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ISTVÁN KOVÁCS

Professor István Kovács was celebrating his 70th birthday on 16 December of 
last year. This issue of Acta Physica of the Hungarian Academy of Sciences is dedicated 
to him on this occasion. It is my great pleasure and privilege to express the admiration 
of spectroscopists throughout the world for the work of Professor Kovács.

Kovács has concentrated, like no other spectroscopist, on an important topic in 
molecular spectroscopy — the rotational structure in the spectra of diatomic 
molecules, and, in particular, on perturbations in diatomic molecules in the widest 
sense. When he started his work 40 years ago the spectroscopy of diatomic molecules 
was still in its infancy; very few perturbations had been observed and even fewer had
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been explained. Kovács’ early work, partly in collaboration with the late A. Budó, has 
thrown a great deal of light on the mechanism of perturbations and has, in particular, 
brought out the close connection between perturbations and the finer interactions in 
diatomic molecules. The detailed formulae that Kovács and his collaborators derived 
for the singlet, doublet, triplet, quartet, etc. splittings, for Л-doubling and for the 
intensity distribution in the various coupling cases of Hund have been used a great deal 
by many investigators.

In much of his work Professor Kovács proceeded from experimental data. I 
believe it was R. Schmid and his associate L. Gero who by their experimental studies 
were the first to stimulate Kovács’ theoretical work. Later many other experimental 
studies on a large number of diatomic molecules gave rise to much further theoretical 
work by Kovács.

During a three months’ stay in our laboratory from April to July 1966 Kovács 
began to write his well-known book “Rotational Structure in the Spectra of Diatomic 
Molecules”. In this book he has summarized and simplified all the theoretical results on 
rotational structure that he and his associates as well as others had obtained up to that 
time. The book was published in 1969 and was immediately recognized as an important 
contribution to the study of the spectra of diatomic molecules. It has proved to be of 
great help not only to all those involved in experimental work in this field but also to 
those applying molecular spectra to other problems, particularly in astronomy.

While Kovács has restricted his active work to diatomic molecules, the study of 
the spectra of polyatomic molecules in recent years has resulted in the observation of 
many instances of perturbations in the spectra of polyatomic molecules. Kovács’ 
detailed discussion of the diatomic case has helped considerably in understanding the 
spectra and perturbations of polyatomic molecules.

The spectroscopic community remembers on this occasion the fundamental 
contributions of Professor Kovács and extends to him best wishes for his further work 
and his health.

G. Herzberg

Acta Physica Hungarica 55, 1984
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ЭЛЕКТРОННАЯ СПЕКТРОСКОПИЯ 
В ФУНДАМЕНТАЛЬНЫХ 

И ПРИКЛАДНЫХ ИССЛЕДОВАНИЯХ* **
Д . Б ерени

Институт Яберных Исследований ВАН  
4001 Дебрецен, Венгрия

Представлены самые важные и новейшие результаты в электронной сректроскопии, 
полученные и в фундаментальных и прикладных темах в Институте Ядерных Исследований, 
Дебрецен.

1. Введение

Электронная спектроскопия имеет долгое и очень ценное прошлое. С 
начала этого века разными типами магнитных спектрометров исследовали 
электроны — конверсионные и бета-распадные — прежде всего в диапазоне 
энергий от нескольких десятков кэв до Мэв. Только за последние десять- 
пятнадцать лет начинали всё более и более интенсивно использовать 
электростатические электронные спектрометры в исследовании электронов с 
энергией от нескольких эв до нескольких кэв. В это время начиналось применеие 
электронной спектроскопии в самых новых областях, а именно в испытании 
материалов (ЕСХА, РЭС, ОЭС, ФЭС, и т. д.) и в ионно-атомных столкновениях. 
Современная электронная спектроскопия обозначает эти две области и ещё 
третьюю — измерение спектра электронов в ядерно-спектроскопических 
экспериментах на пучке ускорителей.

В нашем институте, в Институте Ядерных Исследований в городе 
Дебрецен существует довольно долгая традиция в электонной спектроскопии. 
Раньше мы конструировали и использовали в институте два специальных 
магнитных бета-спектрометра: тороидальный спектрометр [1,2] и спектрограф 
с полукругловой фокусировкой, с постоянным магнитным полем и диаметром 
около полутора метра [3, 4].

Приблизительно десять лет тому назад мы начинали заниматься техникой 
электростатических электронных спектрометров в нашем институте, начинали 
конструировать такие спектрометры и использовать их и в области испытания

* В честь 70-летия со дня рождения академика И. Ковача.
** Доклад на IV Семинаре специалистов социалистических стран по электронной 

спектроскопии, 11—16 мая 1982 года.
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поверхностей разных материалов и ионно-атомных столкновений у 
ускорителей.

В дальнейшем я кратко показать результаты, полученные в нашем 
институте в связи с развитием этих спектрометров и о применениях их для 
исследований процессов на поверхности материалов и для измерения 
непрерывных спектров и Оже электронов из ионно-атомных столкновений.

2. Развитие приборов в ИЯИ

В институте было разработано всего шесть спектрометров, все глвным 
образом типа цилиндрического зеркала. Самые важные данные этих 
спектрометров суммированы в таблице I.

Из этих № 2 и 4 были предназначены и сделаны для работ на пучке 
ускорителей и измерений спектров электронов из ионно-атомных столкновений. 
(№ 2 был построен на базе опытов Института ядерной физики в Франкфуртском 
университете им. Й. В. Гёте). № 3 был предназначен и использован для 
исследования электронов низких энергий из радиоактивных распадов. (Это 
работает сейчас в г. Прага-Жеж, в Институте ядерной физики ЧАН). Для 
испытания поверхностей металлических образцов был использован № 1. Это 
теперь под реконструкцией. Наконец, № 5 можно использовать многосторонне 
и у ускорителей для исследования электронных спектров из ионно-атомных 
процессов и для изучения материалов. Из этого типа было сделано два 
экземпляра и эти находятся сейчас под юстировкой (некоторые части этих 
спектрометров были сделаны в Техническом университете тяжелой 
промышленности в г. Мишкольц и один экземпляр будет работать там на 
Кафедре физики).

Надо отметить, что ESA-12 возможно использовать тоже в прикладных 
работах, если спектрометр дополнять рентгеновской трубкой. Также, ESA-21 
спектрометр предназначен для исследований ионно-атомных столкновений у 
ускорителей, но опыты с ним наверно будут полезны в испытании поверхности 
материалов, потому что с этим прибором возможно измерить не тлоько 
энергетическое, но и угловое распределение.

В комплектных приборах, с которыми можно проводить измерения в 
области ионно-атомных столкновений или изучать материалов, содержаются 
кроме спектрометра и другие устройства. Самое важное в обоих случаях — 
электроника, например управляющая система, блоки пимания и т. д., а также 
применение вычислительной машины для сбора и обработки данных [11].

С другой стороны для прикладных целей очень важной добавочной 
частью устройства является рентгеновская трубка для вызвания фотоэлектро
нов [12— 14]. Подобным образом для исследования электронов из ионно
атомных столкновений необходимая эксперименталная задача создать газовую

Acta Physica Hungarica 55, 1984
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Таблица I
Электростатические спектрометры электронов, сделанные в ИЯИ (Дебрецен)

Номер Тип Название Разрешение1 Диапазон
энергии Размер2 Публикация

1. Цилиндрическое зеркало с двукратной фокусировкой “Emese” 0,2% < 20 кэв 204 мм Варга ид др. [5]

2. Цилиндрическое зеркало ES А-11 1% <5 кэв 119 мм Парипаш и др. 
[6]

3. Цилиндрическое зеркало с двукратной фокусировкой ESA-12 0,1% < 20 кэв 204 мм Варга и др. [7]

4. Цилиндрическое зеркало с двукратной фокусировкой и со 
сферическим зеркалом для транспорта электронов ESA-213 0,2% < 14 кэв 202 мм Варга и др. [8,9]

5. Цилиндрическое зеркало с двумя степенями ESA-134 0,2% <5 кэв 128 мм Варга и др. [10]

1) без торможения
2) диаметер внешнего цилиндра
3) с этим возможно измерить электронный спектр под тринадцатью углами одновременно
4) из этих сейчас два под юстировкой

о
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мишень. В обоих случаях важно сделать и измерить магнитное экранирование 
спектрометра [15].

Относительно этих устройств и задач у нас имеются опыты, которые 
только частично были опубликованы.

3. Электронная спектроскопия в изучении ионно-атомных столкновений

В этой части доклада я хочу показать только наши новейшие результаты, 
полученные электростатическими спектрометрами, а не буду говорить об 
исследованиях с использованием магнитных спектрометров (напр. [16—18]). Я 
хочу докладовать здесь только о некоторых результатах об электронах из 
ионно-атомных столкновений.

Электроны, испущенные в ионно-атомных столкновениях, носят очень 
интересные информации и о процессе и о структуре многократно 
ионизираванных атомов (см. напр. в [19, 20]). Надо отметить, что в нашем 
институте мы изучали в нескоьких исследованиях и рентгеновские излучения, 
которые тоже могут испускаться и этих процессах (напр. [21—24]).

Прежде всего непрерывный спектр до полутора кэв из самых простых 
сталкивающихся систем, именно Н +, Н2 , Н е+ — Не, Н2 был исследован при 
налетающей энергии 0,8 Мэв/нукл. [25, 26]. Отношение спектров электронов из 
процессов Н2 —Не и Н + —Не видно на рис. 1. Здесь имеется пик электронов 
потери от налетающих ионов и постоянный ушасток, в котором отношение 
равняется двум. Это меньше, чем 4, что следовало бы по правилу Z 2, который

Рис. 1. Отношение спектров электронов из процессов Н 2 -»Н ей Н + -*Не при налетающей энергии 
0,8 Мэв/а. е. м. Кривая рассчитана по теории PWBA [25]
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мы нашли справедливым в случае налюющих ионовов Н е+ . Такие исследования 
были проведены частично в сотрудничестве с Институтом ядерной физики 
Франкфуртского университета им. Й. В. Гёте, прежде всего при более високих 
налетающих энергиях (1,7 Мэв/нукл.; 2,0 Мэв/нукл.) [27, 28].

На базе спектров электронов из сталкивающихся систем Н +, H j , Н е+ — 
Ar было исследовано экранирование заряда ядра налетающего иона (Hj , Не+) 
от своего электрона. Измерения была сделаны при энергиях ионов с 0,8 
Мэв/нукл. до 2,0 Мэв/нукл, и под углами эмиссии электронов от 0° до 60°. Рис. 2 
показывает zeff для H j (2 Мэв/нукл.) в зависимости от энергии выпущенных 
электронов под разными углами. Теоретические кривые также приведены [29].

Рис. 2. Эффективный заряд снаряда H J в столкновении HJ -  Аг в зависимости от эффективного 
расстояния взаимодействия Ьс„. Кривые рассчитаны на базе разных моделей (детали см. в [29])

Используя ESA-21 пики электронов потери от налетающих ионов были 
тоже подробно исследованы в зависимости от угла эмиссии электронов от 0° до 
180° [30]. Полуширина этих пиков видна ha рис. 3 при разных углах вместе с 
расчётами по BEA и PWBA.

В прошлом году мы начали программу исследования в ОИЯИ (Дубна) по 
спектрам электронов из ионно-атомных столкновений, где снарядами являются 
многозарядные тяжёлые ионы высоких энергий [31]. Предваритеьные 
результаты показаны на рис. 4 [32]. Здесь видно так называемый “cusp” , т. е. пик
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с энергией около ve =  vt (ге обозначает скорость испущенных электронов, и, — 
скорость налетающих ионов), который очень интенсивный около угла 0° 
эмиссии электронов. Этот пик ещё не был изучен при таких больших энергиях в 
случае газових мишеней, как в наших измерениях в Дубне. Спектры на рис. 4 
были сняты прибором ES А 21 (см. в таблице I) у тяжёло-ионных циклотронов 
Лаборатории ядерных реакций ОИЯИ (Дубна).

Рис. 3. Полуширина пиков вблизи vt =  и, (см. текст) в зависимости от угла эмиссии электронов при
разных сталкивающихся системах [30]

Рис. 4. Пик “cusp” под углами около 0° для налетающих ионов высоких энергий, измеренный в 
Дубне. Предварительный результат [32]
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4. Результаты изучений поверхности материалов

Электронная спектроскипия используется в разных методах испытания 
материалов вообще, и особенно для исследования поверхностей образцов (см. 
напр. в [33]).

В нашем институте был применён метод РЭС в разных исследованиях 
используя спектрометр ES А-11 и другие устройства, разработанные в ИЯИ 
(Дебрецен). Прежде всего я упоминаю здесь результаты фундаментального 
интереса по химическим эффектам на фотоионизационные сечения внутренных 
оболочек платины [34].

Окисление поверхности платины было изучено методом РЭС. На рис. 5 
образование окиси показывается в зависимости от времени анодного окисления, 
параметром является концентрация НСЮ4 раствора [35].

врем я анодного о ки слен и я  { в  часах )

Рис. 5. Образование окиси на поверхности платины в зависимости от времени анодного окисления. 
Параметр: концентрация НСЮ 4 в растворе [35]

Поверхность разных типов нержавеющих сталей была изучена в нашем 
институте. Заметно было обогащение окиси хрома на поверхности этих сталей 
(см. рис. 6). Образцы были тоже изучены после экспонирования в воде высокой 
температуры. Кажется, что качество нержавеющих сталей зависит от 
концентрации окиси хрома на поверхности [36, 37].

Метод РЭС был использован для исследования поверхностей сплавов 
алюминия [38, 39] и сплавов меди [40]. Эти последние исследования ещё 
продолжаются.

Мы изучали изменение интенсивности серы и хлора и их соединений в 
зависимости от расстояния от электростанции методом РЭС [41, 42]. Рис. 7
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показывает пики в спектре и относительные интенсивности элементов и их 
соединений в образцах, взятых на разных расстояниях от электростанции.

Все эти упоминутвде результаты, полученные в нашем институте были 
только примерами, при помощи которых я хотел бы показать, что область 
электронной спектроскопии как широка, даже в нашем институте.

5.0 -
I

I

I

ОКИСЬ
Сг 2рЗ/2
окись
Fe2p3/2

.металл*Cf2p3g
.металл 
*Fe2p 3/2

. Ь 5 5 5 5 2
---1---1---1---1---1---------------

0 I 2 3 4 5 6 28 мин.

ао - 
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ги - 
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2D - 
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16 - 
U - 
12 - 
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0.8 - 

Q6 -
ад -
Q2
0 ----1----1--- 1----1----1----Ly/_i---------

0 1  2 3 4 5 6 28 мин.
бомбардировка ионами

Рис. 6. Отношения пиков (Сг-металл/Ре-металл; Сг-окись/Ре-окись; Сг-тотальный/Ре-тотальний) в 
спектрах электронов (РЭС) в случае образцов нержавеющих сталей [37]

Рис. 7. Спектры электронов (РЭС) образцов, взятых на трёх разных расстояниях от угольной 
электростанции (а: “0” м., б: 150 м; в: 1500 м) [42]
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ROLE OF PHYSICISTS IN THE IMPROVEMENT OF 
TELECURIE THERAPY IN HUNGARY*

L. B o z ó k y

National Institute o f Oncology, 1122 Budapest, Hungary

A long-standing radiotherapy problem was that concerning the administration of the correct 
dose to a tumour without injury to the surrounding tissues. The elaboration of a suitable computer 
program such as the EXTDOS program of van de Geijn, appeared to help solve the problem and it 
raised the idea to create a country-wide computerized treatment planning network system relying 
upon a single big computer.

Such a system now exists controlled from the National Institute of Oncology in Budapest 
which is in permanent telephone connection with a Honeywell-Bull computer; the other 
radiotherapy centres possessing cobalt units are also linked to the computer. A point of particular 
importance is that the system covers a population of ten million, representing a treatment group with 
an identical dose measurement and evaluation method.

Introduction

There have always been close links between physics and the medical sciences. 
For example, after the discovery of X-rays (1895) medical science immediately started 
work on turning the novel-type radiation to use in its own provinces, on putting its 
diagnostic and therapeutic applications to test, and on the development of new and 
better techniques. Half a year after Roentgen’s portentous discovery, for instance, the 
British Army of the Nile was already equipped with field diagnostical X-ray devices.

A similarly prompt response was experienced also in utilizing radioactive-, 
neutron-, laser- and extra-hard electromagnetic radiations — the last of these being 
produced by circular and linear accelerators.

Under such conditions it was small wonder that the advanced institutions of 
medical sciences started asking physicists to cooperate in solving their theoretical and 
practical problems, in elaborating dosimetric methods of measuring ionizing 
radiations; to participate in coping with the increasing numbers of measurements 
needed in radiotherapy and radiation protection, in the development of new equipment 
to permit the putting of new techniques into practice — inspired by the physicians, and 
in the theoretical and practical investigation of the new types of problems of nuclear 
medicine and radiation protection which were gaining ever greater importance.

On the other hand, the numbers of physicists who realized that the new field of 
up-to-date medical science known by the name ‘nuclear medicine’ kept posing hosts of 
interesting physical problems, began to increase. In other words, as can now be seen,

* Dedicated to Prof. I. Kovács on his 70th birthday
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nuclear medicine seems to hold out bright prospects to those who are prepared to 
immerse themselves in such interdisciplinary work.

Some results attained in cooperation with Hungarian physicists that have 
improved the efficiency of radiotherapy, are presented below.

Physical problems in telecurie therapy

A problem affecting radiotherapy — which is itself older than half a century — 
concerns the methods by which a dose needed for the destruction of a tumour 
embedded in the depths of the body can be administered without injury to the tissues 
above and surrounding it. The paths of depth dose curves render the application of 
irradiation from several directions by the fixed-field technique or by the moving field 
technique necessary, even if a cobalt unit or accelerators of a few MeV are used (Fig. 1). 
This is the only way to subject a deep-seated tumour to a larger dose during the whole 
of the irradiation cycle even though exposed to irradiation of lower intensity than the 
surface and the body parts in front of it (Fig. 2.).

The qualitative solution of the problem has long been in hand. Its im
plementation in practice, however, has proved to be feasible to a limited extent only. 
Knowledge of the dose distribution charts belonging to fields of irradiation of various 
shapes and sizes in homogeneous soft body tissues, or in a water phantom — the latter 
lending itself to precise dose measurements — is of little use, as the sum dose

Fig. 1. Depth dose curves in water phantom by electromagnetic radiations with different quantum energy
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Fig. 2. By three-field irradiation with 60Co the sum dose in the deep-seated tumour can be higher than at the
surface

distribution determined by point by point addition, demanded laborious and long- 
winded work even where body parts could be considered as homogeneous.

It is apparent that such irradiation plans could be performed only on small 
numbers of patients, even where well-accomplished physicists were at hand. Such 
places, however, were few and far between in Hungary.

A further source of difficulties was that in the very course of mapping the 
irradiation plans, it has turned out that “open-field” irradiations in general use for long 
years, to which also the curves of Fig. 1 apply, fail to meet the two principal 
requirements of optimum radiotherapy:

1) The tumour should receive homogeneous irradiation all over its volume;
2) The dose-field surrounding the tumour should drop as steeply as possible. 

Wedge filters with various angles are necessary to modify the charts of dose 
distribution belonging to the particular fields (Fig. 3), Meredith and Massey [1].

Finally, the precise calculation of the final dose distribution charts was rendered 
difficult by the body parts being mostly inhomogeneous. Bone, lungs, etc. in the 
radiation path may significantly influence the absorption and scattering of the 
radiation and, as a rule, there was no possibility of taking this into consideration.

The difficulties outlined above exerted a particularly strong influence in the 
moving-field irradiation technique, where the radiation source moves along an arc 
determined by the location of the tumour, at uniform speed. The centre of the arc

2* Acta Physica Hungarica 55, 1984
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Fig. 3. Influence of a wedge filter on the dose distribution by 60Co beam therapy

coincides with the centre of the tumour, the length of the arc varies according to 
necessity. Difficulties originating in the conditions pointed out above were the main 
reasons why well-designed, expensive devices with moving fields were mostly used as 
fixed-field equipment only.

Solution of the problem

A substantial change took place about 20 years ago, when computer techniques 
appeared in practice. This inspired the physicists to elaborate a computer program 
which, taking the laws of the different physical interactions between radiation and 
material into consideration, calculates the radiation doses delivered by the various 
fields of irradiation to every point of a network of squares lying usually in a plane 
perpendicular to the long axis of the body, intersecting the centre of the tumour, then 
adds up the data obtained, point by point. By printing out the results thus obtained in 
natural size by means of a terminal, the dose distribution chart of the desired section of 
the patient’s body can be obtained (Bozóky and Eckhardt [2]).

This procedure resulting in the cutting down of the time needed for the work by 
several orders of magnitude might, in practice, permit the general introduction of up- 
to-date treatment planning and might help to achieve a sudden substantial 
improvement in the efficiency of radiotherapy.

In writing the program, however, serious difficulties were experienced 
concerning the radiation of the greatest importance for radiotherapy, viz. electromag-
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netic radiation. Here a multitude of intricate interactions between radiation and 
material are produced. Even if we disregard the interactions of lesser probability of 
occurrence, the phenomenon remains exceptionally complex, depending on a host of 
parameters whose complete mathematical description is still very difficult to work out, 
even if the particular elementary physical interactions are exactly known (Bozóky [3]).

For instance, the elementary process of Compton scattering is a well-known 
phenomenon which can perfectly well be described by the Klein—Nishina formula. Yet 
for somewhat extensive media and/or wide radiation beams the formula is no longer of 
use.

Pioneering work in this province had already been done by Professor I. Kovács 
in the early ’40s. Joining in the research work on radiotherapy performed in the Eötvös 
Loránd Radium and Röntgen Institute, he finally succeeded in solving the problem 
with the modification of the Klein—Nishina formula for practical therapeutical 
purposes. Ten years later, while Director of the Central Research Institute for Physics 
of the Hungarian Academy of Sciences, he promoted the starting of work on nuclear 
science in Hungary by recommending substantial subsidies and providing support for 
interdisciplinary cooperation between physicists and physicians (Policzer [4]).

Dose distribution resulting from scattering depends on many factors. It is 
influenced by the energy and the direction of progress of the photons scattered, by the 
atomic number, density, shape and size of the scattering medium, by the atomic 
number of the collimator determining the field-size, its thickness and distance from the 
radiation source, by the dimensions of the radioactive source, by the material and 
shape of the wedge filters, as well as the intensity of secondary and tertiary scatterings. 
The exact mathematical description of them is quite impossible.

This is why the drawing up of a computer program has rendered the direct 
experimental determination of influence of the gradual variations of some parameters, 
such as the size of the field, penumbra width, wedge filters, etc. on the effective dose 
distribution necessary, and allows the parts of the program otherwise too intricate to 
rest upon the functions thus obtained.

From the closest matching of the theoretical calculations with measurements 
obtained under strictly defined conditions, computer programs for treatment planning 
in radiotherapy, not even hoped for until now, have been created. Ranking high among 
them is that of our old friend, the Dutch physicist, Johan van de Geijn. The program, 
known under the name EXTDOS (van de Geijn [5—6]), written with thorough 
erudition and utmost care, was generously donated to us in 1975. In addition to the 
conditions examined above, the program takes into consideration the continuous 
decay of the 60Co source, the inhomogeneities inside the body (bones, lungs, etc.), lead 
blocks of shapes selected at will, etc. The EXTDOS program is able to draw up dose 
distribution charts in front of, or at the back of the target, in planes parallel to the initial 
one.

It goes without saying that a program giving full satisfaction can be run only on a 
large computer, the requirement being 96 к bytes. On the Honeywell-Bull 66/60

Acta Physica Hungarica 55, 1984



22 L. BOZÓKY

computer of the Computer Service for State Administration the calculation of a plan 
takes 5— 10 seconds — depending on the size, and the printing of a chart requires 2—4 
minutes.

Our first task was the adaptation of the program to the actual Hungarian 
conditions, followed by control measurements performed with maquettes made of 
tissue-equivalent material (Mix D) and in a water phantom with small-sized condenser 
ionization chambers (Bozóky et al [7]).

The results appeared to be satisfactory in every respect and raised the idea that 
the novel potentiality opening up a new era concerning the efficiency of radiotherapy 
should not be limited to the patients treated with the two cobalt units in the National 
Institute of Oncology, but should be extended to patients suffering from tumours and 
subjected to telecobalt treatment in any part of the country.

The personal and objective conditions for this were:
1) The availability of equipment fit for the precise location of the tumours, and of 

physicians able to make the most of such equipment. (Radiotherapeutic treatment 
planning resting on new, exact scientific methods can be expected to bring about 
significant advance only if the physician can precisely mark out the location of the 
tumour or the area to be irradiated).

2) The presence of physicists possessing special training in radiology and 
interested in interdisciplinary problems. (These should be able to consider special 
geometrical conditions, issues of radiation physics, of radiation protection, etc., be 
willing to perform the latest dosimetric and topometric measurements, determine and 
handle input data, ask for and evaluate the results delivered by the computer, etc.)

3) Computer or computer capacity. (As shown above, the planning of radiation 
treatment requires a large and therefore an expensive computer whose utilization, if 
reserved exclusively for such jobs, would be somewhat limited. The installation of a 
computer worth several million forints in each of the hospitals and clinics operating a 
cobalt unit, as habitual in the practice of some foreign countries, would appear quite 
unrealistic in Hungary.)

With further regard to 3) above, other reasons equally advocated another 
solution, viz. the creation of a country-wide computerized treatment planning network 
system relying upon a single big computer.

The directing and control centre of the network system is in the National 
Institute of Oncology in Budapest, and is in permanent telephone connection with the 
Honeywell-Bull CII-HB type 66/60 computer of the Computer Service for State 
Administration (ÁSZSZ) (Bozóky et al [8]). The other radiotherapy centres, i.e. the 
clinics and hospitals in Budapest, Debrecen, Pécs, Szeged, Szombathely and Miskolc, 
possessing cobalt units, are connected through a terminal provided with a printer to 
the HwB computer by special telephone lines reserved by the Post Office 
Administration for this purpose, and lately through special DATEX lines exclusively 
arranged for data transmission to the Budapest centre of the Network (Fig. 4).
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Budapest
001

Fig. 4. Block diagram of Computerized Treatment Planning Network System in Hungary

The Centre takes care of the routine work of operation and of the physical tasks 
in connection with them, as well as of the permanent maintenance and development, 
and of the financial aspects for all this.

The creation of the preliminary conditions took three years of farflung 
laboursome work. A momentuous turn in these matters came in 1976 when the 
International Atomic Energy Agency (IAEA) in Vienna, in the framework of its 
technical assistance, granted a subvention of 100 thousand dollars to purchase HwB 
terminals compatible with the ÁSZSZ computer. Unfortunately, there was con
siderable delay before we received the five HwB terminals lending themselves also for 
the printing out of dose distribution charts and one terminal with a TV screen, an 
independent printing device and two Sematron Modems for the central control station 
in the Physical Department of the National Institute of Oncology. The equipment was 
not in fact received until 1977.

It was only then that we could see to securing the rest of the preliminary 
conditions, such as the designing and manufacturing in the Oncological Institute of 
body cross section drawing devices, frameworks and other auxiliary apparatuses, the 
provision of adequate numbers of jobs for physicians and physicists, to find specialists 
to fill the posts, to get reserved telephone lines, premises, to organize a special complex 
training course with appropriate lecture notes and to obtain allocations for the costs of 
operation of the entire Network in the framework of the budget of the Ministry of 
Health.

The Computerized Treatment Planning Network System started operation on 
16th October 1978, just after the ending of the training course. It has functioned ever 
since, with 50 specialists of whom 18 are physicists [9]. Many common discussions — 
particularly between physicists, specialists of ÁSZSZ and those of the Post Office 
Administration — took place concerning elimination of faults, utilizing newly realized 
technical advance, as well as assessing the results achieved.
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Operation of the Network System

An important feature is that safety and medical secrecy require that every station 
has its own files in the computer and these files are accessible only to those who know 
the password.

A cross-sectional diagram of the patient, thoroughly examined and diagnosed, as 
a rule perpendicular to the long axis of his body is made. The physician marks out the 
area to be irradiated and the areas of inhomogeneity in the picture.

The physicist determines the polar coordinates of 18 points defining the curves of 
each area, as well as other items of information provided in the data sheet, such as the 
numbers, sizes, locations of the fields to be irradiated, the directions of the irradiations, 
the slope of the wedge filters necessary, the weight factors, personal data, etc. and 
through its terminal transfers these directly to the computer every morning.

The memory of the computer stores the fixed data of each cobalt unit, the activity 
of the radiation sources, the time it was measured, the dose distribution curves 
measured in each institution by the same physicist with the same dosemeter and water 
phantom of the central laboratory, etc. continuously.

During the morning the Centre, having checked whether the input data have 
duly arrived, starts the computer working, asks for all dose distribution charts that 
have been calculated, together with the irradiation times belonging to them. After 
checking and the getting through of the corrections needed, if any, at two p.m., permits 
the computer to pass on the results to the stations concerned. In the afternoon every 
station asks for its results, evaluates the dose distribution charts, replaces those that 
have been found unacceptable and prepares new charts with modifications that can be 
read from the charts.

The plans that have been found satisfactory are transferred to the wards housing 
the cobalt unit. Special care is taken to ensure that the patients are positioned in close 
conformity with the plans.

Discussion

The complex evaluation of the operation of the Computerized Treatment 
Planning Network System is of great importance for several reasons. Complex 
evaluation involves, among other factors, estimating the increment and effective gain in 
work achieved, the costs incurred by the creation and operation of the Network, the 
effective returns demonstrated by the increase in the numbers of recoveries achieved, 
etc. i.e. the amount of healthy manpower restored set against cost; all this is without 
mentioning the gain of paramount importance that cannot be expressed in terms of 
money, viz. the patients’ recovery.

A particularly difficult question to answer, indeed, a reply will be possible only 
after a longer interval of time, is that concerning whether a patient can be considered as
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recovered; freedom of symptoms of more than 5 years is required. Such figures and data 
are of course not yet available.

Another point that must not be overlooked is that in the early periods 3—4 plans 
must be drawn up for every patient until the right one is found. A preliminary 
optimalization of planning would require too long running times and excessively high 
costs.

Another source of difficulties comes from significant differences between the 
variants of illnesses from one patient to the other, and also in the different reactions of 
people to the same radiation dose. Under such conditions acceptable statistical 
differences cannot be expected before involving a much larger numbers of patients.

Our Network System is of great importance from the point of view that it covers 
a population of ten million, representing a system with an identical dose measurement 
and dose evaluation such as, according to foreign specialists, is without match so far.
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ROTATIONAL INTENSITIES IN DOUBLET 
TRANSITIONS OF A DIATOMIC MOLECULE*

T. K. Balasubramanian, A. S. P. Rao, R. D’Souza and 
N. A. N arasimham

Spectroscopy Division, Bhabha Atomic Research Centre 
Bombay, Bombay-400085 India

Rigorous expressions for the rotational term values and eigenfunctions of a diatomic 
molecule in doublet electronic state are rederived, taking due account of the effect of centrifugal 
distortion on the spin multiplets. The eigenfunctions are used to obtain expressions for the rotational 
line strengths appropriate for 21  — 2I1 (int) transition. The possibility of determining from intensity 
measurements, the spin-rotation parameter y independent of AB, the centrifugal distortion 
parameter of the spin-orbit coupling constant A, is pointed out.

1. Introduction

Hill and Van Vleck [1] were the first to derive theoretical formulae for the 
rotational terms of a diatomic molecule in a degenerate doublet electronic state with 
coupling intermediate between Hund’s cases (a) and (b). Using the eigenfunctions 
derived from the above theory Earls [2] obtained expressions for the rotational line 
strengths of the 12 branches that arise in а 21 — 2П transition. Since then the ever 
increasing accuracy of the experimental data has necessitated refinements of the 
original Hill—Van Vleck theory from time to time [3—6]. The first such attempt was 
that of Almy and Horsfall [3] who treated the effect of centrifugal distortion on the spin 
multiplets rigorously following a procedure first adopted by Gilbert [7] for triplet 
states. James [4] took the next important step by allowing for the variation of the spin- 
orbit coupling parameter A due to centrifugal effects, bringing theory and experiment 
into closer agreement. In the light of these developments in the theory of term values, a 
corresponding revision of the rotational intensity expressions in doublet transition is in 
order. In the present paper we rederive rotational line strength expressions for the 
frequently occurring transition 21 — 2П (int) taking due account of the improvements 
in the theory of doublet states.

The present work has been greatly inspired by the pioneering research of 
Professor István Kovács in the theory of diatomic spectroscopy. As a token tribute we 
have great pleasure in dedicating this paper to Professor Kovács.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. Theoretical preliminaries

2.1. Hamiltonian, eigenvalues and eigenfunctions

The calculation of rotational intensities rests on a knowledge of the 
eigenfunctions of the rovibronic terms involved in the transition. To obtain these we 
need to diagonalize the rotational Hamiltonian (including spin-orbit and spin-rotation 
terms), (Zare et al [8]),

The angular momenta J , L, S, Л, E and the symbols В and D have their customary 
meanings (Herzberg [9]). у represents the spin-rotation interaction parameter. In (1) 
the spin-orbit interaction operator АЛЕ of the Hill-Van Vleck theory [1] is replaced by 
the symmetrized operator АЛЕ + AD{R2AE + A I R 1)/!. The parameter AB allows for 
the variation of the spin-orbit coupling parameter A due to stretching of the rotating 
molecule.

Throughout this paper we shall work with case (a) basis functions. Following 
Lepard [10] we take as basis, Wang sums of the type,

in which p =  +1.
These functions have particularly simple symmetry properties. For a degenerate 

doublet state we have Л Ф 0, S =  1/2 so that 1 =  ±1/2  and Í2 =  A + 1/2. Our basis then 
consists of four symmetrized functions of the type (2), there being two functions for each 
choice of p. In this basis the matrix of the Hamiltonian represented by (1) will be of 
dimension 4 x 4. In what follows we neglect the presence of Л-type doubling. With this 
assumption the 4 x 4  Hamiltonian matrix reduces to a pair of identical 2 x 2  diagonal 
blocks, either of which may be represented as

H = АЛЕ +  BR2 -  DR4 +  yR • S +  AD(R2AE + AER2)/2 

(R =  J —L —S). ( 1 )

+ p \ - A S - E -  -Ш М )} (2)

Q A —1/2 Л + 1/2

with

A - 1/2 H 21 H l2
Л + 1/2 H 2l H22

и  1 1  = -  У/2 -  (Л/2) [Л + Ad(x + Л)] +  B(x + A )-D {(x + A)2 + x} , 

H 22= ~ y /2  + (Л/2) [A + AD(x — Л)] +  B(x — Л) — D{(x — A)2 + x } ,

H 12 = H 21 = - ( B - y / 2 - 2 D x ) ^ c , 

x=(J+  1/2)2—Л2. (3)

Acta Physica Hungarica 55, 1984



ROTATIONAL INTENSITIES IN DOUBLET TRANSITIONS 29

In writing (3) terms of the type ß<L2 + L2> have been omitted. Here x, y, z refer to the 
molecule fixed co-ordinate axes with z along the molecular axis. The roots of the 
secular equation |(H —£/)| = 0 yield to two sets of rotational term values

£ (J )}  =  ~ y/2~ (AJ2 + D)A2+ ( B - D ) x - D x 2+ f(J), (4)

with f(J )  =  I A \ ( A  -  2B)/2+(Ad + 4D)x/2}2 +  (B—y/2 -  2 Dx)2x ]1/2.
The rotational eigenfunctions are given by

|ÍW )> } = а ' |2у1л- 1/2; Л - 1/2УМ;р> +

+ b J 12АЛ+1/2; Л + 1/2JM; р>, (5)
where

а ^ = [ с Я '1/2; bj± = u / - [ c J±] “ 1/2.

Uj =  — [£(aj— 1)1/2±0£j] , 

c± =  l + uJ±2= + 2 a J -uJ± ,
an d

« j= [F 2(J)- F,(J)-]/2(B-y/2-  2 D x ) ^ c . (6)

£ is a sign parameter of unit magnitude which is given by

e = [A — 2B + (Ad + 4D)x]/| A - 2 B  + (Ad + 4D)x \.

With some care the rotational terms and eigenfunctions for a 2I  state may also be 
obtained formally from relations (3)—(6). We note that for a 21  state there are only two 
basis functions of the kind given in (2) and hence the full Hamiltonian matrix is of 
dimension 2x2.  Furthermore for a 21  state we should set A = AD=0 and A =  0. The 
final result is

F г (J) = B(J - 1/2) (J + 1/2) - D ( J - 1/2)2 (J + 1/2)2 + y(J—1/2)/2,

F2(J) = B(J + 1/2) (J + 3/2) -  D(J +  1/2)2 (J + 3/2)2 -  y(J + 3/2)/2, (?)

!';S>}=̂ {|2i-i/2;-i/2jm>±|2'i/2;i/2/m»- (8)
2.2. Calculation of line strengths for 2Х —2П transition

The calculation of line strengths is, in general, quite laborious; a detailed account 
of the steps involved has been given by Kovács [6] and Hougen [11]. In the present 
discussion only a brief outline of the procedure that has been followed is given. 
Essentially the line strength is given by

StJ(J'J")= J T  \<F,l(J')\nR\F'J'(J")y\2, (9)
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with i,j = 1,2 and R = X, Yот Z. Here ßR represents the Rth component of the dipole 
moment operator in a space-fixed frame with X, Y, Z  as axes. We recall that our 
rotational eigenfunctions |Fj(J)> are expressed in terms of case (a) basis functions 
which are defined with respect to the molecular frame. Therefore we must first express 
HR in terms of the molecule fixed components цг through the direction cosines ctRr. For a 
molecule in gas phase and in field free environment all directions in space are 
equivalent; it is customary to restrict цк in (9) to the Z component because of the fact 
that it gives the particularly simple M selection rule AM = 0. Explicitly we have

Hz =  (Hx -  iHy)(*zx + i<*zy)ß + (Их + Wy) (a z* -  >'“z,)/2 +  /V*zz • ( 10)

The various non-vanishing matrix elements of (10) have been tabulated by Hougen
[11]. Application of the selection rule AZ = 0 for the spin projection Z reduces the 
general line strength problem for the transition

I W ) > 4 F jV " )>  (11)

to one of evaluating the effective transition amplitudes for the two case (a) transitions 

2Z - i / 2 ~ 21^i /2 an<l  2Z m - 2n m ,

each of which obeys the J selection rule A J -  — 1,0, +1 yielding the familiar P, Q, R 
branches. Table I gives these effective transition amplitudes, derived according to 
Hougen [11]. The line strength for the transition of the kind (11) is then readily 
obtained by adding and squaring the two separate case (a) transition amplitudes (Table I) 
after weighting each such amplitude with the appropriate mixing coefficients given by 
relations (5), (6) (with /1 = 1) for 2 Л state, and (7), (8) for the 2Г state. The resulting line 
strength expressions are given in Table II.

3. Discussion and conclusion

The expressions contained in Table II are more accurate than those available so 
far [2, 6]. Although the higher order centrifugal distortion term HR6 has not been 
included in the Hamiltonian of Section 2, nevertheless by redefining a.j in relations (6) as

OLj = IF J  J) -  F 1 ( J)M2(B -  у/2 -  2Dx + W x 2) J x

Tn*nsition

2E-l/2~2Rl/2 ^1/2-2Я3/2

p
Q
R

— [(2J +1) (2J —1)/8/]1,2 
[(2J+1)3/8J(J+1)]1/2 

[(2J +1) (2J + 3)/8(J +1)]1/2

- l (2 J  + l)(2J + 3 ) ß j y 12 
[2J — 1) (2J +1) (2J + 3)/8 J(J + 1)]1/2

[ (г /-1)(1/ + 1)/8(л -1)],/2
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Table II
Line strength expressions for 2i  — 1n transition

(2J + 1 )(n/ 2 J  — 1 ± u j  J l J  + i ) 2/ l 6J  ■ cj  

(2 J + 1) [2J + 1 ±  u j J ( 2 J - l ) ( 2 J  + 3)ÿ/ l6J(J  + 1) ■ c j  

(2J +1 ) (sj2J  +  3 ±  u] J 2 J  - 1  ) 7 16(J +1 ) • cj  

( 2 j + 1) (V 2J - 1  ±  u } j 2 j + 3 ) 2/ i 6 j  • c;

(2J +1) [2Г +1 ±  u;  s/ ( 2 J - l ) ( 2 J  + 3)]I/l6J(J + 1) • cjr 

(2J + 1) { j 2 J  + 3 ±  м; У 2 7 -1 )2/16(У +1) • с /

and using the experimentally determined term difference F2(J)—F l (J) in the relation, 
this omission may be corrected to a large extent. Just to see how much changes in the 
line strength values are produced by these refinements in the theory, the present 
expressions as well as those of Earls [2] are applied to the A2I + —X 2n i transition in 
OH. The results are compared in Table III. The molecular parameters for the 
X 2TIi state are taken from the work of Coxon [12].

As may be seen from Table III the present and the previous line strength 
expressions lead to more or less similar intensities for the main branches ß n  and Q22- 
For the satellite branches, however, there are marked differences especially at higher J 
values. It is at these J values that the centrifugal effects are expected to be large and this 
is what is reflected in the calculations. An interesting feature is that the inclusion o f. 
centrifugal distortion seems to retard the spin-uncoupling as evidenced by the increase 
of the line strength values after initial decrease for the Ql2 and Q21 satellites. This 
feature is unique to the present formulae and is absent from the previous expressions 
[2, 6].

The dependence of the line intensities of Table II on ccj defined in relations (6) 
seems to suggest the possibility of measuring the spin-rotation parameter у 
independent of any correlation with AD. To appreciate this point we should realize that 
term value analysis based on measured line positions can only determine the quantity 
[A2{A/B—2)AD—2y\ as is evident from examining relations (4). This correlation 
between AD and у has been known before (Vaseth [13], Brown and Watson [14]). 
Brown and Watson [14] attempted a decorrelation of AD and у for the Х 2П state of 
HC1+ by analysing the isotopic spectrum wherein they exploited the difference in the
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Table III
Comparison of the results of the present and previous* line strength formulae applied to the A2I *  —Х 2П,

transition in OH

ö n Ö21 Q n Ö12
J l

Previous Present Previous Present Previous Present Previous Present

1.5 1.124 1.124 0.492 0.492 1.375 1.375 0.742 0.743
4.5 4.216 4.209 0.664 0.670 4.286 4.279 0.734 0.741
9.5 9.477 9.450 0.476 0.502 9.500 9.472 0.498 0.525

14.5 14.627 14.572 0.346 0.400 14.637 14.583 0.356 0.411
19.5 19.713 19.611 0.268 0.370 19.719 19.617 0.274 0.377
24.5 24.768 24.567 0.218 0.417 24.772 24.572 0.222 0.423
29.5 29.805 29.405 0.184 0.582 29.808 29.410 0.186 0.586

* References [2] and [6]

way in which A D and у transformed under isotopic substitution. The expressions in 
Table II suggest that line intensity measurement can in principle, decorrelate the two 
parameters by providing a knowledge of у independent of A D. For instance a 
measurement of the intensity ratio between two suitably chosen lines (say, the Ql2(J) 
and Q2 2 V) f°r a suitable J) can provide a value for aj  from which the quantity (В — у/2 
— 2Dx) and hence у may be determined. It is clear that in order for this procedure to 
succeed, extremely accurate intensity measurements are necessary. But this difficulty is 
mitigated by the fact that only the intensity ratio between two close lines needs to be 
determined, which is a lot easier. We are mentioning this aspect merely to emphasize 
the point that accurate intensity data can be as useful in determining some of the 
parameters, as are data pertaining to line positions.

References 1 2 3 4 5 6 7 8 9 10 11 * 13 14

1. E. L. Hill and J. H. Van Vleck, Phys. Rev., 32, 250, 1928.
2. L. T. Earls, Phys. Rev., 48, 423, 1935.
3. G. M. Almy and R. B. Horsfall, Phys. Rev., 51, 491, 1937.
4. T. C. James, J. Chem. Phys., 41, 631, 1964.
5. L. Klynning, B. Lindgren and N. Aslund, Ark. Phys., 30, 141, 1965.
6. I. Kovács, Rotational Structure in the Spectra of Diatomic Molecules, Akadémiai Kiadó, Budapest and 

Adam Hilger Ltd., London, 1969, 61.
7. C. Gilbert, Phys. Rev., 49, 619, 1936.
8. R. N. Zare, A. L. Schmeltekopf, W. H. Harrop and D. L. Albritton, J. Mol. Spectr., 46, 37, 1973.
9. G. Herzberg, Molecular Spectra and Molecular Structure I. Spectra of Diatomic Molecules, D. Van 

Nostrand Co., New York, 1950.
10. D. W. Lepard, Can. J. Phys., 48, 1664, 1970.
11. J. T. Hougen, NBS Monograph No. 115, U.S. Government Printing Office, Washington, D. C., 1970.
Г2. J. A. Coxon, Can. J. Phys., 58, 933, 1980.
13. L. Veseth, J. Mol. Spectr., 38, 228, 1971.
14. J. M. Brown and J. K. G. Watson, J. Mol. Spectr., 65, 65, 1977.

Acta Physica Hungarica 55, 1984



A lia  Physica H uny a rk  a 55 ( I — 4 ), pp. 33— 44 ( 1984)

THE STRUCTURE OF TRICARBON OXIDE SULFIDE, 
0= C = C = C = S, AS A FUNCTION OF THE VIBRATIONAL 

QUANTUM NUMBER v 7, DETERMINED 
BY THE ISOTOPIC SUBSTITUTION METHOD*

M a n fr e d  W in n e w isse r  and E. W a l ter  P e a u 1

Physikalisch-Chemisches Institut, Justus-Liehiij-Vniversität Giessen 
D-6300 Giessen, West Germany

The molecular structure of tricarbon oxide sulphide (3-thioxo-l,2-propadiene-l-one), has 
been determined by the substitution method using the rotational constants of five isotopic species. 
Since the lowest-lying bending mode v7 in C3OS is at 82.6 cm' 1 the vibrational dependence of the 
molecular structure on this particular mode could be determined. By removing the vibrational 
dependence of the molecular structure on v7 an effective equilibrium structure was obtained:

О ..... C -■ C c ------  s

1.1343 A 1.2696 A 1.2540 A 1.5825 A.
An interpretation of the pronounced vibrational dependence of the molecular structure on the 
excitation of the bending mode v7 is presented in the light of the stretch-bend interaction introduced 
by Bunker in the semi-rigid bender analysis of the quasilinear molecule carbon suboxide, 0 = C =
c = c = o .

1. Introduction

The molecule 3-thioxo-l,2-propadiene-l-one, 0= C = = C = C = S , has seven 
fundamental vibrational modes [1]. The four stretching vibrations Vj, v2, v3 and v4 
belong to the symmetry species I +, while the three bending modes v5, v6, and v7 are 
twofold degenerate and belong to the symmetry species П. Originally 0 = C = C = C = S  
was investigated in order to determine whether it belongs to the group of linear 
molecules or to the exotic group of quasilinear molecules such as 0 = C = C = C = 0
[2]. Microwave experiments revealed beyond doubt that 0 = C = = C = C = S  has a 
spectrum typical of a linear molecule with the lowest-lying bending mode v7 at 
82.6cm-1 [2, 3, 4]. This bending mode is well separated from all the other normal 
modes [ 1] and can be described successfully by the model of a harmonic two- 
dimensional isotropic oscillator [4]. This finding was of course in sharp contrast to the 
complex spectral behaviour of 0= C = = C = C = = 0 which is almost half-way between a 
linear and a bent molecular model [5, 6].

The energy levels of the v7 vibrational manifold are highly populated at room 
temperature and the rotational lines arising from molecules in these vibrational levels

* Dedicated to Prof. I. Kovács on his 70th birthday
1 Present address: Institut für Atomphysik Philipps-Universität Marburg, Renthof 5, D-3550 

Marburg, West Germany
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can be observed for the various isotopic species in natural abundance except for the 
species containing 180 . In this paper we report measurements on these isotopic species 
and a molecular structure derived using Kraitchman’s substitution method. This 
method has been used to determine the molecular structure as a function of the 
excitation of the lowest-lying bending mode v7. Therefore, an approximate equilibrium 
configuration of the 0 = C = C = C = S  molecule can be derived by eliminating the 
effects of v7 upon the molecular structure.

2. Experimental procedures

Samples of C3OS were prepared by the reaction of C30 2 with P4S10 as described 
by Winnewisser et al [2, 3]. Measurements of rotational transitions for the various 
isotopically substituted species in natural abundance were carried out with a Hewlett- 
Packard microwave spectrometer model MRR 8460 A. All measurements were 
conducted in the frequency band from 26.5 GHz to 40 GHz. The following isotopic 
species of tricarbon oxide sulfide have been measured:

i6o = 12c = 12c = 12c==32s 92.26%

i6o = i 2c = 12c = 12c = 34s 4.22%

i6o = 12c = 12c = 13c = 32s 1.107%

i6o = 12c = 13c = 12c = 32s 1.107%

160 = 13C = 12C = 12C = 32S 1.107%.

The lines of the 180-substituted species could not be observed in natural 
abundance. The relative intensities of the observed rotational lines of the above- 
mentioned isotopic species relative to some lines arising from excited vibrational states 
of the main species are shown in Fig. 1 for the 34S-containing species and in Fig. 2 for 
the 13C-containing species. All measurements were carried out at room temperature 
and at a pressure of 0.010 mbar. Since C3OS is rather sensitive to the presence of water 
vapour in the absorption cell, we conditioned the cell for several hours with C 30 2, a 
procedure which removed all traces of water very effectively.

3. Spectral data and their reduction to the molecular structure

a) Spectral data and molecular constants

In a previous communication [3] the reduction of the spectral data for the main 
isotopic species 160 = 12C = 12C = 12C = 32S to the rotational and centrifugal 
distortion constants was discussed in detail. The Hamiltonian used there was originally 
derived by Nielsen [7, 8] and Amat and Nielsen [9]. It rests on three assumptions:
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I_________________I_________________ I_________________I______
38890 38891 38893 38895 MHz

Fig. 1. Recorder trace of rotational lines of the J - 14«— 13 transition of 160 = 12C = 12C = n C = 34S 
molecules in the vibrational state c7 = 2 in the region of highly excited vibrational satellite lines of the parent

species

Fig. 2. Recorder trace of part of the J=  13«-12 rotational transition showing absorption lines from 
vibrational state t>7 =  2 of the 16Oa r - , 2C(2)= 12C(3)= 13C<4)—3JS(5) and 16Ou)=—12C(2f—l3C(3y—12C(4)— 

32S,5, isotopic species and of the parent species

3* Acta Physica Hungarica 55, 1984
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1) The equilibrium structure of the molecule is linear. 2) The amplitudes of the normal 
modes of vibration are small and 3) the potential function associated with each of the 
bending modes of the molecule may be presented by a two-dimensional isotropic 
harmonic oscillator with slight anharmonicity. It was found that all these assumptions 
hold well for C 3OS [3]. Therefore, the spectroscopic constants of all the isotopic 
species were determined by using the well-known relationship for the rotational 
energies [3].

[Вп+ умЛ2] L J ( J + i ) - i 2~\-DvV ( J + i ) - i 2Y ,  (1)
with

B„ =  B?-oc,(pf+ l )  +  y„(t>,-l-l)2 , (2)

Dv =  Dt + ß,(v,+1), (3)
where

Bv =  rotational constant for a given vibrational state;
Dv = centrifugal distortion constant;
a„ ß„ y„ =  rovibrational interaction constants for the r-th normal mode; 
yIt(t =  rovibrational interaction constant;
B* ,D* = effective equilibrium spectroscopic constants which include the zero point 

vibrational contributions of all normal modes except v7 ■;
V, = vibrational quantum number of the i-th normal mode;
/ =  sum of the vibrational angular momentum quantum numbers which is in

this case 1=1,;
J =  quantum number of the total angular momentum.

It should be pointed out that only the well separated low-lying bending mode v7 
is considered in the above expansion. Therefore, only effective equilibrium spec
troscopic constants which include the zero point vibration contributions of the other 
six normal modes can be determined, and hence an effective equilibrium structure. 
When the v7 vibrational mode is considered, the rotational constants can be 
determined by

Bv =  2(7 ^  + 2D»UJ +  i )2 -  П -  W 2 • (4)

The effects of /-type resonance can be accounted for by using the effective centrifugal 
distortion constant, Dvl, obtained for each component separately, as discussed in [4]. 
Most of the constants appearing in Eqs. (1—3) can be determined for the isotopic 
species using the frequencies summarized in Table I, which also includes the Bv values. 
The expansion coefficients are given in Table II. However, for four isotopic species only 
one rotational transition could be observed due to experimental difficulties. Therefore, 
the Dv values were assumed to be equal to those of the parent species (3). In the case of 
incomplete experimental data for some of the isotopic species the higher order
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Table
Observed frequencies and the corresponding rotational constants 0 = C = C = C = S  isotopic species in various states of the bending mode v7 as well as the

rotational and centrifugal distortion constants of the parent molecule

Isotopic species 
(1) (2) (3) (4) (5)

16o=12c=12c=13c=32s

(0,0,0°) (0,0,1]) (0,0,1}) (0,0,2°) (0,0,2}) (0,0,2})

J: D JH z*' 43.98(91) 53.71(1.12) 56.15(1.30) 142.28(91) -14.49(1.32) 71.5(1.76)
3........13 BJMHz*’ 1413.9124(3) 1420.5481(4) 1427.1457(3)c> 1427.1448(5)°
J + 1«- J W M H z 38559.312 38716.298 38762.954 38917.648 38919.966 38919.240

14<—13 1377.1355 1383.5737 1389.9717° 1389.9718°
y +  l<- J v J M H z 39202.689 39262.940 39411.006 39571.110 39570.326

14«-13 BJMHz31 1400.1133 1406.6932 1413.2256
J + l . -  J vota/MHz 36719.990 36865.972 37058.442 37060.392 37059.712

13 — 12 B^MHz3» 1412.3222 1418.8709''’ 1425.3728° 1425.3726°
J + 1«- J v J M H z 36717.194 36864.588 37053.636 37055.792 37054.994
13—12 B^MHz31 1412.2146 1418.7935“’ 1425.1879е’ 1425.1874°

*’ Effective centrifugal distortion constants taken from Table 3 in Ref. [4].
*’ Determined from the frequencies listed and the D„, values of the parent species according to Eq. (4). The yhh values were taken from Table II. 
°  For the structural calculations the average value of the reported B„ has been used. 
d) I-type doubling constant of parent molecule assumed.
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Rotational constant В;  (see Text) and the rovibrational interaction constants used to derive it for the parent molecule and isotopic species

Isotopic species 
(1) (2) (3) (4) (5)

Bf/MHz*1 a7/MHz y77/MHz y , , > 7=l)/M H z yw> 7 = 2)/MHz

1407.2133
+0.0070

-6.7202
±0.0041

-0.02506
±0.00050

0.00580
±0.00006

0.00635
± 0.00011-

160 —12C—12C—12C—3*S 1370.6572 -6.4984 -0.02005 0.00545 0.00625
16o = 12c = 12c = 13c = 32s 1405.6531 -6.5866 [-0.02506] [0.00580] 0.00730
16o = l2c = 13c = 12c ^ . 32s 1405.7219 -6.6254 [-0.02506] [0.00580] [0.00585]
i6o = 13c —12c = 12c = 32s 1393.4780 -6.6577 [-0.02506] [0.00580] [0.00635]

‘,l In calculating the effective equilibrium rotational constants B* only a second order polynomial for the parent molecule data was used in order to be 
consistent with the limited data available for the isotopic species. Therefore, the entries for the parent species deviate slightly from the values reported in Tables 3 
and 4 in Ref. [3].
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expansion coefficients were also taken to be equal to those of the parent species (3). 
They are indicated in square brackets in Table II. The B„ values in Table I were 
determined accordingly.

b) Molecular structure

Since neither experimental nor theoretical evidence suggest nonlinearity of the 
0 (1)= C (2)= C (3)= C (4)= S (5) molecule, a linear molecular structure was assumed. The 
standard substitution coordinates z,(i) [10,11,12] for four of the five atoms, C(2), C(3), 
C(4) and S(5) could be directly determined by the use of Kraitchman’s equation [10]

[z,(0]2= ^ - ^ ,  (5)

where i represents the index of the individual nuclei, and I'2 and I z are the effective 
moments of inertia in a given vibrational state for the isotopically substituted species 
and the parent species, respectively. The reduced mass is expressed by

MArrii
М + drn,- ’ (6)

where Ат{ is the change of mass of the i-th nucleus induced by the isotopic substitution, 
and M =  I imi .

The substitution coordinate z,(i) relative to the principal axis system in the 
parent species for the atoms substituted seem to be well determined using the criteria of 
Watson [12] and are given in Table III. However, due to the nearly qqual magnitude of 
the coordinates of the carbon atoms C(3) and C(4) relative to the center of mass, 
additional information is needed to unambiguously assign the two 13C species to the 
observed spectrum. This information can be supplied by two methods.

The first method was used successfully in the structure determination of fulminic 
acid, HCNO, by Winnewisser and Bodenseh [13]. It consists of using the substitution 
coordinates of the other nuclei and the moment of inertia of the parent molecule to 
determine the oxygen coordinate in the ground state, which is found to be — 3.0249 Â in 
0 = C = C = C = S . Together with the substitution coordinates of the remaining nuclei 
the center-of-mass condition can be used to discriminate between the two assignment 
possibilities of the carbon atoms C(3) and C(4). The possible sign combinations of the 
coordinates give

0 <1)==C<2): ( 3 ): (4)---S(5) I'jmjZi/amuÄ

— — — +  + -0.5796
— — + — + -0.9204
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Since the center of mass condition requires £  m(z( = 0, the first sign combination fulfills
i

this condition more satisfactorily. Therefore, the assignment of the 13C spectra to the 
proper 13C isotopic species has been made with the first sign combination.

In view of the fact that the second sign combination is within a factor of two of the

first sign combination as far as £  m^i is concerned, it seems advisable to invoke a
. i

second method of determining the proper assignment of the 13C-spectra of C3OS. 
Therefore, the first moment equation or center-of-mass condition was introduced 
directly to determine z5 ^ z s(5) as has been found reliable in the structure determination 
of many molecules:

Z miZs(f)=0. (7)
i

Depending which sign combination was chosen for the carbon nuclei C(3) and C(4), two 
oxygen center-of-mass coordinates were obtained designated with Roman numerals I 
and II in Table III. From these coordinates two slightly different molecular structures 
can be calculated. For the first set the coordinates of the nuclei in the principle axis 
system of the parent species are given in Fig. 3, for the effective equilibrium state and the 
ground vibrational state. The internuclear distances are also entered in Fig. 3. The 
second set of coordinates leads to a different molecular structure with a pronounced 
change in the carbon-oxygen internuclear distance to r(CO)= 1.1130 Â. Such a short 
carbon-oxygen internuclear distance has not previously been reported in the literature 
[14]. The shortest internuclear distance for the carbon-oxygen bond is found in CO 
with r(CO) = 1.1282 Л as can be seen from Fig. 4. Furthermore, it is expected that the 
carbon-oxygen bond in C3OS is similar to that in 0 = C = S ‘for which an internuclear 
distance r(CO) of 1.1572 Â has been reported [14]. From that we conclude that in 
C 3OS the oxygen-carbon internuclear distance of 1.1343 Â given in Fig. 3 is physically

Table III
Coordinates of the nuclei in 0 = G = C = C = S  derived by the substitution method and the center-of-mass 

condition in various vibrational states of v, “1

O(i) C(2) 0(3) 0(4) S (5>

z*(0./A
I)-3.0238 

II)-3.0025 -1.8895 + 0.6199 ±0.6341 + 2.2166

zfi)„-o/A
• I)-3.0249 

II)-2.9931 -1.8849 + 0.6371 ±0.6583 + 2.2128

ztO„7.i/Â I)-3.0151 
II)-2.9929 -1.8799 + 0.6513 ±0.6661 + 2.2084

z( 1)07*2/A
I)-3.0241 

II)-2.9731 -1.8756 + 0.6664 ±0.7004 + 2.2041

“) The conversion factor (В x I) was taken to be 5.0539098 x 105 MHz amu A2 according to the 
fundamental constants given in Ref. [18]. The isotopic masses were taken from appendix V in Ref. [19].
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more reasonable and hence the molecular structure of C3OS presented here, derived 
from the coordinates of set I in Table III, is the most probable and physically 
meaningful geometrical structure of the molecule.

effective equilibrium structure 
3.0238 --------

1.8895 2.2166
0.6199^ 0.6341

© ----- 0 ------- ©  ‘ © ----------©
1* 1.1343 * 1* -  1.2696 - * ! * -  1.2540 - 4 « —  1.5825 — «

ground state structure

3.0249

0.6371_ 0.6583

— i c i -----

2.2128

© ----- © -------© — I—- © --------- ©
1*1.1400 *J*- 1.2478 -4*- 1.2954 --4*— 1.5545 —4

Fig. 3. r,-coordinates of the nuclei in 0 = C = C = C = S  and the intemuclear distances in the principle axis 
system of the parent species given for the effective equilibrium state and the ground vibrational state. Entries

in A units

r(C0)/A

Fig. 4. Comparison of CO intemuclear distances determined by various methods in eight selected molecules 
[14]. The shortest intemuclear distance for a carbon-oxygen bond is found in CO. Therefore, the C 3OS 

structure (I) >s assumed to be the physically more meaningful one

Acta Physica Hungarica 55, 1984



42 M. WINNEWISSER and E. WALTER PEAU

4. Discussion

The structures obtained and displayed in Fig. 3 are in a generalized sense rs 
structures, which can be assumed to be a good approximation of the re structure [15]. 
This holds especially for the effective equilibrium structure r* where the vibrational 
contributions of the lowest-lying bending mode v7 =  82.6 cm “ 1 could be removed. The 
zero-point vibrational contributions of the four stretching vibrations and the 
remaining two bending modes could not be determined due to lack of experimental 
data. The influence, however, of the dominant bending mode v7 upon the structure of 
the C3OS molecule in three vibrational states can be seen from the comparison of the 
structural data and the total length of the molecule. The rs-structures for the states t>7 
=  0, u7 = 1 and v-j — 2 must be considered to be projections of the positions of the five 
nuclei onto the axis of least moment of inertia, the a or z-axis, which will pass through 
all atoms in the equilibrium configuration. The overall projected length of the molecule 
decreases slightly from 5.2404 Â in the effective equilibrium state to 5.2282 Â in the

second excited state of v7. The shrinkage of A X r«(0 = 0.0122 Â is within the limits

predicted by the Morino—Bastiansen shrinkage effect [16] for larger molecules. It is 
remarkable that rs(C(3)—C(4)) increases as a function of v1 while the two adjacent 
internuclear distances rJC(2) — Cp,) and r,(C(4) —S(5)) decrease in value as can be seen 
by inspecting Table IV and Fig. 5. The increase of rs(C(3)—C(4)) by drs(C(3) —C(4)) 
=0.1128 Â from the effective equilibrium state to the second excited state must be 
considered a consequence of p-dependence, where p is the complement of the bending 
angle [6]. This p-dependence in the form rcc =  r"c +  Yccp2 was used by Bunker [6] with 
the coefficient ^cc as an adjustable parameter in his semirigid-bender Hamiltonian 
treatment of carbon suboxide. He found that the coefficient У̂ с is positive so that rcc 
increases as a function of vibrational excitation of v7 . In the unsymmetrical molecule 
0 = C = C = C = S  the displacement coordinates for the nuclei C(3) and C(4) describing 
the deformation of the molecule in the v7 normal mode are large and antiparallel to the 
amplitudes for oxygen and sulfur [1]. The amplitude of C(2) is negligibly small. The 
relatively small changes in the projection of the rs(C(2) — Ош) internuclear distances as

Т»ЫеIV
Internuclear distances and total molecular length in A units of 0 = C = C = C = S  derived using the

coordinates in Table III

Vibrational
state rs(0 (lr=C(2)) rj(C(2f=C<3)) rs(̂ -'(3)= '̂(4.)) rj(C<4.)=S<5)) * = Ç r ,(0

v-, = e* 1.1343 1.2696 1.2540 1.5825 5.2404
u7 = 0 1.1400 1.2478 1.2954 1.5545 5.2377
K7= l 1.1352 1.2286 1.3174 1.5423 5.2235
\j-i = 2 1.1485 1.2092 1.3668 1.5037 5.2282
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Fig. 5. Dependence of the r.-coordinates and hence the internuclear distances in C 3OS on the excitation of v7. 
The over-all length of the molecule decreases slightly while the internuclear distance r(C(2)—C(3)) decreases 
and r(C(3)—C(4|) increases noticeably as a function of v7 . This effect can be explained by a stretch-bend 

interaction affecting the two bonds adjacent to the central carbon atom

a function of v7 indicate that this internuclear distance does not change significantly 
with the excitation of v7. A similar behaviour was found empirically by Bunker [6] for 
the C—О internuclear distances in carbon suboxide.

From the present data we can conclude that the molecular structure of C3OS in 
the excited states of v7 is bent with a strong stretch-bend interaction affecting the two 
bonds about the central carbon atom. If we assume as in C30 2 [6] that the two carbon 
bonds r(C(2) —C(3)) and r(C(3)—C(4|) are equal in length, then as vn and r(C—C) 
increase, the projection obtained for the corresponding internuclear distance r,(C(2)— 
C(3)) must decrease and the projection of rs(C(3)—C(4)) onto the linear axis must 
increase, while the overall length of the molecule shrinks only slightly. This at first 
surprising result can be shown to be simply due to the mass asymmetry of the molecule.

In Fig. 6 the present effective equilibrium structure of C3OS is compared with the 
reported structures of C30 2 [14, 6] and C3S2 [17].

rg -structure 
ED 0 — 0 -------0 -------0 — 0

U-1.1632 -X- 1.2894-X- 12894-X-1.1632-X

r* - structure 
MW

О ----- © -------О -------© ----------©
X-11343 X - 12696-X-12540 -X- 1.5825 -X

estimated 
r, -structure 

IR © --------- G)-------© -------© ----------©

Fig. 6. Comparison of the available molecular structures for C30 2 [14], C3OS and C3S2 [17]. Only the 
effective equilibrium structure of C3OS is based on the substitution method. Entries in Â units
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Some comment should be made concerning the accuracy of the above results. In 
deriving the molecular constants in Table I the assumption was made that the 
centrifugal distortion constants for all isotopic species are equal to those of the parent 
molecule. Due to the smallness of the centrifugal distortion term, this assumption can 
be safely made. Furthermore the effective r*-structure of C3OS is probably a good 
approximation of the real equilibrium structure since the rotation-vibration 
interaction constants as are proportional to l/<ws and co7 <1 {co5, a>6} as well as 
{cos,o)6}< w 1,u)2,u)3,wA} [1]. Thus, the larger part of the rotational-vibrational 
interaction is described by considering the lowest-lying bending mode. The most 
reasonable estimate of the zero-point contributions of the remaining vibrations is given 
by the Costain error estimate àr= +0.0012/bK Â where bK is the value of the 
Kraitchman coordinate [15]. The errors estimated in this way for the coordinates in 
Table III range from ± 0.0005 Â for the sulfur atom to + 0.002 Â for the central carbon 
atoms. If we assume that the errors of the coordinates are added or the squares of the 
errors are added in forming the bond length then the internuclear distances in Table IV 
have errors of about ±  0.0020 Â to + 0.0050 Â.
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PSEUDOPOTENTIAL AND VALENCE EXCHANGE 
IN THE MULTIPLE SCATTERING METHOD*

R. G á s p á r  and Á . N a g y

Institute o f Theoretical Physics, Kossuth Lajos University 
4010 Debrecen, Hungary

Recently developed valence exchange potential and semiempirical pseudopotentials have 
been used in the Pseudo Potential Multiple Scattering Valence Exchange (PPMSVX) method to 
calculate the energy levels of the molecules CH4 and NH3 . Results calculated by the new method 
presented here are in good agreement with the SCF MSXa values.

1. Introduction

In the last few decades interesting progress has been made in the theory of 
exchange. First, in 1951 Slater [1] suggested an exchange potential expression for the 
total electron system using the free-electron approximation. In 1954 Gáspár [2] and in 
1965 Kohn and Sham [2] derived the exchange potential of the electron system from 
the variational principle. Since that time the Xtx method has been developed and 
various forms of its application have been put forward. Because of the simple treatment 
of exchange the Xtx method is especially suitable for calculations on large molecules.

Another method that seems to have a future in calculations on large molecules is 
the pseudopotential method, because in the pseudopotential theory only the valence 
electrons have to be included. The calculation of the exchange energy and potential in a 
many-electron system is time-consuming, because of the nonlocal nature of exchange. 
Using a local exchange valence potential in the pseudopotential theory may result in a 
simple and useful method. There have been only few attempts to connect the 
pseudopotential theory with a local valence exchange theory. Kane has made 
calculations using the Slater’s exchange potential expressions of all electrons for the 
valence electrons in the pseudopotential method [3]. Recently Szász has used 
pseudopotentials in the Xtx. method [4]. The authors of this article have recently 
presented a valence exchange potential [5] on the basis of the free-electron theory. 
Here this valence exchange potential has been applied in the pseudopotential method 
to calculating the one-electron energies of molecules CH4 and NH3 . The multiple 
scattering (MS) method has been used with muffin-tin potentials (MTP). Results are in 
good agreement with the SCF MSXa values. We believe that this method of combining 
the pseudopotential and valence exchange potential with the multiple scattering 
method proves to be a useful practical method for a wide range of applications, which 
are in progress.

* Dedicated to Prof. I. Kovács on his 70th birthday

Acta Physica Hungarica 55, 1984



46 R. GÁSPÁR and Á. NAGY

2. The valence exchange potential

A detailed derivation and discussion of the valence exchange potential may be 
found in a recent article [5]. Here only a brief summary is presented. In the free-electron 
approximation the exchange energy of the valence electrons with the same spin 
direction is given by

h V

2 f M b \ P j - P , \ 2 ’ (2. 1)

where the summation runs over the valence electrons only, Pj and P, are the momenta 
of the valence electron, h is Planck’s constant, e is the elementary charge and Q is the 
volume containing the electrons. Using integration instead of summation as it is usual 
in the free-electron approximation and evaluating integrals we get in Rydberg units

where

and
P r — Pet +P»t •

(2.2)

(2.3)

(2.4)

p T, Per and Pvt are the total, core and valence electron densities for electrons with spin 
up, respectively. The variation of EvXi with respect to p„T leads to the exchange potential 
of valence electrons

(2.5)
In the Xa. method the value of a is often chosen so that the Xct total energy be 

equal to the Hartree— Fock total energy. The authors in their previous paper [5] 
proposed to determine the value of a x =  а„Р so that the valence interaction energy (i.e. 
the Coulomb energy plus the exchange energy calculated with the formula (2.2) for the 
valence electrons) be equal to the Hartree—Fock valence interaction energy.

Z --1/3/-J/3 2/3\1n Pt PcT3 PT (pt Pt ) ln /3| /3+p ,/3

3. The method

Three types of regions are considered as usual in the molecule; atomic, 
interatomic and extramolecular. In the atomic region j  (except the one containing 
hydrogen) the pseudopotential (PPMSVX) equation

( - A  + VJp+ V $ + V vXi + Y  V (3.1)
I
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has to be solved, where Vvc and K*T are the molecular Coulomb and exchange 
potentials of the valence electrons. (Energy is in Rydbergs.) The pseudopotential VJp in 
the atomic sphere j  is assumed to be

2 zj
VJP--------f + 2  Y W iP i ,  (3.2)

where
Wi=A{e~ttir2 (3.3)

P{ is the projection operator, Zjp is the nuclear charge minus the number of core 
electrons in the atom j. The empirical parameters A{ and a{ have been determined in 
atomic calculations [6]. The molecular total charge density is gained as a superposition

P(r)=p0(r)+ l Poi(r),
i

(3.4)

where p0(r) is the atomic charge density in the atomic region in question, p0i(r) are the 
spherical averages of atomic charge densities from other atomic regions [7]. The 
molecular core and valence charge densities are given similarly. The atomic core, 
valence and total charge densities are calculated using atomic Hartree—Fock 
wavefunctions [8]. The molecular valence exchange potential is

/ 3 \ 1/3Г 1 „i /з _  „1/3 -|
(3.5)

The molecular Coulomb potential of valence electrons is calculated as it is usual in the 
MSXa method (see e.g. [9].)

In the PPMSVX equations contributions V ° of the pseudopotentials from the 
other nuclei (except the H, of course) are included, too. However, in V pi the spherical 
averages of those terms of the pseudopotentials whose 1 = 0 are considered only. 

The molecular wave function in the atomic region j  is given

<l>J(f)=^CÍR{(E-,r)YL(r), (3.6)

where C{ are the partial-wave coefficients (to be determined) and YL(r) are the spherical 
harmonics. The functions R{{E; r) are the solutions of the radial PPMSVX equation

+ 2W i+ V vc + V  

Rj(E;r) = 0.

VXT+

(3.7)

In the extramolecular and interatomic regions the wave functions and the 
potentials, are treated as in the original MSXa method. The one-electron energy E is 
obtained from a secular equation.
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4. Results and discussion

The multiple scattering program written by Johnson and Smith [10] has been 
modified in order to use pseudopotentials in the calculation of one-electron energies of 
molecules CH4 and N H 3. These are non-SCF calculations though the PPMSVX 
method may be solved self-consistently. (SCF calculations are in progress.)

In the atomic regions of C and N the parameters a[,F determination of which is 
outlined above have been used. (<Xh F =  0.71418 for the C atom with 2s and 2p valence 
electrons and a„F =  0.68296 for the N atom with 2s and 2p valence electrons.) In the 
atomic regions of H the Hartree—Fock a parameter calculated by Schwarz [11] has 
been applied. For the interatomic region the parameters of the atomic spheres are 
averaged. The atomic spheres are chosen to be touching each other. The calculations 
have been made at the equilibrium internuclear distances. The pseudopotential 
parameters are

A0= 52.4579, a0= 8.0076,

A t = - 14.27, a , =  20.63 (3-8)

for the C atom in the CH4 molecule and

A0= 55.59, a0= 9.6891,

A t = - 16.604, a , = 29.156 (3'9)

for the N atom in the NH3 molecule.

The calculated electron energy levels of CH4 and NH3 are presented in Tables I 
and II, respectively. Our results are in good agreement with the SCF MSFa values, in 
spite of the fact that they are obtained from non-SCF calculations and the atomic 
Hartree—Fock wave functions have been used. Thus this newly-developed method 
seems to be a useful and easily applicable one.
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Table I
Energy levels of methane

The results of SCF MSXa and the 
PPMSVX calculations are presented. 
(Energies are in Rydbergs.)

SCF MSXa PPMSVX

2a, -1.308 -1.338
l t 2 -0.693 -0.745

Table II
Energy levels of NH3

The results of SCF MSXa and the 
PPMSVX calculations are presented. 
(Energies are in Rydbergs.)

SCF MSXa PPMSVX

2a, -1 .456 -1.494
le  -0 .756 -0.836

3a, -0.585 -0.706
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POSITRON ANNIHILATION:
A TOOL IN INTERDISCIPLINARY INVESTIGATIONS*

D. Kiss, Z s. K a jc so s

Central Research Institute for Physics, 1525 Budapest, Hungary 

and

L. Marczis

Research Institute for Ferrous Metallurgy, 1509 Budapest, Hungary

After a review on the applications of positron annihilation methods an example is presented 
of recent results as they apply to studying structural imperfections in the glassy phase.

It is concluded that positron trapping is caused in the amorphous phase by the substantial 
amount of free volume; furthermore, a correlation is indicated between the positron-trapping and the 
quenching rate used in producing the amorphous metallic glass samples.

Introduction

The basic discoveries made in natural sciences during the early thirties mean that 
we now have occasion to celebrate their 50th anniversary. Certainly some of these 
discoveries were milestones in physics. One such milestone was the theoretical 
prediction — followed by the experimental demonstration — of the existence of 
positrons.

Dirac’s theoretical prediction [1] was verified by Anderson [2], who discovered 
positrons, antiparticles of electrons. After a long dormant period they have enjoyed 
very active interest in the last twenty years. Initially, the positron and the annihilation 
of the electron-positron pair found favour in quantum electrodynamics research and in 
theoretical physics, the reason being that this was the first possibility of testing the 
validity of the then developing new theoretical ideas.

This development took several years during which time experimental physics 
was already able to provide suitable methods of observing the annihilation 
phenomenon. The advent of scintillation detectors and fast nuclear electronics in the 
fifties and sixties established world-wide access to modern experimental facilities 
enabling the extensive study of the positron annihilation field, too. The active work 
started in several laboratories at about the same time subsequently led to several 
important discoveries being made within the same time span. Investigations into 
annihilation radiation yielded (by means of the determination of the cross sections of 
2 y- and 3 y-annihilation) the discovery of the positron-electron bound states. These 
bound states, whose lifetime was also determined, became known as positronium.

* Dedicated to Prof. I. Kovács on his 70th birthday
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A clear sign of the world-wide interest of the physicists in these questions was the 
organization of the first Positron Annihilation Conference in Detroit in 1965; since 
then a series of such meetings has followed, the last being held in Fort Worth, Texas, in 
1982.

Positrons currently represent a very important research topic in high energy and 
particle physics but we limit ourselves here to the application of positron annihilation 
methods for investigating problems rooted, for example, in solid state physics.

Our aim — after a brief description of the positron annihilation (PA) methods 
generally used — is to demonstrate the power of these methods. In describing the 
fruitful research going on in Hungary in this field, we present results on the structural 
imperfections of disordered condensed materials.

Positron annihilation methods

The main techniques in PA applications are:
a) measurement of the lifetime of positrons (LT);
b) measurement of the 2y-angular correlation of the annihilation radiation 

(ACAR),
c) measurement of the Doppler broadening of the annihilation radiation 

(DBAR);
Positrons employed in these three techniques are generally obtained from the 

decay of neutron-deficient nuclides, where positron emission competes with electron 
capture. Stability considerations give the reason why positron emission is confined 
almost exclusively to elements with low Z-value. The most commonly used positron- 
emitting isotopes are: 22Na, 58Co, 64Cu, 68Ge. The high-energy (0.4—1.8 MeV, 
depending on the isotopes considered) positrons injected into a sample are thermalized 
in a very short time compared with their lifetime.

A new type of PA measurement is being developed that utilizes slow positron 
beams; by varying the penetration depth of positrons surface studies are also possible.

Slow-positron guns operate by taking advantage of the enrichment of the 
positron spectrum by low energy positrons after reflection from or penetration into 
high Z materials. An appropriate electromagnetic or electrostatic guiding and focusing 
system enables these positrons — monochromatized by an electrostatic accelerating 
system — to reach the target-end of a curved high-vacuum tube.

LT measurements give the mean lifetime of positrons in the media studied. The 
method takes advantage of the fact that the 22Na positron source emits a 1.28 MeV y- 
quantum simultaneously with the emission of a positron, this radiation initiates a time- 
to-pulse height converter (TPHC); the stop signal is one of the 0.5 MeV energy 
annihilation у-quanta. Annihilation of positrons takes place through different 
annihilation channels each with a characteristic lifetime value which can generally be 
distinguished experimentally. Annihilation itself depends on the presence of different
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electron states, on the formation of electron-positron bound states, etc. A particularly 
difficult feature of PA LT measurements is that the experimental lifetime distributions 
have to be deconvoluted into a sum of exponential decay components, taking into 
account also the finite self-resolution of the LT spectrometer. To give a feeling of the 
requirements from the experimental set-up it is enough to say that the lifetimes for 
condensed media are in the range of 0.1 to 5 ns, while the self-resolution of LT 
spectrometers is generally 0.25 to 0.4 ns in FWHM. For the deconvolution of spectra 
some standard computer programs are used. The relative intensities and lifetimes of 
different PA channels give insight into competing chemical processes, bound-state 
formations, etc.

The ACAR techniques can give information on the momentum distribution of 
electrons in the given sample, based on the fact that whereas essentially the total 
momentum of the annihilating electron-positron pair is transferred to the two 
annihilation photons, the momentum of positrons can generally be neglected. With the 
momentum of the electrons being zero, the two photons are emitted in opposite 
directions; the deviation from 180° will, consequently, be proportional to the actual, 
non-zero momentum of the annihilating pair. The angles involved in ACAR 
measurements are in the order of only a few milliradians. The momentum distribution 
of the electrons can generally also be separated into more components belonging to 
free-electrons or core electrons taking part in PA.

DBAR measurements are aimed at determining the energy distribution of the 
annihilation photons; with increasing velocity of the annihilation pair this distribution 
will broaden due to the Doppler effect. As is clear, the DBAR technique yields the same 
information as ACAR, but the momentum resolution is 5— 10 times poorer. For many 
purposes, the about two orders of magnitude shorter measuring time of DBAR more 
than compensates for this drawback.

The advantage of PA methods over other methods in the electronic structure 
studies of solids is a consequence of the fact that (i) they are not restricted to low 
temperatures or to high purity; (ii) defect-free material is not a requirement; (iii) dilute 
alloys need not be used — nor indeed are we restricted to the solid phase.

Before annihilation, positrons and electrons can also form bound systems: the 
most important of them is positronium [3] (Ps) which could be visualized as an analog 
and the lightest possible isotope of hydrogen, in which the proton is substituted by a 
positron. However, in contrast to hydrogen, positronium is an unstable configuration, 
which will annihilate itself even without any external influence in a very short time. In 
the ground state the two Ps-formations have well-distinguishable lifetime in vacuo: the 
singlet (para)- positronium (p-Ps) 0.124 ns, the triplet (ortho)-positronium (o-Ps) 
140 ns.

Since the formation and lifetime of positronium atoms are strongly influenced by 
neighbouring atoms or molecules, by chemical reactions, and by intrinsic electric and 
magnetic fields, as a labelled hydrogen-isotope it could advantageously be used to 
investigate the properties and physico-chemical processes in matter.
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As a direct consequence of the exponentially increasing number of applications, 
a new branch of chemistry — positronium chemistry — has evolved from the 
pioneering investigations of this exotic atom.

It should also be mentioned that in addition to the more-or-less routine 
applications of Ps in chemical investigations there are also open questions still 
concerning the formations, fine structure, etc. of Ps; these open questions provide basic 
researchers with an extremely exciting topic.

For studies dealing with structural imperfections, PA is eminently suitable 
because of the high sensitivity of positrons to vacancies, dislocations, impurity-vacancy 
complexes, voids, extended imperfections, etc. The reason for this suitability is that all 
of these imperfections act as positron trapping centres; for trapped positrons the PA 
characteristic parameters exhibit a change as the decreased density of conduction 
electrons around a vacancy results, for example, in an increase in the amount of the 
small-momentum contribution in the ACAR distribution. From the relative changes of 
these parameters the fraction of trapped positrons can be estimated and — if the defect- 
specific positron trapping rate is known — even absolute defect concentrations can be 
evaluated.

For a more detailed description of the principles, measuring possibilities and 
limitations of the PA methods we refer to [4—9].

Because of the high technological interest in irradiation damage, fatigue, work 
hardening of metals and alloys and creep, PA studies have gained increasing 
importance in tracing such processes.

It is well known that for several years condensed amorphous systems have come 
more and more in the focus of research. Among these amorphous systems metallic 
glasses are of special interest because of their enormous technological potential. 
Metallic glasses often combine the favourable properties of both metals and glasses: 
they are among the strongest, least brittle engineering materials. They are highly 
resistant to chemical interactions, exhibit a low attenuation value for acoustic waves, a 
nearly zero resistivity temperature coefficient, low coercive force and high permeability 
— to quote just a few features. In the future they will probably reduce energy loss in 
electric motors and generators, too.

Nuclear methods are widely used as means of investigating metallic glasses — 
and amorphous systems in general [10]. This is due to the many complex questions in 
physics, whose answers rely on the unique possibilities offered by these methods. X-ray 
electron and neutron diffraction, Mössbauer spectroscopy, Rutherford backscattering, 
Compton scattering, etc. were initially applied but now PA methods also take their 
share [11— 13]. Conventional structure investigation methods have given essential 
information on atomic distribution, pair correlation, short range order, etc. in metallic 
glasses but fail to answer the question of the existence of “structural imperfection” 
(which is an interesting point itself regarding its interpretation in a disordered system).

Albeit PA methods in general do not give information on short range order they 
do successfully contribute to obtaining an overall answer to this question and also to
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making decisions on different theoretical models elaborated for the description of 
amorphous solid structure [14—23].

If the “microcrystalline disorder” model were valid, grain boundaries would 
result in positron-trapping in “deep and extended” traps, while both the dense random 
packing model and the quasi-crystalline model would allow for the formation of 
“vacancy-like” positron traps.

One may expect that for a better understanding of the glassy state the study of 
frozen liquids could also contribute; so with a view to providing some insight on a 
specific application, PA-measurements performed on metallic glasses and on the frozen 
water-glycerol system will be discussed here.

Experimental

Of three PA methods, the LT technique and the ACAR method have been 
applied to studying metallic glasses and the water-glycerol system.

a) Positron lifetime measurements were performed with fast-slow coincidence 
system (Fig. 1) applying double-gating [24] (performed by a purpose-designed fast 
differential discriminator). The amplitude of the detector signals at the input of the 
STD-1 units is adjusted by attenuators which optimize the time-resolution of the 
system. Throughout the two-year period of the measurements discussed here, the 
FWHM of the self-resolution of the system was in the 310—380 ps range as determined 
by 60Co.

«

Fig. 1. Schematic diagram of the positron lifetime spectrometer applied (HV: High Voltage, CFD: Constant 
Fraction Discriminator, TPHC: Time to Pulse-Height Converter; FID + Coinc: Fast Integral Discriminator 

-(-Coincidence; DD + Coinc: Differential Discriminator +  Coincidence; MCA: Multichannel Analyser)
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The lifetime-distribution spectra were recorded on an ICA-70 multichannel 
analyser.

b) The ACAR measurements were carried out applying the conventional long- 
slit geometry arrangement. The apparatus consists of two independent coincidence 
systems mounted together; the rotation axis is horizontal. The signals from the four 
Nal(Tl) detectors (each being 2” x 5”) are processed by purpose designed differential 
discriminator and coincidence units (Fig. 2) adjusted to 100 ns time resolution. The 
moving detector unit is driven by a stepping motor enabling a 0.03 mrad 
reproducibility of the positions; the angular resolution of the system was about 1.2 
mrad (taking about 2.2 m distance from the source-sample arrangement to the 
detectors and 2 mm wide limiting slits). The ACAR system is controlled by CAMAC 
electronics, programmable via a telex keyboard.

The LT and ACAR spectra were computer-processed by the POSITRONFIT 
EXTENDED [25] and PAACFIT [26] evaluation programs, respectively.

The positron source for the LT measurements was 22Na of about 5 — 7 x 105 Bq 
activity; 22Na of about 4 —6 x 108 Bq was used for ACAR measurements. The source
supporting foil for the LT metallic glass experiments was an about 1 mg/cm2 thin Al- 
foil; the ACAR source is permanently fixed to a removable part of the central lead 
shielding.

For the LT measurements in the water-glycerol systems the earlier developed 
[27] glass-foil source holder was applied.

The metallic glass samples were produced in the Central Research Institute for 
Physics, Budapest, by the melt-spun technique applying constant ejection pressure and 
orifice but varying the quenching rates [18].

The sample composition was controlled and the amorphicity of the metallic glass 
samples was verified by X-ray diffraction; the different compositions studied were 
Fe4oNi4oPi4B6, Fe40Ni40Si14B6, C077B23, Fe8S.2B i4.8> Feeo®2o and Fe76.7823.3- All 
LT measurements were carried out at room temperature.

positioning
1---------ГI I

Fig. 2. Schematic diagram of the long-slit ACAR spectrometer applied (HV: High Voltage, DD + Coinc:
Differential Discriminator -I- Coincidence)
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The conventional sandwich-type source — sample arrangement was utilized for 
the LT experiments; three-layer thick metallic glass samples were prepared (in order to 
ensure enough material to “absorb” all positrons); pieces of the metallic glass ribbons 
were fixed to a stainless steel frame by point-welding, or by attaching them with springs. 
Similar samples were used for the ACAR measurements.

Results and discussion

The evaluation of the lifetime spectra yielded — in most cases — two 
components. It is thought that the first one may arise from annihilation of positrons in 
the bulk and from quenched-in small (not exceeding one or, at most, two atomic 
volume) trapping centres. The resolving of these two effects cannot be carried out 
unambiguously as they are too close to each other (the difference is < 30%).

The longer component may belong to annihilation of positrons from extended 
structural imperfections which act as deep positron trapping centres or to annihilation 
from surface states. The intensity of this component amounts to only a few per cent.

Because our earlier results had demonstrated that the production process has a 
marked influence on the first component of the lifetime spectra, we extended our 
investigations following changes in both components. The cooling rate of the samples 
was varied by changing the rotation velocity of the cooling copper wheel. When we 
applied the approximation method in [22] to calculate the quenching rate, we found 
the actual values to be in the 5 —22 x 106 К /s range.

Figure 3 presents the mean lifetime values, f, versus the cooling rate; Fig. 4 the 
dependence of xt, t 2, and I 2 on this parameter. A common trend, viz. a pronounced 
increase of the annihilation parameters with increasing quenching rate, is obvious from 
all these data. For the Tj values it might be interpreted by assuming an increase either in 
the concentration or in the size of the “shallow traps”; this uncertainty arises because — 
as mentioned above — the first component cannot be resolved further. The increase in 
r 2 and 12 means the increasing role of extended traps in the annihilation process; it is

Fig. 3. Mean lifetime values for amorphous Fe40N40Si14B6 samples vs quenching rate
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Fig. 4. т,, т2 and l 2 values for amorphous Fe4f)Ni40Si14B6 samples vs quenching rate

easily understandable if it is taken into account that samples produced at a higher 
quenching rate are not so thick and consequently more layers have to be applied to 
achieve complete absorption of positrons. With a sample of more layers the so-called 
“near-surface” volume increases which may indeed be enriched in more extensive 
structural imperfections. The sharp increase in the annihilation parameters at about 
12x l 016K/s quenching rate might indicate this value as a critical rate for the 
formation of a greater amount of “free volume” in the Fe40Ni40Si14B6 samples.

If the two-state trapping model of [28] is applied, the concentration C„ of small 
trapping centres can be calculated by applying the formalism of Vehanen et al in [28]:

c  Zl~ b

Here Tj is the short lifetime component (which is the average lifetime of the “free” 
annihilation and of the annihilation from the trapping centres), Tf  is the lifetime of 
“free” annihilation (approximated by xf = 110 ps referring to iron), t„ is the lifetime of 
annihilation from single vacancies (in iron tv = 175 ps) and pv is the trapping rate of 
positrons in vacancies (pv= 1.1 ±0.2 x 1015 s " 1 in iron). Here one has to apply values 
referring to pure iron as one cannot get — per defmitionem — such values 
corresponding to the “defect-free state” of amorphous metallic glasses.

A very simple characterization of the decrease in the concentration is possible if 
one introduces the relative increase CJCVo of the C„ concentration (C„0 means the value 
of the samples produced by the slowest quenching rate) versus the relative increase of 
the quenching rate. Such results for several metallic glasses are shown in Fig. 5. The
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data reveal a strong increase in the trapping centre concentration for C o77B23, 
Fe85.2Bi4.8 and Fe40Ni40Si14Bft while even by a substantially greater increase in the 
quenching rate only a moderate change is induced in Fe80B20 and Fe76 7B23 3. A 
greater change in CJCVo due to increased quenching rate might be connected with the 
composition being more suitable for the formation of the amorphous phase.

From the present set of data one may conclude that the trapping of positrons can 
go via two channels: “shallow, not-extensive” traps may be distributed in the bulk of 
the sample, while “deep, extended” traps and surface states — less characteristic of the 
bulk-composition than the previous ones —  may present an additional way of 
annihilation for the positrons. This latter contribution is not negligible for thin ribbons 
where the near-surface range represents a higher percentage of the material.

Fig. 5. Variation of the C„ trapping centre concentration (in relative units, related to the state produced by the 
slowest quenching rate in the series) as a function of the increase in quenching rate

The ACAR measurements resulted in angular distributions such as shown in 
Fig. 6. This one is typical of the set of samples investigated here. The deconvolution of 
the ACAR curve was performed first with the assumption that the measured curve 
consists of two components; the narrower, parabolic-shaped contribution would arise 
from the conduction electrons whereas the core electrons would contribute to the total 
momentum distribution with a Gaussian-shaped component. Naturally, positron 
trapping would result in a narrowing of the ACAR curve which would mean a relative 
increase of the central part. Even with this assumption, no good fit was achieved for the 
measured data. By introducing newer — Gaussian-like — components in order to take 
into account the above mentioned trapping, no significant improvement of the fit was 
noticed. This fact could possibly be interpreted by the complexity of trapping centres: it 
seems that not a narrow size- and “depth”-distribution but á quite broad one is present 
in the samples, which cannot be well approximated by an average value. Despite this,
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Fig. 6. ACAR curve for Fe40Ni40P 14B,, sample; solid line: sum of the Gaussian (dashed line) and the 
parabolic (dotted line) components. Circles represent experimental data

there is still the hope that the measurable ACAR curve can be linked with theoretical 
models describing such distributions of traps.

In addition to metallic glasses, another glassy system, i.e. frozen water-glycerol, 
was studied by LT measurements. Detailed results of this set of experiments are to be 
found in [29], here we refer to data which are related to the problematics discussed up 
to now. The positron lifetime spectra were divided into two components only, 
remembering the possible slight changes of x2 and I 2 caused by this artificial limitation. 
The I 2/I2g value is about 2, the x2/x2g value is about 0.8. (т2я and I 2g, respectively, 
represent the lifetime and intensity values measured at about the glass transition 
temperature, t2 and I2, respectively, represent the values measured at liquid nitrogen 
temperature.)

The strong increase in the I 2/I2g values at lower temperatures might be 
interpreted by assuming an increase in the concentration of extended, void-like 
“imperfections” in the glassy phase, whereas the decrease in т2/т2я may indicate a 
decrease in the average size of these frozen “bubbles”. However, in contrast to metallic 
samples, this long component does not possibly arise from the annihilation of trapped 
positrons but from that of orthopositronium; consequently, in the short component 
not only the lifetime of free annihilation and that of positrons trapped in small trapping 
centres are included but also the lifetime of parapositronium.

Earlier results on aliphatic hydrocarbons [30] have also revealed a strong 
increase in the intensity of the long-lived component in solid phase upon increased 
cooling rate. This indicates an increase in the concentration of extensive structural 
imperfections — possible voids — enabling space for positronium to form.

This effect strongly resembles the behaviour found in metallic glasses in the 
present PA LT measurements.
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Utilizing the data of PA measurements carried out on amorphous metallic glass 
samples produced under different technological conditions we can draw the conclusion 
that different technological parameters result in different “defect patterns” of the glassy 
samples. A significant dependence was found between the positron-trapping (always 
playing an earlier unrecognized important role in the annihilation of positrons from 
the amorphous phase) and the quenching rate applied during the production of the 
amorphous glass samples. This “quenched-in” free volume is also characteristic of the 
composition of glassy alloys. The present data have clearly demonstrated the 
usefulness of the PA methods in studying structural imperfections in the glassy phase. 
Further studies are in progress with the objective of providing information on 
concentration, and the size-distribution of imperfection-formations acting as positron 
trapping centres.
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DIPOLE CORRELATION FUNCTIONS AND 
INTERMOLECULAR TORQUES IN NEMATIC 

PHASE OF EBBA AND PAA*

P. S im ova , N . K ir o v , I. Dozov
Institute of Solid State Physics, Sofia 1184, Bulgaria 

and

M. P. F o n t a n a

Institute of Physics, 431000 Parma, Italy

A new method for separation of the orientational contribution from the vibrational 
relaxation part in the IR absorption bands of ordered liquid crystals is suggested. The pure rotational 
relaxation times and intermolecular torques acting on PAA molecules in nematic phase have been 
calculated from the experimental results.

Introduction

Both Raman scattering and IR absorption carry significant information about 
the molecular reorientation in condensed phases. This information can be derived 
using band shape analysis. One principle problem of such a study is the exact 
separation of the orientational contribution from the vibrational relaxation part. This 
problem is even more serious for liquid crystals since large molecules (all mesogenes 
now known are considered large molecules) have a considerably greater contribution 
from vibrational relaxation owing to a large number of vibrational manifolds and 
smaller contribution from molecular reorientation due to the larger moments of 
inertia, especially for the rotation about the short axes. In Raman spectra this problem 
may be solved by recording the bands in the VV and VH scattering geometry. In IR 
absorption, however, the separation of the vibrational relaxation part from the 
orientational contribution is possible only for totally symmetric modes. The present 
communication suggests a new method for the determination of the rotational 
contribution to the IR bands ordered for the case of liquid crystal systems. Once the 
rotational contribution is found, the pure rotational correlation times and the mean 
square intermolecular torques of the mesomorphic molecules in the liquid crystalline 
state can be calculated.

The IR absorbance A fim) (where i = x, y, z corresponds to the polarization of the 
band and the z axis is assumed parallel to the nematic optical axis) is closely related to

* Dedicated to Prof. I. Kovács on his 70th birthday
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the time dependent self-correlation function Cm, of the total dipole moment 
components m; [1]

L,- 1 (a>)ni ((o)Ai (a)) exp (iœt)dco ,

( 1 )
where Lf(cu) and n,(cu) are the local field factor and the refractive index, respectively. 
Cm,(r) describes both vibrational and orientational relaxation. Assuming that there is 
no significant vibrational-rotational interaction, Cm^t) may be separated into 
vibrational and orientational part [2]

Cm,(0 =  <<?W W > O i(0 ) m-(i)> , (2)

where the angular brackets denote averaging over all molecular orientations and

f

-
l - e x p  j

mKt) =
Strict)

dqv «v = о

where

<m;(0K(t)>
<m;(0K(0)>

« ( Q K ( O ) l  1
<mi(0K(0)>J =«,(*) [ « . « r 1.

a,(i) =
j  Ai(a>) exp (iwt)dw 

|Aj((u)d(y

(3)

is the Fourier transform of the normalized IR absorbance. Thus by recording a suitable 
IR band with two different polarizations of the incident light (E || n and E in ) and 
subtracting In ax(t) from In az(t) we can find the almost pure rotational correlation 
function. Knowing it, the second (M 2) and the fourth (M4) spectral moments can be 
obtained numerically taking the second and fourth derivatives of the rotational 
correlation functions at time t =  0. For parallel bands of a linear molecule, M 2 and M 4 
depend on the moment of inertia I [3] and the intermolecular torques can be calculated 
by:

<(Ol/)2>=(Ai4- 2 M § ) ^  (4)
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In the isotropic systems Ax(a>) = Ay(at) = Az(a>), but in ordered nematic phase 
Ax(co)=Ay(w )^ Az(a>) and we can have more information about the correlation 
functions. As a result we could estimate the vibrational relaxation part taking the ratio

. In the near IR region Н ш ркТ  and the factor [1— exp( — may be
Cmx(t) V k TJ_
omitted. ai_1sd>_1, where œ is the frequency corresponding to the maximum
absorbance. Finally if n,(w) and L((<y) are not available (as is very often the case in the
IR region), the assumption can be made that their frequency dependences are weak.

To eliminate the constants, we normalize the correlation functions



DIPOLE CORRELATION FUNCTIONS 65

where В = (8n2CI) ~1 is the rotational constant and О is an operator whose components 
Ox, 0 y and Oz along the inertial axes x, у and z represent derivatives with respect to the 
angles of rotation around x, у and z; the quantity U denotes the angle dependent part of 
the intermolecular potentials.

