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LES TRAJECTOIRES DE CHAMP UNIFIÉ

J ack Lev y

IN S T IT U T  H EN R I-PO IN C A R É , P A R IS , FRANCE 

(Présenté par K. F. N ovobâtzky. —  Soumis le 29. V III. 1960)

D’un lagrangien unifié déduction est faite d ’u n  système de qua tre  identités qui p a r 
l ’interm édiaire des équations des cham ps conduisent rigoureusem ent aux  équations des 
trajectoires.

On peu t alors identifier un rapport charge/masse.

Introduction

A près u n  rap p e l des d é te rm in a tio n s  classiques de l’é q u a tio n  des t r a je c 
to ires  en re la tiv ité  générale nous ex am in ero n s d ivers en rich issem ents h e u r is ti
ques de la  s tru c tu re  du  te n se u r im pulsion  énerg ie , qui ca rac té rise  des flu id es  
g ranu leux  avec tension , pression  ou v iscosité . N ous allons en su ite  considérer 
un lag rang ien  d o n t le choix a d é jà  été ju s tif ié , e t nous lu i ap p liquerons u n e  
v a ria tio n  de Lie -W e y l ; ainsi nous serons co n d u its  à des id e n tité s  rigoureuses. 
P a r  l’in te rm éd ia ire  des équ a tio n s des ch am p s on re tro u v e  en su ite , com plétée , 
une  expression  qui rappelle  celle d o n n a n t les géodésiques d’ElSENHART, e t  q u i 
a p p a ra it com m e le systèm e d ifféren tie l v é rif ié  p a r  un « c o u ra n t ex trem u m » , 
com pte te n u  des phénom ènes g ra v ita tio n n e ls  e t  é lec trom agnétiques. C’est u n e  
loi de force p lus générale que celle de Lo rentz .

On p e u t év id em m en t d o n n er l’exp ression  rigoureuse d u  ten seu r im p u l
sion énergie %Tßv de ce tte  th éo rie , m ais p o u r  l’in te rp ré te r  nous passerons à 
l’ap p ro x im a tio n  [10] des cham ps faibles: su p p o sa n t <p/iv p e t i t  nous in d iq u o n s  
po u r u n e  s tru c tu re  qui nous ren se ig n era  su r la  n a tu re  pro fonde du f lu id e
élém enta ire.

N ous avons donc fa it d eux  h y p o th èse s :
— les tra je c to ire s  des p a rticu les  ch arg ées , lignes de c o u ra n t du  f lu id e , 

p eu v en t ê tre  ob tenues com m e une co n d itio n  de s tab ilité  lo rs d ’une lib ra tio n  
in fin itésim ale  de l’ensem ble des cham ps e t  p lus spécialem ent d u  cham p m é 
triq u e .

— A près l’o b ten tio n  des ré su lta ts  rig o u reu x  nous supposons q u e  le 
cham p é lec tro m ag n étiq u e  est faible vis à v is d ’un  scalaire de la  théorie.

Acta Phys. H ung. Тот. X I I I .  Fase. 1.



2 J. LEVY

La gravitation

Les équations d’ElNSTEiN de la re lativ ité  générale s’écrivent dans le  cas 
intérieur

S aß — X^aß  ~ 0 .

Le te n se u r S aß co n stru it à p a r t i r  de la  co nnex ion  affine sy m étriq u e  est d ’o rig in e  
p u rem en t g éo m étriq u e . Seul, il nous a p e rm is  de m e ttre  en  éq u a tio n  l ’év o lu tio n  
des ch am p s. L a  m atiè re  ch arg ée  ou n o n  e s t décrite  p a r  le second m em b re  d o n t 
la  s tru c tu re  carac té rise  celle du flu ide m a té rie l.

A insi %Taß =  Taß re p ré se n te ra 1 u n  schém a ch am p  é lec tro m ag n étiq u e  
pu r. Q u a n t à la  m atiè re  chargée  et à l’é ta t  de poussière sans pression [8 p . 97] 
elle s’in tro d u ira  p a r un  te rm e  en Quauß

d x
X T  „ß =  в и а 11 ß 'Ь Ta ß’ Ua =  ~ ~

e t le te n se u r  d ’im pulsion  énerg ie  d ’un  f lu id e  v isqueux  s’écrira2

xT aP = te + p  — ^Vece) ua uß — (p -  я v eO) gaß +
+  2 [V a C ^ d -  S/ ßC a — C  ( X7^Ca.Cß +  V x C g .C a)].

C ette co m p lica tio n  p a r ju x ta p o s itio n  ne  p eu t év id em m en t q u ’a p p ro c h e r  
av eu g lém en t la  réa lité  p ro fo n d e , et ne possède  pas l’h a rm o n ie  d ’une d éd u c tio n  
p a r ta n t d ’un  cadre géom étrique .

Les é q u a tio n s  des tra je c to ire s  so n t alors données sim plem ent: le t e n 
seur Saß e s t n a tu re lle m e n t co n se rv a tif  e t p a r  le jeu  des équa tions d ’E ra sT E irt 
on en d é d u it  la  co n se rv a tio n  de %Taß. Ce qui dans l ’hy p o thèse  du  sch ém a 
m atière  p u re  donne les éq u a tio n s

u> V x M a  =  °
les tra je c to ire s  du  v e c te u r v itesse u n ita ire  sont donc des géodésiques. P a r  
contre le sch ém a  m atiè re  — cham p é lec tro m ag n étiq u e  engendre, en a jo u ta n t  
une h y p o th è se  de con v ec tio n  de Lorentz (J a =  /гиа) analogue à l ’h y p o th è se  
sur la fo rm e d u  ten seu r im p u lsio n  énerg ie , l ’expression su iv an te :

r-7 _ p  J  Faß' ch am p  é lec trom agnétique ;
^  V X ^ak г / 1  /g J a : courant; jli/q : charge/m asse.

1 raß te n s e u r  de Ma x w e l l .

2 Я, [Л son t des coefficients de viscosité, F —exp
P
| ‘ d p  

J  P  +  P
P 0

indice du fluide; v dériv*tion

covariante dans la  métrique gaß =  F 2gaß; Q densité propre et p  pression scalaire du flu id e►

Acta Phys. Hung. Тот . X I I I .  Fase. 1.



LES TRAJECTOIRES DU CHAMP UNIFIÉ 3

Les trajectoires du champ unifié

E x ten s io n  qui se v e u t d irecte  de la  re la tiv ité  g én éra le , la th éo rie  du  
cham p  unifié cF E iNstein  n ’a pas réussi à d o n n er des tra je c to ire s  de p a rtic u le s  
ou to u t au  m oins u n  systèm e d ifféren tie l a u x  lignes de c o u ran t.

E n  re la tiv ité  générale les éq u a tio n s d u  cham p  jo u e n t u n  rôle fo n d am en ta l 
dans la d é te rm in a tio n  des équa tions d u  m o u v em en t. O u bien  l’id e n tité  en 
divergence se rép ercu te  d an s  le cas in té r ie u r  e t p a r l’in te rm éd ia ire  du te n se u r  
im pulsion  énergie en q u a tre  id en tité s  q u i d o n n en t l’é c a r t au x  géodésiques: 
ceci é ta n t essen tie llem ent d û  à la p résence  de la  charge. O u b ien  la m é th o d e  
des s ingu larités joue  sur le f lu x  d’u n  v e c te u r  qui es t d irec tem en t issu  des 
équ a tio n s d u  cas ex té rieu r [9]. U n seul t r a i t  com m un, l’a p p o r t m a té rie l p ro 
posé in d ép en d am m en t de to u te  géom étrie , t ie n t  u n  rôle d é te rm in a n t.

D ’après le théorèm e de N oether  [6] il do it ex is te r  q u a tre  id e n tité s  
d ites de co n se rv a tio n . M'e y l  [6, p. 200] e t  E instein  [7, p. B] on t u tilisé  une  
d é fo rm ation  in fin itésim ale  d u  co n tin u u m , dan s le cadre d ’une  u n if ica tio n  des 
théories é lec trom agnétiques e t g rav ita tio n n e lle s , e t o n t b ien  d é te rm in é  ces 
id en tité s . M ais si le p rem ier réussit u n e  sy n th èse  de l’é lec tro m ag n étism e, le 
second échoue d e v a n t le c h am p  unifié.

N ous avons déjà donné un ex em p le  in té re ssa n t de fonction  d ’ac tio n  
unifiée e t nous avons ex p liq u é  [1] p o u r  quelles ra isons son expression  nous 
ap p a ra issa it com m e ne d e v a n t pas ê tre  ré d u ite :

3 ?  =  g"” iR J r) -  m'V ]  +  a (g"" /V  r v -  2 a 2 } ' Щ )  ( 1 )

(Л (r) te n se u r de R icci d a n s  la  connex ion

Г ’, ; n !iv =  9м Г,, — 9„-Ta; g  d e t. de gu„; g"1' =  ]f\g\ g"").
V

E n  effet la  suppression3 d ’u n  co m p o san t quelconque in tro d u it  des re s tr ic 
tio n s [10] in co m p atib les  av ec  la n écessité  d ’une com plè te  généra lité  de la 
th éo rie  e t nous le verrons, avec  la d é te rm in a tio n  exp lic ite  d ’id en tité s  de con
se rv a tio n .

Nous allons transposer à ce lagrangien une variation du type Lie -W e y l , 
s ans en chercher pour l'instant une sign ification  physique.

Les  identités rigoureuses

A p pliquons à la fo n c tio n  d ’ac tio n  I  co n stru ite  su r ce lag ran g ien  des 
v a ria tio n s  quelconques p o r ta n t  sur la co n n ex io n  affine Гр.. le scalaire o, le te n 

3 Voir [1]. P a rta n t d’une connexion générale (systèm e A) on p eu t incorporer partie lle 
m ent Лц,, au ten seu r de R ie m a n n  d ’un schéma à  vecteur de torsion nul (système B). A lors 
particulariser m  rev ien t à détru ire la  définition du couran t, comme pour a nul.

1* Acta Phys. Hung. Тот. X I I I .  Fase. 1.



4 J. LEVY

seur m é tr iq u e  g/i”. Supposons-les in d é p e n d a n te s  e t nulles a u x  lim ites d ’in té 
g ra tio n , on o b tie n t les éq u a tio n s  des ch am p s. A insi:

G'* =  0
qu i sim plifiées p a r  c o n trac tio n  d o n n en t:

Gfr =  0, Giy =  да §ßv -  Qßv r 'L +  Qßa П а  +  9яу П а -  И  П  (2)

эе д“е =  K q<* г е, к  =  — , +  К0У Г  ,
т

puis
А = ё’"Г 11Г „ - 2а* =  0 , (3)

L,ÍV =  H lv — a a 2 g ^  =  R 1V — mn~v +  « Tv -  aa2 g /iv =  0 . (4)

M ais si Гоп fa i t  le choix c a p ita l d ’u n e  tra n s fo rm a tio n  de L i e -W e y l  su r  les 
ê tres g éo m étriq u es  ou phénom énolog iques qu i c o n s titu e n t n o tre  espace, on 
d é te rm in e  q u a tre  id en tité s . Soit la  v a r ia tio n  de I

«57= j ' G'/y ör°ßy +  L ^ô a , ' "  +  Aôa,
D ,d z

a d m e tto n s  les éq u a tio n s  d ites de « liaison»

G» =  0
e t la  n o rm a lisa tio n

A  =  0 .

De c e tte  m a n iè re  nous p a rticu la riso n s  la  v a r ia tio n  de l ’u n iq u e  cham p p h é n o 
m énolog ique  g1“”. N ous avons:

Ь Р -  x .„ _  b tT  =  -  ВГЪ. ?  -  gT da I" +  Ie 8e gr,
<5Ш = Э е ( ^ Щ ) .

A vec des in té g ra tio n s  p a r  p a rtie s  e t à cause de nos h y p o th èses  su r le c h a m p  
(n u l a u x  fro n tiè re s  de D)  il v ie n t:

Эх [ * >  д"л +  H ]  - g " v9e V = 0 .  (6)

F a iso n s  im m é d ia te m e n t d eu x  re m a rq u e s . L a fo rm e (6) est analogue à 
celle o b ten u e  d an s les th éo ries  usuelles (a  ou  m  nuis). E lle  es t o rg an iq u em en t 
vérifiée  en  a d m e tta n t  les éq u a tio n s (4) d u  ch am p  g^ .

R em p laço n s m a in te n a n t L ^  p a r  H,,v — aafig^, il v ie n t:

э, [Яме д";- +  gA"] -  g"-8„ +  2a2y = g 8e a =  0 . (7)

Acta Phys. H ung. Тот . X I I I .  Fase. 1.



LES TRAJECTOIRES DU CHAMP UNIFIÉ 5

P u is  exp rim ons H ßt p a r  sa  d é fin ition  d o n n ée  en (4); scindons-le  en  p a r tie s  
sy m étriq u e  e t a n tisy m é triq u e :

R  оt*------- oifï R  <5AVe У 2 9 V" e
1

R imv 9g 9 -  +  Эх a\ Г}. K  Q- — —  g ' "  Ц. К  I +

+  а2У _ g 0 e « +  ] - а Г 11Г„дА$ 1‘'’ +  Эх [ # „ , g“i] -  J ' ? 9 e ^ ,  =  0 . (g)
M  Z

A une cap ac ité  scalaire p rès  on  sa it [5] q u e  les deux  p rem ie rs  te rm es c o n s ti
tu e n t  la  d ivergence  dans la  m é triq u e

Xaß =
h

haß (haS =  g^Ê; h d e t. de haß)

du tenseur

R °J> 2 ^aß R tLV^ “

que nous décom poserons en4

S a ß ~  XM aß-

O n a en d é fin itiv e  la fo rm u la tio n  rigo u reu se  su iv an te :

( 9)

( 10 )

( 10 )

Y -  У V х (S„x -  X М Л  +  Э; a \ r ikr t ^ - - o r r i i r v l \ +

+  - - а Г » r v 9g S"” +  «3 F  S э  e a + К  H ßv Г -  Гу -
Z V

---- — 8"* [9e H  v +  dv H  +  Э U  J  =  0 .2 V V ^ V

( 11)

S oit encore:

a Y— ë  Г '  л х +  K  H , ß g -  Га -----gi" (8 H Áa +  H  я +  Эх H nv) +у О “ V V V

+  Y - ~ y V x ( - x M ßX) =  о. ( И )

On peut obtenir à partir de cette  expression celles habituelles aux nom breuses 
variantes des théories d’EiNSTEiN et de Schrôdinger  en fa isant a nul.

N otons que dans ce cas la condition nécessaire et suffisante d’obtention  
d ’un théorèm e de conservation est l ’annulation  du dernier term e de:

Y ^ y V x [Se, ~ ( x M eX)a=0\ — —  g"" (8g HßV +  QvH eß+ QllH„e) ^ 0  (12)

ce qui en tra in e  l ’id en tif ic a tio n  de H ßv à u n  ro ta t io n n e
V

4 Syß e s t le ten seu r d ’E in s t e in  dans la  m é triq u e  yaß ; — % M aß les te rm e s  com plém en ta ires .

Acta P hys. H ung. Тот. X I I I .  Fase. I  .



6 J. LEVY

N ous allons d onner u n e  nouvelle fo rm e à (11). P osons p a r  défin ition

=  у — КР Ч  f ' ,v =  g'"-- * (d e t .7 ^ )  = f/g~ ;  ~ eßvyß7 ^  =  y | ~ ;

Фар =  H aß; Ф d e t • de Фар; 1 - еа̂  Фц„ =  \ Ф  Ф"?; 
v 2

I a =  Эст (}ГФ Фаа); г> == г е; (Л"- =  gíü).

Il v ie n t alors to u jo u rs  rig o u reu sem en t:

а ( у ^ Г » ) я ^  =  ЛФ(Л(у = ^ Г » )  +  ^ - 1 / « ^ Р +  V H V ^ Ÿ X M ^ ) .  (14)

Ce so n t d iverses expressions des q u a tre  id e n tité s  qui p ré se rv e n t le choix a rb i 
tra ire  d ’un  référen tie l.

La forme du premier membre appelle deux rem arques. En associant à la 
nouvelle théorie des électrons de D irac [3] le sym bolism e du tenseur to u r
billon [2] on retrouve un term e en Г  [1]. D ’autre part la défin ition  
des géodésiques d’ElSENHART fait intervenir une équation que l’on peut 
écrire sous la forme tensorielle suivante:

K D a^ - ^ D J a =  0 . (15)

D„ re p ré se n ta n t la  d é riv a tio n  co v arian te  d an s la  connex ion  générale Г Ру e t  A 
le v e c te u r  dép lacé p a ra llè lem en t à lu i-m êm e. Si l ’on suppose  que le v e c te u r  
es t c o n se rv a tif  il v ien t p a r  c o n trac tio n  u n e  cond ition  nécessa ire

D(, A,* =  Au D„ AP =  0 . (16)

O n p e u t d ire que l ’exp ression  (11 ', 14) m e t en év idence  au  second m em b re  
u n  é c a rt, d û  a u x  forces d ’orig ine é lec tro m ag n étiq u e , p a r  ra p p o r t au x  lignes 
de c o u ran t. Ces lignes d o n n e n t p o u r le cas é lec tro m ag n étiq u e  l’analogue des 
géodésiques d ’u n  espace déform é p a r  la  g ra v ita tio n  seule.

Les identités approchées

C ep en d an t la  s ig n ifica tion  de c e tte  id e n tité  n ’a p p a ra ît  pas c la irem en t. 
P o u r  en  dégager une  in te rp ré ta t io n  p lus p récise, considérons les é q u a tio n s  de 
la g ra v ita tio n :

K , , +  <'-i:Lr r =  a a * y !w. (17)

N ous allons supposer su ccessivem en t q u e  le cham p (p/iv es t faible, de te lle  
façon  que l’on puisse nég liger les p ro d u its  au  delà d ’u n  ce rta in  ordre  [5, 10], 
e t que  nous som m es dan s u n  dom aine  où le scalaire a a2 p re n d  de très g ran d es  
v a leu rs  p a r ra p p o r t à <p/lr.

Acta Phys. Hung. Tom. X I J I .  Fase. 1.



LES TRAJECTOIRES DU CHAMP UNIFIÉ 7

La p rem ière  h y p o th èse  p erm et d ’ex p rim er (17) au  second o rd re  p a r

< v  +  c ; ,  +  a r u ; ;  =  a « * y M (18)

G',v =  l~ [ V , K S v +  S7 vK S J  - i V s
us 2 2

4 > ° - A V u % 0 - -  V „9 W  + V e? u )  +

+  sym  en ju,v
1 „ K 2

+  7 V e [K S J (<?> y„e +  умг -  3<psK y  J ]  -  S  S v
6 2

1
-  -  9V- +  -  -  í’L  +  V'-- <p, v

1

en  effet6 on a p a r co n stru c tio n :

=  G,v +  V e Uflv -  y  V , V , log g +  u$v u e -  ( U;IQ U l  + Ljç LU. (19)

Ces éq u a tio n s  co m p ren n en t o u tre  G/(„ e t les te rm es  en  a a2 u n  te rm e  
G,,,, au  m ieux  du  p rem ier o rd re  p a r r a p p o r t  à q>ßv. D ’ap rès  la  défin ition  (10) 
on  a l ’expression :

~ y . M tlv= G ' !iv- ^ YiLV G' (20)

m ais la  c o n tr ib u tio n  de c e tte  q u a n tité  n e  sera  négligeable v is à vis des te rm e

K H >e q'-"- Га — —- g'S’’[0„H  v -f- э VH 0U +  д^Н„в]

q u e  dans la  m esure où n o tre  seconde h y p o th è se  est va lab le . S u b stitu o n s alors 
c e tte  v a leu r dans l’id e n tité  (11)’ :

a 1 -  s  Г ' щ.,, +  g  a y —g Г' — — g;" (9U н ,а +Э aH,L-K-r эх h j

( 21 )

+  = 0 -

5 Nous utiliserons indifférem m ent Г а ou S a (voir [1]).
6 Uuv p a r tie  sy m étrique  de la connexion : {£,,} est le sym bole de  Ciir is t o ff e l  e t  L~iV

la  p a rtie  a n tisy m é triq u e : v

Lfw {/У} +  и  %, +  ’ Цч> — 0 •
Les indices pointés sont élevés ou abaissés p a r la métrique y.

Acta P hys. Hung. Тот. X I I Г. Fase. 1.



8 J. LEVA

Ce so n t les tra jec to ires  d u  v ec teu r Г fl.
N otons en fin , e t ceci e s t trè s  im p o r ta n t , que l ’ex p ressio n  (21) d is p a ra î t  

id e n tiq u e m e n t avec a nu l e t  se ré d u it p o u r  Г и iso trope (a  =  0) à:

Г Д V x Д  =  0 . (22)

Si l’on  suppose  a c o n s ta n t, H )w égal à  u n  ro ta tio n n e l, e t une h y p o th è se  
de conv ec tio n :

d x
Г  = Y 2  a u^,  u ^u "  =  1, =  (23)

as

on re tro u v e  les ré su lta ts  de la  re la tiv ité  généra le

=  (24>

L ’im p o r ta n te  conclusion que nous re tien d ro n s  ici e s t que, avec la  p r é 
sence nécessa ire  du  scalaire a, le terme K a  apparaît  comme un  rapport de charge 
à masse.

L e  tenseur énergie-impulsion

D o n nons en fin  la s tru c tu re  rig o u reu se  du te n se u r  énerg ie-im pulsion  
% T défin i p a r  (10') e t les é q u a tio n s  de la  g ra v ita tio n  (17, 18, 19)

— X T^  =  L „u — Y„v Laß Yaß -  Sßv =  — y ^ R -  -  «a2 yM„ +
Z Z

Y,
(25)

a  Г  Г  -  Ù 0 L ( - 4  аа2 +  а Г > Г , ) .

S u p p o so n s m a in te n a n t [10] que le c h a m p  cp^ e st p e t i t ,  en n ég lig ean t les 
te rm es  d ’o rd re  supérieu r au  second il v ie n t:

R u v  =  G  +  G 'ov
—  1,2

e t enfin :

— X TßV =  G'n v -  \  Yav G' +  a«2 Yuv -  !  YuV Г '  Гх + a Г  r v . (26)[XV l*v f [XV 1 Г [XV / [XV1,2 Z Z

Acta Phys. H ung. Тот . X I I I .  Fase. 1.
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ТРАЕКТОРИИ ОБЪЕДИНЕННОГО ПОЛЯ
Я. ЛЕВИ

Резюме

Из объединенного лагранжиана выводится система четырех идентичностей, которая 
через промежуточные выражения уравнения поля строго приводит к уравнениям траекто
рий. Возможно отождествление отношения заряд/масса.
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CLASSICAL RELATIVISTIC MOTION OF A POLE 
PARTICLE UNDER THE ACTION OF EXTERNAL AND  

PROPER SCALAR FIELDS

By
I .  A b o n y i

IN S T IT U T E  OF TH EO RETICA L PHYSICS. RO LA N D  EÖTVÖS U N IV ERSITY , B U D A PE ST  

(Presented by K. F. N ovob átzk y . — R eceived 20. IX . 1960)

The classical relativ istic  equations o f m otion o f  a pole particle subjected to scalar  
fields are investigated . I t  can be shown th a t in the case qf a free particle  the equations o f  
m otion adm it a rigorous solution which corresponds to  the uniform rectilinear m otion. T he  
probable existence of the runaway solutions is m entioned. It is shown th a t in  a special case  
the particle can m ove uniform ly along a straight line even under the action of a constant 
external field. The variation  o f the rest m ass is studied on hand of this exam ple and it is poin ted  
out th a t the proper field  o f the particle g ives no contribution to the rest mass. An analogue  
of E l i e z e r ’s integral theorem  is derived for a particle m oving in a central scalar field. F in a lly  
it  is shown in a certain approxim ation th a t the particle  cannot perform  a uniform circular 
m otion under the action of the force derived from th e  Yukawa potentia l.

§ 1. Introduction

The p ro b lem  o f th e  c lassica l r e la t iv is t ic  m otion o f  p o in t p a rtic le s  in  
e x te rn a l anil p ro p er sca la r fie lds h a s  been  in v es tig a ted  in  m any  p a p e rs . 
B u t th e  m ain  concern  o f these  p u b lica tio n s  is alm ost exc lu siv e ly  w ith  th e  
dedu c tio n  o f th e  eq u a tio n s o f m o tio n  fro m  general p rin c ip les . (See e. g. 
B h a b h a  [1], H a r ish  — Ch a n d r a  [2], H a v a s  a n d  his co-w orkers [3, 4, 5, 6 ]).

The classical re la tiv is tic  eq u a tio n s  of m o tio n  of pole p a rtic le s  are d ed u ced  
from  th e  re la tiv is tic  non  q u an tized  th eo ry  o f  th e  scalar f ie ld . T h ey  are m ore  
com plica ted  th a n  tho se  describ ing  th e  m o tio n  o f pole p a r t ic le s  u n d er th e  
ac tion  of e x te rn a l an d  p ro p er e lec tro m ag n e tic  fields. T h is com plica tion  h as  
its  orig in  in  th e  fa c t th a t  a n o n -v an ish in g  r e s t  m ass belongs to  th e  q u a n ta  o f  
th e  sca la r f ie ld  described  b y  th e  K lp in —G ordon  equation . T h e  n o n -v an ish in g  
rest m ass is th e  cause o f  th e  ta i l  o f  G reen’s fu n c tio n  of th e  sca la r  fie ld  — one 
of th e  m ain  d ifferences betw een  th e  sca la r a n d  e lec tro m ag n etic  fie ld s. This ta i l  
is th e  consequence o f th e  fa c t th a t  th e  in te ra c tio n  tra n sm itte d  b y  these  q u a n ta  
m ay  p ro p ag a te  w ith  an y  v e lo c ity  sm alle r th a n  th a t  of th e  l ig h t in  v acu u m .

T he ta i l  of G reen’s fu n c tio n  o f th e  K le in  —G ordon eq u a tio n  lead s to  
curious te rm s in  th e  eq u a tio n s o f m o tio n : in teg ra ls  ex ten d ed  over th e  w hole 
p a s t p o rtio n  o f th e  w orld  line  o f th e  p a r tic le . T h a t is w h y  th e  equ a tio n s o f  
m otion  in  th e  sca la r f ie ld  tu rn  o u t to  be a s tro n g ly  coup led  system  o f n o n 
linear in teg ro -d iffe ren tia l eq u a tio n s.

Acta P hys. H ung. Тот. X I I I .  Fase. I.



12 I. ABONYl

In  sp ite  o f th e  m a th e m a tic a l p ro b lem s concern ing  th e  so lu tion  o f  such  
a system  o f eq u a tio n s , th e re  has been  a  g rad u a lly  in c rea s in g  in te re s t in  th e  
problem s o f m o tio n  in  a s c a la r  field . O ne m a y  u n d e rs ta n d  th is .

T he re la tiv is tic  d y n am ics  was o rig in a lly  based  u p o n  the  p ro p e rtie s  of 
th e  L oren tz  force. L a te r  th e  p hysic ists  o b se rv ed  th a t  th e re  ex ists  an  im p o r ta n t  
force o f q u ite  d iffe ren t o rig in  and  n a tu re ,  w hich p lay s  th e  m ain  ro le  in  th e  
nuclear p rocesses. T he s im p le s t re la tiv is tic  m odel o f th e  n u c lea r forces — and  
an  exam ple  o f  n o n -e lec tro m ag n e tic  forces a t  a ll — can  b e  co n stru c ted  j u s t  b y  
m eans o f th e  th e o ry  of th e  sca la r fie ld .

In  th e  analy sis  o f m o tio n  in  a sc a la r  fie ld  th e  re sea rch ers  have in  g en era l 
to  in tro d u ce  d ra s tic  ap p ro x im a tio n s  (see e. g. P . H a v a s  an d  C. R . Me h l  [4], 
J .  S a w ic k i [7]). T he te s t-p a r tic le  a p p ro x im a tio n  sy s te m a tic a lly  ex p o u n d ed  by  
G. Ma r x  a n d  G. S zamosi [8] gave im p o r ta n t  an d  in te re s tin g  re su lts  (rest- 
m ass v a r ia tio n  th eo rem , th e o ry  of th e  re la tiv is tic  rep u ls iv e  core, e tc .) , b u t  
w ith o u t ta k in g  in to  ac c o u n t th e  effect o f  th e  p ro p er fie ld .

In  o rd e r  to  jo in  in  th is  line o f th e  in v es tig a tio n s  w e analysed  th e  possi
b ilities o f  th e  so lu tion  of th e  equ a tio n s o f  m otion  in  a sc a la r  field.

§ 2 . The equations o f m otion

L e t r  d en o te  th e  p ro p e r  tim e, z ' ' ( t ) th e  w orld -line , and

V 11
dz ' ( r )

dr
=  z'' (t) (1>

th e  fo u r-v e lo c ity  o f th e  p o le  partic le . T h e  E in ste in  su m m a tio n  co n v en tio n  is 
u n d ers to o d  fo r  G reek in d ices  occu rring  tw ice , from  0 to  3, th e  zero  in d e x  
co rrespond ing  to  th e  tim e  co m ponen t. T h e  velo c ity  o f  l ig h t  in  v acu u m  is ta k e n  
to  be u n ity .

As is w ell know n fro m  th e  th e o ry  o f  th e  sca la r f ie ld , the  e q u a tio n s  o f  
m otion  h a v e  th e  general fo rm

d-  [(™ + u e +  U p) V ‘] =  F ;  +  F $ , (2)
dr

where m  is th e  re s t m ass, F'é and  F p th e  ex te rn a l a n d  p roper sca la r fo rces, 
Ue and  Up th e  re spec tive  p o ten tia ls .

I f  we re s tr ic t  ourse lves to  re ta rd e d  in te ra c tio n s  o n ly , th e n  — acco rd in g  
to H avas [3] — we a rriv e  a t  th e  e q u a tio n s
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CLASSICAL RELATIVISTIC MOTION OF A POLE PARTICLE 13

g2 . 1
т г и ----------f- VM va v°) — —  g 2 -f-

3 2

T d Г Г 1 ^
+  g 2X2 f - ~  J * (X s) da ' + g 2x ~ y -  Í  - J i ( X s )d r  =  gF>‘ g U ] .

J s* dr J s J dr
-------1-  — CO

H ere  g  s tan d s  fo r th e  coupling c o n s ta n t (m esonic charge) a n d  % is A-1 tim es  
th e  re s t  m ass o f th e  q u a n tu m  associa ted  w ith  th e  scalar f ie ld . J n rep resen ts  
th e  Bessel fu n c tio n  o f order n.  I n  th e  in teg ra ls  we have s>l a n d  s defined b y  
th e  re la tio n s

S" =  2" (t) — 2" (t') (4)
an d

* =  + 0vs°)1/2- (5)
F in a lly  U  and

F "  =  -  —  (6 )

d en o te  th e  e x te rn a l sca la r p o te n tia l  and  force, respective ly .
In  o rd er to  a t t r ib u te  p h y sica l m eaning to  th e  solu tions o f  th e  equ a tio n s 

(3) we m u st d em an d  th a t  th e  e x tra  condition

K F = 1  (7)
b e  sa tisfied .

§ 3. Rigorous special solutions of the equations o f  m otion

U n fo r tu n a te ly  th e re  is no  m a th e m a tic a l m ethod  w h ich  w ould g ive 
d ire c tly  a ll th e  so lu tions of th e  equ a tio n s (3) in  th e  general case . Therefore we 
m u s t use e ith e r  som e in d irec t m ethods (e. g. t r ia l  functions) o r  som e a p p ro x 
im a tiv e  m ethods.

F irs t we consider th e  rigorous so lu tions w hich  can be  o b ta in e d  using  
sim p le  tr ia l  functions.

a) Everywhere vanish ing  external forces, uni form rectilinear motion  

T he eq u a tio n s to  be so lved  in  th is  case a re  th e  follow ing:

. e2 . . 1
mv11-------- (vM -f- Vм va va) ------- g 2 y 2 v'‘ -f-

3 2
» t (8a)

+  g2 (Xs) d r ' +  g 2 X ~~ I 1 J \  (Xs) d r ' j =  0
J  s2 o r  J  s

—  00 -----CO

a n d
va v ° = l .  (8b)
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14 . ABONYI

B ased  on the  p ro p e rtie s  of th e  B essel fu n c tio n s one can d e m o n s tra te  
th e  fo llow ing  s ta te m e n ts .

T h e  eq u a tio n s (8a, b ) ad m it a rig o ro u s so lu tion  o f  th e  form

z'1 (t) =  a1' +  b1' T , (9)

w here a1' a n d  b'1 are a rb i t r a ry  fo u r-v ec to rs , th a t  do n o t  depend  on th e  p roper 
tim e. T h e y  a re  a rb itra ry  in  th e  sense t h a t

h b ° =  1 (10)

m u st h o ld  a n d  th e  o th e r com ponen ts m u s t  be co m p a tib le  w ith  th e  p resc rib ed  
in itia l v a lu es . The so lu tio n  (9) describes a uniform  re c tilin e a r  m o tio n  corres
p ond ing  to  th e  in itia l co n d itio n s

z" (0) =  a", 

z" ( 0 )  =  b ", 

z" (0 ) =  0 .

( И )

b) Everywhere vanishing force,  the possible existence o f  a non-uni form motion

T h e p rob lem  of se lf-accele ra ting , ru n aw ay  so lu tio n s  is of g re a t im p o r t
ance in  th e  field  th e o ry  [10].

I t  c an  be show n t h a t  considering  rec tilin ear m o tio n s  only, th e  w orld- 
line o f a free  partic le  can  b e  given in  th e  form

гЦт) =  A - 1 sh A r  +  C ° , I
z1 (т) =  А ~ г eh  A t +  C 1. j

(C° a n d  C1 a re  th e  c o n s ta n ts  of in te g ra tio n ) if  and  o n ly  i f  A  is th e  ro o t  o f the  
eq u a tio n

m A + g f f l 0 ( A - 1 x)  K „ ( A - 1 x)  =  0 , (13)

w ith  I 0 a n d  K 0 re p re se n tin g  the  m o d ified  Bessel a n d  N eum ann  fu n c tio n s  o f 
zero o rd e r.

T h e  so lu tion  (12) co rresponds to  th e  following in it ia l  co n d itions:

г" ( 0 ) = { С о , ^ - 1 +  С 1,0 ,0 } ,  j

* "(0 ) =  { 1 ,0 ,0 ,0 } ,  I (14)

2 " ( 0 ) = { 0 , Л , 0 , 0 } .  I

As we have p o in ted  o u t in a p rev io u s  paper th e  m o tio n  described  by  the 
so lu tio n  d iffers from  th e  se lf-accele ra ting  solu tion  o b ta in e d  in  th e  re la tiv is tic  
th e o ry  o f  electron  m o tio n , since th e  ch a rac te ris tic  e q u a tio n  (13) h as  no rea l 
roo ts fo r A .  On the  o th e r  h an d  th e  so lu tions w ith  co m p lex  A  p ro b a b ly  have
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also  an  o sc illa to ry  ch a rac te r superim posed  on th e  ru n aw ay  c h a ra c te r . (In  th e  
case of X =  0 we arrive  a t  th e  sam e ru n a w a y  so lu tio n  as in  th e  case of th e  
classical electron .)

c) Uni form motion in a special constant external  f i e ld

L et us consider th e  m o tion  of a p a rtic le  in  an  e x te rn a l fie ld  F ' \  which 
is c o n s ta n t everyw here. T ak ing

U =  - F " x a ,

th e  equ a tio n s o f  m otion to  be solved are :

Л Л (xs) dT' +
(15a)

=  g P ‘ ~ g F a y s  К  *«rl
«Ц

an d
i a va =- 1 . (15b)

I t  is easy to  observe th a t  our s ta te m e n ts  m en tio n ed  in sec tio n  a) § 3 can 
be generalized  read ily  to  ap p ly  in  th is  case.

T he equ a tio n s of m otion  (15a, b) a d m it a rigorous so lu tio n  o f  th e  form  
(9) prov ided  th a t

К Ъ »  =  l
an d

F u — b!‘ ba F «  =  0 . (16)

In  n o n -tr iv ia l cases th e  la t te r  co n d itio n  is eq u iv a len t to  th e  follow ing:

b1' — k F 1' . (17)

This shows th a t  th is  so lu tio n  ex ists in  th e  case i f  th e  fo u r-v e c to r  of the  
v e lo c ity  is p ara lle l to  th a t  o f th e  force a t  th e  in itia l m om en t. T h en  th is  force 
w ill be n o n -acce lera ting  [8].

In  order to  e lucidate  th e  s itu a tio n  we m u st s tu d y  th e  rest m ass v aria tion  
in  th e  case o f th e  equa tions of m o tion  co n ta in in g  also th e  p ro p e r fie ld . R e
a rran g in g  th e  te rm s in  th e  eq u a tio n s  (3) we w rite

Г  X
dr

1
Л  (xs)dr'

mv>‘ -----  (Ï" +  vfl va vn) g 1 Г  V g  Г

d

dr
m - g U  + g 2x  J 1(%s)dr'

1
— 1 g 2(v“ +  V ‘ v(Tv a) -----1 g 2x 2v"

3 2
(18)

+ g2 x2j  *2 Л (xs) dx' = gF" ■
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16 I. ABONYI

T h en  w e in tro d u ce

M (t) =  m — g U — g 2% j  у  Л  (%s) dx'

-----CO

(19)

as th e  p ro p er-tim e  d ep e n d e n t d y n am ica l re s t m ass. P erfo rm ing  th e  d iffe ren 
tia t io n s  in  (18), we m u ltip ly  i t  b y  v* a n d  arrive a t

Г
d M  1 Г s a

, =  gVa F " +  —  g 2X2 -  g2X2va \ ’ —  J  %{.%*)№ ■ (20)
dr  2 J s2

-----CO

S u b s ti tu t in g  th e  v a lu e  o f  z'1 acco rd in g  to  (9) we g e t from  (20)

This e v id e n tly  leads to  

w ith

d M

dr
gk .

M(x)  =  g k  г  - f  M 0 

M 0 =  m  +  gkbaaa .

( 21 )

( 22 )

(23)

T he e q u a tio n  (22) show s th a t  th e  a c tio n  of the force ap p ears  only  in  th e  change 
o f th e  r e s t  m ass o f th e  p artic le  d u rin g  its  m o tio n  in  th e  n o n -acce le ra tin g  
c o n s ta n t  scalar fie ld . T h e  change is m o n o tonously  increasing  if  b'‘ an d  F 1* 
are p a ra lle l (k ]> 0), m o n o to n o u sly  decreasing  i f  th e y  are  a n tip a ra lle l (к  <  0). 
T he second  te rm  in  (23) corresponds to  th e  m ass e q u iv a le n t o f th e  in it ia l  p o te n 
tia l en erg y .

§ 4 , On the possibility o f a first integral o f  the equations o f  m otion
for central external fields

L e t us consider th e  m otion o f  a partic le  in  a c e n tra l e x te rn a l fie ld  w hich 
m ay  be  derived  fro m  th e  p o te n tia l U  =  U(r), w here  r — r , r is th e  p o sitio n  
v e c to r  in  a th ree-d im en sio n a l C a rte s ian  system  o f reference, w hose orig in  is 
a t  th e  cen tre  of th e  a ttra c t io n  or repu lsion . We w rite  th e  equ a tio n s o f m o tio n  
in  th e  fo rm

( Ï  +  i  ( i 2

T

Ï 2) )— I  g2 X2 i + g 2 X2 Г ~~ J z  U s ) d r  
2 J s*2

+  g 2 X i 1 Л  (X s ) d x '

-----00

d U  £

dr r

d

dx
[ iU ] ,

( 2 4 )
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CLASSICAL RELATIVISTIC MOTION OF A POLE PARTICLE 17

neglecting the non-independent zero com ponent equation. Here

§ =  r (r) — r (t') (25)

is the three-vector constructed from  the last three com ponents o f  s'l. M ultiply
ing the equation  (24) b y  the vectoria l product Г X Ï and re-arranging the  
term s we obtain

m — g l J + g 2 X Л  (%s) dr '  ( t it )  — —  ( i f f  ) =  
3

g 2z J  (* (T) t ( ^ ) i ( ^ ) )
Л  (xs) d r '-

(26)

This in teg ro -d iffe ren tia l eq u a tio n  can  be  considered  as th e  analogue o f  
E l ie z e r ’s in te g ra l th eo rem  [11] concern ing  th e  m o tio n  of e lec tric  charges in  
e lec tro m ag n etic  fie lds.

I f  г(т), г(т ') an d  r ( t )  are  co m p lan ar v ec to rs  fo r a ll x and  x'  th e n

V  (t) =  ( r tr)  (27)

sa tisfies th e  d iffe ren tia l eq u a tio n

V  (x) — M  (т) V  ( x )  =  0 . (28)

T he so lu tion  o f  th e  e q u a tio n  (28) is
T

V(x)  =  V  (t0) exp  j-M M  ( r ')  dx' j, (29)
I g 2 J !

w here V(x0) is th e  vo lum e of th e  p a ra lle lep ip ed  w hose edges a re  г(т0), t ( t 0) 
a n d  г(т0). B u t i f  V ( x 0) =  0, th a t  is th e  v ec to rs  a re  com planar a t  th e  m o m en t 
t 0, th e y  w ill rem ain  co m p lan ar a lw ays. In  o th e r  w ords, if  th e  m o tio n  s ta r ts  
w ith  co m p lan a r r, t an d  r, th e  re su lt w ill be a m o tio n  confined  to  a p lane . 
N o n -co m p lan ar s ta r t  is follow ed b y  a m o tio n  w h ich  dev iates fro m  th e  p la n a r  
m o tion  accord ing  to  th e  eq u a tio n  (28). One c a n n o t draw  fu rh te r  inferences 
w ith o u t th e  co n cre te  know ledge o f  M (x)  in  th is  case.

In  th e  genera l case we h av e  th e  eq u a tio n

V  (г) -  ~  M  (г) V (x) = 3  Г — (T)- (T) -t(T /) J 2 (Xs) d x ' . (30)
g2 J s2
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18 t. ABONYl

I ts  g en era l so lu tion  can  b e  given fo rm a lly  b y  th e  expression

V  (t ) =  3 y 2 exp j  M (l')J t']J  j r ( r ) r ( r ) t j r ; ' )

S2 (T, t") *72 (Zs (T> T"))

(31)

• exp -  Зг  j M  (f) dr
g2 J

dr dr",

b u t its  p h y s ic a l co n te n t c an n o t be re v e a le d  unless we know  the  a c tu a l m o tio n  
precisely . So in  th e  g en era l case th is  th e o re m  does n o t  help  to  solve th e  eq u a 
tions o f  m o tio n .

§ 5. On the problem of uniform  revolution around a center
o f attraction

I f  w e are in te re s te d  in  th e  p o ss ib ility  of th e  un ifo rm  re v o lu tio n  o f a  
partic le  a ro u n d  a cen te r  o f  a ttra c tio n , w e m ay  s ta r t  w ith  t r ia l  fu n c tio n s  o f th e  
fo rm :

20 =  t, Z1 =  R  sin t, Z2 — R  COS t, 23 =  0 (32)

w hich do n o t  c o n tra d ic t th e  th eo rem  deduced  in  th e  prev ious p a ra g ra p h . T h e  
d e riv a tio n  o f th e  “ ch a ra c te ris tic  e q u a tio n s ”  belong ing  to  th e  t r ia l  fu n c tio n s 
(32) c a n n o t be done w ith o u t some s im p lify ing  assu m p tio n s. The a p p ro x im a 
tions u sed  in  th e  ca lcu la tio n s were th e  fo llow ing: p ro v id ed  th a t  th e  m a in  p a r t  
of th e  in te ra c tio n  w ith  th e  p roper fie ld  can  be re s tr ic te d  to  a fin ite  tim e  in te rv a l 
(t — t ') , th e  ca lcu la tions are  ju s tif ie d  fo r  th e  values o f  m obeying th e  re la tio n  
o)(t — r ' )  <( 1. A cum bersom e c a lc u la tio n  shows th a t  th e  c h a ra c te r is tic  e q u 
ations o f  th e  prob lem  do n o t allow so lu tio n s w hich can  be in te rp re te d  p h y s i
cally. T h is show s th a t  th e  classical tw o-nucleon  p rob lem  has no so lu tio n  o f  
the  fo rm  (32).

§ 6. Conclusions

T he s tu d y  of th e  m o tio n  of a p a r tic le  in a sca la r  field  m eets w ith  m uch 
g rea te r  d ifficu lties th a n  those en c o u n te re d  in  th e  (e lec trom agnetic) v e c to r  
fields. E x a c t  resu lts  w ere o b ta in ed  in  th e  s im p lest cases only. N o n -tr iv ia l 
p rob lem s m ig h t be tr e a te d  if  a t  a ll — only b y  pow erfu l special c a lc u la tin g  
m ach ines, because th e  m a th e m a tic a l p rob lem s of th e  so lu tion  of co u p led  n o n 
linear in teg ro -d iffe ren tia l equa tions do n o t  seem to  be su ffic ien tly  c leared  u p .
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КЛАССИЧЕСКОЕ РЕЛЯТИВИСТИЧЕСКОЕ ДВИЖЕНИЕ ТОЧЕЧНОЙ ЧАСТИНЫ 
ПОД ДЕЙСТВИЕМ ВНЕШНЕГО И СОБСТВЕННОГО СКАЛЯРНОГО ПОЛЯ

И. АБОНИ

Резюме

В статье рассмотрена проблема классического релятивистического движения 
точечной частицы в скалярном поле. Доказано, что в случае свободной частицы уравнения 
движения имеют решение, соответствующее равномерному и прямолинейному движению. 
Упомянуто, что уравнения движения могут иметь автоускорительные решения. Доказы
вается, что в специальном случае частица может двигаться равномерно и прямолинейно 
и под действием постоянного внешнего поля. При анализе этой задачи изучена вариация 
.массы покоя и показано, что собственное поле частицы не оказывает влияния на вариацию 
массы покоя. Интегральная теорема Элиезера обобщена для случая движения в цент
ральном скалярном поле. Наконец, показано в некотором приближении, что частица не 
может совершать равномерное вращение на постоянном расстоянии от центра силы под 
действием поля, происходящего от потенциала Юкава.
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PROPAGATORS WITH DIPOLE GHOSTS 
FOR FERMION FIELDS

By

K . L. N agy

IN STITU TE OF TH EO RETICAL PHYSICS, ROLAND EÖTVÖS U N IV ERSITY , B U D A PEST 

(Presented by K. F. N ovobátzky  — Received: 4. X. 1960)

The spectral representation  of propagators for rela tiv istic  fermion fields has been cal
culated  in  field theories, where the existence of dipole ghost sta tes w ith p 0 0 are assumed. 
This general result is com pared w ith a form  obtained by M i t t e r  in a certa in  approxim ation 
for a  H e i s e n b e r g  type  of theory.

In  th e  th e o ry  o f th e  e le m e n ta ry  pa rtic le s  p roposed  b y  H e ise n b e r g  [1] 
th e  fie ld  equ a tio n s — show ing an  a p p ro p ria te  tra n s fo rm a tio n  c h a ra c te r  — are 
com pleted  b y  using  th e  form

i - S ' ( P ) = j e ( x * ) d «  2

for th e  v acu u m  e x p e c ta tio n  v a lu e  o f  th e  p ro p a g a to r

S ' ( x  — x ' )  =  < 0 \ { y ( x ) , ÿ > ( x ’ )} | 0 > ,  (2)

w here 0 >  is th e  re a l v acu u m  s ta te  a n d  ip(x) is th e  m a tte r  field  o p e ra to r  in  th e  
H eisen ber g  p ic tu re . The form  (1) w as s ta te d  [1] to  be a consequence  o f  th e  
field  eq u a tio n s an d  to  co rrespond  to  a fie ld  th e o ry  w ith  an  in d e fin ite  m etric  
an d  especially  to  a th e o ry  w ith  in d e fin ite  m e tric  w ith  only  d ipole  ghosts  [2]. 
U sing, how ever, th e  general m e th o d  o f K ällen  an d  Lehm ann  [3], i t  was 
show n [4] on th e  o th e r  h an d  th a t  in  a re la tiv is tic  fie ld  th e o ry  th e  re la tiv is tic  
gen era liza tio n  of a dipole ghost s ta te  gives a re su lt sim ilar b u t  n o t  id en tica l 
to  th a t  rep re sen ted  in  (1).

R ecen tly  M i t t e r  [5] — using  essen tia lly  a T am m  D ancoff ty p e  ap p ro x i
m a tio n  m eth o d  — o b ta in ed  a fo rm  fo r S '  d iffe ren t from  (1):

. (3)
0

w here a T ouschek  in v arian ce  h ad  b een  also req u ired  and  in  th e  f irs t  ap p ro x i
m a tio n  m en tioned  above

g (x2) =  a lim  Ô’ (x2 — e ) . (4)
£—>0

I VpP r  +  ix  _  У м Р д + г*  , J V i V 2 i 
I p 2 -f- к 2 p 2 ( p 2) 2 I
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22 К. L. NAGY

H ere  a is an  a p p ro p r ia te  c o n s ta n t b u ilt  up  from  th e  u n iv e rsa l le n g th  occurring  
in  H e is e n b e r g ’s fie ld  eq u a tio n  an d  th e  lim es p ro ced u re  is u n d e rs to o d  to  be 
p erfo rm ed  a fte r  th e  in te g ra tio n . T he fo rm  (3) an d  (4) was s ta te d  in  [5] to  
co rrespond  to  a d ipo le  ghost o f  zero  re s t  m ass.

H ere  we r e p e a t  th e  gen era l К  a l l é n — L e h m a n n  ca lcu la tions fo r a fe r
m io n  fie ld  w ith  d ipo le  ghost s ta te s , since in  [4] th e  ca lcu la tio n s w ere p erfo rm ed  
o n ly  for a sca la r (pseudoscalar) fie ld , an d  com pare  th e  general re su lts  th u s  
o b ta in e d  w ith  M it t e r ’s form  o f  S ' . The m ain  line  o f  o b ta in in g  th e  sp ec tra l 
re p re se n ta tio n  o f a fe rm ion  p ro p a g a to r  S '  co rresp o n d in g  to  a d ipole gh o st is 
th e  sam e as in  [4]. I n  connec tion  w ith  th e  in d e fin ite  m etric  th e  te rm in o lo g y  
fo u n d  in  [6] is u sed .

T hus we su ppose  th a t  th e re  ex ists an  en e rg y -m o m en tu m  fo u r-v ec to r 
P t, w ith  th e  p ro p e r ty

[P? > V>] =  » 9 (5)

a n d  t r e a t  a fie ld  th e o ry  w ith  d ipo le  ghost s ta te s , acco rd in g  to  w hich  one finds 
s ta te s  w ith  th e  p ro p e rtie s :

(Pa  — p m) p  >  =  0 ’ < p  Í p  >  = 0 ; f 2 < : 0 ;
( 6)

( P » - P li) \ p D >  =  Cl l \ p > ; < P D \ p D >  =  0 .

H ere  because o f  re la tiv is tic  in v a rian ce

C „ = / ( P 2) (7)

p D >  is th e  d ipole g h o st s ta te  co rrespond ing  to  th e  e ig en sta te  p > b o t h  w ith  
zero no rm . p >  a n d  p D >  are  n o t o rth o g o n al

<  p  D  \p '  >  =  a ( p 2) b p  p ’ . (8)

F ro m  (6) an d  (7) <  p D  P fl p D  >  =  Cfla(p2), th u s  / ( p 2) e (p 2) is rea l. F rom  

(6) a n d  (8) th e  u n i t  o p e ra to r  is

2 i \ \ p ü >  \  < p \ +  \p > - 1 - \ p d > \—  I a* a I
a n d  th u s

S ' =  ^ \ < 0 \ v ( x ) \ p D >  ' - < p |  У’ ( * ') 1 0 >  +
! a * ( p 2)

+  <  0 гр(х) p >  - 1 < p  D ,гр (x') \ 0 >  | +  {x  ж '}.
« ( P 2) !

(9)

( 1 0 )
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E q u a tio n s  (5), (6), (7) and  (10) give

S ' =  S  e '^x *0 ) <  0 | y  (0) I p  D  > ------------<  p  j if (0) I 0 >  4
"■ I a* {p2)

+  <  0 V’ ( 0 ) 1 p  >  — — — <  0 ; y> (0) 0 >  +
a (P 2) '

+  У  i p „ (* -  °ip(x-x,) ! <  0 i V> (0) 10 >

( 11)

a * ( P2) a ( P 2)

<  p  J y> (0) i 0 >  +  {x  X" x ' }  .

In tro d u c in g

-  (2 л )3 У, ! <  0 I w (0) P D >  * ' < P \ V (°) 0 >  +
I a ( P 2)

4  <  0 > ( 0 )  P >  1 — <  P  i f  (0) ! 0 >  =
a ( P2)

=  (iyp — V -  p 2) e A  p2) +  ? 2 ( - р 2) .

a n d

(2*)3 {i: \  <  0 , V  (0) ! P  >  < P  >  (°) 0 >  ! =I а (Р " )я (р - )  I

=  (iyp -  \ ~ P 2) «3 ( - P2) +  «4 ( -  P2) ,

w here L oren tz  in v arian ce  has been  req u ired , we fin a lly  o b ta in

S '  (x — x ’) =  j [S (* — * ' ;  x 2) Qy (я2) +  л (x — x'  ; x 2) p2 (x2) 4  
0

( 12)

4  (* * ' ) A  { S  (x — x ‘ ; * 2) p3 (x2) 4  A ( x  — x ' ;  X2)* p4 (y2)}] dx2 .

E a c h  fu n ction  g, is real and m ay  be also n e g a tiv e  and L e h m a n n ’s in eq u a lity

0 <] Qz ( * 2) ^  2 x  g, ( x 2)

does n o t ho ld . F erm io n  p ro p a g a to rs  in  fie ld  th eo rie s  w ith  g h o st s ta te s  o f h ig h er 
po le  o rder can  be ca lcu la ted  in  a sim ilar w ay  w ith  th e  re su lt th a t  th e re  new
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a n d  new  te rm s  a p p e a r con ta in in g  as m a n y  d e riv a tiv es  m u ltip lied  b y  th e  d is ta n 
ces as th e  d ipole o rd e r o f th e  g h o st s ta te  (Cf. [7]).

R eq u irin g  an  a d d itio n a l T o u sch ek  in v arian ce  q2 =  i?4 — 0 an d

S ' (« — “ ' ) =  f  (C i(* 2) +  23 (*2) (*  - х ')Д и } У ^ „  Д  (* — x'  ; *2) d x 2 . (13) 
0

Since

%  Э S  (x ; л;2) =  — 2S (л: ; x 2) — iy  Э„ Д  (x ; *2) —  2 и2 - — e ikx dk,
( p 2 - { - X 2) 2

th e se  gen era l p rinc ip les allow  M it t e r ’s form  o f S ' (3) an d  (4) to  co rrespond  to  
d ipole g h o s t s ta te s , b u t  th e  fo rm  (1) does n o t.

T h e  a u th o r  is g re a tly  in d e b te d  to  D r. H . Mit t e r  for sen d in g  him  a 
p re p r in t o f  his in te re s tin g  a rtic le .
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ФУНКЦИИ РАСПРОСТРАНЕНИЯ С ДИПОЛЬНЫМ ДУХОМ 
ДЛЯ ФЕРМИОННЫХ ПОЛЕЙ

К. Л. НАДЬ

Резюме

Определяется спектральное представление функцией распространения релятиви
стических фермионных полей в теории поля, в которой предполагается существование 
состояний дипольных духов р0 Д  0. Выведенный общий результат сравнивается с формой, 
полученной Миттером для определенного приближения теории типа Гейзенберга.
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MEASUREMENT OF THERMAL NEUTRON DIFFUSION 
PARAMETERS IN WATER AND IN SOLID DIPHENYL  

WITH PULSED NEUTRON SOURCE

By

A. A d á m , L. B o d  and L . P á l

CEN TRA L RESEARCH IN ST ITU TE FOR PHYSICS, BUDAPEST 

(Presented by L. Jánossy  — R eceived 14. X . 1960)

The diffusion param eters of therm al neutrons were measured in water and in solid 
diphenyl at room tem perature by the pulse m ethod. The results o f  the m easurem ents in  water  
are consistent w ithin tb e  statistical error w ith  the values know n in literature. The diffusion para
m eters obtained in  d iphenyl are: /„ =  286 zb 23 /t sec, D ( T 0) =  42940 ±  1800 cm 2 sec -1 , 
i ß  =  3,50 ±  0,18 cm , C  =  13300 dz 2850 cm 4 sec-1 and Л( =  0,515 cm.

In tro d u c tio n

In  in v estig a tio n s in to  th e  p ro p ertie s  of o rgan ic  m o d era to rs , th e  develop
m en t o f m ethods fo r th e  m easu rem en t of n u c lea r co n stan ts  is considered  to  
be o f g rea t im p o rtan ce .

In  th is  p a p e r th e  ap p lica tio n  o f  th e  pu lsed  n e u tro n  tech n iq u e  developed 
for m easu ring  th e  d iffusion  p a ra m e te rs  o f th e rm a l n eu tro n s  w ill be described . 
T he use o f pulsed  n e u tro n  tech n iq u e  has becom e ex ten s iv e , s ta r t in g  in  1953 [1 ]. 
This is due  to  a n u m b e r of ad v an tag es  as com pared  w ith  th e  s ta t io n a ry  m ethod . 
T he d iffusion  c o n s ta n t D , th e  m ean  life tim e Z0, a n d  th e  th e rm a liz a tio n  c o n s tan t 
C can  be d e te rm in ed  b y  th e  p u lsed  n eu tro n  te c h n iq u e  in  a re la tiv e ly  sh o rt 
tim e  a n d  on sm all q u an titie s  of m a te ria l. F o r th e  s ta tio n a ry  m e th o d  u su a lly  
m ore m a te ria l is n eeded  an d  th e  p a ram e te rs  D  an d  Z0 can  be d isc rim in a ted  
on ly  b y  th e  “ poisoning  m eth o d ”  (C is n o t m easu rab le  a t all). In  ad d itio n , th e  
la t te r  p rocedure  is ra th e r  le n g th y  th o u g h  th e  v a lu es  o b ta in ed  fo r th e  diffusion 
len g th  are  m ore a c c u ra te  th a n  th o se  d e te rm ined  b y  th e  pu lse  m e th o d .

A fte r sh o rt th e o re tic a l considera tions th e  m easu rin g  a p p a ra tu s  w ill be 
described  and  th e  re su lts  o b ta in ed  fo r w a te r an d  solid d ip heny l w ill be g iven.

Theoretical considerations

L e t t =  — *s be  th e  tim e  a t  w ich  a sh o rt b u rs t  of fa s t n e u tro n s  occurs 
in  th e  m o d era to r, th e n  ts is th e  tim e  requ ired  b y  th e  n eu tro n s to  reach  th e rm al 
equ ilib riu m  w ith  th e  nuclei of th e  m o d era to r. T h e  b eh av io u r o f th e  n eu tro n  
gas can  th e n  be described  for t )>  0  b y  th e  d iffu sion  eq u a tio n

n (t, r) =  D  (T n) & n ( t , r ) ----- i -  n (t, r) , (1>
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w here  n (i, r) is th e  th e rm a l n e u tro n  d en sity  a t  tim e  t in  th e  p o in t r, D ( T n) 
is th e  d iffusion  c o n s ta n t for n e u tro n s  w hich h av e  reach ed  th e rm a l eq u ilib rium , 
lg is th e  m ean  life tim e  o f n e u tro n s  in  an  in fin ite  m o d e ra to r.

T he so lu tion  o f  (1) van ish in g  a t  th e  e x tra p o la te d  b o u n d a ry  o f a cy lind rica l 
ta n k  w ith  rad iu s  R  and  h e igh t H  is

H ere

n(t,r) = e 1 '» _V Slmn J n
l ,m ,n

Lm l
R

cos imp. s i n e'BmnD(TJ 1' (2 )

Un  — 1, 2, 3, . .

m — 0,1, 2, . . . ,

ami is th e  1-th zero o f  th e  m -th  o rd e r Bessel fu n c tio n  o f th e  f irs t  k in d , and

(3)B2 —D  Im n  —
aml I2 п л

R  )
г

H

T h e am p litu d es  S :mn are  d e te rm in ed  b y  th e  in it ia l  th e rm a l n e u tro n  density .
F ro m  (3) i t  is seen th a t  th e  low est indices s ta n d  for th e  low est v a lu e  am ong 

th e  c o n s ta n ts  B~lmn. T hus, th e  v a r ia tio n  in  n e u tro n  d e n s ity  w ith  tim e  becom es 
e x p o n en tia l a su ffic ien tly  long tim e  a f te r  th e  n e u tro n  b u rs t  and  th e  te rm  inv o lv 
ed in  th e  ex p o n en t w ill be p rec ise ly  B 210l, t h a t  is

an d

n ( t , } ) ^ S 10lJ 0 \a01 Г H Z
sin  e

H
I I

1 1

/ /„
+ D(Tn)B\01 . (4)

T h e q u a n ti ty  B~10l, i. e. th e  geom etric  b u ck lin g  o f th e  c y lin d e r w ill be 
d e n o te d  from  now  o n  b y  B 20.

L e t us now  consider m ore fu lly  th e  d iffusion c o n s ta n t in  (4). As p rev iously  
sa id , D ( T n) refers to  th e  equ ilib riu m  te m p e ra tu re  T n of th e  n e u tro n s . T n is 
know n  to  be in  g enera l d iffe ren t from  T 0, th e  m o d e ra to r  te m p e ra tu re . P h y sica lly  
th is  is due to  th e  fa c t th a t  th e  en e rg y  sp ec tru m  o f th e  n e t n e u tro n  f lu x  in a 
g iven  vo lum e e le m e n t is d iffe ren t from  the  en erg y  sp ec tru m  o f th e  n eu trons 
p re se n t a t  th e  sam e tim e  in  th is  vo lu m e e lem en t. T h e  energy  sp e c tru m  of th e  
n e t n e u tro n  f lu x  sh ifts  to w ard  th e  h igher ve locities. As a re su lt o f th is  th e  
en e rg y  d is tr ib u tio n  o f th e  n e u tro n s  p re sen t in  th e  vo lum e e lem en t A V  a t  r 
w ill change in consequence of tw o  effects:

1 . collisions and
2 . sp a tia l m o tio n  of n eu tro n s .
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T he collisions w ill p roduce  in  th e  n e u tro n  gas o f a te m p e ra tu re  ab o v e  
T 0 “ cooling” , w hile in  t h a t  o f a te m p e ra tu re  below T 0 “ h e a tin g ” . T h u s , i f  
th e  collisions alone w ere responsib le  fo r th e  energy sp e c tru m , th e  eq u ilib riu m  
n e u tro n  te m p e ra tu re  T n w ou ld  be th e  sa m e  as th a t  o f th e  m o d e ra to r. T h ere  is, 
how ever, a second effect w hich  m an ifests  i ts e lf  when th e  av e rag e  flu x  in te n s i ty  
a t  th e  p o in t r is d ifferen t from  zero. T h en , depending  on th e  in flu x  of n e u tro n s  
in to  th e  vo lum e e lem ent u n d e r c o n sid e ra tio n  being h igher or low er th a n  th e ir  
o u tf lu x , th e  m otion  of n e u tro n s  w ill p ro d u c e  heating  or cooling , re sp ec tiv e ly . 
Since, a t tim e  t the  n e t in flu x  of n e u tro n s  in  th e  u n it vo lu m e per u n it tim e  is 
DA n(t,  r), i t  follows from  (4) th a t

w here
D A n  (t, r) ~  -  B% D  ( T n) R  (r, 2) e "  <  0 , 

R ( r , z ) = - . S 101J 0
R

7ÏZ

H

(5)

T his m eans th a t  a ce rta in  tim e  a fte r  th e  in jec tio n  of th e  n e u tro n  b u rs t th e  n e t 
in flux  in  each  volum e e lem en t of th e  m o d e ra to r  w ill be neg a tiv e  fo r f in ite  
m odera to rs, i. e. th ere  w ill be a n e t o u tf lu x , so th a t  e v e n tu a lly  th e  s p a tia l  
m o tio n  p roduces cooling in  th e  n e u tro n  gas. This leads to  T n < [ T 0 fo r f in ite  
m o d era to rs . T h is effect is th e  so-called d iffu sion  cooling.

F rom  (5) i t  is a p p a re n t th a t  th e  n e t  o u tflux  per u n i t  volum e i. e. th e  
d iffusion  cooling decreases w ith  d ecreasin g  B"0, thus w ith  increasing  d im en 
sions. In  th e  ex trem e case w hen  th e  m o d e ra to r  is in fin ite  th e  effect v an ish es  
in  th e  d iffusion  a p p ro x im a tio n . C o n seq u en tly , T n is su ch  fu n c tio n  o f Bg fo r  
w hich

T n {B% =  0 ) =  T 0 . (6 )

I t  is obvious th a t  th ro u g h  its  d ep en d en ce  on th e  n e u tro n  te m p e ra tu re  
T n th e  d iffusion  co n stan t becom es a fu n c tio n  of th e  g eo m etric  buck ling . I t  is 
a lso  a p p a re n t from  (6 ) th a t

lim  D [ T n (Bl )] =  D ( T 0) .  (7)
Bjj-1-°

H ence, even if  th e  d im ensions a re  n o t  in fin ite  b u t  s till large en o u g h ,
i. e. B 0 is su ffic ien tly  sm all, D ( T n) can  be  re la ted  to  D ( T 0) in the  fo llow ing 
w ay

D ( T n) =  D ( T 0) - C B l  +  4 B % ) .  (8 )

T he c o n s ta n t C can  be show n to  be  u sua lly  positive  an d  re la ted  to  th e  
so-called  th e rm a liza tio n  tim e . F rom  (4) u sin g  (8 ) for th e  decay  c o n s ta n t th e  
fo llow ing expression  ([2], [3], [4]) can  b e  ob ta in ed

± . = ±  +  D ( T 0) B l - C B * .
/ Iq
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M easuring  now  th e  v a lu es  o f 1/Z fo r v a rio u s  m o d e ra to r  d im ensions, i. e . 
for v a rio u s  va lu es  o f B q, th e  ex p e rim en ta l p o in ts  can  be f i t te d  to  a p a ra b o lic  
cu rve  fro m  w h ich  th e  c o n s ta n ts  l 0, D ( T 0) a n d  C can  be d e te rm in e d . The d iffu 
sion  le n g th  L q , th e  tra n s p o r t  m ean  free p a th  an d  th e  c a p tu re  cross s e c tio n  
aa are g iv en  b y  th e  fo llow ing expressions

L d  =  F W o ) .  \  =  3 D ( T , , )  , , 1  ■ (10>
V  l 0 J \  V

M easuring  a p p a ra tu s

A s n e u tro n  source a 200 kV  acce le ra to r was u sed  w h ich  produced  f a s t  
n e u tro n s  e m itte d  in  th e  re a c tio n  T 3(d, n)  H e4 [5]. The io n  p u lses  were o b ta in e d  
b y  p u ls in g  s im u ltan eo u sly  th e  o sc illa to r a n d  th e  e x tra c tio n  vo ltage. T he io n

F i g .  1. A schem atic view  o f the experim ental arrangem ent

sou rce  w as k e p t  in  an  ex c ited  s ta te  b y  th e  osc illa to r fo r  50 ^sec w hile th e  
10 /tsec e x tra c tin g  pulse a rr iv e d  a t  th e  h a l f  tim e  of th e  e x c ita tio n  period . T h e  
e x tra c tin g  p u lse  h e ig h t w as se t to  be 5 kV . T he ion  p u lse  appearing  on  th e  
ta rg e t  w as p rec ise ly  o f th e  sam e shape as th e  e x tra c tin g  p u lse , th u s  th e  n e u tro n  
pu lse  w id th  w as also 10 fisec.  T he  pulses succeeded  each  o th e r  in  every  1 .400  
fisec. T h e  n e u tro n  y ield  w as a d ju s te d  to  be  3 • 104 n /pu lse . T he channel w id th  

o f  th e  tim e  a n a ly se r  used  in  th e  ex p e rim en t w as v a ried  fro m  20 to  50 fisec , 
w hile  th e  d e lay  v a ried  fro m  50 to  500 /xsec. The tim in g  w as achieved b y  a  
q u arz  o sc illa to r precision  tim e r  to  0,125 /tisec accuracy , t h a t  is w ith  an  e r ro r  
less th a n  1 % .
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MEASUREMENT OF THERMAL NEUTRON DIFFUSION PARAMETERS 29

The m easu rin g  co n ta in e r (Fig. 1) w as an  a lu m in iu m  ta n k  180 m m  in  
d iam e te r  an d  170 m m  high m ade o f 2,5 m m  th ic k  p la tes a p a r t  from  the  b o tto m  
p la te  w hich w as on ly  0,5 m m  th ick . The d e te c to rs , five B F 3 filled  tubes co n 
n e c te d  in  p a ra lle l w ere m o u n te d  below th e  b o tto m  o f th e  ta n k . In  th is  w a y  
th e  b o tto m  w as v ir tu a lly  co m ple te ly  covered  b y  detec to rs . T h e  com m on p la 
te a u  slope o f  th e  five  cou n te rs  w as 3%  p er 100 Y. The assem b ly  consisting  o f

4>lrl-constJ0!2A05^ i

F ig .  2.  The shape o f Cd plate cut according to the fun ction  <p (r) =  const. J 0

t a n k  an d  co u n te rs  w as covered  b y  a 1 m m  Cd p la te . A 4 cm  th ic k  B 4C sh ie ld  
w as p rov ided  to  screen th e  assem bly  from  th e  sc a tte re d  n e u tro n s .

The in te rp re ta t io n  o f th e  re su lts  is b a se d  on  th e  assu m p tio n  th a t  on ly  th e  
fu n d a m e n ta l m ode is p re sen t in  th e  expression  (4). The in te n s i ty  of the  h ig h e r 
h arm on ics is s tro n g ly  red u ced  w ith  respect to  th e  in te n s ity  o f  th e  fu n d a m e n ta l 
m ode b y  s ta r t in g  th e  m easu rem en t w ith  su ffic ie n tly  long d e lay . A residue  o f  
h ig h er harm on ics is u su a lly  v isib le  in  the  d e c a y  curve as a d ev ia tio n  from  a 
s tr ic t ly  e x p o n en tia l law  o b serv ed  in  th e  in i t ia l  p a r t  o f th e  m easu rem en ts .

The in flu en ce  o f th e  h ig h e r harm on ics can  be red u ced  b y  a ju d ic io u s  
choice o f th e  e x p e rim e n ta l co n d itio n s. The o rd e r  o f th e  d y in g -o u t of th e  h ig h e r 
h arm on ics is d e te rm in e d  b y  ra tio  R jH .  I n  o u r case th e  ra d ia l  harm on ics 
c o n s titu tin g  th e  ch ie f c o n ta m in a tio n  for low  w a te r  levels w ere  suppressed  b y  
in te rp o sin g  a  Cd p la te  (F ig . 2) cu t a cco rd in g  to  th e  fu n c tio n  <p (r) =

co n st. J 0 2 ,405  - —-  betw een  th e  b o tto m  o f th e  ta n k  and  th e  coun ters.
R

A da Phys. H ung. Тот. X I I I .  Fase. 1.
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Table I
Diffusion parameters o f therm al neutrons in water at 22° C

COо

Reference 1„
[//sec]

D  Lj) 
[sec* sec-1 ] [cm]

C • 10~3
[cm4 sec-  4] Method

V. Da rd el  and 
SjÖSTRAND [6] 204,4 ±  2,0 36340 ±  750 2 ,7 2 5 ±  0,03 7 ,3 ±  1,5 pulsed source, B% =  0,1 —0,7 cm  2

A ntonov  e t al. [2] 207 ±  6 35000 ±  1000 2,7 ± 0 ,1 4 ±  1 pulsed source, jBJ =  0,09 — 0,93 cm -2

B racci and  Coceva [7] 202 ±  6 34850 ±  1100 2,66 ± 0 ,1 1 3 ±  1 pulsed source, ß 2, 0,09 0,96 c m '!

Cam pbell  and Stelso n  [8] 208 34800 2,70 pulsed source, B 2 =  0,08 — 1,1 cm -2

B arkow  e t al. [9] 2,71 ±  0,02 sta tio n a ry

Dio [10] 208 ±  4 35450 ±  600 2,715 ±  0,06 3,7 ±  0,7 pulsed source, ßj] =  0,09 — 0,87 cm -2

B eck u rts  and K lü ber  [11] 208 ±  6 35500 ±  1100 2,72 ±  0,03 sta tio n a ry

KÜCHLE [12] 209 ±  6 35400 ±  700 2,72 ±  0,08

SOо-H(TJ pu lsed  source, B§ =  0,11 — 0,75 cm -2

CsiKAi and  D e d e  [13] 2,75 ±  0,08 sta tio n a ry , in fin ite  cylinder

P resen t work 199 ± 1 0 35550 ±  1550 2,66 ±  0,08 6 ,0 ±  1»8 pulsed source, B§ =  0,1 —0,8 cm -2

In Table I the available experimental values obtained by the pulse method are shown in order of their publication. The results o f some 
of the m ost accurate stationary measurements arc given for comparison as well.
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M easurements in water

The m ean  life tim es o f th e rm a l n e u tro n s  w ere m easu red  for e igh t d iffe ren t 
w a te r  levels . F o r these  levels th e  va lu es  o f  B 20 v a ried  from  0,802 to  0,102 c m -2. 
D uring  th e  m easu rem en ts th e  w a te r te m p e ra tu re  was k e p t c o n s ta n t a t  21 ^  1°
C. The va lu es  of 1 jl o b ta in ed  in  re p e a te d  m easu rem en ts  fo r th e  sam e w a te r  
lev e l w ere co n sis ten t w ith in  th e  s ta t is t ic a l  e rro r. T he v alues o f 1/Z w ere c o m p u 
te d  from  th e  ex p erim en ta l d a ta  a f te r  su b tra c tio n  o f th e  b a ck g ro u n d  b y  th e

m ethod  o f le a s t squares. The b ack g ro u n d  w as m easu red  in  a p a r t ic u la r  ru n  
before an d  a fte r  each m easu rem en t. T he co rrec tio n  for b a ck g ro u n d  w as n eg li
gib le h u t  fo r m easu rem en ts of ra th e r  lo n g  d u ra tio n . F o r th e  c o m p u ta tio n  o f  
th e  c o n s ta n ts  in  th e  p a rab o lic  exp ression  (F ig . 3) th e  m e th o d  o f le a s t sq u a re s  
w as used again .

The resu lts  of ou r m easu rem en ts a re  show n to g e th e r  w ith  th e  e x p e r i
m en ta l va lu es  of o th e r au th o rs  in  T ab le  I .  I t  is seen th a t  th e  re su lts  a re  consis
te n t  w ith in  th e  s ta tis tic a l error.

M easurements in solid diphenyl

T he d ip heny l (C6H 5 — C6H 5) used  in  our m easu rem en ts  was o f  1,062 
g/cm 3 d e n s ity  and  its  m e ltin g  p o in t w as 69° C.

Acta Phys. Hung. Тот. X I I I .  Fasc.
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T he m e a n  life tim es o f  th e rm a l n e u tro n s  w ere m easu red  fo r n ine d iffe ren t 
sizes. T he v a lu e  o f  B 20 v a ried  from  0,671 to  0,111 c m " l  T he d ip h en y l te m p e ra 
tu re  w as k e p t  a t  2 1  ^  1° C.

I n  th e  e v a lu a tio n  o f  th e  e x p e rim e n ta l d a ta  a p a r tic u la r  p rob lem  arose 

from  our n o t  know ing  th e  v a lu e  o f A< fo r  d ip h en y l. In  fa c t, —  = / (Щ)  

an d  B l  =  /(A ,) since th e  te rm s  R  an d  H  in  th e  eq u a tio n

В 2 =  ű o
2 ,405  I a I n  |2 

R  I +  I'I f

re p re se n t th e  e x tra p o la te d  rad iu s  a n d  h e ig h t, re sp ec tiv e ly , th a t  is R  =  
=  R 0 +  0,71 • A, an d  H  =  H 0 +  1,42 • A .

T h e  v a lu e  o f  A( w as d e te rm in ed  b y  i te ra t io n  (F ig . 4). F irs t, th e  values 
•of th e  B l  w ere  co m p u ted  fo r A(=  0 an d  fro m  th e  p a rab o lic  expression  th u s

o b ta in ed  th e  v a lu e  o f D ( T 0) w as d e te rm in ed . M aking use o f th e  re la tio n

D ( T 0)
A( • V

th e  v a lu e  o f  A( w as co m p u te d  from  th is  D  (T 0). U sing  now

th is  va lu e  o f  A( th e  values o f  th e  B l  w ere re -ca lcu la ted  a n d  th e  ite ra tio n  con

Acta Phys. H ung. Тот. X I I I .  Fasc. 1.

F ig .  4 .  D eterm ination o f A( in  solid diphenyl
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t in u e d  u n til  co n sis ten t re su lts  w ere o b ta in ed . F in a lly , th e  v a lu es  in  question  
w ere fo u n d  to  be

l0 =  286 ±  23 fi sec,
D ( T 0) =  42940 ±  1800 cm 2 sec“1, 

I d — 3 ,50 ±  0,18 cm ,
C =  13300 ±  2850 c m 4 sec"1, 
At =  0,515 cm.

U sing now  th e  d ip h en y l d en sity  g iven  above as w ell as th e  values o f 
th e  ab so rp tio n  cross sections fo r H  an d  C g iven  in  th e  l i te ra tu re  i t  is found  

, 1from  th e  re la tio n  l0 =  —--------------- — th a t  l 0 — 290 fisec, w h ich  is in  good
v  [2 a H  +  2 a c \

ag reem en t w ith  o u r ex p e rim en ta l resu lts .
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ОПРЕДЕЛЕНИЕ ПАРАМЕТРОВ ДИФФУЗИИ ТЕПЛОВЫХ НЕЙТРОНОВ 
В ВОДЕ И В ТВЕРДОМ ДИФЕНИЛЕ ПРИ ПОМОЩИ 

ИМПУЛЬСНОГО МЕТОДА

А. А Д А М , Л . Б О Д  и Л .  П А Л

Резюме

При помощи импульсного метода были определены параметры диффузии тепловых 
нейтронов в воде и в твердом диферениле при комнатной температуре. Полученные дан
ные для воды с достаточной степенью точности совпадают с соответствующими литера
турными данными. Для твердого дифениля были получены следующие данные: 10 =  
=  286 ±  23 f i s e c ,  D ( T 0) =  42940 ±  1800 c m 2 s e c ' 1 , L D = 3 ,5 0  ±  0,18 c m ,  C =  13300 ±  2850 
c m 4 s e c -1  И À i =  0.515 c m .
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INFORMATIONSTHEORIE, BOHR-ROSENFELDSCHE  
UNBESTIMMTHEITSRELATIONEN UND DAS 

PROBLEM DER OPTIMALEN OPTISCHEN 
ABBILDUNG1

V on

R. S . I n g a r d e n

IN STITU T F Ü R  TH EO R ET ISC H E PH Y S IK  D ER  UNIV ERSITÄ T, W RO CLA W , POLEN 
IN STITU T FÜ R P H Y S IK  DER POLNISCH EN  A KA D EM IE D E R  W ISSENSCHAFTEN

(Vorgelegt von  K. F. N ovobátzky. — Eingegangen: 19. X . 1960)

Der fundam entale GABORsche E ntw icklungssatz der op tischen  Inform ationstheorie  
wird bewiesen. E s wird die Form el von L i n f o o t  für den In form ationsgehalt des optischen  
Bildes für vollständig  und partiell kohärentes L icht verallgem einert. V on den B o h r  — R o s e n - 
FELDschen F eldunbestim m theitsrelationen ausgehend wird ein Z usam m enhang zwischen der 
m axim alen Zahl der B elichtungsniveaus im B ild und der Anzahl der Freiheitsgrade der o p ti
schen W elle gefunden. Aus dieser Tatsache folgt für gegebene äussere B edingungen die E xistenz  
der optim alen W ellenlänge (oder für gegebene W ellenlänge die E x isten z  der optim alen B ed in 
gungen, wie B eleuchtung, B elichtungszeit, Ö ffnungsverhältnis usw .). Alle B etrachtungen  
werden in der GAUSSschen Annäherung durchgeführt.

E in le itu n g

Als E in le itu n g  m ö ch te  ich  über die d re i A rbeiten  [1], [2], [3] ku rz  b e r ic h 
te n , die m ir als besonders w ich tig  fü r  die In fo rm a tio n s th e o rie  der o p tisch en  
In s tru m e n te  scheinen. A lle drei w u rd en  im  J a h re  1955 v e rö ffen tlich t.

In  d er A rb e it v o n  G a b o r  [1 ]  w ird  eine sehr e in fach e  u n d  g e istre iche  
B estim m u n g  des »S ignalraum es«  d er O p tik  gegeben, d. h . des k o m plexen  
H ilb e rtsch en  R aum es, in  d em  m an alle o p tisch en  S ignale v o n  e iner b e s tim m te n  
gegebenen W ellen länge A0 lokalisieren  k a n n  (über d en  S ig n a lrau m  siehe [4]). 
D ieser H ilb e rtsch e  R a u m  h a t  nach G a b o r  die endliche D im ensionszah l

N
%

dx dÇ =
1

¥
dx d p ( 1 )

5 A
(siehe Fig. 1). W ir b e n u tz e n  in d ieser A rb e it folgende B ezeichnungen : x =  
=  (*D x2, z) =  (x,  z ); У =  U l, J 2, 2) =  (у,  г );  а =  (a15 x2) ; у  =  a  =
=  D o  «2); f  =  G o  £2); к  =  (fcj, k2, k z) =  fc0( | ,  1 — I 2) -  (k, fcz); к = (кг, k2); 
k 0 =  2 ti/A0 ; p  =  ( p v  P 2 ) =  ftk; h =  h/2л ,  wo h die P la n k sc h e  W irk u n g sk o n 
s ta n te  is t. F e rn e r: dx  =  d x ydx2; d  I  =  d d | 2; dk =  dk1dk2; dp =  d p 1dp2;

o _ 2 I 2
* =  *1 +  *25 fc2 =  fci -f. k 2; a? =  et! +  a 2; f 2 = =  |*| =  f x 2; Q =

1 E in Vortrag gehalten an der II. O ptischen Konferenz des O ptischen und K inotechni- 
schen Vereins (O ptikai és K inotechnikai E gyesü let) in  B udapest, 7 — 11. Septem ber 1960.
Der vorliegende T ext ist etw as ergänzt und m ehr ausgearbeitet im  V ergleich zu dem  W ortlaut 
des Vortrages.

3* Acta Phys, Hung. Тот. X I I I .  Fase. 1.
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=  Щ - Ук2; x  а =  %% +  х 2а2; х к  =  х ^  +  х 2к2. S  b e d e u te t  die F läch e  des 
O b jek tes  (B ildes) u n d  A  d en  räu m lich en  A p e rtu rw in k e l des In s tru m e n ts . I n  
dem  F a ll, d e r  in  der Fig. 1 d a rg e s te llt  is t , g ilt an g en äh e rt

4
( 2 )

D ie F o rm el (1) h a t  Gabor a u f dem  In te g ra lin v a r ia n te n sa tz  d e r  g eom etrischen

O ptik begründet. Diesen kann m an das optische LiOUviLLEsche Theorem nennen  
und in der Form  schreiben:

j j' dx  d£ =  invariant oder j j d x d p =  in varian t. (3)

I n  diesem  F a ll  is t  die In v a r ia n z  gegen o p tisch e  T ran sfo rm a tio n e n  d u rch  B re 
chungen  u n d  S piegelungen zu v e rs teh en . A usserdem  s tü tz t  sich  Gabor  a u f  
D im en sio n sb e trach tu n g en , w en n  er die E x is ten z  der » Q u an ten ze llen «  vom  
V olum en  h 2 in  dem  o p tisch en  » P h asen rau m «  ü  =  {x, p )  (o d e r en tsp rech en d  
vom  V olum en /С im  » S trah len rau m «  (ж, £)) an n im m t.

M it a n d e re n  W orten , Gabor  n im m t an , dass jed e  L ö su n g  der H elm ho ltz- 
schen  G leichung

(A + k 2o) u  =  0, (4)

die  a u f  d en  sch ra ffie rten  G eb ie ten  der O b jek t(B ild )- u n d  P up illen eb en e  v e r 
sch w inde t (F ig . 1), in  der F o rm

N
и  (x) =  2 1 G u, (x) (5)

1 =  1

Acta Phys, Hung. Тот . X I I I .  Fase. 1.
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d a rg es te llt w erd en  k an n  (Gabors » ex p an sio n  theo rem «). N ach  dem  o p tisch en  
L iouviL L E schen S atz  h a b e n  der O b jek t- u n d  d er B ild s ig n a lrau m  die gleiche 
D im ensionszah l N .  M an k a n n  deshalb  einen  lin e a re n  h e rm itisch en  A b b ild u n g s
o p e ra to r  a>ij de fin ieren , d e r die Objfektwelle jc,{ in  die B ildw elle \ c[ [ t r a n s 
fo rm ie rt:

N
c’i =  2 ' w

; - i
ч cj ’ j '■ (6)

D iese D arstellung ist eine Verbindung der GABORschen m it der alten Ma n - 
DELSTAMschen Idee [5]. Gabor selbst gibt sie in  einer etw as kom plizierteren  
Form an, die m it dem B egriff der partiellen Kohärenz verbunden ist (einfach
heitshalber haben  wir oben vollständig  kohärentes Licht vorausgesetzt).

Die GABORschen B etrachtungen sind sehr elegant, bis je tz t  sind sie aber 
wenig m athem atisch und physikalisch ausgearbeitet. K ein  strenger B ew eis  
des GABORschen Entw icklungstheorem s is t  bis jetz t veröffentlicht worden, 
jedenfalls nach W issen des Verfassers. Die zw eite Q uantelung des Lichtes ist  
in dieser Theorie vernachlässigt, während die erste nur in sehr grober, d im en
sionsanalytischer Form berücksichtigt ist.

T oraldo d i F rancia g eh t in  [2] a u f  d as  gleiche P ro b lem  v o n  einer an d e ren  
S eite  ein. E r  b e sc h rä n k t sich  aber au c h  a u f  k lassische B e tra c h tu n g e n . E r  g eh t 
v o n  der b e k a n n te n  F o rm el fü r die B eugungsw elle im  F a ll des rech teck ig en  
S paltes

u '  (X ') — 4 ^ 0 2

ло
U  (X ) sine

2 a  (X — %')
dx (?)

aus (e in fach h eitsh alb er is t  die Y erg rösserung  gleich eins angenom m en). H ie r
__ sin n  х г

is t u(x) die O b je k ta m p litu d e , u'(x' )  die B ild am p litu d e , sine
л  х г

sine X ze= sine x x sine x2. W egen

2ax  
s in e ------- ( 8 )

w o /  =  ( / j , / 2) is t, tre te n  im  Bild n u r  die F req u en zen

^ < / <  “ (9)

auf. Nach der berühm ten Gabor — SHANNONschen »sam pling m ethod« (siehe 
z. B. [6], K ap. 8 , § 7) kann man dann die Funktion u'(x' )  allein durch ihre
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W erte  in  d en  d isk re ten  N e tz p u n k te n , die in  jed e r H a u p tr ic h tu n g  jew eils um  
die S treck e  A0/2 а,- (i =  1, 2) e n tfe rn t s in d , ch a ra k te ris ie re n . So, im  F a ll der 
rech teck ig en  Ö ffnung, b e k o m m t m an  le ic h t eine F o rm el fü r  die Z ah l der 
(kom plexen) F re ih e itsg ra d e  •

N  = ( 10)

wo А  =  4 ага2 ist. D ie Form el (10) ist identisch  m it (2). Aus dem G esagten  
folgt auch unm ittelbar für diesen speziellen Fall ein B ew eis des GABORschen 
E ntw icklungssatzes, w eil m an m it H ilfe der Produkte der SüANNONschen 
»sine«-F unktionen  le ich t die entsprechende E ntw icklung aufschreiben kann.

In  d e r  A rb e it von  L in fo o t  [3] w erden  ein » v ere in fach tes«  und  ein » n ic h t
v e re in fach tes«  M odell d isk u tie r t . W ir in te ressie ren  u ns h ie r  n u r  fü r das e rs te . 
Ich  w erde  b u c h s tä b lic h  L info o ts  W o rte  angeben , w eil es schw er is t, dieses 
e in facher a u szu d rü ck en  [3] § V III :  »W e c o n s tru c t a sim plified  m odel o f  an 
op tica l im ag e  as follow s: T h e  re c ta n g u la r  fie ld  is d iv id ed  u p  in to  sm all cells 
(squares o r hexagons) o f d ia m e te r  co m p arab le  w ith  th e  re so lu tio n  lim it o f  th e  
system . E a c h  cell is supposed  to  he cap ab le  o f a f in ite  n u m b e r o f d iscre te  s ta te s  
or ‘b rig h tn e ss  lev e ls’. T h en , i f  N  is th e  n u m b e r o f cells a n d  M  th e  n u m b e r  o f 
b rig h tn ess  levels fo r each  cell, th e  to ta l  n u m b e r of possib le  im ages is M N and , 
if  all th e se  are  ta k e n  as h av in g  equal p rio r  p ro b ab ilitie s , th e  in fo rm a tio n  co n 
te n t  of each  im age (reg a rd ed  as a m essage s ta te )  is N  log M .«  (W ir h a b e n  die 
Sym bole gem äss u n se ren  B ezeichnungen  g eän d ert.)  W eil die »A uflösungs
grenze« (reso lu tio n  lim it) a n g en äh e rt den  W ert

<5 =  - °  (11)
a

hat, bekom m t man nach L in fo o t  genau die angenäherte GABORsche Form el
(2), wo А  =  а2. Für den gesam ten (oder m axim alen) Inform ationsgehalt des 
optischen B ildes ist

Н г =  N  log M  , (12)

wo M  d ie Z ah l der » B e lich tu n g sn iv eau s«  is t.

V erallgem einerung der Linfootsehen Formel

Wir haben gesehen, dass in  der LiNFOOTschen Arbeit [3] zwei neue E le 
m ente im  V ergleich m it [1] und [2] auftreten: die Zahl M  der B elich tungs
niveaus und der Inform ationsgehalt H1 des optischen B ildes. Physikalisch
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e n tsp r ic h t der e rs te  B egriff en tw ed e r der W e llen q u an te lu n g  des L ich tes oder 
d e r  K o rn s tru k tu r  der p h o to g rap h isch en  (bzw . v isuellen) S c h ic h t (w enn die 
K ö rn e r grösseren  D urchm esser als ô h ab en , w as p rak tisch  n u r  ausnahm sw eise 
a u f t r i t t ) .  D er zw eite B egriff e n tsp r ic h t der m ax im alen  E n tro p ie  der L ic h t
v e rte ilu n g  im  B ild  (»m axim al«  b e d e u te t h ie r, wie auch  o b en : be i beliebigem  
O b je k t aber gegebenem  G erä t). In  V e rb in d u n g  m it diesen B egriffen  m uss 
b e to n t  w erden , dass die F o rm el (12) n u r  im  F a ll der v o lls tä n d ig  in k o h ä re n te n  
B e lich tu n g  rich tig  is t, w enn  das L ic h t der e inzelnen  k o h ä re n te n  W ellenziige 
(die aus versch iedenen  P u n k tq u e lle n  ausgehen) prinz ip ie ll u n te rsc h ie d e n  w er
den  k a n n , z. B . m it H ilfe e iner e n tsp rech en d en  A usb lendung .

Im  F a ll des k o h ä re n te n  L ich tes  sind  die P h o to n en  u n u n te rsc h e id b a r  u n d  
die Z ahl der m öglichen B ilder is t b ed e u te n d  k le in er. S ta t t  d e r A nzah l der K o m 
b in a tio n e n  m it W iederho lung  u n d  m i t  B erü ck sich tig u n g  d e r A n ordnung  
(V ariationen) М л (B o ltzm annsche S ta tis t ik ) , wie bei Lin f o o t , m uss m an bei 
k o h ä ren tem  L ich t die A n zah l d er K o m b in a tio n en  m it W ied erh o lu n g  ab er 
o h n e  B erücksich tigung  d er A n o rd n u n g  (B ose— E in ste in sche  S ta tis t ik )  nehm en

l  _  M  +  N  — 1 _  ( M  +  N — l)  !
° _ [ N  ~~ ( M — 1)! IV!

D a  im  allgem einen
M  =ä> 1, N  5> 1

(13)

(14)

is t, haben  wir n ach  der S tirlin g sch en  F orm el fü r  die F a k u ltä ts fu n k tio n

1 ( M  +  N ) M+N 
]/2л M M N N

(15)

D as g ib t fü r  H  eine in  N  u n d  M  sy m m etrisch e  Form el

H 0 =  log /„  =  (M  +  V ) log ( M  +  N )  — M  log M  — N  log M  — log |/2 ti . (16)

Z u r U n te rsch e id u n g  h ab en  w ir oben  das Z eichen  H 1 fü r d en  in k o h ä re n te n  F a ll 
u n d  das Zeichen H 0 fü r  den  k o h ä re n te n  F a ll b e n u tz t. W en n  die In k o h ären z  
n u r  p a r tie ll  is t, lieg t der In fo rm a tio n sg e h a lt H  zw ischen Н г u n d  H 0. D eshalb  
k a n n  m an  bei gegebenen N  u n d  M  einen n eu en  K oeffiz ien ten  der p a rtie lle n  
In k o h ä ren z  ein führen

У =
H - H 0
H i  — H 0 ’

(17)

d er versch w in d e t, w enn das L ich t k o h ä re n t is t, u n d  gleich eins is t im  F a ll der 
v o lls tän d ig en  In k o h ä ren z . N ach  (17) h ab en  w ir

H  =  H. = H 0 +  y  (H j -  H 0) =  (1 - y ) H 0 +  y H 1 (18)
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oder w egen (1 2 ) u n d  (16)

H y =  (1 -  y) [{M +  N) lo g  (M  +  N) -  M  log M -  N  log  ЛГ -  log Щ n\  +

+  y N  log  M , (19)

was eine F o rm el fü r  d en  a llg em ein sten  F a ll  b ie te t.

Bew eis des Gaborschen E ntw icklungssatzes

W ir fangen  m it d e r a llgem einen  F o rm  der m on o ch ro m atisch en , im  leeren  
R au m  in  d e r positiv en  « -R ich tung  fo rtsch re iten d en  W elle an :

v ( x , t )  =  e~,k°ct — I y> (к) е1'(Лх_!" 1 z) dk  =  e~,k°ct и  (x) , (2 0 )
2 л  J

к

wo c die L ich tg esch w in d ig k e it is t. W egen  des fo r tsc h re ite n d en  C h arak te rs  der 
W elle m uss m an  das In te g ra tio n sg e b ie t in  der fc-Ebene in  (20) a u f das In n e re  
des K reises К  m it dem  R ad iu s  fc0 b e sch rän k en :

К : k 20 — k2 ^  0 , oder q k 0 . (2 1 )

W ir in te ressie ren  uns h ie r  n u r  fü r d ie  W erte  von  u(x)  a u f  der E bene  z =  0 
(z. B . d e r O b jek teb en e). D iese W erte  w erden  w ir m it u(x)  bezeichnen.

W ir fü h ren  die p o la re n  K o o rd in a te n  in  den  x-  u n d  fc-Ebenen ein  u n d  
bekom m en

2 Л k0

u(r,q>) =  —— J d& J y> (p, $) elQr cos(e -f) q dq  . (2 2 )

ö ö

D an n  en tw ick e ln  w ir y>(Q, &) in  eine F o u r ie r—B esselsche R eihe

y(Q, # ) =  У  2 '  A im °imÿJ 0
1 =  1 m = — со fen

wo a I d ie W urzeln  d er n u llte n  B esselschen  F u n k tio n  s in d

J 0(a,) -  0 .

F ü r  grosse l hab en  w ir a sy m p to tisch

a, л  l .

(23)

(24)

(25)
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N ach  einer ku rzen  R ech n u n g  bekom m en  w ir

wo

is t. In sbesondere

U (r, <p) =  im A lm B lm (r) eim? ,
l  —  \  T Ï I  =  —  ca

ko

B l m ( r ) =  j J m { ° r ) J o  

0

B /o(r) =
«Í Л  (fcn r) J j  (a,)

af  --  feg r 2

( 2 6 )

(27)

(28)

Je d e  d er F u n k tio n e n  B l0(r) h a t  ih r  M ax im um  a u f  d em  U nfang  des K reises m it 
dem  R ad ius

*i =
L

2
(29)

das le tz te re  g ilt fü r  grosse Z wegen (25). W enn  die W elle u (r, 99) fü r  r ^  rmax 
v e rsch w in d e t (O b jek t m it dem  R ad iu s  r max oder L ücke m it dem  R ad iu s  rmax 
in  d er O bjek tebene), m üssen  alle K oeffiz ien ten  A i m fü r

ey
j \  ^ r max __ I

At
(30)

au ch  verschw inden . W enn  w ir ausserd em  fo rd e rn , dass u (r, 99) in  d er U m ge
b u n g  des K o o rd in a te n a n fan g p u n k te s  keine u n en d lich  grossen S chw ankungen  
in  d er 99-R ich tu n g  h a t , m üssen fü r  jed es  l au c h  die K oeffiz ien ten  A / m m it

! m  7> I (31)

gleich N ull sein. J e tz t  sehen  w ir le ic h t, dass d ie  A nzah l der im  a llgem einen  
n ich tv ersch w in d en d en  K oeffiz ien ten  A  lm (die e in  »D reieck« b ilden) oder die 
A nzah l der kom plexen  F re ih e itsg rad e  unseres P ro b lem s gleich

4 r2max 4 S

^0 n ло
(32)

is t, wo S  =  r ^ ax ж. D as e n tsp r ic h t dem  F a ll d e r fre ien  W elle oder dem  Ö ff
nungsw inkel n\2. W enn  m an  ein  G e rä t m it e in e r k re isfö rm igen  P u p ille  u n d  
L ücke  u n d  der nu m erisch en  A p e rtu r  a  h a t,  m uss m an  in  (20) n u r  in  dem  K reis

K a: p < f e 0a (33)
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in te g r ie re n  (k 0 — k 0a) u n d  m an  b ek o m m t en d lich  s t a t t  (32)

4 S A

л 2 Ц
(34)

wo А  — а?л. W ir n eh m en  h ie r an , dass die A p e r tu r  von  dem  B ild p u n k t x  
n ic h t a b h ä n g t, w as se lb s tv e rs tä n d lic h  n u r  eine A n n äh e ru n n g  is t u n d  n u r  fü r 
n ic h t zu  grosse Ö ffn u n g sv erh ä ltn isse  u n d  S ehw inkel (d. h . im  G aussschen  
G ebiet) g ilt  (siehe F ig . 1).

W ir sehen , dass je tz t  die F o rm e l (34) fü r  die Z ah l der F re ih e itsg ra d e  von  
d e r F o rm e l (2) u m  d en  n u m erisch en  K o effiz ien ten  4/л:2 ^  0,405 ab  w eicht. 
D as is t  ab e r v e rs tä n d lic h , w eil (2) n u r  a u f  D im en sio n sb e trach tu n g en  g e s tü tz t 
w ar, u n d  es is t n ic h t a p rio ri n o tw en d ig , dass N  bei gegebenen A0 n u r  von  den 
O b erfläch en  der P u p ille  und  der L ücke a b h ä n g t u n d  n ic h t von ih re r  G esta lt. 
D a ru m  m uss m an  im  allgem einen  in  die F o rm el (2) einen d im ensionslosen  
K oeffiz ien ten  e in fü h ren , den w ir m it G bezeichnen  u n d  »G esta ltk o effiz ien ten «  
n en n en  w erden :

] \ ==C - ^ A~ .  (.2 ')
4

G leichzeitig  haben wir eine n ich ttriv ia le Verallgem einerung der Gab o r  — 
SitANNONschen »sam pling m ethod« für zwei D im ensionen erhalten, w esentlich  
anders als die unm ittelbaren Verallgem einerungen angegeben z. B . in [2] 
(siehe oben) oder [6] K ap. 8, § 11.

M an m uss b e to n e n , dass in  a llen  un seren  b isherigen  B e tra c h tu n g e n  die 
O b jek t- u n d  B ildw elle in  genau  g le icher W eise b e tra c h te t  w aren , d . h . als ob 
die O b jek tw elle  vom  In s tru m e n t zu rü ck  in R ic h tu n g  des O b jek tes p ro jiz ie rt 
w ürde. (M it an d eren  W o rten : w ir zäh len  n u r  das L ich t, welches ta tsä c h lic h  
ins In s tru m e n t e in fä llt.)  D eshalb  h a t  die O bjek tw elle  bei uns, w ie au ch  bei 
Ga b o r  [1], eine end lich e  Z ahl v o n  F re ih e itsg rad en , u n d  zw ar g en a u  so viele 
wie die B ildw elle. D as s te h t im  G egensatz  zu  den  A ussagen  von  T o ral do  di  
F r a n c ia  in  [2], der ü b e r eine u n en d lich e  Z ahl von  F re ih e itsg rad en  d e r  O b je k t
welle (im  G egensatz  zu  der B ildw elle) sp rich t. N ach  un seren  obigen B e tra c h 
tu n g e n  w ürde  d a n n  die O bjek tw elle  n ic h t m o n o ch ro m atisch  sein  u n d  das 
G e rä t m ü ss te  als M onochrom ato r w irken .

A us dem  O bigen is t  eine M ethode fü r  alle an d e ren  F älle  le ich t e rs ich tlich : 
m an  m uss n u r  die en tsp rech en d en  K o o rd in a ten sy stem e  in  den P u p illen - und  
L ü ck en eb en en  und  die m it diesen v e rb u n d en en  o rth o g o n a len  F u n k tio n e n 
sy s tem e  b e n u tz e n .1 G leichzeitig  g e w in n t m an  die en tsp rech en d e  F o rm  der

1 A u f diese W eise bekom m t m an auch eine Theorie der B eugungsphänom ene, die m it 
verschiedenen G estalten der Pupille und der Lücke (des O bjekts) verbunden sind und die 
experim entell so schön von  Frau У. B l ü m o w a  (Prag) an der Budapester K onferenz darge
ste llt wurden.
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GABORschen end lichen  E n tw ick lu n g  (5) u n d  so den  allgem einen  B ew eis des 
» ex p an sio n  theo rem « . U nsere B e tra c h tu n g e n  w aren  eigen tlich  n u r  fü r  den  F a ll 
des v o lls tän d ig  k o h ä re n te n  L ichtes d u rc h g e fü h rt. E s  is t ab er m öglich , sie auch  
fü r  das v o lls tän d ig  oder p a rtie ll in k o h ä re n te  L ich t zu  v e ra llg em ein ern  (siehe [2] 
fü r d en  S pez ia lfa ll der rech teck igen  Ö ffnung , wo ab er die B e tra c h tu n g e n  n ich t 
ganz k o m p le tt  sind). D a jed o ch  diese E rw äg u n g en  etw as u m s tä n d lic h  sind , 
u n d  das E n d re su lta t  fa s t gen au  dasse lbe  wie oben  is t, w erden  w ir h ie r d a ra u f  
n ic h t n ä h e r  eingehen.

F ü r  unsere w eite ren  B e tra c h tu n g e n  w erden  w ir die F o rm eln  fü r  den  
p ra k tis c h  w ich tig sten  F a l l  der k re isfö rm ig en  P u p ille  u n d  L ücke b en u tzen .

Die g rösste  Z ah l der B e lich tungsn iveaus

W ir ste llen  uns je tz t  eine w eite re  F rag e : wie k a n n  m an  die von  L infoot  
b e n u tz te  Z ah l M  b estim m en , oder b esser: die g rösste  Z ahl M ,  die m an  p h y s ik a 
lisch  rea lisie ren  k a n n ?  B ei diesem  P ro b lem  gehen w ir von  den  B o h r—B osen- 
fe ldschen  U n b e s tim m th e its re la tio n e n  fü r  die M essung der L ic h tin te s itä t  
w — uu*  aus (siehe z. B . [6 ] K ap . 16, § 8 )

A w
h 2

er A x
(35)

-wo T die B elich tu n g szc it, e die » P ro b e la d u n g «  u n d  A x  die L a g e u n b e s tim m t
h e it b ed eu ten . (D ie » P ro b e lad u n g «  is t  die ak tiv e  L adung  des e le m e n ta ren , ab er 
m akroskop ischen  L ich tem p fän g ers , z. B . eines einzigen B ro m silb e rk ris ta lls .) 
D ab e i m uss m an v o rausse tzen

r  =s> T 0, £ä> £0, (36)

wo £q die E lem en ta rlad u n g  ist. W en n  w ir an n eh m en , dass

A x  =  Ô =
1

2
S A  1

ЛГ
(37)

ist (d an n  m üssen die D urchm esser d e r e lem en ta ren  L ich tem p fän g er n ich t 
g rösser als <5 sein) u n d  m it W  die m ax im a le  L ic h tin te n s itä t  im  B ild  bezeichnen ,

1 Für das räum liche Auflösungsverm ögen ist nur die Anzahl N  der kom plexen F reiheits
grade m assgebend, weil die Anzahl 2N  der reellen Freiheitsgrade noch m it dem  Polarisations
zustand der W elle verbunden ist (wir benutzen  hier die kom plexe quasiskalare Lichttheorie  
von  W o l f  und G r e e n  [7]).
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b ekom m en  wir

wo noch

W  W e 2r 2 S A  
M  =  —  =

A w  4 h2N

W  ;;;> Aw

v o rau sg ese tz t sein  m uss. Aus (38) fo lg t u n m itte lb a r

M N
W e2 t2 S A

i h 2~
C 2 ,

(38)

(39)

(40)

wo rech ts  jew eils eine b e k a n n te  G rösse s te h t . E s is t  b em erk en sw ert, dass die 
d im ensionslose K o n s ta n te  C v o n  d er W ellen länge A0 u n ab h än g ig  is t u n d  n u r  
v o n  der P lan ck sch en  W irk u n g sk o n s tan te  h u n d  d en  äusseren  P a ra m e te rn  des 
G erä ts  a b h ä n g t. Z u  den äu sseren  P a ra m e te rn  g ehören : die O b jek tg rösse  S  
(oder zu ih r  p ro p o rtio n a le r  Sehw inkel), d er räu m lich e  A p ertu rw in k e l A  (oder 
die num erische  A p e rtu r , oder das Ö ffn u n g sv erh ä ltn is), die B e lich tu n g sze it r ,  
d ie  im  k le in sten  B ild e lem en t m ax im a l m ögliche L ic h tin te n s itä t  W  (w enn alles 
L ich t d o rt k o n z e n tr ie r t sein w ü rd e ; d a ru m  is t diese G rösse gleich  d er to ta le n  
L ic h tin te n s itä t  des O b jek ts , die m a n  m it e inem  B elich tu n g sm esser b e s tim m en  
k a n n ), die a k tiv e  L ad u n g  e des L ich tem p fän g ers  (die beim  P h o to g ra p h ie re n  
d em  V olum en des B ro m silb erk o rn es p ro p o rtio n a l is t  u n d  als Mass se iner L ic h t
em pfin d lich k e it g e lten  k an n ). E s is t aber n ich ts  W underliches in  d ieser T a tsach e , 
w eil diese und  n u r  d iese G rössen je d e r  P h o to g ra p h ie re n d e  m essen m uss (ausser 
K o n s ta n te n , w ie h).

E in  Beispiel

In  der P rax is  k ö n n en  sich alle äusseren  P a ra m e te r  in  (40) in  seh r w eiten  
G renzen  än d ern . U m  aber ein  ty p isch es B eisp iel zu  b ekom m en  u n d  an  ih m  
u n se re  R e su lta te  m in d esten s d er G rössenordnung  n a c h  m it dem  E x p e r im e n t 
zu  verg leichen , b e tra c h te n  w ir die von  R ose  in  d er A rb e it [8] ex p erim en te ll 
u n te rsu c h te n  F ä lle . R ose h a t  eine Serie sechs seh r schöner A u fn ah m en  v e r 
ö ffen tlich t, die au sse ro rd en tlich  an sch au lich  die R olle d er Q u a n te n e rsc h e in u n 
gen  ze ig t u n d  in  d er d ie  H elligkeit des O bjek tes u m  4 G rö ssen o rd n u n g en  v a r iie r t 
(be i k o n s ta n te n  W e rte n  aller a n d e ren  P a ra m e te r) . W ir w erden h ie r  e in fach 
h e itsh a lb e r n u r  zwei ex trem e F ä lle  von  R ose  d isk u tie re n : der d e r grössten  
u n d  d er der k le in s te n  H elligkeit des O b jek tes  (F ig . 1 u n d  6 in  [8 ]). N ach  
R osE schen  A ngaben  können  w ir fo lgende äu sse ren  P a ra m e te r  b es tim m en  
(siehe auch  [9]; w ir b en u tz e n  die C G S E -E in h e iten ):

r  =  0 , 2  sek, S =  1,5 • 103 cm 2, A  — 2 • 10~5,
j 3 - 10~ 22 e rg -c m - 3 (41)
j 3 • 10~ 18 erg • cm ~ 3.

Acta P h \s. Нипц. Тот. X I I I .  Fase. I,
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D ab e i s in d  a lle  unsere  V o rau sse tzu n g en  (siehe F ig . 1) b efried ig t (X  ^  35 cm , 
Y  =  0,6 cm , F  ^  125 cm ). A usserdem  is t, wie b e k a n n t,

h =  6 , 6  • 1 0 ~ 27 erg • sek. (42)

V iel schw ieriger i s t  es, die P ro b e la d u n g  e zu  b e s tim m e n  (R ose g ib t se lb s t
v e rs tä n d lic h  keine A n g ab en  d a rü b e r) . W ir b e n u tz e n  eine grobe S ch ä tzu n g  
d ieser G rösse n ach  Mott u n d  Gu r n e y  [10], K ap . V II , § 3, wo m an  die fo l
gende an g en äh e rte  F o rm e l fin d e t:

£ --  n e0 Ш
хЩ R k B T

(43)

H ie r  is t  n  die A nzah l d er E le m e n ta rla d u n g en  in  e inem  ak tiv e n  S ilb e rk ö rn ch en  
des B ro m silb e rk ris ta lls , SR is t  die Z ah l so lcher S ilb erk ö rn ch en  p ro  K ris ta ll, 
R  — d e r R ad ius des S ilberkö rnchen , x  — die D ie le k tr iz itä tsk o n s ta n te  fü r  
A gB r, к в  =  1,4 X 10 16 erg G rad  1 d ie B o ltzm an n sch e  K o n s ta n te  u n d  T — die 
a b so lu te  T em p era tu r . W ir setzen  n a c h  [10] die ty p isc h e n  W erte

x  =  12,  SR =  1 0 , R  =  5 • 1 0 - 5 cm , T  =  300° К

e in  u n d  bekom m en

£ =  5 -1 0  7 cm 3/2 g 1/2 sek 1 ^ 1 0 3£o 

in  Ü b ere in s tim m u n g  m it (36). E n d lic h  h ab en  w ir nach  (40)

C =  2.5 ■ 1 0 16 cm i/2 ff-i/2 gek  VW  =  | 4 ' 1 0 ’  ’
j 4 ■ 107 .

W ir sehen , dass je d e n fa lls  

ist.
C 3> 1

(44)

(45)

(46)

(47)

Die op tim a le  W ellen länge

B ei unseren  V orausse tzungen  sind  nach  (40) die Z ah len  M  u n d  N  n ic h t 
u n ab h än g ig , wie b e i L in fo o t , so n d e rn  k o m p le m e n tä r  oder besser gesag t — 
rez ip ro k . F ü r  h —> 0 (der k lassische F a ll)  h a t  m a n  bei k o n s ta n te n  a n d e ren  
G rössen  M N  —> °o, w as v e rs tä n d lic h  is t, weil d a n n  M  —у °°  w ird , u n ab h än g ig  
v o n  N ,  das endlich  b le iben  k an n . W ir sehen, dass die E n d lich k e it des P ro d u k ts  
M N  e ine Folge d er Q u an ten ersch e in u n g en  is t. M an b ek o m m t w eite r n ach  (40),

Acta Phys. Hung. Tom. X I I I .  Fase. 1.
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dass je tz t  der In fo rm a tio n sg e h a lt H  n u r  v o n  e iner G rösse a b h ä n g t (M  oder N) .  
M an k a n n  die F ra g e  ste llen , fü r  w elchen  W e rt d ieser G rösse (z. B . N )  H  
m ax im a l is t?

F ü r  das v o lls tän d ig  in k o h ä re n te  L ich t (y =  1) b ek o m m en  w ir einfach 
n a c h  (12) die L age des M axim um s des In fo rm a tio n sg eh a lte s  (die u n ab h än g ig  
von  der L o g arith m en b asis  a in  (12) is t) :

N ° p1 =  —  (48)
e

(e is t  die N epersche  Zahl) oder n ach  (34)

*Sp t ( i)
2 jl e S A  

7zC
2h f  e
ЕТЛ I W

(49)

D as M axim um  se lb s t is t gleich

Я тах =  C :_ lo g e  ^  0.553 C 2 , (50)
e

das le tz te re  fü r  a =  2, wie in  d er In fo rm a tio n s th e o rie  üb lich . E s m uss noch 
n a c h g e p rü ft w erden , ob fü r  (48) die zw eite A b le itu n g  d^HJdNÿ  n e g a tiv  is t. 
W ir h ab en , ta ts ä c h lic h

d2 H i
d iV 2 N=N)’Pt C 2 ln  a

< 0 (51)

fu r  jed es  a ^> 1. A us (49) sehen  w ir, dass fü r  h —> 0 AgPt ~^ 0’ w as v e rs tä n d lic h  
in  d er k lassisch en  T heorie  is t. W ir b em erk en  w eiter, dass AoPt( l)  u n a b h ä n g ig  von  
S  u n d  A  is t  u n d  n u r  von  e, r  u n d  W  a b h ä n g t (alle  an d eren  G rössen  sind 
K o n s ta n te n ) .

F ü r  das v o lls tän d ig  k o h ä re n te  L ich t (y =  0) e rh a lte n  w ir a u f  dieselbe
W eise

V̂oopt =  , (52)
h

wo f] eine L ösung d er tra n sz e n d e n te n  G leichung

V]oë V +  (1 — v) log (1 + v )  — 0 (53)
is t, d ie aus dem  V erschw inden  d e r e rs ten  A b le itu n g  d H J d N  fo lg t. (A uch h ie r 
is t  es le ic h t s ic h tb a r , dass n v o n  a u n a b h än g ig  ist.) D ie G leichung (53) h a t  zwei 
u n d  n u r  zwei W urze ln

=  0 » % =  1 • (54)

Acta P hys. H ung. Тот. X I I I .  Fase. 1.
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D en folgenden k u rzen  u n d  schönen  B ew eis, dass (53) n u r  die W urzeln  
(54) h a t ,  h a t  H err E . H ódi dem  V erfasser n a c h  seinem  V o rtrag  in B udapest 
freu n d lich s t m itg e te ilt:

M an b e tra c h te t  zuerst die F u n k tio n

g (rj) rj ln  f) +  ( 1 — rj) ln  ( 1 -f- '//) (55 )

(w ir nehm en  h ier e in fach h e itsh alb e r a =  e an), d ie — da w ir h ie r  n u r reelle

A rg u m en te  u n d  F u n k tio n e n  b e tra c h te n  — n u r  fü r  n ic h tn e g a tiv e  rj defin ie rt 
is t. M an f in d e t le ich t, dass

g'  (v)
2

1 +  rj
V

1 - \ -  7]
ln  — -----  u n d  g" (rj) =

1 — rj

V (1 +  n Y
(56)

A us dem  le tz te re n  fo lg t so fo rt, dass

g" 0 is t, je  n ach d em  ob i? ^  1 (57)

jSt. F e rn e r e rh ä lt m an  le ich t, dass

lim  g (rj) — oo . (58)
T]—> ° О

A us den e rw äh n ten  T a tsach en  sch liess t m an  u n m itte lb a r  a u f  e inen  pfe ifen 
fö rm igen  V erlau f der K u rv e  g(rj) (siehe F ig . 2) u n d  d arau s au ch  a u f  die R ic h tig 
k e it  d er obigen B eh au p tu n g .

F ü r  7]г — 0 h ab en  w ir nach  (52)

lVpxtr =  oo , (59)

Acta Phys. H ung. Тот. X I I I .  Fase. 1
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w as a b e r k e in  M ax im um  fü r H 0(N)  g ib t. N ach  (16) e rh a lte n  w ir n äm lich

u n d

lim  H 0 (N ) =  — log]/27r

lim
JV-Í.00

d sH 0
d N s

=  0 (61)

(60)

f ü r  jed es  s =  1, 2, 3, . . w ährend  die K u rv e  H 0( N )  n ic h t von u n te n  sondern  
v o n  oben  zu  dem  G ren zw ert (60) s tr e b t  (siehe F ig . 3). W ir hab en  d a ru m  fü r 
<(59) e in  (uneigentliches) M inim um  fü r H 0(N) .

F ü r  rj2 =  1 bek o m m en  w ir n a c h  (52)

7V°Pt 11  n =  C ,

w as ta tsä c h lic h  ein  M axim um  g ib t. W ir h ab en  n äm lich

d * H о

dN * N-N"pt

(62)

(63)

fü r  jed es  a >• 1 (z. B . fü r  a =  2 : — 0,886/C), weil im m e r C^> 0 is t. N ach  (34) 
h ab e n  w ir d ann

A»p i(0 ) / 4  S A 1 4 h
n C 1 лет

S A
W

(64)

A u ch  je tz t  fü r  h  - 0  A°opt- °  (der klassische G renzfa ll), jedoch  j e tz t  h ä n g t 
^.gpt(0) w esen tlich  v o n  S  u n d  A  ab . F ü r  den  M ax im alw ert von H 0(N)  e ih a lte n
wir

Я5"ах =  2 C log 2 -  log У 2 л  . (65)
Ferner

lim  H 0 (IV) — — log У 2 л  .
N-y 0

(66)

D e r V erlau f von  H 0(N )  is t  schem atisch  in  der F ig . 3 d a rg es te llt. E s m uss dabei 
b e to n t  w erden , dass die n eg a tiv en  W erte  von  H 0(N )  b e i sehr k le inen  u n d  sehr 
g rossen  W erten  v o n  N  (siehe (60) u n d  (6 6 )) n u r  eine F o lge  der in  d iesen  G ebie
te n  n ic h t g e lte n d e n  S tirlingschen  A n n äh eru n g  (die in  (15) b e n u tz t w urde) ist. 
W eg en  dem  Z u sam m en h an g  (40) sin d  die V o rau sse tzu n g en  (14) n ic h t  u n a b 
hän g ig  u n d , obw ohl (47) g ilt, n ic h t im m er v e rträ g lic h . S ta t t  (14) h ab e n  w ir 

j e t z t  die B ed ingungen

1 <  N  <c C2, 1 <<M  <gC2 (67)
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fü r  die A n w en d b ark e it d e r S tirlingschen  Form el in  (13). D en  w irk lichen  V er
la u f  v o n  H 0(N)  s te llt schem atisch  die g estrich e lte  K u rv e  in  Fig. 3 d a r . U m  die 
d u rch  d ie  S tirlingsche A n n äh eru n g  v e ru rsach te  U n g en au ig k e it w en igstens 
teilw eise zu  kom pensieren , k ann  m a n  einfach das G lied  log ]/ 2 л  in  allen  es

e n th a lte n d e n  Form eln  s tre ichen . Im  G ebiet (67), speziell in  d er U m gebung  
v o n  N g pt =  C (62), f ü h r t  dieses W eglassen  zu ke in em  m erk lichen  U n te rsch ied , 
w egen (65) und  (47). So haben  w ir j e tz t  s ta t t  (16), (19), (60), (65), (6 6 ) die 
F o rm e ln :

Я 0 =  (М  +  N )  log (Af +  ÍV) — M  log M  — V  log N  =

C
wenn (40) g ilt : - =  [ — »? log  »7 +  (1 +  rj) log (1 +  rj)],

h

(16')

H y — (1  -  у) [(M  +  N )  log (M - f  ÍV) — M  log M  — N  log IV] +  у IV log M  =

w enn (40) gilt : -
h

— — (1 — y)v logt] (19')

(] — У) (! +  »?)log(l +  rj) +  y logCj ,

lim H 0 (N ) =  lim  t f0 (N)  =  0 (66'), (60'), Я ^ ах =  2 C  , (65)
N —>0 N —> 00

wo allgem ein  wie in  (52)
C 2

Г) — —
N 2

(52')

Ä hnlich  bekom m t m a n  n a c h  (12) f ü r  H v  w enn (40) g ilt,

lim  H \  (N)  =  0 , lim  H 1 (N ) =  — 00 (6 8 )
N^O
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u n d  d a ru m  auch  nach  (19') fü r  0 <1  y  ^  1

lim  H„ (iV) =  0 , lim  H., (iV) =  — oo . (69)
W->0 ' N ->°°

A us (60') u n d  (69) sehen w ir, dass w ir in  dem  u n e ig en tlich en  P u n k t  JV =  oo 
eine U n s te tig k e it d er F u n k tio n  H y ( N )  (19') bezüg lich  y  h ab en , w enn  y —>- 0 . 
M an m uss ab e r b e to n en , dass dieses G eb iet ke in en  eigen tlichen  physikalischen- 
S inn  h a t  (weil d a n n  M  <§ 1) u n d  die G renzen (6 6 ), (60 '), (6 8 ), (69) sind n u r  
w egen d e r V o lls tän d ig k e it d er m a th e m a tisc h e n  D iskussion  n ö tig .

Im  Z w ischenfall 0 <[ y  1 is t die R ech n u n g  e tw as um ständ licher,, 
ab e r die R e su lta te  sind  im  a llgem einen  q u a lita tiv  dieselben. S t a t t  (53) h aben  
w ir j e tz t  die G leichung

Чу (»?)= g (У) +
У

1 — у
ln  Г] +  ln  С 1 (70)

m it g(rj) n a c h  (55). W ir e rh a lte n  ein fach

lim  q , [rj) =  — oo , lim  q„ (rj) — -)- oo . (71)
,;->0

D ie G rösse - —— ln  C in  (70) is t eine von  rj u n ab h än g ig e  a d d itiv e  K o n s ta n te  
1 у

u n d  sie b ee in flu sst n ich t die G es ta lt der K u rv e  qy(rj). sondern  n u r  ih re L age 
bezüg lich  d er Achse q — 0. Ä hn lich  wie in  dem  HÓDischen Bew eis rechnen  w ir  
die zwei e rs ten  A bleitungen von  q(rj)  aus:

Чу  ( v )
2

1 -\- rj
ln

P . b )

У u n d  q" (rj) P  (V) , (72)
2 (1  у) V 2 (1 — у)  I/2 (1  -f- q)2

( 2 - y ) i f  +  2(1 - 2 y ) V - y  (73)

is t . W eil fü r  0 у  1 der N en n er in  (72) im m er po sitiv  is t, h ä n g t das V or
zeichen  von  q„ v o m  V orzeichen des P olynom s P-,(rj) ab. F ü r  d ie  W urzeln  d e r  
q u a d ra tisc h e n  G leichung P  (rj) =  0 h ab en  w ir

У  1,2
1 - 2  у  ; 1 1 6 y - i  5 у 2

2 — у (74)

W ir lösen w e ite r die G leichung

Q(y) =  5 y* -  6  у (75)

Acta Phys. Hung. Torn. X I IT .  Fase. 1.
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a u f  u n d  e rh a lte n

Y 2 =  1 • (76)

Q(y) is t  p o s itiv  in  den  G ebieten u n d  y  >  1. Y on diesen  is t n u r das G eb ie t

0  < Y <
1

5
(77)

fü r  unseres P rob lem  w ich tig  (weil d as  an d e re , y  1, ke in en  p h y sik a lisch en  
S inn  h a t) . N u r im  G ebiet (77) g ib t es zw ei reelle W urzeln  (74). Sie s in d  p o s itiv  
u n d  liegen im  In te rv a ll 0 < t ? < l  (d . h . fü r  N  ' '  C n a c h  (52 '), siehe F ig . 4).

V

N u r im  In te rv a ll  rfa <C V <C V2 k ann  </” se in  V orzeichen vom  n eg a tiv en  zum  
p o sitiv en  ä n d e rn  (siehe F ig . 5a, b). In  F ig . 5a — e sind  die fü n f  m öglichen T y p en  
des V erlau fs d er F u n k tio n  qy(i)) d a rg e s te llt . D er U n te rsch ied  zw ischen den 
T y p en  a, b u n d  c in  Fig. 5 h ä n g t vom  V orzeichen  der G rösse <][(,(%(y)) =  cu(y) 
ab . Diese G rösse is t n u r eine F u n k tio n  v o n  у  (von C is t  sie u n ab h än g ig ), deren  
V erlau f im  uns in te ress ie ren d en  A rg u m e n te n in te rv a ll (77) die Fig. 6 d a rs te ll t . 
o>(y) v e rsch w in d e t fü r  у  =  y 0 ^  0,108, is t  n e g a tiv  fü r 0  <[ у  <( y 0 u n d  p o sitiv  
fü r у  y 0. A us Fig. 5 sehen  w ir, dass in  den  F ä llen  b , c, d , u n d  e, d . h . fü r

(78)

n u r  ein M axim um  von H. ,(N)  m öglich is t . Im  F all a, d. h . fü r

0 <  Y <  Y о (79)

sin d  drei E x tre m a  m öglich, ab e r nu r fü r  solche W erte  d er K o n s ta n te  C, fü r
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Fig. 6

w elche d e r n a c h  u n te n  eingebogene T eil d e r K urve  <j.,(t?) die Achse q — 0 
sch n e id e t. E s  g ib t d ah er zwei solche F u n k tio n e n  Cx(y), C2(y),  dass

Ш  Ш  für (79), C ^ o )  =  C2(y0), (80)

und dass für die W erte von  C im  Intervall

Ш  < c <  C2(y) (81)

drei W urzeln von qy[rf) =  0 Vorkommen. E s fo lgt aus der S tetigk eit des P ro
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blem s u n d  dem  V erlauf v o n  g", dass d ie  re c h te  (für das g rö sste  rj) der d re i W u r
zeln ein M axim um  von H y( N )  gehen w ird . Die m ittle re  W urzel g ib t d a n n  ein 
M inim um  u n d  die linke das zw eite M ax im u m . W ir sind  so zum  Schluss gekom 
m en, dass im  G ebiet (79), (81) (das m a n  ein  A u sn ah m eg eb ie t n en n en  k an n ) 
zw ei M axim a des In fo rm a tio n sg e h a lte s  m öglich sind , w äh ren d  au sse rh a lb  
dieses G ebietes n u r  eins a u f tre te n  k a n n . N u r die e x a k te  n um erische  o d er g ra 
phische A nalyse  (die w ir h ie r  n ich t d u rc h g e fü h rt haben ) u n d  ein au sfü h rlich e r 
V ergleich m it dem  E x p e rim e n t k an n  en tsch e id en , ob das A u sn ah m eg eb ie t von  
irgende iner p rak tisch en  B ed eu tu n g  is t.

F o rtse tzu n g  des Beispiels

W ir k eh ren  je tz t  zu unserem  aus d e r  R osE schen  A rb e it [8 ] genom m enen  
Beispiel zu rü ck . R ose g ib t keine A n g ab en  über den K o h ä ren zg ran d  des vom  
ihm  b e n u tz te n  L ichtes. W eil aber die au fgenom m enen  O b jek te  n ic h t se lb s t
le u c h te n d  w aren , k ann  m a n  m it g u te r A n n äh e ru n g  a n n eh m en , dass das L ich t 
u n g efäh r k o h ä re n t w ar (y 0). Mit d e n  C -W erten  aus (46) k ö nnen  w ir dann  
n ach  (64) die o p tim alen  W ellen längen  le ic h t berechnen . W ir e rh a lten

1 2 - I O - c m ,
I 2 - IO“ 5 cm ,

wo, wie oben , die obere Z ah l der k le in s te n  u n d  die u n te re  d e r g rössten  B eleu ch 
tu n g s in te n s itä t  im  R osE schen  E x p e r im e n t en tsp ric h t. U nsere  S ch ä tzu n g  der 
num erischen  W erte  w ar g ro b  (speziell d ie  von  e n ach  (43) u n d  (44)), so dass 
besten fa lls  n u r  die G rössenordnungen  g u t  sind. B ei d ieser G enau igke it h ab en  
w ir doch e inen  g u ten  E in k la n g  m it dem  E x p e rim e n t e rh a lte n , weil (im  R ah m en  
des R osE schen  E x p erim en ts) der zw e ite  W ert der W ellen länge dem  m ax i
m alen  In fo rm a tio n sg e h a lt e n tsp ric h t u n d  im  s ic h tb a re n  (bzw . p h o to g ra p h i
schen) W ellengeb iet lieg t (>=« KU5 cm ). E s  is t auch  v e rn ü n ftig , dass m a n  fü r 
die k le ineren  In te n s itä te n  des L ichtes d ie  W ellenlänge v e rlän g e rn  m uss, u m  den 
m ax im alen  In fo rm a tio n sg e h a lt zu b ek o m m en . D an n  w ü rd en  n ä m lic h  die 
L ic h tq u a n te n  k leiner u n d  die Q u a n te n z a h l grösser (bei gegebener to ta le r  
E nergie) u n d  deshalb k a n n  das B ild m e h r  E in ze lh e iten  zeigen.

S ch lussbem erkungen

D as RoSEsche E x p e rim e n t h a t u n s  eine grobe K o n tro lle  der R ic h tig k e it 
u nsere r B e trach tu n g en  e rm ög lich t. E s  w ürde  ab er seh r w ü n schensw ert sein, 
w eitere  E x p erim en te  d u rch zu fü h ren , u m  die Ü b e re in s tim m u n g  d er T heorie  
m it dem  E x p e rim en t g en au e r zu p rü fe n . Speziell w äre es von  grosser B edeu-

Acta Phys. Hung. Тот. X I I I .  Fase. 1.



54 K. S. INGAKDEN

tu n g , die R osE sche Serie fü r  noch  grössere L ic h tin te n s itä te n  zu  erw eite rn , 
u m  sich  zu  überzeu g en , ob es ta ts ä c h lic h  ein  M axim um  des In fo rm a tio n s 
geh a lts  g ib t (im  R osE schen  E x p e rim e n t b e fin d en  wir uns n u r  a u f  der e inen  
S eite  des h y p o th e tisc h e n  M axim um s).

E s m uss je d o c h  b e m e rk t w erden , dass eine seh r genaue Ü b e ren stim m u n g  
u n se re r R e su lta te  m it dem  E x p e rim e n t k a u m  zu erhoffen  is t, d a  unsere  V o rau s
se tzu n g en  ziem lich  grobe A n n äh e ru n g en  e n th a lte n . Z. B. g e lten  die B ohr  — 
RoSENFELDschen U n b e s tim m th e its re la tio n e n  e igen tlich  n u r  fü r  die freien  
L ad u n g en , w as bei den rea len  L ic h tre z ep to re n  n ic h t g en au  d er F a ll is t. B is 
j e tz t  ab e r s in d  z. B. die p h o to g rap h isch en  Prozesse th e o re tisc h  n ich t ganz 
g ek lä rt u n d  d a h e r is t es schw er, unsere  B e tra c h tu n g e n  zu  v e rv o llk o m m n en . 
Es sch e in t ab e r, das die e ffek tiv e  P ro b e lad u n g  e (die im  a llgem einen  eine F u n k 
tio n  v o n  A0 is t) ohne T heorie , re in  ex p e rim en te ll b e s tim m t w erd en  k an n , w en n  
die R ic h tig k e it u nsere r G ese tzm ässig k e iten  w en igstens in  gew issen G renzen  
ex p e rim en te ll bew iesen w ird .

In  u n se ren  obigen B e tra c h tu n g e n  h ab en  w ir eigen tlich  e inen  S ta n d p u n k t 
e ingenom m en , d er dem  in  d er P rax is  ü b lichen  e n tg eg en g ese tz t is t :  w ir h a b e n  
die P a ra m e te r  d er äusseren  B ed ingungen  als gegeben b e tr a c h te t  u n d  die o p ti
m ale  W ellen länge gesu ch t, w äh ren d  n o rm alerw eise  die W ellen länge des L ich tes 
d u rch  die L ich tq u e llen  u n d  L ic h tre z ep to re n  b e s tim m t ist u n d  n u r  die A usw ahl 
der äu sseren  P a ra m e te r  z u r  V erfügung  s te h t. J e d e r  der äu sseren  P a ra m e te r  
k a n n  be i F es tleg u n g  der a n d e re n  u n d  bei gegebener W ellen länge als O ptim ali- 
sierungsgrösse  b e n u tz t  w erd en . Z. B . das A uge o p tim a lis ie rt au to m a tisc h  
sein  Ö ffn u n g sv e rh ä ltn is  zu  den  jew eiligen  äusseren  B ed in g u n g en  u n d  d e r 
L ich tw e llen län g e. Ä hnlich  w ä h lt der P h o to g rap h ie ren d e  em p irisch  die b e s te n  
äusseren  P a ra m e te r  (wie z. B . Ö ffn u n g sv erh ä ltn is , B e lich tu n g sze it usw.) fü r  
die gegebenen  an d eren  P a ra m e te r  u n d  die W ellen länge des L ich tes. Im  
R osE schen  E x p e rim e n t d ien te  als O p tim a lis ie ru n g sp a ram e te r  die B e leu ch tu n g s
in te n s itä t .

A us d er v o rlieg en d en  A rb e it sehen  w ir, dass im  P ro b lem  der o p tim a len  
o p tisch en  A b b ild u n g  n ic h t n u r  die Q u a n te n n a tu r  des L ich te s , sondern  au ch  
die N a tu r  des L ich tem p fän g ers  von  B ed eu tu n g  is t (P a ra m e te r  e!). D aher sind  
z. B. die E x p e rim e n te  m it p h o to g rap h isch en  S ch ich ten  im  a llgem einen  n ic h t 
m assgebend  fü r  das Auge u n d  u m g e k e h rt, w enn  auch  die a n d e ren  P a ra m e te r , 
wie Ö ffn u n g sv e rh ä ltn is  usw . d ieselben  sind  (w as z. B . R ose in  [8 ] n ic h t 
b e a c h te t, w enn  er seine A rb e it » Q u a n tu m  an d  N oise L im ita tio n s  o f th e  V isual 
P rocess«  b e ti te l t) .  Im  Z u sam m en h an g  d a m it is t  es zw eckm ässig , eine p essi
m istische  B em erk u n g  v o n  T oraldo d i  F rancia aus [2] ü b e r das A uflösungs
verm ögen  zu  z itie ren : » A fte r  so m a n y  in v es tig a tio n s  a b o u t reso lv ing  pow er, 
one c a n n o t escape th e  d isco u rag in g  conclusion  th a t  a v e ry  com m on sen tence  
lik e : ‘T h e  reso lv in g  pow er o f  such  in s tru m e n t h as  such v a lu e ’ has no m eaning . 
R eso lv ing  pow er is n o t a w ell-defined  p h y sica l q u a n tity .«  N ach  unseren  B e-
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itrach tu n g en  is t  es ganz k la r , dass der B eg riff des A uflösungsverm ögens b ezü g 
lic h  der R ezep to re ig en sch aften  re la tiv is ie rt w erden  m uss. Im  a llgem einen  F a ll 
jd .  h. n ich t n u r  in  dem  G aussschen  G ebiet) k a n n  auch  d ieser B egriff v o n  der 
G esta lt des O b jek tes w esen tlich  ab h än g en . N ach dieser R e la tiv is ie ru n g  a b e r 
k a n n  m an  schon  m it H ilfe  der in fo rm a tio n sth eo re tisch en  M ethoden  das A u f
lö sun g sv erm ö g en  e in d eu tig  (»as a w ell-defined  physica l q u a n tity « ) fe s ts te llen , 
z. B. fü r das G ausssche G eb ie t als <5-1 , siehe oben  (37).

In  un se re r A rb e it h ab en  w ir die B ed in g u n g en  fü r tlie op tim ale  o p tisch e  
A bbildung (oder das op tim a le  op tische S ystem ) e rh a lten , w elche u n ab h än g ig  
von  der F o rm  des O b jek tes sind . In  diese B ed ingungen  s ind  n u r  die äu sseren  
P a ra m e te r  des op tischen  S ystem s eingegangen  (russisch  »габариты «) u n d  n ic h t 
die inneren  (wie z. B. K rü m m u n g srad ien  der B rech u n g sfläch en , B rech u n g s
koeffiz ien ten  usw .), die zu  b estim m en  die e in gen tliche  A ufgabe des o p tisch en  
R echners is t. D as w ar eine Folge unseres » v ere in fach ten «  M odells, u n d  zw ar 
der E in sch rän k u n g  a u f  das G aussschen G eb ie t (siehe F ig . 1), wo die in n e ren  
P a ra m e te r  belanglos fü r die optische A b b ild u n g  sind. W enn  w ir auch  n ic h t
vere in fach te  M odelle m it A b erra tio n s-, R au sch p ro b lem en  usw . b e tra c h te n  
w ürden , w ie L info o t  in  [3], d ann  w ü rd en  w ir auch  einige B ed ingungen  fü r 
die in n eren  P a ra m e te r  e rh a lte n . Dieses P ro b le m  is t ab er in  d er von  u ns oben  
v o rb e re ite ten  F o rm  in aller A llgem einheit, des V erfassers W issens n a c h , bis 
j e t z t  noch n ic h t gelöst u n d  sch e in t sehr schw ierig  zu sein. D er V erfasser h a t  
n u r ein v ie l e infacheres P ro b lem  gelöst, näm lich  das B estim m en  der in n e ren  
P a ra m e te r  des o p tim a len  op tischen  S y stem s fü r  ein p u n k tfö rm ig es O b je k t, 
wie dies a u f  der S tockho lm er K onferenz der I . C. 0  in  1959 b e ric h te t w u rd e  
.[11], [12].
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ТЕОРИЯ ИНФОРМАЦИИ, СООТНОШЕНИЯ НЕОПРЕДЕЛЕННОСТИ Б О Р А -  
РОЗЕНФ ЕЛЬДА И ПРОБЛЕМА ОПТИМАЛЬНОГО ОПТИЧЕСКОГО

ИЗОБРАЖ ЕНИЯ
Р. С. ИНГАРДЕН

Резюме

Доказано основную теорему Габора о разложении в ряд из оптической теории 
информации. Обобщено формулу Линфута для количества информации в оптическом 
изображении на случай совершенно и частично когерентного света. Исходя из соотно
шений неопределенности Б ора—Розенфельда найдена связь между максимальным числом 
уровней освещения в изображении и числом стенени свободы оптической волны. Из 
этого факта следует для заданных внешних условий существование оптимальной длины 
волны (или для заданной длины волны существование оптимальных условий, как  осве
щение, время экспозиции, относительное отверстие и т. д.). Все рассуждения проведены 
в гауссовом пниближении.
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SOME PRACTICAL REMARKS CONCERNING THE 
CALCULATION OF THE PHASE SHIFTS OF THE 

YUKAWA POTENTIAL

By

T . T ie t z

D EPA RTM EN T OF TH EO RETICA L PHYSICS, U N IV ER SITY  L 6 d 2 , L Ö D Z , POLAND  

(Presented by  A. K ónya. — Received 4. X I. 1960)

In  this paper we give some p ractical formulas m aking possible th e  calculation of the- 
phase shifts of the Y ukaw a potential. The formulas depend on w hether th e  radial q uan tum  
num ber l is large or small. Some num erical values illu s tra te  the accuracy of the m entioned 
phase shifts.

A ccording to  H u l t h É n  [ 1 ]  we w rite  th e  S chrôdinger eq u a tio n  for th e  
Y u k aw a  p o te n tia l in  th e  fo llow ing form :

d 20
d x 2

1 (1 +  U Ф =  0 , ( 1 >

w here x  =  x r ,a  =  M (E /h 2x2), M  =  у  (M „ +  M p); E  is th e  energy  in  th e

cen tre  o f m ass sy s tem , M n th e  n e u tro n  m ass, M p the  p ro to n  m ass an d  b =  
M B 2lh 2 x. The sy m bo l x  is re la te d  to  the  m eson  mass M n as follow s; x  =  
Mmc/fi.  The rem ain in g  sym bols h, c, r and  l possess th e  s ta n d a rd  m eanings^ 
В  ap p earin g  in  th e  fo rm ula  o f  b is a c o n s ta n t. T he so lu tio n  Ф o f eq. (1 ), as 
k now n , fulfils th e  follow ing b o u n d a ry  co n d itio n s:

Ф (0) =  0 and  Ф (ж) lim x->°° sin Уa x  -  y -  +  vi ( 2 )

In  o rder to  o b ta in  som e form ulas co ncern ing  the  p h a se  sh ifts o f th e  
S dhröd inger e q u a tio n  of th e  Y ukaw a p o te n tia l  we s ta r t  fro m  th e  W K B  
a p p ro x im a tio n  fo r rj;. This fo rm u la  applied  to  eq . (1) ta k e s  th e  form  [2]

4i =
b e - x

x

1 +
dx —

1 +
2 -|1 ! 2

d x , (3)

w here th e  low er lim its  x t an d  x \  are  th e  la rg e s t positive zeros o f  th e  re sp ec tiv e  
in teg ra ls . W hen th e  q u a n tu m  n u m b er l is su ffic ien tly  la rg e  (be x,)/xi is sm a ll 

/ 1 1 2 2
in  com parison  w ith  t H----- /x t , so th a t  we m a y  consider th e  low er lim its  in
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th e  in te g ra ls  to  be equal. E x p an d in g  th e  sq u are  roo ts we o b ta in  for th e  phase 
sh if ts  rji g iven  b y  eq. (3) th e  follow ing fo rm u la :

e x dx
, 1 2 1/2

a x 2  — i  H—
2

(4)

A fte r sim p le  ca lcu la tions we w rite  fo rm u la  (4) in th e  fo llow ing form :

l
(5)

T he in te g ra l ap p earin g  in  fo rm u la  (5) can  b e  ev a lu a ted  b y  m eans o f th e  follo
wing in te g ra l [3]:

-2X(*2 --  1 Y’ d x  -
—p—

К р+. * ( 2) Г ( Р +  1 ),

v'hero 71
a r g z j O — an d  R e ( p ) > — 1 ( 6 )

К  is th e  m od ified  H a n k e l fu n c tio n  o f  zero  o rder an d  Г  th e  E u le r fu n c tio n . 
W ith  th e  la s t  fo rm u la  w e can  w rite  th e  phase sh ifts rji given b y  eq . (5) as 
follow s:

b

I ]' a ( ? )

T his sim p le  fo rm ula  for th e  phase sh ifts  gives resu lts  th e  more a c c u ra te  in  
com p ariso n  w ith  th e  n u m erica l re su lts  th e  la rg e r th e  q u a n tu m  n u m b e rs . F o r 
th e  f i r s t  q u a n tu m  n u m b ers  l =  0 , 1 = 1  and  1 =  2 w e m ust c a lc u la te  rji 
g iven b y  eq. (3) n u m erica lly  if  we w a n t to  o b ta in  a c c u ra te  va lues fo r  rji. 
F o rm u la  (3) fo r rji is n o t co n v en ien t fo r p ra c tic a l n u m e ric a l in te g ra tio n  because  
fo r a g iven  a we m ust in te g ra te  fo r each  l s e p a ra te ly . T herefore w e w rite  
fo rm ula  (3) a t  f irs t as fo llow s:

со
»

I ' + i
2 -,

CO1/2 1 —
cox2

CO

X ',Xl
_Acta Phys. H ung. Тот. X I I I .  Fasc. 1.
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^vhere

be~x
OJ —  ci ~{- -- —  .

X
(9)

F o r sm a ll q u a n tu m  n u m b ers  l =  0 ,1 ,  2, th e  te rm / +
1

/w* 2 is m u ch  sm aller

th an  u n ity  over th e  w hole range o f  * from  *, to  in f in ity . At * =  * , th e  exprès*
1 |2

s ió n  l 4 “ —  /ft)*, is e q u a l to  u n ity  b u t  decreases ra p id ly  for * />  *,. E x p a n d 

ing  th e  sq u a re  ro o t ap p earin g  in  th e  f irs t in te g ra l we ob tain

>h= '-) dx  —

»

CD1 '2
1

/ + 1
2

4

COX2 T ft)2 * 4
dx  ( 1 0 )

CO
•» Í, l 2

i +  —
2

* 2c-

T he la s t  in te g ra l in  form ulas (8 ) and  (10) c a n  be  ca lcu la ted  a n a ly tic a lly .
. . . .  . . . . 1T h e  low er lim it * , in  th is  in te g ra l is * , =  1

T he la s t fo rm ula  fo r sm all / is m u ch  m ore u se fu l for the n u m erica l in te g ra 
tio n  th a n  (3), because th e  fac to r co n ta in in g  l m a y  be  rem oved  fro m  th e  in te 
g ra l. T h e  in te g ra l in  (3) has to  be n u m erica lly  in te g ra te d  for e ach  v alue  o f l. 
In  T ab le  I  we h av e  som e n u m erica l values fo r r,j and  r,2, c a lc u la ted  from  
fo rm ula (7) in  com parison  w ith th e  resu lts  o b ta in e d  by  o ther a u th o rs .

