three-, resp. four-centre approxim ation  
and the corresponding values for a m onopeptide group (see Table V). I t  m ay  
be seen th at in this sim ple approxim ation the energy o f the first excitation  
was o f 2.55 ß  for a free m onopeptide group, this value decreasing to  2.36 ß
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for a m onopeptide group w hich is in H bonding with other peptide groups; 
in  the energy band model o f  protein its va lue is 2.14 ß, i f  the three-centre 
approxim ation is used and fin a lly  in the four-centre approxim ation of the  
energy band structure its value was found to  be as low as 1.65 ß.

Coming back to  the problem  o f conduction in proteins, it  is interesting  
to  compare the w idths of the low est unfilled band, in the calculation of E v a n s  

and G e r g e l y , in the three, resp. four-centre approxim ation o f the present 
calculation  and in  the SCF calculation. The appropriate values are of 0.12 ev,
0 .34 ev, 0.92 ev  (see Tables I, III , IV) and 1.30 ev  [6]. From these, with the 
aid o f  the equation

ÔE = li
ft a1 m* ( И )

w here bE is the band width, h the Planck constant, a the la ttice  constant 
and m* the effective electronic m ass, it is possible to estim ate the effective  
electronic m asses for the different approxim ations. E l e y  ans S p i v e y  [4] give 
bE =  0.1 ev , assum ing for the la ttice  constant o f  the protein m acrom olecule 
(an О =  C—N H  unit) a =  4 Â, m* =  40 m,  where m is the m ass of a free 
electron . On th is basis we get m* =  33 m, 12 m,  4 m, 3 m in the cases listed  
above. These low er m* values m ean higher conductivities (x0 ~  m *3'2e- m*i/2  ̂
see equ. (6) and (9) of [4], where x n is the specific conductiv ity). It must be 
noted that also th e  band w idths of the filled bands are by far larger according 
to  the results o f  th e  present as w ell as to those o f  the SCF calculation, than the  
values given b y  E v a n s  and G e r g e l y  (see T able I, III and IV  and also Table 
IV  o f [9]).

The w idth  o f  the forbidden band betw een the two filled bands is 3.04 ev  
in  the case reported by E v a n s  and G e r g e l y , w hile in the present calculation  
it  was found to  be 4.95 ev in the three-centre, and 4.45 ev  in  the four-centre 
approxim ation (see Table I, Table III and T able IV). In v iew  o f these higher 
forbidden band w idths, as w ell as o f the fact th at the band widths of the  
filled  bands are higher than  those published b y  E v a n s  and G e r g e l y ,  the  
criterion given b y  M a s o n  for the carcinogenic activ ity  o f arom atic hydro
carbons [15] w ould appear to  be untenable in its original form . To allow the  
problem to  be further in vestigated , some plausible chem ical m odels for the  
carcinogenic hydrocarbon-protein, resp. carcinogenic hydrocarbon-nucleotide  
base com plexes have to be constructed and the electronic structures of these  
com plexes calcu lated  [16]. Such attem pts are in progress.

It is o f  in terest to compare the ionisation potential and electron affin ity  
Yalues o f a free m onopeptide group w ith the corresponding values obtained  
for the band structure model o f protein in the three-, resp. four-centre approxim 
ation . From T able V one gets for a free m onopeptide group the value I  =  
=  1.00 ß  -f- E c -{- ac for the ionization  potentia l, and Ea =  — 1.55 ß  +  E c + « с

Acta Phys. Hung. Тот . X V . Fasc. 4.



ENERGY BAND STRUCTURE OF PROTEIN 2 9 7

for the electronaffinity, where E c (the energy o f a 2p  electron in a free carbon atom ) 
and Gtc (the integral a of a carbon atom  in benzene) are n egative values. W ith  
respect to protein the follow ing values are obtained from Tables III and IV :

4  =  0.70 ß  -f- E c -f- a c , E a  =  — 1.44 ß  -f- E c  -f- «c

(three-centre approxim ation),

I = l M ß  +  E c + a c ,  E a =  — 0.62 ß  + E c  +  ctc

(four-centre approxim ation).

T his shows that compared w ith  the value o f a free peptide group the ionization  
potential decreases in the case of the three-centre approxim ation of protein, 
w hile in the four-centre approxim ation it show s a slight increase. The electron  
affin ity  of the protein is som ew hat increased in the case o f  the three-centre  
approxim ation as compared to  the corresponding value o f the peptide group, 
b u t a significant increase is revealed ( ~ 2 .1  ev) in the case o f the four-centre 
approxim ation. In other words it  would seem  th a t if  the H atom  o f the hydrogen  
bond is also considered as a centre, a strengthening of the electron acceptor  
property of protein could be theoretically  expected , as com pared with a free 
m onopeptide group.

In Table V I the estim ated  stab ilization  energy of th e  protein m olecule  
can be seen in its relation to  peptide groups which are not in л  electron  
interaction. The values in th is Table show th a t in the case o f the three-centre  
approxim ation only a 0.7 kcal/m ole peptide group stab ilization  energy is 
obtained for the protein m olecule as com pared to peptide groups bonded  
b y  H bonds and a system  o f free m onopeptide groups is by ^ 5  kcal/m ole  
peptide group more stable than  the protein m olecule. Gergely gives 0.5 —1.0 
kcal/m ole peptide group for the stabilization energy, w hich is in good agree
m ent with the first value. In the four-centre approxim ation, on the other  
hand, very large stabilization values are obtained for the protein m olecule  
(37.1, resp. 32.3 kcal/m ole peptide groups).

From Tables II and V II illustrating the results of the param eter variation  
investigation o f the О . . . H —N system  we can see th a t its energy levels  
do not appear to  change considerably w ith  the variation o f the values o f the  
integrals aH, /3NH and ßo,H- No sign ificant variation is seen in the energy  
differences betw een these levels (AEV AE2) and the sum o f the energy o f the  
all л  electrons (E ) shows also only slight changes. The above results suggest 
the energy band structure o f protein obtained by the four-centre approxim 
ation not to undergo significant changes w ith  the variation o f the param eter  
values used either. It could be thus concluded that though the present results 
were obtained b y  using integrals that were som ewhat arbitrarily estim ated , 
th ey  nevertheless appear to  be realistic w ith in  the fram ework of the sim ple  
LCAO MO theory.
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НЕКОТОРЫЕ ЗАМЕЧАНИЯ О СТРУКТУРЕ ЭНЕРГЕТИЧЕСКИХ ПОЛОС
ПРОТЕИНОВ

Й. Л А Д И К  

Р е з ю м е

Применением химической модели Эванса и Гергеля, сконструированной для 
демонстрации пути происхождения бесконечных МО, вычисляются энергетические по
лосы протеинов. Вычисления, в основе которых лежит простая ЛКАО МО-теория, про
водились методом, разработанным Коутецким и Заградником [7]. В первом приближении 
применились 2рг-орбиты атомов С, О и N пептидной группы (Н —N—С =  О), в то 
время как во втором четырхцентровом приближении принималась во внимание и неза
полненная 2рг-орбита атома Н. Вариация значений интегралов ан , ßN н и /10,н показала, 
что с изменением значений этих параметров результаты изменяются только в незначитель
ной мере.

Вычисления в первом трёхцентровом приближении для ширины запрещенной по
лосы между наивысшей заполненной и наинизшей незаполненной полосами дают 5,11 eV, 
в то время как в четырёхцентровом приближении данная величина оказалась равной 
3,95 eV. Эти обнаружения и ширины полос, которые своими значениями больше полу
ченных Эвансом и Гергелем величин, внушают, что электрическая проводимость про
теинов, найденная экспериментально, обусловливается подвижностью л-электронов в 
бесконечных МО рассматриваемой модели.

Результаты более реального четырёхцентрового приближения показывают также 
что сродство к электрону и рассмотренная энергия устойчивости (~ 3 2  kcal/mol пептидная 
группа) в молекуле протеина по сравнению со свободной монопептидной группой значи
тельно увеличиваются.
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The specific  heat of thin film s is studied theoretically . It is based on the prelim inary  
stu dy of the problem  of therm al vibrations in thin film s. After obtaining the dispersion re
lations, the specific heat is calculated by taking in to  account the contribution of all v ibra
tional modes to the thermal energy o f the thin film . Two lim iting cases are considered: the high- 
tem perature case, in which the w ell-known independence of the specific heat o f the tem perature 
T  is found, and the low-tem perature case in  which for the specific heat o f th in  film s w ith few  
m onoatom ic layers a T 2 dependence is found. F inally  the dependence of the specific heat on 
the thickness is considered and it is shown that for large thickness, which corresponds to the solid  
body, the well-known T 3 dependence of the specific heat is obtained.

As it is known, the theoretical study o f the specific heat is based on the  
calculation o f vibrational m odes o f the solid. In the same m anner it  is possible  
to  calculate the specific heat o f th in  film s i f  the vibrational spectrum  has been  
obtained.

In the literature it is the custom  when dealing with thin film s to use the  
results obtained in the stu d y  o f solid bodies and make insignificant m odifica
tions of som e constants, such as D ebye tem perature, Curie tem perature, etc. 
This m ethod is not very accurate because the thin film  has its characteristic  
particularities, its specific heat directly depending on the la ttice  typ e, the  
substrate and especially the num ber q o f  m onoatom ic layers o f the film .

So as to  be able to  give a theoretical foundation o f the specific heat in  
thin film s it is necessary to  study previously the therm al vibrations in these. 
An im portant work in this field  is Montroll’s paper [1], in which a theoretical 
study o f therm al vibrations in an ideal bidim ensional la ttice  is given. U n 
fortunately, in this article on ly  the vibrations w ithin the bidim ensional 
la ttice  are studied, w ithout taking into account the vibrations norm al to th e  
la ttice , nor the influence o f the substrate.

In a previous paper o f Corciovei and Berinde [2], a therm al vibrational 
m odel o f sim ple cubic th in  film s w ith q m onoatom ic layers was developed. 
It has thus becom e possible to  deal w ith th e  problem o f the specific heat o f  
thin film s, and this is the aim o f our paper. After giving a general expression  
for the specific heat of a th in  film  w ith  q layers, so as to obtain more conclusive  
results, tw o lim iting cases are treated, i.e . the case of high and th at o f low  
tem peratures.
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1. Thermal vibrations in thin films

W e shall consider the thin film  to  be a sim ple cubic lattice, one o f  the  
cube planes, nam ely (001), being parallel to the film  plane. The film  contains 
q m onoatom ic layers, each layer being a square having N  atom s along one o f  
its sides. The to ta l num ber o f atoms o f the film  is N 2q. Each atom  can be 
denoted b y  the num ber n o f  the layer to  which it  belongs and by its position  
vector w ith in  the considered layer:

j =  « (./.X fr +  jy  !v) * (!)

where a is the la ttice  constant, j x, j y integers and ix, iy, iz the unit vectors  
of the three directions o f the lattice. The position o f the nj  atom at the tim e  
t will be given by*

rnj =  « ( j x  »X +  j y K  +  n iz) +  unj (t), (2)

where u„j(f) is the displacem ent of the atom  with respect to its equilibrium  
position.

B y  assum ing th at the forces are elastic, the equations o f m otion m ay be 
written in th e  following form:

М и ц =  ^ Л " и 1у У  A}

M u 2j 2 ?  Ajy uiy -f- ^  A fy uly ^  Ayу u3j , ,

(3)

/Vfn — "V 1.9—2 7/ _L V H , H „  _]_ 'V A4—-U U q— l,j - Jjj' Uq— 2,j' Г jj' u q— l,j' _  Л jj' Uq ï '
У У У

Mn =  "V ля,я—1 I X ’ 4 чя ,.m u qj —  'и' ия—i,j' > л »' ичУ ’

where Ajj, generally represents tensors w hich determ ine the constants o f  the  
interaction forces. W e note th at we have neglected А"у,п±т w ith m >  2. 
It should be noted th at the particularities connected w ith  th in  film s are included  
in (3) by the fact th at the equations for the atom ic vibrations in various 
layers are different.

Taking into account the bidim ensional periodicity o f the lattice, a parti
cular solution  o f eqs. (3) can be w ritten in  the form

* The la ttice  constant a m ay be a little  different in the Oz direction from those in the  
Ox and Oy directions, and thus the lattice will be no more perfectly  cubic. This situation , as 
will be seen in  the follow ing, can m odify the force constants in the Oz direction as compared 
to those in the Ox and Oy direction.
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uni =  exp  i (fj — cot), (4)

where en is a polarization vector associated with the n layer, со is the frequency  
and f  is the propagation vector in the plane of the film , which is o f  the form

2 71
f  fx  »X + / : Л  =  —  (mx ix +  my iy) » (5)

iva

where mx and my are integers so th at — N j2 <  mx, my <T iV/2 . B y introducing  
the solution (4) into the eqs. (3), the following equations are obtained:

-  M со2 e, • ei,j =  2  A w e, ' eity +  У  A $  e2 • eity ,
У У

-  M w 2 e2 • е'Ч =  2  Л1у «i • eily +  2  A fy ез ’ е“У +  2  А1У ез ' е“У .

-  М с о 2 е ,_ , • eí,j =  ^  4 ^ 4 ^ ^  +  
j'

( 6 )

h «-1-, - 1 ' У  А9-71>9е 0'fi
I J

— Mco2 e?eifj "V /ti.“? -1 о ^jj' e9 -!  
j'

oifJ' L- V  q w e • e
JJ 4

y
ify

We m ention that in (6) each j belongs to  the layer specified by the corresponding  
e„, and the sum m ation is to be carried out accordingly.

So as to solve (6) one can m ake some sim plify ing assum ptions. For  
exam ple one can consider as sign ificant forces only the forces betw een  the  
nearest neighbouring atom s, and so neglect all A?y where j'is not a nearest 
neighbour of j .  In more refined calculations one could take into account also 
forces betw een more d istant neighbours. For our purposes this is not necessary.

A m ethod for calculating the dispersion relations is to project the system  
(6) in the directions ix, iy and iz and to  set the condition t hat the com ponents  
of the vectors e„ are different from zero, whence the vanish ing of the determ inant 
of coefficients results. In th is w ay one obtains the secular equation for со2, 
and thus for every f  we obtain 3q p ositive solutions for со, denoted by co(f, v, s), 
where s takes the values 1, 2, 3, ju st as in the case o f  solid bodies w ith  one 
atom  in each unit cell, and v takes th e  values 1, 2, . . ., q as we should have a 
solid w ith  q different atom s in each u n it cell.

In th is manner in the case of thin film s we obtain 3q N 2 modes o f v ibration . 
In some special cases we m ay have degeneracies w ith respect to s, i.e . we m ay  
have со (f, ” , 1) =  co(f, V, 2) =  co(f, V, 3). In such a case the “ transversal”  
vibrations and the “longitudinal” vibration  for a given f  and v have the same 
frequency. As it is known this is not the general case. In the following we shall 
consider that we have no degeneracy w ith  respect to  s, and also th at we have 
no pure “ longitudinal” and “ transversal” vibrations. A full discussion about
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such problem s can be found in [2]. We note th at the general solution u,^ 
can be w ritten  as a sum o f expressions (4) for all possible va lues of f, v and s.