Experimental part

Two nematic liquid crystals -N-(4-ethoxybenzylidene) 4-butyl aniline (EBBA) 
and p-azoxyanisole (PAA) supplied by Eastman Kodak Ltd. have been used in our 
measurements. Uniaxial alignment was achieved by rubbing the KBr windows and the 
orientational order parameter S2 obtained in this way was 0.60 for EBBA and 0.50 for 
PAA at 315. К and 394 K, respectively. IR spectrophotometers Perkin-Elmer 621 and 
Perkin-Elmer 180 provided with wire grid polarizer have been used. The scan speed 
was about 2 cm - 1 min ~1 and the abscissa was expanded 40 and 50 times, respectively. 
The spectral slit was about 1.4cm-1 . Three bands are selected: 1042 cm-1 (EBBA), 
757 cm-1 and 910 cm-1 (PAA). They are moderately intense modes with a bandshape 
close to the Lorentzian and sufficiently well separated from other bands. The 
1042 cm-1 mode assigned to stretch vibration of the end О—C2H 5 group is weakly 
polarized while the two other bands attributed to the benzene ring in-plane vibration 
are strongly longitudinally polarized. The Fourier transforms calculated in our study 
were evaluated by a direct numerical integration of the transform integral at each time 
point. To increase the photometric accuracy, the Fourier inversion was averaged by 
mesuring five spectral registrations of each band. To correct for the finite slit width, the 
measured bands in the time space were deconvoluted from the slit function dividing the 
two numerical transforms at each time point. The frequency origin was chosen so that 
the calculated first moment of the investigated modes becomes negligibly small. The 
studied bands have been truncated at five times the full width at a half maximum 
intensity (FWHM).

The moments of inertia of EBBA molecules have not been published so far. 
Therefore we are not able to calculate the intermolecular torques on these nematic 
molecules. The data for PAA molecules are as follows: / г =  42.10-39 gem2; l x = 
45.10-38 gem2; / y = 59.10“ 38 gem2 [4].

Results and discussion

Figs la  and lb  display the normalized Fourier transformation of the bands 
1042 cm-1 (EBBA) and 757 cm-1 (PAA), respectively, as well as the reorientational 
correlation functions. From the macroscopic point of view, the correlation functions 
describe how the molecules move on the average in the liquid crystalline media. In our 
case the two time correlation functions describe motions about two different molecular 
axes. The transition dipole moment vector of the 1042 cm - 1 mode makes an angle of 
about 125° with the long molecular axes. This vector can move by rotation of the

5 Acta Physica Hungarica 55. 1984
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Fig. la. Dipole correlation functions of the band 1042 cm- 1 (EBBA, 315 K) 1—E in ;  2—E || n; 3-rotational
correlation function

Fig. lb. Dipole correlation functions of the band 757 cm - 1 (PAA, 394 K) 1—E in ;  2—E || n; 3-rotational
correlation function

molecule around its long axes (spinning motion). On the contrary, the transition vector 
of the band 757 cm -1 and 910 cm -1 is almost parallel to the main axis. Hence, this 
vector can move only by the rotation of the molecules about the short axis (tumbling 
motion). Therefore, Fig. la obtained for a transversally polarized mode describes the 
rotation of the molecules about the long axis, whereas Fig. lb  obtained for parallel 
bands describes the hindered motion about the perpendicular axis. The lack of suitably 
well separated single bands free from extraneous absorption has not allowed us to 
investigate either the tumbling motion of EBBA molecules or the spinning movement 
of PAA molecules. In fact the strong longitudinal mode of EBBA at 1250 cm ~1 (phenyl 
ring-oxygen stretching) is asymmetric, while the perpendicular 834 cm ~1 mode (PAA) 
is a complicated doublet whose components could not be separated easily.*

The time correlation function reflects the nature of the decay process in 
condensed matter. A rotational diffusion mechanism should give an exponential decay 
or a logarithmic straight line behaviour for In a(t) as for any stochastic process. If, on 
the other hand, most of the molecules are rotating freely and the rotation is inertial, the 
logarithmic time correlation function In a(t) deviates from a straight line especially at 
short times. In fact, as Figs la  and lb show, the two rotational correlation functions 
behave exponentially at long times; moreover, the curves can be extrapolated back 
close to unity at time t=0. This result implies that the molecular rotation of EBBA and 
PAA molecules in a nematic phase should be characterized essentially by a random 
reorientational process and the rotational correlation functions may be interpreted by 
thç anisotropic small step rotational diffusion equations.

The rotational correlation time was calculated as the inverse slope of the plot of 
In a(i) vs time. The тог for spinning motion of EBBA was found to be 3.3 ps. As far as we

* A further work on numerical curves — resolving and determination of the separated bands, is in 
progress.
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know, there are no other data in the literature for xor of EBBA, though our result is not 
far from the other nematics with lower viscosity, e.g. for PAA тог =  2.5 ps [5]. For PA A 
the tumbling rotational relaxation time appears to be very long — longer than 15 ps.

The M2 and M4 obtained numerically taking the second and the fourth 
derivatives at time i= 0  of the pure correlation function of 757 cm 1 (PAA) mode at 
393 К are as follows: 3.6 cm “2 (32.4.1020 s“2) and 2550cm“4 (20.6.1045 s“4). The 
theoretical M2 calculated by equation (21) of [3] is bigger: 5.12cm“ 2. Knowing the 
fourth spectral moments the root mean squared intermolecular torques hindering 
the tumbling motion of PAA molecules at 398 К  are readily estimated by Eq. (4). 
A rotation about the short axis turns out to be hindered by a barrier of about 
42 kcal mol“ 1 or~5.5.103 cm-1 rad -1. Normalized with respect to KT, 
«O l/)2) 1'2*  17rad “ 1 is finally obtained. For comparison, the «O l/)2) 1'2 for 
methylene chloride at 300 К is much smaller — about 2.1 + 1 rad [6], while the 
rotation about the short axes of liquid CS2 is hindered by a potential barrier of
2.7 kcal. mol “ 1 [7]. In the literature there are no data about the intermolecular torques 
in the mesomorphic materials. However, the «01 /)2) 1'2 values should not differ very 
much from the magnitude of the potential barrier Ea for molecular reorientation 
around the short axis. For MBBA, for example s; 17 kcal. mol-1 [8]. Our previous 
calculations for PAA based on IR FWHM temperature dependence give E„ bigger 
than 40 kcal. mol “ 1 [9].

The most significant error in our measurements arises from purely experimental 
conditions. Because of its dependence со, the magnitude of the second and the fourth 
moments is obtained largely from the wings of the spectral bands. Since the 
investigated peaks have more Lorentzian nature, a comparatively big portion of data 
may be contained far in the wings. In fact, by apodization of the wings of the bands 
757 cm “ *, to extend the integration limits up to twelve times the PWHM, we found M 2 
equal to 4.6 i.e. closer to the theoretical values. This result coincides with Fujiyama and 
Crawford’s conclusion [10] that the range of the integration should be taken as ten 
times the half-width for a Lorentzian band shape. The limited truncation of the Fourier 
integral produces a non-negligible error — about 20—30 per cent in spectral moment 
determination. This error, however, is unavoidable in our case since due to the 
complexity of the spectra of the investigated mesomorphic materials, many IR bands 
close to each other, the integration limits could not exceed five times the half-band 
width. The same problem exists also in many other non-liquid crystalline polyatomic 
compounds studied so far. In fact, a perusal of the recent literature [11— 15] shows that 
agreement of the experimental and the calculated spectral moments appears to be an 
exception rather than the rule. The discrepancy between experiment and theory may be 
increased, although not substantially, by the neglect in the theory [16] of the possible 
role of other relaxation mechanisms by some transfer of the vibrational excitation [6], 
by an eventual contribution of the induced absorption [17], and finally by a small 
variation of the moments of inertia in the lower and upper vibrational levels [18].

5*
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ROTATIONAL ANALYSIS OF THE ЗА SYSTEM 
OF THE 12C160  MOLECULE*

T . RYTEL and M . RYTEL

Atomic and Molecular Physics Laboratory, Pedagogical College 
35— 310 Rzeszów, Poland

The 0—2, 0—3 and 0—4 bands of the ЗА system in the ordinary CO molecule have been 
reanalysed. The constants describing the c = 0 level of the c3n state were calculated. In this state are 
found considerable spin splitting and a strong perturbation induced by an unknown 3n state. For the 
latter some constants have been calculated.

The ЗА system resulting from the с3П— а3П  transition appears in the emission 
spectrum of the CO molecule. The system consists of five bands forming the 0—v" 
progression [1] in the ultraviolet region. The system in the ordinary molecule was the 
subject of higher dispersion investigations formerly by Schmid and Gerő [2] and Gerő
[3], and more recently by Ginter and Tilford [4].

One of us has recently performed a rotational analysis of the 0—3 band of this 
system in the 14C 160  spectrum [5] and has found triplet splitting and strong 
perturbation in the с3П state. The same effects are expected in other CO molecules 
although these have not yet been observed.

In this paper we report the reanalysis of three bands of the ЗА system in the 
ordinary CO molecule.

Experimental

The 0—2,0—3 and 0—4 bands were photographed in the tenth order of the two- 
metre plane grating PGS-2 spectrograph (VEB Carl Zeiss, Jena) at a reciprocal 
dispersion of 0.44, 0.41 and 0.35 Â/mm respectively. A Geissler’s tube containing the 
ordinary C 0 2 gas was used as a light source. Exposure times were 3, 1 and 2 hours 
respectively at 20 mA ac discharge. The thorium spectrum from a hollow cathode lamp 
was used as a standard spectrum.

Analysis of bands

For the 3П— 3П transition we obtain, formally, 27 double branches. However, 
taking into account the intensities evaluated from the formulae as given by Kovács ([6] 
Table 38) we obtain only 14 double stronger branches. They are really observable; their 
wavenumbers and classifications are given in Tables I, II and III. We can find here the 
well marked spin splitting of the с3П state directly from the splitting of the ÖP32(J) and 
QR l2(J) branches and indirectly from the combination effect.

* Dedicated to Prof. I. Kovács on his 70th birthday
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Table I
Wavenumbers of lines in the 0—2 band [cm-1] 

^J e / e / e /

2 40180.930** 40180.930**
3 40158.323* 40158.323* 185.716Î 185.716*
4 155.787* 155.787* 40170.928** 40171.185** 191.049** 190.832**
5 153.575* 153.575* 172.614 172.986 196.679 196.347*
6 151.879** 151.665** 174.704 175.136 202.817** 202.303**
7 150.555* 150.205 177.272* 177.808 209.359* 208.509**
8 149.710* 149.256* 180.216 180.930* 216.485** 215.596**
9 149.467** 148.802* 183.727 184.629 223.993* 222.977*

10 149.710* 148.802* 187.733 188.800 232.134* 230.840*
11 150.555* 149.467** 192.325 193.577** 240.927* 239.491*
12 151.879** 150.555* 197.401 198.937 250.319** 248.399**
13 153.908* 152.365* 203.054** 204.888** 258.034**
14 154.688** 209.359* 211.411 268.242* *
15 216.061** 218.445* 278.830**
16 223.443* 226.292** 290.679**

e
RR,

/

40204.888**
213.906
223.443*
233.267
243.617*
254.485
265.838
277.714
290.109*
303.102*
316.615
330.717
345.442*
360.655**

40205.259*
214.364**
223.993*
234.025
244.578**
255.590*
267.149
279.190**
291.905
305.215**
318.945
333.340**
348.228**
363.951*
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Table I (continued)

J e
° P  r  12

/ e
Pp

Г  22

f e
QP,2

f

1
2
3 40187.381* 40187.381* 40205.744* 40205.744*
4 181.954* 181.954* 208.509* 208.509*
5 177.272* 177.272* 211.726** 211.870**
6 173.320* 173.320* 40193.019** 215.596** 216.061**
7 170.021* 170.021* 193.577** 40193.019** 220.276* 220.574*
8 167.331** 167.331** 194.945 194.160 225.454 225.787*
9 165.208* 165.430* 197.021 195.998 231.257* 231.811**

10 163.749 164.110* 199.660 198.452 237.886* 238.409*
11 162.891* 163.423* 203.054** 201.559 244.775** 245.913**
12 162.891* 163.423* 207.006 205.259* 252.437**
13 163.423** 164.110** 211.726** 209.687 260.932**
14 164.468* 165.430* 216.961 214.668 269.836
15 166.208** 167.331** 222.977* 220.276* 279.190**
16 229.593** 226.691 -

17 236.843* 233.636
18 244.578** 240.927**
19 253.179** 249.099**
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Table I (continuedJ

J CK|2
e / e /

ЛЭ2
e /

1 40221.912** 40221.912**
2 40204.888** 40204.888** 231.257* 231.257*
3 206.503* 206.503* 240.927* 241.247**
4 209.126* 209.126* 251.382* 251.779*
5 212.296** 212.296** 40235.906** 40235.292* 262.444* 262.933*
6 216.061** 216.485** 243.671* 243.165** 274.332* 274.903*
7 220.574* 220.966** 252.437** 251.382* 286.682* 287.340
8 225.787* 226.292** 261.436** 260.545 299.796** 300.540
9 231.590* 232.134* 271.597 270.196* 313.384 314.393*

10 237.886* 238.711 282.126* 280.532 327.672 328.870*
11 245.070** 245.913** 293.406 291.493 342.644** 344.030**
12 252.739** 253.778** 305.215** 303.102* 358.208** 359.855**
13 261.436** 262.444** 317.865 315.330 374.505**
14 270.196* 271.597* 331.073 328.198
15 279.667** 344.918* 341.724*
16 359.358* 355.837*
17 374.505** 370.611**
18 390.340**
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Table I (continued)

J
PPГ 11

e /
QPll

e / e
*Ki>

/ e /

0
1 40251.779*
2 40238.711 40237.493* 40258.741 257.048**
3 237.886* 236.254* 40249.859* 40248.399** 265.298 263.564
4 40226.292“ 40224.648 237.493* 235.906** 253.179* 251.779* 272.712* 270.930**
5 222.371** 220.966** 237.886* 236.254* 257.358 256.171** 280.963* 279.190*
6 219.635* 218.445* 239.161 237.493* 262.444* 261.436* 290.109* 288.174
7 217.650** 216.485** 241.247* 239.491* 268.242* 267.466 300.001** 298.050
8 216.485** 215.596** 244.153 242.347 274.903* 274.332* 310.875 308.733
9 216.061** 215.421** 247.812** 245.913* 282.451 282.126* 322.513 320.185*

10 216.485** 216.061** 252.437* 250.319* 290.679* 290.679* 334.939 332.525*
11 217.650** 217.465** 257.734 255.590 299.796** 300.001** 348.228** 345.442*
12 219.635* 219.635* 263.871** 261.436** 309.605 310.056 362.156** 359.358
13 222.371** 222.619** 270.662** 268.242** 320.185* 320.931
14 225.787* 226.292** 278.360** 275.574** 331.478 332.525*
15 229.984 230.840* 286.682* 283.720** 343.471 344.918*
16 234.857* 235.906** 295.599** 292.498** 356.215 358.008**
17 240.432 241.911* 369.627* 371.813
18 246.841 248.624** 383.734* 386.362*
19 253.778** 256.171** 398.849** 401.523*

Lines marked with asterisks are less accurate.
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Table II
Wavenumbers of lines in the 0—3 band [cm-1]

J °Pi3
e /

PPr  33
e /

“*23
e / e

"K33
/

2 38524.942* 38524.942*
3 38502.529* 38502.529* 529.924* 529.924* 38549.357*

4 500.164* 500.164* 38515.311* 38515.567* 535.424* 535.167* 38558.274* 558.722*

5 498.157* 498.157* 517.212 517.590 541.314 540.979 567.975 568.594**

6 496.724** 496.521** 519.566 519.985 547.506* 547.182* 578.149 578.792**
7 495.716 495.296** 522.390 522.981 554.513 55Ш З* 588.826 589.580**
8 495.296** 494.706* 525.748 526.467 562.047** 56Ш 9** 599.991 601.089**
9 495.296** 494.706* 529.609 530.518 569.950** 568.832** 611.737 612.917**

10 496.006* 495.296** 534.051 535.167* 578.792** 577.402** ' 624.021 625.586
11 497.291* 496.228* 539.076 540.354** 587.737* 586.133 636.878* 638.696*

12 499.194* 497.919** 544.684 546.194 597.510** 595.668* 650.355 652.418

13 550.924 552.705* 607.925 605.830* 664.408 666.793**
14 557.771 559.835 679.078** 681.724

15 565.248* 567.573 694.398* 697.366*
16 573.355* 575.963** 710.314* 713.624**
17 582.038** 585.018* 726.850** 730.506**
18 591.453** 594.739* 744.032**
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Table II (continued)

J ° P u p Pr  22 ° p »
e f e / e /

1
2
3 38531.457* 38531.457* 38549.775* 38549.775*
4 526.214* 526.214* 552.705* 552.705*
5 521.733* 521.733* 556.196** 556.380**
6 517.976* 517.976* 38537.465* 38537.142 560.371** 560.617**
7 514.902* 514.902* 538.431** 537.912 565.248* 565.509*
8 512.526** 512.526** 540.182** 539.379 570.666 571.040*
9 510.732* 510.981 542.549 541.565 576.829 577.402**

10 509.693* 510.061 545.625 544.418 583.544«* 584.212*
11 509.321 509.693* 549.357 547.930 591.171* 592.102**
12 509.693 510.299 553.863* 552.134 599.342** 600.443*
13 510.732* 511.455* 558.998 557.004** 608.214** 609.553**
14 564.852 562.598 617.586** 619.356**
15 571.414* 968.594**
16 578.792** 575.772**
17 586.598* 583.347**
18 595.234** 591.657**
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о

J

1
2
3
4
5

6
7
8 
9

10
11
12
1 3

1 4

15

1 6

17
18

Table II ( continuedJ

°*12
e /

r dЛ22
e /

SR,2
e /

38566.007* 38566.007**
38548.632* 38548.632* 575.093** 575.284

550.611* 550.611* 585.018* 585.285
553.316* 553.316* 595.668 595.971*
556.673** 556.851** 606.849** 607.484**
560.617** 561.019** 38587.737* 618.939 619.356**
565.509* 566.007** 38597.171** 596.499** 631.576 632.274
571.040* 571.414* 606.849** 605.830* 644.927** 645.757**
577.144* 577.790** 617.160* 615.831** 658.936** 659.938*
583.929 584.588* 628.150** 626.531 673.634** 674.818*
591.453** 592.334* 639.784 637.891 a a
599.590** 600.676** 652.150 649.911* 704.945 706.545
608.451** 609.760** 665.202 662.683**
617.950** 619.850** 679.078** 676.092

693.345* 690.178
708.497* 704.945*
724.280** 720.339*

736.452
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ТаЫ е II (continued)

J
e

FP i t
f e

QP i  1
/ e / e

S R 2l
f

0
1 38596.694** 38595.234**
2 602.476* 600.959**
3 38581.688** 38580.165** 38593.693** 38592.102** 609.151 607.484**
4 38570.070** 38568.832** 581.427 580.165** 597.171** 595.971* 616.671 615.026*
5 566.594 565.248* 582.038** 580.565* 601.520* 600.443* 625.144 623.378
6 563.990 562.844 583.544** 582.038** 606.849** 605.830* 634.470 632.615
7 562.238** 561.288** 585.865 584.212* 612.917** 612.142 644.683** 642.721
8 561.288** 560.617** 589.047 587.319* 619.850 619.356* 655.779** 653.687
9 561.288** 560.617** 593.092* 591.171* 627.661 627.379 667.793* 665.485

10 562.047** 561.660 597.982** 595.971* 636.276* 636.276* 680.454* 678.108
11 563.621** 563.486** 603.677 601.520* 645.757** 645.962* 694.086* 691.363**
12 566.007** 566.007** 610.224 607.925 655.963** 656.500 708.497* 705.913**
13 569.187 569.533 617.586* 615.026* 666.987** 667.793* 723.698** 720.746**
14 573.129* 573.775* 625.586** 622.996** 678.859** 679.964
15 577.790** 578.792** 634.470* 691.363* 692.856
16 583.347** 584.588** 704.642 706.545*
17 589.580** 591.171* 718.700 720.969**
18 596.499** 598.440** 733.475 736.125*
19 604.182 606.518 749.022 751.976**

a Unmeasured line.
Lines marked with asterisks are less accurate.
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Table III
Wavenumbers of lines in the 0—4 band [cnT ‘]

°Pz 3 ГРгъ QRi  3 *Яээ
e / e / e / e f

1
2 36898.315* 36898.315* 36913.324* 36913.736**
3 36876.012* 36876.012* 903.425** 903.425** 922.382* 922.955*
4 873.854* 873.854* 36889.007* 36889.257** 909.131 908.924 931.978 932.443**
5 872.025** 872.025** 891.160* 891.514* 915.279* 914.895* 941.903** 942.458*
6 870.918* 870.662* 893.793 894.198* 921.875* 921.417** 952.354* 952.998**
7 870.214* 869.937* 896.925 897.508* 929.051** 928.443** 963.325* 964.243**
8 870.214* 869.632 900.643 901.363 936.930* 936.073* 974.936* 976.042*
9 870.662* 869.937* 904.923 905.819 945.379** 944.204 986.873** 988.350

10 871.752 870.918* 909.811 910.888 a 952.998** 999.773 37001.315**
11 873.584** 872.479 915.279* 916.622 963.990** 962.389* 37013.147 14.918
12 876.012 874.652* 921.417** 922.955* 974.271* 972.468** 27.138 29.164

44.094*13 928.304** 930.041 985.210** a 41.779
14 935.810** 937.673* 996.921** 994.413* 57.083* 59.692*
15 943.925 946.098** 73.069* 75.986**
16 952.736** 955.124** 89.714** 92.979**
17 962.389** 107.070** 110.938**
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Table III (continued)

J ° P  r  12 pP‘ 22 P 32
e / e f e f

1
2
3 36905.269* 36905.269* 36923.659* 36923.659*
4 900.169* 900.169* 926.693** 926.693**
5 895.874* 895.874* 930.322* 930.511*
6 892.336* 892.336* 36911.735 36911.590** 934.695 935.022*
7 889.531* 889.531* 912.943** 912.552* 939.694* 940.116*
8 887.416** 887.554** 915.279* 914.332 945.545** 946.098**
9 885.954* 886.253** 917.783 916.841* 952.042** 952.736*

10 885.313* 885.718** 921.221** 920.068 959.274** 960.071*
11 885.313* 885.954* 925.401 924.017 967.212 968.049*
12 886.253** 886.845 930.322* 928.691 976.042** 977.011*
13 887.554** 888.537* 936.073** 934.061 985.210** 986.461**
14 889.838 890.987** 942.458* 940.116* a 996.921**
15 892.767** 894.198* 949.540* 947.045 37006.197** 37008.126**
16 957.448** 954.539**
17 966.053* 962.834**
18 975.459* 971.859*
19 981.506**
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Table III (continued)

J aR n
e /

*r 21
e /

Ŝ 32
e /

1 36939.694** 36939.694**
2 36922.382* 36922.382* 948.797* 948.997*
3 924.433* 924.433* 958.850** 959.274**
4 927.319** 927.319** 969.598* 969.970*
5 930.819** 930.980** 36954.539** 36954.084** 981.075 981.506**
6 935.022* 935.396** 962.834** 962.389* 993.258 994.048*
7 940.116* 940.488 971.859* 970.942* 37006.197* 37007.088**
8 945.898** 946.340** 981.788** 980.714 19.824* 20.703*
9 952.354* 952.998** 992.344* 991.086 34.137** 35.189

10 959.536 960.357 37003.744** 37002.164* 49.027 50.472**
11 967.472** 968.417* 15.867** 13.953* 65.011** 66.486**
12 976.042** 977.271** 28.708* 26.487* 81.446** 83.214**
13 985.464** 986.873** 42.202* 39.730* 98.569* 100.725*
14 995.506** 56.450** 53.687**
15 71.479** 68.367**
16 87.232** 83.616**
17 99.871**
18 116.641**
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Table III (continued)

J e
rP n

f e
QP2,

f e
*«11

/ e
SR■K21

/

0
1 36969.598* 36968.908*
2 36955.464* 36955.124 975.459* 974.764**
3 954.757* 954.084* 36966.704* 36966.053* 982.250 981.506**
4 36943.374* 36942.812** 954.757** 954.084* 970.414 969.970* 989.945 989.098
5 940.116* 939.694* 955.464* 954.757** 974.936* 974.764** 998.555 997.649
6 937.674* 937.446* 957.179* 956.444 980.376* 980.376* 37008.126* 37007.088**
7 936.073* 936.073* 959.790 959.055** 986.873** 986.873** 18.575 17.497
8 935.604** 935.604** 963.325* 962.389* 994.048* 994.413* 29.953 28.708*
9 935.810** 936.073* 967.601** - 966.704* 37002.164* 37002.792 42.202* 40.900

10 936.930* 937.446* 972.852* 971.859* 11.165 12.101** 55.436** 53.928*
11 938.929 939.694* 978.991* 977.807 21.070* 22.201 69.374 67.740**
12 941.756** 942.812* 985.939** 984.650* 31.697 33.228 84.239** 82.485*
13 945.545** 946.765 993.846* 992.344* 43.149* 45.076**
14 949.852 951.567 37002.431** 37000.829** 55.436** 57.749
15 955.124* 957.179* 12.101** 68.614* 71.242**
16 961.179 963.630 82.485* 85.583*
17 968.049** 970.942* 97.189* 100.725*
18 975.667* 978.991* 112.651** 116.641**

a Unmeasured line.
Lines marked with asterisks are less accurate.
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The с3П state

In order to determine the upper state, constants were constructed for all the 
possible respective combination differences. There are sixteen kinds of possible 
rotational term differences referring to the upper state (Table IV, first column). On the 
whole, 224 diverse averaged experimental differences have been calculated. These were 
fitted to the differences of the respective eigenvalues of the Hamiltonian matrix. An 
iterative nonlinear weighted least squares procedure was employed for this purpose.

The assumed Hamiltonian matrix elements for the с3П state are given in Table V. 
They are essentially the same as those referred to in the paper of Field et al [7] with the 
Aj constant constrained to zero.

Table IV
Rotational term differences

For с3П state For а3П state

F M + l ) - F t A J - l ) F J J  + D - F A J - l )
F ix(J + 1 )—FJX(J — 1) F3A J + l ) - F 2x( J - l )
F lx(J + l ) - F lx( J - \ ) F2x(J + l ) - F 3A J - l )

F3x( J ) - F lx{J) F2x(J + l ) - F lx( J - l )
F3x( J ) - F 2AJ) Fix(J + l ) - F 2x( J - l )
Flx( J ) - F lx(J) F iA J )~ F ix(J)

F3A J ) - F 2x(J)
F3A J ) - F lx(J)

i = l ,  2 ,3  
X =  e or /

The evaluated differences showed the strong perturbation similar to that in the 
14C 160  molecule therefore the complete Hamiltonian describing the upper state is a 
common Hamiltonian of the 6th degree for the c3TJ state and the unknown perturbing 
3П  state (Table VII). The matrix elements of the perturbing state are those of Table V 
but considerably simplified; they are given in Table VI. The interaction elements have 
been taken to be constant according to a somewhat simplified version of Kovács’ idea 
[6].

The least squares procedure carried out with the described matrix was 
satisfactory. From the final fit the eight constants for the c state were obtained, one 
interaction parameter and three constants for the perturbing state. These parameters 
with their standard errors are given in Table VIII.

The а 3П state

The lower a 3TJ state is relatively well known since it also takes part in other 
transitions (Cameron and Third Pos. systems). However, for completeness calculations 
for the three vibrational levels of this state have also been made.

Acta Physica Hungarica 55, 1984
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Table V
Hamiltonian matrix elements of с3Я and а3П states

Я 00 = £  +  (х+  1)B—(x2 + 4x +  1)й — А —С —уТС* + хВ£ 
Я и  = Е +  (х + 1 )В -(х 2 + 6 х -3 )Я  +  2С -2у  + (1 +  1)хВ0+ 
Я 22 =  £  +  ( х  —3)B—(x2 —4х +  5)В +  Л — C —y+(x —2)Bq

Hoi = [ 2 x ] w2 • B - 2 ( x + l ) D  — y y + ( l T 2 ) B , +J

H 02 =  [ x(x - 2 ) 1/2 . - 2 D  +  B 0; ]

B - 2 ( x - l ) 0  - у У  +  ß r JH 12 =  [  2 ( x - 2 ) ] * ' 2 -

X = j(J + 1 ); when two signs are quoted the lower is for /  levels and 
the upper for e levels.

Table VI
Simplified Hamiltonian matrix elements for the unknown perturbing 3Я state

H{J0 = £  + (*+  l)B — A Hg,=(2x)1/2 В
Я [, = £  + (х+1)В Щ 2 =  О
Я?2 = £  + (х -3 )В  + Л HÇ2 = [2(x - 2 ) ] , ' 2 -B

x  = J(J + 1)

Table VII
• Form of the Hamiltonian matrix for the с3П state

01 H‘o2 h 0 0c 0 h 0
H'21 0 0 h

H’oo Щ1 Н’ог 

HS 2

Table VIII
Evaluated parameters of the states [cm ' 1]

State

Parameter

с3П

v=0

а3П ■ 3П (perturbing)

t) = 2 u = 3 v = 4 v=?

A 1.430(25) 41.1020(66) 40.9584(58) 40.9353(77) —1.2(1.2)
В 1.96019(19) 1.64310(23) 1.62426(19) 1.60431(28) 1.457(41)
D 106 3.68(54) 5.23(71) 6.98(55) 8.38(88) -
y  103 3.043(42) 4.99(87) 8.36(81) 4-6(1.1) -
C 102 -2.79(24) -2.40(28) -2.32(25) -12.87(32) -
c‘ 0.0791(88) 0.8379(88) 0.7871(81) 0.365(11) -
Bq ■ 103 5.018(60) 0* 0* 0* -
B,+ • 103 5.00(25) 1.80(15) 1.65(14) 6.22(19) -

Interaction element й = 5.786(87); energy difference Ec — Ep = 15.29(36)

* assumed

6* Acta Physica Hmgarica 55, 1984
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For each vibrational level it was possible to evaluate about 250 averaged 
differences; 20 possible kinds of differences are listed in the second column of Table IV. 
The Hamiltonian matrix elements have been taken as for the c state (Table V). The least 
squares fits were made for each vibrational level, the values obtained are given in 
Table VIII. The parameters of levels v=2  and v = 3 are similar in error limits to 
those obtained by Field et al [7]. We were not able to compare the parameters of the 
V = 4 level in the present calculation because the perturbation appearing in the higher J 
values is not taken into consideration at present. Analysis of the perturbation is 
postponed until the intended investigation of the Third Pos. system.

Results

The ЗА systems in the spectrum of the ordinary CO molecule have carefully been 
reanalysed and the parameters of both states calculated. It is established that there is a 
well marked triplet splitting in the c state and that the level v=0  of this state is 
perturbed in origin by an unknown 3Я  state. The perturbation is considerably stronger 
here than in the 14С 1бО molecule [5]. Some parameters concerning the perturbing 
state have been also evaluated.

It is likely that more information about the unknown perturbing state will be 
available when the analysis of the ЗА system of the 13C160  molecule is published.
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ANGSTROM SYSTEM OF THE 13C180  MOLECULE*

Z. M alak, M. Rytel

Atomic and Molecular Physics Laboratory, Pedagogical College 
35— 310 Rzeszów, Poland

and

J. D. Janjic

Institute of Physics, University o f  Novi Sad 
21000 Novi Sad, Yugoslavia

D. S. PeSi6
Boris Kidric Institute for Nuclear Sciences 

11001 Beograd, Yugoslavia

Bands of the Angstrom system of the 13C 180  molecude emitted from a specially constructed 
discharge lamp were photographed at higher spectrographic resolution and greater concentration of 
isotopic molecule than previously. Rotational and vibrational analyses of eight of the most intensive 
bands were performed and molecular constants for both combining states were determined.

Introduction

The first data for three bands of the Angstrom system in the 13C 180  isotopic 
molecule were obtained in low resolution by Kçpa et al [1]; these authors published 
only the wave numbers of band origins.

This system of the isotopic CO molecule has now been obtained at greater 
resolution and we present here the rotational and vibrational analysis of eight of the 
most intensive bands. This paper is a continuation of extensive research work on the 
CO molecule that is being carried out in our laboratories.

Experimental procedure

The light source used was a combination of a Geissler’s tube and a hollow- 
cathode lamp. First, the carbon isotope 13C was deposited from the carbon oxide 
13C 160  (93% of 13C) or from the methane (90% of 13C) (in the hollow-cathode part). 
After this the synthesis of the 13C 180  molecule was performed during the electric 
discharge in an oxidizing atmosphere of 180 2 (42% of 180 ) in the Geissler’s tube part.

The bands of the Angstrom system were photographed with a PGS-2 grating 
spectrograph (VEB Carl Zeiss, Jena) in the 4th, 5th and 6th orders with a reciprocal

* Dedicated to Prof. I. Kovács on his 70th birthday
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dispersion ranging from 1.15 Â/mm to 0.6 Ä/mm. OR WO plates of various types 
(WO— 1, WP— 1, WP—3, UV—1) were used and the exposure time of spectral bands 
ranged from 10 min to 3 h for a mean electric current of about 100 mA.

The thorium spectrum was used for the wavelength standard. The temperature in 
the spectrograph room was well-stabilized.

The plates were measured with an Abbé-type comparator. Wave number band 
lines were obtained by means of a third order interpolative polynomial.

Results

Besides bands of the 13C 180  molecule, other isotopic molecules were also 
obtained on the plates. For example: the strongest 13C 160 , weaker 12C 180  and 
ordinary molecules.

In spite of the spectrograph’s relatively high resolving power, some lines were 
partially or completely blended, which led to difficulties in interpretation, especially 
with regard to the strongly perturbed bands.

The wave numbers of all the measured lines are given in Tables I—VIII. Blended 
lines are marked by one or two asterisks. In Table IX we have collected the places of 
perturbations in the А 1П state.

In the B1I + state the predissociation was found from J = 19 for the 1 —v" 
progression and from J  = 38 for the 0—v" progression. This is done according to the 
“limiting curve” drawn in the paper of Douglas and Möller [2].

Analysis and results

The upper state double term differences A 2F'C(J) and A 2F\ (J) were calculated and 
averaged for six bands of the 0—v" progression and for two bands of the 1—v" 
progression, respectively. These sets were fitted by the least squares method to give the 
rotational constants:

Bc = 1.769653(48) cm-1,

Do = 5.49(34)• 10“6 cm-1,

B\ = 1.74709(11) cm "1,

D', =  5.66(22)-10"6 cm "1.

The values given in parentheses correspond to single standard deviations.
Mean values of the differences between the corresponding wave numbers of the 

1—0 and 0—0 bands, and also the 1— 1 and 0—1 bands were calculated according to
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Table I
0—0 band lines of 13C 18C [cm-1]

J R Q P

1
2
3 22164.981*
4 168.114 22149.493**
5 22185.219* 172.206 154.812 22146.348*
6 194.035 177.479 160.813 148.032
7 22202.949* 184.173 167.316 149.867
8 212.446* 192.469** 174.110 152.172
9 222.386* 181.120* 155.145

10 22220.625* 22233.464 188.302 22146.348* 22159.173*
11 234.450* 245.954* 195.884 153.125 164.616
12 247.575 22203.900 159.173**
13 260.592 212.446* 165.134*
14 273.745 221.567 171.263
15 287.291 231.292 177.804*
16 22301.265* 241.600 184.799*
17 316.226* 22246.872* 22246.872* 22252.884 192.602**
18 22330.315* 263.403 22199.640**
19 346.722 276.251 22209.021
20 363.751* 289.743 219.048*
21 22382.661* 22305.031* 22230.960**
22 22391.549* 22310.408* 22232.779*
23 22412.455* 328.048 246.770*
24 433.041* 344.940 260.269*
25 454.809* 363.162* 274.780*
26 22365.821* 22385.604
27 387.458
28 22406.544
29 425.811
30 445.142

* or **: blended lines

Table II
0—1 band lines of 1JC 180  [cm -1]

J R e P

1
2 20743,343* 20736.203**
3 745.345** 734.406**
4 747.941 733.780**
5 20772.507 751.315** 733.582*
6 780.043 755.277 734.037**
7 788.249 759.942 735.174
8 797.103* 765.271 736.966
9 20806.645 771.330** 739.430

10 816.834 777.965** 742.552
11 827.692 785.259 746.354
12 839.225 793.251 750.821
13 851.401 20801.909 755.951
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Table II (continued)

J R  Q P

14 864.259 811.243 761.750
15 877.783 821.173** 768.206
16 891.922 831.886 775.335**
17 20906.801 843.169 783.161
18 922.319 855.209 791.590
19 938.484 867.875 20800.757*
20 955.332 881.208** 810.583
21 20972.832 20895.201 20821.173**
22 991.000 20909.860 832.213
23 21009.836 925.197 844.030*
24 029.336 941.205* 856.625**
25 049.508 957.886 869.725
26 070.368** 975.253 883.588
27 091.903 993.323 898.154
28 21114.296 21012.248 21009.048* 20913.580
29 21136.340 030.812 20928.650
30 160.108 051.120 945.480*
31 184.327 071.875 962.733
32 21209.188 093.306 980.655*
33 234.705 21115.434 999.231
34 260.898** 138.311 21018.480**
35 287.754 21162.373 038.392*
36 21183.937 059.068
37 209.635 080.340*
38 235.269 21102.341
39 261.513 125.039
40 21148.539*

* or **: blended lines

Table III
0—2 band lines of 13C 180  [cm l]

J R Q P

1 19360.469* 19356.859**
2 19372.388** 361.878* 354.759**
3 378.061** 364.001 353.354**
4 384.420** 366.822 352.664**
5 391.480** 370.353 352.664**
6 399.297** 374.651* 353.354**
7 19407.809** 379.669 354.759**
8 416.964** 19385.061 356.859**
9 426.985** 391.480** 359.664

10 437.519 398.570* 363.176
11 448.806** 19406.336 367.405
12 460.818 414.811 372.388*
13 473.519 423.995 378.061*
14 486.924 433.871 384.420*
15 19501.059 444.476 391.480**
16 515.831 455.779 399.297*
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Table III ( cont i nued)

J R  Q p

17 531.428* 467.754 19407.809*
18 547.760** 480.523 416.964*
19 564.746 493.990 426.985*
20 583.013 19580.682* 19508.164 438.283 19435.946**

21 19600.551 19522.920 19448.806*
22 619.859 538.635 461.107
23 639.998 555.034 474.269
24 662.009 572.216 489.239
25 19678.756 590.314 19498.966
26 19701.870 19609.744 515.095
27 724.887 632.518** 19617.697 531.151
28 748.532* 643.100 547.760**
29 773.129* 665.156 565.467
30 19801.594* 19680.473 686.786 586.988*
31 19708.200
32 731.691
33 755.964 19748.330*
34 778.175
35 19803.923
36 830.577

* or **: blended lines

Table IV
0—3 band lines of 13C ieO [cm-1]

J R Q P

1 18010.323** 18006.074**
2 011.958* 004.892**
3 18028.447** 014.478 003.657*
4 035.220** 018.284** 003.355*
5 042.964** 18024.334 18017.892 004.048*
6 052.065** 023.593 006.074**
7 18063.393** 18054.585** 029.372 18010.323** 18001.500**
8 065.518* 035.722 005.365*
9 076.430** 042.964** 009.244**

10 087.739 18045.898 18052.050** 013.453
11 099.677 056.314 018.284**
12 18112.283 065.947 023.887
13 125.442 075.787 029.991
14 139.553 086.435 037.050
15 154.302 097.705 044.754
16 169.762** 18109.694 053.208
17 186.009 122.368 062.386
18 18202.974 135.854 072.268
19 220.676 150.001** 082.991
20 239.113 164.987 094.408
21 18258.302 18180.650 18106.577
22 278.205 197.097 119.448*
23 298.917 18214.257 133.144
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Table IV (continued)

J R Q P

24 18320.345 232.180 147.575
25 342.517 250.850 162.742*
26 365.426 270.273 178.648*
27 389.087 290.447 195.323
28 18413.510 18311.365 18212.753
29 438.638* 333.036 230.948
30 464.549* 355.479 249.881**
31 378.647
32 18402.591
33 427.291
34 452.756*

* or **: blended lines
Table V ,

0—4 band lines of 13C leO [cm ']

J R Q P

1 16690.392 16686.829**
2 16702.541** 691.982 684.885**
3 708.427** 694.346 683.659**
4 715.123** 697.433** 683.286**
5 722.597** 16701.383 683.659**
6 730.857** 706.099 684.885**
7 739.869** 711.585 686.829**
8 749.736** 717.875 689.551
9 760.328** 724.934 693.107

10 771.757** 732.789 697.433**
11 783.900** 741.435* 16702.541**
12 796.826 750.863 708.427**
13 16810.570 761.073 715.123**
14 825.113 772.074 722.597**
15 840.420 783.900** 730.857**
16 856.475 796.440 739.869**
17 873.396 16809.768 749.736**
18 891.068 823.959 760.328**
19 16909.527** 838.908 771.757**
20 928.777 854.637 784.030**
21 948.791 871.174 797.029
22 969.634 888.486 16810.842
23 991.225 16906.617 825.452
24 17013.610 16925.168 840.832
25 036.831** 945.100 857.042
26 060.793 965.602 874.013
27 085.545 986.871 891.788
28 111.129 17008.964** 910.387
29 137.464 031.840 929.770
30 055.518
31 080.00?
32 105.307
33 . 137.497

* or **: blended lines
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ТаЫе VI
О—5 band lines of 13C180  [cm-1]

J R Q P

1 15403Ü42 15399.500**
2 15415.317 15404.689 397.623
3 407.170 396.640*
4 15428.179 410.457 396.333
5 435.860 414.615 396.914
6 444.358 419.582 398.354
7 453.691 425.379 15400.613
8 463.842 432.004 15403.701
9 474.823 439.462 407.611

10 486.622 447.766 412.370
11 499.303 456.887 417.966
12 15512.790 466.875 424.389
13 527.076 477.726* 431.635
14 542.288 489.567 439.780
15 558.370 15503.342 448.820
16 575.418 15513.760 458.863
17 594.212 528.315 470.582 •
18 15608.527 543.462 15477.726**
19 628.716 559.449 491.008*
20 649.366 15576.787 15504.651
21 15670.536* 15592.095 15518.773
22 692.187 610.830 533.427
23 15714.945 630.178** 549.161
24 738.546 650.343 565.774
25 763.828* 15672.201 15665.918* 15579.010* 15584.110*
26 15787.008* 696.596* 691.821** 600.221*
27 15813.323* 15714.668* 619.602
28 15840.465* 738.339 639.753
29, 764.544 665.078

* or **: blended lines

the formula of Jenkins and McKellar (see [3]). We were thus able to obtain the 
constants by means of the least squares method:

AG\l2 =  G (l) -  G'(0) =  1987,3844(84) cm " 1

B'0 -  B\ =  0.022573(43) cm - 1.

Taking into account the difference B'0—B\ and the constant B'0 obtained previously, we 
were able to calculate a better B\ value, viz.

B\ = 1.747080(64) cm- 1 .

Using Kovács’ functions f Q(J) and f PR(J) [4] for regular regions of the bands the 
differences of the rotational constants for both combining (upper and lower) were
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Table VII
1—0 band lines of 13C 180  [cm -1]

J R Q P

1 24148.540 24145.150*
2 149.965 143.269
3 24166.984» 152.083 142.530
4 24174.687* 155.042 24136.323** 143.269
5 184.204* 24171.708 158.930 141.500 145.875* 24133.273
6 180.150** 163.917 147.255 134.743
7 188.706* 170.282 153.447 136.323**
8 198.656** 178.203 159.862 138.287
9 24207.286 166.426 140.941

10 24204.858* 217.878 173.200 24131.617* 144.531
11 218.388* 229.821* 180.276* 138.013 149.513
12 230.853 243.642* 187.777 143.599 156.349*
13 243.257* 195.752* 149.019
14 255.738 24204.233 154.541
15 268.533 213.265 160.398
16 281.856* 222.875* 166.745
11 295.937* 233.416 173.843*
18 24309.122* 24243.084* 24180.150**
19 324.628 255.064 188.706*
20 267.645 197.754*

* or **: blended lines

Table VIII
1—1 band lines of 13C180  [cm -1]

J R Q P

1 22729.263*
2 22741.005** 730.517* 22723.521*
3 746.315** 732.379 721.876**
4 752.319* 734.873 720.877**
5 758.928* 737.973 720.496
6 766.159 741.676** 720.735**
7 773.984 746.052 721.603
8 782.467 751.016 723.081
9 * 791.535 756.613 725.186

10 22801.182** 762.820 727.901
11 811.560 769.661 731.256
12 822.487 777.128 735.227
13 834.049 785.192 739.827
14 846.222 793.885 745.031
15 859.063* 22803.199 750.854
16 872.430 813.121 757.323
17 886.445** 823.695 764.397
18 22901.114 834.863 772.109
19 916.337 846.661 780.419*
20 859.063*

* or **: blended lines
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Table IX
Observed perturbations in the А ' П state

Vibrational 7 value of maximum perturbation 
level А 1П  state

in branches: Perturbational state

<3 II О J  = 11.5 7 =  6.5 7 = 11.5 e3I ~ V= 1
7 =  17.5 7 =  17.5 7 = 17.5
7 =  22 7 =  22 7 = 22 d3A u = 4
7 =  26.5 7 =  26.5 7 = 26.5

1>=1 7 =  29 7 =  29 7 = 29 D'A e = l
— 7 =  36 - P I ' v=2

v=2 _ 7 =  8 _ 1 4 - v = 3
e3I ~ v=4

7 >  19 7 >  19 7 >  19 a'3I  + v=12
For these values, perturbations are mixed d3A e = 7

v=3 II 7 =  5.5 7 = 7.5 a'3I  + t? =*13
— 7=10.5 —

7 =  38 7 =  38 7 = 38 D'A v = 4

v = 4 _ 7 =  24 _ 1 4 - v=6
7 =  34 7 =  34

4tmII D'A •e = 5

v=5 7= 18 7=15.5 7 = 18 a’3I * e=  16— 7 =  21 —
7 =  24 7 =  24 7 = 24
7 =  27.5 7 =  27.5 7 = 27.5 d3A e=  11
7 =  31 7 =  31 7 = 31

obtained: in the Л 1Л  state the Л-doubling was omitted in these calculations. The 
average values computed from all the band lines are:

B'0- BÏ =  0.33302(18) cm -1,

B'0-B ';  = 0.35327(19) cm “ 1,

Во-В'з' =  0.37347(15) cm “ 1,

B'0 — B4 =  0.39331(16) c m '1,

B'0-B '5' =  0.41414(17) cm -1 ,

c m "1.

The rotational constants of the Л1Л  state were calculated from known differences and 
the B'0 and B\ constants determined previously. The results are listed in Table X.

For regular regions of bands, also the band origins have been found by means of 
gQ(J) and gPR(J) functions [4]. The band origins were also obtained by extrapolation of 
the Q(J) branch lines and interpolation of the R(J) and P(J) branch lines. The mean
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results obtained by using both of these methods are listed in Table XI. However the 
origins of the 0—0,0—3, and 1—0 bands have not been determined, because of strong 
perturbations. In Table XII we have collected the vibrational quanta for various 
isotopic CO molecules obtained in the present investigation and by other authors 
[5 -7 ] .

Table X
Rotational constants of the 13C180  molecule 

[cm -1]

B ' I  + А'П

B0 =1.769653(48) Bj = 1.43663(18)
D0 =  5.49(34)-10 " 6 Вг = 1.41638(19)
B, =  1.74709(11) B3 = 1.39618(15)
D, =  5.66(22)-10-6 B4 = 1.37634(16)

B5 = 1.35551(15)

Table XI
Band origins of the l3C 180  molecule [cm *]*

Band Band origin

0—1 20741.288(18)'
0—2 19359.761(3)b
0 - 4 16689.593(9)b
0—5 15402.205(16)'
1—1 22728.660(18)'

* — Errors in parentheses are estimates only. 
b— Averaged values obtained by extrapola

tion of Q{J) branch lines and the gQ(J) 
function.

• — Averaged values obtained by extrapola
tion of Q(J) branch lines, interpolation 
of R(J) and P(J) branch lines, g0(J) and 
grK(J) functions.

On the basis of the data contained in Table XII and taking into account the 
isotopic relations the vibrational constants a>e and u>ex e were computed from four 
equations by the least squares method. Table XIII compares these values with Rytel’s 
results [7].
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Table XII
Vibrational quanta AGil2 for the B lI  + state [cm *1]

Molecule dG1/2 Reference

12c16o 2071.171(4) Kçpa and Rytel [6]
13c16o 2037.320(9) Rytel [5]
12c18o 2033.564(24) Rytel [7]
13c18o 1987.3844(84) This work

Table XIII
Vibrational constants of the B'E  + state of the 

12C160  molecule [cm *1]

Constant After [7] This work

CO, 2153.92, 2151.81(80)
co,x. 35.87, 34.82(40)
oi.y. - 0*

* — Assumed value

References 1 2 3 * 5 6 7

1. R. Kçpa, M. Rytel and J. D. Janjic and D. S. Pesic, Acta Phys. Pol., A41, 377, 1972.
2. A. E. Douglas and C. K. Meller, Canad. J. Phys., 33, 125, 1955.
3. G. Herzberg, Molecular Spectra and Molecular Structure I. Spectra of Diatomic Molecules, D. Van 

Nostrand, New York, 1950.
4 .1. Kovács, Rotational Structure in the Spectra of Diatomic Molecules, Akadémiai Kiadó, Budapest and 

Adam Hilger Ltd, London, 1969.
5. M. Rytel, Acta Phys. Pol., A37, 559, 1970.
6. R. Kçpa and M. Rytel, Acta Phys. Pol., A37, 585, 1970.
7. M. Rytel, Acta Phys. Pol., A38, 299, 1970.
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VIBRATIONAL ANGULAR MOMENTUM IN THE THEORY 
OF VIBRATION-ROTATION SPECTRA

PART I. MATRIX ELEMENTS FOR ASYMMETRIC 
TOP MOLECULES* **

L. N em es***

Physikalisch-Chemisches Institut, Justus Liebig-Universität Giessen 
D-6300 Giessen, West Germany

The theory of the vibrational angular momentum term n\ in the effective molecular 
rotational Hamilton operator is briefly reviewed. Novel vibrational matrix elements of j t \ , off- 
diagonal in the basis of the coupled linear oscillator basis functions, are derived for asymmetric top 
molecules. These matrix elements contain two or three distinct vibrational quantum numbers, 
respectively. A group-theoretical scheme; the use of repeated Jahn’s rules, is given for testing the 
existence of the proposed matrix elements. Finally suggestions are made for the application of the 
latter

1. Introduction

Neglecting electrons and electronic and nuclear spins the fundamental 
vibration-rotation Hamiltonian operator f í vr that yields the corresponding energy 
levels of polyatomic molecules contains the total angular momentum J, and the 
vibrational angular momentum n (both in units of й in the following). More precisely, it 
contains the components of the difference (J  — n) in the molecule-fixed axes. In the 
empirical rotational analysis of, e.g. vibrational bands in the infrared spectrum, f i v r 
has to be expanded in powers of the vibrational normal coordinates. In such an 
expansion there are various terms that contain a( = x,y or z) components of n. The 
Coriolis interaction term (describing an interplay among vibrational modes actuated 
by a rotation about axis a) has products Jxna , whereas vibrational angular momentum 
is also found in “pure” form, such as terms with nl or operators. These latter terms 
may formally be viewed as expressing a coupling between components of the total 
vibrational angular momentum. Whereas a great amount has been written about 
molecular Coriolis interactions, relatively little is known about the theory of n l-type 
and other vibrational angular momentum terms.

Landau and Lifshitz [1] did estimate the importance of the Æf-type terms as 
slight for the spectra of spherically symmetric molecules. Modern developments in high 
resolution gas-phase molecular spectroscopy necessitate, however, careful studies of 
higher-order spectroscopic effects as well. In the present paper a discussion is given for

* Dedicated to Prof. I. Kovács on his 70th birthday
** Presented in part at the Vlth International Seminar on High Resolution Infrared Spectroscopy, 

Liblice (Czechoslovakia), 1980.
*** Permanent address: (where reprint requests are to be sent): Research Laboratory for Inorganic 

Chemistry, Hungarian Academy of Sciences, Budaörsi út 45, P. О. Box 132, Н-1502 Budapest, Hungary
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л2-type terms in the effective asymmetric top rotational Hamiltonian. In this part 
matrix elements are reported, whereas a further part shall contain perturbation 
calculations for simple asymmetric rotors utilizing these matrix elements.

2. Лд-type terms in the effective rotational Hamiltonian

Oka [2] and Watson [3] have developed a convenient formalism for 
constructing the effective rotational Hamiltonian operator. The purpose of such 
Hamiltonians is to yield rotational energy levels for given vibrational states. A 
discussion of this effective Hamiltonian is given by Mills [4]. In the modern approach 
[2, 3] the various terms in the normal coordinate expansion are classified according to 
the magnitude of their coefficients. These magnitudes vary as powers of the Born- 
Oppenheimer parameter; K=(mJM )1/4 (where me is the electronic mass, and M  is a 
conveniently chosen nuclear mass, so that к: =  0.1). The symbolic representation used 
by Mills [4] (who attributes it to J. K. G. Watson) is applied here. A recent discussion is 
found about the subject in [5].

In terms of the dimensionless vibrational normal coordinate q, , and a conjugate 
linear momentum operator ps , the dimensionless vibrational angular momentum 
operator is given by

я.=Z Z Í™{<?rpsK / 4 )1/2-< ? ,P » ,)1/2} , (1)
r >s

where indices r and s refer to normal coordinates coupled by rotation R"; the co's are 
harmonic normal mode wave numbers, and the Coriolis constant £*, has an absolute 
value between 0 and 1. Following Mills’ usage [4] to express all coefficients in the 
effective rotational Hamiltonian in cm-1 units, the most important terms of 
vibrational origin are, in decreasing order of magnitude (0):

(0: ~ 10_2vvib), (2a)

(0:~  10- 3vWb), (2b)

(0: ~ 10_4vvib), (2c)

where vvib is a typical vibrational energy (say, 1000 cm-1), and /4« is the inverse 
moment of inertia t e n s o r = ( / „ ) " whereas /4rj and /r^s) are its first, and second 
derivatives with respect to the normal coordinates qr and qs , respectively.

As nx is a quadratic vibrational operator (see Eq. (1)), the three terms in Eqs. (2) 
contain quartic, quintic and sextic vibrational operators, respectively.

Z ( ä2/Ac)r« ä2 ,a

Z Z (А2/АФ$<гЛл/|,a,ß г

Z Z (h2lhc)täj,s)qrqsiijiß>
a , в r,s
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3. Interaction selection rules

Because the terms in Eqs. (2) do not contain rotational operators, their matrix 
elements (based on the vibrational-rotational wave functions) must be diagonal with 
respect to all rotational quantum numbers. The selection rule for the connected 
vibrational levels is also simple; for asymmetric tops the matrix elements connect states 
belonging to the same non-degenerate irreducible representation (species)*. Therefore 
all operators in Eqs. (2) lead to matrix elements connecting levels of the same ro- 
vibrational symmetry. The same selection rules govern, of course, interactions brought 
about by anharmonic vibrational resonance terms; in this sense pure vibrational 
angular momentum effects are inseparable from anharmonicity effects.

4. Matrix elements of the nj term

As Eqs. (2b) and (2c) do not represent “pure” vibrational angular momentum 
(they are seen to be linear or quadratic in normal coordinates as well), and since the 
corresponding coefficients are one or two orders of magnitude smaller than the 
coefficients of the term (i.e.: the rotational constants), these vibrationally higher- 
order terms shall not be considered here. The diagonal matrix element for term (2a) has 
been published by the author [6]. The matrix elements off-diagonal in the linear 
harmonic oscillator basis functions shall be given in this paper. Such expressions are 
derived by forming products of two яа terms (see Eq. (1)) for the same intramolecular 
axis, of course, and then using the quantum mechanical expansion theorem (i.e.: the 
rules of matrix multiplication) for non-vanishing matrix elements of q and p (for the 
latter see [7]). The actual matrix elements used depend upon the construction of the 
vibrational operator nl ; the matrix elements up to quadratic ones in q and p are 
summarized in the Appendix.

Following the symmetry arguments of the previous Section the allowed changes 
in the quantum numbers of the vibrational states involved can formally be established. 
One forms a direct product of the species of the vibrational states involved in the.bra 
and ket functions for a given type of matrix element. The product should transform as 
the totally symmetric species. Examples for this procedure shall be given later. On this 
group-theoretical basis it may be seen that non-vanishing matrix elements of off - 
diagonal by up to three different vibrational quantum numbers exist. In Section 4.1 
below some matrix elements represent coupling between first excited (fundamental) 
vibrational levels. More complicated couplings are represented by other matrix 
elements in both Sections 4.1 and 4.2.

* The group-theoretical requirement for a non-vanishing vibrational angular momentum (n.#0) is 
the celebrated Jahn’s rule: r(qr) x r(p,) = r (J ,) . For nl / 0  the vibrational selection rule may be obtained by 
forming the direct product of two Jahn’s rules, and as for asymmetric tops x r (J J  = r ’, the totally 
symmetric species, the bra and ket functions of the nl matrix elements should possess the same vibrational 
symmetry.
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4.1. Matrix elements involving two different vibrational quantum numbers

It is convenient to separate off the numerical coefficients in the Hamiltonian term 
Eq. (2a) and in the definition equation of nx, Eq. (1). Then one is left with the vibrational 
operator part containing only q’s and p's and harmonic wave numbers. Such an 
expression shall from this stage onwards be denoted as Ôp, the vibrational operator 
itself.

To obtain matrix elements for Ôp in nl in two different normal modes r and s, one 
has the following form:

The second form of Ôp is obtained by using the commutators [qr , p j  =  \_q, , pr] = 0, 
which in turn follows from the general form of the linear oscillator commutator form 
applicable in this work: [g ,, pj] = iài}, using the Kronecker delta symbol. By the 
expedient of using the following types of equalities, e.g.:

etc., where [ ] + denotes the anticommutator, one can rewrite Ôp in Eq. (3) in an 
apparently more complicated form. The advantage of this procedure is, however, that it 
is then possible to select three different forms of Ôp that yield the three possible different 
types of non-vanishing matrix elements:

The operator Ôpt possesses only diagonal matrix elements in vr and v, ; Ôp2 has only 
matrix elements off-diagonal by two units in either vr or v, , but diagonal in the other (d, 
or vr , resp.), and finally Ôp3 leads to matrix elements off-diagonal in both vibrational 
quantum numbers by two units. Table I lists these distinct matrix elements. In the 
Table fir s and Фг , are frequency factors (see [6, 8]):

Ôp = qrpsqrps{wjwr) -  qrpsqspr -  Я,РгЯгР, + « А & Р гК М  = 

=  Яг Ps W M  -  qrprpsqs -  qspsprqr + qfpj K M ) . (3)

(4)

<?rPr =  ( 1/2) (qrPr + Prdr) + (1/2) (qrPr ~  M r) =

И 1 /2 )[9 ,,А ]+ +(1/2)[9г, М ,
(5)

Ôpi =  q?Ps(coJo)r) +  Й г2(ш > ,)-(1 /2 ) íqr , Pr] IP, » ЯЛ » 

Ôp2 =  qïPl {coM) +  qjpj  K M ,

Ôp3 =  Яг P1, W M  + я1Рг K M  -  ( 1/2) lqr , Pr] + IP, » Я J  + •

(6a)

(6b)

(6c)

ß r . ,= ( i /2 ){ W M 1/2+ W M 1/2b  

фг,а=( 1/2) { K M 1/2- W M 1/2} • (7)
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Table I
Matrix elements of Ôp involving two different vibrational quantum numbers

<Vf,r,|0p |t)r,D,> (4ß2, — 2) (p, + (1/2)) (p, + ( 1/2))—( 1/2) (a)

<tV,r,|0p|t>r,i>, + 2> 2*2,,,Фг.,(рг+(1/2)) {(p,+ l)(p,+2)},/2 (b)
<v„v,\0p\v„v,-2'> 20г. ,Ф ^ рг +  (1/2)){р^р,-1 )} 1/2 (c)
<tir,p,|0p|»r+2,t),> - 20, ,Ф,.Лp, + ( 1 /2)) {(pr + 1 )(pr + 2)}1/2 (d)
< v„ v,\0p \v ,-2 ,v ,) -2Й ,,Ф г> ,  +  <1/2)){рг(рг—1)},/2 (e)

<рг,р ,|0р |р , + 2,ра +  2> -  (0?.. - 1  ) {(в, ■+ 1) (V, +  2) (p, + 1) (p, + 2)}2'2 (0
<»,.t>.|Ôp|ur—2 ,p ,-2 > - ( 0 2. , - 1 ){ргр,(рг- 1 ) ( р,-1 )} 1'2 (g)
< v„v,\Ô p\v,+ 2,v,-2) - ß ,2,{p,(P.—1)(p,+  1)(p, + 2)}1/2 (h)
(.»,< v,\Ôp\v,—2, p,+  2) - 0 2.,{p,(pr - l ) ( p .+  l)(pI + 2)}1'2 (0

The matrix elements thus derived can formally be checked for their non-vanishing 
nature using the symmetry selection rule discussed in this Section.

It is obvious that the diagonal matrix element (a) in Table I is totally symmetric 
as the same wave function product forms both the bra and ket functions. When now | r)  
is assigned to species Г 1, and | s') to Г 2 (these species are determined through Jahn’s 
rule), the off-diagonal matrix elements can be checked as follows. Let us take, for 
instance, matrix element (b) in Table I and assume that the bra function is the first 
excited state <1 ,01 ; Г « 1 ,0 1 )= Г 1х Г ‘ = Г 1; while the corresponding ket function is 
I 1, 2)  for which Г ( | 1, 2»  = Г 1 х (Г2 х Г2) = Г1х Г 1 = Г 1, and so Г « 1, 0 |) 
X Г( I 1,2 »  =  Tj X =  Г 1 indeed. A similar procedure may be followed for the rest of 
the off-diagonal terms in Table I, and the result is always Г «  | ) х Г ( |  )) = Г3. 
Therefore all the entries listed above are, in principle, different from zero. From the 
frequency factors however, it is possible to distinguish further among the various 
matrix element types. When co,~œr ; C2r 1 and Ф,,~ 0 . In this limiting case the only 
matrix elements that are going to be useful are (a), the diagonal one, and (h) and (i) 
among the off-diagonals. The matrix elements in Table I should be multiplied by the 
factor (A2/2/*c) /ijj O 2 to obtain the final form corresponding to the term in Eq. (2a).

4.2. Matrix elements involving three different vibrational quantum numbers

The procedure to follow in the derivation of the matrix elements with three 
different vibrational quantum numbers is analogous to that sketched previously, the 
three indices are r, s and t. The vibrational operator corresponding to Eq. (3) is then:

Ôp = <?,2Р«Р,К<у,)1/2/ш, -  qrprp£,(wJcot) -

-  Р т Я г Я , Р , ( ы , / ( о , )  +  я ,Я ,Р ? ы г/ ( с о ,с о , ) 112. ^
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Using identities like those in Eqs. (4) and (5); Ôp in Eq. (8) may be reformulated as: 

Ôp =  ( 1/2) {(<?/ +  p2)p,p, + (qj - Pr)PsPt} Kû>,)1/2/wr - (  1/2) {[q,, pr] + psq, +

+  lqr , РгЖч,} (<oM ) -  ( 1/2) {ÍPr, Яг]+qsP, +

+  ÍPr, Яг]я,Р,} («,/со,) + ( 1/2) {{p2 +  q2)qsq, +

+ (Pr -  4r2)<7,<?,}cor/(co,w,)1/2. (9)

From the matrix elements given in the Appendix it becomes clear that Ôp in Eq. (9) has 
two distinct types of matrix elements:

(,v„ v„ v,\Ôp \ v„ r ,±  1, v,±  1> (10a)
and

<ог, 1>„1) , |0 р | о г± 2, о , ± 1, о , ± 1>. (10b)

There are then four matrix elements of type (10a) and eight matrix elements of type 
(10b)., For obtaining (lOa)-types the operator in Eq. (9) can conveniently be given as:

Ôp =  (1/2) (qj + p2) {p,p,(a>,a>,)il2/wr + qsqtcor/(wsw,)112} -

- ( 1/2) iq„pr] {psqAMja),Ÿl2-q ,p t(w,/ü>s)112} , (И)

while for the (10b) elements:

Ôp = (1/2) (q2 -  p2) {p,p,(ftJ,co,)1/2/cor -  qsqtcor/(a),(ot)112} -  (1/2) [qr, pr] + x

X {P,qA(oJw,)112 +  <2,р,(со,/со,)1/2} . (12)

The matrix elements indicated in Eqs (10) are summarized in Table II where the 
frequency factors are to be interpreted according to Eq. (7). The final forms valid for the 
effective Hamiltonian term in Eq. (2a) are obtained by multiplying each entry in 
Table II by(A2/2 /ic )Æ C « .

Again one can resort to the symmetry restriction to show the existence of the 
twelve matrix elements in Table II. The procedure shall be illustrated here only for the 
first, (a), and the last, (1), matrix elements. Let us assign |r> to -species Г b and 
I s> and 11> to Г 2 (use of Jahn’s rule), then choose the quantum numbers for the bra 
function in entry (a) so that (vr, v„ v, | =  <1 ,1 ,11. The symmetry of the bra product 
shall then ЪеГ1х Г 2 х Г 2 = Г 1х Г ’ = Г 1; while for the corresponding ket | 1,2,0) we 
find Г I x (Г2 x Г 2) х Г * = Г 1х Г * х Г * = Г 1. This matrix element is seen to be non
vanishing.

For entry (1) one may choose the bra function as < 2 ,1 ,11 so that its symmetry 
species is given by (Ti x Г 2)х  Г2 х Г 2 — Г ’ x Г ’ = Г ’ while for 10 ,0 ,0 ) — the 
corresponding ket function — the direct product is Г х Г ' х Р = Г .  This matrix 
element is therefore non-vanishing, too.

For the actual importance of the matrix elements in Table II the Í2 and .Ф-type 
frequency factors are decisive, just as for entries in Table I.
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Table II
Matrix elements of Ôp involving three different vibrational quantum numbers

<nr , v„ l),10p|t)r , V ,+  1, V,— 1 ) (2ФГ. ,Ф М +  O , J  (2vr +  1) {a,(a, + l)} 1'2 -  o , if {».(», + 1 )} 1/2 (а)
<4r ,t ) „ t)1|ő p |t ) r ,t)1- l , t ) 1+ l > ( 2 ® r ,^ r . i+ Q i , i )  (2 a , + 1 )  {a,(a, + 1 )} ,/2 +  D ,,«{» ,(n ,+ 1 )} ,/2 (Ь)

<« ,. v„ a , |Ó p |a „  r . +  l ,  t>,+ 1> ( 2 0 Г, ,Ф ,. |—Ф ,.|) (» ,+ (1 /2 ) )  {(» ,+  l ) ( e ,+ 1 ) } 1/2—(1/2)Ф ,-( X

x f l r . +  lH a .+  l ) } 1' 2 (с)

< r„ l> „» ,|< 5 p |u r ,t>s - l , P , - l > ( 2 0 г,.Ф г.|—Ф», i) ( f r + (1 /2 ) )  {»,»,}1/2+ (1/2)Ф ,. 1,2 (d)
<V„ V„ t> ,|0 p |c , +  2, v ,+ 1, V , - 1 ) ( Ф , . , - а г.,Ф г.д  { » ,(» ,+  1)(ю ,+  1 ) (» ,+ 2 )} 1/2 (е)

< r „  v„ v,\0p\vr—2, v,+ l ,  г ,— 1 ) — ̂ г..Ф г,е{Г |(г ,+  1 )» ,(» ,—1)}1,2 (0

< »„  t>„ v,\0p\vr +  2, V , - 1, » , + 1 ) - Я , Ф Г1, { Ф , +  1 )(»г + 1 ) ( г ,+ 2 ) ) 1' 2 (g)
< a „  « „  v,\Ôp\vr- Z  V , -  1, II, + 1 ) (ф«.|—0 Г>1ФГ,1) {» ,(»< + 1  )» ,(» ,—1)}1,2 (h)
<vr, v„ v,IÔplvr +  2,v,+ l,v, +  l ) -  Ф ,,Ф ,.,{ (а , + 1 )  (и, + 1 )  ( V '+ 1) ( г ,+  2)} * '2 (i)
<t>„ v„v, 1 Ôp 1V, -  2, V, + 1, V, + 1  > - (1 2 ,. ,  +  Ф ,,Ф г,,) { » , ( » , - 1 ) (» ,+  1 ) (а ,+ 1 )} 1/2 (i)
< v„  » , |0 p |v ,  +  2, V , - 1, V , - 1> фг,,ф г.д  { » ,» ,(» ,+ 1 )  (» ,+ 2 )} 1/2 (к)
< a „  » „  v,\0p\vr- 2 ,  V , - 1, V , - 1> 1)}1/2 О)

5. On the use of n\ matrix elements

The matrix elements derived and reported in this paper are expected to have 
some significance in forming the vibrational dependence of Coriolis coupling in 
asymmetric rotator molecular spectra. This vibrational dependence contribution is 
introduced by the simultaneous presence of both Jan„ and nl matrix elements in the 
Coriolis perturbation matrix set up on harmonic oscillator basis. The nj-effects are 
likely to be the most enhanced for slightly asymmetric, prolate top molecules with a 
large A axial rotational constant (e.g. H2CCO — ketene, or HNCO — isocyanic acid).

Through perturbation calculations it is possible to give analytical or semi- 
analytical expressions for the above-mentioned vibrational dependence. Such 
calculations form ihe basis for the second part of this communication to be published 
later in this journal.
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Appendix

Mátrix elements for the linear harmonic oscillator (up to quadratic terms) 

<” + 1 1 q I v) =  <t> I q I u + 1> = [(u+ 1)/2]1/2 

<»~1 \q\v'> = < v \q \ v - \ y  = [v/2']112 

<t>+ 1 1 p 11>>= —<i> | p | iH-1> =  /[(» +  l)/2] 1/2 .

<u—l | p | u > = —< u |p |u  —1> =  — i[u/2]1/2

< v \p q \v } = -i/2  

< v\qp\v}=  i/2

<f I pq I v + 2> =  <» \qp \ v +2> =  -  (i/2)[(r +1) (p +  2)] *'2 

< ,v\pq \v-2} = ( v \q p \v - 2 y =  (i/2) [ ф - 1 ) ] 1/2

<tH-2 |pg \v}=  -< v \p q  |i> +  2>

<v + 2 \q p \v }=  -< v \q p \v  + 2}

<v~2\pq \ v y= -< ,v \p q \v -2 y

<>v—2 \q p \v y = —( v \q p \v —2y

<v\q2\vy = ( v \ p 2 \ vy=(tH-(l/2))

<t> I q2 I v +  2> =  <p +  2 \q2 | p> =  (1/2) [(t> + 1) (r +  2)] 2'2 

<v I p2 I г +  2> =  <i> +  2 1 p2 I p> =  - (1/2) [(» + 1) (o +  2)]:1/2

<v\q2 I p- 2> = < p -2 1 42 I p> = (1/2) [ ф - 1)]1/2

<u I p2 I r - 2> =  <u-2 1  p2 I t>>= - ( 1/2) [ ф -  1)]I/2
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DIAMETER CONTROLLED CZOCHRALSKI 
GROWTH OF BISMUTH GERMANATE SINGLE CRYSTALS*

G . GÉVAY and R. VOSZKA

Research Laboratory for Crystal Physics of the Hungarian Academy of Sciences 
1502 Budapest, Hungary

Bismuth germanate Bi4Ge30 12 single crystals with constant diameters were grown in a 
phantom controlled Czochralski growth apparatus. Some irregularities such as the tendency of spiral 
instead of cylindrical growth were observed. Some interpretation of this phenomenon supported by 
experimental facts and theoretical reasoning is presented. The spiral growth can be eliminated by 
properly selected growth parameters.

1. Introduction
Bismuth germanate (Bi4Ge30 12), briefly BGO, single crystals are grown in our 

laboratory. (These crystals are also called germano-eulytine since they are isostructural 
with the mineral known as eulytine, Bi4Si30 12 [1]). Due to the electro-optical, electro
mechanical and non-linear optical properties experiments to grow suitable crystals 
started as long as twenty years ago [2— 6]. Later, doping experiments were carried out 
[7 ,8], mainly with the purpose of developing a laser host for rare-earth elements. This 
work resulted in extended research, see e.g. [9— 13].

Nevertheless, also the intrinsic luminescence properties of these crystals have 
attracted considerable interest [14] since due to these properties the BGO crystals may 
be used as scintillators in nuclear measurements [15]. According to the literature BGO 
is a highly promising scintillator, especially in computed tomography (CT) technique 
[16]. Actually, because of the excellent properties of these crystals [16, 17] they are 
used in X-ray computed tomography (XCT) as well as in positron CT [17, 18]. Our 
work to develop an appropriate growth method for BGO has been motivated by these 
scintillator properties. In addition this crystal appears to be a promising detector 
material in high energy physics [19—21].

The aim of this paper is to report that the construction of an automatic 
Czochralski growth system to grow BGO crystals is possible, though some growth 
conditions result in the unexpected irregularity of spiral growth. A similar 
phenomenon is known with other crystals, e.g. in the case of GGG growth [22, 23], 
consequently we would like to concentrate rather on material and technical aspects.

Since the formation of spirals (or more correctly helices) instead of the 
development of cylindrically shaped crystals presents serious difficulties in their 
practical use, this helical growth must be eliminated. Besides describing the method of 
eliminating the spiral growth tendency, we also wish to discuss some theoretical aspects 
associated with the growth conditions.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. Experimental

Bismuth germanate powder is obtained by the solid state reaction (to maintain 
stoichiometry) from 5N Bi20 3 and special purity GeOz prepared in our laboratory 
after mixing and grinding together the components in stoichiometric mole ratio.

The material is then melted in a platinum crucible in a resistance heated furnace 
(melting point, 1040 °C [2]) and the crystal is pulled from it by the well-known 
Czochralski method [24]. The first growth was carried out on a platinum wire as a

Fig. 1. Bismuth germanate (Bi4Ge30 12) single crystals grown in phantom controlled Czochralski apparatus 
with a diameter of 25 mm: a) at 1 mm/h, 15 rpm; b) 2 mm/h, 15 rpm; c) 2 mm/h, 4 rpm; d) 2 mm/h, 40 rpm
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heterogeneous seed. After some crystal generations single crystals of predetermined 
orientation were obtained. The growth direction was <100).

At first a traditional growth system was used operated by a temperature 
controlling program disk. Details of this early work as well as some characteristics of 
the crystals were reported previously [25]. Later a balance controlled automatic 
growth system developed in our laboratory was used to obtain constant diameter 
crystals to meet users’ demands. The apparatus has been described earlier [26]; here, 
we restrict ourselves to some additional comments. The shape of the crystal in our 
system is determined by the shape of the phantom by a balancing process, generally 
resulting in cylindrical crystals (apart from the necking and shouldering period). The 
program signal is generated by accidental deviations from balance equilibrium. In this 
way a constant crystal cross-section can be secured during the pulling period.

With this system crystals of 25 mm diameter can be grown from a crucible of 
55 mm diameter. If a constant pulling rate of 1 mm/h is maintained while rotating at 
15 rpm, consistently reproducible well developed spirals with an approximate 
eccentricity of 2 mm and a lead of 24 mm were obtained. The circular cross section 
appeared to be characteristic at every height (Fig. la). The growth front is conical. If the 
pulling rate is doubled while maintaining the same rotation rate the lead of the spiral 
also became doubled (Fig. lb). When the rotation rate is changed from 15 rpm to 4 rpm 
the spiral could hardly be detected and the shape of the front is conical (Fig. lc). Also at 
40 rpm the spiral is hardly detectable, but the circular cross-section is deformed in the 
crystallographic directions, and the growth front becomes slightly convex (Fig. Id).

On investigating this phenomenon more closely we observed on the surface of 
the melt a dark spot always appearing in a well defined direction and at a distance of 
nearly 10 mm from the geometric centre. This spot indicated the presence of a cold zone

1mm 2mm 3mm 4mm 6mm 8mm 10mm 12mm

15 mm 18 mm 23 mm 27 mm

Fig. 2. A series of cuts at various heights of a BGO crystal grown at 0 rpm (counting backwards form the seed)
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extending to the seed if dipped into the melt. In addition, it has been noticed that the 
Crusilite resistance heating element has no constant wall-width and there is little doubt 
that this is responsible for an asymmetric temperature field in the growth space. The 
dark spot actually shows that the thermal centre is outside the geometric centre. One 
may scan this asymmetry and the change of the temperature field during the growth by 
growing a crystal at 0 rpm. The result is shown in Fig. 2 where the cross-sectioris at 
various heights (counting backwards from the seed) are indicated.

The spiralling phenomenon could also have been reproduced by other growth 
conditions, namely at 2 mm/h, 20 rpm with a diameter of 25 mm (Fig. 3a) and at 
2.4mm/h, 18 rpm with a diameter of 18.5 mm (Fig. 3b).

o) b)

Fig. 3. Results of some further BGO growth experiments: a) 2 mm/h, 20 rpm, 25 mm diameter; b) 2.4 mm/h,
18 rpm, 18.5 mm diameter

3. Discussion

A convex growth front shows that the flow of the melt in the neighbourhood of 
the crystal consists of predominant thermal (free) convection [27]. In addition, the 
critical role of thermal asymmetry becomes quite conclusive by comparing the initial 
states of the spiral and the nonrotated crystal: first, the seed cooling is effective, which 
reduces the asymmetry; this does not occur when the seed is pulled from the melt 
surface.

In displaced temperature fields the rotating crystal probably spreads the radial 
thermal gradient to such an extent that the mechanism, which stabilizes in normal 
circumstances the crystal position, cannot operate any more. In this case any statistical 
fluctuation or crystal anisotropy (that cannot otherwise manifest itself) may cause the
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displacement of the crystal into a new position. This might be responsible for the radial 
component of the helix. In this position a slip takes place as the crystal is tugging the 
connected liquid layers, this leads to the tangential helical component whereas the 
crystal pulling provides the axial component. In addition, the balance control, 
maintaining the constant cross-section together with the crystal rotation, secures the 
constant, circular cross-section.

The deformation of the cylindrical shape actually tends to appear sometimes 
with other materials, especially with T e02 [28] and LiN b03 [29], using furnaces of 
much more symmetric thermal field. This indicates that there may also exist an 
alternative explanation based much more on specific substance parameters. Brice et al 
have shown [30—32] and N. Kobayashi underlines [27], that for melts of very high 
Prandtl number a fluid flow instability may sometimes occur. The early period of this 
phenomenon was actually observed on the above mentioned three materials and even 
on Bi12SiO20 by one of the authors of the present article, namely a visually well 
detectable flow pattern (Rossby regime [30]) rotating round the crystals at a somewhat 
lower speed. This may cause, by some wobbling effect, the radial component of the 
spiralling.

However, apart from its theoretical interest, spiral growth is not desirable. As can 
be judged from the experiments, the phenomenon can be eliminated by the proper 
choice of growth parameters or by using more symmetric furnaces; however, the choice 
is not always possible.

Nevertheless, eliminating a problem does not mean its solution, but in our case 
practical aspects are predominant.
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EFFECTIVE MASS MODEL FOR ANOMALOUS 
MAGNETORESISTANCE*

I. K irschner, G y. Kovács and T. Porjesz

D ep a rtm en t fo r  L o w  T em pera ture  P hysics, R o la n d  E ö tvö s U n iversity  
B udapest, H u n g a ry

In the calculation of magnetoresistivitv the effect of magnetic field on the effective mass of the 
charge carriers for cubic crystals is neglected because of the symmetry relations. With intravalley 
scattering this gives the correct result but if the influence of magnetic field on the effective mass is 
calculated in accordance with their ratio in intervalley scattering, then by the contribution of these 
electrons one can explain the anomalous effect observed in many experiments, too.

• 1. Introduction

The study of the magnetoresistance effect in oriented single crystals gives 
valuable information on the Fermi surfaces in metals or on the topology of the equi- 
energetic surfaces in semiconductors. Peierls published the first modern theoretical 
investigations about galvanomagnetic effects [ 1], after having found a quadratic 
relation between resistivity and magnetic field strength. Since that time mag
netoresistance has been accepted as an even function of magnetic field; however, a great 
number of experiments contradicted Peierls’ theory. These experiments demonstrated 
a significant presence of an odd term in the field dependence [2—6].

Some of the theories gave explanations based on spinorbit coupling or hopping 
conduction processes. These effects can occur at low temperatures only, at about 4 К 
[7 ,8]. There still remain some discrepancies between theory and experiment, especially 
at higher temperatures [9].

Introducing our method, we here assume cubically equivalent families of 
spheroidal energy surfaces, the simplest nonspherical form, in the Brillouin zone.

In order to overcome the main discrepancies mentioned above, in calculating the 
current density vector, we take into account the effect of the magnetic field on the 
effective mass in two different ways depending on whether intervalley or intravalley 
scattering occurred.

Only one typical but special case is considered here as an example: the ellipsoids 
may be found along eight [111] axes. The validity of the approximations and 
simplifications in this calculation will be discussed briefly in the last Section.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. The magnetoresistance effect

Between the observed specific resistivity p and the resistivity tensor p  the 
following relation is valid:

j P i
P =

li 2 > ( 1 )

where j is the current density vector. It is known that the resistivity tensor is 
proportional to the effective mass tensor, i.e.

P ~
j_mj
Ü

= m'i > (2)

where rrij is the projection of the effective mass in the j direction.
Due to the external field the change of the quasi-momentum of the charge 

carriers will be oriented along the field vector. Instead of the charge carriers having 
different wavenumbers, we can consider an average wavenumber in the field direction, 
for the sake of simplicity. Moreover, to consider an average is advantageous because we 
must sum up the contributions of the different electrons to the current.

The R. H. S. of (2) means that the square of the radii of the ellipsoids (see Fig. 1) is

related to . The effect of the magnetic field perpendicular to current j on the charge

carriers can be written by the Lorentz force,

FB = ep I В X  E I = ep B E , (3)

where p is the mobility. So the magnetic field modifies the direction of the motion of the 
charge carriers by an angle of

Aq>= arctan  p B .

For this reason instead of ntj we must consider the function тДВ) (see Fig. 2). 
Assuming the elastic scattering of the carriers we use the equation

j<°= p°> • E ,

(4)

(5)
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where j(,) is the current contribution of the i-th energy ellipsoid, <r(i) is the contribution 
of the i-th ellipsoid to the conductivity tensor. Hence the resultant current

i = Ç j <i- ( ç e<i,) E ~ ( ç ™ r 1) E .  (6)

We can interpret expression (6) in the way that the population is the same in each 
ellipsoid having different effective masses. That is, the charge carriers during the 
scattering remain on the same kind of energy ellipsoids, in the ic-space; this is the case 
with intravalley scattering. However, in real processes intervalley scattering occurs as 
well: namely, the electrons scatter between differently oriented ellipsoids too. But this 
type of contribution to the current is described rather by the equation

j ~  £ > » , ) - XE  (7)

instead of (6), because in this way we can take into account the average effective mass of 
an electron passing different ellipsoids.

To determine the conductivity we have to consider both scatterings. If we 
suppose the existence of the intervalley scattering processes only, the inverse effective 
masses from the different ellipsoids have a dependence on the direction of the external 
field, but after the summation

<r~m_1= (8)
i

they have not, henceforth the dependence of the conductivity on the direction of the 
external field through the effective masses vanishes.

If we suppose the existence of intervalley scattering only, the conductivity is 
proportional to the inverse of the sum of the effective masses determined from the 
effective mass tensor of the different valleys and the given direction instead of the sum of 
the inverses.

In this case the conductivity or the specific resistivity by (2) have a dependence on 
the direction, and the magnetic resisitivity

Ap
P

P(B)-P( 0)
P(0)

0) (9)

can be negative. Moreover, we lose the symmetry against the change of the magnetic 
field direction m,(B) #m,( — B). Of course in the case of a current density vector oriented 
along certain crystallographic directions the effects mentioned above are much weaker 
or they vanish. The ratio of the contributions of the specific resistivities determined by 
the effective masses owing to the intra- and intervalley processes to the measured total 
resistivity shows strong dependence on the temperature and impurity concentration. 
At low temperatures the intervalley scattering is dominant and the anomalous effect is 
more significant. The intervalley scattering has a higher probability at higher
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temperatures too, but the anomaly is suppressed by the other scattering mechanisms 
and the decrease of the mobility. The increase in the electron concentration probably 
causes additional decrease of the anomaly.

3. Comparison with experiments

We apply the explained model on the example of the Ge single crystal. The 
orientation of the sample is chosen so that the angle between the current vector and the 
[100] crystallographic axis in the [001] plane is 20°. The magnetic field vector В rotates 
in the plane perpendicular to the current. The ratios of the intravalley scattering in 
Figs. 3 and 4 are 70% and 90%, respectively. It can be seen that if the magnetic field or 
the ratio of the intravalley scattering is increased the relative change in the resistivity 
shows the tendency of the normal effect more and more.

Figures 5,6 and 7 show the relative change of the resistivity against the magnetic 
field. The ratios of intravalley scattering are 70%, 80% and 90%, respectively.

This model — taking into account the different scattering processes very simply, 
merely by calculating the influence of the magnetic field on the effective mass in a more 
exact way — can explain the anomalous magnetoresistance observed at higher 
temperatures even quantitatively.

Acta Physica Hungarica 55, 1984



EFFECTIVE MASS MODEL FOR ANOMALOUS MAGNETORESISTANCE 115

Fig. 7
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The principal sources of error in neutron electric dipole moment experiments are variations 
of the magnetic field in the resonance region, especially when the variations are associated with 
reversals of the electric field. The feasibility of using 3He as a magnetometer for such experiments is 
discussed. It is shown that with a low pressure of 3He in the storage bottle used for the neutron 
resonance, the nuclear magnetic resonance of 3He can be measured at the same time and in the same 
region of space as the neutron resonance, thus providing a reliable correction for magnetic field 
fluctuations. The various requirements for such a procedure to be feasible are analyzed and it is 
shown that all of them can be satisfied.

1. Introduction

As the limits of the electric dipole moment (EDM) of the neutron are pushed 
lower, the principle sources of error become the magnetic field fluctuations, exspecially 
those from leakage currents that are systematically coupled to the direction of the 
electric field.

The nuclear magnetic resonance of gaseous 3He provides an excellent monitor 
for the magnetic field variations since it can be measured at low pressures in the same 
volume and at the same time as the neutron resonance. The 3He would be a perfect 
monitor except for the effect of gravity in increasing the neutron density at lower 
altitudes in the volume; however, this effect is so small that such a 3He magnetometer 
should be excellent both to detect the magnetic field variations and to correct for them.

The various requirements for a 3He magnetometer to be feasible are discussed 
below and it is shown that all of them can be satisfied. Substances other than 3He could 
be used, but 3He has a number of particularly desirable features including the 
possibility of retaining the nuclear polarization over long periods of time [1—5], the 
effectiveness of optical pumping [1—3] with 3He, sufficient sensitivity to permit the use 
of such low 3He pressures that the neutron storage time is not reduced, ease of 
purification with liquid helium traps and the vanishing of the average electric field on a 
charged nucleus inside a neutral atom [6—7] which prevents a frequency shift when the 
electric field is applied due to a possible 3He EDM. Since most current experiments on 
the neutron EDM are done with ultra cold neutrons (UCN) stored in a totally

* Dedicated to Prof. I. Kovács on his 70th birthday
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reflecting bottle [8— 10] the proposed method will be described in terms of such 
experiments though it could equally well be adapted to earlier neutron beam and 
neutron pipe [ 11] experiments on the neutron electric dipole moment.

Although the use of a 3He magnetometer was first proposed by the author [12] in 
1979 and has been briefly referred to in published articles [8,13], no full description of 
the method or analysis of its feasibility has been published.

2. Proposed use of 3He magnetometer

The current bottled neutron EDM experiments by both the Leningrad group 
[10] and the Harvard—Sussex—Rutherford—ILL Collaboration [9, 11] have been 
described in the original publications [9, 10] and in the author’s recent review article 
[8]. In the experiments at ILL the polarized UCN are stored for approximately 80 
seconds by total reflection inside a bottle with a cylindrical BeO side wall and with a flat 
Be top and bottom. A weak uniform magnetic field is applied to the storage bottle so 
that the neutrons spins precess slowly in the magnetic field. An oscillatory magnetic 
field is applied at approximately the neutron precession frequency so the neutron spin 
orientation relative to the magnetic field is changed as a result of the resonance. This 
resonant change in orientation is detected by having the neutrons pass through a 
magnetized ferromagnetic foil which transmits neutrons polarized in only one 
direction. As a result, the precession frequency of the neutrons can be determined from 
the variation with oscillator frequency of the number of neutrons released from the 
bottle that are transmitted through the foil. To set a limit on the neutron electric dipole 
moment a strong electric field is applied first parallel and then anti-parallel to the 
magnetic field. If the neutron has an EDM the resonance frequency will be slightly 
different in the two cases because of the torque exerted by the electric field on the EDM.

The principal uncertainty in measurements of the neutron EDM arises from 
possible changes in the magnetic field when the electric field is reversed. These could 
come, for example, from leakage currents, stray magnetic fields or fluctuations in the 
magnetic field. It is therefore highly desirable to calibrate the magnetic field throughout 
the measurement period. In the present apparatus three Rb magnetometers are used 
for this purpose but they are necessarily in a different location than the neutrons even 
though they are placed as close as possible to the neutron bottle.

In the proposed 3He magnetometer, the 3He will be optically pumped to polarize 
the nuclei and the polarized 3He will be admittEd through suitable valves to the 
neutron bottle after which the polarized neutrons will be admitted to the same bottle 
through a set of neutron valves. When both the polarized 3He and UCN are in the 
bottle, short pulses of electromagnetic radiation at both the neutron and the 3He 
resonance frequencies will be applied and at the end of the 80 second storage time a 
second pair of pulses coherent with the first pair will be applied inducing separated 
oscillatory field [14] resonance reorientations of both the neutrons and the 3He.
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Following the second pair of pulses, the neutrons will be measured in the usual manner 
whereas the 3He polarization will be measured by observing the strength of the nuclear 
magnetic resonance (NMR) signal when the 3He is pumped into a nuclear magnetic 
resonance (NMR) apparatus. Since the neutrons and the 3He during the resonance 
period are filling the same volume of space at the same period of time, the 3He 
resonance provides an excellent measure of the changes in the average magnetic field 
that accompany reversals of the electric field.

The remaining Sections of this report will discuss the various conditions that 
must be satisfied for such a procedure to be feasible and effective.

3. Allowable pressures

For the proposed method to be possible it is essential that the required pressure 
of 3He in the neutron storage bottle be sufficiently low that there is not significant 
depletion of the stored neutrons by the large 3He capture cross section. In calculating 
the capture cross section it should be noted that the velocities of the bottled neutrons 
are less than 6 m/s whereas the most probable velocity a of the 3He atoms at 300 К is a 
=  1300 m/s. As a result it is the 3He atoms that collide with the approximately 
stationary neutrons, not the reverse. The cross section tr0 for this collision is the same as 
that for neutrons of kinetic energy l/2m„a2=0.03 eV striking cold 3He atoms and is 
[15] approximately <r0 = 6 x 10“ 25 m2. If n is the number of 3He atoms per unit 
volume, Vl , the volume of the storage vessel and r4 the storage time, the volume swept 
out by all the 3He nuclei in time i4 is nVt(Tctt4. For the neutrons to survive capture for 
much longer than the storage time f4 we then need

nVi<70at44  Vt , 
or

n«l/(<r0<xf4). (1)

For a storage time of 80 s and for the previous values of the other parameters 
n<^4x 1019 m " 3. Since n for a pressure p of 1 Torr is 4 x 1022 m “ 3, this density of 3He 
corresponds to

p < 10" 3 Torr. (2)

It will be shown later that an adequate 3He resonance signal can be observed below the 
above pressure limit.

Another limitation on the pressure arises from electrical sparking. Here 
experience in previous EDM experiments can be used to set a safe limit. It has been 
found previously [11] that the presence of He gas is not only tolerable but that 
sparking was the least of a pressure of 10" 5 Torr. In subsequent calculations it will be 
assumed that the 3He pressure is 10“ 5 Torr.
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4. Relaxation times

Empirically it is known [1—3] that confined polarized 3He can in favorable 
circumstances retain its polarization for long periods of time, with 600 s confinement 
times being frequently obtained. Furthermore, 3He has been compressed with a 
mercury Toepler pump without significant relaxation [4—5]. However to achieve such 
long relaxation times, care must be taken to avoid excessive relaxation from the spatial 
inhomogeneity of the magnetic field between the time the 3He is polarized and the time 
the polarization is measured in the NMR spectrometer.

An important parameter in relaxation time calculations is the characteristic time 
for the atoms to cross the storage bottle and this in turn depends on the mean free path 
between 3He collision. If one calculates, as discussed on page 12 of reference [16], the 
mean free path Я between 3He collisions with a=  1.2 x 19-19 m2, p= 10 -5 Torr, the 
result is к =  20 m. This value of к is much larger than the diameter of the storage vessel. 
Consequently in the following relaxation calculations it may be assured that a typical 
3He atom crosses the containing bottle in a time that is approximately equal to the 
height of the bottle divided by the atomic velocity a.

The calculation of the relaxation time is quite different in various portions of the 
apparatus due to the different strengths of the magnetic fields in the various regions. 
The required relaxation calculations are quite similar to those for an atomic hydrogen 
maser as described in detail in articles on the theory of the hydrogen maser [17].

In regions, such as the NMR spectrometer, where the magnetic field В is at a 
relatively high [16] value (\dB/dt x B |B2 |yB|) the accumulated angle may be 
estimated approximately as follows. Let у be the gyromagnetic ratio of 3He and W  be 
the spacing between two regions with fields differing in components perpendicular to В 
by ЛВ. Then, as in reference [16] page 149, in one traverse between the two regions the 
angle between the 3He spin is charged by an amount Sq> where [16, 17]

Ô <p =  {(AB/B)/(W/a)}/{yB} = ABa/(B2 W). (3)

After a storage time t5 there will be N  = t5a/IFof such angular changes, but in random 
directions so the net angular change will be

A(p = öq>^N =(х/\У)312(1112АВ)/(уВ2). (4)

For A(p< 1, у = 2 x 108 s_1 T _1, a =  1.3 x 103 m/s, W=0.02 m, t5 = 25 s, B=  10-3 T.

AB/B <(W/a.)3l2yB/tls12 = 2.5 (5)

which is essentially no restriction at all.
At the opposite extreme where the 3He is stored for 80 s in a weak field, the value 

of В does not meet the requirement at the beginning of the preceding paragraph and 
Eq. (3) is replaced [16, 17] by

6<p = yABW/ a. (6)
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Therefore, as in Eq. (4)
A(p = ô(p^N = yA B (ts W/ a)1/2. (7)

For A<p< 1, w = 0.1, t5 =  80 s and B = 1 0 -6 T, the requirement is

AB/B<(x/W t5)ll2/yB =  0.64. (8)

But the neutron EDM experiment [9] by itself requires AB/B<  10-3 so the condition 
in Eq. (8) is already satisfied. Although these conditions are easily met, care as usual 
must be taken in intermediate regions to avoid too rapid a change in field direction.

The above calculations pertain to the longitudinal spin polarization relaxation 
times Tj. There are also two regions in which the transverse relaxation times T2 are 
important. One is in the neutron storage vessel. Since В has a low value in that region, 
the calculation leading to Eq. (8) is equally valid for 7] and T2. The transverse 
relaxation time T2 of the 3He therefore causes no difficulty as is directly obvious from 
the fact that T2 for the slow moving neutron will be shorter than that for the more 
rapidly moving 3He, so meeting the requirements for an EDM experiment with UCN 
automatically provides a satisfactory В field for 3He.

The transverse relaxation time T2 in the NMR detector, however, does place a 
severe constraint on the band width A f and the useful observing time ts of the NMR 
detector. To calculate this constant, let AB now represent a change in the magnitude, 
but not the directions, of B. One such fluctuation will produce a precession

and as in Eq. (4) 0(p = yABW/tx (9)

Acp = Ô(p /̂~N =  yAB(tsx/W )112 ( 10)

or for A(p< 1
1 /ti = Af>(yAB)2W/x. (11)

If the NMR apparatus used to detect polarization changes were operated at 0.09 T, an 
inhomogeneity AB/B = 10-5 , 1F=0.022 m and Acp<l,

ts = l/Af=a/W (yAB)2 = 1.6 s. (12)

Therefore, the NMR resonance must be swept through in 1.6 s to prevent serious 
transverse relaxation.

5. Signal to noise ratio*

The signal to noise ratio can be calculated in a fashion similar to that used in 
NMR. As discussed by Andrew [20] the nuclear induction e.m.f. in the absorption 
mode is

£0 =  2/i0cuCHMdel, (13)

* The author thanks M. G. Richards for having pointed out an error in an earlier expression for the 
signal to noise ratio.
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where ( is the filling factor, A the area turns of the coil and Mde, is the magnetization of 
the 3He in the detector region. The available power from this source of e.m.f. is

tâœ 2Ç2A 2M lcl
2R0

(14)

where R0 is the resistance of the coil. As shown by Andrew [20] if Q is the quality factor 
of the coil and Vc is the volume of the coil

Л2 (nVc)2 y { n iо)2 Ус

— I 2R у 'о * о

_ к _
Ц0(О

j ( H 0B0)Vc 

у  I%R0/(û
QVJnoCo, (14а)

where п = number of turns per unit length of coil, I0 is the current in the coil that will 
produce B0 and H 0 in the coil. As a result

P s = № Q K t 2MÎJ2. (15)

Since the noise power is

Pn = F kTA f, (15a)

where F is the noise factor in the amplifier and A f is the bandwidth,

PJPn = y  ii0(oQVcC2M 2J F k T A f,  (16)

If e is the fraction of the 3He nuclei originally polarized, rj is the fraction of the 
polarized nuclei that are relaxed between the time of optical pumping and the NMR 
measurements and ß= pitJp\ where p{ is the pressure of 3He in the neutron storage 
vessel,

Mitt=ßer\M io, (17)

where M 10 is the 3He magnetization that would be in the storage vessel if all the spins 
were parallel. Consequently,

PJPn =  y  PocoQVX\ßer,Ml0)2/FkTAf. (18)

In evaluating the above we may use the previously assumed numerical values 
together with cu = 2 x l 07 rad s_1, Q = 100, P [= 10_s m3, £ = 1/ 2, /1= 100, e = 0.02, 
/ /= 0.8, M 1 о =  n/i =  3.7 X 10 - 9 JT - 1 m - 3, F = 10, T =  4K, d /  =  l/r5 =  0.6 s. With these 
values PJPn = 332.

This value could be increased by using a pressure of 3He somewhat above the 
10” 5 Torr assumed in the calculations.
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6. Possible complications

Although the 3He in most respects provides a faithful magnetometer for 
monitoring a neutron EDM experiment, there are a few possible complications that 
need to be considered. Most of these arise from the instantaneous speed of the 3He 
being about 1300 m/s whereas the neutron speeds are less than 6 m/s.

a) Velocity dependence of the averaging of the field variations

If there are magnetic field irregularities in the neutron storage vessel, they will 
have different apparent frequencies for the neutrons and for the 3He due to their 
different velocities. As a result the pulling of the resonance frequency will be different. 
This effect was first analyzed by the author [16,22] for molecular beams in general, but 
T. Sumner of Sussex University first called the author’s attention to its relevance in the 
use of a 3He monitor for neutron EDM experiments. Despite the differences in the 
neutron and 3He velocities, the components of the magnetic field variations parallel to 
В will average the same way [16,22] for the neutrons and the 3He. However, if SB is a 
typical fluctuation of magnetic field component perpendicular to В and if the direction 
of ÔB reverses with a characteristic frequency co3, due to the motion of the neutron or 
3He atom, the effective change ЛВ in the field is [16, 22]

AB=(SB) 2/2 (19)

where w3 = 2na./Wand w3/y is about 2 x 10“ 6 T for neutrons at 6 m/s and 2 x 10”4 T 
for 3He atoms. With ÖB= 10“ 9 T, the value of ySB/co3 is 5 x 10“4 for neutrons and 
5 x 10“6 for 3He. Positive and negative values of œ3 occur equally frequently so the 
contribution of the next to last term of Eq. (19) to dB averages to zero and the mean 
fluctuation by a calculation similar to Eq. (8) is also small. Therefore the first term of 
Eq. (19) can be neglected for both the neutron and 3He.

