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Acta Physica Hungarica 67 ( IS ) , pp■ S-26 (1990)

SEMIEMPIRICAL DETERMINATION OF 
ELECTRONIC-VIBRO-ROTATIONAL RADIATIVE 

TRANSITION PROBABILITIES 
IN DIATOMIC MOLECULES I. THEORY*

B . P .  L a v r o v  and V .  I .  U s t i m o v

Institute of Physics, Leningrad State University, Leningrad 193904, USSR 

(Received 24 Septem ber 1988)

The theory of electronic-vibro-rotational radiative transitions is considered within 
the framework of the perturbation  theory. For the case of regular ( monotonie) perturba- 
tions caused by relatively far lying terms of the molecule the pimple analytical expressions 
for the line strengths of th e  2S + 1A' —» s s + l A" transitions are derived in the second order of 
the perturbation theory. Most distributed schemes of angular m om enta coupling — H und’s 
cases “a” and “b” — are considered. It is shown th a t the line strengths can be expressed in 
terms of a finite num ber (usually small) of the param eters (certain  combinations of matrix 
elements describing th e  effects of perturbations and v ibration-ro tation  interaction) which 
may be determined either from the experimental da ta  in a semiempirical approach or from 
numerical calculations of adiabatic electronic and vibrational wave functions.

Preface

Several years ago we have had the honour and the pleasure of working to
gether with Prof. I. Kovács on one particular case of perturbations in rovibronic 
line intensities of Fulcher-o: band system of H2 [1]. This work stimulated our inter
est in further studies of electronic-vibro-rotational (rovibronic) radiative transition 
probabilities. The aim of the present paper (devoted to Prof. I. Kovács’ 75th birth
day) is to introduce some simple analytical formulas which may be used both in 
“ab initio” calculations and in semiempirical procedures of determination of the 
transition probabilities in diatomic molecules when regular perturbations due to 
the electronic-rotational interaction are sufficient.

1. In troduction

The investigation of radiative transition probabilities not only extends our 
knowledge of molecular structure but is also necessary for various applications in 
molecular spectroscopy, physics and diagnostics of ionized gases, plasma chemistry, 
aeronomy and astrophysics, rarefied gas dynamics and laser physics.

‘ Presented at the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 Septem ber 1988

Acta Physica Hungarica 67, 1990 
Akadémiai Kiadó, Budapest



4 В. Р . LAVROV and V. I. USTIMOV

In the optically thin plasma the intensity1 of the electronic-vibro-rotational 
line belonging to the spontaneous emission band spectra In"v"J*"M" is connected 
with the population density of upper level Nn>vi j 'm ' and corresponding transition 
probability A^nvnjífM„ by well-known expression

jn 'v 'J 'M '  _  ДГ A n 'v 'j 'M 1
1n " v " J " M "  ~  ly n 'v 'J 'M ' ' A n "v"  J " M " ‘ ( 1. 1)

Here n denotes set of quantum numbers describing electronic states of the 
molecule (including spin of electrons2 *), v-vibrational quantum number, J  and M- 
total angular momentum of molecule and its projection on the certain direction 
marked out in space. The magnitudes pertaining to initial and final states of the 
transition are marked with single and double primes, respectively.

The probabilities of electric dipole transition are connected with the matrix 
element of the dipole moment operator d over the wave functions of the electronic- 
vibro-rotational states by

An'v'j'M'
A n " v " J " M "

64x4
3/i ( Ä ) 3 \(n"v"J"M"\d\n'v'J'M') f ( 1. 2)

where usual Dirac’s notation for the wave functions is used, v is the wave number 
of the line in cm-1 , and тг, h are known constants.

Usually the total line intensity summarised over fine structure is detected in 
an experiment:

rn V  J' 
1n "v "J " — ^   ̂Nn'v' J 'M '

n V  J 'M ' (1.3)
M ' M "

As can be seen from formula (1.3) is not strictly connected with total
population density of upper electronic-vibro-rotational level

Nn', ■ 5 > n ' v ' J ' M '
M '

(1.4)

But when in the light source there is no marked out direction due to external 
fields then Zeeman sublevels with various M' are to be populated uniformly

N n ' v ' J ' M '
Nn'v'J'

(2 J' +  1)
(1.5)

and supposing approximately

( „ n ' v ' J ' M 1 Ÿ ^ f ^ n ' v ' J '  
y ' n " v " J " M " )  ~

1By the intensity  of spectral line here and further on we understand th e  number of quanta 
belonging to  the transition  under study  and  em itted by the  unit volume in u n it time throughout 
all directions.

2It will be often more convenient to  write down explicitly the quantum  number A of the
projection of resu ltan t electronic (orbital) angular mom entum L about internuclear axis. Then the
rem aining quantum  numbers characterizing the electronic s ta te  of the molecule will be lettered -7.

Acta Phytica Hungarian 61, 1990



ELECTRONIC-VIBRO-ROTATION AL RADIATIVE TRANSITION PROBABILITIES 5

one obtains 

where

' v ' J '

A n ' v ' J '  _  
A n " v " J "  — 3 h

KT An'v'J'Mn'v'J' * An"v"J"i (1.6)

t , ,3  cn'v' J'!..n'v'J' \ *•'n"v"J" 
Vn"v"J")  (2J, + 1)- (1.7)

The line strength is expressed in terms of matrix elements of dipole
moment as

Sn"vv ' ' j" =  \{n"o"J"M"\d\n'v'J'M')\2 . (1.8)
M'M"

When the total wave functions of both states may be represented as the product of 
electronic ф, vibrational x and rotational ф wave functions ( see e.g. Herzberg [2])

Ф = Ф ■ X Ф, (1-9)

then the so-called rotational line strength Sj„ can be factorized and

Ç n'v'J1 _  
° n " v " J "  —

n n ' v '  J 'J" • 4rO jn . ( 1. 10)

Magnitudes Sj'„ appear in (1.10) as a result of integrating over angular vari
ables. For pure types of angular momentum coupling they «ire simple analytical 
functions of rotational quantum numbers depending only on the type of electronic 
transition: E — E, E — П, П — A, etc. (Often they are also called Hönl-London fac
tors). A most complete set of such expressions for transitions of various multiplicity 
is presented in Kovács [3].

Matrix elements are the result of integrating over coordinates of the
electrons and internuclear distance R. In principle they depend on the rotational 
quantum numbers due to ./-dependence of the vibrational wave functions x (so- 
called effect of vibration-rotation interaction). This dependence is usually weak 
and often may be neglected (see e.g. Villarejo et al [4])3. Then the formula (1.7) is 
reduced to

. n ' v ' J '  
л п " V" J "

64 ТГ ( „ n 'v 'J '  У  
\ u n " v " J " J RZ

s jlS J"
(2 J '  + 1)

( 1. 11)

As a rule in spectroscopical applications the formula (1.11) with Hönl-London 
factors is used for the determination of the distributions of population density

3Born-Oppenheimer separation of variables (formula (1.9)) leaves the possibility of rela
tively slow Л-dependences of electronic wave functions V and the  electronic transition  moment 

Id l in ')  • In the Franck-Condon approximation this effect is neglected and the term  in for
mula (1.10) connected with electronic transition probability may be also factorised. T he effects of 
vibration-rotation  interaction and Л -dependency of (фпч |d|Vv) are independent of each other. 
Only in the case when both  effects can be neglected the expression for line strengths hats most 
simple form -  the product of three factors depending on electronic, vibrational and  rotational 
quantum  numbers respectively, (see e.g. K irbjat'eva et al [5]).

Acta Phyrica Hungarica 61, 1990



6 В. Р. LAVROV and V. I. USTIMOV

among rotational levels of excited electronic-vibrational states. It should be un
derlined that this expression is based on several assumptions, namely:

1) applicability of an adiabatic approximation;
2) neglecting the perturbations among the adiabatic electronic states of the

molecule;
3) neglecting the effect of the vibration-rotation interaction;
4) pure and known type of angular momenta coupling (Hund’s cases “a”, “b” ,

V ) .
These assumptions seriously restrict the field of validity of the formula (1.11) 

making it applicable only in some particular cases.
In more complicated but much more distributed situations of regular and 

unregular perturbations, transitional types of angular momenta coupling and suffi
cient vibration-rotation interaction these theoretical formulas are not valid and the 
application can lead to serious errors in relative population densities of rotational 
levels (It was firstly noticed by Ginsburg and Dieke [6]).

Rigorous quantum-mechanical calculations of the probabilities as well as pure 
experimental solution of the problem are difficult to overcome nowadays. Therefore, 
the aim of the present series of papers is to propose and realize the semi-empirical 
approach to the determination of the electronic-vibro-rotational radiative transition 
probabilities in diatomic molecules.

The basic idea of our approach is that more or less general theoretical analysis 
will make it possible to express the probability of arbitrary vibro-rotational transi
tion as a function of rotational quantum number of the initial state and certain mag
nitudes (constants or quite weak, practically linear functions of J') describing the 
perturbations and vibration-rotation interaction. Then the parameters entering the 
theoretical formulas may be obtained from a finite volume of experimental data on 
the relative transition probabilities for pairs of emission spectral lines starting from 
the same upper rotational level and belonging to the same electronic-vibrational 
band. The first attempt of such approach have been earlier presented in our studies 
of the intensity anomalies in Fulcher-a bands of the H2 molecule (Kovács et al [l]).

The goal of the present paper is to produce a detailed analysis of non-adiabatic 
theory (free from the above mentioned restricting assumptions) of electronic-vibro- 
rotational transitions in diatomic molecules and to derive for their probabilities 
the certain simple analytical expressions which can be used for further analysis 
of experimental data on the relative transition probabilities or life times and the 
semi-empirical determination of S£„vvnj„ line strengths.

We restricted ourselves to considering the transitions between the states be
longing to Hund’s limiting cases “a” and “b” most frequently met in practice.

The review of earlier works and the bibliography can be found in Herzberg 
[2] and Kovács [3].

Acta Phytica Hungarica 67, 1990



ELECTRONIC-VIBRO-ROTATIONAL RADIATIVE TRANSITION PROBABILITIES 7

2 . C onstruction o f non-adiabatic wave functions

The total wave functions Ф =  |r, R) appearing in formula (1.8) have to satisfy 
Schrödinger’s equation which may be written as

H  |r,R ) = E |r, R ) , (2.1)

where r  denotes coordinates of electrons and R  the internuclear vector.
After the separation of the mass center movement (in the body-fixed frame) 

the Hamilton operator for the diatomic molecule (see e.g. Kolos and Wolniewicz
[7])

1 "• , i N‘ \ 1 N«
* = - ^ £ ^ - ^ R - d £ v ry ) - ^ V R X X + y. (2.2)

i=i 8ß
b =1 2ßa 3 = 1

Here m  is the electron mass, ß is reduced mass of the molecule, ßa — 
Mi ■ М2 (Mi — М2)-1 , Mi and М2 are masses of nuclei, Ne is the number of 
electrons in the molecule, V is the interaction potential. The relativistic terms in 
the Hamiltonian (2.2) are omitted whereas electron spin may be taken into account 
if one will require the coordinate part of total wave function |r, R) to satisfy certain 
symmetry properties (to be an eigenfunction of total angular momentum, including 
the angular momentum of nuclei, orbital and spin momenta of electrons).

For the separation of the molecular axis rotation in space-fixed frame let 
us expand |r,R ) in the series of Wigner functions D3mm,(a, ß,0) depending on an 
orientation of internuclear axis (Varshalovich et al [8]). The angles a and ß coincide 
with the first two Euler angles which describe the orientation of the body-fixed frame 
and the third one is equated to zero (Ostrovsky and Ustimov [9]). Independent of 
the angles the coefficients in the series are the functions of R  and r. They may 
be also represented as an expansion over a complete set of functions. For this 
purpose it is convenient to choose the sets of electronic I7 , A, r , R)0 = |q, A)0 and 
vibrational I7 , A, v, R)0 = |q, A, v)0 wave functions, obtained for the same molecule 
in an adiabatic approximation. Then the expression for total wave function is 
presented as:

|r,R> =

=  £  £  G (7 , A, «IN, MN ) y j It , A>0 b , A, v)0 D ?Ms _д (a, ß, 0),
7,A,t; N,Mn

(2.3)
where Mv is a projection of total angular momentum of the molecule excluding the 
spin of electrons N  on any fixed axis in space-fixed frame.

The explicit form of the coefficients G(7 , A, v\N, А/дг) depends on the type of 
angular momenta coupling and in particular it is connected with total electronic 
spin S.

Acta Phytica Hungáriái 67, 1990



8 В . Р .  LAVROV and V . I. USTIMOV

Substituting expressions (2.2) and (2.3) into the Eq. (2.1) and making the 
integration over angular variables one can obtain the following system of equations 
for the coefficients G (Kolos and Wolniewicz [7])

( # AA - e ) J 2 g b ,  A, v\N,MN) |7> A>o|7, A,u) o+

+-$AA-1  G Ь> A -  1, v\N, MN ) l'y, A -  i)o|7, A — 1, v)o+ (2.4)

+ # aa+i ^  G (y, A +  1, v\N, Mn ) l'y, A + l)o|y, A +  1, v)o = 0,
Tf.o

where

N e

Haa =  - ^ Ü < A |A r , |A ) o  + V + ^ ( A |P 2|A)o-
j=i

_  f j L  + 1 ± _  N(N^ +  1) — A(A + 1) _  J _  t  \  _
2/. \ dR2 R d R  IP L J

- ^ ( р4 + 2 5 <л1р+^ - р ' £+1А>«)' (2.5)

#AA-1 =

= V(iV + A)(AT-A + l) ( ^ 2<A|L+|A -  1)0 -  ^ < A |P + |A  -  1>0) , (2.6)

•Йаа+i =

= \ / ( N  — A)(JV + A + 1) ( 2^ 3 (A |I-|A  +  1>0 + (A|P-|A + 1>0) . (2.7)

Неге P  and L are the operators of momentum and angular momentum of the 
electrons. Correspondingly Px, Py, Р±, Lx , Ly , Lz are their projections about the 
axes of rotating system of coordinates (body-fixed frame) the direction of Z  axis 
coinciding with internuclear vector; P± =  Px ±  iPy and L* =  Lx ± iLy.

Adiabatic electronic wave functions |y, A)o are to be obtained from the Schrö
dinger equation for fixed nuclei. It can be deduced from the Eq. (2.4) by turning 
the masses of nuclei Mi and M2 to infinity:

^ - ^ É < AlA r,lA>o + ^ - e 7|A|(Â )j l'y,A)o = 0. (2.8)

Eigenvalues е7|А|(Л) (adiabatical electronic terms) depend on internuclear 
distance R as a parameter.

Acta Phynca Hungarica 67, 1990



ELECTRONIC-VIBRO-ROTATIONAL RADIATIVE TRANSITION PROBABILITIES 9

Multiplying the Eq. (2.4) by 0(7 , A| and making an integration over coordi
nates of the electrons one obtains the following system of equations for the factors 
G and vibrational wave functions l'y, A, ti)o

Г 1 (  P  S Э b ,A |(L -JV )2h .J ) o \  . . 1
Г 5  (а д а  + я  J r -------------- j p ----------- )  +  £’ |л |(л) “  E\

• E  G A> v\N>Mif) fo> A> u)°+ (2.9)
A +  l

+ E  E Ц а (N)G('1\/L ,, v\N ,M n )\'1',H,, v)o = 0,
l ' , v  A '= |A - 1 |

where

Ü A(^ )  =  è b . A W , A } o -8/i

~ й { ъ ‘

d2
d R 2 V.A)o +  д<^>А dR / ,  A >o)-

Pz dR V, A)0 +  ^ < 7 ,  A |P + L - -  F - I+ l  У, A)0)  -

---- (-у, A \ —  
\dR 7 ,А ^°ад 2/íJ 7 , a ^ 7 ,А^ °а д ’

i ÿ - 1^ )  = v / i i v T Ä p ^ Ä + T j

k W ’k -  *>» -  х Ь Ы  i |F t  IV'A - 1>0)  '
Ц а +Ч * )  = V ( N - \ ) ( N  + K + 1)

( i ï J P  ■‘ I1 " I * + *>« ■+ А|р" '•>' A + 1 >") •

Vibrational wave functions l'y, A, v)o are to be found from the equation

(2. 10)

(2 .11)

( 2 . 12)

’ 1 /  d2 2 d (7,А |(1-АГ)2 |7,А)о\
2ц \ а д 2 + д э д Д2 /

+

+  <7|A| ( Д ) - < | , . |т,А,и)о =  0.
(2.13)

The adiabatic electronic term earlier obtained in (2 .8) is used in Eq. (2.13) as 
potential energy. The term (7 , A|(L— AT)2l'y, A)o R~2 describes the rotation of nu
clei. It should be noted that the electronic-vibro-rotational term e \°^v depends on 
the rotational quantum numbers as well as the wave functions I7 , A, v)o (vibration- 
rotation interaction).
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Multiplying the Eq. (2.9) by о(ъ A, v| and integrating it over internuclear 
distance one can get an infinite system of algebraic equations for factors G

A +  l

( < А | » - я ) С ('Г> Л ,« |Л Г ,М „)+£ £  M ^ V‘(N) G b , \ , v \ N ,M N)= 0 ,
~l',V  A '= IA—11

(2.14)
where

=  <7.А Н ^1А> ) 1 У .Л 'У ) о. (2.15)

If the adiabatic wave functions are known the matrix elements (N)
can be calculated and the obtained system of equations may be solved numerically 
by the method of reductions leaving a finite number of the equations in the system. 
However, the realization of this approach is hardly probable nowdays due to suffi
cient difficulties of calculation of electronic wave functions and the matrix elements. 
Let us distinguish two limit cases when the analytical expressions for the factors G 
can be obtained:

1) The electronic-vibrational state under study is perturbed by a single 
electronic-vibrational state due to the strong interaction between them (like in the 
case of Fermi resonance). Then the interaction with other states of the molecule can 
be neglected and only two equations remain in the system (2.14). One particular 
case of such irregular perturbations (3П(6) —* 3E(6) ) was recently considered in 
Kovács et al [1].

2) The electronic-vibrational state under study interacts with an indefinite 
number of relatively far lying terms. Then the perturbation theory can be applied 
for the solution of the system (2.14). The case is usually known as that of regular 
perturbations.

In the first mentioned case of strong interaction between the levels (resonance 
perturbation) not only sufficient derivations of term disposition from their adia
batic values exist. Certain changes in spectral line intensities from those predicted 
by formulas (1.11) are usually observed as well. Some lines may even disappear 
under background noise. In the situations an identification of spectral lines and 
the intensity measurements become a difficult problem from the experimental point 
of view. Therefore we restrict ourselves to regular perturbations which are much 
more distributed molecular spectra and certainly more important for various ap
plications. This саде may be treated in the framework of the second order of the 
perturbation theory.

3. The line streng ths in second order o f p ertu rb a tio n  theory

Let us represent the coefficients G(q, A,v\N, M y) and the perturbed term 
values E1\ v in the form of the sums of decreasing items (Landau and Lifshitz [10])

G(7) A, v \ N ,  M n ) =  G(°> + G<x> +  G<2> + . . .  (3.1)

Acta Phytica Hvngarica 87, 1090
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and
£ 7a„ = Я (0) + Я (1) + Я(2) + . ..  (3.2)

where G^0) and E are the adiabatic (unperturbed) values, G*11 and JE1*1' tire 
the smaller terms of the same order of magnitude as the perturbation term in the 
Hamiltonian (the first order) and G^  and E ^ ,  the second order perturbation 
terms.

Then, substituting (3.1) and (3.2) into the system of equations (2.14), equat
ing the terms of the same order of smallness and limiting to the second order terms 
one can get the following expression for the energy

E.7Av _  k; ( ° )
~  г 7|А|

Л +  1

. + * « : ( * )  + £ '  £ '
A '= |A  —1|

A '« '

E,( ° )
l |A |u - E ( 0 )

(3.3)
У|Л'|«'

where the prime noted by the sign of summation means that when summing up over 
У, A', v' the terms corresponding to q' = 7 ; A' = A; v1 =  v have to be omitted.

It should be noted that the wave functions |7 ,Л)о entering in the matrix 
elements Ai in formula (3.3) must be properly symmetrized by Eq. (3.6).

In the second order of the perturbation theory the corresponding wave func
tion |q, A, v, Г) (where Г is the set of rotational quantum numbers) may be written 
as

It, a, u, r)  =

=  £  ^ J 2 N T T ) G {0){1> A ,"W  M n )  [I7, A>ob< A, « > < Ä „ - aK ß>0)+
,м„

A + l

£  £  ( V N  + A)(JV -  A + 1)<$д'л-1 + V (N  -  A){N  + A + 1)
l ' , A 'A '= |A - 1 |

Ía-a+1 +  Ía' a)  - e ÿ AV  X I V .A O o iy .A '.A P ^ - A - K /S .O ) ] ,
(3.4)

where
отА» _

=  ( \ /  N  + A.)(N — A + l ) i A'A -r +  \/(ÍV-A )(ÍV  + A +  1)5a'a+ i + *a'a)
-1

f ( 0) _  r t 0) ’
“ l|A |«i "  Ä V |A '|«<

(3.5)
and 6ki = { Q is the Kronecker delta function.

The matrix elements of the perturbation operator ©7 д̂-„- derived in the 
form of (3.5) can depend on the rotational quantum numbers only due to the J- 
dependences of the vibrational wave functions and differences between adiabatic
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12 В. Р .  LAVROV and V . I. USTIMOV

term values of perturbed and perturbing states of the molecule. Taking into ac
count the weakness of the vibration-rotation interaction and the smallness of the 
rotational energy differences in comparison with those for electronic-vibrational 
states (for regular perturbations) the dependence of ©^A,„, on the rotational quan
tum numbers is expected often to be very weak.

The zero order, adiabatic values G(0) must be chosen so that the wave func
tions l'y, A, V,  Г) would correspond to a certain type of angular momentum coupling. 
Then the wave functions of diatomic molecules must possess certain symmetry for 
the reflection of the electron coordinates in the plane crossing the internuclear axis. 
If the operator I  corresponds to this transformation, then

|7 ,А,и,Г;г?)
\ / 2 ( l  +  (5ao)

(b , A,«) + r)î|7 ,A ,v>) , (3.6)

where the symbols r) adopt values ±  in the spectroscopic notation corresponding 
to the values ±1  in the formula. Unperturbed electronic wave functions of £  states 
already have certain or ” symmetry. Therefore in this case it is enough to 
put the value r) in the formula (3.6) equal to unity for both “+ ” and ” states.

After substituting (3.4) into (3.6) the non-adiabatic wave functions cire rep
resented as

It , А,«,Г;»?) =  ^ (1 Д о) E  (2N + l ) - 1[ { G ^ b , ^ v \ N , M N )b,K)o- 

■ P - M„ - a(«, ß ,  0) + »?G(0)b .  -A , v\N, MN) hr, —А > о ^ кд (a, ß, 0)) |7, A, u, )0+

E  E  ( v N  + А)(^  -  A +  1)Ä A -A -1  + V (iV-A)(iV  + A +  1)
l ' , v '  A '= |A  —1|

*A'A+1 +  *a-a)  • •© # ,., • (Gt°)(7, A,t»|JV,A^)|V, A ')o ^ Mw_A,(a ^ ,0 )+

*7G(0)(7 , -A , v\N, Mn )IV, -А ')0Р ^ _ д , ( а ,  ß, 0))У, A', «/)„].
(3.7)

Constructed in such a way non-adiabatic total wave functions can be used for 
derivation of the expressions for the line strengths. Substituting the wave functions
(3.7) for initial and final states of the transition into the formula (1.8) and taking 
into account the normalization of the wave functions one obtains

ci'A V r'f»' 
дУ'А"«|"Г"ч" E  |(7",A ",u",r";»7"|d |y,A ',V' , r ' ; ^ ) | 2 (3.8)

For the calculation of the matrix elements the dipole moment of fixed nuclei 
molecule d = e rj i® convenient to be represented in the form of spherical
vector

h o  =  ids

f i± i  =  =F-Jg (dx ± i d y) .
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When the coordinate system is turning its components are to be transformed 
as spherical functions. It means that certain projections of the vector in the space- 
fixed frame f lq and in the body-fixed frame f \ q are connected by the following 
relation

7 i ,  =  £ # . / 1«'. (зло)

where Dq,q are the Wigner functions.
The expression (3.10) may be used for making the integration in (3.8) over 

angular variables in an explicit form. But on this step it is necessary to take into 
consideration the concrete scheme of angular momenta coupling. It is natural to use 
Hund’s limiting cases “a” and “b” in the further analysis because of their prevalence 
and importance for spectroscopical applications. The next three paragraphs are 
devoted to “b”—* “b” , “a”-* “a” , and “a”—» “b” transitions respectively.

4. “b” —» “b ” transitions

Let üs begin with the case when the energy of the spin-orbit interaction is 
negligibly small in comparison with the rotational levels separation (Hund’s case 
“b”). Then the molecule can be characterised by definite total momentum excluding 
the spin of electrons No- Therefore in the formula (3.7) the summation over N  is 
eliminated by the Kronecker delta function and the expression for is reduced 
to (Nikolsky [11], Ostrovsky and Ustimov [9])

«' ( i  - * S ) W  1 « )
M s

where ( ) is 3-j  symbol (Landau and Lifshitz [10]).
\ m i  m 2 m 3 J
Introducing adiabatic electronic-vibro-rotational wave functions4

\t/,A,S,v,J,N,Mj\ri)o =

j  (2J +  1)(2IV +  1) 
у 8тг(1 + 6\o)

(  J  N S  \  
\ M j  —Mff —Ms J

^ 2  (-Ijtf+S-A 's 
M s M s

X [\v,k,S)oD?UM- A(a J ,0 )  + 4\V, - k , S ) oD?Ul,k [ci,ß,0)] \u,K,S,v,N)0
(4.2)

4For further analysis it is necessary to  mark out S-dependences in explicit form. Therefore 
we will use v  for the set of quantum numbers describing th e  electronic s ta te  of the molecule 
excluding A and S  i.e. q  s  {1/, 5 ) .
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the expression for non-adiabatic wave function in the first order of the perturbation 
theory (the formula (3.7)) is represented in the form

A, S, v ,J ,N , Mj\ ij) = \i/,A.,S,v,J,N,Mj]T))o+
Л +  1

E _ E  (x /(tf +  А)(ЛГ -  A + 1) ^  + V (N  -  k ) (N  + A + 1 )6lA+1 + ^ A)
*'» A =  |A - 1 |

X ©f ïs f I*7-1 « 5 > ®. J > N > MJ> n)o.
(4.3)

Then the matrix element of the dipole moment entering into the expression 
for line strengths (3.8) may be represented as the sum of matrix elements calculated 
on adiabatic wave functions:

(«Л A", S, v", J", N", M'J; 4" |d K  A', 5, J', N ',M 'y  r,') =
= (i/", A", 5, v", J", N", M'J; r,"\d\v\ A', S, v', J', N ', M'y r,')0+

A' +  l

+ E  E  МЛГ' + А')(ЛГ'-А' + 1)*рА,_1 +
a ' = | a ' - i |

+ -  А')(ЛГ' + A' +  1)<5д7д,+1 +  <5д'а»)х

X A", 5, v", J", N", M'J; r,"\d\v', A', 5, t>', J', N', M'yr,')+
A" +  l

+ E  E  (V(Ar" + A'')(iV"-A» + l)ir rA„_1+
v " , v "  a " = | a " - 1 |

(4.4)

+ \ / (N "  — K")(N" +  A" + 1)^â"a»+i +  h "  A") X 
X (v", A", 5, v", J", ЛГ", M'J; „ " |d K  A', 5, IV', Afjj

Using the formula (3.10) it is possible to make integration over angular vari
ables in the adiabatic matrix elements, then one obtains the following expression

(»", A", S, v", J", N", M'J; «j"|7leK , A', S, v', J', N', M'y r,')o =

' (2 J' + 1) (2 J"  +  1) (2 N' + 1) (2 N "  + 1) 1 *
(1 +  5a'o)(1 +  Ía»o)

V  V  -7V''+M"+W'' (  J"  N" S  \
V " ?  - а д  - а д  Г  <«>

( J '  N' S \  (  N ' 1 N " \
X \M 'j  -M 'N -M'S ) \ - M ' N g M X ,) *

( N '  1 JV"\ v s . 'w '
x \ —A' A' — A" A" / л ‘/"А"5и"аг”1
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where electronic transition moment
A v 'A 'Sv'N ' _  

v " K " S v " N "  —

= ------------ т ( И | Ам| 5 У ,,ЛГ|((ин>Аи,5 |/1 дК А ',5 > 0 +  (4.6)
2 [(1 +  6 л 'о ) ( 1  +  ^ A " o ) ] 3

+ («Л -A", S \ f íq\v\ -A ', S)о) I«/, A', 5, v', N')o,

f 1 for A' and A" ^  0, 
l 2for A' or A" = 0 .

It should be noted that electric dipole transitions are going on between molec
ular states of opposite symmetry about the inversion of the particles relative to the 
middle of internuclear axis (opposite sign of the levels). Therefore

„ У ' ( _ 1 ) * '+ * " + 1 =  i .

Substituting (4.4), (4.5), (4.6) into (3.8) and summing over M'j, M"  the gen
eral expression for the line strength in the second order of the perturbation theory 
is obtained

S v " A " S v "  J " N " r i "  =  +  1)(2J" +  1)(2ЛГ' + 1)(2!\T" +  1) I   ̂ j „  I

\ \ (  * '  1 N " \  ■ K.Sv,N.
V - A ' A' -  A" A" / nv"b-"Sv"N"~r

A' +  l

+ E _ E  (л/(ЛГ, + А0(ЛГ, -А '+ 1 )% 7 Д._ 1 +
a '= |a ' - i |

+ y/(N> -  A >)(N> + A' +  1)% А,+1 + V a«) (  - J 1 Г - A " А" )  х

V cay'A'Sv' j)H'A'S v 'n ' IX V - , j ' s - , n v „ A " S v " N " ~ r  

A " +  l

+ E  E  ( V ( ^ " - a« )(^ w +  a« + i )v a»_1+
v" ,v"  a”= |a” -1 |

+  \/[N "  — X")(N" +  A" -(- l ) i j " A„+1 +  V a» ) x

f  AT' 1 JV" \  e ^"A"So" oi/A 'St/JV ' 2
^  - A ' A' -  Г  /  v"a" s « " í í í7''a" s «"n »J ’

(4-7)

where 1 J1 72 |  is 6-j symbol (Landau and Lifshitz [10]).

This expression is sufficiently simplified after summing over J " . Taking into 
account the expression (Landau and Lifshitz [10])

E w + u w + u f *  *  ' } { £  ( « )

ELECTRONIC-VIBRO-ROTATIONAL RADIATIVE TRANSITION PROBABILITIES 15
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it may readily be shown that

q v ' t i ' S v ' j ' N ' n ' _  q v ' k ' S v ' j ' t i ' n '  _  Í9 V  4. 1 Н 9 Л Г "  4- 11 
° t / " A " S v " N " t ) "  — 2 -~ t ° v " A " S v " J " N " n "  — ~l_ 1I

J "

\ \ (  N '  1 N " \  jr'Vsv'N'
V —A' A' — A" A" /

A' +  l

+ E  E  (y /(N> + A') ( ^ ' -  A' + l)6p A,- i  +
a ' = | a ' - 1 |

+ V ( N '  -  А')(ЛГ' + A' +  1)<5д7А,+1 + *Гл<) (  ^ X '  X  -  K "  A " ) *

v  Ö t/ 'A 'S « ' p P 'A ' S v 'n ' 
x  i/ ' a ' s « ' ""v "  A "  S v "  N "  '

A" +  l

+ E  E  (v'(JV" + A")(iV»-A" + l)őr7A„ _ 1 +
v",«T" a" = |a" —1|

+ V (N "  -  A")(N" +  A" + 1) V a»+i +  *Â 'v )*
2

/  N ‘ 1 JV" \  ft„"A"Sv" jfv'JL'Sv'N'
у _A' A' -  Â у v"a"sf" u"k"sv"N"

(4.9)
Neglecting the effect of perturbing interactions by equating the matrix el

ements © to zero in formula (4.7) one obtains the expression for adiabatic line 
strengths for A'(6) —+ A"(6) transitions

ç iu 'A 'S v '  J 'N 'q '  _  
‘Sv " A " S v " J " N " r i "  —

rfu'A'Sv'N'
t l u " k " S v " N ,‘

C J'N'O j ”N " , (4.10)

where the expression for rotational line strengths (Hönl-London factors)

= (2 J '  +  1)(2J" + 1)(2N' + 1)(2N" +  1)

f j ' S N ' \ 2 ( N '  1 N" \ 2 Í411)
\ N "  1 J "  J \ - A ' A '-A "  A" )  •

For particular cases this formula gives simple analytical expressions for S j n % „  CO” 

inciding with those listed in Kovács [2]. The simple sum rule valid for

E  Sj'"N" = {2J ' + 1). (4.12)
J " ,N "

The general formula (4.7) may be sufficiently simplified for certain cases 
interesting in applications. As an example we list below the expressions for
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2S+1E' —» 2S+1E" transitions where only two branches P (AN  = N"  — N' — +1) 
and R (AN = — 1) take place:

P- branch

^ v ' '0S«'^J"N‘ +1 ij" =  (2<̂  +  1 )(2^ "  +  1) I  f l i  _|_ 1 j  J l l  I  W  +  1)

R‘,v 'O S v 'N '
u " O S v " N '+ l

1 4- - .u 'O S v 'N '  ( y  _  y \  _  m i  t / 'O Sv 'N '  ( y i  _  r r \ _i v ' O S v ' N '

~ ( N '  + 2 ) Ä Ä 4 i ( S " - n )

(4.13)

Д-branch

gi/'OSv'J'N'q' — (2 V 4- 11Í2 7" -4- ll /  ^ ^  ^  1 N'
s u"OSv"  J " N ' - l r i "  ~  +  4 \ S,J +  ЛГ' -  1 1 J "  Г

Jft / 'OSv 'N '  

/O S t/ЛГ'1 + T ^ V - i P  -  E) -  (N1 + IK:?0SsvX ‘- i №  -  П)+ 

+ (N' -  l)7Ä « - - i ( S H -  П) '2

(4.14)

Here
_ u 'O S v 'N ' l y  V I  — (  d v 'OSv ' N '  \  
7 v "0S<j" N "  l "  ~  b )  — y n u" O S v "N " )

- 1

E r̂ l/'OSv' Dis'i
V v 'O S v 'M v"

v 'O S v 'N '  
O S v " N '1 E C i / 'O S v "  n v 'O S v 'N '  

ö i7"0S v "  П й " 0 S v " N "

(4.15o)

„v'OSv 
l v " 0 S v

1N '  f y l  r r \    (  n v 'O S v '  N '  \  \  Çbv'OSv' jy v 'Q S v 'N '  t * / ö \ ~ l
, " N " ( b  ~  l l ) —  \ К и "0  S v " N " )  2—1 ^ ü ’ü S v l t í v " O S v " N " V J ‘‘) >

’N 1 / у "  TTI   (  jyv 'OSv1 N ’ \  * \  '  g \u"O Sv"  n i / ’OSv1 N 1 1
— I I )  — y i i l/" O S v " N " J  2 _ ,  y3Ti"OSv"t i V " O S v " N " \ yJ L)

- ,u'OSv  
7 v " 0 S v

(4.15b)

(4.15c)

The magnitudes т(Е ' — П) and 7 (E" — П) describe the perturbation of E', v1 
and E", v" states respectively due to their interaction with all possible П, v elec
tronic-vibrational states of the molecule. The factor 7 (E — E) corresponds to the 
perturbation of the states under study by all E, v states.

It is interesting now to study the conditions which are necessary for derivation 
in the second order of perturbation theory of the simple sum rules (for line strengths
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of all possible transitions starting from or coming to the same rotational level) 
analogous to those obtained in adiabatic theory, e.g. formula (4.12) (see also the 
discussion in Kuznetzova et al [12]). For simplicity let us consider the concrete 
example of 2S+1E', v', J' —» 25+1E", v", J" transitions. Then we must take the 
sum of the line strengths for transitions in P and R branches (formulas (4.13) and 
(4.14)) starting from upper level with rotational quantum number J' and make 
summing up over J". Neglecting J-dependences of : i) vibrational wave functions 
and ii) term differences between perturbed and perturbing levels one obtains

E (  q v 'O S v '  J 'N ' n '  q v 'OSv ' J 'N 'n '
( /V 'O So" J " N '  + In "  “V 'O 5 «" J " N ' - l n "  

J "

X ( 2 J '  +  1) ( l  +  Ä P - S ) ) 2

Л1/0 S v1 
u"OSv"

2
X

— l ) ( - ^  -0 v 'OSv '  / £ / /  _  n |  I i /O S « ' /y j  _  y < \\  _
(2N1 + 1) ^t",os«"l2j A1J + 7v"osv"(b

-  2(2J' +  1)N'(N' + l h t t i U V  -  n ) Ä ' - ( S "  -  П)+

(2 J' + 1) [(ÍV') 2 + N' +  4] ( Ä ( E "  -  П) ) 2 +

+ (2 J' + 1)N'(N' + 1) (7Ä ' ' ( S '  -  П ))'

(4.16)

It can be seen from the formula (4.16) that the sum rule (4.12) is not generally 
valid in the case of sufficient perturbations of the levels. The interaction between 
the states with the same A (in our case with A = 0) does not prevent derivation of 
the sum rule analogous to the formula (4.12).

When we propose the final electronic state to be unperturbed and assume the 
perturbation effect in initial state of the transition to be weak enough for neglecting 
the terms containing squares of 7 , then the sum rule (4.16) is reduced to

E (  e v 'O S v '  J ' N ' n 1
\ ° v " O S v " J " N ' + l n "

J "

, Qts'OSv 
+  ° v " 0 Sv ' J ' N ' n '  'l -  f o r ' - I -  I l f " ' 1 

i " J " N ' - l n "  J ~  +  4 J v "
0 Sv '  
0 S v " (4.17)

where
«/os«' _  

J v " O S v "  -
n v 'O S v '  |2 
•“ • i/'O S tt" ( l  +  2 7 Ä ' , , ( E - E ) )

being independent of J \  J".
From this the useful relation follows

E (  q v 'OSv ' J 'N 'n '  , q v 'OSv ' J ' N ' n 1
\ i3v " 0 S v " J " N ' + l n "  ^  ° v " 0S v " J " N ' - l n "

y y  f g v ' O S v ' T N ' n '  g v ' O S v ' J ' N ' n '
ф? V v " O S v " J " N ' + l n "  +  v " 0S v " l " N ' - l n "

(2 J' + 1)
(2 У  +  1)

(4.18)

(4.19)
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As appears from the above in the second order of perturbation theory simple 
sum rules such as (4.18) analogous to the adiabatic ones (formula (4.12)) are valid 
only under certain conditions, namely:

1) negligible vibration-rotation interaction in vibrational wave functions,
2) negligible ./-dependency of term differences between perturbed and per

turbing electronic-vibro-rotational levels,
3) electronic-vibrational state chosen for summing up over rotational quan

tum numbers J  (in the above consideration it is the final state of the transition 
(in emission) and J  = J") have to be unperturbed5 It is obvious that this result 
illustrated here on the concrete example of 25+1E' —► 2S+1E" transitions has to be 
valid in the general case also.

ELECTRONIC-VIBRO-ROTATIONAL RADIATIVE TRANSITION PROBABILITIES 19

5. “a”—» “a ” transitions

In Hund’s case “a” the energy of spin-internuclear axis interaction exceeds 
essentially values of rotational levels separation. The well-defined quantum numbers 
are total angular momentum J  and total spin of electrons 5, their projections 
on the internuclear axis fl and E, resultant electronic angular momentum about 
internuclear axis A and the projection of J  about certain axis fixed in space Mj. 
The expression for factors may be written as (Nikolsky [11], Ostrovsky and 
Ustimov [9]):

C g }  =  ^ л / ( 2 ^  +  1)(2ЛГ +  1)

J  N  S \ (  J  N  S \  (51 ) 
> \ M j  - M N - M s )  \П  -A  - E / '

Kis

Non-adiabatic wave functions |i/, А, П, 5, v, J, Mj\r)) in the first order of perturba
tion theory are represented as

|i/,A,n ,S ,v ,J ,M j;r i)  = ^  |i/,A ,n ,5 ,u ,J,Mj;r))0+
N  L

Y ' V '1 ( J  N  S \ f J  N_ S _ \ ~ 1
+ y n  -A  - E J -A  - E )

A = IA — 11 '  '  '  '  (5-2)

(Л/(ЛГ + А)(ЛГ-А +  1) ^ а _ 1 +  ^ - А ) ( Л Г  +  А + 1 )^ а+1 +  ^ A) • 6

6If one is interested in the sum rules for the transition probabilities instead of those for the 
line strengths then the additional assumption of negligible /-dependency  of I/3 is necessary.
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where

h  А, П, 5, V,  J, N, Mr, n )о = J E  E i - 1)""8 (2 N  +  *) *
’ KÍn Лis

X ( m j  - M n  - M s )  ( n  -A  - e )  [ l^ A>n >S)o^-M „-A (a,^0)+

+ r,{-l)J+N+S x J)o.
(5.3)

Notice that in Hund’s case “a” the adiabatic vibrational wave functions (and con
sequently the matrix elements ©) depend on J. Moreover, from the beginning we 
have to take into account spin-spin and spin-orbit interactions in potential V en
tering the Hamiltonian (2.2). These interactions may change the value of E (i.e. 
corresponding matrix elements are not equal to zero). The effect is taken into ac
count by summing over E in the formula (5.2). It is included in summing over v 
characterizing the electronic state of molecule.

Substituting (5.1)-(5.3) into (3.8) and integrating over angular variables one 
obtains the following formula for the line strengths:

qv'K'Cl'Sv' У Г)'
\ " n " S v "  J"t)" —

(2J' + 1)(2J" +  1) E  (2W1+ l)(2N "+l)(2A r' + 1)(2ЛГ +  l)-
N ' , N "  j v ' j v "

(  J '  N' S \  (  J' N ' S  \  (  J" N" S  \  (  J " N" S \
-A ' - E / V f i '  -A'  -A"  —E J \{ ï"  -A"  - E  J

f  J ' S  N ' \ [ J >  S N ' \ ^ \ ( N '  1 N " \  fíV'A'n'Sv'j' ,
\ N "  1 1 J" )  [V~A' A ' - A "  a » J  V a"0" s." /« +

A' +  l  /

+ E  _ E  ( V (N '  + A')(N' -  A' +  l)tfrA ,_1 + V (N '  -  M)(N' + A' +  1)-
v'e* д '= |А '-1 | '

. 8-, + 8-, \  (  E  -4 1 N " \  ftv'A'n's«' nV V a 'sv 'r  ,
A' + l  +  A' )  У - Л  Г  -  A " A" )  0 i 7 'r ô 's ï ï 'Â ‘'" A " n " s» " J "  +

A'' + l  ,

+ E  E  V(JV" + A » ) ( F - A "  + 1)ÍÍ V .1 +
77"«" T" . . .. - . 'V "V ” А = |А , , - 1 |

+ >/(Лг"-А")(ЛГ" + А"+1)-

8 -n  -I- 8 - „  \ (  N> 1 „  A " " А" О" S v"  о  и 'A'O' S u 'J '
° Г  а"+ 1  +  " Г  A " J  ^  - А '  А ' -  А А )  b ï " l " n " s v ' K ï" T 'â " s v " J "
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\ (  N *  1 N " \  p v 'A . ' n 'S v ' J '  ,
[l _A> a' — A" A" /  Sv"J"~'’

+ E _  E  ( V (*  +  A' ) ( ^  -  A' +  l ) V A' - 1 + V ( N '  -  А')(ЛГ' + A' +  I)-
" 'o 'a '= |A '-1 | 4

f  I c \  f  ^  1 N  \  A.1 SV1 dv'a'îï'Sv* J1 I
ÔA'A' +  1 +  ÔA A' J X l J* J* _  д // Д// J , 7 'r ï ï 'S Ï Ï '^ " A" 0 " 5v" J " '+'

+ E  E  ( \ / ( ^ " + a")(f " - a" +  i ) ^ v ,_1
a" = |A " - i | '

+ у'(Лг"-А")(ЛГ" + А" + 1)-

c__ MAL \  v  ( Я 1 1 ^  ^ f t« /"A "0 "S » "p V'A 'n 'S « 'r  1*
“Â^A'^I + °I"aJ x У _ а' a' -  A" A" y i^'A"n"s«"-K?"A''n"sïr'j"J • 

Using the known expression for 3 — j  symbols (Edmonds [13])
(5.4)

v i m  « - * ( * + ! ) ( *  »  / „ )

+  V li(ii + 1) -  mi (mi + 1) ^ x 12
m 2

+ V M h  + 1) _  rn2(m2 + 1) f  £  J2\  m 1 m2 -+- l

and the connection of 6 — j  and 3 — j  symbols

- j / - , )
(5.5)

J2
ГП2 i ) { X

12 13
J2 J3 h £

J l 13 N\ ( J * Jz i i  ^ f
Mi -M 2 m3 у1 {  M 2 M3 mi J  V ■'Л Î  )  (5.6)

the summation over N ' ,N  , N"  and N  can be made in general form and the 
expression for the line strengths (independent of the spin S  in explicit form) is 
reduced to

^"A ''0"5«''l"*)" ~  (2*  ̂+  1)(2J ' + 1) ' (  j '  1 J " \  pi/A'n' S v ' J '  ,
l  Q / Q /   Q / /  Q / /  I ^ l / "  A " W S v "  J "  '
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+ E _  E  E  ( v ( ^ '+ n ' ) ( ^ - n '  +  i)% 'n<-1+
V '?  A '= |A '-1 | П '= |П '-1 | 4

+ y/(J ' -  П')(J' +  O' + l )% 'n,+1 + % 'n,)  X

v (  J ' , . 1 J "  \  o^'A'n'S«' T f v ' V n ' S v ' J 1 ,
\ - n  í f - П "  n " y  ö i7'Á'n'sr'ií^',A"n"s«'"J'' +

+  E  _  E  _  E  ( v ( ^ " + n " ) ( j "  -  П " + i )% " n » _ 1+
а " = |А ' ' - 1 |п " = |0 " - 1 |  V

+ — Cl")(J" +  П" + l)% "n«+i + %»n») *
2

v  (  J '  a v"A"Cl"Sv" jfu 'K 'n 'Sv'J ' 1
X \ - П '  П ' - f T  Í Í у  ö i7"A"n"StT"Ä x7"A "n"Si7"j"J ‘

(5.7)

In the case of negligible effects of the perturbation and vibration-rotation 
interaction the matrix elements 0  may be equated to zero and the rotational line 
strength Sj„ is factorized. Then from the formula (5.7) one can obtain usual adia
batic formulas for Hönl-London factors for “a”—»“a” transitions

S / :  =  (2J' +  l)(2 J"  +  l ) ( _ n # f i ' - n "  f i" )  (58)

coinciding with those listed in Kovács [3] (see table 3.1 on p. 121).
In the second order of the perturbation theory the sum rule for “a”—►“a” 

transitions is the same as that for “b” —►“b” ones and it is valid under the same 
restricting conditions (see above §4).

It should be noted that the variables describing spin in wave functions (5.2) 
are considered in the space-fixed frame. If one considers the spin in the body-fixed 
frame then in Hund’s case “a” the rotation of the molecule may be described by 
only one Wigner function (a, ß, 0) and the expression (5.7) can be derived
in a much simpler way.

But wave functions (5.2) have their own advantages, for example non-adiar- 
batic wave functions for Hund’s case “b” (formula (4.3)) may be easily constructed 
from adiabatic wave functions (5.2) by:

i) leaving in the sum over N  the single term corresponding to the total angular 
momentum without spin;

ii) making the normalization procedure (then the 3- j  symbol

(  J  N  S  \
\ П  -A  - E , l
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describing summing over S  and N  into total angular momentum J  will vanish).
In the same manner the expression for the line strengths of “b”—+“b” transi

tions may be obtained from that for “a”—»“a” transitions.
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6. transitions

Finally, from the formula (5.4) one gets the expression for the line strengths 
when one of the states of the transition belongs to Hund’s case “b” whereas an
other corresponds to Hund’s case “a”. For example one can obtain the following 
expression for the line strengths of “a” —► “b” transitions

o i / A ' n ' S e ' j y  _
°i>"A"Sv" J"N "ri"  —

- ( 2 J '+ l ) ( 2 J "  + l)(2 iV "+l) ( П, + А« _ А/ _ A» —П' + Л ')  X

J '  ,
n v"A ."Sv"N "~T\ \ ( J ' l  j "  \

1\ - п ' A '-A "  f i " -  A' +  A'V

(ел)

+ E  É  _ E  ( v ( ^ + n ' ) ( j ' - n ' + i ) i j Pof_1
а'= |А '- 1 |о ' = |П '-1 | 4

+ V { J> -  +  П' +  1)%'n«+i + % 'n.)  x

J  Г  _  1 .. \  a u ' L ' n ' S v '  f f V ' T o ' s V j '
x  - o '  г  -  A" n  -  Г  +  A" J ü'T ô 'stt "t"'A"Sv"N"

A#,-f 1
+  E  E  ( V ( ^ " - A " ) ( i \ r "  +  A" +  l ) i r v ,_1 +

v"v"  a”= |A "_1| 4

+  y / { N "  +  А")(ЛГ" -  А» +  1 ) V 'a» + i  +  V a» )  *

i 2

v (  J' 1 , _ U ,» A ' 'S , 'V A 'n 'V J 'l
\ - n '  A' -  A n '  -  A' +  A y  i7»A''sB»-iV "A "sir''N »J '■

Neglecting the perturbations among the adiabatic electronic states of the mol
ecule the rotational line strengths Sj„Nn are expressed as

S j " N "  =  f i J '  +  1)(2J" + 1)(2AT" + 1) +  y ,  _  A, _ A// _Q' + A' )
,  ч 2 (6 -2 )
(  J' 1 J "  \
V - О '  A ' - A "  n ' - A '  +  A'V

and the sum rule analogous to formula (4.12) must be fulfilled.
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7. Discussion

In principle the matrix elements 0  and R entering the formulas for the line 
strengths may be obtained from the numerical calculations of electronic and vi
brational wave functions in an adiabatic approximation. Such pure theoretical 
determination of the radiative transition probabilities seems to be hardly realizable 
nowadays even for the simplest molecules due to computation difficulties.

Therefore we propose the semiempirical approach to be much more fruitful 
for determining the electronic-vibro-rotational radiative transition probabilities in 
diatomic molecules6 . The theoretical formulas of the present paper may be used for 
this purpose if one considers the matrix elements © and R (or their combinations) 
as fitting parameters which are to be derived from experimental data about relative 
line strengths or radiative lifetimes. For example in the case of E -* E transitions 
such combinations of matrix elements were denoted above as 7 .

It is important that in the formulas for the line strengths the main part of then- 
dependences on rotational quantum numbers is extracted and written in an explicit 
form. The remainder part, ./-dependences of matrix elements 0  and R, is connected 
with vibration-rotation interaction in vibrational wave functions (matrix elements 
© can also depend on the rotation through term differences between perturbed and 
perturbing adiabatic states of the molecule). The dependences are usually quite 
weak and the matrix elements as well as their combinations may often be regarded as 
approximately constants7. Then the expression for the line strengths is sufficiently 
simplified. For instance in the case of E —♦ E transitions only three parameters 
7 remain for each pair of initial and final electronic-vibrational states. Further 
decrease of a number of fitting parameters may be achieved by a consideration 
of more detailed models. In particular, in the Franck-Condon approximation for 
perturbation and radiative processes the matrix elements are proportional to the 
values of corresponding overlap intergrals of vibrational wave functions, which can 
be calculated numerically if the potential curves of the states are known (see e.g. 
Lavrov et al [14]).

The perturbations are traditionally investigated by experimental studies of 
wave numbers of the spectral lines and analysis of electronic-vibro-rotational term 
dispositions. The proposed theoretical description of radiative transition probabil
ities makes it possible to consider regular perturbations of intensity distributions 
in the rotational structure of emission and adsorption bands (apparently the first

eIt should be noted  tha t this approach is widely dissem inated in the studies of electronic- 
vibrational transitions (see e.g. Kuznetzova et al [12]).

7Taking into account the weaknesses of these dependences they may be also represented in 
th e  form of power series

R  = Ro + I h J ' + R i iJ ') *  + . . .

and
0  =  0o  +  0 i  J 1 +  ö a l^ 1)3 +  . . .

where R o ,R i ,R i  and 0 o ,0 i ,0 2  do no t depend on ro tational quantum  numbers. Then, in 
analysing experimental d a ta  one can om it higher order term s and in the expansions only one, 
two or three first term s remain.
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successful example of this kind — studies of the intensity anomalies in R and P 
branches of hydrogen Fulcher-a bands — has been shown in our recent work: Kovács 
et al [l]).

In the next paper of this series the general theoretical scheme of the present 
work is illustrated by the application to the semiempirical determination of the 
radiative transition probabilities for the bands starting from the levels of the triplet 
3p-complex of the H2 molecule — d3IT„ , v', N' —► a 3 E + ,  v", N"  and e3S „  , v', N' —* 
a 3 E +  , v " , N"  transitions.

The results obtained in the present work appear to be able to extend the pos
sibilities in studies of electronic-vibro-rotational collisional transitions by including 
into consideration widely disseminated cases of regular (monotonie) perturbations 
and noticeable vibration-rotational interaction. Thus, an inclusion of non-adiabatic 
wave functions composed in the form (3.7) into the theoretical scheme developed 
in Ostrovsky and Ustimov [9] and Lavrov et al [15] makes it possible to give and 
adequate description of the collisional transitions between perturbed states of the 
molecule. From the other side the values of the transition probabilities which can 
be obtained semiempirically on the basis of the formulas of the present paper may 
be used then for the determination of the population densities of the electronic- 
vibro-rotational states (from measured spectral line intensities) inside the collision 
chamber in crossed beams and gas-beam experiments (see e.g. Lavrov et al [16]).

The formulas presented in the present work for electric dipole transitions may 
be easily rewritten for radiative transitions of higher multipolarity. For that the 
angular momentum equal to unity in 6j  and 3 j  symbols of formulas (4.7), (5.7) and 
(6.1) have to be changed for the angular momentum corresponding to the order 
of the multipolarity. For example the unity used for dipole transitions must be 
replaced by two for electric quadrupole transitions.
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Advanced entry vehicles, such as the proposed Aero-assisted O rbital Transfer Ve
hicle, provide new and challenging problems for spectroscopy. Large portions of the flow 
field about such vehicles will be characterized by chemical and therm al nonequilibrium. 
Only by considering the actual overlap of the atomic and rotational lines em itted by the 
species present can the im pact of the radiative transport within the flow field be assessed 
correctly. To help make such an assessment, a new computer program  is described th a t can 
generate high-resolution, line-by-line spectra for any spin-allowed transitions in diatomic 
molecules. The program includes the m atrix elements for the rotational energy and d isto r
tion to  fourth order, the spin-orbit, spin-spin, and spin-rotation interactions to first order, 
and the lam bda splitting by a perturbation calculation. An overview of the Com putational 
Chemistry Branch at Ames Research Center is also presented.

In troduction

It is indeed a great pleasure for me to be here at Tihany and to participate in 
this Conference dedicated to Professor Kovács. His dedicated and creative research 
of over 50 years has brought order and clarity to the study of diatomic spectroscopy 
and has provided us with an incredible array of practical and elegant formulae that 
enable us to calculate realistic spectra. His work has certainly been the basis for 
much of my own work. His book [12] on the “Rotational Structure in the Spectra 
of Diatomic Molecules” presents the theory in a logical step-by-step way and the 
results in an easy to use format. Professor Kovács, I am sure that all of us here 
have been, and will continue to be, influenced greatly by your accomplishments. 
We thank you very sincerely, and we wish you continued success in your life and 
research.

‘ Presented a t the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 Septem ber 1988
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I am also pleased to be here as an unofficial representative of NASA. The 
coming year (1989) after nearly 3 years of pain, soul-searching, and redesign, will 
see the rebirth of the Shuttle program and at least two launches of great scientific 
and spectroscopic interest: the placing of the Hubble telescope in Earth orbit and 
the launch of the Galileo Jupiter-entry mission. The Hubble telescope will see 
farther back into time than ever before possible, and the Jupiter entry probe will 
provide direct in situ measurements in the atmosphere of this mysterious giant. 
We expect that the new discoveries made by these missions to greatly increase our 
understanding of the universe and they will, I am sure, provide a vast array of new 
puzzles to be solved. Unfortunately, we will need to be very patient for results 
from the Galileo mission, as the transit time to Jupiter will be approximately 7 
long years.

The U.S.S.R. is also planning several exciting space launches in 1989 and 
will land two probes on the surface of the small, 30-km-oblong, Martian moon 
Phobos. NASA will be cooperating in this mission by providing deep space tracking 
information to the U.S.S.R. We all hope for world peace, and I believe that the 
expansion of such cooperative scientific efforts help to achieve our true destiny as 
one people, one world.

The emphasis of this paper, however, is not on current scientific missions, but 
instead is focused on some of the ways that spectroscopy will help in building the 
knowledge base needed to design future advanced atmospheric entry vehicles. A 
perspective for this work is provided by a brief description of the proposed National 
Aero-Space Plane (NASP) and the Aero-assisted Orbital TVansfer Vehicle (AOTV) 
concepts and a description of the Aero-assist Flight Experiment (AFE) project. 
As a part of this perspective, the importance of assessing the impact of radiative 
transport on an AOTV is described and a new computer program for calculating 
high-resolution spectra needed for making this assessment is discussed. The last 
section of the paper highlights the Computational Chemistry Branch at Ames Re
search Center, and some of its latest results are presented to illustrate the present 
state of theoretical spectroscopic research.

Overview of N A SP and  AOTV

The proposed NASP and AOTV have produced a renaissance in atmospheric 
entry studies after a hiatus of nearly 15 years. They have reopened old areas of 
study and placed new demands on the technology base.

An artist’s conception of what the NASP might look like is shown in Fig. 1. 
The NASP represents an ultimate aero-space plane that would take off from a 
traditional runway, fly through the atmosphere at high speed, and proceed on into 
near-Earth space. It is conceived sis a possible follow-on to the Shuttle vehicle and 
would function as a resupply and cargo vehicle for the space station. An alternate 
version of the NASP may not have a space capability, but instead will function as 
an intercontinental passenger aircraft, which would fly in the upper reaches of the
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Fig. 1. A rtist’s conception of N ational Aero-Space P lane (NASP)

atmosphere and be able to travel from Los Angeles to Tokyo in about two hours.
A possible design of an AOTV is shown in Fig. 2. This spacecraft is intended 

to ferry people and cargo between geosynchronous orbit and low Earth orbit or 
between the moon and low Earth orbit. The payload of an orbital transfer vehicle 
can be approximately doubled if the Earth’s atmosphere, rather than a retrorocket, 
is used to dissipate the kinetic energy of such a vehicle after it has returned from a 
high orbit and before it is inserted into a low Earth orbit.

The NASP and AOTV differ from previous entry vehicles, such as Apollo and 
Space Shuttle, in that they axe intended to fly at high altitude and high speed for 
considerable periods of time. Under these conditions the air flowing around them 
will be characterized by extensive regions that are not in either chemical or thermal 
equilibrium, i.e., the collision rate in the reacting flow field is too low to promote 
equilibrium before the gas flows through a significant portion of the flow field.

One important result of these flight conditions is that the radiative heating of 
the vehicle will be greatly enhanced. Thus, the design of safe and efficient vehicles 
requires that the radiative heating from the nonequilibrium flow field around the 
vehicles must be known accurately. This situation provides an important impetus 
to spectroscopic research and to the development of engineering methods based on 
spectroscopic techniques and results.
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Fig. S. A rtis t’s conception of a possible design for the Aero-assisted O rbital Transfer
Vehicle (AOTV)

Flow-field solutions must be developed that couple fluid mechanics, chemical 
reactions, other relaxation phenomena, and radiative transport. The radiative por
tion of the problem requires knowledge of the excitation state, the high-temperature 
properties, and the spectroscopic parameters of the species present in the flow field, 
as well as the availability of computational tools necessary to calculate the radiative 
transport to a high degree of precision.

The technology base necessary to design NASP and AOTV vehicles is being 
developed. However, because of the increase in knowledge necessary in many sci
entific and engineering disciplines, it is quite likely that intermediate test vehicles 
will be flown before an actual vehicle is designed. The NASP program has not yet 
advanced to the stage of having an approved test vehicle program. The AOTV has 
reached this stage of development, and the test program is called the Aero-assist 
Flight Experiment (AFE).

The AFE test vehicle for AOTV is shown in Fig. 3 as it might appear as it 
enters the Earth’s atmosphere. A tentative mission profile for the AFE is shown 
in Fig. 4. This profile shows the vehicle being launched from the Shuttle, being 
propelled toward the Earth to simulate return from a geosynchronous orbit, flying 
through the Earth’s upper atmosphere at an altitude of about 70 km, leaving the 
atmosphere, and being recovered by the Shuttle.
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A large amount of high- and low-resolution spectroscopic, pressure, acceler
ation, and temperature data will be recorded during the flight through the atmo
sphere. These data will provide a realistic data base for a reasonably large vehicle 
against which predictions and predictive techniques can be evaluated, and will lead 
to the development of a more advanced and reliable computational capability. Some 
important aspects of the AFE project that are directly related to the base of spec
troscopic knowledge are discussed in the following Section.

A FE and rad iative tran sp o rt

The radiometric data taken during the AFE flight is crucial in helping to 
understand the chemistry and excitation mechanisms taking place in the flow field. 
Interpreting these data will involve a complex interplay of predictions baaed on 
various flow-field, chemical, excitation, and radiation models. The signal recorded 
by each radiometric instrument will be an integral of all optical effects taking place 
within the view field and optical bandpass of that instrument. The principal tool 
of interpreting these data will be the flow-field solution being developed by the
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people on the project team who are expert in various aspects of computational fluid 
dynamics.

The accuracy of the flow-field solution will depend upon realistic chemical 
and excitation models, and upon accurate reaction rates, cross sections, partition 
functions, transport properties, and transition moments in gases characterized by 
multiple temperatures, some of which are well above the temperatures at which 
reliable experimental data are available.

Dr. Chul Park at Ames Research Center, and a member of the AFE team, has 
developed a two-temperature (TTv) model of the reacting flow and a quasi-steady 
state (QSS) model of the electronic excitation of the atomic and molecular species 
in the nonequilibrium flow field. The TTv model equates the kinetic temperature 
of the atoms and molecules and the rotational temperature. It also equates the 
vibrational, electronic excitation and electron kinetic temperatures. The QSS model 
assumes that the resultant population of an electronic state changes much more 
slowly than the separate rates for populating and depopulating the state.

The TTv model greatly simplifies the flow-field solution, and the QSS models 
the calculation of radiative intensities. These models appear to give reasonable 
results when compared to available experimental data for compressive flow, such as 
those on the front surface of an entry vehicle, but they may not be valid for the 
expanding flow from the outer edge of the vehichle into the wake region.

Fig. 5. Flow-field properties along A FE stagnation stream line near peak heating

Computer programs for the one-dimensional reacting flow behind a normal 
shock wave and along the stagnation streamline between a normal shock wave and 
a blunt body have been written by Dr. Park using the TTv and QSS models. 
Some sample results generated by the stagnation streamline program for conditions 
appropriate for the AFE flight trajectory are shown in Fig. 5. Only a qualitative 
description of the flow field is given, as all reference to flight and thermodynamic 
conditions have been removed from the figure.

Figure 5 shows that the heavy-particle kinetic temperature jumps to a high 
value directly behind the shock wave where the vibrational temperature is still close 
to the free-stream value. As the flow continues, collisions begin to dissociate the
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molecules and excite the internal states of the atoms and molecules. These processes 
lower the heavy-particle kinetic temperature and cause the vibrational temperature 
to rise. At some point the vibrational temperature reaches a peak value and begins 
to follow the kinetic temperature as equilibrium is approached. Also, at some point 
a significant number of electrons begin to be produced and they play a major role 
in the electronic excitation process.

The total specific intensity of the gas from 200 to 1000 nm is also presented in 
Fig. 5. The specific intensity rises to a peak value and then begins to drop substan
tially as the flow relaxes toward equilibrium. The large nonequilibrium overshoot in 
the radiation is due to the high temperatures and the species present in the reacting 
region of the shock layer. The radiation above 200 nm is produced primarily by 
diatomic species that exist in the reacting region, but disappear as equilibrium is 
approached, under the AFE entry conditions. Below a wavelength of 200 nm the 
radiation is produced principally by atomic nitrogen and oxygen.

The radiation emitted by the shock layer alters the energy distribution in the 
shock layer, heats the vehicle, and produces the signal levels for the radiometric 
measurements. Thus, the impact of the radiation on the flow field, the vehicle, and 
the signal levels must be carefully assessed. Under the flight conditions of the AFE 
trajectory, the radiative heating load is expected to be a significant fraction of the 
total heat load.

Fig. 6. Calculated absorption coefficient a t a point on the A FE  stagnation stream line

The problem of radiative energy transport is greatly simplified for two special 
situations: (1) the gits is optically thick so that the photons are absorbed very close 
to the point where they are emitted and (2) the gets is optically thin so that all 
photons emitted are lost from the flow field. In the case of an optically thick gas, 
neither significant energy redistribution nor radiative transport occurs. In the case 
of an optically thin gas, the radiation acts as a simple energy sink at each point 
in space, and vehicle heating can be calculated in a straightforward manner by 
line-of-sight methods.

If the flow field on the AFE does not fall into either of these simple cases, then 
the very difficult general radiative transport problem, which couples each point in 
the flow field to all other points, must be solved or adequately approximated.
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The absorption coefficient of the gas in the flow field gives a qualitative as
sessment of the importance of radiative transport on the flow-field solution and the 
radiative heating of a vehicle. Fig. 6 shows the calculated absorption coefficient 
for the spectral region from about 110 to 340 nm, at a point on the stagnation 
streamline shown in Fig. 5, near the peak of the specific intensity curve. The 
absorption coefficient at longer wavelengths does not change the conclusions that 
follow. The line width used in these calculations was 0.5 nm in order to cover a 
wide wavelength range. The actual line width, however, is about 0.005 nm. Thus, 
peak absorption coefficient values shown here must be increased by about a factor 
of 100 to correspond to the actual peak absorption coefficients.

Multiplying the values plotted in Fig. 6 by 100 still leaves the maximum 
absorption coefficients in the region above 200 nm less than 0.01 cm-1 . This value 
indicates that the flow field above 200 nm is expected to be nearly optically thin, 
as the shock layer thickness is only about 15 cm.

The calculated absorption coefficients shown here below 200 nm are produced 
principally by atomic lines with a background of free-bound and free-free transi
tions. Across each atomic line the absorption coefficient varies by several orders of 
magnitude. Near the line center where the radiation is most intense the absorption 
coefficients, elfter again being multiplied by a factor of 100, tire about 10.0 cm-1 or 
greater. This calculation indicates that below 200 nm the gas is probably optically 
thick. The radiation emitted in this spectral region, however, is so intense that 
even if only a small fraction of it reaches the vehicle surface, it could produce a 
significant contribution to the total heat load. Therefore, the radiative transport 
in this region of the spectrum must be examined in far greater detail to assess the 
importance of radiative transfer on vehicle heating and on the energy redistribution
in  th e  sh o ck  layer.

A. Allowed transitions
1. V  * £ +  - First Birge -  Hopfield
2. ь xn u - X  *E + Second Birge -  Hopfield

B. Forbidden transitions
1. A  3£ +  - X xE + Vegard -  Kaplan
2. В 3 n 9 - X  * £ + Wilkinson
3. W3A u - X  * £ + Saum  -  Benesch
4. B '  3£ ~  - - X xE + Ogawa -  Tanaka -  Wilkinson
5. a %  - X  * £ + Lym an -  Birge -  Hopfield
6. w  1A U — * % + Tanaka
7. a' - A ' 1E + Ogawa -  Tanaka -  Wilkinson -  Mulliken

Fig. 7. N2 band systems involving the ground state

Future radiative transport calculations will be improved in two important 
ways: (1) by including the N2 band systems that transition to the ground state
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and emit significant radiation, and (2) by using more accurate, higher-resolution 
spectral calculations. Most of the important N2 band systems that transition to the 
ground state are shown in Fig. 7. Two of these systems, the first and second Birge- 
Hopfield systems, are allowed transitions and will be included in future calculations. 
In addition, some of the stronger forbidden transitions may also be included, such 
as the Vegard-Kaplan and Lyman-Birge-Hopfield systems.

The inclusion of these N2 band systems will increase the specific intensity 
emitted by the gas below 200 nm. However, because they involve the ground state 
of the N2 molecule and because the N2 concentration is always fairly high under 
AFE flight conditions, it is expected that their contributions to the absorption 
coefficient will be large and that they will cause the radiative transport to decrease.

By using more realistic line shapes and an improved method of calculating the 
wavelengths of rotational lines, the radiative transport calculations will be improved 
by increasing the spectral resolution. High-resolution calculations axe necessary to 
ensure that the actual overlap of rotational and atomic lines occurring in the flow 
field is handled correctly. The line width and shape under the AFE flight conditions 
are determined principally by Doppler broadening. However, a range of line shapes, 
including some with strong wings, will be explored to determine the sensitivity of 
the calculations to this parameter.

Accurate energy levels, or, equivalently, wavelengths or wavenumbers, will be 
calculated by direct diagonalization of the Hamiltonian matrices for the upper and 
lower states. The computer program developed to make these calculations at high 
spectral resolution is discussed in the following Section.

C om puter program  for high-resolution spectral calculations

The computer program for calculating high-resolution spectra is based on di
rect diagonalization of the Hamiltonian matrix, which includes the matrix elements 
shown in Fig. 8. The matrix elements included are those for the rotational energy 
and rotational distortion up to fourth order and first-order spin-orbit; spin-spin, 
and spin-rotation interactions. The expressions shown are derived in Kovács [12], 
except for the Hv and Fv rotational terms. The general form of the rotational 
terms is given by Murai and Shimauchi [14]. The spin-spin interaction between 
the lambda components of 3По substates has not been included in the Hamiltonian 
matrix, but is included indirectly in the perturbation calculation of the lambda 
splitting, to be discussed later.

The Hamiltonian matrix is developed for a single electronic state in Hund’s 
case (a) basis functions. That is, both A and E are defined in the basis set, which is a 
realistic basis for the nonrotating molecule. The transition from Hund’s case (a) to 
case (b) as molecular rotation increases is produced by the off-diagonal terms in the 
Hamiltonian matrix. Diagonalization of the Hamiltonian matrix gives the energy 
levels and the proper mix of the basis functions that defines the corresponding wave 
functions.
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For: Single state (E, П, Д, etc.)
ДЛ =  0
H und’s case (a)

fh  =  A +  E 
O 2 ~  A -f- E — 1

O2S+1 — A -  E
H ij =  Я(А Е,;А Еу) =  (A SE,; УП,|Я |УП,; ASEy)
Spin-orbit: Я*°(АЕ;АЕ) =  ЛАЕ 
Spin-spin: Я *'(А Е; AE) =  í [3E2 -  S (S  + 1)]
Spin-rotation: Я*Г(Л Е;Л Е) =  -y[E2 -  S (S  +  1)]

Я "(А Е ; AE ±  1) =  - * [ S ( S  +  1) -  Е(Е ±  l) ]1/* [J(Jr +  1) -  П(П ±  I ) ]1/ 2 
R otational energy and distortion:
Я Р (АЕ,; AEy) =  В „М  -  Я„ЛГ2 +  Я „М 3 +  В „М 4 +  • • • 
where:
Af(AE;AE) =  J (J  +  1) -  n 2 +  S(S + 1) -  E 2
Af(AE; AE ±  1) =  [S(S +  1) -  E(E ±  1 )]l/ 2[ J ( J  +  1) -  П(П ±  l ) ] 1/ 3 •
M2 = M • M 
M3 = M2 • M 
M * = AÍ3 •  M  
(etc.)

Fiy. S. Ham iltonian matrix elements

Lambda splitting of the energy levels is included in the analysis as a pertur
bation calculation, as shown in Fig. 9. This calculation provides an estimate of the 
actual lambda splitting without having to build a Hamiltonian matrix that involves 
several electronic states. The calculation uses the matrix S that diagonalizes the 
Hamiltonian matrix and the parameters Со, С*, C2, and C3 that are usually de
termined experimentally. The expression for the lambda splitting of triplet states 
is given here, which is taken from Dixon [6]. Kovács [12] contains this expression 
without the C3 term, and similar expressions for the singlet, doublet, and quartet 
cases.

The new computer program includes the Hamiltonian matrix as outlined 
above, the program by Whiting [19] to calculate the rotational line intensity factors 
of diatomic molecules, and the program by Whiting, Arnold, and Lyle [18] to gen
erate a line-by-line spectrum for atoms and diatomic molecules. The new program 
accurately calculates wavelengths and intensity factors for any spin-allowed tran
sition, generates a synthetic spectrum to high resolution, and plots the resultant 
spectrum. The extension to the spin-forbidden case should be straightforward with 
due consideration to the cases in which the lambda components are not of equal 
intensity.

The new program was tested by calculating the high-resolution spectrum of 
the (0,0) band of the А 3П —» X  3E~ transition of the NH molecule and comparing 
the calculated wavenumbers for the rotational lines with the experimental data of 
Funke [8-9] and Dixon [6]. The difference between the calculated and experimental

Acta Phyiica Hunyarica 67, 1990



3 8 ELLIS E . WHITING and JOHN A. PATERSON

values is shown in Fig. 10 for the Pi branch. The cutoff in the spectrum at a 
rotational number of about 34 is due to rotational dissociation in the upper state.

=  C o S i r  +  C i S i <FS 2 <Py/ 2 J { + l )

+ [C2 + C3J ( J  + 1)] [sf p J ( J  + 1) + 2Sh F S 3,F ^ ( J  -  1 ) J ( J  + 1)(J + 2)| 
where:
F  + 1,2 or 3 indicates spin substate 
Av^_jZ= Lambda doubling in F  substate  

=  E ?  -  E Ff
Si 'F =M atrixelem ents of the m atrix

S  tha t diagonalizes the Hamiltonian M atrix 
i.e., E  = S ~ 1H S

Fig. 9. P ertu rbation  expression for lam bda splitting in trip let states (Dixon [6])

The calculated results were made using the spectroscopic parameters deter
mined by Dixon [6], Murai and Shimauchi [14], and the present work. Notice the 
large change in scale for the у-axis when using Dixon’s parameters. For high rota
tional values the calculated results of both Murai and Shimauchi and the present 
work deviate from the experimental data. This is due to the contributions of the 
higher-order rotational constants (Hv and Fv) and lambda splitting parameters (C^ 
and C3), which are each quite large, about 15 to 20 cm-1 . Slight changes in these 
parameters can produce improved agreement in any selected branch, but they de
grade the agreement between the theory and experiment in at least some of the 
other branches. Generally, the agreement between the calculated and experimental 
values is good when using the parameters determined by Murai and Shimauchi and 
by the present work.

The parameters used in the calculations «ire shown in Table I. Dixon’s values 
were based on the rotational distortion produced only by the diagonal Dv matrix 
elements. Murai and Shimauchi determined improved rotational constants, and in 
the present work we have made slight adjustments to the combined parameters of 
Dixon and Murai and Shimauchi. Veseth [16] also analyzed this transition, and his 
parameters are shown in Table I. His parameters, however, were determined using a 
more complete Hamiltonian matrix which included both the А 3П and X  3£ -  states 
simultaneously. Thus, his “true” parameters are not appropriate for the single-state 
Hamiltonian matrix used here, and also used by Dixon and Murai and Shimauchi. 
Introducing his parameters into the present program produces an error of about 
25 cm-1 at N" values near 30. The single-state parameters are considered to be 
“effective” parameters.

Three plots of the (0,0) NH band generated using the parameters from the 
present work are shown in Fig. 11. All 27 branches are introduced in these plots, 
and some of the weak satellite branches can be seen in the logarithmic plots.
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80Г
Dixon's parameters

60-
40 f-

N-
wave length [nm]

Fig. 10. Difference between calculated and experim ental wavenumbers for the rotational lines 
in the (0,0) band of the А  3П —» X  3E -  transition in NH. Experim ental da ta  from Dixon [6] 

Fig. 11. Calculated spectrum of the (0,0) band of th e  А  3П —» X  3E ~  transition in NH, using
parameters from present work

The new program provides a powerful computational tool for generating high- 
resolution spectra for any allowed transition and will be used to help understand 
the radiative transport in the AFE flow field from 100 to 200 nm. However, spectral 
programs such as this one still depend on the availability of accurate spectroscopic 
parameters (e.g., the parameters discussed above for the energy levels and those 
needed for absolute intensity calculations, such as the transition moments).

Previously, most spectroscopic parameters have come principally from ex
perimental measurements. However, a revolution in spectroscopy has occurred in 
the past 5 to 10 years and now many of these parameters are calculated to high 
accuracy by theoretical methods. The reasons for this change have been the devel
opment of high-speed, large-memory supercomputers and the highly sophisticated 
computer programs for solving the Schrödinger equation for diatomic and triatomic 
molecules. One of the groups that make such calculations is the Computational 
Chemistry Branch at Ames Research Center. This group and some of its results 
are highlighted in the following Section.
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T able I
Spectroscopic param eters for NH А 3П —» X  3E “  transition  

used in calculations shown in Figures 10 and 11, values in cm -1

А 3П STATE
Param eter Dixon [6] M urai and 

Shimauchi [14]
Veseth [16] Present

B 0 16.3221 16.3181 16.3018 16.3181
Do 17.58x10“ * 17.78x10“ * 17.80x10“ * 17.78x10“ *
Ho - 7.80X10“ 3 9 .9x10“ * 7.80x10“ ®
Fo - - -13.0X10“ 12 -1.30X10“ 12

A -35.02 Dixon -34.79 -34.72- .007J ( J +1 )
£ - - -0.149 0 .

7 0.04 Dixon 0.0063 0.04
Co -2.63 Dixon Dixon -2.75
Ci -0.005 Dixon Dixon -0.005
c2 0.0318 Dixon Dixon 0.0318
C s -1 .3 0 x l0 _s Dixon Dixon -1.30X10“ 5

A 3E “  STATE
Bo 16.3454 16.3447 16.3748 16.3447
Do 16.85x10“ * 16.99x10“ * 17.097x10“ * 16.99x10“ *
Ho - 10.48x10“ * 10.47x10“ ® 10.48x10“ ®
Fo - - -7.0X10“ 12 0

£ 0.618 Dixon 0.557 0.618
-0.053 Dixon -0.0114 -0.053

Band Origin 29777.09 - - 29777.50

C om putational chem istry a t Am es Research C enter

The research effort in computational chemistry at Ames Research Center was 
initiated in 1973 and was organized as a separate research branch in 1985. This 
work continues to receive strong management support because the research closely 
supports the Center’s major thrust in computational fluid dynamics, particularly at 
high temperatures, and because of its unique scientific capability within NASA. The 
Computational Chemistry Branch is a major user of the computational resources at 
the center. These resources include a Cray X-MP in the Center’s central computer 
facility and two Cray-2’s in the Numerical Aerodynamic Simulation (NAS) facility, 
which is a national facility for research in computational fluid dynamics located at 
Ames.

The Computational Chemistry Branch carries out research in the two broad 
discipline areas shown in Table II. These areas are gas-phase and gas-surface interac
tions. The gas-phase work is further subdivided into molecular properties; reaction
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rates and scattering, and transport properties and cross sections. The gas-surface 
work is subdivided into metallic and polymer surfaces. For each of these subdisci
plines, selected molecular systems or reactions that have been studied recently are 
listed to illustrate the broad range of topics covered. Some of the work listed has 
not yet appeared in the literature.

T a b le  II
Com putational chemistry branch at Ames Research Center 

with selected systems th a t have been examined recently

Gas phase 
1. Atomic and molecular properties

G as-surface interactions 
1. M etallic surface

N+ H20 n ,-n 2 SÍ2 B el3 B e33
n o 7 A l2 N,(N2)4 FeH Small A1 Clusters
OH A1C N,CO C u2 (C3H 5V )2C8H8
n 2 A1H N ,(C O )4 Cus
c n AIN F F "

2. Reaction rates and scattering 
C a+H F -»  C aF+H
N + 0 2 -* NO+O
0 + N 2 -* N 0 + 0
H2+ H + H  -» H2+ H 2

e+ N 2(v) -»
e+ N 2(X  l E + )-*  
N2(v )+ N 2(v') -►

e+N 2(v*)
e+N 2(B 3n „ , A3E +, W 3Д и,
N2(v*)2+ N + N
N 2 (v * ) + N 2 (v '*)

2. Polym er surface 
Polycarbonate (100,000 segments) 
Polyethylene 
Polyimide
0 ( 3P )+ C 3H8 — c 3h 8o *
-  C3H 7+O H ( 2П)

e'n,)

3. T ransport properties and cross sections 
N+-N 
0+-0 
N -O  
Air

A detailed study of the accuracy of the molecular properties calculated, based 
on the approximations used, has been made by the Ames researchers. The problem 
of which configurations to include in the calculation (the correlation problem) can 
now be examined in depth because the Cray-2 memory permits full configuration 
interaction (Cl), benchmark calculations to be made. For example, a full Cl cal
culation on the H20  molecule made by Bauschlicher and Taylor [l], included 28 
million determinants and 7 million configurations, which required about 70 million 
words of fast memory. This calculation required about 10 hours of CPU time. Such 
benchmark calculations enable the results from approximate methods to be evalu
ated. Some are found to give very reliable results and also reduce the CPU time 
required to less than 0.1% of that required for a full Cl calculation.

The full Cl benchmark calculations have also clearly identified limitations in 
previous basis sets and have led to the development of improved basis sets based

Acta Phyrica Hungáriái 67, 1990



4 2 E LU S E . W HITING and JOHN A . PATERSON

on atomic natural orbitals. These new basis sets lead to results that are superior 
to any previous set and also markedly reduce the computer time required.

The techniques discussed above were used by Bauschlicher et al [2] and 
Bauschlicher and Langhoff [3] to identify the ground states of Al2, and Si2, even 
though the separation between the two lowest states for these molecules is less than 
300 cm-1 . These calculations were made in a two-step process. A full Cl calcu
lation was made in a small basis set to confirm the reliability of the approximate 
treatment, and then the approximate treatment was carried out in an expanded 
atomic natural orbital basis to give accurate results.

The calculation of reaction rates requires considerably more time than that for 
the properties of isolated diatomic molecules. For example, it takes about 50 hours 
of Cray-2 time to calculate the reaction rate for the relatively simple N + 0 2 —♦ 
NO + О reaction to an accuracy of about 10%, Jaffe, Pattengill, and Schwenke 
[11]. The 50 hours breaks down to about 49 hours to generate the potential surface 
of the N-N-0 complex and about 1 hour to perform several thousand trajectory 
calculations on the surface to give reasonable reaction statistics. Of course, this does 
not count the large number of person-hours required to make an analytic fit to the 
potential surface before the trajectory calculations can be made (Walch and Jaffe, 
[17]). Fitting the potential surface with analytic functions is one of the most difficult 
parts of the reaction-rate problem and requires considerable skill and ingenuity.

The quality of the spectroscopic results obtainable is demonstrated by the 
recent publication of the quintet states of N2 by Partridge et al [15]. Their paper 
also indicates the way computational research can augment and complement exper
imental research. A portion of their work on the quintet states is included here to 
illustrate these points.

The lower electronic states of N2 are shown in Fig. 12, which was taken 
from the paper by Partridge et al [15]. Here the energy of the states is shown 
as a function of the internuclear distance in Bohr radii. Note that the curve for 
the X  *Е+ ground state extends 50,000 cm-1 below the bottom of the Figure. 
The quintet states calculated by Partridge et al are shown with the closely spaced 
vibrational levels. The A' 5E+ state dissociates to ground state *S  nitrogen atoms, 
and the С" БПи state dissociates to 4S  and 2D nitrogen atoms.

The existence of these quintet states has been discussed in the literature 
for many years. However, the only experimental evidence for the A' 5E+ state 
is from the predissociation it includes in the В 3Hg and a 1П9 states (Douglas 
and Herzberg, [7], and Lofthus and Krupenie, [13]) and for the С" 5Пи state is 
the predissociation it induces in the С 3Пи state (Carroll and Mulliken, [5]). All 
previous theoretical calculations of these states gave shallow potential wells with 
only one or two vibrational levels in the A' state and less than half the well depth 
of the C" state shown here.

The new potential curves for the quintet states calculated by Partridge et 
al correctly account for the observed predissociation data and provide much new 
information about the complex intersystem interactions that occur among the N2 
states. Further, they identify for the first time the states involved in the Hermann 
Infrared band system.
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Fig. 12. Potential energy curves for N2 (Partridge et al. [15])

The Hermann Infrared bands were first observed by Hermann [10] by a low 
current discharge in N2 at liquid nitrogen temperature. Carroll and Sayers [4] de
termined that the bands were formed either by a triplet or a quintet transition. 
A comparison of the band positions and relative intensities (as calculated by Par
tridge et al) with the experimental values is shown in Table III. The comparison 
is remarkable and demonstrates conclusively that the Hermann Infrared system is 
produced by the С" БП„ —+ A' 5E+ transition. Their work also shows that this 
transition does not account for the expected very short lifetime of the C" state, and 
thus the main pathway for deexcitation of this state remains unknown.

The identification of the Hermann Infrared system is only one of several 
puzzles concerning N2 that this work has helped to understand. Perhaps the most 
sophisticated explanation given is for the evidence that the A' 5E+ state is a precur
sor state for populating the В 3П9 state during the recombination of ground-state 
nitrogen atoms.

The paper by Partridge et al is a superb example of theoretical spectroscopic 
analysis. It also provides guidance for future experimental work, such as possible 
absorption measurements on the Hermann Infrared bands which might identify the 
principal pathway for deexcitation of the С" бПи state and more fully explain the 
combined roles of both the A' 5E+ and A 3E+ states in the recombination of ground 
state nitrogen atoms.
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T ab le  III
Band positions and relative intensities 

of th e  Hermann infrared system  taken from Partridge et al. [15]

Band positions (nm) Relative intensities
B and Theory Experim ent Theory Experiment
0-0 806“ 806 3.5 4.0
0-1 855 855 1.0* 1.0
0-2 907 907 0.6
0-3 961 963 0.3
0-4 1016 1023 0.1
1-0 753 752 6.0* 6.0
1-1 795 795 0.2
1-2 840 840 0.7 <0.5
1-3 886 887 1.6
1-4 933 938 1.4
2-0 708 706 10.0* 10.0
2-1 745 744 8.8 8.0
2-2 783 783 6.6 5.0
2-3 824 824 0.3 <0.5
2-4 864 868 0.7
3-0 668 667 1.5* 1.5
3-1 701 700 10.4 9.0
3-2 736 735 0.6 <0.5
3-3 771 771 4.8 3.0
3-4 806 809 2.5

“ T he 0-0 bands were shifted into coincidence; this required 
a shift of 559 cm-1  in the theoretical Te.

* These bands were normalized to experim ent by adjusting 
th e  vibrational populations. This requires th a t the rela
tive populations of t / —0-3 be 0.073,0.295,1.00, and 0.725, 
respectively

Concluding rem arks

The proposed development of advanced entry vehicles, such as the National 
Aero-Space Plane and Aero-assisted Orbital Transfer Vehicle, provides new and 
challenging problems to be studied and understood. Many of these problems are 
related to the likelihood that large portions of the flow field around such vehicles 
will be characterized by chemical and thermal nonequilibrium.

Further, the radiative heating will be enhanced significantly by nonequilib
rium effects and can be a significant portion of the total heating load. In particular, 
a detailed study of the radiative transport in the vacuum ultraviolet region between 
100 and 200 nm is necessary to assess the impact of radiative transport on the flow- 
field solution and the vehicle heating. Such a study must be done at high spectral
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resolution so that the overlap of atomic and molecular rotational lines is handled 
correctly. The computational took necessary for such a study have been developed.