N ow , so as to  obtain som e more practical solutions we shall assume th at  
the tensors A?y are diagonal, which m eans th a t the force exerted by the  
j 'th  atom  from the n 'th  layer on the jth  atom  o f the nth layer has the sam e 
direction as the displacem ent o f the j'th  atom . In connection w ith  the displace
m ent of the j 'th  atom  of the n 'th  layer along ix, we shall denote by A 0 the  
corresponding diagonal elem ent o f Ayy , b y  A 1 the corresponding diagonal 
elem ent o f Ay+aixy, by  A 2 the diagonal elem ent o f Ay+aiyy ,  and by A 2 the  
diagonal elem ent o f  Ау+^Л..  In the case o f  the d isplacem ent of the j'th  
atom  along iy the notations w ill be analogous to  the preceding ones if  every
where iy is replaced by ix and ix b y  iy. In the case of the displacem ent o f j' 
along iz we shall denote by B n the diagonal elem ent of Ajly , b y  B L the diagonal 
elem ent o f  Ay+^’t"y, and by B2 the diagonal elem ent of A y + afyj,  or Ay+aiy y  

W e observe th a t A 0 and B 0 belonging to  different atom s situated in  
different layers can be obtained b y  means of A t, A 2, A 2, respectively  and B2, 
as a consequence o f  equilibrium  conditions. I f  th e  atom  is situ a ted  in the layer  
in  contact w ith  th e  substrate, in A g and B 0 w ill appear also th e  contribution  
o f the substrate force, which we denote by A p, respectively Bp for the directions 
i x and iy, respectively  iz. A full discussion is g iven in [2].

U sing the preceding n otation s, it  is possib le to w rite the dispersion  
relations in  the follow ing form:

ft)(f ,v ,s  =  1) =  - Щ  [2At (1 -  cos f x a )  +  2 A 2 (1 -  cosf y a )  +  A ’Z vf l \  

co( { ,v ,s  =  2) =  j =  [2 Л г (1 -  cos f x a )  +  2 A ,  (1 -  cos f y  a )  +  А'г Z v)V\  (7) 

(O ( f ,r ,  s  =  3) =  - Щ -  [2Bi (2 — cos f x a  — cos f y  a )  +  B 1 Z j 1/2, 

where the q va lues o f  Z v can be obtained by solving the equation

Z - l 1 0 0 0
1 Z-2 1 0 0
0 1 Z-2 1 0
0 0 1 Z-2 0

0 Z-2 1 0 0
0 .  .  . 1 Z-2 1 0
0 0 1 Z-2 1
0 .  .  . 0 0 1 Z -l-a
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where a =  A p/A 2 for the case s =  1, 2 and a =  Bp/B1 for the case s t=  3. 
We note th at in th e  case q =  1 we obtain th e  equation Z  — a =  0. In [2] are 
given the solutions o f (8) in the approxim ation a =  0, from q =  2 to q =  6. 
I t  is also shown th a t when a is smaller th an  1, it is sufficient for practical 
purposes to introduce a correction a/q to all th e  values of Z r w hich have been  
obtained in the approxim ation a =  0. The va lu es of Z,, in the approxim ation  
a =  0 for q =  1 to  q =  5 are given  in Table 1.

T a b le  1

4 1 2 3 4 5

V 1 1 2 1 2 3 1 2 3 4 1 2 3 4 5

2 V 0 0 2 0 1 3 0 2 —У2 2 2 + У 2 0 ^ ( 3 - У 5 ^ ( 5 - У 5 ) | ( 3 + У 5 ) ^ ( 5 + У 5)

For high values of q it is possible to obtain  the dispersion relations in  
the form

(o ( f ,  V, s  =  1 )  =  - щ  [2 A x (1 —  cos f x a )  +  2 A2 (1 —  cos f y a )  +

+  2 Л ' ( 1 - с о 8/ г а ) р ,

Ш ( f , r, s =  2) =  - Щ  [2 A 2 (1 -  c o s / ,  a )  +  2A 2 (1 -  cos f y  a )  +  (9)

+  2A0(1 — cos / . a ) ] 1/2,

со ( f, V , s =  3) =  —Lr [2B 2 (2 — cos f x a — cos f y  a) +

+  2B 1 (1 — c o s / ,  a)]1/2,

where we have introduced /  =  (2 7 1 /qa) mz and where m: is an integer betw een  
— ql2 and -f-g/2. E vidently  th e  correspondence

Z v—>2(1  — c o s / « )  (10)

exists for high values of q. A lso, for the solid  body evidently  there is

d 1== B i ;  A., =  A '  =  Bo,  (10')

so th a t the dispersion relations (9) take a m ore symmetric form . In the case  
of th in  film s, th ese relations hold  approxim ately, but we can m aintain them  
so as to  sim plify the calculation.
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2. Specific heats o f  thin film s

In the preceding paragraph a short account o f th e  features o f  therm al 
vibrations in thin film s was given. It w as possible to obtain  3N 2q independent 
oscillators, each characterized by a frequency со =  co(f, v, s). W hen w e cal
culate the therm al energy o f the thin film , we m ust take into accou n t the 
contributions o f  all oscillators. In th is w ay  the energy of the thin film  is

E
S

4л

+ л / а  +  л / а

r i i í  f
ha)

- л / а  — л1 а

Ла>
J c f

d f x  d f  y

— 1
(H )

where the со are given b y  (7) and S =  N 2a2 is the surface of the th in  film .
The integrals which appear in (11) are of the sam e type. We shall treat 

for exam ple the case s =  1. The integral then  reads:

+л/а + л / а

L  =

h
JM

4A x sin2 +  4 A 2 sin2 +  A'2 Z v
2 2

1/2

exp П
Умкт

4 A.  sin2 +  4 A ,  sin2 f y (l+  A'  Z„
2 ‘ 2

1/2

—л/а — л / а

I t  is convenient to m ake the following changes of variables:

df x df y

( 12)

f x =  —  arc sin  
a

1

/ 4  A x
о cos О ; f y — ~ " arc sin  

a
1

fl 'A]
о sin 0

and thus

df df - M h M  do do = — L 
У D  (p, 0)  ~ a2 \ A 1A 2

I 1 - 4 A,

о do d 0

0
4 A ,

■0\

(13)

In th is w ay we can write

1 -  1 -
■» 1

hiYm  (e2 +  A'2z v)112
«2 У А Л I exp ( e 2 +  A!2Z,.ylï — 1

Щ  ■кТ

о do d 0

1 —
4A,

o'2 cos2 0 1 ------------ p2 sin 2 0
4 4,

1/2

/■» »

йУ «/

Gv(o, 0 )  g do d 0 ,

(14)
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where the integration lim its m ust be exp la ined  more fu lly . W hen we integrate  
firstly  over p and then over 0 ,  the result is*

. ]/A, У *At
arctgr Ä  ш »

$ $ G v ( Q , e ß) d e d e  =  4[ [ d O  I' Gv ( o , e ) g d o  +

H 4,
t i / 2  sin 0

+  j dO J Gv (e, 0 ) g d g ,

arctgj/J °

and when we integrate firstly  over 0  and then over p the result is

Y*At n\2

I I Gv (p, 0 )  g dg d& =  4 [ j g dg | Gt, (g, 0 )  dO  - f

]/4Д,
. У 4д;

о dg J Gv (о, 0 )  dO
У4(Д, +  Д,)

I *Аг

g dg I Gv (о, 0 )  d 0 .

V«A, I 4-4. У4Д,

(15)

(15')

In the follow ing it will be more convenient to use form ula (15) for the high  
tem peratures case and form ula (15') for the low tem peratures case.

At high tem peratures we make th e  common approxim ation

,,vn h(g* +  A l Z v)& _  h(g* +  A ’2Z vyi>
1 |/M  kT У М - к Т

and in this w ay I„ is independent of v and equal to:

arc tg [А, У4Д,
Аг cos 0

4 kT dO
/> Q dg

а- У~АхА г 1 —  -------- O2 C O S 2 0 1 ----------p2 sin2 0
1/2

t)0 0
A A  , 4 A 2

+

ф sin 0

(16)

+ d O
g dg

1 ----------- о2 cos2 0
4 А г 4Л„

о2 sin2 0

arc tg
A~,

* W e m ention that A  t >  A., . In the in tegration  over Q and © we must take into  account 
the form of the domain of integration , which is a rectangle w ith  the sides 2 f'M  ( and 2 ) 4 A„.
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B y  making in th e  first integral the change o f  variable

1 ,  , 1 4 A . d x■------pl c o s - (y — X, nap — ----------- -----
4 A,  2 cos- 0

we obtain

arc tg I/7Г

1  / '

/ i  , ! A t s i n  0  ^
Í A ,  c o s  0 A 1

1 A z co s  0
c o s 2 0 1 A r s i n  0 1 [  A  j s i n  0

V A 2 co s  0  J

where we have used the integral [3]

l

Í
dx

=  ! i n 1 + ^
f ( ï  — x) (1 — p x )  p  1 -

(17)

N ow  the integral (17) m ay be calculated w ith  the aid o f  the formula [3]
l

о

1 +  X л 2---------dx  = ----- .
1 -  a: 4

B y  making in (17) the change

th e result is
][А^А2л 2 . 

2

The second integral o f (16) can be calculated in a similar m anner, it is found  
to  be equal to  th e  first. The fin a l result is

a kT  ,4 ----- л 1
a2

(18)

In the sam e manner th e  integrals corresponding to  s =  2 and s =  3 
m ay be obtained. B y  perform ing the sum m ation over s and v we obtain  
or the energy o f  th e  thin film  at high tem peratures:

E  =  3 N 2q kT .  (19)

T his result m eans th a t the specific  heat per u n it volum e at h igh tem peratures 
is independent o f T  and q.

It is in teresting to note th at at high tem peratures the m athem atical 
ta sk  can be accom plished also b y  means o f formula (15') and one obtains 
th e  same result. The proof is g iven  in the A ppendix.
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More interesting is the case o f low  tem peratures. In order to calculate  
the energy and the specific heat of th e  thin film  for low  tem peratures it is 
more convenient, for m athem atical purposes, to use the formula (15'). In this 
w ay we m ust calculate three integrals instead  of one. I f  we make in (IS ') the 
change of variable

-------p2 sin2 0  =  X  , dO  =  —
4 A,  2

we obtain the following expressions

dx

Q
4 An

—  X

1/4A,
Г

h  2 = a2 An
W (e’ + w

J
0

exp
h

- Щ й  *  + « * * * .

odo  X

— 1

ег1У*А,
X

dx

x ( l  — x) (q2/í A 2 — x) *
o2 — 4 A r 

4 An

(20 )

У4 A,
Г

I V2 2 Aa -  A  о
У м

(Q2 +  A'2 Z „)V*

exp
o d o  X

- 1

1 *a 2 (20')

X
’ Ле

I х{1  — x) (q2/4,A2 — х) 1 - е д
y4(Ai + A2)

1 vS a2 exp
•/

14л;
f M  kT (e2 + ^  ,̂)1/:

g d g  X

(20")

X

ea-4A,
4A,

я: (1 — я:) (p2/4y42 — я) я: —
р2- 4 ^ !

4 А 2
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The integration  over the variable x can be easily  performed i f  we take in to  
account the general formula [3]

dx
f ( a  — x) (ß -  x) (x — y ) ( x  — ô) ]A(a — y)(ß -  à)

X

X F arc sin ( q  — y ) { ß — и)

(ß — У) (а — «) ’
' ( ß - y ) ( a - ô ) 
(а — У) (ß — <5)

( 21)

w hich is applicable with the conditions

à < y  <  ß  < a
and

y < u < ß ,

where F(cp, k) is the eliptic integral o f the first kind, nam ely

<p

F  (<p, k) =  j
0

da
j/l — k‘Js in 2a

dx

хЩ (1 k 2 X 2)

( 22)

( 22 ' )

(23)

In  the follow ing Avili appear also the function K (k ), which is defined in the  
follow ing w ay:

n/2

К  (k) =  F

0

Л

2
k\ =

dx

K(1 -  *2)(1 -  к 2 X 2)
(24)

It is not d ifficult to show th at

У*Аг

w (<f2+AiZ-

exp
П

р л - к т

X  F

(g2 +  A'2 Z,,)1/2
X

( 25 )
л
У ’

4 ( Л  +  Л 2) - < ? 2 р2 о d o ,

because in  th is case we have

Q2 -  4 A j 
4 A 2

<  0 < g3
4^ 2

<  1.

A cta  Phys. H ung. Tom. X V .  Fasc. 4.



TH E SPECIFIC HEAT OF THIN FILMS 309

In  this manner we can write also

1

J  16

4 Д, 
/•

w (e' + A i Z -y l*
a -

*
e x p [№\ r fe! + W ]—  1

У*А,
I я I 16 A j  A% j pdp
12 ’ Г e2 [4 ( A  +  a 2) -  p2] ) У P2 [4 ( A  +  Л 2) -  p2]

(25')

since in this case the order o f param eters is

p 2 - 4  1 e------------ i  <  0 <  1 <  —
4 A 0 4 A„

■and similarly

УЧАг+А,)!•

a2 ][A1A.1
т ^ + А ^

e x p

y*A[

n
умкт

X F

{в2 +  A i Zvyl2
X

71

~2 ’
/ 4 (^41 -j- A 2) — p2 

16 A ,  A 2 'V

(25")

pdp,

because
p2 — 4Л, p

0 <  - 1 <  1 <  -
4 Л , 4̂ 4„

In order to  perform the calculation more easily, w e shall suppose A 1 =  
=  A 2 =  A.  Sim ilarly we shall suppose В г =  B,2 =  B.  T his hypothesis is not 
too restrictive because th e  force constants characterized b y  these quantities are 
of the sam e order of m agnitude. In th is w ay the in tegral (25’), w hich is the 
m ost d ifficult, vanishes. Further it is now  possible to  w rite the integrals I t 
and I 3 in a single integral

У8А

I» —  h i  + I  Vi +  I,,
4

a2 A
W ie'  +  AZ' r

J
0

exp
П—j y ----- (p2 +  A Z  VF-

УМ kT

X

(26)

(—  I/  8 '4 - ^ 2 - p 2
1 2 ’ ' 16 A 2 e J

odo.
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8 A -  g2
W e note th a t in  (24) the q u an tity  ■ • g^is less then  un ity .*  It is possib le

16 A 2
to  carry out the integration over g by expanding firstly  th e  eliptic integral in  
a series. Considering that

K ( k ) =  —  
2

1
1.2

к2 +
1.3
2.4

к* +  - . - (27)

it  m ay be easily  seen that such an expansion leads to a series of integrals w ith  
different powers o f g. W e shall consider on ly  the first term , because the others  
express the contributions to  the energy in increasing pow ers of T, and th u s  
the significant term  at low  tem peratures is on ly  the first term . In this w a y

we can replace F  — , к b y —  and the result is the follow ing:

Í8A

! . .  =
2ji

a2 A

( Г +  A Z V)'I*

J exp
УМ kT

(g2 +  A ' z , y i 2
gdg. (2 8 )

I f  we m ake the change o f  variable

h ( Q2 +  A Z vy i 2

we obtain
У М кТ

>8 A + A Z r

I. = 2л M  (kT)3 
a2 Ah2 J

] M kT
X 2 dx 

ex ~  1
Vaz. -

УмкТ

(29>

The energy o f the thin film  is now given by the sum

—  ̂ [2  W )  +  I , ( B ) ]4тг-

: In the sam e manner it  can be shown that the quantity

and (25") is less than  unity. In (25') the reversed q u an tity  

responding in terval rem ains also less than unity.