The last term in Eq. (19) is more serious since it depends on ŐB2 and and 
is consequently always of the same sign so it can not average to zero. If В were 10“ 6 T 
and ÔB= 10“9 T as assumed previously, the value of dB from the last term of Eq. ( 19) 
would be (5 x 10“42 x 10~б/2 =  2.5 x 10“ 13 T as averaged by the neutron but 104 
times smaller as averaged by the more rapidly moving 3He. Such a difference in the 
effective magnetic field in an experiment with an electric field of 1.5 x 106 V/m 
would correspond to a neutron EDM of D = p„AB/Ee= 10“ 26 m, which would be a 
serious error since it is larger than the limit desired for the neutron EDM. However, 
this large value was obtained by estimating SB from inhomogeneities of the static 
magnetic fields and these are not coupled to the direction of the electric field and 
therefore do not affect the apparent value of the EDM. An estimate of the SB associated 
with the direction of E can be obtained by noting that the inhomogeneities of th*
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magnetic fields associated with the direction of E should be comparable to or smaller 
than the average value of the magnetic field that reverses when E is reversed. In the 
EDM experiments this magnetic field corresponds to an EDM of less than 10“25 m 
which corresponds to 0B = 2A x 10“ 12 T. If this value is used in the last term of Eq. (19) 
the contribution to AB and hence D is reduced by a factor of (2.4 x 10“ 12/10“ 9)2 =
5.8 X 10“ 6 so there is negligible error in the neutron electric dipole moment from 
different averaging of the neutron and 3He speeds.

b) Pulling of the resonance by the additional oscillatory fields

Since the proposed method provides for the simultaneous presence of two 
oscillating fields, there will be a pulling of both the neutron and 3He resonances by the 
author’s [16,22] generalization of the Bloch-Siegert effect [16]. The magnitude of this 
pulling is [16, 22]

Aw
(2 bz/t)2

(20)
w Yw2

where w t and w2 are the two angular frequencies, 2b is the angular frequency of the spin 
precession about the rotating field at resonance, т is the duration of the first and final 
radiofrequency pulses and t is the interval between the two pulses. With t =  80 s, 
w l —w2 = 2 n x  30 x(2.13 —1.91)/2 = 20 rad/s, and 2b^n/2x,

Aw = {n/2t)1/{wi — <u2)=  1.9 X 10“ 15 rad/s. (21)

which corresponds to an EDM of D = HAw/Ee = 3.8 x 10“27 m. Although this is larger 
than the desired sensitivity, it is not coupled to the direction of the electric field and 
consequently does not affect the neutron EDM result. The relatively large size of the 
pulling does, however, imply that care must be taken to be sure that the amplitudes of 
the oscillatory field do not significantly vary with the direction of the electric field. Even 
without the 3He magnetometer this precaution must be observed to prevent errors 
from the counter rotating field of the normal Bloch-Siegert shift.

c) Possibility o f electric dipole moment for 3He

Since the magnetic moment of 3He is approximately that of the neutron, one 
might be concerned lest the ratio of the electric to the magnetic moments of the 3He 
nucleus should have the same value as the corresponding ratio for the neutron. In that 
case it might appear that the proposed 3He magnetic field calibration procedure would 
hide a possible neutron electric dipole moment because of the shift in the 3He resonance 
frequency when the electric field is reversed. This, however, is not the case. As discussed 
by Purcell and Ramsey [6] and by Schiff [7], when an external electric field is applied to 
an atom, the configuration of the atom readjusts to make the electric field at the nucleus 
average to zero since otherwise the electrically charged nucleus would be accelerated.
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Consequently, even if the 3He nucleus has an electric dipole moment the proposed 
magnetic field calibration procedure is not invalidated on reversal of the external 
electric field.

d) Effect of gravity on neutron distribution

Since the neutron velocities are less than 6 m/s, these velocities are significantly 
modified by the earth’s gravitational attraction and the density of the neutrons is 
somewhat greater near the bottom of the containing bottle than near the top. The room 
temperature 3He atoms, however, are approximately uniformly distributed through
out the bottle. As a result, the 3He atoms and the neutrons will differently average the 
magnetic field in the bottle.

For a determination of the magnitude of this effect it might appear at first sight 
that neutron density p as a function of height could best be calculated from the 
Boltzmann relation

p = p0e~mem. (22)

However, on further consideration it is not obvious that Eq. (22) holds since its 
derivation depends on the assumption of internal equilibrium for the gas concerned 
whereas, with the bottled neutrons, collisions of the neutrons among themselves are 
negligible and no energy is exchanged in the total reflection of the neutrons at the wall 
surface. However, R. Golub and the author have independently shown that the same 
distribution is found to at least the first approximation by assuming a constant density 
in the available phase space and by using Liouville’s theorem that for a conservative 
system the density in phase space will remain constant. From Eq. (22) or from the 
Liouville theorem analysis, one can calculate the amount the neutron center of mass is 
lowered below that of the 3He. For a 0.3 m diameter cylinder with a horizontal axis the 
center of mass of the bottled neutrons is lowered 0.0038 m. However, if the cylindrical 
bottle has its axis vertical and if the separation of the top and bottom horizontal plates 
is 0.1 m the lowering of the neutron center of mass would be only 0.00018 m.

Although this difference in the spatial distribution between the neutrons and the 
3He nuclei, prevents the 3He from being a perfect monitor for the magnetic field acting 
on the neutrons, the discrepancy is small; furthermore only shifts that are associated 
with the reversal of E are significant. Every effort is made in these experiments to keep 
the leakage currents small so the monitor is needed only to detect the existence of 
possible small field changes associated with the reversal of E and to make a first order 
correction for them. For this purpose, the error arising from the slight differences in the 
3He and neutron spatial distributions should be negligible.
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7. Conclusions

From the above it is apparent that an optically pumped 3He magnetometer 
occupying the same volume of space as the bottled neutrons should provide a faithful 
monitor of the magnetic field changes that might accompany electric field reversals and 
produce false results in neutron EDM experiments. Such an apparatus is now being 
constructed by the author’s collaborators at the University of Sussex for use at ILL.

The author wishes to thank the members of the Harvard—Sussex—Rutherford—ILL collaboration 
for their valuable suggestions and criticisms during discussions of this proposal.
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EVIDENCE FOR THE A x AND A 2 COMPONENTS 
OF v4 + v5 IN THE INFRARED SPECTRUM 

OF METHYL BROMIDE*

C. DI Lauro
Cattedra di Chimica Fisica, Università di Napoli, Istituto di Chimica Farmaceutica

1-80138, Napoli, Italy

and

B. Velino
Istituto di Chimica Fisica e Spettroscopia, Facoltà di Chimica Industriale 

1-40136 Bologna, Italy

A Fourier transform spectrum of CH3Br between 4200 and 4600cm“ 1, obtained on a 
BOMEM interferometer at a resolution of about 0.015 cm" 1 is being analyzed, and several results 
have been obtained already for the CH379Br isotopomer. Here we give special emphasis to all those 
features which can lead to the identification and localization of the “unseen” v4+ vs(i4|, A 2) system. 
Least squares calculations on assigned lines of v2 +  v4 '(£) and v4 1 + v, '(£ ) have been performed 
allowing for the x — y Coriolis interaction of the former with all the E and ( A !, A 2) components of v4 
+ V,. Vibration-rotation constants have been estimated. The information on the unobserved {A j , A 2) 
system of v4 +  v5 is contained in the Coriolis perturbation of the AK  =  1 side of v2 +  v4. The 
vibrational splitting of the A, and A2 components of v4 + v5 is estimated to be small compared to the 
effect of their z-axis Coriolis coupling. The least squares calculations give the origin of the v4 
+ v5(A ,, A 2) system at 4477.65 ±4.04 cm“ \  but the examination of a localized perturbation on the 
pQ2 branch of v4 + v5(E), probably caused by /-resonance within the v4 +  v5 vibrational manifold, 
discloses the possibility of determining the above origin with better accuracy.

Introduction

The infrared spectrum of methyl bromide between 4300 and 4500 cm -1 was 
investigated under a moderate resolution of about 0.07 cm - 1 by Brown and Edwards, 
who identified and analyzed the combination bands v, + v5, v2 + v4, and the E- 
component of v4 + v5 [1,2]. No further study of this spectral region was performed ever 
since, although the complexity of the absorption pattern and the number of observed 
anomalies, as described by Brown and Edwards, clearly evidenced the need for a 
reinvestigation under higher resolution.

We have obtained recently a Fourier transform spectrum of CH3Br in the 
4200—4600 cm-1 range on the Bomem interferometer of the National Research 
Council of Canada in Ottawa, with an observed resolution of about 0.015 cm-1 . This 
spectrum consists of about 5300 measured lines and its complete analysis will still 
require a long time. However, preliminary results have been obtained already, and 
definite evidence for the non-degenerate components of the v4-|-v5 combination has 
been found.

* Dedicated to Prof. I. Kovács on his 70th birthday
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This article deals with the examination of features that lead to the identification 
and localization of the v4 1 + v* 1(A1, A 2) components, which in principle may manifest 
themselves by perturbations induced on the rotational structure of both v2 + v4 l(E) 
and v4 1 + v3 l(E) bands. It has already been emphasized that /-type interactions can 
occur between different vibrational components of a given combination or overtone 
system [3], causing localized perturbations whose understanding leads to important 
informations on the structure of vibration-rotation spectra. These effects actually have 
been observed in the v5 + v6 systems of CH3C1 [4] and CH3Br [5], and could occur in 
the v4 + v5 system of CH3Br as well. The present case is, however, more difficult, due to 
the lack of observed lines of v4 1 +  v* i(Al , A 2).

Interactions between v2 + v4 and v4 + v5

Both anharmonic and Coriolis interactions can occur in the v2 + v4, v4 + v5 vib- 
rotational system. However, owing to the large vibrational energy separation, of about 
130 cm“l, the effects of the anharmonic coupling between the £-states of this system 
can reasonably be accounted for by contributions to the effective vibrational 
parameters. This also applies to the anharmonic interaction of the above mentioned 
vibrational states with +  v5, v ,+ v 3 + v6, and other states occurring in the 
neighbourhood.

Coriolis interactions about the x —у axes can mix v2 + v4(£) to all components of
Vt + vs(E + Ai  + A 2).

Using basis functions | v2 r44 t>j5; Jk}, in the notation of [5], the matrix elements for 
Coriolis and 1(2,2) interactions are:

<1 l * 1 0; J ± ( K  + 1)|H |0 l *1 l T1; / ± i O = + 2 1/2B ß i b [ J ,K ] 1/2, (la ) 

<1 1T1 0; J ± ( K - 1 ) | H | 0  1T1 l * 1; J ± K > =  ± 2 1/2B Í^ ,3[J ,K  —1]1/2, (lb) 

<1 l *1 0; J ± ( K  + 1)|H|0 l * 1 l * 1; J ± ( X  +  2)>= ± 2 1/2B ß ß ,s[J,X  + l ] 1/2,(lc) 

<1 1T1 0; J ± (K -1 ) |H |0  l * 1 1T1; J ± ( K  —2)>= + 21/2Bß£$ j[J, K —2]1/2, (Id) 

<1 l ± l 0 -,J± (K  + l)\H \l  1T1 0; J + ( K - 1 ) >  =  - 2 F 4( [ J ,K - 1 ] [ J , í :])1/2, (le) 

<0 1T1 1T1; J ± ( K - 2 ) | H | 0  l * 1 1T1; J ± K } =  — 2F4([J ,X  —2] [У,X —1])1/2,
(Ю

<0 1T1 1T1; J ± ( K - 2 ) | H | 0  1T1 1±1(Т1); J  +  K> = — 2F5([J ,X  —2] [ J ,K —1])1/2,
. ;  J 1«)

<0 l * 1; l * 1; J ± ( X  + 2)|H |0  1T1 1±2; J  +  X > = - 2 F 4([J ,K ] [J,K  + l ] ) 4 '( ih )  

<0 l *1 l * 1; J ± ( K  + 2)|H |0  l * 1; 1T1; J ± X > =  - 2 F S( [ J ,K] [ J ,K+  1Д)1/2̂  (ïi)

'  with ß = y [ c o S K ) 1/2-Km§/(ö5)1/2] and [J, K ]= J(J  + l ) - K \K ¥ l ) ' .
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As in the case of the v2 +  v6, v5 + v6 system [5], a strong interaction is expected 
between the ( — l) levels of v2 + v f 1 and the ( +  0 levels of V4 1 +  v , 1, with crossing at 
about K' = 11 in the former and 10 in the latter. This effect is clearly discernible in the J- 
spacing of lines of both bands, and is expected to be maximum in the K"AK  =  —12 
branches of v2 +  V4 1 and in the K"AK = 9 branches of v ^ + v j 1. However, the 
intensity of our spectrum proved to be too low in these highly perturbed regions to 
make assignments of lines and to find the expected forbidden transitions observed in [4, 
5]. The examination of the Coriolis coupling between v2 +  V4 1 and the A x and A 2 
vibrational components of v4 +  v5 requires first knowledge of the coupling within these 
non-degenerate vibrational states. The pure vibrational states, which always occur in 
vibration-rotation levels with K = 0, span A x and A2 vibrational symmetries, with a 
splitting of 2R caused mainly by quartic potential terms. Coriolis coupling about the z- 
axis, with matrix elements — 2[(AÇ)5/5+(/4Ç)4Î4] A and Z5= — /4= ± 1, causes the 
mixing of the A x and A 2 vibrational symmetries, and tends to spread the absorption of 
this system in combination with the ground vibrational state over a wider spectral 
region. We believe that this mixing is strong, as in the v5 + v6 system of both CH3C1 and 
CH3Br [4, 5]: in fact the occurrence of a nearly pure A x vibrational state would have 
easily produced an observable absorption due to the piling up of lines of the parallel Q- 
branches, which is missing in the spectrum. Thus, except perhaps for the first few values 
of К , the vibration-rotation eigenfunctions of the parallel system are approximated by 
|0 1T1 1± 1 )  times either |J  + K > o r | J  +  X>. In this basis the vibrational splitting term 
occurs in the non-diagonal matrix elements

<0 1T1 l * 1; J ± K | H | 0  l * 1 1T1; J ± K ) = R .  (2)

The diagonal matrix elements in the adopted bases are:

v0 + B „ [J (7 + l) -X 2]-fA„A2-2X(AC),„Z,fc-i)2„ J V + l ) 2
' (3)

-  DjkvJ(J + m 2 -  DKvK* + Z +!)<,* + Ч,к,кЧ .

In the above scheme the x —у Coriolis interaction (la), affecting the А К — 1 branches of 
v2 + V4 1 and the branches involving the low-lying components of the z-Coriolis pairs of 
given К  of V4 1 +  Vj \ A X, Аг), is expected to become increasingly strong with K. The 
level crossing is predicted at K" between 9 and 11, allowing for a shift of ±  10 cm “ 1 
between the £-component and the centre of the A X, A 2 system of у4 + у5.

Least squares calculations

We started with the assignments of lines of the CH379Br isotopomer. Lines of v2 
+ V4 1 with K "AK from — 8 to 6 and of V4 1 +  v3 1 with K"AK from — 6 to 8, for a total 
of 1356 dates, were used in a least squares process. In absence of assignments of lines
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belonging to the v4 1 +  v ,1 system, we tried first to proceed to a least squares refinement 
where only the x  — у Coriolis interaction of v2 +  v4 with the perpendicular component 
of v4 + v5 was taken into account. The fit turned out to be poor for the higher K-values 
in the AK = 1 side of v2 + v4, whose calculated frequencies were markedly higher than 
the observed values, and the vibration-rotation constant rjM, estimated 
— 6.1 • 10~7 cm -1 by C. Bétrencourt et al [6] from the rotational analysis of the v4, 
fundamental, converged to a value higher by an order of magnitude 102. This was 
clearly required to compensate for the effect of the Coriolis interaction between v2 + 
and the A x, A 2  system of v4 1 +  Vj l , which had been disregarded.

At this stage it was clear that the AK = 1 observed lines of v2 + v4 contained 
informations on the A ,, A 2 system of v4 + v5, and could have been exploited to obtain 
at the least a rough estimate of the vibration-rotation parameters related to the latter. 
Thus, although the determination of the vibration-rotation constants of v4 1 + v*1 was 
expected to be affected by large uncertainties due to the lack of direct observations on 
this system, we introduced in our calculations the Coriolis interaction between the 
above “parallel” system and v2 +  v4 to the purpose of improving the fit of the AK = 1 
side of the latter and obtain at the least a rough estimate of the parameters related with 
the former. Thus the computer program handled matrices built up by the elements 
given by Eqs (1— 3). Details of the calculation method have been given already in [4,5].

With this change i/14 was brought back to the expected value, and then was held 
fixed to the value found from v4 [6]. The vibrational parameter R occurring in Eq. (2) 
converged to a very small and highly uncertain value of —0.0024 +  0.9442 cm -  2, and 
then it was held fixed to zero in the final calculations. This does not mean that R 
actually vanishes, but its effects on the energy levels must be very small at the least for 
those values of К  where the Coriolis interaction of v2+ v4 ‘(£) and v4 1 + v*1(A1 A 2) is 
appreciable. This confirms our previous assumption of a small R, as in the v*1 +  1
systems of C H 3C1 [4] and C H 3Br [5].

The vibration-rotation constants determined by the iterative least squares 
procedure are reported in Table I.

Convergence was achieved with a standard deviation of about 0.037 cm ~l, 
which is quite large for the quality of the spectrum. However, this value is largely 
justified by some approximations assumed in the model to limit the size of the matrices, 
as the disregard of anharmonic interactions, and by the occurrence of additional 
perturbations revealed by local anomalies in the spectrum which are shortly outlined in 
the following paragraph. For the sake of comparison we mention that a standard 
deviation of about 0.027cm-1 was found for the v2 + v6, v5 + v6, 2v3 + v6 system of 
CH335C1 measured under a resolution of 0.005 cm -1, although perhaps all significant 
perturbations were clearly identified and properly dealt with [4].

The results of the calculations (see Table I) allow to predict the positions of the 
“parallel” °Q-branches of v4 +  v5, whose origins are reported in Table II together with 
the origins of the perpendicular PQ and *Q-branches of the same system.
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Table I
Vibration-rotation constants of C H 379Br obtained in the present work. See Eqs (1—4) for the notation. 

Constants quoted without error were held fixed in the least squares process

Ground state<0) V 2  +  V4  * ( £ ) v î '  +  v t 'iE )  v i '  + v V íA ^ A i )

v°/cm ~ 1 _ 4352.6574 ±0.0015 4482.6145 + 0.0016 4477.6522 ±  4.0360
А/cm" 1 5.18012 5.1709476 +  8.28 • 10-5 5.1042428 ± 5.44-10“ 5
B/cm-1 0.3191605 0.3181905 ±  1.66 • 10“ 5 0.3194181 ±3.1 -IO“ 6
D j I cm - 1 0.329510- Н Г 6 0.329510 • 10~6 0.329510-10" 6
A/ic/cm" 1 0.45758-10 - 5 0.45758 • 10" 5 0.45758-IO“ 5
Ojj/cm-1 0.8117-10“4 0.8117-10’ 4 0.8117-IO-4

X M U U c n T 1
t

0.3400000+1.66 • 10-4
л и

0.9435289+ 1.28 • 10~4 -1.6362533 +  0.3688 
-л (С 4 +С5) A ( U - U )

R/cm-1 =0.0 (see text); \Щ\ , ß 2 5|/cm ‘ =0.1801215±3.1 • 10“4 
rç34/cm_1 =  —0.61 ■ 10“6,b); ^ j / c m '‘ =  —1.46 • 10_5,°)
(a) From Ref. [5]; (b) From Ref. [6, 7]

Table II
Computed ß-branch origins in the v4 +  v5 combination system of CH379Br. Errors are also reported when 
the branches have been observed. Two ßg-branches, split by the z-axis Coriolis coupling, occur for each 
value of К  different from zero. Levels corresponding to branches reported on the same row span the same 

vib-rotational symmetry, shown in the leftmost column

vib.-rot.
symmetry K" Qe* e<r Pq

calc. 
— obs.

calc.
—obs.

A j or А г 0 4477.481 _ _ 4485.513 +  0.033
E 1 4480.644 4474.168 4477.755 +  0.016 4493.119 +  0.022
E 2 4483.655 4470.703 4469.848 +  0.035 4500.571 +  0.004

Ai or A2 3 4486.513 4467.087 4461.792 -0 .280 4507.866 +  0.013
E 4 4489.220 4463.319 4453.588 -0.018 4515.003 +  0.006
E 5 4491.775 4459.399 4445.240 0.000 4521.980 -0.015

A t or A 2 6 4494.178 4455.328 4436.748 +  0.026 4528.794 -0.032
E 7 4496.429 4451.105 . 4428.114 4535.445 -0.033
E 8 4498.528 4446.730 4419.342 4541.929 -0.082

Local perturbations

Brown and Edwards [1, 2] described accurately localized additional per
turbations affecting the PQ2  and PQ3  branches of v4 1 +  v, *. We observed these 
perturbations with much better details. The PQ3  branch is slightly shifted to the higher 
frequencies (see Table II) and its У-structure is more compressed than expected. The 
'’ßj-branch is illustrated in Fig. 1: its J-structure is even more compressed and 
eventually turns over forming another sharp edge on the high frequency side. Another 
ß-branch-like feature located at the high frequency side of PQ2, with an origin 
separation of about 0.90 cm -  \  whose У-structure degrades to the high frequencies, is
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Fig. 1. Region of rQ2 of v* 1 + v, *. The sharp edge at the high frequency side of FQ2 reveals a turnover of the 
./-structure. The additional (/-branch whose origin is marked by an arrow belongs to the perturber, and we

propose its assignment as aQ2 (see text)

evidently a ß-branch of the perturber made active by intensity stealing. In fact this 
isolated feature does not fall into any series of ß-branches and cannot find other 
explanation.

The question arises whether one of these perturbations can be attributed to a 
local /-resonance with the A lt A 2  components of the same combination, providing 
additional informations on the location of this “parallel” system. According to the 
predictions of our calculations, the lower component of the v4 1 Coriolis pair 
with K = 2 should be the perturber of PQ2, since the computed frequency separation 
between the origins of qQ2 and PQ2, of 0.85 cm-1 , compares beautifully with the 
observed value of about 0.90 cm - 1 within the expected uncertainties of the calculated 
frequencies of v ^  +  v* *. This would involve a localized (2, — l)-/-resonance, whose 
matrix elements according to [3] are:

<0 1=“  l * 1; J ± 1 |H |0  l * 1 1T1; J ± 2 > = ± 2 [3 £ ? )-.E (54)] [ J ( J - H ) - 2 ] 1/2. (4)

The order of magnitude of the parameter [3£ (sk) — Е*54)] is not known, but it may well be 
10“ 3 as in the vs +  v6 system [5]. This order of magnitude would produce strong 
interactions between high ./-levels with a zero order separation of about 0.9 cm “ *, and 
can account for both the turnover of the ./-structure in PQ2  and the observed intensity 
stolen by the perturber.

As the centre of the v4 1 +  v*1 system is determined by the calculation with an 
uncertainty of about 4 cm " l, we should account for a shift of the ßß-branches of about 
this magnitude in order to examine all possibilities for /-resonance within the v4 + v5
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system. Inspection of Table II shows that the only alternative would be to bring aQ[ 
into resonance with PQ2 , with a shift of —3.5 c m '1. However, this would imply a (2,2)- 
/-resonance between the levels |0 l * 1 l * 1; J + l>  and |0 1 Т 11±1;7 + 1 )  with a 
constant F4 known to be — 5.04 • 10-6 cm ~ 1 [7]: a.value definitely too small to perturb 
°Q2  to the observed extent, with zero order level separations of about 0.9 c m '1. Thus, if 
the perturbation of PQ2  is due to /-resonance within the v4 + v5 system, the mechanism 
has to be the (2, — l)-/-resonance of above.

With the frequencies of Table II the closest levels of appropriate vib-rotational 
symmetry which can perturb PQ3 are those related to °Q3  , about 5 cm-1 higher. Even 
allowing for a 4 cm - 1 uncertainty on the perturber frequencies, it appears unlike that 
this interaction becomes appreciable.

Discussion and conclusions

It is evident from the previous considerations that the observed perturbations on 
pQ2  and PQ3 cannot be attributed both to /-resonances within the v4 + v5 system, and 
that other perturbations have to be expected.

C. Bétrencourt et al observed and analyzed a local perturbation on the RQ5- 
branch of v4 of methyl bromide due to the perturber v3 +  v3 1 +  Vg x(£) [6]. Here we 
should consider in the development of the present work the possibility of perturbations 
on the v4 +  v5 system induced by all components v3 + 2v, +  Vg l(E), v3 +  2vj 2 +  Vg ‘(£), 
and v3 + 2v3  2 +  Vg 1(i41 +  A 2). Moreover, the spectra of both v2 + v4 and v4 +  v5 exhibit 
several minor anomalies to confirm that numerous different perturbers must be 
involved.

In principle, a component of the v3 +  2v5 + v6 system can perturb pQ2  of v4 + v5 
with the same J-pattern as in the /-resonance of above. Nevertheless, we believe that the 
coincidence of the computed aQ2  with extra Q-branch to the high frequency side of PQ2  

is not purely accidental, and that the former is the perturber. Thus we give more 
confidence to the estimated origin of v4 +  v5( ^ 1, A 2) reported in Table I than the 
calculated uncertainty of about 4 cm-1 would suggest.
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SYMMETRY PROPERTIES AND THE CALCULATION 
OF THE ROTATION—INTERNAL 

ROTATION—INVERSION ENERGY LEVELS 
IN METHYLAMINE*

L. SZTRAKA
D epartm ent o f  P h ysica l C hem istry , Technical U n iversity  

1521 B udapest, H u n g a r y

The theoretical aspects of the large amplitude motions in the methylamine have been 
examined in the semirigid approximation. A version of the Internal Axis Method has been developed 
to minimize simultaneously the Coriolis couplings in the Hamiltonian. Basis function systems have 
been derived for both the nondegenerate (<x=0) and degenerate (a±  1) cases satisfying the symmetry 
transformation properties of the PI (Longuet-Higgins) group of the methylamine. Watson’s reduced 
Hamiltonian has been generalized to the rotation — internal rotation — inversion problem. On the 
basis of this generalization 15 independent quartic distortion coefficients have been derived. The 
matrix elements of the first order Hamiltonian are also given.

A very limited number of molecules having two different types of large amplitude 
motions have been dealt with so far. One of these is methylamine. This molecule has a 
methanol like internal rotation. The other large amplitude motion is the inversion 
(wagging motion) of the amino group. In early studies of the fifties it was already found 
that the high resolution spectrum has an irregular structure according to the methanol 
like internal rotation. Moreover the rotation — internal rotation transitions are 
splitted by inversion. These splittings show a very strong dependence on the quantum 
number k .  Some papers have dealt with the reason for this anomalous structure and 
have attempted to give a theory describing the rotation — internal rotation — 
inversion term system and the feature of the spectrum [1—4].

The aim of this paper is to develop a first order Hamiltonian on the basis of the 
original one by Itoh [1] and our earlier results [3]. This theory is able to describe the 
rotation — internal rotation — inversion transitions in the high resolution spectrum of 
methylamine. The symmetry properties of the flexible methylamine will be considered 
both in the derivation of the first order correction terms in the Hamiltonian and in the 
construction of the basic function system for calculating the energy matrix elements.

* Dedicated to Prof. I. Kovács on his 70th birthday
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1. The zeroth-order Hamiltonian of methylamine

In order to derive the quantum mechanical Hamiltonian for the rotation — 
internal rotation — inversion motion of the molecule, it is first necessary to derive the 
classical kinetic energy expression.

In Fig. 1 the atom numbering convention is given and a molecule fixed axis 
system (£, г], Ç) is defined. The large amplitude motions are described by means of two 
curvilinear coordinates. The internal rotation coordinate a is defined as the angle 
between the symmetry plane of N H 2 group and the HCN plane, the inversion 
coordinate t  as the angle between the HNH angle bisector and the direction of the CN 
bond. It should be noted here that angle e between the CN bond and the symmetry axis 
of the methyl group also varies during the inversion. Since there is an unambiguous 
relationship between the two angles, we shall use only the angle т for describing the 
ammonia like inversion of the amino group.

For a convenient treatment of the rotation and the internal motions an 
appropriate molecule fixed axis system has to be chosen. This axis system will be 
chosen in a way: i. to minimize the following Coriolis interaction terms in the classical 
kinetic energy expression written in any molecule fixed system, e.g. (£, ц, Q one:

Ç  m kl* k  X +  * 0J j ç  mk |^dfc X +  Ç m k [ a k x ^  

io> j ç  mk ĵ dt X + Ç mk x + w Ç mk[dk x dk] , (1)

Fia. 1
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where to is the vector of angular velocity of rotation about the centre of mass, ii. to 
eliminate the translational kinetic energy from the kinetic energy expression. In Eq. (1) 
a* is the position vector of the /с-th mass point in the reference configuration and dk is 
the vibrational displacement vector of the k-th mass point measured from the reference 
configuration. The reference configuration in a flexible molecule is the analogue of the 
equilibrium configuration in a rigid one. A flexible molecule is its reference 
configuration when all vibrational displacements are zero but when the Euler angles 
and the large amplitude coordinates are arbitrary [5]. The first, second and fourth 
interaction terms are minimized if the vibrations do not give any contributions to the 
over-all rotation, the internal rotation and inversion angular momenta. Unfortunately 
this problem can be solved only when the atoms pass through the reference 
configuration. It is the Eckart II. and Sayvetz conditions which express these 
constraints:

£  mk [ak ж dk] =  0, (Eckart II.) (2a)

Г л -1 (Sayvetz)

(2b)

(2c)

where superscript r refers to a zero displacement from the reference configuration. So 
the vibrational Coriolis interactions are not zero in the molecule fixed system defined 
by the Eckart II. and Sayvetz conditions. Owing to the small vibrational displacements 
from the reference configuration the remaining effect of these terms is also small [5]. 
Because of this the vibrational Coriolis coupling practically follows only from the sixth 
term. Since the rotation — internal rotation — inversion in the methylamine will be 
treated in a semirigid approximation, supposing that all vibrations are in the ground 
state, the effect of the vibrations and the vibrational Coriolis coupling will be 
eliminated from the Hamiltonian.

The condition for the elimination of the translational kinetic energy is:

Çmt(at + dt) =  0 . (Eckart I.) (2d)

This expression requires to locate the origin of the molecule fixed axis system to the 
temporary centre of mass in the molecule.

To minimize the remaining two terms which correspond to the Coriolis 
couplings between the over-all rotation and the large amplitude motions is more 
complicated. We must turn the coordinate system defined in Fig. 1 to an appropriate 
position which performs a complicated motion relative to the space and the molecule. 
Three methods were published to solve this problem. A series of transformation were 
proposed by Hecht and Dennison in the case of methanol molecule [6]. This 
transformation method has been called the Internal Axis Method (IAM). A similar
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method was elaborated by Itoh to minimize the coupling between the over-all rotation 
and the internal rotation in the Hamiltonian of methylamine [1]. For triatomic 
molecules Hougen, Bunker and Johns have given a different way to obtain a good 
coordinate system in which the rotation-bending interaction has a minimum [7]. This 
last method was used in Krçglewski’s paper, too [4].

The common feature of these methods is that only one interaction may be 
minimized by them. In the following it will be shown in a very simple manner that Itoh’s 
version of the IAM is able to minimize simultaneously the mentioned two interactions 
in the methylamine. It should be noted that the minimization of the Coriolis coupling 
terms by an appropriate choice of the molecule fixed system does not change the 
calculated energy values of the molecule, the form and the separation of the energy 
expressions, however, allow an easier mathematical treatment.

In the first step of the derivation we take the molecule fixed coordinate system 
(£, t], (). The origin of this system lies in the centre of mass of the reference configuration. 
The £ axis is normal to the symmetry plane of the amino group, the C axis is parallel to 
the symmetry axis of the methyl group. As it was pointed out in our earlier paper [3] 
the classical kinetic energy of the over-all rotation, internal rotation and inversion in 
the angular momentum representation can be expressed as follows:

T=

+

+

1 G l C - F  l В
2 A G - g 2  ( 2 B(C — F) — D2  ” 2 B { C - F ) - D 2

D r D t В
B ( C - F ) - D 2 ‘/ "'/c+ B ( C - F ) - D 2 J,'Jl+ B(C — F) — D2

1 B C - D 2  l 2  t g r r l A i 2  

7  T № Ç ^ F ÿ H ^ J*+ ^ G ^ g 2 ^  t + 7  A G - g 2 J"

2
C

(3)

where A =  / „ ,  B = J„ , C =  J D = - I F  = Im = - I Çx, G = I„ and g = - I (t are the 
nonzero elements of a five dimensional inertia tensor among which A, B, C, D and g 
depend on т [3]. Because of the symmetry of the methyl group the a dependence of the 
elements in zeroth-order approximation may be neglected. The fifth and sixth terms of 
this expression arise from the rotation-internal rotation Coriolis interaction, the eighth 
one, however, corresponds to the rotation-inversion interaction.

After simple rearrangements the expression (3) can be written in the following
form:

T=

+

+

i i j 2 + i _ Ç
2 A * 2 B C - D 2

Л  +

1 B C - D 2

2 F [ B ( C - F ) -D 2] 

1 A
7  AG —g

J*+

2{ J' + A ф

2 B C - D 2  J;2+ B(C — F)—D2  Jl)J^

FD r FB 
B C - D 2  J,l+ B C - D 2  J{j

(4)
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The FD/(BC— D2) and FB/(BC — D2) are components of the vector pz in the (rj, Q plane. 
The vector pt having a magnitude g/A, however, lies along the £ axis. Now the 
expression (4) may be transformed into the (x, y, z) internal axis system by rotating the 
(£, g, 0  coordinates about the axis £ by an angle 9 =  arctg (D/B) in such a way that the z 
axis should be always in the direction of the vector pa. Since the value D is very small the 
axis z lies practically in the axis (•

The expression transformed into the internal axis system is:

T  4 { л  + B2  + D2} {J*+j2y)+ 4 { л  B2  + D2} {J* J2y)

1 i B + C
+ —

В

+

2 [B C - D 2 B 2  + D2

1 B C -D 2

2 F [ B ( C - F ) -D 2]

Л  +
D

{Л<+р«Л}2 +
1
2 AG -g- {Jz +  pxJx}2, (5)

where pz = F(B2  + D2 )1 I2 /(BC—D2) and px=g/A.
The method transforms the Coriolis interaction terms into the rotation, internal 

rotation and inversion ones. In the internal axis system the expression of the kinetic 
energy is separated in five different parts among which there is no coupling formally but 
all coefficients depend on the coordinate т and the last two terms describing the internal 
motions contain rotational angular momenta, too. The first and third terms in this 
expression give the kinetic energy of a symmetric rotor, the second one is the 
asymmetry correction and the fourth one expresses the fact that the internal axis 
system in our case is not the principal one. It may be seen that the rotational coefficients 
are also modified in this system relative to the ones in Eq. (3).

Using the usual method [8] to transform the classical kinetic energy to the 
quantum mechanical Hamiltonian and applying Hougen’s simplification [9], we 
obtain the following expression:

ßriri =  J  (Pxx +  Fyy) 01 +Jy)+ J  (Pxx -  Fyy) 01 -  Jy)

“b 2 Pxz^ z “h 2 Pyz(J yJ zF J ZJ  y) 2 Paa^aF 2 Fxx^z

+ K .1  )+ /(t)+ i/? .„ (6)

where Jx, Jy and J z are the components of the total angular momentum operator
Ô ÔJ ,J X— —ih-^ + p 0 z and Jt - —i h + p xJx■ The commutation relations are collect-
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Table I
The commutation relations in h units

[Л.Л1- 0,

t̂] = y>

[ / „  sin 3a] =0,
[J ,, sin 3a] =  0,
[J2, sin 3 a] =0,
[J„, sin 3a] =  i 3cos 3a*'

D̂x> -[a] — iPx̂ y'
[ Jy J*] = ~ ipa^x’
[Л.Л]=о,
[J ,,  cos 3a] =  0,
[J ,, cos 3a] =  0,
[ / , ,  cos 3a] =  0,
[J „  cos 3a] =  — i 3sin a,‘

[./„ cos lx] = il sin k ,
[J„  sin /т] =  il cos 1т,

* From Ref. [14]

ed in Table I. The gtJ-s are elements of a five-dimensional symmetric tensor ц which is 
the inverse of an inertia tensor. The tensor elements are:

1 D
№xx A ' Иу 2 = B 2  + D2

В BC - D 2

Pyy — b 2 + d 2 ’ Mata F\_B(C- F)-Z)2] ’

B + C в A
№zz B C - D 2  B 2  + D2 ’ ßxx A G - g 2

The rest of the elements are zero. The fourth term of the expression (6) which gives only 
second order contributions to the energy will be neglected in the zeroth-order 
Hamiltonian.

is the potential surface of the inversion and the internal rotation. The / (t) 
arising from Hougen’s simplification of the original Hamiltonian is the so-called 
pseudopotential:

/ ( t )=  y  t u , }  J . +  у  { 1 ц - 11А} и М У П , (8)

where g is the determinant of the tensor p. The operator J z acts only in its composite 
bracket. This pseudopotential gives different contributions to the energy of the 
different states of inversion.

The physical meaning of the potential C7°t) is clearer. It is due to the potential 
energy contribution arising from the change of the vibrational ground state during the 
inversion [10]. Its form is:

^ ) = y £ { ^ 1/4H ^ 1/4b  (9)
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where Pk = —ih-r— and Qk-s are the 13 normal coordinates. 
dQk

Since both fitI and fi are even functions of t , each of these potentials are also even. 
The superscript о refers to the vibrational ground state. x

2. The potential surface and the interactions among the rotation, 
the internal rotation and the inversion

We use the following function to describe the two dimensional potential surface 
of the inversion and the internal rotation in the methylamine:

1 ; 1
v '"t)= У°)+ у  * з(1 -с (1) cos Зос)+ — F6(l -co s  6a)+ / (t) +  l/(°t), (10)

where F(°r) is any ammonia like, symmetric potential function. Henceforth the sum of 
the function V°x), the even functions/(t) and U°t) will be termed an effective potential 
Vfzj. The function c(t) must be chosen in such a way that it is an odd function having a 
value of +1 for т=  +  t0 and — 1 for т =  — t0, where t0 is the equilibrium value of т in 
the ground state. The map of this surface may be seen in Fig. 2. In the potential function 
K*”t) the third term is considered as a first order one. Because of this the term can be 
neglected in the zeroth-order Hamiltonian.

Taking into account this approximation the zeroth-order Hamiltonian can be 
separated for the following four parts:

f í°ri= frr+ f í r  + Hir+ f i i , (11)
where

f i ’r= j(ßxx+Hyy)J 2  + у  у  (&«+/*,„)j  J z , (12a)

Fig. 2
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1ХХ-Чуу) 0 1 - Ц ) ,  (12b)

fíir =  {  v J \  +  у  V3( \- c o s  3a), (12c)

Û,= j l i J î  + V $ +  j  F3( l - c (t))cos3a. (12d)

It is clear that this separation is only formal, there are explicit and implicit 
connections among the different parts. In consequence of the т dependence of the 
tensor u, all parts depend implicitly on the inversion. f) ir and f t iy however, depend 
explicitly on the rotation, and /?, depends explicitly on the internal rotation, too 
(Fig. 3)

The aim of this separation was to obtain the zeroth-order Hamiltonian as the 
sum of Hamiltonians with well-known and easily treatable eigensystems. The first three 
Hamiltonians satisfy this condition, the fourth one, however, requires additional 
considerations.

Й’ is the rotational Hamiltonian of a symmetric top with an eigensystem EJK,
IJK }  labelled by the well-known quantum numbers J  and X where К  = |к | and —J ^ k  
<; J. The asymmetry term gives <fc, k + 2> nonvanishing matrix elements in the 
basis of the ordinary symmetric rotor wavefunctions.

In case of symmetry rotor wavefunctions the form of the Hamiltonian (12c) 
describing the internal rotation at т = + т0 is the following:

— + +  y  F3( l-c o s 3 a ) . (13)
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This operator corresponds to a Mathieu differential equation with a nonperiodic 
boundary condition [11]. Its eigensystem is Ek(TV and

Qk*m = Z  a<3 i+<r) exp [i(3l +  <r)a] , (14)
— 00 l

where v refers to the torsional quantum number in the very high barrier limit. The a is 
the so-called internal rotation quantum number with three possible values, — 1, 0 or 
+  1. It is necessary to note that two eigenfunctions labelled by common quantum 
numbers v, a but different к values are not orthogonal to one another.

The eigenfunctions of the Hamiltonian describing the internal rotation at т =  
—т0 play an important role in the expression of the coupling between the internal 
rotation and the inversion. The only difference between the original and the modified 
Hamiltonian is the sign of the term cos 3a. Both Hamiltonians have a common 
eigenvalue system Ekav, but the eigenfunctions of the modified Hamiltonian are of the 
form Qkav(x+K)

The first and second terms in the Hamiltonian (12d) are due to a one 
dimensional, ammonia like inversion. The real inversion (or wagging motion) of the 
methylamine is ammonia like, but not one dimensional since the amino group can be 
only brought into a position indistinguishable from the previous one by inversion if the 
methyl group is also rotated at the same time. It is the third term in Я, that describes 
this phenomenon and forms an asymmetric potential field at constant a value (Fig. 4). 
Unfortunately, such a differential equation is difficult to solve.

As it was pointed out in our earlier paper [3] it is very useful to introduce a new 
curvilinear coordinate describing directly the inversion of the methylamine along the 
classical path a(t) marked by dotted line on the potential surface. This new parameter is 
proportional to the coordinate r, thus the form of the kinetic part of the Hamiltonian

Fig. 4
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(1 Id) does not change but the third term disappears. The elements pxx, pxx and px, 
however, are modified. The new forms are:

BC —D2

Pa = B[Cf — F 2] — D2/ ’ (15a)

(15b)

f (B 2  + D 2 Y ' 2

pa B C - D 2  ’ (15 ̂
where

f ^ F  (15d)
and

e  =  G + ( F - / ) { ^ } 2. 05«)

The relationships (15a—e) express the fact that a part of the classical kinetic 
energy of the internal rotation has to appear in the kinetic energy of the inversion. The 
new inverse reduced inertial moment px has an additive term in the denominator 
according to the derivative da/dr. Fortunately, the value of this term does not differ 
markedly from the original one except in the region of the inversion path where the 
tunneling occurs and so the probability density is very low. Because of this the effective 
values of px determined from the experimental spectra indicate a clear dependence on 
the inversional states but the difference between pxx and pt is probably not large.

The potential function in the Hamiltonian (12d) is modified and only the 
ammonia like potential function V*" remains. Thus the inversion in the methylamirie 
will be described by a one dimensional Hamiltonian which is a projection of the two 
dimensional one (12d) to the coordinate т and in which the px changes continuously not 
only because of the т dependence but of the presence of da/dr, too. The form of this new 
Hamiltonian is as follows:

f í i=  У  Л  ( '“ ih í z  + P' J* j  + • (16)

Naturally, the eigensystems of the Hamiltonians (12d) and (16) are identical, but 
those of the second one may be determined easier. Expanding the first term in the 
expression (16) the result may be separated into three parts. The second part px(JxJx 
+ J XJX) gives ( k , k + i y  non vanishing off-diagonal elements on the basis of symmetric 
rotor wavefunctions. The averages <n, n’> of these elements are very small, so this 
operator will be taken as second order perturbation and will be ignored in the zeroth- 
order Hamiltonian. The third part, however, appears in the diagonal elements and its 
contributions will be included in the effective rotational coefficients. Thus it is the first 
part that describes the ammonia like inversion without the negligible rotation 
coupling, and in the following the operator J x will not contain this coupling. The
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eigensystem of this approximate Hamiltonian factors into the following two 
subsystem, £„+, | n + > and En _, | n — >, for the symmetric or antisymmetric property of 
the system. The + and — subscripts label the lower, symmetric level and the higher, 
antisymmetric one in an inversion pair, respectively. The letter n refers to the wagging 
quantum number in the very high barrier limit.

In the following we shall use the simpler ket symbols to depict the eigenfunctions. 
The eigenfunction Qk„v(x+K) will be symbolized by the ket tn\kav), where tn is a n shift 
operator.

3. The basis functions and the permutation-inversion (PI) group 
of the methylamine

The basis functions are the approximate solutions of the zeroth-order 
Hamiltonian. These functions are built up from the eigenfunctions mentioned in the 
previous Section. Using an appropriate basis function system the elements of the 
Hamilton (energy) matrix may be evaluated. Having diagonalized this matrix we 
obtain both the true eigenfunctions as linear combinations of the basis functions and 
the energy levels.

The basis functions themselves are also linear combinations. We can build them 
up from the products of the eigenfunctions or from the products of linear combinations 
of the eigenfunctions. The construction of the basis functions is based on the symmetry 
transformation properties of the eigenfunctions. The good basis function is built up in 
such a way that it may be classified into one and only one species of the symmetry 
group of the molecule. Using such a system the energy matrix factors into blocks 
according to the symmetry species. Thus the symmetry classification of the levels is 
easy. The full symmetry of a flexible molecule may not be characterized by a point 
group. As was pointed out by Krçglewski [4] the full symmetry group of the 
methylamine with two large amplitude motions is Longuet-Higgins group of 
permutations and permutation-inversions of the identical atomic nuclei [12]:

E; (567), (576); (67)*, (57)*, (56)*; (12);

(12) (567), (12) (576); (12) (67)*, (12) (57)*, (12) (56)*.

The numbering of nuclei is shown in Fig. 1, and (12) is the permutation of the 
hydrogen nuclei in the amino group, (567), (576) are the cyclic permutation of the 
hydrogen nuclei in the methyl group, (67), (57) and (56) are the permutation of the 
corresponding pairs of nuclei. The asterisk indicates an inversion of the positions of all 
atomic nuclei through the centre of mass. This permutation-inversion (PI) group is 
isomorphic to the D3h point group. There is a one-to-one correspondence between 
Longuet-Higgins PI group operations and the sums of the equivalent rotations, the 
changes in a and r. The equivalent rotations describe the effect of the PI operations on 
the Euler angles. The character table of the PI group of methylamine and the

t o Acta Physica Hungarica 55, 1984



146 L. SZTRAKA

mentioned sets are collected in Table II. The superscript a’ in the operator iR indicates 
the new value of the coordinate a after the transformation.

The symmetry transformation properties of the used eigenfunctions are 
summarized below. Those of the symmetric rotor wavefunctions are [13]:

C*2 \ J K > = ( - i y \ J , - K y ,  (17a)

Cy2 \ J K y = ( - i y +K\J, - K } ,  (17b)

C ; |JK > = (-1 )* |JK > . (17c)

Those of the Wang function are:

C*2\JKyy = ( - i y +' \JKyy, (18a)

< Z \JK yy= (-ry+ *+i\JKy>, (18b)

C‘2\ J K y y = ( - l f \ J K y y .  (18c)

-The definition of the Wang function is usual:

\JKyy =
v/2

( | j K > + C - i m - K > ) ,

where the quantum number y has a value 0 or 1.

table 11
Symmetry operations and the character table of the PI group D3h

Species E (567)*
(576)*

(67)*
(57)*
(56)*

(12) (12) (567) 
(12) (576)

(12) (67)* 
(12) (57)* 
(12) (56)*

A\ 1 1 1 1 1 1
a 2 1 1 - 1 1 1 - 1

1 1 1 - 1 - 1 - 1

А  г 1 1 - 1 - 1 - 1 1
E' 2 - 1 0 2 - 1 0
E" 2 - 1 0 -2 1 0

Equivalent rotation E E Cl Cl Cl C l

2n
a-»a + — n

a -» — a +  -
n

«-** + T a-> — a
In

+  y
iR i Ol-KX a-* —a —n a -nji+ л a -* — a

2 n
OL-+OL----—

л
a —► —a ----

3
n

a—>a —  
3

a-* —a 
2 n
3

n T -*T T-¥T T—► —T T—► — T T—► — T T - H
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The transformation properties of the internal rotation wavefunctions are:
i7?J±2*/3 \kovy=exp(±i2mr/3)\kovy, (19a)

ÍR* ±«/3 I _  eXp ( + í27ect/3) Г„ I kav} , (19b)

iRl±K \kavy = tn\kavy, (19c)

iR ~ a ± 2 K l 3  I = exp ( +  ilnoß)  I — k, — av) , (19d)

iR ~ a ± K / 3  \kav) = exp(±i2tta/3)tn\ —k, — av ) ,  (19e)

iR~* \kav) = \ —k , - a v ) , (19f)

iRâ‘ ~K \kav) = tK\ - k ,  - a v ) .  (19g)
Here it is necessary to note the following important identity:

\kav) = (  — k, — av\, (20)

where the bra form refers to the complex conjugate.
For the inversion the transformation properties are:

I - ' \n + y  = \ n - y ,  (21a)

/Г '|и - >  = |n +  >. (21b)

It is more useful to use for the inversion an even and odd wavefunction pair 
defined as follows:

I пеУ — —7= (I л + > + 1 n — » , (22a)

I no) =  (|n +  > |n » .  (22b)
ч/2

The symmetry transformation properties of these functions are:

Ix х\пеУ = \поУ. (23a)

/Г 1|по> = |ме>. (23b)

We propose the following basis function in the case of cr=0.

where

4>0= —  {I пеУ I JKavyy + ( -1)* | по>Гя | JKavyy},
v/2

\ J K a v y y = - ^ = { \ J K y \ K a v y + ( - i y \ J , ~ K y \ - K a v y } .
V ^

(24)

(25)

The symmetry properties for the basis functions and the energy levels according 
to the parities of the quantum numbers J, К, y and s may be seen in Table III. It is clear 
that both energy levels and basis functions labelled by a = 0 must be classified into
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Table III
Symmetry properties of the basis functions and the energy levels

©IIb J
even

J
odd

К К К К
У even odd even odd

0 0 л \ A 2 a '2 A \
0 1 Aj A\ A'! a 2
1 0 A!2 A'l A \ A 2
1 1 A'l А'г A 2 A'i

o=  ± 1 5
к

even
к

odd

0 E' E"
l E" E'

nondegenerated species. Moreover, since the Hamiltonian factors into blocks 
according to the symmetry species of the basis functions, all energy levels and 
eigenfunctions of a given block belong to a common species. So e.g. all levels and 
eigenfunctions then J  = K=  even and y =  s = zero, must belong to the species A \ , if a is 
zero.

In the case of a = ±  1 the proposed basis function is:

^±1 = ~7=l Jk> {|ne>\ k o v ) + ( - l)s|no>f*Ilernt)}. (26)

These basis functions belong to degenerate species. At the degenerate species the 
quantum number y does not exist. Generally the labeling of E levels by J, к or JK_ lKl is 
convenient according as the к splitting due to internal rotation is larger or smaller than 
the к splitting due to asymmetry. So in the case of methylamine the J, к labeling will be 
used. The symmetry properties, as functions of J, к and s may be found in Table III.

From the symmetry properties the symmetry selection rules can also be deduced. 
A transition in the methylamine can occur if the states satisfy the following symmetry 
requirement [5, 4]:

Гних1Ъ=>,4'а,

where n *  is the species of the methylamine in the ground state, Г",Г1 is one in the 
excited state. The allowed transitions which satisfy the above requirement are:

£'«-»£', £"«-£".

The selection rules for quantum numbers deduced from these symmetry selection 
ones are summarized in Table IV.
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Table IV
Selection rules

Type of transitions Allowed transitions

a type (A  species) AK = 0, 
AK = 0, LX Il 

II 
K

-
P

b.
 L

X
Vi

 
Vi

Il 
II 

P
l

+ As = Ö 
J s = 0

a type (E species) b. *- II ©
оII«3

b type (A species) -H
 +1 

и 
и 

X
 X

■V TJ Il 
II

!
+

P A y =  ±  1, 
Ay=0,

J s = ± l
d s = ± l

b type (£ species) Lx *■ II H- 4 s = ± l

4. The first order Hamiltonian
e

The zeroth-order Hamiltonian completed by the first order potential term

y  V6  (1 — cos 6a) is not suitable for describing well the observed energy transitions in

the high resolution spectrum of the methylamine. The model can be improved by 
adding higher order terms to the Hamiltonian. These terms arise from the expansion 
and distortion of the flexible molecule by centrifugal forces during the rotation and the 
large amplitude motions. The centrifugal distortion has an effect not only on the 
elements of the tensor ц which yields an effective dependence of the rotation constants 
on the angular momenta, but on the potential functions of the large amplitude motions, 
too. According to this, in the Hamiltonian of a flexible molecule the higher order terms 
contain not only the angular momenta, but the products of the potential and the 
angular momenta, too. Such terms were derived for the methanol by Kirtman [14] 
using a first order perturbation method. To develop similar terms for the methylamine 
by Kirtman’s method seems very difficult. Moreover, as it was pointed out by Lees and 
Baker [15, 16], some linear dependences exist among the terms obtained. Because of 
this it is not possible to do a unique parameter fit. We will rather use another method 
which is a generalization of the original Watson’s reduced one [17] for the 
methylamine. This generalized method is suitable for treating both the problem of the 
methylamine and the methanol like internal rotors.

As in Watson’s theory, the Hamiltonian must be expressed in a so-called 
standard form. We propose the following form for the methylamine:

fíriri = É I  h % { P J ÿ 'X  +  PJwÇl} (cos За)"2 + \  v3 + f í t, (27)
t = 0  pqrs ^

where the coefficients hs‘qr are all real, the exponent t is 0 or 2 and the sum of p + q+ r+ s  
+ 1 is positive, nonzero and even (p+q + r+ s  + t = 2m). These properties follow from

Acta Physica Hungarica 55, 1984



150 L. SZTRAKA

the Hamiltonian which is invariant to the operations of Hermitian conjugation and 
time reversal. After a complex conjugation of the coefficients the time reversal changes 
the sign of all angular momenta but does not effect that of the coordinates [5].

The main advantage of the standard Hamiltonian is that the coefficients h*‘qr for 
different values of m are well separated in order of magnitude. Owing to this good 
convergency the terms of the Hamiltonian in different order can be easily derived. Thus 
m =  1 is the zeroth-order Hamiltonian, m =  2 produces the excess arising from the first 
order one, etc. In the zeroth-order approximation the coefficients h"qr correspond to the 
ones in Eq. (6).

The proposed standard Hamiltonian contains the inversion /?, as a separated 
one. We will not treat the effect of the inversion to the distortion of the methylamine in 
such a way as the one of the rotation—internal rotation. The reason for this is that the 
averages <n, n) of all higher order inversion terms are involved in lower order terms of 
the first part, e.g. the average <n, n> of the second order term (J2 J 2 J f  +  J 2 JjJ$) is 
involved in the first order term + Thus such contributions from the 
inversion terms to the coefficients of the first part are negligibly small.

Therefore using the standard Hamiltonian the centrifugal distortion terms may 
be easily derived. Unfortunately, there are linear dependences among the terms of the 
same m values. Watson elaborated a unitary transformation method to remove these 
indeterminacies by reducing the numbers of coefficients. The result of the 
transformation is the so-called reduced Hamiltonian Й in which all coefficients are 
determinable. (For sake of simplicity the subscript riri of the Hamiltonian will not be 
used in the following.)

The eigenvalues of the original Й  are the same as those of Й obtained by a 
unitary transformation:

Й = 0 ~ 1 Й 0 ,

where Û is a unitary operator having the convenient form

Û =  exp (i§),
where S is a Hermitian.

In order that Й be invariant to time reversal, 0  must also be invariant. Because of 
this the §  is chosen in such form that its sign changes under time reversal. Thus, the 
proposed form of § is:

5 = i  z  { J s W l  + J’J ' j ÿ ï i  (sin3 «f 1 , (28)
f =  0  pqrs

where the coefficients s%qr are all real, the exponent r is 0 or 2 and the sum oip + q + r + s 
+ 1 is positive and odd (p + q + r + s + t = 2m — 1). The operator sin3 a does not change 
its sign under time reversal since the coordinates do not change their signs.
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Since in both the standard and the reduced Hamiltonian the terms are separated 
very well according to the values m a successive unitary transformation can be achieved 
if we replace Û by the product:

0 = [~[exp (iS2 m-i).m

Using this successive reduction we derive the term of 2m +  2 degree from the 
original 2 m degree one by the following transformation:

# 2m + 2= exp ( -  iS2m _ у)Й2т вХр (Í§2„ _ Д  (29)

Thus, the reduced Hamiltonian in a given approximation is a sum of the terms 
transformed in the above indicated manner. The number of the terms in the sum 
determines the order N  of the approximation as follows:

ЛГ+1
Й<"> =  I  Й2т.

m= 1

The transformed Hamiltonian can be expressed in a more treatable form by 
means of commutators of the operator § 2 m -1 and the various terms in the original Й. 
The expressions for the quartic and sextic terms are:

# 4 =  # 4  + '[Я 2Л ] ,  (30a)

f l6 =  # 6 +  i[/?2,S 5] +  i[Ä4,$3] -  у  [ [ £ 2Л Ш ,  (30b)

where
й 2 =й%„.

In this paper we will limit ourselves to the first order approximation, so it is 
sufficient to derive only the quartic term Йл. Symmetry considerations help to find the 
exact form of Йл and the number of the independent coefficients. Since the 
Hamiltonian is invariant to the symmetry operations, all terms in both the standard 
and the reduced ones must be in the total symmetric species of the molecular symmetry 
group, i.e. in the A\ species of the PI group of the methylamine. A similar symmetry 
requirement may be verified for the operator §, too [17]. This requirement gives a very

Table V
The symmetry species of the operators in the PI group D}ll.

Species Operators

A\ cos 3a, cos 6a, cos k , /i„(i = x, y, r, a, r)*
A ' i 3 , ,3 , ,  sin 3a
A'l 3,
A'i 3x ,3 t , sin / Т ,  ßb„

* /i„ are even functions expandable into cos т Fourier series. 
h цух is odd function of r.
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powerful tool for the derivation the allowed exponent combinations in the expressions
Of Й 2т and § 2 m - l -

The symmetry properties of the operators in the methylamine necessary to the 
derivation are collected in Table V. The possible parities of the exponents p, q, r, s and t 
are shown in Table VI. These parity combinations, independently of the value of m, 
assure the total symmetry properties of the terms. The number of the combinations 
listed in this Table, however, is valid only for the value m = 2.

From this the quartic standard Hamiltonian including 19 coefficients is:

+  T%%2( J i n  +  P J l )  + T°0 °2 2 (J2>J2: + J 2J 2) + ' 

+ T i v o l i i + p j D + п и т + j j d

+ T l U J V l  + J j 2) +  T°2 20 0 Px cos 3a +  T°0 2 0 Py cos 3a 

+  T°oгЛ  cos 3a +  T qqqJ I  cos 3a +  cos 3aJl)

+ n ° 0l(J2J J z + J j j l )  +  T b U J y J j *+ U J y )

+ Т003Л Л +  T o o J J l  + T l0 20 1 ( j J , c o s  3a + cos 3aJ j z). (31)

The operator § 3  including 4 coefficients is:

$ 3  =  S u Á J j y l  +  j J y P )  +  s l U J J y P  +  J j y h )

+ sooiP sin 3a +  SoooiP sin 3a +  sin 3aJJ. (32)

When the standard Й is subjected to a unitary transformation, all the coefficients 
in the Hamiltonian are changed to some extent. If this change is not significant, i.e. is of 
small magnitude relative to the original coefficients, this coefficient will be regarded as

Tables VI a, b.
The parity and the number of the allowed exponent combinations in ft4  and §3

Й 4
p + q + r + s + t = 4 P 4 r s t

Number of 
combinations

e e e e e 14
e e 0 O e 5

Number of
p + q + r + s + t = 3 p я r s t combinations

0 О 0 e e 1
о О e *o e 1
e e 0 e e 1
e e e O e 1
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determinable. On the other hand, it the change is of the same magnitude as the original 
coefficient, it is indeterminable. In this case the parameters s*Jqr should be chosen to 
eliminate as many indeterminable terms from the Hamiltonian as the number of 
parameters This is the maximum number of the indeterminable coefficients which
can be eliminated. The remaining indeterminable coefficients, however, occur in 
determinable combinations in the reduced Hamiltonian [17, 18]. Thus the number of 
the determinable quartic coefficients or combinations in the methylamine is 15.

For performing the reduction given by Eq. (30a) we derived a series of 
expressions using systematically the commutation relations (see Table I) and the 
following identity:

[ /  Ô, П =  /  iff, Ü + [ / .  Ы

where / ,  g and Г are any operators. The expressions so obtained are: 

iOl, (JxJ yJ, + JzJyJxU =  2(3*3* + П П )  -  2(J2J 2  + J 2 J 2X),

V 2y, ( Щ + В Д = 2(J2J 2y + j 2j 2x) -  2 (3*3*+3*3$,

V l  (■3X3,3z+ 3,3,3j ] =2(3*3*+3*3*) -  2 (3*3* + 3*3$,
V l  (JxJyJz+ 3.3,33}=2  f(3*3,3.+3.3.3$

-2  p013,3.+3.3,3$,
i[ cos 3a, (JxJyJ 2 + 3z3y3j] = 0,

i t f l ,  (JXJ,J,+j J yj x)-]= 2{3*3,3.+3.3,3$
-2p(PJ* + 3*3$,

Vy, (Jjy3.+W J ] = 2p0*3*+3*3$ -  2 (3*3,3.+ 3.3,3$,
V I  (.3x3y3.+JjyJxn =2(3*3,3.+3.3,3$ -  2 (3*3,3.+3.3,3$, 
iül, (Jx3y3.+J j yJJ] =2  p{3*3*+3*3$ -  2p{3*3*+3*3$,
i[cos 3a, (JxJyJ, + J,JyJx)] = -  3 sin 3a(JxJy + JyJx), 

sin 3a] = -  sin 3a{JxJy+ JyJ x),

HPyJ, sin 3a] = sin 3(x(JxJy + JyJx), 
i[P„ J, sin 3a]=0,

V l ,  J ,  sin 3a] =  3(3,3. cos 3a+cos 3a3.3,), 

i[Jj, (J, sin 3a + sin 3 aJJ] = 0, 

i[Py, {J, sin 3a + sin 3 aJJ] =0, 

i[Jj, (3, sin 3a + sin 3 a J j]  = 0,

(33)

(34a)

(34b)

(34c)

(34d)

(34e)

(340

(34g)

(34h)

(340

(34j)

(34k)

(341)

(34m)

(34n)

(34o)

(34p)

(34q)
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i \J l , (Зл sin 3a +  sin 30JJ] = 6(Jl  cos 3a + cos 3aJ*) +  27 cos 3a, 

i[cos 3a, sin 3a +  sin 3aJJ] =  3(1 — cos 6a).

(34r)

(34s)

In these expressions the terms oflower degree in J t were neglected. The relations 
(34a—c) are identical with Watson’s expressions derived for the asymmetric rotor [17]. 
Since the averages <t>, v} of the expressions (34j—1) are zero and only the averages 
<ufc, i;’fc+l> give very small contributions to the energy, these terms will also be 
neglected. In expression (34r) the lower order term 27 cos 3a, however, will not be 
neglected.

It is very useful to transform # 4 into a cylindrical angular momentum system 
using the following relationships:

where the new coefficients distinguished by tildes are presented in Table VII. The three 
new subscripts indicate the exponents of J, Jz and (J\ — J\), the original meaning of the 
two superscripts, however, does not change.

From Table VII it is clear that eight new coefficients (f£0o> ^ 202. f  200. ^ o 2o> 
f  0 1 0 , ^  200’ 7*020 and T 0 0 2 ) are purely determinable, they do not contain any s^ r 
parameters for the reduction. To eliminate the redundant coefficients the parameters 
S001 and s},00 must be chosen in such a way that the coefficients f  of0  and f  000 be zero. 
For reducing two other terms it seems very rational to reserve Watson’s choice to 
eliminate the coefficient f  oo4 - This is the so-called asymmetric top reduction (A) which 
assures the elimination of the matrix elements \Ak\ > 2  in the energy matrix [18]. The 
elimination of the coefficient Tooa requires the parallel elimination of another 
coefficient containing both the parameters and sj°0. There are five possible

and to perform the reduction in this representation. The result is:

(35)
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choices, Tl°00, 0 4 0 , T 22o, ^ 0 2 2  and ^ 0 1 2 , from which the first four ones whould
destroy the usual picture elaborated by Watson for describing the centrifugal 
distortion effect in the asymmetric tops. Therefore the coefficient f  l°l2 must be chosen 
zero.

The corresponding equations for the elimination are as follows:

S T T 1 =  —

1 T'OO I f O O1 1 400 ' 1 040
2  P x x  P y y

-  p
\ 'f'OO I X 001 400 ~T 1 040
 ̂ P  X X  Pyy

f ' 2°0 l - f
VzA ph,

[Pxx̂ _Pyy_ _  1
\n zz + pu, p \

,1° _
1 0 ”

Г 1 } *

f l
'T’ 00 1 T  0 0  
1 400  J 0 4 0

T 1 10 f  10 'J 
1 201 1 021 ( f  P xjc +  Pyy  ]

l 2 P x x  Pyy P z z  +  P P *  \ K + P / i .  p j

(36a)

(36b)

Table VII
Transformed quartic distortion coefficients.3

f ’OO 
1 400

- H
'fOO _ 
1 040 “

у  I у < П80 + T™0) + T ™0 -  (s??, + p s\4 0) (p,

\  {y(T28o-+ ^82o) + ТЙ0 + 2(Tgg4 -  T°2°02 -  T°o°22) - O ^ ï . + p s l î o ) ^

Г40 __7^4000 — 1 Ol

= \ I}  ( т й , + ^ o )  -  T°2°10+ (s??, + ps\°i0) 0«„ -  pv,)J

r  ?So = -  2 <'r«0 + П 2о)-  ТЙ0 + 7 l 8 i ■+ T °0°22 +  (2 C , + pslîo)(P*

f oo _  
2 0 2  —

f 5 20  _  
1 2 0 0 ~  

Ф 0 2 _ 
* 2 0 0 —

f l 0 _  
2 1 0  —

1

f oo _  
0 2 2  —  -

? 2 0  _
1 020  -

f lO _ 
0 1 2  “

/'T’OO 'T’OO \ 
t 1 400 — 1 040/

Г 20 I 7̂ 20200"*" i 020
Г02 I 7̂ 02 200 • 1 020

Tlg, + n ï.+ * !ï o<p„ - p„)
(Т % „ -Т % 0)+1У02- Т ? 22+ 5Ч0и {р„+ ц„) -  (s??, +ps!?oK «|1 Í •

2 { 2 (
0 7’2
02  * 2

! T l ő  I -  T Ó "  I +  s !  ï o ( P «  +  P , , )  +  * ? ?  I <Pzz +  P / Ü }

Г20 т’20 'Т’гО
0 0 2  1 2 0 0  7 0 2 0

f 02 _ 020~
?• 12 _  1 010 — 
f 5 10 _  
1 030 —

- ? 2 0  _
1 0 1 0 -

Г 20 _
002  —

Г02 T’02 rT'02
0 2 0  ~  1 2 0 0  ~  1 0 2 0

__'T’l 2 , 2„02 .
1 001 T- 3*001 Pa

T 10 —T 10 —T 10 _c10 fi« _ /« 11 003 '  201 1 021 *1 \ 0 \ P x x  P y y )

T’30 
1 001

Г22 _ 000"

y  (7 * 2 0 0  —  T O 2 o ) ~ S U 0P P a  

T0 0 0  + 3S000Pa 
— ( T 0 2  -2 V '  200

3 p  equals pa
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(36c)

(36d)

The determinable combinations may be derived substituting the relations 
(36a—d) into Table VII.

The reduction method outlined above eliminates the four linear dependences 
among the coefficients and gives determinable parameters or combinations for fit. 
Although the choice of the elimination is not necessarily unique, since different 
reductions may be possible, in our case the choice is unique.

It was established that there are linear dependences not only among the quartic 
but among the quartic and the quadratic terms, too. So Lees and Baker, analyzing the 
microwave spectrum of methanol, found a linear dependence among the quartic term

01  cos 3a +  cos 3aJj), the potential terms y  73 (1 — cos За), y  K6 (l — cos 6a) and the

inverse inertia momentum ц„ [15]. This clearly follows from our derivations. 
Collecting the corresponding terms from the relations (34r—s) and the zeroth-order 
Hamiltonian we obtain the following expression:

This expression gives same contribution to the molecular energy but an independent 
and unique parameter set V3 ,V6, pa cannot be found from the experimental transitions 
unless the value of parameter s°li is fixed. On the basis of the theory outlined above the 
value of Sqoi may be fixed unambiguously and so the parameters in the Hamiltonian 
can be determined. This theory solves the problem of Lees and Baker who could not 
choose among the parameters to be eliminated [15].

у  (V3  + 27/1,58^,) cos За + у  (Иб +  З к ^ О О -c o s  6a) 

+ I W o o i fâ  cos За+ co j За31).

5. The elements of the Hamilton matrix

The form of the reduced first order Hamiltonian is:

+ fí ,r- A j j A- A JKJ 2 J 2,- A KJ Í + f l ir + у  V6(l — cos 6a)

+ AlJ2J0lx + A2J2Jl + A3J2 cos 3a +  d4J* cos 3a 

+ AsJ 3J a + A6J2J2 + А 0 Л  + A8Ji 
Й? + Sj {J20l  -  J 2)+ 01  -  J 2)J2}

+ S2  {cos 3O01 — J 2)+ 0 1 —J]) cos 3a}, (37)
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where the following rotation free form is used for /?,:

a ' = - j ^ h  + y
eff
(t) •

Deriving the matrix elements of the Hamilton (energy) matrix by the basis 
function system (24) or (26) the energy matrix factors into blocks decreasing the time of 
computation. In the nondegenerate case (<r=0) the basis functions have Wang like 
properties, thus the factorisation gives four submatrices, £ +, E~, 0 + and 0~, 
according to the parity of the quantum number К  and the value y. If the basis function 
is degenerate (<r = ±  1) the Wang like properties, however, disappear. Thus the energy 
matrix factors only into two submatrices, E and 0, according to the parity of the 
quantum number k.

The matrix elements will be given only in the degenerate case but the 
discrepancies will be discussed later. The quantum numbers J, a and s are good ones, 
and the off-diagonal elements <v, v')  and <n, n') are neglected in this approximation. 
So it is not sufficient to use these quantum numbers for labeling the matrix elements.

The diagonal elements of the energy matrix are:

<k|/?(1)|/c> =  £ n—(— l)Jj-^- AnGkav+(RgJJ(J + l) + Rgkk 2

-  AtJJ \ J  + 1)2 -  AgJkJ(J +1 )k2-  Agkk*)Gkav

+ AglJ(J + l)kG< Jxy + Ag 2  J(J +1 )G O l)  + Ag 5  k 3 G(J„y

+ Ag6 k 2 G(J2ay + Ад1 кС01У  +  AgS G<j;> J
+ RjJ(J + l )+ R kk 2  — A j J \ J  + l)2 -  AJk J(J + l)k2 - A kk 2  

+ Ekav + j  K6( l-< c o s 6 a »  +  d 1J(J+ l)k < Ja>

+ A 2 J(J + 1)<J1}

+ A 3 J(J + 1) <cos 3a) + d 4k2<cos 3a) + d 5k3<Jai)

+  A6 k 2 O l )  + A 7 kO l>  + Aa(Jt>. (38a)

The off-diagonal elements are:

<fc I Я (1>| к ±  2> =  + Sj J{J +  1) + <5* [(к ±  2)2 +  к2])/?,* 2)<"’

+  2>°° +  <52<cos 3«>fcî 2>-

-  ( -  + SgJJ(J + 1 ) + ögk[(k ±  2)2 +  k2])C n*î2,я“
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+ *ei G < J î № 2 i" } f ( J , k ±  2), (38b)

where
f ( J , k ± 2 )  = {(J + k ) ( J ±k  + \)(J + k - \ ) ( J ± k  + 2) } 1 12

and the quantum number к steps by two from its minimal values to its maximal one. 
The Rj  and Rk are effective rotational constants, Aas is an effective asymmetry constant. 
Ekav is the eigenvalue of the Hamiltonian (13), E„ is the centre of the splitted и-th energy 
level in an ammonia like inversion, An is the zeroth-order splitting of this level, ifit is not 
interaction between the inversion and the internal rotation. All coefficients depend on 
the inversion state n in two different manners. All coefficients are even functions of t. 
Their averages are separated into two types, namely

<n+ |coeff(t||n +  > + <n— |coeff(t)|n - >
and

<л +  Icoeff(t)In +  > - <n- 1coeflf(t)|n—>.

The last types are distinguished from the first types by subscript g.
The average Gkav describes the internal rotation — inversion coupling in the 

energy matrix in the zeroth-order approximation. Since the factor /£ * 2)av occurs in the 
off-diagonal elements this second interaction only weakly perturbs the levels. The 
internal rotation — inversion coupling, however, is very strong. Its results in a strong к 
dependence in the inversion splitting. The average GIi£T*2)av corresponds to a weak 
rotation — internal rotation — inversion interaction. It should be noted that these 
couplings do not follow from the Hamiltonian transformed into the Internal Axis 
System but arise from the properties of the basis function system built up according to 
the symmetry of the methylamine. The fundamental feature of the basis functions, 
namely that they are the linear combinations of |ne>|fc<ri;> and |no>f„|fc<n;>, was 
already found intuitively by Itoh [1]. Although the basis function proposed by Itoh 
gives the term AnGkav describing the к dependence of the inversion splitting, this 
function does not satisfy the symmetry transformation properties of the methylamine. 
Our basis function system, however, satisfies them.

The definitions of the most important averages are:

Gkav = (kov\tK\k<7vy, (39a)

/&Î 2)av =  (kov\(k± 2)<Tvy (39b)

Gl£aî 2)av = (kov 1 F„ 1 (fc ±  2)avy. (39c)

The averages in the first order terms are defined in the following manner:

<•/£> — (kav I Jx I kov}, (40a)

<cos 3a> = <k<rr|cos За|ксти), (40b)

G (J’X} = (kov\J’x\tn\k<Jv} (40c)
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and
G<cos 3a) = 0. (40d)

The letter G labels the t„ operation in all expressions. The corresponding 
relations for computing the values of the above expressions are not necessary for the 
present treatment, but are published in the literature (see e.g. [1] for (39a—bj and [15] 
for (40a—b)).

There are two important discrepancies between the degenerate and the 
nondegenerate cases. One of these is the usual additive term describing the asymmetry 
splitting in the diagonal element <1 |Æ(1,| 1). The other one is the form of the averages, 
e-g-

It is necessary to note that the energy of the internal rotor Ekav and all the averages 
formed by the eigenfunctions \kov)  have a periodic к dependence, thus both the 
averages and the energy may be expanded in Fourier series in the following general 
form:

where in same cases m = 1 and l steps from zero by two (e.g. Ekav), in the other cases, 
however, m = — 2 and / steps from one by one (e.g. Gkav). These series are generally not 
symmetric to к owing to the values c. The exceptions are Ekav, <cos 3a>, <cos 6a) and 
Gkav, where the values c are zero.

The states k, a and —k, —a have been regarded in the literature as degenerate 
ones, which are not removed by any perturbation (see e.g. [19]). We found that this is 
true only for the states Ekav and E _ k _ „„ of the internal rotor but is not valid for the total 
energy of the rotation — internal rotation — inversion. The nonzero values c in the 
averages of the first order and off-diagonal terms produce splittings in the degenerate 
(E type) levels. This will be called k, a splitting [20].

The theory derived in this and previous Sections will be used to simulate and to 
assign simultaneously the transitions of the methylamine in the microwave, far infrared 
and infrared spectral ranges. During this procedure the parameters will be also fitted to 
the transitions assigned in the previous step.
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VIBRATIONAL AND ROTATIONAL CONSTANTS 
FOR THE A2 I + STATE OF THE 15N 160  

MOLECULE*

J. D a n ie l a k

Atomic and Molecular Physics Laboratory, Pedagogical College 
35— 310 Rzeszów, Poland

The 8 bands of the y system of the 15N 160  molecule have been photographed and measured. 
The vibrational and rotational constants for the A2T + state were obtained and the spin-splitting 
constant was estimated.

In the course of investigations of the NO molecule a number of the y system 
bands A2 I + —Х 2П were obtained. Eight of them: 0—3, 0—4, 1—4, 1—5,1—6, 2—6, 
2—7 and 3—4 lying in the region 2600 Â — 2800 Â were measured and analysed. The 
spectrum was photographed in ninth and tenth orders of the two metre plane-grating 
PGS-2 spectrograph (VEB Carl Zeiss, Jena), at reciprocal linear dispersion of about
0.4 Â/mm. The light source was an ordinary discharge tube with a quartz window. The 
tube was filled with a N 2 +  0 2 mixture (where the nitrogen contained about 95% of the 
15N 2). The thorium lines from a hollow cathode lamp were used as the standard 
spectrum [1]. A partial analysis of the experimental data was made and the more 
accurate vibrational and unknown rotational constants for the A2 Z + state of the 
15N 160  molecule were obtained.

The vibrational constants were found according to the method of Jenkins and 
McKellar [see, p. 188 [2]], which permits one to eliminate one of two electronic states. 
Then, by resolving the 77 equations, we obtained the following differences of the 
vibrational quanta:

G(l)—G(0) =  2300.6007(67) cm-1, G(3)-G(2) = 2237.235(25) c m '1,

G(2)-G(l) = 2269.1547(65) cm "1, G(3)-G(0) = 6807.046<18) cm "1, (1)

and the differences of the rotational constants:

B0  -  В j = 0.017825( 19) cm - S B2  -  B 3 = 0.017894(32) cm "1,

B2- B 2 = 0.017957(19) cm“ 1, B0 - B 3  =0.053676(42) c m '1. (2)

* Dedicated to Prof. I. Kovács on his 70th birthday
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The numbers in parentheses are the standard deviations. The vibrational constants 
were calculated from obtained values (1). Table I presents them together with their 
standard deviations. The data in the second column [3] are the values obtained from 
band heads and they are less accurate. Data in the third column were calculated from 
isotopic relations which were applied to the best data for the 14N 160  molecule [4].

The rotational constants were obtained using the combination differences A2F(J) 
and the calculated differences of the rotational constants (2). The 290 equations were 
obtained in this way. The following values were calculated by means of the least squares 
method:

B0= 1.91636(ll)cm_1, 106 • D0 = 5.132(72)cm-1,

106 • AD = (DV—DV+1)- 106 =  0.323(72)cm “ 1, (3)

103 • y = 103 • y„ =-1.14(38) cm -

The rotational constants which are shown in Table II are calculated in the following 
way:

0Le as a weighted value from data (2) (assuming ye=0);
ße was assumed to be equal to AD,
Be was obtained from B0 (data (3)) and ae , as well as De from D0 and ße.

Table I
Vibrational constants for A 2I + state of the 15N 160  molecule [cm-1]

After
[3]

Results from isotopic
Constant Present results relations for 14N 160

After [4]

0 1 2 3
CO, 2331.61(15) 2331.0(1.1) 2331.85

c o ,x . 15.380(95) 15.77(39) 15.819
(o ,y . -0.076(16) 0* -0.044

* assumed value

* assumed value
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Since the constants Be,<xe ,D e, ße for the A 2Z + states of the 15N 160  molecule are not 
known they are compared with other ones obtained from isotopic relations. These 
relations are applied to the best known data for the 14N 160  molecule [4], [5]. Our 
spin-splitting constant 103 • y =  —1.14(38) cm-1 (assumed to be equal for all 
vibrational states) is in rough agreement with the results obtained [6—8] for the 
14N 160  molecule.

For the A2Z + state of the 15N 160  molecule the only data available are those of 
Freedman and Nicholls [8] whose values are as follows:

= 1.895851(95) cm~ \  106 • =  5.488(2800)c m '1

102■y =  —1.303(355) cm "1.
, (

The respective values calculated from our data in Table II are:

B, =  1.89847(11)cm" », 106 • Dx =4.808(102)c m '1 

103 • y =  103 • y =  —1.14(38) cm -1.

It is not clear to us why the agreement is not quite satisfactory.
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ANGSTROM SYSTEM OF THE 14C160  MOLECULE*

J. D o m in , U . D o m in , Z . M a la k  and M . R y tel

A tom ic a n d  M olecu lar P h y s ic s  L a b o ra to ry , P edagog ica l C ollege  
35-310 R z e s z ó w , P oland

The emission bands of the Angstrom system of the 14C160  molecule were photographed at 
high resolution. The vibrational constants a>'e, co'ex'e and also the rotational constants Bv and D'v for 
the two first vibrational levels were found in the upper state. A set of molecular constants was also 
obtained for the lower А 'П  state.

The accessibility of this region of the spectrum (4000—6600 Â) led to our interest 
in this system[l—8]. Analysis of the Angstrom system permits one to investigate the 
excited singlet states А1 Я and В 11 + in the carbon monoxide molecule. In this work, we 
have made an attempt to investigate the Angstrom system in the 14C 160  isotopic 
molecule. This molecule has already been investigated in .our laboratory [11— 14].

Experimental

All bandsof the Angstrom systemof 14С 1бО molecule were photographed by 
means of a PGS-2 grating spectrograph (VEB Carl Zeiss, Jena) in 4th, 5th and 6th 
orders with a reciprocal linear dispersion of about 0.8 Â/mm. A Geissler’s tube filled 
with carbon monoxide having 91% of 14C isotope was used as a source. The exposure 
times of the molecular spectrum ranged from 2.5 to 7 hours.

The thorium lines, photographed in the same orders as the molecular spectra, 
were used as standards. The measurements of the lines were performed using an Abbé- 
type comparator. Determination of the wavelengths was made with the help of third 
order polynomial formula. The wave numbers of the lines are shown in Table I.

* Dedicated to Prof. I. Kovács on his 70th birthday
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Table I
Observed wave numbers of the Angstrom system of the l*C160  molecule [cm-1] 

(* or •* diffuse, blended, overlapping lines, a: unmeasured)

(0, 0) band

J R(J) Q(J) P(J)

1 22162.152* 22158.660**
2 22174.537** 163.619 156.685**
3 180.674 165.795* 22143.014** 155.636*
4 188.003** 22175.411** 168.786 a 155.822 22143.131**
5 185.284** 172.649* 22153.282 157.714 145.928
6 • 194.865 177.554 159.809 148.360
7 22204.211** 183.725 166.967 150.558
8 213.788 191.501 174.435* 152.931
9 223.769** 22201.066 181.982** 155.822

10 22220.315 234.635 212.445 189.647 22145.261 159.532
11 234.397 246.591 197.519 152.156 164.337
12 248.560 260.203* 22205.752 159.177 170.834*
13 262.453 276.114* 214.434 165.912 179.499**
14 276.114 223.702* 172.476
15 289.957 233.494* 179.181
16 22304.188 243.918 186.277
17 318.956 255.007 193.942
18 266.838 22202.317
19 210.775

(1.0) band

J R(J) Q(J) P(J)

1 24160.176 24156.713
2 161.515 154.663
3 24178.245* 163.571* 24140.785** 153.534
4 185.307* 24172.722* 166.367 145.227 153.534 24140.889**
5 194.183 182.366 170.011 150.646 155.328 143.511
6 191.626 174.644 156.894 145.706
7 24200.594 180.470 163.699* 147.629
8 209.723 187.874 170.826 149.686
9 219.336 197.035 177.977 152.232

10 24215.375 229.648 24207.967 185.172 24141.242 155.504*
11 228.828 241.041 220.504 192.544 147.629 159.855
12 242.413 254.104 24200.220 154.180 165.837
13 255.646* 269.249 208.331 160.389 173.949
14 268.654 216.912 166.367
15 281.742 226.031 172.387
16 295.179 235.720 178.821
17 24309.138 245.999 185.749
18 323.730 257.002 193.332
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Table I (continued)

(1.1) band

J m m /V )

1 22733.885 22730.698**
2 22745.810** 735.175 728.099*
3 751.219** 737.071 726.474**
4 757.260** 739.588 725.436*
5 763.830** 742.702 725.098*
6 771.205* 746.501 725.316**
7 779.129** 750.905 726.188*
8 787.732 755.918* 727.695
9 796.939** 761.604** 729.832*
10 22806.733* 767.888* 732.582
11 817.152* 774.797 735.967
12 (a) 782.339 739.970
13 839.872** 790.511 744.614
14 852.257* 799.314 749.928
15 865.221** 22808.758 755.918**
16 818.790 762.326*
17 (a) 769.486**
18 840.809*
19 852.718*
20 866.088*

(1.5) band

J fiGO m

1 17368.152*
2 17380.117* 369.528* 17362.536**
3 385.919* 371.910 361.316*
4 392.754 375.051 360.831*
5 17400.238 379.022 361.316*
6 408.507 383.772 362.536**
7 417.589* 389.300 364.596
8 427.411* 395.665* 367.391
9 438.083 17402.776 370.993*

10 449.519 410.708 375.393
11 461.744 419.376 380.558
12 474.957* 428.925 386.524*
13 488.582 439.241 393.293
14 17503.249 450.368 17400.960
15 518.636 462.269 409.310
16 534.887 474.957* 418.594
17 551.982
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ТаЫе I (co n tin u ed )

(1.6) band

J а д m а д

1 16105.023** 16101.272**
2 16117.317** 106.706 16099.634**
3 123.343** 109.216 098.613**
4 130.235 112.573 098.445**
5 137.963 116.767 099.098
6 146.513 121.792** 16100.593
7 155.901 127.666 102.924
8 166.125 134.367** 106.077
9 177.176 141.872** 110.083

10 189.057 150.226 114.927
11 16201.775 159.417 120.590
12 215.325 169.438 127.084
13 229.694 180.297** 134.367**
14 244.906 191.990 142.593
15 260.958 16204.513 151.609
16 277.812 217.862 161.454
17 16295.560 232.078 172.160
18 247.044 183.585
19 195.719

(0.1) band

J а д а д

1 20735.903** 20732.316**
2 20747.963** 737.248 730.108
3 753.583 739.281 728.537
4 759.859 741.971 727.649*
5 766.815 745.338 727.465**
6 774.484** 749.391 727.937*
7 782.740 754.117 729.085
8 791.715 759.516 730.911
9 20801.373 765.590* 733.405

10 811.683 772.333 736.606**
11 822.665 779.754* 740.420
12 787.843 744.948**
13 796.605 750.127
14 20806.054 756.002
15 816.152* 762.560
16 826.749 769.761
17 838.409 777.680
18 850.538 786.256**
19 863.353
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Table I (continued) 
(0.2) band

J а д m а д

1 19354.276* 19347.239 19343.585
2 359.294* 348.644 341.460
3 364.999* 350.786 340.038
4 371.442* 353.656 339.327*
5 378.578* 357.229 339.327*
6 386.497* 361.527 340.038
7 395.082* 366.547 341.460
8 19404.422* 372.026** 343.585
9 414.414* 378.578 346.435

10 425.096* 385.719 350.049
11 436.512 393.579 354.276*
12 448.634 19402.148 359.294*
13 461.505 411.446 364.999*
14 475.077 421.425 371.442*
15 489.359 432.146 378.578*
16 19504.341 443.584 386.497*
17 520.163 455.730 395.082*
18 536.631 468.619 19404.422*
19 553.684 482.219 414.414*
20 496.548 425.096*
21 19511.629
22 527.424
23 544.002

(0.3) band

R(J) Q(J) P(J)

17989.471* 17985.890
18001.729* 990.986 983.831

007.570 993.263 982.519
014.177 996.300 981.974
021.552 18000.134* 982.192
029.681 004.674 983.173
038.581 010.030* 984.918
048.267 016.214* 987.458
058.710 023.442 990.756
070.074 032.781 994.971*
082.431 18037.488 18000.134*
096.702 047.062 007.326

18105.089 057.118 18008.573
120.257 067.964* 016.619
135.344 080.124 024.583
151.278 096.911 033.387
167.760 18103.174 042.763
184.979 116.990 052.853

131.442 063.688
146.618 075.260
162.497 087.604
179.143 100.671

114.538*
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Table I (continued)
(0.4) band

J R(J) Q(J) m

1 16663.545 16659.989*
2 16675.886» 665.145 657.981*
3 681.855* 667.536 656.781*
4 688.626* 670.671** 656.342*
5 696.168* 674.671 656.781*
6 16704.528* 679.436 657.981*
7 713.670* 685.002 659.989*
8 723.573** 691.365 662.747
9 734.294** 698.515 666.331

10 745.809** 16706.467 670.671**
11 758.149** 715.219 675.886*
12 771.230 724.760 681.855
13 785.139 735.105 688.626*
14 799.843 746.244** 696.168*
15 16815.340 758.149** 16704.528*
16 831.624 770.904 713.670*
17 848.702 784.430 723.639**
18 866.605 798.754 734.486*
19 885.289 16813.879 746.072**
20 16904.784 829.822 758.403**
21 925.033 846.538 771.594
22 864.076 785.585
23 882.453 16800.359

(0.5) band

R(J) Q(J) P(J)

15369.983 15366.410*
15382.386* 371.659 364.510

388.474* 374.172 363.441
395.398 377.521 363.205

15403.156 381.697* 363.816
411.754 386.722 365.260
421.165 392.580* 367.546
431.426 399.277* 370.670*
442.546 15406.814* 374.634
454.512 415.190* 379.438
467.318 424.408* 385.085
480.949 434.474* 391.580
495.365 445.384* 398.851*

15510.719* 457.155* 15407.078
526.866 469.748 416.094
543.887 483.177 425.994
561.772 497.855 436.764
580.572 15516.226 15509.873 448.453

15600.464 527.730 461.267
622.650 544.804 476.322*

15639.682* 562.600 15487.099
662.466* 581.367 15501.949
685.111 15596.056* 15602.155 517.790

15619.765 534.614
641.267
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Results

The analysis of the Angstrom system yielded the band origins, as well the 
rotational and vibrational constants of both excited state B 1E + and the А 1П  of the 
l4C160  molecule.

The band origins were calculated by interpolating between the P and R branches, 
and also by extrapolating the Q branch: in addition, the gQ(J) function defined by 
Kovács ([ 10] p. 297) was used. The values obtained from these methods were averaged; 
the resulting band origins are listed in Table II.

Table II
Band origins [cm-1]

Band <7

(0.0) 22131.3*
(1.0) 20735.2*
(11) 22733.307
(1.5) 17367.139
(1.6) 16104.225
(0.1) 20735.236
(0.2) 19346.498
(0.3) 17988.7*
(0.4) 16662.778
(0.5) 15369.129

* oerturbed by the 3E states

The first vibrational quantum in the B iZ + state was calculated by the least 
squares method taking into account the pairs of bands (0,0), (1,0) and (0, 5), (1, 5) and 
using Jenkins and McKellar’s formula (see [9]). If the 19 equations so obtained are 
summarized one obtains the vibrational quantum

G(l) —G(0)= 1998.038(12) cm- 1 . (1)

In this procedure the difference was BV0—BVl = —0.02292(75) cm-1.
The vibrational constants of the В 11 + state were determined using the isotopic 

relationships on the basis of details published earlier [2—4] and taking value (1). The 
resulting constants are:

cüé = 2151.25(93) cm-1,

co'ex'e= 34.52(48) c m '1,

the constants co'ey'e and higher are neglected.
The rotational constants of the upper state were obtained using the combination 

differences A2F\J), which were previously averaged by suitable weighting. A set of 
rotational constants in the B lZ + state was determined by using the 16 measured values
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of J  2 F 'W  and by fitting them using the least squares method. The obtained numerical 
values of the В and D constants are:

B'o =  1.78924(16) cm -1, 106 • D'0 = 5.593(22) cm ~ \

B\ =  1.76698(39) cm - x, 106 ■ D \=  7.337(67) cm“ 1.

The vibrational quanta of the lower state А 1П were determined on the basis of 
Jenkins and McKellar equations. The simultaneously obtained values of the 
differences Gp+1 — G„ and Bv+l — Bv are given in Table III.

The method for determining the rotational constants B" and D” of the lower state 
is similar to that used for calculations in the upper state. The calculated values of these 
constants are listed in Table IV. In evaluating the present molecular constants B" and

Table III
Vibrational quanta and the differences B„+1— Bv for the A 'i l  state 

[ c m 1]

V G(t>+1)-G(t>) Bv^ - B v Number of 
equations

1 1388.7495(127) -0.020066(80) 18
2 1357.7543(46) -0.02217(20) 6
3 1325.9342(91) -0.01774(39) 6
4 1293.6169(121) -0.021628(78) 16
5 1262.8340(240) -0.02131(15) 15

Table IV
Rotational constants of the А 'П  state [cm “ ]

V Bv 106 ■ Dv Number of 
equations

1 1.451815(32) 4.33(144) 10
2 1.43102(62) 3.59(80) 12
4 1.39266(32) 7.33(32) 16
5 1.37153(114) 1.06(21) 7
6 1.34820(44) 3.98(69) 15

a", the values B" and D" and the values of the differences B"+ x — B" have been included 
with the weights proportional to (der)-2, where A a are their standard errors. These 
constants are

В;' =  1.48571( 15) cm “ \  a " = 0.02119(30) cm “ 1.

There are several perturbations occurring in our bands. The vibrational levels 
v" =  0 and v" =  3 of the A 1II state are perturbed for the lowest values of number J by the 
neighbouring states e3Z~ and a’3I +. Because of the perturbational shifts, neither the 
B'o and Bj constants nor the origins of the (0,0), (1,0) and (0,3) bands were evaluated.
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PULSED POLAROGRAPHIC STUDIES 
OF PHOTOSYNTHETIC OXYGEN EVOLUTION*

P. M a r ó t i, G. L a c z k ó  and L . S z a l a y

Institute of Biophysics, József Attila University 
6722 Szeged, Hungary

Synchronously grown cultures of dark-adapted Chlorella fusca cells were illuminated with 
single flashes and series of flashes from a xenon discharge tube and a nitrogen laser, and the 
photosynthetic oxygen evolution was measured polarographically under the condition of 
photosynthetic saturation at ambient temperature. The mechanical and electrical construction of the 
Joliot-type oxygen polarograph is described. Kinetic analysis of the amperometric signal obtained 
after single flashes revealed that the diffusion of the oxygen molecules through the thylakoid 
membrane is the controlling process of the response of the electrode and leads to a lag phase at the 
beginning of the rise of the signal. The oscillation of the oxygen evolution produced by series of 
flashes is damped much more with laser flashes. This is explained in terms of the side carrier model of 
the losses in the oxygen production, assuming that photoactivation of the side carrier by visible light 
leads to less damped oscillations with xenon flashes. These experiments indirectly corroborate the 
validity of the side carrier model.

1. Introduction

Photosynthetic oxygen evolution is the most important photochemical reaction 
on the Earth. For more than 200 years it has been known that higher plants and algae 
evolve molecular oxygen at the expense of solar energy and water. The release of 
oxygen forms part of the photosynthetic reaction-chain starting with the absorption of 
light to the conversion of C 0 2 into organic compounds. The substrate from which 
oxygen is liberated has become a subject of great controversy. It is now generally 
accepted that the oxygen originates from water either directly (Radmer and Cheniae
[1]) or indirectly (Metzner [2]), in accordance with the following photochemical 
reaction:

4hv
2H20 - —- > 0 2 + 4H+ +4e~ . (1)

Throughout the history of the Earth, photosynthetic oxygen has established and 
preserved the oxidizing character of the atmosphere. Protons (H+) and electrons (e~) 
enter mutually coupled series of protolytic and redox reactions, leading to an 
energization of the thylakoid membrane, to the establishment of conditions for

* In honour of Prof. I. Kovács on the occasion of his 70th birthday and in remembrance of his “Silver
Guitar”
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photophosphorylation and to the reduction of the terminal electron acceptor, 
nicotinamide adenine dinucleotide phosphate, thereby inducing the Calvin cycle 
through which carbon is fixed in the form of carbohydrates and other organic 
molecules. Though it has become obvious that the photooxidation of water plays a 
central role as an electron and proton donor in photosynthesis, its mechanism is not 
known.

In 1968 a very important effect was discovered by Joliot et al [3]: dark-adapted 
photosynthetic material under series of short (a few microseconds) and saturating light 
flashes showed a damped oscillatory pattern of oxygen evolution with a periodicity of 
4; maximum evolution occurred under the third flash. This clearly demonstrates that 
oxygen cannot be evolved by direct photolysis of water, but the accumulation of four 
oxidizing equivalents is needed in the oxygen-evolving system. If the oxidized states of 
the water-splitting enzymç are denoted by Sj(i =  0,1,2, 3, and 4), the following cycle in 
oxygen evolution was assumed by Kok et al [4]:

The basic properties of this “S-state” scheme have been well documented (see e.g. 
Velthuys [5]) and it has become generally accepted as the “Kok model”. This has had a 
great influence on the development of theories explaining finer effects in the oxygen 
evolution mechanism (Lavóréi [6]—[8], Thibault [9], Jursinic [10] and Beckwith and 
Jursinic [11]) and on the efforts to explore this key photochemical process at a 
molecular level (Renger [12], Wydrzynski and Sauer [13], Barber et al [14] and 
Lavóréi and Seibert [15]).

One of the methods most frequently used in studying the oxygen evolving 
apparatus nowadays is pulsed polarography. In the present paper, we discuss the 
kinetic behaviour of the amperometric signal and stress its importance both in different 
measuring methods (e.g. in phase polarography) and in the determination of the 
location of the water-splitting enzyme relative to the thylakoid membrane. Addition
ally, we present experimental evidence in favour of the side carrier model proposed by 
Lavóréi and Lemasson [16].

The unicellular green alga Chlorella fusca (from the Algensammlung of the 
University of Göttingen) was grown under standardized conditions: temperature 24 °C, 
light intensity 5W m ~ 2. Air enriched in C 0 2 up to 5% was bubbled through 
synchronously-growing cultures with alternating light (14 h) and dark (10 h) periods. 
The synchronization was checked microscopically. The alga was used for experi
mentation 3 days after inoculation at a chlorophyll concentration of 0.2 mg/ml

hv

(2)

2. Experimental
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The polarographic cell (Fig. 1) is in a device similar to that described by Joliot et 
al [17]. The alga is in direct contact with the platinum electrode (as a monolayer) if a 
suitable cell concentration (4.5 • 108 cells/ml) is chosen (taking into account the depth of 
the cavity (0.15 mm)). The suspension is covered by a light-transmitting cellophane 
membrane. The chamber between the membrane and the quartz window is filled with 
culture medium enriched with 0.1 M KC1 to ensure the sufficient electrical conductance 
of the liquid. The steady-state oxygen concentration in the chamber in darkness is 
determined by the equilibrium between the oxygen uptake by the alga (respiration) and 
the oxygen supply by the medium, the flow of which is maintained by gravity. Under 
constant external conditions (temperature, flow rate of liquid, darkness), the steady- 
state oxygen concentration is reached within several minutes.

The wiring scheme of the system for oxygen measurements consists of three main 
parts (Fig. 2). The first polarizes the platinum electrode at a voltage of —0.7 V with

h v

Fig. 1. Polarograpnic cell for measuring oxygen exchange. 1. Platinum electrode covered with monolayer of 
algal cells, 2. Ag/AgCl reference electrode, 3. semipermeable membrane (cellophane) fixed by О ring, 4. 
culture medium flowing through the polarographic cell by gravity, 5. lens focusing the exciting flashes on the 

• Pt electrode, 6. quartz window

Fig. 2. Simplified wiring scheme of the device for oxygen measurements. O P 1,2 and 3 operational amplifiers 
(741, AD 533 and 741, respectively), Ag-Pt polarographic cell, Xe and N 2 light sources (Stroboslave 1539A, 
General Radio, and Lambda Physik 600 к, respectively), A multichannel analyser (iCA 70), C control unit
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third to the fourth flash. If the two flashes are fired simultaneously (N2 + Xe at t = 0), 
the flash-yield pattern does not differ from that obtained with a single Xe flash 
excitation. In order to be sure that a saturating N 2 laser flash was applied, the laser 
pulse was attenuated by stainless-steel screens and the stationary oxygen production 
was measured (Fig. 4b). It is obvious that the condition for saturated oxygen liberation 
was largely fulfilled at the highest available laser energy (0.5 mJ/cm2).