The solution of many of the problems encountered in atmospheric entry have 
been, and will continue to be, found in the application of spectroscopic techniques 
and results. The Computational Chemistry Branch at Ames Research Center is 
helping to build the base of needed spectroscopic knowledge and is making impor
tant contributions to the understanding of molecular properties and processes by 
computational methods.

/
In closing, we express our thanks to the Hungarian Academy of Sciences for sponsoring this 

Conference and honoring our colleague, friend, and teacher, Professor Kovács.
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FINE AND HYPERFINE STRUCTURE 
IN THE а3П STATE OF CH+*
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Spectroscopic and theoretical studies concerning the а 3П sta te  of CH+ are reviewed, 
w ith particular consideration given to the infrared predissociation spectrum  of the ion. This 
spectrum  is primarily due to  vibration-rotation transitions of the а 3П state involving u=5 
to  12 and J= 20  to  35. Some results of a  spectral simulation, making use of a rotationally- 
adiabatic model, are presented to  justify the proposed assignment. The nuclear-hyperfine 
structure of the observed transitions is studied in detail, with a new calculation of splittings 
presented. Some sem i-quantitative conclusions can be drawn w ith reference to  the variation 
of the Fermi Contact param eter, b, as a function of internuclear distance.

1. In troduction

The CH+ ion has been the subject of over one hundred theoretical and spec
troscopic studies, since the А 1П — X  *Е+ emission spectrum was first identified by 
Douglas and Herzberg in 1942 [1]. This considerable volume of work has been stim
ulated by two important features: (a) The ion has only 6 electrons and is therefore 
amenable to ab-initio calculations of high accuracy. Comparison between theory 
and experiment stands as an important test for the calculations, (b) CH+ is a 
major intermediate of many molecule-building reaction paths in interstellar space, 
and therefore spectroscopy is useful for identification of the ion, and can help in the 
understanding of its kinetic behaviour.

The potential curves for the lowest two singlet states are now quite well char
acterized by a combination of classical spectroscopic studies [1,2,3], laser-induced 
fluorescence measurements [4], laser ion-beam photofragment spectroscopy [5,6], 
and ab-initio calculations [7,8,9]. Rather less is known about the triplet states of 
the molecule. Although these states may be of lesser importance for understanding 
the astrophysical behaviour of the ion, they are possibly of more interest theoret
ically as I intend to show subsequently. In this paper, I shall summarise present 
knowledge regarding the triplet states of CH+ concentrating particularly on the 
infrared predissociation spectrum of the ion recorded by Carrington and Softley 
at Southampton University, which has also been reported in some detail elsewhere 
[10]. It will be seen that further theoretical work would be a valuable aid to the 
complete understanding of the experimental results.

*Presented at the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 Septem ber 1988
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2. T riplet s ta te  studies

a) Non-laser spectroscopy and ab-initio calculations

Figure 1 shows the potential curves for the lowest four triplet states of CH+ 
together with the lowest two singlet states. The а 3П and c 3E+ states converge 
to the C+ (2P) +  H(2S) lowest dissociation limit and the potential curves shown 
are a composite of those calculated by Green et al [7] at short range, and the long 
range potentials calculated using exchange perturbation theory by Bazet et al [8]. 
The b 3E~ and d 3П states converge to the C(3P) + H+ dissociation limit and 
the potential curves shown are those calculated by Lévy [11]. It should be noted 
that the c and d states are essentially repulsive, but have long range minima with 
calculated well-depth 200 cm-1 and 710 cm-1 respectively..

Fig. 1. Potential energy curves for the lowest lying triplet and singlet states of CH+. X  1E + and 
A  1П from [5], а 3П, b 3 E ~ , d 3П from [11], c 3E+ from [7,8]

The first spectroscopic observation involving the triplet states was made by 
Carré in 1968 [12]. Emission bands, attributed to the b 3E~-a 3П transition of 
CH+ were found to result from the collisional destruction of CH4 or C2H4 using 
proton beams. Rotational constants were derived for the 1-0 and 0-0 bands and an 
approximate value of A=23 cm-1 was obtained for the spin-orbit constant of the 
а 3П state. Subsequently Kusunoki and Ottinger [13] observed several vibrational 
bands of the same electronic transition in the chemiluminescence following the re
action of C+ (4P) with H2. No rotational structure was resolved however due to the
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low intensity of the emission and the low resolving power of the monochromator 
used. The knowledge of the triplet states of CH+ from non-laser spectroscopy can 
therefore be summarised as in Table I. No classical spectroscopic studies involving 
the c 3E+ or d 3П states have been reported, and so overall the triplet states are 
rather poorly characterised by these few measurements. Neither the dissociation 
energy De, nor the 1E+ -  3П separation are known experimentally.

T able I
Summary of vibration-rotation  constants for th e  

а 3П and b 3E -  states of CH+ from non-laser spectroscopy ([12] and [IS])

(a) Vibration (Kusunoki and O ttinger)

We UJeXe
b 3£ ~ (« = 0-3 ) 2040 ±  25 50 ±  15
а 3П (u = 0 -2 ) 2631 64

(b) Rotation and Spin-Orbit (Carré)
В « a . D' A

b 3£ - 'c
' II ? to 11.705 0.538 0.00135 -

а 3П II О 14.048 0.603 0.00140 23

b) Laser ion-beam photofragment studies

More recently laser ion-beam studies in both the visible/UV and the infrared 
have been performed which are considered to involve the triplet states of the CH+ 
molecule. In all these experiments, a fast ion-beam interacts collinearly with a laser 
beam, and transitions are observed by monitoring the production of photofragment 
ions as a function of excitation wavelength. The transitions appear as resonances 
in the photofragmentation cross-section. In the visible/UV region two different 
types of triplet state transition are observed. Helm et al first reported a number 
of transitions in the UV range which lead to photofragments with excess energies 
between 1.6 and 2 eV [5]. A full assignment has not been reported, but it is believed 
that the lines belong to the (4,3) and (7,5) bands of the b 3E _ -a 3П transitions. 
The b state levels are predissociated via a curve crossing with the c state to produce 
the detected C+ ions at resonance.

At Nottingham University, Whitham and Sarre have recorded a number of 
transitions of CH+ in the wavelength region of 540 nm at high resolution, employing 
the interaction between a single-mode dye laser and a fast mass-selected ion beam 
[14,15]. The same transitions had also been observed previously at lower resolution 
by Helm et al [5]. Sarre and Whitham believe that these transitions originate from 
high vibrational levels of the а 3П state and/or levels of the c 3E+ state, going 
to levels lying in the shallow minimum of the d 3П state. The excitation is then 
followed by the radiative decay of the molecules back to the dissociation continuum
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of either the о 3П or the с 3Е+ states, and hence the production of C+ ions e.g., 
CH+(a 3П) +  huy -  CH+(d 3П) —* CH+(c 3E+) + hv2 —► C+ + H.

Evidence for this mechanism is provided by the measurement of the frag
ment ion kinetic-energy distribution in the laboratory frame, while the laser is 
tuned to a specific resonance. The observed distributions when converted to the 
centre-of-mass frame correspond to a distribution of kinetic energies around a small 
value, typically 20 meV, characteristic of direct dissociation from a pure contin
uum state. Calculations for the Franck-Condon factors representing this process 
suggest that there is a relatively high probability of radiation to the continuum 
rather than the bound levels of the lower lying states [15]. It is not clear at present 
however whether such intensity calculations would be strongly influenced by the in
dependence of the transition moment between the relevent states in the fluorescence 
process, as this transition moment has not been calculated to date. The observed 
bands have not been fully assigned to rotational and vibrational levels, although 
the long-wavelength cut-off of the bands is in agreement with the predictions of 
ab-initio calculations. Some of the lines show a doublet splitting up to 600 MHz, 
and as I will show later, this is consistent with the expected magnitude of the pro
ton nuclear hyperfine Fermi-contact interaction for the lower states of the proposed 
transitions.

It is worth noting that the proposed explanation of their spectrum involves 
highly excited levels of the а 3П state e.g., v—14-19, and it is not easy to relate 
these measurements to those involving the lowest vibrational levels. The population 
of these high vibrational levels is a consequence of the method of formation of the 
ions; i.e., by electron impact on CH4 followed by ion extraction under collision free 
conditions. The CH+ is a relatively minor product of the ion-source and the precise 
mechanism of formation is not clear.

The other set of spectroscopic results involving triplet levels of CH+ were 
obtained by Carrington and Softley [10]. In our experimental arrangement the ions 
were formed by the same mechanism as in the studies of Sarre et al, but interacted 
with a tunable infrared laser in the range 870-1090 cm-1 rather than a visible laser. 
We observed 87 transitions in this wavelength range by monitoring the production 
of photofragment ions (C+) as a function of wavelength. Full experimental details 
have been given elsewhere [10]. The indirect detection method employed requires 
that for a single-photon infrared transition, the upper state must lie energetically 
above the lowest dissociation limit of the molecule (C+ (2P) + H(2S)). In our case 
the C+ ions arise from the predissociation of the upper states of the transitions. 
Obviously with only a wavelength range of 870-1090 cm-1 available (cf а 3П state 
dissociation energy «  25000 cm-1 ) the lower states of the observed transitions must 
also be highly excited.

We have recently concluded that the infrared spectrum is primarily due 
to vibration-rotation transitions within the а 3П state. The upper states are 
rotationally-quasibound predissociated levels of this electronic state lying a few 
hundred cm-1 above the lowest dissociation limit

CH+ (a 3П, v", J") + h v  —+CH+ (a 3П,и', J') — ► C+ + H.
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The vibrational quantum numbers of the observed transitions are believed 
to range from 5 to 12; much of the energy required to reach the dissociation limit 
is provided by rotation, with typical rotational quantum numbers J=20-35. It is 
interesting to note that, assuming all vibrational assignments of the laser studies 
are correct, there is a complementarity between the various measurements involving 
the а 3П state, i.e., v=0-2 from classical spectroscopy, v=3,5 from UV laser studies, 
u=5-12 from infrared studies and u=14-19 from visible laser spectroscopy. Almost 
all vibrational levels are covered in this way.

In addition to measuring the line positions, we have also accurately recorded 
the line widths of the infrared transitions which are found to lie in the range 10- 
4000MHz. The varying linewidths are a result of lifetime broadening and to a 
good approximation the linewidths are inversely proportional to the upper-state 
predissociation lifetimes. 43 of the observed transitions appear as doublets with 
splittings in the range 16-672 MHz. These splittings are due to the nuclear hyperfine 
interaction as in the spectra of Sarre et al. We have also measured the laboratory- 
frame fragment-ion kinetic energy distributions and find that, as expected, these 
correspond to single values of the fragment-ion energy in the centre-of-mass frame 
rather than distributions as in the case of the visible spectrum. The single value is 
directly related to the energy of the upper states above the dissociation limit. The 
excess energy values for the 87 transitions vary from 10-1270 cm-1 , but with over 
70% in the range 200-1200 cm-1 . Full details of all the recorded transitions are 
given in reference [10].

The reasoning behind our identification of the spectrum is quite complex and 
I will discuss it in some detail in the following Section. Fig. 2 shows a stick spec
trum of the observed line positions. Although there might appear to be bandheads 
observable at 949 and 987 cm-1  these are certainly not bandheads in the usual 
sense. There is no recognisable P,Q or R branch structure in this observed spec
trum. The lack of structure arises primarily because, for a given vibrational level, 
only one or two upper-state rotational levels will be predissociated with lifetimes in 
the appropriate range for observation in our experiments (in this case the operative 
range is 10-6 -  10-10 s).

Fig. £. Stick spectrum  showing positions of the observed lines in the infrared predissociation
spectrum of CH+
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3. Infrared  spectrum

Sa) Identification of the infrared predissociation spectrum

The detection of C+ ions as opposed to H+ ions implies that the observed 
electronic states must predissociate to C+ +  H as opposed to H+ + C. This feature 
in conjunction with energetic considerations points fairly strongly to the involve
ment in our spectrum of just the lowest electronic states, i.e. those four states 
correlating with the lowest dissociation limit. Although the b 3£~ state may also 
be predissociated by the c state to the lowest dissociation limit, the upper states 
would have much larger excess energies than those which are experimentally ob
served. Confining attention to just the four lowest states, it is apparent at the 
outset that many different types of transition could potentially be contributing to 
the spectrum. These include allowed electronic transitions

X  1£ + — А 2П,
а 3П —C 3£ + ,

vibrational transitions

X  XE+ -  X  1£+, 
а 3П — а 3П, etc.,

and even spin-forbidden transitions

X  l£+ -  а 3П,
А 1П — а 3П.

In all cases the upper states would be predominantly of the rotationally-quasibound 
type. There are no a priori reasons for supposing that any one of the possible lower 
states is preferentially populated in the ion source so none of the above possibilities 
can be excluded on those grounds.

In order to try to understand the spectrum we have performed a simulation 
making use of the best available ab-initio and spectroscopic data, including a predic
tion of the expected fine and hyperfine structure. The key to the simulation was the 
use of rotationally-adiabatic potentials and this method will form a central theme 
of the remainder of this paper. This method was first applied to a prediction of the 
lambda doubling of the А 1П state of CH+ by Helm et al [16]. In our work we have 
extended their method to include the interaction between all the states correlating 
with the lowest dissociation limit, Sarre and his coworkers are also currently using 
the same method in attempting to fully analyse the visible spectrum [15].
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Sb) Rotationally-adiabatic potentials for CH+

The diatomic molecular Hamiltonian may be written in the simple form;

The calculation begins with a set of ab-initio potential curves, such as those shown 
in Fig. 1, which are the Д-dependent eigenvalues of Hej. In the present case we 
chose to use just the X  1S + , А 1П,о 3П and c 3S + states which are l-,2-,6- and 
3-fold degenerate, respectively. This total of 12 electronic wavefunctions may be 
represented by the parity-defined Hund’s case (a) basis functions;

1E+ = |0,0,0,J>, P+
xn ± == (1/ ^ 2) [ |1,0, 0,J )  ± 1 — 1,0,0, J)j, P±
3£+ = 10,1,0,7), P-
3£+± = (1A /2)L|0, 1, 1,J )  T |o, l, —l, J)\, P±
3n 0± = (1/V2)[|1,1 ,-1 , J) =F 1 -1 ,1 ,1 , 7)], P±
3n 1± = (1A/2)L|1,1,0,7) T 1 — li 1)0, 7)J, P±
3n 2± = (l/v /2)[|l, 1,1,7) =F 1 -  1 ,1 ,-1 , 7)J, P±

(using the notation (A,S', £, J}). It is then assumed that all fine structure splittings 
of the energy levels of these states are caused by the rotational and spin-orbit inter
actions within this set only; interactions with higher states are ignored in the first 
instance. Rather than calculate these splittings in terms of perturbations between 
energy levels, the perturbations (which are J-dependent) are directly incorporated 
into the potential curves; for each value of J , a set of 12 potential curves is generated 
which represents eigenfunctions of the electronic, spin-orbit and rotational parts of 
the Hamiltonian and is diagonal in these operators for all R. These eigenfunctions 
will be linear combinations of the basis functions listed above, with coefficients de
pendent on R. In practice the generation of these “rotationally-adiabatic potential 
curves” will involve the diagonalisation of two 6x6 matrices (one block for each 
parity) at say 200 values of R in the range 0.01 to 2nm and then interpolation 
between these eigenvalues to produce the potential curves.

The matrix elements used to generate the curves are listed explicitly in ref
erence [10,17]. Rotationally-adiabatic potential curves generated for J = 3 and for 
7=25 are shown in Figs 3 and 4. At large R the curves converge to two limits 
separated by 63.4 cm-1 representing the two spin-orbit components of the C+ (2P) 
state. No curve crossings can occur between states of the same J  with the same 
parity; thus the 1£ + state and 3 components of the 3П state converge to the lower 
limit, while all the other states converge to the upper limit. Of course the descrip
tion of these states with their Hund’s case (a) labels is not strictly correct (as they 
are really mixtures of such states), but is used here as an indication of the dominant 
character of the state near to the potential minimum.

Having obtained this set of »  500 potential curves representing J =0 to 40 the
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E (cm-’ l E tem -’ J
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Fig. S. R otationally-adiabatic potentials generated from X  1£ + ,  A  1П, а3П, and c 3£ +  for J  — 3

vibration-rotation levels are then calculated by solving the Radial Schrodinger equa
tion for each potential curve (using the Leroy-Zare-Numerov-Cooley programme 
[18,19]). The energy levels thus obtained automatically include all fine structure 
splittings. In principle there is no reason why other interactions should not be 
included in this method, such as the nuclear hyperfine interactions thus directly 
calculating hyperfine splittings for each level. However, in the latter case larger 
matrices would be needed because the hyperfine interaction is off-diagonal in J  and 
such couplings become important at large R. To calculate the hyperfine structure 
in this particular case we have employed a more simple method as described later.

To simulate the spectrum 5 pieces of information available from the experi
ments must be reproduced; (a) the observed line frequencies, (b) the excess energies, 
(c) linewidths, (d) intensities, (e) hyperfine splittings, (a) and (b) are obtained di
rectly from the energy levels as calculated above, while (c) can be calculated as 
the semi-classical tunnelling rate through the barrier in the rotationally-adiabatic 
potential [19,20]. Note that we ignore any contributions from non-adiabatic interac
tions between the rotationally-adiabatic states. The importance of such interactions 
has been discussed in some detail by Freed and his coworkers in a number of papers 
[21,22]. The intensities for the transitions are given by a population factor, which 
is totally unknown in this case and hence is set to unity, and the square of the 
transition dipole moment between the rotationally-adiabatic states integrated over 
the vibrational wavefunctions
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Here Х/j /  and Xij" are the vibrational wavefunctions for the final and initial 
states calculated from the rotationally-adiabatic potentials, (i, J"\nz \f> J') is an 
independent transition moment, and because |i,J " )  and j/, J') are linear com
binations of the various Hund’s case (a) states there will be a contribution to the 
transition moment from the 1E+ — 1П and 3E+ —3П transition dipole moments, and 
also from the permanent dipole moments for each state (i.e. a vibration-rotation 
contribution to the intensity) suitably weighted by a product of Д-dependent coef
ficients. Further details of the intensity calculation can be found in reference [10].

In order to perform a reliable simulation of the observed spectrum using 
rotationally-adiabatic potentials there is a requirement for;

(a) Good zero-order potential energy curves for all interacting states.
(b) Good calculations of the variation of spin-orbit coupling matrix elements, 

Coriolis coupling matrix elements and dipole/transition moments as a func
tion of R.

(c) A large computer with plenty of time available!
Given that quantities such as those listed in (b) are not known for most 

molecules and would require considerable computational effort, it is worth asking 
what the particular advantages of this method are. First for the near-dissociation 
levels of interest, the important region of internuclear distance, R, is at mid- to long- 
range where the potential curves approach closely and their interaction is strong.
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Under these circumstances it is not clear whether the levels are easily predicted 
by, or fitted to, the usual term formulae. The states may be intermediate between 
Hund’s cases (a),(b), and (c) and be subject to severe perturbations. Second, in 
order to estimate lifetimes of the upper states for the possible transitions (and 
hence predict whether a transition is observable, and if so predict its linewidth), a 
good representation is required for the shape of the rotational barrier for each fine 
structure state, for each value of J. The shape of the barrier may vary between the 
various fine-structure components of the 3П state; these effects must be understood 
in order to correctly predict the spectrum. Third, the use of this method gives a 
good idea of the variation of the electronic eigenfunction with internuclear distance. 
In particular this will help in the determination of whether singlet-triplet bands 
are observable, or indeed whether such labels as “singlet” and “triplet” are at all 
meaningful, and will also help in the prediction of the nuclear-hyperfine structure.

It is also important to assess the likely accuracy of the calculation. In the 
case of CH+ the error in the calculated dissociation energy for the а 3П poten
tial may be of order 1000 cm-1 (by comparison with known errors for the 1£ + 
state,) giving rise to errors in the predicted vibrational energy levels of compa
rable magnitude. Although relative errors may be better than this, it would be 
fortuitous if the calculation correctly predicted which transitions should appear in 
our relatively narrow window of 220 cm-1. The best that can be hoped for is to 
predict qualitatively the line density, the approximate vibration/rotation quantum 
numbers and any characteristic fine-structure patterns. The fine-structure patterns 
may also only be qualitative at best because they are dependent on the accuracy 
of spin-orbit and rotational coupling matrix elements over a wide range of R, and 
also on the separation between zero-order potential curves. In these calculations we 
have assumed the spin-orbit matrix elements are constant with R (equal to their 
value at the dissociation limit) and have used values for (3£ + \L+ ]3П) taken from 
calculations at the SCF level by Cooper [23].

The simulated spectrum is obtained by considering all transitions between 
states obeying the basic selection rules A J  — 0,±1 and + <— ► — (parity selec
tion rule) whose transition frequencies, linewidths and excess energies fall in the 
experimentally observed range. The calculated intensities for these transitions vary 
over 10 orders of magnitude, and so we arbitrarily choose to include only the top 
4 orders of magnitude in our simulation. On making this division we find that the 
predicted spectrum has approximately the same line density as that observed and 
is primarily composed of 5 types of transition

X  1£ + -  А *П,
А 1П -  X 'Z * ,

X  x£ + -  X  1£ + ,
A 1U -  А ХП,
а 3П -  а 3П.
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About 75% of the transitions belong to the а 3П vibration-rotation bands, 
and this is the basis for our assumption regarding the important contribution of 
these transitions to our spectrum. Consequently, I shall focus attention on this 
band system only. It is interesting to note that the high intensity of these vibration- 
rotation transitions, which generally involve Av  = 1 or Av =  2 for this energy range, 
arise mainly as a result of the strong “monopolar” contribution to the dipole moment 
arising from the separation of the centre of charge from the centre of mass. At large 
R the dipole moment increases linearly with R reaching a value of oo at R =  oo. 
This property is only possible for states of heteronuclear molecular ions, or ion-pair 
states of neutral molecules. It may be concluded that transitions between high 
vibrational levels of molecular ions would commonly have high intensity, provided 
that there is sufficient population of the lower states of the transitions.

E /c m '1

5-

0-
34
35 
33

35-----------
33 '
34— —

3534,
33'

v=S
35
34
33

3433
35'

35
34

35 - 0.7
34 0.5
33-------------03

-5 -
v = 5 33-

v = 7

35
34

0.6
06

33-----------♦ 1.0

v=8 width 
(cm*1)

Fig. 5. Fine structure splittings calculated for different vibrational levels with К  =  34. Individ
ual levels are marked with quantum  number J  and parity ± . For v =  8 calculated widths are

given also

It may be recalled that 70% of the experimentally observed transitions have 
excess energies in the range 200-1200 cm-1 ; it may be determined from the calcu
lations that this range of excess energies is only possible for J  >20. This conclusion
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is fairly insensitive to the exact form of the potential energy curves chosen. In fact 
the magnitude of the excess energies in conjunction with the linewidths allows us to 
define the possible range of J  values for a given transition quite closely. Examina
tion of the rotationally-adiabatic wavefunctions for the 3П states for J  >20 shows 
that, for the important range of internuclear distance, the wavefunctions corre
spond essentially to Hund’s case (b) coupling with very little singlet-triplet mixing. 
This feature helps to explain the lack of predicted singlet-triplet transitions in the 
spectrum. For Hund’s case (b) the energy levels are described approximately by

E{K) = E V + B K (K  + 1) -  D K 2(K  + l)2 + . . . ,

Fig. 6. Calculated energy levels for а 3П, К  =20-40. Fine structure splittings are not shown. 
Transitions predicted in the infrared predissociation spectrum  are indicated. Lifetimes (order 

of magnitude, cm - 1 ) are shown for predissociated levels

where К  is just an effective quantum number and each level (t>, K) is nearly 6-fold 
degenerate with J  taking the values К  — 1, К  and ff +1 for each set of six levels (two
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levels of opposite parity for each J). The use of the rotationally-adiabatic potentials 
then allows the prediction of the magnitude of the splitting of the near-degenerate 
fine structure states. The calculated fine-structure for several levels v,K is shown 
in Fig. 5, and as expected the perturbations become most severe as the vibrational 
quantum number increases. For two of the levels shown the states are rotationally- 
quasibound and the widths are shown on the figure for the highest level. It is seen 
that a perturbation of the energy level pattern gives rise to a variation in widths.

Figure 6 shows the calculated energy levels for the а 3П state with mean 
widths of the quasibound levels marked. The intensity calculations show a predom
inant A K  =  ±1 selection rule, with the A J  = A K  components having greatest 
intensity. Weaker transitions with A K  = ±1, A J  — 0 should also be observable. 
The A K  = ±1  transitions occurring in the predicted spectrum are marked in Fig. 6, 
while Fig. 7 shows the individual fine structure transitions for two of these bands. 
From Fig. 6 it is quite clear that there is no overall P, Q or R branch structure; 
for any particular vibrational band only one or at most two transitions occur in the 
spectrum within the observable energy window. Furthermore the relative positions 
of the observed transitions in different vibrational bands cannot be reliably pre
dicted using the currently available potential curves. This point can be illustrated 
by repeating the calculations using a different potential curve for the а 3П state. 
In Table II, a comparison is made between the predicted transitions using (a) the 
ab-initio potential with dissociation energy 24360 cm-1 and (b) a reconstructed 
potential with the same long range form but a dissociation energy of 26100 cm-1 . 
The true potential probably lies somewhere between these two limits. It can be 
seen that a different set of transitions are predicted, and there is no real consistent 
pattern of line positions. We can however say that the vibrational and rotational 
quantum numbers of transitions appearing in the spectrum can be identified to 
within ± 1.

Т Г

Hr
Mr

s =
28

-У-

"3 =

3oL

=y>

9, 30

8, 29

7.31

Pig. 1. P redicted  fine-structure components for a transition (о 3П, v ' , K ' )  — (а !П ,ои, Л н ). Solid 
lines; A J  =  A K , J  = К  ±  1 (intense with medium eplittings). Dashed lines; A J  =  A K , J  = К  

(intense w ith small splittings). D otted lines; A К  =  ±1, A J  =  0 (weak with large splittings)
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T able II
Predicted transitions (a * * 3П, v ' , K 1 — a 3П, v", K " )  

from two different a 3П potentials

(a) Potential A  (D e =  24360 cm l )

(«Л K 'v " ,  K " ) Wavenumber Excess energy W idth(i
6,38 -  5,37 1065 1560

H1О1-H
7,36 -  6,35 994 1180 10“ 1
7,35 -  6,34 1060 1044 10~3
8,33 -  7,32 990 950 1 0 -2
9,30 -  8,29 963 620 10-*

10,28 -  9,27 870 615 10“ !
6,37 -  4,38 980 1180 1 0 -4
7,36 -  5,37 895 1390 1 0 - 1
7,35 -  5,36 990 1050 10~3
8,33 -  6,34 970 950 10“ 2
9,30 -  7,31 1020 620 10~4

10,28 -  8,29 957 615

H1отН

11,25 -  9,26 961 415 1 0 -2
12,22 -  10,23 926 290 10“ 1

(b) Potential В  (D e =  26100 c m ' *)
8,36 -  7,35 1044 1301 10~ l
9,33 -  8,32 985 900 1 0 -2

10,30 -  9,29 914 586

*1о

11,28 -  10,27 1013 586 IO“ 1
8,36 -  6,37 1040 1301

H1о»—4

9,33 -  7,34 1056 900 IO "2
10,31 -  8,32 924 839 1 0 - 1
10,30 -  8,31 1042 586 IO“ 4
11,28 -  9,29 914 586

H1оiH

11,27 -  9,28 1013 359 IO“ 5
12,25 -  10,26 890 407 1 0 - 1

The most profitable method for assigning specific lines in the spectrum is
to identify fine structure patterns, i.e., groups of up to 10 lines showing spacings 
characteristic of a A K  = ±1 transition for the а 3П state. To assist this type of
analysis the hyperfine structure must be considered.

4. H yperfine s tru c tu re

The standard hyperfine Hamiltonian may be written in the form of [24]

Xhf> =  aIzLz + bl.S + c/3(It Sz -  (7.5)) + d/2(S+I+ + S- I - ) .

At the present time there are no measured or calculated values available 
for the hyperfine parameters a,b,c,d representing the а 3П state. At large R, the
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parameters should approach limiting values of a,c,d=  0, and 6=710 MHz (half the 
H(2S) constant assuming the wavefunction is pure triplet state at R = oo). The 
а 3П state has the nominal configuration (Iff2, 2a2 3a In) and the magnitude of 
the 6 parameter will depend primarily on the contribution of the H(ls) orbital to 
the 3a molecular orbital. The A2 A state of neutral CH has essentially the same 
nominal configuration but with one additional l?r electron. Therefore to a first 
approximation it might be assumed that the hyperfine constants are the same in 
the two cases near to the potential minimum. The measured 6 value for CH is 
543 MHz [25], but for CH+ the parameter should be half this value, 6=272 MHz, 
because we are dealing with a triplet state rather than a doublet state. For the 
high vibrational levels of interest we assume that 6 lies somewhere between 272 and 
710 MHz, say 400-500 MHz. For a first approximation we also assume that the 
other hyperfine parameters are relatively small in the range of internuclear distance 
of interest and ignore terms involving these parameters. Calculating the diagonal 
matrix element of the hyperfine Hamiltonian for the high К levels of the Hund’s 
case (b) triplet pi state therefore yields the following approximate results for the 
hyperfine splittings of the various fine structure states [26]

for J  = К  ±  1 A E  «  6,

for J  = K  А Е ъ Ъ /J.
Using the selection rule A F  = A J  the hyperfine splittings for the 10 components 
of a given transition are given approximately by

A J  = AK, J  =  К  ±  1, A E  »  Ab (4 strong lines) medium splitting (lO-lOOMHz),
A J  = AK, J  — K, A E  «  Ab/J  (2 strong lines) small splitting (0-10MHz),
A J  = 0, A E  «  6 (4 weak lines) large splitting (400-600MHz).

In Fig. 8, the predicted fine structure for various transitions in the simulated 
spectrum is shown, and the approximate hyperfine splitting is indicated. Although 
there is some diversity of pattern, the spread of lines is characteristically about 
5 cm-1 , and it can be seen that a line with small splitting is nearly always ac
companied by one or two closely spaced lines of medium splitting. The fairly tight 
grouping of the sets of ten lines offers an explanation of the high density of lines in 
some parts of the experimental spectrum, especially if more than one such transi
tion is overlayed. In Fig. 9 four sets of lines selected from the observed spectrum 
are shown, and it is apparent that although there is no direct reproduction of the 
predictions there are certainly characteristics in common. The sets were chosen 
such that the measured excess energies and linewidths for the transitions shown 
are nearly equal within a group. It is notable that for each of these transitions, a 
corresponding transition with approximately the same linewidth and excess energy 
is predicted in the simulation to lie within 30 cm-1 of the observed positions.

At this stage the situation can be summarised by saying that we are en
couraged by the similarities between the ab-initio predictions and the experimental
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E - 600 cm'1 : 1 : 1
Г -  10'* cm '1

_______________________ i____1____

• 1 : 1 
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____ 1L 9,30-8,29
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11
-------------------------------------- _1___ » J___ i_____

! i!  : 1 ; : > :
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111
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Fig. 8 . Predicted line positions for transitions of the ty p e  illustrated in Fig. 7. Solid, do tted  
and dashed lines have the same m eaning as in Fig. 7

E
Г

- 1100 cm"1
-  TO'1 cm'1

? 79

975 980

E - 650 cm'1 397 60 j 60 16,
1

61 ;448

Г -  TO'* cm '1
1

1
1 1

_______________LI •_______________u___I_
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E - 650 cm'1 71 :437 ? 1 i
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Г -  10'* cm’1

__1__ 1________________ [_ i ____ LI_________________________________ Li__
940 945

E - 400 cm"1 73 89
!28 » . 90

Г -  TO"1 cm"1
1111------1--------_I--------------------------------—

940 945

Fig. 9. Selected groups of observed lines from the infrared predissociation spectrum. Doublet 
splittings are marked for each transition ( “?” indicates an incompletely resolved doublet). Dotted, 

dashed, and solid lines have the same m eaning as in Fig. 7 and  8

results. It is not yet possible to adjust the input parameters for the calculation 
to fit the predictions to the results precisely. Any assignments that can be made
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must remain tentative at this stage. Probably the best hope for pinning down the 
assignment relies on bringing together these results with those of Sarre et al. Work 
is currently in progress in that direction.

Fig. 10. Variation of the nuclear hyperfine param eter b (MHz) as a function of internuclear distance 
R . Solid lines show the calculated variation for NH(A 3П) and CH(A 2Д)[27]. (The magnitude 
is multiplied by 0.6 for CH). The dashed line shows 6 (MHz) calculated from the weighting of the 
(C+ +  H) configuration in [11]. The dotted line is the form used in calculation A as described in

the tex t

Finally, the hyperfine structure is considered here in a little more detail. Re
cently I have embarked on a more sophisticated calculation of the hyperfine split
tings with a view to determining whether the typically observed b «400-450 MHz 
and Д6 «60-90 MHz is reasonable for the predicted transitions. The calculation 
requires an estimate for the variation of the hyperfine parameters with internu
clear distance. Kristiansen and Veseth has recently calculated the variation of the 
hyperfine parameters for a number of first-row hydrides [27], but unfortunately 
not including CH+. The calculated variation for the b parameters is shown for 
CH(A 2Д [3crl7T3]) and NH(vl 3П [Зсг1я-3]) in Fig. 10. If it is assumed that there 
is an equivalence of the 3cr orbital in CH and CH+ then the curve shown for CH 
could be used as an estimate for the а 3П state of CH+. However, the calculations 
of Lévy et al [11] suggest that in CH+ there is strong configuration interaction be
tween the а 3П state and the d 3П state. They have calculated the contribution of 
the configuration (H + C+) as opposed to (H+ -I- C) or (H~ + C2+) as a function 
of R for the two states. To a first approximation it might be assumed that b for
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T ab le  III
C alculated hyperfine splittings for various а 3П - а 3П transitions, 

using two different functions for b(R) of th e  а 3П state

J ' p 1 _ J "p " Splitting (MHz)
A В

(v = 8 , К = S3) - iv =  6 ,K  =  34l

34+ 3 5 - 84 35
3 4 - - 35+ 51 5
3 3 - - 34+ 5 4
33+ - 3 4 - 1 1
32+ - 3 3 - 75 25
3 2 - - 33+ 61 10
34+ - 3 4 - 494 609
3 4 - - 34+ 465 576
3 3 - - 33+ 431 599
33+ - 3 3 - 439 611

(« = 9 ,K =  301 - (v = 8 .K  = 291
3 1 - - 30+ 60 29
31+ - 3 0 - 21 13
30+ - 2 9 - 4 3
3 0 - - 29+ 1 2
2 9 - - 28+ 50 18
29+ - 2 8 - 45 8
30+ - 3 0 - 434 564
3 0 - - 30+ 427 572
2 9 - - 29+ 485 637
29+ - 2 9 - 520 594

ft) =  10.K  = 28) -  (v = 8 . К  = 291
2 9 - - 30+ 51 2
29+ - 3 0 - 48 6
28+ - 2 9 - 9 18
2 8 - - 29+ 3 5
2 7 - - 28+ 46 51
27+ - 28 - 33 15
2 9 - - 29+ 484 569
29+ - 2 9 - 479 561
28+ - 28 - 452 594
2 8 - - 28+ 467 614

the а 3П state is directly proportional to the square of the coefficient of the first 
configuration, which gives the form of the dashed curve shown in Fig. 10. For the 
calculations described below I have actually used the curve shown in dotted lines in 
the Figure, which follows the trend shown by NH and CH at short R while following 
the curve in dashed lines for large R. The a,c,d parameters were assumed to vary 
with R with the same magnitude as the same parameters calculated for the X  2IT 
state of CH [27].
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In the calculation the hyperfine splitting for each level is calculated individ
ually as an electronic matrix element averaged over the vibrational wavefunction. 
For a given hyperfine state j n,J,F)  where F =  J  ±  1/2

E(n,J,F)  =  E(n,J)  + JXnj{R).(n,J,F\Mh i t \n,J,F)Xnj{R)dR.

The diagonal electronic matrix element of the hyperfine operator is calculated for 
the rotationally adiabatic wavefunction, \n,J,F), and this explicitly considers the 
mixing of the singlet and triplet states. The matrix element may be written out 
fully as

( n , J , F \ H h f » \ n , J , F )  — ŷ Cnt • Cnj {i ,  J ,  F\ Mhf , \ j ,  J , F ) ,
ij

where the d j  are the coefficients of the Hund’s case (a) states in the rotationally 
adiabatic representation, and |j, J, F) is a zero-order wavefunction representing one 
of Hund’s case (a) states. These zero-order matrix elements have been listed by 
Brown et al [24]. An estimate is needed for the hyperfine interactions for zero- 
order 1Е+,1П, and 3E+ states, as the 3П rotationally-adiabatic states contain an 
admixture of these states which contributes to the final hyperfine splitting. We 
assume for simplicity that the singlet states have zero hyperfine splitting, while the 
3E+ parameter is 710 MHz, the anticipated limiting value at the dissociation limit. 
Thus the hyperfine interaction for the 3П state as a function of internuclear distance 
first increases as a consequence of the increasing value of the parameter b, but 
when singlet-triplet mixing becomes important (typically R >0.3 nm) the hyperfine 
interaction actually decreases as the state is losing some of it’s triplet character. In 
reality these effects may be compensated by other interactions, such as hyperfine 
couplings off-diagonal in J  or other non-adiabatic interactions, as the potential 
curves approach closely. In general the vibrational wavefunctions for the states of 
interest in our spectrum are such that these long range effects are unimportant.

Table III lists the calculated hyperfine splittings (A) for three sample tran
sitions; for comparison a second calculation (B) was performed in which the а 3П 
parameter b was set equal to half the value for CH and extrapolated to it’s limiting 
value of 710 MHz at large R. It can be seen that for calculation A, the results are 
in reasonable agreement with the magnitudes of the observed splittings and with 
those predicted from the simpler theory. Calculation В is less in agreement; the 
large splittings are too large while the medium splittings Eire too small. It would 
appear that even without a firm assignment some semi-quantitative conclusions can 
be drawn concerning the variation of the hyperfine parameter b with internuclear 
distance for the а 3П state. It is hoped that in future a reliable calculation for 
the variation of hyperfine parameters will become available, so that some of the 
interesting features emerging from this preliminary calculation can be examined in 
more detail.
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5. Sum m ary

The observation of fine and hyperfine structure in the a 3П state of CH+ 
for highly excited vibrational levels is a tough test for ab-initio calculations. The 
method of rotationally-adiabatic potentials is shown to be useful for making semi- 
quantitative predictions on the term structure for strongly interacting sets of states. 
The method is computationally expensive however and it is not easy to vary the 
input parameters to try and fit the experimental results. I am currently investigat
ing whether the calculated energy levels can be conveniently expressed by means of 
term formulae with a limited number of parameters. CH+ is one of a very small 
set of examples where hyperfine structure has been observed for highly excited lev
els. These measurements when fully understood should certainly provide a valuable 
contribution to our understanding of the behaviour of electronic wavefunctions as 
the dissociation limit is approached.
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HIGH RESOLUTION FOURIER-TRANSFORM SPECTRA 
OF THE a * (ff) b ^ g) - X 35 ^ ,

AND HE+j — а1Д(г) SYSTEMS OF 0 2, SO, S2 AND 
ISOELECTRONIC MOLECULES IN THE NIR REGION*

E. H. F ink , H. Kruse and K. D. Setzer

Bergitcht Universität-GH Wuppertal, D-5600 Wuppertal, F. R. G. 

and

D. A. Ramsay and M. Vervloet

НеггЬегд Institute of Astrophysics, N RC  Canada, Ottawa, Canada 

(Received 24 September 1988)

Emission spectra of the —» Х 3Е ^ ,  b * 2 ^  —* and 6 * 2 ^  —*
а 1Д (в) systems of a number of group VI-group VI diatomics have been measured at high 
resolution with a Fourier-transform spectrom eter in the near-infrared region. Analysis of the 
spectra allows a systematic test of different H amiltonians for the X  3E ^ ( X i O ^ , 
ground states and of the line strength formulae for the electric quadrupole, magnetic dipole 
and electric dipole transitions involved.

In troduction

The group VI-group VI diatomics (0 2, SO, S2, SeO,...,Te2) have X 3E^) 
ground states and low-lying о 1Д(9) and b electronically excited states. In
the limit of Hund’s cases (a) and (b) transitions between these states are forbidden 
for electric dipole radiation. Hence the excited states are metastable exhibiting 
radiative lifetimes in the range of 10-3  — 103 s. Consequently, high concentrations 
of the excited radicals can be generated which are of potential interest as reactants 
or energy carriers in chemical and physical systems. Weak transitions between the 
states can occur by electric quadrupole or magnetic dipole radiation. In case of 
the heteronuclear species, electric dipole transitions are possible due to spin-orbit 
interaction of the states. The spectra appear in the near-infrared region between 
0.9 and 3.0 fim, outside the sensitivity range of photomultipliers. Recently highly 
sensitive solid state detectors (Ge, InGaAs, InSb) have allowed observation of a 
number of new a —* X  and b —* X  emission systems of group VI-VI dimers from 
fast-flow chemiluminescence systems [1]. In the present work we report on high

* Presented at the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 September 1988
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resolution measurements of these spectra with a BOMEM FT spectrometer which 
yielded accurate spectroscopic constants of the states involved and allowed thorough 
tests of the line strength formulae for the transitions and determination of ratios of 
electric and magnetic transition moments.

Experim ental

The radicals were generated by microwave discharges and chemical reactions 
in fast-flow systems. The ground state species were excited by energy transfer and 
energy pooling processes using an added flow of 0 2(a 1Д9) as energy source. Details 
of the experimental arrangements are given in recent publications [2- 6]. The spectra 
were measured in the Herzberg Institute of Astrophysics in Ottawa with a BOMEM 
DA3.002 Fourier-transform spectrometer. The maximum spectral resolution was 
between 0.015 and 0.1 cm-1 . The internal precision of the measurements ranged 
from ±0.00005 to ±0.002 cm-1 depending on the resolution and the intensity of 
the lines. Absolute calibration of the wavenumber scale was achieved by using the 
lines of the 0-0 band of the а 1Д9 —♦ X 3E~ system of 0 2, which appeared in all 
spectra, as secondary standards. The 0 2 lines are considered to have an absolute 
wavenumber accuracy of ±0.005 cm-1 [7].

R esults and  discussion

Energy levels and molecular constants

The following electronic transitions and bands have been measured and anal
ysed:

o 2 а 1Д(7 —» Х 3Е- 0-0, 0-1
b1 £+ -► Х 3Е~ 0-0, 0-1

-► а 1Д9- 0-0
so а хД Х 3Е- 0-0

b1Е+ Х 3Е- 0-0, 0-1, 1-1, 1-2
S2 bl Z+ -» Х Ъ ~ 0-0, 0-1, 1-1

80SeO а 1 А -► Х 3Е- 0-0
Ь1 Е+ —► X 3E- 0-0, 0-1, 1-1, 1-2

80SeS 61 Е+ Х 3Е- 0-0, 0-1, 0-2, 1-0
80Se2 Ь1 Е+ -+ Х 3Е- 0-0, 0-1, 1-1, 1-2

130TeO 6ХЕ+ Х 3Е- 0-0, 0-1, 1-1
130TeS Ъ1 Е+ —» A"3E- 0-0, 0-1, 1-1, 1-2

130Te80Se ^ Е * —» Х 3Е~ 0-0

Due to the simple structures of the bands, in all spectra the lines could easily be 
assigned. The spectroscopic constants of the states involved were derived from
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least-squares fits of the unblended lines, each line being weighted according to the 
square of its intensity since the precision of measurement is inversely proportional 
to intensity. Case (b) [7] and case (c) [8] Hamiltonians were used to describe the 
rotational structure in the A"3E(~ j ground states of the molecules, and were found to 
give least-squares fits with similar standard deviations even for the heavier species 
Se2, TeO and TeS. Table I shows the rotational constants of the X 3E[~ff),o=0 ground 
states when described with the case (b) formalism.

T a b le  I
Rotational constants of the X 3 'E~(g), v = 0 ground states of 

group VI-group VI diatomics (in cm - 1 )

Molecule В 107D A 103Ad Of 10 S D
o2 1.437680 48.33 1.9847 0.00191 -0.00842 -0.0065
SO 0.717932 11.09 5.2790 0.00833 -0.00567 0.0179
s2 0.294592 1.96 11.7931 0.00105 -0.00716 0.0

80SeO 0.468944 4.966 84.1129 0.0716 -0.00689 0.0
80SeS 0.178527 0.731 98.9833 0.0458 -0.0102 0.0981
80Se2 0.089973 0.197 256.215 0.0 -0.00832 0.0

13°ТеО 0.355113 3.090 391.2015 0.2000 0.0065 0.0
i30Tes 0.132170 0.382 410.1168 0.0900 -0.00052 0.0

For the first time spin-rotation constants 7 were derived for the heavier species SeS, 
Se2, TeO and TeS. According to Brown et al [9] 7 can be written as a sum of second 
and third order terms,

7 = 7(2) + 7 (3), (1)

<X3E" I l/y/2(Lx —iL„) | 3ПП)(3П„ \Hso  |Jf3E~)
7 ”  я ( з п „ ) - я ( л :3£ - )  ’

(3) = I (-У3Е~ 1 Hso 16*Ep ) 12 
7 (£ (6^ + )  -^ (Х З Е -) ) 2 В \{2)/ А Е ( Ь - Х ) , (3)

with
Л<2> =  I (X3E~ I Hso  I bl T , t ) \2/2AE(b -  X). (4)

Since there is an inverse dependence on reduced mass in the mixing of the 3П and 
X 3E-  states, variation of the values of 7 for a series of molecules is better gauged 
by comparing the values of 7^ / B .  As is seen from Table II, these data show a 
systematic trend reflecting the lowering of the 3П state energies and the increase 
in spin-orbit interaction on going down the series of molecules. The same trend is 
found in the literature data [10,11] of the spin-rotation constants hitherto known 
for the X 3E_ states of group V halides (Table II).
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T ab le  II
Trends in the values of the sp in -ro ta tion  constants 
of the X  3E ~  j ground states of group VI-VI and 

group V-VII molecules

Molecule 7/M Hz 4 <3>/MHz V ^ /M H z 103

o 2 -252.6 13.0 -265.6 -6.2
SO -170.5 21.7 -192.2 -8 .9
s 2 -214.6 26.1 -240.7 -27.3

80SeO -208.3 248.5 -456.8 -32.5
80SeS -305.7 135.7 -441.4 -82.5
80Se2 -249.3 173.7 -423.0 -156.8

13°ТеО 194.9 838.5 -643.6 -60.5
i3°TeS -15.9 385.1 -401.0 -101.2

NF -139.4 4.6 -144.0 -4 .0
NCI -208.6 4.9 -213.5 -11.0
N Br -749.5 17.9 -767.4 -57.6

(-20986 15.6 -21001 -1578)
N1 -1292 65.9 -1358 -131.5
P F 44.9 7.5 37.5 2.2

PCI -91.4 5.3 -96.8 -12.8
P B r -212.6 11.8 -224.4 -45.4
AsF 626.6 111.6 514.9 46.7

Line streng ths and  transition  moments

The b 1E+ —* a 1 Ag transition of O2 is the only electronic transition of di
atomic molecules known that is entirely electric quadrupole in nature. The line 
intensities of the five branches of its 0-0 band were calculated using the formula

I j ' - j  а й6 ■ S r j  exp{-hcB 'J '(J '  + l)/kT),  (5)

where Sj,j is the line strength (including the statistical weight factor) as given by 
Kovács [12], and B'  is the rotational constant in the bхЕд state. A least-squares 
fit yielded a value of 313 ± 10 К for the rotational temperature showing that 
the rotational distribution in the long-lived b *Е+ state is completely relaxed. The 
standard deviation of the differences between the observed and calculated intensities 
was 3% of the intensity of the strongest line and corresponded to the noise level in 
the spectrum.

The relative line intensities of the four branches in the magnetic dipole transi
tions 6 *Е+ —► X  3Eg of O2, S2 and Se2 could be fitted with similar small standard 
deviations using the line strengths formulae given by Watson [13]. In case of Se2, 
the r Q[J) branch ending in the Fi levels of the X  3E~ state was not observed. 
Due to the large spin-spin splitting in this state of 511 cm-1 Watson’s line strength 
formulae predict the intensity of this branch to be lower by more than a factor of 
1000 than those of the other branches.
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Recently, Bellary and Balasubramanian [14] have given improved line strength 
formulae for the nine branches of 1Дд —*3 E~ magnetic dipole transitions which, 
besides purely vibronic transitions moments, contain two additional parameters 
p and a of rovibronic origin. They have analysed our relative line intensities and 
determined p and a values for the a 1A g —* X  3E~ system of O2. Work is in progress 
to use high resolution spectra of the а хД —* X 3E-  system of SO to further test 
these line strength formulae.

Due to spin-orbit interaction of the states, the b 1E+ —♦ X 3E_ transitions of 
the heteronuclear species SO, SeO, SeS, TeO, TeS and TeSe are mostly electric dipole 
in nature and show five branches, for which line strength formulae have been given 
by Watson [13]. According to Watson’s theory the line intensities are determined by 
the parallel and perpendicular electric dipole moments for the b xEq —» X  3Eq (a*o ) 

and b1 E j  —» X 3E ^1(/ii) transitions, as well as by the magnetic dipole moment 
(M) of the latter. In addition the line strength formulae contain factors cj  and sj  
given by the energy separations of the triplet components of the 3E_ state, which 
in case of large spin-spin splitting may have major effects on the relative intensities 
of the branches. From the analysis of the relative line intensities accurate values of 
the ratios of the transition moments p i /цо and M /p0 can be obtained. Then, if 
the radiative lifetime of the b 1E+ state is known, absolute values of p.x and /i0 can 
be calculated by the equation

Aul ш l / r u =  64tt4£3, • I Re I 2/(3 c3A), (6)

where in the present case

I Äe 12 = | mo| 2 + 2 I p i \2- (7)

In most cases the contribution to |Ä®|2 of the magnetic dipole transition moment can 
be neglected. The ratios as well as the absolute values of the transition moments 
represent interesting data for comparison with the results of quantummechanical 
ab-initio calculations.

T ab le  II I
Comparison of relative and absolute transition moments 
of the ft 1£ +  —* X  3E~ transitions with ab-initio da ta

Molecule P i / po
Exp. Theor.

Mo(eao) 
Exp. Theor.

r(ftl E + )(m s) 
Exp. Theor.

Ref.

SO -1.06 0.28 ±0.0043 0.005 7.0 13.8 1,15
SeO -0.70 -1 .1 ±0.0140 0.0056 1.4 4.7 5,16
SeS -0.059 -0.038 ±0.051 0.0223 0.40 2.0 4,17

Molecule M/fio (рв /еао) M  (Bohr magnetons) Ref.
Exp. Theor. Exp. Theor.

SeS ±13.9 -132 ±071 -0.2949 4,17
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In the strong 0-0 band of the b 1E+ —* Х 3Е~ spectrum of 80SeS, for the 
first time, both electric and magnetic dipole branches have been detected. Analysis 
of the relative line intensities yielded the ratios of transition moments pi/po as 
well as M/po . In all cases Watson’s line strength formulae allowed accurate fits 
of the relative line intensities. In Table III the deduced transition moment data 
are compared with the results of ab-initio calculations. The comparison shows that 
the calculations obviously can predict the transition moments and the radiative 
lifetimes of the b (and hopefully also of a  states to factors of 2 and 4,
respectively.
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We have studied the molecular structure  and the dynam ics of alkali metal diatomic 
molecules. Professor István Kovács’s book [l] has been very useful to study th e  energy 
levels, th e  transition intensities, the perturbations, etc. In this article, we report a theoret
ical study on the energy levels of the alkali m etal diatomic molecules, and then a  study  on 
perturbation  of the A  1E Í  and the b 3Пи sta tes , and the effects on the transition intensity 
and the line splitting.

1. Theory on the energy levels of th e  alkali m etal diatom ic molecules

la) Hamiltonian

The Hamiltonian for a rotating diatomic molecule in the absence of an external 
field can be written in the form

H = He + Hv + Hr, (1)

where He is the electronic part and Hv is the vibrational part. The rotational part 
Hr is written as [2j

Hr =  BV[(JX -  Lx -  Sx)2 + (Jy - L y -  5y)2],
=  BV[(J2 -  J 2) + (L2 -  I 2) +  (52 -  S2)
+  (L+S- + L-S+)  -  (J+L_ +  J-L+) -  (J+S_ + J-S+)], (2)

where Bv is the rotational constant, and the rotational angular momentum is ex
pressed as the total angular momentum (J) minus the electronic orbital and spin 
angular momenta (L and S), J± =  Jx ± iJy, L± = Lx ±  iLy, S± = Sx ±  iSy, and 
the suffixes x and у denote the components of the molecule-fixed coordinates, and 
the z  axis is along its internuclear axis.

‘ Presented at the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 September 1988
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lb) Basis functions

As a set of basis functions, we use wave functions of simple products, 
|A) |5E) |v) I JflM).  The function |A) |SE) |v) is a wave function for a nonrotat
ing molecule, where A and E represent the projections of the total electronic orbital 
and total electronic spin angular momenta along the molecular axis, respectively, 
and V represents the vibrational quantum number. All of these are expressed in 
molecule-fixed coordinates. The rotational part | JCIM) is expressed in laboratory- 
fixed coordinates, where the quantum numbers J  and M  specify the total angular 
momentum and its projection along the laboratory-fixed Z  axis, respectively, and 
П = A + E.

lc) Matrix elements of angular momentum

We shall always use the representation of the rotation group, the angular 
momenta, the coupling coefficients and tensors defined by Brink and Satchler [3]. 
The nonvanishing matrix elements of the components of the spin angular momentum 
operator S and the orbital angular momentum operator L are the following:

(SU I S2 i SU) = S ( S +  1), < S E |S ,|5 E ) =  E,
( 5 E ± 1 |5 ± |5 E )  = [(S t £ ) (S ± E  + l ) ] 1/2, (3)
<LA|L2 |LA) = L(L+  1), (LA. \ Lz | LA) =  A,
(LA ± 1 |L ± | LA) =  [(L A)(L ±  A +  l)]1̂ 2- (4)

The nonvauishing matrix elements of the total angular momentum J are similar, 
but the matrix element of J ±  is different. We must be careful on this somewhat 
surprising difference in behaviour of J from L and S [2,4].

( J ( l \ J 2 \ J Ù )  = J ( J + 1 ) ,  ( J U \ J z \ J n )  =  П,
(Л 1 T  1 1 J± I S ty  =  [(J  ±  n){J  T  П +  l ) ] 1/2. (5)

Id) Electronic states obtainable from the union of two atoms

Possible electronic configurations resulting from the union of two atoms in 
specified states can be obtained by applying the general rules [5]. If the molecules 
in equilibrium can be described in terms of Hund’s coupling cases (a) and (b), the 
electronic states described from specified atomic states of the same element are

[A] : XE+, 3E+ for 25 + 2S
[B] : % ,  3Пв, ‘П ., 3nu, ‘E+, 3E+, l E+, 3S+ for 2P  + 2S, 

and those of different elements are
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[A,] :1S + , 3S+ for 2S  + 2S,
[В’]: 1П, 3П, 1£+, 3E+ for 2P + 2S.

In a case of alkali metal diatomic molecules of the same element, the electronic 
wave functions for [A] are approximately expressed in terms of simple molecular 
orbitals

l 4 +> = 1 Ы Ы 1  = [ I o) I о o) ],
| 3Ei> = |(< v )(aus) | = [ |0) | l l ) ] , | K s ) K s ) |  = [ |0) | 1 -  1) 1, 

and (2) - 1/3( | M M |  +  I M K s ) | )  =  110) 11 0)], (6)

where normalization factors for the determinant functions are omitted, orbital (...) 
denotes a molecular orbital with spin a, orbital (...) denotes an orbital with spin 
ß, and the symbols in parentheses [ ] denote |A)|5E). The electronic wave
functions for [B] are:

Il s í> = (2)~1/2( I K <>)K po) 1 -  \{cTgs)(cTupo) I) = [ 10)|0 0)],
Г п „) = -  I K Ï ) K p±) |)  = [1 ± 1)10 0)1,
I 3n u) = | M K P±)| = [I ±  1) I 1 1)1, I (̂ ff3) (’TuPi) I = [ I ±  1) I 1 -1)1,

and (2)-1 /2( I (er„s)(xup±) I + I (ff9s)(x-up±) | ) = [ | ±  1) 11 0)],
l1^ )  = ( г Г ^ П М К Ы !  -  | M K po)I) =  [ |0)10 0) 1,

| 3E+) = I (a9s)(crffPo) I = [ I 0) I 1 1) ], I [<7gS) (<r0po) = [ 10) 11 -  1) ],
and (2)_1/2( |K s ) ( a 9p0) I + |(cT0s)(o9po)l) = [ 10) 11 0)],

№ >  = (2)~1/2( | (<x„a)Kp±) | -  lK s)(írep±) I) = [ |±  1)100)1,
| 3П9) = l K s)(xgP±)l = ^ ± 1 ) | 1 1 ) Ы М г а 1  = [| ± 1 ) |1 - 1 ) ] ,  

and (2)_1/2( I {<7gs)[iroP±) \ + | K «)()rgp±) | ) = [ | ±  1> 11 0)],
|3E Í) = |K s ) K p o ) |  = [|0) | 1 1 ) Ы М К Ы |  = [ |0> 11 — 1)],

and (^ -^ " ( IK s lK p o ) !  + |K s)(o up0)|) = [|0)| 10)]. (7)

le) Spin-orbit interaction

The operator of the spin-orbit interaction is represented by AL S or 
^ i ( r»)l« Bi> where 1, and 8j are operators representing the electronic orbital and
t

electronic spin angular momenta for the individual electrons. The operator

H.0 = A l  S (8)

is used to compute spin splittings within a given spin multiplet.
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The operator
Я (0 = ^ ^ ) 1 Г 8, (9)

i
must be used to compute the interaction between states belonging to different S or 
L  values. Matrix elements of A L S  are given by

(S E |(A |A L S |A ) |S E )  =  AAE,

and

(SU I (A I AL • S I A') |5 'E ') =  0 if |A )|SE ) ф | A') | 5 'S #>. (10)

The selection rules for matrix elements of Hso are [6]

A J  = 0, ДП = 0, g /+ u, e /, E+ «-» £~ ,
A S  = 0 and ДА = Д £ =  0 or AS — ±1 and ДА = —ДЕ =  ±1.

(И)

In the single-configuration limit, if the two interacting states belong to the same 
configuration, then

ДА =  ДЕ = 0, (12)

and if the two interacting states differ by at most one spin-orbital, then

ДА =  -Д Е  = ±1. (13)

The spin-orbit Hamiltonian of Eq. (9) can be written as

H,o =  Х ^ ( г<)[(1+‘3-» + 1-<з+<)/2 + 1„-аж<]. (14)

Let us calculate the spin-orbit matrix element for the electronic states expressed by 
Eq.(7). FYom the selection rule g •/+ u for the spin-orbit operator, only the states 
having the same g or u symmetry can interact. By omitting the suffixes g and u, 
we shall use the following configuration representation for the electronic states

11E+ 0+) = 1 o) 10 0> = (2)- 1/!,( 1М (*л> ) 1 - |(<7з)(ар0) 1), (15)
| 3E+ + 1) := | 0> 111} == |М (<тро)| (16)
| 3E+ - 1) := 1 o) 11 -  1) =  1 (era) (crpo) 1, (17)
| 3E+ 0“ ) = 1 o) 11 0) = (2 )-1/2( |М (< 7Ро) | + IM (^P o) 1), (18)

l ‘n +  1) = 1 + 1) | 0 0 ) =  (2) - 1/а( |( « ) ( я р + ) | -  |M ( * P + ) |) , (19)

Г П -  1) = 1 - 1>|0 0 > = (2)“ 1/3( I M ( * P - ) I -  |М (тгр_ ) 1), (20)
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13П + 2) = I + 1) 11 1) =  IM (jrp+ ) I, (21)
13П O') =  I + 1) 11 — 1) =  I H M I ,  (22)
13П 0") =  I - 1 ) |  11) = |M ( irp _ ) |,  (23)
13П - 2 )  =  I -  1) 11 -  1) =  I M  (тгр_) I, (24)
13n  + 1) =  I + 1) 11 0) =  (2)_1/2( I М (тгр+) I +  I М (тгр+) I ), (25)
I ■3n  -  1) =  I -  1) 11 0) =  I (аз)(тгр_) I +  I (<ra)(irp_) | ). (26)

For one electron operators l+, l - , s+ , and s_

i+ |p0) = (2)1/2|p+), 1- \ P+ )  = (2)1/2 |po),
l+ |p_) = (2)1/2|po)i i_ |p0) = (2)1/2|p_),
e+ | l / 2  — 1 /2 ) =  11 /2  1 /2 ), e- | l / 2  1/2) =  11/2 — 1/ 2). (27)

The non-vanishing matrix elements for the electronic wave functions of Eqs (15) -
(26) are

(XE+ 0+ |Я„о|3П O') = (3П 0' |Я во|1Е+0+) =  - A ,

(XE+ 0+ |Я .о|3П 0") = (3П 0"|Я„о|1Е+0+) =  A,
(3E+ + 1 |Я .в|1П + 1) = (ХП + 1|Яао|3Е+ + 1) = A,
(3E+ + 1|Яво|3П + 1) = (3П + 1|Я,0|3Е+ +  1) =  A,

(3E+ -  1|Я<0|ХП -  1) = (ХП -  1|Яво|3Е+ -  1) =  - A ,

(3E+ -  1|Я ,0|3П -  1) = (3П -  1|Яво|3Е+ -  1) = A,

(3E+ 0~ |Я ,о|3П O') =  (3П 0 '|Я ,о|3Е+0-) =  A,
(3E+ 0 - |Я .о|3П 0") = (3П 0"|Я<о|3Е+0-) -  A,

(ХП + 1|Я,0|3П + 1) = (3П +  l\Hto\1n +  1) =  - B ,
(1П -  1|Я .0|3П -  1) = (3П -  1|Я<в|1П - 1) = в ,
(3П + 2|Я ,0|3П + 2  ) = В,
(3П 0 '|Я ,о|3П 0') = -Я ,
(3П 0" |Я ,о|3П о") = - в

and (3П -  2|Яво|3П -  2) = В, (28)
/■

where
А = ((ffPo)|Î(r)|(<rpo))/2 and В  =  ((я-р±)|£(г)|(тгр±))/2. (29)

At the limit of R —♦ oo, A =  В  and the matrix is
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»E+
0+

3E+
0 -

3n
o'

3n
0”

3E+ 
+  1

*n
+1

3n
+1

3E +
- 1

‘П
- 1

3n
- 1

3n
+2

3n
- 2

»E+0+ 0 0 - A A 0 0 0 0 0 0 0 0
» E + 0 - 0 0 A A 0 0 0 0 0 0 0 0
3n  0' - A A - A 0 0 0 0 0 0 0 0 0
an  0" A A 0 - A 0 0 0 0 0 0 0 0

3E+ +  1 0 0 0 0 0 A A 0 0 0 0 0
l n  +  1 0 0 0 0 A 0 - A 0 0 0 0 0
3n  +  l 0 0 0 0 A - A 0 0 0 0 0 0

3E+ -  1 0 0 0 0 0 0 0 0 - A A 0 0
‘П - 1 0 0 0 0 0 0 0 - A 0 A 0 0
3П - 1 0 0 0 0 0 0 0 A A 0 0 0
3П +  2 0 0 0 0 0 0 0 0 0 0 A 0
3П — 2 0 0 0 0 0 0 0 0 0 0 0 A

The eigenfunctions for eigenvalue =  A are

|3П ±  2),
(2)_1/3(|3E+ ±  1> + |3П ±  1)),
(6)-1 /2(|3£ + ±1} -  |3П ± 1) ± 2 |Jn  ±  1)), 
(6)"1/2(2|3E+ 0") + |3П O') +  |3П 0")) 

and (6)- 1/2(2|1E+ 0+) -  |3П O') +  |3П 0")).

The eigenfunctions for eigenvalue =  - 2 A are

(30)

(31)

(3 )-1/2(|3E+ ±  1) -  |3П ±  1) T ГП ±  1)),
(3 )-1/2(|3E+ 0 -) -  |3n  O') -  |3n  0")), 

and (3)~1/2(|1E+ 0+) +  |3П O') -  |3П 0")). (32)

If) Eigenfunction and eigenvalue

The eigenfunction and the eigenvalue can be obtained by solving the secular 
equation composed of the matrices for He + Hv + Hr + H,0 in terms of the basis 
set |Л )|5Е)|и)|ЛШ ).

A).  1E+ state
Matrix element for a 1E+ state, whose basis set function is 

|0+)|00)|v)|70M)
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(y0A/|(w|(00|(0+ 1# |0+) |00) |v)| JOM) = E  + BV\J(J+  1) +  (L2 )], (33)

where E  represents the vibrational-electronic energy, and (L\)  is the matrix ele
ments of (L2 - L2). The eigenfunction for a level of the state XS + is

|XE+ vJM)  =  |0+)|00)|u)| JOAf). (34)

The eigenvalue is

E(l E+ vJM) = E  + BV{J(J+  1) + (.L\)\ . (35)

В). 1П state
Matrix elements for а 1П state, whose basis set functions are 

|l) |00)|u)|JlM ) and I -  l) |00)|u)|J -  1M);

(Л М |(«|(00|(1 |Я |1)|00)И |Л М ) = E + £ „ [ J ( J + l ) - l  +  <£i>],
(ЛЛ/|(и|(00|(1|Я | — l)|00)|v)|J — 1M) = 0,
(J  -  Ш|(и|(00|<—1|Я| -  l)|00)|u)| J  - 1 M )  = E  + BV\J(J + 1) -  1 + (II)].

(36)

The eigenfunctions for levels of the state 1П are

|хПи7М) =  (|1)|00)|u)|J1M ) ±  |-1 )|00> |u) |J -1 M ) ) / (2 1/2. (37)

The eigenvalues are

E ^ U v J M )  = E  + B „ [ J ( J + l ) - l  +  (Ll)]. (38)

C). 3E state
The symmetric matrix elements for a 3£ state, whose basis set functions are 

|0)|11)|«)|ЛМ), |0)|10)|v)|J0M), and |0)11 — l) |v ) |J  — 1AÍ), are given by

(ЛМ |Н (11|(0|Я |0)|11)|и)|ЛМ > =  E + BV[J(J  +  1) + (£j_)], 
(ЛМ|(и|(11|(0|Я|0)|10)|и)|70М) =  - B V[2J{J + \)\1' 2, 
(ЛМ |(и|(11|(0|Я|0)|1 — 1)|«)|J — 1M) = 0,
(^0МКиК10|(0|Я|0)|10)|и)|70М) -  E  + Bv [ J (  J  + 1) + 2 + (L2± )},
( 70Л/|(и|(10|(0|Я|0>|1 — l)|v) IJ  — 1M ) = - 5 „ [ 2 J ( J  + 1)]1/2,
(J -  1M |(«|(1 -  1|(0|Я|0)|1 -  l>|u)|J -  1M) = E  + BV[J(J +  1) + {L2±)\.

(39)
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The eigenfunctions for levels of the state 3S + cire

|3£ + vN  = J + 1JM)
= [J/(2J + l)]1/,2(|0+)|ll) |u ) |JIM ) +  |0+> |1- l> |» ) |J - lM )) /2 1/a 
- [ ( J + 1)/(2J + 1)]1/2|0+)|10)|u) |J 0M),
|3E+ vN  = JJM) = (|0+)|ll) |u )|J lA f) -  |0+)|1 -  l> |v ) |J -  Ш ) ) /2 1' 2,
|3E+ vN  = J  — U M )
= [(J +  l) /(2J + l ) ] 1/2(|0+ )|ll) |u ) |J lM ) + |0+ ) | l - l ) |u ) | J - l M ) ) / 21/2 
+  [J/(2 J + l)]1/2 |0+)|10>|v)|J0M), (40)

where N  is the rotational quantum number. The eigenvalues are

E(312+ vNJM )  =  E  +  BV\N(N + 1) + (L\)\. (41)

D). 3П state
The symmetric matrix elements for а 3П state, whose basis set functions are 

11>11 — l)|u)|JOM) =  |X 1>, |1) |10)|u) | J 1M) = |X2>, |l) |ll) |v> |J2M) =  |X3), 
|-1>|11)|«)|J0M ) =  \X4),  I — l ) |10) |u > |J - lM ) =  |X 5 ) ,a n d |- l ) | l - l ) |u ) |J -  
2M) =  |X6), are given by

(XI Iя !Xl>
(XI \H\ X2)
(XI \H\ XZ)
(XI \H\ X4)
(XI Iя !X5)
(XI Iя !X6)
(X2 Iя !X2)
(X2 Iя !XZ)
(X2 Iя !X4)
(X2 Iя !X5)
(X2 Iя !X6)
( xz Iя !XZ)
(XZ Iя !X4)
(XZ Iя !X5)
(XZ Iя !X6)
<X4 Iя !X4)
(X4 Iя !Xb)

E — A +  BV\J(J +  1) +  1 + 
- B V[2J(J+ l)]1' 2,
0,
0,
0,
0,
E + BV[J(J  + 1) + 1 +  (L\)\,  
- B u[2(J + 2 ) ( J - l ) } 1' 2,
0,
0,
0,
E + A +  Bv [ J( J  +  1) — 3 + (L\)\,
0,
0,
0,
E — A -+• Bv [J(J +  1) +  1 + (ij.)]) 
- B V[2J(J+  1)]1/2,
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{ Xi \H\X6)  =  0,
(X5\H\X5)  =  E  +  BV\J{J +  1) +  1 +  (L l)],
(X5 \H\ X6)  =  - B V[2(J + 2)(J - l ) } 1'2,
(X6\H\X6)  =  E  +  A + Bv [ J { J + l ) - 3 + { L 2± )}. (42)

When A »  Hund’s case (a) occurs.
The eigenfunctions for levels of the state 3IT are

|3I W M )  =  ( |1 ) |1 -  1)|«)|J0M ) ±  I -  l ) |l l) |« ) |J 0 A f)) /2 1/2,
|3I W M )  =  (|l)|10>|u)|JlA f) ±  I — l>|10)|v>|J — 1M)) /2 1̂ 2,
|3n 2vJM)  =  ( |l) |ll)|t» )|J2M ) ±  I — 1)|1 — l)|v )|J  -  2 M ))/2 1/2.

(43)

The eigenvalues are respectively,

E(3U0 vJM)  =  E -  A +  Be [ J ( J + l )  +  l + ( i l ) ] ,
E f l h v J M )  =  E  +  BV[ J ( J +  1) +  l  +  ( l i ) ] ,
E(3H2 vJM)  =  E  +  A +  B „ [ J ( J + l ) - 3 + ( £ i ) ] .  (44)

When BVJ  >• A, Hund’s case (b) occurs.
The eigenfunctions for levels of the state 3П are

|3П vN =  J J M)  =  (2 ) -1/ 2|3n 0uJA/>
+ [ J{J  +  1)]-1/3|3П!« J M )

-  ((J -  1 )(J  +  2)/2J(J  +  l) ]1/2|3n 2uJM ),

|3П vN = J - 1 J M )  =  ( ( J - 1 ) /2 (2 У + l)]1/2|3n 0vJM )

+  [(J -  1)(J  +  1 )/J (2J  +  l ) ]1/2 |3n 1uJM )
+  [(J +  1)(J  +  2)/2J[2J +  1)]1/2|3П2п/М ) ,

|3П vN =  J +  1JM)  =  [ ( J + 2 ) /2 ( 2 J +  l)]1/2 |3n 0«JM )

-  \J(J +  2) / ( J  +  1)(2J +  l ) ]1/2 |3n 1uJM )
+  | J ( J -  1 ) /2 (J +  1 )(2 J +  1)У-!2\3Ъ ^ М ) .  (45)

The eigenvalues are

E f U v N J M )  =  E + BV[ N ( N +  ! ) - !  + (L2± )} (46)
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lg) Transformation between the laboratory-fixed 
system and the molecule-fixed system, the rotational 
wave function, and calculation of the electric dipole 

transition moments

The spherical component of the laboratory-fixed coordinates R(X, Y, Z) and 
the molecule-fixed coordinates r(z, y, z) are defined as

R ± i  = * { X ±  iY ) /2 1/2, Ro  = Z,
r±l =  =F (x ± iy)/21/2, r0 = z. (47)

The transformation between the laboratory-fixed system and the molecule-fixed 
system can be expressed by the rotation matrix DJMN. The coordinates R  and r 
are related by the following equations:

Rx =  £  Н л-* л 1А_«г«,
t= 0 ,± l

Г. =  £  D{t R x. (48)
Л=0,±1

The wave function | JQM) of the rotational part is expressed as

\JZIM) = ( - ) Af- n [(2J + l ) / ( 8^ ) ] 1/2JD iM_n. (49)

The matrix element of the laboratory-fixed R\  component of an electric dipole 
moment hrx can be calculated as

(A 'S'EVJ'n'M 'lM ftx\A.SZvJ{]M)
= ( - ) A- ‘ (A'5,E,u'|/ir,|A 5Et;)(J,n 'M ,|£>iA_t |JnM )

t= o ,± i

= ( - )A_<(A,5 ,E V |/ir,|A 5E u)(-)M- n [(2J, +  l)(2J + l )]1/ 2
t=o,±i
(  J  J> 1 \ (  J  J'  1 N
\ - M  M'  - A )  V -fi П' - t )  ‘

These matrix elements for any types of states are listed in [1].

(50)

2 . P ertu rba tions of the A *E+ and  6 3П„ s ta te s  of N a2

The perturbation between the A XE+ and b 3П„ states was known from the 
observation of a magnetic rotation spectrum for the red band A XE„ — X  1E^ [7- 
9]. Through absorption spectroscopy, the A XE„ state was found to be perturbed
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by the b 3Пи state [10], which separates into three Hund’s case (a) components 
b 3Пощ b 3IIiu, and b 3Ü2u* The excitation spectra of the A XE+ — X  ХЕ+ and 
b 3n 0u — X  1Tig bands of Na2 in a supersonic beam were first observed by Engelke 
et al [11]. Using a collimated supersonic beam, Atkinson et al [12,13] obtained more 
resolution, and observed transitions to the perturbed b 3Пои> b 3Hi„, and b 3Ü2u 
states. Shimizu and Shimizu [14] also observed the transitions b 3Пои — X  XE+ and 
b 3IIiu — X  ХЕ+. The vibrational numbering of the b 3Пи state was established 
by analysing the rotationally resolved fluorescence spectra resulting from optical- 
optical double resonance excitation [15]. More recently, the fluorescence spectrum 
of the (2) XE j  — A XE+ transition induced by collisional transfer following the 
B  1n u — X  XE+ excitation was measured at high resolution by Fourier-transform 
spectroscopy, and the spin-orbit interaction matrix element between the A XE+ 
and b 3Пи states as well as the molecular constants were reported [16].

2a) Energy shifts and spin-orbit interaction

We have applied the technique of polarization spectroscopy [17-19] to obtain 
a Doppler-free high resolution spectrum. We observed the polarization spectrum of 
Na2 around 15570 cm-1, where the A XE+ (u .= 8) and b 3ПЦ (и = 14) states are 
strongly perturbed near the band origin. Striking anomalies in the line intensities 
and shapes as well as the line positions were observed [20]. Some line spectra of the 
A XE+ (v = 8, J  — 1) — X  XE+ (u = 0, J) transitions are shown in Fig. 1.

The rotational levels of even J  values are symmetric and those of odd J  values 
are antisymmetric in a XE+ state. In a XE+ state, the odd J  levels are symmetric 
and the even J  levels are antisymmetric. The total nuclear spin quantum number 
of Na2 (h  = I2 — 3/2) can take the values I  — 0, 1, 2, and 3. The nuclear spin 
functions are symmetric for /  = 3 and 1, and antisymmetric for 1 — 2 and 0. Since 
the total wave function has to be antisymmetric for nuclei of half-integral spin, the 
nuclear spin states of even I  values are possible for the symmetric rotational levels 
and those of odd I  values tire possible for the antisymmetric rotational levels. The 
selection rules for the electronic transition XE+ — XE+ are Д J  =  ±1, and no 
change of the nuclear spin state. The spin-forbidden transition b 3П„ — X  XE+ is 
made allowed by the spin-orbit interaction between the A XE„ and b 3Пи states. 
The two mutually perturbing levels of both states must have the same J  value and 
the same symmetry. Therefore, the levels populated in the b 3Пи state with even 
J  values are antisymmetric and those with odd J  values are symmetric.

The term energies of the A XE+ levels with v=8 and J =0-13 cire calculated 
from the molecular constants reported by Kaminsky [21], and the results are shown 
in Fig. 2 as the unperturbed term energies (UPT). From the observed line positions 
in the A XE+ — X  XE+ transition and the molecular constants of the X  XE+ state 
[22], we derived the term energies for the A XE+ levels with t>=8 and J=0-13, and 
the results are shown in Fig. 2 as the observed term energies (Obs). From the 
molecular constants of the X  XE+ state [22] and the reported line positions of the
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P(9)

Fig. 1. J  dependence of the spectral line shape of perturbed lines of th e  A  1E Í(u  =  8, J  — 1) -  
X  ‘E j'fu  =  0, J )  transitions and the b 3П0»(и =  14, J  -  1) -  X  1E^‘ (u = 0, J )  transitions

b 3n 0u and b 3IIiu states [14], we derived experimental term energies for the b 3П0и 
and b 3ITiu levels with v=14 and J=0-13, and the results are shown in Fig. 2 as the 
observed term energies (Obs). The term energies of 3Ппи (fl = 0,1,2), which are 
intermediate between Hund’s cases (a) and (b), can be calculated by diagonalizing 
the symmetric energy matrix. The term energies for the b 3Пи levels with «=14 
and .7=0—13 are calculated by using the molecular constants reported by Effantin 
et al [16], and the calculated term energies for the b 3Пои and b 3IIi„ states are 
shown in Fig. 2 as unperturbed term energies. (UPT).

The unperturbed term energies of J= 9  in the A and b 3П0и states are 
close to each other, and this also holds for J = 8. From their relative positions 
(See Fig. 2), the J = 9 level of the A state is expected to be shifted by the 
perturbation toward high energy and the J = 9 level of the 6 3Пои state toward
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high energy. Both shifts cire estimated to be of almost the same magnitude. The 
directions of the shifts will be opposite for the J —8 level. The J  assignments for 
strongly perturbed lines of the A (v — 8) — X  (v =  0) transition were 
made by using these results. These assignments are confirmed by the hyperfine 
structure, as shown below.

E/cm*1 
15 680

13-------------

12-------

Fig. S. Term energies of the states A  l E Í ( u =  8), b 3По«(ы =  14) and b 3ITi»(v =  14)

The perturbation between 3П and 1£ + is caused by the spin-orbit interaction 
HBO, and this occurs between levels of the same J. The perturbed term values 
can be calculated by solving the 4x4 secular determinant composed of Hund’s case
(a) states b 3Ппи (П =  0,1,2) and А *£+. The perturbing coupling constant £ 
is determined so that the calculated А *1!+ — b 3Пои splittings fit the observed 
splittings. Once the value of £=1.272 cm-1 is determined, we can calculate the term 
values of the b 3Пои) b 3П1м, b 3П2и, and A *£+ states as well as the eigenfunctions. 
The results are listed in Table I.

Sb) Hyperfine structure

We observed the hyperfine structure for strongly perturbed lines of the 
A *£+ — X  *£+ and b 3Пои -  X  1£+ transitions (Fig. 1). We could not 
observe the hyperfine structure for unperturbed lines in the A 1 £„ — X  1£^ 
band. The hyperfine splitting of the X  *£+ state was reported to be negligibly 
small [23]. Therefore, the observed hyperfine structure can be attributed to the 
hyperfine splitting of the b 3П„ state. The observed hyperfine patterns were quan
titatively explained [13] by the magnetic dipole term:

Hhf» = +  # atd(2)> (51)

where Hm d (*) is the interaction between the electrons and nucleus t (t = 1, 2). The 
matrix elements are given by [24]
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T ab le  I
Perturbed term  energies (PTE) and eigenfunctions of the A  1E Í ,

4 3По», and 6 3I I iu s ta te  expressed as a linear combination of th e  Hund's
case (a) wave functions: C i |3n 0u) +  +  С з |3П2и) +  C'a!1 )

S tate J Р Т Е
[cm“ 1] C i

Eigenfunctions
C 2 C3 С*

A 'E Í 0 15652.5587 0.4003 0.0000 0.0000 0.9164
1 15652.7796 0.4053 -0.0288 0.0000 0.9137
2 15653.2223 0.4156 -0.0498 0.0019 0.9082
3 15653.8889 0.4322 -0.0704 0.0042 0.8990
4 15654.7829 0.4564 -0.0914 0.0072 0.8850
5 15655.9098 0.4899 -0.1135 0.0109 0.8643
6 15657.2784 0.5345 -0.1378 0.0153 0.8337
7 15658.9020 0.5911 -0.1653 0.0206 0.7892
8 15660.7992 0.6578 -0.1963 0.0270 0.7266
9 15660.5054 -0.6312 0.1406 -0.0176 0.7626

10 15662.8571 -0.5390 0.1261 -0.0169 0.8326
11 15665.3726 -0.4482 0.1079 -0.0153 0.8873
12 15668.0549 -0.3683 0.0899 -0.0133 0.9253
13 15670.9133 -0.3031 0.0742 -0.0113 0.9500

Ь3По„ 0 15649.0912 0.9164 0.0000 0.0000 -0.4003
1 15649.3553 0.9132 -0.0350 0.0000 -0.4061
2 15649.8825 0.9064 -0.0600 0.0018 -0.4181
3 15650.6711 0.8956 -0.0832 0.0038 -0.4371
4 15651.7179 0.8794 -0.1045 0.0064 -0.4644
5 15653.0176 0.8562 -0.1231 0.0093 -0.5016
6 15654.5616 0.8232 -0.1376 0.0123 -0.5507
7 15656.3372 0.7765 -0.1465 0.0150 -0.6127
8 15658.3257 0.7126 -0.1478 0.0169 -0.6857
9 15662.9922 0.7276 -0.2299 0.0344 0.6454

10 15665.5004 0.7899 -0.2635 0.0426 0.5521
11 15668.3322 0.8365 -0.2945 0.0510 0.4592
12 15671.4846 0.8665 -0.3217 0.0595 0.3770
13 15674.9487 0.8833 -0.3456 0.0679 0.3095

63rii« 1 15656.7982 0.0437 0.9990 0.0000 0.0121
2 15657.3671 0.0753 0.9949 -0.0639 0.0203
3 15658.2204 0.1056 0.9889 -0.1004 0.0272
4 15659.3580 0.1350 0.9812 -0.1337 0.0328
5 15660.7796 0.1633 0.9720 -0.1650 0.0372
6 15662.4852 0.1906 0.9613 -0.1949 0.0403
7 15664.4748 0.2168 0.9494 -0.2235 0.0423
8 15666.7483 0.2419 0.9364 -0.2507 0.0433
9 15669.3056 0.2659 0.9224 -0.2766 0.0437

10 15672.1469 0.2887 0.9078 -0.3012 0.0434
11 15675.2720 0.3105 0.8925 -0.3245 0.0427
12 15678.6809 0.3312 0.8767 -0.3464 0.0416
13 15682.3737 0.3508 0.8606 -0.3671 0.0404
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{S'k 'n 'v 'J ' ih l^rF'M'r lHMDWlSKi)  v J { h h ) I F M F)

= ÍFF 'ÍA í,A /;(-l)1+íl+ÍJ+f’+ /+ í'+J+,;7i(*-S"A,S ,nVSAEnv) 

х[(2/ + 1)(2/' + 1)(2J + 1)(2J' + l)]1/2

( J ' l { h h  I  \ ( F Г J ' \
V -n ' ДП U Г  M \ 1 J  i )

/lítS'A'E'nVjSAEfíw)

= [Л(Д  +  1)(2Ji +  l)]1/,3[5E 'E 55 's(-l)“ n Ga'a(*)

+ ( - ! ) - * « « •  ( g  _ ‘ в Д , ) ( Л1Е _Д 21_ ДА A ) í >a-*W

_ > E _SE ) и

where F = J  + I, ДП = fl' -  ft, ДЕ = E' -  E, and ДА = A' -  A. Da'a(*) is 
the reduced matrix element of the interaction between the electron spin and the 
magnetic dipole moment of nucleus t:

0 A 'a (*) =

-  g»gii^B t* N (S '^ v ' \ \^ 2 (^ /5 )1/2T1(se) Y 2(eie^ i e)/r^e\\S\v)iJ,0/4n.
(54)

Сд'а(») is the reduced matrix element of the interaction between the electronic 
angular momentum and the magnetic dipole moment of nucleus i:

G a ' a ( 0  = -Igii Pb P n  (A'«' II [le ) / r f e \\A.v)fi0/4n.  (55)

ä A'a(») is the reduced matrix element of the Fermi contact interaction:

*A'a(0  = - (8 îr/3)ff.fl'/.MBMAiÎA'A(5'AV||^î,1(se)A(r<e)||5Av)Mo/4Jr) (56)
e

where ца, цв  and un are respectively the permeability of a vacuum, the Bohr 
magneton and the nuclear magneton, r<e is the distance between a nucleus i and an 
electron e, T 1 and Y 2 гаге respectively the spherical tensor operators of rank 1 and 2.

The matrix elements of the hyperfine Hamiltonian in Eq. (51) between the 
three Hund’s case (a) states 3Пп (П = 0,1,and 2) and the 1E+ state are symmetric.
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When evaluated using Eqs (52) and (53), they become:

<3По|Ям1>3По) 
f n o l t f W l l ! )  
(3Tlo\HMD3n 2) 
(3П0|Я м с 1Е+) 
<3n x| ЯМВ3Щ) 
(3П1|Яд/£>3П2)

<3П2|ЯМо 3П2)
<3П2|Ям ^ 12 + )
(1Е+ |ЯМи 12 +)

О,
[Z/24(X)1/2][(10)-1/2jD11 -  (3)1/2Я 11],
О,
О,
[Z/24(A’)1/2]6Gu (A ')-1/2,
[Z/24(X)1/2][(10)-1/2Z?u  -  (3)1/2Я ц](1 -  2/Х)1' 2, 
[^/24(ЛГ)1/2](3/5)1/2£>10,
[7/24(Л:)1/2)[(16/5)1/2Я и  + 12GU +  (24)1/2Я 11](Х )-1/2, 
О,
О, (57)

where Z — F ( P + 1) — J ( J  + 1) — /( /+ 1 )  and X  = J ( J + 1 ) .  The select ion rules 
for the present electronic transitions are A F  = A J  = ±1  and no change of the 
nuclear spin. For a given J  and I, F takes values of J  + 1, J  + I  — 1, . . . ,  | J  — J|. 
In the A XE+ state and the coupled b 3П„ state, the hyperfine structure pattern of 
rotational lines for even J  values consists of 7+3 components corresponding to 1=3 
and 1, while for odd J  values it consists of 5+1 components corresponding to I = 2 
and 0. From the observed hyperfine structure of P(9) and Я (10) (Fig. 1), we can 
confirm the assignment of J  to be correct. All the nonvanishing matrix elements 
in Eq. (57) are proportional to Z. Hence, the hyperfine splitting increases with J. 
The term energy of each component can be calculated by solving the 4x4 secular 
determinant for the Hamiltonian Я  + H,0 +  Because the observed hyperfine
splittings are much smaller than the separation between the term energies for a given 
J, the A — b 3П„ mixing coefficients in the eigenfunctions for Я + H,0 + Hhf» 
can be approximated with good accuracy by the mixing coefficients for Я  +  Hto.

