
PHYSICA
ACADEMIAE SCIENTIARUM  

HUNGARICAE

ACTA

A D I X J V  A N T I  B U S

R. G Á S P Á R , К . N A G Y , L. PÁ L . A. SZALAY. I .  T A R JÁ N

R B . D I G I T

I .  K O V Á C S

T O M U S  X I / V I I I F A SC IC U L U S I

ACTA PHYS. HUNG.

A K A D É M I A I  K I A D Ó ,  ВЕГрАРДЭТ
1980

A PA H A Q  48 (1) 3 -1 1 8  (1980)



ACTA PHYSICA
A C A D E M I A E  S C I E N T I A R U M  H U N G A R I C A E

S Z E R K E S Z T I

KOVÁCS IST V Á N

Az Acta Physica  angol, ném et, francia vagy orosz nyelven közöl értekezéseket. É ven te  
k é t kö tetben , k ö te ten k én t 4—4 füzetben  jelenik meg. K éziratok a szerkesztőség címére (1521 
B udapest X I., B udafoki ú t 8.) küldendők.

M egrendelhető a belföld szám ára az A kadém iai K iadónál (1363 Budapest P f. 24. 
B ankszám la 215-11488), a  külföld szám ára pedig a „K u ltú ra”  K ülkereskedelm i V álla la tná l 
(1389 B udapest 62, P .O .B. 149. B ankszám la 217-10990), vagy an n ak  külföldi képviseleteinél.

The A cta  Physica  publish papers on physics in  English, G erm an, French or K ussian 
in issues m aking up  two volumes per year. D istribu te r: “ K ultura”  Foreign Trading Com pany 
(1389 B udapest 62, P.O . Box 149) or its  representatives abroad.

Die Acta Physica  veröffentlichen A bhandlungen aus dem B ereich der Physik in  d eu t
scher, englischer, französischer oder russischer Sprache, in H eften , die jährlich zwei B ände 
bilden.

B estellbar bei »Kultura« A uuinhandelsun ternehm en (1389 B udapest 62, Postfach  149) 
oder seinen A uslandsvertretungen.

Les A cta  Physica  publien t des travaux  du dom aine de la physique en français, anglais, 
allem and ou russe, en fascicules qu i form ent deux volumes par an .

On p eu t s’abonner à l’E n trep rise  du Commerce Extérieur «K ultura» (1389 B udapest 62, 
P.O .B . 149) ou chez représentants à l’étranger.

«Acta Physica» публикуют трактаты из области физических наук на русском, 
немецком, английском и французском языках.

«Acta Physica» выходят отдельными выпусками, составляющими два тома в год. 
Заказы принимает предприятие по внешней торговле «K ultura» (1389 B udapest 62,

P.O .B. 149) или его заграничные представительства.



PHYSICA
ACADEMIAE SCIENTIARUM  

H U N G A R I C A E

ACTA

A D I U V  A N T I B U S

R. GÁSPÁR, К. NA G Y , L. PÁL, A. SZA LA Y , I. T A R JÁ N

E E D I G I T

I.  K O V Á C S

TOMUS X L V I I I

ACTA P H Y S . HUNG.

A K A D É M I A I  K I A D Ó ,  B U D A P E S T
1 9 8 0



I

i

i

Í
A

i



INDEX

T om us 48

GENERAL PHYSICS

E . Bassila : Tachyons in  the  Fram ework of th e  Two Centers P a r t ic le s .................................... 19
M . F . Podlaha e t T. S jödin: La formule relativ iste  de l’effet D oppler dans une théorie

d’é t h e r .............................................................................................................................................  69
H . E . Wilhelm  and S. H . Hong: Anomalous Propagation o f Probability  in  Q uantum

Mechanics .......................................................................................................................................  425
P .-A . ívért and T. S jödin: Poincaré’s Principle Determines th e  Behaviour o f Moving

Particles and C lo c k s ..................................................................................................................  439

ELEMENTARY PARTICLES AND FIELDS

I . C. Patel, R. P. Akabari and  L. K . Patel: Two Kerr-NUT T ype Solutions of E inste in ’s
E quations .......................................................................................................................................  187

С. V.  Weslenholz: On Spontaneous Sym m etry Breakdown and th e  Higgs M echanism . . . .  213 
A . R . R oy  and B. Chatterjee: Cylindrically Sym m etric E m pty Space-Time Solutions of S en—

D unn Theory ................................................................................................................................. 383
J .  R . Rao, R . N . Tiivari and G. Mohanty: N onstatic  Cylindrically Sym m etric Zeldovich Fluid

D istribution  ...................................................................................................................................  415
A . Bauerjee: S tatic Brans-Dicke-M axwell F i e l d s ....................................................................... 461

NUCLEAR PHYSICS

H . A . Ismail, H. H anafi, A . El-Naem, W. A ra fa  and H. Abou-Leila: Level S tru c tu re  of
175Lu ................................................................................................................................................ 203

F ranklin  R . Ruehl, Jr.: The G round States o f th e  Nucleide 44Ti ............................................... 391

ATOMIC AND MOLECULAR PHYSICS

M . A . Abdel-Raouf : F u rther Investigations for th e  Least-squares M ethod .............................  31
G. J . Kemeny, R . S. Eng and  A . W. M antz: U tilization of Tunable Infrared Diode Lasers

for the D eterm ination of Labelled Molecules in Gas M ix tu re s ......................................... 93
T. V. Ramakrishna Rao and  R . Ramakrishna Reddy: D issociation Energy of Si2 Molecule 197 
E. K apuy , C. Kozmutza and  Zs. Ozoróczy : Dependence on the G eom etry and on th e  Basis

Set of Localized O rb ita l Energy and M om ent C ontributions I I I . E lectric M om ents 225 
E. K apuy , C. Kozmutza and  Zs. Ozoróczy: D ependence on the G eom etry and on th e  Basis 

Set of Localized O rb ita l Energy and M om ent Contributions. IV. Moment Charac
teristics ...........................................................................................................................................  235

I . Kovács: General Form  of the  Centrifugal Corrections of the Spin In teractions in  Di
atom ic M olecules..........................................................................................................................  323

OPTICS

Gy. M ajor: M athem atical Modelling of Diffuse L ight S c a tte r in g ................................................  3
Z. Konefal and J . Szczepanski: An Efficient L aboratory  R am an Scattering System  . . . .  409



FLU ID S, PLASMAS AND ELECTRIC DISCHARGES

D . R . Phalswal, Y . P . Singh  and  N. L . Varma : Power R eflection, Transmission an d  Absorp
tion  Coefficients fo r a Moving P lasm a Slab in a R ectangular W av eg u id e ....................  77

R . C. Sharma, H . Singh  and  K . P . Thakur : K elvin-Helm holtz Instability  th rough  Porous
Medium of Two Superposed P la s m a s .................................................................................... 103

P . D . A riel: Effect o f H all Current and  F in ite  Larmor R adius on the StabiUty o f a Plasma 251 
R . C. Sharma  and K . N . Sharma: M agneto — Therm ohaline Convection th rough  Porous

Medium ............................................................................................................................................  269
B . B orstn ik, D. Janezic  and  A . A zm an: A  Monte Carlo C alculation of Surface Properties

of W a t e r .......................................................................................................................................... 297
N . G. Kafousias, A . A . R aptis  and G. J .  Tzivanidis: Free Convection Effects on  the Flow 

P ast an A ccelerated Vertical Porous P late in an Incom pressible D issipative Fluid
w ith  Variable Suction  or In je c t io n ......................................................................................  303

V. M . Soundalgekar and  S. R . Shende: U nsteady  Forced and  Free Convective M HD Flow 
P ast an In fin ite  V ertical Porous P la te  w ith C onstant Suction and O scillatory Wall 
Tem perature .................................................................................................................................  359

A . M orro: Shocks and  W aves in Thermo-Viscous MFD w ith  H idden V ariables ...............  369

PHYSICS OF CONDENSED MATTER

M . Saleh: Photogeneration  of Charge Carriers in O rthorhom bic Sulphur . . .  ......................  43
T . Porjesz, I. Kirschner, M . F. Kotkata, M . S. Zaghloul, G. Kovács and T . Debreceni: 

E xperim ental Investigation  of Anomalous M agnetoresistance in Monocrystalline
Lead Sulphide ..............................................................................................................................  57

L . P . Pathak, B. P . Singh  and M . P. H em kar: Tem perature V ariation of G rüneisen Para
m eter in  A lkali M e ta ls ............................................................................................................... 109

L . Gűtai : C haracterization of Highly Com pensated Sem i-Insulated GaAs S ubstrates . . . .  119 
I .  M ojzes: E lectrical Modelling of O hm ic Contacts Form ation  on Metal-n-GaAs Systems 131
B . Pödör: On the Self-Compensation o f Donors in L iquid Phase E pitax ial G a A s .............  147
M . Somogyi: Investiga tion  of Oxidized A I[IB V Surfaces by  P h o to resp o n se ..............................  153
B . Szentpáli: A New DLTS M e th o d ....................................................................................................  161
N guyen  M inh Khue and  J . Sólyom: E x ac t Solution of a  Quasi-One-Dim ensional Model

w ith Long R ange In teraction  (Coupled Tomonaga Chains) ..........................................  169
V. K . Pershin, VI. K . Pershin  and L. A . Fishbein: D ynam ical Aspects of the Form ation of

the Mesomorphic S tate  S tr u c tu re ........................................................................................  281
V . R . M urthy  and R . N . V. Ranga Reddy : Polarizabilities o f L iquid Crystals o f a Series of

4-Cyan-Phenyl E ste rs  of 4’-n-Alkoxycinnam ic A c id s ......................................................  293
П . Б . Варна, Л. Тот , Б . Петретис и P . Ринкунас: Зависимость структуры  и свойств

слоев селена от плотности тока зарядов в молекулярном потоке ..........................  315
G. Gergely, В . Grúzzá and  М . M enyhárd : B ackscattering Spectra of M edium  Energy

Electrons ........................................................................................................................................ 337
Y . Thomas: Sur le carac tère  anharm onique de la d ila ta tion  therm ique des solides à haute

tem pérature  ...................................................................................................................................  397
N . A . Eissa, A . M . Sanad, S. M . Youssef, S . A . E l-H enaw ii, S . Sh. Gomaa and

A . G. M ostafa: M össbauer E ffect S tudy  of O xidation  and Coordination States of 
Iron  in  Some Sodium  Borate Glasses ...................................................................................  403

INTERDISCIPLINARY

G. M arx  and F. M iskolci: The Greenhouse Effect of the СОг in  the A tm o sp h e re ...............  449

ASTROPHYSICS

L . Baroni, P. L . Fortini, C. Gualdi and G. Callegari : On X -R ay  Luminosity by  M atter Accre
tion  on a N eu tron  S t a r ............................................................................................................. 243

R . C. Sharma and K . N . Sharma : On Therm ohaline-Convective Instability  w ith  Finite Lar
mor R adius an d  H all E f fe c ts .................................................................................................. 349

CLASSICAL AND APPLIED PHYSICS

P . Singh  and D. K . Bhattacharya : A New V ariational Technique to Free Convection Bound
ary  Layer Flow  and  H eat T ra n s f e r ......................................................................................  85

RECENSIONES 117, 333, 465



PHYSICA
ACADEMIAE SCIENTIARUM  

H U N G A R I C A E

ACTA

A D I U V A N T I B U S

R . G Á S P Á R ,  К .  N A G Y .  L.  P Á L ,  A.  S Z A L A Y ,  I. T A R J Á N

R E D I G I T

I .  K O V Á C S

T O M U S  X L V I I I F A S C I C U L U S  I

ACTA P H Y S . H U N G .

A K A D É M I A I  K I A D Ó ,  B U D A P E S T
1980



GENERAL PHYSICS

E . Bassila: T achyons in  the F ram ew ork  of the Two Centres P artic les...............................  19
M . F . Podlaha e t  T . Sjôdin: L a form ule relativiste de l’effet D oppler dans une théorie

d’éther ............................................................................................................................................ 69

ATOMIC AND MOLECULAR PHYSICS

M . A . Abdel-Raouf : Fu rther Investigations for the Least-squares M ethod ............................. 31
G. J . Kémény, R . S . Eng and A . W . M antz: U tilization  of Tunable In fra red  Diode Lasers

for the D eterm ination  of L abelled  Molecules in  Gas M ixtures...................................... 93

OPTICS AND ELECTRODYNAMICS

Gy. Major: M athem atical Modelling of Diffuse L ight S cattering ............................................... 3

PHYSICS OF CONDENSED MATTER

M . Saleh: Photogeneration  of Charge Carriers in O rthorhom bic Sulphur ..........................  43
T . Porjesz, I .  Kirschner, M . F . K otkata, M . S. Zaghloul, G. Kovács an d  P. Debreceni: 

E xperim en tal Investigation  of Anomalous M agnetoresistance in  Monocrystalline 
Lead Sulphide .............................................................................................................................. 57

L . P. Pathak, В . P . Singh  and M . P . Hemkar: T em peratu re  Variation of Grüneisen P a ra 
m eter in  A lkali M eta ls.................................................................................................................  109

FLUIDS, PLASMAS AND ELECTRIC DISCHARGES

D. R . Phalswal, Y .  P . Singh and N .L .  Varma: Power R eflection,Transm ission and Absorp
tion Coefficients for a Moving P lasm a Slab in a  R ectangular W a v e g u id e ....................  77

R . C. Sharma, H . Singh  and K. P . Thakur: K elvin-H elm holtz Instab ility  through Porous
Medium of Two Superposed P la s m a s ....................................................................................  103

CLASSICAL AND APPLIED PHYSICS

P . Singh and D. K . Bhattacharya : A N ew  V ariational Technique to Free Convection B ound
ary L ayer Flow  and H eat T ransfer .......................................................................................  85

RECENSIONES 117

INDEX



Acta Physica Academiae Scientiarum Hungaricae, Tomus 48 (1), pp. 3 — 17 (1980)

MATHEMATICAL MODELLING OF DIFFUSE  
LIGHT SCATTERING

By

G y . M a j o r

SPECTROSCOPIC LABORATORY, MINISTRY OF THE INTERIOR, BUDAPEST, HUNGARY 

(Received in revised form 12. V I. 1979)

A simplified m odel is proposed and  m athem atically  sim ulated on a com puter by  the 
Monte-Carlo m ethod to  stu d y  the phenom enon of diffuse ligh t scattering. The d a ta  of simula
tion  yield th e  density functions of the p a th leng th  d istribution  of light and several graphical 
relations for the reflection and transm ission of light against th e  layer thickness and  th e  absorp
tiv ity  of th e  sample, respectively. The character of these graphical relations is in  good agree
m ent w ith experim ental data .

1. Introduction
•

In  th e  p a s t few  decades th e re  has been grow ing  in te re s t in  th e  spectro- 
p h o to m e tric  in v es tig a tio n  o f diffuse lig h t sc a tte rin g  system s. T he in tr ic a c y  of 
th e  phenom enon  is show n b y  th e  g re a t n u m b er o f  d iffe ren t theories a tte m p tin g  
its  fo rm u la tio n , n one  o f  w hich, how ever, has so fa r  g iven a sa tis fac to ry  answ er 
to  a ll p roblem s w h ich  h av e  em erged.

O f th e  p roposed  theories th e  one m ost w ide ly  used  is th e  K u belk a— 
Mu n k — Gurevitsch  th e o ry  [1, 2], assum ing  tw o  c o n s ta n ts , ab so rp tio n  к and  
sc a tte rin g  s, w hich  charac terize  th e  respective  processes tak in g  p lace  in  th e  
lay e r. T he fu n c tio n

A  =  С1 -  Д ~)2 (1)
5 2 R„

according to K ortüm [3, 4, 5], how ever, also shows the relation betw een the 
absorption coefficient o f the m aterial and reflectance (RJ)  as к corresponds 
to  the absorption coefficient and s  is independent o f wavelength.

Since ex p erim en ta l d a ta  fa iled  to  give s a tis fa c to ry  ag reem en t betw een  
th e  ab so rp tio n  coeffic ien t an d  th e  so-called к/s fu n c tio n  o f th e  K u belk a— 
Mu n k —Gurevitsch  th e o ry , Schreyer  [6, 7, 8] in tro d u ced , in  ad d itio n  to  
th e  sc a tte r in g  c o n s ta n t, a sca tte rin g  coefficient, assum ing  b o th  to  be  in d ep en 
d e n t o f w ave leng th .

S ta r tin g  from  a  sim ple m odel B o d ó  an d  o th e rs  [9, 10, 11] assu m ed  th a t  
th e  sam ple  consists o f  th in  p lan e -p a ra lle l layers. T hus, b y  using  th e  surface

1 * Acta Physica Academiae Scientiarum Hungaricae 48, 1980
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re flec tio n  an d  a b so rp tio n  coefficients th e  p a th  covered  by  th e  l ig h t m u ltip ly  
re f le c te d  b y  an d  passin g  th ro u g h  th e  layers can  be  described  b y  tw o  a r ith m e 
tic a l p rogressions. A ccord ing  to  th e  th e o ry  th e  su m  o f these  tw o progressions 
gives th e  q u a n ti ty  o f  lig h t passing  th ro u g h  an d  re flec ted  b y  th e  sam ple .

G il e s  an d  o th e rs  [12] assum ed  th a t  th e  ra y s  o f th e  beam  passin g  th ro u g h  
a n d  re fle c ted  b y  th e  sam ple em erge from  th e  sam p le  a fte r  covering  d ifferen t 
p a th le n g th s . T h e  ab so rp tio n  o f th e  in d iv id u a l ra y s  d ev ia ted  to  iden tica l 
p a th le n g th s  can , how ever, be ca lc u la ted  b y  th e  B o u g u er—L a m b e r t—B eer 
law  (in  th e  fo llow ing re fe rred  to  as B L B  law)

Irtat — ai ' h  " 10_£C,‘, (2)
w here  I 0 is th e  in te n s i ty  o f in c id en t lig h t, at is th e  p o rtio n  of lig h t d ev ia ted  to  
p a th le n g th  lt, Z( is th e  p a th le n g th , e th e  m o la r e x tin c tio n  coeffic ien t, an d  c 
th e  co n cen tra tio n .

T h e  to ta l  f lu x  o f re flec ted  l ig h t is

Ir =  j £ a f I 0 1 0 - * .  (3)
;=i

G il e s  e t a l assu m ed  th a t  eq u a l lig h t p o rtio n s at are d ev ia ted  to  th e  diffe
re n t  p a th le n g th s . T h e  eq u a tio n  so o b ta in ed , how ever, d id  n o t p e rfe c tly  agree 
w ith  th e  e x p e rim e n ta l d a ta , so a  co rrec tion  fa c to r  h ad  to  be in tro d u ced . 
S id ’ko  a n d  T er sk o v  [13] assum ed  a as an  e x p o n en tia l fu n c tio n ; conseq u en tly , 
th e  re la tio n  o b ta in e d  for co n c e n tra tio n  dependence  shows lin ear dependence 
fo r an  e x ten d ed  c o n c e n tra tio n  ran g e .

T hese th eo rie s  fa il to  ac c o u n t fo r th e  co m p lex ity  o f th e  phenom enon .
F o r m easu rem en t-tech n ica l reasons, th e  sp e c tra  o f diffuse sc a tte rin g  

sam p les  m ay  o n ly  be  reco rded  w ith  reference  to  some s ta n d a rd . V arious 
s ta n d a rd s  a re  u sed , such  as m agnesium  oxide, p o tassiu m  b ro m id e , b a riu m  
su lp h a te , opaque  glass, etc .

To reco rd  th e  sp ec tru m  o f a co loured  su b s ta n c e  deposited  on th e  surface 
o f  a  ca rrie r, i t  is o fte n  th e  u n s ta in e d  ca rrie r t h a t  is u sed  as re ference  s ta n d a rd . 
Som e ex p erim en ts , how ever, show  th a t  th e  c o m p a ra tiv e  m easu rem en t does 
n o t  fu lly  co m p en sa te  for th e  sp e c tra l c h a rac te ris tic s  of th e  ca rrie r.

F o r  s tu d y in g  th e  above p ro b lem s a m a th e m a tic a l m odel h as  been  deve
lo p ed  [16], w hich  seem s to  be su ita b le  to  fo rm u la te  th e  re la tio n s describ ing 
th e  ph en o m en o n  o f diffuse lig h t sca tte rin g . 2

2. Starting points for m odelling

T he fu n d a m e n ta l eq u a tio n  o f  ab so rp tio n  sp ec tro p h o to m e try  is given b y  
th e  B L B  law  as

I  — I q e ~ecl, (4)

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



MATHEMATICAL MODELLING OF DIFFUSE LIGHT SCATTERING 5

w here I 0 an d  I  are th e  in tensities o f in c id e n t an d  tra n s m itte d  lig h t, re sp ec ti
vely , e is th e  m olar ex tin c tio n  coeffic ien t, c is th e  c o n cen tra tio n  an d  l is th e  
lay e r th ickness.

T h e  basic  re q u ire m e n t re g a rd in g  th e  perfo rm ance  o f th e  m easu rem en t 
is th a t  th e  beam  shou ld  pass p e rp e n d ic u la rly  th ro u g h  a hom ogeneous, n o n 
sc a tte rin g  m edium  confined  betw een  p lan e-p ara lle l lay e rs . In  th e  law  o f ab so rp 
tio n  th is  is expressed  b y  th e  lay e r th ick n ess , since th e  p ro b a b ility  fo r each  
p h o to n  to  e n te r  in to  in te ra c tio n  w ith  th e  absorb ing  m ed iu m  is th e  sam e w hile 
passing  th ro u g h  i t  in  a  s tra ig h t line along  a p a th le n g th  correspond ing  to  th e  
th ick n ess  o f th e  lay e r. T h is does n o t  m ean , o f  course, t h a t  every  p h o to n  covers 
th e  sam e p a th le n g th , because a b so rp tio n  m ay  occur an y w h ere  inside th e  lay e r, 
b u t  th e  lo g arith m  o f loss is p ro p o rtio n a l to  th e  p a th le n g th .

T h is re la tio n  c a n n o t be ap p lied  to  cha rac te rize  th e  sp ec tro p h o to m e tric  
p ro p ertie s  o f diffuse sc a tte rin g  m ed ia , as th e y  d iffe r from  so lu tions (n o n 
sc a tte rin g  m edia) in  m a n y  respec ts .

T h e  essen tia l p ro p e rty  of a d iffuse lig h t-sc a tte rin g  m edium  giv ing  rise  
to  th e  phenom enon  o f sca tte rin g  is t h a t  i t  co n ta in s  su b stan ces o f d iffe ren t 
re frac tiv e  indices in  one or m ore phases  in  th e  fo rm  o f d rop le ts  or p a rtic le s  
an d  so i t  has inside su rfaces .1

T h e  ray s  of lig h t do n o t tra v e l in  para lle l inside th e  sam ple, b u t  th e y  are  
m u ltip ly  dev ia ted . T h e  d ifferen t p o rtio n s  o f th e  b eam  are  m u ltip ly  re flec ted  
an d  re fra c ted  by  th e  inside surfaces. I n  th e  course o f th is  process he p h o to n s 
are  d ev ia ted  to  d iffe ren t d irections to  cover vario u s p a th le n g th s . T his is th e  
p h enom enon  genera lly  te rm ed  sc a tte r in g  in  re flec tio n  sp ec tro p h o to m e try . 
S ca tte rin g  in  itse lf  does n o t a c tu a lly  m ean  a loss o f lig h t, i.e. ab so rp tio n . A  rea l 
loss o f l ig h t is due to  th e  a b so rp tio n  p rocess accord ing  to  B L B  law , in  p ro p o r
tio n  to  th e  a b so rp tiv ity , co n cen tra tio n  an d  th e  p a th le n g th  covered  b y  th e  beam  
in  th e  abso rb in g  m ed ium .

I t  can  be assum ed  th a t  for a sm all p o rtio n  o f  th e  b eam  d e v ia te d  to  th e  
sam e p a th le n g th  an d  so passing  th ro u g h  th e  sam e q u a n t i ty  of absorb ing  m edium , 
th e  B L B  law  m ay  be  w ritte n  as

d l  =  d l 0 e~ lyu, (5)

w here d l 0 is a  sm all p o rtio n  of th e  b e a m  passing  th ro u g h  a q u a n ti ty  o f  m a te ria l 
y  • и (g/cm 2) (у =  specific  g rav ity , u  =  p a th len g th ), a t te n u a te d  acco rd ing  to  
a b so rp tiv ity  (a) a n d  em erging from  th e  m edium  as a  q u a n ti ty  d l.  I t  is to  be 
n o ted  th a t  th e  to ta l  q u a n ti ty  d l 0 o f th e  lig h t beam  does n o t cover th e  p a th le n g th  
и b u t  i t  is th is  q u a n ti ty ,  accord ing  to  a ssum ption , t h a t  is d ev ia ted  to  p a th -  
len g th  u.

1 W e do no t discuss the extrem e case, where the sam ple is homogeneous, continuous
and i t  is only the coarse, unpolished surface th a t  causes light scattering.
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To d e te rm in e  th e  to ta l  p o rtio n  o f re flec ted  lig h t all ra y s  o f th e  beam  
em erg ing  fro m  th e  sam ple a fte r  covering  d iffe ren t p a th le n g th s  m u s t be added . 
B u t  th is  req u ire s  th e  know ledge o f  th e  p o rtio n s  of lig h t h a v in g  covered th e  
d iffe ren t p a th le n g th s . In  o th e r  w ords we h av e  to  know  th e  d e n s ity  fu nc tion  
o f  th e  p a th le n g th  d is tr ib u tio n  o f lig h t. Since th e  po rtio n s o f  b e a m  m ay cover 
v e ry  d iffe ren t p a th le n g th s  w hen  passing  th ro u g h  th e  p a rtic le s , th e  d en sity  
fu n c tio n  m a y  be  considered  as a co n tin u o u s one. Supposing  t h a t  th e  d en sity  
fu n c tio n  is

d I o =  h f R ( u)du  (6)

a n d  su b s titu tin g  i t  in to  E q . (5)

d I  =  I 0f Á u) e ~xvadu  ̂ (7)

so th e  to ta l  q u a n t i ty  o f re fle c ted  lig h t is o b ta in e d  b y  in te g ra tio n

1 =  J o j7 /? ( H ) e - ay“ du  . (8)
0

I f  th e  la y e r  is th in , a sm all p o rtio n  o f th e  b eam  m ay  em erge on  th e  o th e r 
side. T his p o rtio n  o f lig h t — sim ila rly  to  re flec ted  lig h t — em erges from  th e  
sam p le  a f te r  a m u ltip le  re p e titio n  o f  th e  th re e  e lem en ta ry  processes : refrac tion , 
re flec tio n  a n d  a b so rp tio n . T h is m eans, o f course, th a t  th e  in d iv id u a l rays o f 
th e  beam  tra v e rse  d iffe ren t p a th le n g th s  inside th e  absorb ing  m ed ium . So to  
describe  th e  l ig h t passing  th ro u g h  a diffuse sc a tte rin g  m ed ium  we have to  
a p p ly  sim ilar m e th o d s  as fo r re flec tio n . W e h av e  to  fin d  th e  d e n s ity  function  
o f  p a th le n g th  d is tr ib u tio n  also fo r th e  tra n s m itte d  ligh t.

M ore p rec ise ly , th e  in c id e n t lig h t is d iv ided  in to  3 p a r ts  in  th e  sam ple:

I 0 = I R +  I T +  I L , (9)

w here  I 0, I R a n d  I r  m ean  th e  in te n s i ty  o f  in c id en t, re flec ted  a n d  tra n sm itte d  
l ig h t , re sp ec tiv e ly , a n d  I L is th e  in te n s ity  o f lig h t tra n sv e rse ly  d ev ia ted  to  a 
lo n g  p a th  in s id e  th e  sam ple, m eanw hile  n o t  crossing an y  o f  th e  b o u n d a ry  
su rfaces.

A ccord ing  to  p re se n t-d a y  know ledge th e  d en sity  fu n c tio n  o f  p a th le n g th  
d is tr ib u tio n  c a n n o t be de te rm in ed  e ith e r  b y  d irec t or b y  in d irec t m easu rem en t. 
A ll m easu rem en ts  su p p ly  in te g ra te d  d a ta . M a th em atica l m odelling  (sim ula
tio n )  b y  using  a  m odified  M onte-C arlo  m e th o d  m akes i t  possible to  in v estig a te  
th e  phen o m en o n , a n d  to  get th e  d e n s ity  fu n c tio n s fo r th e  re flec tio n  an d  tr a n s 
m ission  o f  l ig h t fo r d iffe ren t lay e r th icknesses. T he M onte-C arlo m ethod  is 
v e ry  w idely  u sed  fo r th e  in v e s tig a tio n  o f severa l sc a tte rin g  processes [18], 
f i r s t  o f all fo r th e  in v es tig a tio n  o f  n e u tro n  sca tte rin g . In  th e  p re sen t case,
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how ever, we use i t  fo r th e  so lu tio n  o f a d iffe ren t problem , i.e . to  get th e  d e n s ity  
fu n c tio n  o f th e  d is tr ib u tio n  o f  th e  p a th le n g th s  covered.

To c o n s tru c t our m odel th e  ta sk  h a d  obviously  to  be re s tric ted  a n d  
sim plified . W e h a v e  assum ed  t h a t  th e  m a te r ia l  is hom ogeneous, com pact, b u t  
has phase  b ounds along w hich  th e  re frac tiv e  indices differ. R ay s  of lig h t t r a v e l  
in  s tra ig h t line b e tw een  th e  p h a se  bounds: a t  th e  b o u n d a ry  surface, how ever, 
th e y  m ay  p roceed  in  an y  d irec tio n , due to  th e  irregu lar sh a p e  of the  p a rtic le s . 
A fte r th e  change o f  d irec tio n  th e y  p roceed  s tra ig h t u n t i l  reach ing  th e  n e x t  
surface. The m odel sim u la tes a  sam ple co n sis tin g  of p a rtic le s  em bedded  in  a ir  
h u t  th e  p a th  tra v e rse d  in  th e  a ir  can  be n eg lec ted  because o f  th e  sm all a b so rp 
tiv ity . Since o u r a im  was p rim a rily  to  d raw  general conclusions from  th e  m odel 
concern ing  th e  spec tro scop ica l b eh av io u r o f  diffuse s c a tte r in g  system s, we 
considered  these  assum p tio n s a n d  sim plifica tions perm issib le .

As no m a th e m a tic a l d e riv a tio n  cou ld  be  found, we expec ted  th e  m odel 
to  prov ide in fo rm a tio n  on th e  m a th e m a tic a l re la tions b e tw e e n  re flec tion  an d  
transm issio n  d a ta  on th e  one  h a n d  an d  a b so rp tiv ity , s c a tte r in g  p ro p e rtie s , 
lay e r th ickness, co n cen tra tio n , on  th e  o th e r , in  graph ica l fo rm , w hich m a y  be 
su itab le  to  in te rp re t  th e  e ssen tia l fea tu res  o f  th e  phenom enon .

3. M odelling of ligh t scattering by the Monte-Carlo method

O ur p rim a ry  aim  in  co n stru c tin g  th e  m odel was to  derive th e  d e n s ity  
fu n c tio n  of p a th le n g th  d is tr ib u tio n  of th e  in c id e n t ligh t b e a m  b u t a t  th e  sam e 
tim e  we carried  o u t  th e  in te g ra tio n  of E q . (8).

W e chose fo r th e  in v es tig a tio n  th e  follow ing sim p lified  model.
The ray s o f  lig h t are  in c id e n t a t  p o in t О a t rig h t ang les u n to  th e  su rface  

o f a lay e r of th ick n ess  L  (F ig . 1). T he o th e r  tw o  dim ensions o f  th e  lay e r (a long  
th e  Y , Z axes) a re  in fin ite .
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T he p h o to n s  m ay  m ak e  s tep s  in  a n y  d irec tio n  inside th e  layer. T he d irec 
tio n  an d  size o f  th e  steps (in  a rb itra ry  u n its )  w ere ca lc u la ted  from  th re e  r a n 
dom  n u m b ers  considered  as p ro jec tio n s o f  th e  X , Y, Z ax es. E ach  step  m ean s 
th e  p a th  o f a p h o to n  from  o n e  surface to  th e  o th e r of a p a r tic le . The ra n d o m  
n u m b ers  w ere p ro d u ced  b y  a  ran d o m  n u m b e r  genera to r o f  un iform  d is tr ib u 
tio n  over th e  ran g e  —1 — 1-1. A ccord ingly , th e  leng th  o f  th e  largest possib le  
s te p  is

и =  f *2 - f  у 2 +  а2 =  У l 2 +  l 2 +  l 2 =  1.73. (10)

T h e  steps a re  re p e a te d  u n til  th e  ra y  em erges from  th e  la y e r . The g en e ra tio n  
o f  th re e  ra n d o m  num bers in  th e  p rog ram  gives th e  possib ility  fo r more d e ta iled  
in v e s tig a tio n s  on  th e  s tru c tu re  o f th e  la y e r.

T rav e rs in g  th e  p lane  X  =  0 in  n e g a tiv e  d irec tion  m eans re flec tio n , 
tra v e rs in g  th e  p lan e  X  — L  in  positive d irec tio n  m eans transm ission . T h e  
p h o to n s  em erg ing  e ith e r f ro m  th e  illu m in a te d  or from  th e  opposite su rface  
o f  th e  sam p le  w ere co u n ted  se p a ra te ly  acco rd in g  to  th e  p a th le n g th  covered , 
ro u n d e d  o ff to  in tegers. R ay s  w hich  have  tra v e lle d  p a th le n g th s  over 100 u n its  
w ere considered  lost.

To c o n s tru c t our m odel w e h ad  to  choose p a ram e te rs  su itab le  to  describe  
th e  m ost im p o r ta n t  fea tu re s  o f  th e  phen o m en o n . The v a r ia tio n  of v a lu e  L  
d irec tly  s im u la te s  th e  lay e r th ick n ess , w h ich  considerab ly  a ffec ts  in  p a r tic u la r  
th e  a m o u n t o f  tra n sm itte d  lig h t.

T he v a r ia tio n  o f th e  s te p  len g th  b y  a  m u ltip lica tiv e  fa c to r  co rresponds 
to  th e  ch an g e  o f  p artic le  size. I t  is m uch m ore  d ifficu lt to  f in d  a co n v en ien t 
p a ra m e te r  fo r m odelling  th e  re frac tiv e  in d e x , w hich a ffec ts  th e  ra tio  o f  r e 
flec ted  to  tra n s m it te d  ligh t b y  th e  surfaces o f  th e  partic les as well as th e  an g le  
o f  re frac tio n . I t s  v a lue  d e te rm in es  on th e  one h and  th e  p a th le n g th  o f  l ig h t 
in sid e  th e  sam p le  an d  on th e  o th e r th e  ra t io  of p a th le n g th s  covered in  th e  
d iffe ren t m ed ia . In  view  of th e  s ta tis tic a l c h a ra c te r  of th e  p h enom enon  we m a y  
suppose  t h a t  inside  th e  sam p le  its  effect is s im ila r to  th a t  o f  partic le  size, a n d  
can  he m odelled  b y  a com m on  p a ra m e te r.

T he e ffec t o f  re frac tiv e  in d e x  is su b s ta n tia lly  d ifferen t on  th e  illu m in a te d  
su rface  o f th e  sam ple. T his follow s from  th e  fac t th a t  th e  po rtion  o f l ig h t  
b e a m  re fle c ted  d irec tly  fro m  th e  surface does n o t pass th ro u g h  a b so rb in g  
m a te ria l, th u s  i t  is n o t a t te n u a te d . I ts  q u a n t i ty  depends on  th e  v a lu e  of 
re fra c tiv e  ind ices (sam ple, a ir) . In  th e  l i te ra tu re  th is  q u a n t i ty  of ligh t is ca lled  
th e  e x te rn a l co m p o n en t [14, 3, 4].