In the double flash experiment, which was carried out similarly as was done by 
Lavóréi [20], the N 2 laser flash was followed by the Xe flash and the steady-state 
oxygen yield Уи was measured as a function of the time At between the two flashes 
(Fig. 5). When the dark time between the two flashes was increased, increased in a 
biphasic manner, with half-rise times of 300/is and 1.5 ms, and damped out the 
oscillation in a parallel manner (not shown). The inset demonstrates the very beginning 
of the rise, which is clearly not exponential but rather sigmoidal.

Fig. 5. Steady-state oxygen evolution ( У„) induced by flashes from N2 laser and Xe tube in pairs separated by 
At. Inset: The same on an extended time scale

4. Discussion

4.1. Kinetic description of the amperometric signal evoked by a single flash

Several processes may be involved in the time course of the amperometric signal 
with a maximum at 5— 15 ms (Fig. 3): a) the diffusion of oxygen molecules from the cells 
to the Pt electrode, b) limiting dark reactions in the S state conversion, and c) an 
electrical artifact due to the time constant of the polarograph. The last two possibilities
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could be excluded on the basis of the literature and our own results. Relevant reactions 
(e.g. proton release) in the S cycle (especially S3=>S4->S0) are all faster than (1 ms)-1 
(Junge [21]). This means that the oxygen should be evolved within 1 ms after the flash. 
Our signal maximum cannot be ascribed to an electrical artifact, because the peak 
position could be changed by experimental modifications not related to the electrical 
time constant of the polarograph (e.g. different branches of the alga). The first 
assumption remains: the time course is related to the diffusion of the oxygen molecule 
from the water-splitting enzyme to the Pt electrode [17].

An attempt to describe the time course of the signal in terms of diffusion leads to 
complications, revealing that the problem cannot be.treated as simple diffusion over a 
definite distance. The time (r) needed to cover a distance (x0) by diffusion is

where D is the diffusion constant. In our case x0s 4 цт (taking into account the 
average microscopically measured sizes of the alga) and D = 2 ■ 10“ 5 cm2 s~1 (diffusion 
constant of the oxygen molecule in water [17]). This leads to r =  2ms, a time 
considerably less than the experimentally measured value.

In order to explain the time difference, a delaying effect must be found in the 
oxygen-release mechanism of the alga. The process might be visualized as follows. The 
water-splitting enzyme is situated within the chloroplast thylakoid membrane, having 
access to the aqueous phase on the inner or lumenal side. The oxygen molecule evolved 
in the inner phase should penetrate the membrane in order to reach the electrode. The 
diffusion through the thylakoid (which cannot be observed by proton detection with 
pH-sensitive dyes) is responsible for the delay of the amperometric signal.

In a model of the processes, the initial Dirac <5 oxygen pulse flows away in two 
layers with different diffusion constants: D* in the membrane (thickness x$) and D 
between the outer side of the membrane and the Pt electrode (distance x0). The 
amperometric signal (i(t)) is proportional to the number of oxygen molecules reaching 
the Pt electrode in the time between t and t + dt. The differential equation of the 
diffusion (Fick’s second law) should be solved for a definite initial condition (the oxygen 
distribution is <5(x) at t = 0) and for a definite boundary condition (at x = x0 the 
distribution function can be calculated from the Fick law without boundary 
conditions, see e.g. [22]). The solution can be obtained in integral form by expressing 
the method of convolution applied to solve the problem:

where т and x* are the average diffusion times through the layers and are defined 
according to Eq. (3).

Different x* values were chosen for the measured x value and the integral in 
Eq. (4) was calculated numerically by computer. The best fit with the measured curve

i(f) = const f [3 • (t — 3)] 3/2 • exp (4)
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number of conservative misses is higher. The stable form is the LP form which can be 
converted to the HP form by white light absorption, but not by light of 337 nm. The 
side carrier itself or its sensitizer should have an absorption band in the visible part of 
the spectrum.

We may conclude that the special action of the N2 laser flashes on oxygen 
evolution can be explained in terms of the side carrier model. Photoactivation 
(absorption) in the visible range seems to be an important photophysical property of 
the side carrier.
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MÖSSBAUER AND EPR STUDIES 
ON IRON-DIHYDROXYBENZOIC ACID 

AND IRON-ITOIC ACID CHELATE COMPLEXES*

Cs. B a g y in k a , L. I. H o r v á t h  and L. K esz th el y i

Institute of Biophysics, Biological Research Center of the Hungarian Academy o f Sciences
6701 Szeged, Hungary

• Low molecular weight iron-dihydroxybenzoic ad d  and iron—itoic add  complexes were
investigated by Mössbauer and EPR spectroscopy. In strong acidic medium the iron is chelated in 
high spin ferrous form. By varying the pH of the medium a (S =  2) Fe2+->(S =  5/2) Fe3+ transition 
was found with a midpoint pH value of 4. From the ̂ '-tensor anisotropy it is concluded that the metal 
atom is coordinated by six oxygen atoms in rhombically distorted octahedral configuration. The 
biological significance of these structural data is briefly discussed.

Introduction

Aerobic microorganisms synthesize low molecular weight compounds which 
have extremely high affinity for the ferric ion [1]. During the last two decades a great 
variety of these compounds have been purified from different microorganisms and 
chemically characterized mainly as either hydroxamates or phenolates-cathecolates; 
these compounds are generally referred to as “siderophores” (for a critical review see 
[1]).

Iron is known to form chelate complexes either in octahedral or in tetrahedral 
arrangement. Ferrichrome A is one of the best characterized complexes in which the 
iron is hexacoordinated in the core of a cyclic hydroxamic acid type ligand. 
Enterobactin, a cyclic triester of 2,3-dihydroxy-benzoyl-L-serine, was identified in 
Escherichia coli and Salmonella typhimurium, this compound belongs to the cathecol 
type ligands. In other cases iron coordination is made by a set of ligands with one or 
two chelating groups per mole and, thus, non-equimolar iron/ligand stoichiometry. 
Some of the phenol-cathecol type ligands belong to this class. Bacillus subtilis when 
grown in low iron stress conditions excretes 2,3-dihydroxy-benzoyl-glycine (also 
known as itoic acid) which binds iron in 1:3 stoichiometry [2]. Paracoccus 
denitrificans excretes 2,3-dihydroxybenzoic acid (DHB) [3] which again affords only 
two coordination sites/mole.

In a variety of diverse siderophore compounds the key ligand is mono- or 
dihydroxybenzoic acid, no matter whether occurring in cyclic or small chelating form. 
For this reason the coordination of iron was extensively studied by different 
physical/chemical methods, including various spectroscopic methods. The cyclic

* Dedicated to Prof. I. Kovács on his 70th birthday
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formation is a Fe3 + -»Fe2  ̂ type redox reaction. At various Fe/itoic acid molar ratio a 
quadrupole doublet and a singlet, corresponding to Fe2+ of the complex and Fe3+ of 
FeCl3 , (<5 =  0.54 mm/s, [ 12]) respectively, are expected with varying spectral intensities; 
the observed intensities are summarized in Table I. It is interesting to note that the 
water soluble Fe3 + ion appeared in the spectrum with detectable intensity only for 8:1 
Fe/itoic acid ratio (data not shown) even though the complex has a stoichiometry of 
1:3.

The above Fe3 + -»Fe2+ redox process, by which the Fe—DHB and Fe—itoic 
acid complexes were formed, was reversible and strongly depended on pH. As it is seen

Table I
Mössbauer spectral parameters at various FeCl3/itoic acid stoichiometries

Fe/itoic acid 
ratio

Fe/itoic acid spectrum FeCl3 spectrum1

Isomeric
shift

[mm/s]

Quadrupole
splitting
[mm/s]

Intensity2
Isomeric

shift
[mm/s]

Intensity2

1:3 1.4(1)3 3.23(9) 9 ND*
1:1 1.3(1) 3.14(8) 8 ND
2:1 1.34(8) 3.12(8) 9 ND
4:1 1.35(8) 3.13(8) 7 ND

16:1 1.36(9) 2.95(9) 3 0.54(5) 1.

1 The FeCl3 spectrum displays no quadrupole splitting at pH 2.
2 Spectral intensities are given as percentage of the baseline.
3 Figures in parentheses are S.D. of mean values and apply to the last digit of the preceding number. 
* ND — not detectable.

in Figs 2 and 3 the Mössbauer parameters of both complexes displayed an abrupt 
transition at pH 4. At neutral and basic pH’s (between pH 6 and 12) a narrow 
quadrupole doublet was observed, indicating oxidation and/or spin state changes. At 
pH 4, at the transition point, a two-component spectrum could be detected consisting 
of both doublets (Fig. 1). At pH 2, as mentioned above, the Fe—itoic acid complex 
showed only the ferrous doublet, whereas the Fe—DHB complex had a two- 
component spectrum although with reduced intensity in the inner doublet.

The spectral parameters of the narrower quadrupole doublet remained constant 
between pH 4 (pH 2 for DHB) and 12. The unambiguous assignment of this doublet 
cannot be made on the basis of Mössbauer data alone [11]. As it will be shown by EPR 
spectrum analysis this doublet is due to high spin ferric ion, (S = 5/2) Fe3+.

Unlike the quadrupole constant and the isomeric shift of the narrower Fe3 + 
doublet, the spectral amplitude of this component displayed a pronounced pH 
dependence with a maximum at pH 6 (Fig. 4). It should be added that the spectral 
amplitude of the (S =  2) Fe2 + doublet continuously decreased at more basic pH’s; its 
amplitude at pH 2 was smaller than that of the (S =  5/2) Fe3 + doublet at pH 6 (Fig. 4).
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Fig. 2. The Mössbauer spectral parameters of the Fe—itoic acid complex frozen from solutions of various
pH’s to liquid nitrogen temperature

Fig. 3. The Mössbauer spectral parameters of the Fe—dihydroxybenzoic acid complex frozen from solutions 
of various pH’s to  liquid nitrogen temperature
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nitrogen temperature the T3 relaxation of (S = 2) Fe2 + species is so fast that the 
resonance lines broaden beyond detection. To make quantitative titration experiments 
the spectrometer had to be calibrated for spectral intensity measurements. In these 
experiments we used identical instrumental setting and allowed for the slight variations 
in cavity Q-factor by simultaneously mesuring the intensity of the M n2 + sextet. As it is 
shown in Fig. 6 the relative amplitude of the g’~4.3  resonance gradually increased 
between pH 2 and 6; at basic pH’s a 10-fold intensity increase was observed with a 
midpoint value of pH 10. This increase is tentatively assigned to changing Ty 
relaxation.

Fig. 6. The relative EPR signal amplitude of the g '~ 4.3 resonance as a function of pH. All samples are 
normalized to the pH 12 sample (for measuring conditions see text)

Discussion

Iron forms stable complexes both with 2,3-dihydroxy-benzoyl glycine (itoic acid) 
and 2,3-dihydroxy benzoic acid (DHB). The complex formation is easy to follow by the 
strong colour change accompanying the iron chelation; the optical absorption 
spectrum is dominated by the п-*л* transition of the benzene ring in the UV and a 
weaker charge transfer band in the visible [2]. Since the complexes were formed from 
the FeCl3 salt, the solvent pH was consequently reduced to 2. In this strongly acidic 
medium iron is chelated in the (S =  2) Fe2 + form according to Mössbauer results. When 
the solvent pH was subsequently titrated to more basic pH’s, two characteristic 
spectral changes could be observed at pH 4 and around 6. Firstly, there was a decrease 
in the Mössbauer isomeric shift (á) and quadrupole splitting (q), indicating a spin 
and/or redox state change in the metal ion. By EPR spectral analysis this change was 
identified as iron oxidation: (S =  2) Fe2 + -*(S =  5/2) Fe3+. Secondly, a more gradual 
biphasic intensity change was observed both in the absorption maximum of the visible 
charge transfer band [2] and in the intensity of Mössbauer and EPR resonances.

Acta Physica Hungarica 55, 1984



MÖSSBAUER AND EPR STUDIES ON IRON-DIHYDROXYBENZOIC ACID 193

The details of the EPR spectra can be accounted for by the ligand field symmetry 
and the kind of coordinating ligands. At given ligands the splitting of the theoretically 
isotropic g' =  4.28 resonance is due to electron delocalization onto the ligand orbitals;
i.e. it depends on the electron-donating character of the ligating atoms [16]. As it is seen 
from Table II, the smallest splitting is obtained with oxygens as ligands, a larger one 
results from coordination to nitrogens or nitrogens/oxygens; still larger form sulphur 
coordination. Weak electron donating ligands tend to form octahedral configuration 
with certain rhombic distortion, whereas sulphur, a strong electron-donating ligand,

Table II
Structural parameters and principal g'-values of selected iron chromophores

Name Proposed
structure1

Coordination
symmetry

Observed ^'-values
■ Reference

9x я',
Ferrichrome A Fe—0 6 distorted octahedral 4.2 4.1 4.3 [17]
Fe-transferrin Fe—0 4N 2 distorted octahedral 4.25 4.10 4.43 [18]
Catechol-1 Д-oxygenase Fe—S2X2 distorted tetrahedral 4.07 3.87 4.41 [19]
Fe-superoxide-dismutase Fe—S2X2(?) distorted tetrahedral 3.94 3.61 4.89 [20]
Fe-rubredoxin Fe—S* distorted tetrahedral 4.31 4.02 4.77 [21]

1 The following abbreviations were used: ferrichrome A, 3 nitrozo-O and 3 carbonyl-O ligands; Fe- 
transferrin, 3 phenolate (Tyr)-0,1 carbonyl-O and 2 imidazole (His)-N ligands; catechol-1,2-oxygenase, Fe- 
superoxide dismutase, and Fe-rubredoxin, 2 (or 4) cysteinyl-S ligands and further unidentified ligands (X).

always forms distorted tetrahedral configuration. It is interesting to mention that in 
these latter cases the ligating atoms adopt a flattened tetrahedron configuration which 
is eventually very similar to the distorted octahedron, assuming the puckering of the 
plane of the in-plane ligands and weak axial ligands. On the basis of observed gf'-tensor 
anisotropy both Fe—itoic acid and Fe—DHB clearly belong to the first category, i.e. 
weak electron donating ligands in rhombically distorted octahedral configuration and 
the central metal ion is coordinated by six oxygen atoms. At basic pH’s the overlap 
between the metal and ligand orbitals is less complete as indicated by the decreasing g'- 
tensor anisotropy (Fig. 5).

This change in the g'-tensor anisotropy is in line with the decreasing amplitudes 
of Mössbauer absorption at pH >6 (Fig. 4). The less complete the iron-ligand 
interaction, the less efficient the relaxation mechanism between the Fe nucleus and the 
frozen solution matrix; this is observed as decreasing Mössbauer absorption. In 
parallel with these changes the EPR absorption intensity steeply increases, an effect 
which can tentatively be interpreted by longer Tx relaxation times.

In the light of these new structural data the biological significance of this pH 
induced effect should be briefly discussed. The suggested role of low molecular weight 
iron binding compounds is primarily the coordination of ferric ion which is insoluble as 
inorganic salt at physiological pH values, and transport across cell membranes [1,21]. 
However, this coordination need not be too strong since siderophores provide the only
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means for aicroorganisms to acquire soluble ions to the different metabolic reactions, 
particularly to protein synthesis. It is therefore of great significance that the redox state 
of iron and the ligand configuration can be modulated so effectively by environmental 
pH changes. It is generally accepted that there are certain pH differences in functioning 
cells and tissues, and the pH can even take such extreme values as 2 or 10, at least 
locally for example in the periplasmic space of bacteria. The cellular iron uptake of 
microorganisms can be operationally divided into three steps: firstly, the excreted iron 
binding siderophores form a relatively stable ferric complex in the extracellular 
medium (pH 7). Secondly, the soluble iron-complexes diffuse into the periplasmic space 
of the bacteria, where active ion and H + transporting membrane proteins can build up 
the local environment such acidic that a Fe3 + ->Fe2+ transition occurs. Since ferrous 
siderophores are probably neutral, they are more easily transported into the 
intracellular medium [21]. Finally, the siderophores enter the iron metabolism. It has 
to be mentioned that the siderophore ligands show little affinity for the ferrous ion (as 
compared to their affinity for ferric ions) and, thus, the above pH modulation cannot 
only facilitate iron transport, but also provide a means of iron release via a reduction 
step [1].
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PRE-EQUILIBRIUM EFFECT IN (n, xn) 
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A method has been developed to calculate (n, xn) cross-sections (x  =  2,3,4), taking into 
account pre-equilibrium emission of the first particle. Emission of subsequent particles is considered 
to be entirely due to the equilibrium mode. Based on this model the cross-sections have been 
calculated and compared for a number of nuclei in the mass region A =  89 to 238 for incident energies 
from threshold to 28 MeV. Using the squared matrix element of Kalbach we found that the pre- 
equilibrium contribution was considerable at incident energy higher than 16 MeV. In general, 
agreement between the measured and the calculated cross-sections is within 10 to 15%. Cross-section 
for (n, 4n) reaction is also calculated and compared with the available data. The method developed 
here may be used to calculate (n, xn) cross sections for unstable nuclei for which a direct measurement 
is not possible.

Introduction

The knowledge of (n, 2n) and (n, 3n) cross-sections is quite essential in the reactor 
technology as a significant portion of the fission neutron spectrum lies above the 
threshold of (n, 2n) reaction for most of the reactor materials. These cross-sections are 
needed in shielding and breeding calculations as well. Transient nuclides produced in 
the reactor have usually short half-life. So direct measurement of their cross-sections is 
not possible. The only course left is to predict these cross-sections theoretically. Also it 
is interesting to see the role played by pre-equilibrium emission in case of (n, xn) 
reactions. Here a simple method to calculate (n, xn) cross-sections is presented. In our 
earlier calculations [1], [2] of (n, 2n) and (n, 3n) cross-sections it is assumed that 
neutrons evaporate out from the compound nucleus. The compound nucleus formed as 
a result of neutron capture emits a neutron and the residual nucleus if left with sufficient 
energy to emit more neutrons emits a second neutron. Similarly after the emission 
of second neutron if the residual nucleus still possesses sufficient energy for further 
neutron emission, a third neutron is emitted. This process continues till a stage is 
reached such that the residual nucleus is left with energy insufficient for further neutron 
emission. The event results in a (n, rí), (n, 2n) or (n, 3n) reaction depending on the

* Dedicated to Prof. I. Kovács on his 70th birthday
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196 M. L. JH1NGAN et al

number of neutrons emitted. This is in contrast to the assumption of Pearlstein [3] that 
after the emission of first neutron if the residual nucleus possesses sufficient energy for 
two more neutrons, they are emitted with unit probability resulting in the event in 
(n, 3n). It is possible that the second neutron may be emitted with large energy and 
prevent the emission of the third neutron. In our previous calculations [I] , [2] all non- 
equilibrium effects were taken care of empirically by including a factor (antM/aR) 
obtained by Kondaiah [4] who analysed a large number of (n, 2n) cross sections 
measured at 14 MeV. Our calculated cross-sections agreed with the measured ones in 
case of 232Th and 238U up to about 16 MeV. Calculations were performed for other 
nuclei also and it was found that the calculated cross-sections deviate from the 
measured ones above 16 MeV. This deviation is thought to be due to the fact that pre- 
equilibrium effect is not accounted for explicitly and the empirical factor obtained by 
Kondaiah [4] is valid only around 14 MeV. In the present work pre-equilibrium as well 
as equilibrium emissions are considered for the first particle while subsequent 
emissions are assumed to be due to equilibrium mode only. Holub et al [5] have 
calculated (л, 2n) and (n, 3n) cross sections taking into account pre-equilibrium effect. 
They find that the squared matrix element | M 2 | has to be almost doubled as compared 
to one given by Kalbach [6]. However, in the present work it is found that (л, 2n) and 
(л, 3n) cross sections are not so sensitive to suggest an increase in | M2 | . We have used 
I M 2 I dependent on exciton number as given by Kalbach [7] without any further 
adjustment. Karius et al [8] have also calculated (n, 2n) cross sections for 232Th and 
238U and conclude that inclusion of the pre-equilibrium mode of decay is necessary. 
Sarkadi [9] and Segev [10] also have calculated (л, 2л) and (h, Зл) cross sections 
without taking into account the pre-equilibrium emission. They calculated only the 
shape of excitation function and absolute cross-section may be obtained by 
normalising with respect to experimental cross-section at some energy. Bayhurst [11] 
and Veeser et al [12] have done very much involved calculations taking into account 
gamma and charged particle competition. Veeser et al have followed gamma cascade 
up to ten stages. They had to make adjustments in the normalization of reduced gamma 
widths to get correct cross-sections.

Method of calculation

Cross-sections for (n,xn) reactions have been calculated on the following 
assumptions:

(1) Neutrons are emitted in a statistical manner from the composite nucleus 
formed after the capture of incident neutron.

(2) The emission of the first particle is considered to be due to both pre
equilibrium and equilibrium processes while subsequent emissions are due to the 
equilibrium process only.

(3) In case of pre-equilibrium emission both proton and neutron channels are 
considered while in case of equilibrium emission the proton channel is neglected
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because in this case the proton is likely to have low energy insufficient to cross the 
Coulomb barrier.

(4) The competition due to gamma deexcitation is accounted for indirectly by 
using the level density parameters given by Pearlstein [3] which are less by a factor of 
2.7 as compared to those given by Gilbert and Cameron [13].

(5) Equilibrium emission is calculated according to Weisskopf model neglecting 
angular momentum

Accordingly, as shown in Fig. 1 when a target nucleus of mass A captures a 
neutron of energy E„ a composite nucleus of mass A +1 is formed at an excitation 
energy En above the ground state of nucleus A. The composite nucleus deexcites by the 
neutron emission of energy , and the residual nucleus is left with an energy En—e l . If 
this energy state is above EBl, which is the binding energy of one neutron in the nucleus 
A, a second neutron is emitted with the energy e2 . Otherwise only one neutron is 
emitted resulting in an (n, rí) event. After the emission of second neutron the residual 
nucleus is left with an energy of (E„ — e 1 —e2 — EBi) above the ground state of nucleus 
A—1. If this energy is more than that required for the emission of a third neutron, the 
same is emitted, otherwise only two neutrons are emitted and the event results in (n, 2rí). 
In a similar way the probability of fourth neutron emission has also been considered. In 
Fig. 1 the solid line shows decays leading to (n, 2rí) events while the dashed line shows 
those leading to (и, 3n) events. In case of first particle emission both pre-equilibrium 
and equilibrium modes of decay are considered while subsequent neutrons are 
considered to be due to equilibrium mode only. The first neutron emission process

S n

i
g ro u n d  s t a t e  

o f  A .I

Fig. 1. Compound nucleus decay scheme. Solid lines show decays leading to (n, 2n) event and dashed lines
show those leading to (n, 3n) events
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consists of pre-equilibrium and equilibrium components as proposed by Chatterjee 
and Gupta [15] and is given below:

det ( de! d e j ( 1 )

where/PE(G!) is the fraction of neutrons emitted with energy , due to pre-equilibrium
process and / ^ ( e j  is a similar term due to equilibrium process. <5 is the sum of neutron 
and proton fractions emitted due to pre-equilibrium effect.

Pre-equilibrium Component: The emission of particles of type v, of kinetip 
energy ev from an n,h exciton state, at an excitation energy E is proportional to the 
emission rate wv(n, E, ev) multiplied by the time z(n, E) the system spends in a particular

state and accordingly —̂— is given by
dev

i  E, ev) z(n, E) Dn. (2)
dev „ = 3

An = 2

The emission rate wv(n, E, ev) of particle v from an n-exciton state composed of particles 
p and holes h (n = p +  h) is given by

wv(n, E, ev) =
2sv+ 1
~ n W

pv(jv (inv) • Rv
(p (p - l,h , u) 

co(p, h, E)

2s„+ 1
n 2h3

/rvev<rv (inv) • Rv —
gE

(и+ 1)(и -1)
2 (3)

sv is the spin of the outgoing particle, is the reduced mass of particle v and g is the 
single particle level density taken to be 4/13 M e V 1. Rv is a factor which arises due to 
proton neutron distinguishability and is given as follows [14]

n л 2z и—1
^л = 2 _  4* n + T ’

2z и- l  
p А я + Г (4)

The life time of n exciton state z and the transition rate A„+ to higher exciton state are 
given as follows

Т(П,£)= Г+- ; , .. (5)
К  +2„ +y„

and
l+ g3E2 \ M \ 2 2n 
" 2(и + 1) ft

The annihilation rate Я„ is neglected and y„ in Eq. (5) is given by
€v max

У п =  Z  Í Wv(n, G»)dG,.
v - n , p  0

(6)

( 7 )
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D„ in Eq. (2), the term responsible for depletion is given by recurrence formula

A .+ 2= A .(1-}V 0 and D3 = 1. (8)

ô in Eq. (1) which represents the fraction emitted due to pre-equilibrium emission is 
related with D„ as follows:

1-<5 =  Db-+2 or <5 =  1 - D B-+2. (9)

n has been taken as N/ 2gE , \ M \ 2 is the average squared interaction matrix element 
and is taken to depend on average energy per exciton as given by Kalbach [7]

and

1_

| M, 2  = ^ ( ? M e v )  '( г М е у ) ’ c<2M eV >

| M | 2  A3e ( ? M e v )  ’ 

K'
| M | 2  = Ä V

| M | 2 =
К' / 15МеУ\Т 

/43e \  e )

2M eV^e<7M eV, 

7MeV ̂  e < 15Me V

15MeV<e.

(10a)

(10b)

(10c)

(lOd)

e is the average exciton energy per exciton. Thus e = E/n, K' is taken to be 135 MeV, 
which according to Eq. (9c) at 14 MeV, for n = 3 corresponds to К  =  405 MeV3 if | M | 2 
is of the form | M | 2 — K E 1 A 3 [6]. Inverse capture cross section has been obtained 
by the method developed by Chatterjee et al [16] to get the optical model reaction 
cross-section in terms of parameters defined by them. Accordingly, the reaction cross- 
section is given as follows:

°я(е) — Яе + д +  - ,  (11)

where e is energy of neutron in MeV,

2 = 21 • 551/4_1/3 —22 • 955, (12)

// = 329 -86A1/3 + 20-ЗА2А213, (13)

v= -  0.71 M 4/3 + 74 • 742/4 2/3 — 116 • 033. (14)

In a similar way reaction cross-sections for protons may also be calculated as explained 
in [16]. These parameters have been chosen to get Wilmore and Hodgson’s [17]

Acta Physica Hungarica 55, 1984



200 M. L. JHINGAN et al

optical model cross-section. At low energy the above expression is not valid so below 
2 MeV, the expression given by Blatt and Weisskopf [18] has been used as given below:

o R ( e ) ^ —  £  ( 2 1  +  l)t>,
/V / = 0

(15)

where 2 * 4Do = 1, Di =X,  V 2 =  -----—T---- T0 1  2 9 +  3x2 +  X 4

and
X 6

(16)

v * ~  225 + 45x2 +  6x4 +  x6 ‘

Also x = kR and R =  1.2/11/3 fermi, к and К  are the wave numbers of incident neutron 
waves outside and inside the potential well, respectively, к is as follows

k = i  = 2 1 9 - 7 x l 0 12v/ecm"1.

where e is the energy of neutron in MeV. At low incident neutron К may be taken 
independent of energy and is obtained by normalising the cross-section at 2 MeV.

Equilibrium component

The equilibrium component is calculated according to the Weisskopf model 
neglecting angular momentum. The probability of neutron emission with energy e is 
given by

P~eap(V) ,  (17)

where a is the inverse reaction cross section, p(U) is the level density at excitation 
energy U and is of the form

p(U)=Ce2V‘"r . (18)

C is taken to be constant, any slow variation in C is not of much consequence, as the 
exponential part varies very rapidly, a is thé level density parameter given by Pearlstein 
[3] which includes spin dependence. His parameters are less by a factor of about 2.7 as 
compared to those given by Gilbert and Cameron [13] as seen in Fig. 2. We find that 
this smaller value of a compensates the effect of neglecting the competition due to 
gamma deexcitation and makes the calculation easier. Accordingly, the expression for 
(n, xn) cross-sections are given as follows:

an,xn j TMei) J J*2(ei.Ga)
Í** - 1

. j  6 2 . . . 6 x _ ! ) X

X
Lx

Í (1 - P J d e A , - , (19)
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50 75 100 125 150 175 200 225
m a s s  No — ►

Fig. 2. Ratios of level density parameters of Gilbert—Cameron to those of Pearlstein vs mass number

aM is the cross-section for neutron emission reactions and is oR—of , where aR and af  
are reaction and fission cross-section for the entrance channel. For non-fissionable 
nuclei as is zero and oM = aR. For fissionable nuclei the knowledge of af  is required. 
For 232Th and 238U these cross-sections are taken from ENDF/B-IV. In case of 
unstable nuclei for which the fission cross-section is not measurable, it may be 
estimated according to the semi-empirical formula developed in [ 18]. ex is the energy of 
xth outgoing neutron and Px(ex)dex is the probability of xlh neutron emission in the 
energy interval ex and ex + dex . Pj’s are given as follows:

Here the first term is due to pre-equilibrium emission and the second term is due to 
equilibrium. Also

e i f f i P i ( E n — e l )
(20)

(21){ 2̂ xoxpxdex
where

X -  1

Lx — En—EBX— £  £(,
f  =  1i = l

and
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EBX is the binding energy of the xlh neutron and e* is its energy. When Lx < 0, |  Pxdex
" X

is taken to be zero meaning that the (x — l),h neutron has taken so much energy that the 
x,h neutron cannot be emitted. The last term is ( 1 — Px) in place of Px to ensure that after 
the emission of the x'h neutron no further neutron emission is possible energetically.

In this work a maximum of four neutron emissions have been considered. 
Accordingly, a computer code has been developed. All the integrals have been 
evaluated using Simpson’s method. Cross-sections have been calculated for a large 
number of nuclei in the mass region 89 to 238 for incident neutron energy from

Table I
Parameters used in the calculation of (n, xn) cross sections 

S„ is the binding energy of neutron in the nucleus of mass A + 1, Qnp is the Q value for (n, p) reaction, EB\,EB2  
and EB3 are the binding energy of one, two and three neutrons in the nucleus of mass A, respectively. All these 
parameters are calculated by the mass defect data given by A. H. Wapstra et al [28]. a, ,a2 and a3 are the level 
density parameters for the nucleus of mass A, A— 1 and A—2 respectively given by Pearlstein [3] in MeV~1

All the binding energies are in MeV.

Target
nucleus s„ QnP £B 1 EB2 EB3 <*i a2 «3

8 9 y 6.857 -0.710 11.469 20.831 32.671 4.034 4.292 4.549
90Zr 7.199 -1.502 11.977 21.286 33.549 4.509 4.767 5.023
” Nb 7.230 0.690 8.832 16.715 28.769 4.931 5.191 5.449
103Rh 6.999 0.020 9.319 16.757 26.646 6.930 6.620 6.311
107Ag 7.269 0.749 9.546 17.472 27.468 7.311 7.288 7.701
1MEu 6.305 0.706 7.965 14.354 22.629 6.971 6.955 6.940
169Tm 6.593 0.430 8.035 14.875 23.609 8.089 8.073 8.057
175Lu 6.293 0.314 7.669 14.431 22.647 8.183 8.168 8.152
181Ta 6.063 -0.240 7.583 14.221 22.119 8.276 8.260 8.245
191Ir 6.199 0.472 8.069 14.361 22.589 7.095 7.083 7.070
197 Au 6.512 0.063 8.059 14.720 23.108 6.093 6.083 6.073
203jj 6.655 0.290 7.852 14.727 22.923 4.344 4.879 5.413
209Bi 4.604 0.138 7.461 14.353 22.449 5.665 5.110 4.555
232Th 4.787 -0.295 6.434 11.563 18.353 10.409 10.394 10.379
238U 4.806 -3.181 6.153 11.278 17.824 10.355 10.340 10.326

threshold to 28 MeV. In the case of 232Th and 238U, cross sections have been calculated 
up to 20 MeV only as fission cross sections are taken from ENDF/B-IV where data are 
given up to 20 MeV only. Various parameters used in the calculations are given in 
Table I. Calculated cross sections along with comparison with measured data are 
shown in Figs 3 to 17. In general the agreement is within 10 to 15% for(n, 2n) and (n, 3n), 
and for (n, 4n) within a factor of two. To test the sensitivity of the calculation on the 
squared matrix element the parameter K' in Eqs (10a—d) was increased by a factor of 
two and it was found that the change in the calculated cross sections is within the error 
of measurement.
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Discussion

The calculated (n, xn) cross-sections are compared with the experimental values 
in Figs 3 to 17. The data on (n, 4л) cross-sections are scanty and wherever available 
have been compared with the calculated results. Cross-sections for (n, 4ri) reactions are 
not calculated in cases when the threshold is higher than 28 MeV. 232Th (n, 4n) and 
238U (n, 4n) are not shown as these calculations are terminated at 20 MeV though the 
threshold is slightly lower than 20 MeV. Generally, the measurements of Veeser [12]

Fig. 3. Calculated (n,2n) and (n, 3n) cross-sections of 89Y along with measured points by Bayhurst [11] 
Veeser [12], Frehaut [19] and Mather [20]; a(n, 2n): О Bayhurst, X Veeser, + Frehaut, V Mather; a(n, 3n):

Л Bayhurst, *  Veeser.

Fig. 4. Calculated (n, 2n) and (n,3n) cross-sections of 90Zr along with measured points by Bayhurst [11]
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are about 15% lower than those of Bayhurst [11]. In the case of 89Y, 90Zr and 93Nb our 
calculated curves for n(2n) are higher than the experimental points at energies greater 
than about 20 MeV. It may be attributed to competition due to charged particle 
emission. For 90Zr (n, 3n) there is only one measured point at 27.99 MeV which lies 
below our curve. Agreement for 103Rh (n, 2n) is quite good. Measured (n, 3ri) points in 
this case are slightly below our curve. In the case of 107Ag Bayhurst has measured a

Fig. 5. Calculated (n, 2n) and (n, 3n) cross-sections for 93Nb along with measured points by Veeser [12], 
Frehaut [19] and Mather [20] (<r(n, 2n) x Veeser, +  Frehaut, V Mather; tr(n,3n): *  Veeser).

Fig. 6. Calculated (n, 2n) and (n, 3n) cross sections for 103Rh along with measured points by Veeser [12] and 
Mather [20] (<г(л, 2n): x Veeser, V Mather; a{n, 3n); *  Veeser)
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(n, 2n) cross-section leading to isomeric state having a half life of 8.4 days. Cross- 
sections leading to ground state are not measured. So in this case only (n, 3n) cross- 
sections have been compared with the measured data. Our predicted 107Ag (n, 2n) 
106Ag can be tested against a measurement. In the case of 107Ag (n, 3n)105Ag most of 
the experimental points lie slightly below our curve. Agreement in the case of 151Eu 
(n, 3n) cross-sections is quite good. At 28 MeV 151Eu (n, 4ri) 149Eu is well above our 
curve. For 169Tm there is a good agreement in the case of (n, 2n) and (n, 3n) data. In the 
case o f17 5Lu (n, 2ri) 174Lu our calculation agrees with the measurements of Veeser [12]

Fig. 7. Calculated (n, 2n) and (n, 3n) cross-sections for 107Ag along with measured points by Bayhurst [11]

Fig. 8. Calculated (n, 2л), (л, 3л) and (л, 4л) cross sections for 151 Eu along with measured points by Bayhurst
[П]
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Fig. 9. Calculated (л, 2л), (п, Зл) and (я, 4л) cross sections for 169Tm along with the measured points by 
Bayhurst [11], Veeser [12], Frehaut [19] and Mather [20] (<т(л, 2п): Д Bayhurst, x Veeser, +  Frehaut, 

V Mather; o(n, 3n): О Bayhurst, *  Veeser; <т(л, 4л): □  Bayhurst)

Fig. 10. Calculated (л, 2л), (л, Зл) and (л, 4л) cross sections for 175Lu along with the measured points by 
Bayhurst [11], Veeser [12] and Frehaut [19]. The dashed curve is calculated using | M | 1 as given by 
Kalbach and solid curve when | M | 2 has been doubled (<т(л, 2л): О Bayhurst, x Veeser, + Frehaut; <т(л, Зл); 

Д Bayhurst, *  Veeser; tr(n, 4л): □  Bayhurst)
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Fig. 11. Calculated (n, 2n), (n, 3ri) and (n, 4n) cross sections for le‘Ta along with the measured points by Veeser 
[12] and Frehaut [19] (<r(n, 2n) x Veeser, + Frehaut; a(n, 3n): #  Veeser)

Fig. 12. Calculated (n, 2n), (n, 3n) and (n, 4n) cross sections for 191Ir along with the measured points by
Bayhurst [11]

but deviates from those of Bayhurst. According to Bayhurst [11] his measurements 
have large errors because of the following experimental difficulties in this case. The 
product nucleus 174Lu has a fairly large half-life of 3.6 yrs. Besides this 174Lu has an 
isomeric state which decays directly to the states of 174Yb by electron capture. Also a 
correction has to be applied for interference due to (n, 3n) reaction on naturally 
occurring 176Lu. Thus Bayhurst’s measurements in the case of 175Lu (n, 2n) are likely to
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Fig. 13. Calculated (n,2n), (л, 3n) and (л,4л) cross sections for 197Au along with the measured points by 
Bayhurst [11], Veeser L12], Frehaut [19] and Mather [20] (<г(л, 2п): О Bayhurst, x Veeser, + Frehaut, 

V Mather; a(n, Зп): Д Bayhurst, *  Veeser; <r(n, 4n): □  Bayhurst)

Fig. 14. Calculated (n, 2n), (n, in) and (л, 4n) cross-sections for 203T1 along with the measured points by 
Bayhurst [11] and Frehaut [19] (a(n, 2я) О Bayhurst, + Frehaut; <т(п, Зл) Д Bayhurst; я(п, 4n) □  Bayhurst)

have large errors. In the case of 175Lu (n, 3n) our curve is passing between the points of 
Bayhurst and Veeser. There is a good agreement for 181Ta and 197Au cross-sections. In 
the case of 197Au (n, 3n) 195Au our curve is passing between the measured points of 
Veeser and Bayhurst. In the case of 203T1 (n, 2n) 202T1 our curve is systematically higher
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Fig. 15. Calculated (и, 2n), (n, 3n) and (n, 4n) cross sections for 209Bi alongwith the measured points by Veeser 
[12] and Frehaut [19] (<r(n, 2n): x Veeser, +  Frehaut; <r(n, 3n): *  Veeser)

Fig. 16. Calculated (n, 2n) and (n, 3n) cross sections for 232Th along with the measured points for a(n, 2n) by 
Cochran *  [21], Zisin V [22], Prestwood + [30], Butler О [23], Perkin Д [24] and Karius x [8]

than the experimental points and the reverse is true in the case of 203T1 (n, 3n) 201T1. In 
the case of 209Bi, most of the points agree with the calculated curve within experimental 
error. 232Th and 238U are fissionable nuclei. In these two cases a4 is taken to be oR — af  
as explained on page 201. There is no measured datum on 232Th (n, 3h) 231Th cross- 
sections. For 232Th (n, 2n) our curve is passing above the measured points at energies 
higher than about 12 MeV. At lower energies experimental points lie on our calculated
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Fig. 17. Calculated (n, 2л) and (n, 3n) cross sections for J3“U along with the measured points by Landrum 
[25], Veeser [26], Karius [8], Frehaut [19], Knight [27] and Mather [20] (<т(п, 2л): О Landrum, x Veeser, 

+ Karius, V  Frehaut, □  Knight, •  Mather; a{n, 3n): *  Veeser, A  Frehaut, ® Mather)

curve. For 23 8U most of the points lie on our calculated curve except in the peak region 
of (n, 2n) and above 16 MeV in the case of (n, 3n) reaction.

The agreement between calculated and measured (n, 2n) and (n, 3n) data is within 
10% in most cases. However, in the case of (n, 4n) reactions, the calculated cross- 
sections deviate by a factor of two from the measured cross-sections.

Conclusions

The inclusion of pre-equilibrium emissions in the calculation of (n, xn) cross 
sections at energies higher than 15 MeV is necessary. Pearlstein’s [3] level density 
parameters compensate the effect of neglecting the gamma deexcitation and thus make 
the calculations easier. The (n, xn) cross sections are not sensitive enough to suggest 
doubling the parameter K‘ of Eqs (10a—d). In the present calculations parameters have 
not been adjusted otherwise still a better fit could have been obtained. This gives us the 
confidence that this method is predictive in character and can be used to calculate 
(n, xn) cross-sections for those nuclei for which a measurement does not exist or is not 
possible because of the short half life of the target nucleus.
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SPECTROSCOPIC STUDY OF DIFFUSE LIGHT 
SCATTERING MEDIA I.

DEPENDENCE OF REFLECTION ON DISTANCE BETWEEN 
POINTS OF INCIDENCE AND EMERGENCE*

G y . M a jo r

Spectroscopic Laboratory, Ministry of the Interior 
Budapest, Hungary

Mathematical modelling by Monte-Carlo method is capable of giving data for pathlength 
distribution of light reflected at different distances from the point of illumination. Data obtained from 
modelling — in accordance with experiments — show that the light reflected by scattering media at a 
distance from the illuminated surface is more coloured because of the longer pathlength covered 
inside the media.

1. Introduction

Diffuse light scattering systems have been very widely studied up till now and 
several theories attempt to describe the phenomenon. The most commonly used is the 
Kubelka—Munk—Gurevitsch theory [1—3] assuming two constants, absorption к  
and scattering s. The authors of the theory derived an equation for the reflectance of the 
infinite layer R œ as a function of these constants.

In previous papers [4, 5] a method was described for the mathematical 
modelling of diffuse light scattering. Data obtained from the modelling gave density 
functions for reflection and transmission pathlength distribution. These density 
functions may be considered as fundamental characteristics of light scattering. The 
relations derived from these data gave dependences for reflection and transmission of 
diffuse scattering media on different parameters.

2. Modelling the pathlength distribution

In order to continue the study of the mathematical modelling of light scattering 
by the Monte-Carlo method [4, 5] the model was transformed. (Fig. 1)

The rays of light are incident at point О at right angles to the surface of a layer of 
thickness L greater than the infinite layer. The photons may make steps in any direction 
inside the layer. The direction and size of steps were calculated from three random 
numbers, considered as projections of steps on the X, Y, Z  axes. The new position of the

* Dedicated to Prof. I. Kovács on his 70th birthday
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photon and the pathlength are stored. The steps are repeated until the ray emerges 
from the layer in the negative direction — meaning reflection. The rays which have 
travelled along a pathlength of over 100 units were considered lost.

The photons emerging from the surface of the sample were counted separately 
according to the pathlength и covered and the distances S between the points of 
incidence and emergence.

Fig. 1. Diagram of the model

The computations were performed on a CBM 3032 microcomputer using a Basic 
Program. The number of photons launched was 20 000.

Table I and Fig. 2 show density functions of the pathlength distribution of 
reflected light, i.e. the quantity of photons I emerging from the surface of an infinite 
layer after covering different pathlengths u. To get more appreciable representation, the 
curves in Fig. 2 are normalized to identical maximum value. The columns and curves 
1—5 represent the reflections on hoop areas between diameters 0— 1; 1—2 ; . . . ,  4— 5 in 
arbitrary units. Column RT shows the density of the total reflected light. Here it is the 
sum of columns 1—5, but in reality data for the whole surface must be added. If the 
observation is made on a homogeneously illuminated surface, the reflected light is the

Fig. 2. Density function of the pathlength distribution of light reflected at different distances from the point of 
incidence (u =  pathlength, 1 = intensity, normalized to identical maximum value, 1—5 =distancesl
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Table I
Density function of the pathlength distribution of light reflected at different distances from the point of

incidence

s 1 2 3 4 5 R j

U
1 3118 0 0 0 0 3118
2 1362 2116 0 0 0 3478
3 660 1106 178 0 0 1944
4 359 608 306 10 0 1283
5 232 408 234 49 0 923
6 160 293 205 58 3 719
7 113 216 192 67 12 600
8 70 177 150 87 10 494
9 61 135 115 59 23 393

10 51 114 106 75 26 372
11 39 65 84 52 19 259
12 29 76 73 44 24 246
13 28 58 57 55 25 223
14 19 47 44 41 21 172
15 19 44 46 42 24 175
16 9 36 41 47 21 154
17 10 32 40 24 23 129
18 9 25 37 23 23 117
19 8 32 33 26 20 119
20 6 23 29 22 17 97
21 7 24 26 26 19 102
22 3 13 28 23 17 84
23 6 11 20 28 17 82
24 5 13 18 26 11 73
25 2 14 15 28 14 73
26 5 12 14 16 13 60
27 5 13 16 20 15 69
28 4 10 9 5 8 36
29 4 5 14 14 13 50
30 4 7 11 13 9 44

T 6450 5886 2348 1142 667 16493

sum of light emerging at different distances from the point of incidence, i.e. it is just the 
R T that we can measure on several instruments. The data T  in Table I show the total 
reflected light on the hoop surfaces.

Figure 3 shows the dependence of reflection versus absorptivity of the sample Z 
(in arbitrary units for the density of sample p) for the different distances of reflection. 
The reflection was calculated by Eq. (1) detailed previously [5]:

Л*. (1)

where f RS(u) is the density function of light distribution of pathlengths for different 
distances of reflection, from the previous modelling. Data in Fig. 3 are given as
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Fig. 3. Reflection (R%) vs absorptivity (Z) for different distances (1—5) from modelling

Fig. 4. Reflection (R I%) vs distances (S) for different absorptivity (1—5) from modelling

percentages of the light T  reflected from the same hoop surface if Z = 0 (non absorbing 
media).

Figure 4 shows the dependence of reflected light on the distance between the 
points of incidence and emergence, for unit surface and for different absorptivity of the 
sample. Data are given as percentages of the total incident light.

The conclusions from the above data are interesting. The intensity of the 
reflected light decreases with increase in distance, and at the same time the maximum 
distribution moves to greater pathlengths. Data of the pathlength distribution for 
different distances are similar to the data of transmitted light for different layer 
thicknesses [5]. The movement of the maximum means a longer average pathlength, 
which results in a greater dependence on absorptivity; this is perceptible in Fig. 3. It 
means that for a coloured sample, selectivity increases with distance and the sample is 
seen to be more coloured. The observation of the light reflected outside the illuminated 
area has one more important advantage. This light does not contain components 
reflected directly from the surface, i.e. so-called external components [3, 6].

Acta Physica Hungarica 55, 1984



P h o to  1. M ic r o p h o to g r a p h  o f  d if fu s e  

l ig h t  s c a t t e r in g  s a m p le  (w h ite )

P h o to  2 .  M i c r o p h o to g r a p h  o f  d if fu s e  

l ig h t  s c a t t e r in g  s a m p le  (v io le t)



Photo 3. M icrophotograph o f diffuse 
light scattering sample (green)

Photo 4. M icrophotograph of diffuse 
light scattering sample (blue)
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3. Experimental data

It is by no means easy to find a measurement method for the phenomenon 
because several instruments observe just the reflection of the homogeneously 
illuminated surface.

Light microscopes having an aperture iris diaphragm in the incident — opaque 
— illuminator provide a good possibility for visual observation. The opaque 
illuminator gives a sharp picture of the diaphragm on a smooth, nonscattering surface. 
It can be checked on glass, coloured glass and mirror surfaces.

Light scattering samples show another picture: the boundary line is blurred, the 
intensity decreases on moving away from the illuminated surface area and, in the case 
of a coloured sample, it becomes more coloured.

Photos 1—4 were taken by utilizing a Zetopan microscope with an opaque 
illuminator in the narrow position of the iris diaphragm by Photoautomatic 
equipment; objective: Epi 11/0.25; light source: halogen lamp; voltage 11V: 
Agfachrome 50L film; exposure: 10 s in polarized light with crossed position of 
polarizer and analyser.

Photo 1 shows a white glass (Trübglas OTR 94): Photos 2, 3, 4 show coloured 
polyethylene samples containing 0.1% coloured pigment and 1.9% ТЮ 2 . The 
reflectance spectra of coloured samples are shown in Fig. 5. Spectra were taken on a 
PYE UNICAM SP 8—100 UV spectrophotometer using the diffuse reflectance 
accessory.

In the centre of the pictures the octagons are the illuminated surfaces. The white 
sample has a greater bright area: the coloured ones have more narrow and more 
coloured surroundings.

The phenomenon is very complicated. The size and colour of the surrounding 
area depend on the character of the sample, on the layer thickness, on the roughness of

Fig. 5. Reflection spectra of coloured polyethylene samples (---------=  violet,---------=green, - , - . -  = blue)
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the surface, on the size and quantity of light scattering particles, the absorptivity and 
refractive index of components, etc. A great deal more work is necessary for a  detailed 
understanding of the phenomenon. An essential need is to realize the possibility of 
measuring intensity and spectral reflectance data from the illuminated surface area.
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THE a3 I f  - с 3Пи AND с3Пи- а 3! }  SYSTEMS 
IN THE INFRARED SPECTRUM OF H2 AND D2*

I. D a b r o w s k i and G . H e r zb er g

National Research Council of Canada, Ottawa, Ontario, K1A OR6, Canada

The infrared H2 laser lines recently discovered by McKnight and Barr belong to the a3£ f  — 
с3П . system. This system has not previously been observed although both upper and lower state are 
well defined from the visible spectrum. We have observed for H2 both the a-*c and the c-»a 
transition near 2700 and 2100 cm * 1 and for D2 the a-*c transition near 2000cm-1. Laser action 
occurs only for the strongest lines of the P branch, viz. P( 2) for H2, P(l) for D 2 of the a-*c system. The 
inverted population causing laser action is produced by the strong predissociation of the 3П * 
component of the c state. In the c-*a system the same pre^issociation causes the absence of P and R 
branches. The dti=0 sequence of the a-*c system lies in the region 100 to 1000 c m '1; it has not been 
observed. Considering the much larger Franck—Condon factors for this sequence it should give rise 
to strong laser action.

Two years ago McKnight and Barr [1] for the first time observed laser action at
3.8 цт in an electric discharge in hydrogen. Upon learning of this discovery we 
established that this laser line and several others communicated to us by these authors 
were present in the infrared spectrum of an H 2 or D2 discharge available in our 
laboratory, in addition to many other unidentified lines.

It was immediately obvious that laser action on discrete lines in H 2 (or D2) could 
only arise if the lower state were predissociated thus producing an inverted population. 
Two states in H2 are known to predissociate, the с 3Пи and the D 1П и states. Of these 
the lower, с 3Пи, is the most likely to be the lower state of the lasering transition since it 
is a metastable state, unlike D iTIu. Indeed with the known rotational levels in the с 3Пи 
state and those in the nearby a 3Ze+ state as given by Dieke [2] it was readily shown, as 
was also done independently by Barr and McKnight [3], that the lasering transitions in 
H2 are the P{2) lines of the 1—0,2— 1, 3—2 bands of the a —c system while in D2 they 
are the P(l) lines of the 4— 3, 5—4, 6—5 bands.

It appeared useful to us to complete the knowledge of the a-*c system of both H2 
and D2 even though most of the lines, at least for H 2, can be derived from the visible 
spectra involving the a andc states. Spectra were obtained with our Bomem Fourier 
Transform infrared spectrometer using the same source that was previously used for 
the study of the H 3 and D3 spectra in the infrared [4]. Figs 1 and 2 give sections of the 
infrared spectra of H 2 and D2 respectively, showing several of the bands of the a — c 
system. Table I gives the measurements for the a—c system of H2, Table II those of D2. 
While the P and Q branches are quite strong the R branches are fairly weak.

* Dedicated to Prof. I. Kovács on his 70th birthday
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Fig. 1. The infrared emission spectrum of H2 from 2860 to 2600 cm-1 showing some of the bands of the
а — с 3Пи system

The vertical arrows indicate the lasering P(2) lines. There are, in addition to the lines of the a — c system, many
H2 lines not yet identified
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Table I
Wavenumbers of the lines of the

- c 3/7„ system of H2

(1—0) band

J R(J) CM P(J)

1 2848.62* 2722.49 s 
2722.25 w 2659.05

2 2916.25 2728.02 s 
2727.80 w 2601.70

3 2736.22 2548.04

(2— 1) band

J R(J) őt/) P(J)

1 2888.70 2768.76 s 
2768.54 w 2708.44

2 2952.40 2773.72 2653.56
3 3017.04 2781.10 2602.01
4 3082.25 2790.69 2554.14
5 2802.39

(3—2) band

J R(J) öt/) P(J)

1 2918.82 2805.03 2747.75
2 2978.81 2809.43 2695.28
3 3039.46 2815.92 2645.75
4 2824.40 2599.54

(4— 3) band

J R(J) öt/) P(J)

1 2830.89 2776.57 s 
2776.30 w

2 2995.44 2834.70 2726.38
3 2840.26 2678.77
4 2634.13

(5—4) band

J W ) Őt/) m

1 2845.47 2794.09
2 3002.24 2847.46 2746.15
3 2853.26*
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Table I (continued)
(6—5) band

J R(J) Q(J) P(J)

1 2847.06 2799.04
2 2999.22 2848.56* 2753.28
3 2853.26*

* Blended line.
»

s, w (strong, weak) refer to partially resolved fine structure.

Table II
Wavenumbers of the lines of the

o 3* ; —c 3/7„ system of D2

(1—0) band

J R(J) Q(-f) P(J)

1 2044.76 1979.99 s 
1979.75 w

1947.50 s 
1947.10 w

2 2080.62 1983.77 1918.95
3 2117.94 1989.43 1892.52
4 1996.90

(2—1) band

J R(J) Q(-f) P(J)

1 2105.75 2043.25 s 2011.90 s
2043.04 w 2011.51 w

2 2140.25 2046.80 s 
2046.61 w 1984.25

3 2176.14 2052.10 1958.59*

4 2213.51* 2059.13 s 
2058.96 w 1935.02

5 2251.69 2067.96 1913.72

(3—2) band

J R(J) Q(J) P(J)

1 2161.23 2100.97 s 2070.72 s
2100.77 w 2070.39 w

2 2194.40 2104.29 s 
2104.13 w 2043.95

3 2229.67 2109.27 s 
2109.08 w 2019.04

4 2115.85 1996.11
5 1975.20
6 1956.34
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Table II (continued) 
(4—3) band

J R(J) Q(J) P(J)

1 2211.24 2153.16 s 2123.99 s
2152.97 w 2123.64 w

2 2156.27 2098.06
3 2160.92 2073.88
4 2167.05 2051.55
5 2031.13

(5—4) band

J R(J) Q(J) P(J)

1 2255.64 2199.74 s 2171.64s
2199.52 w 2171.36 w

2 2202.62 2146.53

3 2206.93 s 
2206.63 w 2123.06

4 2212.62 2101.30
5 2081.35

(6—5) band

J R(J) Q(J) P(J)

1 2240.55 2213.51 s 
2213.20 w

2 2243.19 2189.23
3 2247.15 2166.44
4 2252.40 2145.26
5 2125.71

(8—7) band

J R(J) Q(J) P(J)

1 2278.85 s 
2278.61 w

2 2256.16
3 2234.71
4 2214.76
5 2195.89

(7—6) band

J R(J) Q(J) P(J)

1 2275.35 2249.37 s 
2249.10 w

2 2277.75 2225.90
3 2281.39 2203.79
4 2286.15 2183.19
5 2163.99
* Blended line.
s, w (strong, weak) refer to partially resolved fine structure.
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In view of the low intensity of the source it was not possible to use the maximum 
resolving power of which the Bomem instrument is capable; for most spectra the 
resolution chosen was 0.2cm-1 although for one run 0.02cm-1 was used at the 
expense of a considerable increase in noise. As standards we have used the H20  lines 
from the Tables of Flaud, Camy-Peyret and Toth [8] and the atomic lines of H and D 
which naturally appear in the discharge with great intensity. There was a constant shift 
of 0.053 ±  0.005 cm ” 1 between the wavenumbers supplied directly by the trans
formation of the interferograms and the true values. The numbers given in the Tables 
are the corrected values. We estimate these values to be reliable to ±0.01 cm-1.

The predissocia.ion of the с 3Пи state was first recognized by Lichten [5] and 
Herzberg [6]. It is caused by the interaction of the с 3Пи state with the repulsive b 3Z* 
state which arises from two atoms in their ground states. A I + state can cause the 
predissociation of only one component, 17+, of а Я  state; that is, the component 
associated with the P and R branches in the Z + — П bands. In the earlier work [6] 
which dealt with the j  3 A g — c  3F1U transition in the visible region the different behaviour 
of the П + component was made obvious by the absence (or weakness) of the absorption 
of one Л-doubling component in the Q branches (and similarly the opposite Л- 
doubling component in the P and R branches) while in Lichten’s [7] molecular beam 
work one Л component was simply found to be absent.

The lines that have been found to lase by Barr and McKnight are marked in Figs 1 
and 2 by vertical arrows. As already mentioned they are in H2 the P(2) lines, in D2 the 
P(I) lines. Here it must be remembered that in H2, in a or Пи state, the even levels 
are strong (ortho-H2), in D2 the odd levels (ortho-D2). P(2) and P(l) are the strongest 
lines in H2 and D2 respectively at the temperature at which these spectra were taken. 
The Q lines, some of which are stronger than P(2) or P( 1), are not affected by 
predissociation since the lower state is П~ : they do not lase. Note that for the same 
reason in the Q branches the lines with odd N  are strong in H2, those with even N in D2.

Another consequence of the predissociation of П + is that in the converse 
transition, c-»a, the P and R branches are missing, only the Q branches occur. Fig. 3 
shows one of the bands of this system in H2, viz. only its Q branch. Table III gives the 
wavenumbers of the observed lines. The other bands of the c->a system of H2 and D 2 
have not been measured since they are overlapped by a large number of strong H 20  
lines.

Actually, as shown by Lichten [5] [7], the levels of the 3П~ component exhibit a 
very slight (forbidden) predissociation caused by spin-orbit interaction: the selection 
rule Л N  = 0 for the predissociation is not rigorous. This predissociation is however not 
sufficient to cause an observable effect under the present conditions.

Most of the spectra were taken with a resolution of 0.2 cm ” *, one spectrum of H2 
was obtained with the resolution 0.02cm-1. Although here the noise level is 
appreciably higher the individual lines clearly show fine structure due to spin-orbit and 
similar interactions. But the fine structure is not sufficiently resolved to separate the 
spin splittings in upper and lower state. For the 3/7u+ component of the lower state both
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Fig. 3. The infrared emission spectrum of H2 near 2100cm-1 showing the Q branch 1—0 band of the
c 3n u—a 3Zg system.

The strong line at the shortward end of this section is the second line of the Pfund series

226 
I. D

A
BRO

W
SK

I and G
. H

ERZBERG



THE a3I *  — С 3 П и AND C 3 t l u — a 3 Z g  SYSTEMS 111

fine structure and hyperfine structure have been accurately measured by Lichten and 
Wik [7]. The laser transitions presumably correspond to the strongest component of 
each pattern. Their accurate wavenumbers may therefore be slightly lower (by about
0.1 cm-1) than the values for the unresolved lines of Tables I and II.

The observed spectra (Tables I, II and III) cover only a part of the a —c and c —a 
band systems. Since the В values of the two states are not very different the 0—0 band 
should be the strongest band and other bands of the Av = 0 sequence should have 
similar Franck—Condon factors (of the order 1) but these bands are in the region 
100—1000 cm- 1 and have not been observed. All the necessary information about the

Table III
Wavenumbers of the lines of the 

c 3n u — a 3Z * system of H2

(1—0) band

J Q(J)

1 2137.41 s 
2137.61 w

2 2119.63
3 2093.18
4 2058.28

s, w (strong, weak) refer to partially 
resolved fine structure.

a 3Eg and с 3Пи states is available (see [9] and [10]) to calculate precise Franck— 
Condon factors. These are given in Table IV. It is seen that as expected the strongest 
bands next to the d r = 0 sequence are in the Av = +1 sequence with Franck—Condon 
factors of the order of 0.1. They are the ones that have been observed and in which the 
laser lines occur. Bands with Av = 2 are again much weaker, the Franck—Condon 
factors are of the order of 0.0001: they nave not been observed. In the Av= 1 sequence 
the Franck—Condon factors increase with v, more so for D 2 than for H2. This slight 
difference together with the unknown population of the upper vibrational levels may 
well account for the fact that the lasering transitions in D2 have higher v values than in 
H2.

The Av = 0 sequence should give rise to strong lasering transitions in the far 
infrared. Because of the v3 factor and poorer detection we did not observe Av = 0 bands 
in spontaneous emission but in induced (laser) emission the factor v3 would be absent. 
At this point we should like to reiterate (see [6]) that there may be strong laser action 
for some of the H2 and D 2 lines in the visible region that have с 3Пи as their lower state.
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Table IV
Franck—Condon factors for the a 3Z* —с 3Я„ system

H 2

v" 0 1 2 3 4 5 6 7

0 0.96 0.04 1 X 1 0 - 5
l 0.87 0.09 l x  10~5
2 0.80 0.12 1 X 10~5
3 0.73 0.16 1 X 10~5
4 . 0.68 0.19 3 X 10“ 5
5 0.63 0.22 2 X 10~4
6 0.59 0.24

d 2 -

v" 0 1 2 3 4 5 6 7

0 0.97 0.06 3 x 1 0 ’ *
1 0.82 0.12 7 x l 0 ' 4
2 0.72 0.17 l x l O “ 3
3 0.63 0.22 2 X 10-3
4 0.56 0.26 3 X10~3
5 0.49 0.30 3 X 10-3
6 0.43 0.34
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COMPARISON OF SHORT-PULSE GENERATION 
METHODS OF N 2 LASER PUMPED DYE LASERS*

Zs. B o r , B. R á c z , I. K etsk e m é t y  and L. K o z m a

Institute of Experimental Physics, József Attila University 
. 6720 Szeged, Hungary

The different methods of subnanosecond pulse generation are compared. The relaxation 
oscillations can have 0.5—0.8 ns pulse length, with a limited tunability.

The use of regenerative oscillations in long cavities yields much better parameters (0.5 ns; 
0.004 nm). The third method is the most promising. Distributed feedback dye lasers are capable of 
generating single picosecond pulses. The fundamental properties of these lasers are discussed and an 
oscillator-amplifier system is described with an output power of 3 MW.

Introduction

Ultrashort laser pulses are successfully used for studying photophysical and 
photochemical processes. Q-switched solid state lasers, nitrogen laser pumped dye 
lasers produce several nanosecond long pulses. Mode-locked dye lasers generate 5—  
0.2 ps pulses, but they are too expensive. The pulse duration of nitrogen laser pumped 
subnanosecond dye lasers couíd be between Q-switched and mode-locked lasers. The 
aim of this paper is to compare the different methods and results of subnanosecond 
pulse generation.

1. Relaxation oscillations

The theoretical and experimental investigation of the time behaviour of pulsed 
dye lasers showed a very simple possibility of producing subnanosecond laser pulses. 
Relaxation oscillations can easily produce 0.5—0.8 ns long pulses without any 
technical complication [1, 2].

The conditions of relaxation oscillations can be extracted from a four-level 
model of dye lasers (see Fig. 1). The time-dependent rate equation of a dye laser is:

dq
dt

c q
— ~qffenl -  -  +

11 Tc

(in I
9

T

dn!
“dT

= Wpo„n0 - ~ q o enl

nl + n0 = n,

fh
9

T

* Dedicated to Prof. I. Kovács on his 70th birthday
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-----------

Fig. 1. Energy level diagram of a dye molecule

where: nl, n0 are the population densities of excited and ground state molecules, 
respectively, c is the velocity of light, rj is the refractive index of the solutions, q is the 
photon number, aa, оe are absorption and emission cross sections, respectively, Wp is 
the pumping rate, т is the excited state lifetime, rc is the equivalent cavity lifetime, Q is a 
factor determining the fraction of the spontaneous emission propagating in the angular 
and spectral range of dye laser.

Conditions of relaxation oscillations can be determined by making small signal 
analysis (i.e. a study of the stability of stationary solutions). The conditions necessary 
for oscillations are:

4W (t n0 -<Terc -  -
r, e c г ( c  V
-------------- -  ( -  Wpoan0 1 >  0.

The above condition can be fulfilled only if:

T>TC.

This condition is satisfied automatically in solid state lasers, but it is not in most 
dye lasers. The typical t  value of dyes is about 5 ns, therefore very short cavity and low 
reflectivity mirrors should be used. Another important condition is that the pumping 
rate should be kept close to the threshold, to have less damping of relaxation 
oscillations. The experimental verification of this theory showed a qualitative 
agreement of experimental and theoretical values. The necessity of the short cavity 
hindered the use of spectral selectors, therefore the achievable bandwidth was about 
0.5 nm, while the pulse length was 0.5 ns with a moderate 0.5—2 kW power. These 
parameters are not satisfactory for most laser spectroscopical applications.
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2. Regenerative oscillations in dye lasers

Another possibility of producing subnanosecond laser pulses is the proper use of 
regenerative oscillations [3, 4] in relatively long cavities and with high spectral 
selection. These methods were not distinguished clearly from relaxation oscillations 
until a comprehensive study of time behaviour and temporal development of the laser 
pulses was made [5]. The aim of our work was to clear up the mechanism and 
properties of the oscillations in long dye laser cavities. The experimental arrangement 
used is shown in Fig. 2. Pumping pulses were provided by a nitrogen laser having 
200 kW power, 7 ns pulse duration (FWHM) operating at 25 pps. The light emerging 
from the dye lasers, was passed through a lens and a direct vision prism so that 
amplified spontaneous emission (ASE) and the laser could be separated spectrally. At 
the same time, this spectral selector served as an 18 m long optical delay line to give the

o p t i c a l  d e l a y  lin e

Fig. 2. Experimental arrangement for measuring the time l>ehaviour of dye lasers

maximum bandwidth of the oscilloscope. The light was detected by an ITL HSD 1850 
biplanar photodiode. The S7-8 sampling oscilloscope was triggered by a small fraction 
of nitrogen laser light. The rise time of the whole system was 300 ps.

In many cases the shape of the dye laser pulses showed irregular pulsations, 
which were not relaxation oscillations, because they could be observed far above the 
threshold and in a relatively long cavity (30— 100 cm). The systematic study of such 
pulses showed that the time separation between subpulses was equal to the cavity 
round trip time, and was independent of pumping power, laser wavelength and 
resonator configuration. Fig. 3 shows a typical oscilloscope trace and the measured 
time separation as a function of the cavity length.

The measured points with L= 250 mm and 400 mm represent different cavity 
configurations. These results prove that these oscillations differ essentially from the 
relaxation oscillations described above.
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Fig. 3. The time separation of subpulses as a function of resonator length

To find the origin of this pulsation, the temporal development of the pulses was 
analysed. The development of a dye laser pulse begins when the ASE emerging from the 
dye cell is reflected from the output mirror, is passed through the active medium and is 
fed back from the spectral selector. The time behaviour of the ASE pulse was observed 
through the output coupler, when the grating of the dye laser was removed. This pulse 
showed a very strong initial overshot, responsible for the laser oscillations. Whether 
this overshot causes oscillations or not, depends on the efficiency of the feedback of the 
grating.

Under certain conditions, the leading overshot will be amplified and, as a result 
of subsequent transits through the active region, a pulse train can be observed.

These assumptions were verified theoretically, using a time-space dependent rate 
equation model [6]. The geometry of the dye laser is shown in Fig. 4. Therefore, the 
time and space dependent rate equations are:

о

+ 1 % (x, t, Л) + 1L (, t, A) + 1 л (x, t, A)]d/,

d I l (x , t, / )  

dx
— =  л,(х, t)ae(l)I £(x, t, X) + E{X)gi(x) rt̂ c3tl

T

лЛх.О +  л^х, Г) =  л,
where:

d l ± d l -± ч11 dl
c dtdx дх c
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pumping

The new symbols are the following: n0(x, t), n^x, f) are the population density of ground 
and excited states, 1£ (x, t, A) is the laser photon flux per unit wavelength propagating in 
the ± direction, I A(x, t, A) is ASE photon flux per unit wavelength propagating in the 
+ x direction, gt(x), g'A(x) is a geometrical factor for spontaneous emission, £(A) is the 
fluorescence emission spectrum normalized to quantum yield.

These equations were solved numerically by a PET 2001 computer using finite 
difference method with the initial conditions: /^(x, 0, A)=0; I A(x, 0, A) =  0; n!(x,0) = 0, 
in the boundary conditions the reflectivity of the mirror and grating, and the finite 
divergence of the laser and ASE photon flux are taken into consideration. The pumping 
pulse shape was assumed to be:

IT =5.07 • 1023t4e -0 '75'^—
cmzs

The numerically stable convergent solutions showed that:
— the dye laser output was oscillatory;
— the amplitude and modulations of pulses changed;
— the modulation with 2L/c period was due to a group of subpulses going back 

and forth between the mirror and the grating.
The properties are in good agreement with experimental observations. Besides, 

thé increase of the delay of the dye laser pulse with respect to the pump pulse with the 
resonator length could be explained by this theory.

The good agreement of calculated and measured results allowed us to give the 
conditions for the generation of single subnanosecond pulses. The condition is the 
following: cavity round trip time must be large enough in comparison with the duration 
of the exciting pulse. The calculated and the corresponding measured pulse shape is in 
Fig. 5. This method produced 0.55 ns long 8 kW pulses, with a 1.3 time bandwidth 
product (which is 3 times as much as the Fourier transform limit).
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Fig. 5. Calculated and measured subnanosecond puises

3. Picosecond pulse generation by distributed feedback dye laser

The major distinction between a distributed feedback dye laser (DFDL) and a 
conventional laser is that the DFDL does not use cavity mirrors: instead, feedback is 
provided by Bragg scattering from spatially periodic perturbations of the optical 
parameters of the active medium. Such parameters can be the refractive index of the 
laser medium, the optical gain or both together. DFDL-s in which the refractive index 
and gain modulation are induced by the interference pattern of the pumping beam are 
of particular interest, but their spectral properties are often determined by the spectrum 
of the pumping beam. The passive linewidth of the DFDL A)J{ in the excitation 
arrangements used earlier [7] is given by:

Ak4 = *±AXp,
áp

where Ap, AAP are the pumping wavelength and bandwidth, respectively, Aj is the 
wavelength of DFDL. In this case, narrow linewidth operation of the DFDL can be 
obtained only by using a single-mode laser. However N 2-, Cu vapour and excimer 
lasers, generally used as pump sources, are superradiant broadband lasers. The 
achromatic pumping arrangement described in [8] is suitable to create perfect 
interference pattern even with superradiant lasers.

Figure 6 shows the two experimentally tested set-ups for creating an interference 
pattern in the surface of the dye cell. The key element in this arrangements is the 
holographic grating. The exciting laser beam is directed onto the grating at normal 
incidence. This beam is then diffracted into the -I-1 and — 1 orders at an angle a
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- DFDL

a)

holographic grating 

b)

Fig. 6. Pumping arrangements for DFDL-s

determined by the grating equation sin a =  - f ,where d is the grating constant. The
d

diffracted beams are reflected from the mirrors or the side walls of the quartz block, and 
then recombined on the surface of the dye cell. If the mirrors are parallel, and 
perpendicular to the grating then the two pump beams also interfere at the dye cell at a 
half angle a and the interference fringe separation A is given by

2sin a '

By combining the two equations, we obtain:

A —d/2.

The fact that the fringe separation A is thus independent of the pumping wavelength Ap 
means that each spectral component of the N2 laser radiation creates an interference 
pattern with the same A. This property is called achromatism. Another important 
advantage of this arrangement is that the same part of the beam is combined on the 
surface of dye cell, therefore it is possible to obtain good visibility of the interference 
fringes with a low spatial coherence laser. If the mirrors are perpendicular to the 
grating, the lasing wavelength of the DFDL operating at the first order Bragg 
condition is À1 = n1 - d, where n1 is the refractive index of the dye solution. Tuning in 
steps could be accomplished with a set of gratings with different grating constants, or 
changing the refractive index of the solution. Refractive index tuning was demonstrated 
by a proper solvent mixture, by changing the pressure in the solution. There are several 
other tuning methods changing the geometry of DFDL. Tuning can be realized by 
rotating the mirrors and changing the position of the dye cell [8].

Although the DFDL-s were discovered in 1970, the possibility of producing 
single picosecond pulses was not demonstrated until recently [9J.
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The theoretical model of DFDL-s is very similar to the rate equation model of 
dye lasers. The rate equations are [10]:

dnt(t)
dt -  -  <7eHi(tMt) »i(0

t

dq(t) c(oe- o a) q(t) Qnjt)
—j—  = -----------" A t m ) --------+ ---------at t] xc г

^c(t) =

where the new symbols are: oa: excited-state absorption cross section at the DFDL 
wavelength, Q: a factor determining the fraction of the spontaneous emission which 
propagates into the angular and spectral ranges of the DFDL beam, L: the DFDL 
length, V: the visibility of the interference pattern.

calculated measured

A Л .
A A
A A
1 A .
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Fig. 7. Calculated and measured DFDL pulses. The pump power increases from top to bottom
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The main difference in comparison with other dye laser theories is that the ^(t) is 
time-dependent, i.e. тc(f)~ n^f)2. As a consequence of the appearance of a DFDL pulse 
n^t) decreases very strongly and consequently T „ ( t )  also decreases and favours the 
formation of short pulses. These equations were solved numerically on a PDF 11/34 
computer using a fourth order Runge—Kutta method. The pumping pulse was 
assumed to be Gaussian of 3.5 ns duration (FWHM). This pulse shape well coincided 
with the measured pulse shape. (LAMBDA PHYSIK M-1000 N 2 laser.) The time 
behaviour of DFDL-s was measured with a streak camera (HADLAND IMACON 
600) coupled to an optical multichannel analyser (PAR OMA). The energy of DFDL 
pulses was measured with a laser energy meter (GEN-TEC E D -100) or with a 5 GHz 
real-time oscilloscope (SODERN S-501) in conjunction with a biplanar photodiode 
(VALVO TVHR-13).

Measured and calculated pulses are shown in Fig. 7. Fundamental properties:
— the number of pulses decreases when pump intensity is decreased;
— in a certain range of pump intensities single pulses are produced;
— the duration of single pulses decreases when the pumping power is increased.
The calculated and measured pulse energy is shown in Fig. 8 as a function of the

pump intensity. The scales for pump power and output energy are in relative units and 
have been normalized to 1.00 at two points, at the threshold pump power of the first 
pulse and of the single pulse energy, respectively. The reasonable agreement of 
measured and calculated characteristics allowed a prediction of pulse shortening. The 
pulse length of single pulses decreases when the pumping pulses are decreased. Fig. 9 
shows the calculated and measured pulse lengths as a function of pumping pulse length.

Fig. 8. Pulse energies, as a function of pumping power
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This Figure demonstrates the possibility of producing 8 ps pulses using 0.8 ns long 
exciting nitrogen laser pulses. Besides, the single picosecond pulses are perfectly 
transform limited.

The output power of any kind of subnanosecond and picosecond lasers 
(described above) is in the order of several kW, therefore the amplification of pulses is

pump pulse duration [ns]

Fiy. 9. The decrease of single pulse length with the pump pulse duration

Fig. 10. DFDL oscillator — amplifier system for producing high power picosecond pulses
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desirable. The main difficulty in picosecond amplification is that efficient energy 
extraction requires deep saturation of the amplifier, while pulse-shape-distortion-free 
amplification is possible only below the saturation energy [11]. The solution of the 
equations of the amplifier gives the maximum permissible output energy density from 
an amplifier stage (this was allowing 20% pulse broadening 18.7 mJ/cm2 for Rhodamin 
6G).

The amplification of picosecond pulses was also studied experimentally. Fig. 10 
shows the experimental arrangement. A properly synchronized nitrogen laser system 
excited the oscillator and the first two amplifier stages and a third nitrogen laser 
pumped the last amplifier stage. The fundamental parameters of the system are 
indicated. Designing the system with great care allowed to amplify the output power to 
a 3 MW level. The shot-to-shot instability of the output was ±4%.

In order that the different methods of subnanosecond pulse generation may be 
compared, the most important parameters are indicated in Table I. From this Table we 
can conclude that the DFDL-s are the most promising picosecond light source.

Table I

Dye laser 
configuration

Pulse length
[ps]

Pulse power 
[kW]

Bandwidth
[nm]

Relaxation oscillation 500 1 0.5
Long cavity 8 0.004
DFDI 8—80 10 0.005

This work has been partially supported by a joint project of the “Deutsche Forschungsgemeinschaft” 
and the Hungarian Academy of Sciences.
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A COMPARATIVE SURVEY OF THE EVALUATION 
OF OPTICAL CONSTANTS 

OF WEAKLY ABSORBING THIN LAYERS*
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A comparative survey of three different methods is reported for the evaluation of the optical 
constants and the thickness of weakly absorbing thin layers which are based on experimentally 
measured transmission spectra only. The effectiveness and the applicability of these methods are 
discussed with emphasis on choosing the best approach for different practical cases.

Introduction

Whenever the optical properties of semiconducting materials are investigated 
the question arises how to determine the optical constants (refractive index and 
absorption coefficient) and the thickness of weakly absorbing semiconducting layers 
on thick non-absorbing substrates. There are different methods recently published for 
the solution of this problem [1—8]. These methods are based on the measurement of 
the optical transmission and/or reflection spectra, and usually utilize the interference 
structure of the spectra. Of the available methods the one should be favoured which 
provides a reasonable compromise concerning the evaluation and approximations 
made from the point of view of actual application. It is of practical importance to 
estimate the effectiveness of the different methods for the case studied; these data should 
help in choosing the most suitable approach. Here we report a comparative survey of 
three different methods for the evaluation of the optical constants and the thickness of 
weakly absorbing thin layers from transmission spectra.

The method

Let us consider a thin layer of thickness d2, with a refractive index n2 and an 
absorption coefficient k2, on a transparent (k3 =  0) substrate of thickness d3 (d3 >  A), 
with a refractive index n3 (see Fig. 1). Assuming a perpendicular incident light beam the 
optical transmission of this sample can be given as follows [3, 9],

T=AT3l, (1)

* Dedicated to Prof. I. Kovács on his 70th birthday
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Ö2 film

substrate

Fig. 1

where T3i denotes the transmission of the layer: 

• (Л2 +  ̂ )"ЭT3l =
I6ri

[(и2 +  l)2 +  к2] [(и, + n3)2 +  fc|] 1 - 2pi2 P234 cos (ç>!2 + (p23 + a) + p\2p l3t]2 '
(2)

The factor A was introduced in Eq. (1) due to multiple reflections in the substrate [3]:

A =
^31^34

In Eqs (2)—(3) the following notations were used:

(3)

2 (Л2-1)2 +  *2
P l2 " ( „ 2 + i ) 2+ * ! ’

l k 2
^2 1 т л 2 

4

2 _ ( П з - И 2)2 + * 2  
Pl 3 — (n3 + n2)2 + k l  ’ 

2n3k2
tg<p12 ~ п 2- 1 + к Г  {g<p23~ n 2- n 23 + k2

rj =e
An

<x=— n2d2,

R-Ki =
P Ï 2 +  P 234 + 2 p 12p 23r jc o s  \_q>23- ( p 12 +  (x]

31 l + P ? 2 P 2 3 ' i 2 +  2 p i 2 P 2 3 ' / C O S [ ( ^ 1 2 +  (P23 +  a ] ’

4«3T34 — 1 - К ц  —34
(Из +  l)2

In the case of weak absorption the k2 type terms and <p12, (p23 can be neglected and so 
from the approximate Tand T3 x formulae the following expressions can be obtained for 
the extrema of the transmission [2, 3, 6, 9]:

16n^n3>7
(n2 +  l ) 3(n3 +  n2)- (n2 -  l )3( n | - n2)rj2 + ( -  I f  ■ 2 (n i- 1) (n f- nl)ri ’

r„,r = _________________________ Mn3n2ri_________________________
31 (n2 +  1)2(л2 +  n3 ) 2 +  (n2 -  l )2(n3 -  n2)2t]2 +  ( -  I f  ■ 2 (n\ — l) (n |  — n\)r\

(4)

,  ( 5 )

where m denotes the interference order.
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Eqs (4) and (5) constitute a set of equations from which n2, k2 and d2 can be 
calculated in the following way. The extrema points of the experimentally determined 
TlneasM transmission spectra are written into the above equations and then the optical 
constants and the layer thickness are calculated by successive approximation. In these 
equations n3 is taken as a known parameter. Its value can be calculated from the optical 
transmission T° eas(A) of the substrate after allowing for multiple reflections as follows:

In practice t2 is replaced by the ratio of the. measured transmission of the substrate 
(T°eas) and that of the thin layer and substrate together (Tmeas), taken at the extrema 
points.

To illustrate the criteria by which one can choose between the interference 
methods based on Eqs (4), (5) or (6), respectively, and to make an estimation of the 
precision in the determination of the optical constants and the layer thickness, we 
suggest the following procedure.

Let us insert a set of the parameters n2, k 2, d2 and n3 into Eq. (1) and generate a 
computer simulated T(A) transmission spectrum. With the proper choice of k2 and d2, 
i.e. assuming a weakly absorbing thin layer, this simulated spectrum will display an 
interference structure. From the extrema points of the simulated curve the parameters 
n2, k2 and d2 can be calculated using Eqs (4)—(6). The obtained values should be 
compared with the corresponding initial values and the deviations between the initial 
and calculated values will provide useful information concerning the applicability of 
any of the methods in the actual case. By systematically varying the initial values a 
useful guiding picture emerges over a wide range of parameter values, each set of 
parameters corresponding to a given sample geometry and optical property.

1 + Я34 П3 + 1

Hall et al [1] determined the parameters n2 and k2 from the relations:

(6)

where the parameter t is given by the extrema of T31 and T34:

Tex tr * 
31

16* A d a  Physica Hungarica 55. I9H4



244 L. M1CHAILOVITS el al

Results

The four transmission spectra shown in Fig. 2 were calculated with the following 
initial parameter values: л2 = 2.000; d2 = 1500 nm; n , =  1.500; k2=0, 0.01, 0.02 and 
0.03. These curves were evaluated by the previously discussed approximate methods 
and the obtained refractive indices, absorption coefficients, and layer thickness values 
are summarized in Table I. These values were calculated from pairs of transmission 
data corresponding to maximum and minimum points of the same order of the T(A) 
spectrum using the T(A) envelope curves which were fitted to the maximum and 
minimum points. This method was introduced in a previous communication [10]. The 
different columns in Table I correspond to  the numerical values obtained from 
Eqs (4)—(6). It should be noted that the optical constants and the thicknesses

Table I
Calculated values of refractive indices, absorption coefficients and layer thickness

Initial
parameters

102 *2 n1 d2 [nm]

(4) (5) (6) (4) (5) (6) (4) (5) (6)

n2 = 2.000
<f2= 1500 [nm]

*2 = 0.00 0 0.10-0.45 0 2.000 2.000 1.985 1500 1500 1511
*2 = 0.01 0.9 1.10—1.38 1.05 2.001 2.001 1.994 1500 1500 1507
fc2 = 0.02 1.99 2.1 —2.37 2.07—2.42 1.999 1.999 1.990—2.050 1503 1503 1458— 1522
*2 = 0.03 2.98 3.08—3.35 3.15—4.15 1.995 1.995 1.984—2.224 1507 1507 1330—1536
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calculated from Eqs (5) and (6) showed a wavelength dependence and, thus, maximum 
and minimum values are given in Table I instead of the average of all determinations.

It is interesting to compare the maximum and minimum points calculated from 
Eq. (1) using the initial parameter values n2, k2 and d2 (Fig. 2) with those of the 
computer simulated transmission spectrum using the approximate numerical values 
obtained from Eqs (4)—(6). For /с=0.02 (Fig. 2) the differences between transmission 
extrema points were less than 0.5% when using Eq. (4), whereas they were 2—3% and 
1—5% when using Eqs (5) and (6), respectively.

It is clear from these data that the best correspondence has been obtained with 
the approximation based on Eq. (4). Reasonable agreement can be obtained with Eq.
(6), which is a less time consuming procedure, but can only be applied if <0.01 is 
fulfilled. Eq. (5) can also provide precise n2 and d2 values just like Eq. (4) and again this 
is a less time consuming approximation as compared to that based on Eq. (4); whenever 
only the refractive index and the layer thickness is needed this method should be 
preferred.
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ИССЛЕДОВАНИЕ ОПТИЧЕСКОГО РАЗРЯДА 
ВБЛИЗИ ПОВЕРХНОСТИ ПЯТИОКИСИ ВАНАДИЯ*

Л. Н анаи , Й. К овач, Э. С ил , К . Б али , И. Х евеши 
и И. К ечкемети

Кафедра Экспериментальной Физики Университета им. А. Йожефа
6720 г. Сегед, Венгрия

В настоящей работе проведено исследование оптического разряда (лазерной искры), 
возникающей на поверхности пятиокиси ванадия при разрушении его импульсами лазерного 
излучения. Показано, что в интегральном спектре свечения присутствуют линии, связанные с 
нейтральными, одно и двухкратно ионизованными состояниями атомов основного материа
ла, а также линии, связанные с примесными атомами. Спектроскопия свечения, разрешенная 
во времени показывает, чтд роль мишени при образовании плазмы пробоя является 
определяющей только на начальной стадии образовании плазмы, а в дальнейшем процесс 
пробоя определяется газодинамическими условиями среды, окружающей мишень.

Введение

Как правило при разрушении твердых тел импульсами лазерного 
излучения всегда возникает свечение (плазма). Природа этого свечения является 
объектом многочисленных исследований, имеющих целью выяснить 
спектральный состав и динамику развития его во времени [1—4]. Это 
представляет научный интерес с точки зрения исследования его влияния на 
механизм разрушения твердых тел [5—7], а также для выяснения роли мишени 
при образовании низкопорогового пробоя [8— 10].•

Экспериментальные условия

В качестве мишени были исползованы монокристаллы пятиокиси ванадия 
(V20 5). Для изучения спектрального состава свечения была собрана установка, 
схема которого приведена на рис. 1.

He-Ne лазер служил для юстировки системы (1). Образцы из V2Os (10) 
облучались импульсами лазера на стекле с неодимом (2), (£1МП «  1 Дж, 
тимп ~  1 мс). Излучение ослабилось до нужного уровня с нейтральными 
фильтрами (12) и с помощью линзы фокусировалось на поверхность образца.

* В честь 70-летия со дня рождения академика И. Ковача.
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Рис. 1. Блок — схема экспериментальной установки, используемой для изучения интегральных
спектров свечения

Плоскопараллелные пластинки (7), зеркало (8) и линзы (9) служили для 
выделения части излучения лазера и свечения плазмы в калориметр (6), в 
фотодиод (4) с осциллографом (5). Спектры снимались спектографом СТЭ-1 
(ЛОМО) (3). Калибровка спектров проводилась с помощью ртутной лампы (11).

Для изучения динамики развития оптического разряда была собрана 
установка, схема которой приведена на рис. 2.

Котировочный Не—Ne лазер (1). Разрушение проводилось излучением 
TEA СО2 лазера (2) (£имп« 2  Дж, тимп«2,5 мкс). Фоторегистрирующая камера 
типа СФР — 2М (3) в режиме щелевой развертки использовалась для 
фотографирования плазмы во время разрушения мишени. Устройства 
синхронизации (4) обеспечивало запуск СФР с задержкой по отношению к 
лазеру. Мишень (6) была помешена в вакуумную камеру (5). Энергия и форма 
импульса контрорировались калориметром (9), фотодиодом (7) и 
осциллографом (8). Плоскоуараллелные пластины (11) и зеркало (10) служили 
для отклонения лазерного излучения в нужные направления, которое линзой из 
BaF2 (13) фокусировалось на мишень.

Рис. 2. Блок — схема экспериментальной установки, используемой для изучения динамики свечения
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Разрешенная во времени спектральная структура плазмы исследовалось 
установкой, схема которого приведена на рис. 3.

Приборы 1, 2, 7, 8, 9 те же как на рис. 2. Излучение лазера с линзой (15) 
фокусировалось на поверхность мишени (11), расположенной либо в вакуумной 
камере (10) либо на воздухе. Часть свечения, непосредственно примыкающая в 
поверхности мишени выделялась шелью и передавалась на осьектив (5) 
скоростной камеры типа АГАТ (3) и спектр фотографировался (4). Установка
(6) синхронизировала работы камеры и лазера (2) контролируемой фотодиодом
(7) и осциллографом (8). Система спектрально калибровалась по известным 
линиям ртутной лампы (16).

Рис. 3. Блок — схема экспериментальной установки, используемой для исследования спектрального 
состава свечения, разрешенного во времени

Результаты экспериментов

Свечение образующееся вблизи поверхности мишени при его разрушении 
обычно имеет осесимметричную (с параллелной к нормали мичени) форму. 
Типичная регистрограмма развития факела изображена на рис. 4.

Как видно на рис. область свечения состоит из каротного быстрого 
фронта («палка») и следующей за ним долго существующей области свечения с 
более медленным фронтом. При меньших интенсивностях (7 «  10 МВт/см2) 
быстрый фронт не наблюдается.

Обрабатывая регистрограммы временного развития свечения по 
зависимости скорости его фронта от интенсивности получаем, что скорость 
палки слабо зависит от интенсивности (/), а скорость медленного фронта 
обладает сильной зависимостей (рис. 5. кривые I и II соответственно).

Обработке интегральных спектров излучения показывает, что в спектре 
появляются линии, связанные с нейтральными, одно и двухкратно ионозован- 
ными состояниями атомов ванадия, также линии, принадлежащие примесьям 
(Fe, Pt, Mg, Р) (рис. 6).

Acta Physica Hungarica 55, 1984



L
О 5

------►
t  [МКС]

Рис. 4. Типичная регистрограмма факела

Рис. 5. Зависимости скоростей областей свечения от интенсивности

Рис. 6. Часть интегрального спектра плазмы
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По фону сплошного спектра и по линиям V2+ определялись нижняя и 
верхняя границы температур плазмы, которые оказались разным 9900 К и 
17300 К соответственно [9].

Для выяснения механизма иницирования низкопорогового пробоя газа 
вблизи мишений и последующего его роли на механизм разрушения были сняты 
спектры, разрешенные во времени свечения в воздухе и в вакууме в интервалле 
длин волн 400—600 нм. Времена появления отделных характерных линий в 
спектре плазмы в зависимости от задержки по началу лазерного импульса 
приведены на рис. 7.

Рис. 7. Зависимость задержек появления характерных линий ванадия и азота в спектре плазмы

На горизонтальных линиях записаны химические симболы элементов с 
соответствующими длиннами волн в нанометрах, отождествляемых по спектру 
свечения плазмы. В скобках указана степень ионизации. Результаты 
экспериментов показывают, что при давлениях 1 атм и 1 0 '2 атм свечение 
плазмы вблизи поверхности в начальный момент развития представляет 
сплошной спектр. Задержка его появления в обоих случаях составила ~  30 нс. В 
вакууме через 50— 100 нс появляются сильно уширенные линии ванадия и 
примесей, которые в дальнейшем становятся тоньше и ярче. В воздухе эти линии 
появляются с задержкой т>100нс. Задержка линий азота по сравнению 
появлением линий основного материала указывает на то, что в начале 
осушествляется интенсивное испарение основного материала и в некоторой 
поздней стадии только происходит пробой воздуха и паров материала в поле 
лазерного излучения.
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Статистическая обработка задержек для характерных линий VI (Я — 
446 нм) и N II (Я = 500,5 нм) показывает, что задержка линий VI существенно 
зависит от интенсивности, а задержка линий N II практически не зависит от ней. 
При пороговых параметрах ( /~ 7  МВт/см2) линий появляются практически 
одновременно (даже раньше) линиями VI, но с увеличением интенсивности 
задержка их появления существенно возрастает (при / >  50 МВт/см2, t(NII) 
>600 нс).

Дискуссия результатов

На основе вышесказанного можно сказать, что на начальном этапе 
лазерного воздействия (т <  100 нс) присходит поглощение материалом 
излучения в приповерхностном слое, вследсвие чего происходит интенсивное 
испарение и ионизация V20 5 . Об этом свидетельствуют сплошной спектр, 
состоящий из сильно уширенных линий V и О и усиливающего тормозного 
излучения электронов плазмы. Плазма распространяется навстречу лазерному 
лучу, экранируя поверхность мишени от излучения и происходит его боковой 
разлет.

На этой стадии из областей периферийных (более холодных) излучаются 
линии VI. причем в вакууме — где противодавление среды отсутствует — они 
прявляются раньше, *Лм в воздухе. Под влиянием излучения лазера, 
поглошаемой плазмой, в ней формируется сильная ударная волна (УВ). При 
наблюдаемых нами температурах по данным [11] коэффициент поглощения в 
У В состовляет а~0 ,4  • 10 ~2 см \  что обуславливает его свечение. Проти
водействие на мишень У В приводит к механическому разрушению облученной 
области, что наблюдается в микроскопических исследованиях. Область 
свечения за фронтом УВ по видимому связана с оптическим пробоем паров 
испарения, предварительно нагретых подоющим лазерным излучением.
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MULTIPLE WAVELENGTH DIFFERENTIAL 
ABSORPTION LIDAR EVALUATION*

T . I. TARNÓCZI and P . RICHTER

Department o f Atomic Physics, Institute o f Physics, Technical University 
1521 Budapest, Hungary

Algorithms are shown for the interpretation and evaluation of multiple wavelength 
differential absorption lidar data for cases when only limited information is available about the 
molecular components present prior to the measurement. Experimental data are modeled by 
computer simulation of measurement, errors and reliability of the measurements are studied. 
Realistic limits of the differential absorption measurements are determined.

I. Introduction

Differential absorption lidar measurements are widely used for detection and 
monitoring of molecular components in the atmosphere [1, 2, 3].

The basic technique aims at the detection of a predetermined component. It is 
carried out by measuring the ratio of backscattered light intensity from two light beams 
the coincident path of which crosses through the region of the atmosphere that 
contains the molecules. The two beams are of different wavelengths, one corresponding 
to a maximum and the other to a minimum in the absorption spectrum of the molecule. 
The backscattering coefficient is assumed to be wavelength independent therefore the 
logarithm of the ratio of the backscattered intensities is a measure of concentration 
times path length in the absorber (c.l) according to Beer’s law [4,5,6]. The assumption 
that no other molecular components absorbing at these wavelengths are present has to 
be made as well. Validity of this second assumption cannot be tested by the two 
wavelength measurement, therefore the interpretation of the data of these lidar 
measurements can be highly misleading.

Correct evaluation requires measurement on several wavelengths and fitting the 
data to the absorption spectrum of the molecule. This technique is called multiple 
wavelength differential absorption lidar. It uses a less stringent assumption namely that 
no other molecular component is present than those belonging to a predetermined 
group. This group contains those molecules the probability of which being present in 
the region of the atmosphere tested is not negligible and that absorb light in the 
wavelength range of the measurement. In order to evaluate the measurement an 
algorithm is needed that selects the molecule (or molecules) of the group present and 
determines the concentration times path length values on the basis of the experimental 
data.

* Dedicated to Prof. I. Kovács on his 70th birthday
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In the following an algorithm for this purpose is shown. A computer simulation 
of the multiple wavelength lidar is also carried out and the effect of the received signal 
fluctuation on the reliability of component selection and accuracy of c.l measurement 
is shown.

In the calculations an infrared lidar based on a tunable C 0 2 laser is considered. 
Absorption coefficients for several molecular components have been determined for 
the operational wavelengths of the C 0 2 laser [1, 2, 3, 7]. The separation of the laser

F ig la

lines is much smaller (1.5—2 cm-1) than the absorption linewidth of molecules in 
atmospheric pressure air. The tunability range usually does not cover more than one 
absorption line. Therefore identification of the absorbing molecule cannot be carried 
out on the basis of absorption maxima assignment but only on fitting the absorption 
coefficients of the molecules on the laser wavelengths to the measured relative 
absorption values [8].

The tunability range is chosen between 9.068—9.199 fim corresponding to the 14 
R(30)—R(04) lines of the transition (001)—(10°0,02°0) of the C 0 2 laser operating with 
C120 28. Five absorbing molecular components were chosen that absorb in this region 
to form the group of molecules that are common pollutants in the atmosphere: CF3C1, 
CF2C12, C FC I3 , NH3, S 0 2. Absorption coefficients are shown in Fig. 1. The 
overlapping spectra clearly show the problem of the two wavelength measurement. The 
absorption coefficients cover two orders of magnitude. Using the algorithm for these 
molecules the conditions for selection of the proper molecular component with good 
reliability, the effect of signal fluctuations on the reliability of the selection and on the
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Fig. Ib
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Fig. le

accuracy of the value of c.l will be shown in the following. By computer simulation the 
requirements of intensity measurement accuracy will be given as functions of c.l, 
accuracy requirement of c.l, and reliability requirement of the measurement. In these 
simulations the presence of a single molecular component is assumed and the value of 
c.l is determined from the multiple wavelength data. The case of more than one 
component seems to be more complicated and only preliminary results will be given.
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Fig.  1. A b s o rp t io n  coeffic ients o f  five m o lecu la r  c o m p o n e n ts  fo r th e  R(30)— K (4) lines o f th e  (001)— (1 0 0 ,0 2 0 )
tra n s it io n  o f  th e  C 0 2 laser 

a) C F 3C1, b) C F 2C12, c) C F C 1 3, d ) N H 3, e) S 0 2

2. Algorithm for the selection of the absorbing component 
and calculation of c.l

The lidar equation for several wavelengths gives the following system of 
equations for the backscattered intensity

Л Л )  = I о Ш Р  exp I  -  2 Д  <rk(Xi)ck lk 

i = l  . . .  n

j(Af) is the measured backscattered intensity on wavelength (Aj), / 0(A;) is the intensity 
radiated by the lidar on wavelength (A,), ß  is a wavelength independent coefficient
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containing parameters of the lidar system and backscattering, акЩ  is the absorption 
coefficient of molecular component on wavelength (cm2), ck is the concentration of 
molecular component к (in units 2.7 • 1019 cm“3), lk is the path length of the beam in 
molecular component к (cm), p is the number of absorbing molecular components к 
and n the number of wavelengths of measurement i. Taking the logarithm of Eq. ( 1 ) and

using the notations e, = In 

in the form of

/о(Я.) , e0 = — ln ß, aik =  a it(Aj) and xk =  ck lk it can be written
m

£,• =  £<> + 2 £  aikx k i=  1
k =  1 (2)

In case n > p the problem is overdetermined and it can be solved using the method of 
least squares.

On the other hand, if p>n  an algorithm is needed for the solution of the 
equations. It has to be pointed out that p is the number of molecular components that 
can be potentially present and absorb in the wavelength range: for the components not 
present in the region of the measurement xk =  0. However, no preliminary information 
is available about the values of к (which and how many) for which xk= 0  holds. Two 
algorithms have been written and tested. Algorithm 1 assumes that only one 
component is present, i.e. xk >  0 holds for a single value of к = к'.

Algorithm 2 assumes that two components are present, i.e. x k > 0 holds for k = k' 
and k = k".

These algorithms start with the system of equations (2). Subtracting the first 
equation (i= 1)

e ,- e 1 =  2 £  (<7ik-<Tu)xt i = 2 . . . n .  (3)
к = 1

Introducing the notations ßi = ei — el9 aik = 2((Tik — (Tik)

A -  t aikxk i = 2 (4)

The algorithms start from Eq. (4).

Algorithm 1

It investigates the magnitudes of — aikx. In the first step for each к a certain 
value of i = ï  is found for which

N(k) =
B:
&i'k

= minimum. (5)

N  is the norm attached to molecular component k. Ï  is the index of equation that 
should be used for the calculation of xk because it satisfies all the other equations best 
(N(k) is minimum), i' can be different for each k.
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In the second step the value of к =  к' is found for which

N(k') = minimum. (6)

N(k')>0 only because of the measurement errors while N (к Ф k')> N (k') because of 
improper aik matrix elements. In this way the molecular component present (k1) can be 
selected and the concentration times path length xk. can be calculated from
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Algorithm 2

It investigates the magnitudes of

B i %  t  1 ^ i k i  * k 2 •

In the first step for each pair of k { and k2 a pair of Ï  and i" is found for which

where

H{ku k2) ^  £  IBi — aik y í* — aik2yk\  | =  minimum,
i = 2

Bi-ar k 2- B r a2k2 
У к2 J )

(8)

Bf"Cii'kk Bval- k l
Ук[ = D (9)

B ~ a Vki '  a i" k 2 ~~ a i'k2a i " k r

N(k1, k 2) is the norm attached to molecular component pair k u k2. i' and i" are the 
indices of the pair of equations that should be used for the calculation of concentration 
times pathlength xkl and хкг.