T ab le  I  shows t h a t  fo rm ula (7) fo r tj, for th e  cases 1 = 1  a n d  l =  2 gives 
resu lts  com parab le  w ith  those o b ta in e d  by  o th e r m e th o d s. F o r q u a n tu m  n u m 
bers  / />  3 ou r va lues fo r )?, g iven b y  th e  a n a ly tic a l form ula (7) w ill be su ffi
c ien tly  accu ra te . I f  we w a n t to  o b ta in  accu ra te  n u m erica l va lues fo r th e  phase 
sh ifts  fo r low er va lu es  o f l, e. g. I =  0 , l =  1 a n d  l — 2 we m u s t ca lcu la te  7]i 
n u m e ric a lly  from  th e  fo rm ula (10). F o r q u a n tu m  num bers l ^  3 ou r a n a ly 
tica l fo rm u la  for eq. (7) is su ffic ien tly  accu ra te . T h u s  th e  fo rm ulas (7) and  (10) 
allow  ca lcu la tio n  of th e  phase sh ifts  fo r th e  Y u k aw a  po ten tia l fo r a ll q u a n tu m  
n u m b e rs  l. The p ro b lem  of th e  p h ase  sh ifts fo r  th e  Y ukaw a p o te n tia l  fo r 
h igher q u a n tu m  n u m b ers  I was also  considered  b y  th e  au th o r in  a sh o r t  no te  [8 ].
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Table I

Comparison of our num erical results for tg  from eq. (7) w ith  various o th e r results,
for 1 =  1 and  1 =  2

1 2 У а b tg TJ )

1 1.2 - 0 .9 tg rji (eq. 7) =  —0,04716 
tg VIF  == —0,04508 
tg Vih =  —0.04600

1 1.6 - 0 .9 tg t][ (eq. 7) =  —0.07430 

tg V lF  — —0.06775 
tg ViH — —0.06906 
tg ViK =  —0.06850

1 1.2 2.7 tg r)i (eq. 7) =  0.1414 
tg rjlF =  0.1479 

Ч 'П т  =  0.1925

2 1.37 2.52 tg J); (eq. 7) =  0.0306 

tg Vif  — 0.0305 
tg  rím =  0.0368 

tg VlH =  0.0366

F ogel [4] ( r]l F ) ;  K â llé n  [5] ( r) l K ) \  H anson [6] R amsey  [7] (r/№).
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НЕСКОЛЬКО ПРАКТИЧЕСКИХ ЗАМЕЧАНИЙ ОТНОСИТЕЛЬНО ВЫЧИСЛЕНИЯ 
СДВИГА ФАЗ ПОТЕНЦИАЛА ЮКАВА

т. титц

Резюме

В данной работе предлагается несколько практических формул, позволяющих 
вычислить сдвиг фаз потенциала Юкава. Формулы зависят от того, что радиальное кван
товое число имеет малое или большое значение. Для иллюстрации точности упомянутого 
сдвига фаз приводятся численные значения.
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ELECTROLUMINESCENCE AT LOW VOLTAGE
By

J .  W e isz b u r g

IN D U STR IA L RESEA RCH  IN STITU TE F O R  TELECOM MUNICATION TECHNIQUE, BU D A PEST

(P resented  by G. Szigeti. — Received 11. X I. 1960)

I t  is usual to distinguish betw een th e  intrinsic and th e  injection electrolum inescence, 
also because of the differences of the th resho ld  voltages of th e ir  lightings. There is no foundation 
fo r th is distinction because the  orders of th e  threshold voltages of the two groups agree w ith 
each  other. The electrolum inescent phenom ena of evaporated  ZnS layers a t  low  voltages can 
be well described also by  regularities characteristic  of th e  M o tt—Shottky-type barriers. The 
existing m easuring da ta  are no t detailed enough to serve as check of the correctness of the 
various theoretical hypotheses.

D ealing  in  genera l w ith  th e  s im ila r fea tu res  o f  th e  in trin sic  a n d  th e  in jec
tio n  electro lum inescence  we a lre a d y  p rev iously  p o in te d  ou t [1 ] t h a t  th e  a tte m p t 
o f  g ro u p in g  b y  w hich  th e  m echan ism s and  ch a rac te ris tic s  o f th e  tw o  pheno
m en a  are se p a ra te d  is based  on d o u b tfu l a rg u m en ts . In  th is a r tic le  th e  connec
tio n  b e tw een  th e  s ta te m e n ts  a sse rtin g  th e  d ifferences betw een  th e  exciting  
v o ltag es  o f th e  “ tw o k in d s” of e lec tro lum inescence  on  one side a n d  th e  m easured 
re su lts  on th e  o th e r is exam ined .

A t th e  v e ry  s ta r t  we n o te  t h a t  “ low v o lta g e ”  is a co m p le te ly  u n d e te r
m in ed  expression  a n d  m eans o n ly  t h a t  the voltage p u t  on the exam ined  sample , 
a n  un k n o w n  p a r t  o f w hich p ro d u ces th e  e lec tro lum inescence, is in  absolute 
value small. O f course, from  th is  o n ly  q u a lita tiv e  conclusions ca n  be draw n 
as to  th e  vo ltag e  causing  th e  e lec tro lum inescence . In  order to  g ive a b e tte r  
su rv e y  o f th e  p rob lem , in  T ab le  I  we chrono log ically  sum m ed u p  th e  d a ta  of 
som e ch a rac te ris tic  p u b lica tio n s.

T he so-called in tr in s ic  a n d  in jec tio n  e lec tro lum inescences have fo r
m erly  [2, 3, 4] b een  sep a ra ted  — am ong  o thers — because th e  f ie ld  s tre n g th s  
n ecessary  for th e  e x c ita tio n  in  th e  tw o  cases ( re a lly  th e  e x te rn a l ex c itin g  v o lt
age p u t  in to  th e  sam ple) have b een  d ifferen t. In  case of in jec tio n  e lec tro lu m i
nescence in  fo rw ard  d irec tio n  th e re  is no re m ark ab le  th resh o ld  f ie ld  s tren g th . 
In  reverse  d irec tion  l ig h t appears in  th e  range o f  th e  b reakdow n  v o ltag e  of th e  
m a te ria l. T he fie ld  s tre n g th  n ecessa ry  for th e  in trin s ic  e lec tro lum inescence  
— being  an  average  v a lu e  — d iffers  from  th e  fo rm er ones. I t  c an  be seen 
th a t  in  th e  course o f tim e  (w ith  m o re  experience a n d  b e tte r  d e te c tin g  devices) 
th e  v o ltag e  th re sh o ld  d a ta  h av e  decreased  in  case o f th e  m a te r ia l  used for 
ev e ry  k in d  of e lectro lum inescence  a n d  genera lly  in d ep en d en tly  o f  th e  m ateria l,
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Table I

M a t e r i a l

G a p
w i d t h

e V

M a x .

Y e a r A u t h o r
T y p e F o r m

Ib X C ltin g

v o l t a g e  Y  f r e q u e n c y

p h o t o n
e n e r g y

e V

R e f .
N o .

1928 L o s s e v s i c PC 8-R D. C.
30-R D. C. 10

2-F D. C.

1944 K e n d a l l SIC PC 20 D. C. и
1947 D e s t r i a u ZnS P 28 rms 60 c/s 12
1951 L e h o v e c  e t  a l . Sic PC 30 D. C. 3,0 2,8 13
1952 B r a m l e y  e t  a l . ZnSi04 P 100 60 c/s 14
1953 L e h o v e c  e t  a l . S ic PC 1,8-F D. C. 2,9 2,0 15
1953 N e w m a n G e 2 350 c/s 0,65 16
1954 S z i g e t i S iC PC 6-R D . C. 2,9 2,6 17
1954 N a g y  e t  a l . SiC PC 1,4-R D. C. 3,1 2,6 8
1956 H a r m a n BaTiO-, P 30 rms 10 c/s — 2,4 18

T i0 2
SrTiO-,
KNbÓ3

100 MC/s

1957 J e g e s S n 0 2 PC 3 - 4 D. C. 19
1958 D e s t r i a u  e t  a l . 9 rms 20
1959 T h o r n t o n ZnS FL 10 rms 10 Kc/s 5

20-F D. C.
60-R D . C.

1959 T h o r n t o n ZnS P 2 — 3 rms 1000 c/s 6
1959 T h o r n t o n ZnS FL 1,5 rms 1000 c/s 3,8 2,6 7
1959 K i k u  c h i  e t  a l . CdS SC 2 0 - 5 0  F D. C. 21
1960 W e i s z b u r g S ic PC 3 rms 1000 c/s 3,1 2,6 22

4 —6-R D. C.
I960 L e h m a n n ZnS P 25 rms 5 Kc/s 23

R. resp. F is the reverse resp. forward direction; SC =  single crystal; PC — polycrystal;- 
P =  powder; FL =  film .

te n d  to  th e  value o f som e vo lts . T h is v o ltage  v a lu e , b e in g  p re su m a b ly  a th re s 
ho ld  v a lu e  connected  w ith  the  m easu rin g  tech n iq u e , seem s to  be o f th e  sam e 
o rd e r in  th e  various k in d s  of e lec tro lu m in escen t e x c ita tio n s . B u t th is  does no t 
ju s t i f y  a sep a ra tio n  o f  th e  th eo re tica l in te rp re ta tio n  o f  th e  phenom enon .

T he m easu rem en ts  of T h o r n t o n  are a g rea t h e lp  in fo rm ing  an  idea of 
th e  phenom enon  so m ew h at freer fro m  co n tra d ic tio n . He e ffe c tu a te d  these 
m easu rem en ts  on ZnS lay e rs  and  pow ders [5, 6 , 7]. T h e  tra d itio n a l th eo re tica l 
c o n tra d ic tio n  ap p ears  th e  m ost v iv id ly  perhaps in h is la s t-m e n tio n e d  p u b li
ca tio n  [7]. A ccording to  T h o rnto n  low' vo ltage m ean s th a t  th ere  is no  im pact
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ex c ita tio n , b u t  c. g. charge ca rrie r in jec tio n . T h is is su rp rising  w hen  we co n 
sider th a t  from  m easuring  resu lts  ju s t  in  th e  low  vo ltag e  range  th e  re g u la rity  
В  ~  exp [— F ” 1'2] know n as c h a rac te ris tic  o f th e  im p a c t io n iza tio n  ex c ita tio n  
is p ro v ed  th ro u g h  four orders of m ag n itu d e  (F ig . 1). H ere В  m ean s th e  b r ig h t
ness an d  F  th e  ap p lied  vo ltage .

W e sh ould  lik e  to  show  th a t  accord ing to  som e o f our p rev iou s ob ser
v a tio n s  th e  resu lts o f  T h o rnto n  can be in terp reted  also on a n o th er  th e o re tic a l

w 3-

10'*-

o
£

10'

10~

«  10'
£
S
ё

W~°-

10-9.

10' i 0 - 3,0 2.6 2,2 2.0 1.8 1,7 1,6 1.5
R M S  V O LTA G E

Fig. 1

basis. In  th e  course of our ex am in a tio n s i t  h as  been found th a t  th e  reverse  
c u rre n t of th e  SiC sam ples is ch a rac te ris tic  o f th e  surface b a rr ie rs  and  can  be 
w ell described  b y  th e  follow ing re la tio n :

i — A T 2 exp
8 л  ,» N 0 v

e r f
( 1 )

I t  has also been found  an d  show n b y  T h o r n t o n  too  t h a t  th e  m easured  
d . c. is p ro p o rtio n a l to  th e  e m itte d  e lec tro lu m in escen t lig h t. F rom  th is th e  
co rrec tness of

В  ~  a • exp [l> F 1/4] ( 2 )
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Fig. 2
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would follow . In d eed , th e  m easu ring  d a ta  of T h o r n t o n  w hich w ere re-calcul- 
a te d  b y  us prove also th e  same fa c t  (F ig . 2). F o r th e  sake of com p ariso n  th e  
o rig inal figu re  of T h o r n t o n  can  also he seen (F ig . 1). B o th  fig u res  seem  to  
prove th e  assum ed regu la rities, th o u g h  i t  is u n q u estio n ab le  t h a t  on ly  one 
no tio n  can  be tru e . T h e  agreem ent is n o t su rp rising  ta k in g  in to  consid era tio n  
th a t  in  th e  vo ltage ran g e  in  q u estio n  th e  values —- V'~irZ and  V 1̂  a re  sim ilarly  
chang ing  (F ig . 3). I n  th is  way it  c a n  also be sa id  th a t  every  th e o ry  in  w hich 
the  re la tio n

log B  ce V k (3)

is v a lid  in  case of — V  i V k < [ F 1'4 can  be p ro v ed  b y  these m easu rem en ts . 
This m ean s th a t  in sid e  the  g iven accu racy  of m easu rem en t o n ly  th e  facts 
are know n  and  conclusive in ferences concern ing  th e  m echan ism  can n o t be 
draw n.

N everthe less th e  equa tions (1) a n d  (2) com ple ted  b y  o ther considera tions 
seem  to  be su itab le  fo r th e  d e sc rip tio n  of e lec tro lu m in escen t phenom ena . 
W e hope to  come b a c k  on an o th er occasion  [9] to  th e  m ore d e ta iled  discussion 
o f th is  p o in t.

S um m ing  up  one m ay  say t h a t  th e  d ifferences found  p rev io u sly  betw een 
th e  th re sh o ld  v o ltag es  of th e  in tr in s ic  and  in je c tio n  electro lum inescences 
decreased  to  a h igh degree by th e  dev e lo p m en t o f  th e  ex p e rim en ta l techn ique  
w hich show s th e  an a logy , resp. id e n t i ty  of the  tw o  sep ara te  g ro u p s of p h e 
nom ena. T h eo re tica lly , th e  in accu racy  of the m easu rem en ts  k n o w n  fo r the  
tim e b e ing  allows on ly  q u a lita tiv e  s ta te m e n ts . T h u s th e  v a lid ity  o f th e  various 
theories c a n n o t be p ro v ed  or re fu te d  only  by  a b e t te r  m easuring  tech n iq u e  or 
b y  m ore com prehensive  ex am in a tio n s . The fac t th a t  th e  m easu rem en ts  of 
T h o r n t o n  could be described  w ith  few er co n trad ic tio n s  c h a ra c te ris tic  of th e  
surface b a rrie rs  show s th a t  th e re  m u s t be a d eep er re la tio n  b e tw een  th e  
elec tro lum inescen t phenom ena e x p e rim en ta lly  know n  to  differ from  each  o th e r 
and  th ese  law s.
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ЭЛЕКТРОЛЮ МИНЕСЦЕНЦИЯ ПРИ НИЗКОМ НАПРЯЖ ЕНИИ
Я . В Е Й С Б У Р Г

Резюме

Интринсикционную и инъекционную электролюминесценций обычно различают 
и по расхождению порогового напряжения свечения. Это не имеет основания, так как  
пороговые напряжения в обеих группах, по порядку величин, совпадают. Электролюми- 
несцентные явления на напыленных слоях ZnS при низком напряжении могут быть до
статочно хорошо описаны и закономерностями, характерными для барьеров типа Мотта — 
Шоттки. Подробности, полность и точность экспериментальных данных, известных по 
настоящее время, не достаточны для проверки правильности различных теоретических 
гипотез.
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ON THE REVERSE CHARACTERISTICS OF GERMANIUM
JUNCTION DIODES

B y

A . LŐRINCZY and G. P a t a k i

RESEARCH IN STITU TE FOR TECHNICAL PHYSICS O F  T H E  HUNGARIAN ACADEMY OF SCIENCES,
B U D A PEST

(Presented by G. Szigeti. — Received 7. X II. 1960)

The reverse characteristics of germanium junction  diodes have  been exam ined in the 
tem perature range of 200 — 340° K. It has been found that the reverse current — instead  of 
showing saturation — changes linearly w ith th e  voltage. On the basis of the tem perature  
dependence of the slope o f the linear section the hypothesis th a t we have to do here with  
a shunting effect o f the adsorbed water layer o f som e molecules seem s to be justified . Below  
0° C an activation  energy of 9.1 kcal/m ol appears as the conductivity o f ice, in good agreem ent 
with the corresponding data figuring in the literature. From the tem perature dependence 
o f the defined saturation current a value of 0.70 eV was derived as the gap of germ anium .

I t  is a lre a d y  a w ell-know n fac t t h a t  th e  reverse c h a ra c te ris tic s  o f  d iodes 
an d  tra n s is to rs  are  considerab ly  in fluenced  b y  the  a m b ie n t a tm o sp h ere . This 
effect, as i t  is know n, m eans th a t  th e  d iode  law

í e V

I =  , ’ h

is n o t fu lfilled  in  reverse  d irec tio n , b u t  w ith  increasing v o lta g e  also th e  c u rre n t 
rises m onoton ica lly . So, a p p a re n tly , th e re  is no reason fo r  speak ing  o f s a tu r a 
tion . B u t we sh a ll see th a t  in  som e cases th e  sa tu ra tio n  c u r re n t  can be defined  
a p p ro p ria te ly .

T he in fluence  of m o is tu re  on th e  ch a rac te ris tic s  o f p  — n ju n c tio n s  has 
been exam ined  b y  severa l researchers a n d  m an y  m odels h av e  been p ro p o sed  
for th e  ex p la n a tio n  of th e  ap p earin g  excess cu rren t. A ccord ing  to  A. L. Me 
W horter and R . H . K ingston  [1] the  cause  of the  excess c u rre n t is th e  
“ ch an n e l”  developing  on th e  surface. B u t th is  hypo thesis lead s to  lo g a rith m ic  
v o ltag e -cu rren t ch a ra c te ris tic s . J .  T. Law  [2 ], [3] exp la in s th e  linear c h a ra c 
te ris tic s  b y  th e  ionic co n d u c tio n  of w a te r  adsorbed  on th e  surface. W . T. 
E ricsen  et al. [4] an d  also E . N . Clarke [5] suggest an  e lec tro n ic  co nduc tion  
in s te a d  o f th e  ionic one. A ccord ing  to  th e  m odel suggested  in  artic le  [4] th e  
w a te r lay e r ad so rb ed  on th e  surface of th e  sem i-conducto r show s hole co n 
du c tio n . T he w a te r  m olecules w ork  th e ir  w ay  in to  the  su rface  s ta te s  o f  th e  
sem i-conducto r an d  in  case o f a su ffic ien tly  large covering  form  a “ d iffu se”  
band .
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T he d iff icu lty  o f p rov ing  th e  ionic co n d u c tio n  m odel — as has been p o in 
te d  o u t also b y  R . H . K in g st o n  [6 ] — consists in  th a t  th e  gas fo rm a tio n  o c c u r
r in g  in  case o f ion ic  co n d u c tio n  as m easured  in  w ork [3] co u ld  n o t he re p ro 
d u ced .

I n  th e  m echan ism  describ ed  in  [4] th e  tra n s itio n  of th e  excess c u rre n t 
th ro u g h  th e  oxide lay e r is n o t  c lear.

In  o u r p re se n t w ork th e  reverse  c u rre n t o f en cap su la ted  g erm an ium  
diodes has been  exam ined  as fu n c tio n  of th e  te m p e ra tu re . I t  seems th a t  th e  
m easu rin g  re su lts  can be in te rp re te d  by  su p p osing  ionic co n d u c tio n . In  a d d i
tio n  to  th e  w ork  of L a w , th e  m easu rem en t o f  th e  10—11 A  reverse c u rre n ts  
ren d e red  possib le  th e  e x a m in a tio n  of th e  reg io n  below  0° C to o  and  th e  a p p li
c a tio n  of his m odel also to  ion ic  conduction  ta k in g  place w ith in  ice.

T he m easu rem en ts  h a v e  been  p erfo rm ed  in  th e  200 — 340° К  reg io n . 
T he resp ec tiv e  ch a rac te ris tic s  h a v e  generally  b een  p lo tte d  in  s tep s  of 5 degrees. 
T h e  a d ju s tm e n t o f th e  te m p e ra tu re  h a p p en ed  betw een  2 0 0 — 300° K , as fo l
lows. T he d iode w as p laced  in to  a glass re c ip ie n t filled  w ith  paraffine. T h is

rec ip ien t was im m ersed  in  a D ew ar v acu u m  fla sk  filled w ith  acetone a n d  th e  
te m p e ra tu re  o f  th e  acetone w as being re d u ced  by  dosages o f  d ry  ice. As th e  
diode h a d  th e  sam e te m p e ra tu re  as th e  ace to n e  a fte r a b o u t 2 0  m inu tes, th e  
acetone  w as m a in ta in ed  fo r 2 0  m inu tes a t  a co n stan t te m p e ra tu re  b y  th e  
a p p ro p ria te  dosage of solid C 0 2, under s te a d y  ag ita tin g . T h e  contro l h a p p en ed  
b y  m eans o f a p en tan e  th e rm o m e te r . T he m easu rem en t w as e ffec tuated  in  th e  
d irec tio n  of th e  cooling. In  th e  300—340° К  range  a H ö p p le r  u ltra - th e rm o s ta t  
has been  used . T he te m p e ra tu re  m easu rem en t took  p lace b y  m eans o f a ca li
b ra te d  co p p e r-to -c o n s tan ta n  th e rm o co u p le , fixed  to  th e  diode. The e lec tric  
schem e can  he seen in  F ig . 1. T he m easu red  reverse c u rre n ts  varied  be tw een

E xperim en ta l

Fig. 1
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5.10- 3— 10“ 11 A, there fo re  th e  m e asu rem en t o f  th e  c u rre n t w as p erfo rm ed  
so th a t  a v o ltage  d ro p  was m easu red  on a k n o w n  resitance  b y  m ean s  of a m illi- 
v o ltm e te r  o f 1 0 12 in te rn a l re s is tan ce .

Fig. 2

Experim ental results and their interpretation

T he m easu rem en ts  have been  p erfo rm ed  on  several g e rm an iu m  ju n c tio n  
d iodes. In  th e  follow ing we rep ro d u ce  th e  m easu rin g  d a ta  o f a 1N91 and  a 
1N93 diode.

In  F ig . 2 a ty p ic a l V ( I ) c h a rac te ris tic  is v isib le . I ts  lin ea r  sec tio n  is co n 
sp icuous. In  case o f such  a lin ea r c h a ra c te ris tic  th e  sa tu ra tio n  c u rre n t can be  
defined  in  th e  w ay  v isib le  in  Fig. 2 *

T he te m p e ra tu re  dependence o f  I s d e fin ed  in  th is w ay  can  be seen in  
Fig. 3. On its  basis th e  fo rb idden  b a n d  of g e rm an iu m  can be  defined  a n d  
show s genera lly  a va lu e  of E g =  0.70 eV, in  good ag reem en t w ith  values 
m easured  by  m eans of o th e r  m e th o d s .

On th e  basis o f th e  model suggested  th e  th in  w ater la y e r  adsorbed  on  
th e  su rface is responsib le  for th e  excess c u rre n t. T he resis tan ce  o f  th is  lay e r

* This definition of the saturation  cu rren t has been suggested by D r. Z. B odo .
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can  be defined  on th e  basis  o f  th e  lin ea r  sec tio n  of F ig . 2. T his re s is tan ce  R  is 
th e  rec ip rocal o f th e  inc line . I t  is a p p a re n t th a t  in th e  case o f b o th  d iodes th e re  
is a b re a k  o f a b o u t —8 ° C in  th e  fu n c tio n  R ( T )  (F ig. 4). T h e  single sec tio n s can

be ch a rac te rized  by  th e  ac tiv a tio n  en e rg y  w hich is id en tica l for b o th  d iodes, 
on b o th  sec tions. T he a c tiv a tio n  en e rg y  defined in  th e  low te m p e ra tu re  
region w as found  to  h av e  a value o f  9.1 kcal/m ol. L e t us com pare th is  value 
w ith  th e  a c tiv a tio n  en e rg y  re la tin g  to  th e  c o n d u c tiv ity  o f ice.
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In  th e  223 — 263° C range an a c t iv a t io n  en ergy  o f  21 k ca l/m o l w as obtained  
b y  N. V. R il  [7]. A b ette r  agreem en t seem s to  e x is t  w ith  th e  w o rk  o f R. S. 
B r a d l e y  [8], w ho m easured  a v a lu e  o f  12.3 k ca l/m o l. A fu rth er  agreem ent

m eans th e  fac t th a t  th e  function  X (T )  (К -co n d u c tiv ity ) of B r a d l e y  shows 
a t  a b o u t —6 ° C a de fin ite  b reak  a n d  ten d s to  0° C m ore s te e p ly  th a n  the  
incline of th e  low  te m p e ra tu re  p a r t .  T h e  abo v e-m en tio n ed  fa c ts :  th e  lin ear 
V (I)  ch a rac te ris tic s , th e  incline in d e p e n d e n t of th e  diode ty p e  a n d  th e  value
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fo u n d  fo r th e  ac tiv a tio n  energy  o f ice being  in  su ffic ien tly  good acco rd  w ith 
l i te ra tu re  d a ta  allow  to  d raw  th e  conclusion  th a t  th e  a ssu m p tio n  o f  ionic 
c o n d u c tio n  a t  le a s t be low  0° C is c o rre c t.

T h e  above e x p la n a tio n  m eets w ith  the d iff ic u lty  th a t  th e  ac tiv a tio n  
energy  o f  th e  co n d u c tiv ity  o f w a te r is accord ing  to  th e  l i te ra tu re  d a ta  sm aller 
th a n  th a t  o f ice. In  o u r m easu rem en ts , how ever, w h ere  we are co n cern ed  only 
w ith  a d so rb ed  w ater, th e  ac tiv a tio n  e n e rg y  of th e  c o n d u c tiv ity  o f w a te r  would 
ap p e a r g re a te r  th a n  th a t  o f ice.

In  th e  abo v e-m en tio n ed  ex p e rim en ts  e n c a p su la te d  read y  d iodes have 
been  ex am in ed  so th a t  th e  single p a ra m e te rs  could  n o t  be v aried . I n  fu rth e r 
in v es tig a tio n s  th e  v a lid ity  of th e  ab o v e-m en tio n ed  m odel m ust be  exam ined  
in  open  n — p  ju n c tio n s .

C onclusions

O n th e  basis of th e  te m p e ra tu re  dependence o f  th e  rev erse  c u rre n t of 
g e rm an iu m  ju n c tio n  d iodes th e  fo llow ing  can be conc luded :

1) T he diodes show  in reverse  d irec tion  in s te a d  of s a tu ra tio n , linear- 
c h a ra c te ris tic s  .

2) W e in tro d u ced  an  f s s a tu ra t io n  cu rren t on  th e  basis of th e  te m p e ra 
tu re  dependence  b y  w hich  th e  fo rb id d en  b a n d  o f  germ an ium  could be 
d e te rm in ed .

3) I t  seems th a t  th e  lin ear ch a rac te ris tic s  can  be in te rp re te d  in  th e  region 
below  0° C b y  supposing  an  ionic co n d u c tio n .

4) T he above ex am in a tio n s do n o t  de term ine  u n am b ig u o u sly , w hich of 
th e  m echan ism s lead in g  to  linear ch a rac te ris tic s  ta k e s  place.
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О ХАРАКТЕРИСТИКЕ ГЕРМАНИЕВЫ Х ПЛОСКОСТНЫХ ДИОДОВ 
В ЗАПОРНОМ НАПРАВЛЕНИИ

А. ЛЕРИНЦИ и ДЬ. ПАТАКИ

Резюме

Авторами исследована характеристика германиевых плоскостных диодов в запор
ном направлении в интервале температур 200°—340° К. Найдено, что ток в запорном 
направлении не имеет насыщения, а линейно зависит от приложенного напряжения. 
На основании зависимости крутизны линейной области от температуры очевидно то пред
положение, что речь идет о шунтирующем действии адсорбированного водяного слоя, 
состоящего из нескольких молекул. Для проводимости льда ниже температуры 0° С по
лучена энергия активации 9,1 kcal/mol, что хорошо согласуется с литературными дан
ными. Из зависимости тока насыщения от температуры для ширины запрещенной зоны 
полосы германия получается значение 0,70 eV.
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ÜBER EINE KLASSE DYNAMISCHER GRÖSSEN

Von

A rm in  U h l m a n n

TH EO RETISCH -PH Y SIK A LISCH ES IN ST IT U T  DER K A RL-M A RX -U N IV ERSITÄ T, LEIPZIG, D DR 

(Vorgelegt von K. F. N ovobátzky. — Eingegangen: 21. X I . 1960)

Für beliebige M etrik werden allgem eine dynam ische Grössen defin iert und untersucht. 
Sie  erweisen sich säm tlich  als Zustandsfunktionale im  Sinne von D i r a c . Das Problem  der 
E rhaltungssätze wird diskutiert. Gewisse energieartige dynam ische G rössen liefern in zw eiter  
Näherung zwanglos die N ew tonsche G ravitationsenergie. Beim V orliegen von Raum -Zeit- 
Sym m etrien werden einige dynam ische Grössen vor den anderen ausgezeichnet. Für die 
M inkowski-M etrik reduzieren sich diese auf die zehn allgemeinen In tegrale der M echanik. 
Schliesslich wird gezeigt, dass sich die Vertauschungsregeln der Q uantentheorie für diese zehn  
Integrale in natürlicher W eise auf beliebige dynam ische Grössen und beliebige Metrik erweitern  
lassen.

1. V orbem erkungen

W ir bezeichnen  m it M  das R au m -Z e it-K o n tin u u m  u n d  m it Q, Q', . . . 
seine P u n k te  (» R au m -Z e it-P u n k te« ). M  tra g e  eine R au m -Z eit-M etrik  v o m  
T y p  (-j- — — —), die w ir z u n ä c h s t n ich t n ä h e r  spezifiz ieren . W ir legen n u r  
noch  zum  Zw ecke d e r N o rm ierung  fest, dass ds2 als V era llgem einerung  v o n

c2 dt2 — d x2 — d y 2 — dz2

die physikalische  D im ension  [L2] besitze . L a te in ische  Ind izes lau fen  von 0 bis 3, 
g riechische von 1 b is 3. Die k o v a ria n te  A b le itu n g  werde m it Э, bezeichnet. 
Das w illkürliche V orzeichen  v o n  R ik w erde d u rc h  R ik =  R'i'nk festgeleg t. U n te r  
dem  » O b erflächend iffe ren tia l«  d f k ve rs teh en  w ir das V ek to rd iffe ren tia l

d f k =  -1- g ki° sioilhli Д  d x ‘* Д dxl\

H ierbei b eze ichnet Д die äussere  M u ltip lik a tio n  u n d  den  L evi-C iv ita
T ensor, dv sei das v ie rd im ensiona le  V olum enelem ent.

W ir verw en d en  den  a llgem einen  S to k esch en  Satz n u r  in  der fo lgenden 
F o rm : I s t  a, ein beliebiges V ek to rfe ld , G ein R au m -Z e it-G eb ie t und R(G) se in  
(»rientierter R and , so is t

I ai d f ‘ =  J  a ' a, • dv.  ( 1 )
r \ g ) g
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7ô A. UHLMANN

Sei ü  e ine ra u m a rtig e  H y p e rfläch e . D ie B esch rän k u n g  d e r M etrik  a u f  Q  
in d u z ie rt e ine  M etrik  a u f Q ,  zu  der das Y o lum enelem en t

d v (Q )  =  [ D e t i g ^ V x  (2 )

g eh ö rt, fa lls  x°  =  const, eine G leichung fü r  Q  is t. Bei r ic h tig e r  W ahl d er (w egen 
d e r a u f tre te n d e n  W urzeln) w illkü rlich en  V orzeichen  is t a u f  Q

dv (Ü) =  r), d f ‘ , (3)

falls rji d ie  a u f  1 n o rm ie rte  N orm ale v o n  ü  is t. M an  f in d e t, d a ss  u n te r  
d ieser V o rau sse tzu n g  fü r  e in  beliebiges V ek to rfe ld  а,-

I  «, df ‘ =  I  a i V‘ ' d v (ü ) (4)

2. D efin ition  einer K lasse  dynam ischer G rössen

B e k a n n tlic h  k o rresp o n d ie ren  in  d e r  Speziellen R e la tiv itä ts th e o r ie  (im 
F o lgenden  m it  SR T ab g e k ü rz t)  die zeh n  lin ear u n a b h ä n g ig e n  allgem einen  
d y n am isch en  In teg ra le  (Im p u ls , E n erg ie , D reh im puls, S ch w erpunk tsg rössen ) 
zu einer lin e a r  u n ab h än g ig en  Basis d e r in fin ite s im a len  T ra n sfo rm a tio n e n  der 
L o re n tz g ru p p e . Die L o ren tzg ru p p e  is t d ie  G ruppe d e r iso m etrisch en  T ra n s 
fo rm a tio n e n  d er M inkow ski-M etrik , d. h . einer M etrik , die die B eziehung  
R iknm =  0 e r fü ll t .  Die Iso m e trie g ru p p e  e in e r  genügend allgem ein  gew äh lten  
M etrik  b e s te h t  jedoch  n u r  aus der I d e n t i tä t .

D ie sachgem ässe V era llg em ein eru n g  d e r obigen K o rresp o n d en z  fü r  belie
bige M etrik  is t  n ach  einer Id e e  von  B ergm ann  [1] der Ü b e rg a n g  zur G ru p p e  aller 
e in e in d eu tig en  A bb ildungen  v o n  M  a u f  s ich . Zu den in fin ite s im a len  O p e ra to ren  
dieser n u r  v o n  der T opologie  von  M  u n d  n ic h t von d e r M e trik  von  M  a b h ä n 
genden  G ru p p e  so llten  d a n n  geeignete dynam ische  G rössen  k o rrespond ieren .

B ei e in em  solchen S ta n d p u n k t w e rd en  n a tü rlic h  au c h  im  B ere ich  der 
SR T  u n g e h e u e r  viele neue » dynam ische  G rössen« e in g e fü h rt. Jedoch  h e b e n  sich 
die zehn  a llgem einen  In te g ra le  d ank  d e r besonderen  S y m m etrie  d e r M etrik  
(der sie ih r  D ase in  ü b e rh a u p t e rs t v e rd a n k e n ) aus d ieser M enge so s ta rk  h e rau s, 
dass ih re  f a s t  aussch liessliche V erw endung  in  der SR T  ih re  n a tü rlic h e  E rk lä 
ru n g  f in d e n  w ird.

E in e  e ineindeu tige  A bb ild u n g  a  v o n  M  au f sich is t  eine V o rsch rift, die 
jed em  W e ltp u n k t Q e inen  zw eiten  W e ltp u n k t Qa z u o rd n e t, wobei w ir — wie 
im m er in  d ieser A rbeit — stillschw eigend  genügende R e g u la r i tä t  v o rau sse tzen . 
Die M enge d e r Qa soll w ied e r ganz M  se in . 1 s t /  =  f (Q )  irgendeine  F u n k tio n  
a u f  (e inem  T eilgeb ie t v on ) M ,  so is t o f  d u rch

”f(Q) = r m  (5)
Acta Phys. H ung. Тот. X I I I .  Fase. 1.
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e rk lä r t . I s t  A ein ree ller P a ra m e te r  u n d  je d e m  Я eine e ineindeu tige  A bb ild u n g  
v o n  M  a u f  sich  zu g eo rd n e t, Я —> cr(A), so h ab e n  w ir eine e in p a ram e trig e , a u f  
e inen  kan o n isch en  P a ra m e te r  bezogene G ruppe  gerade d a n n  vo r u n s, w enn

а (Я! +  Я2) =  о  (AJ а  (Я2) (6 )
is t.

W ir b ild en  n u n  e inen  k o n tra v a r ia n te n  V ek to r w iefo lg t: I s t  irg e n d 
ein K o o rd in a ten sy stem , so sind  seine K o m p o n en ten  bezgl. dieses K o o rd i
n a ten sy s tem s  d u rch

=  lim
/.->0

а (Я) x ‘ — x ‘ 
Я ( ? )

gegeben. M an weiss, dass h ie rd u rch  w irk lich  ein V ek to rfe ld  e rk lä r t  w ird- 
E s h e iss t »die zu  cr(A) gehörende in fin ite s im a le  T ran sfo rm atio n « .

M an weiss w eiter, dass es u m g e k e h rt zu  jedem  k o n tra v a r ia n te n  V e k to r
fe ld  genau eine a u f  kanon ische  P a ra m e te r  bezogene G ruppe  <т(Я) g ib t, die 
dieses V ek to rfe ld  zu in fin ite s im a len  T ra n sfo rm a tio n  h a t:

■(A). ( 8)

W ir b e tra c h te n  n u n  den  E nerg ie -Im p u ls-T en so r T ik, \ on dem  w ir z u n ä c h s t 
n u r  die E igenschaften

T ik =  T k i, 8 ' T lk =  0 (9)

fo rd e rn . M it ih m  defin ieren  w ir die dynam ischen  Grössen

P  (a  (A), Q ) =  P  ( f ‘, ß )  =  J  i ‘ T lk d p . (10)
о

D en A usd ruck  (10) f in d e n  wir e rs tm a lig  bei T rautman  [2] im  Z u sa m 
m en h an g  m it der k o v a ria n te n  F o rm u lie ru n g  der zehn  allgem einen  I n te 
g rale  d er SR T.

D er U n te rsu ch u n g  d er A usdrücke (10) is t diese A rb e it gew idm et. E s is t 
zu  b each ten , dass w ir genauer

P  =  P ( ? , Q , g rs, T nm)

sch re ib en  m üssten . Jed o ch  w erden  n u r  g e rad e  d iejen igen  A b h än g ig k e iten  h e r
vo rg eh o b en  w erden , die gerade  in te ressie ren .

3. Die dynam ischen Grössen in der Speziellen Relativitätstheorie

I s t  gik die M inskow ski-M etrik  u n d  £,• eine zu r L o ren tzg ru p p e  gehörende 
in fin ites im ale  T ran sfo rm a tio n , so is t P p ' ,  ß j  =  P ({ ‘, ß 2) fü r irg en d  zwei 
H y p e rfläch en  ß ,  u n d  ß«, (siehe den n ä c h s te n  A b sch n itt) . W ir schre iben  d a h e r 
e in fach  P (? ) .
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T r a u t m a n  [2] h a t b e m e rk t, dass die P ( | ' )  gerade  säm tlich e  L in ea rk o m b i- 
n a tio n e n  der zeh n  e rh a lten  b le ib en d en  G rössen d er SR T d a rs te llen , w enn die 
I ' a lle  in fin ite s im a len  L o re n tz tra n sfo rm a tio n e n  d u rch lau fen . D ies s ieh t m a n  
le ic h t ein, w enn  m a n  b ed en k t, dass in  einem  L o ren tzsch en  K o o rd in a te n sy s te m  
)a‘ j diese £' d u rch

?  =  a‘ +  ß l  x l , ßk l + ß lk = 0  ( 1 1 )

gegeben sind . W egen  der U n ab h än g ig k e it v o n  Q  k a n n  m an  n ach  (3)

P  (£J) =  J  I- T ik d f  =  J' a ' T io d G t  J  ßf x ‘ T ko d * x  ( 1 2 )
x° =  0 x° = 0  x° = 0

sch re iben . Die B eh au p tu n g  is t  u n m itte lb a r  abzulesen .
T r a u tm a n  [2] b em erk te  w e ite r, dass fü r  den  F a ll T\ — 0 fü n f  w eite re  

lin e a r  u n ab h än g ig e  u n d  e rh a lte n  b le ibende G rössen  gew onnen w erden  k ö n n en , 
w enn  m an die die in fin ite s im a len  O p era tio n en  der kon fo rm en  G ruppe der 
M inkow ski-G eom etrie  d u rch lau fen  lä ss t. Es e rgeben  sich so gerade die fü n f 
zehn  aus der K o n fo rm in v arian z  d er E le k tro d y n a m ik  fo lgenden  e rh a lten  b le i
b en d en  G rössen, w enn T jk d e r E nerg ie -Im p u ls-T en so r der E le k tro d y n a m ik  ist.

W ir w ollen zeigen, dass die P ( | , Q) d ie v o n  beliebig bew egten  B eo b ach 
te rn  gem essene E nerg ie  (m indestens) im  B ereich  d er SR T au szu d rü ck en  g e s ta t 
te n . Sei näm lich  ein  B ündel z e ita r tig e r  W eltlin ien  gegeben, dass w ir als B ü n d e l 
d er W eltlin ien  e in e r  Schar be lieb ig  bew eg ter B eo b ach te r in te rp re tie re n  w ollen . 
Sei das n a c h  v o rw ärts  g e ric h te te  Feld  ih re r  a u f  1 n o rm ie rte n  T an g en ten . 
D an n  geh ö rt zu  eine e in p a ram e trig e  G ru p p e  u(A), d e ren  P a ra m e te r  A die 
E igenze it der B eo b ach te r a n g ib t. G enauer, is t  iv eine W eltlin ie  des B ü n d e ls  
u n d  Q ein W e ltp u n k t au f w , so is t w die » B ah n k u rv e«  von o(A) du rch  Q, d. h . 
die M enge aller

Q A b elieb ig .

D ie A b le itung  eines beliebigen K o o rd in a ten sy stem s n ach  A in  R ich tu n g  von  
w  (G leichung (6 )) e rg ib t desh a lb  einfach  u n d  som it

ds =  (x‘ x k g ,,,.)1 2 d l  -  (£‘ £,)4* dX =  dX. (13)

D ie beliebig  bew eg te  S char v o n  B eo b ach te rn  »passiere«  n u n  eine ra u m a rtig e  
H y p erfläch e  Q  u n d  messe zu m  » Z e itp u n k t Q«. die E nerg ie  E .  W ir b e h a u p te n

E  =  J  f ' T jk d f k. (14)
h

Z um  Beweis b em erk en  w ir, dass die E n erg ie  vom  Z u s ta n d  des B eo b ach te rs  
n u r  ü b er die G eschw ind igkeit ab h än g ig  is t. H a b e n  dah er zwei B eo b ach te r zu m
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Z e itp u n k t der M essung die R e la tivgeschw ind igke it N u ll, so m essen sie den 
gleichen E n erg ieb e trag  bzw . die g leiche E nerg ied ich tc . U m  dies au szu n u tzen , 
w äh len  w ir einen belieb igen  W e ltp u n k t Q0 aus Ű  au s. E s g ib t d a n n  eine zu 
einer ze ita rtig en  L o re n tz -tran s la tio n  gehörende in fin ite s im a le  L o re n tz tra n s-  
fo rm a tio n  £ , fü r die

m )  =  m )  (i5 )

g ilt, u n d  w ir können  die B ah n k u rv en  d ieser T ra n s la tio n  als W eltlin ien  einer 
S ch ar von  B eobach te rn  in te rp re tie ren , die sich in  e inem  In e r tia lsy s te m  b efin 
den. Aus (14) und  (4) fo lg t

E  =  J  f '  T ik r/' dv (Q ) , P  (fi) =  j  I  ' T ,k 7]k dv ( ü ) . (16)
£1 Í1

W egen (15) zeig t der V ergleich  der b e id e n  Form eln  (16), dass im  W e ltp u n k t 
Q() die in  den In teg ra len  a u ftre te n d e n  D ich ten  gleich sin d . N ach e in er oben 
g em ach ten  B em erkung  s in d  aber im  W e ltp u n k t Q0 au ch  die be id en  zu  den 
versch iedenen  Scharen von  B eo b ach te rn  gehörenden E n erg ied ich ten  gleich. 
Ü berd ies s te h t als In te g ra n d  von P Q ')  d ie E nerg ied ich te , die zur S ch ar der in 
dem  gew äh lten  In e r tia lsy s te m  sich b e fin d en d en  B e o b a c h te r  g eh ö rt. D a Q0 
belieb ig  w ar, is t

? T lkVk (17)

die gesuch te  E nerg ied ich te  u n d  (14) l ie fe r t die G esam tcnerg ic.
D am it is t gezeigt, dass die G rössen  (10) auch e inen  physik a lisch en  Sinn 

h ab en , w enn kein  E rh a ltu n g ssa tz  v o rlie g t.

4. Erhaltungssätze und ihre K lassifizierung

Sei M 0 ein von d en  H y p e rflä c h en  und  ü 2 b e ran d e te s  R au m -Z e it- 
G eb ie t. (D er o rien tie rte  R a n d  von M 0 sei ü 2 — Üv ) D a n n  fo lg t aus (1)

P  (fl, ß 2) -  P  (f>, Q x) =  j  9' (f* T ki) d v . (18)

U n te r  B erücksich tigung  v o n  (9) w ird d e r  In teg ran d  zu  Т у  0 !
E s fo lg t, dass P ( í ‘, Q) genau  d a n n  eine e rh a lten  b le ibende G rösse is t 

( =  U n ab h än g ig k e it von Q), w enn g ilt:

T,.A. 0 ' f *  =  0 . (19)

In  der M echanik b e s itz t  ein S y s te m  von  m  F re ih e itsg rad en  2 m  u n a b 
häng ige In te g ra le . Jed o ch  n u r  einige (n äm lich  h ö ch sten s zehn) d ieser In te -
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grale  sind  allgemein , d. h . v o n  den  speziellen  E ig en sch a ften  des System s 
w e itg eh en d  u n a b h ä n g ig . D ies k a n n  m an so fo rm u lie ren : E in e  dynam isehe 
G rösse is t  ein allgemeines I n te g ra l ,  w e n n P (£ ',,ß )  eine e rh a lte n  b le ibende Grösse 
is t  fü r  jede  m it (9) v e rträg lich e  W ah l des T ensors Tjk. Die R e la tio n  (9) is t o ffen
b a r  no tw end ig , d a m it  T ik ü b e rh a u p t als E nerg ie -Im p u ls-T en so r eines System s 
in  F rag e  k o m m t.

D a T ik sy m m etrisch  is t , fo lg t d ann  aus (19): D am it e ine  dynam ische 
G rösse P ( | ' , ß )  e in  allgem eines In te g ra l is t, is t

Э' £k +  8* £l =  0 (20)

notw endig und hinreichend (Trautm an  [2]).
E in  V ek to rfe ld , das (20) e rfü llt, he isst K illingsch . D ie K illingfelder der 

S R T  sind  gerade d ie in fin ite s im a len  T ran sfo rm a tio n en  der L o ren tzg ru p p e , so 
dass sich der K re is  schliesst: O bige D efin ition  is t  m it der ü b lichen  im  F alle  
d e r SR T  id en tisch .

M an w eiss, dass ein V ek to rfe ld  g en au  d an n  K illingsch  is t, w enr es 
in fin ites im ale  T ra n sfo rm a tio n  e iner isometrischen  e in p a ram e trig en  G ruppe o(A) 
is t. D ah er sind  die allgem einen  In te g ra le  e in e in d eu tig  m it d er S y m m etrieg ru p p e  
d er R au m -Z e it-M etrik  v e rk n ü p f t.

F ü r  eine genügend  allgem eine  R au m -Z eit-M etrik  d eg en e rie rt jedoch  die 
Iso m etrieg ru p p e  a u f  die id e n tisc h e  T ran sfo rm a tio n . W ir m üssen  schliessen, 
dass allgem eine In te g ra le  be i g ek rü m m ter R au m -Z e it-M an n ig fa ltig k eit eine 
se lten e  E rsch e in u n g  sind. D . h . es g ib t keine »allgem einen  E rh a ltu n g ssä tze« , 
die eine gerad lin ige  V era llgem einerung  d er aus der N ew tonschen  M echanik  
u n d  der SR T  gew ohn ten  a llgem einen  In te g ra le  d a rste llen .

Es zeig t s ich , dass diese a u f  den  e rs ten  B lick  m erkw ürd ige  E rsche inung  
seh r n a tü r lic h  is t .  In  der T a t, u m  von  (19) a u f  (20) zu k o m m en , m ussten  w ir 
T ik in n e rh a lb  d e r  B ed ingungen  (9) geeignet »v ariie ren «  k ö n n en . G enauer, es 
m u sste  genügend viele T ik m it d e r  E igenschaft (9) geben, die als E nerg ie-Im puls- 
T enso ren  in  F ra g e  kom m en. B e tra c h te n  w ir a b e r die A llgem eine R e la tiv itä ts 
th eo rie  (»A R T «), so g ib t es zu  jed e r M etrik  g ik genau einen  T enso r T ik, d e r als 
E nerg ie -Im pu ls-T enso r in  F ra g e  kom m t, n äm lich  den d u rch  die E in ste in schen  
G leichungen gegebenen:

T lk =  x - 4 1 l 2 g lkR - R lk). (21)

D ah er is t eine V aria tio n  d er T ik n u r bei g leichzeitiger V erän d eru n g  der M etrik  
m öglich u n d  d esh a lb  is t d e r Schluss von  (19) a u f  (20) n ic h t d u rc h fü h rb a r: 
(2 0 ) is t h in re ich en d  aber n ic h t no tw endig .

F ü r die A R T  schein t d a h e r  (19) die angem essenere F o rd e ru n g  fü r e rh a lte n  
b leibende G rössen  zu sein u n d  die Teilung in  allgem eine u n d  spezielle In te g ra le
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w ird zu m in d est fo rm al, w enn n ich t sinnlos a u f  G rund  d er d u rc h  die E in s te in -  
schen  G leichung b ew irk ten  R ela tio n  zw ischen  Tik u n d  M etrik .

D ie F o rd eru n g  (19) is t ungleich  sch w äch er als (20). T a tsäch lich  g ilt , 
wie e in fache A rgum en te  aus d er Theorie d e r  p a rtie llen  D iffe ren tia lg le ich u n g en  
e rs te r  O rd n u n g  zeigen, d er Satz: I s t  irg en d e in  V ek to rfe ld , so g ib t es (m in d es
tens) eine reelle F u n k tio n  a m it a ß> 0 so , dass £‘ =  a | ‘ die G leichung (19) 
e rfü llt. E rfü llt  die G leichung (19), so au ch  alle V ek to rfe ld e r ß£l m it

f  T f  . ß  =  0 .  (x)
dxk

D ah er is t ß  =  F(ßv  ß2, ß3), w obei F  belieb ig  u n d  ßv drei a n a ly tisc h  u n ab h än g ig e  
Lösungen von  (x ) s ind . E s g ib t also s te ts  »genügend  viele« V ek to rfe ld er d e ra r t ,  
dass P ( I ',  Q) eine e rh a lte n  b le ibende G rösse is t.

B em erken  w ir noch , dass n ach  O bigem  die S tru k tu r  d er e rh a lte n  b le i
benden  G rössen P ( | ' )  von  d er M etrik  (bzw . v o n  T ik) a b h ä n g t u n d  som it k e ine  
» an  sich« u n d  u n ab h än g ig  von jeg lich e r k o n k re ten  physik a lisch en  bzw . geo
m etrischen  S tru k tu r  gegebene D inge sind .

5. Z u stan d sg rö ssen

Sei Q  eine ra u m a rtig e  H y p erfläch e . I s t  ein K o o rd in a te n sy s te m  d e r 
a r t ,  dass x° a u f  Q  k o n s ta n t is t, so b e tra c h te n  w ir die F u n k tio n e n

und (22)

E ine G rösse A  he isst eine Z ustandsg rösse  (bzgl. der M etrik ), w enn A  au s  den  
F u n k tio n e n  (22) m it H ilfe  von  O p era tio n en  au fg eb au t w erden  k an n , d e ren  
A usfü h ru n g  ohne V erlassen  von  Ü  m öglich  is t. B eispiele: In te g ra tio n  ü b e r  Q, 
D iffe ren tia tio n  n ach  x  . B esonders D ir a c [3] ste llte  im  H in b lick  a u f den  k a n o 
n ischen  F o rm alism us die F o rd eru n g  au f, dass die E nerg ie  e in  F u n k tio n a l des 
Z u standes sein m üsse.

E h e  w ir diese F rag e  fü r  die G rö ssen  (10) b e a n tw o rte n , wollen w ir (22) 
d u rch  T ensoren  erse tzen  u n d  som it eine U n ab h än g ig k e it v o m  K o o rd in a te n 
system  u n d  eine e tw as schärfe re  F o rm u lie ru n g  des B egriffs d e r Z u stan d sg rö sse  
erreichen.

W ir sagen, »ein T enso r sei m odulo Q  b e s tim m t« , w enn  w ir zwrei T en so ren  
aß"  u n d  aß  be re its  d a n n  als gleich b e tra c h te n , w enn sie a u f  ü  ü b ere in stim - 
incn. D. h. es m uss

aß:;; (Q) ----- aß;: (Q) fü r  alle Q fJ-> (23)

6 A d a  Phys. H un.g Тот. X I I I .  Fase. I .
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sein . Z um  B eisp ie l is t das N orm alen fe ld  r)j v o n  Q  n u r m odu lo  ü  b e s tim m t, 
d a  bei der D efin itio n  dieses F e ldes die F rag e  u n in te re ssa n t is t, wie es sich  fü r  
W e ltp u n k te  v e rh ä lt ,  die au sse rh a lb  Q  liegen .

W ir e rse tz e n  nun  (22) d u rc h  zwei m odu lo  Q  b e s tim m te  T ensoren , die n u r  
v o n  Q  u n d  d e r M etrik  a b h än g en . W ir n e n n e n  diese g,k(Q)  u n d  ü ik u n d  geben  
d ie K o n s tru k tio n sv o rsc h rif t [4].

I s t  f]j das N orm alen fe ld  v o n  ß ,  so d e fin ie ren  w ir den  m odulo  ß  d e fin ie r
te n  T ensor durch

S M  =  ëm nr?  rnk (24a)
m it

r\ =  à1- —- rji r f . (24b )

E tw a s  k o m p liz ie rte r  is t die A ngabe von  Q ik. Sei я ,-irg en d e in  V ek to rfe ld , d a s  
a u f  ß  die R ic h tu n g  der N o rm alen  h a t. D . h . is t  tj,- das N orm alen fe ld , so g ib t 
es eine F u n k tio n  а  >  0 a u f  ß  m it

а, — arji =  0 fü r  Q £ ß .
W ir setzen  d a n n

~~ t к =  г" f f  (8„ am +  8 m an) ■ e r 1.

(25a)

(25b)

W ir fin d en , dass , wie im m er w ir а,- gem äss (25a) w äh len , die e n ts te h e n d e n  
T ensoren  Q ik m odu lo  Q  ü b e re in s tim m en .

V ersch w in d e t der T en so r (25b), so is t n a c h  N ew m an  u n d  J a n is  [5] gerad e  
die R osEN sche S ta rrh e itsb e d in g u n g  fü r eine B ew egung m it T an g en ten  rf e rfü llt . 
N ach  B r ill  [6] heisst die M e trik  » ze itsy m m etrisch  bezgl. ß « ,  w enn (25b) v e r 
schw in d e t. D iese r Fall t r i t t  in sbesondere  d a n n  ein, w enn  m an in (25a) a 
K illingsch  w ä h le n  kann . D a n n  is t  Ü  N iv eau fläch e  einer G ru p p e  iso m etrisch e r 
B ew egungen , d . h . s ta tio n ä r .

N ach  d ie se r V o rb ere itu n g  b e tra c h te n  w ir m in eine beliebige d y n am isch e  
G rösse

p =  J T ,k d f k =  J  f '  T ik nk • de (Ű ) . (26)
h d

O ffenbar is t P  ein  Z u stan d sfu n k tio n a l, w enn  es die D ich te

U =  TikVx (27)

is t . b e s itz t g en a u  eine Z erlegung

^  =  ßrf  +  ß‘ m it ß' rji — 0 . (28)

Bei gegebenem  Q is t d u rc h  ß  und ß' b e s tim m t. S etzen  u i r

«1 =  v ‘ T ,k r)k . U2 =  ß ‘ T lk y k’ (29)
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so h ab en  w ir
и =  ß u 1 -f- u2. (30)

B eim  B estehen  d er E in ste in sch en  G leichungen sind  iij u n d  u2 ta tsä c h lic h  
Z u stan dsg rössen . In d em  w ir ß (und  ß ‘) a ls vorgegeben , die Grösse P  c h a ra k 
te ris ie ren d , b e tra c h te n , is t  daher P  e ine  Z ustandsgrösse!

U m  dies n äh er darzu legen , b e tra c h te n  w ir zu n äch st das F o lgende: D ie 
R aum -Z eit-M etrik  in d u z ie rt au f Q  eine M etrik , so dass w ir Q  als einen  R ie m a n n 
schen R a u m  ansehen k ö n n en . W ir k ö n n e n  d an n , ohne Q  zu  verlassen , a u f  Q  
einen S k a la r b ilden , den K rü m m u n g ssk a la r  R (Q ) .  R ( ü )  is t  eine Z u stan d sg rö sse .

D u rch  A usrechnen  f in d en  w ir b e im  B estehen  d er E in s te in sch en  G lei
chungen  die folgenden F orm eln :

" , =  l  R ( ^ )  +  ~  -  (31)

u2 =  ~ ß k { Q j Q { - Q k Q>). (32)
2 y.

(31) sieh t m an  sofort an , dass ux Z u stan d g rö ssc  is t, bei (32) ze ig t ein  genaueres 
B e tra c h te n , dass m an z u r A usrech n u n g  m it D iffe ren tia tio n en  in n e rh a lb  ü  
au sk o m m t. E in e  ausfüh rliche  H erle itu n g  f in d e t sich in  [4], eine n ich t völlig  
k o v a ria n te  F o rm u lie ru n g  bei B rill [6 ] .  (D u rch  ein V ersehen  h a t  sich in  die 
A rb e it6 ein  fa lscher Z ah len fak to r e ingesch lichen . Die V o rze ich en u n tersch ied e  
e n ts teh en  d u rc h  andere als die in d ieser A rb e it v e rw en d e te  K o n v en tio n en .)

6 . Die G rav ita tio n sen erg ie

E ine  M etrik  is t s ta tis c h , w enn es zw ei F u n k tio n en  f  u n d  h so g ib t, dass

Í ' - h ■ gik d-f m it > 0  (33)
Qxk

ein ze ita rtig es  K illingfeld is t . Die d u rc h  f  — const, gegebenen H y p e rfläch en  
sind  d ann  z e ita r tig  und  s ta tio n ä r . D a K illingsch  ist, h ä n g t die zugehörende 
dynam ische  G rösse nicht v o n  der W ahl d e r  H y p erfläch e  ab , w eshalb  w ir eine 
s ta tio n ä re  z u r  B erechnung  w äh len  k ö n n e n . E s  is t d ann  Q ik == 0 u n d  (31) bzw .
(32) v e re in fa ch t sich zu

u 1 =  - L f í ( f i ) ,  u2 =  0 . (34)

D ah er ist

P ( S ') ' \ ß R { Q ) d v ( Q ) ,  ß ?  ,h . (35)
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W ir w e n d e n  dies a u f  ein  in  N ew to n sch er N äh eru n g  b es tim m tes  L in ien 
e lem en t a n . B eze ich n e t A  d en  L ap lace -O p e ra to r, g rad  d en  G rad ien ten  des 
3 -d im ensiona len  euk lid ischen  R aum es und  p eine vorgegebene M assen v erte i
lu ng , so i s t  d a s  N ew tonsche P o te n tia l  d u rc h

Acp =  4 луд  , lim  cp =  0 (36)
Г —* ca

b e s tim m t. W ir se tzen  m  =  j Q d3x. D ie v e rsch iedenen  N äh eru n g sv erfah ren  
lie fern  d a n n  e in e  M etrik  d e r  G esta lt

A d x 02 — B  ôVfi d x v dx'1
m it

A  =  l  +  y> +  Лу>2 +  ■■■ ,

В  = 1  — ip +  [iip2 +  ,

2 w
w — —

c2

D as K illin g fe ld  is t  in  d em  vorliegenden  K o o rd in a te n sy s te m  einfach  d u rc h  
£' =  ào g egeben .

W ir b e re c h n e n  alles b is zu r zw eiten  O rd n u n g  in  гр u n d  v e rn ach lässig en  
alle G lieder, d ie  in  ip von  m ind esten s d r i t te r  O rd n u n g  sind . D a sich zeig t, dass 
R (Q )  k e ine  G lieder О-te r O rd n u n g  b e s itz t, b rau ch en  w ir

(37a)

(37b)

ß d V ( ü )  =  11A  B 3 d3 X

n u r  bis zu r e rs te n  O rd n u n g  au szu rech n en :

IÍAAB3 =  1 — у  +  . . .  .
N un  ist

B R  (Q) =  -  2 В  -1 A B  +  y  B (grad В ) 2,

und  d ah e r in  un se re r N äh eru n g

B R  (Q )= 2  Axp — 2[à. Axp2 +  Ay> -)- 2 (g r a d R )2.

(38a)

(38h)

(39a)

(39b)

Aus (38b) seh en  w ir, dass bis zu G liedern  e rs te r  O rd n u n g  В  g le ich ]/A B 3 is t .  
D a R(i2)  v o n  e rs te r  O rd n u n g  is t, fo lg t

ß R  (Q) dv (Ü) | 2 Aip — 2/л Aip2 -\- Aip 4- — (g rad  тр)2 1 d3 X. (40)
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U n te r B each tu n g  von

Aip2 =  2ip Aip -f- 2  (g rad  ip)2 

se tzen  w ir (40) in  (35) ein  u n d  e rh a lten

P  (! ')  =  —  J Aip d3 X -f -  —  J [rx (g rad  ip)2 r2 ip Aip] d 3 x +

m it

B each ten  w ir 

so h aben  w ir

r x = ------- 2 /г, т 2 =  1 — 2  f i .
4

I ip Aip d3 x  = — j (g rad  ip)2 d3 x  ,

1

4 k
(grad ip)2d3x

(41)

(42)

(42a)

(43)

D a die K oeffiz ien ten  Я und  /и herausgefa llen  sind, k o m m en  w ir zu dem  
e rs tau n lich en  E rg eb n is : D ie G lieder von h ö h ere r als der ersten O rdnung  in 
ip =  2 (p/c2 d e r M etrik  (37) h ab e n  keinen  E in flu ss  a u f  die G rösse P ( | ‘) b is zu r 
zweiten  O rd n u n g  in  ip.

D er K oeffiz ien t pi reg e lt n ach  (42) o ffen b ar die lokale  V erte ilung  d er zu 
P ( I ')  gehö renden  D ichte .

Die w eitere  A usrechnung  v o n  (43) e rg ib t einfach

P  ( £ ' )  =  mc2 — - - - -  Г ( g r a d  <p)2 d3 x  +  . . . . ( 4 4 )
8 n y  J

D as nach  O bigem  d u rch  die G lieder e rs te r  O rdnung  der M etrik  b es tim m te  
G lied zw eiter O rdnung  v o n  P ( | ‘) is t e in fach  die N ew tonsche G ra v ita tio n s 
energie.

Form el (43) g e s ta tte t  ein w esentliche V era llgem einerung , w enn m an  als 
A u sg an g sp u n k t der A p p ro x im a tio n  n ich t d ie  M inkow skische sondern  eine 
beliebige M etrik  v e rw en d e t. G ilt fü r  die b e tra c h te te  H y p e rfläch e  Q ik =f= 0, 
so tre te n  in  (43) noch zusä tz liche  T erm e au f. F ü r  dieses P ro b lem  siehe [4].

7. Vertauschungsregeln der Quantentheorie

W ir h ab e n  bere its  be i d er D efin itio n  d er G rössen P (£ ', ü )  b e m e rk t: 
D u rch  die A n nahm e, dass die ein  beliebiges V ektorfeld  b ild en , w erden m it 
N o tw end igkeit auch  im  B ereich  der SRT n eu e , üblicherw eise n ic h t defin ierte
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G rössen e in g efü h rt. B e tra c h te n  w ir n u n  die Q u a n ten th eo rie  und  legen  u ns 
d abei a u f  das H eisenberg -B ild  fest. D ie zehn  O p e ra to ren , die zu  den a llge
m einen  d y n am isch en  E rh a ltu n g sg rö ssen  gehören , u n te rlieg en  V ertau sch u n g s
regeln . D a h e r  m üssen , w en n  P ( | , Q) den  zu r b e o b a c h tb a ren  Grösse P ( | ' ,  Q) 
g eh ö ren d en  O p e ra to r  b eze ich n et, au ch  die P ( | ‘, Q) irgendw elchen  V e r ta u 
schungsrege ln  un te rlieg en . W enn  w ir an n eh m en , dass d iese V ertau sch u n g s
regeln  n ic h t  vom  speziellen  p h y sik a lisch en  S ystem  ab h ä n g e n , sondern  ä h n lic h  
wie die zu  E nerg ie , Im p u ls , D reh im pu ls u n d  S chw erp u n k tsg rö ssen  gehörenden  
n u r  m it d e r  G eom etrie d er R au m -Z e it v e rb u n d e n  sind , so sch e in t es n u r  eine  
M öglichkeit e iner fo lg erich tigen  V era llgem einerung  zu  geben .

N eh m en  w ir z u n ä c h s t die SR T. I s t  ein K illin g v ek to r, so is t P ( l ‘) eine 
L in ea rk o m b in a tio n  des O p era to rs  des E n erg ie -Im p u ls-V ek to rs  P, u n d  des 
D reh im p u ls ten so rs  M ifc. E s is t

P  (£') =  an P n +  ß nm M„m (45)
-p o ll  tj

£ ‘ =  cd +  ß ‘k x k (11)

is t. D a die i P ( f ‘) eine D ars te llu n g  d er L ie-A lgebra  d e r L o ren tz -G ru p p e  
sind , is t

i [ P ( f ') .  P ( V ) ] = P ( C 0  (46)

m it einem  gew issen K illing fe ld  £'. D ie k o n tra v a r ia n te n  K illingfe lder r e p rä s e n 
tie re n  a b e r gerade d an n  die L ie-A lgebra d er L o ren tz -G ru p p e , w enn m an

C1' rf (47)

se tz t. M an s ieh t dies so fo rt, w enn m an  die G leichung

a
д х ‘ дх'

- ,  n
8

ЭР
(47a)

b e tra c h te t ;  denn  die Z u o rd n u n g

а  (Я) I' д  7 <p
д х '

is t eine tre u e  D ars te llu n g  d e r 'L ie -A lgeb ra  im  R au m  d e r Skalare. B em erk en  
w ir no ch , dass (46) u n d  (47) alle V ertau sch u n g sreg eln  zw ischen den  P, und  
M,-fc lie fe rn .

A us (47a) s ie h t m an  le ic h t die fo lgende T a tsach e : S ind  ! ' und r / beliebige 
k o n tra v a r ia n te  V ek to rfe ld e r, so w ird  d u rc h  (47) e in  k o n tra v a r ia n te s  V e k to r
feld t ! gegeben; die B ild u n g  (47) is t k o o rd in a te n u n a b h ä n g ig  u n d  u n a b h ä n g ig  
von  d er M etrik . T a tsä c h lic h  k a n n  m an  zeigen, dass die k o n tra v a r ia n te n  V e k to r
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fe lder zusam m en m it der gew öhnlichen  A d d itio n  u n d  der O p e ra tio n  (47) ( =  Lie- 
M ultip lika tion ) eine treu e  D ars te llu n g  der L ie-A lgebra d er G ruppe  aller e in 
e in d eu tig en  (genügend regu lä ren ) A b b ild u n g en  von  M  a u f  sich  b ilden .

F ü r eine F e ld theo rie  m it einem  lokalen  (p seudo-)skalaren  Feld  k ann  m an  
re la tiv  le ich t zeigen, dass g ilt [4]: I s t  Q  eine beliebige ra u m a rtig e  H y p erfläch e  
u n d  I ',  yf zwei beliebige V ek to rfe lder, so g ilt bei belieb iger M etrik

i [P (ff, Ü ) , P  (Vj, Ü)] =, P  (ff, ü )  , (48)

wobei Í ' d u rch  (47) gegeben is t. D abei is t

P ( f ' , ß )  =  J f ' T №d/* (49a)
ü

u n d  die L ag ran g e -F u n k tio n  von der G esta lt

L  - 3 ' cp • 8 , q> +  X  ak <pk (49b)
angenom m en w orden.

Die v erm u tlich e  allgem eine G ü ltig k e it von (48) w ird  auch  d a d u rc h  
g e s tü tz t, dass (wie in der T heorie  d er geom etrischen  O b jek te  gezeigt w ird) 
d ie  V orschrift (47) die einzige M öglichkeit is t , aus zwei gegebenen V e k to r
feldern ohne Z uhilfenahm e w eite re r F e ld er (M etrik , a ffin e r Z u sam m en h an g  
u . ä.) ein d r itte s  k o n tra v a ria n te s  V ek to rfe ld  au fzubauen .

Sind u n d  rj K illingsch , so is t  a u c h  ein K illingfeld  u n d  die in (48) 
s teh en d e  A bhäng igkeit von  ü  is t n u r  sch e in b ar.

Zum  Schluss wollen w ir noch b em erk en , dass für ein d u rc h  (49) defin iertes 
F e ld  überdies

i [P ( f f ,  Ü), cp] =  ?  9 cp fü r Q Ç Q  (50)
dxl

g ilt. (50) b e s itz t eine V era llgem einerung  fü r  n ic h t skalare  q u a n tis ie rte  F e lder, 
die im  Falle der SR T m it den  üb lichen  R egeln  iden tisch  is t [4].
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ОБ ОДНОМ КЛАССЕ ДИНАМИЧЕСКИХ ВЕЛИЧИН
А . У Л Ь М А Н Н

Резюме

На некотором множестве пространства времени определяется и исследуется кла ' с 
динамических величин. К ак классически, так и квантовомеханически определяется связь 
данного класса со специальной теорией относительности. Принимая во внимание кано
нический формализм, приходим к заключению, что эти величины являются функциями 
состояния. Найдутся рациональные законы сохранения. В приближении Ньютона 
однозначно получается сдвиг гравитационной энергии. Координатные системы приме
няются исключительно для проведения вычислений.
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ON THE HIGH ENERGY BEHAVIOUR OF THE PION 
-  NUCLEON ELASTIC SCATTERING AMPLITUDE

By

G. D o m o k o s

CEN TRA L RESEA RCH  IN STITU TE FOR PHY SICS, BUDAPEST 

(Presented by L. Jánossy. — Received 15. X II. 1960)

The kinem atics of the л  N  elastic scattering is tre a ted  in the quasiclassical approxi
m ation. I t  is shown th a t  if a quasiclassical lim it exists, th en  spin-effects become negligible a t  
sufficiently high pion energies, independently  of other details of the in teraction . In  sec. 3 an 
asym ptotic representation  of a function defined by m eans of a H ilbert transform  is given. 
The la tte r  is made use of to  derive th e  asym ptotics of th e  71 V forward scattering  am plitude 
(sec. 4). The possibility of testing the results experim entally is discussed (sec. 5).

1. In tro d u c tio n

The s tu d y  o f th e  n N  s c a tte r in g  am p litu d e  a t  high energ ies, above, say , 
2 GeV — is d ifficu lt fo r several reasons. F irs t o f  a ll, th e  high n u m b e r of p a r tia l 
w aves req u ired  to  describe th e  sc a tte rin g  ren d e rs  a usual p h ase  sh if t analysis 
a lm o st hopeless. Second — a to p ic  which is o f  cen tra l im p o rta n c e  in  low  
en erg y  p ion  physics — th e  check  o f th e  v a lid ity  o f  d ispersion  re la tio n s  m ee ts  
w ith  a n o th e r d iff icu lty , n am ely , th e  num erical ev a lu a tio n  o f d ispersion  in te g 
ra ls  is d ifficu lt in  v iew  o f th e  la rg e  energy reg io n  invo lved . B esides o f th is , 
th e re  are  certa in  “ g ap s”  in  th e  exp erim en ta l m a te r ia l av a ilab le  a t  p re sen t 
(no p o la riza tio n  ex p erim en ts  a t  h igh  energies e tc .)  w hich p ro b a b ly  w ill n o t be 
filled  in  in  th e  v e ry  n ear fu tu re .

I n  th e  p re se n t w ork  we sum m arize  th e  f i r s t  resu lts  o f a n  in v es tig a tio n  
w hich aim s a t  f in d in g  som e usefu l expressions w h ich  can be c a lcu la ted  n u m eri
ca lly  an d  checked ex p e rim en ta lly . T he m ain “ t r ic k ”  has a lw ays been  to  fin d  
an  a sy m p to tic  re p re se n ta tio n  fo r th e  sc a tte rin g  am p litu d e  an d  for its  real 
p a r t  as expressed  b y  m eans of a d ispersion re la tio n . The basic  a ssu m p tio n  of 
o u r w ork  is th e  ex is ten ce  of a — fin ite  — sem i-classical l im it  o f  th e  phase  
sh ifts  as th e  p r im a ry  energy o f in c id e n t pions te n d s  to  in fin ity .

T he la t te r  is a stro n g er re s tr ic tio n  th a n  th e  usual one (scil. th a t  to ta l  
cross sections te n d  to  a c o n s ta n t v a lu e ), h u t in tu it iv e ly  i t  seem s to  be a ra th e r  
p lausib le  one and  is su p p o rted  b y  some ex p e rim en ta l ev idence: th e  semi- 
c lassical phase sh ifts  ca lcu la ted  b y  S e b e s t y é n  a n d  th e  a u th o r  [1] do n o t 
show  an y  sy s tem atic  ten d en cy  from  1,4 to  6 , 8  GeV pion k in e tic  energy in  
th e  L. S.
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W e h av e  to  re m a rk  here  th a t  th e  q u es tio n  of convergence of th e  a sy m p to 
tic  ex p an sio n s is n o t  even  to u ch ed  a t  in  th e  p resen t w o rk . W e re g a rd  th em  
ra th e r  as a sy m p to tic  re p re se n ta tio n s  w h ich  m u st be b ro k e n  off w hen th e  term s 
cease to  decrease. In  n u m erica l c a lcu la tio n s  we never w e n t beyond th e  lead ing  
te rm  o f th e  expansion .

2. K ineinatical considerations

T he sc a tte r in g  a m p litu d e  in  th e  C. M. S. can  be w ritte n  as follow s [2]:

f  =  A  +  ~  И ' ) И ) / 2- (2,1)
r

(W e o m itte d  isobaric  indices.)

a n d / 2 possess th e  follow ing p a r t ia l  w ave ex p an sio n :

f i  =  2 ’/ /+  p 'i+i (x ) -  2 7 /  -  p 'i-i (x ) .Z=0 / = 2

/ . =  i  ( / / - - / / + ) Pl(*)> (2,2)
/=1

f i±  =  (2  jg )_1 (exp 2 i d ,± — 1).

I f  b o th  in itia l an d  fin a l nucleons are  unpo larized , th e  d ifferen tia l cross section 
tu rn s  o u t to  be

d ~  =l/i + */a;2 + v ( i - * 2)l/2|2. (2’3)dl  4

I n  o rd e r to  in v e s tig a te  th e  h igh -energy  b e h a v io u r  of these  expressions, 
we tra n s fo rm  th e  f ir s t  te rm  o f eq . (2, 3) as follows.

M aking  use o f th e  id en titie s :

lPl (x) =  x P ’l ( x ) - P ' l_1(x) ,

(l +  1) Pi (x ) =  p ; +1 (x ) -  x p ;  ( x ) ,
one fin d s :

/ 1  +  x h  =  2  P, (x ) ((/ +  1 )/,+  +  / / , - ]  (2,4)
/=0

w ith  / 0_ =  f 0+.
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W c now  use th e  a sy m p to tic  re p re se n ta tio n  o f  th e  Legem lre po lynom ials 
a n d  th e ir  f ir s t  de riv a tiv es:

P,  (cos 0) ~  To
I '  +  \

J sin d 9

P'l (cos &) ~ l + —  I c t g t f J , l + - sin &
2  / 2 )

a n d  in s te a d  o f th e  v a ria b le s  j ,  l, we go over to  th e  im p a c t p a ra m e te rs  (p) 
a n d  m o m en tu m  tra n s fe r  (x ), and  in te g ra te  over p in s tead  o f su m m in g  over l :

p =  q 1

я  =  2q sin  —  ~  q d .
■D
2

T h u s , f [± will depend  on tw o  co n tin u o u s v a riab le s  in s tead  o f j  an d  /, n am ely  
one  has to  rep lace  j  b y  q g a n d  q(g — ç-1) i n / (+ a n d / ,_ ,  re sp ec tiv e ly .

T hen :

f i +  ~ f ( e >  q)

a f ( y , e )

a n d

( i  —  ж») j* — - r

4
9j

00

! f э f ( y ,  g)J ay ,

+  0 ( r 2)

J 1 (p*) в dg =  0  ( 1 ) ,
у=в

к hile

P u ttin g  

we fin d

l / i  +  x f ,  I ~  4 q* f / ( p ,  o) J u ( g x )  g d e  |2 =  0 (q-).
0

f ( g ,  g) (2 iq) _1 [exp 2  i d  (p) 1 1

da
dO

q2 [ (exp  2 i ô (p) 1) J 0 (gx) p dp 2, (2,5)

i e. we have verified  our c o n je c tu re  expressed  in  [1 ] ab o u t th e  sp in  in d ep en d 
ence o f th e  d ifferen tia l cross section  in  th e  sem i-classical lim it.

Acta Phys. Hung. Тот. X I I I .  Fasc. 1.



92 G. DOMOKOS

W e tu rn  n e x t  to  th e  sem i-classical w ave ex p an sio n  of th e  d iffe re n tia l 
cross sec tio n . The fo rm u la  to  be fo u n d  is th e  analogue o f  eq. (2.5) o f  B i e d e n -  
h a h n , B latt  an d  R o se  [3].

W e w rite  eq. (2, 5) in  th e  fo llow ing  form :

oo

w ith

da

d.Q
q2 j gdg  j g ' d g ' t ( g ) t *  ( g ' ) J 0 ( g x ) j 0 (g'x)  

о 0
(2,5>

t (g) =  ex p  2 i ô (q) — 1 .

F u r th e r , we ex p an d  th e  p ro d u c t o f  th e  Bessel fu n c tio n s  occurring  in  (2,5) as 
follow s:

•M e*)-M e'* ) =  f c  ( e .e 'f )  Л  (£ * )£ # •
o

C(q, q\  I) can be found w ith help o f  W atson’s integral formula [4].

C (q , q ' ,  i)  =
(2л) ![(p +  g' +  I) ( q + g' — Í) (g — g ’ +  I) (— g +  g'  + 1)]“1'2

if  o, g ' , f  fo rm  a trian g le ,

0  o th e rw is e .

In se r tin g  th is  in to  (8 ')  we o b ta in  th e  desired  ex p an sio n  for th e  d iffe ren tia l cross 
sec tio n :

oo

E q . (2,6) can  be u sed  to  e x tra p o la te  th e  d iffe ren tia l cross section  to  fo rw ard  
s c a tte r in g  i f  one know s i t  e x p e rim e n ta lly  for sm all b u t  fin ite  angles [5]. 3

3. Asym ptotic representation of Hilbert transforms

W e are going to  derive  an  a sy m p to tic  re p re se n ta tio n  for a H ilb e r t  t r a n s 
fo rm . T h e  re p re se n ta tio n  to  be fo u n d  w ill be useful n o t  only for th e  t r e a tm e n t  
o f  th e  fo rw ard  s c a tte r in g  am p litu d e  b u t  for m ore general p rob lem s as w ell,
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w hich  we w a n t to  deal w ith  in  su b seq u en t p ap e rs . Therefore we p re sen t th e  
m a te ria l o f th is  sec tion  in  som e d e ta il.

C onsider th e  fu nc tion  F(x)  o f a rea l v a ria b le  defined by  th e  following 
re la tio n :

_  P f  / ( * ' )  dx'
71 J x '  — X 

0

w here f(x ')  is a fu n c tio n  such  th a t  all occurring  in teg ra ls  exist. (F o r sim plic ity  
we assum e th a t  / ( y) =  0(y- 1) as x  —> oo. T his co n d itio n  is su ffic ien t for ou r 
purposes.)

L e t х г be a q u a n ti ty  such th a t

0 <C *i <C * 00 (3,2)

F ( x )

a n d  sp lit th e  in te g ra tio n  in te rv a l co rresp o n d in g ly  in to  tw o p a r ts :

^  1 Г / ( * ')  dx '  
л  J  x '  — X

ü_ Г Я *')dx' .
n  J x '  — X

Xi
(3,1')

E x p an d in g  the d en o m in a to r of th e  f irs t  in teg ra l in  a pow er series gives

1  ?  f i x ' )  dx '
71 J  x ’ — X

0

1 "—  V 1 /ç—ft+l) 
7t fc = o

0

dx  . (3,3)

F o r th e  t r e a tm e n t of th e  second in te g ra l we assum e th a t / ( x )  can  be expanded  
in to  an  a sy m p to tic  pow er series a ro u n d  x =  an d  th a t  th e  la t t e r  converges 
fo r Yj x  °°  :

/(* ')  =  2 X * 1- ” (3,4)n = loo
an d  assum e th a t  2J an ex ists.

П= 1
In se rtin g  th is  expansion  in to  th e  second in te g ra l, a fte r an  e lem en ta ry  

te rm  b y  te rm  in te g ra tio n  we are le f t w ith  th e  expression

P Г /  (pc') dx'
7t  J X '  — X

Xi

1 °° n — 2  n —j — 1 r n - 1

2  —  : * т71 л = 2 j =  О =  1 n — J — A

k— n

1 , X — X,
------- In

n = l
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Неге С™к is a tr in o m ia l coeffic ien t:

hk j l k l ( n —j — k)l

C om bin ing  th is  exp ression  w ith  th e  p rev io u s one, we fin d  th e  re q u ire d  a sy m p to 
tic  re p re se n ta tio n  fo r  F(x)  valid  fo r x  x x '.

F ( x )  =  -  —  j g x r - f i + V  I x ' k f ( x ' ) d x '  -  —- In  -  — j g a n 
71 &= о J  71 X }  n  — 1

0
1 CO n— 2 n—j — 1 f n  — l

+  - > ’ « „ (  2  2  - /:r L- Гл  n= 2  7=0 k= 1 n —J — 1

(3,5)

In  an  analogous m an n er, if  G(x) is defined  b y  th e  re la tio n

G (x) =  - \ d x  g (*')
л  .! t л:' — л:

1

ï ' - f - *
(3,6)

w ith  g(*) =  0 (1 ) as x  —>■ °o and for x  >  х г it  can  b e  ex p an d ed  in to  an  a sy m p 
to tic  p o w er series

g (x) =  2 ’ bn x~n (3,7)
n  =  0

( 2 /  bn e x is ts ) , th e n  we f in d  the  re p re se n ta tio n : 
n=o

G ( x )  = V 1 x ~ I  g (ж') д;'2* dx ' -(- - ln
Л к - о 71 X — ДСХ п=о

+
- i l  2 /  £ 2 1

71 j ,
V  Л а-2' 1 V  X ’ 2m + 1> 02/+1*1  _ _  > ■ , Г ,

7=о п=о 2 I — j  ' *

2(1—т)

(3,8)

w here [о] is th e  “ in te g e r p a r t  of о” , i. e. th e  la rg es t in teg e r w hich is less th a n  a, 
w ith  [0 ] =  0 .

O ne can  easily  show  th a t  i f  х г is in  th e  in te rio r  o f  th e  convergence d o m a in  
o f  (3,4) (resp . (3,7)), th e n  the  lead in g  te rm  of th e  expansion  is in d e p e n d e n t 
o f x v

O ne can fu r th e r  generalize all th e  p rev ious re su lts  if  f ( x )  is o f th e  form

/ ( * )  =  - £ „ ) / „ ( * )
n = 1

(3,9)
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and /„(a:) can  be ex p an d ed  in to  an  a sy m p to tic  p o w er series. T his g en e ra liza tio n  
is com ple te ly  tr iv ia l an d  we do n o t  w rite  dow n th e  co rrespond ing  fo rm ulas 
ex p lic itly .

4. A sym ptote of th e  forw ard  sca tte rin g  am plitude

W e now  tu rn  to  th e  in v es tig a tio n  o f the  p ion-nucleon  fo rw ard  sc a tte rin g  
am p litu d e .

F irs t o f all we re m a rk  th a t  a sy m p to tic a lly  th e  to ta l cross sec tions of 
л +р  an d  л ~p sc a tte rin g  are  equal, p ro v id ed  b o th  o f  th e m  te n d  to  a c o n s tan t 
i f  <7, —>-oc. This follow s from  an  o b v ious g en era liza tio n  of P o m e r a n c h u k ’s 
th eo rem  on th e  a sy m p to tic  eq u a lity  o f  p p  and p p  to ta l  cross sec tio n s [6 ], see 
also [7].

I n  consequence o f  th is , the  d ispersion  re la tio n  fo r th e  ch arg e  exchange 
a m p litu d e  needs no su b trac tio n .

So we can w rite  th e  d ispersion re la tio n s  for th e  forw ard  sc a tte r in g  am pli
tu d e  in the L.  S.  as follow s (s ta n d a rd  n o ta tio n s  a re  used):

ReA :s . (>’) =  Ref t k  (/*) +  2 /2 V, V* -- у

R e j t i  M  =

2 л 2 J
dv' v' q' a (+>(>’ ) /о 9 у  * — 71“

R

2P v vP
( d v '  ?

' (/• 1 (V')

2 - 4 2 л 2 J j/ 2  — v 2

.2
В -  »’в

1 1
(4 ,1)

w ith  vB =  — /í2/ 2 M .

L e t us choose v1 in  such a w ay  th a t  for v' vv o'-+\v ')  s > ( i =  const., 
t  \ v ’) 0. T hen , m ak in g  use o f  (3,5) o f th e  p rev io u s section  th e  lead ing
te rm s o f  th e  a sy m p to tic  expansions o f  R e j^  ()') a re  given b y  th e  follow ing 
expressions:

R e f t 1L . S . П - R e f i t  (ß) 2 Я  »в _ —  In fl ^ vi j
p 2 — 4 (2л)2 p  - vi

P  Г dv' q' v' <j ( t v ) 
2 л 2 J  v'2 — p 2

4

avi
^  2 л 2

( 1, 2 )

R e f t H * )  ~  v ' 1 2  p -  —  I
2 л 2 J

v\
dv'  (v1) q' (4,2)

R
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T h e am p litu d es  in  th e  C. M. S. are  g iven  b y  / с м .  =  Af • s.i w here W
is th e  to ta l  en erg y  in  th e  C. M. S. a n d  M  is th e  n u c leo n  m ass. W e see a t  once 
th a t  Refc^M.  =  Ot(lF_1), И е /с м  =  ( IF -3), i- e. th e  fo rw ard  ch arg e  exchange 
a m p litu d e  decreases v e ry  ra p id ly  w ith  increasing  energy . (N ote t h a t  v, th e  
en e rg y  o f  th e  in c id e n t p ion  in  th e  L . S ., is co n n ec ted  w ith  W  acco rd in g  to  th e  
fo rm u la

v =  (2 M ) - 1 (IF 2 -  M 2 -  p )  ~  IF 2/2 M ).

F o r  th e  n u m erica l e v a lu a tio n  o f  (4,2) th e  fo llow ing values h av e  been 
ch o sen :

p  =  0,08

a =  28,0 mb , 

v t = 1 5 ,3  [i.

T h e  v a lu es  o f f é  a n d  o f th e  cross sections h a v e  been  com piled  from  the  
p a p e rs  q u o ted  in  [8 ].

W e th u s  o b ta in  f in a lly :

М Ш  W )

R e j U  (W )  '

W e re m a rk , h o w ever, t h a t  th e  n u m erica l v a lu e  o f * is r a th e r  u n certa in , 
because i t  arises from  th e  su b tra c tio n  of tw o n u m b ers  o f e q u a l orders o f 
m a g n itu d e .

- 0 , 6 2

-  0,031

M

^  ’ 

2 M 2 

W 3

(4,3)

5 . D iscussion

T he resu lts  o f  th e  p re sen t p a p e r  allow  te s tin g  o f  th e  d ispersion  re la tions 
a t  h ig h  p ion  energ ies. I n  fac t, i f  a d ev ia tio n  from  th e  p red ic tions o f  d ispersion 
re la tio n s  is ex p ec ted  a t  all, i t  w ould  m an ifest i ts e lf  a lm ost c e r ta in ly  a t  high 
energ ies.

F ro m  th e  e x p e rim e n ta l p o in t o f  v iew , how ever, th e  prob lem  o f  th e  m easu
re m e n t o f th e  fo rw ard  sc a tte r in g  a m p litu d e  s till rem a in s . W e be lieve  th a t  th e  
m o st re liab le  m e th o d  fo r  th e  e v a lu a tio n  o f R e f  is t h a t  suggested  in  [5]. The 
m e th o d  o u tlin ed  th e re  does n o t d e te rm in e  th e  sign  o f  R e f  ; th is  can  be  m easured  
w ith  he lp  o f th e  C oulom b in te rfe re n ce  te rm  a t  sm all m o m en tu m  tran sfe rs . 
( In  f a c t ,  for sm all m o m en tu m  tra n s fe rs  th e  re a l p a r t  is u n lik e ly  to  change 
sign.)
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I t  is p o in ted  o u t, how ever, in  [5] th a t  if  we e x tra p o la te  to  fo rw ard  s c a t
te r in g  fro m  f in ite  angles, w here C oulom b sc a tte rin g  is negligible, th e n  th e  
e tx ra p o la te d  q u a n ti ty  is like ly  to  be th e  n uc lear sc a tte r in g  am p litu d e  alone, 
in s tead  o f being  th e  sum  of th a t  of n u c lea r  plus C oulom b sca tte rin g .

F or fin ite  m o m en tu m  tran sfe rs , how ever, th e  w hole prob lem  of th e  d e te r 
m in a tio n  o f R e f  (V, x 2) becom es m uch m ore  com plica ted , since, in  g enera l, one 
needs a w hole set o f phase  sh ifts in s te a d  o f to ta l  cross sec tions alone.

W e ta k e  p leasu re  in  expressing  o u r sincere th a n k s  to  Mr. A. F r e n k e l  

for som e critica l rem ark s  and  Miss M. H o r v á t h  for h av in g  collected th e  ex p e ri
m en ta l m a te ria l on to ta l  cross sections an d  for h av in g  ca rried  ou t th e  n u m e 
rical co m p u ta tio n s .
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О ПОВЕДЕНИИ АМПЛИТУДЫ УПРУГОГО л -N РАССЕЯНИЯ 
ПРИ БОЛЬШИХ ЭНЕРГИЯХ 

г. дом окош

Резюме

Рассматривается кинематика упругого л - N  рассеяния в квазиклассическом при
ближении. Доказано, что если квази классическое приближение существует, то спиновыми 
эффектами можно пренебречь при достаточно высокой п энергии, независимо от деталей 
взаимодействия. В § 3 дается ассимптотическое представление функции, определенной 
при помощи трансформации Гильберта. Это представление используется при получении 
ассимптотики амплитуды л -N рассеяния вперед (§4). В §5 обсуждается возможность 
экспериментальной проверки результатов.
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ZUR BERECHNUNG DER GRÜNEISENSCHEN  
KONSTANTE DES METALLISCHEN SILBERS

Von

I .  B ír ó

PHYSIKALISCHES IN ST ITU T D E R  U N IV ERSITÄ T FÜ R  TECHNISCHE W ISSEN SCH A FTEN , BU DA PEST 

(Vorgelegt von A. K ónya. — Eingegangen: 8. II. 1961)

Es wird die GRÜNElSENsche K onstante y  als Funktion des A tom volum ens und des 
Druckes für den absoluten N ullpunkt der Tem peratur auf Grund des statistischen  Metall- 
m odells v o n  G ombás [2] ohne Zuhilfenahm e empirischer oder halbem pirischer Param eter 
berechnet. Für den Druck N u ll ergibt sich y  =  17/6 in befriedigender Übereinstim m ung m it 
W erten, die auf halbem pirischem  Wege berechnet wurden.

§ 1. E in leitung

D ie G r Ün e i s e n s c Iic  K o n s ta n te  sp ie lt in  d er T heorie  d er M etalle  eine 
w ichtige R olle. Ih re  B erech n u n g  ohne em pirischer oder h a lb em p irisch e r P a ra 
m e te r  w u rd e  b isher n u r  f ü r  die A lk a lim eta lle  d u rc h g e fü h rt [1 ]. W ir w ollen  h ier 
die B erech n u n g  dieser K o n s ta n te  fü r  d a s  m etallische S ilber a u f  G ru n d  des von  
G o m b á s  en tw ick e lten  M etallm odells [2] d u rch fü h ren , w obei h e rv o rz u h e b en  is t, 
dass h ie rb e i ke inerle i em pirische  o d e r h a lbem pirische  P a ra m e te r  b e n ü tz t 
w erden .

N ach  G o m b á s  k a n n  m an  die G itte ren e rg ie  U  des m eta llisch en  S ilbers pro 
A tom  in  d e r U m gebung  d e r G leichgew ichtslage in  fo lg en d er F o rm  d arste llen

17 =  —
A

R ( 1 )

wo R  den  R ad iu s  der E le m e n ta rk u g e l b eze ich n e t und  А ,  В  sowie C K o n s ta n te n  
m it den fo lgenden  W erten

А  =  0,85273 e2 , В  =  2191,2 e2 oJ° , C =  0,11693 e2̂  (2)

sind , wo e die positive E le m e n ta r la d u n g  is t, u n d  a0 d en  e rs ten  B ohrschen  
W assers to ffrad iu s  b e d e u te t;  fü r den E x p o n e n te n  n  des A b sto ssungsan te iles 
is t я =  11 zu  setzen.

M it dem  A usdruck  (1) fü r  die G itte ren e rg ie  h a t  G o m b á s  das A to m v o lu 
m en und  die K o m p re ss ib ilitä t y. als F u n k tio n  des D ruckes P  b e s tim m t. Aus 
seinen  B erechnungen  fo lg t

n—1

y.0l> 3
n — 1

(3)
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w o x0 den  W e rt d er K o m p re ss ib ilitä t in  der G leichgew ich tslage bezeichnet 
u n d  q das re la tiv e  V olum en

Ü  _  R  

-  R0
(4)

is t ,  wo £i =  4 7iK3\3 das V olum en u n d  R  den  R ad iu s  der E lem en ta rk u g e l heim  
D ru ck  P  w e ite rh in  Í20 sowie R 0 die en tsp rech en d en  G rössen beim  D ruck  N ull, 
d . h . in  der G le ichgew ichtslage b e d e u te n . Aus (3) is t das re la tiv e  V olum en 
als F u n k tio n  des D ruckes, d . h . die F u n k tio n

? = - - / K - P ) ( 5 )

e in d eu tig  fes tg e leg t.
F ü r die K o m p re ss ib ilitä t als F u n k tio n  des A tom vo lum ens e rh ä lt  G om bá s

n  - 3 
3

* =  ( ' « - ] ) *  о 4 . • (<>)n — 1

n  +  3 -  4 q Г

M it H ilfe  von  (5) e rg ib t sich  h ied u rch  die K o m p ress ib ilitä t als F u n k tio n  
des D ruckes.

Für D rucke, die im V erhältnis zu l / x 0 k lein  sind, erhält Gombás durch  
eine R eihenentw icklung

q =  1 -  x0P  +  Ч ± 10 * I P 1 2 - (7)
о

§ 2. Berechnung der Griineisenschen K onstante 
als Funktion des Druckes

D ie GRÜNElSENsche K o n s ta n te  у  is t fo lgenderm assen  d e fin ie rt

\ d l n x  1 1  Q  d x  1

2 d ln ß  6 2 X d Q  6
( 8 )

M it R ü c k s ic h t d a rau f, dass £20 eine K o n s ta n te  is t , lä ss t sich d ieser A usd ruck  
auch  fo lgenderm assen  sch re iben

1 q dx  1

2 y. dq 6
( 9 )
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N ach  E in se tzen  des A usdruckes (6 ) fü r  y. u n d  D u rc h fü h ru n g  d er e in fachen  
R echnungen  e rg ib t sich

n—1
1 (n f 2 ) (n +  3) 12  < / 3

6 n~ l
(n +  3) -  4 q 3

H ierm it is t y  als F u n k tio n  des A tom volum ens b e s tim m t. In  V erb in d u n g  m it 
(5) e rh ä lt m an  h ieraus y  als F u n k tio n  des D ruckes P  bzw . der d im ensionslosen

182 — U q

12  I 7
10  I
3

( 10)

Fig. 1

Grösse x 0. P.  D ie B eziehung  (9) gilt n u r fü r  D rucke fü r  die q n ich t k le in e r w ird  
als 0,8; dies g ilt auch fü r  (3), (5) und  (6 ).

F ü r D rucke, die im  V erhä ltn is  zu l / x 0 k lein  sind , e rg ib t sich d u rch  eine 
R eihenen tw ick lung  m it B erück sich tig u n g  der B eziehung (7) der Z u sam m en 
hang

У =  r ,  1 14 j(»  +  3 )(«  +  2 ) -  12  * ((n +  3 ) (n  +  2 ) -
o (n — 1) ( 3

( и )

- 3  (n 1) -  12]*0 P |=  17 -  y.0P  ,
I 6  9

der jedoch  n u r  fü r  x 0 P  <g 1, d. h . e tw a  im  In te rw a ll 1 q 0,95 g ilt. F ü r  
k le inere  q-W erte  h a t m an  die F u n k tio n  y ( x 0 -P)  au f die w eite r oben gesch il
d e rte  W eise zu  b estim m en .
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D er V e rla u f der F u n k tio n  y ( q ) , sowie d e r F u n k tio n  y ( x 0 ■ P)  is t in  d er 
F ig u r  1 d a rg e s te llt . H ierb e i is t  zu  bem erken , dass fü r  d e r v o n  Gombás 
b e rech n e te  W ert

y.,, “ №  = 0 ,9 0 5 .1 0 -12cm 2/d y n  (12)
(n - 1 )  4 0

zu  se tzen  is t.
F ü r  q -■= 1, d . h . P  =  0, also für die G leichgew ichtslage e rg ib t sich aus

(10) m it dem  W ert n =  11

1 (n -  3) (n +  2) — 12 _  17 
6 (n -f- 3) — 4 6

(13)

D iesen W ert v o n  y  k a n n  m an  m it den  bei Slater  [3] an g eg eb en en  h a lb em p iri
sch en  W e rte n  verg le ichen , die y  =  2,5 bzw . y  — 2,4 b e tra g e n . D a die A bw ei
ch u n g  des v o n  uns b e rech n e ten  W ertes von  diesem  n u r  10 %  b is  15%  b e trä g t , 
k a n n  m an  die Ü b e re in s tim m u n g  als befried igend  bezeichnen .

F ü r  A lk a lim e ta lle  b e trä g t  d er E x p o n e n t des A b stossungsan te iles d er 
G itte ren e rg ie  n =  3; m an e rh ä lt  [4] so m it fü r diese M etalle  y  =  3/2, also 
einen  fa s t  u m  die H ä lfte  k le in e ren  W ert a ls (13). D ies is t  ebenfalls in  g u te r  
Ü b e re in s tim m u n g  m it den  bei S later an g e fü h rte n  W erten .
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О П Р Е Д Е Л Е Н И Е  П О С ТО Я Н Н О Й  ГРЮ Н А Й ЗЕН А  М ЕТА Л ЛИ ЧЕСК О ГО  С Е Р Е Б Р А
И .  Б И Р О

Резюме

В работе определяется постоянная Грюнайзена у  как функция объёма атома п 
давления при температуре абсолютного нуля. В основу вычислений положена статисти
ческая модель металлов Гомбаша [2] ; эмпирические или полуэмпирические параметры не 
используются при определении постоянной у .  Для давления, равного нулю, получается 
7 =  17/6, которое удовлетворительно согласуется со значением, вычисленным полуэм- 
пирическим путём.
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К Р А Т К И Е  С О О Б Щ Е Н И Я  -  B R I E F  R E P O R T S  
K U R Z E  M I T T E I L U N G E N

A POSSIBLE INTERPRETATION OF THE CARCINO
GENIC EFFECT OF RADIATIONS AND CARCINOGENIC 
HYDROCARBONS ON THE BASIS OF THE ELECTRON

IC STRUCTURE OF DEOXYRIBONUCLEIC ACID
By

T . A . H o f f m a n n
RESEARCH IN ST ITU TE FOR TELECOM MUNICATION, BU DA PEST 

and

J . La d ik
C EN TR A L RESEARCH IN STITU TE FOR CH EM ISTRY  OF TH E H UN G ARIA N  ACADEMY O F  SCIENCES, B U D A PEST

(R eceived 28. IX . 1960)

N um erous a tte m p ts  have  been  m ade to  u n d e rs ta n d  th e  carcinogenic e ffec t 
o f h y d ro ca rb o n s a n d  rad ia tio n s  o f an en erg y  exceeding 3,4 ev  [1, 2]. R e c e n tly  
M a s o n  [3] has a tte m p te d  to  ex p la in  the  p rocess of carcinogenesis on th e  b as is  
o f  th e  e lectron ic  s tru c tu re  of p ro te in s . E v a n s  and  G e r g e l y  [4] have sh o w n  
th a t  if  a л -e lec tro n  in te ra c tio n  is assum ed b e tw een  th e  p a ra lle l p o ly p ep tid e  
chains, w hich are held  to g e th e r by  H -bonds an d  which c o n s titu te  the  p ro te in , 
th e  energies o f th e  in fin ite ly  long  л -e lec tron  m olecular o rb ita ls  so o b ta in e d  
fo rm  3 energy  b an d s . The resp ec tiv e  p o sitions of the  energy  b a n d s  are sh o w n  
in T ab le  T.

Table I

The energy bands of the protein molecule in ev

Band 1 0 ,0 0 -0 ,1 3 Doubly filled
Band 2 3 ,1 7 -3 ,4 3 Doubly filled
Band 3 6,48 -6 ,60 Unfilled

T hus th e  m acrom olecule  is n o n -co n d u c tin g  in  the  g ro u n d  s ta te , b u t  i t  
assum es co n d u c tin g  p ro p ertie s  in  th e  ex c ited  s ta te . The w id th  of 3 ev o f  th e  
fo rb id d en  b a n d  does n o t agree e x a c tly  w ith  th e  above value o f  3,4 ev, th e  d if
ference b e tw een  th e m  is, how ever, sm all. W ith  regard  to  th is  fac t M a s o n  
assum es th a t  b y  ir ra d ia tin g  th e  p ro te in  b y  ra d ia tio n  of su ita b le  energy one 
e lec tron  is ra ised  from  th e  second filled  b a n d  o f  th e  p ro te in  in to  th e  co n d u c tio n  
b a n d . In  th is  w ay  th e  m olecule becom es co n d u c tiv e  and  th is  in itia te s  in  som e 
w ay  or o th e r  th e  m echanism  o f carcinogenesis . I t  should be  n o ted  th a t  th e  
th eo re tica l re su lts  o b ta in ed  fo r th e  positions o f  th e  energy b a n d s  have b e e n
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co n firm ed  b y  th e  ex p e rim en ta l in v es tig a tio n s  carried  o u t  to  s tu d y  th e  p h o to 
co n d u c tio n  o f  p ro te in s  [5].

To e x p la in  th e  effect o f  carcinogenic h y d ro ca rb o n s  Mason [3] assu m ed  
th a t  tho se  a n g u la r ly  condensed  h y d ro ca rb o n s  are carc inogen ica lly  a c tiv e  in 
w hich  th e  en e rg y  difference betw een  th e  h ig h e s t filled  m o lecu lar o rb ita l a n d  
one o f  th e  u n filled  m o lecu lar o rb ita ls  is id e n tic a l w ith  th e  energy d ifference  
b e tw een  th e  tw o  filled  en e rg y  b an d s o f p ro te in s  (3 ,2 3 ^ 0 ,1 9  ev). W ith  th e  a id  
o f  th is  c r ite r io n  he o b ta in e d  good a g reem en t w ith  th e  ex p erim en ta l re s u lts .  
H e ex p la in ed  th is  b y  th e  fa c t th a t  if  th e  en e rg y  d ifference betw een  th e  e n e rg y  
b an d s  an d  en e rg y  levels is id en tica l, th e n  in  th e  tra n s it io n  com plex fo rm ed  by  
th e  p ro te in  an d  th e  h y d ro c a rb o n  th e  h y d ro c a rb o n  m olecu le  m ay ta k e  u p  art.

Band 3  (em p ty )

0
E m p t y ________ x-------------- y/ / / / / / T Band 2  (f i l l e d )
l e v e l s

УЛ v y /  '-■*75 B a n d  1 (f i l l e d )
Protein

F i g .  1

e lec tro n  fro m  th e  p ro te in  (see F ig . 1). O w ing to  th is , co n d u c tio n  by тг-e lec tro n s  
is induced  in  th e  p ro te in  w ith  po sitiv e -h o le  m echan ism . The ap p e a ra n ce  o f  
тг-e lec tron  co n d u c tio n , as in  th e  case o f  e x c ita tio n  b y  ra d ia tio n , leads in  som e 
s till u n k n o w n  w ay  to  carcinogenesis.

I t  sh o u ld  be n o te d  th a t  from  th e  s ta n d p o in t o f  q u an tu m  ch em is try  
M a s o n ’s c rite r io n  does n o t seem  to  be c larified  a t  a ll, how ever, w ith  i ts  aid 
th e  carc inogen ica lly  ac tiv e  h y d ro c a rb o n s  could  be se lec ted  from  a g re a t n u m b e r 
o f m olecules. I t  is hoped  t h a t  i t  will be possib le  to  fo rm u la te  a c rite rio n  u n o b 
je c tio n a b le  also  from  th e  th e o re tic a l s ta n d p o in t.

T he re su lts  o f som e re c e n t in v es tig a tio n s , how ever, suggest t h a t  in  the  
m echan ism  o f carcinogenesis th e  p r im a ry  role should  be  a ttr ib u te d  to  d eo x y 
rib o n u c le ic  ac id  (DNA) r a th e r  th a n  to  p ro te in  [6 ]. A ccord ing  to  th e  g en era lly  
accep ted  W a t s o n  — C r ic k  stereo  m odel o f  th e  D N A  m olecule th e  in d iv id u a l 
n u c leo tide  bases (aden ine , th y m in e , g u an in e  and cy to s in e ) are s itu a te d  in  the

Highest
f i l l e d ----------------
level

H y d r o c a r b o n
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m acrom olecule in  p a ra lle l planes a t  a d istance  o f  3,36 Á fro m  each  o ther. 
B etw een  th e  n u c leo tide  bases h a v in g  delocalized  7î-eiectron  sy s te m s , i. e. 
be tw een  th e  тг-electrons of th e  superim posed  ne ig h b o u rin g  bases th e re  ex ists 
a non-neglig ib le in te ra c tio n , as can  be p roved  b y  ca lcu la ting  th e  overlap  
in teg ra ls  [8 ] (see F ig . 2).

F o r th e  overlap  in teg ra l

S a',’b =  (  j  Wa (2р г) Wb (2Pr) dr)R=î^  д (1)

b etw een  tw o C atom s a t  a d is tan ce  o f  3,36 Á th e  v alue  0,032 w as ob ta in ed , 
w hile th e  v alue  of th e  in te g ra l (1) in  th e  case o f  C an d  N a to m s is 0 ,015 . I t  
shou ld  be n o ted  th a t  E v a n s  and  G e r g e l y  assum e in  th e ir  ca lcu la tio n  for th e  
p ro te in  m olecule [4] a Jr-type in te ra c tio n  betw een  th e  N and О a to m s of the  
n e ig h b o u rin g  p o ly p ep tid e  chains. F o r  th e  N — О d is tan ce  of 2,65 Â assum ed 
by  th e m , th e  overlap  in te g ra l is

S n*o =  ( J Wn (2p x) Wo ( 2p x) <1t)r 2 .65 д =  0,005. (2 )

As can  be seen th is  v a lu e  is ab o u t o n e-six th  of th e  v a lu e  of the o v e rla p  in teg ra l 
C — C an d  ab o u t o n e -th ird  of th e  v a lu e  of the  o v e rlap  in teg ra l C — N betw een  
th e  n u c leo tide  bases. F rom  th is  follow s th a t  D N A  m ay be eq u a lly  well 
described  b y  th e  energy  bands of a com m on 7r-e lec tron  system , as i t  was done 
w ith  p ro te in .

W ith  th e  aid of th e  values o f th e  LCAO m o lecu la r o rb ita l energ ies of the  
in d iv id u a l nucleo tide  bases found in  th e  l i te ra tu re  [9] and  c a lc u la ted  by  us 
w ith  so m ew hat d iffe ren t Coulomb (a,) and  exchange  (/?,-j) in te g ra ls  [10] the 
positions of th e  energy  b an d s  can be  de term ined  q u a lita tiv e ly .

As in  th e  case o f p ro te in , i t  is fo u n d  th a t  all b o n d in g  bands a re  com pletely  
filled , w hereas even th e  low est co n d u c tio n  b an d  is en tire ly  e m p ty . Owing to  
th is  th e  m olecule (a t le a s t th e  ideal m olecule w ith o u t la ttic e  im p erfec tio n s and 
im p u ritie s) is n o n -co n d u c tin g  in th e  g ro u n d  s ta te  a n d  becom es c o n d u c tiv e  only 
by  e x c ita tio n  or io n iza tio n , v ia  ex c ito n  resp . p ositive-ho le  m echan ism . K now ing 
th e  energies o f th e  h ig h es t filled an d  th e  low est e m p ty  МО-s of th e  in d iv idua l 
nucleo tide  bases, th e  w id th  of th e  fo rb id d en  b an d  b e tw een  the  h ig h e s t valence 
and  th e  low est co n d u c tio n  b and  is ca lcu la ted  to  be  ap p ro x im a te ly  3 ev in  th is  
case too . T he in te rp re ta tio n  of th e  carcinogenic e ffec t of ra d ia tio n  b y  in d u c
ing co n d u ctio n  in th e  p ro te in  m olecule can th e re fo re  d irec tly  be ap p lied  also 
to  th e  D N A . T hus, if  th e  D N A  m olecule receives ra d ia tio n  of su ita b le  energy, 
one of its  e lectrons is ra ised  to the  co n d u c tio n  b a n d , inducing  co n d u c tin g  p ro 
perties  in  th e  D N A  m olecule.

B u t, in  co n tra s t to  th e  case o f p ro te in , if  we re g a rd  the  ad e n in e -th y m in e  
an d  guan ine-cy tosine  base  pairs o f  th e  W a t s o n  — C ric k  m odel co n n ec ted
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th ro u g h  H -bonds as com m on тт-e lec tro n  sy stem s in te ra c tin g  th ro u g h  the 
H -b o n d s [11], we h a v e  to  ta k e  5 b in d in g  energy  b a n d s  in to  accoun t. T he w id th  
o f th e  fo rb id d en  b a n d  betw een  th e  tw o  h ighest filled  energy b a n d s  will be 
m u ch  sm aller th a n  th e  va lu e  of a b o u t 3 ev found  fo r  p ro te in . T he in d iv idua l 
n u c leo tid e  bases, how ever, have  such  bond ing  М О -s th e  energy difference of 
w hich  does n o t d iffer m uch  from  th e  va lu e  3,23 ev  0,19 ev o f M a s o n ’s cri
te rio n . F ro m  th is  follow s th a t  th e  D N A  m acrom olecule  will also h a v e  (non- 
successive) b o n d in g  en erg y  b an d s th e  energy  d ifference  of w hich d iffers from  
th e  v a lu e  o f 3,23 ev  o n ly  w ith in  th e  lim its  of th e  g iven  error. O n th e  basis of

th e  d a ta  ava ilab le  i t  is v e ry  p ro b ab le  th a t  th is  cond itio n  is fu lfilled  by th e  
h ig h es t bond ing  en erg y  b a n d  of D N A  an d  by  th e  second  bond ing  b a n d  un d er 
th is  one. T h u s Ma s o n ’s h y p o th esis  as to  th e  effect o f  carcinogenic h y d ro ca rb o n s 
can  be app lied  also to  D N A  in th e  w ay  show n in  F ig . 3.

I t  shou ld  be n o te d  th a t  in v es tig a tio n s  w ith  C — 14 suggest t h a t  th e  ca r
cinogenic h y d ro c a rb o n s  in te ra c t w ith  p ro te in  in  th e  cell in  a p r im a ry  m an 
n e r [12]. Ma so n  [3] an d  A. an d  B . P u l l m a n n  [11], how ever, also assum e th e  
fo rm a tio n  o f d irec t nucleo tide  base  — carcinogenic  h y d ro ca rb o n  tran s itio n  
com plexes. I t  can  also  be im ag ined  th a t  th e  carc inogen  ac tu a lly  in te ra c ts  w ith  
th e  p ro te in  p a r t  o f th e  n u c leo p ro te in  on ly , b u t  th e  тг-electron sy s tem  of th e  
p ro te in  an d  th a t  o f  D N A  also in te r a c t  in  som e w ay  or o th e r in  th e  nucleo
p ro te in  an d  th u s  th e  carcinogen  induces co n d u c tio n  in DNA th ro u g h  th e  
in te rm e d ia tio n  of th e  p ro te in .

W e in te n d  to  r e tu rn  to  th e  m ore  d e ta iled  in v es tig a tio n  o f th e  problem  
a f te r  h av in g  m ore a c c u ra te ly  d e te rm in ed  th e  en e rg y  bands o f D N A . H ow ever, 
a lre a d y  now  it can  be s ta te d  th a t  i t  is v e ry  p ro b a b le  th a t  th e  m echanism  o f 
carc inogen ic  h y d ro ca rb o n s  assu m ed  b y  Maso n  c a n  be app lied  in  an ap p ro 
p ria te  w ay  n o t on ly  to  th e  p ro te in  b u t  also to  th e  D N A  m olecule.

I f  we assum e s tro n g  local e lec tric  fields w ith in  th e  cell, w h ich  is a very  
p lausib le  a ssu m p tio n , and  th e  sy m m e try  axis o f  a D N A  double h e lix , in  w hich 
co n d u c tio n  has b een  in d u ced  by  ir ra d ia tio n  or b y  a carcinogen , p o in ts  in  th e  d irec
t io n  o f th e  fie ld  s tre n g th , th is  D N A  m olecule w ill be po la rized  (see Fig. 4).

^Acta Phys. Hung. Тот. X I I I .  Fasc. 1.



A POSSIBLE IN T E R P R E T A T IO N  OF T H E  CARCINOGENIC E F F E C T  O F RADIATIONS 107

T hus th e  p ro d u c tio n  of an  excess e lec tric  charge a t  th e  ends o f  an  exc ited  
or ionized D N A  m olecule has a s ta tis tic a l p ro b a b ility  depend ing  on th e  d irec
tio n  d is tr ib u tio n  of th e  axes o f th e  m acrom olecules.

B y rea liz ing  th a t  a t  th e  ends o f  th e  D N A  m olecule ra d ia tio n  o r ca rc in o 
gen m ay p ro d u ce  excess charge a re la tio n  can  be es tab lish ed  betw een  th e  in it i
a tio n  o f e lec tron ic  c o n d u c tio n  and  t h a t  o f carcinogenesis . A ccording to  the  
W a t s o n — Crick  m ech an ism  [7] of D N A  d u p lica tio n , w hich seems to  be  th e

Empty band

Em pty
le v e ls

H ighest . i
f i l l e d -------------
le v e l

H yd ro ca rb o n

Filled bands

DNA
F ig . 3

m ost p ro b ab le  a ssu m p tio n  [13], D N A  d u p lica tio n  s ta r ts  b y  th e  u n w in d in g  of 
th e  double  helix  c o n s titu tin g  th e  D N A . I n  th e  l i te ra tu re ,  how ever, no  d a ta  
can be fo u n d  to  ex p la in  from  w here th e  system  o b ta in s  th e  a c tiv a tio n  energy 
req u ired  to  in itia te  th e  process. E v en  i f  we assum e t h a t  in  th e  course o f  d u p li
ca tio n  th e  b u ild ing  u p  o f th e  co m p lem en ta ry  chain  ta k e s  place in  p a ra lle l w ith  
th e  u n w in d in g  of th e  o rig inal double h e lix  an d  so th e  en e rg y  released  on  accoun t 
o f th e  fo rm a tio n  of th e  new  bonds covers th e  energy  n ecessary  for th e  original 
double helix  to  c o n tin u e  to  unw ind , fo r th e  in itia tio n  o f  th e  process th e  system  
m ust possess energy  su ffic ien t to  s e p a ra te  a t  leas t one  base  pair.

To se p a ra te  th e  ad en in e -th y m in e  p a ir  a H -b o n d  o f N —H  . . .  N  ty p e  of 
energy  o f 1,9 kcal/m ol a n d  one o f N —H  . . . О ty p e  o f  an  energy  o f 2,0 kcal/m ol
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[14] m u st be b ro k en . The de lo ca lisa tio n  en e rg y  o f  th e  я -e lec tro n  in te rac tio n  
m en tio n ed  above ta k in g  place th ro u g h  th e  H -b o n d s be tw een  th e  re sp ec tiv e  
b ase  p a irs  is fo r a d en in e -th y m in e  3,2 kcal/m ol, w hile for g u an in e -cy to sin e  i t  is 
4 ,2  kcal/m ol [11]. F ina lly , th e  m echan ical en e rg y  of u n w in d in g  is 0,3 k ca l/ 
m ol [15]. W ith  th e se  values we o b ta in  for th e  energy  n ecessa ry  to  sep a ra te  
th e  ad en in e -th y m in e  pair

A E A , T aN - H - - N +  e N -N - H - O bN - H - - 0 “1“ ^deloc- ~f~ £mech-

=  1,9 +  2,0 +  3,2 +  0,3 =  7,4 kcal/m ol.
(3)

I n  th e  case o f  th e  guan in e-cy to sin e  base p a ir , ta k in g  in to  a c c o u n t th a t  h e re

Fig. 4

th e re  are  one N  — H  . . .  N  an d  tw o  N — H  . . .  О ty p e  H -b o n d s betw een  th e  
tw o  bases we o b ta in  for th e  e n e rg y  o f se p a ra tio n

AE,G,C ' t N - H " N 4- 2eN - H —O “b  e deloc- e mech-

=  1,9 +  2 • 2,0 +  4,2 -F 0,3 =  10,4 kcal/m ol.
(4)

If , owing to  ir ra d ia tio n  or som e carc inogen , th e  D N A  p a r tic le  undergoes 
p o la riza tio n  b y  th e  m echan ism  described  a b o v e , e lec tric  rep u ls io n  arises 
b e tw een  th e  tw o  halves of th e  doub le  helix , as show n in F ig . 3. L e t us assum e

e0
e. g. th a t  a t th e  ends of the  ch a in s  excess charges of a m a g n itu d e  of - h av e  

ap p e a re d , an d  th e  cen tres-o f-m ass of th e  ch a rg es  are a p p ro x im a te ly  a t  th e
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cen tra l p o in t o f th e  p y rim id in e  ring , a n d  a t  th e  m id d le -p o in t of th e  C — C 
b o n d  in  an n é la tio n  of th e  p u rin e  ring , re sp ec tiv e ly . A ssum ing  3,00 Â [16] fo r 
the  b o n d  d is tan ce  N —H  . . . N b ind ing  th e  rings, for th e  d is tan ce  b e tw een  th e  
cen tres-o f-m ass o f th e  tw o  charges we o b ta in  6,7 Â (see F ig . 5).

W ith  th is  va lu e  w e o b ta in  fo r th e  p o te n tia l en e rg y  o f th e  re p u ls io n  
be tw een  th e  tw o n u c leo tid e  bases in  th e  ab o v e  case

\ 2 / 4 82 • 10~20
V  ^ —  - -  =  8 , 6  ■ 10~ 13 erg =  12,5 kcal/m ol. (5)

T h e  v a lu e  so o b ta in ed  agrees fa irly  w ell w ith  th e  en erg y  of 10,4 kca l/m o l

n ecessary  to  sep a ra te  th e  gu an in e -cy to sin e  base p a ir. O w ing to  th e  ro u g h  
neg lec tions m ade in  th e  e s tim a tio n , th is  o f  course only m ean s  th a t  th e  p o te n 
t ia l  energy  o f th e  rep u ls io n , due to  th e  ap p earan ce  o f an  excess charge (o f 1 

electron) a t  one of th e  ends o f th e  doub le  helix , equals in  o rd e r of m a g n itu d e  
th e  energy  n ecessary  to  se p a ra te  one base  p a ir . T hus i t  is v e ry  p ro b ab le  th a t  
the p o la riza tio n  o f th e  ch a in  ends o f D N A  due to  ir ra d ia tio n  or carc inogen  
m ay s ta r t  th e  m echanism  of d u p lica tio n  w ith o u t any  o th e r  effect on th e  chain  
ends. I t  shou ld  be n o ted  th a t  th e  idea  t h a t  electric forces p lay  some ro le  in 
the process o f m itosis is n o t new . I t  is g en era lly  assum ed, n am ely , th a t  e lec tric  
forces p la y  an  essen tia l ro le in  m itosis in  th e  division in to  tw o of th e  cell 
nucleus [17]. To ap p ro ach  th e  problem  o f how  the  m echan ism  described  m ay  
lead  to  th e  fo rm atio n  o f  a m acroscopic tu m o u r, we su g g est tw o p o ssib ilities . 
O n th e  one h an d  in  re a lity  p h o tons, or carcinogens m ay  “ h i t”  no t o n ly  one 
D N A  p a rtic le  of one single cell, b u t m an y  DNA p artic les o f  m any cells o f  a 
tissu e  m ay  be excited  or ionized in consequence of such “ h i ts ”  and  each  D N A
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m olecule m a y  also  receive sev e ra l h its . T h u s  i t  can  be im ag in ed  th a t  in  th e  
ab o v e  m a n n e r in  a tim e w h ich  is n o t d e te rm in e d  b y  th e  g ro w th  reg u la tio n  o f  
th e  organ ism  i. e. a t  an u n d e s ira b le  tim e , a g re a t  n u m b er o f  new  D N A  p a rtic le s  
m ay  be p ro d u ced  in  the cells o f  som e tissue  g iv ing  rise to  th e ir  d iv ision . I t  can 
fu r th e r  be im ag in ed  th a t  th is  process m a y  g ive  rise to  a series o f irrev e rs ib le  
b iochem ical re a c tio n s  in  th e  tissu e  w hich tra n s fo rm  th e  cells from  n o rm al in to  
tu m o u r  cells.

On th e  o th e r  h and  B u r c h  [18], on th e  assu m p tio n  th a t  ra d ia tio n  m ay  
in d u ce  cancer b y  tw o specific  chrom osom e b reak s  ta k in g  p lace a t  d iffe ren t 
tim es , dev e lo p ed  a s ta tis tic a l th e o ry  fo r th e  re la tions b e tw een  th e  dose o f  
ra d ia tio n  a n d  th e  incidence o f  cancer, w h ich  ag rees  v e ry  w ell w ith  ex p e rim en t. 
T he m echan ism  o f chrom osom e b reak  o p e ra te s  accord ing  to  B u t l e r  [19] in  
su ch  a m a n n e r t h a t  in  th e  chrom osom e f ib r il , th e  m orpho log ica l basic  u n it  o f  
chrom osom e, w h ich  consists o f  D N A  an d  nuc leoh istone  p a rtic le s  of th e  fo rm  
o f  sm all rods s ta n d in g  on th e  to p  o f each o th e r , th e  ra d ia tio n  sp lits  the  w e a k e r 
e le c tro s ta tic  b o n d  betw een  th e  tw o m acrom olecules an d  th is  causes th e  c h ro 
m osom e b re a k . T he p ro b a b ility , how ever, t h a t  the  p a r tic le  receives th e  h it 
ju s t  on th is  s p o t, is v e ry  sm all. The m ech an ism  described  above, h o w ev er, 
suggests, th a t  i f  an y  p a r t  o f  th e  DNS m olecu le  is h it, a n d  ow ing to  th is  th e  
ch a in  ends a re  po larized , th is  m ay  lead  to  th e  b reakage  o f  th e  e le c tro s ta tic  
b o n d  m en tio n ed  above an d  th ro u g h  th is  to  chrom osom e b reak . B u r c h ’s 
th e o ry  an d  o u r  h y po thesis  th u s  com plete ea c h  o ther.

To s u p p o r t  ou r h y p o th es is  we co n tin u e , on the  one h a n d  th e  q u a n tu m  
m echan ical in v e s tig a tio n  o f  th e  e lectron ic  s tru c tu re  of D N A , an d  on th e  o th e r , 
in v es tig a tio n s  a re  being ca rr ied  ou t on th e  b eh av io u r o f  cancerous tissue  cu l
tu re s  p laced  in  e le c tro s ta tic  fie ld s  of v a rio u s  in ten sitie s  o v er various tim es . 
T h e  p re lim in a ry  ex p e rim en ta l d a ta  suggest th e  p ro b a b ility  th a t  th e  e lec tro 
s ta tic  field  so m ew h at speeds u p  th e  m e tab o lism  of tu m o u r  cells.

A d e ta ile d  accoun t o f  th e se  in v es tig a tio n s  will a p p e a r  in  “ Cancer R e 
sea rch ” .

W e ex p ress  our sincere th a n k s  to  P ro f . D r. G y . K is z e l y  an d  D r. I .  
P a t a k y , w ho ca lled  our a t te n t io n  to  v a lu a b le  d a ta  in  th e  l i te ra tu re .
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In v es tig a tio n s  on th e  an tica rc inogen ic  a c tiv ity  o f  num ero u s nucleo tide- 
base an tim e tab o lite s  are  rep o rted  in  th e  l i te ra tu re  [1, 2, 3, 4, 5, 6 ]. T hese 
com pounds can  be d iv ided  in to  tw o g ro u p s: com pounds o f th e  p u rin e  an d  of 
the py rim id in e  ty p e  (see F ig . I).

The an tica rc in o g en ic  a c tiv ity  of nuc leo tide-base  a n tim e ta b o lite s  seem s 
to  be su b jec t, in  a d d itio n  to  th e  tr iv ia l c rite rio n  of ab ility  to  bu ild  in , to  a n o th e r, 
e le c tro n -s tru c tu ra l c r ite rio n . I t  is nam ely  p robab le  th a t  o f th e  com pounds 
s u b s titu te d  in D N A  th e  ones m odifying th e  genuine 7i-electron d is tr ib u tio n  
of D N A  will show  a n tic a n c e r a c tiv ity . In  a previous p a p e r  [7] an  a t te m p t  was 
m ade to  prove b y  c a lcu la tin g  th e  overlap  in teg ra ls  be tw een  th e  nucleo tide  
bases th e  ex istence  of a non-neglig ib le тт-electron  in te ra c tio n  b e tw een  th e  
ne ighbouring  nucleo tide  bases of D N A , lo ca ted  above each  o th e r  a t  a s e p a ra 
tion  o f 3,36 Â. In  o th e r w ords th is  m eans th a t  in  D N A  a u n ifo rm  тг-e lec tro n  
system  describab le  by  en erg y  b an d s is p re se n t. The c a lcu la tio n  y ielded , am ong 
o th ers , th e  re su lt th a t  c e r ta in  positions o f th e  n u c leo tide  bases p lay  a d is tin 
guished role in  th e  in te ra c tio n . T hus, as reg a rd s  o v erlap , th e  m ost im p o r ta n t 
positions are  positions 2, 3, 4, 5 an d  6 o f th e  pu rine  ty p e , an d  2, 5, 6  o f th e  
py rim id ine  ty p e  bases (see n u m b erin g  in  F ig . 1). As fu r th e r  co n sid era tio n s 
suggest th a t  rad ia tio n s  or carcinogenic h y d ro ca rb o n s in itia te  in  a p rim a ry  
m an n er e lec tro n  m o b ility  along th e  lo n g itu d in a l ax is o f D N A  [8 ] i t  can  be 
expec ted  th a t  b y  su b s titu tin g  in to  th e  D N A  m olecule com pounds decreasing  
th is e lec tro n  m ob ility  one m ay  produce  an tican cer a c tiv ity . As th e  e lec tro n  
m ob ility  can  be in fluenced  to  th e  g re a te s t e x te n t b y  su b s titu tio n  a t  th e  posi-
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rio n s  w here th e  in te ra c tio n  is th e  s tro n g e s t, i t  is p ro b ab le  th a t  th e  com pounds 
s u b s titu te d  a t  th e se  positions, i f  th e y  b u ild  in  a t  all, show  th e  s tro n g est 
a c tiv ity . T h is c rite rio n  w as ca lled  above th e  e le c tro n -s tru c tu ra l c rite rio n  o f  
an tica rc in o g en ic  a c tiv ity .

The m o st c h a ra c te ris tic  p u rin e - ty p e  a n tim e ta b o lite s  are  l is te d  in  T ab le  I ,  
w here  th e ir  a c t iv i ty  is also in d ic a te d .

I t  is im m ed ia te ly  a p p a re n t  from  th e  T ab le  th a t  th e  co m pounds su b s ti
tu te d  on ly  a t  p o sitio n  2 do n o t  show  a c tiv ity  in  a n y  o f  th e  cases. A p u rin e  
r in g  s u b s titu te d  a t  positio n  2 (see F ig . 1) can  be co n n ec ted  th ro u g h  a H -b o n d  
to  th e  p y rim id in e -ty p e  co m p le m e n ta ry  base  co rresp o n d in g  to  th e  W atso n

II

H C

HC4 2

J\T

N

CH

Fig. 1

Crick  m odel o n ly  th ro u g h  th e  N -a to m  in  th e  p o sitio n  1, if  th e  s u b s ti tu e n t a t  
position  2 is n o t  capab le  o f  p ro d u c in g  a H -b o n d  w ith  th e  О -a to m  a tta c h e d  to  
th e  C -atom  in  positio n  2 o f th e  th y m in e  or cy tosine  base  (see F ig . 2).

This is ju s t  th e  case w ith  2 -F , 2-C1 an d  2-C H 30 -p u rin e s  an d  these  n eg a tiv e  
g roups ev en  re p e l th e  О-a to m s o f th e  p y rim id in e  rin g , so t h a t  th e y  do n o t  
b u ild  in  a t  a ll. T he sam e can  be  concluded  fro m  th e  fa c t th a t  2 -F , an d  2-C1 — 
6 -N H 2-p u rin es  are  in ac tiv e , b u t  2-H S — 6 -N H 2-p u rin e  is a lre a d y  s lig h tly  ac tiv e . 
T h e  s u b s ti tu t io n  o f  th e  g ro u p  N H 2 a t  p o s itio n  6  n am e ly  fa c ilita te s  th e  p ro 
du c tio n  o f one m ore H -b o n d , i f  th e  com p o u n d  is co nnec ted  to  th y m in e . The 
energy  o f  th is  new  H -b o n d  is p ro b a b ly  n o t  su ffic ien t to  c o u n te rb a lan ce  th e  
rep u ls io n  b e tw een  th e  F- a n d  C l-atom s, re sp ec tiv e ly , s u b s ti tu te d  a t  positio n  2, 
a n d  th e  О -a to m , b u t  it seem s to  suffice  to  c o u n te rb a lan ce  th e  rep u ls io n  betw een  
th e  less e lec tro n eg a tiv e  S -an d  th e  О -a to m . T h u s  i t  can  be  s ta te d , th a t  a lth o u g h  
th e  su b s ti tu t io n  a t  positio n  2 d is tin g u ish ed  in  re sp ec t o f th e  тг-e lec tron  in te r 
ac tio n , sa tis fie s  o u r e le c tro n -s tru c tu ra l c r ite rio n , th ese  com pounds are  s till 
in ac tiv e  ow ing to  th e  re s tr ic tio n  o f  b u ild in g  in .
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Table I

The m ost characteristic purine-type nucleotide-base antim etabolites and their activ ity

C o m p o u n d A c t i v i t y 1

Purine +

2-F-purine -

2-Cl-purine —
2-CH3 — O-purine -
2-F — 6-NH2-purine —
2-C1 — 6-NH2-purine —
2-HS — 6-NH2-purine ±
6-HS-purine + +
6-CJ-purine +  +
6-CH3-purine +
9-C2H 5-purine -
9-C2H 5 — 6-SH-purine +  +

In  th e  case of 6 -H S- an d  6 -C L -purines one m ore H -b o n d  m ay  be p roduced  
betw een  th e  negative  Cl- and  S -a to m s, respective ly , an d  th e  cy tosine  rin g  of 
th e  co m p lem en ta ry  ch a in , th u s th e  c rite rio n  of b u ild in g  in  is fu lfilled  (see 
Fig. 2). A t th e  sam e tim e  th e  su b s titu tio n  a t  position  6  o f th e  p u rin e  rin g , 
d is tin g u ish ed  in  re sp ec t o f th e  7t-electron in te ra c tio n  is like ly  to  in fluence  
ap p rec iab ly  th e  e lec tron ic  s tru c tu re  o f  D N A  (the  co n fig u ra tio n  of th e  energy  
bands) an d  w ith  it  th e  cond itions u n d e r  w hich e lec tron  m o b ility  is in itia te d . 
This seem s to  acco u n t fo r th e  s tro n g  an ticarc inogen ic  a c tiv ity  of 6 -H S- and 
6 -C l-purines. In  con n ec tio n  w ith  th e  less active 6 -C H 3-purine  it  shou ld  be 
n o ted  th a t  a lthough  som e k in d  of energ y -d ecreasin g  in te ra c tio n  can be assum ed  
betw een  one o f the  H -a to m s o f th e  C H 3-group  and th e  th y m in e  rin g  (see F ig . 2), 
th e  en e rg y  o f th e  “ b o n d ”  so p roduced  is p ro b ab ly  sm aller th a n  th a t  o f a no rm al 
H -bond . T h u s th e  p ro b a b ility  of b u ild in g  in  will be less th a n  in  th e  fo rm er 
tw o cases. On the o th e r h a n d  the  in flu en ce  of the  C H 3-group  by  w ay o f hyper-

1 The signs in the colum n headed “ A ctiv ity” of the Table have the following meaning:

— Qt> 0,42 Qc,
± 0,42Q c > Q t <  0,26Qc.
+ 0,26Q c > Q t< OMQc
+ + Qt<  0,06ÇC.

H ere Q, means the w eight of the tum our treated  with the compound, Qc means the weight 
of the control tum our. The investigations were carried out on Adenocarcinoma 755, which seemed 
the most suitable for this purpose [1, 2J.
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c o n ju g a te  in te ra c tio n  on th e  delocalized  тг-e lec tro n  system  o f th e  pu rin e  r in g  
is w eaker, ow ing  to  w hich th e  fu lfilm en t o f  th e  second  c rite r io n  o f an tica rc in o - 
gen ic  a c tiv ity  is less com plete . T h is seem s to  acco u n t fo r th e  sm alle r a c tiv ity  
o f  6 -CH 3-p u rine .

H ow ever, we en co u n te r a d ifficu lty  in  th e  in te rp re ta tio n  of th e  9-C2H ft- 
a n d  9-C2H 5—6 -H S -purines in  th e  la s t  tw o row s o f T ab le  I .  (See n u m b erin g  
in  F ig . 1). I t  w as assum ed  [2] th a t  d u ring  b u ild in g  in  th e  s u b s titu e n t a t  posi
tio n  9 b reak s off. I n  th is  w ay  th e  h ig h  a c tiv ity  o f 9-C2H 5—6 -H S -p u rin e  can  be 
w ell u n d e rs to o d , b u t  it  rem ain s to  be ex p la in ed  t h a t  9-C2H 5-p u rin e  is in ac tiv e , 
w hereas th e  n o t s u b s ti tu te d  p u rin e  ring  is a c tiv e . I t  can  also  be assum ed  th a t

H
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the  p u rin e  d e riv a tiv e s  a re  a tta c h e d  th ro u g h  th e ir  N -a to m  in p o sitio n  7 to  th e  
d eo x y rib o se , b u t  in  th is  case it is hard  to  im agine — as F ig . 2 show s — th e  
b in d ing  o f  th e  m olecule so o r ie n ta te d  th ro u g h  H -honds to  one o f th e  p y rim i
d in e -ty p e  n u c leo tid e  bases . T he d ifficu lty  could  perhaps be avoided  b y  assu m in g  
th a t  9-C2H 5-purine  does n o t  bu ild  in , b u t  th e  su b s titu tio n  of the  g roup  S H  a t 
p o sitio n  6 in  9-C3H . — 6 -H S -p u rin e  in flu en ces th e  r e a c tiv ity  o f th e  C2H . g roup  
a tta c h e d  to  p o sition  9 o f  th e  ring  in  su ch  a m anner t h a t  th e  C2H- g roup  can

in th is  case ac tu a lly  b re a k  off du ring  th e  process of b u ild in g  in . T he so lu tio n  
o f  th e  p ro b lem  w ould o f  course req u ire  m ore d e ta iled  q u a n tu m  chem ical 
in v es tig a tio n s .

In  conclusion  it  shou ld  be n o ted  th a t ,  as can be  seen in  Fig. 1, th e re  is 
no possib ility  for th e  su b s ti tu tio n  in to  th e  pu rin e  ring  a t  positions 3, 4 an d  5 
also d is tin g u ish ed  w ith  re sp ec t to  th e  л -electron in te ra c tio n  be tw een  th e  
n u c leo tide  bases.

C o m p ara tiv e ly  few  sy s tem a tic  in v es tig a tio n s  h av e  been carried  o u t on 
th e  an tica rc in o g en ic  a c tiv ity  of p y rim id in e -ty p e  nu c leo tid e-b ase  a n t im e ta 
bo lites [10, 11, 12, 13]. 5-F- and  5 -B r-u rac il (for the  fo rm u la  o f u rac il see F ig . 
3) as well as 5 -F -cy to sin e  [11, 12] have  b een  found h ig h ly  active .

As th e  C -atom  in p o sitio n  5 of th e  py rim id in e  rin g  p lays an essen tia l role 
in th e  in te ra c tio n  be tw een  th e  nucleo tide  bases lo ca ted  above each o th e r  [7], 
w ith  re g a rd  to  th e  above-sa id  i t  can  be u n d ers to o d  t h a t  th e  Com pounds su b 
s ti tu te d  a t th is  position  show  an ticarc inogen ic  a c tiv ity . I t  should  be n o ted  
th a t  su b s ti tu tio n  a t positio n  5, as is show n in Fig. 2, does n o t in fluence  th e  
b in d in g  of u rac il and  cy tosine  to  th e  co rrespond ing  p u rin e - ty p e  bases th ro u g h  
H -bonds an d  th u s  in th is  case the  s u b s titu tio n  takes p lace  p ro b ab ly  sm o o th lv .

We no te  th a t  several o th e r p y rim id in e  d e riv a tiv es  have been p roduced . 
H ow ever, th e  in v estig a tio n s on th e  a c tiv ity  [14] of th e se  com pounds have  
been carried  o u t by  so d iffe ren t ex p e rim en ta l m ethods t h a t  th e  resu lts  o b ta in e d , 
w hich c a n n o t be com pared , can n o t form  th e  basis for th e  a t te m p t a t a th e o re t
ical in te rp re ta tio n . We in te n d  to  re tu rn  to  the  in v es tig a tio n  of th e  p ro b lem  
as soon as th e  necessary  ex p erim en ta l d a ta  are av ailab le .

О

и
F i g .  3
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APPLICATION OF IRREVERSIBLE THERMODYNAMICS 
IN THE THEORY OF RECOMBINATION 

IN SEMICONDUCTORS

By

G. Pataki

RESEARCH IN STITU TE FOR TECHNICAL PHYSICS O F T H E  HUNGARIAN ACADEMY OF SCIENCES,

The e x a c t s ta tis tic a l th e o ry  of th e  reco m b in a tio n  v ia  tra p s  h as  been  
e lab o ra ted  b y  W . Shockley an d  W . T . R ea d  [1]. T h e y  defined  th e  coeffi
c ien ts A ik ap p earin g  in  th e  “ cap tu re  c u r re n ts ” , near th e  equ ilib rium  b y

(in th e  follow ing we use th e  n o ta tio n s  o f p a p e r  [1]). On th e  basis o f th e  above 
equ a tio n s th e  th e o ry  of reco m b in a tio n  can  be fo rm u la ted  in  te rm s of ir re v e rs 
ible th e rm o d y n am ics .1 F o r th e  ex am in a tio n  of the tim e  dependence o f  th e  
reco m b in a tio n  we w rite  dow n th e  e q u a tio n  o f m otion o f  th e rm o d y n am ics  in 
th e  form  given b y  I . Fé n y e s  [2] an d  re la tin g  to  hom ogeneous system s n e a r  th e  
equ ilib rium . T he eq u a tio n  o f conduction  (w ith  th e  usual n o ta tio n s )  is as fo llow s:

(a being the column vector formed from the extensive quantities: here from ön and Sp,

the sym m etrical m atrix  formed from  the entropy).

1 Note added in proof. F rom  the point of view of fluctuations K. M. v a n  Vlie t  deals 
w ith a similar problem. Phys. R ev., 110. 1, 1958.

BU DA PEST

(Received 16. II. 1961)

Ucn =  A n n  ôn +  A np ÔP > 

u cp =  A pn ôn  +  A pp dp
( 1 )

an d  gave th e  expressions

T
( 2 )

i. e. th e  re la tio n  betw een  th e  “ cap tu re  c u r re n ts ” and th e  quasi F erm i-levels

1 =  L X  ,

w here X  m eans th e  genera l force and  is d efin ed  by th e  eq u a tio n

X  =  — g a (4)

(3)

9 (tj Э ak ’
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T hus we h av e  on th e  b as is  o f th e  e q u a tio n s  (3) and  (4 ):

I  =  — Lg a .

O n th e  o th e r  h a n d  th e  re la tio n  b e tw een  a a n d  I  holds as w ell (assum ing h o m o 
geneity ) :

n = l ,
i. e.

X  =  — g L X ;  a =  — L g  a ; j  =  — Lg I  .

L e t us now  in tro d u c e  th e  fo llow ing  correspondence, i. e. n o ta t io n :

w hile th e  co n d u c tio n  m a tr ix  becom es d iag o n a l on th e  basis  o f  th e  eq u a tio n  (2 ) 
an d  its  d iag o n a l e lem ents are  L nn =  f p, nn C J k ,  L pp =  f t p 0 Cp/k.  M atrices A  =  
=  L . g  an d  L  a re  th e n  k n o w n . F rom  these  g  can  be d e te rm in e d  by  sim ple c a l
cu la tio n s a n d  acco rd in g  to  e x p e c ta tio n  th is  ap p ears  as a sy m m etrica l m a tr ix . 
A ccord ing  to  th e  above, th e  eq u a tio n  of m o tio n  of th e  reco m b in a tio n  w ill be 
as foil ows:

X  =  —  A X ,  n =  — A  a, ï r =  — A  I f  .

T hese m a tr ix  eq u a tio n s  m ean  fo r th e  co m p o n en ts  a d iffe re n tia l eq u a tio n  o f 
th e  second o rd e r (e. g. for a ,-s):

ü, +  T ( A )  à i +  D (A )  a, =  0 (i =  n,  p ) ,

w here T ( A ) ,  re sp . D(A)  m ean  th e  trace , re sp . th e  d e te rm in a n t of the m a tr ix  A .  
O b v iously , th e  fo rm  o f th e  so lu tion  is

ai (0  =  Cii e'rt +  C,2 eV (i =  и, p) , (5)

w here Xr a n d  A, are  th e  tw o ro o ts  of the ch a ra c te ris tic  e q u a tio n

T ( A )
К

1 —
4 D ( A )  

1 T ( A )2
— T  (A)

: / ,  =
1 +

/  I 4 D ( A)  
T  { A Y

T he e q u a tio n s  (5) and (6 ) describe  th e  tim e  dependence o f  th e  reco m b in a tio n

Acta Phys. H un". Тот. X I I I .  Fuse. 1.



APPLICA TIO N  OF IR R E V E R S IB L E  THERM ODYNAM ICS 1 2 1

1 1
a n d  th e  q u a n titie s  — ---- —  resP - T/ = ----- — give th e  life tim es. I t  is easy  to

K  à,
4 D  (A )

see th a t  ex p an d ed  in a series in  ^  we get in  f ir s t  a p p ro x im a tio n

1 . T ( A )

К  D ( A )

Lpo K  +  ril) +  W, i + ^ r Tn 0 (Po +  Pi) +  N t 1 + *
— 1

Po 1 Pi

(«0 +  Po) +  N t 1 1 +( 1  +  P2 ( 1 +  Pa

Po Pi

( 7 )

i. e. th e  s ta tio n a ry  life tim e g iven  in  p a p e r [1 ].
F o r th e  life tim e T, we ge t in  a sim ilar a p p ro x im a tio n :

1 . 1
T (A )

Tp0 Tn0

T/)<> 11 ~  P l I X ,  +  (n0 +  « ,) +  Tn0 Ï 1 + N l +  ( Po +  Pi)
' Po 1 no

w hich  describes a con sid erab ly  q u ick e r re la x a tio n  process th a n  t , and  corres
ponds to  th e  filling  o f th e  tra p s .

S um m ing up  w h a t has been  sa id , on th e  b asis  o f  the  e q u a tio n s  (1) and  (2) 
th e  irreversib le  th e rm o d y n am ic  fo rm u la tio n  o f  th e  reco m b in a tio n  is g iven. 
F ro m  th e  p o in t o f v iew  of irrev e rs ib le  th e rm o d y n am ics  th e  in te re s tin g  case 
occurs w here O nsager’s cross effect does n o t a p p e a r  (L -d iagonal), n everthe less, 
because o f th e  m a tr ix  g being  off-d iagonal, th e  cross effect fo u n d  in  p ap er [2 ] 
m ay ap p e a r (A  off-d iagonal).