4 (A t +  A 2) ~ Q ‘ 
16 А 1 А г 

1 6 A l A 2
e2 [ЦА1-\-А!) — e1]

e2 in (25>  

in the cor-
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over all the contributions corresponding to various Z,„ where v tak es th e  
values 1 ,2 ,  . . q and s =  1, 2 and 3. The expression o f  the energy is the  
following

VbA + A Z , - J   f z B + B Z „ — — -
]ГмкТ У м к Т

r  S  ' 2nM  (kT)3
4л;2 a2 Ah2

Now, as it is known

X- d x  j*

?x —  1 J

X- dx
ex — 1

• (30)

Y a z v
Ï M k T

Увг„
Ум кТ

ех— 1 1 -  е - х
■ X2 е х (1 +  е ‘х е 2Х . . . ) ,

because at low tem peratures r  is a large quantity and thus we can expand  
1/1 — e~x in series. The only significant term  in the integral

( x
2 P. X Y -  P 2X +  . . . ) dx (31)

is the first one. In fact, the value of the integral (31) w hen the lower lim it is 
zero, and the upper lim it is <», is*

2 V -----=  2 C (3) =  2,404

and when one retains only the first term  the result is 2. The case is sim ilar  
for the integral (31). We remark that all our approxim ations are introduced  
so as to overcom e m athem atical d ifficulties. It is clear th a t these approxim a
tions do not m odify the general features o f  the problem . W e have

f л;2 e~x dx =  — x2 e~x -  2 xe~x -  2e~x .

B y performing now the calculation it  is possible to  write the energy o f  
the thin film  at low tem peratures in th e  form:

N 2 M ( k T ) 3 2
1 *

2 A Z V
m  exp

h ’ j A Z v
2 71 h2 — [ A L U r kT 1 M

h \2 A  (8 + Z v) h
T t m  exp k T

^ ( 8  +  Z„) 
M

* £(z) is R iem ann’s function.
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% f A Z V H ' [ A Z „\
k T I M  e x P kT ' M  I

H I  A (8 + Z,) H ■[ M 8  +  Z,) \
k T ! m  p k T I M  )

+  -

2 exp

1

h [ _  2 exp Í _ _ h [ A  (8 - f  Z v)
kT / M  ) P \ kT ~ M +

В kT
BZ,.
м exp

h
kT

BZA
м —

2 —
k T

2 exp

B ( 8  +  Z v)
M

exp
_n_
IcT

B ( 8 + Z v)
M +

u b z A 0 ^ % ■[ B ( 8 + Z v)\ )
kT 1 M  1

exp
k T 1 M  ] I

( 32 )

*  ) ' B ( 8  +  Z,)_ [ h [  B ( 8  +  Zv) \ +  2 h ’
1 B 4U r ]  M  P l kT ! m  JJ kT I M  J

O f course we can further sim plify  the results b y  putting A  =  B. The form ula  
(32) is the general result at low  tem peratures. So as to o b ta in  the values o f  
the energy for th in  film s w ith  various q it is necessary for every q to in tro 
duce in the expression (32) th e  values o f  Z v corresponding to q. This is in 
fact possible for sm all q, w hen the solutions o f  the secular equ . (8) are know n. 
The problem can be solved also for a larger q, using the electronic com puter. 
E v id en tly  for large q the form ula (32) has to  go over into th e  known form ula  
corresponding to  the solid body. We shall briefly  discuss the case q v ery  
sm all and q v e r y  large.

The case q very sm all m ay be illu strated  by tak ing q — 1. This case  
is evidently  a m athem atical case, but at low  tem peratures it  gives the behaviour  
o f energy, and thus of specific heat in dependence on tem perature. So as to  
stu d y  the ideal case, we shall neglect in the expression o f Z  the contribution  
o f the substrate. I t  is easy to  show  that one obtains

E  =  2,404 W - M W l  
2л AH2

and thus the specific  heat increases with the square of the tem perature at low  
tem peratures. T his lim iting result was to be expected  for an ideal square la ttice , 
and evidently  it  is valid in the case of a thin film  with very sm all q, when th e  
influence of the substrate is insignificant. W hen the thin film  is deposited on a 
substrate so th a t the binding force exerted on it is very  high, the specific  
heat o f the th in  film  dim inishes because in the formulae for the energy Z,.

(33)
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is  never zero. As it is know n when q is large the in fluence of the substrate is 
no longer sign ificant,and  the values tak en  by Zv are very near to  th e  one 
obtained from (8 ) when a =  0 .

In the case of high q, as was show n in the first paragraph, instead o f z,, 
we can introduce (10), nam ely

2 (1  — cos f z a) =  4 sin2 a .

In this m anner the sum m ation over Z,, in (32) may be replaced by an integral, 
and thus we shall write

'■ l /  A(8iZ,,) 
k T  Ik f ] / — M ~  *12 - T ^ 2+ Si'n ‘y

j '  X-  e ^ x  d x  —> 2  ( q a )  ^  J —  j d y  J*  x - e ~ x d x .
Я г

у
V— 1 J

Ä 1 [ a z .
k T 1' M

where we have denoted by b the q u an tity  2Ti fAjk  ]AM  and where

У =
f z a

Performing the integration  in the expression for th e  energy we can write

Л/2
—  s i n  У

[x2 e~x - f  2xe~z -)- 2e-x ] ь vl^ + silPy dy

л/2
b2 b

----- sin2 у  4- 2 ----- sin у  -4- 2rp 2 J rp '

b .- sin у

d y

- j
—— (2 -j- sin 2 y)  2 У2 +  sin 2 у  +  2

—  f 2  +  sinsy
1 dy

and by using convenient substitutions w e obtain:

ь
T

(u2 e - u +  2 u e -“+  2e~u)
du T 2

T Y 5

X

1 _ Ü B. 6
1 b 2 u  °f - n

d v

j { v 2 e - v +  2ve~v +  2e~v) X

T 2 v2
P 2 3 -

T2v2
b2
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A t low  tem peratures only the low est power in T  is significant. Such a contri
b u tion  is furnished by the first term  and in th is  way for low  tem peratures in  
th e  case o f very  large values o f  q one obtains

E = 9
TV2 q

7 t2

M  )3/2 
Ah2

(кту. (34)

A s it  can be seen we have obtained the T4 dependence of the energy and even  
th e  num erical constant is practically  the sam e as the con stan t obtained w ith  
th e  aid of D eb y e’s m ethod in  [4] where, o f  course, the expression for th e  
D eb ye tem perature,* has to be introduced. In (34) q is of the sam e order as IV. 
In  order to obtain  the specific h eat, we m ust take the d erivative of (34) w ith  
respect to T  and the well-know n dependence in  T3 is obtained .

In th is w ay  we have dem onstrated th a t the general expression (32) 
show s a T3 dependence for sm all values o f  q and a T4 dependence for high  
va lu es of q. As we have pointed  out the low -tem perature dependence is v ery  
m uch influenced b y  the presence of the substrate.

U nfortunately , up to th e  present tim e, even for m oderate values o f  g, 
th ere are no experim ental determ inations o f  the specific h ea t of thin film s, 
neither in the h igh nor in the low tem perature range. It m ay  be remarked  
th a t  the great d ifficu lty  in such kinds of experim ents is caused b y  the presence  
o f  the substrate, because the specific heat o f  the substrate alone has to  b e  
determ ined as w ell as the specific heat of the substrate together with the th in  
film . Of course these experim ents are very d ifficu lt because one must em ploy  
v ery  sensitive m icrocalorim eters and a very accurate experim ental technique.

The d ifficu lty  arising from  the fact th a t the film is v ery  thin m ay be  
overcom e b y  enlarging its surface in such a w ay th a t its weight allow s the m easure
m en t o f the corresponding specific heat variations. A sim ple calculation show s  
th a t for high tem peratures, u sin g  the m odern technique o f m icrocalorim eters
[5] such determ inations are possible, even for thin film s w ith  q of the order  
o f  100.

F inally  we note that at low  tem peratures, one m ust tak e  into account 
also the contribution of the electronic specific heat, just as in  the case o f th e  
solid  body.

Appendix

We shall show  that, for the high tem perature case, the integration  
performed w ith  the aid of form ula (15') leads to  the same resu lt as when using  
th e  formula (15). For sim p licity , we shall suppose from th e  start A1 =  A 2, 
in  order to  sim plify  the calculations. In th is w ay we obtain:

* See for exam ple the form ulae (6.32) (6.30) and (5.9) in [4].
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I j G ( q , 0 ) q d o d 0

where

У4 А я/2 ]8  A  arcsiny4A /e

=  4 [ J gdg [ G ( g , 0 ) d 0  +  J QdQ J G ( e, 0 ) d 0 ] ,
0 0 y iA  arc cos] 4A Iq

G (G, 0 ) kT
a2 A

1

— ̂ — O2 COS" 0 \  1
4 A

■ — - p2 sin2 0  
4A

Let us make the substitution

— p2 sin2 0  X ,  d(9 =  — -  . dx
4 A 2 \ x ( q 2j4A  — X)

In  this manner the integral becom es

yïÂ дг1*А

[J G (в, в ) o d g d 0  =
2kT
a2 A

^  Q do j X

о о

X

+

dx

(1 -  x) (g2A A  — x )x Q°- -  4 A

1'8A
r*

Q d Q

4 A  

dx

yia ea-4A
4A

£ - « ] (i

B y  taking in to  account the formulae (21), (22), (22') from the tex t we
obtain

j  GO?,©) g d o d 0  =

У»А

j о do F
л

T ’
g2(8^4 — g2) 

16 Л-

Ув А  я/2
4 kT  " "
я2 4̂

Q d o  do)

J  J  о 0

/ ( 8^4 —  Q2) Q 1 .
' 1 — -— si n2 <w

16 A-

In order to  integrate w ith respect to  q , we can m ake the substitu tion  q2 =  и 
and the result is
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J  j" G (о, в )  о do d& =

8 kT  
a2 J doj

sin со

о о 

ln (2 sin со

о

du
/ и 2 sin2 со — 8 А и sin2 to -f- 16 А 2 

|/u 2sin2co — 8u Д  sin2 с о - |- 16 Д 2 -)-

я/2
!8 А

-р 2 sin2 со • и — 8A sin2 со)
о

8кТ Г dto , 1 -f- sin со
------- “Г------1п ——а2 J sin со 1 — sin со 

о

B y integrating over со we obtain  [3]

л/2
8/cT Г dco 1 -f- sin  со 8fcT л;2 i k T  • л 2

a2 J sin  со 1 — sin  со а2 2 а2
о

T he energy of the th in  film , for th e  high tem perature ease is now  obtained  
from (11). The result is

E =  3 N 2q k T

as w as to  be expected , in accordance with (19).
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ИССЛЕДОВАНИЕ УДЕЛЬНОЙ ТЕПЛОТЫ ТОНКИХ ПЛЁНОК
А. КО РЧ О В ЕИ  и К. МОЦОК

Р е з ю м е

Было произведено исследование удельной теплоты тонких пленок. Оно основано 
на предварительном изучении термических колебаний в тонких пленках. По получении 
дисперсионных соотношений расчет удельной теплоты производился, учитывая вклад, 
всех видов колебаний в термические энергии тонких пленок. Были приняты два предель
ных случая: для высоких температур была получена известная независимость удельной 
теплоты от температуры Т, а для низких температур зависимость от Т- для удельной 
теплоты.

В последствии принята зависимость удельной теплоты от количества моноатом- 
ного слоя q и показано, что при больших значениях q, соответствующих твердому телу, 
для низких температур получается хорошо известная зависимость удельной теплоты от Х3_

Acta Phys. Hung. Tom. X V .  Fase. 4.



X-RAY INVESTIGATIONS OF THE KINETICS OF 
ORDERING IN THE ALLOY Cu3Au

By

H .  E l KHOLY*  and  L. ZSOLDOS

INSTITUTE FOR EXPERIMENTAL PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by E. N agy. — R eceived 1. III. 1962)

X -ray technique was used in  studying the ordering process o f  the alloy Cu3Au. The 
ordering process could be separated into two processes. The first process is characterized by  
the form ation of stable nuclei and their growth in to  contiguous antiphase dom ains o f  equi
librium  order, while the second process is connected w ith the dom ain growth and obeys a 
sim ple exponential law. It was found also that the dom ain structure can change only  in a direc
tion which leads to an increase in the domain size.

1. Introduction

As early as 1936 a careful study o f ordering k inetics in the alloy Cu3Au 
by Sykes and Evans [1] showed th at the process o f form ation o f order from  
the disordered state was far more com plex than  had been originally supposed. 
It was shown that ordering takes place b y  a process o f  nucléation and grow th. 
Furtherm ore, there are four possible sublattices on w hich gold can be located  
preferentially in the long-range order sta te . This situ ation  gives rise to  the 
form ation of such a network of “ antiphase dom ains” th a t in each dom ain  
gold atom s are located preferentially on a sublattice different from th a t of 
neighbouring dom ains. A  significant part o f  the change in  properties during  
ordering seem s to take place at the tim e w hen these antiphase domains com e into  
contact w ith one another [2], and therefore part o f the property change is 
connected w ith a dom ain growth process, som ew hat analogous to  grain 
growth in a recrystallized m etal. Later work served to  dem onstrate more 
clearly the com plexity o f  the ordering process.

R ecently , Nagy and coworkers [3, 4] have tried to  separate the various 
steps in the establishm ent of order. B y  a suitable choice o f the conditions  
of experim ent, using resistiv ity  and H all constant as indicators for the ordering  
process, th ey  succeeded in separating the ordering kinetics o f the alloy Cu3Au 
into several distinct stages, which were ascribed to various physical processes. 
They were interested in  the last process; nam ely the process of dom ain wall 
m otion. T hey found th at it  obeys a sim ple exponential law  w ith  an activation  
energy o f 0.80 ev. In their study of the characteristics o f  the ordering dom ains,

* On leave o f absence from  the Physics D ep t., Faculty o f Science, Cairo U n iv ersity , 
Cairo, E gypt.

Acta Phys. H ung. Тот. X V . Fasc. 4.



318 H. ELKHOLY and L. ZSOLDOS

th e y  found th a t for every tem perature below  the critical tem perature there  
is  an equilibrium  domain structure of an average dom ain size, and th at the  
process of dom ain growth is a unidirectional process, in the sense that once 
a structure o f  an average dom ain size is form ed, the average domain size 
should  either grow or remain unchanged, but never dim inish, irrespective o f  
w hether the tem perature increases or decreases. I f  the tem perature increases, 
th e  average dom ain size grows to  its equilibrium  value at the new  tem perature. 
I f  the tem perature decreases, the average dom ain size rem ains unchanged, 
and only the long-range order param eter S  increases.

The present work is m ain ly  concerned w ith  checking, by direct m eans, 
th e  valid ity  o f  th e  unidirectional process o f  dom ain grow th, together w ith  
th e  valid ity  o f  th e  exponential tim e dependence o f  the dom ain w all elim ination.