In the second step к’ and k" are found for which

N(k', k") = minimum. ( 10)

The two molecular components present are k' and k" and the concentration times path 
lengths can be calculated from

Bi-ark" —Br drk" 
xk = ----------^ --------- > ( U )

xk..=
Bvavk' — Bvav-íj.

where
G  —  a i 'k ’a V 'k -------a i 'k " a i" k ' •
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Algorithm 2 will be used only in order to decide whether one, or more than one 
components are present.

These algorithms can be further developed for more than two k-s up to n — 1 
components, but computing time drastically increases with the number of components.

3. Simulation of measurements: 
the effect of received signal fluctuations

In order to test the algorithms described above a computer simulation of 
multiple wavelength differential absorption lidar measurement has been carried out.

The effect of the error of lidar measurement that can be attributed to the error of 
the measured backscattered intensity has been studied. The algorithms were run 
simulating this error by intensities possessing random fluctuations about their mean 
values. The reliability of selection of the proper component (characterized by the 
probabilities of selection of the wrong component) and the probabilities of 
approaching the mean xk values within given relative error limits have been calculated. 
These calculations have been carried out for different mean xk values therefore the 
minimum detectable concentration times path length values in the sense of quantitative 
reliability and error limit can be determined.

The intensity fluctuations are assumed to possess Gaussian distribution. If f0(A,) 
is constantШ 1 0Щ  =  и(Я;) are random variables possessing Gaussian distribution as 
well. The distribution is simulated by a random number generator. From Eq. (4) it is 
clear that ß can be arbitrary so ß =  1 is selected. No error is attributed to the absorption 
coefficients <rt (Af).

The expected value of v denoted by v is

O i k x \  (12)

The relative error of t>(A,) is equal to the relative error of backscattered intensity j{X().
ôv Ô *

The simulation was run for — = ^ = 5 % , 10% and 20%. The standard
v J

deviations of the random numbers from the mean values of v correspond to

ü(A,) =  exp - 2 Í
k=  1

d(Af) =
3 T 7 W -

e, in Eq. (2) is received by

e, =  — In 1>(A()

(13)

(14)

and Bi = ei—el . B, are also random variables and the algorithms run on these numbers.
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Simulation with Algorithm 1 (one component present)

The simulations have been carried out in the following way:

1. Component specified (к — fixed);

2. Relative error of intensity measurement specified ( j -  —  fixed^;

3. Concentration times path length of component specified xk;

4. B, is generated according to the fixed — 100 times by the random number 

generator;
5. Algorithm 1 calculates in each case k! (selects component) and xt . 

(concentration times path length);
6. The rate (or probability) of erroneous selection Of к'(кфк) is calculated 

(selection error probability: SEP);
7. The rates (or probabilities) for the relative deviations

RD = l**-~**l
x k

satisfying RD<  2%, 5%, 10%, 20%

measurement ( — ). Above the diagrams the selection error probabilities (SEP)

(probability of % accuracy; PPA) are calculated.
These simulations have been run for the five molecular components mentioned 

in the Introduction, three different relative intensity measurement error values (5%, 
10%, 20%) and for several different concentration times path length values. The results 
are summarized in Fig. 2. It shows curves of probability of per cent accuracy (PPA) 
versus relative deviations (RD) from the mean values of c.l for the five different 
molecular components. Parameters of the curves are the relative errors of intensity

J

belonging to the relevant molecule, c.l and Hr value are shown.

.The quantitative conditions of acceptable measurement can be arbitrarily 
chosen. A resonable choice seems to be the requirement that for RD ^  20% the PPA 
value should be above 80%. The dashed lines show the boundary of the region above 
which this condition is satisfied. Parameters of acceptable measurements are those 
belonging to the curves above the dashed lines for RD = 0 —20%.

Fig. 3 shows the required accuracy of intensity measurements for the fulfilment

of the above requirement for the five molecular components. Hr values are shown

as a function of c.l. The relative error of intensity measurement should be below the 
values indicated by the curves in order to detect any selected component with a given 
concentration times path length (c.l) value fulfilling the condition of acceptable 
measurement.
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From the simulation data it can be seen that for the acceptable measurements the 
selection error probability SEP is always less than 2%.

e  •

Practically the error of intensity measurement -7- in field experiments is not less

than 10% for resonable times of measurement. In Fig. 3 this is shown by the dashed line. 
Therefore the minimum detectable concentration times path length values can be
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Fig. 2. Probability of per cent accuracy (PPA) versus relative deviations (RD) from the mean values of c.l for
the five molecular components 

a) C F3CI, b) CF2C12, c) CFC13, d) NH3> e) S 0 2
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determined in the sense of the conditions specified above, and are shown in Table I 
In order to study the dependence of the results recieved on the choice of the 

number of wavelengths and components some computer runs were carried out with 
variations of these parameters. Qualitatively it turns out that minimum detectable 
concentration times path lengths remain practically unchanged even when the number 
of wavelengths is equal to the number of components potentially present in the case of a 
proper selection of wavelength range (including characteristic features of the spectra). 
Reducing the number of molecular components significantly decreases the selection 
error probabilities (SEP).

Table I
Minimum detectable concentration times path length values

CF3C1 CF2C12 CFCI3 NH3 so2
10“ 2 102 2 • 10-2 2 ,5-1 0 1 1 [2,7 • 1019 cm-2]

Simulation with Algorithm 2 (two components can be present)

Algorithm 2 has been tested only from the point of view of reliability of decision 
in the case, when one component is present: whether it selects one or two components. 
It always selects a second component as well but the magnitude of c.l for the second 
component should be at least an order of magnitude below that of the component 
present.

If the result of Algorithm 2, i.e. the component with large c.l selected, is identical 
with the one selected by Algorithm 1, then the presence of a single component is 
considered confirmed. Its c.l value is provided by Algorithm 1.

On the other hand, the result of Algorithm 1 cannot be accepted if Algorithm 2 
selects 2 components, i.e. the c.l value of the second component is not less by an order 
of magnitude than that of the first one.

The parameters of the computer simulation were identical with the simulation 
with Algorithm 1. The probabilities of fitting the fluctuating data with a single 
component in the sense described above were calculated (single component verification 
probability SCVP).

The condition of acceptable verification is again arbitrary. SCVP >80% was 
chosen. Fig. 4 shows the required accuracy of intensity measurement for the fulfilment 
of this condition for different c.l values of the five molecular components. The 
minimum detectable and verified concentration times path length values for 10% 
relative error of intensity measurements (see the dashed line in Fig. 4) are given in Table 
II. It is very interesting to compare the results of the two algorithms shown in Tables I 
and II. The molecular components are in the order corresponding to the magnitude of 
their absorption cross section, i.e. CF3C1 has the largest, S 0 2 the lowest values of
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Fig. 4. Upper limit of relative error of the intensity measurement ^  permitted for acceptable verification of

the component selection (SCVP >  80%) for the five molecular components

Table II
Minimum detectable and verified concentration 

times path length values

CFjCl C F2C12 CFCIj NH3 S 0 2
5• 10 2 1 0 " 1 4• 10-2 7,5 IO" 2 5■ 10“ 1 [2,7• 1019c m '2]

absorption coefficients. From Table 1 it can be clearly seen that the minimum 
detectable concentration times path length is the smallest for CF3C1. In order to decide 
whether other components are present or not the effect of the other component should 
be measured accurately as well. However, if the absorption coefficient of the other 
component or components is small compared to that of the one the presence of which is 
to be verified, the reliability of decision regarding the presence of this second 
component is small. Therefore the minimum detectable and verified concentration 
times path length increases for the components with large absorption cross sections 
(see C F3C1, CF2C12). On the other hand, for the components with small absorption 
cross sections the reliability of exclusion of presence of the second component 
possessing large absorption coefficients is high therefore the minimum detectable and
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verified c.l value decreases relative to the one received with Algorithm 1 (see NH3, 
S 0 2). The value for CFC13 possessing a medium absorption cross section is practically 
unchanged.

4. Conclusions

Two algorithms were shown for the interpretation and evaluation of multiple 
wavelength differential absorption lidar data.

Information prior to the measurement was assumed to be limited for the group of 
molecular components potentially present in the region of the measurement.

Algorithm 1 assumes the presence of a single component. It selects the 
component that fits the experimental data best, and determines the concentration times 
path length value of the component.

Algorithm 2 is used for verification of the assumption of Algorithm 1.
Lidar measurements were modelled by computer simulation for five selected 

molecular components with fairly different absorption properties. Reliability of these 
measurements was studied by simulating measurement errors. Determining arbitrary 
but practically feasible conditions for acceptable measurements, minimum detectable 
concentration times path length values corresponding to these conditions were 
determined.

These algorithms can be used for field evaluations of differential absorption lidar 
data. By the simulation the realistic limits of lidar measurements can be determined.
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SHAPE-PRESERVING TIME-DEPENDENCES 
IN HEAT CONDUCTION*

H. F a r k a s  and I. M u d r i

Institute of Physics, Technical University 
1521 Budapest, Hungary

If the boundary temperature of a homogeneous Fourier body varies sinusoidally or linearly 
in time, then the temperature of any inner point follows that time-dependence — with a certain phase 
delay. That boundary-following property is formulated generally, and it is shown that only the 
solutions of second-order homogeneous ordinary linear differential equations with constant 
coefficients, that is, the functions C; C(t + k); Ce"'; Cte"'; Ce"'sin (cut +  Л) have this property. It is 
discussed, further, how to determine the limit temperature distributions as well as the phase delays for 
those cases.

1. Introduction

In textbooks on heat conduction [1,2, 3] one can find the detailed description of 
the “temperature waves”. The simplest case which shows the essential properties of the 
temperature waves is a semi-infinite homogeneous body, the boundary temperature of 
which is a sinusoidal function of the time t. According to the Fourier laws valid for that 
case, the temperature at any inner point is also a sinusoidal function of time (with the 
same frequency), but the amplitude and the phase-constant are functions of the space 
vector r. That heat conductional property has importance for several reasons (daily 
and yearly variations of the temperature in the soil; measurement of thermal diffusivity 
of materials).

On the other hand, in the technical literature dealing with industrial furnaces, 
there is another phenomenon similar to the previous one. If the heating is a linear 
function of time, then — after a certain induction period — the temperature of any 
inner point changes also linearly in time [4,5,6,7]. This phenomenon is useful to know 
when one wants to determine the temperature of the inner points of a body placed in a 
furnace of varying temperature.

Now let us assume that a body is subjected to the effects of the surroundings 
which vary by a certain time-function cp(t). As we shall see, for several special types of 
<p(f) it is possible to partition the temperature distribution T(r, i) into two parts:

T(r,t) = Tlr{r,t)+Tbf(r,t), (1)

* Dedicated to Prof. I. Kovács on his 70th birthday
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where Ttr is the transient term: it relaxes to zero as time progresses:

lim 7;r(r,f) = 0, (2)
t~* +  00

and Tbf  is the “boundary-following” term: its dependence on time is governed by the 
boundary time-dependence <p(i). We shall refer to those q> functions for which the above 
partition is possible as “shape-preserving time-dependences”.

2. General formulation of the problem

Let us assume that for a body in the spatial region V the heat conductional 
differential equation

t= D A T , r e V ,
t> t0 (

is valid, where T  is the temperature and D is the thermal diffusivity of the material 
(D is assumed to be constant). Let the boundary condition be:

a(r)T{r, t) + b(r) —  = Q(r)<p(i), redV, (4)

t ^ t 0,

д T
where a(r), b(r), Q(r) are given functions of r, and —  denotes the normal component of

on
the temperature gradient. Recall that the boundary condition (4) is of the third type [1], 
and the quantity Q(r)<p(t) represents the effects of the surroundings (for example, in the 
case of Newtonian heat transfer, Q(r)q>(t)=oiTk, where Tk is the temperature of the 
surroundings, and a is the heat transfer coefficient).

We should like to find all types of time-dependences <p(t) which have the 
following shape-preserving property: if the boundary term changes in time by the 
function <p(t), then the temperature at any inner point (after relaxation of eventual 
transient terms) will change in time by the same function <p, disregarding time delay 
(phase delay). Mathematically, this requirement can be formulated as follows: let the 
differential equation (3) have a solution of the type

T(r, t) = T0(r)<p(t -  ф(т)), (5)

which satisfies the boundary condition (4). Here ф(т) represents the time delay and, of 
course, it may depend on the space point r.

Theorem. If a function of the type (5) is a solution of the differential equation (3), 
then the function cp satisfies a second-order ordinary homogeneous linear differential 
equation with constant coefficients:

A<p(u) +B(p'(u)+C(p"(u) = 0. (6)
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Proof. Inserting (5) into the Eq. (3), we get:

DAT0(r)<p(t -  ф(т))-  q>'(t-  ф(г)) [T0(r) +
+ 2D(VT0(r) • \ф(т)) + DT0(T)Aip(Tj] +  (7)
+ <p"(t -  <P(t))DT0(t) (Щ (г) ■ \ф(т)) =  0.

Notice that the variable t appears only in cp and its derivatives (p' and </>". Therefore, if 
we fix the value of r:r = r0, and introduce the new variable

u=t-iJ/(T0), (8)

then we immediately get the Eq. (6) with

A = DAT0(t0), (9)
B= - [ r 0(r0) +  2D(VTo(r0) • V^(r0) + DT0(ro)diA(r0)], (Ю)

C = DT0( т0)(\ф(т0)-\ф (г0)). (11)

By the above theorem we arrive at the conclusion that the shape-preserving time- 
dependences are among the solutions of the ordinary differential equation (6).

3. Classification of shape-preserving time-dependences

Each solution of Eq. (6) falls in one of the following classes:

a) cp(u) — C
b) (p(u)=C(u + k),
c) <p(u) = Ce'lu, (or more generally (р(и) = с1еЦ1и + c1eli2U)
d) <p(u) =  Cue"“,
e) <p(u) = Ce"“ sin (wu + k).

Here С, к, ц, u> are real constants. We shall discuss these five cases in more detail. 
Without any restriction of generality we may choose C = 1, because the constant factor 
can be involved in the other factor Q(r) of the boundary term.

a) Time-independent boundary condition: <p(u) =  1

Now cp' = <p" =  0, therefore we can easily see — from the requirements (6) and (9) 
as well as from the boundary condition (4) — that the shape-preserving temperature 
distribution is the stationary temperature distribution / ( r) which satisfies the Laplace 
equation

A f(r) =  0 , r e  К (12)

Acta Physica Hungarica 55, 1984



270 H. FARKAS and 1. MUDRI

and the boundary condition

o(r)/(r) +  b ( r ) ^ = ß ( r ) ,  redV. (13)

In this case the phase delay has no significance at all: it can be chosen arbitrarily.

b) Linear time-dependence: <p(u) = u + k

Now the Eq. (7) takes the form:

(t -  ф(г) + k)DA T0(r) —[T0(r) +  2D(V70(r) • \ф(т)) +  0Г„(г)#(г)] = 0  (14)

Since this equation is linear in t, and it must hold for every t, we get the following two 
requirements:

DAT0(r) = 0, r e  К (15)
To(r) + 2D(VTo(r)V ^(r)) + DTo(r)d^(r)=0, r e V  (16)

From the boundary condition (4) — by the same reasoning — the first-order and the 
zero-order terms (with respect to the variable t) must vanish separately, therefore, after 
some transformations we get the following two boundary conditions:

a(r)T0(r) +  b ( r ) -^  = б(г),

ß(r)i/>(r) +  b(r)T0( r ) ^  =0,

redV, (17)

redV, (18)

As it can be seen, the function T0(r) is the stationary temperature distribution belonging 
to the boundary condition (17).

We remark that for every к there exists a unique shape-preserving solution, and 
neither T0(r) nor ф(т) are affected by the value of k.

c) Exponential time-dependence: <p(u) = e"“

In this case the shape-preserving temperature distribution is of the form

T(r,t) = T0(r)e«, - « ' )\  (19)

which can be transformed into

T(r, i) = T1(r)e'“, (20)
where

Тг(г) = T0(r)e ~ MV<r). (21)
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The relation (20) can be interpreted in the following way: the temperature at any inner 
point of the body varies in time by the same function as the boundary term does (that is, 
by e so in this case the simplest formulation involves no phase delay.

Substituting the form (20) into the differential equation (3), we get

ßT1(r) = DATl(r), r e  К (22)

while the boundary condition (4) takes the form.

ф ) т  + b ( r ) ~  = m  redV. (23)

u
l t 3  is not an eigenvalue of the Laplace operator, then generally there exists a unique 

solution Tj(r) of the stationary boundary value problem (22)—(23), provided that
6(Г)Ф0.

On the other hand, if ̂  is an eigenvalue, then the solution of (22)—(23) is not 

unique: to a solution Tf(r) there exists a family of solutions of the form

T1(r)=Tf(r) +  AT/l(r) - o o < A < + o o ,  (24)

where Тц(г) is an eigenfunction belonging to the eigenvalue ~ . This nonuniqueness
D

involves no real physical implication, because different transient terms belong to 
different T/s. By the way, the distinction between the transient term and the boundary
following term is unjustified now: their relaxation times are equal.

It is an interesting property of the exponential time-dependence that according 
to the transformed form (20), the phase delay can be prescribed arbitrarily.

d) Time-dependence of the form <p(u) = ue*“

Similarly to the simple exponential case we can transform the temperature 
distribution as follows:

where

T(r, t) =  T0(r) (t—ф(т))ем' ~ v(r))=
= r1(r)(t-iMr)K',

7i(r) =  T0(r)e~"v<,).

(25)

(26)

Substituting the form (25) into the differential equation (3) all the terms in it will contain 
the factor e“1. Omitting that factor, we get an equation which is linear in t that is, it is of 
the form

Ft + G= 0, (27)
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where F and G do not contain the variable t. Consequently, F = 0 and G =  0 must hold. 
Treating the boundary condition similarly, we get two spatial differential equations 
and two boundary conditions:

pTl(r) = DATy(r), reV , (28)

reV , (29)

« ) В Д + В Д ^  = Q(r), г e dV, (30)

o i W H m m j j ;  =  o, redV . (31)

From (28) and (30) the “limit temperature” Tt(r) can be determined. (It may be noted 
that the formulas (28) and (30) are the same as (22) and (23).) If T,(r) is already known, 
the phase delay ф(т) can be determined from the Eqs (29), (31).

e) Sinusoidal-exponential time-dependence

This case is an extension of the exponential time-dependence for a complex 
exponent. Returning to real quantities,

cp(u) =  e>,u sin (atu + k), (32)

where p, со, к are real constants. The distribution T(r, t) of the shape-preserving type (5) 
can be written into a new form:

T(r, t)= T0(r)eM('~v<T)) sin (оЯ + к-соф(т)) =
= [P(r) sin (cot + k) — R(r) cos (cot -I- k)]^'.

Here we introduced the new functions

P( r) = T0(r)e -  " v(r) cos соф(т), (34)
R(r) = r0(r)e-W(r>sinc#(r), (35)

instead of T0(r) and ф(г).
Using the form (33) in the differential equation (3), we get the following equation:

p\_P(r) sin (cot + k) — R(r) cos (cot +  k)] + 
co[P(r) cos (cot + k) + R(t) sin (cot +  fc)] =

=  D[AP(r) sin (cot -I- k) — AR(r) cos (cot + k)]. (36)

Let us consider again that relation as an identity with respect to t. This leads to two 
partial differential equations:

pP(r) + coR(r) =  DAP(г), г e V, (37)
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fiR(r)—coP(t) = DAR(t), r e K

From the boundary condition (4) we get two requirements:

n(r)P(r) + b(r) ̂  =  0(r), redV,

dR
a(r)R(r) +  b(r) —  =0, redV.

(38)

(39)

(40)

The system of differential equations (37)—(38) is a coupled one, so the functions P(r) 
and R(r) have to be determined simultaneously.

4. Remarks

In the above analysis, we neglected the transient terms. This is generally justified 
if the following conditions are fulfilled:

i) We consider the temperature distribution after the lapse of a long time interval 
(in comparison with the largest relaxation time i).

ii) The time-dependence of the boundary term is slowly varying (also in 
comparison with r).

In the absence of this situation, the solutions listed above are only particular 
solutions valid for very special initial conditions.
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IRREVERSIBLE THERMODYNAMICS OF NEMATIC 
LIQUID CRYSTALS*

J. V erhás

Institute o f Physics, Technical University 
1521 Budapest, Hungary

On the ground of linear Onsager theory, the important properties of nematic liquid crystals 
are treated. The most simple approximation based on Gyarmati’s variational principle gives better 
results than the widely used Ericksen—Leslie—Parodi theory, which is a special case of the one 
presented here. The relaxation time of a twisted nematic cell is calculated for small distortions and 
deviations from the ELP-theory turn out to be likely.

1. Introduction

Nowadays liquid crystals are getting more and more importance in technology. 
The phenomenological theory of them, which is applicable in everyday practice has 
been founded by Oseen [1] and Frank [2] in the static sense and has been developed 
into a dynamic theory by Ericksen [3] and Leslie [4]. The Onsager reciprocal relations 
were built into Leslie’s theory by Parodi [5].

We show in this paper that the Ericksen—Leslie—Parodi theory is a special case 
in the thermodynamics theory of liquid crystals based on the linear Onsager 
theory. For the sake of simplicity the considerations are restricted to nematic liquid 
crystals only.

Nematic liquid crystals are supposed to be materials associated with a director e 
describing a preferred direction and the isotropy group of them contains any 
orthogonal tensor that e belongs to as a proper vector. A further assumption is that any 
volume preserving deformation which does not change the director is accompanied by 
no stress. The consequence of the latter assumption is that the nematic liquid crystals 
are anisotropic fluids according to the maximality of the orthogonal group in the 
unimodular group. [10]

For the methods of non-equilibrium thermodynamics, the book of De Groot and 
Mazur [6] and the book of Gyarmati [7] are referred to. The hypothesis of local 
equilibrium is accepted. The conditions of an equilibrium are discussed, and the 
equations for nematiç liquid crystals are deduced from the variational principle of 
thermodynamics.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. The entropy of nematic liquid crystals

The most important thermostatic properties of a material can be determined 
easily if the entropy per unit mass s is given as a well-defined function of the various 
parameters which are necessary to define the macroscopic state of the system 
completely. For nematic liquid crystals, these are the internal energy per unit mass u, 
the specific volume v, the director e which is is a unit vector, its gradient e  = Grade, and 
in the case of an electric field, the electric polarization P.

s=s(u, v, e, e , P ). (2.1)

The entropy has to be an isotropic function of its variables, that is

s(u, v, e, e , P)= s(u, v ,Q  e ,Q  e  QT,Q  P) (2.2)

with any orthogonal tensor Q. Here QT stands for the transposed tensor of Q. It is also 
supposed that the director e and the opposite one -e describe the same state, i.e. the 
molecules are not distinguishable end from end in a macroscopic description.

s ( m, v, e, e , P) =  s(u, v, - e ,  -  e , P ). (2.3)

It is worth to mention here that the set of state variable given above and the Eqs (2.2) 
and (2.3) define the nematic state. If Eq. (2.2) holds for proper orthogonal tensors only 
we get the theory of the cholesteric state. Following Oseen and Frank, the entropy 
function (2.1) is approximated with a polynomial of second degree in the components of 
e  and P. Using a Cartesian frame of reference, we get

J о J
s = s0+ У  У  s£P„ Ь У iCßy»£«ß£yi +

ос, 0 = 1  a = 1 a , ß , y , ö = l

+ i $ * , P y +  i $ P S ß -  (2.4)
a , ß , y = l  a, ß  =  1

The coefficients of the polynomial depend on u, v, and e. The symmetries of the liquid 
crystals make the polynomial simpler. To determine its possible form let the x, axis be 
collinear with the director e. It is a particular consequence öf Eq. (2.2) that the 
coefficients of the polynomial (2.4) are not affected by any orthogonal transformation 
which does not change the director. The orthogonal transformations

ö l *  7Cj  > ^ 2  ^ ^ 2  » X 3  ► X 3  ,

Q2: x^ X j ; x2-+ —x2; x3->x3 , # (2.5)
Q3: 7c1—>Xj, x 2—>x3 , x3—*x2

show that any non zero coefficient of the polynomial (2.4) has an even number of indices 
2-s or 3-s, and the value of the coefficient will not vary if the indices 2-s and 3-s
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interchange. Moreover е 1!Г =  0 as the director is a unit vector. Thus the non zero 
coefficients are the following:

^22~ ̂ 33 j S1 ! •s3fl21 — 3131>  л 2 2 2 2 3333  > S 2 2 3 3 ~ S 3 3 2 2  <

S 2 3 2 3 — S 3 2 3 2  < ^ 2 3 3 2  — ^ 3 2 2 3 ' ■ >  S ? 1 2 - S ? 1 3 Í  ^ 2 2 1 ~  $331 > S l l  î ^2 2  — s 3 3 • (2.6)

The infinitesimal rotation round the director

6 4 : x 1-*x1; x 2^ x 2- x 3 - ö; x3->x3 + x2 <5 (2.7)
results in

s ? 2 2 2  =  s 2 2 3 3  +  s 2*323+  S ?3 3 2  • (2-8)

Making use of these, the polynomial (2.4) can be put into the invariant form

s =  s0 + ̂ 2 2 ^  + sfe • P + S2 3 2 3 E : E + s2332E : ег +

+ S2 2 3 3 ( f r  £)2 + ( s 2 1 2 1  — s 2 3 2 3 )  (Ee)2 + ^ 1 2  ' P  ‘ £ ' 6 +

+ sf2 i tr e - e) + (s"  -  s " )  (P • e)2+ s " P 2 .

From the requirement (2.3) s^2= 0  and Si =  0 follow, and we get ^ 2 1 2  — ̂ 2 2 1 —^  
supposing no spontaneous electric polarization in the absence of external electric fields. 
The last supposition means that the flexoelectric effect is neglected. As a consequence of 
all the symmetries, the entropy function (2.1) is written into the final form of

, = s ° ~ w {
k22e : e + fc24E : £r + (k33 -  k22) (e • e)2 +

+ ( к ц - к 22- k 2A) (tr e )2 + 1 --------(P ■ e)2 + — P 2
\ Z | |  X j  X j.

(2. 10)

where the notation has been changed for the sake of coincidence with the traditional 
one. Here p stands for the density and T  for the absolute temperature. As the entropy is 
maximal if e = 0  and P = 0 with no surface force and no external electric field and with 
adiabatic circumstances, the expression inside the brackets is positive definite in the 
algebraic sense, consequently the inequalities

к ц  =0; k22 ^0; k33 ^ 0 ; k22 = l^24 l>

* n è y (* 2 2  + *24) ; z i . è 0 ; * ^ 0  (211)

hold.
In this paper no magnetic polarization is taken into account, because the 

calculations in this way are simpler and a straightforward generalization of (2.10) leads 
to the needed formula.
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3. Balance equation

The conservation of mass is expressed by the balance equation

^ + p d i v v  =  0 , (3.1)
dt

which has the usual form with v denoting the velocity. In the equation of mechanical 
motion

= Div t + p f . (3.2)

fis Cauchy’s stress tensor and f is the force per unit mass exerted by external fields. The 
balance equation for kinetic energy is a consequence of Cauchy’s equation of motion:

d v2p —  — =  Div(v • t) + pf ■ v — f : Gradv. (3.3)
dt 2

The balance equation of angular momentum is assumed to have the form of 

dp —  (г X v) =  Div (г X t + я) +  г X p i + pm , (3.4)
dt

which is equivalent to the equation

2w(f) + Div я +  р т  = 0. (3.5)

Here г is the position vector and w(f) stands for the vector invariant of Cauchy’s stress 
tensor

i ( f - i r ) = w (f)x5 .

The Eq. (3.4) includes the supposition that in contrast to the theory of micropolar fluids, 
no internal angular momentum is assumed, but the couple stress tensor я and the 
couple density m is borrowed from there. The two latter quantities enter into the 
equations because of the molecular structure of the material. Namely all the quantities 
regarded here are some averaged ones, and the mean value of a product differs from the 
product of the mean values in general.

The couple stress tensor and the couple density in a liquid crystal are exerted on 
the director. This is the reason why the work terms belonging to them are proportional 
to the angular velocity of the director, which is defined so that

^ = i l x e  (3.6)
át

holds.
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The balance equation for the total energy reads

' ï ( - i )
+ div J ,=

(3.7)

=  div(v • f-f f t  ■ Jt) +  pfv + E dP
di ’

Here J ,  is the heat current density and E is the electric field strength. The last term on 
the right hand side gives the energy supply from the electric field except the work of 
Donderomotoric forces. It includes the work of the couple density and the so-called 
dielectric losses. The internal energy balance will be obtained by subtracting Eq. (3.3) 
from Eq. (3.7) and making use of Eq. (3.5):

du a о
p —  + div J .  = t : a+ div (ft' • я) + n : Grad to +  E • P , 

dt

where the notations
a t  _ 1

a= — [Gradv + (Gradv)7]; to = — rot v ;

„ dP
ft ' = f t —ca ; f* = -----to X P

di

(3.8)

(3.9)

have been introduced and the couple density is regarded to be exerted by the electric 
field alone:

pm =  P  ж E . (3.10)

The quantities è, ft', f* represent the intensity of processes related to a Cartesian frame 
corotating with the body. For this reason, it is worth to introduce the quantity

e =  f t 'x e  (3.11)

as well, which means the time derivative of the director in the above-mentioned frame. 
We can take the relative angular velocity of the director f t' perpendicular to e for 
convenience as its component parallel to e has no physical meaning, and for the same 
reason, we can accept the relation

e n = 0 ,  (3.12)

too.
The entropy-balance equation has the general form

ds
p — + div Л, = <7,^0,

where

(3.13)

(3.14)
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according to the local equilibrium. The actual form of the entropy production is 
determined using the entropy function (2.10) and the balance equation for internal 
energy (3.8). The calculations are rather easy, if the investigations are restricted for 
processes without changes of volume or temperature. The time derivative of entropy is 
given in the form of

ds 1 du ds , ds . ds SL 
dt = T á t  + ô ê 'e+ дЁ:£+ d P 'P ’

where e is the time derivative of г in the corotating frame and the derivatives

dsand —  are defined by the linear functions given here:

(3.15)

ds ds 
de ’ de

— s(u,e +  Aq, с, P)

d l

d_
d l

s(u, e, E + Ац, P) 

s(u, e, e , P +  Aij)

ds
= П,

a = o de

ds
= ^ - ц .

A = 0 dE

ds
= d P "■

(3.16)

A = 0

Here A is a scalar variable, q and ц can be any vector and tensor, respectively. 
Substituting (3.15) and (3.8) into (3.13), we get

Tas =  t  : <?+ div (ft' • я) + n : Grad to + (3.17)
Í  ~,ds \  » _ds „ ds .

• ^  J ' 4 '’ s e+,> S :E
The form of the entropy production gets more convenient if we introduce the quantity

B= — e x it (3.18)

and apply the identities

dcE= — +(v grad)E + E(C0 X S) —to X E ,
dt

Grad è = ê  +  e  ê+ e  X Grad to .

The calculation leads to

7hJ= ( i+ £ r ■ B) : é + ^ p T ~  +  Div ß j  • è +

de У dP
(3.19)
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The entropy production multiplied by the absolute temperature is the so-called energy 
dissipation function, which is the base of the thermodynamical considerations in the 
energy picture. It has to be positive if any real process happens to be present in the 
system and equals zero in the case of equilibrium. The energy dissipation function, as it 
can be seen from above, is a linear expression of â, ê, ê, and P. These variables describe 
the intensities of real processes as they equal zero if nothing happens to the system, but 
the frame we use rotates.

4. The conditions of an equilibrium

The quantities describing the intensities of material processes are referred to as 
generalized fluxes and their coefficients are referred to as generalized forces. The 
entropy production as well as the energy dissipation function are always bilinear in the 
generalized fluxes and the generalized forces. In the case of independent fluxes, the 
conditions of an equilibrium are that all the forces are equal to zero. Our task is not as 
easy as that, because the fluxes convenient to use are not independent. The components 
of è and £ are not arbitrary, the constraints

ê e = 0  and é £ + e £  = 0 (4.1)

following from the fact that e is a unit vector hold. As <?is a symmetric tensor with zero 
trace (volume preserving motions) the relations

<?: 6 = 0 â :A = 0 (4.2)

have to be satisfied, where A is an arbitrary anti-symmetric tensor. In such cases the 
method of Lagrange’s multipliers is used. The auxiliary function is of the form

L* = Tos + p t  -e + X.(ê ■ £+ e- ê)+(pô +  A) : é=

(
ds

pT— 4- Div B+ (4.3)

+ fie+E'X  ) ■ e +  ( pT— + B + e

Here p, p, A and к are Lagrange’s multipliers, which should be determined 
simultaneously with the other unknown quantities. The conditions of an equilibrium 
are deciphered from the auxiliary function (4.3), and the complete system of equations 
includes the constraint (4.1) and (4.2) as well.

pő + A  4 - 14-et B= 0,

ds
pT —  4- D ivB +pe + £ k = 0 ,
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ds
pT —  + Ä+e°X = 0 , 

de

p T ^ + E  = ° .

To determine the multipliers p and X., we multiply the second equation and the third 
one from the left by e. Keeping in mind that e • B = 0  and e ■ e= 0  we get

ds
p = —p 7 è - ---- eD ivÄ , (4.5)• ce

, dsк = — pTe ■ — . 
н de

Eliminating р and X from the Eqs (4.4) results in

* _ _ „ r g + „ . , T. g  (4.6)

and consequently

dsi t=ex  B= —pTex — , (4.7)
de

as well as

ds (  ds\p T - - Dw U - W e  =  ° ,  (4.8)
where '

Я с Я с
2p*=p + pTí:—  +peDiv — . (4.9)ce ce

The last equation in (4.4) gains the form
P=X±E+(x||-Xi)(E-e)-e (4.1О)

after getting the derivative —  from (2.10). This formula for the electric polarization is

the usual one and needs no further explanation. The Eq. (4.8) is the Euler equation 
belonging to the variational problem

jL dF= JpT sdK = m ax. (4.11)

with the constraint condition e2 =  1. Really, the entropy in an adiabatic equilibrium has 
a maximal value. We get a better interpretation introducing Helmholtz’s free energy F, 
the isothermal derivatives of which obey the relations

(4.12)
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well known from thermostatics. In this way we have arrived at the principle of 
minimum free energy. It is worth to remark that the equations of equilibrium in (4.4) 
give some more information compared to thermostatics, namely, the first one 
determines the symmetric part of the stress tensor. The antisymmetric part can be 
determined from Eq. (3.5) while the scalar pressure is available only when integrating 
the differential equations.

When calculating the antisymmetric part of the stress tensor, we make use of 
some identities. The first of them is

ds ds
e x p T dê + F x p T d¥  +  (413)

+  2 » ( р т | - £< - - ^ . р т | )  =  0 ,

which is a consequence of Eq. (2.2). The second one is (3.10). The third one reads 

D iv(exB ) =  2w (ß-£r) + ex  D iv ß . (4.14)

Combining them with Eq. (4.4), Eq. (4.7) and Eq. (3.5), we get

2w(f+£r fi) =  0 (4.15)
and consequently

t= - p & - £ T ■ В = - р 6 - р П т — . (4.16)
dz

The Eqs (4.7), (4.8), (4.10) and (4.16) characterize any equilibrium state completely 
provided the proper boundary conditions are given.

5. The motion of nematic liquid crystals

The equations of motion in the linear Onsager theory have very simple form, if 
the generalized forces and fluxes are independent. It is not so in our case, because the 
constraint equations (4.1) and (4.2) hold. A further difficulty is that a transformation of 
the fluxes producing independent variables spoils the frame indifferent notation and 
makes the calculations clumsy. The direct method operating with dependent variables 
performs too many phenomenological coefficients and the argumentations become 
also clumsy, notwithstanding the number of independent phenomenological coeffi
cients is the same as in the case of independent variables. The difficulties yield to the 
variational principles of thermodynamics worked out by Gyarmati [7] in the 60s. The 
representation most convenient for dealing with nematic liquid crystals is the flux 
representation of the local principle in the energy picture.

To apply the variational principle we have to look for the actual form of the 
dissipation potential cp. It is a homogeneous quadratic function of fluxes, and the
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derivatives of cp with respect to the fluxes are equal to the generalized forces. In our case 
the dissipational potential depends on è, ê, d and f* and contains the local state 
variables u, P, e, e as parameters. To make the task a bit easier we suppose that the 
dielectric losses are negligible, i.e. the Eq. (4.10) holds during dissipative processes as 
well. In this way (p does not depend on f*. Moreover, the distortions are assumed weak- 
enough for omitting e as a parameter. In this way, the function we are looking for is 
something like

(p = (p(è,è,ê,e). (5.1)

This function has to be an isotropic one, the equation

<p(Q'ê , Q h QT,Q  à QT, <?e) =  (/>(ê,è,<?,e) (5.2)

holds for any orthogonal tensor as well as the

(p(-è, - e, i, - e )  =  <p(ê,£, <?,e). (5.3)

A quadratic polynomial in the variables listed above has the form

< p =  — e R l 1 • ê +  ê ■ R 12 :ê + è • R 13 : ê+

+ y  è:R22:t + è:R23:é+ (5.4)

ê .R 33:â

Here R 11 is a second order tensor, R 12 and R 13 are third order ones, while R 22, R 23 and 
R 33 are the fourth order tensors, all of them depending on the director isotropically 
according to Eq. (5.2). To avoid misunderstanding, Eq. (5.4) is repeated in Cartesian 
coordinates:

1 3 3 3 о
<?>= T  X  R U è * è i > +  X  K ß y t J ß y  +  X  R ' J y e J ß y  +

ct,ß  =  1 a , / f , y = l  a , ß , y = l

(5.5)
1 3 3 3

Raßyö£<xß£yö~^~ ^  R-aßyö£aßdyö~^‘ X j  ^ a ß y ö ^ a ß ^ y ö  •
2. at,ß,  y , ô = l  a , ß , y , ö = l  c t , ß , y , S = l

We determine the possible form of polynomial (5.5) similarly as it has been done with 
polynomial (2.4). According to the transformations given in (2.5), the non-zero 
coefficients belonging to the second and third order tensors are listed here:

R 12
221

D l l .  D U  _  n i l .  
*M1> K 22 ~ Л 33>
__ p  12 . p  13 . p“ K331> Klll> K

p  12 . p  12 _  p  12
*M11> л 1 2 2 “ л 133> / x 2 1 2 ‘

) 1 2  . p l 2  _ p l 2  .
Л 2 1 2  — Л 313>

13 __ p l 3  . p l 3  _ * p l 3  . p l 3  _ p
122  33» л 2 1 2 ~  л 313> л 2 2 1 ~ л

13
331
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The first three terms of (5.4) are given as

y  è • R 11 ■ ê + è • /?12:ê + è • R 13:â= y  ^ 22(^2 +  ̂ !) +

+ ^212 (̂ 2 ̂ 12 + ^ 3^13)+  ^221 (^2̂ 21 + ê3£31) +

+  ^ 212(^2^12 +  ^3^13) +  ^ 221(^2^21 + é 3 á 3 i ) =  y  Ä 2 2 ® 2  +

+ /?2i2e • â • è + R l h è  ■ è • e + (R2l 2 + R22i)^'  *,

which is in an invariant form. The requirement (5.3) is satisfied if and only if R212 = 
= R221 =0, i.e.

y è - Â 11. - ê = y R 11è 2; R i2= 0 , 

ê R 13:ê= R 13e à -è ,
where the notations

p i i _ p i i  p i 3 _ p i 3  I pi3 K —K2 2  K — Г<212 + “ 221

have been introduced.
Let us turn to the 4th order tensors R 22, R 23 and R 33. Because they have a lot of 

non zero components, first we determine the general form of a 4,h c tu^r ^..sor 
depending isotropically on e. According to the transformation (2.5), the non zero 
components of a 4th order tensor R  are the following:

^ l l l l i  ^ 1 1 2 2  =  Я ц з з !  Æ l 2 i 2  =  ^ 1 3 1 3 Î  7^2112 =  ^ 3 1 1 3 »

^2121 =  ̂ 3131> ^1221 =  ̂ 1331> ^2211 =  ̂ 3311> ̂ 2222 =  ̂ 3333 >
•^ 2 2 3 3  — -^ 3 3 2 2 Í R 2 3 2 3 ~ R 3 2 3 2 ’  R 2 3 3 2  =  R 3 2 2 3  •

From the transformation (2.7), the equation

v 7^2222 =-^2233 +-^2323+^2332

follows. It means that R  has ten independent elements. The general form of the function 
needed is bilinear in two arbitrary tensors X  and К

X ' . R : Y =  R u  u  X , ,  Tn  + R \  122(^11 ^22 + -^ 11 ^зз)+ ^1212(^12 ^12 + -^i3 ^13) +
+ ̂ 2112(^21 ^12 + -^31 ^13) +  ̂ 2121 (-^21 ^21 +  -^31 ^3l) +
+  ^1221 (-^12 2̂1 +  ^ 1 3  ^ 3 l ) +^2211 (-^22 ^ 1 1  + ^ 3 3  ^ l l )  +

+ ̂ 223зС^22 ^22 +-^33 ^33 + -^22^33+-^33 ^22) +
+ ̂ 2Э2з(-^22 ^22 + -^33 ^33 +  -^23 ^23 +-^.32 ^Зг) +
+  ̂ 2332 (-^22 ̂ 2 2 + ^ 3 3  * 33+ *23  ̂ 3 2 + * 3 2  Y23) =
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= Ru n (e X e)(e- Г е) + Я 1122(е-A" e)(tr F -e F e )  +
+ ̂ i2 i 2 [e '-*̂ ' F ^ e - (e - .Y e )e -  F e ]  + R2112[e- Y - X - e —(e • X - e)e• F e] +
+  ̂ 2 1 2 1  [e • Xх • Y- e —(e- X-  e)e • Y- e] + R1221 [e • X- Y -e —(e • X - e)e • Y -e] +
+ ^ 22ii( t r -*̂ — e X e)e- F  e +  R2233(trAr—e-X ' e)(tr F —e- F  e) +
+  ̂ 2 3 2 з№  Y —e ■ X- Y1̂ ■ e —e • XT • F- e —(e • X-  e)e • F- e] +
+ R2332l X : Ÿ r - e  X- Y e - e  Y X  e + (e • X  e)e• Y  e] .

Now it is clear that the function we are looking for is a linear combination of the 
expressions listed below:

Z 1 = X : Y ; Z 2= X : Y r; Z 3=e  X  Y ■ e, Z 4= e X  f - e ;
Z 5= e ^ y e ;  Z 6 =  e - J f  - YT • e; Z 7 =  t r ^ t r  Y,
Z 8 =  trX (e- Y- e); Z 9 =  ( e - I - e ) t r  Y; Z 10 = (e • X  e)e • Y e .

In the case of R22, X = Y = t ,  consequently Z§2 = Z |2, Z |2 =  Z |2. When R = R 33, 
X = Y = i ,  which is symmetric and has a zero trace, consequently Z 33 = Z 23, 
Z 33 = Z l3 = Z \ 3 =  Z |3 and Z 33 =  Z |3 = Z l3 =  0. In the case of R23 all the terms have to 
be zero because of the requirement (5.3).

Now we are able to put down the actual form of the dissipation potential.

q>= y R n é2 +  k 13é í e +  y  ä 22e:e+  y  R22ê:êr  +

+ y  R32e ■ e2 • e +  y  Rl2(e ■ t)2 + y  K|2(ê ■ e)2 +  y  R^2(tr ê)2 +

+  y  Rf2 tré  • (e • â • e) + y  R§2(e ■ ê • e)2 + y  R \3â:ê+  (5.6)

+ y  ^ 23e • â2 ■ e + y  R33(e • è - e)2.

The new notation is quite clear, the coefficients in (5.6), Rli , R13, R \2, R\2, R§2, R \2, 
R22, R |2, R22, R \2, R33, R23 and R33 are material coefficients depending on the 
chemical structure of the nematic liquid crystal and on the temperature. The equations 
of motion are obtained from a partial form (flux representation) of Gyarmati’s local 
variational principle which says that L=Tas—cp is maximal if the fluxes belong to real 
processes. Applying the variational principle the constraint conditions (4.1) and (4.2) 
have to be kept in mind. In this way, the auxiliary function of the variational problem is 
of the form

L* = Tos — (p + цёе + Х- (ê • e +  e • ê)+(pô + A):<?, (5.7)
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where p, Ő, p and A are Lagrange’s multipliers similar to those in (4.3). The differential 
equations describing processes are obtained from here:

p6 + A + t+ e T • B — R 13è°e — R33é — R l3e>eê— R l3(t ■ â ■ е)в“е = 0,

ôs
рТ  — + DivÆ+/ie +  €*k — R líe — R í3a e  = 0, de

Яс 1
рТ  —  + В + е °Х -Я “ Ё — R \2t T— y  Яз2(е°е • е+ е  • е°е) — (5.8)

-  R l2e°e ■ t  -  R l2i  ■ e°e — Л |2(tr è) 6 —

— y  R22[(e • èe)ô + (tr ê)e°e] - R j 2(e • г  ■ e)e°e = 0 .

These equations together with constraints (4.1) and (4.2) and the equation of electric 
polarization (4.10) are complete and the solutions of them give an adequate picture on 
the motion of nematic liquid crystals. Unfortunately, getting an exact solution is a 
rather hard task as the equations are not linear and, on the other hand, a great number 
of material coefficients are present in them. This is a rather huge number. There are 13 
resistivity coefficients occurring in <p, 4 Frank’s coefficients and 2 polarization 
coefficients are present in Eq. (4.10). It is altogether 19. Because of this unusually great 
number the truncation of the equations is fruitful.

Let the tensor R22 be neglected in the dissipation potential. The error is small, if 
the cell of liquid crystal studied is large enough. The number of coefficients decreases to 
11, and the approximation we get is equivalent to the Ericksen—Leslie—Parodi 
theory. Here a list is given comparing the notations used in this paper to those of Leslie.

Leslie’s
notations

The present 
ones

d e
a f
ß X
N è
n BT
У M

de
w —

dt

G —e x m
N t + f i
A à
g — ex pm —Div В

Mi R\*

Leslie's The present
notations ones

М 2 y d t13- « 11)

M i j ( R ,3 + R l i )

M*. R33

y(K |3-Ä 13)M s

Me у  (*? + **»)

Я, —  R 11
Я2 —  R 13
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The present derivation of the Ericksen—Leslie—Parodi thery shows that deviations 
from it are probable when the liquid crystal cells are small.

Now regarding the equations, we get

pb + A + t + e TB = R l3e°e +  R l 3d + R l 3e°e ■ ê +

+ R33(e • áe)e°e,

p T ^  + Div B +pe+e  k =  R llè + Rl3à e ,  (5.9)
de

ds
p T - + B + e  ok=0.p de

Lagrange’s multipliers are determined

ds

and so

consequently

as well as

where

p = — pTe- ----- e ■ Div B + R l3e ■ i -  e ,
ce

. ds

„  _ ds dsB = -p T -s + e .« p T s ,

ds
n= —pTe X —  ,

O E

ds ds
2u* = p+ p7k : - — ЬрТе Div — .

de de

(5.10)

(5.11)

(5.12)

p T ^  - D iv  ( р Т ^ - )  + 2p*e = R llè + R 13J e ,  (5.13)
oe \  de J

And as for the stress tensor, after a long calculation we arrive at the formula

t = - p à  + p n T ^  + i ( Ä 13 —Ru )êoe +
CE 1

+ \ - ( R 13 + R l l )e°e+R3i 3J+  ^r(R l3- R 13)Jeo e  (5.14)
Z Z

+ у ( К 33 + Я13)е°е- à + R \ 2(e • è- e)e°e.
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The formulae we have derived are rather complicated for practical computations, so in 
the case of the most simple arrangements we are quite right if starting from the 
variational principle. The procedure will be shown on a very simple nematic cell.

6. An example

Let us consider a nematic liquid crystal cell between parallel walls, at which the 
anchoring is strong and parallel to the walls as to each other. It is convenient to choose 
a Cartesian coordinate system x, y, z with unit vectors i, j, k, respectively. The origin of 
the frame is set on one of the walls, the x-axis is directed towards the other wall and the 
у-axis parallel to the director at the walls. If a pure twist happens to be present in the 
cell, the director is given by

e = cos aj +  sin a k , (6.1)

where a is a function of the x coordinate and the time.
The quantities we need during computation are ê, e, e having the forms of

and

. Sa . e = - . x e ,

e = (i x e)°i
d x y

» d2a .. . . да da .
E = ^ (,xe)o,- ä Г ^ eo,’

(6.2)

if no hydrodynamic motion is involved.
One can see easily that e:et = 0, e ■ e= 0 an d  tr e= 0, thus the entropy function in 

(2.10) reduces to

if no polarization is involved. Turning attention to the dissipation potential, we find

and so

e:e „ „ „ да да .
=  0, e • e=0, e ■ e =  — —  — i, tr

dx dt
£ =  0 ,

<P= y  K“ ê2+ y  R i 2e :ê+  y  R l2(e è)2 = (6.4)

dot 1 d2a 
dx dt + j ( R 22 + R22)

2 'd_a\2
d t ,
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The energy dissipation function in (3.19) has the simple form

г Ц , т | + г а у в ) .« + ( , г | + в ) : ё -

. Ô Г- Bzx 1 
pT dt + c o s a j '

(6.5)

Now, we are ready to apply the flux representation of Gyarmati’s variational principle,
i.e. the partial form of the Governing Principle of Dissipative Processes [12], which has 
the form of

d
j  Ta, — cpdx = maximum (6.6)

most suitable to our problem. According to the formulae (6.1) and (6.2) no constraint 
conditions are needed. Inserting the forms found for Ta, and cp, we get

Here d stands for the thickness of the cell. When putting down Euler’s equation it must 
be kept in mind that the variational principle can give the intensity of the processes if 
the state of the system is known at the moment. It means that the unknown function is

docnot a(x, t) but — as a function of the space coordinate x. Thus Euler’s equation reads

If we confine ourselves to small values of a, we obtain the linear differential equation

Ô2 a d3a
k" d x 2 +R dt

(6.9)

which governs the relaxation processes in the cell just before reaching an equilibrium. 
The solution of the equation is given as a Fourier series:

<* = П
L . nn tn sin —  x 

d
(6. 10)

Acta Physica Hungarica 55, 1984



IRREVERSIBLE THERMODYNAMICS OF NEMATIC LIQUID CRYSTALS 291

in accordance with the strong anchoring at the walls. The relaxation times t„ are 
determined by the relation

R f2 R n  d2 
k22 + k22 n2n2

( 6. 11)

following from (6.9). It is clear from here that the relaxation times are quadratic 
functions of the thickness of the cell and tend to a finite value in case of thin layers. As 
R 22 = 0 in the Ericksen—Leslie— Parodi theory, it leads to relaxation times 
proportional to the square of the thickness.

In the light of this work, deviations are probable if the layer of a liquid crystal is 
thin. The existence bf a non-zero minimum value is forcasted for the relaxation time, in 
contrast to the Ericksen—Leslie—Parodi theory.
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FORBIDDEN ROTATIONAL AND 
VIBRATIONAL-ROTATIONAL TRANSITIONS IN H3+ *

M . R . A liev  and V . M . M ik h a il o v

Institute o f Spectroscopy, Academy of Sciences o f the USSR 
Tïoitzk, Moscow region, USSR 142092

Simple expressions in terms of basic molecular parameters are given for the coefficients of the 
dipole moments governing the forbidden rotational transitions in various vibrational states as well as 
vibrational-rotational transitions in the V ,, V2 , 2 V2 , and K, ±  V2 infrared bands of the triatomic 
hydrogen ion . Numerical estimates of these dipole moments using the results of ab initio 
calculations show that the dipole moments for pure rotational transitions and the Vl band are larger 
than for any other nonpolar molecule. Formulas for line strengths are also presented.

1. Introduction

Considerable work has been done in the last three years on the study of spectra of 
the H3 and H3 after the first discovery of the electronic spectrum of H3 by Herzberg 
[1]. Dabrowski and Herzberg [2], Herzberg and Watson [3], and Herzberg, Lew, 
Sloan and Watson [4] have analysed several electronic bands of H3 and D3 . Oka [5] 
has observed for the first time the infrared absorption band V2 of H 3 using the 
heterodyne technique. Some infrared emission lines of H3 have also been reported [6]. 
Extensive ab initio calculations of the potential energy surface and other molecular 
properties of H3 have been performed by Carney and Porter [7—9].

The present paper is devoted to the discussion of dipole moments and line 
strengths for pure rotational transitions in the ground and excited vibrational states as 
well as for infrared fundamentals, first overtones and difference and sum bands.

The equilibrium configuration of H 3 has D3h symmetry and consequently its 
permanent dipole moment vanishes; therefore no dipole-type rotational transitions are 
expected. Nevertheless, some of the rotational transitions are weakly allowed by 
various vibration-rotation and anharmonic interactions. Similar situation occurs for 
the totally symmetric Vx band, as well as for transitions with Акф  0, ± 1 in other bands, 
which are forbidden approximately and which become weakly allowed by vibration- 
rotation and anharmonic effects. The theory of these effects was developed in [10—14] 
and is specified to the case of H3 in the present paper.

* We dedicate this paper to Prof. István Kovács on the occasion of his 70th birthday in recognition oi 
his many contributions to molecular spectroscopy.
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2. Effective dipole moment

The intensity of the dipole type transition between molecular states is determined 
by the matrix element of the dipole moment vector M referred to the space fixed axes 
which is expressed in terms of the dipole moment ц referred to the molecule fixed axes 
according to the relation

М = Лр, (1)

where Л is the matrix of direction cosine and ц is chosen as the Taylor series expansion

Ц=и«+ Ç + ( 1 / 2 ) W / l k  +  . . ( 2 )

where
Pic = (Ф/Ф*)«, Pjk = (d2p/dqjdqk)e ..........

It is usual practice to evaluate matrix elements of the dipole moment between the basis 
functions composed of the harmonic oscillator and rigid rotor wavefunctions. For this 
reason M is subjected to the contact transformations which yield an effective dipole 
moment operator Sí. The contact transformations are chosen to remove the terms 
from the vibration-rotation Hamiltonian that are off-diagonal in the vibrational 
quantum numbers vk and to transform the rotational Hamiltonian into reduced form. 
The details of this method are given in the book [15] and will not be repeated here. It 
has been shown that the effective dipole moment operator is given by [15]

Е Я ш ,=  (3)
mn mn

where the first subscript is the degree in the vibrational operators (coordinates qk and 
momenta pk) and the second subscript is the degree in the rotational operators 
(components of the total angular momentum operator J  and the direction cosine Л). 
The required transition moments are obtained by taking matrix elements of the 
effective dipole moment operator between harmonic oscillator and rigid rotor 
wavefunctions. Individual terms in Eq. (3) which are applied in the present paper are 
given by

liloi — M 0i — E  Aji*,
a

(4)

Slj ! = Mj 1 =  £  Ç  ЯдРк 4k > (5)

to i2 = (l/2 ) § Ç S f ' A ( ^  +  V J . (6)

! =  (1/2) X  E  и^к(Ч]4к +  PjPk) + â k(4j4k -  PjPkftK, 
л J7k

(7)
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1Йоз = (1/2) У  r / ( J J ßXy + XyJ J ß),
яру

Й ц -(1 /2 ) J  ç  9 ? *  qk( J J ß * y + W ß ) ,

i*22= § g  w + + v « ) .

where for brevity the subscript Z  on M  and A is omitted, and where
s n a  __snot a n a  __ i flQ aVjk — &kj > “Г #kj>
s n a , ß __s n a ,  ß a Q<z, ß __  a  n a , ßVjk “  ^kj > Vjk — — ^kj •

(8)

(9)

(10)

( 11)

( 12)

Table I
Nonvanishing coefficients of the effective

dipole moment of H2

Nonvanishing coefficients

Р Й 03

Й , ,
QX __  QX __  Q y
* * 2 x 2 x —  * * 2 y 2 y  i r 2 x 2 y

9xilx =9>l2,

1 Й » 3g-* =  - 8 ” * =  - S f »

® & * “ * 5 * ,  Щ , Х = Ц ХУ- ’  

9 ? ; x = 9 %  ?  ■= ( 1 / 2 )  (S g  * -  x)
й 22 2, =  - 9 ï ; 2 , = 9 î ; 1 ,

Q2, y  __  Q 2 ,y  _  Q x ,x
* 2 x 2 x  —  —  * 2 y 2 y  —  ” 2 x 2  у

Q l , X __  Q 2 , V .  Q X ,2  __  Q > ,2
^ 1 2 y —  2 x 3  * 1 2 у ~  ~ ' Г 1 2 х

Equation (4) gives the dipole moment for allowed rotational transitions. For the 
case H 3 , in which we are interested, permanent dipole moment це vanishes. Eq. (5) 
gives the dipole moment for allowed infrared fundamentals. In the case of H 3 this term 
is nonzero only for the doubly degenerate vibration V2 . Eqs (6— 10) give the dipole 
moments for various forbidden transitions, as well as a vibrational-rotational 
contribution to line strengths of allowed transitions.

General expressions of the coefficients of the operators M 12, M 21 and M03 in 
terms of basic molecular parameters are well known (see e.g. [15-—17]), those of the 
operators l9l13 and 1Й22 are given in [13, 14]. The nonzero coefficients of these 
operators and relations between them obtained from symmetry requirements for the 
D3h point group are given in Table I.
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3. Rotational transitions

Transition moments of pure rotational transitions are determined by the matrix 
elements of the sum of operators Mm„ with m even. In the case of H3 the operators M01 
and M 22 vanish on the ground of symmetry arguments and the rotational dipole 
moment in dominant approximation is given by

Mrot =  lft03 +  M21. (13)

The rotational transitions that result from the first term in (13) are described as 
centrifugal distortion transitions. The matrix elements of M 03 between symmetric top 
wavefunctions satisfy the selection rule AJ = 0, + l and A k = ±  3. The rotational 
transitions of this type are allowed in any vibrational state of H 3 including the ground
vibrational state. The line strengths for these transitions are given bv

S ( J ' ,k ± 3 ^ J ,k ) = [ 9 n 2F f(J ,k )h Jk,j.k ± i, (14)

where hJkзГк.—(2J+ V)H]k s,k. , and where HJk J k. are the usual Honi—London factors 
for a perpendicular band [18],

k)=(J + k - l ) ( J  + k - 2 ) ( J ± k  + 2 ) ( J ±k  + 3)(2J + l) , (15)
Fip ( J  + l , k )—(J + k)(J + k — l ) ( J ± k  + 3)(J±k+4r),  (16)
F f ( J - l , k ) = ( J  + k - 2 ) ( J  + k - 3 ) ( J ± k  + l ) ( J±k  + 2), (17)

for Q, R and P branches, respectively, and

З Г =  - (ß fx M )n L , (18)

where cu2 , B2x, and p2x are the wavenumber, rotational derivative and dipole moment 
derivative for the doubly degenerate vibration V2 .

The rotational transitions allowed by the second term in (13) can only occur in 
degenerate vibrational levels. This type of transitions was discussed in [10,11]. The line 
strengths for these transitions in the case of H3 are given by

> I2 í  2; J , к +  1 *— v2 , 12 ! J, k) —

= [^2jc2*]2(1 /4) (и2 Í  I2) (y2 + 2̂ + 2)hjk.j'k± 1 ’ 
where (19)

»L2*=(l/2)ii*2x2x- ( K 2x2x2Ja)2№ x , (20)

and where K 2x2x2x is the cubic anharmonic constant in cm 1. Since Al2 = ± 2  this type 
of spectrum is not purely rotational; it is rather vibrational-rotational. In most 
important case of the first excited state of the V2 vibration v2 = 1 and l2 =  ±  1 the 
transition frequencies depend on the rotational constants and the Coriolis coupling 
constant Clx2y which is equal to —1. In higher vibrational states the transition 
frequencies depend also on anharmonic constants.
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4. Infrared fundamentals Vt and V2

The intensity of vibrational-rotational transitions in the fundamentals vk +  1 *-vk 
is determined by the matrix elements of the operators M u  , 1Й12, 1Й13, etc. M u  
vanishes for the Vk band, and gives allowed transitions for the V2 band. M 12 vanishes 
for both Vx and V2 bands. Thus, in dominant approximation the forbidden transitions 
in the Vi band become allowed only due to the dipole moment M 13. However, in the 
case of the V2 band l9l13 gives only the Herman-Wallis type contribution to the lin<* 
strength of allowed transitions. The matrix elements of the part of Äf 13 depending only 
on qi lead to the following expression for the Vi line strengths:

S(г, -И ; J , k ± \ J , k ) = ~  [ЭГ'Х] 2(̂ 1 + 1 )F{Î \J ,  k)hJk Jk±, ,  (21)

where from the general formula of [13] we obtain

9 V X = 3;x{[( -  3 B?JB) (col/œ,)1'2 + 2K12x2 x]co2(coj - c o i r 1 (22)

+ HÍ2JV-lx~\} ■

Since the rotational factor in (21) is the same as in Eq. (14) the rotational structure of the 
Kj band is similar to the rotational spectrum induced by centrifugal distortion.

In the case of the V2 band there are three independent intensity parameters 92x'x , 
9y2yxX, and * (see Table I) in addition to the zeroth order parameter цх2х. Thus the 
effective dipole moment operator is given by

M u  + M 13 =  [pL  + 9%XJ 2Z +  (1/2) (e g '* + 9y/ - x) (J2- J m  •

• ( 1/2) (A+q2 -  -  A_q2 +) +  (1/4) (9% x -  9y2yxx) • (23)

' (*J + ̂ -<?2- + «f-̂ . + ̂ 2+)>
where

J ± = J x ± i J y , Л± =Лх ± й у, я2±=Я2х±Щ2у (24)

and the expressions of the parameters 9 obtained from the general results of [13] are as 
follows:

S& x = [3/4 (BYJB) -  (1/2 )K2x2x2x/w 2 -  (1/2)K , 2x2x(œ2/со?)1/2 +

+ Р ж Ж х  +  (l»Ï2x/l»2x) (« 2/öJl)3/2] , (25)

SK * = ST[3/4( ВГх/В) + ( 1 /2)K2x2x2x/oj2 -

i 2x2x(u)2/(o\)112—\i2x2x/tiX2x] . (26)

9”xx = 9xxl - ( l / 4 ) K l2x2x(œ2/0J3l)il2 + (l/2)(tf 2J \lx2x) (co2/oj,)3/2] . (27)
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Thus the operators on the right hand side of Eq. (23) obey the usual selection rules for 
the allowed transitions in a perpendicular band. The calculation of the matrix elements 
of these operators gives the following expression for line strength:

S(v2  + l,l2 ± i , J ' , k ± l * - V 2 , l 2 ‘,J>k)= (28)

= F(J,k)(\/2)(v2 ± l 2  + 2)hJk_j.k ± i ,

where

F(J, k) = {nL + (1/4) (3Sg>* +  S55'*)]

+ 2(9z2Zx x— *)k(k ±  1)+(1/2)(За£-*+#&*) • 

■j( j+i)ôj r +(9x2r + ^ x) ( m  [ j ( j + i ) + j '( j '+ i ) ]

-(1 /2 )(e g --S 5 5 * ) [7 (7 + l)  +  27fc] ( l - ó j j . ) }2, (29)

and where bjy  is the Kronecker symbol; J' = J — 1, 7, and 7+1 for P, Q, and R 
branches, respectively. It should be noted that the fourth term in Eq. (29) contributes 
only to the intensity of the Q branch, while the last term contributes only to the 
intensity of P and R  branches.

Eqs (28) and (29) may also be applied to other symmetrical top molecules after 
minor modifications. In the general case of the D3h, and C3v molecules the term

№ x + 9î ïôj r ) (k±  l/2) +  %*(l/2) [7'(7' + 1)—7(7 + 1)] (30)

obtained from the operator M12, should be added after the term \i$x in Eq. (29), the 
subscript 2x should be replaced by tx for a normal mode V, , and the parameter 
should be replaced by 9“ ,х + 29**,г , since the parameter Sz,x-z vanishes only for H3 .

5. First overtone bands

The first nonvanishing term in the expansion of the effective dipole moment 
which contributes to the intensity of the 2 Vt band is the operator lfa23 •

1Й23(2И1) = (1/2) У  ^ { q \ - p \ ) ( J J ßXy + XyJ J ß). (31)
«РУ

In this case there is only one independent parameter Sf* * which is of the order of 
magnitude k6 ß, where к is the Born—Oppenheimer parameter, and ц ~  ID. Line 
strengths are given by Eq. (21), where the parameter 9*x,x is replaced by Sf*1* and the 
factor (i>! + l) is replaced by (tij +  1) (u4 + 2) for the transition (uj+2)<-ti1. In the 
general case of overtone v1 + m -v l the first nonvanishing dipole moment is Mn3, and 
the rotational factor in line strength is the same as in Eqs (14) and (21).
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The overtone band 2V2  consists of a parallel component 2V° obeying the 
selection rule Al2  —0, and a perpendicular component 2V 2 2  which satisfies the 
selection rule Al2  =  ±2. In dominant approximation based on the dipole moment fà 21 
+ M22 the parallel component remains forbidden. For the perpendicular component 
the operator iÇf21 contains only one independent parameter, and the operator M22 
contains two independent parameters:

M 21 =(1/4 )9x2 x2 x[(q22 +- p 22+) K  + ( d - -p |- ) A _ ] , (32)

M 22 = № ) { q 2 -P2 - № V J 2/ _ + l _ J 2) +

+ '9%2y(J _ Az + A2 J  _ )] -  q 2 +p 2  + № * 2y( j22 + + A+J z)

+ t9 ^ 2 y(J+Xz + XzJ +)-]. (33)

It is seen from (32) and (33) that the nonvanishing matrix elements of these operators 
satisfy the selection rules Al2= ±2, Ak= +1, or A(k —12)= +3. The line strengths for 
these transitions are given by

S(u2 + 2,i2± 2; J ' , k ± l * - v 2 , l 2 ;J,k) =

=(1/4) (v2  ± l 2  + 2) (v2  ± l 2  + 4) {°S*2 x2 x+(W2 x*2 y+ *Э*2х\ у) (к + 1/2) +  (34)

+ ^ 2У sign ( k - k ' ) (  1/2) V'(J '  + \ ) - { J + m } 2 hJk'rk^  ,

The detailed expressions of the parameters in (34) are given by

aK x 2 x = - № ( K 2 x2 x2 j ( 0 2 ) t i x + \l*2x2x, (35)

S®2x2y =  23“ , (36)

s»z2 x2 y = ( 2 / m x(K 2 x2 x2 J œ 2) (BJB?X). (37)

The last two relations have been obtained from the general relation of [14].

6. The sum and difference bands

The transition moments of the sum and difference bands originate from the same 
dipole moments 1Й21, and M 22, in which the vibrational operators are now q^q2  

instead of q \ . The line strengths in the case of sum bands are given by

S(ut +  1, v2  +1, l2±  1; J ' , k ±  l<-y1( t>2, l2; J, k) =

=(1/4)(Pl +  1)(v2 ± l 2  + 2) {аЭ*1 2 х +(‘Э\'2*у+’$Ъ у) (k±  1/2)+ (38)

+ ’ » Î 2y  sign ( k - k ’)( 1/2) L J W  + l ) - J ( J  + m } 2 hjk, j k± l ,
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where

“^ 2* = - ^ 12х2х»»2х" 2/ " 1( " 1+ 2" 2) + Ц12х, (39)

5̂ = (1 /4 ) ,9 Г ( ш2/Ш1)3/2, (40)

Щ';у=2Э*х*(со2 /со,)3'2. (41)

For difference bands

S(i>j + 1, v2 — 1, /2 +  1; ■/', ic ± 1 < -r( , i>2, /2; -A k) =

= ( 1 /4) (V, + 1 ) (v2 + 12) {°9xl2x + (“:>]% +  (k ± 1 /2)+  (42)

+ “,9]£ sign (fc -  *') ( 1 /2) [J'(J'+ 1 ) ■- J (J + 1 )]} 2 hJk<rk ± , ,

where

Ŝ Í2x=--Kl2x2x"2^2x/í»l(2í02- ( y 1) +  /íí2x, (43)

аЭх1%=29хЛ (о2/со1)3'2, (44)

aS ï£  = (1/4)9- ( ш2/Ш1)1/2 M ö i  -  2ш2)] . (45)

It is interesting to note that the coefficients of $ f22 are expressed in terms of the 
centrifugal distortion dipole moment 9XX in a very simple way (See Eqs (36), (40), (41), 
(44) and (45)).

7. Discussion

In the previous Sections the expressions for line strengths in terms of the dipole 
moment parameters as well as the expressions of dipole moment parameters in terms of 
basic molecular parameters have been developed for the rotational spectrum, infrared 
fundamentals, first overtones, and sum and difference bands of the H 3 ion. These 
relations are valid for D2  ion and other possible triatomic species of the D3h symmetry.

The results of numerical calculation of the dipole moment parameters for the H2 
ion using the ab initio values of molecular parameters obtained by Carney and Porter 
[7—9] are given in Table II. The comparison of these results with corresponding 
results on other molecules [16—17] shows that all dipole moment parameters of the 
H j ion are larger than for any other molecule. For example 9XX and 92x2x of H3 are 
larger by factors 20 and 6, respectively, than 9xy and 9z3x3y of CH4 .
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Table II
Numerical values of the dipole moment parameters of H3

Transition »»■* Parameters

Rotational 9" = 4.19- 10"4
»2. 92x2, = 0.058

v x »13 9f- *=4.19 • 10- '* ( -  0 .645+ 2J i4 x)

v2 M„ ptx2x= 0.108
»13 9£* = 4.19 ■ 10-4 (0.137-F0.893/ii2x/p 2x)

95,’= -3.87 ■ 10"*; 9й* = 4.19 • 10"4(0.54 + 0.35/iî2i/^2i)
2V2 »31 »95,2, = 0.056

»22 *9!ii, = 8.37 -10"*; *9^,=0.116-10"*

Vt +  V2 »21 °9([2i = 0.0078 + ц \2х

»22 *9íí, = 5.95 ■ 10"“; »9^ = 0.74 • 10"*

У1 - У 2 »21 •9Ï2, = 0.034+ /1Î2,
»22 •9\-Í, = 5.95 • 10 " V9ÎÜ = -1.26 • 10 ~ 4

All parameters 9 are given in Debye units. In the calculation of these 
parameters the following values of molecular parameters are used [7—9]: 
о»! =  3543.23, co2 = 2820.19, B = 43.8796 B ,  = C =  21.9398, K u l  =  274.05,
K 12*2, =  -840.11, K 2x2x2x = 58.39, B f =  -9.766, f l f  =  -4.883, B £ =  10.95, all in

, Г 1 1 lo.>2 Y'2 , Л-J  = -ш2(В/<м2)3'2 1
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REMOVAL CROSS SECTIONS 
FOR 14.8 MeV NEUTRONS* **

A. BOUFRAQUECH,*** G. PETŐ and J. CSIKAI

Institute o f Experimental Physics, Kossuth Lajos University 
4001 Debrecen, Hungary

T h e  a tte n u a tio n  o f  14.8 M eV  n e u tro n s  h a s  b een  d e te rm in ed  u s in g  th e  63C u /n ,2 n /62C u  
th re sh o ld  re a c tio n  fo r th e  d e te c tio n  o f  th e  p r im a ry  n e u tro n s . T h e  a t te n u a t io n  o f  p r im a ry  flux  in  
d iffe ren t m a te r ia ls  c an  b e  well d e sc rib ed  by  a  s im p le  e x p o n e n tia l re la tio n  b a s e d  o n  th e  rem o v a l c ro ss  
sec tion . T h e  m ic ro sco p ic  re m o v a l c ro ss  sec tions d e te rm in e d  fo r g rap h ite , a lu m in iu m , steel a n d  lead  
a re  a s  fo llow s 0.73 ±  0.04, 1.04 ± 0 .0 4 ,1 .4 1  ± 0 .0 2  a n d  2.63 ± 0 .1 2  b a m , re sp ec tiv e ly . T h e  d ep en d en c e  
o f  s e c o n d a ry  n e u tro n  sp e c tru m  o n  th e  th ick n ess  o f  slab s h a s  a lso  b een  in v es tig a ted  by  th re sh o ld  
d e tec to rs . N u c le a r  te m p e ra tu re s  w ere  e s tim a ted  f ro m  th e  se co n d a ry  n e u t r o n  spec tra .

1. Introduction

Integral measurements of neutron spectra with good resolution for simple 
geometries and compositions, together with investigation of the attenuation of 14 MeV 
neutrons in various media permit the checking of neutron transport calculations for 
shielding, effects of nuclear weapons and biological effects of neutrons. In the past most 
of the measurements were limited to fission neutrons as required by reactor 
developments [ 1].

The concept of removal cross section is useful for calculating the attenuation of 
fast primary neutrons in shielding materials [2,3,4]. The flux of primary neutrons at a 
distance r from a point source is

Ф ) Q O -  I(r - ro)
4r2n

where I  is the macroscopic removal cross section, Q is the source strength and r —r0  = d 
the total thickness of shield traversed. Using the activation method the logarithms of 
relative activities {A/A0) plotted against d results in a straight line with a slope of Г from 
which the microscopic cross sections for different geometries and materials can be 
determined.

* D e d ic a te d  to  P rof. I. K o v á c s  o n  h is 70 th  b ir th d a y
** T h is  w o rk  w as su p p o r te d  in  p a r t  by  th e  H u n g a r ia n  A cadem y  o f  S ciences.

*** O n  le av e  fro m  U n iv e rs ity  M o h a m m e d  V, R a b a t ,  M o ro cco .
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2. Experimental arrangement

The geometrical arrangement for the measurement is shown in Fig. 1. Neutrons 
were produced in the H 3(d,n)4He reaction using analysed D + beam of 180 keV energy. 
The energy of neutrons emitted in the zero direction to the D + beam was 14.8 
+ 0.17 MeV. The samples were rectangular plates with dimensions of 30 cm x 30 cm 
and disks with a diameter of 30 cm. The attenuated primary neutron flux was measured 
at distances of 62 cm as well as at 43 cm with copper detector foils via the 
63Cu(n,2n)62Cu threshold reaction, which were used as source strength monitors, too. 
The activities of the foils were measured by a Nal(Tl) scintillation and a Ge(Li) gamma 
spectrometer.

F i g .  1 . Geometrical arrangement for the measurement

3. Results and discussion

The values of In {A/A0) as a function of shield thicknesses (d) can be well 
approximated by straight lines both for r =  62 cm and r =  43 cm (see Figs 2a—c). The 
macroscopic removal cross sections obtained in this experiment for various materials 
are given in Table I. The errors are determined from the least-squares fitting.

For the sake of comparison the microscopic removal cross sections were also 
deduced using the following relation [5]:

Z = 0.062oRp/A,
where aR is the microscopic removal cross section in barn, p is the density of the sample 
in g/cm3 and A is the atomic weight.

The measured and calculated [2] values for aR are summarized in Table I. 
The microscopic removal cross section for steel obtained in our experiment is in 
good agreement with the result of Cooper and Kabir [4] indicating that the oR 
does not depend strongly on the geometry. The literature [6] value for paraffin 
Z = 0.074 + 0.00 cm 1 is also in good agreement with our result.
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Fig. 2a

Fig. 2b
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Fig.  2  S e m ilo g a rith m ic  p lo ts  o f  th e  re la tiv e  ac tiv itie s  a s  a  fu n c tio n  o f  shie ld th ic k n e ss  (+ G e (L i)  43 cm ;
d N a l(T I )  43  cm ; •  N a l(T l)  62  cm )

Table I
E x p e rim en ta l re su lts

«_______________________________________________________________
S h ie ld in g  F o rm  a n d  ^  _ L  < r ,[b a m ]  C a lc u la te d  [2 ]

m a te r ia l d im en sio n s  LcmJ <7„[barn] a t  15 M eV

G ra p h ite  
(1.69 g /c m 3)

Slabs
20 X 60  c m 2

0.0584 ±  0.0030 0.73 ± 0 .0 4 0.85

P araffin
D isk  
0  30 cm

0.0715 ±  0.0006 - -

A lu m in iu m  
97%  Al, 3%  M g  +  Si

S labs
30 X 30 c m 2

0.0626 ± 0 .0 0 3 1.04 ± 0 .0 4 1.04

S teel
0 .3% C

D isks 
0  30 cm

0.1200 ± 0 .0 0 1 0 1.41 ± 0 .0 4 1.52

L ead
Slabs
30 X 30 c m 2

0.0878 ±  0.0030 2.63 ± 0 .1 2 3.33
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Fig. 3b
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F i g .  З с

Fig. За
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F i y .  J e

F i y .  3  Neutron spectra obtained for various materials

Using various threshold detectors the high energy part of the secondary neutron 
spectra have also been measured in different d depth of the samples. The d distance was 
measured from the front surface of the samples. In all cases the thickness of the samples 
was equal to the maximum value used in the removal cross section measurements. The 
simplest multigroup method [7] was used for the evaluation of the data. The basic 
parameters accepted for the threshold detectors are listed in Table II. In Fig. 3 the 
measured spectra are presented for the investigated materials. The gross trend of these

Table II
The accepted parameters for threshold detectors

Reaction
Thresh

old
[MeV]

Detected 
У [keV]

Iy ■ 
[%]

Accepted average cross sections [8]

0.4—3 
MeV

3—6
MeV

6— 13
MeV

13— 15
MeV

14.8
MeV

115In(n,n')115In 0.4 336 46 179 316 234 72 60
27Al(n,p)27Mg 2 848 70 — 19 88 78 72
27Al(n,a)24Na 6 1369 100 — — 74 123 112
63Cu(n,2n)62Cu 11 511 195 - - - 448 560
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Fig. 4. Estimation of nuclear temperature for Fe and Pb

spectra shows that most of the scattered neutrons have energies below 3 MeV which 
can be explained by the presence of the (n,ri) and (n,2 n) evaporation spectra in the case 
of heavy elements like Fe and Pb. As it can be seen in Fig. 4 the estimated nuclear 
temperatures from these spectra are about 1 MeV, indicating that the contribution pf 
multiple scattering in this energy range is still negligible for thç sample sizes used in our 
experiment. Further measurements for the scattered neutron spectra are in progress 
using a time-of-flight spectrometer.
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SCATTERING AND PULSE NARROWING 
IN LASER SPARK*

J. S. Ba k o s , I. B. F ö ld es , P. N. I g n á c z  and Zs. Sö r lei

Central Research Institute for Physics 
1525 Budapest, Hungary

Back- and side-scattering of light are investigated simultaneously with self-focusing in laser 
produced spark in air. Spectral and temporal investigations of the scattered light give detailed 
information of the plasma development. The fact that the plasma propagation towards the focusing 
lens is slowed down when the forward focused narrow pulse appears, and that the propagation can be 
explained by a detonation wave confirm that the pulse narrowing is a consequence of self-focusing.

1. Introduction

Laser pulse distortion (namely pulse narrowing, increase of the intensity) was 
observed recently in a ruby laser produced spark [1—3]. The appearance of the sharp, 
high intensity pulse was interpreted as a consequence of the self-action, self-focusing
[4] of the pulse, which creates the plasma itself. This interpretation is in accordance 
with similar observations made earlier [5,6] in plasmas produced by a C 0 2 laser beam 
of annular shape. The beam induced change of the refractive index is caused by the 
decreasing plasma density at places of high beam intensity. The charges are forced out 
of these places because of the intensity gradient (thermal and ponderomotive self- 
focusing [7—9]).

The pulse narrowing has recently been explained by the negative lensing effect of 
the plasma [10]. This negative lensing effect can be well observed at the beginning of 
the spark and it causes the appearance of a large angle forward-scattered pulse [3,11, 
12]; however, the explanation of the pulse narrowing by this effect (extrapolating the 
result of the simple model experiment of an entirely different nature [ 10]) is probably 
unjustified.

So as to get more detailed information on the kinetics of the plasma motion and 
on the pulse narrowing effect, i.e. on the mechanism by which the pulse narrowing can 
be explained, the time and spectrally resolved light-scattering is investigated 
simultaneously with the pulse narrowing. Preliminary results were published earlier
[13]. Section 2 of the present paper describes the experimental setup; Section 3 
discusses the experimental results; Section 4 summarizes our investigations.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. Experimental arrangement

A single frequency, single mode ruby laser was used in the experiment. The 
frequency and the mode structure are measured by a Fabry—Perot interferometer and 
self-scanning photodiode detector array consisting of 256 diodes. The measurement 
results are displayed on the screen of a 100 MHz bandwidth storage oscilloscope. The 
scheme of the experimental set-up is given in Fig. 1. Part of the beam of the ruby laser is 
reflected by the glass wedge (Wl) to the FD1 coaxial photodiode, the signal of which 
triggers the oscilloscope which displays the signals 1—3 on the same screen. The output 
energy of the laser is maximally 600 mJ and the pulse width can be adjusted from 20— 
60 ns. The laser beam is attenuated by the cell with a CuS04 solution of variable 
concentration (A). The energy of the beam beyond the cell is measured by the energy 
meter with digital display (DE) by deflecting part of the beam using glass wedge W2.

Lens LI focuses the beam and the spark is created at the focal point. In this case 
the neutral filter (N) is in position (T) in the Figure. Diaphragm D1 is in the second focal 
plane of lens L2 on the optical axis. Lens L2 recollimates the laser beam originating 
from the focal point of the first lens (LI). II is an interference filter for the wavelength of 
the ruby laser. The coaxial photodiode (FD2) measures the pulse of the ruby laser 
distorted by the spark, i.e. the self-focused pulse (see, for instance, Fig. 4 in [3]) which is 
displayed in the inset of Fig. 2 (curve ©  ).

The time and amplitude of the back-scattered light are measured by a 
photomultiplier (RCA 31034/A). The wavelength of the back-scattered pulse is selected 
by a Zeiss SPM 2 monochromator with grating. The solid angle (AÍ2) of the back- 
scattered light is determined by diaphragm D2; its value in our experiment is 2.5 • 10 “ 6. 
Lens L3 focuses the light to the entrance slit of the monochromator. The width of the 
slit is 20 /mi and the resolving power is better than 0.1 nm. The spark, which is created 
at the beginning in the focal point of lens LI, moves simultaneously into and opposite 
to the direction of the propagation of the light. The moving spark is imaged by lens L4

Fig. 1. Experimental set-up: Wl, W2 glass wedges; A attenuator cell; LI—L4 lenses; D1—D3 diaphragms; 
DE digital energy meter; FD1, FD2fast photodiodes; PMI, PM2 photomultipliers; 11,12 interference filters; 
MON monochromator and LA laser. It is possible for the neutral filter (N) to be alternated between positions

©  and ©

signal 1
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A Inml

Fig. 2. Back-scattered intensity (solid circles, curve ®  ) and time of the peak of the back-scattered pulses vs 
wavelength (open circles, curves ©  and © ). The inset shows the self-focused signal and explains the 
notations A and R, the time of which can also be seen on the figure. The laser energy was 65 mJ, the focal 

length of the lens 50 mm, the pulse width 36 ns and r - 1

to the diaphragm in front of photomultiplier PM?. (RCA 1P21). The photomultiplier 
can be moved together with the diaphragm and the interference filter (12), which is 
tuned to the wavelength of the ruby laser, in the image plane along the direction of the 
spark movement. Accordingly, the amplitude and the time of the 90° scattered light 
pulse are measured by the photomultiplier (PM2). Because the scattering takes place at 
the density gradient of the plasma [14] the measured time of the pulse coincides with 
the time of the appearance of the density gradient of the plasma at the point in space 
which is determined by the position of the diaphragm (D3) of the photomultiplier 
(PM2) in the image plane. The amplitude of the pulse of the photomultiplier signal 
(signal 2) is proportional to the density gradient.

We can speak about the time of the scattered pulse, because the side- and back- 
scattered pulses are usually much shorter than the pulse of the ruby laser (~ 5  ns 
comparing with 40 ns). The times of appearance of these pulses are measured relative to 
the time of the maximum of the laser pulse (curve (3) in the inset of Fig. 2). The time of 
the appearance of the absorption edge and the self-focused pulse [3] (signal 3) are also 
measured relative to the maximum of the laser pulse (see curve ©  in the inset of Fig. 2). 
The time delays of the different detector channels can be calibrated by setting the 
neutral filter (N) perpendicularly to the incoming light beam, i.e. position ©  . The light 
pulse reflected by this filter gives the intensity and time calibration for the PM1
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detecting system. The transmitted light is too weak to produce a spark, but it is suitable 
to calibrate the FD2 detecting system in time and intensity (see curve ©  in the inset of 
Fig. 2). If a scatterer plate is set in the focal plane of lens LI the scattered light can be 
used for the time calibration of the PM2 detecting system.

3. Results and discussion

The intensity versus wavelength dependence of the back-scattered light can be 
seen in Fig. 2 (curve ©  ). The intensity (left scale) is normalized by the intensity of the 
incoming light beam. The curve consists of three peaks. The peak in the centre is at the 
wavelength of the laser line. The origin of this reflection is the reflection taking place at 
the lens surfaces in spite of the antireflection coatings. The red and blue shifted lines can 
be interpreted in the simplest way as reflections taking place on the forward and on the 
backward propagating plasma fronts, respectively [13, 15].

Similar short back-scattered pulses are observed for different wavelengths at the 
spectrum. Therefore the time of the maximum of these pulses is also measured and 
plotted in Fig. 2 (curves ©  and ©  ). It is pointed out that there are sections of these 
curves where the time of the back-reflected pulse does not depend on the wavelength 
(left part of the curve ©  and curve ©  ). Consequently, the back-reflected pulses — in 
this section of the wavelength — can hardly be interpreted as the result of reflections 
only from moving plasma fronts but rather as reflections from some type of turbulence 
(see later for details).' The inset of the Figure shows the shape of signal 3 and explains the 
symbols used. Point “A” gives the time of appearance of the absorption, i.e. the 
beginning of the spark; point “R” shows the time of appearance of the self-focused pulse 
[3]. The increase in the intensity in the self-focusing process (r) equals seven in this case 
(see the inset for visualization of the notation r). Curve ©  shows clearly that the plasma 
front propagating opposite to the direction of propagation of the light beam is almost 
completely slowed down (the Doppler shift is very low), i.e. stopped when the self- 
focusing signal (r) appears. This fact is in agreement with the statement [3] that the 
tunnel through the plasma is “dug” by the laser beam only when the steep gradient does 
not hinder the beam’s penetration into the plasma, i.e. when the plasma front is 
stopped. The explanation by negative lensing effect [ 10] does not need the plasma front 
to be stopped, therefore the cause of the pulse narrowing, i.e. the appearance of the self- 
focused pulse, is probably the thermal and ponderomotive self-focusing, self-action 
effect in accordance with the earlier statement [3].

If the back-scattered light is measured, indirect information on the velocity of the 
plasma front can be found using the result given in Fig. 2 according to the Doppler 
effect. Because of the difficulties arising in the interpretation of back-scattered pulses 
appearing simultaneously but with different Doppler shift the direct measurement of 
the movement of the plasma front is advisable. In view of this the 90° scattered light 
pulse is measured at different positions of the PM2 detecting system. A narrow pulse,
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narrower than that of the ruby laser, is measured at every setting of the diaphragm (D3). 
The time of the maximum ànd the amplitude of these 90° scattered pulses versus the 
position of the plasma front deduced according to the position of the diaphragm D3 are 
plotted in Fig. 3. The amplitude of the pulses (left-scale) is normalized to the largest 
observed amplitude depending on coordinate x, the direction of propagation of the 
plasma. The plasma is initiated at point x = 0 and curve ©  describes the time versus 
position dependence of the plasma front propagating opposite to the laser beam 
propagation. Curve ©  describes the propagation of the plasma front in the direction of 
the propagation of the laser light. Curve ©  gives the scattered pulse amplitude (I90) 
versus coordinate x. The time of the absorption edge, i.e. the beginning of the spark and 
the time of the self-focused pulse, is also plotted similarly as in Fig. 2 (points “A” and 
“R” at the right side of the Figure).

As is apparent the plasma front propagating in the direction of the incoming light 
can be followed only for a short distance (curve ©  ) because of shielding by the counter- 
propagating plasma front. On the one hand this shielding effect does not allow the 
copropagating front to be well developed and on the other hand the intensity is not 
enough to observe the 90° scattered light on this underdeveloped front.

The largest scattered signal is observed from the counter-propagating front at 
the beginning of its development. Using curve ©  the velocity of the front can always be 
calculated. This velocity (the tangent of curve ©  ) does not agree with the velocity

x I mm]

Fig. 3. Side-scattered intensity (solid circles, curve ®  ) and time of the peak of the side-scattered pulses (open 
circles, curves ©  and ©  ) vs distance on the optical axis. The propagation towards the focusing lens (curve 
® )  is fitted by the detonation wave model and is represented by the solid line. Curve ©  shows the 
propagation in the direction of the beam. The dotted line is for visualization only. A and R are the same as in 
Fig. 2. The laser energy was 65 mj, the focal length of the lens 50 mm, the pulse width 36 ns and r — 1
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calculated on the basis of the Doppler effect in the first 8 nanoseconds after the 
beginning of the spark (see Fig. 2), where different velocities are calculated at the same 
time of plasma development. After 8 nanoseconds of plasma development the 
calculated velocities on the basis of curve ©  of Fig. 3 and curve ©  of Fig. 2 agree fairly 
well.

It should be noted that the maximum intensity of the 180° scattered light is in the 
region of the well developed plasma front, i.e. over 8 nanoseconds after the beginning of 
the spark. In contrast, the 90° scattered light is most intense under 8 nanoseconds 
where the Doppler effect shows many different velocities simultaneously. Possibly 
these effects are the consequences of some type of turbulence or scattering on drift 
waves in the early period of the spark development.

Throughout the above-described investigation the focal length of lens LI was 
50 mm, the output energy of the ruby laser 65 mJ and the pulse width 36 ns. On 
increasing the energy of the ruby laser to 190 mJ the following changes were apparent 
(see Figs 4 and 5).

The beginning of the spark was 16 ns earlier, in accordance with expectation and 
earlier observations [3, 14].

The self-focused pulse (R) was also a little earlier than before but in the slow
down region of the plasma front. The time lapse from the absorption to the self-focused 
pulse increases with increasing energy (38 ns instead of 16 ns).

The plasma front became well developed later with increasing energy (i.e. over 
20 ns after the beginning of the spark instead of 8 ns as in the low energy case).

X [nm]

Fig. 4. Back-scattered intensity (solid circles, curve ©  ) and time of the peak of the back-scattered pulses vs 
wavelength (open circles, curves ©  and ©  ). A and R are the same as in Fig. 2. The laser energy was 190 mJ, 

the focal length of the lens 50 mm, the pulse width 36 ns and r = 1.13
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Fig. 5. Side-scattered intensity (solid circles, curve ©  ) and time of the peak of the side-scattered pulses (open 
circles, curves ©  and ©  ) vs distance on the optical axis. The propagation towards the focusing lens (curve 
©  ) is fitted by the detonation wave model (solid line). A  and R are the same as in Fig. 2. The laser energy was 

190 mj, the focal length of the lens 50 mm, the pulse width 36 ns and r = 1.13

The maximum of the 90° and 180° scattered light relates as before, i.e. the 
maximum of the 90° scattered light is earlier in time, in the region of the “plasma 
turbulence”; the maximum of the 180° scattered light is in the region of the well 
developed regular plasma front, after the maximum of the 90° scattered light.

Using focusing lens LI of different focal length (F = 33 and F= 100 mm) the 
phenomenon is similar to that observed in the case of F = 50 mm focal length and 
supports the statements of [3].

It is worth while to consider the deep valley in the intensity versus coordinate 
curve (curve (ь) in Fig. 5) at x =  1.2 mm that is just below —4 ns. If the intensity is 
increased and the focal length decreased, the appearance of such a large scale 
fluctuation is observed and the curve becomes broader.

Measurement of the plasma propagation velocity enables us to predict the 
propagation mode of the plasma. Investigations with lenses of short focal length and a 
focal diameter of less than 2 • 10“ 3 cm give values of typically 5.5 • 106 cms“ 1 for it [16] 
which is an order of magnitude greater than supposed for the so-called breakdown 
wave model [17,18]. This contradicts the earlier supposition [3] even in the case of the 
100 mm lens, where the model gives less than 1.7 • 106 cms“ 1 for the velocity.

The side-scattered data can be very well fitted supposing the detonation wave 
model [17,19]. We assume that the gas is optically thick for the laser radiation, i.e. this 
means that the radiant energy will be absorbed in a narrow region immediately behind
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the shock wave. This gives a better agreement with the measurements than the optically 
thin case. The shape of the laser pulse is well described as temporally Gaussian:

P = P0  exp ( - ß t 2).

In this case the equation for the detonation wave propagation gives [19]:

|  x i l 3  =  [2(y2 -  l)P0 ö/(np0  tan2 a)]1/3

t

to

( 1 )

where y is the specific-heat ratio, P0  is the incident laser power in erg/second, p0  is the 
initial density, a. is the half angle of the focusing light beam, <5 is Raizer’s widening 
coefficient and t0  is the time of the breakdown. Taking the value of y =  1.24 [20] and 
Po —1.3 • 10-3 gem-3, the propagation x  — t curve towards the focusing lens (curve© 
in Figs 3 and 5) is excellently fitted. The Ö parameter is found to be 0.3—0.7 in the 32 and 
50 mm lenses depending also on the intensity, and <5=; 0.1 in the case of the 100 mm 
lens.

In the case of a detonation wave we can estimate the plasma temperature. The 
internal energy of the plasma is [17]

— 5------------------- t>2
( y 2 - i ) ( y + i )

(2)

behind the front with velocity v of the detonation wave. A typical velocity of 
5 .5 -106 ems“ 1 gives e =  3.1-1013 erg/g. This value of energy corresponds to the 
temperature T= 1.5 • 105 К [21].

The fact that the temperature is relatively low confirms the earlier suppositions 
that the power density increase is a consequence of self-focusing. For this temperature 
both the ponderomotive effect and nonuniform heating mechanism [3] give a low 
value (less than 10 MW) for the threshold power of self-focusing.

4. Summary

Judging by the results of the investigations of the scattered light simultaneously 
with the self-focused pulse, more evidence is given to suggest that the cause of the 
observed pin radiation, the “self-focused pulse” [3], is the thermal or ponderomotive 
self-action, “self-focusing” effect. These investigations offer a more detailed insight into 
the time history of the spark development. The self-focused pulse appears later and 
sometimes almost at the end of the development of the first period of the laser spark
under the influence of the radiation which creates the laser spark itself. Consequently, 
this self-focusing differs significantly from the self-focusing observed elsewhere [ 11, 12] 
because that was seen to take place at the very beginning of the spark and can probably 
be better explained by processes before and during the spark formation. This self-
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focusing in the plasma leads to the appearance of very intense pm radiation which can 
cause leakage in the compression process of a thermonuclear pellet. In our opinion the 
self-focused pulse observed by us is the consequence of the same self-action processes 
which cause the fast, bundled streamers from the surface of the pellet [22]. Our 
investigations also show that the effects take place at relatively low light intensities and 
give the time history of their development in a laser spark.
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NONSTOICHIOMETRY AS A SOURCE 
OF “INTRINSIC IMPURITIES” IN LiNb03 CRYSTALS*

I. F ö l d v á r i , К. P o l g á r  and A. M e c s e k i

R esearch  L a b o ra to ry  fo r  C r y s ta l  P hysics o f  th e  H u n g a r ia n  A ca d em y  o f  Sciences  
1502  B udapest, H u n g a r y

T h e  U V  a b s o rp tio n  ed g e  o f  s to ich io m etric , c o n g ru e n t  an d  M g  d o p e d  co n g ru e n t L i N b 0 3 
c ry s ta ls  w as m e a s u re d  in  the  te m p e ra tu re  ran g e  10— 3 0 0  K . T h e  sh ap e  o f  th e  a b s o rp tio n  e d g e  o f  
s to ic h io m e tr ic  L i N b 0 3 w as fo u n d  to  o b ey  th e  U r b a c h  ru le  reflecting  th e  in tr in s ic  c h a ra c te r  o f  th e  
a b s o rp tio n . T h e  sh ift o f  th e  a b s o rp t io n  edge to  lo n g e r  w aveleng ths o b s e rv e d  in th e  case  o f  th e  
c o n g ru e n t m a te r ia l  c an  be e x p la in ed  b y  th e  p resence  o f  lo ca liz ed  exc itons d u e  t o  excess N b  s itu a te d  in  
L i p o s itio n s . T h e  p oss ib ility  o f  r e m o v in g  th e  excess N b  b y  d o p in g  the  c o n g ru e n t  m a te r ia l by  M g O  is 
p o in te d  o u t.

Introduction

Recently, due to some of its very attractively combined physical properties 
L iN b03 became one of the most extensively studied materials. On the basis of its 
piezoelectric, pyroelectric, electro-optical, nonlinear-optical, acousto-optical, fer
roelectric, photorefractive etc. behaviour a wide variety of practical applications has 
been developed [ 1].

L iN b03 is a typical nonstoichiometric material. Single crystals of homogeneous 
high quality could be grown only from a congruent melt composition (48.6 mol% LizO, 
51.4 mol% Nb20  5) [e.g. 2—4]. Various structural models were presented to explain the 
congruent composition in the crystalline state. The first model [5] suggested lithium 
vacancies with charge compensating oxygen vacancies, berner et al [4] proposed an 
excess of niobium situated in lithium positions. None of these models could be 
confirmed in their original form. The presence of two different niobium sites, however, 
was proved by various methods [6, 7].

The colour, or more exactly, the spectral transparency of the crystal is very 
important from the point of view of optical applications. Extrapure and well oxidized 
L iN b03 crystals are colourless. (The properties of the crystals annealed under 
reductive conditions are outside the scope of the present paper).

The absorption due to transition ions as dopants or impurities has been widely 
investigated and their disturbing effect on the oxygen equilibrium was also pointed out 
(e.g. [1]). Important questions about the incorporation of impurities, however, remain 
unanswered.

* D e d ic a te d  to  P ro f . I . K o v ács  o n  h is  7 0 th  b ir th d a y
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There are only few papers dealing with the spectral properties of L iN b03 in the 
band to band transition range. Vacuum ultraviolet reflectivity data were given by [8] 
up to 10 eV. The only detailed study of the absorption edge of a pure material was 
published by Redfield and Burke [9]. They measured both congruent and 
stoichiometric L iN b03 crystals in a wide temperature range. The absorption spectra of 
the congruent materials seemed to obey the Urbach rule but for high absorption 
coefficients ( > 103cm_1) and especially at low temperatures some deviations 
appeared. In the stoichiometric case the absorption edge broadened and shifted to 
shorter wavelengths, however, no systematic Urbach fitting procedure was carried out.

In the present paper we try to determine the intrinsic absorption edge of L iN b03 
and to explain the difference between the absorption of congruent and stoichiometric 
crystals.

Experimental

a) Materials

The raw materials used were Starck specpure Nb2O s and Merck suprapure 
Li2C 0 3. Uniform crystals (diameter 15 mm, length 500 mm) were pulled along the 
hexagonal C axis by a balance controlled Czochralski technique [10]. A pulling rate of 
2.6 mm/h and a rotation rate of 12 rpm was applied. For the experiments various melt 
compositions were used: congruent, stoichiometric and congruent doped with MgO. 
The amount of the MgO dopant was adjusted so as to compensate the Li deficiency of 
the congruent material (2.7 x 10 ~3 mole/mole MgO). In order to check the effect of 
MgO a smaller concentration was also used (10“ 3 mole/mole). The MgO was chosen 
as a dopant because its distribution coefficient is larger than 1 [ 11, 12].