T he n o n -s ta tio n a ry  life tim e Tr is given an d  i t  renders in  f ir s t  ap p ro x 
im ation  th e  s ta tio n a ry  life tim e g iven  in  [1]. W e h a v e  po in ted  o u t  th e  m ech an 
ism o f reco m b in a tio n , giving th e  re lax a tio n  tim e  o f the tim e  dependence o f 
th e  filling  o f th e  tra p s . This re la x a tio n  tim e  w as given f i r s t  b y  D. Sa n d i - 
f o r d  [3]. T his te rm  m ay  possib ly  p lay  a p a rt in  th e  tim e d ep en d en ce  of lu m i
nescen t phenom ena .
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THE GROUND STATE OF THE HYDROGEN MOLECULE 
ON THE BASIS OF RELATIVISTIC QUANTUM MECHANICS 

WITH THE AID OF THE WANG WAVE FUNCTION
II. T H E  RELATIVISTIC CORRECTION EN ER G Y  TERM S

By

J . La d ik

CENTRAL RESEA RCH  IN STITU TE FOR CHEM ISTRY OF T H E  HUN G ARIA N  ACADEMY O F SCIENCES, BU D A PEST 

(Presented by Z. Gyulai. — Received 17. IX . 1960)

In  this paper the expectation values calculated  w ith the W ang approxim ate wave 
function of the relativistic correction term s resulting from  the trea tm en t of the ground sta te  
of the hydrogen molecule on the basis of the B r e i t  equation  are reviewed. The difficulties 
encountered in  the calculation of th e  part due to  re ta rda tion  of th e  orbit-o rb it m agnetic 
in teraction  term  and the procedure of calculation of another energy term  having no non- 
relativistic counterpart are described. As the spin-orbit in teraction  term s and the first p a rt of 
the spin-spin in teraction  term  identically  equal zero for any tw o-electron system  of opposite 
spin, in the ground sta te  of the hydrogen molecule only the second p a rt of the spin-spin in te r
actions term  differs from zero. This energy term  is shown to be twice as large as one of the  
term s of the energy having no non-relativistic coun terpart.

For the sum of the relativistic correction term s, approxim ating the value of the m agnetic 
orbit-orbit in teraction  term  by p u ttin g  it  equal to  th e  expectation value of the non-retarded 
in teraction  operator, —)—1,21 • 10-4 ev was ob tained , w hich improves the  agreem ent h itherto  
existing betw een the experim ental and the best theoretical values of th e  binding energy of 
the H , molecule. The reason for the remaining discrepancy is, in  addition  to the above neg- 
lection, th a t the expectation values of the correction term s have been calculated instead of 
w ith the accurate J a m e s  — C o o l i d g e  wave function w ith  the W a n g  wave function giving a 
worse approxim ation, fu rther th a t th e  elem entary mass correction and th e  mass polarization 
corrections have been neglected.

F o r th e  tre a tm e n t of th e  hyd rogen  m olecule on th e  basis  of re la tiv is tic  
q u a n tu m  m echanics in  a p rev io u s p ap er [1] th e  reduced  B r e it  eq u a tio n  o f  th e  
hyd rogen  m olecule was g iven . T he p ap e r also co n ta in ed  th e  ca lcu la tio n  o f th e  
e x p e c ta tio n  values of th ree  o f  th e  re la tiv is tic  co rrec tion  en e rg y  te rm s occu rrin g  
in  th e  g ro u n d  s ta te  of th e  h y d ro g en  m olecule. T he ca lcu la tio n  was ca rried  o u t 
w ith  th e  a id  of th e  W ang  [2] a p p ro x im a te  w ave fun c tio n . T he purpose o f th e  
p resen t p a p e r  is to  review  th e  rem ain ing  re la tiv is tic  co rrec tio n  energy  te rm s  
of th e  g ro u n d  s ta te  o f th e  hyd ro g en  m olecule . T he e x p e c ta tio n  values o f th e  
re spec tive  energy  te rm s ca lcu la ted  by  th e  W a n g  w ave fu n c tio n  are also g iven  
num erica lly , excep t for th a t  p a r t  of th e  m ag n e tic  o rb it-o rb it in te ra c tio n  te rm  
w hich is due to  re ta rd a tio n . To d e te rm in e  th e  ex p e c ta tio n  v alue  of th is  en erg y  
te rm  p ro v ed  to  be a v e ry  in tr ic a te  m a th e m a tic a l p rob lem . T his energy  te rm  
will be t r e a te d  in  a su b seq u en t paper, a f te r  th e  com pletion  o f th e  ca lcu la tio n s 
now  in  progress.

1 Acta P hys. H ung. Тот. X I J I. Fuse. 2.
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1. T he m agnetic  o rb it-o rb it te rm

T he en e rg y  te rm  o f th e  in te ra c tio n  b e tw een  th e  m ag n e tic  m o m en ts  due  
to  th e  m o tio n  o f  th e  tw o  e lec tro n s can be  o b ta in e d  b y  c a lcu la tin g  th e  e x p e c ta 
tio n  va lu e  (w ritte n  in  a to m ic  un its)

Я 2= , -
1

2 c2

P 1 P 2 +  2  (*1, — *2,) (X l j  -  X2j) Pi, P2j 
i , j =  I

ipdT1dr2 (1)

o f th e  te rm  Я 2 of th e  H a m ilto n ia n  o f  th e  red u ced  B reit  eq u a tio n  (see [1 ], 
eq u a tio n  (11)) a n d  b y  su b s ti tu t in g  th e  co rresp o n d in g  p a ra m e te r  v a lues. H e re

1
p k — —  gradfc (& =1,2) is th e  m om entum  operator of the fc-th electron in  atom ic

i
units, p x, and p 2 are the i-th  com ponent o f  the m om entum  operator o f the  
first electron, and the j'-th com ponent o f  the m om entum  operator o f th e  
second electron , respectively  (i, j  = 1 , 2 ,  3), r12 =  }fx\2 -\- y f2 -f- zf2 m eans the  
distance betw een  the tw o electrons, aq and x2. mean th e  i-th  com ponent o f  
the position  vector  o f the first electron and the j'-th com ponent of the position  
vector o f th e  second electron, respectively  (i, j  =  1, 2, 3) and finally  c is th e  
veloc ity  o f lig h t. In  calculating the exp ectation  value it  is again the W ang  
approxim ate w ave function th a t has been used for the w ave function ip o f the  
hydrogen m olecule.

I t  sh o u ld  be n o ted  t h a t  tw ice th e  f irs t  h a lf  o f th e  te rm  H 2 of th e  H a m il
to n ia n  o p e ra to r  (again  in  a to m ic  un its)

Я 2
P i  P t  

r n
( 2)

equals the operator obtained for the m agnetic orbit-orbit interaction term  [3] 
b y  reducing to  the greater com ponents o f th e  w ave function the E d d in g t o n — 
Gaunt  re la tiv istic  tw o-electron equation, w hich uses the non-retarded energy  
term

r 12

1 » i»a 1 
c2

(3 )

fo r th e  in te ra c tio n  of th e  tw o  e lec trons. ( In  eq u a tio n  (3) tq an d  t>2 d en o te  th e  
v e lo c ity  v e c to rs  o f th e  f i r s t  a n d  second e lec tro n , re sp ec tiv e ly ). As w ith in  th e  
h y d ro g en  m olecule  th e  e lec tro n s are  n o t to o  w idely  s e p a ra te d  th e  va lu e  o f th e  
n o n -re ta rd e d  exp ression  (2 ) w ill p ro b a b ly  n o t  differ m uch  from  th e  e x p e c ta 
tio n  v a lu e  (1 ) (a t  le a s t th e re  w ill be no d ifference  in o rd e r o f  m ag n itu d e  b e t-
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w een th em ). T herefore, as a f irs t a p p ro x im a tio n  we h av e  ca lcu la ted  th e  te rm  
H 2, w hich  looks sim pler, in s tead  of c a lcu la tin g  th e  e x p e c ta tio n  v alue

Щ , (4)

w here H \  is th e  second te rm  of th e  e x p e c ta tio n  value H 2.
In  connection  w ith  th e  o p e ra to r  Н'л i t  shou ld  he n o te d  th a t  th is  o p e ra to r  

can  also be o b ta in ed  n o n -re la tiv is tic a lly . T ak in g  th e  second te rm  of th e  classical 
in te ra c tio n  energy  b e tw een  th e  tw o m o v in g  elec trons (3), w hich  is a fu n c tio n  
o f th e  velocities, as a k in e tic  energy  te rm , form ing  th e  canon ically  c o n ju g a te  
m o m en ta  from  th e  k in e tic  energy  so e x te n d e d  an d  exp ressing  th e  v e loc ities 
v1 an d  v2 in  te rm s of th e  m o m en ta  р г an d  p 2 o b ta in ed  in  th is  w ay , th e  re su lt  is 
ju s t  th e  o p e ra to r  H'2. Follow ing th is  m e th o d  [4] for th e  d e riv a tio n  o f o p e ra to r  
H 2 th e  d e te rm in a tio n  o f its  e x p e c ta tio n  v a lu e  for th e  g ro u n d  s ta te  o f  th e  
hyd ro g en  m olecule has been  described  in  a p rev ious p a p e r  [5]. T h e  ra th e r  
com plica ted  ca lcu la tion  y ie lded  fo r th e  ex p ec ta tio n  va lu e  H 2 8,24 • 10 ~ 4 ev, 
a t th e  n u c lea r sep a ra tio n  o f R  =  1,40 a . u ., an d  th e  p a ra m e te r  v a lue  a =  1,17, 
w hich re su lts  in  a m ax im u m  b in d in g  en erg y  in  W a n g ’s orig inal c a lcu la tio n . 
This v a lu e  agrees in  o rd er o f m ag n itu d e  w ith  th e  classically  e s tim a te d  v a lu e  as 
well as w ith  th e  a p p ro x im a te  value ca lc u la ted  on th e  basis o f th e  e x p e rim e n ta l 
value found  by  K e l l o g g  and  his co llab o ra to rs  [6] for th e  in te ra c tio n  o f  n u c lea r  
spins in  th e  H 2 m olecule. (F o r th e  d e ta ils  see [5]).

S u b s titu tin g  in to  th e  second te rm  o f (1) th e  W a n g  w ave fu n c tio n  [2]

V (1,2) -
a 3 [ e ^ ' V  +  e - ^ v ' V ]

n  +  S 2)

in a tom ic  u n its , w here

ct6 r
S2 =  -

л 2
J e  “(S + V  d r1 =  a -  j e  a<r«g+ri2* dr0

e 2nR j 1 - f -  a R  -j— —  a 2 R2

(5)

and  ra. an d  rbj (i =  1, 2) are  th e  d is tan ces  show n in  F ig . 1 th e  e x p e c ta tio n  
value o f  th e  o p e ra to r H 2 becom es

H" =  — a
2 2 л 2с2

[e ° ( W  +  e - ^ V V ]
1 3

„ ^  (xi, — x2,) (xii ~  x2<) Pi, Рг,
'12 i-J I
2 (1 +  S 2)

[в-«<Ч+Ч> -F e a<4+r*,)] dr, dr2 .
(6)
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W ritin g  th e  o p e ra to rs

Pik Ihk
1 Э
i 8*2/;

(к =  1, 2, 3)

in  a tom ic  u n its  (A =  1) an d  c a rry in g  ou t th e  m u ltip lica tio n s  (6) tak es  th e  fo rm

[e -“(4 + V  - f  e - a(4 +rV ]
1

IT " _
2 2л2с2.

e2М2
92

+  У
Э2

12
9 * t 9*2 ~ 0.У1 3>'2

— +

92
+  z i2 T —  ------h x  12 У 12

Ö Z -̂  0 ^ 2

2(1 +  S 2)

92 92
Эх, 9j 2 9y x Эл:2

+

Э2

2(1 +  S 2
Э2

)

+  У 12 *12
Э2

~r X12 Z12 9*1 9z2
1

9zt 9*2 3y, 9z2

+  92 -  
9*i 3y2

2(1 +  S 2)

[e -° (4 +r».) +  e n(S + V ]

( 7 )

2(1 +  S 2)

P erfo rm in g  in  (7) th e  d iffe ren tia tio n s  i t  can  be show n th a t  th e  expression  
o b ta in e d  in  th is  w ay  consists o f 8 d iffe ren t tw o -cen tre  in te g ra ls . E ach  one o f

1
th e  h ith e rto  u n k n o w n  in teg ra ls  occurring  here  co n ta in s  th e  f a c to r —  , th e re fo rero

'12
i t  p roved  to  be  a very  d ifficu lt m a th e m a tic a l p rob lem  to  ev a lu a te  th em . F o r 
th e  d e te rm in a tio n  o f one o f  th e se  in teg ra ls  we h a v e  a lread y  developed  a su itab le  
m e th o d  [7], so t h a t  it m a y  be hoped  th a t  i t  w ill be possib le to  ev a lu a te  th e  
o th e r  in teg ra ls  to o . The re su lts  so fa r o b ta in e d  also suggest th a t  th e  d e te r 
m in a tio n  o f th e  energy  te rm  (6) invo lves, in  ad d itio n  to  th e  m a th e m a tic a l 
d ifficu lties, a  v e ry  large a m o u n t o f num erica l w ork , req u irin g  electron ic  com 
p u tin g  m ach in es . The p ro b lem  will be d iscussed  in  a n o th e r  p ap er, a f te r  th e  
com p le tio n  o f th e  ca lcu la tions.
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2. The en erg y  term  E 4

As in th e  absence o f  an  ex te rn a l m agnetic  fie ld  th e  o p era to r H 3 describ ing  
th e  in te ra c tio n  of th e  m agnetic  m o m en ts  belonging to  th e  e lec tro n  sp ins w ith  
th e  e x te rn a l m agnetic  fie ld  (see [1 ], eq u . (1)) is eq u a l to  zero,

н з =  o . (8)

T he n e x t re la tiv is tic  co rrec tion  en erg y  te rm  to be considered  will be th e  expec
ta t io n  v alue  of th e  o p e ra to r

H i =  , O [ f ö  P l) +  (®2P 2)] (9)
4  C“

ag a in  in  a tom ic  u n its . H ere  i =  — 1 , c is th e  v e lo c ity  of l ig h t, р г an d  p 2
re sp ec tiv e ly , are th e  m o m en tu m  o p e ra to rs  of e lec trons 1 and  2. T h e  expressions 
of th e  fie ld  in tensities and  I2, re sp ec tiv e ly , are

4  =  -  gr£fli V  — -  g rad i
1

+
1

+ - 1 +
1

' 1
r", 4 4 rh r 12

e2 =  — g rad 2 V  = — grad 2
1 1 1 1 1

H— +
4 r\ rb, r l2

(1 0 a)

(10b)

I t  shou ld  be n o ted  th a t  th e  energy te rm  H 4 =  E 4 h a s  no re la tiv is tic  c o u n te r
p a r t ,  i ts  ap p earan ce  is due  to  th e  re la tiv is tic  t r e a tm e n t and  it ap p e a rs  a lread y  
in  th e  one-electron  D irac eq u a tion .

I t  can  be show n [8 ] th a t  th e  e x p e c ta tio n  v a lu e  o f th e  o p e ra to r  H i  equals 
th e  expression

w here

H  4

1 1
2 4c2

(d iv i ex d iv 2 e2), ( 11 )

div, e, =  j  V*(i,2) d iv , e, V(i,2) d r i  d 4  ■ ( l  =  ^ 2 ) ( 12)

S u b s titu tin g  th e  expressions (10a) a n d  (10b) of e4 a n d  е2, re sp ec tiv e ly , in to  (11) 
an d  ta k in g  th e  re la tions

div, e, =  — A t V, ( i =  1,2) 

A  —  j =  — 4 л d(r)
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in to  acco u n t [9], w here  ô(r) is th e  th ree -d im en sio n a l D irac ó-function , we 
o b ta in

1 71
H i  =  ------ -- [d(r0i) +  Ô (rbi) +  Ó (rû2) +  Ô (r„2) - 2 d (rx2)]. (13)

U sing  in  (13) fo r th e  ca lcu la tio n  o f th e  e x p e c ta tio n  values

0  ( r k )  =  J  V* ( 1 * 2 )  d(rk.) rp ( 1 , 2 )  d r 1 dr2,
к =  a,b

i =  1 ,2
(14)

again the W ang  w ave function (5), which is sym m etrical w ith respect to the  
exchange of the tw o electrons and the tw o nuclei, (13) is sim plified to  the form

w here

an d

H ere

/ / ,  =  h i  +  / / ; , (15)

H'i — 2  à (ri7l)
c*

(16a)

7Г . ------ . . .
n = ~ — à (r12). (16b)

c*

’* (1 ,2 ) ô ( r12) tp (1 ,2 ) d r i dr2, (17)

rai an d  r 12 d en o te  th e  position  v ec to rs  d raw n  fro m  th e  nucleus a to  e lec tron  1 

an d  from  e lec tro n  1 to  e lec tron  2 , resp ec tiv e ly .
In  a p rev io u s p a p e r  [1] th e  ca lcu la tio n  o f  th e  e x p e c ta tio n  v alues (16a) 

a n d  (16b) w ith  th e  W a n g  w ave fu n c tio n  has a lre a d y  been describ ed  in  deta il. 
F o r th ese  w ith  th e  p a ra m e te r  va lues a =  1,17 an d  R  =  1,40 a. u. have  
been  o b ta in ed .

К  =  [ Н & =  UT = 2 0 ,5 0 - IO -* ev, (18a)
/ ?  =  1 ,4 0  a .  u .

Щ  =  [H ;J„ _ u 7 =  -  1 ,1 7 .1 0 -4  ev, (18b)
i ? = l , 4 0  a .  u .

=  E l  +  E'l =  (20,50 — 1,17) • IO“ 4 ev  =  19,33 ■ 1 0 ~ 4 ev  (18c)
(see [1 ]).

H ow ever, th e  assertio n  o f th e  above p a p e r  t h a t  th e  energy  te rm s (18a) 
a n d  (18b) are  te rm s  o f th e  o p e ra to r  p ro d u c in g  th e  re la tiv is tic  co rrec tio n  te rm  
o f  th e  k in e tic  en e rg y  o p e ra to r  is in co rrec t. These te rm s  are d eriv ed  from  th e  
e x p e c ta tio n  va lu e  o f  th e  o p e ra to r  H 4 in  th e  m a n n e r  described  h ereab o v e . The 
m isu n d e rs ta n d in g  is due to  th e  fa c t th a t  S u c h e r  a n d  F o l e y  [10] in  tre a tin g  
th e  g ro u n d  s ta te  o f th e  H e a to m  on th e  basis o f  th e  B r e i t  e q u a tio n  denote
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th e  sum  o f th e  co rrec tion  te rm s f / x a n d  H i  by  H v  A ccord ing ly , equ . (9) of th e  
prev ious p a p e r [1 ] g iv in g  th e  r e la tiv is tic  co rrec tion  o p e ra to r  o f  th e  k inetic  
energy  shou ld  he w r it te n  co rrec tly  in  th e  form

H 1 —  H { = — - 1  r  [ { p i  Pi) +  ( p i  pi)]  (1 9 )
8 c z

in s te a d  o f th e  in co rrec t expression

H 1 =  H i  +  Щ  +  Щ '

(see [1] equ . (9)), w hile th e  sum  of th e  o th e r two te rm s  is ju s t  H 4. W ith  reg ard  
to  all th is , in  T able  I  o f  [1], w here th e  re la tiv is tic  k in e tic  en erg y  co rrec tion  
te rm s o f  th e  ground  s ta te  o f th e  Н е -a to m , of the  h y d ro g e n  m olecule a n d  of th e  
tw o free hyd rogen  a to m s are  c o m p ared , for the  co rrec tio n  te rm  o f th e  k ine tic  
energy  o n ly  th e  f irs t  ro w  co n ta in in g  th e  energy te rm  =  E x is to  be  ta k e n  
in to  a cco u n t, w hereas th e  sum  of th e  values in  th e  second a n d  th ird  row s 
gives th e  energy  te rm  E 4. I t  is to  b e  m en tioned  t h a t  in  [1] th e  n u m erica l 
value o f  E 1 is also erroneus. T he v a lu e  given in  T ab le  I  o f [1] is to  be 
d iv id ed  b y  2 .

3 . T h e  s p in - o r b i t  in te r a c t io n  te r m s

T he energy  of th e  sp in -o rb it in te rc a tio n  te rm s

H :> =  —  -  
4 c 2 -  i  K

L l  4
X P i ]  +

r\
K x E i ]  +

1

+  >  Г12
[ r  12 X  ( 2 p 2 - E i ) ] a i  + -  [ ra , X P i  1 +

rá
(2 0 )

l
[ r 6 a X p 2]  +

1
[ r 2i  X  {2Pl  —  p 2)] ff2

rl r3r 12

is g iven  b y  th e  e x p e c ta tio n  value o f  th e  H am ilto n  o p e ra to r

Я 5 =  f  4P* H ,  4P drl d r2 . (2 1 )

T he o p era to r H a, as is show n in  (20), inc ludes th e  o p era to rs  а 4 an d  <r2, 
ac tin g  on  th e  sp in  fu n c tio n s o f th e  f irs t  and second  e lec tron , re sp ec tiv e ly , 
w here

and

ai =  ai J  +  aiyj  + a izk ’ 

°2X  ̂ H~ °2yj   ̂1

01 0 — i 1 - 0
ax — 10 i 0

,(7Z =
0 -  1

(2 2 a)

(2 2 b)

(23)
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are  th e  P a u li sp in  m atrices . T h u s to  ca lcu la te  th e  ex p ec ta tio n  va lu e  of th e  
co m p le te , positio n  an d  w ave fu n c tio n  of th e  g ro u n d  s ta te  o f th e  hydrogen 
m olecule

1 Ф =  У f t ,  r2) X (1 ,2 ) =  y> ( r lf r2) - L  [Za (1) (2 ) -  *a (2 ) xp  (1)] (24)

is  to  be used . H ere  th e  d e fin itions o f th e  o rth o n o rm alized  sp in  functions ya 
a n d  xß are

T he fa c to r  o f th e  com plete  w ave fu n c tio n  (24), w hich  depends on th e  sp in  
fu n c tio n s o f th e  tw o  elec trons, as can  be read ily  seen from  th e  o rth o n o rm a liza 
tio n  o f Xa an d  Xßi is no rm alized  to  1. T his is w h y  no  erro r re su lte d  from  neg
lec tin g  — for th e  sake  of b re v ity  — in  th e  ca lcu la tio n  of th e  e x p e c ta tio n  values 
o f o p era to rs  n o t co n ta in in g  o p e ra to rs  ac tin g  on th e  spins th e  sp in -function  
d ep e n d e n t fac to rs  o f th e  w ave fu n c tio n s.

I t  can  be show n th a t  th e  e x p e c ta tio n  v a lu e  (21) (see e. g. [11]), in d e
p e n d e n tly  o f w h a t fo rm  is used  fo r th e  fac to r dep en d in g  on th e  position  coor
d in a te  o f th e  w ave fu n c tio n , equals zero for a n y  tw o -p artic le  sy s te m  of a n ti
p a ra lle l sp in . T herefo re , as th e  g round  s ta te  o f th e  h y d rogen  m olecule is a  
sing le t s ta te  th e  sp in -o rb it in te ra c tio n  te rm  in th e  g ro u n d  s ta te  o f th e  hydrogen  
m olecule w ill be zero,

H 5 =  E 5 =  0 . (25)

4. Spin-spin in te rac tio n  te rm s

I t  can  again  be show n [11] th a t  o f th e  o p e ra to rs

f t  =  я ;  +  н ;

giv ing  th e  sp in -sp in  in te ra c tio n  te rm , th e  o p e ra to r

f t  = 4 c2

_ 3 f t  r12) f t  r 12) j
r5r 12

(26)

(27)

m u ltip lied  b y  th e  sp in  fu n c tio n s from  th e  left an d  r ig h t hand  side , i. e.

Z (1,2) я ;  z (1,2) (28)
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is eq u a l to  zero fo r a sing let tw o-e lec tro n  sy s te m . Thus in  th e  g ro u n d  s ta te  o f  
th e  hyd rogen  m olecule th e  co rrespond ing  e x p e c ta tio n  v a lu e  w ill also be zero

н ;  =  £ 6 =  0 . (29)

T he ex p e c ta tio n  value o f  th e  second p a r t  o f th e  o p e ra to r  H 6

( 30 )
3 4 c2

(see [1] equ. (9b)), how ever, w ill n o t be zero , n o t  even for th e  g round  s ta te  o f  
th e  hydrogen  m olecule. F o r th is  o p e ra to r th e  expression

*  (1,2) H l x  (1,2)

a f te r  s u b s titu tin g  (30) and  /  (1, 2) becom es

* (1,2) н ;  X  (1,2) =  - j  [ X a  (1) X ß  (2)] -

От  I
- X a  (2 ) ^ ( ! ) ] —  —  à  ( r 12) h i  a 2 ■ \ X a ( l ) X ß (2 ) -  Z a ( 2 ) ^ ( 1 ) ] .

«J T'b

(31)

E q u . (31), as can  be easily show n, m ay  be  sim plified  to  th e  form

X (1,2) Щ  X (1,2) =  8 .-T J —  Ô (r12). (32)
4c2

A com parison b e tw een  (32) a n d  th e  e x p e c ta tio n  value

(16a)

giv ing  th e  second p a r t  o f th e  energy te rm  E 4, how ever, show s th a t  fo r th e  
ex p ec ta tio n  va lu es  th e  re la tio n

H" =  — 2 H I  (33)
holds.

O n th e  basis  o f e q u a tio n  (33) th e  v a lu e  o f th e  sp in -sp in  m agnetic  in te ra c 
tio n  energy  te rm  a p p ro x im a te d  w ith  th e  W a n g  w ave fu n c tio n , w hich also 
rem ain s in  th e  sing le t m u ltip lic ity  g round  s ta te  o f the  h y d ro g e n  m olecule, can  
im m ed ia te ly  be w ritte n  dow n w ith  th e  a id  o f th e  value (18b) of th e  en e rg y  
te rm  E 4,

E l  =  - 2 E 4 =  — 2 ( - l , 1 7  • IO “ 4 ev) =  2,34 • 1 0 ^ 4 ev. (34)
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C om paring  th is  v a lu e  w ith  th e  v a lu e  o f  17,38 • 1 0 “ 4 ev  o b ta in ed  fo r  th is  
te rm  fo r th e  Н е -a to m  w ith  a h y d ro g en -lik e  w ave fu n c tio n  [10] i t  can  b e  seen 
th a t  th is  is a b o u t 13%  o f th e  value o b ta in e d  for H e. T h e  v alue  ca lc u la ted  fo r 
th e  e lec tro n  sp in — electron  sp in  in te ra c tio n  energy  fo rm  th e  value of th e  n u c le a r  
sp in —n u c le a r  sp in  m a g n e tic  in te ra c tio n  energy  o f th e  hydrogen  m olecu le , 
w hich  la t t e r  c an  be d e te rm in e d  b y  th e  a id  o f th e  m o lecu la r beam  m a g n e tic  
resonance  m e th o d , is 3 ,98 • 10~4 ev [5]. T h e  good a g re e m e n t of th is  v a lu e  
w ith  (34) is v e ry  p ro b a b ly  acc id en ta l. I t  shou ld  be n o te d  th a t  i f  E'l w ere 
ca lcu la ted  w ith  th e  aid  o f  th e  m ore a c c u ra te  J a m e s -C o o l i d g e  w ave fu n c tio n , 
th e  values so o b ta in ed , s im ila r  to  th e  case o f  th e  H e -a to m  [10], w ould p ro b a b ly  
be sm aller th a n  th e  v a lu e  (34) ca lcu la ted  w ith  th e  W a n g  w ave fu n c tio n  co n 
s tru c te d  o f  hyd rogen -like  w av e  func tions a n d  th u s th e  d ifference b e tw een  th e  
th e o re tic a l v a lu e  an d  th e  one  e s tim a ted  fro m  th e  e x p e rim e n ta l value b e tw e e n  
th e  n u c lea r  sp ins w ould in crease .

C om paring  (34) w ith  th e  value o f  8,24 • 10_ 4 ev  [10] o b ta ined  fo r  th e  
m ag n e tic  o rb it-o rb it in te ra c tio n  te rm  i t  is seen th a t  fo r  th e  ground s ta te  of 
th e  h y d ro g en  m olecule th e  o rb it-o rb it in te ra c tio n  te rm  in  th e  a p p ro x im a tio n  
used  here  is a b o u t fo r tim es th e  sp in -sp in  in te ra c tio n  e n e rg y . I t  should  be  n o te d  
th a t  fo r th e  Н е -a to m  th e  case  is rev ersed  also  if  th e  v a lu e s  ca lcu la ted  w ith  th e  
th re e -p a ra m e te r  H y lle raas  w av e  fu n c tio n  a re  used. H ere  th e  spin-spin  in te r a c 
tio n  te rm  is a b o u t te n  t im e s  th e  m ag n e tic  o rb it-o rb it in te ra c tio n  te rm  ( [ 1 0 ],
[11]). T he d ifference is due in  all p ro b a b ility  to  th e  fa c t t h a t  in  th e  case o f  th e  
Н е -a to m  th e  s ta te s  of th e  in d iv id u a l e lec trons d e v ia te  to  a sm all e x te n t  
from  th e  sp h erica lly  sy m m etrica l Is  s ta te  a n d  th u s  th e  v a lu e  of th e  m ag n e tic  
o rb it-o rb it te rm  is r a th e r  sm all.

O w ing to  th e  lack  o f  su itab le  e x p e rim e n ta l d a ta ,  ju s t  as in  th e  case 
o f th e  m ag n e tic  o rb it-o rb it in te ra c tio n  te rm , th e  en erg y  v a lu e  (34) c a n n o t be 
d irec tly  co m p ared  w ith  th e  ex p erim en t. I f , how ever, th e  Zeem an d is in te g ra 
tions o f th e  in d iv id u a l ro ta t io n a l  levels o f  th e  h y d ro g en  m olecule w o u ld  be 
in v e s tig a te d  in  a m ag n etic  fie ld  so s tro n g  as to  cause th e  uncoupling  o f  th e  
spins o f th e  tw o  elec trons a n d  th u s th e  sp ins of th e  in d iv id u a l e lectrons w ould  
be q u a n tiz e d  w ith  re sp ec t to  th e  m ag n e tic  fie ld  in d e p e n d e n tly  of each  o th e r  
i t  can  be im ag in ed  th a t  f ro m  th e  sp e c tru m  so o b ta in ed  conclusions cou ld  be 
d raw n  in  som e w ay  as re g a rd s  th e  sp in -sp in  in te ra c tio n  te rm  El.

5. The s um of  the relativistic correction term s

In  T ab le  I  th e  re su lts  o b ta in e d  fo r th e  re la tiv is tic  co rrec tio n  te rm s o f  th e  
g round  s ta te  o f th e  h y d ro g e n  m olecule w ith  th e  W a n g  w ave fu n c tio n  are  
su m m arised .

In  th e  T ab le  E x m ean s  th e  re la tiv is tic  co rrec tion  te rm  of th e  k in e tic  
en erg y , E l  th e  n o n -re ta rd e d  m agnetic  o rb it-o rb it in te ra c tio n  term , E l  m ean s
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Table I

The energies of the relativistic correction terms 
in the ground state of the hydrogen molecule

Energy term  E nergy in lO"4 ev

E i — 28,70

E't 8,24
E l 9

Е г =  Е Ц  2 +  E l 4,12 +  ?

E 3 0*

E l 20,50

К — 1,17

II fe
j 19,33

e 5 0

E ’6 0

E l 2,34
E =  E l  +  e ; 

6

2,34

£ с Но ? г  =  У  Ei 
i = 1

— 2,91 +  Е ’г

* if no external magnetic field is present

t h a t  p a r t  o f th e  la t te r  te rm  due to  r e ta rd a tio n , an d  E 2 =  Е Ц 2  -|- E \  gives th e  
com plete  re ta rd e d  m agnetic  o rb it-o rb it in te ra c tio n  te rm . E 3 is th e  te rm  r e s u l t 
ing  from  th e  in te ra c tio n  of th e  spins w ith  th e  ex te rn a l m ag n e tic  field . T he 
energy  te rm  U 4 has no n o n -re la tiv is tic  c o u n te rp a r t , Е ъ is th e  sp in -o rb it in te r 
ac tio n  te rm , a n d  E 6 =  Eg -\- Eg  gives th e  en e rg y  of in te ra c tio n  betw een  th e  
e lec tron  spins. T h e  expression

E%„  =  I '  E , =  -  2,91 • 10~4 ev +  E \  (35)
/=1

d eno tes th e  to ta l  energy o f all th e  re la tiv is tic  correction  te rm s . To d e te rm in e  
th is , as we h av e  seen above i t  w ould  also be  necessary  to  ca lcu la te  th e  en e rg y  
te rm  E \  w hich , ow ing to  m a th e m a tic a l d ifficu ltie s , is n o t y e t  possible. U sing  
fo r E 2 as an  a p p ro x im a tio n  th e  v alue  o f  8,24 • 10“ 4 ev  derived  from  th e  
ex p ec ta tio n  v a lu e  o f th e  n o n -re ta rd e d  in te ra c tio n  o p e ra to r  H% we o b ta in  fo r 
E co*rr th e  value

JE»>'r ^  +  1,21 • IO“ 4 ev. (36)

W hen  i t  becom es possib le  to  ca lc u la te  ail te rm s o f  E corr, th e  v a lu e  
o b ta in ed  could be checked as follows. K o l o s  an d  R o o t h a a n  [12] tak in g  in to
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acco u n t fu r th e r  te rm s in th e  series of th e  J a m e s -Co o l i d g e  [13] w ave fu n c tio n , 
using  a lto g e th e r  50 te rm s, h a v e  d e te rm in ed  th e  energy o f  th e  H 2 m olecule  to  
an  accu racy  o f  1 0 “ 4 ev a n d  o b ta in ed  fo r th e  b ind ing  en e rg y  4,7467 ev . T h e  
expression  o f  th e  b ind ing  en erg y  c o n ta in in g  also th e  re la tiv is tic  c o rrec tio n  
te rm s becom es

=  2 £ H  _  E ) =  2 ( В » ,  +  E?on) -  ( E &  +  £ cHorr)

—  c _i 9E H —°n-r  г  4̂ х - ' с о г г  Х ' / С 0 Г Г ’

(37)

w here E^orr a n d  E^0\ r, re sp ec tiv e ly , d en o te  th e  re la tiv is tic  correction  en e rg y  
te rm  of th e  H  a to m  and  th e  H 2 m olecule. I n  th e  firs t ap p ro x im a tio n  th e  r e la 
tiv is tic  ch an g e  o f th e  energy  o f  th e  H  a to m  can  be o b ta in ed  from  the  ex p ressio n

Eçorr =  — a  a. u. (38)
8

[14]. S u b s titu tin g  here th e  v a lu e  ^ 3 7  o f  th e  fine s tru c tu re  c o n s ta n t a w e

o b ta in  fo r (38) —2 • 10“ 4 ev . U sing th is  v a lu e  and  for E ^ 0\ r as an a p p ro x im a 
tio n  (36), we get

er =  4 ,7467 -  0,0004 — 0,0001 =  4 ,7462 ev . (39)

I t  seem s to  be in te re s tin g  to  com pare  th e  b ind ing  en e rg y  o b ta in ed  w ith  
th e  v alue  o f  th e  ex p erim en ta l b ind ing  en erg y

e Щ  +  о ; , (40)

w here D JJ is th e  d issocia tion  energy an d  G'ó is the  zero p o in t energy  o f th e  
v ib ra tio n  o f  th e  nuclei. H erzberg  a n d  Monfils [15], [16] give fo r G'ó th e  
va lu e  2 1 7 9 ,3 ^ 0 ,2  c m “ 1, a n d  th e y  d e te rm in e d  th e  b e s t  v a lue  of th e  d isso 
c ia tion  en e rg y  o f th e  h y d ro g en  m olecule, to  be Do =  36113,0  i  0,3 c m “ 1. The 
sum  of th e  tw o  values is 38,292,3 ^  0,5 c m “ 1 =  4 ,74599 i  0,0006 ev.

I t  can  be seen th a t  th e  th eo re tica l n o n -re la tiv is tic  v a lu e  does n o t ag ree  well 
w ith  th e  ex p erim en ta l one, w hereas th is  is n o t th e  case w ith  th e  th e o re tic a l re 
la tiv is tic  v a lu e . The re m a in in g  d isc rep an cy  can  be p ro b a b ly  a ttr ib u te d  to  fo u r 
m ain  reaso n s: 1) The use o f  th e  value o f  th e  n o n -re ta rd ed  m agnetic  o rb it-o rb it

in te ra c tio n  te rm  jE2 in s tead  o f  E%=
2

+  Eg- 2) C a lcu la tion  of the  e x p e c ta tio n

values o f th e  in d iv idua l o p e ra to rs  w ith  th e  W a n g  w ave fu n c tio n , w hich  g ives 
a ra th e r  b a d  a p p ro x im a tio n . 3) N eg lection  o f  the  v a rio u s ra d ia tio n  co rrec tio n  
te rm s — w h ich  can be ta k e n  in to  a c c o u n t in  a q u a n tu m  e lec tro d y n am ica l 
t r e a tm e n t — in  th e  case o f  th e  tw o free  hydrogen  a to m s  as well as fo r th e
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g ro u n d  s ta te  of th e  H 2 m olecule. 4) D isregard ing  th e  mass co rrec tio n  te rm  due 
to  th e  m otion  of th e  nuclei as w ell as th e  so-called  m ass p o la riz a tio n  correc tion  
te rm  also due to  th e  m otion  o f  th e  nuclei in  m an y -e lec tro n  a to m s and  m ole
cules (in m an y -e lec tro n  system s th is  co rrec tion  te rm  appears in  a d d itio n  to  th e  
e le m e n ta ry  m ass co rrection  [17]). T he values o f  th e  re ta rd ed  a n d  n o n -re ta rd e d  
m agnetic  o rb it-o rb it in te ra c tio n  te rm s  differ p ro b a b ly  no t m u c h  as th e  in te r-  
e lec tron ic  d is tan ce  in  th e  H 2 m olecule is no t la rg e . The sum  o f  th e  m ost im p o r t
a n t  ra d ia tio n  co rrec tion  energy  te rm s in  th e  g ro u n d  s ta te  o f  th e  H 2 m olecule 
is on ly  — 1,8 • 1 0 —3 ev [18]. T h e  v a lu e  of th e  e lem en tary  m ass co rrec tion  fo r 
tw o free h y d ro g en  atom s is -|-(h0148 ev, w hile  for th e  H 2 m olecule V a n  
V l e c k ’s [19] a p p ro x im a te  c a lcu la tio n  gives —]— 0,00141 ev. So th is  w ould p ro 
duce a change o f —|— 0,0007 ev in  th e  b ind ing  en e rg y . H ow ever, fo r th e  v alue  o f 
the  m ass p o la riza tio n  te rm  w ith  th e  best, 3 8 -p a ram e te r  w ave fu n c tio n  of th e  
Н е -a to m  -}-6 • 1 0 “ 4 ev  was o b ta in e d  [20]. T a k in g  as a p p ro x im a tio n  th is  v a lu e  
in to  accoun t, also fo r th e  g ro u n d  s ta te  of th e  H 2-m olecule, th e  sum  of th e  tw o  
m ass co rrec tion  te rm s  causes a change of only  1 • 10 ~4 ev in th e  b in d ing  energy  
o f th e  H 2-m olecule. W ith  reg ard  to  all th is  i t  c an  be ex p ec ted  th a t  th e  m ain  
reason  fo r th e  d isc rep an cy  lies in  th e  fac t t h a t  th e  e x p ec ta tio n  values o f th e  
v a rio u s re la tiv is tic  co rrec tion  en erg y  te rm s a re  n o t a p p ro x im a te d  w ith  su ff i
c ien t accuracy . T h u s , a fte r th e  com pletion  o f  th e  ca lcu la tion  o f  E% i t  w ould  
seem  su itab le  to  re p e a t th e  ca lcu la tio n s w ith  th e  J a m e s -Co o l i d g e  w ave fu n c 
tion , w hich gives an  accu ra te , n o n -re la tiv is tic  b ind ing  e n e rg y  value . S u b 
seq u en t to  th is  ca lc ida tion , w hich  p ro b ab ly  in v o lv es  great m a th e m a tic a l d iff i
cu lties, th e  m ass p o la riza tio n  co rrec tion  te rm  shou ld  be d e te rm in e d  for th e  
g round  s ta te  of th e  H 2 m olecule. I t  can  be h o p ed  th a t  the  a c c u ra te  th eo re tica l 
va lu e  o f th e  b in d in g  energy th u s  o b ta ined  w ill agree w ith  th e  exp erim en ta l 
one ju s t  as it  w as found  in th e  case of th e  Н е -a to m  and H e-like  ions.

In  conclusion i t  seems to  be o f in te re s t  to  com pare th e  ap p ro x im a te  
v a lu e  o f -f 1,21 • 10 4 ev o b ta in ed  for the  su m  o f the  re la tiv is tic  co rrections 
w ith  th e  co rrespond ing  value in  th e  Н е-a tom . In  th e  ground  s ta te  of th e  H e- 
a to m  th e  values o b ta in ed  for th e  sum  of th e  re la tiv is tic  te rm s a re : (0,73 • 1 0 -4  
ev  w ith  hyd rogen -like  w ave fu n c tio n  [10, 21], — 17,75 • 10~4 ev  w ith  a H a r t 
r e e  SCF w ave fu n c tio n  [10, 22], —23,46 • 1 0 ~ 4 ev  w ith  a 3 -p a ra m e te r  H y l l e - 
r a a s  w ave fu n c tio n  [10, 11] a n d  —28,26 • 1 0 ~ 4 ev w ith  th e  K i n o s h i t a  38- 
p a ra m e te r  v a ria tio n a l tr ia l fu n c tio n  [20]. I t  c a n  be seen t h a t  b y  im prov ing  
th e  ap p ro x im a tio n  th e  ab so lu te  v a lu e  of th e  re la tiv is tic  co rrec tio n  en erg y  
increases. I t  can  be  s ta te d  an y w a y  th a t  th e  values re la tin g  to  th e  g ro u n d  
s ta te  o f th e  H e a to m  and  th e  H 2 m olecule a p a r t  from  th e  v e ry  bad  re su lt 
o b ta in e d  by  a p p ro x im a tin g  th e  w ave fu n c tio n  o f  th e  g ro u n d  s ta te  of th e  H e 
a to m  b y  th e  p ro d u c t o f tw o Is  H -a to m  fu n c tio n s  do n o t ag ree  in  sign a n d  
in  o rd er of m ag n itu d e . The reaso n  for th is  d e v ia tio n  m ay be  th e  d ifference 
b e tw een  th e  on e-cen tre  H e a n d  th e  tw o -cen tre  H 2 prob lem .
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ТРАКТОВКА ОСНОВНОГО СОСТОЯНИЯ МОЛЕКУЛЫ ВОДОРОДА 
НА ОСНОВАНИИ РЕЛЯТИВИСТИЧЕСКОЙ КВАНТОВОЙ МЕХАНИКИ 

С ПОМОЩЮ ВОЛНОВОЙ ФУНКЦИИ УАНГА II.
Обзор релятивистических коррекционных членов

й. ладик

Резюме

В работе дается обзор ожидаемых значений релятивистических коррекционных 
членов, появляющихся при трактовке основного состояния молекулы водорода на основе 
уравнения Брейта. Эти члены вычислялись приближенной волновой функцией Уанга. 
Далее обсуждаются трудности, появляющиеся при вычислении той части члена орби
тально-орбитального магнитного взаимодействия, которая обусловлена ретардацией. 
Кроме этого описывается ход определения члена энергии, не Имеющего нерелятивисти
ческого аналога. Так как члены спин-орбитального взаимодействия и первая часть члена 
спин-спинового взаимодействия у всякой двухэлектронной системы с антипараллельными 
спинами идентично равны нулю, в основном состоянии молекулы водорода лишь вторая 
часть члена спин-спинового взаимодействия будет отличаться от нуля. По отношению 
данного члена энергии в работе доказывается, что он в два раза больше одного частного 
члена энергии, не имеющего нерелятивистического аналога.

Сумма релятивистических коррекционных членов, если значение члена орбитально
орбитального магнитного взаимодействия приближенно брать равным ожидаемому зна
чению неретардированного операт оравзаимодействия, равна f  1,21.10~4 eV. Оно улучшит 
хорошее до этого согласование между экспериментальным и наилучшим нерелятиви
стическим теоретическим значениями энергии связи молекулы Н2.

Причина все же имеющегося расхождения заключается в том, что, кроме упомя
нутых пренебрежений, вычисление ожидаемых значений некоторых коррекционных 
членов производилось не точной волновой функцией Джемса и Кулиджа, а волновой 
функцией Уанга, дающей возможность с меньшей точностью аппроксимировать истинное 
значение, далее в пренебрежении коррекционным членом элементарной массы и членом, 
учитывающим поляризацию массы.
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The m ost im portan t rad ia tion  correction energy terms for the ground state of the  hy d ro 
gen molecule can easily be obtained  by appropriately  modifying th e  expression for th e  helium  
atom . Substitu ting  the results obtained b y  th e  approxim ate W a n g  wave function for the 
expectation values occurring in the individual energy terms for the energy term  describing the 
Lamb shift 10,12 • 10—5 ev, while for the energy term  giving approxim ately  the rad ia tion  
in teraction  betw een the two electrons —0,63 • 10“ 5 ev were obtained. Subtracting th e  sum  of 
these two values from  the value of 7,72 • 10“ 5 ev giving the Lam b sh ift for two free hydrogen 
atom s, for the change of the binding energy due to  the appearance of th e  radiation correction 
term s —1,77 • 10“ 5 ev is obtained. This value is by  one order of m agnitude lower th a n  the 
corresponding value obtained for th e  ground s ta te  of the helium atom , and thus i t  does not 
influence the theoretical value of the binding energy of the hydrogen molecule so fa r  de te r
mined to an accuracy of 10“ 4 ev.

T he expression  of th e  m ost im p o r ta n t  rad ia tio n  co rrec tio n  energy  te rm s  
for th e  sim p lest s tab le  tw o-e lec tro n  sy s tem s, i. e. th e  H e  a to m  and  th e  g ro u n d  
s ta te  o f H e-like ions can  be found  in  th e  li te ra tu re  [1]. I n  th e  case o f  a  tw o- 
elec tron  a to m , or ion, ju s t  like in  th e  one-e lec tron  case, th e  m ost im p o r ta n t  
ra d ia tio n  correc tion  te rm s  are  th e  lo w est o rder L am b sh if t term s. As is well 
know n th ese  co rrespond  to  th e  em ission a n d  reab so rp tio n  o f a v ir tu a l p h o to n  
b y  one o f th e  e lec trons, ta k in g  place in  su ch  a m anner t h a t  th e  electron  is s c a t
te red  be tw een  em ission an d  ab so rp tio n  on  th e  p o ten tia l o f  th e  nucleus. F o r  th e  
sum  o f th ese  te rm s  we f in d  in  th e  l i te ra tu re  [1] th e  exp ression

E r. —  a3 Z  <5 fa )  [in  —  
16 K 0

19
30

-  In 2 R y . ( 1 )

H ere a =
1

137,037
is th e  f in e -s tru c tu re  c o n s ta n t, Z is  th e  ch a rg e  of the  nu c leu s,

m  s ta n d s  fo r th e  m ass o f  th e  e lectron , c fo r th e  v e lo c ity  o f  lig h t, K 0 is th e  
average  ex c ita tio n  energy  o f th e  a tom  av e ra g e d  over all d isc re te  s ta te s  [2] an d  
d fa )  is th e  follow ing e x p e c ta tio n  value:

ô f a )  =  J  V* (rr  r2) ô f a )  гр (r15 r2) d r 1 d r2 . (2)
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T h e  v ec to r rx in  th e  th ree-d im ensiona l d(rz) D irac  d e lta -fu n c tio n  m eans th e  
p o sitio n  v ec to r  d ra w n  from  th e  nucleus to  th e  position  o f  th e  f irs t e lec tro n . 
E x p ressio n  (1) y ie ld s  the  v a lu e  o f  th e  en e rg y  te rm  [1] in  R y d b e rg  en erg y  
u n its  (1 R y  =  13,60 ev), if  th e  v a lu e  of th e  in te g ra l (2) is s u b s ti tu te d  in  a to m ic  
u n its .  The v a lu e  o f  th e  average  ex c ita tio n  en e rg y  K 0 is for th e  ground s ta te  
o f  th e  H e a to m  84 R y  and fo r th e  s ta te s  n =  1, / =  0 the  re la tio n  K n =  19,77 Z 2 
R y  is in  genera l v a lid  to  a good  a p p ro x im a tio n  [3].

In  th e  case o f  a tw o -e lec tro n  system  f u r th e r  L am b -ty p e  correc tion  te rm s  
a p p e a r  ow ing to  th e  fact t h a t  th e  e lectrons ca n  be  sca tte red  b e tw een  th e  em is
sion  and  th e  re a b so rp tio n  o f  th e  v ir tu a l p h o to n  n o t only o n  th e  p o ten tia l o f  
th e  nucleus, b u t  on  th a t  o f th e  o th e r  e lec tro n  as well, an d  th e  v ir tu a l p h o to n  
exchange b e tw een  th e  tw o e lec tro n s  yields a fu r th e r  energy te rm . F o r th e  sum  
o f these  te rm s  w e fin d  in th e  l i te ra tu re  [1] th e  ap p ro x im a te  expression

E \  =  —  a2<T (iy  In  a  R y ,  (3)
3

w here  th e  e x p e c ta tio n  value

à (Пг) =  j ' V* (h , r2) Ô ( r12) y> (rv  r2) dT1 dr,у (4)

is to  be s u b s ti tu te d  in  a tom ic  u n its . The a rg u m e n t r12 =  r2 — r1 of th e  th re e -  
d im ensional D ira c  d e lta -fu n c tio n  m eans th e  v ec to r  d raw n  fro m  th e  p o sitio n  
o f  th e  f irs t  e le c tro n  to  th e  second .

To d e te rm in e  th e  change occurring  in  th e  ion ization  en e rg y  owing to  th e  
m o st im p o r ta n t  ra d ia tio n  c o rrec tio n  te rm s  th e  know ledge o f  th e  ra d ia tio n  
co rrec tion  te rm s  o f the  g ro u n d  s ta te  of th e  H e + ion is also  necessary . In  th e  
a p p ro x im a tio n  u sed  for th e  H e  a to m  of th e se  only  th e  en e rg y  te rm

E l , i =
8 a? Z  Z 3

2 In
71

K 0 . 19 
Z n  Z 2 R y  30

R y (5)

giv ing  th e  lo w est order L am b  sh if t is to  be  ta k e n  in to  a c c o u n t. W ith  th e  a id  
o f  th is  th e  ch an g e  o f the  io n iza tio n  energy o f  th e  He a to m  d u e  to  th e  ra d ia tio n  
co rrec tion  te rm s  can be ex p ressed  a p p ro x im a te ly  in  th e  fo rm

A E He =  £ Heb _  E H e _  £ 'Н е. ( 6 )

The v a lu es  o f the co rrec tio n  term s E L i ,  E L and  E'L fo r  th e  g round s ta te  
o f th e  H e a to m  are  also g iv en  n u m erica lly  b y  B ethe a n d  Salpeter [1]. T o 
d e te rm in e  th e  energy  te rm s  E l and  E'L th e y  used for th e  ex p ec ta tio n  v a lu es  
<5 (fj) an d  ô (rl2) th e  values o b ta in ed  w ith  th e  aid of th e  b e s t 3 8 -p a ram e ter
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v a ria tio n a l func tion  o f the  g ro u n d  s ta te  of th e  H e atom  ca lcu la te d  by  K in o - 
S H IT A  [4]. T hey  o b ta in ed  th e  follow ing resu lts :

E e,i+ =  4,38 • 1 0 “ 4 ev ; E l ' =  6,06 • 10~4 ev ; E '£  =  - 0 , 2 6  • 1 0 “ 4 ev, (7) 

an d  from  these

A E j  ' =  (4 ,3 8 -6 ,0 6  +  0,26) • 1 0 ^4 ev  =  - 1 ,4 2  • 1 0~ 4 ev . (8)

A dding  th is  v a lu e  to  th e  b es t n o n -re la tiv is tic  io n iza tion  energy  of th e  
H e a to m  an d  ta k in g  in to  acco u n t th e  values o f  th e  various re la tiv is tic  correc
tio n  te rm s due to  th e  B r e i t  eq u a tio n  as well as th e  so-called m ass-p o la riza tio n  
te rm , th e  th eo re tica l v a lue  so o b ta in ed  ( J th or =  198310,4 cm 4) agrees excel
le n tly  w ith  th e  ex p erim en ta l va lu e  (J  xp =  198310,5 ^  1 c m - 4  [!]•

T he change o f th e  energy  due  to  th e  m o st im p o rta n t ra d ia t io n  energy  
te rm s can he easily  d e te rm in ed  also for th e  g ro u n d  s ta te  o f  th e  hydrogen  
m olecule. E q u a tio n  (6) for th e  g ro u n d  s ta te  o f th e  h y d rogen  m olecu le  takes th e  
m odified  form

AE*j* =  2 Е £ д — E^* — .E '/S  (9)

E l 1 can  be im m ed ia tley  ca lcu la ted  from  e q u a tio n  (5) by  su b s ti tu t in g  Z  —= 1 
an d  K 0 =  19,77 R y , w hich yields

E l ,i  =  3,36 • IO " 5 ev . (10)

The expression  fo r E l ‘ can  easily  be o b ta in e d  on the  basis  o f  expression  
(1) for E l  ta k in g  in to  acco u n t th a t  th e  e lec trons m ay  be s c a tte re d  betw een  
th e  em ission and  th e  reab so rp tio n  o f th e  v ir tu a l p h o to n  on th e  p o te n tia l of n o t 
one b u t tw o nuclei. A ccordingly

£ н г * 3 [0 ^ ; ) +  0 -(-” )]
io

C onsidering th a t  each  o f th e  a p p ro x im a te  w ave functions of th e  hydrogen  
m olecule is sy m m etrica l w ith  re sp ec t to  th e  exchange  of th e  tw o  n uc le i, it  can  
be w ritten

=  , ( 12)

an d  th u s  (11) is s im plified  to  th e  form

E ^  =  ^ a 4 ( f ~ )
8

In
K n

19
30

— In 2 R y . (13)

ln  —  ~  + - 1-  -  In 2
K„ 30

R v , (ID
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In  th e  expressions (11) — (13) rfll and  rbl den o te  th e  v e c to rs  d raw n to  th e  f irs t 
e lec tro n  fro m  th e  nucleus a an d  b, re sp ec tiv e ly . I t  sh o u ld  be n o ted  t h a t  ex p res
sions (1) a n d  (11) can  be w r itte n  in  ju s t  th e  sam e w ay  w ith  th e  aid o f  th e  D irac 
d e lta -fu n c tio n  co n ta in in g  th e  position  v e c to r  of th e  second  e lec tron  as a rg u 
m en t. N am e ly , th e  g ro u n d  s ta te s  of b o th  th e  H e a to m  a n d  th e  H 2 m olecule  are 
sy m m e tric a l w ith  re sp e c t to  th e  ex ch an g e  of th e  tw o  electrons, a n d  th u s , 
shou ld  a n y  k in d  of w ave fu n c tio n  be u sed , for th e  ex p ec ta tio n  v a lu es  th e  
re la tio n s

Щ )  +  Щ )  =  2 Щ )  =  2 д Щ  , (14)
an d

<3 (rai) +  ô (rhl) +  <5 (raJ  +  ô (r4l) =  4 d (rQl) =  4 Ô (rblj  =  4 0  (raJ  =  4 <5 (r„2), (15)

re sp ec tiv e ly , are va lid . I n  deriv ing  ex p ressio n  (1) th e  re la tio n  (14) was obv iously  
u sed , a n d  ta k in g  th is  in to  acco u n t i t  w as possible to  w r ite  E l 1 in  th e  fo rm  (11).

To d e te rm in e  th e  en e rg y  te rm  E l 2 i t  is n ecessa ry  to  ca lcu la te  th e  expec
ta t io n  v a lu e

0 ( Ч )  =  j V* (rv  f2) ô (rQl) y  (rx, r2) d r l dr2. (16)

A pproxim ating the ground state o f  th e  hydrogen molecule by the W ang 
w ave function  [5]

f  {rv  r2) =  —
a 3 [ e - a ( r e i+ r42) +  g - a ( r a2 + rSi)^

/ 2  (1 +  S 2)
(17)

w rit te n  in  a tom ic  u n its , w here

е -п(г„+г») d r - 2  a R l  +  a R  +

a n d  R  is th e  in te rn u c le a r  d istance , th e  e x p ec ta tio n  v a lu e  ô (raJ  w as a lread y  
d e te rm in e d  in  a p rev io u s p a p e r [6]. T h e  re su lt w as, u s in g  the  p a ra m e te r  values 
a  =  1,17 an d  R  =  1,40 a . u .

ó ( r j  =  0 ,224 a. u.

S u b s ti tu t in g  th is  v a lu e  a n d  K a =  19,77 R y  in to  (11) we o b ta in

E l 1 =  1,012 • 10~4 ev. (18)

E x p ressio n  (3) o f  th e  energy te rm  E'L rem ain s unch an g ed  i f  we consider 
th e  p ro b lem  of th e  tw o -e lec tro n  m olecule  in s tead  o f  th a t  of th e  tw o -e lec tro n
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a to m . To ca lcu la te  th e  above exp ression  we now  su b s titu te  in to  th e  ex p res
sion (4) o f th e  e x p e c ta tio n  va lu e  ö (r12) th e  w av e  fu n c tio n  o f th e  g ro u n d  s ta te  
of th e  H 2 m olecule. T he a u th o r  also ca lcu la ted  th e  e x p e c ta tio n  v a lu e  ô (r12) 
w ith  th e  aid of W ang ’s ap p ro x im a te  w ave fu n c tio n  (17) and  o b ta in e d  w ith  th e  
p a ra m e te r  v a lues a =  1,17 an d  R  =  1,40 a. u .

ô (r12) =  2,58 -1 0  2 a. u.

[6]. S u b s titu tin g  th is  va lu e  in to  (3) re su lts  in

E'l 2 =  - 6 ,2 5  • IO “ 6 ev. (19)

S u b s titu tio n  of th e  values of E ^ i  (10), E ^  ’ (18) and  E'™2 (19) in to  (9) 
y ields for th e  change of th e  b in d ing  energy  o f  th e  hydrogen  m olecule due to  
th e  m o st im p o r ta n t ra d ia tio n  co rrec tio n  energy  te rm s

A E f 2 =  (2 • 3 ,3 6 -1 0 ,1 2  +  0,63) • 1 0 ~ 5 ev  =  - 1 ,7 7  • 10 “ 5 ev. (20)

As can  be seen th is  v a lue  is by  one o rd e r of m a g n itu d e  low er th a n  th e  co rre 
spon d in g  v alue  o b ta in ed  for th e  g ro u n d  s ta te  o f th e  H e a to m  (see th e  va lu e  (8)).

I t  is know n th a t  th e  b in d in g  en erg y  of th e  H 2 m olecule has b een  d e te r
m ined  b y  th e  m ost acc tira te  n o n -re la tiv is tic  c a lcu la tio n  a lread y  to  an  accu racy  
of 1 0 ~ 4 ev [7]. As th e  re la tiv is tic  co rrec tion  te rm s arising  from  B r eit’s eq u a tio n  
are fo r th e  m ost p a r t  also o f th e  o rd er o f 10 “ 4 ev  in  th e  case of th e  g ro u n d  s ta te  
of th e  H 2 m olecule [6, 8] an d  th e  v a lu e  o b ta in e d  for th e  ra d ia tio n  co rrec tion  
te rm s of the g ro u n d  s ta te  o f th e  Н е -a to m  is also o f th is  o rder, i t  seem ed  in te r 
e stin g  to  in v es tig a te  w h e th e r th e  v a lu es  of th e  ra d ia tio n  co rrec tio n  te rm s  
influence th e  va lu e  o f th e  b in d ing  en erg y  of th e  H 2 m olectde d e te rm in e d  to  an  
accu racy  of 1 0 _1 ev. I t  sho tdd  be n o te d  th a t  th e  ca lcu la tio n  o u tlin e d  here  can 
on ly  be reg a rd ed  as f irs t ap p ro x im a tio n , as i t  app lies  for th e  e x p e c ta tio n  v alues 
th e  d a ta  gained  b y  th e  in accu ra te  W ang  w ave fu n c tio n . H ow ever, i t  does n o t 
seem  p ro b ab le  th a t  th e  re p e titio n  o f th e  ca lcu la tio n s w ith  th e  m ore  accu ra te  
v a r ia tio n a l fu n c tio n  o f James and  Coolidge w ould  re su lt in  a change o f o rd er 
o f m ag n itu d e . T hus i t  can  be s ta te d  t h a t  in  th e  case o f th e  g ro u n d  s ta te  of th e  
H 2 m olecule th e  values of th e  ra d ia tio n  co rrec tio n  te rm s  are b y  one o rd e r low er 
th a n  tho se  o b ta in ed  w ith in  th e  p resen t accu racy  fro m  th e  th e o re tic a l d e te rm in a 
tio n  o f  th e  n o n -re la tiv is tic  energy  te rm s  giv ing  th e  la rg e s t p a r t  o f th e  b in d in g  
energy .
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П РИБЛИЖ ЕННОЕ О П РЕДЕЛЕН ИЕ 
ВАЖНЕЙШИХ КОРРЕКЦИОННЫ Х ЧЛЕНОВ ЭНЕРГИИ ИЗЛУЧЕНИЯ 

В СЛУЧАЕ ОСНОВНОГО СОСТОЯНИЯ МОЛЕКУЛЫ ВОДОРОДА
й. ладик

Резюме]

Важнейшие члены коррекции излучения для основного состояния молекулы 
водорода могут быть легко получены путем соответствующего изменения выражения, 
относящегося к  атому гелия. Подставляя в фигурирующие в отдельных членах энергии 
ожидаемые значения —  результаты, полученные приближенной волновой функцией 
Уанга, для энергии, определяющей смещение Ламба, получено значение 10,12-10 '5 эв, 
а для энергии, приближенно определяющей взаимодействие излучения между двумя 
электронами — 0,63 • ИР5 эв. Вычитая сумму этих двух величин из 7,72 • 10 '“ эв, опре
деляющего смещение Ламба в случае двух свободных атомов водорода, для изменения 
энергии связи вследствие появления коррекционных членов излучения получается 
—  1,77 • 10"5 эв. Эта величина на один порядок меньше соответствующего значения атома 
гелия, относящегося к его основному состоянию, и таким образом не влияет на теорети
ческое значение энергии связи молекулы водорода, определенное с точностью 10~4 эв.

Acta Phys. Hung. Тот. X I I I .  Fase. 2.
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A variational m ethod is presented for the solution of statistical equations derived by  
the authors independently  of each other. A non-linear system  of integro-differential equations 
is given for the radial density  of the electrons of azim uthal quan tum  num ber I. The v aria 
tional m ethod introduced here reduces th e  num ber of equations. The m ethod has been applied 
to  the determ ination of th e  electron density  of the Ar atom ; the agreem ent w ith  H a r t b e e ’s 
results is satisfactory.

1. In tro d u c tio n

T he H a rtre e -F o c k  m ethod , w hich c o n s tru c ts  the  w ave fu n c tio n  of a 
sy stem  of one-p artic le  w ave-func tions, can  be useful in  m an y  cases for th e  
d e te rm in a tio n  o f th e  w ave fu n c tio n s and  th e  energ ies of ferm ion  sy stem s. F rom  
th e  H a rtre e -F o c k  m eth o d  th e  T h o m as-F erm i-D irac  form  o f th e  F erm i gas 
m odel can be o b ta in e d  in  quasi-classical a p p ro x im a tio n  [1 ] .T he energy  o f th e  
F erm i gas m odel is a functional o f  den sity ; to  ca lcu la te  th e  en erg y  i t  is n o t 
necessary  to  know  th e  non -d iagonal e lem ents o f  th e  d en sity  m a tr ix  req u ired  
b y  th e  H a rtre e -F o c k  m ethod .

B etw een  th e  re su lts  of th e  F e rm i gas m odel and  th o se  o f th e  H a rtree -  
Fock m eth o d  th e re  are  some c h a ra c te ris tic  d ev ia tio n s . These are  due to  th e  
fac t th a t  th e  ap p ro x im a tio n  of th e  k inetic  en e rg y  w ith  th e  F e rm i zero p o in t 
k in e tic  energy  is in  general no t sa tis fa c to ry . B y  in tro d u c in g  th e  W eizsäcker  
energy  te rm  [2] th e  d en sity  fu n c tio n  is im p ro v ed  considerab ly  (e. g. for nuclei 
th e  m odel can  a lread y  ta k e  th e  su rface  energy  in to  accoun t.) T he g enera liza tion  
o f  th e  s ta tis tic a l m odel b y  Gombás [3] y ie ld ed  th e  b ind ing  energ ies in v e ry  
good ag reem en t w ith  th e  em pirical values.

To derive th e  s ta tis tic a l m o d e l1 Macke [4] in tro d u ced  a v a ria tio n a l 
m e th o d  based  on th e  H a rtre e -F o c k  eq u a tio n s . O ne o f us (K . L .) generalized  
th is  m eth o d  for th e  spherica lly  sy m m etrica l case an d  o b ta in ed  th e  o rb ita ls  o f

1 We note th a t hereafter the te rm  “ statistical m odel”  will be used to  denote such a 
simplification of the H artree— l ock m ethod, in which th e  energy is a functional of density .
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146 К . LA D ÄN Y I and P. SZÉPFALUSY

v a rio u s a z im u th a l q u an tu m  n um bers b y  m eans o f  variou s tran sform ation  
fu n ctio n s  [5]. As a sp ec ia l case th e  m eth o d  g iv es th e  gen era liza tion  o f  th e  
s ta tis t ic a l m odel f ir s t  d erived  b y  H e l l m a n n  [6] b y  grouping th e  e lectron s  
accord in g  to  th e ir  az im u th a l q u a n tu m  n um bers.

O ne o f th e  a u th o rs  (P . Sz.) [7] also  b ased  th e  d e riv a tio n  of a s ta tis tic a l 
m odel on  th e  H a rtre e -F o c k  m e th o d . I t  w as show n t h a t  th e  s ta tis t ic a l  m odels 
gen era lized  b y  in tro d u c in g  th e  W eizsäcker te rm  a n d  th e  m e th o d  p roposed  
b y  P l a sk e t t  [8] fo r th e  d e te rm in a tio n  o f  th e  d e n s ity  can  he red u ced  to  com 
m on b ases  (a t th e  sam e tim e  th e  n ecessa ry  m od ifica tio n  o f P l a sk e t t ’s m eth o d  
w as o b ta in e d , w hich  e lim ina tes e. g. th e  essen tia l sh o rtco m in g  o f th e  m eth o d  
th a t  its  so lu tion  is n o t  un iq u e  [9]).

T h e  f irs t  a p p ro x im a tio n s  o f  th e  m odels deve loped  b y  th e  a u th o rs  are 
id e n tic a l. T he p u rp o se  o f th e  p re se n t p a p e r  is th e  in v e s tig a tio n  o f th e  efficiency 
o f th is  f ir s t  ap p ro x im a tio n  in  th e  ca lcu la tio n  o f th e  e lec tro n  d en sity  a n d  b in d in g  
en erg y  o f th e  A r a to m .

2. Solution o f the generalized statistical equations

T he energy  expression  derived  in  prev ious p ap e rs  of th e  a u th o rs  is

E  — E w +  E r +  E y  -j- E z  E e , (1)

w here  E w is th e  W eizsäcker co rrec tio n  te rm , Е ц  a n d  E ^  are th e  ra d ia l an d  th e  
a z im u th a l p a r ts  o f th e  F e rm i energy , re sp ec tiv e ly , E z is th e  p o te n tia l  energy 
due to  th e  in te ra c tio n  of th e  sy s tem  w ith  th e  nucleus o f charge eZ, E e is th e  
p o te n tia l  energy  d u e  to  th e  C oulom b in te ra c tio n  o f th e  electrons. T h e  energy 
te rm s  can  ta k e  th e  follow ing fo rm 2

■‘ W
V
/ Ji

d u {

dr

12
d r , ( 2)

w here  a 0 is th e  f ir s t  B ohr rad iu s . T he su m m atio n  is to  be ex ten d ed  over all 
a z im u th a l q u a n tu m  n u m b ers  Z, fu r th e r

u , =  D } 2 = ( 4 n r 2Q,)12 , (3 )

w here  is th e  d e n s ity  of th e  e lec trons o f  az im u th a l q u a n tu m  n u m b e r  Z,

Er =  2" Щ J uf dr » ( 4 )

2 The notations of paper [5] will be followed.
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w ith

*o I v T  2 (,) ("«■ ~  X)2 -i
(5)

In  th e  above re la tio n  27(0 m eans su m m atio n  over all filled  s ta te s  o f a z im u th a l
i

q u a n tu m  n u m b er l, re,- is th e  rad ia l q u a n tu m  n u m b e r o f th e  s ta te  i, N t is th e  
n u m b er o f e lectrons o f az im u th a l q u a n tu m  n u m b er /.

E ,
T i 4 ? J

E z =  — e2Z

1(1+ 1) ’■dr.

E„ =

2 \  - -  rfr ,
I J r

- f  dv dv' -  V  j -  Г f  g' «  g' W
J  J  Ir — Г '! 2 т  N ,  J J

dv dv'  .
r  — r

( 6)

( 7 )

( 8 )

The second te rm  o f th e  energy  E e is responsib le  for th e  co n seq u en t e lim in a tio n  
of th e  C oidom b se lf-in te rac tio n . V ary ing  th e  fu n c tio n s iq in th e  energy  e x p re s 
sion (1) b y  fix ed  p a rtic le  n u m b er N v  . . iV; th e  eq u a tio n s  fo r th e  d e te rm in a 
tio n  o f th e  rad ia l densities are  o b ta in ed .

T hese eq u a tio n s, how ever, are m u ch  m ore co m p lica ted  th a n  th e  o rig inal 
T h o m as-F erm i e q u a tio n  invo lv ing  on ly  one function  o f th re e  v a riab le s , th e  
e lec tron  d e n s ity  g o f th e  sy stem . T herefo re  we in tro d u ce  a v a r ia tio n a l a p p ro x i
m atio n  w hich  m akes possib le to  reduce  th e  prob lem  to  a single in teg ro -d iffe - 
re n tia l eq u a tio n . T he m eth o d  is p re sen ted  in  th e  case o f th e  Ar a to m  an d  th e  
various genera liza tio n s w ill he discussed la te r .

F o r th e  ap p ro x im a te  d e te rm in a tio n  o f th e  ra d ia l d e n s ity  щ  o f th e  s-elec- 
tro n s  th e  follow ing v a ria tio n a l assu m p tio n  is used

<  =  «L +
N 0 - 2

N ,
и Ï , (9)

w here is th e  ra d ia l d e n s ity  o f th e  tw o  ls -e lec tro n s . T he “ A n sa tz”  (9) is 
based  on th e  a ssu m p tio n  th a t  th e  fu n c tio n  u [J — an d  th e  rad ia l d e n s itiy  
Mi o f th e  p -e lec tro n s  are  a p p ro x im a te ly  p ro p o rtio n a l. T h is a ssu m p tio n  is 
confirm ed b y  th e  re su lts  o f th e  H a rtre e  m e th o d . F u r th e r , i t  is v e ry  p lau sib le  
th a t  in  th e  n e ig h b o u rh o o d  o f th e  nucleus, u 0 can  be w ell a p p ro x im a te d  b y  th e  
rad ia l d e n s ity  of th e  hyd rogen -like  ls -e lec tro n s , as in  th is  reg ion  th e  p o te n tia l 
o f th e  o th e r  e lec trons is a p p ro x im a te ly  c o n s ta n t, and  so th e  p o ten tia l energy  
due to  th e  C oulom b in te ra c tio n  w ith  th e  nucleus an d  th e  W eizsäcker co rrec tio n  
te rm  p la y  th e  m ost im p o r ta n t  role. (In  th e  case o f s-e lec trons th e  F e rm i en e rg y  
has no az im u th a l p a r t  !) S u b s titu tin g  th e  v a ria tio n a l a ssu m p tio n  (9) in to  th e
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en erg y  exp ression  (1) and  v a ry in g  th e  fu n c tio n  u x b y  a fixed  p a rtic le  n u m b er 
N 1 we o b ta in  th e  follow ing e q u a tio n

d2
e‘an

dr 2
—  -f- 3*q u\  -f- e2a 0 u l +  e2 f  e ( t ' ) dv'

I Г —  Г

1 f  ( t ')  I 
-  .  ’ d v '\u 11 J  | r  —  r ' l  )N

+ elJ
d2 u„- - - - - - - e2 a 0 ------- — +  3%„ uS — e2---- u0

2  dr2 r

r g (iQ dv, 1 г <?„(*;)_
11 — r

)_ dv,
N 0 J  | r - r ' |

N 0 2 ^ u 1 

N r  u0
=  E v u  t ,  (10)

w here  is th e  L ag ran g e  m u ltip lie r . I t  follow s im m ed ia te ly  from  th e  d iffe ren 
t ia l  e q u a tio n  fo r th e  fu n c tio n  u 0 th a t  th e  exp ression  in  sq u a re  b rack e ts  is 
e q u a l to  E au 0 (E 0 is a L ag ran g e  m u ltip lie r). T h u s eq u a tio n  (10) can  ta k e  th e  
fo llow ing form

e a„

w ith

V  =  e2 -

dj Y  +  3 * i  M î  +  e '2  a o  drz
1 Ul +  V u 1 =  t q  

r 1

- +  Г i,ls ( r )  dv' +  
J 1 ï — r'|

N - 3 ’  Qi ( O
Nr . 1 r — r'|

( И )

'7 7  d v '  I, (12)

w here  gls is th e  d en sity  o f th e  l.s-electrons, N  is th e  n u m b e r o f  e lec trons in  th e  
a to m , fu r th e r

(13)

A s has been  m en tio n ed  th e  d e n s itiy  of th e  ls-e lec tro n s  is n o t in flu en ced  a p p re 
c iab ly  b y  th e  p o te n tia l due  to  th e  o th e r e lec tro n s, i. e. to  a good a p p ro x i
m atio n

5
WL =  8Afs г2 e 2Д»Г, K ,  =  Z

16
(14)

T h e  ex ten s io n  o f  th e  p ro ced u re  is also p lau s ib le . I f  th e  fu n c tio n  u ls is d e te r 
m ined  from  th e  d iffe ren tia l eq u a tio n  d e riv ed  b y  v a ry in g  u i s in  th e  en erg y  
exp ression  (1), (9) obv iously  y ie lds th e  e x a c t fu n c tio n  u 0.

The a d v a n ta g e  of th e  sy s te m  of d iffe ren tia l eq u a tio n s  fo r  th e  fu n c tio n s 
itls an d  Uj is t h a t  in  th e  case o f  so lu tion  b y  th e  ite ra tio n  m e th o d  m uch m ore 
ra p id  convergence  can be e x p e c te d  th a n  cou ld  be w ith  th e  sy s tem  o f d iffe ren tia l 
eq u a tio n s  fo r th e  fu nc tions u 0 an d  uv  T h e  so lu tio n  o f e q u a tio n  (11), ta k in g  
(14) in to  a c c o u n t, can  be re g a rd e d  as th e  f i r s t  s tep  o f th e  ite ra tio n  m eth o d .
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F or th e  A r a to m  w here on ly  s- and  p - s ta te s  are filled , th e  eq u a tio n  fo r 
th e  func tions uls an d  ux can  also be o b ta in e d  b y  su b s titu tio n  o f (9) in to  th e  
eq u a tio n  for th e  fu n c tio n s u 0 an d  uv  The v a r ia tio n a l m eth o d  described  here  is 
o f significance also because i ts  g en era liza tio n  m akes possib le to  reduce th e  
n u m b e r of fu n c tio n s  to  be d e te rm in ed . As a n  exam ple  for a la rg e r  n u m b er o f  
e lec trons th e  follow ing v a ria tio n a l a ssu m p tio n  can  be useful

u 20 ~ *l.s
N 0 - 2

N - N 0

u 2l
N,

N - N 0
u2 i f  l ф  0 .

(15)

(16)

Fig. 1. Radial density  of the «-electrons for the Ar atom , r in  a0 units, th e  radial density D0 
in  l / a 0 units. The dashed line shows the radial density  calculated for these electrons by

H a r tr ee  [10]

T he energy  exp ression  is to  be v a ried  w ith  re sp e c t to  the  fu n c tio n  и w ith  th e  
follow ing co n d itio n :

oo

( u2 dr =  N  — N 0.
o'

The d iffe ren tia l eq u a tio n  (11) has b een  solved n u m erica lly  w ith  th e  
b o u n d a ry  cond itions

U l(0) =  u ^ o o )  =  0 . (17)

T h e  so lu tion  is g iven  in  T ab le  I .  T he densities D 0 and  D 1 as w ell as th e  ra d ia l 
e lec tro n  d en sity  D  o f  th e  A r a to m  are  show n in  F igs. 1 — 3.
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Fig. 2. R ad ia l density of th e  ;i-electro ns for th e  Ar atom, r in  a0 units, the rad ial density 
D in l/a„  units The dashed line shows the rad ia l density ob ta ined  for these electrons by 

1 H a r t r e e  [10]

Fig. 3. R ad ia l electron density  of the Ar atom , r in  a0 units, th e  rad ial density D in  l / a 0 units. 
The dashed line shows the radial electron density calculated by H a r tr ee  [10]
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Table I
Radial density of the p-electrons for the Ar atom, 

r in  a 0 units, the radial density D 1 in  l / a 0 units

r £>i r Di

0,001 0,45 11,7012
2 50 10,8616
3 55 10.0495
4 0,0001 60 9.2872
5 2 65 8,5849
6 3 70 7,9411
7 5 75 7,3532
8 7 80 6,8163
9 0,0010 85 6,3267

0,010 0.0016 0,90 5,8773
0.02 0,0217 1,0 5,08550

3 0,0922 1,1 4,41377
4 0,2449 1,2 3,83925
5 0,5036 1,3 3,34378
6 0,8812 1,4 2,91453
7 1,3797 1,5 2,54147
8 1,9916 1,6 2,21474
9 2,7022 1,7 1,92932

0.10 3,4918 1,8 1,67936
1.9 1,46023

0,12 5,2180 2,0 1,26834
14 6,9886
16 8.6507 2.2 0,95339
18 10,0991 2,4 0,71297
20 11,2802 2,6 0,53014
22 12,1815 2.8 0,39199
24 12,8207 3,0 0,28804
26 13,2285 3,2 0,21014
28 13,4440 3,4 0,15217
30 13,5049 3,6 0,10908
32 13,4462 3,8 0,07717
34 13,2955 4.0 0,05364
36 13,0776 4,2 0,03637
38 12,8121 4.4 0.02382

0.40 12,5139 4,6 0,01465
4,8 0,00831
5,0 0.00412
5,2 0.00161
5,4 0,00035
5.6 0,00007
5,8 0.00001

3. Discussion

O n th e  basis o f S ection  2 we m a y  assum e t h a t  th e  d en sity  a n d  th e  to ta l  
io n iz a tio n  energy  o b ta in e d  for th e  A r a to m  by  th e  v a r ia tio n a l m e th o d  a p p ro x 
im a te  w ell th e  ex ac t so lu tio n  o f th e  m odel. T he m odel has been  d eriv ed  from  
th e  H a rtre e -F o c k  m e th o d . In  th e  ca lcu la tio n  of th e  in te rac tio n  en e rg y  betw een  
th e  e lec trons th e  ex ch an g e  en erg y  has n o t b een  ta k e n  in to  a c c o u n t so th e  
re su lts  o f  th e  m odel a re  to  be co m p ared  w ith  th o se  o f th e  H a r tre e  a p p ro x i
m atio n .
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T he d e n s ity  d is tr ib u tio n  as can  be seen in  F ig . 3 ap p ro x im a te s  well th e  
d e n s ity  o b ta in ed  w ith  th e  H a rtre e  m e th o d . T he to ta l  ion iza tion  en e rg y  o b ta in 
ed  here  can  be co m p ared  w ith  th e  sem i-em pirica l v a lu e  of S l a t e r . T h e la t te r  
exceeds th e  en erg y  ca lcu la ted  b y  th e  H a rtre e  ap p ro x im a tio n . (T he sem i- 
em p irica l v a lu e  invo lves th e  exchange an d  co rre la tio n  energies.) T h e  exchange 
en erg y  fo r th e  A r a to m  is a p p ro x im a te ly  —25 e2/ a 0. T h u s th e  to ta l  io n iza tio n  
en erg y  of th e  H a r tre e  a p p ro x im a tio n  is a b o u t + 5 0 0  e2/a 0, w hereas th e  energy 
o b ta in e d  by  us is on ly  + 4 2 8  e2/a„. T h e  reaso n  for th e  e rro r  can easily  be  found. 
T h e  a u th o rs  follow ed d iffe ren t w ays in  c o n s tru c tin g  th e  s ta tis t ic a l  m odel. 
T h e  m odel used  here  is based  in  b o th  m eth o d s on assu m p tio n s sa tisfied  w ith 
a d e q u a te  accu racy  on ly  w here th e  p o te n tia l  does n o t  v a ry  ap p rec iab ly . In  the  
n e ig h b o u rh o o d  o f th e  nucleus th is  co n d itio n  is n o t fu lfilled  and  it  seem s neces
sa ry  to  in v e s tig a te  th e  b eh av io u r o f th e  m odel in  th is  region se p a ra te ly .

L e t us re s tr ic t  ourselves to  a sm all reg ion  o f  th e  n e ig h b o u rh o o d  of th e  
nucleus w here th e  H a r tre e  o n e-e lec tron  w ave fu n c tio n s  are well a p p ro x im a te d  
b y  th e  h y d ro g en -lik e  w ave fu n c tio n s  co rresp o n d in g  to  th e  a to m ic  n u m b er 
Z  =  18. T h is a p p ro x im a tio n  is ju s tif ie d  as long  as th e  screening e ffec t of the  
e lec trons on th e  p o te n tia l o f th e  nu c leu s can  be n eg lec ted . In  th is  reg ion  th e  
in te ra c tio n  en e rg y  of th e  e lec trons as com pared  to  th e  o ther energ ies is neg
lig ib le . In  T ab le  I I  th e  fo llow ing fu n c tio n  is given

Л Е  (r) =  i n  j  [ & H\ r ' )  -  <?(s) (!■')] r ' W  ,
0

w here  is th e  energy  d en sity  ca lcu la ted  w ith  th e  hyd rogen -like  w ave func
tio n s  an d  dip) is th e  s ta tis t ic a l  en erg y  d en sity . T he la rg es t rad iu s  is 0,08 a 0, 
u p  to  w hich  th e  hyd rogen -like  w ave fu n c tio n s g ive a good ap p ro x im a tio n .

Table II

Difference between the wave mechanical and the statistical energy for the regions in the 
neighbourhood of the nucleus, as a function of the radii of these regions. The energy is given 

in e2/o0 units, the radius of the region in a 0 units

r A E X А Е г

0.01 0,9017 22,5974

0,02 1,066 24,907

0,03 —  9,2841 11,8539

0,04 -  21,8528 -  3,5998

0,05 —  40,623 — 22,286

0,06 —  62,5065 — 42,7015

0,07 -  84,2969 — 56,5119

0,08 — 108,355 — 73,134
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The energies A E 1 an d  A E 2 have b een  ca lcu la ted  w ith  th e  k inetic  en erg y
1 1

d e n s i t ie s -----— J P  f *  A Wi a n d  —  J ?  \A xp( |2 re sp ec tiv e ly ; in  w ave m ech an ics
2 i 4 ,■

b o th  are used .
T able I I  shows th a t  th e  g rea te r  p a r t  o f  th e  e rro r o f  th e  b ind ing  energy  

ca lcu la ted  on  th e  basis o f th e  m odel is d u e  to  th e  region in  th e  neigh b o u rh o o d  
o f th e  nucleus, w hich could be expected  considering  th e  d e riv a tio n  of th e  m odel. 
We no te  th a t  th e  v a r ia tio n a l a p p ro x im a tio n  in tro d u ced  b y  one of us (K . L .)[5 ] 
e lim inates th e  g rea te r  p a r t  o f th e  e rro r d iscussed  above b y  correc tly  ta k in g  
in to  acco u n t th e  elec tron  w ave fu n c tio n s (w ith o u t any  a v e rag in g  o f th e  o sc il
la tio n s). F ro m  th e  above consid era tio n  w e m ay  conclude th a t  in  cases w here  
th e  p o te n tia l does no t v a ry  ap p rec iab ly  th e  m odel yields good resu lts  fo r b o tb  
th e  d en sity  a n d  th e  energy . F u r th e r , th e  e rro r  of th e  m odel in  th e  n e ig h b o u r
hood of th e  nucleus does n o t in fluence th e  re la tiv e ly  a c c u ra te  ca lcu la tio n  o f  
q u a n titie s  fo r w hich th e  b e h av io u r of th e  m odel is im p o r ta n t  a t th e  b o u n d a ry  
of th e  a tom  ra th e r  th a n  elsew here (e. g. io n iza tio n  energies, e lec tron  a ffin itie s).
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П РИ БЛИ Ж ЕН Н О Е РЕШ ЕНИЕ ОБОБЩ ЕННОЙ СТАТИСТИЧЕСКОЙ МОДЕЛИ
К . Л А Д А Н И  и П . С Е П Ф А Л У Ш И

Резюме

При решении статистического уравнения, выведенного авторами независимо один 
от другого, применяется вариационный метод. Д ля радиальной плотности электронов 
D i  азимутальное квантовое число которых I, дается одно нелинейное интегрально-диффе
ренциальное уравнение. Число уравнений при применении вариационного метода умень
шается. Данным методом была определена плотность электронов атома Ar; результаты 
удовлетворительно согласуются с результатами Хартри.
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ÜBER DIE MÖGLICHKEIT
DER BESTIMMUNG MOLEKULARER DIPOLMOMENTE 

AUS DER STATISTISCHEN THEORIE

Von

M. S c h u b e r t  und B . W il h e l m i

PH Y SIKA LISCH ES IN STITU T D E R  U N IV ERSITÄ T JE N A , JE N A , DDR.

(Vorgelegt von K. F. N ovobátzky. — Eingegangen: 21. X II. 1960)

Es wird untersucht, welche Schlüsse sich aus den Grundgleichungen m it R andbedin
gungen, wie sie aus verschiedenen statistischen Modellen folgen, hinsichtlich der E xistenz von 
Dipolmomenten molekularer Systeme ziehen lassen.

1. E in le itu n g

E ine  näherungsw eise  B esch re ibung  a to m are r S y stem e ist m it d e r s ta t is t i
schen  T heorie [1] m öglich, deren  G ru n d lag e  m it dem  E in te ilch en an sa tz  der 
Q u an ten m ech an ik  im  Z u sam m en h an g  s te h t. A nw endungen  e rfo lg ten  bisher 
vorzugsw eise a u f  A tom e u n d  Ionen  [1], [2], w egen d er grösseren  Schw ierig
k e iten  n u r in geringerem  M asse au f M oleküle und  K ris ta lle .

Im  w esentlichen  s ind  M oleküle b e h a n d e lt w orden , die sich d u rc h  niedrige 
A tom zah l — z. B. N2 [3,] [4], H J  [5], JC1 [6], H 20  [7] — oder d u rch  hohe 
S y m m etric  [8]. [9] auszeichnen . U n m itte lb a r  aus d er R echnung  bei festen 
K e rn a b s tä n d e n  folgen die E le k tro n e n v e rte ilu n g  u n d  die G esam tenerg ie  des 
M oleküls. M itte lb a r lä s s t sich d a rau s  eine w eitere G ru p p e  von E ig en sch aften  
b estim m en , die im  allgem einen  einer ex p erim en te llen  P rü fu n g  b esse r zugäng
lich  is t. Es h a n d e lt sich b spw . um  d ie  P o te n tia lk u rv e , aus der au ch  B in d u n g s
e igenschaften  abgelesen w erden  k ö n n en , sowie um  das D ipo lm om en t des Mole
küls. Die Lösungen sin d  n ich t in geschlossener F o rm  d a rs te llb a r. D ie G enauig
k e it d er E rgebnisse  h ä n g t dem gem äss von  dem  R ech en au fw an d  ab . D araus 
re su ltie ren  gewisse u n e inhe itliche  A uffassungen  in  der L ite ra tu r  über die 
Grösse u n d  E x istenz  d er B indung  [10], [11] sowie des D ipo lm om en tes [6], [7] 
b e s tim m te r  M oleküle.

E s erschein t desh a lb  n ü tz lich , A ussagen  ü b e r diese E ig en sch a ften  d irek t 
aus den  G rundg le ichungen  zu gew innen , um  so d ie  U nsich erh e it d er n u m eri
schen  R echnung  zu v erm eid en . Solche U n te rsu ch u n g en  w u rd en  in  der v o r
liegenden  A rbeit ü b e r die E x is ten z  v o n  D ipo lm om en ten*  u n te r  B e rü ck sich ti
gung  versch iedener s ta tis tisc h e r  M odelle an g este llt. H ierzu  e rsch ien  es no t-

* Die B eantw ortung dieser Frage k an n  einen Hinweis darauf geben, ob es prinzipiell 
möglich ist, statistische Modelle zur B erechnung der In ten sitä ten  bei R otations- und Schwin
gungsspektren heranzuziehen.
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w endig , die A b le itu n g  d er G rundg le ichungen  gem einsam  m it d en  R a n d b e d in 
g u ngen  u n te r  a llgem eineren  V o rau sse tzu n g en  v o rzu n eh m en , als sie v o n  
S h e l d o n  [10] b e n u tz t  w orden sind .

2. Bestim m ung der Grundgleichungen m it Randbedingungen

Die G esam tenerg ie  E  des E lek tro n en g ases  im  K ernfeld  s e tz t  sich  aus d e r 
k in e tisch en  E n erg ie , d er p o te n tie lle n  E nerg ie  d e r  E lek tro n en  im  Feld d er 
K ern e , d er p o te n tie lle n  W echselw irkungsenerg ie  d er E le k tro n e n , der A u s
tau seh en erg ie  und  d e r  K orre la tio n sen erg ie  zu sam m en  [1]. Es g ilt

+

E [ p ( r ) ; R ] =  х к  I dv  о (r)3 — c J dv V K (r) Q (r) +

В в

-  y.a j dv о Cry +  j 'dv W  \o (r)] .

В в

( 1 )

D abei sind  xK u n d  xa zwei un iverse lle  K o n s ta n te n , e die E le m e n ta rla d u n g , r 
d er O rtsv e k to r, q(t) die D ich te  des E lek tro n en g ases  und  W  d ie D ich te  d e r 
K o rre la tio n sen erg ie , die ih re rse its  von  der D ich te  des E lek tro n en g ases  ab e r 
n ic h t ex p liz it von  d e n  O rtsk o o rd in a te n  a b h ä n g t. D ie ad d itiv e  K o n s ta n te  im  
K e rn p o te n tia l V K(r) soll wie ü b lich  so gew ählt w erd en , dass V K(r) im  U n en d 
lich en  v e rsch w in d e t. | dv b e d e u te t die In te g ra tio n  ü b e r das R au m g eb ie t, in  

в
dem  o(r) ung le ich  N u ll is t.

D er E n e rg ieau sd ru ck  (1) soll bei festen  K e rn a b s tä n d e n  u n d  bei fe s te r
E le k tro n e n z ah l N  — \ dv g(r) zu  e inem  M inim um  gem ach t w erd en . V ariie rt 

в
w ird  g leichzeitig  n a c h  der E le k tro n e n d ic h te  p(r) u n d  n ach  der B egrenzung  des 
G eb ie tes B.  D ieses V erfah ren  h a t  G o m b á s  [1 ] a u f  A tom e u n d  Io n e n  an g e
w e n d e t. W eil d abei K u g e lsy m m etrie  v o rau sg ese tz t w erden k o n n te , Hess sich 
die V a ria tio n  der B egrenzung  des G ebietes В  a u f  die F estlegung  eines o p ti
m alen  Z ah lenw ertes fü r  den R ad iu s  e iner K u gelfläche  z u rü ck fü h ren . D a bei 
M olekülen  keinesfalls eine B egrenzungsfläche  so h o h er S y m m etrie  v o ra u s
g ese tz t w erden  k a n n , is t  die B estim m u n g  der R an d b ed in g u n g  h ie r  w esentlich  
schw ieriger: M an m uss je tz t  einen  fu n k tio n a le n  Z u sam m en h an g  zw ischen  den 
R a u m k o o rd in a te n  f in d e n , der die o p tim a le  B eran d u n g sfläch e  des G ebietes В  
fe s tleg t. E s zeig t sich , dass die o p tim a le  E le k tro n e n d ic h te  in n e rh a lb  des G ebie
te s  В  auch  bei M olekülen  der von  G o m b á s  angegebenen  e rw e ite rten  T hom as- 
F erm i-D irac-G leich u n g  genüg t.
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D as o p tim ale  G eb ie t B 0 w erde von  der F läch e  F 0 b eg ren z t, die n ich t 
n o tw en d ig  als zu sam m enhängend  an zunehm en  is t . B ei der A b le itu n g  lassen 
sich eine R eihe m a th e m a tisc h e r S chw ierigkeiten  um gehen , w enn  m an  die 
p h y sik a lisch  sinnvolle A nnahm e m a c h t, dass die B eg ren zu n g sfläch e  in  jedem  
P u n k t ы eine endliche K rü m m u n g  h a t .  U n ter со so llen  die K o o rd in a te n  eines 
P u n k te s  a u f  der F läche F Q v e rs ta n d e n  w erden.

Die A ufstellung  d er B estim m ungsg le ichung  fü r  die optim ale  E le k tro n e n 
d ich te  ß0(r) u n d  die o p tim a le  B egrenzungsfläche E 0 kann  m it d en  üblichen 
M itte ln  der V a ria tio n srech n u n g  d u rc h g e fü h rt w erd en . U m  die E in h a ltu n g  der
N eb en b ed in g u n g  N  =  \ dv g(r) zu gew ährle isten , w ird  der A u sd ru ck  

в

P  [о (r); B] =  E  [o (r); B \  -|- eV  j  dv  g (?) (2)
в

v a r iie r t , w obei eV  als L ag ran g e-M u ltip lik a to r an zu seh en  ist. Die B estim m u n g s
g le ichungen  fü r o0(r) u n d  B n gew inn t m an  fo lgenderm assen : M an e rs e tz t  in P 
die G rösse p0(r) d u rch  n0(r) -j- n d ' ( r) und  В  d u rc h  B u -)- B'(s ) .  D abei soll 
B'( t )  eine E rw eite ru n g  des In teg ra tio n sg eb ie tes  B 0 sein. D urch  B'(e)  wird 
eine S ch ich t gekennze ichne t, die sich  an  die F läche F 0 u n m itte lb a r  ansch liesst. 
Ih re  D icke sei t:h'(со), w enn  diese v o m  P u n k t со der F läch e  F 0 aus in  N o rm alen 
r ic h tu n g  gem essen w ird . D er A u sd ru ck  P [p 0(r) +  t;p '(f); B n J3 '(e)] w ird 
n ach  r/ und  s en tw ick e lt. F ü r jede  beliebige F u n k tio n  g'(r) und  je d e  beliebige 
F u n k tio n  h ’(to) m uss d e r K oeffiz ien t v o n  rj und  e verschw inden , w en n  es sich 
bei g0(r) u n d  Bu um  die op tim alen  G rössen h an d e ln  soll.

D as V erschw inden  des K oeffiz ien ten  von rj f ü h r t  au f die B estim m u n g s
g leichung  fü r  g0(r)

[ y 0 { r ) ~ V ] e ~  - * K Q0 W
4

3
а W(s) o , (3)

w obei V 0 die Sum m e aus K ern- u n d  E le k tro n e n p o te n tia l b ed eu te t. N eb en  dieser 
G leichung  m uss die Poissonsche D iffe ren tia lg le ich u n g

A V 0 (?) =  4Ttepo (?) (4)

g e lten . Die Lösung b e id e r G le ichungen  ist erst e in d e u tig  b e s tim m t, w enn  m an
ausser der N ebenbed ingung  N  — \ dv g(r) eine R an d b ed in g u n g  v o rsch re ib t.

в
D iese e rg ib t sich aus d e r V aria tio n  n a c h  der B erandungsfläche  des G ebietes B.  

Z ur D u rch fü h ru n g  dieser V a ria tio n  muss die Grösse

Эе
p  к  (?) +  ne' (?); ß« +  B ’(e)) . 0 =  P  [O0 fr); B 0 +  B ’ (e)]

8e I) c =  0
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b e re c h n e t w erden . N ach  den Gin. (1) u n d  (2) se tz t s ich  diese G rösse au s S um m an
d en  d er F o rm

Э
к  .1

u n d  einem  S u m m an d en

I e2 а 
2 de

I dv Г dv '  00 к )  1 _ j
J ) | r — r ' |  je = 0 ) Эе 'iS

(5)

zusam m en , w obei d e r le tz te re  T e rm  von der W echselw irkungsenerg ie  E e der 
E le k tro n e n  h e r rü h r t .  U n te r  B e n u tz u n g  der V o rau sse tzu n g  d e r  endlichen 
K rü m m u n g  von  F n k a n n  m an zeigen , dass

9
Эе

j  dv J  [o„ (?)] I J dwh '  (со) J  [eo (co)] (6)

Bo+BV)

g ilt. D ab e i b e d e u te t j d<x> eine In te g ra t io n  über d ie  op tim ale  F lä c h e  F 0. E tw as 
F„

schw ieriger is t d er A u sd ru ck  d er Gl. (5) zu b eh a n d e ln . Ü ber d ie  B eziehung

Э E c
de

li
1

bi о 2  I d e  * 0  А  £
ß .

lim
Ae- > 0  A b

+  lim
de- ^ 0  Ae

J
d v o 0 (r) J dv'  - ^  1

I r - r ' l  J
B ’(e Ae) B n B '(e

dvo0(r) ’ dv'  -  Г
1? -  r'l J

j k ^ o f r )  I J  dv' -  j  d v ' y z ~ ^
B (e + A e) B (e )

k , . '  ßo(r )

B '(e + Ae) B '(e)

B u

<f> J r — r
B'(e)

k o m m t m an  u n te r  B en u tzu n g  e in er ähn lichen  Ü berlegung , wie sie zu Gl. (6) 
fü h rte , zu

1 d E " 1 о ~  — e ( d o h '  (со) V e „ (со). (7)
Эе )u=o

F.

V e 0(со) b e d e u te t das P o te n tia l d e r  E lek tro n en w o lk e  au f d e r F läche F 0. 
A d d ie rt m an  die e inze lnen  S u m m an d en  e n tsp re c h e n d  den Gin. (6) u n d  (7), so 
e rh ä lt  m an  als K oeffiz ien ten  von e

| 8 P ,

I 8e IIr/ — 0
do>h'(co) {х к Qo(w)3 — xng0(o>)3 — [F 0(cu) F ()] eo0(co)+ IF  [o0(co)]}.

F 0
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Da h'{w) eine w illkürliche F u n k tio n  is t , folgt aus d er F o rd eru n g , dass der 
K oeffiz ien t von  e in  e in er E n tw ick lu n g  d er Grösse P  versch w in d e t

XK во H 3 — во H 3 — e [v o И  — V]  o0 (ш) +  W  [e0 (со)] =  0 (8)

als B estim m ungsg le ichung  fü r die B eran d u n g sfläch e .
D ie o p tim a len  G rössen m üssen die G in. (3) u n d  (8) sowie die P oisson- 

G leichung (4) s im u lta n  erfü llen . Aus d en  Gin. (3) u n d  (8) e rg ib t sich  in sb e 
sondere fü r  die E lek tro n e n d ic h te  a u f  dem  R ande die B eziehung

I  *к во H 3 -  *<, во (WY -  W  b o  И ]  +  во H  j /  W(o) j =  0, ( 9 )
3 3 ( do J е= д0(ш)

w enn m an  [ V 0(cu) — V ] elim in iert.

3. D iskussion der Grundgleiehungen mit Randbedingungen

D ie Lösung der Gl. (9) fü h rt a u f  eine von со u n ab h än g ig e  E le k tro n e n 
d ich te  a u f  dem  R an d . S e tz t m an  diesen k o n s ta n te n  W e rt ( >• 0) in  Gl. (8) ein , so 
e rg ib t sich  auch  ein k o n s ta n te r  W ert fü r  das G esam tp o ten tia l au f d e r F läche  
F ü. D iese E rgebn isse , die im  2. A b sc h n itt ohne Z u sa tz a n n a h m en  led ig lich  
aus der M inim isierung d er E nerg ie gew onnen  w orden  sind , gelten  sow ohl fü r 
den allgem einen  F a ll d er Gl. (1), als au ch  bei V ernach lässigung  d e r K o rre 
la tio n sen erg ie , w as e in er B e tra c h tu n g  n a c h  T h o m as-F erm i-D irac  e n tsp r ic h t.

Es b e finden  sieh dem nach  alle L ad u n g en  (K erne  u n d  E lek tro n en ) in n e r
halb  eines im  E n d lichen  liegenden  G eb ie tes B 0, dessen  R an d  eine Ä q u ip o te n 
tia lfläch e  is t. Im  A u sscn rau m  d a rf  das P o te n tia l kein  E x tre m u m  an n eh m en  
und  m uss zw ischen den  W erten  V 0(u>) u n d  F 0(ir —>  o o )  liegen. D a rau s  e rg ib t 

8 L 0(co)
sich, dass , d ie A b le itu n g  des o p tim a len  P o te n tia ls  längs der N orm alen -

3 n
r ich tu n g  in  den A ussen raum  hinein , fü r  alle P u n k te  d e r F läche F 0 e in h e itliches 
V orzeichen h ab en  m uss.

W enn  die G esam tlad u n g  des S y stem s Null is t, fo lg t daraus w egen

d a 3' ^ i ‘±  =  o
dn

F„

das V erschw inden  d er N o rm a len ab le itu n g  des P o te n tia ls  in  jed em  F lä c h e n 
p u n k t, d. h. der g esam te  A ussen raum  is t feldfrei. D asselbe g ilt au ch  fü r 
n ic h tzu sam m en h än g en d en  B ereich B n. B ei n e u tra le n  M olekülen lä s s t  sich 
also fe sts te llen , dass eine T heorie, d ie  a u f  Gl. (1) b a s ie rt, k e in  D ipol-
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m o m en t*  (generell kein  M u ltipo lm om en t) l ie fe r t;  diese w ich tig e  E ig en sch aft 
p o la re r  M oleküle k a n n  also m it d e r  v o rs teh en d en  Theorie n ic h t e rfass t w erden .

A ndere  V erh ä ltn isse  e rg eb en  sich bei Z ugrun d e leg u n g  des T h om as-F erm i- 
A m ald i-V erfah ren s [1]. Die G esam tenerg ie  w ird  d u rch  den  A u sd ru ck

E dv о (r)
N -

N

1 e2 Г

2 J
dv  dv'

Q ( r ) e ( r )

ej ’
d v V K (r)e (r) ( i o )

d a rg e s te ll t . Im  V ergleich zu Gl. (1) w erden h ie r  also A u stausch - u n d  K o rre la -
1

tionsen erg ie  d u rc h  ein Glied E e e rse tz t, d a b e i is t  N  die Zahl d e r  E lek tro n en .

D ie S chw ierigke it d e r  A nw endung  des T hom as-F erm i-A m ald i-M odells  au f M ole
k ü le  lieg t in  d e r D efin itio n  von  N .  B au t m an  das System  aus A tom en  auf, die 
m an  aus u n en d lich e r E n tfe rn u n g  n ä h e rt, so s e tz t  m an fü r N  d ie E le k tro n e n 
z ah l jed es  e in ze ln en  A tom s. In  d e r  gleichen W eise k an n  N  au ch  bei schw acher 
W ech se lw irk u n g  d e fin ie rt w erd en . Die R ech n u n g en  zur M inim isierung  d er 
G esam ten erg ie  v e rlau fen  ebenso  wie im A nsch luss an Gl. (1). M an e rh ä lt die 
В estim m ungsg l e ichungen

u n d

[ К  (?) -  V) e -  Q ( r y  -  I  V cß(r) =  0 (11)
О i \

e0 H l -  [v0 (со) -  V] Qo (со) e +  -L  V e 0 (со) = 0 , (12)

w obei V e 0 d er v o n  den E le k tro n e n  h e rrü h re n d e  P o te n tia la n te il is t. D arau s 
fo lg t als R a n d d ic h te  gQ(a>) =  0, w oraus j e tz t  n ic h t  au f ein  k o n s ta n te s  R a n d 
p o te n tia l  geschlossen  w erden  k a n n . D am it w ird  die E x is te n z  eines D ip o l
m o m en tes  n ic h t w ie bei den o b ig en  V erfah ren  v o n  v o rn h ere in  ausgeschlossen.

M an k a n n  Beispiele an g eb en , in  denen e in  v o n  N ull versch iedenes D ipo l
m o m e n t a u f t r i t t .  E s  w ird  ein  e le k tr isc h  n e u tra le s  System  b e tra c h te t ,  das aus 
zw ei A tom en  m it v e rsch w in d en d er W echselw irkung  b es teh t (die A tom e sollen  
s ich  d azu  in  h in re ich en d  grossem  A b stan d  b e fin d en ). W enn m a n  die E le k tro 
n e n la d u n g  des e in en  A tom s u m  (eAN) ,  die des an d eren  u m  ( — e A N )  ä n d e rt, 
so e rh ä lt  m an  fo lgende E n e rg ieän d eru n g  des G esam tsy stem s

Z f - à N  Z z + d N

A E  =  Í d N l  0 £ | I
J  l 3 N  U

* Auch die Thom as — Ferrni-Theorie (Vernachlässigung des A ustauschterm s und des 
K orrelationsterm s in  GL (1)) kann fü r neutrale Moleküle kein D ipolm om ent liefern. Die E n t
w icklung des G esam tpotentials in grosser Entfernung R  vom M olekülschw erpunkt beginnt 
m it einem Gliede jR~m, wobei m >  2 is t. Das Fehlen des Gliedes m it m — 2 zeigt unm itte l
bar an , dass kein D ipolm om ent ex is tie rt. (Zu dieser Frage s. auch |9 |.)
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D abei sind  Е г, Е.г die M inim alenergien  d er E in ze la to m e, wie sie aus Gl. (10) 
folgen. Die Z, ste llen  die K ern lad u n g szah len  d a r. N ach H u l t h e n  [12] g ilt

9E,
9 N

=  - e V Zi ( N ) .
Z{ =  const.

D am it e rg ib t sich A E  zu

Z ,— A N  _  Z.. + A N  _
A E  ( Z v  Z 2; A N )  =  — e J  d N  V Zl (N)  — e f d N  V Zi (N) .

z ,  z .

D as M inim um  von A E  hei V a ria tio n  nach  A N  e rg ib t sich fü r

V Zl ( N  =  Z x -  A N )  =  V Zt ( N  =  Z 2 +  A N ) .

D iese B ed ingung  lä ss t sich bei Z x =f= Z2 n u r  fü r  A N  =f= 0 e rfü llen . Die M in i
m isierung  d er G esam tenerg ie  fü h r t  also zu einem  von  N ull v e rsch ied en en  Io n i
sie ru n g sg rad  fü r die beiden  Teile des G esam tsy stem s. An d iesem  E rgebn is 
ä n d e r t  sich q u a lita tiv  n ich ts , w enn m an  fü r  endlichen a b e r  sehr grossen 
A b s tan d  A  die W echselw irkungsenerg ie  d er b e id en  Ionen  m it b e rü ck s ich tig t 
(fü r grosses A  is t d er w esentliche A nteil d e r W echselw irkungsenerg ie  d u rc h  

— (ezlN )2
den  C oulom bterm  gegeben).

A
W en d e t m an  das T h o m as-F erm i-D irac-V erfah ren  a u f  e in  System  aus 

zwei A tom en  m it v e rsch w in d en d er W echselw irkung  in g leicher W eise an , so 
w ird  je tz t  d ie  m in im ale G esam tenerg ie  bei A N  =  0 erre ich t. D ieses E rg eb n is  
s te h t in  E in k la n g  m it d er oben angegebenen  A ussage, dass sich  m it e in e r 
B ehand lung  n ach  T h o m as-F erm i-D irac  kein  D ipo lm om en t e rg eb en  kann .

F ü r fö rd ern d e  D iskussionen  danken  w ir H e rrn  Prof. D r. W . S c h ü t z
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О ВОЗМОЖНОСТЯХ О ПРЕДЕЛЕНИЯ ДИПОЛЬНЫ Х МОМЕНТОВ МОЛЕКУЛ
В СТАТИСТИЧЕСКОЙ ТЕОРИИ

М . Ш У Б Е Р Т  и Б .  В И Л Ь Г Е Л Ь М И  

Резюме

В работе исследуется, какие следствия вытекают из основных уравнений стати
стической модели, принимая во внимание существование дипольных моментов молеку
лярных систем. Уравнения применяются с темиграничными условиями, которые сле
дуют из разных статистических моделей.
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RANGE OF PROTONS 
IN THE AGFA K2 NUCLEAR EMULSION

By

L. M e DVECZKY and G . SOMOGYI*

IN STITU TE OF NUCLEAR RESEA RCH  OF TH E  HUNGARIAN ACADEMY OF SCIENCES, DEBRECEN  

(Presented by A. Szalay. - Received 11. X I. 1960)

By measuring the range-energy curve of recoil protons produced in  the nuclear emulsion 
by  reactions H2(d, n) He3 and 11 :i(</. n) H e4, calibration po in ts were obtained to determine the 
range-energy relation of the Agfa K2 emulsion. The m easured ranges showed good agreem ent 
w ithin the error lim its w ith results of calculations for Agfa K2 emulsion containing 60%  
relative hum idity  [1].

T he p h o toem ulsion  m e th o d  can n o t be ap p lied  to  d e te rm in e  th e  energy  
of partic les w ith o u t precise know ledge of th e ir  range-energy  re la tio n . T h e re 
fore i t  is n o t su rp rising  th a t  in  th e  lite ra tu re  su ch  a g rea t n u m b e r  of b o th  c a l
cu la ted  and  m easured  d a ta  can  be found  on em ulsions of d iffe ren t m ake an d  
ty p e .

The range-energy  re la tio n  o f Agfa K2 em ulsions w as in v es tig a ted  b y  
L a n i u s  [2] an d  B e b e l  [1]. B o th  au th o rs  ca rried  o u t ca lcu la tio n s for p ro to n s , 
an d  o b ta in ed  th e  ca lib ra tio n  p o in ts  b y  m easu rin g  and  red u c in g  th e  range o f  
a lp h a-p a rtic le s  from  th e  decay  series of T h. E x p e rim e n ta l d a ta  on p ro to n s  
w ere rep o rted  on ly  b y  L a n i u s , w ho m easured  th e  range o f 0,58 MeV p ro to n s  
from  th e  reac tio n  N 14 (n, p)  C14. B o th  m easu rem en ts  w ere m ad e  in  air o f  
6 0 %  re la tiv e  h u m id ity , an d  th e  calcu la tions w ere also m ade fo r em ulsions o f  
th is  k ind . T here is a su b s ta n tia l difference in  th e  a tom ic co m position  rep o rted  
b y  th e  tw o a u th o rs  an d  acco rd ing ly  also in  th e  d e n s ity  of em ulsions. A ccord ing  
to  B e b e l ’s recen t d a ta  th e  la t te r  is 3,38 gcm ~3 as ag a in st th e  prev ious 3 ,84 
gem  3. L a n i u s  carried  o u t th e  ca lcu la tions as described b y  C ü e r  [3], w hile 
B e b e l  m ade th e m  w ith  th e  m e th o d  developed  b y  V i g n e r o n  [4] using — in  
a d d itio n  to  th e  com position  o f th e  em ulsion  — new  d a ta  also fo r th e  average  
ion iza tio n  p o te n tia l va lue .

On th e  basis of th e  above i t  can  be ex p ec ted  an d  also u n d e rs to o d  th a t  th e  
d isc rep an cy  in  th e  range  o f p ro to n s  w ith  id en tica l energy  is co n sid e rab ly  g re a te r  
be tw een  th e  d a ta  o f th e  tw o  a u th o rs  referred  to  th a n  th e  u su a l e rro r in  m easu 
rem en t. The d a ta  of m easu rem en t an d  ca lcu la ted  values o f b o th  au th o rs  — on  
th e  o th e r h an d  — show  good ag reem en t. T he reaso n  for th is , besides th e  use  
o f  em ulsions w ith  d iffe ren t s to p p in g  pow er, is to  be fo u n d  in  th e  fac t t h a t

* Now a t the In s titu te  of E xperim ental Physics of the Kossuth U niversity , Debrecen.
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th e  ra n g e  o f partic les  in  th e  in v e s tig a te d  region is s h o r te r  th a n  50 [г, and  a t 
low er energies, th e  s trag g lin g  o f ran g es  in  em ulsions is g rea te r [5] th a n  in 
a ir  b ecau se  of th e  sm all n u m b er o f  g ra in s  c o n s titu tin g  th e  track s.

Table I

Range of alpha-particles from decay series of Th measured in Agfa K2 emulsion

E u
Mean ranges in (Л and relative m ean errors

M e V Lan ius  [2] B ebel  [1| Bu jd o só —Medveczky [ 6]

5,68 24,6 ±  4,2 25,55 ±  4,1 25,5 ±  2,0
6,28 28,5 ±  4,0 29,8e ±  3,5 29,5 ±  1,7
6,78 32,0 ±  3,1 33,32 ±  3,2 33,0 ±  1,51
8,78 47,7 ±  1,3 49,76 ±  1,8 49,0 ±  1,0

In  m easu rem en ts  fo r a lp h a -p a rtic le s  from  decay  series o f T h  [6], we took  
in to  co n sid e ra tio n  on ly  tra c k s  fa lling  in  th e  p lane o f  th e  em ulsion. As i t  can 
he seen in  T ab le  I , v a lu es  sim ilar to  th o se  of B e b e l  w ere o b ta in ed , y e t  fo r th e  
sake o f  accu racy  in  o th e r  in v es tig a tio n s , th e  te s tin g  o f th e  range o f  p ro to n s 
b y  m ean s o f longer tra c k s  w as needed . I n  th is  m an n er, i t  w as possible to  o b ta in  
c a lib ra tio n  po in ts a t  h ig h e r energies.

T h e  p ro to n  tra c k s  u sed  in  o u r m easu rem en ts  w ere p ro d u ced  b y  n eu tro n s  
o b ta in e d  from  reac tio n  (d, n),  w ith  H 2 an d  H 3 ta rg e ts , respective ly .

I n  re la tio n  to  d eu te ro n s  acce le ra ted  b y  0,1 MeV th e  ir ra d ia te d  p la tes 
fo rm ed  w ith  th em  an  an g le  of 0° in  th e  case of re a c tio n  D — D an d  an  angle 
of 90° in  th e  case o f  re a c tio n  D T . A ccord ingly , th e  energ ies of th e  o b ta in ed  
n eu tro n s  w ere 2,850 ±  0,001 and  14,06 dr 0,02 MeV, resp ec tiv e ly . T h e  p la tes 
w rap p ed  in  a lu m in iu m  fo il an d  th e n  in  p ap e r were p la c e d  a t  d is tan ces  o f 120 
and  350 m m  resp ec tiv e ly  from  th e  ta rg e t ,  w hich w as a p p ro x im a te ly  8 m m  in 
d iam e te r . In  reac tio n  D — D , p la te s  o f  100 /.i la y e r  th ick n ess  w ere u sed , and  
th e  tim e  o f ir ra d itio n  w as 40 hours, w hereas w ith  D — T , th e  la y e r  th ickness 
was 200 Ц an d  th e  tim e  o f exposure 2 hours. The em ulsions w ere processed 
b y  te m p e ra tu re  d ev e lo p m en t w ith  am id o l [7]. T h e  tra c k s  from  reac tio n  
D — D w ere m easured  u n d e r  a m ag n ifica tio n  of a p p ro x im a te ly  1000X , while 
the m easu rem en ts  on  th e  longer tra c k s  w ere m ade u n d e r  a m ag n ifica tio n  of 
a p p ro x im a te ly  420X . T ran sv erse  d isp lacem en t o f th e  tra c k s  w as m easu red  
b y  a n  eyepiece m ic ro m e te r an d  th e  d ip  d isp lacem en t b y  th e  finefocus m otion  
of th e  m icroscope. F o r th e  ca lcu la tio n  o f  tra c k  le n g th s , nom ogram s [8] were 
u sed . O n ly  such  tra c k s  w ere considered , w here th e  ang le  betw een  th e  d irec tio n  
o f th e  tr a c k  and  th e  s tr a ig h t  line co n n ec tin g  its  in it ia l  p o in t w ith  th e  cen tre  
of the  ta rg e t  was less th a n  10°. The re su lts  o f m easu rem en t are show n in  F igs. 1 
and  2. B o th  sp ec tra  are  co rrec ted  for th e  v a r ia tio n  w ith  en e rg y  o f th e  n eu tro n - 
p ro to n  sc a tte r in g  cross sec tio n  and  fo r th e  escape o f  p ro to n s  from  th e  em ulsion .
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T he errors in d ica ted  in  th e  F igures are  s ta tis t ic a l  e rro rs only . F ig . 1 rep resen ts  
th e  range  d is tr ib u tio n  o f 2,85 MeV p ro to n s in  450 m easured  tra c k s . T he m ean  
range o f th e  tra c k s  is 7 0 ^ 3  ( X .  T he m ean  v a lu e  ca lcu la ted  fro m  th e  co rrec ted  
range  d is tr ib u tio n  of th e  m easu red  971 reco il p ro to n s  of 14,06 MeV energy  is 
1075 i  43 fi (F ig . 2).

d N
d R

Fig. 1
Range distribu tion  of 2,85 MeV protons

In  F ig . 3 th e  re su lts  of o u r in v es tig a tio n s  are  co m p ared  w ith  range- 
en e rg y  re la tio n s re p o rte d  b y  L a n i u s  an d  B e b e l , re sp ec tiv e ly . As i t  can  he  
seen , th e  re su lts  o f o u r m easu rem en ts  fa ll sy s tem a tica lly  be tw een  th e  tw o  
range-energy  curves. T ak in g  th e  lim its  of e rro r in  m easu rem en t in to  consider
a tio n , th e  ag reem en t in  th e  m ean  ranges w ith  B e b e l ’s figures is sa tis fac to ry , 
( th e re  is even fu ll ag reem en t in th e  case o f e x tra p o la te d  ran g es). T he ranges 
are  in all cases, g rea te r  th a n  th o se  rep o rted  b y  L a n i u s . In  o u r opin ion , th e  
fo llow ing fac ts  are  responsib le for th e  sligh t sy s te m a tic  d ev ia tio n  from  B e b e l ’s

Acta Phys. Hung. Тот. X I I I .  Fasc. 2.
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d a ta :  a) o u i  in v es tig a tio n s  were ca rried  o u t in  a ir  c o n ta in in g  ex a c tly  less th a n  
6 0 %  re la tiv e  h u m id ity , b) th e  com po sitio n  of em ulsions is n o t co m p le te ly  
id en tica l in  th e  d iffe ren t p re p a ra tio n s  [1].

S u m m in g  up o u r in v es tig a tio n s , i t  can  be s ta te d  th a t  in  A gfa K 2 n u c lea r 
em ulsions, i t  is B e b e l ’s calcu la ted  va lu es  th a t  co rrespond  to  th e  ra n g é 

i ig .  3. R ange-energy relation  of Agfa K2 nuclear emulsions for protons. The un in terrup ted  
curve represents B e b e l ’s calculations [1] and  the do tted  curve those of L a n t o s  [2]

X designates d a ta  measured on and reduced from  Th stars [6] 
j[  designates d a ta  measured on tracks of recoil protons

energy  re la tio n  of p ro to n s  I t  is, how ever desirab le  to  ca rry  ou t th e  ca lib ra tio n  
also a t  energ ies n o t y e t  in v es tig a ted .

*

W e w ish  to  th a n k  P rofessor A. S z a l a y , D irec to r o f th e  I n s t i tu te  o f N u c
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ПРОБЕГ ПРОТОНОВ В ЯДЕРН ОЙ  ЭМУЛЬСИИ AGFA К2
Л . М Е Д В Е Ц К И  и Д . Ш О М О Д Ь И

Резюме

Измерением пробега рассеянных протонов, созданных в ядерной эмульсии нейт
ронами, полученными от ядерных процессов H2(d,n)He3 и Н3(с/,л)Н4 были получены 
калибрационные точки для определения зависимости пробега-энергии в эмульсии Agfa 
К2. Измеренные в пределах погрешности пробеги показывают хорошее совпадение с 
результатами [1] вычислений, относящимися к эмульсии Agfa К2 с 60% относительной 
влажностью.
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EXAMINATION OF TANTALUM MONOCRYSTAL 
TIPS BY MEANS OF A FIELD EMISSION 

MICROSCOPE

By

L. E rnst

IN D U STRIA L RESEA RCH  IN STITU TE FOR TELECOMMUNICATION TECH N IQ U E, BU DA PEST 

(Presented by E. W inter. Received 28. X II. 1960)

We exam ined by m eans of a field emission microscope the degassing process of tan ta lum  
tips and th e  deform ation of pure tips, on the one hand under the influence of heating  only, 
and on the o ther under the influence of both  heating and electric field. In  the form er case we 
observed a behaviour sim ilar to  th a t of tungsten , in the other case a behaviour different from it. 
We observed also the form ation of tw in crystals under the influence of heat.

1. Introduction

T he p rincip le  o f  th e  fie ld  em ission m icroscope is as follows [1].
To a v e ry  fine m e ta l tip  in  v acu u m  a neg a tiv e  v o ltag e  is connec ted , w hich 

is h igh re la tiv e  to  th e  flu o rescen t screen  su rro u n d in g  it .  U n d er th e  in fluence  
of th e  h ig h  fie ld  in te n s ity  a ro u n d  it ,  th e  t ip  em its e lec trons an d  in  consequence 
a con sid erab ly  en larged  em ission im age o f the  su rface  of th e  tip  ap p ea rs , on 
w hich th e  b rig h t sp o ts  co rrespond  to  su rface  p a rts  o f low7 w ork  fu n c tio n  and 
th e  d a rk  sp o ts  to  su rface  p a rts  of h igh w ork  fun c tio n . T ak in g  in to  co n sid e ra tio n  
th a t  th e  d im ensions o f  th e  t ip  are u su a lly  sm aller th a n  th e  grains o f th e  p o ly 
c ry s ta llin e  m eta l th e  o b ta in ed  im age is c h a ra c te ris tic  o f th e  m o n o cry sta llin e  
s tru c tu re .

As y e t tantalum  tips have been exam ined by relatively  few researchers 
[2, 3, 4] by means of a fie ld  emission m icroscope and D rechsler was the very  
first who was able to  produce the field  emission im age of an absolutely  pure 
tantalum  surface.

As we were ab le to  rep roduce  th e  sim plest f ie ld  em ission m icroscopic 
ex p erim en ts  on tu n g s te n  tip s  we beg an  to  s tu d y  ta n ta lu m , a m e ta l w hich  has 
been re la tiv e ly  l i t t le  exam ined  b u t  w hich  is o f g re a t p rac tica l im p o rtan ce .

2. Experimental device and method

T he fie ld  em ission m icroscope can  be seen in  F ig . 1. T he borosilica te-g lass 
sphere o f 3,5 cm rad iu s  w as covered on th e  inside b y  a tin d io x id e  co n d u c tin g  
lay er se rv in g  as anode, to  w hich th e  tu n g s te n  te rm in a l b w as con n ec ted . The 
w illem ite flu o rescen t la y e r  was p u t  on th e  co n d u c tin g  lay e r. T he ta n ta lu m  tip  
wras wielded on a m esh m ad e  also o f ta n ta lu m  w ire. B y  m eans o f  e lec tric  h e a tin g
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o f  th e  m esh th e  t ip  can be m ad e  free from  b o th  ad so rb ed  an d  ab so rb ed  im p u 
ritie s . The m esh  m u st be m ade o f ta n ta lu m , in  o rd e r to  avoid  a lloy ing  d u ring  
th e  h e a tin g  p rocess. The t ip  w as m ade o f a w ire o f 0,1 m m  d iam . p roduced  
b y  e lec tro ly tic  e tch in g  in  a 4 0  %  f lu o rh y d ric  ac id  so lu tio n  a t  30 V d . c.

Before in c o rp o ra tio n  th e  t ip  was ex am in ed  u n d e r  th e  m icroscope to  
a sc e r ta in  w h e th e r its  su rface  w as p e rfec tly  sm oo th  an d  w h e th e r i ts  rad iu s  of 
c u rv a tu re  w as sm alle r th a n  \/x. N am ely , th e  rad iu s  of c u rv a tu re  m u st be 
sm alle r th a n  th is  value if  we w ish to  o b ta in  from  th e  t ip  a co m p ara tiv e ly  large 
f ie ld  em ission c u rre n t a t  an  an o d e  v o ltag e  o f som e kV-s. D urin g  o p e ra tio n  th e  
t ip  w as e a r th e d  a n d  to  th e  te rm in a l b a p o sitiv e  vo ltag e  w as co nnec ted  from  a 
h ig h  v o ltag e  su p p ly  w hich could  be reg u la ted  from  1 to  15 kV.

C
Fig. 1. Schem atic s truc tu re  of a field emission microscope

The field  em ission valve was connected at c to the ultra-high vacuum  
pum p. U ltra-high vacuum  was produced b y  a procedure which essentially  is 
a kind of ALPERT-technique [5]. The structure o f our vacuum  system  was as 
follow s: after a glass mercury diffusion pum p and a liquid air double trap fo l
low ed  a tw o-stage ultra-high vacuum  pum p; connected to each stage was a 
B a y a r d  — A l p e r t  ion m eter and a Co m s a  — M u s a  ion pum p [ 6 ] .  The tw o  
stages were separated from  each other and from the trap b y  m agnetically  
controllable glass valves. The field  em ission m icroscope was connected  to  the  
second stage. A fter keeping the ionic pum p-part for some hours at 450° C in 
a furnace and degassing the electrodes by heating them  up by m eans o f electron  
bom bardm ent, we measured in the second stage an air-equivalent pressure 
o f 1 • 10 9 m m . After heating for one or tw o days we could reduce this value  
to  5 — 6 • 1 0 _1° mm.

I f  th e  v a c u u m  is su ita b le  th e  degassing  of th e  tip  can  be p erfo rm ed  b y  
h e a tin g  i t  g ra d u a lly  a t  in c reasin g ly  h igher te m p e ra tu re s . The h e a tin g  process 
w as a t  tim es in te r ru p te d  an d  th e  fie ld  em ission im age p ro d u ced  and  p h o to 
g rap h ed . A t th e  sam e tim e  th e  field  em ission c u rre n t an d  th e  v o ltag e  belonging  
to  i t  w as m easu red . T his is usefu l because th e  v o ltag e  belong ing  to  a given 
c u rre n t a t  a g iven  rad ius o f  c u rv a tu re  is c h a ra c te ris tic  o f th e  w ork  function ,
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re sp ec tiv e ly  o f th e  form  o f th e  tip . The c u r re n t was m easu red  b y  m eans o f  a 
m icro am m eter, th e  v o ltage  b y  an  e le c tro s ta tic  v o ltm e te r  o f  10, re sp ec tiv e ly  
15 kV range  o f m easu rem en t. T he m easu rem en t of the  h e a tin g  te m p e ra tu re  o f 
th e  tip  was carried  ou t by  m eans o f a d isap p ea rin g -filam en t op tica l m ic ro p y ro 
m eter. T he te m p e ra tu re  of th e  tip  itself, w h ich  was o f subm icroscopic  d im e n 
sions, could  n o t d irec tly  be m easu red  in  th is  w ay. The te m p e ra tu re  can  on ly  
be m easured  n e a r th e  w elding sp o t and  from  th is , tak in g  th e  ra d ia tio n  loss in to  
co n sidera tion , th e  te m p e ra tu re  o f  th e  t ip  i ts e lf  can  be ca lc u la ted  [7]. T he tw o  
values d iffer from  each o th e r  on ly  above 1500° C to  a n y  g rea te r  e x te n t. In  
case of th e  f ir s t  tip  ex am in ed  b y  us we d e te rm in ed  th e  te m p e ra tu re s  o v er 
1850° C b y  m eans of e x tra p o la tio n  of th e  h e a tin g  c u rren t — tip  te m p e ra tu re  
cu rve , th ere fo re  th e  accu racy  o f  these v a lu es  is ra th e r  lim ite d .

3. P rep a ra tio n  of a p u re  tan ta lu m  tip

Two tip s  w ere exam ined , one a fte r th e  o th e r, by  m eans o f  a field em ission 
m icroscope. U n d e r th e  in flu en ce  o f th e  h e a t  t re a tm e n ts  th e y  behaved  essen 
tia lly  in an  analogous w ay  o n ly  on th e  second  tip  fo rm a tio n  o f a tw in  c ry s ta l  
could be observed ; concern ing  th is  o b se rv a tio n  we give a m ore  detailed  ac c o u n t 
in  sec tion  6. F ig . 2 shows th e  ty p ic a l im ages o b ta ined  o f  th e  firs t t ip  a f te r  
h ea tin g  a t  v a rio u s te m p e ra tu re s . A t th e  tim e  of p h o to g ra p h in g  th e  t ip  w as 
n a tu ra lly  a t  room  te m p e ra tu re  an d  th e  p re ssu re  genera lly  d id  n o t rise ab o v e  
th e  v alue  o f 3 • 10 9 m m , b u t  in  m ost cases i t  was a b o u t 1 • 1 0 —9 m m .

(In  th e  F igu re  th e  fo llow ing d e n o ta tio n  is used: tn =  te m p e ra tu re  o f 
h ea tin g , r n =  th e  h ea tin g  tim e  belonging  to  it , V  =  v o lta g e  n ecessary  to  
gain  a c u rre n t o f 1 fiA.)

F ig . 2/a agrees w ith  th e  im age of a ta n ta lu m  tip  m ade a n d  considered  as 
p u re  b y  Gomer  [2] and  F ig . 2 /d  w ith  t h a t  s tu d ied  b y  H a e f e r  and  al. [3]. 
O n th e  o th e r h an d , F ig . 2/e agrees e ssen tia lly  w ith  th e  re a lly  pure  ta n ta lu m  
im age of D r e c h s l e r  an d  V a n s e l o w  [4].

T he c rite rio n  w h e th e r a surface is p u re  from  th e  p o in t o f view  o f fie ld  
em ission m icroscopy, i. e. fro m  a p o in t o f  v iew  m aking  th e  m ost e x a c tin g  
dem ands is th a t  th e  im age o f  th e  m a te ria l in  question  sh o u ld  n o t change up  
to  th e  h ig h est a tta in a b le  te m p e ra tu re s .

As we shall see fu r th e r  on , th o u g h  th e  im age ch an g ed  d u rin g  th e  fu r th e r  
h ea tin g , th is  w as due to  th e  d iffusion  o f th e  solved im p u ritie s  from  th e  in sid e  
o f th e  tip , so th a t  a f te r  all F ig . 2/e can  in d eed  be regarded  as th e  field em ission  
im age of th e  p u re  ta n ta lu m  tip .

The p h o to g rap h s  p re sen ted  co rrespond  to  th e  m ean  p h ases  of th e  d eg ass
ing  jirocess an d  besides th e se  som e tra n s it io n a l im ages w ere also observ ed . 
The im age o f th e  pu re  ta n ta lu m  tip  is c h a ra c te r is tic  o f b o d y -cen te red  cub ic  
la ttic e  m e ta ls . The cen tra l d a rk  spo t co rresponds to  th e  su rface  011, th e  tw o
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l i t t le  ro u n d  sp o ts  co rrespond  to  th e  su rface  001, re sp ec tiv e ly  010. M aking  a 
com parison  w ith  th e  im age o f  th e  tu n g s te n  t ip  (F ig. 3) we see th a t  th e  m o st 
essen tia l d ifference b e tw een  th e m  is th a t  on  th e  la t te r  im ag e  th e  surfaces 112 
ap p e a r too (fou r d a rk  spo ts p laced  in  th e  fo rm  of an  X ), w hile  in  case o f t a n 
ta lu m  th e y  do n o t ap p ear. F ro m  th is  p o in t o f v iew  ta n ta lu m  behaves acco rd ing  
to  th e  th eo ry  an d  tu n g s te n  does n o t. N am ely , accord ing  to  S t r a n s k i’s th e o ry  
for th e  ap p ea ran ce  of 112 faces on th e  su rface  of th e  b o d y -cen te red  cub ic  
la tt ic e  also a force betw een  th e  th ird  ne ig h b o u rs  m ust be effec tive. B u t in  th is  
case also 111 faces m u st a p p e a r  [8]. This is n o t the case e ith e r  for tu n g s te n  or

Fig. 3. Field emission microscopic im age of a tungsten  tip

fo r ta n ta lu m , so in  case o f  th e se  m etals th e  force ac tin g  betw een  th e  th ird  
neighbours can  a lread y  be n eg lec ted . The reaso n  w hy in  th e  case of tu n g s te n  
th e  112 faces do ap p ear has as fa r  n o t e n tire ly  been c leared  up.

On th e  basis o f th e  F owler — N ordheim  equa tion  fo r field  em ission th e  
rad iu s  of c u rv a tu re  of th e  tip  can  be ca lc u la ted  if  th e  w ork  fu n c tio n , th e  c u r 
re n t in te n s ity  and  th e  co rresp o n d in g  v o ltag e  are  know n. F o r  th is  ca lcu la tio n  
th e  follow ing fo rm ula  was g iven  by  D rechsler  and H e n k e l  [9]:

r = ° - 1 5 - F  M ,
<P2

w here (p m eans th e  w ork fu n c tio n  in e lec tro n  vo lts, V  th e  vo ltage in  v o ls t  
n ecessary  to  gain  10 ft A  c u rre n t and r th e  ra d iu s  of c u rv a tu re  in  A n g stro m s,

Fig. 2. Degassing of a tan ta lum  tip
a) t - 1750° C T some m inutes V 7,07 kV
b) «1 = 1900r' c Tj 10 sec ■? h  = 1830° C t2 =  2 m. V 9,50 kV
c) fj = 1880° c t 1 =  1,5 m., t2 1920° C t2 =  10 sec. V 8,50 kV

d )  I 1920° c Tj 1,5 m,, V = 8,35 kV
<*) <i 1880° c Tj 1 m, f 2 1920° C T., 2 m V  8,70 kV
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F ro m  th is  fo rm u la  r is o b ta in e d  w ith  an  e rro r  of ab o u t 2 0 % . C onverting  th e  
re la tio n  to  1 pA  c u rre n t we o b ta in ed  fo r th e  co n stan t 0 ,17 in s tead  o f  0 ,15. 
As th e  w o rk  fu n c tio n  of ta n ta lu m  is 4,1 eV [10], th e  ra d iu s  o f cu rv a tu re  o f  th e  
ta n ta lu m  t ip  rep ro d u ced  in  F ig . 2/e w as fo u n d  to  be 8 • 1 0 “ 5 cm. In  o u r case 
th is  va lu e  co rresponds to  a m ag n ifica tio n  o f  ab o u t 30 000 tim es.

R a is in g  th e  te m p e ra tu re  o f th e  a lre a d y  pure t ip  fo r  som e seconds to  
2000° C th e  im age v isib le  in  F ig . 4 a p p e a rs . A fter fu r th e r  heatings above 
2000° C we o b ta in e d  on ly  im ages s im ila r to  th a t  of F ig . 2/e. W e have o ften  
o b serv ed  th is  also in  cases w hen  th e  a lre a d y  pure  tip  h a d  re s te d  for a lo n g er 
tim e  in  p o o r v acu u m  an d  w as th e n  degassed  b y  h ea tin g  in  u ltra -h ig h  vacu u m .

Fig. 4. Im purity  m igrated onto th e  surface of a ta n ta lu m  tip

Also in  su ch  cases w hen th e  im age of p u re  ta n ta lu m  a lre a d y  h ad  a p p ea red  we 
o b ta in e d  a f te r  ra ising  th e  te m p e ra tu re  a g a in  an im age o f  im p u rity  b u t  a f te r  
fu r th e r  h e a tin g  fo r an  a d e q u a te  tim e  we o b ta in ed  a t  a n y  te m p e ra tu re  only  
im ages o f th e  p u re  tip . F ro m  th is  we can  conclude th a t  d u rin g  th e  degassing  
process th e  c lean ing  o f th e  surface h a p p e n s  w ith  a g re a te r  velocity  th a n  th e  
d iffusion  o f  th e  solved im p u ritie s  on to  th e  surface and  th u s  n ear th e  su rface  
a h igh  c o n c e n tra tio n  g ra d ie n t arises. A t h ig h e r te m p e ra tu re  fu r th e r  im p u ritie s  
com e to  th e  su rface  an d  i f  th e se  im p u ritie s  a re  of an  a p p ro p r ia te  q u a n t i ty  we 
o b ta in  an  im p u r ity  im age . T his re p e a ts  i ts e lf  un til th e  in sid e  of th e  m e ta l 
becom es c lean  too . Also in  th is  resp ec t th e  b eh av io u r o f ta n ta lu m  differs from  
th a t  o f  tu n g s te n . I f  once th e  surface o f th e  tu n g s te n  t ip  h as  becom e c lean  it  
rem ain s so, to  w h a tev e r te m p e ra tu re  i t  is h e a te d  as we cou ld  convince ourselves 
from  th e  im ages on th e  screen  of th e  f ie ld  em ission m icroscope. This is easy  
to  u n d e rs ta n d , considering  th a t  tu n g s te n  p ra c tic a lly  does n o t  solve gases w hile 
th e  good so lu tio n  pow er o f  ta n ta lu m  fo r gas is w ell-know n, its  g e tte r  c a p a c ity  
being  b ased  up o n  ju s t  th is  p ro p e rty .
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U n fo rtu n a te ly  we could n o t define b y  w h ich  im purities c e r ta in  c h a ra c te r 
istic  im ages w ere b ro u g h t a b o u t. B u t i t  seem s to  be p ro b a b le  th a t  oxy g en  
p lays th e  m ost im p o r ta n t p a r t  am ong  the  im p u r ity  gases. T he e n tire ly  pure  t ip  
was le f t for 40 h ours in  th e  a ir  an d  a fte r  th is  i t  was h ea ted  to  1400° C. T h e  
re su lt w as th e  im age rep ro d u ced  in  Fig. 2/c.

The ap p ea ran ce  o f th e  in d iv id u a l c h a ra c te ris tic  im ages is n o t bound  u p  
w ith  ce rta in  te m p e ra tu re s . E . g. th e  im age show n  in Fig. 4 co u ld  be observed  
n o t only  a fte r  h e a tin g  to  2000° C b u t  also a t  1150° C. The fa c t w hich  k in d  o f  
im ages will a p p e a r  is d e te rm in ed  ra th e r  by  th e  surface co n c e n tra tio n  of im p u -

Fig. 5. Miller indices of faces appearing on a contam inated ta n ta lu m  tip

r itie s  and  th is  is a func tion  of th e  ra tio  of th e  d iffusion  to w ard s th e  surface an d  
th e  ev ap o ra tio n  from  th e  su rface . S im u ltan eo u sly  w ith  th e  h e a tin g  of th e  t ip  
ce rta in  reac tio n s  w ill ta k e  p lace betw een  th e  abso rbed  gases p re se n t on th e  
surface and  th e  ta n ta lu m , w hile new  surface phases are a ris in g  and  v a rio u s  
faces are  grow ing.

T he M iller indices of th e  faces w hich m o s tly  were ap p e a rin g  in  the  fo rm  
of d a rk  spo ts w ere dete rm in ed  (F ig . 5). B esides th e  faces show n in  th e  fig u re , 
on th e  alm ost c lean  tip  n ea r 111 o ften  a p p e a r th e  779 surfaces, as i t  is v isib le  
e. g. in  F igs. 4 an d  8. M ost f re q u e n tly  th e  447 faces appear a n d  th e y  p ro b a b ly  
co rrespond  to  som e oxide. W e re m a rk  th a t  H a e f e r  e t al. re g a rd e d  the  447 
faces visible also on th e ir  p h o to g rap h s  [3] as 112 faces and  on th e  basis of th is  
th e y  s ta te d  t h a t  th e  fie ld  em ission im age o f  ta n ta lu m  agrees w ith  th a t  o f  
tu n g s te n . In  fa c t — as we have  a lre a d y  m e n tio n e d  — th e  im ag e  o f ta n ta lu m  
on th e ir  p h o to g ra p h  was p a r tly  c o n ta m in a te d  a n d  n o t 112 b u t  447 faces occu r 
on th e ir  p h o to g rap h s .

T he usu a l p ro ced u re  to  d e te rm in e  som e in d ex  is th e  follow ing. On th e  
screen or on th e  p h o to g ra p h  th e  d istance  o f th e  cen tre  of th e  s p o t in  questio n
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from  a p o in t o f  know n in d e x  is m easured  a n d  from  th is  th e  index  is c a lc u la ted . 
I t  m u st, how ever, be ta k e n  in to  c o n sid e ra tio n  th a t  th e  im age — b ecau se  of 
th e  fie ld  n o t  be ing  p e rfe c tly  spherica lly  sy m m etrica l — is d is to rted . T herefo re  
th e  a n g u la r  d is tan ce  of th e  tw o h ex ah ed ric  faces im m ed ia te ly  recogn izab le  on 
th e  im ages is m easured  on  th e  screen. Suppose th is  to  be  a , th e n  th e  co rrec t 
a n g u la r  d is ta n c e  can be o b ta in ed  b y  m u ltip ly in g  th e  m easured  v a lu es  b y  a 
fa c to r  o f 90 /a . In  th is w ay  one g en era lly  gets  co rrec t v a lu es , how ever, in  our 
case we cou ld  n o t o b ta in  co rrec tly  th e  a n g u la r  d is tan ce  o f  th e  po in ts o f kn o w n  
ind ices d e te rm in e d  for th e  sake of co n tro l. E . g. in  case o f th e  firs t ta n ta lu m  
tip  for th e  an g u la r d is ta n c e  111—O il w e o b ta in ed  33,7° ^  0,4, in s te a d  of 
35,3°. T he d isc rep an cy  m a y  have sev e ra l causes, e. g. th e  screen or as i t  was 
o b serv ed  b y  D re ch sle r  th e  end of th e  t ip  m ay n o t be  ex ac tly  sp h erica l [11].

In  o rd e r  to  e lim in a te  these  erro rs w e m ade th e  in d ex in g  in  th a t  w ay  th a t  
w e m easu red  on th e  p h o to g rap h s  th e  an g le  of in c lin a tio n  betw een th e  s tra ig h t  
line co n n ec tin g  th e  p o in t in  question  w ith  th e  cen tre  o f  th e  face O il w ith  the  
line c o n n e c tin g  face 010 w ith  O il. F ro m  th is  th e  in d ices  in  question  can  be 
ca lcu la ted . B y  th is  m e th o d  we o b ta in ed  e x a c t va lues ev en  if  the  sy stem  is no t 
sp h e rica llv  b u t  only  cy lin d rica lly  sy m m etrica l.

4. Dependence o f  the form o f tantalum  tips on the temperature

B e c k e r  observed  t h a t  some su rfaces  of a tu n g s te n  tip  a lread y  h ea ted  
to  2300° C grow  a fte r a re h e a tin g  a t 900° C. A sim ilar sy m p to m  can be o b served  
on ta n ta lq m  tip s  too. In  F ig . 6 i t  can  be  seen  th a t  a f te r  h e a tin g  a t low er te m p e 
ra tu re s  th e  surfaces 011 an d  001 en la rg e . H ea tin g  th e  t ip  again  to  2000° C we 
reg a in  e sse n tia lly  th e  s ta r t in g  im age. T h e  p h o to g rap h s , n a tu ra lly , w ere ta k e n  
a t  room  te m p e ra tu re .

T h is phenom enon  ca n  be ex p la in ed  b y  th e  fa c t t h a t  a t h igher te m p e ra 
tu re s  c ry s ta ls  becom e g ra d u a lly  m ore iso tro p ic  [13]. T h e  tip  has th e  fo rm  of 
a h y p e rb o lo id  of rev o lu tio n  and  is c u t  b y  the  c ry s ta l faces in  th e  d irec tio n s 
in  w hich  th e  surface free en e rg y  show s a  sh a rp  m in im u m . These are eq u ilib riu m  
su rfaces o f  sm all M iller-indices, i. e. in  o u r  case o f 001 a n d  011. By in c reasin g  
th e  te m p e ra tu re , th e  sh a rp  m in im um  g ra d u a lly  d isa p p e a rs  and  co n seq u en tly  
th e  size o f  th e  faces decreases.