In doing th is , X-ray technique was used to  determ ine the domain size 
from  the w idth  o f  the superlattice lines present in the X -ray powder diagram.

2. Experimental work

The sam ples were prepared from the sam e batch, which was used for the  
previous studies [3, 4]. After an appropriate h eat treatm ent X -ray  photographs 
w ere taken in a de W olff-type fourfold Guinier camera [5] using Cu Ka radia
tio n . The ordered structure o f  the alloy Cu3Au is rich in strong superlattice  
lines and the size o f the dom ains can be determ ined from any of these lines 
using  the form ula:

D  =
XK

ß cos $
( 1 )

where D is the m ean diam eter o f the particles (dom ains) perpendicular to  the  
reflecting p lanes, К  is a form  factor w ith a va lue of approxim ately 1, A is the  
w ave length o f  th e  radiation used, ß is the true angular breadth of the line, 
and #  is the B ragg angle.

In our investigations, w e have used on ly  the 100 and 110 reflexions, 
because th ey  had the sm allest instrum ental broadening [(2.6 +  0 . 1 ) ' 1 0 ~ 3 
radians], and at sm all dom ain sizes the higher order reflexions were too broad  
to  get sufficient accuracy. The inaccuracy o f our m easurem ents for the very  
broad lines (ß 40 • 10-3  radians) was about 10% , whereas in the m ost 
favourable cases it  was reduced to  3% . As a result of the uncertainty o f the  
instrum ental broadening, th e  inaccuracy cannot be sm aller than 0.2 • 1 0 ~ 3 
radians, and in  the case o f  very  large dom ains this m ay cause large error.

The apparent domain size obtained from  different lines is not the sam e, 
in  particular th e  size calculated from the 100 reflexion is appreciably larger 
th an  that for the other reflexions. As it was show n by W i l s o n  [ 6 ]  this is due 
to  the fact th a t  we have at least two different types o f dom ain walls. One
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such wall is lying in the {lOO} planes and gold atom s from the dom ains do 
not com e into contact. The 100 reflexion is quite insensitive to  th is fault 
and therefore the apparent domain size from this reflexion is always larger 
than for other reflexions.

3. Results and discussions

a)  Characters of domains

In the first kind o f experim ents our main object was to check, by direct 
m eans, the valid ity  o f the proposition m ade by N ag y  [3] and E l k h o l y  [4] 
th a t the dom ain growth is a unidirectional process. In th is respect, tw o experi
m ents were performed. First, tw o specim ens were disordered at 420° C for 
one hour and then annealed at 360° C for 4.5 hours. One o f these specim ens

spec.

M l. 100 HO 111 200 210 211 220 300 310

Plate 1. A part o f the powder photographs of sam ples 1 and 2

was directly  quenched in water, and the other was transferred to  another  
furnace, having a tem perature of 290° C, and annealed there for 7.5 hours 
and then  quenched in water. X -ray photographs were taken o f the tw o speci
mens (P late  1) and the domain sizes for the 100 and 110 reflexions were 
calculated. The results are shown in Table 1. It is clear th a t the dom ain sizes 
are practically the sam e w ithin the experim ental error. This means th a t the  
annealing at 290° C did not change the dom ain size form ed at 360° C, which  
is a direct proof of the va lid ity  o f the above-m entioned proposition.

Table 1

Speci
men

number
Heat treatment A .. ■ Ю»

rad
A ., ■ к»3

rad
Dioo

A
D„.
A

l disorder 360° C (4.5 h) Q .............. 3.10 6.86 505 234
2 disorder 360° C (4.5 h)

-> 290° C (7.5 h) ^  Q .............. 3.13 7.05 503 228

This property o f the domain size can be confirmed still further from  the  
results show n in Table 2. Here six  specim ens were first disordered at 420° C
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for one hour, one o f them  was transferred to a furnace having a tem perature  
o f  360° C and annealed there for 5.5 hours and then quenched in  water, the  
other five specim ens were transferred to  a furnace having a tem perature  
o f  290° C and annealed there for various periods o f tim e, ind icated  in Table 2, 
and then transferred to 360° C, annealed there for 5.5 hours and quenched in  
w ater. X -ray  photographs were taken  of the six  specim ens (P late 2) and the 
dom ain sizes for the 100 and 110 reflexions were calculated. It is clear 
from  Plate 2 and Table 2 th a t th e  dom ain sizes for the six  specim ens are the  
sam e. This fact confirm s the supposition th at for every tem perature there is 
an equilibrium  dom ain structure o f  average dom ain size which cannot further 
grow except w hen the tem perature increases.

spec*
numb

hkl.  100 110 111 200 210 211 220 300 310

P late 2. A part o f the powder photographs of sam ples 3— 8

Table 2

Speci
men

number
Heat treatment ßion ■ 10” 

rad
ßuo • 103 

rad
Hjoo

A
D u .

A

3 disorder - >  360° C (5.5 h) - >  Q .............. 2.38 4.62 661 348

4 disorder - >  290° C (  2 h) ->■

. 360° C (5.5 h) ^  Q .............. 2.08 4.79 756 336

5 disorder 290° C (  6 h ) ^
—  360° C (5.5 h) - >  Q .............. 2.07 4.64 760 347

6 disorder 290° C (  11 h) -»■

->• 360° C (5,5 h) - >  Q .............. 2.21 5.33 712 302

7 disorder - >  290° C ( 1 3  h)
- >  360° C (5,5 h) - >  Q .............. 2.21 5.21 712 309

8 disorder - >  290° C ( 15 h) —>

- *  360° C (5,5 h) - >  Q .............. 2.10 4.97 749 324
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b)  Kinetics of the ordering process

In the second kind of experim ents, our m ain object was to study the  
kinetics o f the dom ain growth process. Fig. 1 show s the relation between the  
reciprocal line broadening 1/ß (which is proportional to the domain size) 
and tim e for the 100 and 110 reflexions of specim ens quenched from 345° C 
to  room tem perature. A thorough analysis o f  these curves showed that, 
disregarding a certain initial portion of the curves, they obeyed a sim ple 
exponential law o f the form:

—  — A — Be at (for t >  t„) ,
ß

Fig. 1. Relation betw een tim e and reciprocal line broadening. The dotted  line represents 
the non-exponential part of th e  curve

where A, B, a , t() are constants depending on tem perature. This law  can be 
interpreted by assum ing that all the processes except the la st one vanish  
after a tim e t0; only the last process, that corresponds to dom ain Avail m otion, 
is still active then. In determ ining the values o f the constants m entioned  
above, the same procedure as th a t used by N a g y  [3] was follow ed, nam ely  
a sem ilogarithm ic p lot of the first differences o f 1/ß for constant tim e differen
ces. F igs. 2 and 3 show this p lot o f  the first differences for tim e differences 
At — 100 m inutes for both 100 and 110 reflexions. It is clear from Figs. 
2 and 3, that the exponential law  is obeyed after about 70 m inutes, in quite  
good agreement w ith  the result found by E l k h o l y  [4]. I f  we extrapolate  
the graphs of Figs. 2 and 3 to zero tim e, the constants a and В  can be deter
m ined. Curves b (F igs. 2 and 3) show  the exponential law represented by eq. (2). 
N ow  if  we add the exponential so determined to  the points m easured, we get
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the dotted  curves o f F ig. 1. It is clear from the horizontal trend o f th e  dotted  
curves th a t the kinetics here follow the exponential law . The first part of the  
d otted  curves represents the first process o f the k inetics which is characterized  
b y  the form ation o f stable nuclei and their growth in to  contiguous antiphase 
dom ains o f equilibrium  order. The tim e constant a for the 100 and 110 
reflex ions, as determ ined on the basis o f F igs. 2 and 3 are 4 .22  • 10~3 
m in ^ 1 and 3.25 • 10-3  m in -1 , respectively , the first value being greater, the

Fig. 2. The first differences o f l[ß w ith  At — 100 m in for the reflexion 100

Fig. 3. The first differences o f l / ß  w ith  At =  100 m in for the reflexion 110

second being less than the value determ ined by th e  electrical experim ents 
(a  =  3.9 • 10_1m in _1) [3, 4 ]. The average value o f  a,  however, determ ined  
from  the 100 and 110 reflexions is in good agreem ent w ith th e  value 
determ ined in  [4].
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ИССЛЕДОВАНИЕ КИНЕТИКИ УПОРЯДОЧЕНИЯ В СПЛАВЕ Cu3Au 
РЕНТГЕНОВСКИМ МЕТОДОМ 

Г. ЭЛЬКО ЛИ  и л. ж ол дош

Р е з ю м е

При изучении процесса упорядочения сплава Cu3Au применялся рентгеновский 
анализ. Процесс упорядочения может быть разделён на два процесса. Первый из них харак
теризуется формированием устойвицых ядер и ростом в соприкосновенные противофазные 
домены равновесной упорядоченности, в то время как второй из процессов связан с ростом 
доменов и подчиняется простому экспоненциальному закону. Показывается далее, что 
доменная структура может изменяться только в направлении, ведущем к увеличению 
размера домена.
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COMPUTATION OF THE WORKING CYCLE 
OF AN ADIABATIC MAGNETIC 

REFRIGERATING PROCESS

By

I .  K l R S C H N E R

DEPARTMENT OF NUCLEAR PHYSICS, ROLAND EÖTVÖS UNIVERSITY, BUDAPEST 

(Presented by L. Já n o ssy . — R eceived  26. V. 1962)

Some of the modern experim ents in  nuclear and solid  state physics [1] require extrem ely  
low  tem peratures (T  <g 1° K). Tem peratures o f this k ind can be satisfactorily  produced b y  
the process o f adiabatic dem agnetization. T he present paper is discussing the therm odynam ical 
relations on the basis o f  which the refrigerating process is effected. F irst the com putation is 
performed for an ideal case and then also for the real refrigerating cycle.

Temperature to be obtained by one demagnetization

To arrive at tem peratures 1° К  >  T  0.01° К  adiabatic m agnetic  
refrigeration uses the fact th a t there are som e salts [2] w hich m aintain  
their param agnetic characteristics up to 1 0 “ 2 — 10“ 30 K , and the entropy  
of which is large at tem peratures around 1° K . The greater part o f the entropy  
o f the param agnetic sa lt can be tak en  away b y  subjecting it to  the influence o f  
an intensive m agnetic field (15 — 20 kOersted). The heat w hich is thereby  
form ed is conducted aw ay from th e salt and thus this first stage becom es 
isotherm . (Fig. 1, 1 —v 2.) In the second stage th e  salt is therm ically  insulated  
from its surroundings and the m agnetic field  is reduced under adiabatic con
ditions. (Fig. 1, 2 ->  3.)

F ig. 1. One dem agnetization of a param agnetic sa lt, ( i f  is increasing in  the direction o f
increasing index)

Let us characterize the param agnetic sa lt by the in ten sive parameters 
T  and H,  respectively by the ex ten sive  param eters S and M , where T  represents 
the tem perature, H  the external m agnetic fie ld , S the entropy o f salt and M

Acta Phys. Hung. Тот. X V . Fasc. 4.



326 I. KIRSCHNER

th e  m olar m agnetic m om ent o f the sa lt. Now [3] the second law o f therm o
dynam ics can be expressed in the follow ing form:

d U  =  TdS +  H d M , (1)

w here U stands for the internal energy. The therm odynam ical p otentia ls can 
be expressed in the sam e w ay:

E — U — H M : enthalpy,
F  — U  — TS:  free energy, (2)
G =  U — TS  — HM:  Gibbs potentia l.

From  these on the basis o f  (1)

dE  =  T dS — M  dH,
d F  =  - S  d T  +  H dM,  (3)
dG =  - S d T  -  M dH.

A pplying the P faff expressions referring to the tota l differentials dE, d F  and 
dG we have

dS 18 M ]
8 H T 1 9T

8T
8 H s 1 8S )

8 H l 0S
8T M \ 8 M

(4)

The above expressions are analogous w ith  M axwell’s therm odynam ical relations 
for a gas.

Let us suppose the entropy to be a function o f T  and H, then

TdS — T 1 0S d T  - f  T 0S
1 0Г H 0 H

d H , (5)

w here T(dS/dT)H =  CH is the molar heat. Hence the heat to be dissipated  
from the salt at, the isotherm  first stage can be expressed by means o f  (4):

9 - T ] [ w i d H ’ {6)
H,

■where Н г m ay be zero as well. From (6) it is to be seen that on sw itching  
o n  the external m agnetic field , the am ount o f heat is obtained which depends
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on the value o f the original tem perature as well as on that o f the polarization- 
A pplying (5) to  the adiabatic stage, the reduction of tem perature can 

he obtained from the equation TdS  =  0:

hence

T —

T 1 dM

Ch U r
H,
Í 1dM

J 19 S H

d H ,

dH.

нк
( 7 >

It is obvious from the above th a t the adiabatic reduction o f the m agnetic  
field results ill a drop in the tem perature of the param agnetic sa lt, whereas 
its increase brings an increase of tem perature. I f  Tk is known, the change in 
tem perature Can be calculated from (7).

Let ив introduce now an idealization of the param agnetic salt (as in 
the case o f perfect gases) in the follow ing way:

* 0 .
dM )T

Interpreting the entropy as a function o f T and M , we have

TdS =  T  (— I d M  + T
\ д М ) т

_a s j  
9T  J m

dT,

where T(dS/dT)M—CM is the molar heat. H ence, taking into consideration  
also relation (4), the change in the internal energy in a process taking place 
between tw o states o f equilibrium can be written

d U = CMd T —
I 9Я ~

T  ------ — H
\ д  T M

dM. (9>

Assum ing U =  U(T, M)  and forming the total differential o f U, we obtain 
the relation U — M  w ithout any idealization  and referring to the general case:

— -I = - г ( — -1 +  Я
дМ  т I ЭТ /м

Applying (8) results in:

Я
T

aH
9 T

( 10)
M
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In  other words, i f  M  is constant, the ratio Л /T  is also constant. From  relation  
{4), how ever, it  is apparent th at if  M  is constant, the value o f th e  entropy  
rem ains also unchanged. Thus from the equation referring to an isentropic 
process, nam elv

Sk (Hk , T k) =  S , ( H „ T v) ,  (11)

i t  follow s by m eans o f  relation (10) th a t

T v =  T k - ^ - .  (12)

In case H v —► 0, th is formula yields the result Tv —> 0, which is not real. 
A nalysing, how ever, the m easurem ent data o f som e authors [4] w e can safely  
s ta te  th at our equation is in  good agreem ent w ith  reality in all the cases 
where the final dem agnetization fie ld  is not lower than about a hundred  
oersted.

R ealizing adiabatic dem agnetization in practice the initial tem perature  
(T fc) can be secured b y  placing the param agnetic sa lt into a cryostat containing  
liquid helium .