2c) Intensity and line splitting

Let us consider the change of intensities. The line intensity of a P(J)  line of 
even J  is proportional to [20]

(C4)4 J 2(2J2 + J  -  1)2/36(2J -  1)2(2J +  l )4

multiplied by 6(2 J - l) ,  which is the number of degenerate transitions. The cal
culated relative intensities of Я(2),Р(4),Я(6),Я(8),Р(10), P(12),P(14), and P(16) 
are, respectively 0.3, 0.7, 1.0, 0.9, 1.0, 2.3, 3.5, and 4.5. The observed intensities 
are 0.4, 0.8, 1.0, 1.0, 0.9, 2.5, 3.1, and 4.1, respectively. The intensities of strongly 
perturbed lines of the transitions to the A 1E J and b 3По« states are almost of
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the same magnitude (see P(9) lines in Fig. 1). This is consistent with the fact 
that the mixing coefficients [C\ and C4 for A 1EJ, Ci and C4 for b 3Пои) of the 
*E+ and 3По„ states are almost equal at J= 8 of both states A 1E j(u  =  8) and 
b 3n 0u(u = 14). The change of line splitting as a result of the hyperfine interaction 
is different for transitions to the A 1E+ and b 3Поц states (see Fig. l). Thus, the 
intensities give important information on the mixing of the perturbing states.

H. K. and M. B. are grateful to the M inistry  of Education (Science and C ulture) of Japan 
for Grant-in-Aid for Scientific Research.
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TIME-RESOLVED MOLECULAR CHEMILUMINESCENCE 
FROM REACTIONS OF Caf P ^ D )  ATOMS WITH N20*

G . R o b e r t s
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(Received 24 Septem ber 1988)

Chemiluminescence from electronically excited CaO generated by reaction of me
tastable Ca(4«4p(3P j ) )  and Ca(4s3d(1D y)) atom s with N20  is investigated in th e  time- 
resolved mode under bulk conditions. By monitoring molecular emission from some 41 
transitions, the time dependence of chemiluminescence from excited CaO states is com
pared with th a t for decay of emission from the atom ic precureor s ta tes from which they  are 
derived, enabling form ation of specific product states to  be ascribed to  either direct genera- 
tion from chemical reaction between Ca(3P )  and C a(l D) atom s w ith N20  or to  an  energy 
transfer mechanism involving the metastable atom s and long-lived dark states of CaO. The 
different routes leading to  specific molecular states are found to  be in accord w ith simple 
energetic considerations and correlation rules governing the conservation of spin and spa
tial symmetry. M easurements of vibrational tem peratures in one particular product state, 
CaO (A* JII), indicate some degree of vibrational excitation accompanying these processes. 
Relative populations in all emitting states of CaO are found to  be in agreement w ith the 
results of molecular beam experiments.

In addition to  the study of electronic chemiluminescence from CaO, effective second- 
order quenching rate  constants are determined for collisional removal of Ca(3P )  and Ca( l D) 
atom s via all available physical and chemical pathways. M easurements over a wide range 
of tem perature lead to  estim ates of activation energies for quenching of both Ca sta tes by 
N20 .

1. In troduction

The last ten or more years have witnessed a marked proliferation of both spec
troscopic and kinetic investigations of the reactions of alkaline earth metal atoms 
with O-atom-containing species. Several review articles now exist which provide 
a critical appraisal of much of this work [1-7]. Interest in these processes stems 
from the fact that there are usually a number of energetically accessible exit chan
nels available, leading to several electronically excited states of the diatomic metal 
monoxide product whose formation and decay can be probed either by chemilu
minescence or laser fluorescence excitation. Much of this work has therefore been 
triggered by the possibility of stimulated emission between electronic levels of the 
metal monoxide reaction products, leading to the proposed development of high- 
power chemical laser systems operating in the visible and ultraviolet regions [8].

•Presented a t the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 Septem ber 1988
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9 2 G. ROBERTS

From a fundamental point of view, it is of paramount importance in attempt
ing to obtain even a rudimentary understanding of the collision dynamics of excited 
metal atom plus oxidant systems to be able to predict branching ratios for those 
product electronic states which are energetically accessible and to identify the fac
tors that govern their nascent formation [9]. These reactions thus afford an ideal 
opportunity to test current theories which attempt to explain their many and varied 
characteristics, especially the number and type of product states.

Fig. 1. Energy level diagram showing electronic states of CaO below 3.6 eV and available energies 
for reactions of C a( 1S ,3P ,1D) atom s with N2O

Reactions of ground-state and electronically excited Ca atoms are particularly 
well documented, having been studied extensively under molecular beam conditions 
[10-17] and in low-pressure flames [18-21]. Several early molecular beam investi
gations of alkaline earth atom reactions, like their alkali metal counterparts, con
centrated on the measurement of differential scattering cross sections and product 
angular distributions [3,4,11]. It was realized, however, initially by Zare and co
workers [10], that the light-producing efficiency of these processes may be employed 
as an in situ spectroscopic and dynamical probe for reaction products. Many later 
experiments carried out in similar vain have taken advantage of this fact, and have

Acta Phytica Hungarica 67, 1990



TIME-RESOLVED MOLECULAR CHEMILUMINESCENCE 9 3

been directed primarily to the measurement of electronic energy disposal amongst 
reaction products [1,12-17], leading to photon yields and chemiluminescence cross 
section for production of radiating states. Much of the flame work has also been 
approached from a spectroscopic point of view, leading mainly to product emitter 
analyses [18,19,22-24].

This paper addresses the task of obtaining direct information in real time on 
the identity of the exit channels giving rise to a large number of specific prod
uct states from the reactions of metastable Ca(4s4p(3Pj)) and Ca(4s3d(1Z?2)) 
atoms with N2 О under bulk conditions. The energetics of these processes is pre
sented pictorially in Figure 1, which displays the available reaction energies for 
Ca(4s2(1So),4s4p(3P j),4s3d(1£>2)) + N2O [7,25]. We have previously determined 
radiative lifetimes of 0.331 ±  0.008 and 1.71 ±  0.03 ms for Ca(3P) and Ca(1D) 
respectively [26,27].

Our aim of identifying and differentiating between different pathways leading 
to specific radiating product states is realized by simultaneous characterization of 
the temporal behaviour of electronically excited CaO states and their atomic pre
cursors Ca(3P) and Caf1!)). By making quantitative use of relationships between 
the parameters describing the time variation of emission from molecular and atomic 
states, chemical and energy transfer routes leading to different CaO products are 
distinguished. Measurements of emission intensities further permit estimation of 
relative populations of radiating states and also vibrational temperatures. Appar
ent rate constants for quenching of Ca(3P) and C a^D ) atoms by N20  as a function 
of temperature are also reported, leading to activation energies for overall collisional 
removal of both excited atomic states.

2. Electronic spectroscopy of CaO

It is readily apparent that an understanding of the complex state manifold 
of CaO and the radiative properties of excited states is an essential prerequisite 
for determination of the mechanisms of chemiluminescence reactions in which these 
species are formed. The visible and near infra-red spectrum of CaO, a major portion 
of which comprises the chemiluminescence observed from the Ca.(3 P^D ) + N20  re
actions, is somewhat complex, and indeed has not yet been unambiguously assigned 
[19,22-24,28,29]. The ordering of electronic states of CaO lying below about 3.6 eV 
above the X 1E+ ground state [29] is shown in Fig. 1. For the well-known singlet 
states A 1£ + , В 1П and C 1£ + term values have been taken from the compilation 
of Huber and Herzberg [28]. Space limitations preclude a full description of how the 
energies of all other electronic states of CaO were estimated other than to note that 
they rely heavily on the spectroscopic investigations of Field and co-workers [22- 
24,29] and complementary theoretical calculations [30,31]. Details may be found 
elsewhere [25,27]. The term manifold shown in Fig. 1 is employed in Section 3 to 
assign chemiluminescence from CaO monitored in this work.
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3. Experim ental

The experimental arrangement used for studying molecular chemilumines
cence from the Ca(3P ,1£)) + N2O reactions has been given in previous publications 
[25,32] and so only a brief description is given here. Metastable Ca atoms were pre
pared from the ground-state vapour by laser excitation in the presence of small 
varying concentrations of N20  diluted by 39.9966xl02N/m2 of He in a stainless 
steel reaction cell constituting a quasi-static kinetic system. Optical excitation of 
Ca(3Pj) and C a a t o m s  was accomplished using a Nd:YAG-pumped pulsed 
dye laser [25,26,32]. Generation of the Ca(4s4p(3Pj)) state, lying 1.888 eV above 
the 4s2(1So) ground state [33], was achieved by laser pumping of the intercom
bination line at A = 657.3 nm (Ca(3Pi)+— Ca(xSo)). Following rapid Boltzmann 
equilibration of the population within the individual spin-orbit states of the triplet 
manifold [34], the decay of Ca(3Pj) was monitored in the time-resolved mode by 
resonance emission spectroscopy. Сл^АзЗсЦ1 D^)) atoms, lying 2.709 eV above the 
ground state [33], were excited by optical pumping at Л =  457.5 nm corresponding 
to the electric-quadrupole-allowed transition Ca(1£>2)<—Ca(x5o) and also monitored 
at the resonance wavelength. Atomic and molecular emission signals were optically 
isolated by means of a small monochromator, employing fixed slits of width 300 
A*m for increased light-gathering power, and detected photoelectrically [32]. Signal 
averaging was performed using a Boxcar integrator, the output from which was 
transferred to a microcomputer for data storage and analysis [26].

T ab le  I
Electronic/vibronic transitions of CaO at wavelengths Л < 800 nm monitored in the 

time-resolved mode following pulsed dye-laser generation of C a(3P )  and Ca( 1 Z>) atom s
in the presence of N jO

1. CaO orange arc band system (a)
СаО(8<72З х 34х 8<тЗх44х) -» СаО(Аа П, а 3П,-, (Ь)3£ + )  + hi/; A «  580 -  635 nm.

Transition Electronic Ae/n m Ao,o/nm A o b . / n m

number assignment

1 3Е~ — о3П, 602.2 602
2 с!3Д , -♦ а3П, 608.6 608.5 609
3 -* а 3П, 611.0 611.1 611
4 1£ -  -♦ А '1 П 613.5 614
5 d3 Д 2 — Аа П 620.2 620.1 620
6 В ^ *  — (4)3Е + 621.5+3*-2
7 В *Д  — АМП 622.7 622.8 623
8 «3П, — (6)3£  + 6 2 3 .8 Í8 3 ®
9 (с)3£ +  -  а 3П,- 6 2 8 .4 Î^ ;J 632

2. CaO green arc band system (a) 
С а0 (8 о 210оЗх3 , встЮоЗх*) -» СаО(Ап П о3П,-, (b)3 E +) + hi/\ A R i 540 -  565 nm.

10 547
П 550
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T ab le  I (continued)

3. СаО(Аи П -» X 'E + )  band system

Transition
number

Vibronic
assignment
v ',v "

^caic/nm ^ob*/nin

12 9,1 796.1 (b)
ДЗ 12,3 792.8 793
14 15,5 789.9 790
15 8,0 782.3 782
16 11,2 779.3 779
17 14,4 776.7 777
18 10,1 766.0 766
19 13,3 763.7 764
20 9,0 752.8 753
21 12,2; 15,4 750.9; 749.4 750
22 11,1; 14,3 738.3; 737.0 738
23 10,0; 13,2 725.8; 724.8 725
24 12,1; 15,3 712.8; 712.4 713
25 11,0; 14,2 700.9; 700.7 701
26 13,1 689.2 689
27 15,2; 12,0 678.4; 677.8 678
28 14,1 667.4 667
29 13,0 656.5 657(c)
30 16,1 647.1 647
31 14,0 636.7 637(d)
32 15,0 618.2 618(d)

4. CaO(Al E + — X l £ + )  band system

Transition
number

Av sequence Acalc/n m (e ) ^ob$/пГП

33 -2 769.5 -  772.7 770 -  773
34 -3 731.0 -  733.6 731 -  734
35 -4 6953 -  698.7 695 -  699
36 -4 695.3(f) 695
37 -5 663.1 -  667.1 663 -  667
38 -6 634.0 -  638.0 634 -  638(d)
39 -7 607.4 -  611.0 607 -  611(d)
40 -8 583.2 -  585.8 583 -  586(d)
41 -9 560.9 -  562.3 561 -  562(g)

(a) Configurations of valence electrons of CaO taken from  References [22,23,30]; (b) Not observed, 
ou t of range of infra-red detection; (c) Overlaps with C a(3P i  —*1 So) atom ic intercombination line; 
(d) Overlaps with CaO orange arc bands, (e) Wavelengths calculated for v 1 < 10; (f) Vibronic 

assignment (see Section 3); (g) Overlaps CaO green arc bands.

Decay traces for Ca(3P) and Ca.(1D) atoms were recorded as a function of 
quenching gas pressure over the temperature ranges 725-1100 К and 750-1100 K, re
spectively. Higher-lying atomic states of Ca, generated by energy pooling collisions 
between metastable Ca(3P) and Ca^D) atoms [26] were observed at temperatures
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greater than about 950 K following excitation of both atomic states in the absence 
of significant concentrations of quenching gas. An earlier study has indicated that 
fractional yields of short-lived highly excited atomic states, [Ca*]t=o/[Ca(3Pi)]t=o 
and [Ca*]t=o/[Ca(1D2)]t=oJ are of the order of 10~5- 10-7  in 39.9966xl02 N/m2 
of He at T  =  1100 К [26]. Energy pooling collisions notwithstanding, decay traces 
for laser-excited Ca(3P) and Ca]1 D) atoms were always observed to be kinetically 
first-order under the conditions of temperature and pressure employed in this work.

Electronic transitions of CaO monitored as a function of time following the 
Ca(3P ,1£>) + N20  reactions are displayed in Table I. That the observed molecular 
chemiluminescence arises from a mechanism involving the metastable Ca(3P) and 
Ca(xD) states with N20  was confirmed by the failure to observe molecular emission 
from excited states of CaO when the supply of oxidant gas was extinguished and/or 
when the laser excitation source was prohibited from probing the reaction zone. 
The number of molecular transitions that could be readily monitored was found, 
as expected, to vary with temperature. Those transitions which were recorded 
at each of the temperatures investigated in this study have been listed elsewhere 
[25]. It may be noticed that the Av — -4 transition of the A 1£ + —» X 1£ + band 
system is listed twice in Table I (Transitions 35 and 36). The reason for this is 
that following reaction of Ca(3P) atoms with N20, the A v  — -4 sequence can be 
ascribed specifically to the v1 = 4 —*• v" = 0 transition with the aid of the energetics 
appropriate to the E  -  (E,V) transfer processes thought to be established following 
initial О-atom abstraction by the excited metal atom (see Section 4(b)), whereas 
for Ca(1P ) + N20  it cannot.

In assigning individual transitions of the celebrated ‘orange arc band’, we 
have been guided by the recent observations of Field and co-workers [22,23], who 
have extracted deperturbed spectroscopic parameters for the а3П;, А' 1П, d3A  and 
D lA  states from a rotational analysis of some 900 lines of the orange arc band 
by sub-Doppler intermodulation spectroscopy. Computed wavelengths Ae for (hy
pothetical) transitions between the minima of p.e. curves of the upper and lower 
electronic states as well as calculated wavelengths Aoo for transitions between the 
lowest vibrational levels of the same electronic states are shown in Table I. The 
assignment of individual electronic transitions to the ‘green arc band’ system in
vokes [23] upper electronic states of CaO of valence configurations 8cr2ЮстЗя-3 and 
8а2 ЮсгЗтг4 whose term energies have yet to be determined, either experimentally or 
by ab initio computation. For this reason, the assignment of individual electronic 
transitions to the green arc band system is not given.

The identification of lines within the A 1£ + —♦ X 1£ + and А' *П —* X 1E+ 
band system is facilitated by the assigned peak positions for the Av sequences of the 
A 1E+ —► X 1£ + system taken from [29] and band-head positions of the strongest 
А' *П —» X  1£ + vibronic lines reported in [24]. Vibrational assignments were made 
using the equilibrium vibration constants reported by Field and co-workers [24,29], 
from which calculated wavelengths Acaic are presented in Table I. Owing to the simi
lar spacing of vibrational energy levels in the CaO(A XE+) and CaO(V 1E+) states 
coupled with the necessarily limited spectral resolution of about ± 1 nm for the 
present experimental arrangement, only A v  sequences of the A JE+ —» X  1£ + band

Acta Phyrica Hwngarica 67, 1990



TIME-RESOLVED MOLECULAR CHEMILUMINESCENCE 97

system were monitored in emission. The very off-diagonal A 1E+ —* X 1 £ + Franck- 
Condon array ensures that a range of Av  sequences can be observed within this elec
tronic band system [25]. Individual vibronic transitions within the А! 1П —► X  x£ + 
band system could be distinguished however, on account of favourable molecular 
constants [24,29] giving rise to appreciably different spacings between vibrational 
levels of the two electronic states. Since the А' 1П —+ X  XE + Franck-Condon array 
is also off-diagonal, a broad range of v'-levels of CaO( А' 1П) could be observed dur
ing the present experiments. The search for, and assignment of, bands belonging 
to the A 1 £ + —► X 1E+ and А! 1П —» X 1E+ band systems in the blue and green 
regions was terminated at v' < 10 for CaO(A 1E+) and v' < 15 for CaO(A' 1П) 
due to severe spectral congestion of lines at higher frequencies and a lack of reliable 
spectroscopic information pertaining to high »/-levels of the emitting states. Ob
served wavelengths Л<&,, also listed in Table I, are those wavelengths at which the 
intensity of molecular chemiluminescence was observed to be a maximum.

4. Results and  discussion

(a) Production of radiating CaO* states by chemical reaction

Figures 2(b), 2(c) and 2(d) give examples of time-resolved molecular chemi
luminescence from the orange arc bands (CaO(d3Д)—»СаО(а3П<) +  hv) at A= 
608.5 nm, the green arc band at A »537 nm and the A' -  X band system (CaO(Л' ХП 
v' — 15)—>CaO(A’1E+u" = 0) + hv) at A=618.2 nm of CaO (Transitions 2, 10 and 
32 of Table I) following pulsed laser generation of Ca(3P) atoms in the presence 
of N2O at T = 1100 K. Within a 10% statistical error, each of the chemilumines
cence decay traces shown in Figs 2(b), 2(c) and 2(d) are characterized by the same 
pseudo first-order decay coefficient as that for the decay of atomic fluorescence from 
Ca(3Pi) shown in Fig. 2(a). Exponential decay traces such as these were observed 
for emission of electronic chemiluminescence from the upper orange and green arc 
band states and from the v' = 13, 14 and 15 vibrational levels of the A '1П state 
following optical excitation of Ca(3P) atoms (Transitions 1-5, 7, 9-11, 14, 17, 19, 
21-32). A similar relationship between the time dependence of orange and green arc 
band chemiluminescence and atomic emission arising from Ca.(1D) atoms following 
laser generation of this state was also observed.

In those cases where the time dependence of molecular chemiluminescence 
follows the exponential decay of the metastable precursor atoms, we may postulate 
that radiating states of CaO arise from direct reaction between the excited atomic 
states and NgO via the processes:

Ca(3P) + N20  — CaO* +  N2; (1)
Са(хР ) + N20  — CaO* + N2. (2)

In view of the short mean radiative lifetimes of the electronically excited product 
states CaO* of interest here [14,16,31], [CaO*] may be placed in stationary state on
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Fig. S. Exponential tim e dependence of atom ic fluorescence from Ca(3P j ) and molecular chemi
luminescence from CaO*, fF(cfcem). following laser excitation of Ca(3P i)  in the presence of

N20  a t T  = 1100 K.

(ряе =  39.9966xl02 N /m 2; [N20] =  2.0 x  1013 molecule cm - 3 .)
(a) С а(3Ял) — C a(1S0) + hv, A =  657.3 nm.
(b) C aO (d3A) — C aO (a3n t ) +  hv\ A =  608.5 nm  (orange arc band).
(c) CaO green arc band; A =  547 nm.
(d) C aO (A ' 1П u' =  15)—CaO(AT »E+ v" = 0) + hu, A =  618.2 nm.
(A dapted from Reference [25])

account of its rapid removal by spontaneous emission. It may readily be shown that 
the time dependence of molecular chemiluminescence from CaO* states populated 
via reaction (1) is given by [25]:

Ichem(CaO*) = ^!aÂ:i[N20 ][Ca(3P j)]1=o exp(-A)pi), (3)

together with an analogous expression for the chemiluminescence emitted from re
action (2). Here ф\ is a time-independent constant which reflects the fraction of 
molecular chemiluminescence collected by the detection apparatus and arbitrary 
electronic amplification of the time-resolved signal, a  represents the branching ra
tio for formation of a specific electronically excited product state, ki is the rate 
constant for reaction (1) and k'P is the first-order decay coefficient for removal of 
Ca(3P). Equation (3) thus predicts that first-order decay coefficients for chemi
luminescence from these CaO* states should be equal to that describing decay of 
atomic emission from the metastable Ca states from which they are derived, as 
found above. The variation of first-order decay coefficients k'P derived from equa
tion (3) with N2О concentration yields an estimate of the effective second-order

Acta Phgrica Hungarica 67, 1990



TIME-RESOLVED MOLECULAR CHEMILUMINESCENCE 9 9

rate constant, designated к^}^0 (Т), for collisional removal of Ca(3P) (or Ca(1Z))) 
atoms with N20. Values of k ^ 0 (T) should of course be identical to А^з0 (Т), the 
rate constants determined from atomic decay data (see Section 4(e)). We find this 
to hold to within a 10-15% uncertainty.

An adiabatic correlation diagram constructed on the basis of Cs symmetry 
in the collision complex and the weak spin-orbit approximation [25] indicates that 
whilst production of CaO(D1A) (one of the upper arc band states) from Ca(1Z>) 
-I- N20  reactants is adiabatically allowed, its formation from Ca(3P) + N20  is 
forbidden and must involve one or more surface crossings. Similarly, the low-lying 
А' 1П and A 1£ + product states of CaO correlate adiabatically with Ca.(x D) +  N20  
starting materials, though it is only for Ca(3P) as atomic reactant that we observe 
direct chemical production of the v' — 13-15 vibrational levels of CaO(A' 1П). For 
the Ca + N20  system, the adiabatic correlation rules do not therefore provide a 
reliable guide to the types of product oxide states formed.

(b) Production of radiating CaO* states by electronic energy transfer

Fig. 3. Bi-exponential time dependence of molecular chemiluminescence from CaO*, I chcm> follow
ing laser excitation of C a(3P i)  in th e  presence of N20  a t T  =  1100 K.

(р я е =  39.9966xl02 N /m 2; [N20] =  2.0 x 1013 molecule cm - 3 .)
(a) CaO(A' 1П v' = 8) — C& 0(X  l E +  v"  =  0) +  hv\ A =  782.3 nm.
(b) CaO(A' E+ v ' =  4) -» CaO (A  2E +  v"  =  0) +  hv; A =  695.3 nm.
(Adapted from reference [25])

Figure 3 gives examples of molecular chemiluminescence signals character
ized by a bi-exponential dependence on time. In the case of Fig. 3, typical data are
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presented for the specific transitions СаО(Л' 1П v' — 8)—►СаО(Х1Е+ v" =  0) + 
hi/ at À = 782.3 nm and CaO(A1E+ v' = 4)—»CaO(Jf1E+ v" = 0) + hv at Л 
=  695.3 nm (Transitions 15 and 36) observed following laser generation of Ca(3P) 
atoms in the presence of N2O. Profiles of this form were monitored for a number 
of molecular transitions following separate reaction of Ca(3P) and Ca^D) atoms 
with added oxidant: following excitation of Ca(3P) atoms, vibronic transitions 
out of vibrational levels v' = 8-12 of CaO (А' 1П) and vibrational levels v' =  2- 
4 of СаО(ЛхЕ+ ) (Transitions 13, 15, 16, 18, 20, 33, 34 and 36) exhibited bi
exponential kinetics; following excitation of Ca(1Z)) atoms vibronic transitions out 
of vibrational levels v' — 8-15 of CaO (A' 1IT) and vibrational sequences Av = -2-9 
of the CaO(A 1E+ —+ X 1E+) band system (Transitions 13-35, and 37-41) displayed 
an identical time dependence.

Chemiluminescence profile of the type portrayed in Fig. 3 may be seen to 
be consistent with an electronic energy transfer mechanism involving Ca(3P) and 
Са(хР) atoms and ground-state CaOJX1 E+) produced via reactions (l) and (2). 
The energetics of such energy transfer processes may conveniently be represented 
by the equations:

Ca(3P) + CaO(JT1E+ v -  0) — Ca^S) + C a O ^ ^  v < 4, An H v < 12),
(4)

Cai1!)) + CaO(A'1E+ v =  0) — Ca^Ä) + CaO(vl1E+ v < 15,An IIv < 28),
(5)

which indicate the accessible vibrational levels of CaO(A1E+ ) and Ca.O(A' 1П). 
Small quantities of long-lived electronically and/or vibrationally excited states of 
CaO, particularly СаО(а3Ц ), may also be generated via reactions (1) and (2), but 
are neglected in this simplified treatment. Restricting the present example to che
mical generation of CaO(Jf 1E+ ) via reaction (l) we may obtain the expression [25]:

IcHem(CaO*) = (<p2ß'ik1k4[Ca.(3PJ)}‘}=0/kp ) (exp(-k'pt)) -  exp(-2(kpt)) (6)

for the intensity of chemiluminescence as function of time assuming slow removal 
of CaO(X 1E+) at short times and an exponential decay of Ca(3P). An analogous 
expression for generation of excited molecular states via process (5) may likewise 
be derived. Here ß is the branching ratio for formation of CaO(X 1E+) via reaction 
(1) and 7 that for production of a specific emitting state of CaO* (= CaO(A 1E+ ) 
or C a O ^ '1!!)) via process (4). ф2 is a further time-independent instrumental 
constant.

The agreement between rate constants obtained from values of k'P derived 
from Eq. (6) as a function of N20  pressure and those determined from atomic 
emission measurements is usually to within 10-15%. Figure 4 shows examples of 
second-order rate constants derived from measurements of molecular chemilumi
nescence arising from direct chemical reaction and E  -  (E,V) transfer, designated 
*5& (Т ), plotted against rate constants Щ$̂ 0 (Т) obtained from measurements of
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t4o<T>/'0'"cm3 molecule"1 s"1

Fig. 4- P lo t of effective second-order ra te  constants for removal of electronically excited CaO*, 
against those for loss of m etastable atom s, k ^ ^ 0 (T),  at T  = 950 K.

(a) F ^ ° l0 [T)  derived from orange arc band versus fcJ/j 0 (T) derived from decay of C a(3P )
(b) derived from C aO (A 1E + —» X  1E+) band versus kâ Q(T)  derived from decay of 
C a(3P )
(c) derived from orange arc band versus ^ l 0 (T)  derived from decay of C a (1D)
(d) k ff° l0 (T)  derived from  C aO (A 1E + —► X  1'E+) band versus /Cffj 0 (T)  derived from decay of 
Ca(*D)

the decay of atomic emission from Ca(3P) and Ca(1Z?) at T = 950 K. The gradients 
of all graphs of the type shown in Fig. 4 are unity to within a 10-15% statistical 
uncertainty.

(c) Vibrational temperatures of CaO(A' *П)

Table I lists a large number of vibronic lines that were monitored in the 
CaO(A'1П —► X 1E+ ) system in these experiments, with transitions arising from 
vibrational levels v' — 8-15 of the А '1 П state inclusive. These can be employed 
to estimate the degree of vibrational excitation accompanying direct reaction of 
Ca(3P) atoms with N20  using equation (3) and E -  (E,V) energy transfer between 
both excited atoms and CaO(X XE+ ) using equation (6) via the effective vibrational 
temperature Tvib- The procedure adopted for determination of Т„<ь of СаО(Л' 1П)
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T ab le  II

Effective vibrational tem peratures Т„ц / K of СаО (Л ' 1П) product following reaction of Ca(3P) 
and Ca(*D ) atoms w ith N20  as a function of ambient reactor tem perature Tamb/ К  over which 

А '  1П —► X  1E"1" chemiluminescence could be monitored

C a(3P )+ N 20
W к

C a (l D )+ N 20
T . a / K

950± 5 1422t i l l 2183^37*

1000± В 1443 1 9 7 B Í« !

1050± 5 1412^237 1 9 2 8 ÍI“

1100± 5 1360ÍJ“ 1892j;|®*

product follows that given by Herzberg [35] and relies fundamentally upon the as
sumption of a Boltzmann population distribution amongst the vibrational quantum 
states of A 'l Yl state on the timescale of chemiluminescence measurements. Using 
this method, estimates of Tvib are determined from values of the maximum chemi
luminescence intensity Içhvem (max) for emission from vibrational levels v' =  8-15 of 
the A11П state at all ambient reactor temperatures at which the А! 1П —» X 1E+ 
bands could be observed. For production of CaO( А' 1П v' = 8-12) by E  -  (E,V) 
energy transfer following initial oxidation of Ca(3P), equation (6) indicates that 
Цкёт (max) is 8iven by:

Ichem (max) =  [N20][Ca(3 Pj)}?=0/4k'p , (7)

together with an analogous expression for collisional energy transfer involving 
Caf1!)) atoms to yield the v1 = 8-15 vibrational levels. For production of 
CaO(A' *П t/ =  13-15) by direct reaction of Ca(3P) atoms with N20 , Eq. (3) 
predicts that / “h.em(max) i® simply given by:

Ichem (max) =  ф1ак х [N2O][Ca(3P.,)]1=0. (8)

In order to determine effective vibrational temperatures from maximum chemi
luminescence intensities, values of Içhvem(max) are corrected for the effect of the 
fourth power of the transition frequency the appropriate FYanck-Condon
factor f v’v" and the variation of photomultiplier sensitivity with applied voltage 
across the tube. According to Herzberg [35], for a given ambient reactor temper
ature (and hence constant value of [Ca(3P j )]t=0 or [Ca(1£>2)]t=o) and N20  con
centration, Ichem(max)/ Фи* v" fv'v" f°r a particular transition is a measure of the 
maximum population in the specific upper vibrational level t/ of CaO(A' ХП) giving 
rise to that transition. Effective vibrational temperatures Т„,ь may be extracted 
from a linear plot of ln[(/”fc”m(max)/<^i/J/,,» /„>„<< )/arb. units] against G (t/)/cm -1
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in the normal manner [35]. Vibrational energy levels G(u') were computed assum
ing Morse potentials for both the А' 1П and states [25]. On account of
the uncertainty associated with determination of photomultiplier gain as a function 
of applied voltage, large statistical errors were computed for individual values of 
ln[(/”kgm (max)/ 4>Vyivn )/ arb. units] which swamp any errors incurred by the
assumption of Morse potential energy curves for the upper and lower electronic 
states.

Values of Г„*ь for Ca.O(A'1П) as a function of ambient reactor temperature 
ТатЬ Are listed in Table II. Whilst the uncertainties associated with these measure
ments are clearly large, it can be seen that a certain degree of vibrational excitation 
accompanies Ca^D )  +  CaO(X 1E+ )E  -  (E,V) energy transfer. This is not so 
pronounced for Ca(3P) as the atomic precursor, where the vibrational levels v' = 
13, 14 and 15 of CaO(A' 1П) lie above the exoergicity limit for energy transfer pro
cess (4). In this case, the observed values of Tv<b thus represent an overall average 
distribution resulting from both direct chemical reaction and indirect E  -  (E,V) 
energy transfer to yield СаО(Л' 1П).

(d) Electronic state distribution in CaO*

Relative populations in emitting electronic states of CaO may be estimated 
from values of ^ ^ ( m a x ) /^ J ,„ „  /„>„<< at (i) times tmax = ln(2)/Ä:p and \n{2.)/k'D 
following E ~(E,V) energy transfer using Eq. (7) and (ii) zero time for production 
of excited molecular states following chemical reaction using Eq. (8). Procedural 
details may be found elsewhere [25]: here we simply state the main conclusions 
that may be drawn from over 200 measurements of Цьиет(тах)/ф1У*̂ „ for the 
orange and green arc bands and the A 1E+ —► X 1E + and А' 1П —► Х : Е+ band 
systems. In the case of product CaO electronic states arising from collisions of 
Ca(3P) atoms with either N2O or CaO(XxE+), and allowing for the Boltzmann 
distribution of vibrational population within CaO [А' 1П) described above, the rel
ative populations of all product electronic states monitored here are of comparable 
magnitude, being in the range [CaO *]t=o(m«)/[Ca(3P1)],=0 «IO“ 6 -  IO“ 7. In the 
case of those molecular states arising from collisions of Ca]1 D) atoms with either 
N2O or CaO(X 1E+ ), the relative populations of radiating states giving rise to or
ange and green arc band chemiluminescence are approximately 10-4  -  10-5 , whilst 
for the lower-lying А' 1П and A 1E+ product states, values about 10-6  -  10-7 were 
determined. These results are in accord with those obtained from single-collision 
experiments [16,17], and may be broadly rationalized by application of the adiabatic 
correlation rules for determining symmetry-allowed pathways between defined re
actant and product states in that products which require only a limited number of 
surface crossings appear to be favoured. It may further be shown that the varia
tion of f “),jm(m a x )/^ 4,v n f v ' v "  with temperature is consistent with vapour pressure 
data for atomic Ca [25].
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(e) Atomic emission measurements

Although not of prime concern in this paper, it is worth mentioning that ap
parent second-order rate constants for collisional quenching of Ca(3P) and Ca(1J9) 
atoms by N2O may readily be extracted from time-resolved measurements of atomic 
emission at the resonance wavelengths as a function of quenching gas pressure. Rate 
constants kff2o(T) for both Ca(3P) and Ca^D) are extracted from plots of k'P or 
k'D against [N2O] at constant рне- We observe a breakdown in simple Arrhenius 
kinetics for both reactions at temperatures greater than about 900 K, which has 
been attributed [25] to additional rapid removal of both excited states by molecular 
O2 generated by thermal decomposition of N2O. /c ^ 0 (T) does not therefore rep
resent a fundamental second-order rate constant for collisional removal of the 3P 
or l P  metastable states by N2O across the temperature range 725/750 -  1100 K. 
This effect gives rise to a bi-exponential dependence of fc$j0 (T) on temperature, 
from which we may extract Arrhenius parameters for the bimolecular quenching 
processes for temperatures below about 900 K. By curve-fitting to the appropriate 
functional form we find that E ^t = 36.1 ±  11.6 kJ mol-1 and A = (3.5 хЮ-10
cm3 molecule-1 s-1 for Ca(3P) + N20  and = 17.5 ±  3.7 kJ mol-1 and A = 
(3.8 t? ;? )x l0 -1° cm3 molecule-1 s-1 for Ca^D ) + N20  [25,27].
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HIGH-RESOLUTION SPECTROSCOPY 
ON THE E 2E+ 4-  A 2E+ TRANSITION OF NO*
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A double-resonance technique combining a high power pulsed laser with a  narrow 
bandw idth cw laser is presented for the high resolution study of the NO molecule.

1. In troduction

In the last two decades several laser spectroscopic methods have been devel
oped to study highly excited electronic states of atoms and molecules. With the 
rapid progress of pulsed laser technology intense radiation ranging far into the ultra
violet has become available. Multiphoton processes or double resonance techniques 
using several pulsed lasers are successfully applied to reach the special electronic 
states one wants to investigate. The ultimate spectral resolution in these experi
ments is often determined by the bandwidth of the laser system used, although in 
many cases other broadening mechanisms, especially lifetime broadening, may be 
the limiting factor. With a typical bandwidth of pulsed laser systems of 0.01 cm-1 
or larger, this means the finer structures of the electronic states are not observable.

In combination with molecular beam techniques or other Doppler-width re
ducing or Doppler-free methods single-mode cw lasers allow a spectral resolution of 
several MHz. High resolution studies of this kind have been performed in the visible 
and near UV on both stable molecules and transient species [1]. A disadvantage of 
cw lasers, however, is the difficulty of reaching the far UV.

In this paper we present a double-resonance technique in which full advan
tage of specific properties of a pulsed laser and a cw laser is taken; the pulsed laser 
is used to reach high energy states whereas the cw laser is used for its resolving 
power. We investigated the NO molecule in a well defined collimated molecular 
beam. The excitation scheme we used is indicated in Fig. 1. Pulsed laser radiation 
around 226 nm is used to reach the first electronically excited A2E+, v'—Q state of 
NO. Population of single rotational levels, monitored by the laser induced A —* X  
fluorescence is possible. From the A2£ +, v'=0 state the NO molecules are excited

‘ Presented at the Conference on High Resolution Electronic Spectroscopy of Molecules, 
Tihany, Hungary, 19-24 Septem ber 1988
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with single frequency 600 nm cw radiation to the £ ’2S +, v'—O state. Both electron
ically excited states are studied under high resolution by detecting the resonant 
E  —* A fluorescence. The spectral resolution we obtained is mainly determined by 
the residual Doppler broadening due to the divergence of the molecular beam and 
is about 17 MHz. This resolution allows the spin rotation splitting constant 7 of 
the E2E+, v'=0 state to be determined. An effect of a heterogeneous perturbation 
between the E2E+ , u'=0 and the В 2П, u'=17 states is observed and analyzed. This 
perturbation had not been observed in previous [2] Doppler limited spectroscopic 
studies. Time resolved fluorescence from the excited states gives information on 
the magnitude of the radiative loss channels out of these states. The time resolved 
fluorescence from the .E-state allows the experimental study of a (more or less) 
isolated two-level system, with coherent pumping and with radiative losses out of 
both levels. The time dependence of this fluorescence could be correctly described 
using the optical Bloch equations.

! Î - - V  F, F,

Fig. 1. Selected poten tia l energy curves of NO and schem atic representation of the excitation 
process we used. Pulsed  laser radiation around 226 nm is used to  induce the A  <— X  transition, and 
in th e  next step cw laser radiation around  600 nm pumps th e  excited molecules further up to  the 
E -sta te . The В 2 П, u= 17  state lies a t alm ost the same energy as the E 2E + ,d= 0 state and a small 

effect of th e  perturbation betw een these states is seen in the E  *— A  spectra 
Fig. £. Energy level scheme of both 3E +  states of NO. T he inverted spin splitting, shown enlarged 
in th e  Figure, gives F i  levels that are higher in energy th a n  the Fi levels. In the left side of the 
Figure the two possible transitions to  the  N —0 level in th e  upper 2E+ sta te  are indicated (see Fig. 
4). Except for the lowest rotational levels, pairs of lines from  each p-doublet are seen. The weaker 
A J  = 0 transitions (th inner arrows) are not observed in th is case. Two lines belonging to  the 
sam e pair (e g. P i ( N )  and Pi(N))  are separated by the difference in (»-doubling in the upper and

the  lower state
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2. D escription o f th e  appara tus

The pulsed laser system consists of a dye laser operating on Coumarin 47, 
pumped with an XeF (351 nm) excimer leiser. The typical dye laser output of 
10 mJ in a 10 ns pulse was frequency doubled in an angle tunable /б-ВаВгО2 (BBO) 
crystal. With an efficiency of nearly 30 % several mJ of tunable UV radiation were 
produced at 226 nm. The bandwidth of the UV radiation was about 0.5 cm-1 , 
which is large enough to populate different fine-structure levels of the A 2E + , t/=0 
state simultaneously. The pulsed laser system operated most times at a repetition 
rate of 15 Hz.

The cw laser radiation was produced by a ring dye leiser (Spectra Physics) 
operating on Rhodamine 6G and pumped with 5 W of an Ar-ion laser. Relatively 
low output powers between 0.5 and 60 mW were used for the experiment. The 
bandwidth of this laser system, determined by high frequency jitter, is less than 
0.3 MHz. Single mode laser scans over a spectral range of about 40 GHz could be 
made.

To ensure high resolution the double resonance experiment was performed on 
a well-defined nozzle beam of NO molecules in a three chamber vacuum system. In 
the detection region, about 15 cm upstream of the beam orifice, the background 
pressure was below 10-5 mbar, to ensure collision free conditions. Here the counter- 
propagating pulsed UV laser beam and the cw red laser beam cross the molecular 
beam perpendicularly. Both laser beams were unfocused and have a more or less 
circular intersection with the molecular beam of typically 2.0 mm for the cw laser 
beam and a somewhat smaller value of 1.0 mm for the pulsed laser beam. The 
polarization of both lasers was in the same plane, although this turned out to be 
unimportant even at low laser powers (far from saturation); no effects of anisotropy 
of the double-resonance fluorescence were observed when the polarization of one 
laser was rotated with respect to the polarization of the other. The laser induced 
fluorescence was collected at right angles to both the molecular beam and the laser 
beams and imaged on the entrance window of a photomultiplier. This PMT has a 
quantum efficiency of about 25% in the 200-300 nm region whereas the quantum 
efficiency for radiation of around 600 nm is roughly a factor of three less. The flu
orescence signal thus obtained was fed into a boxcar integrator and simultaneously 
displayed on a digital oscilloscope. With an appropriate setting of the gate of the 
boxcar the total fluorescence, averaged over 10 or 30 samples, was measured and 
recorded on a strip chart recorder. Time resolved fluorescence curves were directly 
plotted from the oscilloscope.

In the double resonance experiment the pulsed laser was usually kept fixed in 
frequency to populate a certain rotational level N' in the A 2E+, v'=0 state. This 
first step was controlled by looking for the resulting A —► X  fluorescence. Once 
this laser was set at the correct frequency a cut-off filter transmitting essentially 
only radiation above 590 nm was inserted in front of the PMT, to block the UV 
background. The cw laser was then scanned and the resulting resonant E  —* A 
fluorescence, which is only a fraction of the total emission of the E  2E+, v' = 0 state, 
could be measured against a zero background level. The only radiation background
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was due to scattered cw laser light, which was almost completely eliminated by 
the use of a narrow boxcar gate. The absolute frequency of the cw laser, used to 
induce a certain rotational transition in the E  <— A band [2], was determined by 
the simultaneous recording of the well cataloged I2 absorption spectrum in a cell 
[3]. Linewidths and splittings between closely spaced lines were measured in terms 
of the free spectral ranges with an accuracy of several MHz.

Any combination of a pulsed laser and a cw laser causes a loss in duty cycle. 
It should be explicitly noted, however, that this loss is not as large as the ratio of 
the duration of a laser pulse to its repetition time. It depends on the experimental 
set-up as well as on certain properties of the molecular system under study. In the 
molecular beam machine the NO molecules travel with a speed of about 500 m /s 
and are irradiated with the pulsed laser over a length of 1 mm. With a repetition 
rate of 5 Hz this means that a fraction З.ОхЮ-5  of the beam is irradiated. With 
the high energy per pulse this fraction is excited very efficiently; in NO we nearly 
saturated the A *— X  step. Another important factor is the bandwidth of the pulsed 
laser. This bandwidth is very large compared with the residual Doppler width in a 
molecular beam, so all velocity groups are excited equally well.

For the second step to be successfully applied the lifetime of the intermediate 
electronic state should not be too short. The lifetime of NO (A2E+, v' — 0) is 
known to be about 200 ns [4]. During this lifetime the excited state molecules 
can absorb another photon. As the double resonance signal appears essentially in 
this period of time, the use of a boxcar with a gatewidth of 500 ns enables us to 
suppress both the scattered cw radiation and the dark current of the PMT. Due to 
the narrow bandwidth of the cw laser only a certain velocity group of excited state 
molecules is selected to be promoted to the next electronic state.

The application of two pulsed lasers is not a good alternative when one desires 
high spectral resolution. With two pulsed lasers, however, the lifetime of the excited 
E 2 E+ , t/ = 0 state can be determined directly, without the need to deconvolve the 
time resolved fluorescence curves. For this special purpose we used a second pulsed 
dye laser, pumped by a Nd:YAG laser and operating on R6G, with 1 mJ in a 6 ns 
pulse.

S. Spectroscopic investigation of th e  NO (E<—A) bands

S.l Theory

The rotational, fine and hyperfine structure of NO in both 2E+ states can be 
described by the effective Hamiltonian:

Я  =  BN2 -  D N 4 +  7N • S + Ы • S + cIzSz , (1)

where N is the angular momentum vector of the end-over-end rotation of the 
molecule, S is the total electronic spin vector and I is the spin of the nitrogen
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nucleus. The values for the rotational constant В as well as for the centrifugal 
distortion D for both 2E+ states are taken from the work of Amiot et al [2]. An 
accurate value for the band origin vqo of the f?2£ + , v = 0 <— A 2£ +, v =  0 elec
tronic transition was also given in their work. The spin rotation interaction 7N S  
splits each N  level by an amount 7 (N  + 1/2) into two J-levels, where J = N + S. 
For the NO (A2£ + , t>=0) state the magnitude of this 7 constant is well known 
from a Doppler-free two photon spectroscopic study of the NO [A «— X) transition, 
using a cw ring dye laser, as 7 = -  (80.35 ±  0.15) MHz [5]. A negative value for 
this constant 7 means that F\ levels (J = JV +l/2) are lower in energy than Fi 
levels {J  = N —l/2). The p doubling in the E 2E+ , u=0 state was too small to be 
determined from the Doppler-limited Fourier transform spectra, and was therefore 
not known until now. We determined a value of 7 = -(3.15 ±  0.20) MHz for this 
splitting which means the instate also has an inverted fine structure. In Figure 2 
the energy level structure for both 2£ + states is schematically presented.

For electric dipole transitions the +«-*• — parity selection rule together with the 
A J = 0,±1 selection rule restricts the possible rotational transitions to A N  — ±1. 
There are six possible rotational branches, three starting from each fine structure 
level. The two ДJ  — 0 branches are very weak as they must change spin states, 
and can in practice only be observed for the lowest rotational levels. This means 
for higher energy levels only two pairs of closely spaced lines will show up in the 
spectrum. The splitting between the two almost equally strong lines belonging to 
the same A J  pair (between Pi(N) and P2(-N) or between Ri(N ) and Ä2(iV)) is 
equal to the difference in p-doubling of the А-state and the P-state, as seen in the 
Figure.

In both electronically excited states the hyperfine interaction due to the spin 
7=1 of the nitrogen nucleus, splits each fine structure level into levels characterized 
by the total quantum number F = J + I. In the A-state the hyperfine structure is 
well known for u=3 [6]. We assume that the hyperfine structure in the A2£ + , t>=0 
level can be described using similar values for the Frosch and Foley parameters of 
6 «  40 MHz and c «  2 MHz. The interaction between the electronic spin and 
the quadrupole moment of the nitrogen nucleus can be neglected within the present 
experimental accuracy.

S.2 General results

In Fig. 3 two spectra are shown to demonstrate the double resonance tech
nique. The upper part of the figure shows a part of the normal LIF spectrum of 
the NO (A 2£ + , t/ =  0 «— А^П, v"=0) transition, obtained by scanning the pulsed 
laser and detecting the total A —♦ X  fluorescence. The cw laser is switched off here. 
The different rotational transitions induced are indicated by the quantum number J 
in the electronic ground state. In the lower part of the figure the double resonance 
spectrum is shown. Now the cw laser is switched on and kept fixed on the F' — 
3/2«— F" = 5/2 hyperfine component of the i?2E+, t; = 0 4— A 2E+, t>=0 P i(l) 
transition. Only the red E —* A fluorescence is now detected while the pulsed laser
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is scanned over the same part of the A *— X  transition. Thus only transitions which 
reach the labeled N — 1, J=3/2, F=5/2 level in the A2E+ , v ' = 0  state are seen. In 
both spectra the linewidth is determined by the bandwidth of the pulsed laser.

The linewidth was reduced in the measurements where the pulsed laser was 
kept fixed on a certain transition while the cw laser was scanned. A typical high 
resolution E  *— A spectrum of this latter type is shown in Fig. 4. The pulsed laser 
excites the A *— X Q i(1) and the <3P2i(l) rotational transitions simultaneously. 
Both fine structure levels of the A 2E+, v'= 0, N'=  1 state are therefore populated. 
When the cw laser is scanned both the P i(l) and the PQ 12(1) transitions of the 
E  <— A band appear in the double resonance spectrum. The line strength for these 
two transitions is the same which means the intensity of these lines in the spectrum 
directly reflects the degree of population of both fine structure levels in the A-state 
by the pulsed laser. From this it can be concluded that the pulsed laser is not 
saturating the first step, as the expected intensity ratio of 3:1 is almost observed. 
The linewidth of 17 MHz is mainly determined by residual Doppler broadening due 
to the divergence of the molecular beam. As will be shown later the contribution 
to the linewidth caused by the finite lifetime of both electronically excited states is 
only of the order of 5 MHz. When allowing a larger molecular beam divergence the 
linewidth increased to 25 MHz (fwhm) and a SNR of 1000 or better was achieved 
on the lowest rotational transitions, by averaging over 30 samples (2 sec).

Qi

V V V* 74.2MH2 Y

Fig. S. Upper trace: normal LIF spectrum  of the A *— X  transition induced by the pulsed laser. 
Lower trace: double resonance E  *— A  fluorescence w ith the cw laser fixed on the E  «— A P i ( l )  
transition, whereas the pulsed laser is scanned. Only transitions th a t reach the labeled hyperflne 
level in the А-s ta te  are seen in double resonance. In bo th  spectra the linewidth is determined by 
th e  bandwidth of th e  pulsed laser. T he UV fluorescence (upper trace) is roughly a factor 100 more 

intense th a n  th e  red fluorescence (lower trace)
Fig. 4• High resolution spectrum of th e  E  «— A <51 (1) and Р <Э 12(1) transitions (see Fig. 2). 
The pulsed laser is kept fixed in frequency. The hyperflne structure in the A 2£ + state is shown 
partly  resolved. T he linewidth of 17 MHz for the single resolved hyperflne component is mainly 

determined by th e  residual D oppler broadening due to  the divergence of the molecular beam
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T ab le  I
Observed splittings (MHz) of rotational transitions 

in the E 2E + ,u  =  0 «— Л2£ + ,и  =  0 band due to sp in-ro tation  interaction 
in both coupled electronic st: .es. The error given is equal to  one 

standard deviation in the average of at least six measurements

Transitions Obs. splitting [MHz]

P i l  5) -  P i i  5) 431.0 ± 3.0
Р Л  9) -  P i i  9) 738.9 ± 3.0
Ях( 8) -  R ii  8) 656.9 ± 3.0
Ях( 9) -  R ii  9) 733.0 ± 3.0
Ях(12) -  Я а(12) 970.8 ± 3.5
Ä i ( H ) -  Я а (И ) 888.7 ± 6.0
Ä i ( ia ) -  Яа(12) 973.9 ± 3.0
Pl (14) -  P a (I4 ) 1132.7 ± 3.0
Äi( lS) -  Я з(13) 1018.0 ± 4.5
P x (I5 ) -  Pa (15) 1178.5 ± 3.5
Я х(14) -  Да (H ) 1142.8 ± 3.5
Я х(15) -  Яа(1Б) 1183.8 ± 6.0
Я х(16) -  Д з(16) 1281.2 ± 6.0

In the P i(l) transition the hyperfine structure due to the splitting in the 
A 2E+ state can be clearly recognized. The vertical bars underneath the experi
mental curve indicate the positions and intensities of the individual hyperfine com
ponents. The horizontal bars contain transitions to either one of the two possible 
F' levels in the .E-state. Their relative position is determined by the splitting be
tween both F' levels. Positioning these bars exactly underneath each other means 
no hyperfine splitting in the E-state is assumed. PVom this and similar spectra an 
upper limit for the Fermi-contact term 6/  =  b + c/3 in the E-state of bj < 15 MHz 
can be given.

S.S p-doubling in E 2E+, v' =0

A quite extensive series of measurements has been performed to determine the 
magnitude of the spin-rotation splitting in the E 2E+, t/= 0  state. This p-doubling 
can be determined from an accurate measurement of the splitting between a P\{N) 
and a Pz{N) or between a R\[N) and a R^[N) line. To make these measurements 
possible both fine structure levels for a given quantum number N  in the A 2E+ , t /=0 
state must be populated. We chose to do this by pumping with the pulsed laser in 
the A *— X  Ri and RQ21 branches. Both branches have equal line strengths and are 
induced simultaneously within the bandwidth of the laser. With the pulsed laser 
fixed on a certain Ri{N) line, the cw laser was scanned to determine the splitting 
between lines from both fine structure levels in the A 2E+ , v' = 0, N + 1 state. Only 
measurements up to N'=17 in the E 2E+ state were possible because rotational 
levels with higher quantum numbers are less well populated in the molecular beam.
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In Table I the observed splittings between different rotational transitions are 
given. Each value is the averaged result from at least 6 laser scans. The error given 
is one standard deviation. The splittings are measured between the centers of the 
more or less Gaussian envelopes of the rotational transitions, consisting of several 
unresolved hyperfine components. The hyperfine transitions with AF ф A J  cire 
weaker by a factor of J 2 than the A F  — A J  transitions, which means only three 
hyperfine transitions will contribute for high J. As the position of the different 
hyperfine levels is not symmetrically distributed around the position of the unsplit 
fine structure level, this was corrected for. This correction is in most cases far 
within the experimental error.

Fig. 5. M agnitude of the observed p-doubling in the E 2 E + , v'= 0  s ta te  as a function of the 
ro tation  quantum  num ber N . The best fit to  the experimental points which includes the effect of 

the perturbation  between th e  E  2£ +  state and th e  В  2П state is also given 
Fig. 6. Total energy curves of the E  2E + , v '—O and the В  2П, v=17 states. The crossing between 
J = 12.5 and /= 1 6 .5 causes the observed perturbations. In the figure only the effect of the strongest 
interactions (i.e. interactions with those levels of the same J  th a t are closest) are taken into account 

to  explain quantitatively the deviations from a linear JV-dependence as observed in Fig. 5

In Fig. 5 the p-doubling in the E 2E+ , v—0 state is given as a function of 
the rotational quantum number N. These values are obtained from the data pre
sented in Table I after correcting for the p-doubling in the A-state as well as for the 
minor effect of the hyperfine splitting in the А-state, as discussed above. For low 
rotational quantum numbers the spin-rotation splitting increases linearly with N, 
as expected, but in the region N=13 -  N  = 17 the effect of a perturbation is seen. 
The small size of this perturbation explains why it escaped prior observation, and 
explicitly demonstrates the high resolution obtainable with the present technique. 
This perturbation is due to the v= 17 level of the В  2П state which nearly coincides
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with the E 2E+, v'=0 state in this region, as shown in Fig. 6. Unfortunately, 
spectroscopic information on the v=17 level of the B 2Yl state is scarce; in VUV 
absorption studies transitions to this vibrational level are hidden under the B '2A, 
V1 = 1 ♦— X 2П, x/'=0 band and, of course, under the E 2E+, v' = 0 «— X 2Tl, v"=0 
band. Only a few rotational transitions of the j5 2IIi /2, t /  =  17 <— X 2Ui /2, v"=0 
band up to JV'=11 in the upper state are given in the literature [7]. Using these tran
sition frequencies and taking the known term values in the electronic ground state 
[8], we fitted the rotational structure of the 5 2П, u'=17 state, and extrapolated to 
higher rotational levels. Neither centrifugal distortion nor A-doubling corrections 
were included. A value of A = 58 cm-1  was taken as an interpolation between the 
(deperturbed) spin-orbit splitting constants of neighbouring vibrational levels [9]. 
The accuracy of the thus obtained rotational energies of the ő-state is estimated 
to be »s 1 cm-1 .

It should be noted that the E 2E+ state is a 4scx Rydberg state, differing in two 
electron orbitals from the x3x2 B2U valence state. Therefore, a coupling between 
these states via one-electron operators is not possible and formally, a perturbation 
between these states is configurationally forbidden. Only when a configuration 
interaction and/or two electron operators are taken into account such a perturbation 
can be explained [10].

In Fig. 6 we have schematically indicated how the magnitude of the p-doubling 
in the .E-state is affected in the neighbourhood of a crossing. Although only the 
strongest interactions are taken into account in this simplified picture, it qualitative
ly explains the deviations observed in Fig. 5. In a more quantitative description the 
shift of the energy level E{ due to the interaction with levels of the same symmetry 
and with the same quantum number J  positioned at an energy Ek is proportional 
to:

E
gjj.

Ei -  Ek ' ( 2)

This approximation is correct as long as Hik <C \Et — Ek\, thus when the total 
shift of the energy levels is small compared with their unperturbed energy distance. 
In our case this approximation is certainly correct. The matrix element Hik f°r a 
a 2E+ — 2П (Hund’s case a) interaction is given by Kovács [11] as:

<2E + , J ,  N =  J  ± 1 / 2 \ H \ 2U3 / 2 , J )  =  -  2 r j \ / ( J  — 1/ 2)(J + 3/2),
<2E+,J, N = J  — 1/2[Я|2П1/2, J )  =  £ -  2 r i ( J  — 1/ 2),
(2E+,J, N  = J  + 1/2[Я|2П1/2, J) = £ + 2r)(J +  3/2). (3)

In a least squares fit program the observed p-doubling in the E 2E+ state shown in 
Fig. 5 is fit to an expression including both the expected -)e (X  + 1/2) dependence 
and the interaction with the В 2П state. For each J-level in the В 2П state the 
fraction of 2П1/2 and 2П3/ 2 character is calculated, and then the formulas (2) and 
(3) are used. The parameters that follow from the best fit, which is also given in 
Fig. 5 are:
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7B = —(3.15 ± 0.20)MHz, 
r) = (2.08 ±0.15) X 10_3cm_1,
Z = (7.9 ±4.4) X 10_3cm_1.

The error is equal to one standard deviation. The physical origin of the two inter
action parameters is such that the ratio Z/v is equal to the ratio of the spin-orbit 
interaction constant A of the perturbing 2П state to the rotational constant В of 
the perturbed E 2E+ state. Although the parameter Z is not accurately determined 
we find a low value for the A-constant, which is typical for the NO Rydberg states. 
This Rydberg state must mix with the В 2П non-Rydberg state causing the observed 
perturbation. Recently de Vivie calculated the magnitude of the spin-orbit interac
tion between the E 2E+ and the В 2 П state for different values of the internuclear 
distance [12]. The small value of about 1.0 cm-1 she finds for this interaction must 
be multiplied with the vibrational overlap before it can be compared with our value 
of Z [10]. A typical vibrational overlap of 1 % gives good agreement in sign and 
order of magnitude with the value of Z we find.

4. Tim e evolution o f the  excited s ta te  populations

Time-resolved fluorescence both from the А-state and the .E-state show di
rectly the time evolution of the excited state populations. In Fig. 7 the UV fluores
cence from the N =1 level in the A 2E+, v=0 state following pulsed laser excitation 
on the A <— X Q i(  1) transition is shown. From this curve a radiative lifetime of 
r — (208±7)ns is found for the 7V=1 level, in good agreement with literature values
[4]. The relatively slow rise of the UV signal is due to a small retarding effect of 
the PMT we used of about 12 ns.

In order to determine the radiative lifetime of the E-state we used two pulsed 
lasers in a similar double resonance experiment. The NO (A2E+ , v=0) molecules 
are now excited to the E  2E+, v=0  state using several m J of red radiation from a Nd- 
YAG laser pumped pulsed dye laser operating on Rhodamine В. The bandwidth 
of this laser weis 0.5 cm-1 and the pulse-length approximately 6 ns. With the 
pulsed UV leiser on the A «— Y Q i(l)  transition and the second pulsed leiser on the 
E  «— APi( 1) transition the time resolved E —+ A fluorescence as shown in Fig. 8 
was obtained. The red laser was delayed by about 80 ns with respect to the UV 
laser. In this way a radiative lifetime of r = (41 ±  2) ns is found for the E 2E+ , 
t>=0, N = 0 level. Within the experimental error the same lifetime was found for 
different N  values up to N = 10.

Once the radiative loss rates out of both excited electronic states are known, 
the time-dependence of the E-state fluorescence in the pulsed-cw experiment can 
be quantitatively explained. The E-state is continuously coupled to the A-state 
by the cw laser. This coherent coupling lasts as long as there are molecules in the 
А-state interacting with the cw laser, typically on a time scale of a few hundred
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ns. The coupling of the Л-state to the electronic ground state is only present for 
10 ns, which justifies the description of the E  — A system as an isolated two-level 
system. In this description we assume that at a given time zero a certain number 
of molecules are instantaneously pumped out of the ground state into the A-state. 
At this moment there are no molecules in the .E-state yet. The two-level system 
described here is schematically given in Fig. 9. It is an interesting and uncommon 
system in that both levels undergo radiative decay. The decay rates and 72 are 
the inverse of the lifetimes of the А-state and the E-state respectively, and are set 
equal to 71 = 4.80x10® s-1 and 72 = 2.44X107 s-1 .

Fig. 7. Time resolved A  —» X  fluorescence following pulsed laser excitation on the A  2E + , 
v ' =  0 4— А 2П , v"= 0  Q i ( l )  transition . A radiative lifetime of t= (208±7) ns is found for th e

A 2 E + , v '- 0 ,  N = 1 level
Fig. 8. Time resolved E  —* A  fluorescence following pulsed laser excitation on the E  2E “*", 
v — 0 «— A  2£  + , t> =  OPj (1) transition. A radiative lifetime of r= (4 I± 2 ) ns is found for the lowest

rovibrational level in the E 2 E+ state

The rate of spontaneous fluorescence from the excited level in the E-state 
back to the pumped level in the А-state is indicated by 7r . This parameter is not 
known precisely. All of the time-resolved E —♦ A state fluorescence measurements 
we discuss here are made with the cw laser set at the top of the Doppler-broadened 
profile of the single resolved F' = 3/2 <— F" — 5/2 hyperfine component of the 
E 2E+, v' = 0 ,«— A 2E+, v" = 0 Ei(l) transition (see Fig. 4). For this special 
transition the rate 7r is almost exactly 50 % of the total E  —► A emission rate, 
denoted by 721 [13]. It is known from VUV absorption and emission studies that 
only about 50 % of the radiation absorbed in the E *— X  transition is emitted to the 
ground state again [14]. On the other hand the lifetime of the E-state we measure 
is too long to make predissociation very probable. As the E  —► A emission band is 
thought to be the strongest of the other radiative loss channels out of the E-state 
[28] an E —♦ A fluorescence rate of 721 «  1/2 72 is deduced. The time evolution 
of such a two-level system can be correctly described using the Bloch equations for 
the components рц , P22, P12, =  P12 exp(iAwi) and />21 = P21 exp(—lAwf) of the 
density matrix p(t) as [15]:
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Fig. 9. Schematic representation of th e  two-level system  described in th e  tex t. The to tal radiative 
loss rate out of the Я -state is equal to and only a small fraction of th is radiation (ra te  qtr) 
radiates back into the initially pum ped level in th e  Л -state. The radiative loss rate ou t of the 
Л -state is -fi. The solid arrows indicate the coherent (de)excitation w ith the narrow band  cw

laser, with a ra te  V
Fig. 10. Observed time-integrated Я  —* Л fluorescence intensity as a function of the applied cw 
laser power. T he cw laser is set a t the maximum of th e  Doppler broadened profile of the  single 
resolved F ' =  3 /2  <— F "= 5/2  hyperflne component of the Я «— A  P i  (1) transition (see Fig. 
4).From the best fit to the experim ental points the relation between the excitation rate V and  the

applied laser power is determined

P l l  =  ~iV(Pl2  — P2l) +  7rP22 -  7 lP l l ,

P22 =  - 2 * ^ ( P l 2  — P2l) — 72P22i

Pi2 =  2 — P22) — ( g 'У! +  2 ^2 -  *Auj)pi2 ,

P21 =  - j p 'V ( p i i  -  P22) -  ( ~ 7 i  +  p 2  +  t'Aw)P2i- (4)

In these formulas V is the excitation rate, which is proportional to the square- 
root of the applied cw laser power, and Aw =  w — Wo is the detuning of the laser 
frequency w with respect to the transition frequency wo- The bandwidth of the cw 
laser (0.3 MHz) is much smaller than the natural linewidth of the NO E  <— A tran
sition (и 4.7 MHz). Therefore the laser profile is assumed to be infinitely narrow. 
The above system of four coupled differential equations can be solved analytically 
if 7r = 0 [15]. As pointed out above, in our case 7r »  1/4 72 j of the same order as 
7 i ,  and certainly cannot be neglected. Therefore, we solved the equations (4) nu
merically, with the initial conditions pn(0) =  p n (0, Aw), р2г(0) = 0, pi2(0) = 
P2i(0) = 0. The component P22 (*) describes the time evolution of the .E-state 
population, which is the quantity we determined experimentally.

First, the Eqs (4) were used to fit the measured power dependence of the total 
(time integrated) E  —► A state fluorescence, as shown in Fig. 10. FVom this fit the
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excitation rate V, which is in fact the only unknown parameter in our problem, can 
be accurately determined, for a given laser power.

For the numerical solution of ргг(0 from Eq. (4) the finite Doppler-width 
has to be taken into account. This is done by adding the solutions for P2i(t) for 
different values of Дш, i.e., by summing over different velocity groups. The number 
of molecules in each velocity group (pu(0, Aw)) is weighted by a Gaussian envelope 
with a 25 MHz half-width. A typical time resolved E  —* A fluorescence decay curve 
is shown in Fig. 11. This curve is an average over about 100 samples, with the 
cw laser set at the maximum of the line. The simulation following equations (4) is 
given as curve I in the same Figure. The agreement between theory and experiment 
is excellent, especially when one considers that no parameters are fitted. Only the 
vertical scale of the calculated curve was adjusted. The slight deviations between 
theory and experiment can be explained by the approximations we made. From the 
theoretical curve we deduce that in the peak, around 65 ns, as much as 17 % of all 
the molecules initially in the probed hyperfine level of the A 2E+ state have been 
excited to the E 2T,+ state by the cw laser. This seemingly low value is mainly due 
to the relatively large Doppler-width; the velocity group that is exactly in resonance 
with the cw laser is for almost 40 % excited.

Burshtein and Storozhev have shown recently [15] that, when 7r = 0, the 
transition process has a typical “dephasing time” тдр given by т̂р =  2/(72 — 7i)- 
In our case this should mean that phase-relaxation takes place on a time scale of 
100 ns. Therefore, especially at short times, the quantum-mechanical description 
will be necessary. This is shown explicitly in Fig. 11 by curve II which is the 
solution of the so-called balance or master equation treatment for the system. The 
master equations are obtained from the Bloch equations by setting рц  =  P12 =  0 
[15]. It is clear that the master equations will describe the situation correctly only 
when phase-relaxation has taken place. The following set of master equations is 
found:

Pll = ~{W  +  7l)pil + {W + 7 r ) P 2 2 ,

P22 =  W p n  — (W  +  7 2 )^2 2 - (5)

The “classical” (non-coherent) excitation rate W  is proportional to the applied 
laser power that is related to the excitation rate V . An advantage of the Eqs (5) 
is that an exact analytical solution can be given. Starting with the same initial 
conditions as before we find:

W
P2 2 (f) =  (д+ +  д j (вА+* -  ел- ‘ )рц (0 ,  Aw),

with

A± =  - ( w  +  ^ 4 ^ )  ±  / М 2 + W{W + lr )■ (6)
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Pig. 11. T im e resolved E  —* A  fluorescence following excitation w ith the cw laser on th e  single 
resolved F  =  3 /2  «— F —5/2  hyperflne component of the E  «— A  F i ( l )  transition. A cw laser 
power of 68 mW has been used. This simulation following the Bloch equations (curve I) as well as 
the experim ental curve clearly show the effect of an oscillation around the solution following the 

m aster equation description (curve II) of th e  system

The master equation curve (curve II) is scaled relative to the Bloch equation curve 
(curve I), using the same excitation rate V. Now a maximum excitation of nearly 
12 % is obtained. It is clear from Fig. 11 that both the experimental curve and the 
exact theoretical curve (curve I) show the effect of Rabi oscillations, which cannot 
be explained with the master equations.

At higher laser powers strong oscillations are predicted. Although the finite 
Doppler width tends to smear out these oscillations, some additional maxima should 
be observable under the same experimental conditions, using only a slightly higher 
laser power.This is shown in Fig. 12, which shows the calculated time dependence 
of the E  —» A fluorescence when about„4 times higher cw laser power is used.

5. Conclusions

It has been shown experimentally that the combination of a high power pulsed 
laser with a narrow bandwidth cw laser makes a high resolution study of highly ex
cited electronic states possible. The signal-to-noise ratio on the double resonance 
signal is shown to be very good. The use of a pulsed molecular beam and a more 
efficient detection scheme for the excited state population will provide further im
provements. This suggests that this method has a very general applicability, also 
for the study of electronic states of less abundant transient species. From the time- 
resolved fluorescence curves the lifetimes of the excited states and the corresponding
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transition dipole moment can be determined. The observed Rabi oscillations nicely 
demonstrate the coherence properties of a two-level system with radiative losses.

Fig. IS. Calculated time dependent E  —» A  fluorescence when 250 mW of cw laser power is used. 
Only the correct solution, following out of the Bloch equations, is shown
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A STUDY OF PULSATILE BLOOD FLOW 
IN A TUBE WITH PULSATING WALLS

J .  K .  MlSRA and R .  S. CHAUHAN

Department of Mathematics 
I. I. T. Kanpur, India

(Received 15 M ay 1986)

A m athematical model for pulsatile blood flow in a small diam eter tube whose walls 
pulsate is analysed. Blood is modelled as a two layered fluid by considering core fluid as 
micro-polar covered by a very thin cell free layer of Newtonian fluid.The effects of various 
param eters on the flow ra te  and wall shearing stress are com puted and discussed.

N om enclature

J  micro-inertia coefficient
p pressure
Q flow rate
Qc flow rate in core-region
Qp flow rate in peripheral layer
r radial co-ordinate
t  time
u 1 radial component of velocity in core-region
U2 radial component of velocity in peripheral layer
t>i axial component of velocity in core-region 
t>2 axial component of velocity in peripheral layer
w rotational velocity of cells
z axial co-ordinate
p density of the fluid
V viscosity gradient of rotation
ps viscosity of suspending media (plasma)
Pr relative rotational viscosity
ш frequency
r shearing stress

1. In troduction

Pulsatile flow of blood in the cardiovascular system stems from the cyclic na
ture of the ventricular ejection. The sudden ejection of blood into aorta from the 
ventricle of the heart produces a wave of increased pressure and slight distention of
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vessels which change their diameter. Pulsatile blood flow in a small blood vessel is 
studied primarily for its effects on flow and pressure relations. The pulsatile char
acter of microcirculation was first examined by Landis [1]. In a number of recent 
investigations, it is reported that pulsatile flow exists throughout the microcircula
tion [2-4]. But most of the studies on pulsatile blood flow in the microcirculation 
are confined to flow through rigid tubes only [5-9]. It is remarkable in all these 
studies, the presence of cell free plasma layer near the wall which plays a significant 
role in a small diameter tube, is neglected [10].

In the present paper, we therefore aim to study the pulsatile blood flow in a 
distensible tube. Here, blood is modelled as a two layered fluid by representing core 
fluid as micropolar [11]. The problem is solved by using an iterative technique in 
three steps [12]. First, the steady state fully developed solution through rigid tube 
is obtained. In the second step, this steady flow is generalized to pulsatile flow in 
rigid tube and finally, the rigid tube solution is generalized to pulsatile flow in a 
pulsating tube.

2. M athem atical form ulation

We shall consider the axis-symmetric pulsatile blood flow in a tube whose 
radius varies as [13]

Ri =  До(1 +  £i sinwjt), £j C  1, (2-1)

where До is the mean radius of tube and coj is the characteristic frequency of wall 
oscillations.

The governing equations for the fluid flow in different regions are as follows: 
for the core-region (0< r < R)

(Ms +  Мл)

dr

\ ш dv 1

1—
 тНCNH

| / * Л dr /  dz2

Г1 а 1 il
l?  *<"■>]

dvi
_ М л э Г

г d  r

i d .  .+ м л - ^ М

Э р  (  d v i  d v i  \
=  д-2 +рЫ + ^ ) ’

( 2 . 2 а )

d 2iи-  2 p R W +

(  d iu  d w  \
( 2 . 2 Ь )

II О ( 2 . 3 )

for the peripheral layer (R < r < Дг)

1 3 /  3t>2 ^ , ! д р 3v2 dv2'
Ms г д г  \  д г  ) +  дг1 =  d ~ z+ P ~дГ +  "2 ~ э 7 \

(2.4)
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- -  / ч , 9v2 
I i l ( ru2) +
1 3
r dr '  ' dz

The boundary conditions of the problem are

=  0 . (2.5)

_их = 0, —— =  0, w = 0 at r — 0, or
1 3 ,  (

«1 = U2,vi = v2,Ti =  r2, ~z (rtn) =  0 at r =  R,r or
dRx

«2 = t>2 = 0 at r = ifi,

( 2 .6 )

where rj and r2 are stresses in the two regions.

S. M ethod o f solution

Step 1: steady flow in rigid tube

For steady flow through a rigid tube, equations (2.2) to (2.6) become: for the 
core-region:

1  ± 1 ' * Л 1
r dr V dr j j

I d .  . dp
+ И - 3 ; Ы  = Й .

for the peripheral layer

dr
i d
-^ -(rtn ) r dr -  2pRw =  0,

— (r«x) = 0,

Ms
1 3 /  rdv2 \  dp
r dr \  dr )  d z ’

J^ (ru 2) = 0

with conditions

dv\ui = 0, —— =  0, w — 0 at r — 0, dr
1 3 ,  ,

«1 = «2,t>i = V2,ri = r2, -  —  (rtn) =  0 at r =  R,r dr
u2 = 0, «2 =  0 at r = Ri,

(3.1a)

(3.1b)

(3.2)

(3.3)

(3.4)

(3.5)
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The solutions of these equations are

u i(г) =  -

«2(г) =  -

1 dp
4ßs dz 

1 dp 
4ps dz

(Rl -  R 2) + p ^ R 2 -  r2) -  

(R% — r2),

M1M2 Iq(XR) -  /p(Ar) 
Л2 Io(XR)

(3.6)

(3.7)

where pi — —, u2 = 2(*д , Л2 = and /„ is modified Bessel function ofíms+ms’^  ms+m« ’ Mit' n
order n.

5tep f?: unsteady pulsatile flow in rigid tube

For pulsatile flow, the pressure gradient will be function of time only since 
the flow of incompressible fluid in rigid tube exhibits no local pressure gradients. 
According to Ariman et al [6], the pressure gradient can be expressed as

dp , .
- s  = p W = p. (1 + e2 sin w2t), (3.8)

where e2 = ,pm is the constant mean pressure gradient and ps is the amplitude 
of sinusoidal pressure gradient.

Since there are no local pressure gradients different from the overall gradient 
and pressure is the only driving force in the fluid, it follows that the velocity will 
be a function of r and t only. Hence, the equation of motion for peripheral layer
(2.4) after integration becomes

4Ms Ms J r? \  J*• \ P

dv2 dr2 (3.9)

This is an operator equation where the first term is the classical parabolic velocity 
profile, and we use it as the initial iterate. Thus the initial value of t>2 (r,t) is

! M = EM,
4 Ms

( R l - Л

in the following operator equation

(3.10)
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The first iteration yields the following expression

„1/. л  _  P (*ho2 r2l PP'W (R\  -  r2 *)2 +  2 Д? ( Д2 -  r2 ) +  4Д2 ( Д2 -  2R\) In —

where p'(f) =
Similarly the operator equation for core-region can be written as

(3.12)

.. I _ _  р(*) Г( d2 d2\ , .. ( d2 _2\ MlM2 Л)(АД) — fo(Ar)
Vl(r’ t] “  4 ^  Г 1 -  R ) + M *  -  r )  -  -Д2-------- ^ ------

Д / r4
^ I f -  l drz)dr4.  (3.13)

A‘s  +  МД

л / r4

я  / • > £ ■
r  4 0

The first iterate of this operator equation yields the following expression for core 
region velocity profile

uj(r,i) = P(*) 
4ms .

(Щ — Ä2) + Hi(R2 — r2) —M1M2 /0(АД) -  /p(Ar) 
Л2

PP'(t) 
64 us Ms +

Io  ( А Д )

{ „ , (Д! -  г У  +  (< д ; + (2^1 -  4) я » -  4 ^ )

2 2\ , 16М1М2 / р ( А Д )  -
X ( Д 2  -  г 2 ) + Л4

+ 4Д2(Д2 — 2Д2) ln ~  I  . (3.14)

5<ер S: pulsatile flow in pulsating tube

When the tube walls are pulsating, local pressure gradients develop and con
sequently the pressure gradient will be a function of both z  and t. Hence,

“ J f  = F (z>t) = zP(t)- (315)

But the spatial gradient of pressure is the driving force in the fluid. If it changes 
from point to point, the velocity certainly must change. Hence, for a pulsating tube 
the velocity is no longer the same in each cross section and it will vary with z also. 

The operator equation for peripherial layer fluid, in this case, will take the
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We iterate the operator on the right, which contains now z as well as t derivatives. 
It should be noted that pulsatile flow in a pulsating tube is treated as a modification 
of pulsatile flow in a rigid tube rather than as a modification of stationary flow in a 
rigid tube. So the initial iterate for the present case will be a corresponding solution 
for pulsatile flow in a rigid tube (obtained in Step 2) with the pressure gradient p(i) 
replaced by F(z,t).

Fig. 1. Flow geometry

Assuming the amplitude of wall motion small, one correction of rigid tube 
flow velocities might be sufficient. Thus the velocity profile in the peripheral layer 
region is

«4 (r> г > 0  =  (r, t) + z

, 2 K 7 - K 8

Аг( 1 — cti) +  -^з(1 — oil) +  A ^ ( \  — a®)

16
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+ ^ ^ K 8( a l - 4 ) +
KjAi K 7{ a * ~ 9af)

+ 18 }
1 Aia2

x In —  +  —ira i  8
i j 4 t f 8 ( a ? - 8 )  +  3 t f 7 l n ^  +  ^ ^ ^ l n 2 ^  +  l )  j  ,

(3.17)

where a  = ^ , a i  = and other parameters involved are given in the Appendix.

Fig. 2. Variation of the flow ra te  w ith peripheral layer viscosity Us for different values of a*r

Similarly the expression for velocity profile in the core-region is

v{(r,z,t) =  zvj(r,i) -
pz

P s  +  PR .
Xx(l -  a 2) +  X 2(l  -  a 4) +  X3(l -  a 6)

+ X + (Ml -  1)Ä2) j ( l  -  a 8)

+  -  « 10) +  ^ 4 { / о(А Й )  -  / о ( А г ) }  +  -  ^ i ( A r ) }

+ Х6{Д2/2(АЯ) -  r2i2(Ar)} + -  r3/3(Ar)}

-  —  {Ä2if  (АД) -  г2 i f  (Ar) -  Д2/0(АД)/2(АД) + r2/0(Ar)/2(Ar)}
4

_  2 ^ 4 М 1 { д 4 / 2 (Л Д ) _  г4 / 2 ( Л г ) } 1 _  ,  [K e B l  +  4 K s ( b 2 _  в 3 ) +  к 7в 4 }.

А2 (3.18)
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The flow rate is
Q — Qc +  Qp>

where

and

tt
Qc =  2?r J rv\(r,z,t)dr

о

R i

Qp — 2it J rv\(r, z, t)dr.

The wall shearing stress is

Tw =  “ MS
dv\[r,z,t)

dr r = R  1

(3.19)

(3.20)

4. R esults and discussion

Using the parameter values fis — 1.2cp, hr = 0.98cp, v  =  12 x 10“ 8gm cm/s, 
ei = 0.1, £2 — 0.1,z — 0.1cm, R0 — 40/im, ß =  0.95, the flow rate Q and wall 
shearing stress tw have been computed and the results are presented in Figs 2-4.

co2 • t

1Г/4 1Г/2 3T/4 IT

Fig. 3. Variation of the flow ra te  with phase angles for different values of £1 and £2
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Fig. 2 shows that the flow rate decreases tremendously as we increase the 
peripheral layer viscosity. It is also observed that an increase in the rotational 
viscosity decreases the flow rate considerably.

Fig. 3 shows the effect of wall pulsation and oscillation in pressure gradient 
on the flow rate. It is noted that the effect of wall pulsations is more significant as 
compared to corresponding oscillations in pressure gradient. It is also observed that 
the flow rate increases for the phase angles lying between 0 to ?r/2 and decreases 
symmetrically for the phase angles between ?r/2 to я\ The effect of phase angle 
becomes more important as we increase the parameter e\.

Fig. 4 shows the effect of wall pulsation on wall shearing stress. It is seen 
that the wall shearing stress increases when the phase angle lies between 0 to 7t/ 2 
and decreases symmetrically for a phase angle lying between тг/2 to ж. The effect 
of ei on wall shearing stress is similar as on the flow rate.

Fig. 4- Variation of the wall shearing stress w ith phase angle for different values of t \
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Appendix

ß =
R

R x '
Ai = ß2{ß2 -  2),

A2 = —9Ke — J ^ ( A 2i + 48Ai — 288) + 3K&,

A4 = - K 6 -  777(^1 + 123) +  —AICL
216^

As =  U, Кб - к Л - u3 A,U4 ß2A\ , 1
72 32 ьКьг1)

-  ф 2 } +  4KsU2 + A .K s ß 2 j /?2 -  4 +  4(/52 -  2) ln -ß

- * (
2%Kt - b K 4 \ n ß - ^ l \ t

Bi = Y ~  Ç < » - 9^2 + 2^ 4) - ^ ln

B2 = -0 .4357638-O i b ! + / * ( ! -  ^  -  g ) ,

Яз = ^ { 8 W  -  2) ln2 £  +  4W  -  4) b  £  + W  -  8) + 7 J,

B4 = -3.2538889 + ^ ( 1  + \ ß 2 -  +  \ ß 6 -

Уз - ^ { ^ 4 - / 3 4(^2 - 9 ) - 2 7 }
l n ~ß

+ á ^ í 137 -  ß2i162 -  27ß2 + 2ß*)}512

+ l{!
Bs = ff6{ ( l  -  /э2)(3 -  ß2) + 4Ax b i } ,

К  -  р ^
x ‘ “  W
if2 =

*3 =

Ml М2
X2I0(XR) ’ 

pp'(*)
64m5 (ms +  Мя ) ’
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*5 = 

*6 = 

K 7 = 

Ks =

* 9  =  

* 1 0  =

=

* 2  =  

*3 =

* 4  =

*5 =

*6 = 

Ut =

u2 =

U3 =

u< =

*1  =

* 4  = ^ ( 1 6 * з  +  * 1  A2 ) ,

рД?р'(0 
64mI  ’ 

pR\Kl  
3 6 n s  ’ 

p3i?í°p,2(t)
1 6 / i |  ’

pR\KiKb
2ns ’

4piM2 
A4

: *3Mi 

*iMi

(4 — A2Ä2),

(*i + 4*3^2 \  
A2 / ’

{ * i (a*i + 2(1 -  /32)Д2) -  2Д8} + 2 * 2Д?(1 -  ß2)Kg, 

д [* i (mi* 2 + (1 -  £2)*?) -  в ,  -  Дх^/оСАД)],

4
* 1 * 2

/ii(A4* 2 + 8*1/12) +  4 * 3A2{ * 1(4/i 1 -  A2/ii Д2
2*2
А6

(1 -  /?2)А2Д2 + Ml/i2) -  16(*з(1 -  /Э2)Д2 + М1Д2)}

2 * 3 * 4
А

М1*9*з2

{ * 9 + Д 2(4 (1 -/?2)Д2 +3/ц Д2)},

[/ц /12*! -  А2 ( Д 5 +  Kl.mR2 +  * 1 ( 1  -  /92 ) д 2 ) ] ,
2*з

А2
6ß2(ß* -  3ß2 + 3),
ß'£-(3/36 -  20£4 + 42/32 -  36),24
В2^-(3/98 -  30/36 + 110/34 -  180/92 + 135),
OU

—ß2 (ß4 -  9ß2 + 27 + 6(/32 -  3)2 ln ,

*  [* 6*9 + * ? { ( !  -  ß2)2Rt  -  4 # }  + ß 5 +  * 3 * i

-  2{(1 -  ß2)R2B5Ki + А*2/ о(АД)} + 4Д2(* х +  iVe(l -  ß2)R\)

+ ^ ( N s n  1 + 6 * 5) + 8 * |(1  -  £2)Д2 (  А  + 3Ml)  Д6] +
9*1/i2Ä10
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Д4
*2 = — 4 Ne

+

16

2ВДМ 2
Л2

MlM2
Л2 -  (1  - ß 2)Ri  } - 4 N 1 +  2Kç>K1o

+  4Â2 {2(1 -  р 2) щ К ю  -  6 Nb -  ЛГ6М1}

-  - K l f iR ™ ,+  {6 Mlt f 1 0  -  8 Ä g(l -  /52 )Д 2 (4 /Г 2 +  7М1)}Д 4

Хз "  S H5 ~ 8(1 "  ^ R^Kí0 +  +  ^ # 2 ( ^ io-K'i ^3A‘i )

+  1 б |д | ( 1 - у 9 2 )й?'2( r 2 +  2 /ü ) - MiÄio M*sK i  fil R10,

X t  =  Л"6 [(ЛГ4 +  2ЛГ2 )Л5 -  4JV3 A4 -  16ЛГ6Д 2А2 -  1 2 8 ^ 3 ^ 4 /11],
X 5  =  2А-5 (ЛГ3 А4 +  32Ä3Ä’4/ti), 
X6 =  -A “ 4 (1 6 ^ 3 ^ 4/11 +  ЛГ3 А4).
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IMPARTING INHOMOGENEITY TO BIANCHI TYPE 
II, VIII AND IX SPACE-TIMES WITH 

ELECTROMAGNETIC FIELD
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A unified treatm ent of Bianchi type II, VIII and IX space-tim es is given. A general 
scheme of im parting inhomogeneity to such space-tim e is developed. Exact solutions of 
Einstein-M axwell field equations with Bianchi И, VIII and IX sym metries are derived. The 
solutions describe the gravitational fields of a mass particle em bedded in Bianchi type  II, 
VIII and IX universes with electromagnetic fields. The details of the solutions are also 
discussed.

1. In troduction

Batakis and Cohen [1] have discussed an anisotropic Bianchi type IX cosmo
logical model. The source of this model is a mixture of source-free electromagnetic 
fields and a scalar field. Vaidya and Patel [2] have discussed gravitational fields with 
space-times of Bianchi type IX. The source of their solutions is a mixture of rotating 
perfect fluid, a source-free electromagnetic field and a pure radiation field. Lorenz 
[3] has derived some exact Bianchi type VIII and type IX cosmological models with 
matter and electromagnetic fields. Damiao Soares and Assad [4] have presented 
a class of cosmological solutions of Einstein’s equations, with matter and electro
magnetic field, which are anisotropic and spatially homogeneous of Bianchi types 
VIII and IX. Banerjee, Duttachoudhury and Sanyal [5] have discussed a Bianchi 
type II cosmological model with viscous fluid. There is a large literature concerning 
specific Bianchi spaces-times which contain fluids with specified equations of state. 
A partial list of such space-times is given by Bayin and Krisch [6]. For the sake of 
brevity we shall not repeat this list here.

Assad and Damiao Soares [7] have given a unified treatment of Bianchi type 
II, VIII and IX space-times. Taking (rp,a,ß) as the local co-ordinates on the ho
mogeneity sections t = constant, they have expressed the metric in the form

ds2 =  dt2 — A2(drp + 4m2 dß)2 —

- В 2К 2 (da2 + sin2 a  dß2), (1)

‘ Present address: D epartm ent of M athematics, Ohio State University, Columbus, OH 
43210, USA
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where A and B  are functions of time t and m and К  are functions of a satisfying

cPK 
da2

4m dm 
i f 2 * sin a da —

1_
К

dK  __ . _ _ о+ cot a —---- К  — A i f 3.da

( 2)

(3)

Here Ax and A are constants, A being proportional to the curvature of the two 
dimensional surface with the metric d£2 = i f 2(a)[da2 + sin2 a  dß2\. They have 
shown that the metric (1) with Ai ^  0

(i) represents a Bianchi type II space-time if A = 0 and i f  =  cosec a,
(ii) represents a Bianchi type VIII space-time if Ai = 0, i f  =  tan a and

(iii) represents a Bianchi type IX space-time if A = — 1 and if  = 1.
The object of the present investigation is to impart inhomogeneity to the ho

mogeneous space-time described by the line-element (1). For this purpose we first 
transform the metric (1) into a more convenient form. Let us apply the transfor
mation

dip — dx — du , dt =  -7 dx. (4)Az A
FVom (1), we obtain

ds2 = 2 (du — 4m2dß) dx — À2 (du — 4m2 dß)2 —

—В 2К 2 (da2 + sin2 a dß2), (5)

where A and В  are now treated as functions of x.