In  m odelling  th e  d e n s ity  fu n c tio n  o f p a th le n g th  d is tr ib u tio n  the  m a te r ia l 
w as reg a rd ed  as a n o n -ab so rb in g  one. A b so rp tio n  was ta k e n  in to  accoun t o n ly  
in  th e  in te g ra tio n  on th e  basis  o f  E q . (8).

A ccord ing ly , we app lied  tw o  basic p a ra m e te rs  for th e  co m p u te r m odelling  
o f  p a th le n g th  d is tr ib u tio n : la y e r  th ickness L  an d  p artic le  size F. T he e ffec t
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of th e  re frac tiv e  in d ices  could be  ta k e n  in to  acco u n t b y  th e  su b se q u e n t calcu l
a tio n  o f  th e  q u a n t i ty  o f  ligh t re f le c te d  from  th e  su rface  w h e reb y  co m p u te r 
tim e  w as co n sid e rab ly  reduced.

In  th e  course o f  m odelling w e desired  to  get a n  answ er also to  th e  ques
tio n  to  w h a t degree th e  resu lt d ep en d s  on th e  selec ted  m odel. T h ere fo re  we 
ex am in ed  various p a r tic le  shapes a n d  step  len g th s  along th e  X , Y , Z axes:

1. Cubic partic le : th e  m ax im um  s te p  len g th  is th e  sam e a long  a ll th re e  axes.
2. P r ism a tic  p a rtic le : th e  value o f  com ponen t X  w as m u ltip lied  b y  2.
3. P r ism a tic  p a rtic le : th e  value o f  co m p o n en ts  Y , Z w as m u ltip lied  b y  2.
4. P r ism a tic  p a rtic le : th e  value o f  co m p o n en ts  Y , Z w as m u ltip lied  b y  3.

T hese v a ria tio n s  sim ulate  o n  th e  one h a n d  th e  d iffe ren t p a r tic le  shapes 
an d  on th e  o ther h a n d  th e y  m odify  th e  d is tr ib u tio n  fu n c tio n  of th e  single steps,
i.e. th e  p ro b ab ility  fo r  th e  lig h t b e a m  to  cover a sh o rte r  or lo n g er p a th le n g th  
inside a  partic le .

I n  th e  second p a r t  of th e  p ro g ram  we ca rried  o u t th e  in te g ra tio n  of 
E q . (8) over the  d iffe re n t values o f  th e  th ird  p a ra m e te r , a b so rp tiv ity  Z. T he 
n u m b e r o f pho tons lau n ch ed  w as 10 000 for each version . T he la y e r  th ickness 
w as v a rie d  from  1 to  20 un its b y  one u n it an d  th e  a b so rp tiv ity  from  0.05 to
1.00 b y  0.05 steps. T h e  c o m p u ta tio n s  w ere pefo rm ed  on  an  IC L 1905 ty p e  com 
p u te r , using  an  Algol p rogram .

4. Graphical relations obtained from the m odel

T h e d a ta  o b ta in e d  from  m odelling  were p lo tte d  g raph ica lly  ag a in s t d iffer
e n t p a ram e te rs . T h e  graphs m ak e  th e  ev a lu a tio n  o f th e  re la tio n s  an d  th e ir  
com parison  w ith  th e  m easured  d a ta  possible.

T ab le  I  and  F ig . 2 show th e  d e n s ity  fu n c tio n  o f th e  p a th le n g th  d is tr ib u 
tio n  o f  reflec ted  lig h t, i.e. th e  q u a n t i ty  of ph o to n s R I  em erging on  th e  side 
of illu m in a tio n  a fte r  covering  d iffe re n t p a th len g th s  u . T he curves (R v  R 2, R J )  
re p re se n t th e  d iffe ren t layer th ick n esses  (L =  1, 2) a n d  th e  so-called  in fin ite  
lay e r th ickness. T h e  curves have a  m ax im um , w hich  m eans t h a t  th e  g rea te r 
p a r t  o f  th e  rays em erge  from  th e  m ed iu m  afte r covering  re la tiv e ly  sh o rt p a th - 
len g th s . W ith  in c reasin g  layer th ic k n e ss  th e  q u a n ti ty  of ray s  re fle c ted  a fte r 
tra v e rs in g  longer p a th le n g th s  a lso  increases. O ver a  ce rta in  la y e r  th ickness, 
how ever, th e  fu n c tio n  does n o t ch an g e  an y  m ore, t h a t  is th e  q u a n t i ty  o f re 
flec ted  lig h t becom es co n stan t. T h is  corresponds to  th e  fac t th a t ,  b y  increasing  
th e  la y e r  th ickness, rem ission  ap p ro ach es  a b o u n d a ry  v álue  (R „).

T h e  density  fu n c tio n  of th e  p a th le n g th  d is tr ib u tio n  of tra n s m it te d  lig h t 
(F ig. 3) also shows a m ax im um , w h ich  is sh ifted  w ith  increasing  la y e r  th ickness, 
th e  cu rv e  becom es f la t te r  and ta k e s  a p ro la ted  shape.
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Table I

D ensity function of th e  path length  d istribution of reflected light for d ifferent layer 
thicknesses for th e  cubic particle shape version

Layert hickness 1 2 3 5 10 15

Pathlength
0 1 1 1 l 1 l
1 366 366 366 366 366 366
2 2268 2268 2268 2268 2268 2268
3 1179 1192 1192 1192 1192 1192
4 653 782 782 782 782 782
5 284 518 518 518 518 518
6 140 424 427 427 427 427
7 71 303 317 317 317 317
8 23 216 246 247 246 246
9 14 201 237 237 237 237

10 4 136 178 179 179 179
11 0 104 167 172 172 172
12 0 82 148 151 151 151
13 1 53 98 108 108 108
14 0 48 103 115 115 115
15 0 32 80 94 94 94
16 0 17 74 93 93 93
17 0 17 63 75 75 75
18 0 28 58 74 74 74
19 0 14 50 70 70 70
20 0 18 44 66 66 66
21 0 8 42 61 61 61
22 0 5 33 63 63 63
23 0 3 30 58 58 58
24 0 1 17 37 38 38
25 0 4 28 50 52 52

D ifferen t m odels y ielded re la tio n s  o f id en tica l ty p e , w hereas th e  location  
a n d  h e ig h t o f m a x im a  w ere d iffe ren t. Since th e se  func tions cou ld  n o t be 
checked  d irec tly  b y  ex p erim en ts , th ere fo re  th e  re su lts  o f in te g ra tio n  com 
p a ra b le  w ith  th e  ex p erim en ta l d a ta  are  p a r tic u la r ly  in te restin g .

F igure  4 show s th e  p ro p o rtio n  (in p ercen tages) o f re flec tan ce  an d  tra n s 
m itta n c e  vs lay e r th ickness. W ith  th e  increase o f th e  lay e r th ickness re flec tance  
in creases  u p  to  R ^ ,  w ith  increasin g  a b so rp tiv ity  Z  i t  decreases. T ransm ission  
decreases w ith  increasin g  la y e r  th ick n ess  an d  a b so rp tiv ity .
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Fig. 2. D ensity  function of th e  pathlength d is tribu tion  of reflected light for d ifferen t layer 
thicknesses for the cubic particle shape version (u =  path length , R I  =  num ber of reflected

photons)

Fig. 3. D ensity  function of th e  path length  d is tribu tion  of tran sm itted  light for d ifferen t layer 
thicknesses for the cubic particle shape version (и =  pathlength. T I  =  number of tran sm itted

photons)

T h e  c h a ra c te r  o f  th e  o b ta ined  d a ta  is in  full ag reem en t w ith  ex p erim en ts  
(F ig . 5). T h e  F igu re  show s th e  d ependence  of tra n s m itta n c e  and  re fle c tan c e  of 
W a ttm a n  N o. 1 f i l te r-p a p e r  on la y e r  th ickness a t  3 d ifferen t w av e len g th s , 
co rresp o n d in g  to  d iffe ren t ab so rp tiv itie s .

T h e  p a ra m e te r  effect o f partic le  size corresponds to  ex p erim en ta l o b se rv a 
tio n s. I f  i t  decreases, re flec tio n  increases an d  tran sm iss io n  decreases. W e w an t 
to  em phasize  th a t  th e  v a r ia tio n  of p a r tic le  size and  a b so rp tiv ity  e q u a lly  change 
th e  so-called  in fin ite  la y e r  th ickness in  ag reem en t w ith  th e  ex p e rim en ta l d a ta .
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Fig. 4. In tensity  of reflected  and tran sm itted  light, respectively, vs layer thickness for different
values of absorp tiv ity

C ontinuous line =  reflection, dots and  dashes =  transm ission, Z  =  abso rp tiv ity , L  =  lay e r
thickness

Fig. 5. Dependence o f reflection and  transm itted  ligh t, respectively, on layer thickness for 
W a ttm an  No. 1 filter-paper a t 3 d ifferen t wavelengths:

1 =  1000 nm : 2 =  667 nm: 3 =  250 nm.
Continuous line =  reflection, do ts and dashes: transm ission: L  =  lay e r thickness

The data o f  modelling were compared w ith  the data obtained  by applying  
th e  K ubelk a—M u n k —Gurevitsch  theory. On the basis o f  the relations 
given  by J udd  [15] we have calcu lated  and p lo tted  the dependence of reflection  
and transm ission on layer th ickness

R  1 (И )V +  W  coth ( W  ■ s  ■ l )

T  =  [ ( V  +  R f  -  IF2]1'2, (12)
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w here

V  =
s -j- к

s
1
2

(13)

(14)

к an d  s are  the  c o n s ta n ts  of a b so rp tio n  and  sc a tte rin g , resp ec tiv e ly , an d  l is 
th e  lay e r th ickness.

T he value o f s w as chosen to  be  0.1.

Fig. 6. Reflection (continuous line) and transm ission (dots and  dashes) calculated  on the basis 
of the K u b e l k a —M u n k — G u r e v it s c h  th eo ry  vs layer thickness for sam ples of different 

abso rp tiv ity . R  is th e  reflectance of th e  infinite layer.

O n th e  d iagram s p lo tte d  on the  b a s is  o f th e  K u b e l k a —Mu n k — Gurevitsch  
th e o ry  (F ig . 6) a sm a ll a b so rp tio n  coefficien t w ould  co rrespond  to  a sm all 
in fin ite  lay e r th ick n ess  an d  sm all tra n sm itta n c e , w hich, how ever, co n trad ic ts  
th e  ex p erim en ta l observations.

R ev ertin g  to  th e  d a ta  of m odelling , th e  d iag ram  (F ig . 7) o b ta in e d  b y  
p lo ttin g  th e  re flec tio n  o f  an in f in ite  lay e r vs a b so rp tiv ity  y ie ld s  a re la tio n

Fig. 7. Reflection of in fin ite  layer (R„)  vs absorptiv ity  (Z) for different partic le  sizes (F )
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analogous to  B L B  law  fo r th e  sc a tte r in g  system . As m a y  be seen in  F ig . 7 th e  
decrease  o f p a rtic le  size increases re flec tio n  th a t  m ean s th a t  a g re a te r  portion  
o f  lig h t em erges a fte r  tra v e rs in g  a  sh o rte r  p a th le n g th . T he essential difference 
as co m p ared  to  th e  n o n -sc a tte rin g  sy s tem  is th a t  th e  fu n c tio n  is n o t logarithm ic . 
A s im ila r re la tio n  is o b ta in ed  b y  p lo tt in g  tra n sm itta n c e  against a b so rp tiv ity . 
I n  th is  case th e  ro le o f  p a rtic le  size is d ifferen t, w ith  i ts  decrease th e  q u a n tity  
o f  th e  tr a n s m itte d  l ig h t is also red u ced .

T he lig h t re fle c ted  from  th e  su rface  w ith o u t a b so rp tio n  can  b e  tak en  
in to  acco u n t b y  th e  sim ple eq u a tio n s:

R N =  R  +  N  ■ R ,  (15)

T N =  T  • (1 -  N )  . (16)

T he p o rtio n  o f lig h t re flec ted  d ire c tly  from  th e  su rface  increases reflection  
a n d  decreases tran sm iss io n . W ith  increasin g  a b so rp tiv ity  Z  th e  p ro p o rtio n  of 
l ig h t re flec ted  d ire c tly  from  th e  su rface  increases (F ig . 8). JV is th e  p ro p o rtio n  
o f l ig h t re flec ted  from  th e  surface.

S e ttin g  u p  th e  m odel we assu m ed  th a t  each r a y  o f  th e  lig h t b e a m  covers 
a d iffe ren t p a th le n g th  in  th e  s c a tte r in g  system . F o r th e  lig h t beam  as a whole, 
how ever, a so-called eq u iv a len t av e rag e  p a th le n g th  m a y  be ca lcu la ted  on th e  
basis  o f th e  follow ing eq u a tio n s:

R  =  lO -Z r i ' .« ,  (17)

T =  10-z-rU.T (18)

le is n o t th e  av e rag e  o f  p a th le n g th s , b u t  a ca lcu la ted  v alue  expressing 
th e  la y e r  th ickness a t  w hich , in  a  n o n -sca tte rin g  m ed ium , th e  tra n sm itta n c e  
o f  th e  su b stan ce  o f id e n tic a l a b so rp tio n  coefficient eq u a ls  R  or T.

Fig. 8. Reflection of the  infinite layer (R œ) vs abso rp tiv ity  (Z) for different surface
reflections (iV)
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Fig. 9. E quivalen t average path leng th  (Ze) vs absorptiv ity  (Z) for reflection m easurem ent with
different partic le  sizes (F )

Fig. 10. E qu ivalen t average path length  (le) v s  absorptiv ity  (Z) for transm ission m easurem en
■with different particle sizes (E )

F ig . 9 and  Fig. 10, re spec tive ly , show  th e  values o f  le ca lcu la ted  from  th e  
m odel fo r reflec tion  fo r transm issio n  m easu rem en t as a function  o f  a b so rp ti
v i ty  Z.  F ro m  th e  com parison  of th e  d a ta  th e  following conclusions can  b e  draw n: 
th e  increase  o f a b so rp tiv ity  decreases le b o th  for re flec tio n  and  tran sm issio n . 
T he e ffec t of various p a rtic le  sizes, how ever, is d iffe ren t, w ith  decreasing  
p a rtic le  size th e  e q u iv a len t re flec tio n  p a th le n g th  decreases an d  th a t  o f  tra n s 
m ission increases. F o r b o th  m easu ring  a rran g em en ts  th e  efficiency o f  abso rp 
tio n  is a  n u m b er of tim es  h igher th a n  fo r n o n -sca tte rin g  m edia. A cco rd ing  to  
th e  F ig u re  th e  d ifference is g rea test fo r  sm all lay er th icknesses in  tran sm iss io n  
m easu rem en t.

T hese  re la tio n s show  th e  essen tia l difference b e tw een  sc a tte r in g  and  
n o n sc a tte r in g  m edia in  re sp ec t of sp e c tro p h o to m e try . Solutions (n o n sca tte rin g  
m edia) a re  a lim it case o f  th e  m ore gen era l sca tte rin g  sy s tem , w here th e  d ensity  
fu n c tio n  o f  p a th le n g th  d is tr ib u tio n  ap p ro ach es a g iven  p a th le n g th , i.e . layer
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th ick n ess . T hus, fo r so lu tions, E q . (8) tu rn s  in to  th e  w ell-know n B L B  equation
(4), a n d  th e  v a r ia t io n  of lay e r th ick n ess  or a b so rp tiv ity  re su lts  in  a linear 
ch an g e  o f op tica l d e n s ity . F o r sc a tte r in g  sam ples th e  v a ria tio n  o f  th e  ab so rp 
t io n  coeffic ien t re su lts  in  an  a p p a re n t  change o f  lay er th ick n ess , and  in  a 
ch an g e  of th e  e q u iv a le n t av e rag e  p a th le n g th . T h is  m eans t h a t  i f  all o th e r 
p a ra m e te rs  are  id e n tic a l, w ith  th e  v a ria tio n  o f  a b so rp tiv ity  le also varies an d  
so th e  lig h t e n te rs  in to  in te ra c tio n  w ith  a n o th e r  p o rtion  o f  th e  absorb ing  
m ed iu m  [17].

T his ex p la in s  th e  im p o r ta n t ro le o f th e  re fe ren ce  app lied  ( th e  u n sta in ed  
ca rrie r)  in  diffuse sc a tte r in g  sy s tem s, as th e  d ifference  b e tw een  th e  rea l p a th -  
le n g th s  covered b y  l ig h t in  an  a b so rb in g  and  in  a v e ry  sligh tly  ab so rb in g  m edium  
is v e ry  re m a rk a b le .

5. Interpretation of data

T he d e n s ity  fu n c tio n s m ay  be  considered as so lu tions fo r th e  p a th len g th  
d is tr ib u tio n  o f th ree -d im en sio n a l w andering  in  a  lay e r of ha lf-space  w hen th e  
s te p le n g th  and  d ire c tio n  are a rb itra ry . A ccording to  th e  B odó a n d  th e  K ubelka  
— M u n k — Gurevitsch  theo ries th e  m otion  o f  lig h t is one-d im ensional, 
w ith  fixed  (B odó) an d  a rb i t r a ry  (K ubelk a—M u n k —Gurevitsch ) step- 
le n g th . Giles se lec ts  th e  p a th le n g th  covered a n d  th e  process o f ab so rp tion , 
b u t  th e  u n sa tis fa c to ry  ag reem en t w ith  ex p e rim en ta l d a ta  show s th e  need of 
fu r th e r  in v es tig a tio n s .

A ccording to  o u r p re se n t-d a y  know ledge th e  d en sity  fu n c tio n s  o b ta in ed  
fro m  our m odel c a n n o t be w r itte n  dow n in closed fo rm  eq u a tio n s  an d  are n o t 
id e n tic a l w ith  th e  d en sity  fu n c tio n s  used b y  th e  T h eo ry  of P ro b a b ility .

This can  be  exp la ined  b y  th e  follow ing co n sid era tio n s: fo r a sm all 
n u m b e r  of steps in  th e  p a th le n g th  d is trib u tio n  th e  one s te p le n g th  d is tr ib u tio n  
fu n c tio n  d ep en d in g  o n  th e  sh ap e  o f  th e  p a rtic le  p red o m in a tes . O ver a ce rta in  
n u m b e r  of steps i t  is th e  d is tr ib u tio n  func tion  o f  th e  s tep  n u m b ers  t h a t  p revails. 
F o r  sm all lay e r th icknesses th e  m a th em a tica l descrip tio n  o f th e  b reak  in  th e  
d e n s ity  fu n c tio n  o f  reflec tion  p a th le n g th  d is tr ib u tio n  is conce ivab le  only in  
v e ry  co m p lica ted  form .

T he d e n s ity  fu n c tio n  o f re flec tio n , or tran sm iss io n  p a th le n g th  d is tr ib u 
t io n  m ay  be co nsidered  th e  fu n d a m e n ta l c h a ra c te ris tic  o f l ig h t sca tte rin g . 
R e la tio n s o b ta in e d  from  th e  s im u la tio n  yield th e  dependence  of reflec tion  an d  
tran sm iss io n  on d iffe ren t p a ra m e te rs .

F ig . 7 m a y  b e  regarded  as th e  graph ica l analogue of th e  B L B  law  con
ce rn in g  th e  d ep en d en ce  of re fle c tio n  on a b so rp tiv ity . A s im ila r re la tio n  m ay  
b e  derived  for tran sm iss io n . F ig . 5 shows th e  d ependence  o n  la y e r  th ickness. 
T h e  ch a ra c te r  o f  th e  above re la tio n s  is in  good ag reem en t w ith  th e  exp erim en ta l 
d a ta .
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Since th e  re flec tio n  and  tran sm iss io n  of th e  sc a tte r in g  m edium  d ep en d  
on severa l p a ram e te rs  (a b so rp tiv ity , p a rtic le  size, re fra c tiv e  in d ex , e tc .) i t  is 
im possib le to  draw  conclusions for th e  ab so rp tio n  coeffic ien t from  one m easu red  
value. T h e  g raph ica l re la tio n s p lo t te d  here, how ever, describe a n d  ex p la in  
various p ro p erties  o f  d iffuse sc a tte r in g  system s. F u r th e r  in v es tig a tio n s  m a y  
lead  to  th e  d irec t d e te rm in a tio n  o f  th e  ab so rp tio n  coeffic ien t.
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Using the flu id  droplet m odel of elem entary particles, we propose to  introduce tw o 
spinor fields (p and % in  order to  define two centres. W e introduce a new  concept of invariance 
in connection w ith  th e  possibility th a t  the particle m ay  have a velocity larger th an  the velocity  
of light w ithout the need to in troduce im aginary proper masses, proper tim e and proper length. 
To th is new concept, we a ttach  new  invariance groups th a t  we in te rp re t physically. In  a simple 
case, we propose a dynam ical equation for tachyons.

I. Introduction

In  th e  s tu d y  o f e lem en ta ry  p a rtic le s , new  m odels a n d  new  concep ts 
have  been in tro d u ced . O ne o f th e m  is th e  flu id  d ro p le t m odel p roposed  b y  
W ey ssen h o ff  [1] an d  s tu d ie d  in  d e ta il b y  Möller [2], B ohm andV iG iER [3].

A sp ino r fie ld  defines th e  m otion  o f  a  p a rtic le  considered  as a p o in t [4]. 
In  o rd e r to  in tro d u ce  tw o  cen tres  for th e  p a rtic le , we p ropose  [6] to  in tro d u c e  
tw o  sp inor fie lds <p an d  y , w hose tra n s fo rm a tio n  u n d er T ousheck  g roup  is:

tp ' —  e1“7“ (p , 

г  —  e"'ly‘ у .
( 1 )

In  th is  w ay  th e  tw o  sp ino r fields cp a n d  у define tw o  space-tim e p o in ts  
th a t  we consider as th e  tw o  cen tres  of th e  p artic le . In s te a d  o f th e  tw o fou r- 
sp inors, cpi  an d  y4 we in tro d u c e  th e  2-sp inors <p +  j% tw ice— com plex in  i a n d  
j  w here i an d  j  are  tw o im a g in a ry  n u m b ers  :

( p = j x =  [[^n +  i(Pn] +  j  bin +  iXn]) ' 
l[i>21 +  i(PtÄ +  j  [*21 +  X22V ’

(2)

N ote  t h a t  th e re  a re  tw o  possib ilities to  ta k e  th e  c o n ju g a te  o f a  2 -sp ino r:
a) T he com plex co n ju g a te  w ith  re sp e c t to  i : •

<P*+jx*i  (3)
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b) T h e  com plex  c o n ju g a te  w ith  re sp e c t to  j :

<P— j X • (4)

T h u s, in  th e  2 -sp inor fo rm alism , i t  is possible to  in tro d u c e  tw o cen tres  
w ith  tw o new  in v arian ce  g ro u p s  th a t  we s tu d y  in  S ec tion  I I .  In  Section  I I I ,  
w e show  th e  possib ility  o f h a v in g  velocities la rg e r th a n  th e  v e loc ity  of l ig h t c, 
w ith o u t th e  n eed  o f im a g in a ry  p ro p er m asses, p ro p er tim e  a n d  p ro p er le n g th  
we propose a  p hysica l in te rp re ta t io n  o f th e se  in v arian ce  groups. U sing th e se  
concep ts, a  new  m odel o f  ta c h y o n s  is in tro d u c e d  in  S ec tion  IY . In  S ection  Y 
a d y n am ica l eq u a tio n  fo r ta c h y o n s  is p roposed .

II. Invariance groups

a) The four-spinor formalism

C onsider th e  fo u r-sp in o r <p4. A n ex am p le  o f th e  4 -sp in o r y 4 a sso c ia ted  
to  cp4 is:

—  у ^ - ^ - а 4 . (5)
m a ®XV

T h e fo u r-sp in o r <p4 defines th e  f irs t c en tre  th ro u g h  th e  fo u r-v ec to r:

X>i — Ti 4>\ (6)

a n d  th e  second  fou r-sp ino r y 4 defines th e  second  cen tre  th ro u g h  th e  fo u r-v e c to r

Y i i =  X i 7 ß Xi -
T h u s we h a v e  th e  tw o c e n tre s :

XV =  p 4 / > 4 , 

Y 'L =  Xi  7 “ X\ ■

(? )

( 8)

T he tw o  in v a rian ce  g ro u p s leave in v a r ia n t  th e  q u a n titie s  A  a n d  В :

A  — X 2 — (X °)2 , 

B  =  Y 2 -  (Y 2)0 .
(9)

b) 2-spinor formalism

In s te a d  o f  th e  fo u r-sp in o rs  ç>4 a n d  y 4 we in tro d u ce  th e  tw o 2-sp inors 
<p an d  y. L e t  us in tro d u ce  a n  im a g in a ry  n u m b e r j  in d e p e n d e n t of i, in  th e  sense 
t h a t  we m a y  ta k e  se p a ra te ly  th e  com plex  co n ju g a te  w ith  re sp ec t to  i a n d  j .
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L et us c o n s tru c t th e  2 -sp inor cp -j- tw ice  com plex in  i  a n d  j :

9 + JX =
+  j  h n  +  h o i )  

[?>21 +  J V 22]  + j  [%21 +  Í X 22V

aß being  th e  P au li m atrices. L e t us d e fin e :

Z'-1 =  ( f  +  ÎX) ^(.9  +  h )
W e se t:

T hus:

=  cpcs^cp — x ^ X  > 

Y* =  ÿa^x +  ХГ11 9-

Z* =  X^ +  jY*.

( 10)

(И)

( 12)

(13)

W e enlarge th e  tw o in v a rian ce  g ro u p s b y  req u irin g  th e  in v arian ce  o f th e  
q u a n tity :

Z 2 _  (Z 0)2.

T his im plies th a t  th e  tw o  q u a n tit ie s  C and  D :

C =  [X2 +  (Y 0)2] -  [Y2 +  (X 0)2] , 
D  =  XY — X ° Y °

(14)

rem ain  in v a r ia n t. W e m ay  consider fo u r  ty p es  of in v a rian ce  groups.

1. Group o f  f irs t  kind.  T h is g roup  is associated  w ith  th e  tra n s fo rm a tio n :

(<p +  jxY =  e (9 + ix)
w hich m eans th a t :

cp' =  Ich —  -f- sh  —  ak 
1 2 2

c h ------1-  sh  —  *k

9 ,
(15)

x = ch Y + sh y 01j x -

T his im plies th e  follow ing tra n s fo rm a tio n  law  fo r X й an d  Y ß:

X 1' =  X ‘ ,

X k’ =  X k ch a  +  X °  sh  a  , 

X 0' =  X k sh  a  +  X » ch a ,

Y 1' =  Y l c h ,

Y k' =  Y k ch a  +  Y° sh a , 

Y 0' =  Y k sh  a  +  Y° ch a  ,

w here к =  1 o r 2 or 3,

l ^ к .
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T his is th e  special L o ren tz  tra n s fo rm a tio n  along th e  ax is (к) o f v e lo c ity :

V =  c th  «

2. Group o f  second kind.  T h is group is asso c ia ted  w ith  th e  tra n sfo rm a tio n :

(<p +  jxY  = e (Ф+/*)!> (16)

w hich  m eans t h a t :

, ( ß  . . .  ß k\cp =  cos ----- [- i  sin  —  o' I cp , % = cos +  i  s in  —  o,k| X • (17)

T his im p lies th e  fo llow ing tra n s fo rm a tio n  law  for X ?* an d  Y ,J:

X *  =  X k, Y k' =  Y k,

X 0' =  X °, Y 0' =  Y°,

Y v =  Y l cos ß +  Y m sin  ß  ,X*' =  X 1 cos —  -(- X m sin  — , 
2 2

X m' =  — X* sin  —  -I- X m cos ■ ̂

(18)

Y m' =  Y*— sin ß -(- Y m cos ß ,
2 2

w here к =  1 o r  2 or 3 (1 =И= m  =H=fc).

This is a  space  ro ta tio n  o f  angle ß a b o u t th e  (k) ax is.

3. Group o f  third kind.  T h is group leaves in v a r ia n t th e  q u an titie s  E, F  
a n d  D :

E  =  X2 +  (Y 0)2,

F  =  Y2 +  (X 0)2,

G =  X Y  -  X °Y °.

T he co rresp o n d in g  tra n s fo rm a tio n  law  fo r  th e  sp inors cp a n d  y is

(<? +  i%Y =  e ‘ (<p +  h )  ’
w hich  m eans t h a t :

У<p' =  cos —  cp — sin  — yk X 1 l '  =  cos —  z  +  sin  —  a k cp (19)
2 2 2 2
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an d  th e  co rresp o n d in g  tra n s fo rm a tio n  law  fo r X ^ and  Y ß:

X k' — X k cos y  — Y° s in  y , 

У 0' =  X k sin  у  +  У 0 cos у  , 

X ' ' =  X ' ,

Y k =  Y k cos у  X °  sin  у  ,

X 0' =  — Y k sin у -j- X °  cos y, (20)

У ' =  Y ',

w here
к =  1 o r 2 or 3, col =  k.

In  th e  case: X °  =  Y°,  in  o rd e r  to  sa tisfy  E q s . (20), we m u s t ta k e :

Y k =  — X k, k =  1 ,2 ,  3.

In d e e d , le t  u s  se t X ° =  У 0, we find :

X 0' == Y 0' =  — Y k sin у  +  X ° cos у  =  X k sin у -}- X ° cos у ,

w hich gives: Y k =  — yf, к  =  1, 2, 3.

4. Group o f  fourth  kind. T h is g roup  leaves th e  q u an titie s

X 2 -  Y2,

XY
in v a r ia n t.

T he co rrespond ing  tra n sfo rm a tio n  law  fo r  th e  spinors <p a n d  у  is:

• 6 jtIV a*
W + i x Y  =  {Ф +  jx b

w hich m eans t h a t :
, , ô . , d kcp =  ch  —  (p — i sh  —  (У у  1

2 2

, , <5 , . , ô k .
у  =  c h — у  +  1 sh  —  a y  •

2 2

T h e tra n s fo rm a tio n  law  o f th e  coo rd inates X ^ an d  Y^ is:

X k' =  X fc, X '' =  X ‘ c h  «5 -  Y m sh  Ô ,

X 0' =  X°, Y m' =  - X '  sh  Ö +  Y m ch  r5 ,

Y k’ =  Y k, X m' =  X m c h  Ô +  Y l sh  6 ,

У 0' =  y °  , Y 1' =  X m sh  ô +  У ' ch Ô ,

( 21)

к =  I  o r  2 or 3, l ^  m  k.
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III. Physical interpretation o f the invariance groups

To th e  sp inors tra n sfo rm a tio n s  <p an d

-5-
(<P+jxY =  e (95+ 7X )

co rresponds th e  tra n s fo rm a tio n  o f Z M:

Z k' =  Z k ch  0  +  Z ° sh 0 ,

Z 0' =  Z s sh 0  +  Z° eh 0  ,

Z r  =  Z l ,

w here  A; =  1 o r 2 o r 3,

I ¥=k,

0  =  (a +  7 »  »

w hich  is called  th e  generalized  L o ren tz  tran sfo rm . In  th e  case w here th e  p a r
tic le  is considered  as a  p o in t d e te rm in ed  b y  Z *1 =  X ^, th e  L orentz tra n s fo rm  
in tro d u ces  a rea l angle  0  =  a  a tta c h e d  to  th e  v e lo c ity  v  of th e  o rig in  o f the 
m obile  fram e . In  th e  case w here th e  p a r tic le  is considered  as a f lu id  d ro p le t 
[1, 2, 3], th e  positio n  o f th e  p ra tic le  is defined  b y  tw o  p o in ts  M  an d  N  corres
p o n d in g  to  th e  tw o  cen tres  a tta c h e d  to  th e  flu id  d ro p le t. The generalized  
L o ren tz  tra n sfo rm s  in tro d u c e  a co m p lex  angle d =  a  -f- jy ,  w ith  tw o  real 
p a ra m e te rs  a an d  у  a t ta c h e d  to  th e  tw o  velocities o f  th e  m obile fram e  o f  refe
rence . T h u s , th e  orig in  o f  th is  sy s tem  in tro d u ces tw o  velocities Vj a n d  v2 
w h ich  a re  d e te rm in ed  from  a  an d  у  a n d  vice versa . T h is  leads us to  consider 
th e  orig in  o f th e  m obile fram e  as fo rm ed  b y  tw o p o in ts  0 1 and 0 2 a n d  the  
fram e  o f re fe rence  becom es th e  se t o f  th e  tw o fram es 0 2 X 1 X 2 X 3 X °  and 
0 2 Y 1 Y 2 Y 3 Y°, o f o rig ins 0 X an d  0 2 w h ich  possess th e  velocities Vj a n d  v2. 
T h is in te rp re ta t io n  faces a serious d iff ic u lty  w hen 0 1 a n d  0 2 are co m p le te ly  
u n k n o w n . B u t a fram e  o f reference is asso c ia ted  w ith  a n  observer, h e n ce  w ith  
a  m a te r ia l o b jec t d e te rm in ed  acco rd ing  to  th e  m odel o f  th e  flu id  d ro p le t by  
tw o  cen tres . H ence, th e  p o in ts  0 2 an d  0 2 are  th e  tw o  cen tres  asso c ia ted  w ith  
th e  m obile fram e. In  th is  case, th e  d is ta n c e  0 г0 2 is v e ry  sm all, th a t  is o f  the  
o rd e r o f  1 0 -17 cm : we assum e here  t h a t  th e  d istance  o f  th e  tw o c e n tre s  is of 
th e  o rd e r o f  1 0 -4 Z0, w here l0 is th e  fu n d a m e n ta l d is tan ce  10 -13 cm.

T h e  m obiléd  fram e  is th e n  com posed  of tw o m obile  fram es S ± a n d  S2 
a tta c h e d  to  th e  tw o  cen tres  0 : an d  0 2 o f  th e  m ateria l o b se rv e r 0. Ox in d ica te s  
th e  cen tre  o f  m ass o f  th e  observer. 0 2 in d ica tes  th e  c e n tre  of m a tte r  o f  the  
observer.
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X2

/
Fig. 1

C onsider a p a r tic le  P . I t  is de te rm in ed  b y  its  tw o cen tre s  M an  N, 
w here M ind icates th e  cen tre  o f  m ass  o f P , an d  N  th e  cen tre  o f m a tte r  of P . 
T he coord inates X 71 a n d  Y M are th e n  th e  coord inates o f  M and  N, respec tive ly  
w ith  re sp ec t to  th e  fram es 01S1 a n d  02S2: X м in d ic a te s  th e  co o rd in a tes  of M 
w ith  re sp ec t to  S2, Y 7* ind icates th e  coord inates o f N  w ith  re sp ec t to  S2.

I n  th e  com m on case w here X м an d  Y 7* are o f  th e  o rder o f  1 cm , X 71 and  
Y '1 a re  n ea rly  equal (w ith  an e rro r e q u a l to  10~17 cm ) w hich  is a good app rox i
m a tio n , an d  we n o tic e  th a t  the  d iffe rence  used is physica lly  n o t  appreciab le . 
W h ereas  i f  we im ag in e  th e  case w h e re  X* 9̂  — Y ' \  som eth ing  n ew  w ould  be 
in tro d u ced .