A t h ig h e r  te m p e ra tu re s  the  d a rk  b a n d s  p laced in  th e  form  of an  X  along 
th e  zone 111 are  w ider th a n  a t  low er te m p e ra tu re s . T h is  is connected  w ith  the 
fa c t th a t  w h en  h ea tin g  a t  low er te m p e ra tu re s  in  th e  zone 1 1 1 a  s te p p e d  s tru c 
tu re  ta k e s  sh ap e  w hich is especially  w ell visible in  F ig . 6/b. A cco rd in g  to  
B e c k e r ’s o b se rv a tio n  th is  is th e  case a lso  fo r tu n sg te n . T he fo rm ation  o f  steps 
can be u n d e rs to o d , n a m e ly  w ith th e  decrease  of th e  te m p e ra tu re  th e  su rface 
en e rg y  m in im u m  of O il  becom es d eep e r re la tiv e  to  th e  su rround ings an d  th is  
co n d itio n  is favourab le  to  th e  fo rm a tio n  o f la ttic e  s te p s .
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c) d)

Fig. 6. Influence of the heat tre a tm en t on the form of a tantalum  tip
a )  ( 2000° C T 20 sec V = 9,45 kV
b )  t 1400° C T 30 sec V 9,35 kV
c) t 1170" C T 30 sec V 9,35 kV
d )  t 2000" C T 30 sec V — 9.45 kV
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W e re m a rk  t h a t  a p a r t  from  th e  local d e fo rm a tio n  a t  te m p e ra tu re s  above 
1000° C, s im ila rly  to  tu n g s te n , th e  rad iu s  of c u rv a tu re  of th e  t ip  grow s because 
fro m  th e  end  o f th e  tip  su rface m ig ra tio n  ta k e s  p lace to w ard s  th e  places of 
g re a te r  rad iu s  o f c u rv a tu re  an d  th e n  th e  su rface  free  energy  o f  th e  whole tip  
decreases . T his ro u g h en in g  of th e  t ip  appears th e  m o s t m ark ed ly  in  th e  decrease 
o f  th e  fie ld  em ission  c u rren t, re sp ec tiv e ly  in th e  increase o f th e  vo ltage a t  a 
c o n s ta n t c u rren t.

5. Deform ation of tantalum  tips under the common influence  
of high temperature and electric field

T he fo rm  o f th e  tip  ex am in ed  a t  room  te m p e ra tu re  b y  m eans of a fie ld  
em ission  m icroscope is c o n s ta n t. N am ely , th e  a c tiv a tio n  en erg y  o f th e  surface 
a to m  m ig ra tio n  causing  th e  d e fo rm a tio n  is g en e ra lly  so h igh  th a t  it  c an n o t 
arise  u n d e r th e  in flu en ce  o f an  e lec tric  field o n ly . B u t h ea tin g  th e  tip  to  such  
a h ig h  te m p e ra tu re  a t  w hich su rface  m ig ra tio n  ta k e s  a lread y  p lace and also 
sw itch in g  on an  e lec tric  fie ld , th e  phenom enon  ap p ears  w hich  is called in th e  
A n g lo —A m erican  l i te ra tu re  “ b u ild -u p ”  and  w h ich  m eans t h a t  th e  tip  w hich  
ti l l  th e n  w as ro u n d e d  off an d  a lm o s t ro ta tio n a lly  sy m m etrica l becom es p o ly 
h e d ra l an d  sh a rp  edges and  ang les are  form ed on  i t .  On tu n g s te n  th is  has a lre 
a d y  been  s tu d ie d  b y  several re sea rch ers  [12, 14, 15]. In  such  cases essen tia lly  
tw o  processes can  ta k e  p lace: a t  low er field in te n s itie s  the  eq u ilib riu m  surfaces 
en la rg e , because a to m s are  m ig ra tin g  to  th e ir  edges and are  fu r th e r  b u ild ing  
th e  face. A t h ig h e r fie ld  in te n s itie s , how ever, r a th e r  sm aller s tep s  are form ing  
f i r s t  o f all in  th e  p laces w here p la te  faces h ad  o rig in a lly  n o t been . B o th  processes 
follow  from  th e  fa c t  th a t  a to m s are  po larizab le  a n d  th a t  th e ir  p o te n tia l energy 
is low er if  th e y  a re  p laced  on th e  edges and  ang les, i. e. on p laces o f higher field  
in te n s i ty . A t th e  p lace  w ith  fie ld  s tre n g th  E  th e  increase  in  th e  a tom ic  b ond ing  
en erg y  is x/2 a E 2, w here a is th e  p o la risab ility  [14]. F rom  th is  i t  follows th a t  
th e  a c tiv a tio n  en e rg y  of th e  su rface  m ig ra tio n  decreases p ro p o rtio n a l to  E 2 
a n d  so, if  d u rin g  th e  b u ild -u p  h igh  field in te n s i ty  m ax im a a re  form ing, th e  
m ig ra tio n  will p rim a rily  te n d  to w a rd s  these  p laces .

F ig . 7 show s th e  process ta k in g  place a t  900° C on a ta n ta lu m  tip  in  th e  
f ie ld  em ission m icroscope. U n d e r th e  in d iv id u a l im ages we in d ic a te d  th e  v o ltage  
belong ing  to  th e  \ f i  A cu rren t w h ich  in  the  course  of the  process decreases, as 
w as to  be ex p ec ted . The su rfaces O il  and  001 do n o t  grow to  a n y  considerab le 
degree, ra th e r  th e  s te p  fo rm atio n  p red o m in a te s . F ir s t  a co n cen tric  step  sy stem  
arises th e  m ost m ark ed ly  n e a r 111, w here th e  s te p  heigh ts re m a in  below th e  
reso lv ing  pow er. A t th e  sam e tim e  th e  b rig h t crosses w ith  h ex ah ed ric  faces in  
th e ir  cen tres, w h ich  ap p ear also on  th e  tip  w hen  in  th e  n o rm al s ta te , p ro tru d e  
b e t te r  from  th e ir  su rro u n d in g s. In  th e  fu r th e r  process th e  ta p e rin g  of 111
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becom es p ron o u n ced , a h igh  fie ld  in te n s ity  m ax im u m  a p p e a rs  and  th e  w hole 
em ission c u rre n t derives essen tia lly  from  th e  tw o  111 tip s . D isconnec ting  th e  
vo ltag e  a n d  h ea tin g  th e  t ip  to  1200° C fo r one m inu te , we o b ta in  ag a in  th e  
im age 7/a.

F ro m  th e  q u o ted  l i te ra tu re  i t  can  be estab lish ed  th a t  fo r tu n g s te n  b u i ld 
ups o f a sim ilar ty p e  could  be observed  on ly  in  case o f f ie ld  in ten s itie s  ab o v e  
5 • 1 0 ~ 7 У /cm . Below  th is  fie ld  in te n s ity  th e  su rfaces Oi l ,  001 an d  112 en la rg ed  
u n til  th e y  m e t w ith  d e fin ite  edges. T he fie ld  in te n s ity  in  th e  s ta r tin g  s ta te  w as 
in  our case — as can be ca lcu la ted  from  th e  v o ltag e  n ecessary  to  o b ta in  a g a in  
of 1 pA  c u rre n t, —2,4 • 107 Y /cm .

As to  w h a t k in d  o f process genera lly  w ill ensue, one can  suppose t h a t  it 
will be like t h a t  o f tu n g s te n  a t  low  field  in ten s itie s , i f  A Q 0 */2 a E 2, w here  
AQ0 m eans th e  increase  of th e  average  b o n d in g  energy  aris in g  from  th e  e n la r 
gem en t of th e  eq u ilib riu m  surfaces of th e  su rface  a tom s. N am ely , in  such  cases, 
in  th e  f irs t  p lace AQ0 co n tr ib u te s  to  th e  m in im iza tio n  o f th e  surface en e rg y  
and  only  secondly  J/2 a  E 2, in  such  a w ay th a t  th e  eq u ilib riu m  faces w ill h av e  
d efin ite  edges and  in  consequence p a r t  of th e  atom s will w ork  th e ir  w ay  in to  
places of h igh  field  in ten s itie s . In  case A Q a <7 1/2 a E 2 an d  especia lly  if  
AQ 0 <€ V2 a E 2 th e  b u ild -u p  will be of th e  sam e ty p e  as th a t  w hich w as o b 
served  in  case of ta n ta lu m , i. e. th e  in fluence  o f th e  fie ld  w ill be e ffec tive  in  
th e  f irs t p lace. T he b o n d in g  energy  of th e  su rface  atom s o f ta n ta lu m  and  h e re b y  
also A Q 0, is because o f th e  h igher la ttic e  c o n s ta n t, low er b y  3 0 %  th a n  th e  
co rrespond ing  values o f tu n g s te n , supposing  th a t  th e  b o n d in g  energy changes 
w ith  th e  d is tan ce  acco rd ing  to  th e  law  r 6. T he p o la rizab ility  o f th e  ta n ta lu m  
atom  m u st be g rea te r  th a n  th a t  of th e  tu n g s te n  a to m  b u t  as to  how  m u ch  we 
did n o t find  an y  d a ta . B y  no m eans can i t  be so m uch h ig h er th a t  h e reb y  th e  
d ifference b e tw een  th e  tu n g s te n  an d  ta n ta lu m  bu ild -u p s could  be ex p la in ed  
if  for field  in te n s ity  th e  average  fie ld  s tre n g th s  ca lcu la ted  fo r a t ip  of th e  s t a r t 
ing  s ta te  is accep ted . T a n ta lu m  is p ro b ab ly  m ore suscep tib le  to  step  fo rm a tio n , 
even w ith o u t a fie ld , th a n  is tu n g s te n , to  w hich  also o th e r  signs p o in t, an d  
ta k in g  in to  co n sid e ra tio n  th a t  on th e  edges o f th e  steps th e  fie ld  in te n s ity  m ay  
be con sid erab ly  h ig h er th a n  th e  average in te n s ity  on th e se  places on ly  th e  
in fluence o f th e  fie ld  will a f te r  all be effective.

6. F o rm atio n  o f ta n ta lu m  tw in  crystals

D uring  th e  degassing  p rocess of th e  second tip  s tu d ie d , h av in g  h e a te d  it 
to  1900° C, we reach ed  th e  s ta te , to  w hich th e  im age 2/c co rresponds. F lav in g  
fu r th e r  h ea ted  th e  tip  for ab o u t 1,5 m inu tes a t  th e  sam e te m p e ra tu re  we o b ta in 
ed th e  im age 8/a and  a f te r  a n o th e r h e a tin g  for one m in u te  th e  im age 8/b 
was v isib le. 8/b is th e  im age o f th e  “ a lm ost p u re ”  ta n ta lu m  tip . N ear 001 th e re
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0) d)
Fig. 7. Influence of th e  electric field on a tan ta lum  tip  a t 900° C

a) s ta rting  state V = 11,3 kV
b) 2 m V 10,85 kV
c) 4 m V 10,4 kV
(1) 6 m V 8,9 kV

is still a d a rk  b an d  and  a ro u n d  111 also th e  faces 779 a p p e a r  w hich used  to  
com e fo r th , as we have a lre a d y  m en tio n ed , on the  “ a lm o st p u re ”  tip s . In  th is 
s ta te  a tw in  c ry s ta l was te m p o ra r ily  fo rm ed , nam ely  a p e n e tra tio n  tw in . The 
tw in  p lane  as can  be seen in te rse c ts  th e  p lan e  O il along one arm  of th e  d a rk  
X  a p p ea rin g  in  th e  ta n ta lu m  im ages, an d  is in  effect n o th in g  else th a n  th e  p lane
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111 p e rp en d icu la r to  i t .  This k ind  o f tw in  ap p ea rs  m ost o ften  in  th e  case of 
c ry s ta ls  belonging to  th e  cubic sy stem . A ccord ing  to  Tertsch m ore th a n  70%  
o f cubic tw in  c ry s ta ls  are in g em in a ted  w ith  re sp e c t to  th e  face 111 [16].

As to  the  q u es tio n  w hat has b ro u g h t ab o u t th e  fo rm atio n  of tw in  c ry sta ls  
an d  w h a t p roduced  afte rw ard s th e ir  reversion  in to  no rm al c ry sta ls , we could 
no t fin d  an y th in g . I t  is ev iden t, th a t  h ea tin g  p lay ed  a role in  it. In  th is  connec
tio n  fu r th e r  ex am in a tio n s w ould be necessary .

a) b)

Fig. 8. Twin crystal transform ation on a tan ta lum  tip
a) tan ta lum  tw in  crystal
b) after reversing into a norm al crystal
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ИССЛЕДОВАНИЕ ВЕРШИН ТАНТАЛОВЫХ МОНОКРИСТАЛЛОВ ПРОСТРАН
СТВЕННО-ЭМИССИОННЫМ МИКРОСКОПОМ

Л .  Э Р Н С Т

Резюме

Пространственно-эмиссионным микроскопом исследовались процесс дегазирования 
танталовых вершин и деформация чистых вершин под влиянием нагревания, а с другой 
стороны нагревания и электрического поля. В первом случае наблюдалось поведение, 
аналогичное наблюдаемому у вольфрама, а во втором — отличное от этого. Наблюдалось 
образование двойниковых кристаллов под влиянием тепла.
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ПРИМЕЧАНИЯ К ЭЛЕКТРОЛЮМИНЕСЦЕНЦИИ 
ZnS • Cu : Mn НА ПОСТОЯННОМ И ПЕРЕМЕННОМ ТОКЕ

Э. ЛЕНДВАИ, я. ШАНДА и Я. ВЕЙСБУРГ
ФИЗИКО-ТЕХНИЧЕСКИЙ ИНСТИТУТ АКАДЕМИИ НАУК ВЕНГРИИ

и
НАУЧНО-ИССЛЕДОВАТЕЛЬСКИЙ ИНСТИТУТ ПРОМЫШЛЕННОСТИ СВЯЗИ,

БУДАПЕШТ

(Представлено Д. Сигети. —  Поступило 10. I. 1961.)

Авторы, анализируя данные работ В. Н. Фаворина и других по исследованию 
электролюминесцентных свойств электролюминофора ZnS-Cu-Mn. приходят к выводу, 
что наблюдаемое в спектре перераспределение интенсивностей при применении постоян
ного и переменного напряжений можно объяснить локальным нагреванием ячейки. 
Это нагревание связано с «de» компонентом одновременно присутствующей «ac-dc» элект
ролюминесценции, т. е. температурным тушением зеленых центров. Таким образом, в 
данном случае изменение спектра электролюминесценции связано не с изменением на
пряженности, как предполагается в работах [1, 2], а является следствием изменения 
температуры, т. к. температурные зависимости полосы меди и полосы марганца различны.

В работах [1, 2] была исследована электролюминесценция твердых 
конденсаторов на основе люминофора ZnS-Cu:Mn. Авторы пришли к вы
воду, что относительная интенсивность двух присутствующих в спектре 
электролюминесцентных полос (зеленая полоса Си и желтая полоса Мп (за
висит не только от частоты применяемого поля, но и от его напряжения. 
При возбуждении постоянным полем в спектре появляется только желтая 
полоса, тогда как при возбуждении переменным полем появляются и жел
тая, и зеленая. Интенсивности отдельных полос отсчитывались в местах, 
заданных в работах [1, 2]. Эти величины приведены в табл. I. (G — интен
сивность зеленой полосы, Y  — желтой.)

В. Н. Фавориным и его сотрудниками [1] было также исследовано 
и излучение люминофора ZnS-Cu:Mn при одновременном возбуждении 
постоянным и переменным токами. Их основные данные по этому вопросу 
приведены в таблице II. (G и Y  — также как в таблице I — относительная 
интенсивность желтой и зеленой полос в указанных местах максимума.)

В настоящем сообщении дается анализ экспериментальных данных 
работ [1, 2]. На основе такого анализа можно было прийти к выводам, от
личающимся от выводов В. Н. Фаворина и его сотрудников. Показано, что 
данные вышеуказанных авторов хорошо согласуются с одной стороны с 
люминесцентными эффектами, вызванными действием одновременно при
ложенного постоянного и переменного напряжения, с другой стороны с 
изменениями температуры, возникающими вследствие увеличивающейся 
мощности, вызванной увеличением напряжения.

Acta Phys. H ung. Тот. X I I I .  Fase. 2.



1X4 Э. Л Е Н Д В А И ,  Я. Ш А Н Д А  и Я .  В Е Й С Б У Р Г

Таблица I

Значения интенсивностей максимумов полос, определенных из кривых спектрального 
распределения энергии в произвольных единицах (определены по рис 1, 2 и 3 [2])

Н а 
п р я ж е н и я

V

Ч а с т о т а

60 ГЦ 6 0 0  г ц 2000 гц
Y 0 Y G Y G

300 _ _ _ — 36,1 71,2
400 — — 36,2 55,0 — —
500 7!,5 49,7 — — 33,8 71,2
6 0 0 — — 42,2 55,0 — —

700 71,5 44,7 — — 48,1 71,2
800 71,5 33,0 53,5 53,0 — —

0 0 0 71,5 31,6 55,0 48,0 57,2 71,2
W OO 71,5 27,5 55,0 41,0 69,8 71,2
1 WO 71,5 2 1 ,0 55,0 31,0 — —

Таблица II

Данные В. Н. Фаворина [1]
Y  —  относительная интенсивность желтой и (J — зеленой полос

Н а п р я ж е н и е  (V )
Т о к  de

f i A

О т н о с и т е л ь н а я  
и н т ен с и в н о сть  м а к с и м у м о в

R
а с  5 0 0  гц d e  V Y G

0 1 1 0 0 w o 5 0 с о

2 2 0 1 1 0 0 1 0 0 11,5 9,2 1,25
280 1 1 0 0 1 0 0 15,6 23,5 0,665

1 400 1 1 0 0 1 0 0 24,0 47,5 0,506
2 2 0 0 0 2,65 9,2 0,288
280 0 0 5,8 23,5 0,247
400 0 0 13,3 47,5 0,280

0 1050 55 9,0 - 0 С О

0 1 2 0 0 1 0 0 23,8 0 о о

9 0 1400 2 0 0 32,5 0 со
280 1050 55 33,0 91,0 0,362
280 1 2 0 0 WO 47,0 85,6 0,55
280 1400 2 0 0 62,2 80,1 0,773
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§ 1

Для обработки данных, приведенных в таблице I мы рассчитали от
ношения максимумов интенсивностей желтой и зеленой полосы для всех 
значений напряжения и частоты:

Y  (интенсивность при 580 ммк) ^
G (интенсивность при 520 ммк)

Эти данные содержатся в таблице III.

Таблица III

Зависимость R  от частоты и от напряжения

Напряжение (V) 300 400 500 600 700 800 900 1000 1100

/7/60 гц — — 1,445 — 1,600 1,805 2,260 2,600 3,414
R I 600 гц — 0,658 — 0,767 — 0,935 1,145 1,342 1,775
/7/20С0 гц 0,507 — 0,559 — 0,676 — 0,804 0,980 —

Как видно из приведенных данных значение R, т. е. относительная 
интенсивность желтой полосы к зеленой полосе при увеличении напря
жения растет, а при увеличении частоты — уменьшается.

Далее исследовалась зависимость R  от напряжении при разных час
тотах. Как видно из табл. IV соотношения R, определенные при разных 
двух частотах (с точностью нескольких процентов) не зависят от напря
жения. То есть изменение значений R имеет одинаковый характер при раз
ных примененных частотах. Таблица IV содержит значения соотношения

c ff \  =  RfJKu
Среднее значение Своо =  1,94 ±  1%; С®2оо =  2,6 ±  8%.

Таблица IV

Значения R ,  вычисленные при различных частотах, но при одинаковых напряжениях.

Напряжение (V) 300 400 500 600 700 800 900 1000 1100

R/Ô0 гц 
/7/600 гц — — — - — 1,93 1,97 1,94 1,92

/7/60 гц 
/7/2000 гц — — 2,58 — 2,37 — 2,8 2,65 —
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Для выяснения зависимости R от напряжения мы составили график 
этой зависимости на основе данных, приведенных в таблице IV. Мы полу
чили возможность охарактеризовать одной кривой экспериментальные 
данные, полученные при различных частотах. Умножив /?еои R.mo со сред
ними значениями факторов Cgőo и С2000 и изображая полученные данные, 
мы получили хорошее совпадение с экспериментальными данными, полу
ченными в работе [2]. Общий характер найденной закономерности еще 
больше выясняется из того факта, что кроме нами уже ранее использован
ных трех частот, измеренные данные при частоте 2000 гц хорошо согла
суются с данными, полученными при частотах 60 и 600 гц. Также вероятно, 
что данные, полученные из опытов в другой установке, могут быть согла
сованы, если их умножить на постоянную. (На рисунке эти данные отме
чены знаком*.)

Ход кривой можно выразить уравнением:

R =  А • V“ +  В, (2)
где А, а и В постоянные.

§ 2

При рассмотрении данных работы [2J, полученных при одновремен
ном действии полей постоянного и переменного тока, можно указать на 
следующие закономерности. На основе данных, приведенных в табл. II, 
выявляется, что при возбуждении постоянным напряжением появляется 
только желтая полоса, а при возбуждении переменным напряжением появ
ляются и желтая и зеленая полосы. При сравнении данных, полученных 
при возбуждении только постоянным или только переменным напряжением 
с данными, полученными при одновременном воздействии постоянного 
и переменного напряжений, оказывается, что при равенстве интенсив
ностей зеленых полос интенсивность желтой полосы всегда больше, чем 
сумма интенсивностей желтой полосы при отдельном воздействии полей.

Если обозначать интенсивность желтой полосы при воздействии только 
постоянным напряжением через Yv  а только переменным напряжением 
через F2, тогда на добавочный желтый свет (F3) мы получаем следующую 
формулу:

F 3 ^ F - ( F 1 +  y 2) > 0 .  (3)

По нашему мнению добавочный свет, Y.ó пропорционален перемен
ному напряжению, и значения F3, рассчитанные из следующей формулы, 
хорошо совпадают со значениями F3

f ; =  ^ - ( f  ( f l+ f 2)), (4)
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где Vac — приложенное переменноне напряжение, a У0 то напряжение, 
с которым мы сравниваем. (В дальнейшем У0 =  220 V.)

Вышеуказанные результаты и основные данные содержатся в табл. V.

Таблица V

Анализ данных 1-ой группы таблицы II

Напряжение Ток Относительная интенсивность максимумов

ас 500 гц /х de V dc ft А Yt г. Y* Y G

0 1100 100 5,0 — ____ 5,0 5,0 ____

220 1100 100 5,0 2,65 3,85 11,5 11,5 9,2
280 1100 100 5,0 5,8 4,9 15,7 15,6 23,5
400 1100 100 5,0 13,3 7,0 25,3 24,0 47,5

Для облегчения сравнения полученных результатов мы ввели обоз
начение Y*, равное

У* -  Уг +  У2 +  Y t  (5)

хорошое совпадение которого со значениями У подтверждает правильность 
вышеуказанного разложения. Правильность сравнения с данными, полу
ченными при применении только переменного напряжения подтверж
дается тем, что значения R, рассчитанные из данных, полученных при при
ложении только переменного напряжения хорошо совпадают с наблю
даемой зависимостью R (V) в данной области напряжения. Это значит, что 
желтое свечение, возникающее при приложении только постоянного напря
жения, в том отличается от свечения при одновременном действии постоян
ного и переменного напряжения, что в последнем случае возрастает (про
порционально с напряжением) излучение не только желтых центров, кото
рые могут возбуждаться и постоянным полем, но возбуждаются и дальней
шие такие центры (большей частью зеленые, меньшей желтые), которые в 
данных условиях возбуждаются только под действием переменного на
пряжения. Из изменения интенсивностей можем получить дальнейшие 
выводы по данным группы 2. таблица II. Отсюда выясняется, что вычитая 
желтое свечение, возникающее под действием только постоянного напря
жения из свечения, которое возникает под действием одновременно при
мененного постоянного и переменного напряжений, мы получаем прак
тически постоянное добавочное желтое свечение. Отношение максимумов 
интенсивностей этого добавочного желтого свечения к зеленому свечению 
хорошо совпадает с отношением максимумов интенсивностей желтого к 
зеленому свечению, возникающему при возбуждении только переменным
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напряжением. (Значения этих отношений при напряжении возбуждения 
280У— 500 гц. без постоянного напряжения —0,247; при постоянного 
напряжения 1050 V — 0,264; при 1200 V — 0,273; и при постоянном напря
жении 1400 V — 0,367).

§ з

На рисунке 2. заметно, насколько быстро растет использованная 
мощность с увеличением напряжения. Это может вызвать сильное локальное

Р и с .  7. Зависимость R  от напряжения (-о-): измерения на 60, 600, 2000 гц, нормируя 
на 60 гц. - Х - :  измерение на 2000 гц нормируя при Í000 V.

нагревание, и этим может объясняться ненормальное значение точки при 
напряжении постоянного тока 1400 V. Если умножить значения относи
тельных чисел R, полученных при одновременном действии постоянного 
и переменного напряжений, соответствующим коэффициентом и изобразить 
эти значения в зависимости от суммарного напряжения (рис. 3.), то полу
чаем хорошее совпадение с зависимостью, изображенной на рис. 1. Это 
указывает на то, что нагревание также играет роль при появлении измене
ний, возникающих только под действием переменного напряжения. С учетом 
термических действий открывается возможность простого объяснения изме
нений отношений интенсивностей в спектре. Достаточно указать на тот извест
ный факт, что свечение айтиваторных центров меди (зеленый свет) при уве
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личении температуры выше комнатной быстро падает, тогда как актива- 
торные центры марганца (желтый свет) в этой же области менее чувстви
тельны.

Познание того, что термические действия одинаково играют роль при 
различных типах возбуждения, с учетом того, что часть центров может быть 
возбуждена и постоянным напряжением (другая часть возбуждается только 
переменным напряжением) подтверждает то предположение, что в выше

Р и с .  2. Зависимость потребляемой мощности постоянного тока от напряжения, в случае 
элсктролюминесцснтного конденсатора

цитированных измерениях на самом деле, даже в случае только переменного 
напряжения, излучение возникает как излучение при одновременном 
«ас - de» возбуждении.

Выводы

Из вышесказанного следует, что в опытах В. Н. Фаворина и его сотруд
ников

1. Изменение соотношений интенсивностей желтой и зеленой полос 
при возбуждении переменным напряжением, независимо от частоты воз
буждения, при изменении напряжения (3), хорошо описывается зависи
мостью на рис. 1.
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2. Излучение под действием переменного напряжения можно раз
ложить на «ac-dc» компоненты.

3. Мощность (при постоянном токе) использованная ячейкой, сильно 
возрастает при увеличении напряжения, что приводит к локальному на
греванию.

4. Увеличение соотношений желтого к зеленому излучению, наблю
даемое при увеличении напряжения переменного тока, объясняется извест
ным температурным тушением зеленых центров.

Р и с .  3 . Зависимость между значениями R  полученных при применении одновременно 
приложенных полей постоянного и переменного тока, а также при приложении только

полей переменного тока ( R )

(-о-: значения, полученные при возбуждении переменным напряжениям; -х-: значения, 
полученные при одновременном приложении постоянного и переменного напряжения),

5. В уменьшении соотношения желтого излучения к зеленому, при 
увеличении частоты переменного напряжения, также играет роль темпера
турное тушение, возникающее вследствии локального нагревания. Точнее; 
при увеличении частоты «ас» компонент свечения относительно к компо
ненту «de» увеличивается, уменьшается относительное нагревание зеленых 
центров, так как меньшая часть использованной мощности преобразуется 
в тепло.

6. Использованные в измерении электролюминесцентные ячейки яв
ляются нелинейными. Это может указать на возможность существования 
внутренних барьеров.

Acta Phys. H ung . Тот . X I I I .  Fase. 2.



П Р И М Е Ч А Н И Я  К  Э Л Е К Т Р О Л Ю М И Н Е С Ц Е Н Ц И И  ZnS. Cu : Mn 191

ЛИТЕРАТУРА

1. В. Н. Фаворин, Г. С. Козина, Л.. Тихонова, Опт. и Спектр, 7, 703, 1959.
2. В. Н. Фаворин, Л. П. Паскачеева, Опт. и Спектр, 7, 706, 1959.
3. Z. B o d ó , J . W e i s z b u b g . J . S c h a n d a , A rbeitstagung »Festkörperphysik« B alatonfüred,

14—19, Sept. 1959.

SOME REM ARKS ON T H E  D. C. AND A. C. ELECTROLUM INESCENCE O F Z nSC u:M n

By

E . LENDVAY, J . SCHANDA and J . W EISZBURG  

A bstract

Analysing the results of F a v o r i n  e t al. [ 1 ,  2 ]  the au thors came to  the conclusion th a t 
the alterations observed in the spectrum  can be explained by th e  local heating due to  the d. c. 
com ponent of the a. c. — d. c. electroluminescence appearing sim ultaneously in the cells, 
respectively by the therm al quenching effect found in  th e  green light. In  this case the 
spectra are not voltage- b u t heat-dependent, the tem perature  dependences of the bands 
differing from each other.
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ON MOVING STRIATIONS OF LOW-PRESSURE 
MERCURY DISCHARGES*

By

G. L a k a t o s  and J .  B it ó

IN D U STRIA L RESEA R C H  IN STITU TE FO R  TELECOMMUNICATION TECH N IQ U E, BU DA PEST

(P resented  by G. Szigeti. — Received: 30. I. 1961)

The authors exam ined the propagation  velocity of th e  moving stria tions appearing in 
low-pressure m ercury vapour discharge tubes in the case of direct current. T hey studied also 
the influence of the pressure of argon applied besides m ercury  on the m entioned velocity, when 
the vapour pressure of m ercury  was k ep t a t  an approxim ately constant value.

In  th e  positive  co lum n of d ischarges, also in  case o f d. c. ones, ap p e a r 
osc illa tions, tim e  in s ta b ilitie s , concern ing  th e  orig in  of w hich v a rio u s  op inions 
have  been  p u t fo rw ard  [1—4]. In  c e r ta in  c u rre n t reg ions, a t  c e r ta in  gas p re s 
sures also space ch arg e  w aves m o v in g  in  th e  p la sm a  of th e  p o sitiv e  co lum n 
can be d e tec ted  [5] a n d  o p tica lly  observed  as m oving  s tr ia tio n s .

A ccord ing  to  D o n a h u e  et al. [5 ]  in  case o f  d . c. d ischarges ch a rac te rized  
by  c o n s ta n t e lectric  an d  ex te rn a l p a ra m e te rs  ( te m p e ra tu re , g eo m etry , etc .) th e  
ap p ea rin g  s tr ia tio n  can  be reg a rd ed  as su p erp o sitio n  of tw o  space charge 
w aves, th e  origins o f  w hich can be in te rp re te d  in  te rm s o f th e  p h enom ena  
occu rrin g  in  th e  v ic in ity  of the  ca th o d e  and  th e  anode [6, 7].

T hese space charge  w aves a re  m oving  in  th e  d ischarge tu b e  in  th e  d irec
tio n  correspond ing  to  th e  sign o f  th e  m oving  ch arg es. A m ong th e se  w aves th e  
n eg a tiv e  elec tron  w aves have  th e  g re a te r  v e lo c ity .

T he aim  of th e  ex p erim en ts  here  described  is the e x a m in a tio n  o f som e 
c h a ra c te ris tic  p ro p e rtie s  o f th e  space  charge w aves m oving  w ith  g re a te r  velo
cities a t  various p ressu res and  g iven  d ischarge c u rre n t in ten s itie s .

T he ex p erim en ta l a rra n g e m en t used  in course o f th e  ex p e rim en ts  co rres
ponds to  th e  a rra n g e m en t described  b y  D o n a h u e  e t  al. [5]. T he b lo ck  d iag ram  
can be seen in Fig. 1.

D a ta  of th e  d ischarge  tu b e :
1200 m m  le n g th , 38 m m  o u te r  d ia m e te r; i t  w as filled  w ith  1 4  m m  H g 

argon  an d  ab o u t 100 m g m ercu ry . D u rin g  th e  ex p erim en ts  th e  d ischarge  tu b e  
w'as p u t  in  a th e rm o s ta tic  w a te r ja c k e t  so th a t  th e  te m p e ra tu re  o f th e  b u lb  
w all re g u la tin g  th e  m ercu ry  v a p o u r  pressure  cou ld  be held  w ith in  narrow  
lim its . The tu b e  o p e ra ted  w ith o u t a n y  ex te rn a l c a th o d e  h e a tin g  and  w as fed

* A report on research conducted under con tract w ith the U nited Incandescent Lam p 
and Electrical Co. Ltd.
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fro m  th e  s tab iliz ed  d . c. pow er su p p ly  PS an d  d u rin g  th e  ex p erim en ts  i t  w orked 
g en era lly  u n d e r a sy m m etric  ohm ic lo ad ing . T he tu b e  v o ltage  w as m easured  
b y  th e  s ta tic  v o ltm e te r  Y s an d  th e  n e t  v o ltag e  b y  th e  in s tru m e n t V„. The 
d ischarge  c u rre n t o f th e  tu b e  could  be re a d  on th e  a m m e te r  I. T he in s tru m e n t 
У, could  fo r th e  tim e  of m easu rem en t be in se rted  b y  m eans o f th e  sw itch  S.

The p h o to -e lec tric  cell P  w ith  su ita b ly  a d ju s te d  s lit could  be m oved 
a long  th e  d ischarge  tu b e  an d  th e  c u rre n t from  it  cam e th ro u g h  an  am plifie r 
to  th e  v e rtic a l in p u t  o f  th e  oscilloscope O, acco rd ing  to  th e  a rra n g e m en t show n 
in F ig . 1. By m eans of th e  p h o to -e lec tric  cell th e  lig h t oscillation  rep re sen tin g

Fig. 1. E xperim ental arrangem ent for th e  exam ination  of moving stria tions

th e  m oving  s tr ia tio n  could be in d ica ted  an d  its  freq u en cy , shape and  am p litu d e  
v a ria tio n s  ex am in ed .

In  each  case i t  was ad v isab le  to  a p p ly  th e  tu b e  vo ltag e  v a r ia tio n s  to  th e  
h o rizo n ta l in p u t  o f th e  oscilloscope for th e  sake o f sy n ch ro n iza tio n  an d  th u s  
g en era lly  a s ta n d in g  w ave fo rm  ap p eared  on th e  screen  of th e  oscilloscope.

In  o rd er to  reduce  th e  acc id en ta l d is tu rb in g  freq u en cy  in f iltra tio n s , th e  
w irings w ere m ad e  o f  sh ielded  cables.

The te s tin g  m eth o d  ap p lied  in  course of th e  m easu rem en ts  essen tia lly  
ag reed  w ith  th e  m eth o d  described  by  D o n a h u e  e t al. [5] an d  Y o s h im o t o  
e t al. [8] w ith  th e  difference t h a t  w hilst Y o s h i m o t o  e t  al. have held  c o n s ta n t 
th e  te m p e ra tu re  o f th e  a m b ie n t a ir, in  th e  ex p e rim en ts  described  above — as 
we h av e  a lread y  m en tio n ed  — th e  te m p e ra tu re  of th e  w a te r  ja c k e t a ro u n d  th e  
d ischarge  tu b e  w as m a in ta in e d  a t  a c o n s ta n t v a lue .

I t  is know n th a t  th e  p ro p a g a tio n  o f th e  space charge w ave is also shown 
b y  th e  sh iftin g  o f  th e  ex c ita tio n  processes ap p ea rin g  a t  th e  w av efro n t [9]. This 
m eans also t h a t  th e  lig h t m ax im u m  is m oving  w ith  a ce rta in  v e lo c ity  an d  th is  
can  be well d e te c te d  by  a p h o to -e lec tric  cell a rra n g e m en t. I f  th e  p h o to -e lec tric  
cell is p laced  som ew here a long  th e  d ischarge tu b e , it  show s lig h t oscillations
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w hich are connected  w ith  th e  ax ia l p ro p a g a tio n  velo c ity  o f th e  l ig h t m ax im a 
(w ave fro n ts) passing  before th e  slit o f th e  cell. E ach  w ave m ax im u m  — ligh t 
m ax im um  — p ro p ag a te s  w ith  a d e fin ite  ve lo c ity , in  case o f a g iven  frequency  
an d  u n d e r c o n s tan t cond itions and  th is  is one o f  th e  p a ram e te rs  ch a rac te ris tic  
of th e  s tr ia tio n .

T he d e te rm in a tio n  o f th is  p a ra m e te r  w as ca rr ied  th ro u g h  b y  m eans o f 
th e  pho to e lec tric  'cell P , as follows. As th e  o sc illa tion  of th e  tu b e  vo ltage  
reg a rd in g  its  freq u en cy  genera lly  ag reed  w ith  t h a t  o f th e  lig h t oscilla tions, th e  
lig h t w ave could be synch ron ized  in  th e  abo v e-m en tio n ed  w ay  an d  so, on th e  
screen of th e  oscilloscope a s tan d in g  w ave form  ap p ea red . T hen , a t  given d is
charge p a ram e te rs  th e  w ave form  is s ta b le  in tim e  an d  its  ch a rac te ris tic s  depend  
only on th e  position  o f th e  p h o to -e lec tric  cell a long  the  tu b e .

C hanging th e  positio n  o f th e  p h o to -e lec tric  cell along th e  lo n g itu d in a l 
axis o f th e  d ischarge tu b e  th e  a m p litu d e  of th e  a rb itra r ily  chosen phase po in t 
is m odified  too. T he w aveleng th  / o f th e  m oving  s tr ia tio n  is defined  by  th e  
sm allest sh ifting  of th e  p ho to -e lec tric  cell a t  w hich  th e  am plitu d es belonging to  
the  g iven  phase angle agree w ith  each  o ther.

In  th is  case th e  w av eleng th  w as d e te rm in e d  b y  choosing a phase  p o in t 
o f a w ell-observable  m ax im um  a m p litu d e . T he frequency  n o f th e  m oving 
s tr ia tio n  could be d e te rm in ed  b y  com parison  o f th e  vo ltage  osc illa tions arising  
from  th e  lig h t o scilla tions recorded  b y  th e  ph o to -e lec tric  cell and th e  oscillation  
of know n  freq u en cy  o f  a to n e  freq u en cy  g e n e ra to r  on an  oscilloscope b y  
m eans o f th e  m e th o d  o f th e  L issajous cu rve. T h u s , th e  w av e len g th  l an d  th e  
freq u en cy  n  of th e  s tr ia tio n  could be g iven  and know ing  these  d a ta  th e  p ro p a 
g a tion  velo c ity  c could  be ca lcu la ted .

T he m easu rem en ts took  place in  a d ischarge  cu rren t reg ion  from  20 to  
400 m A  a t  argon p ressu res of 1, 2, 3 an d  4 m m  H g. W hen th e  tu b e  w as sw itched 
on, a s tab iliz a tio n  tim e  o f a b o u t 20 m in u te s  w as allow ed before th e  m easu re
m en ts w ere s ta r te d .

In  o rd er to  ensu re  th e  co rrec tness o f  th e  m easu red  values i t  w as adv isab le  
to  allow  a se tu p  tim e  o f 2 m in u tes  a f te r  th e  a d ju s tm e n t for th e  v a rio u s  c u rre n t 
va lues. W ith o u t th is  th e  effect o f th e  d ischarge  c u rre n t p rev io u sly  ad ju s ted  
could s till be d e tec ted .

I t  was observab le  th a t  genera lly  th e  lig h t o scilla tion  w ith in  th e  tu b e  
follow ed th e  oscilla tions o f th e  tu b e  v o ltag e . A d ifference occurred  only , w hen 
the  read in g  took  p lace im m ed ia te ly  a f te r  th e  re a d ju s tm e n t to  new  d ischarge 
co n d itions (e. g. a f te r  v a ry in g  th e  c u rre n t) . In  su ch  a case th e  tu b e  voltage  
o scilla tions se ttled  dow n qu icker to  th e  c o n s ta n t v a lu es  d e te rm in ed  b y  th e  p a r 
tic u la r  cond itions th a n  th e  freq u en cy  o f  th e  lig h t o sc illa tion  w hich — accord ing  
to  th is  ex p erim en t — needs a longer tim e  o f s ta b iliz a tio n . P re su m a b ly , th is  is 
co nnec ted  w ith  th e  a tte n u a tio n  effect occu rring  in  th e  tu b e , re sp . w ith  th e  
re la x a tio n  tim e o f th e  positive  colum n.
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As i t  w as a lread y  m en tio n ed  ab o v e , th e  ex p e rim en ta l tu b e  w as su rro u n d 
ed  b y  a w a te r  ja c k e t. T he te m p e ra tu re  o f th e  w a te r  w as held  a t  25 +  0.1° C. 
T he rea so n  fo r a p p ly in g  a w a te r ja c k e t  w as th a t  th e  te m p e ra tu re  f lu c tu a tio n s  
on th e  w alls o f th e  d ischarge  tu b e  w ere  to  be k e p t sm all — in sp ite  o f  th e  fac t 
t h a t  d iffe ren t h e a t q u a n titie s  h ad  to  be e x tra c te d  in  th e  case o f th e  various 
c u rre n t in te n s itie s .

T h is a im  can be ach ieved  w hen u sin g  a th e rm o s ta tic  w a te r ja c k e t  (instead  
o f  a ir  su rro u n d in g s) on acco u n t o f  th e  h igher h e a t  tra n sfe r  fa c to r  o f  w ate r. 
T he sm alle r te m p e ra tu re  f lu c tu a tio n s  th u s  a tta in e d  re su lt nam ely  in  a sm aller 
v a r ia tio n  o f  th e  m ercu ry  v ap o u r p ressu re .

H a v in g  fix ed  th e  p h o to -e lec tric  cell to  a g iven  p o in t of th e  tu b e , th e  
tű rv e  o f  th e  sh ap e  v isib le  in  F ig . 2 ap p ea red  on th e  oscilloscope. M odifying

Fig. 2. C haracteristic wave form of the ligh t oscillation A  —  A m plitude, t — tim e, T  — period

ehe p o sitio n s o f th e  ph o to -e lec tric  cell also th e  fo rm  o f th e  w ave som ew hat 
ch anged .

S ta r t in g  from  th e  anode an d  ta k in g  th e  p h o to g ra p h s  in  s tep s  o f  0.5 cm . 
th e  w ave fo rm s ch an g ed  in  th e  w ay  show n in  F ig . 3. C om paring  th e  curves 
w ith  each  o th e r  i t  follow s th a t  th e  c h a ra c te r is tic  m ax im u m  rem ain s all th e  tim e  
in  th e  sam e phase . T his conclusion g av e  th e  s ta r t in g  p o in t for th e  choice o f 
th e  m e th o d  fo r th e  d e te rm in a tio n  o f  th e  velocities.

I t  is also e v id e n t th a t  m oving  aw ay  from  th e  anode th e  w ave fo rm  show n 
in F ig . 3 gets a s teep e r slope an d  its  seco n d ary  m ax im u m  increases u p  to  a ce r
ta in  v a lu e , th o u g h  i t  a t ta in s  now here th e  value o f  th e  primary^ m ax im u m .

T h e  p h o to g ra p h s  w ere ta k e n  a t  an  o p e ra tin g  c u rre n t o f 50 m A  an d  a 
tu b e  w all te m p e ra tu re  o f  25 ^  0.1° C a d ju s te d  b y  a th e rm o s ta tic  w a te r  ja c k e t. 
T he freq u en cy  o f th e  oscilla tions ap p ea rin g  u n d e r  such  cond itions was 620 
cycles p e r second.

In  th e  fu r th e r  m easu rem en ts a tu b e  was u sed , a t  one end  o f w h ich  th e re  
were sev era l glass open ing  ex ten sio n s [10], so th a t  th e  d ifference o f  th e  geo
m etric  co n d itio n s an d  o f  th e  e lec trodes should n o t in fluence  the  process to  be 
ex am in ed . B y  m eans o f  these  ex ten sio n s gases o f  v a rio u s p ressu res  could be 
filled  in to  th e  sam e tu b e . T he e lec trodes o f th e  d ischarge  tu b e  w ere m o u n ted  
id en tica lly , th e y  consisted  o f a tu n g s te n  helix co a ted  w ith  an e lec tro n  e m ittin g
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m ate ria l an d  of an  au x ilia ry  anode su rro u n d in g  th e  helix . D u rin g  th e  m easu re 
m ent th e  te rm in a ls  o f th e  e lec trodes were sh o rt-c ircu ited .

I t  is w ell-know n th a t  in  case o f  m ercu ry  v a p o u r  d ischarge tu b e s  th e  p a ra 
m eters c h a ra c te ris tic  o f  th e  d ischarge  depend  to  a h igh degree on th e  m ercu ry  
v ap o u r p ressure . B u t th e  m ercu ry  v a p o u r  p ressu re  w ith in  th e  tu b e  is a lw ays

Fig. 3. Dependence of the wave form of th e  light oscillation on the distance </ measured
from  the anode

d e te rm in ed  b y  th e  te m p e ra tu re  o f  th e  coldest p a r t  of the tu b e  w all. As th e  
opening  ex tensions a t  th e  end o f th e  tu b e  w ere n o t inside th e  w a te r  ja c k e t, 
in  o rd er to  e lim inate  th e  deposition  o f  m ercu ry  i t  w as n ecessary  to  keep  th em  
by  e x te rn a l electric h e a tin g  at a h ig h e r te m p e ra tu re  th a n  th a t  o f  th e  w a te r 
ja c k e t.

To avo id  m ercu ry  d iffusion a lo n g  th e  lo n g itu d in a l axis o f th e  tu b e , before 
th e  m easu rem en ts  i t  w as also n ecessa ry  to  ensu re  th a t  all th e  liq u id  m ercu ry  
of th e  tu b e  collects a t  th e  in le t p o rt o f  the  w a te r  o f  th e  th e rm o s ta t .

In  th e  above c ircu m stan ces , b y  m eans o f th e  described m e th o d  th e  s t r i 
a tion  frequencies be long ing  to  th e  v a rio u s  d ischarge  cu rren ts  a t  d iffe ren t pres-
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su res could  be d e te rm in ed . T he d ependence  of th e  freq u en cy  on th e  c u rre n t a t  
v a rio u s  p ressu res  as p a ra m e te rs  can  be seen in  F ig . 4 . H ere  i t  is show n th a t  
w ith  increasing  p ressu re  o f th e  filling  gas th e  s tr ia t io n  frequency  decreases 
m o n o to n o u sly . (D uring  th e  ex p e rim en ts  th e  p ressu re  o f th e  m ercu ry  v ap o u r 
re m a in e d  a p p ro x im a te ly  c o n s ta n t a t  a v a lue  co rresp o n d in g  to  th e  te m p e ra tu re  
o f  th e  th e rm o s ta tic  ja c k e t.)  T he frequencies ap p e a r in  th e  range o f 3 0 0 —1500 
cycles p e r second. The form s o f th e  cu rves — ex c e p t th e  cu rve  belonging 
to  th e  p ressu re  o f  1 m m H g — are ch a rac te rized  by  a b reak ing  p o in t. This

Fig. 4. Dependence of the frequency n of the moving stria tion  on the discharge current 
at various argon pressures. B2, B3, B4 breaking points

b re a k in g  p o in t is dep laced  to w ard s  th e  low er c u rre n t va lues. The v a lu e  of th is  
freq u en cy  decrease m ay  reach  m an y  h u n d red s  o f cycles p er second. T h e  d ep en d 
ence o f  th e  b re a k in g  p o in t o f th e  freq u en cy  on th e  p ressu re  and  th e  sh ifting  
o f  th e  c u rre n t va lu es  c h a ra c te r is tic  o f th e  b reak in g  p o in t as fu n c tio n  of th e  
ap p lied  gas p ressu re  are  show n in F ig . 5.

A fte r th e  d e te rm in a tio n  o f th e  w ave leng th  an d  th e  freq u en cy  of th e  
s tr ia tio n  th e  p ro p a g a tio n  ve lo c ity  o f  th e  la t te r  could  be ca lcu la ted . In  Fig. 6 
th e  p ro p a g a tio n  velocity  of th e  m oving  s tr ia tio n  can  be seen as fu n c tio n  o f 
the  d ischarge  c u rre n t, a t  v a rio u s p ressu res.

I t  can  be seen th a t  a t  c o n s ta n t c u rre n t in te n s ity , decreasing  th e  p ressure , 
th e  p ro p a g a tio n  velo c ity  increases. T he velocities in  th e  exam ined  range  fall 
g en era lly  b e tw een  103 an d  104 cm /sec. A t th e  p ressu re  o f 4 m m  H g  in th e  
c u rre n t reg ion  b e tw een  120 an d  180 m A  no v e lo c ity  value  is g iven , because 
here  th e  w av e len g th  d e te rm in a tio n  gave v e ry  u n c e rta in  values.

T he v e lo c ity  vs c u rre n t in te n s ity  curves belong ing  to  th e  v a rio u s  p res
su res are  of s im ila r c h a ra c te r . I t  is ty p ic a l th a t  a t low  c u rren t in te n s itie s  the
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Fig. 5. Dependence of the frequency r i ß  and the cu rren t in tensity  iß  belonging to the breaking 
points B2, B3 and B4 shown in Fig. 4 on the argon pressure p

velocity  increases steep ly  w ith  increasing c u rre n t anil fu r th e r , a t  h igher c u rre n t 
values th e  curves becom e f la t .

The dependence o f th e  velocities on th e  p ressu re  is show n in Fig. 7 for 
severa l va lues of th e  d ischarge  cu rren t. I t  c an  be seen th a t  in  th e  case o f  th e  
2 0 —100 mA c u rren t region and  th e  1 —4 m m  H g p ressu re  reg ion , th e  d e p e n d 
ence o f th e  p ro p ag a tio n  ve lo c ity  v on the  p ressu re  p  in  case of v a rious c u rre n t 
in ten sities  i can  be described  b y  curves o f  s im ila r c h a ra c te r .
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A t c u rre n ts  h igher th a n  100 m A  th e  d ependence  o f th e  v e lo c ity  о i th e  
p ressu re  is a lre a d y  d iffe ren t, p re su m ab ly  because  o f th e  increase  o f  th e  m ercu ry  
v a p o u r  p ressu re . N am ely , acco rd in g  to  th e  m easu rem en ts  in c reasin g  th e  c u r 
re n t  in te n s ity  th e  tu b e  v o ltag e  ch an g ed  on ly  l i t t le  and  th u s  th e  pow er consum ed 
b y  th e  tu b e  increased  a p p ro x im a te ly  p ro p o rtio n a l to  th e  c u rre n t in te n s ity .

Fig. 7. D ependence of the propagation  velocity v of the moving stria tion  on the  argon pressure
p , a t various curren t intensities i

As th e  in p u t pow er tra n sfe rs  m a in ly  in to  h ea t, th e  en erg y  e m itte d  in  th e  
fo rm  o f h e a t  is also n ea rly  p ro p o rtio n a l to  th e  c u rre n t in te n s ity . T h u s, in c re a s 
in g  th e  c u r re n t in te n s ity , th e  te m p e ra tu re  d ifference be tw een  th e  m ercu ry  an d  
th e  w a te r  ja c k e t  m u st also increase .

W e n o te  th a t  the  e x p e rim e n ts  p erfo rm ed  w ith  tw o  d iffe ren t tu b es  w hich  
w ere o f th e  sam e geo m etry , re su lte d  in  d iffe ren t velocities v fo r th e  m o v in g  
s tr ia tio n s  a lth o u g h  th e  sam e p ressu re  w as app lied .
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О ДВИЖ ЕНИИ СЛОЕВ В РАЗРЯДНОЙ ТРУ БК Е  РТУТНЫХ ПАРОВ 
НИЗКОГО ДАВЛЕНИЯ
Г. ЛАКАТОШЫ -  Я. БИТО

Резюме

Авторами статьи исследована поступательная скорость движущихся слоев, появ
ляющихся в разрядной трубке ртутных паров низкого давления в случае постоянного 
тока. Исследованы влияния силы тока и давления аргона, использованного при ртути, 
на данную скорость. При этом давление ртутных паров было приблизительно постоянным.
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ЧЕСКОЙ ХИМИИ, ХАРЬКОВ, СОВЕТСКИЙ СОЮЗ

Р. ГАШПАР и 'ГАМДШШИ-ЛЕНТЕИ
УНИВЕРСИТЕТ ИМ. ЛАЙОША КОШУТА, ИНСТИТУТ ТЕОРЕТИЧЕСКОЙ ФИЗИКИ, ДЕБРЕЦЕН

(Представлено: А. Коньа. —  Поступило 10. II. 1961.)

Некоторые недостатки электростатической теории образования сольватов могут 
быть устранены предположением более общего механизма сольватации ионов, рассмат
ривая сольватацию как образование комплексов. Электростатические соображения 
содержатся в нем в качестве специального случая. Механизм сольватации протона и 
значение его сольватационной энергии отличаются от соответствующих данных для 
других ионов. Были проведены вычисления для определения протонного аффинитета 
молекулы воды и некоторых ионов квантовомеханическим путем, ввиду того, что эти 
данные имеют большое значение и с точки зрения теории кислотно-базисного взаимо
действия, так же как и при оценке кислотности растворов. На основе объединенной 
атомной модели были определены энергии систем HF, F", Н О ', О- ", НО, О", Н20  и 
Н30 + , протонный аффинитет ионов F", О "", О", НО", и молекулы Н20 , также и теплота 
образования молекулы воды из ионов НО" и Н30  . Результаты вычислений хорошо 
согласуются с экспериментальными и литературными данными.

Выяснение природы связей в сольватах является одной из основных 
проблем теории растворов электролитов. В настоящее время в большей 
части работ образование сольватов рассматривается с точки зрения электро
статической теории [1, 2]. Однако существует ряд экспериментальных фак
тов и теоретических соображений, которые не могут быть объяснены элект
ростатической теорией.

Н. А. Измайлов [3, 4], используя предложенный им метод экстрапо
ляции, вычислил значения энергий сольватации ряда ионов в таких раст
ворителях, как аммиак, вода, метанол, этанол и муравьинная кислота. 
Оказалось, что энергия (изменение изобарно-изотермического потенциала) 
сольватации AZ'S какого-либо однозарядного иона группы щелочных или 
галоидных элементов практически не зависит от типа растворителя (в пре
делах указанной группы растворителей). Этот факт находится в г л у 
б о к о м  противоречии с электростатической теорией.

В электростатической теории молекулы и ионы рассматриваются, 
как сферически симметричные частицы, что является довольно грубым 
приближением к действительности.

Силы взаимодействия между составляющими сольват частицами можно 
было бы аппроксимировать мультипольн'ым взаимодействием, если бы рас
стояния между взаимодействующими частицами значительно превышали 
бы собственные размеры самих частиц, что не справедливо для растворов.
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Выражение для энергии, используемое в электростатической теории, не 
обеспечивает сходимости на малых расстояниях. Таким образом, электро
статическая теория фактически описывает сильно разрыхленные сольваты, 
в то время как в действительности комплексы, образующиеся при первич
ной сольватации, имеют довольно плотно упакованную структуру.

Недавно одними из нас [5] был предложен более общий механизм 
сольватации ионов, включающий как частный случай и электростатические 
представления. Для объяснения природы связей в сольватах были прив
лечены представления о донорно-акцепторном взаимодействии. Волновая 
функция связывающих электронов может быть построена из волновых 
функций вакантных орбит ионов и электронов таких атомов молекул раст
ворителей, как азот, кислород. Рассмотрение симметрии орбит, прини
мающих участие в образовании связей, позволяет предсказать структуру 
образующихся сольватов. Плотная упаковка молекул растворителя в соль
ватах учитывается естественным образом в теории молекулярных орбит, 
существенным преимуществом которой является возможность описания 
как ковалентных, так и ионных связей. Предлагаемый механизм образо
вания связей позволяет удовлетворительно объяснить ряд эксперименталь
ных фактов, относящихся к сольватации ионов.

Развиваемые представления касаются первичной сольватации ионов, 
тогда как энергия вторичной сольватации, возможно, имеет электростати
ческую природу.

Сольватация протонов отличается от сольватации остальных ионов 
как по механизму, так и по величине энергии сольватации. Так например, 
если энергия сольватации однозарядных ионов составляет 60—130 ккал/г- 
-ион, то для протона энергия гидратации составляет 258 ккал/г-ион [4]. 
Сольватацию протона можно рассматривать протекающей в три стадии. 
Сначала образуется ион лиония

Н+ +  MÏLMH+.

Энергетический эффект этой реакции в пустоте называют протонным срод
ством молекулы растворителя М. Заметим, что протонное сродство следует 
определять изменением изобарно-изотермического потенциала. Однако из-за 
отсутствия достаточно надёжных данных по величинам AZ и вследствие 
близости1 значений AZ и АН, протонное сродство обычно оценивают изме
нением энтальпии.

Вторая стадия заключается в присоединении к иону лиония молекул 
растворителя с образованием «первичной» сольватной оболочки. Затем про
исходит дальнейшее взаимодействие образовавшегося комплекса с моле

1 —  см. напр., осылки [3, 4, 5].
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пулами растворителя (третья стадия), соответствующая вторичной соль
ватации всех других ионов. Между второй и третьей стадией невозможно 
провести такую резкую границу, как между первой и второй.

Присоединение протона к первой молекуле воды происходит за счёт 
образования координационной связи между вакантной орбитой протона 
Is и одной из гибридных орбит типа sp3 атома кислорода молекулы воды. 
В процессе образования иона гидроксония атом кислорода молекулы воды 
играет роль донора электронов, при дальнейшей же гидратации образовав
шегося иона — акцептора. В этом смысле ион гидроксония похож на ион 
натрия. Обращает на себя внимание близость энергии гидратации иона 
гидроксония и натрия [4]. Величины протонного сродства молекулы воды 
и ионов имеют большое значение и для построения теории кислотно-основ
ного взаимодействия, т. к. основной акт этого процесса состоит в переносе 
протона от молекулы кислоты к молекуле основания. Степень кислотно
основного взаимодействия зависит в основном от разности протонного 
сродства аниона кислоты и протонного сродства молекулы основания. 
Мерой собственной кислотности любой кислоты является протонное сродство 
соответствующего ей основания.

Как известно, кислотность водных растворов, характеризуемая вели
чиной pH, определяется активностью гидратированных ионов гидроксония. 
Н. А. Измайлов [3, б], обобщая определение величины pH на неводные 
растворы, предложил относительную кислотность рНр в пределах одного 
растворителя оценивать активностью ионов лиония МН+ данного раст
ворителя М, а именно: рНр =  — lg а*мн+, где активность а*мн+ отне
сена к бесконечно разбавленному раствору в данном растворителе.

Сравнение кислотности в различных растворителях, другими сло
вами, приведение шкал рНр к единому началу отсчёта принципиально от
личается от сравнения кислотности в пределах одного растворителя, т. к. 
в этом случае приходится сравнивать между собой кислотность, созданную 
различными ионами лиония. Как указал ещё Брэнстэд, единая кислотность 
растворов однозначно определяется активностью протонов в растворах. 
Для оценки единой кислотности следует не только определить активность 
ионов лиония, но и установить относительную активность протонов 
в различных ионах лиония. По предложению Н. А. Измайлова [6 ], еди
ная кислотность рА определяется следующим образом: рА —— lg ан+ =  
=  — lg и*мн> — lg Уон+ =  р Н р —  lgyoH+, где активность ан + и единый 
нулевой коэффициент активности протонов у0н+ отнесены к бесконечно 
разбавленному водному раствору, выбранному в качестве наиболее удоб
ного стандартного состояния. Единый нулевой коэффициент активности 
у он! определяется изменением изобарно-изотермического потенциала про
тонов при их переносе из бесконечно разбавленного неводного раствора в 
бесконечно разбавленный водный раствор. Эта энергия определяется раз-
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ностью химических энергий сольватации AZXH+ протонов в воде и в невод
ном растворителе: lg у0н+ =  (AZXH+ — AZX&  )/2, 3 RT.

Исходя из указанной недостаточности электростатической схемы 
сольватации ионов, а тем более протона, любые попытки расчёта энергии 
сольватации протона на основе электростатической теории (см. напр., 
ссылку [7]) мы считаем грубо приближенными и не соответствующими дей
ствительной природе связи между протоном и молекулой растворителя.

Учитывая важность величин протонного сродства, небезинтересно 
рассчитать последние квантово-механическим путём. Для определения 
протоного сродства F  , О ' - , 0 “ и НО" были использованы результаты 
расчётов энергии H F ,  О", НО", НО, F “ , О" ~ и Н20, выполненных Р. Гаш- 
паром и И. Тамашши-Лентеи [8 ] методом объединённого атома. Волновая 
функция системы строилась по методу Фока—Слэтэра из следующих орто- 
нормированных одноэлектронных волновых функций:

0 (ls) =  (a3lnyi2 ■ ехр (— а ),

Ф(2s) =  [3Vjn{a2— ab +  ft2)]1'2 [1 — t(u +  ft)/3] - exp (— ft/'),

Ф(2рх) =  (с5/32тг)1'2 г ■ sin 0 ■ cos q> exp (— er/2),

Ф(2ру) =  (с’5/32я)1/2 г • sin 0 • sin у  ехр (— г’г/2),

Ф{2рг) =  (d5ß2nyi2 г • cos 0- ехр (— dr/2)

и из спиновых функций а  и ß. В вышеприведенных выражениях для Ф г 
обозначает расстояние от электрона до наиболее тяжелого ядра рассматри
ваемой частицы. Энергия системы Е =  ( Ф*HЧ/d^, где оператор Гамиль
тона2 Н в случае N  центров и п электронов имеет вид:

N

i - 2Д-1

ZA— заряд ядра Я. Rfd и rxi обозначают расстояния между центрами 
р и Я и, соответственно, между центром Я и электроном /. a, ft, с, с’ и d — 
вариационные параметры. Межъядерное расстояние также было выбрано 
в качестве вариационного параметра. Так как волновая функция системы 
строилась из одноцентровых волновых функций, при расчёте энергии необ
ходимо было вычислять только одно- и двухцентровые интегралы. Следует 
заметить, что используемая модель объединённого атома не отражает на
правленный характер связей в молекуле воды. Энергия минимальна при 
валентном угле 180°. Однако, можно ожидать, что учёт конфигурационного

2 —  в дальнейшем используются атомные единицы Хартрн.

о Z 
V

/-1  ГК;

п  п

2  2 — + _  _
/ = 1 К —1 riK fi=l А= 1

N
V Я; А
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взаимодействия улучшит соответствие с экспериментальными данными, в 
связи с чем энергия молекулы воды была рассчитана при валентных углах 
180°, 104° 27’ и 90°. Вычисленные и полученные из экспериментальных 
данных (9) значения полной энергии Е систем HF, НО', НО, F- , О- - , О- 
и Н20  представлены в таблице 1.

Из таблицы 1 видно, что соответствие между вычисленными и получен
ными из экспериментальных данных значениями энергии Е вполне удов
летворительное.

Недавно нами [10] этим же методом был рассчитан ион гидроксония. 
В рассматриваемой здесь форме модель объединённого атома предполагает 
плоскую структуру иона гидроксония с валентным углом 120’.

Таблица I

В ы чи слен н ы е и п о л у ч ен н ы е  и з  э к с п е р и м е н т а л ь н ы х  д е н н ы х  [9] з н а ч е н и я  полной  э н е р г и и  Е  
систем  H F , Н О , Н О - , F  , O ' ,  O ' '  и H T ) .  В с л у ч а е  м о л ек у л ы  в о д ы  в  с к о б к а х  у к а з а н ы  

в ал е н т н ы е  у г л ы , п р и  к о то р ы х  п р о и зв о д и л с я  р а с ч ё т .

—  E ,  ат. ед. - Е , î t . ед.

выч. эксп. выч. эксп.

H F 9 9 ,016 100,489 н 2о 75,113

F ' 98 ,468 99,905 (180°)

H O ' 7 4 ,4 0 4 75 ,690 75,031 76 ,3 0 6 5

O ' ' 7 3 ,422 74,718 (104° 2 7 ’)

HO 7 4 ,658 75,617 74 ,985

O ' 74 ,126 7 5 ,043 (90°)

Результаты расчёта иона гидроксония следующие: а =  7,7; b =  2,6; 
с =  3,8; (1 =  4,3; Е  =  — 75,412 (валентный угол 120°); ROH =  1,71; RHH =  

=  R o h  ]/3- Известно, что структура иона гидроксония подобна структуре 
молекулы аммиака, имеющей валентный угол 106° 46'. Полная энергия 
иона гидроксония с валентным углом 106° 46' оказывается равной —75,332.

Исходя из рассчитанных величин полной энергии Е,  можно вычислить 
протонное сродство Р ( А )  системы .4', т. е. энергетический эффект проис
ходящей в пустоте реакции

А  +  I P  ^  НА +  Р(А~),

где3 Р(А~)  =  —  Е(А ) +  Е(НА).  При расчёте протонного сродства гидрок
сильного иона и молекулы воды предполагалось, что валентные углы моле
кулы воды и иона гидроксония равны 104° 27’ и 106° 46', соответственно. 
В таблице 2 представлены вычисленные по вышеприведенному уравнению

3 — э н е р г и и  Е  д ан ы  в о т р и ц а т е л ь н о й  ш к а л е .
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значения протонного сродства систем F“, О” , О- , НО“ и Н20, а также 
результаты расчётов других исследователей.

Учитывая, что метод расчёта, основанный на модели объединённого 
атома, является довольно приближенным, можно считать соответствие 
между вычисленными и литературными значениями протонного сродства 
иона F -  и молекулы воды вполне удовлетворительным, не говоря уже о 
прекрасном соответствии дл'я ионов О и НО“. Какие-либо данные по 
протонному сроству иона 0 “ нам не известны.

Таблица 2

Вычисленные и имеющиеся в литературе значения протонного сродства систем
F -, О“ “, Ö“, НО- и Н20 .

протонное сродство ккал/г-ион — Р(А~)
по данным 

авторов литературные данные

F" 3 4 3 ,0 361 [11], 3 6 3  [12], 366 [13]

О “ “ 6 1 6 ,4 615  [12], 6 1 2  [14]

о - 3 3 3 ,9

Н О - 3 9 3 ,6 392  [15], 3 8 6  [14], 383 [1 2 ], 3 7 0  [13]

Н20 188,9 188,6 [16], 182 [17, 18], 184 [1 5 ], 2С0 [12, 19 ], 180 [20], 170 [1 3 ], 
169 [2 1 ] , 1554

Нами была также вычислена теплота реакции образования молекул 
воды из ионов гидроксония и гидроксила:

ПО- +  Н30 + 1 ; 2Н .р  +  АН°п (выч.), 
где

АН°п (выч.) =  — Е(НО ) — Е(Н30  ) -f 2 Е(Н20).

Подставляя вычисленные значения Е, получаем, что АН°п (выч.) == 
—204,63 ккал/г-ион.

Теплота реакции нейтрализации в жидкой фазе хорошо известна [22] 
и составляет АН™ — — 13,7 ккал/г-ион. Для сравнения экспериментальной 
величины АН™ с вычисленной АН°п (выч.) был произведен пересчёт АН™ 
иАН°п{Г—Б) по циклу Габера—Борна, из которого следует, что /Ш ” (Г—Ь’)=  

АНп(Н30+) +  ЛНп(НО“) +  А Н ? +  2р, где АНп{Н30+) =  АНп(Н +) -  
— Р(Н20). Принимая, что АНп( Н+) =  — 265 ккал/г-ион4, Р (Н ,0) =

4 — см. ссылку [3], табл. 31.
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=  — 175 ккал/г-ион [3], АНп(НО~) =  — 122 ккал/г-ион5, АН™ — — 13,7 
ккал/г-ион и «истинная» теплота испарения 1 г-моля воды при 25° р =  9,899 
ккал/г-ион [23], находим, что АН°п(Г—Б) =  — 205,9 ккал/г-ион. Соответ
ствие между АН°п(Г—Б) и вычисленным значением АН°п (выч.) более чем 
удовлетворительное.

Из приведенных выше данных следует, что в пустоте из двух конку
рирующих реакций

И ./) /Г  НО- +  //+  +  393,6 
и

2 7 / / ;  ^  НО- +  Н30+ +  204,6

вероятнее вторая. Таким образом, и в этих условиях, как и в растворах, 
более вероятными являются реакции переноса протонов, а не реакции вы
деления протонов.

Подводя итоги проведенных вычислений, можно сказать, что метод 
объединённого атома является подходящим для расчёта таких энергети
ческих характеристик, как протонное сродство и тепловые эффекты неко
торых простых реакций.

Выводы

1. Рассмотрены некоторые из существующих недостатков электро
статической теории образования сольватов. Предложен более общий ме
ханизм сольватации ионов, основанный на представлении о сольватации, 
как комплексообразовании, и включающий как частный случай электро
статические представления.

2. Рассмотрена значимость величин протонного сродства в теории 
сольватации ионов, в теории кислотно-основного взаимодействия и в оценке 
кислотности растворов.

3. Изложены основы метода объединённого атома в приложении к 
гидридам типа Х Н п и приведены результаты расчёта энергии Е систем 
HF, F-, НО", О , НО, О", Н20  и Н30".

4. Исходя из вычисленных значений энергии Е вышеприведенных 
систем, рассчитано протонное сродство ионов F- , О , 0 -, НО- и моле
кулы воды и теплота реакции нейтрализации в пустоте АН°п (выч.). Рассчи
танные значения протонного сродства и АН°п (выч.) удовлетворительно 
согласуются с экспериментальными и литературными данными.

Ida P hys. H ung. Тот. X I 11. Fase. 2.

5 — см. ссылку [3], табл. 31.
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QUANTUM MECHANICAL CALCULATION OF PROTON A FFIN ITY
By

N. A. ISMAILOV, J .  A. K RU G LIA K , R . G ÁSPÁR and I. TAM ÁSSY-LENTEI 

A bstract

Some deficiencies of the electrostatical theory  of the form ation of solvates can be elim i
nated  by supposing a more general mechanism of the solvatation of ions, th e  solvatation being 
considered as th e  form ation of complexes. This hypothesis comprises as a special case also the 
electrostatical conception. The m echanism  of so lvatation  of the p ro ton  and the value of its  
energy of so lvatation  are different from  those of the o ther ions. C om putations based on q u a n t
um theory have been effected in  order to determ ine th e  proton affin ity  of the water molecule 
and of some ions since these d a ta  are of great im portance for the theory  of acid-basis in te rac 
tion, and in estim ating the acid ity  of solutions. On the basis of the un ited  atom model the 
energy of the system s H F, F  , Н О - , О , HO", H 20  and H30  ' has been determined, as well 
as the proton affin ity  of the ions К О , О” , H O ”  and of the molecule H20 , and m ore
over the hei t  of form ation of the w ater molecule from  the ions HO”  and  H30  . The com put
ed values show good agreem ent w ith  those obtained experim entally resp. from the lite ra tu re .
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DIE BESTIMMUNG DER ELEKTRONENDICHTE 
DES J-ATOMS AUF GRUND 

DES STATISTISCHEN ATOMMODELLS

Von

Z. F ü z e s s y

PH Y SIKA LISCH ES IN STITU T D ER  TECHN ISCHEN  UNIVERSITÄT, BU D A PEST

(Vorgelegt von A. Kónya. Eingegangen 16. II. 1961)

In  der vorliegenden Arbeit wird die E lektronenverteilung des J-A tom s auf Grund des 
statistischen Atommodells erm ittelt. F ü r die Berechnung der E lektronendichte wird die durch  
die W eizsäckersche kinetische Energiekorrektion erw eiterte statistische G rundgleichung gelöst. 
Die E lektronenverteilung stim m t m it der fü r die äusseren Gebiete des A tom s zu erw artenden 
wellenmechanischen Verteilung überein. Die erhaltenen R esultate w erden m it der aus der 
Thom as-Ferm ischen Gleichung berechneten E lektronenverteilung verglichen.

E in le i tu n g

U n te r den bei d e r B erechnung  a to m a re r S ystem e a n g ew an d ten  M ethoden 
g ib t die s ta tis tisch e  B ehandlungsw eise der A to m e  eines der a in le ich testen  zu 
h an d h ab en d en  V erfah ren .

Die u rsp rü n g lich e  Form  d e r s ta tis tisc h e n  B ehandlungsw eise — d as  
T hom as-F erm ische  A tom m odell n äh e rte  w egen seiner U n v o lls tä n d ig k e it 
die P o te n tia l- , bzw . die D ich tev erte ilu n g  d e r E lek tro n en  des A tom s nur seh r 
grob an . Die e in g efü h rten  K o rrek tio n en  [1], [2] v e rb esse rten  den V e rla u f 
der E le k tro n e n d ic h te v erte ilu n g  in  b e d eu ten d em  Masse. D ie W eizsäckersche 
k in e tische  E n erg iek o rrek tio n , die die In h o m o g e n itä t der D ich tev e rte ilu n g  
b e rü ck sich tig t, k an n  als eine w ichtige A b ä n d e ru n g  b e tra c h te t  w erden. A uch 
die d u rch  G o m b á s  e ingefüh rte  k in e tische  E n erg iek o rrck tio n  b ra c h te  b ed eu ten d e  
positive E rgebn isse  [4].

W ir fü h rte n  unsere  R echnungen  für d ie  B estim m ung  d e r  E le k tro n e n 
d ich te  des J -A to m s ohne die GoMBÁssche K o rre k tio n  auf G ru n d  des durch  d ie  
u rsp rü n g lich e  W eizsäckersche K o rrek tio n  e rw e ite rten  A tom m odells d u rc h . 
W ir v e rn ach läss ig ten  die e rw äh n te  K o rre k tio n  — um  die R echnungen  zu  
e rle ich te rn  — in d e r H offnung , dass sich d ie  B in d u n g  des J 2-M olcküls auch  
bei e iner in  d ieser N äh eru n g  b e rech n e ten  E le k tro n e n d ic h te  e rg ib t.  Dies b ild e t 
den  G egenstand  eines nach fo lgenden  A ufsa tzes.
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D ie Lösung der statistischen Grundgleichung fü r  das J-Atom

Die d u rc h  die u rsp rü n g lich e  W eizsäckersche K o rre k tio n  e rw e ite rte  s ta 
tis tisch e  G rund g le ich u n g  k a n n  in der F o rm

10 4
Axp — -  —  *0 v>7/3+  —  x a у 5 3 +  ( V  — Vo)exp =  0 (1)

u О

geschrieben  w erden . D er Z u sam m en h an g  zw ischen xp und  der E le k tro n e n 
d ic h te  a w ird  d u rch  die G leichung

a u sg e d rü c k t, ferner

xp — p 1/2

*w =  ~  e2 «o ; *o =  -2"  (Зя2)2 3 e2 e 
o 20

Q  \ i  3

-
n

wo a a — d e r e rs te  B ohrsche  W asse rs to ffrad iu s  und  e — die  positive E le m e n ta r 
la d u n g  is t . D as in  d er G le ichung  (1) a u f tre te n d e  V  i s t  d a s  vom  K ern  u n d  von 
den E le k tro n e n  h e rrü h re n d e  P o te n tia l, V () is t eine K o n s ta n te . 

xp m u ss der N eb enbed ingung

j' xp2dv =  N  (2)

genügen , m it deren  H ilfe auch  die K o n s ta n te  V 0 b e s tim m t w erden k a n n . Das 
in (1) v o rk o m m en d e  e le k tro s ta tisc h e  P o te n tia l  V  s e tz t  sich  — wie b e k a n n t — 
aus zw ei T eilen  zu sam m en : d er eine T eil is t  das von  d em  K ern  und  d e r an d ere  
d a s  von  d en  E lek tro n en  h erriih ren d e  P o te n tia l

bzw .

K  =
Ze

r

K  ==  - е [  Г . ^J Ir — t'
t M - M '

wo ï  u n d  x' O rtsv e k to re n  sind . Das G e sa m tp o te n tia l V  = V ^  -(- V e b e fried ig t 
auch  die P o isson-G leichung

A V  =  Ал exp2 (3)

u n d  so m it s teh en  zu r B estim m u n g  d e r  E le k tro n e n d ic h te  zwei D iffe re n tia l
g le ichungen  zu r V erfügung .
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D a w ir eine k u g e lsy m m etrisch e  V erte ilu n g  a n n eh m en , is t es zw eckm ässig  
die B ezeichnungen

y  =  ггр u n d  U  =  t V

ein zu fü h ren , y "  und  U" sollen fe rn e r d ie  zw eiten A b le itu n g en  v o n  у  u n d  U  
n ach  r b ed eu ten . M it d iesen  B ezeichnungen  können  w ir die G le ichungen  (1),
(3) u n d  die N eben b ed in g u n g  (2) in fo lg en d er Form  sch re ib en :

4 *wy"
10

*o У7 3
r4 3 «а Г 5 3

r 2 3
+  U  —  ey  — V0 ey =  0 ,

U ” — Але y 2

Ал  J r 2 d r  =  iV. 
0

(4)

(5)

( 6)

W ir fü h r te n  die In te g ra tio n  des obigen G le ichungssystem s wie bere its  e rw ä h n t, 
fü r  das J -A to m  au f num erischem  W ege d u rch . Die In te g ra tio n  w urde  n ic h t an 
der S telle r — 0 angefangen , weil d er V e rla u f  der K u rv e  y(r)  in  grosser E n tfe r 
nung  von  dem  K ern d an n  n u r  m it g ro sser Schw ierigkeit b e s tim m t w erd en  k an n ; 
die In te g ra tio n  w urde d esha lb  bei e in em  grossen W e rt (r ~  12a0) b eg o n n en  
u n d  in  d er R ich tu n g  des ab n eh m ed en  r bis zum  P u n k t  r =  0 w e ite rg e fü h rt. 
Zu d iesem  Zwecke w ar es no tw en d ig  festzuste llen , d u rc h  welche F u n k tio n e n  
y und  U,  in  grosser E n tfe rn u n g  vom  K ern  darg este llt w erd en  können . M it H in 
sich t d a ra u f , dass im  F a lle  von  grossen r, die 2., 3. u n d  4. G lieder der G leichung
(4) schneller nach  N ull s tre b e n , als d a s  e rs te  und das le tz te , lö sten  w ir a n s ta t t  
(4) die a sy m p to tisch e  G leichung

4 *wf -  V0 e y  =  0 , (7)

d e r e n  L ö s u n g e n

У ==  ae~‘r (8)
m i t

Y =
К «  V '2

(9)
4*,„ J

sin d , а  u n d  у  sind  h ier K o n s ta n te n . D iese K o n s ta n te n  m ü ssen  so g ew äh lt w e r
den , dass у  an  der S telle  r =  0 v e rsch w in d e t, und dass d ie  N eb enbed ingung  (2) 
e rfü llt is t. W ird  у  en tsp rech en d  g ew äh lt, so k ann  v o n  N e bis X  d ie  G ru n d 
gleichung (4) an  den S te llen  r ]> 12o0 p ra k tisc h  d u rch  (7) e rse tz t w erd en , was 
au ch  d u rch  die L ösungen  d er ex a k te n  G leichung, sow ie d u rch  die fü r  m ehrere  
A tom e von  G o m b á s  a u f  G rund  des s ta tis tisch en  A tom m odells e rm itte lte n  
W erte  bew iesen w ird. G em äss der G le ichung  (7) v e rsch w in d e t die E le k tro n e n 
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d ich te  in grosser E n tfe rn u n g  vom  K ern  ex p o n en tie ll, d ies en tsp ric h t den 
E rg ebn issen  d er W ellenm echan ik ; w eiter w ird  d ies auch d u rc h  die T a tsach e  
bew iesen, dass die m it der D ich tev e rte ilu n g  b e rech n e ten  A tom -, bzw . M olekül
k o n s ta n te n  m it d en  E rfah ru n g sw erten  gu t ü b ere in stim m en .

D en A u sd ru ck  fü r U  b e s tim m en  w ir in  g ro sser E n tfe rn u n g  von  dem K ern 
d u rch  A nw endung  der G leichung (7).

A uf G ru n d  einfacher e le k tro s ta tisc h e r E rw ägungen  gew innen  wir fü r  
U =  r V  die G leichung

U  =  4 ? ' 2 [i -  H  ( -  X)} (10)
2 У

wo X  =  2 у  r, H  dagegen  m it H ilfe  der R eihen en tw ick lu n g

H ( —x) =  0,9999965 — +  1T9 4 8 7 6 4 6  -  4A 4 82092 +
X  X 2 X 3

11,7850792 20,4523840 21,1491469
* 4 х ь  X е

e rm itte lt  w erden  kann .
Die a u f  d iesem  W ege b es tim m ten  W erte  v o n  у  und U  befried igen  unsere  

B ed ingungen  in  den  äusseren  G eb ie ten  des A to m s. Mit H ilfe v o n  diesen k an n  
die In te g ra tio n  a u f  num erischem  W ege an g efan g en  w erden. W ir e rm itte lten  
die in  den G le ichungen  (7) — (9) v o rk o m m en d en  K o n s ta n te n  a  und  у  du rch  
w iederholtes P ro b ie ren  und  zw ar m it den fo lgenden  zwei N eben b ed in g u n g en : 
1. die K u rv e  y(r)  soll durch den  A n fan g sp u n k t des K o o rd in a ten sy stem s gehen, 
d . h . an  der S telle  r =  0 soll у  =  0 sein, 2. d ie N eb en b ed in g u n g  (6) soll e rfü llt 
sein.

Das m it H ilfe  unserer R ech n u n g en  e rm itte lte  у  erfü llt g u t die erw ähn ten  
zwei B ed in g u n g en : die K u rv e  y(r)  schneidet d ie  r-Achse zw ischen  r =  0 und  
r — —0,001 (siehe Tabelle 2) u n d  die In te g ra t io n  des A u sd ru ck s (6) g ib t 
die A nzahl d er E le k tro n e n  m it e in er G en au ig k e it von 9 9 ,8 9 % .

Tabelle 1

D i; W erte der Param eter а, у  und V0 
a in l / a jß , у  in  l/o 0- und V„ in  e/a0-Einheiten

J a Y V,

3,00463 0,65437 0,21410
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Die L ösungen  der d u rch  die u rsp rü n g lich e  W eizsäckersche K o rre k tio n  
e rw e ite rten  G leichung s ind  in  der T abelle  2 w iedergegeben. Die W erte  v o n  a, y 
und  V n sind in  der T abelle  1 zusam m engefasst.

In  der A bb. 1 w urde  die rad ia le  E le k tro n en d ich te

D  =  4лт2 о =  4л у 2

des J -A to m s als F u n k tio n  von  r au fgezeichnet. Bei d er D arste llu n g  d e r D ich te  
w äh lten  w ir fü r  die O rd in a te  eine p seudo logarithm ische  S k a la , und zw ar w urde 
a u f  der O rd in a ten ach se  d e r W ert lg  (1 -f- D a n) au fg e trag en . Die Z ahlen  a u f  der 
O rd in a ten ach se  b ed eu ten  jedoch  die W erte  von D. Z um  V ergleich fü h r te n  wir

r

Abb. 1. Die radiale E lektronendichte D =  trry2 fü r das J-A tom . r in  o„- I) in l / a 0-E inheiten
m it der ursprünglichen W eizsäckerschen K orrektion b e re c h n e t , ...............nach  der

Thom as— Fermi-Grundgleichung

in der Abb. 1 in  derselben  p seu d o lo g arith m isch en  Skala au c h  die m it d e rT h o m a s- 
Ferm ischen  G ru ndg le ichung  b es tim m te  E lek tro n e n d ic h te  des J -A to m s an. 
A us dem  V ergleich g eh t h e rv o r, dass d ie  zwei K u rv en  im  Gebiete zw ischen  
r  =  0 u n d  r  ~  2 — 3 a Q u n g efäh r den g leichen  V erlau f h ab e n , die a u f  G ru n d  
der T hom as-F erm ischen  G leichung b e rech n e te  E le k tro n en d ich te  aber im  G eb ie te  
r >  3 a0 viel grösser is t, als die von uns e rm itte lte  E lek tro n en d ich te .

D ieser U n te rsch ied  is t in der A bb . 2 besonders au ffa llend , wo w ir die 
E lek tro n en v e rte ilu n g  des J -A to m s in d en  äusseren G eb ie ten  des A to m s ver- 
s rö sse rt d a rs te llten . In  d e r A bb. 2 w u rd en  a u f  die O rd in a ten ach se  die W erte  
von D  au fge tragen .
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Tabelle 2

Lösung der Grundgleichung (1) fü r das J-A tom

Die F unktion  y  =  rv  und die rad ia le  D ichteverteilung der E lek tronen  D — 4.ту-2. 
Die Funktion у  in  1 /a j  2- und D  in  l / a 0- E inheiten.

r У D r V D

0,000 0 ,00000 0 ,0 0 0 0 0,348 2,03820 52,1775
0,001 0,22600 0,6415 0,380 1,97356 48,9204
0,002 0,37363 1,7534 0,412 1,91095 45,8657
0,003 0,50534 3,2074 0,444 1,85055 43,0122
0,004 0,62989 4,9833 0,476 1,79245 40,3538
0,005 0,74315 6,9365 0,508 1,73669 37,8821
0,006 0,84659 9,0019 0,540 1,68321 35,5850
0,007 0,94141 11,1313 0,572 1,63196 33,4509
0,008 1,02862 13,2892 0,604 1,58289 31,4696
0,009 1.10906 15,4489 0,636 1,53586 29,6274
0,010 1,18345 17,5909 0,668 1,49083 27,9155

0,700 1,44770 26,3238
0.012 1,31653 21,7696 0.732 1,40637 24,8421
0,014 1,43193 25,7533 0,764 1,36676 23,4625
0,016 1,53275 29,5075 0,796 1,32877 22,1763
0,018 1,62143 33,0207 0,828 1,29233 20,9767
0,020 1,69989 36,2938 0,860 1,25735 19,8565

0,892 1,22376 18,8097
0,024 1,83204 42,1560 0,924 1,19150 17,8311
0,028 1,93843 47,1943 0,956 1.16049 16,9151
0,032 2,02529 51,5186 0,988 1,13066 16,0566
0.036 2,09700 55,2315 1,020 1,10196 15,2519
0,040 2,15675 58,4237 1,052 1,07433 14,4965
0,044 2,20688 61,1712 1,084 1,04772 13,7874
0,048 2,24917 63,5382 1.116 1,02208 13,1208
0,052 2,28498 65,5774 1,148 0,99734 12,4933
0,056 2,31537 67,3334 1,180 0,97349 11.9029
0,060 2,34119 68,8435 1,212 0,95047 11,3466

1,244 0,92823 10,8218
0,068 2,38175 71,2495 1,276 0,90675 10,3268
0,076 2,41068 72,9909
0,084 2,43074 74,2108 1.340 0,86589 9,4170
0,092 2,44393 75,0182 1,404 0,82764 8,6034
0,100 2,45166 75,4936 1,468 0,79176 7,8737
0.108 2,45503 75,7013 1,532 0.75806 7,2177
0.116 2,45485 75,6902 1.596 0,72632 6,6259
0.124 2,45177 75,5004 1,660 0,69640 6,0913

1,724 0,66814 5,6069
0,140 2,43886 74,7073 1,788 0,64140 5.1671
0,156 2,41925 73,5108 1,852 0,61607 4,7670
0,172 2,39491 72,0390 1,916 0,59206 4,4028
(»,188 2,36727 70,3859 1.980 0,56923 4,0697
0,204 2,33730 68,6149 2,044 0,54752 3,7652
0,220 2,30571 66,7727 2,108 0,52684 3,4862
0,236 2,27303 64,8934
0,252 2,23967 63,0025 2,236 0,48829 2,9946
0,268 2,20594 61,1191 2,364 0,45309 2,5784
0,284 2,17207 59,2567 2,492 0,42082 2,2242
0,300 2,13824 57,4252 2,620 0,39114 1,9216
0,316 2,10459 55,6320

!
2,748 0,36375 1,6618
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r У D r У D

2,876 0,33839 1.4382 7,484 0,021688 0,005908
3,004 0,31489 1,2454 7.740 0,018433 0,004268
3,132 0,29306 1,0787 7,996

8.252
0,015658
0,013294

0,003079
0,002220

3,388 0,25383 0.8092 8.508 0,011282 0,001599
3,644 0,21976 0,6066 8,764 0,0095703 0,001150
3,900 0,19007 0,4538 9.020 0,0081157 0.0008273
4,156 0,16419 0,3386 9,276 0,0068799 0,0005945
4,412 0,14165 0,2520 9,532 0,0058306 0,0004270
4,668 0,12201 0,1870 9,788 0,0049400 0,0003065
4.924 0,10494 0,1383 10.044 0,0041844 0,0002199
5.180 0.090114 0,1020 10,300 0,0035435 0,0001577
5,436 0,077275 0,07500 10,556 0,0030001 0,0001130
5,692 0,066175 0,05500 10,812 0,0025395 0,00008100
5,948 0,056597 0,04023 11,068 0,0021490 0,00005800
6,204 0,048350 0,02936 11,324 0,0018182 0,00004152
6,460 0,041260 0,02138 11,580 0,0015377 0,00002970
6,716 0,035175 0,01554 11,836 0,0013006 0,00002125
6,972 0,029961 0,01127 12,092 0,0010999 0,00001519
7,228 0,025500 0,008167 12,348 0,0009303 0,00001087

U nseres W issens sind  aus der L i te ra tu r  die V erte ilu n g  der E le k tro n e n 
d ich te  des J-A to m s u n d  die d am it zu sam m en h än g en d en  R echnungen  n ic h t 
b e k a n n t, deshalb  k ö nnen  w ir die R ic h tig k e it unseres E rgebn isses v o rd e rh a n d  n u r

Abb. 2. Die radiale D ichteverteilung der E lek tronen  D  =  î.7v2 in den äusseren Gebieten des 
J-A toras. r in  a0-, D  in l / a 0-Einheiten. .........m it der ursprünglichen W eizsäckerschen K or

rektion  b e re c h n e t , ...................nach  der Thomas—Fermi-Gleichung

d u rch  q u a lita tiv e  S ch ä tzu n g en  b e s tä tig e n . E in e  F rage , wie g u te  N ä h e ru n g  d e r 
w irk lichen  E lek tro n en d ich te  die a u f  G ru n d  des o b en erw äh n ten  A tom m odells 
berech n e te  E lek tro n en d ich te  d a rs te llt, k a n n  n a tü rlic h  n u r a u f  G rund d er Ü b e r
e in stim m u n g  der m it ih r  b e rech n e ten  A tom - hzw . M o lek ü lk o n stan ten  m it
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den  E rfa h ru n g sw e rten  b e s tim m t w erden. W ir können  ab e r schon je tz t  soviel 
fe s ts te llen , dass d e r  D ie h te v e rla u f in q u a lita tiv e r  H in s ich t befried igend  is t.

Ich  m öch te  H e rrn  P ro f. P . Gombás an  d ieser Stelle m einen  besten  D ank  
fü r  seine H ilfe u n d  fü r seine n ü tz lich en  U n terw eisungen  au sd rü ck en .

W eite rh in  d an k e  ich F r i . E . Mágori u n d  F rl. 0 .  K u n vári  fü r ih re H ilfe 
b e i den n u m erisch en  R echnungen .
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О П Р Е Д Е Л Е Н И Е  ПЛОТНОСТИ Э Л ЕК ТРО Н О В  АТОМА J  
НА ОСНОВЕ СТАТИСТИЧЕСКОЙ ТЕО РИ И  АТОМА

3. ФЮЗЕШИ

Резюме

В работе определяется распределение электронов атома J  на основе статистической 
теории атома. Плотность электронов получается решением основного уравнения ста
тистической теории, расширенного коррекцией Вайцзеккера к  кинетической энергии. 
Распределение плотности электронов качественно согласуется с квантово-механическим, 
предполагаемым д л я  внешней области атома. Результаты  сравниваю тся с плотностью, 
полученной по уравнению Томаса— Ферми.
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ÜBER DIE REIHENFOLGE DER BESETZUNG 
DER QUANTENZUSTÄNDE IN ATOMEN

Von

A. KÓNYA

FORSCH U NG SGRU PPE FÜ R  T H EO R ET ISC H E PHY SIK  
D E R  UNG A RISCH EN  A K A D EM IE D E R  W ISSENSCHAFTEN, B U D A PEST

(Eingegangen 4. V. 1961)

Aus der statistischen Theorie des Atoms k an n  m an  die M ittelw erte des Drehim puls- 
«quadrats der E lektronen, des absoluten Betrags des D rehim pulsvektors und  des absoluten 
B etrags der K om ponente dieses Vektors in  einer A chsenrichtung als F unk tionen  der O rdnungs
zahl bestim m en. Es is t auch möglich, aus dem wellenm echanischen Schalenm odell für dieselben 
M ittelw erte asym ptotische Form eln herzuleiten. In  diesen Form eln w erden die Koeffizienten 
von der Reihenfolge abhängig sein, die wir fü r die B esetzung der E inelektronquantenzustände 
der Atome annehm en. Aus dem Vergleich der Ergebnisse gelangt m an zu der Folgerung, dass 
das Thom as-Ferm ische statistische Atomm odell die verspä te te  Besetzung der Q uantenzustände 
m it höheren N ebenquantenzahlen richtig  wiedergibt.

E ines d e r frü h e s te n  u n te r  den  v ie lse itigen  A nw endungen  d e r s ta tis tisc h e n  
T heorie  des A tom s w ar — von  F ermi [1] a u sg e a rb e ite t — die B eh an d lu n g  d er 
E le k tro n e n g ru p p e n  m it versch iedenen  N eb en q u an ten zah len  im  period ischen  
S y stem  der E lem en te  u n d  a u f  d ieser G rund lage  die E rk lä ru n g  d e r A nom alien  
in  d er B esetzung  d er E in e le k tro n q u a n te n zu s tä n d e .

J e n se n  u n d  L uttinger [2] h ab en  d a ra u f  h ingew iesen, dass die G ru p 
p ie ru n g  der E le k tro n e n  des s ta tis tisc h e n  M odells n ach  der N e b e n q u a n te n za h l 
u n d  besonders die B estim m u n g  d e r O rd n u n g szah len , bei w elchen  s - , p - , d - ,  

— E le k tro n e n  e rstm alig  a u ftre te n , n a c h  d er M ethode v o n  F ermi m it 
e iner gew issen W illk ü r b e h a fte t sind , da d ie D reh im pulse  d e r E le k tro n e n  im  
s ta tis tisc h e n  M odell n ic h t d isk re te  q u a n tis ie r te  W erte  au fn eh m en , so n d ern  
sich  k o n tin u ie rlich  än d e rn . N ach  ih re r  M einung is t  es dem  C h a ra k te r  der s t a 
tis tisc h e n  B ehand lungsw eise m eh r angem essen , w enn m an  n u r  du rch  das 
s ta tis tisc h e  M odell e in d eu tig  b e s tim m te  M itte lw e rte  — wie z. B . das m ittle re  
D re h im p u lsq u a d ra t — b e rech n e t u n d  diese m it den  e n tsp rech en d en  G rössen 
des q u an ten m ech an isch en  Schalenm odells v e rg le ich t.

S p ä te r  h a t  T heis  in  e iner A rb e it [3] gezeig t, dass es m öglich  is t, d ie 
G ru p p ie ru n g  d er E le k tro n e n  n ach  der N eb en q u an ten zah l ganz  ohne W illk ü r 
e in d eu tig  zu  b eg rü n d en . Aus se inen  E rg eb n issen  fo lg t auch, d ass  — in n e rh a lb  
der G renzen  d er G enau igkeit, d ie m an  von  d iesem  Modell s inngem äss fo rd e rn  
k a n n  — au ch  die v e rsp ä te te  B esetzung  d e r  Q u a n te n z u s tä n d e  m it h ö h eren  
N e b e n q u a n te n za h le n  du rch  das s ta tis tisc h e  A tom m odell g u t  erfasst w ird . 
Z u  dem selben  E rg eb n is  sind  I vanenko  u n d  La r in  [4] au f e inem  anderen  W ege
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fü r  das e rs te  A u ftre te n  d e r E le k tro n e n  m it v ersch ied en en  N eb en q u an ten zah len  
gekom m en.

U n se r Z iel is t zu  zeigen , dass es
1. a u f  G ru n d  der s ta tis tisc h e n  M itte lw erte , w ie sie von  J e n s e n  u n d  

Luttinger  vorgesch lagen  w u rd en , au ch  m öglich is t, a u f  die R eihenfolge d er 
B ese tzu n g  d e r  Q u a n te n z u s tä n d e  des A to m s zu sch liessen  — ohne je d e  E in 
te ilu n g  d e r  E le k tro n e n  in  G ruppen  u n d  dass

2. d iese  R eihenfolge d er B ese tzung  fü r  grosse O rd n u n g szah len  d e r a n o 
m alen  B ese tzu n g  b e d e u te n d  n ä h e r  k o m m t als der R eihenfo lge der regelm ässigen  
B ese tzu n g , w elche der R eihenfo lge d er w asse rs to ffäh n lich en  Term e e n tsp r ic h t.

I. Berechnung der Mittelwerte m it dem statistischen Atommodell

U m  m eh re re  V ergleiche zu  erm ög lichen , wollen w ir  folgende M itte lw e rte  
b e s tim m en

d en  M itte lw e rt des D re h im p u lsq u a d ra ts  <  L 2 >  ,
den  M itte lw e rt des B e trag s  des D reh im p u lsv ek to rs  < L  >  u n d  d en  M itte l

w e rt des a b so lu te n  B e trag s  d er D reh im p u lsk o m p o n en te  L z in  der R ic h tu n g  der 
z-Achse (m ag n etisch e  Q u an ten zah l) <  |LZ >  .

D ie e rs te n  zwei M itte lw erte  k ö n n e n  w ir n a c h  den  E rg ebn issen  von  
F ermi u n d  J e n s e n —Luttinger  so fo rt au fsch re iben . D ie Z ahl der E le k tro n e n , 
w elche e in en  D reh im p u lsb e trag  zw ischen  L  und  L  -)- dL  h ab en , is t  n ä m lic h  
n ach  F ermi

? i ( L ) d L = — L d L  Г ( P 2 r2 -  L 2)1/2 —  
n  J  r

L<*Pr

W O

P  =  (Зя«)1/»е1/з a t. E inh .

( 1 )

(2)

u n d  Q =  g(r) die E le k tro n e n d ic h te  des s ta tis tisc h e n  A tom m odells is t .  Zu 
in teg rie ren  is t  in  Gl. (1) im  B ereich , wo P 2r2 — L 2 >  0 is t.

E in e  c h a ra k te ris tisc h e  E ig en sch aft d e r  V erte ilu n g sfu n k tio n  n(L)  is t ,  dass 
sie n u r  in  d em  end lichen  In te rv a ll 0 <[ L  L max v o n  N u ll versch ieden  is t ,  wo

■^max ( P r ) ma x

u n d  (P r )max das M axim um  von  Pr  im  A to m v o lu m en  b ed e u te n .
M it H ilfe  der Gl. (1) bekom m en w ir  nach  J e n s e n  — L uttinger

< L 2 >  =  ~  j  L-  n (L) d L  =
8

15 n Z

~ dr
(Pr)5 (3)
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(ranz äh n lich  e rg ib t sich d er W ert fü r  < L  > :

< L >  =
ьща:

И L n (L ) dL 1
4 Z

dr
(Pr)^

( i )

M it d er B estim ung  von  <  jLz] >  m üssen  wir uns au sfü h rlich  besch äftig en . 
Vor allem  wollen w ir die D efin ition  der m agnetischen  Q u an ten zah l im  s ta t i s t i 
schen A tom m odell geben und  w e ite rh in  die V erte ilu n g sfu n k tio n  p ( L z) der 
E le k tro n e n  im  W ertebere ich  der D reh im p u lsk o m p o n en te  L z herle iten .

D ie m agnetische  Q u an ten zah l k ö n n en  w ir in  die s ta tis tisc h e  T heorie  des 
A tom s a u f  dieselbe W eise e in füh ren , in  d e r F ermi  die N e b e n q u an ten zah l d e f i
n ie rt h a t. B e tra c h te n  w ir die K o m p o n en te  des D reh im p u lsv ek to rs  in der 
R ich tu n g  d er z-Achse, die w ir m it L z beze ichnen  w ollen. D a im  s ta tis tisc h e n  
Modell der W ert von L  sich k o n tin u ie rlich  ä n d e r t  und  der D reh im p u lsv ek to r m it 
der z-Achse einen  belieb igen  W inkel einsch liessen  kan n , ä n d e r t  sich d e r W ert 
der K o m p o n en te  L z auch  k o n tin u ie rlich .

Die E lek tro n en  m it k o n tin u ie rlich  v erän d erlich en  L 2-W erten  lassen  sich 
in  G ru p p en  ein te ilen , w enn  w ir gewisse L z-In te rv a lle  defin ie ren . D am it is t  es 
d an n  m öglich, den e inzelnen  E le k tro n e n g ru p p e n  die d isk re te n  m agnetischen  
Q u an ten zah lw erte  der Q u a n ten m ech an ik  zuzuordnen . (M it dem  P ro b lem  der 
G ru p p ie ru n g  der E lek tro n en  nach  der m agnetischen  Q u an ten zah l w ollen  w ir 
uns in e iner sp ä te ren  A rb e it ausfü h rlich  b eschäftigen . D a w ir je tz t  n u r  M itte l
w erte berechnen  wollen, w erden  w ir d iese G rupp ierung  h ie r n ich t b en u tzen .)

Im  folgenden  bezeichnen  wir m it p ( L z) d L z die Z ah l d er E le k tro n e n  im  
A tom , die einen L 2-W ert zw ischen L z u n d  L z -f- dLz h a b e n . W ir k ö n n en  die 
V e rte ilu n g sfu n k tio n  p ( L z) fo lgenderm assen  m it H ilfe d e r  in  (1) gegebenen 
F u n k tio n  n(L)  bestim m en .

B e tra c h te n  w ir die aus n(L) dL  E le k tro n e n  b es teh en d e  G ruppe, be i w el
cher alle D reh im pulse  einen  B e trag  zw ischen  L  und  L  -(- dL  haben . D ie L z —  
K o m p o n en ten  dieser E le k tro n e n  liegen alle zw ischen -|-L  u n d  —L  u n d  zw ar 
g leichm ässig  v e rte ilt zw ischen den beiden  G renzw erten  (F ig . 1), weil die E lek- 
tro n e n v e rte ilu n g  des s ta tis tisc h e n  A tom m odells sowohl im  K o o rd in a te n ra u m  
wie im  Im p u ls ra u m  [5] k u g e lsy m m etrisch  is t.

W äh len  w ir nun  ein In te rv a ll d e r  L . — K o m p o n en te  zw ischen L z u n d
d L ,

L z -f- d L z (0 L z <  L ). Von den  n(L) dL  E lek tro n en  w erden
2 L

n (L) dL

eine K o m p o n en te  zw ischen L z u n d  L z d L z haben . Z ur A nzahl p ( L z) d L z der 
E lek tro n en  lie fe rt jed e  E le k tro n e n g ru p p e  n{L) dL  e inen  B eitrag , fü r  wrelche 
L  L z is t. So e rh ä lt m an  den e in fachen  Z u sam m en h an g

P (Lz)
d L
L

n (L) dL (5)

Lz
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w enn  L , 0 is t  u n d  avis S y m m etrieg rü n d en

P  ( -  L z)  =  P ( L z)  • (6)

W ir h a b e n  also die F u n k tio n  p ( L z) — w enn  w ir n o ch  n(L)  gem äss (1) 
e in se tzen  — d u rc h  ein D o p p e lin teg ra l d a rg e s te llt . Die In te g ra tio n  n ach  L  
kön n en  w ir a u f  e lem en ta rem  W ege d u rc h fü h re n . So bek o m m en  w ir fü r  die 
V e rte ilu n g sfu n k tio n  p ( L z) fo lgende G ru n d fo rm el: fü r p o s itiv e  L z-W erte  is t

P  ( L z )
1

es 9 •TT  ___  /  Q VO t  Ir»
dr

2tt ..

J V л  d l  b  ?  111

P r r
Li<,Pr

* n ( L . ) . (7)

A u f G ru n d  der G in. (6) — (7) w äre es m öglich, den  M itte lw ert d er L z~ 
K o m p o n en te  zu  berechnen . H ie rzu  ist ab e r n o ch  folgendes zu  b each ten . W ie

aus Gl. (6) e rs ich tlich  is t, is t  d ie F u n k tio n  p ( L z) eine g e rad e  F u n k tio n  d e r 
V erän d erlich en  L z. D em zufolge is t fü r jed e  O rd n ungszah l s te ts

“b  ^ m a s

J  L z P ( L z) d b z =  0 .
■ ^max

In  d ieser R e la tio n  sp ieg e lt sich die E ig e n sc h a ft des s ta tis tisc h e n  M odells, 
dass im  F a lle  des A u ftre ten s  eines D reh im p u lsb e trag s  L  g le ichzeitig  auch  alle 
K o m p o n e n te n w e rte  zw ischen -\-L und  —L  a u f tre te n  u n d  zw ar m it gleich- 
m ässiger V e rte ilu n g , so dass ih r  M itte lw ert gleich  N ull is t . B ei dem  S ch a len 
m odell der Q u a n te n m e c h an ik  g ilt eine solche R ela tio n  im  allgem einen  n u r  im  
F alle  v o lls tän d ig  b e se tz te r  U n te rsch a len . D iese E ig en sch aft des s ta tis tisc h e n  
A tom m odells r ü h r t  daher, dass der D reh im p u lsv ek to r k e inerle i R ic h tu n g s
q u an te lu n g  u n te rw o rfen  is t.

E ine G rösse, w elche fü r  beide M odelle d e fin ie rb a r u n d  w enigstens im  
F alle  v o llb e se tz te r  U n te rsch a len  e in d eu tig  ve rg le ich b ar is t , w ird  also n u r  d e r
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M itte lw ert des ab so lu ten  B e trag s der L ,-K o m p o n en ten  bzw . d e r m ag n e tisch en  
Q u an ten zah len  sein. W ir defin ieren  diese G rösse in  A n b e tra c h t a u f  (6) fo lgen- 
derm assen:

r̂aax

< L Z l >  =  4  I L z P { L , ) d L : . (8)
Aj  . I

0

W enn w ir h ier p ( L z) gem äss (7) e in se tzen , e rg ib t sich n ach  der In te g ra 
tio n  nach  L z

CO

< | / ' | > - й 1 т ( Л ) ‘ - <9)
0

also m it (4) verg lichen

< | L , | > = - h < L > .  (10)

Die E lek tro n e n d ic h te  des T h o m as-F erm isch en  A tom m odells  im  F a lle  
von n e u tra le n  A tom en g ib t uns den A usd ruck  [6]

wo

Z
Q —

4 л  ju3
<Po )32
*

9 7t2 I1 3 
2 Z

a t. E in h . ,

( U )

( 12)

(pn die L ösung d er T h o m as-F erm isch en  D iffe ren tia lg le ich u n g  fü r n e u tra le  
A tom e u n d  Z  die O rdnungszah l b ed eu ten . M it R ü ck sich t a u f  Gl. (2) e rh a lte n  
wir aus Gl. (3)

< L * >
З л 2 / 3  i* dx,

Z 2 3 (* 9?o)5 2 =  0 , 2 6 2 Z 2 3 , (13)

ähn lich  wie in  [2], aus Gl. (4)

<  L >  —
З л

ZM3
dx

(x <p0)2 =  0,468 2 ’ 3 , (14)

und  aus Gl. (9) bzw . (10)

L z ! >  =  0,234 Z 1 3 . (15)
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F ü r d ie  In te g ra le  in  G l. (13) und (14) e rh a lte n  w ir näm lich  d u rch  n u m e 
rische In te g ra t io n

oo

j* dx

J  X  
0

(X ?’o)5 2

oo

0,370 u n d  I (x 9?0)2 =  0 ,596 . 
J  x  
0

( 16)

W ie die F ig . 2 zeig t, geben die Z u sam m enhänge  (13), (14) u n d  (15) 
d u rc h s c h n itt l ic h  eine seh r g u te  N äh e ru n g  der e n tsp rech en d en  G rössen des

S cha lenm odells , w elche w ir aus der E le k tro n e n k o n fig u ra tio n  der G ru n d z u 
s tä n d e  d er A to m e b e re c h n e t haben . F ü r  kleine O rd n u n g szah len  liegen  die 
b e re c h n e ten  K u rv e n  h ö h er als die em p irisch en  W erte , m it w achsender O rd 
n u n g szah l n im m t aber die D ifferenz ab .

II. Berechnung der Mittelwerte m it dein Sehaleninodel!

C h a ra k te ris tisc h  fü r  d ie  M itte lw erte  (13), (14) u n d  (15) des s ta tis tisc h e n  
A tom m odells  sind  der E x p o n e n t der O rd n u n g szah l u n d  d er K oeffiz ien t d ieser 
P o ten z . U n se re  E rgebnisse  k ö n n en  w ir — au sse r in d er in  d e r Fig. 2 d a rg e s te ll
te n  W eise m it den en tsp rech en d en  G rössen  des S chalenm odells auch  d a d u rc h
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verg leichen , dass w ir diese G rössen als F u n k tio n e n  der O rdnungszah l b e s tim 
m en. D as R e su lta t d ieser R ech n u n g  w ird  n a tü r lic h  davon ab h än g ig  sein, w as 
fü r eine E lek tro n en k o n fig u ra tio n  w ir fü r den G ru n d z u s ta n d  der A tom e an n e h 
m en. Im  folgenden w ollen w ir die R echnungen  fü r  zwei F älle  d u rch fü h ren : fü r  
die v o lls tän d ig  regelm ässige B ese tzu n g  der Z u s tä n d e  der A tom e u n d  fü r eine 
B esetzung , w elche eine triv ia le  V era llgem einerung  der anom alen  B ese tzung  
der S toner-T abelle  is t.

P rinzip iell g ib t das s ta tis tisc h e  A tom m odell eine gu te  N äh eru n g  fü r  
grosse O rd n u ngszah lw erte  und  fü r  edelgasähn liche  A tom e m it v o lls tän d ig  
b ese tz ten  U n tersch a len . W ir w erden  daher im  folgenden  a sy m p to tisch e  F o r 
m eln fü r  die M itte lw erte  von A to m en  m it äh n lic h e r E le k tro n en k o n fig u ra tio n  
herle iten .

1. Fall  der vollständig regelmässigen Besetzung.  N ehm en  wir je tz t  an , 
dass die E lek tro n en  die E in e le k tro n q u a n te n z u s tä n d e  der A tom e s tren g  in  d er 
R eihenfolge der w assers to ffäh n lich en  Term e, also  in der R eihenfolge

ls ;  2s, 2 p ; 3s, 3p, 3d; 4s, 4p , 4d; 4/ ;  5s, 5p, 5d, 5/, 5g; . . . (17)

b ese tzen . Die sukzessive B ese tzung  geschieh t also  nach  un se re r je tz ig en  A n
nahm e in der R eihenfolge der zu n eh m en d en  H a u p tq u a n te n z a h le n  u n d  in n e r
halb  e iner H a u p tq u a n te n z a h l in d er R eihenfolge der zu n eh m en d en  N eb en 
q u an ten zah len .

W ir wollen n u n  die M itte lw erte  fü r  solche O rd n ungszah l w erte  b erech n en , 
bei w elchen die B esetzung  einer E lek tro n en sch a le  eben b een d e t is t. Aus dem  
P au li-P rin z ip  u n d  aus den m öglichen  W erten  d e r Q u an ten zah len  lo lg t, dass 
bei so lchen A tom en  die O rd n u n g szah l Z  und  d ie  grösste  H a u p tq u a n te n z a h l N ,  
w elche zu der äu sse rs ten , noch b e se tz te n  E lek tro n en sch a le  g eh ö rt, der R ela tion

V 2n 2 =  Z  (18)
n = 1

genügen . D urch  A ufsum m ieren  b ek o m m t m an  d a rau s

, \ (  . \  1 ) (2 Л • 1) z

3
(19)

In einem  A tom  m it der angenom m enen  E lek tro n e n k o n fig u ra tio n  b e fin 
den  sich in e iner U n tersch a le  2(2/ -j- 1) E le k tro n e n  m it der N e b e n q u a n te n 
zahl /. Jed es  d ieser E lek tro n en  h a t  das D re h im p u lsq u a d ra t /(/ -)- 1), den  D re h 
im p u lsb e tra g  [1(1 -j- 1 ) ]1 /2, w äh ren d  der ab so lu te  B e trag  ih re r  m agn etisch en
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Q u a n te n z a h len  die W erte  0, 1, 2, . . I an n im m t. Es is t also fü r  eine U n te r
scha le  m it d er N e b e n q u an ten zah l l

Í U  =  2(21 +  1) 1(1 +  1) , (20)

Z  L  =  2(21 +  1) [/(/ +  l ) ] 1'2 a i  2(21 +  1) / , (21)

Z  ! m 1 =  4(1 +  2 + . . . + / )  =  21(1 +  1). (22)

D ie in  (21) an g ew an d te  N äh e ru n g  is t ansch e in en d  zu grob. D a w ir aber 
b e i dem  Ü b erg an g  zu  den  a sy m p to tisc h e n  F o rm eln  n u r  die höchste  P o te n z  der 
in  (21) s teh en d en  G rösse b e h a lte n , is t  d e r  h ie r begangene F eh le r ganz belanglos.

W en n  w ir eine E lek tro n en sch a le  m it der H a u p tq u a n te n z a h l n  b e tra c h 
te n , gew innen  w ir die Sum m e der G rössen  (20), (21) bzw . (22) du rch  eine  Sum 
m ieru n g  ü b e r / von  1 =  0 bis l =  n  — 1.

F ü r  e in  A to m  m it d er O rd n u n g szah l Z , bei w elchem  die äu sse rs te  vo ll
b e se tz te  E lek tro n en sch a le  die H a u p tq u a n te n z a h l N  h a t ,  m üssen w ir ü b e r n 
v o n  n =  1 b is n  =  N  nochm als su m m ieren . Zu den  g esuch ten  M itte lw e rten  
g e lan g en  w ir, w enn w ir die so gew onnenen  S um m enw erte  du rch  Z  d iv id ie ren . 
E s is t also

< L - > =  2 2  ' 5 ’1 / (/ +  1) ( 2 / +  1).  (23)
Z  i=o
9  N  n— 1

< L >  =  - ~ 2 ^ 1( 2 / + 1 ) ,  (24)
Z  n=i /=o
2  N  П-—1

< [ m ] > = —  - 2  2 l V +  1) • (25)
z  n - 1  1=0

W ir k ö n n en  alle h ie r a u f tre te n d e  D oppelsum m en  a u f  e in fach e  Form  
b rin g e n . N ach  E in se tzen  von  Z  gem äss Gl. (19) bekom m en  w ir fo lgende A us
d rü ck e  fü r  die M itte lw erte  a u sg e d rü c k t m itte ls  d er h ö ch sten  H a u p tq u a n te n 
zah l N :

< L 2>  = 3
10

(iV2 +  N  -  2 ) , (26)

IIЛV IV2 -  1
(27)

2 1 V +  1

< \m >  —
1 IV2 +  N  -  2 (28)
2 2 N  - f l

N eh m en  w ir an , dass Z  — gle ichzeitig  m it N  — seh r gross is t . D ann 
fo lg t aus Gl. (19)

I  4  U / 3
N  aü ■ Z 1'3 , (29)
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w o d u rch

№  es: 0 ,393 Z 2'3 , (30)
10

< L
2

N  ш  0,572 Z 1- 3 , (31)

1
<  ! m  1 >  od — N  ал 0 ,286 Z I S = C L  . (32)

4 2
w ird .

2. Fall der anomalen Besetzung.  Die em p irisch en  E rgebn isse  betreffs d er 
B ese tzu n g  der E in e le k tro n q u a n te n zu s tä n d e  im  period ischen  S ystem  sind  
in  d er S toner-T abelle  zusam m engefasst. H ie rn ach  w erden die T erm e n ich t in  
der regelm ässigen  Folge von (17) b ese tz t, so n d e rn  nach  dem  Schem a

ls ;  2s, 2p: 3s, 3p; 4s, 3d, 4p; 5s, 4d, 5p; 6s, 4/ ,  5d, 6p; 7s, 5 /, 6d, 7 p ; . . .  (33)

W ir wollen n u n  die M itte lw erte  au f G ru n d  dieser an o m alen  B esetzung  
b e rech n en . W ir v era llgem einern  das Schem a in  (33) fo lgenderm assen . Bei dem  
A u ftre te n  der H a u p tq u a n te n z a h l n  kom m en d ie  ns- und  n p -Z u stän d e  g leich
ze itig  zu r B esetzung , d an n  die d -Z ustände d e r v o rle tz ten , d ie  /-Z u s tä n d e  d er 
v o rv o rle tz te n  Schale  usw . D as v era llg em ein erte  Schem a fü r  die B esetzung  
d e r Z u stän d e  is t also folgendes:

F ü r  gegebenes n  geh t diese Folge bis zu  dem  N e b en q u an ten zah lw ert x,  
fü r w elchen

x  =  (n — x  -)- 1) — 1
is t, w oraus

X  - -
n

2
(34)
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fo lg t. W enn /1 eine u n g erad e  Zahl is t, m üssen  wir den ganzen Teil von

n eh m en , den  wir — wie üb lieh  — m it
n
2

bezeichnen.

B ei e inem  A tom  m it ed e lg asäh n lich er E lek tro n en k o n fig u ra tio n  g ib t also 
das A u ftre te n  der n euen  H a u p tq u a n te n z a h l n  eine M öglichkeit fü r die B ese t

zt
zung  von  n u r U n te rsch a len  u n d  n ic h t fü r  die B ese tzu n g  von n — 1 U n te r 

sch a len , w ie w ir es f rü h e r aus (17) gefo lgert haben . N ach  der B ese tzung  dieser

J U n te rsch a len  gelangen w ir w ieder zu einem  ed e lgasähn lichen  A tom  in

dem  p eriod ischen  S ystem  d e r E lem en te .
D a in  e iner U n te rsch a le  m it d e r N e b e n q u a n te n za h l l w ieder 2 (2 / +  1) 

E le k tro n e n  P la tz  fin d en  kö n n en , w erden  sich nach u n se re r  je tz ig en  A nnahm e 
m it dem  A u ftre te n  der H a u p tq u a n te n z a h l n in sgesam t

И
2 У  (21 +  1)

(=o

E le k tro n e n  e in b au en . (D ieser A usd ruck  g ib t uns die D ifferenz der O rd n u n g s
zah len  zw eier b e n a c h b a rte r  ed e lg asäh n lich er A tom e, u n d  zw ar der R e ihe  nach
2, 8, 8, 18, 18, 32, 32, 50, 50, . .  .) .

N ehm en  w ir j e tz t  das ede lgasähn liche  A tom  m it der O rdnu n g szah l Z, 
be i w elchem  die g rösste  H a u p tq u a n te n z a h l N  is t. W ir bekom m en j e t z t  s ta t t  
(18) den  Z u sam m en h an g

» m
2 У  У  ( 2 1 +  1) =  Z . (35)

W ir w ollen wdeder n u r  a sy m p to tisc h e  Form eln  h e rle iten , u n d  d ab e i is t 
die U n te rsch e id u n g  zw ischen g erad en  u n d  u n g erad en  n -W erten  überflü ssig .

W ir w erd en  also im  fo lgenden  die R ech n u n g en  s t a t t  m it 

w e ite rfü h ren .
D u rch  A ufsum m ieren  von (35) e rg ib t sich der A u sd ru ck

n u r  m it

N ( N  +  1) (2ЛГ +  13) +  12N  =  12Z  , (36)
u n d  d a ra u s

N  oá 6 1 3 Z 1 3 . (37)

Die M itte lw erte  k ö n n en  w ir m it derselben  M ethode  durch  S um m ieren  
b e rech n en  wie im  F alle  d e r regelm ässigen  B esetzung . D er einzige U n te rsch ied
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is t der, dass das Sum m ieren  über / j e t z t  von 1 =  0 n u r  bis / =  

is t. E s is t also

au szu d eh n en
2

П

<  E 2 >  =  2  j y / ( /  +  l ) ( 2 / + l ) ,  ( 3 8 )
Z  n= l  ;=o

< E  >

<  I m  j >

И
2
> ’ / ( 2 Z +  1) ,

/ = 0
/1

2
Z

iV

n =  l
J z ( Z  +  l )  .
/ = 0

(39)

(40)

Die D oppelsum m en können  w ir w ieder e le m e n ta r  ausdriicken , w odurch  
wir die Form eln

< ! / * > =  -1 - N ( N +  1) (6iV3 +  61 iV2 +  261 N  +  2 3 9 ) , (41)
480 Z

<  L  >  =  1 IV (iV +  1) (IV2 +  7 N  +  13), (42)
24 Z

< m > =  1 i V ( i V + l ) ( i V 2  +  9 1 V +  20) (43)
48 Z

e rh a lten . W enn  wir noch  Z  aus Gl. (36) einsetzen , e rh a lte n  wir m it H ilfe  von 
Gl. (37) so fo rt die a sy m p to tisch en  F o rm eln

<  L 2 >  c* —  0,248 Z 2 3 , (44)
40

< L  >  ca - -  N  ü^0 ,454  Z 1 3 , (45)
4

<  m  >  ш  —  ЛГ ~  0,228 Z 1 3 =  —  <  L  >  . (46)
8 2

III. D iskussion

Die R esu lta te  (13), (14) und (15) aus der s ta tis tis c h e n  Theorie des A tom s 
wollen w ir je tz t  m it den A usd rücken  (30), (31) u n d  (32) bzw. (44), (45) und 
(46) vergleichen.

M an s ieh t, dass die A b h än g ig k e it von der O rdnu n g szah l in a llen  F ällen  
die gleiche is t, ein U n te rsch ied  t r i t t  n u r  zw ischen den  W erten  der K o effiz ien ten , 
w elche w ir in  der T abelle 1 zusam m en g este llt h ab en , auf.
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Tabelle 1

<L*> /
\Z% 3

<L> I 
IZ1'.* < imi> / !/Z1.3

T hom as—Ferm isches Modell 0,262 0,468 0,234

Schalen
regelmässige Besetzung 0,393 50% 0,572 22% 0,286 22%

modell anomale Besetzung 0,248 5% 0,454 3% 0.228 ! 3%

Die m it H ilfe des T h om as-F erm ischen  s ta tis tisc h e n  M odells gew onnenen 
K oeffiz ien ten  liegen  alle zw ischen den  K o effiz ien ten  der beiden w ellenm echan i
schen  S chalenm odelle  — u n d  zw ar b ed eu ten d  n ä h e r  zu den W e rte n , w elche 
w ir a u f  G ru n d  d e r anom alen  B ese tzung  gew onnen  haben . D ie p rozen tue llen  
F eh le r in  d er T ab e lle  1 geben die re la tiv e n  U n te rsch e id e  zu d en  E rgebn issen  
des s ta tis tisc h e n  M odells. W ie m an  s ieh t, sind  d iese F eh ler im F a lle  d er an o m a
len  B ese tzu n g  n u r  e tw a 1/10 d er F eh le r d er regelm ässigen  B ese tzu n g . W ir 
k ö n n en  also b e h a u p te n , dass das T h o m as-F erm isch e  s ta tis tisc h e  A tom m odell 
eine seh r g u te  N äh e ru n g  der an o m alen  B ese tzu n g  g ib t, w äh ren d  es sich von 
dem  Schalenm odell m it regelm ässiger B ese tzu n g  w esentlich  u n te rsch e id e t.

Z u sam m en fassen d  k ö n n en  w ir also aus u n se re n  E rgebn issen  fo lgern , dass 
das s ta tis tisc h e  A tom m odell fü r  grosse O rd n u n g szah len  im  w esen tlichen  die 
A nom alien  in  d er B ese tzung  d e r E in e le k tro n q u a n te n z u s tä n d e  w ied erg ib t. D er 
Beweis d ieser B eh a u p tu n g , w ie er m it der h ie r vo rgeleg ten  M ethode  gefüh rt 
w u rd e , e n tsp r ic h t n ach  un serer M einung besser d em  C h arak te r des s ta tis tisc h e n  
M odells als die U n te rsu ch u n g  des e rs ten  A u ftre te n s  einer N eb en q u an ten zah l 
bei re la tiv  k le in en  O rdnungszah len . W ir h ab e n  h ie r aus dem  V erh a lten  des 
M odells bei g rossen  O rd nungszah len  F o lg e ru n g en  gezogen u n d  h ab e n  keine 
G ru p p ie ru n g  d er E le k tro n e n  n a c h  d er N e b en q u an ten zah l v e rw e n d e t. In  dieser 
H in s ich t is t  unsere  M ethode m it der M ethode v o n  I v a n e n k o  u n d  L a r i n  [4]  
v e rw a n d t.
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О П О Р Я Д К Е  О Ч Е Р Е Д И  З А П О Л Н Е Н И Я  К В А Н Т О В Ы Х  С О С Т О Я Н И Й  В  А Т О М Е

А. К О Н Я

Резюме

Н а  о сн о в е  с т а т и с т и ч е с к о й  тео р и и  а т о м а  в о зм о ж н о  о п р е д е л и т ь  с р е д н е е  зн ач ен и е  
к в а д р а т а  к о л и ч е с т в а  д в и ж е н и я  э л е к т р о н а , а б со л ю тн о го  з н а ч е н и я  сум м ы  м о м е н т а  к о л и 
ч е с тв а  д в и ж е н и я  и  а б с о л ю т н о е  зн ач ен и е  с у м ч ы  к о м п о н е н т о в  д а н н о го  в е к т о р а  п о  одн ой  
к о о р д и н а т н о й  оси  к а к  ф у н к ц и ю  п о р я д к о в о г о  н ом ера. К р о м е  эт о го  и м е ется  в о зм о ж н о с т ь  
д л я  в ы в о д а  н а  о сн о в ан и и  к в а н т о в о м е х а н и ч е с к о й  о б о л о ч еч н о й  м о д е л и  д л я  э т и х  ж е  с р ед н и х  
з н а ч е н и й  а с и м п т о т и ч е с к о й  ф о р м у л ы .

В э т и х  ф о р м у л а х  ко эф ф и ц и ен ты  з а в и с я т  от  п о р я д к а  о ч е р е д и  з а п о л н е н и я  со ст о я н и й , 
к о то р ы е  п р е д п о л а г а ю т с я  п р и  з а п о л н е н и и  о д н о э л е к т р о н н ы х  к в а н т о в ы х  с о с т о я н и й  в  атом е . 
С р а в н и в а я  р е зу л ь т а т ы , м о ж н о  п р и й ти  к  за к л ю ч е н и ю , ч т о  с та ти ст и ч е с к о й  а то м н о й  м о 
д е л ью  Т о м а с а — Ф ер м и  в е р н о  о т р а ж а е т с я  о п а зд ы в а ю щ е е  з а п о л н е н и е  к в а н т о в ы х  с о с т о я 
ни й  с бо л ее  в ы со к и м  о р б и т а л ь н ы м  к в а н т о в ы м  чи слом .
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ÜBER DIE KORRELATIONSENERGIE 
UND DAS KORRELATIONSPOTENTIAL 

EINES ELEKTRONENGASES

Von

P. G o m b á s

PH Y SIK A LISCH ES IN STITU T D E R  UNIV ERSITÄ T F Ü R  TECHNISCHE W ISSENSCHAFTEN, B U D A PEST

(Eingegangen 10. V. 1961)

Für die Korrelationsenergie eines E lektronengases wird eine fü r den ganzen D ich te
bereich gültige Interpolationsform el hergeleitet. An H and dieser lässt sich die K orrelations
wechselwirkung des Elektrons im  höchsten bese tz ten  Energiezustand m it den übrigen E lek tro 
nen durch ein K orrelationspotential darstellen.

I .  E in le itu n g

Mit dem  P rob lem  d e r B erechnung  d er K o rre la tionsenerg ie  eines fre ien  
E lek tro n en g ases  befassen .sieh besonders in  neuerer Zeit v ie le  A rbeiten  [1]. D ieses 
P rob lem , das fü r  m ehrere G ebiete  d e rQ u a n te n p h y s ik  eine wuchtige Rolle sp ie lt, 
konn te  jed o ch  bis je tz t  w egen m a th e m a tisc h e r S chw ierigkeiten  n ic h t v o ll
s tä n d ig  gelöst w erden; eine Lösung k o n n te  n u r für sehr k le in e  und  seh r grosse 
E lek tro n en d ich ten  und  fü r  E le k tro n e n d ic h te n  von d e r G rössenordnung  der 
E lek tro n en g asd ich ten  in  M etallen  e rz ie lt w erden. D as Ziel der vo rliegenden  
A rb e it is t fü r  die K orre la tionsenerg ie  des fre ien  E lek tro n en g ases  m it H ilfe  der 
vorliegenden  Lösungen eine In te rp o la tio n sfo rm el h e rzu le iten , die fü r  alle 
D ich ten  des E lek tro n en g ases  eine gu te  N äh e ru n g  d a rs te llt .

K ürzlich  w urde von  Lew is  [2] eine In te rp o la tio n sfo rm e l angegeben, die fü r 
seh r k leine E le k tro n e n d ic h te n  das r ic h tig e  V erhalten  au fw eist, bei grossen 
E le k tro n e n d ic h te n  u n te rsc h e id e t sie sich  jedoch  vom  ta tsä c h lic h e n  V e rla u f  
du rch  eine K o n s ta n te . D iese In te rp o la tio n sfo rm e l ist dem zufolge fü r E le k tro 
n e n d ic h te n  von  der G rössenordnung  g ~  1/oq (a0 =  e rs te r  B ohrscher W a sse r
sto ffrad ius) m it einem  b e d e u te n d e n  F e h le r  b eh afte t, d e r sich  auch n och  a u f  
E le k tro n e n d ic h te n  von d er G rö ssen o rd n u n g  der D ich ten  des M eta lle lek tro n en 
gases aus w irk t.

2. H erle itu n g  der In te rp o la tio n s form el

W ir befassen  uns z u n ä c h s t m it den  d re i A usdrücken  fü r  die K o rre la tio n s
energ ie  pro E lek tro n , wm, a u f  die sich un se re re  In te rp o la tio n sfo rm el g rü n d e t.

Als e rs ten  ziehen w ir d en  fü r sehr k le in e  g gültigen A u sd ru ck  in B e tra c h t, 
d e r von  W igner  [3] h e rg e le ite t und  s p ä te r  von P ines  [4] korrig ie rt w u rd e .
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D ieser la u te t

w $  =  — g x (0 1/3) =  — 0,44 —  =  — 0,44
r,

fü r

4 л  i b 3
e2 g1'3 =  — 0,709 e2 q1!3 (1)

rs >  2 0 а й, d. h. p1/3 <C 0,03/a Q

wo e die p o sitiv e  E le m e n ta rla d u n g  b eze ich n e t, a 0 den e rs te n  B ohrschen W as
sers to ffrad iu s  b e d e u te t u n d  rs d e r R ad ius d e r 1 E lek tro n  e n th a lte n d e n  E le m e n 
ta rk u g e l is t, d e r  m it der E le k tro n e n d ic h te  fo lgenderm assen  zu sam m en h än g t

3

4 nr3
( 2)

D er A u sd ru ck  (1) g ilt fü r q —*■ 0 ex ak t.
Als zw e iten  b e tra c h te n  w ir einen v o n  P ines  [5] fü r  E le k tro n e n d ic h te n  

von d er G rössenordnung  d e r D ich ten  des M eta lle lek tro n en g ases  h erg e le ite ten  
A usd ruck

w™ =  -  f t  (g1'3) =  -  0,0155 —  ln  Í— 1 +  0 ,0575 —  =
«0 V «0 ) a o

2 2
=  0,0155 —  ln  (g1 a0) +  0,0649 — , (3)

ao «o
d e r fü r

1,8 a 0 <  rs <  5 ,6o0, d. h . 0 ,1 0 /a Q <  g113 <T 0 ,35 /aa
g ü ltig  is t.

Schliesslich  als d r it te n  z iehen  w ir d en  v o n  Gell-Ma n n  und B r u e c k - 
n er  [6] fü r  se h r  grosse E le k tro n e n d ic h te n  h e rg e le ite ten  A u sd ru ck

№  =  — gs (g1/3) =  —  0 ,0 3 1 1 -----ln +  0,048 -----=

h e ran , der fü r

0 ,0 3 1 1 -----ln  (0 V3  a 0) +  0,0628

rs <C l a 0, d. h. Q113 >  0 ,6 /a Q

(4)

G ü ltig k e it h a t .  F ü r  q —► °°  g ilt d ieser A u sd ru ck  exak t.
D ie G ü ltig k e itsb ere ich e  d e r v e rsch ied en en  A usd rücke fü r  die K o rre la 

tionsen erg ie  w u rd en  sehr au sfü h rlich  von  N ozieres u n d  P in e s  [7] u n te rsu c h t;

Acta Phys. Hung. Тот . X I I I .  Fase. 2.



die w eite r oben  gem ach ten  A ngaben ü b er die G ü ltigkeitsbere iche  der e inzelnen  
A usdrücke en tsp rech en  ih ren  F es ts te llu n g en .

W ie m an  sich an  H an d  von  F ig . 1 oder der F o rm e ln  (1), (3) u n d  (4) 
ü b erzeu g t, g ib t keine d ieser F orm eln  im  ganzen  B ere ich  v o n  g =  0 b is g =  °° 
eine b rau ch b a re  N äh eru n g , die F o rm eln  w erden au sse rh a lb  ihres G ü ltig k e its 
bereiches u n b ra u c h b a r. U m  im  ganzen  Bereich v o n  о eine b ra u c h b a re

Ü B ER  D IE  K O R R E LA TIO N SEN ER G IE  EIN ES ELEK TRO N EN G A SES 2 3 5

Fig. 1. Der V erlauf von g „  g 2, g3, g, gn und als Funktion von qx,s. Die Funktion g 2 wird bei 
cca Q113 ' : 0,02/a„ negativ; dies konnte jedoch in der Figur n ich t dargestellt werden. 

E inheiten: Abszisse 1 /o0, Ordinate e2/<?0.

N äh eru n g  zu  e rh a lten , is t es zw äckm ässig  eine In te rp o la tio n sfo rm e l zu  k o n 
s tru ie ren . W ie sich ze ig t, e igne t sich fü r  diese folgende F o rm

w , =  — g(e1/s) ,1 3
J 3

f t l n ( l „1 3 (Sí

in  w elcher die K o n s ta n te n  a x, a 2, u n d  ß 2 so gew äh lt w erden , dass w m fü r  
p =  0 in  den  d o rt e x a k t gü ltigen  A u sd ru ck  (1), fü r q =  со in  den fü r  diesen 
D ich tew ert ebenfalls e x a k t gü ltig en  A u sd ru ck  (4) üb erg eh e  u n d  fü r den D ic h te 
w ert p1/3 =  0 ,15 /a0, der in  den  G ü ltigke itsbere ich  des A u sd ruckes (3) f ä l l t  (und  
der a p p ro x im a tiv  der R a n d d ic h te  des s ta tis tisc h e n  A to m s en tsp rich t) m it (3) 
ü b ere in stim m e. Es ergeben  sich  so fo lgende B ed ingungsgleichungen

- -  +  M *  =  0,709 e*. (6)
«2

8 Acta Phys. Hung. Тот. X I I I .  Fase. 2.
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ß l =. 0,0311

«г +  ß i In 0,0628
eú

a„

z2 M0 0,15
■ 0,15 + f t  ln  1 +  ß,

*o 

0,15
ао

— g2 (0>15/o0) .

(7)

( 8) 

(9)

H ierau s e rh ä lt  m an fü r d ie  K o n s ta n te n  a 1, a2, ß 2 u n d  ß.2 die folgenden 
W erte

a l =  0,0357o — , a2 =  0,05625
°0

*ßl
e2

=  0,03110 — , ß2 =  2,390 a t
«0

( 10)

Es e x is tie r t au ch  noch eine an d ere  L ösung  des G leichungssystem s(6) — (9), 
b e i d er ctj e inen  n eg a tiv en  W ert h a t .  Mit d ieser Lösung zeig t je d o c h  der I n te r 
p o la tio n s-A u sd ru ck  (5) p ra k tis c h  denselben  V e rla u f wie m it d e r Lösung (10).

Mit den K o n s ta n te n  (10) d o m in ie rt in (5) fü r  sehr k leine n das erste G lied 
u n d  fü r seh r grosse д das zw eite  G lied. D ieses e rs te  Glied h a t  die Form  eines 
von  W igner  [8] angegebenen u n d  sp ä te r von  P ines  [9] k o rrig ie rten  I n te r 
p o la tio n sau sd ru ck es  g w, der fü r  g —> 0 in (1) ü b e rg eh t und  fü r  grosse д W erte  
a n n im m t, die von  W igner zu r Z eit der H e rle itu n g  dieses In te rp o la tio n sa u s 
d ru ck es fe s tg e s te llt  w urden u n d  die sich n ach  B ekann t w erden  des für grosse 
g e x a k t gü ltig en  A usdruckes (4) als ziem lich u n g en au  erw iesen. D ieser W ig n e r - 
sche A u sd ru ck  fü r  g  la u te t

Sw  —
Yi

Yi +  e
r, 1 / 3

1 3 (И )

m it y 1 =  0 ,0564e2/a 0 und  y2 =  0 ,0795/a0.
D as zw eite  Glied in  (5) h a t  die F orm  eines von  Lew is  [10] angegebenen 

In te rp o la tio n sa u sd ru c k es

S l =  ei  ln  (1 +  £2£?1/3) » (12)

wo =  0,031 l e 2/ a 0 und  ea =  2 2 ,8 0 a0 is t u n d  d er sich fü r seh r grosse д — wie 
w e ite r oben  schon  e rw äh n t w u rd e  — d u rch  eine K o n stan te  v o n  dem  d u rch  (4) 
gegebenen  e x a k te n  V erlau f v o n  g u n te rsch e id e t. Die d iese r en tsp rech en d e  
fü r  grosse д feh lende K o n s ta n te  w ird in  u n se re r  In te rp o la tio n sfo rm el d u rch
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das e rs te  G lied geliefert, das fü r  seh r grosse p gerade  in  d iese K o n s ta n te  
ü b e rg eh t.

Z um  V ergleich is t der V e rlau f von  gv  g2, g3 sow ie von  g  u n d  w e ite rh in  d e r 
V e rla u f vong iy  u n d  g^  als F u n k tio n  von  q113 in  F ig . 1 d arg este llt. W ir schätzen , 
dass der F eh le r von  g  auch  in  d en  In te rp o la tio n sg e b ie ten , wo d e r  F eh ler am  
g rössten  is t, 10%  n ic h t ü b e rsch re ite t.

F ü r  die K o rre la tio n sen erg ie  p ro  V o lum en ein h e it, d. h . d ie  D ich te  der 
K orre la tionsenerg ie  e rh ä lt m an  m it unserem  A u sd ru c k  (5) fü r  g

W K  =  Q w m =  — p • g(p1/3). (13)

Die K orre la tionsenerg ie  E% des g esam ten  E lek tro n en g ases , z. B . der 
E lek tro n en w o lk e  des A tom s e rg ib t sich  d u rch  eine In te g ra tio n  dieses A us
d ru ck es a u f  den ganzen  R au m ; m a n  h a t  also

E K =  — I  Qg(Q113) dv  , (14)

wo dv das V olum enelem ent beze ich n et.

3. Das Korrelationspotential

Z ur näherungsw eisen  B erechnung  der e x a k t seh r schw er zu  erfassenden  
K orre la tionsw echselw irkung  der E le k tro n e n  lä ss t s ich  — wie in  v o ran g eh en d en  
A rb e i te n [ l l ]  gezeigt w urde — ein  K o rre la tio n sp o te n tia l h e rle iten . F ü r  die 
K orre la tionsw echselw irkung  des E lek tro n s  m it d e r  höch sten  E n erg ie  g e s ta lte t 
s ich  dieses fo lgenderm assen

Vk = ~
1
e

d W K

0p
(15)

M it R ü ck sich t a u f  (13) e rg ib t sich h ieraus m it unserem  A u sd ru ck  (5)

1 - 3a x 4 a 2 +  3 p1

3 e («2 +  e 13)2
? i / 3  +  Ä l n ( i + j S 2 i ? 1 / 3 )  + Ы к

^ 1  3

3e l + ß 2o1/3
(i6 )

D as K o rre la tio n sp o ten tia l w ird  also fü r  p — 0 g le ich  N ull u n d  fü r  p —>- °o 
lo g arith m isch  unend lich . D er V e rlau f von  V K als F u n k tio n  von p1/3 is t  in  Fig. 2 
d a rg es te llt.
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s h - ^
Fig. 2. V erlauf des K orrelationspotentials Vk  als Funktion von g1'3 

Einheiten: Abszisse l/a 0, O rdinate e/a0.

D ie K orre la tio n sen erg ie  uk des E lek tro n s  m it h ö ch ste r E n erg ie  im  A tom , 
d . h . e ines V alen ze lek tro n s im  A to m , die aus der K orre la tio n s-W ech se lw irk u n g  
dieses E lek tro n s  m it d en  R u m p fe lek tro n en  re su ltie r t , e rg ib t s ich  m it H ilfe 
v o n  V K fo lgenderm assen

u k =  —  J *кЫ2е<*1>, (17)
w o y>n d ie  a u f 1 n o rm ie r te  E in -E le k tro n -E ig e n fu n k tio n  des V alenze lek trons im  
A to m  u n d  dv das V o lum enelem en t b ezeichnet ; d ie  In te g ra tio n  is t  a u f  den 
g a n z e n  R a u m  auszu d eh n en .

A u f  einige A nw endungen  d e r A usdrücke (5), (14) bzw. (17) k o m m en  w ir 
in  fo lg en d en  A rb e iten  zu  sprechen .
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О КОРРЕЛЯЦИОННОЙ ЭНЕРГИИ И КОРРЕЛЯЦИОННОМ ПОТЕНЦИАЛЕ
ЭЛЕКТРОННОГО ГАЗА

П. ГОМБАШ

Резюме

Для корреляционной энергии электронного газа выводится интерполяционная 
формула, действительная для всей области плотности. Данная формула дает возмож
ность для представления корреляционного взаимодействия электрона, находящегося 
в наивысшем энергетическом состоянии, с другими электронами через корреляционный 
потенциал.
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К Р А Т К И Е  С О О Б Щ Е Н И Я  B R I E F  R E P O R T S  —  K U R Z E  
M I T T E I L U N G E N

DIE IMPULSVERTEILUNG 
DER NUKLEONÉN IM ATOMKERN

Von

Zs. C s o m a

PHYSIKALISCHES INSTITUT DER UNIVERSITÄT FÜR TECHNISCHE WISSENSCHAFTEN, BUDAPEST 

(Eingegangen: 12. X II. 1960)

D ie Im p u lsv e rte ilu n g  d er N uk leonén  im  A to m k ern  k an n  äh n lich  der Im - 
p u lsv e rte ilu n g  der A to m elek tro n en  b e rech n e t w erd en , da die N uk elo n en  eb en 
falls d er F e rm i-S ta tis tik  gehorchen . N ach  dem  s ta tis tis c h e n  A tom m odell von 
G o m b á s  [1] is t die d u rch sch n ittlich e  N u k leo n en d ich te  du rch  eine im  allge
m einen n ic h t m ono tone F u n k tio n  des vom  K e rn z e n tru m  gem essenen A b s ta n 
des d a rs te llb a r . F ü r  die W echselw irkungsenerg ie  soll die G esta lt

V -  l'o 

Го

angenom m en w erden [2], wo e eine K o n s ta n te  m it d e r D im ension e in e r E n e r
gie, jed o ch  r 0 die d u rch  2 л  d iv id ie rte  C om pton-W ellen länge des л -M esons is t , 
r 0 =  1,355 • IO " 13 cm  soll im  fo lgenden  als L än g en e in h e it d ienen. M isst m an  
n u n  die E n tfe rn u n g  m it d ieser E in h e it, dann  n im m t die N u k leo n en d ich te  in 
zw eiter N äh eru n g  fo lgende G esta lt a n :

. /  =  — f. exp

4 . a3
л3 2 • p n

1 - f  - у  ar r 2 
3 ro »

vorin A  die M assenzahl

2S 3 (9л)1 6 • А 1 з Po =  1 +  „ У +
35
72

u n d  ca u n d  у  V a ria tio n sp a ra m e te r  sind , deren W erte  die fo lgende T abelle 
e n th ä lt

А  16 80 200
c0 4,73 5,85 5,95

0,54 1,4 1,8
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D en zu  einem  gegebenen o-W ert gehörenden  m ax im alen  Im p u ls  lie fe r t die aus 
d e r s ta tis tisc h e n  T heorie  des A tom s [3] b e k a n n te  Form el

P 1  I 1 )1/3
2 \ л

■ h o 1 ».