2. The m etric and th e  Ricci tensor

We introduce inhomogeneity in (5) by adding a term -  H(a, u, x)(du—Am2dß)2 
Consequently, we consider the metric in the form

ds2 = 2 (du — 4m2 dß)dx — 2L (du — 4m2 dß)2 —

—В 2К 2 (da2 + sin2 a dß2), (6)

where
2 L = A2 + H(a,u,x) .  (7)

Introducing the basic 1-forms

0'1* = du -  4m2 dß, 0(2) -  BK  da,
= В К  sin a  dß, 0<4> = d x - L 0 (1)

(8)
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the m etric (6) takes the form

da2 =  2 i9<1 >0,4)  -  (0<2 ) ) 2 -  ( ö ( 3> ) 2 = даь в { а ) в { ь ) . (9)

The metric (6) is a particular case of the Kerr-NUT metric discussed by Vaidya, 
Patel and Bhatt [8]. Using their results and the tetrad (8) one can easily compute 
the tetrad components R(ob) of Ricci tensor for the metric (6). The surviving R ( ab) 
are listed below for ready reference.

Äd«) = L*x + 2  ( ^ L ^ - + L x !j  + ,

( L*» I ß  iu )  ’R( 12) =  -

й,13> -  B K

4m2 
B K  sin 
4m2

2—  ( L xu + ^ L y ) ,m a \  B* )
R _  R _  A , 4 ,  A2 Bx ( B xx B l \
R ( 2 2 ) ~  R {3 3 )  ~ 2 ï  +  4 L - - 2 L x —  - 2 L

16 m4 Bx
Ä ( l l )  -  L Z R ( \ i )  +  ß 2 K 2 s jn 2 “ ~  2 £ 2  L V +  2 Lu ß

where the variable у is defined by

d y = - l r f - da
sin a

3 n  _
and a suffix denotes partial differentiation e.g. Bx = Lyx = etc.
Throughout the paper bracketed indices indicate tetrad components with respect 
to the tetrad (8).

( 10)

d2L

3. The source fields and  th e  field equations

The material content of the universe is modelled by a mixture of perfect 
flu the source-free electromagnetic field and pure radiation field. Therefore, the 
Einstein-Maxwell field equations for such distributions take the form

Rik -  ^ 9 ikR + Agik = -8 x  [(p +  p ) v i v k -  pgik + Eik + , (11)

w nprp

«,«* =  !, М = 0 , = 1. (12)

Acta Phytica Hungarica 67, 1990



1 3 8 L . K. PATEL et al

In (11), Eik is the electromagnetic energy momentum tensor, <r&& is the tensor 
arising from the flowing null radiation and A is the cosmological constant. Let us 
choose the electromagnetic 4-potential Ai as

Ai = {ф,0,-4т2ф,0), (13)

where ф is a function of x and the co-ordinates are named as x 1 = u, x2 =  a, 
X 3 —  ß ,  and I4 = x. Using (13) one can find the electromagnetic field ten
sor Fik =  Ai;k — Ak-i. Using these Fik, the metric (6) and the formula Eik — 
—glmFnFkm + \9ikFimFlm, one can determine Eik■ With the aid of the formulae 
E(ab) — e(a)e(b)Ĵ'>fc> e(a)^a* = we can obtain the tetrad components Е(аъ). All 
these are straightforward calculations. The non-vanishing ^(ob) are found to be

E(1*) =  E(22) — £ (3 3 ) =  2 +  ß t "  )  • ( 14)

The Maxwell equations Ffkk — 0 are satisfied if ф(х) is chosen to satisfy

В*ф2 +  4 А\ф2 = constant = fc2. (15)

It is easy to see that the field equations (11) can be expressed in the tetrad form as

Щ а Ь )  — “ЗТГ (p +  p)«(e)«(b) -  2 ( p - p )  9 (ab)

+ ^ 9 (ab) -  8?r£(a6) “  (16)
For the metric (6) with the tetrad (8) we take

Va = { ^ - , 0 , 0 , Z ) ,  ía  = (-,0 ,0 ,0 ). (17)
L Z  Z

It is painless to verify that Vi and & given by (17) satisfy the conditions (12). Using 
the results (14), (15) and (17) in (16) we obtain the following relations:

8?rp — A -  Д(14) — 8тг£(14), (18)
8тгP — —A — [Ä(14) + 8?rJ5(i4) + 2Ä(22) + 16îT^(22)] , (Ю)

2z2 = ------------------ -------------------------, (20)
£ (1 4 )  +  8irÆ?(14) +  £ ( 2 2 )  +  8 ?t£ (2 2 )

£(12) =  £(i3) =  0, (22)

where £(оь) are given by (10).
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4. S o lu tio n  o f  the field  equations

~H xy + Hu = 0, Hxu + ^ - H y = 0.

If we define the co-ordinate r by r = u — J ^ , it is easy to integrate the above twoВ
equations. The solution can be expressed as H = F(r)e~2XlV, where F(r) satisfies
^rÇ- +  4X\F =  0. Consequently we get dr

2 A i

2 L = A2 + F{r)e~2Xiy, d?F 
dr2 + 4A?F =  0. (23)

The pressure p, the density p, z2 and the radiation density cr can be obtained from 
(18), (19), (20) and (21). They are given by

8тгр = A — AAXX + A l  + 2 A ^ - + A 2В
( b *  . Ц \  
V в  в * ) +

+-
4тг62
В 4 +

8тг(р + p) =  -2 _А_ 8тг6̂
В2 + В*+ -^ г -  + ААХХ + А% +  А2

/ З А ?  _ В | \

V в *  в 2 )

( V - Ü )

+

Z2 = -
4тг(р + р)

(24)

(25)

(26)

8ячг =  —2тг(р + р) +

+

8я(р +  р)
2 ( В ХХ А ?\ /2А? F , d F B x \

( А 2 +  F c ~ 2Xlv) 3 ( 5 * . - 0 + .

„ - 2Aiy (27)

It should be noted that the metric potentials A and В remain undetermined. 
The velocity field v* can be determined from

Ы =  eja)e(a), ejo) d*’ =  0<a).

It is given by
Vi -  (Y, 0, —4m2Y, z), (28)
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where Y  is given by

Y - h ~ L‘ -<29>
The angular velocity vector Q* of the flow vector Vi is given by

fijkl

n ‘ = 7 5

where eijkl is the Levy-Civita symbol and

wjkl =  [Vj(Vfc,| -  Vj,fc) + «fc(t>tj -  v3,i) + vl(v]ik -  ffc.j')) •

The magnitude П of the angular velocity vector Q’ is given by П2 = — <7ifcO*Qfc. It 
is found that

i( r z ” - ‘ r «>’ + -  +

+ b Y \ ^ L 2  -  1). (30)

We know that in the homogeneous case (i.e., F = 0) we have solutions with a =  0. 
From the above results it can be readily seen that F — 0, a =  0 imply

2LÄ(44) + 8тг(р +  p) = 0 and 2Lz2 =  1. (31)

Using (31) we have Y  = 0 and consequently П =  0. Also we get the following 
relation between the functions A and В

Bxx Bl  А? Л 8tt62 Axx A l  
В В 2 В* А2 В2 В 4 A2 А А2

If A and В are related by (32), then we have

(32)
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The radiation density er is given by (27) where 8 тг(р + p) is given by (34). Thus if 
the metric (5) is a solution of the field equations

Rik -  ^ 9íkR +  A.gih — —8 к [(p +  p)v{vh -  рд,л] -  8 nEik 

(i.e., if A and В  are related by (32)), then the metric

ds2 =  2 (du — 4m2dß) dx — В 2К 2(da2 + sin2 a dß2) —

-  {A2 + F(r)<T2XlS'} (du — Am2dß)2 (36)
is a solution of the field equations (11). The functions m and К  satisfy (2) and (3), 

dz Fand F satisfies —— + 4A? F = 0. 
drz

5. Concluding rem arks

If we choose Ai as

A j  = ( 0 , 0 ,  —4 m * £ ,  0 ) ,  £=  constant, ( 3 7 )

then we get purely magnetic field. In this the electromagnetic field is not source-
4 A 2 £free. The Maxwell equations F'kk = 4irJ' imply that Jl = (---—̂ ,0 ,0 ,0 ) . In thisJJU

case we have the non-zero £ (аь) as

E ^ ) = E i22) = E{33) = l ( ^ y  (38)

Comparing the above result with (14) we get b2 = 4A2£2, thus replacing b2 by 4Af£2 
in Section 4 we can prove that the metric (36) is a solution of the field equations 
(11) where the electromagnetic energy tensor is given by (38).

We have seen that imparting inhomogeneity on the metric (5) gives rise to a 
pure radiation field and the rotation of the stream lines of the perfect fluid.

If the electromagnetic field is switched off (i.e. 6 = 0 or £ = 0), we obtain an 
inhomogeneous Bianchi type II, VIII or IX cosmological model filled with rotating 
perfect fluid and pure radiation field.
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SCALAR FIELDS WITH SELF GRAVITATING STIFF FLUID
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The problem of charged perfect fluid and massive scalar field is investigated in the 
spacetime described by a general axially symmetric Jordan-E hlers metric with two degrees 
of freedom. It is shown th a t the meson restmass M  and the cosmological constant vanish, 
the electromagnetic field becomes source free and the perfect fluid degenerates to  become 
a stiff perfect fluid (P  = p). A class of exact solutions has been obtained removing one of 
the metric potentials. A method is also suggested to generate the most general solution. 
The physical behaviour and region of validity of the solutions are studied analytically.

1. In troduction

A non-static axially symmetric spacetime with two degrees of freedom is usu
ally considered as a model of gravitational radiation. This spacetime has been 
studied for various purposes by many authors, viz., J. Ehlers [1, 2], Jordan et al 
[3], Kompaneets [4], Stachel [5, 6], Singh and Jadav [7] and Letelier [8]. However, 
the problem of linearly coupled fields in this spacetime is seldom taken up in the 
literature.

Therefore, in this paper we consider the general charged perfect fluid and 
massive scalar field in the presence of a cosmological constant Л in the field equa
tions. We have taken A to be positive for an expanding universe. Finally, it turns 
out that the mass parameter of scalar field M  and the cosmological constant A 
vanish. Further, the electromagnetic field becomes source free and the perfect fluid 
reduces to a stiff perfect fluid. In order to avoid complications due to the non-linear 
character of the field equations, we have dropped a degree of freedom imposing 
some restrictions on the electromagnetic field and found a class of exact solutions 
in Section 3. A method for generating a most general solution is given in Section 4. 
The physical nature and region of validity of the solutions and duality, nullity and 
uniformity of the electromagnetic fields are studied analytically in Section 5. The 
general character of the solution is revealed in the conclusion in Section 6.
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1 4 4 G. MOHANTY and U. K . PANIGRAHI

2. Field equations

The relativistic cosmological field equations for the spacetime containing 
charged perfect fluid and mesonic fields are

G i j  — R i j  -  -  9 ц  R  +  Agij  — —K ( T i j  +  E i j  +  E'tJ ), (2. 1)

where

T i ,=  

Eii  =  

E'i} =

4ir

4ir

-  M 2V 2) ,

—FiêFj + ^gijFabFab ,

-̂ -{(P + p W U, -  Pgi3}, (ĝ UiU, = 1 )

(2.1a)

(2.1b)

(2.1c)

are respectively stress tensors of the massive scalar field, electromagnetic field and 
perfect fluid distributions. Units are so chosen that the velocity of light is unity 
and p, P  and Ui are respectively the proper mass density, pressure and four-velocity 
vector of the distributions. In addition to these, the electromagnetic field tensor 
f i i  and massive scalar field V satisfy the following equations:

F a  —  V'i.j — Ф з л  i (2-2)
Fii = —4х<т1Г, (2.3)

and
gi]V  Uj +M2V  =  0, (2.4)

where rpi is the electromagnetic four-potential. Here the comma and the semicolon 
denote partial and covariant differentiations, respectively.

We now consider the spacetime described by the axially symmetric Jordan- 
Ehlers metric [1, 2, 3,]

ds2 =  e2A~2B(dt2 -  dr2) -  r2e~2Bde2 -  e2B(Cdd + dz)2, (2.5)

where A = A(r, t), В  = B(r, t) and C — C(r, t), and г, в, z and t correspond to the 
coordinates x1, x2, x3 and x4 respectively. Due to the symmetry of the spacetime 
imposed by the metric (2.5), the field variables are independent of the coordinates 
в and z. The coordinates are chosen to be comoving so that

U1 = U2 = U3 =  0 and U i = (ÿ44)- *. (2.6)

The consistency of two of the field equations (2.1),

<?n — —К ( Т ц  + Е ц  + E'i^) and G44 =  —К(Т ц  + Е ц  + Е'44)
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demands that (see Appendix)

M = 0, A =  0, P = p, Fi4 =  0 and F23 - 0. (2.7)

We get from (2.3) and (2.7) that

a = 0, since U4 ф 0. (2-8)

Now it may be shown that all the surviving components of Fij can be obtained 
from ф2 and Фз of the electromagnetic four potential t/i,. For the sake of simplicity 
we take

У>2 = M  and фз = TV.

Using (2.5) to (2.8), the field equations (2.1) to (2.4) finally take the form:

e4B
A\ = г(Ац — A44 + 2 B2) + |+

+ T -  [e2B(^4  -  CTV4)2 + r2e~2B N 2 + r2V 2] , (2.9)4тг r

Л4 = ^ e 4B + 2rB\B4 + —  [e2BMiM4 + (C2e2B + r2e~2B)N4N4-  2r 4?rr L
—Ce2B (M4N4 + TV1M4) + r2^ ]  , (2-10)

V l5  -  ^ e 4B(C2 -  С42) = ^  [ ( M 2  -  M 2)e2B -  2C(M1N 1 -  M 4 TV4 ) e 2 B  +

+ (C2e2B -  r2e~2B)(N2 -  TV2)] , (2.11)

V2C +  ЦВ.Сг  -  B4C4) = [M4N4 - M xTV1 + ОЧАГ2 -  TV2)] e“ 20, (2.12)Z7T

p (=  ri =
„4В

Ац — A44

- j j  - C A r1 ) !  +  i - 2 " j V )2  +  V >7 }  , ( 2 . 1 3 )

V 2M + 2(M1B 1 -  M4B4) = C V2 N  + C 1 TV1  -  C 4 TV4 +

+  2 C ( T V i ß i  — TV4 .B 4 ) ,  ( 2 . 1 4 )

e4BViTV + 2(N4B4 - N 1B1) = -^~ [ClM 1 -  C 4 M 4 -

- C ( C 4N\ — C 4 TV4 ) ]  ( 2 . 1 5 )
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and
ViV =o, (2.16)

where
_ a2 a2 l a

Vl -  d r 2 at2 + r d r
and

a2 a2 l a (2.17)V2 ~ ar2 at2 r d r
For the sake of brevity the comma is dropped and the suffixes 1 and 4 represent 
partial differentiations with respect to r and i, respectively.

In this paper, our interest is to solve the overdeter mined set of nonlinear field 
equations (2.9) to (2.16) to determine the unknowns А, В, С, M, N, V and P (=  p). 
The question of overdeterminacy has been settled in each case by the satisfaction of 
all the field equations by actual substitution of the solutions in the field equations.

3. Solutions

It is difficult to find an exact solution in general due to the nonlinearity of the 
field equations. Therefore, we impose certain restrictions on the electromagnetic 
fields when C =  0. Equation (2.12) is identically satisfied in the following cases:

(i) C = 0, Mi =  M4 = Nt. =  0,
(ii) C = 0, M x = Mi = N4 = 0,
(iii) C = 0, Ni = N4 = Mx = 0,
(iv) C = 0, Ni = Nt = M, =  0,
(v) C = 0 , M a = 0 = N u
(vi) C = 0, Mi = 0 = TV4 and
(vii) C = 0, Mx ф 0 ф M4 and Nx ф 0 ф NA.

Case (i) Mx = M4 =  Ni = 0 = C

This case implies that N  is a function of time only and the equation (2.14) is 
satisfied identically. Then from (2.15), we obtain

B = i[ ln JV 4 - I ( r ) ] , (3.1)

where L is an arbitrary function of r only. With the help of (3.1), equation (2.11) 
yields

d?L I d L .  cP , „  К  %r L(r)
i ï + ; *  +  s ? h j r ‘ — с * * 4 "-

(3.2)
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Since N  is a function of time only and £ is a function of r only, the equation (3.2) 
will hold if and only if either N4 or £ is a constant.

Subcase (») a.

We first assume N4 to be a constant, say / .
Then

N  = f t +  d.

With this value N, the equation (3.2) yields a solution

(3.3)

£ = — In 2u—̂ r 2 cosh2 ( -  In r + s) (3.4)

Hereafter, the lower case Latin letters except r, t and z represent arbitrary 
constants and u =  7^.4rr ’

With the help of (3.1), (3.3) and (3.4), we get

B =  -  In2
2u/  2 .2 ,? ,  , *— r r  cosh (- ln r-f-s )
- q  2

(3.5)

Solving (2.16) by the method of separation of variables, we get

a r2V = — (t2 + — ) + d2Í + a3 In r + a4,

where the a’s with different suffixes represent arbitrary constants. Substituting 
(3.3), (3.5) and (3.6) in (2.10), we get

(3.6)

A = y ( y r 2 + аз ) ( -у -  +  a2t) + S(r), (3.7)

where S is an arbitrary function of r only. Using (3.3), (3.5), (3.6) and (3.7) in 
(2.9), we get

u . a? r4r2S n  — rSi = y ( ^ ---- al) -  2 -  у  tanh2( ^ ln r +  s ) -

—2qtanh(M nr +  s).

As it is difficult to solve the above differential equation for a general value of q, 
we therefore solve it for certain specific values of q, say, q — 2. Thus, we get the 
solution as

A = a6 + as r2 +
2 ua2r*
2 -L — -— + In

3 2 /
r* V + 2) cosh2(In r + a) +
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u .a ir2 ч ,а1*2 ч
+  у ( ~ У  + аз)(-у ~  + 02*)- (3.8)

The pressure of the distribution can be obtained from (2.13) as

/ tta? .r -(2 + -^ ) .p(=  p) =  V
it / 2\4a5 — y  (ai аз + a2)

•sech2(lnr + s) ■ exp |- 2  | a 6 + a5r2 + ^ y a 2r4 +

“ / ul r 4 / .
+ 7 (_У" + аз)(_2_ + a 2i) j (3.9)

In this subcase the solution of the field equations is given by (3.3), (3.5), (3.6), (3.8) 
and (3.9) when q = 2.
Subcase (i) b.

In the alternative case when L is a constant, say

L — In fj (3.10)

the general solution of (3.2) is

N  = b — — tanh(— - t  + s). u ' 2 '
Thus, we get from (3.1)

В  =  -  In 
2 „ ,sech2( - ^ t  4- s)[2u/ v 2 '

As before considering the solution (2.16),
2

V — y (< 2 + y )  + 42t + a3ln r + a4, 

we calculate A and P(= p) from (2.9), (2.10) and (2.13) as

A — ае + а5Г2 + — afr’ a  ̂ , _ , a \ T “ : wa i t2, +  - M n r + (
/  32 2 У 2 + аз)(-

and

P(= P) = 4u2 4a5 -  y (a ia 3 +  a2) -  ^

a2Í)

(3.11)

(3.12)

(3.13)

(3.14)

sech2( -  24 + ' exp [~ 2 { a® + a&r2 + ^ / r4+

+ y ( - y - + а3) ( - у - + a2i ) |  . (3.15)

Thus, (3.11) to (3.15) constitute the solution of the field equations in this subcase.
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Case (ii) Mi = Мл =  ЛГ4 = 0 = С

This case implies that N  is a function of r only. Proceeding as before, we get 
the following two sets of solutions:

Subcase (ii) a.

N  = b — — tanh(—̂  lnr +  s),

5 =  -In  -^-rsech2(— ̂  ln r + s)2 [2u f  v 2 '
2

V = -^ (t2 + — ) + a2* +  аз In r +  a4,
9  4  99 uafr* , űt u o4 _

A = a6 + a5r + 32 .̂ +  (— + ^уаз) ln r+

+ 7 ' - ,

and
P(=  p) =

_2
a 5 -  7 7 ( ° i a 3 +  a 2)4 /

sech2( - ^  ln r +  s) • exp 2 | a 6 + a5r2 + ^ -^ r4-|-

u .a i r 2 . , a i t2 .1+ y ( —̂ —+ a3) ■ (— + a2t) j  . (3.16)

Subcase (ii) b.

N = ' - T + d '

В = -  In 2Ц/ - 2 __1.2 /
2 L 92

f ^ . r2 . cosh2(|  +  s)

_
У = ~ ( t 2 + —) + a2t + 03 In r + a4) L Z

9 Ufli 4 .
A  =  Об -h Ö5 r  +  r  +  In r*1+"T̂ "*cosh2(^j- +  s) +

+ y ( y r2 + a3) ( ^ f + a2t)

and
/ 2

P(=P) = ^ Я2 u i 2\1 “**’4a5 —---- — (aia3 + o2) r
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■sech ( у  + s) • exp
' - 2 {

+ y ( - y r2 + аз)(~^----+- a2 Í) |

ua
а<3 + а5Г" + 3 2 /И +

Case (ixi) Ni = TV4 =  M\ = 0

In this case M depends on the time only. As in case (i), here w 
following two sets of solutions:

Subcase (ixi) a.

M  = b — — tanh(— -—h s), и K 2 '

В  = -  In 
2 L~ r r2cosh2(_ y  + s)

CL T*V = —  (t2 + — ) + 021 + O3 In Г 04 ,
Z Z

uo?r42 u“l ' ,A — а6 + 05Г H— + 4n г(1+^ ) cosh2( - y  +  s) +

u .o ir2 w a , i2 .
+ y(~y----h аз)(~ y~ + a2t)

and
/ 2 4а5 -  y  -  y (a ia 3 + of)

•sech2(— ~  4- s) • exp
2 - 4uarr- 2 |a 6 +  o5r2 + 32/ +

+

Subcase (Hi) b.

U =  f t  + d,

В = -  In 
2

-sech2 (— -  In r + s) 
2u f  K 2 '

V = — (t2 + —) + a2t + a3 ln r + a4, z z
ita?r49 U U i  7 ,  U d o  «у ч -Л = а6 + а5г + у у у + (— + T )ln r+

+ y ( y r2 +  a3)(^ y -  +  a2Í)

(3.17)

get the

(3.18)
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and
4 o 5  -  y ( a i 0 3 +  a | ) sech2 *(— -  In r + e)- 

v 2

•r 1 f exp r2{ ua
a6 + a^  + 3 # r4+

tt .a i 2 . w ai  ̂ . 
+ y ( y r + а з )(— + a2i ) | ]  • ( 3 . 1 9 )

Case (iv) Ni = N4 = M4 =  0

In this case M  depends on r only. The following two sets of solutions are 
obtained.

Subcase (iv) a.

M  = b H—  tanh(ln r +  s), u

В = -  In 
2

- ^ r 2cosh2 (In r + s)

V = (t2 + — ) + a2t + a3 In r + a4,

2 U°1 4 ,A = a6 + a5r2 + ^ y r 4 + In
u a "

r(2+ 2/ ) • cosh2(In r 4- s) +

+ у ( y r 2 + ®з)(—7j— + a2Í)

and

P(= P) = f 2as -  ~ ( o i o 3 + aj) 4
sech2(lnr + s) ■ r

u a f  .
. - ( 2 + - 7 * - ) .

•exp 2 | a 6 + a5r2 + ^ y r 4 + y ( y r 2 + a3) ( y y  + a2t) j  . 

Subcase (iv) b.

M = Ç + d ,

B = H £ f
sech2(— — + s)21
2

V =  (t2 + — ) + a2t +  a3 In r + a4,z

A = a6 +  05 r2 + -
/  L32

^ r 4 + ^  lnr + ( ^ r 2 + a3) • ( ^ -  +  a2t)

( 3 . 2 0 )
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and „2 q2 и4a5 -  — -  y (o ia 3 +al) sech2(— - t  + s)- v 2 '

■r f
°6 + a 5 r  + 3 2 /Г +A • exp [-2  I

■ y ( y r2 + аз ) ( - ^ -  + <*2<)j •

Case (v) M4 =  0 =  Ni

Following the case (i), we get the following two sets of solutions: 
Subcase (v) a.

M = ? j - + d ,  N  = b -  ^  tanh(— + a),

and

В  =  -  In 2 / - s e c h 2( - ^ i  + s) Auf v 2 '
OL t*

V =  y ( t 2 + y )  +  o2t+  a3 In r +  o4,

A = a 6 + d5r +  ~j of_4 , “3 ! . .  , , al 2 . \ ,<*1t*
32f4 2 Inr ( 2 ' a3) ' (" 2 + 02̂ )

P ( =  p) = j L
8u2

g2 u . 2.4a5 -  у  -  y (a ia 3 + a 2) sech2(— + s)-

°6 +  °5r + 3 2 /r  +

+

w
y(Y*-2 + a3) ( ^  + a2t)} .

Subcase (v) b.

M  = f t  + d, N  = b + — tanh(ln r + s), 

В = -  In [u /r2 cosh2 (In r + a)] ,
It 2

V = у  (t2 + у  ) + <*2t + o3 In r +  04,

Л = a6 + a6r2 +  ^ r 4 + In

+ y ( y r 2 + аз)(-у~  + «»г*)

r (2+"ï^) cosh2 (ln r + s) +

(3.21)

(3.22)
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and
/ 2

P (= '> -  2
u , 2.4as — y (a ia3 + a2) sech2(lnr + s)-

r-(2 + ^ i) exp |_ 2 | 06 + a&r2 +  ^ i r4 +

u ,a! 2
+ 7 (T r +  а з ) ( “ у “  +  a 2 * )  j j

Сазе (vi) Mi = 0 =  TV4

As before, in this case, we get the following two sets of solutions: 

Subcase (vi) a.

N = — +d, M  = b — — ta n h (- - t  +  s),2 2« ' 2 '
15 =  -  In 
2

V =  — (t 2 '

— ^r2 cosh2( - | i  + s)
2

— —) + o2t + аз In r + a4,

A = a6 + a5r2 +,2 uat 4

32/ 
a i t2

+ In
u a ?  \ /7

r(1+ 57 *cosh2(— - t  + s) +

+ - r i y r 2 + ° з ) ( -у -  + °2Í)>

and
/ V 2

Р ( - Р ) ~ Ц г  4 a s - j -  j ( a ia 3 + a%) sech2( - | t  + a)-

l r4 +

Subcase (vi) b.

r~7* ■ exp j - 2  | a 6 + a5r2 +

+ y ( y ^  + аз)(-у~  +  02*) J] •
f  = f t  + d, N  = b -  ■£- tanh(— ̂  In r + s), ZU z

B =  -  In 
2

sech2(— -  ln r + s)4u / ' 2

V = y ( t 2 + у )  + °2* + a3ln r + a4,

4  =  «« + . ^ g r *  + ( i  +  ^ ) b r +
2 /

+ y iy * -2 +  °3H~y~ + ®2Í)

(3.23)

(3.24)
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and
P(= p) = U  I  2 \4a5 -  j ( a 1a3 + a2)8tx2

.r - ( 4 + ^ )  . eXp  J - 2  I

sech2( — -  lnr + s)-v 2 '

1 _4
a6 + asr + щ г +

+ y ( y r2 + a3) ( ^ -  + °2Í)} • (3.25)

Case f С = 0, M x /  0 ф Af4 and Nx /  0 /  JV4

If we assume in this case M  — N  then the equation (2.12) reduces to

M \ -  M l  =  0 (3.26)

which implies that M (= N) can be an arbitrary function of (r ± i). Thus, we first 
consider

M(— N) = M ( r - f ) .

In view of (3.27), Eqs (2.14) and (2.15) lead to a single equation, i.e.,

1В1 +  B\ = 2 r

and (2.11) reduces to
V iS  = 0.

A common solution of (3.28) and (3.29) is

L m

Here we also consider the solution of (2.16) as

V  — — (t2 + — ) + a2t + аз In r + a4.L L

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

Substituting the value of M(= N), В  and V from (3.27), (3.30) and (3.31) in (2.10) 
and after integration, we get

A = S(r) -  j  ■ J  M '2 dt + ^  + u3) • ( ~  + a2t), (3.32)
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where S(r) is an arbitrary function of r only and prime denotes differentiation w.r.t. 
the argument. As it is difficult to solve the equation (3.32) for arbitrary values of 
M, we consider the particular functional value of M (— N) as

M = N  = (r -  t)n, (3.33)

where n (^  0 ,|)  is any real number. It is evident that n = 0 corresponds only to 
matter fields where as n =  |  corresponds to only an electromagnetic field. Solving 
Eq. (2.9) with the help of (3.30), (3.31), (3.32) and (3.33), we have
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2 ua? 4 . ua? 1 .,A = ae + a5r + — r + ( _  + i )ln r+

1 + m2u
+ -

/  L 2( V r2 +  аз)(“̂ ----b a2*) +
2n— 1 ‘

m
|(г “ 0

2n — 1 (3.34)

and

p(= p) = 2 ^ [ 4a5" 7  (aia3 + a2)

exp

+

Иa6 + o5r2 + ^ r 4 + 7 ( ^ r 2 + + a2t) +ua
3 2 /' ' f y 2

1 + m2 2 ( r - t ) 2- » "

füít2

m 2 n
In— 1 'I“ I (3.35)

4. A m ethod for general solution

As mentioned earlier the field equations except equation (2.16) are highly 
nonlinear. Moreover, the equation (2.16) is an equation in V alone whose integral 
can be obtained using Hankel [9] and Fourier [10] transforms as

v(r,i) = J ” v(r,,0)[J~ C°sÇt J 0(riÇ)MrÇ)iidt ndv, (4.1a)

where
V,(r,0) = 0

and
У(г, t) = [  F(t + r cos u) du + Í  E(t + r cosh u) du, (4-lb)

Jo Jo
where F and E  are two arbitrary functions of their respective arguments. The latter 
solution exists when the integral exists and the differentiation is allowed under the 
integral sign. It may be mentioned here that the particular solution V (r, t) =  In r
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[ll] of Eq. (2.16) can be shown to be a particular case of (4.1b) by a limiting process 
as follows:

l n r =  lim Vn{r, t),

where
1 f* n f°°V„(r,i) =  ~ /  In — du — / exp{—n(t +  rcoshu)} du.
* Jo 2 Jo

(4.2)

(4.3)

However, all the solutions obtained in Section 3 may not be particular cases of 
(4.1b). The field equations (2.9), (2.10) and (2.16) enable us to redefine the metric 
potential A for linearly coupled source-free electromagnetic and massless scalar 
fields as

(4.4)

(4.5)

e—v e V
A = A  + A,

where
A  = £  /  г [(V? + V?)dr + 2VxVt  dt}

e—v
and A corresponds to the coupled source-free electromagnetic fields and massless 
scalar fields. The pressure cum energy density for this problem can be obtained from

e—v
Eq. (2.13) using A from (4.4). However, it is not possible to find out the explicit 
solution of the field equations with these values of V  unless the exact functional 
forms of V(r,0), E  and F are known.

5. Physical behaviour of the  solutions

(1) Energy conditions

(a) The stress energy density of scalar fields

7,44 = h (v? + v ?)

is non negative and on t-constant hypersurface T44 —» finite or oo as r —♦ either 0 or 
oo and on r-constant hypersurface Г44 —» finite as t —► 0 and T44 —» oo as t —* oo, 
for all solutions.

(b) The energy density associated with electromagnetic field

^44 = ^
.2  В
- { { M i -  CNx )2 + (M4 -  CN4)2 + c~2B(N2 +  *42 )} ]

is also non negative for all solutions.
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(2) Curvature scalar

The behaviour of curvature scalar is similar to that of scalar pressure P in 
each case.

Acta Phyrica Hung art ca 61, 1990

(c) The pressure P{— p) of the matter field is given by the field equation (2.13) 
on a t ^constant hypersurface, we have P —♦ oo as r —♦ 0 and P —► 0 as r —» oo 
for all solutions except the case vii of Section 3. For this case on the i-constant 
hypersurface, we have as r —» 0, P  —» 0 or finite or oo according as |[ 1 and 
as r —» oo, P —* 0.

In the range 0 < r < oo the matter density is physically realistic subject to 
some restrictions on the arbitrary constants involved in the solutions. On r-constant 
hypersurface = r\, we have P —» finite as t —* 0 for all solutions and the pressure 
obtained in the cases i(a), ii(a), iii(b), iv(a), v(b) and vi(b) behave as follows:

(1) P  —* 0 as t —* oo for the following cases
(i) ai and аз are of the same sign, *

(ii) аз > 0 and ai < —
(iii) аз < 0 and Oi > — .ri

(2) P  —» oo as t —► oo for the following cases
(i) аз < 0 and 0 < ai < — ,ri
(ii) аз > 0 and — ̂  < ai < 0.

(3) If ax = — then P being independent of t is finite for all t.

(4) The case aj =  0 leads to that of Mohanty [12].

For the rest of the solutions obtained in Section 3, on r-constant hypersurface, 
we get P  —► 0 as t —► ±oo when the arbitrary constants a? and аз are of the 
same sign.

(d) For the present case we have

1 le28
T^UaUb =  P +  ±e2B~2A — {Ml  +  Ml) +

AJ T

+e~2B (Ni  +  Ni) + V? +  V 2]

and

{Tab -  \gabT)UaUb =  2Р Л  -e2B~2A [ -^ -{M l + M 2) +

+e~2B(Nl  +  ЛГ42) +  2V2] .

Here both expressions being the sum of exponential and squared quantities are 
non-negative and they satisfy the Hawking and Penrose [13] energy conditions.
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(S) Behaviour of four velocity vector

The only surviving component of the four velocity vector is i/4 which for the 
solutions of the cases i(a), ii(a), iii(b), iv(a), v(b) and vi(b) behaves as follows:

On a t-constant hypersurface, we get the following three cases:
Case (i) Ka% = 2x

U\ —► 0 as г —► 0 when |g| ^ 1 ,0

and U\ —» finite as r —► 0 when |g| — 1.

Case (ii) К  a \ >  lit

U\ —» 0 as r —► 0 for all q ф 0 .

Case (iii) Ka% < 2тг, 0
as r —♦ 0 , U\ —» 0 or finite or oo according as ||g| — 1| ^  у  1 ----

However, for all cases (except q = 0), we have U\ —* —oo as r —+ oo. On 
r-constant hypersurface, we have U\ —* finite as t —» 0 and the limit of i/4 is 
similar to that of P  as t —* ±oo as shown earlier. For the rest of the solutions 
(except solution of case (vii)), t-constant hypersurface we get i/4 —» 0 as r —+ 0 and 
ï/4 —» oo as r —> oo and limit of C/4 as t —* oo on r-constant hypersurface depends 
on the arbitrary constants appearing in the solutions. The solution of case (vii) 
behaves as follows:

On t-constant hypersurface, we get as r —► 0, i/ 4 —» 0 or finite or oo according 
as ^  1 and as r —+ oo, U\ —* oo.

On r-constant hypersurface, we have f/4 —»finite as t —♦ 0 and the limit of C/4 
as t —» ±oo depends on oi, a2, 03 and n.

t/4 tends either to zero or infinity indicating the presence of a singularity 
matching with that studied earlier in the case of the scalar pressure.

(4) Behaviour of the solutions in pseudo-Cartesian coordinates

Here we introduce pseudo-Cartesian coordinates in place of cylindrical polar 
coordinates with the help of the transformations x =  r cos в, y — r sin 9, z — г and 
t — t in order to avoid the coordinate singularity. In the transformed coordinates, 
it is found that the behaviour of is exactly similar to that of {/4. Moreover, 
the cases where | \ tends to finite quantity the individual components are studied
analytically [14]. It is observed that axis of symmetry, spatial infinity and temporal 
infinity are singularities for all solutions obtained in Section 3. This study supports 
the analysis already done in the earlier cases.
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(5) Types of singularity

The P-symbol as defined by Liang [15] may be written in the present case as
i_ Гл -в  - в  в 1
~  [ a - b > a - b > Л- b J •-B> A - В '  A -  

For all solutions obtained in Section 3, it is evident that Yli Pt =  1 and 
P? ф 1. Thus, these singularities are called semi-Kasner type of singularities.

(6) Electromagnetic fields

(a) Duality: The set of solutions of the cases (i) and (ii) can be obtained from 
the solutions of the cases (iii) and (iv) and vice-versa by using the dual theorem 
[16]. Thus, these two sets of solution are dual to each other. The solutions found 
under the cases (v) and (vi) are self dual whereas the solution under the case (vii) is 
not self dual. We mean self dual in the sense that the solution is unchanged under 
the application of the dual theorem [16].

(b) Nullity: The only solution obtained under the case (vii) represents non
null electromagnetic field [17] whereas the rest of the solutions correspond to null- 
electromagnetic field which classically represents propagation of electromagnetic 
radiation with fundamental velocity.

(c) Uniformity: All the solutions obtained in Section 3 represent non-uniform 
electromagnetic fields i.e., P,y;k ф 0.

(7) W.M.P. class of solutions

The class of solutions generated by a relation between one of the metric po
tentials and one of the electromagnetic potentials is due to Weyl [18], Majumdar 
[19] and Papapetrou [20] and is known as W.M.P. Class. The class of solutions 
obtained in Section 3 includes both W.M.P. type and non-W.M.P. type of solutions 
[21].

(8) Line mass representation

None of the solutions represents the field due to line mass [22]. This is due 
to the presence of stiff fluid and zeromass scalar fields.

(9) Gravitational radiation

Pirani [23] has shown that the gravitational radiation exists if r =  В ц  + 
5 5 x04 + AXB4 — 3BxA4 ф 0. Each solution of Section 3 corresponds to a radiating 
field since г ф 0. We may mention, however, in this case that the stiff fluid is present 
in contrast to the analysis of Pirani [23] which is based on empty spacetime.
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6. Conclusion

It may be mentioned here that
1) the solutions of Mohanty [12] can be obtained from the corresponding solu

tions derived in Section 3 by putting ai =  0, — а, аз =  к and a4 = e;
2) the solutions of Mohanty et al [24] can also be derived from the solutions 

obtained in Section 3 by putting 01 =  «2 =  03 = сц = 0;
3) the solutions of Rao et al [11] can also be obtained from the corresponding 

solutions in Section 3 if we remove the contribution of the stiff perfect fluid 
and consider 01 = a? = 04 = 0 and a.3 = к  with proper identification of the 
constants involved and

4) the solutions of Misra and Radhakrishna [25] can also be derived from the 
corresponding solutions of Section 3 removing the contributions of stiff perfect 
fluid and massless scalar fields with proper adjustment of arbitrary constants.
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Appendix

The field equations (2.1) for the metric (2.5) take the following form:

G „  = -^ (C ?  + C%)e*B + B 2 + B2 -  —  -  Xe2A~2B =
4 r

= - ~ ( V 2 + V 2 + gilM 2V 2) -  £  [ -g 22F 22 -  g33F 23 -  g44F24+

+ m(!72V 3 -  f f W I s  -  S22^  -  ff33f 24 -  2g23(F uF 13 + F2AF3i)} -  

-  ^ [ ( P  +  p ) U 2 - P g i l } ,  (A.l)

G 22 =
3C4
4r2 (C2 -  C2)e8B~2A + \ (C l  - C 2) + 4C(Bl Cl -  B4C4) + C y 2 C+

+C 2(2 V i В -  B\ + B 2 -  An  + A44)] е4В~2Л + r2{B\ -  В 2 + Л44 -  Au ) -

-  A(C2e2B + r2e~2B) =  ^ g 22 [g11^ 2 -  F42) + M2K2] -

-  ^  [?n  { (to?22 -  2)1?, + g22( ^ 3F 23 + g44F24) } +

+ {<fe2(í72V 3 -  !72V 3) -  2g33} F23 +  g44(g22g22 -  2)F24 +
+Í722 {s3V 4F 24 + 2g23(gu F12.F13 +  g44F24F34)}] -

" 4^ [(Р + №  * Pg22\ > (A.2)

G33 — ^ 2  (C2 — C2)e8B 2A + (2 Vi В  — В 2 + — А ц  + А44)-

. €4В-2А _ де2В = К_дгъ [дп(у 2 _  V-2) + Д2у2] _

_  [ÿ11 {?22?зз1’22 + [дззд33 -  2)F23 + g33g44F 24} +

+ Ы / V 3 -  ff23?23) -  2g22} F 23 +  д22дзз<744̂ 24+ 
+д44(дззд33 — 2)-F24 + 2д23 дзз[д11 F42Fi3 + gi 4F23F34)} —

- ^ [ ( Р  + р)^з2 - Р д 33],

G44 = ~ ( С 2 + С2У В + В 2 + В2 -  —  + Хе2А~2В =
4Н г

= - £ ( V ?  + V 2 -  g ilM 2V2) -  £  [-д 22Л22 -  д33Л23-

- * “ 1?4 +  ^ ( з 22?33 -  <72У 3) ^ 2з -  g22Fl4 -  g33F34-

—2g~3(Fi2Fi3 +  Í24^34')] — ~  [(P  +  p)U4 — Р д а ]  ) (А.4)
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G i4  =  +  2 ^ 0 4  -  à *  =  ~ ~ V \V i  -  ^  [<?22P 12F 24+2r* r 4x 4x L

+  g33F13F34 + ^ 3(F12F34 + *13*24)] -  f ( P  + p)UJJit (A.5)
47Г

\  V 2 C' + 2(S1C1 - B 4C4)+

+C (2 Vi B -  B \  +  B\ -  An + A44)] e4B~2A -  ACe2B =

=  £ * з  k “ (V? -  V?) + M2F 2] -  A  [s“ g23(322F 22+

+  *“ *& + rf44*?«) +  Ы * ” У33 -  ff23?23) -  2 ^ 3} *&+
+<723044(<71"* ’24 +  93 3 F3 i) +  2 g 1 1 (g23 g 23  -  l ) * i 2 * i 3 +

+2?44(ÿ23S23 -  1)Г24^34] -  £  [(*» + p)U2U3.-  Pg23) . (A.6)
47Г

In a comoving coordinate system (2.6), Eqs (A.l) and (A.4) yield

3 C
G*3 =  i ^ ( C ï - W

2» 8B-2A +

«»■  + A  + 9„ ( Л »  -  »” »” )*&+

+ ( / > - % i + J i i M V 2] = 0 .  (A.7)

For the metric (2.5), Eq. (A.7) leads to

1ол K2А ■+- -— 
4ir

„4В- 4А F 21̂24 + 4 ^ 2 23 + ( р - ^ )  + ^ 2 =  0. (A.8)

For an expanding universe A > 0 and with a known physical distribution 
p > P, the above equation implies the only possibility that is given in (2.7). Since 
M, P, p and <t are invariants, the results obtained in (2.7) and (2.8) viz., M  =  0, 
P  =  p and a =  0 for a comoving coordinate system will also hold for any other 
coordinate system. Thus the spacetime (2.5) does not sustain a charged perfect 
fluid with massive scalar fields even though this is not true in general for axially 
symmetric spacetimes. This may happen due to the implicitly cylindrical nature 
of the geometry (2.5). However, the same results i.e. (2.7) and (2.8) can also be 
derived separately choosing each field explicitly in Einstein’s field equations. The 
equation of state is usually considered as an additional physical condition either 
with underdetermined physical situations or with the study of relativistic hydrody- 
namical conditions. In our problem the stiff nature of the perfect fluid is an inherent 
property of the spacetime considered.
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THEORETICAL ANALYSIS OF THE EFFECTIVE 
ELECTRON MASS IN n-CHANNEL INVERSION LAYERS 

ON TERNARY SEMICONDUCTORS

N . CHATTOPADHYAY, K . P .  G H A TA K * and M . M O N D A L **

Department of Phytics
University College of Science and Technology, Calcutta-700009, India 

(Received in revised form  14 May 1987)

An attem pt is m ade to  investigate theoretically the effective electron mass in n- 
channel inversion layers on ternary semiconductors on the basis of three band Kane model 
which has been stated in th e  literature to be th e  most valid model for the same semiconduc
tor. It is found, taking n-channel inversion layers on H g i- iC d jT e  as an example, th a t  for 
the low electric field limit th e  effective electron mass at the Fermi level depends bo th  on the 
electric subband index and the Fermi energy due to  the combined influence of the spin-orbit 
splitting param eter and the band non-parabolicity, respectively, whereas the same mass for 
high electric field limit depends on the electric subband index due to  the spin-orbit sp litting  
only. Besides, the Fermi level masses differ widely for relatively low values of th e  surface 
electric field in the low electric field limit and they  decrease w ith increasing subband index 
for both limits. The well-known results for inversion layers on two-band Kane m odel are 
also obtained from the expressions derived.

In troduction

The effective mass of the carriers in semiconductors, which is strongly con
nected with the mobility, is known to be one of the most important device param
eters [1]. In semiconductors with parabolic E- к dispersion relation the effective 
mass is independent of the energy whereas for non-parabolic bands it is not so. It 
must be mentioned that, among the various definitions of the electron effective mass
[2], it is the momentum effective mass that should be regarded as the basic quantity. 
This is due to the fact that it is the momentum effective mass that appears in the 
description of the transport phenomena and all other properties of the electron gas 
in a band with arbitrary band non-parabolicity [3]. It can also be shown that it is 
this effective mass which enters in various types of transport coefficients and plays 
the most dominant role in explaining the experimental results of the different types 
of scattering mechanisms [4-5]. The carrier degeneracy in semiconductors influ
ences the effective mass when it is energy dependent. Under degenerate conditions,

‘ Address for correspondence: Dr. К. P. G hatak , Departm ent of Electronics and Telecom
munication Engineering, Faculty of Engineering and Technology, University of Jadavpur, 
Calcutta-700032 India.

“ D epartm ent of Physics, Palpara College, Post-Palpara, D istrict Midnapare, West-Bengal,
India.
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only the electrons at the Fermi surface of n-type semiconductors participate in the 
conduction process and hence the electron effective mass (hereafter referred to as 
EMM) corresponding to the Fermi energy would be of interest in electron transport
under such conditions. The Fermi energy is again determined by the E- к dis
persion relation and the carrier concentration and, therefore, these two parameters 
would mainly determine the dependence of the EMM in degenerate semiconductor 
on the degree of degeneracy.

In recent years various E- к relations for semiconductors under various phys
ical conditions have been proposed, which have created the interest for studying 
the EMM in such semiconductors having varying band structures [6-15]. Besides, 
it is well-known that the electric quantization of the 2D electron gas in inversion
layers on semiconductors drastically changes the basic E- к dispersion relation [16]. 
The various transport properties under such conditions have been studied for dif
ferent types of energy bands [16]. It appears from the literature that the EMM in 
inversion layers on ternary semiconductors has been theoretically investigated on 
the basis of the two-band Kane model [22] since these semiconductors are increas
ingly used for the fabrication of infrared photo detectors and also since they have 
peculiar physical features [2]. The conduction band in ternary semiconductors is 
strongly non-parabolic where Е / Eg ~  1 instead of being much less than unity as 
is often assumed in the literature (E is the electron energy as measured from the 
edge of the conduction band and Eg is the bandgap). It would be of much interest 
to study theoretically the EMM in inversion layers on ternary semiconductors for 
the more interesting case which occurs from the consideration of three-band Kane 
model [17,18], since the above model has been stated to be the most valid model 
for ternary semiconductors [19]. In what follows, we shall investigate the surface 
electric field dependence of the EMM by deriving the appropriate electron statistics, 
taking n-channel inversion layers on Hgi_xCdŒTe as an example.

Theoretical background

The E- к dispersion relation of the conduction electrons in bulk specimens 
of Kane-type semiconductors in the absence of any quantization can be expressed
[18], following Kane [17], as

—  =  r(E) r(E\ = E (E + E9)(E + Eg + A)[(Eg+lA)}
2 1 ’’ 1 ' Eg(Eg+ A){E + Eg+  §Д)

where К 2 =  [k%. + ky + Â ], h =  h/2n, h is the Planck’s constant, is the effective
electron mass at the edge of the conduction band and A is the spin-orbit splitting 
of the valence band. Thus, using Eq. (1) and following the method of Paasch et al 
[20], the corresponding 2D electron energy spectra can, respectively, be expressed 
under weak and strong electric field limits, as:

r(e) =  (h2k2j2 m £) + [ h e F , n e ) / ^ 2 ^ ] 2ß Sn ( 2)

Acta Phynca Hungarica 67, 1990



THEORETICAL ANALYSIS OF THE EFFEC TIV E ELECTRON MASS 1 6 5

and
r(e) = {h2k2Jlm *0) + J  (heF./y/ Щ Щ )  у / Щ  S 2J2, (3)

where k% = к% + A:2, F, =  is the surface electric field applied perpendicular
to the surface, e is the electron charge, N, is the surface electron concentration, e,c 
is the semiconductor permittivity, rp(e) = L(e) ^Ц-2а£ + £(Ц-ае){(е + £,д + Д )~1 —

— (f + Eg+ , L[e) = r(e) [£(1 + as)]-1 , e is the energy measured from the
edge of the conduction band at the surface, a =  1 /Eg, Sn values are the zeros of 
the Airy function {А^(—5n) =  0} [21] and n(= 0 ,1 ,2 ,... ) is the electronic subband 
index.

Using Eqs (2) and (3), the effective electron mass at the Fermi level can 
respectively be written under weak and strong electric field limits, as:

m*nul(EFu) =  ml [.D(e) -  Я(е)а„{Ф(£)} 1/3] (4)

and
< л а д  =  ml [д(е) -  6n{L(£)} -1/2>i(£)j (5)

where

= 7(e) € 1 + (e + Eg) 1 + (e + Eg + A) 1 — (e + Eg + — A) 1 

B(e) =  Ф(е)<5(£) [i(e)]— 1 + L[e) 12a + (1 + 2a£){(£ + Eg +  A)_1-

— (£ +  J ? g + - A )  — e(l +  ae){(e +  Eg +  A) 2 -  (e +  Eg +  -  A) 2} j,

(5(e) =  [e(l +  ae)]-1 [5(e) -  I ( i ) ( l  +  2ae)\, 

an =  I  \h eF ,/y /2m l '  Sn, bn = ^ {eF,Н /уД т ^Ед^ S 2/2,

Efu is the Fermi energy as measured from the edge of the conduction band at the 
surface in the low electric field limit and Ер» is the Fermi energy corresponding 
to high electric field limit. It appears then that for evaluating т * ш(Ерш) and 
т„в(Ер») corresponding to a given electric subband, one has to obtain the electron 
statistics, for both low and high electric field limits, which in turn is determined by 
the corresponding density-of-states function. Using Eqs (2) and (3) the density-of- 
state function can, respectively, be expressed under weak and strong electric field 
limits, as:

* Пгпах r -I
A-M = ^  E  И £) -  £(е)ап{ * (Л Г 1/3] -  e~ ) . (6)

n=0
* Птах -

P.M  = ^ E  №  -  м « ) № ) г 1/а я (е -  £- )>  (7)
™  п = 0  1
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where H  is the Heaviside step function, епш can be determined from the equation

2 / 3
r (̂ nw ) -  Sn [fteJ .» (  ) / s / 2 ^ 0 

and en, can be determined from the equation

rlc ) _  j heF»V L {en.)  g 3 / 2  _  n

= 0 ( 8)

(9)

Using Eqs (6) and (7) the surface electron concentration in low and high electric 
field limits can respectively be expressed as

4c n m ai

= |X (n ,£ f t ) +  y (n ,£ Fw)],
™  n = 0

4: n r n a .x

= ^  E  \U(n,EF.) + V(n,E F,)},
1ГП

( 10)

( и )
n = 0

where the symbols are defined in the Appendix 1.1.
Incidentally, for large values of n, Sn —* (4n + З)]2 3̂ [22]. Thus, under

the conditions Д —» oo and Sn —+ [^ (4 п  +  3)]2/3, the Eqs (2) and (3) assume the 
forms

e(l + ae) =
2 m*o

3 heF. я-
1 2 / 3

2 yj2ml
= (l +  2ae) (n+i)

2 / 3

and
. h?k?

e(l + ae) =  ——-  +2mS
2nheF,

yj2r *0Eg V  * )

( 12)

(13)

Equations (12) and (13) were derived for the first time by Antcliffe et al for the 
two-band Kane model [22]. It is thus expected that, under these substitutions, 
the results derived in this paper should convert to simpler forms reported in the 
literature for the two-band Kane model. Using the above substitutions the Eqs (4) 
and (5) assume the following well-known forms [22]:

(£ Fw) =  ™o
{ , „ л 2/33 heF,к (  3 \  I

r + ï ) j (14)
and

m*n, ( E f s) = mÔ (1 +  2aEF>) , (15)

where the notations are defined in Appendix 1.2. The Eqs (14) and (15) were 
derived for the first time by Antcliffe et al [22]. Finally, it may be noted that
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under the conditions Д —+ oo and Sn —* [=y(4n +  3)]2 3̂, the Eqs (10) and (11) get 
simplified into

N.u = т^квТ  
я-ft2

"fV  Г/ 2 \£ K1+iH^о(*7ы) + 2 а * в Г * \Ы (16)

and
* I rp Птах

N „  =  - ^ ~  £  [(1 +  2веп. ) Л Ы  +  2в*вГ Л (ч.)). (17)
* h  n=0

where the notations are defined in Appendix 1.2. The Eqs (16) and (17) were 
derived for the first time by Chakravarti et al [23].

R esults and discussion

Using Eqs (4) and (10) together with the parameters [14, 2]

Eg(x)  =  [ - 0 . 3 0 3  +  1 . 7 3 x  +  5.6 x  1 0 ~ 4 ( 1  -  2 х ) Г  +  0 . 2 5 x 4 ] eV, 
mS(z) = Eg(x) [O.lmJ] , Д = 0 . 9  eV,

and
e»0(x) = [20.262 -  14.812z +  5.279x2] e0

we have plotted (Еры) /то f°r the first three electric subbands in n-channel 
inversion layers on Hgx-^Cd^Te to i =  0.23 at 4.2 К as functions of the surface 
electric field limit by using Ekjs (5) and (11), as function of the surface electric 
field as shown in Fig.l in which the same dependence is also plotted by using the 
two-band Kane model for the purpose of comparison. Using the same parameters 
as used in obtaining Fig. 1, we have also plotted the EMM at the Fermi level for 
the first three electric subbands under strong electric field limit by using Eqs (5) 
and (11), as functions of the surface electric field as shown in Fig. 2, in which the 
simplified cases for the two-band Kane model have further been shown. From these 
Figures and the above discussion the following features follow:

(i) The EMM at the Fermi level in n-channel inversion layers on ternary semi
conductors depends on both the electric subband index and Fermi energy due 
to the combined influence of the spin-orbit splitting parameter and the band 
non-parabolicity, respectively, for the low electric field limit;

(ii) the spin-orbit splitting parameter enhances the numerical values of the EMM’s 
for both limits;

(iii) the EMM’s at the Fermi level for high electric field limits depend on the 
electric subband index due to the influence of spin orbit splitting parameter 
only. For the two-band Kane model the EMM is independent of the electric 
subband index only for high electric field limit;
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Pig. 1. P lo t of the normalized effective electron masses under weak electric field limit as a  func
tion of F , corresponding to  n  =  0,1 and 2 in n-channel inversion layers on H g i- iC d iT e  for 

X =  0.23. The dashed plots corresponds to  the two-band Kane model

(iv) the EMM’s differ widely from each other for relatively small values of the 
surface electric field, especially under weak electric field, and they converge 
to a single value for relatively higher values of surface field for both limits and

(v) the EMM’s decrease with increasing electric subband index for both limits.
It may be noted that for the purpose of simplicity, the effect of electron-

electron interactions, the hot-electron effects and the formation of band tails have 
not been considered in the theoretical formulation. Besides, though the experimen
tal verification of the basic content of this paper is not yet available to the best of our 
knowledge, the importance of the EMM in semiconductor physics has already been 
discussed. Furthermore, though the theoretical formulation is valid for the three- 
band Kane model but the numerical computations are valid for x > 0.17 since for 
X  < 0.17 the bandgap becomes negative in Hgi-jCd^Te leading to semimetallic 
state [2]. Finally, it may be stated that, though in a more rigorous treatment the 
above modifications should be considered along with a self-consistent procedure, 
the simplified triangular potential well approximation exhibits the basic qualitative 
features of the EMM in n-channel inversion layers on ternary semiconductors and
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Fig. i. Plot of the normalized effective electron masses under strong electric Held limit as a 
function of F , corresponding to n  =  0,1 and 2 in rv-channel inversion layers on H g i_ z CdxTe for 

X =  0.23. The dotted plot corresponds to  th e  two-band Kane model

the contributions of the index-dependent mass on the oscillatory mobility would be 
important.

A ppendix

1.1. The functions X(n,e), Y(n, e), U(n,e) and V (n, e) are defined as follows:

*(»,«) = r ( e ) - S n {h eF . V { e ) / y / 2 ^ y

r=l

U(n, e) = I \ _ 4 cFt tiy/L(e) з^2 
( ) 3 y /2^E -g  n

2 /3 '
> (i.i)

£5? № » « ) ! . (1.2)

(1.3)

and

V(n,e) = £ 2 ( k BT)2r (1 -  21_2r) f ( 2 r ) ^  [CT(n,e)], (1.4)
Г= 1

where kB is the Boltzmann constant, T  is the temperature, r is the set of real 
positive integers and ?(2r) is the zeta function of order 2r [21].
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2.1. The functions епш, ene, Fj (Vu,t) and are defined as follows:

0, (2.1)

0 , (2.2)

« U
Vu,ê =  (fcß T ') \E f u ,» ^nu ,« ] ) 

t is the dummy variable and j  is the set of real numbers.

(2.3)

(2.4)
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The energy levels such as 3Pa,i,o . l D>2 , sFs,з with 3H* as the ground term  for РгС1з 
mixed in malic, a-ketoglutam ic and ta r ta ric  acids have been determined. The environmen
tal effects of coordination on the energy level structure and band intensities have been 
investigated by evaluating the necessary spectral characteristic parameters. T he parame
ters thus obtained have been used for theoretically predicting th e  lifetimes of the fluorescent 
levels of the metal ion in three organic acids.

In troduction

During the last two years a few papers have been published on the electronic 
spectra of rare-earths in mineral acids [l, 2] and in laser liquids [3-6]. The in
frared spectra of rare earth metals in organic complexes have been reported in 
the literature [7-10]. The present paper reports the energy levels, band intensities 
and radiative lifetimes of certain fluorescent levels of Pr(III) complexed with malic, 
a-ketoglutamic and tartaric acids.

Experim ental studies

The organic acid complexes have been prepared by adding 0.1 M of РгС1з into 
liquid matrices of malic, a-ketoglutamic and tartaric (each in 5 ml quantity). These 
three acid complexes have been used in recording the UV-VIS spectra on Perkin- 
Elmer 551 and NIR spectra on Carl-Zeiss 61 spectrophotometers. The refractive 
indices of the complexes are measured on a Warszawa 3275 refractometer.

Results an d  discussion

The recorded spectral profiles of these Pr(III) complexes have revealed six 
energy levels that are assigned to the. appropriate electronic transitions.

The theoretical evaluation of energies of the levels has been carried out by 
performing a least-square fit method as was made in the literature [11, 12]. The
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experimental and calculated energies of the bands such as 3P2,i,oi 3Р4,з of 
Pr(III) in three organic acids are presented in Table I.

T able I
Experim ental and calculated energies of P rC ls in organic complexes

Malic acid a-ketoglutam ic acid tartaric  acid

Levels from 3 H i •Eexpt
c m - 1

^calc
c m - 1

Æexpt
cm"*1

■^calc
cm “ 1

E Cx p t 
c m -1

^calc
cm “ 1

3P j 22618 22567 22516 22484 22721 22731
8P i 21449 21407 21316 21314 21546 21557
aPo 20741 20741 20698 20692 20915 20924
l D 3 16973 16973 16916 16898 16973 16975
3Ft 6800 6807 6750 6728 6850 6832
3F S 6150 6140 6150 6182 6200 6219

R. M. S. deviation ±27  ±21  ±12

T ab le  II
Values of S later-Condon {,F3 ,F a,F a), R acah  (E 1, ^ 2, ^ 3), 

configurational interaction (at, ß), spin-orbit (£4/) ,  
Judd-O felt (T a.T siT e), intensity (П2 , 0 4 ,П е) parameters 

and refractive indices (n) for PrC ls: organic acids

Param eters
P r3+

Malic acid a-■ketoglutamic acid tartaric  acid

F3 [cm l ] 320.75 314.88 321.75
Fa [cm- 1 ] 54.67 50.05 54.67
Fe [cm 2j 5.32 4.94 5.24
E 1 [ c m '1] 5081.32 4832.56 5071.31
E 3 [cm »] 21.55 22.15 21.60
E 3 [cm M 482.55 475.05 486.64
Î4 / [cm *] 765.21 746.96 760.21
a [cm *] 111.32 22.17 12.08
ß [cm ‘ ] -6 6 7 .2 0 -6 0 0 .1 5 -7 3 3 .9 4
n 1.3460 1.3455 1.3660
T3 [10 °] -1 1 .8 7 4 8 6 -8 .6 7 8 1 0 6.67958
t * [ I0 “ e] 1.96166 1.03697 0.80086
Te [10-»] 6.12216 4.44171 5.55092
n 2 [ 1 0 - 20] - 8 2 .1 3 -6 0 .0 4 45.58
П 4 [ 1 0 - 20] 13.57 7.17 5.46
n e [ 1 0 - 20] 42 34 30.73 37.88
3P1 (T r  in 43.55 70.29 20.37
3Po (T r  in ps) 172.09 298.58 108.39
l D 3 (T r  in ps) 528.28 314.94 137.64

The evaluated spectroscopic parameters of Slater-Condon (P/t), Racah (£*), 
configurational interaction (a, ß) and spin-orbit ($4/)  for Pr(III) complexes are
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given in Table II. By following the mathematical expressions [13] relating to the de
termination of spectral intensities (both experimental and theoretical) of the bands, 
the values of band intensities for 3Р2д,о and 1£>2 of Pr(III) complexes have been cal
culated and presented in Table Г The band intensities of З.?4,з are weak which could 
not be measured. While calculating the theoretical intensity values from the exper
imental data a set of three phenomenological parameters T\ (Judd-Ofelt), which 
characterize the band intensities, have been calculated and tabulated in Table II 
along with the energy-level structure parameters of the ion studied.

Table I reveals a good fitting between the experimental and calculated values 
of energies and band intensities, as the rms deviations appear to be reasonably 
low. Among the three Judd-Ofelt parameters only T2 takes a negative sign in two 
hosts namely malic and a-ketoglutamic acids. It is due to the mixing of 4 / — 5d 
orbitals in the electronic configurations (4 /2) of the ion. Previously Tandon et 
al [14] and Lakshman et al [15] have also reported such negative Т2 parameter 
values in various other hosts. From the Judd-Ofelt (T\) and the refractive indices 
(n), the intensity parameters (Ox) have also been calculated and given in Table 
II following the procedures of Krishnamurthy et al [16]. According to Choppin 
et al [17], the band intensities remain varying with the coordination environment. 
The effectiveness of the hosts on the bands can be understood through these three 
Judd-Ofelt parameters. They have also pointed out that Г2 and Te parameters will 
significantly monitor the band intensities compared to the T4 parameter. Such an 
observation can be noticed in the present work also by looking at the data presented 
in Tables I and II.

Ta b l e  III
M easured and computed intensities for observed bands of РгС1з: organic acids

P r3+

Malic acid a-ketoglutamic acid ta r ta r ic  acid

Levels from 3Ha / e x  p t

[x lO 6]
/ c a l c

[xlO 6]
/ e x  p t

[xlO 6]
/ c a l c

[x lO 6]
/ e x  p t

[xlO 6]
/ c a l c

[xlO 6]

3P2 20.50 20.51 14.38 14.49 17.88 17.88
3PI 7.18 7.18 5.01 3.76 4.91 2.94
3Po 1.01 7.01 2.50 3.70 9.91 2.88
‘ D j 5.31 5.31 3 73 3.73 5.39 5.39

R. M. S. deviation ±3.00 ±0.87 ±3.65

As reported by Carnall et al [13], we have also made an attempt for calculating 
the values of lifetimes of fluorescent levels of Pr(III) complexes with the Judd- 
Ofelt intensity parameters. The necessary equations required for the evaluation of 
lifetimes of the levels are obtained by following Carnall et al [13]. The values of 
lifetimes thus received for the fluorescent levels such as 3Pi,o and 1 Z?2 of Pr(III) 
complexes are given in Table III. Among these three levels, 1Z)2 has the maximum 
T r  value and the least for 3Pi. From Table III it is noted that the T r  value for 
l D-2 is found to be 12.4, which is 7 times greater than 3P\ in malic, a-ketoglutamic
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and tartaric acids, respectively. The lifetimes of the fluorescent levels are found to 
be in the following order

lD2  >  3P0 >  3 F i .

This kind of trend has been noticed for Pr(III) ion in all the three acids. Looking at 
the numerical data of the lifetimes of fluorescent levels, it is noted that the lifetimes 
in three hosts are as follows

Tr ( f i s)  : |3Pi) : a  — ketoglutamic > malic > tartaric
|3Po) : oc — ketoglutamic > malic > tartaric 
I1 D2) : malic > a — ketoglutamic >  tartaric

Similar observations have earlier been made for Pr3+ in organic complexes [18, 19].

Conclusion

About six energy levels have been measured from the recorded spectra of 
Pr(III) organic acid complexes of the present study. Since the rms deviations are 
reasonbly low between ±12 and ±27, a good energy level fitting between the ex
perimental and calculated energies has been possible. The important results thus 
obtained are presented in Table I.

With regard to the band intensities only four bands could be correlated with 
the theoretical spectral intensities as shown in Table II.

The energy level parameters:

Fíj Fi, Fq (Slater-Condon)
a, ß (configurational interaction)

£4/  (spin-orbit)

and the intensity parameters

T2, Г4, T6 (Judd-Ofelt)
П2, O4, fie (intensities)

are completed from the observed bands of Pr(III) and these values are presented 
in Table II. Through the absorption measurements, the lifetimes of the fluorescent 
levels 3Pi>, 3P0 and 1D2 of Pr(III) acid complexes have also been computed and the 
data are presented in Table II. The importance of the environments in predicting 
the lifetimes of excited electronic states of the ion studied has been understood. 
The influence of both on the spectral intensities has been found to be noteworthy 
by looking at the data shown in Table III.
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POWDER DIFFRACTOMETRIC DATA
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An analytical m ethod was form ulated which can be used for the best estim ates of 
the orthorhombic lattice constants from powder X-ray diffractometric measurements. The 
uncertainties in the values of these constants can be also estim ated. Both random and 
system atic errors are minimized and no internal standard is required.

The method was applied to  X-ray powder diffractom etric da ta  from sodium nitrite 
and was considered as highly reliable. W ith a simple BASIC computer program , the pa
ram eters and their uncertainties can be computed with unambiguous indexing.

1. In troduction

An analytical method has been produced for precise determination of lattice 
constants of cubic crystals [l] and of hexagonal, rhombohedral and tetragonal crys
tals [2]. The method was applied to X-ray powder diffractometric data from Si [l], 
from AI2O3 and calcium formate [2] and from T  and а -phases in an Al-Zn-Mg alloy
[3] and was found to be reliable for the best estimates of the lattice constants for 
these materials. In this paper, the method is extended to orthorhombic crystals.

2. Beet estim ates of lattice constan ts

When a diffractometer is used, the result of the combined action of the sys
tematic errors is [1] an amount of error [A cos2 6i sin 6<) in the observed sin2 6, 
value, where A is the drift constant. For the orthorhombic system, this error can 
be added to the Bragg equation in its quadratic form as

2 .  _  Л2 u 2 ^ ^ _ k2 + ^ _ i7 + A co s2 i
Sm' 0i = ^ h i + ^ 0 4 cl

where do, b0 and Co are the true values of lattice constants, 
written as

h? „  Jfc? „  вsin2
Si

= A + Bi + B2 ~  +  B3 y-

sintfi, (1)

Equation (1) can be

( 2)
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(or
У« = A + Вгхи  + В2 %2i +  B 3X3Í, (3)

where

g  _ 2 L  B - Ü -  B - i l  
Bl 4 aft ’В г ~ 4 Ь 20' В з ' 4 с » ’

h? к2 £?
=  cos2 0,- • sinö,-, i n  = - 1-, x2i =  and a:3,- =  7 - (4)

0. Oi bi

Equation (3) represents a multiple linear regression model [4, 5] with three 
regression coefficients. The method of least squares can be used to estimate the
regression coefficients. The best estimates of Bi, B 2  and B3  are those which mini- 

N  3
mize {y* — A — YI BjXj,}2, with respect to A, Bit B2 and B3, where N  is the

i = i  i = i
number of observations. The least squares normal equations are obtained in [4, 5] 
as:

У ! y, — AN + Bi ^  хц + B2 ^2 x2i +  B3 ^2 X3i, (5)
» » » »

5 2  =  A 5 2 xu + Bi ^ 2  xi» + -®2 5 2  xux2i + B3 Y 2  xuxai, (6)
i i i i i

5 2  Х2*У< =  A 5 2  X2i + Bl 5 2  xuX2i + B 2 5 2  X2< + B3 5 2  *2t*3i. (7)
t i t  i t

5 2  хз*У> = a ] 2 x3í + B i J 2  X1*X3 i + B2 ^ 2  x2ix3i + B3 5 2  x3i- (8)
t i t  i t

The solution to the above normal equations will yield the least squares estimates 
of the coefficients. However, it is more convenient to deal with multiple regression 
models if they are expressed in matrix_notation. Applying matrix algebra, it can 
be shown that the least squares estimates of A, B it B2 and B3 can be expressed as

A ~ (̂Sl 52 yi ~ S'2 52ХиУ< +  53 52X2iVi “  S* 52 x3iyt), (9)
i t  i i

B \  =  ^ ( _ 5 2 52y * +  s &  52x u y >  ~ s &  52X 2 i y i  +  5 7 52х з  *у ‘ )> ( i Q )
i i  i i

B 2 = ^ ( s 3 5 2  y* -  5 2  X u yi + Sq 5 2  X2iy' ~  S l° 5 2  Хз*У»)> (n )
i t  i i

B3 = l j ( ~ S* 5 2 У< + -  Sio^2 x2 »yi + S u ^Z 3 iy < ), (12)
i i  i  i

where
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51 = / 4 / 5 / 6  -  / 4  fl  -  h / ?  +  2 / 7 h h  -  f l h,  ( 1 3 )

5 2 =  / l / 5 /б  — / i / o  -  / 2 / 0 / 7  +  / 2 / 8 / 9  +  / 3 / 7 / 9  — / 3 / 5 / 8 ,  ( 1 4 )

5 3  =  / 1 / 0 / 7  — / 1 / 8 / 9  — / 2 / 4 / 6  +  / 2 / !  +  / 3 / 4 / 9  — / 3 / 7 / 8 ,  ( 1 5 )

5 4  =  / 1 / 7 / 9  — / 1 / 5 / 8  -  / 2 / 4 / 9  +  / 2 / 7 / 8  +  / 3 / 4 / 5  -  / 3 / 7 ,  ( 1®)

S = Si7V -S2/ i + S3/ 2 - S 4/ 3, (17)
5 5 =  ЛГ/ Б/ 6 -  Л Г /| -  / | / 6 +  2 / 2 / з / э -  f l h , ( 1 8 )

5 6 =  / б / 7 -  ЛГ/ 8 / 9 -  / 1 / 2 / 6  +  / 2 / 3 / 8  +  / 1 / 3 / 9  -  f l /7 ,  ( 1 9 )

5 7 =  ЛГ/ 7/ 9 -  iV /s / 8 -  /1 /2 /9  +  / I  /s  +  /1 /з  /5 -  /2 / з /7, (20)
5 8 =  Л7 е / 7 -  N  h h - h h h  +  /1  / з  /9  +  / 2  / з / s  -  fl  /7 ,  (2 1 )

5 9 =  t f / 4 / 6  -  ЛГ/ f  -  f l h  +  2 / 1 / 3 / 8  -  f l h,  ( 2 2 )

S10 =  ЛГ/ 4 / 9 -  ЛГ/ 7 / 8 -  f l h  +  Л / г /g  +  Л / 3 / 7  -  / 2 / 3 / 4 ,  (2 3 )

Su = ЛГ/ 4 / 5 -  ЛГ/ 72 -  /i2/s + 2/1 / 2 /7 -  / 2 / 4 , (24)

л = X ii<’ /2  = X * 2’ ’ /з =  X g3«, 
i

/4 = X  *i<»i /б = X  x*>
t

h  = Х гз<>
i

fi  = X /8 = Х г1,Гз* *in d  / . - X * « * « *
i t  i

Therefore, to find the best estimates of the orthorhombic lattice constants, do, b0 
and c0, we calculate the sum Sj, S2, . . . ,  5 , . . . ,  S'il using (13)-(24), substitute their 
values into (10)-(12) and estimate the coefficients S i, S 2 and B3. The values of 
a0, 6o and Co can then be obtained with the aid of the relations B\ = A2/4 a2, B2 = 
A2/462 and B3 = A2/4c2, respectively.

3. U ncertainties

relationships:
in S i, S2 and S 3 can be obtained using the following

2 ^5 2 
aBl ~ 5(ЛГ -  4) ^  £* ’

(25)

2 S9 V-"4 2 
CTSl “  S(AT-4)

(26)

_2 S u  2 
CTBj “  5(Л Г-4) ^ £,>

(27)
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where
í» = У« — (A +  Bixu  +  02*21 + Яз*з»)- (28)

It can be shown that the uncertainties in do, bo and Co are related to the 
uncertainties in B%, B? and B2, repectively, by the following relationships:

2 2
<7a0 ~~ 16 B f  ’ (29)

2 2 A2
1 6 ß 3> (30)

2 2 A2 
a°° 16 B% ' (31)

Thus, to estimate the uncertainties in the orthorhombic lattice constants, we 
calculate first the uncertainties in B\, В2 and S 3 using (9) and (25)—(28), substitute 
into (29)-(31) and find oao, abo and crCo.

4. Experim ental

An X-ray diffraction pattern was obtained from sodium nitrite (NaNC^) at 
298 K, which has an orthorhombic crystal structure, using Philips PW 1710 auto
mated powder diffractometer with filtered Cu Ka radiation, wavelength 0.1541838 
nm [6]. Each diffraction peak was detected by fitting a parabola on five points 
around the top and the 20-angle was given to three decimal places.

5. Results

To determine the best estimates of the lattice parameters a BASIC computer 
program was specially written. The program incorporates a continuous reindex- 
ing of the diffraction peaks for many times, based upon minimizing the difference 
Д sin2 9 (= sin2 0Obs — sin2 0caic), until no changes in the values of the lattice con
stants are obtained. The best estimates of the lattice constants of sodium nitrite, 
which were obtained by this procedure using our experimental data are:

a0 =  0.35624 ± 0.00013 nm, 
b0 = 0.55751 ± 0.00023 nm, 
c0 =  0.53917 ± 0.00014 nm.
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6. Discussion

Table I lists the observed and calculated lattice spacings, Д sin2 0 and Miller
T a b le  I

Observed and calculated crystallographic d a ta  for NaNOj

^obs (nm) ^calc (nm ) Д sin2 0(xlO 4) (hkl)

0.3850 0.3876 +5.2 011
0.2977 0.2974 -1 .2 101
0.2789 0.2788 -0 .8 020
0.2692 0.2696 +2.1 002
0.2034 0.2034 -0 .1 121
0.2005 0.2006 +2.3 112
0.1937 0.1938 +0.9 022
0.1785 0.1783 -4 .0 200
0.1709 0.1711 +3.4 013
0.1649 0.1648 -1 .9 130
0.1504 0.1502 -6 .0 220
0.1406 0.1406 -1 .2 132
0.1391 0.1391 -1 .4 123
0.1349 0.1348 -3 .5 004
0.1312 0.1312 -0 .6 222
0.1292 0.1292 +  1.9 033
0.1262 0.1262 -2 .1 141
0.1237 0.1238 +9.6 042
0.1213 0.1213 +1.2 024
0.1163 0.1163 -0 .4 310
0.1071 0.1072 +4.1 321
0.1053 0.1052 -6 .1 143
0.1046 0.1046 +4.8 233
0.1033 0.1032 -5 .2 105
0.1018 0.1017 -6 .1 242
0.1003 0.1003 -0 .1 224
0.0968 0.0968 -1 .1 125

indices for this material. The standard cell dimensions for sodium nitrite [7j at 
299 К were given as

ao — 0.3570 nm, 
bо = 0.5578 nm, 
со = 0.5390 nm.

It may be seen that the present method of analysis can be considered as highly 
reliable. However, this method would yield only the best estimates or optimum 
values of lattice constants which can be obtained from an experimental set of data, 
and not necessarily the accurate or true values. If higher precision is required, 
certain refinements of experimental techniques should be carried out first. These 
include: accurate alignment and calibration of the diffractometer for more precise 
determination of the 20-values and the use of a good flat specimen held at a constant 
temperature.
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Most correction methods [8, 9] were devoted mainly to the accuracy obtained 
from camera powder data. The present procedure considers the accuracy of diffrac- 
tometric data and minimizes both random and systematic errors. The method is 
advantageous over other correction methods [10, 11] since: (i) it does not imply 
the use of an internal standard [10] to correct for systematic errors, (ii) a plot of 
Д sin2 в  versus в to detect the degree of systematic errors and randomness [11] is not 
required and is subjective, and (iii) with a simple BASIC computer program, the 
parameters and their uncertainties can be computed with unambiguous indexing.
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ATOMIC PROPERTIES THROUGH 
THOMAS-FERMI-DIRAC-WEIZSÄCKER 

THEORY
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Department for Theoretical Chemistry, La Plata, Republic of Argentina **
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By using an approximate trial density and the consideration of an energy density 
functional which includes gradient corrections, to tal ground-state energies, its different 
components and some physical properties are calculated for atom s of low atom ic number 
Z . The results are compared with H artree-Fock values and w ith available experimental 
da ta .

In troduction

The main aim of density functional theory [1,2] is to use the density as the 
fundamental variable instead of the many-particle wavefunction and then to explore 
the ground-state properties of a system of interacting electrons. The fact that the 
ground-state properties of a system of interacting electrons are functionals of the 
electron density provides the basic framework of such formalism.

According to Hohenberg-Kohn theorems [1], both the ground state density 
p and the energy E  can be variationally determined by minimizing the energy 
functional E(p) with respect to a trial density subject to the normalization condition 
/  pdcг = N, or by means of the use of the stationary condition

S(E(p)~ ft J  pda) =0 ,

where ft is a Lagrange multiplier that has been interpreted as chemical potential. 
The exact form of the functional E(p) is unknown. The design of such functional 
would lead to a single differential equation useful for an ab initio calculation of the 
electron density. So, it would be highly desirable to obtain good approximate forms 
of the functional (Ep) and then solving the Euler equation for p, to obtain E.

It has been shown [3-5] that, for atoms, energy density functionals includ
ing gradient terms can give energy values that have excellent agreement with the 
experimental ones when Hartree-Fock charge densities are used [6]. But it would

*To whom all correspondence should be addressed
*‘ Address: Institu to  de Investigaciones Fisicoquímicas Teóricas у Aplicadas (INIFTA) - 

División Quimica Teórica- Casilla de Correo 16 Sucursal 4 -1900 - La P la ta  - República Argentina
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be very important to minimize the energy functional in a variational way without 
making use of any other method.

Of course, the differential equations to be solved are non-linear and a vari
ation of them represents a very complicated task. Although accurate numerical 
solutions of the variational equations are available for atoms and ions [7], analytical 
approximations for the ground-state density are of interest.

Then, a more direct approach is the use of trial density functions depending 
on some parameters which are determined by minimizing the total energy with 
respect to them.

The fundamental purpose of this paper is to work with an accurate analytical 
solution of the Thomas-Fermi-Dirac-Weizsäcker equation for atoms in order to 
obtain good values for the total energy and its different components for atoms of 
low atomic number Z, and to calculate some of their physical properties.

Theory

The ground-state energy functional E[p) of an atom with atomic number Z 
can be written as (8)

E (p) =  J  v(r)p(r)da +  F(p), (1)

where F[p) is a universal functional that includes the contribution from kinetic en
ergy and electron-electron interaction energy. It is possible to separate the Coulomb 
self-energy part from F(p)

F(p) = 1/2 j  j  pj ± ¥ l d * d a '  + G(p) (2)

and G(p) can be decomposed as

G(p) = T(p) + Exc(p), (3)

where T(p) and Exc(p) are the kinetic energy and the exchange-correlation energy 
functionals, respectively.

In this way, the total energy functional will be

E(p) = J  o(r)p(r)da + 1/2 j  J  ̂ ^ d v d a '  + T(p) + Exc(p). (4)

As the exact form of T(p) and Exc(p) is not known, it is necessary to resort 
to the approximate form of these functionals. In this work we are going to neglect 
the correlation energy part of Exc(p) and write

Ex(p) = Ko(p) + K2{p), (5)
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where K q (p) is the homogeneous electron gas approximation of Dirac for exchange 
energy [9a,9b]

* °(p) =  - j ( J )  /  P4/3(r)d<r,

and K 2{p) is the exchange-inhomogeneity correction term [10,11]

K2(p) = Cx J l- ^ - d a ,  (6)

with Cx a constant whose value is —4.64xl0-3 .
In general, the kinetic energy functional can be expressed as an infinite gra

dient expansion as follows (12)

Т(р) = Г0(р) + Т2(р) + Г4(р) + . . .  (7)

In this work, we are going to consider only the first two terms in the expansion, 
namely, the so called Thomas-Fermi term [13]

M p) = ^ M 2/3 /  Pb/3dc (8)

and the second, that is one ninth of the inhomogeneity correction term suggested 
by Weizsäcker [14]

™  -  à~ f ia - <9>
In order to minimize the energy functional E[p) we are going to choose a trial 

density function represented by a superposition of decreasing exponential functions 
[15]. In this way we write

РИ = ait — ß in ( 10)

where a «,/?< are variational parameters that may be determined by a variation of 
the energy functional with respect to these parameters.

The introduction of the approximate trial density p from (10) in the energy 
functional E(p) leads to the following analytical expressions for the different com
ponents of energy:

T0 = 12 _/o_242/3 X- '  aia]akalam
’s" 3 V ( * + t  + * + « t W î ’

<*i<*j<Xkßjßk 
(ßi + ßj + ßk)3’

( 11)

( 12)
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Ko = 6тг(3/тг )1/3Х )т-г
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» aiOijOikai (13)
' (ßi + ßj + ßk + ßi)3’

у '  ^i^ißißi  
i (ßi +  ßi)3 ’

(14)

' 04a ,a k 
' (ßi + ßi + ßk)2 ’

(15)

and
4

J  =  167Г2 Y 2  оча,акоцатап
X

KA + ßj + ßk + ßl + ßm + ßny  + (ßi + ß . + ßk)(ßl + ßm+ ßn)\ 
[(ft + ßi + Ä ) 2(ft + ßm +  Ai)2 X (ßi +  ßj + ß k + ß l+ ß m  + ßn)3] (16)

The ground-state energy is determined by minimizing E(p) subject to the 
condition (normalization) expressed by

<*i<Xj<xk N
t  ( ß i + ß j  + A: ) 3 8?r

(17)

Several atomic properties, such as the diamagnetic susceptibility (16), the 
polarizability (17) and the cross-section for coherent X-ray scattering, can each be 
related to a certain expectation value of the type (rn).

Thus, the diamagnetic susceptibility of an atom is given by the well-known 
formula (18)

I18'
where N  is the Avogadro’s number, m the electron-mass, e the electron charge, c 
the speed of light, and

(r2) =  4x J  r*pdr. (19)

In the present model, the diamagnetic susceptibility of an atom is given (in 
units of 10“ 6 cm3/mole) by

S  = -238.8575 Y  — ? * ■■■■■ .Y  (ßi  + ß j  + ß k f

The atomic polarizability is given by (18)

( 20)

a = 9 Z clq
,2 \ 2(r2) ( 21)
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and it is possible to relate this quantity with the diamagnetic susceptibility through 
(17)

16m2c4 S2 
iV2e4a0 Z '

( 22)

Although the formulas of these properties have been derived on the basis of 
quantum-mechanical considerations, the calculation of them is an interesting way 
to check the accuracy of the optimized density function.

Results and  discussion

We have applied the model to the calculation of total energy, diamagnetic 
susceptibilities and polarizabilities of atoms of low atomic number Z.

T ab le  1
Optimized density parameters a,- and ß ,■ 

for the tria l density function

z Ot2 аз « 4
8 Б.10857 1.67104 0.59401 0.00052
9 5.34972 1.94432 0.57802 0.00050

10 5.43145 2.10325 0.63521 0.00048
11 5.91451 2.21448 0.66957 0.00047
12 6.32278 2.22253 0.69611 0.00046
13 7.67259 2.02289 0.71444 0.00045
14 9.80929 1.28731 0.92823 0.00042
IS 9.87723 1.74658 0.70877 0.00040
16 10.56805 1.81933 0.66223 0.00037
17 11.05978 1.66683 0.89479 0.00035
18 11.12978 2.27303 0.48697 0.00032

P i 02 03 ß<
8 8.95324 2.35906 0.39002 0.08099
9 9.32852 2.33106 0.37263 0.08954

10 9.41795 2.27854 0.42356 0.09988
11 9.87188 2.28512 0.44046 0.10104
12 9.83453 2.27154 0.44512 0.10221
13 10.78348 2.00083 0.47261 0.10340
14 11.59864 1.34775 0.66715 0.10527
15 11.57611 1.55104 0.50422 0.10754
16 11.93070 1.51320 0.46386 0.10914
17 12.35952 1.30267 0.74625 0.11057
18 12.59123 1.20082 0.85333 0.11579
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T ab le  II
Total kinetic energy T  and its components To and T2

z
To T2 T

a b a b a 6
8 71.8 67.1 6.7 6.4 78.4 73.5
9 91.4 90.1 7.7 8.1 99.2 98.2

10 119.3 117.8 8.8 10.1 128.1 127.8
11 150.3 148.8 10.5 12.3 160.7 161.1
12 182.3 184.0 12.0 14.7 194.3 198.7
13 224.6 223.4 15.2 17.4 239.8 240.8
14 267.2 267.2 19.8 20.3 287.1 287.5
15 317.7 315.5 21.7 23.5 339.4 339.0
16 360.0 368.6 24.4 26.8 384.5 395.4
17 419.0 426.7 26.9 30.4 445.9 457.1
18 484.8 489.9 28.9 34.3 513.7 524.2

a) Present results
b) Results obtained by using H artree-Fock densities - Ref.[22]

In Table I we give the values of 04, ß i parameters obtained by minimization 
of the energy functional. By considering that not only the total energy but also 
its various components are important, it is interesting to present the latter and to 
compare them with those results obtained by making use of Hartree-Fock densities 
[5,20—23], as has been told before. Thus, in Table II we give the total kinetic energy 
T  and its components To and T2 for the atoms studied here together with the values 
obtained through Hartree-Fock densities. The same is done in Tables III and IV 
for the case of the exchange-interaction terms K0 and K2, the electron-electron 
repulsion energy Vee and the electron-nuclear attraction Vne.