T h e  position  o f  th e  partic le  d e te rm in ed  b y  th e  tw o cen tres  M an d  N, 
is g iven  from  X ß a n d  Y M by  the  co m p lex  q u a n tity :

Z"- =  X *  +  j Y ^ . ( 22)

T h e  case X k =  — Y k co rresp o n d s to  X ° =  Y ° th e re :

z k =  Xk(l — jf), r = t(l+>) (23)
and

dt dt

T h e velocity  o f  a  partic le  P  in  th is  case

(X k =  -  Y k a n d  X » =  Y°)

T h e  origin (О-p 0 2) o f the m o b ile  fram e of re fe ren ce  has a v e lo c ity :

jve  th e n : ve (24)
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w e m u s t hav e :

H ence ,

w h ich  gives:

j  —  =  tg b  (a  +  jy)]-
C

V

—  =  t g y  
c

cos2 y

IT

1 + 4 '
sin2 y

1 +
c2

(25)

(26),(27)

T herefo re , th e  suggestion  o f  ta k in g  com plex a n d  equal to  a +  j y  is а 
g en era liza tio n  o f  th e  L o ren tz  tra n s fo rm . The in tro d u c tio n  of у  is lin k ed  to  th e  
in tro d u c tio n  o f Y ß a n d  to  th e  fram e  o f origin 0 2 a n d  o f  ve locity  v2. T h e  fram e 
o f  re ference  is i tse lf  a se t o f tw o  fram es linked  to  th e  tw o cen tres  0 X and 0 2 
o f  th e  m obile o b serv er an d  h av in g  th e  velocities v x a n d  v2. W e h av e  exam ined 
th e  case w hen  v x =  —v2 (opposed velocities for th e  tw o  fram es). T h e  origins 
0 X a n d  0 2 o f th e  o b se rv e r m ove su ch  th a t  th e ir  d is tan ce  0 20 2 increases rap id ly  
a n d  reach es th e  v a lu e  o f 10-17 cm  in  a  v e ry  sh o rt tim e :

Since

lO -io

31010
=  3.3 • i o - 27 s .

V

c
— tg  y ,

(28)

we see t h a t  i t  is possib le  to  h a v e  a  fram e o f re fe rence  linked  to  th e  observer 
(Ov  0 2), w hose velocities vx a n d  v2 (vx =  —v2) h a v e  a  m odulus g re a te r  th a n  
th e  v e lo c ity  o f lig h t.

L e t us exam ine  in  th is  case th e  ds2:

th e n :

ds2 =  (dZ0)2 -  d Z 2 , 

dZ ° =  C dt(l +  j )  , 

d Z k =  d**( 1 -  j ) , 

dX  dY
dt dt

ds2 =  C2 dt2 ( 1 +  j ) 2 -  dX2( 1 -  j )2 ,

ds2 =  C2dt2( l  +  j f
dX  2 
dt ,

(29)
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ds2 is n o t n eg a tiv e  an y  longer, even w h en

dX
dt

> C .

T h e fo rm u la  (29) expresses th e  fa c t  t h a t  th e  ds2 is th e  sam e w ith  re sp ec t 
to  th e  tw o  fraes S x an d  S2, i t  is equal to :

dt2 C2 +
d X
dt

H ence for a p artic le , hav ing  a m o d u lu s of v e lo c ity  o f its  tw o cen tre s :

> C
dX
dt

g rea te r  th a n  th e  velo c ity  o f  lig h t, we h a v e :

ds2 >  0 .

IV. Towards a new m odel of tachyons

T he id ea  o f hav in g  p artic les w ith  velocities g re a te r  th a n  th e  v e lo c ity  
of lig h t h as  been  suggested  b y  Ta nalea  [7], B il ia n iu k , D esh pa n d e  and  
Sudarsh an  [8], B assila  [6] an d  F e in b e r g  [9].

In  th e  sim ple m odel w here a p a r tic le  is considered as a p o in t o f  m ass  m 
a n d  v e lo c ity  v , i t  is d ifficu lt to  consider velocities g re a te r  th a n  c w ith o u t 
ru n n in g  in to  serious d ifficu lties. In d eed , we have:

(30)

a n d  if  v c, th e n  we m u st h av e  m 0 =  i ^ 0, an d  th e  m ass a t  re s t w ould h e  im a
g inary . W e assum e also t h a t  th e  in trin s ic  len g th  and tim e  are  also im a g in a ry .

W e s ta r t  from  a new  m odel of p a rtic le s . This m odel is m ainly  s tu d ie d  in
[1], [2], [3]. T he p artic le  is essen tia lly  considered  as a f lu id  d rop le t h a v in g  tw o 
cen tres: cen tre  o f m ass a n d  cen tre  of m a tte r .  Thus, in  th is  m odel, a  p a rtic le  
is rep re se n te d  b y  tw o po in ts  M  and  N.  T h e  fram e of re fe ren ce  itse lf is co n sid e r
ed to  be fo rm ed  b y  tw o fram es 0 1X 1X 2X 3X °  and  0 2Y 1Y 2Y 3Y°. The velocities 
v x o f Ox a n d  v2 o f 0 2 are co linear and c a n  exceed th e  sp eed  o f light. T h e  m ost
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g en era l co o rd in a te  tra n s fo rm a tio n  is th a t  re p re se n te d  b y  a  tran sfo rm a tio n  
o n  th e  spinors (<p -)- jy )  given b y

. L e o *

(<p + ixY = e Op +  jy.),
w h ere  0 =  a  -j- iß  -j- j y  +  ijô.

Consider th e  p a rtic u la r  case  a  =  ß =  y  =  0. This co rresponds to  th e
case:

Y1 —  —  V2 =  V .

This is e q u iv a le n t to  ta k in g  a set o f tw o  fram es o f  oppo site  velocities 
w ith  these  v e lo c itie s  being b o th  g rea te r th a n  c. A partic le  in  th is  m odel h a s  
a life tim e  re la te d  to  the  sp re a d in g  of th e  d ro p le t, th e  d is ta n c e  betw een  i ts  
c e n tre s  n o t ex ceed ing  10 ~17 cm .

Consider th e  form ula w h ich  re la tes th e  m ass to  th e  v e lo c ity  in  th e  case  
o f  v x =  — v 2 =  V. W e have th e  expression fo r  th e  m ass o f  th e  partic le , i t s  
v e lo c ity , its  m ass a t  re s t and  th e  speed  of th e  l ig h t  as follow:

M  =  m( 1 X j )  ,

V  =  v h j ,

M 0 =  m 0(l + j ) ,

c  =  c .
H en ce  we w rite :

w ith

(M C f -  (M V f  =  (M 0 C f  ,

( 1  -f- j ) 2 m 2 c2 +  (1  - f  j  f m 2 V2 =  m u c2( l  +  j ) 2,

(31)

V can  be g re a te r  th a n  c and  m 0 is n o t im a g in a ry . This new  m odel re jec ts  a ll 
th e  ob jec tions to  th e  ta c h y o n s : in  p a r tic u la r , in trin sic  le n g th  and  in tr in s ic  
im a g in a ry  tim e .

In  th e  case w here  th e  velo c ities  of th e  c e n tre s  are o p p o site  to  each o th e r , 
th e  life tim e o f th e  tachyons is v e ry  short, s h o r te r  th a n :

IO “ 11
--------- - # 3 . 3  • 1 0 - 27 s.
3 .1010
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V. Dynam ic equation o f the tacliyon in the special case
( x °  —  y ° ,  x k  =  — y k)

In  th e  special case w hen  (л;0 =  y°, x k =  —y k) th e  q u a d riv e c to r  im p u lsio n  
can  he w ritte n :

P k(  1 — j )> mc( !  +  j )

to  w hich corresponds th e  o p e ra to r

0
8** ( 1 + У ) ' ~ Г ? ( 1 + Л

In  th e  fo rm alism  o f th e  2 -sp inor th e  dynam ic e q u a tio n  can he w r itte n : 
i f  we rep lace  P /t b y  th e  o p era to rs

^  Р 7(Ф +  jx )  =  m 0 cj( 1 +  j)(<p -  jx )  =  0 .

In  th e  form alism  o f th e  2 -sp inor th e  dynam ic e q u a tio n  can be w ritte n : 
if  we rep lace  P  b y  th e  opera to rs

-A-,!-,,. - J L (1+y),
we have

<*k — Г (! — j)(<P +  jx) —  — T^1 +  /)(ф +  J X )  ~ m o c j { l  +  j)(x —  jx) =  0 1dxk dx°

d 1 — T  +  jx) —> °  ~T~~zj(<P +  jx) +  mo с(ф -  jx) =  0 *дхк Эл;0

w hich we can  decom pose in to  tw o  eq u a tio n s

7 7  ?  +  a ° T T  X +  m oc V =  0 .дхк 0л;0

0 0
-  cr* — — X +  <7°-—  ?> +  m ocX  =  0 • 

дхк Эл;0

B y  using  th e  qk m a tr ix  we can  rew rite  these  eq u a tio n s  in  one:

g3 в ak -------- [- p1 6a° — -----1- m n c
Эл;* 8л;0

=  О

w ith

V =
Ч>
X
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FURTHER INVESTIGATIONS FOR 
THE LEAST-SQUARES METHOD

By

M. A .  A b d e l - R a o u f

INSTITUTE FOR THEORETICAL PHYSICS, TÜBINGEN UNIVERSITY, D-7400 TÜBINGEN 1, FR G*

(R eceived 30. V III. 1979)

The least-squares S-wave phase shifts of the sca ttering  of electrons b y  simple, Y ukaw a 
and  sta tic  potentials are compared w ith  th e  exact phases. Additionally, K o h n ’s, R u b in o w ’s 
and  th e  least-squares m ethods (LSM) are  used for calculating the S-wave phase shifts of e+ — H 
elastic scattering b y  employing tria l and  test-function spaces which allow for v irtual positro
n ium  excitation. T he results are in good agreem ent w ith  those of other authors.

In tro d u c tio n

T he LSM h as been o rig ina lly  suggested b y  Ladanyi a n d  Szondy [1, 2], 
Schmid and  H offm ann  [3], Schmid and  Schwager [4], Schmid [5, 6] an d  
W ladaw sky  [7] fo r tre a tin g  th e  sca tte rin g  processes. Schwager an d  Schmid 
[8], Schwager [9] an d  Ma d e r  [10] used Schm id’s version  fo r dealing  w ith  
d iffe ren t th ree  b o d y  problem s. T h e y  show ed t h a t  th e  LSM is free  o f an y  trace s  
o f  th e  phenom enon  of pseudoresonances w h ich  appears in  th e  classical 
v a r ia tio n a l m e th o d s  [11 — 13]. A bdallah a n d  T ruhlar [14] in v es tig a ted  
W ladaw sky’s te c h n iq u e  in  e~  — H  ine lastic  sc a tte r in g  a n d  em phasized  th a t  
th e  m eth o d  is m ore  effective th a n  th e  m in im um  no rm  m eth o d  o f H arris an d  
Michels [15, 16] a n d  th e  anom aly -free  m e th o d s o f N esbet  [1 7 —20]. Ab d e l - 
R ao uf  an d  B elschner  [21] p o in te d  o u t t h a t  th e  LSM y ie ld s a p p ro x im a tiv e  
p h a se  sh ifts w h ich  converge s te a d ily  to  c e r ta in  values an d  th e  no rm  o f th e  
v e c to r  (E  — Н)\у)пУ becom es sm alle r b y  en la rg in g  th e  tr ia l  a n d  te s t-fu n c tio n  
spaces.

In  th is p a p e r  we show t h a t  th e  convergence o f th e  S -p h ase  sh ifts o f th e  
s c a tte r in g  of e lec trons b y  sim p le , Y ukaw a a n d  s ta tic  p o te n tia ls  is a lw ays 
to w a rd s  th e  e x a c t phases. The e x a c t solu tions o f  th e  S-w ave sc a tte r in g  o f elec
tro n s  b y  o th e r ex p o n en tia l p o te n tia ls  using th e  p rocedure  o f  K a n e l l o p o u l o s  

e t  a l [22] are also g iven in  T ab les . F ina lly , w e c a rry  o u t ca lcu la tio n s fo r th e  
S -phases o f e+ — H  elastic  sc a tte r in g  b y  a d d in g  p o sitro n iu m  v ec to rs  to  tr ia l  
ex p an sio n  and  te s t- fu n c tio n  spaces. In  th is  case w e use th e  v a r ia tio n a l m eth o d s 
o f  K o h n , R u b i n o w  an d  th e  LSM . The w hole re su lts  will be  com pared  w ith  
th o se  o f o ther a u th o rs .

* Present address: Faculty  of Physics, Freiburg U niversity, D— 7800 Freiburg, FR G

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



32 M. A. ABDEL-RAOUF

Variational methods

T h e S -w ave e lastic  sc a tte r in g  o f  a  p ro jec tile  b y  a to m ic  ta rg e t  can  be 
exp ressed , ap p ro x im a te ly , b y  th e  t r ia l  expansion  space

IУпУ — a I +  b\C) +  |ФП> 5 (1)

w here  th e  v ec to rs  |S )  a n d  |C> describe, a sy m p to tica lly , th e  fin a l s ta te  o f  th e  
s c a tte r in g  sy stem , w hile |Ф„> spans th e  dom ain  of in te ra c tio n . I t  is th e n  th e  
su p erp o sitio n  o f  H ilb e rt-sp ace  v ec to rs  i  =  1, 2, . . . . , re}, i.e.

|Ф„> = I %> • (2)
i=i

T he a d ju s ta b le  p a ra m e te rs  a, b an d  d ' s a re  su b jec ted  to  th e  v a r ia tio n a l p ro 
cedures.

Since th e  p rin c ip a l idea  b eh in d  th e  w hole v a r ia tio n a l m ethod  [23] is to  
d em an d  th a t  th e  p ro jec tio n s o f S ch röd inger’s v ec to r (E  — Н ) \г р п}  in to  a  tes t- 
fu n c tio n  space j  — 1, 2, . . . , ire; ire >  re -f- 1} a re  zero (if m =  re +  1)
or o f  m in im u m  len g th s  (if ire У> re -f- 1), one can  sim ply  fo rm u la te  these  m eth o d s 
b y  th e  follow ing eq u a tio n s:

<SPj\E — Н \г р пу  =  V j ,  j  =  1, 2, . . . , m , (3a)
m

ь 2  v j  =  о . (зь)
j - i

T he case m — re +  1 co rresponds to  th e  m ethods o f H u l t h e n  [11], K o h n  

[12], M a l i k  [24], H a r k i s  an d  M i c h e l s  [15, 16], N e s b e t  [17—20], T a k a t s u k a  

a n d  F u e n o  [25] as well as th e  q u a d ra tic  H u l t h e n ,  q u ad ra tic  K o h n  an d  
q u a d ra tic  R u b i n o w  m eth o d s [23]. T h e  case m y> re +  1 delivers th e  LSM  and  
th e  q u a d ra tic  le a s t-sq u a re s  m e th o d  [23]. All th e  p rev io u s m ethods can  be 
a d d itio n a lly  d is tin g u ish ed  th ro u g h  th e ir  choices o f th e  te s t-fu n c tio n  space 
I(Pj/-) I n  th e  p re se n t w ork  we re s tr ic te d  ourselves to  th e  follow ing choices, 
co rrespond ing  to  th e  m e th o d s o f K o h n , R u b i n o w  an d  th e  LSM, resp ec tiv e ly :

IЧ3) Kohn} =  (|C>, IXi> ; » =  1, 2 ,. . . ,  re), 
l<P>Rubinow =  (|S>, IXi> ; * =  1, 2, . . . , re) ,1 
I?5) lsm =  (|S>, |C>, Ix>ii I =  1, 2, . . . , re).

C onsequen tly , i t  is easy  to  p ro v e  t h a t  i f  x n =  ta n  ( | n)/A:, w here is th e  S-w ave 
p h ase  sh if t a n d  k2 is th e  energy  o f th e  in c id e n t p ro jec tiles , th e n  x n ta k e s  th e  
fo llow ing form s, re sp ec tiv e ly :

^nKohn =  b/a =  _ /j(C |S )/j(C |C ), (4)

•̂ nRubinow =  b/a =  — 4 f ' s> /4S|C>, (5)

*nLSM =  b/a =  -  AC:S)/A(C:Q f (6)
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w here

Jtel/) = tel/) teli) tel2) •• • tel«)
(11Л (i|i) (1|2) •• • (i|«)

(n|l) (n\ f ) (»12) •• . (n\n)

tel/) = <g \ E  -~ H \ f >

(»I j )  = [Xilxj)’ i , j =  1, 2, . . ., n, ,
(g :f) =  <g\(E -  H )+ P (E  -  H )\f>

an d  th e  o p era to r P  is defined  b y

P =  2  \ X i >  < t X  I >
( = - i

w ith  \х—\У =  |S ) , a n d  \%oy =  |C ). T h e  d e te rm in an ts  o f  E q . (6) can  b e  ob ta in ed  
from  E q . (7) b y  rep lac in g  th e  e lem en ts  (g |/)  by  (g :/).

T h e  corrected  v a lu e  of each  x n is given b y :

Ы  =  x n +  — (ipn \ipn) .
к

(8)

Components o f the trial expansion and test-function  spaces

T h e  vectors |S ) ,  |C> and  ta k e , in  th e  sc a tte rin g  o f e lec trons by
ex p o n en tia l p o ten tia ls , th e  fo llow ing  form s, re sp ec tiv e ly :

S =  sin (kr)/k , C =  (1 .0  — e -ar) cos (kr) a n d  =  r1 e~ xr, (9)

w here r  is th e  d is tan ce  betw een  th e  in c id e n t e lectrons a n d  th e  s c a tte r in g  cen tre . 
I n  case of e+ — H  elastic s c a tte r in g , |S> an d  [C> are  chosen to  be

S  =  sin  (kr2)/k , (10a)

C =  e ~ ri(cos (fcr2) — e~xr‘) , (10b)

w here rx an d  r2 are th e  position  v e c to rs  o f th e  bo u n d ed  elec tron  an d  th e  in c id en t 
p o s itro n , re spec tive ly . The t r u n c a te d  H ilbert-space  |Ф„) of E q . (1) is ex
p ressed  b y

IФп>  =  «о1ф о> +  a i I Xi> > ( l° c)
i=1
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■where |Ф0)  describes th e  p o s itro n iu m  a to m  a n d  its  m o tion  re la tiv e  to  th e  
p ro to n  (26, 27), i.e.

ф 0 =  е - ^ ^ е - У ’ l+r«l, (lOd)

w ith  Vl =  0.5 a n d  y2 =  ( |1 .0  — 2 F |) 1/2.
T he o f  E q . (10c) a re  g iven  by

Xi — t\  rf  r\2 e(~*> r> +ot> r>+ßrxt) t (10e)

w h ere  r12 is a H y lle ra a s ’ vec to r. T h e  p a ram ete rs  a,- an d  ß  o f E q s . (9), (10b) and  
(10e) are free p a ra m e te rs  a n d  th e  indices p , s, l a re  a d ju s te d  to  sa tisfy  th e  
re la tio n  p - ) - s  +  / < M  +  1, w here  M  =  1, 2, 3, 4, 5, 6 co rrespond ing  to  
n =  3, 7, 13, 22, 34, 50, resp ec tiv e ly .

The operator E — H

T he p rev ious fo rm s of |S )  a n d  |C> reduce th e  o p era to r E  — H , in  e~ — 
ex p o n en tia l p o te n tia l  sca tte rin g , to  th e  form :

E  — H  — d*/dr +  &2 +  V (t) , (11a)

к 2 is th e  sc a tte rin g  energy  an d  V(r) is th e  considered  p o ten tia l. I t  is defined by  

V(r) — A  e~ tr sin  ( 0 j  r) cos ( 0 2 r ) , (H b )

V(r) =  -—  e~ (r sin  ( 0 X r) cos ( 0 2 r ) , (11°)
r

a n d

V(r) = A ( l i d )

co rresp o n d in g  to  th e  sim ple, Y u k a w a  an d  s ta tic  p o ten tia ls , resp ec tiv e ly . T he 
p a ra m e te rs  A , B , f ,  0 1 an d  0 2 a re  free  p a ram e te rs .

S im ilarly , th e  o p e ra to r  E  — H  can  be w ritte n , in  case o f  e+ — H  elastic 
sc a tte r in g , in  th e  follow ing fo rm :

E  -  H  =  (d*!drl) +  (d2/d r |) , +  (2/Vj) -  (2jr2) +  (2/r12) +  F  -  1 .0 . (12)

R esults and discussion

T he LSM w h ich  has been  em ployed  in  th e  p e resen t w o rk  is given b y  
E q s . (3a, b) w ith  m  =  n  an d  =  It’/’lsm -

T he vec to rs |S>, |C> an d  |y ;-)’s a re  defined, fo r  th e  sc a tte rin g  o f  electrons 
b y  e x p o n en tia l p o te n tia ls , b y  E q s. (9). In  F igs. 1 ,2  a n d  3 we give th re e  exam ples
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for th e  v a r ia tio n  o f xnLSM w ith  th e  free p a ra m e te r  a a t  d iffe re n t values o f  n. 
T he F igures co rrespond  to  th e  sca tte rin g  o f  e lectrons b y  th e  p o ten tia ls  2e~2r, 
2 /r e~2r an d  2(1 +  l/r )e ~ 2r, resp ec tiv e ly , a t  A; =  0.2. I t  is c lear t h a t  th e  re la tio n  
(x nLSAV a ) lea,is  to  sm ooth  p la te a u x  w hich becom e w ider b y  increasing  n. T h e  
b es t rjn are  g iven  in  T able I , co lum ns 3, 5 a n d  7, respective ly . T he sam e T a b le

Fig. 1. Scattering  of electrons by the po ten tia l 2 e~2r a t к =  0.2 using the LSM

0.5 1.0 15 2.0

Fig. 2. Scattering  of electrons by the potential 2 /r  e_2r a t к =  0.2 using the LSM
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0.5 10 1.5 2.0 «С

F ig . 3. S cattering  of electrons b y  the potential 2 (1 -f- 1/r) e-2r a t  к =  0.2 using th e  LSM

co n ta in s  th e  co rrespond ing  e x a c t phase sh if ts  o b ta in ed  b y  K a n e l l o p o u l o s  

e t  al p ro ced u re  [22]. T he com parison  show s th a t  th e  p h ases  of th e  LSM  are 
alw ays v e ry  close to  th e  e x a c t ones. T ab les  I I ,  I I I ,  IV  in v o lv e  the  ex ac t p h ase  
sh if ts  fo r th e  sc a tte rin g  o f  e lectrons b y  th e  p o ten tia ls  o f  Eqs. ( l i b ) ,  (11c) 
a n d  ( l i d )  fo r d iffe ren t v a lu es  o f A , B, f ,  0 X and  0 2 a t  к — 0.1 —1.0.

Table I

The ex ac t and approxim ative phase shifts fo r the scattering  of electrons by 
d ifferent exponential potentials

к
V(r) = 2е~гг F(r) =

r V(r) =  2 ((1
(au)

exact LSM exact LSM exact LSM

0.1 0.07242323 0.072423 0.10873179 0.10873 0.72220647 0.72221
0.2 0.13745234 0.13745 0.20849988 0.20849 0.97251122 0.97252
0.3 0.19021111 0.19021 0.29324701 0.29325 1.04554569 1.0455
0.4 0.2291750 0.22916 0.36088918 0.36089 0.05749069 1.0575
0.5 0.25537310 0.25537 0.41228775 0.41228 1.04465582 1.04466
0.6 0.27108001 0.27108 0.44982184 0.44982 1.02102781 1.0210
0.7 0.27881199 0.27881 0.47624339 0.47624 0.99289911 0.99290
0.8 0.2808053 0.28080 0.49408938 0.48405 0.96335331 0.96336
0.9 0.27884234 0.27884 0.50546212 0.50546 0.93396336 0.93397
1.0 0.27425763 0.27426 0.51201416 0.51201 0.90552018 0.90554
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T he above p ro ced u re  has b e e n  used fo r ca lcu la ting  th e  b e s t phase  sh ifts  
for th e  sc a tte rin g  o f  positro n s b y  atom ic  hyd ro g en . T he a sy m p to tic  com po
nen ts  o f  \f„y a n d  I(p^LSM a re  d e fin ed  a t  E qs. (10a) and  (10b) a n d  th e ir  H ilb e rt-  
space p a r ts  a re  p re sen ted  a t  E q . (10c). Tw o d iffe ren t in v es tig a tio n s  are  consi
dered : In  th e  f irs t  we p u t  ß  =  0 a t  E q . (10e), i.e. th e  H ilb e rt-sp ace  is th e

Table II

The exact phase shifts for the scattering  of electrons by  potentials of th e  form ( l ib )

A  =  f  =  2

к
(au)

в 2 =  0
e 1 =  2

e 2 =  2
e1== sr/2

0.1 0.01676480 3.130391144
0.2 0.03388021 3.119467854
0.3 0.05163694 3.109141154
0.4 0.07018207 3.099803204
0.5 0.08944334 3.091942024
0.6 0.10905836 3.086135724
0.7 0.12834385 3.083004434
0.8 0.14635006 3.086740454
0.9 0.16201812 3.086793584
1.0 0.17441485 3.094045734

Table III

The exact phase shifts for the scattering  of electrons by  potentials of the form (11c)

A =  B =  | =  2

к
(au)

e 2 =  о 
e 1 =  2

0 f =  2
01== n/2

0.1 0.03978666 0.00465102
0.2 0.07902021 0.00974087
0.3 0.11712903 0.01570883
0.4 0.15351222 0.02299087
0.5 0.18754196 0.03200157
0.6 0.21858601 0.04310217
0.7 0.24605180 0.05654735
0.8 0.26944805 0.07242272
0.9 0.28845132 0.09058264
1.0 0.3029587 0.11062016
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Table IV
T he exact phase shifts fo r th e  scattering  of electrons by  s ta tic  potentials, 

form  ( l id )  a t d ifferent values of th e  free param eters A , В  and ç

к
(au) A  =  В  =  Ç =  1.0 Л  =  В  =  £ =  0.5 А  =  В  =  Ç =  0.1

0.1 2.304578624 2.466112824 0.26449940
0.2 1.845549364 1.977950204 2.326883504
0.3 1.57820334 1.65403821 1.753756304
0.4 1.39754726 1.42933669 1.40358733
0.5 1.26426334 1.26386286 1.16936385
0.6 1.16052780 1.13650917 1.00228832
0.7 1.07674261 1.03478157 0.87732804
0.8 1.00716174 0.95144158 0.78042266
0.9 0.94811021 0.88174543 0.70310366
1.0 0.89712392 0.82243427 0.6399841

0.1646

0.145

Fig. 4. e+ — H  elastic scattering  using th e  LSM (first investigation), a t к =  0.3

4

0.5 10 1.5 o4
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0.15

§c1q3cr
c

0.12
0.5 1.0 15 c*

F ig . 5. e+— H elastic scattering using the K ohn method (first investigation), at к =  0.3

Table V

rjn and [rjn ] 4 n =  50, for the scattering of positrons by atomic hydrogen 
(first investigation)

к
(aii)

LSM K ohn’s method R ubinow s method Bhatia
[30]

4n Ы V n Ы V n b n ] Ы

0.01 0.01852 0.018522 0.01867 0.01867 0.01861 0.01861
0.1 0.14591 0.14577 0.14561 0.14567 1.1488 0.14848 0.1483
0.2 0.1856 0.1849 0.18567 0.18563 0.1829 0.18349 0.1877
0.3 0.1651 0.1649 0.1694 0.1681 0.1693 0.16806 0.1677
0.4 0.11793 0.11746 0.11784 0.1177 0.1247 0.1219 0.1201
0.5 0.06649 0.0597 0.0601 0.0592 0.06074 0.05989 0.0624
0.6 0.020977 0.00125 0.00323 0.03766 0.0019 0.0077 0.0039
0.7 0.05329 -0 .05339 -0 .5 3 9 9 -0 .05359 -0 .0 5 6 9 -0 .0 5 5 -0 .0512
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Table VI

î]n  and [rin], n  =  34, for the scattering of positrons by atomic hydrogen 
(second investigation)

к
K ohn’s m ethod R ubinow ’s method LSM

(au)
Vn [Ч»09] Vn Ы Vn Ы

0.01 0.01627 0.01629 0.0184 0.0189 0.0189 0.0188
0.1 0.1514 0.1505 0.1456 0.1457 0.1446 0.1428
0.2 0.1898 0.1883 0.1857 0.1856 0.1831 0.1800
0.3 0.1627 0.1622 0.1682 0.1627 0.1631 0.1529
0.4 0.1284 0.1290 0.1177 0.1129 0.1133 0.1085
0.5 0.0682 0.0602 0.0599 0.0546 0.0568 0.05054
0.6 0.0039 0.0029 0.0038 0.006 0.00374 0.00347
0.7 -0 .0 6 5 -0 .0621 -0 .0 5 3 3 -0 .0 6 1 4 -0 .0 6 2 2 -0 .0719

F ig . 6. e+—H elastic scattering using the R ubinow method (first investigation), at к =  0.3
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su perposition  o f Ф 0 an d  th e  u su a l com ponen ts o f S c h w a r t z  [28]. I n  th e  
second in v es tig a tio n  w e chose a 0 =  a 2 =  0. F o rm u lae  (4), (5) a n d  (6) are  u sed  
fo r de te rm in in g  th e  x n’s co rrespond ing  to  th e  m ethods o f  K o h n , R u b i n o w  

an d  th e  LSM, resp ec tiv e ly . T he co rrec ted  p h ase  sh ifts  are o b ta in e d  from  E q . (8).
T he resu lts o f th e  above m en tio n ed  tw o  in v estig a tio n s c a n  be  sum m arized  

in  th e  following p o in ts :
1) The d is to rtio n *  in  th e  t r ia l  expansion  a n d  te s t- fu n c tio n  spaces due  to  

Ф0 leads to  large co n tr ib u tio n  a n d  is enough fo r k <Ç 0.3 to  change x n f ro m  
n eg a tiv e  to  positive  (com pare w ith  Mott a n d  Ma ssey  [29], p . 552). On ad d in g  
m ore H ilb e rt-sp ace  v ec to rs  |#,-)’s th e  effect o f  th is  d is to rtio n  dim inishes a n d  
th e  re su lts  converge to  those o f  B hatia e t a l [30].

2) T he v a r ia tio n  o f xn w ith  oc(a =  ax =  a 2, in  th e  f irs t  in v es tig a tio n  a n d  
a  =  oq in  th e  second) yields in  th e  LSM , a t  d iffe ren t values o f  n, sm ooth  cu rves 
w hich  show  a m o n o to n ie  convergence to  c e r ta in  value. T h e  co n v en tio n a l 
pseudoresonances o f  K o h n ’s  a n d  R u b i n o w ’s  m ethods a p p e a r  a t  d iffe ren t 
cond itions. (In  F igs. 4, 5 and  6 w e d e m o n s tra te  th is  v a r ia tio n  for к =  0.3).

3) T he b es t v a lu e  o f ß (E q . 10e, co rrespond ing  to  th e  second  in v e s tig a 
tio n ) is found  to  be ß  ~  0.5, i.e. w hen  e - '3'12 is v e ry  close to  th e  g ro u n d -s ta te  
w ave fu n c tio n  o f th e  p o sitro n iu m .

4) T he b est p h ase  shifts o f  th e  p resen t w o rk  (see T ab le s  У  and  V I) a re  
close to  those  o f B h a t i a  e t al. [30]. T hey  em phasize  th e  use  o f p o sitro n iu m  
fu n c tio n  for dealing  w ith  e+ — a to m  sc a tte rin g  processes.
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PHOTOGENERATION OF CHARGE CARRIERS 
IN ORTHORHOMBIC SULPHUR

By
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The photogeneration efficiency of electrons and holes has been studied in orthorhom bic 
sulphur crystals using fa s t excitation ligh t pulses in the range of 2.0 to 6.0 eV. A t photon 
energies below 3.6 eV, electron and hole generation is confined to  th e  surface region. I t  m ay be 
associated w ith discrete centres and exciton diffusion. A t photon energies above 3.6 eV, electron 
and hole generation rises sharply and tends tow ards un it quan tum  efficiency near 4.9 eV. 
D etailed measurem ents of the absorption coefficient a t photon energies in the range from 2.0 
to  3.9 eV and the reflectiv ity  up to photon energies of 6.0 eV have also been m ade. The results 
are in terp re ted  by a model in which tw o com ponents, a photoconductive and a non-photo- 
conductive one contribute to the optical properties. I t  is suggested th a t the G aussian band 
characterizing the non-photoconductive process is associated w ith  localized excitons which 
are form ed by  electronic transitions coupled linearly to  the v ibrational modes. The photo- 
conductive com ponent of the absorption, as well as photogeneration and reflectiv ity  data 
place th e  onset of direct transition  near 4.2 eV, and suggest th a t  th e  previously assigned value 
of 2.5 eV is incorrect.

1. Introduction

T he sp ec tra l dependence o f  th e  p h o to c o n d u c tiv ity  of o rth o rh o m b ic  
su lp h u r  has been in v e s tig a te d  b y  K u r r e l m e y e r  [1] in  th e  sp e c tra l range 
b e tw een  1.9 an d  3.0 eV. H e found  t h a t  th e  s tead y  p h o to c u rre n t w as ohm ic up 
to  th e  m ax im um  ap p lied  fie ld  o f 15 kV  c m -1 and  d ire c tly  p ro p o rtio n a l to  the  
in te n s ity  of illu m in a tio n . H e o b ta in ed  a sm oo th  response  curve w ith  a m ax im um  
a t  2.63 eV, b u t  e s tim a te d  th a t  ev en  a t  th e  peak , th e  q u a n tu m  effic iency  of 
c a rr ie r  genera tion  w as fa r  below u n ity . T he ex p erim en ts  of T a r t a k o v s k y  and  
R e k a l o v a  [2] led  to  su b s ta n tia lly  s im ila r resu lts . O n th e  basis of th e se  resu lts , 
a n d  o f  re s is tiv ity  m easu rem en ts , M oss [3] concluded  th a t  a v a lu e  o f abou t 
2.5 eV should  be assigned  to  th e  in tr in s ic  b an d  gap o f  o rth o rh o m b ic  su lphur. 
M e a d  [4] concluded  from  his e x p e rim e n ta l resu lts t h a t  th e  in trin s ic  b a n d  gap 
fo r o rth o rh o m b ic  su lp h u r was 3.82 eV.

A d e ta iled  in te rp re ta tio n  o f s te a d y  p h o to c o n d u c tiv ity  m easu rem en ts  on 
a h ig h ly  in su la tin g  m a te r ia l such as o rth o rh o m b ic  su lp h u r  is o ften  com plica ted  
b y  th e  bu ild -up  o f in te rn a l space ch arg e  an d  by  e lec tro d e  effects. T hese  d iffi
cu lties are la rgely  overcom e b y  th e  use o f d rift m e th o d  [5, 6] in  w hich  th e  
ca rrie rs  p roduced  b y  a fa s t ex c ita tio n  pulse  are s e p a ra te d  by  a  b ias  fie ld  and 
co llec ted  a t  ex te rn a l e lectrodes (see S ection  2).
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A b so rp tio n  a n d  re fle c tiv ity  m easu rem en ts h a v e  also b een  m ade on 
o rth o ro m b ic  su lp h u r in  order to  o b ta in  fu rth e r  in fo rm a tio n  a b o u t th e  m echa
n ism  o f p h o to g e n e ra tio n  (see S ec tions 3.2 an d  3.3).