Im  F a lle  von  A  ~  16 sind  q un  d esh a lb  auch p  m o n o to n  ab n eh m en d e  F u n k 
tio n e n  von r. So k ö nnen  die N uk leonén  m it gegebenem  Im pu ls v o m  A bso lu t
w ert p  n u r  in e in er so lchen K ugel V orkom m en, die einen zu d iesem  p  gehören
d en  R ad iu s  r b e s itz t. Alle N u k leonén , deren  ab so lu te  Im p u lsw erte  zw ischen p
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u n d  p  -f- dp  fa llen , besetzen  dem zufolge im  Im p u ls ra u m  einen  B ereich  der
4л

G rösse 4 л р 2 dp,  im  K o o rd in a te n ra u m  jed o ch  e inen  solchen d er G rö sse ---- г
3

iin  P h a se n ra u m  fü llen  sie d ah er e in  P hasen v o lu m en  der Grösse

[r ( p)]3 ■ 4 л p 2 dp

a u s . W en n  im  F a lle  des tie fs ten  E n erg iezu stan d es  sich  in jed e r P h asenzelle  der 
G rösse h3 zwei N uk leonén  m it en tg eg en g ese tz tem  Spin  a u fh a lte n , d an n  is t 
d ie  Z ah l der N uk leonén , deren  Im p u lsw erte  zw ischen  p  und p  -f- dp  fallen [4],

_ . , , „ 16 л 2 „ „ ,
Ф (p)  d p  — 2 r3 p 2 dp.

3 /r
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Im  F alle  von  A  — 80 bzw . 200 nehm en g und  p  m it r b is zu einer m ax im alen  
D ich te  m o n o to n  zu  u n d  d a n a c h  m o n o to n  ab , deshalb  g eh ö ren  in  d er N äh e  
des M axim um s v o n  p  zu einem  p -W e rt zw ei r-W erte : rx u n d  r2. N ehm en  w ir 
nun  an, dass r2 rv  d an n  is t

ф ( р ) = „ * (r2 — r i) P 2>
A n

w orin  die E in h e it der vom  K e rn z e n tru m  gem essenen E n tfe rn u n g  r 0 u n d  die
h

E in h e it des Im pu lses is t.
2 л  r0

D er V era lu f der drei V e rte ilu n g sfu n k tio n en  w ird  d u rc h  F ig . 1 w ie d e r
gegeben. In  den drei F ä llen  sind  die W erte  des m ax im alen  u n d  des Im p u lse s , 
in  dessen N ähe sich die m eis ten  N uk leo n én  b e finden  (» w ah rsch e in lich s te r 
Im puls« : p e), in den e rw äh n ten  E in h e ite n  die fo lgenden:

A Р т а х Pc

16 2,2736 1,1827
80 2,0382 1,4033

200 1,9702 1,4263

Zum  Schluss m öchte  ich auch an  d ieser Stelle H e rrn  P rofessor D r. 
P . G o m b á s  fü r  w ertvo lle  R a tsch läg e  d an k en .
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THE INFLUENCE OF EXTERNAL RESISTANCE 
ON THE MOVING STRIATIONS 
OF THE POSITIVE COLUMN*

By

G. L a k a t o s  and J .  B it ó

I N D U S T R I A L  R E S E A R C H  I N S T I T U T E  F O R  T E L E C O M M U N I C A T I O N  T E C H N I Q U E ,  B U D A P E S T

(Received 10. I. 1961)

On th e  basis of Szigeti’s previous s ta te m e n t [1] one o f  th e  au th o rs  [2] 
exam ined  th e  in fluence o f som e in te rn a l anod ic  side p a ra m e te rs  o f th e  d ischarge 
tu b e  on th e  m oving  s tr ia tio n s  in  th e  p o sitiv e  co lum n o f a gas d ischarge o f low  
pressure. T he influence exercised  by  th e  e x te rn a l p a ram e te rs  o f  th e  gas d ischarge 
tube  on th e  m oving  s tr ia tio n s  was ex am in ed  b y  several a u th o rs . A ccording to  
Y oshimoto e t al. [3] th e  v e lo c ity  o f m oving  s tr ia tio n s  can  be sensitive ly  in f lu 
enced b y  e x te rn a l cond itions (am b ien t te m p e ra tu re , e x te rn a l re s is tan ce , e tc . . .). 
Also P ekarek  [4] m en tions th e  w eak  in flu en ce  exercised b y  th e  p a ra m e te rs  
o f th e  e x te rn a l c ircu it on m ov ing  s tr ia tio n s . A ccording to  N edospasov  e t al. [5] 
th e  e x te rn a l effects have  an  in fluence  n o t o n ly  on th e  v e lo c ity  o f th e  s tr ia tio n s , 
b u t on th e ir  w av e leng th  too .

The a u th o rs  have ex am in ed  th e  dependence  of th e  freq u en cy  and  o th e r  
p a ram ete rs  o f m oving  s tr ia tio n s  arising  in th e  gas d ischarge o f  low  p ressu re  on 
th e  m ag n itu d e  an d  k in d  o f  th e  ex te rn a l lim itin g  elem ent.

The ex p e rim en ta l tu b e  had  a 36 m m  in te rn a l d ia m e te r , 1200 m m  
len g th , an d  w as filled  w ith  argon  and  m ercu ry  v ap o u r o f  3 m m H g to ta l  
p ressu re . T he ca thode o f th e  tu b e  w as an  oxide ca th o d e  an d  its  anode a 
n ickel disk . T he d ischarge tu b e  was p laced  in  a w a te r ja c k e t , w hose te m p e ra 
tu re  was k e p t a t  25 i  0 ,1° C. In  th e  course o f th e  ex p e rim en ts  no e x te rn a l 
m agnetic  f ie ld  was em ployed .

The pow er su p p ly  o f th e  d ischarge tu b e  was a s tab iliz ed  dc e lec trical 
source; th e  arc  c u rre n t w as 100 m A, w ith o u t th e  e x te rn a l h ea tin g  of th e  
ca th o d e . In  th e  f irs t p a r t  o f th e  ex p erim en ts  a variab le  ohm ic resis tan ce , w hose 
in d u c tiv e  re sis tan ce  w as neglig ib le, was u sed  as an  e x te rn a l lim itin g  e lem en t. 
T he e x te rn a l ohm ic resis tan ce  was so a d ju s te d  th a t  for th e  d iffe ren t va lues of 
th e  su p p ly  v o ltag e  (200, 300, 400 Y) th e  c tirren t a lw ays rem ain ed  100 m A . 
The d iffe ren t p a ram e te rs  o f th e  m oving s tr ia tio n s  w ere d e te rm in e d  w ith  th e

* A rep o rt on research conducted under con trac t w ith the  U nited  Incandescent 
Lam p and E lectrical Co. Ltd.
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m easu ring  m e th o d  used b y  D o n a h u e  e t al. [6] an d  th e  re su lts  of the  m easu re 
m en t a re  show n in  th e  fo llow ing  F igure  1.

T h e  p a ra m e te rs  in  F ig . 1 refer, from  am ong th e  tw o  w aves of s tr ia tio n s  
o f d iffe ren t speed  d e te c ta b le  in  th e  d ischarge , to  th e  w av e  o f g rea te r speed .

In  th e  second p a r t  o f  th e  ex p erim en ts  as an  e x te rn a l lim iting  e lem en t, 
beside th e  ohm ic res is tan ce , connected  in  series, th e re  w as also used an  in se r t-  
ab le or d isco n n ec tab le  in d u c tiv e  re s is tan ce , co nnec ted  sim ilarly  in  series. 
T he m a g n itu d e  o f th e  in d u c tiv e  re sis tan ce  w as 1,5 H  a n d  its  ohm ic re s ita n c e

The dependence of the different param eters of moving striations on th e  size of the employed 
external ohmic resistance a t 100 mA current.

A  — am plitude of the oscillation of the light in tensity  in  arb. un its; v —  speed of the m oving 
striations in  103 cmsec-1 units; A —  w avelength in  cm; V — frequency in 102 sec-1 units

10 ohm . I n  case o f in se rtio n  o f  th e  in d u c tiv e  e lem en t, so as to  keep th e  r e s u l t 
ing  ohm ic resis tan ce  o f th e  e x te rn a l l im itin g  c ircu it u n ch an g ed , th e  o rig inal 
v a ria b le  re s is tan ce  w as re d u c e d  by  10 ohm . T he in flu en ce  o f th e  in d u c tiv e  
re s is ta n c e  on  th e  fre q u e n c y  o f  th e  m ov ing  s tr ia tio n s  a t  20 m A arc c u rre n t is 
show n in  th e  follow ing T ab le  1.

Table 1

Inductive resistance

Disconnected Inserted

Frequency (sec x) 541 498

F ro m  th e  F igu re  it  is c lear th a t  in  th e  exam ined  ran g e  a t  c o n s ta n t arc 
c u rre n t th e  m ag n itu d e  o f th e  ex te rn a l lim itin g  ohm ic re s is tan ce  in fluences th e  
a m p litu d e  (A ) o f  th e  o sc illa tion  o f the  l ig h t in te n s ity  o f th e  m oving s tr ia tio n s  
an d  s im ila rly  its  speed  (v) a n d  w aveleng th  (A) — as i t  w as also s ta te d  b y  th e
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above m entioned  a u th o rs  — b u t does n o t  influence i ts  frequency  (v). I t  follows 
th a t  in th e  in v es tig a ted  range  th e  freq u en cy  o f th e  m ov ing  s tr ia tio n s  is d e te r 
m ined only  b y  th e  in te rn a l p a ra m e te rs  o f th e  d ischarge .

On th e  o th e r side, from  T ab le  1 i t  can be seen th a t  u n d e r su itab le  
cond itions th e  freq u en cy  of th e  mov ing  s tr ia tio n s  is in flu en ced  b y  th e  presence 
o f th e  in d u c tiv e  p a r t  o f  th e  ex te rn a l lim itin g  e lem en t; co n seq u en tly  in  th is  
case th is frequency  is d e te rm in ed  n o t on ly  by  th e  in te rn a l p a ra m e te rs  o f the  
d ischarge.

T he in fluence  o f  e x te rn a l ohm ic resis tan ce  on th e  freq u en cy , ligh t 
in te n s ity  an d  c u rre n t oscilla tions w ill be described  in  a follow ing p a p e r  [7].
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LUMINESCENCE OF ADSORBED FLUORESCEIN

(PR ELIM IN A R Y  COMMUNICATION)

By

E . L e n d y a y

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY' OF SCIENCES,
BUDAPEST

(Received 2. III . 1961)

I t  is well know n th a t  fluorescein  lum inesces very  in te n s iv e ly  in v a rio u s  
p o la r so lv en ts  or in a rigid m ed ium  (e. g. in  bo ric  acid glass) e tc ., b u t our k n o w 
ledge o f its  lig h tin g  in th e  adso rbed  s ta te  is v e ry  poor.

W e exam ined  th e  b e h av io u r of flu o resce in  adsorbed on  d ifferen t su rfaces 
anti observed  th a t  th e  lu m inous c h a ra c te ris tic  of fluo resce in , adso rbed  on 
A120 3 hydrogels are  well m easurab le .

W e p rep a red  th e  ad so rb en t b y  anod ic  o x y d a tio n . T h e  “ a d so rb a t”  p h o s 
phors w ere p rep a red  by  ad so rp tio n  of flu o resce in  on A1.20 3 film s, p rev io u sly  
tre a te d  iv ith  basic  so lu tions. T he sp ec tra  o f th e  em ission depended  on  th e  
m eth o d  o f chem ical t r e a tm e n t. Some c h a ra c te ris tic  sp ec tra  a re  show n in F ig . 1.

W e can  conclude from  th e  con n ec tio n  ex isting  b e tw een  th e  conversion  
of th e  oxyde to  h y d ro x y d es (w hich occurs w hen  oxyde is t r e a te d  w ith  b a s ic  
reagen ts) an d  th e  spec tra l energy  d is tr ib u tio n  of th e  lum inescence  th a t  th e  
em ittin g  m olecules are jo in ed  to  th e  su rface  w ith  H -b ridges. T his su p p o sitio n  
was p ro v ab le  b y  ch em iso rp tion  of m e th y la lco h o l, resp . w a te r  w hich w as fo l
low ed b y  th e  ad so rp tio n  o f fluorescein . ( In  th e  second case tw ice  the  n u m b e r  
of —O H  groups w ere o rig in a ted  from  th e  o x y d e , as in  th e  f i r s t  one, th e re fo re  
th e  in te n s ity  o f lig h tin g  of th e  second p h o sp h o r Yvas also tw ice th a t  o f  th e  
f irs t one.)

As m en tio n ed  above th e  sp ec tra  ch an g ed  w ith  th e  chem ical tr e a tm e n t.  
F ro m  th is  we supposed  th a t  th e  —O H  g ro u p s  on the  su rface  are of d iffe ren t 
n a tu re s . All h y d ro x y l groups, w hich are o f eq u a l ac id ity , c o n tr ib u te  to  th e  sam e 
e lem en ta ry  b a n d  in th e  sp ec tra . T he e le m e n ta ry  bands co rrespond ing  to  d iffe 
re n t — O H  groups differ from  each o th e r ch iefly  in the  w av e len g th  o f  th e  
m ax im u m .

I t  can  be show n th a t  th e re  are four e lem en ta ry  b an d s  in  th e  sp ec tra , th e  
m ax im a o f these  ly in g  a t  520, 527, 558 a n d  593 m/n.

T he in te n s ity  o f an  e lem en ta ry  b a n d  can  be c a lc u la ted  th e o re tic a lly , 
how ever, o n ly  if  th e  cen ters a re  iden tica l a n d  th e  phosphors d iffer only in  th e ir
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c o n cen tra tio n s . I f  these su p p o sitio n s are assum ed  to  be v a lid , it  follows th a t

g j (* )  _  JX i m
IF2 (A) iVa 5

w here iVx an d  iV2 are th e  co n cen tra tio n s  o f  th e  em ittin g  m olecules adso rbed  
on  th e  su rface  a n d  W 1(Â) a n d  PP2(A) th e  w av e len g th  d ep en d en ce  of th e  e m itte d

Fig 1. Lum inescent spectra of A120 3 • xH 20  phosphors. The d ifferent spectra belong to  the
d ifferent surface trea tm en ts

energy . W ith  th e  above m e n tio n e d  eq u a tio n  th e  changes in  th e  spectra  can  be 
exp la ined . I f  th e  ra tes  o f g e n e ra tio n  of th e  v a rio u s —O H  groups are d iffe ren t, 
th e  places o f  m ax im a  an d  th e  in ten sitie s  o f  th e  sp ec tra  v a ry , because th e  in te n s 
i ty  o f th e  e lem en ta ry  b a n d s  also v aries , as th is  d ep en d s  on th e  chem ical 
t re a tm e n t o f  th e  A120 3 film .

To d e m o n s tra te  th e  co rrec tness o f th e  above m e n tio n e d  concep tion , we 
exam ined  th e  b eh av io u r o f  th e  A120 3 film s, w hich w ere exposed  to  th e  sam e 
reag en t for v a rio u s  tim es a n d  in  each case fluo rescein  w as adsorbed  on th e m . 
In  th e  m en tio n ed  cases th e  sp e c tra  show n in  Fig. 2 w ere o b ta in ed .
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I t  can  be show n th a t  th e  changes occu rring  in Fig. 1 an d  F ig . 2 are very  
sim ilar. E x am in in g  lay er p h osphors, w hich w ere tre a te d  b y  th e  sam e m ethod  
and w hich d iffered  from  each  o th e r  only in th e  tim e of a d so rp tio n  of th e  
fluorescein , we found  th a t  th e ir  sp ec tra  are  also sim ilar.

These ex p erim en ts  v e rify  th a t  th e  su rface  con ta in s d iffe ren t em ittin g  
cen te rs , w hich com e in to  ex istence  because su rface  O H  g roups o f d ifferen t 
ch a rac te rs  are p resen t.

A ccording to  th e  supp o sitio n s m en tio n ed  above we are  o f  th e  opinion 
th a t  the  lum inescence o rig inates from  d ifferen t cen te rs, and  th a t  its  in te n s ity

Fig. 2. The influence of the adsorption tim e on the shape of the lum inescent spectra. The 
in tensity  of the spectra increases w ith th e  duration of adsorption

u n d e r  ex c ita tio n  can  there fo re  be rep resen ted  as a fu nc tion  o f  w av e len g th  by  
an  eq u a tio n  of th e  ty p e

W L (AT) =  J  W L< (A, T )  = ~ У  e, (A, T)  d, (T) exp -  -  '  ̂ , (2)
fTi  A0 i= 1 I k T à I

w here W Li(k, Г,) is th e  energy  d is tr ib u tio n  o f  an  e lem en ta ry  b a n d , T, th e  
“ te m p e ra tu re ”  o f th e  i- th  cen te r, w h ich  is defined  b y  th e  eq u a tio n  o f A l e n c e v  

[1], T  th e  am b ien t te m p e ra tu re , e; (A, T) the  ab so rp tio n  b and  o f  th e  co rresp o n d 
ing cen te r, d((T)  a c o n s tan t, w hich  is in d ep en d en t o f A, and  c'  th e  c o n s ta n t of 
W ien’s form ula.
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I f  we ta k e  in to  co n sid e ra tio n  w h a t we h av e  sa id  above we can  describe 
q u a n ti ta t iv e ly  th e  ch an g e  in  th e  em ission  as fu n c tio n  o f  th e  h y d ra tio n  o f th e  
A120 3 film  because th e  adso rb in g  g ro u p s o rig in a te  in  a series of reac tio n s fol
low ing  each  o ther.

S upposing  th re e  k in d s  of ad so rb in g  cen ters w ith  d iffe ren t a c id ity  (A120 3, 
A 1 0 0 H  an d  A 1(0H )3) th e  in te n s ity  o f  th e  f irs t b an d  can  be w ritten  as a sim ple 
e x p o n en tia l decav

[ a (1)  =  J a  exp  { - k A t ) ,  (3)
w here 1A is th e  in te n s i ty  of th e  ad so rb ed  fluo rescein  on a clean su rface  of 
A120 3, t th e  d u ra tio n  of th e  chem ical t re a tm e n t an d  k A th e  specific r a te  o f th e  
reac tio n .

T he dependence  o f th e  second b a n d  on th e  perio d  o f th e  chem ical reac tio n  
w as d eriv ed  from  fo rm u la  (3). The eq u a tio n  can be exp ressed  in the  form

M O  =  C , k x . J°A [e x P ( кл 0 — exp ( -  k D 0] > (4)
“ ft —  “ A

w here k A an d  k B a re  th e  specific ra te s  o f reac tio n s , C a co n stan t, an d  t the  
d u ra tio n  of th e  chem ical reac tion . T he eq u a tio n  for th e  in te n s ity  o f th e  th ird  
b a n d  ta k e s  th e  form

Iq (0 =  С* —  {кв [ l  — e x P ( -  к л  0] — кл [! — ex P (— кв 0]}> (5)
k B k A

w here C* a c o n s ta n t. T h e  fo u rth  b a n d  ap p ears  b ecau se  of th e  p o lifu n c tio n a l 
c h a ra c te r  o f fluorescein .

In  th e  case o f th e  sam e ad so rb en t an d  d iffe ren t ad so rb in g  tim es th e  change 
o f th e  lu m in escen t in te n s ity  can be expressed  in  a s im ila r w ay. The increase  of 
th e  lu m in escen t in te n s i ty  can be rep re se n te d  for th ese  e lem en ta ry  b an d s in 
th e  fo llow ing form :

C o J e x P (A k i 0  — 1 ]
D exp  (dfc, t) — 1

( 6 )

In  th e  e q u a tio n  (6) C0 is th e  to ta l  co n c e n tra tio n  o f  th e  fluorescein  in  th e  solu
tio n , w hen  t =  0. A — C0 — Nj, w here  IV,- is th e  c o n cen tra tio n  of th e  ac tiv e  
sp o ts  on th e  su rface , a n d  D  =  C0/IV,-. E q u a tio n  (6) te n d s  to w ard  th e  lim it IV,-, 
w hen th e  v alue  o f t becom es v e ry  la rge .

T hese eq u a tio n s  a re  in  good ag reem en t w ith  th e  ex p erim en ta l d a ta . This 
ag reem en t show s th a t  th e  assu m p tio n s w hich we m ad e  in  connection  w ith  the  
n a tu re  o f  a d so rb a t p hosphors are ju s tif ie d .

W e hope to  re tu rn  la te r  to  th e  m ore ex ac t d e sc rip tio n  and  d e ta iled  ex p la 
n a tio n  o f  these  p h en o m en a .

REFEREN CE

1. A. H. Аленцев, Опт. и Спектр. 4, 690, 1959.

Acta Phys. Hung. Torn. X I I I .  Fase. 2.



О БЗ О Р К Н И Г  —  B O O K  R E V I E W  —  B U C H B E S P R E C H U N G

E. л . A n g e r e r * Technische K unstg riffe  bei physikalischen  U n tersu ch u n g en

H erausgegeben  von H. E b e r t . F ried r. V iew eg & Sohn, B raunschw eig , 1959.
12. A uflage. 464 Seiten, 172 A bbildungen .

Die 12. völlig neubearbeitete Auflage des 
»Angerer« ist, so wie es dieses Werk seit seiner 
ersten Auflage im m er war, ein nützlicher 
Wegweiser für die jüngeren und ein sehr w ert
voller Ratgeber für die älteren E xperim enta
toren.

Seit beinahe 40 Jahren  ist der »Angerer« 
ein S tandardhilfsbueh von physikalischen 
Laboratorien und Generationen von Experi
m entalphysikern benutzten  und benutzen 
auch heute noch fast täglich dieses kleine 
Büchlein in  ihrer Laboratorium sarbeit.

Die Neuauflage en thält neben dem stark  
um gearbeiteten alten Stoff als gesonderten 
A bschnitt ein sehr erweitertes L itera tu rver
zeichnis. Ausserdem werden in dem  neuen 
A bschnitt IV einige allgemeine G rundprob
leme einer gu t organisierten Arbeit im Labo
ratorium  besprochen.

Obwohl auch in dieser Neuauflage ver
schiedene ausgezeichnete Fachw issenschaft
ler die einzelnen Teilgebiete bearbeitet haben, 
ha t das Buch durch sorgfältige R edaktion 
seine E inheitlichkeit w eiterhin bew ahrt.

Das erste K apitel behandelt die W erk
stoffe und gibt Hinweise auf K unstgriffe bei 
deren Be- und V erarbeitung. Zuerst werden 
die Metalle. Legierungen und Karbide bespro
chen (B. Sch a rn o w , H. E b e r t ). D ann fol
gen die N ichtm etalle: H. E b er t  gibt eine 
Zusammenfassung von nichtm etallischen Ele
m enten und deren Verbindungen und W. 
Gro th  bespricht die Anreicherung gasför
miger Isotope. Die K unststoffe werden von
J . Moll (organische Stoffe), H. L öber  (Glas) 
und H. E b é r t  (keramische Massen) be
sprochen. Es folgt w eiter ein A bschnitt ge
schrieben von J . Moll über die K itt-  und 
Klebstoffe und deren praktische Verwendung.

In  der Bearbeitung der W erkstoffe werden 
das Löten und Schweissen (G. L e h n e r t ), 
die O berflächenbehandlung sowie Beläge und 
Überzüge (II. E b e r t ) und die Bearbeitung 
von Glas (H. L ö b e r ) behandelt.

Der A bschnitt »Verarbeitung« en thält 
Artikel über M etallschichten (H. E b e r t , R 
R itsch l), dünne Folien (H. Ma h l), dünne

D rähte (H . E b e r t ) und feine Fäden (H . 
E b e r t ).

Das zweite Kapitel wird der Behandlung 
verschiedener wichtiger V erfahren gewidmet. 
J . G ie l e s s e n  bespricht das Abdichten und 
den A ufbau von H ochdruckapparateteilen. 
W. L o tterm o ser  berichtet über akustische 
V erfahren. Es folgen die A rbeiten über das 
A bschirm en hochfrequenter elektrom agne
tischer Felde von E. W. H elm h o lz , über das 
E lektrom ikroskopieren von H. Ma h l , über 
erschütterungsfreies A ufsteilen geschrieben 
von G. T in g w a ld t . K. D ie l s  und R. J a e c k e l  
geben eine sehr gute und brauchbare Zusam 
m enstellung über das E vakuieren  und die 
w ichtigsten vakuum technischen Verfahren. 
H. E b e r t  behandelt das Füllen  von Spektral
röhren und R. Och se n fel d  einige magnetische 
V erfahren. Uber optische V erfahren berichten 
G. Ca r io , H. E b ert  und H . K ö r t e , über P ho 
tographie W. Me id in g e r . Die praktischen 
Problem e der Regelungstechnik werden be
sprochen, u. zwar das Regeln der Drehzahlen 
(\V. V. M e y e r e n ) des Druckes (J . G ie l e s s e n ), 
der Feuchtigkeit und der T em peratur (H . 
E b e r t ), der Spannung (E . W. H elm hoz) und 
T em peratur allein (J . G ie l e s s e n ). H. 
Sc h a r d in  gibt eine Zusamm enfassung über 
das S ichtbarm achen von Schlieren und H. 
E b e r t  behandelt endlich Verfahren zur 
H ahandbung verschiedener Geräte.

Der d ritte  Teil en th ä lt A rbeiten über 
einige G eräte und Zubehörteile. Hier werden 
akustische Geräte (W. L o t t e r m o s e r ), E lek 
troden (H . E b e r t , E. W . H elm h o lz), E lek
tronenröhren  (E. W. H e l m h o l z ) besprochen, 
sowie Fenster an E ntlandungsröhren (R . 
J a e g e r ), Ionenquellen (H . E b e r t ), Ion i
sationskam m ern und Zählrohre (R. J a e g e r ), 
H ochohm w iderstände, Iso latoren  (W. v . 
Me y e r e n , Messblenden (R . J a e g e r ) und 
N ernststifte- und -röhrchen (C. T in g w a l d t), 
optische G eräte (H. É b e r t , H. K ö r t e , C. 
T in g w a l d t ), Röntgenröhren fü r W eitw inkel
aufnahm en und D oppel-Lochkam era-A uf
nahm en (R . J a eg er ). Ü ber therm ische Geräte 
berichten  H. E b e r t , A. Sc h u l z e , H. Me is s n e r
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und W. H e u s e  und zwar über T em peratur
indikatoren, Therm oelem ente, tiefe Tempe
ra turen  und W iderstandstherm om eter. E. 
R iec k m a n n ’s A rtikel behandelt die Uhren 
und R. J a e g e r  den U rankom pensator zur 
Messung schw acher Ionisationsström e.

Die Zählrohre und die N ebelkam m er be
schreiben H . F ranz (GM-Zähler und Wilson- 
sche Nebelkam m er) und S. W a g n er  (Szintil
lationszähler).

Am Ende des K apitels berichten E. F ün
f e r , W. Leo und  H. E b e r t  über verschie
dene Zellen (Kernzellen, Photozellen, usw.).

Der v ierte  Teil gibt R atschläge für die 
E inrichtung eines Laboratorium s und behan
delt einige K unstgriffe beim Arbeiten. H. 
E b e r t  besprich t die L aboratorium seinrich

tung  und G eräte, W . K a llenba ch  dagegen 
die Messwagen. E in  wichtiger A rtikel is t der 
von H. E b e r t  und  R. J aeger  über die S icher
heitsm assnahm en im  Laboratorium  un d  end
lich folgen nützliche Ratschläge von H . E b er t  
über das A rbeiten im  Laboratorium .

Das Buch h a t ein sehr reiches L ite ra tu r
verzeichnis von fas t 50 Seiten und e n th ä lt es 
am  Ende ein G eräte-, Sach-, W erkstoff- und 
Bezugsquellen Verzeichnis.

Ein sehr umfangreiches Buch, von der 
ersten  bis zur le tz ten  Seite sehr klar und wohl 
lesbar geschrieben. Daneben hat es eine 
schöne A ussta ttung  und ist als solche eine 
sehr gute typographische Arbeit.

J .  A ntal

P rinted in  Hungary
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MANY-BODY PROPAGATORS 
OF A SELF-COUPLED SPINOR FIELD 

IN EDWARDS—LIEB’S APPROXIMATION
B y

G. PócsiK

IN ST ITU TE F O R  TH EO R ET IC A L PH Y SICS, ROLAND EÖTVÖS U N IV ER SITY , B U D A PEST 

(Presented by K . F . N ovobátzky  — Received: 10. I. 1961)

The continuous in tegral representation  of the complete, m any-body propagato rs of a 
self-coupled spinor field is deduced and investigated . The continuous integrals are  calculated 
by  m eans of E d w a rd s  — L ie b ’s non-pertu rbative  approxim ation m ethod. In  f i rs t  approxi
m ation, the physical one-body propagator agrees w ith the p ropagato r of a free, dressed particle 
and th e  physical tw o-body propagator corresponds to  the one obtained in th e  “ closed-loop 
chain”  approxim ation of A brik oso v  et al.

§ 1. In tro d u c tio n

As is well know n, th e  p h ysica l G reen ’s fu n c tio n s (A 'F, S'F) p la y  a n  im p o r t
a n t  ro le  in  th e  q u a n tu m  fie ld  th e o ry , th e y  d e te rm in e  su ch  q u a n titie s  as the  
se lf-m ass, th e  s c a tte r in g  a m p litu d es  e tc . I t  is also kn o w n  th a t  in  m a n y  cases 
th e  ap p lica tio n  o f th e  p e r tu rb a tiv e  ap p ro ach  to  p rob lem s co n n ec ted  w ith  
G reen ’s fu n c tio n s leads to  m ean ing less re su lts . T herefo re , i t  seem s to  be 
n ecessary  to  discuss o th e r  m eth o d s, to o .

T he p re se n t w o rk  deals w ith  th e  G reen’s fu n c tio n s  of th e  s c a la r  F erm i 
self-coupling . L a te ly , an  ex ac t m e th o d  (Schw inger’s fo rm alism  [1]) w as p ro 
posed  fo r th e  ca lcu la tio n  of th e  G reen ’s func tions o f a self-coupled  sp in o r field 
[2, 3]. T he fu n d a m e n ta l idea  of S ch w in g er’s m e th o d  is th e  in tro d u c tio n  of 
e x te rn a l sp in o r sources in to  th e  G reen ’s fu n c tio n . B y  th is  m ean s, fo r  the  
G reen ’s fu n c tio n  as a fu n c tio n a l o f th e  e x te rn a l sources a fu n c tio n a l d iffe ren tia l 
e q u a tio n  can  be ded u ced . F o r ex am p le , in  our case th e  one-body p ro p a g a to r  
sa tis fie s  an  inhom ogeneous, n o n -lin ea r fu n c tio n a l d iffe ren tia l e q u a tio n  of 
second  o rd e r [3]. In  general, from  th e  Schw inger e q u a tio n  we can  a rr iv e  a t 
th e  co n tin u o u s in te g ra l re p re se n ta tio n  o f th e  p ro p a g a to r , w h ich  can  be 
e v a lu a te d  in  sim pler cases [4].

In  th e  f ir s t  p a r t  o f th is  p a p e r (§ 2) i t  w ill be showui th a t  th e  Schw inger 
e q u a tio n  o f th e  self-coupled  F e rm i f ie ld  is in teg rab le , to o . (P ra c tic a lly , i t  is 
s im p ler to  in te g ra te  th e  d iffe ren tia l e q u a tio n  of th e  v a cu u m  fu n c tio n a l.)

In  th e  second p a r t  th e  one- a n d  tw o-body  p ro p a g a to rs , re sp ec tiv e ly , 
are  in v e s tig a te d  in  d e ta il (§ 3 an d  § 4 , re sp .). As th e re  is a q u a rtic  p a r t  in  th e  
L ag ran g ian , E d w a r d s — L i e b ’s n o n -p e r tu rb a tiv e  a p p ro a c h  [5] (as th e  on ly
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possib le  one) has to  be  applied.* W e have o b ta in e d  th e  fo llow ing re su lts : th e  
p h y s ica l one-body  G reen ’s fu n c tio n  is in  f ir s t  ap p ro x im a tio n  id e n tic a l w ith  
th e  free  n eu trin o  p ro p a g a to r  su p p o sin g  th a t  th e  b a re  m ass v an ish es  (essen tia lly  
b ecau se  o f th e  y5 in v a rian ce ) a n d  i t  is id en tica l w ith  a free, d ressed  one-partic le  
p ro p a g a to r  in  th e  case of n o n -v an ish in g  b are  m a ss . The self-m ass d ep en d in g  
on  th e  observed  m ass  con ta in s a lso  th e  cu t-o ff  m o m en tu m  sq u a re . In  second 
a p p ro x im a tio n  an  u n ren o rm a lizab lc  eq u a tio n  is o b ta in e d  w hich  m akes fu r th e r  
in v e s tig a tio n s  im possib le .

F o r th e  p h y s ic a l tw o -b o d y  p ro p a g a to r, in  f i r s t  a p p ro x m a tio n  an  in teg ra l 
e q u a tio n  (in m o m e n tu m  space) is deduced  w h ich  can  be e x a c tly  so lved . I t  is 
fo u n d  th a t  th e  v e r te x  p a r t  o f o u r G reen’s fu n c tio n  can he o b ta in e d  b y  su m 
m in g  up  chains o f  closed loops. T h u s , th e  a p p ro x im a tio n  used  h ere  co rresponds 
to  th e  ap p ro ach  o f  A b r i k o s o v  e t  a l. [6 ] .  On th e  o th e r  h a n d , th e  a sy m p to tic  
b e h a v io u r  of th is  a p p ro x im a tio n  is n o t co rrec t [2]. C onsequen tly , in  th e  case 
o f  th e  tw o-body  p ro p a g a to r  E d w a r d s — L i e b ’s f i r s t  ap p ro x im a tio n  m eans a 
r a th e r  w eak one. T h is  seems to  ex p la in  th e  fa c t  w h y  in  L i e b ’s co rrespond ing  
case g h o st s ta te s  a p p e a r  in  th e  tw o -b o d y  p ro p a g a to r .

§ 2. Continuous integral representation o f the vacuum  functional

In  th is  § we sh a ll show  t h a t  th e  S chw inger eq u a tio n s o f a self-coupled  
sp in o r field  [3] can  be in te g ra te d  an d  th a t  th e re  does e x is t th e  con tin u o u s 
in te g ra l re p re se n ta tio n  of th e  p ro p a g a to rs . As we m en tio n ed , i t  is m ore 
e x p e d ie n t to  in te g ra te  th e  e q u a tio n  w ritte n  d ow n  for th e  v a c u u m  fu n c tio n a l 
<  0 J S  j 0 > ,  th e re fo re , f ir s t  o f  a ll we m u st d ea l w ith  th e  d ed u c tio n  o f th e  
e q u a tio n  of <  0 j S  \ 0 > .

L e t us co n sid e r th e  fie ld  e q u a tio n

( i / ‘ 8M — m  +  2g"y>(x) y(x) )  ip(x) +  rj{x) =  0 (2 .1)

ch a rac te riz in g  th e  in te ra c tio n  o f th e  field  ip w ith  i ts e lf  and  th e  e x te rn a l sources 
Г], r\ an d  define th e  source-free H eisenberg  p ic tu re  in  w hich  th e  fie ld  (p(x) 
(p ic tu re  o f гр(х)) a n d  th e  v a c u u m  0 >  do n o t  co n ta in  th e  sources r], rj. A t 
f], 17 =  0 <p(x) sa tis f ie s  (2.1); ] 0 >  is th e  p h y sica l vacu u m . T h e n  th e  o p e ra to r  
S  o f  th e  in te ra c tio n  o f th e  se lf-ac tin g  F erm i p a r tic le  and  th e  e x te rn a l sources 
h as  th e  form

S =  T  exp  (i j dx (rj <p +  Ip rj)). (2-2)
—  CO

* L ie b  has investigated  a self-coupled scalar meson field. According to  his calculations, 
in  f irs t  approxim ation th e  field energy is always given correctly  to  w ith in  16% , the second 
approxim ation, how ever, yields worse results.
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L et us consider th e  e x p e c ta tio n  v alue  o f  (2.1) in  th e  H eisenberg  v acu u m . 
T u rn in g  to  th e  source-free H eisenberg  p ic tu re , we get

(iy" — m)  <  0 [ T  (< p ( x) S )  I 0 >  +  2g  <  0 | T  ( ( < p ( x ) < p ( x ) )  < p ( x )  S )  j 0 >  +

+  r j ( x ) <  0 I S I 0 >  = 0 .  (2.3)

U sing th e  re la tio n s

d < 0 | S | 0 >  =  . <  о  [ T ^ x)  s )  I о > ,  0 <  ^  10 >  = i  < 0 \ T ( < p ( x ) S ) \ 0 >
ôrj(x) ô r}(x)

(2.4)

an d  th e  s im ila r ones fo llow ing from  (2.2), in  (2.3) th e  v a c u u m  e x p e c ta tio n  
va lu es  can be expressed  b y  th e  v acu u m  fu n c tio n a l

I ( i r  8M rn ) ------
ôr](x) ■ 4

Ô3
Ôï](x) (ôrj(x) Ôrj(x))

if]{x) <  о I S j 0  >  =  0 . (2.5)

S ta r tin g  from  (2.5) we can  easily  a rr iv e  a t  th e  desired  re p re se n ta tio n  
o f  <  0 I S  j  0 > .  B ecause o f  th e  lin ear c h a ra c te r  o f (2.5), <  0 S j 0 >  m ay  be 
d e te rm in ed  b y  using  th e  fu n c tio n a l F o u rie r- tran sfo rm

0 j S  \ 0 >  =  j дгр ôip s(y), exp dx (г}гр -)- iprj) (2 . 6)

w here s(y>, ip) m eans th e  fu n c tio n a l F o u rie r tra n sfo rm  o f <  0 j S j 0 >  . A fte r 
M a t t h e w s  an d  S a l a m  [ 7 ]  th e  fu n c tio n a l in teg ra ls  a p p ea rin g  in  th is  w ork  
are defined  as m u ltip le  in teg ra ls  ta k e n  over all th e  ex p an sio n  coefficients o f 
th e  c-num ber ferm ion  fie lds ip, ip. F u rth e rm o re , we p rescrib e  th e  a n tic o m 
m u ta tio n  o f ip an d  ip. I t  m u s t be n o ted  th a t  th is  d e fin ition  is no t q u ite  co rrec t, 
i t  is im p o r ta n t, h o w e v e r,th a t also in  th e  cases w hich cou ld  he in v e s tig a te d  
b y  th e  co rrec t d efin itio n  (b ilin ea r ex p o n en tia ls) o th e r re su lts  have  n o t been  
o b ta in ed  18].

Now, we w rite  dow n th e  eq u a tio n  th a t  is sa tisfied  b y  s(ip, y).  S u b s titu tin g  
(2.6) in to  (2.5) we find

(Û V 9" — m  +  2gy>(x) ip{x)) ip(x) s(y>, v>) =  — i — . (2.7)
0ф (х )

T he so lu tion  o f (2.7) can be im m ed ia te ly  w r it te n  dow n:

s(ip, ÿ )  =  N - 1 exp  | i  j  dx  [ip(x) (i y'1 — m) ip(x) +  g у (я ) (ip(x) ip(x)) t/>(*)] j ,

( 2 .8)
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w here iV-1 is a c o n s ta n t. IV-1 m u st be d e te rm in e d  from  th e  b o u n d a ry  co n d itio n  
lim  <  0 I S ! 0 >  =  1 th e re fo re , we m ay  choose

N  =  j" dip dip exp  [i I ] . (2-9)

H ere  I  m eans th e  ac tio n

I  =  — J dxdyip(x)SF1(x,y)ip(y) +  g J dx ip(x) (ip(x)ip(x)) ip(x), (2.10)
--OO --00

S f1 (x* У) =  — 0 (x —  У) (* У" 3ц — т).

(2.6), (2.8) an d  (2.9) give th e  co n tin u o u s in te g ra l re p re se n ta tio n  of th e  v a c u u m  
fu n c tio n a l

< 0 | S | 0 >  =  ( \ ôy> dip exp  [ i f ] ) " 1 j dip dip exp  [ i f  +  i  j  d x  (rjip +  ipi^)\ ■ (2.11)
-----CO

(2.11) h a s  an  im p o r ta n t  ro le . U sing  (2.11) th e  p hysica l p ro p ag a to rs  ca n  be 
o b ta in e d  b y  d iffe ren tia tio n s . F o r ex am p le , in  th e  case o f th e  o n e-b o d y  
p ro p a g a to r , we get th e  fo llow ing re p re se n ta tio n

S p 1 (x, y )  == — d (x — y )  (i у  — m ) .

S 'FÍx , y )  =
d2 < 0 \ S \  0 >

i  <  0 ( S  I 0 >  drj(x) dtj(y)

=  i ( f d i p  d i p  exp  [ i f ] ) -1 d i p  d i p  i p ( x )  y > ( y )  exp  [ i f ] .

( 2 . 12)

T h e p o ss ib ility  o f re p re se n ta tio n  o f  th e  G reen’s fu n c tio n s in  a form  
s im ila r  to  (2.12) seem s to  be a general law  o f th e  q u a n tu m  fie ld  th eo ry , ex p re ss 
ed  b y  th e  F ey n m an  p rin c ip le  of th e  q u a n tu m  fie ld  th e o ry  [7].

§ 3. One-particle propagator

I t  is c lear t h a t  th e  p a r ts  c h a ra c te riz in g  th e  se lf-ac tio n  in  (2.11) an d
oo

(2.12) h a v e  th e  fo rm  exp  ( ig^dx  i p { i p i f ) i f ) ,  th e re fo re , to  e v a lu a te  ou r fu n c tio n a l
--oo

in te g ra ls  som e k in d  of a p p ro x im a tio n  m e th o d  has to  be so u g h t. I f  we e x p a n d  
th e  e x p o n e n tia l fu n c tio n  m en tio n ed  ab o v e , th e  u n ren o rm alizab le  d ivergences 
o f  th e  p e r tu rb a tio n  m e th o d  ap p ea r. A t p re sen t, th e  on ly  o th e r p o ss ib ility  is 
to  use E d w a r d s  an d  L i e b ’s n o n p e r tu rb a tiv e  m e th o d . In  th is  p a r t  a f te r  h av in g  
su rv e y e d  th e  genera l fo rm u la tio n  o f th e  m e th o d , th e  one-body  p ro p a g a to r  
w ill be  ex am in ed  in  f ir s t  ap p ro x im a tio n .
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N ow  we define th e  fu n c tio n a l F  o f th e  so u rces  r], r\ w hich re p re se n t th e  
v a c u u m  fu n c tio n a l in  th e  form

<  0 ] S  I 0 >  =  exp  ( i  j j dx  dy  rj(x) V ( x , y )  i?(y)). (3-1)

T hen , f i r s t  o f all fro m  (2.11) a n d  (3.1) follows th e  p ro p e rty  l im  V(x,  y )  =
V,4~

=  S'F( x , y ) .  We assum e th a t  th e  re la tio n s  co n cern in g  th e  free, m an y -p a rtic le  
p ro p a g a to rs  arc v a lid  fo r b o th  S F a n d  F , for ex am p le

— Г • “ _  \-t  r  _  _
V ( x , y )  =  i  J ôy> dip exp — i j" d£ dÇip ¥ ~ ггр ôipdipip(x) ip(y) •

---- 00 J  J

exp i  I d f  ôÇip V  1 ip

T his m eans th a t  we assum e th e  cond itions

y 0 V + (x, y)  y° =  V(y ,  x),  y° ( F _1 (x, y ) )+ y°  =  F “ 1 (y,  x ) . (3.2)

(F o r exam ple , S F a n d  S ^ 1, re sp ec tiv e ly , sa tis fy  (3.2). As i t  w ill be seen, V  
d e te rm in ed  b y  L i e b ’s m eth o d  sa tisfie s  (3.2)). T h e n , in  the  case o f  th e  exp o n en 
tia ls  c o n ta in in g  also lin e a r  expressions, th e  lin e a r  su b s titu tio n

У>(х) =  ip\x)  +  f dy  V ( x , y )  rj(y), dip' =  dip,
-----CO

( 3 . 3 )

y>(x) =  Щ х )  +  J dyr](y) V(y ,  x ) ,  ô ÿ  =  dip

m ay  be app lied , fo r exam ple

[ dip dip exp i  f dx  dy  ip V  1 ip

i j ' dx(rjip +  iprj) =  exp

j dip dip ex p

oo
i j dx dx rj V  rj

— i ( dx  d y  ip V  1 ip
--00

=  <  о I s  ! о > .

A fte r  these re a rra n g em e n ts  le t us consider th e  eq u a tio n  sa tis f ied  b y  V.  
W ritin g  (2.11) as

<  О I S  j 0 ]> =  11 dip dip exp | — i  Ç dx  dy  ip V  1 ip\ exp  i ( dx  d y  ip ]_£ ip +

CO

ig  j" dx  f { i p i p )  i p  •

• exp  i J  d x d y  ip £ £  ip +  ig  j’ d x  ip(ipip) ip

1 1 j dip dip exp
CO 00

— i J  d x d y  Ip F _1 ip +  i J  d x  (rjip +  iprj) .
-----00 — oo ,

(3.4)
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w here

J  d z V  г х,  z) V ( z , y )  =  ô(x,y) ,  Л  {x ,y )  =  V  1 {x, j )  — S p 1 (x — y)
-----00

an d  e x p an d in g  th e  ex p  [ . . . ] in  (3.4) fro m  th e  f i r s t  te rm  and  th e  f ir s t  tw o 
te rm s , re sp ec tiv e ly , follow s an  id e n t i ty  or an  e q u a tio n  concern ing  V  (first 
ap p ro x im a tio n ). N am ely , su b s ti tu tin g  (3.3) in to  th e  n o m in a to r o f  (3.4) from  
th e  n o m in a to r  th e  v a c u u m  fu n c tio n a l an d  th e  d e n o m in a to r can be se p a ra te d . 
T h u s , th e  f i r s t  a p p ro x im a tio n  m eans th e  v an ish in g  o f  th e  re m a in d e r

J  d x 1dx2 d x 3d x i rj ( l )  V  (1,2) [i 7 / )  2,3) +  2 g ( V  (3,3) — S p  V  (3,3)) Ô ( 3 - 2 )  +
—oo

+  ig  J  dv5d x 6 r] (5) V  (5,3) V  (3,6) rj (6) ó (3 — 2)] V  (3,4) ^ (4) =  0 .
—  CO

H ence we get in  f irs t  ap p ro x im a tio n

i l l  (1,2) +  2 g d (l — 2) (F (l,l)  — S p  V  (1,1)) +
(3,5)

+  ig d ( l  — 2) ( dx3 dx i  t)(3) 4х(3,1) F ( l ,4 )  ??(4) =  0.

F in a lly , from  th e  d efin itio n  of / /  an d  (3.5) we get th e  fu n d a m e n ta l eq u a tio n  
o f  V  in  f ir s t  a p p ro x im a tio n

9 7 Ï
m + 2 i g ( S p F ( l , l ) - F ( l , l ) )  +

(3.6)

g  j  dx3d x ^ ( 3 ) V ( 3 , l ) V ( l A ) r ] ( 4 ) } V (  1,2) =  — «5(1 — 2 ).

As we w an t to  dea l w ith  th e  one-body  p ro p a g a to r  tak e  (3.6) in the
lim it 7/, 7] —> 0,

[ i y " 9 „  —  m —  2 i g ( S p ( 0 )  —  S p S / , ( 0 ) ) ] S ) , ( *  —  y )  =  -  < 3  (x —  y)] . ( 3 . 7 )

T his gives th e  one-b o d y  G reen’s fu n c tio n  in  L i e b ’s f i r s t  a p p ro x im a tio n . (3.7) 
is co m patib le  w ith  th e  f ir s t  o rder p e r tu rb a tio n  e q u a tio n , in  w hich  case S F(0) 
s ta n d s  in s te a d  o f  S'F(0) in  (3.7). N ow , supposing  t h a t  th e  bare  m ass does no t 
v an ish , S'F(0 )  is eq u a l to  c o n s ta n t X  u n i ty  m a tr ix  w h ich  follows fro m  th e  well- 
know n L e h m a n n  re p re se n ta tio n  [9]

0

j d m 2 j d*p (pj (m 2) m  -+ o2 (m2)) ( p 2 i e)- 1 . (3.8)
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and  p2 a re  rea l d e n s ity  fu n c tio n s. F u rth e rm o re , i S ’F(0) is real, n a m e ly , in te 
g ra tin g  o v er p 0 th e  re la tio n

S'F (0) — I d m 2 (p, It i8я2 J Oi)
'• dp

(3.9)

can  be o b ta in e d . T herefo re , (3.7) can be  m ade fin ite  b y  m ass ren o rm a liza tio n . 
T h e  o bservab le  m ass is d efin ed  b y  th e  q u a n ti ty

m R =  m  +  dm  =  m  +  2 tg( S'F (0) — S p  S'F (0)) >  0 . (3.10)

T hus, in  case of m  =f= 0 S ’F is id e n tic a l w ith  th e  p ro p ag a to r o f  a free, 
d ressed  p a rtic le , as show n b y  (3.7), (3 .9) an d  (3.10). T h e  self-action  c rea tes 
th e  q u a d ra tic a lly  d iverg ing  self-m ass

dm  =  3 i g m R (8ni )~1 | d4 p  ( p 2 — m R +  te)_1 =  3g т к(8я2)-1 •

■ lim
/1—» oo

A 2— m% In
A 2

m R

w here A  is th e  cu t-o ff m o m en tu m .
C om paring  these  re su lts  w ith  th e  f irs t-o rd e r p e r tu rb a tio n  a p p ro x im a tio n , 

tw o  differences can be seen: we have n o t  used th e  f a c t  th a t  the  co u p lin g  is 
w eak an d  th e  self-m ass depends on th e  observable  m ass.

W e h av e  a d iffe ren t case w hen th e  b a re  m ass m  van ishes. In  th is  case, 
in  consequence of th e  y 5 invariance  Sp(0) and dm  a lso  vanish , th e re fo re , 
S'F( x , y )  is id en tica l w ith  th e  free n e u tr in o  p ro p ag a to r.*

N a tu ra lly , th e  p ro ced u re  used ab o v e  can be a p p lie d  also to  th e  re p re 
se n ta tio n  (2.12) o f S'F( x , y ) .  The f irs t a p p ro x im a tio n  le a d s  to  th e  sam e resu lts , 
b u t  in  second  ap p ro x im a tio n  (w hich is w orse acco rd ing  to  its  d e fin itio n ) we 
g e t an  u n ren o rm alizab le  eq u a tio n .

§ 4. Two-particle propagator
oo

i2 Г _
C om pare th e  coeffic ien ts o f — I d x 1. . . dx^ ??e( l )  t?a(2) tfy(3) ^„.(4) in  (2.11)

—  oo

an d  (3.1). I t  follows th a t  th e  tw o -b o d y  p ro p ag a to r can  be expressed  as 

S $ ß a (1, 2, 3 ,4 )  =  -  2 1 (S'Fea (1 ,3 ) S'Faa (2 ,4) +  i  V eaß„ (1, 2, 3, 4)),

‘ N evertheless, if we do no t use for S'f(O) the y-invarian t form, we have th e  N ambu 
solution w hich leads to  th e  H ilbert spaces corresponding to  th e  solutions m  =  0 and 
m  4= 0 [0].
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w h ere
е̂<г (1>2) =  S'pea (1, 2) +  WOT (1,2),

(4 .1)

^е<г (1» 2) =  j  d x g d x ,  rja(3) (1, 3, 4, 2) rjß (4)
— oo

a n d  £  m eans a su ita b le  a n tisy m m e tr iz a tio n . T h e  f irs t p a r t  o f  th e  £  ch a rac 
te rize s  tw o  free  p a rtic le s , V eaßa is responsib le  fo r  th e  tw o -p a rtic le  s c a tte r 
ing . Vgaßa will be  considered  in  f i r s t  order.

In s te a d  o f  (3.6) we ex am in e  th e  in te g ra l e q u a tio n

F ( 1 , 2 ) = S H 1 , 2 ) +  J  d x 3 S'F (1, 3) 2 ig {SP W  (3,3) — W  (3 ,3 ))

g  j  dx ,  d x à v ( i )  F (4 , 3) F (3 ,5 ) ф )

(4.2)

F (3 ,2 ) .

As we w an t to  t r e a t  only  th e  tw o -b o d y  p ro p a g a to r , it  is q u ite  sa tis fac to ry  to  
co n sid e r th e  e q u a tio n

1F(1, 2) =  J dx3 S'F (1 ,3 )  [2 ig (SpTP (3,3)— Ж (3,3)) +
—  со

(4 -3)
+  g j  dx, dx, rj(i)  S'f(4, 3) S ’F(3 ,5) *?(5)] S ^ (3 ,2 ) .

—  oo

S u b s titu tin g  (4.1) in to  (4.3) we g e t

F ^ U ,  2, 3 ,4 ) =  g j  dxs (S'p (1 ,5) S'F ( 5 ,4 ))eo. (S£. (2 ,5) S'F ( 5 ,3))a/5 +

(4,4)

+  2 ig j  dx5 S'Fer (1 ,5) (ôra Vvaßv ( 5 ,2, 3, 5) -  V raßa ( 5 ,2, 3, 5)) SpB(T (5 ,4 ).
— oo

L e t us tu rn  to  th e  m o m en tu m  sp ace . D efine F (p x, p 2, p 3, p 4) as

oo

F  {xy, x2, x3, x,) =  j  dp, dp2 dp3 dp , V  {pv  p2, p 3, p ,)
----- oo

exp • [ -  i{p ,x , +  p2x2 — p 3x a— p ,x ,) \ ,

Acta Phys. H ung. Тот . X I I I .  Fasc. 3.
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th e n  in s te a d  o f (4.4) th e  eq u a tio n

Kafir (Pv Pv Рз, Pi) = g(2^)4 ô(Pl +  p2 -  Ps -  Pi) (S'p (P l ) S'p (P i ) )ea.

(S p (p 2) S'F( p 3))aß +  2 ig(2n)i  j  dq S ^gT (/q ) (dTa Vvaßv (q, p 2, p 3, q +  p 4 — P l ) -
-----00

(4.5)
— Käß» (q, p»  Pv q + P i -  Pi)) s f m  (Pi)

can  be w ritte n , w here

S'p =  — (2л)~д +  .
p 2 — +  ie

O ur in te g ra l eq u a tio n  is illu s tra te d  in  Fig. 1. F ig . 1 is rem in iscen t o f th e  
a p p ro x im a tio n  of A b r i k o s o v  e t al. [ 6 ] .

1 2  1 2  1 2

4  3  4  3  4  3
F i g .  1

I t  is v e ry  im p o r ta n t  th a t  (4.5) can  be solved e x a c tly . B v using  successive 
a p p ro x im a tio n  we a rriv e  a t  th e  series

K î afifT ( P i ’ P *  P v  P i)  =  g i 2 ™)4, à  ( P l  +  p 2 —  Р з  —  Pi )  ( S F (Pst) S F { p 3 ))a f i  ■
(4.6)

[(S'F(Pl) . l  ■S'P(Pi))ea+ . . . ] ,

w here th e  h igh -o rder ap p ro x im atio n s  can  be o b ta in ed  b y  th e  su b s titu tio n

1 ->  (2яУ 2 i g ]  dq [Sp  ( S'F(q) • 1 .S 'F( q + P i +  P l )) -
-----00

~~ SF (q) • 1 • S'F (q +  P i ~  Pi)]-
(4.7)

(4.6) a n d  (4.7) show  th a t  th e  tw o -b o d y  G reen’s fu n c tio n  contains n o t  on ly  a 
p o in t sc a tte r in g , b u t  also g rap h s of th e  ty p e  d raw n in  F ig . 2. N ow  we sh a ll p rove 
th a t  (4.6) m eans a c tu a lly  th e  chain  a p p ro x im a tio n  o f  A b r i k o s o v  e t al. N am ely , 
th e  second  in te g ra l in  (4.7) can  be w r it te n  as

] d q S ' F (q)S'F ( q ~ p )  =  ( 2п)~* \  dx
. Э /Ш * )  , W. 8 z l * ( - x )

dx
eipx.
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A ccord ing ly , th e  p a r t  co n ta in in g  a single y 11 w ill v an ish  from  th e  in teg ra l. 
C o nsequen tly , th e  series (4.6) can  be  sum m ed u p

Vgaßa ( P v  P 2< P z ’ P i )  =  ( 2 л У ё 0 ( P l  + P 2 - P Z — P i )  (S F ( P i )  SF (Pz))aß> (4‘8)

i g  (2tt)4 j  d q S P ( S ' p ( q ) S ' F ( q + P i — P l )) .
^ --00

(4.8) is in  acco rdance  w ith  th e  f irs t-o rd e r p e r tu rb a tio n  th e o ry .
T h e  sc a tte r in g  ch a rac te rized  b y  the  se lf-ac tio n  g ip(ip %p)y.> in  E r w a r d s — -  

L i e b ’s  f irs t  a p p ro x im a tio n  is a p o in t sc a tte rin g  w hich  is m ade non local. T he

C  ' C O coo
F ig . 2

v e r te x  p a r t  d ep en d in g  on th e  re la tiv e  m o m en tu m  has been  in v e s tig a te d  b y  
A b r i k o s o v  e t al. (using a cu t-o ff in  m o m en tu m  space), it  is a v e ry  im p o rta n t 
c ircu m stan ce , how ever, th a t  th e  a sy m p to tic  b e h a v io u r  of th e ir  v e r te x  fu n c tio n  
is n o t  co rrec t [2]. H ence, i t  is n o t  a t  all s a tis fa c to ry  to  sum  o n ly  over th e  
“ m o st d iv e rg e n t”  d iagram s, th u s , th e  E d w a r d s — L i e b  ap p ro x im a tio n  of 
th e  tw o -b o d y  p ro p a g a to r  is a r a th e r  w eak one. I t  seem s th a t  th is  is th e  reason  
w h y  ghost s ta te s  h av e  ap p ea red  in  L i e b ’s  tw o -b o d y  p ro p ag a to r.
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Ф У Н К Ц И И  РА С П РО С ТРА Н ЕН И Я  М НОГИХ Т Е Л  С А М 0С В Я ЗА Н Н 0Г 0 
СПИ НО РНО ГО  ПОЛЯ В П Р И Б Л И Ж Е Н И И  ЭДВАРДСА— Л И БС А

Г. П О Ч И Н

Р езю м е

В  р аб о те  в ы в о д и т с я  и  и с с л е д у е т с я  н е п р е р ы в н о е  и н т е г р а л ь н о е  п р е д с т а в л е н и е  п о л 
н ы х  ф у н к ц и й  р а с п р о с т р а н е н и я  м н о г и х  т е л  с а м о с в я з а н н о г о  с п и н о р н о го  п о л я .  Н е п р е р ы в 
н ы й  и н т е г р а л  о п р е д е л я л с я  н е п е р т у р б и р о в а н н ы м  п р и б л и ж е н н ы м  м ет о д о м  Э д в а р д с а —  
Л и б с а .  В  п е р в о м  п р и б л и ж е н и и  ф и з и ч е с к а я  ф у н к ц и я  р а с п р о с т р а н е н и я  о д н о го  т е л а  с о в п а 
д а е т  с ф у н к ц и е й  р а с п р о с т р а н е н и я  сво б о д н о й  н е о д е то й  ч а с ти ц ы , а  ф и з и ч е с к а я  ф у н к ц и я  
р а с п р о с т р а н е н и я  д в у х  т е л  ■—  с ф у н к ц и е й  р а с п р о с т р а н е н и я ,  п о л у ч е н н о й  в  п р и б л и ж е н и и  
« з а м к н у т о й  п е т е л ь н о й  цепи» А б р и к о с о в а  и  д р .
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DIE EINDEUTIGKEIT DER  
MAGNETOHYDRODYNAMISCHEN STRÖMUNG 

BAROTROPER, UEITENDER MEDIEN

Von

J .  S z a b ó  und Cs. H a r g it a i

I N S T I T U T  F Ü R  T H E O R E T I S C H E  P H Y S I K  D E R  R O L A N D - E Ö T V Ö S - U N I V E R S I T Ä T ,  B U D A P E S T  

(Vorgelegt von K . F . N ovobátzky. — Eingegangen: 1. II . 1961)

Es wird m it einer direkten Methode die E indeutigkeit der Lösung der m agnetohydro
dynam ischen Grundgleichungen fü r barotrope, leitende Flüssigkeiten bei den folgenden 
V oraussetzungen bewiesen: A) Der die Flüssigkeit enthaltende B ereich is t durch eine g la tte  
Fläche berandet und  seine P unk te  liegen alle im  Endlichen. B) D er D ruck hängt eindeutig  
und nur von der D ichte der Flüssigkeit ab. C) Die elektrische L eitfähigkeit und die beiden 
Viskositätskoeffizienten des Mediums sind konstan t. D) Die R and- u n d  A nfangsbedingungen 
sind durch stetige Funktionen vorgegeben. E) Die m agnetohydrodynam ischen Grössen haben  
für t >  0 stetige partielle Ableitungen, der m inim ale W ert der M assendichte aber is t in  dem  
ganzen Ström ungsbereich endlich.

N ach  den  neueren  th eo re tisch en  u n d  ex p e rim en te llen  E rgebnissen  k ö n 
nen  die m ag n e to h y d ro d y n am isch en  S tossw ellen  bei der H e izu n g  von P lasm en  
eine w ichtige Rolle sp ielen. B esonders im  H inb lick  a u f  die E n ts te h u n g  von  
S tossw ellen m ag die U n te rsu ch u n g  der E in d e u tig k e it d e r m a g n e to h y d ro 
dy n am isch en  S trö m u n g en  In te re sse  h ab en .

In  einer v o ran g eh en d en  A rb e it h ab en  w ir die E in d e u tig k e it des m a g n e to 
h y d ro d y n am isch en  R an d w ertp ro b lem s fü r  in k om pressib le  F lüssig k e iten  b e 
w iesen [1]. In  der vorliegenden  A rb e it w ird  d er Beweis a u f  die m a g n e to h y d ro 
dy n am isch en  S tröm ungen  b a ro tro p e r  F lü ssig k e iten  v e ra llg em ein ert.

W ir b e tra c h te n  die B ew egung der le iten d en  F lü ss ig k e iten  in  e in em  
B ereich  r ,  der d u rch  eine g la tte  F läche F  b e ra n d e t is t , u n d  dessen P u n k te  
alle im  E n d lich en  liegen. Es w ird  v o rau sg ese tz t, dass die F lü ssig k e it b a ro tro p  
is t, d .h . dass d er D ruck  e in d eu tig  und  n u r  v o n  der M assend ich te  der F lü ss ig 
k e it a b h ä n g t. Die e lek trische  L e itfäh ig k e it u n d  die be id en  R eibungskoeffiz ien 
te n  w erden  als (positive) K o n s ta n te n  b e tra c h te t .  Die m a g n e to h y d ro d y n a m i
schen  G rössen s ind  fü r  t >  0 a u f  der R an d fläch e  F,  fü r  t =  0 aber in  dem  
ganzen  B ereich  r  d u rch  s te tig e  F u n k tio n e n  vorgegeben . E s  w ird  w eiter v o r 
a u sg ese tz t, dass die m ag n e to h y d ro d y n am isch en  G rössen fü r  t >  0 in  d em  
g anzen  B ereich  т ste tig e  p a rtie lle  A b le itu n g en  besitzen  u n d  dass die M assen
d ich te  der F lü ssig k e it in  ke inem  P u n k t des B ereiches т N u ll is t.

In  b a ro tro p e n , le iten d en  F lü ssig k e iten  genügen die h y d ro d y n am isch e  
G eschw ind igkeit b, die m agnetische  F e ld s tä rk e  d e r  D ru ck  p  u n d  die 
M assendichte Q den  fo lgenden G leichungen:

8 6
dt

=  ro t  О  X 61 +  vm А  6  >

Acta Phys. H ung. Тот. X I I I .  Fase. 3.
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div  §  =  0, (2 )

0b . .
Q------+  Q (b g rad )b  =

dt
— grad  p  +  p  Д Ь  +  p ’ g rad  d iv  b -------- [ §  X ro t § ]  , (3)

4 л

d Q  _L_----- - r
dt

div  (gb) =  0 ,

P  =  Р{в) .

(4)

(5)

w o p  u n d  p '  d ie  beiden R e ib u n g sk o effiz ien ten  und  vm d e r sogenann te  m a g 
ne tisch e  V iskos tä tsk o e ff iz ie n t s in d .

N eh m en  w ir an, dass d as  m ag n e to h y d ro d y n am isch e  P rob lem  zw ei 
L ösungen : Jg^, b x, p v  bzw . § 2, b2, P v  É?2 b a t ,  die den  g le ichen  R and- u n d  
A n fan g sb ed in g u n g en  genügen . D . E . D o l i d s e  [2] h a t  bew iesen , dass d ie  
K o n tin u itä tsg le ic h u n g  (4) fü r  d ie F u n k tio n  q(t, x, y ,  z) e ine e in d eu tig e  L ösu n g

h a t ,  w enn die G rösse —  div  (ox b0) in  dem  gan zen  S trö m u n g sb ere ich  b e sc h rä n k t 
Qo

is t ,  wo g 0 =  q 2— g x u n d  b 0 =  b2— b x s in d . D ann  fo lg t a b e r  aus d er E in 
d e u tig k e it d e r  D ich te  die E in d e u tig k e it v o n j» . Es b le ib t also  n o ch  zu  bew eisen, 
d ass  das m a g n e to h y d ro d y n am isch e  G le ichungssystem  (1) b is (4) b e i d en  
e rw ä h n te n  V o rau sse tzu n g en  fü r  §  u n d  b eine  e indeu tige L ö su n g  h a t.

S e tz t m a n  die G rössen <g15 bl5 p ,  Q b zw . § 2, b2, p ,  Q in  das G le ichungs
sy s tem  (1) b is  (3) ein u n d  b i ld e t  dann  die D ifferenz d er e n tsp re c h e n d en  G lei
chungen , so b e k o m m t m an  d as  folgende G le ichungssystem :

Э&,
dt

=  ro t [b i X § 0] +  ro t  [b0 X § 2] +  vm A£>o ?

div  § 0 =  0 »

( 6)

(? )

Q +  e(b i g rad) b0 +  g(b0 grad) b2 =  /ИДЬ0 +  
ot

+  p '  g rad  d iv  b0 ----- [.£>0 X  ro t ----------------  [ § 2 X  ro t  £ 0]  ,
4 л  4л

wo § 0 =  § 2— u n d  b0 =  b 2— b x sind.
Z u e rs t w ollen  w ir u n s  m it der U m fo rm u n g  d er G l. (8) b esch äftig en . 

M u ltip liz ieren  w ir diese G le ichung  sk a la r m it  b0, so e rh a lte n  wir:

2nq +  4л^Ь0{(Ь1 g rad ) b0} +  4л@Ь0 {(b0 grad) b2} =  4лиЬ0Д Ь 0 +
( 9 )

+  4 л уи,Ь0 grad d iv  b0 — b0 [ § 0 X r o t  § x] — b0 [ § 2 X rő t  § 0] .

Acta Phys. H ung . Тот. X I I I .  Fase. 3.
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E s is t le ich t, die fo lgende I d e n t i tä t  zu  bew eisen: 

^ { ( ö i g r a d )  b0} j  d iv  (eög öi) — у  d iv  (e b i) . ( 10)

D a ab e r q u n d  bx d er Gl. (4) genügen , so is t

d iv fe b 1) =  - - ^ - .  ( l i )
dl

M it der H ilfe der G in. (10) u n d  (11) k ö nnen  w ir die Gl. (9) fo lgenderm assen  
um form en :

2 л  —  (pbg) +  2 л  div (pbjj bj. — 2fi'b0 div b0) +  4л£Ь0 {(b0 grad) b2} =  
dt

=  4л/гЪ0 Д  bQ — 4-л/л’ (div b0)2 — b0 [§>0 X  ro t § , ]  — b0 [,§2 X  ro t  § 0] .
( 12)

J e tz t  wollen w ir die Gl. (6) um form en . W en n  w ir diese G leichung  sk a la r 
m it ip0 m u ltip liz ie ren , bekom m en w ir die fo lgende G leichung:

2 dt
-  =  £>o r o t  [ Ö i  X § 0 ]  +  § 0 ro t [ b 0 X  £>2] +  vm § o  Д  § 0 • (13)

In te g r ie r t  m an  die Sum m e der G in . (12) u n d  (13) ü b er das V o lum en  r , so 
v e rschw inden  die die O p era tio n  D ivergenz e n th a lte n d e n  G lieder n ach  dem  
S a tz  von  G auss w egen des V erschw indens von b0 u n d  a u f  der R an d fläch e  F.  
W enn  w ir d an n  noch  die den  L ap laceschen  O p e ra to r  A  e n th a lte n d e n  G lieder 
m it d er H ilfe des G reenschen  S atzes um form en , so e rh a lte n  w ir au s  den  Gin. 
(12) u n d  (13):

47r ^ " l ( í "  +  ^ ) dT +  í = = J 4ír0Ö° { (bo grad) °2} dT _
r T

— j  { b 0 [©о X  ro t § x] +  b 0 [ § 2 X  ro t § 0] — § 0 ro t [ b i  X  £ 0] — £>o ro t [Ь0 X  § 2]} d r ,

(14)
W O

m  N2 /»
■ 0< ! dr  +  i n /л' I (d iv b 0)2<lr (15)

Г

is t . I n  d e r Gl. (15) sin d  v0; u n d  H oi die rech tw in k lig en  K o m p o n en ten  der 
V ek to ren  b0 u n d  fg0, u n d  die B ezeichnung  x  =  х г, у  =  x 2, z =  x 3 w u rd e  zur 
V ere in fachung  der Schreibw eise g eb ra u c h t. Es is t w ich tig , dass I  eine n ic h t
n eg a tiv e  Grösse is t.

4 л ц
ó á

2 2 \
i = i  k =  l

ö v 0i

d x h
I dr

ö ó
2  2
z = l  k =  1

A cta  P hys. Hung. Тот. X I I I .  Fase. 3.
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W ir wollen j e t z t  die G lieder in  dem  le tz te n  In te g ra l in  d er Gl. (14) u m 
fo rm en . B ei d er U m fo rm u n g  d ieser G lieder b ra u c h e n  w ir ausser d e r Gl. (7) 
die fo lg en d en  Id e n t i tä te n :

§ 0  ro t [b0 X  § 2] =  [b0 X  ro t £ 0 — d iv  [f> 0 X  [b0 X § 2] ] , (16)

.£>0 ro t  [ bj X  £>0] =  § 0  { (§ 0  gra d ) » » J - y  d iv  (§§bx) - y  Ç î d i v b j .  (17)

W en n  w ir noch  b e rü ck sich tig en , dass die die O p era tio n  D ivergenz e n th a lte n d e n  
G lieder n ach  d er In te g ra tio n  w ied eru m  v ersch w in d en , so e rh a lte n  w ir m it 
d e r H ilfe  von  (16) u n d  (17) aus d e r Gl. (14):

4 л  —  ] dr  +  I  — Г4лрЬ0 { ( b 0 grad) b 2}  d t  —
di J l  2 8л: J J

(18)

j Ö„ [£>0 X ro t  £>*] dr  +  j £>0 {(£>„ grad) b]} d r  y  J  £>§ d iv  bj d r .

D a im  Z e itp u n k t t =  0 die G rössen b 0 u n d  ÍQ0 in  dem  gan zen  B ereich 
T v ersch w in d en , so i s t  das e rs te  In te g ra l a u f d er lin k en  Seite d er Gl. (18) fü r  
t =  0 gleich  N ull. Sein  W ert k a n n  ab e r a u f  fü r  t > 0  n ich t n e g a tiv  sein. Es 
g ib t also einen  en d lich en  Z e itrau m  <  0, i 0 > ,  wo

M  +  J l _ | d r ;
dt J \ 2 8л

(19)

is t . W en n  w ir noch  b e rü ck sich tig en , dass 1 0 is t , so e rg ib t s ich  aus (18)
die fo lgende U ng le ichung :

M i
eög

+

^  j d t  <  I pb0{(b0 g rad) b2} d r

T

£>o{(£>ograd) Öj}dr

1
4 л

1

8л

jö 0 fô o X ro t  § 1] dx
X

j  § 0  d iv  bi d r
(20)

S ind  die p a r tie lle n  A b le itu n g en  von  Ü1; b2 u n d  in  r  s te tig , so k a n n  
m an  zw ei po sitiv e  G rössen К  u n d  L  angeben , so dass

I g rad  v lt,| < ; К  ; | g rad  v2, <, К  ; | d iv  bA | К  ; | ro t  | < ; L  (21)
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sin d , wo v u  u n d  V2 i d ie rech tw in k lig en  K o m p o n en ten  d er V ek to ren  und
t>2 s in d . In  d iesem  F a ll k ö n n en  w ir sch re iben :

j 9t)o{(ö0grad)ö2} rfTj + ~  J&o { (§0grad)öi}dT +  Ö0[£0Xrot § J d r

1
8 л J ® o d iv ti i dT <[ 3 jК Qb^dr

1 K

8л:
§o d r

4 л hol ! ©o l d r -

(22)

I s t  die M assendich te  q in  d em  ganzen S trö m u n g sb ere ich  end lich , d. h . 
e x is tie r t eine p o sitive  G rösse M ,  so dass

m in |/p  =  М(4л)12 >  0 in  r

gilt, so is t

h o  I I  Ф о  I S - i
M ] i i 7

F e | ö 0 | I § o l dT- (23)

N ach  d e r C auchyschen  U ng le ichung  is t  aber

T T T

U n te r  H eran z ieh u n g  von  (22) b is (24) b ek o m m t m an aus (20):

wo

N  =  1 K  +
4 л М

(24)

(25)

(26)

is t. I n  dem  Z e itin te rv a ll < 0 ,  <0 >  n im m t also das In te g ra l in  (25) n ic h t 
schne lle r zu, als in  dem  F a ll der G le ichung

Die L ösung  d er Gl. (27) is t

dT =  CeNl, (28)
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w oraus das id e n tisc h e  V erschw inden  von  b0 u n d  § 0 in  dem  ganzen  B ereich  
r  fo lg t, da  das In te g ra l  in  (28) n ach  d er A n fan g sb ed in g u n g  fü r  t =  0 v e r
sch w in d en  m uss.

Die V erfasser d an k en  H e rrn  G y . K a r v a s z  fü r  w ertvo lle  D iskussionen .
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ЕДИНСТВЕННОСТЬ МАГНИТОГИДРОДИНАМИЧЕСКОГО ТЕЧЕН И Я БАРО- 
ТРОПНОЙ, ПРОВОДЯЩЕЙ СРЕДЫ

Й. САБО и Ч. ХАРГИТАИ

Резюме

В работе прямым методом показывается единственность решения основных урав
нений магнитогидродинамики для баротропной, проводящей жидкости при следующих 
условиях:

а )  область, занятая жидкостью, ограничивается кусочно-гладкой плоскостью, 
все точки предыдущей лежат в конечной области;

б )  давление зависит исключительно от плотности жидкости;
в )  электрическая проводимость и оба коэффициента вязкости среды постоянны;
г )  граничные и начальные условия даны в виде непрерывных функций;
д )  магнитогидродинамические величины для t  >  0 имеют непрерывные частные 

производные, однако, минимальное значение плотности массы по всей области течения 
является конечным.
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TIME DEPENDENCE OF SOME PARAMETERS OF 
A. C. DISCHARGES*

By

G. L a k a t o s  and J .  B i t ó

I N D U S T R I A L  R E S E A R C H  I N S T I T U T E  F O R  T E L E C O M M U N I C A T I O N  T E C H N I Q U E ,  B U D A P E S T

(Presented by  G. Szigeti. — Received 21. II. 1961)

The tim e dependence of the various discharge param eters in a  ho t-cathode a. c. low 
pressure m ercury vapour argon discharge was investigated . The authors applied F a j t  and 
K o n c z ’ s  a. c. probe m easurem ent m ethod based on the L a n g m u i r  probe theorem . They 
describe th e  tim e dependence of the field strength , electron tem perature , electron concentration, 
recom bination  velocity, cathode- and anode-fall. In  th e  experim ents th e  cathode was no t 
heated by any external source.

Introduction

T h e  p lasm a o f  th e  low  p ressu re , d. c. gas d ischarge h as  o ften  been  
ex am in ed  by  m eans o f  th e  Langm uir  probe m easu rin g  p rincip le  [1] in  m ercu ry  
v a p o u r  an d  in  a m ix tu re  o f m ercu ry  v a p o u r  an d  argon  [2]. Langm uir’s 
m e th o d  h as  been used  b y  some w orkers also in  case o f an  a. c. gas d ischarge
[3, 4, 5].

T h e  au th o rs  ex am in ed  th e  tim e  d ependence  o f  some p a ra m e te rs  o f th e  
a . c. gas d ischarge in  a m ix tu re  o f  m ercu ry  v a p o u r  and  argon  o f 3 m m  H g 
p re ssu re , a t  an  a m b ie n t te m p e ra tu re  o f 22,5— 24 °C. In  all m easu rem en ts  
an  o x id e-co a ted  ca th o d e  w as used  w hich  was h e a te d  b y  th e  d ischarge  only , 
no e x te rn a l h e a tin g  being  app lied .

F ro m  the  p ro b e  ch a rac te ris tic s  th e y  o b ta in e d  th e  tim e  d ependence  of 
th e  a x ia l fie ld  s tre n g th , th e  e lec tro n  te m p e ra tu re , th e  e lec tron  co n cen tra tio n , 
th e  reco m b in a tio n  velo c ity  and  th e  ca thode- a n d  anode-fall.

Measuring m ethod and arrangem ent

Langmuir [1] obtained in case of an increasing probe-potential an 
increasing electron current on the probe, according to the equation:

ie =  1/4 • e ■ ne vef  ■ exp
e V

( 1 )

* A report on research conducted under con tract w ith  the U nited Incandescent Lam p 
and E lectrical Co. L td .
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w h ere  ie is th e  e lec tro n  c u rre n t on  th e  p ro b e , e th e  e lec tro n  ch a rg e , 
n e th e  e lec tro n  c o n c e n tra tio n  in  th e  p lasm a , ve th e  m ean  v e lo c ity  o f  th e  
e lec tro n s in  th e  p la sm a , f  th e  e ffec tive  su rface  o f  th e  p ro b e , V  th e  d ifference  
o f  th e  p lasm a  a n d  p ro b e  p o te n tia ls , к  th e  B o ltz m a n n  c o n s ta n t a n d  T e th e  
e le c tro n  te m p e ra tu re  in  th e  p lasm a , in  th e  p robe  reg ion .

R ep re sen tin g  th e  lo g a rith m  of th e  p ro b e  c u rre n t as fu n c tio n  o f th e  probe 
p o te n tia l ,  th e  e le c tro n  c u rre n t ie is ch a ra c te riz e d  b y  a s tra ig h t lin e . The 
s t r a ig h t  line h as  a b re a k  a t  a c e r ta in  p o te n tia l v a lu e , th is  b re a k in g  p o in t 
gives th e  p o te n tia l  in  th e  ex am in ed  p o in t o f th e  p la sm a . T he e lec tro n  te m p e r
a tu re  T e can  be  d e te rm in ed  fro m  th e  slope o f  th e  s tra ig h t  line:

2,303 A log  ie _  11600 
A V  T e

a n d  th e  e lec tro n  c o n c e n tra tio n  n e fro m  th e  eq u a tio n

n „ =
/ •

1 8 к Т а
л - т „

• exp. t e V  
kT„

(2)

(3)

w here  m e m eans th e  m ass o f  th e  e lec tro n .
T h e  F a j t — K o n c z  m e th o d  [4] o f  th e  m e a su re m e n t o f th e  a. c. d ischarge  

b a se d  on  L a n g m u i r  pro b es an d  ap p lied  b y  th e  a u th o rs  consists in  th e  fo llow ing: 
th e  p ro b e  is h e ld  on  a c o n s ta n t p o te n tia l  w ith  re sp e c t to  one of th e  e lec trodes 
a n d  th e  p ro b e  c u rre n t is ap p lied  to  th e  v e rtic a l in p u t  o f an  oscilloscope.

T ak in g  p h o to g ra p h s  o f th e  screen  o f th e  oscilloscope a t  v a rio u s  probe 
p o te n tia ls  an d  re a d in g  o ff th e  c u rre n t va lues o f  th e se  p h o to g rap h s  belo n g in g  
to  one a n d  th e  sam e va lu e  o f th e  tim e  base , th e  p ro b e  c u rren t v s . p robe 
p o te n tia l  c h a ra c te r is tic s  can  be p lo tte d  w ith  th e  tim e  va lu e  as p a ra m e te r .

T he ex am in ed  gas d ischarge tu b e  w as o f  th e  h o t-c a th o d e  ty p e , w ith  
a n  in te rn a l d ia m e te r  o f 38 m m , a n d  an  e lec trode  sp ac in g  o f 1130 m m , filled  
w ith  a m ix tu re  o f  m e rc u ry  a n d  arg o n  o f  3 m m  H g  p ressu re . T he h o t  ca th o d e  
w as n o t  h e a te d  b y  a n y  e x te rn a l sou rce .

T h e  in te rn a l  w all o f th e  tu b e  w as co a ted  w ith  a lu m in escen t p h o sp h o r. 
T h e  ca th o d es w ere o f th e  o x id e -ca th o d e  ty p e , m ad e  o f  th e  oxides o f  a lka line- 
e a r th  m e ta ls . In  th e  gas d isch arg e  tu b e  th e re  w ere th re e  probes: one in  th e  
m id d le  o f  th e  p o sitiv e  co lum n an d  fro m  th is  a t  a d is tan ce  o f 400 m m  one probe 
to w a rd s  th e  one en d  an d  a n o th e r  p ro b e  to w ard s  th e  o th e r  end o f th e  po sitiv e  
co lum n .

T h e  p ro b es reach ed  in to  th e  ax is  o f th e  d ischarge  tu b e . T h e ir  len g th  
w ere 2 m m  a n d  th e i r  d iam ete rs  0.2 m m , each. T he feed  of th e  tu b e  h ap p en ed  
fro m  an  a. c. n e tw o rk  o f  50 cycles/sec freq u en cy , w ith  a d ischarge  c u rren t 
I t o f  430 m A , T h e  m e a su re m e n ts  w ere ca rried  o u t in  a n  am b ien t te m p e ra tu re  
o f  22 ,5— 24 °C.
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T he schem e of th e  device used  fo r  th e  m easu rem en t is show n in  F ig . 1. 
In  o rd er to  avo id  to o  h igh  e lec tron  c u rre n ts , th e  p o te n tia l  o f th e  p ro b e  was 
k e p t a t  a low er v alue  th a n  t h a t  of one o f th e  e lec tro d es.

In  th e  h a lf  period  in  w hich  th e  e lec trode  in  q u es tio n  is n eg a tiv e , only 
an  ion  c u rre n t passes th ro u g h  th e  p ro b e , th e  in te n s i ty  of w hich  co m p ared  
to  th e  e lec tro n  c u rren t can  be n eg lec ted .

Fig. 1. Block diagram  of th e  device used in  th e  probe m easurem ent of the a. c. discharge tube. 
P j, P 2, P 3 =  probes; S t =  sta rte r; О =  oscilloscope, V v — p robe voltage; Vt =  tu b e  voltage; 
If =  discharge current; R z =  measuring resistance of the probe curren t; D =  d. c. voltage

source

In  th e  o th e r h a lf  period  w hen  th e  e lec trode  is po sitiv e , an  e lec tro n  
c u rre n t flow s, w hich  depends on th e  d . c. vo ltag e  ap p lied  to  th e  p ro b e . T he 
in te n s ity  o f th e  c u rre n t could  be m easu red  b y  m ean s of th e  v o ltag e  tak en  
from  th e  resis tan ce  R 2 on one of th e  v e r tic a l in p u ts  o f  a double  r a y  oscilloscope, 
while th e  h o rizo n ta l in p u t  was fed  b y  a sweep f re q u e n c y  o f 50 cycles/sec, 
co rrespond ing  to  th e  a . c. to  be m easu red . To th e  o th e r  v e rtic a l in p u t  a vo ltage  
p ro p o rtio n a l to  th e  c u rre n t of th e  d ischarge tu b e  w as app lied  in  o rd er to  
m ake th e  phase re la tio n s  id en tica l. T h e  oscillogram  ta k e n  o f th e  tim e  d ep en d 
ence o f  th e  probe c u rre n t can  be seen  in  Fig. 2, i t  re la te s  to  th e  p ro b e  n e a re s t  
to  th e  ca th o d e .

2* A cta  Phys. Hung. Тот. X I I I .  Fasc. 3.
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M easuring results

T he ca lc u la ted  values o f  th e  e lec tron  te m p e ra tu re  o f  th e  a. c. gas 
d isch arg e  as a fu n c tio n  o f  th e  p h ase  angle o f th e  a. c. are  show n  in  Fig. 3. 
I n  th e  reg ion  c— d  o f th e  phase  ang le  th e  F igure  show s no va lu es  as th e  oscillo-

Fig. 3. E lectron tem perature  vs. tim e

g ram s in  th is  reg ion  could  n o t be well ev a lu a te d . T he reg ion  c— d  is visible 
also  in  F ig . 4 , w h ich  rep re sen ts  th e  tim e  dependence  o f th e  tu b e  v o ltag e . F rom  
th is  i t  can  be seen th a t  th e  reg ion  in  q u es tio n  coincides w ith  t h a t  o f th e  vo ltage 
b re a k d o w n . F ro m  F ig . 3 i t  can  be seen th a t  th e  e lec tro n  te m p e ra tu re  w ith in

A cta  Phys. Hung. Тот. X I I I .  Fasc. 3.



TIM E D EPEN D EN C E O F SOM E PARAM ETERS O F  A. C. DISCHARGES 275

th e  exam ined  reg ion  is th e  h ig h est a t  the  phase  angles be long ing  to  th e  po in ts  
c a n d  d.

T he tim e dependence  of th e  elec tron  c o n c e n tra tio n  n is show n in Fig. 5. 
A ccord ing  to  th is , th e  e lec tron  co n cen tra tio n  w ith in  th is  reg ion , a t  the  b eg in 

n in g  of th e  h a lf  perio d  is s till th e  h ighest in  th e  phase before th e  b reakdow n 
a n d  i t  decreases g rad u a lly  till  th e  m iddle p h a se  o f th e  h a lf  period , w here 
th e re  is a m in im um  in  th e  neighb o u rh o o d  o f th e  phase ang le  e. The slope

Acta Phys. Hung. Тот . X I I I .  Fasc. 3.
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o f th e  cu rv e  in  th e  reg ion  a— c, w here  p re su m ab ly  th e re  is as y e t no  io n iza tio n , 
g ives th e  reco m b in a tio n  v e lo c ity

v r
d n e

~dt~ '
(4)

T he tim e  d ependence  o f th e  reco m b in a tio n  v e lo c ity  vr in  th e  re g io n  a— c 
c a lc u la te d  fro m  th e  d a ta  o f  F ig . 5 is sh o w n  in  Fig. 6. I t  can  bee seen  t h a t  th e

Fig. 6. R ecom bination velocity vs. tim e; points a, b and  c see in  Fig. 5

re c o m b in a tio n  v e lo c ity  decreases w ith  th e  tim e  s im ila rly  to  th e  e lec tron  
c o n c e n tra tio n . T he reg io n  a— c o f th e  cu rv e  p lo tte d  in  F ig . 5 can be  described  
b y  th e  fo llow ing em p irica l fo rm ula :

n e =  п л  exp  (ßt), (5)

w here  n e0 m eans th e  e lec tro n  c o n c e n tra tio n  b e long ing  to  th e  p h ase  p o in t a, 
t th e  tim e  an d  ß — f ( t ) ,  th e  v a lu e  o f  w hich a t  th e  phase b a m o u n ts  to  
766 sec-1  an d  a t  th e  p h ase  p o in t c to  1425 sec-1 .

A p p ly in g  th e  e q u a tio n s  (4) a n d  (5) th e  reco m b in a tio n  v e lo c ity  vr in  
th e  reg io n  a— c can  be g iven  b y  th e  follow ing e q u a tio n :

=  — ß n e0 exp (— ß t ) . (6)
dt
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TIM E D EPEN D E N C E O F SOME PA R A M ETE R S O F A. C. D ISCH A RG ES 277

F ro m  th e  re la tio n s o f  th e  re c o m b in a tio n  occurring  in  th e  region a— c,
i. e. equs. (5) a n d  (6), an d  th e  eq u a tio n  o f  th e  volum e reco m b in a tio n  [6]

dne

~dt
=  Qen e (? )

in  w hich  ge is th e  coeffic ien t o f  th e  vo lum e reco m b in a tio n , th e  surface re c o m 
b in a tio n  can  be d e te rm in ed , i f  Qe is k n o w n .

In  th is  w ay  in fo rm a tio n  can  be o b ta in e d  concerning th e  re la tio n  b e tw een  
th e  tu b e  d ia m e te r  an d  th e  su rface  reco m b in a tio n  w hich —  as is know n [7] —  
in fluences th e  va lu e  o f th e  g ra d ie n t. Some fu r th e r  ex p erim en ts  are  still re q u ire d  
to  c lear th is  p o in t.

B y  d e te rm in in g  th e  v a lu e  o f  th e  p la sm a  p o te n tia l in  th e  ab o v e-m en tio n ed  
w ay  a ro u n d  m ore probes th e  g ra d ie n t o f th e  positive  co lu m n  could be d e te r 
m ined  from  th e  p o te n tia l d ifference b e tw een  th e  p lasm a p o in ts  and  th e  d is 
tan ces  be tw een  th em . The ca lcu la ted  v a lu es  o f  th is  for th e  exam ined  reg io n  
a—f  a re  show n in  F ig . 7, fro m  w hich  i t  is a p p a re n t  th a t  th e  tim e  dependence  
o f th e  g ra d ie n t is sim ilar to  t h a t  of th e  v o lta g e  of th e  gas discharge tu b e  
(F ig . 4).

Acta Phys. H ung. Тот . X I I I .  Fasc. 3 .
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F in a lly , from  th e  t im e  dependence o f  th e  p lasm a  p o te n tia l m easu red  
a t  all th e  th re e  probes in  th e  w ay  know n fro m  the  l i te ra tu re  [8] also th e  tim e  
d ependence  o f  th e  anode- a n d  c a th o d e -fa ll could be d e te rm in ed . F o r th is  
d e te rm in a tio n  i t  was n ecessa ry  to  m easu re  th e  ex tension  o f  th e  ca th o d e  d a rk  
space in  th e  d irec tio n  of th e  ax is  o f th e  d ischarge  tu b e . T h e  tim e  d ependence  
o f  th e  ca th o d e - and  an o d e-fa ll can  be seen in  Fig. 8, f ro m  w hich i t  is e v id e n t

Volt

Fig. 8. T im e dependence of th e  cathode- and anode-fall

t h a t  th e  an o d e-fa ll in  th e  ex am in ed  reg io n s changes to  a  sm aller degree an d  
is o f a low er value th a n  th e  ca thode-fall.

T he m easu rem en ts  describ ed  ab o v e  a n d  th e ir  f u r th e r  ex tensions to  th e  
su rface reco m b in a tio n  can  co n tr ib u te  to  th e  w idening  o f  o u r know ledge co n 
cern ing  th e  physica l p rocesses occurring  in  a. c. d ischarges.
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ЗАВИСИМОСТЬ НЕКОТОРЫХ ПАРАМЕТРОВ ГАЗОВОГО РАЗРЯДА 
ПЕРЕМЕННОГО ТОКА ОТ ВРЕМЕНИ

Г. ЛАКАТОШ и Я. БИТО 

Резюме

Авторами исследуется зависимость разных параметров разряда от времени в смеси 
ртутных паров и аргона в разрядной трубке с горячим катодом переменного тока низкого 
давления.

При исследовании данной зависимости применялся метод измерения зондами 
переменного тока Файта и Конца, основанный на методе Лэнгмюра. Для случая, когда 
катод не нагревается извне, определяется зависимость от времени, напряженности поля, 
электронной температуры, концентрации электронов, скорости рекомбинации, катодного 
и анодного падений. Приводятся соответствующие диаграммы.
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FISSION PRODUCT PRECIPITATION FROM THE  
ATMOSPHERE IN DERRECEN, HUNGARY, BETWEEN

1958 AND 1960

By

A . SZALAY and  A . KOVACH

I N S T I T U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  D E B R E C E N ,  H U N G A R Y

(Received 27. II. 1961)

O bservations concerning the atm ospherical p recip itation  of fission p roducts ■were 
continued during 1958 — 1960.

The cessation of nuclear te s t explosions since Nov. 1958 m ade it  possible to  approxi
m ately m easure the clean up  ra te  of fission products in the atm osphere. A m ean residence 
tim e of 0,45 years and a clean up half period of 0,3 years w ere observed. Owing to th is, a 
reduction  of fission product contam ination of the  atm osphere to  one hundred th  of its  original 
value can be expected w ithin two years.

The clean up therefore is much quicker, and  the ra te  o f m ixing between stra tosphere 
and  troposphere seems to  be more intense th an  anticipated. The fission product contam ination  
decreases to  10%  of its original value w ithin one year. In  th is  reduction the effect of the 
m ixing betw een the air masses of the stratosphere and troposphere and the rad ioactive decay 
are included. The mixing ra te  of the air masses of the stra tosphere (or a t least th a t  of the 
lower layers of it) is about 75%  per year.

T he a tm o sp h eric  p re c ip ita tio n  h as  been  o b se rv ed  w ith o u t in te r ru p tio n  
a n d  b y  th e  sam e m eth o d s  a t  th is  I n s t i tu te  since 1952 [1], [2], [3], [4], [5]. 
T h e  m easu rem en ts  we are  dealing  w ith  in  th is  p a p e r  were m ade be tw een  
1958 an d  1960 an d  in d ic a te  a v e ry  ra p id  decrease o f  co n ta m in a tio n  since 
th e  cessa tion  o f n u c lea r te s t  explosions in  N ov em b er 1958.

T he a tm o sp h eric  p re c ip ita tio n  h as  been  co llected  each  m orn ing , w h en ev er 
th e re  w as a n y  p re c ip ita tio n  in  an  o m b ro m e te r w ith  a PVC fu n n e l 40 cm  in 
d iam ete r. W e suppose —  in  ag reem en t w ith  o th e r a u th o rs  [6] -—- t h a t  b y  
■such a sam p lin g  m e th o d  p rac tica lly  th e  to ta l  fa llo u t can  he g a th e re d . M ost 
o f  th e  fa llo u t is b ro u g h t dow n b y  ra in  an d  snow . D u s t  fa llo u t d e p o s ited  on 
th e  fu n n e l is m o stly  w ash ed  in to  th e  b o tt le  b y  th e  n e x t  ra in . T he to ta l  w a te r  
sam ple co n ta in in g  th e  d u s t  and  soo t pa rtic le s  is rem o v ed  from  th e  b o ttle  
a n d  co n c e n tra ted  b y  e v a p o ra tio n  in  a porcelain  d ish , th e n  ca rr ied  in to  a 
sam ple m easu rin g  glass cup of 25 m m  in n e r  d ia m e te r  an d  8 m m  h ig h . (F o r 
d e ta iled  d escrip tion  o f  m ethod ics see R ef. [4].)

The sam ple is m easu red  ab o u t 48 hours a f te r  collection  b y  an  end- 
w indow  GM co u n te r 25 m m  in  d iam e te r w ith  an  a lu m in iu m  w indow  th ick n ess  
o f  0,1 m m .

T he q u a n t i ty  of w a te r  and  th e  m easu red  a c t iv i ty  is th e n  re d u c e d  so 
as to  re fe r to  th e  d im ensions of a n o rm a l m eteoro log ica l o m b ro m ete r, i. e. 
to  a su rface  o f 1/50 m 2. I n  th e  ea rlie s t m easu rem en ts  (in 1952) a  n o rm a l 
m eteoro logical o m b ro m ete r was used , b u t  la te r  experience  w a rra n te d  a
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ch an g e  over to  th e  co llection  m e th o d  described  ab o v e . In  th e  e a r lie r  m easu re
m e n ts  (1952— 53) a c tiv i ty  w as p a r t ly  a d so rb ed  b y  th e  zinc fu n n e l of th e  
m eteo ro log ica l o m b ro m e te r  an d  th e  q u a n t i ty  o f  w a te r was o f te n  too low  
b ecau se  o f th e  sm all a m o u n t o f p re c ip ita tio n .

T he GM c o u n te r  was c a lib ra te d  w ith  an  u ra n iu m  oxide s ta n d a rd  p laced  
in  th e  sam e ty p e  o f  glass m easu rin g  cup an d  in  th e  sam e g eo m etrica l a r ra n 
g em en t. N o co rrec tio n s  w ere m ad e  e ith e r  fo r th e  s ta n d a rd s  o r fo r  th e  a tm o 
sp h eric  p re c ip ita tio n  sam ples fo r th e  a b so rp tio n  in  th e  A l-w indow  of th e  GM 
c o u n te r  tu b e .

F ig . 1 re p re se n ts  th e  m easu red  ac tiv itie s  as th e  fu n c tio n  of ca len d ar 
tim e . B lack  lines den o te  th e  m easu red  a c tiv itie s . The o rd in a te  shows th e  
a c t iv i ty  in  a c tu a l  co u n ts /m in ., b u t  red u ced  to  a 1/50 m 2 o m b ro m e te r  su rface . 
O n th e  r ig h t side o f  th e  o rd in a te  th e  a c tiv ity  is d en o ted  b y  1 0 ~ 11 Curie u n its . 
C onsidering  t h a t  d u rin g  th e  y e a r  1958, like in  p reced ing  y e a rs , a c tiv ity  w as 
so m etim es so h ig h  th a t  th e  h e ig h t o f  th e  b lack  lin es  could n o t b e  rep resen ted  
p ro p o rtio n a lly , th e se  w ere n o t d raw n  fu lly  a n d  th e  a c tiv ity  w as p resen ted  
in  co u n ts /m in . ab o v e  th e m . E m p ty  dow nw ard  lines re p re se n t th e  q u a n ti ty  
o f  co llec ted  p re c ip ita tio n  in  m m  an d  in  v o lu m e , re sp ec tiv e ly , reduced  to  a 
n o rm a l o m b ro m e te r  su rface o f 1/50 m 2. The ty p e  o f  m eteoro log ical p rec ip ita tio n  
is m ark ed  b y  th e  u su a l m eteo ro log ica l key .

K n ow n  a to m ic  bom b te s ts  are  m ark ed  on th e  ca len d ar t im e  abscissae 
as prec ise ly  as possib le , b u t  ow ing  to  th e  fa c t th a t  in fo rm a tio n  concern ing  
a to m ic  bo m b  te s ts  has been sc a n ty , a ccu racy  a n d  fullness o f  th e  records 
c a n n o t be g u a ra n te e d .

I f  th e  a c t iv i ty  of th e  y ea rs  1959 a n d  1960 is co m p ared  w ith  ea rlie r 
m easu rem en ts  a t  th is  I n s t i tu te ,  a v e ry  la rg e  decrease can be  observed  since 
th e  m idd le  o f  1959. T he cessa tio n  o f  th e  te s ts , d a tin g  from  N o v em b er 1958, 
h as  led  to  a q u ick e r d eco n ta m in a tio n  o f  th e  a tm osphere  t h a n  was a n t i 
c ip a te d  [7], [8], [9].

I t  is w ell k n o w n  th a t  in  an  a to m ic  bo m b  explosion  in  th e  a ir  th e  fission  
p ro d u c ts  are  d is tr ib u te d  b e tw een  th e  tro p o sp h e re  an d  th e  s tra to sp h e re , a n d  
th e  d is tr ib u tio n  q u o tie n t depends up o n  th e  en e rg y  an d  h e igh t o f  th e  explosion, 
e tc . T he fiss io n  p ro d u c ts  of th e  tro p o sp h e re  a re  carried  d ow n  w ith in  a b o u t 
one m o n th  b y  th e  a tm o sp h eric  p re c ip ita tio n  [6], [10]. Sm oke partic les o f 
n u c lea r  ex p losions (in d ia m e te r  less th a n  som e te n th s  of a m icron ) m ay  f lo a t 
in  th e  s tra to s p h e re  fo r m a n y  y e a rs , as th e y  a re  n o t m ark ed ly  in fluenced  b y  
g ra v ita tio n . S ince th e re  is no w a te r  an d  p re c ip ita tio n  in  th e  s tra to sp h e re , 
th e  on ly  p rocess w hich  carries dow n th e  a c t iv i ty  from  th e  s tra to sp h e re  is th e  
m ix ing  o f  th e  a ir  m asses b e tw een  th e  s tra to sp h e re  and  tro p o sp h e re . I t  w as 
assum ed  [7], [8] th a t  th is  m ix in g  process is v e ry  slow and  t h a t  i t  w ould ta k e  
10 or a t  le a s t 4 y ea rs  for th e  fission  p ro d u c ts  o f  th e  s tra to sp h e re  to  come dow n 
to  th e  su rface  o f  th e  E a r th .
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M ETEOROLOGICAL K E Y  U S E D : • RAIN, ♦ FOG, ▼ SHOWER, к THUNDERSTORM, a HAILSTORM, v RIME,
Fig. 1. Fission product precipitation from the atm osphere in  Debrecen, H ungary , betw een 1958 and 1960. O rdinate upw ards, right: A ctiv ity  observed, in  10 11 Curies, 
corrected for the geom etryof th e  counting equipm ent. O rdinate upw ards, left: A ctiv ity  observed, in  cpm  reduced to  1/50 m2 om brom eter surface. Very large 
activities are not shown linearly b u t by  num bers ndicating observed cpim. O rdinate downwards, righ t: One day’s rainfall expressed as volume collected from  an

exposed area of 1/50 m2. O rdinate downwards; left: One day’s rainfall, in  mm. Abscissa: Calendar tim e
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C onsidering th a t  th e  la s t nu c lea r te s t  explosions to o k  place in  O c to b er 
1958, i t  can  be assum ed  th a t  all m easu rem en ts  since th e  end  of 1958 have  
a c tu a lly  concerned  fission  p ro d u c ts  com ing  dow n from  th e  s tra to sp h e re .

In  co n trad ic tio n  to  all ex p ec ta tio n s , a c tiv ity  decreased  ra th e r  q u ick ly  
in  th e  second h a lf  o f 1959. A fu r th e r  m ark ed  decrease w as observab le  d u rin g  
1960, and  a t  p resen t a c tiv ity  is n ea rly  neglig ib le.

As i t  is well know n, th e  cessation  o f  nu c lea r te s t  exp losions w as in te r 
ru p te d  in  1960 b y  3 F ren ch  bom b te s ts  ca rr ied  ou t in  th e  S ah ara . T hese te s ts

F i g .  2 .  T otal yearly fa llou t o f fission products in  Debrecen, H ungary. Ordinate: T otal yearly  
fa llou t, not corrected for radioactive decay, in  m illicuries/km 2. A bscissa: Calendar tim e. 
(N ote  the rapid decrease in  1959 and 1960, since the cessation o f  nuclear test explosions.)

d id  n o t re m a rk a b ly  a ffec t th e  c o n ta m in a tio n  of th e  a tm o sp h ere , a t  leas t 
n o t above D ebrecen .

Fig. 2 show s th e  to ta l  y ea rly  fa llo u t ca lcu la ted  fro m  o u r m easu rem en ts , 
in  m illicu rie /km 2 u n its , since 1952. The decrease of a tm o sp h e ric  c o n ta m in a tio n  
since th e  cessation  of n u c lea r te s t  exp losions seems to  h a v e  been  v e ry  qu ick . 
I f  we assum e th a t  th e  to ta l  fa llo u t o f 1959 and  1960 cam e from  th e  s t r a to 
sphere , we can  ca lcu la te  a d eco n tam in a tio n  h a lf  period (T 12) o f th e  s tra to sp h e re  
as well as th e  “ m ean  residence tim e ”  (r) o f th e  in v o lv ed  fission p ro d u c ts . 
T h is h a lf  period  is defined  as th e  tim e  n ecessary  for th e  s tra to sp h e re  to  loose 
h a lf  o f its  fission  p ro d u c t co n tam in a tio n .

F o r th is  ca lcu la tio n  th e  follow ing assum p tio n s a re  to  be m ade:
a )  A t th e  end  of 1958, th e  fission  p ro d u c ts  w ere u n ifo rm ly  d is tr ib u te d  

in  th e  a ir  m asses of th e  s tra to sp h e re .
b)  B y  th e  sam e tim e , th e  fission  p ro d u c ts  of th e  tro p o sp h e re  o rig in a tin g  

im m ed ia te ly  from  exp losion  te s ts  (so-called “ tro p o sp h eric  fa llo u t” ) h ad  a lre a d y
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b een  c leaned  u p  b y  a tm o sp h e ric  p re c ip ita tio n , th u s  th e  a c tiv itie s  m easu red  
in  1959 a n d  1960 cam e e n tire ly  from  th e  s tra to sp h e re .

c) T he m ix in g  of th e  a ir  m asses o f th e  s tra to sp h e re  an d  tro p o sp h ere  
in  th e  y e a rs  1959 an d  1960 w as n o t ex cep tio n a l. We assu m e  th a t  it  w as o f  
a b o u t th e  u su a l e x te n t, a n d  each  y ea r a b o u t th e  sam e fra c tio n  of th e  a ir  
m asses is b e in g  m ixed .

d )  A ctiv itie s  p ro d u ced  b y  th e  F ren ch  a to m ic  te s ts  a re  neglected .
A ccord ing  to  th ese  a ssu m p tio n s , th e  to ta l  m easu red  fa llo u t of th e  y e a r  

1959, d e n o te d  b y  A x, is p ro p o rtio n a l to  th e  fission  p ro d u c t co n ten t o f th e  
s tra to sp h e re  fo r th a t  yea r, A 2 fo r 1960 a n d  so on. W ith  a ssu m p tio n  c)  we 
ca n  ex p ec t A 2/ A 1 =  A 3/ A 2 =  A a/ A 3 e tc . fo r th e  su b se q u e n t years.

L e t us d en o te  b y  (M ) th e  to ta l  a ir  m ass of th e  s tra to sp h e re , b y  (A )  its  
to ta l  a c t iv i ty  (supposed  to  be  un ifo rm ly  d is tr ib u te d )  a n d  b y  (dM )  an d  (d A ), 
re sp ec tiv e ly , th e ir  frac tio n  c a rr ie d  dow n in to  th e  tro p o sp h e re  d u ring  th e  tim e  
in te rv a l (dt). W e can  define a c o n s ta n t (r), th e  “ m ean residence tim e” , o f  th e  
a c t iv i ty  in  th e  s tra to sp h e re , so t h a t  th e  fo llow ing eq u a tio n  is va lid  acco rd ing  
to  th e  a ssu m p tio n s  m ade ab o v e :

d M  d A  dt
M  ~  A  ~  X

T h e  so lu tion  o f  th is  eq u a tio n  is
_ í

A  =  A 0e w here A 0 is th e  to ta l  a c t iv i ty  a t tim e  t =  0, and  A  is th e  
sam e a t  tim e  t.

T he o b se rv ed  y e a r ly  to ta l  fa llou t w as A l =  261 m C /km 2 d tiring  th e  
y e a r  1959 a n d  A 2 =  27,7 m C /km 2 du ring  1960 (F ig . 2) w ith  an  in te rv a l o f  
one y e a r (t =  1), in  be tw een , th u s

=  e~Vr and  I n -é* .  =  _  l /т .
A i  A !

In se r tin g  th e  n u m erica l v a lu es  fo r  А г an d  A 2, x =  0,45 y e a rs  is o b ta in ed  fo r  
th e  “ m ean  residence  t im e ”  o f  th e  a c tiv ity  in  th e  s tra to sp h e re . The a c tiv i ty  
o f  th e  s tra to sp h e re  decreases b y  a fac to r e d u rin g  th is  tim e  in te rv a l, t h a t  is 
to  37 %  o f i ts  p rev io u s v a lu e . S im ilarly , th e  tim e  n ecessa ry  fo r a decrease to  
one h a lf  ( T 1/2 o r to  one te n th  ( Т ц 10) can be co m p u ted :

T lj2 =  0,3 y e a r  and  10 =  1,0 yea r.

T he to ta l  fission  p ro d u c t c o n ta m in a tio n  o f th e  a tm o sp h e re  is red u ced  
w ith in  one y e a r  to  one te n th  a n d  w ith in  tw o  y ears  to  one h u n d re d th  o f  its  
o rig inal v a lu e .
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T hese o b serv a tio n s show  th a t  th e  clean u p  ra te  of th e  fis s io n  p ro d u c ts  
o f  th e  w hole a tm o sp h ere  is q u ick e r th a n  su p p o sed , th e  m ix in g  betw een  th e  
tro p o sp h e re  an d  s tra to sp h e re  b e ing  m ore in te n se  th a n  a n tic ip a te d .

In  th e  ca lcu la tions above , no co rrec tions h a v e  been m ad e  fo r  th e  ra d io 
ac tiv e  decay  o f fission  p ro d u c ts , hence th e  c lean  u p  ra te  o f th e  a tm osphere  
d e te rm in ed  above inc ludes also th e  e ffec t o f ra d io a c tiv e  decay  o f  th e  p ro d u c ts . 
T h is is n o t o b jec tionab le  from  th e  p o in t o f v iew  o f  public  h e a lth , b u t  perh ap s 
i t  w ould  be so if  fro m  i t  we tr ie d  to  d e te rm in e  th e  m ixing r a te  o f  th e  tro p o 
sp h ere  an d  a tm o sp h ere . F ro m  th e  ca lcu la tio n s ab o v e , the  m ix in g  ra te  of th e  
s tra to sp h e re  an d  tro p o sp h e re  w ould  be ab o u t 9 0 %  per y ea r, a t  le a s t in  th e  
low er lay e rs  of th e  s tra to sp h e re . T his v a lu e  is p ro b a b ly  h ig h er th a n  th e  re a l 
one, because th e  rad io ac tiv e  decay  o f fission  p ro d u c ts  has th e  effect o f a 
seem ing ly  la rg e r m ix ing  ra te . T h is e rro r could  be  avoided b y  se lec ting  long- 
liv ed  fission  p ro d u c ts  (e. g. S r— 90, Cs— 137) fro m  the  to ta l  fa llo u t. U n fo r
tu n a te ly , th is  p o ssib ility  has been  neg lected  a n d  th e  q u a n t i ty  o f  sam ples 
co llec ted  w as n o t su ffic ien t fo r th is  p u rpose .

T he effect o f rad io ac tiv e  decay  can  be ta k e n  in to  co n sid e ra tio n  b y  a p p ly 
in g  fo r co rrec tion  th e  W a y — W i g n e r  fo rm u la , w h ich  describes th e  collective 
d ecay  о f  fission p ro d u c t as follow s:

A (t)  =  ^ ( l ) - t - 1'2

w here  t deno tes th e  tim e , w h ich  has e lap sed  since th e  n u c le a r  exp losion , 
A(t)  is th e  a c tiv ity  a t  th e  tim e  t, an d  A ( l )  th e  a c t iv i ty  a t  th e  f i r s t  u n it  o f tim e  
a f te r  th e  bom b te s t .

B y  a s im plify ing  a p p ro x im a tio n , we cap  consider th e  a c t iv i ty  of th e  
s tra to sp h e re  in  th e  years a f te r  th e  cessa tion  o f  atomic, b o m b  te s ts  as i f  it 
h a d  been  p ro d u ced  b y  a single h y p o th e tic a l n u c le a r  exp losion  in  th e  y e a r  
1958. This s im p lifica tion  is ju s tif ie d  b y  th e  fa c t  t h a t  th e  p reced in g  ca lcu la tion  
in d ica te s  a ra th e r  h igh m ix ing  ra te  be tw een  th e  s tra to sp h e re  a n d  th e  tro p o 
sphere , so th a t  fission  p ro d u c ts  from  exp losions earlier th a n  1958 rep resen t 
o n ly  a sm all p ercen tag e  o f th e  fa llo u t o f th e  y e a rs  1959 a n d  1960.

N ow  ta k in g  one y e a r  fo r th e  u n it  o f t im e , the  to ta l  a c t iv i ty  of th e  
s tra to sp h e re  (w ith o u t m ix ing  an d  fa llo u t) one  y e a r  a fte r th e  h y p o th e tic a l 
single explosion, th a t  is in  1959, w ould  be  A  (1) a n d  in  1959 i t  w o u ld  be A  (2 ). 
A ccord ing  to  th e  W a y — W i g n e r  fo rm u la

=  2 - ы  =  0,435 =  1/2,3.
A (  1)

On th is  a ssu m p tio n , th e  a m o u n t o f fission  p ro d u c ts  m u s t  h av e  decayed  
fro m  1959 to  1960 (w ith in  one y e a r , tw o  y ea rs  a f te r  th e  h y p o th e tic a l explosion) 
to  4 3 ,5 % . T herefo re , i f  we w a n t to  co rrec t th e  value of A 2 fo r  ra d io a c tiv e
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d ecay , we m u st m u ltip ly  i t  b y  th e  fa c to r  2,3. In  co m p u tin g  th e  re a l m ix ing  
ra te  b e tw e e n  th e  a ir  m asses o f th e  s tra to sp h e re  a n d  th e  tro p o sp h ere , we m u st 
use th is  co rrec ted  v a lu e  fo r  A 2. T he  co rrec ted  v a lu es  fo r th is ca lcu la tio n  are  
A x =  261,5 m C /km 2 (as before) a n d  A \  =  2,3 • 27,7 =  63,71 m C /km 2, N ow  
b y  a ca lcu la tio n  s im ila r to  th e  ab o v e , we can c a lc u la te  th e  “ m ean  residence  
t im e ”  ( r ’) o f th e  a ir  m ass  M  in  th e  s tra to sp h e re , w ith  the  re su lt

r ’ =  0,71 years,

a n d  c o n se q u e n tly  T 1/2 =  0,49 y ears . T h is  m eans, t h a t  th e  m ixing r a te  b e tw een  
th e  s tra to sp h e re  a n d  tro p o sp h e re  is a b o u t 50%  in  h a l f  a year, a n d  a b o u t 
75 %  in  one year.

F i g .  3 .  T ota l fallout above Debrecen, H ungary, in  quarterly distribution. O rdinate: T otal 
fa llou t, n o t corrected for radioactive decay, in  m illicuries/km 2. Abscissa: Calendar tim e. 

(N ote  the relative  m axim um  o f fa llou t in the Spring of each year.)

F ig . 3 rep re sen ts  th e  fa llo u t in  q u a rte r ly  d is tr ib u tio n . As s ta te d  b y  
S t e w a r t  an d  o th ers  [11], [12] i t  can  be  seen th a t  th e  r a te  of m ix ing  b e tw een  
s tra to sp h e re  and  tro p o sp h e re  is th e  m o st in tense  in  th e  second q u a r te r  o f th e  
y ea r.
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О С А Ж Д Е Н И Е  П Р О Д У К Т О В  Д Е Л Е Н И Я  И З  А Т М О С Ф Е Р Ы  В Г . Д Е Б Р Е Ц Е Н  
В В Е Н Г Р И И  В 1958— 1 9 6 0  Г . Г.

А. САЛАИ и А. КОВАЧ

Р езю м е

Н а б л ю д е н и я  а тм о с ф е р н ы х  о с а д к о в  по о т н о ш е н и ю  п р о д у к то в  д е л е н и я  п о с л е д о в а 
т е л ь н о  п р о в о д и л и с ь  и  в  1958— 1960 г . г .

П р е к р а щ е н и е  о п ы т н ы х  а т о м н ы х  в зр ы в о в  в  н о я б р е  1958 г о д а  д а л о  в о зм о ж н о с т ь  
д л я  п р и б л и ж е н н о й  о ц е н к и  с к о р о с т и  у м е н ь ш е н и я  п р о д у к т о в  д е л ен и я  в  а тм о сф ер е . Д л я  
с р ед н его  в р ем ен и  с о х р а н е н и я  п р о д у к т о в  в  с т р а то с ф е р е  бы ло  п о л у ч ен о  0 ,4 5  го д а , а  д л я  
в р ем е н и  п о л о в и н н о го  о ч и щ е н и я  —  0 ,3  го д а.

С о г л а с н о  э т о м у  м о ж н о  о ж и д а т ь , что  з а г р я з н е н и е  атм осф еры  р а д и о а к т и в н ы м и  п р о 
д у к т а м и  з а  д в а  г о д а  у м е н ы ц а е т с я  до о д н о й  сотой  д о л и  его  п е р в о н а ч а л ь н о г о  з н а ч е н и я .

П о э то м у  о ч и с т к а  п р о и сх о д и т  н а м н о г о  б ы стр ее  и  см еш и в ан и е  м е ж д у  с л о я м и  т р о п о 
сф ер ы  и  с тр а то с ф е р ы  п р о и с х о д и т  в б о л ь ш и х  м а с ш т а б а х , к а к  это п р е д п о л а г а л о с ь  р а н ь ш е .

З а г р я з н е н и е  п р о д у к т а м и  д е л е н и я  з а  оди н  го д  у м е н ь ш а е т с я  до 1 0 %  е го  п е р в о н а ч а л ь 
н о го  з н а ч е н и я .  В  д а н н о й  о ч и стк е  и г р а ю т  р о л ь  к а к  и  р а д и о а к т и в н ы й  р а с п а д ,  т а к  и  см еш и 
в а н и е  м е ж д у  в о зд у ш н ы м и  с л о я м и  т р о п о сф ер ы  и  с тр а т о с ф е р ы .

М е р а  обм ен а  в о зд у ш н ы х  с л о е в  т р о п о сф ер ы  и  с тр а то с ф е р ы  (по к р а й н е й  м ер е , ее н и з 
ш и х  с л о е в ) с о с т а в л я е т  п р и м е р н о  7 5 %  е ж е го д н о .
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LUMINESCENCE OF FLUORESCEIN ACTIVATED 
LAYER PHOSPHORS

By

E . L e n d v a y

R E S E A R C H  I N S T I T U T E  F O R  T E C H N I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T  

•(Presented by G. Szigeti. — R eceived: 2. III. 1961)

The sodium  fluorescein adsorption of oxide layers formed on alum inium  surfaces 
g ives layer phosphors em itting green light under the excitation  of high-pressure m ercury 
vapour lam ps. The in tensity  and energy distribution o f  the light depends on the physical 
and chem ical structure of the layer. I t  has been estab lished  that the activ a tio n  of the oxide  
hydrate layers happens b y  chem osorption and th a t there is a relation betw een  the hydration  
o f  the oxide surface and the energy distribution o f the em ission.

§ 1. In tro d u c tio n

T here  are m a n y  organ ic  com pounds show ing  an in te n se  lum inescence 
in  so lu tion . N o t so o ften , a n  effect of s im ila r in te n s ity  a p p e a rs  also in  case 
o f solid so lu tions or on m olecules adso rbed  on  solid bodies [1— 9].

Several o f th e  abo v e-m en tio n ed  sy s tem s, con ta in in g  p ra c tic a lly  on ly  
th e  solid phase , are  called “ o rg an o p h o sp h o rs” . T he p roperties o f  these  organo- 
phosp h o rs  arising  b y  ad so rp tio n  are  d e te rm in ed  chiefly  b y  th e  su rface  p roperties 
o f th e  a d so rb en t. T he re la tio n  betw een  su rface  phenom ena a n d  lum inescen t 
lig h t em ission ju s tif ie s  to  d is tin g u ish  th ese  pho sp h o rs  by  th e  n am e o f “ ad so r
b a te  p h o sp h o rs” .

T he so-called tw o-d im ensional p h o sp h o rs  belong to  th e  ad so rb a te  
ph o sp h o rs . T h ey  can be p re p a re d  b y  m eans o f  organic co m p o u n d s adso rbed  
on th in  layers or film s. C h o m s e  e t al. d ea led  w ith  the  p ro p e rtie s  of these  
ph o sp h o rs .

T he au th o rs  re fe rred  to  above, ex am in ed  the  lum inescence  o f l-ox i-2 : 
n a p h to n ic  acid , th e re p h ta lic  ac id , salicylic ac id  an d  try p a fla v in e  on  a lum in ium , 
m agnesium  an d  zinc oxide, re sp . h y d ro x id e  lay ers . In  th e  course o f th e ir  
ex p erim en ts  th e y  e stab lish ed  th a t  lu m in escen t ligh tin g  a p p e a rs  only  u n d e r 
c e r ta in  cond itions. This fa c t show s th a t  n o t  ev e ry  a d so rp tio n  process leads 
to  th e  fo rm a tio n  o f lay e r ph o sp h o rs , th e re fo re  a ll ad so rp tio n  processes p ro d u c 
in g  a lu m in escen t system  w ill fu r th e r  be  ca lled  ac tive  a d so rp tio n .

The extraordinary low in ten sity  of the lighting of the Chomse phosphors 
(the original publication does not contain data concerning either the in ten sity  
or the energy distribution) necessitated  —  b y  means o f  th e  choice o f  an  
adequate activator —  the preparation o f  such  a layer phosphor the spectral
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e x a m in a tio n  of w hich can  be e ffec tu a ted . Such an  a c tiv a to r  is e. g. th e  f lu o r 
escein io n  hav ing  in  so lu tio n  a w ell-know n lum inescence , b u t th e  d a ta  co n 
cern ing  its  adsorbed  s ta te  are  v e ry  d e fic ien t.

I n  th e  follow ing w e rep o rt o u r ex p erim en ts  m ad e  on a lu m in iu m  oxi- 
h y d ra te  lay ers  w here w e have used  th e  ab o v e-m en tio n ed  a c tiv a to r .

§ 2. Preparation o f adsorbent layers

T h e  oxide film s o n  a lu m in iu m  w ere p rep ared  chem ically  or b y  m eans 
o f th e  k n o w n  m ethods o f  anodic o x id a tio n  [11— 15]. T h e  n a tu ra l ox ide  film  
a n d  th e  th in  layers m ad e  b y  chem ical an d  th e rm ic  m eth o d s p ro v ed  to  be 
u n su ite d  to  th e  p re p a ra tio n  of la y e r  phosphors. A f lu o rescen t e ffec t could

Fig. 1. A sim ple sketch of the appara tu s for th e  electrolytic oxidation . A -am perm eter, V -volt- 
m eter, D-glass-cooling coil, F-m ixer, C-therm om eter, E -alum inium  samples

be d e m o n s tra te d  on ly  in  th e  la t te r  case, how ever, th e  em itted  g reen  lig h t 
was o f  su c h  a low in te n s i ty  th a t  th e  sp e c tra l e x a m in a tio n  of the  sy s te m  did  
n o t succeed .

A  sim ila r o b se rv a tio n  was m ade b y  Ch o m s e , w ho m ade a co m p ariso n  
be tw een  th e  norm al b o ro n  phosphor a n d  his layer p h o sp h o rs . A ccord ing  to  
his s ta te m e n t concern ing  chem ically -fo rm ed  th in  la y e rs , w hen o x in ap h th o n ic  
acid  a n d  te re p h th a lic  ac id  were used  as ac tiv a to rs , o n ly  0.7— 3%  o f th e  
lu m in e sc e n t in te n s ity  o f  th e  boron p h o sp h o r m ade w ith  th e  sam e a c t iv a to r  
could  be  d e tec ted  [10].
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The layers m ade b y  anod ic  o x id a tio n  show ed  m ore fav o u rab le  p roperties, 
th e re fo re  we used  th e m  for th e  p re p a ra tio n  o f th e  la y e r  p h o sp h o rs . T he sam ples 
to  be ox id ized  w ere m ade o f 99 ,9%  pure  a lu m in iu m  sheets in  th e  form  o f 
squares. T h e ir su rface  was 100 cm 2 large o f w h ich  60 cm2 w as ox id ized . T heir 
clean ing  before th e  o x id a tio n  h ap p en ed  by  w ash in g  w ith  so lv e n t (CC14) a n d  
e tch ing . T he e tch in g  to o k  place e ith e r  w ith  5 %  N aO H  a t  35 °C diming tw o  
m inu tes or w ith  a m ix tu re  of su lfu ric  acid  — ph o sp h o ric  acid — w a te r  a t  100° C 
fo r one m in u te  [16]. F o r th e  o x id a tio n  we u sed  as e lec tro ly te  e ith e r  5%  su l
fu ric  ac id  o r 7%  oxalic acid . T he grade o f th e  used  chem icals w as reag en t. 
T he w a te r  used  fo r w ashing  th e  sam ples, p re p a rin g  the  e le c tro ly te  etc. w as 
pu rified  b y  ion exchange resin . In  th e  m a jo rity  o f  cases the  o x id a tio n  happened  
by  a. c. in  th e  a rra n g e m en t show n in  Fig. 1 w ith  a c o n s ta n t v o ltage  va lue . 
T he v o ltage  sw itched  on th e  cell was 18, resp . 40 Y and  d ep en d ed  on w h e th e r 
th e  o x id a tio n  h ap p en ed  in  su lp h u ric  acid or in  a n  oxalic acid  b a th .  The in itia l 
d en sity  o f th e  c u rre n t passing  th ro u g h  th e  a lum in ium  e lec tro d es p u t in to  
th e  glass tu b  was a b o u t 25 m A /cm 2. T he c o n s ta n t te m p e ra tu re  o f  th e  e lec tro ly te  
w as assu red  b y  a glass cooling coil an d  b y  a m ix e r b y  m eans o f  w hich th e  
system  could  be held  a t  20° C d u rin g  th e  p e rio d  o f th e  o x id a tio n . The su p p ly  
source w as a T R  100 tran sfo rm er. T he tim e o f o x id a tio n  w as b e tw een  15 a n d  
60 m inu tes accord ing  to  th e  th ick n ess  of th e  lay e r. The fo rm ed  layers w ere 
s lig h tly  co loured , th e ir  th ick n ess  w as betw een  5 an d  20 (x.

§ 3. Preparation of layer phosphors

T he oxide layers m ade in  th e  m an n er described  ab o v e  w ere w ashed  
th o ro u g h ly  w ith  cold ion-exchanged  w ater a n d  dried a t 110° C. The oxide 
film s o b ta in ed  in  th is  w ay  —  a lth o u g h  th e y  beh av ed  fa v o u ra b ly  from  th e  
p o in t o f v iew  o f th e  a d so rp tio n , —  in  th e ir  a c tiv e  adso rp tio n  h a rd ly  su rp assed  
th e  p ro p erties  o f th e  chem ically  produced  th in  layers. T h e  h y d ro th e rm a l 
a f te r - tre a tm e n t o f th e  layers described  b y  C h o m s e  e t al. [10] advanced  th e  
ac tive  ad so rp tio n  b u t th e  o rd er of m ag n itu d e  o f  th e  em ission h a rd ly  exceeded  
th e  low er lim it o f th e  in te n s ity  necessary  fo r sp e c tra l ex am in a tio n . A fter th e  
chem ical t re a tm e n t of th e  oxide film s a sa tis fy in g  resu lt w as o b ta in ed . T h e  
layers arising  in  th e  course o f  th e  tre a tm e n t o f  th e  oxide film s w ith  a lcaline 
so lu tions show ed a f te r  th e  a c tiv a tio n  and  u n d e r  th e  in flu en ce  o f  a 3650 Â  
u ltra v io le t ex c ita tio n  a un ifo rm  lig h tin g  o f th e  sam e o rder o f  m ag n itu d e  as 
th a t  o f th e  so lu tions, resp . exceeded  it.

F o r a f te r - tre a tm e n t purposes a 0.1— 5 %  soda so lu tio n  seem ed to  be  
th e  m ost a p p ro p ria te . The tr e a tm e n t took  p lace  during  p e rio d s lastin g  from  
1 to  60 m in u tes  in  a te m p e ra tu re  in te rv a l b e tw een  20 a n d  80° C, w ith o u t 
a n y  p ressu re . W hen  in  a cold or w arm  soda so lu tio n  for a lo n g er tim e  th e  
layers f ir s t  lo st th e ir  yellow ish colour and  th e n  u n d e r a s tro n g e r  ac tion , th e
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o rig ina lly  in ten s iv e ly  re flec tin g  su rface  becam e d u ll. T he d e te rio ra tio n  of 
th e  re flec tio n  p ro p ertie s  d id  no t in flu en ce  th e  a d so rp tio n  c a p a c ity  o f  th e  
layers to  a n y  co n siderab le  degree. A fte r  th e  t r e a tm e n t  th e  e lu tio n  o f the  
e lec tro ly te  w as follow ed b y  d ry ing  a t  100° C.

Also w ith  am m o n iu m  hydrox ide  a n d  b o rax  so lu tio n s  su itab le  a d so rb en ts  
could be p ro d u ced , b u t  th e  lig h t e m itte d  a f te r  th e  a c tiv a tio n  was co n sid e rab ly  
fa in te r  th a n  in  th e  f irs t  case.

T he a c tiv a tio n  o f th e  a lum in ium  h y d rox ide  film s p repared  in  th e  w ay 
described  h ap p en ed  b y  a d so rp tio n  fro m  th e  ab so lu te  m ethano l-, re sp . e thy l- 
alcoholic so lu tio n  o f so d iu m  fluorescein . T he a d so rp tio n  to o k  place on  closed 
vessels on  v e rtic a lly  p laced  p lates, a t  equal in itia l d y e  co n cen tra tio n  and  
equal a d so rb e n t ox ide su rfaces. T he in it ia l  c o n c e n tra tio n  of th e  a c tiv a to r  
so lu tion  w as 1,0 -1 0 ~ 3 mol/1 sodium  fluo resce in . T h e  ad so rp tio n  to o k  place 
in  ev e ry  case a t  room  te m p e ra tu re  a n d  la s ted  from  30 m inu tes to  24 hours. 
A fter th e  a d so rp tio n  an d  rem oval o f  th e  excess flu o resce in  b y  w ash ing , th e  
p la tes w ere d ried  a t  110° C. The re a d y  p la tes, acco rd in g  to  th e  p rep a red  
ad so rb en t la y e r  an d  th e  c ircu m stan ces o f th e  a d so rp tio n , were co lourless, or 
becam e g rey ish , yellow  o r orange.

§ 4. M easurem ent of the em ission  of layer phosphors

T he em ission sp e c tru m  of the  p ro d u c e d  layer p h o sp h o rs  has been  s tu d ied  
b y  m eans o f  an  a u to m a tic  sp ec tro m e te r b u ilt  in our I n s t i tu te  [17]; its  c o n s tru c 
tio n  can  be  seen in  F ig . 2. T he ex c iting  l ig h t source w as a Philips B lack  L ight 
high p re ssu re  m ercu ry  v a p o u r  lam p (1), w hich  illu m in a te d  th ro u g h  a U G — 11 
filte r  (2) th e  sam ple p laced  in  th e  sam p le  ho lder (3). In  o rd er to  c a lib ra te  the  
energy  d is tr ib u tio n , th e  l ig h t  of a n o rm a l lam p  of d e te rm in e d  colour te m p e ra 
tu re  could  be in se rted  in  th e  w ay o f th e  lig h t b y  m ean s of a p rism  (9).

T he lig h t passed  th ro u g h  the  o p tic a l system  o f a Zeiss m o n o ch ro m ato r 
and  fell on  a m u ltip lie r  (5). B etw een th e  en tran ce  gap  a n d  th e  sam p le  th ere  
was a sy n c h ro n  m o to r-d riv e n  sector o f  a  circle (6) w ith  an  au x ilia ry  la m p  (7) 
an d  a CdSe cell (8) on i t ,  p roducing  a sign  synch ronous w ith  th e  in te r ru p te r  
period  o f  th e  sec to r fo r th e  p h ase-sensitive  rec tifie r.

I n  F ig . 3 th e  b lo ck  schem e of th e  e lec tric  sensing  e lem ent of th e  in s tru 
m en t can  be seen. T he sig n  given b y  th e  m u ltip lie r cam e th ro u g h  a high 
freq u en cy  noise su p p ress io n  in te g ra tin g  f ilte r  to  an  in d ex ing  chain  serv ing  
for th e  ex ten s io n  o f th e  m easu ring  l im it . This w as fo llow ed by  a tw o -stag e  
am plifie r, th e n  b y  a c o n tin u o u s  se n s it iv ity  reg u la to r. A fte r  an o th e r tw o -stag e  
am p lifica tio n  th e  sign reach ed  the  m easu rin g  c ircu it o f  the  p h ase-sensitive  
d e tec to r. A  se lf-ru n n in g  m u ltiv ib ra to r  w as con tro lled  b y  th e  seco n d ary  m ark  
of th e  CdSe cell, th ro u g h  a  phase sh if t q u ad rip o le , a f te r  a one-stage a m p lif i
ca tion . A fte r  fu r th e r  am p lifica tio n  th is  sign  co n tro lled  th e  sw itch ing  circu it
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Fig. 2. The optical system  of the au tom atic  spectrom eter

Fig. 3. The block scheme of th e  elec tric  sensing elem ent of th e  in strum en t
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of th e  p h ase  d e te c to r  -which was a fou r-d iode  sy s tem  a n d  ren d ered  possible 
p ro d u c in g  a 0.5 H z b a n d w id th .

T h e  read in g  p a r t  o f  th e  device co n sis ted  o f  a sy s te m  m ade o f  a  series- 
co n n ec ted , m irror-scale  p rec ision  in s tru m e n t an d  an  E K M  six -po in t reco rd in g  
in s tru m e n t.

T h e  sam ples used  fo r  th e  em ission m easu rem en t w ere 25 X  25 m m 2 
a lu m in iu m  p la te s , on th e  surfaces o f w h ich  was p la c e d  th e  lay e r p h o sp h o r 
to  be m easu red .

§ 5. Em ission properties o f layer phosphors

A ccord ing  to  th e  chem ical t r e a tm e n t  of th e  A120 3 -H 20  lay e rs  we 
o b ta in e d  sp ec tra  of v a rio u s  ch a rac te rs . A lso in  case o f u s in g  a c tiv a to r  so lu tions 
o f th e  sam e co n c e n tra tio n  an d  w ork ing  w ith  sam e ad so rp tio n  tim e , a

Fig. 4. The spectra of th e  layer phosphors which were p repared  w ith w ater 
Curve 1: Chom se’s phosphor. Curves 2— 3: S pectra  of the layers w hich were tre a te d  w ith

boiling w ater before th e  adsorption

d ev ia tio n  arose on th e  one h an d  in  th e  in te n s ity  o f  th e  em itted  lig h t of 
one an d  th e  sam e fre q u e n c y  an d  on th e  o th e r h a n d  in  th e  ra tio s  o f  th e  
m easu red  in ten s itie s  be lo n g in g  to  th e  v a rio u s  frequencies .

T he lay e r phosphors o b ta in ed  b y  th e  ap p lica tio n  o f  th e  Ch o m s e  h y d ro - 
th e rm a l a f te r - tre a tm e n t (in  th is  case in  a sealed g lass-tu b e  a t  250° C b y  
h ea tin g  w ith  w ater) e m itte d  lig h t o f a v e ry  sm all in te n s i ty . T heir em ission 
sp ec tra  can  be seen in  F ig . 4 . T he co lo u ra tio n  o f th e  p la te s  a fte r  th e  a d so rp tio n  
w as o n ly  s lig h t. T he m a x im u m  in te n s ity  d id  n o t su rp a ss  20—2 5 %  o f th a t
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o f th e  phosphors to  be d iscussed la te r . A s im ila r re su lt was o b ta in e d  also b y  
th e  sim ple w a te ry  bo iling .

B efore th e  a d so rp tio n  of th e  fluorescein , bo iling  th e  a lu m in iu m  oxide 
lay e rs  in  d istilled  w a te r  for an  h o u r, we o b ta in e d  a f te r  th e  a d so rp tio n  o f th e  
dye la y e r  phosphors of th e  sam e em ission p eak s  an d  of s im ila r in te n s ity . 
(See F ig . 4, curve 2.) T h e  above s ta te m e n t concerns a lu m in iu m  p la te s  form ed 
in  a v itrio lic  e lec tro ly te . F rom  th e  w a te ry  bo ilin g  o f layers fo rm ed  in  oxalic

Fig. 5. Spectra of layers which were trea ted  w ith  1 % soda solution a t 25° C
before th e  adsorption

acid  a phosphor arose ligh tin g  m uch  m ore fa in tly , the  sp e c tru m  o f w hich 
can  also be seen in  F ig . 4 (curve 3). The m ax im a  o f all th e  th re e  sp ec tra  fell 
to  521 т/л.

T he ligh tin g  c a p a c ity  o f th e  lay ers  rose considerab ly , w hen  th e  oxide 
film s w ere tre a te d  w ith  alcaline so lu tions in s te a d  of receiv ing  an  aqueous 
t r e a tm e n t. S tav ing  in  a 25° C so d a  so lu tion  fo r 15 m inu tes, th e  ad so rp tio n  
c a p a c ity  o f th e  p la te s  increased . A fte r  rem o v al o f  th e  e lec tro ly tes b y  w ashing 
w ith  bo iling  w ater, th e  em ission o f  th e  lay e r p hosphors a f te r  th e  ad so rp tio n  
grew  a b o u t four tim es . T heir em ission sp ec tra  can  be seen in  F ig . 5. T he p la te s  
d id  n o t  change th e ir  colours d u rin g  th e  a d so rp tio n  b u t lo st th e ir  o rig inal 
sp ecu la r reflec tion . T h e  m ax im u m  o f th e  em ission  b a n d  -— s im ila rly  to  th e  
fo rm ed  cases —  w as a t  521 т/л.
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W e succeeded  to  observe th e  long  w ave d isp lacem en t o f th e  em ission 
h a n d  u n d e r  a s tro n g e r  alcaline in flu en ce . A t 50° C d u rin g  10 m in u te s  a t r e a t 
m en t w ith  1%  soda  so lu tion  a n d  th e n  a w ash ing  w ith  bo iling  w a te r  gave 
su c h  a lu m in iu m  oxide layers a f te r  th e  a c tiv a tio n  o f  w hich th e  p e a k  of th e  
em issio n  b a n d  o f th e  ph o sp h o r fe ll to  525 m («. D u rin g  th e  a d so rp tio n  th e  
la y e rs  to o k  on a s lig h tly  yellow ish  colour. T h e ir em ission b an d s  a re  show n 
in  F ig . 6. T he fig u re  shows th e  sp e c tra  of la y e r  phosphors p re p a re d  from

F ig. 6. Spectra of layer phosphors, w hich were trea ted  w ith  1% N a2C03 solution a t 50° C 
before th e  adsorption. The different curves belong to  th e  different oxidizing times

p la te s  fo rm ed  d u rin g  v a rious tim es . A s can  be seen, th e  th ick n ess  o f  th e  lay e r 
in flu en ces th e  em ission  to  a sm all degree. T he s lig h t g row th  o f th e  in te n s ity  
is p ro b a b ly  th e  re su lt o f  th e  in c rea se  o f th e  specific  surface.

T h e  tr e a tm e n t o f th e  oxide f ilm  w ith  bo iling  so d a  so lu tion  ca lled  fo rth  
th e  fu r th e r  increase  o f th e  in te n s ity  a n d  th e  long  w ave d isp lacem en t. U nder 
th e  in flu en ce  o f a 80° €  w arm , 1%  so d a  so lu tio n  th e  m ax im u m  o f th e  em ission 
b a n d  m ig ra te d  to  531 m ^ . T he p la te s  becam e o range  coloured  a f te r  th e  
a d so rp tio n . T he sp e c tra  of lay e r p h o sp h o rs  fo rm ed  d u rin g  40, 50 an d  60 
m in u te s  are  show n in  F ig . 7.

T h e  t r e a tm e n t  w ith  o th e r a lca lin e  chem icals w as less e ffec tive. W hen 
th e  a lu m in iu m  oxide film  w as so ftly  h ea ted  w ith  am m onium  h y d ro x id e  
so lu tio n  (40— 50° C), on ly  a sm all in crease  of th e  in te n s i ty  could be observed  
co m p ared  to  th e  w a te ry  t r e a tm e n t. T he m ax im u m  o f th e  em ission  b an d
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w as —  sim ila rly  to  th e  o th e r lay e r p h o sp h o rs  —  a t  521 т/г. T he co lou r o f 
th e  p la te  a fte r  th e  ad so rp tio n  was s lig h tly  yellow , th e  lig h t o f th e  su rface  
being  v e ry  un ifo rm . T he sp ec tru m  is show n  in  F ig . 8.

F ro m  th e  en u m e ra te d  exam ples i t  can  be seen th a t  th e  o rig inal oxide 
film  a f te r  a s tro n g er in fluence  b eh av es m ore  fa v o u ra b ly  from  th e  p o in t o f 
view  o f p ro duc ing  lay e r phospors.

In c reasin g  th e  te m p e ra tu re  o f th e  soda  so lu tion  t r e a tm e n t th e  in te n s i ty  
m easu red  on th e  m ax im u m  of th e  em ission  o f th e  la y e r  p h o sp h o r in c reased

Fig. 7. Spectra of layers, which were tr e a t
ed w ith  1% soda solution a t  80° C, be
fore the adsorption. The different curves 

belong to  th e  different oxidizing times

Fig. 8. The energy d istribution  of th e  layer 
phosphor which was trea ted  w ith  1% am 

m onia solution a t 40— 50° C before the 
adsorption

g rad u a lly . T he increase o f th e  c o n c e n tra tio n  resp . te m p e ra tu re  o f th e  reag en ts  
w as lim ite d  b y  th e  fa c t th a t  th e  em ission o f th e  la y e r  becam e, u n d e r  a s tro n g e r  
in fluence  inhom ogeneous an d  th e  la y e r  w as v e ry  m uch  co rroded  b y  th e  
so lu tio n . F o r sim ilar reasons th e  K O H  an d  N aO H  w ere also u n su ita b le . In  
case o f th e  la t te r  reag en ts  th e  corrosion  o f  th e  oxide lay e rs  w as considerab le  
a lre a d y  in  case o f a low  co n cen tra tio n  a n d  te m p e ra tu re . B eside th e  above- 
m en tio n ed  reasons, because o f th e  in h o m o g en e ity  o f th e  lig h tin g  of th e  su rface  
o b ta in ed  a fte r  th e  ac tiv a tio n , we did  n o t  use th e  la t te r  reagen ts.

I n  all th e  cases described  th e  a d so rp tio n  tim e  w as 24 ho u rs . In  th e  
follow ing sec tion  we will discuss th e  case w hen  th e  ad so rb in g  tim e  changes.
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§ 6. Adsorption tim e dependence of the lum inescence of adsorbed fluorescein

A fter th e  ex p e rim en ts  described  in  th e  p rev ious p a rag rap h s  we e x a 
m ined  th e  co n n ec tio n  b e tw een  th e  a d so rp tio n  tim e  an d  th e  lu m in escen t 
in te n s ity . B y  th e  sp ec tra l em ission m easu rem en ts  i t  could  be a sc e rta in ed  
t h a t  th e  lu m inescence  o rig in a tin g  from  th e  la y e r  p hosphors does n o t o n ly  
d ep en d  on th e  h y d ra tio n  o f  th e  A120 3 film , b u t  u n d e r id en tica l co n d itio n s 
o f p re p a ra tio n  on th e  d u ra tio n  o f  th e  a d so rp tio n  too .

T he a d so rb e n t was p re p a re d  in  th e  sam e w ay  as in  th e  prev ious sec tio n . 
T h e  reag en t u sed  w as 1%  so lu tio n  of N a 2C 0 3 a t  25° €  an d  th e  a d so rp tio n

Fig. 9. The dependence of the spectra  on the adsorbing tim e. Curve 1:1 hour, Curve 2: 2 hours, 
Curve 3: 3 hours, Curve 4: 6 hours, Curve 5: 48 hours

to o k  place in  th e  w ay  described  in  th e  fo rego ing  sec tion , from  th e  so lu tio n  
o f  N a-fluo rescein , in  ab so lu te  m eth y la lco h o l as th e  so lv en t. F o r th e  m e a su re 
m e n t o f th e  lum inescence  o f  th e  lay e r p h o sp h o rs , p rep a red  d u rin g  d iffe ren t 
ad so rb in g  tim es  th e  in s tru m e n t w hich w as described  p rev io u sly  w as u sed . 
T h e  sp ec tra  are  show n in  F ig . 9. F ro m  F ig . 9 i t  can  be seen th a t  b o th  th e  
fo rm  o f th e  em ission  b an d  a n d  th e  w av e len g th  o f  th e  m ax im um  d ep en d  on 
th e  d u ra tio n  o f  a d so rp tio n . T he w av elen g th  o f  th e  m ax im um  sh ifts  to  th e  
lo n g er w av e len g th s  s im u ltan eo u sly  w ith  th e  ad so rb in g  tim e  an d  changes 
from  518 т/л u p  to  524 m/i.

I t  can  be show n th a t  to g e th e r  w ith  th e  sh iftin g  o f  th e  sp e c tra  th e  
lu m in escen t in te n s i ty  s tro n g ly  increases. T h e  in te n s i ty  ten d s  to w ard  a s a tu r 
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a tio n  v a lue , an d  a f te r  30—40 h o u rs  generally  does no  longer change. Since 
th e  ab so rp tio n  eq u ilib riu m  sets in  slow ly, we assum ed , th a t  th e re  is a chem i
so rp tio n , i. e. th e  a m o u n t o f  th e  a d so rb a t ir re v e rs ib ly  ad so rb ed  increases 
(up to  a lim it) w ith  th e  tim e o f c o n ta c t allow ed before  d eso rp tio n  is com 
m enced .

As i t  has been  show n in F ig . 9, th e  form  o f  th e  sp ec tra  depends on th e  
a d so rp tio n  tim e . T he change of th e  energy  d is tr ib u tio n  as fu n c tio n  o f th e  
ad so rb in g  tim e  is r a th e r  com plica ted . This m ade th e  ev a lu a tio n  m ore d ifficu lt. 
In  F ig . 10 th e  change o f th e  in ten s itie s  as th e  fu n c tio n  o f th e  d u ra tio n  o f th e  
a d so rp tio n  a t  som e se lec ted  w av e len g th  can be seen.