T ab le  III
Total exchange energy K ,  its components K o  and К 2 

and electron-nuclear interaction energy Vne

Z - К о - K 2 - K ( a ) - K h f -V n .(a ) - V n t (HF)
8 7.1 1.0 8.L. 7.7 181.8 178.1
9 8.6 1.2 9.7 9.7 236.0 238.7

10 10.7 1.3 12.0 12.1 308.5 308.0
11 12.6 1.4 14.0 14.0 387.7 389.7
12 14.5 1.5 16.0 16.0 471.9 462.0
13 16.4 1.7 18.1 18.0 576.8 578.4
14 18.0 2.0 20.0 20.1 683.9 689.5
15 20.3 2.1 22.3 22.3 805.3 812.3
16 21.9 2.2 24.1 24.7 919.6 916.9
17 25.3 2.4 27.7 27.3 1079.5 1068.3
18 28.7 2.5 31.2 30.2 1251.0 1255.1

a) Present results 
HF) H artree-Fock values
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T able IV
Kinetic energies T, exchange energies К,  
electron-nuclear interaction energies Vne 

and electron-electron interaction energies Vee

z T - K - v „ . V" -E (o ) —E h  F
8 78.4 8.1 181.8 33.4 78.0 79.8
9 99.2 9.7 236.0 43.9 102.6 99.4

10 128.1 12.0 308.5 61.8 130.6 128.5
11 160.7 14.0 387.7 77.9 163.2 161.9
12 194.3 16.0 471.8 94.3 199.3 199.6
13 239.8 18.1 576.8 112.1 243.0 241.9
14 287.1 20.0 683.9 127.3 289.5 288.9
15 339.4 22.3 805.3 148.7 339.5 340.7
16 384.5 24.1 919.6 165.0 394.2 397.5
17 445.9 27.7 1079.5 205.5 455.8 459.5
18 513.7 31.2 1251.0 247.4 621.1 526.8

a) Present results
HF) Hartree-Fock values of total energy

We can see that the total energy values are very close to the Hartree-Fock 
ones. The difference ranges, in all cases, from 1 to 2%. The same conclusion is 
valid when we consider the various energy components. Although the differences 
between the calculated total kinetic energies To +  Тг and the Hartree-Fock values 
is very low, it is probable that the consideration of another term in the gradient 
expansions will permit us to obtain better results. On the other hand, for the case 
of the total exchange energy, that is K0 + K2, our results are practically the same 
as those obtained through Hartree-Fock densities.

T able V
Diamagnetic susceptibilities (in un its  of 10-6  cm3/m ole)

Z - * ( • ) - S ( b )
8 8.85 24.99
9 8.11 29.09

10 7.47 21.62
11 21.52 21.23
12 23.46 22.62
13 26.52 20.20
14 25.56 14.87
15 23.99 19.79
16 23.11 23.89
17 21.86 14.22
18 20.63 11.80

a) Hartree-Fock values - Ref. [24]
b) Present results

Acta Phyeica Hunganca 67, 1990



1 9 0 MARIO D. GLOSSMAN and EDUARDO A. CASTRO

In Table V we report the diamagnetic susceptibilities for the atoms under 
consideration and in Table VI we give the corresponding atomic polarizabilities. 
As the latter are related to the former through Eq. (22), both present similar 
discrepancies with the results obtained by means of Hartree-Fock densities [24]. In 
this manner, the errors are large and it is probably due to the fact that the trial 
density used in this work cannot reproduce the Hartree-Fock ones in detail, but only 
in a general way. Nevertheless, the results show certain oscillations or monotonicity 
with the atomic number Z  that cannot be obtained when gradient corrections are 
not considered.

In the light of the above results, we can conclude that a variational procedure 
like the considered one used in this work, including gradient corrections in the 
energy functional, combined with the trial density function proposed in this paper, 
is a useful way of calculating atomic total energies, its components, charge densities 
and some physical properties that are independent of the details of the density, 
and open the question about the possibility of obtaining good expectation values of 
quantities which are not directly associated with the energy density functional.

T ab le  V I
Atomic polarizabilities (in units of 10~24 cm 3)

z a(a) a(b)

8 0.73 8.22
9 0.53 9.90

10 0.39 4.92
11 18.67 4.32
12 14.13 4.49
13 10.97 3.31
14 6.81 1.66
15 4.42 2.75
16 3.44 3.76
17 2.61 1.25
18 1.98 0.81

a) H artree-Fock values - Ref. [24]
b) Present results

Acknowledgement

INIFTA is a research institu te  jointly established by the Universidad Nációnál de La Plata, 
the Consejo Nációnál de Investigaciones Cientfflcas y Técnicas and the Comisión de Investigaciones 
Cientfficas de la  Provincia de Buenos Aires.

Acta Phyrica Hungarica 67, 1990



ATOMIC PROPERTIES 1 9 1

References

1. P. Hohenberg and W. Kohn, Phys. Rev., В 136, 864, 1964.
2. R. G. Parr, Ann. Rev. Phys. Chem., 34, 63, 1983.
3. Y. S. Kim and R. G. Gordon, J . Chem. Phys., 60, 1842, 1974.
4. С. C. Shih and R. D. Present, Bull. Am. Phys. Soc., 21, 381, 1976.
5. W. P. Wang, R. G. Parr, D. R. M urphy and G. A. Henderson, Chem. Phys. Lett., 43, 409, 

1976.
6. S. K. Ghosh and B. M. Deb, Phys. Rep., 92, 1, 1982.
7. W. Stich, E. K. U. Gross, P. M alzacher and R. M. Dreizler, Z. Phys. A. Atoms and Nuclei, 

309, 5, 1982
8. W. Kohn and L. J. Sham, Phys. Rev. A 140, 1133, 1965.
9. a) P. A. M. D irac, Proc. Camb. Philos. Soc., 26, 376, 1930.

b) N. H. March, Self-Consistent Fields in Atoms, Pergam on, Oxford, 1975.
10. F. Herman, J. P. Van Dyke and I. B. Ortenburger, Phys. Rev. L ett., 22, 807, 1969.
11. W. P. Wang and R. G. Parr, Phys. Rev., A 16, 891, 1977.
12. C. H. Hodges, Can. J. Phys., 51, 1428, 1973
13. N. H. March, Adv. Phys., 6 , 1, 1957.
14. C. F. von Weizsäcker, Z. Phys., 96, 431, 1935.
15. W. P. Wang and R. G. Parr, Phys. Rev., A 16, 409, 1976.
16. J. H. van Vleck, Phys. Rev., 31, 587, 1928.
17. 3. G. Kirkwood, Z. Phys., 33, 57, 1932.
18. P. Gombás, Die Statistische T heorie des Atoms, Springer, Vienna, 1949.
19. P. Csavinszky, J . Chem. Phys., 52, 304, 1970.
20. M. Berrondo and A. Flores-Riveros, J. Chem. Phys., 72, 6299, 1980
21. C. Shih, J. Chem. Phys., 72, 1404, 1980.
22. D. R. Murphy and W. P. Wang, J . Chem. Phys., 72, 429, 1980.
23. P. Politzer, J . Chem. Phys., 72, 3027, 1980.
24. S. Fraga, J. Karwowski and K. M. S. Saxena, Handbook of Atomic D ata , Elsevier, A m sterdam , 

1976.

Acta Physica Hungarica 67, 1990





Acta Physica Hungarica 67 ( IS ) ,  pp. 193-802 (1990)

I

STOPPING POWER 
FOR HEAVY IONS IN SOLIDS

M . M . A b d e l - H a d y , A . M . S a l e m  and M .  M o r s y

Physics Department, Faculty of Science, Ain Shams University 
Cairo, Egypt

(Received in revised form 25 November 1987)

Monte Carlo calculations have been performed to sim ulate both electronic and nu
clear stopping power for different projectile Z \  =  (2 —» 95) moving in several elemental 
stoppers (Cu, Au, Ag, Fe, Ni). The calculations have been carried out for different values 
of energies up to  30 MeV. The percentages of nuclear stopping power were obtained at 
various energies. By comparing the simulated electronic stopping power with published 
experimental data, adjustable factor fr .(Z i, Z 2 ) was established for particular values of 
projectile energies to correct da ta  from (LSS) theory.

Introduction

The importance of investigations on the stopping powers of heavy ions in 
matter refers to their widely used applications in nuclear and atomic physics. In 
some experiments aiming at the determination of nuclear data, the accuracy of 
the results obtained depends drastically on the actual value of stopping powers, 
used during evaluation, (e.g. in the measurement lifetimes from Doppler broadened 
gamma-ray lineshapes, or the measurement of cross-sections using thick targets).

LSS [1] theory is widely used to describe the slowing process of ions moving in 
a stopper, where the ion loses its energy due to both inelastic and elastic collisions. 
The first process is due to interactions with atomic electrons which continuously 
decelerate the ions but do not affect its direction of motion, while elastic collisions 
are due to interactions of ions with atomic nuclei. This interaction results in discrete 
scattering events associated with deviations in the direction of motion of the ion. 
The basic characteristics of the slowing process are strongly determined by the 
potential function adopted for the description of Coulomb interactions between 
slowing ions and stopping atoms. The Thomas-Fermi potential is normally used 
in calculating the scattering function. On the other hand, the energy loss due to 
inelastic collisions with the electron shells of the stopper atoms could be treated in 
different ranges of energies using different models [2,3,4,5].

Lindhard and coworkers introduced the correction factors }e and f n to com
pensate for several approximations introduced by them in the mathematical treat
ment for electronic and nuclear stopping powers, respectively. The correction factors 
have been used by many authors, e.g. by Blaugrund [6] in his formalism of multiple 
scattering theory, by Kregar et al [7] in their discontinuous stopping model and
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by Schane et al [8], who displayed a complete description of optimization for both 
electronic and nuclear stoppings of Ca penetrating in carbon, for some initial ener
gies. The latter authors determined f e and f n values from a comparison between 
-7-ray experimental lineshapes and Monte Carlo calculations by x2 fitting. Abdel- 
Hady et al [9,10] used the same method in their Monte Carlo calculations of 7-ray 
lineshape of 6.2 MeV excited state of N14 nucleus produced as an excited recoil in 
C13(p,7)N14 reaction. They concluded that f e is slightly fluctuating around unity. 
On the other hand, /„ is usually less than 1. They deduced correction factors de
pendent on the atomic numbers of both recoil and stopper atoms (Zi,Z2) as well 
as on the energy of the recoil. Recently, Keinonen et al [ll] have investigated the 
velocity dependence of electronic stopping powers in low velocity region and Ziegler 
et al [12] have studied the dependence of energy loss on the atomic numbers of both 
target and projectile.

The aim of the present work is to test the validity of the LSS stopping theory 
by comparing simulated electronic stopping powers with the experimental results 
for different projectiles moving in different stoppers. From such comparison, the 
correction factor / e could be formulated in the polynomial form of f e(Zi,Z2) to 
improve the application performances of the LSS theory.

Experimental data were taken from the literature. The Chalk River group 
[13] published the electronic stopping powers for projectiles with atomic number 
Z\ — 8 —♦ 20, penetrating through five different stoppers (Cu, Au, Ag, Fe, Ni) with 
a projectile energy E — 0.5 MeV/a.m.u. Also, Brown and Moak [14], Ramavataram 
[15], Both and Garant [16] have measured the electronic stopping powers for ions 
of Z\ — 2 ► 95, penetrating through stoppers Au, Ag and Ni for particular values
by energy E — 0.25 and 1.0 MeV/a.m.u.

Theoretical basis for the Monte Carlo method

(LSS) theory describes the slowing process of heavy ions. It uses Thomas- 
Fermi potential to derive the general expressions for the stopping power of ions 
being slowed down in an elemental ijiaterial. The specific energy loss (dE/dX)  
for an ion or an excited recoil nucleus is a consequence of collision processes. The 
electronic stopping power is given in the (LSS) theory, after several approximations, 
by a simple formula,

(de/dp)e = f eKep, (1)

where
e =  E[aM2/Z lZ2 е2(Мг + M2)], (l.a)

p = X  ■4ica2N[M1M2/{ M 1 + M 2)2} (l.b)

are dimensionless variables for the energy E  and the range X, a is the screening
length given by

a =  0.8853a0(Z2/3 + Z%̂ 3)~*, (l.c)
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with Oo =  (h2/me2), h is Planck’s constant, e and m are the electronic charge and 
mass, respectively. Constant К  depends on the atomic and mass numbers of both 
recoil ion and stopper and is given by

K  = Z \ /ü[0.0793 Z\ l2 Z \ l2{Ml + M2)3/2]/[(Z12/3 + Z2/3)3/4 • Mx3/2 • M21/2], (l.d)

where Z\, Z2 and Mb M2 axe the atomic and mass numbers for both recoil and 
target, respectively, p ~ 0.5, f e is an adjustable correction factor near unity, N  is 
the number of atoms per unit volume of target.

The nuclear stopping powers were derived according to the scattering theory 
of Lindhard. On the basis of several approximations, it gives the conclusion that the 
scattering angle © in the centre of mass system depends on the energy and energy 
transfer in the collision process. The scattering angle and differential cross-section 
can be calculated in terms of an arbitrary variable x given by:

x = esin(0/2) (2)

and
der = f nna2[F(x)/x2]dx, (3)

while the corresponding nuclear stopping power is given by:
9

e

(de/dp)n = [fn/e] J  F(x)dx, (4)
о

where a is the screening length depending on the impact parameter. f n is an 
adjustable factor close to unity, F(x) is a universal scattering function derived by 
Lindhard [4] using the potential

F (r) = Z17 2e2£f(r/a)/r, (5)

where U(r/a) is a screening function which can be derived using the so called magic 
formula of Lindhard [4].

The Monte Carlo method is a statistical technique used to calculate the fre
quency distribution of given statistical phenomena. Its basic feature is the randomi
sation of all variables during the current histories of calculations, e.g., the initial 
energy and direction of recoil, the scattering angles (polar, asimuthal). The descrip
tion is published in details in [lOj. In the stopping power calculations by Monte 
Carlo method, a projectile enters a stopper of a given thickness with a given energy 
and direction. Using (LSS) theory [Eqs (1), (4)], both electronic and nuclear stop
ping powers have to be aggregated on the current version of history, repeating for 
a large number of histories, (e.g. 10000), and calculating the average of (dE/dX)e 
and (dE/dX)n. On the path of current histories, the random variables are taken 
from suitable distributions satisfying the physical meaning of interest.
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C om putations

The computations have been made by writing a program for Monte Carlo 
calculations based on the LSS Theory. The present program is a major modification 
to the technique used by Currie [17] and produces both electronic and nuclear 
stopping powers as functions of recoil energy for certain projectiles moving in a 
particular elemental stopper. The modifications were done to improve the statistics 
of results and to minimize the consumption in calculation time. The modifications 
are described in details by Abdel-Hady et al [9,10,18].

The process has been simulated by the Monte Carlo Method for 10000 his
tories with f e = f n — 1- The initial energy of each history is considered to be the 
same in the forward direction of the beam. The stopping powers are calculated for 
projectiles of atomic numbers Z\ — 2 —+ 95 penetrating through targets Cu, Au, 
Fe and Ni. The energy of a projectile is taken as variable up to 30 MeV. Least 
square fitting procedures have been followed to compare the available experimental 
and calculated electronic stopping for projectile energies 0.25, 0.5, 1 MeV/a.m.u. 
Dividing the experimental formula by the theoretical one, the correction factor f e 
could be obtained and formulated using x2 fitting as polynomial of second order

fe(Zu Z2) = A(Z2) + B(Z2) • Zx + C(Z2) • Z\.  (6)

Polynomial interpolation procedures have been applied to formulate the functions
A(Z2), B(Z2), C(Z2).

The applied formula is

* * > - t * « >  n ( £ H ) -  <7>

where n is the number of points (Д,, Z{).
The above formula is used three times to derive A, В  and C, for each available 

value of projectile energy.

R esults and conclusions

The predicted electronic stopping powers simulated by the Monte Carlo me
thod for a Ca projectile moving in various stoppers (Ni, Ag, Cu, Fe), as the function 
of projectile energy up to 30 MeV are presented in Fig. 1, while the nuclear stopping 
powers are displayed in Fig. 2. The correction factors ( fe, f n) are considered to 
be unity in these calculations. The results presented in Fig. 3 are the percentage 
of nuclear stopping power as the function of projectile energy. A sample of curves 
is chosen for Ca moving in stoppers Ni and Ag. The solid curves in Figs 4, 5, 
6 are the simulated electronic stopping powers as functions of projectile atomic 
number up to 95, with f e= 1. The experimental results of various authors are also
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shown in the Figures. The dotted curves are the results of applying the correction 
factor / e(Zi,Z2). The Figures are typical relations corresponding to the values of 
projectile energies E =0.25, 0.5, and 1.0 MeV/a.m.u., respectively. The curves in 
Fig. 7 present the predicted correction factor f e as a function of projectile atomic 
number up to Z\ = 60, at fixed projectile energy E  = 1 MeV/a.m.u. Three curves 
are displayed for three stoppers (Ag, Au and Ni).

Ю 20 30
projectile energy  t MeV 1

Fig. 1. Monte Carlo electronic stopping power as a function of projectile energy

The results obtained for the function A, B, C are as follows:
a) For projectile energy E  = 0.25 MeV/a.m.u.

A(Z2) = -2.802 X 10~4 • Zf + 0.0375 ■ Z2 + 0.2803,
B(Z2) = -0.061 X 10-4 Zf + 0.037 X 10~3 • Z2 -  0.0129

C(Z2) = 0.7505 X 10-7 Z | -  0.6057 x 10-5 Z2 + 0.166 x 10 '3. (8)

Acta Phyrica Hungarica 67, 1990



1 9 8 M . М. ABDEL-HADY et ai

Pig. S. Monte Carlo nuclear stopping power as a function of projectile energy

b) For projectile energy E  =  0.5 MeV/a.m.u.

A(Z2) =
-  2.875 X 10-3 • Z24 + 0.05241 • Zf -  3.334 • Zf + 88.67 • Z2 -  842.1, 
B(Z2) =
0.404 X 10-4 • Z4 -  0.7374 x 10-2 • Z3 + 0.4698 • Z | -  12.52 Z2 + 119.2

C(Z2) =
-  0.185 X 10~5 • Z\  + 0.3366 x 10"3 Z | -  0.02136 x Zf + 0.5661 • Z2 -  5.358.

(
c) For projectile energy E  — 1.0 MeV/a.m.u.

A(Z2) = -0.0779 x 10~3 ■ Z | + 0.01944 Z2 -  0.4955,
B(Z2) =  0.08 x 10-4 • Zf -  0.18 x К Г 2 Z2 + 0.1217
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Fig. Я. Percentage of nuclear stopping power as a function of projectile energy

Fig. 4 . Electronic stopping power as a function of atom ic number of projectile for fixed energy
E  =  0.25 M eV/nucleon
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Fig. 5. 2p roj dependence of electronic stopping power at fixed energy E  =  0.5 M eV/nucleon

C(Z2) =  -0.04912 X 1СГ5 • Zl  + 0.072 x 10“3 ■ Z2 -  0.2727 x НГ2.
( 10)

The factor f e(Zi,Z2) can be used to correct in the LSS theory according to 
the actual particle energy.

From the above results, the following conclusions could be drawn:
i) The electronic stopping power is a rapidly increasing function of projectile 

energy up to 20 MeV. On the other hand, the nuclear stopping process is dominant 
with a percentage >65 at lower values of energy (E < 0.1 MeV) and rapidly de
creases with projectile energy to be uneffective E  > 3 MeV, where it becomes about 
3%.

ii) From a comparison with published experiments, the calculated electronic 
stopping power given by the LSS theory is not accurate enough, and should be 
corrected according to the expected range of energy.

iii) The correction factor f e(Zi,Z2) is drastically varying with atomic numbers 
of both projectile and stopper, and the validity of LSS theory is questionable in 
particular for lighter projectiles.
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Fig. 6. Electronic stopping power as a function of projectile atom ic num ber for fixed energy
E  — 1 M eV/nucleon

Fig. 7. Correction factor as a function of projectile atomic num ber for different stopper
E  = 1 Me V /  amu
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MAGNETO-THERMOSOLUTAL CONVECTION IN A 
VISCOELASTIC FLUID IN POROUS MEDIUM
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The therm osolutal convection in a layer of electrically conducting Oldroyd fluid 
heated and soluted from below in porous medium is considered to include the effect of a 
uniform vertical magnetic field. The magnetic field and stable solute gradient are found to 
have stabilizing effects whereas the medium permeability is shown to have a destabilizing 
effect. For stationary convection, th e  Oldroyd fluid behaves like a Newtonian fluid. The 
sufficient conditions for the nonexistence of overstability are obtained.

1. In troduction

A detailed account of thermal convection in a Newtonian fluid, under vary
ing assumptions of hydrodynamics and hydromagnetics, has been given by Chan
drasekhar [2]. Veronis [8] has investigated the thermohaline convection in a layer 
of fluid heated from below and subjected to a stable salinity gradient. S harm a [5] 
has studied the stability of a layer of electrically conducting Oldroyd fluid (i. e. 
fluid obeying Oldroyd’s constitutive equation) heated from below in the presence 
of a uniform magnetic field. Eltayeb [3] has considered the convective instability in 
a rapidly rotating viscoelastic (Oldroydian) fluid. Sharma [6] has also studied the 
thermal instability of a layer of Oldroyd fluid acted on by a uniform rotation and 
found that the rotation has stabilizing as well as destabilizing effect under certain 
conditions in contrast to a Maxwell viscoelastic fluid where rotation has a desta
bilizing effect (Bhatia and Steiner [1]). Experimental demonstration by Toms and 
Strawbridge [7] has revealed that a dilute solution of methyl methacrylate in n- 
butyl acetate agrees well with the theoretical model of Oldroyd fluid. The stability 
of flow of a single component fluid through a porous medium taking into account 
the Darcy resistance has been studied by Lapwood [4] and Wooding [9].

The present paper deals with the thermosolutal instability of a layer of elec
trically conducting viscoelastic (Oldroydian) fluid in porous medium in the presence 
of a uniform vertical magnetic field. The analysis would be relevant to the stability 
of some polymer solutions like a dilute solution of methyl methacrylate in n-butyl 
acetate.

ш
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2 0 4 R. C. SHARMA and Y. D. SHARMA

2. P ertu rb a tio n  equations

Consider an infinite horizontal layer of an electrically conducting viscoelastic 
(Oldroyd) fluid of depth d in porous medium, heated and solute concentrated uni
formly from below and acted on by a uniform vertical magnetic field H (0,0, if) 
and gravity force g (0,0, —g). The Oldroyd fluid is described by the constitutive 
relations

— p£>ij d” i

- 2m ( i + a° J ï )  e*ji
1 /  dvi dvj \
2 \Эху d%i )  ’

( 1 )

where Tij, Tij, ê y, p, V{, ж,-, p, Л and Ao (< A) denote respectively the stress tensor, 
shear stress tensor, rate-of-strain tensor, scalar pressure, velocity, position vector, 
viscosity, stress relaxation time and strain retardation time. These fluids have been 
shown to explain the rheological behaviour of some polymer solutions at small rates 
of shear and rate-of-strain by Toms and Strawbridge [7].

When a fluid permeates a porous material, the actual path of an individual 
particle of fluid cannot be followed analytically. The gross effect, as the fluid slowly 
percolates through the pores of the rock, must be represented by a macroscopic 
law which is the usual Darcy’s law. As a consequence of this, the resistance term 
(p/fcjjq where p is the viscosity of the fluid, fcj the permeability of the medium 
(which has the dimension of length squared), and q the filter velocity of the fluid, 
will replace the usual viscous term in the equations of fluid motion. Let bp, 6p, 
q (u, v, to), h (hx, hy, hz), в and 7 denote respectively the perturbations in density p, 
pressure p. filter velocity (zero initially), magnetic field H, temperature T  and solute 
concentration C . Then the linearized thermosolutal hydromagnetic perturbation 
equations through porous medium, following Boussinesq approximation, are

1
e (Vzh)xH +

4тгр0
8 b '
Po .

V q  = 0 ,

E y t =ßuj + KV 26,

E ^ à  =ß'“ +
V h  =0,

e ^ = ( H V ) q + ^ V 2h.

( 2)

(3)

(4)

(5)

( 6 ) 

(7)
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Here ß e , r?, e, p, и ( =  p/po), к ,  к.', ß ( =  \dT/dz\) and ß' ( =  \dC/dz\) stand 
for the medium permeability, the electrical resistivity, the medium porosity, the vis
cosity, the kinematic viscosity, the thermal dilfusivity, the solute diffusivity, uniform 
temperature gradient and uniform solute concentration gradient respectively. The 
equation of state

p = P o [ l - c c ( T - T o ) + a' ( C - C 0)}, (8)

contains a thermal coefficient of expansion a and an analogous solvent coefficient 
a'. The suffix zero refers to values at the reference level z — 0 . The layer of fluid of 
thickness d is heated and solute concentrated from below so that the temperatures 
and solute concentrations at the bottom surface z = 0 are To and Co and at the 
upper surface z — d are Ti and Ci, respectively, z-axis being taken as vertical. 
The change in density Sp, caused by the perturbations в and 7 in temperature and 
concentration, is given by

6p = ~Ро{ав -  a '7). (9)

Equations (2)-(7), using (9) , give

1 a _ 2 (  a2 a2 \ „
h a ï 4  w - s [ э ^  + W )

ßeH ^ 2dhz 
4npo dz =

= ~ é ( 1 + A° ^ ) V2a'’
(10)

(И)

( e Í - w ) = (12)

•  ( í i  -  ”v í ) = нЯй -
(13)

Here E — e + (1 — e)p,c,/pc, where p, c and p,, c, stand for density and specific 
heat of fluid and solid matrix, respectively.

3. D ispersion relation

Here we analyze the disturbances into normal modes, assume that the per
turbations ш, в, 7 and hz have the forms

[«, 0,7,/iz] =  \W(z), 0(z), T(z), K(z)\e x p ^ x  + ikyy + nt), (14)

where kx, ky are wave numbers along the x and у directions respectively, k = 
(k2 + ky)1/2 is the resultant wave number and n is the growth number which is, in 
general, a complex constant.
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Assuming that x, y, z stand for the coordinates in the new unit of length d 
and letting a = kd, a = nd?/v, pa = v/ k, p2 =  i;/p, q = v /к',  F  = Xu/d2, 
Fo =  Ao /̂cf2, Л — ^ i/d 2 and D = d/dz, Eqs (10)—(13), using expression (14), in 
nondimensional form become

(1  +  E c r ) — h — (1  +  F oct)
e Fi

(D2 -  a2)W + (l +  Fa)9- ^ - [ a e  -  a T ) -

P e H d

Anpov {l + Fa)(D2 - a 2) M  = 0, (15)

(D2 — a2 — Epia)@ ~ — (16)

(D2 -  a2 -  Eqa)T = -  W, (17)

(D2 - a 2 - p 2c )K  = -  DW. (18)

Operating Eq. (15) by (D2 — a2 — Ep\(j){D2 — a2 -  Eqa)(D2 — a2 - p 2cr) and 
using (16)—(18), thus eliminating ©, Г and K, we obtain

(1 + Fa)— f- — (1 + Fq<j )
€ n

(.D2 -  o2 -  £ P la)(£>2 -  a2 -  Eqcr)-

■ [D2 -  a2 -  pi<j){D2 -  a2)W -  
-  Ra2( 1 + Fa)(D2 - a 2 -  Eqa)(D2 -  a2 -  p2cr)Ŵ +
+ Sa2(l +  Fa)(H 2 -  o2 -  £ Pict)(Z)2 -  a2 -  р2ст)ИЧ 
+ Q(1 + Fa)(D2 -  a2 -  £ Р1а)(Я 2 -  о2 -  Eqa){D2 -  a2)D2W  = 0,

(19)

where Д = gaßd4/vK. is the Rayleigh number, S  — ga'ß'd4/i/K,' is the analogous 
solute Rayleigh number and Q — peH 2 d2 /  А-кроире is the modified Chandrasekhar 
number.

Here we assume that the temperatures and concentrations at the boundaries 
Eire kept fixed, the fluid layer is confined between two free boundaries and the 
adjoining medium is electrically nonconducting. The case of two free boundaries, 
though little artificial to consider, provides exact solution without obscuring any of 
the essential features of the problem. The boundary conditions appropriate for the 
problem become

W = D2W -  Q = Y = DK = 0 at 2 = 0 and 1. (20)

Using the above boundary conditions, it can be shown that all the even order 
derivatives of W must vanish for z  =  0 and 1 and hence the proper solution of Eq.
(19) characterizing the lowest mode is

W = Wo sin 7Г2, (21)
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where W0 is a constant.
Substituting (21) in Eq. (19) and letting x =  a2/?r2, R\ =  R j x4, S\ — S /x 4, 

Q1 = Q /x2, ia 1 =  ct/x2 and P = x2.F), we obtain the dispersion relation

r, ( H - x J f l  +  X +  t^piCTi)  | w i / ,  , , _ 2 г ,  4 . 1---- .(l+.w,,)---  T (1 + + p(1+" ^ ‘IJ
| s  ( 1  + x + iEpiffj) | / l + x \  (l + x + t E p i g j )

1 (1 +  x +  iEqcri) 1 V x /  ( l  + x + tp2tTi)

+

( 22 )

4. The stationary  convection

For the stationary convection a =  0 and Eq. (22) reduces to

Ri (i + *)2
xP + Si + Qi (1 +  s) (23)

We thus find that for the stationary convection, the stress relaxation time 
parameter F and the strain retardation time parameter Fo vanish with a and the 
Oldroyd fluid behaves like an ordinary Newtonian fluid.

To study the effects of magnetic field, stable solute gradient and medium per
meability, we examine the natures of dRi/dQi, dRi/dSi  and dRi/dP  analytically. 
It follows from Eq. (23) that

and

dRi (1 + x) 
dQy ~  x ' 
dRi
dSi — + 1,

dRi (1 + x)2 
dP ~  xP2 '

(24)

(25)

(26)

Thus for stationary convection, the magnetic field and stable solute gradi
ent are found to have stabilizing effects whereas the medium permeability has a 
destabilizing effect.

The critical value of Ri, denoted by Ric for the onset of instability, given by 
dRi/dx  = 0, is attained at the value of x given by

x =  y / l  + PQi. (27)

Thus x is independent of Si but depends on P  and Qi. Substituting this 
value of x in (23) gives the critical Rayleigh number

R i c =  ^  [l +  V l  + PQi]2 + Si- (28)
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When Qi = 0  and Si =  0 (corresponding to hydrodynamic and absence of solute 
gradient case), this reduces to Lapwood’s [4] value

(29)

From (28) and (29), it is re-affirmed that the critical Rayleigh number in
creases with the increase in Qi (magnetic field parameter) and Si (stable solute 
gradient parameter) implying thereby the stabilizing effects of magnetic field and 
stable solute gradient.

5. The overstable case

Here we consider the possibility of whether instability may occur as an over- 
stability. Since for overstability we wish to determine the critical Rayleigh number 
for the onset of instability via a state of pure oscillations, it suffices to find con
ditions for which (22) will admit of solutions with aj real. First we consider the 
effects of magnetic field and stable solute gradient for the overstable case. Equation 
(22) yields

dRi _  (  1 + д\  [(1 + д)2 + Epip2cTi + iui( 1 + x)(Epi -  p2)j 
dQi V Д /  {(1 + д)2 + p%o\}

Equating imaginary parts of Eq. (30) yields Epi = p2. Substituting Epi  =  p2 
in the equation obtained by equating the real parts of (30), we obtain

dRi 1 + д
W i  ~

which is always positive. Similarly it can be shown that dRi/dSi  = +1. The stable 
solute gradient and magnetic field thus have stabilizing effects on the magneto- 
thermo8olutal convection in an Oldroyd fluid in porous medium.

Separating the real and imaginary parts of Eq. (22) and eliminating Ri 
between them, we obtain

A3c\ + Л2с2 + A 1C1 + Ao — 0, (32)

where we have put 1 + x = 6, <r\ =  ci and

A3 -  E^Fplq^b  (j j - + EFqPi
P )■

(33)

ben2 
+ —— (F0 - F )  + S i{b -  l)b3E(pi - g )  + Qib*{Epi - p 2). (34)
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Since <Ti is real for overstability, the three values of c* (= a\) are positive. 
Equation (32) is cubic in Ci and the product of the roots is (—Aq/A3) and if this is 
to be positive then A0 < 0 since from (33), A3 > 0.

Equation (34) shows that this is clearly impossible, i. e. Aq is always positive
if

F0 > F, pi > q and Epi > p2, (35)

which implies that

A < À0, к < к' and к < [e + (1 — е)рвсв/рс\ г/. (36)

Thus if к < к', к < rç[e+ (1 — е)р,св/рс\ and А < Ао are satisfied, oversta
bility is impossible and the principle of exchange of stabilities holds good, к < к', 
к < rf[e +  (1 — e)p,c,/pc\ and A <  Ao are, therefore, the sufficient conditions for 
the nonexistence of overst ability, the violation of which does not necessarily imply 
occurrence of overstability.

In the absence of solute gradient and for the Newtonian fluid, the sufficient 
condition for nonexistence of overstability reduces to к < r)\e+ (1 — e)p,c,/pc] which 
for non-porous medium (e = 1) further reduces to к < r\ (Chandrasekhar [2]), 
but the introduction of solute gradient introduces an additional sufficient condition 
к < к ' and the viscoelasticity further introduces the sufficient condition A < Ao for 
the nonexistence of overstability.
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The contribution of the correction term due to  the three phonon norm al processes 
has been studied for a sample having core dislocation in the frame of Callaway integral 
by obtaining an analytical expression for it. To te s t the applicability of the expression 
obtained, the contribution of the correction term tow ard total phonon conductivity has been 
calculated in th e  tem perature range of 0.2-5 К owing to which a negligible contribution 
has been found. 1

1. In troduction

The expression of the lattice thermal conductivity proposed by Callaway [1] 
was based on the two mode conduction of phonon. The first one gives the lattice 
thermal conducitivity of an insulator due to the combined scattering relaxation rate, 
while the second term has a complicated form known as the correction term due 
to the three phonon normal processes. It was found that the contribution of the 
correction term (AK)  is usually small enough compared to the total lattice thermal 
conductivity [2, 5].

Recently, the lattice thermal conductivity due to the correction term has been 
studied by several workers [6-8] using the Callaway expression of the correction term 
in which no distinction is made between transverse and longitudinal phonons. These 
studies are confined to samples having boundary, point defect and phonon-phonon 
scattering processes only.

The aim of the present work is to derive an analytical expression for A K  in 
the frame of the Callaway integral at very low temperatures in the presence of core 
dislocations. The contribution of the correction term (AK)  to the lattice thermal 
conductivity was calculated also in the frame of Callaway integral for the different 
values of P which is the ratio of the three phonon normal and umklapp processes 
scattering strengths.
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2. Theory

The generalized Callaway expression of the lattice thermal conductivity is

в/т
К  = c0 ■ j  {rZl + b 1)~l x*e*{ea - l ) - adx + AK,  (l)

0
where

A K  = c0T*/T3, (2)

в/т

T*= j  +  -  l ) " 3á*. (3)
О

в/т
тз = J Tr 1^ 1^ 1 + TR 1f 1x*ex{ e * - l ) ~ 2dx, (4)

О

со =  (KB/2*2v)(KBT/h)3, X  =  hw /K BT,
where К в  is the Boltzmann constant, h is the Planck constant divided by 2n, 6 
is the Debye temperature of the specimen under study, v is the average phonon 
velocity, r -1 = Biw2T 3 is the three phonon normal process scattering relaxation 
rate, Гд1 =  Гд 1 + Aw* + B^w2T 3 +  aw3 is the combined scattering relaxation 
rate of umklapp processes, Гд1 is the boundary scattering [9], Atu4 is the point 
defect scattering relaxation rate [10], B2w2T3 is the three phonon umklapp process 
scattering relaxation rate and aw3 is the core dislocation relaxation rate [10]. A, a, 
В i, B2 are scattering strengths of point defect, core dislocation and three phonon 
normal and umklapp processes, respectively. The r^ 1 and Гд1 can be expressed as

r £ l  =  В ц у 2 Г 3 =  6 1z 2 , ( 5 )

Tpt1 = Aw* = Dx*, (6)
Тц1 = B2w2T3 ~ b2x2, (7)
ты -  aw3 = cx3, (8)

E — bi + b2. (9)

It is necessary to mention here that through the numerical analysis of above 
integral for Тд *, it is found that at low temperatures, either r~d dominates over 
Гд 1 or r~d is dominated by Гд 1. Therefore, the analytical expressions are obtained 
under two different approximations, i. e. r~d »  Гд1 and V  »  Tcd- 

(A) If Tcd »  rB 1;
In the above approximations, the integrals T2 and T3 can be reexpressed as 

follows
в/т

T2 — — í  f  1 ---£—x~3 — —x ——x~1' ) x 3ex(ex — l)dx, (10)
C J  \  C C C J

0
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which reduces to

( i i )

where
е /т

=  Im/In, I r =  J  Xrex(ex - i y 2 dx.

m, n and r are integers. Similarly

PA .3 f5 (2 + P )Тз — bileH + P F° ~ ( Î i f p ) A2M -  A'F° "  2A'A*F* -  A2Fi~
(2 + P) 2 a ! \

î + p ) '
( 12)

At low temperatures, the contribution of ти 1 is very small compared to tr 1 
and it can be ignored in this case, Eq. (2) reduces to

К = -  2AiFg -  2A2F* -  2A3F 2 -  A3F£), (13)c

where
tb 1 D E b\Ai = A2 = —, A3 = — and P  = —.

с с c b2

(B) I f r - 1 »  г " 1:
For this case, the integrals T2 and T3 can be expressed as

T2 = biTBI6(l -  ctb F£ -  Dtb Fq° -  E tb F£), (14)
Тз = b j 6(l -  biTBF! -  c2t2bF£2 -  2Dctb Fq° -  (E + b2) c r l F ^ -

- D 2r2F£2 - ( E  + b2)Dr2). (15)

Using these equations Л К  can be approximated as 

A K  =  c0biT2I6 ( 1 -  2ctbFq -  2Dtb F™ -  ErBFi
( -

2ctbFq -  2DtbFq° 

2 PE

e (2 + P)
6 (1 + P)

(1 + P)
t2bf£(cF£ -  DFè°) -  j~ ^ - ) t2bf£ f£+

+ c2r2Fl2 + 2 D ct2F£° + E ct2F "  + D 2t2F£2+

(2 + P) 
(1 + P)

E D rlj. (16)
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T ab le  I*
Contribution of the correction term  A K  to the to tal phonon conductivity in the tem perature 

range of 0 .2-5  К for different values of P  ( IO-3  to 103 ) ,  К  and A K  are expressed in W att/deg/cm

TK К *
10 -3 10 -2 10“ 1

A K
1 10 102 103

0.2 4.08 io - * 3.02 10_ 1 ® 2.99 io - 13 2.81 IO-14 1.51 IO "13 2.75 Ю - I S 2.99 IO-13 3.02 io -13
0.4 3.26 10~3 7.92 10~14 7.85 10- 13 7.21 io - 12 3.96 10“ 11 7.21 io - 11 7.85 IO“ 11 7.92 10~ u
0.6 1.10 10~2 2.03 IO" 12 2.01 10~ u 1.85 10- 1° 1.01 10" » 1.84 10- ® 2.01 io - ® 2.03 10- ®

0.8 2.61 1 0 -2 2.03 10- 11 2.01 IO-10 1.84 io - ° 1.01 10- ® 1.84 1 0 -8 2.01 IO-8 2.03 1 0 -8
1.0 5.09 1 0 -2 1.21 10- 10 1.20 10" » 1.01 io -8 1.01 IO-7 1.10 1 0 -7 2.20 IO-7 1.21 IO-7
2.0 4.07 10_1 3.09 10- ® 3.06 10~7 2.81 IO "6 6.06 10- ® 2.80 IO-5 3.06 IO-5 3.09 IO-5
3.0 1.37 7.82 10~7 7.75 10- ® 7.12 IO“ 5 1.54 IO“ 4 7.12 1 0 -4 7.75 h-* О

1 7.82 IO-4
4.0 3.20 8.27 10~ ® 8.20 10~5 7.53 IO "4 4.14 IO-3 7.53 10~3 8.20 io -3 8.27 IO-3
5.0 6.14 4.55 10“ ® 4.51 IO-4 4.14 IO-3 2.28 IO“ 2 4.14 1 0 -2 4.51 io -2 4.55 1 0 -2

From the earlier report of Dubey [11]

2
1

4
 

A
. 

H
. 

A
W

A
D



Neglecting rÿ 1 as well as the term of lower values, Eq. (16) becomes

A K = c0bXT%h (1 -  2 ctbFI -  2 DtbFq° -  bxrBFS) . (17)

Due to the very low value of temperature and the large value of 0, one can evaluate 
integral Г s with the help of the Riemann zeta function, and one gets an expression 
for Д К

A К  = 720 — c06 ir |( l  -  1008crB -  10080£>rB -  56J>irB).

In the absence of dislocations, the expression for A К  stated in Eq. (17) becomes

A К  = coblTl h { l  -  2DtbFq° -  blTBFi),  (18)

CONTRIBUTION TO THE LATTICE THERMAL CONDUCTIVITY 2 1 5

which is the same as obtained by Dubey [4] for a pure sample.

3. Results and discussion

Using the above expression, A К  is calculated in the temperature range of 
0.2-5 К for a sample having core dislocations for different values of P (103 to 10-3) 
as shown in Table I. The values of constants тв г, A and a are taken from the 
earlier report of Dubey [ll], but an approximate value of E  has been calculated as 
E  — 1.0 X 10-23s. deg-3 . To test the applicability of the analytical expressions, the 
value of A К  has been calculated in the temperature range of 0.2-5 K.

From Table I, it is clear that the contribution of A if  to the total phonon con
ductivity is very small in comparison with K, thus we can neglect its contribution, 
which is similar to the earlier finding of [2-5]. With the help of Table II, the values 
of A К  obtained in the frame of the analytical expression are very close to those 
obtained using numerical integrations.

T a b le  II
Phonon conductivity correction term  A K  in th e  frame 

of Callaway integral, ( A K )anai. is the value of A K  
obtained in the frame of analytical expression, ( Д /С)m,m. mt. 

is the  value of A K  based on numerical integration

T  К  (Д-^Оапа!. (Д -^Onum. int. Percentage difference*

0.2 2.819 10“ 14 2.819 10~14 0
0.4 7.217 1 0 -12 7.218

СЧ •—(1о *—! 1.385
0.6 1.849 10 10 1.850 Ю- io 5.405
0.8 1.847 1 0 -9 1.849 IO“ 9 0.108
1.0 1.099 IO-8 1.102 10~8 0.272
2.0 2.786 10-® 2.816 10-® 1.065
3.0 6.910 IO“ 5 7.125 10~5 3.017
4.0 6.389 К Г 4 7.532 IO "4 15.175
5.0 3.237 IQ-8 4.148 10-3 21.962

'Percentage difference =  ist .—(Д к )ада1. . Ю0.
( Д К ) а и т .  I n t .
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With the help of Eq. (17), it can be concluded that for 1 »  A K  <x 
6 i r |,  which indicates that A K  mainly depends on тg 1 and T$ph N . The present 
results are in good accord with the findings of previous works [4, 12]. At the same 
time, with the help of Eq. (13), it is clear that for т~д : »  т^1, A K  ос -Bi/c2, which 
shows that A K  is mainly governed by r~ph N and
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The phonon drag thermoelectric power of Sb in the tem perature  range of 0.4-5 К 
is studied. An approximate expression for the charge carriers-phonon scattering relaxation 
has been used. The study shows th a t the interacting phonons should have a certain wave 
vector. It is found th a t the electron contribution is higher th an  the contribution of holes. 
The study shows th a t only one characteristic tem perature gives good agreement w ith the 
experimental value.

In troduction

The thermoelectric power (TEP) is an important conduction phenomenon, 
and it gives information about the scattering processes in the crystal. At low 
temperatures, the high value of the TEP was explained by suggesting an extra 
contribution due to the phonon drag [1,2].

In the presence of a temperature gradient, the thermal-vibrations of the lat
tice are not isotropic, and the scattering of the charge carriers by phonons is such 
as to push the charge carriers more often to the cold end of the sample.

From the earlier studies, it is clear that the electron (or hole)-phonon scat
tering relaxation rate is an important factor in determining the phonon drag ther
moelectric power (PDTEP) of the crystals at low temperatures.

The band structure of Sb indicates concentrations of electrons and holes in 
the order of 1017 cm-3 , which suggests that the electrons and holes are the most 
important scatterers of phonons. This makes it interesting to analyse the phonon 
drag thermoelectric power of Sb at low temperatures and to see the role of the 
scattering mechanisms.

The aim of the present work is to study the PDTEP of a metal at low tem
peratures by calculating the PDTEP of Sb in the temperature range of 0.4-5 K. 
The effect of the characteristic temperature в, which has an important role in the 
electron (or hole)-phonon scattering relaxation rate, has also been studied by cal
culating the PDTEP of Sb for different values of в.
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Scattering  relaxation  rates and  th e  P D T E P  integrals

In metals, as well as in doped semiconductors, the most important scatterers 
of phonons are the charge carriers, crystal boundaries, point defects and phonons.

According to an earlier report [3], it is well established that the expressions 
for the scattering relaxation rates are:

IIr-1V4 (1)
V 1 = Аш4> (2)
t^  = Bn w2T 3, (3)

where r ^ 1, r ^ 1, r ^ 1 are the scattering relaxation rates due to boundary, point 
defects and phonons, о the average phonon velocity, l is the Casimir length of the 
sample, ш is the phonon frequency, T  is the temperature, BN and A are the scat
tering strengths for the normal phonon-phonon and the point defects, respectively.

The electron (or hole)-phonon scattering relaxation rate can be expressed 
in terms of Ziman [4) expression. At low temperatures, this expression can be 
approximated as :

re-1 =  "»e£ ÍV(27rpft3tO, (4)
Th l =  (5)

It has been found [4] that because of the conservation of energy and momen
tum, not all phonons can interact with the charge carriers. An electron with wave 
vector K e can only interact with phonons of wave vector q < 2K e. Such phonons 
are known as non-peripheral phonons, other phonons cannot interact with electrons 
and are known as peripheral phonons. The same is also true for the holes. Hence, 
Eqs.(4) and (5) will be :

re 1 = m2E 2w/(2nph3v) for Ш < we, (6)
= 0 for w > ше, (7)

Th 1 = rn2hE l u  /  [2* ph3 v) for Ш < U>h, (8)
= 0 for Ш > wh, (9)

where me and m/, are the effective masses of electrons and holes, respectively, Ee 
and Eh are the deformation potentials of electrons and holes, respectively, p is the 
density of the sample, h is the Dirac constant, ше and Wh are the phonon frequencies 
corresponding to the wave vectors 2Ke and 2Ä/,, respectively.

Using the above facts, the PDTEP of a metal is :

P =  Pe + Ph + Po, (10)

where Pe and Ph are the contributions due to electrons and holes, respectively, Pd 
is the contribution due to the rest scattering mechanisms. It should be noted that
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the Pq has been neglected in the actual calculations because its contribution is zero 
to the PDTEP. These contributions can be expressed as :

в к IT
Pe = [r)ieef  J  (rt x) \ r e 1 + th  1)F(x)dx,

0
0 « /T

P h  =  { r i / e h ) 3 f  ( T ^ 1) ~ 1T ~ 1 F ( x ) d x ,

Ok/T
eD/T

PD = (n/eD)3 I {TZy lF[x)dx,

Th S Ъ 1 =  1 -  r--1

( И )

-1
c > '3Го = To ~  r.

-1
h  >where tx 1 = rB 1 +  rN 1 + Tp t l  + re 1 +

г/ = (3/Св/е)1/,3Г, F(x) = x4ex (ex — l)-2 , 6e and 6h aire the characteristic 
temperatures (separates the non-peripheral phonons from the peripheral phonons) 
for the electrons and holes, respectively, Kb is the Boltzmann constant, e is the 
electronic charge, x = hœ/ К в Т  is a dimensionless parameter and 0£> is the Debye 
temperature.

Phonon drag thermoelectric power of Sb

The values of constants are taken from Bhatia and Horton’s report [5], whereas 
the carrier concentration ne and are taken from the report of Rao et al [6]. The 
effective masses me and rrih are taken from the report of Blewer et al [7] and all 
these constants are reported in Table I. r ^ 1 has been calculated with the help of 
the sample dimension reported by Long et al [8]. The deformation potentials Ee 
and Eh have been estimated at 0.4 K, while the point-defects scattering strength 
A and the three phonon scattering strength B^r has been estimated at 1 and 3 K, 
respectively.

T ab le  I
The constants used in the calculations of the PD TEP of Sb 

in the tem perature range of 0.4-5 К
to« =  0.28 m m  is the rest mass of the electron
m-h =  0.14 m 9e = 24.96 К
r " 1 =  7.0 x 105 s _1 =  19.24 К
A  = 1.02 x IO“ 46 s3 u =  2.2 x 10® m /s
B  = 4.0 x 10~31 sK “ 3 6D =  210 К
n„ =  4.15 x 1019 cm -3 n fc =  3.80 x 1019 cm“ 3

Using these constants, the PDTEP of Sb has been calculated in the temper
ature range of 0.4-5 К with the help of the numerical integration of Eq.(ll). The
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results are reported in Fig.l. The PDTEP of Sb due to the electronic contribution 
in Eq.(ll) has also been illustrated in this Figure for comparison. From this Fig
ure, one can see that the PDTEP increases with the temperature in the entire range 
of investigation. This increase is due to the increase of phonon energy leading to 
an increase in the amplitude of the lattice waves travelling along the direction of 
motion of the charge carriers. A similar variation was reported for doped semicon
ductors [3]. The second curve in this Figure shows that the electronic contribution 
is less than the total value of Pt , but still its value is higher than that of the hole 
contribution due to the fact that the electronic concentration is higher than the 
hole concentration in such sample.

temperature [K]

Fig. 1. The variation of the PD T E P with the tem perature of Sb in the tem perature range of 
0.4-5 K. Curves Pt  and Pe correspond to  th e  to ta l and th e  electronic PDTEP.

The effect of the characteristic temperature

As stated earlier, the characteristic temperature в which distinguishes peri
pheral phonons from non-peripheral phonons has an important role in the value of 
the PDTEP.

The numerical analysis of the PDTEP integrals stated in Eq.(ll) shows that 
Ph is much smaller than Pe, thus for simplicity one can assume the same value for 
6e and 6h.

Figure 2 shows the PDTEP of Sb in the same temperature range for different 
values of ве in the range of 16-32 K. It is clear that the value of the PDTEP at very
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Fig. i. The variation of th e  PD TEP of Sb w ith the tem perature in the range of 0.4-5 K, for 
different values of 6e in the range of 16-32 K. Values near the curves correspond to  the 'alue 

of 0e. Circles represent the experimental data .

low temperatures (say below 1 K) are in good agreement with the experimental 
data of Sb for any value of 9e, which is due to the high electron concentration 
causing an extra electron-phonon scattering. Also, one can see that for the lower 
values of 0e the calculated values of the PDTEP are larger than the experimental 
values, whereas for higher values of в е the calculated values are smaller than the 
experimental values. Thus only one particular value of ве can give good agreement 
with the experimental data of the PDTEP of a metal.

Figure 3 shows the PDTEP of Sb in the same temperature range by using 
во instead of 6e. It is clear that the value of the PDTEP in this case is less than 
the experimental data because of the dominating nature of the other scattering 
mechanisms in Sb. The energy transported along the direction of the charge carriers 
will be less, and the value of the PDTEP stated in E q.(ll) will be less due to the 
factor (ч/во)3, (for more details see [4].)

Conclusions

Separating between peripheral and non-peripheral phonons and simplifying 
the Ziman expression for the scattering of phonons by the charge carriers, the 
phonon drag thermoelectric power of Sb has been calculated in the temperature 
range of 0.4-5 K. It is reported that the calculated values increase with tempera
ture in the entire range of the study. The values are in good agreement with the 
experimental values. It is also reported that the hole contribution is less than the
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temperature [ К ]

Fig. 3. The variation of the PD TEP w ith the tem perature in the tem perature range of 0.4-5 К
by Debye tem perature Oo = 210K.

electron contribution. It is found that only one particular value of the characteristic 
temperature can give good agreement with the experimental values.
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The electrical conductivity, therm oelectric power and thermal conductivity of 
C uTlTe2 in the solid and liquid sta tes were measured over a wide range of tem perature. 
T he experimental d a ta  were analyzed in terms of a model developed for the  density of 
sta tes and electrical transport in solid amorphous semiconductors. Positive thermoelectric 
power suggests a large predominance of holes in electrical transport.

The mechanism of electronic conduction in amorphous materials is of consid
erable interest. Various models were suggested [1-3] and it has been demonstrated 
that some semiconductors retain their predominantly covalent semiconducting prop
erties in the amorphous and liquid states, whereas others acquire metallic properties 
above the melting point.

The aim of the present contribution is to study the electrical conductivity, 
thermoelectric power and thermal conductivity of CuTlTe2 in a wide range of tem
perature in the solid and liquid states. CuTlTe2 has chalcopyrite structure [4,5] 
and its melting point is 375 °C. Ternary chalcopyrite semiconductors have attracted 
recently a great deal of attention because of their possible applications in electroop- 
tical devices.

Experim ental details

CuTlTe2 samples were prepared by melting the proper amounts of highly 
pure component elements (99.999%). The material was sealed in evacuated quartz 
tubes at 10-3 Pa and heated at 1000 °C for 12h with frequent rocking to ensure 
homogenization of the melt. Then the tubes were quenched in ice to obtain the 
samples in the amorphous state. The solid material is then heated in an inert 
atmosphere until it melts and then transferred to the measuring cell.

Measurements of the electrical conductivity and thermoelectric power were 
carried out in the measuring cell which was fitted with graphite electrodes, heaters 
and thermocouples for accurate measurements of temperature up to 0.2 °C. A highly
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stabilized power supply, a sensitive voltmeter, and a sensitive galvanometer capable 
of measuring currents as low as 10~9 A were used [10].

Measurements of thermal conductivity were carried out using the concentric 
cylinder method, where the material in the liquid state was poured into the cylin
drical gap between two concentric graphite cylinders kept in nitrogen atmosphere. 
The system was fitted with a heater and sensitive thermocouples for accurate mea
surements of temperature, and the thermal conductivity was calculated using the 
formula:

_  Q Lnfa /d i)
2vL{t\ — f2) ’

where d \  and d 2 are the diameters of the inner and outer cylinders, 11 and t2 are 
the temperature on both sides of the sample, L is the length of the cylinders, and Q 
is the quantity of heat generated. Measurements were carried out in a wide range 
of temperature up to 375 °C above the melting point, and were repeated for more 
than three runs. The results were reproducible.

Results and discussion

Figures 1 and 2 show the temperature dependence of the electrical conduc
tivity and thermoelectric power. In the solid state the activation energy is 0.12 
eV. The low value of the activation energy suggests that CuTlTe2 remains extrin
sic p-type semiconductor. Positive values of thermoelectric power indicate a large 
predominance of holes in electrical transport.

108
6
u

T 2
Ê — ._
É ,
°  0B :  . . .
. 06 uqura
ъ E„i = 0.30eV

0.4 G

0.2 MP

0.1 ____ 1 . . J____ 1____ 1____ lJ 1 1
IjO 1.2 U  1.6 1.Í

(1000/T) [“К"1)

solid
Ea,  = 0.13 eV

2.0 2.2 2.4

Fig. 1. T e m p e ra tu re  d e p e n d e n c e  o f th e  e le c tr ic  c o n d u c tiv ity  o f  C u T lT e 2 in  so lid  a n d  liqu id  s ta te s
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(1000/T) [°K -']

Fig. S. Tem perature dependence of the thermoelectric power of CuTITej in solid and liquid states

At the melting point a sudden decrease in the electrical conductivity and 
thermoelectric power is observed which may be attributed to changes in the short 
range order on melting and the subsequent decrease in carrier mobility.

In the liquid state the electrical conductivity is increased and the activation 
energy is 0.20 eV. The thermoelectric power is decreased as the temperature rises 
which may be attributed to changes in the short range order and the energy band 
structure due to weakening the intermolecular forces. The measured transport data 
in liquid state can be interpreted in terms of the model developed by Mott [6,7]. 
According to this model the main difference between amorphous and crystalline 
state is that the electronic states at the band edges are tailed in the forbidden gap 
and become localized. To explain the positive sign of the thermoelectric power 
usually observed, it is supposed that the range of localized states in the conduction 
band is wider than in the valence band. Moreover, two conduction processes may 
occur:

a) conduction due to holes excited in extended states at Ev ;
b) conduction due to holes excited in localized states near the band edges with 

an activated mobility.
The present results show that conduction due to defect states occurs with an 

activation energy of 0.20 eV. Mott [8] and Cutler [7] have shown that when the 
activation energy for the hole mobility is small compared with the energy gap the 
electrical conductivity is given by

a =  (To exp E f - E A
kT J ' ( 1 )
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Fig. S. T he electric conductivity versus thermoelectric power for liquid СиТ1Тег

The value of Сто varies with the conduction process and can be calculated from the 
intercept of lgcr curve at ^  =  0 which is equal to 10(fim)-1 . Moreover, (Ef — Ev) 
depends on the temperature and is given by [8].

E j — Ev — ^(O) -  7Г. ( 2)

When E„ = Е» the temperature coefficient 7 may be calculated directly from the 
thermoelectric power which is given by

S  =  

S  =
)■

kT

К  /Е(0) 
e V kT

(3)

where kT A is the average energy of the transported hole s measured with respect 
to Ev, A depends on the nature of the scattering process, e is the electron charge 
and к is Boltzmann’s constant.

The kinetic term A is of the order of unity for conduction in extended states 
[7,9] when the density of states and the mobility are temperature independent. The 
value of the coefficient 7 is found to be 3 X 10-4  eV/к which gives the temperature 
dependence of the energy gap for liquid СиТ1Тег. 7 can be determined from the 
intercept of thermoelectric power curve on the ^  =zero axis.

Mott [13] had attributed the linear decrease of the gap with increasing tem
perature to the fact that the difference between the distance from one atom to 
nearest and next-nearest neighbour decreases.

Prom Eqs (1) and (3) one obtains the relation between a and 5

a = 0o exp(—e— + A). (4)
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Figure 3 shows a plot of the electrical conductivity (logarithmic scale) versus 
the thermoelectric power in liquid state. The value of intercept on the S = zero 
axis yields ao. The low value of сто in the liquid state indicates that holes in 
localized states near the band edges are responsible for conduction. As the energy 
gap contracts with increasing temperature the tails of the conduction and valence 
bands become more pronounced.

T PCJ

Fig. 4- Temperature dependence of the therm al conductivity of СиТ1Тег in solid and liquid states

The temperature dependence of the thermal conductivity of СиТГГег is shown 
in Fig.4. In the solid state the increase of thermal conductivity with tempera
ture may be due to the increase of heat capacity and the phonon mean free path. 
Moreover, the additional increase of thermal conductivity before melting may be 
attributed to the transition from the amorphous to a highly elastic state charac
terized by an increase of the mobility of molecules and the distance between them, 
which is followed by the stimulation of rotational oscillations of molecules. These 
rotational oscillations will spread along and between the molecules, transferring 
thermal energy and so the value of К  will increase.

The decrease of the thermal conductivity on melting can be attributed to 
the decrease of the density and subsequent increase of the distance between the 
molecules, which leads to a weakening of the bonds between the molecules and an 
increase in the disordered arrangement. The mean free path and heat capacity 
decrease and the thermal conductivity decreases correspondingly.

In the liquid state in spite of the weakening of the bonds between the molecules, 
the thermal conductivity continues to increase with temperature with a faster rate 
which indicates that an additional mechanism contributes to the thermal conduc
tion process. In solid semiconductors the thermal conductivity can be adequately 
explained by transport due to phonons and free electrons. In liquid semiconductors, 
however, it is necessary to invoke an additional process involving photon transport 
[11]. It is usually convenient to analyse the thermal conductivity of liquid semicon-
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ductors in terms of four contributions [11].

K  = Ka + K e + K m + Kr,

where Ka is the contribution of atomic motion, Ke is the electron contribution, Km 
is the bipolar contribution and Kr is the photon component of thermal conductivity. 
The quantity Ka states a lower limit to К  and is given by the expression

Ka = CD,

where C is the heat capacity for unit volume and D is the thermal diffusivity. Most 
of the thermal motion of a liquid near its melting point is vibrational in character so 
that the equipartition law gives a value of Зк/ (4тго3/3) for C, where о is the atomic 
radius and к is Boltzmann’s constant. At high temperature vibrational energy 
diffuses with a mean distance ~  2o so that D ~  4a2r, where r is the vibration 
frequency. Putting this together gives for K a

Ka = 9 K v  
7Г a (5)

According to Eq.(5), the value of Ka is about 5.9 m watt. deg-1 , cm-1 , and 
its small value can be attributed to the fact that a and v for heavier elements do 
not vary much about the value 0.2 nm and v ~  3 X  1012 s-1 , respectively.

For liquid semiconductors the theory for K e and Krn is complicated, however, 
calculation for metallic materials [12] shows that the contribution of Ke and K m to 
thermal conduction is relatively small.
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It is shown that the perfect fluid distribution without cosmological constant is quite 
analogous to homogeneous de-Sitter type universe with equation of state p + p —  0. Some 
physical and geometrical properties of the model are also studied.

1. In troduction

Einstein [l] exercised the option of including the cosmological constant term 
in the field equations in constructing his universe. A few years later due to em
pirically observed unphysical results obtained by Hubble and others, he abandoned 
the introduction of the cosmological constant. In view of the fact we propose a 
relativistic cosmological model in this paper without cosmological constant where 
we consider the spacetime described by a metric of the type

da2 =  a2 jm(dz)2 + ^—(dy)2 +  m(dz)2 — (dt + ndy)2 j  , (1)

where a =constant, m =  m(x) and n = n(t).
We derive the field equations and their consequences with solution in Sec

tion 2. It is shown that the general perfect fluid distribution degenerates to a 
homogeneous perfect fluid with equation of state ;p +  p =  0. In Section 3 and Sec
tion 4 we study some of the geometrical and physical properties of the problem, 
respectively. We mention the concluding remarks in Section 4.
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2. Field equations and  the ir consequences w ith solution

The relativistic field equations for perfect fluid distribution may be given by
I

Gij = R i j  -  ~Rgij = -8тг[(р + p )V iV j  + pgij] (2)

and
ViV* = -1 , (3)

where p,p and V, are internal pressure, rest mass density and four velocity vector 
of the distribution, respectively. The units are so chosen that the velocity of light 
c =  1 and the gravitational constant G = 1.

The explicit forms of the field equations (2) and (3) for the metric (1) are

G n  =
n— m  n = 8?r[(p + P)V2 + pa2m], (4)

G 22 =
m"

4m2
n2 m'2 

4m3n2 = — 87Г (p + P)V22 - PÇ n 2 , (5)

G 33 =
n— m 
n = 8тг[(р + P)Vi + pa‘!m], (6)

G44 = m"
2m2

m'2
2m3 ~ —8тг[(р + p)V4 ~ pa2], (7)

G2 4 = G42
m

~  2m2 П
m'2
2m3n = -8тг[(р -I- p)V2V4 -  pa2n], (8)

IIIСЯH (P + P)V\V2 = 0, (9)
G13 = (P + p)viVj = o, (10)
Gl4 = (P + p)ViV4 = o, (H)
G 23 = (P + p)V2V3 = 0, (12)
C34 = (P + p)V3V4 = 0 (13)

1 (V 2 
2a2m 1 + V32) + \a n ■?)2

- m i-1 • (14)
Hereafter the prime and dot represent differentiation with respect to x and t, re
spectively. Since V4 ^  0 for a perfect fluid distribution, Eqs (11) and (13) give

Vk =  0 = V8. (15)

Thus Eqs (9), (10) and (12) are identically satisfied. Now comparing Eqs (7) and 
(8), we get

V2 = V4 n. (16)
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Equations (14) and (16) yield

V4 = a and V2 = an.

With the help of Eq. (17), Eqs (7) and (8) lead to a single equation i. e.:

m _/2

2m2 W  + >1""‘ = °- 
Further the use of Eqs (17) and (18) in Eq. (5), we get

P + P = 0.
Then equations (4) and (6) reduce to

>
n + 8jt pa2n — 0,

which yields a general solution

n = ki cos at\/&irp + к2 sin at\^8np.

Hereafter kn’s denote arbitrary constants.
Equation (18) is equivalent to

(17)

(18)

(19)

( 20) 

( 21)

Y" + k3eY = 0, ( 22)

where k3 = ÍQirpa2 and Y  — In m. One can easily get the solution of Eq. (22) as

m = È ; SéCh-2 { ^ v x + h ) - (23)

8. G eom etrical properties

(i) Space of constant curvature

The solution obtained in Eqs (21) and (23) implies that the spacetime (1) does 
not describe a space of constant curvature since the Weyl tensor Whijk Ф 0 and also 
Rhijk = K(ghj9ik -  9hkgij) for all h, i, j, к = 1,2,3,4, where the Riemannian 
curvature К  is not a unique constant.

(ii) Einstein space

It can also be shown that the spacetime (1) is an Einstein space since Ä,y = 
f  9ij, for i , j  = 1,2, 3,4.
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4. Physical properties

(i) Motion of test particle

The motion of the test particle is given by the geodesic equations

d2X '  dXi dXk 
ds2 ]k ds ds =  0 , (24)

where s is a parameter along the path of the particle. The x and z components of 
the geodesic equations (24) are

dPx 1 m ' 1 m ' f  d z \ 2
ds2 2 m  \ d s )  2 m \ d s  )

(25)

and
d2z 1 m! dx dz
ds2 2 m ds ds

(26)

respectively. Now one can easily obtain from the results already obtained in Eq. 
(15) that = 0 =  Thus the test particle has zero velocity in x and z directions 
as well. Subsequently one gets from equations (25) and (26) that

cPx d?z 
ds2 ds2

(27)

It concludes from Eq. (27) that if the particle is at rest in both x and z 
directions then the particle remains at rest for ever in the same directions.

(ii) Doppler effect

For the velocity of light in у direction, we have ds = 0, dx — 0 and dz = 0. 
Therefore, the velocity of light emitted by a star towards the origin from (0, y, 0) in 
у direction is given by

-r-dy2 — dt2 +  n2dy2 +  2ndydt ,L
(28)

which yields
dy _  —2 ±  y/2 
dt n

(29)
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We suppose that ty and i2 are the times of emission of light from the star 
situated at (0, y,0) and reception at the origin respectively. Thus for two waves 
emitted with interval dt between them, we have

У  t aJ  dy = ( -2 ± V 2 )  J
Using (21) in (30), one can easily get

e»'M = tan -  
2 t i

11

zss — 
2

where M  = , z — (k6t + в), = о>/8тгр,

ki =  k\ + k2 and в — tan 1 jf-.ky '
The Doppler shift is given by

St2 -  <?tj _  A + <5A _ ^ _ еу/м^У_ > g 
M

(30)

(31)

Sty A M  dt
Since M < 0 and the velocity is negative at the time of emission, the shift is 

in the direction of larger wavelength.

5. Discussion

The model presented in the paper refers to a homogeneous model with equa
tion of state p +  p =  0, which is quite analogous to that of de-Sitter in isotropic 
co-ordinates. However, the model does not allow matter because p + p = 0 and 
p > 0. Even then there is motion. It may be mentioned here that this model 
revives the so-called inflationary model to describe the earliest phases of the “Big 
Bang” even though it is without the cosmological constant.

This inflation of the universe due to the increase of negative pressure energy is 
compensated by increasing production of particles with positive energy. The model 
thus predicts a density equal to the critical density at all epochs accounting for the 
equality between the kinetic and gravitational energies. It is to be mentioned here 
that a closed universe has zero total energy, the negative gravitational potential 
energy neutralising the energy of matter and radiation.

It has also been verified earlier [2] that this spacetime does not admit inco
herent matter and stiff matter distributions.
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The gravitational field in the linearized approximation (far field) is found for the 
composite system  of an Abelian dyon and a massless scalar field in th e  bi-metric theory of 
gravitation.

1. In troduction

Dyons were originally proposed as particles carrying both electric and mag
netic charges that emerged from the solution of the gauge-Higgs system [l], [2]. The 
idea of a dyon or monopole is not unique to any one gauge group but emerges when 
a gauge group G is broken to H  x i/(l), G —► H  x (7(1) with unbroken (7(1) fac
tor. The physical interest in dyons arises because of the observation on the part of 
Callan that a dyon or monopole would catalyze proton decay with strong interaction 
rates because of the conversion mechanism provided by the dyon field by converting 
two u quarks to a positron and d anti-quark, effectively giving rise to proton decay 
as P —► e+ + 7r° [3]. In a previous note we have studied the gravitational field 
of the Abelian dyon in the linearized approximation in the bi-metric theory and 
have identified the two masses and the electric and magnetic charge in this theory 
with the constants in the solution [4]. In this note we generalize this result to the 
case when a massless scalar field of scalar charge C is added to the system. It is 
generally believed that event horizons are absent in the bi-metric theory and there 
has been conflicting evidence for their presence for a system of massless scalar field 
in general relativity. Ágnese and La Camera proved that the presence of a static 
scalar field could shrink the topology of event horizon to a point [5], while recently 
Goldwirth and Piran [6] have shown that the collapse of a scalar field in general 
relativity always leads to a singularity engulfed by an event horizon. These studies 
are significant because scalar fields emerge not only in variable G theories [7] but 
also in the low energy effective Lagrangian of super-gravity theory (graviscalar) [8] 
and their effect on the topology of space time is all important. In this note we do 
not discuss the near field but study only the far field of a dyon and scalar field in 
the bimetric theory. Such a solution would represent the effect of an electrically and 
magnetically charged system in the presence of any scalar field from unknown origin 
(variable G, super-gravity source) far from the origin. This far field expansion for 
the metric is found in terms of the two masses identified in the bi-metric theory, 
the electric and magnetic charge and the scalar charge C.
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2. The A belian dyon coupled to  a massless scalar field 
in the  bi-m etric theory

To begin we write for the isotropic metric, in the bi-metric theory
I

(ds)2 = e2<̂ (di4)3 — e2*(dr)2 — e2Xr2 (d.92 + sin2 6(d<f>)  ̂ ,

I4 = c t ,  X 1 = r, X2 = в, X 3 =  ф, ( 2 . 1)

also with *14 =  ЯМ , *23 =  r2 sin 9Br . For the matter Lagrangian we have where 
= E.M. field tensor, ф = scalar field,

(2 .2)

with field equation

СИф = 0,

giving
*14 = *?(»■) = ~5 еФ+х 2X| *23 = r 2 sin 9BT = gsinö,

(2.3)

(2.4)

(2.5)

following from 7 ( eßl /a0F aß )  = 0 outside the dyon core. Here e and g  are electric 
and magnetic charge, respectively. Also

фг = — e *+x 2X (C =  scalar charge). ( 2 .6)

For the energy momentum components we have [4]

2 dL = + ^ 9 ^ F aßFaß + д»фд„ф -  \ д ^ ( д афдаф)
r̂ >11'  y / —g dg^  4ir

от using Eq. (2.5), Eq. (2.6) we have

T 1 = __
h  8ТГ r 4 ^  r 4

„ - 4 Х  _  ° 2 -2 Ф -4 Х
e 2 r4

r»2 _ rp3T2 = 8тг
ÎÎ  +  £Î
Г* Г4

e-4X ^ e-2^-4X
2r4

T4 = —  4 8tt
r5Î + l!
r4 r4

e - “X +  & - 2 Ф - 4 Х  
2r*
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The field equations for the bi-metric theory are 

8nG(k)N ^  -  ’ CL = speed of light, I with A: ■an
(liiu =background metric), 7 =determinant 7^,,, g =deter minant д ^ ) ,  от

_ 8irG(k) /  — -T g  ^
t'pv — £,4 yipv 2 J '

or

with

N.f = -
8xG(k)

C i
{тц-\тбцу

N* = -ф"  -

JVi1 = - х "  -  -х' -  4- sinh Z,

N i = N i = - X "  -  - X '  + 4  sinh Z,Г Г *

here Z = 2.X — 2x.
Equation (2.8) becomes with C ,̂ = 1

(2.7)

(2 .8)

(2.9)

( 2 . 10)

( 2. 11)

- Ф "  -  V  = -8*Ge*+*+2X ^  ( £  + J ) )  e_4X> (2Л2)

-x"-x'- 4 sinhZ =r r3
—4X _  С 2 - - 2 Ф - 4 Х  

e Г*

We next define

L i .
[ 8x W  + r < ) ‘ J

W,
z,
X.

(2.13)

(2.14)

(2.15)

We have upon adding the appropriate combinations of Eq. (2.12), Eq. (2.13) 
and Eq. (2:14) using the definitions in Eq. (2.15)
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W "+  - W '+  \  sinh Z  = 4G + 4 " )  eW -r r2 \ r 4 r4 /  r4

Z"+?Z'--|sinhZ = -4 c f4 +  4 )  ew  +  ^r r2 \ r 4 r4 /  r4
16fl-GG2 _ m_ гс

e J ^ a ,

X " + - X ' = - ^ C 2e - ^ - ^ - ^ .

(2.16)

(2.17)

(2.18)

If we linearize Eqs (2.16), (2.17) and (2.18) in the gravitational potentials we have

) ( 1  + W )- W
2 —  ! )

, (2.19)

/e 2 Ô2)  (1+W)+ 16ttGG2 / W я л
, (2.20)

- 1 G b  + ^ r4 ^ ~ T - г  —
2 /

r
8я-GG2 *  z (2.21)

г4 Г 2 2 )  ‘

We next expand the functions W, Z, X  in inverse power for large r, or

Bt Ci
( 2 .22)

»=1 t=i t=i

This gives for the first two inverse powers in Eqs (2.19), (2.20) and (2.21)

2 A\ — 2 Ai + 4 Bi — 0,
2Вг -  2BX -  6 =  0,

2Ci — 2Ci = 0, to order (2.23)
and

6A2 -  4A2 + 4ß 2 = 4Ge2 +  4G ^ -  8nGC2,
6B-2 -  4S2 -  6S2 = -4G e2 -  4Gg2 + 16?rGG2,

6G2 — 4G2 = —8ttGG2, to order - j .  (2-24)

Solving Eqs (2.23) and (2.24) we have

A\ = arb =  Ai and B2 =  Ge2 + Gg2 — 4nGC2,
Gi = arb =  Ci, G2 =  —4ttGG2,
Bi = 0 , =  4»rGG2, (2.25)
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or
W a A , + i ^

r r 2

Z  = Ge2 + Gg2 4 ttGC2
r2 r2 ’

Ci _ 4ttGC2 
r r2

If we now solve Eq. (2.15) for <f>, X  in terms of W, Z, X  we have

3 Ax +  Cx Ge2 + Gg2
Ф = -------- :------------ h4r 2r2

Ci — Ax /  Ge2 + Cg2 \  
X = — 71------ {  2ri  ) ,4r

X  = Cl -  Ax 21vGC2
4 r r2

The line element is from Eq. (2.1)

(ás)2 = e ( ^ ) + ^ ( á x ) 2, 

- « ( ^ - ^ ( á  r )2 ,

— e( ^  1 )e~ 4,Г°зС r2 (cW2 + sin2 в(<1ф)2) .

(2.26)

(2.27)

(2.28)

We now identify

3Ai + Ci 
2

C i - A x
2

= —2 Gm,

= 2 Gm', (2.29)

where m, m' are the x4 and x1 component masses in the bi-metric theory. Eq. 
(2.28) finally becomes

igm1 ^ A
— e V ! (dr)2

— c*G,m r2 (de2 + sin2 9(d<f>)2) . (2.30)

We see in Eq. (2.30) that the scalar charge only appears in the вф component of 
the metric and any radial motion in such a metric would be insensitive to the scalar 
charge and be effected by the electric and magnetic charge only. We also note that
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the difference of the metric in Eq. (2.30) and that in the result from [4] is only in the 
term in the в, <f> components of the metric. This term effectively diminishes

- 2 * G C 3
the length of arc for a complete revolution in the plane в =  j  by e ^  since

(àa)l =e - r2(<ty)2,

L a, =2яте Qm _ 2jeif f 1
(2.31)

This is the effect produced both in general relativity as pointed out in [5] and in 
the bi-metric theory as is shown in Eq. (2.31). However, this discussion is derived 
for the far field and a more precise discussion would entail solving the field equa
tions more exactly for small r. Before closing we emphasize that scalar fields enter 
into gravitational physics through variable G theories and super-gravity theories 
and their implications on both black hole solutions in G. R. as well as spherically 
symmetric solutions in the bi-metric theory (a theory void of a principle of cosmic 
censorship) are both relevant and interesting in many astrophysical situations.
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BOOK REVIEWS

M. G Ö C K ELER  and T. SCHÜ CKER: 
Differential Geometry, Gauge Theoriet and Gravity 
Cambridge University Press, Cambridge, New 
York, 1987, pp. 230

This excellent Volume published in the 
series of Cambridge Monographs on M athem at
ical Physics is based on lecture notes of a course 
given at Heidelberg University. It provides a 
concise introduction to  those concepts and the
orems of differential geometry which are of fun
damental im portance in modern field theory. 
In Chapters 1, 2, 3, 6 the authors deal w ith dif
ferential forms, metric structures. Manifolds, 
Lie groups, fibre bundles, spinors are treated 
in tu rn  in Chapters 7, 8, 9, 11. Physical ap
plications are presented in Chapters 4 (Yang- 
Mills theories), 5 (E instein-C artan theory), 10 
(monopoles, instantons), 12 (gauge anomalies), 
13 (anomalies from Feynman graphs).

The concepts presented in the book are 
inevitably im portant in the research of the past 
few years, in connection with anomalies and 
theories of superstrings. We recommend the 
book to  graduate students and physicists work
ing in the field.

G. Póctik

R . J .  R IV ER S: Path Integral Methode in 
Quantum Field Theory
Cambridge University Press, Cambridge, New 
York, 1987, pp. 339

This new volume of the Cambridge 
Monograph series on M athem atical Physics 
presents a self-contained introduction to the 
functional integral methods in quantum  field 
theory. Sometimes called the Feynman path 
integral method, the approach has a large num
ber of applications in quantum  electrodynam
ics, gauge theories, finite tem perature field the
ory etc.

The discussion begins with some m athe
matical preliminaries pertinent to  the structure

of quantum  field theory, Green function m eth
ods and to  regularization. The next five sec
tions acquaint the reader with the scalar func
tional integral and its series expansion, with 
the Lorentzian theory and the trouble w ith i, 
topological complications and stochastic quan
tization. Yet another section is devoted to 
fermionic path  integrals and the cancellation of 
ultraviolet divergences in the supersymmetric 
theory. The very highlights are discussed in the 
final sections. To m ention only some of the ou t
standing problems: Taylor-Slavnov and BRS 
identities, the background-field method, gaug
ing away the Goldstone modes, the C olem an- 
Weinberg mechanism, instantons and the large- 
N limit. W hat a treat!

All required of the  reader is a “rudim en
tary  understanding of Feynman diagrams in 
relativistic quantum  field theory, and the need 
for renormalization” . In fact, the discussion 
stays on the graduate level. M athematical in
tricacies are never indulged beyond the imme
diate relevance, though the treatm ent appeare 
correct. As the au thor frequently points ou t, 
for example, the Lorentzian theory lacks a se
rious foundation. Snags like this do not appear 
to be a big price for the ease with which func
tional integrals lend themselves to applications.

The book is likely to become a fond 
piece of the field theorist’s library.

Z. Perjét

S ir A r t h u r  E d d i n g t o n : Space, Time
and Gravitation; An Outline of the General Rela
tivity Theory
Cambridge Science Classic Series, Cambridge 
University Press, Cambridge, New York, 1987

This is a new edition of a famous book 
first published in 1920, only 4 years after the 
b irth  of the full theory of General Relativity. In 
th a t tim e, obviously, introductory books were 
needed in order to present the new theory for
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physicists and astronomers who were not fa
miliar w ith its proper m athem atical machin
ery; and this meant practically the  whole sci
entific community. Namely the formalism of 
the new physical theory " . . .  had already been 
worked out as a  branch of pure m athem atics by 
Riemann, Christoffel Ricci, Levi-Civita who, it 
may be presumed, never dream t of this physi
cal application” (Eddington’s own words) and 
not as a branch of physics.

One can imagine th a t E ddington’s task 
was enormous; in any case he becam e success
ful. While obviously the prim ary goal for reis
suing the book was historical, even today this 
book could be used by physicists working far 
from General Relativity for obtaining some in
sight into the philosophy of relativity  theory. 
Namely, as Sir Hermann Bondi emphasizes in 
the Foreword w ritten in 1986, there  is only one 
statem ent in the book which has been proven 
incorrect in the last 67 years: the Fitzgerald 
(or, more continentally Lorentz) contraction can
not be seen by the external observer.

Of course, by subtler ways the reader 
can detect th a t the book is 2 /3  century old: 
e g. it does not contain any Q uantum  Mechan
ics, only vague remarks about quantisation, be
cause Q uantum  Mechanics had no t yet been 
elaborated when the author finished this book. 
Pondering over this fact one can b e tte r realize, 
how immense a success this book was with re
spect to  its original goal. The reader can even 
contem plate what had greater p a rt in this suc
cess: the genius of the author (one of the great
est astrophysicists of the history of science and 
in the same time an inspired science writer), 
or the outstanding quality of General Relativ
ity even in s ta tu  nascendi (indeed, there has 
been no need to  correct it up to  now). How
ever, it would be improper to  emphasize any
one of these alternative explanations against 
the other, since Eddington was one of the ear
liest scientists accepting, adopting and devel
oping General Relativity.

Reading this excellent book we are be
ing comforted with the thinking process of a 
great brain and also with some no t quite defi
nite bu t very deep ideas concerning fundamen
tal problems on physics (moreover, of all n a t
ural sciences); and none of the problems left 
open in the book has been completely solved 
up to now. In some points today the answer 
is hoped in directions different from tha t sug
gested by the author, bu t even then  the old

ideas are still inspiring.
By tracing back farther the present 

trends into the past we can make b e tte r es
tablished predictions for the future. A better 
understood history of physics may help even in 
finding the long desired “Quantum G ravity” , 
whatsoever it will be. This book is an excel
lent possibility to  keep direct contact w ith the 
history of physics.

B. Lukács

Particle Physics

E dited by: N. G. Cooper and G. B. West
Cambridge University Press, Cambridge, New 
York, 1988, pp. 200

The volume contains the most recent in
formation on the subject and can be divided 
into three parts: T he first one, about 130 pages, 
deals with theoretical questions of particle 
physics; the second, about 50 pages, w ith prob
lems of experim ental particle physics; and fi
nally this is followed by 16 pages devoted to a 
round-table discussion dealing with the history 
and future of particle physics. Each chapter is 
w ritten by a different author.

In large p a rt the book trea ts th e  the
ory of particle physics, reflected not only by 
the lengthy in troductory  part bu t also by its 
style and level which demands a fair amount 
of m athem atical knowledge. The book could 
hardly be recommended for readers less famil
iar with m athem atics. This theoretical part 
expands on e.g. scaling and standard  mod
els, on a unified theory of interactions and on 
supersymmetry. The following experimental 
p a rt deals practically w ith the possibility of ex
perimentally verifying the standard model and 
gives an outline of present and future high en
ergy accelerators, including the new American 
dream , the SSC.

The book claims to be enjoyable read
ing for both specialists and laymen. In my 
opinion it prim arily is geared towards parti
cle physicists w ith the  aim of making them  ac
quainted with certa in  concepts of theoretical 
particle physics. It can be a useful reference 
book for interested students of physics and pos
sibly for physicists engaged in a discipline other 
th an  particle physics.

The book does not wish to  tre a t the en
tire field of particle physics, which would in 
fact assume a much more extensive volume and
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would be even more difficult to digest. I t  only 
reports on some - arbitrarily selected - results 
of the past two decades and this in rough out
lines.

The book is useful and enjoyable read
ing for qualified particle physicists and can also 
serve as a manual for experimental particle 
physicists willing to  invest a fair am ount of ad
ditional in-depth study in the field.

Deze Ô Kitt

W . J. WlTTEMAN: The CO^ Later

Springer Series in Optical Sciences, Springer- 
Verlag, Berlin, Heidelberg, New York, 1987, 
pp. 309, 135 figs

The field of quantum electronics is con
tinuously growing since the discovery of the 
first laser in 1960. This is also denoted by 
the increasing num ber of books dealing with 
lasers and various applications. The CO2 laser 
is one of the basic laser systems widely used 
today in many applications of which scientific 
research, m aterial processing, medical use and 
laser fusion experiments are some of the most 
im portant. Thus it is useful to have a review 
dealing specifically with questions of th is laser. 
The book is an excellent summary of the scien
tific aspects of laser problems and some special 
techniques used in this type of laser.

The book begins with a short summary 
on applications and the author then  outlines 
basic questions of stable and unstable resona
tors, which are used in various types of CO3 
lasers. This is followed by two chapters, one 
of them  dealing w ith the rotational-vibrational 
structure of the CO2 molecule and the other 
describing processes leading to population in
version. The next parts deal with various ex
citation methods, lasers working in continuous 
discharges, lasers operating using fast gas flow 
systems and pulsed laser systems are discussed.

The la tter is a detailed chapter and includes 
also description of various technical problems. 
Two chapters deal w ith methods used for the 
synchronization of modes of transversally ex
cited atmospheric pressure CO2 lasers, these 
are th e  so-called mode locking techniques. The 
m ethods described are am plitude m odulation 
and frequency m odulation mode locking, re
spectively, which are followed by a chapter on 
passive mode locking. The last chapter of the 
book is devoted to short pulse amplification 
questions.

The structure of the book follows a 
double line, one line is the description of basic 
phenom ena related to  problems of laser physics, 
these are of general value and are valid not only 
specifically for the C O 2 laser, but for m any 
o ther laser systems too. The other line is the 
description of CO2 laser phenomena based on 
th is background of laser physics. In many places 
engineering questions are dealt with, th e  sci
entific background being emphasized for un
derstanding the phenomena. The author gives 
reference to  another book dealing with gas dy
nam ic lasers, inclusion of a short description 
of th is topic for understanding basic princi
ples and seeing practical realization would have 
been useful. The parts  of the book dealing 
w ith mode locking techniques are very in ter
esting from the pure scientific point of view, 
bu t since these are not connected with any ap
plication, the significance of these techniques 
is no t easily acknowledged by readers who are 
less experienced in the field of lasers.

The book is well w ritten, its style is easy 
to  follow, all problems are well presented. The 
book can be recommended to research scien
tists, engineers and graduate students, who are 
interested in the relevant basic physics related  
to  operation principles and special techniques 
of th e  CO2 laser.

M. Jdnotty
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EMISSION OF SOFT PIONS IN 
MESON-NUCLEON INTERACTIONS

K . K r i s h n a  M u r t h y  and P r a t h ib h a  N u t h a k k i

Centre for Theoretical Physics, Andhra University 
Visakhapatnam-530 00S, India 

and
Department of Physics, Andhra University 

Visakhapatnam-530 003, India

(Received 16 July 1987)

The formalism of current algebra and partially conserved axial-vector current (PCAC) 
hypothesis is applied to  study the Kp and x p  interaction processes involving hyperons and 
one or two soft pions. The differential cross-sections for the processes are norm alized to 
the differential cross-sections for the corresponding processes w ithout the soft pions. Theo
retical predictions for the ratio of cross-sections at various laboratory  meson m om enta are 
compared with the existing experimental da ta . Angular distributions are also given for 
different incoming meson momenta

1. In troduction

In the study of hadrons, current algebra combined with the hypothesis of par
tially conserved axial-vector current (PCAC) has been highly successful. The gene
sis of current algebra was mainly in the study of weak interactions, with the vector 
and axial-vector weak currents of hadrons being identified as physically observable 
quantities manifesting the broken chiral SU(2)xSU(2) symmetry. The symmetry 
is expressed in terms of the equal time commutators of the associated charges and 
currents. The breaking of the symmetry is reflected in the partial conservation of 
axial-vector current. The hypothesis of PCAC was first introduced to provide a 
sound foundation to the Goldberger-Treiman relation. The conclusion is that the 
axial-vector current AM(x) is not conserved since neither the pion decay constant 
f„ nor square of the pion mass is equal to zero. With Jn ф 0 and m , being 
very small, one interprets PCAC as the statement about the approximate chiral 
symmetry of strong interactions. The hypothesis tells us that the actual world is 
not very different from the limit in which the pion is massless. The usefulness of 
PCAC is in that it allows the derivation of scattering amplitudes containing pions 
from matrix elements of currents.