2. E xperim en ta l

2.1 Preparation o f specimens

T h e c rysta ls  fo r  in v e s tig a tio n  w ere grow n fro m  a so lu tio n  o f su lp h u r 
in  CS2, using  b o th  a n a ly tic a l g ra d e  an d  re a g e n t g rade  la b o ra to ry  reagen ts. 
P la te le ts  w ith  n a tu ra l  (111) faces o f  ab o u t 1 cm 2 a rea  and  th ick n ess  v a ry in g  
b e tw e e n  200 pm  a n d  600 pm  w ere  o b ta in ed  fro m  a shallow  poo l o f th e  so lu 
tio n  o n  a  h o rizo n ta l g lass p la te . T h in  specim ens w ere  also cu t fro m  large  crysta ls  
o f  th e  b i-p y ram id a l h a b it  grow n b y  no rm al c ry s ta lliz a tio n  from  volum e. All 
th e  re su lts  for single c rysta ls  g iven  in  th e  follow ing sections re fe r to  p la te le ts  
w ith  (111) faces.

Specim ens w ere  p rep ared  fo r th e  p h o to co n d u c tiv e  m easu rem en ts  b y  
e v a p o ra tin g  e ith e r  c ircu la r se m i-tra n sp a re n t gold electrodes o r a  n u m b er of 
th in ,  closely spaced  gold  s trip s , o n to  each face in  tu rn . T he tran sm iss io n  o f 
th e  se m i- tra n sp a re n t gold was m easu red  on a d u m m y  lay e r p ro d u ced  on a 
g lass slide in  th e  sam e  ev ap o ra tio n , so th a t  in  th e  su b seq u en t ex p erim en ts  th e  
a b so rp tio n  an d  re fle c tio n  a t  th e  e lec tro d e  could be  allow ed for. A n a p p ro p ria te  
co rrec tio n  was also  ap p lied  in  th e  case of th e  s tr ip  electrode.

2.2 Apparatus and method

A  schem atic  d iag ram  o f th e  ex p erim en ta l a rra n g e m en t is show n in  
F ig . 1. B o th  s te a d y  a n d  tra n s ie n t p h o to co n d u c tiv e  m easu rem en ts  were m ade 
w ith  a n  O ptica  g ra t in g  m o n o ch ro m ato r in  th e  ra n g e  of p h o to n  energies from  
2.0 to  6.0 eV. F o r th e  tra n s ie n t m easu rem en ts  th e  s te a d y  sources w ere rep laced  
b y  a X en o n  fla sh  tu b e  for w ork  in  th e  visible reg io n , an d  b y  a  sp a rk  gap or 
m e rc u ry  fla sh  tu b e  fo r th e  u l tra  v io le t. The n u m b e r  o f p h o to n s  p e r pulse (or 
p e r  sec) in d icen t on  th e  specim en  w as d e te rm in ed  a t  each w av eleng th  b y  
m ean s  o f  a c a lib ra te d  v acu u m  pho tocell.

Suppose e lec tron -ho le  p a irs  a re  g enera ted  in  a th in  reg ion  close to  th e  
f ro n t  e lectrode b y  a  s tro n g ly  ab so rb e d  ligh t pu lse . D epend ing  on  th e  p o la rity  
o f  th e  app lied  fie ld  F ,  e ith er holes or electrons ca n  be  d raw n across th e  speci
m en . T h e  m ethod  o f  m easu rem en t u sed  in  th e  fo llow ing ex p erim en ts  depended  
on  th e  ty p e  of c a rr ie r  u n d er in v es tig a tio n . F o r ho les, th e  t r a n s i t  tim es w ere of 
th e  o rd e r o f a few  ps, and  i t  w as m ore c o n v en ien t to  in te g ra te  th e  charge 
d isp lacem en t of th e  ho le  carriers d r if tin g  to w ard s th e  back  e lec trode . A ty p ica l 
oscilloscope tra c e  is show n in  F ig . 2(a) w hich gives d irec tly  th e  tr a n s i t  tim e  th. 
T h is  sh ap e  is c o n s is te n t w ith  th e  ex c ita tio n  an d  su b seq u en t d r if t  o f a dom ain
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Fig. 1. E xperim ental arrangem ent for the determ ination  of carrier mobilities and th e  num ber 
of photo-excited carriers in  orthorhom bic su lphur crystal. F  provides steady or pulsed fields 
and th e  tra n s it of generated  carriers is observed on the oscilloscope. P.A. is pream plifier.

(b) '

Fig. 2. (a) In tegrated  tra n s it for generated holes, i/, is the observed tran sit tim e, (b) Current 
pulse showing transit o f electrons generated  near the front electrode, (c) E xpected  electron 

signal when carriers are generated uniform ly  throughout th e  crystal specimen volum e
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o f  carriers from  th e  excited  reg ion  o f  th e  c ry s ta l specim en to  th e  b ack  electrode, 
th e  d u ra tio n  o f  th e  ex c ita tio n  b e in g  sh o rt co m p ared  w ith  th e  tr a n s i t  tim e  th, 
a n d  th e  w id th  o f  th e  excited  reg io n  sm all co m p ared  w ith  th e  c ry s ta l specim en 
th ick n ess  d. W h e n  th e  back  e lec tro d e  is a t  a n eg a tiv e  p o te n tia l V  w ith  resp ec t 
to  th e  fro n t e lec tro d e , th e  en d  o f  th e  ra m p  (th e  “ knee” ) co rresponds to  th e  
h o le  tra n s i t  tim e . P rov id in g  th e  f ie ld  is un ifo rm , i.e. space ch a rg e  is negligible, 
th e  hole m o b ility  is given b y  =  d2/V th. th w as alw ays fo u n d  inversely  
p ro p o rtio n a l to  V, th u s  confirm ing  th e  a ssu m p tio n  of a un ifo rm  fie ld . M oreover, 
as th e  life tim e o f  holes is co n sid e rab ly  lo n g er th a n  th, th e  to ta l  n u m b er o f 
ho les d raw n o u t o f  th e  g enera tion  reg ion  n ea r f ro n t electrode can  be de term ined  
d ire c tly  from  th e  pu lse  h e igh t a t  t >  th an d  th e  charge  se n s itiv ity  o f th e  d e te c t
in g  e q u ip m en t. I n  th e  case o f  e lec tro n s, t r a n s i t  tim es w ere o f  th e  o rder o f 
m s range, a n d  i t  w as, th ere fo re , m ore  co n v en ien t to  d isp lay  th e  c u rren t signal 
F ig . 2(b) on th e  oscilloscope. F ig . 2(b) re p re se n ts  th e  c u rre n t flow ing d u ring  
th e  tra n s it  tim e  te. T he  sharp  sp ik e  a t  th e  b eg inn ing  of th e  p u lse  is due to  th e  
re v e rse  m o v em en t o f holes to w a rd s  th e  f ro n t  electrode. F ro m  th e  s tead y  
c u r re n t  level a n d  th e  tra n s i t  tim e  te th e  to ta l  n u m b e r o f e lec tro n s d raw n o u t 
o f  th e  g en e ra tio n  reg ion  can  be  o b ta in ed  a n d  also th e  e lec tro n  m ob ility  
ц е =  d2jV te, w h ere  th e  back  e lec tro d e  is a t  a  po sitiv e  p o te n tia l V  w ith  respect 
to  th e  fro n t e lec tro d e .

To d e te rm in e  th e  q u a n tu m  effic iency  o f ca rrie r g en era tio n  i t  was essen
t ia l  to  w ork u n d e r  s a tu ra tio n  co n d itio n s, so t h a t  i t  could be assum ed th a t  
e v e ry  carrier g e n e ra te d  in  th e  reg io n  n e a r f ro n t e lectrode h ad  b een  d raw n ou t o f 
th e  specim en. P u lse  m easu rem en ts a t  s a tu ra tio n  fie ld  s tre n g th s  ~ 7 5  k V c m -1 
te n d e d  to  be r a th e r  noisy on  m o s t specim ens and  th e  fo llow ing experi
m e n ts  w ere n o rm a lly  m ade a t  a b o u t 15 kV  c m -1 and  th e n  co rrec ted  to  th e  
s a tu ra t io n  v a lu e . I t  w as also fo u n d  th a t  in  b o th  th e  visib le a n d  u ltra -v io le t 
sp e c tra l  regions th e  n um ber o f  ca rrie rs  g en e ra ted  w as d ire c tly  p roportiona l 
to  th e  n u m b er o f  p h o to n s in  th e  f la sh  an d  all m easu rem en ts w ere  norm alized 
to  th e  p h o to resp o n se  p er in c id en t p h o to n  (see Section  3). M oreover, in  th ese  
ex p e rim en ts , a n  effec tive  p re c a u tio n  w as ta k e n  to  keep th e  n u m b e r  of carriers 
g e n e ra te d  p e r pu lse  below  108 in  o rd e r to  p re v e n t th e  b u ild -u p  o f an  ap p re 
c iab le  tra p p e d  sp ace  charge. In  case  o f a s te a d y  flash  ra te , th e  fie ld  pulses 
w e re  synch ro n ized  to  allow sev e ra l d ischarge flashes a t  zero f ie ld  betw een  
successive tra n s i ts .

3. R esults

3.1 Photogeneration o f charge carriers

T he sp e c tra l dependence o f  p h o to g e n e ra tio n  of charge ca rrie rs  has been 
in v e s tig a te d  b y  th e  m ethods describ ed  in  S ection  2 an d  th e  exp erim en ta l 
re su lts  for one o f  th e  specim ens a re  show n in  F ig . 3. T he log arith m ica lly
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Fig. 3. Spectral dependence of th e  photogeneration of electrons (curve E ) and holes (curve H) 
The do tted  line represents th e  absorption coefficient (see righ t hand  ordinate).

p lo tte d  o rd in a te  rj rep resen ts  th e  q u an tu m  efficiency of c a r r ie r  genera tion  a n d  
is defined  as th e  n u m b er o f  e lec trons (cu rve  E ) and  holes (cu rv e  H) p ro d u ced  
p er in c id en t p h o to n , allow ing fo r re flec tio n  a n d  ab so rp tio n  a t  th e  se m itra n s
p a re n t fro n t e lec trode . T he ab so rp tio n  coeffic ien t a a t  v a rio u s  p h o ton  energies 
(d o tte d  curve) is also show n in  Fig. 3.

T he ch a rac te ris tic  fe a tu re s  of th e  ex p e rim en ta l re su lts  m a y  be su m m ariz 
ed  as follows:

(a) T he e lec tron  an d  hole  m obilities fo r  th e  sp ec tra l ran g e  in v es tig a ted  
a re  5 .5 x l O -4 cm 2 s -1 V -1 a n d  4.5 cm2 s ~ x V -1 resp ec tiv e ly  a t  room  te m p e 
ra tu re .

(b) I t  is ev id en t, p a r tic u la r ly  from  th e  re su lts  for ho les, th a t  th e re  a re  a t  
leas t tw o d is tin c t carrier g en era tio n  m echan ism s. This is show n  in Fig. 3 b y  
th e  d o tte d  line P , th e  tr a n s it io n  occurs n ea r 3.6 eV. To th e  le f t  o f P , for p h o to n  
energies below  3.6 eV, th e  re su lts  suggest t h a t  fu n d a m e n ta lly  d ifferen t gene
ra tio n  m echan ism s occur. H ow ever, for p h o to n  energies g re a te r  th a n  3.6 eV, 
th e  efficiency o f b o th  th e  elec trons and  hole  genera tion  rises sh a rp ly  a n d  
app roaches u n i t  q u a n tu m  effic iency  a t  a b o u t 4.9 eV. T he ex p erim en ta l d iffe r
ence betw een  th e  E  an d  H  cu rves in  th a t  ran g e  has b een  found  w ith  m o st 
o f  th e  specim ens. This m ay  be  p a r tly  due to  th e  sa tu ra tio n  correction , w hich  
in  th e  case o f  e lectrons w as less ce rta in  th a n  for holes.
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(c) A s th e  v isib le  sp e c tra l region is ap p ro ach ed  th e  a b so rp tio n  w ith in  th e  
specim en  ra p id ly  decreases. F o r  exam ple , a t  2.8 eV, th e  ab so rp tio n  d e p th  can  
be seen to  be  a b o u t five  tim es  th e  th ick n ess  of a ty p ic a l specim en (210 pm) 
an d  one w ould  ex p ec t a p ra c tic a lly  u n ifo rm  p h o to g en e ra tio n  th ro u g h o u t 
th e  c ry s ta l vo lum e. U n d er th e se  cond itions th e  c u rren t p u lse  response shou ld  
h av e  th e  sh ap e  show n in  F ig . 2 (c). H ow ever, th is  has n e v e r  been o b serv ed  on 
a n y  o f th e  specim ens in v e s tig a te d . T he pu lse  shapes fo r e lectrons w ere still 
like  th o se  o f F ig . 2(b) an d  show ed conv inc ing ly  th a t  th e  p h o to g en e ra tio n  a t 
energies below  th a t  o f P  is con fin ed  to  a  reg io n  n ear th e  f ro n t  electrode h a v in g  
a d e p th  sm all co m p ared  to  th e  specim en th ickness. T h e  sam e  conclusion was 
reach ed  fo r th e  hole gen era tio n . I t  w as fo u n d  in  ex p e rim en ts  w ith  w eak ly  
ab so rb ed  lig h t t h a t  th e  effic iency  o f p h o to g en e ra tio n  o f  e lectrons a n d  holes 
n e a r th e  f ro n t  a n d  b a c k  su rface  was p ra c tic a lly  th e  sam e, p rov ided  a p la te le t  
w ith  tw o  n a tu ra l  surfaces w as used. I f  one o f th e  su rfaces was now  g ro u n d  
w ith  fin e  c a rb o ru n d u m  p o w d er and  th e  e lec tro d e  re -e v a p o ra te d , th e  p h o to re s 
ponse fro m  th is  su rface  d isap p eared  a lm o st com pletely . F o r  in stance , in  one 
e x p e rim en t th is  t r e a tm e n t o f  th e  b ack  su rface  of th e  specim en  red u ced  th e  
e lec tron  a n d  hole g en era tio n  n e a r th e  b a c k  electrode b y  fac to rs of 4 a n d  of 
50, re sp ec tiv e ly .

(d) E lec tro n s  an d  holes ap p ear to  be  genera ted  in  th is  spectra l reg ion  
b y  d iffe ren t m echan ism s. F ig . 3 show s t h a t  rj for e lec tro n s  a t low  p h o to n  
energies rises n e a rly  p a ra lle l to  th e  a b so rp tio n  curve fo r o v e r an  order o f  m a g 
n itu d e . O n th e  o th e r  h a n d , th e re  ap p ears  to  be little  c o rre la tio n  b e tw een  th e  
hole re sp o n se  an d  th e  a b so rp tio n  curve  in  th is  sp e c tra l range. A t energ ies 
below  2.8 eV, hole g en e ra tio n  rem ain s co n sid e rab ly  m ore e ffic ien t th a n  e lec tro n  
g en e ra tio n . B u t, above 2.8 eV, i t  a c tu a lly  decreases w ith  increasing  a b so rp 
tio n . 7] v a lu es  fo r holes in  th e  region o f P  la y  below th e  l im it  of d e tec tio n  of 
th e  m easu rin g  eq u ip m en t.

3.2 Absorption measurements

In  o rd e r to  o b ta in  fu r th e r  in fo rm a tio n  ab o u t th e  m echan ism  o f p h o to 
g en era tio n , a fa irly  d e ta iled  in v e s tig a tio n  o f th e  a b so rp tio n  coeffic ien t of 
o rth o rh o m b ic  su lp h u r in  th e  sp ec tra l ran g e  from  2.0 to  3.9  eV has been m ade . 
I n  th ese  ex p erim en ts  th e  O p tic a  g ra tin g  m o n o ch ro m ato r w as used in  c o n ju n c 
tio n  w ith  a n  11-stage E .M .I. p h o to m u ltip lie r . T he e x p e rim en ta l resu lts  fo r 6 
o f  th e  specim ens a re  show n in  F ig . 4. S ingle c rysta ls  w ith in  a th ickness ra n g in g  
fro m  85 /im  to  2.55 cm  w ere u sed  for th ese  m easu rem en ts u p  to  pho ton  energ ies 
o f  3.2 eV, w here  a  ~  103 c m -1 . A t th e  low er p h o to n  energ ies a re f le c tiv ity  
co rrec tio n  w as app lied . A bove 3.2 eV, ev en  th e  th in n e s t c ry s ta l becam e too  
o p aq u e  fo r re liab le  m easu rem en ts  and , th e re fo re , th e  ran g e  w as ex tended  using
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Fig. 4. A bsorption coefficient for six of the specimens investigated. F or a >  103 cm -1 poly
crystalline layers were used. The resu lts  of R a t h e n a u  [7] have been fi tte d  to  the curve a t

higher photon energies

th in  p o ly c ry s ta llin e  layers. T h ese  were p ro d u c e d  b y  p ressing  a m olten  g lobule  
o f su lp h u r b e tw een  tw o th in , c leaved  m ica  sheets . Since th e  th ickness o f  th e  
su lp h u r lay er w as unknow n, th e  re la tiv e  a b so rp tio n  values w ere  f i t te d  to  single 
c ry s ta l values a ro u n d  3.2 eV w h ich  re su lte d  in  a sm oo th  tra n s it io n  b e tw een  
th e  tw o  sets o f  p o in ts . In  th is  w ay , th e  m easu rem en ts  w ere  ex ten d ed  u p  to  
ab so rp tio n  levels o f  5 х Ю 4 c m -1 .

T he on ly  o th e r  ex p e rim en ta l w ork  in  th is  sp ec tra l ra n g e  is th a t  o f 
R ath enau  [7], w ho ob ta ined  b y  a  p h o to g rap h ic  m ethod  th e  re la tiv e  a b so rp 
tio n  c o n s ta n t o f  ev ap o ra ted  su lp h u r  film s u p  to  1600 Â . A  n u m b er o f  his 
p o in ts , f i t te d  to  th e  resu lts a t  3.27 eV, a re  show n in Fig. 4. I t  is obvious fro m  
F ig . 4 th a t  th e se  po in ts  are  in  fa ir  ag reem en t w ith  th e  m easu rem en ts  a n d  
confirm  th e  levelling  ou t of th e  cu rv e  b e tw een  3.76 eV a n d  3.86 eV. I t  seem ed , 
th e re fo re , reaso n ab le  to  e x te n d  th e  a b so rp tio n  curve to w a rd s  h igher p h o to n  
energies on th e  basis of R a t h e n a u ’s e x p e rim e n ta l re su lts . I t  is of in te re s t  
to  n o te  th a t  h is cu rve  shows a  fu r th e r  s h a rp  rise  in  a b so rp tio n  n ear 7.0 eV.

A n u m b e r o f ab so rp tio n  ru n s  up  to  a  ~  10 c m -1  w ere  m ade on single 
c ry s ta ls  a t  a te m p e ra tu re  o f  85 K . T he a b so rp tio n  curve  w as found  to  sh if t 
to w ard s  th e  h ig h e r pho ton  energ ies, b u t no  s tru c tu re  cou ld  be  d etec ted .
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3.3 Reflectivity measurements

To su p p le m e n t th e  o p tica l d a ta  in  th e  h igh a b so rp tio n  region, re f le c ti
v i ty  m easu rem en ts , so fa r  w ith  u n p o la rized  lig h t, have  b e e n  m ade up  to  p h o to n  
energies o f  6 eV.

F o r  th e  re f le c tiv ity  m easu rem en ts  th e  c ry s ta l w as m ou n ted  n e a r  th e  
cen tre  o f  a  ro ta tin g  ta b le  w hich  ca rried  th e  p h o to m u ltip lie r. The d e te c to r  
could  be p o sitio n ed  to  rece iv e  e ith er th e  in c id e n t b eam  o r th e  ligh t re fle c ted  
a lm o st n o rm a lly  from  th e  c ry s ta l su rface . T he re su lts  w hich  are  sh o w n  in 
F ig . 5 w ere o b ta in e d  co n s is te n tly  on six  d iffe ren t specim ens a n d  did n o t ch an g e  
w ith  tim e . P ro lo n g ed  ex p o su re  to  th e  a tm o sp h e re  cou ld  there fo re  h av e  l i t t le  
effect on  th e  re f le c tiv ity .

Since su lp h u r  is a  b ia x ia l c ry s ta l, th e  re fle c tiv ity  resu lts  can  o n ly  be 
reg a rd ed  as av erag e  v a lu es  o f  R  for u n p o la rized  lig h t in c id en t on a  (111)

Fig. 5. (a) R eflec tiv ity  coefficient for unpolarized lig h t incident on a (111) plane, (b) A verage 
value of the refrac tive  index in  th e  (111) plane as calculated from reflec tiv ity  and abso rp tion

results
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p lane . A n ap p ro x im a te  value of th e  re frac tiv e  in d e x  n ' has been  ca lcu la ted  
from  th e  re flec tiv ity  b y  th e  re la tio n

д  K-iy + y
(n ' _  1)2 _|_ fe2 »

w here к  =  аЯ/4я d en o tes  th e  e x tin c tio n  coeffic ien t.
F ig . 5(a) shows th e  re fle c tiv ity  coefficient R  fo r u n po la rized  l ig h t inc i

d e n t on a (111) p lan e  a n d  Fig. 5 (b) rep resen ts  th e  average  v alue  o f  th e  re 
fra c tiv e  in d ex  n ' in  th e  (111) p lane as ca lcu la ted  fro m  re fle c tiv ity  a n d  ab so rp 
tio n  re su lts . B o th  th e  R  an d  n ' cu rves possess a s im ila r shape a n d  show  a 
ty p ic a l anom alous d ispersion  curve  superim posed  on  a ris ing  b a ck g ro u n d . 
T he la t te r  w ould be co n sis ten t w ith  th e  presence o f  a second a b so rp tio n  h a n d  
a t  h ig h er p h o to n  energ ies. R a t h e n a u ’s re su lts  su g g ests  th a t  th is  cou ld  well 
be th e  b a n d  beyond  7.0 eV. The d ispersion  curve  is c en tred  a t  4.35 eV (see 
Fig. 5) a n d  an  e s tim a te  based  on d ispersion  th e o ry  suggests th a t  th e  o sc illa to r 
giving rise  to  th e  tra n s i t io n  should  be  lo ca ted  close to  th is  energy .

4. D iscussion

To u n d e rs ta n d  th e  m echan ism  o f p h o to g en e ra tio n  an d  a b so rp tio n  in  
o rth o rh o m b ic  su lp h u r, le t  us consider th e  tw o re la te d  ch a rac te ris tic s  o f  th e  
re su lts  m en tio n ed  in  S ection  3 w hich a re  o f cen tra l im p o rtan ce . T he f i r s t  is th e  
su rp ris in g  w id th  in  en e rg y  of th e  a b so rp tio n  edge. T h a t  is, a ro u n d  a  ~  103c m -1 
th e  a b so rp tio n  increases b y  a fa c to r  e for an  in c rease  in  p h o to n  en erg y  o f 
over 2 k T . T he second is th e  p ro n o u n ced  se p a ra tio n  in  energy  be tw een  th e  
p h o to co n d u c tiv e  a n d  th e  ab so rp tio n  edge. R efe rrin g  to  Fig. 3, ap p rec iab le  
p h o to c o n d u c tiv ity  ca n  be  observed  o n ly  a t  a b so rp tio n  levels above 104 c m -1 . 
T he sam e tw o fe a tu re s  have been  observed  in  th e  case o f v itreo u s  Se b y  
H a r t k e  an d  R e g e n s b u r g e r  [8].

T h e  in te rp re ta t io n  regard ing  th e  above m en tio n ed  resu lts  is b a sed  on  a 
m odel in  w hich  tw o in d e p e n d e n t a b so rp tio n  processes c o n tr ib u te  to  th e  op tica l 
p ro p ertie s . One is a t t r ib u te d  to  a p h o to co n d u c tiv e  process w hich is re p re se n t
ed b y  th e  su p e rsc rip t P ,  an d  th e  o th e r  to  a n o n -p h o to co n d u c tiv e  process 
d en o ted  b y  th e  su p e rsc r ip t N . A co n v en ien t o p tic a l c o n s ta n t to  consider in  
th is  connec tion  is th e  im ag in a ry  p a r t  of th e  com plex  d ielec tric  c o n s ta n t, 
e2 =  2nk. T he reaso n  s i th a t  a b so rp tio n  processes expressed  in  te rm s  o f  e2 
are  a d d itiv e , a p ro p e r ty  w hich th e  coeffic ien t a does n o t possess. A ccord ing  to  
H a r t k e  an d  R e g e n s b u r g e r  [8], th e  P  an d  N  p rocesses can  be re la te d  to  th e  
p h o to co n d u c tiv e  p ro p e r ty  r] by

e2 =  Ve2
and

*2 =  (1 — V) e2 ,
w here e2 rep resen ts  th e  m easured  v a lu e .
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Fig. 6. Photoconductive and non-photoconductive com ponents of the absorption. The plotted 
o rd inate  is p roportional to  the tran sition  probability  and has been calculated from  the experi

m ental d a ta . Points represen t a G aussian curve of ha lf w idth 0.75 eV.

U sing  th e  v a lu es  of rj (fo r holes), oc a n d  n ' o b ta in ed  in  S ec tion  3, th e  
d ep en d en ce  o f  e% a n d  eÿ  on p h o to n  energy  has b een  ca lcu la ted . T h e  norm alized  
tra n s i t io n  p ro b a b il i ty  is p ro p o rtio n a l to  s^hv)2 an d  in  Fig. 6 th is  p a ra m e te r  
is p lo tte d  a g a in s t p h o to n  en erg y  fo r b o th  th e  P  an d  N  p rocesses. T he non- 
p h o to c o n d u c tiv e  ab so rp tio n  lead s to  a b ro ad  b a n d  cen tred  a b o u t 4.02 eV w ith  
a  h a lf  w id th  o f  0.75 eV. I t  sh o u ld  be  n o te d  t h a t  w ith in  e x p e rim e n ta l e rro r i t  
possesses a G au ss ian  d is tr ib u tio n  sh ap e  fo r over 5 orders o f m a g n itu d e  as 
is show n b y  th e  ca lcu la ted  p o in ts  in  F ig . 6. T h e  m easu red  a b so rp tio n  edge 
does n o t, th e re fo re , sa tisfy  U rbach’s R ule [9]. T his em pirica l re la tio n  p red ic ts  
th e  ty p ic a l e x p o n e n tia l edge w h ich  rep resen ts  w ith  rem ark ab le  accu racy  th e  
a b so rp tio n  edges o f  a lkali ha lid es  [10] an d  also o f  v itreo u s Se [8]. A p a r t  from  
th is  d ifference, th e  re su lts  show n in  F ig . 6 for th e  P  an d  N  co m p o n en ts  resem ble 
close ly  th o se  o f  H artke an d  R eg ensburg er  fo r v itreo u s  Se [8].

I t  is su g g ested  th a t  th e  b a n d  found  here  is associa ted  w ith  localized  exci
to n s  w hich  a re  m o m en ta rily  ‘se lf- tra p p e d ’, m o st like ly  on an  S 8 rin g . T he w id th  
o f  th e  h a n d  re q u ire s  fa irly  s tro n g  ex c ito n -p h o n o n  coupling. I f  th e  exciton  is 
fo rm e d  p re d o m in a n tly  b y  th e  in te ra c tio n  o f v ib ra tio n a l m odes c o u p led  linearly  
to  th e  e lec tron ic  tra n s it io n , th e n  th e  s tr ic tly  G aussian  shape w ould  b e  ex p la in 
a b le  [10]. In  th e  m odel developed  b y  T o y o z a w a  [11], a d d itio n a l q u a d ra tic  
co u p ling  is a ssu m ed , w hich th e n  leads to  an  ex p o n en tia l b a n d  edge a t  low er 
a b so rp tio n  levels, in  ag reem en t w ith  U rbach’s R ule [9]. I t  ap p e a rs  on th e
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basis o f th e  p resen t re su lts  th a t  th e  q u a d ra tic  coupling  is sm all as co m p ared  
to  th e  lin e a r  one.

T h e  curve m ark ed  P  in  Fig. 6 rep re sen ts  th e  ab so rp tio n  lead in g  to  th e  
p h o to g en e ra tio n  of h o le s .T h e  sq u are  o f  th e  o rd in a te  [e^h v )2] 2,h a s  b een  p lo tte d  
in  Fig. 7 o n  a linear scale against p h o to n  energy  for va lues in  th e  h ig h ly  abso rbed  
reg ion  be tw een  4.0 a n d  4 .8  eV. I t  can  b e  seen th a t  above 4.3 eV th e  ex p e rim en ta l 
po in ts  lie  on a s tra ig h t line w hich, w h en  ex tra p o la te d , gives a p h o to n  energy  
o f 4.22 eV. A lthough  th e re  exists som e u n c e r ta in ty  a b o u t th e  f i t te d  ab so rp tio n  
d a ta  u sed  in  th is  ran g e , i t  neverth e less  seem s reasonab le  to  id en tify  th e  above 
energy  w ith  th e  onse t o f  allowed d ire c t  tran s itio n s .

I t  is obvious t h a t  th e  m odel u se d  b y  H a r t k e  a n d  R e g e n s b u r g e r  [8] 
leads to  a consisten t, th o u g h  still so m ew h a t te n ta tiv e , in te rp re ta tio n  o f  p h o to 
g en era tio n  an d  ab so rp tio n  in  o rth o rh o m b ic  su lp h u r. T h e  onset o f d irec t t r a n s 
itio n  (F ig . 7), th e  in fo rm a tio n  fro m  th e  re f le c tiv ity  m easu rem en ts  (F ig . 5) 
an d  th e  v a lu e  of 1/2rj (F ig . 3), all le a d  to  ac tiv a tio n  energies b e tw een  4.2 an d
4.3 eV fo r th e  in tr in s ic  p h o to g en e ra tio n  m echanism .

I t  is, therefo re , suggested  t h a t  th e  va lu e  o f  2.5 eV deduced  b y  M oss [3] 
fo r th e  in tr in s ic  edge o f  c rysta lline  su lp h u r  is in co rrec t. S tead y  pho to co n d u c- 
tiv e  m easu rem en ts on  su lp h u r in  th e  visib le reg ion  b y  K u r r e l m e y e r  an d  
T a r t a k o v s k y  [1, 2] a re  su b s ta n tia lly  in  ag reem en t w ith  th e  hole response  
p eak  show n in Fig. 3 an d  co rresp o n d  to  q u a n tu m  efficiencies below  10 ~4.

Fig. 7. Square of transition  probability fo r photoconductive process p lo tted  against photon
energy
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F in a lly , th e  carrie r g e n e ra tio n  in  th e  sp e c tra l ran g e  below  3.6 eV (see 
F ig . 3) w ill be  d iscussed. S ince a n  in tr in s ic  m ech an ism  can  be  excluded  in  th is  
sp e c tra l ran g e , th e  gen era tio n  is likely  to  be asso c ia ted  w ith  d iscre te  cen tres. 
T h is  is n o t in  c o n tra d ic tio n  w ith  th e  ex p e rim en ta l resu lts  sum m arized  u n d e r 
(c) in  Section  3.1, fo r th e  d e n s ity  o f im p erfec tio n  cen tres  is genera lly  h igher 
n e a r  th e  su rface  th a n  in  th e  c ry s ta l vo lum e a n d , in  ad d itio n , surface s ta te s  
m a y  be p re se n t. I t  is suggested  th a t  a t  th e  sm a lle s t p h o to n  energies w here  
o n ly  holes a re  g en era ted , th e  ra d ia tio n  causes a  tra n s it io n  fro m  th e  valence  
b a n d  in to  d isc re te  s ta te s  w h ich  occur in  su ffic ien t d e n s ity  on ly  n e a r  th e  
su rface . T his le ad s  to  a free ho le  a n d  a tr a p p e d  e lectron .

I t  is possib le  th a t  th e  co rre la tio n  b e tw een  th e  E  an d  a  curves below  
2.7 eV m ig h t im p ly  a con n ec tio n  be tw een  e lec tro n  an d  e x c ita tio n  g enera tion . 
T h e  excited  m o lecu la r s ta te  ca n  diffuse d u rin g  its  life tim e a n d  m ay  in te ra c t 
w ith  an  e lec tro n  tra p p e d  in  th e  surface reg ion . T h e  energy  tra n s fe rre d  could 
ra ise  th e  e lec tro n  in to  a co n d u c tin g  s ta te , so t h a t  such  a m echan ism  w ould  be 
c o n s is ten t w ith  th e  s im u ltan eo u s rise  o f  a b so rp tio n  an d  e lec tro n  response, 
a n d  also w ith  th e  low  effic iency  o f  th e  la t te r .

A co n siderab le  a m o u n t o f  evidence ex ists  in  th e  case o f o rganic  m olecular 
c ry s ta ls , p a r tic u la r ly  a n th ra c e n e , th a t  th e  su rface  reg ion  is th e  p red o m in an t 
s i te  o f ca rr ie r  g en era tio n  [12]. E lec tro n  b o m b a rd m e n t s tu d ies  b y  S a l e h  

[6 ,1 3 , 14] show ed  th a t  exc ito n  d iffusion  p lay s an  im p o r ta n t p a r t  in  th is  process. 
H ow ever, th e re  is s till in a d e q u a te  evidence fo r su ch  a m echan ism  in  th e  case 
o f  o rth o rh o m b ic  su lp h u r a n d  i t  is desirab le  to  ta k e  th e  above  suggestion  in  
a  qua lified  w ay .

5. Conclusions

(a) A n a n a ly s is  based  on  p h o to g en e ra tio n , a b so rp tio n  an d  re fle c tiv ity  
d a ta  o rth o rh o m b ic  su lp h u r in  th e  sp ec tra l ran g e  from  2.0 to  6.0 eV in d ica tes  
t h a t  th e  a c tiv a tio n  energy fo r a n  in trin s ic  g en e ra tio n  o f e lec trons an d  holes 
lies betw een  4.2 a n d  4.3 eV.

(b) T he re su lts  are in te rp re te d  b y  a m odel in  w hich  tw o  ab so rp tio n  
p rocesses c o n tr ib u te  to  th e  o p tic a l p ro p ertie s  o f  o rth o rh o m b ic  su lp h u r. T he 
n o n -p h o to c o n d u c tiv e  process lead s to  a b a n d  c e n tre d  a t  4.02 eV possessing a 
G aussian  sh ap e  o v er five  o rd e rs  o f m ag n itu d e . T h is m ay  be  associa ted  w ith  
localized  ex c ito n s fo rm ed  b y  electron ic  tra n s itio n s  coupled  lin ea rly  to  th e  
v ib ra tio n a l m odes.

(c) In  th e  w eak ly  ab so rb ed  ran g e , th a t  is, below  3.6 eV, c a rr ie r  g enera tion  
is confined  to  th e  su rface  reg ion  a n d  is co nnec ted  w ith  d iscrete  cen tres. E x c ito n  
d iffusion  seem s to  p la y  a p a r t  in  th e  e lec tron  genera tion .
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ANOMALOUS MAGNETORESISTANCE IN 
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Investigation  of galvanom agnetic effects was carried ou t in  th e  tem perature  range of 
1.5 — 350 K . The samples were m ade of n- a n d p -ty p e  PbS, cut off in  different orientations and 
ro ta ted  in the m agnetic field.

The reproducibility  of th e  m easurem ent and  the stab ility  o f the tem peratu re  was 
b e tte r  th an  0.1 °/0.