The approximation of the refrigerating process 
by the Carnot-cycle

I t  is obvious th a t the tem perature to  be obtained after one m agnetization  
and dem agnetization will considerably increase in a com paratively short 
tim e depending on the efficiency o f  the heat insulation . I f  we are going to  
perform  our experim ents under stab le tem perature conditions for a longer 
period, then we need a cyclically  operating refrigeration equipm ent capable 
o f  continuously conducting heat from  a heat reservoir (body to  be tested) 
at the prescribed low  tem perature ( T  1° K). The m ain parts o f an apparatus 
[5] o f this typ e (F ig. 2) are the follow ing: B: helium  bath; C: param agnetic  
sa lt (working substance); R: heat reservoir; Kg and K B: heat rectifiers (thermal 
va lv es), w hich have to let the heat through in one part of the cycle  and to  
act as heat insulators in the other; M: cooling m agnet for m agnetization  and  
dem agnetization; MB and MB: m agnets regulating the therm al valves. A ll 
o f  them  are built into a vacuum  cham ber cooled down to helium  tem perature. 
I t  can be seen th at test sam ple C is connected w ith  helium vessel В through  
the therm al va lve  K B and is also in  contact w ith h ea t reservoir R through K B. 
I t  is ju st th at factor which enables the refrigerating equipm ent to  operate 
continuously.

The heat rectifying role o f th e  therm al va lves is made possib le by an  
anom aly o f superconduction, i. e. b y  the fact th at in  superconducting condition  
m etals becom e bad heat conductors:
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-Ksup/ÍLnorm — (T j T  tr)-,

w here K ncrm represents the heat con d u ctiv ity  in normal condition, K sup 
stands for the heat conductiv ity  in  superconducting condition , and Ttr is 
the tem perature o f  superconducting transition . The required condition can  
be obtained by m eans o f an external m agnetic field , because at a given tem 
perature a m agnetic field  of proper in ten sity  is capable o f changing the con 
dition of the m etal from a superconducting one into a norm al one i. e. in to  
the sta te  of “ great” heat conductiv ity .

Fig. 2. Main parts o f the refrigerating equipment

Investigation  of the refrigerating cycle requires knowledge o f  the entropy- 
tem perature curves o f the param agnetic salts a t different values o f the m agne
tic field . In this connection J .  R. H u l l  and R . A. H u l l  [6] have performed 
calculations w ith a statistical therm odynam ical method. P artition  function  
Z can be expressed for param agnetic ions in  the following form :

Z =  JV exp  ( — mgßHIkT)  ,
m = —J

wherefrom the therm odynam ical functions are: 

free energy: F =  R T  \ n Z ,

entropy: S =  -  —  =  R  (in  Z -  Z 1 • * • ,dT \ dx J

a F a i n Zm agnetization: M  = ------ — ST  -----------
dH dH

where R =  universal gas constant, and x =  —gßHjkT.  A fter expressing Z  
exp licitly  and perform ing the required derivations:

Acta Phys. Hung. Tom . X V . Fasc. 4.



3 3 0 I. KIRSCHNER

s - u b p j + D  +  J - ^ « .
0

( 13>

M  is described by the Brillouin function

M  =  ± N g ß  I (2 J  +  1) cth (2 J  +  1) -  cth I,

w here IV: Loschm idt num ber, g: Lande factor, ß : Bohr m agneton, J : angular- 
m om ent quantum  num ber, к : B oltzm ann constant. The curves obtained  on

r 5the basis o f  the form ula for . /  =  —  are dlustrated b y  Fig. 3.

Fig. 3. Curves S— T, and the ideal Carnot cycle

H aving obtained S — T  curves, le t us follow  the refrigerating cycle 
o f an ideal param agnetic salt on hand o f  the Carnot cycle taking place betw een  
helium  tem perature TB and reservoir tem perature TR. For the Carnot approxi
m ation o f the refrigeration process, it  is indispensable that the C arnot-type  
refrigerating equipm ent should be operating along tw o  isotherms and two 
isentropies (F ig. 3). An ideal Carnot cycle  can be realized along the w ay  1 . 2 . 3 .
4 . 1., where paths 1 ,2 ., 2.3-, 3.4., 4 .1 . are at right angles to each other, and 
where the direction o f advancem ent depends on the unequality TR <  TB. 
In order to  m a te  the Carnot cycle ideal, the following condition* m iist be m et:

a)  the contacts betw een the w orking substance and the helium  bath, 
respectively  betw een the working substance and the reservoir m ust be fully  
isotherm  on the sections 1.2. and 3.4-

b) the heat insulation of thè w orking substance m ust be fully adiabatic  
on the sections 2.3- and 4.1-

* This involves the heat conductiv ity  o f  the thermal va lv es to be infinite in normal 
condition  and zero in superconducting state .
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I f  along line 1.2. a m agnetic field is applied on C, therm al valve K B 
opens and h eat o f  amount w ill flow isotherm ically from  C into В at a 
tem perature TB.

Along line 2.3 we perform an isentropical dem agnetization from tem 
perature Ts  to  TR while both  therm al va lves are closed. From  the Il-n d  law  
i t  follows that th e  change o f th e  internal energy  is a result o f  work, the va lue  
o f  which is denoted by A v  (This work is performed on th e  test sample b y  
the external m agnetic field.)

Along the line 3.4 heat Q., flows isotherm ically into C from R. This line  
m eans a dem agnetization and during this K R is open, K B is closed.

Line 4.1 as an adiabatic m agnetization, returns the cycle into its original 
sta te , the tem perature of C is increasing again  to TB, w hile both therm al 
va lves are closed. The change in the internal energy takes place again by work  
performed by the working substance against th e  field. Its value is denoted by A 2. 

Thus the energy equation o f the full id ea l cycle is g iven  by

Q i - Q i  +  A 1 - A 2 =  0 ,
th at is

Qi +  A 1 —- Q, -f- A 2.

I f  the whole adiabatic work is A 2 — A x =  A ,  the equation o f the ideal Carno 
cycle is:

Qt =  Q i - A .

It is obvious th a t ideal Carnot cycle is the one at which the m axim um  heat  
possible is leaving the reservoir. This heat is denoted by Q geal

Ga =  T * (S 4. - S 3.)= < ? R  • (14)

The above quantities are illustrated  by Fig. 3.
Quantity

Qi =  T B ( S 1 - s 2.) =  T B ( S t - s a)

is shown by area 1. 2 . 5. 6 . 1 ., heat

<?2 =  T R ( S t  -  S 3)  =  T R ( S u - S 2) =  Q ' f “'

i s  showm by area 4. 3. 5. 6 . 4. W ork A  is illu strated  by area 1. 2. 3. 4. 1.
A  itse lf  is a difference of two mem bers, out o f  which work

^ 1  — ^2 . ( T  В  2 R)
is show n by area 2. 8 . 7. 3. 2 ., work

■̂ з. ( T в TR)

'U =  S 1. { T B - T R) =  S i ' ( T B

is  represented by area 1. 8 . 7. 4. 1.

TR)
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The calculation of the real refrigerating cycle

In rea lity  no ideal Carnot cycle ex ists  partly because of the undesired  
h eat and im perfect h eat insulation o f th e  various parts o f the refrigerating  
equipm ent and partly  on account o f the im perfect h eat contacts.

The strong dependence o f the h ea t conductiv ity  o f  the therm al va lves  
and o f the h eat capacity  o f  th e  param agnetic working substance on tem perature  
excludes isotherm  conditions. The m ain reason for th e  deviation from  the 
adiabatic line m ust be sought for in th e  heat leakage, heat seeping through  
th e  closed therm al va lves.

From  the sources generating h eat in the apparatus the eddy current 
is the m ost im portant one. This com es from  the regulated  alteration o f  the

Fig. 4. The direction of the m agnetic field  relative to  th e  copper details

m agnetic fie ld  and from its vibration and is apparent on th e  copper com ponents. 
The am ount o f heat being formed during tim e dt is given by

dQ —  Ф- d t ,
_Q

where Q: electric resistance, Ф: vo ltage. This latter is given by

(15>

Here d f  is the surface elem ent of the com ponent, ц is its perm eability, q is 
its  specific resistance. Perform ing the required calculations, we ob ta in  for
m ulas (16) — (19) for the heat formed in  the various positions numbered accord
ing to F ig. 4.

Ф P
dt 5 * - *

W ith this dQ becom es:

dQ P~
Q 1 dt

H nd f \  dt .
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a)  The field  H  is parallel to the wire:

Jrt r' Ind(J = ---------  u-
8 о

dH
dt

dt ;

b)  The field H  is perpendicular to the wire:

m  4r' l7T - d<J =  ------fj.-
o

dH
dt

dt ;

c) The field  H  is parallel to the foil:

in a im3d<J — ------- — fi-
o

( d H
dt

dt ;

d) The field H  is perpendicular to the p late:

a- b- md(J = ------------ fji-
Q

dH
dt

dt.

(16)

(17)

(18)

(19)

In the case of the approxim ation b y  the Carnot cycle [7] we assum ed  
that under normal conditions the therm al valves have zero heat resistance  
(on the parts 1 .2 . and 3 .4 . o f  the cycle) and possess an in fin ite  heat resistance  
in the superconducting sta te , on the sections 2.3. and 4 .1 . o f  the cycle. In  fact, 
how ever, therm al valves have a considerable heat conductance in the closed  
condition too and possess a significant therm al resistance also if  open. T hat 
is the reason w hy the refrigerating cycle is taking place betw een  tem peratures 

and T.,, instead of TB and the m agnetization  increases the tem perature  
of the salt to Tt >  TB, whereas dem agnetization results in a tem perature  
T,  <  TR. In a real refrigerating equipm ent it is just this factor which ensures 
a continuous flow  of heat. The fin ite therm al conductivity o f  the thermal va lves  
(respectively their heat resistance) m anifests itself in losses o f  the heat flow . 
Along line 1.2. heat flow s not only from C into B, but through the “ closed ” 
K R also into R, thus

Q, =  Q ¥  +  Qr1'- (20)

Sim ilarly along line 3.4- heat flow s not on ly  from R into C, but also from  В 
through the “ closed” K B:

Q2 = Q¥ + Q¥- (2i)

The quantities included in expressions (20) and (21) have the following m eaning: 
ÇB2' is the heat flow ing from C into В along line 1.2:; @B2’ is the heat current
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from  C into R along line 1.2.; Q%*' is flow ing from R into  C along the section  
3 .4 .; and fin a lly  Q3g*-. represents the qu an tity  o f  heat flow in g  back along the  
section  3.4- from  R into C. In  the case o f  th e  ideal cycle we have

Q ¥ = 0  and e í 4 = 0 .

In  fact, these quantities are determined b y  the heat conductiv ity  o f  the  
therm al va lves in  superconducting condition . The heat conductiv ity  o f  the  
therm al va lves is expressed by

К  =  k-T", ( 22 )

~where к =  con stan t. Generalization of the experim ental results [8 ] applied  
to superconducting metals resulted in

■̂ nortn =  a ■ T , (23)
К  — b - T 3i v sup Л 5

where a and h are experim ental constants, for which a >  i .  Thus in the real 
refrigerating cycle  (Fig. 5) th e  energy equation  (14) looses its valid ity  and  
is replaced b y  th e  following equation:

Q 1« 2 -3 -4 1 - =  Q ¥  -  Q W ■ <  Q'r e a l’ ( 2 4 )
w hich m eans th a t in the course of the real cycle the va lu e o f the heat to  be 
conducted from  the reservoir is far below th e  ideal one. Thus the equalities  
characterizing the ideal Carnot cycle nam ely

Sj =  S t . and S2 =  S3

disappear and in  their stead  equation

S4. - S 3. =  a . ( S 1. - S 2.) (25)

com es into force, where a <  1 .

Acta Phys. H ung • T o m . X V . Fasc. 4.

Fig. 5.  The real refrigerating cycle



COMPUTATION OF TH E WORKING CYCLE 335

The entropy changes o f  the test sam ple during m agnetization, respectively  
dem agnetization, can be expressed by heat flows in th e  following w ay:

(S2. -  S J  \ d T  =  Q ra +  <?£*-,
TB

(S4. -  S3.) Tf d T  =  Q F  +  Q F .  
тг

The quantities in equ. (20) and (21) can be expressed by the heat transport 
equation referring to the therm al valves:

<?
q к 
l n +  1

(T n+1
X T ny +1)-

This equ. results when using (22). From th is formula w e can compute b y  means 
o f  (23) the heat energy flow ing through the thermal va lves:

Q'b 2 =  ( W U  2  { T l  —  П )  ,

Q V  = ( q M  “ (T l - T \ ) t .

ь (26>

where t L,., respectively t —4 stand for th e  tim e required for part 1.2., respecti
vely  3.4- of the cycle, q m eans the cros-section and l th e  length of the therm al 
valves. The efficiency o f the cycle tak ing place in th is  w ay is determ ined by  
these inequalities:

Q 37 - > Q W ,  ( 2 7 )
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СЧЁТ ДЕЙСТВУЮ Щ ЕГО Ц И К Л А  АДИАБАТИ ЧЕСКО ГО  М АГНИТНОГО  
О ХЛАЖ ДАЮ Щ ЕГО  ПРОЦЕССА

и. КИРШНЕР 
Р е з ю м е

Часть исследований ядерной физики и физики твёрдых тел требует сверхнизки -  
температуры (Т  «4 1° К). Можно создать такие низкие температуры процессом адиабатиа 
ческого размагничивания. В этой работе рассмотрим термодинамические соотношения, но 
основе котоых происходит охлаждающий процесс. Расчёт произведен для идеальног 
и также для действительного цикла.
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ON THE ANOMALOUS SPLITTING OF THE MULTIPLET 
A STATES IN DIATOMIC MOLECULES II.

By

I. K o v á c s

DEPARTMENT OF ATOMIC PHYSICS, POLYTECHNICAL UNIVERSITY, BUDAPEST 

(R eceived 25. X . 1962)

This paper supplem ents a previous paper on a sim ilar subject [1]. The theory developed  
there to interpret the anom alous sp litting of m ultip let 2  terms is applied to term s as y e t  
m issing, nam ely the 5A, and ' term s.

It has been shown in tw o previous papers [1], [2] th a t the “ anom alous 
m ultip let sp littin g” o f the X 2A + term o f the HgH m olecule, the J32A term  o f  
the YO m olecule, the А 3А„’ and В'3Ей  term s of the N2 m olecule, as w ell as 
the 7A term  of the MnH m olecule can be very satisfactorily interpreted th eo 
retically  as the perturbations o f not too far lying П  term s. The experim ental 
exam ples m entioned above show that such anomalous sp littings m ay occur  
quite often, however, when th ey  were first found they could not be in ter 
preted as the theory v a s  then lacking. W ith  assum ptions sim ilar to the pre
vious ones the present paper aims at extend ing  the theory to  the anom alous 
splittings that m ay be expected  in the case of the A term s as yet m issing  

nam ely the 4 A, 5A, °A term s — the author hoping thus to draw the a tten tion  
of the experim ental research worker to these possibilities.

As is well known, for the dependence on the rotational quantum  num ber  
of the com ponents o f m ultip let A terms relatively  simple form ulae are va lid  
th at can be arrived at after solving the separated wave equation  and tak in g  
into account the m utual perturbations of th e  com ponents belonging to H u n d ’s 
case a), com pleted with the perturbation term s of the spin-spin in teraction , 
as well as the interaction betw een rotation and spin [3]. D eviations from th e  
form ulae thus gained are called “ anom alous splittings” .