The current algebra-PCAC formalism has been successful in explaining the 
experimental results for various strong interaction processes involving soft pions [1-
5]. Like pp annihilations and x — N  interactions, the scattering of kaons by nucleons 
is experimentally well studied. Also the scattering of kaons by nucleons at low
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energies occurs in 5-state. With the current algebra formalism being particularly 
successful in the 5-state the K~p  interactions are well suited for a theoretical study 
by using the current algebra-PCAC method. The many possible reactions available 
in Kp interactions also enable us to relate one reaction amplitude to another. This 
sort of relationship is a general feature of current algebra. Therefore we consider 
the processes

K~p  —♦ E It +  n 7T° ,

where the n-pions are considered to be soft. To simplify the theoretical manipuler 
tions we limit ourselves to one or two soft pions and take them to be in the neutral 
mode. This way we eliminate the gradient coupling as pointed out by Weinberg
[6]. In Section 2 we derive the matrix element for the two soft pion emissions in 
a reaction of the type г —* f  and give the differential cross-section for the process 
K~p  —► E 7Г with two additional soft pions present. In Section 3 we derive the 
differential cross-section for the same process with an extra soft pion. We need to 
normalize these expressions to the differential cross-section, for the process without 
soft pions, given in Section 4. Subscribing to van Hove’s point of view we give all 
our theoretical expressions in the most differential form possible.

To make a comparison with the existing experimental data, we integrate the 
expressions over the relevant kinematic variables. Finally the expressions derived 
in Section 2-4 are used in predicting the cross-sections for it N  —* Y, К  -\- n it0 
normalized to the cross-section of the corresponding process without soft pions. In 
Section 5 we present the ratio of cross-sections for the various processes considered 
at different centre of mass energies and compare them with the experimental results.

2. The soft pion reaction am plitude 
and differential cross-section

We begin by considering the reaction

t -» /  + Jr“(A:i) + irß [ k 7), (1)

for multiparticle hadronic states * and / ,  where pions of momenta кг and k2 and 
isospins a and ß are emitted.

The matrix element for the emission of two pions in the above reaction is given 
by Lehmann, Symanzik and Zimmerman’s reduction formula to be proportional to

J d4x d4y exp(—I'M ) exp(-t'fc2y) < /  \T [ф^(х),фрп{у)\ |t >, (2)

where ф° (x) is the interpolating field operator for the pion. According to PCAC

Зд A% =  (C „/V2№ ,  (3)
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where Cn — \/2GAM ^ у.2/ gr (0); and /x are the nucleon and pion masses, respec
tively. G a is the renormalized axial-vector coupling constant (~  1.186) and fifr (0) is 
the rationalized, renormalized pion-nucleon coupling constant (ÿ^(0)/4тг гг 14.6). 
PCAC given in (3) enable us to rewrite (2) in terms of the divergence of the axial- 
vector current Aft. Bringing the derivatives out of the time ordered products gives 
rise to commutators like

ф о  -  Уо) [-Ao (*)> 3м̂ д(у)] =  6a p a { x )  S ( x  -  у ) .  (4)

These are dropped since they are of the same order as the PCAC correction terms. 
Integrating the resulting expression by parts and again using PCAC to replace дц 
with pion field operator, we have

Wm-  *‘)Ллг' (5)

where we have used the relations

<4*o -  Уо) [^o(*)> Kb/)\  =  * 4 x ~y)£«ßiVJ (*). (6)

and

Rl î  -  * J  d*x d*V exp(-tfcii) exp(-ifc2y) < /  |T[A“ (i), A£(y)] |t > . (7)

= — j  d*x d*y exp(—ik\x) exp(—ik^y)-

V  -  Ux){ß2 - □ „ ) < /  IT  [« (* ), ^ (y )]  I* > (8)
is the matrix element for the emission of two pions of momenta ky and fc2 and 
isospins a and ß in the process t —» /.

R\ =  f  d*x e x p ( —t'(fci +  fc2 ))  <  f\Vy (a:) I г >  (9 )

is the matrix element for the emission of an isovector photon in the process i —* f . 
This term is present for 7Г+тг_ emission and leads to an expression that depends on 
which pion is soft, a consequence of simultaneously taking both pions off the mass 
shell [7]. For pions in neutral mode vanishes and therefore is no contribution 
from this term. The expression (5) can now be written as

К Ъ М $  =  J
c l

2 W + Ш Р + ч ) + )Амл> (10)

We now set ki = ÇKy and fc2 = ÇK? so that £ —* 0 corresponds to the soft pion 
limit. For a process like t —+ f  + n„, where г and /  are different hadronic states, the
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matrix elements are of zeroth order in £ [8]. The left-hand side vanishes as £ —+ 0 
unless it has pole terms that go as k~2. term when necessary can be evaluated 
using the low energy theorem for photon emission due to. Low [9].

In the neutral soft-pion limit the expression (10) becomes

( и )

p < k f V 2

4 «
s '

Щ К \

a) Ь)

P ^ P i

p % :

J WS
к ' * .

L

4 , К'Ъ
Ж

d>

P^P,

4»^T K-'*4'
•)

a)

»)

fig  1. Diagrams of order k ~ 2 
contribu ting  to M 22

Fig. S. Diagrams of order к  1о
contributing to M *

The diagrams that give rise to pole terms of order к  2 are given in Fig. 1 [10]. The 
central interaction in the diagrams is

m = A + B Q, ( 12)

where Q = qi + q-z, the sum of the kaon and final hard pion momenta. A and В are 
functions of К 2 and Q К  with К  — pi + p2, the sum of the proton and hyperon 
momenta. Retaining only zeroth order terms in pion momenta ki and fc2 and in 
order to facilitate computation dropping terms proportional to A [11] gives us the
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matrix element

3 3  _  - 2 » i?G V  
™2n Q2 и1Рз)

• 1 7-----гг [—MjíjQkzki + » MjfbQki— i M^aQk2 — aí>Q]+Ц а + b)a

+ T-----гтт[—MjjQkik2 + t MfjaQk2 — i MjgbQki — o6Q]+(a + 6)6

+  T— + »■ MHdk,Q -  i MHck2Q -  cdQ}+ (c a)c

\-M ]jk2Qki + i Mfjck2Q -  t MfídkiQ — cdQ]+(c + d)dl

+  — Mh M}jk2Qki — i Mjiak2Q — i M^dQki — adQ]+ ad

+ Yc\-M NMHkiQk2 - i  MffbkiQ -  i MNcQk2 -  6cQ] jufpj) ,
(13)

where a = pi ■ ki, b = pi ■ k2, c =  p2 ■ ki and d = p2 ■ fc2. Afff is the mass of the 
hyperon. The differential cross-section for the reaction Kp —* Ex + 2x° is given by 
the expression

(da)2'  = Mn M„ < \M%\ > 2 2
2 [ (p i ? i )2 - m 2:M2]i/2 (2x)« "
X d(cosöp) d(cos0/c) d(cos0K) d<f>i d<j>2  d<f>3 X

X g + _  ~  4 m^ MÄ>I1/2x

X 4 J |2 [(m |, +  m | -  m2)2 -  4 m |m |w]1/2x
Ejt

x ( " » L - 4 / i2)1/2,O «Vît
(14)

where we have considered Kp(pi +  qi = R) system decaying into Ex(p2 + <?2 — -Ri) 
and 2x(fcj + fc2 = Ä2) and integrated over four of the twelve variables trivially. 
The remaining variables are chosen to be rn%,v =  — R\, = -Щ , вр (the angle
between R2 and pi), &k  (the angle between p2 and Д1), вп (the angle between Ä2 
and fc2), <f>\ (the azimuthal angle between R  and i?2 in the R\ rest frame), <f>2 (the 
azimuthal angle between R and R\ in the i?2 rest frame), фз (the azimuthal angle 
between R2 and Ri in the R rest frame). To simplify trace calculations in finding 
< |M|„3|2 > we take the limit ki = k2 = (а,г p). The variables < |Mf 312 > have 
to be expressed in terms of , m2„ and various angles. The relevant equations 
are given in AUPH Report [12].
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3. Single soft pion am plitude and  differential cross-section

With only one soft pion being emitted there is no time ordered product of 
pion field operators in the expression given in (2). In the neutral soft-pion mode, 
one now has

i < f \ A l \ i  >= MNGAf  
gr(p2 + k2) < / |( м 2 - а 2)2^ | г > . (15)

theoretical prediction

- I— I— I-----1— I— I— I----- 1____ I___ I___ I___ . I
U  IS 1.6 17 1.8 18 2.0

kaon lab momentum ( GeV/с )

Fig. S. Comparison of theoretical predictions of a(K p —» E x  +  2 ir°)/a (K p  + E x) with experiment
at various laboratory kaon m om enta

Again setting к =  £K, £ —» 0 corresponds to soft pion limit. The left-hand side 
has pole terms that go as fc-1 when the axial-vector current A2 is attached to non- 
terminating external baryon line. Parity forbids insertion of A3̂ into pseudoscalar 
meson lines. Only two diagrams shown in Fig. 2 contribute. The central interaction 
in the diagrams is given in (12). We retain only the zeroth order terms in pion 
momenta [13] and as in the previous section we omit the terms proportional to A. 
We then have

< |ÀT°|2 > =
2 M 3N MH

1
. ( p i  ■ * 0 2

(-Mjv Mh Q Q k.k -  4Mff pi.k Q.p2 Q k +

+ 2MJ, Q.pi k.k Q.p2 + 2M%Q.Q k.pi k.p2 -  M$, Q.Q k.k pi-p2 +
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+ ;(—Мн Mn Q-Q k.k -  AMjj Q.ki Q.pi k.p2+
(P2 • к)2

+ 2M]j k.pi Q.Q k.p2 + 2Мд k.k Q.pi Q.p2 — M^ k.k Q.Q Pi-P2)+

+ — ------ ( - 4 M l  Mn  Q.kQ.k + 2M2NMjj k .kQ.Q-
P i . k  P 2* k

— 4Mn  Mh Q.k Q.k pi-p2 +  4А/дг Mh Q.p\ Q.k k.p2-\- 
+ 4Mn  MjjQ.k pi.k Q.p2 — Mh Q-Pi k.k Q.p2—
— 4Mn  Mh Q-Q k.pi k.p2 +  2Mn Mh Q.Q k.k pi.ps)]. (16)

The differential cross-section for the reaction Kp —► Итпг0 is given by the expression

(d*Y = Мн Mh < IM jru 12
[ ( P i 4 i ) J - m ^ ] ^  8(27t)5 6

X d ( c o s ö p j )  d (c o s 0 ,r )  d<j>x

X + m* “  ms )2 -  4 m2mL ] 1/2X

X 2 ^ 2  - l (M K p  +  m L r  -  m ff)2 -  4  •^A ’p m E»r]1/,2> (17)

where m |(  = —Ä2 is the invariant mass of the final system. 6„ is the angle between 
the pion and the proton in the R(= pi + 51) rest frame. ffPl is the angle between 
the final particle I! and the pion in the Ri rest frame, ф is the relative azimuthal 
angle between the P1Ç1 plane and the Ri  decay plane.

4. Differential scattering  cross-section for К p —► Етг

The differential cross-sections of (14) and (17) have to be normalized to the 
corresponding process K~p  —► S ít, where soft pions are absent. The relevant ex
pression is

dcг = m n  MH_____  < \Щ 2 > ./ a \
1(Р1Я1)*-гп2к М 2 }1/* ШМ*Кр ( pJ

x[(M£p + m | -  m l ) 2 -  4M^pm |]1/2, (18)

where

< |M|2 > =  2Mn Mh [Mn Mh Q2 ~ 2 Q Pl Q P2 + Q2 P l'P2l‘

5. Discussion and  com parison of results

We note that the central interaction m given in (12) does not change when the 
incoming kaon and outgoing pion are interchanged. The matrix elements derived in
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T a b le  I
Calculated ratios of cross-sections for various centre of mass energies

Lab meson 
m om entum  [GeV/c]

Centre of mass 
energies [GeV]

ff(Kp—B*+2ir0) a(Kp—»Eir jt° ) <r(»P—EK+2ir0 ) <r(irp—>►EK>° )
ff(Kp—Ew) <r(K>—Еж) »(»р-ЕК ) <r(jrp—*EK)

0.74 1.674 0.0024
0.917 1.757 0.0055
1.201 1.889 0.0135
1.345 1.954 0.0191
1.396 1.977 0.0081
1.47 2.01 0.0319
1.5 2.023 0.0272
1.5 1.931 0.0054
1.546 2.043 0.0673
1.653 2.09 0.1381
1.69 2.02 0.0161
1.694 2.107 0.0416
1.8 2.152 0.286 0.0548
1.85 2.093 0.0299
1.934 2.208 0.4783
1.95 2.137 0.0394
2.031 2.248 0.0839
2.15 2.223 0.0622
2.24 2.331 0.1061
2.25 2.265 0.0749
2.35 2.306 0.0884
2.494 2.364 0.0723
2.7 2.444 0.1887
2.86 2.505 0.3375
3.01 2.56 0.5372
3.21 2.632 0.9157
3.71 2.805 2.6411
3.89 2.864 3.607

Sections 2 and 3 are also valid since there can be no insertion of axial-vector currents 
in the pseudoscalar meson lines. Therefore as in the case of pp annihilation [5] we 
use the expressions given in (14) and (17) with suitable changes in mass terms to 
compute the cross-sections for xp —» Y,K with one or two additional soft pions. 
Again the cross-sections have to be normalized to the one without soft pions.

The expressions given in (14) and (16) tire valid only for low energies near the 
threshold since the pions produced have to be soft. However, for comparison with 
experimental data, we generalize the expressions to hold at higher centre of mass 
energies as well. The theoretical predictions obtained after numerical integration for 
various lab incoming meson momenta are given in Table I. The results are compared 
with the experimental data of [14-21] in Figs 3, 4, 5 and 6. Angular distributions 
for the reactions are given in Figs 7 and 8.

For xp —* TiK +  xx the theoretical predictions are remarkably close to the 
experimental results. For the Kp —*• Ex +  xx the theoretical values agree to a 
reasonable extent with experiment. For the single soft pion emission processes
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the theoretical results are lower by an order of magnitude even at small centre of 
mass energies. This sort of difference has been reported in the earlier soft pion

Fig. 4- Comparison of theoretical predictions of сг(тр —» T.K + 2ir°)/o(irp + E K )  w ith experiment
at various laboratory pion m om enta

Fig. 5. Comparison of theoretical predictions of a(K p  —» E iric0 ) /o (K p  +  Ex) w ith experiment at
various laboratory kaon m om enta
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pion lab momentum (G«V/c)

Fig. 6. Comparison of theoretical predictions of a(trp —* Е К > °)/ст(тр  +  E ff) with experim ent at
various laboratory pion momenta

calculations [2, 3, 22]. It is worth noting that it is the combination of current algebra 
and PCAC that gives impressive results. This is perhaps due to the replacement 
of the commutator between two axial-vector currents with the isospin operator. In 
the calculations presented here, the A term has been neglected mainly to facilitate 
computation [11]. Although the size of A relative to В is not known, with the ratios 
of cross-sections being computed, the effect of neglecting A terms relative to В is 
expected to be small. This seems to be true especially for the two soft pion cases 
studied here and elsewhere [11]. We have applied the formalism of current algebra 
PCAC in a straightforward way and did not take into account the possible resonance 
effects which partly account for the discrepancies in theoretical and experimental 
results. During the process of integration the three momenta of soft pions are 
not kept at a minimum, thereby necessitating a considerable extrapolation based 
on the PCAC assumption. Also no attempt is made at selecting experimental 
data relevant to soft pions. The expressions given in the most differential form, 
therefore, are better suited for comparison with experimental results. In spite of 
this, the theoretical results are encouraging, especially for the two soft pion cases. 
It may be noted that in the single soft pion case, no current algebra assumptions 
are involved and therefore the results enable us to make a direct test of PCAC.
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Fig. 7. (a) Variation of differ
ential cross-section for the re
action K p  —» £ t  +  2ir° w ith 0p 
the angle between the incom
ing proton and the (soft) di- 

pion system

3.89 G*V/с

Fig. 7. (b) Variation of differ
ential cross-section for the re
action г p —* T.K  +  2ir° w ith Br 
the angle between the incom
ing proton and the (soft) di- 

pion system
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Fig. 8. (a) Variation of differential cross-section for the reaction K p  —> T ,rr°  with 9 , th e  angle 
between the incoming proton and the (soft) pion 

(b) Variation of differential cross-section for the reaction irp —► Y.K r°  with 9* th e  angle 
between the incoming proton and the (soft) pion
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In this paper the general form of plane symmetric line element and the plane sym
metric geometric quantities in five dimensions have been discussed.

1. Introduction

Noting the importance, plane symmetric (PS) space-times (ST) have been 
studied by many authors (Taub [1], Peres [2], Nordtvedt and Pagels [3], Takeno [4], 
etc). According to Takeno [4] a four-dimensional Riemannian space of signature 
—2 is plane symmetric if it admits the three parameter group of transformations 
composed of

Ri = zdy -  ydz, R2 = dy, R3 = dz , (l)

as a subgroup of motions. Here the coordinates are x, y, z, t and t corresponds to 
time.

In this paper we have obtained the most general line element for five dimen
sional plane symmetric space-times. Consequently the nature of the infinitesimal 
generators which transform any PSST to another one and PS geometric quantities 
are studied.

2. The Killing equation

We define a space-time

ds2 = gij dxl dx3, t, j  = 1 , . . . ,  5 (2)

to be PS if it admits the three parameter group of transformations given in (1) with 
infinitesimal generators K h as

t ' ] = ((),* ,—y, 0,0), K (,) =  (0,1,0,0,0), K (<) = (0 ,0 ,1 ,0 ,0 ). (3)
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The space-time (2) admits isometry if and only if an infinitesimal generator 
K h satisfies the Killing equation

Ki-j +  Kj-i = 0, (4)

where ; stands for the covariant differentiation. Considering (4) with (3) the 
straightforward but lengthy calculations yield

<7i3 =  Я12 — 923 — 934 =  935 — 924 — 925 =  0

Therefore the nonvanishing components of gr,-y are дц,  g22 = 9зз, 9i4> 9i5, 944t 945, 
дьь and they are functions of x, t and u.

Letting дц  =  —a, g22 =  —b, <744 =  c, 314 — h, gi$ = e, д*ь =  /,  дь5 = 9, 
the most general line element (2) of PSST assumes the form

ds2 =  —a dx2 — b (dy2 + dz2) + c dt2 + g du2+

+2h dx dt + 2e dx du + 2 / dt du, (5)

where a, b, c, e, f,  g and h are functions of x, t and u.
Considering the transformation of coordinates

(x, t ,u ) -4  (X,T,U),

the line element (5) is transformed into another PSST

ds2 = - A  dX2 -  В  (d Y 2 + dZ2) + C dT2 + G dU2+

+2H dX dT + 2E dX dU + IF  dT dU,

where

- A  = -a (xx )2 + c(tx )2 + 2h(xx )(ix ) + s(«x )2 +  2e(xx )(ux ) + 2 /(ix )(ux ),
В — b,
C = — а(хт)2 + c ( tr )2 + 2h(iT')(tx') + ?(ur )2 +  ^е{хт){^т) + 2/(ux)(tr)>
H  = -а(хх)(хт)  + c(tx)(tr) + М(*г)(*х) + (*х)(*г)) + s(«x )(mt)+

+  / ( ( * x ) ( “ r )  +  ( i r ) ( « x ) )  +  e ( ( * x ) ( « r )  +  ( i r ) ( « x ) ) i  

E = -a(xx){xu)  + c(tx )(tu) + h((xu)(tx)  + (tu)(xx )) + j(«x)(«cr)+
+  e ( ( z x ) ( « u )  +  ( i [ / ) ( u x )) +  / ( ( i x ) ( u u )  -(- ( t u ) ( w x ) ) .

F = -а(хи)(хт) +  c(tT)(tu) + h((xu){tr) + (xr)(tu))  + flf(««/)(ur)+
+ e((xr)(u[/) + (x[/)(ur )) +  /((ir)(« (/) + (uT)(t[/)),

G = —a(x[/)2 +  c(tu)2 + 2 h(xu)(tu) + g(u-u)2 +  2 е(хц)(ии) + 2f(uu)(tu),
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where xx  — dx/dX,  etc.
Now the condition that X'  transforms any PS metric to another PS one is 

the condition that the group R admits the infinitesimal transformation

X' : X* = X* + # ‘e. (6)

This can be written as

(Ra,X') = qbaRb, a,b = 1,2,3. (7)

where qba are constants.
Employing (1), (6) and (7), we get

#  =  #(*,*,«)>
2
K  = zy q \ - y2 q\ -  z q \ + y  q% -  y q \+q\,

К  = z2 q\ -  z q\ -  q\ + z ql -  yz  ql -  yq\, (8)

k  =  k ( x , t ,  u),

k  =  k(x, t ,u) .

3. Plane sym m etric quantities

We define that a geometric quantity G is PS in the space-time (5) if its Lie 
derivative is zero i.e., Lk G = 0, where К  is given by (3).

The various PS quantities in five dimensional PSST are as follows:
(a) PS scalar P  =  P(x,t,u).
(b) PS scalar density p of weight w : p = p(x, t, u)
(c) PS vector u*: u‘ =  (/i, 0,0,/ 2, / 3), 

where / ’s are functions of x, t, u.
The form of PS covariant vector Wi is same as that of v \

(d) PS tensors of the second order
Let Кц  be a symmetric tensor of second order. If it is PS, then the number 

of independent components of Кц  reduces to seven only and are given by

K u  =  gi,  К 22 = K z z  — Ç2 , К а  — дз, Я 14 — ÿ4, ^
Ä15 = fif5, #45 = <7б, #55 =  971

where g’s are arbitrary functions of x, t and u.
The general form of an antisymmetric PS tensor f a  is given by

/14 = fil, /15 = fi2, /45 = fie, /23 =  fi4, other fi j  = 0, (10)
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where h’s are functions of x, t, u.
(e) For the PS tensor Hijk satisfying Нцк = —#у»к, we have

#i2k = (0, ci!, a2, 0,0), 
H i A k  =  ( 0 3 , 0 , 0 , 0 4 , 0 5 ) ,  

# 2 3 к —  ( 0 9 , 0 , 0 , O ^O ï О ц ) ,  

Н2Ък =  (0, ai4,a16, 0,0), 

# 3 5 f c  =  ( 0 i  “ l 5 i  <*14i f l l 6 » 0 )>

#i3fc =  (0, - o 2, a i , 0 , 0), 
# 15к =  (О б ,0 ,  0, 07, O s) ,  

#24fc =  (0, a12,o13, 0,0), 
#34fc =  (0, - 0 13, Oi2,0,0), 
#45 к — (ai7i0,0, a18, a19),

where a’s are arbitrary functions of x, t and u.
(f) The PS tensor Fijki of the fourth order has twenty two independent compo

nents:

(1212) =  (1313), (1414), (1224) = (1334), (1225) =  (1335),

(1415), (1445), (1515), (1545), (2323), (2424) = (3434) (11)

(2525) = (3535), (4545), (2425) = (3435)

(1235) = -(1325), (1423), (2434) = -(3424),

(2435) =  -(3425), (1541), (1312) =  -(1213), (2345), (12)

(2535) = -(3525), (1234) =  -(1324),

where [ i j k l )  =  F i j k i  and these components are functions of x ,  t  and u.
If we replace the above 4th order tensor by Riemannian curvature tensor, then 

all the components in (12) vanish and its independent components are thirteen only 
as in (11).

It is interesting that all the results of Takeno [4] can be obtained from our 
investigation by assigning appropriate values to the functions concerned.
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A Monte Carlo simulation code has been designed to  study the spatial distributions 
of heavy ions in an amorphous element. The LSS formalism has been applied in terms of 
Thom as-Ferm i potential. The code has been used to stu d y  the penetration of n N a 2S in 
tbAu1*1, 47Ag108 and 32Ge®7, while 3cK r84 has been studied in 79A u107, 47A g108. The 
selected range of incident energy is (5-600) keV. The resu lts demonstrate good agreement 
w ith experimental da ta .

In troduction

The importance of investigations on the spatial distribution of heavy ions dur
ing penetration through an amorphous stopper refers to its widely used applications 
in nuclear and atomic physics. It is one of the primary sources of information on 
atomic collision process. The range studies were important in the stopping theory 
of Bohr [1]. In recent years, it is due to the use of ion implantation by the semi
conductor industry, as well as the choice of a particular energy source to study the 
radiation damage.

The LSS [2, 3, 4, 5] theory introduces a comprehensive description for the 
slowing down process of heavy ions in solids where the diffused ions lose their energy 
due to both elastic and inelastic interactions. The latter is due to collisions with 
atomic electrons of the stopper which, continuously decelerating the ions, does not 
affect the direction of motion, while the first is due to the cascade interactions of ions 
with the Coulomb potential of stopper nuclei. The influence of such interactions 
are discrete, accompanied by the reorientation of ion motion.

During the last few years, several articles related to this field have been pub
lished. Biersack [6] has derived analytically the mean of projected range of implant
ed ions as a function of its energy. Posselt [7] has applied the TRIM computer 
simulation scheme to investigate the influence of the energy transport to stopper 
atoms on the energy loss and damage profiles and Vizkelethy et al [8, 9] have de
veloped the SEISM simulation code to compute the three-dimensional distribution 
of implanted ions by adopting Molière screening potential with Firsov [3] screening 
length.

The aim of the present work is to design a Monte Carlo Simulation Code to 
study the spatial distributions of heavy ions in amorphous elemental solids. So, the 
differential penetration function, lateral range distributions, collision probability 
function and mean free path could be simulated.
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Theoretical basis

The theoretical formalism adopted to describe the slowing down process is 
the Lindhard, Scharff and Schiott [2, 3, 4, 5]. They have used a screened Thomas- 
Fermi type of potential to derive general expressions for both electronic and nuclear 
stopping powers in terms of universal dimensionless variables e, p. They have 
derived the following expressions:

e = EaM2/[Z1Z2e2{M1 + M2)}, (l)
p = R-4na2N M 1M2/{M1 + M2)2, (2)

where a is the screening length given by:

a =  0.8853(ft2/m e2)(Z2/3 + Z 2/3)- *. (3)

Subscripts 1 and 2 refer to incident ion and target atoms, respectively. N, e, m are 
the number density of atoms, electronic charge and electron mass, and E, R are 
the real energy and range.

Fig. 1. Penetration probability function of Na—>Au for incident energy 30, 50, 70 keV

The electronic stopping power is described by

( S ) . (4)
Acta Physica Hungarica 61, 1990
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where f e is an adjustable correction factor introduced by Lindhard et al [10] = 
1.3 as proposed by Andersen et al [11]. i f  is a constant, which depends on both 
projectile and target parameters [5]. The differential scattering cross-section for 
elastic energy loss is given by:

da = 7Г02 [F[x)x2] dx, (5)

where

( 6)

в is the polar scattering angle in the CMS, F(x) is a universal scattering fuction 
calculated in terms of the screened Thomas-Fermi potential and formulated by 
Winterbon et al [12] using the magic formula of Lindhard et al [4].

The formula of the scattering function given by them is

i ’(x) = Qx1' 3 ( l  +  (2Ç*4/3)2/3) 3/2 , (7)

where Q = 1.309.
The nuclear stopping power is
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е

(^р) = /  F(x)dx> (8)
п О

/» is another adjustable correction factor =1.
To avoid singularity in Eq. (8), the lower limit of integration has been ap

proximated to 0.001 with no significant error.

Fig. 3. Fraction  not yet stopped  of Na—»Au for different incident energy
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D escription of the code

An incident projectile with initial energy E penetrates through an amorphous 
elemental target of infinite thickness undergoing elastic and inelastic interactions 
described by LSS formalism. Along the projectile trajectory several variables are 
considered as stochastics:

1. Initial depth of the first interaction is taken as uniform random variable given 
by X = P ■ Т / 4, where T  is the thickness of the stopper, P  is a random value 
between (0-1).

2. The distance travelled by the ion between two successive collisions is sampled 
randomly from exponential function

D(d) = j  exp(—d/A), (9)

where A = 1/Nat , d — —A log P, at is the total cross-section of collisions, and 
N  is the number of atoms per unit volume of stopper element.

3. The polar scattering angle after collision is selected randomly from the angular 
distribution U(e,6) of the projectile after each collision since it is given by:

U(s,e)d9= — , ( 10 )

where der is the differential cross-section given by Eq. (5) and at is the total 
cross-section given by /  da. The scattering angle 6' in CMS could be sampled 
for a given projectile energy e as:

x'
P =  j  U(e,9)de. (11)

о

P is a uniform random value (0-1) and в' — 2sin_1(i'/e ). The integration 
in Eq. (11) has been solved numerically by the successive approximation 
method.

4. The azimuthal angle of ions after each scattering is considered to be random, 
and it is selected from a uniform distribution given by

Ф = 2тг(Р-0.5). (12)

Each scattering reorientation of ion with respect to the beam direction has 
been followed using Euler angles and the rotation matrix as given by Goldstein 
mechanics. The electronic and nuclear stopping powers are considered as 
independent of each other and the cascades of history terminate at an ion 
energy 10"4 E.
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C om putation  procedures

A specific energy beam of heavy ions is incident on a block of elemental amor
phous target suffering continuous inelastic interactions with atomic electrons of the 
stopper, moreover, elastic discrete interactions of ions with atomic nuclei influenc
ing reorientation of ions, the rates of energy loss due to both types of interactions 
are given by Eqs (4, 8), respectively. The first scattering of ions which occurs in 
depth is random uniformly (О, Т / 4), where T  is the thickness of the stopper which 
is relatively infinite (= 10.000 ug c m '2).

After each scattering both rates of energy loss are calculated and subtracted 
from the instantaneous energy of the ion. At the same time, the scattering angles 
(polar, azimuthal) are calculated randomly, and reorientation follows to keep the 
angles in the beam frame. The distance travelled by the ion between each two suc
cessive scatterings is calculated randomly and its projected and lateral components 
are accumulated as well as the number of collisions to the end of history when the 
ion energy becomes relatively zero. When a large number of histories is applied, the 
projected, the lateral ranges and collision probability distributions as well as their 
means and mean free path can be calculated.

To investigate the features of the penetration profile of projected range dis
tribution, several statistical parameters have been calculated:

Acta Phytica Hungarica 67, 1990
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1. The range skewness is a measure of the degree of symmetry of range profile 
about its mean. It would be either positive if the profile skewed to right 
or negative if it skewed to left. The profile would be quite symmetric with 
skewness zero. The range skewness is given by:

5 =  ((ДЛц)3)/((ДДц)3)3/3. (13)

2. The range curtosis is a measure of the degree of peakedness or flatness of the 
range profile near its center, and it is given by

С = ((ДД||)4>/((ДД||)2)2. (14)

projectile energy E [keV]

Fig. 6. D epth skewness as a function of projectile energy
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Fig. 7. D epth curtoeis as a function of projectile energy

Fig. 8. Cartesian lateral straggling as a function of projectile energy
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Fig. 9. M ean number of collisions as a  function of projectile energy

3. The Cartesian lateral straggling specifies the amount that an implanted beam 
spreads under a mask during implantation and is expressed as

C = ( ( ( A R ±)2) / 2)* . (15)

Results and  conclusions

The designed simulation code has been applied using the Eclipse MV/6000 
computer located at Ain Shams University. Several investigations have been car
ried out to check the statistical validity of the available random generator results. 
The statistical dependence of program results on the number of histories could be 
adopted with no significant error, keeping in mind that the time of computation 
should be minimum, the adopted number of histories is 5.000.

The incident energies of ions have been considered in the present computations 
in the range (5-600) keV. The computations have been carried out to study the
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Fig. 10. M ean free path  of projectiles range as a function of projectile energy

diffusion of ions of uN a23 and звКг84 through each target of 79AU197, 47Ag108 
and 32Ge67, then the projected and lateral penetration probabilities have been 
simulated, and the fraction not yet stopped at depth Дц could be calculated by 
integration:

OOЩ\) =  J  N(R\\)dR\\ (16)
* ii

and the mean penetrations, mean number of collisions per history, mean free path, 
range skewness, curtosis and Cartesian lateral straggling have been computed.

Fig. 1 represents a comparison among three penetration profiles of Na pro
jectile with different values of incident energy (30, 50, 70 keV). The negative parts 
represent the backscattered fraction of ions, and the peaks are displaced to the left 
with decreasing energy. The skewness is seen to be positive in the three curves 
while the curtosis is increasing with decreasing energy. Fig. 2 includes the lateral 
range profiles for incident energy (50, 70, 100 keV), while Fig. 3 includes a rela
tion between the fraction not yet stopped of Na beam to the projected depth Дц 
of Au for different values of incident energy (E  = 30, 70, 100, 300, 550 keV). The
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comparison of the present results with those measured by Andersen et al [11] for in
cident energies of E = 100, 300, 550 keV demonstrates good satisfactory agreement. 
Figs 4 and 5 include relations between both mean projected and mean lateral range 
distributions for a beam of both Na and Kr penetrating in each of (Au, Ag), in 
addition to Ge for Na projectile. The Figures indicate approximate linear relations 
with incident energy. Figs 6, 7 and 8 show the depth skewness, depth curtosis, and 
Cartesian lateral straggling, respectively. Fig. 8 demonstrates that the spreading of 
implanted ions is increasing with projectile energy. Fig. 9. represents the relation 
between the mean number of collisions per history which increases slightly with 
incident energy. Fig. 10 includes the relation of the mean free path against incident 
projectile energy, which is slightly increasing for relatively higher energies.

Then, the analysis of the present work demonstrates the potentialities of 
the Monte Carlo Simulation Method to study the information about the spatial 
distributions of implanted ions in terms of LSS theory based on Thomas-Fermi 
potential.
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РАСШИРЕННАЯ ТЕОРИЯ ОТНОСИТЕЛЬНОСТИ И 
МНОГОМЕРНОЕ (КОМПЛЕКСНОЕ) ПРЕДСТАВЛЕНИЕ 

РАСШИРЕННЫХ МНОГООБРАЗИЙ
В. С. ГУРИН И А. П. ТРОФИМЕНКО

А строномическая секция М инского отделения 
Всесоюзного астрономо-геодезического общ ества 

абон. ящик № 7, Минск-12 
220012. СССР

(Поступило 26. мая 1988)

Рассматривается проблема комплексного пространства-времени в общей те
ории относительности. П оказывается, каким  образом возникает представление о 
комплексном пространстве-времени в расширенной теории относительности при 
анализе суб- и суперлю минальных явлений как и при исследовании пространст
венно-временных многообразий с горизонтам и событий.

1. Введение

Последнее десятилетие развития теорий фундаментальных взаимодей
ствий, в том числе включая гравитационное, показало большую привлека
тельность введения представлений о пространстве-времени с числом изме
рений больше четырех. Большинство работ в этом направлении относятся 
к развитию идеи Калуцы и Клейна о компактифицированных на очень ма
лые масштабы дополнительных измерениях. Особое место в многомерных 
теориях, хотя и не самое значительное по числу публикаций, занимают ва
рианты теорий с комплексным пространством-временем, когда не возникает 
необходимости компактифицировать высшие размерности.

Идея комплексного пространства-времени (ПВ) в теории относитель
ности не нова. Мнимое время было введено еще в работах Пуанкаре и Мин
ковского для представления метрики специальной теории относительнос
ти (СТО) в евклидовой форме. Эйнштейн и Штраус [1] в качестве варианта 
единой теории предлагали эрмитову теорию относительности с комплекс
ной метрикой. Некоторое развитие получил такой подход в последнее вре
мя также в работах Тредера [2]. В настоящее время использование комп
лексного ПВ оказалось довольно плодотворным для разработки евклидовой 
квантовой теории гравитационного поля [3]. Следует также отметить про
цедуру комплексификации в точных решения общей теории относительно
сти (ОТО), разрабатываемая рядом авторов для получения вращательных 
метрик из статических [4, 5]. Довольно интенсивное развитие получил так
же подход формального введения комплексных многообразий в ОТО [6-11]
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и использование комплексных пространственно-временных переменных в 
теории твисторов Пенроуза [12]. Появились также интересные разработки, 
прямо называемые авторами комплексной ОТО [13, 14].

Несколько иначе, чем в вышеотмеченных направлениях, встает вопрос 
о комплексных переменных ПВ при едином рассмотрении сверхсветовых 
(тахионов) и досветовых (брадионов) объектов [15, 16] в рамках расширен
ной теории относительности (РТО) [17], основанной на положении о полной 
симметрии меж ду тахионами и брадионами (принцип дуальности [18]) при 
инверсии знака интервала ПВ при переходе от сублюминального описания 
к суперлюминальному. Суперлюминальные преобразования Лоренца в РТО 
приводят к появлению мнимых величин для наблюдателей, находящихся 
по другую сторону от светового барьера относительно рассматриваемого 
физического явления [19]. То ж е самое имеет место и для наблюдателей, 
находящихся за горизонтом событий в расширенном пространственно-вре
менном многообразии (ПВМ) при наличии сильных гравитационных полей 
[20, 21].

Принципиальным отличием комплексных переменных в такой тео
рии от вышеупомянутых состоит в том, что они носят метрический харак
тер и обладают ясным физическим смыслом. В подходящей системе отсчета 
(суперлюминальной) они могут быть измерены способом, которых обычно, 
следуя Эйнштейну, рассматривается в теории относительности: с помощью 
“линеек” и “часов” . Мнимый характер координат, формально выражающий
ся множителем г, означает и х  физическую ненаблюдаемость, следующую из 
невозможности обмена световыми сигналами между тахионами и брадио
нами.

В завершение краткого обзора отметим использование комплексных 
координат в расширенных ПВМ в ОТО, занимающих важное место в кон
цепции “отонных миров” [20] для интерпретации ряда астрофизических фе
номенов (гамма-всплески, “скрытая масса”, начальные неоднородности, ги
гантские пустоты в распределении галактик и их скоплений, квазары) как 
вспышек белых и серых дыр. В цикле работ Храпко [22] из математиче
ских соображений было введено 8-мерное комплексное ПВ для простейших 
гравитационных полей. Определенные физические и методологические ос
нования для этого были предложены авторами на основании рассмотрения 
координат ПВ под горизонтом событий черной дыры как мнимых [20, 21]. 
Наиболее адекватным образом обосновать комплексное расширение теории 
относительности (как общей так и специальной), что будет произведено в 
настоящей работе, возможно с помощью суперлюминальных преобразова
ний при едином рассмотрении тахионов и брадионов в ПВМ [21].

В последние годы вслед за вышеотмеченными публикациями, посвя
щенными анализу 8-мерной теории относительности в комплексном ПВ на 
основе единого в таком плоском многообразии без гравитационного поля 
представления суб- и суперлюминальных явлений эта проблема стала раз
рабатываться некоторыми авторами довольно интенсивно [23]. Следует от
метить также работы [24, 25], в которых предлагается комплексное обобще-
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ние электродинамики.
В этой связи в настоящей работе предпринята попытка систематиче

ского подхода к введению комплексного представления расширенных ПВМ 
и комплексного ПВ в РТО.

2. Расширенная теория относительности и ее предельные случаи

Строгое построение теории относительности Эйнштейна производит
ся, как известно, исходя из двух постулатов. 1) Постулат о свойствах ПВ: 
изотропности пространства и однородности пространства и времени; 2) По
стулат о ковариантности физических законов в различных инерциальных 
системах отсчета (принцип относительности).

Постулат о фундаментальной инвариантной скорости распростране
ния сигналов (физических взаимодействий) не является принципиально не
обходимым, а может быть выведен на основе первых двух, как показано 
во многих работах [26, 27], (см. также ссылки в работах [17]). Однако ча
ще всего в учебниках по СТО он рассматривается как третий постулат для 
простоты изложения. Существенным моментом при этом является тот факт, 
что исходные положения теории относительности не включают утвержде
ния о максимальности фундаментальной инвариантной скорости. Если ее 
величина и имеет особенный (предельный) характер среди других значе
ний скоростей движения, то это вызвано тем, что связь меж ду событиями 
и системами отсчета в теории устанавливается посредством обмена фунда
ментальными сигналами. Но любой предел, тем более если он не бесконечен 
по величине, имеет две стороны [17]. В РТО сверхсветовые скорости рассмат
риваются на равных правах с досветовыми, восстанавливая таким образом, 
часто нарушаемую симметрию теории относительно возможных значений 
скоростей движения.

В РТО вводится также третий постулат (для этого имеются веские 
основания, см. [17, 28] о несуществовании объектов, перемещающихся назад 
во времени, что получается обычно при тривиальном распространении СТО 
в суперлюминальную область, и необходимости их реинтерпретации как 
антиобъектов.

Итак, описание объектов, находящихся за световым барьером, в РТО 
производится путем введения обобщенных преобразований Лоренца, соста
вляющих обобщеную группу в рамках вышеуказаннных постулатов [17]:

G — {-(-A,;} U {—А<} U {-t-гА>} U {—iA>}. (2-1)

Здесь {±А<} — собственные ортохронные и неортохронные преобразова
ния, (±А>) — соответствующие суперлюминальные преобразования Лорен
ца. Довольно важным в такой обобщенной СТО является принцип дуаль
ности, говорящий о симметрии тахионного и брадионного миров: тахион в
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суперлюминальной системе отсчета является брадионом, брадион в этой си
стеме — тахионом, т. е. понятия тахион и брадион относительны и зависят 
от выбора системы отсчета [18].

Как показано во многих работах по РТО (см. ссылки в [17]), (2.1) есть 
расширение обычной группы Лоренца включением CPT-инверсии и опе
рации замены скорости на дуальную: V2/С 2 —+ С2/ V 2 с одновременным 
умножением на i  [29]. Набор преобразований (2.1) соответствует переходу 
между исходной системой отсчета и системой, полученной из нее при дви
жении с произвольной скоростью V ^C  и, посредством дзух последователь
ных преобразований — к CPT-инвертированной системе, соответствующей 
антиобъектам. Таким образом, РТО разделяет все физические объекты на 
четыре класса: брадионы, тахионы, антибрадионы и антитахионы в соот
ветствии с релятивистским соотношением между массой и энергией

± (Е2 -  p V )  = m V , (2.2)

где m —  масса покоя, т  >  0, а знак (+) соответствует брадионам, знак (—) 
— тахионам.

С точки зрения многомерной трактовки РТО [30-33] теория, включа
ющая непротиворечивое описание суб- и суперлюминальных объектов, мо
жет быть построена в комплексном (глобально 8-мерном) ПВМ, где дейст
вительный сектор соответствует сублюминальным объектам, а мнимый — 
суперлюминальным, т. е. объектам либо за световым барьером либо за го
ризонтом событий (см. ниже).

Можно заключить, что понятие скорости, объединяющей по опреде
лению пространственное и временное изменения для некоторого объекта, 
является фундаментальным, и величина скорости объекта по отношению к 
фундаментальной: суб- или суперлюминальной — определяет принадлеж
ность его к определенному классу.

В этой связи представляет несомненный интерес рассмотрение вариан
тов теорий (относительности) с качественно различными значениями фун
даментальной скорости. Под качественным различием при этом понимается 
анализ таких ее значений, которые несводимы друг к другу умножением 
на конечное действительное число, т. е. с =  0, с =  оо и с =  const (можно 
отметить также и с =  г const, но ее интерпретация непонятна). Нижепри
веденная таблица 1 отражает эти варианты теорий и взаимосвязь между 
ними. Очевидно, что теория с с =  оо — это не что иное как обычная класси
ческая кинематика (классическая теория относительности — КТО). Теории 
с. с =  const составляют РТО: сублюминальную СТО и ее суперлюминальное 
обобщение.

Наименее известной среди указанных трех теорий является теория с 
с =  0 (упоминания о ней см. в [34]). Ее физическое истолкование было дано 
С. И. Санько. Ближайшее рассмотрение показывает, что это предельный ва
риант суперлюминальной теории, когда скорости всех объектов стремятся 
к бесконечности, т. е. все возможные объекты такой теории суть транс
цендентные тахионы. В такой теории имеет место абсолютное отсутствие
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двухсторонней причинной связи между любыми точками, даже бесконечно 
близкими. Ее можно назвать нулевой теорией относительности — НТО. В 
ее обсуждении ограничимся законом сложения скоростей. Из табл. 1 видно, 
что переход к V —► 0 означает переход к У > с ,  следовательно, в обычном 
релятивистском законе сложения скоростей

V =  (Vi +И2)(1 + И1И2/с2) -1

Т а бл и ц а  1

КТО PTO НТО
e = oo e = const c = 0

V  < со =  c V  < c V  > c К > 0 = c
V  < o o  V  <£ oo V  <  с V  < c V  > с V  »  c V  »  0 V  > 0

согласно идеологии РТО нужно перейти к дуальным скоростям: V{c —» c)V,  
т. е.

1 /^ ' = (Vi -h Vb) /  (V̂ Vb -H c2) , 

откуда можно получить

V = {V1V2 + c2)(V1+V2)~1. (2.3)

Переходя для НТО к пределу с —» 0, получим выражение для закона сложе
ния скоростей

V =  ViV2/(Vi +  V2). (2.4)

Из этой формулы видно, что закон сложения в НТО довольно необычен. 
Так, сумма скоростей всегда меньше каждой из слагаемых, если скорости 
имеют противоположные знаки, то суммарная оказывается бесконечной.

3. Комплексные величины при суперлюминальных преобразованиях

Сохранение принципа относительности для инерциальных систем от
счета при обобщении преобразований Лоренца на сверхсветовые объекты, 
требует изменения времениподобного интервала на пространственноподоб
ный, и наоборот [17]. Поэтому, если мы обозначим через х , у, z  обычные 
декартовы координаты, а ( — время, то между координатами в суб- и су
перлюминальной системах отсчета будет иметь место соотношение (здесь и 
далее, кроме отдельных случаев, мы будем использовать геометризованные 
единицы, в которых с = 1 и G, гравитационная постоянная, =  1):

(ix2 + dy2 + dz2 -  dt2 =  ~(dx')2 -  (dy')2 -  {dz')2 4- {dt')2. (3.1)
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Если ограничиться бустом вдоль оси х, то они удовлетворяются при следу
ющих преобразованиях [17]

t' =  ± i ( t -F x ) ( l -H 2)-* , х ' = ± i ( x - V t ) ( l - V 2) - ï ,  у' = ±iy, z' = ±iz,  (3.2)

где V — относительная скорость движения систем (x',t') и (х, í). Мнимые 
переменные появляются здесь с необходимостью. Более того, как показано 
в работе Горини, [35], не существует обобщений преобразований Лоренца 
к суперлюминальным скоростям с действительными переменными, удовле
творяющих условиям: сохранения инерциальности движения, сохранения 
пространственной изотропии, образования группы и инвариантности ин
тервала (с точностью до знака).

Таким образом, для совместного равноправного рассмотрения суб- и 
суперлюминальных явлений необходимо аналитически продолжить пере
менные ПВ на комплексные значения. Это, очевидно, эквивалентно повыше
нию размерности ПВ, так как из принципа причинности следует независи
мость явлений брадионного мира от тахионного и наоборот, что формально 
выражается в независимости мнимой и действительной частей координат.

Полезно для дальнейшего рассмотреть также суперлюминальный буст 
в предельном случае при V —» оо, называемый обычно трансцендентным 
преобразованием. При этом происходит полное превращение действитель
ных координат в мнимые, что и соответствует физическому смыслу такого 
предельного случая:

Из условия (3.1) следует [30], что t' = х и х' = t, поэтому (3.3) можно пред
ставить следующим образом

Тогда становится понятным значение выражения “пространство и время 
меняются местами”, которое часто используется для интерпретации свойств 
тахионов и внутренних областей черных дыр (см. ниже). Смысл его в том, 
что пространственные и временные координаты становятся чисто мнимыми 
или, другими словами, ортогональными исходными [20, 30].

Итак, единое рассмотрение многообразия событий при И »  с приво
дит к необходимости комплексного ПВ уже в плоском случае с координата
ми (xRe, yRe, zRe, tRe,x Im,yIm, zIm, tIm) в декартовой системе, или (X, Y, Z, T), 
где [21]

X = x Re+ ix jm , Y  = yRe+ iy Im, Z  = zRe+ i z Im, T = t Re+ i t Im. (3.5) 

Переходя к обобщению на случай риманова ПВ метрику можно записать

х' = ±гх, у' =  ±iy, г' = ±iz,  t' — ±it. ( 3 . 3 )

t' — ±x, x' =  ±t, y' = ±iy, z' = ±iz. (3.4)

—  9 n d d x R e d x  Re gned x j rnd x j m l (3.6)
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где греческие индексы соответствуют действительным частям координат: 
(д, <3) = (1,2,3,4), а латинские — мнимым: (г, к)  = (5,6,7,8). Разбивка метри
ки (3.6) на две части не случайна: первое слагаемое описывает многообразие 
событий, наблюдаемое некоторым локальным наблюдателем для области 
ПВ, ограниченной световым барьером либо горизонтом, т. е. в той же части 
светового конуса; второе слагаемое соответствует событиям в суперлюми
нальной области. Следует сказать, что такое представление соответствует 
также 6-мерной интерпретации тахион-брадионного ПВМ, разрабатываемо
го рядом авторов (см. ниже и ссылки в [21]) при введении 3-мерного времени. 
Как показано в работе Млкарроне и Реками [30], такое 6-мерное ПВ можно 
рассматривать как промежуточный шаг в многомерной интерпретации су
перлюминальных явлений, и оно не является альтернативой к комплексно
му представлению.

4. Место теории 3-мерного времени в комплексном ПВ

Одной из попыток согласованного описания суперлюминальных пре
образований в РТО и интерпретации их физического смысла является введе
ние ПВ с тремя пространственными и тремя временными осями: Мв =  М3+з, 
когда любое событие записывается как

Е = (х,у, z , tx , ty , tz)- (4-1)
Впервые данный подход был предложен Демерсом [36], а в приложении к 
РТО —Миньяни и Реками [37]. В последствии вопрос довольно интенсивно 
и подчас противоречиво обсуждался многими авторами.

При таком подходе квадратичная форма интервала определяется:
ds2 = dx2 + dy2 +  dz2 -  dt2 — dt2 — dt2. (4.2)

Для согласования с обычной 4-мерной теорией допускается, что индиви
дуально наблюдаемы лишь пространственные компоненты, а наблюдаемой 
временной координатой является только модуль

* = (* » +  *£ +  **)*•
Изменение знака и сохранение величины интервала (4.2) при переходе 

от суб- к суперлюминальной системе (или наоборот) определяет вид преоб
разования [36, 37]:

I ' = ±(V2 -  l) -* (z  -  Vtx), t'x = ±(И2 -  l ) -* ( t  -  Vx),
V > 1

у' = ±tv, z' = ± tz , t'y = ± y ,  t'z = ±x,  (4.3a)

*' =  (1 -  V 2) - l>(x -  Vtx), t'x = (1 -  V 2) - * (t -  Vx),
V < 1

у — y, z =  z, ty = ty, tz = tz . (4.36)
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Видно, что в сублюминальном случае компоненты ty и tz никак не преобра
зуются, следовательно они необходимы только лишь при описании супер
люминальных объектов. Однако, поскольку для любого наблюдателя су
ществует только 4 координаты (x,y,z, t),  то 6-мерное ПВ с 3-мерным вре
менем представляется только лишь вспомогательным для интерпретации 
суперлюминальных преобразований: физические законы для тахионов в их 
собственной системе и других системах, движущихся относительно собст
венной с V < 1 (принцип дуальности), выражаются чисто действительными 
величинами. М& выступает как вспомогательное для охвата как суб- так и 
суперлюминальных явлений. В нем мнимая единица заменяется вращени
ем на 90° в трехмерном времени, что аналогично ее роли в теории с комп
лексными координатами, где она устанавливает различие тахионных и бра- 
дионных координат, а в пространстве с метрикой Минковского заключает 
различие пространства и времени. Таким образом трехмерность времени, 
вводимая симметрично трехмерности пространства не выражает реальную 
размерность физического ПВ, его введение дает возможность симметрично 
представить преобразования между суб- и суперлюминальными системами. 
Так, для трансцендентного преобразования будем иметь

X * tx, у —* ty, Z * tz , tx ► X, ty ► y, tz ♦ Z. (4-4)

В работе [38] предложен более обобщенный подход — комплексифика- 
ция самого 3-мерного времени

tx — txRe + i t Xlfn, ty = tyRt +  ity,m , tZ =  tZRt (4-5)

тогда
t =  í*x /|x | +  t„y/|y | + t,« /|* |. (4.6)

В таком случае при суперлюминальном трансцендентном бусте вдоль оси х 
будем иметь следующие преобразования

xRe +  , г / т  =  tXRe +  i t Xlm >
У Re + Wim = У Im ~ 1УЯе, 
zRe "I” t zIm ~ zIm ~  i-zRet 

t'x я. + i t ‘xIm =  X R e + i z i m ,  

t y R s +  l t y , m =  t y i m  ~  l t y R »>

tZRt +  lt*jm = tXlm -  ÍtzKe- (4-7)

Пусть сублюминальной будет нештрихованная система. Хотя мы написали 
в обеих системах пока координаты в комплексной форме, но нет никаких 
оснований считать их таковыми в сублюминальном случае, в то же вре
мя мнимые переменные, как указывалось, в суперлюминальном случае яв
ляются необходимыми. Поэтому в соотношениях (4.7) справа необходимо
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оставить только действительные части, имеющие физический смысл. Осу
ществив указанные сокращения, получим

*xIm = гУ/т = —гУйе> гг/ т  =  ~ ^ z Rc, t XRe =  x Re,  г4 т , у =  —г*У*л« •
(4.8)

Компоненты времени в этих формулах (t*, t*,, t*) опять играют ту же вспо
могательную роль, а физическая размерность ПВ равна не 12, а 8, т. е. ПВ 
4-мерно и комплексно.

5. Суперлюминальные преобразования в комплексном ПВ

Суб- и суперлюминальные преобразования общего вида должны удо
влетворять знакопеременности и инвариантности величины интервала. В 
нашем комплексном ГШ это требование запишется в виде

d x Re + d x ] m  + dy*Re +  d y j m  + d z \ e + d z ] m  -  d t2Re -  d t j m  =

=  ~ d x 'Re2 -  dx'I m 2 -  dt/Re2 -  dt/l m 2 -  dJR 2 -  d J i m 2 + d t 'Re2 +  d t 'Im2,
(5.1)

где d s2 задается формулой (3.6). Тогда легко можно показать, что имеют 
место следующие соотношения для преобразований при бусте вдоль оси х  с 
относительной скоростью V ^l.

x'Re =  (1 -  V * ) - i ( x Re -  V t Re), t'R e = (1 -  V 2) ~ * ( t Re -  V x Re ),

4m  = (1 -  V T  * ( * l m  -  V t I m ), t'Im  = (1 -  V 2) ~ *  ( t I m  -  V x I m ),

Уйе =  VRc zRe =  z Re, У/m =  У lm,  4 m  =  zIm, V <  1 (5.2)

x 'Re =  -  l )_ è (^e -  V*JU), t'Re =  (У2 -  1)-Í(xfie -  Vtjfc),
4 m  =  ( ^ 2 -  l ) " ^ ( í /m  -  VxIm), t'Im =  (V2 -  1)~* (xIm -  Vtlm),
VRc =  ±*У /т, У /т =  ±*Уйе, zRe =  ±*Z/m, 4 m  =  ±1>Яе, 7  >  1. (5.26)

Данный набор преобразований показывает, что в сублюминальном 
случае нет связи между действительными и мнимыми частями координат, 
в то время как в суперлюминальной они преобразуются друг через друга. 
Это является формальным выражением того факта, что в отсутствие тахио
нов (и гравитационных полей с горизонтами) мы имеем обычный 4-мерный 
мир для всех наблюдателей, а в суперлюминальной области и только в ней 
появляются мнимые координаты, так что полное ПВ является комплекс
ным. Если при этом вспомнить принцип дуальности в РТО и в его обобщен
ном смысле [21], то можно констатировать, что как для суперлюминально
го так и для сублюминального миров, взятых отдельно, существует только
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набор четырех действительных координат, подчиняющихся соответствую
щим преобразованиям (5.2). Все эти координаты наблюдаемы в том смысле, 
что можно проводить их измерения с помощью “линеек” и “часов”. С точки 
зрения такой “наблюдаемой физики” совершенно безразлично будем ли мы 
в сублюминальном или в суперлюминальном мире, по одну сторону гори
зонта или по другую. Важно, чтобы только рассматривалась область, огра
ниченная либо горизонтом, либо световым барьером. Очевидно, что такое 
рассмотрение будет неполным, устраняющим априорно суперлюминальные 
явления. Расширение ведет нас за горизонт событий, либо за световой барь
ер, и мы вынуждены применять соотношения типа (5.2), что приводит к 
комплексификадии ПВМ. Но, несмотря на появление восьми координат, их 
непосредственное наблюдение сразу всех в смысле возможности проведения 
обычных измерений неосуществимо для конкретного локального наблюда
теля. Весь набор координат может проявиться только лишь для двух или 
более наблюдателей: один в суб-, другой — в суперлюминальной области. 
Таким образом, мы заключаем, что ПВМ глобально 8-мерно и обладает ком
плексной структурой, локально же оно остается 4-мерным.

в. Форма суперлюминальных объектов в комплексном ПВ

В настоящем разделе мы рассмотрим, каким образом проявляются су
перлюминальные объекты конечного размера для различных наблюдате
лей, продолжив исследования Барута, Макарроне и Реками [39], в свете ком
плексного представления ПВМ.

Допустим, что рассматриваемый объект имеет форму эллипсоида в 
собственной системе отсчета. Уравнение эллипсоида в декартовых коорди
натах запишется в виде:

x2/x l  + у2/у§ + Z2/*Ő =  1- (6.1)

Такое тело занимает объем:

О < x2/ x l  +  у2/*2 + г2/г£ <  1, (6.2)

где х0, уоиго — полуоси эллипсоида вдоль соответствующих направлений. 
В комплексном ПВ будем иметь

0< x Re +  x j m  1 V R e + y j m  [ 4  + 4  < j
*0 Уо 4

Из этой формулы следует, что тело как бы разделяется на два — в действи
тельном и мнимом подпространствах, и в общем случае эти две части никак 
не связаны.
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Проанализируем теперь, как изменятся эти соотношения, если эллип
соид начнет двигаться с релятивистской скоростью прямолинейно и рав
номерно. Осуществим преобразования Лоренца (пока сублюминальные) для 
движения вдоль оси х:

О < (XRe V t R c )2 ( x i m  V t l m )2 Уде У/то гДе z?m <  -,
I § ( l - V 2) хЦ 1 - V 2) у% г% z$ (6.4)

Как для действительной так и для мнимой частей эллипсоида получаем 
сокращение вдоль осей xRe и i / m, соответственно, что является хорошо из
вестным фактом в СТО для действительного подпространства. Теперь на
личие двух несвязанных частей эллипсоида означает, что в тахионных и 
брадионных мирах взятых отдельно, можно наблюдать деформированное 
тело. Эллипсоидальная форма исходного объекта, которая имеет место в по
кое в брадионном мире, соответствует движению с бесконечной скоростью 
в тахионном мире. Деформация тела в тахионном мире заметным образом 
происходит при замедлении до околосветовых скоростей (V > 1).

Рассмотрим теперь тот же самый объект, движущийся равномерно и 
прямолинейно с суперлюминальной скоростью относительно брадионного 
мира (либо с сублюминальной относительно тахионного). В обоих случаях 
необходимо совершить суперлюминальные преобразования- Согласно соот
ношениям (5.2) для объема, занимаемого телом, будем иметь

_  (X R e -V tRe)2 
- 1)*8

( X j m  V t l m ) 2 У д е , У/то , ZRe  , Zl m

(V 2 -  1)Zq Уо Уо z0 Z0
< 0. (6.5)

Опять получаем две структуры тела, каждая из которых представляет со
бой область между двойным конусом (световым) и двуполостным гипербо
лоидом, который асимптотически приближается к конусу. Ясно, что отно
сительно как брадионного так и тахионного миров структуры располагают
ся по разные стороны светового конуса, который в данном случае является 
горизонтом. Таким образом, для мира, где эллипсоид находился в покое 
или двигался медленнее света, тело становится ненаблюдаемым. Однако, 
рассматривая выполнение преобразования (5.2), можно заключить, что те
ло переходит их действительной части ПВ в мнимую, поэтому, переходя 
от эллипсоида в одном мире к структуре, заключенной между конусом и 
гиперболоидом в другом, мы переходим из действительной части ПВ с ко
ординатами xRe, yRe, zRe, tRe к мнимой, где xlm , y'Im, zlm , tIm.

При трансцендентных преобразованиях, полученных из (5.2) при V  —» 
оо, непосредственно примененных к эллипсоиду, мы будем наблюдать его 
превращение в указанную структуру с гиперболоидом, имеющим полуоси 
исходного эллипсоида; но так как теперь координаты стали мнимые, то 
структура ненаблюдаема непосредственно из исходного мира. Если вспом
нить наше представление действительной и мнимой частей полного ком
плексного ПВ как некоторых гиперповерхностей в общем случае искрив
ленных при наличии гравитационного поля, то возможность наблюдения
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структуры тела после суперлюминального преобразования сводится к пере
сечению гиперповерхностей.

Следует при этом отметить, что анализ формы тела с точки зрения 
различных систем отсчета, разделенных световым барьером, применим не 
только в плоском ПВ. Как известно, в случае многих гравитационных полей 
(Шварцшильда, Де Ситтера, Керра-Ньюмена и др., см. [40]) при помощи под
ходящих преобразований координат метрику можно привести к конформно 
плоскому виду. Поэтому, осуществляя необходимые преобразования, мож
но повторить вышепроведенный анализ и прийти к выводу, что в грави
тационном поле при переходе через горизонты форма тела меняется таким 
образом, что из эллипсоида будет получаться стру ктура, находящаяся меж
ду световым конусом и двуполостным гиперболоидом. Она расположена в 
мнимой системе координат и ненаблюдаема по другую сторону горизонта 
для брадионов.

Обратимся теперь к обсуждению предельного случая светового барье
ра, то есть рассмотрим форму эллипсоида либо при ускорении его относи
тельно брадионного наблюдателя до скорости света, либо при замедлении 
относительно тахионного наблюдателя также до скорости света. В таком 
случае соотношение (6.2) дает (V —► 1):

0 <  ( x - V t f x ö ^ i l - V 2) - 1 < 1 => x = t. (6.6)

Очевидно, что тело сжимается, превращаясь в точку в начале системы ко
ординат; оно как бы исчезает как протяженный объект при достижении 
телом светового барьера с точки зрения некоторого покоющегося (сублю
минального) наблюдателя. Перейдя к ускоренным координатам Риндлера

t = е* sh г), X = е( ch г). (6-7)

Можно видеть, что в координатах (£, г]) тело не преобразуется в какую-либо 
особенную структуру при V — dij/dÇ = 1, так как

e*(ch г) — Vsh g)
-  * 8 (1 - V » )  Уо2 * 20

< 1,
1-1-V th  г)
7 h r ,+ V '

(6 .8)

Таким образом, в собственной системе ускоряющегося вместе с телом на
блюдателя тело остается видимым и далее двигается с V > с.

Авторы вы раж аю т благодарность Проф. И длису Г. М., Т ерлецкому Я. П. за обсуж 
дение проблем, затрон уты х  в работе, Проф. Реками Е. и Павшичу М. за высылку оттис
ков своих работ, а так ж е  членам астрономической секции М инского отделения НАТО за 
дискуссии.
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The electrical conductivity results for pure and doped phthalocyanines are collected 
(265 points). For all th e  d a ta  one com pensation line is obtained using coordinates (В , log A) 
derived from M ott’s equation. This fact is considered as one of the arguments for hopping 
conduction mechanism operating in the materials.

In troduction

Each year thousands of papers are concerned with the investigation of elec
trical properties of organic materials. In many cases their electric conductivity, cr, 
is measured and discussed on the basis of the band theory equation:

cr = сто exp ( 1 )

where cr0 is the preexponential factor, Et the activation energy for conduction, к 
the Boltzmann constant and T temperature.

Many authors, for example [1-4] observed the dependence between op and Et 
for the material subjected to various experimental conditions or for materials with 
similar molecular structure:

log (T0 = ßEt + 7, (2)

where ß and 7 are constants for a series of substances.
The Equation (2) is called the Meyer-Neldel rule or the compensation rule 

for conduction.
Considering the compensation rule the equation for the temperature depen

dence of the conductivity may be written as follows:

‘’“■’'»“’’(JO ехр(-И)’ (»>

where (Tq and To are constants characteristic of the material studied, To is called 
the characteristic temperature. The aim of this paper is to present 265 pairs of data 
(Et, log сто) obtained for phthalocyanines and discuss a compensation rule for them.
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Sample p repara tion  and  m easurem ents

Different phthalocyanines were used for the investigation: copper, cobalt, lead 
and chloroferric phthalocyanines as well as cobalt-octamethoxyphthalocyanine and 
cobalt-1,2-naphthalocyanine.

Most of them were synthetised and purified in Prof. R. Dabrowski’s labo
ratory (Warsaw). Copper phthalocyanine single crystals purified three times by 
sublimation were prepared in Dr. J. Wright’s laboratory (Canterbury). Apart from 
pure phthalocyanine samples the mixtures containing copper or cobalt phthalocya- 
nine and graphite or carbon blacks (type: HAF, P 1250, SAO, FEF, Sapex 20, SRF, 
PM 15, MT and acetylene carbon black) were prepared (the preparation procedure 
was described earlier e. g. by Kulesza [5]).

Samples were prepared as compressed pellets and thin films. Pellets were discs 
with a diameter of 8 or 10 mm or cuboids of (2x8) mm2 and having a thickness 
not higher than 2 mm compacted from polycrystalline material under the pressure 
of 3 • 10s-8 • 108 Pa.

Thin film samples were prepared in a vacuum ~  10~4 Pa by evaporation as 
surface cells or sandwiches. The thickness of the phthalocyanine film was 0.10 to 
4.3 Цm. Nearly all the samples were heated prior to measuring at 420 К in vacuum 
for 20 h in order to have stable electrical properties.

To measure the electric conductivity the conventional dc method [2, 5, 6] was 
used. Some samples were placed in the atmosphere of different vapours and gases 
as described in [2]. Some points {Etl log cr0) were obtained from the temperature 
dependence of ac conduction [7].

Com pensation ru le  in (Et,log сто) coordinates

The existence of the compensation rule was strongly criticized by some au
thors, who pointed out that sometimes the compensation effect observed was only 
mathematical artifact (see for example [8, 9]).

Hundreds of results passed successfully the tests probing if the compensation 
rule is really obeyed. This was also the case for our samples. But usually for the 
samples treated in different experimental conditions separate compensation rules 
were discovered (Fig. 1).

So in Fig. 1 we can see 8 compensation lines. Three of them obtained for the 
mixtures of copper and cobalt phthalocyanines with carbon, two for samples doped 
with iodine (for lead [11] and cobalt phthalocyanines).

Waclawek [2] published the compensation effect for low-conducting phthalo
cyanine. He found two compensation rule lines (No 5, 6 in Fig. 1) having the 
correlation coefficients r = 0.957 and 0.987, respectively. No reason has been found 
to explain two compensation rules for the phthalocyanines studied. That is why 
a single straight line was drawn (No 7) through all points. It has the value of r 
merely equal to 0.872.
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Fig. 1. The compensation effects for phthalocyanines ([no] =  Sm- 1 ):
1) copper phthalocyanine doped w ith carbon black,
2) cobalt phthalocyanine doped w ith carbon,
3) cobalt phthalocyanine doped w ith iodine,
4) lead phthalocyanine doped w ith iodine [11],
5-7) low-conductive samples [2],
8) copper phthalocyanine doped w ith acetylene carbon black [10]

Considering Fig. 1 as well as Fig. 2 published in [2] (many published (Et, log oo) 
data were collected) one could ask: what is the meaning of the compensation effects 
observed for phthalocyanines.

The parameters To and a'0 calculated on the basis of Eq. (2) vary in large area: 
To 6 (32.1; 485) К and u'0 € (6.03 • 10-8 ; 5,0) Sm-1 and experimental points cov
ered nearly all the plane in Fig. 1. So one could answer that for the phthalocyanine
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family a compensation rule does not exist in the coordinates (Et , log <r0).

103 /T  [К“1]

103/T 1/4 [K1/4]

Fig. i. The dependence of the electrical conductivity a, (jo] =  Sm- 1 ) on tem perature p lo tted  
in accordance to  a) Eq. (1) and b) Eq. (4) for: 1) the mixture: 90% w t copper phthalocya- 
nine +  10% wt acetylene carbon black, 2) cobalt phthalocyanine sa turated  with iodine sample 
placed in nitrogen atmosphere and 3) chloroferric phthalocyanine in vacuum after evacuation

of Tf-picoline vapours

Com pensation rule in (.0,log.4) coordinates

Anithkumar observed [12] two compensation rule lines for acetanilide, benzoic 
acid and their derivatives (16 points) (as it was the case with the results presented 
in [2]).
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For the a data, he used Mott’s equation:

a = A exp (4)

where A, В are constants, and in the coordinates (T1/4; log ct) he obtained linear 
dependences. Moreover, all the points (B, log A) lay close to a single least squares 
fit straight line — its correlation coefficient is as high as 0.990 whereas for two 
compensation rules in coordinates (.Et,log сто) it is only 0.975 and 0.967.

For electric conductivity data collected for phthalocyanines in this labbratory 
the Eq. (4) was also used and in the coordinates (T1/4, log ct) straight lines were 
obtained (Fig. 2). In most cases the correlation coefficients for least squares lines 
formed using Eq. (l) or (4) were similar; usually of the order of 0.960 to 0.990 
sometimes higher for the first one, sometimes for the second.

For the samples presented in [2] but elaborated using Eq. (4) in (B, log A) 
coordinates a single compensation rule line was obtained, as it was in the case of 
Anithkumar’s results. The correlation coefficient was 0.991. It seems that for all 
low-conducting samples (202 points) one compensation rule line exists (see Fig. 3). 
It is interesting to note that here some ac and photoconductivity data are also 
included. Then the equation is:

log A = 0.09530 В -  4.59 (5)

and the correlation coefficient is equal to 0.990. Highly-conducting samples form 
the second compensation rule lying in close proximity to the first one:

log A =  0.0850 В + 0.61 (6)

and its r = 0.974. For all experimental data (265 points) the compensation rule 
equation is as follows:

log A =  0.08648 В -  1.28 (7)

and its r = 0.988. It is interesting to note that Anithkumar [12] obtained the 
compensation rule equation for his samples:

log A =  0.091 В -  3.0, (8)

having the correlation coefficient r =  0.990 and lying in close proximity to the line 
described by (7).

The existence of the relationship between A and В  is difficult to explain at the 
moment — both constants are coupled to each other since both of them contain the 
same parameters N (E r ) (the density of states at the Fermi energy) and a (the decay 
constant of the wave function of the localized states). So one could suspect that for 
the samples bounded by the compensation rule a relationship between N (E r ) and
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B [K MU]

Fig. S. Com pensation rule in (B, log A) coordinates ([А] =  Sm - 1 ) Д , о -  copper and cobalt 
phthalocyanines and the ir derivatives (pellets), □ ,  + , -  lead and chloroferric phthalocyanines
(pellets), A, 0 ,  0  -  th in  film samples Â, x , ® -  materials doped with iodine, i ---- 1 -  highly-
conducting samples, also shown in the insert, where pellets of the mixtures are included: >  -  

copper phthalocyanine with carbon black, ► -  cobalt phthalocyanine w ith carbon

a exists. However, it is evident that the electric conductivity of the samples could 
be described with 3 factors.

Combining Eq. (4) and of the form of (5-7) we obtain:

c r ^ A ' e x p ^ ^ j  e x p ^ - ÿ ^ ) ,  (9)

«
where: A', Bq are factors characterizing materials bounded by the compensation
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rule. It has a similar form as (3). For phthalocyanines studied A! =  0.052 Sm 1 
and Bo = 636 K.

Conclusions

Classical variable range hopping operates at low temperatures [17]. However, 
the hopping conduction for organic materials even at high temperatures has been 
postulated by many authors e. g. [12-14].

For some phthalocyanine samples (they were included above in compensa
tion rule dependences) Zabkowska [15] has postulated charge carrier transport by 
hopping on the basis of Seebeck effect results.

The hopping conduction has also been suggested as stemming from our ac 
results [7].

The Hall measurements made for highly-conducting mixtures also confirmed 
this hypothesis [18]. However, here the T1-1/4 law could be also explained by the 
fluctuation-induced tunneling mechanism.

It seems that the only exception are some lead phthalocyanine samples doped 
with iodine [11]. Here the band model probably could be applied (the values and 
temperature dependences of charge carrier mobilities estimated on the basis of elec
tric conductivity and Seebeck effect measurements as well as ac data are consistent 
with its predictions). However, the estimated mobilities are on the “boundary” of 
using the band model (0.7 cm2/Vs). Such data could also be interpreted on the 
basis of the hopping theory.

In classical variable range hopping theory the constants A and В  are coupled 
to each other since both of them contain the same parameters N (E F) and a, which 
does not lead to a linear dependence between В and log A. So the compensation 
rule could be only explained if a relationship between N (E r ) and a exists for the 
samples studied or if the constants A and В have another meaning.

It seems that the existence of the compensation rule in coordinates (B, log A) 
could be used as one of the arguments for the explanation of charge carrier transport 
in phthalocyanines by the hopping mechanism, or by an other mechanism operating 
according to the T-1/4 law.

The work is partly  supported by Technical University of Wroclaw under the contract 
C.P.B.P. 01.02.V.10.
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We present exact solutions of a  rotating Bianchi type II cosmological model with 
viscous fluid and heat flux. Some properties of the model are discussed and some particular 
cases are also derived.

1. Introduction

Many investigators have taken keen interest in the problem of finding cosmo
logical solutions of Einstein field equations with heat flow. Some remarkably simple 
solutions of Einstein-field equations with heat flow are discussed by Novello and 
Reboucas [l], Ray [2], Reboucas and de Lima [3] and Reboucas [4]. Some rotating 
Bianchi type VIII time-dependent cosmologies with heat flow are studied in detail 
by Bradley and Sviestins [5]. Adopting the same method Sviestins [6] has given 
a brief discussion of some Bianchi type IX cosmological models filled with perfect 
fluid which is not thermalized. Reboucas and Tiomno [7] have discussed some in
homogeneous Gödel type universes. The source of the geometries of their solutions 
is a perfect fluid with heat flow plus a scalar field. Patel and Pandya [8] have given 
some perfect-fluid cosmological models with non-zero heat flux.

In recent years viscosity has played an important role in explaining many 
physical features of homogeneous cosmological models. Therefore anisotropic vis
cous-fluid cosmological models have been widely studied. Banerjee, Duttachaudhuri 
and Sanyal [9] have discussed in detail a Bianchi type II cosmological model with vis
cous fluid. They have a list of papers dealing with different aspects of viscous-fluid 
cosmological models.

It will be interesting to study the situation in which the heat flow and the 
viscosity both are present. The principal aim of the present investigation is to 
obtain a rotating Bianchi type II viscous-fluid cosmological model with non-zero 
heat flow.

‘ Present address: Departm ent of M athematics, 231 West Eighteenth Avenue, The Ohio 
S tate  University, Columbus, Ohio 43210, USA.
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2. The m etric and  the field equations

Let us consider a rotating Bianchi type II spacetime whose geometry is de
scribed by the line-element

ds2 =[dt + aA(dr +  4 m2d<̂ )]2 — A2[dr + 4 m2d</>)2 
— [cosec 20d02 + d<f>2], ( 1 )

where a  is a constant, A is a function of time t and m is a function of 0 satisfying 
the differential equation

. „ dm .4msin 0 —— = Aj. (2)dO
Here Aj is a constant. For the computation of Ricci tensor for the metric (l), we 
shall use the technique of differential forms. This technique is standard now and 
we shall not go into the details.

Let us introduce the following basic 1-forms in the 4-dimensional Riemannian 
manifold defined by the metric (1) along with (2):

01 = A[dr + 4m2d<f>],
02 = cosec Odd,
03 = dd>,
04 =  dt + aO1.

(3)

The metric (l) can be expressed as

ds2 = (04)2 -  (01)2 -  (02)2 -  (03)2 
= д{аь)вавь. (4)

Here and in what follows, bracketed indices denote tetrad components with respect 
to the tetrad (3). Using Cartan’s equations of structure one can easily obtain the 
tetrad components R(ab) of Ricci tensor for the metric (1).

The explicit expressions for non-zero R(ab) aJe

R[ 14) — 2aA  A2,

R,44) = ( l - a 2) ^ - 2 a 2A2A2,

di(ii) =  (a 2 — 1 )^  — 2A2A2,

R(22) — -Я(зз) =  2A2(1 -  a 2)A2.

An overhead dot implies differentiation with respect to time t.

( 5)
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The energy momentum tensor for a viscous fluid with heat flow vector q, is 

Tik =  (p + p)viVk -  P9ik -  4Pik + (qiVk + g w ), (6)

where
g,k ViVk =  1 ,  gtk q ivk =  0 ,  ( 7 )

Pik =  t>i-,k +  v kli -  (Vifk + vkfi), (8)

/. =  «“«.;<» (9)
and

Here the semicolon denotes the covariant differentiation and Ç and r) stand for bulk 
and shear viscosity coefficients, respectively.

We shall use the co-moving coordinates and take the heat-flow in the direction 
of 01. Therefore the tetrad components V(a) and q(aj of and are

V(o) =  ( 0, 0, 0, 1 ), ?(„) = ( q, 0, 0, 0 ), (11)

where q is a function of t to be determined from the field equations. The components 
V* can be obtained from vl = e\a)^a = ^x’•

It is given by
V* =  ( 0, 0,0, 1 ), (12)

where x 1 = r, x2 = в, x3 = ф and a:4 = t. The acceleration vector /< can be 
determined as

fi = ( aÀ, 0, 4m2aÀ, 0 ). (13)

Using (12) and (13) one can quickly compute The non-zero щк are given by

P u  = -2A À , p i3 =  — 8m2 AÁ, рзз =  -32m 4 AÀ. (14)

Therefore the tetrad components P(ah) =  e * Mi f c  can be determined easily. The 
only surviving P(ab) is P(n) an<I is given by

2À (15)

We shall use the field equations Rik — ^Rgik + = —3irT,k, where 2** are given
At

by (6). It is easy to put these field equations in the tetrad form as

Я(аЬ) = -  8* (p + p)V(a)W(b) -  2 (p -  P -  2»?ö*)sf(ab)

-  8 JT [?(a)V(b) +  9 (b)w(a) -  *IP(ab)] +  ^ 9 (ab),
( 16)
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where в* = t>L is the scalar of expansion.
One can compute в*, the shear a and the rotation fi of the flow vector v* 

given by (12). They are determined as

0* = \ i lo  = 4 ,  П =  aAX. (17)
A

The results (5), (11), (15), (16) and (17) lead us to the relations

= Я(Ц) — Я(22)> (18)
8тгд= —Д(14), (19)

8тгр = А — -  [Д(44) — -R(ii)] > (20)

8тгр = -А  — -  [Я(Ц) +  Д(44) + 2Д(22)] (21)

3. A solution of the field equations

In the previous Section we have seen that we have a system of four equations 
(18), (19) (20) and (21) for four unknown parameters r), q the effective pressure p 
and the density p. Therefore the metric potential A remains undetermined. In order 
to obtain an exact solution we have to make one additional appropriate assumption. 
Let us make a simplifying assumption that A varies as some power of t, i.e. let

A = А0Г а, (22)

where Aq and a are constants and a > 0. Obviously, such a solution has a singularity 
at the beginning t — 0. Here one thing should be noted that the coefficient ç of bulk 
viscosity is not occurring explicitly in our discussion. Therefore, for simplicity, we 
assume that ç = 0.

For the solution (22) the values of the parameters q, ri,p and p are given by

2 A 2 a — 2 CL8irq = —2aAj A£t
l 6?rr? = (a2 - ! ) ( «  + !) + 2A?(a2 -  2)A\

87rp =  A +  ( a 2 — 1)

af2“" 1
a(a +  1) +  A \A l

t2a

8тгр =  —A + (3 ft2 ~  l-MpA2
t2a

(23)

(24)

(25)

(26)

If A =  0 and a 2 > 2, the physical requirements p > 0 and p > 0 are satisfied. In 
this case r) > 0.
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We now give a brief discussion of the Raychaudhuri [10] equation,

+  Ь * 2 -  fii +  2(cr2 -  fi2) =  RikSv*. (27)О

Now clearly assuming A =  0, Rikv*vk =  —4x(p+3p+2»70*). Therefore the Hawking- 
Penrose [11] energy conditions are satisfied if Rikvlvk < 0 i.e. p + 3p + 2r?0* > 0. 
From the above discussion it is easy to see that these conditions are satisfied when 
a 2 > 2.

From the results (23), (24), (25) and (26) it is clear that, when a =  1, r) varies 
inversely as t and p, p and q vary inversely as t2.

If we allow a to become negative then taking a = — 1 and a2 = 2 it is easy 
to verify that the coefficient ij of shear viscosity vanishes, consequently we get a 
non-static perfect fluid cosmological model with non-zero heat flux. The parameters 
p, p and q for this solution are given by

8тг p =  A + A2Aft2,
8 жр =  -A  + 5A%\2t2, (28)
8 щ  =  ^ 2 \fÍA 2ü\ \ t 2.

When A = 0, the above parameters p, p, q vary directly as t2. The geometry 
of this perfect fluid model with heat flux is given by the line element

ds2 = ^dt ±  y/2Aot(dr + 4m2d^)j

— A2t2(dr + 4m 2d<f>)2 — (cosec2 Öd62 -I- d<̂ 2),

where m(0) satisfies the differential equation (2).
In the case a =  1, A = 0 the equation of state for our solution (22) is given 

by
p = (a2 -  1)[2 + \\A%\ 
p (3a* -  l)A 2\ 2 •

The kinematic quantities в*, а, П and fi for the solution (22) are given by

Ö* = y/ïcr

( aaAo
ta+i >0,

П = Q-AqAi
ta

—Am2aaAo
ta+1

(31)

As в* is negative, our model is contracting. As fi ф 0, the stream lines of the viscous 
fluid filling the universe are not geodetic. The model described by the solution (22) 
has non-zero shear and rotation. The model is filled with a viscous fluid which is 
not thermalized.
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When a = 0, we get a stationary rotating perfect-fluid cosmological model 
with a 2 =  2 and non-zero heat flow. In this case p, p and q are given by

8irp = A + Aq A2,
Sirp =  —A + 5j42A2,
8 n q  =  ^ 2 V ^ A 2 A 2 .

The physical requirements p > p>  0 imply the inequality

- Л 2А? < A < 5AqA2.

For the sake of brevity we shall not give other details of this stationary perfect fluid 
model with heat flow.

4. Concluding remarks

The metric potential A can be chosen in many ways. We shall briefly describe 
three such choices of A.

Case (г). Let us assume that

^^ •2  ~  = constant =  &• (32)

Using (21) in (32) we obtain

• 2 (3a2 - 1)A\A* (33)

where we have assumed that За2 — 1 > 0. The parameters q, p, q and p are given
by

_  A\,L  
8X11 (3a2 -  l)!/2 (2 - a 2) (a2 — l)(3a2 — 1) 

t?

8np =  -A  + (3a2 -  l)Af A2,

8?vq = —2aA 2 A2,

8яp = A — (1 — a 2)j42A2 2(3a2 -  1)
+  1
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If A = 0, then p > 0 and p > 0 imply a 2 > 1. Here it should be noted that the 
equation (33) can be solved in terms of elliptic functions. We shall not go into the 
details here.

Case (ii). Let us assume that t] = 0. With the help of (18), r) = 0 gives

Ä2 = ß - A2(a2 — 2)A4
(*2 - l )

(34)

where ß is a constant of integration. In this case we get a perfect-fluid model with 
heat flow. The fluid parameters p, p and q are found to be

8xp = A -I- A2A2(3 — a 2),
8wq — —2aA2A2,
8тгр =  -A  +  A2A?(3a2 -  1).

If A =  0, then p > 0 and p > 0 imply |  <  a 2 < 3. Here also the equation (34) can 
be solved in terms of elliptic functions. For brevity, we shall not give the details 
here. Putting a 2 = 2 here, we get the nonstatic perfect fluid model with heat flow, 
discussed in the previous Section.

Case (Hi). Let us assume that r? is proportional to 9. Put

tj = кв. (35)

The results (17), (18) and (35) lead us to

(a2 — 1 )^  + 16w g — 2A2(2 — a 2) A2 =  0. (36)
A. A.

1 _  a 2 .
Assuming к = ——— , the equation (36) can be solved to have the solution A = low

2A2(2 — a 2)Ao cos bt, where b2 = ------ and t is defined dy dt — Adt. Here we have
(i - a 2)

assumed that either 0 < a 2 < 1 or a 2 > 2. The values of r], q, p and p are given by

87ГГ7 = — ——  ̂ A0fcsin6i,

8wq =  —2aA2A2 cos2 bt,=2 17

8тгр =  A +  62A2(a 2 -  1) 

8tt p = —A +

( l - « 2)
2(2 -  a 2) 

A262(l — a 2)(3a2 — l) 
2(2 -  a 2)

cos2 bt — cos 26t , 

cos2 bt.

The details of the above case are also omitted.
The problem of deriving many new Bianchi type И, VIII and IX viscous fluid 

cosmological models with heat flux is at present under investigation. The results of 
this investigation will be discussed elsewhere.
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EFFECT OF 7-IRRADIATION AND CURRENT DENSITY 
ON THE ELECTROLUMINESCENCE SPECTRA OF GaP:N
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Electroluminescence diodes were grown on single crystal GaP substrates, by liquid 
phase epitaxy. A t low current density, the electroluminescence spectra were no longer green 
bu t shifted closer to  yellow. The donor-acceptor pair Zn-Te, LO phonon and  the exciton 
line A were dom inated at higher AC current density.

The irradiation of GaP:N w ith -7-rays results in strong  quenching of recombination 
radiation, which reduces the quantum  efficiency of the luminescence line spectra  at 77 and 
300K. No new line spectra are generated by 7-irradiation w ith doses 104 -1 0 6 Gy.

Introduction

The radiative recombination process via nitrogen isoelectronic trap level in 
GaP is well studied [1—3]. The electroluminescence studies are important for the 
fabrication of efficient light emitting diodes (LED’s). There is a continued interest 
in the study of this important sample Ga-N, which is the most useful of all visible 
semiconductor light sources. Luminescence spectra of excitons bound to single N 
atoms and to NNi pairs in nitrogen doped GaP are well known [3-4].

Irradiation of semiconductors with 7-rays changes their luminescence because 
such irradiation produces point defects such as vacancies, interstitial atoms, va
cancy-impurity complexes. Irradiation alters also the recombination mechanisms 
of deep luminescence centres [5]. The changes in the recombination mechanism of 
deep luminescence centres may also be observed not only by 7-irradiation but also 
as a result of deformation, annealing and ion implantation.

The aim of this work is to study the effect of 7-irradiation and current density 
on the electroluminescence spectra of GaP:N.

Experimental method

Light emitting diodes were grown on single crystal GaP substrates by the 
method of two layer liquid phase epitaxy in a single process, in the same way as 
in ref. [1]. The n- and p-type regions were doped with nitrogen from NH3 vapour. 
The concentration of nitrogen in alloy varied between 3 X 1018 and 3 X 1019 cm-3 . 
The p-type region was doped with Zn from the vapour using a separate source with
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a controlled temperature and the Те donor impurity in the epitaxial n-type region 
was accidental, with concentrations in the range (0.8 — 1.0) X 1017 cm-3 . Light was 
extracted through the p-region. Electroluminescence spectra were studied using 
pulsed and DC current injection at 300-77K. LED’s were driven in the AC mode 
by a pulse generator, as the current increased, the voltage pulse width and frequency 
were decreased to minimize the heating effect.