The results show in the entire tem pera tu re  range th a t the m agnetoresistance contrary  
to  accepted assum ptions cannot be expressed in  term s of only even powers of th e  m agnetic 
field streng th  and a negative change appears as well.

Calculating th e  electron effective mass m ore precisely considering the electron m otion 
in  th e  fc-space the experim ental resu lts could be explained in a sim ple w ay in the whole tem 
p era tu re  range.

1. In tro d u c tio n

P e i e r l s  [1] p o in ted  o u t t h a t  m ag n eto resis tan ce  (M R ) effects w ere essen
t ia lly  due to  d e p a rtu re  from  th e  iso trop ic  free electron m odel. L a te r N o r d h e i m

[2] an d  J o n e s  [3] re p o rte d  t h a t  M R is n o n n eg a tiv e  a n d  depends on ly  on  even 
pow ers of app lied  m ag n etic  f ie ld  w hich w e call “ th e  n o rm a l effect” . H ow ever, 
S a s a k i  e t al [4] fo u n d  n eg a tiv e  M R in  heav ily  d o p ed  n -ty p e  Ge a n d  also 
th e  non -even  pow er dependence  of M R on  В  for d ilu te -a lloys and  in  h eav ily  
doped  sem iconducto rs a t  low  te m p e ra tu re  was observed  [5 — 8]. T his is th e  
“ anom alous M R ” .

T he above m en tio n ed  anom alies a re  explained  b y  d ifferen t t ra n s p o r t  
m echan ism s ta k in g  in to  acco u n t im p u r ity  b a n d  co n d u c tio n  [5, 9], th e  h o p p in g  
process [10, 11] an d  th e  localized  spin m odel of T oyozawa [13 —12]. I n  som e 
cases d ifferen t m odels are u sed  s im u ltan eo u sly  try in g  to  avo id  d iscrepancies 
be tw een  ex p erim en ts  an d  ca lcu la tions. N one of these  m odels are cap ab le  to  
cover th e  observed  effects in  th e  en tire  te m p e ra tu re  ra n g e  i.e. th e  d e p a rtu re  
from  th e  q u a d ra tic  dependence o f  M R on  B , an d  even i ts  n e g a tiv ity  ap p ea rin g  
in  special cases. N evertheless, th e y  com p le te  th e  p ic tu re  o f  e lectron  tra n s p o r t  
in  ce rta in  cases m a in ly  a t  low  te m p e ra tu re s .

* Physics D epartm ent, F acu lty  of Science, Ain-Shams U niversity , Cairo, E g y p t
** Physics D epartm ent, F acu lty  of Science, Al-Azhar U niversity , Cairo, E g y p t
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W e c a rrie d  o u t our m easu rem en ts  on  h eav ily  doped  P b S  sam ples a n d  
g o t th e  an o m alo u s M R as m e n tio n e d  above. To explain  th e  fac ts  we used  a 
s im p le  b an d  s tru c tu re  b u t w e to o k  in to  co n sid e ra tio n  th e  a n iso tro p y  o f th e  
e ffec tive  m ass o f  e lectrons c o n sis ten tly . In  th is  w ay  we could  g ive an  ex p la n a 
t io n  for a p e rm a n e n tly  ap p e a rin g  p a r t  o f th e  an o m aly  a n d  th is  applies to  th e  
w hole  m easu rem en ts  range. F o r  th is  we considered  th e  e le c tro n  m otion in  th e  
re a l  space a n d  th e  fe-space a t  th e  sam e tim e  in  th e  so lu tions o f  th e  B o ltzm an  
e q u a tio n s  [14].

2. E x p erim en ta l details

n- an d  p - ty p e  PbS  c ry s ta ls  w ith  c a rr ie r  c o n cen tra tio n s  of 1.3 X 1 0 19 
a n d  1.6 X 1019 c m 3 resp ec tiv e ly  w ere  used. (T hey  h ad  been g ro w n  a t  th e  D e p a r t
m e n t of S em ico n d u c to r P h y sics  of th e  L en in g rad  S ta te  U n iversity .) T h e  
sh ap es  of th e  sam ples w ere th e  co n v en tio n a l b ridgefo rm , a n d  of d im ensions 
o f  10 X 1.5 X 0.6 m m . T hey  w ere c u t  off u ltra so n ic a lly  from  th e  m onocrysta lline  
m a te r ia l in to  d iffe re n t o rie n ta tio n s .

Surfaces w ere  p rep ared  w ith  g rea t ca re , a n d  th e  c o n ta c ts  were m ade b y  
d iffe ren t te c h n iq u e s . H ow ever, w e did  n o t f in d  an y  effect o f  th e  co n tac ts  on  
th e  m easu rem en ts  as A n d r o n i k  e t al [6] d id .

W e m e a su re d  th e  H all v o ltag e  an d  M R  in  th e  te m p e ra tu re  ran g e  o f  
1.5 — 350 K . F o r  doing th is  tw o  typ es o f c ry o s ta ts  were u sed . One of th e m  
w as an  O xford  In s tru m e n ts  ty p e , CF 100, V ariab le  T e m p e ra tu re  C ry o sta t. 
T h e  second o n e  w as b u ilt b y  u s  fo r th e  v e ry  low  te m p e ra tu re s  an d  w ith  su p e r
co n d u c tin g  m a g n e ts .

In  th e  c ry o s ta ts  th e  te m p e ra tu re  w as co n tro lled  an d  re g u la te d  b y  a h ig h  
p rec ision  e q u ip m e n t m ade b y  us [15]. T he s ta b ili ty  of th e  te m p e ra tu re  w as 
b e t te r  th a n  1 0 _4 grad .

The m ag n e tic  fie ld  w as m easu red  b y  H all-p ro b e  fo rm erly  ca lib ra ted  w ith  
p ro to n  re sn o n an ce , to  an  a c c u ra c y  of 0 .5%  a n d  w ith  h o m o g en e ity  an d  re p ro 
d u c ib ility  o f  10 _4. R o ra tin g  th e  sam ple, th e  accu racy  o f d e te rm in in g  th e  an g le  
w as 0.1 g rad .

The re s is t iv i ty  was m easu red  as a fu n c tio n  of c u rre n t a t  zero m ag n e tic  
f ie ld , to  c o n tro l th e  ohm ic c h a ra c te r  of th e  c o n ta c t. T he m easu rab le  v o ltag e  
d ro p s w ere in  th e  o rder o f 10 mV because o f  th e  h igh  co n d u c itv ity  o f  th e  
h e a v ily  d o p ed  sam ples. T he v a r ia tio n  o f th e  re s is tiv ity  w as in  th e  o rd e r o f  
1 % . T herefo re , to  d istingu ish  th e  no rm al a n d  anom alous m ag n e to re s is tiv ity , 
w e h ad  to  m easu re  a change less th a n  0 .1 % . This w as 1 0 ~ 8 V in th e  w o rs t 
case. These m easu rem en ts  w ere  carried  o u t b y  th e  d.c. m e th o d  and  w ith  th e  
a id  of a K e ith le y  180 D ig ita l N an o v o ltm e te r.
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3. E xperim en ta l re su lts

3.1. Temperature dependence o f  g, R H and p H

In  Fig. 1 th e re  are tw o  se ts  o f curves o f  re s is tiv ity  g, H all coefficien t 
R H a n d  H all m o b ility  fiH co rrespond ing  to  n- an d  p - ty p e  P bS  specim ens 
p lo tte d  as a fu n c tio n  of te m p e ra tu re . I t  show s no  v a ria tio n  in  th e  H all coeffi
c ien t in  th e  in v e s tig a te d  te m p e ra tu re  range o f  1.5 — 300 K . T h is  ind ica tes t h a t  
th e  co n cen tra tio n  o f  th e  ch a rg e  carriers does n o t depend  on  te m p e ra tu re . 
Such  a p p a re n t c o n s tan cy  of R H is confirm ed b y  th e  earlier m easu rem en ts  o f  
F i n l a y s o n  an d  G r e i g  [16] m ad e  on n -PbS  a n d  shows th e  H a ll coefficien t to  
he rou g h ly  c o n s ta n t below  th e  in trin sic  ran g e .

Q uite  re c e n tly  F i n l a y s o n  and  J o h n s o n  [17] o bserved  no s ig n ifican t 
change e ith e r in  R H on th e ir  re-type (1016— 1017 c m -3) n a tu ra l  P bS  c ry s ta ls . 
F u r th e r , F i n l a y s o n  and  M a t t h e w s o n  [18] gave 3 .8 х Ю -5 eV for th e  io n i
za tio n  energy, co n seq u en tly , th e  observed decrease  of g a n d  th e  co n stan cy  o f 
R H shou ld  be accom pan ied  b y  a com parab le  increase in  th e  m obility  w ith  
decreasing  te m p e ra tu re  w hich is th e  p resen t case  in  th e  g ra p h  o f Fig. 1.

Fig. 1. Dependence o f  electric res istiv ity  in Q cm (o), H all m obility in  cm 2 V -1 sec -1  (□ )  
and H all coefficient in  Coul cm -3 ( д )  on  tem perature. Open symbols re-PbS (1 .3 X 1019 cm - 3 ), 

Filled symbols; p-PbS (1.6 X 1019 cm -3)
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Fig. 2. The m easured p lanar H all voltage ( U h ) and  the calculated  components o f m agne
toresistance zlg/po as a function  of angle betw een magnetic field and  current d irection for 
different field strengths. Sym bols for calculated norm al MR; О В  — 12 lcG, X В =  11 kG, 
□ В =  10 kG, *  В =  9 kG, Д В =  8 kG, 0  В =  10 kg calculated  anomalous com ponent 

Symbols for m easured H all field (U #), о  В =  12 kG, □ В =  10 kG, д  В =  8 kG

3.2. Planar magnetoresistance and H all effect

T h e p la n a r  H all v o lta g e  UH as a fu n c tio n  of th e  ro ta t in g  angle Ф b e tw een  
В  an d  I  is g iven  in  F ig . 2. T h e  m easu rem en ts  were m ad e  a t  96 К  an d  a t  d iffe r
e n t m ag n e tic  fie ld  s tre n g th s . C onsidering th a t

UH =  G IB 2 sin  (2Ф -  ê) , (1)

w here G is th e  p lan a r H a ll coeffic ien t. F i t t in g  th e  ex p e rim en ta l d a ta , w e go t

UH =  4.18 sin  (2Ф -  1 5 ), (2)

w here Ф a n d  $  are m easu red  in  degree, a n d  UH in  fV .  W e h ad  to  use fo r  th e  
f i t t in g  a p h ase  angle $  in  th e  above exp ressions to  ta k e  in to  account th e  d ev ia 
tio n  o f th e  c u rre n t flow  d irec tio n  from  th e  sy m m etry  ax is . W e m easu red  also
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th e  M R  in  th e  sam e a rran g em en t. I t  appeared  fro m  th e  F ourie r analy sis  th a t  
th e  even  te rm s o f th e  series c a n n o t describe th e  effec t, in sp ite  o f th e  generally  
accep ted  th eo ry , b u t  th e  firs t tw o  te rm s  (not n eg lec tin g  th e  f irs t  odd  one) give 
a fa ir ly  good ag reem en t. These tw o  te rm s are d raw n  in  Fig. 2 as well. The 
an o m a ly  rep re se n te d  b y  the  o d d  te rm  is r a th e r  la rge . M oreover, from  th e  
p la n a rly  a rran g ed  m easu rem en ts w e concluded t h a t  th e  lo n g itu d in a l M R an d  
H all e ffect are w ell m easurab le . I t  can  be seen in  F ig . 2 th a t  th e  H all v o l
tag e  has a re la tiv e ly  h igh  value. I t  show s a t  la s t  t h a t  n e ith e r th e  conduction  
b an d  n o r  th e  im p u r ity  b an d  can  b e  regarded  as spherical. M easurem ents of 
th e  an g u la r v a r ia tio n  seem  to in d ic a te  th a t  th e  energy  surfaces consist of 
ellipsoids o f rev o lu tio n  along each  cu b e  axis. S ince th e  no rm al co m p o n en t of 
A q/ q0 m u s t be sy m m etrica l th is M R  is n o t affec ted  b y  th e  reverse  o f  th e  d irec
tio n  o f  th e  fields. F ig . 3 displays A q/ q0 versus Ф fo r d ifferen t fie ld  s tren g th s .

Fig. 3. A ngular dependence of longitudinal m agnetoresistiv ity  a t  different field strengths for 
a tem peratu re  96 К  and 100 mA current passing  through PbS sam ple of a resistance 9.7 X 10-a

±  0.2 П
Symbols: •  В  =  12 kG , □ В  =  10 kG , л  В  =  8 kG, О В  =  6 kG, X В  =  3 kG,

R  В =  1.6 kG , *  В =  0.7 kG
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0*

Fig. 4. M agnetoresistivity  as a function o f B, a t a tem pera tu re  of 77 К ; О measured,
M  calculated

F ro m  th is  se t o f cu rv es  i t  is ev id en t t h a t  th e  lo n g itu d in a l H all e ffec t is affected 
b y  th e  reverse  o f  B.

3.3. Transversal effects

T ran sv e rsa l M R  was also m easu red  for b o th  n- an d  p - ty p e  P b S  sam ples. 
I n  th is  a rra n g e m en t th e  m agnetic  f ie ld  m oves in  th e  p lane p e rp en d icu la r to  th e  
c u r re n t  d en sity  v e c to r  (F ig. 4). I n  a ll o f th e  m easu rem en ts  we also exam ined  
th e  fu n c tio n  of

A qI q 0 =  A qI q o( 0 )  (3)

k e ep in g  th e  m ag n e tic  fie ld  s tre n g th  as a  p a ra m e te r  in  th is  case. T h e  resu lts  
a re  show n in  F ig . 5.
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4. D iscussion

To ev a lu a te  th e  d a ta  o f th e  m ag n e tic  field  dependence  of M R , w e used 
th e  follow ing ap p ro x im a te  expression

A qIQo(B ) =  a 0 4- axB  +  a2B 2 (4)

a n d  for th e  dependence  of m ag n e to re s is tiv ity  on th e  an g le  betw een  th e  n o rm al 
o f  th e  sam ple p lan e  a n d  В in  th e  case o f  tran sv erse  M R  an d  betw een  В  a n d  I 
in  th e  p la n a r case w e tr ie d  to  f i t  F o u rie r  series o f th e  form :

^ é?/£?o( ^ b j) =  sh1 (Ф +  &х) +  А г s in  (2Ф -)- #2) . (5)

B y  th e  te rm s w ith  av  a2, A v  A 2 th e  ex p erim en ta l d a ta  could  be re p re se n te d  
w ith in  th e  ex p erim en ta l s ta n d a rd  d ev ia tio n s. The av  A x sin (Ф -j- # x) te rm s 
show  th e  anom alous c h a ra c te r  o f  th e  M R  effect, a n d  i t  w as a su rp rise  th a t
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F ig. 6. Dependence of the m easured m agnetoresistiv ity  (о )  and H all voltage (□) on th e  
angle <p a t 4.2 K , 100 m A  current (1 ,0, 0) through PbS sam ple w ith В  =  3.2 kG. The calculated 
anom alous Aq/q0(B) and  the normal AqIq0(B-) com ponents of m agnetoresistance are represented

by symbols ( X ) and ( Д ), respectively

th e s e  anom alous odd  term s tu rn e d  o u t to  be m u ch  h igher th a n  th e  norm al ones 
in  ce rta in  cases.

The m easu red  and  c a lc u la ted  curves fo r  Aq/q0 (В) a n d  Aq/qo{0b,i) a re  
d ra w n  in F igs. 4 , 5, 6, re sp ec tiv e ly . We tr ie d  to  explain  th e  ab o v e  m en tio n ed  
fe a tu re s  b y  co n sid e rin g  th e  d y n a m ic a l b e h a v io u r o f th e  ca rrie rs . T herefore we 
lo o k ed  up  th e  m o tio n  of the  c a rr ie rs  in  th e  к -space , and  to o k  in to  considera tion  
th e  effective-m ass v a ria tio n  d ep en d in g  on th e  ac tu a l d irec tio n  o f th e  ca rrie r 
m o tio n .

The ap p lied  electric  fie ld  a n d  th e  H all f ie ld  cause a r e s u lta n t  d rift fie ld  
in  th e  fe-space, b ecau se  of th e  effective-m ass dependence on th e  d irec tion  as i t  
c a n  be seen fro m  th e  eq u a tio n  fo r  th e  effec tive-m ass ten so r e lem ents

1 6a E
Ip  d K ' d K j  '

(6)
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F ro m  th e  g eom etrica l re p re se n ta tio n  of a  te n so r  we k n o w  th a t  th e  a c tu a l 
va lu e  o f th e  effective m ass is th e  in te rsec tio n  o f  th e  d irec tio n  o f  m otion  w ith  
th e  ellipsoid rep re sen tin g  b an d  m in im a . (This m a y  he c la rif ied  b y  m eans o f 
F igs. 7, 8, w here we d rew  six ellipso ids of m in im u m  energy, h u t  we ca lcu la ted  
fo r  eigh t.) F o r th e  fo u r-ty p es  o f  th e  eigh t ellipso ids we c a lc u la ted  se p a ra te ly  
th e  effective m ass a n d  in  th is w ay  th e  m ob ility  change, th e n  w e sum m ed th e m  

UP Ohne«,(B> T) = Ju):

P H i ,1, /1 П т ,  I, /1

[1

П i .t .û H i,i,f\
(?)

(One can  m ention  t h a t  for ex am p le  if  th e  c u r re n t flows a lo n g  th e  b isec to r 
o f  th e  [1, 0, 0] a n d  [1, 1, 0] o rie n ta tio n s , in  th e  p lane (0, 0, 1) a t  a m ag n e
tic  fie ld  s tre n g th  o f 1 kG  th e  a n iso tro p y  for th e  effective m ass will change
b y  15% .)

(0,0,1) 10,0,1)

Fig. 7. Schematic dem onstration  of the drifting  fields fo r th e  charge carriers w ith reversing
the m agnetic f i e ld . --------*■ applied electric f ie ld ,-------»- H all f ie ld ,------- direction of carrier

m otion along the ellipsoids

Fig. 8. The direction  of the d rifting  field a t  different m agnetic fields 
k0 corresponds to  J B(0), corresponds to 1ц(ф), k 2 corresponds to  /в(фн8о°)
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T h e d raw ing  in  F ig . 7 is of course a sim plified one because we m u s t sum 
u p  for th e  w hole se t o f  ellipsoids, a n d  th e  case in  th e  F ig u re  is va lid  o n ly  for 
th e  r e s u lta n t  vecto r. F ro m  F ig . 7 we e v id e n tly  get

Л е/<?°(Ф) *= A qI qo(0  +  180 ) (8)
t

as i t  w as m en tio n ed  in  P a r t  3.2 re fe rrin g  to  th e  m easu rem en ts  (Fig. 3). I f  the  
c u rre n t flow s along a n y  o f  th e  sy m m etry  axes re la ted  to  th e  se t o f th e  ellipsoids 
th e  an o m a ly  vanishes.

Remarks

1. O n th e  basis o f  o u r m odel, th e  M R  depends on  th e  slope o f th e  b an d  
ta k in g  p a r t  in  th e  co n d u c tio n  process. Since th e  h a n d  h as  no t ch an g ed , the 
anom alo u s co m ponen t o f  M R  m u st n o t ch an g e  e ither. A ccord ing  to  our m easure-

^B-Bcrit

Fig. 9. T he decrease of the b isection  due to the increase of m agnetic  field above a critical
va lu e , B CTjt

m ents th e  ab so lu te  v a lu e  o f  th e  an o m alo u s com ponen t does n o t show  tem p e
ra tu re  d ep en d en ce , in  c o n tra s t  to  th e  re la tiv e  change a t  low te m p e ra tu re s , 
because  o f  th e  decreasing  o f  g0. (The m ean  free p a th  increases).

2. W h en  th e  d irec tio n  o f th e  c a rr ie r  m otion is close to  a sy m m e try  axis, 
th e n  ev en  a low m ag n e tic  fie ld  called B crIt can cause th e  carriers m ove  in to  a 
sy m m e try  d irec tion . F u r th e r  in c reasin g  of th e  m a g n e tic  field, also  ac ts so 
th a t  th e  b isec tio n  o f th e  d rif tin g  fie ld  w ith  th e  ellipsoid  s ta r ts  to  decrease  once 
m ore, a n d  th e  tre n d  in  th e  m o b ility  v a r ia tio n  tu rn s  o u t  to  be n o rm a l (F ig . 9).

3. I t  is w o rth  to  m en tio n  th a t  P b S  an d  Ge h av e  a  sim ilar b an d  s tru c tu re . 
F ro m  th is  fa c t follows th e  p red ic tio n  o f  th e  sim ilar e ffec ts  in  Ge as w ell.
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LA FORMULE RELATIVISTE DE L’EFFET 
DOPPLER DANS UNE THÉORIE D ’ÉTHER

Par

M. F . P O D L A H A  et T . S jÖ D IN
PHILOSOPHISCHES SEMINAR, NIKOLAUSBERGERWEG 9c, GÖTTINGEN, BRD

(R eçu 24. X . 1979)

La form ule “relativ iste”  Doppler est déduite pour une classe de théories d’éther caracté
risée par le fa it que la relation entre la  contraction longitudinale e t transversale des corps en 
m ouvem ent e st exprim ée par ]f\ — w 2jc2. La form ule déduite est com parée avec le résu ltat des 
expériences de rotor et on trouve que le ralentissem ent des horloges en  m ouvem ent est donné  
par Q(w) =  / l  — M)2/c2. A vec ces expériences on ne decide pas la fonction  4/: cela signifie que la 
vitesse  de la lum ière pourrait être différente dans de différentes systèm es d’inertie. U ne exp éri
ence est proposée pour dém ontrer l ’indépendance de la fonction Q(w)  de l ’accélération.

1. In tro d u c tio n

L a fo rm u le  re la tiv is te  de l’effet D o p p le r est su b s ta n tie lle m e n t d iffé re n te  
de la  fo rm u le  classique v a lab le  p a r  exem ple p o u r les ondes sonores. In flu en cés  
p a r  ce tte  d ifférence, b eau co u p  de gens so n t convaincus q u ’une th éo rie  de la  
lum ière  c o n te n a n t le co n cep t de p o rte u r d ’ondes é lec tro m ag n étiq u es ne p u isse  
pas — c o n tra ire m en t à la  th éo rie  d ’E in s te in  — ex p liquer e x ac tem en t l ’e ffe t 
m esuré (vo ir p a r  ex. [1]). S’il en é ta i t  ainsi, en  effet, il s e ra it  possible d ’é lim in er 
les théories fondées su r le con cep t d ’é th e r  — telles que la  th é o rie  de L o ren tz  — 
L arm o r — su r des bases ex périm en ta les.

L ’in te n tio n  p rin c ip a le  de ce tra v a il e s t de d ém o n tre r q u ’il n ’en es t p as  
a insi, m ais n o u s espérons aussi que le le c te u r  se co n v a in c ra  du  fa it que n o tre  
dédu c tio n  de la  form ule D o p p ler e s t plus n a tu re lle  du p o in t  du  vue p h y siq u e  
e t  p e rm et u n e  com préhension  m eilleure des causes p h y siq u es  de l’effet que  
la  d éd u c tio n  re la tiv is te  h ab itu e lle . A  c e tte  f in  nous ne n o u s  lim itons p a s  à 
une th éo rie  d ’é th e r  (celle de L o ren tz  — L arm o r) m ais nous dédu isons la  fo rm u le  
D oppler p o u r  u n e  en tiè re  classe de th éo rie s  d ’é th e r (ca rac té risée  p a r  le  f a i t  
que la  re la tio n  en tre  la  c o n trac tio n  lo n g itu d in a le  e t tra n sv e rsa le  des co rps en  
m o u v em en t e s t exprim ée p a r  ]j 1 — w2/c2.) Cela p résen te  au ss i l ’a v a n ta g e  de 
pouvo ir p lu s fac ilem en t décider dans quelle m esure de d iffé ren tes  expériences 
co n firm en t les va leu rs p résum ées dans la  th é o rie  de L o re n tz — L arm or p o u r  le 
ra le n tisse m e n t des horloges e t po u r la  co n tra c tio n  lo n g itu d in a le  e t tra n sv e rsa le  
des corps en  m o u v em en t (vo ir aussi [2].)
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D ’h a b itu d e  on tire  la  d éd u c tio n  re la tiv is te  de la fo rm u le  D oppler d ’u n e  
faço n  m a th é m a tiq u e  a b s tra ite  qu i n ’ap p o rte  aucune lu m iè re  sur les causes 
ph y siq u es de l ’effe t. On p re n d  en  co n sid é ra tio n  deux  sy stèm es de ré férence  
(c ’est-à-d ire  d e u x  d ifféren ts o b se rv a teu rs) e t  la  form ule ré su lte  presque im m é
d ia te m e n t d u  p o s tu la t  de l ’in v a ria n c e  des lois physiques. C’e s t un  m oyen trè s  
u tile  de trouver des form ules re la tiv is te s , m ais à n o tre  avis, il n e  co n stitu e  pas u n e  
rée lle  e x p lica tio n  physique de  l ’effet.

Nous ex igeons d ’une th é o r ie  p h ysique  q u ’elle puisse ré so u d re  to u t  p ro b 
lèm e  p h y siq u e  ju s te m e n t d a n s  un  systèm e de  référence. L e fa i t  est que nous 
n o u s  refusons de rédu ire  la  p h ysique  en  m a th é m a tiq u e , m ais considérons 
p lu tô t  to u t  p rocessus p h y siq u e  com m e q u e lq u e  chose de rée l.

C om pte te n u  de c e tte  exigence, on v a  to u t  d ’ab o rd  dédu ire  la  fo rm ule  
D opp ler d an s  le  systèm e de l ’é th e r . E n su ite  on va  la tra n s fo rm e r en u n  a u tre  
systèm e m o y e n n a n t une tra n s fo rm a tio n  générale . E n fin  o n  va  la co m p are r 
av e c  l ’ex p érien ce  (e t avec la  fo rm ule  re la tiv is te )  e t on v a  v o ir  com m ent cela 
lim ite  la  g é n é ra lité  de la  tra n s fo rm a tio n . N ous tenons à  souligner q u ’on ne 
q u itte  ja m a is  le concept d ’é th e r , su iv a n t u n e  conception  d ’é th er non  pas en 
son  sens “ a n c ie n ” , mais se u le m e n t au  sens d ’un  système de référence préféré.

2. Notre app roche

N our p résu m o n s que les fréquences des oscillateurs e t  les dim ensions des 
corps c h a n g e n t quand  ils b o u g e n t p ar r a p p o r t  à l’é ther. E n su ite  nous p ré su 
m ons que ces changem en ts so n t  in d é p e n d a n ts  des coordonnées de l ’espace e t 
d u  tem ps (hom ogénéité  de l ’espace e t d u  tem p s) e t aussi in d ép en d an ts  de la  
d irec tio n  d u  m o u v em en t (iso tro p ie  de l ’espace). F in a le m e n t nous p résu m o n s 
que  le c h a n g e m e n t est in d é p e n d a n t de l ’accé léra tio n . (D an s la  section 5 nous 
p roposerons u n e  expérience p o u r  te s te r  c e tte  dernière supposition .) S u r la  
base  de c e tte s  suppositions n o u s  pouvons écrire  le ch an g em en t de la fréquence  
com m e Q  =  D(w), e t les ch an g em en ts  des dim ensions lo n g itu d in a les  e t t r a n s 
versales com m e re sp ec tiv em en t Ф — Ф(гс) e t  W =  *Р(м>), o ù  w est un p a ra m è tre  
c a ra c té r is a n t l ’é ta t  de m o u v e m e n t dans l ’é th e r  de l’o b je t considéré.

C om m e d é jà  Fresnel (1828), nous p résu m o n s que la  v itesse  de la  lu m iè re  
e s t in d é p e n d a n te  de l ’é ta t  de m o u v em en t de la  source d an s  l ’éther (p ro p rié té  
d ’onde) e t  q u ’elle se p ropage d an s l’é th e r av ec  la  v itesse c d a n s  tou tes  les d irec 
tio n s. P o u r s im p lifier le ca lcu l nous considérons p a r la  su ite  u n  espace à d eu x  
d im ensions.

C om m e connu, l’e ffe t D opp ler n ’ex is te  pas seu lem en t pour la  lu m ière , 
m ais es t im p o r ta n te  p o u r to u te s  les ondes. L a d ifférence essentielle e n tre  la  
lum ière  e t  les au tres ondes en  ce qui concerne  l’effet D o p p le r n ’est pas dans 
la  n a tu re  des ondes, m ais seu lem en t dans le  fa it que les fréquences des oscilla-
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te u rs  ch an g en t q u a n d  ils b o u g en t p a r r a p p o r t  à  l ’é th e r :  la  fréquence de la  
source avec le fa c te u r Q(ws) e t la  fréquence  d u  s ta n d a rd  de fréquence de l ’o b 
se rv a te u r  avec le fa c te u r  Q(wB). P a r  co n séq u en t, il fa u t m u ltip lie r l ’expression  
classique p o u r l ’effect D opp ler (valab le  p a r  exem ple p o u r  les ondes sonores) 
p a r  Q(ws)/Q(wB), e t on  o b tie n t une  éq u a tio n  sem blable  à  celle de I v e s  [ 3 ]  :

V =

1 ---- — cos ß
c

Wc
—— cos a 

c

Q(ws)
Q ( w B )

0’ ( 1 )

ou v0 e st la  fréquence  p ro p re  de la  source (la  fréquence en  repos), v la  fréquence  
m esurée p a r  l’o b se rv a te u r, c une c o n stan te  c a ra c té r isa n t la  v itesse  de la  lum ière  
dans l’é th e r, ws e t w B so n t des p a ram è tres  c a ra c té r isa n t l ’é ta t  de m o u v em en t 
dans l ’é th e r  de la  source e t de l’o b se rv a teu r re sp ec tiv em en t, e t a , ß les angles 
e n tre  les v ec teu rs  de la  v itesse  e t la  ligne d ro ite  qui relie  la  source e t l ’ob se r
v a te u r , m esurée dans l ’é th e r  (voir Fig. 1).

E n  te n a n t  com pte  des changem en ts de fréquence  des o scilla teu rs en  
m o u v em en t nous avons o b ten u  la  form ule D oppler dan s le systèm e d ’é th e r. 
Com m e un  cas spécial — le cas Q =  1 — elle co n tien t la  fo rm ule c lassique. 
M alheu reusem en t la  fo rm ule  (1) es t en généra l va lab le  seu lem en t dans le sy s tèm e  
de référence préféré . P o u r  o b ten ir la  fo rm ule D oppler dan s un  a u tre  sy stèm e  
de référence  il fa u t  q u ’on  em ploie une tra n sfo rm a tio n  de coordonnées. Ic i nous 
vou lons u tilise r  la  tra n s fo rm a tio n  su iv an te  (vo ir [4], où  4* =  A Bo):

tv t '

VT -  t^ /c 2 ’ 

y  =  Wy ' ,

t =  T

w c
—  je' H------t
c2 c
11 — ie2/c2

( 2)

p o u r d ém o n tre r  que la  fo rm ule D oppler d ans le systèm e d ’in ertie  de l’o b ser
v a te u r  est donnée p a r  l ’éq u a tio n

o ù

f l  -  r2/ c' 2 n 
r = ------ — Í---------r v 0 ,

1 — —  cos 0  B
c'

p  _  f l  —  Ц>д/с2 &(w s) 
f l  — te |/c 2 Q (w B)

( 3)
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c '  =  V } j l l û ! £ -  C .
WQ

I c i  c ' signifie la  v itesse  de la  lu m iè re  dans le  systèm e d ’in e rtie  de l ’o b se rv a teu r, 
V  la  v itesse  de la  source, e t 0 B  e s t l ’angle e n tre  le v ec teu r de v itesse  de la  source 
e t  la  ligne d ro ite  qu i relie la  sou rce  e t l ’o b se rv a teu ré , m esuré p a r  l ’o b serv a teu r.*  

L a tra n s fo rm a tio n  (2) e s t  ca rac térisée  p a r  la  re la tio n  Ф =  4J | / 1 — w2/c2 
e t  le choix de la  sy n ch ro n isa tio n  s ta n d a rd  [2] dans le sy stèm e  d ’in e rtie  R '.  
C om m e co n n u , c e tte  re la tio n  ré su lte  de l ’indép en d an ce  d ’o r ien ta tio n  dan s 
l ’expérience de M ichelson—M orley (ou de K en n e d y —T horn d ik e) [6]. O n 
souligne que  selon  c e tte  tra n s fo rm a tio n  la  lo i de la  tra n s fo rm a tio n  des angles 
e s t  la  m êm e q u ’en re la tiv ité , e t  la  loi de la  tra n sfo rm a tio n  des vitesses p re n d  
la  form e su iv a n te :

vx -j- uc'/c 
c'/c -f- uvx/c2

V y  У 1 — u2/c2

c '/c  +  u v jc 2

(4)

w  e t V é ta n t  les v itesses d ’u n  o b je t p a r  r a p p o r t  à re sp ec tiv em en t R  e t  R ',  e t 
u  =  (u, 0) la  v ite sse  de R ' p a r  r a p p o r t  à R .

* L’équivalence entre (1) e t (3) pou r le cas c' =  c, a =  ß et Ű =  ]/1 — w2/c2 a été déjà 
affirm ée par B u o n o m a n o  et M o o r e  [5].
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3. D éduction

L a  p reuve de  l ’équ ivalence des form ules (1) e t (3) p rocède  p a r  les é tap es  
su iv an te s :

a)  On ex p rim e  a à l ’aide de ß  e t cp (vo ir F ig . 1):

«■ =  ß —  <p,

cos « =  cos cp cos ß -(- s in  cp sin ß . (5)

b)  On p re n d  en  co n sid é ra tio n  le p h énom ène  d ’a b e rra tio n  in d iq u é  p a r  le 
tr ia n g le  S B jB 2- O n o b tien t

B 1B j S B 2 =  w B/c . ( 6 )

I l ré su lte  de  la  géom étrie (vo ir Fig. 1)

S B 1 sin  <5 =  S B 2 sin ß ,

S B l =  B ^B l + S B I — 2 H J } 2 S B 2 cos ß ,

e t  p a r  conséquen t

COS ß — — — sin2 Ô - j -  y " l  — w% c ~ 2 sin2 ô cos Ő . (7)
c

E n  co n sid é ran t les form ules de la  tra n sfo rm a tio n  des angles

sin  ô =  sin <5B (1 — w2B c~2 cos2 <5B)~ 1/2, (8a)

cos ő =  cos dB( l  — w2B c~2y i2 ( 1 — w2B c -2 cos2 <5B) -1 2̂, (8b)

(ôB e s t l ’angle m esu ré  dans le sy stèm e  de ré fé rence  de l ’o b se rv a teu r) , e t in sé ra n t 
celles-ci e t (7) d an s  (6), on o b tie n t le ré s u lta t

cos ß =  (1 - f  w B c~x cos ôB)~ 1(w B/c +  cos ÔB), (9a)

sin  ß — (1 -f- w B c _1 cos <5B) - 1 (1 — iPß/c2)1/2 sin  дв . (9b)

c J E n  e x p rim a n t cos cp e t sin  cp à l ’aide d u  vec teu r w s

cos cp =  wsJ w s , s in  cp =  Wsg/Ws 5 (10)

e t en  in sé ra n t ce ré s u l ta t  (9a, b ) e t  (4) dans (5), e t ensuite  le ré s u lta t  de c e tte  
o p é ra tio n  (9a), (6) e t (4) dans (1), on o b tie n t:

V
f l  -  v2/c'2

r v  n
1 C • c1 ------------- COS 0B —  — —  S i n  Oi

c ' c '

( 11)
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d )  P o u r f in ir  on exprim e ôB à l ’a id e  de 0 B e t tpB, o ù  cpB est d é fin i p ar 
les éq u a tio n s

cos cpB =  v j v ,  sin  <pB =  Vy/v, ôB =  0 B +  (fB .