Considering the term s neglected at th e  separation o f th e  wave eq u ation  
and those o f the spin-orbit interaction, and taking the perturbations o f  th e  
A and П  states of the same and different m ultip licity  into account these per
turbations w ill — if  the states m entioned are lying far enough — not change  
the structure of the A term  formulae referred to above, i .e .  their dependence  
on the rotational quantum  numbers will rem ain the same and apart from  a 
sm all constant displacem ent only the va lues o f the constants in the original 
form ulae will be m odified [4], [2].
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H ow ever, i f  the perturbing terms are ly in g  nearer to  th e  E  terms at issue  
so that the change in their distance w ith  the rotational quantum num ber  
cannot be neglected , then, beside the changes in the va lu e of the constants, 
also such correction terms w ill occur as to  bring about changes in the structure  
o f  the form ulae; in other w ords, the dependence on the rotational quantum  
num ber in the original form ulae will also change. These new  additional term s  
excellen tly  describe the anom alous m ultip let splittings in  each of the cases 
observed so far w ith the exception  of one (see later).

A deta iled  derivation o f  the calculations can be found  in earlier works 
[1], [2]; here on ly  the final results are g iven  for the m issing cases, as well 
as a sligh tly  m ore exact form  o f the form ula derived earlier for the case o f  the  
7E  term.

D enote b y  F t(N)  the term s observed by the experim ental research  
worker as unperturbed (i.e. such terms where the values o f  the original con 
stants have changed, but where the structure of the form ulae rem ained the  
sam e); F ,(iV ) be the actu a lly  observed, th a t is perturbed terms. Then

A F, (N)  =  F\ (N)  -  F^N)

denoted the m easured deviation  from the original form ulae. For these we h ave  
the follow ing expressions:

In case of *E terms :

A Fx (N) =  -  [3a ( N +  1) — r] N-,

A F  (IV) =  -  [a (N  -  3) (N  +  1) +  r ( N  +  3)] N ,  

A F3 (N) =  -(— [<r ÍV (iV 4) — г (Ar -  2)] ( N  +  1 ) , 

A Fi  (A ) =  - f  [3o íV +  t] (N  +  1)-,

where

(j — 4 (Дд — Яг) . т  _  (Bn — B r )
(hvy ’ (hvy-

( 1 )

( 2)

and I is the constant occurring in the m atrix  elem ents o f  the spin-orbit in ter
action, rj is th a t of the interaction  com ing from the term s neglected a t the  
separation o f the wave equation , B£ and Bn are the unperturbed values of 
the rotational constants o f  the perturbed and perturbing terms, occurring  
in the original m ultiplet form ulae (that is , not those occurring in the F ,(!V)) 
and finally  hv is the difference between the corresponding vibrational sta tes  
o f the perturbed and perturbing term s.
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In case of  5 22 terms :

A Fr (N) =  -  [a (22V +  3) (2V +  1) -  2t (22V +  1)] 2V , 

AEl ( N ) =  -  [ a ( N +  l ) 2 -  t ( 2 V - 4 ) ]  2V,

AF3(N) =  0 ,

A F4 (JV) =  +  И 2 +  г (2V +  5)] (2V -r  1 ) ,

A Fs (2V) =  +  [a (22V -  1 ) N  +  2r (22V +  1)] Í2V +  1),
where

,T =  8 £y ( B „ -  B J  . T p  (Bn -  B E)
( f tp )2 ’ (ftp )2

In case of  6 22 terms :

(3)

(4)

zl í ; (2V) =  -  5 [ff (2V +  1) — r] N-,

A Fz (2V) =  -  [o (32V -  5) (2V +  1) +  t  (2V +  15)] 2V, (5)

AF3 ( N ) =  -  [ f f2 V (2 V + l)(2 V -8 )  +  2r(22V — 3 )(2 V + 4 )] ,  

/JF4 (2V )=  +  [ct2 V ( 2 V + 1 ) ( 2 V + 9 ) - 2 t (2 2 V + 5 ) (2 V - 3 ) ] ,  

/1F5 (2V )=  +  [ff(32V +  8 ) 2 V - T ( 2 V - 1 4 ) ] ( 2 V + l ) ,

AF6( N ) =  + 5 [ a N  +  r] (N  +  l ) 2,
where

=  =  ( 6)
(ftp)2 3 (ftp)2

In case o f  722 terms :

A Fx (N) =-- -  [3cr (2V 

AF3 { N ) = -  

a f .jn ) =

A F4 (2V) =  0 ,

AF.0(N) =  +

A Fe (N) — +

1 ) ( 2 V +  2) t  (92V 

t  (42V

4 )]2 V ,

11)]2V,d ( 2 V +  l)(22V +  3) 

cr2V (2V +  l ) 2 -  y  т (2V -  5) (22V -  9)

oN2(N +  l)  +  ~- t(2V + 6)(22V+ 11)
(7)

[d2V (2N - 1) +  t  (42V +  15)] (2V +  1 ),

A F,  (2V) =  +  [3cr (2V— 1) 2V +  t  (92V +  5)] (2V +  1 ),

where the value o f a and r is identical w ith  (4).
Comparison with the experiment. Up to  the present tim e the rotation al 

fine structure of three 422 term s has been studied. N e v in  [5] has in vestigated  
a 422 state  in the 0 2 m olecule, but here there was no observable d ev ia tion  
from the unperturbed form ulae. K lem an  and W e r h a g e n  [6] have stu d ied  
the rotational fine structure o f a 422 term in the GeH m olecule. A lthough in  
this case som e deviation from  the unperturbed form ulae really occurred,
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unfortunately  so few branches w ere published th at it was im possib le to establish  
on  the ground o f  the available experim ental data whether th e  observed d ev ia 
tio n s could be interpreted b y  m eans of the above theory. F inally , V e r m a  [ 7 ]  

h as analysed a 427 state in th e  S iF  m olecule, where some deviations appeared  
again  from th e  unperturbed form ulae. T hese deviations, how ever, are o f  a 
ty p e  different from  those trea ted  in the present work, so th ey  cannot be 
interpreted b y  th e  theory ou tlin ed  above. H o t j g e n  [8] w orked out a theory  
to  explain th is  case (which m a y  be considered a developm ent of the older 
on e given b y  B u d ó  and the author [4]), how ever, only m oderate agreem ent 
w as found betw een  his theory and the experim ental data. T hus the theoretical 
interpretation  o f  the deviations experienced in connection w ith  the XH term  
o f  SiF  is still m issing.

At present 527 and term s th e  fine structure of which has been analysed  
are not know n.

The 727 term  of the M nH  m olecule w as studied by N e v i n  [9]. D eviation  
from  the older formulae was found for the first time in  th is  case and it w as 
ex a ctly  to exp la in  this th at th e  author elaborated the th eory  given above. 
In  this case as w ell as in others th e  theory is again in excellen t agreement w ith  
th e  experim ental data [2].
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ОБ АНОМАЛЬНОМ РАСЩЕПЛЕНИИ МУЛЬТИПЛЕТНЫХ L' СОСТОЯНИЙ 
В ДВУХАТОМНЫХ МОЛЕКУЛАХ И

И. КОВАЧ

Р е з ю м е

В данной работе в качестве дополения к предыдущей, занимающейся подобными 
ж е вопросами статье, распостраняется теория, разработанная для интерпретации ано
мального расщепления мультиплетных27-термов, для случая пока отсутствующих муль- 

типлетных 27-термов, а именно для термов 427, 527 и 627.
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(Presented by A. K ónya. — R eceived 14. X I. 1962)

Two m ethods which avoid in fin ite sum m ations in taking into account the electronic 
correlations are discussed and compared. It can be seen th a t further calculations are necessary  
before a decision is reached as to their value. It depends, too , on the developm ent of com pu
tational techniques in the future. B oth  m ethods allow for the m axim um  localization  of groups 
and for giving an exact measure for the localizability  o f  those groups in a real system . Neither  
of them  verifies a t present the transferability  o f some (chem ically  invariant) groups. It can be 
shown that before applying the generalized bond energy concept the to ta l energy should be 
corrected  by the dispersion interaction.

Introduction

In order to  treat the physical and chem ical properties o f  atoms and  
molecules properly we m ust reach a very high accuracy in the w ave function. 
Am ong other th ings it is necessary for this to take into account the electronic 
correlation effects in full detail. To study the correlation effects tw o m ethods 
can be found in  the literature in addition to the well-known m ethod  of super
position of configurations, to w hich both are to  som e extent related.

The method of superposition of configurations

W e assum e th at there ex ists  a denum erable com plete orthonorm al set 
of one-electron spin-orbitals ux (which will be specified more exactly  later) 
and the general solution 4* to the equation

НЧ* =  ,

H H(0) +  y
1 = 1 j > i  =  l

can be expanded as
CO

W =  У  С Ф
„=o

where
Фц =  [ %  M2p. • • • UN ]̂-
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Here ki means the antisym m etrizer

V ( _  1 ) P P .

P

0 fl and Ф,, are different when they  differ at least in  one spin-orbital. The 
to ta lity  o f  the functions Ф/( which can be constructed from the com plete set 
ux also form s a com plete set in the iV-electron space. The coefficients C{1 are 
the com ponents of the eigenvector o f  the secular equation corresponding to 
the eigenvalue E

V  (f*\H\v) Cv — EC^ — 0 .
V

We denote the first N  spin-orbitals w ith  the indices i , j ,  к <  N  and all the other 
orbitals w ith  the indices a, b, c >  N. Ф0 is constructed from the first N  spin- 
orbitals.

L et Ф% Ф у, Фу^с, . . . etc. be functions in which the spin-orbitals 
denoted w ith  i, j ,  к are replaced by spin-orbitals denoted w ith a, b, c.

W ith these notations (and settin g  C0 equal to  unity) we have

¥ =  Ф, +  V  V  Cf Ф? +  У 2 Си ф ?/ +  • • • • (!)
a = N+l i = l  a<b i<j

Assum ing th at the first N  spin-orbitals are solutions to the Hartree- 
Fock equations, then

(0 \ H  j f) =  0, for every i and a,

and we get the generalized B rillouin’s theorem [1, 2] for the energy ex
pression

E =  (0|H |0)+ 2  J  ( ° W )C y  •
a < b  i < j

Owing to the infinite sum m ations w hich cannot be given in closed form this 
m ethod is unsuitable for practical calculations. There are two m ethods in 
which the w ave function  involves (at least partial) in fin ite sum m ations im 
plicitly .
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Method I. Cluster expansion of the wave function

W e define the follow ing functions

a^N+l
00

S,j{  12) =  ^ 2 2 ,  C?j>ua( l ) u b(2) ,
a< b

( 2)

S yk(123) =  ^ ,  > ' C $ u a(l ) » b(2 )u £(3 ) ,
a < b <  c

CO

a< b < c . . .< h

It can be seen from this definition th at the functions S are antisym m etric  
in their argum ents and orthogonal to  the first N  spin-orbitals

Independently of the definition (2) the functions u, and S can be derived from  
a set o f  coupled integrodifferential equations entirely equivalent to the original 
Schrôdinger equation. A t th is stage w e shall specify the spin-orbitals и more 
closely. There are two usual m ethods for their choice in the literature [1, 3].

1. Brueckner condition

The spin-orbitals are chosen so th at the functions S,- (i — 1 , 2 , . . .  N)  
vanish. This choice is often  used in nuclear physics [1, 4, 5]. It is identica lly  
satisfied in the theory o f infinite uniform  nuclear m atter for p lane-w ave  
orbitals.

2. Hartree- Fock condition

The spin-orbitals are chosen so that they satisfy  the H artree-Fock  
equations

J «f(l)Sy*...(123...)*1 =  0.

Substituting these in the wave function (1) we have

(3)
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In  th is case the functions S, are not exactly  zero nevertheless th ey  can generally  
be neglected [6]. This choice is o f great im portance in the theory  o f atom s and 
m olecules because the cluster expansion appears to converge in this case and 
even  for sm all m olecules, analytical H artree-Fock solutions w ill be available 
in the near future.

For both  choices only the pair functions Sy (12) occur in the energy  
expression

E  =  (0|tf!0) +  V  (^ r a «,(1) » №  |t f(1 2 )jS ,/1 2 )). (4)
i< i

U nfortunately  in  the exact equations determ ining the pair functions higher 
cluster functions also appear. Some o f the higher cluster functions can be 
expressed by th e  lower ones, i.e . they  consist o f  unlinked clusters. N eglecting  
the functions S ,, e .g ., Б щ  can be represented as [5]

S,Jki =  S tj S kl +  S tk Sj[ -+ - S n SJk +  S'ijkl.

I t  means th at som e of the four-electron collisions are com prised of tw o sim ul
taneous tw o-electron  collisions. Taking in to  account only the two-electron  
collisions we have the wave function

y p =  b f W l  ) u2( 2 ) . . . un(N) 1/2
N
y

i<j
N N

У  У
i<j k<l 
ij^kl

Sjjjij) S ki(kl)

« /(0  uj(j )  M k) ui( 0

»,(/) u,U)
(5 )

This m ay be a good approxim ation if  the cluster expansion converges rapidly. 
Regarding th e  H artree-Fock ground sta te  as the zero-th approxim ation the  
rem aining perturbation is the following [7]

H  -  y  J T ( i )  +  2  l n  =  2  (—  -  e ű )  -  e / i )  +  =  2 * ч  »
i ' 1 i< j i< j l  Tij J i<J

w here

Q,(j) =  Í  dT' t 1 -  p ij] “*(»') “ «(*).
J Tij

I. .  =  Г - d t ‘ dxL_ [I  _  P u] uf(i') u,(i) uf(j') Uj( j) .
J r,j

The perturbing potentia l gij  betw een electrons on different localized orbitals 
is  o f short range. Configuration interaction calculation on th e  Be and the LiH  
verify  this show ing that the greater num ber o f the four-electron collisions
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are tw o sim ultaneous tw o-electron collisions and the intershcll correlation  
energy is much less than  that w ith in  the shells [6, 7, 8]. Thus, at least in these  
cases, the wave function  (5) can be considered to  be a good approxim ation.

There are tw o possibilities for determ ining th e  pair functions: the second  
order perturbation theory or th e  variational m ethod [7, 9]. O nly the latter  
is suitable for practical purposes. Calculating th e  energy expression w ith the  
w ave function (4) (or with a part o f it only)

_  ( ¥ P\H \¥P)

P ~  № )

we can deduce equations to determ ine the pair functions Sy. It can be shown, 
neglecting terms w hich seem to  be unim portant, that they satisfy  equations 
like those of He or H 2 apart from the H artree-Fock potentials and the ortho
gonality  conditions (which depend on orbitals other than u,, Uj, too). The 
num ber of different pair functions is less than  N  in general [10].