In the present work the diodes were exposed to -7-irradiation from a 60Co- 
source with doses 104, 10s and 106 Gy, then they were subjected to systematic 
studies of luminescence.

Results and discussion

Figure 1 shows a wide electroluminescence band spectrum of double epitaxial 
GaP:N at 300K. The high emission peak (2.21 eV) depends on the concentration of

Fig. 1. The electroluminescence spectra of G aP:N  at 300K
a) Unirradiated
b) -y-irradiated w ith doses 104 Gy
c) -y-irradiated w ith doses 10s Gy
d) -у-irradiated w ith doses 106 Gy
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nitrogen and also on the selective internal absorption of the diode. In the presence 
of high nitrogen content, the emission of the diode is no longer green but is closer 
to yellow.

The efficiency of this diode is 0.4 at 10 mA/cm2. This value is the highest 
reported under pulsed and DC modes for double epitaxial layer. This efficiency 
depends on the presence of non-radiative centres, vacancies and defects at p-n 
junction interface.

TlGJ [eV]

Fig. 2. The electroluminescence spectra of G aP:N  at 77K and DC current density 44 ц А /с т 2
a) Unirradiated
b) irradiated w ith doses 106 Gy

Prior to irradiation, light emitting diodes were annealed in air for 15 minutes 
at 50°C. The effect of 7-irradiation at 300K on electroluminescence was shown in 
Fig. 1, the magnitude of the broad band is reduced without any change in the peak 
of the band.

Acta Physica Htmgarica 67, 1990



3 0 8 M . MOUNIR

Figure 2 shows the electroluminescence spectra at 77K and DC current density 
( J  — 44 /iA/cm2), the luminescence dominated by NNi exciton line and the phonon 
replica TA, LA and LO with energies 13,17 and 49 meV, respectively. The efficiency 
of the diodes at 77K and DC current density 44 А/cm 2 was 0.1.

Figure 2 shows that the -y-ray doses > 106 Gy are capable of reducing the 
internal quantum efficiency r? of the luminescence of GaP:N.

The luminescence intensity I  is defined by the following equation

I -g r )L ,  (1)

where L is the excitation intensity, r? is the internal quantum efficiency and g is the 
fraction of carriers recombining via luminescence centres. The changes in g are due 
to the appearance of radiation defects (Ga, P and N vacancies, interstitial atoms,

Fig. S. The electroluminescence spectra of GaP:N at DC current density 2.6 m A /cm 2 and different 
tem peratures: a) 77K b) 100K с) 140K

vacancy complex, etc.) representing radiative and nonradiative recombination cen
tres. The change in q is due to a change in the rate of nonradiative Auger transitions
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in the luminescence centres. The internal quantum efficiency is defined by the fol
lowing equation:

=  Cm 
Cnl + Cn2 ’

where Cn\ is the coefficient of radiative centres, Cn2 is the coefficient of nonradia- 
tive centres. This means that the decrease of »7 is accompanied with an increase in 
Cm  (nonradiative centres). The value of Cn2 is strongly dependent on the distance 
between luminescence centres and a defect [6]. The 7-irradiation in semiconduc
tors does not alter the value of no, so the luminescence decay time decreases with 
increasing the doses of 7 rays according to the following equation [7]:

r = 1 _  П
(Cm + Cn2)no Cnlno (3)

Figure 3 shows the luminescence spectra at different temperatures and current 
density is 26 mA/cm2. The luminescence spectra exhibited the familiar recombina
tion lines due to excitons bounded to single nitrogen atoms and to pairs A, NN1, 
their phonon replicas and donor-acceptor pair Zn-Te. Figures 2 and 3 shows that 
the donor-acceptor pair Zn-Te and no phonon exciton line A were dominated at 
higher current density.

At higher temperature the exciton line NN* and Zn-Te were unresolved and 
the luminescence spectra were shifted toward higher energy.

Conclusions

At higher temperature, high concentration of N and presence of current densi
ty, the electroluminescence spectra were no longer green but shifted closer to yellow.

The magnitude of electroluminescence spectra at 300K and 77K were reduced 
without any change in the peaks and no new line spectra were detectable by irra
diation with 7 rays.

Formation of radiation defects results in strong quenching of recombination 
radiation, which reduces the quantum efficiency of the luminescence sources.

The donor-accept or pair Zn-Te and no phonon line A were dominated at 
higher AC current density.
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The equations of motion of relativistic classical linear fields are discussed. It is 
proved tha t if some additional postulates are satisfied then  the laws of systems of th is kind of 
classical fields are completely analogous to  those of classical electrodynamics. Implications 
on o ther classical field theories are discussed.

1. Introduction

Classical electrodynamics started as an empirical science where specific laws 
have followed the accumulation of experimental data. Later, the theoretical work 
formulated the equations of motion of electromagnetic systems, namely, Maxwell’s 
equations and the Lorentz law of force. The progress of the theoretical side contin
ued and classical electrodynamics has been embedded in special relativity.

This article takes the reverse order of the historical course of events. The 
validity of special relativity and of some additional postulates is assumed. On this 
basis it is proved that a relativistic classical linear field theory that satisfies the 
additional postulates takes the form of classical electrodynamics. Another aspect 
of this conclusion says that any other relativistic classical field theory must be 
incompatible with at least one of the additional postulates. Thus, the additional 
postulates provide constraints on the structure of other relativistic classical fields.

Basic elements of theories discussed here are charges and fields. The precise 
meaning of these notions is defined in the third Section where the particles equations 
of motion are derived. These equations of motion together with those of the fields 
define uniquely the specific theory discussed. As stated above, it is proved in this 
work that if some additional postulates are adopted, then the classical theory de
rived agrees formally with classical electrodynamics, namely, the particles equation 
of motion takes the form of Lorentz law of force and the fields equations of motion 
take the form of Maxwell equations. These conclusions entail an agreement of the 
classical theory derived with any specific property of classical electrodynamics. It 
follows that the derivation of the equations of motion is sufficient for the purpose 
of the present paper.
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Articles discussing interrelations between special relativity and classical elec
trodynamics have already been published in the literature [1-3]. The present work 
is different mainly because it makes an extensive use of the linearity requirement. 
This constraint is not used by most of the previous works which apply other pos
tulates instead. It turns out that linearity is an efficient tool used in the deductive 
process presented in this paper.

A system of units where the speed of light c =  1 is used throughout this 
article. Greek indices run from 0 to 3 and Latin ones run from 1 to 3. The metric 
g'iu is diagonal and its elements are ( 1, —1, —1, — 1 ). ,u  designates the partial 
differentiation with respect to xv . i, j  and к denote unit vectors of the three 
dimensional space in the x , у and z-directions, respectively.

The postulates utilized in this work are presented in the second Section. The 
equations of motion of particles are derived in the third Section. The homogeneous 
field equations are inferred in the fourth Section. In the fifth Section, the inhomo
geneous field equations are deduced. Concluding remarks are the contents of the 
last Section.

2. P resen ta tion  of the postu la tes

The following postulates are used in the deduction of the results of this article.
(a) It is assumed that special relativity holds.
(b) Particles are classical points, each of which is attributed with two scalar quan

tities: a self mass m and a charge e [4].
(c) The equations of motion are linear in the fields and in the particles variables.
(d) In an empty space the fields are regular functions of space-time. These func

tions can be differentiated as many times as required.
(e) Space is homogeneous and isotropic.
(f) The equations of motion conserve parity.
(g) The nonmechanical part of the energy-momentum tensor depends on fields 

alone.
Later, these postulates are referred to by means of the shorthand notation (a), 

(b), etc. Special relativity is satisfied when expressions are written in a tensorial 
form.

S. The partic les’ equations of m otion

A classical particle interacts with the rest of the system when its energy- 
momentum varies in time. The covariant expression of this process is dPß/dr 
where Pß denotes the particle’s energy-momentum 4-vector and т is the invariant 
time. The form of this covariant quantity is discussed in this Section.

The 4-momentum of a particle at rest is = (m, 0,0,0). Using this expres
sion, one finds

2Р4 гр “ = тЛ р ‘‘ ’ т г 2 ‘ 0- (1)
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This result proves that dPß/dr is orthogonal to P1*. Using (c) and (l), one 
finds that dP^/dr must depend linearly on P*. Therefore, it can be tentatively 
written as follows

4-P» = G4VPV + G ^ P Vi (2)dr s A
where and GJJ" denote a symmetric and antisymmetric tensor, respectively. 
The linearity of (2) entails the independence of G£" and G^" of the particle’s 
4-momentum. The last term of (2) satisfies the orthogonality requirement (1). 
Therefore, when (2) is substituted into (l), the last term can be dropped and the 
following expression is obtained

G ^P ^P v  = 0. (3)

As stated above, G£v is independent of Pa. Moreover, (3) holds for any value 
of P>1. It follows that G^v must vanish identically. Substituting this result into (2), 
one finds the required expression

£ p »  = G ^ P V. (4)
dr ■*

This expression holds separately for every particle of the system. One may 
use two scalar quantities of the *’th particle, and e/<), and define its 4-current

• V  s  = ,JLp“ = ««>V,,)«.m(»')
(5)

where denotes the 4-velocity of the z’th particle. The application of this
expression yields the normal form of (4)

ï ¥  -  (в)

where F is proportional to G1̂ .
Special relativity proves that energy-momentum cannot travel faster than 

light. Hence, d P ^ /d r  must depend on the quantities defined at the location X(i)a 
of the z’th particle. It follows that , which is written in (6), is a function of 
i(v)a - Later, the antisymmetric tensor F ^u is called the fields tensor.

It is shown in this Section that the equations of motion of particles, (6), take 
the form of the Lorentz law of force. This expression manifests the well known 
relation between charges and fields as used in classical electrodynamics.

4. The homogeneous fields equations

The tensorial form of the fields is found in the previous Section where it 
participates in the particles equations of motion. The rest of this work is devoted
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to the deduction of the fields equations of motion. This goal is achieved when simple 
systems of one or two particles are examined.

Consider the fields tensor of a system of a single particle Q which is motionless 
at the origin. This system is time-independent. Lorentz transformations that leave 
the system invariant are considered in the following lines. It is well known that 
under these transformations, the quantities F0t transform like a polar vector (in 
the three dimensional space) and the quantities Fjk transform like an axial vector. 
The notation of electrodynamics is borrowed for these vectors and F***' is written 
in the following form

■ 0 - E x - E y - Е г Л

F ßV =
E x 0 - B z By
E y B z 0 ~ B X

I E , - B y B x 0  .

It should be emphasized that the quantities E and В in (7) are just notations 
and no equations of motion are imposed on them. On the contrary, by means of 
the postulates presented in the second Section, the fields equations of motion are 
deduced.

Consider the vector field Б  of Q at r i  = (1,0,0). The system is invariant 
under a rotation around the 2-axis. Hence, E is a radial vector. The same result 
is obtained also for the axial vector B. It is proved in the following lines that an 
axial vector of this kind vanishes identically.

0 t B 1

E' Q-a » ж E E' Qа а Ж __E
4 •  W

e\

4  •  W

A

Q b

1. (a )  G iven  a  c h a rg e  Q  a t  th e  o r ig in , a  ra d ia l p o la r  v e c to r  E ( r i )  a t  r i  =  ( 1 ,0 ,0 )  a n d  a  ra d ia l 
a x ia l v e c to r  B ( r 2) a t  r 2 =  ( 0 ,1 ,0 )  . T h e  v ec to rs  E ' ( r ' i )  a n d  B ' ( r '2) a re  o b ta in e d  fro m  a  
ro ta t io n  b y  ЗГ a ro u n d  th e  z -a x is

(b )  G iven  th e  o r ig in a l v ec to rs  E  a n d  В  o f  (a ) an d  th e  r e s u l t s  E '  a n d  B ' o b ta in e d  fro m  a  p a r i ty  
tr a n s fo rm a tio n

Next, consider a rotation by тг around the z-axis that transforms r i into 
r'i =  (-1 ,0 ,0) and r 2 =  (0,1,0) into r '2 = (0, —1,0) (see Fig. la). This rotation 
leaves the system invariant and, due to (e), the vectors E at r x and В at r2 are 
transformed continuously to their final values at r'i and r'2) respectively, as depicted 
in Fig. la.
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These quantities are compared with the results of a parity transformation. 
The origin, where the charge is located, is invariant under this transformation. Us
ing (e) and (f), one finds the results depicted in Fig. lb. In the two transformations, 
the vectors r i  and Г2 transform to r 'j  and r '2, respectively. Similarly, the polar 
vector E(ri) goes to E '(r 'i)  and takes precisely the same value in the two cases. 
On the other hand, the values of the axial vector B '(r2) takes opposite signs in the 
two kinds of transformations discussed above. This result can happen only if the 
axial vector part of the fields tensor of a motionless particle vanishes identically.

Another conclusion of the invariance under rotations is that the size of the 
polar vector field of a motionless particle at the origin depends just on the radial 
coordinate r. All these results can be written as follows

E(r) = ^ (r)r, (8)
B(r) =0. (9)

The form of (8) indicates that, for a motionless charge, one can define a scalar 
function ф(г) in the three dimensional space which depends on the radial coordinate 
r. This function satisfies

E(r) =  -grad ф[г). (10)
This result can be put in a covariant form when an auxiliary 4-vector is 

defined in the particle’s rest frame

Aß = ^ ,0 ,0 ,0 ). (11)

An antisymmetric fields tensor is defined by means of (11)

FßU = AVifl -  A ^ v . (12)

It is clear that, in the particle’s rest frame, the substitution of (8) and (9) into (7) 
yields a result that agrees with the one obtained from the substitution of (10) and 
(11) into (12). Hence, the two tensors agree in all frames and the tensor (12) is 
unique.

The expression (12) of the fields tensor renders the required equations of 
motion. Performing an appropriate differentiation, one finds

Fui/,A + ^A.d+Fx,,,, =  0. (13)

These are the homogeneous fields equations. They are formally identical to 
the homogeneous pair of Maxwell equations.

5. The inhomogeneous fields equations

It is proved in this Section that the postulates (a)-(g) yield another set of 
field equations. For this purpose, let us consider a system of two particles (see
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Fig 2). The mass of these particles is finite and their charge is infinitesimal. Hence, 
using (6), one finds that particles of this kind exchange (at an infinitesimal rate) 
energy-momentum while each of them stays in its original inertial frame.

Y

L ,
Q, Q2

Fig. S. Two infinitesimally charged particles at rest. Q(i)  is at ( - s ,  0 ,0) and Q (2) is at the origin

The linearity (c) of the system indicates that the overall field tensor can be 
separated into a sum of tensors, each of which is associated with one of the particles 
and every tensor included in this sum satisfies the equations of motion. In the case 
of Fig. 2, the fields related to Q(i) exert force on Q(2) and vice-versa. Hence, each 
of the particles gains momentum at a certain rate. The particles are static and 
the fields do not vary in time. It follows that the sum of the rates of the momenta 
gained by the two particles vanishes. Using (6), one finds that the following relation 
expresses these results

dP(lf  dP(2f  , „
-  V - W  + '( « " • '( » -  = (“ )

where the subscripts in parentheses denote quantities associated with the corre
sponding particle.

The definition (5) of J (g)M shows that it is proportional to Q(i)- This property 
together with (8) and (14) prove that must be proportional to Q(i)- This
relation is in accordance with the linearity (c) of the system.

Special relativity shows that energy-momentum cannot travel faster than 
light. Hence, the position of energy-momentum is a continuous function of time. 
This result, together with the variation of the particles’ momentum, are compat
ible if a momentum current exists in the medium between the two particles. It is 
well known that the momentum current consists of the *, j  entries of the energy-mo
mentum tensor [5, 6]. According to (g), this quantity is a function of the fields. The 
dependence (6) of the momentum transferred to the particles, is linear in the fields. 
Considering (14), one finds that we are interested in that part of the energy-mo
mentum tensor which is a bilinear function of and F ^ ) ^  ■ (In other words,
we look for the interaction part of the energy-momentum tensor and not for the 
part that depends on fields of a single particle.) Moreover, the two particles play 
a symmetric role in the theory. All these requirements are satisfied if the required 
tensor is a bilinear symmetric function of the fields.

The previous analysis shows that the energy-momentum tensor of the fields 
can be written tentatively in the following form

T*v =a (Fw »*F{a)* ' +  Fm ^ F w ^ )  gaß +  bF{l)aßFl3)*ß<r+
+  deaßlS (F{1)»aF{2)^  + Fw ^ F {1)ßv) í * +  (15)
+ heaßliF(l)^ F (2f eg ^ ,
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where denotes the completely antisymmetric unit tensor of the fourth rank
and a, b, d  and h  are yet undetermined coefficients. The third term of (15) van
ishes identically because it contains a contraction of the completely antisymmetric 
tensor eaß1s with the symmetric tensor glS. Consider the parity of the fields. Re
membering that, in the three dimensional space, E is a vector and В is an axial 
vector, one finds after a straightforward calculation that the last term of (15) and 
the first two ones have opposite parities. Therefore, due to (f), the required tensor 
is a sum of the first two terms or it consists of just the last one. However, in the 
rest frame of the two particles (8) and (9) hold. As a result, the last term, whose 
components are bilinear in E and B, vanishes identically and can also be omitted 
from the expression. This discussion proves that the required energy-momentum 
tensor takes the form

T » v  = о ( F W ^ F ^  + F ^ F ^ )  g a 0  + b F ( i ) a ß F w * »  g T . (16)

Using (8) and (9) for the two motionless particles considered here and the 
linear dependence of the fields on the charges, one can write the fields tensors of 
the two particles in the following forms

0 X — 3 -y  - z l

F ( 1 r  = Q(1)/(|r + si |)
X + s 

У
0
0

0
0

0
0

z 0 0 0 .

’0 —x - y —z ‘

F ( * r  = Q ( 2 ) f { r )
x 0 
У o

0
0

0
0 •

.z  0 0 0 .

(17)

(18)

T 1] are the components of the momentum flux in the x-direction. Applying 
(16), (17) and (18), one finds the following expression for this 3-vector

T lj = Q ^ Q {2)f(\r  + 3i\)f(r)
[2o(x2 + sx) + 26(r2 + sx), a(2xy + ys), a(2xz +  zs)] .

(19)

The static situation and the conservation of momentum entail the divergence- 
less of (19) at every point which is free of charge. Therefore

77—75— T l3\ j  = / ( \r + si | )/W [4a(2x + s) + 26(2x + s)] +

+ r-1 / ( |r  +  si|)/'(r) [a[2xr2 + s(r2 + x2)] +  26x(r2 + ex)] +
+ |r + s i | - 1/ , ( | r + s i | ) / ( r )
[o{2x(s +  x)2 + (y2 + z2)(s -I- 2x)} + 26(r2 +  sx)(s + x)] =

= 0 .
( 20)
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This expression can be evaluated in the vincinity of the origin where r C  s .  It 
follows that terms containing higher powers of x, y and z can be ignored. Therefore,
(20) reduces to

f(s)f(r)s(4a  +  26) + r - ' / W / H I * 2!» + 2b) +  or2l = 0. (21)

This equation can be divided into two parts, one of which consists of terms 
depending on r alone and the other one contains terms depending on r and on x. It 
is evident that each of these parts must vanish. The terms depending on x vanish 
if the following relation holds

b = -~ a .  (22)

The substitution of this relation into (21) entails

3 f(r) + r / '( r )  =  0. (23)

Hence,
/ ( r ) = c / r 3, (24)

where c denotes a yet undetermined constant.
Using (18) and (24), one finds the following expression for the polar field

E (2)(r) = <?(2)cr/r3. (25)

The values of the constants о and c are derived from the following requirement: the 
integration of the momentum current (19) over the surface of a tiny sphere around 
the origin should balance the rate (6) of momentum transferred to Q(2)- These 
mathematical operations are well known from classical electrodynamics. Using ap
propriate units, one finds the following values: c — 1 and a = l/4n. Hence, in the 
rest frame of a charge Q(2) which is located at the origin, the fields tensor associated 
with this charge takes the following form

Ъ  Г Г3

*0 — X - y —z '
X 0 0 0
У 0 0 0

. z 0 0 0 .

(26)

The last results hold in the vicinity of the origin. Therefore, the general form 
of /(r) can be written as follows

f(r) = (27)

where
lim $(r) = 1. (28)
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Substituting (27) into (20) and examining terms of the next power of x, y and 
z, one finds after a straightforward calculation that (20) holds if

0. (29)

This equation, together with (28), prove that g(r) = 1 and the inverse square law 
(26) holds throughout the entire space.

The fields tensor (26) satisfies the following equations

fy )* «  = - М ) ( 2)6*о =  -4 *  J". (30)

As stated above, (30) holds in the particle’s rest frame. This equation can be put
in a covariant form

= -4  vJ» . (31)

Indeed, it can be easily seen that (31) reduces to (30) in the static case.
These field equations take the form of the inhomogeneous pair of Maxwell 

equations. Another result of the analysis carried out above is that the substitution of 
the constant о =  1/4тг and 6 =  — 1/8я- into (16) proves that the energy-momentum 
tensor written above agrees with the interaction part of the well known energy- 
momentum tensor of electromagnetic fields.

6. Concluding rem arks

The compatibility of classical electrodynamics with special relativity is well 
known. It is proved in this work that the postulates presented in the second Sec
tion are sufficient conditions for the conformity of a classical field theory with the 
structure of classical electrodynamics. However, no claim is made here concerning 
the uniqueness of these postulates or that they are a minimal set that yields the 
results derived above.

The derivation of the two sets of fields equations relies on different postulates. 
The homogeneous fields equations stem from the symmetries of a one particle sys
tem. On the other hand, the inhomogeneous fields equations emerge from the dy
namical properties of a two particle system. It is well known that the homogeneous 
Maxwell equation (13) can be put in a form which is very similar to (31) F ^ = 0
where F* =  —̂ u,a^gaj 9ßsF'16. The analysis carried out above shows that, in 
spite of their similar form, the homogeneous equations and the inhomogeneous ones 
have different physical foundations.

This work shows also that any other classical field theory must violate at least 
one of the postulates (a)-(g). Thus, for example, general relativity is a nonlinear 
theory; the Proca fields [7] are associated with an energy-momentum tensor which 
is a function of the field and of the potential as well; Yang-Mills fields (except 
17(1) whose form is identical to classical electrodynamics) use more than one kind 
of charge and their equations of motion are nonlinear.
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The previous examples of other field theories illuminate one more aspect of the 
analysis carried out in the present work. It is stated above that the postulates (a)-
(g) are not unique and that classical electrodynamics can be derived from different 
sets of postulates. The examples of other field theories which do not satisfy one 
specific postulate of (a)-(g) (henceforth called (i)), indicate that (i) is essential 
in the following sense. Consider a different set of postulates from which classical 
electrodynamics emerges uniquely. In view of the other field theories, one finds 
that (i) is (at least implicitly) included in the different set. This result holds if the 
order of argument can be reversed. Thus, for example, one can reverse the analysis 
carried out in Section 5 and derive (g) from the Coulomb law. Evidently, either (g) 
or the Coulomb law exclude Proca fields.

The significance of using additional postulates, beside special relativity, in 
a derivation of classical electrodynamics is discussed in the literature [8, 9]. The 
analysis carried out in the present work is a realization of this point. It shows the 
explicit role of every postulate formulated in the second Section.

The foregoing discussion depends upon pure theoretical arguments. However, 
there is another property required for the establishment of a physical theory, namely 
the fit to experiment. It is this criterion which makes the distinction between physics 
and mathematics. It enables one to select well established classical field theories 
while other formulations remain merely as hypothetical candidates.
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Lagrange formalism allows for phenomenological thermodynam ics of irreversible pro
cesses. This statem ent is exemplified for heat transport, diffusion and chemical reactions. 
Traditional formulations of thermodynamics can be included into Lagrange formalism. 
However, Lagrange formalism goes beyond the scope of traditional thermodynamics. By 
means of this most general field theoretical approach a unified phenomenological theory of 
m aterial behaviour including thermodynamics, mechanics and electromagnetism might be 
obtained. In this paper th e  skeleton of the theory concerning thermodynam ics is briefly 
reported.

1. In troduction

Phenomenological thermodynamics of irreversible processes (TIP) can be in
cluded into Lagrange formalism (LF). Along this line a methodical unification of 
thermodynamics and various other theories of matter such as continuum mechan
ics, defect mechanics and electromagnetism may be obtained giving thus rise to a 
complete and unified phenomenological theory of material behaviour. So far the 
phenomena of heat transport, diffusion and chemical reactions are described by 
means of LF [1, 2, 3). Generalizing the concept of chemical reactions to the dy
namics of point-like defects in ordered materials the theory may be applied to the 
dynamics of disordered materials, too [3]. As an example I refer to lattice vacancies, 
interstitial atoms, electronically excited atoms and their reactions, creation, anni
hilation and migration. LF, describing quite generally an unrestricted dynamics, 
allows for thermodynamical processes outside of local equilibrium [4]. In this respect 
it goes beyond the scope of traditional theories of TIP which operate more or less 
in the neighbourhood of local equilibrium depending on the particular constitutive 
relations [5-8]. However, as a first step the physically very successful traditional 
theories of TIP have to be incorporated into LF. Starting from this basement, LF 
may then be generalized for those processes which run outside of local equilibrium.

In LF [9-12] all information concerning the processes of a system is comprised 
into only one scalar function

‘ This paper is cordially dedicated to Academician I. Gyarm ati on the occasion of his 60-th 
birthday.
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1 = L(\l),dxl>)t (1)

which is called the Lagrange-density function or the Lagrangian of the system. Thus 
the whole theory starts from the smallest possible entity, ip represents the total set

P = {ip i(x ,t), * =  1....... /}  (2)

of fundamental field variables of the system and d the set of all differential operators 
with respect to time t and space coordinates x =  (г1, x2, x3):

3 = {Э* = — , da = a  = 1,2,3}. (3)

P  defines the processes of the system. The Lagrangian depending on the variables 
ip and its first order derivatives only results in a first order LF which is sufficient 
for my actual intentions. Being not explicitly dependent on the space and time 
coordinates x and t, the Lagrangian (l) is associated with closed systems only, i.e. 
the systems suffer no physical fields from outside. The Lagrangian is the kernel of 
the action integral

Ji - j  J t(ip,dip) d3x dt, (4)
*1 V

which is associated with processes of the system taking place in the spatial region 
V (= constant for simplicity) during the fixed time interval [ti, *2]- Among all 
admissible processes the real processes are distinguished as solutions of Hamilton’s 
Variational Principle:

Jx = extremum (5)
by free and independent variation of all fields ipi(x,t) in V with 
fixed values at the beginning and the end of the process:

=  0 . (6 )

Variations at the boundary dV are included depending on the 
particular physics at the boundary.

It should be mentioned that TIP here really starts from Hamilton’s Principle 
in its original sense. This contrasts with the situation in traditional theories of TIP 
where a lot of variational principles have been established [13-15]. Sometimes these 
are even called Hamilton’s Principles. But they altogether are only quasi-variational 
principles in so far as the variations suffer from constraints in some way.

Once the Lagrangian is given all characteristics of the system are developed on 
the ground of Hamilton’s Principle and using the well-established methods of LF. 
For instance all balance and all constitutive equations which both are associated
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with universal invariance requirements for the Lagrangian are derived by means 
of Noether’s theorem [16]. This gives specially rise to the First Law of Thermo
dynamics. As a remarkable fact the concept of entropy and the Second Law of 
Thermodynamics is also a natural outcome of LF. It is associated with gauge in
variance of the Lagrangian according to complex-valued fundamental field variables 
in TIP. The entropy concept is closely related with a dynamical stability theory 
in the sense of Ljapunov’s direct method [17, 18], which itself can be established 
within LF [19]. Finally it is another remarkable fact, that a most general Principle 
of Least Entropy Production can be established in LF. This Principle includes a 
traditional principle [5, 20] which in the literature is given for the restricted case of 
the stationary, linear and scalar processes only (linear heat transport and diffusion).

In addition to its fundamental significance LF may be of great importance for 
numerically solving of complicated initial and boundary value problems in TIP: 
Hamilton’s Principle may be solved by means of Ritz’s direct method.

The purpose of this communication is to give an idea of LF as applied to TIP. So 
I restrict myself to the skeleton of the theory and a few exemplifications. For details 
and for an extensive presentation of the motivation I refer to other publications [1-4, 
12, 19].

2. Basic ideas

TIP as described by LF is based on a set of complex-valued field variables:
-  The field of thermal excitation ip(x, t) defines together with its complex 

conjugate ip*(x,t) the absolute temperature T(x,t):

Ф* (x, t) ■ ip(x, t) = T(x, t) > 0. (7)

ip gets a qualitative interpretation by the following statement: Whereever 
and whenever there is no thermal excitation [ip = 0) the material is found 
at the absolute zero temperature (T  =  0) and vice versa. By definition 
the absolute temperature is positive definite as it should be. A finite 
temperature T > 0 is associated with thermal excitation (ip ф 0).

-  Concerning diffusion I introduce a matter field Ф(х, t) which by

Ф*(х, i) Ф(х, t) = n(x, t) > 0 (8)

defines the mass or particle density n(x,t). Because of its positive defi
niteness the “vacuum* n = 0 is associated with the absence of diffusing 
material: Ф = 0.

-  In the case of a multicomponent system of N  diffusing and chemically
reacting constituents S i.......5дг a multicomponent matter field

*(x,f) = {Ф1(х,*),...,Флг(х,г)} (9)
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is introduced which by

Ф*(х, i) • *(*, t) = Ф; (x, t) ■ Ф! (x, t) + ■ ■ ■ + Ф* (x, t) • Ф* (x, t) =
= ni(x, i) 4------ h tiff (x, t) = n(x,t) > 0

defines the total mass density n by summing-up of the partial mass den
sities nk .

As compared with traditional TIP the introduction of complex-valued fields 
means a doubling of the set of real valued, fundamental field variables. The usual 
variables T  and nk are supplemented by the phase function <p(x, t) of the thermal 
excitation field and by the phase functions <pk (x, t) of the matter fields giving thus 
rise to the concepts of a thermal excitation wave

(И )
and of matter waves

*k[x,t) =  y/nk (x,t) k = 1,.. . ,N . (12)

These waves are physically associated with the irreversible processes heat transport, 
diffusion and chemical reactions. The doubling of the set of variables is necessary 
for the existence of a Lagrangian in TIP: LF fails in traditional TIP because of the 
non-selfadjointness of its fundamental field equations [21, 22].

The physical interpretation of the phase functions <p and <pk gets apparent at a 
higher stage of the theory: These degrees of freedom are associated with deviations 
of the processes from local equilibrium.

The Lagrangian for the combined process “heat transport, diffusion and chem
ical reactions” depends on the excitation field Ф(x,t), on all matter fields Ф*(х, t) 
and on its respective complex conjugates Ф*(х,4) and Ф£(х, t). Equally well it 
can be defined as a function of the real-valued fields T(x,t), nk(x, t), <p(x,t) and 
<Pk(x,t):

I = i ( ф , ф * , ф * , ф ; , < э ф , э ф * , э ф * , э ф ; ,  *  =  ( i s )

=1(Т,пк,<р,<Рк,дТ,дпк,д<р,д<рк, k = l , . . . ,N ) .  (14)

Each of these representations has its own merit. The variation in Hamilton’s Prin
ciple applies to all fields Ф, Фк and Ф*, Ф£ independently or to T, nk, <p, <pk in the 
respective cases (13) or (14).

The analytical form of the Lagrangian has to fulfil several constraints:
1. Í  is real-valued.
2. The physical dimension of Í  has to be “energy density”.
3. I  fulfils various universal invariance requirements (see Chs 5, 6).
4. I  is not invariant with respect to time-reversal.
5. For chemical reactions the microscopically motivated chemical Principle of 

Multiple Proportions has to be taken into account by suitably coupling of the 
fields Ф and Фк, к = 1 ,.. . ,  N .

6. The traditional theories of TIP must be incorporated into t.
These constraints are motivated in the following way:
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ad 1 and 2: J j from Eq. (4) has to be the physical quantity “action”. I am dealing 
with Hamilton’s Principle in its original sense, 

ad 1, 2, 3: TIP will be methodically unified with those partial material theories 
which already are incorporated in LF.

ad 4: Thermodynamical processes are irreversible.
ad 5: A phenomenological macroscopic theory has to take care of the micro

scopic structure of the processes, e.g. of the atomic structure in the 
case of chemical reactions.

ad 6: Successful traditional theories of TIP serve as a basis for further ex
tensions of the Lagrangian beyond the scope of traditional theories. 
By the way a unification of traditional TIP by means of LF already 
has its own worth.

S. Exam ples for th e  Lagrangian

The following examples will be taken for illustration of the subsequent consid
erations. They will be quoted as “examples I and II” .

I. Pure heat transport in a rigid body [1, 2]

The thermal excitation field Ф(я, t) is the only fundamental variable. The 
Lagrangian

1 1
t -  -  сФФ*-

c
w 1  ( i* э t i  -  ФЭt ф* ) + i  t (ФФ* )

In ФФ*

2i 2 ФФ* 11
+

s . U rXaß

a,0=1 U ^{(Ф *эаФ)(Ф*<Э0ф) -  (Фаа Ф*)(ФЭ/,Ф*)} + 
2t î  î  î T

^ р З « (Ф Ф * )а ,(Ф Ф * )

(15)

being of the form (13) reproduces the traditional linear theory of heat transport [5,
6] which will get apparent subsequently, c and Л = (Aa^) are the specific heat and 
the tensor of heat conductivity coefficients, respectively. Here they are assumed to 
be constant. To is a reference temperature and ш a frequency which is introduced 
for dimensional reasons. The physical meaning of ш is not yet clarified. In the case
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of pure heat transport it is irrelevant. However, I suppose that it can be associated 
with the material background which is assumed to be rigid in our examples, i.e. the 
quantity ш will get essential in the case of deformable bodies.

The ansatz (15) fulfils the requirements 1.-6. of Ch. 2. The three different 
arrows mark the following properties:

=> : irreversibility,
—* : gauge invariance of t, (substitute Ф by Фе“ ).
—* : the tensor Л is symmetric (Onsagers reciprocity relation).

The alternative representation (14) of the Lagrangian reads

l  = - -  \cTdt (<p -  Po(t, T)) + (-Л • VT) V(v? -  <p0(t, T)) + Э Д Г )] (16)(jj

with the abbreviations

<Po(t,T) -  - ш t +  ^ ,

r m  _  % f  P U T )
G(T) -2? J T ~

f i

p(T) is the hydrostatic pressure of local equilibrium which in our examples must be 
regarded as a rigid body reaction of the rigid material background (see Eq. (26)). 
Due to gauge invariance the phase function <p(x, t) does not enter explicitly into 
(16) but by its derivatives only.

(17)

(18)

II. Heat transport + diffusion + chemical reaction 
in a rigid body [S]

In the representation (14) these combined processes are described by the 
Lagrangian

1 N 
I  =  -  -  ( u ( T > f c )  d t [<p- <Po(t,T)) +  Y l n<d t [ w ( r , n fc)a,-]

i= l
N

+ J(T, fife, VT, Vrifc) • V [ip -  <po(- • • )] + £  J ‘(r > v r > v "k) V [w(... )oi] +
*=1

+ ЩТ, nk, ak) + dtG(T, nk)} 

with the abbreviations

(19)

<Po (t,T) = - w t+  

<Pio(t,T,ni) = - u t  + 'i
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(7 is a dimensional constant),

on =(** -  <P) -  (p.o(í, T, я*) -  <p0(t, T ) ) ,

G(T,nk) J  в Щ р А  d l

¥

( 22)

(23)

The following interpretations of the state quantities entering into (19) will get ap- 
parent later on:

u(T ,nk) 
Pi(T,nk) 

3(T ,nk,V T ,V n k) 
J»(r, nk, V T ,V n k) 

nk, a*,)

density of internal energy, 
chemical potential of constituent Si, 
energy flux density,
diffusion flux density of constituent Si, 
reaction potential with the property
R{T, nk, otk) =  0 for all ak = 0. (24)

As compared with (16) the Lagrangian (19) now depends explicitly on the 
phase functions <p and <Pi- This happens, however, in such a way as to preserve 
the gauge invariance with respect to commonly gauging of all functions Ф and Ф*. 
(substitute Ф and Ф* by Фе** and Ф*е‘* or <p and <pk by <p + e and tpk + s. See 
definition (22).)

In the case of pure heat transport the Lagrangian (19) reduces to the form (16) 
with a generalized ansatz for the energy density and for the energy flux: In (16) 
substitute cT by u(T) and (—A • VT) by J(T ,V T ). It should be noticed that the 
definitions (17) and (18) are preserved in going from example I to example II (see 
(20, 23)) except for the fact that now the hydrostatic pressure depends on T  and
nk.

By means of the Lagrangians (16) and (19) traditional TIP fits into LF. (16) 
reproduces completely Fourier’s linear theory of heat transport whereas (19) defines 
a generalized theory of the combined processes “heat transport, diffusion and chem
ical reactions” . (16) and (19) are exclusively associated with that restricted class of 
processes which fulfil the traditional Principle of Local Equilibrium (PLE) [5, 6], i.e. 
the processes are running locally through equilibrium states, only. This statement 
gets apparent subsequently. The PLE is firstly based on the ad hoc generalization

3tu = Tdts-pdt V + ^ / ßidt Ci (25)
I

0 rigid body

of Gibbs’ Fundamental Form of thermostatics (s: entropy density, v: specific vol
ume, Ci: mass fraction гч/п). Secondly PLE is based on the use of the state 
functions of thermostatics. Along this line the pressure p entering into (16) and 
(19) via (18) and (23) is taken from the wellknown formula of thermostatics

u = Ts -  p + ^ m r i i .  (26)
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4. Fundam ental field equations

Hamilton’s Principle (4-6) is associated with the set of Euler-Lagrange equa
tions

_ d t  dt  dt
dt d{dt *i)  +  э(у ф <) dVi ~ ’ * — - - -,

in the bulk V and with the set of boundary conditions

n St
d(v*,) = o, 1....... / , (28)

at the surface dV of the isolated system. The isolated system is characterized by 
free variations of the fields Ф̂  (x , t) at the boundary, n  is the normal unit vector at
dV.

Example I:
Applying (27, 28) to the Lagrangian (16) one finds the following equations due 

to the variations 6<p and ST:
Field equations in V :

S<p : cdtT  -  XAT  =  0, (29)

ST: cdt (>p -  <p0(t, T)) +  АД(р -  <p0(t, T)) =  0. (30)

Boundary conditions on dV for the isolated system:

6<p : W Ü  (3D

di 1
8T : U 'd (V T )  = _ w П —AV(y? — <p0) +  (-A V T ) To 

2 T2
= 0. (32)

Obviously (29) is Fourier’s equation of heat conduction. Taking this equation by it
self, it would be non-self adj oint. Thus, it cannot be gained from a
Lagrangian [21, 22]. However, by the second field equation (30) Fourier’s equa
tion (29) is supplemented in such a way as to produce a selfadjoint set of field 
equations (29, 30) for which a Lagrangian exists. (Originally (30) contains several 
other terms which, however, drop out by means of (29)). The boundary condition 
(31) is obviously associated with the thermally isolated system: There is no heat 
flux J =  — AVT across the boundary.

The set of equations (29-32) is solved in the following way:

(29, 31) : 

(30, 32) :

T  — T (x,i), solution of Fourier’s heat 
conduction problem,

<p =  <Po(t, T) =  —wt + To
2T(x,t) / i n s e r t  ( 3 3 )

(33)

(34)
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Thus heat transport following the PLE is associated in LP with an excitation wave 

Ф(х, i) = \/T (x , t)e'(~wt+ Я®!т) (35)

running down the slope of Fourier’s temperature profile.
The singularity T  = 0 occurring several times in the theory and especially in 

the solution (34) is physically interpreted by the Third Law of Thermodynamics: It 
is impossible to get to the absolute zero-point by any means.

Of course Eq. (29) is the conservation law of internal energy, i.e. the First Law 
of Thermodynamics for the special process “heat conduction” . This coincidence 
between a field equation and a physically most relevant balance equation is acci
dental. It is due to the special choice of fundamental field variables in (16). The 
field equations associated with the variables Ф and Ф* and due to the form (15) 
of the Lagrangian look rather complicated and do not reveal energy conservation 
immediately.

Example II:
The same procedure as before results in the following set of equations: 

Field equations in V :

6<p : dtU{Q) + V J (Q) = £(q), (36)
6<pi : dt(riifü) + V • (ацЛ.) = Çit i = l , . . . ,N , (37)
ST partial differential equation, (38)

homogeneous with respect to the terms (<p — <po),
6п{ [(<pk -  ip) — (<pkо -  po)] and its 1st and 2nd derivatives. (39)

Boundary conditions on dV for the isolated system:

:

6<pi :

ST :

Sni :

d l 1
d(v<p) it)

n ■ J(<2) — 6

dl 1
U)

W n - J i = 0 ,

d l
d(VT) = ... = 0 ,

dl
aiVni) = . . . — U,

г = 1

(40)

(41)

(42)

(43)

The definitions and the physical meanings of the abbreviations used in (36-43) are
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cia follows:

N

u{Q) = :
%=1

u :
riifjLi : 

N

J(Q) =  J  — У ! Pij »
»=1

J  :
J i : 

w Ji :

thermal part of internal energy,

total internal energy, 
chemical parts of 
internal energy,

heat flux,

total energy flux,
partial diffusion (mass) flux,
partial chemical energy flux,

(44)

(45)

& = -----да ' ак +п' дф' + J ‘ ' (46)
N

£ ( < ? > = (47) 
1=1

Ííi i(Q) : production rates of partial internal 
energies associated with chemical 
(material) and thermal degrees of 
freedom, respectively.

Obviously the field equations (36) and (37) describe balances of the thermal and 
chemical parts of the internal energy, respectively. According to

N

£(<Э)+ ]С &  =  0 (48)
♦=1

(see (47)) there is an energy transfer between thermal and chemical degrees of 
freedom Ф and Ф<, t = 1 Adding (36) and (37) and using (44, 45, 48) one
finds conservation of the total internal energy:

dtu + V  J  =  0. (49)

This is again the First Law of Thermodynamics.
Again the boundary conditions (40, 41) define an isolated system: There is no 

heat or mass transport across the boundary.
An alternative form of the field equations (37) reads

dtrii +  V • J j = <7j, t = (50)
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These are obviously partial mass balance equations with the partial mass production 
rates

_  dR(T ,nk,a k) 
Ш дац

of constituents Si. The term R in the Lagrangian (19) is a reaction potential by 
means of which the progress of a chemical reaction is ruled. At this point the 
atomistic structure must be taken into account: Let

v \S \  + ---- (- vmSm j/m+1Sm+x - f -----(- v n Sn  (52)

be a chemical reaction equation and let me subsequently take the stoichiometric 
coefficients Ui with positive or negative sign according to their position on the right 
or left hand side of Eq. (52). Let finally Mi be the molar mass of constituents S{. 
Then the phenomenological Principle of Multiple Proportions

ax : (72 : . . .  : (Tff = i>i : i>2 ‘ VN (53)

is solved by
Oi = Vi9 (T ,nk,a k), i = l , . . . ,N , (54)

where g is a state function with the physical meaning of reaction velocity. (Ac
cording to (54) ai is measured in molar units.) Together with (54) the gross mass 
balance

N

Y ^M iU i= 0  (55)
♦=i

of the chemical reaction leads to

ЛГ
Y .M i° i  = o
»=i

(56)

and thus to a constraint

y y  Mi  dR(T ,nk,ak) Q 
"  ^  doti

for the reaction potential. Within LF Eq. (57) takes account of the atomic structure 
of matter. (56) describes the mass transfer between the material degrees of freedom
Ф<, t =  1 , . . . , N .

For illustration let me refer to the usual linear theory of chemical reactions [5, 
6] which is based on the linear constitutive relation

g — L X  (58)
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for the reaction velocity. X  is the driving force:

N
affinity A = fJLj Uj, 

i= i
(59)

L is a material parameter. Then the associated reaction potential is given by

j  N  N

R = ~L t Il ,  рыкай  • ^2 p,»i- (60)
f c = l  J = 1

(57) is fulfilled and (51) leads to the desired constitutive relation

<Ji = - L  — Tf  =  "* ■ ( ~ L f )  •
j = i  '  '

(61)

Again the solutions of Eqs (38, 39, 42, 43) are based on the solutions T[x, t) 
and n*(x, t) of Eqs (36, 37 or 50, 40, 41):

<p{x,t) = <po{t,T{x,t)) = - w t + —^ —r, (62)
22 (x, t)

<Pi(x,t) = <pi0(t,T (x ,t),n i(x ,t)) = -w t + 'i 2ÙÎ' • (63)
i l  (x,t)

According to (11, 12) these solutions give rise to coupled thermal excitation and 
matter waves associated with the combined local equilibrium process “heat trans
port, diffusion and chemical reaction”.

5. Invariance transform ations —  Observables and  balance equations 
of th e  first kind —  C onstitu tive equations

The transformations Ttl ...,n of a universal, continuous, n-parameter invari
ance group

(М ,Ф ) = r , , . , , ....,* ( м ,ф )  (64)
transform each real process P  = {Ф^(х, t), i = 1 ,.. . ,  /}  into another real process 
P  = {Ф<(г,t), t =  1 , . . . , /} .  Both processes which are referred to the same 
reference frame solve Hamilton’s Principle (4-6) simultaneously. This gives rise to 
an invariance criterion for the Lagrangian which must be fulfilled identically with 
respect to the coordinates x, t, to the field variables Ф and the group parameters e:

l( i , t, Ф, дФ)|.пвег4 (64) = l(x, t, Ф, ЗФ) + dt F(x, t , Ф, e). (65)
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The function F has to be determined explicitly. Prom this criterion one finds 
Noether’s theorem [16] which for the purpose of TIP is formulated as follows:

Each group parameter eK of a continuous invariance group defines an observable 
of the first kind by means of an associated balance equation which is fulfilled 
by the real processes:

eK observable к dtaK +  V • J K = 0. (66)

The density aK and the flux density J K are uniquely defined from the 
Lagrangian and from the function F entering into (65). One finds the con
stitutive equations

aK =  aK[x,t, Ф,дФ), (67)
3K = Лк(а:,*,Ф,ЭФ), (68)

associated with the observable к.
For the explicit form of (67, 68) I refer to the literature [12, 19, 16]. Here only 

the most important invariance groups will be reported:
1. Homogeneity of time with respect to all physical processes belong to the 

universal invariance group

t = t+ e , x = x ,  Ф< = Ф<, t = l , (69) 

—oo < e < oo.

It is associated once and for all with the observable energy and (66) as applied to 
TIP becomes the First Law of Thermodynamics:

dt u + V ■ J = 0. (70)

The constitutive equations are defined as

energy density: dl
d{dt *i) d tV i - t , (71)

energy flux density: d i
d(V * t) dt*i. (72)

Example I:
For the time-translational group (69) the Lagrangian (15, 16) fulfils the invari

ance criterion (65) with F = 0. Using solution (34) one finds

tt = с T  and J  = —A VT (73)
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as it should be.

Example II:
The same statements hold for the Lagrangian (19). Together with the solution 

(62, 63) one finds

u = u(T,nfc) and J = J(T, nk, VT, Vnfc) (74)

which justifies the interpretations already given on the occasion of the ansatz (19).
2. Common gauge transformations of complex-valued field variables define 

another important one-parameter invariance group:

t  — t ,  î  =  X,
_  .  . (75)

= Ф * = П е~ * ',

—oo < e < oo.

The associated balance equation is proportional to the energy balance in the case of 
Examples I and II. Thus (75) brings no new information within the concept of first 
kind observables. However, (75) gets quite essential with respect to the entropy 
concept.

6. Perturbation equations — Entropy — Variational Principle 
of Second Order and General Principle of 

Least Entropy Production

Let me consider a one-parameter class Ф(х, t, s) of real processes which for 
e =  0 reduces to the reference process

Ф (*,М  =  0) =  Ф(*,*). (76)

The difference
0(x, t, s) = Ф(х, t, e) -  Ф(х, t) (77)

is called a perturbation of the reference process associated with the perturbation 
parameter e. e is physically interpreted as the variation of an initial-value parar 
meter. Of course all processes Ф(х, t, e) are ruled by the Euler-Lagrange equations 
(27):

£(Ф,ЭФ,ЭЭФ) = dt d l + V dl
3(Э,Ф<) 3(УФ^

*'-■= 1. •••,/• (78)
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The main linear part of the perturbation is defined by a Taylor expansion

Ф(х,t,e) =  Ф(х,t) + er)(x, t) + . .. (79)

with
( 80)

The set of functions rj(x, t) can be taken as an approximate representation of the 
exact perturbation (77). Subsequently rj(x, t) will be called a perturbation of the 
reference process Ф(х, t).

The perturbation r)(x, t) of a given reference process Ф(х, t) is ruled by Jacobi’s 
equations (=variational or perturbation equations):

Л(*,э»,аа*,;„,а„,за,) = a, + v = o, (si)

* =  1......./•

These are the variational equations of the Euler-Lagrange equations (78). They are 
based on the kernel П which is defined from the Lagrangian:

2П(Ф, ЭФ; г), dr)) = a2L a2i
d V i d V j r)ir>1 +2^  эф<э(эвф,) r,' daV}

A  a2£
daVidpVj (82)

a  = 0 t, a = 1,2,3 —► x 1 ,x 2,x3.

(81) must be supplemented by boundary conditions which are defined as variational 
equations of the boundary conditions for the reference process Ф(х, t). In the case 
of an isolated system one gets from (28)

Д д ,1П ; = 0 . i = l , . . . , f .  (83)a(Vrfc)

(81, 83) are the basic equations for a dynamical stability theory of an isolated system. 
Via the kernel П they are again completely determined by the Lagrangian.

Obviously Jacobi’s equations (81) and the boundary conditions (83) can be 
regarded as the Euler-Lagrange equations of another variational principle of an 
isolated system. It is called Variational Principle of the Second Order:
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* - 7 7  П(Ф, ЭФ; »7, drj) d3x dt, (84)
«i y

J2 — extremum (85)
by free variations of all perturbation fields r/j(x, t) 
for fixed values at £1,2

%  (*1 *1 .2 ) =  0 (86)
and for the given reference process Ф(х, £) = {Ф<(х, t)}.
For an isolated system free variations 6rji(x,t) at the 
boundary dV are included.

I emphasize that the variations apply to the functions гц only, i. e. the principle 
operates in perturbation space. (84-86) can be regarded as a Hamilton’s Principle 
for the perturbation r)(x, t); the given fields Ф,(x, £) of the reference process play 
formally the part of control parameters. Eqs (81, 83) can be replaced by the second 
order variational principle. Thus a dynamical stability theory can also be based on 
this principle.

Of course the universal invariance transformations (64) apply as well to the 
principle (84-86) giving thus rise to another application of Noether’s theorem. 
Along this line I get the entropy concept in TIP and quite generally a stability 
theory in the sense of Ljapunov’s direct method [19].

The entropy concept can be based on Noether’s theorem on the ground of 
scaling transformations associated with the parameter s of the gauge group (75) 
(see [3]). However, there is a much easier procedure which works as follows:

The kernel П(Ф, ЭФ; r), díj) is homogeneous of 2nd degree with respect to the 
functions Г) and dr). By means of Euler’s formula this leads to

2П = Е
»=i

an an
П' dr)i+ d(dtT)i)

+ Vr,i an
a(Vm) •

(87)

Substituting Jacobi’s equations (81) in the first term one gets an inhomogeneous 
balance equation

atx + V • J„  = <7„ (88)
tn perturbation space which is fulfilled by each perturbation r)(x, t) of a given refer
ence process Ф(х, t). The constitutive relations in (88) are given by

r /,T. 9,T,... *..4 V - ЭП(Ф,ЭФ;Г7,ЭГ7), [ % э ч л а п ) - Х ,  д(а>т) m, (89)

........ J ^  a (v ^ )  nt>
(90)

q ч II to (91)
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In the case of complex-valued field variables this concept applies especially to 
the one-parameter class of real processes

(*»*.«) =  'M M )  e’*, k =  1 , ( 9 2 )

(see (76, 77)) which obviously is nothing else than the gauging group (75): The 
reference process Ф(х, t) is perturbed by a common phase shift e of all fields Ф*. 
The perturbation (80) associated with (92) is given by

4k = * Vk(x,t), r)*k = - i  Ф£(х, t). (93)

Inserting these expressions into (88-91) one gets an inhomogeneous balance equation 
which operates only in state space and which is fulfilled by the reference process 
Ф(х, i)! In the case of TIP it is called Second Law of Thermodynamics (1st part):

dts + V • J, = <7,. (94)

I emphasize that in (95-97) the kernel О has to be evaluated with respect to 
the complex-valued fundamental field variables Ф<! This is due to the fact that 
fi, being defined by means of ordinary derivatives, is not invariant with respect to 
a change of the fundamental field variables in state space. However, the entropy 
concept is regarded as an invariant concept, i. e. one should define fi by means of 
“covariant derivatives in state space” rather than by ordinary derivatives as is done 
by definition (82). To avoid these mathematical complications the complex-valued 
variables Ф<(х, t) are preferred with respect to the entropy concept. (The variables 
Ф* (x, t) are in a way the “rectilinear coordinates” in function space.)

Concerning the Zn^ part
<r.> 0 (98)

of the Second Law this is a natural outcome of dynamical stability theory which 
also can be done within LF [19].
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The associated constitutive equations are completely defined from the Lagrangian 
via the kernel fi:

entropy density : S  =  У ] " |  4k (95)
k d(dtrik)

entropy flux density : J ,  =  V ' } Vk (96)
k d[Vrik)

entropy production rate density : a , =  2fi(...)  (97)

4k =  * Фк(а:,*)

4k =  -*  *fc(M)
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Inserting the perturbation (93) into the Second Order Variational Principle 
(84-86) I get a most general Principle of Least Entropy Production:

- I s
2П(Ф, ЭФ; t Ф, t ЭФ) d3x dt =

* j
=  J  J  сг,(Ф,ЭФ) d3x d t =

u  V
= minimum

by free variations of the fields Ф*(х, t) at the sites 
marked by “J.” and subjected to the constraints (6)

(99)

Because of this strange variation, Eq. (99) defines but a quasi-variational principle 
which, however, operates completely in state space. The factor 2 in (99) is conven
tional because of (97). Obviously P is the the total entropy production of the system 
in the time interval [t^t^]. In general it can only be claimed that the integral P 
gets an extremum. However, the minimum is due to the physical constraint (98) 
which is associated with dynamical stability of the processes. Prigogine’s principle 
of least entropy production [5, 20] which applies but to special processes is implied 
in the general principle (99).

Example I
Applying the entropy concept (94-97) to the Lagrangian (15) and taking ac

count of the solution (34) one finds the following constitutive equations which are 
well-known in Fourier’s theory of heat transport [5, 6]:

яоII«0 (100)
—Л • V T  J,S) 

** rjt T  * (101)
VT • A•VT ,  „ / 1\ (102)-  T2 - J «3) V ( t )-

Example II
The same procedure as applied to (19, 62, 63) results in

(103)
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J .

N
J  -  £

>=i
T

J ( O )

T  ’

4 /  «=1 t = l

4 7 i = l  i = l

(104)

(105)

(106)

Again these relations are known from traditional TIP [5, 6]. (103) coincides with 
(26) and is part of the PLE. Also the relation (105, 106) is a direct consequence of
the PLE.

7. F inal rem arks

The Lagrangians (15, 16) and (19) completely reproduce traditional TIP as far 
as examples I and II are concerned. An essential point is the use of the particular 
solutions (34) and (62, 63) for the phase functions. Being aware of the fact that 
traditional TIP is associated with the PLE one is led to the following statements: 

The particular solutions (34, 62, 63) are associated with the restricted class 
of those irreversible processes which locally run through equilibrium states, on
ly. The Lagrangians (15, 16) and (19) are truncated forms of more general La
grangians which describe the most general dynamics of the respective systems. By 
the truncation the dynamics is physically restricted in the sense of the PLE. FVom 
these points of view the forms (16) and (19) can be regarded as the first terms of 
Taylor series of the (yet unknown) complete Lagrangians. Expansions are done with 
respect to deviations <p — <po(t, T) and <pi — <Pio(t, T, щ) from the local equilibrium. 
Along this line the Lagrangians can be extended to higher terms of the Taylor ex
pansions giving rise to generalizations of traditional TIP beyond the scope of the 
PLE. In this way the paradoxa of infinite speeds of heat and diffusion propagation 
can be cancelled from TIP in quite a natural way [4]. However, generalizing the 
truncated Lagrangians, the basic structures are preserved for ever. These are

-  the existence of a Lagrangian in TIP,
-  the complex-valued variables in TIP,
-  the universal invariance requirements,
-  the universal definitions of observables, balance and constitutive equations,
-  the entropy concept in TIP,
-  the stability concepts.
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Stochastic treatm ent of an exotherm al chemical reaction with Newtonian heat ex
change based on the b irth  and death m aster equation is proposed. The basic assumption 
is the discrete mechanism of energy transfer. The analysis of heat exchange process is per
formed. For the Semenov model the influence of the system  sise and of the m agnitude of 
elementary energy transfer on the sta tionary  value of tem peratures is studied. Also, a sim
ple model of thermokinetic oscillations is considered. It is shown that internal fluctuations 
may destroy limit cycle.

1. In troduction

The chemical reaction is a discrete process. The usual kinetic description 
in terms of continuous variables does not take into account inherent fluctuations, 
which in some situations can deeply influence the evolution. The stochastic theory 
of isothermal reactions is already well developed by means of discrete master equa
tions [1]. However, the problem of stochastic description of systems with changing 
temperature is much more complicated. The only exception is the adiabatic ther
mal explosion, which was recently studied by several authors [2-4]. In other cases 
it becomes necessary to model the process of energy transfer between the system 
and the external reservoirs. To this aim exact mechanism must be known, which 
is true only for very special cases (e. g. Knudsen flow [5]). Recently, we proposed 
a simplified description of non-isothermal chemical processes with heat exchange, 
based on a multi-step master equation [6] and applied it to the Semenov model. In 
the present work we discuss the stationary probability distribution of the Semenov 
model and also analyze the Frank-Kamenetskii model; it is the simplest model of 
thermokinetic oscillations.

2. Stochastic description of energy transfer

Let us model an inhomogeneous nonreacting system as an ensemble of coupled 
cells and let £* denote the internal energy in fc-th cell. The state of the system is

"Dedicated to Prof. I. Gyarmati on his 60th birthday
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then described by the multivariate probability distribution P({£};t) changing in 
time because of the energy transfer between cells. The multivariate master equation 
describing this change has the form [7]

dP({£kht)/dt =

=  H 2 I d s  lW b ( h  + *. £3 -  e  -» ifc. Sj) P ( . . . , S k  +  e , £ j - e , . . . - , t ) -  (!)
kJ J

—W k ( £ k >  £ j  * £k ~~ £) £ j  +  . •  • ; t ) P ( '  • • I £31 • • • ! t ) l  >

where Wk are correspoding transition rates and j  denote the cells being in thermal 
contact with the fc-th cell (e. g. in the case of a linear chain we have j  = k±  1). The 
main problem in the master equation description is to choose properly the transition 
rates Wk. It can be done explicitly only in simple models, in which the microscopic 
mechanism of energy transfer is known, e. g. in the Knudsen gas [5]. In the case of 
the Newtonian heat exchange, it is not the case (the exact temperature dependence 
of the heat transfer coefficient is in general not known). However, one can then apply 
Fokker-Planck or Langevin equation formalism, deriving these equations from Eq. 
(l); the noise term in these equations turns out to be state-dependent [8].

Recently,we proposed a simplified stochastic approach based on the discretiza
tion of the energy transfer [6]. We treat energy transfer as a discrete one-step 
Markov process with the elementary energy change q. The temperature change 
corresponding to the elementary heat transfer process is given by

A TE =  q/pCV, (2)

where C is the specific heat capacity, p the mass density and V is the system volume. 
If ATe is small enough, the total temperature of the system can be assumed to be 
a discrete variable

T  = m ATe , (3)

m i s a  natural number.
The macroscopic Newton’s law has the form

dT/d t = —a(T — Te), 
a = xS/pCV.

X  is the Newtonian heat transfer coefficient, S the surface area of the reactor and TE 
the temperature of the reservoir. As the rate of elementary energy transfer from 
the system to reservoir is proportional to the temperature of the system, and in 
opposite direction -  only to the reservoir temperature, the transition probabilities 
will be

W(n -► n + 1) = ane,
W(n —* n — 1) = an,

Acta Phyrica Hungarica 67, 1990
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where ne = TepCV/q, and the master equation (1) will assume the form

dP(m, t)/d t = ane{P(m  -  1), t) -  P(m, t)}+
+ a{(m +  l)P(m  + l,t)  — mP(m, £)}.

This equation can be solved analytically by means of the generating function method 
[1]. With initial condition

P(n, 0) = 6n<N

the time dependent solution of (6) is

P(n,t) =exp [ - n e( l - e  ot) ] ^ W!n"~r(l -  е- а«)^+"-2ге - аг*
r=0 (JV — г)! r! (n — r)!

The time evolution of the mean < n(t) > is given by

< n(t) >=  ne(l -  e-a<) + Ne~at 

and for the variance < 62n(t) >

< 62n(t) >= [(ne-a t + ne)(l -  e - “*)]1/2.

The stationary probability distribution is a Poisson distribution centered at ne

Р , { п ) = е ~ п' Пеп /п \

(7)

( 8)

(9)

( 10)

In the next Section we will apply the above formalism to two simple cases of chemical 
non-isothermal systems.

S. The system w ith  chemical reactions

(a) The Semenov model

Let us now consider the simplest model of an exothermal reaction with heat 
exchange (the Semenov model [9]): a closed reactor in thermal contact with a reser
voir, with exothermal reaction and Newtonian cooling. The Arrhenius temperature 
dependence of the reaction rate is assumed. The evolution equation for the tem
perature T  has the form

dT/dt =  (QA/pCV)c0e~E/RT -  a (T  -  Te). (11)
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Co is the concentration of the reactant (reactant consumption is neglected), Q is 
the reaction heat, A is the preexponential factor, E  the activation energy. The 
parameter characterizing the behaviour of the system is the Semenov number

Ф = e ~ E / ^ Te EQAc0/RTexS> (12)

which describes the ratio of the self-heating due to the exothermal chemical reaction 
to heat losses by the Newtonian cooling. For ф < фс (subcritical regime) the 
temperature tends to a unique stationary value, while for ф > фс (supercritical 
regime) the system has two stationary (low temperature and high temperature) 
solutions; the latter is called the explosive one.

Stochastic properties of the Semenov model in the supercritical regime (ф > 
фс) were analyzed by solving numerically the Fokker-Planck equation for the prob
ability distribution P(T,t) and by stochastic simulations based on the Langevin 
equation [10, 11]. It has been found that in the vicinity of фс the distribution of 
explosion times becomes broader and its maximum differs significantly from the 
deterministic explosion time. Usually, the fluctuations accelerated the ignition pro
cess.

Let us now pass to the discrete description proposed in Section 2. As the en
ergy change caused by an elementary act of exothermal chemical reaction is usually 
much larger than the elementary energy transfer, the corresponding temperature 
change can be approximated as

Д TR = Q/pCV = wq/pCV. (13)

The transition probability related to the chemical reaction is

W(n -  n +  u>) =  AVc0e - E(,GVlRqn. (14)

The stochastic version of the model (11) is then described by the following two-step 
master equation:

dP (n ,t)/d t = W (n  — w —► n)P(n — w,t) + W(n — 1 —* n ) P ( n—l, t )+
+ ^ ( n + l  ^  n ) P ( n + l , t ) -  
— [VF(n —» n + u>) + W (n  —► n — l)+
+ lF(n —► n+l ) ]P(n ,  t),

with transition probabilities given by (5) and (14).
From Eq. (16) one gets the recursive formula for the stationary probability

Pt (n + \)= [n  + \ ) - i [ \[A V eo la )t-Bl,cvlR,tn + n + n ^  P,{n) -  

- n eP.(n -  1) -  AVc0/a )e -EpCV/R4in- w)P.{n -  » )}  .
(16)
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Formula (16) can be cast into the form 

P.(n +  1) =  ( n + 1 ) “ 1-
XV

■ neP.(n) + £  ^{AVc0/a )e -EfiCV^ n- w+kA  P ,(n-u>  + k) ,
k=О

(17)

which is more convenient for computational purposes. Depending on the values 
of parameters (reaction heat, heat transfer coefficient, volume, the magnitude of 
elementary energy transfer q) the stationary probability can be uni- or bimodal (cf. 
Fig la-c).

Fig. Í
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The formula (17) was also used to study the dependence of stationary temper
ature on system size and the magnitude of elementary energy transfer for various 
values of heat transfer a.

Fig. 2a shows the dependence of AT, = (T8toch) — T<determ on the system 
size (measured by an extensive parameter V). Fig. 2b gives the dependence of 
AT, on the value ofW. One can see that the increase of V and W leads to the 
decrease of AT,. However, if V tends to infinity, AT, tends to zero (fluctuations 
become negligible), while for finite V A T, tends to a finite value when w increases 
(fluctuations related to the heat transfer become relatively small, but those related 
to chemical reaction are still significant, if the system size is finite).

(b) The Frank-Kamenetskii model

The simplest model of thermokinetic oscillations was proposed by Frank- 
Kamenetskii [9] and Sal’nikov [12]. It consists of the chain of reactions

A X  B + Q ,  (18)

the latter one being exothermic. The Arrhenius temperature dependence of к, is 
assumed. In the sequel we will consider the case when the concentration of A 
(denoted by a) is kept constant; the reaction scheme will then reduce to two stages, 
A —► X  and X  —♦ B. The deterministic evolution of the system is described by the 
rate equations for the concentration and the temperature

Acta Phytica Hungarica 67, 1990
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dx/dt = kia — k2x =  Aae~El^RT — A2xe E*lRTt
dT/dt = (QA2x/pCV)e~Ei/RT -  a (T -  Te). 19

As the second stage is exothermic, it will rapidly accelerate up to the exhaustion 
of the reagent X .  Then the temperature rise will stop. Reaction 1 which does not 
depend strongly on temperature, will proceed, so after some time the concentration 
of X  will be sufficiently large to start again the rapid stage 2. The process will 
thus repeat periodically (see Fig. 3). More details about deterministic descrip
tion of thermokinetic oscillations and experimental data can be found in [13]. The 
stochastic evolution is described by the master equation for the 2-variable probabil
ity distribution P(X, n); AT is the particle number and n is discretized temperature 
(as in the previous Sections). This master equation has the form

dP(X,n ,t)/d t  = W (X  + 1  —* X ,n  — w —* w)P(X  +  1, n — tv,i)+
+ W (X  - 1 ^ X ) P ( X -  1, n, t)+
+ W(n + 1 — n)P(Af, n + 1, t) + W(X, n — 1 —► n)P(X, n -  1, i ) -  (20)
-  \W(X  — X  + 1) + W (X  — X  -  1, n — n + tu)+
+W (n —► n -  1) + W(n —► n + 1)] P(X, n, t).

The transition probabilities W (n —► n ±  1) are given by (5), the other ones are

W (X  — AT — 1, n — n + u;) = A2Xe~E’/RT, 
W (X  — X + l )  = A iaV e -El/RT.

( 21)

We performed a series of simulations for different system volumes applying 
Gillespie’s algorithm [14]. The results are shown in Figs 4a-c. In Fig 4a (the largest 
volume) one can see the “probability crater” along the limit cycle. If the system size 
decreases, the internal fluctuations become more important and the crater gradually 
disappears (Figs 4b—c); we get unimodal probability distribution. The destruction 
of limit cycle by fluctuations was already observed in the case of additive external 
noise for the Van der Pol oscillator and the Sel’kov model [15].

4 . Conclusions

We proposed a simplified stochastic model of exothermal chemical reactions 
with Newtonian heat exchange. The discretization of the energy transfer leads to a 
two-step master equation. We investigated the stationary solution of this equation 
for the Semenov model, discussing how the stochastic effects depend on the system 
size, magnitude of energy transfer and exothermicity of reaction. We performed 
also stochastic simulations for the model of thermokinetic oscillations, observing a 
noise-induced phase transition (disappearance of the limit cycle for smaller system 
sizes).
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The model can be easily generalized to describe compartimentai systems. Oth
er possibility of generalization is to take q as a distributed variable (passage from 
“Einstein-like” to “Debye-like” reservoir). Recent progress in molecular dynamics 
simulations on nonisothermal chemical systems [16, 17] shall help in finding most 
appropriate forms of transition probabilities to be used in discrete master equations. 
The master equations can be then used more extensively to analyze chemical pro
cesses with heat transfer. As stochastic simulations are less time-consuming than 
molecular dynamics, they may be a useful tool to study nonisothermal systems on 
the mesoscopic level, especially to get qualitative information about non-equilibrium 
phase transitions.
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The rovibrational structure of the transition  А 2П — X 2S  of th e  van der Waals 
molecules NaAr and NaKr has been investigated by  means of high resolution laser spec
troscopy applying the techniques of laser-induced fluorescence and of optical-optical double 
resonance to  th e  molecules in a supersonic beam. Precise values for th e  param eters of ro
ta tion  have been obtained for th e  X 2S  state of N aK r84. By means of an investigation of 
the spectral distribution of the fluorescence light th e  repulsive part of the  X E-potential of 
NaKr has been determined. Local perturbations have been detected in th e  А2П states of 
both NaAr and NaKr and a full deperturbation analysis has been performed.

1. Introduction

The interaction potential between an alkali atom and a rétre gas atom has 
been the topic of many investigations, both experimentally and theoretically, for a 
long time. One of the reasons for this continuous interest is the relative simplic
ity of the system containing only one electron outside closed shells. Therefore, a 
useful approach to the theoretical calculation is a treatment as a three-body prob
lem consisting of the valence electron, the core of the alkali ion and the rare gas 
atom. In this way, pseudo potentials or model potentials have been derived for all 
combinations of an alkali atom with a rare gas atom. Up to now, experimental 
information on these systems comes mainly from scattering experiments and from 
line broadening investigations. However, spectroscopic work on diatomic alkali-rare 
gas van der Waals molecules is expected to provide more precise information on the 
interaction potentials.

The present contribution deals with the laserspectroscopic investigation of 
the molecules NaKr and NaAr. The molecular ground state X 2S + is weakly bound 
with a well-depth of the order of 50 c m '1. The first excited P-state of the sodium 
atom leads to the two excited molecular states А2 П1/2 and А2П3/2 with a welt 
depth of typicéilly 500 cm-1 and to the B 2S + state. Up to now, only the transition 
ATI — XT, has been studied in detail. The equilibrium distances in the molecular

‘ Dedicated to  Prof. István Kovács on the occasion of his 75th b irthday and present
ed at the Conference on High Resolution Electronic Spectroscopy of Molecules, held at T ihany 
in Sept. 88.
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ground state and in the ЛП state are quite different. Therefore, starting from the 
vibrational ground state v" — 0 one can excite only vibrational levels of the ЛП 
state around t/ = 10 with sufficient intensity due to the Franck-Condon principle.

The intention of the present investigation is to contribute to a precise deter
mination of the X T  and of the АП interaction potential. In addition, the results of 
our investigations may serve as a sensitive test for the accuracy of model potential 
calculations. As previous results have been published for NaAr [1] and NaKr [2] I 
restrict myself to the presentation of some new and unpublished material. This work 
has been performed in cooperation with my coworkers Dr. E. Zanger, Dipl.-Phys. 
A. Nunnemann, N. Ahr, I. Kapetanakis and V. Schmatloch.

2. Experimental observation and rotational analysis

The van der Waals molecules were produced by supersonic expansion of a 
mixture of rare gas and sodium vapour through a nozzle into a vacuum. The 
molecular beam was crossed by the light beam of a tunable single-mode cw dye 
laser under right angle. The fluorescence light of the molecules was observed in 
the direction perpendicular to the laser beam and to the jet. The dye laser was 
electronically scanned under computer control over a wavenumber range of 1 cm-1 . 
The relative frequency of the laser was determined by a Fabry-Perot interferometer, 
the absolute wavenumber was obtained by recording the well-known absorption lines 
of the iodine molecule. The intensity of the -fluorescence light and the transmitted 
intensities of the Fabry-Perot interferometer and the iodine cell were read by the 
computer and stored in proper files on the disk for further analysis.

The largest amount of information comes from an investigation of the rovibra- 
tional structure of the absorption spectrum of the molecules due to the transition 
ATA-XE where the total intensity of the laser- induced fluorescence is detected. The 
molecular ground state X 2T *  is a Hund’s coupling case b whereas the АП state 
is dominantly case a. The small amount of decoupling in the АП state for high
er rotational quantum numbers has been taken into account in our analysis. The 
spin-rotation splitting in the X T  state seems to be smaller than the resolution of 
our apparatus and could not be observed. Therefore, the rotational structure of 
each vibrational transition consists of 4 instead of 6 branches: Pi, Qi, i?i, P12 
with relative intensities of approximately 3:3:1:1 for AH1/2-X T ,  and P2, Q2, R2, 
R21 with relative intensities of 1:3:3:1 for AH^/^-XT. As the hyperfme structure 
of the sodium atom in its ground state is transferred to the molecular X T  state 
without change in our case, each rovibrational molecular line appears as a doublet 
with intensity ratio 5:3 and a splitting of 0.059 cm-1.

Fig. 1 shows as an example one high-resolution scan of the absorption spec
trum of NaKr. Due to the strong overlapping of different vibrational bands and due 
to the presence of several Kr-isotopes in natural mixture the observed absorption 
spectrum turned out to be highly congested. An assignment of rotational branches 
and rotational quantum numbers to the numerous absorption lines seems to be very 
difficult or even impossible without additional experimental information.
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R„(I5S*
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16777.2 16777.4 16777.6 16777.8 16778.0 16778.2
laser wavenumber, cm-'

Fig. 1. Part o f the high resolution absorption spectrum  of NaKr w ith  rotational assignment
Q i ( J ”) -----The vibrational assignment in the right upper corner is v ' U - v ” with 0  =  1 /2

and 3 /2  for ЛП1/2 and АП3/ 2 resp.

Therefore, we have applied the method of optical-optical double resonance 
(OODR) using two tunable single-mode dye lasers of about equal intensity. The 
frequency of laser В is tuned to a certain rovibronic transition of NaKr while the 
frequency of laser A is scanned. Both laser beams are chopped with different fre
quencies Ja and fa- Our detection scheme for OODR essentially corresponds to 
an observation of the part of the fluorescence light being modulated with frequency 
/ а  + /в- Under these conditions we can observe OODR signals if, for instance, 
the two rovibrational transitions induced by the two lasers share a common lower 
level. Therefore, the OODR spectrum is much simpler than the absorption spec
trum. It consists of only four lines for each vibrational band, it is isotope-selective 
and essentially Doppler-free. However, the OODR lines are power-broadened due 
to the high laser intensities necessary for obtaining the signals. Using the measured 
frequency separation Q(J) — P{J) and R(J) — Q(J) of the OODR spectrum the 
value of J  and an approximate value of the rotational constant of the upper state 
may easily be deduced. By performing OODR investigations for different common 
lower levels we could successfully assign rotational quantum numbers and branches 
to the numerous lines of the absorption spectrum as indicated in Fig. 1.

Another source of experimental information on the interatomic potential is an 
investigation of the spectral distribution of the fluorescence light. The frequency of
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the exciting laser is fixed to a proper transition. The fluorescence light is focussed 
onto the entrance slit of a grating monochromator which is scanned under computer

vacuum wavelength , nm

Fig. £. Spectral intensity distribution of fluorescence light. The laser was tuned to a wavenum
ber of 16 862.43 cm -1  exciting th e  hfs component G  =  2 of the Q 2(9.5) line of the transition  

X 2£t>” =  0 -+ A 2n 3 /2 v '  =  10 of NaKr84

control by means of a step motor. The result of our measurement in Fig. 2 obtained 
with an apparatus width of 1 nm shows a pattern with several peaks extending over 
a wavelength range of about 100 nm. The first peak at low wavelength contains all 
transitions to bound levels of the molecular ground state, whereas the remaining 
part of the spectrum is due to bound-free transitions ending on the repulsive part 
of the interatomic potential of the ground state. The whole pattern shows a clear 
reflection structure “reflecting” the radial probability distribution of the vibrational 
wave function of the upper bound state into the observed spectrum. A simple 
counting of the number of peaks yields then the vibrational quantum number of the 
upper state.

3. R esults

For the case of NaKr our previous investigation of the absorption spectrum 
of the АП -  XJ2 transition covered the range of wavenumbers between 16 858 and 
16 950 cm-1 . The present work deals with an extension of this investigation to 
lower wavenumbers down to 16 758 cm-1 . Up to now, our analysis is restricted 
to the most abundant krypton isotope Kr84 with a relative abundance of 57% in
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natural mixture of isotopes. We were able to assign rotational quantum numbers 
and rotational branches to about 700 additional absorption lines of the molecule 
NaKr84. These lines belong to transitions between vibrational levels t/ =  8...10 of 
the ЛП state and v" = 0..2 of the XE state. The measured frequency positions 
of these lines were fitted to the proper molecular Hamiltonian together with our 
previous results in one global fit in order to determine the molecular parameters of 
rotation, vibration, fine-structure splitting and Л-type doubling.

For the XE state we obtained for the first time rotationally resolved spec
tra for the vibrational levels v" = 1 and 2. Our results compiled in Table I allow us a

T a b le  I
Rotational constants and energy differences of vibrational levels 

of the X S  sta te  of NaKr84

\)n B v- [ G H z ] D „-[10~ 5 GHz] Я „-[10-®  GHz] ( £ V + 1 - ■ £ ,- ) [  GHz]

0 1.1285(2) 3.29(4) -2 .2 (2 ) 396.91(2)
l 1.0645(3) 3.76(7) -3 .8 (6 ) 348.26(2)
2 1.9940(4) 4.38(18) -7 .7 (2 .6 )

more precise determination of the bound part of the X S  potential than before [2]. 
This part of the potential may be represented to a good approximation by a Morse 
potential with an equilibrium distance of 0.4917(2) nm, a well-depth of 68.1(3) cm-1 
and with ßa0 = 0.493(2) (do Bohr radius). Expanding the experimental values of 
Bvn of Table I into a power series with respect to v" + 1/2 the coefficient of the 
linear term turns out to be ae = 0.0576(8) GHz. From the Morse potential given 
above we deduce a value of ae = 0.0647 GHz which is in satisfactory agreement 
with the experimental results. According to the Morse approximation altogether 9 
vibrational levels v" =  0...8 are expected to be bound within the well of the X S  
potential.

For the excited АП states we have determined the parameters of rotation, of 
fine structure splitting and of Л-type doubling for the vibrational levels v' = 8,9 
and 10 for the first time. Parts of our results are compiled in Table II. As can be seen

T ab le  II
Fine structure splitting constant A ,  rotational constant B ,  and 
energy value of vibrational levels of the А 2П state  of NaKr84

v ' A  [GHz] В  [GHz] (TV -  To) [ c m '1]

8 938.79(2) 2.1087(3) 16 774.611(4)
9 877.37(2) 1.9974(2) 16 812.721(4)
10 818.26(2) 1.8849(2) 16 846.774(4)

from Table II the fine structure splitting constant increases with decreasing v' and is 
much higher than the value of 345 GHz expected for a Hund’s coupling case a from 
the fine structure splitting of the 32P  state of the sodium atom. The interatomic 
potential of the А2П1/г2 and the А2П3/2 state has been obtained in tabulated form 
by means of the usual RKR procedure using all our data for the vibrational levels
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v' = 8..14. In comparison with the results of recent model potential calculations 
[3] our RKR potential curve is of similar shape, but is shifted by about 0.02 nm to 
higher intemuclear separations.

As already mentioned, the fluorescence spectrum of Fig. 2 is useful in order 
to obtain information on the repulsive part of the XU potential. We have used 
a computer program solving the Schrödinger equation for the upper bound state 
and for the lower continuum states for a given tabulated АП and XU  potential, 
resp. and calculating the intensity of the fluorescence light as a function of the 
wavelength. Using the results of the model potential calculations of Düren et al 
[3] for the АП and the XU potential we found considerable discrepancies between 
the calculated pattern and the experimental curve, the experimental maxima oc- 
curing consistently at lower wavelengths than in the calculated curve. Therefore, 
we changed the repulsive part of the X £ model potential by means of a simple two- 
parameter polynomial in R (R internuclear separation). Setting the coefficients 
of the polynomial to proper values we obtained better agreement between experi
ment and calculation. As can be seen from our preliminary results in Table III the 
repulsive part of the XU model potential has to be lowered consirably. However,

T ab le  II I
Preliminary results for the repulsive part V 
of the X S  potential as a function of R  
in comparison w ith the result Vmod of the 

m odel potential calculation [3]

R  [nm] V [cm- 1 ] ^mod [cm ]
0.265 1484 2192
0.291 712 1284
0.330 399 653
0.37C 218 270
0.410 52 53

we could not obtain full agreement between experiment and calculation with this 
simple modification and a more refined analysis is certainly necessary.

4. Local p ertu rb a tio n

For increasing vibrational quantum number v' in the АП state the energy 
values of the levels v' of the АП3/2 and v' + 1 of АПх/2 approach each other. Due 
to the different rotational constants in both levels we get a crossing of the two 
rotational ladders at a certain non-integer value of the rotational quantum number. 
The energy values of the rovibrational levels near the crossing point are considerably 
shifted by the non-diagonal part of the rotational Hamiltonian proportional to the 
operator J+S_ +  J_S + (J, S operator of total and spin angular momentum, resp.). 
This operator connects the rovibrational levels v' , J' of the АП3/2 state and t /+ l ,  J' 
of the АП1/2 state. However, its effect is only important close to the crossing 
and may be neglected far away from the crossing. In the experimental absorption
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spectrum the local perturbation shows up as a shift of the corresponding absorption 
lines from their regular positions.

A full deperturbation analysis has already been performed for the local per
turbation between v' = 11, П = 3/2 and v' = 12, П = 1/2 as well as between 
v' = 12, fi = 3/2 and t/ = 13, П =  1/2 in NaKr [2]. Therefore, I restrict myself 
to our new results for the case of NaAr. A local perturbation occurs between the 
levels v' =  11, ft =  3/2 and v' = 12, П = 1/2 around J' = 11.5. In order to get a 
rotational assignment for the molecular absorption lines near the local perturbation 
where the spectrum is highly congested it was necessary to perform OODR investi
gations. By means of these investigations we were able to determine the positions of 
about 30 absorption lines with known assignment near the local perturbation and 
to deduce preliminary values of the perturbation parameter B(v', vf + l). Using 
this preliminary result we could identify about 70 molecular absorption lines in the 
absorption spectrum due to the transitions АП3/2, v' — 11 — XYlv" = 0 and ÄU.i/2, 
v' =  12 — XSt/' = 0 with J" - values ranging up to 17.5.

Finally, we performed successfully a deperturbation analysis using the same 
procedure as described in [2]. The rotational perturbation parameter was deter
mined to be В ц / 12 =  0.474(3) GHz for the АП state of NaAr. The perturbation 
is slightly different for e and /  levels. This effect may be taken into account by 
introducing a second phenomenological parameter q(v',v' + 1) into the Hamilton 
operator of the perturbation [2]. For the case of the ATI state of NaAr we obtain 
911/12 = 0.021(5) GHz. Our experimental results for Ő11/12 may be compared 
to the theoretical prediction which is proportional to the matrix element of 1 / R2 
between the two vibrational states. The vibrational wavefunctions have been cal
culated by solving the Schrödinger equation of molecular vibration using the model 
potential of Düren et al [3] for the interatomic potential of the ATI state. The result 
of this calculation is В ц /12 = 0.505 GHz which is in very good agreement with the 
experimental value.
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A unified theory of massive photons and monopoles is proposed and  compared w ith 
the measurement of the magnetic field of the earth.

In troduction

In this paper we propose a theory both of massive photons and Dirac’s 
monopoles in order to account for the radial component of the magnetic field of 
the earth and to give a new method for measuring the mass of the photons.

Beside the interpretation of this radial component our theory allows for giving 
an upper limit for the total magnetic charge of the planet.

Laboratory experiments based on Coulomb’s law have set a very small upper 
limit for the photon mass [1, 2, 3]. Another upper limit for the photon mass can be 
obtained from the measurement of the magnetic field of the earth.

The usual dipole expression for a magnetic field is

H =  ^  [3(z r ) r - z ] ,  (1)

where m  is the magnetic moment and z is a unit vector in the direction of the dipole 
axis.

If a massive photon is assumed from Proca’s theory the former expression is 
modified as [4]

H p  =  ^ е _дг[(1 + А»г+ ^ 2r2) (3 (rz ) r -z )  -  (2)
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where ß is the inverse Compton wavelength of the photon. The last term in (2) 
looks like a constant magnetic field H e x t  for fixed r which adds to the classical 
case. On the earth surface at the equator the ratio between H e s t  and the classical 
dipole field is

H e s t  _  | м 2 Д 2

Heq 1 +  ßR  + \ ß 2R2

Measurement of the ratio fixes for the photon mass an upper limit of 4 • 10~51 -r 8 • 
IO“ 52 kg [4, 5].

In this paper we show that our theory is compatible with these data.

1. A un itary  theory  of massive photons 
and monopoles

In order to give a coherent theory of massive photons and monopoles we start 
from the formulation of Cabibbo and Ferrari [6]. The electromagnetic tensor is 
expressed by means of two potentials AM and В** by

JW“' = 8»AV -  dv A» -  (3)

This allows to overcome the conceptual difficulties of the Dirac’s strings [7, 8]. Our 
theory starts from the Lagrangian

* = + ! + f ,  -  r ,  b »a "- (4)

when J ** is the “electrical current” and К ** is the “magnetic current”. As can be 
seen from (4) our theory allows two photon masses ß and a. The above expression 
comes from two assumptions:

1) Terms like p2AMB M which would mix up the potentials the field equations are 
omitted.

2) The field sources interact only with their own potentials.
From (4) there follow the field equations:

PF,,» + ß2Av = —  Jv,
c

+ = —  K„, (5)
C

where is the dual of F^,.
From (5) it turns out that for v — ► 0 and <r — * 0 one gets the equations for 

the Dirac monopoles while in absence of magnetic charges one gets back Proca’s 
equations and the usual definition of

Obviously for ß = a = 0 and Bß = 0 one gets the Maxwell equations.
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We can therefore say that (5) are the natural extension of classical theory to 
the case of massive photons and monopoles.

In this theory the field E  and H  are:

E = - У Ф -  -  4- A -  VAB,  (6)c at

H = - V n - - A b  + V a A, (7)
c at

where Aß = (Ф, A) and Bß = (ft, B) гиге the two four potentials; the free equations 
are the very complicated expression

□ E = Ц2 ^УФ + ^ a | + ( t2V a B, (8)

□ H = a2 ( v n  +  \  y t BJ -  M2V Л A. (9)

However, if one puts ц = a we get instead of (8), (9) the very simple equations

(□ +  /i2) E = 0, (10)
(□ +  cr2) H  = 0. (11)

2. Calculation of the  magnetic field of the earth  

For a Static field we get from (7)

H = —VO +  V Л A. (12)

Developing the scalar potential П and the vector potential A in the multipole series, 
the scalar potential gives a monopoles term:

fi(r) = g —  (13)r

and a dipole term
n(r) = - P m • V ( ^ - p j  , (14)

where
Pm = J  xVm(x') d V  (15)

is the dipole moment due to the distribution of magnetic charge pm. The vector 
potential A does not give any monopole term as in the classical case but a dipole 
term generated by the electric current:

a w  = - n r .  d«)
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where
m (17)

is the magnetic moment.
After lengthy calculations we have

H = g  

+  

+

(1 + /xr)r+

me-ЦГ
r3

Pmt-»T

(1 + Mr +  ^ 2r2)(3(m r ) f  -  m) -  ? M2r2m 

(1 + ßr +  ^ A 2)(3(r p )f  -  p) -  i M2r2p

+ (18)

Conclusions

Our formula (18) does not give any further support for the measurement of 
the photon mass as it is essentially due to the measurement of the external field 
2/3r2ß2 which is proportional to ß2. A second external field is introduced through 
1/3Pr2ß2 anywhere the external smallness of a magnetic charge distribution is such 
that this term is much below the instrumental sensitivity.