Les éq u a tio n s  su iv an te s  so n t va lab les:

cos ôB =  (vx cos 0 B — Vy sin 0  B)/v , (12a)

sin  ÔB =  (vx cos 0  B -f- vx sin  0 B)/v . (12b)

In s é ra n t (12a, b) dans (11) on o b tie n t f in a lem en t la  form ule (3).**

4. L’estim ation  expérim en ta le  de Г

L a m eilleu re  façon connue d ’es tim er ex p é rim en ta lem en t Г  e s t celle 
fo n d ée  su r les expériences re la tiv is te s  de ro to r  [8]. Le p rinc ipe  de ces e x p é ri
ences e s t illu s tré  p a r  la  Fig. 2. S ur le cercle Cx avec le ra y o n  r 1 il est p lacé  du 
m a té r ie l r a d ia n t .  Le cercle Cx to u rn e  à la  v itesse  angu la ire  coi e t p ar co n séq u en t 
la  v ite sse  de la  source de ra y o n n e m e n t e s t tq  =  q a q . U n  ray o n  est ém is dans 
la  d irec tio n  S B .

Sur u n  a u tre  cercle avec le ra y o n  r2 il est p lacé d u  m atérie l a b so rb a n t. 
Ce cercle to u rn e  à la  v itesse  an g u la ire  oq, e t p a r co n séq u en t la  v ite sse  de 
l’a b so rb e u r  A  e s t v2 =  r2ft>2. I l  s’ag it de ca lcu le r la d ifférence Zip de la  fréq u en ce  
de la  ra d ia tio n  ém ise p a r  la  source S  p lacée  su r le cercle Сг e t la  fréquence m esu
rée  p a r  l’o b se rv a te u r  A  p lacé su r le cercle C2.

S u iv a n t n o tre  th éo rie  d ’é th e r  nous voulons em p lo y er pour la  so lu tio n  la 
fo rm ule  (3). P o u r o b ten ir  ce tte  form ule on n ’a im posé au cu n e  re s tric tio n  à l ’é ta t  
de m o u v em en t de la  source S. P a r  co n séq u en t le fa it que la  source est en  m o u v e
m e n t c ircu la ire  n ’a pas d ’im p o rtan ce  p o u r  le calcul.

M ais dan s les expériences d u  ro to r  l’o b se rv a teu r A  n ’est pas in e r tie l. On 
ne  p e u t donc pas ap p liq u e r la  fo rm ule (3) d irec tem en t. P o u r  év iter c e tte  d iffi
c u lté  nous allons ra p p o r te r  to u te s  les ca lcu la tio n s à u n  o b se rv a teu r B ,  q u i est 
in e rtie l. P a r  co n séq u en t il e st nécessa ire  d ’ap p liq u er la  form ule (3) d e u x  fois:
i) P o u r  es tim er la  fréquence  de la  ra d ia tio n  de la  source S  observée p a r  B : vBS.
ii) P o u r  es tim er la  fréquence  “ a b so rb a n te ”  de l ’o b se rv a te u r  A  observée  p ar 

V B A -

** Des m esurages de l’effet D oppler dans un  système de référence ne peuven t donc 
donner — com pte ten u  de l’invariance de form e de la formule D oppler — aucune inform ation 
sur le rap p o rt c' — c. Des mesurages précis dans des systèmes d’inertie  différents décideraient 
toutefois la  question. D ans la deuxième p artie  de l’expérience de K ennedy—T horndike, dans 
laquelle les mesurages son t effectués pendan t une partie  considérable de l’année, on a trouvé 
que c ' =  c [6, 7].
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P o u r le cas 0 B =  jr/2 on o b tie n t:

Av =  v B S VB A VI -«!/«■ ü (w s)

n

y r v2aIc'*
ü ( w A )

V î

w%/cz

f l  —  t e l / c 2

(13)

Q (w B)

D ans le cas spécial des expériences de C h a m p e n e y  e t M o o n  on a v a it:  
Tj =  —r2, co1 — co2, c ’est-à-d ire  v\ =  v\. On n ’a observé a u cu n  ch an g em en t 
des lignes spec tro scop iques, c’es t-à -d ire  on a tro u v é  Av =  0. I l  s ’en su it que 
Q(w) =  y i — tc2/c2, e t donc Г  — 1.***

5. L’indépendance de l’effet d’accélération

L a  form ule (13) p e u t ê tre  u tilisée  pour une sim ple expérience d é m o n tra n t 
l ’indép en d an ce  de ß (w )  de l ’accé léra tio n . E n  f ix a n t r2, co2 e t la  re la tio n  =  
=  r2o>2 m ais v a r ia n t  r{ e t wq ^  iv2 on  o b tien t de d ifféren tes accé léra tions de la  
source . Comme l ’in d iq u e  aussi l ’ex périence  de H afele  e t K ea tin g , cela ne do it 
pas in fluencer le ra len tissem en t des horloges [9]; la  form ule (13) dans ce cas 
aussi p rév o it Av =  0.

6. Conclusion

E n  d é p a rt de la  form ule classique  pour l ’effe t D opp ler nous avons d éd u it, 
en  te n a n t  com pte  des changem en ts de fréquence des o scilla teu rs e t  des d im en
sions des corps, la  fo rm ule (3), qu i e s t la  form ule g én éra lem en t v a lab le  pour la

*** Il fau t observer que les expériences du rotor, malgré qu ’elles déterm inent complète
m en t la fonction Q =  Î3(w), ne donnent aucune inform ation au sujet de la  relation  entre Ü 
e t respectivem ent Ф ou 'V.
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classe des th éo rie s  d ’é th e r, ca rac té risée  p a r  la  co n d itio n  Ф =  ÿ7 | Д — w2/c2. 
D an s  le cas ou Ф =  Q  =  ] Д —  из2je2 (e t ainsi W =  1), la  fo rm ule (3) p rend  
n a tu re lle m e n t sa  fo rm e b ien  connue de la  théo rie  de la  re la tiv ité .

N ous v o u lo n s souligner que  le pas le plus im p o r ta n t  du  p o in t de vue 
p h y siq u e  es t l ’é tab lissem en t de la  fo rm ule (1), où  on  a  pris en  considéra tion  
les chan g em en ts  de fréquence  des osc illa teu rs à cause  du  m o u v em en t p ar 
r a p p o r t  à l ’é th e r . J u s q u ’ici to u s  les phénom ènes so n t considérés seu lem ent 
d a n s  le systèm e de référence  p ré fé ré . P a r  la  su ite  on tran sfo rm e  la  fo rm ule  déjà 
o b te n u e  d ans u n  a u tre  systèm e de référence, n o ta m m e n t dan s le systèm e 
d ’in e r tie  de l ’o b se rv a te u r. Ic i il f a u t  aussi considérer les chan g em en ts  des d im en
sions des corps en  m o u v em en t e t la  sy n ch ro n isa tio n  dan s le systèm e de réfé
ren ce  de l’o b se rv a te u r .

L a  fo rm ule  (3) a u n e  ap p lica tio n  trè s  im p o rta n te : elle nous re n d  possible 
d ’es tim er le fa c te u r  ß (w ) . L a p rem ière  expérience p o u r  es tim er ce fa c te u r  fu t 
fa ite  p a r  I v e s  e t S t i l w e l l , qui m esu rè re n t la  fréquence  de la  ra d ia tio n  des atom es 
en  m o u v em en t [10]. Ic i nous avons d écrit une a u tre  expérience — n o ta m 
m e n t celle du  ro to r  — qu i rep ré sen te  la  m eilleure m é th o d e  connue p o u r estim er
Q. C ependen t, avec  ces expériences on ne décide pas la  fonction  ï 7; cela signifie 
q u e  la  v itesse  de la  lum ière  p o u rra it  ê tre  d ifféren te  dan s de d ifféren ts systèm es 
d ’in e rtie  (b ien  que  iso tro p e  dans chacun). H eu reu sem en t, de la  deux ièm e p a rtie  
de l ’expérience de K e n n e d y —T h o rn d ik e  [6, 7] on p e u t  conclure que WQ =  
=  уТ  — w2/c2, e t d o n c  37 s= 1.

E n fin  nous avons proposé u n e  expérience p o u r d ém o n tre r l ’indépendance  
de la  fo nc tion  Q  de l ’accé léra tio n . C ette  expérience d e v ra it d éfin itiv em en t 
d é m o n tre r  que la  cause  des effets observés dans les expériences d u  ro to r  e t de 
H a fe le — K e a tin g  n ’es t pas l ’accé lé ra tio n , m ais l’é ta t  de m o u v em en t des h o r
loges dans l ’é th e r.
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POWER REFLECTION, TRANSMISSION AND 
ABSORPTION COEFFICIENTS FOR A MOVING 

PLASMA SLAB IN A RECTANGULAR WAVEGUIDE

B y

D . R . P h a l s w a l , Y. P . S i n g h  and N. L . V a r m a

DEPARTMENT OF PHYSICS, UNIVERSITY OF RAJASTHAN, JAIPUR-302004, INDIA

(R eceived 24. X . 1979)

E xpressions for power reflection (R ), transm ission (T) and absorption (A ) coefficients  
for ТЕ m odes for a hom ogeneous and collisional plasm a slab (with sharp boundaries and th ick 
ness d0) which is m oving w ith  a constant ve loc ity  (u) inside an in fin ite ly  long rectangular  
waveguide are investigated . The effects o f slab v e lo c ity  (ß  =  v/c) and  electron density (eup/a>)2 
on reflection, transm ission and absorption coefficients are discussed num erically. I t  is observed  
that a t low  plasm a density  (o)p/co)2 =  0.5, T  and A  are minimum, whereas R  is m axim um  at 
ß =  0. In  case o f  h igh plasm a density  (cop/cu)2 =  1.5, for high collision frequency, R  and A ; 
and for low  collision frequency, R  and T  are more th an  un ity  in th e  lim it —0.5 <  ß  <  —0.2.

1. In tro d u c tio n

T he p rob lem s of re flec tio n , tran sm iss io n  and  a b so rp tio n  of e lec tro m ag 
n e tic  w ave b y  m oving  p lasm a  are  of s ig n ifican t use in  th e  fields of ionospheric  
stud ies, re -e n try  com m u n ica tio n s, p lasm a diagnostic  te c h n iq u e  an d  p la sm a  
h ea tin g  devices, a n d  h av e  received  considerab le  a tte n tio n  o f m any  w o rk ers  
inc lu d in g  Y e h  [1], J a i n  e t  al [2], T i w a r i  e t al [3], T a i  [4] and  P h a l s w a l  

an d  V a r m a  [5]. A  su rv ey  o f  th e  li te ra tu re  reveals th a t  h a rd ly  any  w o rk  has 
been  re p o rte d  so fa r  on th e  reflec tion , tran sm issio n  a n d  abso rp tio n  p ow er 
coeffic ien ts for a  re c ta n g u la r  w aveguide con ta in in g  a m o v in g  p lasm a s lab . 
H ow ever, s im ila r s tud ies a re  availab le  fo r a m oving d ielec tric  ha lf-sp ace  
( Y e h , [1]) an d  m oving  p la sm a  half-space ( P h a l s w a l  a n d  V a r m a  [5]).

T he o b jec t o f  th e  p re se n t p ap er is to  p ro v id e  a th e o re tic a l expression  fo r 
th e  pow er re flec tio n , tran sm issio n  and  ab so rp tio n  coeffic ien ts for Т Е  m odes in  
re c ta n g u la r  w avegu ide  co n ta in in g  a m ov ing , hom ogeneous and  co llisional 
p lasm a slab , b y  so lv ing  th e  M axw ell’s e q u a tio n s  u n d e r necessary  b o u n d a ry  
cond itions. T he effects o f slab  velocity  (ß ) a n d  electron  d e n s ity  (tup/co)2 h a v e  
been  s tu d ied  nu m erica lly . T h e  reflec ted  a n d  tra n sm itte d  fie ld s  have also been  
ca lcu la ted .

2. F o rm u la tio n  o f th e  problem

A n in fin ite ly  long re c ta n g u la r  w avegu ide  having  p e rfec tly  co n d u c tin g  
w alls co n ta in s  a hom ogeneous, collisional p la sm a  slab (w ith  sharp  b o u n d a rie s  
a t  Z  =  0 an d  Z  =  d 0). T he  slab  in  th e  w avegu ide  can m ove  w ith  an y  v e lo c ity
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(V) along its  ax is . L e t us also consider tw o  reference fram es S  and S '  w here  
Z  axes coincide w ith  th e  axis o f  th e  w avegu ide  of cross-section  area ab (w here, 
a an d  b are  th e  w id th  and  h e ig h t o f th e  w avegu ide). The p r im e d  fram e is fix e d  
in  th e  slab a n d  th e  u n p rim ed  fram e  is a t ta c h e d  to  th e  w avegu ide. T hus, th e  
tw o  reference fram es are in  re la tiv e  m o tio n  along th e ir  Z  axes. Follow ing 
S o m m e r f e l d  [ 6 ]  th e  field  expressions fo r s-po larized  w aves in  a re c ta n g u la r  
w avegu ide  h a v in g  perfec tly  co n d u c tin g  w alls, th e  inc iden t fie ld s in the  u n p r im 
ed  system  are

. i m nL y =  E 0 sm  ------ X

l a
exp  [ — i(kz  — cot)] ,

( 1 )
B y =  0 ,

w here E 0, тп, к a n d  со are re sp ec tiv e ly  th e  am p litu d e  o f th e  inc iden t e lec tric  
f ie ld , an  in te g e r w hich  co rresponds to  th e  o rd e r  o f m ode, w av e  vector in  p o si
t iv e  d irec tion  o f  Z  axis an d  th e  angu la r f req u en cy  of th e  w ave.

The fie ld  equ a tio n s fo r in c id en t, re f le c te d  and t r a n s m itte d  Т Е  m odes 
in  th e  p rim ed  fram e  a t  tw o in te rfaces  o f th e  p lasm a slab a re  given b y

A t Z  =  0 in te rfaces : 
In c id e n t fie ld s:

Б ’ =  E'0 sin
ТП71

exp  [ — i{k 'z' — co 't')] ,

B'y =  0 .
( 2)

R eflec ted  fields:

E ^ lY’ =  A' (ry)  s in  — — x'  ex p  \i(k ' z ' -f- o>' i ') ]  ,

=  0 .

T ra n sm itte d  fields:

(3)

£<?■>' =  G[u) s in  

=  0 .

m it
ex p  [ — i(k ’sz ' — co't')],

(4)

A t z — d ' =  d 0 in te rface , th e  in c id e n t fields will be  th e  sam e as g iven  
b y  E q . (4) a n d  re flec ted  a n d  tr a n s m itte d  fie ld s  are g iven  b y

an d

E y ‘Y =  A (r.) S i n

B jp ' =  o

E y Y =  G{u) sin

mn

в у *  =  0 ,

mn

x '\  ex p  [i(k ’sz ' +  5

ex p  [ — i(k 'z ' — c o 't ') ] ,

(5)

(6 )
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resp ec tiv e ly , w here  EJ, A ^ ,  G},j, and G{tj  are  th e  a rb itr a ry  co n stan ts ,
со' is th e  freq u en cy  o f th e  w ave in  th e  p rim ed  fram e and  k '  a n d  k's are  th e  
w av e  vecto rs in  free  space an d  p la sm a  slab resp ec tiv e ly , given b y

со' 2 ТПТС 2 1/2

C a
•)

со' 2 £p (_ТП71 2'

C £о l a

( 7 )

w here  e0 is th e  p e rm ittiv ity  of free  space and

4 = e 0 i l ----------
L co'(co' — iv')

is th e  p e rm ittiv ity  o f  th e  w arm  a n d  collisional p la sm a  slab in  th e  p rim ed  fram e 
(B achynski [7]); w ith  cop th e  p la sm a  frequency  a n d  v' th e  collision frequency .

F ro m  E q s. (1) — (6), m a tc h in g  th e  ta n g e n tia l  electric an d  m agnetic  
fie lds a t  th e  b o u n d a ry  Z  =  0, w e o b ta in  (H ea ld  and  W harton  [8]) th e  
av erag e  pow er re flec tio n , tran sm issio n  and a b so rp tio n  coefficients as

R '  =
TP 1 +  (1 —  2fp) exp

4co'
K d '

C

1 — r f  exp 1 1 ^
 

*
 

S4

a.

(!  -  Гр)2 exp
T ' =

2co'
k'i d '

Гр exp
4co'

% d '

w here

A '
(1 -  r’p) 1 — exp 2m' M ' l l

_ c j

rp exp
2co'

k id ’

A ’(r)

К
(! -  K f  +  k f  
(1 + k'ff +  k f

( 8 )

(9)

a n d  К  an d  К  are  th e  rea l and  im a g in a ry  p a rts  o f  KJk' and h av e  th e  form

K  = —  { J h f  +  h f  -f- hi}
Zj

1/21-

(f)
2 т л  2

d

к  = \ { Y h f + h ? - K )
Z

1/2 I

(t
2 т л  2 

a
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w ith

K  = » '  l 2 (l
co2p j m n 2

e l l CO'*) a
*

v'col
co'c2 '

(1 0 )

I f  in  th e  u n p rim e d  fram e, th e  re flec ted  an d  tra n sm itte d  fie ld s  a t  the  
tw o  in te rfaces  o f  th e  slab  are

A t f ir s t  interface

Щ *  =  

B p )  =

A (n) sin 

0 ,

m n

a 1 ex p  [i(fcW 2 -(- eo<ri) t)] ,
(И )

11 
J

4
 

cq 0 .

m n

a 'I
exp  [ — i(kp))z — tu^df)] t

(12)

A t second interface

E ÿ  =  A (r.) sin 

B jp  =  0 ,

7717Z \
exp  +  СОЩ] ,

(13)

£0*) =  G((l) sin  I------x j  ex p  [ —i (fc(w g — a / '.) ,) ] ,

B $ * =  0 ,
(14)

w here  A G ^ ,  A (r \ an d  a re  th e  a rb itra ry  co n stan ts , kf-n\  \  k p ’, 
kp) a n d  o fr' \  o ftl\  a fr‘\  со™ a re  th e  w av e  v ec to rs  a n d  angu la r frequencies 
o f th e  re flec ted  an d  tra n sm itte d  fie lds a t  th e  tw o in te rfaces  o f th e  slab , re 
sp ec tiv e ly .

N ow , m ak in g  use  o f phase in v a ria n c e  (P auli [9]), th e  co v arian ce  of 
M axw ell’s eq u a tio n s  w ith  resp ec t to  th e  L o ren tz  tra n sfo rm a tio n  (Sommerfeld 
[6]) a n d  sa tisfy in g  th e  b o u n d a ry  co n d itio n s, we o b ta in

со' = a. (со — vk) =  <xco(l — ß); к ' =  a  |fc------- — | =  afc(l — ß ) ,
cov

k<ri) =  a k '

k{r,) =  a  |&я

co'ß
c

co'ß

=  a2 k ( l  -  ß f ,

=  o?k(l -  ß)(Q -  ß) =  к ™ ,
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-  a к ' +
со' ß

z 2k ( l - ß f ,

ai<r-) =  a  (о / -  к ' ßc) =  a2 co(l -  ß f  ,

co<r’> =  a ( o /  -  k ’s ßc) =  a2 a ,( l  — ß) (1 -  Qß) = CO(ix)

o,'<!' =  ix (о / +  k '  ßc) =  a2 co(l — ß2) , r  =  r'p

l ~ ß
l  +  ß )

(1 -  krf  +  k f

l ~ ß  
[ i  +  ß

d n

k .  =

(1 +  fcr)2 +  k f  J
1/2

, d ', d = -----=  — , V =  OLV
a  a

- { ( h l  +  hiyit +  h j
' •> ki —

{(M +  A|)1/2- M

D ’ D

w here a  =  (1 — /S2) ^2, /3 =  ю/с, d Q is  th e  p roper th ic k n e ss  o f th e  slab ,

1/2

-  X (15)

<2 =
COn

co2«2( l  — /3)2 

« * a * (l -  ß f

1 — IV

0,(1 -  ß) 

2

1/2

+
т л

ho =
voir

o)c2( l  — j3)
; ö  =

a2 o,2( l  -  |9)2

a

т л
a

1/2
(16)

S u b s titu tin g  th e  values o f  o f'l\  o fr,\  k*-r' \  k ^  and  a ftl\  wß‘\  k^l\  from  
E q . (15) in  E qs. (11) — (14), we can o b ta in  th e  field eq u a tio n s  for Т Е  m odes.

3. R eflection, transm ission and absorption coefficients

To calcu la te  th e  reflection , tra n sm iss io n  and  ab so rp tio n  pow er coeffi
cients in  th e  u n p rim e d  fram e, th e  transfo rm s o f  p a ram ete rs , g iven  in  
E q . (15) a re  used in  E q . (8) and  a f te r  so lv ing we o b ta in

R  =
1 +  (1 — 2rp) exp

4 o j / c ,-dor
Tp ca )

1 — rp ex p
4o)kj d 0 ( 

ac j

(1 -  rp)2 exp
T  =

2cok, d 0

1 - p exP —
4о,кг- d 0
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(1 -  rp) 1 — exp
Qcokj d 0

COL

1 — rp exp
h

2 cokid 0 
ca

F or Юр =  0 th e  T E 10 m odes in  th e  re c ta n g u la r  w aveguide a re  th e  sam e 
as t h a t  of p la sm a  free w aveguide, w h ich  is obv ious. In  case o f collisional p lasm a 
(i.e . V <̂= 0) a n d  a  =  oo =  d 0, th e  re flec tio n  coeffic ien t (R ) in  th e  E q . (17) 
red u ces s im ila r to  th e  one o b ta in e d  b y  P h A L SW A L  an d  V a r m a  [ 5 ]  for m oving 
p la sm a  h a lf-sp ace . In  Figs. 1 a n d  2 th e  E q s. (17) are p lo tte d  w ith  respect to  
s lab  velo c ity  (ß  =  v/c) w ith  d 0= 1 0  cm ; n/a  =  1.0 c m -1 fo r v/cop =  0 .001 ,1 .0  
a t  p lasm a d e n s ity  (соJco f  =  0.5 a n d  1.5, re sp ec tiv e ly . I t  is c lea r from  Fig. 1 
t h a t  a t  low  p la sm a  d en sity  [(ft>p/o>)2 =  0.5] a n d  low  collision freq u en cy  (v/a>p =  
=  0.001), T  a n d  A  a re  m in im um  w h en  th e  slab  rem ain s s ta t io n a ry  (i.e. ß =  0) 
a n d  b y  in c reas in g  th e  slab v e lo c ity  in  d irec tio n  th e  v alue  o f  T  an d  A  also 
increases, w h ereas  R  ju s t  show s th e  reverse  effec t. A t high collision  frequency

Fig. 1. V ariation of R , T  and  A  w ith p lasm a slab velocity (ß =  v/c)
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Fig. 2. V ariation of R , T  and A  w ith plasm a slab velocity (ß  =  v/c)

(i.e. v/œp =  1.0) th e  v a ria tio n s  o f R , T  a n d  A  are sim ilar as a t  low collision  
frequency , b u t  a t  h igh collision frequency  th e  tran sm ission  coefficien t d ec rea s
es, w hereas th e  ab so rp tio n  coeffic ien t increases. In  the  reg io n  — 0.1 < £ < 0 . 4  
b y  increasing  th e  collision freq u en cy  th e  re flec tio n  coeffic ien t decreases h u t  
in  th e  range ß  <  —0.1 a n d  ß  ]> 0.4, R  show s reverse effec t.

W e conclude from  F ig . 2 th a t  a t h igh  p lasm a  d e n s ity  (cop/co)2 =  1.5 a n d  
low  collision freq u en cy  (v/œp =  0.001) in  th e  lim it — 0.5 <  ß <  + 0 .5  th e  
ab so rp tio n  coeffic ien t n e a r ly  rem ains c o n s ta n t b u t in  th e  range ß <  — 0.5 
an d  ß  0.5, A  decreases b y  increasing  th e  s lab  velocity  in  ± Z  d irection . T h e  
re flec tio n  coeffic ien t is m ax im u m  a t  ß =  — 0.5 an d  i t  decreases in  th e  l im it  
ß 2> —0.5 an d  ß <C —0.5. T h e  transm issio n  coefficient is n eg a tiv e  an d  m ore  
th a n  u n ity  in  th e  range —0.5 <C ß —0.2, b u t  i t  increases w ith  slab v e lo c ity  
in  th e  lim it ß  ]> —0.2 an d  ß  <  —0.5.

A t h igh collision freq u en cy  (i.e. vjmp =  1) th e  tran sm iss io n  coeffic ien t 
is m in im um  a t  ß  =  —0.1 a n d  i t  increases in  th e  range ß >  — 0.1 and  ß <  — 0.1
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a n d  th e re  is no  n eg a tiv e  v a lu e  o f  T  as it  is a t  low  collision freq u en cy . The a b so rp 
t io n  coeffic ien t is also n e g a tiv e  in  the  ra n g e  — 0 . 5 < /S <  - 0 . 2  b y  in c reasin g  
th e  slab v e lo c ity  in  ± Z  d irec tio n  th e  ab so rp tio n  coeffic ien t increases an d  
app ro ach es u n i ty  as ß —>■ 1. T h e  v a ria tio n  o f  R  w ith  ß  a t  r/cop =  1 an d  0.001 
is sim ilar b u t  in  th e  range — 0.5 <C ß <C — 0-2 th e  re flec tio n  coefficient is m ore 
th a n  u n ity . W ith  collision freq u en cy  th e  re flec tion  coeffic ien t increases a s 
show n in  F ig . 2.
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A new variational m ethod based on th e  governing principle of dissipative processes 
is developed for the solution of coupled non-linear equations arising in  free convection boundary  
layer flow and  heat transfer. The m ethod is applied  to  get the approxim ate solution of free 
convection flow along a sem i-infinite vertica l p late . I t  is found th a t  th e  ra te  of h ea t tran sfe r 
com puted for various P ran d tl numbers using the  present varia tional approach is qu ite  close 
to  exact know n results. The resu lt of p resen t investigation is found to  be better th a n  th a t  o f 
well-known K arm an-Pohlhausen integral m ethod.

In tro d u c tio n

T h e  m ain  aim  o f th e  p resen t in v e s tig a tio n  is to  in tro d u c e  a v a r ia tio n a l 
te ch n iq u e  to  get th e  so lu tion  o f  free convection  b o u n d a ry  layer e q u a tio n s . 
T he m eth o d  is based  on  th e  govern ing  p rin c ip le  of d iss ip a tiv e  processes w hich  
is developed  by  Gyarmati [1, 2] u s in g  th e  generalized  lin ear c o n s titu tiv e  
eq u a tio n s a n d  th e  fam ous rec ip rocal re la tio n s  e stab lish ed  b y  Onsager  in  
1931 [3, 4 ]. In  its m ost general fo rm , th e  govern ing  p rinc ip le  is w ritten  as

ô ̂ [ a  — W  -  0 ] d V  =  0 .  (1)

T his p rin c ip le  describes th e  evo lu tion  o f  d issipative  p rocesses a t  an y  in s ta n t  
o f  tim e  u n d e r  th e  c o n s tra in t th a t  th e  genera l balance eq u a tio n s

q ä j  +  V ‘ J i  —  o', (i =  1, 2, . . . , / )  (2)

are  sa tisfied . H ere a deno tes th e  e n tro p y  p ro duc tion  o f  th e  system  a n d  XP  
an d  Ф a re  th e  local d iss ipa tion  p o te n tia ls . I t  is w ell-know n th a t  th e  e n tro p y  
p ro d u c tio n  о is a po sitiv e  defin ite  q u a n t i ty  and  i t  is a b ilin ea r fu n c tio n  o f  f  
in d e p e n d e n t cu rren t densities J t a n d  th e  th e rm o d y n am ic  forces X ;, i.e .,

o(J, X) =  J g  J , • X,- 0 . (3)
i=i
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g is th e  d e n s ity  o f  th e  co n tin u a , a,- is th e  specific  value o f th e  ex tensive  t r a n s 
p o r t  q u a n ti ty  a n d  cq is th e  so u rce  d en sity  o f  a,-. In  th e  O nsager th e o ry  th e  
flu x es  are lin e a r  functions o f  th e  forces, i.e.

J,. =  L ik X k, o r X , =  j r R lk J k ( i =  1, 2 , .  . . , / ) . (4)
k = l  k = 1

I n  th e  lin ear law s th e  c o n s ta n t coefficients L ik are co n d u c tiv itie s  w hile R lk 
a re  resis tan ces . T hese coeffic ien ts sa tisfy  th e  fam ous O nsager’s rec ip rocal 
re la tio n s  :

L i k  — L ki, R ik — R ki (i, к =  1, 2, . . . , / ) .  (5)

he local d iss ip a tio n  p o te n tia ls  lF  and  Ф a re  defined  as [1, 2 ]:

^ ( X , X ) ^ i  V L , X r X ^ 0 ,  (6)
£ Uk= 1

(? )
L  i ,k=  1

I n  th e  case o f  c o n s ta n t c o n d u c tiv itie s  an d  th e  resistances

W =  Ф =  <r/2

a n d  hence W  a n d  Ф are th e  lo ca l m easure o f  irrev e rs ib ility . P rincip le  (1) ca n  
now  he w r it te n  as

•JJ V
v A - {  2 L i k ^ r r ^ r k -

/= 1  *  i , k = 1
R i k 3 t ' J  к

i ,k=  1
d V  =  0.  (8)

In  th e  above fo rm u la tio n , th e  th e rm o d y n a m ic  forces X,- a re  su b s titu te d  b y  
V r „  i.e.

X, (9)

since in  th e  case  o f tr a n s p o r t  processes th e  d issipa tive  fo rces can  alw ays be  
g en era ted  as th e  g rad ien t o f  c e r ta in  ‘Г” v a ria b le s  w hich a re  s ta te  p a ra m e te rs  
a n d  s im u ltan eo u sly  in te rn a l p a ra m e te rs . I t  sh o u ld  be n o te d  th a t  th e  v a r ia tio n 
a l p rincip le  (8) is opera tive  i f  a n d  only  if  th e  b a lance  eq u a tio n s  (2) are reg a rd ed  
as au x ilia ry  co n d itio n s an d  fo r th e ir  v a r ia tio n  th e  fo llow ing restric tio n s h o ld :

<5[e«i -  o',] =  — dV • Jí =  —V ■ (<5J,) , (10)
(i =  1, 2, . . . , / )  .
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I t  is re m a rk a b le  here  th a t  th e  s im u ltan eo u s  v a r ia tio n  o f  th e  p rin c ip le  
(8) w ith  re sp ec t to  forces V Г ,■ a n d  th e  flu x es  J,- resu lts in  th e  un iversa l fo rm  
o f Gyarm ati’s princip le  w hich  is a genuine v a ria tio n a l fo rm u la tio n  [1, 2 ]. 
H ow ever, th e  re s tr ic te d  v a ria tio n s  of th e  p rin c ip le  w ith  re sp e c t to  one o f th e se  
tw o in d e p e n d e n t fu n c tio n s give tw o p a r tia l  form s of th e  p rincip le . T h e  v a 
ria tio n  w ith  re sp ec t to  cu rren ts  on ly , i.e. á j (- ^  0 h u t áVT] =  0 yields th e  f lu x  
re p re se n ta tio n  o f th e  p rincip le  w hich  is e q u iv a le n t to  th e  L ag ran g ian  th e rm o 
dynam ics o f  B iot [5 ,6]. T he v a r ia tio n  o f th e  p rincip le  w ith  re sp ec t to  fo rces  
on ly  i.e. <5 V r t =И= 0 b u t  á j] =  0 resu lts  in  th e  force re p re se n ta tio n  o f  th e  
p rincip le  w hich  is eq u iv a len t to  th e  local p o te n tia l m e th o d  o f Glansdorff  
an d  P rigogine [2, 5]. I t  has also been p ro v e d  b y  Gyarm ati [2] th a t  f lu x  
re p re se n ta tio n  is a gen era liza tio n  of O nsager’s princip le o f  le a s t  d issipation  o f  
energy.

I t  shou ld  he n o te d  th a t  th e  fo rm u la tio n  (1) or (8) is th e  m ost g en era l 
p rinc ip le  o f th e  d issipa tive  processes w hich is v a lid  for lin ea r  an d  q u as ilin ea r 
cases. The v a lid ity  o f th e  p rin c ip le  for qu asi-lin ea r cases (w hen  L ik an d  R ik 
are  fu n c tio n s o f Г t variab les) is g u a ran teed  d u e  to  th e  follow ing su p p le m e n ta ry  
th eo rem  o f Gyarmati [1, 2]

дг [V  +  Ф] =  0 ,

th a t  is, in  case o f  quasilinear c o n s titu tiv e  e q u a tio n s  th e  v a r ia tio n  of th e  u n iv e r 
sal d iss ip a tio n  p o te n tia l (W +  Ф) w ith  re sp e c t to  p a ra m e te rs , / ] ,  v an ish es .

T he govern ing  p rincip le  o f  d issipative  processes has a lre a d y  been ap p lied  
to  th e  vario u s d iss ip a tiv e  processes of m acroscop ic  co n tin u u m  system s. T h e  
eq u a tio n s o f th e rm o -h y d ro d y n a m ic a l sy stem s w ere derived  b y  Vincze [7], 
w hile th e  p rinc ip le  w as used  to  ge t th e  a p p ro x im a te  so lu tion  o f  th e rm o h y d ro - 
d y n am ic  s ta b il i ty  b y  Singh  [5, 8, 9]. In  th e  p re se n t analysis we have o b ta in e d  
th e  v a r ia tio n a l so lu tio n  o f free  convection  b o u n d a ry  lay e r a long  a v e r tic a l 
p la te  w hen  th e  p la te  te m p e ra tu re  T w is h ig h e r th a n  th e  te m p e ra tu re  T ^  o f  
th e  a m b ie n t flu id . I t  is show n th a t  th e  ra te  o f  h e a t tra n sfe r  fro m  th e  p la te  to  
th e  f lu id  is q u ite  close to  th e  e x a c t re su lt given b y  Schlichting [10]. The re su lts  
o f  th e  p re sen t in v es tig a tio n  are  fo u n d  to  be b e t te r  th a n  th a t  o f  th e  K á rm á n — 
P o h lh au sen  in te g ra l m ethod .

G eneral fo rm u la tio n

In  th e  u su a l b o u n d a ry  la y e r  ap p ro x im a tio n  th e  tw o-d im ensional s te a d y  
incom pressib le  f lu id  flow  along a v e rtica l h o t  p la te  is described  b y  th e  fo llow 
ing  eq u a tio n s  o f m ass, m o m en tu m  an d  en erg y  conservation

Í Ü . +  Ü - 0 ,
dx 8у ( И )
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d u  d u
U ----------- b  V  -------=

Эя dy
T ,

ЭT  dT  Э2 T
и -------------b  V -------- =  « ------------- ,

d x  d y  d y 2

( 12)

(13)

w here v a n d  a  a re  th e  k in e m a tic  v iscosity  a n d  th e rm al d iffu siv ity , re sp ec tiv e ly , 
X  and  y  a re  th e  coo rd inates along and  n o rm a l to  th e  p la te  while u a n d  v are 
th e  v e lo c ity  com ponen ts a long  x  an d  y  d irec tions, respective ly . T  d eno tes 
th e  d im ensionless local te m p e ra tu re  o f th e  flu id  inside th e  b o u n d a ry  lay er.