After growth the crystals were poled with a current density of 1 mA/cm2 and the 
domain structure was controlled by chemical etching. For spectroscopic investigations 
the crystals were cut perpendicularly to the growth axis and were high-polished. The 
crystal quality was checked by polarization microscopy. The congruent crystals and 
those doped with MgO were practically free of bubbles, microcracks and internal 
tension, whereas the quality of the stoichiometric material was less perfect.

b) Methods

The absorption spectra were measured on a Perkin—Elmer 554 spec
trophotometer equipped with an Air Products “Displex” cryostat. The cooling velocity 
for the low temperature measurements was chosen to be less than 1 °C/min in order to 
avoid the production of large pyroelectric charges. Under the circumstances used no 
vapour films were observed on the optical surfaces down to the lowest temperature 
12 K.
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The multiple reflexion from the crystal surfaces was calculated using the 
equation

, , (1 - R ) 2 e~A*
°1 - R 2 e~2Ax’ ( 1 )

where I 0  and I are the incident and transmitted intensity, respectively, and x is the 
sample thickness. The unknown absorption coefficient values [A) were determined by 
an iteration method from Eq. (1) using the RT reflectivity data (R) of Wiesendanger et al
[8]. The low-temperature data for reflectivity were calculated from the refractive 
indices given by [13] in a three-term polynomial form.

The shape of the intrinsic absorption edge was fitted by Urbach’s equation as 
interpreted by Toyozawa [14]:

A = A 0 e x p l - o s(T)(E0 - E ) / k n ,  (2)

where A is the absorption coefficient entering Eq. (1) and E is the photon energy. A 0  and 
E0  are the coordinates of the cross-over point of the extrapolated absorption edges of 
various temperatures. The exciton—phonon interaction is taken into account by <rs(T) 
defined as

2kT , hw0
°AT) = os от— tanh

hw0 2kT ’ (3)

where as 0 is a material constant and hw0  is the average energy of the optical phonons. 
For determining the Urbach parameters (E0, A0, as 0, hm0) a general statistical model 
was used, a detailed description of which had been previously given [15].

Results and discussion

The absorption spectra of various LiNb03 crystals in the absorption edge region 
are shown in Fig. 1. Each curve was obtained by using the spectra of three samples 
having different thicknesses from 0.3 to 15 mm. Both in the RT and 12 К spectra for 
stoichiometric L iN b03, with respect to the congruent material, a hypsochromic shift of 
the absorption edge appeared. Our findings show no essential deviation from 
Redfield’s data [9]. On the other hand, an interesting effect due to the MgO dopant was 
found. Its presence in the congruent L iN b03 crystal resulted in a shift of the absorption 
edge towards shorter wavelengths. This effect was more pronounced in the case of the 
higher MgO concentration where the Li20  deficiency was compensated. Such a 
dopant effect has never been observed for any ordinary stoichiometric material except 
in the case of comparable concentrations of dopant and host material (i.e. mixed 
crystals). Detailed investigations of the validity of the Urbach rule for pure and doped 
crystals were carried out mainly on alkali-halides (e.g. [16]) the consequences, 
however, seem to be general.
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Fig. 1. Absorption spectra of various L iN b03 crystals in the absorption edge region corrected for reflected
light.------congruent, —  stoichiometric, . . .  congruent and doped with 10~3mole/mole MgO,

congruent with 2.7 x 10“ 2 MgO

Many authors discussed the origin of the absorption edge of LiNb03 and similar 
crystal structures. In all cases the fundamental optical transition is thought to be 
excitation of an electron from an oxygen p state to a d state of a N b5 + ion located near 
the centre of a distorted octahedron (e.g. [9]). The explanation of the band shift of the 
congruent material relative to the stoichiometric composition is not so clear. 
According to Redfield and Burke [9] this shift is due to the electric microfield produced 
by lithium and oxygen vacancies. We think that the energetically favourable congruent 
composition cannot lead to strong internal electric fields in optimalized growing 
circumstances. The congruent composition should remain energetically stable if the 
crystal is cooled down using an adequately slow temperature program from growth to 
room temperatures. This hypothesis is confirmed by the attainable optical homogene
ity of the congruent crystal. In agreement with the X-ray diffraction and NMR 
measurements [5—7] we assume that the congruent composition is a Nb-rich material 
and the important role in the absorption is played by this Nb excess. The Nb ions in Li 
positions or in interstitial positions are in a coordination sphere different from their 
usual surroundings.

Since the excess Nb has a similar electronic structure as the host Nb it takes also 
part in the formation of the solid state band structure. In this way the absorption of the 
“impurity-like” Nb ions may obey the Urbach rule instead of having a Gaussian shape. 
The former observations [9] and our experimental data below 103 cm-1 absorption 
coefficient values confirm this hypothesis. Urbach-shape absorption of impurities is

Acta Physica Hungarica 55, 1984



NONSTOICHIOMETRY AS A SOURCE OF "INTRINSIC IMPURITIES" 325

well known in alkali-halides doped with halogen homologue impurities [17, 18]. We 
expect similar localized excitons to occur also in congruent L iN b03.

The role of the MgO dopant probably consists of displacing the Nb ions from the 
Li sites, whereas the impurity absorption band introduced by the Mg ions may be 
expected to be in the region below the intrinsic absorption edge. In this way the MgO 
dopant in the congruent crystal could have produced the observed shift of the 
absorption edge towards the stoichiometric case. On the other hand MgO-doped 
materials are easier to grow than stoichiometric L iN b03. As a result MgO-doped 
crystals have a better quality, and for equally wide transparent ranges the 
stoichiometric L iN b03 crystals contain more crystal defects and internal tension. The 
absorption data in the transmission range reflect this fact: indeed the MgO-doped 
materials show smaller optical losses over 380 mm than the stoichiometric one 
(Table I).

Table I
Absorption coefficients [cm-1] of various LiN b03 samples corrected 

for reflected light, a) congruent, b) stoichiometric, c) congruent + 1 0 “ 2 mole/mole MgO, 
d) congruent +2.7 x 10-2 mole/mole MgO

[nm]
295 К 12 К

a b c d a b c d

500 0.040 0.118 0.068 0.085
440 0.061 0.150 0.072 0.106
400 0.092 0.172 0.131 0.159
380 0.130 0.203 0.151 0.187
360 0.934 0.508 0.911 0.584
350 1.90 0.828 1.421 0.910
340 3.04 1.032 2.16 1.39
336 3.79 1.64 2.65 1.66
332 4.87 2.14 3.49 2.09
328 6.68 3.15 5.19 2.93
326 8.23 4.02 6.74 3.85 4.50 4.08 3.07 4.18
324 10.6 5.26 8.71 4.74 4.96 4.29 3.28 4.37
322 14.1 7.19 11.3 6.48 5.42 4.52 3.60 4.61
320 27.5 10.3 15.9 9.07 6.29 4.75 3.85 4.80
318 32.5 13.6 22.8 13.5 6.54 5.03 4.27 5.06
316 38.6 18.5 33.8 19.8 6.91 5.31 4.69 5.32
314 55.8 26.0 49.2 30.1 7.34 5.73 5.48 5.73
312 37.3 44.9 8.70 6.43 6.85 6.41
310 54.6 66.2 11.1 7.64 9.57 7.55
308 81.2 99.8 15.3 9.93 14.0 9.65
306 123 152 23.4 13.3 224 15.6
304 181 36.6 18.6 38.2 22.8
302 54.2 28.5 57.5 35.5
300 45.9 57.3
298 75.7 93.1
296 122.4 156
294 194
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Among the L iN b03 crystals investigated only the stoichiometric material is 
expected to show a purely intrinsic absorption. The fitting of the absorption data by the 
Urbach equation was performed therefore only for this material. The result, the 
computed Urbach profiles are plotted in Fig. 2 together with the experimental data. Let 
us point out some properties of the fitting procedure:

i) The reliability of the fitting strongly depended on the accuracy of temperature 
data. A similar conclusion was reached by Tomiki for alkali halides [17]. 
Acceptable results were obtained only with corrected temperature data.

ii) The fitting was carried out simultaneously for all experimental points and was 
less perfect at low temperatures. The computed E0 Urbach parameter, 4.92 eV 
is smaller than the value expected from the reflexion spectra [8]. These facts 
indicate a small deviation from the intrinsic case which may be due to either a 
deviation from the stoichiometric composition or to impurity absorption. The 
only method sensitive enough for checking the real composition would be 
second harmonic phase-matching temperature measurement, but the effects 
of extrinsic impurities and nonstoichiometry cannot be separated by this 
method either. This fact has been revealed by the large discrepancies in the 
phase matching temperatures measured by different authors [19, 20].

Of the further computed Urbach parameters the hoj() average phonon energy 
(0.064 eV) agrees well with the literature data [21], whereas for <rs 0 (0.53) and A0 
(2.8 X 107 cm-1) there are no literature data to be compared.

Fig. 2. Computed Urbach profiles and experimental absorption data for stoichiometric L iN b03 crystal
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Conclusion

The shift of the absorption edge as a function of the L iN b03 composition was 
explained by the absorption of excess Nb. Excess Nb is probably situated in Li sites and 
acts as an impurity in the L iN b03 host crystal. Therefore only the stoichiometric 
L iN b03 is expected to have intrinsic absorption edge.

The absorption edge of our stoichiometric L iN b03 obeys the Urbach rule with 
only a small deviation appearing at low temperatures. The MgO dopant due to its high 
distribution coefficient removes the Nb excess and for a given amount of dopant 
(~2 .7x  10“ 2 mole/mole) the spectroscopic properties of stoichiometric and MgO- 
doped congruent LiN b03 are similar.

Acknowledgements

This work was supported by the State Office of Technical Development (OMFB).
The authors would like to express their gratitude to Prof. R. Voszka, Director of the Research 

Laboratory for Crystal Physics, to Dr. G. Corradi for a helpful discussion and to Mrs. I. Perczel and 
Mr. S. Erdei for technical help.

References

1. A. Räuber, “Chemistry and Physics of Lithium Niobate” in Current Topics in Material Sciences, Vol. I. 
Ed. E. Kaldis, North Holland Publ. Co., Amsterdam, 1978, p. 481.

2. J. R. Carruthers, G. E. Peterson, M. Grasso and P. M. Bridenbaugh, J. Appl. Phys., 42, 1846, 1971.
3. K. Sugii, S. Miyazawa, S. Kondo, H. Iwasaki and S. Fushimi, Rev. El. Comm. Lab., 23, 569, 1975.
4. P. Lerner, C. Legras and J. P. Dumas, J. Crystal Growth, 3, 231, 1968.
5. M. Fay, W. J. Alford and H. H. Dess, Appl. Phys. Letters, 21, 89, 1968.
6. G. E. Peterson and A. Carnevale, J. Chem. Phys., 56, 4848, 1972.
7. K. Nassau and M. E. Lines, J. Appl. Phys., 41, 533, 1970.
8. E. Wiesendanger and G. Güntherodt, Solid State Comm., 14, 303, 1974.
9. D. Red field and W. J. Burke, J. Appl. Phys., 45, 4566, 1974.

10. F. Schmidt and R. Voszka, Crys. Reas. Techn., 16, К 127, 1981.
11. V. Szalay, I. Cravero, L. Kovács and K. Polgár, Proc. Eur. Meeting on Crystal Growth ’82, Prague 23— 

28 August, 1982, p. 386.
12. K. Nasau, L iN b03, a New Type of Ferroelectrics, in Ferroelectricity, Ed. E. F. Weller, Elsevier, 

Amsterdam, 1967, p. 264.
13. G. D. Bond, W. L. Bond and H. L. Carter, J. Appl. Phys., 38, 1941, 1967.
14. T. Toyozawa, Progr. Theoret. Phys., 20, 53, 1958; 22, 445, 1959.
15. A. Mecseki, 1. Földvári and R. Voszka, Acta Phys. Hung. 53, 15, 1982.
16. T. Tomiki, T. Miyata and H. Tsukamoto, Z .  Naturforsch., 29a, 145, 1974.
17. T. Tomiki, J. Phys. Soc. Japan, 23, 1280, 1967.
18. H. Mahr, Phys. Rev., 125, 1510, 1962.
19. J. G. Bergman, A. Ashkin, A. A. Ballmann, J. M. Dziedzik, H. J. Levinstein and R. G. Smith, Appl. Phys. 

Let., 12, 92, 1968.
20. R. L. Byer and J. F. Yound, J. Appl. Phys., 41, 2320, 1970.
21. R. Claus, G. Borstel, E. Wiesendanger and L. Steffan, Phys. Rev., B6, 4878, 1972.

Acta Physica Hungarica 55, 1984



-4 - -  -



Adu Physica Hungarica 55 (I 4). pp. 52V 3J7 (19341

MODEL CALCULATIONS ON THE PHOTOKINETICS 
OF Mgi CENTRE FORMATION 

IN NaCl SINGLE CRYSTALS*

K. R a k sá n y i and A. W a t t e r ic h

Research Laboratory for Crystal Physics of the Hungarian Academy of Sciences 
1502 Budapest, Hungary

Experimental results on Mgt centre generation in NaCl described in a preceding paper are 
evaluated using various models formulated in terms of systems of differential equations. In addition 
to the Runge—Kutta method a “direct fitting” procedure is developed, which, obviating the 
numerical integration of the differential equations, reduces considerably the computer time. The 
analysis of the calculated results from both the qualitative and quantitative points of view indicates 
that the model assuming two types of precentres leads to the best agreement with experiment, thus 
supporting the centre configurations suggested in the previous paper.

1. Introduction

In a previous paper [1] we focussed our attention on the experimental results 
concerning the formation of the Mg! centres in NaCl by X-ray irradiation with 
subsequent bleaching into the F-band. The formation kinetics of the Mgx band can be 
best studied using “as grown” crystals X-irradiated in the first coloration stage 
(tirr < 30 min), when only changes of the V (209 nm), Mgx, Mg2 and F bands during F 
bleaching have to be taken into account [1]. On the basis of the qualitative features of 
the time dependence of optical absorption spectra in [1] we assumed that there exist at 
least two precentres in the crystal which are responsible for the characteristic S-shaped 
dependence of the concentration of Mgt centre on that of the F centres. On this basis 
concrete configurations for the Mgx centre and the precentres were suggested. The aim 
of this paper is to report the results of a careful quantitative analysis of the experimental 
data of [ 1 ]. Therefore we set up systems of differential equations (SDE’s) describing the 
various supposed kinetic models of the Mgx centre formation, solved them using 
various approximations and computational procedures, fitted the parameter- 
dependent solutions to the experimental curves, and developed a method which 
converts the measuring errors into those of fitted parameters. Finally we analysed the 
descriptive power of various models and the consistency of the centre configurations 
chosen in [1].

For the solution a decoupling of the total differential equation system was 
carried out preserving only the equations containing the derivatives of precentre, Mgj

* Dedicated to Prof. I. Kovács on his 70th birthday
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centre concentrations, and using “experimental” values of other Mg 
centre and F centre concentrations. This involves the assumption that the 
interconversions during bleaching between different Mg centres are negligible.

The calculations were carried out on the CDC-3300 computer of the Hungarian 
Academy of Sciences.

2. Methods and results

2.1. Calculation of the concentration time series 
from the measured extinctions

As mentioned in our previous paper [1], the spectral characteristics of the 
centres were computed by a program expanding the spectra in a sum of Gaussians with 
a least squares fit of their parameters. The input values of the parameters were 
estimated from spectra where the concentration of a given centre was predominant.

The molar extinction values were determined by the following minimization 
procedure. We fixed some photon energy values for which the extinction is mainly 
controlled by only one component (£ ,,/ = 1, . . . ,  n: n being the number of components). 
In this way the following system of linear equations must hold at each measuring time 
(tm) and photon energy (£,)

A ,(tJ  = £  «,(£,)/!,( t j .  (1)
i =  1

Here A,(t J  denotes the measured extinction at time tm and at energy £,, <*,(£,) denotes 
the molar extinction coefficient of the i-th component at £, and is dependent also on the 
parameters of the Gaussian fit, nt(tm) is the concentration of the i-th component at tm. 
These equations are, however, subject to a stoichiometric constraint (for the sake of 
future applications let us assume a number nf  of constraints, nf - \  in the present case)

X A/([n ,(tJ-« i(io )]= 0 , /  =  1. • • for all tm, (2)i = 1

where kfi denotes the stoichiometric coefficient of the i-th component in the /-th 
reaction. Solving the system of equations (1), (2) we assumed that approximate 
solutions n, satisfy the system (2) with an error e fm, the square sum of which over /  and 
m served as a functional to be minimized with respect to the molar extinction maxima 
of the components. The minimization was carried out by the conjugate-gradient 
procedure of Fletcher and Powell [3]. It may be shown easily, that if all A/f are 
multiplied with a constant c, the Eqs (1) and (2) are fulfilled with ar s multiplied and 
nim-s divided by cf. This means, that the stoichiometric constants are not determined 
uniquely and a simplest case can be chosen setting the integers Afi as close to ± 1 as 
possible. In our case only one such constraint exists and consequently the Af values can 
be chosen as follows: +1 (F), —1 (V, Mgl5 Mg2).
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The results of the calculations are summarized in Fig. 1 presenting the 
concentration time series of the four centres.

The errors were calculated in the following way. The absorption spectra were 
taken as the average of three independent measurements, and a standard deviation was 
calculated for each E,. Supposing a normal distribution of the A,(t„) values about their 
averages a normal random generation was carried out at each E, value based on the 
values of standard deviations. The new “experimental” extinctions were subjected to 
the same optimalization procedure giving new time series. Repeating this 8 times, 
averages and standard deviations for all relevant parameters were calculated. This 
“floating technique” was applied throughout the paper.

n

Fig. 1. The concentrations of the V, Mg,, Mg2 and F centres as functions of F bleaching time calculated by 
the procedure described in 2.1 from measured extinction values

2.2. Fitting a sum of exponentials to the time series 
of the components

The approximations to be described later (decoupling of differential equations 
and a “direct fitting procedure”) require the knowledge of concentration values for all t. 
Therefore the time series was approximated by a sum of exponentials by the Fletcher— 
Powell [3] method. It was found that four exponentials were sufficient for this and the 
inclusion of a fifth had only a negligible effect on the sum of square deviations. Given
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Table I
The amplitudes and exponents of the four-term exponential sums 

for the V, Mgb Mg2 and F centres calculated with the procedure described in 2.2 
with their “floating error” values

Centre
Value Standard error

amplitude exponent x( — 1) amplitude exponent

V 1 1.17 4.48 0.30 0.54
1.61 0.92 0.15 0.34
1.03 0.10 0.12 0.07
1.49 0.012 0.19 0.016

Mg, 2 0.19 1.98 0.04 0.10
-1 .08 0.45 0.13 0.01

0.91 0.018 0.10 0.03
0.009 0.002 0.001 0.002

Mg2 3 0.036 1.89 0.027 0.07
-0 .93 0.26 0.24 0.03

0.14 0.065 0.03 0.11
0.76 0.0085 0.20 0.008

F 4 1.13 3.83 0.59 0.71
2.04 1.02 0.67 0.58
2.22 0.25 0.72 0.05
0.012 0.010 0.005 0.015

the expansion, the derivatives and integrals required were calculated analytically. The 
amplitudes and exponents of the fitted exponentials for each centre are shown in 
Table I.

The solid line in Fig. 2 presents the dependence of the Mg, centre concentration 
on that of the F centre calculated on the basis of their exponential sums, while the 
points with “floating” errors display the same dependence calculated directly from 
absorption spectra.

Fiy. 2. Discrete points: The concentration of Mg, centres as a function of that of F centres with their "floating 
error” values based on results of calculations described in 2.1 

Solid line: same as before but calculated from the fitted exponential sums, as described in 2.2
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2.3. Setting up the SDE describing the models of Mg t centre 
generation during F bleaching

Five models were created. The first does not require any precentre for Mg! 
formation. In the following two models the existence of a precentre generated under 
illumination proportionally to the decomposition of the F centre (model 2) or of the V 
centre (model 3) was assumed. In fact, the precentre of model 2 is the anion vacancy, 
therefore in this case, as a result of our assumed Mg2 centre configuration (M g+ on 
cationic site with a vacancy pair [1]), the formation of the Mg2 centres contributes to 
the disappearance of the precentres. Model 4 presupposes the presence of a precentre 
which might exist in the crystal prior to any irradiation and which is destroyed during 
F bleaching parallel with the saturation of the Mg, centre concentration [1]. In 
model 5 the existence of a complex precentre generated from the precentre of model 4 
and the anion vacancy is postulated.

Let us introduce the following index conventions: Indices 1—4 denote the 
centres V, M g ,, Mg2 and F, respectively, e, the conduction band electrons (polarons), p, 
the precentre of models 2, 3 or 5, R, the precentre of model 4.

In each model the evolution of Mg, and V (209 nm) centre formation was 
supposed to be described by the following SDE:

n2  = k 2 npnve2, 
n1 = - fe 1n1^ ‘,

where v, =  1, 2 (i= 1, 2) denotes the number of electrons in the conduction band needed 
for the generation or destruction of a given centre thought as a one-step process. Since 
the V centre is diamagnetic, v, —2 is chosen for each model. These basic processes are 
considered irreversible. The fc,-s are kinetic coefficients. np or np=dnp/dt can be 
expressed for various models increasing in the cases 4, 5 the number of differential 
equations entering the SDE, as follows:

1) np= 1,
2) np= A (n l-n 4 - n 3 ) - n 2,
3) np = A(n°l - n l) - n 2,
4) nR = kRnRnve2,
5) hp =  kpnR{n°A -  n4 -  n3  -  /ip),

nR= — kRnR(n4  — n4  — n3  — np).

Here all k’s, np and A act as fitting parameters, A being responsible for the additional 
assumption that only a portion of the product arising from the decomposition of the F 
or V centre participates in the formation of the precentre. The upper indices 0 refer to 
concentration values taken at t =  0 (m = 1). A model similar to our models 2 and 3 was 
suggested by Kristianpoller and Katz [4].
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2.4. Solution and fitting o f the SDE

The solution of the SDE by a Runge—Kutta fitting procedure would have 
required an enormous amount of computer time. Therefore for finding the parameter 
values a simpler direct fitting procedure was applied followed by a single run Runge— 
Kutta calculation of the unknown functions.

We had two possibilities for simplification: 1) to reduce the number of the 
equations, 2) to seek for a direct fitting procedure starting directly from the differential 
equations and not requiring their solution at all. As for the first problem, we applied the 
quasi-stationary approximation frequently used in analogous problems of chemical 
kinetics [5]. As it was supported by our test calculations, the concentration of 
intermediate reaction products (e.g. p in model 5) can be considered as a constant, 
moreover their concentration constitutes only a negligible part, say several thousandths 
of the other centres. For this reason the concentrations of such centres can be neglected 
in expressions where they appear as an additive term. Consequently, the precentre 
equations of model 5 took the following form:

The second equation of (5) can be solved analytically using the integrals of the 
component concentrations computed analytically from the relevant exponential sums. 
In this way np can be expressed from the first equation of (5), and substituted into the 
SDE (3). Thus we reduced the number of equations to 2. From these the electron 
concentrations were eliminated on the basis of the following reasoning. The ne values 
for the solution of this SDE by standard techniques can be obtained from an overall 
charge conservation condition. Since these values are too low and result from a 
difference of rather high values, the substitution of “experimental” concentrations into 
these expressions may lead to the appearance of negative ne values, which in their turn 
may have an unfavourable effect on the stability conditions for the solution. This led us 
on to the second possibility: the remaining equation can be put in a very convenient 
form for direct fitting, namely

holds for the given model.
The left hand side of the expression (6) was calculated as a function of time by 

direct substitution of the concentrations and their derivatives computed from the 
relevant sums of exponentials. The deviation of this value from unity characterizes the 
“power” of a given model. The square sum of the above deviations taken at 100 values 
of time throughout the total interval of bleaching was minimized using the Fletcher— 
Powell algorithm. 100 iterations were enough for every model to attain a stable 
minimum. As a result of the simplifying assumptions the number of fitting parameters

kRn(n^ -  n4  -  n3) =  k 2  npn\ 2 

riR= - k RnR(n‘4 - n 4 - n 3). (5)

(6)
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Table II
The results of the direct fitting method described in 2.4 with respect to the proposed models (2, 3),
i.e. the optimized values of parameters to fit with their “floating error” values for the one electron 

and two-electron process of the Mg, centre generation, respectively

Mg, centre generation with one electron v, = 2, v2 =  1

Model Square sum 
of direct fitting ki/ki A k2 kR „0

n R

1 85.74+1.47 (1.32±  1.05) • 10" 5

2 47.36 ±4.36 3.22 ±0.63 (20.08± 2 79) 10-2
3 57.84+3.94 (7.85 ±4.06) • 10“ 1 (5.27 ±0.6) ■ 10“ 1
4 87.11 + 1.20 (2.6 ±2.13) 10" 8 7.37 ±2.22
5 6.72 ±1.08 (11.00±0.70)10-2 (0.71 ±0.1) • 1016

Mg, centre generation with two electrons v, =  2, v2 =  2

1 66.85 ±4.39 (2.68 ±1.42) 10' 2

2 57.78 ±6.61 2.32 ±0.65 (10.8 ±1.63) - IO" 2
3 66.88 ±9.56 (5.57 ±3.76) -10“ 1 (27.3±5.17) - 10“ 2
4 67.54 ±5.24 (1.15 ±  1.83) • 10" 3 (3.37 ±  1.35) ■ 101
5 3.00 ±0.4 (11.2 ±  0.69) - 10-3 (0.37 ± 0.05)-1016
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also decreased e.g. in models 1—3 only the quotient of kinetic coefficients appeared. It 
is interesting that the assumptions for model 5 led to a cancellation of both kinetic 
coefficients k l and k2. In none of the models did the number of parameters exceed two. 
Table II contains the square sum and fitted parameter values with their “floating” 
errors.

Fig. 3. Experimental curve: the same as in Fig. 2b
'Model” curves: Solutions of the differential equation (7) by the Runge—Kutta method for different models,

as described in 2.4

Finally we solved the SDE directly by the Runga—Kutta method [6] in order to 
obtain the dependence of the Mgj versus F centre concentration in the various models. 
For this end Eqs (3) were brought to the following form:

Substituting the model-dependent expressions (4) into this equation and using the 
functional, derivative and integral values of the concentration time series except for n2  

(7) can be solved as a one-dimensional DE. The solutions based on the experimental n2  

values are shown in Fig. 3.

3. Discussion

The crucial point of this paper is the interpretation of the S-like shape of the 
Mgj—F concentration interdependence shown in Fig. 2 and more pronouncedly in 
Figs 8 and 9b in [1]. Taking into account the “floating” errors the qualitative 
properties of this curve still remain valid. The decreasing tendency of the square sums 
of Table II with increasing model index (i.e. with increasing complexity of the models) 
clearly shows that the agreement with the experimental curve attains its optimum in the 
case of model 5. This qualitative statement was supported by the result of a quantitative
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statistical analysis of the square sums. The results show convincingly that models 1—4 
should be rejected in favour of model 5. Since model 2 seems to be better than model 3 
the precentre arising during bleaching is connected more probably with the 
decomposition of thè F centre than with that of the V centre, consequently depends on 
the number of negative vacancies. The comparison of the square sums of model 5 for v2 
= 1 and 2 indicates that the two electron model of Mg, generation should be preferred.

The curves of Fig. 3 can be viewed as an illustrative support for the above 
conclusions also in the qualitative sense. It can be seen that only model 5 reproduces 
the S-shape. Model 1 is quite inappropriate for the description of this process, as 
expected. The introduction of only one precentre (models 2 and 3) tends to lower the 
initial part of the curves and is able to account for the lower bend of the S-shaped curve. 
The introduction of a second precentre into model 5 gives rise to an inflexion of the 
corresponding curve in agreement with the experimental one. Finally the curves 
illustrate the success of the direct fitting procedure in our case. This means that the 
fitting procedure can be accomplished with a reduced time expense compared to 
standard methods requiring integration of the SDE. We propose therefore to prefer this 
method for solving problems linked with adjusting experimental curves to a SDE.

All these results support our hypothesis that the Mg, centre is a two excess 
electron centre localized on a lattice configuration made up of anion vacancies and 
dipole aggregates (e.g. dimers) originally present in the crystal.
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TEMPERATURE DEPENDENCE OF MICROCRYSTALLINE 
SODIUM URANYL-TRIS-ACETATE FLUORESCENCE

SPECTRA*

J. S z ő k e

Central Research Institute for Physics,
1525 Budapest, Hungary

Fluorescence spectra of sodium-uranyl-tris-acetate were measured in the microcrystalline 
state at every 10° between 300 and 80 К with a medium resolution instrument. It was found that the 
full spectrum is shifted towards the higher frequencies quasilinearly ( ~  0.8 cm * 7°C) with decreasing 
temperature. It seems that the relative position of the vibronic components inside the bands is 
independent of temperature.

Fluorescence spectrum bands at room temperature consist of a number of vibronic 
components overlapping each other completely so the envelope is structureless. The temperature 
effect on the integrated intensity of the subbands is different.

The ground vibronic frequencies of the fluorescence spectrum consist of the frequency of the 
0,0 transition (v0 0) and 8 base frequency (v^,,) each consisting probably of numerous normal 
vibrational components. The v, uranyl vibration builds long progressions with the ground vibronic 
frequencies. Components of the normal vibrations were identified by IR, FIR and Raman spectra. 
The position of the 0,0-transition was localized by low temperature electronic reflection spectra.

Introduction

The electronic spectra of solids generally consist of a huge mass of vibronic 
bands. At room temperature the half bandwidth coming from the natural bandwidth 
and the other actual spectroscopic broadening effects (librational transitions such as 
the result of hindered rotations, intermolecular interactions, etc.) of the vibronic bands 
are usually greater than the spacing between them. Therefore, the room temperature 
spectra are, in general, structureless curves. The vibronic frequencies are combinations 
of the frequency of the electronic jump v0>0 with the frequencies of the normal 
vibrations of appropriate symmetry and of their combinations and of progressions. In 
absorption the normal vibrations come from the appropriate excited state; in 
fluorescence, from the ground state. The latter vibrations are the same as the 
frequencies of the IR, FIR and conventional Raman spectra. A further important factor 
is the number of electronic jumps in the spectrum. Commonly, in absorption, the 
frequencies of the electronic transitions are near to each other and the vibrational 
combinations overlap each other. In the fluorescence of a condensed material — in the 
sense of Kasha’s rule — there is only a single electronic jump from the first excited state 
to the ground state with the same spin multiplicity. Thus, for vibrational investigation 
the fluorescence spectrum promises more success that the absorption spectrum.

* Dedicated to Prof. I. Kovács on his 70th birthday
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The vibrational structure of polyatomic melecules can be investigated at elevated 
temperature in the vapour state or at low temperature in the condensed (usually solid) 
state. In gas spectra there are many complications and only those molecules can be 
studied which have significant vapour pressure. Low temperature techniques also 
encounter problems. As was shown in an earlier work [1], gas-flow type cryostats can 
be used successfully* only because in cold finger type cryostat the illuminated part of 
the sample is at significantly higher temperatures (this may be as much as 100 °C) than 
the cold finger.

Instruments and methods

Spectroluminometers

Two types of instruments were used. The sample was excited in both cases by the 
436 nm line of a 200 W high pressure mercury lamp (OSRAM HBO-200). The 
measuring system can be seen in the block diagram of Fig. 1.

The instrument of lower resolution has a half metre prism Littrow mono
chromator to measure the fluorescence light and a ZEISS SPM-1 monochromator for 
excitation. We used this instrument with 0.01 nm slits defining an about 50 cm" 1 
effective half bandwidth which is quasiconstant in the investigated spectral range. The 
scanning mechanism in this monochromator is driven by a synchronous motor. The 
sampling signals are generated by a rotating sector. The speed of scanning can be 
selected by a ten step gear-box.

Fig. 1. Block-diagram of luminescence and reflection measuring instrument

* We ignore the imbedding technique because it is unsuitable for measurements at different 
temperatures.
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Fig. 2. Spectroluminometer with cold finger type cryostat

The instrument of higher resolution has two one-metre grating monochromators 
in Czerny-Turner mounting developed in our laboratory (Fig. 2). The size of the plane 
grating is 100 X 100 mm. The scanning mechanism of the monochromators is a sine- 
linear interchangeable cam driven by a step-motor. By selection of the cam the spectral
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distance between two steps can be varied between 50 and 10 pms. The sampling signals 
are generated by an electronic controller. The emission monochromator was used with
0.05 mm slits. This means a half bandwidth of 80 pm which is constant in the whole 
range of the spectrum.

The electronic measurements are performed by a dual slope type analog-to- 
digital converter (Fig. 3) or a voltage/frequency (V/F) converter (10 volts are equal to 
10 kHz). These instruments were also developed in our laboratory. A KFKI ICA-70 
multichannel analyser with a 4K/16 bit memory was used for storing the measured 
data. In the case of the V/F converter, 1 s counting time was used in MSC (multiscaler) 
mode of the analyser. With the dual slope integrator the multichannel analyser was 
used in AVE (average) mode and 10 to 50 measurements were averaged.

342  J. SZŐKE

Fig. 3. Analog-to-digital dual slope type converter and paper tape punch controller

Cryostats

Two types of cryostats were used. The cold finger type cryostat can be seen in 
Fig. 2, the gas flow type in Fig. 4. Both were developed in our Institute, the latter mainly 
in our own laboratory. The gas-flow cryostat is about half the size of the cold finger 
type. Both cryostats can be used up to 4 K, in the present case — not having liquid 
helium — only the temperature range of the liquid nitrogen was used in fluorescence 
and reflection measurements as well.
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Fig. 4. Gas-flow type cryostat

Reflection spectra

The grating spectroluminometer was used for the measurements. After the 
measurement of a fluorescence spectrum the excitation light was changed in the sample 
chamber for a non-monochromatized tungsten lamp (50 W) light. We used in this case 
a single channel measuring method and a fresh MgO surface at room temperature 
served as reference. The relative reflection was calculated by microcomputer. The goal 
of these measurements in all cases was to determine the position of the 0,0-transition.

IR spectrometer

Commercial instrument for room temperature measurement with built-in 
computer (ZEISS Model IR-75) at the Department of General and Inorganic 
Chemistry, Roland Eötvös University, Budapest.

Laser— Raman spectrometer

Commercial instrument (Jobin—Yvon Model HG-2S) for room temperature 
measurement at the Department of General and Inorganic Chemistry, Roland Eötvös 
University, Budapest with ZEISS ILK-120 krypton laser as light source. The 647 nm
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line was used for excitation. For the measurement of the analog signal our Digitizer & 
Tape Control (Fig. 3) was applied and the spectra were synchronously punched on 
paper tape. The evaluation of tapes was performed by microcomputer (Fig. 5).

FIR spectrometer

Commercial instrument (Grubb-Parsons Model IS-3) with built-in computer at 
the Department of Analytical Chemistry, Technical University of Budapest.

Laboratory computer

A laboratory model (Fig. 5) with a Z-80 microprocessor [2] and 64 Kbyte 
memory was used for the off-line evaluation of the measurements.

1 ~"T~ : ■ r

1 ' Щ щ  • . |j
л.

Fig. 5. Laboratory computer with peripherals
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Preparation of sodium-uranyl-tris-acetate

This compound, N a[U 0 2Ac3] where Ac means the acetate CH3COO~ anion 
was prepared by the method of Nichols et al [3]. This material was analysed to 
determine the Na, U and acetate content.

Evaluation software

The data processing software was written in BASIC language [4]. The following 
procedures were applied systematically:

a) Abscissa correction. At the prism instrument the nonlinearity of the 
wavenumber scale was corrected.

b) Abscissa transformation. The equidistant points of the linear wavelength scale 
of the grating instrument were transformed into non-equidistant wavenumber scale. 
The equidistant wavenumber scale was produced by orthogonal (Gram) polynomials 
using a procedure published earlier [5].

c) Correction of the instrument sensitivity. The intensity of the measured 
fluorescence spectra is distorted by the sensitivity character of the instrument; 
correction was performed by computer using known corrected spectra as reference 
materials.

Spectra

Some of the representative spectra are presented in Figs 6 to 12 and Fig. 20. 

Fluorescence spectra

For the present evaluation the lower resolved spectra are more suitable because 
they are nearly wavenumber-linear. These spectra were recorded every 10 °C. In about 
half of the spectra is only slight change therefore only some of them can be seen in Figs 6 
to 12 and Fig. 20. The microcrystalline material was used without any further 
preparation as a sample for the fluorescence and reflection measurements.

Reflection spectra

Each of the fluorescence spectra has its appropriate pair among the reflection 
spectra. In the present work we use only the spectrum measured at —192 °C for the 
identification of the 0,0-transition in the fluorescence spectrum. This spectrum can be 
seen in Fig. 13.
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Fig. 6. Fluorescence spectrum of N a [U 0 2Ac3] at 28 °C with the name of subbands used in this paper

Fig. 7. Fluorescence spectrum of Na [U 0 2Ac3] at 0 °C

Vibration spectra

All the vibrational spectra were measured at room temperature. It is trivial that 
spectra measured at the same temperature are more suitable for correlation studies. We 
were satisfied in this approximation with the room temperature vibrational spectra
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Fig. 8. Fluorescence spectrum of N a [U 0 2Ac3] at -3 0 °C

Fig. 9. Fluorescence spectrum of N a [U 0 2Ac3] at — 60 °C

because the character of these spectra is essentially line-like and the nominal frequency 
of the band maximum not too sensitive to the temperature-change. In the case of FIR 
and IR spectra more information can be expected at low temperature.
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18 19 20 21 cm-VraOO

Fig. 10. Fluorescence spectrum of N a [U 0 2Ac3] at — 90 °C

Fig. 11. Fluorescence spectrum of N a[U 0 2Ac3] at —120 °C

IR spectrum

Microcrystalline N a [U 0 2Ac3] was suspended in Nuyol and this mull was 
measured in the fundamental IR region. This spectrum can be seen in Fig. 14.
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Fig. 12. Fluorescence spectrum of N a [U 0 2Ac3] at — 150°C

Fig. 13. Electronic spectrum of the N a[U 0 2Ac3] in reflection at -  192 "C

Raman spectrum

The solid material was used without any preparation. The spectrum is shown in 
Fig. 15.
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1600 1400 1200 1000 800 600 cm '1

Fig. 14. IR spectrum of N a[U 0 2Ac3] at room temperature

Fig. 15. Raman spectrum of N a[U 0 2Ac3] at room temperature

FIR spectrum

10 mg microcrystalline material and 200 mg powered polyethylene were milled 
and pressed into a disc. The spectrum is shown in Fig. 16.
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Fig. 16. FIR spectrum of Na [U 0 2Ac3] at room temperature

Discussion

1. Geometrical considerations

Using atomic coordinates published in the paper of Zachariasen and Plettinger 
[6] bond lengths, bond angles and torsion angles were calculated (Table I). Some 
interesting projections were also prepared which can be seen in Fig. 17. The following 
conclusions were drawn:

(i) The uranyl ion is collinear (the О—U—О bond angle is 180 degrees) and the 
two U—О bonds are equivalent.

(ii) The 3 acetates are bidentate ligands. Both coupling atoms (03 and 04) of 
each ligand are equivalent.

(iii) The ligands are symmetrically arranged along the equator of the uranyl (the 
point group is D3) but one of the coupling oxygens is above, the other is below the 
equator. The eight oxygens around the uranium atom form a scalenohedral (Fig. 17c).

(iv) The distance between the oxygens of the same ligands is smaller than that of 
different ones (Fig. 17b).

(v) The bond lengths in the ligands are nearly the same as in the free acetate.
(vi) There are no carbon atoms on the uranyl equator. The angle between the

03 03 
U < ]  and [ /C i

04  0 4
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Table I
Bond lengths, bond angles and torsion angles of the N a [U 0 2Ac3] (reestimated data of 

Zachariasen and Plettinger [6])

Bond lengths in pm Average bond length 
in pm

U - O l 172.5 ±2.2 171.2 ±  2.2U — 0 2 169.9 ±2.2
U - 0 3 246.7 ±1.2 249.0 ±1.2U —0 4 251.3 ±  1.2

C l - 0 3 126.2 ± 2.1 127.5 ±2.1C l - 0 4 128.7 ±2.1
C I -C 2 152.2 ± 2.6 152.2 ± 2.6

Bond angles in degree Averaged bond angles 
in degree

0 1 - U - 0 2 180.0 ± 1.8 180.0 ± 1.8
0 1 - U - 0 3 89.1 + 1.4 89.25 ±1.40 2  — U — 0 4 89.4 ±1.4
0 1 - U - 0 4 90.6 ±1 90.75+1.40 2  —U —0 3 90.9 ±1.4
0 3  —U —0 2 52.7 ±0.9 52.7 ±0.9

U —0 3  —0 4 54.7 ±  1.0 64.7 ±1.0
U - 0 3 - C I 94.3+1.8 92.95 ±1.8U - 0 4 - C I 91.6 ±  1.8
U - 0 3 - 0 4 B 57.1 ±0.6 57.1 ±0.6

0 3 - C 1 - C 2 121.3 ±2.5 119 15 + 2 50 4 - C 1 - C 2 117.0 ±2.5
0 3  —Cl —04 120.1 ± 2.6 120.1 ± 2.6

Torsion angles in degree

0 3  —Cl —0 4  — U 11.2 ±  4.0
0 4  —Cl —0 4  — U -  11.7 ±2.3
C 1 - 0 3 - U - 0 1 98.0 ±2.2
Cl —0 3  — U — 02 -  82.0 ± 2.2
Cl —0 3  —U —0 4 6.5 ±1.6
C 1 - 0 4 - U - 0 1 -  94.7 ±2.1
Cl —0 4  — U — 0 2 85.3 ±2.1
C l— 0 4  — U — 03 -  6.3± 1.6
C2 —Cl —0 3  —U -177.0 ±8.3
C2 —Cl —0 4  —U 177.0 + 7.7

/
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i
Fig. 17. Molecular geometry of N a [U 0 2Ac3] by using Zachariasen and Plettinger [6] X-ray data 
a) Stereographic projection of the N a [U 0 2Ac3] without hydrogens; b) Arrangements of the atoms in the 

plane of the uranyl equator. The uranyl oxygens are out-of-Ыапе (top view)

planes is 173.8 degree; the angle between the

0 3
D>ci

0 4

and the C l—C2 bond is 174.2 degree (Fig. 17d).
The geometry of the ligand suggests that the trigonal hybridization of the acetate 

Ci atom is decreased in the complex in comparison with that of the free acetate (small 
tetrahedral distortion).
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------------ equator

03 - 04 = 222 pm 
Г  = 90°

Fiq. 17c. О—U—О axis in the plane of paper, the bisectrix of the 03-U -04 angle is perpendicular lo  the
plane (from view of the bisectrix)

Fig. / 7d. The molecule is rotated by 1.81 degree along the bisectrix of the 03-U -04  angle (03 and 0 4  overlap
each other)

2. Vibrational spectra

The goal of this paper is to facilitate an understanding of the vibrational 
structure of the fluorescence spectrum. Therefore we highlight only those properties of 
the vibrational spectra which are closely correlated with the fluorescence spectrum.

The D3 point group symmetry of the complex means that the molecule has no 
centre of symmetry and all the fundamentals are active in the infrared and Raman 
spectra, too.

On investigating the spectra we can state that the uranyl vs symmetric vibration 
(853 cm-1) is present in the Raman spectrum; the uranyl vas and vb asymmetric and 
bending vibrations, respectively, occur only in the IR and FIR spectra. This means that 
the highly symmetric free uranyl ion (Dxh) preserves the original symmetry properties 
in the complex, too. This is confirmed by the electronic absorption spectra of the uranyl
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salts showing only slight differences even though they contain different inorganic 
anions.

The most intensive band in the IR spectrum is the asymmetric normal vibration 
of the uranyl-ion at 930 cm“ 1. The vas(CC>2 ) and vs(C0 2 ) frequencies in the complex at 
1537 and 1481 cm -1, respectively correspond to those at 1578 and 1414cm 1 in the 
free acetate ion. The separation between them in the uranyl complex 56 cm “ 1 proves 
that the acetates are present as bidentate ligands.

In the fluorescence spectrum the frequencies of the л(СО) and <5(OCO) 
vibrations can be shown at 610 and 678 cm “ respectively. The M—L bonds are rather 
strong as proved by the v(C—C) frequency which is at 948 cm“ 1 in the free acetate and 
924cm-1 in the complex meaning that the C—C bond is longer in the complex.

In the FIR spectrum the bending vb and rocking vr vibrations of the uranyl ion at 
243 and 280 cm "1, respectively, are the most important. In the fluorescence spectrum 
at 45 cm " 1 a vL lattice vibration can be shown corresponding to the same frequency in 
the FIR spectrum.

There are only three vibrations of the Raman spectrum present in the 
fluorescence. In the Raman spectrum the most intensive band is the uranyl vs vibration 
at 853 c m '1, the vL lattice vibration of 45 cm - 1 and M—L vibration with 134 cm - 1 
also give intensive bands in the fluorescence spectrum.

TEMPERATURE DEPENDENCE OF Na [UOaAc,] 355

Evaluation of the fluorescence spectra

a) The subband structure

The fluorescence spectrum of the solid N a [U 0 2Ac3] consists of numerous 
subbands. The number of subbands depends on the sensitivity of the measuring 
instrument. Practical labeling of the subbands in shown in Fig. 6. These are as follows:

Hot subband or hot range. The longest wavelength subband with low intensity at 
room temperature.

0,0-subband. Second subband of the fluorescence spectrum from the long 
wavelength end. This contains the 0,0 transition and the ground vibronic bands of low 
frequency.

First overtone subband. The third subband of the spectrum which contains the 
ground vibronic bands of higher frequency and the first progression elements of the low 
frequency ground vibronic bands.

Second overtone subband. The fourth subband of the spectrum which contains the 
elements of the high frequency first progression and that of the low frequency second 
progression.

The subbands of higher overtones are built up in a similar manner to the second 
overtone subband from the appropriate overtones.
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The general intensity relation of uranyl electronic spectra are valid for the 
fluorescence spectrum of N a [U 0 2AC3]. The order of succession is in decreasing 
intensity (without the hot subband).

where sb is the abbreviation of “subband”. In the sense of the Franck—Condon 
principle this sequence means that the interatomic distances in the central U 0 2 
molecule ion are longer in the excited state than in the ground state. This statement is in 
complete agreement with the lower frequency of the normal vibrations in the excited 
state than in the ground state.

The experimental conditions were unchanged during the measurements. Thus 
we can define the relative fluorescence quantum efficiency as the ratio of the 
integrated intensity of F,(v) of the corrected fluorescence spectrum, measured at 
temperature t and the integrated intensity of the corrected fluorescence spectrum 
F 2 8 ( v) measured at ambient temperature (28 °C) viz.

where the integration limits v2, v2 and v'2, v2 mean that the integration extends only to a 
definite subband part of the fluorescence spectrum. (Reabsorption correction was not 
applied.) On investigating the spectra we found that the subbands of the fluorescence 
spectrum react differently to the temperature change. Therefore the integration limits 
were chosen at the minimum between the subbands. These are physically well-defined 
points in the fluorescence spectra measured at different temperatures. Our experience 
can be summarized as follows:

(i) The integrated intensity of the “hot” range can be described approximately by 
the

equation, where means the integrated intensity of the hot range at room 
temperature, t is the temperature of measurement in К and the value of the к factor is
0.036 obtained by exponential fitting. The integrated intensity at 140 К is less than 5 
per cent.

(ii) The integrated intensity of the 0,0-band is unchanged up to — 30 °C. After 
that it diminishes gradually (the maximum loss is about 30 per cent at —70 °C). From 
this point the intensity increases continuously and it is about 40 per cent higher at 
liquid nitrogen temperature than at room temperature.

It is probable that this behaviour comes from two sources. One is the gradual 
depopulation of the hot levels in the excited state with decreasing temperature. Because

First sb >  0 ,0 —sb > second sb > third sb >  . . .

b) Temperature dependence o f the relative quantum efficiency

Fhot(t) = Fhot° exp [ — /с(300 — f)]
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of that the transitions of the “sequence background” will progressively cease. This 
decreasing will be compensated by the increase in the quantum efficiency which is slow 
above —100 °C and below that, much faster.

(iii) At the other subbands the hot states do not take a dominant role therefore 
the integrated intensity up to — 30 °C is practically unchanged; below that, the slope of 
the increase will gradually be higher. At the temperature of nitrogen the integrated 
intensities of the first, second and third overtone subbands are respectively 50,100 and 
150 per cent higher than at room temperature. It is probable that below the 
temperature of nitrogen the increase in the integrated intensity will be continued 
strongly.

c) The temperature shift

With decreasing temperature the fluorescence spectrum will continuously be 
shifted towards the higher frequencies (hypsochromic shift). It is not easy to express this 
shift by numerical values without ambiguity since besides the shift the shape of the 
spectrum is also changed. Because of that we could not use the intensity weighted 
average frequency (the quotient of the first and zero moments) of the subbands. We 
found that the best assessment can be obtained by shifting the spectra under visual 
control. From data obtained in this way the following statements can be drawn:

(i) The temperature shift is valid in all cases for the full spectrum, i.e. the 
temperature shift for the single subbands are the same within a spectrum. This rule is 
demonstrated by Fig. 18 in which the room and nitrogen temperature spectra are 
shifted reaching the best overlapping under visual control.

(ii) The temperature shift of the N a[U 02Ac3] fluorescence spectra is shown in 
Fig. 19. It is possible that the character of the curve represents the temperature

Fig. 18. Overlapping of the shifted fluorescence spectra (measured at room and liquid N 2 temperature) of the
N a[U 0 2Ac3]
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Fig. 19. Temperature shift of the N a [U 0 2Ac3] fluorescence spectra as a function of the temperature. Dots 
represent the measured points, dashed line is the linear fitting curve

dependent (e.g. phase) transition of the solid material but the small deviation from the 
linear change does not offer substantial proof for this conclusion. Accepting the linear 
approximation, the temperature shift for N a[U O z Ac3] in the investigated temperature 
range is about 0.8 cm“ l/°C.

(iii) It is probable that statement (i) is valid for the vibronic bands of the spectrum, 
too.

We think this is an essential rule because it permits one to localize the single 
vibronic bands in the structureless subband envelope. By using a non-linear fitting 
procedure the change in the integrated intensity of the single vibronic bands can be 
calculated. We were not able to perform this investigation because we could not obtain 
the real vibronic components of the subbands at nitrogen temperature and at the 
applied resolution of our instrument.

d) Vibrational structure o f the fluorescence spectrum

In the above paragraphs we concluded that the free spectra of the hot bands 
consist of the same vibronic bands. The relative intensity, half bandwidth and nominal 
frequency of these vibronic bands depend on temperature. If we had a spectrum with 
better resolution and at lower temperature we could calculate the complete vibrational 
structure of the fluorescence spectra measured at different temperatures.

Starting from our data a compromise is required. We use the highest possible 
resolved spectrum measured at —192 °C (Fig. 20). We know that this spectrum is not 
fully resolved therefore our results are only approximative.
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Fig. 20. Fluorescence spectrum of N a[U 02Ac3] upper part: measured by us at -192  °C 
medium part: measured by DD [7] at -196  °C 

lower part: measured by DD [7] at —273 °C

In Fig. 20 the periodicity of the spectrum can easily be recognized. We labelled 
the component bands of the ground harmonics with a0 ,b0, .. . h0, and the progression 
elements of i-th harmonics with ah bt . . .  h{. The labelling is correct from the physical 
point of view, that is e.g. a0, a t , a2, ■ ■ ■„ consist of the same base frequency; only the 
order of progression is different. The general rules of vibrational structure of 
N a[U 0 2Ac3] can be summarized as follows:

(i) The frequency of the 0,0-transition in the fluorescence spectrum at liquid 
nitrogen temperature is 21130 cm “ 1. This value is in complete agreement with the 
literature data [7].

(ii) Uranyl vs is the only progression forming vibration having the normal 
frequency cos =  855 cm“ 1. This frequency appears to be temperature independent.

(iii) The anharmonicity constant xs for the progression frequency is —3 cm “ 1.
(iv) The following nominal base frequencies combine with the 0,0-transition:

a0=142cm _1, b0 = 266cm_1, c0 = 370cm “ 1,

d0 = 475cm“ 1, eo = 610cm“ 1, /„ = 705 cm “ 1,

0o = 852cm *, h0 = 929cm“ 1.

Acta Physica Hungarica 55, 1984



360 J. SZŐKE

(v) Each base frequency is a starting frequency of a progression.
(vi) The nominal frequencies of the N a [U 0 2Ac3] fluorescence spectrum can be 

calculated using the following equation
V

vF(i,v) = v0 0- V i -  £  (0s- jx ,=
1=0

v2 + v= v0 , 0  - v tvœ,+ —^ — Xs,

where v, means one of the base frequencies (a0 , b 0 , . . .  n0); v is the order of progression. 
The experimental and calculated frequencies are listed in Table II.

Some of these frequencies are not in good agreement with each other. This was an 
indication to use the data of Dieke and Duncan [7] (hereinafter DD), which are 
displayed at the bottom of Fig. 20. We had the following experiences from these 
calculations:

(vii) It is probable that the most of our base frequencies do not belong to normal 
vibrations but they are combined from two or more of them.

(viii) The frequency of the vL lattice vibration is 45 cm“ 1 in our measurement and 
29 cm “ 1 for that of DD. Our measurement is in good correlation with the FIR and 
Raman spectra.

(ix) Our base frequency a0  (142 cm-1) contains 3 lines in the DD spectrum: 93, 
135 and 180 cm -1 . It is probable that the 135 cm - 1 band has the highest intensity, and 
the relationship between them is constant in the higher overtones, too. From these 
frequencies we found the 135 cm " 1 line in the Raman and the 180 cm “ 1 line in the IR 
spectrum and they can probably be assigned as M—L bond variations.

(x) In the range of the band b0, DD have two lines at 240 cm “ 1 and 270 cm “ 1. 
Our measurement suggests that the 270 cm“ 1 band is more intensive than the 
240 cm ” 1 one. From the FIR spectrum we can assign the 240 cm “ 1 (we found it in the 
FIR spectrum at 243 cm “ x) band as vr (uranyl rocking) and the 270 cm “ 1 band (in the 
FIR spectrum at 280 cm“ 1) as v,, (uranyl bending) vibration in analogy with the 
assignments of Denning et al [8] in the C s[U 02(N 0 3)3] FIR spectrum.

(xi) In our spectra there are two new series (c and d) which are absent in the DD 
spectrum. It seems from the constant value of cf-s that this consists of only a single line 
or the intensity relation is constant if they are composite bands. The overtone elements 
of series d do not have a constant frequency therefore they contain more than one line 
and the intensity relation is changed during the progression.

(xii) It was surprising that the calculation results of the higher resolution spectra 
of DD gave worse agreement with the experimental data than those of our lower 
resolution spectra. We believe that the reason for this comes from misprints in the 
publication [7].

(xiii) It appears from the measurements of DD that the 0,0-frequency is the same 
at 77 and 20 K. This means that below 77 К there is no temperature shift. Comparison 
with the absorption measurements of Denning et al [8] suggests that this is not true.
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Table II
Experimental and calculated vibronic transitions in N a[U 0 2Ac3] fluorescence 

spectrum measured at 81 К
Abbreviations: WN = cm -1; DD =  [7]; arb. u. = arbitrary unit

Notation Exp. WN Calcd WN Intensity 
[arb. u.]

Combination 
in WN' Assignments, comments

- 1 21250 6 v00 + 120 93(DD)+135(R)
0 21130 21130 56.5 21130 vo,o WN of electronic jump

L 21085 21085 23 v0.o -  45 vt  = 45cm_1 (R, FIR) inflection
20988 20988 88 v0.0-142 £vM_t  [93<dD)+ 135(R)+ 180(dD)]

b0 20864 20864 36.5 -266 v, + v„ [243 +  280(FIR)]
co 20757 20759 4 -373 135 +  243(7) inflection
do 20655 20655 3 -475 (?)
e0 20520 20520 12 -6 1 0 v15(c =  0) [610 (IR)
fo 20397 20425 10.5 -7 3 2 V j(c = 0 )  [674<IR) (?)]
9o 20278 20278 87 -8 5 2 vs(U 0 2 [852(R)]
к 20201 20200 82 -9 2 9 v„(U 02) [930(IR)]
Ol 20136 20136 90 vo,o — vs — 142

20136 20136 90 vo .o -v ,-1 4 2
bi 20013 20012 39.5 -265
Cl 19908 19909 5 -3 7 0 inflection
di 19795 19803 4 -4 8 4
«1 19671 19668 11 -6 0 7
f i 19573 19573 7 -706
9i 19429 19429 39 -849
hí 19362 19348 52.5 -9 2 6
“2 19287 19287 39 vo,o-2v,—142
b2 19168 19163 19.5 -261
C2 19060 19058 3 -3 6 9 inflection
d2 18946 18954 2 -4 8 3
e2 18816 18819 4.5 -613
f i 18726 18724 2.5 -703
в 2 18583 18583 10 -846
h2 18502 18499 16 -927
a3 18440 18441 8.5 vo,o —3v, —143
b3 18321 18317 5 -262
C3 18212
d3 18108
e3 17973
f 3 17878
93 17741 17740 2.5 -8 4 2
h3 17655 17653 4 -928
a* 17596 17598 2 vo,o —4v, —145
b* 17474
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The calculated 0,0-transition from our temperature shift 21068 cm“ 1 which is in better 
agreement with the 0,0-transition at 21090 cm “ 1 of the Denning absorption spectrum. 
Denning’s result suggest that the slope of the temperature shift decreased below 77 K.

(xiv) It is interesting in the DD spectrum measured at 20 К that a number of lines 
of the spectrum measured at 77 К are absent. This probably means that these 
vibrations are “frozen” at lower temperature.

(xv) In the DD spectra there is very important information that a number of lines 
do not build progressions. This can be applied to determine the symmetry of the 
electronic (ground and excited) states. We were not able to use them because we could 
not assign these vibrations.

Summarizing the vibrational structure invesigations, we can state that the 
following normal vibrations are present in the N a[U 02Ac3] fluorescence spectrum:

— Four normal vibrations of the central molecule ion with relatively high 
intensities. The frequencies are 929, 852, 270 and 243 cm“ 1.

— (Probably two) normal vibrations of the M—L bonds. The frequencies are 
180 and 135 cm“ 1. Relative band intensities are high.

— Normal vibrations of ligands. These belong to the bonds of the coupling 
atoms. Such frequencies are vs(COO“), v„(COO“), Д(СО) and á(OCO) at 1537,1481, 
610 and 678 cm“ 1, respectively. Relative band intensities of these vibrations are low.

— Lattice vibrations. Their relative intensity is medium strong which is 
probably fast decreasing in the progression. The 45 cm “ 1 was unambiguously 
identified as the vL vibration.

Conclusion

We were not able to solve the complete vibrational analysis of the low 
temperature N a[U 0 2Ac3] fluorescence spectrum, but we think it could have been 
solved if we had measured the spectrum with higher resolution and at lower 
temperature. Digital measurement of the spectrum is required because according to 
our experience the intensity represents an important item of information in the 
assignment of the component bands. In this paper we were unable to deal with the 
temperature dependence of the half bandwidth and the integrated intensity of the 
vibronic transition because these require the complete resolution of the subbands. It is 

> clear that great effort is necessary to build up the appropriate instrumental, 
methodological and software background for a higher level investigation. We consider 
that this paper gives useful ideas towards the solution of the problem.
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APPLICATION OF THE MANY-BODY 
PERTURBATION THEORY BASED ON LOCALIZED 

ORBITALS TO CYCLIC POLYENES*

E. K a p u y , Z. C sÉPES and J. P ip e k

Quantum Theory Group, Institute o f Physics, Technical University 
1521 Budapest, Hungary

The localized and the canonical variants of the many-body perturbation theory are used to 
calculate the energy corrections through fourth order for C ,4H 14 in Pariser—Parr—Pople 
approximation, for a wide range of the coupling constant ß. The behaviour of the localization terms is 
examined. It is shown how the nonlocal contributions to the correlation energy can be gradually 
separated. The strictly local contribution left behind is surprisingly large: more than 50% of the total 
correlation energy.

1. Introduction

As is well known the wavefunctions determined by the Hartree—Fock (HF) 
method are not suitable to calculate accurate values for the energy quantities of the 
valence shell (electron affinities, ionization and binding energies, etc.). In the last two 
decades various procedures have been developed which go beyond the independent 
particle scheme. One of the most straightforward approaches for taking into account 
correlation effects is the diagrammatic many-body perturbation theory [1—3]. It can 
be used routinely for small molecules through third order in the energy (including some 
fourth order terms) [4—6]. Recently, with moderately sized basis sets the evaluation of 
all fourth order terms has become feasible [7, 8]. Except for some model systems, the 
calculation of all terms о f a given order higher than the fourth is out of question at 
present. There exist procedures, however, in which certain types of terms are summed 
over to infinite order (CPMET [9, 10], СЕРА [11, 12], and the method of Green’s 
functions [13, 14]).

Previously it was conjectured that local and nonlocal effects can be clearly 
separated and that the former predominate [15]. One of the authors of the present 
article (E.K.) developed a perturbation theory whose zeroeth order wavefunction is the 
APSG ground state [16]. Diner, Malrieu and Claverie elaborated a perturbation 
treatment based on strictly localized orbitals which are not solutions of the HF 
equations [17]. Amos and Musher [18], and Davidson [19] have shown the possible 
choices of the zeroeth order Hamiltonian and wavefunctions when the orbitals used are 
unitary transforms of the canonical HF orbitals.

* Dedicated to Prof. I. Kovács on his 70th birthday
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The applicability of localized HF orbitals in the diagrammatic many-body 
perturbation theory was studied at first in [20]. Formerly the localized HF orbitals had 
been applied in connection with perturbation theories involving partial summations 
[ 11, 12, 21].

The aim of the present paper is to investigate the behaviour of terms whose 
occurrence is due to the nonzero off-diagonal matrix elements of the HF operator. As 
model systems we use some cyclic polyenes (C6H 6, C 10H 10, C 14H 14) in Pariser— 
Parr—Pople (PPP) approximation for which results calculated by other methods are 
also available [22]. These compounds can be used as models of one-dimensional 
metallic systems [23] and being not well localized they are suitable to study the 
importance of the non-local effects.

2. Diagrammatic many-body perturbation theory

In the perturbation theory the exact Hamiltonian, Й, can be partitioned in 
different ways. We use the so-called Möller— Plesset partitioning which is the 
following:

#  = #<°> + vv, (1)
where

# <0) = X P(i). (2)
i — 1

The occupied single-particle functions i = 1,2, . . . ,  N, and the vir tual single-particle 
functions фа, a = N  + l ,N  + 2, . . . ,  M, are solutions of the canonical HF equations

Рфк =  Ёкфк, k = l , 2 , . . . , M ,  (3)
where

Р= Й(1)+  Í  < Л г ^ ( 1 - Р 12)\Г>х. (4)
3=1

The perturbation is the following

w =  y  X rî j l ~  £  X <J\râ4l-Pi2)\T>i- (5)
2- № 1  i = l  3 = 1i*J

When we localize the occupied and the virtual single-particle functions 
separately by unitary transformations U and V, respectively, the local'zed single
particle functions satisfy the following non-diagonal HF equations

N

Рфк = Z  U  =1,2, (6a)
3 = 1

Рфа = У  £°ьФъ, a,b = N + l , N + 2 , . . . ,  Af. (6b)
ь= 7 Г + 1
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Following Amos and Musher [18] we choose a new HF operator

N M
F'oc = F -  X \i>e.ij<j\~  X

i , J = l  a , b  —  N  +  1
i * j  u * b

the solutions of which are the localized single-particle functions

Floci/'i =  eii/'i, i= l ,2 , . .  .,N ,

Р'осФа=ЕаФа, a = N  + l , N  + 2 , . . . ,M .

(7)

(8a)

(8b)

In this case the zeroeth order Hamiltonian and the perturbation can be written in the 
following form:

N

Hloc<0) = X Floc(i),

1 Д

i=l 
N  C  N

W = y  I  -  X ) Z </ki2 (1--Pi2)l;)r ̂ i.Pl i=l U=1i^j

-  X (^УЕыО\ — X l«Xb<b|!
* , 7= 1  a , b  =  N + l

(9)

( 10)

Due to the non-zero off-diagonal Lagrangian multipliers ekl, eab, new terms enter 
the perturbation expansion at third and higher orders.

As in [20] we use the “mixed” Hugenholtz—Feynman representation proposed 
first by Brandow [2] (see also [24—26]). Two of us (Z. Csépes and J. Pipek) developed 
and programmed an algorithm that constructs first the Hugenholtz diagrams then the 
Feynman diagrams and selects the conjugate pairs and the equivalent diagrams 
automatically [27]. Through fourth order all diagrams necessary when using canonical 
HF orbitals can be found in the literature. We refer to the paper of Bartlett and Purvis
[5] and to that of Wilson and Silver [26] where each Hugenholtz diagram is 
represented by a Feynman graph with antisymmetrized vertices

< ic /||iw i) =  <k/|rj'21(l — P 12)|m n> =  </c/|m n> — ( к Ц п т У .  (11)

The rules of how to translate graphs into formulae can also be found in the 
literature [2, 24, 25].

As in [20] we call the diagrams representing terms due to the non-zero off- 
diagonal Fock matrix elements localization diagrams (all the others are called 
canonical diagrams). The two third order localization diagrams are shown in Fig. 1. In 
fourth order there are 9 conjugate pairs among the 22 Hugenholtz (antisymmetrized
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Fig. 1. Third order localization diagrams

• о -  ш з
* ö «  о *
4 3  4 3  4 3  

.Q  *£ö '£0 
£ ( r  О *

Fig. 2. Fourth order localization diagrams

Feynman) diagrams. The 13 different diagrams are displayed in Fig. 2. In the fifth order 
we have 462 different canonical diagrams and 300 different localization diagrams.

Due to the localization terms in the localized representation extra computational 
work is necessary. It was, however, shown in [20] that it represents only a small fraction 
of the total computing time because in a given order the number of indices to be 
summed over is always less in the localization terms than in the canonical ones.

The question of how to get properly localized virtual orbitals has been discussed 
in [20, 28].
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3. Calculation of energy corrections of some cyclic polyenes 
in PPP approximation

We evaluated the perturbational energy corrections for the cyclic polyenes 
C6H6, C 10H 10, and C 14H i4. The calculation was based on the PPP Hamiltonian

HPPP = ß £  К Л *  +  \ - 'Z y*vK aâ+â„â„âlun (12)
Д. v,<t £  д, V
ц ф у  <т,х

where, ц ,  у  and er, т are atomic orbital and spin indices, respectively. For the matrix 
elements y„v we used the Mataga—Nishimoto parametrization [29]. The CC bond 
length was taken to be 1.4 Â. The advantage of the PPP approximation is that ß~ 1 can 
be regarded as the coupling constant of the interaction of electrons.

The canonical HF orbitals are fixed by symmetry

_ i  Л Г2я1'мЛ
q>j = n 2 £ exp --- - \x „ ,

p=i L n J

7 =  0. ±1. ± 2 ........ ± ( x — 1 )» +  »(  =  odd),

(13)

where x„ is an atomic orbital centred on atom p.
When n> 3 (n #4) there exists a continuum of sets of localized orbitals [30]. We 

applied the set that corresponds to a Kekule structure. The equivalent localized 
orbitals of this, set are the following

(Pi =  Z c mX-’ (I4)

where for the occupied orbitals:
ZL_J_

С ^ - г Г п - 1 j l+2  Y  c o s ^ [ 2 / i - 4 i + l ] J ,  (15a)

i= l ,2 ,
••’2 ’

and for the virtual orbitals
n i

Ci; = 2 ï n - 1( - i r 1{ l +  2 Y
(  p = 1

n
2  np

cos —  [2/i —4 i+ 1] 
n

(15b)

i = l .  2,
n

” 2*

Having evaluated the matrix elements of the HF orbitals (13), and (14), within the 
PPP scheme no further approximation was made, the calculation of the energy 
corrections was carried out on ab initio level.
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The energy corrections were calculated through fourth order in both the 
canonical and the localized representation for the interval —\ 0 < ß < 0 .

The total energy correction of a given order, n, in the canonical representation is 
denoted by . In the localized representation for n consists of two terms:
tf„. The former is the total contribution of the canonical diagrams with localized 
orbitals, the latter is the total contribution of the localization terms.

The total energy corrections through a given order, n, are denoted as follows

^ c a n  Z-i ° c a n J  i = 2

where
i =  2

if i= 2 , 
if i > 2

The contributions of the localization corrections for C i4H 14 are displayed in 
Fig. 3. As in the case of C6H6 and C10H 10 (see [20]) these corrections have a minimum 
as functions of ß. For ß < —4.0, goes below <?[3). We show in Fig. 3 also the 
contribution of the first 5 diagrams of Fig. 2. (These are all derivable from the second 
order canonical diagrams by inserting two “crosses”.) It is interesting that they give 
almost all of the total contribution The contributions of the other diagrams nearly 
cancel each other as in the case of C 10H 10 (see [20]).

The results for C6H6 and С 10Ню were compared to those obtained by full Cl 
[22]. It was found that both and at least for и =  2, 3,4 are upper bounds to the 
exact correlation energy: £ fu,|CI [20]:

£ f u , , C .  < £ £ ’„ < £ £ •

Fig. 3. Contributions of the localization diagrams for C 14H 14: ............................ third order,----------fourth
order,---------------- fourth order derivable from the second order canonical diagram
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0 -5  -10 |3 (»V)

SÜш V

Fig. 4. Proportion of the correlation energy for C MH , * recovered by the localized version of the many-body 
perturbation theory. The result obtained by the corresponding canonical version is taken as 100%

For C 14H 14 no full Cl is available. The contributions obtained in the localized 
representation are compared with the corresponding contributions obtained in the 
canonical representation.

In Fig. 4, E[*l and are shown as functions of parameter ß, where

K V  = I
i = 2

As in the case of C10H 10 the inequality

E ^ < K l < E [ V

is valid everywhere, and the relative importance of the localization terms increases 
when ß-* —10.

In Fig. 5 we show S f f  compared to the corresponding n =  2, 3,4, as
functions of parameter ß. It can be seen that the inequality

л = 2, 3,4

holds everywhere in the interval considered.
No similar inequalities are valid for as compared to the

corresponding <?‘."а)п, л =  3,4 (see Fig. 6). For n < - 3, ^  and go below the 
corresponding quantities and respectively. It is a result of the increasing 
importance of the localization terms when )?-► —10. Only the inequality ^  
holds because no localization term exists in this order.

The perturbation theory based on localized orbitals is in fact a double expansion 
where the terms of the canonical representation of every order are expanded again and 
thus certain contributions of a given order in the canonical representation may appear 
in higher order terms of the localized representation.

One of the advantages of the localized representation is that the local and 
nonlocal contributions can be separated in the correlation energy. In our case (cyclic 
polyenes) to every orbital pair i/q, ipj we can uniquely assign a number characterizing 
the distance of their centers. The integrals <ÿ| Ic/> can also be partitioned according to 
the distances of orbital pairs ik and j l (d = \i—k\, \j — Z|). Evaluating the perturbational 
terms the summation in a closed loop should only be extended over indices of orbitals

24* Acta Physica Hungarica 55, 1984
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Fig. 5. Proportions of the correlation energy corrections for C 14H 14 recovered by the canonical terms in the 
localized version. The results recovered by the corresponding terms in the canonical version are taken as

100%

Fig. 6. Proportions of the localization corrections for C14H l4. The results of the canonical corrections of the
corresponding order are taken as 100%

Fig. 7. Proportions of the correlation energy for C 14H l4 when nonlocal contributions are gradually 
separated out. E[£ is taken as 100%. (2): third neighbour indices omitted; E\£ (1); second and third
neighbour indices omitted; EjJJ (0): strictly local contribution: first, second and third neighbour indices

omitted
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whose “distance”: | i —k\ and/or \j—l \ does not exceed a certain number. In the case of 
C 14H 14 the possible values of d are 0,1, 2, 3. When only d=0  is allowed we obtain an 
approximation which is closely related to the conventional separated pair theory. If d 
=  1,2, first and second neighbour indices are also included. In the case of d = 3 no terms 
are omitted.

In Fig. 7 the total correlation energy through fourth order is displayed in the 
approximations d =  0,1,2, compared to the case when no omissions are made (d -  3), as 
functions of parameter.

It is surprising that even for this system considered as only weakly localizable 
more than 50% of the total correlation energy consists of strictly local contributions
(d=0).

4. Conclusions

We have shown that the many-body perturbation theory based on localized 
orbitals can be successfully applied for extended systems. The convergence of the 
localized representation is similar to the canonical one. Separating local and nonlocal 
effects it is possible to deal with larger systems that cannot be treated by using the 
canonical version.
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THE INFLUENCE OF SYMMETRY 
ON SCF CONVERGENCE*

C. KOZMUTZA and Zs. OZORÓCZY

Quantum Theory Group, Institute of Physics, Technical University 
1521 Budapest, Hungary

Using the symmetry properties in ab initio SCF calculations the computational time can be 
reduced. In this paper we show that the round-off errors can also be eliminated by the use of 
symmetry in the SCF procedure.

1. Introduction

In a recent work [1] the convergence in ab initio SCF calculations has been 
investigated. Various convergence acceleration techniques as well as the effect of choice 
of the initial vectors on the convergence were studied. In this paper we present our 
results obtained also from ab initio SCF calculations, which were performed in order to 
study whether the use of symmetry influences the convergence.

2. Use of symmetry in SCF calculations

As is well known, by using the symmetry point group of the given system the 
Fock matrix can be transformed into a so-called blocked form and thus the eigenvalue 
problem may be solved step by step, i.e. block by block. In order to make the 
transformation, on the other hand, tedious work should be done. The total gain is, 
therefore, generally not too large, because the diagonalization does not need a 
considerable amount of computer time during the SCF procedure. A more important 
help can be given, however, by the symmetry, while constructing the Fock matrix 
elements. This problem has been investigated by several authors. Some computer 
programs make use of symmetry for constructing symmetry related integrals, reducing 
the number of integrals to be handled, etc. We also have written an ab initio integral 
program [2] in which the number of integrals to be calculated is greatly reduced by 
using the symmetry properties of the molecule.

The question arises, whether the occurring round-off errors do or do not cause 
differences in the calculations, i.e. when are all or only the non-redundant integrals used

* Dedicated to Prof. I. Kovács on his 70th birthday
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for constructing the Fock matrix. It is evident that in the latter case the errors are 
exactly the same while this does not hold for the former procedure. It may well happen 
that the different round-off errors finally lead to a difference in the convergence, too. As 
yet no study has been found in the literature we checked on some calculations whether 
the use of all or only the non-redundant integrals causes a difference in the SCF 
convergence. The results obtained from the calculations carried out on H20, CH3F 
and CH3CH3 have shown that there are no differences between the two methods (the 
figures agree up to eight decimals on a computer CDC 3300).

Another question is whether the round-off errors due to the geometrical data etc., 
do or do not cause errors in the eigen-solution. These errors can be easily 
demonstrated: the eigenvector components are not exactly equivalent for the orbitals 
which are equivalent by symmetry. This case often occurs and presents a problem if the 
vectors are to be used further, e.g. for localization. It is worthwhile to investigate 
whether the use of symmetry could help in eliminating the discrepancies due to round
off errors.

In practice, the following could be done. The symmetry can first be used for 
avoiding the calculations of redundant integrals and further for transforming the Fock 
matrix in the SCF procedure. It is interesting to see, whether this second procedure 
does or does not alter the SCF convergence: whether it does change the number of 
iterations and/or the deviation between the symmetry-equivalent vector components. 
The molecules CH3F and CH3CH 3 were studied using basis STO-3G for the 
calculations.

3. Results obtained on C H ,F

When all integrals were used for constructing the Fock matrix, i.e. no further 
symmetrization was applied, the results are presented in Table I. The calculations using 
a symmetrization, i.e. the only symmetry operation, a Cv mirror plane for the 
transformation of the Fock matrix, were also carried out on CH3F. The solutions of the 
eigen-problem are given in Table II. Comparing the values of Tables I and II one can 
see that they are very similar, slight differences occur only in the last decimals. This was 
expected as using a STO-3G basis set and only one symmetry operation the Fock 
matrix is not much changed by the symmetrization: only the matrix elements 
representing the interaction between the s orbitals of two H atoms with other orbitals 
are transformed.

4. Results obtained on CH3CH3

There are three operations for this molecule, a mirror plane, an inversion and a 
rotation, symmetry D3d. The results obtained without using symmetrization are listed 
in Table III, while those resulting from the use of transformation of the Fock matrix are 
given in Table IV. As can be seen from the figures the transformation results in
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Table I
Eigen-solution of CH3F (without symmetrization)

Orbital energy Eigenvectors

1 -25.889264 -0.00056703 0.00386251 - 0.00000000 - 0.00000000 0.00387575 -0.99469379 -0.02218626
0.00000000 - 0.00000000 0.00258314 -0.00028755 -0.00028755 -0.00028755

2 -11.088238 -0.99225866 -0.03519428 0.00000000 - 0.00000000 0.00101917 -0.00047189 0.00436336
- 0.00000000 0.00000000 -0.00209680 0.00673797 0.00673797 0.00673797

3 -  1.465242 -0.06415671 0.17042525 - 0.00000001 - 0.00000000 0.10119260 -0.24705279 0.92649462
- 0.00000000 - 0.00000000 -0.07356216 0.01352701 0.01352701 0.01352701

4 -  0.884938 -0.21108678 0.63174581 - 0.00000000 0.00000000 -0.10062507 0.07289945 -0.33173203
- 0.00000002 0.00000000 -0.18602460 0.19830659 0.19830674 0.19830674

5 -  0.591249 - 0.00000000 0.00000000 -0.00024020 -0.52337407 0.00000000 0.00000000 - 0.00000000
-0.00022445 -0.48905353 - 0.00000000 -0.00016551 0.31238982 -0.31222431

6 -  0.591248 -0.00000003 0.00000015 0.52337402 -0.00024020 0.00000013 0.00000003 -0.00000013
0.48905376 -0.00022445 - 0.00000021 0.36062109 -0.18016718 -0.18045384

7 -  0.517733 -0.01376902 0.09770561 - 0.00000012 0.00000000 0.51064843 0.05830634 -0.30382800
-0.00000024 0.00000000 -0.68130829 -0.13256348 -0.13256342 -0.13256342

8 -  0.406015 - 0.00000000 0.00000000 -0.00004635 0.25841109 0.00000000 - 0.00000000 - 0.00000000
0.00015533 -0.86595443 - 0.00000000 -0.00006022 -0.29072119 0.29078141

9 -  0.406015 - 0.00000000 0.00000005 0.25841123 0.00004635 -0.00000006 - 0.00000000 0.00000001
-0.86595430 -0.00015533 0.00000008 0.33573085 -0.16791750 -0.16781319
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Table II
Eigen-solution of CH3F (with symmetrization)

Orbital energy Eigenvectors

1 -25.889264 -0.00056703 0.00386251 - 0.00000000 0.00000000 0.00387575 -0.99469379 -0.02218626
0.00000000 - 0.00000000 0.00258314 -0.00028755 -0.00028755 -0.00028755

2 -11.088238 -0.99225866 -0.03519428 0.00000000 - 0.00000000 0.00101917 -0.00047189 0.00436336
- 0.00000000 0.00000000 -0.00209680 0.00673797 0.00673797 0.00673797

3 -  1.465242 -0.06415671 0.17042525 - 0.00000001 0.00000000 0.10119260 -0.24705279 0.92649462
- 0.00000000 0.00000000 -0.07356216 0.01352701 0.01352701 0.01352701

4 -0.884938 -0.21108678 0.63174581 - 0.00000010 - 0.00000000 -0.10062507 0.07289945 -0.33173203
- 0.00000002 - 0.00000000 -0.18602460 0.19830659 0.19830674 0.19830674

5 -0.591249 - 0.00000000 0.00000000 0.00001686 0.52337412 - 0.00000000 - 0.00000000 0.00000000
0.00001576 0.48905358 0.00000000 0.00001162 -0.31231291 0.31230129

6 -0.591248 0.00000003 -0.00000015 -0.52337407 0.00001686 -0.00000013 -0.00000003 0.00000013
-0.48905383 0.00001576 0.00000021 -0.36062113 0.18030046 0.18032059

7 -0.517733 -0.01376902 0.09770561 - 0.00000012 0.00000000 0.51064843 0.05830634 -0.30382800
-0.00000024 0.00000000 -0.68130829 -0.13256348 -0.13256342 -0.13256342

8 -0.406015 - 0.00000000 - 0.00000000 -0.00002388 0.25841109 0.00000000 0.00000000 - 0.00000000
0.00008001 -0.86595444 - 0.00000000 -0.00003102 -0.29073579 0.29076681

9 -0.406015 0.00000000 -0.00000005 -0.25841124 -0.00002388 0.00000006 0.00000000 - 0.00000001
0.86595431 0.00008001 -0.00000008 -0.33573085 0.16789221 0.16783848
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Table III
Eigen-solution of CH3CH3 (without symmetrization)

Orbital energy Eigenvectors

1 -11.011830 -0.70106627 -0.03061440 - 0.00000000 - 0.00000000 0.00314983 0.70106104
0.03061424 - 0.00000000 - 0.00000000 0.00314985 0.00486064 0.00486064
0.00486064 -0.00486060 -0.00486060 -0.00486060

2 -11.011530 0.70178159 0.02232025 0.00000000 - 0.00000000 0.00299370 0.70178681
0.02232047 0.00000000 - 0.00000000 -0.00299368 -0.00477048 -0.00477048

-0.00477048 -0.00477052 -0.00477052 -0.00477052
3 -0.971273 0.16561882 -0.45644204 - 0.00000000 0.00000000 0.06449384 0.16561882

-0.45644204 0.00000000 - 0.00000000 -0.06449384 -0.11168116 -0.11168116
-0.11168116 -0.11168116 -0.11168116 -0.11168116

4 -0.793069 -0.14604436 0.44632011 0.00000000 0.00000000 0.14781394 0.14604436
-0.44632011 0.00000000 0.00000000 0.14781394 0.16965983 0.16965983

0.16965983 -0.16965983 -0.16965983 -0.16965983
5 -0.562413 - 0.00000000 0.00000000 0.39986285 -0.05654796 0.00000000 0.00000000

- 0.00000000 0.39986285 -0.05654796 - 0.00000000 0.30388983 -0.18916289
-0.11472694 -0.30388983 0.11472694 0.18916289

6 -0.562413 0.00000000 - 0.00000000 -0.05654796 -0.39986285 - 0.00000000 - 0.00000000
0.00000000 -0.05654796 -0.39986285 0.00000000 -0.04297561 -0.24168851
0.28466412 0.04297561 -0.28466412 0.24168851

7 -0.452032 0.01903719 -0.07305737 - 0.00000001 - 0.00000000 0.54545565 0.01903719
-0.07305737 0.00000001 0.00000000 -0.54545565 0.14388354 0.14388356

0.14388356 0.14388354 0.14388356 0.14388356
8 -0.445673 0.00000000 - 0.00000000 0.05549948 0.40658358 0.00000000 0.00000000

- 0.00000000 -0.05549948 -0.40658358 - 0.00000000 0.05183880 0.30296740
-0.35480620 0.05183880 -0.35480620 0.30296740

9 -0.445673 0.00000000 - 0.00000000 0.40658358 -0.05549948 0.00000002 0.00000000
- 0.00000000 -0.40658358 0.05549948 - 0.00000002 0.37976577 -0.23477659
-0.14498917 0.37976577 -0.14498917 -0.23477659
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Table IV
Eigen-solution of CH3CH3 (with symmetrization)

Orbital energy Eigenvectors

1 -11.011830 -0.70106366 -0.03061432 - 0.00000000 0.00000000 0.00314984 0.70106366
0.03061432 - 0.00000000 - 0.00000000 0.00314984 0.00486062 0.00486062
0.00486062 -0.00486062 -0.00486062 -0.00486062

2 -11.011530 0.70178420 0.02232036 - 0.00000000 - 0.00000000 0.00299369 0.70178420
0.02232036 0.00000000 - 0.00000000 -0.00299369 -0.00477050 -0.00477050

-0.00477050 -0.00477050 -0.00477050 -0.00477050
3 -0.971273 0.16561882 -0.45644204 - 0.00000000 0.00000000 0.06449384 0.16561882

-0.45644204 0.00000000 - 0.00000000 -0.06449384 -0.11168116 -0.11168116
-0.11168116 -0.11168116 -0.11168116 -0.11168116

4 -0.793069 0.14604436 -0.44632011 0.00000000 - 0.00000000 -0.14781394 -0.14604436
0.44632011 0.00000000 - 0.00000000 -0.14781394 -0.16965983 -0.16965983

-0.16965983 0.16965983 0.16965983 0.16965983
5 -0.562413 0.00000000 - 0.00000000 -0.39523009 -0.08295270 - 0.00000000 - 0.00000000

0.00000000 -0.39523009 -0.08295270 - 0.00000000 -0.30036900 0.09558781
0.20478118 0.30036900 -0.20478118 -0.09558782

6 -0.562413 - 0.00000000 0.00000000 0.08295270 -0.39523009 0.00000000 0.00000000
- 0.00000000 0.08295270 -0.39523009 0.00000000 0.06304282 -0.29164859

0.22860577 -0.06304282 -0.22860577 0.29164859
7 -0.452032 -0.01903719 0.07305737 0.00000000 0.00000000 -0.54545565 -0.01903719

0.07305737 - 0.00000000 - 0.00000000 0.54545565 -0.14388355 -0.14388355
-0.14388355 -0.14388355 -0.14388356 -0.14388355

8 -0.445673 0.00000000 - 0.00000000 0.40994212 0.01838085 0.00000000 0.00000000
0.00000000 -0.40994212 -0.01838085 - 0.00000000 0.38290278 -0.17658306

-0.20631972 0.38290278 -0.20631972 -0.17658306
9 -0.445673 0.00000000 - 0.00000000 -0.01838085 0.40994212 0.00000000 0.00000000

- 0.00000000 0.01838085 -0.40994212 - 0.00000000 -0.01716847 0.34018777
-0.32301930 

-------------------- ------
-0.01716847 -0.32301930 0.34018777
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symmetrical eigenvectors solution, the contributions of C-atoms are exactly the same 
for all molecular orbitals while this does not apply to the solution obtained without 
symmetrization. The difference is the largest for the molecular orbitals of lowest 
eigenvalues (see Table III and IV). The symmetrized Fock matrix leads to a really 
symmetrical solution, where the values of vector components are the algebraic mean of 
those obtained without symmetrization. These results are encouraging and they show 
that the round-off errors in such a way can be eliminated; by using a simple n x n  
transformation for the Fock matrix which requires only a negligible amount of 
computer time of the total SCF procedure.

5. Conclusion

The use of the symmetry point group of the given system in ab initio SCF 
calculations is a rather general procedure (see, e.g. in [3]). In this paper we have studied 
whether the convergence is influenced if the symmetry properties are used for 
transforming the Fock matrix. The results obtained on CH3F and CH3CH3 have 
shown that the ertergy convergence remains unaltered by the transformation. It should 
be noted, however, that for larger systems — with possible greater round-off errors — 
the number of iteration steps may also be reduced by a symmetry transformation. As to 
the convergence of the eigenvectors, deviations were found for the CH3CH3 molecule 
between the symmetrized and non-symmetrized cases. While the symmetrized solution 
represents really the same contributions for the Fock matrix elements which should be 
equivalent by symmetry, this is not the case for the components obtained from the non- 
symmetrized calculations.

Thus it was demonstrated that it is worthwhile to calculate only the non- 
redundant integrals and then apply a symmetry transformation of the Fock matrix. In 
such a way not only the computational time can be greatiy reduced but the eigen- 
solution will also be free from round-off errors.
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INFRARED SPECTRUM OF HYDROGEN 
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High sensitivity available in modern technology enables us to obtain new and valuable 
information on the infrared spectrum of hydrogen in the condensed phase. For example, some of the 
recent experimental results have necessitated the consideration of intermolecular interactions of 
much higher orders than indicated in prior laboratory studies. In the context of an overall perspective 
of the more important studies made on single phonon transitions in the past years, the newer results 
obtained for a few of the double transitions are presented and compared with the theory. Spectral 
features of liquid hydrogen are also summarized.

1. Introduction

During this entire century, studies of the spectrum of hydrogen have contributed 
to many significant advances in Physics and Chemistry. In spite of this, it is interesting 
that even now there is much to be learned about hydrogen especially when we make use 
of the modern technology. This article deals with the infrared spectrum of hydrogen in 
the condensed phase which has recently revealed some challenging possibilities.

One may recall that a homonuclear molecule like hydrogen does not have a 
permanent dipole moment and therefore does not have an ordinary infrared spectrum. 
But, in the condensed phase we do observe an infrared spectrum and that is due to the 
dipole moment induced by intermolecular interactions. Over the years, the infrared 
and Raman spectra of both solid and liquid hydrogen have been extensively studied 
and adequately interpreted [1—4]. An interesting result of all these investigations has 
been the realization that free molecular rotation persists even at 0 K. In fact, the 
presence of free rotor energy levels in the liquid was revealed over fifty years ago by a 
study of its Raman spectrum [5] and that result was considered to be among the early 
triumphs of Raman spectroscopy. Molecular rotation in the condensed phase which is 
peculiar to hydrogen and its isotopic varieties arises because of the small moments of 
inertia of the molecules. Consequently, the solid state spectra are due to the large 
rotational energies and the weak anisotropic intermolecular forces arising from the 
near spherical charge distribution of the molecules [6].

* With best wishes to Prof. I. Kovács on his 70th birthday
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The spectrum in the condensed phase is marked by relatively sharp absorption 
features known as zero-phonon lines accompanied on the high frequency side, by 
broad, usually strong phonon branches with long high frequency tails. The zero- 
phonon lines represent transitions among the levels associated with the internal 
degrees of freedom of one molecule (single transition) or a pair of molecules (double 
transition) and arise due to the dipole moment induced by the multipolar fields of the 
molecules. Prominent among these are the quadrupolar Q and S lines and their 
combinations considered in detail in a later Section. The broad phonon branches 
represent conbination tones in which the absorption of a single photon excites an 
internal transition in one or a pair of molecules with the simultaneous creation of 
phonons. The coupling between the internal molecular motions and the phonons is 
brought about by the short range overlap interaction. The spectrum of para-enriched 
hydrogen is by far the simplest, and lends itself to a straightforward theoretical analysis 
[7—9]. In contrast, the spectrum of the ortho-enriched solid is more complex and it is 
further complicated by the occurrence of the disordered-ordered phase transition at 
~ 2 K  [10— 11]. Several of these observed features are not readily amenable to a 
theoretical interpretation.

In recent experiments conducted in this laboratory, we observed the infrared 
spectra of solid and liquid hydrogen using a high resolution spectrometer with a 
resolution between 0.04 and 0.06 cm-1 [12— 14]. Although these experiments were 
mainly designed for the observation of the pure rotational hexadecapole-induced U 
transitions we could re-examine many other features of solid and liquid hydrogen in the 
spectral region 900—5350 cm -1. Both normal and para-hydrogen samples were used 
in these experiments. In the present paper we summarize these newer results and briefly 
review the earlier work as well. In order to keep the length of the paper within 
reasonable limits, discussion of the spectrum of ortho-enriched solid will be omitted.

Fig. I. Multipolar induction between molecules with arbitrary orientations Ű, and fl2 and separation Rl2 ,
referred to в laboratory-fixed frame X Y 7
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First, we will briefly outline the theoretical origin of the zero phonon transitions. 
Although the detailed theory is complicated, the underlying principles may be readily 
understood by simple arguments. Consider a pair of molecules represented by 1 and 2 
in Fig. 1. ЛГУ Z represents a laboratory frame with origin at the center of mass of 1. The 
orientation of the axes of the molecules is given by ß j  = (01, cpj; ß 2 =(02, (p2). The 
position vector of the center of molecule 2 is given by R , 2 =  (Æ12, Ő, 2). The multipolar 
field of molecule 1 will polarize molecule 2, to produce, in general, two components of 
the dipole moment, a component parallel to the field and /rx, a component 
perpendicular to the field. We may write, symbolically

^ l|(2 )~Ö ,(l)-^ m(ß 1)a(2)/(R '1+22), (1)

R l( 2 ) ~ Ö i ( 1) • y ta ( Û i )  • 7 (2 )  • Y2„(Ù2)/(R\+22) - (2 )

Here Ylm is a spherical harmonie. Q,( 1) is the magnitude of the (2')th multipole moment 
of molecule 1. a(2) and y (2) represent respectively the isotropic and anisotropic parts of 
the polarizability of molecule 2. /Гц can cause a rovibrational transition in molecule 1 
with selection rule A J ^ l  with or without a transition in molecule 2 which must be
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Fig. 2. Observed zero phonon transitions in the induced spectrum of H2
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purely vibrational. In the former case we have a double transition and in the latter case 
we have a single transition. The expression for points to the possibility of a different 
kind of double transition in which both molecules change their rotational states with 
AJ j ^  l and AJ2ü 2- Relations (1) and (2) restrict only the allowable J transitions each 
molecule can perform. There is really no restriction on the vibrational transitions. This 
makes it possible for pure rotational as well as ro-vibrational transitions to occur in the 
fundamental and overtone regions.

All the transitions which have been observed so far in the region of the 
fundamental and the pure rotational region are shown schematically on an energy level 
diagram in Fig. 2. As is to be expected, at the low temperatures of 20 К required to 
produce solid or liquid hydrogen, all the molecules are in the lowest rotational state 
which is J  =  0 for a para molecule and J  — 1 for an ortho molecule.

2. Quadrupolar spectrum

The first non-vanishing multipole moment of H2 is the quadrupole moment. 
Transitions caused by the quadrupole-induced dipole moment dominate the infrared 
spectrum. This spectrum in the fundamental band region has been studied quite 
extensively [1,10,11,12,14]. Our recent data [14] have added new information to the 
pure rotational quadrupolar spectrum. Table I summarizes the results of all these 
observations. Below we shall discuss some aspects under various subheadings.

Table I
Quadrupolar transitions in solid para hydrogen*

Transition
Wavenumber [cm l] â X 1014[s - 'e m 3]

Reference
Obs Calcb Experiment Theory

So(0) 355.87 354.37 2.6 7.8 [17]
S„(0) + So(0) - 708.74 6 8.7 [7]
So(0) +  S0(l) 940 941.39 - - [14]

e .-o ( i) c 4146.63 4147.19 - - [14]
e ,~ o (0)‘ 4153.11 - - — [ 12]
ö V o (0) 4227 - - — [ 1]
S ^ o (0)d 4485.97 4489.77 0.33 0.20 [ 12, 16]

Q,-o(0) + So(0) 4506.5 4507.48 4.2 4.6 [ 1, 7]
S?_o(0) 4550 - - - [ 1]
S,-o(D 4703.8 4704.84 - - [ 1]

e ,_ „ (0) + So(l) 4740 4740.13 - — [ 1] and present work
S ,.o(0) + S0(0) 4840.3 4844.15 0.45 0.97 [Present work]

“ For the quadrupolar lines in solid normal H2 see References [1] and [14]. 
b Using the constants given by Huber and Herzberg [26] and adopting v0 = 4153.11 cm -1 for the 

band origin of the fundamental band.
c Fine structure components observed at 4143.90, 4148.47, 4149.93, 4150.81, 4155.18 and 

4156.27 cm -1 could be assigned to the transitions ß ,_ 0(./) + ortho pair orientation [14].
d This line shows a satellite structure in the presence of 1—2% ortho impurity. The components are 

located at 4483.48, 4484.4, 4485.05, 4486.75, 4487.81 and 4488.20cm-1 [1, 12, 16].
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The quadrupolar S transitions

The symbol S stands for a transition in which AJ=(J' — J) — 2. These consist of 
the single transitions S0 (J), Sl ^ 0 (J), and the double transitions

So(-J) + 6i*-o(A S0(J) + Si^o(-f).S0(J) +  S0(y), where J = 0 or 1.

It is clear that the S +  S type of transitions can be caused only by pL in relation (2). 
Recently, Balasubramanian et al [14] reported the two pure rotational double 
transitions S0  (0) + S0  ( 1 ) and S0  ( 1 ) + S0  ( 1 ) in normal H 2. The transition S0  (0) +  S0  (0) in 
pure para H2 was earlier observed by Kiss [15]. In pure para H2 the single transitions 
Sj.-ofO) and So(0) are extremely narrow [16, 17]. Indeed this is true of all the strictly 
single transitions in para H 2. The double transitions are generally more intense with 
widths ranging from a few cm “ 1 to few tens of cm “ 1, giving evidence of the existence of 
rotational or vibrational exciton bands in the solid [1,14,15], the theory of which has 
been developed by Van Kranendonk [18]. For example, the 23 cm“ 1 width of the 
ß j^ o(0) +  So(0) line in solid para H2 [1] is the combined widths of the t> =  0, J — 2 
rotational excitation band of width 20 cm“ 1 and the v=  1, J  = 0 vibrational exciton 
band of width 3 cm“ 1. Likewise, the So(0) +  So(0) line in solid para H2 is 40 cm “ 1 wide 
which is twice the width of the v = 0, J = 2 exciton band. The exciton band v= 0 ,J  = 2 
results from the fact that the J = 2 excitation of a molecule in the solid is not localized 
but propagates through the crystal due to the electric quadrupole-quadrupole (EQQ) 
interaction between pairs of molecules. Each traveling wave solution of the exciton 
problem is characterized by the Bloch vector k, with к  spanning the complete Brillouin 
zone. The full band width is not realized in the single transition So(0) because in optical 
scattering (Raman) or absorption experiments crystal momentum has to be conserved. 
This is a consequence of the translational symmetry of the crystal which precludes 
sampling of all exciton states except those in the vicinity of k = 0. In the double 
transitions So(0) + So(0), on the other hand, two J = 2 excitons with wave vectors kj 
and k2 are created. Momentum conservation now only requires that к  = k t +  k2 = 0. 
This can be realized for each value of kj by letting k2 =  — k t .

Our recent observation of the S0  (0) +  S0  ( 1 ) line with a 26 mm long para hydrogen 
crystal having about 2% ortho impurity in it seems to provide further confirmation of 
the presence of a rotational exciton band in the crystal. Fig. 3 shows this part of the 
spectrum. The width at the base for this line is about 23 cm “ 1, a little more than the 
width calculated for the v = 0,J = 2 exciton band [18]. The full width is reflected in the 
spectrum presumably because the presence of ortho impurity centers in the crystal 
(from where the transition has to proceed for this line) lowers the translational 
symmetry making crystal momentum conservation a less stringent selection rule. The 
characteristic shape of the line (Fig. 3) brought out clearly by the high resolution is, 
more or less, a reproduction of the shape of the exciton band in the solid. This illustrates 
the point that by studying the modifications which are produced in the spectrum by the 
addition of trace amounts of ortho impurity (or para impurity in ortho-enriched
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Fig. 3. The So(0) +  So(l) line in solid para H2 with about 2% ortho impurity, observed with a 26 mm long 
crystal at 13.3 K. The width at base for this line is about 23 cm-1

Fig. 4. The So(0) +  S2 _o(0) line in solid para H2 with about 2% ortho impurity. The sample length was 26 mm 
and the temperature was 13.3 K. The line appears like a doublet with a separation of about 5 cm "1; the 

reproducibility of the doublet nature has not been checked

Acta Physica Hungarica 55, 1984



INFRARED SPECTRUM OF SOLID HYDROGEN 389

samples) one might gain considerable insight into the typically solid state aspects of the 
problem. We may also mention here that the presence of the ortho impurity imparts a 
fine structure to the Sj _0(0) line and the U0 (0) line which will be discussed later [1,13, 
16].