On the contrary our formula allows to give an upper limit on the magnet
ic charge of the earth. Experimental evidence supports that the possible radial 
component of the earth ̂ magnetic field is not greater than 10 7 .

From Dirac’s quantisation conditions the elementary charge of the monopole 
is of the order 10“ 15 MKS unit. From the first term of (18) with r taken as the 
earth radius and with mr = 10~51 kg we get that the total maximum magnetic 
charge of the planet must be less than 108 monopoles. Such density corresponds to 
1 monopole every 1043 nucleons which does not affect in any way the cosmological 
critical density.
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The system of Einstein’s fleid equations for a spherically sym m etric perfect fluid 
is integrable in the event of constant mass density. Using this result we consider th in  
layers with the same symmetric properties. From th e  fitting conditions and by reducing 
the thickness of the layers to  zero we obtain a new system  of differential equations of th e  
former constants of integration.

1. Introduction

From the Einstein’s field equations

Rab  g ^ 9 ab — tzTab, ( 1 )

(Rob denotes the Ricci tensor, R the curvature invariant, gab the metric tensor, к 
Einstein’s gravitational constant and Tab the energy-momentum tensor) using the 
spherically symmetric metric

ds2 = eA(r>dr2 + r2(dâ2 + sin2 6 dV2) -  e ^ Th 2 dt2 (2)

one obtains for a perfect fluid

T“6 =  (m + uaub +  pgab (3)

(fj, is the mass density, p is pressure and ua is the 4-velocity) the following system 
of differential equations

кр = e

up =  e

Kfic = e A

j/
r + r2

2 +  2
i/'Л' u' -A '

2r
V
r

1

(4)

(5)

( 6 )

‘ Dedicated to Professor E. Schmutzer (Jena) on th e  occasion of his 60th birthday
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(bar denotes the derivative with respect to r) and the condition of integrability

P' = - J  [P +  MC2] (7)

(see [1], [2]).
We will use Eq. (7) instead of Eq. (5). For the case p = const it is possible 

to integrate the above system. The solution is

e - A<r> = 1 -  Ar2 +  - ,  (8)

p(r) = B e

i/(r) /2  _  .
2 A

with
1A : = — кис' 3

r
И /2 - Í  A, (9)К

D y / l  -  Ar2 (10)

= constant, (И)

and С, B, D as the constants of integration.
Because of the fact that the metrical functions must be regular we have to 

set C — 0 in (8).

2. The method o f thin layers

We are able to treat the system (4)-(7) for any function of p(r) (resp. .A(r)) 
in the following manner.

We divide the model in thin layers (sheik) as shown in the Figure.

M O . M r) Ai+i(r), Vi+i{r)
Pi{r), Ci P»+i(r ). Ci+i

Bi , Ci Bi+1, Di+1
r i- i  < r < u U < r <  ГЧ+1

t--------- 1---------- 1—
Pi • Aj U|,i,

X-------------- 1--------------- 1----------------------1------ ------- f------ --------1—
•  r1 r2 ri-1 J fi * ri*1

Fig. 1. M odel d iv id e d  in to  th in  lay ers
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In each layer the mass density p (resp. A) should be constant. The spherical 
symmetry is not broken. Therefore equations (4)-(7) are valid. We obtain for each 
layer

е - л'<г> =  1 -  M r 2 +  (12)
Г

Pi(r) =  B{ e -^ (-)/2 -  -  Ai, (13)К
е-Лг)/2= ^ _ А .г2 + ^ у \

к Bi f  r dr
T ~  J  ( Г ^ Л ^ Т ~C~Jr)*i*

Г(_1
(r»-i < r <  ri+i),

+ Di , (14)

(г denotes the number of layers). Furthermore we demand fitting conditions for À, 
p and V at the points r<

We obtain

M r<) = А<+1(г<), 
P .( r *) = P i + i ( r . ) ,  
«'»(ri) =  f« + i(rt ).

Ci+1 -  Ci = rf(Ai+1 -  Ai),
3 /  C \ 1̂ 2B i+1 — B i — -(Ai+i — A<) I 1 — A ir 2 + D i + 1,

ri

« 4 - 1

r dr
( 1 -  Air* +  C i/r)3/2-

(15)
(16)
(17)

(18)

(19)

( 20 )

With the thickness of the layers tending to zero we receive A (resp. p) as a function 
of r, furthermore

Г

C{r) =  A(r)r3 — 3 J  A(r)r2 dr +  C0, (C0 =  0)
о

and a system of differential equations of the former constants of integration
1 /2

( 21)

B'(r) = ^  A'(r)

W  = 2 '

0 
r

-  \  j  M r)r2 d

r2 dr D(r),

- 3 / 2

B(r).

(22)

(23)
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Finally the complete result has the form

where

F : =

-Л _  f 2( (24)
e" = D2F2, (25)

B  3 .  
P DF k A> (26)

B' = -  A'FD,К (27)
KT _

-  2F3 B ' (28)

r 1/2

1 A(r)r* dr (29)
0

That means that for tiny function A(r) (resp. ß{r)) we have to solve the equations 
(27) and (28) to obtain the exact solution of the field equations (4)-(7).

Furthermore we are able to formulate a differential equation of Riccati type

where

G' = 3
к A'F  — Kr r i

2F3 ’
(30)

(31)

3. Problems
The remaining problem is the more complicated treatment of the above system 

(24)—(28) for a given equation of state

p = р Ы  (32)
and not for any given function ß(r).
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The theory of nuclear fusion of two heavy ions is considered. This fusion process is 
one of the most dissipative processes since th e  two ions combine together forming a single 
excited systems. The fusion process occurs when the system is trapped into a pocket of 
the potential energy surfaces. The interaction potential is calculated making use of the 
Thom as-Ferm i model. The calculated interaction potential helps in reproducing th e  fusion 
barrier by introducing the energy density formalism. Neglecting the tem perature, previous 
calculations show th a t th e  fusion of two heavy ions cannot occur if Z 1 Z 2  > 2500. In  the 
present work, the effects of including the tem perature in the interaction potential and on the 
fusion cross-section are investigated for several two heavy ions using a modified T hom as- 
Fermi model. In the present calculations, taking the tem perature into account, th e  fusion 
process of two heavy nuclei is found to occur for all values of Z \ Z 2  to  3000. This result is a 
generalised modified result for the previously obtained condition. Simple static calculations 
of the fusion cross-sections are performed using hot potentials. The present calculations 
show th a t the barrier of the fusion cross-section is not sensitive a t low bombarding energies; 
while a t higher bom barding energies, the inclusion of the tem perature  increases th e  fusion 
cross-section.

1. Introduction

The kinetic energy of the relative motion of two heavy nuclei [1] is converted 
into two types of energy. The first type of energy is the collective kinetic and po
tential energy, while the other type is the internal single-particle excitation energy. 
The first type of the energy (the collective energy) may be reconverted into other 
collective modes of energy and then consequently it does not represent any true 
dissipations. In contrast, the coupling of the transfer process of the initial kinetic 
energy into internal energy is an irreversible process on a macroscopic scale; and 
consequently it is considered as representing a dissipation. A strong connection 
between current and dissipation is investigated [2] leading to a friction form factor 
which is the basic importance in the dynamical description of dissipative heavy ion 
collisions. The connection between the calculated flux and the imaginary part of 
the optical potential is also investigated [2]. These techniques have been used in 
obtaining the particle jetting appearing in the early stages of high energy heavy 
ion reactions. No previous distinction has been introduced between collective and 
internal energy.
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R [fm]

Fig. 1. Interaction energies of the two heavy ions 84K r +  166Er as a function of their relative 
distance. V^v(0) is the nuclear p art of the potential a t tem perature 0 MeV, V c  is the Coulomb 
p art and V(0) is th e  to ta l interaction potential at 0 MeV. Vjv(5) is the nuclear potential at T  =

5 MeV and Vt (5) is the to tal interaction potential at 5 MeV 
Fig. Í. Interaction energies of the two heavy ions 12SXe +  122Sn as a function of their relative 
distance. V}y(0) is th e  nuclear p a rt of the potential a t tem perature 0 MeV, V c  is the Coulomb 
p art and V (0) is th e  to ta l interaction potential at 0 MeV. V)y(5) is the nuclear potential at T  =

5 MeV and Vt (5) is the to tal interaction potential at 5 MeV

The interaction potential between the two heavy ions at bombarding energies small
er than 10 MeV/ A has been found to reveal the existence of dissipative phenomena 
[3]. In that respect two kinds of dissipative collisions have been investigated, name
ly, the fusion and the deep inelastic reactions. The fusion reactions are certainly the 
most dissipative ones since the two ions merge into a single system of excited nucle
ons. Then the fused system subsequently proceeds either to a compound nucleus or, 
in some special cases, to feist fission [4]. Meanwhile, the deep inelastic processes are 
introduced [5] in terms of few collective degrees of freedom in treating their evalu
ation towards the equilibrium. This equilibrium is not necessarily reached since, in
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some cases, the interaction time is shorter than the relaxation time of the collective 
motion under consideration. In these studies the dissipation process is basically 
treated by means of a friction force acting on the collective motions. Several mod
els [3, 6, 7] have been proposed to explain the dissipative characters of heavy ion 
reactions. One of the most interesting is the interaction potential in the sudden ap
proximation by which a large number of systems [8, 9] has been calculated. In this 
model the basic statement is the generalized Thomas-Fermi function [10, 11], from 
which the parameters were determined by solving the variational problem. The 
nuclear densities generated in that approach do not exhibit a good tail behaviour, 
however, the Hartree-Fock densities [13] are used instead of it. One of the main 
problems in using the interaction potential model [3, 6, 7] is that the Hartree-Fock 
densities are needed as an input for the calculation. This leads to rather tedious 
computations and simplifications are necessarily needed.

The fusion process at which the system remains trapped into a pocket of the 
potential energy surface is investigated by Thomasi et al [14]. In their investigation, 
they found [15] that the pocket of the interaction potential disappears in two cases. 
The first case is that when the orbital angular momentum is sufficiently large due 
to the centrifugal force and being repulsive [16]. Therefore, for £ = 100 it is found 
that the pocket disappears and can no longer trap the system. The second case of 
fusion process is that which comes from the repulsive Coulomb field between the two 
incident ions being very large for two very heavy nuclei. Therefore, the Coulomb 
force for a very heavy system cannot be counteracted any more by the nuclear force. 
The properties of dissipative heavy ion collisions are determined at the early stages 
of the reaction, before the system reaches the closest distance of approach. This 
case is applicable for instance for fusion process. Therefore, the fusion cross-sections 
can be obtained with a reasonable description by using the dynamical calculations 
using the sudden interaction potentials. However, other properties like the total 
kinetic energy of the deep inelastic fragments are mainly determined in the exit 
channel. In the case of using sudden potential, there is no quantitative effect if the 
two nuclei are assumed to remain spherical during the whole collision process.

The importance of conversion of relative motion kinetic energy into collective 
energy is shown by Nix et al [17] by calculating the compound nucleus cross-section 
for zero dissipation which provides an important background for subsequent cal
culations with any type of dissipation. These cross-section calculations are based 
on the criteria that the dynamical trajectory of the fusion system must pass inside 
the fusing saddle point in a multidimensional space to form a compound nucle
us. Swiatecki [18-20] and Bjornholm [21] developed a model based on the chaotic 
regime dynamic in which the liquid-drop potential energy plus one-body dissipation
[19] is used. In their calculations, a necking degree of freedom is allowed but the 
finite range of the nuclear forces is disregarded and so the nuclei remain spherical 
during the neck formation. In an interesting approach, Gross et al [22] and Fröbrich 
[23, 24] take into account the oblate, prolate and quadrupole deformations using 
nuclear forces within a single folding potential where the neck formation is exclud
ed and therefore the dissipation is described within the surface friction model. A 
very strong phenomenological dissipation is assumed by considering [25] two spher
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ical nuclei interacting within a sudden potential derived from the energy density 
formalism. The overlap of the two spheres is possible but is limited to a small pene
tration. The necking degree of freedom and the nuclear proximity energy are taken 
into account [26] to explain the fusion cross-section profile and the barrier heights 
for heavy systems independent of temperature. Two parameter families are used 
with shapes which simply allow them to follow the fusion path leading from the 
two separated spherical nuclei to the spherical compound nucleus. The obtained 
calculations have been compared with different models. In these calculations it has 
been found that for very heavy nuclei systems for which Z\Z i > 2100 ±  100, a 
dynamical fusion barrier exists which is significantly higher than the static one and 
therefore is in close agreement with the experimental data.

The simple dissipative dynamical model [14], in a semi-quantitative way, leads 
to an increase of the fusion cross-section at higher bombarding energies. With this 
model, it is possible to investigate the effect of the temperature on the interaction 
potential between two heavy nuclei. Therefore, this potential can be calculated 
assuming that the projectile and target nuclei have zero temperature. However, 
it is obvious that heating a nucleus will change its density distribution which will 
introduce in turn some modifications to the potential between the interacting nuclei. 
These modifications have been already investigated [27] by using a double folding 
model. They studied the (a +  208Pb) and (12C + 208Pb) systems by using the 
densities obtained from the thermal Hartree-Fock calculations.

In the present work, the theory of the fusion process is reconsidered. We 
study the effect of the temperature on both of the interaction potentials and the fu
sion cross-sections. Numerical calculations for the interaction potentials and fusion 
cross-sections obtained from heavy ion reaction are carried out. The interaction po
tentials at finite temperatures are calculated for the 129Xe + 122Sn and 84Kr + 166Er 
systems. The fusion cross-sections are also calculated at finite temperatures for the 
86Kr (70Ge, 76Ge, 92Mo, 100Mo, "R u , 104Ru), (84Kr + 166Er) and (129Xe + 122Sn) 
systems, where good agreements between the present calculations and the experi
mental data [28] are obtained. Then the influence of the temperature on the fusion 
of two heavy nuclei for systems considered here for which ZiZ2 > 2500 -  3000, 
can be obtained from the comparison between the present calculations and the 
experimental data.

In Section 2, we introduce the mathematical and theoretical expressions for 
the nuclear density distribution together with the interaction potential and fusion 
cross-section at finite temperatures. In Section 3, the numerical calculations and 
results are given. Discussion and conclusions are introduced in Section 4.

2. Nuclear density distribution at finite temperature

The hot Thomas-Fermi model has been found by Barranco et al [29, 30] to be 
a useful tool in investigating the nuclear density distributions at finite temperatures. 
These calculations are introduced as a general extension of the Brueckner et al [31] 
calculations of the model at zero temperature. At a point distance defined by r,
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the energy density s(r) is defined as

e(r) =  e{pn(r),pP(r)}. ( 1 )

Fig. 3. Interaction energies of th e  two heavy ions 136Xe +  197Au as a function of the ir relative 
distance. Pjv(O) is the nuclear p a rt of the potential a t tem perature 0 MeV, Vq is the Coulomb 
p art and V(0) is the to tal in teraction  potential at 0 MeV. Vjg(5) is th e  nuclear potential a t T  =

5 MeV and Vt (5) is the total in teraction  potential a t 5 MeV 
Fig. 4- Fusion cross-sections calculated for the (8CK r +  70Ge) system  a t a zero tem perature 
interaction potential (dashed line), with a tem perature dependent interaction potential (full line) 

as a function of the inverse of C. M. energy ( l /Е с м ) -  The experimental points are taken from
reference [28]

Equation (1) means that the energy density is dependent only on the local one body 
densities for proton and neutron. In addition to the Coulomb and nuclear potential 
terms, it includes also the kinetic energy density term ту which is related (for a 
uniform Fermi gas) to the densities pi by the following set of relations

,2)
and
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1 /2  m T \3/2 0.
“  2x V a2 )  )•

where t = n or p referring to the neutron or proton. The integrab ./„ which appeared 
in Eqs (2) and (3) are known as the Fermi integrab. Abo we have

,  =  4o { l - t a ( ^ )  } ,  M

where r/o and к are the coefficients of the kinetic and potentiell energies. At fixed 
temperature T  for a given pi, Eq. (3) b  inverted to obtain the degeneracy parameter 
r/° and b introduced into Eq. (2) to get the kinetic energy density г*. Then when 
the temperature T  tends to zero, the relationship between pi and r, b reduced to 
the known Thomas-Fermi expression given as

3 h 2. j/j i  ,_ч
г‘ =  5 2 ^ (2' ) '<■ (5)

Therefore, it b  necessary to define the free energy f(r). The free energy /(r)  
can be written as

/ ( r ) =  c(r) -  T(Sn + Sp), (6)
where the entropy densities tire given by

Si = “ П -  l iP i , * =  n,p. (7)

Then, the total free energy F can be obtained by integrating over the whole space.

2.1. Interaction potentials at finite temperatures 

The interaction potential V (R) between two heavy ions is given by

V (R ) = f  &  {e(pln + p2n, Pip + P2p) -  s(pln ,pip) -  e(p2n, P2P)} ( 8 )

In Eq. (8), the energy densities e(r) have the generalized hot Thomas-Fermi ex
pression where pin, Pip and p2n, p2p are the neutron and proton densities of the 
two incident heavy ions. Abo R  b  the dbtance separating the two centers of mass 
of two heavy ions. Thb potential as given by Eq. (8) b separated into two parts; 
namely nuclear part and Coulomb part. Therefore, the interaction potential can be 
written as

V{R)=Vn{R)+Vc{R), (9)
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x10-31 X 10-31

Fig. 5. Fusion cross-sections calculated for the (8eK r +  70Ge) system  at a zero tem perature  
interaction potential (dashed line), with a tem perature  dependent interaction potential (full line) 

as a function of the inverse of C. M. energy ( 1 / E c m ) -  The experim ental da ta  points are taken
from reference [28]

Fig. 6 . Fusion cross-sections calculated for the (86K r +  e2Mo) system  at a zero tem perature 
interaction potential (dashed line), with a tem perature dependent interaction potential (full line) 

as a function of the inverse of С. M. energy ( 1 / F c m ) -  The experim ental da ta  points are taken
from reference [28]

where Vjy(i2) is the nuclear part of the interaction potential. This nuclear part of 
the potential is temperature dependent [31] and has been factorized to be written 
in the form

А1/зл  Ф
m s ) - , , ; ,  (“ IA1 +  A2'

where

U(S,T)
a(T) exp(—6(T)S2) 

a(T) +  C S2

S > 0, 

S < 0.
( 11)

The different variables which appear in Eq. (11) have the form as

S  = R - r  (л}/3 +  A \ 'z) , (12)

r  =  0 .8 6  - 0 . 0 1 1 9  Г 2 , (13)

o ( T )  =  - 3 6  -  2 .5 5  T 2 (14)
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b(T) = 0.2135 -  0.05088Г +  0.00382Г2, (15)

with the value of C =  4.82.
Considering the two colliding heavy ions as point charges, the Coulomb po

tential Vc(R) which appeaxed in Eq. (9) can be written as

VC(R) = l.U ZiZa/R .  (16)

In Eq. (16), Z\ and Zg, are the charges of the two colliding heavy ions and R is the 
distance between their centers of mass. In Eq. (16), R is given in fermi units and 
so the Coulomb potential Vc is given in MeV.

2.2. Fusion cross-section at finite temperatures

Following the critical distance model [32, 33], two expressions for the fusion 
cross-sections are given according to the energy. At low energies the fusion cross- 
section is given by an expression as

(‘ “ Ŷ 1) , (17)
while at high energies the fusion cross-section is given by the expression

<т,и. =  *Я2 (18)

In Eq. (17), Rb  is the barrier radius and Vb is the conservation potential at the 
barrier radius Rß • In Eq. (18) R c  is the critical distance and Vc is the conservative 
potential at the critical distance. E cm  in both equations (17) and (18) is the center 
of mass energy. The value of the barrier radius R b  is given as

RB = 1 .4 (a Î/3 + 4 /3) .  (19)

Also the critical distance Rc is given by

Rc  = 1.0 (Aj/3 +  4 /3) . (20)

Introducing the temperature dependent interaction potential in Eqs (17) and (18), 
we get expressions for the fusion cross-sections at both low and high energies. At 
low energies, the fusion cross-section is given by the expression
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Also, at high energies, the fusion cross-section is given by

a(T) = ̂ e ( l - ]̂ y  ( 22)

X10'31

Fig. 7. Fusion cross-sections calculated for the (86K r +  00Ru) system  at a zero tem perature  
interaction potential (dashed line) with a tem perature dependent interaction potential (full line) 

as a function of the inverse of C. M. energy (1/£<см)- The experimental da ta  points are taken
from reference [28]

S. Numerical calculations and results

In the present work, we introduce a theoretical study for the interaction po
tential and the fusion cross-section between several two heavy ions. The inclusion of 
the temperature in both expressions for the interaction potential and fusion cross- 
section are introduced in the preceding Section 2. Numerical calculations of the 
present expression for the interaction potentials obtained on the basis of the hot 
Thomas-Fermi model and including the temperature are carried out for both of 
the systems 84Kr + 166Er and 129Xe + 122Sn at 12.5 MeV/u and for the system 
13SXe + 197Au. These three systems are specially considered in the present work 
since we have for the first system ZyZ^ < 2500, while for the second two systems 
we have ZyZ? > 2500. The present theoretical calculations are shown in Figs 1-3. 
From the obtained present theoretical calculations introduced in Figs 1-3, we see 
that the influence of temperature at 5 MeV on the interaction potentials between 
the two heavy nuclei is that it creates clear pockets for two of the three systems
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with' ZiZ2 < 2500, as well as for the systems with Z^Z2 > 2500. This result is 
very important, since it has been assumed from previous calculations [31] that the 
pocket does not appear for a system with ZiZ2 > 2500, and it appears only for 
systems for which Z\Z2 < 2500. Therefore, the results obtained here are a gener
alization of the previous calculations and so, the present calculations allow for the 
formation of the pocket for all systems with Z1Z2 < 2500 as well as for systems 
with Z\Z2 > 2500. Also we can see from Figs 1-3 that the observed nuclear energy 
part is clearly decreased when the temperature is increased. This decrease in the 
nuclear energy part is directly connected to the increase of the diffuseness of the 
densities with temperature. Detectable shifts have been also obtained on both of 
the depth of the nuclear part and its location at lower distances by increasing the 
temperature. This result is in agreement with previous calculations [14]. From the 
present calculations, we get the result that for any two heavy nuclei to fuse, the 
condition should be fulfilled that the fissility parameter must be less than or equal 
to 47, which is in agreement with previous calculations [15].

к ГО"31

1/EC M [M eV 1]

Fig. 8 . Fusion cross-sections calculated for the (86K r +  100Mo) system a t a zero tem perature 
interaction potential (dashed line) w ith a tem perature dependent interaction potential (full line) 

as a function of the inverse of C. M. energy (1/E Cm )- The experimental d a ta  points are taken
from  reference [28]

The influence of the inclusions of the temperature on the fusion cross-section 
for the fusion of two heavy ions are also investigated. We carried out numerical 
calculations for the fusion cross-sections of the systems 8GKr (70Ge, 7<3Ge, 92Mo, 
"R u , 100Mo, 104Ru), (84Kr + 166Er) and also (129Xe + 122Sn), by using statistical 
model calculations and by including the temperature. The present calculations of 
the fusion cross-sections are compared with the experimental data [28]. The present
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calculations of the fusion cross-sections with the comparisons with the experimen
tal data are shown in Figs 4-11. The present theoretical calculations including the 
temperature are shown by solid curves, while the experimental measurements are 
denoted by points. Abo, we introduced the theoretical calculations of these reac
tions without including the temperature and they are shown in Figs 4-11 by dashed 
curves. From Figs 4-11, we can distinguish between two different effects due to the 
inclusion of the temperature in the fusion cross-section in both cases of low and high 
bombarding energies. We see from Figs 4-11 that the barrier height of the fusion 
cross-section is not sensitive at low bombarding energies above the barrier. Howev
er, for the cases at higher bombarding energies, the calculated fusion cross-section is 
increased when the temperature is included in the interaction potential. Therefore, 
we see from Figs 4-11 that, our present theoretically calculated fusion cross-sections 
including the temperature are in agreement with previous calculations [14] for both 
cases of low and high energies.

X 10*31

Pig. 9. Fusion cross-sections calculated for the (*®Kr +  104Ru) system at a sero tem perature 
interaction potential (dashed line) with a tem perature dependent interaction potential (full line) 

as a function of the inverse of C. M. energy ( l /Е с м )-  The experimental da ta  points are taken
from reference [28]
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X 10'31

Fig. 10. Fusion cross-sections calculated for the (81Kr +  166Er) system at a zero tem perature 
interaction potential (dashed line) w ith a tem perature dependent interaction potential (full line) 

as a function of th e  inverse of C. M. energy (1/JSc m )
Fig. 11. Fusion cross-sections calculated for the ( 129Xe +  l22Sn) system at a zero tem perature 
interaction potential (dashed line) w ith a tem perature dependent interaction potential (full line) 

as a function of th e  inverse of C. M. energy (1 /Е см )

4. Discussion and conclusions

In the present work, we introduce an investigation of the effect of including 
the temperature on both of the interaction potential and the fusion cross-section of 
two heavy ions. The interaction potentials are calculated for different two heavy ion 
systems for which Z\Z^ < 2500 as well as for which Z\ Z2 > 2500. Prom the present 
calculations we found that a clear pocket for the interaction potential energy exists 
at finite temperature of about 5.0 MeV. It has been observed also that a decrease in 
the nuclear part of the interaction potential is obtained by increasing the temperar 
ture. Thus, our present calculations lead to the result that the fusion process occurs 
for any two heavy ions even that for which ZiZ2 > 2500. This result is a general
ization for previous calculations and is breaking down their limiting condition [31]. 
Meanwhile, the present result is in agreement with previous calculation [15]. Also, 
very good agreement is obtained between the present theoretically calculated fusion 
cross-sections and the experimental data for the different two heavy ion system as 
shown in Figs 4-11.
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Thus, we conclude that the inclusion of the temperature increases the fusion 
cross-sections at higher bombarding energies, while at low bombarding energies the 
barrier heights of the fusion cross-sections are not sensitive.
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We enumerate the advantages of using th e  stochastic quantization method over the 
standard methods and as an example use it to  quantize para-Fermi fields obeying trilinear 
quantum  conditions. Finally chiral anomaly for spinor fields is obtained directly from  the 
c-number Langevin equation which forms th e  basis of the stochastic approach for field 
quantization.

1. In troduction

Ever since the introduction of the stochastic quantization method by Párisi 
and Wu [1] in 1981, this method has been applied to a wide variety of physical 
systems [2] which leaves no doubt about its viability as an alternative to the stan
dard approaches to quantum theory, namely the canonical and the path-integral 
quantization. This new method of field quantization is based on the equation of 
motion rather than the Hamiltonian and as such bypasses many of the difficul
ties associated with the other approaches. For example this method enables us to 
quantize Abelian gauge fields without gauge-fixing terms [3]. For the nonabelian 
gauge fields the stochastic quantization method produces the effect of Faddeev- 
Popov ghosts in a natural way [4]. In addition to the above remarkable features 
the stochastic method being based on stochastic differential equation(s) (Langevin 
equation(s)) facilitates the numerical simulation of correlation functions [5] similar 
to the Monte-Carlo method in the path-integral approach. Other than these the 
usefulness of the stochastic quantization method has been amply demonstrated in 
quantizing scalar fields and has also been extended to include fermion fields by Saki- 
ta [6]. In the framework of stochastic quantization of fermions, calculation of the 
chiral anomaly turns out to be much simpler as has been shown by many authors 
[7]. The quantization of para-Fermi fields which obey trilinear quantum conditions
[7] becomes extremely involved in the standard canonical quantization. We show 
here that para-Fermi field quantization obtains a much simpler procedure within 
the context of the stochastic quantization method. Finally, to show the further use
fulness of the c-number Langevin equation which forms the basis of the stochastic 
quantization scheme we obtain the chiral anomaly in an obvious way. In the next 
Section we demonstrate the use of the stochastic quantization scheme to calculate 
the Green function for para-Fermi fields and in the final Section we obtain the chiral 
anomaly based on the Langevin equations for spinor fields.
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2. Stochastic quantization o f para-Ferm i field

The specific formalism suitable for the calculation of the two-point Green 
function for para-Fermi field is described below. This is then utilized to calculate 
the same when the order of statistics p is different from 2.

In the Euclidean field theory the propagator of a para-Fermi field [9] is given 
by the well-known path integral formula

_ _ f  ФфФфф(х)ф(у)е
X У Jdil>dt£c-S !«M

(2 . 1)

Here ф and ф are paragrassmannian variables, and x, у are 4-dimensional Euclidean 
co-ordinates, and 8[фф] denotes the Euclidean action in bilinear form. The stochas
tic quantization method provides us with a simple procedure to evaluate G which 
is based on the Langevin equations:

= -  G+-=— -  + G+n(x,t),
6tp[x, t)

( 2.2)

Here ф(х, t) and ф(х, t) are independent para-Grassmann fields satisfying:

Щх, t), №(x',t'), ф(х", t")l] = o,
[Ф{х, i), [ф{х\ t'), ф(х", i")]] = 0,
[Ф(х, t), [ф(х\ t'), ф(х", t")]] = 0,
[ф(х, t), [Ф(х\ t'), ф[х", t")]] = 0 (2.3)

and G stands for a suitably chosen operator which may be chosen unity or a Dirac 
operator denoted by К  which enters the expression for S :

S  = j  а*х\Щ х),Кф(х)\. (2.4)

When the order of parastatistics p obeyed by the para-Fermi field is greater than 2,
(2.4) gives the most general form for 5 [9]. We shall comment on the p = 2 case at 
the end of this Section. The statistical properties of independent para-Grassmann 
white-noise sources f? and rj tire summarized in (2.14) and (2.15).

Since (2.2) provides solutions of ф and ф as a function of rj and rj, the two- 
point Green function is obtained by the following rçrj-averaging procedure

G(x,t;x',t') = (ф(хуг)ф(х',t')) „jj. (2.5)
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Here (/)„„ means the average over rj and r? given by

-  = /  dr)drjf(r,rj) exp { ( - § ) /  d*xdt[ri(x, t)rj(x, t)]}
44 fdrjdrjexp j  d*xdt[r)(x,t)rj(x,t)}}

Using the fact that the equivalent Fokker-Planck equation corresponding to (2.2) 
leads us to stationary distribution exp(—S[ip, t/>]) in the steady state limit t —♦ oo 
we find

G(x> У) =  Lt G(x, t; y, t). (2.7)t—*-oo
When the action for the parafield is taken to be of the form given in (2.4), it is very 
convenient to decompose ф and ф in terms of Green components

И х) = ] C ^ a(a:)>
a=l

?(*) = ^ 2 ф а{х )> (2-8)
a=l

where the Green components satisfy normal anti-commutation relations for equal 
Green indices

b r ( z ) , r ( * ') ] + = [фа(х) ,Г (х ')]+ =  [ Г  (* ) ,Г  (*')]+ = 0  

and anomalous commutation relations for unequal Green indices

[ Г  (* ) ,/ (* ') ] -  = № ( x ) , t f ( x ' ) ] -  =  [ F ( * ) .? V ) ]  =  0. 

In terms of Green components the action (2.4) becomes

S = f  dxфa(x)Kфa(x).
a '

The appropriate Hamiltonian for the Fokker-Planck equation

= ? / ' -G+Игр  y ^  l d x g r { x r  ^ ^ (x) - ^ ( l ) J
6 SS

+

5 -G+T 6 SS
+

6ф°(х) \.ЬФа{х) 6фа(х) 

corresponds to the following Langevin equations

дгфа(х,Ь) = - G + 

d t^ ( x , t )  = G+

SS
6ф (x,t) 

T SS 
H a(x,t)

+ G+T)a(x,t), 

+ 4a(x, t).

(2.9)

( 2 . 10)

( 2 . 11)

(2 . 12)

(2.13a)

(2.13b)
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For a straightforward proof of this assertion we refer the reader to our earlier work
[10]. In (2.13a) and (2.13b) the noise sources r)a and rja which act as sources for фа 
and ф satisfy the stochastic properties given by

(r)a(x,t)) =  <Г(М )) =  0,
{*) a(x,t)fja(x',t1)) = —(rja(x',t')ria(x,t)) =28{x -  x ')6 ( t- t ') ,  
(rla(x>t)rla{x',t')) = -(rla(x',t>)r,a(x ,t))= 0 ,  etc. (2.14)

for equal Green indices, and

(4a(x,t)rjS. 6(x',t')> = { ^ { x ' . t ' ^ i x y t ) )  =  0,
{ria{x,t)vb(x',t')) = (rib{x',t')r)a(x,t)) = 0, etc. (2.15)

for unequal Green indices.
In order to obtain the stochastic average of ф(х^)ф(у,Ь') we write this in 

terms of Green components, i. e.

ч =  (^а (М)^Лу.О>г)Я
a , ß = l

and evaluate this average using the solutions of фа and from (2.13a) and (2.13b)

(ф(х, Ь)ф(у, *))ч5 =  pK - 1 (1 + 0(e_2mt)) (2.16)

whose steady state limit yields the free para-Fermi field propagator for p > 2 which 
is equal to p times the well-known propagator for Fermi field.

The action for the p = 2 case which has been discussed in [9] may also be 
treated along similar lines. It is better, however, in this case to make a Klein 
transformation which reduces the action to the direct sum of two Fermionic actions 
with different masses m+ and m_. The resulting parafield propagator is the sum of 
two fermionic propagators corresponding to masses m+ and m _ . Here m± = т ± к  
where m and к are coefficients in the mass matrix which for p = 2 case is given by 
\т[ф, ф}- +  j[t/), ф} + . Note that in the limit к —» 0 the expression for parafield 
propagator reduces to twice the fermionic propagator.

S. Chiral anom aly based on Langevin equation

In the previous Section we pointed out the computational ease with which 
the correlation function for an Euclidean quantum field theory may be calculated 
by r/rj-averaging. An even more interesting application of the stochastic differential 
equations (2.2) is the calculation of chiral anomaly in a direct manner which does 
not even require a solution of the equations of the stochastic formalism. In this way
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we rederive the results of our earlier work [11] in a much simpler way. Using the 
spinor equations of motion we arrive at the following identity

dn +  2rnJ2'pa'1b'Pa =

=  XT^° 45 (Км5** + m H a + X ^ ( “ 4n5/i + m h b 'p a =
a a

= V>°lb h n dn -  i 91ttAß + т )̂ в + -  'П и Аи +  «Ьбфа =
a a

=  ~ Х Ж 4бЗ«^в -  X ! 4sl/>“ + ' ^ 2 ф а45»?a +  X ]^*45^“. (3.1)
a  a  a  a

The spinor equations of motion used here are

«**“ =  -

3tiT  =  - ÿ

7Д(ЭЙ - tÿ A M) + m * e + 4e,

7Й( - 3 Й -  igAp) +  m I •=&+ V i

(3.2a)

(3.2b)

which follow from (2.13) on setting G = 1 for simplicity’s sake.
Thus we have finally on taking the rfrj average

дЛ  (X )^ 454mV1“ ] ) +  2m(X^ Tf5^“) =  - 9 t ( ^ 2 ^ a 1Ыра) -
\  a J a  a

-2 p T r( í4(0 b 6), (3.3)

where the last term is obtained through Novikov’s theorem. The right-hand side 
in (3.3) consists of the sum of two terms: the first term is t-dependent and goes 
to zero exponentially as t increases (see below) and the second term is clearly t- 
independent. In the limit t —* oo only the last term survives and the above identity 
reduces to the anomalous Ward identity of the equivalent quantum field theory. 
This is our procedure for deriving chiral anomaly from the equations of motion. 
In the more general case when G is taken to be different from unity the following 
identity is still true:

^ (X ^^s 'Y m U l/'“) +  2m (X )^°457/1^“) + 2 m (X )?a45V’a) = ~  9t (F(V>, Ф))-
a  a  a

-  2рГг(*4(0Ьб),
(3.4)

where F(\l>ip) is a bilinear in tf>(x,t) and ip(x,t) whose form depends on the choice 
of G. Now

(F(i/>,ip)) = j  dtpdtpF(tp,ip)P(i>,\l>tt), (3.5)
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where Р ( ф ,  ф,  t ) b  the Fokker-Planck dbtribution function which satbfies the Schrô
dinger type equation

д г Р ( Ф ,  Ф, t )  =  - Н Р Р Р ( ф ,  ф, t). (3.6)
Thus we have

d t ( F $ ,  Ф)) =  ~  J  0ф<1фР(ф, ф ) Н Г Р Р ( ф ,  ф, t ) .  (3.7)

In the steady-state limit i —» oo the right-hand side of (3.7) approaches zero. Hence 
the left-hand side of (3.7) relaxes to zero and the anomalous conservation law follows 
directly. The procedure we have outlined b  quite similar in spirit to the derivation 
of chiral anomaly given by Namiki et al [12]. In contrast to our approach based on 
the general results given by Novikov’s theorem, the latter approach is based on the 
elegant Ito calculus. However, the two approaches are equivalent.
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Perturbation theoretical and  variational supermolecule calculations are performed 
for some model systems, such as H e . . .  He, H 2 . . . H 2, and w ater-w ater dimers. The 
symmetry adapted second order P T  calculations used in this paper are free of basis set 
superposition error, bu t the P T  resu lts are sensitive to  the basis set and m ay show wrong 
R  —» 0 asymptotics. Supermolecule calculations can only be compared to  th e  P T  results 
a t the long range, where the latter involve less approximation and are inherently free from 
BSSE.

1. In troduction

The most straightforward way of calculating intermolecular interaction ener
gies by quantum chemical methods is the supermolecule approach. It is well known 
[l] that supermolecular calculations with a finite basis set usually overestimate the 
interaction energy due to the basis set superposition errors (BSSE). There is a con
tinuous interest in developing methods avoiding or correcting for BSSE [2], but no 
unique, widely accepted scheme has emerged. The most controversial point is (see 
e. g. [3] and [4]), whether the original Boys-Bernardi scheme [5], or the “virtual 
only” counterpoise method [6] is more generally applicable. (In both methods, the 
monomer energies are calculated with an extended set of basis orbitals; in the Boys- 
Bernardi scheme within the full dimer basis set, while in the latter case only the 
virtuals of the other molecule are used as “ghost orbitals”.) Introducing a proper 
criterion for measuring BSSE is not trivial because it is a difficult concept. This 
point will be discussed in Section 2.

‘ Present and perm anent address: CHINOIN Research Centre, H-1325 B udapest, P. O. B. 
110, H ungary
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2. C riteria  for a BSSE-free energy

2.1. Comparison with experiments

Calculated interaction energies can be compared to experimental results if 
the latter are available. Unfortunately, this comparison can only be done for a 
limited number of cases when the calculation and the experiment refers to the same 
situation (geometrical arrangement, three-body interactions, temperature, etc.). An 
additional problem is that the BSSE is usually not the only systematic error in 
the calculation, so one cannot really judge its extent simply from the difference 
between experimental and theoretical results. Moreover, the theoretical errors have 
a tendency to compensate each other to some extent, which suggests to retain BSSE 
(i. e. not to correct for it) in order to reach acceptable agreement between theory 
and experiment. This is the case, for example, if the water-water interaction is 
studied in a minimal STO-3G basis. The uncorrected SCF calculation predicts a 
surprisingly accurate potential curve, while the interaction completely disappears 
if the Boys-Bernardi counterpoise correction is used [7, 8]. In other cases, the 
“virtual only” scheme was found to give the best agreement with experiment [9j, 
while sometimes the Boys-Bernardi method is the best in this sense.

The results of this criterion, therefore are, not at all unique; they are strongly 
affected by the basis set chosen and the nature of the system under consideration. It 
is to be emphasized that we are focusing on a reliable method for correcting BSSE, 
and not on a method for fitting the theory to particular experimental data.

2.2. The stability of the results

Some general conclusions can be drawn by investigating the stability of the 
predicted interaction energies with respect to changes in the basis set. This criterion 
hits been used, for example, in [10]. Practically all results confirm that interaction 
energies obtained by the full Boys-Bernardi counterpoise scheme are the less basis 
set dependent.

There is no question that this kind of stability in the results is a very important 
feature. However, from the purely theoretical point of view, one cannot expect the 
“true” interaction energies in a finite basis set to be independent of the basis. This 
criterion measures not only the BSSE, but the overall effect of the basis set change 
on the interaction energy. It is, therefore, desirable to look for other criteria, which 
are based on more sound theoretical grounds.

2.S. Analysis of energy partitioning

Several authors have found that, if the Boys-Bernardi counterpoise scheme is 
applied, some parts of the interaction energy, such as the polarization and delocal
ization contribution, become positive [11]. This is contrary to the physical meaning
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of these terms because these interactions are attractive. This observation, however, 
does not imply that the Boys-Bernardi scheme is wrong, but simply that the def
inition of the polarization and delocalization terms is rather ambiguous. One can 
avoid this problem by a more suitable definition of the energy terms [3, 4, 12].

S-4- Perturbation theoretical calculations

The predicted intermolecular interaction energies may suffer from two types 
of errors: (i) the lack of some part of the interaction due to the finiteness of the 
basis, and (ii) the BSSE. Both (i) and (ii) disappear at the limit of the complete 
basis. In an incomplete basis, however, error (i) usually tends to decrease the 
apparent interaction energy, while due to error (ii) the interaction is overestimated. 
One possible way of separating these two effects at the theoretical level is given by 
perturbation theory (PT). In practice, two approaches are widely used:
(1) PT calculations using the L2 form of the interaction Hamiltonian, which, for 
two interacting monomers A and В is written as usual:

WAB = Ê - Ê A - Ê B =  ~ Y ^  Za/ R ia  -  £  Z J R i «  +  £  1 / r y  (1)
а в Л  а е в  j e  A
г е в  х е л  х е в

with obvious notations. No BSSE is expected if the perturbation energy corrections 
are evaluated by means of matrix elements of this Hamiltonian. The problem, how
ever, is not trivial due to symmetry adaptation [13]. An elegant formulation of this 
PT was given by Kochanski and Gouyet [14], who expressed the energy corrections 
in orbital form using biorthogonal molecular orbitals (MOs).
(2) In another branch of PT approaches, one starts with the finite basis represen
tation of the Hamiltonians Ê ,H A and HB, the latter two being obtained by an 
appropriate partitioning of the former in the orbital basis. To be specific, one- and 
two-electron integrals over orbitals of A are assigned to HA, (similarly for В ), while 
integrals connecting orbitals on A to those on В  are considered to form the inter
action Hamiltonian. This problem is, again, non trivial if the two systems overlap. 
Moreover, the interaction energies obtained in this way suffer from BSSE [6].

The essential difference between approaches (1) and (2) is well illustrated by 
the role of the kinetic energy operator: it is absent from the I^-space interaction 
Hamiltonian of Eq. (1), but enters the interaction part of the finite basis Hamilto
nian within the second scheme given above.

A careful analysis of the structure of the finite basis Hamiltonian, however, 
permits one to pick out the terms in the interaction part of H  not related to BSSE. 
This analysis was done by Mayer in his chemical Hamiltonian approach (CHA) 
[15]. First, it turns out from CHA that the intermolecular kinetic energy matrix 
elements do not contribute to the physical part of the interaction, but should be 
considered merely as giving rise to BSSE — in full agreement with the £2 space 
partitioning given by Eq. (l). A perturbation theoretical formalism for calculating
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intermolecular interactions based on CH A hits been introduced subsequently [16]. 
The results for first- and second-order energy corrections were found to be essen
tially the same as in the theory by Kochanski and Gouyet [14], provided that all 
terms are considered in the latter and that the antisymmetrization is carried out 
correctly. These results, either because they are based on the L2 space interaction 
Hamiltonian, or since they are based on CHA, are free from BSSE, as it has been 
demonstrated in [8]. Unfortunately, the perturbation theoretical calculations at low 
orders are usually less accurate than variational ones, which makes these methods 
less advantageous. The difficulties, as it will be demonstrated in this paper, can 
sometimes be rather serious, but usually small at the long range. Being free from 
BSSE, the long range PT results can therefore be more favourable than variation
al cadculations which require some kind of counterpoise correction. However, the 
BSSE also becomes negligible in the variational calculation at the very long range. 
Thus the PT method can be appropriate in judging the extent of BSSE only at the 
beginning of the long range, provided that they are accurate enough to be compared 
to a variational result. We note that the benefits of the PT approach in connection 
with BSSE have also been utilized in [17].

An important theoretical argument favouring BSSE-free PT calculations to 
counterpoise-corrected variational ones is the following. When we solve the prob
lem of molecule A including (some of) the orbitals centred on B, we destroy the 
symmetry of the molecule. This shortcoming may be manifested even in a wrong 
(broken-symmetry) solution of A, leading to unrealistic interaction energies [18]. 
This argument, which is equally valid against the Boys-Bernardi or the “virtual 
only” counterpoise scheme, rarely causes serious errors in practice. On the other 
hand, BSSE)-free PT calculations are not subject to this danger.

We note also that some simple methods for evaluating only the electrostatic 
and inductive part of the interaction energy [19], based essentially on McWeeny’s 
group function formalism [20], tire also inherently free from BSSE. Both SCF cal
culations and the post Hartree-Fock methods using properly localized orbitals can 
be free, too [21, 22]. In practice, however, the localization of the MO’s is never 
complete and is basis set (method) dependent and so are the interaction energies 
calculated with these methods. The dominant part of BSSE can, however, be elim
inated using localized SCF or Cl schemes.

Owing to the importance of PT calculations, in Section 4 we are going to 
report some more extensive applications of the BSSE)-free PT developed in [16], 
discussing the particular problems connected to the PT. The results will be com
pared to variational supermolecule calculations (Section 3) suffering from BSSE. 
The aim of the calculations reported is not to obtain quantitatively accurate po
tential curves, but to analyse the applicability and defects of various procedures in 
qualitative terms.

3. Supermolecule calculations

For the sake of comparison, supermolecule calculations in various basis sets
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were performed for He... He and H20 ... H20 . In the case of the former one a satis
factory account of electron correlation is required, thus the following methods have 
been used: CEPA1 and CEPA2 [23], CI-SD [24] applying Davidson’s correction [25], 
second order MBPT*, and approximate coupled cluster (ACCD) [26]. Full Cl calcu
lations have also been performed in two moderate basis sets. The basis sets chosen 
are described in Table I. For the water dimer, an SCF calculation is performed in 
the standard 3-21G split valence shell basis set [27]. To estimate BSSE, the Boys- 
Bernardi counterpoise method was applied in each case. The numerical results have 
been obtained by the program TEXAS [28], by the ATMOL program system [29], 
and by the MONSTERGAUSS program [30] which is an extensively modified ver
sion of GAUSSIAN80 [31]. The present version of the MONSTERGAUSS program 
performs automatically the full (Boys-Bernardi) counterpoise correction in a su
permolecule calculation, and also contains a new link for evaluating PT corrections 
between two closed shell molecules [32].

T able I
Basis sets (for He)

No. Basis Ref. Description

(1) 3-21G [25] Standard (used for H20  and H 2)
(2) [3*lp] [37] Standard 6-311G*
(3) [3slpld] Standard 6-311G*, augmented by a single 

set of 5d orbitals with exponent 0.1
(4) [4s2p] [38] Contracted from (7s2p)
(5) [4s2pld] Same as 4, augmented w ith a  d function 

of exponent 0.1
(6) CR2xDS4 [39] (15s4p3d l/lÿ ) -» [7s4p3dl/lÿ]

4. P ertu rba tion  theoretical calculations

As mentioned above, the application of PT to the intermolecular interactions 
is not straightforward. We have used the second order approach outlined in [8] and 
[16], which is very similar to the method by Kochanski and Gouyet [14].

The derivation of interaction terms for the case of two interacting molecules 
was given in [16].

The first order results read:

я1 = Е я £ + £ я * +  Е ( «  I N .  (2)
i e B  i€A  i€A

k€B

*Note th a t only the correlation part is trea ted  by PT, thus th is approach is, though non 
variational, also a supermolecule one.
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where

Hü = (î -  ^ 2  z a / r c

a e x
k), X  = A or B

is the matrix element of core-electron attraction operator for the molecule A or 
B, respectively, and (n||fcfc) =  (tt|fcfc) — (tfc|An) is the two electron integral with 
exchange component in the
(ll||22) convention. The tildes (~) on the orbitals indicate that the orbital in 
question refers to the biorthogonal set obtained by a linear transformation with the 
inverse of the overlap matrix.

At the second order we have:

E 2 — EpOL(A) +  Ер ОЬ(В)  +  ÍJd e lM  -+ -B) +  ^ d el(B  —♦ A) 4- £ d isp> (3) 

where

- EíeA U6B j ’eA
E f t - i f a )  + h ? . I [ £ ( Л 1 М  +  H ù  /(<£ - е.л )>
k €B  J LfceB J (4)

-®del(A —1> В) —

- £
i € A  Ue>t 

J *€ B

£ ( * У | |к )  + Я £..| [ £ ( Г г | | к )  +  Я £ . / ( 4 - e i  
k e A  J Lfc6B

and
p2
■ ^ D IS P

= _  y .  fr*||fo*)(j*»||rfc)

(i,i*6A, к, Г e B)

(4)

-  <*)
(5)

(6 )

while the terms EpOL(B) and EfeEL(B —» A) axe obtained from Eqs (4) and 
(5) by interchanging A and B. In the above equations the orbital indices with
out an asterisk refer to the occupied set of MOs, and with an asterisk to the 
virtual set. All the orbitals tire molecular spin orbitals of the system A or B, 
so the integrations are understood to contain also summations over spin vari
ables. The £j-s are the orbital energies, and the two-electron integrals are in the 
(11|22) convention. The interaction energies as obtained by this method are free 
from BSSE [16], but the results suffer only from the following two sources of errors:
(i) the finite basis approximation;
(ii) the truncation of the PT series at the second order.

In general, the result of (i) is a slight underestimation of the interaction, 
which, however, is usually overcompensated by an exaggeration of the interaction 
due to (ii). These two effects are very much coupled, because in our working for
mulae (1-6) all integrals are transformed in their bra-indices by the inverse of the
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overlap matrix. As a result, a change of the basis set, e.g. adding a new function, 
changes all elements of the 5 _1 matrix, thus rearranges the orders of the PT. With 
respect to the choice of the orbital basis, we investigated two possibilities:

(1) Usually, we took the occupied and virtual orbitals directly from the separate 
MO calculation. As a consequence, all the occupied and virtual orbitals of 
molecule В  overlap with those of A.

(2) In some cases, we projected out (that is, Schmidt-orthogonalized) the virtuals 
from the occupied space before forming the S~ 1 matrix by the formula

ФГГ = [ 1 - % , . ,  (7)

where
o c c

P  = ^ | ^ > 5 ’fc1 <V-fc|) (8)
ik

where S  1 is the inverse of the occupied-occupied block of the overlap matrix. 
As a result, the biorthogonal formulation does not mix virtual components to 
occupied orbitals if version (2) is applied. It does mix, however, the orbitals 
of A and B. A similar type of projection was discussed earlier by Gouyet [33].

5. R esults and discussion

BSSE in small basis. First, we investigate the role of BSSE for (He)2 in the 
rather small basis sets termed (2) and (3) (cf. Table I). The two basis sets differ only 
in the use of a diffuse d function with an exponent of 0.1. The long range interaction 
is plotted in Fig. 1, where the CI-SD curves are compared to the perturbational 
ones. The Boys-Bernardi counterpoise correction shifts the Cl curves significantly, 
the change for basis (3) is the more pronounced. In fact, the Cl curve in basis (3) 
is very poor if BSSE is not taken into account. After performing the counterpoise 
correction the two Cl curves corresponding to the basis (2) and (3) (the two dotted 
lines in Fig. 1), become very similar. This clearly indicates that the extremely large 
difference between the uncorrected Cl curves (the two dashed lines) is not a true 
basis set effect, but dominantly a BSSE related to the diffuse d orbitals. On the 
other hand, the PT curves (solid lines) are not seriously affected by the inclusion 
of the d orbitals, because they are free from BSSE.

The instability of the P T  results. The situation is not always so fortunate with 
respect to the PT results, especially in larger basis sets. It was already observed by 
Gouyet [33] and Kochanski [34], and by Hayes and Stone [35], that the biorthogonal 
formulation may result in “instability” of the results with respect to the basis set 
change. We encountered this problem when the two molecules A and В are brought 
very close to each other. This is understandable because, using the same set of 
orbitals on A and B, at R —► 0 the basis set becomes overcomplete. Of course, 
this feature may also result in an instability of the results with respect to the basis 
set change at small R, but the primary problem is the wrong R —♦ 0 asymptotics.
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This point is illustrated in Table П which presents H2 . . .  H2 interaction energies 
in a split valence shell basis set. The results given in the first column show an 
artefact maximum at around 3 X 10-10m, while for smaller R the interaction energy 
becomes more negative instead of turning to positive due to exchange repulsion. 
This indicates a complete breakdown of the PT series for small R. This finding is 
in agreement with the analysis by Gouyet [33] and with the basic assumption of 
any PT theory.

R [10-m10]

Fig. 1. Long range potential curves for the He . . .  He interaction as obtained by Davidson-corrected
CI-SD without (----- ) and with ( ........ ) correction for BSSE, and the second order PT  (______ ).

The experimental result taken from [40] is indicated for comparison. The figures in th e
circles refer to  the basis set (cf. Table I)

However, if the virtuals are projected out from the occupied space before 
forming the S ~ l matrix (cf. Eqs 7-8), the results become meaningful as it is shown 
by the second column of Table II. The maximum disappears and the interaction 
becomes repulsive at small R.

Unfortunately, the projecting out of the virtuals does not solve the above 
problem for the general case. Sometimes the qualitatively acceptable curves be
come meaningless upon projecting out the virtuals. Such an example was found for 
He. . .  He in basis set (5). Without plotting the result, we note that the projecting 
out of the virtuals improved the potential curve if using basis (3).
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T able II
Second order H j . . .  H j interaction energies [10-6  a.u.] for a T-form geometrical arrangement. R  

is the distance between the centroid of A  and the closest H atom of B . Basis set 1 is used

R[10-10m] Unprojected virtuals Projected v irtuals
2.5 -4 5 +530
3.0 -1 1 +37
3.5 -1 2 - 6

Formally, it is possible to ensure a strong exchange repulsion within the per- 
turbational treatment, avoiding in this manner the pathologically improper poten
tial curves at R —► 0 asymptotics. Namely, if we apply the Taylor expansion (with 
I  the unit matrix)

S'-1 — (I + s)-1 = I  — s + s2 — .. .  (9)

to obtain S _1, and truncate it after the linear term*, we always get strong repul
sion (positive interaction) at R —► 0, as we checked numerically. The corresponding 
approach accounts for overlap effects only approximately. Such a method, intro
duced in a different manner, was used e. g. by Chang and Weinstein [36]. A similar 
“expanded formalism” was found to be superior to the biorthogonal treatment for 
describing interbond (intramolecular) interactions [37]. In the present case, howev
er, this first order expansion is not recommended, because it strongly exaggerates 
the overlap repulsion and the attractive part of the interaction tends to diminish. 
For example, using basis (3), the He. ..He interaction at ЗА was found to be at
tractive when using the biorthogonal formulation, but became repulsive if using the 
first order expansion.

BSSE in larger basis sets. In the light of the above discussion, it is the 
supermolecule approach from which we can expect a more reliable estimation of 
interaction energies, especially in larger basis sets where the PT methods run into 
difficulties in accounting for intermolecular overlap effects. Unfortunately, super
molecule calculations are not only more expensive, but as we shall see below, the 
proper correction for BSSE is essential even for large basis sets.

First we report He... He interaction energies and superposition errors as ob
tained by the Boys-Bernardi counterpoise scheme, using various methods to de
scribe electron correlation in the medium-sized basis sets denoted (4) and (5) in 
Table I. The results are presented in Table III. It can be seen that the second-order 
Moller-Plesset (MP2) method does not give a satisfactory account of correlation 
energy, and, as a consequence, the MP2 interaction energies are too small. This 
finding is in agreement with literature results; it is known that the MP2 method 
underestimates the dispersion energy by a significant amount (cf. [2]). Moreover, 
even in the smaller basis (4) (without d function) half of the predicted interac
tion is merely BSSE. The third order MBPT (MP3), СЕРА and ACCD approaches

‘ Note th a t the truncation of Eq. (9) after the zeroth order term corresponds to the “classical 
P T ” where the overlap between the two molecules is completely neglected. This approach is, of 
course, incapable of describing any exchange repulsion [8].
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yield nearly the same result. In the smaller basis set, they predict an interaction 
of ~  2.0 X 10~5 a.u., of which ~  0.8 x 10-5 a.u. is BSSE leading to a signifi
cantly underestimated interaction energy. The full Cl interaction energy, in basis
(4), both before and after counterpoise correction, is slightly larger than those ob
tained by various approximate methods. The value of BSSE is practically the same 
(~  0.8 x 10-5 a.u.) for the full Cl and approximate schemes. When diffuse d or
bital is added [basis (5)], the uncorrected energies become too large, a consequence 
of the increased BSSE due to basis set expansion. (Note that this is opposite to 
the general trends described in the introduction.) After the BSSE is corrected for, 
we still have a significant underestimation of the interaction energy relative to the 
experimental result. When adding the d orbitals, the full Cl interaction energy in
creases from 1.6 to 2.2x 10-s  a.u., but is still significantly less than the experimental 
value. In other words, the uncorrected and corrected values sandwich the experi
ment. The question which arises here is whether the Boys-Bernardi counterpoise 
scheme overestimates the BSSE, a more refined scheme could bring the results of 
basis set (5) closer to experiment. As we have discussed in Section 2, this question 
is not trivial to answer. It should be kept in mind that the attractive part of the 
interaction, originating from electron correlation, is not accounted for completely 
by the above calculations. At the same time, the repulsive part originates mainly 
from the SCF energy and it is described quite accurately even in moderate basis 
sets. Therefore an effect which gives extra attraction, like BSSE, may give results 
close to experiment. This fact does not necessarily mean that the Boys-Bemardi 
scheme overestimates the BSSE. The biorthogonal PT calculations, although they 
are free from BSSE, cannot be involved here to resolve this problem because they 
overestimate the interaction at the second order.

Table II I
H e .. .  He interaction energies Д25[10~® a.u.] at 3 • 10- l o m  by various supermolecule approaches: 

second and th ird  order M oller-Pleeset PT , CEPA1, CEPA2, “approxim ate coupled cluster”
(ACCD) and full C l approach

Basis Д E M P2 MP3 CEPA1 CEPA2 ACCD full Cl expt.

(4) uncorrected -1 .4 -2 .1 -2 .2 -2 .0 -2 .4
counterpoise corr. 0.7 +0.8 +0.8 +0.8 +0.8
corrected - 0 .7 -1 .3 -1 .4 -1 .4 -1 .2 -1 .6

-3 .3
(5) uncorrected -3 .6 -4 .6 -4 .8 -4 .6 -5 .0

counterpoise corr. +2.5 +2.8 +2.9 +2.9 +2.9
corrected -1 .1 -1 .8 -1 .9 -1 .9 -1 .7 -2 .2

More insight into the nature of counterpoise correction may be gained by 
studying a wider range of the potential curve within very large basis sets. Such a 
result is plotted in Fig 2, where we present CEPA1 curves in basis set (6) containing 
100 contracted functions. The corresponding numbers are collected in Table IV. One 
can see that the BSSE is not negligible, it is in the same order of magnitude as in 
bases (4) and (5). The unconnected and the corrected curves again sandwich the
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experimental one, although the latter ne air ly coincides with the uncorrected one. 
This is because there is a small portion of dispersion energy still missing in this 
basis set which is nearly compensated by the BSSE. The corrected results, in turn, 
are too high. It is remarkable that

(i) curves (a), (b) and (c) are rather parallel indicating a negligible dependence 
of BSSE on the interatomic distance in this basis set. This might be due to 
the fact that the basis has a lot of diffuse functions that change little over the 
range studied.

(ii) The places of minima of the experimental and uncorrected curves are nearly 
the same, while that of the corrected curve is slightly larger due to a fortuitous 
cancellation of errors.

(iii) The counterpoise correction predicts nearly the same BSSE in basis sets (5) 
and (6), although the latter is considerably larger.
Water-water interaction. In [8], we compared the second-order PT calcula

tions to supermolecule SCF ones at the minimal basis level. Here we repeat this 
comparison using a split valence shell basis [basis (1) in Table I].

The energies have been calculated for the linear-perpendicular arrangement 
of the molecules in which the atoms О— H ... О are collinear, and the planes of the 
two molecules are perpendicular to each other. This arrangement was found to be 
energetically the most favourable [38].

T ab le  IV
H e ... He interaction energies at various inter-atom ic distances 

as obtained by th e  CEPA2 method in basis (6)

Interaction energy [10 5 a.u.]
ÄHe...He[10-10m] uncorrected counterpoise corrected

2.50 7.73 8.92
2.75 -2.13 -1.24
2.86 -3.23 -2.46
2.96 -3.54 -2.88
8.07 -3.45 -2.90
3.18 -3.16 -2.71
3.50 -2.06 -1.8S

The potential curves are plotted in Fig. 3, where the 2nd order PT result 
neglecting the dispersion term (Eq. 8) is also given, allowing a better comparison 
to the SCF curve which does not contain any dispersion effect. We see from the two 
PT curves that the dispersion contribution to the water dimerization energy is not 
negligible, but does not change the qualitative features of the potential curve. The 
SCF method without counterpoise correction predicts a deeper minimum than the 
dispersionless PT calculation. Considering the fact that in the latter the interaction 
is very probably overestimated, the SCF method must suffer from significant BSSE. 
In fact, after performing the Boys-Bernardi counterpoise correction, the SCF curve 
shifts up to a very large extent. At the long range, the BSSE-free PT calculation and 
the counterpoise-corrected SCF method predict similar interaction energies, while 
the uncorrected SCF results are too deep. Accordingly, the counterpoise correction
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does not seem to overestimate the BSSE in the present case.

R [lO'nl0]
Fig. £. Experim ental (a) and CEPA2 potential curves in basis (6) w ithout (b) and w ith (c) Boys- 

Bernardi counterpoise correction. Equilibrium  distances are indicated by arrows

Fig. 3. W ater-w ater interaction in a “linear-perpendicular” geometrical arrangement in S-21G 
basis set, as obtained by supermolecule SCF calculations w ithout (1) and with (2) counterpoise 

correction, and by second order PT  method w ith (a) and w ithout (b) dispersion contribution
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6. Conclusion

We have to realize that it is very difficult to draw general conclusions from 
the presented calculations, no unique picture has emerged. Our findings can be 
summarized as follows:

(i) Second order PT calculations using a biorthogonal formalism can be reliable 
only in moderate basis sets and large R. In larger bases, the PT results are 
sometimes acceptable but they can also be sometimes completely meaningless. 
Owing to this problem, one has to be very careful in applying this method. 
More reliable results can only be expected at the third and higher orders of 
PT — the derivation and programming of these is now in progress.

(ii) Interaction energies obtained by supermolecule calculations and the Boys- 
Bernardi counterpoise scheme are more stable with respect to the basis set 
change, but usually (though not always) predict a weaker interaction than 
BSSE-free PT calculations do — (this comparison, of course, is meaningful 
only if the latter axe reliable, e. g. at the long range).

(iii) Equilibrium bond distances predicted by counterpoise-corrected curves are 
usually too large, while those of PT calculations are mostly too small.
The latter two points, as it was emphasized throughout this paper, do not 

indicate directly that the Boys-Bernardi scheme slightly overcorrects for BSSE. The 
final answer to this question is yet to be established.

Note added in proof: Recent investigations show th a t wrong P T  curves are no t consequences 
of the biorthogonal formulation, but of an improper partitioning of the many-body Hamiltonian 
(P. R. Surján and I. Mayer, to  be published).
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Introduction

Recent advances in the development of the HV terminal equipment have in
creased the feasibility of high voltage direct current (HVDC) transmission. HVDC 
overhead lines operating at voltages up to ±600 kV are in operation or under con
struction and lines at high voltages are under study [1].

One of the main problems associated with HVDC lines is the corona occurring 
on them and the environmental impact associated with it. Corona on HVDC lines 
forms space charges which fill the interelectrode region contrary to that in AC ones 
where the space charges are constrained to the vicinity of the HV subconductors 
due to the periodic reversal of the electric field. This increases the importance 
of analyzing the DC ionized field, thus calculating the lateral distribution of the 
current density and field intensity over the ground surface.

Physical models of HVDC lines would make it convenient to determine the 
performance of full scale transmission lines by means of laboratory tests with smaller 
dimensions and lower voltages. Modeling of HVDC lines accounting for the line 
geometry is much more complicated [2]. The problem can be solved exactly only in 
the electrostatic and the saturated corona ones.

Zaffanella [ 1] developed a technique which allows the evaluation of the electric 
field and ion densities. This technique is based on small scale model tests with 
voltages several times greater than the corona inception voltage of the wires of the 
model (saturated case). From model data electric field and ion densities for the 
full-scale line in saturated corona conditions were calculated [1].

In this paper the author describes a simple mathematical model to calculate 
the saturated corona profiles (field intensity, current density and then charge densi
ty) over the ground surface and underneath HVDC monopolar lines. The relations 
between these saturated values and the length of the field lines are given. The 
present results are compared with the experimental ones.
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M ethod of analysis

Measurements [3] show that the field intensity (E) after corona onset value 
can be represented by:

E = A + B V  (1)

where V is the applied voltage, A and В  are constants depending on the measuring 
position (X) and onset field value.

For saturated corona, the onset voltage and then the onset field is zero and 
Eq. (1) can be rewritten in the form:

E = BV. (2)

On the other hand, calculations [4, 5] show the same relation as shown in Fig. 1. 
The field intensity at ground surface and underneath monopolar practical HVDC 
line is calculated [4, 5] for very low onset voltage which can be considered negligible 
with respect to the applied voltage. The field intensity versus applied voltage at 
constant position (X) (it means at constant field line length (L)) is shown in Fig. 1.

applied voltage V [kV]

Fig. 1. Calculated field intensity over the ground surface versus applied voltages at different 
position X  and  field line length L

L  =10.8m  and X  =0.3m  
L  =11.9m and X  = 4 .4m 
L  = 14 .5m and X  = 8 .2m 
L  =20 .3m and X  =14.0m

The higher the distance X, the longer the field length L [6], the lower the field 
intensity (Fig. l). This means that the field intensity E  proportional inversely to
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L (i. e. E  oz i )  at constant applied voltage V . This can be satisfied by assuming 
B, in Eq. (2), to equal K \/L .  Then, Eq. (2) is:

E — K iV /L , (3a)

where K\ is a constant depending on the measuring position X.
For saturated corona where the conductor charge density is very small and 

by integrating Poisson’s equation (V • E  =  p/eo), one can find the charge density 
(p) as:

p = K 2e0V /L 2, (4a)

where eç> is the air permittivity, K? is a constant depending on the measuring 
position. The constants K\  and K2 are chosen 1.21 and 0.86, respectively, to fit 
the previous calculations [4, 5]. Then, Eqs. (3a) and (4a) are rewritten as

E  = 1.21 V/L, (3b)

p = 0.86 eoV/L2. (4b)

The current density (J) at ground surface is given by:

J  = KpE, (5)

where К  is the ion mobility. Substituting from Eqs (3b) and (4b) in (5):

J  = 1.04 Ke0V 2/L 3. (6)

Results an d  discussion

In this paper the saturated corona profiles over the ground surface and un
derneath monopolar HVDC lines are calculated according to Eqs (3b) and (6) for 
the indoor test model [2]. The length of the field lines was precalculated [6] and 
assumed that the ions move to ground surface through them. This test model [2] 
consisted of steel wire (stainless steel fibers twisted into thin strands with a surface 
like a yarn) having corona inception voltage of about —2 kV (negative polarity) and 
+3 kV (positive polarity), practically independent of the distance to ground. The 
calculated values are compared with those measured experimentally.

Table I shows the calculated lengths of field lines emanating from the wire of 
the monopolar model at different heights (H ) [6]. The distance (X) between the 
intersection of each field line with the ground surface and the line of symmetry (at 
which the length of the field line equals the wire height above the ground surface, 
i. e. L — H  and the emanating angle of the field line from the wire surface Ф = 0 
or 180°) is also shown. The emanating angle Ф increases clockwise.

A da Phytica Hungáriái 67, 1990



4 0 4 SALAH ABDEL-SATTAR

T ab le  I
The length (£ ) of Held lines em anating from the monopolar line at angle 

*  and term inating to  the ground surface a t distance (X)

(~ .° )
Я =  0.914m Я  = 1.22m

X ( m ) L  (m) X ( m ) L  (m)

75 1.190 1.740 - -

105 0.700 1.240 0.93 1.65
135 0.380 1.020 0.51 1.36
165 0.120 0.924 0.16 1.23

Tables II and III show the calculated and measured values of the saturated 
field intensity (E ) and current density ( J ) over the ground surface and at different 
position (X). The applied voltage is kept constant at 40 kV and the wire height 
above the ground surface is changed.

T ab le  II
Calculated and measured saturated  corona field intensity (E ) and current 

density (J)  over the ground surface and underneath  HVDC monopolar 
model at H  = 0.914m

A-(m)
E  (kV /m ) J  (/iA /m *)

Calculated Measured Calculated Measured
1.19 27.8 23 0.42 0.31
0.70 39 35 1.14 0.97
0.38 47.5 45 2.08 2.05
0.12 52.4 52 2.79 2.92

T ab le  III
Calculated and measured saturated  corona field intensity (E)  and current 

density ( J ) over the ground surface and underneath  HVDC monopolar 
model at i f  =  1.22m

X  (m)
E  (kV /m ) J  ( p A / m 2)

Calculated Measured Calculated Measured
0.93 23.3 26.0 0.49 0.36
0.51 35.6 34.0 0.87 0.79
0.16 39.3 37.0 1.19 1.15

It is shown that the calculated values of the field intensity fit reasonably the 
measured ones while the calculated values of the current density fit the measured 
ones with a certain small error.

The author attributes this discrepancy to the fact that the ions drift along flux 
lines other than the field lines. This means that the using of Deutsch’s assumption 
for calculating the saturated corona profiles has an error. This error is higher in 
calculating current density profiles than that in field intensity profile, (Tables II and 
III), in agreement with previous investigation [7].
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Conclusions

On the basis of the analysis presented, the following conclusions can be drawn 
concerning saturated monopolar corona:

1. The saturated corona profiles over the ground surface and underneath HVDC 
monopolar lines axe calculated using simple expressions.

2. Relations between the saturated values at certain positions and the length of 
the field line emanating from the wire and terminating to that position are 
given.

3. The calculated values fit reasonably the measured ones.
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In recent years there has been considerable interest in studying the different 
electronic properties of degenerate materials because of their importance in device 
technology [l, 2]. Though considerable work has been done, there still remain 
scopes in the investigations made while the interest for further research of the 
different other aspects of such small-gap semiconductors is becoming increasingly 
important. One such useful parameter is the thermoelectric power of the electrons 
in the presence of a classically large magnetic field (hereafter referred to as TPM) 
which has also been studied in [3-7] under various physical conditions. The TPM 
is remarkable for its independence of the scattering processes, depending only on 
the dispersion relation [3]. Incidentally, it appears from the literature that the 
TPM in gapless semiconductors has yet to be derived. This is very important since 
the electronic properties of zero gap semiconductors are currently the subject of 
intensive investigations and also since the special features of these semiconductors 
have recently been reported [8-11]. In what follows, we shall study the doping 
dependence of the TPM in gapless materials taking n-HgTe as an example.

The TPM of the electrons can, in general, be expressed [3] as

о _  кв «Э00 — —  e
<£>
</>

-  V (1)

where кв is the Boltzmann constant, e is the electron charge, r\ = Ep/kßT, Ep  
is the Fermi energy as measured from the edge of the conduction band, T is tem
perature, Z = Е /квТ , E is the electron energy as measured from the edge of the 
conduction band,

OO

(Z) = - W 4 * ) J [ y ± ] v ( E ) Z d E ,
0

/0 = [̂1 + exp ( rr  ) ] and U(2J) is the volume of к-space. It appears then 
that the determination of TPM using (1) requires an expression of V(E ) which in 
turn is determined by the E — к dispersion relation. The electron energy spectrum 
in gapless semiconductors can be written [8-11] as

( 2)E = Ak2 + B0k,
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where A =  h = h/2ir, h is Planck’s constant, m* is the effective electron
mass at the edge of the conduction band, Bo =  and e, is the semiconductor
permittivity.

From (2) we get

V(E) = ^ ( 2 A ) ~ 3 -B o  +  \J b % + 4 A E  ,

Combining (1) and (3) we get

s °° = 7t  + № ) } { i 2 ( £ F) + -  Ef ] ,

(3)

(4)

where
P{Ef ) = Ef R(E f ), R{Ef ) = —Bq + \J  Bq +  4 AEf

Q(Ef ) = £ v r{P(EF)l, Vr =  2(kBT)2r(l -  21-2r)f (2r)
r=  1

(Pr
dE2/ ’

r is the set of real positive integers, f(2r) is the zeta function of order 2r [12] and

I
i(£?F) s £ v r [Ä(£F)].

r = l

The evaluation of TPM from (4) as a function of carrier degeneracy requires an 
expression of electron statistics which, in turn, can be expressed as

no =  (3tt2)-1 [í í (£7f ) + 6(Ef )}. (5)

For Bq —* 0, as for parabolic energy bands, (4) and (5) get simplified into the 
well-known forms [4, 13] as

Soo =  —кв
e

{F i (t?)} - r ) (6)

and
no = Nc FL(v), (7)

where Fj(r)) is the Fermi-Dirac integral of order j  as defined by Blakemore [13] and 
Nc = 2{2m*kBT /h 2)3/2.

Using (4) and (5) and taking the parameters [14] m* — 0.025mo, eec = 
20eo and T  — 4.2 К as appropriate for n-HgTe we have plotted 5oo versus nо 
as shown in Fig. 1 in which the same dependence is also plotted by taking Bq = 0
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for the purpose of comparison. It appears from Fig. 1 that according to both 
cases, the TPM decreases with increasing concentration. For relatively low values of 
electron concentration, the effect of the electron-electron interaction term decreases 
whereas the influence of the same term becomes rather prominent for relatively 
higher values of the carrier degeneracy. The term Bo enhances the values of the 
TPM as compared to that corresponding to J30 = 0 at a given value of no m 
the whole range of the concentrations considered. It may finally be noted that 
the basic purpose of the present work is not solely to demonstrate the effect of 
carrier degeneracy on the TPM in gapless semiconductors, but also to formulate 
the electron concentration in the same since the various electron transport and 
the derivation of the expressions of many physical parameters are based on the 
temperature dependent electron statistics in such materials.

Fig. 1. Plot c shows the TPM  as a function of electron concentration a t 4.2 К in n-Hg.Te. T he 
dotted  plot corresponds to Bo = 0 a t 2.4 K. The plot b  corresponds to 77 K. The plot a (Bo =  0) 
corresponds to  77 K. From this graph we can assess th e  influence of tem perature  on the TPM
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BOOK REVIEWS

KLARA K is s  '.Problem solving with microbeam 
analysis

Akadémiai Kiadó, B udapest, 1988, p. 409

In the first of two main parts, th e  book 
introduces some of the numerous surface anal
ysis methods. The principles and characteris
tics of these techniques are described, as well 
as typical experimental apparatus. In Section 
9, a table is presented comparing th e  charac
teristic param eters of the main surface analysis 
methods (AES, RBS, XPS, ISS, SIMS) and a 
complex apparatus is described which allows 
the simultaneous use of such techniques. The 
closing Section of the first part can especial
ly be recommended to  engineers and industri
al researchers. This Section provides a  guide 
regarding the possible questions which can be 
raised in connection with a given technological 
problem and gives the optimal choice of experi
mental methods to  supply the answers to  those 
questions.

P a rt II contains the description of a 
wide range of fields of applications, like poly
mers, microelectronics, metallurgy, corrosion, 
catalysis, etc. Solving real problems, the au
tho r emphasizes the advantages of using com
bined techniques.

J. Giber

Discussion meeting: ‘Intramolecular Processes'

Bunsen-Gesellschaft fur Physikalische Chemie, 
August 17-20, 1987. Edited by Edward Schlag, 
Berichte der Bunsen-Gesellschaft für Physika
lische Chemie; Vol. 92, No. 3, M arch 1988, 
Frankfurt am M ain, West Germany

The contribution described here is not 
a book, it is a special number of an  interna
tional journal of physical chemistry issued by 
the Deutsche Bunsen-Gesellschaft für Physika
lische Chemie e. V. It covers the m aterial (240

pages) of a special m eeting devoted to the stud 
ies of the motion of energy within molecules; 
m ainly intra-molecular vibrational relaxation.

The topic is central to  modern pho to 
chemical and photo-physical studies of small 
molecules in the gaseous phase. Therefore very 
little  is mentioned about condensed phase pro
cesses. Intra-molecular vibrational and ro ta 
tional dynamic studies are common for m any 
fundam ental research disciplines such as laser- 
induced physical and chemical processes. T his 
special journal edition is then extremely im
po rtan t for molecular spectroscopists, p h o to 
physicists and photochem ists alike. There are 
46 papers in the collection and a good portion 
of them  deals directly w ith unimolecular pro
cesses. The most im portan t of these are listed 
below.

R-. A. Marcus (California Institu te of 
Technology, U. S. A.) reported  on intramolec
ular dynamics and unimolecular reactions, 
Moshe Shapiro (Weizmann Institute of Sci
ence, Israel) gave considerations on classical 
and quantum  chaos, while R. D. Levine (He
brew University, Jerusalem , Israel) discussed 
quantum  fluctuations in unimolecular ra te  p ro
cesses. S tuart Rice and S. H. Tersigni (The 
University of Chicago, U. S. A.) investigated 
the role of bottlenecks in unimolecular frag
m entation. J. Troe (U niversität Göttingen, F . 
R. G .) talked about ‘ab in itio ’ quantum chem
ical calculations of potential surfaces and their 
significance in understanding unimolecular re
action dynamics.

A nother large group of very interesting 
papers were more spectroscopic in their ap
proach to dissociation dynamics. Topics cov
ered were vibrational predissociation of van der 
Waals complexes, the mechanism of photodie- 
sociation of polyatomic molecules, vector corre
lations in photodissociation and the behaviour 
of highly vibrationally excited molecules. O th 
er papers touched upon classical and quantum
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mechanical features of the photodissociation 
process.

The present reviewer (who is a spectro- 
scopist himself) is prejudiced to  call attention 
to  a very interesting “new” approach of treat
ing complex molecular spectra. The idea is tak
en from early nuclear spectroscopic work and 
is centred on th e  statistical evaluation of com
plex energy level patterns. W henever there are 
strong correlations among the levels through 
some kind of intramolecular mechanism (such 
as Coriolis o r Fermi interactions) energy level 
density fluctuations and first-neighbour spac- 
ings change characteristically from the uncor
related level system case. The m ethod is useful 
to  And strong perturbations leading to  the de
struction of th e  “goodness” of various quantum 
numbers until the  only good quantum  number 
remaining is the energy itself. T he result is a 
chaotic appearance of the energy levels (of the 
spectrum) th a t  cannot be handled through the 
use of classical spectroscopic procedures, but is 
ra ther characterized by particular statistics, as 
e. g. the so-called Wigner distribution.

This journal volume provides the inter
ested reader w ith a great number of highly spe
cialized interdisciplinary papers and is to prove 
very helpful in this modern and flourishing field 
of molecular photophysics and photochemistry. 
The reviewer strongly recommends anybody 
who is fundam entally interested in molecular 
photoprocesses to  buy this special issue.

The Berichte der Bunsen-Gesellschaft is 
a nicely typeset journal and reading of the pa
pers is easy. The only point th a t may deserve 
a bit of atten tion  in future issues is a fair num
ber of misspellings in the English.

L. N em et

Low  Temperature Detectort fo r  N eutrinos and Dark 
M atter

Workshop on neutrino detection held in Ring- 
berg Castle (Tegernsee, F. R. G.) May 1987. 
Edited by K. Pretzl, N. Schmitz and L. Stodol- 
sky, Springer, Berlin, 160 pp, 94 figs.

In recent years, particle physics has be
come closely connected with astrophysics and 
cosmology and these fields are overlapping 
more and more. One of the most important 
common areas — and perhaps the most im
portant one — is neutrino physics. The neu

trino  not only represents a bizarre type of el
em entary particle bu t it could help to  solve a 
num ber of problems in astrophysics and cos
mology. A few examples of these problems are: 
W hat happens to  the  neutrinos, having been 
produced in the interior of the sun, during their 
flight before reaching the earth? W hat is the 
dark  m atter th a t seems to be contained by the 
universe? Is it form ed by neutrinos of m inute 
yet finite mass? One of the most recent and 
sensational events of astrophysics was th e  su
pernova explosion in February 1987 when — 
for the first tim e in the history of science — 
neutrinos of such origin could be detected.

One of th e  most characteristic features 
of the neutrino is its very low probability of in
teraction with m atte r . This, on the one hand, 
enables us to receive messages from remote 
parts  of the universe or from the interior of 
th e  sun, or even “to  X -ray” the earth . A t the 
same time, however, neutrino detection is an 
extremely difficult problem for experim ental
ists — due to  precisely the same characteris
tic feature. How can a neutrino be caught if 
it barely reacts on meeting m atter (thus al
so the m atter of a detector). Quite a number 
of neutrino detectors have already been devel
oped, utilizing different operating principles. 
T he present book reports on completely new 
principles of neutrino detection and on th e  pos
sibilities of their realization.

One of th e  detection methods is based 
on superconductivity. Namely, if a neutrino 
interaction takes place inside a small granule 
which is superconductive then the am ount of 
energy released by this interaction warms up 
th e  granule and the latter loses its supercon
ductivity  — which, in turn, can be detected 
by an external coil. In one version of th e  real
ization of this idea the collision of a neutrino 
w ith a nucleus is utilized. This method has the 
advantage th a t it provides a relatively large ef
fective cross section, so a detector whose mass 
is only a few kilograms is sufficient. A nother 
advantage is th a t this method is equally suit
able for the detection of all kinds of neutrinos, 
i. e. electron-, muon- and tau-neutrinos as well. 
T he basic problem w ith this technique is that 
th e  energies released during the in teraction  are 
very low, in the order of about I eV. Generally 
Sn granules are used with a diameter of 2 ц т  
which have to  be cooled to 50mK.

In another method, indium granules 
and  the so-called inverse beta decay are em
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ployed. The advantages and difficulties in
volved in this are ju s t the opposite of the above: 
the energy values are much higher, in the or
der of about 100 keV, bu t a corresponding de
tector would weigh tons because of the about 
thousand times smaller cross section — and 
such a detector arrangement would need to 
be maintained a t the tem perature of super
conductivity.

A somewhat different technique is 
bolometry, where the im pact electron from 
elastic neutrino-electron scattering is calori- 
metrically detected. The detector material is 
liquid helium, the necessary amount is about 1 
ton. In most cases, the backscattering energy 
of the electrons appears as a roton. These are 
long-lived excitations th a t proceed ballistically 
a t low tem peratures and result in the evapora
tion of He atoms from the free surface of the 
liquid. The evaporated He atoms can be de
tected on the surface of the liquid helium by 
using a bolometer.

In addition to  the above, further, the
oretically possible methods have also been re
ported such as the measurement of supercon
ductive tunnel junctions and detection using 
ballistic phonons or superfluid helium. One 
of the reports (by a Hungarian physicist — 
György Vesztergombi) relates to  a novel idea 
for detecting neutrinos th a t has not been test
ed up till now.

To sum up, the Proceedings report on 
exciting new approaches to  neutrino detection 
utilizing low tem perature and solid sta te  phys
ical phenomena. These methods are generally 
not yet beyond trials; there are cases where 
only the bare idea exists. For the tim e being, 
the sensitivity of such detectors is by orders 
of magnitude below the required level. The 
necessary cryogenics involved means consider
able additional costs. A serious problem  to be 
solved in the future is the treatm ent of the 
background due to  natural radioactivity and 
cosmic radiation. Read-out electronics repre
sents another task to be solved. The small 
granules and tunnel junctions are objects of 
very small dimensions th a t will have to  be pro
duced in large quantities and operated in a very 
large detector volume in a reproducible man
ner. The workshop and the book have shown 
th a t the way before us is long and difficult but 
the new ideas are daringly novel and it is pos
sible th a t the breakthrough in neutrino detec
tion will take place somewhere along this route.

The book may reckon on the interest of 
experimental particle physicists and solid s ta te  
physicists and all those who are engaged in par
ticle detection.

D. K i n

DALE ENSM INGER: Ultrasonics: fundam en
tal!, technology, application!

Second edition, revised and expanded. Marcel 
Dekker Inc., New York and Basel, 1988. ISBN 
0-8247-7659-3

W hat laser light means for today’s re
search and development in technology and 
medicine, th a t same enthusiasm  could be ob
served half a century ago when uttraionici was 
mentioned. The “magic" flavor surrounding 
both expressions of these basically different ra
diation modalities issues from a single common 
property: both are coherent radiations, and as 
such, bo th  represent high directivity, high en
ergy concentration and a high tendency for in
terference.

Until the late 50s, early 60s, the “Bible” 
of ultrasonic science was the famous book of 
L. Bergmann: Der Ultraschall in Wissenschaft 
und Technik, first published in 1937, the 6th 
edition of which came out in 1954.

Although basic principles do not change, 
technology and application do, therefore al
ready the first edition of D. Ensminger’s Ul
trasonics several years ago was an im portant 
contribution to  placing ultrasound as such in a 
proper light. The second, revised and expand
ed edition reviewed here shows clearly how 
developments in electronics, da ta  processing 
techniques and even m arketing demands may 
put new emphasis on sometimes practically for
gotten ideas and possibilities.

This edition is ra ther a handbook than  
a Bible, which means th a t it is not only a col
lection of papers but th e  chapters have a log
ical sequence, too and, w hat is perhaps more 
im portant, each of them  is provided with refer
ences to  fairly recent publications w ithout go
ing back too far into the past.

C hapter 1 entitled “Ultrasonics — a 
broad field” is a well w ritten  summary of the 
history of ultrasonic sciences and the first en
deavours to use ultrasound for practical pur
poses.

Chapters 2-5 are concerned with those
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fundam entals — wave propagation phenome
na, fundam ental equations, etc., — which are 
needed for designing ultrasonic systems s ta r t
ing from transducers and ending with various 
applicators.

C hap ter 6 is an introduction to  Chap
ters 7, 8 and 9 discussing the application of 
ultrasound in nondestructive testing of both 
metals and nonmetals, since C hapter 6 deals 
with the evaluation of materials based on ve
locity and absorption measurements and the 
acoustic properties of the materials.

C hap ter 10 is devoted to  imaging with 
ultrasound, process control and miscellaneous 
low-intensity applications. This C hapter is 
perhaps less informative th an  the others, and 
mirrors well th a t the author in his nearly 40 
years of ultrasound experience was not really 
involved in ultrasonic imaging problems since 
he was m ostly concerned w ith NDT where the 
use of В and C scans has been restricted until 
very recently.

In contrast to  the previous Chap
ter, Chapters 11-13, dealing w ith the basics 
and applications of high-intensity ultrasonics, 
are highly recommended for those interested 
in solving problems with high intensity ul
trasound on industrial scale. It namely clear
ly shows, especially if the reader looks a t the 
dates of references, th a t high-intensity u ltra 
sound is still a very expensive form of ener
gy, thus, its application in everyday practice is 
very limited. There is a long way from feasi
bility studies — most of the references are of 
th is nature — to th e  economic exploitation of 
the idea.

The last C hapter is an excellent review 
on the medical applications of ultrasonic ener
gy for technical people, but it is not intended 
for those who wish to  get deeper knowledge in 
medical ultrasonics.

P. Gregvss

\
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CORRIGENDA

M. F. Podlaha: Is the physical space empty?
Acta Phys. Hung., 59 , 451, 1986.

Reference [9] should correctly read:

M. F. Podlaha and E. Navrátil: Ref. Real Acad. Sei. Madrid, 6 1 , 555, 1967.
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