I t  is w ell know n th a t  in  th e  t r e a tm e n t  o f th e  flu id  flo w  w ith  h e a t tra n s fe r  
phen o m en o n , th e  energy  p ic tu re  of G y a k m a t i ’s princ ip le  is m ore co n v en ien t 
th a n  th e  e n tro p y  p ic tu re  [2]. Therefore w e consider here  th e  energy d iss ip a tio n  
Ta  in s tead  o f  en tro p y  p ro d u c tio n  a. In  th e  energy p ic tu re , th e  p ro p e r s ta te  
va irab le  is In  T  in s tead  o f T . T hus th e  ab o v e  tra n sp o rt eq u a tio n s  can be  w ritte n  
as

Эи , .  Эи
и ------- bi v ——

dx dy
Э2 и v ------
9J 2

ln  T ,

и ——— ln  T  ~b fv ——— ln T  =  a  —— ln T  .
d x  d y  d y 2

(14)

(15)

T he energy  d iss ip a tio n  Ta  is given by

Ta =  - J a —  In  T  -  P 12 —  ,
9 У dy

(16)

an d  th e  c o n s titu tiv e  e q u a tio n s  are

J q = - X * -
dy

du
1*12 = -M  —

dy

(17)

(18)

w here J q d en o te s  th e  h e a t f lu x  and  P 12 is th e  viscous p a r t  o f  th e  p ressure  ten so r. 
.Я and  /X a re  th e  th e rm a l c o n d u c tiv ity  a n d  th e  coeffic ien t of shear v isco sity , 
resp ec tiv e ly . T he d iss ip a tio n  p o ten tia ls  in  energy p ic tu re  are

Э In  T  I

0 y  )

+  - P Î 2 ■
M .1

(19)

( 20)
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F in a lly  G y a r m a t i ’s princip le  in  energy  p ic tu re

Ô J v [Ter — W * ~  Ф*] d V  =  0

tak es  th e  form

X

2

d V  = 0  .

(21)

M ethod of so lu tion

I t  is clear th a t  th e  p rinc ip le  (21) co n ta in s  tw o sets o f  v a riab les : cu rren ts  
J q an d  P n  an d  s ta te  v ariab les  ln  T  a n d  u. T hese  variab les a re  connected  b y  th e  
ex ac t c o n s titu tiv e  eq u a tio n s  (17) a n d  (18). In  th e  dual field  m e th o d , we rep lace  
th e  th e rm o d y n am ic  cu rren ts  w ith  ap p ro x im a te  s ta te  v a riab le s  w hich are  
connected  w ith  th e  a p p ro x im a te  c o n s titu tiv e  re la tions [5, 8]. L e t us den o te  
th e  ap p ro x im a te  s ta te  v ariab les b y  ln  T* and  u* . T he  c o n s titu tiv e  equations are

J q =  - X

12

9  ln  T*

3y
du*
ду

( 22)

(23)

F u r th e r  i t  is assum ed  th a t  te m p e ra tu re  In T*  an d  velo c ity  u* sa tisfy  th e  
sam e cond itions as In  T  an d  u. R ep lac ing  J Q an d  P 12 in  (14), (15) and  (21) 
w ith  th e  help  o f (22) an d  (23), we h av e

du du
U --------------- 1- V ----------

дх ду

,2

3 у 2 +  g - Т  — T
ln Г  ,

8 ln  T  3 , 02
и ------------ V-------- ln  I =  * --------

дх ду ду2
ln  T*,

9  ln  T  9  ln  T*
óy 8y

id  ln  т
2 [ ду

2 _ 2
2

Э ln  T*

du* du 1 ' du 2 1 j du*
21b y 3y 2 0 J  . 2 1 e y IJ

ду

dx dy =  0 .

(24)

(25)

(26)

U sing th e  s im ila rity  tra n sfo rm a tio n s

rj — сух11*, ln  T  =  G(rj) , 

и =  4vc2 Vxf' (rj) , V =  ve X-1 /4 (rjf  ' — 3 / ) ,

>

(27)
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th e  E q s. (24), (25) a n d  th e  princip le  (26) becom e

Г "  +  з f f "  -  2 / '2 +  G =  0 ,

G*" +  3P J G ' =  0 ,

«5 Г P - C-l{ [2 G 'G * ' -  (G')2 -  (G*')2] +  P , P / " / * "  - / " 2 -
J o J o  y*

- ( / * " ) 2] } ^ d y  =  0 ,

(28)

(29)

(30)

w here

c g(T w -  T . )
4 r2 T„

1/4
and  P r{— v/a) is th e  P ra n d t l  n u m b e r .

G* an d  f *  co rrespond  to  In  T* and  u*, re sp ec tiv e ly . C onsis ten t w ith  th e  b o u n d a ry  
cond itions

G =  1, / =  0, / '  =  0 a t  г? =  0 ;

G =  0, G ' =  0, / '  =  О a t  г) =  d2 ;

we assum e th e  fo llow ing sim ple expressions for ve lo c ity  a n d  te m p e ra tu re  p ro 
files [10]

/ '  =  «
r)3 2 i f  r)

J l  +
(32)

(33)

w here d 1 a n d  d2 are th e  b o u n d a ry  la y e r  th icknesses w h ich  are  considered  to  be 
equal in  th e  p resen t in v es tig a tio n . H ere  a an d  d2 are  considered  as v a ria tio n a l 
p a ra m e te rs  an d  a fte r  v a r ia tio n  d2 a n d  d2 are  tak en  to  be  equal to  d. U sing  (32) 
and  (33) in  (24) an d  (25), we get

/ * "  =  -

- П - -

6df 

d 1 a2

14d[

21

- P — i f  -\— i f  — 1 
d3 ' 2dl

„3 4*
4 +  A

dl d l 
d2 +  3d l  ’

3d! (34)

G*' =  -  6aPr
2 i f

+

6 d  ̂do
+

dl dl
+

d\
120 dl 30 df 24 d x

2 4 d fd | 15d2df 20 d\d2 %dvdl  6 d \d 2
( 35)
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E v a lu a tin g  now  th e  princip le (30) w ith  th e  help  o f (32), (33), (34) an d  (35), 
we get

Ô a -  0.089 —  +  0.343 — - 0.400 —
Jo Ух dl d\ 3 d2 Pr

+  P r «2 0.002 ——  0.012 — +  0.036 —  — 0 . 052— +  0.030 ^d\
d\

d%_
d{

d [

d\
d%
d\ d\J

+

0.008 a 3d 1 — 0.033
ad? _ , _ „ ad? . , . ,  , 2 a2
— -  +  0 .1 3 3 — -  — 0.166 ad, -I- -----------

dl d2 15 d x
+

a2d{ a2df d\
+  0.001 a4 à® -  0.038 a2d? — 0.017-— - - 4 -  0 .0 4 8 — - E  +  0.833 —  4-

1 dl  d, dl

+  0.071 —  -  0.389 —  +  —  — 0.833 —  
d\  dl  3 d2

dx  =  0 . (36)

T a k in g  v a ria tio n s  o f (36) w .r. to  do an d  a we get

1 1 o O O Q I6 2
[ (P r  -  1.050552) a2 +  4.225683] di  -  17.324281 ad 2 -  =  0 . (37)

Pr

[a2 +  (1 .869485Pr -  3 .382352)] d4 +  [5.744944 a2 -  

-4 8 .9 6 3 6 9 4 ]  d2 +  61 .274356a =  0 . (38)

E lim in a tin g  d from  (37) and (38) we get a s ix th  degree algebraic eq u a tio n  in  a, 
w hich  we have so lved  b y  B a irs to w  m ethod . O u t o f  six  roo ts o n ly  one ro o t is 
p o s itiv e  and  rea l an d  su b s titu tin g  o f th is  in  an y  one of E qs. (37) a n d  (38) we 
d e te rm in ed  th e  b o u n d a ry  lay e r th ick n ess  d.

Table I

R ate of h ea t transfer 0

P r
Approximate 
value from 
G.P.D.P.

Computer
value

K Á R M Á N  —
P o h l h a u s e n

0.5 0.442 0.442 0.462
0.773 0.528 0.507 0.540
1.0 0.609 0.567 0.607
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F o r com parison  w e ca lcu late  an  im p o r ta n t c h a ra c te ris tic  o f  th e  problem , 
t h a t  is, th e  ra te  o f  h e a t  tran sfe r fro m  p la te  to  th e  flu id . F ro m  (33), we get

<IG I _  ^

drj J rj=0 d
(39)

In sp ec tio n  o f  T a b le  I  reveals  th a t  th e  r a te  o f  h e a t tra n sfe r  ob ta ined  
w ith  th e  help  of G .P .D .P . is qu ite  close to  th e  ex ac t so lu tio n  [11]. T he p resen t 
r e s u lt  is b e tte r  th a n  t h a t  of in te g ra l m ethod  of K a rm a n —P ohlh au sen .
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The high resolution of a tunab le  diode laser spectrom eter is com bined effectively w ith 
a 100 m m ultip le pass cell to  achieve a very high detection sensitiv ity  for weak absorption  
lines of CO,. R egular absorption, f irs t derivative and  second derivative techniques are discussed. 
I t  shows th a t  th e  second derivative technique can be used for determ ining the concentration 
of labelled molecules in gas m ixtures.

Introduction

I t  has long been a desire  o f spectro scop ists  to  o b ta in  a tu n ab le  in fra re d  
source w hich  offers its  to ta l  o u tp u t  energy  in  a narrow  freq u en cy  ran g e , an d  
th e  energy  o f  w hich can fu lly  he  u tilized  in  a sp ec tro m eter. T h e  ad v an tag es  of 
a sim ple source, sam ple, d e te c to r  a rra n g e m en t are  obv ious as m o n o ch ro m a
to rs  n o t o n ly  have a 30—7 0 %  th ro u g h p u t, depending  on th e ir  q u a lity  an d  
th e ir  o p tica l la y o u t, b u t th e  p rac tice  of sp li t t in g  th e  energy  e m itte d  by  a b lack - 
bo d y  source in to  sp ec tra l e lem en ts  decreases th e  energy fa llin g  on to  th e  d e te c t
or d ra s tic a lly  as th e  re so lu tio n  is increased . T he d e tec to r sen s itiv ity  is one 
o f th e  m a in  factorâ  lim itin g  th e  h ighest ach ievab le  re so lu tio n  in  d ispersive  
in fra red  in s tru m e n ts . W ith  th e  m ost sen s itiv e  d e tec to rs a n d  custom  b u il t  
g ra tin g s, th e  u ltim a te  re so lu tio n  can a p p ro a c h  10-3 c m -1 . H ow ever, th e  
scann ing  o f  th is  ty p e  of in s tru m e n t is u su a lly  ex trem ely  slow  and  it  is v e ry  
im p rac tica l in  an a ly tica l ap p lica tio n s.

F o u rie r  tran sfo rm  sp ec tro m e te rs  h a v e  several a d v a n ta g e s  over d isp e r
sive m o n ochrom ato rs, as in te rfe ro m eters  m o d u la te  the  fu ll sp ec tru m  o f inci 
d e n t lig h t in s te a d  o f re jec tin g  all b u t one n a rro w  freq u en cy  ban d . T h e re  is 
no need  fo r s lits  in  an  in te rfe ro m e te r , and  in c reased  reso lu tio n  does n o t d r a s t i 
cally  reduce  th e  in fra red  l ig h t in c id en t on th e  d e tec to r. T h e  reso lu tion  o f  an  
in te rfe ro m e te r  is [1]

R E S  =  1 /X , (1)

* P resent address: In s titu te  of Isotopes, 1525 B udapest 114. P.O . Box 77, H ungary
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w h ere  R E S  is th e  re so lu tion  in  c m '1 and  X  is th e  m irro r tra v e l  in  cm. In  o rd e r 
to  achieve a re so lu tio n  such  as 1 0 c m -1 , th e  m oving m irro r  should tra v e l  
100 m  w ith o u t even  ta k in g  in to  accoun t th e  ap o d isa tio n  fu n c tio n  an d  o th e r  
effects th a t  re d u c e  th e  u l t im a te  reso lu tion . A  stroke  le n g th  eq u iv a len t to  30 
m e te rs  is c u r re n tly  feasible b y  o p e ra tin g  th e  10 m M ichelson in te rfe ro m eter a t  
th e  U n iv e rs ity  o f  P aris  [2] a t  tr ip le  pass. P h y sica l re q u ire m e n ts  p reclude th is  
f ro m  being a  p ra c tic a l a n d  ro u tin e  device.

T hus i t  ap p e a rs  th a t  in  o rd e r to  ach iev e  a sp ec tra l reso lu tion  s ig n ifi
c a n tly  in  excess o f  10~3 c m -1  one has to  re s o r t  to  th e  use o f  su itab le  tu n a b le  
sources. T h e re  h a v e  been  n u m ero u s  a t te m p ts  to  tu n e  v a rio u s  in fra red  l ig h t 
e m ittin g  so u rces , m ain ly  gas lasers, b y  e lec trica l, e lec trom agnetic , th e rm a l, 
o p tica l an d  o th e r  m ethods, h u t  p rac tica lly  n o n e  of these  devices op era te  o v er 
a  w ide eno u g h  ran g e  to  cover th e  com plete  m id -in fra red  reg ion . The v a rio u s  
tu n a b le  in f ra re d  devices a re  sum m arized  [3] in  Table I. T h e  w aveleng th  co v e r
age  region as s ta te d  in  th e  T ab le  does n o t im p ly  th a t  th e  w hole range can  be  
tu n e d  w ith  o n e  c ry sta l (O P O ) or one sem ico n d u cto r (S D L ). A lthough  th e  
fo u r  p h o to n  m ix e r is cap ab le  o f  tu n in g  o v er a  re la tiv e ly  w ide range, th e  fa c t 
t h a t  a co m p le te  system  re q u ir in g  tw o n itro g en -lase r-p u m p ed  dye lasers w hich  
a re  used in  t u r n  to  o p tica lly  pu m p  p o ta ss iu m  v ap o u r m akes th is sp e c tra l 
source too  ex p en siv e  an d  co m p lica ted  to  use.

A m ong th e  tu n ab le  sou rces, th e  in f ra re d  diode la se r  offers th e  b e s t 
o vera ll p a ra m e te rs  an d  p rom ises a re la tiv e  sim p lic ity  to  u se rs . Laser lin ew id th s  
o f  1 0 -e c m -1  h a v e  been ach iev ed  depend ing  on th e  w av e len g th  and  o p e ra tin g

Table I

P roperties of infrared tunab le  lasers*

Type Symbol Wavelength 
coverage (/ли)

Highest resolu
tion obtained 

(cm-1)

Semiconductor diode laser DSL < 1 - 3 4 3 x l ( T e
Spin-flip Ram an laser SFR 5 - 6 3 X 1<TS
N onlinear optical devices

O ptical param etric oscillator OPO < 1 - 1 1 3 x l ( T 2
Difference frequency generator DFG 3 - 6 2 X H T 3
Two-photon mixer TPM 9 -1 1 З х Ю '5
Four-photon mixer FPM 2 - 2 4 l x  и г 1

Gas lasers
Zeeman-tuned ZTG 3 - 9 З х Ю -3
H igh pressure C02 H PG 9 -1 1 З х Ю -2

F-center laser FCL 2.2 —3.3 З х Ю -5

* A fter [3] w ith  the add ition  of the F -center lasers.
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e n v iro n m en t. The b rig h tn ess  o f th e  lase r source (u sually  in  th e  order o f  0.5 mW ) 
m akes possib le th e  use o f v e ry  long gas cells w ith  p a th le n g th  up  to  500 m  [4]. 
D iode lasers  are  av a ilab le  in  th e  300—3600 c m -1  reg ion  an d  th e ir  o u tp u t 
f req u en cy  is tu n e d  in  general an d  m ost co n v en ien tly  b y  b ias c u rre n t a n d  te m 
p e ra tu re , a lth o u g h  b o th  m agnetic  a n d  pressure  tu n in g s  are  possible. I n  th is  
p a p e r w e selected  a n a rro w  reg ion  o f th e  in fra red  sp e c tru m , w here o n ly  very  
w eak  C 0 2 ab so rp tio n s  occur, to  d e m o n s tra te  th e  se n s itiv ity  o f a p roposed  
sy s tem  to  m easure  v a rio u s species in  th e  gas phase .

M easu rem en ts o f  C 0 2 iso topic  ra tio s  have re c e n tly  been p erfo rm ed  in 
th e  v3 b a n d  using  tu n a b le  diode la se r tech n iq u e . I n  t h a t  w ork th e  au th o rs  
[5, 6] u sed  only  en riched  14C 0 2 sam ples ra th e r  th a n  n a tu ra l C 0 2 sam ples. 
T herefo re , th e y  w ere ab le  to  em ploy  con v en ien t a b so rp tio n  p a th s  in  th e  m easu
rem en ts  o f  th e  iso to p ic  ra tio s  14C 0 2 : 13C 0 2 : ^COo w ith o u t even u s in g  the  
d e riv a tiv e  tech n iq u e . B ased  on th e ir  s tre n g th  m easu rem en ts  on th e  s trong  
14C 0 2 v3 b a n d  lines, th e se  au th o rs  c la im ed  a se n s itiv ity  o f 2.6 x lO 4 14C 0 2 
m olecules/cm 3 could be  ach ieved  using  th e  second d e riv a tiv e  te c h n iq u e  a t  a 
reduced  to ta l  p ressu re  o f  7.6 T orr.

Experimental details

T h e h e a r t of our ex p erim en ta l se tu p  was a m o d u la r version o f  th e  LS-3 
L aser Source S p ec tro m ete r (L aser A n aly tics, In c ., B ed fo rd , MA). I n  th is  
sy stem  th e  source is a P bS nS e or PbC dSe tu n a b le  diode la se r, w hich is m o u n ted  
on a liq u id  H e cooled cold finger (CTI Cryogenics, In c ). Since th e  closed cycle 
cooling p u m p  is n e a r th e  diode head , th e  la t te r  is v ib ra tio n a lly  iso la ted  from  
th e  fo rm er.

T h e  te m p e ra tu re  o f  th e  diodes, tw o  of w hich can  be m o u n ted  in  th e  
sam e h e a d , is co n tro lled  b y  th e  C ryogenic T e m p e ra tu re  S tab ilizer (L aser 
A n a ly tic s , Inc .) to  b e t te r  th a n  0.0003 К  in  th e  10—100 К  range. T he la se r  bias 
c u rre n t is con tro lled  to  b e tte r  th a n  0.0001 m A  b y  th e  L aser C ontrol M odule, 
LCM, (L aser A n aly tics, Inc .).

F ig . 1 shows th e  ex p erim en ta l a rran g em en t. T he l ig h t em erging fro m  th e  
diode is co llim ated  b y  a ZnSe lens th a t  is a tta c h e d  to  a n  x —у —z a d ju s ta b le  
op tica l m o u n t. A Ge e ta lo n  (2.5905 cm  o r 7.6505 cm  th ic k  a t  T  =  296 K ) or 
a 16 cm  gas ab so rp tio n  cell can  be pulled  in to  th e  beam  fo r ca lib ra tio n  purposes. 
T he source frequency  can  be m o d u la ted  e ith e r  s inuso idally , or b y  a positive- 
slope or nega tive-slope  saw to o th  v o ltage . T he o u tp u t b eam  in te n s ity  can  be 
m o d u la ted  using  th e  400 H z m echan ical chopper, w hich  is loca ted  n e x t  to  th e  
en tra n c e  s lit o f th e  g ra tin g  m o n ochrom ato r. To se p a ra te  th e  lo n g itu d in a l 
m odes o f  th e  laser, a  1/2 m  g ra tin g  sp ec tro m ete r a rra n g e m en t is u sed  before 
th e  in fra re d  d e tec to r. A  liq u id  n itro g en  cooled m ercu ry -cad m iu m -te llu rid e
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(H gC dT e) p h o to co n d u c tiv e  d e te c to r  w ith  sp e c tra l response fro m  3 to  16 /u n  
is u se d  (S an ta  B a rb a ra  R esearch , In c .). T he D* o f th e  d e te c to r  is ty p ica lly  
2 X 1010 cm (H z)°-5/W .

Fig . 2 show s th e  ou tline o f  th e  a d ju s ta b le  p a th le n g th  W h ite  cell th a t  
w as a tta c h e d  to  th e  optical u n i t  o f th e  LS-3 laser sp ec tro m e te r. The base

F ig . 1. Schematic d iagram  of experim ental arrangem ent for the determ ination  of labelled
species in  gas m ixtures

F ig . 2. Outline of th e  adjustable p a th len g th  W hite cell showing the beam p a th s  for eight passes
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len g th  is 1 m  and  th e  cell is a d ju s ta b le  in  steps o f 4 m . W ith  a good a lignm en t, 
a p a th le n g th  of 152 cm  can he ach ieved . F o r a precise  op tica l a lig n m en t, a 
H e — N e laser (S pcc tra -P hysics M odel 155) w as ad d e d  to  th e  sy stem . I f  th e  
a lig n m en t is a p p ro p ria te , th e  0.5 m m  in p u t an d  o u tp u t  a lignm en t pinholes 
o f th e  W h ite  cell decrease th e  to ta l  th ro u g h p u t b y  on ly  ab o u t 50% . T he cell 
its e lf  is specified to  h av e  a 100 m  o p tica l p a th  w hen  th e  f irs t im age is th e  
sam e d is tan ce  from  th e  edge of th e  fie ld  m irro r as th e  a lignm en t pinhole.

T h e  sta in less s tee l W hite  cell can  be h ea ted  w ith  its  te m p e ra tu re  m o n ito r
ed to  ^pO.l °C a t  fo u r po in ts a long  th e  cell w all b y  a F luke M odel 2100 A 
d ig ita l th e rm o m e te r . T he cell has b een  used to  o b ta in  w a te r v ap o r c o n tin u u m  
ab so rp tio n  d a ta  a t  te m p e ra tu re s  o f 60 °C. A m echan ical vacuum  p u m p  is used 
for ev acu a tio n , v a c u u m  testin g  an d  gas hand ling . T o ta l p ressure is m easured  
on an  M K S In s tru m e n ts  Model 22A p ressu re  gauge w ith  a precision  o f  ab o u t 
1% . T h e  d e tec to r signal is f irs t am p lified  b y  an  F E T  p ream plifier th e n  b y  an 
O rtec B rookdeal M odel 9503 precision  lock-in  am p lifie r. The reference for th e  
lock-in  am plifie r is e ith e r  th e  m o d u la tin g  voltage  u sed  for in te rn a l m o d u la tio n  
or th e  chopper re ference  signal, i.e ., a signal g en era ted  b y  th e  m echan ical 
tu n in g  fo rk  chopper. T he analog o u tp u t  o f th e  lock-in  am plifier is sam p led  by  
a H e w le tt— P a c k a rd  9825A d esk -top  co m p u ter. T h e  co m p u te r has a 23 k -b y te  
m em ory  fo r d a ta  w ith  an  8-by te  d a ta  w ord s tru c tu re . T he p ro g ram  in  H P -L  
occupies 3k b y tes  o f  m em ory. In  a d d itio n  to  th e  co llection  of th e  sam p le  and  
reference  sp ec tra , i t  is possible to  co rrec t for b a ck g ro u n d  spectra . D a ta  can  be 
s to red  on m agnetic  casse tte  or p lo tte d  th ro u g h  th e  m u ltip ro g ram m er to  the  
H P  9872A  p lo tte r . T h e  com puter also  contro ls th e  c u rre n t drive reference of 
th e  la se r  con tro l m odu le  LCM th ro u g h  an  11-hit D /A  channel o f th e  m u lti
p ro g ram m er. 300 a n d  600 m s/d a ta  p o in t scan speeds wrere used an d  a  se ttlin g  
tim e  o f a t  least 2 m in u te s  was allow ed betw een  consecu tive  scans. T h e  ra tio ed  
sp e c tra  are  p lo tte d  in  e ith er tra n sm itta n c e  or ab so rb an ce .

Results and discussion

T h e f irs t  sa lien t fea tu re  of a d iode la se r single b eam  abso rp tio n  sp ec tru m  
is th e  b ro a d  envelope across th e  sp e c tra l range, w h ich  is in tro d u ced  b y  th e  slit 
response  o f  th e  m o n o ch ro m ato r used  to  iso la te  th e  desired  m ode o f th e  laser. 
T he sing le b eam  sp e c tru m  (Fig. 3 cu rv e  B) should  be  ra tio e d  ag a in st th e  b a c k 
g ro u n d  (F ig . 3 cu rv e  A) to  re su lt in  a  tra n sm itta n c e  p lo t (Fig. 3 cu rv e  C). 
F ig . 3 is a p a r t  o f th e  sp ec tru m  of C 0 2, in  th e  996 c m -1  region. A n e ta lo n  trace  
o b ta in e d  w ith  a 2 .5905 cm  long Ge e ta lo n  serves as a re la tiv e  w av en u m b er 
reference  (F ig . 3 cu rv e  D). The line a t  996.6646 c m “ 1 is th e  R(60) line o f  th e  
00°1 ■*— (10°0.02°0)i b a n d  of и С1в0 2; th e  h igher freq u en cy  line a t  996.90089 c m -1 
is th e  P(24) line o f th e  00°1 (10°0.02°0)n h an d  o f 13Clf>0 2. The line positions
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Fig. 3. Single beam  spectra norm ally tak en  in  diode laser absorption spectroscopy. Curve A 
is a  background scan w ith the cell evacuated . Curve В is the absorption spectra. Curve C 
is th e  ratio  of curve В to  curve A. Curve D is the Ge etalon trace w ith a 0.04815 cm -1 free

spectral range

g iven  here a re  ca lcu la ted  using  th e  v e ry  a c cu ra te  m olecular c o n s ta n ts  rep o rted  
b y  F reed  e t a l [7]. Beside th e  re la tiv e ly  h ig h  noise level, th e re  is a sy stem atic  
frin g e-ty p e  noise  t h a t  corresponds to  an  in te rfe ren ce  len g th  o f  9.17 cm.

In  o rd e r to  red u ce  noise a n d  be  ab le to  d e te c t w eak ab so rp tio n , d e riv a tiv e  
ty p e  d e tec tio n  schem es are  u sed  [8, 9]. T he f i r s t  deriv a tiv e  o f  th e  spec tru m  
can  be o b ta in e d  i f  th e  source signal is freq u en cy  m o d u la ted  e lec tron ically  w ith  
a  freq u en cy  d e v ia tio n  sm aller th a n  th e  w id th  o f  th e  line to  be d e tec ted . C urve 
A  in  Fig. 4 show s a  ty p ic a l f ir s t  d e riv a tiv e  sp ec tru m . The f irs t  d e riv a tiv e  signal 
enhances th e  sig n a l a t  a reg ion  o f  ra p id ly  chang ing  am p litu d e  (w ith  resp ec t 
to  lase r freq u en cy ) such as t h a t  n e a r  th e  line cen te r o f an  a b so rp tio n  line a t  
low  gas p ressu res . T herefore, th e  d e riv a tiv e  sp ec tru m  in  such  cases offers a 
h ig h er s ignal-to -no ise  ra tio  w hen  th e  b a ck g ro u n d  is sm ooth  a n d  slow vary in g . 
T h e  second d e r iv a tiv e  d e tec tio n  u tilizes th e  sam e  m odu la tion , b u t  th e  second 
h a rm o n ic  o f th e  m od u la tio n  is u sed  as th e  reference  for th e  lock -in  am plifier.
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C urve В in  Fig. 4 is a  second d e riv a tiv e  scan, w h ich  shows an  en h an ced  signal- 
to -no ise  ra tio  over th e  tra n sm itta n c e  sp ec tru m  a n d  has also a  f la t  baseline. 
R ecen tly  G r i f f i t h s  e t al [10] h a v e  in v es tig a ted  th e  q u a n tita tiv e  aspects o f 
th e  second  d e riv a tiv e  laser sp ec tro sco p y  an d  suggested  a sim p le  m e th o d  to  
d e te rm in e  th e  in te n s ity  and  h a lfw id th s  of a  line  from  re a d ily  m easu rab le  
fea tu re s  o f  th e  d e riv a tiv e  co n to u rs . I f  th e  lines a re  v e ry  close to  each  o th e r, 
i t  is som etim es m ore  d ifficu lt to  se p a ra te  th e m  even  on th e  second  d e riv a tiv e  
sp ec tru m . This h ap p en s  to  be th e  case for th e  scan  in  Fig. 5, w here  in  o rder 
to  s e p a ra te  the  tw o  s trong  lines ( th e  P(22) line  o f  th e  00°1 (10°0,02°0)n
b an d  o f 13Cle0 2 a t  998.78808 c m -1 an d  th e  R(66) line  o f th e  00°1 -<— (10°0,02°0)i 
h a n d  о ^ С 1в0 2 a t  998.9322 c m “ 1), one has to  a p p ly  a  m uch n a rro w er frequency  
m o d u la tio n . The w eak  line a t  998.8565 c m -1 is th e  P(28D ) line o f  th e  O F l <—IP O  
h o t h a n d  of 13C1B0 2. I ts  in te n s ity  is 1 .0 2 x 1 0  26 c m -1 m olecu le -1  cm2. T he 
assig n m en t of th e se  lines was m ad e  using th e  A ir Force G eophysics L ab o ra 
to ry  L ine P a ra m e te r  L isting  [11]. T he position  o f  th e  line a t  998.78808 c m -1 
is from  [7]; th e  positions of th e  o th e r  tw o lines are  as m easu red . I t  is w o rth  
n o tin g  th a t  the  P (28D ) line as re p o r te d  in  [11] is a t  998.905 c m -1 , a  d isc rep an cy  
of a b o u t 0.050 c m -1  from  th e  p re se n t value. T h is v e ry  w eak  line  is c learly

Fig. 4. Curve A is th e  f irs t derivative scan and Curve В is the second derivative scan. The 
experim ental conditions and absorption  lines are th e  same as those shown in  Fig. 3
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Fig. 5. A second derivative scan near 999 cm -1 (top curve) and the Ge etalon transmission
curve (bo ttom  curve)

seen  u n d e r  our ex p e rim en ta l co n d itio n s, and  if  we com pare th is  v e ry  w eak 
a b so rp tio n  to  a s tro n g  an a ly tica l line o f C 0 2, th e  se n s itiv ity  of our sy s tem  can 
be  e s tim a te d  w ith o u t hav in g  to  use ca lib ra ted  p p m  co n cen tra tio n  gases, or 
h a v in g  to  pu rge  th e  o p tica l p a th  to  a tech n ica lly  u n reaso n ab le  lim it.

T h e  R(14) line o f th e  fu n d a m e n ta l v3 v ib ra tio n a l band  in  th e  4.3 pm  
reg io n  has an  in te n s ity  of 3.5 X 1 0 -18 c m -1 m olecu le-1  cm 2, w hich is 3.43 X Ю8 
tim e s  s tro n g e r th a n  th e  w eakest line we ju s t  m easu red . A rough  e s tim a te  shows 
th a t  th e  R(14) line o f  th e  v3 fu n d a m e n ta l b an d  shou ld  be d e tec tab le  even a t 
З х Ю -8 T o rr  o f p a r t ia l  p ressure. T h is  sen s itiv ity  is h igh  enough fo r de tec tin g  
tra c e s  o f iso to p ica lly  labelled  m olecules. F o r th e  W h ite  cell used  he re , i t  is 
possib le  to  increase  th e  n u m b er o f  passes and  th u s  th e  op tica l p a th le n g th , 
h o w ev er th e re  is a tra d e o ff  b e tw een  increasing  th e  p a th le n g th , ab so rp tio n  
a n d  th e  tra n sm itta n c e  o f th e  cell.

T he a b so rp tio n  a t  line c e n te r  fo r an  un k n o w n  gas in  a gas m ix tu re  can
n o t  be re la te d  d ire c tly  to  th e  co n cen tra tio n s  or th e  p a r tia l  p ressu res of the  
a b so rb in g  species because th e  a b so rp tio n  coeffic ien t is a fu n c tio n  o f line 
s tre n g th , lin ew id th  an d  lineshape. T hese ab so rp tio n  line p a ram e te rs  a re  te m 
p e ra tu re , p ressu re  and  collision-species d ep en d en t. M any au th o rs  [12 — 16] 
h a v e  in v e s tig a te d  th e  effects o f foreign  an d  self-b roaden ing  on th e  h ig h  reso
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lu tio n  sp ec tra  of v a rio u s  sim ple gases as a fu n c tio n  o f  tem p era tu re  a n d  pressure. 
The re su lts  for th e  lin ew id th  a re  g iven  b y  th e  fo llow ing  form ula :

àv =  Av0(T /T 0) -* (P /P 0), (2)

w here Av (Avfi) is th e  linew id ths a t  h a lf  a b so rp tio n  coefficient m ax im u m  a t  
te m p e ra tu re  T (T 0) a n d  pressure P ( P 0), an d  a  is a  co n stan t w ith  a v a lue  in  
th e  ran g e  0.5 to  1.5. E q . (2) is v a lid  for p ressu re  in  excess o f 100 T orr. The 
lineshape is also p ressu re  d ep en d en t. In  g enera l, a t  pressures g re a te r  th a n  
100 T orr, th e  lin esh ap e  is L o ren tz ian . A t low p ressu res  (<Ç2 T orr), th e  lineshape 
is G aussian . A t p ressu res be tw een  2 T orr an d  100 T orr, th e  lines have  in  
general th e  V oigt sh ap e . F inally , th e  in te n s ity  S  is a  function  of th e  te m p e ra tu re  
only. T he te m p e ra tu re  dependence o f in te n s ity  is g iven by

s = s Q R .Q v . ( i - 8 ° - hvlKr) * - B",kT m
°  QRQ v ( l - g e - W ^ e - v i b T -  ’

■where S, (S 0) is th e  line in te n s ity  a t  te m p e ra tu re  T,  (T 0), QR (QRJ  an d  Qv, 
(QVt) a re  th e  ro ta tio n a l and  v ib ra tio n a l p a r ti t io n  func tions a t  T  (T 0) respec
tiv e ly , h an d  к a re  P la n c k ’s c o n s ta n t and  B o ltz m a n n  co n stan t, resp ec tiv e ly , v 
is th e  tra n s itio n  o r lin e  frequency , E "  is th e  lo w er-s ta te  energy a n d  g  is th e  
ra tio  o f th e  low er s ta te  ro ta tio n a l lev e l degeneracy  to  th e  u p p e r-s ta te  ro ta tio n a l 
level degeneracy .

T h e  in v e s tig a tio n  of th e  line p a ram e te rs  [17] is one of th e  k e y  issues for 
th e  u tiliz a tio n  o f th e  diode lasers for d irect a n a ly tic a l and  e n v iro n m en ta l 
m easurem ents.