As is w ell-known the H artree-Fock ground state  function Ф0 is unaffected  
b y  the unitary transform ation o f  the orbitals it,(i =  1, 2, . . . N).  These can  
be transformed into localized orbitals such as the “equivalent” [11] or the 
“ exclusive” orbitals [12]. It can be easily show n [13] that when the new loca
lized orbitals Vi are related to th e  old ones b y  th e  unitary transform ation T

N

v i  =  2  T ik  u k  » 
k = 1

then the pair functions transform  as follows

^ i j  =  ^  'l'ai ■ T j i  Sk[.
k , l

Here T means the transposed m atrix  o f T. The energy expression (4) remains 
invariant. This gives a new possib ility  for defining localized orbitals or groups 
seeking that unitary transform ation for which the intergroup correlation energy 
is as sm all as possible. The correlation energy

Ec =  J  Vi(l) г> /2)|Я (12)|^ ,7(12)) =  Е 'Г*  +  E ‘"ter
> < j

can be divided in to  tw o parts (intra- and intergroup correlation) for each  
partitioning of the orbitals into groups of a g iven  number o f electrons. The 
best possible ratio betw een the intragroup and the to ta l correlation energy  
gives an exact m easure for the localizability  o f  those groups. O f course, it  
applies not only to the exact pair functions but also to  their fairly close approxi
m ations.

Acta Phys. Hung. Тот. X  V. Fasc. 4.



3 4 6 E. KAPEY

Method II. M any-electron group functions

For a long tim e it  has been proposed th at tw o-electron functions should  
be used as building units in constructing the antisym m etric total w ave function  
[14]. The handling o f  such w ave functions, how ever, is very cum bersom e [15, 
16] unless we im pose on the building units the strong orthogonality condi
tions [17]

j> 5 (1 2 . . .N j ) y> , ( W .  . . N'i) dr, =  0 , J 4 = I .

These conditions m ake the form al treatm ent as sim ple as that o f the Hartree- 
F ock schem e. For an IV-electron system  consisting o f  M  groups o f Nx, N 2, ... N M 
electrons the antisym m etric to ta l w ave function can be written as

W _
m i  —

n j n 2\. : .  N
m

m ! V ( -  
P ’

l)pP'^j(12. . , N l )y)2( N l +  !)••• у>м( - ■ - N) .

H ere P'  m eans those perm utations which interchange the electrons between  
group functions. The energy expression has the follow ing descriptive form  
[17, 18, 19, 20]

M Г
E 0 =  H ( 0) +  ^ J  * , ( 1 2 . . .  

( Щ  1
+

2 I r12

N , N

X

U  
J¥=l

1 ~ P 1X

N , H ( 1 )  +

f i ( 1 2 . . . N , ) d x l d r 2 . . . d r N/ +

-  j  d r l dT2. . . d r N l d r x d r x . . . d r 01 X

w') Vj(xL. .o>)  y j* i ( l ' 2 ' . . .N\ )  f , ( 1 2 . . . N , ) .

R ecently  it has been proved [21, 22] th at for M  antisym m etric strongly  
orthogonal m any-electron group functions there ex ists a com plete set o f  
orthonorm al spin-orbitals йх w hich can be partitioned into subsets

U 12>  U 13l • • • 5 U I \1  U 12l U 13l ■ • • '■> U M l i  U M 21 U M 3 i ■ ■ •

such th at each ip, can be expanded in terms o f и д , й,2, и,я, . . . on ly

W l =  a ' i , < i , < . . . < i y , ^ N i  [ Й д  U  д  . . . U I N , ]  .
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Thus the functions ipt are localized to different perpendicular subspaces. It 
m eans in the configuration interaction  picture th at the spjn-orbitals u, (i <  N)  
and ua (a >  N)  are partitioned into M  subsets so that each o f the u,- m ust be 
replaced by such üa as belong to  the corresponding subset. In this case the  
in fin ite  configuration interaction calculation gives the best group functions 
only  for particular (best) com plete sets. This theorem  m akes it im possible to  
determ ine the group functions practically w ith ou t a finite one-electron schem e 
[23, 24, 25, 26, 27]. It  seems suitable to start w ith  the exclusive and oscillator  
orbitals wn (I  =  1, 2, . . .  u; i =  1, 2, . . . u /) o f  the system  which are based  
on an analytical H artree-Fock calculation [12, 25, 26, 27]. This can be regarded  
as the first approxim ation. In m ost cases the result is likely to  be close to the  
best one for the given basis set used to construct the exclusive and oscillator  
orbitals. I f  it were not so we subject the basis и)ц to an arbitrary unitary  
transform ation

w  I  i —  V I i , J j  l v J j  »
J i

which has to be determ ined so as to  give the best ground sta te  energy for the 
system . In this w ay we get the best partition o f the basis into M  subsets o f  
given dim ension [25, 26, 27]. To improve convergence the approxim ate group 
functions constructed from one-electron orbitals have to be com pleted w ith  
antisym m etric functions which are

1. flexible enough to account for the intragroup correlation (containing  
the interelectronic coordinates ri;- explicitly)

2. orthogonal to all basis orbitals of all the other group functions and  
to its own group function.

The violation  o f the strong orthogonality by these “ alm ost'’ orthogonal 
group functions is appreciable only if  the electron groups o f  the system  are 
delocalized and the basis is insufficient. (Su itab ly  increasing the basis the  
non-orthogonality terms can be made as sm all as desired).

The group functions obtained by this approach are autom atically  more 
localized than the equivalent or the exclusive orbitals. This is because not 
only the zero-th order group functions but also the correlation corrections 
to  them  have to  be strongly orthogonal in contrast to th e  pair functions. 
The ratio betw een the correlation energy given b y  this m odel and the empirical 
one is an exact measure of the localizability  o f  the electron groups in the system .

The approxim ate and the exact group functions are antisym m etric  
solutions to the follow ing M  equations

Q‘ H>rpIk( l2 . . . N , )  =  E !*ipIx(12 . . . N , ) ,  (6)

/  =  1 , 2 ,  . . .  M ;  » =  0 , 1 , 2 , . . .  .
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Here Q1 is aniV;-electron projection operator projecting on the subspace I  and H 1 
is an iV/-electron operator depending on the other ( J=f=I) group functions corres
ponding to  the ground state [25, 26, 27]. In addition an IV-electron m odel 
operator ^jf  can be defined w hose eigenfunctions are the antisym m etrized  
products containing one solution o f each o f the equations (6). Taking H — 
as perturbation w ith  the eigenfunctions o f we can carry out a R ayleigh- 
Schrôdinger perturbation calculation. The first order term  vanishes, whereas 
the second order term  is the dispersion energy which gives, apart from  the 
Ferm i correlation, the intergroup correlation energy o f the m odel. Taking  
a sm all external electric or m agnetic field  as perturbation the first and the 
second order corrections are strictly  additive, i.e ., th ey  are the sum s o f the 
contributions from the separated groups. For practical purposes, o f  course, 
it  is more suitable to  calculate the dispersion energy and the susceptib ilities  
b y  the variation m ethod [25, 26, 27].

Comparison of the two methods

M ethod I seem s to  be the more system atic one w hich, including the 
higher order cluster functions step by step , approaches to  the exact solutions 
to  the Schrôdinger equation. A com plete calculation is out of the question, 
of course, because it would be equivalent to the exact solution  and the rapidity  
o f the convergence cannot generally be estim ated. I f  on ly  the pair correlations 
are tak en  into account we have to  carry out at least as m uch com putational 
work as required for N  com plex tw o-electron problem s. Then we m ust try 
to  find  the localized orbitals or groups, together w ith the corresponding pair 
correlations separately.

M ethod II appears to be closer to the conception o f the chem ist. Even  
for the choice o f the m odel (for the partition o f the N  electrons into M  groups) 
we m ust be supported by experience. U nfortunately, due to the strong ortho
gonality  conditions the determ ination o f the exact m odel wave function  
needs very  nearly as m uch labour as the exact solution  o f the problem . For 
th is reason it is su itable to restrict ourselves to  the approxim ate (or “ alm ost’* 
orthogonal) group functions. The strict ad d itiv ity  predicted by this approach  
holds on ly  approxim ately in a real system . Thus it  w ould be unnecessary  
to  require far more accuracy than  that o f the model. In spite of the fa c t that 
all sim ultaneous m any-electron collisions allowed by the partitioning in to  M  
subspaces are taken in to  account, it  is remarkable how  much this approach  
form ally  sim plifies the treatm ent.

B y  the interaction  o f tw o m olecules each o f w hich consists o f  strongly  
orthogonal groups we m ust take into account th at each group o f th e  first 
m olecule can overlap each group o f the second m olecule [28]. It is very probable

Acta Phys. H un". Тот. X V . Fuse. 4.



ON THE CORRELATION PROBLEM IN  THE THEORY OF ATOMS 3 4 9

th at the group functions are localized and chem ically invariant as m uch as 
possible.

Up to the present neither of the tw o  methods has been able to verify  
from basic principles the transferability o f groups from one system  to another.

Various calculations on sim pler system s are needed to  make a decision  
about the value o f the tw o m ethods.

How to treat a filled L  shell, a double or triple bond with M ethod II 
is still questionable. Constructing the w a v e  function from  separated tw o- 
electron functions we certain ly obtain o n ly  a rough approxim ation. For  
reasonable approxim ation we have to treat such a group as a whole. A group  
o f nearly free electrons (^-electron system ) m ust be taken as a whole in both  
m ethods.

For system s consisting o f  groups stron gly  localized in  different regions 
of space both probably give nearly the sam e result. Configuration interaction  
calculation on the Be [6] show s that more than 95% o f th e  obtained correl
ation energy (37 configurations give about 85%  of the observed value) com es  
o f configurations which correspond to tw o  strongly orthogonal tw o-electron  
functions. U sing tw o such functions an overlap of 0.99989 can be obtained  
w ith the best 37-term  w ave function  of the B e [29]. It seem s very likely th a t  
for the LiH this separability is also valid [8]. The intershell correlation energy  
is sm all, but is not negligible. The generalized bond energy concept [29] can  
be regarded as a first approxim ation. Even for molecules consisting of localized  
groups the London energy m ust be subtracted  from the to ta l energy and  
the remainder can be identified  with the sum  of the k in etic  energies o f  th e  
individual groups. In the case o f the normal paraffins tw o nearest neighbour 
and three next-nearest neighbour London energy (referred to  the tw o-electron  
functions o f the bonds and not to the atom s) fall to one bond energy. This 
m ay give an appreciable correction.

It would be necessary to  elaborate a suitable procedure to treat th e  
dispersion interaction betw een groups close to  one another (w ithout an expan- 

1sion in terms o f t h e — powers). The m ethods used for this purpose up to th e
R

present [30] give results which can be regarded as agreeing w ith  the observed  
values only in their order o f m agnitude.
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ПРОБЛЕМА КОРРЕЛЯЦИИ В ТЕОРИИ АТОМОВ И МОЛЕКУЛ
э. КАПУИ

Р е з ю м е

Обсуждаются и сравниваются два метода, которыми избегается бесконечное сум
мирование при учёте корреляций электронов. Показывается, что для суждения о цен
ности этих методов необходимы дальнейшие вычисления. Это зависит также и от развития 
вычислительной техники в будущем. Оба метода допускают получения столько локали
зованных групп, сколько возможно и дают точную меру локализуемости этих групп в 
реальных системах. Ни одним из них до настоящего времени не доказалась перемести- 
мость нескольких (химически инвариантных) групп. Можно показать, что перед приме
нением понятия обобщённой энергии связи полная энергия должна быть исправлена 
дисперсионным взаимодействием.
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OF SPIN OPERATORS

By
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(Received: 22. III. 1962)

In a previous paper [1] it w as proved that th e  van der W aerden’s for
mula o f spin (angular m om entum ) sum m ation gives th e  eigenfunctions of S2, 
ju s t  as does a general spin operator. A function o f th e  so-called step-up and 
step-dow n operators was suggested w hich, when operating on the eigenfunctions 
of the total S . operator related to  m axim al, m inim al and zero projections of 
the to ta l spin, creates all eigenfunctions of the to ta l S~ corresponding to the 
different eigenvalues o f the latter. Further it was also shown how the two 
preceding results can be applied to  reduce the order o f  the secular determ inant 
when using the general m ethod o f configuration interaction. In th is  paper a 
further application o f our results w ill be given in th e  case of the determ ination  
o f the eigenfunctions o f atom ic sta tes .

It is w ell known th at according to  the Pauli principle the eigenfunction  
referring to the state o f a m any-electron system  m ust be antisym m etric with 
regard to  electron interchange. N eglecting spin interaction  the eigenfunction  
can be written down in the follow ing product form:

V =  'РА.ЧхЛ2> • • - > 9 / W V  * * • ’ Wv •> (1)

where y>b means the space eigenfunction  and it*, v/n . . wp m ean the spin 
eigenfunctions of the electrons. The antisym m etrical character o f  the eigen
function of a m any-electron system  depends on the behaviour o f  the space 
function and the spin function by the electron interchange.

The set of functions (1) belonging to the sam e energy level constitutes  
the basic elem ent o f the representation of the group of four com m utable  
transform ations. These transform ations are as follow s:

a)  the rotation o f the q space,
b)  the rotation o f the spin space,
c)  the perm utation of qx, q . . ., qj,
d)  the perm utations of u,v ,  . . ., w.
The eigenfunctions satisfy ing the Pauli exclusion principle can be 

obtained by totally  reducing at first the two groups o f  the com m utable linear
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transform ations w ith  respect to  th e  space functions and then w ith  respect 
to the spin functions. Am ong the product functions obtained b y  th e  previous 
procedure we m ust look  for those functions, which sa tisfy  the P au li exclusion  
principle, th a t is, w hich  are antisym m etric w ith regard to  electron interchange-

T ota l reducing o f  the groups o f  the com m utable linear transform ations 
can be perform ed on th e  basis o f  th e  theorem , th a t i f  the tw o com m utable  
and reducible system s & and are obtained from th e linear transform ations 
o f the vector space SR, then the basic vectors can be arranged in  squares in 
such a w ay, that in all squares all rows irreducibly transform them selves in 
the sam e w ay through & and all colum ns through § .

According to  w h at has been m entioned above, the eigenfunctions satis
fy in g  the Pauli exclusion  principle can be obtained in the fo llow ing steps:

a)  One constructs the squares o f  space functions, the colum ns of which 
transform  them selves according to  the irreducible representation D L of the  
rotation  group and the rows of w hich  transform them selves according to the 
irreducible representation A of the perm utation group. Let us d enote the rows, 
by the numbers

m, ( =  L , L  — 1, . . . ,  — L).

b)  One constructs the squares o f  spin functions, the colum ns of which 
transform  them selves according to  the irreducible representation D$ of the 
rotation  group and th e  rows o f w hich transform  them selves according to  
the irreducible representation A'  o f  the perm utation group. L et us denote 
the rows by the num ber

ms ( =  S, S — l ,  . . — S).

c)  One constructs the product functions of th e  space and spinfunctions, 
w hich belong naturally  to the product representation A x A ' .  I f  th e  product 
representation contains the antisym m etric representation, one can construct 
an antisym m etric spin-orbital function  from all rows of the squares of the 
space functions and spin  functions. This can be repeated for all rows and so 
mL takes up all values L,  L —1, . . ., —L  and mg takes up all values S, S —1, . . ., 
— S ; one obtains therefore a m u ltip let term transform ing itse lf according to 
D l x D 5 and satisfy ing the Pauli exclusion principle.