T he curves, w hich  correspond  each to  one p a r tic u la r  w av e len g th , are 
b u ilt u p  from  som e steep  and  som e n ea rly  h o rizo n ta l sections. I t  can  be seen

F i g .  1 0 .  The change of the intensities as the function of the duration of the adsorption
at some selected  w avelengths

th a t  th e  c h a ra c te r  o f th e  change is s im ila r to  th a t  e s tab lish ed  b y  G o o d m a n  [19] 
in  th e  case of th e  a d so rp tio n  of w a te r  on ferric  ox ide. S im ilar re su lts  w ere 
o b ta in e d  b y  th e  abov e-m en tio n ed  a u th o r  an d  G r e g g  an d  S t e p h e n s  w ith  
silicagel, s tan n ic  ox ide gel and  cao lin  [20].

The form  o f th e  curves, b e long ing  to  th e  low er w aveleng ths are s im ila r 
an d  m ig h t be ch a rac te rized  b y  th e  curve belong ing  to  500 ш/л. In  Fig. 10 
we can  see th a t  in  th e  p rev iously  m en tioned  ran g e  o f th e  w av e len g th s  th e  
change o f th e  lu m in escen t in te n s ity  is, a f te r  6— 7 ho u rs , p rac tica lly  neglig ib le. 
A t th e  longer w ave leng ths th e  lu m in escen t in te n s ity  reaches s a tu ra tio n  only  
a f te r  35— 40 hours.

F ro m  th is  p h enom enon  it  can  be concluded  th a t  th e  ad so rp tio n  ta k e s  
place in  severa l s tep s . The reac tio n , w hich ta k e s  p lace in  th e  f irs t  s tep  is 
p r e t ty  fa s t, viz. its  re a c tio n  tim e  is on ly  1— 2 ho u rs .
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T he r a te  o f  th e  follow ing reac tio n s  is slow er because th e ir  in flu en ce  on 
th e  sp e c tra  a p p e a rs  only  a f te r  a su itab le  p erio d . T hese p h en o m en a , especially  
th e  fa c t t h a t  th e  ad so rp tio n  ta k e s  p lace in  sev era l, well d is tin g u ish ab le  sec
tio n s , verifies o u r su p p o sitio n  th a t  in  th e  case o f th e  la y e r  p h o sp h o rs  m en tio n ed  
in  th e  fo regoing  sec tion , th e re  are  sev era l k inds o f cen tres o f  d iffe ren t ch a ra c te rs  
on  th e  su rface  te rm e d  “ ac tiv e  s ite s” .

S upposing  th a t  th e  ra te  o f  th e  f lu o resce in ’s a d so rp tio n , v iz . th e  specific  
r a te  o f  re a c tio n s , on  th e  d iffe ren t cen tres  is d iffe ren t, we can s im p ly  in te rp re t 
th e  change o f  th e  fo rm  o f sp e c tra  as th e  fu n c tio n  o f th e  ad so rb in g  tim e . I t  is 
e v id e n t th a t  th e  ad so rp tio n  is m o st rap id  on th o se  cen tres w hich  possess th e  
la rg e r  specific  r a te  o f  reac tio n . I f  we p a y  a t te n tio n  to  w h a t w as sa id  p rev io u sly , 
i t  becom es obv ious th a t  a f te r  a sh o rt a d so rb in g  tim e  th e  l ig h t o rig inates 
ch ie fly  from  su ch  lum in escen t cen tre s  w hich  w ere fo rm ed  in  th e  f ir s t  s te p . 
I n  th is  sec tio n  th e  in te n s ity  o f  th e  lum inescence  increases ra p id ly . W hen  
th e  ra te  o f  a d so rp tio n  in  th e  f i r s t  s te p  decreases an d  ten d s  to w ard s  zero, th e  
in c rease  o f th e  in te n s i ty  becom es slow er, because  th e  ra te  o f th e  second an d  
th e  th ird  a d so rp tio n  processes is less th a n  th a t  o f th e  f ir s t  one. O nly  a fte r 
a su ita b le  p e rio d  ap p ears  th e  change belong ing  to  th e  second resp . th e  th ird  
s te p  in  th e  sp e c tra .

A ccord ing  to  th e  su p p o sitio n s m en tio n ed  above, th e  changes o f in te n 
sitie s  a n d  th e  sh if t o f th e  m ax im u m  in  th e  sp e c tra  can th u s  be exp la ined  
b y  th e  d ifferences in  th e  re a c tio n  velocities.

§ 7. Conclusions

On th e  basis  o f th e  e x p e rim e n ta l m a te r ia l re p o rte d  i t  can  be concluded  
t h a t  th e  lig h t o f  th e  ad so rb a te  p h o sp h o rs  d iffers from  th e  lig h t o f th e  so-called 
“ d isc re te  c e n tre s” .

T he d e v ia tio n  is caused  b y  th e  in te ra c tio n  o f th e  lig h tin g  cen tre  an d  th e  
basic  m a te r ia l  (in  th is  case A120 3 -H 20 ) .  T he fluo rescein  ion  alone can n o t 
b e  consid ered  as th e  m ed ium  o f th e  lig h tin g . T he fa c t th a t  th e  ad so rp tio n  
o f  th e  d e h y d ra te d  lay ers  is in a c tiv e  from  th e  lu m in escen t p o in t o f v iew  show s 
th a t ,  in  re sp e c t o f  th e  lig h tin g  cen tre , th e  in te ra c tio n  of th e  a d so rb e n t an d  
o f  th e  ad so rb ed  m olecule is o f decisive im p o rtan ce . This m akes th e  above- 
m en tio n ed  sy s tem s to  som e degree s im ila r to  th e  c ry s ta l p h o sp h o rs . On th a t  
a c c o u n t th e  e x a m in a tio n  o f th e  lay e r p hosphors can n o t be con fined  only  to  
th e  o rgan ic  a c tiv a to r , th e  w hole a d so rb a tu m  m u st be tr e a te d  as a un ifo rm  
p h y sica l sy s te m , th is  s im ila rity  does n o t, how ever, m ean  com plete  analogy  
w ith  th e  c ry s ta l  p h osphors. T he h y p o th es is  o f C h o m s e  al., acco rd in g  to  w hich 
th e  o rgan ic  m olecule becom es d u rin g  th e  t r e a tm e n t in c o rp o ra te d  in to  th e  
in o rg an ic  la t t ic e ,  co n trad ic ts  th e  e x p e rim en ta l fa c ts . T he s ta te m e n t o f th e  
ab o v e -m e n tio n e d  au th o rs  th a t  th e  ap p ea ran ce  o f th e  lig h t is closely connected  
w ith  su ch  an  a c tiv a to r , analogous to  th e  c ry s ta l p h osphors, tu rn e d  o u t to  be
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w rong. T he ex ac t ex am in a tio n  o f  th e  la ttic e  p a ra m e te rs  ren d e rs  in  th is  case 
even  th e  p o ssib ility  o f such an  in co rp o ra tio n  d o u b tfu l.

T he in c o rp o ra tio n  in to  th e  c ry s ta l la tt ic e  w ould  m ean  in te n s iv e  p e r
tu rb a t io n  o f th e  e lec tro n  sy stem  o f th e  o rganic  m olecule because  o f th e  ionic 
c h a ra c te r  o f  th e  la tt ic e . N a tu ra lly , th is  w ould re su lt in  a co n sid erab le  change 
o f th e  em ission sp ec tru m , b u t  acco rd in g  to  th e  m easu rem en t th is  does n o t 
occur.

F ro m  th e  w av elen g th  d isp lacem en t of th e  sp ec tra  one can  conclude 
th a t  th e  energy  o f th e  in te ra c tio n  is g rea te r th a n  in  case o f th e  so lu tions or 
th e  physica lly  ad so rb ed  m olecules, b u t  th a t  i t  is considerab ly  sm alle r th a n  
in  th e  c ry s ta l p h o sp h o rs . This p ro v es th e  tra n s ie n t  ch a ra c te r  o f  th e  exam ined  
sy stem s betw een  th e  d iscrete cen tre s  an d  th e  lig h t of th e  c ry s ta l phosphors.

The fa c t th a t  also w ith o u t p ressu re  lig h tin g  layers are o b ta in a b le  w ith  
a f te r-a c tiv a tio n  show s no t th e  in co rp o ra tio n  in to  th e  la ttice  b u t  th e  ad so rp tio n  
to  be th e  cond ition  o f  th e  ap p earan ce  of lig h t. T he ad so rp tio n  fro m  an  alcoholic 
so lu tio n  o f  th e  p la te s  p rep ared  w ith o u t a n y  chem ical t re a tm e n t can  be com 
p a re d  to  th a t  of chem ically  t re a te d  oxide lay ers  w hich  are p ra c tic a lly  inactive;, 
th is  show s th a t  lig h t is connected  on ly  w ith  ce rta in  de fin ite  fo rm s o f th e  
a d so rp tio n . A s tr ik in g  paralle l can  be observed  betw een  th e  h y d ra tio n  o f th e  
ox ide film  and  th e  in te n s ity  o f th e  lig h t. The lig h t o f th e  oxide h y d ra te  layers 
a ris in g  u n d e r th e  in fluence  o f a s tro n g  alcaline ac tio n  is co n sid e rab ly  m ore 
in ten s iv e  th a n  th a t  o f  th e  lay er pho sp h o rs  m ade b y  h y d ro th e rm a l t re a tm e n t;  
besides, th e  process o f  th e  a c tiv a tio n  tak es  up  m u ch  tim e . T h ese  tw o  fac ts  
show  th a t  a chem osorp tion  is ta k in g  p lace. F ro m  th e  w av elen g th  d isp lacem en t 
o f  th e  sp ec tra  i t  is ev id en t th a t  th e  energy  o f th e  ad so rp tio n  in flu en ces to  a 
h igh  degree th e  em ission  of th e  la y e r  p h o sp h o r. The in te n s i ty  increase  o f  
th e  em ission  can be b ro u g h t in to  connec tion  w ith  th e  change o f  th e  n u m b e r 
o f th e  cen tres an d  th e  w av eleng th  d isp lacem en t o f th e  m ax im u m  w ith  th e  
change o f th e  q u a lity  o f th e  a d so rp tio n  cen tres . I t  is obvious t h a t  th e  OH- 
g roups o f th e  a d so rb e n t surface p la y  an  im p o r ta n t  p a r t  th ro u g h  th e  fo rm in g  
o f  h y d ro g en  b ridges. T ak ing  in to  co n sid e ra tio n  th a t  th e  a lu m in iu m  oxide 
h y d ra te  s tru c tu re  can  con ta in  h y d ro x il g roups arising  fro m  b o th , h y d ra r-  
g illite , resp . b o eh m it th e ir  ad so rp tio n s  m u s t be d ifferen t. F u r th e r  consi
derin g  th a t  th e  fluoresceine co n ta in s  also m a n y  fu n c tio n a l g ro u p s, th e  d if
ference in  th e  em ission  peaks o f th e  various la y e r  p hosphors becom es e x 
p la in ab le .
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ЛЮ МИНЕСЦЕНЦИЯ АДСОРБИРОВАННОГО НА А120 3-хН20  ПЛЕНКАХ
ФЛУОРЕСЦЕИНА

Э. ЛЕНДВАИ

Резюме

На пленках А120 : , обработанных щелочными растворами, с адсорбцией флуорес- 
цеина удалось приготовить такие слои, которые при возбуждении ультрафиолетовым 
светом хорошо люминесцируют.

Длина волны максимума полосы свечения зависит от метода химической обработки 
оксидной пленки. На основании передвижения максимумов можно сделать вывод, что 
мы имеем дело с хемосорбцией и что люминесцентные свойства адсорбированного флуо- 
ресцеина определяются, главным образом, химической природой поверхности адсор
бента.
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INVESTIGATION OF THE 4 1  STATE OF THE 
PH MOLECULE*
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I .  K o v á c s

D E P A R T M E N T  O F  A T O M I C  P H Y S I C S ,  P O L Y T E C H N I C A L  U N I V E R S I T Y ,  B U D A P E S T

(Received: 15. II I . 1961)

Thorough investigations have shown th a t th e  3П  state belonging to  the 377,-—3A~ tra n s 
ition of the PH  molecule does no t closely follow the  known tr ip le t formula. The deviation  
consists in th a t  the middle com ponent of the 3П  s ta te  — taken as a function  of the ro ta tio n a l 
quan tum  num ber — lies in  a different position from  w hat would be expected on th e  basis 
of the trip le t form ula. By tak ing  in to  account sim ultaneously the p e rtu rba tion  of the гП  term s 
transm itted  by the spin-orbit in teraction  and the  spin-spin in terac tion , the observed pheno
menon can be in terpre ted  well.

1. Introduction.  T he ro ta tio n a l fin e  s tru c tu re  o f  th e  0— 0 b an d  o f th e  
3/7 ,— s£ ~  b a n d  sy stem  o f th e  P H  m olecule ly ing  in  th e  reg io n  of Я =  3400 Â 
was f irs t  an a ly sed  by  P earse  [1]. A t t h a t  tim e  th e re  w as no explic it fo rm u la  
know n for th e  3/7 te rm , w hich  would h a v e  h e ld  for all v a lu es  of th e  m u ltip le t 
sp littin g  c o n s ta n t an d  th e  ro ta tio n a l q u a n tu m  n u m b er, th a t  is to  say , th e re  
h ad  been  sim ple fo rm ulas fo r H u n d ’s cases a )  an d  b)  b u t  none for th e  in te r 
m ed ia te  case. F o r th is  reaso n  P earse w as n o t able to  d e te rm in e  th e  c o n s ta n ts  
o f th e  in itia l s ta te . A few  y ears  la te r, m u ch  a t  th e  sam e tim e , B udo [2] an d  
Gilbert  [3] exam ined  th eo re tica lly  th e  b e h av io u r of th e  377 te rm s, a n d  B udó 
gave exp lic it fo rm ulas fo r all the  th ree  com ponen ts o f  th e  3/7 te rm , w hich  
ho ld  fo r all th e  values o f b o th  th e  co u p lin g  c o n s tan t a n d  (a p a rt fro m  a few  
low est values) th e  ro ta tio n a l q u an tu m  n u m b e r. B udó [4], on th e  basis o f  th e  
tr ip le t  fo rm ula  estab lish ed  b y  him , has co m p ared  th e  o b se rv ed  and ca lc u la ted  
co m b in a tio n  d ifferences in  th e  v'  =  0 s ta te  o f th e  3/7 te rm  o f the  P H  m olecule 
a n d  h as, in  ad d itio n , d e te rm in ed  th e  co u p lin g  c o n s tan t. S u b seq u en tly , I shaque 
an d  P earse [5], [6] p u b lish ed  tw o p a p e rs  on the  tra n s it io n s  re fe rred  to  of 
the P H  an d  P D  m olecules, respective ly , a n d , on the  basis o f  Gilbert’s fo rm u la , 
th e y  d e te rm in ed  th e  coup ling  co n stan t once again . Q uite  recen tly  Legay  [7] 
has p h o to g rap h ed  an d  an a ly sed  th e  1— 0 b an d  o f th e  sam e b a n d  sy s tem  
ly ing  n ea r Я =  3200 Â.

The d e ta iled  in v es tig a tio n s  have re s u lte d  in  th e  o b se rv a tio n  of d ev ia tio n s  
from  th e  tr ip le t  fo rm ula  in  b o th  s ta te s , v iz . v '  =  0 an d  v '  =  1, of th e  3/7 te rm  
o f th e  P H  m olecule. T h is is m ost consp icuous in  B udo ’s w ork  [4], w here  a 
sy s te m a tic  d ev ia tio n  o f th e  o rder o f a b o u t 0,3 cm -1  is show n here an d  th e re

* A report of this work was given a t the YI. E uropean  Congress on Molecular Spectroscopy, 
A m sterdam , N etherlands, 2 June , 1961.
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b e tw een  th e  o bserved  a n d  ca lcu la ted  v a lu es  o f th e  co m b in a tio n  d ifferences 
4 В Д  (F ig . l a  an d  lb ) . Leg ay  suggests t h a t  th e  m u ltip le  sp littin g  c o n s ta n t 
d e te rm in ed  on  th e  basis o f Gilber t’s fo rm u la  “ changes”  w ith  th e  ro ta t io n a l  
q u a n tu m  n u m b e r. A ll th e se  p h en o m en a  a re  o f  n ea rly  th e  sam e c h a ra c te r  as 
th e  d ev ia tio n s  fo u n d  b y  N e v in  in  th e  case o f  th e  iFIß te rm  o f  th e  0 ^  m olecule  
[8] an d  b y  D ix o n  in  th a t  o f th e  А 3П  te rm  o f th e  N H  m olecule [9], re sp ec tiv e ly . 
E ssen tia lly , th e se  dev ia tio n s co nsist in  t h a t  th e  tw o m idd le  com ponen ts o f  th e  
4/7 te rm  in  th e  th e  f irs t  case a n d  th e  m idd le  com ponen t o f  th e  3/7 te rm  in  th e  
second, ta k e n  as a  fu n c tio n  o f  th e  ro ta t io n a l  q u a n tu m  n u m b e r, b eh av e  d if
fe re n tly  f ro m  w h a t w ould be ex p ec ted  on th e  basis o f th e  q u a r te t  an d  t r ip le t  
fo rm u las , re sp ec tiv e ly . T hese d iffering  b eh av io u rs  can easily  be  in te rp re te d  i f  
th e  sp in -sp in  in te ra c tio n  a n d , a t  th e  sam e tim e , th e  in te rc o m b in a tio n  p e r 
tu rb a tio n  o f  o th e r  П  te rm s o f  low er m u ltip lic ity  [10], [11], [12] t r a n s m itte d  
b y  th e  sp in -o rb it  in te ra c tio n , re sp ec tiv e ly , a re  ta k e n  in to  acco u n t. I t  is th u s  
show n b y  th e se  experiences t h a t  th e  in te ra c tio n s  m en tio n ed  (above a ll th e  
sp in -sp in  in te ra c tio n )  p la y  a n  im p o r ta n t  p a r t  n o t only  in  th e  in te rp re ta t io n  
o f  th e  ro ta t io n a l  fin e  s tru c tu re  o f th e  m u ltip le t  E  te rm s b u t ,  th a t  in  c e r ta in  
cases, th e y  c a n n o t be ig n o red  for П  te rm  e ith e r.

F ro m  th e  p re sen t w o rk  i t  will be  seen  th a t  th e  d ev ia tio n s  o b se rv ed  
on th e  3П  te rm  o f th e  P H  m olecule can be  easily  in te rp re te d  also b y  ta k in g  
in to  ac c o u n t s im u ltan eo u sly  th e  sp in -sp in  in te ra c tio n  an d  th e  p e r tu rb a tio n s  
o f  th e  1П  te rm s .

2. Theoretical results. In  a n  earlie r w o rk  [12] we h av e  show n  th a t  ta k in g  
in to  a c c o u n t th e  sp in -sp in  in te ra c tio n  as w ell as th e  p e r tu rb a tio n s  o f  th e  
1П  te rm s th e  p e r tu rb e d  te rm  values w ill be  o f th e  fo llow ing form :

Fi = F i - ^  + ßSlj-г,

*"t = F , - J L  + ß S l j ,

F i  =  F t - J L  +  ß S i j +1,

]A 2(J2 — 1) _ Y - 2  _ ] / 2 J ( J + l )

y c A J )  ’ 1,7 I A  (•/)"’ 1,7+1 y c 3(j)

a n d  for in v e r t  3П  te rm s

C ,  ( J )  =  ( J  —  1) (J  +  2) Y  ( Y  —  4 )  +  2 (2  J  +  1) ( J  -  1 )  J  (J +  1 ) ,

C 2 ( J )  =  Y ( Y - 4 )  +  4 J ( J  +  l ) ,  (3)

C3 ( J )  =  J  ( J  +  1) Y  (Y  -  4) +  2 (2J  +  1) J  (J  +  1) ( J  +  2 ) ,

where

( 1 )
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a n d  У  =  A j  В ,  w here A  an d  В  m ean th e  m u lt ip le t  sp li t t in g  c o n s ta n t a n d  th e  
ro ta tio n a l c o n s ta n t, re sp ec tiv e ly , ß  =  a —  3e, w here a  is re la te d  in  a sim p le  
w ay  to  th e  p e r tu rb a tio n  m a tr ix  elem ent b e tw e e n  th e  3/7 a n d  11J te rm s, e b e in g  
th e  c o n s tan t o f th e  sp in -sp in  in te rac tio n .

B udÓ [2] gives th e  fo llow ing expressions fo r th e  c o m b in a tio n  differences 
( tak in g  also in to  acco u n t th e  te rm s  asso c ia ted  w ith  th e  ro ta t io n a l  c o n s ta n t D ):

A 2 F 1 (J)  =  4 B  J  +

4  F 2 (J )  =  4B

A 2 F s ( J )  =  4B

w here

1
2 ,

+  8D

к
+  8 D

1
2

+  8D

Z ß J )  +  2 Z 2( J )

У Z A J )  з  Z ß j  + 1) Z j ( j  í)

( j - A |
3

+  3 J - — Г + 4 ( j - | ] - n l
2 2 i 2 )  1

8 Z ß J )  +  2Z 2(J)
3 Z ,(J  : 1 )Z ,(./ 1)

J +  3 J -

J

./

Z ß J )  +  2 Z 2(J )

+  3 J  + +  4 J  +

+

У Z A J )  3 Z X( J  + 1 ) ^ ( 7 - 1 )  J
+

(4)

Z X(J )  =  Y (Y  -  4) +  i -  +  4 J ( J  +  1) ; Z 2( J )  =  Y (Y  -  1) -  - i  -  2 J  ( J  +  1).
3 У

(5)

F o r th e  d ifference betw een  th e  p e rtu rb ed  co m b in a tio n  d ifferences co m p u ted  
from  (1) an d  th e  u n p e rtu b e d  ones ca lcu la ted  from  (4) we h a v e  th e  fo llow ing:

4  F[  ( J )  -  A, F ,  (J)  =  ß  [Sf, j _ A J  +  1) -  S I  j _ A J  -  1 )],
4  f 2 ( J )  -  a 2 f 2 ( J )  =  /3 [Sf, у ( j  +  l )  — Sf, j  ( J  - 1 )] , (6)

4  F '  ( J )  -  4  F 3 ( J )  =  /3 [Sf, J+1 ( J  +  1) -  Sf, J+ 1 ( J  - 1 ) ] .

F o r th e  d e te rm in a tio n  o f  th e  co u p ling  c o n s ta n t th e  follow ing re la tio n  
is o b ta in ed  from  B u d Ó’s fo rm u las:

1

4 B 2
( F 3 - F i ) - 8 D J -  —  

2
+  3

2
J  -

1

(? )
=  ( Y - 2 ) * - y  +  4 J ( J  +  l ) .
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I f  th e  sp in -sp in  in te ra c tio n  an d  th e  p e r tu rb a tio n s  o f  th e  1П  te rm s  are 
ta k e n  in to  acco u n t, th e  le f t side o f (7) is m odified  on th e  basis o f (1) as fo l
lows:

4 B 2
( F '  - F [ ) - ß  (SI  J+1 -  S I  j _ J  -  8 D +  3 J -------

2
+

J - T l +  2 2= ( Y _ 2 ) S - A  +  4 J ( J + 1 ) ,
d

(8)

w here F 3 an d  F [ deno te  th e  p e r tu rb e d  te rm  values.
To w h a t e x te n t th e  m id d le  c o m p o n en t, i. e. th e  аП 1 te rm , dev ia tes  from  

its  o rig in a l positio n , ta k e n  as a fu n c tio n  o f  th e  ro ta tio n a l q u a n tu m  n u m b e r, 
is b e s t seen  if  th e  d ifferences o f th e  p e r tu rb e d  and  th e  u n p e rtu rb e d  d is tan ces  
o f th e  n e ig h b o u rin g  com p o n en ts  are considered . We o b ta in  for th is  from  (1):

(■^î F 2) ( F x F 2) — ß  (S 3 j_ i  — S f '  j ) , I

( F ' -  F ')  -  ( F 2 - F 3) =  ß  ( S I  j  -  S}, J+1) . i

3. App l ica t io n  to the 377, state o f  the P H  molecule. T h e  anom alies fo u n d  
in  th e  case o f th e  v ib ra tio n a l s ta te s  v '  =  0 an d  v' =  1 o f  th e  3/7,• te rm  o f th e  
P H  m olecule can  be in te rp re te d  fu lly  b y  th e  ap p lica tio n  o f  th e  fo rm u las  (6), 
(8) a n d  (9) g iven in th e  p rev ious p a ra g ra p h , if  th e  theoretically calculated 
perturbed  te rm  values in  th e se  fo rm ulas a re  com pared  w ith  those observed, 
an d  th e  unperturbed  te rm  va lu es  w ith  th o se  calculated in  th e  usual w ay .

T h u s , in  F igs, l /а a n d  1/b th e  circles a n d  th e  curves d raw n  in fu ll in d ic a te  
th e  d ifferences betw een  th e  observed  a n d  ca lcu la ted , th e  p e r tu rb e d  a n d  th e  
u n p e r tu rb e d  co m b in a tio n  d ifferences, re sp ec tiv e ly , for all th e  th ree  co m p o n en ts  
in  th e  v ib ra tio n a l s ta te s  v '  =  0 and  v'  =  1. I t  can be seen  th a t  th e re  is co n 
siderab le  d ev ia tio n  m ain ly  fo r th e  case o f  th e  m iddle 3/71 co m p o n en t; th e  
d ev ia tio n s  can  be in te rp re te d  fa irly  w ell i f  in  th e  fo rm u la  (6) ß(v'  =  0) =  
=  — 2.0 c m -1  an d  ß(v'  =  1) =  — 2.40 c m -1  is tak en .

L e g a y  [7] in d ica tes  t h a t  in  th e  s ta te  v'  =  1 th e  m u ltip le t sp li t t in g  
c o n s ta n t on th e  basis o f th e  G i l b e r t  fo rm u la  “ changes”  w ith  th e  ro ta t io n a l  
q u a n tu m  n u m b e r, an d  th is  d ev ia tio n  h e  trie s  to  in te rp re t  b y  ta k in g  in to  
acco u n t th e  in te ra c tio n  b e tw een  ro ta tio n  a n d  sp in . On th e  basis  of (8), h ow ever, 
th e  m u ltip le t  sp littin g  c o n s ta n t co m p u ted  w ith  th e  v a lu es  of ß  g iven b efo re  
in d ica te s  no change w h a tso ev e r for J  >  3 w ith  th e  ch an g e  of th e  ro ta t io n a l  
q u a n tu m  n u m b e r, as can  be clearly  seen in  F ig . 2 (for J  <7 3 B udó’s fo rm u la  
is v a lid  o n ly  a p p ro x im a tiv e ly ) .

I f  th e  d ifferences b e tw een  th e  o b se rv ed  and  ca lc u la ted  d istances o f  th e  
n e ig h b o u rin g  com ponen ts a re  ta k e n  as th e  fu n c tio n  of th e  ro ta tio n a l q u a n tu m  
n u m b e r, we o b ta in  for v'  =  0 an d  v '  == 1 th e  circles in  F ig . 3a an d  3b , re-
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Fig. 2. In  this Figure the value of the m ultiplet splitting constant is p lo tted  for v' — 0 and 
v' = 1  on th e  basis of (8) for all available values of J
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Figs, l /а and 1/b. H ere the differences of the observed and calculated com bination differences 
are p lo tted  on th e  basis of (6), starting  from the upper p art und proceeding downwards, as 
follows: A2F 20—  A2F u  =  ß [ S l j  ( J  +  1 ) —  S [ j  ( J — l)], A2F10 —  A 2F U =  ( J + l ) —
- S î j - i ( J - l ) ] ,  A2F 30- A 2F 3c =  ß [ S l J+1^  + l ) —  SslJ + 1 ( J - l > ]  where for v' =  0 ß 0 =  

— 2.00 cm 1 and for v' =  I ß 1 =  — 2.40 cm 1
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Figs. За and 3b. The empirical values indicated by  the circles are calculated from the mean values of the Л -doublet com 
ponents. The values for the single Л -doublet com ponent are to  be taken  as the m ean values calculated from all the 
branches available. The shaded circles indicate th a t  one of the components of the  Л -doublet could be calculated only 
from  a single branch. The circles denote for v' =  0 and v' =  1, respectively, th e  differences betw een the observed and 
calculated values of th e  m utual distances of th e  neighbouring components, the curves draw n in full show the devia
tions com puted theoretically  on th e  basis of (9), in  the positive region (F l0 — F i0) -  (F lc F*c) =  ß ( . S l j - 1 - S l j ) ,  
whereas in  the negative (F 20 — F 30) —  ( F 2c — F 3C) =  ß ( S \ j  — S iJ+ i) where for v' =  0 ß 3 =  — 2.00 cm x, and for

v '  =  1 ß j  =  — 2.40 cm-1
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sp ec tiv e ly . I f  on th e  b asis  o f (9) th e  d ifferences o f  th e  p e r tu rb e d  a n d  u n p e r
tu rb e d  d is tan ces  of th e  neighb o u rin g  co m p o n en ts  a re  ca lcu la ted , we o b ta in  
w ith  th e  va lu es  of ß  g iven  above th e  curves d raw n  in  full. I t  can  be  seen th a t  
th e o ry  a n d  ex p e rim en t are  in  good ag reem en t.

As m en tio n ed  a lread y , L e g a y  claim s th a t  i t  is possible to  in te rp re t 
th e  change o f th e  m u ltip le t sp li t t in g  c o n s tan t w ith  th e  ro ta tio n a l q u a n tu m  
n u m b e r b y  ta k in g  in to  accoun t th e  in te ra c tio n  b e tw een  ro ta tio n  a n d  spin . 
I t  has b een  show n, how ever, in  th e  foregoing t h a t ,  on th e  one h a n d , such  
a  change does n o t e x is t, and , on th e  o th e r  h a n d , th e  dev ia tions o bserved  in  
th e  co m b in a tio n  d ifferences as w ell as those fo u n d  betw een  th e  d ifferences 
of th e  observed  an d  ca lcu la ted  d is tan ces  of th e  ne ighbouring  com ponen ts 
can  in  no w ay  be in te rp re te d  b y  m ean s o f th e  in te ra c tio n  b e tw een  ro ta tio n  
a n d  sp in . F o r th e  3П 1 com ponen t th is  in te ra c tio n  supplies a c o n s ta n t te rm  
w hich d rops ou t in  th e  te rm  d ifferences, and  fo r th e  observed  a n d  ca lcu la ted  
d ifferences o f th e  ne ighbouring  co m p o n en ts  d ev ia tio n s  increasing  w ith  th e  
ro ta tio n a l q u a n tu m  n u m b e r are o b ta in e d  as a g a in s t th e  observed  decreasing  
d ev ia tio n s  (see F ig . 3). I t  m ay be possib le  to  a ssu m e  th a t  besides th e  spin- 
sp in  in te ra c tio n  an d  th e  p e r tu rb a tio n  o f th e  1I J  te rm  th e  in te ra c tio n  betw een  
ro ta tio n  a n d  sp in  occurs as well, an a logous to  th e  case of th e  N H  m olecule. 
T his w ould  be tru e , p ro v id e d  some k in d  o f d e v ia tio n  w ere to  be fo u n d  b e tw een  
th e  circles an d  th e  cu rves draw n in  fu ll in  Fig. 3a a n d  3b, re sp ec tiv e ly , and  
th is  d ev ia tio n  were to  v an ish  o n ly  on  ta k in g  in to  accoun t th e  in te ra c tio n  
betw een  ro ta tio n  an d  sp in . Since, h o w ev er, th ere  is no  d ev ia tion  to  be  observed , 
th e  la t te r  in te ra c tio n  is n o t re lev an t to  th is  issue.

S um m ariz ing , i t  can  be concluded  th a t  th e  dev ia tions fo u n d  in  b o th  
th e  s ta te s  v '  =  0 a n d  v '  =  1 of th e  3/7 (- te rm  of th e  P H  m olecule can , in  good 
ag reem en t w ith  th e  m easu ring  re su lts , be easily  in te rp re te d  b y  ta k in g  in to  
acco u n t s im u ltan eo u sly  th e  sp in -sp in  in te ra c tio n  a n d  th e  in te rco m b in ac io n  
p e r tu rb a tio n  o f th e  é t e r i n  tra n s m itte d  b y  th e  sp in -o rb it in te ra c tio n . F o rm u la  
(1) for th e  3/7 and  s im ila r form ulas fo r  t h e 4/7 te rm s  [10], [11] in d ic a te  a ch a rac 
te r  w hich is com ple te ly  analogous to  th e  fo rm ulas o b ta in ed  fo r th e  m u ltip le t 
E  te rm s [13], [14], [15], [16]. The o n ly  d ifference is th a t  in  th e  l a t t e r  cases 
th e  ex p lic it fo rm  o f th e  tra n s fo rm a tio n  m a tr ix  e lem en t is fa r s im p le r, as th e  
A  te rm s b e lo n g  alw ays to  H u n d ’s case  b). I f  th e  П  te rm s  belonged to  H u n d ’s 
case b)  as w ell, th e  fo rm  o f the  tra n s fo rm a tio n  m a tr ix  e lem ent S  w ou ld  likew ise 
be sim ple . I f  th e  s im ila r  p h enom ena  o bserved  on  th e  А 3П  te rm  o f th e  N H  
a n d  on th e  4/7 te rm  o f th e  molecxde are  ad d e d  to  th e  exam ple o f  th e  P H  
m olecule, i t  can  be concluded  th a t  th e  in te ra c tio n s  d e a lt w ith  in  th e  p resen t 
p ap e r are  o f  fa r  g re a te r  im p o rtan ce  th a n  has b een  th o u g h t ea rlie r, n o t  only 
fo r  th e  in te rp re ta t io n  o f  th e  fine s t ru c tu re  of th e  m u ltip le t E  te rm s  b u t  also 
fo r  th a t  o f  th e  m u ltip le t П  te rm s.
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ИССЛЕДОВАНИЕ 3/7-СОСТОЯНИЯ PH-МОЛЕКУЛЫ 
И. КОВАЧ 

Резюме

Подробные исследования показали, что 3/7-состояние, относящееся к :>/ / ,  — *27 пе
реходу PH-молекулы, не соответствует точно известной триплетной формуле. Расхож
дение заключается в том, что средняя компонента 3//-терма, рассматривая ее в функции 
ротационного квантового числа, располагается не там, где это можно ожидать на основе 
триплетной формулы. Это явление просто объясняется, если одновременно принимаются 
во внимание возмущение 1/7-термов, обусловленное спин-орбитальным взаимодействием, 
и спин-спиновое взаимодействие.
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In  this paper the tim e dependence of th e  so-calied therm odynam ic “ forced” (non-spon- 
taneous) processes is exam ined in  homogeneous systems, when in  case of t —► °o no t a sta tic  
equilibrium  results, bu t a sta tionary  process determ ined by ex ternal forces. The “ equations 
of m otion” are given for an arb itra ry  num ber of variables and an a rb itra ry  generation G(l) 
of the extensive quantities. In  case of two variables we write dow n the differential equations 
holding for the components and for a constant G0 we give also the solutions. As an application

we examine in Kundsen gas the tim e dependence of the quotient A P
A T

of the therm onuclear

pressure and the tem perature difference. F inally , th e  analogy betw een mechanics and therm o
dynam ics is studied taking the generation in to  consideration.

In tro d u c tio n

The d escrip tion  o f  th e  ap p ro ach  to  equ ilib rium  in  tim e  in  hom ogeneous 
sy stem s n e a r th e  equ ilib riu m , has been  g iven  b y  I. F é n y e s  [1]. B y in te g ra tin g  
th e  eq u a tio n s  o f m o tion  a m ore ex ac t p ic tu re  of th e  process o f th e  ap p ro ach  
to  eq u ilib riu m  could be o b ta in ed . So, e. g. i t  could be es tab lish ed  th a t  because  
o f th e  m a tr ix  gL  =  A  be in g  o ff-d iagonal th e  forces X,- c an  change th e ir  signs 
d u rin g  th e  decay . The re la tio n  be tw een  th e  reversal o f  signs and  th e  in itia l 
cond itions in  case of tw o  v ariab les h as  in  general b een  exam ined  b y  G. FÁY 
a n d  G. T á b o r i  [2], w hile in  [3] we h a v e  s tu d ied  the  a p p ro a c h  to  th e  e q u ili
b riu m  in  K n u d sen  gas b y  m eans of tw o  p a ram ete rs  o f  th e  conduction  m a tr ix . 
As a fu r th e r  ap p lica tio n , we gave th e  th e rm o d y n am ic  fo rm u la tio n  o f  the  
reco m b in a tio n  in  sem i-conducto rs [4], o n  th e  basis of th e  th e o ry  of S h o c k l e y —  
R e a d .

The eq u a tio n s o f m o tion  given in  [1] describe su c h  processes in  w hich, 
su p p osing  an  a rb itra ry  in itia l s ta te , th e  f in a l s ta te  w ill be th e  s ta t ic  equ ili
b riu m . B u t, from  b o th  th e  th eo re tica l a n d  th e  p rac tica l p o in t o f view , th e  case 
seem s to  be in te re s tin g , w hen  for { —> oo n o t necessarily  th e  s ta tic  eq u ilib riu m  
se ts  in , b u t  a s ta tio n a ry  process ensues de te rm ined  b y  th e  e x te rn a l forced 
cond itio n s.

In  th is  p ap er th e  th e rm o d y n a m ic  equations o f  m o tio n  d escrib ing  th e  
forced processes near th e  equ ilib rium  in  case o f an a rb i t r a ry  n u m b er o f  v a riab les  
an d  an a rb itra ry  g en era tio n  G(t) o f th e  extensive q u a n tit ie s  are  g iven  by
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m eans o f th e  fo rm alism  a p p lie d  in  [1]. T h e  genera l e q u a tio n s  o b ta in ed  in  
th is  w ay  are  ap p lied  to  th e  case o f  tw o v a riab le s : we w rite  d ow n  th e  d iffe ren tia l 
e q u a tio n s  concern ing  the  q u a n tit ie s  a,-, X h / ,  a n d  in  case of c o n s ta n t gen era tio n  
we give also th e  so lu tions.

U sing th e  re su lts  o f [3] we th e n  exam ine  th e  ap p ro ach  to  th e  s ta tio n a ry  
s ta te  in  K n u d sen  gas an d  d e te rm in e  th e  tim e  dependence o f  th e  q u o tie n t
A P  

A T
of th e  th e rm o n u c le a r  p re ssu re  d ifference a n d  th e  te m p e ra tu re  d ifference.

F in a lly , we s tu d y  th e  an a lo g y  b e tw een  th e  e q u a tio n s  of m otion  o f  
th e rm o d y n a m ic s  a n d  m echan ics, w ith  a m ore  conven ien t choice of the  signs 
o f  th e  forces a n d  cu rren ts .

§ 1. Description o f general forced (non-spontaneous) processes

B efore th e  discussion o f  th e  forced processes we ca ll to  m ind th e  
e q u a tio n s  re fe rr in g  to  th e  sp o n tan eo u s processes [1], w h ich  are  o b ta in ab le  
fro m  th e  fo llow ing  re la tio n s:

I  =  L X , ( ! )
X =  - g a , (2)

a  =  I , (3)

w here I  m eans th e  co lum n v e c to r  form ed fro m  th e  c u rre n ts , L  th e  sy m m e
tr ic a l  co n d u c tio n  m a tr ix , X  th e  colum n v e c to r  o f th e  g en e ra l forces, a  th e  
co lum n  v e c to r  fo rm ed  o u t o f th e  dev ia tions o f  th e  ex ten siv e  q u an titie s  fro m  
th e  eq tiilib rium  values an d  g  th e  sy m m etrica l m a tr ix  derived  fro m  the  e n tro p y  
S (ax, a2, . . .), th e  e lem ents o f w h ich  are

=  Э 2  5  ( c q ,  a 2 , .  .  .  )  
ik 9a,. dak

T he e q u a tio n s  of m o tio n  (an d  th e ir  so lu tio n s) will be as follows:

X  +  g L X  =  0 ;  ( X  =  e~gLt X 0) ,

a +  Lg a =  0 ; (a =  e ~ Lgt a0) , (4)

1 + L g l =  0 ;  ( I  =  e ~ Lgt I 0) ,

w here  X 0, a 0, I 0 are  th e  co lu m n  vectors fo rm ed  from  th e  in i t ia l  values.
In  fo rced  processes each  ex tensive  q u a n t i ty  has its  so u rce . This fa c t 

is ta k e n  in to  co n sid e ra tio n  b y  a  v ec to r G(t), th e  elem ents o f  w hich give th e  
sources o f th e  single a,-s. S u p p o sin g  fu rth e r  also  hom o g en eity  in  space, in s te a d  
o f (3) th e  re la tio n

ó =  í — G(t) (5)
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is assum ed . I t  is e v id e n t th a t  th e  eq u s. (1), (2) a n d  (5) lead  to  th e  follow ing 
eq u a tio n s  o f m otion :

X  +  g L X  =  gG(t) ,

a +  L g a  =  — G(t) ,  (6)

1 +  L g l  =  LgG(t) .

T he so lu tions of th e se  inhom ogeneous m a trix -d iffe ren tia l eq u a tio n s  can  he 
g iven  ex p lic itly

X  =  e~gLt [ ]' egLx gG{r) dr  +  X 0] ; a =  e ~Lgt [ J  e Lgr ( _  G(t)) dr  +  a0] .
b (7)

I  =  e~Lgt [ j  eLgT LgG(r)  dr  +  f 0] • 
о

T h e  equs. (6) m ean  th e  equ a tio n s o f  m otion  d escrib in g  th e  fo rced  processes 
in  case o f an  a rb i t r a ry  n u m b e r o f v a riab le s  an d  o f  an  a rb itra ry  gen era tio n . 
A fte r w h a t has been  sa id  above, i t  can  be m ore p rec ise ly  defined , w h a t is 
m en t b y  sp o n tan eo u s a n d  forced processes. I f  G(t) =  0, we sp eak  o f spon
tan e o u s  processes w hile we reg a rd  th e  case G(t) as a forced p rocess, i.e. 
also  th e  processes le a d in g to  a s ta tic  eq u ilib riu m  are  fo rced  ones, i f  th e  cond itio n  
G(t) ^  0 is fu lfilled .

§ 2. Forced (non-spontaneous) processes o f  two variables

T he general ex a m in a tio n  of th e  eq u s. (6) and  (7) is com plica ted . T herefo re , 
in s te a d  o f th is , in  case o f tw o v ariab les  we w rite  dow n th e  d iffe ren tia l eq u a tio n s 
ho ld ing  fo r th e  com ponen ts in  case o f an  a rb itra ry  G(t). A fte r th e  sep a ra tio n  
th e  fo llow ing eq u a tio n s  are  o b ta in ed .

F o r th e  com ponen ts o f X :

X i  +  T ( A ) X  1 +  D ( A ) X x — m(t)  +  A 22 m(t)  — A 12 n(t) ,
( 8 )

X 2 - f  T ( A ) X 2 +  D ( A ) X 2 =  n(t) +  A n  n(t) — A gl m(t) ,

w here T( A ) ,  resp . D ( A )  m ean  th e  tra c e , resp . th e  d e te rm in a n t o f th e  m a trix  
A  = g L , and

m (0 =  g 11 Gl(t) +  ël2 GÂt) 1 ^

n ( t ) = g 21 Gl(t) +  g%2 C2W •

F or th e  com ponen ts o f a:

«1 +  T ( B )  +  D ( B ) ai =  -  B 22 G JJ) +  B l2 G2(t) -  G S t ) , 

a2 -(- T ( B )  a2 +  D (B )a2 =  — B n  G2(t) -j- B 2x Gx(i) — G2( t ) ,
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w here  T (B ) ,  D ( B )  is th e  tra c e , re sp . th e  d e te rm in a n t o f th e  m a tr ix  В  = Lg.  
F o r  th e  co m p o n en ts  o f th e  c u rre n t I:

A  +  T ( B )  A  +  D ( B )  I ,  =  D ( B ) G 1(t) +  i>(t) ,

A  +  T ( B )  A  +  D ( B )  I 2 =  D ( B ) G 2(t) +  w(i) ,

w here  th e  fo llow ing n o ta tio n s  h av e  been  in tro d u c e d :

i>(t) _  B n  G1(i) +  B 12 G2(t) , 

w(t) =  B 21 Gx(i) - f  S 22 G2( t) .

T h e  ab o v e  inhom ogeneous d iffe ren tia l eq u a tio n s  o f th e  second  o rder w ith  
c o n s ta n t coeffic ien ts in  case o f a given Gj(t), G2(t) can g en era lly  be solved. 
F u r th e r ,  we ex am in e  th e  special case, w hen G(t) =  G0 is c o n s ta n t. T hen , as 
can  easily  be seen , th e  so lu tions w ill be as follow s:

X x =  A i e ~ ^  +  B 1 e -M  +  M , 

X 2 =  A 2e -f- B 2e >2t -f- N  ,
(13)

w here  Aj an d  A2 a re  th e  tw o ro o ts  o f th e  c h a ra c te r is tic  e q u a tio n s

A2 T ( A ) X  +  D ( A )  = 0

an d

j y j  ____ ^ 2 2  m 0  -^ 1 2  n 0 . J \f  _  _ ^ 1 1  re0  '  ^ 2 1  m 0

0(^1) D ( J )

a n d  m 0, resp . n 0 m ean  th e  equ . (9) in  case o f G01, G02.
F o r th e  com ponen ts of a we o b ta in :

«г =  «г e~ Ylt +  6 , е~ 72* +  B *  Cк  ,

a2 =  a2 e - ' i* +  62e ~ V  +  ^  ^
Л (Б )

a n d  th e  so lu tions concern ing  th e  cu rren ts

A  =  Cj e -v d  +  А  е -л *  + G 01, 

A  =  C2e Vli +  A e ' 2< +  C02 ,

(14)

(15)

( 1 6 )

w here  y 1 an d  y2 are  th e  tw o ro o ts  o f  th e  eq u a tio n  (ev id en tly  A; =  y,) :

y2 -  T ( B ) y  +  D (B )  = 0 .
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ON THE TIME DEPENDENCE OF IRREVERSIBLE PROCESSES 3 1 5

T he co n stan ts  A lf В 15 A 2, B 2, e tc . figu ring  in  th e  so lu tions m u s t he d e te rm in ed  
on th e  basis o f  th e  in itia l cond itions. The eq u . (13), (15) a n d  (16) give th e  
tim e  dependence of th e  forced  processes. In  case of t —v <x> th e  q u an titie s  do 
n o t d isap p ear, b u t  te n d  to  a c o n s tan t v a lu e . O n th e  basis o f  th e  equs. (13), 
(16) an d  (1), in  case of t —»- со we o b ta in

G01 =  L n  M  -f- L 12N  ,

Gq2 =  M  -j- L 22 Л .

F ro m  th e  equ . (17) we can  get th e  v alue  o f  th e  n ecessary  g en era tions fo r 
fix ed  M  an d  N  an d  rev e rse ly , w hen G01 a n d  G02 are g iven , we can ca lcu la te  
th e  forces belong ing  to  th e  f in a l s ta te .

I t  is to  be n o te d  th a t  th e  forces M  and  N  can be ex p ressed  also b y  th e  
e lem ents of th e  m atrices  g  an d  A ,  on th e  basis  o f the  equ. (14).

The processes described  b y  th e  equ . (17) can be considered  “ g enera l 
s ta t io n a ry  fo rced  processes” . A m ong these  fig u res  also th e  “ s ta tio n a ry  s t a te ”  
sa tis fy in g  P r i g o g i n e ’s princ ip le  of th e  m in im al en tro p y  p ro d u c tio n  [5]. E . g. 
a t  a fix ed  N  we o b ta in  a m in im al en tro p y  p ro d u c tio n , i f  G01 =  0. N a tu ra lly , 
d u rin g  th e  ap p ro ach  to  th e  s ta tio n a ry  s ta te , te m p o ra rily  also  th e  c u rre n t J , 
arises, b u t  in  case o f t —*■ со, as if  G01 =  0, th is  c u rren t d isap p ea rs . The se ttin g  
in  of a s ta t io n a ry  s ta te  in  th e  usual m ean in g  will be d iscussed  in th e  n e x t 
p a ra g ra p h .

§ 3. A pplication  to  K nudsen  gas

One o f th e  rea liza tio n s of th e  processes exam ined  ab o v e  can be seen 
in  F ig . 1. T he reserv o ir I  o f fin ite  e x te n t is connected  by  th e  cap illa ry  c w ith  
th e  re se rv o ir I I  o f in fin ite  ex ten t.*  In  I  we b eg in  to  g en era te  w ith  a c o n s ta n t

Fig. 1

G0** an d  exam ine  th e  tim e-dependence  o f th e  process. This process is described  
b y  th e  equs. (13), (15) an d  (16).

In  case o f  K n u d sen  gas we are g e n e ra tin g  e. g. en e rg y . T hen , in  th e  
s ta t io n a ry  f in a l s ta te  th e re  w ill be on ly  an  en e rg y  c u rren t I u, while th e  m ass

* I t  is to  be noted th a t  it  is not im portan t th a t  c is a capillary. I t  m ay be ano ther 
connection, e.g. a semipermeable m em brane, etc.

** The connection c determ ines the degree of th e  generation in I, so th a t  the sta tionary  
s ta te  can set in , i.e. th a t the generated extensive q u an tity  should no t accum ulate infin itely .
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316 G. PATAKI

c u rren t I m a rises on ly  te m p o ra rily . T he form s of th e  so lu tions for th e  forces 
X m an d  X u a re  on th e  basis  o f  (13):

Х т =  Л т е - *  +  В т е - ^  +  М ,

X u =  A ue - ^  + B u e ~ V  + N .

X m an d  X u can  be ex p ressed  b y  m eans o f  th e  te m p e ra tu re  difference A T  an d  
th e  p ressu re  d ifference A P  (see e.g. [6]):

X m
A P  , A T

—  V ------------ b  n ---------
T  T

X и
A T
J>2 ’

w here v m ean s th e  specific  vo lum e, h =  — ■ th e  specific  e n th a lp y . T he

co n stan ts  A m, B m, A m B u m ust be d e te rm in ed  fro m  th e  in itia l co n d itio n s . 
T ak in g  in to  co n sid e ra tio n  th a t  X m0 =  0, X u0 =  0 a n d  on th e  basis o f  (6) 
X m o =  gmuGoui Xuo =  guu G ou (as Gom =  0), we o b ta in  th e  follow ing e q u a tio n s  
fo r th e  d e te rm in a tio n  o f th e  co n stan ts :

+  B m — — M  ,

A m  -®m ^2  =  gmu Gqu i

w hile fo r th e  c o n s ta n ts  f ig u rin g  in  X u:

A u +  B u =  — N ,

A  U K  +  B u  К  =  —  guu G  о  и  ■

X
F orm ing  th e  q u o tie n t — — we o b ta in

A P  _  , M  . . .
------ v T  — h — ------/ ( t ) ,
A T  N

( 20)

( 21)

w here / ( t )  on  th e  basis o f  th e  equ. (20) a n d  (21) has th e  follow ing fo rm :

A ,

m
M

°(t) +  1
a(t)

YГ « ( ‘) +  1
1  —  e~

( 22)
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T ak in g  in to  consid era tio n  th e  v alue  of h a n d  th a t  

(see e.g. [6]), we get

M

~N
L mu
Lmm

2 k T

A P

~ÄT
1 к

2 M 0v
( 5 - 4 / ( t ) )

1 к

2 M 0v
r(t).

T he ex am in a tio n  o f th e  fu n c tio n  r(t) can  easily  be c a rr ie d  o u t. I f  t 
th e n  f ( t )  —у 1 a n d  th u s , as has been  ex p ec ted ,

lim
/ —>■03

A P

~AT

w hile in  case of t —> 0 we m ay  w rite

1 к

2 M 0v ’

lim  f  (t) =  — — ^ u '^m — ^ 2

1
n am ely  on th e  basis of [3] gmu = 8uu

N  gn,u G0и
M  g uu G0u 

ЪткТ2

3
4

T hus we o b ta in

lim
A P

f-»°° Z IT  M qV

(23)

(24)

I t  is easy  to  see t h a t / ( i )  (and  so r(i) too) is a m onoton ie  fu n c tio n  of tim e .*  
In  F ig . 2 th e  fu n c tio n  r(t) is p lo tte d . I t  can  be seen th a t  th e  q u o tie n t

A P

A T
changes b y  a fac to r  o f 2, u n til  i t  a tta in s  i ts  value v a lid  fo r th e  s ta t io n a ry

s ta te . On th e  basis of [3] an d  o f w h a t has b een  said ab o v e , b o th  ZlT(t) a n d  
AP(t)  can  o f course be d e te rm in ed .

* I t  is enough to  rem ark th a t /( ( )  has no extrem e value, because the  co n d ition /(t) =  0

(
А  А  Л

-------I =  0 which for a positive t is no t possible on th e  basis

of the equs. (20), (21), (22) and (24).
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§ 4 . A nalogy o f the equations o f  m otion o f m echanics and 
therm odynam ics

B efore com ing  to  th e  d iscussion  o f  th e  ana logy  we m ak e  some rem ark s  
concern ing  th e  co n v en tio n  o f  th e  sign o f th e  forces an d  c u rre n ts . In  th e  d e te r 
m in a tio n  o f  th e  signs o f  th e  equs. (2) a n d  (3) th e re  is som e lib e rty , as only  
th e  sign o f  th e  p ro d u c t is f ix e d . (See e.g . [6], In tro d u c tio n , equs. (3)— (6)). 
I n  th e  in tro d u c tio n  of th e  g en e ra tio n  as w ell as in  th e  d iscussion  of th e  an a lo g y  
th e  fo llow ing  choice of th e  signs seem s to  be m ore co n v en ien t:

X ' = - X  =  g a ' ,

Г  =  — I  =  — à' ,
a' =  a .

N a tu ra lly , th e  form  of th e  co n d u c tio n  e q u a tio n  rem ain s fu r th e r

Г  =  L X ' . (28)

T he a d v a n ta g e  of th e  in tro d u c tio n  o f th e  p rim ed  q u a n tit ie s  is th a t  G(t) can 
be considered  as positive , w h en  th e  ex ten s iv e  q u a n titie s  a re  increased . N am ely , 
in  th is  case th e  equ. (5) passes in to

a =  — Г  +  G(t) , (29)

while in s te a d  o f (6) we o b ta in :

X ’ +  g L X '  = g G ( t ) ,

à ’ +  Lga'  =  G(t) , (30)
Í '  +  L g r  =  LgG(t) .

T h e ab o v e  choice o f th e  signs is fo u n d  to  be usefu l also in  the  d iscussion 
o f  th e  a n a lo g y  betw een  m echan ics a n d  irrev e rsib le  th e rm o d y n am ics  (see [7]). 
S upposing  t h a t  th e re  is as y e t  no g en e ra tio n , th e n  th e  an a lo g y  given in  [7] 
is o b ta in e d  fo r th e  p rim ed  q u a n titie s  in tro d u c e d  above w ith  th e  d ifference 
th a t  now  - \ - X '  co rresponds to  th e  force Q, i.e. considering  a p o in t m o tio n  
in  a v iscous m ed ium  we o b ta in :

a ' - > r ;  { L g L ^ - ^ m ;

and  th e  e q u a tio n  of m o tio n  is

(LgL)-1  ä'  -f- L -1  à / =  0 —V m ï - f  « 1  =  0 .  (32)

I f  th e re  is also  gen era tio n , th e n  th e  fo rm  o f th e  e q u a tio n  o f m otion  becom es

( L g L ) - 1 ä' +  L “ 1 d ' =  [ ( L g L ) - 1 G(t)] +  =  (33)
dt

(31)

(25)
(26) 

(27)
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The analogy remains i f  we exam ine the rotation o f  a rigid body. Thus, the  
m echanical m odel o f  irreversible therm odynam ics is the rotation o f  th e  rigid 
body around a point in an anisotropic viscous m edium , if  there is no gene
ration, w hile in case o f  generation th e  suitable m odel is the rotation  o f the 
rigid b od y around a point in an anisotropic v iscous medium, i f  th e  im pulse 
m om entum  has a source.
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О ВРЕМЕННОЙ ЗАВИСИМОСТИ НЕОБРАТИМЫХ ПРОЦЕССОВ
Дь. ПАТАКИ

Резюме

В работе было исследовано временное протекание, так называемых, термодинами
ческих вынужденных (неспонтанных) процессов, когда при í ->оо достигается не стати
ческое равновесие, а стационарный процесс, определенный внешними условиями.

Были даны «уравнения движения» при произвольном числе переменных и при про
извольной генерации G(t )  экстензивных переменных. В случае двух переменных напи
саны дифференциальные уравнения для компонентов и при постоянной генерации G 0 
и даны соответствующие решения. В качестве примера применения была исследована

А Рвременная зависимость отношения термомолекулярных разностей давления и тем
пературы. Наконец, была исследована аналогия между механикой и термодинамикой, 
принимая во внимание и генерацию.
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SEMI-CLASSICAL DESCRIPTION OF HIGH-ENERGY 
ELECTRON SCATTERING ON HEAVY NUCLEI

By

A . F r e n k e l

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  C O S M I C  R A Y  L A B O R A T O R Y ,  B U D A P E S T  

(P resented  by L. Jánossy . — Received 10. V. 1961)

W. K . B. phase-shift formulae for the  scattering of high-energy electrons on heavy 
nuclei are obtained and  a brief discussion of the range o f the ir validity  is given.

In troduc tion

Sem i-classical m ethods are w idely  used in  h ig h -en erg y  p h y sics  to  describe 
s c a tte r in g  phen o m en a . In  1955, R . W . W i l l i a m s  [1] applied  a  sem i-classical 
ap p ro ach  to  ca lcu la te  th e  re a c tio n  cross se c tio n  o f n eu tro n s  sc a tte re d  on  
nuclei a t  1,4 BeV a n d  a t  cosm ic-ray  energies. O n  th e  o th e r h a n d , in  the  p a s t 
few  y ea rs  R. H o f s t a d t e r  an d  cow orkers h a v e  in v es tig a ted  in  deta il th e  
e lastic  sc a tte rin g  o f  h igh -energy  e lec trons on p ro to n s  an d  on d iffe ren t nuclei [2]. 
T he an a lysis  o f th e  sc a tte rin g  p a t te rn  allow ed to  determ ine  th e  m ean  p a ra 
m eters o f th e  charge d is tr ib u tio n  o f  th e  ta rg e t  p a rtic le s .

1
F o r th e  p ro to n  an d  for lig h t elem ents Ze2 1 (Ä =  c —  1, e2 =  —

th ro u g h o u t) , so t h a t  B o rn ’s ap p ro x im a tio n  co u ld  be applied  in  th e  analysis 
o f H o f s t a d t e r ’s  re su lts . F o r h e a v y  nuclei, h o w ev e r, Ze2 ты 1, a n d  th e  B orn  
series converge b a d ly . L ooking fo r o th e r  m e th o d s , Y ennie  e t a l. [3] ca lcu la ted  
th e  d iffe ren tia l cross sec tion  b y  m eans of th e  p a r t ia l  wave ex p an sio n . T h ey  
o b ta in ed  th e  phases b y  a n u m erica l in te g ra tio n  o f  th e  rad ia l D ira c  eq u a tio n s. 
T his m e th o d  allow s ca lcu la tio n  o f th e  cross se c tio n  w ith  accu racy , b u t  ted ious 
n u m erica l c o m p u ta tio n s  are needed .

In  1954, E . B aranger  a n d  recen tly  E . P redazzi [4] a tte m p te d  to  
solve th e  prob lem  w ith  th e  help  o f th e  sem i-classical W . K . B . approach . 
T hey  rep re sen ted  th e  charge d is tr ib u tio n  o f th e  n u c leus b y  th e  so-called  shell 
m odel (p (r) =  c o n s t.0(r— R)) an d  ob ta in ed  th e  phases in  good  agreem ent 
w ith  Y e n n ie ’s n u m erica l re su lts  fo r th e  sam e m odel. T his show s th a t ,  in  
p rinc ip le , th e  W . K . B. m eth o d  can  be used. H o w ev er, as show n b y  Y e n n ie  
e t al. in  [3b], th e  shell m odel, w hile sim ple to  deal w ith , rep roduces th e  
e x p e rim e n ta l re su lts  v e ry  poorly . F o r m ore re a lis t ic  m odels th e  W . K . B .
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in te g ra ls  c an n o t be ca lc u la ted  in  closed fo rm  w ith o u t in tro d u c in g  n ew  ap p ro x i
m a tio n s  in  th e  a n a ly tic  exp ressions o f  th e  in te g ra n d s  and  i t  is an  open 
q u es tio n  w 'hether th e se  in ev itab le  new  ap p ro x im a tio n s  do allow th e  a p p lica tio n s  
o f th e  sem i-classical W . K . B. a p p ro a c h .

In  th e  p resen t p a p e r  we in v e s tig a te  the  p ro b lem  of th e  ap p lic a b ility  
o f  th e  W . K . B. m e th o d  to  a p h y sica lly  p lausib le  c h a rg e -d is tr ib u tio n  model 
o f  h e a v y  nuclei. W e o b ta in  th e  a n a ly tic  expression  fo r th e  p h ase  sh if t and  
fin d  an  u p p e r  lim it fo r th e  erro rs, in tro d u c e d  b y  o u r  a p p ro x im a tio n s  when 
c a lc u la tin g  th e  W . K . B . phases.* F in a lly , we d iscuss in  which a n g u la r  region 
o u r fo rm u lae  are  v a lid , i f  we req u ire  th e  re la tiv e  e r ro r  of th e  c a lc u la te d  dif
fe re n tia l cross sec tion  to  be less th a n  a given va lu e  e.

I. Derivation o f the W . K . B. phase sh ift formulae

T h e  w ell-know n W . K . B. p h ases  can be w r itte n  as follows [5]:

w here

CO

*0

Pr  = [E T -  U(r)]2 -  m2

( 1 )

( 2)

I n  (1) an d  (2) th e  follow ing n o ta t io n s  are used :

n, p ,  E T =  m ass, m o m e n tu m  and to ta l  energy  
o f  th e  in co m in g  partic le , 

l - an g u la r m o m e n tu m  q u a n tu m  nu m b er, 
t 0 =  tu rn in g  p o in t:  p r 0 =  0,

I7(r) =  ev(r) =  p o te n tia l  energy.

* W e m ust point ou t here th a t, in  add ition  to the errors mentioned in th e  tex t, our 
phase  shifts deviate from  th e  true  quantum m echanical phase shifts because of th e  approxi
m a tio n  in h e ren t in  the W. К . B. method. P r e d Azzi [4], com paring his exact shell model 
W. К . B. phase shifts w ith  Y e n n ie ’s quantum m echanical results obtained this second deviation 
in  a p u re  form . Observing th a t  P redazzi finds | Aôe \ 0,001, while our errors tu rn  out to
be 0,005, and  th a t for our charge d istribution  model the general condition of the applicability

of the W. К . B. method т ^  ;s satisfied  better th a n  for the shell m odel, we neglect v(r) dr )
th e  influence of this second deviation.

Acta P hys. Hung. Тот. X I I I .  Fasc. 3.



SEMI-CLASSICAL DESCRIPTION OF ELECTRON SCATTERING 3 2 3

O ur n e x t  ta s k  is to  ca lcu la te  th e  e lec tro s ta tic  p o te n tia l  v(r) f ro m  th e  
charge  d is tr ib u tio n  of th e  ta rg e t nuc leu s.

H ofstadter’s results indicate [1] that for h eavy  nuclei the follow ing  
spherically sym m etric charge distribution can be used:

e ( r )  =  i*0 и И >

u(r) =  1 

u(r) =  2 

u(r) =  0

r — c 3 3 ( r  — c)
t' 2 1

fo r 0 <  r  <  c ------- t',
2

fo r c ------- t' < r  <C c
2

for r > c  -|----- t'
^  2

1 , (3) 
1 * ’

(see F ig . 1).
T he physica l m ean ing  o f th e  p a ra m e te rs  c and  t' is obv ious: g(c) =  q0u(c) =  

=  Qo/2, i. e. c is th e  “ h a lf-d en sity  p a ra m e te r” , w hile t ' is th e  “ 1 0 0 % — 0%

fall-o ff p a ra m e te r” . In  H ofstadter’s rev iew  [2] th e  h e a v y  nuclei a re  c h a ra c 
te riz e d  b y  c an d  f, th e  9 0 % — 10%  p a ra m e te r . I t  is e a sy  to  see t h a t  in  our 

t
case t ' =  Q * t a k in g  the  values c an d  t from  [2] (for gold, e. g., c =

=  6,38 • 1 0 ^ 13 cm, t —  2,35 -10-13 cm ,) (3) gives th e  desired  ch a rg e  d is tr i
b u tio n  fo r h eav y  nuclei.

In tro d u c in g  now  dim ensionless u n its  —  fo r le n g th  and , acco rd ing ly , 

E t ’ fo r energy , we solve th e  P o isson  eq u a tio n  Av(r)  =  4 лр(г)  w ith  (3) and

Acta Phys. Hung. Тот. X I I I .  Fasc. 3.
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o b ta in  fo r th e  p o te n tia l  v(r) — 4sng0W(r)  th e  expression  (see F ig . 2): 

гг r2
W(r)  =  -  —  +  —  +  —  

6 2 40

W(r)
i  a

c c

fo r  0 ^ r < r ----- ,
2

I f
2

1 l ï 2l « b 11 3 i 112 2 (  1 3
c + -  - c +  - - - C  c + -  + -  c + -

l 2j L 2 3 2 J 2 2 5 2

+  TH ь , 3 2—  r  H------ cr2
12 10

-  —  r2] ,
15 J

a  =  — (- — c — 2c3,
2 2

+ (4)

6 =  6c2

Щг) = Р + ^ ) 1
3 20 r

an d  Q0 =
Ze

fo r c ----- <Г r <  c -|— ,
2 2

fo r r
1

c +  -
2

4л(с3/3 +  c/20)
fro m  4 л  f p(r) r2dr =  Z e .

Fig. 2. The electrostatic  potential o f heavy  nuclei

F o r a t t r a c t iv e  Coulom b fo rces th e  p o te n tia l  energy  can  be w ritte n  now  
as follow s:

U(r) =  - ß  W(r), (5)
w here

с3/з с/го
(6)
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In tro d u c in g  (5) in  th e  p h ase -sh ift fo rm u la  (1), we see t h a t  we h av e  to  ca lcu la te  
th e  in te g ra l

Г ’ /
P r  dr  =

J  J
Го

2 E T ß W { +  ß*[W(r)}* ( ? )

( th e  lim it r  —> 8 will he considered  la te r) .
W ith  th e  W(r)  g iven  in  (4) th e  in te g ra l can  be ca lcu la ted  in  closed fo rm

o n ly  if  r 0 ]> c +  — . In  th e  in te rv a l 
A

0, c + we h av e  to  ap p ro x im a te

JV(r) an d  [ W { r ) f  b y  som e such  fu n c tio n s w hich  m ake th e  in te g ra l a n a ly tic a lly  
ca lcu lab le . F rom  sev era l possible p ro ced u res  th e  fo llow ing tu rn e d  o u t to  be 
sa tis fa c to ry :

1 1c ------- , c -)------ wc p u t
2 2 v

In  th e  in te rv a l

a n d , in d ep en d en tly ,

W{ t) a * —  +  —  +  C = W ' ( r )

[ W ( r ) ] * ^ ^  +  —  +  C ' = W " ( r ) .

W e f i t  th e  a p p ro x im a tin g  fu n c tio n s to  W(r)  a n d  [Щ г)]2 a t  r  =  c -----— r  — c
A

a n d  r  =  c +  — . T h en  th e  coeffic ien ts А , В ,  C tu rn  o u t to  be (w ith  W-, = 
2

=  W c —

- 2 W i c + W 1 \ c - - \ \ ,

, Wz ~ W ( c ) ,  W3 = W

^ = 2c ^ - i ) [ r , ( c  +  i

в = - 4 [ г »(е - т ) ( с + 1 Г - 2’г*е’ + ^ ( с + т ) ( е - 1 ) 1 -

C =  2 ^ 3 [ c + i - j - 2 I F 2c ^ +  Wx 1c -------
2

2

A ' B ' C  can  be o b ta in e d  from  a s im ila r se t o f  eq u a tio n s .
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In  th e  in te rv a l О, c —  —  only  [ W ( r ) f  has to  be a p p ro x im a te d . W e p u t  

[W(r)]2 ^ D ' +  F ' r 2.

F i t t in g  th e  cu rv es  a t  r  =  0 a n d  r =  c -— — , we o b ta in
2

D-  =  I—  +  — )* 
2 40! ’

c — 1 Ï2

36

T h e  m ax im u m  d ev ia tio n s <5JFmax an d  dWmax can  be fo u n d  fo r an y  h ea v y  
e lem en t. F o r go ld  (c =  1,65 in  d im ensionless un its) we o b ta in  in  th e  in te rv a l

1
2

b y  n u m erica l ca lcu la tio n

\ÔÎVm 0,005, |<5ÏF2max|^ 0 ,0 2 4 ,

w hile  in  th e  in te rv a l we find  e x a c tly

(8a)

6 W  =  0, 0,012 . ( 86 )

N um erica l v a lu es  o f th e  fu n c tio n s  Щ г) an d  [W(r)]2, ca lcu la ted  from  th e  e x a c t 
fo rm u la  (4), a n d  fo r co m p ariso n  th e  a p p ro x im a tiv e  fu n c tio n s  W'(r)  a n d  
W " ( r )  are p re se n te d  in  th e  fo llow ing  T ab le .

r 1
C~ T 1,4 c =  1,652 1,9 1

C + T

W(r) 1,1689 1,0644 0,9407 0,8341 0,7370

W \r ) 1,1689 1,0593 0,9407 0,8332 0,7370

[W(r)Y 1,3661 1,1330 0,8849 0,6957 0,5432

W"(r) 1,3661 1,1094 0,8849 0,7002 0,5432

F o r  o th e r h e a v y  e lem ents s im ila r  resu lts  can  be o b ta in ed .
W ith  th e  help  o f th e se  a p p ro x im a tio n s , (7) tra n sfo rm s  in to  a sum  o f 

dx

I *
2b i X +  d, ----- "ty p e  in te g ra ls , w h ich  can be ca lc u la ted  in  closed

X

fo rm .
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I f  in  (7) th e  u p p er lim it of th e  in te g ra tio n , r, te n d s  to  -f- °o, -we g e t
CO

a te rm  lim  p r  w hich  is com p en sa ted  b y  th e  te rm  —  j p d r  o f  th e  p h ase -sh ift
Г—> со Г о

fo rm u la  (1), an d  a second d iv e rg en t te rm , w hich  re flec ts  th e  w ell-know n 
lo g arith m ic  d ivergence o f th e  Coulom b p h ases . This d ivergence  can be  
e lim in a ted  by  su b tra c tin g  fro m  each  phase a te rm  lim  In 2p r  [6].

Г—> c o

T he re su lts  o f th e  o u tlin ed  ca lcu la tio n s a re  given in  th e  A ppend ix .

II. The upper boundary of the deviation of the phases 
from  the exact W . K . B. value*

Y e n n i e  e t al. [За] e la b o ra te d  a successfu l m eth o d  fo r sum m ing  th e  
p a rtia l-w av e  series to  o b ta in  th e  cross sec tio n  from  th e  p h a se  sh ifts . In s te a d  
o f  rep ro d u c in g  here  th e ir  considera tions, we tu rn  to  th e  e v a lu a tio n  o f  th e  
erro rs in cu rred  b y  our ap p ro x im atio n s .

W e h av e  to  consider th e  v a ria tio n  o f th e  in teg ra l

Г
/ [í + T

/  E \  +  2E T ß  W ( t) +  ß2 [Г ( г ) ]2 -  m 2 -
r J

in d u ced  b y  th e  in d ep en d en t v a ria tio n s  of W (r ) and [IF (r)]2, accord ing  to  o u r 
a p p ro x im a tio n  p rocedure . r 0 is th e  p o in t w here  th e  in te g ra n d  v an ishes, so 
th a t  r 0 shou ld  be v a ried  to o . I t  is easy  to  see, how ever, t h a t  th is  v a r ia tio n  
y ields a second-o rder co rrec tion  only , w hich  can  be n eg lec ted .

N ex t we observe t h a t  in  th e  in te rv a l (see (3) an d  F ig . 2).

№ Щ г ) \I m i n  = ß w ( c
1
2~

; n o w  a s tra ig h tfo rw a rd  ca lcu la tio n  gives

A d ,

E T ß \ ö W max\ + - ß 2 \ d W 2max\ 

Y(ET +  ß Щ)2 — m 2
(9)

fo r all 1 n, w here n  is chosen  so th a t  / >  n belongs to  th e  pu re  C oulom b
1

ph ases , w ith  r ]> c0 +  — .
Z

W e n o te  fo r fu tu re  u se  th a t ,  for a g iven  ta rg e t n u c leu s , n is p ro p o r
tio n a l to  th e  m o m en tu m  p  o f th e  b o m b ard in g  p artic le . T a k in g  in to  a c c o u n t

* See footnote on p. 322.
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th a t  fo r gold  w ith  our ch arg e  d is tr ib u tio n  m odel n 0 =  9, w h en  p 0 — 236 MeV =  
- 1,18 • 10-13 c m - 1, we o b ta in :

Po
( 10)

III. The relative error of the differential cross section

Y e n n i e  e t al. h av e  show n [3a] t h a t  an  e rro r A ô t in  th e  Z-th p h ase  sh if t 
lead s to  th e  follow ing re la tiv e  e rro r in  th e  d iffe ren tia l cross section:

A t dajdQ 2 \ A ô [ \  
dajdQ p(dajdQ)112 ( И )

In  ou r case th e  in d iv id u a l e rro rs  in  th e  ca lcu la tio n  of th e  phase-sh ifts  a re  n o t 
in d e p e n d e n t, as th e y  o rig in a te  from  th e  same  a p p ro x im a tio n s  to  W(r)  an d  
[ lF (r)]2 in  each  phase . L e t us consider th e  w o rst case, w h en  th e  full in d iv id u a l 
e rro rs  a re  sum m ed:

a j  u n  ^ I Adi IAdald Q  (12)
d a / d ü  p(dajdQ)1'2

W e req u ire  th e  re la tiv e  e rro r  in  th e  d iffe ren tia l cross sec tio n  to  he less th a n  e. 
T h en  (9), (10) an d  (12) g ive t h a t  th is  re q u ire m e n t is sa tis f ied , if

I da

\ d Q £Po
(13)

As an  exam ple  we e v a lu a te  th e  sc a tte r in g  angles a t  w hich  our W . K . B. 
p h ases  can  be used  fo r e lec tro n s  of 183 MeV energy  s c a tte re d  b y  gold, i f  we 
Tequire th e  re la tiv e  e rro r  o f  th e  d iffe ren tia l cross sec tion  to  be less th a n  1 0 % .

F ro m  (8) an d  (9) we o b ta in  Д  =  0,0047, an d  fro m  (13) w ith  e =  0,1 
we f in d

—  ^  0 ,5 2 .1 0 -26 cm 2. (14)

T ak in g  in to  acco u n t th e  e x p e rim e n ta l v a lu es  o f th e  d iffe re n tia l cross sec tio n  
a t  183 MeV [7], we fin d  t h a t  (14) holds in  th e  0 ° <  ® 40° sc a tte rin g  ang le
reg ion .

W e n o tice  th a t  for e lec tro n s our fo rm u lae  can n o t be  e x te n d e d  to  energ ies 
1 BeV, because  o f  th e  in c rea s in g  w eight o f  th e  in e la s tic  processes (b rem s- 

s tra h lu n g )  w ith  increasing  energy . F o r /i-m esons, h o w ev er, th is  lim ita tio n  
ceases a n d  so we conclude t h a t  th e  W . K . B . ap p ro ach  can  b e  used  in  an a ly s in g  
th e  s c a tte r in g  o f e lec trons u p  to  1 BeV a n d  o f  /i-m esons fo r  E T >  1 BeV to o .
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T he a u th o r  expresses h is th a n k s  to  M r. G. D omokos fo r  va luab le  d is 
cussions an d  to  Miss G. S zű cs , who p e rfo rm ed  th e  te d io u s  num erica l c a l
c u la tio n s .

Appendix

F o r those  values /, w h ich  lead  to  r 0 ^  c —  —

л

T
] [ 1 4 », Í 112 í, 1 V

(, + тг)+ т / «1 с -------2j +  '’‘ ( ' “ y )  - (í + t )

К

У— O l

71
112 ,

c 2) + t ‘
arc sin

- |Z +  T

r
b\ +  Oj

bi
------)- arc sin
2

~ ' l  +  ~2
1 12

bl +  Oj
1

c —

+

b2
] / a 2X2 +  2b3x  - f  d2 +  - - = l n ( a 2x - f  b2 +  f a 2 f a 2x 2 +  2b2x  +  d2)
I [/ a2

- У - d ] a rc  sm
b2 x  +  d2 lx=c+i

У&1— a2d2x)x=c-l

/ 2 1 1
/  « 3 l' + y] +  2 6 3

ь . ы  Т + т ]  +  \
Уаg V Уа3

+ с + +  26„ с -j- +  ág +

+  У — d3
Ь3 (с + ~~Ь d 3

a rc  sm
УЬ\  — °з dí

— arc sin

b l - u 3d3
1 Ic+tI

11 1
- t P+-H + t P>+«=í -M
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({3} has a d iffe ren t fo rm , i f  d3 = Z 2e4 —  ( l -f- 

fo r 1 = 0  a n d  Z  >  64).

>  0. This h ap p en s  o n ly

F o r th o se  values l, w h ich  lead  to  c -------- <  ro c H------5
2 2

e, =  l t i  +  ± + 2
x=c+5

( _____ — 3

F o r th e  p u re  C oulom b p h ases  Ко >  c +

àt =  - l +
b3 jn  К°з

K«3 V^§ аз
+  y~— d  a arc  s in  ----- —  H------

K f e 3 - « 3 d 3  2

th e  coeffic ien ts , a, b, c a re  re la te d  to  th e  p a ram ete rs  u sed  in  the  te x t  in  th e  
follow ing w ay :

ai =  — E T ß  -f- ß 2 F' ,
3

bi =  y  P2 +  E T ß  D  +  ~  ß2 D 2,

d l — — i +

a2 = p 2 +  2 E T ß C  +  ß2C \

b2 =  E T ß B  +  — ß 2 B \

d 2 =  2 E T ß A  +  ß 2 A '
, 1 ï*

/ + T

«3 =  F 2,

6 , =  Ze2 E T,

d3 = Z 2e * ~  1 +
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КВАЗИКЛАССИЧЕСКОЕ ОПИСАНИЕ РАССЕЯНИЯ ЭЛЕКТРОНОВ 
БОЛЬШ ИХ ЭНЕРГИЙ НА ТЯЖ ЕЛ Ы Х  ЯДРАХ]

А. ФРЕНКЕЛЬ

Резюме

Выводятся формулы квазиклассических фаз рассеяния электронов больших энер
гий на тяжёлых ядрах. Рассматривается вопрос о пределах применимости метода.
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THE ROLE OF SURFACE HYDROXILS OF Al20 3 xH20  
IN THE LUMINESCENCE OF ADSORBED 

FLUORESCEIN MOLECULES

By

E . L e n d v a y

R E S E A R C H  I N S T I T U T E  F O R  T E C H N I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T  

(Presented by  G. Szigeti. — Received 18. IV. 1961)

Producing various surface hydroxil concentrations on A120 3 film s b y  surface reactions 
i t  was found th a t there is a d is tinc t relation  between th e  emission and th e  adsorbed fluorescein 
and the num ber of —OH groups. The fact th a t the in tensity  of emission is growing w ith  th e  
surface hydroxil concentration indicates th a t the em itting  centres are bound to the surface 
by  hydrogen bonds.

§ 1. In tro d u c tio n

I t  is know n th a t  th e  m olecules an d  ion s in  the  ad so rb e d  s ta te  ch an g e  
th e ir  ad so rp tio n  an d  em ission  sp e c tra  b ecau se  of the  ad so rb in g  in te ra c tio n  
[1— 7]. In  th e  case o f sim p le  p h ysica l a d so rp tio n  the  e n e rg y  of in te ra c tio n  
is n o t enough  to  cause a n y  considerab le  sh if t or b ro ad en in g  o f  bands, b u t  in  
ch em ispo rtion  th e  change in  th e  e lec tro n  s tru c tu re  of th e  adso rbed  ion or 
m olecule ap p ears  in  th e  ab so rp tio n  an d  em ission  sp e c tra  in  a m easu rab le  
m an n er.

T here  are  m an y  d a ta  in  th e  l i te ra tu re  concern ing  th e  in te r - , and  i n t r a 
m olecu lar hyd rogen  bonds an d  th e ir  in fluence  u p o n  the  sp e c tra  o f th e  ex am in ed  
m a te ria ls  [7— 13].

S im ilar effects are  o bserved  in  th e  case of layer p h o sp h o rs  a c tiv a te d  
b y  fluorescein  show ing th a t  th e  a c tiv a to r  m olecules are b o u n d  to  the  su rface  
b y  chem iso rp tion , in  th e ir  m a jo r ity  b y  h y d ro g en  bonds [14].

H ydrogels w ere o b ta in e d  b y  m eans o f chem ical t r e a tm e n t  of a lu m in iu m  
oxide film s, p re p a re d  b y  ano d ic  o x id a tio n , as th e y  offer a p o ss ib ility  to  s tu d y  
th e  phenom enon  m en tio n ed  above . I t  is e a sy  to  follow in  su ch  a system  th e  
re la tio n  b e tw een  th e  h y d ra tio n  s ta te  o f th e  surface a n d  th e  em ission o f  
fluo rescein  ions ad so rbed  on th e  h yd roge ls. I t  was found  th a t  by  chan g in g  
th e  q u a lity  o f th e  su rface n o t on ly  th e  in te n s i ty  of em ission changes, b u t  th e  
peaks o f  em ission sh ift to o . I t  is possible to  a t tr ib u te  th e se  changes to  th e  
changes in  th e  a c id ity  o f  th e  surface o f th e  ad so rb en t a n d  th e  n u m b er o f  
ad so rb in g  cen tres.

In  a p rev ious p a p e r [14] i t  w as ex am in ed  how  u n d er th e  sam e a d so rb in g  
cond itions th e  em ission sp e c tru m  of flu o resce in  ions ad so rb e d  b y  d iffe ren t 
A120 3 • x H 20  hydrogels changes. I t  is o bv ious th a t  d u r in g  th e  chem ica l
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t r e a tm e n t n o t  only  th e  su rface  of th e  la y e r  is ch an g in g  b u t th a t  th e re  are 
also s u b s ta n t ia l  changes in  th e  low er la y e rs , th e re fo re  th e  d a ta  g iv en  in  a 
prev ious p a p e r  [14] are  n o t  conclusive as regards th e  role of th e  su rface  
groups. T o  decide how  im p o r ta n t  a ro le  th e  surface p la y s  in  lum inescence , 
we need  som e ex p erim en ts  concern ing  th e  s ta te  o f th e  su rface . As th e  re su lt 
o f  t r e a tm e n t  w ith  alcalic  reag en ts  (d escrib ed  in  th e  p u b lica tio n  q u o ted ) is 
a fu n c tio n  o f  d ifferen t p a ra m e te rs , i t  is n ecessary  to  u se  reactions o f  o th e r  
ty p es . T h e  p re se n t p ap er is dea lin g  w ith  th e  fu r th e r  e x a m in a tio n  of th e  p rob lem  
of lay er p h o sp h o rs  and  w ith  th e  role o f su rface  — OH g ro u p s of A120 3 hy d ro g e ls .

§ 2. Relation betw een the num ber of surface — OH groups 
and th e  intensity o f  lum inescence

As is know n, th e  s tru c tu re  of th e  up p er lay e r o f  anodic ox ide film s 
exam ined  b y  m eans of X -ra y s  and  e le c tro n  d iffrac tion  p a tte rn s  is am o rp h o u s 
o r  a y-A l20 3 [15— 21]. T h e  tra n s itio n a l la y e r  betw een  th e  up p er la y e r  o f  the  
film  an d  th e  m e ta l has a b o e h m it- ty p e  s tru c tu re  [22— 24].

T he s tru c tu re  qf th e  m en tio n ed  o x id e  layer is su ita b le  for a hyd ro g e l 
th e  w a te r  c o n te n t of w h ich  is a fu n c tio n  o f  th e  co n d itio n s ex isting  a t  th e  
tim e  o f fo rm a tio n  of th e  la y e r . B ecause o f  th is , the  su rface  — O H  c o n c e n tra tio n  
is v e ry  low  an d  if  th e  th ic k n e ss  of th e  oxide film  is ad e q u a te , i t  m a y  be 
described  b y  s tru c tu re  I.

\  /  \  /  \Al—О—AT XA1—О—Al
/  \ 0 /  \ 0 /
_ _Ix

I

I t  is k n o w n  th a t  a lu m in a  as w ell as silica (q u a rtz , d eh y d ra te d  silicagel, 
m icroporous glass and  so on) are ab le  to  b ind  w a te r  or m eth y la lcoho l b y  
irreversib le  ch em iso rp tion  [25— 28]. T hese  surface re a c tio n s  m ay  be rep re sen ted  
in  th e  fo llow ing  w ay:

О /О Н  нох
------ Al A l------- + H 20  — > •------- Al Al------

N ) /  \  O
I I

/ ° \  /
— AT A l----------hCH 3O H ----- >-------- Al Al-------

O O
I I I
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(w here в о н  is th e  co n cen tra tio n  of — O H  groups on th e  su rface) and  so, b y  
m eans o f ad so rb en ts  p rep a red  in  these  tw o  w ays th e  q u estio n  can  be decided .

The p re p a ra tio n  of th e  a lum in ium  oxide film s, th e  m easu rem en ts  of 
em ission sp ec tra  an d  th e  ad so rp tio n  of fluorescein  were describ ed  in a re c e n t 
p ap e r [14].

The oxidized a lum in ium  p la tes  a fte r  th o ro u g h  w ash ing  were d ried  a t  
120° C fo r 5 hours before th e  chem iso rp tion  o f w a te r or m eth y la lco h o l to o k  
place. T he chem iso rp tion  w as carried  ou t a t  h ig h er te m p e ra tu re s  in  a su ita b le  
liqu id . Som e sam ples were tr e a te d  below  th e  bo iling  p o in t o f w a te r  or m e th y l-  
alcohol, o th ers  a t  th e  boiling  p o in t o f th e  co rrespond ing  liq u id  fo r 4— 8 h o u rs . 
T he surface o f each  sam ple w as orig inally  covered  b y  a 15— 18 fi th ic k  o x id e  
film . The d im ensions of th e  sam ples were id en tica l. T here w as a sh ift in  th e  
w av e len g th  in  th e  sp ec tra l energy  d is tr ib u tio n  of th e  lu m in escen t em ission  
o f fluorescein  adso rbed  on th e  oxide lay e rs  tre a te d  u n d e r  pressure ab o v e  
th e  boiling  p o in t, th ere fo re  th e se  were u n su ita b le  for com parison . T ra n sfo rm 
ing  th e  la y e r  a t  low er te m p e ra tu re  (a t bo ilin g  p o in t or be low  it)  th e  sp e c tra  
w ere sim ilar to  each  o ther.

In  th e  prev ious p ap e r [14] th e  close connec tion  b e tw een  th e  em ission 
o f th e  fluorescein  an d  th e  q u a lity  of th e  ad so rb in g  su rface , m ore ex ac tly  th e  
ty p e  of th e  adso rb ing  bo n d  w as po in ted  o u t.

W ith  reg a rd  to  th e  fa c t th a t  th e  re a c tio n  is r a th e r  sensitive i t  w as 
supposed  th a t  th e  em ission sp ec tra  of th e  sam e ty p e  (sam e in te n s ity  m ax im u m  
etc .) belong  to  th e  sam e ty p e  o f lum inescen t cen tres .

C om paring th e  lay e r phosphors of id e n tic a l sp ec tra l en e rg y  d is tr ib u tio n s  
p rep ared  b y  tre a tm e n t in  w a te r  resp . m e th y la lco h o l i t  w as possible to  s ta te  
th a t  th e  w a te r  tre a tm e n t gave h igher in te n s ity  th a n  th e  alcoholic one. F ig . 1 
shows th e  sp ec tra  o f tw o d iffe ren t lay er p h o sp h o rs .

T he in te n s ity  of th e  em ission of a la y e r  p h osphor a f te r  t re a tm e n t w ith  
w a te r is tw ice th a t  o f a p h o sp h o r tre a te d  w ith  alcohol as F ig . 1 shows. I f  we 
suppose th a t  th e  ac tive  a d so rp tio n  of fluo rescein  [14] is accom pan ied  b y  th e  
d ev e lopm en t of hyd ro g en  bo n d s, th e n  i t  is e v id e n t th a t  u n d e r  id en tica l co n 
d itions th e  surface tre a te d  w ith  w a te r c o n ta in s  m ore lu m in escen t cen tre s  
th a n  th e  surface tre a te d  w ith  alcohol. As th e  adsorbed  fluorescein  ex is ts  on 
th e  surface in  a m onom olecular d is tr ib u tio n  an d  th e  m olecules are fa r enough

6 Acta Phys. H ung. Тот, X I I I .  Fasc. 3.

The above fo rm ulas d em o n stra te  th a t  th e  s tru c tu re  I I  con ta in s tw o  
hydrox ils , w hile th e  s tru c tu re  I I I  (the so-called  “ a lk y la ted  su rfa c e ” ) co n ta in s  
only  one — O H  group . The chem isorp tion  process m en tio n ed  above was u sed  
to  in v es tig a te  w h e th e r th e re  is a d irect co n n ec tio n  b e tw een  th e  n u m b er of 
surface — O H  groups and  th e  lum inescence. I t  is q u ite  clear t h a t  u n d e r id e n tic a l 
conditions

H s o  ч C H 3O H  ( ! )
“ o H  /  “ o h  '  '
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from each other, the quantum  efficiency m ay he supposed to  be independent 
o f the surface concentration o f the activator. For similar reasons the correction  
o f the spectra due to  th e  self-absorption is also negligib le. In this case the  
in ten sity  o f  em itted  light is the function o f the surface concentration, supposing  
identical adsorbing bonds.

M any experim ents show  th at in so lu tion  in the case o f  organic molecrdes 
the redistribution  o f v ibrational energy takes place am ong the different 
degrees o f  freedom . This process is ex trem ely  quick, its  order of m agnitude

Fig.  1. C haracteristic spectra of th e  tw o kinds of layer phosphors, 
a — th e  lighting  of fluorescein on Al20 3-xH 20 ,  w hich was prepared w ith  a w atery trea tm en t, 
b —  lum inescence of fluorescein on A120 3 x(H 20 ,  CH3) (B was p repared  w ith m ethylalcohol)

is 10-10— 1 0 ~ 12 sec. i. e. essentia lly  sm aller than the average lifetim e o f the  
excited  sta te  [29]. In practice th is m eans th a t an equilibrium  distribution of 
vibrational energy develops in the excited  sta te  too. The whole process depends 
on the tem perature o f the m edium .

As in  th e  case exam ined  there is a m uch greater interaction betw een  
the activator and the adsorbent than  in  solutions betw een  the so lvent and  
the solute, we m ay suppose th a t the above therm al-energy equilibrium  sets in. 
In  th is case th e  radiation due to  the frequency v o f th e  em ission is [29— 30]

K )  =  n * h v$  q*(E*r ) A(E*r , V)  d E * , (2)

where n* is th e  average num ber o f m olecules in the excited  state, A ( E *R, v)

Acta P hys. H u n g . Тот. X I I I .  Fasc. 3.



THE ROLE OF SURFACE HYDROXILS 337

the probability o f spontaneous transition from  the energy level E*R to  a lower 
level E r , while th e  system  em its hv photons, and p(E*r ) th e  energy distribution  
function o f the excited  sta tes . This energy  distribution function is given  b y

e*(E*R) =  Cg*(E%) exp E U
K T

(3)

where g* (E*R) is the sta tistica l weight o f  th e  level E*R.
The equation (2) is o f  general v a lid ity , (3) is va lid  only i f  therm al 

equilibrium  ex ists  betw een the excited m olecules and their  environm ent.
The exam ination o f equations (2) and (3) shows th a t in the case of  

identical excitin g  and therm al conditions and in the case o f  identical sam ples  
g*(E*R) and A ( E r , v )  are also identical. This means th a t there is a difference 
betw een the layer phosphors, produced w ith  a treatm ent in  water resp. alcohol 
only in the value of n , th a t is

^ Н го ( У) WH 80

^ C H j O h W  геС Н 3ОН

where « сн 3он and ген2о are the num ber o f excited m olecules on a surface  
o f alcylated resp. hydrated samples o f  equal dim ensions under th e  sam e 
exciting  conditions. I f  we consider th a t th e  value o f n* under the conditions 
m entioned above is unique function o f  the number o f adsorbed fluorescein  
m olecules, th en  it is clear th at

^  n H2P _  N h 2Q ^

^ С Н з О н М  « C H j O H  ^ С Н з О Н

and thus the value o f n depends on ly  on the num ber o f active poin ts, of 
course, if  identical conditions for the adsorption o f fluorescein are ensured.

According to (5) the intensity o f  em ission changes proportionally w ith  
the surface concentration o f  adsorbing centres (iV). I f  these adsorbing centres 
are surface hydroxil groups, then а 0 н determ ines th e  in ten sity  relations of 
adsorbate phosphors of th e  same typ e.

In the exam ined case the different — OH concentrations on the surface 
were ensured in advance (because o f  chem isorption o f water resp. alcohol). 
R epresenting the quotient o f  in tensities o f  em ission o f the different layer  
phosphors at a given frequency as a function  of w avelength  a straight line 
was obtained.

It can be supposed th a t the d istortion  of the straight line at th e  edges 
o f  the band is due to the inaccuracy o f  m easurem ent at low  in tensities. The

6* Acta Phys. Hung. Тот. X I I I .  Fasc. 3.
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Fig. 2. T he dependence of th e  ratio  of Ia ,o  an d  J chsOH on th e  w avelength

value o f  th e  quotient 1н2о Д с н 3он in the m ajor part o f the exam ined region  
is 1.8— 2.0 w hich  is in good agreem ent w ith  structure I I— III .

§  3. D iscussion

Com paring the em ission spectra o f  tw o  layer phosphors prepared and  
exam ined under identical conditions and varying  only the liquid, we h a v e  
an efficient m ethod  to stu d y  th e  bond o f  th e  activator. I t  w as found th a t  
— OH groups o f  the adsorbing surface p lay  an im portant role in  the form ation  
o f layer phosphors. The relation  betw een th e  surface — O H  concentration  
and the lum inescent em ission m akes it  clear th a t the developm ent o f lu m in es
cent centres is  connected w ith  th e  form ation o f hydrogen bridges. The chem i
sorption o f  w ater resp. m ethylalcohol is a typ ica l surface reaction and so  
these m easurem ents mean a n ew  experim ental refutation o f  C h o m s e ’s  su p 
position th at th e  change o f  the crystal structure o f  an A120 3 film  is the prim ary  
cause o f  em ission , thereby neglecting the chem ical change o f  th e  surface [32].

As th e  eq . (5) shows, the quotient o f  in tensities b elonging  to a g iven  
w avelength  depends on the q uotien t o f  concentrations o f the surface h yd roxil 
groups. This is true o f  course on ly  in the case o f  molecules adsorbed on — O H  
groups o f  id en tica l acid ity . In  case o f different spectra we cannot make such  
com parisons for the A(E*R, v) are not identical, because o f th e  change o f th e  
electron structure o f  the m olecules.

I f  the acceptor m olecules are identical, experim ental facts show th a t  
in  case o f  hydrogen  bridges the in ten sity  o f  fluorescence alters w ith the ty p e  
o f  donor [33]. This is in close connection w ith  th e  fact th at th e  electron d en sity
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changes on the binding atom  of the acceptor. As has been  m entioned, the atom  
is in  m ost cases a hetero-atom  which has auxochrom  or chrom ophor character, 
th is effect p lays an im portant role in the form ation o f th e  physical properties 
o f the m olecule. As in v iew  o f lum inescence the hetero-atom  is very im portant 
to  loosen the л  electrons o f  the m olecule, it is obvious th a t the character of 
the donor w ill influence the em ission o f m olecules. I f  we p a y  atten tion  to  the  
fact that the growth or decrease of the interaction m entioned above will change  
the probability  o f radiationless transitions, it is obvious that the analysis 
o f in ten sity  ratios is performable only for samples being  in identical surface 
bonds.

In the present case, having em ission spectra o f  th e  sam e type there is 
no hindrance to compare the experim ental results, w hich are in good agreement 
w ith  the in ten sity  ratio 2 : 1, expected  from  structure II and III.
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РОЛЬ ПОВЕРХНОСТНЫХ ГИДРОСИЛЬНЫХ ГРУПП А120 3-Н 20  в  л ю н м н е с - 
ЦЕНЦИИ АДСОРБИРОВАННОГО ФЛУОРЕСЦЕИНА

Э. ЛЕНДВАИ

Р е з ю м е

Мы изготовили хемосорбцией метанола или воды поверхности А120 3, гидратизи- 
рованные в различной мере. Ввиду того, что вследствие характера реакции возникли 
адсорбционные центры идентичного свойства, мы имели возможность сравнить поверх
ностные фосфоры, изготовленные двумя адсорбентами и активированные флуоресцеином. 
Опыты согласно теоретическим предположениям показали, что в случае хемосорбции 
воды интенсивность люминесценции удваивается. Нами сделано заключение из парал
лельного изменения интенсивности люминесценции и поверхностной —  ОН концентрации, 
что люминесцентные центры уранина, участвующие в эмиссии, связаны водородным 
мостом с поверхностью.
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К Р А Т К И Е  СООБЩЕНИЯ —  B R I E F  REPORTS  —  
K U R Z E  M I T T E I L U N G E N

ON THE K-MESONIC INTERACTION OF MUONS

By

P. V é r t e s

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  B U D A P E S T *  

(Received 26. X I. 1960)

It is known that the large mass o f  the m uon is a serious problem  in the  
field-theoretical interpretation of the origin of the m ass of elem entary particles. 
As far as we know the m uon is subject to electrom agnetic and w eak interac
tions only. In the field-theoretical interpretation o f the particle masses, how 
ever, the muon is assum ed to interact also w ith som e other fie ld  than that o f  
the photon though this interaction  has only sligh t effects on other processes 
for which it gives only small corrections.

Several attem pts have been m ade to clarify th is problem [1]. The m ost 
obvious is to assume K -m esonic interaction  [2] in  th e  form of FC-meson-nucleon 
interaction according to G y ö r g y i’s [3] formula

H  =  у  £ Г / ,  Хф е (§< _  3,) Ф р ,

where % is the operator o f the m uon, Ф the operator of the FC-meson, g the  
coupling constant i f  we assume th a t g M 2 =  1, where M  is th e  mass of th e  
X -m eson and ß =  1, 2 is the isospinor index. This interaction is n o t renormaliz- 
able, the cut-off param eter A, how ever, can be calculated from  the correction 
for the m uon’s self-m ass.

I f  we take into consideration the electrom agnetic interaction  too the  
anom alous m agnetic m om ent o f the muon can also be calcu lated . F inally, 
even  the correction for the self-m ass o f  the F i-m eson can be calculated. The 
estim ation of these corrections is g iven  in paper [4]. Here it  is attem pted to  
give more exact calculations.

F ig. 1 gives the correction for the self-m ass o f muons in  the first order 
approxim ation:

ôm = (gM2)2
12 • ( 2 я ) 4

mQ ( z ) .

* This work was carried ou t in  the In s titu te  for Theoretical Physics of the R oland 
Eötvös U niversity, B udapest.
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Here z
Я2

— —, т is the m ass o f the m uon and 
M 2

Q (*) -  (3s)2 1 o g - z  -  (2z)2log  2z -  2(2z +  l ) 2 log(2z +  1) +

+  2(z +  l ) 2 log(z +  1) +  (z +  2)2 log(z +  2) -  4 log 2 .

d m
A sym p totica lly  Q (z) ^  l ,5 z 2 if  z 1. W e want to  h ave ----- 1 and it is

m
apparent th a t z =  115, and Я =  10,7 M  is a good v a lu e  for the c u t-o ff para
m eter.

К

^

\ ï
111 p

_______ И _____ч Л —---------  Г  ---------

К

Fig.  1 Fig. 2

where

F ig . 2 gives the correction for the anom alous m agnetic m om ent : 

Ô fi — 1 0 “ 5 (gM2)2 P(z) muon m agneton,

P  (z) =  z log 2z — (z -f- 1) log (z -(- 1) -f- log 2 ^ г  log 2, i f  z 1 .

For z =  115 we obtain Ь[Л =  8 • 10 4 w hich is not too  large and m a y  be con
sisten t w ith  the experim ental facts [5].

F ig . 3 gives the correction for th e  self-mass o f th e  jK-meson

[ÔM
I

— 1,5 • 10-4  (gM2)2 R  ( z ) ,
V M

where

R(z)  =  [2 (l/z  +  z)3 lo g ( l / z - f  z ) — (|/z)3 log ] /z — (2 z +  ]/z)3 log (2 z +

1
+  Ш 11 +

V z )
+  (2 Z +  l ) 3 log (2 z +  1) -  2 (z +  l ) 3log (z +  1) +

1
+  ~7r z)3 ,Qg 3 2 +  z3 log  z — 2 (2 z)3 lo g  2 z ] .

/ z
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For z =  115 we obtain =  — 102. A lthough th is  correction has a nega

tiv e  sign it  can be com pensated for by some other lf-m eson ic interaction.
I am indebted to  Dr. G. M a r x  for suggesting this problem  and to Dr. 

K. L. N a g y  for his help in carrying out the calculations.
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CONFIGURATION INTERACTION FOR WAVE FUNCTIONS 
CONSTRUCTED FROM ORTHOGONAL MANY-ELECTRON

GROUP ORBITALS

В У

E. K a p u y

R E S E A R C H  G R O U P  F O R  T H E O R E T I C A L  P H Y S I C S ,  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received 2. I. 1961)

As has been shown in [1, 2] the tw o-electron orbitals orthogonal in  the  
strong sense can be derived from coupled nonlinear integro-differential equa
tions, which highly resem ble the H artree-Fock equations. Now we shall show  
that the results can be easily  generalized for wave functions built up o f m ixed  
one-, tw o-, three- and m any-electron orbitals (group orbitals).

We assum e that the system  consists o f  loosely coupled  1, 2, I ,  . . .  M  
electron groups, each containing Nv  A 2, . . . A l5 . . . N M electrons ( A j +  ЛГ, ■ f  

+  JVj +  . .  • N M =  A; A  is th e  num ber o f electrons). I f  th e  group  
orbitals are
antisym m etrical in the space-spin variables of the electrons

V / ( L  2,  3 , .  . . N j) =  — y>i(2 , 1 , 3 , . . .  N j) =  — y>/(3,  2 , 1 , . . .  A / )  =  . . . ,  (1)

normalized

j y*(l, 2,. . .  2,, . . N  j )  d ( l )  d ( 2 ) . . . d ( N j )  —  1, (2)

for every  J,

and orthogonal in the strong sense

J y * (l, 2 , . . .  A ;) VJ (1, 2 ',. . .  N'j) d( 1) =  0, (3)

for each pair J, J ,  i f  J  =f= I,

the norm alized com plete w ave function  satisfying th e  Pauli principle is o f  
the form

V  =  ] j  Nil N ^ -  • Nm1 2  { - 1)" Py>! (L 2, • • • N J  (Aj +  1 ,... A, +  A 2) . . .

X Wm  (A — a m  +  1,. • - A).

Here P  means the perm utations exchanging th e  electrons betw een the  
group orbitals, p  is the parity of the perm utations.
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E xpanding the H am ilton operator in  the usual manner

H  =  H  (0)+ 2  H(a) +  2  —
a = l  l —a<ß r aß

and taking (1), (2) and (3) in to  account the follow ing expression  is obtained  
fo r  the energy (see also [3, 4, 5])

E  =  H(0) +  2 ^ *  ( ! . 2’ • • • N i) [ ^ /  +
N j

112
(4)

X  V i  (1 ,2 ,...iV / )d (l)d (2 )... d(N,)  +  ' N j

X

J d ( l )  d(2)... d(Nj) d(x) d(X)... d(co)

-^ = 1  VÎ(1', 2' , . . .  N]) Vl(l, 2 , . . .  N,) y,*j (*', Я',. . .  co')y>j(x, A, ...© ).
L* J

1 - P

Instead o f  (2) let us introduce the fo llow ing auxiliary conditions

Du  =  J  ■ • N i) V *(*’ . . ы)у>, (x, 2 ,. . .  lY,)y<y( M , .  . . w)

X  d(l) d (2 ). . . d(Nj) d(x) d(A). . .  d(a>). (5)

I f  all D jj =  0, (3) and (5) are entirely equivalent. V arying the ^q’s in  
th e  energy expression  (4) and tak ing the auxiliary conditions (2) and (5) 
in to  account we obtain with the Lagrange m ultipliers — E 1 and ■—E 1̂  th e  
fo llow ing system  o f equations

1 N ;  N j  1 N ,  r-

2  н м  +  2  — +  2 ’ 2  ■ ■ d H
f(a =  l  l  = a<ß raß a = l  J ^ I  J

l  -  p„

X  A . ' , . . . a > ' ) y > j ( x ,  Я,...со) f j (  1, 2 —  ) e 1 +

N.
+  2  2 E ’J  I d(«)d(A)...d(co)Pax i p * j ( x ' , X ' , . . . a j ' ) y ) j ( x , ? . , .  . . со)} гр, (1, 2 , . . .  N , ) ,

a=l J ^ I

I  =  1 ,2 , . . .  M . ( 6 )

W e get similar equations for the com plex conjugate y*’s.
I f  we require that the va lues of the D lj ,s should be ex a c tly  zero, th e  

values of the integrals on the right-hand side o f  equations (6) will also be 
ex a c tly  zero and th e  variation problem  has probably no solution  at all. Instead, 
we require th a t th e  values o f  th e  D /j ’s are sm all positive num bers D/j  1, 
so  th a t the integrals 2, . . .  IV/) y>j( 1, 2', . . . iVy)d(l) in  the energy
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expression can be neglected and assum e th at the system  o f equations is correct 
even  in  the case if  D/j-*-  0 for each pair I, J  (J =j= I).  In  other words when  
D jj— 0 and A, . . . co)rpi ( (1, 2, . . . N,)d(l)—>0 th en  J E ,J | —> oo so th a t

E'J  J  Wj(  1, A, . . . со) Vi (1, 2, . . .  . TV;) d (1) ->  . . .  со j 2, . . .  N,)

and the e'^’s are “w ell-behaved” functions satisfying th e  following condition:

f  y> *(1, 2 , . . .  iVK) Г ^  (Л,. . .  co!2,. . .  TV;) (1, A,. . . co) d (l)  d{X)... d(w) =  0 i f  К  ф 1 .
.. . . W

B y  means of the W J,s the system  o f equations (6) can be w ritten  in  the 
follow ing form

Nj Nj  1 Ni  r

2  я («) +  2  — +  2  n j  2  \ d(*) dW  ■ ■ ■
a =  1 1 = a < ß  Taß J=/Ll a = \ J

Vj{x', A',. . . со')у)j(x,  A,. .  . co) L ( 1 ,2 , .  . .  N,)  = E , y>,( 1 ,2 ,. . . N,)X
ra
N ,

+  2  2 ( ~  1 ^ a + 1 1 d(X)...d(o})&'J (A.,p,...a) | l , . . . a —  1 ,  a +  1 , . . . T V ; )  y>j{a,X,...u> ) ,
S i a=1 J

(jf =  1 , 2 , . . .  M).  (6')

The solutions гр10, y>20, . . . y>10, . . . y)M0 belonging to  the low est jE10, 
E 20, . . . E 10, . . . E M0 values and antisym m etrical in th e  electron co-ordinates, 
w hich satisfy  the auxiliary conditions (2) and (5), g ive the group orbitals 
corresponding to  the ground state o f the system . I f  N x =  JV2 =  . . .  N ,  — 
=  . . . N M =  1, TV is an even  number and the part o f th e  orbitals xp, depending  
on the space coordinates is identical b y  pairs, the equations (6') go over 
in to  the w ell-known H artree-Fock equations of the one-electron orbitals. 
In th is case the Lagrange m ultipliers do not depend on the co-ordinates, 
th ey  are bare numbers.

K eeping the xp s o f the ground sta te  in the bracketed expression on 
the right and left-hand side o f equations (6) fixed  we m ay assume th a t the 
system  o f equations

H' vi, (1, 2, . . .  N,) =  jE" +  2 Ё’Ф 2  f ■ • • dH  K*V%« • • •"')
I J^l  a = l J

xy>j0 к  A,. l( Vit 0-1 2 ,. . .-/V;), ( 8)

w  =  j 2  Що.) +  2  —  +  2  n j 2 d^  ■ ■ • dH
(x = l  l=a<ß raß J^I  a=lj

X  у* 0К , А ' , .  . .a)')y)j0(x, A,.  . .со) , ( 1 =  1, 2 , . . .  M ) ,
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has besides the ip/o’s further antisym m etrical solutions (i =  1, 2, 3, . . .)
too  (these can be regarded as th e  excited  states o f  the electron groups), which, 
w ith  the new  Lagrangian m ultipliers E h and satisfy  th e  auxiliary con
ditions

J  Vn (1, 2 , . .  . N,)  f n (  1 , 2 , . .  . Nj)  d( 1) d(2) . .  . d(Nj) =  1, (i =  1, 2,  3, .  . .  ) (9)

and

J v 7 ( ( l , 2 , . . .  N})d( l)  =  0, i f  I j = J ,  ( i , j  = 1 , 2 , 3 , . . . ) .  (Ю)

In addition, taking (7) in to  account we obtain

J ¥*/<'(1, 2 ,. . .  iVy) V’/ íÍ 1, 2, • . . Nj)  d(l) d(2). . . d(N,) =  0, i f  i'=/=i, (11)

as w ell as

j - 2, . .  . ÍV;) H 1 ipn(l,  2 , . .  . IV;) d (l) d(2) . . .  d(Nj) =  E “ ôn . (12)

j y>Ji( 1, 2 , . .  . N,)  ipjj( 1, 2 ',. . . iVy) (d(l) =  0, if  I  ф  J ,  and both  i >  0 and/  >  0,

(13)

is, how ever, not necessarily true in  general.
The solutions o f the equations (8) form  the follow ing set o f functions

V>ioi V i n Vl2i Vi3i  ■ ■ ■

WlO: V i n  ■ ■ ■ V m • • • V n - i -  • •

V j o i V j i i -  ■ • y>jj i- - ■ V j j ; . - .

V moi V m h  ■ ■ • Умт^  * * • WMm 1 * *

Owing to  the strong restrictions (10) th is set of functions is not com plete  
th u s in general the exact w ave function cannot be expanded in terms o f it .  
(I f  we dropped the auxiliary conditions (10) each row of the set o f  functions (14) 
w ould be a com plete set.) It is reasonable, how ever, to assum e th at the w ave  
function  o f a system  which consists of loosely  coupled electron groups can 
be expressed to  a good approxim ation as the superposition o f  configurations 
constructed from  the group orbitals (14), even  if  the system  is subject to  
sm all external perturbation. E ach  configuration from each row of the system
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(14) contains one group orbital, i.e . it  can be characterized uniquely b y  the  
second index o f the group orbitals occurring in  it. It should be noted th at the  
ground state and the excited  states o f  the sam e electron group are orthogonal 
in  the usual sense

J W*i'(!> 2 , . .  . TV,) 2 ,. . . N,) d{ 1) d(2). . . d(N;) =  0, i f  i =f= i,

and not in the strong sense

J У Ы 1» 2 ,. . . Nj)y>n(l, 2 ',.. . TV}) d (l) =  0, if  Ï  ф  i, 

as assum ed by McW e e n y  [4, 5].
To solve equations (8) exactly , i. e. to  determ ine the system  (14) is as y et  

a hopeless task . R ecently, it has been proved [6] that for g iven tw o-electron  
orbitals 1, 2) (J =  1, 2, . . . TV) m utually orthogonal in the strong sense 
there exists a com plete set o f one-electron spin-orbitals u,,(l) which can be 
partitioned into TV subsets

W1H M12’ u13- • ■ » • • • ulli u I2i uI3i • • • 5 • • • UNV UN%1 UN31 ■ • • ?

such that each o f the 2) can be expanded in term s o f ulv ut2, u ;3, . . . .
only

v A 1, 2) =  £ CU  и/й(х) u uA2)-
i i ,h

This theorem  can be generalized, in an analogous m anner, to the case 
of m any electron group orbitals:1

If  ip I (1, 2, . . .TV;) ( /  =  1, 2, . . .M)  are antisym m etrical and m utually  
orthogonal in the strong sense then there ex ists  a com plete set o f one-electron  
spin-orbitals мД1) which can be partitioned in to  M  subsets

U1V M12» U13’ • • • 5 • • • Uni U12’ UI3-> • • • ’■) • • ■ UMU UM2> WM3’ •••'■>

such that each of the yq(l, 2, . . .TV;)’s can be expanded in  term s of U;x, u l2, 
u/3, . . . only

y>,(l, 2 , . . .  TV;) =  2  c/ i .../ M;,- (1) U;,2( 2 ) . . . u/f (TV,),

i.e. the full space can be decom posed into m utually perpendicular TVf sub-

1 N ote added in  proof (15th O ctober, 1961). A theorem , som ew hat more general 
th a n  this, has been proved by P . O. L ö w d in  in  J .  Chem. Phys., 35, 78, 1961.
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spaces in  such  a w ay that each  o f the group orbitals ^/(1, 2, . . .  N,)  is localized  
to  the corresponding subspace I.

The above theorem  can  serve as a basis to obtain approxim ate group  
orbitals <p/( 1, 2, . . .  Nj)  like th e  case o f  tw o-electron orbitals [2, 7, 8]:

1) Orthonorm alized one-electron spin orbitals vv (1) are divided up 
in to  M  groups so that none o f  them  occurs in two or more groups:

» и , » и , . . . » ! * , ;  vn , vI2, . . .  v in , ; . . .  vM1, vM2, . . .  vMnM.

(O f course, it  is required th a t п/ ]> IV/ for every J.)
2) T hen , we build up determ inants from  the spin  orbitals b y  groups, 

the order o f  which is equal to  the num ber o f electrons in  the corresponding

group. In th e  group I  a ltogether ^  J different determ inants Dje can be

form ed. The approxim ate group orbitals <pt are o f the follow ing form:

<Pi ~  2  cé D ie-
6

3) W e substitu te the group orbitals into the energy expression (4) 
and vary  th e  coefficients tak ing in to  account the auxiliary  condtions (2), 
w ith  the Langragian m ultipliers — it?1. (The auxiliary conditions (3) are autom 
atically  satisfied .) So we obtain  a system  of equations for the coefficients

c'e, which can be solved b y  iteration. For each group we obtain ^  J  roots

S’1' and th e  sam e number o f  different sets of coeffcients o f  which th e  c*0’s 
belonging to  the lowest %l0,s are the approxim ations to  th e  ground sta te , the  
other Cg!’s are the approxim ations to the excited sta tes . The orbitals ерц so 
obtained conform  to  (9), (10), (11), (12), and besides th e  conditions (13) are 
also fulfilled .

O f course the results depend on th e  decom position o f the set »,(1). 
W e can subject the »//(1) decom posed prelim inarily to  an unknown unitary  
transform ation which has to  be determ ined as to give th e  best approxim ate  
group orbitals.

From  th e (pii’s obtained b y  the above approxim ation procedure

various configurations Фк  can be form ed. I t  is easily seen  th at the configura
tions are norm alized and orthogonal to  each other. The m atrix elem ents of  
the operator H  differ from zero for on ly  tw o such configurations which differ 
at m ost in tw o  group orbitals.

Introducing the fo llow ing n otations (for sim plicity  indicating in  the  
configurations Фк, ФL on ly  those tw o indices which can be different):
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H KL =  =  $Ф*к Н Ф ^ т  =  НФ л. у  dr,

*h',, =  \<рЪ ( 1 ,2 , . . .  N  A  ^ Н ( а ) +  2  -
| _ a = l  l = a < j 5  T,

N ,

aß
<Piï ( x>2, • • • Nj) d( 1) d(2) . . .  d(Nj)y

T U . . .  =
N ,  N d( 1) d(2 ) . . .  d(Ni) d(x) d(k). .  . d(co) 1 - P , lx

X q > n i  1 , 2 , . . .  N j ) ( p f j ( x ' ,  V , . . . m ' ) ( p j y ( x ,  A , . . .со),

Щ ’ =  J 2 , . . .  iV7) H ' Vnx( 1, 2 , . . .  JVy) d(l) d(2). . •

9?*i(l/ 2 ',. • • ÍV))

(15)

the m atrix elem ents of the H am ilton operator different from  zero can h e  
easily  w ritten down. There are three different cases:

1) for identical configurations (diagonal elem ents)

h kk  =  h  u JJ... =  щ 0) +  2  К  +  2 l ' i j j; (16)
ÁÁ

2) for configurations which differ in one group orbital

H'KL =  =  K ,  +  2 2  t ’ii'jj =  H'u; (1?>
Á l

3) for configurations w hich differ in two group orbitals

# к / .  =• Л ,,-...У7 ' . . . - 2 / ^ р .  (18)

The rem aining m atrix elem ents are all zero.
Varying the coefficients CK in  the energy expression calculated w ith  

the linear com bination o f the configurations£ С КФК subject to  the aux iliary  
condition

^ 1 Ск1а =  1,
к

we get the system  of equation

2 H KL CL — ECK =  0, (1C =  0 , 1 , 2 , . . .  ) (19)

which can be solved  b y  w ell-know n m ethods [4, 5, 9]. From  the system  o f  
equations (19) we m ay obtain b y  iteration th e  R ayleigh— Schrôdinger series 
for the energy up to  second order in  the form [4, 5, 10]

E  =  H.oo 2 ’
K>  o

1#ок12
t f 00 -  H KK

7 Acta Phys. Hung. Тот . X I I I .  Fasc. 3 .
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H 00 is identica l with the energy expression (4). The second term can be divided  
into tw o parts

2  1Я ок12 +  2 1 1Я ок/г !2 
K/>o H 00 HK’K' к ">о н 00 H K«K»

( 20)

K'  and K "  label the configurations containing one or two excited  group 
orbitals, respectively . Other configurations do not appear, as the corresponding  
m atrix elem ents are zero. W ith the n otations (15), (16), (17), and (18), (20) 
takes the form

I f j i  |2 2 ! T'J ■ I2
У  У ___I д °< I_______i_ У  У _______ I 0i0-/J______ . (21)

- Г - o  E ' ° - E “ f ,  Г о  //« , - 
J * 4 >  о

The first term  is the polarization energy, the second is London’s dispersion  
energy. In our case the first term van ish es, as the group orbitals q>tt are, in  
the sense o f  the variation  m ethod, approxim ate eigenfunctions o f  the 
operator H 1.

It should  be noted th a t the results agree w ith those of McW e e n y  [4, 5], 
which can be explained b y  the fact th a t in the calculation  of the m atrix  
elem ents he applies instead  of

j Фн' (15 2 , . . .  N i) cpn (1, 2 , . . .  IV,) d(l) •— 0, if  i i,

tac itly  th e  usual orthogonality

J Фп' (1, 2 , . . .  N,)  tpjt ( 1 , 2 , . . .  IV,) d (l)  d(2 ) . . .  d(N ,) — 0, if i =f= i .
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FÄRBUNG VON NATRIUMCHLORIDPULVER DURCH
EXOELEKTRONEN

Von

L .  M a l i c s k ó  und Z .  M o r l i n *

I N S T I T U T  F Ü R  E X P E R I M E N T A L P H Y S I K  D E R  T E C H N I S C H E N  H O C H S C H U L E  F Ü R  B A U I N D U S T R I E  

U N D  V E R K E H R S W E S E N ,  B U D A P E S T

(Eingegangen: 10. I. 1961)

Es ist eine in der Literatur oft beschriebene Erscheinung, dass sich  
farblose A lkalihalogenidkristalle durch verschiedenartige äussere E inflüsse  
verfärben. A ls äussere E inflüsse werden dabei Bestrahlung durch R ön tgen 
strahlen bzw . radioaktive Strahlen [1], E rhitzen  in  Na- bzw . K -D am pf [1] 
sowie Pressen bei hohen Tem peraturen [2, 3] erwähnt. Als gem einsam e Folge  
dieser äusseren Einwirkungen gelangen, innerhalb der verbotenen Zone, 
Elektronen in Elektronenfallen, wodurch die sogenannten Farbzentren Zustande
kom m en, deren Existenz makroskopisch durch die Änderung der elek tri
schen L eitfähigkeit, des A bsorptionskoeffizienten usw. bew iesen werden kann.

Anderseits ist es bekannt, dass kaltbearbeitete M etalloberflächen E lek 
tronen ausstrahlen. In der Literatur sind m ehrere Versuche beschrieben worden, 
bei denen kaltbearbeitetes, gewalztes A lum inium  P hotoplatten  bei Berührung  
m it diesen schwärzte [4]. Solche A lum inium platten  lassen  Spitzenzähler  
ansprechen. Mit Spitzenzählern durchgeführte M essungen bew iesen, dass 
gewalzte A lum inium platten , in 10 M inuten a u f 350° C erwärm t, ähnlich dem  
V erlauf der A ufheizungskurven bei Therm olum ineszenzm essungen, E lektronen  
ausstrahlen [5]. Die Zahl der so em ittierten  Elektronen kann durch voran 
gehende u ltraviolette Bestrahlung des A lum inium s erhöht werden.

Von diesen Befunden ausgehend versuchten  wir N atrium chloridkristalle  
durch E xoelektronen zu färben. Zu den V ersuchen benützten  wir 99,98 prozen- 
tige A lum inium plättchen aus denen, zur Sicherung der guten  Berührung  
zwischen Al und Na CI kleine Hülsen verfertigt wurden, die wir dann m it 
0,5— 1 g NaCl Pulver fü llten . Die H ülsen w urden danach in einem  elektrischen  
Ofen m it 35° C/Min. H eizgeschw indigkeit bis 350° C aufgeheizt und dann aus 
dem  Ofen genom m en und au f kalten E isenplatten  schnell abgekühlt. In  
jedem  Fall entstanden  gelblich-braune P ulver, die unter einem  Druck von  
10,000 kp/cm 2 zusam m engepresst durchsichtige, gelbe P astillen  ergaben. 
W enn wir das A lum inium plättchen vorher bei 550° C einer therm ischen

* Forschungslaboratorium  fü r Chemische S tru k tu ren  der U ngarischen Akadem ie der 
W issenschaften, B udapest.

7* A d a  Phys. H ung. Тот. X I I I .  Fase. 3.



354 L. MALICSK.Ó und Z. MORLIN

Behandlung unterwarfen und danach langsam , in 48— 72 Stunden, auf Zim m er
tem peratur abkühlten, enstand keine Färbung. Bei einer solchen Behandlung  
lösen sich die bei der K altbearbeitung enstandenen Spannungen, wodurch  
das M etall nachher keine Exoelektronen m ehr abgibt.

D ie au f diese W eise gefärbten Proben wurden m it einem  Zeiss-schen  
Spiegelm onochrom ator im  sichtbaren B ereich gem essen. Als L ichtquelle d iente

Mellenlänge

Abb. 1. A bsorptionsspektrum  einer aus natürlichen  NaCl hergestellten und m it R öntgen  
strahlen gefärbten Pastille (femax =  0,48 m m -1 )

eine m it 12 У , 90 W Akkum ulator gespeiste Tungsram  Projektionsglühlam pe. 
Die M essungen wurden m it einem  durch A nodenbatterien betriebenen RCA  
A931 E lektronenvervielfacher und einem  L ichtzeigergalvanom eter m it 
5,6 • 10~9 A/s m axim aler E m pfindlichkeit und 5000 Ohm innerem  W ider
stand durchgeführt. B ei 900 У B etriebsspannung war das G alvanom eter  
sehr stab il und sein D unkelstrom  betrug n icht mehr als 1,6 • 10-8  A.

Ausser uns hat noch H e r s h  an durchsichtigen A lkalihalogenidpastillen  
A bsorptionsm essungen durchgeführt [6]. Sowohl unsere als auch seine V er
suche bew eisen , dass die Absorption der entsprechend hergestellten P astillen  
gut m essbar ist. Zuerst nahm en wir die A bsorptionsspektren von röntge- 
nisierten, sow ie m it K athodstrahlen bestrahlen NaCl auf. Das typische E rgeb
nis dieser M essungen wird durch Abb. 1 veranschaulicht. Das F-Zentrum
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hebt sich scharf heraus, der A bsolutw ert der Absorption is t  im  allgem einen  
grösser als bei E inkristallen. Sonst verlaufen die A bsorptionskurven denen  
der F-Zentren enthaltenden Einkristallen ähnlich.

D as A bsorptionsspektrum  der nach  der angegebenen M ethode gefärbten  
Proben wird durch A bb. 2, Kurve a w iedergegeben. D ie Pastille zeigt bei

Abb. 2. A bsorptionsspektren  von  aus N aCl-Pulver p . a. hergestellten u n d  m it Exoelektronen
gefärbten  Pastillen

Kurve a : gemessen sofort nach  der H erstellung, Maxima bei 440 (femax =  2,89 m m -1 ) und
590 m u

Kurve b : gemessen nach 5-stündiger B estrahlung m it blauem L ich t, M axima bei 450 (fcn]ax =
=  3,05 m m - 1 ) un d  590 rn.fi

Kurve c: gemessen nach 2-stündiger B estrah lung  m it orangem  L icht, M axim a bei 440
(kmax =  3,07 m m -1 ) und  590 m/t

440 und 590 m/t M axim a, bei 540 m/t ein  Minimum. Infolge einer 5-stündigen  
B estrahlung m it einer Projektionsglühlam pe von 250 W  durch einen M ethyl
b laufilter (durchlässig für =  500 m/t) vergrössert sich das M inim um  bei 
540 m/t und gleichzeitig auch das M axim um  bei 590 m/t zu  einem  gut m essbaren  
W ert, w ährend das M axim um  bei 440 m/t nach 450 m/t wandert (K urve b). 
N ach einer 2-stündigen Bestrahlung b ei vorgeschobenem  O rangefilter verm in
dert sich  das Minimum bei 540 m/t um  40%  und, bei gleichzeitiger V erschie
bung nach 600 m/t verm indert sich auch das M aximum bei 590 m/t (K urve c).

D ie untersuchten färbigen P astillen  können am  besten  m it dem  natür
lichen blauen Steinsalz bzw . m it dem  elektrolytisch oder additive gefärbten
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NaCl verglichen werden. E s ist bekannt, dass sich die ad d itiv  oder elektroly
tisch  gelbgefärbten K ristalle durch entsprechende therm ische Behandlung  
blau färben lassen  (B lauum schlag). Dieser B lauum schlag ist ein Zwischen
zustand bei der U m w andlung der ursprünglich einfachen F-Zentren in andere

Wellenlänge

Abb. 3. A bsorptionsspektren  eines aus NaCl p. a. hergestellten und  elektro ly tisch  blaugefärbten 
E inkristalls u n d  der daraus verfertig ten  Pastillen 

Kurve a:  nach der B laufärbung des E inkristalls gemessen, M axim um  bei 590 m,u (femax =
== 2,29 m m -1 )

Kurve b: nach  Z erpulvern und  P astillie rten  des E inkrista lls gemessen, M axim a bei 460, 590
(femax =  1,35 m m -1 ) und  630 m/i

kom plexe Zentren und N a-K olloide. Nach der D eutung von P r z i b r a m  stehen  
wir bei diesen Erscheinungen im  Falle von natürlichen Verfärbungen F—> M •>- 
—> R Ü bergängen gegenüber. B ei unseren Versuchen handelt es sich verm utlich  
um  die gleichen Vorgänge [7].

Das M axim um  bei 590— 600 mfi mag m it dem F-Z entrum  im  Zusam
m enhang stehen. D arauf verw eist der Versuch, wonach ein elektrolytisch  
gefärbter E inkristall, dessen M axim um  hei 590 m/t lag (A bb. 3. Kurve a), 
nach Pulverisierung und Pastillieren neben einem  gegenüber dem Einkristall
zustand verm inderten M aximum bei 590 шц ein F-Zentrum  aufw ies (Kurve b), 
das sich bei Bestrahlung m it F-L icht abbaute, wobei sich das M aximum  
bei 540 mfi — geradeso wie im  Falle der mit Exoelektronen gefärbten Pastillen —
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erhöhte (K urve c). Über das M axim um  bei 440 тп/х kann m an zur Zeit n icht 
vieles sagen. Es ist nur sicher, dass es beim  blauen Steinsalz s te ts  auftritt. 
N ach P r z i b k a m  könnte dieses B and in Zusam m enhang einer bisher unbe
kannten  Verunreinigung [7] auftreten.

Wir danken Herrn Professor Z. G y u l a i  für die vielseitige U nterstützung  
unserer Arbeit, weiterhin Herrn J . K iss für w ertvolle D iskussionen und die 
Überlassung elektrolytisch  verfärbter K ristalle.
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As know n, the correct analytical representation o f the potential energy  
function o f diatom ic m olecules is o f fundam ental im portance, e. g. for the 
determ ination of vibrational and relation levels, as also for m any other im port
ant problem s. Because o f the im portance o f the above-m entioned problems 
m any authors have given  closed form ulas o f a potentia l energy function  U for 
diatom ic m olecules. The best known analytical form ulas for U are given  by  
M o r s e  [1], H u l b u r t — H i r s c h f e l d e r  [2], R o s e n  — M o r s e  [3], R y d b e r g  [4], 
M a n n i n g —  R o s e n — N e w i n g  [5], P ö s c h l — T e l l e r  [6], D a v i d s o n  [7], 
M a c k e — S u t h e r l a n d  [8], L i n n e t  [9], W u —Y a n g  [10], P u p p i  [11], L i p p i n 

c o t t  [12] and also b y  F r o s t — M u s u l i n  [13]. The properties and accuracy of 
the above-m entioned functions U have been described extensively  b y  Y a t e n - 

d r a  P a l  Y a r s h n i  [14].
O nly some o f the above U functions are convenient to so lve the  

wave equation by the perturbation m ethod. The purpose o f this note is to give 
a new potentia l energy function for d iatom ic m olecules. W e write th is function  
in the follow ing form:

U (r) =  D e
В ____ c

r (1 -f- Ат) 1 +  A r ( 1 )

where De is the dissociation energy, and A. В and C are three constants, which  
are to be determ ined. W e require U(r) to  fulfil th e  following necessary condi
tions:

1. I t  should reach asym p totica lly  a fin ite va lu e as r tends to  in fin ity .
2. It should have a m inim um  at r =  re, w here re is the internuclear  

distance at equilibrium .
3. I t  should becom e infin ite at r =  0.
B esides these conditions (1), (2) and (3), w e require additionally  the 

following conditions to be fulfilled:

U ( r e) - U ( ~ > )  =  - D e ,

dlL \
d r  Ur.

=  0 and d 2 U  \

dr2 j r=r„
=  k c.

(2)

(3)
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The first condition  o f eq. (2) is equ ivalent to the necessary condition  
form ulated above. The rem aining conditions g iven by eq. (2) and (3) are addi
tional conditions. The sym bol ke appearing in eq. (3) denotes the fourth  constant. 
B y  m eans o f the physical constants re, De and ke we can calculate our constants 
A ,  В  and C appearing in  eq. (1). W e see th a t U(r) given by eq . (1) fulfils the  
necessary conditions (1) and (3). In  order to fu lfil the rem aining conditions we 
su b stitu te  eq. (1) into eq. (2) and (3). From eq. (2) follows that

r e
1 -  c

2 A
4 В

(4)

Substitu ting cq. (1) into the first term  of eq. (3) we obtain

В
A C  ' (5)

As form ulas (4) and (5) m ust be fu lfilled  sim ultaneously, we obtain  the follow 
ing relations:

С =  1 -f~ 2A r e and В =  Ar\.  (6)

The la st formula show s that C and В  depend on th e  constant A  w hich  we deter
m ine using the la st  term  o f eq. (3).

Substituting eq. (1) into the la st term  o f eq. (2) we obtain

* , =  _3 / 1 2, ^  чз [B  +  3 A B r e +  3А* Br\  -  CA*r?]. (7)
r3e (1 +  A  re)3

Taking into consideration the relation  given b y  eq. (6) we m ay w rite eq. (7) 
as follow s

= ------ 2 D ç A -----  A  A V f]
re a  +  A r e) 3

(8 )

or in  another form

K  =
2 D e A

rc (1 +  A re)
(9)

As for m any diatom ic m olecules the physical constants re, De, k e are well 
know n, our constant is also know n because it  is possible to solve exactly  the 
algebraic equation o f  the first degree. S ubstitu ting  the obtained constant A  
in to  form ula (6) w e can calculate th e  rem aining constants C and B.  Thus we 
have shown th a t our formula for U  given b y  eq. (1) fulfils all th e  required
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necessary conditions given b y  eq. (2) and (3). This we cannot say about all 
functions U(r) m entioned above [14].

Besides our sim ple formula has the m erit th at one can ap p ly  the pertur
bation m ethod in  order to solve the Schrödinger equation in  th e  same w ay as 
lias been done b y  the author [15] to solve th e  Schrödinger equation for the  
Thom as-Ferm i potential.
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THE BOHR THEORY
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In the physical literature there are, as known, several illustrations o f  
H e i s e n b e r g ’ s  uncertainty principle, e. g .  electron diffraction by a s lit, 
determ ination o f the position o f a free electron and other exam ples. The 
purpose o f  th is note is to show  th at H e i s e n b e r g ’s uncertainty  principle can  
also be form ulated with the help o f the B o h r  theory.

On hand o f tw o exam ples we shall illustrate H e i s e n b e r g ’s  u n certa in ty  
principle in the B o h r  theory. As it is know n, the particle o f  mass m0 in  an 
elastic field  o f force corresponding to a one-dim ensional potentia l fu n ction

—  к x2 is described by a sim ple harm onic m otion of frequency w0 =  Уfc/mp

and am plitude [1] У2Е/к, where E  is its energy. The square o f  the m axim um  
displacem ent (Ax)2 o f the classical particle is just equal to  the sqare o f  the  
am plitude, th is means:

(ZH)2 =  -2 E -. ( 1 )
к

This equation for the classical oscillator is true for every energy. As we know , 
the one-dim ensional harm onic oscillator in  the B o h r  th eory  has the eigen 
value E n =  Aw0n, and in w ave m echanics th e  eigenvalues are given b y  E n =

=  Aco0 | n  +  Y . Substituting the corresponding eigenvalues into equation (1)

w e  o b t a i n  f o r  (Ax)2 i n  t h e  B o h r  t h e o r y  a n d  i n  w a v e  m e c h a n i c s  t h e  r e l a t i o n s

Ol OÍ
(Ax)2 =  - = L  . n and (Ax)2 - n + ( 2 )

where n =  0, 1, 2 , . . .  . The last expression in  equation (2) w as obtained for the  
first tim e by R e m a r k  [ 2 ]  w ith  the help o f  the wave m echanical solution of a 
one-dim ensional harmonic oscillator. For higher quantum  num bers n th e  w ave  
m echanical expression for (Ax)2 passes over into the B o h r  form ula for (Ax)2. 
This is obvious d irectly from  equation (2). Further it  is known th a t the
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square o f  the m axim um  m om entum  o f a classical particle for a sim ple har
m onic one-dim ensional m otion  having energy  E  is

[Apx)2 =  2m oE - (3)

Su b stitu tin g  in  equation (3) for E  the eigenvalues E n =  Aeu0n of the B ohr 

theory or the w ave m echanical eigenvalues E n =  hm0 n  +  —  we obtain

(Apx)2 =  2m0 Aco0n or (Apx)2 — 2 m0 A co0 n + (4)

The second relation  in the last formula w as for the first tim e obtained quan
tum  m echan ically  also b y  R emark [3]. According to  equations (2) and (4) 
the product o f  the m axim um  displacem ent and the m axim um  m om entum  
in the B ohr th eory  and quantum  m echanics, respectively , is given b y

(Ax) (Apx) =  2 Are and (dx) (Apx) =  2 A n + (5)

As another exam ple les us consider the uncertainty  principle of the h ydrogen
like atom s in  th e  B ohr th eory  and w ave m echanics. As we know, the orbital 
radius rn, the frequency con and the v e lo c ity  vn o f the electron are g iven b y

A2 m0Z e4 1
r:i = ------ — ~n2; con =  -  - — -  and vn =  rncon .

m0 Ze““ пл пл
( 6 )

In  equation (6) n is the principal quantum  num ber. In  th e  wave m echanical 
picture the orbits are not defined, so th a t th e  uncertainty  o f  the d isplacem ent 
o f the electron w ith respect to  the nucleus according to  the first relation  o f  
equation (6) is

( Л г ) ~ — (7)
m0 Ze2

In the particle picture the m om entum  p  o f  the electron corresponding to  th e  
principal quantum  num ber n is

mnZe2
P  =  m o Vn =  m Or n m n = ---- fA n ( 8 )

Therefore th e  uncertainty  o f  the m om entum  (Ap) according to equation (7) 
and (8) is

iAP)
m0Ze2 

A n
(9)
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The product o f (Ar) and (Ap) given b y  equation (7) and (9) in the B ohr theory  
for the electron of the hydrogen-like atom s is thus

(At) (Ap) h n . (10)

The exact calculation of (Ar) and (Ap) for the electron of the hydrogen-like  
atom s in w ave m echanics gives according to  R emark [4] after sim ple m odi
fications and calculations

7.2

(Ar) ^ ------------ n2 and (Ap) ^ — ---------, (11)
m0Ze2 F hn

thus the same result as given in equation (7) and (9) in the B ohr theory. 
M ultiplying (ZÍr) b y  (Ap) given b y  equation (11) for the w ave m echanical 
theory  we obtain the sam e result as that given b y  equation (10) for the B ohr 
theory . Pal Varsh ni [5] has considered the connection o f the uncertainty  
principle of the hydrogen atom  w ith  the B ohr theory  for the quantum  num ber 
w ith ou t m aking any com parison w ith  the exact results o f w ave m echanics. 
Our results given b y  equations (7) and (9) agree w ell for n 1 w ith  the results 
o f P al Va r sh n i.
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ОБЗОР КНИГ — BOOK R E V I E W S  -  B U C H B ESPREC H U N G E N

U n o  I n g a r d  and W i l l i a m  L. K r a u s h a a r , Introduction to Mechanics, Matter 
and Waves (Addison— W esley  Series in  P hysics; A ddison— W esley PC. Inc., 

M assachusetts, U SA, 1960; X V  -)- 672 pages; $ 8,75)

The au thors’ aim, by th is suggestive 
p resentation  of the selected topics of an 
in troductory  course of physics for the first 
year of a tw o-year sequence in  general 
physics having in  mind th e  students of 
science and engineering (as well as of an 
interm ediate-level course in  m echanics and 
related  subjects) has been to  m ain tain , in  
a balanced m anner, the flavour of experim ent 
and inductive reasoning. This means th a t 
instead of th e  usual deductive foundation 
of mechanics v ia  a to tally  analy tic  approach 
—• often overemphasizing th e  “ given the 
force—find th e  m otion” s itua tion  — the 
“ given the m otion or behaviour — w hat are 
th e  model and forces from w hich th e  pheno
m ena can be understood” ty p e  of situation 
is favoured. The authors’ approach  em pha
sizes for th is reason the study  of interactions 
th rough  observations of m otions and their 
textbook deals w ith motions as influenced 
by  all the different types of in teractions in 
natu re : electric, magnetic, nuclear, etc. as 
well as the trad itional contact, spring, and 
grav ita tional forces. F irst, tw o-body colli
sions are investigated and th e n  processes 
involving inertia l mass, m om entum  and its 
conservation and  further the center-of-mass 
m otion are very  clearly developed. The 
chapters on energy, angular m om entum  and 
moving coordinate systems and  inertial 
forces are followed by chapters containing 
examples of forces and m otions w hich have 
been very fo rtunate ly  selected and  arranged 
so as to illu stra te  the basic concepts as they 
are developed. The transition  from  th e  study 
of the gross m otion of bodies to  th e  inertial

m otion in  m atte r and  th e  associated m acro
scopic properties of m a tte r is accom plished 
in  chapters on th e  tem perature  concept, on 
therm al in teractions and  on the elem entary  
th eo ry  of the atom ic structure  of m atte r . 
The chapters on k inetic  theory, therm o
dynam ics and properties of m a tte r  have 
been  woven together, and the  atom ic- 
m olecular in te rp re ta tio n  of concepts such as 
in te rna l energy, en tropy  and properties of 
m a tte r  have been k ep t in the foreground. 
The classical concepts are, however, com plet
ed by  a qualita tive  quantum  m echanical 
in te rp re ta tion  of experim ental results . The 
role of interm olecular forces in  th e  in te r
p re ta tio n  of the equation  of s ta te  o f real 
gases is studied in  some more detail, together 
w ith  molecular in terp re ta tions of o ther gross 
m echanical properties of gases and liquids. 
F inally , through a com bination of experi
m ents and applications of conservation of 
m om entum  the m echanics of deform able 
bodies and waves, th e  behaviour o f wave 
pulses, their wavespeed and energy con ten t 
is trea ted , followed b y  the discussions of 
exam ples involving b o th  transverse and 
longitudinal waves in  different media. From  
th e  principle of superposition w aves of 
a rb itra ry  shape are th en  constructed and 
th e  properties of harm onic waves are studied 
in  detail. Sum m arizing, we m ay say th a t  
th e  authors’ in troducto ry  textbook on gener
al physics can be regarded as an excellent 
selection of the classical foundations of up- 
to -d a te  teaching of m odern physics.

J .  I. H orvá th
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L. H e r f o r t h — H . K o c h : Radiophysikalisches und radiochemisches Grund
praktikum . У Е В  D eu tsch e r V erlag  der W issen sch aften , B erlin , 1959.

D as B uch erschien als der 31-ste Band 
der von F ra nz  X . E d e r  und R o b e r t  R om pe 
herausgegebenen R eihe der H ochschulbücher 
für Physik. Die Verfasser des Buches, die 
an dem  In s titu t fü r angew andte R ad ioak ti
v itä t in  Leipzig tä tig  sind, beabsichtigten, 
sowohl den Teilnehm ern der von dem  In s titu t 
veransta lte ten  Isotopenkurse, wie auch ande
ren In teressen ten , die an einem solchen 
Isotopenkurs n ich t teilnehm en können, ein 
P rak tikum sbuch  in  die H and zu geben, um 
dam it den im m er öfter auftauchenden 
W unsch nach einem  solchen zu erfüllen.

Den G egenstand des Buches bilden dem 
nach diejenigen radiophysikalischen und 
radiochem ischen Aufgaben, die zur Zeit der 
Fertigstellung des M anuskriptes (O ktober, 
1958) im  Leipziger Iso topenprak tikum  durch
füh rbar w aren. So erhebt das P rak tikum s
buch in der vorliegenden Form  keinen An
spruch au f V ollständigkeit.

Das B uch h a t einen Umfang von 470 
Seiten und  gliedert sich in 13 K apite l, von 
denen sich 7 K ap ite l m it radiophysikalischen 
und  6 K apite l m it radiochem ischen Aufgaben 
beschäftigen. Die einzelnen K apite l sind im 
allgemeinen in  m ehrere A ufgabengruppen 
gegliedert, die einzelnen G ruppen en thalten  
w iederum  im  allgemeinen mehrere verw andte 
Aufgaben. Diese O rdnung der A ufgaben in 
insgesam t 35 m it T iteln  versehene G ruppen 
m acht die Ü bersicht über das M ateria l klar 
und leicht.

Die Verfasser verfolgten bei der B earbei
tung der einzelnen Gruppen die folgende 
M ethode: Am Anfang jeder einzelnen Gruppe 
wird das W esen der Aufgaben beschrieben, 
die M essmethoden werden m it anderen, in 
ak tiven  M ethoden verglichen und die durch 
die rad ioak tiven  V erfahren gelieferten neuen 
M öglichkeiten w erden deutlich hervorgeho
ben. D anach folgen die einzelnen Aufgaben 
in folgender Behandlungsweise: 1) Auf
gabenstellung, 2) Grundlagen, das heisst die 
w issenschaftliche Begründung der durchzu
führenden Aufgabe, 3) Zubehör, 4) A rbeits
anleitung, das heisst eine ausführliche Be
schreibung des Arbeitsganges und  praktische 
Hinweise fü r den Anfänger, und  5) ein 
Beispiel, in dem  die konkreten Messergebnisse 
und deren A usw ertung, meistens in  g raphi
scher D arstellung, m itgeteilt werden. Schliess
lich wird am  E nde jeder einzelnen Gruppe 
ein L iteraturverzeichnis gegeben.