Figure 4 shows the record of yet another double transition, namely Sj^oiO) 
+  S0 (0) in solid para H 2. To be sure, this feature has been reported before [ 1 ] but ours 
appears to be the first high resolution observation of this line made with a 26 mm long 
crystal. We have also measured its integrated absorption coefficient

â = [(c/Nl) ■ J Ln (IJ  I) • dv/v] , (3)

where c is the speed of light, N  is the number density of absorbing molecules, / is the 
length of the sample, /  is the intensity and v is the wavenumber in c m '1. From the 
experimental data, the value of â was found to be 4.5 x 10"15 cm3 s ' 1. This is subject to 
rather large errors because of the strong phonon branch that overlaps it. It is also 
possible to estimate its intensity by adapting the theory which has been developed by 
Van Kranendonk [7] for the So(0) +  So(0) line. The necessary expression is

<x=(3527t3S/225 ha8) • { | ß 2(12; 00) • y(02; 00)| 2 + | ß 2(02; 00) • y(12; 00) | 2} , (4)

Q2 (v'J‘; v"J") and (v'J1; v"J") being rovibrational matrix elements. Here S is the lattice

sum Ç'(a/Rk)8 = 12.80, for a hep lattice. Use of the quadrupolar matrix elements given

by Karl and Poll [19] and the polarizability matrix elements given by Kolos and 
Wolniewicz [20] gives 9.7 x 1 0 '15 cm3 s ' 1 as the theoretical intensity, which is about 
twice as large as the experimental value.

The Qi^o(J) quadrupolar lines

The symbol ß  represents a transition with AJ = 0. Depending on whether the 
vibrational transition occurs in a para or an ortho molecule two types of ß i _ 0(-f) 
transitions are possible. Both have been observed [1, 10, 11, 12, 14]. In a 100% pure 
para H2 crystal the ßi_o(0) transition is strictly forbidden as is obvious from 
examining relations (1) and (2). In the presence of even a trace of ortho impurity it 
becomes allowed as a double transition in which a para molecule makes the vibrational 
transition while a neighboring ortho molecule makes an orientational transition. In a 
crystal with low ortho concentration and at low temperature the spectrum in the ß  
region consists of a prominent central component designated as Q ,^o(0) + a single 
ortho orientation and a weaker, sharp frequency component assigned as ß j_ 0(l). A 
third high frequency component is assigned as ß x̂ o(0)+an orientation in a pair of 
neighboring ortho molecules on the basis of the theory of ß  transitions developed by 
Sears and Van Kranendonk [21]. In our recent experiment [14] with a para hydrogen 
crystal at 13.3 К  five more sharp components could be identified. All these could be 
assigned to the transition ß t _<,(./) + an ortho pair orientation. From this analysis, it
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was possible to derive for the first time a value for the EQQ coupling constant for a pair 
of neighboring ortho molecules with one molecule vibrationally excited.

In an earlier experiment with a 7 mm long crystal at 4.2 К  a characteristic 
asymmetry of the dominant Qx _o(0) line was reported by us [12]. The width at the base 
for this line was about 3 cm-1 giving evidence of a vibrational exciton band of this 
width in the solid as calculated by Van Kranendonk [18]. Probably this asymmetry 
had been inferred from previous low resolution experiments and this fact was 
axiomatically built into the theory [21].

As the ortho concentration in the sample is increased, all the single transitions 
So(0), Sj^ofO) and the almost single Q ^oiJ)  transitions broaden out and assume 
widths of the order of few tens of cm -1. This has been ascribed to the fact that in the 
presence of large ortho concentrations, the single transitions are accompanied by 
numerous orientational transitions in surrounding ortho clusters. The situation is 
difficult to interpret theoretically.

Quadrupolar transitions in the liquid

In the spectum of the liquid, all the double transitions are preserved but the single 
transitions So(0), S 1 ^ 0 (J) are completely wiped out. This is an illustration of the 
cancellation effect discussed by Van Kranendonk [7] which selectively affects the single 
transitions. A particularly intelligible discussion of the way the cancellation effect 
operates has been given by Gush et al [1]. In Table II all the features observed in the 
liquid spectrum are summarized. Fig. 5 shows a portion of the para H 2 spectrum in the 
region of the fundamental. The broad (phonon) features in the case of the liquid are to 
be interpreted as combination tones in which the translational motion of the molecules 
participates.

Fig. 5. Spectrum of liquid para H2 in the fundamental band region. The liquid filled an absorption cell of 
effective length 26 mm. The temperature was 16 К
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Table II
Quadrupolar transitions of liquid hydrogen

Wavenumber [cm *]
Sample Transition -------- ------------------------------  Reference

Obs Calc

Para H2 with ortho impurity So(0) +  So(l) 938 941.39 [14]
0 i-o(0) 4152.5 4153.11“ Present work
Qf-o(0) 4231 Present work

6i"-o(0) + S„(0) 4506 4507.48 Present work
[ e ^ 0(o )+ s0(o)]* 4574 — Present work

e , .o ( 0) + s o(i) 4737.5 4740.13 Present work
S i - o(0)+So(0) 4839.0 4844.15 Present work
S ^ o(l) + So(0) 5057 5059.22 Present work
S i - o(0)+So(l) 5073 5076.79 Present work
S ^ o d J+ S o d ) 5293 5291.86 Present work

Normal H 2 So(0) + Sod) 940 941.39 [14]
SodX+Sod) 1173.5 1174.04 [14]

* Assumed band origin

3. The hexadecapolar U transitions

The hydrogen molecule has a center of symmetry. Because of this, its multipole 
moments of (2')th order, with odd / vanish. Next to the quadrupole, therefore, the 
contribution to the induced dipole moment arises from the hexadecapole moment of 
the molecule. In relations (1) and (2) this corresponds to / = 4, and is responsible for the 
weaker transitions with AJ = 4. Such transitions were first recognized in the spectrum 
of the high pressure gas by Gibbs et al [22] and in the solid by Prasad, Clouter and 
Paddi Reddy [23], in the vibration-rotation region. In a recent series of high resolution 
(0.04—0.06cm -1) experiments we could not only observe the {7j_o(0) line at 
5261.38 cm“ 1 but also the pure rotational transitions C/o(0)in solid paraH 2 and C/0(l) 
in solid normal H2 . The theory of the integrated absorption coefficients for these 
transitions was also developed [13,24,25]. The agreement between the theoretical and 
observed intensities is found to be quite satisfactory. We could also observe the weak 
phonon branches UR(0) and UR (1) and from a careful analysis of the profile of UR(0 ) it 
was possible to extract the phonon density of states in solid para H 2 [24]. However, 
there is no simple relationship between the SR and QR branches and the phonon density 
of states, the UR transitions being unique in this respect. As in the case of S1^ o(0), the 
U0 {0) line shows a fine structure in the presence of traces of ortho impurity, 
interpretable as due to EQQ effects [13]. We have also been able to evaluate 
quantitatively the line profile in this case [25]. In the spectrum of the liquid none of the 
U transitions could be observed. Table III sums up the results.
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Table m
Hexadecapolar transitions in solid hydrogen

Sample Transition
Wavenumber [cm -1] ä X 1016 1[s-1 cm3]

Obs Calc Expt Theory
Reference

Para H2 Uo(O)* 1167.10 1168.75 5.1 5.5 [13]
U5( 0) 1208.2 — - - [13]

Ci-ofO) 5261.38 5263.33 0.66 0.68 [12, 13]
5310 — - - [23]

e ^ o (0 )  + Uo(0) 5324 5321.86 - - [23]
Normal H2 v 0W 1619.8 1621.59 2.7 3.1 [13, 25]

t/g(l) 1663 — - - [13, 14]
IVo(O) , 5266 5263.33 - - - [23]

Q ,_o( l )+ l /o(0) 5315.94 - - [23]
e,..o(0) + Uo(0) 5338 5321.86 - - [23]

- - - [23]
I W D 5685 5687.41 - - [23]
U?~o(l) y 5730 - - - [23]

Q , . 0(l) + U0(l)- ^764 5768.78 - - [23]
0 i - o(0) + U0(l) J 5774.70 — — [23]

* In the presence of ortho impurity at 1—2% level, a fine structure with peaks at 1168.49, 1168.13, 
1165.98, 1165.44 and 1164 .57cm surrounds the main line.
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The review describes the current state of studies of radiative characteristics for diatomic 
molecules. The problems arising in describing the intensity distribution in the adiabatic 
approximation and possible ways of their solutions are discussed. The progress achieved in the 
theoretical calculations of electronic transition probabilities, Franck—Condon factors and Honi— 
London factors, as well as in the experimental determination of electronic transition strengths and 
the lifetime of electronically-excited states, is demonstrated. The results of studies are discussed.

1. Introduction

The probabilities of optical transitions are fundamental physical values which 
determine quantitatively the intensities in the electronic-vibrational-rotational (EVR) 
absorption or emission spectra. These probabilities are characterized by a number of 
mutually related notions, such as the Einstein coefficients, Anm, the electronic transition 
strengths, S™", the matrix elements of the electronic transition dipole moments, R”em, the 
oscillator strengths, / ”", the Franck—Condon factors, q0 tt-, the Honi—London 
factors, Syr , the electronic-excited states’ lifetimes, t„„.. The mentioned parameters are 
more and more frequently referred to in the literature as “radiative characteristic”, thus 
reflecting the fact that they characterize, first of all, the radiation of molecules.

Various aspects of the determination of the radiative characteristics for diatomic 
molecules were considered in a series of works [1—8]. The most complete analysis of 
these problems was presented in the monograph [9]; however, in subsequent years the 
number of publications has been considerably increased. This is related, on the one 
hand, to the perfection of experimental and theoretical methods for the determination 
of radiative characteristics and, on the other, to growing needs for these values in such 
fields of science as quantum electronics, flame spectroscopy, plasma and shock waves, 
astrophysics, radiational gas dynamics [10].

The main purpose of this work is to consider briefly the present state of studies on 
the radiative characteristics of diatomic molecules, to discuss related problems and 
ways of their solution and to demonstrate the progress in the results achieved.

* Dedicated to Prof. I. Kovács on his 70th birthday
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2. Molecular transitions

We shall consider the molecular transition between two rotational levels, 
(A'S'I'p'v'f) and (A"S"I"p"v"f). Here A and I  are quantum numbers of projections of 
orbital and spin moments of electrons on the internuclear axis; S, v, j  are spin, 
vibrational and rotational quantum numbers, respectively; symbols p' and p" denote 
individual states of Л-doublets. In the absence of an external magnetic field the 
rotational level is degenerated in the magnetic quantum number, M. The rotational J  
level can be split by the magnetic field into (2/+ 1) Zeeman’s components, transitions 
between which lead to the formation of various components of a rotational line. Fig. 1 
shows the scheme of transitions that illustrates the significance of an idea of the 
rotational line in the electronic spectrum.

For a spontaneous emission the rotational line intensity can be written as

where vr r - is the rotational line wave number, N r  is the population of molecules in the 
state / ,  Л"™. is the Einstein coefficient.

In the case of electric-dipole emission the Einstein coefficient of a rotational line 
can be expressed in terms of a sum of squares of matrix elements of the electric dipole 
moment:

( 1 )

(2)

electronic
substates

band
system vibrational line 

band

partial rotational line
component

Fig. 1. Diagram of the energy levels for the 2П — ^-transition
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By analogy with the theory of atomic spectra the double summation over 
Zeeman’s components is expressed as the rotational line strength

Ъ % ,\Г и-\р \4Ъ»>\л-<рГг - (3)

Writing down the wave function of the Zeeman’s component in the Born— 
Oppenheimer approximation, separating the dipole moment into the electron and 
nuclear parts and taking into account the orthogonality of electronic wave functions, 
we obtain

< P 7 r =  J £ „  K * . l  < Ф . '  I <*Aj  AT I Р е  I Ф Г М - У I « /V > l ' / O l 2

and, then,
cp'pr  = \R:mW .v..Sj.r ,

(4)

(5)

where Rnem is the electronic matrix element, q„v . is the Franck—Condon factor (FCF), 
Syy  is the Honi—London factor (H—L factor) also known as the intensity factor [11, 
12], or the line strength [13]. *

Expressing the wave functions via basis ones, and writing down the dipole 
moment operator in the molecular coordinate system, the values Rnem, Sr r  can be 
written, in accordance with [11, 14], for transitions with A(2 = 0  as

for A(2= +1 as

for A (2= — 1 as

Re=<A’S'E’\P;\A"S"E">;

Re = (A'S'E'
7 1  (P‘+iP')

A"S"E"> ;

Re = (A'S'E' (P (-iP 4)
V 2

9 , v '= K » ' l ® " > l 2 ;

A"S"E">;

(6)

(7)

(8)

(9)

s / r - i r ;< « > T j* .  (io)
Here (2 is the quantum number which equals A +  E; P(, Pv, Pr are the electric dipole 
moment components in the molecular coordinate system; | ЛЯГ), | v} are the electronic 
and vibrational basis wave functions; Tn+ and Tm are transformation matrices used for 
constructing the wave functions from the basis ones; <a> contains the matrix elements 
of the elements of a direction cosines matrix, expressed in terms of rotational basis 
functions, \(2jM }.

The expression for the rotational line strength (5) shows that the electronic 
matrix elements and the H—L factors are interrelated unambiguously. It is shown in
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[11] that, taking Re in accordance with Eqs (6)—(8), one obtains for spin-permitted 
transitions the following sums rule for the H—L factors:

One should emphasize that the use of the H—L factors, normalized in different 
ways, leads to the ambiguity of values R"m determined from measurements of absolute 
intensities of rotational lines. In this connection, to characterize the probabilities of 
electronic transitions, the electronic transition strength value, denoted by S”n (or in 
some works by Х|Я7"|2), which is independent of the method of normalizing the H—L 
factors, has been recently used.

The Eq. (5) for the rotational line strength was obtained for the case of a complete 
separation of electronic, vibrational and rotational motions in a molecule. Such 
assumptions are not always valid. The difficulties arising in describing the intensities in 
the electronic spectra of diatomic molecules within the adiabatic model approximation 
were analysed in detail in paper [15]. It was shown there that in those cases where the 
electronic vibrational and vibrational-rotational interactions in molecules could not 
be neglected, the intensity distributions in molecular spectra could be described, as 
before, by using the adiabatic approximation, but introducing the respective 
corrections. The correction for the electron-vibrational interaction consists in 
replacing the constant value of an electron transition strength by its function of the 
internuclear distance that may be obtained, for example, in the r-centroid approxi
mation, S”n(rv’v"\ where

The set of dependences S™n(rv,v. ) for a series of molecular systems presented in Fig. 2 
illustrates how complicated and different the character of such dependences may be
[9]. In the case where the vibrational-rotational interaction must be taken into account 
instead of the qv.B- factor, the value

should be used. Here |»(/)> is the vibrational wave function that depends on the 
rotational quantum number.

We shall express the values /"", |K"m|, x, A which are frequently given in 
original works on the determination of electronic transition probabilities, in terms of 
the electronic transition strength, viz.,

I .  I , X  s r r = ( 2 -  V a' + л")(2S + 1 ) (2 f  +1). ill)

( 12)

(13)

(14)
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Fig. 2. Transition forces, S™, for electron systems of bands of diatomic molecules as functions of the mean
intemuclear distance (r-centroids)

\RTirv.v..)\2 = s:-(r„v )
( 2 - < W a-)(2S+1)’

16л3 Sr(r„-„..)
A nm =

3/i£0 ( 2 - V a )(2S+1) Q v 'v " ^ v ' v "  >

T.,,1 =
16л 1
3/ie0 ( 2 -  V A) (2S + 1) Ç  £  ^ v O ^ v 3, .  ’

(15)

(16) 

(17)

where / ”" is the absorption electronic oscillator strength; is the absorption 
oscillator strength of a band; A"”., is the Einstein coefficient of a band; t„„- is the lifetime 
of the level v'.

3. Determination of transition probabilities

3.1. Electronic transition probabilities

The probabilities of electronic transitions can be either determined experimen
tally, or calculated theoretically using various quantum-mechanical methods. Here, 
one should note that ab initio calculations have been practically used in the last decade 
only. This is associated, on the one hand, with the development of fairly reliable 
theoretical methods and, on the other, with the perfection of computer technology [16, 
17]. Up to now, quantum-mechanical calculations of transition probabilities have been 
carried out for approximately 100 molecular systems. In 46 cases the results could be 
compared with the values we have recommended on the basis of experimental
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measurement data [8]. In the majority of cases (about 70%) the compared values 
differed by not more than a factor of two.

The experimental methods for the determination of electronic transition 
probabilities can be subdivided conventionally into two large groups. The first group is 
based on measurements of absolute intensities in the electronic spectra of diatomic 
molecules. For an isolated spectral line the power emitted per unit volume into 47tsr, 
due to spontaneous transitions from an upper /  level to a lower j"  level

rnm _
1У i

16тг3с S?(rv-v:)qV'e~Sr r
' Vj'J" О Л N nv,j, . (18)3e0 11 (2 —«V„'+a”)(2S + 1)(2/ + 1)

The integrated absorption coefficient for a single rotational line is expressed as

JK V dv= V,-.
3hcE0  JJ (2 — <50, л-+л») (2S + 1) (2/' +1)

N,mv"j" • (19)

As seen from Eqs (18), (19), in order to determine the values S"n(rv,v..) from the 
measurements of absolute intensities, one needs to know, besides the calculated values 
of q„v . and Sr r , the concentrations of molecules — spectrum “carriers” at the initial 
state of Nnv.y, N mv..y.. Since the overwhelming majority of diatomic molecules can be 
produced in noticeable amounts only at high temperatures and only in mixtures with 
other atoms and molecules, the source of the molecular spectrum must be in the state of 
local thermodynamical equilibrium (LTE), because the concentrations of molecules 
can be practically calculated under LTE conditions only.

One of the advantages of the proposed method is that the values of the electronic 
transition strength are obtained, and directly from measurements on the various 
electronic vibrational bands the form of the dependence of S”n on the r-centroid can be 
determined. The main drawback of the method is the necessity of calculating the 
equilibrium composition in the source of the molecular spectrum, for which the 
thermodynamical functions of all components of the high-temperature gaseous 
medium should be used. The reliability of the absolute probability values obtained by 
this method depends, first of all, on whether the plasma, generated in the source can be 
regarded as in equilibrium, as well as on the accuracy of thermodynamical functions 
used.

The number of sources with equilibrium conditions of spectrum excitation is not 
large — they include shock tubes, high-temperature furnaces, dc arcs, some types of 
flames. In research practice shock tubes are used most widely. Table I lists the most 
important research groups which have used shock tubes for studying electronic 
transition probabilities (including the year of publication and the range of studied 
molecules). It is seen from Table I that the range of molecules has been rather limited up 
to recently. This is explained mainly by the fact that the parameters of shock-heated gas 
can be easily calculated only by using gaseous substances. The technique for the 
determination of electronic transition probabilities by using condensed initial
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Table I
Shock tube studies of electronic transition probabilities

Avco-Everett Research Laboratory, Massachusetts, 
USA
1959—  1974

Cornell Aeronautical Laboratory, New York, USA
1960—  1977

P. N. Lebedev Physical Institute, Moscow, USSR 
1963— 1968

Ames Research Center, NASA, California, USA 
Centre for Research in Experimental Space Science, 
York University, Canada 
1965— 1979

Moscow M. Lomonosov State University, Depart
ment of Chemistry 
1970— 1982

N j , N2+ , NO, 0 2, C2, CN, CO

N 2, N2+ , NO

C2, CN, N 2 , N 2+ , NO, O j

BeO, C2 , CN, CO, CIO, 0 2 , Si2 , SiH, SiO, ScO.

АЮ, BH, BO, CF, CH, C2, C3, CaO, MgH, MgO, 
NH, SiF, NaH, SrO, CCI

substances [18], being developed now at the MSU (Moscow State University), 
Chemical Faculty, will considerably extend the possibilities of the method.

The second and more numerous group of methods to determine the electronic 
transition probabilities is based on measurements of the lifetimes of excited states. The 
essence of the lifetime measurement method consists in the pulse (periodical) 
populating the studied level and subsequently analysing the radiation decay curve. The 
numerous versions of the method differ either in the way of the excitation of molecules, 
or in the way of recording radiation. The Hanle method differs from these versions to 
some degree. Its basic idea is to study the influence of an external magnetic field on the 
intensity and degree of polarization of the resonance fluorescence. The most complete 
analysis of various methodical features of the lifetime measurements of excited states is 
given in the review by Imhof and Read [6] as well as in reviews [7, 19—21, 22].

The main advantage of the lifetime measurement method is that it is not 
necessary to know the number of radiating molecules to determine the electronic 
transition probabilities and, thus, the main source of systematic errors, occurring in 
works on the determination of S™ from absolute intensity measurements, is eliminated. 
This is why it is this method that has been used in recent years to determine transition 
probabilities for most diatomic molecules. The method is especially advantageous in 
connection with the growing application of tunable lasers for the selective excitation of 
molecules.

Table II lists the leading research groups which published radiative lifetime 
measurements during the period of time indicated in the Table. One should emphasize 
that the range of molecules studied by this method has been limited up to recent time by 
the possibility of obtaining molecules from the initial gaseous substances. The 
development of the technique of molecular synthesis in beams with subsequent laser
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Table II
Studies of radiative lifetimes

Research group Method Molecules

I. Smith W. H. et al PSM BF, BC1, BBr, C2 , CF, CO, CS,
Princeton University Observatory, H 2, N 2 , NH, ND, NO, OH, OD, S2 ,
USA SO, SiH, SiD, SiO, CH+, C D +, C O +,
(1965— 1979) N J , SiH+, SiD +

II. Erman P. et al HFD CH, C2 , CN, CO, CS, CS+, NH,
Institute for Physics NH +, NO, OH, OH +, SH +, SiH, N2, CH,
Stockholm, Sweden SiH + , N 2 , OD, CCI, 0 2
(1973— 1982)

III. Imhof R. E., Read F. H. DCM CN, CO, H2, NO
Schuster Laboratory
The University of Manchester 
Manchester, England 
(1969—1979)

IV. Anderson R. I. et al DCM CH, C H +, CO, C O +, H2 , N 2 , OH, OD
University of Arkansas
Fayetteville, Arkansas, USA 
(1970—1979)

V. Fink E. H., Becker K. H. PSM—FDM C2 , CH, CO, C O +, N2, N 2+ , NH, NO,
Institut für Physikalische 0 2 , PH, SH, SD
Chemie der Universität Bonn
Bonn FRG
(1964— 1976)

VI. Clyne A. A. et al FDM Br2 , Cl2 , BrCl, BrF, JF, SO,
Department of Chemistry JC1, JBr, CO, NF, PF
Queen Mary College
London, England •
(1977— 1982)

VII. Zare R. N. et al SBFD AlO, BaO, (Ba, Ca, Sr) Hai,
Department of Chemistry LiH, NaH
Columbia University 
New York, USA 
(1975— 1977)

VIII. Broida H. P. et al SBFD BaBr, BaCl, BaO, BeO, CuF, FeO
Department of Physics
University of California 
Santa Barbara, USA 
(1972—1978)

IX. Elvers et at Hanle CS, OH, OD, PN
Department of Chemistry method
Harvard University 
Massachusetts, USA 
(1970—1975)

Note: DCM: delayed-coincidence method; PSM: phaseshift method; HFD: high-frequency 
deflection method; FDM: fluorescence decay method; SBFD; the synthesis of molecules in beams — the 
fluorescence —decay analysis.
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excitation considerably extends the possibilities of the method. One should bear in 
mind, however, that the method of measuring тП1/ is limited in principle, since the 
determination of .) for a specific transition from the value тП1/ is possible only in
the case if the values of probabilities of all other transitions from the given electronic 
level to the lower ones are known, as it follows from Eq. (17). Besides, the experimental 
determination of values znv. involves a number of particular difficulties of methodical 
character, such as the necessity of extrapolating the measured values to zero pressure, 
since the radiative decay is accompanied, on one hand, by relaxation through collisions 
(that leads to decreasing the lifetime) and, on the other, by “trapping” of radiation (that 
increases the measured lifetime). The complicated character of lifetime curves as a 
function of pressure makes the extrapolation to zero pressure a non-trivial task. Owing 
to the considered effects the investigations have to be carried out at low absolute 
concentrations of molecules, which creates considerable difficulties in measuring 
signals and, in particular, it does not allow sometimes to use spectral instruments with 
adequate resolution. The superposition of spectra of other particles onto the spectrum 
of a studied particle may occur to be uncontrollable in such cases and may lead to 
noticeable systematic errors. In studying metastable levels, the diffusion of molecules 
from the observation zone should be taken into account along with their collisions with 
other molecules. And, finally, one should emphasize the principal problem of 
separating t rad and rpred in studying pre-dissociated levels. All the above-listed causes of 
possible systematic errors in measuring radiative lifetime are considered in detail in [7].

In additions to the two main groups of experimental methods to determine the 
electronic transition probabilities of diatomic molecules, a few attempts to use the 
interference method of hooks by Rozhdestvenskiy [23—26] and the method of 
measuring the energy lost by electrons when their scattering on molecules is known 
[27—30] also deserve mentioning.

3.2. Franck— Condon factors

The most complete and consistent presentation of existing methods to calculate 
Franck—Condon factors (FCF) was given in the monograph [9]. Since that time a 
series of new works has been published; aiming, on the one hand, at improving 
traditional methods of calculating FCF’s and, and on the other hand, at developing 
new approaches in calculations of FCF’s, taking into account the vibrational- 
rotational interaction. The detailed analysis of related problems was given in our recent 
works [15, 31].

It is well known that the harmonic approximation is rough even for small 
quantum numbers. In spite of this fact, there are still problems of theoretical and 
applied character which can be solved even with this very rough approximation — see 
reviews [32, 33] and mutual argumentation [34, 35].

The most accurate values of FCF’s were obtained by using the Rydberg— 
Klein—Rees (RKR) method of true potentials or its modifications, but it should be
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emphasized here that in the overwhelming majority of calculations presented in 
previous works not only tables of RKR potentials, but various analytical potentials 
had been used as well (see, e.g. Table 4.3 in the monograph [9]). Of them, the three- 
parameter Morse potential had been used, of course, more frequently, than the other 
potentials, and it has been used up to now. As a rule, the Morse potential yields good 
results in FCF calculations [9, 15]. We pay attention to a modification of the Morse 
method (the potential perturbation) that was developed in a series of the recent works 
by Huffaker and Dwivedi [36—43]. In these works not only the ideology of a refined 
Morse model was developed, but the FCF’s for a great number of electronic vibrational 
bands were calculated. The obtained results were compared with the RKR 
calculations, and their good agreement was demonstrated (see, e.g. the comparison for 
a number of molecular systems of Na2, Ca2, N 2 and others [38]).

It should be pointed out that the authors of the cited works have developed their 
FCF calculation method for the case of a rotating perturbed Morse oscillator as well 
[38, 39, 41—46] and, they have performed a vast series of specific calculations of g-jv- 
[45, 46]. The Huffaker—Dwivedi algorithm for calculating q ^ .  is, in our opinion, 
more preferable in comparison with the traditional algorithm by Learner [47] or

Fig. 3. Dependence of the Franck—Condon factors on the rotational quantum number for the R-branch of 
vibrating bands of the t>" = 0 progression A'Z — X 'E  of the pg2 system (from the data of [50])
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Shumaker [48], which are based on the effective Morse—Pekeris potential that also 
takes into account the effect of a vibrational-rotational interaction. It is natural that, 
when the vibrational-rotational interaction is taken into account, the most accurate 
results are obtained by using the vibrational-rotational RKR potentials specified in 
tables [49—52]. Up to now, the calculations have been carried out for more than
sixty molecular systems. It was found that for many of these systems the FCF vs j  
dependence had a complicated character that differed for different values of v. As an 
example, Fig. 3 shows the dependence of q£Ç, on j  for the R-branch of v"=0 — the 
progression A'E — X ' l  of the Mg2 system (according to the data of [50]). The analysis 
made in [31], of all available qfÇ. data, demonstrated the efficiency of using a simple 
parameter e* that, when used as a preliminary indicator, shows the actual necessity of 
carrying out cumbersome and complicated calculations for specific molecular 
systems.
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3.3. Honi— London factors

In the Born—Oppenheimer approximation the intensity distribution in a 
rotational structure of the EVR spectra is determined by the matrix elements of Sr r  in 
accordance with the relation (10). The general procedure for calculating the H—L 
factors was described in the monographs by Kovács [13] and Hougen [14]. Using the 
Hougen’s approach, Whiting [54] developed a program for calculating the H—L 
factors both for spin-allowed electrical and magnetic dipole transitions and for spin- 
forbidden ones, with the exception of those transitions which include electron states 
approxima’ted by Hund’s case (d). This program was used to verify the vast tables of 
analytical formulae for calculating the H—L factors given in Kovács’ monograph [13] 
for various types of electronic transitions. After the appearance of the classical 
monographs [13,14] a number of works were published, further developing the theory 
of calculating the H— L factors. We shall enumerate the most important of them. 
Schadee [55, 56] proposed formulae for calculating the H—L factors for doublet and 
triplet transitions for intermediate cases of coupling. Johns [57] considered the 
intensities of rotational lines for the Rydberg’s transitions including the states with the 
Hund’s cases (d). The theory of EVR spectra for diatomic molecules was further 
developed in a series of works Ъу Kovács [58—67]. His lecture [58] introduced the 
main approximations which allowed to make a complete theoretical investigation of 
the electronic spectrum. Further on, singlet-triplet interactions were studied [59], the 
analytical expressions describing the intensities of rotational lines in different branches 
of triplet [60], quartet [63], quintet [61, 63], sextet [62] and septet [64] transitions of

* T h e  p a ra m e te r  e =  | A r0 — A re \ re p re s e n ts  th e  m ag n itu d e  o f  a  difference o f  e q u il ib r iu m  in te rn u c lea r  
d is ta n c e s  o f  co m b in in g  e le c tro n  sta te s  w ith  ta k in g  in to  a cco u t A r0 a n d  w ith o u t A t,  r o ta t io n  [5 3 ]. See [1 5 ,3 1 ]  
fo r m o re  d e ta il.
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any type with АЛ = 0, +1 for electronic states, corresponding to the Hund’s coupling 
cases (a) and (b), were obtained. The features of these expressions were analysed in [66].

In many cases, however, the experimentally observed intensities of some 
rotational lines in electronic transitions cannot be described satisfactorily within the 
framework of the adiabatic model (5), even with the corrections for electron-vibrational 
(using ) dependences) and vibrational-rotational interactions (the FCF factors
with due respect of <?£{.', rotation). It is sufficient to note the well-known measurements 
by Diek and Crosswhite [68] for OH, confirmed in subsequent experimental studies 
[69,70], or the anomalies in rotational line intensities of the Fulcher system H 2, studied 
by Lavrov et al [71, 72]. In this connection, the necessity of new theoretical studies is 
obvious.

4. Systematics of results achieved

Hundreds of original investigations, comprising the experimental deter
minations of both the absolute and the relative probabilities of electron transitions and 
calculations of the FC factors, are known up to now. From time to time, attempts have 
been made to summarize such investigations obtained either for definite radiative 
characteristics, or for definite classes of diatomic molecules. So, for example, the review 
by Andersson [2] concerns the radiative lifetimes only, the review by Klemsdal [3] 
includes information on S”"(r„.„..) dependences, the reviews by Konkov et al [1] and 
Nicholls [73] consider the components of highly-heated air, the review by Hsu and 
Smith [5] presents data on molecules of astrophysical interest. Information on the 
radiative characteristics of diatomic molecules is also given in the well-knowft reference 
books [74— 76]; however, this information is of accidental, fragmental character and, 
like all the above-listed reviews, represents a simple compilation of data without 
estimation of their validity.

From the early seventies the Chemical Faculty of the Moscow State University is 
engaged in a work on collecting, systematizing and analysing the data on all radiative 
parameters of diatomic molecules and ions with the purpose of establishing the 
Radiative Data Bank. On the basis of data supplied by the Bank in 1974 the review [4] 
was published, which contained complete information on the absolute and relative 
probabilities of electron transitions and the FCF’s. The review [8] published in 1979 
presented the general principles of analysis and recommendations, developed by the 
authors, for the most reliable values of electron transition forces and their dependences 
on the internuclear distance and lifetimes of electron-excited states. The review [8] 
contained the respective values obtained on the basis of the principles proposed.

Now the Bank stores the data of more than 2000 original publications on the 
absolute electron transition probabilities (for more than 340 molecular systems), on 
Sen(r„v .) dependences (for more than 90 systems), on the FCF’s (for more than 400 
systems). One should emphasize, however, that the growth rates of information on 
radiative characteristics and, in the first place, on the electron transition probabilities
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cannot obviously keep pace with the ever growing needs for these values. This is 
explained by the fact that the experimental methods of their determination are 
extremely complicated, and the possibilities of theoretical calculations are limited. In 
this connection, the search for the regularities of variations of electronic transition 
probabilities and the prediction of their values for molecular systems, which are not 
studied yet, are the problems to-day.

On the basis of the most reliable values of S”"(r00) recommended in [8], we have 
studied the regularities of variations of forces for similar electronic transitions in the 
groups of isoelectron and isovalent molecules [77]. We succeeded in obtaining simple 
correlation dependences between the electron transition forces and vibrational 
constants and, based on them, we evaluated S”"(r00) values for more than 80 molecular 
systems not studied before [78]. Later on, the experimentally measured values of 
radiation lifetimes have appeared in literature for some of the systems we considered.

These values are compared in Table III with those calculated from S”"(r00) 
values predicted in [78]. It was found that the discrepancies between техр and rpredicl 
were outside the limits of the class of accuracy of predicted values for one of the 12 
molecules only.

One should note that, due to the limited amount of information on electron 
transition probabilities, the discussed correlation dependences were obtained on the 
basis of analysing the data on isovalent and isoelectron molecules the compared 
electron transitions of which possessed close enough values of ve. When a sufficient 
amount of information will be available on S™ values for similar transitions with 
essentially differing values of ve the relations found earlier will probably have to be

Table III
C o m p a riso n  o f  p re d ic te d  an d  e x p e r im e n ta lly  m easu red  r a d ia t io n  lifetim es

M olecu le

P re d ic ted  v a lu e s
E x p erim en ta l 

ri [n s ]
S ta te

r [ n s ]
class o f  

accu racy

A1H А 'П 200 c 66 [7 9 ]
B O А 2П 600 в 1760 [8 0 ]
CCI A 2A 80 в 115 [8 1 ]
C S  + B2I 250 в 425 [8 2 ]
G e F A 2l 220 с 990 [8 3 ]
H gC l B2Z 15 в 30 [8 4 ,8 5 ]
H g J B2I 30 в 25 [8 6 ,8 7 ]
P O B2l 150 в 250 [8 8 ]
SiH В2Х - Х 2П SJ”  • 1060 =  1 4 c 2m 2 в S ” " - IO60 =  37 c 2m 2 [8 9 ]
S n F a 2z 240 с 3400 [9 0 ]
S n O D 'n 3 в 140 [9 1 ]
S rO A ' Z - X ' I S™ • 1060 =  7 2 c 2m 2 в S "" IO60 =  37 c 2m 2

N o te :  T h e  c lass  o f  a c c u ra c y  “B ” m ean s th a t  th e  v a lu e s  a re  p re d ic te d  w ith  th e  accu racy  o f  a  fa c to r  
u p  to  3; “C ”  —  w ith  th e  a c c u ra c y  o f  a  fa c to r  up  to  5.
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corrected. One should also pay attention to the fact that in the overwhelming majority 
of cases the predicted values of т are overestimated. All these facts suggest that the 
problem of the regularities of variations in the electron transition probabilities for 
diatomic molecules should be studied further.
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The population distributions over the rotational levels of ex-ited e3L * , v' = 1,2,3  and df F lf , 
i /= 0 ,2; d3n ~ , v' = 0 ,2 ,3; k3T If, v '= 0 ,1 and D'I1U , v' =  0,1 electronic-vibrational states of the 
hydrogen molecule have been obtained in low-pressure plasma of capillary arc discharge, by 
measuring certain emission band intensities. For the bands starting from the e3£„+ and d f n f  states 
distorted due to regular perturbations the semiempirically determined transition probabilities have 
been used. It is shown that simple excitation models (based on the assumptions of the direct electron 
impact excitation and the independence of the effective mean lifetime of the excited molecules on the 
rotational quantum number) are applicable fairly well in investigated plasma. In particular the values 
of the gas temperature given by different bands coincide within the experimental errors. Therefore it 
is possible to determine the gas temperature in these non-equilibrium conditions with an acceptable 
accuracy (better than 5 ч- 7%).

Introduction

During the last two years we have had the great honour to work together with 
Professor I. Kovács in the studies of electronic-vibro-rotational radiative transition 
probabilities of diatomic molecules [1,2]. Such collaboration was not only important 
and useful from the professional (scientific) point of view but extremely interesting and 
pleasant for us in a more general sense as well. Joining in the congratulations offered to 
Prof. I. Kovács on his 70th birthday by his Hungarian Colleagues we wish to offer this 
paper as our modest contribution to the special issue of Acta Physica Hungarica.

The goal of the present article is to show how the results of one of Prof. I. Kovács’ 
latest works may be used in applications, namely in extending the possibilities of the 
spectroscopic diagnostics of non-equilibrium plasma.

We limited ourselves to a consideration of the problem of determining the 
translational (gas) temperature of low pressure plasma from the intensity distribution 
in the rotational structure of molecular bands. In recent years, interest in this method of 
plasma diagnostics has increased due to: a) the wide use of non-equilibrium molecular 
plasma as an active medium of powerful laser systems, b) the strong influence of gas 
temperature on the populations of the levels participating in stimulated emission of 
radiation, and c) the difficulties in applying the other methods under these conditions.

* Dedicated to Prof. I. Kovács on his 70th birthday
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Like all other spectroscopic methods of plasma diagnostics the method under 
study is closely connected with our knowledge of the internal structure of emitting 
particles and the kinetics of their excitation and decay in plasma. Therefore in utilizing 
the method in concrete conditions three main problems should be considered:

1) The determination of the rotational level population densities in excited 
electronic-vibrational states of the molecule from the measured spectral line intensities. 
This requires the data about corresponding radiative transition probabilities. For 
d3 n ~  -*a3 I g ,  k 3 n ; ^ a 3 Z f ,  D ln ; - * E yi ; ,  d3 n : ^ a 3Z t  and e3I u+-  
a3Zg electronic transitions of the H 2 molecule the data are discussed in § 1 of the 
present paper.

2) The relationship of the population distribution over the rotational levels of 
the excited electronic states and the plasma parameters, particularly with the gas 
temperature. So § 2 is devoted to the analysis of simple kinetic models of molecular 
excitation and decay in plasma (which may be used for the determination of the gas 
temperature).

3) The experimental verification of the method. Indeed, the first two steps are 
based on several assumptions. Their validity for concrete conditions is usually 
unknown. Then special experimental investigations must be undertaken for ascertain
ing the applicability of the model and the precision of the method. The results of certain 
studies in hydrogen low-pressure arc discharge are presented and discussed in § 3.

1. The determination of rotational distributions of populations in excited 
electronic-vibrational states of the H2 molecule

It is well-known that in optically thin plasma the intensity of the electronic- 
vibro-rotational line belonging to the spontaneous emission band spectra is the 
product of the population density of the upper level ny.v.N. and the corresponding 
transition probability Ayy“' '̂N- i.

According to wave mechanics may be related to the electronic-vibro-
rotational line strength SJ-vw" by

Al’v'N' 647Г4 <\У V N0 4 7 1  . л . y ' v ' N '  \ 3  .  * V V 'A r
л »  \ y y" v " N " )  5

g N
( l . l )

where is the wave number of y', v', N'-*y", v", N" radiative transition, gN. is the
degree of degeneracy of the initial state, and n, h are known constants.

1 Here v and N  denote sets of quantum numbers describing electronic and rotational states of the 
molecule (particularly in the present work N  is also the quantum number of total angular momentum of the 
molecule excluding the electron spin), v  is the vibrational quantum number. All these signs corresponding to 
the initial state for electron impact excitation have no special mark, while those corresponding to the initial 
and final states for radiative decay are marked with one and two primes, respectively.
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In molecular spectroscopy for the line strengths the expression obtained
in the adiabatic approximation is usually used:

Magnitudes HN N.. appear in (1.2) as a result of integrating over angular 
variables. For pure types of angular momentum coupling they are simple analytical 
functions of quantum numbers depending only on the type of electronic transition: 
1 —1 ,Х  — П ,П  — A, etc. (Often they are also called Honi—London factors). The most 
complete set of such expressions for transitions of various multiplicity is presented in 
the well-known book of Prof. I. Kovács [3].

Matrix elements KJ-vV are the result of integrating over the coordinates of the 
electrons and the internuclear distance. In principle they depend on the rotational 
quantum numbers due to the IV-dependences of the vibrational wave functions (so- 
called effect of vibration-rotation interaction). When this dependence may be 
neglected, formula (1.2) is reduced to

As a rule in spectroscopic applications formula (1.2a) is used to determine the 
distribution of populations over rotational levels of excited electronic-vibrational 
states. It should be underlined that this expression is based on several assumptions, viz.:

1) applicability of an adiabatic approximation (neglecting the perturbations);
2) neglecting the effect of vibration-rotation interaction;
3) pure and known type of angular momenta coupling (e.g. Hund’s cases “a” and

These assumptions seriously restrict the sphere of validity of formula (1.2a) 
making it applicable only in some particular cases. For example in the H2 molecule 
they are satisfied for Q branches of Fulcher a and ß band systems (d3 n ~  ->a3Z9+ and 
к3 П~ ->a3 Zg), where both initial and final states have regular structure and belong to 
the pure Hund’s case “b” [4]. The same situation may be expected for D1 IJ~ , 
v'-*ElZg , v" transitions with low v" in spite of small perturbations of the final state due 
to the interaction of the E1!*  state and the F lZg one [5]. Therefore in the present 
work we used for the relative rotational line strengths of Q branches of these three band 
systems formula (1.2a) with Honi— London factors of 1П(Ъ)-*1 ЩЪ) transitions (the 
triplet structure of the bands was not resolved in our experiments).

In more complicated but much more distributed situations of regular and 
irregular perturbations, transitional types of angular momenta coupling and sufficient 
vibration-rotation interaction the factorizations (1.2, 1.2a) are not valid and an 
application of Honi—London factors can lead to serious errors in relative population 
densities of rotational levels (see e.g. [6]).

Rigorous quantum-mechanical calculations of the probabilities of electronic- 
vibro-rotational radiative transitions meet nowadays practically insolvable difficulties

( 1.2)

(1.2a)
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in computing electronic-vibro-rotational wave functions even in cases of simple 
molecules.

Pure experimental solutions of the problem are not easier. For example in the 
determination of spontaneous emission probabilities it is necessary to make an 
emitting medium with precisely known population distributions2 and to provide 
accurate measurements of the local values of electronic-vibro-rotational line 
intensities. The number and quality of the problems arising in this way show that they 
are difficult to overcome at present [7].

In the series of our works started together with Prof. I. Kovács a new semi- 
empirical approach to the problem has been developed [1, 2, 8]. The basic idea 
underlying the approach is that more or less general theoretical analysis will make it 
possible to express the set of probabilities in terms of a finite (usually small) number of 
parameters which can be related to measurable magnitudes — relative line intensities. 
Particularly in the case of relative electronic-rotational line strengths they may be 
expressed as a function of the rotational quantum number N ' of the initial state and 
certain magnitudes (constants or quite weak, practically linear functions of N') 
describing the perturbations and the vibration-rotation interaction.3

We have chosen for the investigation of the regular perturbed bands (starting 
from non-adiabatic electronic-vibrational states) in the present work two band systems 
with the initial, upper levels belonging to the triplet 3p term complex of the H2 
molecule, namely d3 n „ , v'-*a3 I * , v" (R and P branches of the Fulcher-a band system) 
and e3 Z * , t/->a3I g+, v" transitions.

It has been shown that in the first order of the perturbation theory their line 
strengths may be represented as follows [8]:

1) for d3Tlu+, v', N ’->a3Zg , v”, N" transitions

R-branch (N " =  N ' ~ 1)

S r ( N ’) =  \R da U 2 • [1 ~ ч/2  • N 1 • Æ .(N ')]2 ; (1.3a)

P-branch (ЛГ =  ЛГ +  1)

Sp(N') =  I R%. \ 2 ■ у  • [1 + ^/2 • (N' + 1) ■ ydaU N ')¥  ; (1.3b)

2) for e3 Z* , v', N'->a3Zg , v", N" transitions 

R-branch (N "  =  N ' ~  1)

2 Thermodynamic equilibrium is not good herein because the energies of excited electronic states are 
usually much greater than the energy of the dissociation of the molecule.

3 It should be noted that in this approach the theoretical analysis can be carried out in a rather 
general manner because bringing a solution up to the end is not required here.
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SR(N') = \Rê \ 2 -N '- 

P-branch (N" = N ' + 1)

SP(N ')= \R eaU 2 -(N

yz'~m

4 I ) [ . + ^ - ä w J

(1.4a)

(1.4b)

Here Æ"(1V') and yeavV"(N') are known combinations of matrix elements of an 
operator of the interaction of d3 Fl*, v' and e3 Z „ ,v ' electronic-vibrational states, 
dipole momentum operators for the d3 TJ+ -*a3Zg and е3Гц+ ->a3Zg transitions and 
energy differences between various pairs of perturbed and perturbing levels [1,8]. So in 
principle they may be obtained from rigorous numerical calculations of the wave 
functions in an adiabatic approximation (see the discussion in § 1).

It should be underlined that in expressions (1.3a, b) and (1.4a, b) for the line 
strengths the main part of their dependences on the rotational quantum number N' is 
extracted and written in an explicit form. The remainder part, JV'-dependences of 
yiv"(N') and yZ"(N') appear to be sufficiently slower because they are connected with 
relatively weak, secondary effects of vibrational-rotation interaction in vibrational 
wave functions and IV'-dependences of the term differences between perturbed and 
perturbing adiabatic states of the molecule [1].

Particularly in our cases these dependences may be represented as linear 
functions of N' with rather good accuracy:

y{N')=yiUN')=yo+ViN', (1.5a)

Fig. 1. N'-dependences of Honi—London factors for the Z(b)->l(b) transition between the states belonging 
to pure Hund’s case “b” (curves 1) and semi-empirically determined line strengths SR(N'), SP(N') for R  and P 
branches of (v' — v") bands of the еъ1* ->a3Ze+ electronic transition of the H 2 molecule. Curves 2, 3,4 and 5 

correspond to (2—1), (1—0), (3— 1) and (2—0) bands, respectively
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f(N') =  y-:,(N') =  y0 +  ÿi • N'. (1.5b)

For several bands of d3ffu+ ->a3Z9+ and e3 Z* -*a3£g transitions the constants 
y0> Vi » У о and у x have been determined semiempirically by finding the values which give 
the best fit to the experimental data about SR(N')/SP(N') and S'R(N')/5'P(N').

As an example, the dependences of the relative line strengths S'R(N') and S'P(N') 
on the initial rotational quantum number N' are shown in Fig. 1. The Figure shows the 
sufficient deviation of the observed line strengths from the corresponding values of 
Honi—London factors. This effect has to be taken into account in determining the 
rotational distributions of the population density in non-adiabatic excited states (such 
as e3 Z * , v' and d3/7u+, v' in the case of the H2 molecule) from measured line intensities. 
Therefore in the present work for the line strengths of d3 n f , v'-*a3Zg , v" and e3 Z * , 
v'-+a3Zg , v" transitions we used the values obtained semiempirically.

2. Relationship of rotational distributions in ground and excited 
electronic-vibrational states and the determination 

of the gas temperature

If the population distribution over the rotational levels of some y, v electronic- 
vibrational state nyvN is close to Boltzmann’s law then the so-called rotational 
temperature TJ", may be introduced by the expression4' 5

"yvN = nyvo ■ file.. ■ (2ЛМ-1) • exp
N(N+l)

*yv
rot

where the dimensionless rotational temperature

T yv =1 rot —
k T Z

h-c- Byv

(2. 1)

(2.1a)

and ga s is the Hund factor depending on the magnitude of the nuclear spin and the 
symmetry (“a” or “s”) of the Nth level (see also [9]). For heteronuclear molecules 
Hund’s factor is equal to unity.

When the time of the rotation-translation relaxation rRT for the y, v state of a 
molecule is much less than the characteristic times of the main population and 
deactivation processes (e.g. the radiative lifetime r rad), then the rotational population 
distribution in this state is close to the Boltzmann distribution with a rotational 
temperature equal to the translational temperature of the mixing particles — the gas

4 Here and further on for simplicity we assume the rotational energy to be proportional to N(N + 1) a 
rather good approximation for low rotational levels. If better precision is required the expression hcBrv 
■ N(N  +  1) must be replaced by corresponding term values.

5 By way of reminder we would mention that the negligibly small triplet splitting of the levels is not 
considered herein, and therefore the quantum number N of the total angular momentum without allowance 
for electron spin is used as the characteristic feature of the levels.
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temperature Tg. This situation may be approximately realized in the systems with local 
thermodynamic equilibrium or in fairly dense, weakly ionized plasmas [9]. Then in all 
y, V electronic-vibrational states of a molecule

T Z  =  Te ( 2.2)

and the measurement of a rotational temperature in any electronic-vibrational state 
can be used to determine the gas temperature.

In low pressure non-equilibrium plasma of gaseous discharges the condition 
TRr<? trad and therefore formula (2.2) are justified only for the beginning part of the 
rotational distributions in long lived, ground and metastable states of molecules [9]. 
The rotational distributions in these states are hardly measurable and the problem is to 
determine them from the intensity distributions in the rotational structure of emission 
bands coming from the levels with тгаа< т ят.

The relationship between the population distributions in excited states 
(corresponding to the measurable intensity distributions) and the plasma parameters, 
in particular the gas temperature, should be found by using the balance equations 
describing the mechanism of the excitation (see e.g. [10,11]). An analysis is not possible 
in general form since the relationship between the contributions of various population 
and depopulation channels depends on the plasma conditions and even under the same 
conditions they can be different for different electronic states of the molecule. We 
therefore restrict the present discussion to the rather simple particular case which 
appears to hold over a broad range of conditions in low-pressure gaseous discharges.

We use the following assumptions:
1. The populations of rotational levels of the ground (y, 0) electronic-vibrational 

state obey Boltzmann’s distribution with a gas temperature (the validity of this 
assumption is discussed in [12]).

2. The excited (y', t/) states are populated mainly by the electron impact 
excitation from the (y, 0) state. For the rate constants of the processes the expressions 
obtained in the adiabatic (or so-called sudden) approximation are used [13]. It is 
supposed also that they diminish rapidly with an increase in a change of the angular 
momentum AN = N ' — N  [14]. Therefore depending on the type of electronic 
transition, the preferred excitations occur either with A N = 0 (Z gu<-Zgu, П~ g*-Zgu 
transitions and similar ones) or with AN =  +  1 (Zgg*-Zgu, П *д<-Еди etc.), their rate 
constants being proportional to the corresponding Honi— London factors divided by 
the degree of degeneracy of initial states.

3. The effective lifetime of the levels (describing spontaneous emission and 
collisional quenching decay processes) does not depend on the rotational quantum 
numbers being much lower than the time of rotation-translation relaxation xR T . 6

6 In our conditions the effect of nonradiative de-excitation of the states under study due to their 
quenching in collisions with normal molecules may be comparable with radiative decay [15]. It is difficult 
now to include the corresponding terms into the balance equations because of the shortage of necessary data, 
but one may often expect the negligible /V-dependences of the rate constants (see also [16]).
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Under these assumptions we have the following expression for the rotational 
population distributions in excited electronic-vibrational states:

n,ViV. =  cST • W ? V  N') • ga,a ■ (IN' +1) • exp [̂  -  N ' (^  + 1)j  - (2-3)

where с ^ 'г т Й ' ' ny 0 0  ■ ne-(<r-v)ytV. ^ 0, Tg= " , ne is the electron density,
П ’ C ’ D.  -yO

and <cn;)y.i„ 0 is the rate constant of / ,  v'<—у, 0 electron impact excitation.
The form of expression for Yy.^ y( f g, N') depends on the type of the electronic 

transition and the scheme of angular momenta coupling in the initial and final states. 
Particularly when both states of the homonuclear molecule belong to Hund’s case “b”, 
then under the same assumptions:

a) for the П~ * - Ig transitions (A N =0)

N’)= Yl = l , (2.4a)

b) for the Ги+ *-Xg transitions (|dN | = 1) [17]

[
IN ’ Í  2N' + 2\~

N' • exp ~y — I- (N' + 1) • exp ( ------ ,

(2.4b)

c) for the П* *-Zg transitions ( |dN |=  1)

[
2N' (  2N' + 2\~

(N1 +1) • exp ~y ~ +  N’ exp Í ------ .

(2.4c)
The first case is simplest for plasma diagnostics because rotational level 

populations of excited states are proportional to those in the initial, ground state. In 
particular the gas temperature may be obtained as a reciprocal of a slope of the 
beginning (linear) part of the logarithm dependence of the reduced population 
nYv'is' lga s' (2ЛГ +1)] - 1 on the molecular rotational energy in the ground state 
[9, 11].

On the other hand it can be seen from the comparison of formulas (2.1) and (2.3), 
(2.4a) that in this case

flol' = f g (2.5)

This relation was first mentioned in [6] but strictly derived in the framework of 
the certain excitation model in [9, 11].

The distributions (2.3), (2.4b) and (2.3), (2.4c) are less convenient for the 
determination of Tg because they do not exactly follow Boltzmann’s law and the 
numerical solution of certain systems of equations involving the experimental values of 
the populations nyVW. is required.

A c t a  P h y s i c  a  H u n g a r i c a  5 5 ,  1 9 8 4
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This difficulty can be overcome in the following way. The results of direct 
numerical calculations of the populations ny.v.N. ■ \_gai, ■ (2N' + 1)]-1 for several gas 
temperatures f g in cases of excitation with | AN\ = 1 are represented in Fig. 2. It can be 
seen from the Figure that for a fixed number of rotational levels and under high enough 
gas temperatures these distributions may be approximated by Boltzmann’s law with 
sufficient accuracy, the corresponding effective rotational temperature f yt '”t being 
unambiguously related with the gas temperature f g. Therefore it is possible to 
determine f g from the rotational temperatures T yrof  obtained in the usual manner from 
the intensities.

The calculated temperature difference (Т уты — f g) as a function of f  is shown 
in Fig. 3 for П*-1  and electron impact excitations. Formulae (2.3) and (2.4b), 
(2.4c) have been used in the calculations with a linear approximation of the dependence 
of the populations In {nvVJV. • [ga , ■ (2ЛГ' + 1)]-1} on the N'(N'+  1). The populations of 
the first five rotational levels have been used in the least square fitting procedure. The 
nomogram shown in Fig. 3 is fairly convenient for the determination of Tg.

On the other hand it is evident from Fig. 3 as well as from a certain analysis of 
formulae (2.3), (2.4b) and (2.4c) that for high enough f g the following approximate 
relation exists

T £ = f , + 2 12.6)

Fig. 2. Rotational level population distributions nyV„. • [ga, • (21V'+ 1)]-1 calculated with formulae (2.3) 
under certain assumptions (2.4a, b, c) about the excitation mechanism for several values of the reduced gas 
temperature Tg = 5,10,15,20 and 25 (cases I, II, III, IV and V, respectively). Ylt Y2 and У3 are represented by

the curves 1, 2 and 3
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in both of the above mentioned cases of П*-Е  and E*-E excitations. For the I* -E  
transitions, formula (2.6) was derived earlier directly from the asymptotic behaviour of 
Y2  [18].

The present consideration shows that the determination of the gas temperature 
from the intensity distribution in the rotational structure of molecular bands is based 
on certain and numerous assumptions about the excitation mechanism. Therefore it is 
necessary to ascertain the validity of the assumptions for concrete experimental 
conditions. Such a verification of the method can be carried out in two ways:

1) Comparison of the results obtained from the band intensities with those 
obtained from other methods (e.g. from the studies of the contours of spectral lines 
broadened due to Doppler effect).

Fig. 3. Relation between {Tyto\ — Te) and T y, “x for the / ,  v' states excited in the electron impacts mainly due to 
the transitions with |diV |= 1. Curves 1 and 2 are calculated with Y3 and У2 from formulae (2.3b) and (2.3c)

respectively

2) Studies of mutual agreement of the method by determining Tg under the same 
experimental conditions from the intensity distributions in the rotational structure of:

a) the same bands of different molecules (e.g. in our case thé isotopic molecules 
H2, HD and D2 may be used for this purpose [19]).

b) the bands belonging to different band systems of the same molecule.
For Q branches of Fulcher-a bands of hydrogen, possibilities 1) and 2) were 

investigated in our previous papers [11,19]. The goal of the next paragraph consists in 
the studies of the 2b) possibility, by getting the rotational level populations in d3 n~ , 
к 3 П~, Dyn ~ , е3Г„+ and d3 Tlu+ states of the H2 molecule from the measured intensity 
distributions in certain band systems.
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3. Experimental results and discussion

The experimental installation used in the present work is analogous to that used 
previously [1]. It consists of the gaseous discharge light source and two analogous 
spectrophotometric systems which differ only in the dispersion and transmission of 
monochromators.

For the determination of the relative spectral sensitivity of the systems we 
measured the emission spectra of two tungsten ribbon lamps of different geometries 
having glass and sapphire windows. For the pairs of most far-lying spectral lines of the 
same branch the maximum error in the determination of the relative sensitivity did not 
exceed 1.5%.

The data presented in [20] were used for the identification of the emission band 
spectrum of H 2. Improvements of this identification (based on the analysis of the line 
wavenumbers) were made by means of experimental studies of intensity distributions 
among corresponding branches [21].

The arc discharge through the 1.5 mm diameter molybdenum capillary was 
initiated in spectrally pure hydrogen rectified by passing through heated nickel. The 
basic measurements were carried out under a gas pressure of P =  4 Torr and discharge 
currents i =  0.08-0.3 A.

It is natural that the use of Honi—London factors as the relative line strengths 
leads to the erroneous information about the rotational population density 
iistribution in the cases of d3IJ f -*a3 X* and e3£u+ ->a3I g+ bands which are regularly 
perturbed due to the electronic-rotational interaction of the initial states. As an 
example these distributions for the d3 n f ,  v' =  0 state are shown in Fig. 4a for various 
discharge currents. It can be seen that there is a serious discrepancy between the 
population of the same levels obtained from the line intensities of the R and P branches. 
Moreover the rotational temperatures f  of the same electronic-vibrational state of 
the molecule obtained from the R and P branches are sufficiently different.

The application of the line strengths obtained for the d3 TI+, v '-w 3! * ,  v" and 
е3Г„+, v'-+a3 Zg, v" bands in the semi-empirical approach discussed in § 1 remove this 
contradiction. It is illustrated in Fig. 4b by the same example, but the semi-empirical 
values of the line strengths were used to determine the populations from measured line 
intensities. It is seen that now the R and P branches give practically coinciding data 
about the rotational level populations and the rotational temperatures. This is evident 
from Table I where the discrepancy and coincidence in the values of T yl0° are shown 
quantitatively.

The rotational population distributions in all electronic-vibrational states of the 
hydrogen molecule studied in the present work have non-equilibrium character: the 
populations of higher rotational levels exceed the values predicted by Boltzmann’s law. 
As an example these distribution in the d3n u+, v" =  0 and 2 states obtained from various 
Fulcher-a bands under the three discharge currents are shown in Fig. 5. One can see
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Fig. 4. Rotational distributions of populations in the d}FI*, v' = 0 state obtained from measured intensities of 
the lines belonging to R and P branches (points 1 and 2) of the (0—0) Fulcher-a band by using corresponding 
Honi—London factors (Fig. 4a) and line strengths obtained semi-empirically (Fig. 4b). Curves I, II and III 

are obtained under discharge currents i = 0.08, 0.15 and 0.3 A, respectively

Table I
Values of the rotational temperature f ’„1 describing the population densities of the 
first five rotational levels of the с1гП *, v' = 0 and 2 states. The data were obtained from 
the intensities of the R and P  branch lines of diagonal (»' = »"=0 and 2) Fulcher-a 
bands using corresponding Honi—London factors (I) and semiempirically deter

mined line strengths (II) under various discharge currents i
■f r v
1  r o t

i, a Branch I 11
t (O-O) (2- 2) (0- 0) (2- 2)

0.08 R
P

17.2 ±0.3 
19.9 +  0.7

14.6 + 0.5 182 + 05 
19.2 +  0.8 10.2 ±0.5 17.5 ±0.7

0.15 R
P

21.5±0.7 
24.4 ±0.5

18.0±0.8 221 ± 0  7 
23.9 ±0.8 1 21.2±0.5

0.3 R
P

27 ± 1  
32 ±  1

24 - 1 29+1 
32± 1 - 27 ±1

that under the same discharge conditions various branches of different bands give 
practically the same population distributions.

The identity of such distributions obtained in all investigated plasma conditions 
and for all investigated electronic-vibrational states is most explained by the existence
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Fig. 5. Dependences of In nyViv. [&,, • (2N '+ 1)]~‘ on the N'(N' + 1) for d3n * ,v ' = 0 and 2 states of H 2 
obtained from the intensities of R and P branch lines [points 1 and 2] of the Fulcher-a (0—0), (2— 1) and 
(2—2) bands [curves a, b and c] under various discharge currents i = 0.08,0.15 and 0.3 A [cases I, II and III]

of the non-equilibrium rotational distribution of the populations in the ground, X  iZg , 
v"—0 state of H2 (see also [9, 12, 19]). Thus the beginning (Boltzmann) part of these 
distributions (related with the rotational levels being in equilibrium with the 
translational movement of molecules) can be used to determine the gas temperature.

The results of the gas temperature determination based on the methods of 
treatment discussed in § 2 are summarized in Table II. It can be seen that all the bands 
give practically coinciding values of Tg: the standard deviation of the results obtained 
from the intensities of different bands is much less than the errors of measurements ( <  5 
и- 7%). This is a manifestation of the rather good validity of the assumptions made in 
the discussions devoted to the radiative transition probabilities (§ 1) and the excitation 
mechanisms (§ 2).

It is particularly the application of the adiabatic expressions for the rate 
constants of electron impact excitation of non-adiabatic, regularly perturbed d3 n„ ,
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Table II
Values of the gas temperature obtained from the intensities of various bands Te and 
averaged for fixed discharge current <T9>. A T  is the accidental error of the 

measurements and á-standard deviation of Tg

Electronic v'
Тд±АТ, К

transition i = 0.08 A » = 0.15 A i=0.3 A

♦ 0 0—0 940 ± 20 1170± 50 1530±60

d3n~-> a3z ; 2 2—2
2 - 1

930 ± 20  
920 ±20

1120 ±  30 
1140±40

1470 ±50 
1430 ±40

3 - 3 880 ±30 1070 ±50 1380±60
3 - 2 890 ±30 1080 ±40 1370 ±60

k3n - ^ a 3z ; 0 0 - 0 930 ± 50 1130 ±  50 1430 ±80
1 1 -1 920 ± 40 1110 ±  50 1430 ±70

0
1

0 - 0
1 -1

910±40
910±30

1090 ±40 
’080 ±50

1460 ±50 
1480 ±50

1 1 -0 850 ± 60 1040 ±70 1330 ±80
e3Z*  -h.a3Z * 2 2 -1 900 ±  50 1080 ±60 1370 ±70

3 3 -1 960 ± 60 1120±40 1520 ± 100

d3n : ^ a 3z ; 0 0 - 0 920 ± 30 1150 ±  40 1560±60
2 2 - 2 890 ± 40 1100±30 1460 ±80

< T,y±S,K 911 ± 7 1110±  10 1440 ±20

v'=0,2 and e3 Eg , v' = 1,2, 3 electronic-vibrational states of the H 2 molecule that does 
not affect sufficiently the determined values of Tg. In the balance equations these rate 
constants are multiplied by the populations of the initial (for the excitation) state and 
the JV-dependences of the number of excitations (per unit volume and unit time) are 
mainly formed by an exponential term describing the populations.

One can also distinguish two small (comparable with the experimental error) 
tendencies in the change of values of Tg with the growth of the vibrational quantum 
number v' of the upper state: a decrease in the case of the d3 Tl~, v' states and an increase 
for the e3 I g , v' ones. It appears to be caused by the second order processes neglected in 
§ 2, such as for example the vibration-rotation interaction in the electron impact 
excitation.

Conclusion

The investigations discussed in the present paper show that the semiempirical 
determination of electronic-vibro-rotational line strengths proposed in our joint works 
with Prof. I. Kovács can provide the precision acceptable for plasma diagnostics. 
Moreover this approach makes it possible to extend the potentialities of spectroscopic 
diagnostics of non-equilibrium plasma based on studies of the intensity distributions in 
the rotational structure of diatomic molecular bands in the following three directions:
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1) It permits one to use the regularly perturbed bands earlier forbidden to 
diagnostics. (For example, in the H 2 molecule only Q branches of the Fulcher-a band 
system have traditionally been used for this purpose);

2) The expansion of a number of bands suitable for diagnostics allows us to 
provide an experimental verification of mutual agreement of the method by means of a 
comparison of the data (e.g. gas temperatures) obtained from the intensities of various 
bands;

3) The investigation of the rotational population distributions (together with 
other methods) can be used to establish excitation and depopulation mechanisms of 
various excited states of molecules in non-equilibrium plasma.

Studies of the population distributions over the rotational levels of excited d3 FI~, 
v'=0, 2, 3; к3 П~, i/ =  0, 1; Dln ~ ,  v'=0, 1; d3 I7+, v'=0, 2; and e3 E v ’ = l, 2, 3 
electronic-vibrational states of the H 2 molecule show that the simple kinetic models of 
the excitation (based on the assumptions of direct electron impact excitation and the 
independence of the effective mean lifetime of excited molecules on the rotational 
quantum number) are applicable fairly well in investigated plasma. Particularly the 
observed distinction of the rotational population distributions in the Я„+ , v' and Г„+, v' 
states from those in the П~, v’ ones is caused by the difference in the mechanisms of 
their excitation. In our conditions the main contribution in the D‘n ~ , к3 П~, d3 TI~ 
*-X 'Ig  electron impact excitations is given by the transitions with A N = 0, whereas in 
the case of the d3n f ,  e3I u+ * - X lXg excitations the main part is due to the. transitions 
with |diV| = 1.

The values of the gas temperature given by different bands coincide within the 
experimental errors. Thus it is possible to determine the gas temperature in these non
equilibrium conditions with the precision (better than 5 -5- 7%) acceptable in practice.
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POSSIBILITY OF A THERMAL CATASTROPHE 
IN THE EARLIEST PERIOD OF THE EARTH 

AS REVEALED BY THE VOLATILE CONTENT 
OF IGNEOUS CRUSTAL AND MANTLE ROCKS*

A. SZALAY

Institute of Nuclear Research of the Hungarian Academy o f Sciences 
4001 Debrecen, Hungary

Experimental investigations of the total volatile (water and gases) content of a number of 
igneous crustal and mantle rock samples demonstrate that the crust is degassed in comparison with 
the volatile rich mantle. A hypothesis is postulated according to which the degassing of the surface of 
the Earth occurred by a short catastrophai external heating event which did not penetrate into the 
deeper mantle layers. The source of this high heat influx was assumedly the Sun, about 4—4.6 x 109 
years ago.

Introduction

It is known mainly from mass-spectrometric evidence that the solar system has 
an age of 4.6 x 109 years. This is the oldest age of many chondrite meteorites and of 
some highland anorthositic lunar rocks. The oldest granites on the Earth are about
3.8 x 109 years old, but on some places still somewhat older rocks might exist. 
Although a great amount of knowledge has accumulated about the later evolution of 
this planet, its earliest starting period is largely a mystery, as stated by Anderson et al 
[1]. It is generally accepted that it aggregated about contemporaneously with the other 
planets and the Sun from cosmic dust grains, chondrites and larger meteorite sized 
bodies, planetesimals of interplanetary space. The understanding of the accretion of 
primordial interstellar gas plasma and dust into grains and larger interplanetary bodies 
is now rapidly progressing, mainly due to the pioneering efforts of Prof. H. Alfvén and 
his collaborator G. Arrhenius [2] and others. It is generally accepted now, after 
Schmidt [3], that the Earth was at first a cold aggregation of such interplanetary 
chondritic material. Of the layers of the present Earth, the mantle is most similar 
chemically to the chondrites consisting, in an oversimplified approximation, in a 
majority of peridotites, olivine (Mg, Fe)2S i0 4 and pyroxene Ca(Mg, Fe)Si20 6.

The first step in the evolution of this cold aggregated planetary body into the 
present Earth with its continents, oceans, and atmosphere, highly differentiated rocks, 
etc., is largely unknown. It seems and will be shown here, however, that the starting 
event, connected with a degassing of part of the planetary material, left some

* Dedicated to Prof. I. Kovács on his 70th birthday
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fingerprints in the gas content of igneous rocks which present us with much 
information that helps us understand this degassing starting period of magmatic 
evolution. It is generally accepted now that the primordial atmosphere and 
hydrosphere originated in the chondritic material of the Earth [4].

The present author was originally interested in the primordial (prebiotic) 
atmosphere which was supposed as having been very different from the present one. 
These earlier investigations were published in previous papers about the gas content of 
magmatic rocks. It was assumed that the primordial atmosphere developed by the 
degassing of some of them [5, 6, 7].

Comparative investigations of the volatile content (water and gases) 
of crustal and mantle rocks. Methods and results

The determination of the total volatile content of igneous rock samples was 
carried out by a method similar to that in an earlier paper [7]. A larger number of 
samples were collected from various places of the Earth and investigated for better 
statistics (Fig. 1). One or two grams of the rock sample were crushed and powdered to a 
grain size of <0.2 mm. Samples, each of about 0.3 g, were placed in small porcelain 
crucibles and after drying for 2 hours at 100 °C in order to liberate the powder from 
surface sorbed atmospheric humidity, weighed. The crucibles were heated and kept for 
3 hours in an electric oven at a temperature of 1000 °C. After cooling they were weighed 
again and the loss in weight demonstrated the total volatile loss, expressed as a 
percentage.

The composition of the volatile content was determined by a quadrupole mass 
spectrometer (QMS) [6, 7]. The liberation of the gases from the rock samples was 
carried out for the QMS measurements by cold crushing in an ultrahigh vacuum in 
order to avoid thermochemical reaction between the components. The volatile content

160° 140° 120° 100° 80° 60° 40° 20° 0° 20° 40° 60° 80° 100° 120° 140° 160° 180°

Fig. 1. Place of origin of rock samples. Single samples are denoted by black dots, territories of numerous
samples by squares
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Table I
List of measured crustal and mantle rock samples

Rock sample Place of origin
Volatile 
content 

[weight %]

Age
[G years]

Crustal rocks

Granite Mauthausen, Austria 0.51 0.27
Granite Ilomantsi-Oinasvaara, Finland 0.61 2.8
Granite Lieksa-Joakonvaara, Finland 1.06 2.8
Grännaite Sweden 0.50 0.9
Bohusgranite Sweden 0.30 0.93
Hyperite Gabbro Sweden 0.27
Aswan Granite Aswan, Eypt 0.60 0.59
El Fawakhir Granite Central Eastern Desert, Egypt 0.58 0.49
Granodiorite Eno-Novikka, Finland 2.04 2.8
Granodiorite Eno-Uimaharju, Finland 2.40 2.8
Granodiorite Ilomantsi-Haukivaara, Finland 1.40 2.8
Granite Ilomantsi, Kivilahti, Finland 0.99 2.8
Granite Kiihtelysvaara-Palo, Finland 0.56 2.8
Granite Tohmajarvi-Kutsu, Finland 1.43 2.8
Granodiorite Eno-Majoinvaara, Finland 1.01 2.8
Granodiorite Kontiolahti-Jakokoski, Finland 1.71 2.8
Morton Gneiss Cold Spring Quarry, Minnesota River Valley,

Morton, Minn. USA 0.33 3.8
Montevideo Gneiss (foliated) Minnesota, USA 0.46 3.8
Montevideo Gneiss (fol.) Minnesota, USA 0.52 3.8
Montevideo Gneiss (fol.) Minnesota, USA 0.51 3.8
Charnockite Granite Falls, Minn., USA 0.52 3.8
Charnockite Granite Falls, Minn., USA 0.27 3.8
Granite Erdősmecske, Hungary 2.1 0.33
Granite Mórágy, Hungary 1.0 0.33
Granite Erdősmecske, Hungary 1.36 0.33
Granite Tatra Mountains, Poland 0.49 0.30
Granite Székesfehérvár, Hungary 0.86 0.3
Granite Pákozd, Hungary 0.97 0.25
Granite Fazekasboda, Hungary 3.0 0.33
Granite Fazekasboda, Hungary 1.61 0.33
Amphibolite Gabbro Szarvaskő, Tardos Mine, Hungary 1.86 0.2
Andesite Mátraháza, Hungary 1.45 0.015
Basalt Zalahaláp, Hungary 1.25 0.003
Gabbro Bulgaria 1.55
Gabbro South Bulgaria 0.58
Andesite Visegrád, Hungary 2.5 0.015
Amphibolite Bátapáti, Mecsek Mount. Hungary 1.48 0.33
Basalt Badacsony, Hungary 0.13 0.003
Andesite Dunabogdány, Hungary 3.45 0.015
Dacit Mongolia 1.41 0.38
Amphibolite Gneiss Kolski Peninsula, NW Murmansk, USSR 0.75 2.81
Olivine Gabbro Oman Sultanate 0.21
Amphibolite Isua, Greenland 2.65 3.75
Gneiss Amitsoq, Greenland 0.41 3.75
Static Gabbro Troodos Mts., Cyprus 1.18
Sheeted intrusive complex Troodos Mts., Galata Village, Cyprus 0.47
Andesite Kanázsvár quarry, Hungary 2.3
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Table I (c o n tin u e d )

Rock sample Place of origin
Volatile 
content 

[weight %]

Age
[G years]

Andesite Karancs quarry, Hungary 3.8
Andesite Szob, Csákhegy, Hungary 1.5
Basalt Uzsabánya, Hungary 4.1
Basalt Somoskőújfalu, Hungary 1.5

Mantle rocks

Lizard peridotite Predannack Down, U.K. 9.6
Lizard peridotite 

Dunite

Grid rev. SW 6901 
depth of 38.7 m, resp. 270.1 m 

Troodos Mts., Cyprus
8.45

14.23
Harzburgite Troodos Mts., Cyprus 8.59
Kimberlite, fresh Kimberley 12.3
Serpentinized ultrabasite Lotus-Coloma, Calif., USA 12.9
Ultrabasite Jaklovice, Czechoslovakia 13.5
Serpentinized ultrabasite Perkupa, Hungary 14.1 0.22
Harzburgite Oman-Sultanate 0

consisted mainly of water, a smaller part of H 2> N 2> C 0 2> C H 4>, and traces of 
other gases. However, no trace of free 0 2 has ever been observed. The degassing of a 
part of the chondrite material in the earliest phase of evolution seems to be the source of 
the primordial atmosphere and hydrosphere. The composition of the gases agrees with 
the expectations of biologists and the experiments of Urey and Miller on abiotic 
syntheses (see [8]). The mixture seems to be suitable for the assumed start of the 
evolution of life, in a reducing, 0 2 free atmosphere.

The sources of the samples and kind of rock, total volatile loss and age are 
presented in Table I. The statistical distribution of the total volatile loss among the 
samples is demonstrated by a histogram (Fig. 2) in 0.5 weight % intervals. Each square 
represents one sample from Table I.

It is apparent from Fig. 2 that the samples from the crust, represented by empty 
squares, have a low volatile content in comparison with the samples from the mantle, 
represented by shaded squares. The volatile content of the crust rocks demonstrates an 
approximately normal (Gaussian) distribution with a mean value of 1.26 + 0.94 s.d. 
weight %. There is not a single exception among the 51 crustal samples investigated 
here.

The samples of the crust were taken from places where they exist in amounts 
forming massifs, mountains, which contribute significantly to the Earth’s crust. 
Samples representing local rock fractionation, metal enrichments, sulphidization, 
hydration, were neglected because their total amount is negligible in comparison to the 
Earth’s crust. Mantle samples are more difficult to obtain because the mantle lies under 
several tens of kilometres of continental crust. Exceptionally, however, deep rifts have
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been caused at some places by tectonic processes in the Earth’s history and mantle 
slabs have been lifted and thrust by tectonic movement over the crust. The uppermost 
layers of the mantle are accessible at such places, together with the original crust layers 
above them. Such formations, called ophiolites, are fragments of oceanic crust and 
mantle, formed at oceanic ridges and rises and they are thrust by tectonic movements 
over the land crust. They are very often crushed, distorted and it is not easy for the

c r u s t  m a n t l e

v o la t i l e  c o n t e n t  in w e ig h t  7 .

Fig. 2. Statistical distribution of the number of samples per 0.5% intervals versus total volatile content in
weight %

geologist to determine their sequence. One of the most regular undisturbed ophiolites is 
accessible in the Troodos mountains on the island of Cyprus [9]. The Troodos 
ophiolite is regarded as a very representative sample of the upper mantle, and 
suboceanic crust. In addition, some other mantle rocks (kimberlite, ultramafics, etc. in 
Table I and Fig. 2) were investigated in this study. Difficult access prevented the 
investigation of more mantle samples, although this would have been desirable. This is 
planned for the future.

The volatile content of the mantle rocks is much higher than that of the crustal 
rocks and more scattered, between about 8—14%. It is not feasible to calculate a mean 
value from such a scattered set of data and small number of samples. (One of them, from 
the Oman Sultanate, has exceptionally low volatile content).
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Discussion of results of measurements

Originally some correlation was expected between mass spectrometric (MS) age 
and the gas content of the rocks. The MS age indicates the last metamorphosis of the 
rock and so the most recent zero-setting of the radioactive clock. It was expected that 
young rocks suffered several times more metamorphoses and lost the included gases to 
a larger extent. The oldest ones preserved them perhaps better. The investigations 
represented in Fig. 2 and Table I indicate that there is no correlation between age and 
gas content of the rocks at all. The degassing is probably not connected with repeated, 
step by step metamorphoses or other continuous processes, but a single catastrophic 
one.

As was mentioned the great difference of the volatile content between crustal and 
mantle rocks is astonishing, it amounts to about one order of magnitude. The 
qualitative composition of major gases in granites is the same as that in the mantle [5, 
6], with the exception of more radiogenic Ar40, produced by the K40 content of the 
granites. The about 1.26% mean value in the crust can be regarded as the residue of an 
original gas content similar to that of the mantle peridotites.

One is tempted to come to the conclusion that the present crust originates largely 
from degassed and differentiated chondritic material of the upper mantle and so its gas 
content was at one time similar to that of the present upper mantle material. It has lost 
it in some process. The difference amounts to at least 7% up to more than 13% in 
weight, assuming that the mantle samples investigated here are approximately 
representative for the upper mantle.

A postulated hypothesis

The following problem emerges: What was the physical cause of this degassing?
It seems to be indicated to try to explain in the simplest plausible manner the 

phenomena observed in this comparative study of the gas content of magmatic crustal 
rocks versus mantle rocks. A postulated hypothesis is presented here. It must be 
stressed, however, that a postulated hypothesis is not a set of finally verified facts. It is a 
working hypothesis meriting a fair trial as it is no less acceptable than others 
concerning the starting events of the evolution of the Earth. Its acceptability can be 
judged from the observable facts which it is able to explain and it must be contrasted 
with others.

The following hypothesis is postulated:
The first aggregated cold chondrite mass of the Earth had no significant 

atmosphere but the chondrite material contained significant amounts of water and gas 
inclusions which are still contained in the layers, minerals of the mantle.

In this earliest epoch of the Earth a sudden catastrophic heat surge occurred 
arriving from the outside. The heat surge partly or fully melted a thin layer of the Earth 
and this melting gradually penetrated during this thermal catastrophe to a depth of
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some tens of kilometres and degassed the rocks. When, after a geologically short 
period, the surge of heat terminated, the crust gradually cooled, but in between the 
primordial granite gneiss and other igneous crustal rocks (gabbro, etc.) evolved and the 
uppermost layers of the mantle became somewhat depleted in their sialic and 
“incompatible” elements content.

The end result of this short catastrophic epoch was an Earth with a uniform 
(about 14 km) thin degassed crust and a still largely cold chondritic interior and a very 
dense primordial atmosphere from which the hydrosphere precipitated.

Afterwards the effect of the internal radioactive heating became gradually 
prevalent and plate tectonic movements started. They broke up the thin crust, thrust its 
plates and piled up into the mass of the Archean continents. The magmatic evolution 
has proceeded ever since, as treated in detail in geology. The catastrophic heat surge 
and degassing period of the crust occurred some time between 4.6 x 109 and 4 x 109 
years ago. The source of the heat was probably the young Sun.

Discussion of the hypothesis 
and its comparison with known experimental facts

The usefulness of a model hypothesis can be judged by trying to verify it by 
known experimental facts. The qualitative composition of the volatile content has been 
treated earlier [7]. Water is the most abundant part of the volatile content. All the other 
gases added together amount to a fraction of the water content.

These comparative studies demonstrated that the total volatile content of the 
crustal samples is about 1.3 ±0.9 s.d. weight% after the assumed degassing, and that of 
the mantle rock samples is one order of magnitude higher, between about 8 and 14%. 
The difference is around 7 and 13% if we assume that the mantle samples investigated 
here represent the right order of magnitude (1 sample kimberlite evolved at a depth of 
probably about 100— 150 km. The others represent the uppermost 10 km of the 
mantle.)

Concerning the degassing it is well known that gases can be liberated from 
magmatic rocks by heating. Gases are well contained in magmatic rocks at room 
temperature and do not escape even if the rock is in a high vacuum. Never a trace of free 
oxygen was found in these investigations in rocks exposed to the present atmosphere at 
the present temperature, as no peak appears at mass number M =  32 in the mass 
spectrum. A small proportion of the gases can be liberated at room temperature by 
crushing the samples between tungsten-carbide steel dye£ in an ultrahigh vacuum. 
Probably the gases contained in microbubbles and crystal lattice defects in the rocks 
are liberated by crushing. Heating is a very efficient way of degassing rock material. 
Previously [7], the mantle samples investigated here were degassed by means of 
thermal derivatography by F. Paulik and J. Paulik, as a function of gradually increased 
temperature. The total volatile loss and the C 0 2 loss were continuously recorded as a
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function of temperature. Interesting information was obtained by this method. The 
manner of binding of water into a crystal structure and the binding of C 0 2 were 
particularly revealing. At less than 1000 °C all volatiles (the water and volatile gases) 
are liberated from the rock, the liberation of water starts at above 300 °C depending on 
the mineral bond. It is clear that heating of the crust caused the degassing.

Most models concerning the continuous evolution of the Earth assume a thermal 
state similar to the present, i.e. a very hot core, hot mantle and cold crust. The heat has 
been produced largely by radioactivity. Even without carrying out detailed 
calculations, it is very difficult to imagine that — according to these models — just a 
thin layer, the crust amounting to just 2%o of the radius of the Earth and being its 
coldest part, could have been degassed. It is particularly difficult to imagine a sharp 
discontinuous transition zone between the gas content of the degassed crust and the gas 
carrier mantle when the heat propagates from the interior. In fact, the crust and the 
mantle are separated by the Mohorovicie seismic discontinuity which is, according to 
seismic observations, rather sharp. The transition zone could be no more than 2— 
300 m thick [10].

The Mohorovicic seismic discontinuity is situated between the deepest layer of 
the crust, the gabbro and the uppermost layers of the mantle which consist of 
peridotites (dunite, harzburgite, etc.). This discontinuity separates the crust from the 
mantle by strongly reflecting the seismic waves. The crust consists of the granite-gneiss 
uppermost shell and the underlying gabbroid shell. The latter is of simaic composition 
and the granites consist of sialic composition. The magnesium content increases 
towards the uppermost layers of the mantle which are ultramafics with dominating Mg 
content (peridotites, pyroxenites, dunite, harzburgite). All granite, gneiss, gabbro and 
basalt samples investigated in this study are degassed (see Table I and Fig. 2), however, 
the ultramafics are gas carriers. The Troodos (Cyprus) ophilite is a relatively 
undisturbed slab of a suboceanic crust and upper part of the mantle, where the 
sequence of the layers can be studied and sampled. Particular importance was 
attributed to it in this study, as it seems to be a representative sample of the mantle.

Considering the facts above, it is difficult to imagine that the degassing heat flux 
has propagated from the inside of the primitive chondritic Earth. One arrives 
unavoidably at the conclusion that the degassing heat flux came from the outside. It 
heated up the crust, penetrated some 10 kms and then terminated. So it must have been 
a catastrophic heating event of geologically short duration, caused by an outburst of 
the still young, unstable evolving Sun.

The question, whether the liberation of gases from the rocks was a continuous or 
a sudden process, was treated by Fanale [11] and others. Fanale pointed out that a 
sudden early degassing was more likely. Hamano and Ozima calculated an Earth- 
atmosphere evolution model based on Ar isotopic data [12]. They arrive at the same 
result: an early sudden degassing of the Earth, against a continuous (e.g. volcanic) 
degassing model.

Acta Physica Hungarica 55, 1984



POSSIBILITY OF A THERMAL CATASTROPHE IN THE EARLIEST PERIOD OF THE EARTH 435

In the present experimental study, however, the volatile content of the crust and 
mantle is determined and compared and the degassed crust is specified as the main 
source of the atmosphere and hydrosphere. The quantity of the escaped volatiles can be 
simply calculated and compared with the present mass of the atmosphere and 
hydrosphere. The results of measurements will be compared here with the atmosphere 
and hydrosphere of the Earth in the sense of the model hypothesis.

The hydrosphere. It is assumed that the difference in the volatile content of crust 
versus mantle was caused by the degassing. One can expect that the present 
hydrosphere, the total amount of water contained in the oceans, originated from the 
degassing of the total continental crust material. Now .according to data of standard 
books of geology, the mass of the crust of continents is 2 x 1025 g and the mass of the 
water in the oceans amounts to 0.14 x 102S g [13]. This is about 7% of the mass of the 
continents, in very good agreement with the water lost from the degassed mantle rocks, 
which gave an evolutionary birth to the total primordial crust and oceans.

C 0 2  content o f the primordial atmosphere. The following numerical values 
concerning the Earth are taken from the literature [13] and will be utilized here:

Mass of crust =  2.0 x 1025 g continental +0.5 x 1025 g suboceanic 
crust

Mass of mantle = 4 x 1027 g
Surface area of Earth = 5.1 x 1018 cm2
Mass of atmosphere = 5 x 1021 g

We can roughly estimate the C 0 2 content of the Earth’s chondrite (peridotite) 
material (present upper mantle) amounting to about 0.5% by weight (Szalay [7]) 
because derivatographic determinations gave 0.9% for Troodos dunite and 0.38% for 
Troodos harzburgite. The C 0 2 liberated by degassing of the crust amounts to 
2 x 1025 x 0.5 x 10“ 2 g C 0 2. This is 20 times the mass of the total present atmosphere 
(5 x 1021 g) so the partial pressure of C 0 2 of the primordial atmosphere must have been 
about the order of magnitude of 20 kg/cm2. The later evolution of life and 
photosynthesis fixed the C 0 2 and liberated 0 2 into the atmosphere. Carbonates (Ca, 
Mg, Fe) and fossile fuels, organic sediments keep now the C 0 2 and carbon fixed, so its 
very low present concentration in the present atmosphere is understood. The same can 
be said about methane, which has somewhat less — about half of the mole 
concentration of the C 0 2 — in the investigated mantle samples. It was investigated by 
QMS, which measures the mole concentration. Its concentration was about half of the 
moles of C 0 2 so it amounts to about 0.1% by weight of the mantle samples. This 
estimate gives a partial pressure of CH4 of about the order of 4 kg/cm2 in the 
primordial atmosphere. The present 0 2 inventory of the atmosphere, although it 
amounts to 21% of it, is less than this estimation. It is very reactive chemically and 
could have oxidized the prevalent Fe2+ content of the crust into Fe3+, further 0 2 is 
fixed in carbonates and fossile organic compounds.
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The H2 liberated by degassing could not be retained for a geologically long 
period by the Earth’s gravitational field and it gradually escaped into the 
interplanetary space.

It should not be forgotten that the present atmosphere and hydrosphere of Earth 
is just about 0.2% of the estimated total volatile content of the Earth because the crust is 
very thin in comparison to the mantle. Any geochemical or biogeochemical interaction 
of the hydrosphere and atmosphere with the solid state materials can change 
tremendously their inventory, e.g. the C 0 2 content.

The granite problem

It is a classic problem of geology that assuming the granite to originate from 
partial crystallization out of a general molten magma by its magmatic separation into 
granite and gabbro, etc., the ratio of granite/gabbro should be 5— 10 (95—90%) when 
calculated from the chemical compositions. Actually the continents consist of just the 
opposite 90—95% proportion of granite versus all the other rocks together. This 
contradiction was recognized by Holmes (see R. Geadecke [14]).

However, according to the hypothesis explained in this paper the primordial 
granites originate at first as a thin crust spread uniformly over the surface of the whole 
Earth, over a much larger amount of mantle material. At first after separation by 
crystallization they floated over the molten or partially molten mantle material 
because of their lower specific weight and most of the depleted mantle material sunk 
and remained in the mantle and mixed into it later by plate tectonics, subduction of the 
plates.

The plate tectonic movements, subduction, etc. broke up the thin crust, thrust 
and piled it up into the Archean continents. So amounts of basalt and gabbro are not 
expected to be present in equivalent amounts to the granites in the continents.

Applicability of the heat shock hypothesis in the solar planetary system

If we accept the thermal shock hypothesis for the explanation of some 
phenomena on Earth, it is inevitable that the shock has similarly affected some other 
bodies in the planetary system, particularly those which are near to the Earth and Sun. 
These are the terrestrial planets, the Moon and other satellites and some of the 
meteorites. It can be expected that some of the observed phenomena on these bodies 
are compatible with this hypothesis. They will be treated now in the following:
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Terrestrial planets

If the degassing of the Earth’s crust was caused by a short heat surge originating 
in the Sun then all terrestrial planets and the Moon were subjected to it as well and were 
changed probably similarly by it. The end result, atmosphere, hydrosphere, etc. is 
dependent upon other factors too, and so it would be different from planet to planet, 
according to their mass, surface temperature and distance from the Sun. The planetary 
bodies of the smallest mass (Mercury, and the Moon) could not retain the atmosphere 
and hydrosphere by their gravitational forces. The most distant terrestrial planet, 
Mars, suffered probabily a smaller heat surge and so less gases were developed and 
H20 , C 0 2 are frozen out in the polar regions, as is well known. In contrast, Venus is 
nearer the Sun than the Earth and suffered higher temperature surge and deeper 
penetration of heat into the crust and so a denser atmosphere was evolved. The Jovian 
planets of the solar system (Jupiter, Saturn, etc.) are too distant and it could be expected 
that the catastrophic heat surge effect was much smaller or possibly even negligible for 
them.

As for the qualitative composition of the atmospheres, the high partial pressure 
of C 0 2 of Venus, 90 kg/cm2, compares well with the 20 kg/cm2 C 0 2 of the primordial 
atmosphere of the Earth estimated in this paper. As no life ever developed on the other 
planets, their atmosphere was not influenced by biosynthesis and so it can be regarded 
as still primordial. Only physical and geochemical processes might have altered them. 
No significant concentration of 0 2 has been observed in the atmosphere of Venus, of 
which 97% is C 0 2. On the Earth abundant 0 2 was produced by life, photosynthesis. As 
known from the expeditions of the Mariner and Venera spacecraft, the water content 
of Venus is very limited, there is no explanation for this difference against the Earth. 
How did it lose it if, indeed, it ever had it? There are still many unexplained problems 
concerning this very enigmatic planet. Its internal geologic structure is still largely 
unknown, but the radioactive radiation measurements of Venera 8 demonstrated that 
the concentration of natural radioactive substances is similar to that of granites. This 
means that it has a sialic crust similar to that of the Earth, into which the incompatible 
elements (K, U, Th, etc.) concentrated from the mantle by geologic evolution. The fact 
that it has a sialic crust and a much denser atmosphere than that of the primordial 
Earth is in good correlation with the catastrophic heat surge hypothesis. At about the 
same mass, but smaller distance to the Sun than the Earth, a deeper degassing is 
understandable.

It may be mentioned here again that the whole mass of the atmosphere and 
hydrosphere is rather negligible in comparison with the total mass of the terrestrial 
planets. Any geochemical interaction of the atmosphere with the crust might change 
the composition of the atmosphere radically without changing the crust and upper 
mantle very significantly.
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The Moon

It did not retain atmospheric gases by gravitation because of its too small mass. 
Further it is known that the concentration of some other volatiles (e.g. Na, K, Pb, Hg, 
TI) is one order of magnitude less than on the Earth. The ferric iron content of lunar 
rocks is very poor in comparison with terrestrial rocks. The surface is apparently in a 
reduced, oxygen deficient state. The crust is about 60 km thick, so it is thicker than the 
crust of the Earth. It is measured by seismometers placed on the surface of the Moon by 
the lunar expeditions.

This information seems to be compatible with the thermal catastrophe 
hypothesis. The larger thickness of the lunar crust can be explained by the missing 
atmosphere which did not moderate the heat radiation by reflection. The deficiency of 
oxygen and partly volatilized elements (e.g. Na) can be explained by the same effect and 
by the high vacuum, which did not prevent them from escaping into space.

The lunar highland rocks (anorthositic lunar materials, plagioclases), indicate by 
age determination an at least two stage evolution of the lunar crust. It was formed 4.5 
years ago. This era was followed by brecciation (caused by meteorite impacts) and then 
an intense metamorphism at least 4 G years ago. It is again in accordance with a 
thermal shock which ended and reset the radioactive clock 4 G years ago. The highly 
sophisticated and precise age determinations of Jessberger et al [15] investigate the 
release of Ar isotopes from lunar samples at gradually increased temperatures. The age 
determinations demonstrated that there is a part in the old lunar plagioclases which 
completely release Ar only at 1290 °C. These gave an age of 4.46 ±0.05 G years. This 
part retained the Ar at the general metamorphosis of the whole lunar crust which kept 
the radioactive clock from being reset up till 3.98 + 0.01 G years ago. If the thermal 
shock hypothesis of the present paper is correct, then this is the terminal age of the 
thermal shock. (Jessberger et al treat the metamorphosis as being caused by impact 
bombardment. Their measurements combined by differential thermal analysis can be 
interpreted in the frame of the thermal surge hypothesis so that the surface temperature 
of the Moon did not achieve 1290 °C at this catastrophic event, it was about 1000 °C or 
somewhat less.)

The data acquired by the Moon spacecraft expeditions and the radioactive 
dating of the retrieved Moon samples supply information about the end of the thermal 
catastrophe and even its maximum temperature.

Meteorites

If the solar system was subjected to a thermal surge by the increased energy 
production of the evolving young Sun, it could be expected that part of the cosmic dust, 
condensed grains, chondrites, meteoroids, etc. orbiting in solar interplanetary space 
might have been exposed transiently to intense thermal radiation. Those which orbited
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at this time close to the Sun melted and those which orbited at a large distance did not. 
The molten chondrites solidified after cooling down into spherules. Chondrules are 
very well known characteristic components of chondritic meteorites. They are usually 
associated with later condensed crystallized chondrite materials with which they 
accreted later in a cold environment. Michel—Levy [16] states that each chondrite has 
a double thermal history. They have been molten around 1300—1500°C. Nagahara 
concludes that chondrules could have formed through melting of pre-existing materials 
[17]. It seems that the formation by a short catastrophic heat surge is the simplest and 
most natural explanation. Other explanations of the double thermal history are not 
known.

Larger iron-nickel meteoroid bodies with spherical or droplet-like troilite 
inclusions can now be understood without assuming that they are debris of the hot core 
of a planet broken apart in space. They do not show signs of an ancient gravitational 
field and remind us now of a heterogeneous melting experiment carried out in the 
gravitation free interior of a spacecraft laboratory where non-miscible molten phases 
separate, but drops of the same phase do not necessarily unite.

The Sun

Very little is known directly about the formation and early evolution of the Sun. 
This hypothesis postulates a short catastrophic energy production surge of the 
primitive Sun between about 4.6 and 4 G years ago. It is perhaps speculative to derive it 
from the present properties of the mature Sun, e.g. its place on the line of main sequence 
(MS) of the evolution of stars. However, theories do actually exist. Cameron [18] treats 
the T Tauri stage of young stars. Assumedly all stars of the main sequence must pass 
through this stage at the beginning of their development. In this state the stars radiate 
excessive amounts of energy for a short period. However, there is still not enough 
information about the T Tauri stars and the youngest age of the Sun to regard it as a 
proven fact that the young Sun passed through such a stage. The T Tauri problem is 
referred to by Strom et al [19]. It seems that our knowledge is rapidly progressing in 
this field. T Tauri stars seem to be approaching the MS along equilibrium radioactive 
tracks and their range of ages may lie between 105 and 107 years.

Independently it was shown in the present paper that a catastrophic heat surge 
even must have occurred because it has left its traces in the degassing of the Earth’s 
crust, further in the Moon and terrestrial planets and meteorites. These measured and 
observed facts seem to be good evidence for a sudden energy surge of the Sun. 
Concerning the origin and youngest state of the Sun it can be said that from the point of 
view of astronomical theories it seems to be possible that it passed the T Tauri state 
4.6—4 G years ago, or it might have had a transient large degree of instability and surge 
of energy production in comparison with its present more stable mature state.
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Some critical comments

This paper is based on measurements upon which a postulated hypothesis has 
been built. Concerning the measurements it can be said that enough samples have been 
collected and the volatile part measured from the crustal rocks, but more samples from 
the mantle are desirable. The number of samples was limited by access problems for the 
author. Even so, they include samples from various depths of the mantle and from 
various distances. The kimberlite sample crystallized at a depth of 100—200 km and 
was lifted to the surface through the kimberlite pipe. Kimberlites are actually the 
deepest obtainable samples from the mantle. It is known that the mantle is not 
homogeneously mixed, neither vertically, nor horizontally. The measured data of gas 
content represent at least the correct order of magnitude of the mean value in mantle 
rocks. It is known that the mantle has wet and gaseous layers and at a depth of 150— 
200 km the asthenosphere is assumed to be exceptionally wet and gaseous. 
Measurements of other authors have usually shown C 0 2 content in mantle rocks. 
Melton and Giardini [20] investigated gaseous inclusions in Arkansas natural 
diamonds and in diamonds from Africa and Brasil. They observed the presence of N 2, 
H20 , C 0 2, CH4 and Ar as impurities. The quantitative composition changes from 
sample to sample but the sequence of the relative concentration is about the same as in 
the investigations presented here. Roedder [21] investigated a great number of samples 
from various places. He states that C 0 2 always seems associated with olivine. The 
chondrites and mantle peridotites have as a main mineral component olivine, usually 
serpentinized in peridotites. Ahrens [22] reported that for C 0 2 and H20  stable high 
pressure minéralogie sites exist in high pressure phases of ferromagnesien and 
carbonate minerals (clinohumite and chondrodite in kimberlites).

There are enormous reserves of H20 , C 0 2, N2 gas and CH4 still in the mantle. 
(For example, the H20  content is probably about 500 times that of the water in the 
oceans.) Although the tapping of an enormous inventory of CH4 would be very 
attractive, there is hardly any direct hope of doing it. It is, however, possible that some 
of the methane became degassed in the deep mantle and could have diffused upwards 
through ancient deep tectonic rifts and accumulated under younger sedimentary gas 
traps above ancient tectonic shear or subduction zones, transform faults, etc. Such a 
natural gas would differ from biogenic ones and could contain much C 0 2, N 2 and H 2. 
It is not entirely absurd optimism to expect natural gas above such tectonic zones, as 
Gold and Soter [23] have already pointed out.

Summary

A comparative study of the volatile (H20  and gases) content of crustal igneous 
rocks and mantle rocks was carried out. It was observed that the crustal rocks are 
largely degassed; they contain about one order of magnitude less volatiles than mantle 
rocks. This fact is interpreted in a postulated hypothesis as a degassing of the chondritic

Acta Phystca Hungarica 55, 1984



POSSIBILITY OF A THERMAL CATASTROPHE IN THE EARLIEST PERIOD OF THE EARTH 441

material of the cold primitive Earth, heated from the outside. It is assumed that this 
degassing was caused by a short catastrophic heat radiation period of the young Sun, 
which terminated after a geologically short period about 4 G years ago. The heat surge 
penetrated only some 10 km during this short time interval. The heat shock produced, 
as the first stage of magmatic evolution, a uniformly thin crust on the whole surface of 
the internally still cold Earth, further the hydrosphere or prebiotic atmosphere.

The internal radioactive heating was the second stage which started the 
continuous magmatic activity, the plate tectonic and complex magmatic separation 
processes on the Earth. Tectonic plate movements broke up and piled up the thin crust 
into the Archean continents.