The eigenfunctions of the operator Lz, respectively  L2, and Sz, respectively  
S2, constitu te  the basic vectors o f  th e  irreducible representation o f the rotation  
group D l and D s and thus the use o f  our m ethod means great simplification^ 
w hen determ ining the atom ic term s.
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In inhom ogeneous sem iconductors, as is well know n, under the influence  
o f  illum ination a so-called bulk photovoltaic effect arises. Several authors 
have dealt w ith the theory and application of this phenom enon [1 — 4]. The 
m ost com prehensive review  of this problem was given by J . T a u c  [5]. R ecently ,

Fig. 1

a treatm ent different from the one above was presented by C. D. C ox [6]. 
W hen investigating the bulk photoeffect, am ong others it  used to be supposed  
th at the concentration o f the generated carriers differs from  zero only under 
the illum inated part o f the sam ple. (Fig. 1, dotted  line.) This assum ption holds 
in the case discussed in [5], where the w idth of the illum inated part has been  
assumed to  be larger than the diffusion length . In the follow ing the bulk  
photo-electrom otive force w ill be determ ined om itting th is assum ption. This 
is all the more o f interest, because C. D . C ox, in his experim ents did not find  
saturation o f the bulk photo-e. m. f. w ith  increasing illum ination  in case of  
the m onotonous distribution o f im purity and therefore he concluded th a t  
the above assum ption is insufficient.

In the present paper the influence o f the diffusion o f the excess carriers 
from the illum inated part on the bulk photoeffect w ill be exam ined. Furtheron  
we shall assume:
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a)  the m aterial in question  is o f n -type and the im purities fully ionized,, 
its  resistiv ity  show ing an exponentia l distribution:

Q =  Qn eyx (n„(x) — n0 e~yx) ; (1)

b)  the generated carriers fulfil the condition o f electrical neutrality,, 
n am ely An(x) =  Ap(x): in the determ ination o f Ap(x) the inhom ogeneity  need  
not be taken in to  consideration;*

c)  Ap(x) fu lfils a linear equation and the solution is considered to  b e  
va lid  also at strong illum ination.

On the basis of what has been said above the equation to  be solved is 
th e  following:

d2Ap(x) _  Ap(x) ^
dx- Ц  Dp ’

w here g u m eans th e  number o f  the carriers generated in u n it volum e and unit 
tim e. D eterm ining Ap(x) one has to fit  the solutions va lid  in  the different 
regions at th e  boundaries o f  th ese regions. Together w ith  the condition o f  
norm alisation w e thus have

( 2 )

AP\ ( — «) =  APn  ( -  «)> 

AP u ( +  a) =  AP m ( +  a) , ( 3 )

div i dx --  0.

O n the basis o f  equs. (3), th e  solution  has a very sim ple form  (F ig. 1):

AP\ {x) =  A p 0 sb.reLv 

APu  (*) =  AP » \ 1 с ch

(t: <  — a) ,

( — a <  x +  a) , (4)

AP m ( x) =  APu sh re  L" {x >  +  a) ,

where r =  ----- andz1p0 =  t p g 0 is the value o f the steady generation. W e shall
p

be in need o f th e  value o f Api\{x) in case o f  a narrow illum ination. In th is  
case r2 <g 1, so w e get:

1p,i (x) ^  rApü — co n st. (5)

The quantity  rA p 0 — Apr m ay  be called a reduced generation. Owing to  th e  
diffusion o f the carriers one has to  reckon w ith  this concentration  in region II.

* In the determ ination o f A p (x )  the calculations were carried out also by taking th e  
inhom ogeneity  in to  account. This does not lead, how ever, to essential differences compared  
w ith  the above sim ple model in case o f  inhom ogeneities occurring in  practice.
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On the basis o f  equs. (4) we can  determine th e  bulk photo-e. m . f. Accord
ing to the formulae o f [5] U =  Uc -f- Ud, where

U c = -  (6 +  1)
e

Ud =  - -  ( 6 - 1 )
e

A p ( x )  1 dnt)(x)
bn0 (x) +  (6 +  l ) Ap (x) n0(x) dx

___ L _ d '/j( v) dx
bn0 (x) +  (6 +  1) Ap(x) dx

d x ,

( 6)

In regions I and III the integration can he carried out quite sim ply. For this 
purpose it is sufficient to assum e th at f  =  yLp < 1 .  I f  / Lp is assumed  
too, where l is the length  of the sam ple, then as a result of integration

e 1 +  £

kT  6 -  1 1

U kT
cin

1 -  f
In F  ,

TT — rr _  , k T  b — 1 1
UdI — , +  -, t ln * h ’ Ud\U — H--------  --------e 6 +  1 1 +  I e 6 +  1 1 — £

i n i ; . ,  (?)

F b =  1
A a (b) . F f _ 1 ! Л<т(с)

where aob, Aa(b) resp. <70c, Aa(c) are the values o f conductiv ities and their 
changes at the points —a, resp. + a .  In region II th e  integration can be carried 
out on ly  num erically. After some transform ations Ucn and Udu can be w ritten  
as follows:

U,u =  -  r{  A i ! -
a,. e

ch

— -° (1 -  e~' ch ru)
du ;

TT kT  6 - 1  _ r Aan
u dn =  + -----  T T W re ------e 6 — 1 a..

sh ru
A a,

du.
" (1 — e r ch ru)

( 8 )

(9)

Sum m ing up the above electrom otive forces, we obtain for the tota l one:

- b , F . F , +  " L i
e 6 +  1 1 — {2 e 6 1 П

2
6 + 1 e

Í2 F
A-  I n AA  
- 12

( 10)

The expression (10) can be given a physically m eaningful and sim ple form in 
case o f narrow illum ination (r2 1) and weak inhom ogeneity ( | 2 1). Because
of (5) Ucи can then sim ply be determ ined, Ud\ \ ^  0 and we get after some 
transform ations
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Fig.  2

A s it can be seen the first term  o f (11) is identical with the corresponding: 
form ula o f [5]:

Un
k T

e b

1 +  ^  
______ J * -

+  1 l I Aa0
( 12)

a 0b

excep t th at Zleru m ust be substitu ted  by the proper reduced q u antity . This 
term  will be saturated by an increasing illum ination. The second term is  
proportional to I and does not show  saturation.

In order to  illustrate w hat has been said above, in Fig. 2 the quotient 
U /U 0is p lotted  for |  =  0, 1 and at different values o f  г. V and U 0 are deter
m ined on the basis o f  equs. (10) and (12).

As it can be seen, in case o f a narrow illum ination the discrepancy m ay  
be significant.

The author wishes to thank Dr. Z. B o d ó  for his valuable advice and 
critical remarks.
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In the course o f  studies in nuclear physics frequently  it is not onlv the 
range o f  electrons in som e material th a t is im portant but also their absorption  
or transm ission curve. These curves ind icate the percentage of electrons passing 
through a foil relative to  the number o f electrons originally present in the beam. 
In this case the energy distribution after traversing the foil is disregarded.

Table I

M easurements for taking series o f  transm ission (absorbtion) curves in A1

Authors Energy region Particular energy 
values in the region

R . O. L a n e  e t  a l. [IJ 0 — 50 keV A d e ta i le d  s tu d y  f ro m  0 
to  50 keV  for p a r t ic u la r  
a b s o rb e r s

I. Ca r l v ik  [2] 7 5 - 2 0 0  keV B v  25 keV  fro m  75 to  200  
keV

II. H. S e l ig e r  [3] 1 5 9 - 9 6 0  keV T ra n s m iss io n  cu rv es f o r  
e le c tro n s  a n d  p o s itro n s  
a t  159, 250, 336 a n d  9 6 0  
keV

В. N. C. Aou et a l. [4] 3 0 0 - 7 0 0  keV C u rv e s  b y  100 keV

J .  M a r sh a l l  e t  a l. [5] 429  — 1696 keV T ra n s m iss io n  c u rv es  fo r  
4 2 1 , 727 , 1011, 1370 a n d  
1696  keV  elec tro n s

Table I shows the m easurem ents performed and published in th is field. 
It can be seen that in the region o f lower energy, m easurem ents are available  
rather closely, but e.g . in the energy region between 200 and 421 keV  trans
mission curves were published only for some energy values and we lack com p
rehensive m easurem ents for the region between 100 and 500 keV at the same 
m easurem ent conditions.
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The necessity  for com pleting these m easurem ents arose in our Institute. 
T hus, we have taken  the absorption curves for 100, 150, 200, 219, 252, 281, 308, 
334, 391, 417, 445 and 472 keV m onoenergetic electrons in the case o f  A1 absorb
ers. The lim it o f  error for the energy value in  our m easurem ents is about 
^ 2  keV at the higher energies and decreasing tow ard the lower energies, being  
about h a lf th at am ount at the low est energies.

The source o f  the electrons w as a Cs137 sam ple (cca 100 /iC) on a m ylar 
fo il. The source was placed in a b eta-ray  spectrom eter of toroid-sector type [6] 
w hich provided the m onoenergetic electron beam s at the suitable setting of the  
m agnetic field  in  th e  toroid coil. A scintillation counter with a p lastic phosphor 
w as applied as a detector. The A1 absorbers were put 2 mm before the surface 
o f  th e  scintillator. The counter was protected from  background and scattered  
radiation  by an Al-covered Pb shield.

The transm ission curves m easured by us can be seen in F ig . 1. To the  
values indicated on the abscissa one must add about 2 mg/cm2 absorber th ick
ness because o f  th e  effective w indow  thickness o f the scintillation  counter. 
This correction can be estim ated on the basis o f signal-to-noise ratio  curves [7 ].

The extrapolated  ranges determ ined from  the curves are generally in 
close agreem ent w ith  the values o f  other authors [8], if  we take in to  conside
ration  the w indow  correction.

A t electron energies at w hich transm ission curves were published by other 
authors too (for 100, 150 and 252, 217 keV) our curves were subjected  to a de
ta iled  com parison. T hat was also necessary because in this m easurem ent the  
electron beam im pinged on the face o f the absorbers at an angle o f  cca 40 ^  5° 
w hich  possibly could lead to deviations. According to  the com parison the agree
m en t w ith  C a r l v i i c ’s curves [2] is very close (100, 150 keV), w hile comparing 
our results w ith S e l i g e r ’s and M a r s h a l l ’s curves [3, 5] some deviation is ob
servable. Our curves remain below  the corresponding ones o f  S e l i g e r  and 
M A R S H A L L . l t  m ust be noted, therefore, that the extrapolated ranges from the
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curves of Seliger are higher than the values accepted in the literature [8] 
and in the article of Marshall et al. the measuring points are not indicated 
in the diagram [5].

On the basis of our m easurem ents and the results of other authors one can  
state the rough rules in the energy region o f 100—1700 keV for the tran s
mission (absorption) of m onoenergetic electrons, as follow s. An absorber cor
responding to an extrapolated  range for an electron energy lets through 80% 
of a m onoenergetic electron beam  w ith  an energy double th at of the earlier 
one and for a beam , w ith about four, or five  tim es higher energy than th a t of 
the original beam there being no effect o f  the absorber in question. A nother  
practical rule: the m axim um  range is roughly double the extrapolated  range.

We are indebted to Professor A. Szalay for the excellen t working con
ditions at this Institute.
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Since 1955 more and more people have  
been engaged in attem pting the solution  
of the problem s of controlling the process 
of therm onuclear energy. In terest regarding 
this question has grown particularly at the 
tim e of, and since the II. G eneva Conference, 
and nothing dem onstrates better the in 
creasing spread of research activ ities, than  
the International Conference at Salzburg in 
the autum n of 1961, where countries parti
cipating in thermo-nuclear research, such 
as USSR and the USA, have given  many  
lectures. In spite of intensive research un
fortunately no decisive progress towards 
a practical im plem entation has been achieved. 
A large am ount of experim ental and theore
tical m aterial has been collected, the survey 
of which is alm ost im possible.

This book, containing the m ost up-to-date  
results of thermo-nuclear research and plasma 
physics is of great value to interested re
searchers. A lthough Rose and Clark’s book 
was intended as a tex t book, it  is, in my 
opinion, an outstanding sum m ary of the 
research in plasm a physics and therm o
nuclear energy. The book includes the m a
terial given in a series o f lectures over two 
term s and its primary purpose is to accelerate 
the increase in the depth of knowledge of 
students already well trained in plasma and 
therm o-nuclear physics.

The book consists of 16 chapters. Chapter 
I deals w ith the classical energy sources o f the 
world and the estim ated developm ent of 
energy dem and. Chapter II very briefly  
summarizes the essential facts regarding 
im pact phenom ena. Chapter III gives those 
details o f im pact phenom ena, which are 
primarily im portant in plasm a physics. 
Chapter IV outlines fundam ental kinetic 
gas theory, but, whilst dealing w ith these 
basic ideas the Authors carefully explain  
their connection w ith plasm a physics. Chap
ter V review s the essentials o f electro-dyna
mics, so th a t in Chapter V I the Authors 
can establish the basic equation of m agneto

hydrodynam ics. Chapter VII deals w ith  the  
m acroscopic m ovem ent of plasm a, on a 
m agnetohydrodynam ical basis, w hilst Chap
ter VIII discusses the plasm aphysical results 
of the Coulomb interaction . Chapter IX  
deals w ith the properties of waves of sm all 
am plitude formed in the plasma and treats  
of both  m agnetohydrodynam ic and e lectro
acoustic waves. Chapter X  introduces the  
equations of m otion of the plasm a partic
les and the theory o f m agnetic mirrors. 
Chapter X I discusses radiation losses o c 
curring in the plasm a. Apart from th erm o
dynam ic radiation losses, brem sstrahlung  
and the consequences o f cyclotrone ra d i
ation  as well as the effect o f reflectors are 
discussed.

The investigation  of conditions for sta 
bilizing plasma is one of the main problem s 
of therm o-nuclear research. Rose and Clark 
devote  Chapter X II to the stab ility  o f p lasm a. 
T hey exam ine conditions for stab ility  in  the  
case of minor perturbations, then, em ploying  
the energy principle, they  explore more 
general conditions.

Chapter X III deals w ith problems con
cerning the balance of thermonuclear reactor  
energy and w ith  m aterial technological 
problem s.

In Chapter X IV  the Authors exam ine  
th e  pinch-effect used to heat the plasm a, and 
carefully analyse the resulting instab ilities. 
Som e diagrams of experim ental apparatus 
are given.

Chapter XV is concerned w ith apparatus 
w hich work on the mirror principle. In this 
Chapter the A uthors turn to mirrors operated  
both  by fast and slow pulsation and also deal 
w ith  apparatus em ploying reflection on the  
stationary principle. In this connection they  
m ention the O g r a  built in the U SSR , and 
X d c — 1 constructed in the USA, both  of 
w hich are therm o-nuclear units working  
on the reflection principle. They describe 
briefly  the principle o f therm o-nuclear appa
ratus known as A s t r o n .
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An introduction  to S t e l l a r a t o r s  is 
given  in th e  la st  Chapter. The Authors 
discuss a num ber o f practical problem s and 
present inform ation about the data o f several 
existing constructions.

This volum e is prim arily in tended  for 
use as a tex t book; the problem s at the end

o f som e of the Chapters are of considerable 
assistance in achieving th is purpose. W e wish  
to note that the book, apart from its use as 
a te x t  book, can be of great use to those who  
wish to  intensify their stu dy  o f therm onuclear  
and plasm a research.

L. P á l
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