Die Verfasser haben ihren ausgezeichne
ten  d idaktischen Sinn dadurch bewiesen, 
dass sie einerseits den Teilnehm ern an einem 
solchen P rak tik u m  den Reiz der D urch
führung der A ufgaben nicht durch ausführ

liche Beschreibung des Arbeitsprotokolies 
nehm en und andererseits auch die N ich t
teilnehm er dadurch befriedigen, dass sie das 
Endergebnis jeder einzelnen Aufgabe in  
graphischer D arstellung oder in  Tabellen
form  m itteilen. Die D urchführung von 
Fehlerrechnungen bzw. A bschätzungen w ird 
dem  P raktikum steilnehm er selbst überlassen, 
in  einer der ersten Aufgaben werden diese 
R echnungen ausführlich behandelt.

Die A rt und Weise, in  der die Verfasser 
die Problem e angreifen und  behandeln, v e r
ra ten  grosse Fachkenntn is und vielseitige 
praktische Erfahrungen. Das Buch is t k lar, 
und einfach geschrieben und für jeden m it 
entsprechender V orbildung leicht vers tän d 
lich. Die B rauchbarkeit des Buches w ird 
ausserdem  durch die 182 grossen, schönen 
A bbildungen und durch  die mehr als 50 
Tabellen in  grossem Masse erhöht. Der A n
hang von mehr als 25 Seiten Umfang e n th ä lt 
ausserdem  zahlreiche w eitere besonders n ü tz 
liche Abbildungen und  Tabellen.

Im  folgenden geben wir einen kurzen 
Ü berblick über die im  P raktikum sbuch be
handelten Aufgaben.

In  der E inleitung weisen die Verfasser 
vor allem auf die äussere und innere S trah len 
gefahr und auf die V orsichtsm assnahm en 
beim  Umgang m it R adionukliden hin. Im  
w eiteren behandeln sie die Methoden der 
H erstellung von M esspräparaten.

D as I. K apitel e n th ä lt 6 Gruppen:
1. Gruppe: G rundm essungen an Geiger — 

Müller-Zählrohren. Die C harakteristik  eines 
GM-Zählrohres, Z ählra te eines P räpara tes, 
Fehlerberechnungen, Prüfung  auf statistische 
R einheit und relative Längsem pfindlichkeit 
eines zylindrischen GM-Zählrohres.

2. Gruppe: M ethoden der T otzeitbestim 
m ung und T otzeitkorrekturen. Die Oszillo- 
graphen-M ethode, die Zwei-Präparate-M etho- 
de, die Bestim m ung m it einer T otzeitstufe  
und Bestim m ung des “ over-all-correction” - 
F aktors.

3. Gruppe: G am m astrahlm essungen m it 
dem  GM-Zählrohr. Energiebestim m ung durch  
A bsorptionsm essungen. Berechnung von M as
senabsorptionskoeffizienten für beliebige E le
m ente.

4. Gruppe: R elative B etastrahlm essungen 
m it dem  Glockenzählrohr. G eom etriefaktor, 
R ückstreufaktor, A bsorptionsm essungen, die 
m axim ale Reichweite und  Energie von B e ta 
strah len  und schliesslich die Selbstabsorp
tion  von C14.

5. Gruppe: R elative A k tiv itä tsbestim 
m ung von B etastrah lp räpara ten  m it dem  
Glockenzählrohr. Vergleich von gleichartigen
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B etastrah lp räpara ten  eines Radioisotopes m it 
geringem, grösserem bzw. grossem A ktiv itä ts
unterschied, Vergleich von zwei gleichartigen 
P räpara ten  au f verschiedenen U nterlagen 
und Vergleich von zwei gleichartigen P räpa
ra ten  verschiedener Radioisotope.

6. Gruppe: Zählm ethoden der absoluten 
A ktivitätsbestim m ung. Absolute A k tiv itä ts
bestim m ung m it definierter Geom etrie am 
Glockenzählrohr nach der Koinzidenzmethode 
und m it dem 4 тг-Zählrohr.

II. K apitel: Szintilliationszählermessun- 
gen.

7. G ruppe: G rundm essungen am  Photo
sekundärelektronenvervielfacher. Spannungs
abhängigkeit, relative Spektralem pfindlich
keit.

8. Gruppe: Szintillationszähler fü r Alpha-, 
Beta- und G am m astrahlung. A ufnahm e von 
Szintillationszählercharakteristiken für Al
pha-, Beta- und G am m astrahlung. Vergleich 
von Gamma- und B etastrahlm essungen m it 
GM-Zählrohr und  Szintillationszähler.

9. Gruppe: A lphastrahlm essungen. E r
m ittelung der günstigsten Schichtdicke eines 
ZnS-Ag-Leuchtschirmes, Reichweite von Al
phastrahlen  in  L uft, A bsorption in  festen 
Substanzen.

III. K apitel: Ionisationskam m erm essun
gen.

10. Gruppe: B etastrahlm essungen m it der 
A luminium ionisationskam m er. Spannungs
eichung des E lektrom eters, A bstandsvaria
tion , R ückstreum essungen, A bsorptionsm es
sungen und A ktiv itätsbestim m ung von B eta
strah lpräparaten .

11. Gruppe: G am m astrahlm essungen m it 
der B leiionisationskam m er. K ontrolle und 
Spannungseichung, A bstandsvariation , Ab
sorptionsm essungen, Bestim m ung von R a
dium äquivalenten, A ktivitätsbestim m ung 
eines G am m astrahlpräparates.

IV. K apitel: Strahlenschutzüberw achung.
12. Gruppe: Dosismessungen. Messung 

von G am m astrahlendosen m it Taschenkon
densatorkam m ern und m it F ilm plaketten .

13. Gruppe: Dosisleistungsmessungen. E r
m ittelungen der m axim al zulässigen Auf
enthaltsdauer, Abschirmung von  Gamma
strahlen.

14. Gruppe: Verseuchungsm essungen. P rü 
fung von A rbeitstischauflagen.

V. K apitel: Anwendungsbeispiele aus der 
T echnik und Industrie.

15. Gruppe: Messung dünner Schichten 
m it B etastrahlern . B estim m ung der Dicke 
vo n  A lum inium schichten nach der D urch- 
strah lungs- bzw. R ückstreum ethode ohne 
U nterlage und  auf dicker B leiunterlage, 
R ückstreum essungen zur M ateria lbestim 
m ung der Dicke von aufgespritzten L ack 
schichten.

16. Gruppe: Messung dicker Schichten 
m itte ls  G am m astrahlung. Messung nach  der 
D urchstrahlungsm ethode.

17. Gruppe: B estim m ung von F ü lls tan d s
höhen durch G am m astrahlm essungen. B e
stim m ung durch A bsorptionsm essungen bei 
senkrechter bzw. horizontaler D urchstrah - 
lung.

VI. K apitel: Sonstige Aufgaben aus der 
R adiophysik.

18. Gruppe: Einige w eitere M essm ethoden. 
D er Funkenzähler und  die G am m aradio
graphie.

19. Gruppe: Die kosmische S trahlung. 
A bsorption  und E infallsrichtung der kosm i
schen Strahlung.

V II. K apitel: Die A ktivierungsanalyse.
20. Gruppe: Die A ktivierungsanalyse 

nach  der A bsolutm ethode. B estim m ung der 
V erunreinigung von D ysprosium  in H olm ium , 
B estim m ung des Neutronenflusses.

21. Gruppe: Die A ktivierungsanalyse nach  
der R elativm ethode. B estim m ungen d e r 
prozentualen  V erunreinigung, die S ilb er
schnellanalyse.

Die K apitel V III — X III behandeln die 
folgenden radiochem ischen Aufgaben: T ren 
nung und  A nreicherung der R adioelem ente, 
Fällungsreaktionen, Ionenaustauscherchrom a - 
tographie , Solventextraktion , R ad iopap ier
chrom atographie, T rennung von R ad ionuk 
liden durch D estillation, die Chemie der 
“ heissen”  Atome, Szilard-Chalm ers-Effekt, 
Isom erentrennung, Iso topenverdünnungsana- 
lyse, Radiom etrische A nalyse, R adioelem ente 
als Leitisotope, Iso topenaustauschreak tionen , 
die A dsorption von R adioelem enten an 
G lasoberflächen, Löslichkeitsbestim m ungen, 
das A rbeiten m it Kohlenstoff-14.

L ászló B o zó ky
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ÜBER KOHÄRENZEIGENSCHAFTEN 
DER »INKOHÄRENTEN« STREUSTRAHLUNG

Yon

F.  KÁROLYHÁZY

INSTITUT FÜR THEORETISCHE PHYSIK DER ROLAND EÖTVÖS UNIVERSITÄT, BUDAPEST 

(Vorgelegt von K. F. N ovobátzky. — Eingegangen: 2. I I I .  1961)

Bei dem R am an-E ffekt bleiben die streuenden A tom e nach dem  Prozess im angeregten 
Z ustand zurück. Das bedeutet aber n icht, dass es zwischen den an den verschiedenen A tom en 
gestreuten Photonen keine Phasenbeziehungen gibt, diese sind vielm ehr im  Sinne der Q uan
tenm echanik kohärent. Diese T atsache kann sich folgenderm assen bem erkbar machen. M an 
lässt an  den angeregten Atomen, w ährend diese in  den G rundzustand zurückkehren, eine 
zweite A rt von Photonen streuen. E s besteht dann u n te r  U m ständen zwischen den gestreuten 
Photonen verschiedener A rten eine R ichtungskorrelation.

I

W orin  b e s te h t die K o h ä ren z  der k o h ä re n te n  S tre u s tra h lu n g ?  In  d e r 
k lassischen  T heorie  b e a n tw o r te t  m an  diese F ra g e  le ich t. D ie v o n  den einzelnen  
S treu zen tren  (z. B . A tom en eines Gases) au sg eh en d en  S treuw ellen  haben  w ohl- 
de fin ie rte  P h asen b ez ieh u n g en  zueinander, sie tre te n  d a h e r  m ite in an d e r in  
In te rfe ren z . D iese T a tsach e  sp r in g t besonders deu tlich  b e i dem  V ersuch  ins 
A uge, an  den w ir im  fo lgenden  anknüpfen  w ollen . W ir s te lle n  uns eine soge
n a n n te  N a triu m -R eso n an z lam p e  vo r. In  d iese r w erden die A tom e eines v e r 

h ä ltn ism ässig  k a lte n , in  e inem  G lasgefäss b e fin d lich en  N a-D am p fes du rch  das 
L ich t g lühenden  N a triu m s an g ereg t. Aus d e r p rim ären  L ich tq u e lle  soll ein  
para lle les B ündel a u f  das G lasgefäss fallen . W ird  die D ich te  des D am pfes im  
B e h ä lte r  genügend  e rh ö h t, so w ird  b e k a n n tlic h  die sehr d ü n n e  Schicht d er 
N a-A tom e in u n m itte lb a re r  N äh e  der G lasw and  die P r im ä rs tra h le n  spiegeln . 
(A bb. 1). H ält m an  sich die q u a n te n h a fte  N a tu r  d er E m ission  u n d  A bso rp tion  
» h erau stro p fen « . F assen  w ir zw ei A tom e A  u n d  В  aus d er sp iegelnden  O ber-
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vo rs  A uge, so w ird  unsere  F rag e  etw as verw ick e lte r. E s  sei das e in fa llende 
L ich t so schw ach , dass die P h o to n e n  n u r  n och  einzeln au s  der L ich tq u e lle  
f lä ch en sch ich t des N a-D am pfes ins A uge. In  d e r Sprache d e r Q u an ten m ech an ik  
g eh t d er P rozess der A b so rp tio n  und  R eem ission  des P h o to n s  d u rch  e inen  
Z w isch en zu stan d  d u rch , in  w elchem  k e in  P h o to n  v o rh a n d e n  is t, dagegen das 
eine bzw . an d e re  A tom  sich a u f  dem  e rs te n  angereg ten  N iv e a u  b efin d e t. P r ä 
ziser gesag t, is t der Z w ischenzustand  eine S uperposition  folgender K o m p o 
n e n te n : a) A to m  A  an g e reg t, В  im  G ru n d z u s ta n d , b) u m g e k e h rt. Es is t  n u n  
eben  die q u an ten m ech an isch e  K ohärenz  d ieser beiden K o m p o n en ten , die die 
sp iegelungsartige  R eem ission des E n e rg ie q u a n ts  hv e rm ö g lich t. N ach  d e r 
R eem ission s in d  beide A to m e m it S ich e rh e it im  G ru n d z u s ta n d , so dass es 
ungew iss is t , an  w elchem  die S treu u n g  s ta ttg e fu n d e n  h a t .  D er S ach v erh a lt is t 
v o lkom m en  analog  zu dem  in  der gew öhnlichen  Q u an ten m ech an ik , wo m a n  die 
W ellen fu n k tio n  eines E le k tro n s  in  zwei T eile  sp a lte t u n d  die Teile n a c h h e r  
w ieder v e re in ig t. Die K o h ären z  der an  d er S u p erposition  te iln eh m en d en  K o m 
p o n en ten  fü h r t  au ch  in  d iesem  Falle zu  In te rfe ren ze rsch e in u n g en  [1, 2, 3]. 
In  A n b e tra c h t der In te rp re ta tio n sm ö g lic h k e ite n  ist die experim en te lle  K o n tro lle  
so lcher K o h ären zen  n ich t o hne  W ert. Im  w eite ren  m ö ch ten  w ir au f eine neue  
ex p erim en te lle  M öglichkeit in  dieser R ic h tu n g  hin  w eisen, die m it dem  R a m a n - 
E ffek t zu sam m en h än g t.

I I

W orin  b e s te h t die In k o h ä re n z  d e r in k o h ä re n te n  S tre u u n g ?  W ir b e le u c h 
te n  w iederum  die A tom e eines Gases m it m o n o ch ro m atisch em  L ich t. Z ur 
Y ere in fach u n g  ste llen  w ir u n s  die A tom e so fo rt m odellm ässig  vor. Sie sollen 
n eb en  dem  G ru n d n iv eau  E 0 n u r  zwei an g ereg te  N iveaus besitzen , m it den 
E n erg ien  E x bzw . E 2. D ie  F req u en z  d e r e in fa llenden  P h o to n en  sei v 0 ^  

( E  2 E 0 )jh — v20. W ir illu s trie ren  d en  Prozess w ieder m it Hilfe v o n  zwei
A to m en  A  a n d  B.  D as p r im ä re  P h o to n  k 0 w ird  du rch  A  o d e r В  ve rsch lungen . 
N ach  R eem ission  eines P h o to n s  ks (vs r 21) b le ib t das e in e  oder das an d ere  
A to m  im  an g e reg ten  Z u s ta n d  E x zu rü ck , u n d  d ad u rch  is t  es e n tsch e id b a r, an 
w elchem  A to m  sich die S tre u u n g  vollzog, daher in te rfe rie re n  »die v o n  den 
einzelnen  A to m en  au sg eh en d en  S treuw ellen  (F requenz —  v 21) n ich t, sie sind 
in k o h ä re n t« . W ir m üssen n u n  aber fo lgendes bem erken . D ie q u a n te n m e c h an i
sche E n tw ic k lu n g  des g an zen  System s erfo lg t auch  h ie r  über Z w ischenzu 
s tä n d e , die S u p erp o sitio n en  von  k o h ä re n te n  K o m p o n en ten  sind. W ir w ollen 
das d u rc h  eine Skizze v e ran sch au lich en . A b b . 2a zeigh t d a s  G ru n d n iv eau  und  
zwei an g ereg te  N iveaus irgendeines G asa to m s. D urch  die P feile  w erden e r la u b te  
op tische  Ü bergänge, d u rch  die K reise die en tsp rech en d en  a to m aren  Z u s tän d e  
re p rä s e n tie r t .  Die A bb. 2 b — f  zeigen d en  A b lau f der in k o h ä re n te n  S treu u n g  
an  zwei A to m en . Aus der S up erp o sitio n  d e r Z ustände  2c u n d  2d b ild e t s ich  die
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S u p erp o sitio n  der Z u stän d e  2e u n d  2 f  au s , ohne irg en d e in e  B e sch rän k u n g  
b e tre ffs  d er R ich tu n g  des se k u n d ä re n  P h o to n s . Dies b e d e u te t ab er n ic h t 
—  im  G egensatz  zu  der im  S c h rif ttu m  v e rb re ite te n  M einung — , dass es zw i
schen  den in  den  beiden  le tz te n  F ig u re n  gezeichneten P h o to n e n  »k e in erle i 
P hasen b ez ieh u n g «  g ib t, im  G egenteil: n a c h  d er Q u an ten th eo rie  sind d ie  Z u 
stän d e  2e u n d  2f s tren g  k o h ä re n t. D ies w ird  ohne w eite res ersich tlich , w enn 
w ir a u f  die W ah rsch e in lich k e itsam p litu d en  d er Z u stän d e , die in  d ieser Z er
legung  des Prozesses v erk o m m en , die S ch röd inger-G le ichung  anw enden , w obei 
die W echselw irkung der A tom e u n d  d e r S tra h lu n g , wie gew öhnlich , als P e r tu r 
b a tio n  b e tra c h te t  w ird .

r y f i  <H>
А

■ aO

А А

О
А

0  1
- U  ® А

ко ~  E2 -E-o
В В В *"*!'*• в

Г6— 1 О О О % > О
O) b) c• dy et

Abb. 2

О

Y om  experim en te llen  S ta n d p u n k t is t  diese K ohärenz » la te n t« , sie m a c h t 
sich  ab er b em erk b a r, w enn der S tre u u n g  die Em ission eines neuen  P h o to n s  
n ach fo lg t, b eg le ite t von  dem  Ü b erg an g  @ - + Q ( k , , =  Е г —  E 0). D ie e in 
fache R ech n u n g  zeigt n äm lich , dass —  obw ohl die F re q u en zen  v e rsch ied en  
s ind  —  eine R ic h tu n g sk o rre la tio n  zw ischen  k s und  ks. b e s te h t . Diese w ü rd e  
nicht entstehen,  w enn z. B . n u r  das eine A to m  anw esend w äre .

In  d ieser F o rm  besch äftig en  w ir u n s  n ic h t w eiter m it d en  ex p erim en te llen  
M öglichkeiten . W enn die Ü bergänge E 0 ->  e 2, E 2 —► E x e r la u b t sind , so is t 
der Ü bergang  E 0 —> E t im  allgem einen  v e rb o ten . A uch  w enn w ir dieses 
V erb o t (z. B . du rch  ein M agnetfeld) a u fh e b e n , w ird die R ic h tu n g sk o rre la tio n  
w egen d er langen  L eb en sd au er des Z u s ta n d e s  Е г sow ie d er th e rm isch en  
B ew egung d er A tom e w ah rsch e in lich  seh r verw aschen .

I I I

Es is t zw eckm ässiger, folgende m o d ifiz ie rte  A n o rd n u n g  zu b e tra c h te n  
(A bb. 3). D er B eh ä lte r T  m it g la tte r , d u rch sich tig e r  W and  sei w ieder v e rh ä l t 
n ism ässig  d ic h t m it A tom en  im  G ru n d z u s ta n d  angefü llt, d ie  w iederum  in sg e 
sa m t n u r  d re i, n ich t degenerierte  E n e rg ien iv eau s  besitzen  sollen. B ezüglich  
der e r la u b te n  Ü bergänge w ollen w ir u n s  g eso n d ert m it den  zw ei in  A b b ild u n 
gen 4a u n d  4b darg este llten  M öglichkeiten  beschäftigen . Im  F alle  4b n eh m en
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w ir an , dass a u c h  der t ib e rg a n g  E 1 ^ E 2 m it k le iner W ahrschein lichkei- 
z u s ta n d e k o m m e n  k a n n . A us d e r  L ich tque lle  F  bzw . F '  fa llen  paralle le , m o n to  
ch ro m atisch e  L ic h tb ü n d e l gegebener R ic h tu n g  a u f  den B e h ä lte r , die F re q u e n 
zen  sollen je d o c h  v e rsch ied en  sein: v F ^  (Е г — E 0)h =  v 10, Vp, я« (E 2 —  
—  E ^ / h  =  v 21. W ir b e tra c h te n  zu nächst d en  F a ll 4b.

W as g e sc h ie h t im  G ase?  D a  die m e is ten  A tom e in  T  im  G ru n d zu stan d  
s in d , k ö n n en  d ie  P h o to n en  k F, das Gas b e in a h e  u n g e h in d e rt d u rch d rin g en . 
D agegen  regen  d ie P h o to n en  k F die A tom e d e r b e le u c h te ten  G renzschich t an  
d e r W and  zu  R eso n an z-F lu o reszen z  an. I s t  die m ittle re  D is tan z  der A to m e

genügend k le in  u n d  kleiner a ls die W ellen länge des L ich tes, so w ird  das B ü n d e l 
F  d u rch  die O b e rfläch en s ich t gespiegelt. (G rosse G asd ich te  =  s ta rke  R e fle 
x io n sfäh ig k e it u n d  s ta rk e  A b so rp tio n ; das L ic h t kann  n ic h t  in  das In n ere  des 
G ases e in d rin g en .) Die A to m e  w erden v o rü b e rg eh en d  a u f  das N iveau  E x 
gehoben. E tlic h e  von  ih n en  k ö n n en  —  n o ch  v o r der E m iss io n  von ks —  ein  
P h o to n  k p .  ab so rb ie ren ; d ies w ird  von dem  Ü bergang  E x —> E 2 beg le ite t u n d  
is t  von  d e r E m issio n  eines P h o to n s  k s. g e fo lg t. (vs. ^  (E 2 —  E 0)//i =  v 20, d as  
A to m  g e lan g t w ieder in  d en  G ru n d zu s tan d .)  Die O berflächensch ich t is t also  
schon  fäh ig , a u c h  das L ich t des B ündels F '  z u  s treuen . (U n d  zw ar » in k o h ä ren 
terw eise«  vs. =f= Vp) .  W ir zeigen  je tz t ,  dass a u c h  diese S tre u u n g  »spiegelungs
a rtig «  is t, d ie S tra h lu n g  d e r  F req u en z  vs., au sgehend  v o n  den  versch iedenen  
A to m en , w ird  n u r  in  einer e inzigen , b e s tim m te n  R ich tu n g  » re flek tie rt« .

W ir w ollen  uns im  A n fan g szu stan d  a u f  ein  einziges P h o to n  k P u n d  ein  
einziges к F., au sserd em  z u n ä c h s t n u r a u f  zw ei A tom e d e r O berfläch en sch ich t 
b e sch rän k en . D e r zu r B estim m u n g  der end lichen  L in ien b re ite  ve rw en d e ten  
M ethode v o n  W e i s s k o p f  u n d  W i g n e r  fo lg en d  [4 ] ,  berück sich tig en  w ir n u r  
d ie jen igen  Z u s tä n d e , die in  d e r  Zerlegung des Prozesses m it b em erk b arer W a h r
sch e in lich k e itsam p litu d e  V orkom m en. D iese u n d  der A b la u f  des Prozesses 
w erden  in  A b b . 5 d a rg es te llt. A nfänglich , z u r  Z eit t =  0, is t  n u r  die A m p litu d e  
ba des Z u s ta n d e s  a von N ull versch ieden . S p ä te r  e rschein t au ch  die S u p erp o si
t io n  der Z u s tä n d e  b und  c, diese w irken w ied er au f die Z ustän d e  d, e u n d  f
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u n m itte lb a r  ein . E nd lich  regen  d  und  e g em einsam  den Z u s ta n d  g  an . (D er 
Z u s ta n d  f  en tw ick e lt sich n ic h t w eiter, к p. t r i t t  m it den A to m en  im  G ru n d 
z u s ta n d  in  keine bem erk b are  W echselw irkung .)

Die Folge d er K ohärenz  d e r Z u stän d e  d  u n d  e k an n  schon  m itte ls  d er 
gew öhnlichen  P e rtu rb a tio n s re c h n u n g  [5] ü b e rb lic k t w erden.*

A

J<F ‘ C
и
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V О
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k F ^  В В В

О О
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И  ;
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Abb. 6

9

F ü r die A m p litu d en  bn besteh en  die G leichungen

- Ш п = у Н ' птЬт е ^ ,  bzw - i h b W =  у Н ' птЬ < * - * > ^  (2)

m it bn =  Z  . D en W ert von  H nm liefert (1). Die \e rb in d u n g  der Z u stän d e  
d er A bb. 5a— g im  G leichungssystem  (2) ze ig t A bb . 6. S uchen w ir säm tliche

* Wir schliessen uns den Bezeichnungen von (5) an. Die S trahlung wird durch das 
V ektorpotential A  =  E  (q^A^ +  q*A*) beschrieben, wo A^(r) =  е^У4лс2 • exp • (ix^v), x^ =  v jc .  
Die W echselwirkung eines Photons vom  Im pulse k^Ji/c und  eines atom aren Elektrons w ird

durch H ' = ------ p  (q^A ^  +  q*A% ) dargestellt. Bei u n m itte lbaren  Ü bergängen verändert sich
A4

die Anzahl der Photonen um  eins, und  das Atom fü h r t einen Q uantensprung (pa -> (p̂  au s. 
Das M atrixelem ent ist

H'arifo bn^ -|- 1 = -----— [/ — ~  \cp*(pt)e(*'kr)(pbdr —
В  Г «Pi .1

_____  (1)

— -  ] / -  ——  !n% + 1  е^х^гл ) (pe) ab . 
и \ kK

Hier is t rA der O rtsvektor des Atoms (dessen Ausdehnung klein gegen die W ellenlänge sein 
soll).
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A m p litu d en  ba, . . .  bg in  d e r n ied rig sten  n ic h t verschw indenden  N äh e ru n g , so 
m üssen  w ir n a c h  (1) u n d  (2) die G le ichungen

bg» =  1 (3a)

— ih 6<!> =  H'ba 6<a°) eí-‘«f =  К  ■ ehbJ . (3b)

;Л6<3> =  H'M b(p  e' v '  +  H'ge 6<2> e 'v i =

=  K ’ • 6(2) e 'V  +  X ' е-<х*'гл) • 6<2> • e 'V  (3g)

lösen . D ie L ösungen  s ind  d er R eihe n a c h  le ich t an zu sch re ib en . W ir in te re ss ie 
ren  uns fü r  (3g). Es e rg ib t sich

6(|) =  N(t )  ■ [e'N(,<r+>V'->v) +  eús(^+ K ,,-x t,)] 5 (4)

wo N  n u r  vom  A b so lu tw ert von  k F, k F,, k s, (к =  к  — hex) a b h ä n g t. Die 
W ah rsch e in lich k e it d er E m ission  des P h o to n s  ks, ( ~  6„ ;2) w ird d u rch  d ie  V er
b in d u n g  d e r  R ich tu n g  v o n  k s, m it den  R ic h tu n g e n  v o n  den  vo rher a b so rb ie rte n  
P h o to n e n  b e s tim m t. B ei fe s tem  k F u n d  v e rän d e rlich em  k F. (bew eglicher Quelle 
F')  m uss zw ischen k F, u n d  k s, eine so lche R ich tu n g sk o rre la tio n  b e s te h e n , wie 
sie d u rc h  d en  Z u sam m en h an g  (4) b e sch rieb en  w ird . Z iehen  w ir v o n  d e r  G as
sch ich t d e r  O berfläche m e h r als zwei A to m e  in B e tra c h t, so w ächst die A nzah l 
d e r G lieder a u f  der re c h te n  Seite v o n  Gl. (4), die K o rre la tio n  zw ischen  k F, 
u n d  k s, w ird  v e rsch ä rft. B ei d ich t lieg en d en  A tom en t r i t t  in  der A m p litu d e  des 
Z u s ta n d e s , d er das P h o to n  ks, e n th ä lt  das In te g ra l ü b e r en(xF+xF- v )  au f̂  
das n a c h  r zu  in teg rie ren  is t .  Das h e is s t: die » in k o h ä ren te«  S treu u n g  v F, -> vy 
is t  sp ieg e lu n g sa rtig ; es m uss also die R e la tio n

k F к p- — k s• II tt (5)

b e s te h e n , w o n die F läch en n o rm ale  i s t .  In  der A b b . 7 is t die R ic h tu n g  der 
S tra h lu n g  d e r F re q u e n z  vs. in  dem  spezie llen  Fall au fg e trag en , in  d em  k F, к F, 
u n d  n in  eine E bene fa llen . Es is t e rs ich tlich , dass n eb e n  dem  » re fle k tie rten «  
au ch  ein  »geb rochener«  S tra h l e n ts te h t ,  le tz te re r  d r in g t aber ebenso w enig  in  
das In n e re  des Gases e in  wie die S tra h lu n g  vF, er w ird  m itte ls  d er R esonanz- 
F lu o reszen z  E 0 -> E 2 ->  E 0 re f le k tie r t  u n d  m it d em  e rs te ren  v e re in ig t.

Z u r  B e a n tw o rtu n g  d e r F rage , ob diese E rsch e in u n g  ta tsäch lich  b e o b a c h t
b a r  is t , m üssen  w ir n o ch  die v o rau ss ich tlich e  I n te n s i tä t  der S tra h lu n g  b e s tim 
m en . Z u  deren  B e rech n u n g  ist die gew öhnliche P e rtu rb a tio n s re c h n u n g  n ich t 
m eh r g ee ig n e t, m an  k o m m t aber m it d e r  M ethode v o n  W e i s s k o p f  u n d  W i g n e r , 
die a u c h  die D äm p fu n g  b e rü c k s ic h tig t, le ich t zum  Z ie l.W ir füh ren  die R e su lta te  
h ie r n ic h t  an , die m an  in  B ezug a u f  d ie  A tom e u n seres  Modells b e k o m m t. Die
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rea len  U m stän d e  sind  näm lich  v e rw ick e lte r, obw ohl sie im  P rin z ip  n ich ts  
N eues b rin g en . So k ö n n en  wir z. B . w enn w ir an  N a-A tom e d en k en , in  d er 
N ähe d er N iveaus E x, E 2 (A bb. 4b) a u c h  solche N iv eau s E x, E 2 f in d e n , die vom  
S ta n d p u n k te  der Ü bergänge  der A b b . 4a e n tsp rech en  u . s. w. I s t  die Theorie 
r ich tig , so sch e in t jed en fa lls  der E f fe k t  ex p erim en te ll le ich t n ach w e isb a r zu  
sein. D em  a to m a re n  Ü b erg an g  E x —> E 2 k an n  in  d e r  W irk lichke it e in  v e rb o ten e r 
Ü b erg an g , be i dem  z. B . ein  äusseres Feld  das V e rb o t a u fh e b t, en tsp rech en . 
Z um  Schluss b em erk en  w ir, dass d ie  A tom e sich  in  der ob igen A n o rd n u n g  
jed en fa lls  n u r  kurze  Z eit im  a n g e re g te n  Z u s ta n d  befin d en  (die W ah rsch e in 
lich k e it des Ü berganges b d is t z w a r k lein , a b e r  die des Ü berganges b -»■ c

I

A bb. 7

sowie d —»• e is t gross) u n d  daher n ic h t  im stan d e  s in d , w ährend  des Prozesses 
die (eben g edach te) G renzsch ich t zu  v e rla ssen  u n d  so die R ich tu n g sk o rre la tio n  
zu  v e rw aschen . D er S tra h l, der zu b e o b a c h te n  is t ,  is t  zw ar von  k le in e r  In te n 
s i tä t ,  e r is t ab e r an d ere rse its  au f e ine  feste R ic h tu n g  k o n z e n tr ie rt, die durch
(5) gegeben is t.

IV

N un  w ollen w ir ganz  ku rz  d en  F a ll a der A bb ild u n g  4 b e tra c h te n . Bei 
u n v e rä n d e rte n  L ich tq u e llen  geht h ie r  d e r P rozess in  folgender W eise v o r sich: 
D ie A tom e d er G renzsch ich t w erden  die P h o to n e n  k F im  L aufe  des Ü ber
ganges E 0 —> E x —> E 0 re flek tie ren . E in ig e  A tom e gelangen ab e r s t a t t  du rch  
den  u n m itte lb a re n  S p ru n g  E x -»  E 0 ü b e r  dem  U m w eg E x ->  E 2 ->■ E x —> E 0 in  
den  G ru n d z u s ta n d  zu rü ck , d . h. sie w erd en  w ä h re n d  einer sog. m eh rstu fig en
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F luo reszenz  z u n äch s t ein  P h o to n  k p ,  streu en  ( k F, — fcS() u n d  e rs t d a n n  die 
v o rh e r au fgenom m ene E nerg ie in  F o rm  eines P h o to n s  fej w ieder abgeben . 
D a d e r Ü berg an g  E x —»■ E 2 je tz t  e r la u b t  is t, t r i t t  d ieser P rozess ö f te r  a u f  als 
d er im  A b sc h n itt I  b e h a n d e lte . N u n  so ll das E x p e r im e n t eine R ic h tu n g sk o rre 
la tio n  zw ischen d en  im  L aufe der m eh rs tu fig en  F luo reszenz  e m ittie r te n  P h o to 
n en  fcSl, fej n achw eisen . N ach  der e in fachen  R ech n u n g  m uss näm lich  folgende 
R e la tio n  b esteh en :

k F +  k F ' — fesi — fej II r t ,

die w ied er in  d er q u an te n m e c h an isch e n  K o h ä ren z  d e r an  der S tre u u n g  te il
n eh m e n d e n  Z u s tan d sk o m p o n en ten  b e g rü n d e t is t .  W en n  n u r  ein einziges A tom  
den  R ü n d e ln  F  u n d  F '  im  W ege s te h e n  w ürde, w äre  die R ich tu n g  d e r P h o to n en  
fcS[ u n d  fej beliebig. I s t  die In te n s i tä t  d e r  L ich tque lle  F  n ich t zu gross, so können  
w ir v o n  d er A b so rp tio n  d er P h o to n e n  feSj ab seh en , andererse its  k ö n n en  die 
P h o to n e n  fej n ic h t in s  In n ere  des G ases e in d rin g en . (Sie w erden  b e i grosser 
D am p fd ich te  m e is ten s sp ieg e lu n g sartig  re fle k tie rt.)  M ittels K oinz idenzm essun
gen s in d  die A ussagen  der T heorie a u c h  in  d iesem  F alle  w ahrsch e in lich  n a c h 
p rü fb a r . D ie F req u en zen  der zu b eo b ach ten d en  P h o to n e n  k om m en  a llerd ings 
au ch  in  d er P r im ä rs tra h lu n g  vo r, d as  k an n  u n te r  U m stän d en  v ie lle ich t einen 
zu  s ta rk e n  » H in te rg ru n d «  geben. D ie rea len  V erh ä ltn isse  sind  au c h  h ie r v e r
w ick e lte r, b ringen  a b e r  p rinzip iell n ic h ts  N eues. A uch  dieser P rozess h a t  einen 
schne llen  A blauf, w ie das zu r B e o b a c h tb a rk e it d e r K o rre la tio n  au ch  w ünsch en s
w ert is t .

D ie oben v o rgesch lagenen  E x p e rim e n te  s in d  vom  S ta n d p u n k te  einer 
k lassischen  S trah lu n g sth eo rie  von  k einerle i In te re sse . W ollen w ir u n s  ab er an  
das Q u an ten b ild  h a lte n , so is t es w ich tig  zu  b e d en k en , dass n a c h  d e r Theorie 
das B ild  der E rsch e in u n g en  w esen tlich  davon  a b h ä n g t, ob m eh rere  oder n u r  
ein  einziges A to m  v o rh a n d e n  sind , obw ohl bei den  einzelnen (zusam m engese tz 
te n ) S treu p ro zessen  n a c h  der E n erg ieb ilan z  im m er n u r  ein einziges A tom  eine 
R olle sp ie lt.
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О  К О Г Е Р Е Н Т Н Ы Х  С В О Й С Т В А Х  « Н Е К О Г Е Р Е Н Т Н О Г О »  И З Л У Ч Е Н И Я
Р А С С Е Я Н И Я

Ф. КАРОЛЬГАЗИ

Р е зю м е

П р и  эф ф ек те  Р а м а н а  р а с с е и в а ю щ и е  ато м ы  п о сл е  п р о ц е с с а  о с т а ю т с я  в  в о з б у ж д е н 
ном  с о с т о я н и и . О д н а к о  э т о  не  о з н а ч а е т , ч т о  м е ж д у  ни м и  и  р а с с е я н н ы м и  р а з н ы м и  ато м ам и  
ф о т о н а м и  н е т  н и к а к о й  ф а зо в о й  с в я з и ;  о н и  с к о р е е  к о г е р е н т н ы  в  к в а н т о в о м е х а н и ч е с к о м  
см ы сл е. Д а н н ы й  ф а к т  м о ж н о  и с т о л к о в а т ь  п о  с л е д у ю щ е м у : П у с т ь  в то р о й  с о р т  ф онон ов 
р а с с е и в а е т с я  н а  в о з б у ж д е н н ы х  а т о м а х , в  т о  в р е м я , к а к  а т о м ы  в о з в р а щ а ю т с я  в  основное 
с о с т о я н и е . К р о м е  э т о г о , в  с п е ц и а л ь н ы х  у с л о в и я х  м е ж д у  р а с с е я н н ы м и  ф о т о н а м и  р а з н ы х  
с о р т о в  и м е е т с я  н е к о т о р а я  к о р р е л я ц и я  в  н а п р а в л е н и и .
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THE THEORY OF MELTING

By

T . A. H o f f m a n n

C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  P H Y S I C S ,  B U D A P E S T  

(Presented by A. Kónya. —- Received: 18. IV. 1961)

The energy of a fin ite  real crystal is expressed as th a t  o f an  alloy of the a tom s and 
vacancies. This energy is a function of the vacancy concentration and  of the size of th e  crystal 
block. The mixing entropy of the crystal is a  function of th e  vacancy concentration . For 
certain  block sizes the energy-entropy curve shows two inflexions. In  these cases th e  melting 
tem peratu re  is determ ined by  the common tan g en t of the curve and the m elting entropy 
is the in terval betw een th e  two points of contac t. We get as a necessary condition for norm al 
melting a certain block size. R esults for alkali and  noble m etals and  for diamond are  in  good 
agreem ent w ith experim ental data.

1. I n t r o d u c t i o n

T he ex isting  theo ries o f m elting  are  all u n sa tis fa c to ry  in  certa in  re sp ec ts . 
One g roup  of th ese  th eo ries  uses th e  a n h a rm o n ic ity  o f  th e  p o te n tia l cu rves, 
connecting  in  som e w ay  th e  m e lting  p ro p e rtie s  w ith  th e  tensile  s tre n g th  o f  th e  
c ry s ta l [1]. These th eo ries  do n o t give a convincing  e x p la n a tio n  for th e  sud d en  
m elting , or th e y  give a m e ltin g  p o in t 3— 4 tim es to o  la rg e  (in K elv in  degrees). 
O th e r theo ries use th e  local an d  d is ta n t o rd er-d iso rd er phenom ena to  ex p la in  
m elting  [2]. These a re  in  good ag reem en t w ith  th e  ex p e rim en t, th e ir  in su ffi
ciency being  th e ir  sem i-em pirica l s tru c tu re  only. T here  a re  fu rth e r  thermodyna
mic  theo ries of m eltin g , w hich do n o t give a d irec t co n n ec tio n  betw een  th e  p ro 
perties  o f  th e  a to m s o f th e  solid an d  th e  m elting  p ro p e rtie s  [3].

T here  has been  a te n d e n c y  in  v e ry  recen t tim es to  develop th e  th e o ry  of 
m e lting  in  a d irec tio n  w hich  tak es  as th e  basis th e  n o n -id ea l s tru c tu re  o f  th e  
c ry s ta l [4]. T he th eo ries  using  o rd e r-d iso rd e r were in  som e respects a lre a d y  
such  th eo ries , how ever, th e  theories m en tio n ed  in  th is  p a rag rap h  e x te n d  th e  
non -ideal b eh av io u r b ey o n d  th e  o rd e r-d iso rd e r p h en o m en a  to  o ther p ro p e rtie s  
too . T he p re sen t th e o ry  also follows th is  d irection .

S um m ariz ing  th e  req u irem en ts  w h ich  a m o d ern  sign ifican t th e o ry  of 
m elting  has to  fu lfil, we h av e  co llected  th e  follow ing lis t o f p h en o m en a  con
nec ted  w ith  th e  process o f m elting :

1. M elting occurs d isco n tin u o u sly  a t  th e  m e ltin g  p o in t.
2. M elting is co nnec ted  w ith  a c e r ta in  la te n t h e a t, i. e. an  en tro p y  change , 

th e  m e ltin g  en tro p y .
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3. A t m e ltin g  th e re  is a d isco n tin u o u s ch an g e  in v o lum e.
4. M elting  occurs a lm ost exclusively  w ith o u t th e  p h en o m en a  of o v er

h e a tin g .
5. The o p p o site  process, freezing , is, o n  th e  co n tra ry , som etim es con

n e c te d  w ith  a considerab le  m easu re  of undercoo ling .
6. T here a re  som e sm aller anom alies in  th e  specific h ea t n e a r  the  m elting- 

p o in t, how ever, th e se  anom alies do  n o t lead  to  an  in fin ite  specific  h ea t a t  th e  
m e ltin g  p o in t. I n  add ition  to  th e se  the  th e o ry  should show  th e  follow ing 
fe a tu re s :

7. I t  sh o u ld  reproduce th e  tru e  q u a n ti ta t iv e  connections betw een  th e  
th e rm o d y n a m ic  a n d  n o n -th e rm o d y n am ic  q u a n tit ie s  occurring  a t  m elting .

8. The th e o ry  should m ak e  one hope, t h a t  i t  —  or a possib le  ex ten sio n  
o f  i t  —  can give th e  abso lu te  v a lu e s  of th e se  q u an titie s  to o .

9. The th e o ry  should be  as n ea rly  as possib le  a p u re ly  th eo re tica l a n d  
n o t  a sem i-em pirica l one.

In  th e  p re se n t w ork we t r e a t  th e  solid as a  real c ry s ta l w ith  v acanc ies , 
i. e . F ren k e l-d e fec ts . We sh a ll d erive  a r e la tio n  betw een  th e  v acan cy  co n 
c e n tra tio n  an d  th e  en tro p y , fu r th e r  be tw een  th e  vacancy  co n cen tra tio n  an d  
th e  la ttic e  en e rg y  o f  th e  c ry s ta l. T h e  form  o f th is  la s t re la tio n  depends on th e  
size o f th e  c ry s ta l  b lock as a p a ra m e te r . D e te rm in in g  th is  p a ra m e te r  we can  
t r e a t  th e  en erg y  as a function  o f  th e  e n tro p y  o n ly . I t  is e ssen tia l a t  th is  p o in t 
to  n o te  th a t  w h en  p lo ttin g  th is  e n e rg y -e n tro p y  re la tio n sh ip , th e  curve has fo r 
c e r ta in  block sizes tw o  in flex ions, a n d  th u s  th e re  ex ists one am o n g  th e  ta n g e n ts  
to  th is  curve, w h ich  has tw o p o in ts  of c o n ta c t. As the  slope o f  th e  ta n g e n t to  
a n y  p o in t o f th is  cu rve  gives th e  abso lu te  te m p e ra tu re  b e long ing  to  th is  p o in t, 
th is  double ta n g e n t  corresponds to  the  m e ltin g  po in t, th e  p o in t o f c o n ta c t 
ly in g  low er re p re se n tin g  th e  so lid  s ta te  a n d  t h a t  ly ing  h ig h er th e  liqu id  s ta te  
a t  th e  m elting  te m p e ra tu re . —  O n these  b ases  we get good ag reem en t w ith  
th e  e x p e rim e n ta l d a ta  for th e  m e ltin g  p o in t, fo r  th e  m e ltin g  e n tro p y , fo r th e  
v a c a n c y  c o n c e n tra tio n  in  m e ltin g  an d  we can  fo rm  an idea  o f  th e  p henom ena 
occu rrin g  in  undercoo ling  a n d  o v erh ea tin g .

The ca lcu la tio n s  were c a rr ie d  th ro u g h  in  th is  w ork  fo r one-valency  
m e ta ls  and  fo r d iam ond  for a tm o sp h e ric  p re ssu re  only.

2. The en e rg y  of a re a l c ry sta l block

The f ir s t  questio n  w hich  arises is: W h a t  is the  d ifference betw een  an  
id e a l and  a re a l c ry s ta l?  —  U su a lly  th ere  is one respect, w h ich  is em phasized  
as th is  d iffe rence: th e  ideal c ry s ta l  has a s t r ic t  geom etrical a rra n g e m en t o f  
th e  nuclei o f  th e  co n stitu en t a to m s  or ions, w hile  in  th e  re a l c ry s ta l th e re  is 
th e  p o ssib ility  o f  some d e v ia tio n  from  th is  s t r ic t  geom etry . T hese dev ia tio n s
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m a y  be v a c a n t la t t ic e  p o in ts  (vacancies) in  th e  s tr ic t  geom etrica l a rran g em en t, 
o r la ttic e  po in ts , w hich  are occup ied  b y  fo re ign  atom s or ions (im purities), or 
th e y  m a y  be a to m s or ions lo c a te d  n o t a t  th e  la ttic e  po in ts  defined  b y  th e  
s tr ic t  geom etrica l a rran g em en t ( in te rs titia ls ) . T h ere  is an o th e r ty p e  o f  dev ia tio n  
also , in  w hich th e  geom etry  does n o t re p e a t i ts e lf  s tr ic tly  perio d ica lly , i. e. 
th e re  is a sm all d efo rm atio n  in  th e  la ttic e .

T here  is, how ever, a n o th e r  p ossib ility , w h ich  is u su a lly  n o t  em phasized  
as a d ev ia tio n  from  th e  ideal case an d  th is  re la te s  to  th e  size o f  th e  c ry s ta l 
b lock . A c ry s ta l is ideal, if  besides its  s tr ic t geom etrical a r ra n g e m e n t i t  h as  
in f in ite  size in  all d irec tions. T h e  ca lcu la tions m ade for id e a l c ry sta ls  w ere 
re la te d  alw ays to  such  in fin ite  c ry s ta ls . W e consider there fo re  a  f in ite  c ry sta l 
as a rea l c ry s ta l, even  if  it  has a s tr ic t  g eom etrica l a rran g em en t o f  th e  co n sti
tu e n t  nuclei, in  c o n tra s t to  th e  in f in ite  ideal one.

In  our m odel we t r e a t  a c ry s ta l  block w h ich  is fin ite  an d  possesses v a c a n 
cies, b u t  no in te rs titia ls  or im p u ritie s . T he n u m b e r  o f vacancies in  equ ilib rium  
is well d e te rm in ed  b y  th e  te m p e ra tu re . I f  we d en o te  th e  n u m b e r  o f  a tom s in  
th e  c ry s ta l b lock  b y  A  an d  th e  n u m b e r o f vacan c ies  in  th e  sam e b y  V,  we can  
consider th e  b lock  as a la ttic e  o f  A  -f- V  p o in ts . The v a c a n c y  co n cen tra tio n  
is th u s :

P
V

A + V
( 1 )

a n d  th e  c o n cen tra tio n  o f the  a to m s

1 ~ P  =
A

A  +  V  ’

T h e  n u m b er of v acancies in th e  b lo ck  is from  (1)

(2)

(3)

The energy  o f  th e  c ry sta l b lo ck  m ay  now  be calcu la ted  in  a v e ry  crude 
ap p ro x im a tio n  as follow s. In  th e  la tt ic e  each la t t ic e  p o in t has z  n e a re s t ne igh
b o u rs . This z, th e  co o rd ina tion  n u m b e r, is given b y  th e  cry sta l s tru c tu re  u n d er 
d iscussion. I t  is 6 fo r th e  sim ple cub ic  la ttic e , 8 fo r th e  b o d y -cen te red  cubic 
la tt ic e , 12 for th e  face-cen tered  cub ic  la ttic e  a n d  4 for the  d ia m o n d  la ttice . 
In  o u r a p p ro x im a tio n  we shall ta k e  in to  acco u n t ad d itiv e ly  o n ly  th e  c o n tri
b u tio n  o f th e  b in d in g  energy  o f th e  n ea re s t n e ig h b o u rs . In  a s im p lified  p h ra 
seology we m ay  sa y  th a t  all a to m -a to m  bonds c o n tr ib u te  E AA to  th e  energy 
o f  th e  b lock  an d  all a to m -v acan cy  “ b o n d s” , i. e. all a to m -v acan cy  pairs o f 
n e ig h b o u rin g  p o sitio n , E AV. I f  th e  w hole n u m b e r o f th e  a to m -a to m  bonds in
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th e  b lock  is N AA an d  t h a t  o f  th e  a to m -v a c a n cy  “ b o n d s”  N AV, th e  w hole energy  
o f  th e  b lo ck  can  be w r it te n  in  th is a p p ro x im a tio n

E  =  N a a E a a  +  N a v E a v . (4)

W e h av e  to  p a y  a t te n tio n  here to  th e  c ircu m stan ce  th a t  N A V  shou ld  co n ta in  
also th e  a to m -v a c a n cy  “ b o n d s”  on th e  surface of th e  b lock , w here th e  w ord 
v acan cy  h a s  lo st its  m ean in g .

To d e te rm in e  N AA a n d  N AV we suppose th a t  th e  vacancies a re  d is tr i
b u te d  u n ifo rm ly  in  th e  b lo ck , i. e. if  p  is th e ir  c o n c e n tra tio n , each in n e r  la ttic e  
p o in t h as  p z  v acan cy  n e ig h b o u rs  an d  (1 ■— p)  z a to m  neighbours, irre sp ec tiv e  
o f its  b e in g  a to m  or v a c a n c y .

I f  we den o te  th e  n u m b e r of a to m s on th e  su rface  b y  A '  and  t h a t  o f  th e  
vacan c ies  th e re  b y  V '  su p p osing  th e  c o n c e n tra tio n  to  be th e  sam e a t  th e  su r
face as in  th e  in n er p a r ts  o f  the  b lock , we have s im ila rly  to  (3)

V  = -----£ ---- A ' . (5)
1 — P

W e sh a ll define a su rface  co o rd in a tio n  n u m b e r as th e  n u m b er o f  la ttic e  
po in ts  n e ig h b o u rin g  a la t t ic e  p o in t on  th e  surface, c o u n tin g  only th o se  w hich 
are w ith in  th e  b lock  o r  on  its  su rface . I f  th is is z ',  th e  n u m b er o f  those  
p o in ts , w h ich  are  o u ts id e  th e  block, is z —  z ' . T hese la s t  z —  z' n e ig h b o u rs  are 
acco rd in g ly  vacancies in  a n y  case. So each  la ttic e  p o in t on th e  su rface  has 
(1 — p)  (z —  z') v a c a n c y  neighbours in  ad d itio n  to  th e  p z  vacancies lo ca ted  
a ro u n d  th e  in n er p o in ts  o f  th e  b lock . W e have th u s  a to ta l

n a a  =  ( !  -  P ) A z ------------- Y  Í1 -  p )  A ' ( z  -  z ' ) i  (6)

w here th e  fac to r  1/2 p re v e n ts  th e  b o n d s  from  b e in g  coun ted  tw ice once a t  
each  en d  a to m  co n n ec ted  b y  th em .

S im ila rly , we h av e  fo r th e  a to m -v a c a n cy  “ b o n d s”

N A V = P A z  +  ( l - p ) A ' ( z - z ' ) ,  (7)

w here th e  fac to r  1/2 is o m itted  since each  bond is co u n ted  only once, a t the  
a to m  en d .

P re se n tly  th e  v a rio u s  c ry sta l s tru c tu re s  w ill b e  ta k e n  in to  ac c o u n t by  
specify ing  A '  an d  z ' .
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3. N a a  and N av  for various crystal structures

W e now  proceed  to  d e te rm in e  th e  values (6) an d  (7) o f th e  n u m b e r of 
a to m -a to m  an d  a to m -v a c a n cy  b o n d s  fo r th e  sim ple cubic , th e  b o d y -cen te red  
cubic, th e  face-cen tered  cubic an d  th e  d iam ond  la ttic e .

In  F ig . 1 p a r ts  o f th ese  fo u r s tru c tu re s  can he seen to g e th e r  w ith  th e  
bon d s occurring  on th e  surfaces. I t  can  be seen th a t  for th e  sim ple cubic 
la ttic e

z =  6, z '  =  5 , i. 

for th e  b o d y -cen te red  cubic  la ttic e

8, 4 ,

for th e  face-cen tered  cubic la ttic e

( 8 )

(9)

2 =  12, 2 '=  8,

and for th e  d iam ond  la ttic e

( 10)

2 = 4 , =  2, ( И)

I f  we consider c ry s ta llite s  o f cu b ic  shape  only , th e  c ry s ta llite  can  be  b u ilt  
up  o f ti3 u n it  cells, one o f  w hich is d ra w n  w ith  h eav y  lines in  each  f ig u re  as 
th e  r ig h t u p p e r cube. A u n it  cell c o n ta in s  1 la ttic e  p o in t in  th e  sim ple  cubic 
la ttic e , 2 la ttic e  po in ts in  th e  b o d y -c e n te red  cubic la ttic e , 4 in  th e  face -cen te red  
cubic la tt ic e  an d  1 in  th e  d iam ond  la t t ic e .  (In  th is  la t te r  case tw o  n e ig h b o u r
ing  cells in  F ig . 1 d c o n ta in  2 la t t ic e  p o in ts , so th a t  we h av e  an  av e rag e  o f  1 
la ttic e  p o in t per u n it cell.)

T hus th e  n u m b er A  o f  a to m s in  th e  c ry s ta llite  is d e te rm in ed  b y

A  =  n 3( l  — p)
in  th e  sim ple cubic la ttic e ,

A  =  2 n 3( l  —  p)

in  th e  b o d y -cen te red  cub ic  la ttic e ,

A  =  i n 3 ( l  —  p)  (14)

( 12)

(13)
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Fig. 1. Sketch of th e  a) simple cubic, v) body-centered cubic, c) face-centered cubic and 
d)  diam ond la ttice . T he full heavy  lines show the bonds directed inw ards from the surface 
(the plane of the  paper), the do tted  heavy lines the bonds directed outw ards from the surface. 

In  each figure one un it cell is m arked in th e  r igh t upper corner by  heavy lines
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T H E  T H EO R Y  OF M ELTING 3 8 7

in th e  face-cen tered  cubic la ttic e  and

A  =  n3 ( 1 —  p) (15)
in  th e  d iam ond  la ttic e .

O n th e  six  surfaces of th e  cubes th e re  a re  sim ilarly

A '  =  6n2 (1 — p)  (16)

a to m s in  th e  sim ple cubic (s. c.) case,

А '  =  6п*(1— р)  (17)

a to m s in  th e  h o d y -cen te red  cubic (b . c. c.) case,

A '  =  12n2 ( l  —  p) (18)

a to m s in  th e  face-cen te red  cubic (f. c. c.) case a n d

A '  =  Згс2 (1 — p)  (19)

a tom s in  th e  d iam o n d -ty p e  la ttic e  case.
E lim in a tin g  n from  eq u a tio n s  (12)— (15) a n d  th e  co rrespond ing  equ a tio n s 

(16)— (19), we h av e

A ’ =  6V1 — p  •A 213 (20)
for th e  s. c. la ttic e ,

A '  =  3 f2  ■ A 2!3 (21)
for th e  b . c. c. la tt ic e ,

A '  =  3 Y ï f ï - p  -A*l* (22)

for th e  f. c. c. la tt ic e , and

A '  =  3 |/T —p • A 2I3 (23)

for th e  d iam ond  la tt ic e . S u b s titu tin g  these  va lu es  a n d  (8)— (11) in to  (6) an d  (7) 
we o b ta in

. .  Az
N a a  =  - 2 (1 - p )

N a v - Az P  + ( !  — P )

(24)

(25)
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fo r th e  s. c. la ttic e ,

N  — ^ Z ^ A A  -  2

^A V  — A z

(1 - P )

p  +  3(1 — p)

1 — 3 [ L - p ]
1 4 A  )

l l - p
4 A

fo r th e  b . c. c. la tt ic e ,

T.T A z  .

n a a  =  ( !  -  p )

N a v  =  A z P +  ( 1 ~ P )

fo r th e  f. c. c. la tt ic e  an d

A z
N Aa  =  - ^ - ( 1 - P )

3 л
1 — /  l ~ P

1 2 1 A

N a v  =  A z

fo r th e  d iam ond  la ttic e .

P  +  о (1 -  P) 1 — P
A

(27)

(28)

(29)

(30)

(31)

( 2 6 )

4. D e te rm in a tio n  o f  E AA an d  E AV

T h e essen tia l fe a tu re  o f  th e  m e th o d  will be th e  d e te rm in a tio n  o f  E a a  
a n d  E a v  as fu n c tio n s of th e  v ac a n c y  co n cen tra tio n  p  a n d  o f th e  size n  o f the  
b lo ck . T he usu a l th eo rie s  o f solids do n o t tak e  in to  acco u n t th e  fin iten ess  of 
th e  c ry s ta l  b lock . I n  fa c t th e  effect o f  th is  fin iten ess  m a y  c o n tr ib u te  a v e ry  
sm all co rrec tive  te rm  o n ly  to  th e  to ta l  energy  of th e  b lo ck . On th e  o th e r  han d , 
we a re  n o t  in te re s te d  п о л у  in  th e  to ta l  energy , b u t  in  th e  —  re la tiv e ly  sm all — 
ch an g e  o f  th is  en e rg y  w ith  p  an d  n,  a n d  th u s  we h av e  to  use a m odel w hich 
can  acco u n t for th e  f in iten ess  o f th e  b lock .

I n  prev ious c ru d e  LCAO MO calcu la tio n s we could  b u ild  up  such  a m odel 
in  th e  case o f a lin e a r  ch a in  [5]. A ccord ing  to  th a t  w o rk  we have for th e  b in d 
in g  en e rg y  o f a lin e a r  chain  o f  к  sim ila r a tom s

E k =  2ß
71

sin
2 ( k  + 1 )

( 3 2 )
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if  we suppose к to  be even , ß  is th e  (n ega tive) exchange in te g ra l be tw een  tw o  
n ea rest ne ighbours in  th e  cha in . F o r к  o d d  we get a s im ila r  fo rm ula :

2ß ctg
2(к +  1)

(33)

(32) an d  (33) differ only  v e ry  l i ttle  i f  к is n o t  too  sm all. F o r  sim p lic ity  we shall 
use th ro u g h o u t th is  a rtic le  (32), i. e. we suppose к to  be even .

Now we consider th e  lin ea r  analogue o f  a fin ite  c ry s ta l  b lock  w ith  v a c a n 
cies. The v acan cy  m eans in  th e  lin ea r case th a t  th e  chain  is b ro k en  a t  th e  p lace 
of th e  v acan cy . Suppose th e  to ta l  n u m b e r  o f a tom s in  th e  chain  to  be N  and  
th e  n u m b er o f vacancies in  i t  j .  In  th is  case the  chain  is b roken  in to  j  +  1 
p a r ts . The i- th  p a r t  shou ld  co n ta in  fc, a to m s. T hen, o b v io u sly , we have

2 4  =  IV. (34)
1=1

In  th e  n ea re s t-n e ig h b o u r a p p ro x im a tio n  th is  s tru c tu re  co rresponds to  
7 +  1 in d ep en d en t chains, each  co n ta in in g  k, a tom s. T he to ta l  b ind ing  energy  
will be th e  sum  o f th e  energ ies o f th e  /  +  1 chains, i. e. from  (32):

£  =  2 + , ,  =  2/1 
! =  I

The v acan cy  c o n cen tra tio n  is here

J-! 1 \
i^ i

2 Ik, +  1)

(35)

P  =
j

N  +  j  ’
(36)

w hich we suppose in th e  lin e a r  chain  to  be th e  sam e as in  th e  th ree -d im en sio n a l 
c ry sta l.

F o r given N  an d  p ,  E  h as  a w ell-de te rm ined  range  o f  v a ria tio n , w hich  is 
given by  th e  m in im um  an d  m ax im um  o f th e  expression  (35) for all possib le 
v a ria tio n s  o f  th e  к,- co m p a tib le  w ith  (34).

A ccording to  th e  ru les o f  ca lcu la tin g  th e  cond itio n a l ex trem u m  we h av e  
to  solve th e  follow ing sy s tem  o f eq u a tio n s:

or.

3k,
+  Я — 0, (i — 1 ,2 ,- ■ •,/ +  !), (37)

j+ i
2  k i =  N > (34)
i=i

w here Я is a L agrange m u ltip lie r.
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As we see from  (35), £  is a sy m m etrica l fu n c tio n  in  a ll к,- an d  so u sin g  
(37) all к, a re  eq u a l a t  th e  e x tre m u m . (34) gives now  for th e  ex trem u m

k,
N

j +  1

1

+  !)

and  s u b s ti tu t in g  th is  in to  (35):

E 1 =  2 ß ( j  +  1 ) ~
sin  -

L 2 ( N + j + l )

In tro d u c in g  p  in s te a d  o f j  w ith  help  o f (36) we have

E t =  2 ß N

(38)

(39)

P  ■ +  —  
1 - p  N

Г 1 л
71 p 1 ~ p

P  1 N

2 [ l ! 1 ~ p
X

(40)

(40) gives one en d  o f  th e  ra n g e  o f  v a ria tio n  o f  E .  T he o th e r en d  o f  the  range is 
g iven b y  th e  en d  o f  th e  d o m a in  o f  th e  v a riab le s , i. e. w ith  o u r  conven tion  th a t  
a ll к  sh o u ld  be even , b y

& , = £ . ,  =  • • •  =  kj =  2, k j+l =  N  — 2j .

S u b s titu tin g  th is  in to  (35) w e get for th e  o th e r  ex trem u m  o f E:

1
E„ =  2ß

or exp ressed  b y  p  in s tead  o f  b y  j

Jl
sin

2(ЛГ -  2j  +  1)

(41)

(42)

E 2 =  2 ß N
1

1 \T  + N  sir
2 N 1 — 3 p  

1 - P

1

~N

(43)

T he d is tr ib u tio n  o f th e  v acan c ies  in  th e  ch a in  is ran d o m  a n d  th e  energy o f th e  
sy stem  is e s tab lish ed  b y  a su ita b le  av erag in g . B u t Е г a n d  E 2 do no t d iffer 
v e ry  m u ch , i f  N  is n o t to o  sm all, so th a t  i t  does n o t m a tte r ,  in  w hat w ay  we 
p e rfo rm  th e  averag ing . T h u s  we ta k e  th e  a r ith m e tic a l m ean  o f  E t and E 2 as 
th e  av e rag e :
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E  = __E t +  E t _ 2 ß N 1

2 N
л

2 N

P
l  — p

1
lV

2 si
P  +

1 -

N

1 3 p
1 — p

1

N

1

N

(44)

sm 1 -
N

E x p an d in g  (44) in  aT ay lo r-se ries  in  powers o f — an d  re ta in in g  only  one.

te rm  in  th e  expansion , we have f in a lly :

E = 2 ß N 1 — 3 p

2(1 — p )  s in
n p л(1  - p )

1
f

1 -
1 1

n p i 1 —  P ) c t g - ^ -  ^

N 71 2 sin *P 4 sin  -  P -
2 2 ^ J

(45)

T h is average en e rg y  can be in te rp re te d  acco rd in g  to  eq u a tio n  (4) in  th e  
follow ing w ay. The n u m b e r of a to m -a to m  bonds is in  th is  linear case :

(46)

since each  group of kj a to m s co n ta in s  fc,- —  1 a to m -a to m  bonds.
S im ilarly , each g roup  has 2 a to m -v acan cy  b o n d s , one a t  each  end , and  

so we h av e  for th e  n u m b e r o f th e  a to m -v acan cy  b o n d s

N Av —  2 — 2 (j +  1 )=  2 N
i= i

E q u a tio n  (4) is th e re fo re  in  th e  lin e a r  case: 

E  =  N
1 -  2 p

1 - 7

1

N
E a a  +  2 N

P 1

1 — P N

P 1

1 - P ’ N
JAV

(47)

(48)
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W e assum e now  th a t  E AV, th e  in te ra c tio n  en e rg y  betw een  a n  a to m  and 
a v acan cy , does n o t depend  on N  a n d  p .  Едд,  on th e  c o n tra ry , d ep en d s  essen
tia lly  on b o th  th e se  va riab les .

H ow ever, we can  assum e th a t  in  an  ideal c ry s ta l, i. e. i f  p  =  0, th e  bonds 
a re  in d e p e n d e n t o f th e  size o f  th e  c ry s ta l, i. e.

Е а а ( М , 0 ) = Е а а ( ж , 0 ) .  (49)

W ith  th ese  assu m p tio n s we sh a ll now  com pare  (45) an d  (48) a t  th e  p o in t 

P  =  0:

[ i - L e a a ( ° ° ’ 0) +  E a v  — 2ß
2 1 I

<N

1i-H

N л N Л

Since th is  e q u a lity  ho lds fo r a ll N,  i t  holds fo r  th e  te rm s n o t  conta in ing
1 1“ an d  fo r th o se  co n ta in in g  — se p a ra te ly :

E a a  ° )  =
4/3

e a a ( ° ° ,  0) +  2E a v  — — 2/3 1
л

(51)

(52)

(51) is th e  w ell-know n re su lt fo r a n  id ea l c ry s ta l. E lim in a tin g  E AA( °o , 0) from  
(51) an d  (52) we get for E AV:

4
E A V = ß -  1

n
(53)

S u b s titu tin g  th is  v a lue  in to  (48) an d  co m p arin g  i t  now  w ith  (45), neg lect

in g  pow ers o f — h igher th a n  th e  f ir s t  one, we h av e  for E AA:

e a a  —
2(1 2p)  sin

л р 1 — 2p  7r(l — 2p)

1

~N
(!  — jP)(2 +  p)  P ^ — P)

л ( \  — 2 p ) 2 (1 -  2p Y
( 5 4 )

(1 -  p f

2(1 -  2p)2 sin
л р +

M 1 — p ) 2 c tg - y -  ^ 

4(1 -  2p )  sin  - y -
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W e n o te  th a t  in (54) N  m eans th e  n u m b e r of a to m s p re se n t in  th e  ch a in . 
To conform  w ith  th e  p rev ious n o ta tio n  (equ . (12)—(15)), w here re w as th e  
n u m b er of u n i t  cells a long  an  edge of th e  c ry s ta llite , we h a v e  to  express N  in  
(54) in  te rm s o f re in  a w ay  depend ing  on  th e  crystal s tru c tu re .

5. E nerg ies for the  v a rious crystal s tru c tu re s

W ith  th e  re su lts  o f th e  la s t  tw o  sec tions we can w rite  dow n th e  energ ies 
o f th e  c ry sta ls  as fu n c tio n s o f re and  p.

In  th e  case o f  a sim ple cubic la ttic e  th e  chains co n ta in in g  th e  n e a re s t 
ne ighbours are p a ra lle l to  th e  edge o f th e  cube and so th e  n u m b e r o f a to m s  in  
one chain , N ,  is co nnec ted  w ith  th e  n u m b e r  o f cells in  th e  sam e d ire c tio n , 
re, b y

IV =  n (l —  p ) . (55)

1 .F u rth e r , we have  to  in tro d u ce  — in s tead  o f
re

/  - — T  in  (24) and  (25) u sing
' A

eq u a tio n  (12).
In  th is  w ay  we o b ta in  b y  su b s titu tin g  (24), (25), (53) an d  (54) in to  (4)

1
an d  neg lec ting  te rm s o f o r d e r ----or h igher,

re2

E  =  ß A z
1

1 -  2p
P~ H---------- ( 1  -  i p  - P 2)

71
P ( !  -  P)

2 sin  — —
2 )

(
(1 - Р Г *

«oi1 — 2P ?
1 — 4p 2p2 ---------(1 — 8jо -j- 2j92)

V
71

(56)

1  —  2 p  +  2 p 2

9  • nP l  sin
+

л  ■ л Р4 s in ——-

for th e  s. c. la ttic e , w here we in tro d u ced  re0, th e  value o f  re a t  zero v a c a n c y  
co n cen tra tio n  b y

re0 =  rejA 1 — p  . (57)
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In  th e  case o f a b o d y -cen te red  cub ic  la ttic e  th e  ch a in s  con ta in in g  th e  
n e a re s t n e ig h b o u rs  are p a ra lle l to  the  b o d y  d iagonal o f  th e  cube. The ch a in s  
are  there fo re  o f  d iffe ren t le n g th . As one can  ca lcu la te  easily , th e  average le n g th  

1
o f  a chain  is y =  -tim es th a t  o f  th e  edge o f th e  cube. T hus th e  average n u m b e r

o f  a tom s in  th e  chain , N,  is connected  w ith  th e  n u m b er o f  cells along an  edge, 
n,  b y

N
2 n

( 1 - p ) , (58)

w here we h a v e  ta k e n  in to  acco u n t, t h a t  th e  n ea re s t-n e ig h b o u r d is tan ce  is

K ? . tim es t h a t  o f  th e  edge o f  th e  un it cell. So we h av e , rep lac ing  

1

2(1 — p)

b y —  acco rd in g  to  (13), s u b s ti tu tin g  (26), (27), (53) an d  (54) in to  (4) an d  neg- 
n

1
lec ting  te rm s o f  o rd er — , o r h igher: 

re2

E  =  ß A z
1

1 -  2p
P 2 +  —  (1 — 4 p  — p 2) +  —  ̂  P )

71 2 s in
n p

~ 2 ~  J

3 ( 1 - р Г  I !
2 n 0( l  -  2p f

4p +  2p2 --------- (1 — 8P +  2p 2)
71

(59)

1 — 2p  +  2
лр{1 p ) ( l  -  2 p ) c t g - ^ -  ^

2 sir
л р 4 sin  -

u p

for the  b . c. c. la ttic e . N ote  t h a t  (56) for th e  s. c. la ttic e  a n d  (59) for th e  b . c. c.
3

la ttice  d iffer o n ly  in th a t  th e  second te rm  in  th e  square  b ra c k e t is - - tim es as

large in  (59) as th e  co rrespond ing  te rm  in  (56).
In  th e  case of a face -cen te red  cubic la ttic e  th e  ch a in s  o f nearest n e ig h 

bours are  p a ra lle l to  th e  d iagonals o f th e  faces of th e  cube . The chains are
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ag a in  o f d iffe ren t le n g th . A s tra ig h tfo rw a rd  c a lcu la tio n  shows t h a t  th e  av e rag e
1

len g th  o f a chain  is in  th is  case y=- -tim es t h a t  o f  th e  edge o f  th e  cube.

T he average  n u m b e r o f a to m s in  th e  ch a in , N,  is th e re fo re  co nnec ted  
w ith  th e  n u m b er o f cells along an  edge, n, b y

N  =  n ( l  — p )  , (60)

w here we h av e  ta k e n  in to  acco u n t, th a t  th e  n ea re s t-n e ig h b o u r d istance  is
3

1

n
-tim es th a t  o f th e  edge of th e  u n it cell. So we have, rep lac in g  

1

4(1 — p )

b y  —  accord ing  to  (14), su b s ti tu tin g  (28), (29), (53) an d  (54) in to  (4) an d  neg lec t-
n

m g te rm s o f o rd er highe

E  =  ß A z
1 — 2 p

( 1 - 4 p  —  p 2) И 1 -  P)

2 s i r  n p
2 1

( 1 - P ) 4'3 

no(! -  2p )2
1 I p  f 2 p - --------  (1 8p  : 2j>-) (61)

1  —  2 p  - f -  2p 2
n p ( l  -  p ) ( l  -  2p)  ctg

n p

2 sin
n p
2~

4 s in
n p
2

for th e  f. c. c. la tt ic e . N ote  th a t  (56) for th e  s. c. la ttic e  and  (61) fo r th e  f. c. c* 
la ttic e  are  e n tire ly  th e  sam e, e x c e p t th a t  th e  connection  b e tw een  A  an d  n  
occurring  in  th ese  fo rm ulas is g iven  by  (12) in  th e  s. c. an d  b y  (14) in  th e  
f. c. c. case.

In  th e  d iam o n d  la ttic e  we c a n n o t select a lin ea r chain  tra n sv e rs in g  th e  
block. H ow ever, we can consider b ro k en  chains as seen in  F ig . 2. These chains 
co n ta in  th e  sam e n u m b e r of a to m s as th e  ch a in s  in  the  f. c. c. la ttic e  case. 
So th e  average  n u m b er o f a tom s in  th e  chain , N ,  is connected  w ith  th e  n u m b er
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Fig. 2. Sketch of the chains in a diam ond lattice

E  =  ß A z

(

1 — 2 p Л 9 • ЩP 2 srn
2 )

(
(1 - p Y

\
2„0(1 -  2p f

2 — 5 p  +  6p 2

9 • nPl  s in  — -—

3 — l i p  +  6 p 2 -------- (5 23p +  bp2)

+

л р (1  -  p ){ l  2p) e t  g " J  

2 sin ^

(62)

for th e  d iam o n d  la tt ic e .
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o f  cells a lo n g  an  edge, n , b y  th e  sam e fo rm u la  (60) as in  th e  f. c. c. la t t ic e  case.
3 _____

_p i
T hus rep lac in g  / — -A~ b y  —  acco rd ing  to  (15), su b s ti tu t in g  (30), (31), (53) and  

A  n
1

(54) in to  (4) an d  n eg lec tin g  te rm s o f  o rd e r  or h ig h er, we have:
n~
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6. The mixing entropy of the crystal

T he e n tro p y  o f an  a to m ic  system  can be b u ilt  up  o f p a r ts  o f various 
orig in . These are  o f  tw o k in d s . One p a r t  o f th e  en tro p y  is a fu n c tio n  of te m 
p e ra tu re , v a ry in g  re la tiv e ly  slow ly. This p a r t  is in d ep en d en t, or q u asi-inde
p e n d e n t of th e  v a rio u s phases ex is tin g  a t  th e  sam e te m p e ra tu re . The v ib ra 
tio n a l en tro p y  fo r in s tan ce  is o f  th is  k ind . The o th e r  p a r t  of th e  e n tro p y  depends, 
on  th e  o th e r h a n d , s ig n ifican tly  on th e  re sp ec tiv e  phases. This la t te r  p a r t m ay  
be on ly  a very  sm all frac tio n  o f  th e  to ta l  e n tro p y , b u t  its  change is m uch la rg e r 
th a n  th e  co rrespond ing  change in  th e  o th e r p a r ts  o f th e  e n tro p y  in  case o f a 
change of phase.

W e consider here  th e  v acan c ies  as th e  causes of m elting , th u s  i t  is obvious 
th a t  we have to  in v es tig a te  t h a t  p a r t  of th e  e n tro p y  w hich h a s  its  origin in  
th e  vacancies. T h is is th e  sam e e n tro p y  of m ix in g  w hich occurs in  d iso rdered  
alloys. In  our n o ta tio n  th is  e n tro p y  is given b y

S к log (A  +  V )l 
A ! V \

(63)

w here к is th e  B o ltzm an n  c o n s ta n t.
In  th e  S tirlin g  ap p ro x im a tio n  th is  gives

s  =  Щ А  +  B) log И  +  V) -  A  log A  -  V  log V] 

1 '  ' .  f -  lo g .  P
p  1 - p  1

A k
1 lo g “

p  1
(64)

=  -  A k log (! P) lo g p

w here we have m ad e  use o f eq u . (3).
E q u a tio n  (64) gives th e  f ir s t  a p p ro x im a tio n  o f th e  en tro p y  o n ly . A pply ing  

th e  n e x t ap p ro x im a tio n  in th e  S tirlin g  fo rm ula  to  equ. (63) th e  second a p p ro 
x im a tio n  is o b ta in e d  w hich gives in  th e  sq u a re  b ra c k e t of e q u . (64) a te rm  

1 . 1
p ro p o rtio n a l to  , th a t  is t o ---- . As th e  w hole ca lcu la tion  is c a rr ied  ou t to  th e

A  ng
1

f irs t  o rder in —  on ly , we can to ta l ly  neglect in  th is  ap p ro x im a tio n  th e  change 
n0

of th e  en tro p y  w ith  th e  b lock size. S im ilarly , th e  difference b e tw een  th e  inner 
a to m s o f th e  b lo ck  an d  th e  a to m s on th e  su rface  is expressed  b y  a te rm  pro- 

1
p o rtio n a l t o ----, w h ich  we can ag a in  neglect in  o u r a p p ro x im a tio n .

n'o
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7 . T h e  f re e  e n e rg y  o f  th e  Ы о ек  s t r u c tu r e

In  th e  p reced in g  sec tion  we considered  a b lock  o f  th e  c ry s ta l consisting  
of a b o u t Mq a to m s. N ow  th e  question  arises, w h e th e r n 0 has or has n o t  a fin ite  
value in  th e  eq u ilib riu m  s ta te . In  o th e r  w ords, th e  q u es tio n  is w h e th e r in  eq u i
lib riu m  th e  c ry s ta l h as  a fin ite  b lock  size or an  in f in ite  one.

T h e  s tra ig h tfo rw a rd  w ay to  decide  th is  p rob lem  is to  in v es tig a te  th e  free 
energy  o f  th e  sy s tem . I f  one could  show  th a t  th e  free energy decreases b y  
b re a k in g  th e  c ry s ta l in to  sm aller b locks, th e  eq u ilib riu m  s ta te  w ould be th is 
la t te r .  A  n a tu ra l  t r e a tm e n t  of th e  p ro b lem  w ould  be to  show  th a t  th e  free 
energy  o f  th e  c ry s ta l h a s  a m in im um  a t  some f in ite  v a lu e  of n 0. T here  h as  been 
till  now  n o  p o ssib ility  o f  show ing th is  in  general in  th e  th ree -d im en sio n a l case. 
The p re se n t w ork is n o t  ab le e ith e r to  show  th is , since here  all ca lcu la tio n s are

1
carried  th ro u g h  in  ap p ro x im a tio n s  to  th e  f irs t pow er o f — -only so t h a t  th ere

no
is no p o ss ib ility  o f  g e ttin g  a fin ite  ex trem e  value fo r n 0.

In s te a d , we show  in  a linear case th a t  th e  ch a in  rea lly  has a m in im um  
free e n e rg y  if  i t  is sliced  in to  sm alle r chains o f  d e f in ite  leng ths a n d  on the  
ana logy  o f  th is  we conclude th a t  th e  sam e is tru e  in  th e  sp a tia l case.

L e t us suppose t h a t  we have  a lin ea r  chain  o f  N  a tom s as in  sec tio n  4. 
This c h a in  be b ro k e n  in to  j  1 p a r ts  co n ta in in g  fel5 k 2, . . . ,  k j +i a tom s, 
re sp ec tiv e ly . T hen  eq u . (34) holds a n d  th e  to ta l  en e rg y  o f th e  ch a in  is given 
by  eq u . (35).

As th e  energy  (35) depends on  th e  sum  of th e  energ ies of th e  j  +  1 chains, 
th e  th e rm o d y n a m ic  p ro b a b ility , i. e. th e  n u m b er o f th e  m icro -d is trib u tio n s is

W  =
N \

0 + 1 ) ! , (65)
L ! L ! L !Kl- K2- ••• Kj+1-

since th e  j  -f- 1 ch a in s  m ay  be in te rc h a n g e d . The free energy  of th e  system  is 
th e re fo re  from  (35) a n d  (65):

1
F = E - T S = E - k T  log W  =  2ß

г i+l 
V

k T log N ! +  log(j - f -1)!

2ß
7 + 1 

2 "

2 ( * ! + l )

x ’ b g fc ,!
1 = 1

- 7 - 1

1

71

Щ ,  + 1)

(66)

k T
7 + 1

log .T(iV +  1) +  log  r ( j  +  2) -  jy - lo g  Г(к, +  1)

w here Г (х )  deno tes th e  gam m a fu n c tio n  of a rg u m e n t x.

Acta P hys. Hung. Tom. X I I I .  Fasc. 4.



T H E  T H E O R Y  O F M ELTING 3 9 9

In  th e  eq u ilib riu m  s ta te  the  en e rg y  has a m in im u m  w ith  re sp e c t to  
к г, k 2, . . . , k j +1 a n d  w ith  resp ec t to  j .  F irs t we consider th e  m in im a  w ith  
re sp ec t to  k v  fc2, . . k j+1. H ere we h a v e  to  solve th e  co n d itio n a l m in im u m
prob lem , w here th e  cond itio n  is given b y  equ . (34). W e h a v e  th u s  in  th e  u su a l 
m a n n e r , i f  Я is a L agrange m u ltip lie r:

Л
Ctg

9  F  . nß

d k t (ki +  l ) 2
2(fc, +  1)

лsin

(67)
2 (ki +  1)

+  k T  V(ki)  -  Я =  0, (i =  1 , 2 +  1),

w here 4J(x) is th e  lo g arith m ic  d e riv a tiv e  o f th e  Г (х - \ -  l) -fu n c tio n . As th e  j  -f-1 
eq u a tio n s  in  (67) are all o f th e  sam e fo rm , we easily  o b ta in

fe, =  —---- —  , (i =  1, 2,...,jf +  1), (68)
7 +  1

w here we have m ade use o f th e  co n d ition  (34). S u b s titu tin g  (68) in to  (66) we 
have:

1
F  =  2 ß ( j  +  1)

N

j + 1

k T log F ( N  +  I) +  log T ( j  +  2) -  ( j  +  1) log Г

1

N

7 + 1

(69)

1

W e seek th e  m in im um  o f F  given b y  (69) w ith  re sp ec t to  j ,  i. e. w e have  
to  d e te rm in e  j  from  th e  e q u a tio n :

a F

Qj
2ß

ctg

л
N

sm

л N
N

7 + i и  + 1)

+  i

k T

71

2 N
+  1

7 +  1
71

2 N
+  1

j  + 1

N

(70)

Í N N

( 7  +  I 7 +  1

+ ( /  +  ! ) - log Г  I / ■  +  1
J +  1

=  0.

+
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L e t us den o te  fo r th e  m om ent b y
N-------- =  n

j  +  1
( 71 )

th e  n u m b er o f  a to m s  in  th e  s h o r t  chains in to  w h ich  th e  long  ch a in  is b roken . 
E q u a tio n  (70) m a y  th e n  easily  be solved for T  a n d  m ay  be w ritte n

1 — sin
2(n +  1) 2 (n +  l ) 2

c tg
2 (n +  1)

sin
2 (n +  1)

4>
N

+  n n ) — log Г ( п  +  1)
(72)

The te m p e ra tu re  co rrespond ing  to  an y  v a lu e  o f  n m ay  be  easily  ca lcu la ted  
i f  we ta k e  in to  a c c o u n t, th a t  th e  p a ra m e te r  N  occurs on ly  in  one te rm  in  th e  
d e n o m in a to r. T h e  re su lts  o f th e  ca lcu la tio n  a re  show n in  F ig . 3. To m ake th e

Fig. 3. Values of n  for the m inim um  free energy a t d ifferen t tem pera tu res for a linear chain
b u ilt of copper a tom s
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order o f m ag n itu d e  o f th e  te m p e ra tu re  a n d  n p e rcep tib le , we h av e  ta k e n  in  
th e  F ig u re  fo r ß  th e  v a lu e  — 1,76 ev /m ol. C onsidering th e  s itu a tio n  a t  f ix ed  
te m p e ra tu re s  th e re  are  tw o po in ts  o f  th e  curves a t  each  te m p e ra tu re . The 
low er p o in t co rresponds to  a m ax im u m  o f th e  free en erg y  an d  th e  h ig h e r to  
th e  m in im u m  o f th e  free energy .

M oreover from  F ig . 3 one m a y  see th a t  a t  n o t to o  h igh  te m p e ra tu re s  
(low er th a n  500° К  in  th e  Fig.) each  n  co rresponds to  a v e ry  n a rro w  te m p e ra 
tu re  in te rv a l in  a large in te rv a l o f N .  T h is m eans, t h a t  a p p ro x im a te ly  we h av e  
a un ique  re la tio n  n (T )  irre sp ec tiv e  o f  th e  v alue  o f  N .  T his w ould  m ean  th a t  
a t  a fix ed  te m p e ra tu re  all chains are b ro k en  in to  sm all chains o f len g th s  n (T )  
w h a te v e r  th e  len g th  o f th e  whole cha in .

T hese re su lts  show  th a t  in  a lin ea r  chain  th e  free energy  has a m in im um , 
if  th e  chain  is b roken  in to  sm aller cha ins. To m ake th e  sam e c a lcu la tio n  for 
th e  p la n a r  or th e  sp a tia l case w ould  be , how ever, v e ry  in v o lved  an d  so w e 
re s tr ic t ourselves here  to  suggest th a t  b y  analogy  we m ay  suppose th a t  th e  
free energy  is low ered b y  th e  b lock  fo rm a tio n  even in  th e  p la n a r or th e  sp a tia l 
case. F o r th e  sake o f s im p lic ity  we assum e fu r th e r  th a t  th e  p a ra m e te r  o f  th is  
b lock re0 is in d ep en d en t o f  th e  te m p e ra tu re .

8. The energy — en tropy  curve

F o rm u las  (56)— (62) an d  (64) allow  us to  in v e s tig a te  th e  b e h a v io u r  o f 
th e  energy  an d  e n tro p y  as func tions o f  th e  v acan cy  c o n cen tra tio n . (56), (59), 
(61) and (62) can be w ritte n  in  a com m on form :

e(p, n 0) --
ß A z =  f ( p ) g (p ),

w h e re /(p )  is fo r all four la ttic e  ty p es  th e  sam e:

f ( p )
2 P

( 1 - 4 p -  p 2) P f1 -  P) 
9 nP

(73)

(74)

g(p)  is th e  sam e for th e  s. c., th e  b . c. c. an d  th e  f. c. c. la ttic e :

§(P)
( 1 - P ) 4,S
(1 2p)2

1 -  4p +  2p2 --------(1 — 8p +  2p2)
n

n p
(75)

1 - 2 ,  + гр» — Р)(1-ЗД«*8 2
л • nP  4 s in  ——

n p
2
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2n 0
W e re m a rk  th a t  in  th e  b. с. c. case n 0 has to  be rep laced  b y ———. F o r  the  d ia 

m o n d  la ttic e  we h av e :

g(p)
(1 - f )4'3
2(1 -  2pY 3 -  11/j +  6P °-------  (5 -  23p +  6p 2)

7Í

n p
2 ~ S P + 6P -- 2

9 • ЛР2 sin  ——
2

+
9  • nP2 s in  ——

(76)

F o r  th e  sake o f  com pleteness we re -w rite  here th e  fo rm ula  for th e  e n tro p y  to o ,

<P)
A k

= -  -  P) -  lo g P- (77)

O u r th e rm o d y n a m ic  func tions a re  now  th e  fo llow ing: th e  in te rn a l energy  o f 
th e  system  e (p , n 0), a fu n c tio n  o f  th e  v a c a n c y  co n cen tra tio n , p ,  on ly , if  n 0 is 
h e ld  c o n s ta n t; th e  e n tro p y  o f  th e  system , s(p),  again  a fu n c tio n  o f  p  only  i f  
w e d isregard  th e  slow change o f  th e  e n tro p y  w ith  te m p e ra tu re . I n  our w hole 
t r e a tm e n t  we d ea l w ith  th e  case o f  zero p ressu re . T his is c e rta in ly  adm issib le 
in  th e  solid s ta te  an d  we suppose  th a t  we do n o t m ake a la rge  e rro r  if  we hold 
th is  su p p o sitio n  to  be valid  also fo r liqu ids in  th e  neighbourhood  o f  th e  m elting  
p o in t, i. e. we t r e a t  isobar m e ltin g  a t  zero p ressu re .

The v o lu m e  o f th e  c ry s ta llite  can  be exp ressed  b y  (12)— (15) in  th e
fo rm

ло 
1 -

(78)

w here  v 0 is th e  vo lum e a t  zero  v acan cy  c o n c e n tra tio n , i. e. a t  ab so lu te  zero 
te m p e ra tu re . (73) an d  (77) give in  ad d itio n  th e  in te rn a l energy  a n d  th e  e n tro p y  
o f  th e  sy stem . T h e  general th e rm o d y n a m ic  re la tio n s  [7] give now  th e  following 
re su lts . T he ab so lu te  te m p e ra tu re  is given b y

3s
dp

( 79 )
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T h e specific  h e a t a t  co n stan t zero p ressu re  has a n  ad d itiv e  c o n tr ib u tio n  from  E  
( th e  m a jo r p a r t  o f  i t  o rig in a tin g  from  th e  v ib ra tio n a l m o tio n  o f  th e  a to m s, 
su p p o sed  to  be th e  sam e in  th e  solid an d  in  th e  liq u id  p hase). T his c o n tr i
b u tio n  is:

3 E
Э Е  \ dp

T  )p=o 9 Í
3 E /  3s

dp \ dp /  dp

de j 3s 2

dp 1 dp
Э2 e 8 s de d2 s
dp2 dp dp dp2

(80)

E q u s . (78)— (80) a re  suffic ien t to  describe th e  b eh av io u r o f th e  sy stem .
F o r a specified  n 0 we can n o w  p lo t th e  e — s curve. W e give here  a som e

w h a t d e ta iled  d iscussion  of th e  b e h a v io u r  o f th is  cu rve , since i t  is o f  ve ry  g rea t 
im p o rtan ce  for th e  considera tions fu r th e r  below .

A ccording to  (79) th e  a b so lu te  te m p e ra tu re  is p ro p o rtio n a l to  th e  t a n 
g en t o f  th e  e— s cu rv e .

W e have to  n o te , th a t  th e  n 0 occurring  in  th e  form ulas a f te r  (73) are th e  
sam e as th e  n 0 b efo re  th is  fo rm u la  b u t  w ith  a rev ersed  sign. T h is m eans th a t  
one m u s t n o t a t t r ib u te  too g rea t an  im p o rtan ce  to  th e  in te rp re ta t io n  o f n 0 
as th e  n u m b er o f cells in  a specified  d irec tion . In d eed , th e  follow ing discussion 
show s th a t  n 0 occu rrin g  in  th e  fo rm ulas a f te r  (73) tak es  on p o sitiv e  values 
th ro u g h o u t an d  th is  w ould m ean  a nega tive  n u m b e r o f cells in  th e  sy stem . 
F o r th e  m om ent le t  us d isregard  th e  m ean ing  o f  n 0 an d  m ak e  th e  analysis 
w ith  n 0 as a sim ple p a ra m e te r  w ith o u t an y  specific  m eaning. F u r th e r  we have  
to  n o te  th a t  (79) ho lds only, i f  w e suppose ß  to  be in d ep en d en t o f th e  te m 
p e ra tu re . This is n o t  th e  case in  re a li ty . In  sp ite  o f  th is  we m ak e  ou r ca lcu la
tio n s in d ep en d en t o f  th e  v a ria tio n  o f  ß  and  for th e  sake of s im p lic ity  we m ake 
a co rrec tion  in  th e  la s t  step  o f th e  discussion on ly .

As ß  is n e g a tiv e , only th o se  p a r ts  o f th e  curve are feasib le  in  w hich  
Эе 3s Эе / 8s
- —j  is also n eg a tiv e . The p a r ts  w ith  — po sitiv e  arc n o t p o in ts  o fth e rm o -

Эе / 8s
d v n am ic  eq u ilib rium . M oreover, i f  th e  curve has a p a r t ,  w h ere----  — is positive ,

д р /  8  p
i t  m u s t have m ore th a n  one m in im u m  (the p o in t s =  0 is c e rta in ly  a m in im um  
belonging  to  p  0). T his w ould m ean  th a t  th e  c ry s ta l has a m e ta s ta b le  s ta te  
a t  som e v acan cy  co n cen tra tio n  d iffe ren t from  0. T his we shou ld  exclude —  a t  
le a s t fo r o rd in a ry  p u re  m etals. S u ch  an  exclusion  im poses th e  co n d ition

3 Acta Phys. Hung. Тот. X I I I .  Fasc. 4.



4 0 4 T. A. HOFFM ANN

9 e  /  0S

a long  th e  w hole cu rv e . 
As

/9p l  dp

9s 

9P
l°g  P

( 8 1 )

(82)
(1 - P ) 2

is alw ays p o sitiv e , ta k in g  in to  acco u n t (73), th is  m ean s , th a t  th e  in e q u a lity

df  1  Э е
— -)------------ 2 -  0

d p  n0 dp

3g  .

(83)

sh o u ld  hold  a long  th e  w hole cu rve. Since ----- is n e g a tiv e  everyw here, th is  con-
9P

d f
d itio n  is fu lfilled  in  th e  w hole ran g e , w here ------ is n eg a tiv e  (sm all p -v a lu e s ) .

3 /
dp

In  th e  range, w here —— is positive , re0 m u st be su b je c t to  an  ad d itio n a l cond i

tio n , nam ely

dp

3 /
dp

(84)

3g d f
everyw here  in  th is  range.-— —  is a fu n c tio n  o f p ,  w hich has a m in im um  in

dp dp
th is  ran g e . T herefo re  th e  cond ition  (84) is fu lfilled  everyw here, if  i t  is fulfilled 
a t  th e  m in im um . T he curve  is given for th e  cubic a n d  diam ond ty p e  la ttic e s  
in  F ig . 4. T his cu rve  has a m in im um  a t  som e v alue  o f  p .  A ccording to  (84)
th is  m eans, t h a t  th e re  is a m ax im u m  v alue  for n 0, n am e ly  th e  v a lu e  a t  th is
m in im um . This is

n 0 =  11,08 (85)

fo r th e  cubic la ttic e s  and
n 0 =  10,75 (86)

fo r th e  d iam ond  la tt ic e .
I f  one d isreg a rd s th e  sign o f n 0, one o b ta in s , u sin g  equ. (12)— (15) and 

(57), th a t  th e  m a x im u m  v alue  o f  a to m s in  a b lock  o f  th e  crysta llite  is

for th e  sim ple cubic  la ttic e ,
A  =  1360 

A  =  2721

(87)

( 88)
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for th e  b o d y -cen te red  cubic la ttic e ,

fo r th e  face-cen te red  cubic la t t ic e  and

A  =  1242 (90)
for th e  d iam ond  la ttic e .

F u r th e r  in v es tig a tio n  o f  th e  e— s cu rve  show s th a t  fo r  a ce rta in  ra n g e  
o f n 0 i t  has tw o  inflex ion  p o in ts , w hereas fo r o th e r va lu es  o f  n 0 it  has no

A  =  5441 ( 89 )

Fig. 4. The m axim um  value for n0 for the cubic and  for the d iam ond-type lattices

in flex ion  po in ts  a t  all. I f  th e  curve e— s h a s  tw o po in ts o f  in flex ion , i t  is 
possible to  fin d  a com m on ta n g e n t to  tw o p o in ts  o f th e  cu rv e , w hereas in  th e  
o th e r  case each  ta n g e n t has o n ly  one p o in t o f  c o n ta c t on th e  cu rv e . W e sh a ll 
see la te r  th a t  a necessary  co n d itio n  for th e  ex istence  o f  a d e fin ite  m e ltin g  
p o in t is th e  occurrence of a d o u b le  ta n g e n t to  th e  e— s cu rv e . I n  th e  case o f n o  
in flex ion  po in ts  we conclude th a t  th e  so lid -liqu id  tra n s fo rm a tio n  is a c o n ti
nuous one ex ten d ed  over a w ide range o f te m p e ra tu re s . T h is p ro p e r ty  c h a ra c 
terizes th e  am o rp h o u s phases.

The ca lcu la tions show  th a t  th e  tw o in flex io n  po in ts e x is tin g  in th e  case 
o f n Q n o t m uch sm aller th a n  g iven  in  (85) a n d  (86) resp ., a p p ro a c h  each o th e r  
m ore an d  m ore w ith  decreasing  n 0. We can f in d  a value fo r n 0, w here th e  tw o  
inflex ion  po in ts  coincide (w here th e  second a n d  th ird  d e riv a tiv e s  of e w ith
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resp ec t to  s v an ish  a t  th e  sam e  p)  an d  i f  n 0 is less th a n  th is  value, th e  cu rve  
has no in flex io n  po in ts  a t  a ll.

T h is v a lu e  o f n 0 is fo r th e  cubic la ttic e s

n 0 =  4 ,5  (91)
an d  for th e  d iam o n d  la ttic e

«о =  4 Д . (92)

U sing equs. (12)— (15) an d  (57) we get fo r th e  m in im um  v a lu e  of a to m s in  th e  
c ry s ta l fo r a n o n -am o rp h o u s  m elting  process

A  =  91
fo r th e  sim ple  cubic la ttic e ,

A  =  183

for th e  b o d y -c e n te red  cub ic  la ttic e ,

A  =  365 (95)

for th e  face -cen te red  cubic la ttic e  and

A  =  69 (96)
for th e  d ia m o n d  la tt ic e .

T he f in a l conclusion can  be d raw n  th a t  th e  solids hav in g  n o rm a l d is
c o n tin u o u s  m eltin g  p ro p e rtie s  have su b c ry s ta llite s  o f  th e  size o f 91— 1360 
a to m s fo r th e  sim ple cubic la ttic e , o f 183— 2721 a tom s fo r  th e  b . c. c. la tt ic e , 
o f 365.—5441 a to m s, for th e  f. c. c. la tt ic e  an d  o f 69— 1242 atom s fo r th e  d ia 
m ond  la t t ic e .  T his re la tiv e ly  b ro ad  ra n g e  for th e  n u m b e r  o f a tom s gives an  
u n c e r ta in ty  in  th e  ca lcu la tio n  of th e  m e ltin g  te m p e ra tu re , since each  su b 
c ry s ta llite  size is co n n ec ted  w ith  a w ell-defined  m eltin g  p o in t.

T he re su lts  o f equs. (87)— (96) seem  to  give e x tra o rd in a r ily  low  v a lu es  
fo r th e  size o f  th e  c ry s ta llite  b locks. T h e  idea  o f such  in tr in s ic  c ry s ta l b locks 
is fam ilia r in  th e  lite ra tu re . A p a r t  from  th e  in v es tig a tio n s  o f  G. W .  S t e w a r t  [8] 
a b o u t th e  c y b o ta c tic  g ro u p s th e re  is som e th eo re tica l a n d  ex p erim en ta l ev id 
ence fo r th e  ex istence  o f  sm all in tr in s ic  blocks, even  in  th e  single c ry s ta ls . 
M. B o r n  [9] show s th a t  th e  consequen t q u a n tu m m e c h a n ic a l tre a tm e n t o f  th e  
dynam ics o f  a c ry s ta l la tt ic e  leads to  d ifficu lties w hich c a n n o t be solved unless 
an  in n e r b lo ck  s tru c tu re  is assum ed  in  th e  cry sta l. B o r n  determ ines a c ritica l 
n u m b e r o f  a to m s, z0, w hich  is the  m ax im u m  n u m b er o f  a to m s on one edge of 
an  idea l c ry s ta llite  block a t  abso lu te  zero  te m p e ra tu re . H e gets for th is  v a lue  
z0 =  500 fo r a lm o st an y  su b s ta n c e . F o r f in ite  te m p e ra tu re  th e  n u m b er o f a to m s 
on one edge o f  a c ry s ta llite  is accord ing  to  B o r n

(93)

(94)
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zo lh
0

2 T
(97)

w here в is th e  D ebye te m p e ra tu re  of th e  sub stan ce . T h is gives e. g. fo r  gold 
w ith  в =  170° К , a t  th e  m e ltin g  p o in t T m =  1336,2° К  a b o u t z =  30, "which 
is o f th e  sam e o rder of m a g n itu d e  as th e  v alue  (85). H ow ever, th e  m ean in g  
o f th e  b lock  in  B o r n ’s w ork  is n o t th e  sam e  as in  th e  p re se n t p aper. O u r b lock  
size nam ely  is in d ep en d en t o f  th e  te m p e ra tu re , w hereas B o r n ’s block d ecreases 
w ith  increasing  te m p e ra tu re , fu r th e r  o u r b lo ck  con ta in s v acancies too , w h ereas  
B o r n ’s b lock  is an  ideal one, w ith o u t a n y  la ttic e  defec ts .

R . F ü r t h  [10] has show n th a t  a n y  th e o ry  of m e ltin g , w hich ta k e s  in to  
accoun t id ea l c rysta ls  an d  tr ie s  to  ex p la in  th e  m elting  b y  th e  a n h a rm o n ic ity  
of th e  v ib ra tio n s , gives u n sa tis fa c to ry  re su lts  for the  m e ltin g  po in t. H e d raw s 
th e  conclusion th a t  th e  in tr in s ic  b lock  s tru c tu re  is e ssen tia l for a th e o ry  of 
m elting . In  a n o th e r p ap e r [11] he connects B r a g g ’s th e o ry  o f the  m ech an ica l 
s tre n g th  [12] w ith  th e  th e o ry  of m e ltin g . B r a g g  develops in  his p a p e r  th e  
th e o ry  o f th e  m echan ical s tre n g th  of solids assum ing  th e  ex istence  of an  in te rn a l  
b lock  s tru c tu re  in  th e  c ry s ta l an d  F ü r t h , connecting  th e  m elting  te m p e ra tu re  
w ith  th e  ex istence  of such  a b lock  s tru c tu re  concludes t h a t  th e  ev o lu tio n  of 
th is  b lock  s tru c tu re  is a s tru c tu re - in se n s itiv e , in trin sic  p ro p e r ty , as th e  m e ltin g  
p o in t is also in d ep en d en t o f  th e  h is to ry  o f  th e  sam ple e tc . In  co n tra s t to  th is , 
th e  m icro -crysta lline  m osaic s tru c tu re  (d ea lin g  w ith  la rg e r m icro -crysta ls  th a n  
those  m en tio n ed  above) is a s tru c tu re -sen s itiv e  p ro p e r ty  depend ing  v e ry  
s tro n g ly  on th e  p rev ious m echan ical, th e rm a l, etc . t r e a tm e n t  of the  sam p le .

As ex p e rim en ta l ev idence for th e  ex istence  of su b cry s ta llite s  o f  v e ry  
sm all d im ensions we m ay  q u o te  th e  in v es tig a tio n s  o f  W . A. W ood [13]. 
W ood and his co llabo ra to rs m ad e  X -ra y  s tru c tu re  in v es tig a tio n s  on quenched  
m eta ls . T h ey  found  th a t  defo rm ing  th ese  m eta ls  th e  c ry s ta llite  blocks can  be 
b ro k en  up  in to  sm aller su b c ry s ta llite  b locks, w hich h av e  a w ell-defined m in i
m al size, ch a rac te ris tic  fo r th e  m etal. T h is  supp o rts  th e  v iew  th a t  th is  su b 
c ry s ta llite  b lock  s tru c tu re  is an  in trin s ic  p ro p e rty  o f  th e  solid. R ecen tly , 
Simmons a n d  B aluffi [14] h av e  show n ex p e rim en ta lly  th e  existence o f  th e  
su b c ry s ta llite  blocks in  a lu m in iu m  and  in  silver.

C onsidering th e  liq u id  s ta te  th e re  is ex p erim en ta l evidence, e v a lu a te d  
b y  th e  E ö tv ö s  eq u a tio n , show ing  th a t  th e re  is a te n d e n c y  of a ssoc ia tion  in  
liq u id  m eta ls  n e a r th e  freezing  p o in t [15].

A s im ila r ten d en cy  o f  association  w as observed in  m e lts  of se len ium  b y  
P ro f. R i c h t e r  in  S tu ttg a r t  w ith  an  X -ra y  d iffrac tio n  te c h n iq u e  [16].

In  our op in ion  th e  sm all su b c ry s ta llite  blocks g iven  here  do n o t c o n s ti
tu te  d iffe ren t u n its  in  th e  c ry s ta llite , ob se rv ab le  b y  o p tica l o r X -ray  m e th o d s , 
because th e  la ttic e  planes o f  ne ighb o u rin g  su b cry s ta llite s  a re  parallel a n d  o n ly  
a m in u te  difference in  th e  d is tan ce  of p lan es in  th e  sam e su b c ry s ta llite  a n d  o f
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p lan es in  n e ig h b o u rin g  su b c ry s ta llite s  (a t th e  surface) c o n s titu te s  th e  d e v ia tio n  
from  a la rg e r  c ry s ta llite . T he su b c ry s ta llite s  m a y  ind ica te  in  th is  sense th a t  th e  
la tt ic e  d is tan ce  a t  these p lan es is som ew hat la rg e r  th a n  th e  n o rm al one. T h is  
causes som e d ifference in  th e  b in d in g  en erg y  a n d  it  is th is  energy  w hich w as 
ta k e n  in to  a c c o u n t in  o u r ca lcu la tio n s. T h is som ew hat la rg e r  la ttic e  d is tan ce  
h o w ev er, does, n o t  affect a n y  essen tia l ch an g e  in  the  c ry s ta l  dim ensions a n d  
th u s  it  is n o t  a lw ay s  o bserved  b y  th e  u su a l X -ra y  tech n iq u es.

9. T he m elting  p roperties

I f  we ta k e  a va lu e  fo r n 0 b e tw een  (91) a n d  (85) or b e tw een  (92) an d  (86), 
th e  e— s cu rv e  h a s  th e  fo rm  show n in  F ig . 5. O n th e  left o f  th e  F igu re  th e  t a n g 
e n t o f th e  cu rv e  is p a ra lle l to  th e  s-axis, i. e. th e  abso lu te  te m p e ra tu re  a t  th is

Fig. 5. T ypical E — S curve for interm ediate n 0

p o in t is 0. As we proceed  to w a rd s  h igher e n tro p y  values, th e  ta n g e n t becom es 
s teep e r, i. e. th e  te m p e ra tu re  increases. F in a lly  we reach  a p o in t, w here th e  
ta n g e n t to  th e  curv e h as  a second p o in t o f  co n tac t on th e  cu rve . In  th is  case 
b o th  p o in ts  o f  co n ta c t re p re se n t phases a t  th e  sam e te m p e ra tu re  (d e te rm in ed  
b y  th e  co m m o n  ta n g e n t) , th e  low er p o in t rep resen tin g  a ph ase  w ith  a low er 
e n tro p y , th e  h ig h er one a ph ase  w ith  h ig h e r  en tro p y . W e a ttr ib u te  to  th e  
ph ase  w ith  th e  low er en tro p y ' th e  solid s ta te  an d  to  th e  p h a se  w ith  th e  h ig h e r 
e n tro p y  th e  l iq u id  s ta te . T h e  slope o f th e  double  ta n g e n t gives th e  m e ltin g  
te m p e ra tu re , th e  d ifference o f  th e  abscissae  o f th e  tw o p o in ts  o f c o n ta c t th e  
m e ltin g  e n tro p y , and  th e  d ifference o f th e ir  o rd in a te s  th e  la te n t  h ea t of m e ltin g .
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B y  h ea tin g  th e  solid  th e  te m p e ra tu re  increases a n d  fin a lly  w e a rriv e  a t 
th e  m e ltin g  p o in t, Pm. H ere th e re  a re  tw o p ossib ilities  for th e  sy s te m : B y 
receiv ing  h e a t th e  sy s tem  w anders a long  th e  s tra ig h t line PmPf, i. e. th e  te m 
p e ra tu re  does n o t change u n til re ach in g  the  p o in t Pf. In  th e  m e a n tim e  the  
e n tro p y  o f th e  sy s tem  increases b y  /IS . The p h ase  w ith  a h ig h er en tro p y  
corresponds to  th e  liq u id  phase, i. e. m elting  occurs in  th e  in te rv a l PmPf of 
th e  s tra ig h t line.

T he second p o ss ib ility  is th a t  th e  system  proceeds on its  w ay  a long  the  
curve in  th e  in te rv a l PmPf- In  th is  case th e  te m p e ra tu re  fu r th e r  increases 
rig h t u p  to  th e  p o in t Pm w ith  a re la tiv e ly  sm all ch an g e  in  th e  e n tro p y  o f th e  
sy stem . T his w ay w ould  correspond to  th e  o v e rh ea tin g  o f the  solid . W e shall 
re v e r t la te r  to  th e  choice betw een  th e se  a lte rn a tiv e s .

B ig h t to  th e  p o in t Pf th e  te m p e ra tu re  is h ig h er th a n  the  m e ltin g  te m p e r
a tu re  an d  th e  system  is in  a s ta te  w ith  h igher e n tro p y , in  th e  liqu id  s ta te .  W ith  
d ecreasing  te m p e ra tu re  a rriv ing  a t  P f  we again  h a v e  an  a lte rn a tiv e . The 
sy stem  could  co n tin u e  a long  th e  s tr a ig h t  line PfPm a n d in  th is  w ay  o rd in a ry  
freezing w ould h ap p en  a t  th e  m elting  te m p e ra tu re , o r th e  system  cou ld  proceed 
along  th e  curve PfPm- In  th e  la t te r  case th e  te m p e ra tu re  w ould fu r th e r  decrease 
going le ft from  p o in t P f  w ith  a sm all change of th e  e n tro p y . This co rresponds 
to  th e  undercoo ling  o f  th e  liqu id .

P re se n tly  we ana ly ze  u n d er w h a t c ircu m stan ces th e  tw o a lte rn a tiv e s  
occu r. In  th e  case o f increasing  te m p e ra tu re  s ta r t in g  from  th e  solid s ta te  i t  is 
clear th a t  th e  e n tro p y  change, acco m p an y in g  th e  a b so rp tio n  of a c e r ta in  hea t 
energy , is la rger in  th e  case o f m e ltin g  th a n  in  th e  case o f o v e rh ea tin g . This 
m ay  be seen in  F ig . 5, since th e  doub le  ta n g e n t lies a lw ays on th e  r ig h t  side 
o f th e  cu rve . To ju d g e  w hich of th e  tw o  a lte rn a tiv e s  w ill occur, we h av e  to  
consider th e  e n tro p y  change of an  a d ia b a tic  sy stem , n am ely  th e  to ta l  system  
consisting  o f th e  m e ltin g  (or o v erh ea tin g ) solid and  o f  th e  h ea tin g  m ed ium . 
A ccord ing  to  th e  second law  of th e rm o d y n am ics , in  an  ad ia b a tic  sy s tem  alw ays 
th e  process w ith  a h ig h er positive e n tro p y  change w ill be realized  a n d  never 
th a t  w ith  th e  low er one.

N ow  h ea tin g  is accom plished  b y  tran sm issio n  o f  th e  energy in  som e w ay 
from  a sy stem  of h ig h e r te m p e ra tu re  to  one o f lo w er te m p e ra tu re . U sually

d E
th e  e n tro p y  change o f  th e  h ea te r sy s te m  is th e n  —— , w here T is th e  higher

te m p e ra tu re  of th e  h e a te r  an d  d E  th e  tra n s m itte d  en e rg y . As th e  te m p e ra tu re  
o f th e  h e a te d  system  is alw ays less th a n  th a t  of th e  h e a te r  system , th e  e n tro p y  
change in  th e  h e a te d  sy s tem  is a lw ays la rg e r th a n  t h a t  o f th e  h e a te r  system  
a n d  th u s  th e  n e t e n tro p y  change is a lw ays positive . I f  we use a specific  h ea tin g  
sy stem , i ts  n eg a tiv e  e n tro p y  change d e te rm in ed  b y  th e  h ea te r, w ill be n ea rly  
th e  sam e in  an y  case, w hereas as we h a v e  seen ab o v e , th e  p ositive  e n tro p y  
change o f th e  h e a te d  so lid  w ill be la rg e r  in  th e  case o f  m elting  th a n  in  case of
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o v e rh e a tin g . So we conclude th a t  b y  no rm al th e rm o d y n a m ic  h e a tin g  m elting  
occurs in  all cases a n d  never o v e rh e a tin g .

In  th e  case o f  decreasing  te m p e ra tu re  s ta r t in g  from  th e  l iq u id  s ta te  th e  
(n eg a tiv e) e n tro p y  change acco m p an y in g  th e  dev e lo p m en t o f  a ce rta in  h e a t 
en e rg y  is in  th e  case o f  freezing a lw ay s less th a n  in  th e  case o f  undercoo ling , 
since th e  double ta n g e n t  lies a lw ays r ig h t to  th e  cu rv e  an d  so th e  e n tro p y  change 
on th e  s tra ig h t line  is less th a n  t h a t  on th e  c u rv e , reach ing  in  th e  tw o cases 
th e  sam e o rd in a te .

In  a cooling process th e  cooler sy stem  ab so rb s  h e a t energy  fro m  th e  cooled
d E

sy s te m . T he e n tro p y  o f  th e  cooler increases th e re fo re  b y  an  a m o u n t ^ , w here

T  is th e  low er te m p e ra tu re  o f  th e  cooler. T h e  e n tro p y  change o f  th e  to ta l  
sy s te m  is th e re fo re  alw ays p o s itiv e , as i t  has to  b e . A t f irs t  s ig h t th e  freezing 
p ro ced u re  seem s to  be  th a t  w ith  a la rg e r e n tro p y  change in  c o n tra s t  to  th e  
un d erco o lin g  p ro ced u re , since in  th is  case th e  n eg a tiv e  change in  en tro p y  is 
sm a lle r . T he d e ta ile d  in v es tig a tio n  o f  th e  sy s tem  show s, how ever, th e  following 
s itu a tio n .

To exam ine th e  b eh av io u r o f  th e  m e ltin g  or th e  freezing sy s tem  d u ring  
th e  process, we p ro ceed  on th e  s tra ig h t  line co n n ec tin g  Pm w ith  Pf. A ny p o in t 
o f  th is  line co rresp o n d s to  a s ta te ,  w here a c e r ta in  am o u n t o f  th e  whole su b 
s ta n c e  is in  th e  l iq u id  phase a n d  th e  rem a in d e r in  th e  solid p h a se , b o th  a t  th e  
sam e te m p e ra tu re . I n  Pm 100%  is in  th e  solid p h ase  and  0%  in th e  liqu id  one 
a n d  in  Pf  ju s t  rev e rsed . The sy s te m  needs a sm all, b u t  in  a n y  case fin ite  tim e  
to  g e t from  Pm to  Pf  or from  Pf  to  Pm. In  th e  case o f m elting  th e  presence o f 
th e  h e a t  needed  fo r  th e  process is th e  only n ecessa ry  cond itio n  fo r its  rea liza 
tio n . T herefo re  th is  can  be ach iev ed  hom ogeneously  in  an y  p a r t  o f  th e  system , 
h o w ev er sm all th is  p a r t  is chosen . In  th is  case th e  to ta l  e n tro p y  o f  th e  sy stem  
d iscussed  above m a y  be re g a rd e d  as th e  q u a n t i ty  d e te rm in in g  th e  process.

In  th e  case o f  freezing, h o w ev er, th e  s itu a tio n  is so m ew h at a lte red . In  
th is  case th e  p o ss ib ility  of e x tra c tio n  of h e a t is on ly  one n ecessa ry  condition  
fo r th e  rea liza tio n  o f  the  p rocess. T he o th e r one is th a t  th e  p a rtic le s  shou ld  
re a c h  th e ir  reg u la r  positions in  th e  c ry s ta l. T his is connected  w ith  th e  fo rm ation  
o f c ry s ta lliz a tio n  g ra ins. In  th e  l iq u id  ju s t  o v e r th e  m elting  p o in t  th ere  ex is t 
a lre a d y  some su ch  grains d is tr ib u te d  re la tiv e ly  u n ifo rm ly  o v e r th e  w hole 
liq u id . C onsidering th is  we see t h a t  these  g ra in s h av e  a fin ite  av e rag e  d istance  
fro m  each  o th e r. I f  we pick o u t o f  th e  whole sy s te m , these g ra in s  on ly , w ith o u t 
th e  su rro u n d in g  g rain -free p a r ts  o f  th e  sy s te m  we m u st conclude  th a t  in  
th e  n e ig h b o u rh o o d  o f th e  g ra in s  all th e  co n d itio n s for freez ing  are g iven , 
w h ereas  in  th e  g ra in -free  reg ions th e y  are n o t . A n y  p o in t o f  th e  s tra ig h t line 
P m P f  co rresponds there fo re  to  a s ta te ,  w here som e percen ts o f  th e  to ta l  sy stem  
a re  a lre a d y  frozen  a n d  th e  o th e rs  a re  n o t. B u t th is  is ach ieved  in  such a w a y  
t h a t  th e  frozen  p a r ts  are c o n c e n tra te d  on th e  g ra in s and  re v e rse d . B u t if  we
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p ick  o u t a frozen reg ion , th is  reg ion  is n o t a d ia b a tic a lly  sh u t o ff from  th e  o th e r  
p a r ts  o f  th e  sy s tem  an d  th e re fo re  th e  energy  b a lan ce  can n o t be m ad e  for th is  
p a r t  alone. H ow ever, th e  e n tro p y  o f th e  in d iv id u a l p a rts  o f th e  to ta l  system  
can be discussed. T his d iscussion show s th a t  th e  en tro p y  change in  th e  frozen 
region o f th e  sy stem  m ust h av e  a v e ry  la rg e  n eg a tiv e  v a lu e , w hereas in  th e  
neighb o u rin g  undercoo led  reg ions i t  has less n eg a tiv e  va lues, so th a t  in  to ta l  
th e  e n tro p y  change (to g e th e r w ith  th a t  of th e  cooler) is p o s itiv e . T h a t w ould 
m ean  th a t  in  th e  reg ions o f th e  c ry s ta l grains th e  process is —  a t  le a s t locally  —  
n o t su b m itte d  to  th e  law  of la rg e s t positive  e n tro p y  change. W e conclude th e re 
fore, th a t  th e  n a tu ra l  process m u s t be th a t  o f  undercoo ling . T he s itu a tio n  is 
som ew hat a lte red , if  we p ro v id e  in some o th e r  w ay  for th e  fu lfilm en t of th e  
second cond ition  fo r freezing. W e also have  to  fu rn ish  th e  freezing  system  w ith  
th e  n ecessary  a to m s in  th e  p ro p e r positions. T h is is m ade easie r i f  th e  atom s 
have a la rg e r chance o f fin d in g  th e  r ig h t place in  th e  system , e ith e r  b y  s tirr in g  
or sh ak in g . T hese o p era tio n s su p p ly  alw ays a p ositive  e n tro p y  change and  so 
th e  large n eg a tiv e  en tro p y  change b y  freezing  can  be co u n te rb a lan ced , an d  
freezing accom plished . U ndercoo ling  is th e re fo re  possible on ly  u n d e r  to ta lly  
u n d is tu rb e d  cond itions.

A ccord ing  to  th e  above, undercoo ling  can  be accom plished  in  princip le  
dow n to  a te m p e ra tu re  w hich corresponds to  th e  ta n g e n t in  th e  u p p e r po in t 
o f  in flex ion .

T herefore  i f  th e  c ry s ta l s tru c tu re  and  th e  b in d in g  en erg y  are  given, we 
have  tw o re la tio n s  betw een  th e  th re e  q u a n titie s : v ir tu a l sub  c ry s ta llite  size 
(n 0), m elting  te m p e ra tu re  (T m) an d  m ax im u m  undercoo ling  te m p e ra tu re  ( T l!C). 
I f  an y  one of th e  th re e  is g iven , th e  o th e r tw o  can  be ca lcu la ted .

A f irs t  ap p ro x im a tio n  o f th e  m e lting  te m p e ra tu re  can be ca lcu la ted  w ith  
th e  assu m p tio n  th a t  th e  su b stan ces  m ay  be undercoo led  r ig h t dowrn  to  th e  
abso lu te  zero te m p e ra tu re . T h is a ssu m p tio n  is n o t ju s tif ie d  ex p e rim en ta lly , 
b u t it is a wrell-knowrn fac t th a t  som etim es a sy s tem  can be und erco o led  even 
dow n to  v e ry  low te m p e ra tu re s . T he cond ition  fo r such  an  und erco o lin g  is th a t  
th e  ta n g e n t in  th e  u p p er in flex ion  p o in t is h o rizo n ta l. The co n d itio n  for th e  
h o rizo n ta l ta n g e n t is

—  =  0 ,  (98)
s'

w here th e  sign d eno tes d iffe ren tia tio n  w ith  re sp ec t to  p .  T he co n d itio n  for th e  
in flex ion  p o in t is s im ilarly

«'3 =  0 . (99)

Since s ' =t= 0, these  give th e  s im u ltan eo u s cond itions
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e' — 0 (lOO)

e” = 0 . (101)

A ccord ing  to  (73) equs. (100) and  (101) can be w ritte n  in  th e  form

/ ' +  — g  =  o
n 0

and

/ " + — £ " =  0 .  
7l0

E lim in a tin g  n 0 from  (102) and  (103) we have

g " f ' - g ' f "  =  o .

( 102)

(103)

(104)

As we s ta te d  a f te r  equ . (84), th e  curves o f F ig . 4 give th e  n 0 re su ltin g  
from  (84), i f  we use th e re  th e  e q u a tio n  sign in s te a d  o f  th e  in e q u a lity . (104) 
d e te rm in es  th e  m in im u m  p o in t o f  th e se  curves a n d  (102) th e  v a lu es  o f n 0 
co rresp o n d in g  to  th e se  m in im um  v a lu es . These are  th e  values (85) a n d  (86); 
th u s  we conclude th a t  th e  assu m p tio n  o f  th e  p o ss ib ility  o f undercoo ling  to  th e  
ab so lu te  zero te m p e ra tu re  im plies th e  choice o f th e  la rg e s t possible v a lu es  of n 0. 
O ur a ssu m p tio n  m eans T uc =  0. F in a lly , T m can  be c o n stru c ted  from  th e  e— s 
d iag ram s w ith  th e se  m ax im u m  n 0.

A s we h av e  s ta te d  in  section 7, to  be co n seq u en t we w ould h av e  to  d e te r 
m ine n 0 b y  m in im izing  th e  free en e rg y  o f th e  sy s tem  w ith  respect to  th e  v a r i
a tio n  o f  n 0. T his p ro ced u re  w ould be , how ever, v e ry  invo lved , so t h a t  we do 
n o t fo llow  th is  w ay . In  th e  p re sen t t r e a tm e n t we a p p ro x im a te d  b y  ta k in g  in to

1acco u n t th e  d ependence  on n 0 on ly  to  th e  f irs t  p ow er o f  —  in a pow er series
n 0

1
in  pow ers o f —  .S o  in  th is  a p p ro x im a tio n  th e  m in im iza tio n  w ith  re sp e c t to  n 0 

n0
is m ean ing less. C onsequen t m in im iza tio n  could be  ca rried  ou t in  a h igher 
a p p ro x im a tio n  on ly . T h a t  is w hy  we have follow ed th e  in co n seq u en t w ay o f 
d e te rm in in g  n 0 fu r th e r  above from  som e o th e r con sid era tio n s.

F ig . 6 rep resen ts  th e  e— s cu rv es for th e  cub ic  an d  for th e  d iam ond  
s tru c tu re s  co n s tru c te d  w ith  th e  m a x im u m  n 0 va lu es  (85) an d  (86). T h e  m elting  
e n tro p y  is th e  d ifference o f th e  abscissae  of th e  tw o  p o in ts  of c o n ta c t o f th e  
doub le  ta n g e n t. A cco rd ing  to  (77) we m ay  e v a lu a te  th is  v a lue  in  cal/m olgrade . 
In  T ab le  I  we give th e  e x p e rim e n ta l values of th e  m e ltin g  e n tro p y  to g e th e r  
w ith  th e  th e o re tic a l v a lu es  ca lcu la ted  here.
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Table I

Calculated and experim ental melting entropies in cal/molgrade

A S  experimental 1 A S  calculated

L i........................ 2 ,4 3

N a ...................... 1 ,7 0

К ...................... 1 ,7 2

Ш. ................... 1 ,7 0

Cs........................ 1 ,6 6
2 .1 6

C u ............................. 2 .2 9

A g ...................... 2 .1 9

Au ................. 2 ,2 7

average ........... 2 ,0 0 2 .1 6

C (diamond) . . — 2 .2 8

T ab le  I show s th a t  th e re  is a connection  b e tw een  th e  c ry s ta l s tru c tu re  
an d  th e  m elting  e n tro p y . The m e ltin g  en trop ies o f  th e  b . c. c. a lka li m eta ls  
(excep t Li) are fa ir ly  c o n s ta n t a n d  so are th e  m e ltin g  en tro p ies  o f  th e  f. c. c. 
noble m eta ls . The excep tio n , Li, show s p ro b ab ly  a tra n s itio n  to  m olecu lar 
b in d in g  an d  th is  ex p la in s  its  h igh  v a lu e . The d ifference in  th e  b . c. c. an d  th e  
f. c. c. s tru c tu re s  c a n n o t be given b y  th e  p resen t sim p lified  t r e a tm e n t.

T he m elting  te m p e ra tu re  can  now  be ca lc u la ted  know ing  th e  p ro p er 
values o f  ß. H ere we deal only  w ith  th e  sim plified  t r e a tm e n t o u tlin ed  w ith  th e  
a ssu m p tio n  of th e  p o ss ib ility  of undercoo ling  to  th e  ab so lu te  zero. In  a follow 
ing  p a p e r  we shall discuss th e  co m p le te  connection  b e tw een  n 0, T m a n d  T uc.

In  ou r p a r tic u la r  case, T uc =  0, we now  h a v e  to  fix  th e  va lu es  we shall 
use in  th e  ca lcu la tio n s. F o r an  id e a l c ry sta l H o f f m a n n  [17 ]  cou ld  co rre la te  
th e  ßz  —  values w ith  th e  b in d ing  en erg y  of th e  c ry s ta ls . A ccord ing  to  th is  лее 
have in  o u r n o ta tio n :

E b =  2,0048 ßz , (105)

w here E b is the  b in d in g  energy  p er a to m  and  we w rite  in  our n o ta tio n  ßz  for 
ß  in  th e  p a p e r q u o te d . T he A ß 0z —  values d e te rm in ed  from  th e  ex p e rim en ta l 
values o f  th e  b in d in g  energies a t  ro o m  te m p e ra tu re  are  g iven in  T ab le  I I .  The 
ex p e rim en ta l values w ere ta k e n  fro m  th e  co m p ila tio n  o f B i c h o w s k y  an d  
R o s s i n i  [1 8 ] .

T he values o f  T ab le  I I  are  ro o m  te m p e ra tu re  values an d  since m ost o f 
th e  m e ltin g  te m p e ra tu re s  are fa r  from  room  te m p e ra tu re , we are  fo r th is  
reason  com pelled to  m ake a co rrec tion  in  th e  ß  v a lu e . T his is in  c o n trad ic tio n
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Table II

A ß 0z values in kcal/mol according to  (97)

L i N a К R b C s C u Ag A u c
( d i a m o n d )

19,45 12,92 9.88 9,43 9,38 40,50 33,92 45,89 84,80

to  o u r p rev ious a ssu m p tio n  o f  c o n s ta n t ß, b u t  th e  e rro r  m ade in  th is  w ay  is 
sm a lle r  th a n  t h a t  co m m itted  b y  u sin g  th e  /30-va lue  for room  te m p e ra tu re .

To e s ta b lish  th e  te m p e ra tu re  co rrec tio n  we re m a rk  th a t  ß  is essen tia lly  
th e  exchange in te g ra l o f tw o n e ig h b o u rin g  a to m s (see e. g. reference  [5]). The 
w a v e  fu n c tio n  o ccu rrin g  in  th is  ex ch an g e  in te g ra l is o f th e  form

ip ъу e~vr, (Ю6)

w h ere  у is a c o n s ta n t, th e  S la te r  e x p o n en t.
The ex ch an g e  in te g ra l is th e re fo re  in  a crude  a p p ro x im a tio n  o f th e  form

ß 2yd (107)

w h ere  d is th e  d is tan ce  of tw o n e ig h b o u rin g  nuclei. I f  ß 0 is th e  ex ch an g e  in teg ra l 
in  th e  case, w here  th e  tw o n e ig h b o u rin g  nuclei a re  a t  th e  d is tan ce  d 0, we con
c lu d e  from  (107):

ß =  ß0 e - 2* d~d ) . (108)

N ow  th e  te m p e ra tu re  co rrec tio n  consists in  th e  co rrec tion  o f  ß  for th e  
ch an g e  o f th e  in te ra to m ic  d is tan ce  caused  b y  th e  change o f te m p e ra tu re . The 
l a t t e r  is co n n ec ted  w ith  th e  lin e a r  ex p ansion  coeffic ien t, a  of th e  su b stan ce  b y

'id,,

(108) can be w ritte n  w ith  th e  a id  o f (109) as

ß =  ß0e - 2',ad (T~ T') .

(109)

( 110)

The e x p o n e n t in  (110) is so sm all th a t  we can  e x p a n d  th e  ex p o n en tia l 
in  pow ers o f  th e  ex p o n en t in  a T ay lo r-series an d  neg lec t t i n  te rm s  o f orders 
h ig h e r th a n  th e  f irs t  one. So we h av e  in s tead  o f (110):

ß =  ß0 [ l -  2yad0(T  -  T 0)] . ( I l l )
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W e h av e  for th e  m e ltin g  te m p e ra tu re  using (73) a n d  (77)

d E  A ß z  de A ß z
ds A k  ds

A ß 0 z 
A k

A k
t ee

[1 — 2yad0( T m — Г 0)] tg  e .

F ro m  (112) we can  express T m as follow s:

(1 +  2yud0 T 0) tg  eA ß 0 z

T  = R
A ß 0 z

R
2ya.d0 tg e

( 112)

(113)

w here R  =  A k  is t h e  gas c o n s ta n t, R  =  1,9864 ca l/m o lg rade . For th e  cub ic  
c ry sta ls  we h av e  fr om F ig . 6

tg  e = 0 ,0875 , (114)

Fig. 6. e — s curve for the m axim um  n0-\a lu e s  for cubic and diam ond struc tu res
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a n d  for a d ia m o n d -ty p e  c ry s ta l

tg  e =  0 ,0904 . (115)

In  T ab le  I I I  we su m m arize  th e  values o f  th e  co n stan ts  need ed  to  e v a lu a te  
T m from  (113) w ith  T 0 =  293° К  (20° C).

Table II I

The Slater exponent, y, the therm al expansion coefficient a t room tem perature , a, the nearest- 
neighbour distance a t  room tem perature, d0, and the value of 2yad0

-/0/A) a(10" ®/grade) 4>(A) 2 yad0 (10-4/grade)

Li ...................... 1 ,2 2 8 3 5 8 3 ,0 4 0 4 ,3 3 1 5

N a ...................... 1 ,3 8 5 7 71 3 ,7 0 7 7 ,2 9 4 2

К  ...................... 1 ,1 2 3 6 8 4 4 ,6 1 6 8 ,7 1 3 4

Ill» .................... 1 ,0 3 9 3 9 0 4 ,8 6 7 9 ,1 0 4 9

Cs........................ 0 ,9 8 9 8 97 5 ,2 3 9 1 0 ,0 6 0 0

C u ...................... 1 ,8 8 9 6 1 6 ,5 2 ,5 5 3 1 ,5 9 2 0

A g ...................... 1 ,7 4 7 9 1 8 ,7 2 ,8 8 5 1 ,8 8 6 0

A u ...................... 1 ,6 6 4 7 1 4 ,2 2 ,8 7 8 1 ,3 6 0 6

C (diam ond) . . 3 ,0 7 1 8 1 ,1 8 1 .5 4 0 0 .1 1 1 6

The m e ltin g  te m p e ra tu re s  can now be ca lcu la ted  u s in g  (113), (114), (115) 
an d  th e  d a ta  o f  T able I I  a n d  I I I .  These v a lu e s  and  th e  ex p erim en ta l ones a re  
g iven in  T ab le  IY .

Table IV

Calculated and experim ental melting points

T m c a l c u l a t e d  ( K ° ) T m e x p e r i m e n t a l  ( K ° )

Li ........................ 704,3 575,0
N a ........................ 488,1 370,9
К  ........................ 396,0 336,7
R b ..................... 381,7 312,2
Cs.......................... 377,8 301,7
C u ........................ 1454,3 1357,2

A g ........................ 1230,3 1233,7
A u ........................ 1655,0 1336,2
C (diamond) . . . 3712,0 3973
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T he n e x t a p p ro x im a tio n  in  th is  th e o ry  w ould  tak e  in to  acco u n t th e  f in ite  
undercoo ling . H ow ever, as su ffic ien t e x p e rim e n ta l d a ta  fo r th e  m ax im um  
undercooling  te m p e ra tu re  are n o t av a ilab le , th e  following d iscussion  seem s to  
be o f  use. F rom  th e  known  m e lting  te m p e ra tu re  values we can  ca lcu late  th e  
v ir tu a l su b c ry s ta llite  size and  th e  m ax im u m  undercoo ling  te m p e ra tu re  a t  th e  
sam e tim e . W ith  these  d a ta  th e  m ax im um  undercooling  te m p e ra tu re  can be 
com pared  w ith  th e  ava ilab le  undercoo ling  te m p e ra tu re s . O n th e  o ther h a n d , 
if  we know  th e  m ax im um  undercoo ling  te m p e ra tu re s  e x a c tly  enough, we can  
ca lcu la te  from  these  v alues th e  m e ltin g  te m p e ra tu re  and  th e  v ir tu a l  su b c ry s ta l
lite  size.

T hese ca lc tda tions w ill be g iven in  a n o th e r  paper, h o w ever, we can s ta te , 
th a t  th e  m e ltin g  po in ts  given here for T IIC =  0 w ill in an y  case increase in  th e  
case T uc 0.

O ne can see from  F ig . 6 an d  equ . (77) th a t  th e  v a c a n c y  concen
tra tio n  p  increases a t  m e lting  from  a v a lu e  o f  1,5— 2%  to  a v a lue  of a b o u t 
4 0 % . T h is w ould  m ean  acco rd ing  to  (78) a sim ilar change in  th e  vo lum e 
a t  m eltin g . H ow ever, th is  change in  vo lu m e seem s to  be  to o  large a n d  
th e  h igh  p e rcen tag e  of v acancies in  th e  liq u id  phase calls also for an  
ex p lan a tio n .

T he h igh v acan cy  c o n cen tra tio n  w ould  m e a n  in  a lin e a r  ch a in  th e  to ta l  
d is in te g ra tio n  o f  th e  chain . In  th e  p lan a r, o r ev en  in  th e  s p a tia l  case, how 
ever, th is  h igh v acan cy  co n cen tra tio n  does n o t b rin g  abo u t th e  d is in teg ra tio n  o f  
th e  sy s tem . T he rem ain ing  a to m s, n am ely , m a y  preserve a skele ton , w hich  
con ta in s a v e ry  h igh  n u m b e r o f vacancies a n d  w hich all th e  sam e does n o t 
fall in to  pieces. The reason  for th is  lies in  the  h igh  co o rd in a tio n  n u m b er arising  
in  th e  p la n a r  an d  sp a tia l cases.

T he large increase in  vo lum e on acco u n t o f th e  high v a c a n c y  co n cen tra 
tio n  is p a r t ly  com pensa ted  b y  th e  local sh o rte n in g  of th e  n ea res t-n e ig h b o u r 
d is tan ce  in  th e  case of d im in ish ing  coo rd in a tio n  n u m b er. The ex p e rim en ta l d a ta  
fo r th e  n ea res t-n e ig h b o u r d is tan ce  in  m e ta l an d  in  m olecules b u ilt  up from  
tw o m eta l a to m s show  for in s tan ce  for th e  a lk a li m etals t h a t  th e  la t te r  is 
a b o u t 0,85 th a t  o f th e  fo rm er. T his is connected  w ith  th e  fa c t th a t  in th e  
m e ta l th e  coo rd ina tion  n u m b e r is 8, w hereas in  th e  m olecule i t  is 2. This s h o r t
ening w ould  m ean  a decrease in  th e  vo lum e, i. e. 0,853 =  0 ,614, i. e. of a b o u t 
4 0 % . In  th e  case o f  m e lting  th e  effective decrease in  th e  co o rd in a tio n  n u m b er 
is n o t so g rea t as th e  decrease from  8 to  2, b u t  i t  is still considerab le , th e  
decrease in  vo lum e w ill be th e re fo re  less th a n  4 0 % . This a n d  th e  increase 
caused  b y  th e  large v acan cy  c o n cen tra tio n  can  exp la in  th e  10— 15%  increase 
in  vo lum e a t m elting .

W e conclude w ith  th e  a sse rtio n  th a t  th e  th e o ry  describes q u ite  
co rrec tly  th e  observed  anom alies in  th e  specific  h e a t of th e  a lk a li m etals n e a r  
th e  m e ltin g  p o in ts . This w ill be d iscussed  in  a n o th e r  p aper.
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ТЕОРИЯ ПЛАВЛЕНИЯ
Т. А. ГОФФМАНН

Резюме

Энергия конечного реального кристалла выражается через энергии атомов и вакан
сии сплава. Эта энергия является функцией концентрации вакансий и размера кристал
лического блока. Энтропия смешивания кристалла есть функция концентрации вакан
сий. Для определенного размера блока кривая энергия-энтропия имеет две точки пере
гиба. В этих случаях температура плавления определяется общей касательной к  кривой; 
энтропией плавления является интервал между двумя пунктами касания. В качестве 
необходимого условия для нормального плавления получается определенный размер 
блока. Результаты щелочных и благородных металлов и для алмаза хорошо согла
суются с экспериментальными данными.
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The reten tion  of a num ber of fission products on hum us-rich pea t p reparations has been 
investigated. A t a favourable (5 —6) the following elements are firm ly  fixed: all ra re  
earths; Y , Sr, Cs, Zr isotopes. They are firm ly fixed by  cation exchange on pea t w ith an enrich
m ent constant (d istribu tion  coefficient) of about 10.000 : 1. Some fission p roducts are certa in ly  
no t fixed by hum us, such as isotopes of iodine, Nb, n o t to  mention th e  in e rt gases. The signi
ficance of th is re ten tion  is dealt w ith , from  the point of view of the tre a tm e n t of fission p ro 
duct contam inated w aste w aters of the atom ic in d u s try  and the circulation  or re ten tion  of 
fission products carried down into th e  hum us-rich fertile  soil by atm ospheric  p recip itation .

In tro d u c tio n

The re ten tio n  o f cations by  hum ic  acids

T he senior a u th o r  observed  in  1951 [1] t h a t  U is v e ry  f irm ly  fixed , i. e. 
ad so rbed  b y  h um ic  acids an d  fossil form s o f  p la n t  debris ( p e a t ,  lign ite , b ro w n  
coal), w hich co n ta in  large a m o u n ts  o f h um ic  ac ids. As i t  is w ell-know n , th e y  
can  be reg a rd ed  as fossil h um ic  ac id  co n c e n tra tes .

The in v es tig a tio n s  o f th e  sen io r a u th o r  show ed th a t  th is  ad so rp tio n  is 
th e  responsib le fa c to r  for th e  w ell-know n geochem ical c o n c e n tra tio n  of U  in  
b io liths [2].

These in v es tig a tio n s  w hich  w ere c a rr ie d  o u t in  an  eq u ilib riu m  s ta te  
betw een  w a te r  ph ase  and  h u m u s-rich  p ea t p h a se  d e m o n s tra te d  t h a t  th e  d is t r i 
b u tio n  coefficien t o f th e  ( U 0 2) + + ca tion  b e tw e e n  th e  tw o p h a s e s  is 1 : 10.000 
in  o rder o f m ag n itu d e  u n d e r fav o u rab le  co n d itio n s (p H ~  3— 5).

I f  we m ix  one gram  o f a p e a t p re p a ra tio n  w ith  a la rg e r vo lum e of w a te r  
a n d  ad d  som e m icro eq u iv a len ts  o f  a u ra n y l-sa lt so lu tion , a d ju s t  th e  p w to  a 
v a lue  of a b o u t 5, th e n  sep a ra te  i t  b y  filte rin g  th e  w a te r fro m  p e a t ,  we observe  
th a t  U w ill a lm o st com plete ly  d isap p ear fro m  th e  w ater a n d  th e  U -co n ten t 
o f  one gram  o f p e a t will be a b o u t 10 .000-tim es h igher th a n  t h a t  o f one g ram  
o f w a te r.

W e m ay  call th is  q u o tie n t o f d is tr ib u tio n  betw een  th e  tw o  phases dis tr i
bution coefficient.

I f  h igher co n cen tra tio n s  o f  ( U 0 2) + + so lu tio n s are u se d , sa tu ra tio n  w ill 
ta k e  place. T he sa tu ra tio n  c a p a c ity  o f vario u s p e a t p re p a ra tio n s  am oun ts to
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la rge ly  s im ila r  values of a b o u t 1— 3 m illieq u iv a len ts  o f ( U 0 2) + + p er g ra m  of 
d ry  p e a t.

F u r th e r  ex p erim en ts  w ere d irec ted  to  clarify  th e  f ix a tio n  p h en o m en o n  
itself. R ad io a c tiv e  tra c e r  ex p erim en ts  d e m o n s tra te d  t h a t  th e  f ix a tio n  process 
is reversib le  a n d  exch an g eab le . The f ix e d  ca tio n s can be  easily  ex ch an g ed  b y  
a n o th e r iso to p e  o f th e  sam e chem ical e lem en t as well as b y  a cation o f  a n o th e r  
e lem en t. E . g. th e  ad so rb ed  ( U 0 2) + + c a tio n s  can be re p la c e d  e ither b y  T h 4+ 
cations or b y  H +  cations a t  а р м  <C. 3. T hese  ex perim en ts h a v e  show n t h a t  th e  
process is a c tu a lly  a ca tio n  exchange p rocess, effective a t  le a s t for a n u m b e r  of 
o th e r ca tio n s  to o . This p ro p e r ty  seem s to  be id en tica l w ith  ca tion -exchange 
p ro p ertie s  o f  th e  hum us o f  fe rtile  soil lo n g  know n for som e elem ents o f  low er 
atom ic  w e ig h t (e. g. Ca + +  e tc .) .

T he re v e rs ib ility  o f f ix a tio n  show s t h a t  th e  cations a re  no t fixed  b y  som e 
irreversib le  o rgan ic  com plex  b o n d  on to  a p o ly m er m olecule as assum ed re c e n tly  
b y  M a n s k a j a  e t  al. [3], [4 ]. I t  is a ca tio n  exchange p rocess, even if  i t  ap p ea rs  
on acco u n t o f  th e  v e ry  h ig h  d is tr ib u tio n  coeffic ien t to  be  som eth ing  else.

In  th e  case of ca tio n s o f  high a to m ic  w eight or h ig h  valence, th e  d is tr i
b u tio n  coeffic ien t of th e  c a tio n  re la tin g  to  hum u s and  w a te r  is ex trem ely  h igh , 
o f the  o rd e r o f  10.000— 30.000 : 1, a t a fav o u rab le  p я  o f  3-—5.

T he exchange process is very  ra p id  a n d  th e  e q u ilib riu m  sets in  w ith in  a 
few  seconds. I n  fac t, th e  v e lo c ity  can n o t be  m easured . I n  c o n tra s t to  sy n th e tic  
ca tion  ex ch an g ers , th e  c a tio n  exchange on  hum ic  acids ta k e s  place u p o n  a  su r
face an d  n o t  in  a vo lum e.

Numerical characterization of cation exchange properties of a given 
humic acid preparation

B y  observ in g  th e  p ro p e rtie s  of th e  f ix a tio n  p rocess, th e  necessity  an d  
p o ssib ility  aro se  to  develop  a useful m a th e m a tic a l fo rm alism  for the  n u m erica l 
t re a tm e n t o f  th e  observed  phenom ena .

T h e  d e ta iled  d ed u c tio n  of th e  fo llow ing  form ula —  w hich gives a good 
n u m erica l re p re se n ta tio n  o f  th e  process o f  f ix a tio n  —  w as prev iously  p u b lish ed  
b y  th e  sen io r a u th o r  [5], [6], w herefore o n ly  a sho rt su m m a ry  will be g iven  h ere : 

S ta r t in g  from  th e  tw o  ex p e rim e n ta lly  s ta te d  co n d itio n s :
1) the condition o f  reversibility a n d
2) the condition o f  saturability

one is le ad  to  an  e q u a tio n  sim ilar to  th e  L angm uir a d so rp tio n  iso th e rm :

N  =  N a
ac

1 +  ac
w here c den o tes  th e  eq u ilib riu m  co n c e n tra tio n  of u ra n iu m  in th e  aqueous 
phase , N  th e  c o n c e n tra tio n  of u ra n iu m  in  th e  h u m u s-rich  phase (pea t)
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(in  m eq/g), N „  deno tes th e  sa tu ra tio n  c a p a c ity  of 1 g ram  of p e a t fo r 
( U 0 2/m eq/g) an d  a is an  em pirica l co n s tan t.

The observed  a d so rp tio n  iso therm s (F ig . 1) can be v e ry  well rep re sen ted  
b y  th is  fo rm ula  [5], if  th e  ex p erim en ts  are ca rried  ou t a t  a c o n s ta n t p H-v a lu e . 
In  th is  re sp ec t i t  is m ore su itab le  to  speak  o f iso -p H-curves in s te a d  of iso th e rm s. 
T he b eh av io u r of a given hum u s or p ea t p re p a ra tio n  can  be  ch a rac te rized  b y  
tw o  c o n s ta n ts . One o f th e m  is th e  d is tr ib u tio n  coeffic ien t ( N m. a) an d  th e  
o th e r is th e  sa tu ra tio n  c a p ac ity  (N „ ).

Fig. 1.  T he a d so rp tio n  iso th erm  o f ( U 0 2)** on h u m u s-rich  pea t. Ordinate: eq u ilib riu m  c o n 
c e n tra tio n  of ( U 0 2)** on p e a t. Abscissa: eq u ilib riu m  co n ce n tra tio n  o f ( U 0 2)** in  th e  w a te r

phase

A fte r th e  in v estig a tio n s concern ing  ( U 0 2) + + , a n u m b e r  o f  o th e r ca tio n s 
of h igh  a to m ic  w eight w ere in v es tig a ted  in  th is  la b o ra to ry  [5], [7], [8].