Several phenomena are treated which are explainable by the postulated 
hypothesis, e.g. the volume of the oceans: the granite problem: the double thermal 
history of the anorthositic lunar crust materials. Similarly the double thermal history of 
chondritic meteorites, melting of the chondrules and further accretion in a later cold 
environment are easily explained as well.
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MATHEMATICAL DESCRIPTION OF HEAT POWER 
ENGINEERING BEHAVIOUR OF GLASS 

IN THE BUILDING INDUSTRY*

G. R i n g  a n d  I. C s e t e

Department o f Chemical Physics, Technical University 
1521 Budapest, Hungary

T h e  m ag n itu d e  o f  h e a t  flux o f  su n sh in e  th ro u g h  g lass used in  th e  b u ild in g  in d u s try  is 
ex am in ed . E q u a tio n s  a re  g iven  th a t  h e lp  to  d e te rm in e  th e  re s u lta n t h ea t flux re a c h in g  th e  in sid e  a n d  
th e  te m p e ra tu re  o f g lass p an e . T h e  e q u a tio n s  have b een  so lv ed  fo r som e g laz in g s  a n d  a tte n tio n  h a s  
been  ca lled  to  som e op tica l p ro p e r t ie s  o f  g lass sig n ifican tly  in fluencing  th e  m a g n itu d e  o f  h e a t flux 
ge ttin g  th r o u g h  glazing.

Introduction

The heat power engineering significance of radiation permeable structures (glass 
panes, glass bricks, etc.) is important in the energy flow of a building; it is also important 
with regard to the effect on the temperature sensation of inside surfaces. The heat loss 
due to the excessive one-sided radiation directed at glazed surfaces can be the source of 
temperature sensation problems in premises where all the other factors characteristic 
of the microclimate meet the requirements.

Experts in heat power engineering know that the calculation procedures give 
only an “average” behaviour of the radiation permeable structures and the deviation 
from it can only be estimated because the processes of heat transmission are 
complicated. Many factors have to be taken into account: these are radiation, 
conduction and heat transfer interactions with the inside and outside environment and 
those of the glass surfaces with each other that depend not only on the temperature of 
the material, on radiation, on the geometrical parameters characteristic of the material 
but also on the moisture content of the air.

In the knowledge of them a mathematical model was developed for radiation 
permeable structures of one or more layers that helps to determine the heat flux getting 
into buildings in the case of arbitrarily changing sunshine and temperature with an 
accuracy of 10%, and the surface temperature of glass to within 1 UC.

The calculation method was used for single and for double glazing, defining the 
magnitude of heat flux getting through glass and the temperature of certain glass panes 
as a function of time.

* D e d ic a te d  to  Prof. I. K o v á c s  o n  h is  70 th  b ir th d a y
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There is no easy way to solve the differential equations of these problems 
analytically because of the complexity of boundary conditions, thus the finite 
differences method was chosen when a series of elementary balance equations valid for 
small but finite time Ax approximate the solution of differential equations.

The balance equations describing the change of glass temperature of glazing of 
one and two layers were taken from [1], for one layer

(fi,n+i— *1 ,1.) c - p- d = IN n ■ AN- Ax+ cck - —fi,„) • A x+ ctb- (tb'„—t l n) ■ Ax +

for two layers
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where t2,„ and t, „ are the temperature of the inside and outside glass pane in time 
r = n • Ax, I N „ is the intensity of sunshine in time n ■ Ax, AN is the absorption factor 
integrated on the spectrum of sunshine, a is the absorption factor integrated on the 
radiation spectrum of bodies of low temperature, a is the heat transfer factor that was 
taken in form 2.05 d f1/3, f(p) is an empirical function of outside temperature for 
surfaces having radiation interaction with the sky, Яе is the equivalent thermal 
conductivity of the air between the two glass panes, ö is the thickness of air layer, c is the 
specific heat, p is density and d is the thickness of glass.

The following give the heat flux density reaching the inside with single glazing

1 - / . V  « * ) + « .•  J +л. C  ' { (£ = )*  -  ( I 5) 4}, (3)
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with double glazing

I —In ' Di{<P) ' г̂(<Р) + ai>(*M~*2 ,ii) +  fl2 k ’ co ' _  ( lW )  W

where D(<p) is the permeability of the glass with an angle ip of incidence of sunshine.
On the basis of Eqs (1)—(4) the temperature of glass surfaces and the magnitude 

of heat flux getting in during a summer day were calculated using a “SHARP PC 1211 ”. 
The chosen outside temperature (tk) and the intensity of sunshine (l0) are given in Fig. 1.

The data are in accordance with the rise in temperature on 21 July and western 
orientation on the basis of [2].

Let us look at some numerical examples for the application of the equations. 
Different types of glass available in the building industry are compared with so-called 
normal glass of 3 mm, the temperature of which (iglass) and the heat flux getting in (/) as 
a function of time are given in Fig. 2; I I  represents the energy value in kWh/m2 • day 
reaching the inside.

First, single glazing is examined. The calculations were performed for the 
following three types of glass:

Glass 1. Grau-Neutral 42/48 (tinted), AN is 0.50; D is 0.41;
Glass 2. Parelio 24 Green (with reflective coating), AN is 0.48;

D is 0.23;
Glass 3. A fictive ideal glass with a non-absorbing reflective coating.

Fig. 1
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The permeability of all three types of glass referring to the visible region of the 
spectrum was D' = 0.42; the thickness of the glass was 3 mm in all three cases. The 
results are given in Fig. 3.

It can be seen in Fig. 3 that the reflective glass is warmer only by 2.8 °C than 
Grau-Neutral (at maximum heating), but the heat flux getting in is only 0.62 times as 
much compared with Grau-Neutral. For fictive glass (Glass 3) it would be 0.42 times as 
much. There is a better reflective glass than Parelio 24 Green with the same 
permeability D' =  0.42.

The equations are applied for six different types of double glazing. The data of the 
glass are given in Table I. In cases 1,2,3 the value of resultant D' is 0.48; with 4,5,6 the 
resultant D' is 0.34 [3].

Àc
(It must be stated that the value of — can be regarded constant in the range

о
W

from <5 = 1.5 cm to <5 =  10 cm and it was taken to be 5.5 , in Eq. (2) in all the 6 cases).
m ■ К

The results for the 6 types of glazing are given in Figs 4 and 5. (With regard to the 
temperatures of the glass subscript “k” means the outside pane and subscript “b” means 
the inside pane.)

As is clear from Fig. 4, glazing type 2 is 21% better than glazing 1, and it is 24% 
better than fictive glazing 3. Glazing 5 is 18% better than glazing 4, and it is 28% in the 
case of ideal glazing 6 (Fig. 5).
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Fig. 3

Table I
Different types of double glazing

Name AN D D'

GRAVERBEL BRONZ 6 0.48 0.46 0.48+ 6 mm normal glass 0.14 0.79

CALOREX IRO 6 mm 0.18 0.45 0.48+ 6 mm normal glass 0.14 0.79

Fictive glass 6 mm 0.14 0.45 0.48+ 6 mm normal glass 0.14 0.79

PARSOL GREEN 8 mm 0.58 0.36 0.34+  8 mm normal glass 0.17 0.76

CALOREX IRA-1 8 mm 0.36 0.36 0.34+ 8 mm normal glass 0.17 0.76

Fictive glass 8 mm 0.17 0.36 0.34+ 8 mm normal glass 0.17 0.76

The heating of glass panes is much smaller in the case of glass with reflective 
coating (such a coating is advantageous from many viewpoints). It is evident from the 
results that the smaller the D' resultant value the designer assumes (depending on the 
function of the inside space and the glazing ratio), the more expedient the application of 
the reflective glass from the viewpoint of heat power engineering.
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Fig. 4

Fig. 5
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Summary

As can be seen from these calculation examples, there is substantial difference 
between the different types of glass from the viewpoint of heat protection at equal 
permeability. It can be stated that heat protection with reflective coated glass is much 
better than with the other types. Apart from this the permeable factor of glass in the 
visible region of the spectrum has to be as large as possible and also the ratio of 
reflection and absorption referring to the whole spectrum of sunshine has to be as large 
as possible. (In our example it was realized the best with CALOREX IRO.)

Similar, simple calculations are recommended to those who design glazing into 
buildings. Eqs (1)—(4) can be solved if the designer is in possession of exact data from 
the manufacturer regarding the values D', AN, R, “a” of the glass taking the actual 
building conditions into account.
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RAMAN AMPLIFICATION SPECTROSCOPY*
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1521 Budapest, Hungary

The main experimental and theoretical developments in Raman amplification spectroscopy 
(RAS, common term for stimulated Raman gain and stimulated Raman loss or inverse Raman 
spectroscopies) are reviewed. In the theoretical section the Raman amplification process is briefly 
described, and the dependence of the signal-to-noise ratio on the molecular and experimental 
parameters is discussed. The experimental results demonstrate that RAS has become a method of 
great importance. Thus, using high power single mode lasers Doppler limited high resolution spectra 
have been obtained. The introduction of picosecond lasers has lead to a dramatic improvement in the 
sensitivity. RAS provides a very efficient fluorescence rejection. Exploiting its high temporal 
resolution capability short lived species and transient states can be studied.

1. Introduction

The term Raman amplification spectroscopy (RAS) has recently appeared in the 
spectroscopic literature as a common name for two very closely related methods — 
stimulated Raman gain and inverse Raman or stimulated Raman loss spectroscopy. In 
recent years the development of lasers and detection techniques has led to remarkable 
progress in this spectroscopic method. Nowadays RAS is becoming an important 
means in high resolution spectroscopy as well as in trace analysis. The purpose of the 
present review is to summarize the theory underlying RAS, to compare the different 
experimental methods and to outline the scope of application in the light of the new 
developments.

RAS is one of the several spectroscopic methods based on the stimulated Raman 
process. In stimulated Raman scattering (SRS) the light originally emitted by 
spontaneous Raman scattering is amplified coherently in the presence of a strong laser 
beam [1]. In RAS two light beams are directed to the sample. If the frequency difference 
of the two beams coincides with a Raman active transition frequency, absorption of the 
higher frequency light (if there are more molecules in the higher energy state) and 
induced emission of the lower frequency radiation occurs. The Raman amplification 
effect was first observed by Jones and Stoicheff [2]. The term inverse Raman or Raman 
loss spectroscopy is used when the absorption of the higher frequency radiation is 
studied. In the stimulated Raman gain spectroscopy the intensity change of the lower 
frequency radiation is monitored.

* Dedicated to Prof. I. Kovács on his 70th birthday
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RAS provides the same kind of information as conventional Raman spec
troscopy, and, in contrast to coherent anti-Stokes Raman spectroscopy (CARS) and 
most of the other non-linear Raman methods, the band intensities are the linear 
functions of the Raman cross sections.

Although other Raman methods are out of the scope of this review, we attempt to 
point out certain aspects which can help to judge whether, in a particular case 
traditional Raman spectroscopy, RAS or other non-linear Raman techniques are 
worth trying.

In the present paper only the direct methods based on Raman amplification are 
reviewed. Photoacoustic Raman spectroscopy (PARS) [3] differs only in the detection 
method. The vibrational-rotational energy of the Raman excited molecules transforms 
into translational energy in molecular collisions, and appears macroscopically like a 
pressure wave and can be detected by a microphone. Raman induced Kerr-effect 
spectroscopy (RIKES) [4] is experimentally similar to RAS, it relies, however, on a 
different phenomenon: a strong polarized pump beam induces complex anisotropic 
changes in the refractive indices, leading to a change in polarization direction of a 
probe beam. The effect shows a resonance when the frequency difference of the two 
beams corresponds to a Raman active transition of the medium.

2. Theory

Raman amplification is governed by the stimulated Raman process. Fig. 1 shows 
the difference between the spontaneous and stimulated Raman effect.

Spontaneous Raman scattering is an inelastic collision of a photon with a 
molecule. The frequency of the photon is down-shifted (Stokes lines) or upshifted (anti- 
Stokes lines) by the frequency of the molecular vibrational-rotational transition 
(Fig. la).

a) spontaneous b) stimulated

Fig. 1. Schematic diagram of the spontaneous and stimulated Raman scattering
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The surface power density dJ  [Wm “ 2] of the Raman scattered light for an 
interaction length dz and solid angle dQ is proportional to the surface power density of 
the irradiation and the number of molecules per unit volume N a in the initial energy
state: f  d a \

d J s = J LNal —  J d ß d z ,  (1)

where is the differential scattering cross section.

In the stimulated Raman process the molecule interacts with two photons of a 
frequency difference coinciding with a molecular vibrational or rotational frequency. 
Fig. lb shows the Stokes-type interaction. One photon of higher frequency is absorbed 
and another one emitted: this is coherent with the original vs photon.

In SRS one strong laser beam is used. The Stokes photons originally arise from 
the spontaneous Raman process. They are coherently amplified in the intense field of 
frequency vt . In a Raman generator or a Raman oscillator there is a threshold with 
regard to the pumping intensity, and only the strongest Raman transitions can be 
observed. For this reason stimulated Raman scattering has not become a general 
spectroscopic method.

Fig. 2. Raman amplifier

C

Fig. 3. Schematic diagram of a Raman amplification spectrometer. DM: dichroic mirror; L: lens; C: cell;
P: prism; S: beam stop; D: detector

The situation changes when the beam of frequency vs is also provided by an 
external light source (Fig. 2). In this case the gain in power of the vs beam and a power 
loss of the vt  beam can be observed in the Raman active medium. In this Raman 
amplification process there is no threshold condition, and the entire Raman spectrum 
can be studied by spectral scanning of either of the laser beams.

The schematic diagram of a Raman amplification spectrometer can be seen in 
Fig. 3. The two beams are combined on a dichroic mirror and focused into the sample 
cell. The beams are then separated and either of them is detected. Fig. 3 shows an 
inverse Raman arrangement as the laser beam of higher frequency is detected. In
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contrast to a conventional Raman spectrometer there is no scanning monochromator 
in the apparatus. Thus the resolution is determined entirely by the spectral widths of 
the two lasers, and a resolution unprecedented in traditional Raman spectroscopy can 
be attained.

The change of the surface flux densities d , / s and d ./L [Wm ~2] of the two beams 
in interaction length dz [m] can be written in the following form [5]

d ^  s (2)

(3)

where As and At  are the vacuum wavelengths [m], Na and N b [m -3] are the 
populations of the lower and upper molecular states, respectively,/(v) is the normalized 
line-shape function of the band. For a band of Lorentzian shape,/(v) can be written in 
the form

/( v ) = - A -
(Av) 2

nAv [v0-(v L- v s)]2-l-(dv)2 9 (4)

where Av [s~ *] is the half width at half maximum height and v0 is the frequency of the 
Raman transition.

In stimulated Raman gain spectroscopy the increase of , / s is observed while in 
inverse Raman spectroscopy the decrease of J L is monitored. The detected beam is 
called the probe beam, the other one is referred to as the pump beam.

To maximize the effect the two collinear laser beams can be focused on the 
sample. In the case of Gaussian beams with identical beam parameters the signal 
defined as the power change in one focal range does not depend on the focal length [6]

_A |_
he Av

(Na- N b)Ps PL, (5)

where Ps and PL [W] are the laser powers. Because of the losses in the optical path, the 
probe power can be significantly less on the detector than in the cell. If the power 
change on the detector is regarded as the signal, the probe power incident on the 
detector should be substituted in Eq. (5). For the pump beam, however, the power in the 
cell has to be taken into account.

The basic problem in RAS is that the signal appears as a small change from the 
large background power on the detector. The main noise components arise from the 
probe laser and pump laser fluctuations and the shot noise. For a gain type experiment

2/lVe P

Acta Physica Hungarica 55, 1984



RAMAN AMPLIFICATION SPECTROSCOPY 455

where PN [W] is the noise, a and ß are the relative noises of the probe and pump lasers, 
respectively, within the detection bandwidth Af Q is the quantum efficiency of the 
detector and vs [s_1] is the frequency of the probe beam.

There are some other noise components, e.g. dark current and Johnson noise, 
which can be neglected in direct gain and loss measurements, when the power on the 
detector is sufficiently high. These noise components, however, play an important role 
in optically heterodyned methods such as the polarization interference techniques in 
RIKES studies [8].

APIn the case of continuous lasers the power gain — 1- is seldom more than 10- s, so
P s

the second term in Eq. (6) is negligible. To decrease the probe laser noise, a reference 
detector, a commercial noise reduction system [9] or a very high modulation frequency
[10] can be used. The ultimate limit of detection is determined by the shot noise, i.e. the 
third term in Eq. (6).

From (5) and (6) the theoretical upper limit of the signal-to-noise ratio (S/N ) for a 
single-pass cell is

S A Ps 
N PN

_ 3 Æ _
hy/2hvs cAv

(N a- N b) P l o p 's (7)

A similar expression can be obtained for a Raman loss experiment. It can be seen from 
Eq. (7) that the sensitivity is proportional to the pump power in the cell and the square 
root of the probe power on the detector. Further increase in the S/N  can be achieved by 
using a multipass sample cell [9].

The higher peak power of pulsed lasers leads to a higher theoretical limit of the 
S/N. In the case of continuous wave (cw) lasers, however, a very narrow detection 
bandwidth ( < 1 Hz) can be used, and it is easier to approach the shot noise detection 
limit.

The above expressions are valid for pulsed lasers only if the detector is fast 
enough to follow the pulses. If the detector averages the power, the signal can be 
expressed in the following form [11]

А Р ^ = С А Р ^ ~ ,  (8)

where APcsw is the cw signal power calculated from the average probe and pump powers 
of the pulsed lasers, R [s~ *] and т [s] are the pulse repetition rate and pulse duration, 
respectively. The constant C represents the fact that in the case of very short pulses it is 
not possible to realize a full temporal overlap of the pulses and the Raman transition. 
E.g. the 992 cm “ 1 band of benzene has a Raman relaxation time of 4.6 ps. For a 6 ps 
pulse and a 10 ps probe C would be ~0.2 [10], i.e. the transient gain would be 20 per 
cent of the steady state one.
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The price for the higher sensitivity employing pulsed lasers is the lower 
resolution, which is the consequence of the transform limitation of the spectral 
bandwidth.

3. Experimental methods

As it turns out from the above discussion Raman amplification experiments 
require two radiation fields overlapping in both space and time. The pump radiation 
has to be strong as the gain is proportional to its intensity. In fact, in the majority of the 
experiments high power solid state lasers supply the pump beam. Recently tunable dye 
lasers, too, have been employed as pump lasers. Although they can be operated only at 
relatively lower powers, they are applied in growing numbers since they facilitate 
recording the spectra.

The power of the probe beam is not that important. When the spectrum is 
detected photographically, a continuum probe beam is used and the spectrum (inverse 
Raman spectrum) appears as absorption bands in the continuum. For photoelectric 
detection a monochromatic probe beam is required. Both cw and pulsed lasers are 
widely applied. For cw lasers speaks their lower noise whereas in experiments using 
pulsed lasers as both pump and probe lasers large signals can be obtained (see the end 
of the previous chapter).

In the following discussion the Raman amplification experiments described in 
the literature are grouped under four headings according to the sources of the probe 
and pump beams, respectively.

3.1. RAS using a pulsed laser pump beam and a continuum probe beam

The first successful Raman amplification experiment [2] also belongs to this 
group. The pump beam was produced by a Q-switched ruby laser. It traversed two cells, 
the first contained toluene, the second the sample. In the toluene the intense beam 
generated a coherent radiation in a SRS process. The generated beam was spectrally a 
broadband continuum around v,_ +  1003 cm” 1 and served as a probe beam. The 
Raman amplification effect taking place in the sample resulted in absorptions in the 
continuum. With the aid of a spectrograph Raman absorptions of benzene at 
992cm“ 1, pyridine at 990cm-1 and nitromethane at 918 cm-1 were observed.

Gadow and со workers studied the detectability of organic substances in 
solutions [12]. They utilized the Raman transitions of the solvents to generate the anti- 
Stokes continuum. Duardo and coworkers reported an experiment in which the same 
substance (acetonitrile) emitted an anti-Stokes continuum and exhibited Raman 
absorption simultaneously [13]. In the very broad continuum belonging to the vc_H 
mode an absorption corresponding to the vc _N mode at 2940 cm” 1 was observed.

Alphano and Shapiro used a continuum deriving from the self-focusing and self
modulation of a strong laser beam in glass [14].

McLaren and Stoicheff utilized the spontaneous fluorescence of an organic dye 
to obtain a continuum [15]. The incoherent fluorescence light and the coherent pump
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beam (a ruby laser beam) were combined in a capillary sample cell with total internal 
reflection.

Broadband dye lasers are probably the most practical continuum sources. They
give a coherent radiation which can be easily combined with the probe beam. The %
spectral bandwidth of such a dye laser beam permits the one-time observation of a wide 
range of the spectrum. Yeung set up different experimental arrangements starting out 
from a ruby laser and a broadband dye laser [16]. In the apparatus which proved to be 
the most suitable to observe Raman shifts above 1000 cm “ 1 the dye laser was pumped 
with frequency doubled ruby pulses and the unconverted part of the ruby laser beam 
was the pump beam. To study Raman shifts under 1000 cm-1 direct ruby pulses 
pumped the dye laser, whereas the pump beam was produced by a nitrobenzene Stokes 
Raman laser pumped also with ruby pulses. In order to enhance the sensitivity 
Werncke and coworkers placed the sample in the cavity of a broadband dye laser 
pumped with a ruby laser [17].

In all the above experiments photographic detection was employed. It might be 
advantageous when only a short time is available for the observation, the quantitative 
information obtained from such spectra is, however, not reliable enough. Photoelectric 
detection allows a more accurate quantitative evaluation. In case of photoelectric 
detection a broadband continuum is not a practical probe beam since in order to 
observe the spectral bands separately one has to use a different filter for each band. The 
measurement becomes much more convenient applying narrow band tunable dye 
lasers as probe beam sources.

3.2. RAS with two pulsed lasers

Reinhold and Maier determined the Raman cross section of the 2837 cm - 1 band 
of methanol in a Raman gain experiment using photodiodes as detectors [18]. A ruby 
laser pumped narrow band dye laser provided the probe beam; the pump beam was 
split off from the ruby laser beam.

In Nestor’s work both the probe and the pump beams were produced by dye 
lasers pumped simultaneously by the same nitrogen laser [19]. He recorded Raman 
loss spectra by scanning the lower frequency laser and detecting the intensity of the 
higher frequency beam before and after the sample. The outputs of the two detectors 
were subtracted in a differential amplifier and the signal averaged in a box-car 
integrator. In a later alternative [20] two counterpropagating beams were used; in this 
way he could eliminate the dispersive device which separated the two beams before the 
detector.

In recent years the application of picosecond lasers in RAS have brought a 
dramatic improvement in the S/N  of the spectra.

Levine and Bethea employed two picosecond dye lasers as probe and pump 
lasers which were pumped synchronously with a mode-locked argon ion laser [10].
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The high peak power of the picosecond lasers resulted in a large signal. They found a 
new and very efficient method to reduce the noise. In the 3—20 MHz range the dye 
laser noise was found to be 3 orders of magnitude smaller than at 2 kHz. Utilizing this 
observation the pump beam was modulated at 10 MHz by an electrooptic modulator, 
the probe beam intensity was monitored by a special Si detector — preamplifier system 
(there was no reference detector) and the signal was processed in a high frequency lock- 
in amplifier. To reduce the noise further they stabilized the probe laser by inserting a 
Fabry-Perot etalon in the cavity. After a careful adjustment both of the dye lasers 
produced 20 ps transform limited pulses. With the above apparatus a S/N  of 200,000 
was obtained for the 992 cm “ 1 band of the benzene. This is the largest S/N  that has 
been achieved so far in RAS.

Jones and coworkers employed a mode-locked argon ion laser/synchronously 
pumped cavity dumped dye laser system to measure Raman amplification spectra. In 
the first version [21] the probe beam was split off from the argon laser beam, while the 
pump beam was produced by the scannable cavity dumped dye laser. The latter beam 
was modulated by a chopper. The detection system consisting of a signal detector, a 
reference detector, a differential amplifier, a tuned amplifier and a phase sensitive 
detector was insufficient to approach the theoretically calculated S/N  attainable using 
the above lasers. This was partly because only every twentieth argon laser pulse 
coincided with a dye laser pulse and the pulses carrying the signal could not be 
distinguished, partly because the argon laser pulses were ten times longer in time than 
the dye laser pulses. Consequently, the major part of the signal falling on the detector 
contributed only to the noise and not to the signal. The measured spectra, however, 
exhibited a reasonable S/N ratio, due to the relatively low noise of the argon laser. In 
the second experimental arrangement [11] an additional synchronously pumped dye 
laser supplied the probe beam. Like in the former experiment, the dye laser equipped 
with the cavity dumper produced the pump beam. The mode-locked argon laser 
pumped the two dye lasers simultaneously. Operating the probe laser at 4 MHz the 
signal was actually modulated at this frequency. The probe beam was incident on a 
photodiode connected to a fast preamplifier, and the output was fed into a fast lock-in 
amplifier. There was an option to convert the cavity-dumped dye laser into a simple 
synchronously pumped one, and therefore to run the experiment with two 
synchronously pumped dye lasers. In this case both the probe and the pump lasers 
worked at the repetition rate 80 MHz, and a fast Pockels cell was used to modulate the 
pump beam at 7 MHz. In accordance with the observations of Levine and Bethea [10], 
the noise of the dye lasers was relatively low at these high frequencies, and the spectra 
obtained with the two synchronously pumped dye lasers exhibited a nearly shot-noise 
limited performance. In principle, spectra of similar S/N  should have been obtained 
when the cavity-dumped laser provided the pump beam. The performance of the latter 
system was, however, less satisfactory mainly due to the unreliable operation of the 
cavity dumper.
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3.3. RAS with two continuous lasers

The common feature of the experiments outlined above is that two pulsed beams 
coincide in the sample. It was Owyoung who first showed that low power continuous 
lasers can also be used for stimulated Raman gain experiments [6, 22]. The pump and 
probe lasers used were a tunable dye laser and a helium—neon laser, respectively. The 
pump beam was amplitude modulated by an electrooptic modulator, and it produced a 
modulated Raman gain of the probe beam when the frequency difference coincided 
with a Raman transition frequency in the sample. The signal on the detector was 
demodulated by a lock-in amplifier. The method was first used for studying liquid 
samples, with a resolution of 0.5 cm -1.

If both the pump and probe beams come from single mode lasers, a very high 
resolution can be attained. Owyoung used a single mode argon ion laser as the pump 
laser and an electronically scannable single mode dye laser as the probe laser [9, 23]. 
Since dye lasers are noisier than ion lasers, extra care had to be taken to approach the 
shot noise detection limit. A bubble-free dye jet was essential. Further improvement 
could be achieved by using a noise reduction system for the dye beam. In his high 
resolution study of H 2 Owyoung applied the method of polarization interferometry to 
approach the quantum limit of detection [23].

The direct Raman gain method was applied for the study of the v, fundamental of 
methane [9]. A multipass cell with 97 focal points produced a 5Ox gain in the signal. A 
reference detector channel was used to minimize the noise.

In both of the above studies the resolution was better than 25 MHz 
(0.0008 cm-1) which is unprecedented in conventional Raman spectroscopy.

3.4. RAS with one continuous wave and one pulsed laser

It can be seen from Eq. (7) that the sensitivity scales linearly with the pump 
power. On the other hand the noise is primarily determined by the probe laser 
fluctuations and the shot noise. For this reason an improved sensitivity can be expected 
if a high peak power pulsed pump laser and a low noise cw probe laser are combined. 
Such arrangements are called “quasi-cw” stimulated Raman spectrometers” [24] or 
“AC coupled inverse Raman spectrometers” [25] in the literature.

A cw and a pulsed laser were used by Owyoung and Peercy [26] in their study of 
nonlinear susceptibility of benzene with a Jamin interferometer. The pump source was 
the second harmonic of a Y AG laser and the probe was a manually tuned dye laser. A 
high pass filter for the probe signal served to remove the low frequency noise and the 
resultant 5 ns transient signal was directed to a box-car averager.

Morris et al [25] used a nitrogen laser pumped tunable dye laser as a pump 
source. Their probe was an argon ion laser. They used a crossed beam geometry in the 
sample which made it easier to separate the beams. The disadvantage of the crossed
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beam configuration is that the signal power is less than in the case of collinear beams. 
One of the greatest problems arises from the thermal blooming signal which is caused 
by local heating of sample from the the pump beam. In an improved version of this 
experiment Haushalter and coworkers [27] found that collinear beam propagation 
minimized the thermal blooming effect. The probe beam was interrupted by a chopper 
and it was on for about 75 ps to appear as a dc level on the detector in the signal 
processing.

Recent developments in the laser oscillator—amplifier systems made it possible 
to design a quasi-cw system for high resolution gas studies. In Owyoung’s apparatus 
[24] the pump beam was a single mode tunable cw dye beam pulse amplified by a three 
stage dye amplifier. The amplifiers were pumped by a frequency doubled Y AG laser. 
The energy of the resulting pulses was 13— 17 mJ with 6 ns duration and a transform 
limited linewidth of 75 MHz. The probe source was either a single mode argon laser or 
a single mode cw dye laser, mechanically chopped synchronously with the pump pulses. 
The gate was open for about 100 ps. The cross beam geometry was used to avoid 
spurious Raman signals. The probe beam was sent to a fast silicon photodiode, and the 
transient signal was isolated by high-pass filters. Further signal processing was made 
by a box-car averager and a small computer. The shot noise limited detection resulted 
in a 104 times improvement of single-pass sensitivity over the cw systems.

4. Applications

4.1. High resolution spectroscopy

In conventional Raman spectrometers the resolution is limited by the 
monochromator and is seldom less than 0.1 cm ~l. In RAS the instrumental resolution 
is limited only by the linewidths of the two lasers. Another advantage of RAS is that in 
the forward scattering arrangement, the Doppler broadening is much less than in the 
usual right angle scattering of conventional Raman studies.

The continuous scanning range of the presently available single mode dye lasers 
is limited to 1 cm -1 . So far the gas phase RAS studies have been mainly directed to the 
Q branches of spherical top and linear molecules, where the spectral information is 
concentrated in a small range, and the Raman cross section is sufficiently high.

Owyoung and coworkers [9] were the first to report a very high resolution 
Raman spectrum. They measured the vt fundamental of methane using continuous 
wave lasers for both the pump and the probe source, with an unprecedented 
instrumental resolution of 0.0008 cm-1. The components of the resolved Q branch 
were assigned up to J  =  10, and the excited state spectroscopic constants were also 
determined.

The higher sensitivity of the quasi-cw inverse Raman arrangement was used to 
study in detail the C 12—C13 frequency shift in the isotopically substituted methanes
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[24, 28]. Although the instrumental resolution (0.003 cm-1) was less than that of the 
purely cw laser experiments, the improved sensitivity resulted in a Doppler limited 
Raman spectrum of the samples at pressures below 2 mbar.

For “heavy” spherical tops the sensitivity requirements are more severe than for 
methane-type molecules since the higher rotational levels are also populated resulting 
in a more complicated Q branch. The beautifully resolved quasi-cw inverse Raman 
spectra of the fundamentals of CF4 [29], SiH4 [30] and SF6 [31] clearly 
demonstrate the superiority of this method to conventional Raman spectroscopy for 
high resolution studies.

The cw Raman gain study of the 0(1) band of H 2 revealed a motionally narrowed 
minimum linewidth of ~250 MHz (FWHM) at a pressure of ~2.5 bar [23]. Similar 
investigation on deuterium showed a linewidth minimum of ~  220 MHz at 
atmospheric pressure [32].

The Q branches of the Fermi resonance diad of C 0 2 also showed a motional 
narrowing effect. Owing to the near coincidence of the individual rotational lines, the Q 
branch of the 2v2 band at 1388 c m "1 was found to have a linewidth of ~230 MHz at 
atmospheric pressure, some 15 times narrower than the other band at 1288 cm "1 [33].

The linewidths of the Q branch components of N 2 were studied both at room 
temperature and at 1730 К  [34], and a good agreement was found between the 
experimental lineshapes and the semiclassical calculations.

In case of light molecules Doppler broadening may limit the resolution of RAS. 
To overcome this limitation, sub-Doppler Raman saturation spectroscopy was 
developed, which relies on the same principle as sub-Doppler infrared saturation 
spectroscopy, the saturation dip is detected, however, by using the inverse Raman 
technique [35]. The method can also be used for relaxation studies.

Among the new developments in RAS is the use of a free-expansion molecular jet 
[36], which not only reduces the Doppler width but dramatically simplifies the 
spectrum by reducing the rotational temperature.

These examples show that in the last few years RAS has became a very efficient 
alternative of CARS and other Raman methods for high resolution studies. Further 
rapid progress can be expected in this field since the potential of the method has not 
been fully exploited yet.

4.2. Detection of low concentration species

As it was shown in the theoretical Section, higher signal power can be generated 
in RAS than in normal Raman. This advantage is, however, very difficult to realize 
since the signal appears as a small change from a relatively high power, contrasting 
with conventional Raman experiments where practically background-free spectra can 
be obtained using a photon counting technique.

Gadow and coworkers succeeded in detecting substances in low concentration 
with an inverse Raman spectroscopic method [12]. Using a ruby laser pump beam and
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a continuum probe beam they obtained detection limits between 5 ■ 10 “3 and 1 mol/1 
for organic substances in solution. Werncke and coworkers used a broadband dye laser 
as continuum source and placed the sample inside the cavity [17]. They achieved a 
sensitivity enhancement of 102 compared with similar measurements of the sample 
outside the cavity.

Owyoung studied the sensitivity limitations of a cw Raman gain experiment 
[22]. He used a multipass cell to enhance the relatively low sensitivity available

through cw systems. He obtained a detection limit of
ЛР
——-  =  5.5 X 10~8 for this

instrument, and calculated an ultimate limit of 4x  10 ~9. The recently reported very 
sophisticated quasi-cw inverse Raman spectrometer [24] (see Chapter 3.4.) provided 
him with an improvement of about 104 in the single-pass sensitivity over the cw system.

Morris and coworkers studied how RAS compares to spontaneous Raman and 
CARS in regard to the detection limit attainable in the analyses of dilute solutions. 
Their quasi-cw apparatus yielded a detection limit 2.5 times higher than those achieved 
with traditional Raman instruments using similar laser powers and measuring times 
[27]. On the other hand, RAS shows clear advantages over CARS in this area [25]. The 
major problem with CARS is the nonresonant background emission of the solvent, 
which swamps the Raman signal of the solute at low concentrations. Further 
drawbacks of CARS are the non-linear relationship between the signal and the 
concentration and the dependence of the lineshape on the concentration. By contrast, 
Raman amplification spectra are free of such background, the signal is proportional to 
the concentration and the band shapes usually resemble those in conventional Raman 
spectra.

Raman amplification spectra with very high S/N have been obtained using 
picosecond lasers to supply the probe and pump beams and a high frequency lock-in 
amplifier in the signal processing system [10]. To demonstrate the capabilities of such a 
system, Heritage and coworkers measured the Raman gain spectrum of a cyanide 
monolayer on silver surface [37].

In Raman loss spectroscopy the phenomena of resonance enhancement might 
offer an additional means to increase the sensitivity. The detection limit can be lowered 
by several orders of magnitude if the pump laser frequency lies within an electronic 
absorption band of the sample [38]. In resonance inverse Raman spectra not only the 
intensities but the lineshapes, too, change with the frequency of probe laser [39]. In 
Raman gain spectroscopy resonance enhancement cannot be exploited since the 
intense fluorescence of the sample would swamp the Raman signal riding on the lower 
frequency beam.

4.3. Analyses of fluorescent substances

In conventional Raman studies fluorescence often obscures the Raman signal. In 
RAS the very small spread of the probe beam facilitates the spatial filtering of 
fluorescence radiation which is distributed isotropically over 4n steradians. Raman
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loss spectroscopy has the additional benefit that practically no direct fluorescent 
radiation reaches the detector since the higher frequency beam is detected. The 
fluorescence rejection capability of inverse Raman has been demonstrated with neat 
spectra of adverse samples such as Rhodamine 6G and Rhodamine В [38], carotene 
[40], technical oils [41] and methane-air flame [24]. It is to be noted that CARS has 
similar benefits in regard to discrimination against fluorescence.

4.4. Study of short-lived states and species

RAS exhibits a very good potential for studying the temporal behaviour of 
rapidly changing systems. Applying a broadband continuum as probe beam and 
detecting photographically, spectra can be recorded in the time duration of a single 
laser shot. This method is, however, not sensitive enough to identify the short-lived 
species which are present at low concentrations. This was the case when the photolytic 
decomposition of cyclohexane was studied by photographing the inverse Raman and 
RIKES spectra of the reaction mixture [42]. Neither of the methods indicated 
unambiguously the presence of cyclohexene a short time after the flash, although it 
could be detected by other means.

With tunable pump lasers and photoelectric detectors more sensitive systems 
can be constructed but the recording time becomes far longer. The quasi-cw inverse 
Raman apparatus of Buffett and Morris produced spectra of reasonably good S/N  at 
scan rates about 300 cm-1/min [43]. The spectral resolution was around 1cm-1. The 
sensitivity of another quasi-cw system has been tested by Rahn [44].

Esherick and coworkers exploited both the spectral and temporal resolving 
power offered by RAS when they studied the high resolution Raman gain spectrun of 
SF6 in supersonic jets, in the presence of C 0 2 laser beams [45]. The spectrum 
exhibiting the effect of the C 0 2 laser and a reference one were recorded simultaneously. 
The intensity drop of some adjacent vibrational-rotational bands in the perturbed 
spectrum showed the rotationally specific removal of the population from the ground 
state. The thermalization of the rotational states was also studied via recording spectra 
with different delay times.

4.5. Determination of Raman cross sections

The precise determination of Raman cross sections has always been a problem in 
Raman spectroscopy. In RAS some of the difficulties arising in conventional Raman 
such as the uncertainty of the collection angle and the angular dependence of the 
intensity of the scattered light are eliminated.

Yeung [16] pointed out that inverse Raman spectroscopy could be used for 
determining the absolute Raman cross sections in liquids. He used a giant pulse ruby 
laser and a dye laser to determine the absolute Raman cross section of the 3065 cm - 1
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band in benzene. The laser inhomogeneities did not affect seriously the quantitative 
results.

Reinhold and Mayer [18] determined the Raman gain factor for focused beams 
in an amplifier cell filled with methanol. Within the experimental accuracy the cross 
section agreed with that obtained from spontaneous Raman scattering.

A non-focused Raman gain arrangement was used in the experiment of Kincaid 
and Fontana [46]. They determined the absolute Raman cross section of the 
vibrational Q branch of gaseous N2, with an experimental error of ±25%.

Owyoung and Peercy determined the peak cross section and the imaginary and 
real parts of the third-order nonlinear Raman susceptibility of the 992 cm ~1 band of 
liquid benzene [26].

A more detailed analysis of the determination of absolute Raman cross sections 
by inverse Raman scattering is given in [47].
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ELECTRONIC SPECTRUM OF GdO*

Yu. N. D m i t r i e v , L. A. K a l e d i n , E. A. S h e n y a v s k a y a  

a n d  L. V. G U R V IC H

Department o f Chemical Thermodynamics, Institute for High Temperatures 
127412 Moscow, USSR

Absorption and emission spectra of GdO were studied at moderate and high resolution in the 
400—750 nm region. Rotational analysis of the 568 nm band has unambiguously shown that the 
lower state of the transition is X 9X. The principal molecular constants for the X яI  state are (cm -  ‘): 
B = 0.35474; D =  3.23 10-7; 7 = 0.099; y = — 5 10- *. The electronic spectrum of GdO is briefly 
discussed.

Introduction

The emission spectrum of GdO in the visible has been studied repeatedly under 
low and moderate resolution [1—5]. The most complete data on vibrational analysis 
of the electronic spectrum are reported by Yadav et al [4, 5]. The authors [4, 5] 
arranged the bands into 9 systems; two of them A(7I  — 7Г) and В have multiheaded 
structure, the others consist of bands with single heads. According to analyses [4,5] all 
the states involved in the observed systems are different.

Recently R. J. Van Zee et al [6] have analyzed the AT-band ESR spectrum of GdO 
isolated in an argon matrix at 4 К and have proved that the ground state of GdO is 
X 9 I .  This implies that any electronic transition with АЛ / 0  involving the ground state 
should consist of many “systems” having singleheaded structure with common lower 
states. Therefore the information obtained up to now does not permit to distinguish 
transitions connected with the ground state.

In the present paper we report the rotational analysis of the 568 nm band which 
involves the X 9I  ground state. The heads of this band were previously [5] assigned as 
a(0—0) and ß (0—0) bands.

Experimental details and description of the spectrum
\ •

Absorption and emission spectra of GdO were obtained by using a vacuum 
furnace with tantalum heater. The tubular heater made of tantalum foil 0.1 mm thick 
was about 60 mm long with a 8 mm diameter. Powdery gadolinium oxide 158Gd20 3 
(nuclear spin I(158Gd) =  0) was placed directly into the heater, and the furnace was filled

* Dedicated to Prof. I. Kovács on his 70th birthday
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with argon at a pressure of 300 mm Hg. A xenon lamp DKSSh-1001 served as light 
source for absorption continuum. The bands of GdO were observed in absorption and 
in emission at a temperature 2400—2600 °C.

The spectrum in the 300—750 nm region was photographed in a PGS-2 
spectrograph with a dispersion of 0.7 nm/mm. Plates for rotational analysis were 
photographed in an experimental spectrograph equipped with a large grating (200 mm 
long) having 300 lines/mm and a blaze angle corresponding to a wavelength of 
6000 nm. The 568 nm band was recorded in the XI order of the grating with a 
dispersion of about 0.04 nm/mm and effective resolution of about 450000. An iron 
hollow cathode lamp provided a reference spectrum and measurements were carried 
out using an IZA-2 comparator.

All the systems listed in [4, 5] and the group of bands in the 645—720 nm region 
were observed in emission. In absorption the following bands were detected: /1(0—0), 
/1(1— 1), /1(2—2), /1(1—0), /1(2—1), /1(0— 1), /1(1—2), ß(0—0), 0(1— 1), B (l-0 ), 
B(0— 1) and the group of bands with very complex structure in the 545—620 nm 
region. All the bands in the 545—620 nm region are heavily perturbed. The 568 nm 
band which has the most regular structure was selected for rotational analysis.

Rotational analysis

The 568 nm band has two heads (Q and R) (see Fig. 1) and consists of 17 branches:
^52’ 6s2> P52’ 5̂3> Qs3> P 53’ ^54’ Ös4> *̂54’ ^5’ 6 5 » *̂5’ ^56’ (?56> P56> ^57’ C?57- The
wavenumbers of the band lines are given in Table I. The lines which are badly blended 
are indicated by asterisks. The intensity distribution in the rotational structure 
corresponds to the transition with АЛ =  +  1. The observation of long satellite branches 
implies that the one of the states is in case “a” and the other is in case “b”.

Determination of the relative numbering was facilitated by observation of the 
perturbation which consists in the missing of one line in each branch. The combination 
differences A ,F Rij( J ) -Q ij(J) = Qij(J + l ) -P y ( J  + 1) and Ä y(J)-fiy(J +  l) = Qtj(J) 
— Pij(J + 1) agree within the error limit of measurements up to J ~ J pci, ,  at higher 
values of J the combination defect occurs. This fact indicates that the lower state is I .  
The absolute J- and A-numberings were found graphically from the conditions: 
A2 F'(J) = Rij( J ) - P ij(J)= 0 at 7 =  — 1/2 and A 2 F "(N )= R ^J-  1 ) - P y(7+ 1) = 
Rij(N — 1 ) — Pij(N + 1) =  0 at A = —1/2. The comparison of the J- and A-numberings 
shows*that the branches observed involve the following components of the E multiplet 
term: J = N(R5, Q5, P5% 7 = A + 1(R 54, ß 54, P 54), J  =  A + 2(R53, Q53, P53), J = 
/V + 3(P52, ß 52, P 52), J = N — 1(P56, QS6, P56) and 7 = A - 2 (P 57, QS1). So the 
multiplicity of the state is not less than 7.

The observation of main branches with J =  A  implies that the band analyzed 
corresponds to the central component of the multiplet П(а)—Е(Ъ) transition. Kovács 
et al [7, 8 ] derived formulas for the intensity distribution in the 7 Я(a)—7T(b)
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Table I
Wavenumbers of band lines of the 4II , — X 4£  subsystem

N *>2 e 5 2 P,2 R, 3 Q, 3 P,2

1 17603.40 17600.61
2 07.49 04.02
3 09.32 05.07
4 11.26 06.40
5 13.37 07.68
6 15.34 09.03
7 17.42 10.5*
8 19.50 11.87*
9 21.59 13.22*

10 23.63 ' 14.53
11 25.77 15.90
12 27.84 17.25
13 29.88* 18.62
14 31.90 19.89
15 33.94 21.30
16 35.89 22.62
17 38.06 23.97
18 40.07 25.32
19 42.12 26.63
20 44.13 27.93
21 46.18 29.29
22 48.20 30.59 17613.68
23 50.15 31.90 14.16*
24 52.22 33.18 14.93
25 54.27 34.52 15.50
26 56.27 35.82 16.08
27 17657.76 58.23 37.12 16.67
28 59.77 60.26 38.39 17.25
29 61.71 62.23 39.69 17.83
30 63.72 64.23 40.96 18.39
31 66.18 42.27 18.96
32 17693.03 67.68 68.21 43.52 19.60
33 95.68 69.72 70.18 44.80 20.16
34 98.40 72.11 46.09 20.73
35 73.59 74.14 47.35 21.30
36 17703.61 75.63* 76.09 48.60 21.85
37 06.36 77.49 78.02 49.85 22.44
38 08.99 79.99 51.11
39 11.64 81.39 81.92 52.36 23.49
40 14.11* 83.34 83.82 53.60 23.97*
41 85.24 85.80 54.85 24.63
42 19.61 56.06 25.12
43 22.22 89.18 89.70
44 24.80 91.07 91.62 58.60
45 27.46 93.03 93.54 59.77 26.76
46 30.12 94.91 95.44 61.00
47 32.58 96.82 97.35 62.23 27.84
48 35.31 98.70 99.27 63.42
49 37.87 17700.52* 17701.20 64.64 28.78
50 02.56 17665.28 03.09 65.80 29.29
51 43.08 04.33* 04.99 67.03 29.88
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Table I (continued)

Q> 2 « 5 2 « 5 3 053 « 3 3

06.36 67.68 06.93 68.21 30.29
08.26 68.89 08.78 69.43 30.83
10.10 10.61 70.62 31.42
11.96 12.53 71.78 31.90
13.80* 72.41 14.41 72.98 32.23
15.70 73.59 16.25 74.14
17.58 18.14 75.35 33.18
19.41 75.94 19.96 76.51
21.35 77.12 21.85 77.70
23.16 23.70 78.87
25.01 25.57 80.08
26.88 27.46 81.30
28.74 29.30 82.53
30.59 31.21 83.82
32.45 85.12

85.61 
86.85 
88.13
89.29 
90.42
91.62 
92.68 
93.82 
94.91 
95.97 
97.04 
98.06 
99.15

17700.22
01.20
02.22
03.29 
04.33
05.35
06.36
07.32 
08.26
09.33 
10.25
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T able  I (continued)

N ^ 5 4 6 , 4 P s  4 K 5 Ö 5 P 5

2 17602.68 17599.85 17598.95
3 04.87 17601.31 17600.61
4 06.25* 02.24* 01.73
5 07.76 02.81 02.51
6 09.16 03.52 03.25
7 10.54 04.21 04.02 17593.42
8 11.92 04.87 04.71 92.67
9 13.31 05.51 05.43 92.02

10 14.68 06.10* 06.10 91.33
11 16.08 06.80 06.80 90.58
12 17.42 07.49 07.49 89.93
13 18.71 08.14 08.14 0 89.05
14 20.16 08.83 08.83 88.32
15 21.50 09.49 09.49 87.51
16 22.83 10.12 10.12 86.75
17 24.19 10.76 10.76 86.00
18 25.45 11.41 11.41 85.25
19 26.87 12.05 17597.92 12.05 17597.92 84.51
20 28.16 12.66 97.88 12.66 97.88 83.64*
21 29.49 13.31 97.78 13.31 97.78 82.95
22 30.83 13.92 97.70 13.92 97.70 82.16
23 32.13 14.53 97.60 14.53 97.60 81.40
24 33.47 15.14 97.51 15.14 97.51 80.58
25 34.77 15.74 97.45 15.74 97.45 79.80
26 36.05 16.34 97.33 16.34* 97.33 79.04
27 37.35 16.94 97.24 16.94 97.24 78.21
28 38.67 17.54 97.12 17.54 97.12 77.35
29 39.98 18.12 97.00 18.12 97.00 76.58
30 41.24 18.71 96.87 18.71 96.87 75.80
31 42.53 19.29 96.75 19.29 96.75 74.95
32 43.84 19.89 96.64 19.89 96.64 74.11
33 45.07 20.45 96.50 20.45 96.50 73.27
34 46.37 21.01 96.38 21.01 96.38 72.47
35 47.64 21.59 96.25 21.59 96.25 71.61
36 48.87 22.14 96.10 22.14 96.10 70.78
37 50.15 22.72 95.98 22.72 95.98 69.93
38 51.39 23.25 95.82 23.25 95.82 69.08
39 52.63 23.81 95.68 23.81 95.68 68.22
40 53.91 24.37 95.54 24.37 95.54 67.40
41 55.14 24.89 95.37 24.89 95.37 66.48
42 56.36 25.45 95.20 25.45 95.20 65.65
43 25.96 95.05 25.96 95.05 64.82
44 58.86 94.86 94.86 63.92
45 60.09 27.07 27.07 63.03
46 61.30 27.56 94.56 27.56 94.56
47 62.51 28.06 94.41 28.06 94.41 61.34
48 63.72 28.58 94.21 28.58 94.21 60.44
49 64.93 29.07 94.02 29.07 94.02 59.54
50 66.14 29.61 93.83 29.61 93.83 58.62
51 67.32 30.11 93.62 30.11 93.62 57.77
52 68.50 30.59 93.42 30.59 93.42 56.86
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Table I (continued)

N R s  4 e ,  4 P r 5 Q5 P>

53 69.72 31.11 93.23 31.11 93.23 55.95
54 70.89 31.55 93.01 31.55 93.01 55.08
55 72.11 32.06 92.80 32.06 92.80 54.25
56 73.26 32.54 92.60 32.60 92.60 53.24
57 74.46 33.00 92.37 33.09 92.44 52.33
58 75.63 33.47 92.18 33.53 92.23 51.50
59 76.93 33.94 91.95 34.01 92.02 50.63
60 78.02 34.44 91.73 34.52 91.82 49.63
61 79.19 34.90 91.51 34.99 91.60 48.71
62 80.39 35.36 91.33 35.47 91.37 47.84
63 81.58 35.82 91.09 35.89 91.16
64 82.82 36.27 90.89 36.38 90.98
65 84.12 36.77 90.73 36.87 90.89
66 85.42 37.24 90.58 37.35 90.79
67 85.96 37.75 90.58* 37.81
68 87.19 37.75 90.41 37.81
69 88.42 38.39 89.58 38.50
70 89.61 38.88 89.46 38.99 89.58
71 90.74 39.44 89.26 39.53 89.38
72 91.91 39.88 89.05 40.07 89.16
73 93.03 40.38 88.89 40.48 89.05*
74 94.09 40.80 88.58* 40.89 88.71
75 95.21 41.20 88.40 41.29 88.40
76 96.31 41.60 88.10 41.69 88.10
77 97.35 41.98 87.83 42.12 87.96
78 98.40 42.36 87.51 42.53* 87.62
79 99.46 42.71 87.27 42.81 87.37
80 17700.52 43.05 86.85 43.17 87.02*
81 01.51 43.42 86.60 43.52 86.75
82 02.56 43.73 86.18* 43.83 86.30
83 03.61 44.04 85.88 44.13 86.00
84 04.60 44.34 85.58 44.44 85.68
85 05.62 44.65 85.25 44.80 85.36
86 06.65 44.93 84.93 45.07 85.06
87 07.66 45.21 84.60 45.34 84.71
88 08.66 45.48 84.28 45.59 84.37
89 09.65 45.76 83.93 45.89 84.04
90 10.61 46.09 83.57 46.18 83.64
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Table I ( co n tin u ed )

N R S6 Qs6 Pi6 * 5 7 Q > 7

2
3 • 17594.56
4 17592.67 94.21 17592.18
5 91.51 93.83 91.09
6 90.24 93.23 89.83
7 17593.01 88.89 92.60 88.40
8 92.37 87.51 91.95 87.02
9 91.73 91.33 85.68

10 90.98 84.71 90.58 84.19
11 90.24 83.21 89.93 82.87
12 89.58 81.85 89.16 81.40
13 88.89* 80.40 88.40
14 88.10 78.90 87.69 78.60
15 87.27 77.49 87.02* 77.05
16 86.60 76.03 86.18 75.60
17 85.88 85.48 74.11*
18 85.06 73.12 84.71 72.72
19 84.28 71.61 83.93 71.27
20 83.57 70.07 83.21 69.76
21 17597.60 82.75 68.58 82.51 68.22*
22 97.51 81.97 67.23 81.60 66.81
23 97.45 81.20 65.65 80.96
24 97.33 80.40 64.30 80.10 63.92*
25 97.24 79.61 62.63* 79.33 62.38
26 97.12 78.83 61.20 78.60 60.84
27 97.00 78.04 59.73 77.75
28 96.87* 77.18 58.15 76.85 57.77
29 96.87 76.40 53.73* 76.03 56.36
30 96.75 75.60 55.80 75.32 54.91*
31 96.64 74.85 53.63 74.37 53.24
32 96.50 73.96 52.22 73.58 51.75
33 96.38 73.12 50.63 72.72
34 96.25 72.30 49.05 72.01 48.71
35 96.10 71.47 47.52 71.06 47.24
36 95.98 70.60 70.28 45.74
37 95.82 69.76 44.49* 69.42
38 95.68 68.93 42.89 68.58
39 95.54 68.09 41.35 67.73
40 95.37 67.23 66.96
41 95.20 66.36 66.01
42 95.05 65.53 65.13
43 94.86 64.64 64.30
44 94.67 63.77 63.47
45 62.90 62.55
46
47 61.20 60.93
48 60.31
49 59.40 59.17
50 58.53 58.15
51 57.62 57.37
52 56.73 56.36
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Table I (continued )

N R i6 Qs 6 P 56 ^57 Ö57 ^57

53 55.82 55.52
54 54.91 54.58
55 54.16
56 53.09
57 52.22

transition, which show that the intensity of the main branches in the 7Я х(а) — 7£(b) 
subband is equal zero. This fact permits to eliminate from the consideration such a 
transition.

Rotational terms of the upper state can be represented by the formula:

F\{J)= T'o +  B'J(J +1 ) - D ' J \ J  + 1)2 + ФДТ), (1)

where the subscript i stands for the e and/  Л-doubling components, B' and D' are the 
effective rotational constants and terms independent of J are included in T'0. The upper 
state is perturbed at J = 45 (the corresponding lines are missing in each branch), and at 
65 <  J < 71 (the corresponding lines deviate from the regular course). The perturbations 
affect both Л-doubling components. The rotational constants B' and D' were 
calculated by least squares method using data for J < 45 from the relation:

A2F=4B'(J + \/2)—SD'(J + 1/2)3. (2)

The term formula for the T(b) states of any multiplicity given in [7] is the 
following:

F”(N) =T'0 + B"N{N + 1) -  D"N2(N  +  1)2 + H?(N) +  H?(N) ,

where i = J — S ,J  — S + 1, . . J  + S

H*S(N) = — 4/ЗЯ 3/4C(C+ 1)-N (JV + 1)S(S+ 1) 
(2N — 1) (27V+ 3)

(3)

.C (C + 1 )-S (S + 1 ) 
л {2 N -l)(2 N  + 3)

+ 1/3AS(S +  1),

C = J(J+  l) — N(N + 1) —S(S + 1),

H*"(N)=l/2yC.

In this work we include the term 1/3AS(S -I-1) in T'ó and assume that

, C(C+1)-S(S+1)
(27V — 1)(2Л/ + 3) ■

(За)

(3b)

(4)
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Table II
Differences of observed and calculated wavenumbers of the R s lines

N 1I 9l " I N 7Z 9I " Z

2 - 1.22 0.01 6 -0.17 -0 .06 0.22
3 -0 .6 0 -0.05 1.66 7 -0.09 - 0.01 0.18
4 -0 .28 0.01 0.83 8 -0.08 - 0.02 0.12
5 - 0.21 -0.05 0.40 9 -0.03 0.01 0.11

Table III
Molecular constants [cm - *]•

State T0 В D 107 A у  104 r0[nm]

9n ,
• X9!

17598.59(1)
0.0

0.3530(1)
0.35474(3)

3.9(2)
3.23(5) 0.099(6) -5(3)

0.1813
0.1808

* The numbers in parentheses are the uncertainty in the last digit that corresponds to two standard 
deviations

The A2F (N) values are equal within the accuracy of measurements for all components 
at N>20. So the contributions of the HJS(1,(N) and H*r(N) terms in A2 F(N) can be 
neglected for N >  20 and the B" and D" constants (see Table III) were obtained from the 
relation:

A 2 F(N) =  4 B"(N + 1/2) -  8 D"{N + 1/2)3 (5)

using the corresponding data.
The Я and у constants were found from the combination

ß 53(N )-Ä 54(N) = F ;_ 2(N )-F i '_ 1(iV) =

(N +  2)(6JV + 9 +  2S(S +  l)) 
(2N -l)(2N  +  3)

+ y(JV +  2 ). (6)

The constants were calculated by least-squares method for S = 3(/ = 0.08, y =  
— 9 ■ 10~4 c m '1), S = 4(i =  0.10, y = - 5  • 1(T4 cm "1), and S =  5 (A=0.13, y =  
3 • 10 “ 4 cm -*). In any case the coefficient of the spin-spin interaction compared with В 
is not small, so Eq. (3) no longer gives sufficiently accurate results for the splitting at low 
N-values. But the behaviour of the splitting at low N-values depends essentially on S 
and can be used as a criterion for the determination of the multiplicity.

In order to derive the term formula valid for the low N-value the second order 
spin-spin contributions were calculated. Matrix elements of the operator

f í ss = 2/ЗЯ(3£3 — §2) (7)
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were obtained using spherical tensor formalism (9) in case “b” coupling. Off-diagonal 
elements give the second order correction in the form:

where /(N ) =

ÏÏJ + N  + S+l ) ( N + S - J ) ( J  + N - S ) ( J  + S - N  + l)(J + N  + S)(N + S - J - \ )
16(2N — 3) (2N — 1)2(2N + 1)

From Eq. (4) and Eq. (8) it follows that the contributions of HIS<1) and Hss(2) in the 
energy levels of the component with J = N  can be neglected at N >  20. Thus, T0 (see 
Table III) obtained from the relation

where 20< N < 45  corresponds to the band origin for any multiplicity of the state 
provided that all terms independent of N are incorporated in T'ó in Eq. (3). Taking into 
account the first and second correction terms я и<1) + Я “<2) the lines at N < 20  were 
calculated for S = 3; 4 and 5 using the molecular constants obtained. The comparison of 
the measured and calculated lines shows unambiguously that the lower state is 9 1. As 
an example of such a comparison Table II gives the differences of the calculated and 
observed lines for the R s branch (the J  = N  component).

The molecular constants given in Table III reproduce the wavenumbers of 
unblended lines with an accuracy +0.05 cm -1 for N-values up to N = 45.

The rotational analysis has shown that the lower state of the band analyzed is 9 I .  
The excellent agreement between the spin-spin interaction constants obtained in this 
work and found from the analysis of the ESR spectrum [6] proves that the lower state is 
the ground X 9 I~  state. Thus, this work gives the rotational constants for the ground 
state of GdO. The internuclear distance obtained (ro =  0.1808 nm) is very reasonable 
for the ground state. It coincides remarkably with the mean of the r0(LaO) and r0(LuO) 
values [10].

It is very improbable to find the bands with A V= ±  1 of the system analyzed since 
В' к  В". The ground state vibrational frequency (824 cm “ ') obtained from the infrared 
spectrum of the matrix isolated GdO molecule [11] implies that the gas w value should 
be of about 830 cm~l. From this it follows that the value of the centrifugal stretching 
constant is not very well determined since it is noticeably greater than a value of D

( 8)

R ( N - 1) + P(N )= 2T0 + 2(B' -  B")J2 - 2  (D'~ D " )J \J 2 +1), (9)

Discussion
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calculated from the Kratzer relation (2.6 • 10~7 cm“ 1). The probability is then that the 
downward deviation of the X 9Z  rotational levels is due to the near lying 7T state of the 
same electronic configuration. In accordance with this suggestion we did not succeed to 
find lines involving the Fj component in the proper positions.

The upper state of the 568 nm band is evidently 9 П 1. However, the Л-type 
doubling dependence on J is not typical of the state with 0 = 1 . Perhaps it might be due 
to heavy perturbations observed in this state.

Gd (4/75d6s2, 9 D) has a half-filled 4/-shell. The high multiplicity of the GdO 
ground state is consistent with the ((p2 ö2 n2 a)a6s electronic configuration. By analogy 
with MnO [12] the {(p2 b2 n2 a)Af part of the configuration can be considered as a 
component with the highest number of parallel spins of the 4■f part of the 
configuration of the Gd atom. Under such conditions the low-lying state manifold 
should be due to the molecular orbitals derived from the 6 s, 5d and 6p orbitals of metal 
and 2p orbitals of O, as in case of monoxides of La (4/°5d6s2) and of Lu (4/145d6s2). As 
was shown by Green [13] for LaO the a, b and n molecular orbitals in the X 2 Z(a), 
Ä 2 A(b) and Л2Я (n) states respectively are mainly 6s, 5d and 6p orbitals of La. 
Therefore the excitation energies of the A ' 2  A and А гП  states are close to the excitation 
energies 6s->5d and 6s-»6p of the La atom.

The internuclear distances of the rare-earth monoxides decrease only slightly 
from LaO to LuO [10,14—16] and since f(G d)>/(La) it should be expected that the 
ionicity of GdO is less than that of the LaO. This implies that evaluating of the 
excitation energy of some electronic states from the atomic data suggested by Green is 
even more justified for GdO than for LaO. The data given below

Atom State Energy
(cm-1) Molecule State Energy

(cm-1)

La I *F(4f° 5d6s6p) 14900 LaO А 2П 13094
Gd I l , F (4 f7 5d6s6p) 16000 GdO 9n 17680
Lu I *F(4f 5d6s6p) 20400 LuO А 2П 20430

permit to ascribe the 9П state to the electron configuration {(р2 6 2 п 2 а)пвр. The other 
bands observed in absorption in the 545—620 nm region are obviously the subbands of 
the same 9 П—X 9Z  transition. The A and В systems probably belong to the 
9 , 1  Z((p2 b2 n2 o)o6 p—9 ,1 Z((p2 b2 n 2 ff)a6s transitions. The numerous perturbations in the 
9П state give evidence that the GdO molecule has a large number of excited states as it 
should be expected for a molecule with half-filled 4/-shell.
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ELECTROWEAK CORRECTIONS FOR Z ^ n e v *

K. Tóth, T. M argaritisz and K. Szegő

Central Research Institute for Physics 
1525 Budapest, Hungary

In this paper electroweak corrections are presented for various form factor combinations for 
the unpolarized I -* nev decay.

We have evaluated radiative corrections of order a for the Dalitz distribution of 
semi-leptonic hyperon decays. In this paper numerical results are presented for the 
unpolarized Z —ntev decay.

The reason for such calculations is the existence of experiments in which the 
accuracy is in the range of electroweak corrections [ 1 ]. Our calculation is unique in the 
sense that, to our knowledge, no numerical values have been published for these 
corrections in the points of the Dalitz plot [2].

The reliability of these calculations can be disputed as in these decays strong, 
electromagnetic and weak interactions are simultaneously present. Recent theoretical 
developments mainly due to Sirlin [3] made the subject sufficiently quantitative. In a 
widely accepted framework, which consists of a combined use of current algebra and 
the standard [SU(3)®SU(2)®U(1)] model of strong, electromagnetic and weak 
interactions, Sirlin proved that without the detailed knowledge of the strong 
interactions the ultra-violet divergences cancel in the order Gf a.

In our calculations we used the Lagrangian

Sru*=-eA ,J' - - ^ U w ^ + h . c f - J g i  + g'- z „ J S + i? w s  » ( 1 )

where J y, J w, J 7  are the hadronic currents and A M, Wß, Z„ are the vector fields for the 
photon, charged and neutral vector bosons, respectively. f£ ws is the interaction 
Lagrangian of the standard SU(2)® U(l) Weinberg—Salam model (see, e.g. [4]). We 
carried out the calculations in the Feynman—4 Hooft gauge up to order GFtx.

* Dedicated to Prof. I. Kovács on his 70th birthday
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After summing up over polarizations, in the rest frame of the decaying particle 
the transition probability is

_J___ 1 d3 pf  d3 pe d3 p{v)
(2л)5 2m, 2 pj-o 2 pe 0  2 p(v)0 <54(P ,-P /-P e -P (v )) l^ l2,

where in the lowest order (1) leads to

, a4
\ ^ \  64M2 v(Pc’ P<v>)tf„v(P,> P/)'

bMV =  2- 7г{(1+У5)п(Ре +  "»е))>Рм},

H )1V I 7>-{^(Pi + mi)H v(P/ + m/)}>

(2)

(3)

(4)

(5)

Нц=Уцр 1 + — PH.F 2 +  — (P i-P / \F 3  +Ш; Ш;

+ Vh?5Gi + — Pu,ysG2 +  — (pf-P /) „ b G3 (6)
Wj nil

Яц = Уо H f y 0 . (7)

In the above formulae ph pf , pe, p(v) are the four momenta of the incoming and final 
hadrons, electrons and neutrinos, respectively. The corresponding masses are mt, mf , 
me; M w is the mass of the charged W boson. We used the conventions of Bjorken and 
Drell. The lowest order formula (3) and especially the vector and axial-vector form 
factors coincide with those of Linke [5], identifying p4/64M^ with 1/2G| where GF/yj2  
is the coupling constant of an effective V— A Lagrangian for muon decay. We assume 
that the form factors are real.

The Dalitz distribution we are interested in can be written as
I

-  у  o + *  ш  <>+■••>• <8>
As usual we have used the dimensionless variables x and £ as co-ordinates on the Dalitz 
plot [5]:

x = P e  0
„(max) > 
P e  0

Í
Pro
mi ’

(9)

pT "  = ^ ( m ï - m }  + m2e). ( 10)

The form factors Fh Gt are functions of q2 =(pt—Pf)2, while f ( x ,  £) in the lowest order 
are known functions [5]. We shall discard terms containing G2  because it is believed to 
be small due to approximate G parity conservation, and also terms containing F 3 and 
G3  as they are suppressed by a factor mjm,.
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Our task is to calculate the corrected distributions containing I -*ne \y and one- 
loop corrections:

1 d2 p(corr) 1 , ,  ,
Ы *  +  F ,g , (* .{ )+ .. .}  *1»

where
дАх,£) = Г(.хЛ)+к(хЛ). (12)

The functions /i, are of the order a. To obtain them a large number of one-loop graphs 
must be computed let alone the brem graphs. Here we are just going to sketch 
method of calculation, the details will be published elsewhere.

It is technically convenient to collect the infra-red and ultra-violet divergent 
contributions separately. First of all, there is a large group of graphs which contain no 
photon in the loop. With them we can treat the photonic graphs, Fig. 1. The first two 
have the property that the large k2  part of the loop integral gives GFa order corrections, 
the small к2  part contributes in the order of Gf, which we neglect. The former is 
calculable because when the matrix elements of two or three currents appear, the 
Wilson expansion up to the first term, or equivalently the free quark model, can be 
used. There are two types of photonic graphs (Fig. 2) which are both UV and IR 
divergent. The two types of divergences can be separated by writing the photon 
propagator as

Fiy. 2

F iy . .?
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к2  к2  — M 2

1 1 1 M 2
к2 к2  — М 2

(13)

The first term which contains the UV divergence can be treated together with the 
previous graphs. It is again true that only the large к 2  part of the loop integral is 
relevant for us.

There remains only one more type of graph (Fig. 3) which is only IR divergent. It 
is treated together with the IR divergent contribution of the graphs in Fig. 2, coming 
from the second term on the right-hand side of Eq. (13).

To treat the UV divergent parts we applied the dimensional regularization 
technique, in the form elaborated and used by Veltman et al [4, 6]. For the 
renormalization, it was natural to adopt the scheme of Sirlin for the muon decay 
calculation [7]. In that paper it is proved that the “weak” corrections (i.e., corrections 
coming form the UV divergent parts) can be absorbed into the physically measured 
coupling constant GF. Following the same renormalization scheme for I  decay, the 
“weak” corrections give 1.0006 Gj due to the difference coming from the box graph.

Next, the contribution of the IR divergent part is to be calculated. To cancel the 
singularity the bremsstrahlung graphs should be added for the process £-»nevy. These 
cannot be calculated in a model independent way, i.e. without any assumption about 
the strong interaction. Our approximation is that we take a pointlike coupling between 
the photon and the charged hadron. This is rather conventional, it has usually been 
used in V—A theory calculations [8]. To regularize the IR divergent integrals, a finite 
photon mass is introduced [6]. In our calculation we integrate over the total phase 
space allowed for the photon, hence our results are suitable for the analysis of 
experiments in which photons are not detected.

In the numerical calculations there are some technical points worth mentioning:
— the traces were calculated by the REDUCE algebraic programme;
— the numerical integration was performed using the DIVON routine;
— the pole at the photon mass and the non-physical pole at p2e = 0 made three- 

dimensional numerical integration difficult. We will describe how it was circumvented 
in the detailed version of this paper.

We present the results for the Dalitz distribution for Z-+nev in Tables I—VI. The 
co-ordinates x and t, on the Dalitz plot are denoted by x and y. The value of / ((x, £) is in 
the “lowest order” column, whereas the values of /i,(x, £) are called “corrections”. The 
last column contains h j f .
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Table I
Sigma-neutron, formfactor combination: flfl

X У Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00 0.956D —04 0.108D —04 0.113D+ 00
0.100D + 00 0.807D +  00 0.174D —03 0.105D —04 0.603D—01
0.250D + 00 0.796D + 00 0.102D —03 0.872D —05 0.855D—01
0.250D + 00 0.801D +  00 0.202D —03 0.116D-04 0.573D—01
0.250D + 00 0.805D +  00 0.300D—03 0.139D—04 0.464D—01
0.250D + 00 0.807D + 00 0.374D—03 0.113D-04 0.302D—01
0.450D + 00 0.792D + 00 0.157D —03 0.345D—05 0.220D —01
0.450D + 00 0.796D +  00 0.249D—03 0.530D-05 0.21 ID —01
0.450D + 00 0.801D +  00 0.340D—03 0.667D-05 0.197D —01
0.450D +  00 0.805D + 00 0.430D —03 0.774D —05 0.179D —01
0.450D + 00 0.807D + 00 0.497D —03 0.191D —05 0.380D—02
0.650D + 00 0.792D +  00 0.149D —03 — 0.281D —05 — 0.190D—01
0.650D + 00 0.796D +  00 0.232D —03 — 0.244D —05 —0.100D—01
0.650D + 00 0.801D + 00 0.315D—03 — 0.228D—05 —0.700D—02
0.650D + 00 0.805D +  00 0.396D—03 — 0.283D—05 —0.700D—02
0.650D + 00 0.807D +  00 0.457D —03 — 0.874D—05 —0.190D—01
0.850D + 00 0.796D +  00 0.520D —04 —0.496D—05 — 0.960D —01
0.850D + 00 0.801D +  00 0.126D —03 —0.723D—05 — 0.570D —01
0.850D + 00 0.805D +  00 0.199D —03 —0.822D—05 — 0.410D —01
0.850D + 00 0.807D + 00 0.254D —03 — 0.121D —04 — 0.480D—01
0.950D + 00 0.805D + 00 0.394D —04 — 0.402D —05 — 0.102D + 00
0.950D + 00 0.807D + 00 0.905D-04 —0.687D —05 —0.760D—01

Table 11
Sigma-neutron, formfactor combination: ПГ2

X У Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00 0.167D-03 0.175D -04 0.105D + 00
0.100D + 00 0.807D + 00 0.310D—03 0.162D—04 0.522D—01
0.250D + 00 0.796D + 00 0.175D—03 0.132D—04 0.753D—01
0.250D + 00 0.801D + 00 0.354D—03 0.171D -04 0.485D —01
0.250D + 00 0.805D + 00 0.533D—03 0.204D —04 0.382D —01
0.250D + 00 0.807D + 00 0.667D—03 0.148D—04 0.222D—01
0.450D +  00 0.792D + 00 0.274D—03 0.358D—05 0.130D —01
0.450D + 00 0.796D + 00 0.437D —03 0.550D—05 0.127D—01
0.450D + 00 0.801D + 00 0.601D —03 0.702D—05 0.116D-01
0.450D + 00 0.805D + 00 0.764D —03 0.753D—05 0.990D—02
0.450D +  00 0.807D + 00 0.887D—03 — 0.366D—05 — 0.420D—02
0.650D + 00 O .^ D  + OO 0.259D —03 —0.683D—05 — 0.260D—01
0.650D + 00 0.796D + 00 0.408D—03 —0.764D—05 —0.190D —01
0.650D +  00 0.801D + 00 0.556D—03 — 0.835D —05 —0.150D —01
0.650D + 00 0.805D +  00 0.704D—03 — 0.104D—04 —0.150D—01
0.650D +  00 0.807D +  00 0.815D—03 — 0.220D —04 — 0.270D—01
0.850D + 00 0.796D + 00 0.862D—04 — 0.833D—05 — 0.960D—01
0.850D + 00 0.801 D + 00 0.219D—03 — 0.139D—04 — 0.630D—01
0.850D + 00 0.805D + 00 0.352D—03 — 0.171D—04 —0.480D —01
0.850D + 00 0.807D +  00 0.452D—03 — 0.253D —04 —0.560D—01
0.950D + 00 0.805D + 00 0.670D—04 —0.716D—05 — 0.106D + 00
0.950D + 00 0.807D + 00 0.161D—03 —0.134D —04 —0.830D —01
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Table III
Sigma-neutron, formfactor combination: f2f2

X Y Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00 0.745D —04 0.717D-Ó5 0.963D —01
0.100D + 00 0.807D + 00 0.138D —03 0.608D — 05 0.441D —01
0.250D + 00 0.796D +  00 0.777D —04 0.519D —05 0.668D —01
0.250D + 00 0.801D +  00 0.157D —03 0.632D —05 0.403D —01
0.250D + 00 0.805D + 00 0.237D —03 0.714D —05 0.302D—01
0.250D + 00 0.807D +  00 0.297D —03 0.411D —05 0.139D —01
0.450D + 00 0.792D +  00 0.121D —03 0.619D —06 0.490D—02
0.450D + 00 0.796D + 00 0.194D —03 0.969D —06 0.480D—02
0.450D + 00 0.801 D + 00 0.267D —03 0.102D —05 0.370D—02
0.450D + 00 0.805D + 00 0.340D —03 0.668D — 06 0.200D —02
0.450D + 00 0.807D + 00 0.396D —03 —0.480D—05 —0.118D —01
0.650D + 00 0.792D + 00 0 .U 5 D -0 3 -0.388D  —05 —0.340D —01
0.650D + 00 0.796D + 00 0.181D —03 -0.455D  —05 -0.250D —01
0.650D + 00 0.801D +  00 0.247D —03 -0.562D  —05 —0.230D —01
0.650D + 00 0.805D +  00 0.314D —03 —0.699D —05 — 0.230D —01
0.650D + 00 0.807D +  00 0.364D —03 —0.127D —04 —0.35QD —01
0.850D + 00 0.796 +  00 0.382D —04 -0.388D  —05 —0.102D + 00
0.850D + 00 0.801D + 00 0.974D —04 —0.681D —05 —0.700D —01
0.850D + 00 0.805D + 00 0.157D —03 —0.877D —05 — 0.560D—01
0.850D + 00 0.807D + 00 0.202D—03 —0.129D —04 — 0.640D —01
0.950D + 00 0.805D + 00 0.298D —04 —0.337D —05 — 0.113D +  00
0. 950D + 00 0.807D + 00 0.719D —04 —0.656D—05 —0.910D—01

Table IV
Sigma-neutron, formfactor combination: glgl

X Y Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00 0.243D —03 0.173D —04 0.714D—01
0.100D4-00 0.807D + 00 0.191D —03 0.112D -04 0.584D —01
0.250D + 00 0.796D +  00 0.597D —03 0.265D —04 0.444D —01
0.250D + 00 0.801D + 00 0.522D —03 0.228D —04 0.438D —01
0.250D + 00 0.805D + 00 0.447D —03 0.188D —04 0.421D —01
0.250D + 00 0.807D + 00 0.390D —03 0.111D —04 0.287D —01
0.450D + 00 0.792D + 00 0.825D —03 0.164D —04 0.200D -0 1
0.450D + 00 0.796D + 00 0.743D —03 0.162D —04 0.219D—01
0.450D + 00 0.801D +  00 0.661D—03 0.138D —04 0.209D—01
0.450D + 00 0.805D + 00 0.577D —03 0.107D —04 0.186D —01
0.450D +  00 0.807D +  00 0.514D —03 0.273D —05 0.530D —02
0.650D + 00 0.792D + 00 0.817D —03 — 0.276D —05 —0.300D —02
0.650D + 00 0.796D + 00 0.727D —03 —0.184D—06 0.0
0.650D + 00 0.801D + 00 0.636D —03 —0.312D —06 —0.100D —02
0.650D + 00 0.805D + 00 0.543D —03 — 0.206D —05 —0.400D—02
0.650D + 00 0.807D + 00 0.474D —03 — 0.821D—05 -0.170D —01
0.850D + 00 0.796D + 00 0.547D —03 —0.353D —04 —0.650D —01
0.850D + 00 0.801D + 00 0.447D — 03 — 0.163D —04 -0.360D —01
0.850D + 00 0.805D + 00 0.346D —03 — 0.113D —04 —0.320D —01
0.850D + 00 0.807D +  00 0.270D — 03 — 0.122D —04 —0.450D —01
0.950D + 00 0.805D + 00 0.186D —03 —0.150D —04 —0.800D —01
0.950D +  00 0.807D + 00 0.107D —03 —0.774D —05 —0.720D —01
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Table V
Sigma-neutron, formfactor combination: flgl

X У Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00 0.294D —04 0.625D -05 0.212D + 00
0.100D + 00 0.807D + 00 0.329D —05 0.605D —05 0.185D + 01
0.250D + 00 0.796D + 00 0.677D —04 0.116D -04 0.171D + 00
0.250D + 00 0.801D + 00 0.423D —04 0.118D —04 0.279D + 00
0.250D + 00 0.805D + 00 0.186D—04 0.121D —04 0.652D + 00
0.250D + 00 0.807D + 00 0.206D—05 0.23 ID -0 5 0.112D + 01
0.450D + 00 0.792D + 00 0.295D—04 0.140D —04 0.474D + 00
0.450D + 00 0.796D + 00 0.193D —04 0.144D -04 0.748D + 00
0.450D + 00 0.801D + 00 0.109D —04 0.150D -04 0.139D +  0!
0.450D + 00 0.805D + 00 0.424D —05 0.157D —04 0.372D + 01
0.450D + 00 0.807D + 00 0.419D —06 0.103D —04 0.248 + 02
0.650D + 00 0.792D4-00 — 0.360D—04 0.140D —04 —0.390D + 00
0.650D + 00 0.796D + 00 —0.292D—04 0.138D —04 —0.476D + 00
0.650D + 00 0.801D + 00 — 0.205D—04 0.141D —04 —0.648D + 00
0.650D + 00 0.805D + 00 — 0.102D —04 0.145D —04 — 0.143D + 01
0.650D + 00 0.807D + 00 — 0.122D —05 0.149D—04 '—0.122D + 02
0.850D + 00 0.796D + 00 — 0.776D—04 0.138D —04 —0.178D +00
0.850D + 00 0.801D + 00 —0.520D—04 0.102D —04 —0.196D + 00
0.850D + 00 0.805D + 00 —0.246D —04 0.890D —05 —0.361D + 00
0.850D + 00 0.807D + 00 — 0.286D —05 0.841D—05 —0.294D + 01
0.950D + 00 0.805D + 00 —0.318D —04 0.582D—05 — 0.183D + 00
0.950D + 00 0.807D + 00 —0.368D —05 0.333D—05 — 0.907D + 00

Table VI
Sigma-neutron, formfactor combination: glf2

X У Lowest order Correction Rel. corr.

0.100D + 00 0.805D + 00' 0.0 0.263D —05 ***
O.lOOD-f 00 0.807D + 00 0.0 0.358D —05 ***
0.250D + 00 0.796D + 00 0.0 0.45 ID -0 5 ** +
0.250D + 00 0.801D + 00 0.0 0.560D —05 ***
0.250D + 00 0.805D + 00 0.0 0.668D —05 ***
0.250D + 00 0.807D + 00 0.0 0.749D —05 ***
0.450D +  00 0.792D + 00 0.0 0.658D —05 ***
0.450D +  00 0.796D + 00 0.0 0.745D —05 ***
0.450D + 00 0.801D +  00 0.0 0.83 ID -0 5 ***
0.450D +  00 0.805D + 00 0.0 0.917D —05
0.450D + 00 0.807D + 00 0.0 0.98 ID -0 5 ***
0.650D + 00 0.792D + 00 0.0 0.652D—05 ***
0.650D + 00 0.796D + 00 0.0 0.717D —05 * + *
0.650D +  00 0.801D + 00 0.0 0.782D —05 ***
0.650D + 00 0.805D + 00 0.0 0.846D —05 ***
0.650D + 00 0.807D + 00 0.0 0.893D —05 ***
0.850D + 00 0.796D + 00 0.0 0.378D—05 ***
0.850D + 00 0.801D + 00 0.0 0.42 ID -0 5 ***
0.850D + 00 0.805D + 00 0.0 0.464D —05
0.850D + 00 0.807D + 00 0.0 0.495D —05 ***
0.950D + 00 0.805D + 00 0.0 0.159D —05 ***
0.950D +  00 0.807D + 00 0.0 0.182D—05 ***
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One-dimensional hydrodynamical model is applied to almost central asymmetric heavy ion 
collisions in the energy range 50— 500 MeV/nucleon. Cross sections and rapidity distributions are 
evaluted and compared to experiments. The time development of the density profiles as well as the 
properties of the heavy target residues are investigated. The number of participant and spectator 
nucleons is estimated on the basis of the model.

1. Introduction

In recent years two energy regions were studied extensively in heavy-ion physics. 
Projectiles up to the energy of 5— 10 MeV/nucleon were produced by conventional 
accelerators while in Berkeley and Dubna the GeV region was investigated. Between 
these two energy regions an extremely interesting area is now under experimental 
investigation at CERN.

Around projectile energies of 20—50 MeV/nucleon we may switch from the 
quantummechanical description to classical hydrodynamics and up to 100 
MeV/nucleon both approaches yield similar results [1,2]. At beam energies from 100 
to 500 MeV/nucleon the hydrodynamical approach seems to be rather good [3,4]. At 
higher energies the basic conditions for the applicability of hydrodynamics are less 
obviously fulfilled and in the GeV region the usual one-fluid hydrodynamical approach 
can be justified only if unusual processes (pion condensation or transition to quark 
phase) enhance the local equilibration [5] sufficiently.

* Dedicated to Prof. I. Kovács on his 70th birthday
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Thus, in this unexplored energy region collective (hydrodynamical) nuclear 
motions play an essential role while at lower energies usual quantum mechanics and at 
very high energies simultaneous single particle collisions are conspicuous.

The energy region 50—500 MeV/nucleon is very rich not only in phenomena but 
also in fundamental physics. The appearance of pion condensation was expected in this 
energy region and other unusual forms of nuclear matter are likely to show up.

In the present work we discuss only the asymmetric collisions with not too high 
impact parameters b < R , - R p. A qualitative description of these processes was given 
recently by Bondorf [6]. In Sections 2 and 3 the formation and evolution of the “hot 
spot” is described in the one-dimensional hydrodynamical model (introduced in [4] 
and [7]) for central collisions. In Section 4 a simple schematic model is given for 
asymmetric central collisions in terms of a hot spot. In Section 5 we give a summary and 
discussion.

In the present work we use the viscous, relativistic one-dimensional model first 
described in [7]. (More details can be found in [4]). The one-dimensional model yields 
only a rough description of a central asymmetric collision where the impinging 
projectile produces a dense “hot spot” and this “hot spot” expands in transversal 
directions while penetrating the target. Assuming that the transversal expansion is 
uniform and not much more rapid than the penetration the particles involved in the 
process are inside a cone of angle Ф. Depending on the value of Ф a different number of 
nucleons from the target belongs to the spectators and to the participants, respectively 
(Fig. 1). In our model only the participants are involved in the hydrodynamical flow. 
The radius of the hypothetical tube, where the one-dimensional collision takes place, is 
determined in such a way that the intersection of the target and this cylinder produces 
the proper number of spectators (Fig. 2):

The spectators are obviously not absolutely undisturbed, but we can take their 
excitation as a secondary effect. A rough approximation of the expansion angle Ф can 
be given by the comparison of the sound and shock front velocities:

The expansion angle decreases for higher beam energies and for “harder” equations of 
state because both effects increase the velocity of the shock front.

In the asymmetric case the propagation of the compression shock is not 
stationary (Fig. 3). The one-dimensional model yields an upper bound for the

2. One-dimensional hydrodynamical model

( 1 )

Ф =  arctg «  10°—20°. (2)

Acta Physica Hungarica 55, 1984



SIMPLE MODELS FOR ALMOST CENTRAL ASYMMETRIC HEAVY-ION COLLISIONS 491

number of spectators
spectators

Fig. 1. Number of spectator nucleons as function of the expansion angle Ф for the reactions discussed in the 
text. The definition of Ф is represented on the attached scheme

Fig. 2. Schematic representation of the introduction of the one-dimensional model. The radius of the 
“reaction tube” R is uniquely defined as a function of Ф, Ap and A, by the prescription that the number of 
spectators in (a) and (b) should be equal. In the hydrodynamical flow the slabs of projectile and target 

participants are involved while the spectators are considered only after the “break-up” (c)

penetration depth of the “hot spot” into the target. As we can see in Fig. 3 the velocity of 
the shock front decreases and its width increases as time proceeds. The reason for this 
basically lies in the asymmetry: behind the shock front, after the full compression of the 
projectile at % 3 fm/c, an expansion starts to pull the nucleons back, thereby attracting 
the compressed region in backward directions.

In all investigated cases the shock wave penetrated the whole target but in most 
cases the density increase of the shock was much less when the shock wave reached the 
back surface of the target, than the initial density increase. In Fig. 3 we can see that the 
contour of the maximum density (n > 2n0) ends already at 20 fm/c, while the shock front 
reaches the back surface of the target at ж 24 fm/c. The largest amount of nuclear 
matter with maximum density can be observed always at the full compression of the 
projectile (i.e. immediately before the last cell of the projectile turns back at tcomp 
(Fig. 4). Up to this time the shock fronts propagate symmetrically into the target and 
projectile in the mean velocity system. This propagation is close to stationary and so 
the velocity of the shock can be obtained from the Rankine—Hugoniot equations [4]. 
After tcomp the free end of the projectile begins to expand and later it explodes (at the 
break-up) while on the target side the shock front propagates further. However, its 
propagation after tcomp is already not stationary and the shock cannot be described by

spectators

a) c)
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Fig. 3. Hydrodynamical model calculation for the reaction 20N e + 197Au at a beam energy 400 
MeV/nucleon. The space-time development of the density distribution in one spatial dimension along the z- 
axis is shown. Full curves represent contours of the density distribution. At a fixed time (e.g. 5 fm/c) the actual 
density profile can be read from a cut parallel to the z-axis (e.g. for the moment given above a density n 2  2n0 
is reached for 0.5 fm <.z<2 fm). Dashed curves represent the world lines of individual fluid elements (i.e. the 

motion of nucleons in space-time). The equation of state of [3] has been used with n0 = 0.145 fm-3

the Rankine—Hugoniot relations. The amount of matter with maximum compression 
is decreasing after tcomp and at the time f 1/2 it falls to the half of its maximum value. In 
Fig. 4 the definitions of the different times and lengths are shown. The stationarity of 
the shock can be studied (Fig. 5) by the comparison of the average shock velocities 
relative to the projectile and target (Lp/tcomp and L T/tetf, respectively). It is also 
interesting to study the position of i 1/2 that shows the lifetime of the compressed 
matter.

In Fig. 5 the results of two reaction calculations are summarized. According to 
our model the results depend on the angle Ф (or on the number of spectators). For both 
reactions the shock is not stationary in the target where its average velocity Lr/ieff is 
less than that in the projectile (Lp/rcomp). The difference is increasing when the angle is 
increased.

The position of the time i1/2 is even more sensitive to the angle Ф. We have to 
remember the definitions of the times icomp and i1/2 (Fig. 4): the amount of dense matter 
is increasing from zero to its maximum value (at tcomp) and then decreasing to half of its 
amount (at i1/2). So the quantity 1сотр/(1 ц 2 ~ 1сотр) characterizes the “boiling speed” of 
the hot spot. For both reactions shown in Fig. 5 we can see that this speed has its
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Fig. 4. Schematic representation of the density contour plot of an asymmetric collision in two dimensional 
space-time for the definition of the characteristic times and lengths of the process. All quantities are measured 
in the mean velocity system where the projectile and the target approach each other with the same speed. The 

parameter x defines the contour of the maximum density region (hot spot)

. t [m /c  1

A r.  Pb Ne -»Au
Ep = 08GeV/n ' ' <^'*Ep=0A GeV/n

Vl/2 .

N .  ,,/2
-**сотр *comp

.1 ttm l

^ * L

Lp
, , , , 'comp ___.__ T lciimp
0 10 20 30 ip 0 10 20 Ip Idegi

113 71 36 13 Ngp 136 96 56 Nsp

Fig. 5. Dependence of the characteristic times and lengths on the expansion angle Ф for the reactions Ar +  Pb 
(0.8 GeV/nucleon) and Ne + Au (0.4 GeV/nucleon). The high density regions arc taken above n = 2.5 n0 and

n = 2n0 respectively
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maximum at Ф =  0°, then drops sharply to the 1/3 of the maximum at Ф = 10s and it is 
slowly increasing for larger angles. The reason for this unexpected behaviour is the 
following: at Ф =  0° the shock front reaches the back surface of the target quicker than 
the boiling or expansion from the projectile side could decrease the maximum density 
reached in the shock (Fig. 6) so the expansion into the direction of the target will be 
more rapid due to the higher gradient. For the larger Ф-angles the length of the 
compressed matter (/comp) is shorter and the expansion wave from the projectile side 
reaches the shock front earlier than this latter arrives to the back surface of the target. 
Thus the boiling of the dense hot spot is allowed into one direction only and therefore it 
is slower. From the target side the shock front is exposed to a constant flux of incoming 
nuclear matter and when the maximum density of the shock is decreased already (from 
the projectile side) the constant incoming flux yields a shock of decreasing velocity.

Fig. 6. Time dependence of the density profiles. At t = 0 fm/c the fluid consists of two slabs of normal nuclear 
density. Later a central decrease develops due to the initial condition and a higher central temperature 
ensures the equilibrium of pressure. This deviation in the centre does not disappear because the heat 
conduction is neglected in the model. The arrows represent the fluid cells which broke up within the last time

interval

3. Spectrum of the emitted nucleons in the hydrodynamical model

In the hydrodynamical flow a dilute stage of matter can be reached when the 
interactions cannot ensure equilibrium any more. At this moment our description is 
changed from hydrodynamics to the free relativistic Fermi—Dirac statistics. The 
details of this “break-up” process are described in [4]. However, in the present model 
spectators should also be considered. Spectators are described by the same relativistic 
Fermi—Dirac distribution as participants and we assume that their average thermal 
excitation is Ts = 6 MeV. This excitation comes from the relatively large surface energy 
of the spectators that fill volumes of strange shape.
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In Fig. 7 the double differential cross section of the reaction Ne + Au at 0.4 
GeV/nucleon is shown. One can distinguish the contribution of the low temperature 
spectators (the peak around 10— 15 MeV) and that of the participants This structure is 
observed in the experiments of Gutbrod et al [8], where high multiplicity events were 
selected. At 90° the hydrodynamical model gives lower cross sections than the 
experimentally observed ones. This difference can be explained by the one dimensional 
nature of our model (transversal hydrodynamical flow is not possible). The energy 
independence of the forward angle cross sections observed between 40 and 100 MeV is 
caused by the broad peak of the cross section. At higher energies the cross sections 
show the usual decrease (Fig. 8).

The separation of target spectators is possible in the high multiplicity events and 
here projectile spectators are not expected. In an experiment of higher energy [9] the 
contribution of the spectators can be discriminated from the contribution of 
participants. Our model calculations produced a sharp increase below 50 MeV for the 
invariant cross section of 800 MeV/nucleon Ar +  Pb collision. In the experiment [9] 
this low energy region is not investigated in detail so in the experimental cross section 
the low energy peak of spectators was not observed. However, on the rapidity spectrum 
the distinction is more convenient and both target and projectile spectators were 
observed in the experiment [9]. Projectile spectators do not occur in almost central 
collisions, so the selection of high multiplicity events would eliminate the low energy 
peak in the rapidity plot around yproj. Our calculations for the same central collisions 
produced similar results (Fig. 9). The contribution of projectile spectators is obviously

Fig. 7. Double differential proton cross section of central Ne + Au collision at 0.4 GeV/nucleon (in the lab. 
system). Full, dashed, dotted and dashed-dotted curves are obtained in the present calculation. Experimental 
points of Gutbrod et al are taken from [8], and for their normalization an approximate cross section 
<r0 «  17 mb was used. The low energy peak in the forward angle calculated cross sections is produced by the 
spectators of temperature 6 MeV. Similar enhancement in the experimental cross sections at lower energy is

probably of the same origin
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Fig. 8. Invariant proton cross section of the central Ne +  Au 0.4 GeV/nucleon collision obtained in the 
present hydrodynamical model. In transverse directions the low temperature target spectator contribution 
can be distinguished from the higher break-up-temperature (» 2 6  MeV) participants. In forward angles the 

cross section is not exponential due to the flow

4

“ Ar .Я И рь -*• p.X  Ep= 800 MeV/n

Fig. 9. Rapidity contour plots of the invariant proton cross section for central Ar +  Pb collision obtained in 
the present model for different expansion angles Ф, together with the experimental invariant cross section for 
the same reaction [9]. (It should be noted that in the experiment [9] there was no selection for high 
multiplicity events). Observe that the experimental rapidity distribution of target spectator peaks displaced 
from у =  0 due to the target recoil. This effect will be treated only in the subsequent phenomenological model
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absent in the calculated spectra and comparison with experiments shows that the 
angles around Ф= 10°—20° are the most realistic ones for the description of almost 
central asymmetric heavy ion collisions.

4. Phenomenological model

In this Section we present a phenomenological model for almost central 
asymmetric heavy ion collisions at moderate energies. The model is capable of 
calculating the recoil properties of the target residue.

We assume that the process of the asymmetric heavy ion collision (Fig. 1) can be 
described in two stages: i) at the first impact a region of the target and the projectile is 
equilibrated and moves with a “hot spot velocity” v* and ii) nucleons emerge from the 
equilibrated region with an isotropic momentum distribution; some of them get 
absorbed in the target residue, which in this way acquires a recoil momentum. (This 
absorption shadow is neglected in the hydrodynamic model presented in Section 2).

We have one free parameter, the number of nucleons a, participating in the hot 
spot from the target. (The connection of a and the quantities, defined in Figs 2 and 4 will 
be discussed later). In the almost central reactions considered all A p nucleons of the 
projectile clearly participate in the hot spot. To describe the first stage of the reaction 
we use energy and momentum conservation. (The calculations in this Section were 
carried out in the laboratory system for convenience). Assuming that the total available 
energy goes into the kinetic energy of the ordered motion of the hot spot with the 
collective velocity vh and into the kinetic energy of the Fermi gas, we get for the average 
statistical velocity

-2  A P atr = ---- -—
(Ap + a\

v%, (3)

where v0 —
2 ELAB

mNA.
is the beam velocity.

In the present model we use a further simplifying assumption: we consider v to 
be the average corresponding to a sharp Fermi sphere. While this is certainly not the 
case in the hot spot, the sharp Fermi sphere allows us to define a Fermi speed vF, which, 
as we shall see, proves to be extremely useful in our first, unsophisticated estimates. 
This approximation is sufficient for our qualitative purposes.

3
Using v” = ---- - v"F from [10] one gets

n +  3

VF =  .  4
5 Apa
3 (A. +  a)'

v0, (4)

5.where the factor -  is a consequence of the sharp Fermi distribution and should not be 

taken seriously.
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Now, in the second stage of the reaction we have a hot spot moving still inwards 
to the target with the velocity vA. This hot spot will be represented by a Fermi sphere of 
radius vF, displaced with vA in velocity space (Fig, 10). In other words we have the same 
picture as in Section 3 up to the time icomp (Fig. 4), but in our simple schematic model 
the development after icomp is described by the single-particle decay of the hot spot. All 
those particles of the hot spot which have a velocity component facing the target (ux > 0) 
ar". assumed to be absorbed in the residue (Fig. 10).

The fraction /  of the hot spot nucleons absorbed in the target residue is defined 
by

/  =
volume absorbed 

volume of Fermi sphere
Í dT

■>*>0
»

Í dr
sphere

(5)

where the integration goes over the hot spot velocities. We get for the mass number of 
the target residue

Alr = A , - a  + f ( A p + a). (6)

It is straightforward to calculate the recoil velocity of the target: first we calculate the 
average velocity V of the absorbed hot spot particles by the prescription

V j dt =  j  vdt
p*>0 i?x> 0

and get the recoil velocity vr from

f ( A p+a)X = Alrvr.

In Fig. 11 the recoil velocity is plotted as a function of a for the reaction 12C + 208 Pb at 
the energy ELAB = 86 MeV/nucleon. It can be seen that the recoil velocity is a slowly 
increasing function of the number of target participants, a, for 12<a<50. (The upper 
limit on a comes from the requirement that the excitation energy in the hot spot should

(7)

( 8)

coordinate -  space velocity - space

Fig. 10. The representation of the hot spot in the phenomenological model, both in coordinate and velocity
space
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be at least above the binding energy in order to make the concept of hot spot sensible. 
On the other hand at the timef = rcomp, a = Ap according to the principle of equal 
participation [6] and at a time icomp< t < i 1/2, a > A p.).

From Fig. 3 we can get an estimate of a. Assuming that the first stage of the 
reaction (the local equilibration of the hot spot) is completed at f%2icomp and 
comparing the length of the unshocked region at this particular instance of time to the 
original length of the target LT, we arrive at a very rough guess on what a could be. An 
inspection of Fig. 3 suggests that a is at around the upper end of the interval displayed 
in Fig. 11. This means a recoil velocity vrx  0.045 c. It should be noted, however, that 
this recoil was obtained under the assumption of total absorption in the target residue. 
Taking into account the transparency of the target material may reduce the above 
value of vr considerably.

Fig. 11. The recoil velocity of the central12C + 20,Pb reaction at 86 MeV/nucleon beam energy as a function 
of the number of participants a of the hot spot from the target

5. Summary

We presented two models for the description of almost central asymmetric heavy 
ion collisions at moderate energies. The hydrodynamical model gave results which 
compare with the experimental values rather well, but suffer from the onedimension- 
ality of the present description. In the framework of the phenomenological model we 
predicted recoil properties of the target-residue.

Finally we emphasize that the one dimensional hydrodynamical model seems to 
favour an opening angle (Fig. 1) Ф к  10° at these energies. It is also possible to get an 
estimate from the hydrodynamical model for the free parameter of the phenomeno
logical model. This suggests that the number of participants a of the hot spot from the 
target (Fig. 10) is around a«0.35/4, in the reaction 20Ne + 197Au at the energy 400 
MeV/nucleon.
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