I .  S z a b ó  [7] in v es tig a ted  a n u m b er o f  cations a n d  d e te rm in ed  th e ir  
d is tr ib u tio n  coefficients an d  sa tu ra tio n  capac ities in  a specific  p e a t p re p a ra tio n  
(see T ab le  1).

Table 1
S atu ra tio n  cap acity  and d is trib u tio n  coefficient o f a specific peat p re p a ra tio n  w ith  respect to

some cations m easured  b y  I. Szabó [7]

C a t i o n S a t u r a t i o n  c a p a c i t y  
(ЛГ) i n  m e q / g

D i s t r i b u t i o n  c o e f f i c i e n t  
N  • a

N i+ + 0,80 © © •Й
-

a
i о

Fe b+ 0,66 0,0910 • Ю4
C u +  + 0,70 0,2380 • 104

u < v  + 0,72 0.8600 • 104
Th4+ 1,00 2.1000 Ю 4
La+ +  + 0.80 2.3000 ■ 104

Cr+ + + 1.38 0,0770 • 104
F e+ + + 1,35 2.6500 • 104
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E . B r ü c h e r  [8] c o m p ared  th e  f ix in g  o f U4+ w ith  th a t  o f ( U 0 2) + + 
an d  s ta te d , th a t  q u a d r iv a le n t U4+ is m ore f irm ly  fix e d  th a n  b iv a le n t
( U 0 2)+  + .

Prospects o f the retention of fission  products by hum ic acids

I t  is well know n th a t  fission  p ro d u c ts  co n ta in  a g re a t n u m b er o f  cations 
o f  high a to m ic  w eight, a n d  o f  one or m ore valencies. S ince i t  has been  know n 
fo r m a n y  y ea rs  a t  th is  la b o ra to ry  th a t  L a  an d  o th e r r a re  e a r th  m e ta ls  are  
firm ly  fix e d  b y  hum us a t  a d is tr ib u tio n  coeffic ien t o f a b o u t 20.000, we decided 
to  in v e s tig a te  in  d e ta il th e  f ix a tio n  o f th e  fission  p ro d u c ts  b y  m eans o f  hum us- 
rich  p e a t  p re p a ra tio n s  u n d e r  fav o u rab le  cond itions.

T h is p ro b lem  is n o t a sim ple one, because  th e  n u m b e r  o f p rim a ry  ra d io 
ac tiv e  fiss io n  p ro d u c ts  is a b o u t 90 [9], a n d  considering  th e ir  rad io ac tiv e  d au g h 
te r -p ro d u c ts  [9] th is  n u m b e r  is ra ised  to  a b o u t 200. T he n u m b er o f  e lem ents 
o f  th e  p e rio d ic  system  in v o lv ed  is a b o u t 36 ex ten d in g  from  Z  =  30 u p  to  
Z  =  66.

T he im p o rtan ce  o f th is  p roblem  n eed  n o t be em p h asized . The follow ing 
s ig n ifican t su b jec ts  are in v o lv ed :

1) D e c o n tam in a tio n  o f  th e  w aste  w a te rs  o f  a to m ic  in d u s try ;
2) F iss io n  p ro d u c ts  o f  nuclear te s t  explosions c a rr ie d  dow n in to  th e  

liu m us-rich  soil b y  ra in  w a te r .
W aste  d isposal is a g re a t p roblem  o f  th e  grow ing a to m ic  in d u s try . In  th e  

in d u s tr ia l processes of th e  tr e a tm e n t o f  “ b u rn t  o u t”  fu e l rods, v a rio u s ty p es 
o f w aste  liq u o rs  are p ro d u c e d . Those o f  h ig h  c o n c e n tra tio n  and  sm all vo lum e 
are  to  be c o n c e n tra ted  a n d  reserv ed . O th e r  w aste  w a te rs  o f m ed ium  ra d io 
ac tiv e  c o n ta m in a tio n  h a v e  to o  large vo lum es to  be re se rv e d  and  also a re  too  
c o n ta m in a te d  to  be d isp e rsed  in  n a tu re . T h e y  m u st be t r e a te d  som ehow  before 
d isp e rsa l. T h e  t re a tm e n t is to  be cheap  a n d  reliab le , a n d  i t  should  give a  high 
vo lum e c o n c e n tra tio n  o f  f iss io n  p ro d u c t co n tam in a tio n .

As we h av e  seen ab o v e , h u m u s-rich  p e a t p re p a ra tio n s  seem ed to  be  v e ry  
p ro m isin g  fo r  th is  p u rp o se . P e a t  is a v e ry  cheap  n a tu ra l  ca tio n  exchange resin  
for ca tio n s o f  h igher a to m ic  w eigh t. T h e  d is tr ib u tio n  coeffic ien t o f 10.000 m ay 
c o n c e n tra te  som e o f th e  ra d io a c tiv e  c o n ta m in a tio n  o f  w aste  w a te rs  in  th e  
p ro p o rtio n  o f  1 : 10.000. A  fu r th e r  c o n c e n tra tio n  is e a s ily  m anageab le  b y  
b u rn in g  th e  p e a t  in  a sp ec ia l su itab le  in c in e ra to r , w here  i ts  w eight is reduced  
to  th e  w e ig h t o f its  ash  c o n te n t (5— 10% ) an d  its  vo lu m e is c o n cen tra ted  to  
a  v e ry  sm a ll frac tio n . F u r th e r  d isposal o f  w astes c o n c e n tra ted  in  th is  w ay  is 
a p ro b lem  id e n tic a l w ith  th e  tre a tm e n t o f  o th e r c o n c e n tra ted  w astes.

T h e  fo llow ing q u e s tio n  arises now : w hich  of th e  200 o r so fission p ro d u c ts  
are  fix e d  b y  p e a t, and  w h ich  are n o t?
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In  our earlier ex p erim en ts  [10], we c o n c e n tra ted  o u r a tte n tio n  on som e 
long-lived or b io log ically  dangerous fission  p ro d u c ts : Cs-137, Sr-90, J-131 , 
Y-90, B a-140, La-140.

W e observed  th a t  th e  above iso topes are f irm ly  fix ed  b y  p e a t w ith  th e  
ex cep tio n  o f  an ion  J -1 3 1 , w hich is n o t fix ed  a t  all. W e p rep a red  a ca tio n  exchange 
colum n from  h u m u s-rich  p e a t an d  o bserved  th a t ,  in  th e  process o f  e lu tio n , 
tr iv a le n t Y ttr iu m  is m ore  firm ly  fix ed  th a n  Sr-90; La-140 is m ore f irm ly  fixed
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Fig. 2. The “ break-through volum e” of a hum us-rich peat exchange colum n on w hich Ba 
140 is fixed. Abscissa: pjj un its . Ordinate: th e  volume of e luan t, necessary to  s ta r t the 

elution of fixed Ba-140, in  m ultiples of the  volume of th e  cation exchange colum n

th a n  B a-140; and  La-140 is b e tte r  f ix e d  th a n  Y -90. T he d ifference b e tw een  
Sr-90 a n d  Cs-137 is n o t  v e ry  p ro nounced , b u t  Cs-137 is som ew hat m ore f irm ly  
fixed  th a n  Sr-90.

T he e lu tion  can be carried  o u t b y  H  + -ions in  th e  form  of HC1, in  co n cen 
tra tio n s  o f  0,01 n  or h ig h er. S im ilarly , th e  e lu tion  can  be  carried  o u t b y  N aC l, 
FeClg or CaCl2-so lu tions w hich are  ab le  to  drive o u t rad io ac tiv e  ca tio n s if  
used in  su ffic ien tly  h ig h  co n cen tra tio n s.

T he influence  o f  th e  upon  th e  re te n tio n  o f  ca tions b y  hum ic  ac id  is 
v e ry  p ro nounced . F ig . 2 shows th e  in flu en ce  o f p H u p o n  th e  “ b re a k -th ro u g h  
vo lu m e”  o f a h u m u s-rich  p ea t exchange colum n on  w hich  B a-140 w as fix ed .
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T h e o rd in a te  show s th e  vo lum e o f e lu en t n ecessary  to  e lu te  th e  fix e d  B a-140 
in  m u ltip les o f  th e  vo lum e o f th e  ca tio n  exchange  co lum n. T he cu rv e  tak es  on 
a v a lu e  o f 500 a t  p ^  = 4  a n d  rises to  an  im m easu rab le  h e ig h t a t  th e  op tim u m  
p H o f a b o u t 5. I f  th e  p я  is a p p ro a c h in g  7, 8 or m ore, th e  h u m u s dissolves in to  
a  yellow  co llo idal so lu tion  o f  N a -h u m a te , a n d  th e  B a-140 ca tio n s a re  l ib e ra te d  
p a r t ly  b y  th is  fa c to r  an d  p a r t ly  expelled  b y  th e  su rp lus o f  N a + ca tions.

Present investigations on m ixed fission products

a )  Activation o f  f i s s io n  products by n-irradiation  o /U 30 & 
and  their electrophoretic and nuclear spectroscopic analyses

T he a im  o f  th e  in v es tig a tio n s  described  in  th is  p a p e r w as to  inq u ire  in to  
th e  re te n tio n  p ro p ertie s  o f  a h u m u s-rich  p re p a ra tio n  w ith  re sp e c t to  a large 
n u m b e r o f fiss io n  p ro d u c t iso topes.

V ery  sh o rt- liv ed  fission  p ro d u c ts  are  from  th is  p o in t o f v iew less  im p o r t
a n t .  T he in v es tig a tio n s  o f  som e o f th e  m o st dangerous long -lived  iso topes 
(Sr-90 an d  Cs-137) were re p o r te d  in  a p rev io u s p a p e r [10]. I t  seem ed a d v a n 
tag eo u s to  us to  ca rry  o u t an  e x p e rim en t in  th e  follow ing w ay :

A one g ra m  sam ple o f  U30 8 w as ir ra d ia te d  in  a re a c to r  o f th e  sw im m ing- 
pool ty p e  fo r 4 ho u rs , a t  a th e rm a l n e u tro n  f lu x  o f  1013.

A fte r ir ra d ia tio n  an d  six  m o n th s  decay  tim e , w hen  th e  sh o rt-liv ed  p ro 
d u c ts  p ra c tic a lly  died o u t, U30 8 w as d isso lved  in  co n c e n tra ted  H N 0 3 an d  
a d ju s te d  to  10 n .

The fission  p ro d u c ts  w ere se p a ra te d  from  u ra n y ln itra te  b y  so lv en t e x tra c 
tio n  w ith  a e th e r  (free o f p ero x id e), re p e a te d  fou r tim es. The n itr ic  acid phase 
w as free o f U , b u t  one p a r t  o f th e  fission  p ro d u c t a c tiv ity  p assed  in to  th e  
a e th e r  p h ase . T h e  n itr ic  acid  p h ase  c o n ta in in g  th e  m a jo rity  o f  fission  p ro d u c ts  
w as e v a p o ra te d  an d  ta k e n  u p  ag a in  w ith  1 cc o f  1 n  n itr ic  acid .

As to  th e  frac tio n  e x tra c te d  b y  a e th e r  n itr ic  acid  so lven t e x tra c tio n , i ts  
gam m a a c t iv i ty  am o u n te d  ro u g h ly  to  one th ird  o f  th a t  o f  th e  to ta l  fission  
p ro d u c ts  as m easu red  in  R a  gam m a e q u iv a len ts  b y  a GM c o u n te r . A ccord ing  
to  th e  p a p e r  o f  H . F r e i s e r  a n d  G e o r g e  H . M o r r i s o n  [ 1 1 ] ,  th e  fo llow ing 
e lem ents o f  th e  period ic  sy s tem  can  be ex p ec ted  as p a r tia lly  e x tra c te d  to g e th e r  
w ith  ( U 0 2) + + : Z r, As, Ce(IV).

F u r th e r  in v es tig a tio n  o f  th is  frac tio n  is in  progress.
T he so lu tio n  o f m ixed  fission  p ro d u c ts  w as f irs t  in v e s tig a te d  b y  p a p e r 

e lec tro p h o res is . A drop o f a b o u t 3 m ic ro lite r o f  th e  so lu tio n  w as p laced  on a 
s tr ip  o f W h a tm a n  f ilte r-p a p e r w e tte d  b y  1 ,2%  N a N 0 3 so lu tio n . A fter an  
e lec trophoresis  o f  2 hours a t  280 V , th e  s tr ip  w as dried  an d  th e  d is tr ib u tio n  o f  
a c tiv ity  a long  i t  was m easu red  w ith  an  a u to m a tic  reg is te rin g  b e ta -c o u n tin g  
e q u ip m e n t. F ig u re  3 d em o n s tra te s  th e  re su lt. T he a c tiv ity  w as reso lved  in to
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four m a jo r groups. One o f  th e m  (group  D) m ig ra ted  to w a rd s  th e  an o d e  an d  so 
consisted  o f anions. T he o th e r  3 g ro u p s  w ere ca tions m ig ra tin g  to w a rd s  th e  
ca th o d e . T he p ap e r s tr ip  w as cu t in to  pieces a fte r th e  sep a ra tio n  e x p e rim en t, 
an d  th e  g am m a ra d ia tio n s  o f the  4 g ro u p s were se p a ra te ly  in v e s tig a te d  by  
m eans o f a sc in tilla tio n  gam m a sp ec tro m e te r .

N o gam m a ra d ia tio n  was d e te c te d  in  group “ A ” . I t  seem ed to  consist 
en tire ly  o f b e ta  em itte rs .

Fig. 3. The d istribution  of fission products a fte r a paper electrophoretic test. The figure 
dem onstrates an  anionic group (D) and  three cationic groups (A, B, C)

W e in v estig a ted  th e  b e ta  sp e c tru m  o f th is  fra c tio n  w ith  a b e ta  sp e c tro 
m ete r o f  th e  to ro id  sec to r ty p e  c o n s tru c te d  b y  S z a l a y  an d  B e r é n y i  [12].

T he analysis o f th e  b e ta  sp e c tru m  and  th e  d e te rm in a tio n  o f th e  h a lf  
period show ed th a t  m ost o f th e  o b se rv ed  a c tiv ity  re su lte d  from  Sr-89. The 
presence o f Sr-90 was n o t sign ifican t a n d  could n o t ev en  be expec ted  fo r th e  
sh o rt ir ra d ia tio n  tim e  o f I 30 8.

T he gam m a sp ec tru m  o f group “ B ”  show ed th ree  ch a rac te ris tic  p eak s  of 
0,034, 0,080, 0,133 MeV en erg y  an d  a lo n g  con tinuous sp ec tru m  in w hich  no 
peaks could  be reso lved , e x ten d in g  up  to  ab o u t 1,5 MeV.

T he energy  of th e  p h o to p eak s  p o in te d  to  Ce-144 as be ing  th e  m o st p ro b 
able orig in  o f  th is  a c tiv ity . To check u p  on th is a ssu m p tio n , the  g am m a spec
tru m  o f a Ce-144 p re p a ra tio n  was ta k e n  b y  th e  sam e sc in tilla tio n  gam m a 
sp ec tro m e te r, in  th e  sam e geom etrica l a rran g em en t. B o th  spectra  a re  show n 
in F igu re  3/B . T hey  seem  to  be id e n tic a l. The analysis o f  th e  be ta  sp ec tru m
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show ed ro u g h ly  one group h a v in g  a m ax im u m  energy  of 200 ^  100 KeV an d  
a n o th e r  g roup  h a v in g  a m ax im u m  o f m ore th a n  2,8 MeV.

fir T h ere  is no  d o u b t th a t  th e  gam m a sp e c tru m  belongs to  Ce-144 an d  to  
its  d a u g h te r  e lem en t P r-144 . G ro u p  “ B ”  is h e re  th e  fra c tio n  con ta in ing  th e  
ra re -e a r th  c a tio n s . I t  is sure t h a t  th e  rough  ch ro m ato g rap h ic  sep a ra tio n  te c h n i
ques used  (see la te r)  will n o t s e p a ra te  th e  ra re -e a r th  e lem ents fro m  each o th e r. 
A ll ra re  e a r th s  a re  fixed  b y  p e a t  in  th e  sam e m anner. T he sh o rt irrad ia tio n

Fig. 3/B.  Gam m a spectrum  of group “ B ” , com pared w ith  a Ce-144 isotope p repara tion .
G roup “ B ”  shows th ree  characteristic  peaks of 34, 80 and 133 KeV. J

a n d  long  cooling dow n tim e  o f th e  ir ra d ia te d  U 30 8 resu lts  in  th e  presence o f  
o th e r  ra re -e a r th  iso topes w ith  o n ly  in s ig n ifican t ac tiv itie s , ju s t  as we ca lcu la ted .

T he g am m a sp ec tru m  o f g roup  “ C”  show ed  an  in te n se  p h o to p eak  a t  
0,765 MeV an d  a com plex g am m a sp ec tru m , w h ich  could n o t  be  resolved in to  
p eak s . (F ig u re  3/C.) The b e ta  sp ec tru m  show ed  a m ax im u m  energy  of a b o u t 
350 ±  50 K eV .

T hese  fa c ts  in d ica te  t h a t  th is  group consists  la rgely  o f  Z r-95. Of course, 
th e  p resence  o f  o th e r  fission  p ro d u c ts  in  sm alle r q u a n titie s  is no t excluded  
e ith e r  b y  th e  g am m a sp ec tru m  o r b y  th e  b e ta  spec trum .

G roup  “ D ” , w hich show ed  anionic c h a ra c te r  a t p a p e r  e lec trophoresis, 
gave a s tro n g  g am m a p h o to p e a k  (F igu re  3/D) w ith  an  energy  o f  ab o u t 0,76 MeV 
a n d  its  b e ta  sp ec tru m  h ad  a m ax im u m  o f 100 ^  50 KeV. T h is  fac t in d ica tes  
t h a t  th e  m a jo r  com ponen t o f  th is  g roup  is N b-95 , th e  d a u g h te r  p ro d u c t of Z r-95.

O u r n e x t  ex p erim en t w as th e  ion-exchange ch ro m ato g rap h ic  sep a ra tio n  
o f  fission  p ro d u c ts  on a co lum n filled  writh  h u m u s-rich  p e a t.
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660 1170 1330
Fig. 3/C. Gamma spectrum  of group “ C” with an in tense photopeak a t  0,765 MeV

660 1170 1330
Fig. 3/D. Gamma spectrum  of group “ D ” showing an anionic charter a t paper electropho
resis. The preparation  shows a strong gam m a photopeak w ith  an  energy of abou t 0,76 MeV
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b)  Preparation o f  a hum us-rich  peat

P e a t  is a r ich  source of h um ic  acids. I t  consists  u su a lly  u p  to  a b o u t 50%  
o f h u m ic  acids, d ep en d in g  upon  o rig in  and  p rog ress in  fossiliza tion . I t  is easy  
to  m ak e  a c o n c e n tra te d  hum ic ac id  p re p a ra tio n  fro m  p ea t b y  e x tra c tin g  i t  
w ith  a 1%  N aO H  so lu tio n  and  re p re c ip ita tin g  i t  w ith  d ilu te  HC1. E a rlie r  expe
rien ce  o f  th e  sen io r a u th o r  show ed th a t  th is  c o n c e n tra tio n  is n o t  p rac ticab le  
a n d  necessary . T he co n c e n tra ted  h u m ic  acid e x tra c te d  an d  p re c ip ita te d  in  th e  
ab o v e  m an n e r h as  a v e ry  fine d isperse  colloidal s tru c tu re  an d  i t  is v e ry  im p rac 
tic a b le  from  th e  p o in t  of view  o f f i l tra tio n , b ecau se  i t  stops th e  f i l te r  paper. 
I t  is im possib le , o r a t  le a s t im p rac ticab le , to  p re p a re  a useful ch ro m ato g rap h ic  
co lum n  from  th is  p re p a ra tio n . F u r th e r  earlie r ex p e rim en ts  o f th e  sen io r au th o r 
rev ea led  th a t  p e a t e x tra c te d  fro m  its  hum ic ac id  co n ten t looses la rge ly  its  
f ix a tio n  (or ex ch an g e) p ro p erties  w ith  re sp ec t to  ca tions. T h is d em o n stra te s  
t h a t  th e  f ix a tio n  o f  ca tio n s b y  p e a t  is id en tica l w ith  th e ir  f ix a tio n  b y  its  hum ic 
ac id  c o n te n t. F o r  th e  above reasons i t  is m ore p ra c tic a l b o th  a t  th e  la b o ra to ry  
a n d  possib ly  in  in d u s tr ia l  a p p lica tio n  to  use p e a t  as a ca rrie r o f  hum ic  acids 
in  a m o d estly  d isp e rsed  form . W e d ispersed  m ech an ica lly  some low -m oor p ea t 
w h ich  show ed an  exchange  c a p a c ity  o f ab o u t 2 m illieq u iv a len t/g r, an d  w hich 
w as v e ry  y oung  a t  a n  early  s tage  o f  fossilization . W e pu rified  i t  fro m  th e  b i tu 
m inous a n d  w ax y  su b stan ces  b y  e x tra c tio n  w ith  benzene. R esinous substances 
a n d  h um ic  acid  co m p o n en ts  o f low  m olecu lar w e ig h t h ad  been  e x tra c te d  w ith  
e th y la lco h o l, a n d  a f te r  th is  p ro ced u re  we tra n s fo rm e d  th e  p re p a ra tio n  in to  
a hyd rogenous from  b y  tre a tm e n t w ith  d ilu te  HC1 a n d  w ashed o u t th e  surp lus 
o f  ac id  b y  d istilled  w a te r  up to  a p H o f 4,5. In  th is  w ay  we o b ta in e d  a pu rified  
p e a t  p re p a ra tio n  ea s ily  w e ttab le  (hydroph il) a n d  ro u g h-d ispersed  (s tan d ard  
m esh-size b e tw een  N o. 16 a n d  50, p artic le  size betw een  0 ,37— 0,12 m m ). 
T h e  p re p a ra tio n  show ed  good ca tio n -ex ch an g e  p ro p ertie s  a n d  its  d ispersity  
en ab led  easy  f i l t r a t io n  and  co lum n c h ro m a to g ra p h y .

c )  Chromatography o f  f i s s io n  products on a peat column

T he p u rpose  o f  th e  follow ing ex p erim en ts  w'as to  com pare th e  s tren g th  
o f  f ix a tio n  of th e  d iffe ren t fission  p ro d u c ts  on p e a t .  A cation  exch an g e  colum n 
w as p re p a re d  fro m  th e  p ea t p re p a ra tio n  describ ed  above. A  sam ple  o f th e  
m ixed  fission  p ro d u c ts  from  ir ra d ia te d  U30 8 w as p o u red  on i t  a n d  elu ted  b y  
HC1 o f increasin g  c o n cen tra tio n .

T he d im ensions of th e  p e a t co lum n w ere 0 ,8  cm  in  d iam e te r  and  17 cm 
h ig h . T he to ta l  q u a n t i ty  of th e  h u m u s-rich  p e a t w as 0,75 gr m easu red  in  a 
d ry  s ta te .

0,02 ccm  o f th e  fission p ro d u c t so lu tion  w as d ilu ted  to  5 ccm . This so lu
tio n  w as p o u red  o v e r the  hum us co lum n, an d  e lu te d  by  HC1 so lu tions of in 
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creasing  c o n cen tra tio n  in  100 m l s tep s . T h e  to ta l  b e ta  a c t iv i ty  of th e  fission  
p ro d u c ts  h a d  been m easu red  before f ix a tio n  on th e  h u m u s, a n d  in  T ab le  2 
th e  a c tiv ity  o f  e v a p o ra te d  e lu en t frac tio n s  w as expressed  in  its  pe rcen tag e .

The frac tio n  belonging  to  р и  =  4 ,9  m ay  be reg a rd ed  as n o n -fix ed  b y  
hum ic ac ids. B etw een  р и  =  4,9  an d  2, no  p e a k  o f o u ts ta n d in g  in te n s ity  cam e 
dow n from  th e  colum n. In  our earlier ex p e rim en ts  Cs an d  Sr s ta r te d  to  com e 
dow n a t  a b o u t р н  — 2,4 b u t  a large v o lu m e  o f th e  e lu en t w as n ecessary  a t  
th is  p H. F o r th is  reason  we p re fe rred  to  p ro ceed  w ith  th e  e lu tio n  a fte r  p H =  4,9  
im m ed ia te ly  w ith  p H =  1. W e know  fro m  o u r earlier e x p e rim e n ts  [10], t h a t  
a lka line  ca tio n s and  a lk a lin e -ea rth  ca tio n s m u s t come dow n in  th is  p H ra n g e .

Table 2

Elution of fission products from a p ea t column by HC1 solutions

E l u a n t  рд11 0 0  m l B e t a  a c t i v i t y  ( % )  
of t h e  e l u a t e

4,9 0,94
1,0 17,21
1 n 59,66

eluted: 77,81%
rest activ ity  on the column 22,19%

M ost o f th e  a c tiv ity  (ab o u t 60% ) is e lu te d  b y  1 n  HC1.
As th e  ta b le  show s, a sig n ifican t f ra c tio n  (in th is  e x p e rim en t ab o u t 2 2 %  

o f b e ta  a c tiv ity )  was so firm ly  fix ed  on p e a t ,  th a t  it  could  n o t be e lu ted  b v
1 n  HC1.

The above ex p erim en t w as re p e a te d  in  a m an n er t h a t  th e  e lua te  w as 
ta k e n  in  1 ccm  steps an d  th e  b e ta  a c t iv i ty  o f each  sam ple  w as m easu red  
(F igu re  4).

T he F ig u re  d em o n stra te s  th a t  a t  =  4 ,9  a group o f no n -fix ed  p ro d u c ts  
ap p ears . W e proceeded  w ith  th e  e lu tion  a t  p ^  =  1, w here a s tro n g  a c tiv i ty  
ap p ears  w ith  a sharp  p e a k  w ith in  th e  f i r s t  e lu a te  sam ples a n d  a fte rw ard s a 
long sequence o f low er ac tiv itie s  w as o b se rv ed  up  to  200 ccm  elua te . I f  th e  
co n cen tra tio n  was changed  to  0,96 n  HC1, a s tro n g  a c tiv ity  ap p ea red  w ith  a 
sh a rp  p eak  w ith in  th e  f ir s t  e lu a te  sam ples.

A rad io m e tric  te s t  w as carried  ou t on th e  e lu a te  sam ples o f  p eak  a c tiv i ty  
in  th e  sam e m an n e r as a t  th e  e lec tro p h o re tic  te s t .  The te s t  d e m o n s tra te d  t h a t  
th e  peak  a t  p H =  4,9 (non-fixed  p ro d u c ts) show s th e  s ig n ifican t presence o f 
N b-95 an d  seem s to  he id en tica l w ith  g roup  “ D ”  (an ion-group) o f the  e le c tro 
p h o re tic  te s t .  The a c tiv ity  e lu ted  a t  p H — 1 consists la rg e ly  o f  Sr-89 (group  
“ A ”  o f th e  e lec tro p h o re tic  te s t) . The p e a k  e lu ted  w ith  0,96 n  HC1 consists
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la rg e ly  o f Ce-144 an d  its  d a u g h te r  p ro d u c t Pr-144 (group  “ B ”  of th e  e le c tro 
p h o re tic  te s t) .  The group f irm ly  fixed  on h u m u s  and  n o t to  be  e lu ted  b y  0,96 n 
HC1 consists la rg e ly  o f Zr-95 (it is id e n tic a l w ith  g roup  “ C”  in  th e  e le c tro 
p h o re tic  te s t) .

The above observ a tio n s seem  to  d e m o n s tra te  th e  p resence  o f som e fission  
p ro d u c ts  o n ly . The to ta l  n u m b e r  of fiss io n  p roducts is v e ry  large b u t  th e  
m a jo rity  o f  th e m  has e ith e r  v e ry  sh o rt o r  v e ry  long d ecay  periods. T he sh o rt 
ir ra d ia tio n  tim e  (4h) of th e  U30 8 sam ple a c tiv a te s  th e  lon g -liv ed  iso topes on ly  
to  a v e ry  sm all e x te n t. S h o rt-liv ed  iso topes decayed  d u rin g  th e  6 m o n th s cool
ing  dow n tim e .

The g roup  e lu ted  a t  p H =  1 co n ta in s  all the  a lka line  e a r th  and  Cs. The 
re te n tio n  o f R b  b y  hum us h as  to  be in v e s tig a te d  in  a s e p a ra te  e x p e rim en t. 
T he frac tio n  e lu ted  b y  0,96 n  HC1 shou ld  co n ta in  all r a re -e a r th  iso topes an d  
Y  as well. T he m ost f irm ly  fix e d  group “ C”  m ay  co n ta in , in  add itio n  to  th e  
overw helm ing  Z r, o th e r ca tio n s in  q u a d riv a le n t form . T he in v es tig a tio n s  m u st 
be ex ten d ed  in  th is  d irec tio n . G roup “ D ”  (non-fixed b y  hum us) co n ta in s  
p ro b ab ly  n o t on ly  Nb b u t  also isotopes w h ich  are inc lined  to  form  com plex  
an ions u n d e r given cond itions (e. g. R u , T c , e tc .).

The ju n io r  a u th o r  is c a rry in g  ou t f u r th e r  detailed  in v es tig a tio n s  c o n ce rn 
ing  fission  p ro d u c ts  n o t fix ed  b y  hum ic ac id s .

Survey of the results

I f  we re g a rd  all th e  e lem ents o f f iss io n  p roduc ts in  th e  periodic c h a r t  
(T able 3 ), an d  deno te  th e  ca tio n s, w hich a rc  according to  o u r in v estig a tio n s 
d e fin ite ly  fix ed  or defin ite ly  n o t  fixed  b y  h u m u s , we see t h a t  from  a sc ien tific  
p o in t o f  v iew  m a n y  o th e r e lem en ts  have to  be  in v es tig a ted .

A fu r th e r  series of in v es tig a tio n s  is n ecessary  to  c la rify  th e  f ix a tio n  o f 
som e cations (e. g. R b , Zn, G a, R h , P d , A g , Cd, In ), a n d  som e am p h o te ric  
e lem ents (Ge, As, Sn).

I f  we re g a rd  th is  p rob lem  from  th e  p o in t  o f view  o f p u b lic  h ea lth  e n d a n 
gered b y  th e  w aste  w ate rs o f  a grow ing a to m ic  in d u stry , th e  sho rt-lived  p ro 
d u c ts  can be neg lec ted .

I t  is p ra c tic a l an d  c u s to m a ry  to  s to re  b u r n t  ou t fuel e lem en ts  for a cooling  
dow n period  o f  a b o u t tw o  y ea rs . D uring  tw o  years th e  f iss io n  p ro d u c ts  o f  a 
decay  period  o f  less th a n  one m o n th  decay  to  less th a n  one m illion th  p a r t  o f 
th e ir  in itia l a c tiv ity . T ab le  4 shows f iss io n  p roduc ts w ith  a period lo n g er 
th a n  one m o n th . T h ey  are  a rran g ed  in  g ro u p s  according to  th e ir  b eh av io u r 
w ith  resp ec t to  th e  cation  exchange p ro p e rtie s  o f hum us, so fa r  in v es tig a ted .

The re su lts  o f th e  p re se n t in v es tig a tio n s  can  he genera lized  for all iso topes 
o f  th e  sam e e lem en t and  for all ra re -e a r th  ca tio n s from  th e  in v es tig a ted  ra re -  
e a r th  e lem en ts.
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Table 3

И Не

Li Be В С N О F Ne

Na Mg Al Si P S Cl A

K Ca Sc Ti V Cr Mn Fe Со Ni Cu |Zn Ga Ge As |Se Br (Kp)

Rb3r"Y~Zr (Nb) Mo Te Ru Rh, Pd Ag Cd In Sn^b Te_l Xe

c T B a tT  Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi Po At Rn

Fa Ra Ac

Ce Pr Nd Pm Sm| Eu Gd Tb Dy| Но Ег Ттп Ÿb Lu 

Th P a lT  Np Pu Am Cm Bk Cf E Fm Mv Ю2 ЮЗ

Table 4

Table of the fission products of a period over one m onth

F i r m l y  f i x e d  b y  
h u m i c  a c i d s

N o t  f i x e d N o t  i n v e s t i g a t e d

Sr—89 J  —129 R b -8 7
Sr- 9 0 J - 1 3 1 R u —103
Y —93 N b—95 Ru —106
Z r-9 1 K r—85 Cd—115 m
Cs—135 Sn—123
Cs—137 Те—127 m
Ce —141 Те—129 m
Ce—144 T c -9 9

Nd —144 S e -7 9
Pm —147 Pd —107
Sin—147 Sn—121 m
Sin—151 Sb —125
E u —155 Те—125
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In  th e  lig h t o f th e se  in v es tig a tio n s  p ea t or o th e r  hum ic  acids c o n ta in in g  
n a tu ra l  substances are v e ry  p rom ising  fo r th e  w aste  d isposal of th e  grow ing 
a tom ic  energy  in d u s try . P e a t is a v e ry  cheap  n a tu ra l su b stan ce  an d  b y  a v e ry  
sim ple tre a tm e n t it  is ab le  to  fix  th e  m a jo rity  o f fission  p roduc ts fro m  large 
vo lum es o f w aste  w a te rs . F o r th is  p u rp o se  i t  is n ecessa ry  to  a d ju s t th e  p H of 
th e  w aste  w ate rs to  a va lu e  o f a b o u t 5— 6 before c o n ta c tin g  i t  w ith  p ea t. 
A fu r th e r  cond ition  is th a t  w aste  w a te rs  should  n o t co n ta in  large a m o u n ts  of 
ca tions (especially  th o se  o f h igher v a len cy ; and  h ig h  atom ic  w e ig h t, e. g. 
C a+ + , Fe + + + , A l+ + + , Zr4 + ) because th e y  will s a tu ra te  th e  ca tion  exchange 
c a p ac ity  o f p e a t and  ex p e l fission  p ro d u c ts . The q u a n t i ty  o f fission p ro d u c ts  
expressed  in  chem ical eq u iv a len ts  is v e ry  sm all. 1 C urie Sr-90 a m o u n ts  to  
only  1,11 • 10 _4 g eq u iv a len ts , and  1 C urie Cs-137 a m o u n ts  to  only 1,01 • 10 ~4 g 
eq u iv a len ts . T he q u a n ti ty  o f  p ea t n ecessa ry  for tre a t in g  w aste  w a te rs  c o n ta 
m in a ted  b y  fission  p ro d u c ts  is n o t d e te rm in ed  b y  th e  vo lum e of w a te r  an d  
its fission  p ro d u c t c o n te n t b u t b y  its  c o n te n t of o th e r  ca tio n s.

T hese in v es tig a tio n s  th ro w  som e lig h t on th e  re te n tio n  of fission p ro d u c ts  
in  fe rtile  soil. F ission p ro d u c ts  m a y b e  carried  down in to  fertile  soil b y  ra in  fol
low ing an  a tom ic w eapon  te s t  or a re a c to r  acc iden t. I t  can  be assu m ed  th a t  
th e  h u m u s co n ten t of th e  soil is ab le to  f ix  a great p a r t  o f  th e  fission p ro d u c ts  
for a considerab le  period  o f tim e . T h e y  are p ro b ab ly  w ith h e ld  from  th e  c ircu 
la tio n  o f subsoil w ate rs  a n d  from  u p ta k e  b y  th e  ro o ts  o f  p lan ts . T h e  role of 
hum u s seem s to  be m ore s ig n ifican t th a n  th a t  of c laym inera ls  b ecau se  th e  
d is tr ib u tio n  coefficient is v e ry  high.
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ИССЛЕДОВАНИЯ ПО СОХРАНЕНИЮ ПРОДУКТОВ Д ЕЛ ЕН И Я  
В ГУМУСОВЫХ КИСЛОТАХ

А. САЛАИ и М. СИЛАДЬИ 

Резюме

Исследовали удержание большого числа продуктов деления торфовым препаратом, 
богатым гумусом. При благоприятном рн (рн =  5— 6) следующие элементы хорошо 
адсорбировались: все изотопы редкоземельных элементов, У, Sr, Cs, Zr. Эти связывались 
на торфе катионным обменом. Фактор обогощения торфа (коэффициент разделения) 
10 000:1. Имеются продукты деления, которые определённо не связываются гумусом, 
как  например изотопы иода и Nb и разумеется, инертные газы. Это имеет большое значение 
для дезактивации отходных вод ядерной промышленности и также для связывания про
дуктов деления, попавших на гумусовую плодородную почву атмосферными осадками.
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CRITICAL COMMENTS ON THE INVESTIGATION 
OF THE ELECTRON-NEUTRINO ANGULAR 

CORRELATION BY THE CLOUD CHAMBER METHOD

By

A . SZALAY, J . C siK A I and J .  BACSÓ

I N S T I T U T E  O F  N U C L E A R  R E S E A R C H  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  D E B R E C E N ,  H U N G A R Y

(Received 3. У. 1961)

This paper reports on some im portan t problem s arising from  the m easurem ent of the 
angular correlation between electron and neu trino  by the cloud cham ber m ethod. On the 
ground of a critical evaluation of th e  m ethod, ou r earlier da ta  of m easurem ents for e— V angular 
correlation were revised. We obtained  the value of —(—0,278 + 0 ,243  for the angular correlation 
coefficient. Because of the g reat statistical e rro r i t  is impossible to  give preference to  either 
the tensor or th e  axial forms of interaction.

I n  recen t years a n u m b e r o f  a n g u la r  co rre la tio n  ex p erim en ts  have  
been ca rried  o u t on w eak  in te rac tio n s  in  order to  d e te rm in e  th e  form  of 
in te ra c tio n . R ecen t ex p erim en ta l ch eck  up of ea rlie r c o n tra d ic to ry  resu lts  
confirm ed  m ore and  m ore th e  su p p o sitio n  of S u d a r s h a n  an d  M a r s h a k  [1] 
th a t  th e  possib ility  for a un iversa l w eak  in te ra c tio n  b e tw een  ferm ions o f all 
k inds can  on ly  be realized  in  th e  fo rm  o f  co m bina tion  V A . In  th e  H e6-decay , 
th e  in v es tig a tio n  of e lec tro n -n eu tr in o  a n g u la r  co rre la tio n  p lays an  im p o r ta n t 
role in  th e  exp erim en ta l check  up  of c o m b in a tio n  VA. In  1957, we successfu lly  
m anaged  to  ta k e  qu ite  convincing  c lo u d  cham ber p h o to g ra p h s  o f th e  n u c lea r 
recoil effect o f th e  n eu tr in o  from  th e  (3-decay of H e6 [2], [3]. Some o f th e  p h o to 
g raphs rev ea led  such ranges for the  reco il nuclei (2— 3 m m  in  a cloud ch am b er 
of 200 m m H g  filled  w ith  H 2 +  H 20  -f- C2H 5OH) w h ich  m ade possib le  th e  
d e te rm in a tio n  of the  angle  betw een /З-partic les and  reco il nuclei an d  b y  its  
m eans th e  in v es tig a tio n  o f  e —  v a n g u la r  corre la tion . O u r resu lts  [4] o b ta in ed  
b y  e —  v an g u la r co rre la tio n  m easu rem en t reg ard in g  th e  form  o f in te ra c tio n  
ex is tin g  in  th e  /З-decay o f  H e6 was in  d isag reem en t p a r t ly  w ith  th e  th e o re tic a l 
VA —  co m b ina tion , p a r t ly  w ith  th e  ex p e rim en ta l re su lts  o f A l l e n  e t al. [5] 
o b ta in ed  b y  an o th e r m e th o d  for th e  sam e decay . T herefo re  we th o u g h t it 
reasonab le  to  review  c ritic a lly  our ap p lied  m ethod  m ain ly  w ith  re sp ec t to  th e  
possible occurrence o f sy s te m a tic  a n d  su b jec tiv e  e rro rs , f irs t o f all, w hen  the  
ev en ts  a re  to  be d is tin g u ish ed  from  th e  b ack g ro u n d .

The m easu rem en t o f  e —  v a n g u la r  co rre la tion  is exceedingly  d ifficu lt 
because o f  th e  low  energy  o f  recoil n u c le i and  th is  fac t re su lts  in a n u m b e r of 
p rob lem s in  th e  cu rren t m e th o d s . In  th is  re p o rt we are  going  to  give a n  acco u n t 
o f p rob lem s o f m ore im p o rta n c e  o ccu rrin g  w henever th e  “ cloud ch am b er 
m e th o d ”  is applied , w h ich  o therw ise possesses fav o u rab le  p ro p ertie s .
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T he e lec tro n -n eu trin o  a n g u la r  co rre la tio n  m a y  be m easu red  b y  th e  cloud 
ch am b er m e th o d  in  th e  folloAving th re e  w ays:

(i) th e  en e rg y  d is tr ib u tio n  o f  recoil n ucle i is d e te rm ined ,*
(ii) th e  angle  betw een  /1-particles an d  reco il nuclei as w ell as th e  im pulse 

o f /3-particles a re  d e te rm in ed ,
(iii) th e  en e rg y  v alue  o f  th e  recoil n ucle i is d e te rm in ed  a t  a given -Eb

ener gy v a lu e .
T he b asic  re q u ire m e n t in  a ll th e  th ree  cases w hich d e te rm in es also th e  

accu racy  o f  th e  m easu rem en t is th a t  th e  reco il nucleus o f low  energy  shou ld  
u n d erg o  a m easu rab le  d isp lacem en t. In  /J-decay th e  im pulse  an d  energy  o f  
reco il nucle i a re  given b y  th e  follow ing re la tio n s :

w here r, p  a n d  q a re  th e  im pu lses o f th e  recoil nucleus, e lec tro n  an d  n e u tr in o ;
i) is th e  ang le  b e tw een  th e  d irec tio n s o f e lec tron  an d  n eu trin o . E xpressing  th e

«
im pulses b y  th e  co rrespond ing  energies an d  m ak in g  use o f th e  re la tio n  Е Гх

2 M
w here E R is th e  energy  o f th e  recoil nucleus a n d  M  is its  m ass , th e  energy  o f  
th e  recoil n uc leus m ay  be exp ressed  as follow s:

e r  =
(Eß +  2m 0 c2) E ß +  Ef, f  2E v Y (E ß 

2Mc-
2m 0 c2) Fß cos #

w here E ß an d  E v a re  th e  k in e tic  energies of th e  e lec tro n  and  n e u tr in o , re sp ec ti
v e ly  an d  m 0 is th e  re s t m ass o f th e  e lec tron . T he m ax im um  reco il energy  o b 
v io u sly  occurs w hen  E,,=  0. In  th e  H e6-decay  £™ax=  3,5 MeV, M ( Li6) =  6,017 
M U , an d  th u s  E R ax — 1412 eV. In  o rd er th a t  th e  recoil nucleus a t  such  a low  
en erg y  m ay  un d erg o  a m easu rab le  d isp lacem en t, a cloud ch am b er filled w ith  
a gas an d  v a p o u r  o f a v e ry  low  p ressu re  an d  sm all s to p p in g  pow er m u st 
b e  used.

T he d e te rm in a tio n  o f a n g u la r  co rre la tio n  from  th e  en e rg y  d is tr ib u tio n  o f 
th e  recoil n uc leus w ith  th e  cloud  ch am b er m e th o d  does n o t seem  to  be fa v o u r
ab le  fo r sev e ra l reasons. F ig u re  1 show s th e  ca lcu la ted  energy  d is tr ib u tio n  o f  
reco il n ucle i a ris in g  from  th e  H e6 /З-decay . T he ca lcu la tion  w as m ade b y  ta k in g  
th e  w hole angle (0 <[ d  <C n) an d  energy  sp e c tru m  in to  consid era tio n  an d  b y

* T oshiko  Y uaSa . É tude du d ’invarian t de l’in terac tion  Gamow—Teller en désinteg 
ra tio n  ß~ de H e6, J . Physique R ad ., 22, 169, 1961.
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choosing an  an g u la r d is tr ib u tio n  co rrespond ing  to  th e  form s o f in te ra c tio n  o f 
pu re  te n so r an d  ax ia l v ec to rs . The en e rg y  sp ec tru m  o f /З-partic les w as ta k e n  
from  R u s t a d  an d  R u b y ’s [ 6 ]  m easu rem en t. As i t  can  be seen in  th e  F ig u re , 
there  is a sign ifican t d ev ia tio n  in th e  sh ap e  o f th e  energy  d is tr ib u tio n  c o rre s 
pond ing  to  th e  tw o form s o f  in te ra c tio n  a t  h igher energies only .

The en erg y  d is tr ib u tio n  o f recoil n u c le i can be d e te rm in ed  b y  th e  m e a s u 
rem en t o f  e ith e r  th e  range  d is tr ib u tio n  o r th a t  of th e  d ro p le t n u m b er.

Fig. 1. The calculated energy spectrum  of Li6-recoil nuclei from He*-decay

The d e te rm in a tio n  o f  th e  energy o f  reco il nuclei b y  co u n tin g  th e  d ro p le ts  
is u n c e rta in  fo r several reaso n s:

(1) In s id e  an  in te rv a l o f  a few h u n d re d  eV fo r th e  energy  v a lu e , th e  
energy  loss p e r ion p a ir is n o t ex ac tly  k n o w n .

(2) T h e  n u m b er o f d ro p le ts  m ay  be  changed  b y  m olecu lar d issocia tion .
(3) R eco m b in a tio n  arising  from  h igh  ion d en sity  decreases th e  n u m b e r 

o f  d ro p le ts .
(4) T h e  h ea t c a p ac ity  availab le  a t  low  pressure  being  sm all, th e  h e a t 

re leased  b y  th e  s ta r t  o f co n d en sa tio n  w ill su d d en ly  decrease su p e r-sa tu ra tio n  
and  th u s  th e  drop le ts en la rged  by  s ta tis t ic a l  f lu c tu a tio n  w ill grow to  th e  d isa d 
v an tag e  o f  th e  sm aller ones. In  th is  w ay , on ly  a frac tio n  o f  th e  ions grow  in to  
d rop le ts  o f  v isib le  size. A t ran d o m  ex p an sio n s, th e  case is s im ilar in  decays
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a t  d iffe ren t p o in ts  o f tim e  a f te r  exp an sio n , as th e  d rop le ts  grow  in to  v isib le  
size on ly  on a  fra c tio n  o f  th e  la te r  arising  io n s. This in  con firm ed  b y  p h o to 
g raphs a an d  b to  be seen in  F ig . 2.

(a) Po —  a  ray s  e m itte d  a t  d iffe ren t d e lays accord ing  to  th e  expansion  
g re a tly  v a ry  in  th e ir  n u m b e r o f d ro p le ts .

Fig. 2. (a) In  a cloud cham ber of low pressure, Po —  a-particles em itted  a t different points 
o f tim e after expansion, (b) The track  of an  a-particle crosses th a t of an earlier /3-particle 
and in th e  area around  the crossing po in t, on th e  ions produced by the a-particle the droplets

have no t grown in to  visible size

(b) T h e  p a th  of an  ea rlie r /З-p artic le  is crossed b y  th e  tr a c k  o f an  a -p a r 
tic le , an d  in  a considerab le  a rea  a ro u n d  th e  crossing  p o in t, on th e  ions p roduced  
b y  th e  a -p a r tic le , th e  d ro p le ts  h av e  n o t grow n in to  visib le size because a local 
w arm in g  u p  h as  ta k e n  p lace a long  th e  p a th  o f  th e  /3-particle.
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In  th e  d e te rm in a tio n  o f  th e  energy d is tr ib u tio n  o f reco il nuclei b y  m e a su r
in g  th e  range  d is tr ib u tio n , th e  g rea test d if f ic u lty  comes fro m  th e  fac t t h a t  for 
v a rio u s reasons a considerab le  f lu c tu a tio n  m a y  occur in  th e  range.

(1) N a tu ra l s tragg ling .
(2) T he charge of L i6-ion p ro d u ced  in  th e  H e6-d ecay  m ay  v a ry  [7].
(3) The charge of reco il L i6-ion m a y  change along its  p a th .
(4) A t ran d o m  ex p ansions, in  d e c a y s  occurring  d u rin g  ex p an sio n , a 

considerab le  change tak es  p lace  in  th e  ra n g e , considering t h a t  th e  ex p an sio n  
ra tio  an d  th ro u g h  i t  th e  re la tiv e  change in  pressu re  is v e ry  h igh a t  a low  
p ressu re . This change can be  decreased  b y  app ly in g  su ita b ly  chosen gas an d

Fig. 3. The value of the expansion ratio  for th e  ion  lim it as the function  of the pressure pre
ceding expansion for different gas and vapour m ix tures

v a p o u r  m ix tu res . The value o f  th e  ex p an sio n  ra tio  for th e  io n  lim it is p re se n te d  
b y  F ig . 3 as th e  fu n c tio n  o f  th e  pressure  p reced in g  exp an sio n , w hen m ix tu re s  
H 2 — H 20 ;  H e H 20  an d  H e -f- 80%  H 20  -f- 20%  C 2H 5O H  (in th e  p e r
cen tage of vo lum e) are ap p lied . As th e  F ig u re  shows th e  b e s t cond ition  can  be 
o b ta in ed  b y  using  th e  la t te r  m ix tu re . F u r th e r  a d v a n ta g e  o f the  alcoholic 
m ix tu re  is th a t  th e  cham ber can  be o p e ra te d  a t  a considerab ly  low er p ressu re .

(5) As i t  has been m en tio n ed , th e  v a lu e  o f su p e r-sa tu ra tio n  a t  a g iven  
p o in t g rea tly  in fluences th e  size of the  d ro p le ts  and  su b se q u e n tly  th e  ra n g e  of 
the  recoil nuclei.

(6) The diffusion o f io n s, w hich is g re a tly  in fluenced  b y  th e  com position  
o f  th e  gas a n d  v a p o u r m ix tu re . A t 150 m m H g  to ta l  p ressu re , th e  w id th  o f  th e  
tra c k s  o f  a -p a rtic les  w ith  an  energy  of ~  0,1 MeV was ex am in ed  in th e  above- 
m en tio n ed  th re e  k inds o f gas a n d  v a p o u r m ix tu re s . As i t  c an  be seen in  F ig . 4
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Fig . 4. The d is tribu tion  of track  w id th  for Po— a-particles in the case of different gas-vapour 
m ixtures w ith  a to ta l pressure of 150 m m Hg
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th e  average w id th  o f tra c k s  a n d  th e  f lu c tu a tio n  of w id th  a re  considerab le  for 
H 2 -f- H 20 .  T he f lu c tu a tio n  o f  w id th  fo r v e ry  sh o rt t ra c k s  becom es m ore and  
m ore s ig n ifican t in  range f lu c tu a tio n .

T ak in g  th e  above fac ts  in to  co n sid e ra tio n , m eth o d  (ii) seems to  be  th e  
m ost re liab le  of th e  th ree  m e th o d s used fo r m easuring e —  v angu la r c o rre la 
tions b y  a cloud cham ber m e th o d . In  v iew  o f th e  fact t h a t  th e  choice b e tw een  
th e  tw o possib le so lu tions fo r p  %  q cases m a y  be m ade acco rd in g  to  th e  ran g e  
o f  th e  recoil nucleus, only th e  p  q en erg y  ran g e  proves to  be  ad eq u a te . I n  th is  
case only th e  d irec tion  o f th e  im pulse h as  to  be d e te rm in ed  for th e  recoil

Fig. 5. The calculated energy of L i6-recoil nuclei arising from th e  Д-decay of H e6 as the 
function of Eß a t 0 and  n  values of b

nucleus, considering  th a t  in  cases p  сы q, th e  electrons fro m  e— r-em issions o f 
n ea rly  opposite  d irections c a n n o t be d is tin g u ish ed  from  b a ck g ro u n d  e lec tro n s 
o f  co rrespond ing  energy  because  the  reco il nucleus c a n n o t be observed  on 
acco u n t o f its  low  energy . S uch  even ts m a y  easily  escape o b se rv a tio n  a n d  th e  
an g u la r co rre la tio n  m ay u n d erg o  su b jec tiv e  d isto rtio n s effec tin g  u n fav o u rab ly , 
f irs t o f all, th e  h igher //-values, th a t  is th e  in te ra c tio n  o f A -ty p e . Thus th e  u p p e r  
lim it o f th e  /З-energy  region is to  be chosen  so th a t  th e  d ire c tio n  of th e  tr a c k  
o f  th e  recoil nucleus shou ld  be m easu rab le  even in  e —  ^-em issions o f  n e a r ly  
opposite  d irec tio n . The d e te rm in a tio n  o f  th e  im pulse o f  /З-p artic les  w ith  a low  
energy  is in a c c u ra te , th e re fo re  th is  ran g e  also m ust be  excluded . In  v iew  
o f th e  above, th e  choice o f th e  in te rv a l 0,3  MeV <£ E fj <1 0 ,7  MeV seem s to  be 
m ost su itab le  fo r H e6. As i t  is show n b y  F ig . 5 , w here  th e  energy o f  th e  
recoil nucleus is p lo tte d  a t  va lu es  0 a n d  n  o f ■&, th e  en e rg y  of th e  reco il 
nucleus in  th e  /З-energy  in te rv a l o f 0,3— 0,7 MeV is alw ays h ig h e r th a n  250 eV. 
O n th e  basis o f  th e  /З-sp ec tru m , n ea rly  10%  o f H ee-decays is included  in  th is
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reg ion . T h is reg io n  is very  fav o u rab le  also fo r th e  o b se rv a tio n  of /2-particles 
w hen  a c loud  ch am b er is o p e ra te d  a t  a low  p ressu re .

In  v iew  o f  th e  above in v es tig a tio n s  a n d  co nsidera tions, o u r earlier m e a su 
re m e n ts  (4) fo r  e ■— y  a n g u la r  co rre la tion  in  H e6-decay h a v e  been rev iew ed . 
T he fo llow ing e v e n ts  were ex c lu d ed :

(1) th o se  w here  th e  en e rg y  o f th e  reco il nucleus w as dete rm in ed  b y  
c o u n tin g  th e  d ro p le ts ,

(2) w here  th e  energy  o f  th e  /2-particle is outside th e  energy  reg ion  o f
0 ,3— 0,7 MeV.

O n th e  b as is  o f th e  93 e v e n ts  th u s  re m a in in g  from  th e  381 b y  using  th e  
re la tio n s

N t +  N 2

tt/2 n

f -, , V n1 +  A —  cos & sin  &d& —  1 ( 1 A cos $J c J l c
0 л / 2

n

sin  ddd

2c
1 -)- A —  cos $  

c
. OdO

th e  fo llow ing v a lu e  o f  the  a n g u la r  co rre la tio n  w as o b ta in ed : A =  0,278 4: 0 ,243 .
V

T he v a lu e -----=  0,849 co rresponds to  th e  m ean en e rg y  of th e  e v e n ts
c

o b ta in e d  in  th e  reg ion  o f 0 ,3— 0,7 MeV. T h e  e rro r of A w as ca lcu la ted  b y  th e  
re la tio n :

ÔX 1INX +  N 2
A \ N X — N 2\ •

T a k in g  th e  lim its  o f e rro r  in to  co n sid e ra tio n , th e  v a lu e  ob ta in ed  fo r th e  
co rre la tio n  coeffic ien t ex c ludes w ith  c e r ta in ty  th e  ex is ten ce  of th e  s c a la r  
(A =  -—1) a n d  v e c to r  (A =  + 1 )  form s o f  in te ra c tio n  o n ly . Because o f  th e  
g re a t s ta t is t ic a l  e rro r it  is im possib le  to  give preference to  e ith e r  the  te n so r  o r 
th e  ax ia l fo rm s o f  in te ra c tio n . F o r  th is  v e ry  reaso n , our s ta te m e n ts  [4] on  th e  
ex istence  o f  th e  ten so r fo rm  o f in te ra c tio n  h as  to  be w ith d ra w n  because th e  
n a tu re  o f in te ra c tio n  can n o t be d e fin ite ly  d ec id ed  on th e  g ro u n d  of our p rev io u s 
in v e s tig a tio n s , i f  we consider th e  above c ritic a l aspects.

F o r th e  p u rp o se  o f g e tt in g  b e tte r  s ta tis t ic s , ta k in g  th e  above c ritic a l 
v iew p o in ts  in to  co n sid era tio n , we go on w ith  ou r in v es tig a tio n s . W e co n tin u e  
to  p ro d u ce  iso to p e  H e6 th ro u g h  reac tio n , B e9(n a)H e6, b u t  fo r th e  p u rp o se  o f  
in c reasin g  in te n s i ty , we sh a ll use reac tio n  D  +  D for n e u tro n  source ( in s te a d  
o f  P o  +  B e so fa r  used) w h ich  we p ro d u ce  b y  m eans o f an  im pulse o p e ra tin g  
ac c e le ra to r . T h e  cloud ch am b er w ill be filled  w ith  H e in s te a d  of H 2, u s in g  a 
m ix tu re  o f  w a te r  an d  alcohol a n d  decreasing  th e  200 m m H g  so far app lied  to  
120 m m H g .
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КРИТИЧЕСКИЕ ЗАМЕЧАНИЯ ПО ОТНОШЕНИЮ ИССЛЕДОВАНИЯ ЭЛЕКТРОН
НО-НЕЙТРИННОЙ УГЛОВОЙ КОРРЕЛЯЦИИ МЕТОДОМ КАМЕРЫ ВИЛЬСОНА

А. САЛАИ, Й. ЧИКАЙ и Й. БАЧО

Резюме

В работе приводится несколько интересных проблем, возникающих при опреде
лении угловой корреляции между электроном и нейтрино методом камеры Вильсона. 
В основу критического анализа метода положен пересмотр данных, полученных нами 
раньше при определении угловой корреляции. Д ля коэффициента угловой корреляции 
получено значение +  0,278 ±  0,243. Вследствие большой статистической ошибки нельзя 
дать преимущества ни тензору, ни аксиальной форме взаимодействия.
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A METHOD FOR MEASURING THE HALL COEFFICIENT 
AT HIGH TEMPERATURE

By

H u s s e i n  E l k h o l y *

C E N T R A L  R E S E A R C H  I N S T I T U T E  O F  P H Y S I C S ,  B U D A P E S T  

(Presented by  E . Nagy. — Received: 9. V. 1961)

A direct m ethod for m easuring Hall voltages a t high tem peratures is described. As an 
application of th e  m ethod, the tem perature  dependence of the Hall coefficient of Cu3Au was 
investigated. I t  was shown th a t:

1. The H all coefficient of the  Cu3Au alloy in  the disordered s ta te  is tem perature- 
independent;

2. The H all coefficient changes its sign from  a negative value in  the disordered sta te  
to  a positive value in  the ordered sta te ;

3. The Curie point of th a t  alloy lies at ab o u t 385° C.

In tro d u c tio n

I t  was m y  aim  to  in v e s tig a te  th e  k in e tic s  o f o rd e r-d iso rd e r tra n s fo rm a 
tions in  Cu3A u a lloy  by  s tu d y in g  the  H all coefficient o f t h a t  alloy. This was 
done b y  d iso rdering  th e  sam ple  above th e  Curie p o in t a n d  th e n  q u en ch  
to  a low er te m p e ra tu re  below  th e  Curie p o in t and  an n ea l a t  th a t  te m p e 
ra tu re  for severa l hou rs. M eanw hile th e  con tinuous change in  th e  H all 
v o ltage  as a fu n c tio n  of tim e  o f ordering  w as m easured , i. e. th e  m easu rem en ts  
o f  th e  H all vo ltag es  w ere all done a t  h igh te m p e ra tu re s . I t  is m uch  less d iff i
cu lt to  m easure  th e  H all v o ltag e  of a qu en ch ed  specim en a t room  te m p e ra tu re  
th a n  a t  h ig h er te m p e ra tu re . This is because  of th e  p a ra s itic  th e rm o e lec tric  
p o ten tia ls  due to  th e  inhom ogeneous te m p e ra tu re  d is tr ib u tio n  in  th e  specim en. 
These th e rm o e lec tric  p o ten tia ls  m ay have a m ag n itu d e  eq u a l in  order, or even 
g rea te r, th a n  th a t  o f th e  m easu rab le  H all v o ltag e , especially  w hen the  sam ple  
has a sm all H a ll coefficien t as is th e  case in  noble m eta ls . T herefore special 
care m ust be ta k e n  in  m easu rin g  H all p o te n tia ls  a t high te m p e ra tu re s .

This p a p e r  describes th e  a p p a ra tu s  a n d  th e  m ethod  used  in  m easu ring  
H all vo ltages a t  h igh te m p e ra tu re s .

A dc m e th o d  was used  due to  its  s im p lic ity  an d  its  ad v an tag es  in 
ou r case.

As an  ap p lica tio n  o f th e  m e th o d , th e  te m p e ra tu re  d ependence  o f th e  H all 
coefficient o f Cu3A u alloy  has been  in v es tig a ted . The resu lts a re  show n in F ig . 4.

* On leave of absence from  the Faculty of Science. Cairo U niversity , Cairo, E gyp t, 
U. A. R.
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Im p o r ta n t  resu lts  on th e  k inetics o f  o rd e r-d iso rd e r tra n sfo rm a tio n  in  th e  
sam e alloy  w ere  o b ta in ed  b y  using th is  m e th o d . This w ill be  th e  su b jec t o f  a 
se p a ra te  p u b lica tio n .

Preparation o f the sample

A n a llo y  of a tom ic  com position  o f  25.90 0 .05%  copper an d  74.10
0 .05%  gold  served  as o u r sam ple. T his a llo y  was p re p a re d  from  pure  co p p e r 

an d  gold a n d  m elted  in  a g rap h ite  crucib le  b y  high freq u en cy  tech n iq u e . I n  
o rder to  m ak e  th e  alloy  m ore hom ogeneous i t  w as rem e lted  tw ice. A fter re m e lt
ing , th e  a llo y  w as hom ogenized  in  h y d ro g en  fo r 10 hours a t  800° C. The re su ltin g  
in g o t w as ro lled  to  a th ick n ess  o f 0.03 m m . A fte r m ach in in g , th e  sam ple w as 
an n ea led  in  v a c u u m  fo r 10 hours a t  600° C. The sam ple w as in  th e  form  o f  a 
f la t  p la te  10 cm  long, 1 cm  w ide, an d  0.003 cm  th ick . T h ree  H all probes w ere 
c u t from  th e  sam ple  itse lf ; tw o  probes a t  one side o f th e  sam ple, 4 m m  a p a r t ,  
and  one p ro b e  a t  th e  o th e r  side of th e  sam ple .

Probe contacts

Since th e  H all m easu rem en ts  w ere m ad e  a t  h igh  te m p e ra tu re s , to  p re v e n t 
o x id a tio n  o f  th e  sam ple , i t  w as p u t  in  a glass tu b e  e v a c u a ted  up  to  a b o u t 
10 ~ 5 m m  H g . P t  w ires (co n v en ien t fo r glass sealing) w ere used  as H all le ad s  
an d  tu n g s te n  wires for c u rre n t leads.

Pt Си

Cuj Au

Fig. 1
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D iffe ren t k inds o f c o n ta c ts  b e tw een  th e  Cu3A u p ro b es of th e  sam p le  and  
th e  P t  leads w ere tr ied , a n d  all gave la rg e  th e rm o e lec tric  vo ltages w hich , in  
some cases, were found  to  be  la rger th a n  th e  H all v o ltag e  m easu red . To o v er
come th is  d ifficu lty , a disc o f  pu re  co p p e r 5 m m  d ia m e te r  and  1 m m  th ick n ess  
w as c u t in to  th ree  tr ia n g u la r  seg m en ts . These seg m en ts  were in su la te d  from  
each o th e r  b y  m ica. In to  each  segm ent a fine  hole 0.8  m m  d iam ete r w as bo red , 
and  th e  Cu3A u probes an d  th e  P t  leads w ere  in serted  in to  each  hole a n d  b ro u g h t 
in to  c o n ta c t w ith  each o th e r  b y  a th in  p in  of copper. A cross sec tio n  o f  th e  
co n tac t segm ents is show n in  F ig . 1. T h ese  co n tac t seg m en ts  p roved  to  be v e ry  
co n v en ien t, an d  due to  th e ir  sm all size a n d  th e  h ig h  h e a t cap ac ity  o f  copper 
th e  te m p e ra tu re  a t  th e  th re e  co n tac ts  w as p rac tica lly  th e  sam e.

Sample holder

T he sam ple was h e ld  betw een  tw o  m ica sh ee ts . Two copper ho lders 
served  as c u rre n t e lectrodes an d  helped  in  su p p o rtin g  th e  sam ple to  tw o  th ic k  
discs o f m ica. The tw o m ica discs were fa s ten ed  by  tw o  th in  copper ro d s w hich

copper rod for support sa m p le

Fig. 2

gave a d d itio n a l su p p o rt a n d  served  to  co n n ec t th e  c u rre n t e lectrodes to  tw o 
tu n g s te n  w ires used  as c u rre n t leads. T h e  cen tra l p a r t  o f Fig. 2 show s th e  
essen tia l p a r ts  of th e  sam ple  an d  its  h o ld e r. The sp rin g  show n in  th e  F igu re  
served  to  com pensate  for a n y  e lo n g a tio n  in  th e  sam ple  due to  h ea t ex p an sio n , 
and  th u s  m ak ing  th e  sam ple alw ays s tra ig h t .

Acta Phys. Hung. Тот. X I I I .  Fasc. 4.



450 H U SSEIN  ELK H O LY

Circuit an d  m ethod  of m easu rem en t

F ig . 3 show s th e  ac tu a l m easu rin g  c ircu it. T h e  H all p robes 1 and  2 w ere  
b rid g ed  b y  a 10 ohm s res is tan ce  p o te n tio m e te r , b y  w hich i t  w as possible to  
ba lance  th e  v o ltag e  drop  in  th e  sam ple  due to  th e  p rim ary  c u rre n t and  due to  
a n y  sm all th e rm o e lec tric  v o ltages ap p earin g  a t  th e  lead  c o n ta c ts . The H a ll 
vo ltages a p p e a rin g  betw een  th e  c e n te r  ta p  4 a n d  p robe 3 were m easu red  by  th e  
aid  o f a D iesse lh o rst ty p e  co m p en sa to r (U . S. S. R . m ake, ty p e  P P T N  1) a n d

a pho tocell g a lv an o m e te r (U . S. S. R . m ake, ty p e  F  16). T he com pensa to r h a s  
a range  o f  m easu rem en t from  0.1 /iv  to  20 m v . T he g a lv an o m ete r has a v o ltag e  
se n s itiv ity  o f 2 X 10 ~ 8 v o lts  p e r one d iv ision  o f  a scale.

T he leads w hich  are  d en o ted  as P t an d  P 2 in  Fig. 3 w ere used for th e  
m easu rem en t o f  e lec trical re s is tiv ity . The o u tp u t  p o te n tia l from  them , th e  
p o te n tia l o f  th e  P t — P tR h  th e rm o co u p le , an d  th e  p o ten tia l ap p earin g  on th e  
10 ohm s s ta n d a rd  resis tan ce , w h ich  was used  to  m easure th e  cu rren t o f th e  
sam ple  w ere re a d  b y  th e  co m p en sa to r C2 an d  th e  g a lv an o m ete r G 2.

T h e  H all m easu rem en t a t  ev e ry  te m p e ra tu re  was m ade w ith  th e  follow ing 
p rocedure . W ith o u t app ly ing  th e  m agnetic  fie ld , th e  vo ltage  d ro p  in  th e  sam ple  
due to  th e  p r im a ry  cu rren t an d  due to  a n y  th e rm o e lec tric  p o te n tia ls  (w hich
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were fo u n d  to  be v e ry  sm all and c o n s ta n t)  was b a la n c e d  b y  m eans o f  th e  cen ter 
ta p  4. T he m agnetic  fie ld  was th e n  ap p lied  and  th e  v o ltage  ap p ea rin g  betw een  
th e  cen te r  ta p  4 an d  p ro b e  3 was m easu red  by  Ci a n d  Gj. F our m easu rem en ts  
were m ad e  b y  reversing  b o th  th e  m a g n e tic  field  a n d  th e  sam ple c u r re n t in  all 
possible co m b ina tions. F rom  sim ple considera tions [1], th e  H all v o ltag e  plus 
th e  E ttin g sh a u se n  v o ltag e  were ca lc u la ted  from  th ese  four m easu rem en ts . 
T herm ocoup les [2] can  be connected  to  each H all p robe  w hich en ab le  us to  
correct fo r the  E ttin g sh a u se n  effec t. Since in  m e ta ls  th e  vo ltage  due  to  the  
E ttin g sh a u se n  effect is v e ry  sm all a n d  is abou t one p e rcen t o f th a t  o f  th e  H all 
vo ltag e , an d  since th e  re la tiv e  e rro r in  our m easu rem en t was 5 % , th is  correc
tio n  w as n o t done an d  th e  E ttin g sh a u se n  effect w as neglected .

Current stabilizer

T he cu rren t o f th e  sam ple was supp lied  by  u s in g  a sim ple c ircu it described  
by  G e r r i t s e n  [3]. T he circu it in i ts  sim p lest fo rm , as i t  is show n in th e  u p p er 
p a r t o f F ig . 3, consists o f  one b a t te r y  (12V) p a ra lle l to  th e  m ain  b a t te r y  (two 
12V b a tte r ie s )  and  a v o ltag e  d iv id in g  resis to r R x is in tro d u ced  b e tw een , such 
th a t  th e  vo ltage  o f th e  m ain  b a t te r y  equals th e  o u tp u t  v o ltage . T h e  circu it 
can  be a d ju s te d  b y  in tro d u c in g  a lo w  resistance a m m e te r  A x an d  v a ry in g  R x 
u n til no cu rren t flow s in  A x. B y  a d ju s tin g  th e  v a riab le  re s is tan ce  R 2, th e  
desired  c u rre n t could be o b ta ined  w h ich  was re a d  ro u g h ly  by  the  a m m e te r  A 2.

A sam ple c u rre n t of 2 am p ere s  was used a n d  th is  was fo u n d  to  be 
n ea rly  c o n s ta n t th ro u g h o u t a period  o f  m ore th a n  15 hours. The e x a c t value of 
th e  c u rre n t was m easu red  by  a co m p en sa to r C2 a n d  a g a lv an o m ete r G 2 by  
sw itch in g  th e  key  К  to  position  1.

Furnace

A 200 w a tts  fu rn ace  was used  in  th is  in v es tig a tio n , and  te m p e ra tu re s  up 
to  500° C could be o b ta in ed . M an g an in  wires w ere w ound on an  a lu m in iu m  
tu b e  23 cm  long a n d  2.5 cm d ia m e te r . Mica sh ee ts  w ere used as in su la to r 
be tw een  th e  a lu m in iu m  tu b e  an d  th e  m angan in  w ire . A P t— P tR h  th e rm o 
couple w as p u t b e tw een  th e  in n er s id e  o f th e  fu rn ace  an d  th e  o u te r  side of th e  
glass tu b e  enclosing th e  sam ple, a n d  th is  was u sed  fo r reg u la tin g  th e  te m p e r
a tu re . T he te m p e ra tu re  o f th e  sam p le  was m easu red  b y  a n o th e r P t — P tR h  
therm ocoup le  p laced a t  th e  sam ple.

Temperature regulator*

A p ro p o rtio n a l te m p e ra tu re  re g u la to r  was u se d  to  reg u la te  th e  te m p e r
a tu re . T h e  voltage ap p ea rin g  on th e  reg u la to r  th e rm o co u p le  was com p en sa ted

* T h e  te m p e ra tu re  re g u la to r w as c o n stru c ted  b y  M r. F . T óth a n d  w ill be th e  
su b jec t o f  a sep ara te  p u b lica tio n .
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a n d  th e n  am p lified  b y  a lock-in  am p lifie r. T he o u tp u t  o f th e  am p lifie r w as 
connected  to  a g rid  o f  a th y ra tro n  tu b e  w hich  h a d  th e  fu rnace  co n n ec ted  in  
its  anode c ircu it. T h e  c u rre n t o f th e  fu rn ace  w as ch an g in g  p ro p o rtio n a lly  w ith  
th e  f lu c tu a tio n  in  th e  te m p e ra tu re . T he te m p e ra tu re  was c o n s ta n t w ith in  
± 0 .1 °  C.

Magnet and magnetic field measurement

The e lec tro m ag n e t used  for th e  H all coeffic ien t m easu rem en ts  h a d  10 cm 
d iam e te r pole faces a n d  a v a riab le  gap  o f  0— 9 cm . W ith  a c u rren t o f  30 am pe
res an d  4 cm  gap , a fie ld  o f 11,800 oersted  w as o b ta in ed . T he m a g n e t was 
c a lib ra ted  b y  using  a m agnetic  in d u c tio n  m ete r (U . S. S. R . m ake , ty p e  IM I-I).

Experimental results

As an  ap p lic a tio n  o f  th e  m e th o d , th e  te m p e ra tu re  dependence o f  th e  H all 
coeffic ien t o f  Cu3A u a lloy  w as in v e s tig a te d . T he re su lts  are show n in  Fig. 4. 
T he sam ple  w as f ir s t  d iso rdered  a t  485° C an d  a n n e a le d  th e re  fo r sev e ra l hours.

T he H all v o ltag e  w as m easu red . T h e  sam ple w as th e n  cooled in  s tep s , and 
annea led  a t  ev e ry  te m p e ra tu re  u n ti l  eq u ilib riu m  w as o b ta in ed . T he H all 
vo ltag e  w as m easu red  a t  each  te m p e ra tu re . T h e  g raph  show s th e  H all 
coeffic ien ts m easu red  a t  eq u ilib riu m  a t  co rrespond ing  te m p e ra tu re s .
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The Curie p o in t d e te rm in ed  on th e  basis  of Fig. 4 lies a t  ab o u t 385° C, 
w hich  lies b e tw een  th e  va lu e  ob ta ined  b y  K o m a r  and  S i d o r o v  [4] an d  t h a t  
o b ta in ed  b y  B u r n s  and  Q u i m b y  [ 5 ] .

F rom  F ig . 4 i t  is clear t h a t  th e  H a ll coeffic ien t is te m p e ra tu re - in d e p e n d 
e n t  in  th e  d iso rdered  s ta te ,  i. e. above th e  Curie p o in t. I t  is also clear fro m  
F ig . 4 th a t  th e  H all coeffic ien t changes i ts  sign from  a n e g a tiv e  value in  th e  
d iso rdered  s ta te  to  a p o s itiv e  value in  th e  ordered  s ta te ,  confirm ing  th e  
observa tions b y  K o m a r  an d  S i d o r o v  [4]. T h e  values of R H in  th e  d iso rdered  
s ta te  o b ta in ed  here  coincide w ith  th e  v a lu e  o f o b ta in e d  b y  K o m a r  a n d  
S i d o r o v  [4].
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МЕТОД ДЛЯ ИЗМ ЕРЕНИЯ КОЭФФИЦИЕНТА ХОЛЛА 
ПРИ ВЫСОКИХ ТЕМПЕРАТУРАХ 

Х УССЕЙН э л к о л и

Резюме

Описывается прямой метод для измерения напряжения Холла при больших тем
пературах. Как применение данного метода исследовалась температурная зависимость 
коэффициента Холла в случае C ujA u. Оказывалось, что

1. коэффициент Холла сплава Cu,Au в неупорядоченном состоянии не зависит 
от температуры,

2. коэффициент Холла меняет знак от своего отрицательного значения при не
упорядоченном состоянии к положительному при упорядоченном состоянии,

3. точка Кюри данного сплава лежит около 385" С.
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ZUR HERLEITUNG DER GRUNDGLEICHUNG DER 
STATISTISCHEN THEORIE DES ATOMS

Von

P .  G o m b á s

P H Y S I K A L I S C H E S  I N S T I T U T  D E R  U N I V E R S I T Ä T  F Ü R  T E C H N I S C H E  W I S S E N S C H A F T E N ,  B U D A P E S T

(Eingegangen: 1. IX . 1961)

Im  Anschluss an  eine Arbeit von P l a s k e t t  wird die für die sta tistische Theorie des 
Atoms grundlegende Beziehung zwischen dem m axim alen Im puls und der E lektronendich te  
auf eine neue Weise hergeleitet, wobei sich ein Korrektionsglied ergibt, das fü r den Fall kleiner 
E lektronendichten, also am  Rand des A tom s, von B edeutung ist.

D ie G rundg le ichung  der s ta tis tisc h e n  T h eo rie  des A to m s, w onach d er 
B e trag  des m ax im alen  E lek tro n en im p u lses  im  A to m  m it der E le k tro n e n d ic h te  
im  Z usam m enhang  s te h t, w urde m eh rfach  h e rg e le ite t.1 W ir geben  im  folgenden 
a u f  G rund  w ellenm echanischer B e trach tu n g en  im  A nschluss an  eine A rbeit von  
P l a s k e t t 2 eine n eu e  H erle itu n g  e iner k o rrig ie rten  F orm  d iese r B eziehung. 
D er w esentliche U n te rsch ied  gegenüber der A rb e it von P l a s k e t t  b es teh t 
d a rin , dass wir die m ittle re  E lek tro n en d ich te  a n d e rs  als P l a s k e t t  defin ieren , 
w as zu  grossen V ere in fachungen  fü h r t  und  d as  ganze V erfah ren  sehr d u rc h 
sich tig  g es ta lte t.

Die Schrödinger-G leichung eines E lek tro n s  im  A tom  fü r  d as  r-fache d er 
rad ia len  W ellen funk tion  ip la u te t  fo lgenderm assen

+  (e - l O / = 0;  (1)h 1

h ier bezeichnet r die E n tfe rn u n g  vom  K ern , m  d ie  Masse des E le k tro n s , h die 
P lancksche  K o n s ta n te , e den E n e rg ie p a ram e te r , f  das r-fache v o n  y), d. h. es 
is t f  =  ry>, f "  die zw eite A b le itu n g  von  f  n a c h  r  und  U die e ffek tiv e  p o te n 
tie lle  E nerg ie  des E lek tro n s

U  =  -  e V  + ft2 1(1+ 1 )  
8 л 2 т  r 2

(2)

wo e die positive E lem en ta rlad u n g , l die N eb en q u an ten zah l u n d  V  das e lek tro -

1 Man vgl. z .  В. P. G o m b á s ,  Die statistische Theorie des Atoms und ihre Anwendungen, 
Springer, Wien, 1949.

2 J . S. P l a s k e t t ,  Proc. Phys. Soc. London А 66, 178, 1953.
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s ta tisc h e  P o te n tia l  b e d e u te t, von dem  w ir an n eh m en , dass es eine F u n k tio n  
v o n  r a lle in  is t, dass also ü b e r die v ersch ied en en  R ic h tu n g e n  h in w eg g em itte lt 
w urde .

M it dem  A nsa tz

/ ( r ) = R ( r ) e ^ SW, (3)

S ( r ) = \ p r dr, d . h. S '  =  p r , (4)

ze rfä llt b e k a n n tlic h  die G leichung (1) in  die fo lgenden  beiden G leichungen

R "
4 n 2 

h2 R p f  +
8 n 2 m

h2
( e ~ U ) R  =  0, (5)

2 R ' Pr +  R-Pr — 0, ( 6)

wo p r d en  ra d ia le n  Im p u ls  des E le k tro n s  b eze ich n e t u n d  die S tr ich e  rech ts 
oben  n eb en  den  S ym bo len  R  u n d  p r A b le itu n g en  n a c h  r  bed eu ten . A us Glei
chung  (6) fo lg t so fo rt, dass R 2p r eine K o n s ta n te  is t , d ie  w ir m it a beze ichnen  
w ollen ; es is t also

u n d
R 2 p r =  a ( ? )

( 8)

Als k lassischen  B ah n b ere ich  b e tr a c h te t  m an  d as  In te rw a ll d e r r-W erte , 
fü r  die p r >  0 is t . D ie G renzen b zw . r2 des k lassischen  B ahnbere iches 
(rx <  r  <  r2) sind  d u rch  p r =  0 d e te rm in ie r t. D ie E ig en fu n k tio n  m u ss an  den 
G renzen  des k lassischen  B ah n b ere ich es v e rschw inden .

W en n  R  u n d  p r L ösungen  des G le ichungssystem s (5), (6) sind , d a n n  sind 
die E ig en fu n k tio n en  gem äss (3)

f s =  R  s i n ----- I p r dr u n d  f c =  R  cos
2 n

Pr dr , (9)

v o n  den en  n u r / s als L ösung  in  F rag e  k o m m t, d en n  n u r  diese E ig en fu n k tio n  
v e rsch w in d e t an  den  G renzen  des k lassischen  B ahnbere iches u n d  zw ar n u r 
d a n n , w enn  die B ed in g u n g

r22 I p r dr =  nr h
r1

( 10)
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b e s te h t , wo nr eine ganze Z ahl is t . D iese B ed in g u n g  is t m it d er Som m erfeld- 
schen  Q u an ten b ed in g u n g  id en tisch .

D ie rad ia le  A u fen th a ltsw ah rsch e in lich k e it des E lek tro n s  w ird  also

Г

Я  =  R 2 sin2 Pr dr . (11)

rx

D iese se tz t sich aus zwei F a k to re n  zu sam m en : aus dem  A m p litu d e n q u a d ra t 
R 2 u n d  aus dem  zw ischen den  W erten  0 u n d  1 osz illierenden  F a k to r

2 л  f
sin2—j —  ̂ p r d r . D iese r oszillierende A nte il w ird  also d u rch  das A m p litu d en -

ri —
q u a d ra t  m o d u lie rt. E in e  m ittle re  rad ia le  A u fen th a ltsw ah rsch e in lich k e it f s 
lä s s t sich  zw eckm ässigerw eise in  d e r W eise d e fin ie ren , dass m a n  d en  oszillie

ren d e n  A nte il d u rch  den  M itte lw ert —  e rse tz t u n d  fü r
2

( 12)

se tz t , w obei w ir den  F a k to r  —  m it der in  R  e n th a lte n e n  N orm ierungskon-

s ta n te  verschm olzen  haben .
F ü r  b e s te h t die N orm ieru n g sb ed in g u n g

4 л  ( / I d r  =  i n  I R 2dr  =  1 , (13)

au s  der m an  m it R ü ck sich t a u f  (8) fü r  die K o n s ta n te  a den  W ert

1

Г 1 ,4 л  —  d r
J Pr

(14)

e rh ä lt .
D ie m ittle re  rad ia le  D ich te  Di d e r E le k tro n e n  m it der N eb en q u an ten zah l 

I in  einem  A tom  e rg ib t sich m it R ü ck s ich t a u f  (8) u n d  (12) fo lgenderm assen

D ; =  2 (21 +  1) 4 ^ 2 :7 1 = 2  (21 +  1) 4 я « 2 —  ,
nr n, P r

( 15)
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wo die S u m m ieru n g  über alle b e se tz te n  Q u a n te n z u s tä n d e  au szu d eh n en  is t. 
W en n  w ir die S um m e d u rch  ein In te g ra l  e rse tzen , so w ird

D, =  2 (21 + 1) 4л- a (16)

D ie In te g ra tio n  a u f  der re c h te n  Seite lä ss t sich  fo lgenderm assen  d u rc h 
fü h re n . A us (10) fo lg t

2 f  8 Р Г d r =  0 n 'f f d e 3 e
(17)

M it d em  k lassischen  A usdruck  fü r  p r

Pr =  [2m (e — U)]1'* 

e rh ä lt  m an  den Z u sam m en h an g

3 p r m
de p r

u n d  m it diesem  u n d  (14) aus (17)

(18)

(19)

2m
h

1 , 2 m  1
—  dr —

3 nr
h 4 ti a d e

( 20)

M an k a n n  also in  (16) dnr d u rch  --------- - de e rse tzen  u n d  e rh ä lt
2 n  h a

D t =  2 (21 -f- 1) Г—  de , 
* J Pr

(21)

wo die In te g ra tio n  a u f  alle b e se tz te n  Q u a n te n z u s tä n d e  zu  e rs treck en  is t  und  
e0 u n d  e^ die E n erg ie  des tie fs ten  bzw . höchsten  Q u an ten zu stan d es  beze ich n et. 

M it (19) e rg ib t sich aus (21)

D, =  2 (2Z +  1) ~  f  d  e =  2 (21 +  1) A  [Pr ( ^ )  -  Pr Ы ]
n J de h

(22)

4 (2/ ± _ i )  
h (Pru. -  PrO) .
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wo w ir fü r  den m ax im alen  rad ia len  Im p u ls  und  fü r  den  m in im alen  rad ia len  
Im p u ls  der K ürze h a lb e r p r/l bzw . p r0 s e tz te n .3

Im  allgem einen w ird  angenom m en , dass p r0 =  0 is t , w o durch  m a n  aus 
(22) zu  d er b e k a n n te n  B eziehung

D , =
4 ( 2 / +  1) 

h
Pr[X (23)

g e lan g t. U nserer M einung n ach  is t je d o c h  die A nnahm e p r0 =  0 n ic h t zulässig , 
d enn  dies w äre d a m it g le ich b ed eu ten d , dass m an  a n n im m t, dass die m in im ale  
rad ia le  E nerg ie  eines E lek tro n s  gleich 0 sei, w as, w ie sich  le ich t zeigen lä ss t, 
n ich t d er F all is t.

H ierzu  te ilen  w ir das E lek tro n en g as  des A tom s in  K ugelscha len  v o n  der 
D icke s ein und  w äh len  s den V o rau sse tzu n g en  d er s ta tis tisc h e n  T h eo rie  e n t
sp rech en d  so k lein , dass in  der K ugelschale  U  p ra k tisc h  als k o n s ta n t b e tra c h te t  
w erden  k an n . Die L ösungen  der G leichung  (1), die den  R a n d b ed in g u n g en  — 
n ach  w e lc h e n /a n  den  beiden  b e ran d en d en  K ugelflächen  der K ugelschale  v e r
schw inden  m uss —  genügen , sind  die folgenden

f x — C sin  Я 71
r
s

( Я =  1 , 2 ,  3, . . . ) ,

(24)

ivo C eine N o rm ie ru n g sk o n stan te  u n d  rk den R ad ius d er in n e ren  K ugelfläch e  
d er K ugelschale  b ezeichnen . Die en tsp rech en d en  E ig en w erte  der E n erg ie  sind

h2 ) 2
8 m s2

+  U . (25)

H ierin  is t das G lied m it Я2 der rad ia le  A nte il der k in e tisch en  E n erg ie . Я k an n  
den  W ert 0 n ich t an n eh m en , da fü r  diesen /д id en tisch  verschw inden  w ürde, 
w as b e d e u te t, dass d er Z u stan d  m it Я =  0 n ich t e x is tie r t. H ierau s fo lg t, dass 
der rad ia le  A nteil d er k inetischen  E n erg ie  n ich t verschw inden  k a n n , also in 
u nsere r halbk lassischen  B etrach tu n g sw eise  auch  p r0 den  W ert 0 n ic h t a n n e h 
m en k an n .

S ta t t  der b e k a n n te n  B eziehung  (23) e rh ä lt m an  also die g en au ere , k o r
r ig ie rte  B eziehung (22), in  der p r0 als K o rrek tio n sg lied  a u f tr i t t .  F ü r  grosse 
E lek tro n en d ich ten  w ird  m an p r0 n eb e n  p r/1 v e rnach lässigen  k ö n n en  u n d  die

3 Diese Beziehung wurde auch von P l a s k e t t  auf andere Weise gefunden ohne jedoch 
dass von ihm die nachstehenden Folgerungen gezogen wurden.
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B eziehung  (23) w ird  eine sehr g u te  N äh eru n g  d a rs te lle n . F ü r  k le ine  E le k tro n e n 
d ic h te n  —  also in  den  äu sseren  G ebieten  des A to m s —  k a n n  jed o ch  p r0 von  
g le icher G rö ssen o rd n u n g  w erd en  wie p r/i u n d  m a n  k a n n  d an n  p r0 in  (22) n ich t 
v e rn ach läss ig en , w o durch  sich  in  diesen G eb ie ten  eine K o rre k tio n  des s ta t is 
tis c h e n  M odells e rg ib t. D as P ro b le m  b e s te h t in  d e r B estim m u n g  v o n  p r(), w as 
in  e iner fo lgenden  A rb e it d u rc h g e fü h rt w erden  soll. A us (25) e rh ä lt  m an  fü r  
pro den  A u sd ru ck

Pro =  ~ ~  * (26)Zi s

d e r  jed o ch  fü r  u n se re  Zw ecke n ic h t b ra u c h b a r  is t ,  da  in  d iesem  die B reite  s 
d e r  jew eils h e rau sg eg riffen en  K ugelschale  e in g e h t. Es soll v e rsu c h t w erden  
d iesen  m it e in em  fü r  rech n erisch e  Zwecke b ra u c h b a re n  N ä h e ru n g sa u sd ru c k  
z u  erse tzen .

К ВЫ ВЕДЕНИЮ  ОСНОВНОГО УРАВНЕНИЯ В СТАТИСТИЧЕСКОЙ
ТЕОРИИ АТОМА

П. ГОМБАШ

Резюме

В связи с работой Пласкета для статистической теории атома выводится одна 
основная зависимость между максимальным импульсом и плотностью электронов. Данная 
зависимость получается новым, отличным от упомянутого, способом, в результате 
появляется коррекционный член, который в случае меньшей электронной плотности 
значителен и во внешней области атома.
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К Р А Т К И Е  СООБЩЕНИЯ  —
B R I E F  R E P O R T S  —  K U R Z E  M I T T E I L U N G E N

DERIVATION OF “ALMOST” ORTHOGONAL 
TWO-ELECTRON ORBITALS

By

E . K a p u y

R E S E A R C H  G R O U P  F O R  T H E O R E T I C A L  P H Y S I C S ,  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received 30. IV. 1961)

In  p rev ious papers [1, 2 ], a set o f  coup led  iu te g ro -d iffe ren tia l eq u a tio n s  
has been deduced  for an tisy m in e trica l tw o -e lec tro n  o rb ita ls  o rth o g o n al in  th e  
s tro n g  sense. B y  v a ry in g  th e  energy ex p ressio n  given in  [3, 4, 5] an d  ta k in g  
in to  acco u n t th e  au x ilia ry  conditions

J y î ( l |2 ) V i ( l |2 ) i M T a =  l ,  ( I  =  1 , 2 ,  . . .  N ) ,  (1)

jV /( l |2 )  У}(3|4) (3[2) y)j( l |4 )  d Ti  d r 2 dr3 d r4 =  D , j  i f  J = f = I ,  (2)

(0 <  D , j  <  1 ), ( I , J  =  1 , 2  , . . .  N ) ,

we have  o b ta in ed  th e  eq u a tio n s

r 12 JФ
]Я(1) +Я (2) +  —  +  2 V  dr3 dr.

I * l J

1 — P  1 — Px J  13 I 1 -*23

r 13 ' 23
r j ( y \ * ) v > j m y , m =

(3 )

= \ E ‘ +  V  E ' J  I d r3d r4 [ P 13 +  P23] yj*j (3'[4) rPj ( 3 4 ) j Wl (1 |2), ( 1 = 1 , 2 , . .  , , N )  
J * i

fo r th e  tw o-e lec tro n  o rb ita ls  y>j . In  th e  lim itin g  case, w hen  a ll D jj ->  0, th e  
a n tisy m m etrica l so lu tions y q (l|2 )  ( J  =  1, 2 , . . . N )  o f th e  eq u a tio n s  (3) s a tis 
fy ing th e  au x ilia ry  cond itions (1) an d  (2), are th e  o rth o g o n a l tw o -e lec tron  
o rb ita ls  to  be found . W hen  D jj -a  0 a n d  |*(1 |2) y q (l|3 ) d x 1 —>-0, th e n  \ E ^ \  
m u st te n d  to  in f in ity  so t h a t  lim  E 1̂ \y>* (1 |2) ipI (1 [3) d r 1 =  (2[3) w ill be
w ell-behaved  functions. U sing  these, th e  eq u a tio n s  can  be  p u t  in to  th e  fo rm

Я (1) +  Я (2) +  —  +  2 
Г12

+ I T23

r 23
V*j (3 '|4 ) Wj  (3|4) j Vl  (1|2) =  E> y,, (1|2) + (4)

+  2  Гйт3[ ^ (3 |2 ) ^ ( 1 |3 )  +  Г ^ ( 3 |Х ) ^ ( 3 |2 } ] ,  ( / = 1 , 2 ,  . . . I V )  .
j * i J
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E v en  i f  we assum e th a t  so lu tio n s sa tisfy in g  th e  au x ilia ry  cond itions (1) an d  (2) 
(w hen D ' J  —> 0) do ex ist, th e  above lim itin g  procedure  m akes i t  m ore d iffic id t 
to  fin d  th e m .

R e c e n tly  i t  has been  p ro v ed  [6] th a t ,  for given a n tisy m m e tric  tw o - 
elec tron  o rb ita ls  o rth o g o n al in  th e  s tro n g  sense, th e re  ex ists  a com plete se t o f  
o rth o n o rm a l one-e lec tron  sp in -o rb ita ls  uv w hich can be p a r ti t io n e d  in to  s u b 
sets

**11? **13? • • • ? • • • **71? **lfr **73? • • • ? • • •  **N1? **N2? **N3? • • • ?

such  th a t  e ach  уД 1 |2) can  be ex p an d ed  in  te rm s of U/j,  U/2, u /3, . . . on ly :

V>/ (l|2 ) =  2 ’C ^ n /l. ( l ) « /i.-(2 ),
i, V

e tc . H ence th e  fu ll space can  be decom posed  in to  m u tu a lly  p e rp en d icu la r N  
subspaces 1, 2 , N  in  such a w ay  th a t  each  tw o-e lec tro n  o rb ita l
ipI(l\2) is lo ca lized  to  th e  co rrespond ing  subspace  I.

In  th e  beg inn ing  we assum e th a t  b o th  th e  sp in -o rb ita ls  u„ and  th e ir  
p roper d eco m position  in to  N  subspaces co rrespond ing  to  th e  ground  s ta te  o f  
th e  sy s tem  w ith  H a m ilto n ian  Я  are k now n . B y req u irin g  to  sa tis fy , in s te a d  o f  
th e  o rth o g o n a lity  cond itions

j V / i 1!2 ) Wj  ( ! |3 ) d T i=  0 ,  if  J= f= I ,  (5)

th e  c o n s tra in ts  th a t  each  xpf  1|2) be localized  to  th e  co rrespond ing  su b sp ace , 
we h av e  th e  fo llow ing se t o f  eq u a tio n s:

Q'  H '  (1|2) tp, (1|2) =  E< Vl  (1|2), ( I  =  1 , 2 , . . .  N ) . (6)

H ere Q‘ is a p ro jec tio n  o p e ra to r  p ro jec tin g  on th e  subspace  I :

Q ' f (  12 ) =  f  (1|2) =  V / / r « / , ( l ) « / , ' ( 2 ) ,
Hr

f i r  =  j y ( i |2 ) « :,( ! )  » Í H Z ) * , á r , ,

Я '( 1 |2 )  =  |я ( 1 )  +  Я (2 ) +  - i -  +  2 У  | d T 3 dT4
“ J'12

13

»b

+
1

' 2 3
r j i m v ’j  ( 3 J 4 ) .

T h e  an tisy m m e tric  so lu tions \pw , y 20, . . .  y>N0 o f th e  eq u a tio n s  (6) 
belonging  to  th e  low est va lu es  E 10, E 20, E N0, co rrespond  to  th e  g ro u n d  
s ta te  o f  th e  sy s tem . K eep in g  the  o p e ra to rs  Я 7(1 2) an d  Q 1 fixed , each  o f  
th e  e q u a tio n s  (6) h as  fu r th e r  a n tisy m m e tric  so lu tions • • • w ith
L ag ran g ian  m u ltip lie rs  E n , E 7", £ 73, . . .  w hich  have  th e  follow ing p ro p e rtie s :
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jV /x (1|2) (1|2) dr,  d r2 =  d ^ ,  (7)

j ,V Î .( l |2 )V y x ( l |3 ) i r1 =  0 ,  if  1 ф 1 .  (8)

T he g round  s ta te  energy  g iven  b y  th is  ap p ro ach  lies below  th e  en e rg y  
o b ta in ed  b y  th e  H a rtre e -F o c k  m eth o d  and  m ay  be close to  th e  e x a c t non- 
re la tiv is tic  g round  s ta te  energy  w hen  th e  elec tron  p a irs  o f  th e  sy s tem  are  
s tro n g ly  localized to  d iffe ren t reg ions o f  th e  space. T h is  can  be u tiliz ed  to  
define an  ex ac t m easu re  for th e  lo ca lizab ility  o f th e  e lec tro n  p a irs  in  th e  
system .

In  th e  beg inning  th e  se t U/,- is n o t know n, th u s ,  in  o rder to  rep lace  
i t  we h a v e  to  fin d  a f in ite  se t o f  o ne-e lec tr onsp in  o rb ita ls  Гц.  T here  are 
tw o m eth o d s to  derive an  a p p ro x im a te  basis. B o th  resem ble, to  som e 
e x te n t, th e  ex ten d ed  H a rtre e -F o c k  eq u a tio n s [7, 8].

A) T he ap p ro x im a te  tw o -e lec tro n  o rb ita ls  <p,(l2) a re  ta k e n  in  th e  fo rm  
(see also [9])

<М ф) -- > ' C i l l tv , l t ( I K , , ( 2 ) ,  (/ =  1 , 2 , . ..IV ; i lt i2 =  1,2,. . . n ,) .

We requ ire  th a t

j  v*n (1) Vjj  (1) dr,  =  d, j  d,j ( / ,  J  1, 2 ,.  . . N ;

W hen
i =  1 ,2, .  . . n , ;  j  1 ,2 ,.  . .i i j). (9)

and

II 1

2  c /* 2q is =  i ,  ( /  =  1 , 2 , . .  . N ) , (10)

th e  ap p ro x im a te  tw o -e lec tro n  o rb ita ls  are  a n tisy m m e tric a l a n d  no rm alized , 
re spec tive ly . W ith  th ese , we get th e  energy  expression

E<°> :Я (0 )
N
X ’

1 =  1 ilf ïo, 1*3, 14=1

+

2 ' CIi X C L u \ 2 ( I h \ H ( l ) \ I Í 2 ) á i i i t  +

I 1 j
F p  1^3 j / ^ 2 ’

N
2 V

ni
X’ X ’ C.J* Г -1 Г 1* Г 1_  _  Л  J4aJ2J: i‘ih ^ i2is

I . J = l  íi, it, h  1 Л , Л, Уз=1

\ 1 1
J j l ^ H  1 * 2  - / / 2 11 •

Г12 I

1 J h A h l  1 -^2
I r12 ,

(11)

V ariation  o f th e  sp in -o rb ita ls  v,,  in  (11) ta k in g  in to  acco u n t th e  au x ilia ry  co n 
d itions (9) w ith  L ag ran g ian  m u ltip lie rs  — 2 leads to  th e  se t o f eq u a tio n s

Acta Phvs. Hung. Тот. X I I I .  Fasc. 4.



4 6 4 E. К APU Y

2 С&С‘>и 12Я(!) *ьи +  f — *Яз:(2)«/и(2)| « W 1)
h,  is, i I ^  Г12 !

+

2 _ s - V  2  C/;,C!,-,CÜ C/,J, —  \’'л№’л.Р)ч,.т
J  is, is j u j  г, ja

J *  I

d t  о

( 12)

-  ^ л ( 2К Л 2К у г (1) =  в"' ’ "  v ih  (!)  +  2 е"  ’ , i i v "> (!) +
*2

is^ii

+  2  2 е " ’^ Ч / Л 1)-
j  j 

j * i

V ary in g  th e  coeffic ien ts Cj j a n d  ta k in g  in to  acco u n t th e  a u x ilia ry  cond itions 
(10) w ith  L a g ra n g ia n  m u ltip lie rs  — e (an d  th e  a n tisy m m e try  of th e  coeffi
c ien ts  C[ i, in  th e  indices i j i 2) we o b ta in  th e  se t o f eq u a tio n s

k ,  i n  1 ^2’ ^4 j1 7*\ *12 i 1

J  *21*4 j i t  j i t  ja  
ЗФ1

c ,v ,c / , ' , c /„ ,  [1 -
l

P Ht, J j

—  P I U ,J j t ] Jjv> H 3
1 1 1 ____

r ia  Í

(1 =  1 ,2 , . . . N ;  i 1» l2l l Si

(13)
’/ r l  .

(12) an d  (13) h av e  to  be so lved  s im u ltan eo u sly . The a p p ro x im a te  tw o-e lec tron  
o rb ita ls  cpi c an  be c o n s tru c te d  from  so lu tions tq ,(i =  1, 2 , . . . « / )  o f  (12) 
sa tisfy in g  th e  co n s tra in ts  (9), a n d  from  an tisy m m e tric a l so lu tio n s C /l(\  of (13) 
sa tisfy in g  th e  co n s tra in ts  (10). Since th e  f i r s t  o rder d e n s ity  m a tr ix  is q u a s i
d iagona l (d iag o n a l in th e  ind ices  I ,  J )

Д 1 '1 )  =  ^ Л ( 1 ' | 1 )  =  2 [ i ï ( 1' P ) v i ( 4 2) d ** =
1 I  J

2  2  c * c i tly n i { i ' ) v l l t { i ) ,
I i1, Í

th e  su b m a trice s  _Г/(1'|1) can  be se p a ra te ly  d iagonalized  b y  u n i ta ry  tra n s fo rm a 
tio n s IT  [10] in tro d u c in g  n a tu ra l  sp in -o rb ita ls  [7].

T he a p p ro x im a tio n  can  be im p ro v ed  b y  increasing  n ( th e  n u m b er o f th e  
sp in -o rb ita ls  v).

T he m a in  d ifficu lty  o f  th e  m eth o d  A) lies in  th e  so lu tio n  o f th e  eq u a tio n s  
(12). This is an  u n rea lizab le  ta s k  as y e t.
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B) W e choose as a basis a fix ed  fin ite  o rth o n o rm alized  se t o f  one-electron  
sp in -o rb ita ls  м>„(1) {v =  1, 2, . . . n; n  ]> 2 N ) .  T h is will be d iv id ed  up  in to  N  
su b se ts  м>/г(1) (i  =  1, 2, . . . rij) so th a t  each  to  th e  ic„ ’s occurs in  one o f th e  
su b se ts  only, i.e . n r -|- . . .  +  rij -f- . . .  n N =  n.  W e o b ta in  w ith  th e  tw o- 
e lec tro n  o rb ita ls

2  C!l h w n i ( l ) w Ii2(2),  ( J =  l , 2 , . . . i V ) ,
<1, <2=1

an  en erg y  exp ression  sim ilar to  (11). T he o n ly  d ifference is t h a t  th e  m a tr ix

e lem en ts  ( I i l j77(l)J 7 i2), Jji> 7 ix J j 2’ П 2 e tc  . are  now  ca lc u la ted  betw een
1*12 i

sp in -o rb ita ls  гсц, o f course. V ary in g  th e  coefficien ts C j-^and  ta k in g  in to  acco u n t 
th e  n o rm aliza tio n  co n d itio n  (w ith  L ag ran g ian  m u ltip lie rs  — 1) we o b ta in  a 
se t o f  eq u a tio n s id e n tic a l w ith  (12) w hich can  be solved b y  ite ra tio n  for th e  
low est roo ts I? a n d  th e  co rresp o n d in g  coeffic ien ts  Cj  ;2 ( 7 = 1 ,  2 , . . .  IV). 
O f course, th e  re su lts  s tro n g ly  depend  on th e  choice an d  th e  decom position  
o f  th e  basic  se t wv. I t  w ould  be  a good s ta r t in g  p o in t i f  we knew  th e  ex 
c lu sive  o rb ita ls  a n d  som e o sc illa to r o rb ita ls  o f  th e  sy stem  [11]. H ow ever, we 
can  su b je c t th e  b asic  set Wn  decom posed  in tu it iv e ly  to  a n  a rb itra ry  
u n i ta ry  tra n s fo rm a tio n

N nj
v n =  2 ; 2  wjj v j j .  ’

7=i i= i
(14)

w h ich  has to  be d e te rm in ed  so as to  give th e  b est to ta l  en erg y  for th e  
g ro u n d  s ta te . S u b s titu tin g  (14) in to  th e  energy  expession  (11) a n d  v a ry in g  
th e  m a tr ix  e lem en ts V j j , n  su b je c t to  th e  u n i ta r i ty  cond itio n , we o b ta in  a 
se t o f  eq u a tio n s  fo r th e  H j j . i r ' s  w hich has to  be solved w ith  e q u a tio n  (13) 
s im u ltan eo u sly . I n  th is  w ay  we can  d e te rm in e  th e  b est d ecom position  o f  
th e  basic  set w„ in to  N  su b se ts  t>/; o f  given d im ension  n h

To avo id  th e  p re lim in a ry  d eco m p o sitio n , çq (1 2 ) can be ta k e n  in  th e
fo rm

Vi  (1 12) =  2  < & » „ ( ! ) » *  (2), (7 =  1 , 2 , . . .  N ) .
x,A= 1

T h e  o rth o g o n a lity  con d itio n s (5) req u ire  th a t

j j ’ C M  =  0, if  J  ф  I ,  ( * .A =  1 , 2 , . . . B) .
Д= 1

T a k in g  these  in to  acco u n t w ith  L ag ran g ian  m u ltip lie rs  — I f H (and  th e
n o rm a liza tio n  co n d itio n s w ith  L ag ran g ian  m u ltip lie rs  — é?1) we o b ta in

n
a se t o f  eq u a tio n s fo r th e  co effic ien ts  C h .  T h e n  th e  m a trices  ^  Cj,д C'*i
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can  be d iagonalized  b y  a u n ita ry  tra n s fo rm a tio n  [6]. I n  th is  w ay  w e can  
d e te rm in e  th e  b es t decom position  o f  th e  basic  se t wv in to  N  su b se ts  Vjj.

In c rea s in g  su ita b ly  n,  th e  a p p ro x im a tio n  w ill be b e tte r , o f  course. 
To im p ro v e  convergence we in tro d u c e  th e  idea  o f  “ a lm o st”  o rth o g o n a l 
tw o -e lec tro n  o rb ita ls  yij (1 2 ). T hese are  defined  to  be so lu tions o f  th e  
fo llow ing se t o f e q u a tio n s  :

{ H1 (12) -  Щ  ip, (1(2) =  2  [ J r b M v j j P )  +  Jr5j(2)*jj(l)]

w here

J J
J * i

+  > ’ V  =  1>2” - -N )’
JjJ' j '  

J. J'*1

j r Ij j (2)=$v*j j( l)H ' ( l \2)ÿ ) l (l\2)dT1, 

j j j ' j '  =  j  v*jj (1) vj ' j ’ (^) H '  (42 )  dt-y dr2 ,

(15)

H '  (1(2) =  J # ( l )  +  H(2)  + -------+
r,'1 2

4- 2■ 2  j
J¥=l J

dr3 dri 1 - P ,
+

1 -  P.23 Wj (^ |4). V>j (3| 4) j  .

T h e  a n tisy m m e tric a l so lu tions у>Д1|2) ( J  =  1, 2, . . . N )  o f th e  eq u a tio n s , 
(15) co rrespond ing  to  th e  low est E /0 ( J  =  1, 2, . . . N )  values an d  sa tisfy in g  
th e  a u x ilia ry  cond itions

j ‘ ÿ * ( 1|2 ) ÿ / (1l2)«*T1‘ÎT* =  l ,  (4 =  l , 2 , . . . i V ) ,  (16)

J  V j j  (i) w ,  (ii2) dti =  0 j if 7  ̂  J(J J  =  !, 2,. . . iV; y =  1, 2, . . .  By); (17) 
\v*Jj ( 2 ) ÿ , l ( l \2)dT2 =  0 \

are  th e  “ a lm o s t”  o rth o g o n a l tw o -e lec tro n  o rb ita ls  to  be fo und . W e m a y  assum e 
th a t  th e  eq u a tio n s  (15) (keeping  th e  o rb ita ls  if)j 0( l |2 )  f ix e d  in  th em ) ev en  have 
fu r th e r  a n tisy m m e tric  so lu tions у>л, y>i3i co rrespond ing  to  ex c ited  s ta te s , 
w h ich  also sa tis fy  th e  a u x ilia ry  co n d itio n s (16) an d  (17). T he so lu tions belong
ing  to  th e  sam e o p e ra to r  i f ; ( l |2 )  a re  o rth o g o n a l to  one a n o th e r in  th e  usual 
sense. T h e  s tro n g  o r th o g o n a lity  con d itio n s (5) do n o t  ho ld  for th e  so lu tions 
y> 1 e x a c tly

J  V>* (1|3) f  j  (1|2) dx1 =f= 0, if  J=/=I.
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T h ey  are , how ever, sa tisfied  a p p ro x im a te ly  as we shall show  below . T he so lu 
tio n s  y>i can  be w ritte n  in  th e  follow ing fo rm

w here
V /( l |2 ) =  «/ 2 [ M l |2 ) + / / ( 1 | 2 ) ] ,

ai =  1 +  j 7 *  i 1!2 ) / ;  ( ! |2 ) drxdr2 ,

(18)

J '^ ; ( 1 ) / / ( 1 |2) ^ I  =  0(' 
K l ( 2) / / (  1|2 ) d r 2 =  0 |!

I V* (!|2)// (!|2) dr1 dr2 =  0 ,

if  / , " ■ ( / , / =  1 , 2 , . . . N ; j  =  1 ,2 ,

T hus

I ̂ /(ll2) ̂ (113)^ = J/*(l|2)/y (113)̂

•»/)■

(19)

( 20)

(21)

are  o f second o rd e r in  th e  fu n c tio n s f i ,  c o n seq u en tly , th e  en e rg y  expression

Ё  =  H ( 0 )  +  j j > , ( l | 2) Щ 1) +  Щ  2) + -------
Г12 -I

Vi m d r ,  dr2 +

1 _ P
+  2 2 ?  I d r 1 dr2 dr3 drt --------- 13 -  ÿ j  (3']4) ïpj (3|4) ïp* ( l '|2 )  ÿ>j ( T 2 ) ,

(22)

U
M l

' 1 3

is on ly  co rrec t u p  to  f irs t o rder. T hus, È  m a y  be low er th a n  th e  ex ac t non- 
re la tiv is tic  en erg y  o f th e  sy stem . To av o id  th is  we c a lc u la te  th e  energy  
w ith  th e  expression

& =  j j ' F I I ' F d r ,  (23)

w here

У  ~  2  ( - 1)PP ! ( ! |2)— Vi ( 2 1— 1|2 I)... <pN (2 N — 1|2 N )  +
p I

+  2  9 i  m - L  (2Í - 1 [ 2 I ) . . .  <pN (2N - 1|2 N )
/=i

I n  th is  case ê ’ is alw ays low er th a n  E<-0\  nevertheless th e  fo rm er is an  
u p p e r  b o und  to  th e  ex ac t n o n -re la tiv is tic  en e rg y  o f th e  sy s tem . In  m o st 
cases W is low er th a n  th e  energy  E  o b ta in e d  b y  th e  e x a c t tw o -e lec tron  
o rb ita ls  o rth o g o n a l in  th e  s tro n g  sense. S u ita b ly  increasin g  th e  basic  se t 
wv, a t  leas t in  p rinc ip le , th e  te rm s  o f  (21) ty p e  can be p u t  as sm all as 
desired , a t  th e  sam e tim e  E ^  an d  & w ill te n d  to  E .
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In s te a d  of so lv ing  th e  se t o f e q u a tio n s  (15) d ire c tly  we can d e te rm in e  
th e  tw o -e lec tro n  o rb ita ls  гр/ v a r ia tio n a lly . W e choose su ita b le  a n tisy m m e tric a l 
t r ia l  fu n c tio n s  g /( l |2 )  w h ich  co n ta in  m a n y  v a ria tio n a l p a ra m e te rs  a n d  are 
flex ib le  en o u g h  to  acco u n t fo r th e  e lec tro n ic  co rre la tio n . T h en  we o rtho g o n alize  
th e m  to  sa tis fy  th e  cond itions (19) a n d  (20) as w as done in  th e  case o f  th e  
f u n c t io n s / / .  As a re su lt we o b ta in  fu n c tio n s  of th e  form

f ,  (1|2) ~  g, (1)2) -  2 ’ Ï d4  {g,  (3|2) Vjj (3) vjj (1) +
Ji

J * i

+  g ï (!|3 ) Vjj  (3) V j j  (2)} +  V  J  d r 3 d r i g ,  (3|4) v)j  (3) v"Jtj, (4) V j j ( 1) vj r  (2) —
Ji, J T

— j d r a dTi g  ï (3|4) <p] (3j4) <p, (1 |2 ).

S u b s ti tu t in g  these  in  th e  energy  exp ression  (23) an d  m in im izing  th e  en e rg y  we 
ge t a p p ro x im a te / /  ’s w hich  belong to  у /  func tions co rrespond ing  to  th e  g ro u n d  
s ta te . T h is v a ria tio n a l p rocedure  can  be ap p lied  to  d e te rm in e  also tw o -e lec tro n  
o rb ita ls  y>/x, y>l2, . . .  belonging  to  th e  ex c ited  s ta te s .

T h e  above m eth o d s  can be easily  generalized  to  th e  d e riv a tio n  of 
‘a lm o s t”  o rth o g o n a l m an y -e lec tro n  (g ro u p ) o rb ita ls .
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ON THE LUMINESCENCE OF MANGANOUS PHTALATE

By

E .  L E N D V A Y  and J .  SC H A N D A

R E S E A R C H  I N S T I T U T E  O F  T E C H N I C A L  P H Y S I C S  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received: 2. Y. 1961)

In  th e  re sea rch  in to  lum inescence th e  ex am in a tio n  o f p u re  sa lts  has 
becom e o f ever grow ing im p o rtan ce . In  connection  w ith  th is  we have set 
ourse lves th e  ta s k  o f exam in ing  th e  lu m in escen t b eh av io u r o f  th e  m anganous 
ion , th a t  is of g rea t im p o rtan ce  in  lum inescence , in  u n a c tiv a te d  Mn com pounds.

As i t  is know n, Mn shows as an  a c tiv a to r  a ch a ra c te ris tic  red  lig h t in  
severa l inorgan ic  sa lts . A p art from  th e  lu m in o p h o rs  m ade w ith  double  a c tiv 
a tio n , a ty p ica l Mn b an d  is show n by  Z n F 2 : Mn, ZnS : Mn, C d2B 20 5 : Mn, 
CdS : Mn e tc . T he em ission b an d  o f these  phosphors is be tw een  560 and  
640 m m .

The lu m in escen t in te n s ity  o f  th e  pu re  m anganous sa lts  is considerab ly  
low er an d  it  ap p ears  in  severa l cases on ly  a t  low  te m p e ra tu re . So e. g. th e  
M nS i03, M nCl2, Mn ace ta te  show s a w eak re d  em ission. As th ese  m ateria ls  
h av e  n o t been p u t  to  p rac tica l use as fa r  as now , th e  ch a ra c te ris tic  p ro p erties  
o f  th e  Mn sa lts h av e  h a rd ly  been  exam ined  a n d  only a few references can be 
found  in  th e  l i te ra tu re  concerning th is  top ic .

A m ong th e  ab ove-m en tioned  M n ++ sa lts  th e  Mn a c e ta te  co n ta in in g  th e  
o rgan ic  anion is o f  special in te re s t, because th e  in te ra c tio n  betw een  th e  la ttic e  
an d  th e  a c tiv a to r  seem s to  be sim p ler th a n  in  th e  case o f o th e r  c ry s ta l p h o s
phors.

In  th e  form  o f Mn p h ta la te  we have fo u n d  a m anganic  lu m in o p h o r w ith  
an  o rganic  an ion , b u t w ith  b e tte r  lu m in escen t p roperties. T he m en tioned  
com pound  m igh t be produced  from  a N a or К  p h ta la te  so lu tion  in  th e  presence 
of Mn" ions on th e  effect o f h ea tin g . The lum in o u s p roperties o f  th e  re su ltin g  
com pound  are indepen  d en to f th e  an io n  o f th e  m an g an o u s ion . A ce ta te , b rom ide, 
chloride as well as su lp h a te  were used  in  our ex p e rim en ts . T he p H  o f th e  m ed ium  
has a s tro n g  effect on th e  d ev e lo p m en t o f th e  com p o u n d ; p ro b ab ly  th is  is wrh y  
we d id  n o t succeed in  p roducing  i t  from  p h ta lic  acid  an d  m an g an o u s sa lts . T he 
so -p roduced  com pound  is insoluble in  w a te r or organic so lv en ts . I ts  X -ra y  
d iffrac tio n  p a tte rn  show ed a c ry sta llin e  s tru c tu re . The p h o to lu m in escen t spec
t ru m  o f th e  lu m in o p h o r wras m easu red . As ir ra d ia tio n  source we h av e  used  a 
m ed ium  pressure m ercu ry  lam p  screened  by  U G -11 and  BG-12 co loured  S h o tt-
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Fig. 1. Spectral energy distribution  of a m anganous ph ta la te  sample a t different tem pera tu res, 
in  a rb itra ry  units. Curve 1: — 112° C; Curve 2: — 105° C; Curve 3: —  88° C; Curve 4: •— 70° C; 
Curve 5: — 57° C; Curve 6: — 29° C; Curve 7: —  7° C; Curve 8: + 1 5 °  C; Curve 9: + 3 4 °  C; 

Curve 10: —58° C; Curve 11: —|— 83° C
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glasses. O n ir ra d ia tio n  w ith  the  254 n m  m ercu ry  line th e  p h o sp h o r does n o t 
ligh t.

F ig . 1 shows th e  spectra l en e rg y  d is tr ib u tio n  a t  d iffe ren t te m p e ra tu re s . 
I t  can  be seen th a t  th e  in te n s ity  o f  th e  em ission as w ell as th e  w av e len g th  of its  
m ax im um  changes w ith  te m p e ra tu re . W ith  in c reasin g  te m p e ra tu re  th is  m ax i
m um  is sh ifted  to w ard s  th e  sh o rte r  w ave leng ths. F u r th e r  on i t  can  be seen 
th a t  as th e  te m p e ra tu re  is in creased  an  e x tin c tio n  tak es  p lace . F ig . 2 shows 
th e  te m p e ra tu re  d ependence  of th e  in te n s ity  resp . w av e len g th  o f  th e  m ax im um . 
The m ax im u m  of th e  em ission b a n d  lies in  th e  w av e len g th  in te rv a l charac te-

Lnax m̂ax(nm)

Fig. 2. Tem perature dependence of the m axim al in tensity  (curve a) and tem peratu re  depend
ence of th e  wavelength of th e  m axim al in ten sity  (curve b)

ris tic  fo r th e  Mn b a n d . T he lu m in escen t p ro p erties  o f  th is  com p o u n d  are  sim ilar 
to  th a t  o f  th e  Mn a c e ta te , so th e re  a re  good hopes th a t  in  th e se  m a te ria ls  a 
p o ss ib ility  w ill arise fo r th e  d irect in v es tig a tio n  o f  th e  lu m in escen t p ro p erties  
of th e  m anganous (or m anganic) io n .

W e w ill re v e rt to  fu r th e r  e x p e rim e n ta l d e ta ils  resp . to  th e  in te rp re ta tio n  
o f our re su lts  in  due tim e .

Acta Phys. H ung. Тот. X I I I .  Fasc. 4.





A NOTE ON THE NUCLEIC ACID -  PROTEIN 
CODING PROBLEM

By
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C E N T R A L  R E S E A R C H  I N S T I T U T E  F O R  C H E M I S T R Y  O F  T H E  H U N G A R I A N  A C A D E M Y  O F  S C I E N C E S ,  B U D A P E S T

(Received: 23. V. 1961)

I t  is genera lly  assum ed  in  b iochem ical genetics t h a t  th e  genetic  in fo rm 
atio n  ca rried  b y  th e  deoxyribonucle ic  acid  (DNA) m olecule is d e te rm in ed  b y  
the sequence o f th e  n u c leo tid e  bases in  th is  m olecule. V ery  like ly , th is  in fo rm 
a tio n  is tra n sfe rre d  in  a f ir s t  s tep  from  D N A  to  ribo n u c le ic  acid  (R N A ) an d  
in  a second step  th e  sequence o f th e  nucleo tide  bases in  R N A  de te rm in es 
(“ codes” ) th e  sequence o f  am ino acids in  th e  p ro te in  m olecule [1], [2]. O n th e  
o th e r h a n d , C r i c k ’s [1] a ssum ption  th a t  no in fo rm atio n  can  he tra n s fe rre d  
from  p ro te in  to  nucleic  acid  or from  p ro te in  to  p ro te in  is genera lly  accep ted . 
T herefo re , th e  sequences o f th e  fou r k in d s o f n u c leo tid e  b ases: aden ine  (A), 
th y m in e  (T), guan ine (G) an d  cy tosine  (C) o f th e  D N A  m olecules o f a cell 
d e te rm in e  th ro u g h  R N A  m olecules th o se  p ro te in s  w h ich  can  be b u ilt  up  in  th e  
cell u n d e r co n sidera tion . Since all possib le b iochem ical reac tio n s in  a cell are 
d e te rm ined  b y  th e ir  specific  p ro te in  c a ta ly sa to rs  (enzim es), th e  genetic  in fo rm 
a tio n  ca rried  b y  th e  D N A  m olecules o f a cell de te rm in es all chem ical reac tio n s 
in  th e  cell in  question .

T he coding p ro b lem  of th e  f ir s t  s tep  (D N A  —> R N A ) is th e  sim p ler. 
R N A  also consists o f fo u r k inds o f n u c leo tide  b ases : A, G, C an d  in s te a d  o f 
th y m in e , u rac il (U). T h u s a fo u r-le tte r  a lp h a b e t m u s t be coded w ith  th e  help  
o f  a n o th e r fo u r-le tte r  a lp h a b e t. In  th e  li te ra tu re  d iverse  coding princip les for 
th e  so lu tion  o f  th is  p ro b lem  [3], [4], [5], [6] have been  pu b lish ed . In  th e  lig h t 
o f recen t in v es tig a tio n s  [2] i t  seem s p ro b ab le  th a t  fo r u n ice llu la r o rganism s 
th e  coding p rincip le  o f R i c h  [3] is v a lid , accord ing  to  w hom  th e  base sequence 
of a single D N A  helix  de te rm ines th e  base sequence o f th e  co m p lem en ta ry  
RNA helix , th ro u g h  th e  w ell-know n

A —  U, G —  C, T  —  A, C —  G (1)

W a t s o n — Cr i c k  co rre la tio n s [7 ]  (here, a t  th e  le f t, s ta n d s  th e  base o f D N A , 
a t th e  r ig h t th a t  of R N A ). F o r m u ltice llu la r o rganism s i t  is, how ever, th e  coding 
p rincip le  o f  Z u b a y  [ 4 ]  w hich  seem s to  be  va lid  [ 2 ] .  A ccord ing  to  th is , a nuc-
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leo tid e  base  o f  R N A  is d e te rm in e d  b y  a b ase  p a ir  o f th e  D N A  double  helix , 
n am e ly :

GC —  A , CG —  U , AT —  G, TA  —  C. (2)

(H ere  ag a in  on  th e  le ft s ta n d s  th e  n u c leo tid e  base p a ir  o f  D N A  a n d  on th e  
r ig h t th e  coded  base of R N A .)

I t  is to  be  n o ted  th a t  th o u g h  th e  m o lecu lar m echan ism  o f th is  coding 
schem e is n o t  c lear, i t  w as e x p e rim e n ta lly  fo u n d  to  be in  ag reem en t w ith  th e  
base com positions o f th e  D N A  a n d  R N A  m acrom olecules o f th e  m u ltice llu la r 
o rgan ism s.

A t p re se n t, th e  p ro b lem  o f th e  R N A -p ro te in  coding  is fa r  from  b e ing  
so lved , as h ere  th e  fou r d iffe ren t bases o f  R N A  h av e  to  code th e  tw e n ty  d iffe r
e n t am ino  ac ids o f  th e  p ro te in  m olecules [8]. T he tw e n ty  d iffe ren t am ino  
acids c a n n o t be coded b y  d inuc leo tides because th e re  ex is t b u t  42 =  16 
d iffe ren t d in u c leo tid e  co m b in a tio n s. As a f irs t  req u irem en t fo r th e  coding 
p rinc ip le  i t  is th e re fo re  s ta te d  t h a t  a t  le a s t th re e  nucleo tides can  code one am ino 
ac id  [8]. F ro m  th e  s tu d y  o f  th e  k n o w n  p ro te in  com positions a n d  sequences i t  
re su lts  fu r th e r  th a t  these  am ino  acid  d e te rm in in g  sites o f R N A  are  in d ep en d en t 
a n d  sh are  no  n uc leo tides w ith  th e ir  n e ig hbours. In  o th e r  w ords, th e  code is n o t 
“ o v e rla p p in g ” . T his second re q u ire m e n t follow s from  th e  fa c t t h a t  th e  am ino  
acids h a v e  d iffe ren t frequencies in  th e  p ro te in s  [8]. I t  is, th e re fo re  reasonab le  
to  believe t h a t  th e  coding p rin c ip le  i tse lf  im poses ce rta in  d ifferences in  f re 
q u en cy  on  th e  vario u s am ino  ac ids.

W hen  w ork ing  w ith  th re e  n u c leo tid es  —  one am ino  ac id  codes, tw o  
p rob lem s w ill a rise : 1) T h ree  nuc leo tid es  give 43 =  64 possib le  co m b in a tio n s, 
b u t  on ly  20 am ino  acids a re  to  be coded b y  th e m . In  o th e r w ords, o n ly  lo g 2 20 =  
=  4,32 b its  in fo rm a tio n  c o n te n t is n ecessa ry  to  d e te rm in e  one am ino  acid , 
w hereas a tr in u c le o tid e  h as  lo g 2 64 =  6 b its  in fo rm a tio n  c o n te n t. T he coding  
schem e h as  th u s  6,00— 4,32 =  1,68 b its  /am ino  ac id  re d u n d a n c y . The f i r s t  
p ro b lem  is th u s  to  select th o se  20 trin u c le o tid e s  am ong  th e  64, w hich w ill 
re a lly  code th e  20 am ino ac ids. 2) A fte r th e  so lu tion  o f  th e  f i r s t  p rob lem , i t  
w ould  be  n ecessa ry  to  co rre la te  to  each  am ino  ac id  th e  tr in u c le o tid e  w hich  
codes i t .

W e a re  s till v e ry  fa r  fro m  th e  so lu tio n  o f  th e  second  p ro b lem  an d  co n 
se q u e n tly  th e  w hole R N A -p ro te in  cod ing  p rinc ip le  is an  u n so lv ed  q u estio n . 
As reg a rd s  th e  f irs t  p ro b lem , how ever, som e a tte m p ts  a t  a so lu tio n  are  to  be 
fo u n d  in  th e  li te ra tu re . Gamow [9] has recogn ized  th a t  b y  d isreg ard in g  th e  
sequences o f  th e  tr in u c leo tid e s , an d  b y  ta k in g  in to  acco u n t o n ly  th e  com posi
tio n s o f th e m , we get e x a c tly  20 d iffe ren t trin u c leo tid e s . T hese are  th e  fo llow ing:
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U c A, A} G, or U, or C
A G u c 5 —  7.
A G и c G, G }A , or U, or C
1. 2. 3. 4. di“41CO

U, U } A , or G, or €
11 —  13.

C, C} A , or G, or U
14 —  16.

A, G, U A, u , c A, G, C G, U, C
17 18. 19. 20.

I t  is to  be n o te d  th a t  here th e  le tte rs  m a rk  o n ly  th e  bases p re se n t in  th e  t r i 
n u c leo tide  an d  th e se  bases can  be arran g ed  in  a n y  k ind  o f o rd e r.

Y c a s  [8] show ed th a t  th e  ad v an tag e  o f  th is  coding schem e lies in  t h a t  
i t  c an  im pose d ifferences in  fre q u e n c y  on v a r io u s  am ino ac ids. T h e  am ino ac id  
n am ely  w hich is coded by  th e  trin u c leo tid e  o f  A , G, U com position , for in s tan ce , 
m u s t be 6-tim es as freq u en t (6 b e ing  the  n u m b e r  of d iffe ren t sequences w ith  
com position  A, G, U) as th e  am ino  acid coded b y  th e  AAA tr in u c le o tid e , w hich  
has on ly  1 co n fig u ra tio n . H ere , how ever, th e  a priori  e q u ip ro b a b ility  of each  
sequence o f th e  th re e  nuc leo tid es  is assum ed . I t  is fu rth e r  to  be  m en tioned  in  
connection  w ith  th is  schem e t h a t  a schem e w h ich  d isregards th e  sequence o f  
th e  sym bo ls can  b y  no m eans be  ta k e n  as a cod ing  schem e in  a n  in fo rm a tio n  
th e o re tic a l sense. F ro m  a physicochem ical p o in t  o f view it e q u a lly  seems v e ry  
im p ro b a b le  th a t  th e  sequences o f  th e  bases in  th e  tr in u c leo tid es  should p la y  
no  ro le in  th e  se lec tion  o f th e  am in o  acids.

C r i c k  [10] a n d  his cow orkers have p ro p o sed  an o th er schem e tak in g  in to  
acco u n t also th e  sequences o f  th e  bases in  th e  trin u c leo tid es . T h e y  assum e t h a t  
20 o f  th e  possib le 64 tr in u c leo tid e s  are “ sense s ite s”  w hich co rrespond  to  a n  
am ino  acid , w hile th e  rem ain in g  44 trin u c leo tid e s  are “non-sense  sites” , w hich  
do n o t co rrespond  to  an y  am ino  acid . The 20 sense sites are  se lec ted  w ith  th e  
so lu tio n  o f th e  so-called “ p u n c tu a tio n  m a rk  p ro b lem ” . O n th e  supposition  
th a t  th re e  bases de te rm ine  one am ino  acid , th e  problem  arises  n am ely  w h y  
th e  3n -j- 1, 3n -f- 2, 3n -f- 3 b ases  do d e te rm in e  one am ino ac id , w hile 3n +  2, 
3n -f- 3, 3n -)- 4 do n o t. T hese a u th o rs  ta k e  as sense tr in u c le o tid e s  all th o se  
tr ip le ts  w hich, w hen  p laced  n e x t  to  each o th e r  in  an y  possib le  co m b in a tio n , 
give sense sites o n ly  a t  p o sitions 3n -)- 1, 3n  +  2, 3n -)- 3, b u t  n o t o therw ise. 
F o r exam ple , th e  tr ip le t  GGG is a non-sense s ite  because w h en  p laced  n e x t 
to  itse lf, i t  gives th e  sequence GGG G G G . The s ite  is n o t u n am b ig u o u sly  d efin ed , 
as th e  GGG tr ip le t  occurs a t  th e  1— 3, 2— 4, a n d  3— 5 positions. C r i c k  and  his 
cow orkers have  fo u n d  th a t  th e re  a re  e x a c tly  20 trin u c leo tid es  w hich  sa tis fy  
th e  above c rite rio n  as follows:
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A G A G C A G C A G

G G C C C C C C U U

A A A A A G G G A A

1. 2. 3. 4. 5. 6. 7. 8. 9. 10.

C U A G C U A G C U

U u U U U U U U U u

A A G G G G C C C c

11. 12. 13. 14. 15. 16. 17. 18. 19. 20.

In  con n ec tio n  w ith  th is  schem e i t  is to  be n o ted  t h a t  i t  has th e  a d v a n ta g e  
o f  ta k in g  in to  acco u n t th e  sequence o f th e  bases. I t  h a s , how ever, th e  fo llow ing 
d isa d v a n ta g e s : a) th e  so lu tio n  of th e  “ p u n c tu a tio n  m a rk  p rob lem ”  as se lec tion  
crite rion  fo r  th e  “ sense”  tr ip le t  seem s r a th e r  a rtific ia l ( th is  problem  co u ld  he 
solved also  if  am ino acids w ere selected  in  a seq u en tia l m an n er s ta r t in g  from  
one end  o f  R N A  an d  if  each tr ip le t  is ab le  to  select an  am in o  acid as in  G a m o w ’s 

schem e), b) A ssum ing e q u ip r  ob a b ility  fo r each  tr ip le t  th e  above schem e c an n o t 
exp la in  th e  d ifferences in  th e  freq u en cy  o f  th e  v a rio u s am ino  acids, c) W hen  
o n ly  c e r ta in  tr ip le ts  o f R N A  are ab le to  select an  am in o  acid th e re  w ill be 
o th e r “ n o n -sen se”  tr ip le ts  le f t b e tw een  th e  “ sense s ite s”  and so th e  “ sense 
s ite s”  o f R N A  will be se p a ra te d  in  space  from  each o th e r . T hus th e  s te reo ch e 
m ical p ro b lem  comes u p : how  can th e  am ino  acids co d ed  by  these  se p a ra te d  
sites re a c t w ith  each  o th e r  in  o rder to  fo rm  pep tid e  b o n d s . I t  is, h o w ev er, to  
be rem em b ered  th a t ,  w hen  in s tead  of b e in g  in  an  e x te n d e d  or in a h e lica l con
fig u ra tio n  th e  R N A  m olecule is b u t fo lded , th is p ro b lem  gets con sid erab ly  
red u ced .

I t  Avili be show n t h a t ,  w hen d e p a r tin g  from  th e  assum ption  o f th e  equi- 
p ro b a b ility  o f all possible tr in u c leo tid e s , th e  tw e n ty  m o st probable  sequences 
can  be se lec ted  in  an  e n tire ly  n a tu ra l  w a y . A ccording to  th e  W a t s o n — C r i c k  
ste reo m o d el o f D N A  [7] th e  n u c leo tid e  bases of one he lix  are s i tu a te d  a t  a 
d is tan ce  o f  3,36 A  from  each  o th e r in  p a ra lle l p lanes. O n th e  basis o f th is  s te reo 
p ic tu re  th e  ex istence o f  a fa irly  consid erab le  in te ra c tio n  o f the  зт-e lec tro n s  of 
th ese  bases could be show n [11]. T he ca lcu la tio n  o f  th e  q u an tu m  m echan ica l 
overlap  in teg ra ls  be tw een  these  bases h a d  fu r th e r  th e  re su lt th a t ,  w hen  a pu rine  
(P u) ty p e  base is u n d e r1 a n o th e r  P u  ty p e  base, or a p y rim id in e  (Py) ty p e  base 
is u n d e r one of th e  P y  ty p e , or f in a lly  w h en  a P u  ty p e  b ase  is u n d er a P y  ty p e  
one th e  in te ra c tio n  is la rg e , while w hen  a P y  ty p e  b ase  is under a b a se  o f  the  
P u  ty p e , th e  in te ra c tio n  is sm all.2 Since b y  th is  in te ra c tio n  the  b in d in g  energy

1 The DNA double helix  being a righ t handed helix, a direction for the sequence of 
nucleotides can be defined.

2 The Pu  type bases are A and G, the pyrim idine type  bases are T and C.
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of th e  m acrom olecule is increased  and since each sy stem  te n d s  to w ard s  th e  
m ost stab le  co n fig u ra tio n , i t  seem s p lausib le  to  suppose fo r  th e  p ro b ab ilitie s  o f 
th e  d inucleo tides th e  in e q u a lity

P (P u /P u ), P (P y /P y ) , P (P y /P u )  >  P (P u /P y ) . (5)

H ere P (A |B ) is th e  co n d itio n a l p ro b ab ility  fo r th a t  case w hen  the  base В is 
u n d e r th e  base A  (p). The in e q u a lity  (5) is also  su p p o rted  b y  th e  ex p e rim en ta l 
w ork  of Shapiro and Chargaff  [12], who h a v e  found th a t  in  D N A , 70 p e rc e n t 
o f  th e  bases are  a rran g ed  in  P u P u P u . . . o r P y P y P y  ty p e  sequences an d  on ly  
30 p er cen t of th e m  are to  be found in P u P y P u P y . . . ty p e  sequences.

Besides th e  crite rion  o f g rea t overlap p in g  a second c rite r io n  for th e  s tro n g  
in te rac tio n  o f th e  nucleo tide  bases of D N A  is the  m ax im u m  possible n e ig h 
bourhood  of th e  sam e k ind  o f  bases. N am ely , from  th e  q u a n tu m  m echan ical 
p e r tu rb a tio n  th e o ry  it is well know n th a t  in  case o f th e  sam e in te ra c tio n  p o te n 
tia l, system s w ith  id en tica l e igensta tes in te ra c t  b y  th e  m ax im u m  a m o u n t. 
So th e  D N A  m olecule is th e  m o st stab le  w hen  as m any  n u c leo tid e  bases o f  th e  
sam e k ind  are  a d ja c e n t as possib le . T herefore  we m ay w rite :

P(G /G ) ~  P(A /A ) >  P(G/A) ** P (A /G ), 

P(C/C) ~  P (U /U ) >  P(U/C) ~  P (C /U ).
( 6)

W ith  th e  aid  of th e  in eq u a litie s  (5) a n d  (6) we m ay now  select the  m ost 
p robab le  20 tr in u c leo tid es  o f  a D N A  helix  in  th e  follow ing m an n e r: 1) P u t  in  
th e  G a m o w ’s “ com position  sch em e”  the  sam e bases, a lw ays in  a d ja c e n t p o s i
tio n s. 2) A t 5— 16 com positions o f (3) re g a rd  on ly  the  p“, py, py ty p e  se q u 
ences, b u t d isregard  th e  p“ ty p e  sequences. 3) D isregard  th e  17— 20 co m p o 
sitions w hich consist of 3 d iffe ren t n u c leo tides. In  th is  w ay  we arrive  a t  th e

A G U c G A U C A G U C
A G U c A A A A G G G G
A G U c A G A A G A G G
1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12.

U U C U C C U C (?)
U U U U C C C C
A G U c A G c U
13 . 14. 15.. 16. 17. 18. 19. 20.

(A, G P u  ty p e ; U, C P y  type)

coding schem e.3 T he tr in u c leo tid e s  m ust be re a d  from  th e  b o tto m  u p w ard s .

3 I t  is to be noted th a t w hen we are taking in to  account only condition (5) and thus 
allow also P uP y  combinations in th e  triplets, we get a  scheme of 28 trinucleotides, whereas 
disregarding condition (6) gives a scheme of 32 trip lets.
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F ro m  th e  m o st p ro b ab le  (1) an d  (2) D N A — R N A  co d in g  p rincip les i t  is 
seen t h a t  each  D N A  base t r ip le t  o f th e  schem e (7)4 gives a tr in u c leo tid e  o f  R N A  
w hich  is a lw ays a m em ber o f  th e  schem e (7). T hus th e  schem e (7) gives a lso  th e  
20 m o st p ro b ab le  trin u c le o tid e s  of R N A . W hen  we define th e se  20 m ost p ro b 
ab le tr in u c le o tid e  sequences o f  R N A  as am ino  acid se lec tin g  sites (“ sense 
s ite s” ) we com e to  a cod ing  schem e w h ich  selects (am ong  64) th e  20 am in o  
acid  cod ing  tr ip le ts  in  a p h y sica lly  m ore p lausib le  w ay  th a n  Cr i c k  a n d  his 
cow orkers h av e  done. F u rth e rm o re , since th e  freq u en cy  o f  th e  tr ip le ts  in  
schem e (7) m a y  also be v e ry  d iffe ren t, th e  schem e does n o t  c o n trad ic t th e  
freq u en cy  differences fo u n d  ex p e rim e n ta lly  in  th e  v a rio u s  am ino ac ids. T he 
e s tim a tio n  o f th e  frequencies o f  th e  tr ip le ts  in  schem e (7) is in  progress. F in a lly , 
i f  th e  20 m ost p ro b ab le  tr ip le ts  o f R N A  are  selected  as “ sense s ite s” , th e  re d u n d 
an cy  o f  th e  R N A  code ( th e  freq u en cy  o f  “ non-sense s ite s” ) is decreased  a n d  
w ith  i t  th e  ab o v e-m en tio n ed  stereo ch em ica l d ifficu lties a lso  are fu r th e r  le s
sened.

I  w ish  to  exqress m y  g ra titu d e  to  A cadem ician  J .  E r n s t  for calling  m y  
a t te n t io n  to  th e  above p ro b lem , to  A cadem ician  F . B . S t r a u b  a n d  T . A 
H o f f m a n n , D o cto r of P h y s ic a l Sciences, fo r helpfu l d iscussions and  to  P ro f. 
B . G y ö r f f y  for calling  m y  a tte n tio n  to  v a lu ab le  d a ta  in  th e  lite ra tu re .
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* P u ttin g  in to  the scheme (7) T  instead of U.
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NEUERE MESSUNGEN ZUR LEITFÄHIGKEIT 
VERFORMTER STEINSALZKRISTALLE

Von
B. J e s z e n s z k y  u n d  J .  K iss

I N S T I T U T  F Ü R  E X P E R I M E N T E L L E  P H Y S I K  D E R  T E C H N I S C H E N  H O C H S C H U L E  F Ü R  

B A U -  U N D  V E R K E H R S W E S E N ,  B U D A P E S T

(Eingegangen 10. X I. 1961)

W ir h ab en  die zu ers t von  G y u l a i  u n d  H a r t l y  [1] b eo b a c h te ten  L e i t 
fäh ig k e itssp rü n g e , die an  einse itig  g ed rü c k te n  sy n th e tisch en  u n d  n a tü rlic h e n  
N aC l-E in k ris ta llen  zu stan d e  k o m m en , m it e in e r v e rfe in e rten  M ethode u n te r 
su ch t. Zugleich u n te rsu c h te n  w ir die von F i s c h b a c h  und N o w i c k  [2] b e o b a c h 
te te  L adungsbew egung  in  inhom ogenen  g ep ressten  K ris ta llen .

Die B eo b ach tu n g en  h ab e n  w ir m it d e r  u rsp rüng lichen  M essein rich tung  
von  G y u l a i  u n d  H a r t l y  d u rch g e fü h rt, u n d  auch  die M essm ethode w ar d ie 
selbe: S trom m essung  m it E le k tro m e te rau fla d u n g , n u r w u rd e  je tz t  die B e 
w egung des E le k tro m e te rfad en s  n ich t m it dem  Auge b e o b a c h te t, so n d e rn  
m itte ls  eines F ilm a u fn a h m e a p p a ra te s  zu sam m en  m it einer S k a la  p h o to g ra p h ie rt. 
D ad u rch  k o n n te n  8, 16, 24 bzw . 64 M essdaten  in  einer Sekunde e rh a lte n  w erd en . 
W ir b e n u tz te n  ein  E in fad en e lek tro m e te r  d e r F irm a  Zeiss. D ie A usw ertung  d e r 
F ilm e geschah  in  beq u em er W eise du rch  P ro je k tio n  der A u fn ah m en . Die M es
sungen  w urden  bei e iner T e m p e ra tu r  von 50° C d u rch g e fü h rt. Die K ris ta ll
s tü ck ch en  w aren  1— 4 m m  d ick  u n d  h a t te n  einen  Q u e rsch n itt von  0,5 cm 2.

Die E m p fin d lich k e it des E le k tro m e te rs  w a r 5— 10 S k a len te ile  pro 1 V o lt 
S p annung . A n die K ris ta lle  w u rd e  200— 300 V o lt S pannung  angeleg t.

W ir h ab en  die fo lgenden M essungen d u rch g e fü h rt:
1. W iederho lung  der M essung des G y u l a i — H a r t l y  D ruckeffek tes a n  

n a tü rlic h e n  S te in sa lzk ris ta llen  aus W ieliczka.
2. L adungsfluss n a tü r lic h e r  S te in sa lzk ris ta lle  bei a sy m m etrisch er B e 

la s tu n g . U nsere E rgebnisse  k ö n n en  w ir im  fo lgenden  zusam m enfassen :
1. Die S tro m sp rü n g e  des schon  seit lan g em  b e k a n n te n  D ruckeffek tes 

b esteh en , wie die B eo b ach tu n g  m it feinerer Z eitau flö sung  ze ig t, aus m ehreren  
T eilsp rüngen .

2. In  den  sy n th e tisch en  N aC l-K ris ta llen  g ib t es innere (m echanische u n d  
elek trische) A n iso trop ien , die im  F alle  einer p las tisch en  V erfo rm u n g  auch o hne  
äussere S p an n u n g  das E le k tro m e te r  au flad en .

3. Bei der W iederho lung  d e r a sy m m etrisch en  B elastungsversuche v o n  
F i s c i i b a c h  u n d  N o w i c k  zeigte es sich, dass d ie  S trom sprünge  au c h  bei d iesen  
M essungen in  T eilsp rünge au fg esp a lten  sind .
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4. B ei A nw endung p a ra lle le r E le k tro d e n  ist ein L adung sflu ss  ohne ä u s 
sere S p an n u n g  n u r  bei sy n th e tisch en  K ris ta lle n  zu b e o b a c h te n .

Die V ersuche w erden  w eiter fo r tg e fü h rt. W ir d a n k e n  H errn  P ro f. 
Z. G y u l a i  fü r  seine vielen w ertvo llen  R a tsch läg e  und  se in  ste tiges In te re sse  an 
un serer A rb e it. Ebenso d a n k e n  w ir H e r rn  D ip l.-P hys. E . H a r t m a n n  fü r  
w ertvo lle  D iskussionen.
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