Conclusion

W e have  ex am in ed  th e  p ra c tic a l side of v a r io u s  an a ly tica l in s tru m e n ts  
w ith  re sp ec t to  sp e c tra l reso lu tion  a n d  d etec tion  sen s itiv ity . T he co m b in a tio n  
o f a tu n a b le  diode la se r  sp ec tro m e te r an d  a m u ltip le  pass cell offers th e  b est 
in  b o th  reso lu tio n  a n d  sen s itiv ity . U sing th is  co m b in a tio n  a n d  em ploying 
th e  second d e riv a tiv e  tech n iq u e , w e have  d e m o n s tra te d  th e  h igh  sen s itiv ity  
b y  d e tec tin g  v e ry  w eak  C 0 2 a b so rp tio n  lines. O u r resu lts  in d ica te  th a t  th is  
tech n iq u e  is read ily  app licab le  to  th e  d e te rm in a tio n  of labelled species in  gas 
m ix tu res.
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KELVIN-HELM HOLTZ INSTABILITY THROUGH 
POROUS MEDIUM OF TWO SUPERPOSED PLASMAS

By

R . C. Shabma, H . S ingh  and K . P . T hakur
DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA-171005, INDIA

(R eceived  22. X I. 1979)

A study  has been m ade of the effects o f collisions w ith  n eu tra l particles on  th e  stability 
of the plane interface separating  two stream ing superposed plasm as of uniform densities through 
porous m edium. The in s tab ility  criterion is found to be independent of the perm eability  of the 
m edium  and the collisional effects w ith n eu tra l particles. The criterion determ ining stability 
does no t depend on perm eability  of the m edium  b u t depends on th e  density of neu tra l particles. 
The grow th rates b o th  increase or decrease w ith  the increase in collisional frequency as well 
as w ith the increase in perm eability  of th e  medium.

1. In tro d u c tio n

T h e  in s ta b ility  o f th e  p lane in te rfa c e  se p a ra tin g  tw o un iform  superposed 
s tre a m in g  flu id s, u n d e r  v a ry in g  assu m p tio n s o f h y d ro d y n am ics a n d  hydro 
m ag n e tic s , has been  discussed in  a  tre a tise  b y  Ch andrasekhar  [2]. Sharma 
an d  Srivastava  [4] h av e  s tu d ied  th is  s ta b ility  p ro b lem  for g enera l p e r tu r
b a tio n s  in  h y d ro m ag n e tic s  The effec ts o f collisions w ith  n e u tra l  partic les 
on th e  s ta b ility  o f th e  in te rface  w h ich  separa tes tw o  u n ifo rm  su p erp o sed  com 
p o site  h y d ro m ag n e tic  s tream in g  sy stem s have been  s tu d ied  b y  H a n s  [3], for 
tra n sv e rse  p ro p ag a tio n , an d  by  B h a tia  and  St e in e r  [1], for gen era l p e r tu r 
b a tio n s . In  all th e  ab o v e  stud ies, th e  m edium  has been  considered to  be non- 
porous.

T h e  flow  th ro u g h  porous m ed iu m  has been o f  considerab le  in te re s t  in 
re c e n t years  p a r tic u la r ly  am ong geophysical f lu id  d y nam ic ists . T h e  gross 
effect, as th e  flu id  slow ly p erco la tes th ro u g h  th e  p o res  of the  ro c k , is rep re 
sen ted  b y  D arcy ’s law  w hich  s ta te s  t h a t  th e  usual v iscous te rm  in  th e  equa tions 
o f f lu id  m otion  will b e  rep laced  b y  th e  resistance te rm  (/t/fcjq, w h ere  fj, is the  
v isco sity  of th e  flu id , k 1 th e  p e rm e a b ility  of th e  m ed iu m  (which h as  th e  d im en
sion o f  len g th  sq u a red ), an d  q th e  v e lo c ity  of the  flu id . T h e  R ay le igh  in s ta b ility  
of a th e rm a l b o u n d a ry  lay e r in  flow  th ro u g h  a porous m edium  has b een  consi
dered  b y  W o o d i n g  [5].

I n  th e  p re se n t p a p e r  we s tu d y  th e  effects o f  collisions w ith  n e u tra l  p a r
tic les a n d  m edium  p o ro s ity  on th e  s ta b ili ty  of th e  p la n e  in te rface  sep a ra tin g  
tw o s tream in g  superp o sed  com posite  p lasm as o f u n ifo rm  densities th ro u g h  
porous m edium .
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2. P e r tu rb a tio n  equa tions

W e consider th e  m otion o f  th e  m ix tu re  o f an  in fin ite ly  co n d u c tin g , incom 
pressib le  an d  h y d ro m ag n e tic  (ion ized) flu id  a n d  a  n e u tra l gas th ro u g h  porous 
m ed ium , ac ted  on  b y  m agnetic  f ie ld  H  (H x, H y, 0), g rav ity  fo rce  g(0, 0, —g) 
a n d  s tream in g  v e lo c ity  U (U , 0, 0). W e assum e t h a t  b o th  th e  co n d u c tin g  flu id  
a n d  n e u tra l  gas b e h a v e  like c o n tin u u m  flu ids an d  t h a t  th e  effects on th e  n eu tra ls  
re su ltin g  from  th e  presence o f a m ag n etic  fie ld  a n d  th e  fields o f  g ra v ity  and  
p re ssu re  a re  n eg lec ted .

L e t q(u , V, w), h (hx, hy, h z), ág an d  ôp d e n o te  respec tive ly  th e  p e r tu rb a 
tio n s  in  ve lo c ity , m ag n e tic  fie ld  H , d en sity  g a n d  p ressu re  p  o f  th e  conducting  
f lu id  w hile gd, vc, q d an d  v d en o te  th e  d en sity  o f  th e  n eu tra ls , th e  collisional 
(fric tiona l) fre q u e n c y  betw een th e  tw o  com ponen ts o f the  com posite  m edium , 
th e  v e lo c ity  o f  th e  n e u tra l c o m p o n en t and  th e  k in em atic  v isco s ity  of th e  
co n d u c tin g  f lu id , resp ec tiv e ly . T h e n , th e  lin ea rized  p e r tu rb a tio n  equations 
govern ing  th e  m o tio n  of th e  co m p o site  m ed ium  are

Q (—  +  U  • y ]  q =  — S/ôp +  - î -  ( V X h ) X H  +  g  ág — g +  Qd vc(qd -  q) , 
\ 31 ! 4 л  кг Ql

dt
+  и  • V

4 л

qd =  — Ve (ча -  q) »

V - q = 0 ,  v - h  =  0 ,

—  +  (U  • V ) h  =  V X ( q X H )  , 
0 t

dt
■ +  U • V ág +  (q • V)é> =  0 .

( 1 )

( 2)

(3)
(4)

( 5 )

W e an a ly se  th e  d is tu rb an ces in to  no rm al m odes b y  seek ing  solutions of 
th e  above e q u a tio n s , whose d ep en d en ce  on x, y  a n d  t is o f th e  fo rm :

exp  (ikxx  -f- ikyy  +  ret), ( 6)

w here  re is th e  freq u en cy  of th e  h a rm o n ic  d is tu rb a n c e  and  kx, ky (к2 =  k2x ky) 
a re  th e  h o riz o n ta l w ave n u m b ers .

E lim in a tin g  qd betw een  E q s . (1) an d  (2) an d  using  th e  form  (6), 
E q s . (1) —(5) give

g jre -)- ikx U  -T —— j-
(re +  ikx U) ßvc I 
re +  ikx U +  vc l

H
=  — ikx ôp +  — ~  (iky hx — ikx hy) , 

4 л

(7)
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e i n  +  a ,  v  +  - A  +  - Ü A Ä  
h  n +  ikx U + v c

JjT
=  —  i k y  ô p  H ----------------  ( i k x  h y  —  i k y  h x )  ,

4 n

V =

t i  - j — i k x  TJ —j- ---- -\- ( n +  ikx U) ßvc
k1 n  -j- ikx U -f- vc

=  - D ô p - g ô e + ^ ( i k x hz r D h x) + J b L ( i k y hz-  Dhy),
4jr 4?t

(n ikx U) h  =  (ikx H x - \-  iky H y) q,

(n - |-  ikx U) ÔQ =  —w D q ,

ikx и  +  iky V -f- Dw  =  0, ikx hx iky hy -|- Dhz =  0 ,

w here

ß =  an d  D =  —
p dz

( 8)

(9)

( 10)

( 11)

( 12)

M ultip ly ing  E qs. (7) an d  (8) b y  — i k x  a n d  — i k y  an d  a d d in g  th e  re su lts , 
a n d  also u sin g  E q s. (9) — (12) we o b ta in

in  +  ikx U +  ~  +  n̂  + -lfcx t / | /3V<: } [D(qD w) -  k2 QW] +  
( %  n +  ikx U  +  vc \

(kx H x +  k y l l y f  
4 jt (n -f- ikx U)

(P 2 -  k2) w + gV (D e)
n -f- ik x U

(13)
w =  0 .

3. Two u n ifo rm  superposed com posite m edia  
separa ted  by a  h o rizon ta l boundary

W e consider th e  case th a t  th e  tw o superposed  com posite m edia , in  w h ich  
th e  densities a n d  q2 (and  also Qd), are  assum ed  to  be u n ifo rm , are s tream in g  
p a s t  each o th e r  w ith  un ifo rm  s tre a m in g  velocities U1 and  U2 a n d  are  se p a ra te d  
b y  a h o rizo n ta l b o u n d a ry  a t  z  =  0. T hen  in  each  region o f  c o n s ta n t q (an d  
th e  sam e k in em a tic  v isco sity  v, as in  Chandrasekhar  [2], p . 443), E q . (13) 
becom es

(D2 — k2)w =  0 . (14)

Since w m u st be b o u n d ed  b o th  w hen z —>- +  oo (in th e  u p p e r  flu id) a n d  
z —*■ —oo (in th e  low er flu id ), th e  a p p ro p ria te  so lu tions of w c a n  be w ritte n  as

u)y =  A (n  -|- ikx Uy) exp (kz), ^ <  0 , (15)

w2 =  A (n  ikx U2) exp (—kz), 2 >  0 , (16)
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•where th e  sam e c o n s ta n t A  has been  chosen  to  en su re  th e  c o n tin u ity  of 
w

. T h e  su b sc rip ts  1 an d  2 d is tin g u ish  th e  q u a n tit ie s  for th e  low er
n -j- ikx [7

(z <  0) a n d  u p p e r  (z >  0) m ed ia , resp ec tiv e ly .
In te g ra t in g  E q . (13) across th e  in te rfa c e  a t  z =  0, we o b ta in

К Щ  .x x A n
4ж

k xky H x Hy ^

V 1 {n +  ikx U) ßvc
qDw +

n +  ikx U  +  vc

1 Dw , К Щ  J 1 Dw
(n +  ikx U +  i n ° [n +  ik x U

+

2 n
Dw

n -j- ikx U
+  g№A o(e)

n +  ikxU ) 0
0, (17)

w here A 0( f )  is th e  ju m p  t h a t  a  q u a n t i ty /e x p e r ie n c e s  a t  z  =  0 and
w

n -j- ikx U]0
is th e  u n iq u e  value  th a t  th is  q u a n tity  h as  a t  z =  0.

S u b s titu tin g  th e  v a lu es  o f  wq an d  w2 from  E qs. (15) a n d  (16) in  E q . (17), 
we o b ta in  th e  d ispersion re la tio n

(n +  ikx U2) Tl —J— ^ 2 «2 +  ( П  +  В Д Х »  +  i k X U l  +  — I a l  +k 1 j

_j_ a 2 ß i  v c in  +  i k x U 2) 2 a1ß1vc{n+ i k xU1)2 _
it -j- ikxU2 +  vc n +  ikx U 1 +  vc (18)

— g H *2 — * l) +  2 (fcx V A +  ky V By  =  0 ,

w here

a Pi,2
1,2 ------------------ , ß » - — * Ъ . В =  . . , .

P l + P 2 Pi ,2 M P 1 + P 2)
Ч у

4. D iscussion

T h e  d ispersion  re la tio n  (18), in  i ts  p re sen t fo rm , is qu ite  com plex . We 
th e re fo re  consider a  sim p le  m odel in  w h ich  th e  tw o  m ed ia  o f th e  sam e d en sity  
(x1 =  a 2) a re  flow ing ac ro ss  each o th e r  w ith  s tre a m in g  velocities U, — U. 
T his m odel w as also u sed  b y  H ans [3]. T h u s p u ttin g

a i =  a 2 =  U1 =  U ,U 2 =  — U, ßx =  ß2 =  —  = ß ,
P
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th e  d ispersion  re la tio n  (18) reduces to

n4 +

+

vc(2 +  ß) +  —  
ki  J

" 3 +  Г2(kxVA +  k yVBY  +  v*c( l  +  ß ) %  2vc Ш
L fej

n* +

ßvck 2x l P + ^ - ( v 2c + k l l P )  +  2vc{2 (kx VA + k y VBf  -  k l lP }
" l

n +

+  [v2c {2 (kxVA +  ky VBf  -  k2x U* (1 +  ß)}  +

+  k l  IP {2  (kx VA +  ky VBf  -  k l  U*}] =  0 . (19)

I t  is ev id en t fro m  E q . (19) th a t  if

2(fe* VA +  ky VBf  >  k l  1/2(1 +  ß ) , (20)

th e re  is no ch an g e  o f sign in  th e  q u a rtic  eq u a tio n  in  n. E q . (19) th e re fo re  
can n o t allow  a n y  p o sitiv e  ro o t m eaning  th e re b y  th a t  th e  system  is s tab le . 

I f

2 (kxVA +  ky VBf < k l U \  (21)

th e re  is one change o f sign in  E q . (19). E q . (19) th ere fo re  allow s one p o s itiv e  
ro o t an d  so th e  sy s tem  is u n s tab le . In  in eq u a litie s  (20) a n d  (21), th e  p e rm e a 
b ility  o f th e  m ed iu m  Aq a n d  collisional freq u en cy  vc do n o t  com e in to  p ic tu re . 
T he in s ta b ili ty  c rite rio n  (21) is in d ep en d en t o f  th e  p e rm e a b ility  of th e  m ed iu m  
an d  th e  collisional effects w ith  n e u tra l p a rtic le s . T he c rite r io n  (20) d e te rm in in g  
s ta b ility  does n o t  depend  on  p erm eab ility  o f  th e  m ed ium  b u t  depends on  th e  
d en sity  o f n e u tra l  p artic les .

I f  th e  in e q u a lity  (21) is sa tisfied , E q . (19) possesses one positive  ro o t  
im p ly ing  th e re b y  th a t  th e  system  is u n s ta b le . L et n 0 d en o te  th e  p o sitiv e  
ro o t o f E q . (19). T hen

По +

+

vc(2+ ß) +  - -  
«1

ni 2 (kx VA+  ky VBf  +  v2c( l  +  ß) +  2vc V 1

fej

ßvck l  С/2 +  —  (v2c +  k l  1/2) +  2 rc {2(kxVA +  kyVBf  -  k l  I /2} 
fei

no +

n 0 +

+  [vl {2 (kx VA +  ky VB)2 -  k l  [/2(1 +  ß)}  +

+  k l  17* { 2 (k x VA +  ky VB) 2 — fex u 2}] =  0 . ( 22)

To fin d  th e  role o f  p e rm eab ility  o f  th e  m edium  on  th e  g row th  r a te  o f 
u n s tab le  m odes, w e ex am in e  th e  n a tu re  o f  d n j d k v  I t  follow s from  E q . (22)
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t h a t

d n 0 • (il [ng +  2vc n i  +  (vl +  k l  U2)  n 0]

d k i  4njâ +  3 vc( 2 + /J )  +  - ^
k l -

no +  2 E n 0 +  F
(23)

w here  E, F  a re  th e  coefficien ts o f  ti'q an d  n 0 resp ec tiv e ly  in  E q . (22). I t  is c lear 
f ro m  E q. (23) t h a t  th e  g ro w th  ra te s  m ay  be b o th  increasing  o r decreasing w ith  
th e  increase in  p e rm eab ility  o f  th e  m ed ium , as d n j d k x m a y  be b o th  p o sitiv e  
o r  n egative  d ep en d in g  on th e  coeffic ien ts E  a n d  F.

E q . (22) y ie ld s

dn о
dvc

k ( i  +  ß) +  - f - n0 +
1 K

ß k2x l P +

+  2vc +  2{2(kxVA +  ky VB)* -k lU * }

+  2vc [2 (kx VA +  k y V B f  -  kl U * ( l  +  ß)] 

4пд 3 \ vc(2 +  ß) +  ■^“ 1 ni  -|- 2En. 0 +  F
(24)

I t  is also e v id e n t from  E q . (24) th a t  th e  g ro w th  ra te s  m a y  be b o th  in c rea s
in g  or decreasin g  w ith  th e  in c rea se  in  th e  collisional freq u en cy .
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TEMPERATURE VARIATION OF GRÜNEISEN  
PARAMETER IN ALKALI METALS
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The tem p era tu re  variation of th e  G r ü n e is e n  param eter yQ(T) for alkali m etals is 
com puted from the observed pressure derivatives of elastic constants using a modified angular 
force model. Mode G r ü n e is e n  param eters, y4,j are calculated as a function of th e  wave vector 
q along the six directions in reciprocal space and are averaged by  a m odification of H o u s t o n ’s 
six te rm  integration procedure. The values of y o (T )  are in  reasonable agreem ent w ith  th e  
experim ental data.

I. In tro d u c tio n

T he th e rm a l expansion  o f a  c ry s ta l is in h e re n tly  linked  w ith  th e  e n h a r
m onic effects o f  la tt ic e  v ib ra tio n s . T he effect o f  a n h a rm o n ic ity  on th e rm a l 
c ry s ta l is described  in  te rm s o f  a d im ensionless p a ra m e te r  ya know n  as 
G r ü n e i s e n  p a ra m e te r . T he coeffic ien t of vo lum e th e rm a l ex p ansion  (a )  of 
th e  c ry s ta l is ex p ressed  as

x — Уо C J B r V, (1)

w here  V  is th e  c ry s ta l  vo lum e, Cv is th e  h e a t c a p a c ity  a t  c o n s ta n t vo lum e 
an d  B T is th e  iso th e rm a l b u lk  m odulus.

A ccording to  th e  G r ü n e i s e n  [1] th eo ry , yG is assum ed  to  he  a c o n s ta n t 
an d  q u ite  in d e p e n d e n t of te m p e ra tu re  and  freq u en cy  w ith  a n u m erica l v a lue  
'-^-2. In  recen t p a s t ,  a considerab le  progress h as  been  ach ieved  in  th e o re tic a l 
[ 2 - 5 ]  an d  e x p e rim e n ta l [6—8] in v estig a tio n s on  th e rm a l expansions. I t  is 
now  well e s tab lish ed  th a t  yG depends b o th  on th e  te m p e ra tu re  an d  frequencies 
o f th e  crysta l.

In  th e  p re se n t co m m u n ica tio n , we re p o rt a n  in te rp re ta tio n  o f  G r ü n e i s e n  

p a ra m e te r  on th e  basis  of a m odified  an g u la r force m odel [9] w hich  h a d  a lread y  
p ro v ed  its  ad e q u a c y  in  exp la in ing  various la ttic e -d y n a m ica l p ro p ertie s  [10— 
13] q u ite  sa tis fac to rily . This w ork  fu r th e r  p ro v id es  a check on th e  v a lid ity  
o f  th e  la ttic e  d y n am ica l theories o f  cubic c ry s ta ls .
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IL  T h eore tica l fo rm u la tio n

I n  th e  q u asi-h arm o n ic  a p p ro x im a tio n , th e  free energy  F  o f  a c ry s ta l is 
ex p ressed  b y  S l a t e r  [14] as

F  =  U 0 +  k B T  2  In  [1 -  exp  ( - h v 4, j lkBT] ,
4-j

(2)

w h ere  U 0 is th e  in te rn a l p lus zero p o in t energy  o f  th e  c ry s ta l a t  a b so lu te  zero, 
v4 j  is th e  freq u en cy  o f  n o rm al m ode o f  w ave-vec to r q an d  p o la risa tio n  j ,  k B is 
th e  B o ltzm an n  c o n s ta n t. T he E q . (2) w ith  th e  help  o f th e  th e rm o d y n am ic  
re la tio n

13 V 1 f 92 F
U t J p E T [ dV dT )

gives th e  re la tio n  (1), w here yG is th e  m ean  va lu e  yq>J- defined  by

. 2 r 4, jE (x )
,, _ 4.JУG ----

2 e (x)
(3)

4>J

w here  E (x) is th e  E in s te in  specific  h e a t  fu n c tio n  a n d  is expressed  as

E(x) =
x2ex

w ith  X  =  hvqj / k B T
(ex— l) 2

a n d  m ic r o s c o p i c  G r ü n e i s e n  p a r a m e t e r  yq J- is  d e f i n e d  b y  t h e  r e l a t i o n

I n  COqJ
Fq.y = ln  V

(4)

w here

COq,j =  2 nvq,j.

N ow  rep lac in g  th e  su m m a tio n  over q b y  an  in te g ra tio n  over th e  allow ed 
v a lu e s  o f  q w ith in  th e  f irs t  B rillou in  zone (B Z ), E q . (3) can  be  w r itte n  as

Г 4  max

Y c ( T ) =  J -'0
J fl7y(q) E {x)q4qdQ

2  r,mal I E(x) q2 dqdQ  
j  Jo J a

H ere  Q is th e  solid angle in  th e  w ave v ec to r space.

(5)
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I I I . N um erica l com puta tion

T h e  Gr ü n e ise n  p a ra m e te r  (yG) for lith iu m , sod ium , p o ta ss iu m  and  
ru b id iu m  have been  co m p u ted  a t  d iffe ren t te m p e ra tu re s  from  E q . (5) by- 
u sing  H ouston’s [15] m eth o d  fo r ev a lu a tio n  o f in teg ra ls . A t low  te m p e 
ra tu re s  w here th e  low er frequencies h a v e  a p red o m in a tin g  in fluence , H ouston’s 
m e th o d  will yield m ore  reliab le va lu es  of ya. T he  in te g ra tio n  over q is 
p e rfo rm ed  num erica lly  an d  th e  a n g u la r  in teg ra tio n  over Ű is c a rr ied  b y  using  
a m o d ified  H ouston’s spherica l s ix -te rm  in te g ra tio n  p rocedure  as e lab o ra ted  
by  B etts e t al [16]. T h e  six d irec tio n s used for q are  [100], [110], [111], [210], 
[211] a n d  [221]. T h eir so lu tions a re  given in  A ppend ix .

N o rm ally  a th re e  p a ra m e te r  fo rce  m odel is u su a lly  em ployed  to  ev a lu a te  
ya in  w h ich  in te ra to m ic  in te rac tio n s  are  confined to  n ea rest-n e ig h b o u rs  only. 
I t  is w o r th  m en tion ing  th a t  we h a v e  used  here a f iv e  force c o n s ta n ts  m odel 
(ßv ßzi r u  r 2  aQd ake). T h e  bu lk  m odu lus ke is d e te rm in ed  b y  G e l l m a n n — 
B r u c k n e r  [17] m eth o d . I ts  p ressu re  d e riv a tiv es  are  d e te rm in ed  th eo re tica lly . 
T he rem a in in g  four d isposable  force co n s ta n ts  have  been  red u ced  to  th ree  b y  
ta k in g  a su itab le  ra tio  o f r j r 2 w h ich  gives a b e tte r  f i t  to  p h o n o n  dispersion  
cu rves w ith  ex p erim en ta l d a ta . T h u s  yq , are ca lcu la ted  in  te rm s o f  observed  
v a lu es  o f  ad iab a tic  e lastic  c o n s ta n ts  Ci; an d  th e ir  p ressu re  d e riv a tiv e s . These 
va lu es  a re  averaged  o v er th e  w av e  v e c to r  space in  th e  f irs t  BZ using  th e  
H o u s t o n ’s six -term  in te g ra tio n  m e th o d . The sources o f th e  te m p e ra tu re

Table I

P ressure derivatives and  tem perature  varia tion  of elastic constants for alkali m etals

Metal
Pressure derivatives

Source Elastic
constants data3Clt/8P 8CW8P 8C„/8P

Lithium 3.286 3.116 1.034 a) d)

Sodium 3.931 3.479 1.567 a) e)
3.901 3.444 1.630 b) e)

Potassium 4.156 3.650 1.539 a) f)
4.305 3.803 1.630 c) f)

Rubidium 4.169 3.663 1.565 a) g)

a) T. S u z u k i , A. V. G r a n a t o  and J .  F . T h o m a s , Phys. R ev., 175, 766, 1968.
b )  W. B. D a n ie l s , Phys. Rev., 119, 1246, 1960.
c) P . A. Sm it h  and C. S. S m it h , J .  Phys. Chem. Solids, 26, 279, 1965.
d) H . C. N ash  and C. S. Sm it h , J .  Phys. Chem. Solids, 9, 113, 1959.
e) M. E. D ie d e r ic h  and  J .  T r iv is o n n o , J.P hys. Chem. Solids, 27, 637, 1966.
f) W. R. Ma r q u a r d t  and J . T r iv is o n n o , J . Phys. Chem. Solids, 26, 273, 1965.
g) C. A. R o berts  and  R . Me is t e r , J .  Phys. Chem. Solids, 27, 1401, 1966.

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



112 L. P. PATHAK et al

v a r ia t io n  o f th e  e lastic  c o n s ta n ts  to g e th e r w ith  th e ir  p ressu re  deriva tives a t  
ro o m  te m p e ra tu re  a re  given in  T ab le  I . F o r sod ium  an d  p o tassiu m , we h av e  
u se d  tw o sets o f  p ressu re  d e riv a tiv e s .

IV. R esu lts  and  discussion

T he c a lc u la ted  resu lts  o f  te m p e ra tu re  v a r ia tio n  o f y G fo r a lkali m etals 
a re  p lo tte d  in  F igs. 1—4 a long  w ith  th e  observed  va lues. F o r lith iu m , th e  cal
c u la te d } ^ — T /0 ocu rv e  ( 0 O=  D eb y e  te m p e ra tu re )  is show n in  F ig . 1. O ur curve

Fig. 1. Tem perature variation  of G r ü n e is e n  param eter of lith ium . Solid curve corresponds 
to the  com puted values. E xperim ental points ( O )  are of Sw e n s o n  [18].

т/е0

Fig. 2. Tem perature varia tion  of G r ü n e is e n  param eter o f sodium. The dashed curve corres
ponds to  the experim ental pressure derivative data  and solid curve corresponds to  the theoretical 

pressure derivative data . E xperim ental points (O ) are due to  S ie g e l  and  Q u im b y  [19].
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Fig. 3. T em perature varia tion  of G r ü n e is e n  param eter of potassium . Solid curve corresponds 
to  the theoretical pressure derivative d a ta  and  dashed curve corresponds to  experim ental 
pressure derivative data . Experim ental po in ts (O ) are of M o n f o r t  and S w e n s o n  [20].

Fig. 4. T em perature varia tion  of G r ü n e is e n  param eter of rubidium . Solid curve corresponds 
to  the com puted values from  theoretical pressure derivative d a ta . Experim ental points (O ) 

* are of K e i x y  and  P e a r s o n  [21].

is sy s tem a tica lly  low er th a n  th e  o b se rv ed  d a ta  o f S w e n s o n  [18] a n d  th e  dev ia
tio n  v a rie s  w ith  th e  rise  o f  te m p e ra tu re . F o r sodium  o u r  curve is in  a  to le rab le  
ag reem en t w ith  th e  ex p e rim en ta l d a ta  o f S i e g e l  a n d  Q u i m b y  [19] as is evi
d en t fro m  Fig. 2. In  th e  case of p o ta ss iu m , as is show n in  Fig. 3, i t  is n o t  pos
sible to  f in d  dev ia tio n  betw een  ca lc u la ted  and  sc a tte re d  observed  v alue  of 
M o n f o r t  a n d  S w e n s o n  [20]. T he ca lcu la ted  cu rv e  b ased  on ex p e rim en ta l 
p ressu re  de riv a tiv es  d a ta  exh ib its in fe rio r ag reem en t th a n  th a t  w ith  th eo re 
tic a l dCjj/dp  for b o th  m e ta ls  sod ium  an d  p o tassium . F o r ru b id iu m  th e  com 
p u te d  c u rv e  is show n in  F ig . 4. As is q u ite  obvious, o u r  calcu la ted  cu rv e  gives
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a  b i t  h igher v a lu es  o f  yQ th a n  th o se  o b ta in ed  ex p e rim en ta lly  b y  K elly an d  
P earso n  [21].

T he d iscrepancies can be a t t r ib u te d  to  th e  n eg lec t of te m p e ra tu re  v a r ia 
tio n  o f p ressu re  d e riv a tiv e s  of e la s tic  co n stan ts , th e  a p p ro x im a te  descrip tion  
o f  e le c tro n -la tt ic e  in te ra c tio n  a n d  to  th e  a ssu m p tio n  o f sh o rt ra n g e  in te rac tio n  
u p  to  second n e ig h b o u rs  only. H ow ever, th e  p re se n t s tu d y  show s th a t  th e  
m o d ified  an g u la r fo rce  m odel, u se d  here, p ro v id es  a reaso n ab ly  sa tisfac to ry  
d esc rip tio n  o f Gr ü n e ise n  p a ra m e te r  o f th e  a lk a li m etals.
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A ppendix

Direction [100]

mcol — 16(ß1 +  2r x +  3r2) sin2 +  4(/32 -[- 4r j  sin2 +  1/2 a2 <f g2 (x)ake . 

ma>T =  16(ß1 +  2r1 +  3r2) sin2 —p  -I- 2(3r2 — 2r2) sin2 - y - .
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Direction [ПО]

mcol =  2(8/?! +  2/?a +  1 0 ^ + 2 1 ^ )  sin2 ^ - r  +  1/2 a2 g2 g2 (x) ake.
2 /  2

7ПШ7-, =  2(2/?2 +  1 8 ^ +  9г2) sin2 - aq ■ .
2 /2

та>т =  4(2/?! +  2rt -f- 9r2) sin2 a4 
2 /2

Direction [111]

men!. =  4(/?! +  8r, +  6r2) sin2 +  12 (ß1 +  2r2) sin2
4 F3

aq Y  3

aq
2 /3

+  4(& +  2 ij +  3r2) sin2 +  1/2 a2 g2g2 (*) afce . 

moot =  2 (8/?! +  10 r t +  21r2) sin2 +  6(2rt +  r2) sin2 +
4 / 3

+  4(/S2 + 2 r 1 +  3 r,)  sin2
2 /3

Direction [210]

в д + г '-+ з '-)["“' Ш + "п,Ш ] +
2 (3r2 -  2r t) r~in2 Í 1-1 sín2 Í aq w

L 1 / 5  J +  1I 2 / 5  )]

mcu2+ =  8(/?! - f  2ij -f- 3r2) j^sin2 |- 3«9 ] , 4— —  +  sin2 1 — —
4 / 5

+  (2/?г +  6 rj +  3r2) «9
/5

4 /5)+Ш
+

a#

(2 ft +  10г2 -  3r2)+

+  -2Q-“V g 2(*) ak.

~in2 Í \ sin2 a,l  'll
l / 5  J i2  / 5  )_

+  1/4 a2 g2 g2 (ж) акг +

+

■J2 +  16 ji

°g_ 
4 /5

(2/?i -  2rt +  3r2)

1/2

3ag
4 / 5

20
a2 q2 g2 (ж) n/c,
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Direction [211]

mco2 =  2(8/8! +  2/öjj +  10 г ! - f -  21r2) sin2
2 У b

-f- 4 (2rt -f- 3r2) sin2 aq_
уъ

aq
7<Tmco2± — 2 (3/?! -f- /?2 -f- 6r, -)- 9r2) sin2 —-^= |- ( b 'î +  ~ßKi 22 r, -f- 27 r2) sin2 — h

aq
2УЪ

+  1/4 a2 q2 g2(x) ake +  j |(2/32 — 2/3, +  12r, — 6r2) sin2 

+  (4A —  2/32 —  14Г! +  9r2) sin2 

+  8 i ( 2 £ ,— 2r, +  3r2)sin

№H  +

\ 2 /6

{ y l )  + l 2 a

— I  +  -J2 °г <1г g2 (x) « Ц  +

q2 g2 (x) ak,
211/2

Direction [221]

mco2 =  4 (4/3, +  2r, +  9r2) sin2 ( y y  j  +  2(2/32 +  6r, +  3r2) sin2 [ - y - ]  +  6 (2r, +  r2) X

x [ sin2 ("г г ) + si“ 2 (■?■)] + 2(3r2 ~  2r>)sin2 (■?■) •

mco± =  3 (2/3, +  2r, +  5r2) [sin2 -^ y -  +  sin2 - y  J +  2(2ßt +  Юг, +  9r2) ^sin2 - y j  4- 

+  (2 f t +  6r, -f- 3r2) sin2 - y -  -f- (2/32 -f- 2r, +  9r2) sin2 - y -  +

+  1/4 a2q2 g2(*) afc{ ±  [j(2 0 , +  3r2 -  2 r,) [sin2 [ y y  j  +

~b 92n2 [~y~j 2 sin2 +  (2/?j +  Юг, — 3r2) X

x [ sin2 m  - sîn2 -f-]+ i  ° 2 ?2 « 2 <*> °ц 2 +
+  8 { ( 2 /? , - 2 r ,  +  3 r2) X [sin2 -

-  si“2 (-T-)] + - J i ï  “W  (*) «Ц ] 1 ■
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R E C E N S I O N E S

The N eu tron  (P reh is to ry , D iscovery, C onsequences)

E dited by  B. M. Kedrov, A kadem ie Verlag Berlin, 1975
G erm an translation  of th e  Russian original published by N auka, Moscow, 1971

This book contains re la tively  little  concrete inform ation on neu tron  physics itself, its 
value is ra th e r in the analysis of th e  discovery of th e  neutron and th e  developm ent o f neutron 
physics. The book traces the influence of neutron physics on the fu rth e r developm ent o f nuclear 
physics, p rim arily  from the science historical and  methodological points of view.

The book can be divided in to  three P arts:
The firs t quotes such well-known scientists as Ch a d w ic k , I v a n e n k o , A m a l d i  and 

G e b l a c h  on the circum stances of discovering th e  neutron.
The second P a rt contains a detailed discussion by  W j a l z e w  and  K e d r o v  on th e  science 

historical and metodological aspects of the discovery of the neutron.
In  the  th ird  P a rt (actually  an Appendix) there  are brief original extracts from  works 

of fam ous physicists including R u t h e r f o r d , Cu r i e , J o l io t , H e i s e n b e r g , F e r m i , T a m m , 
Y u k a w a  and others.

Stress is placed on the early thirties, years of decisive im portance in the developm ent 
of nuclear physics. Topical questions are discussed, e.g. the kind of conclusions th a t  can be 
draw n from  th is period for planning, organizing and  developing the physical research of today.

As a highly useful reading for physicists, science historians, teachers and  students 
alike, th e  book is likely to in te rest a very wide audience.

D. K iss

A dvances in  N uclear P hysics, Volum e 10

E dited  by  Michel B aranger and Erich V ogt 
P lenum  Publishing Corporation, New Y ork— London, 1978, pp. 336

This volum e of the well-known series contains three articles. The first, “ Phenomena in  
fa s t rotating heavy nuclei” by R . M. L ie d e r  and H . R y d e  gives an account of a rap id ly  deve
loping field  in nuclear physics: th e  properties o f high-spin nuclear sta tes. The au thors follow 
a n a tu ra l w ay in the presentation  of nuclear s tru c tu re  a t high angular m om ents: th e y  discuss 
the  d ifferent regions of the yrast-line (Section 2). A t low spin values alm ost all th e  energy is 
used to  generate angular m om entum , the strongly deformed nuclei have in their g round sta te  
the well-known prolate and sym m etrical shape w ith  a deform ation of ß гы 0.3. W hen the 
nucleus ro ta tes, the individual nucleons are affected by centrifugal and  Coriolis forces, which 
tend  to  counteract the pairing force: this effect has been called th e  Coriolis antiparing  (CAP) 
effect. A t a critical angular m om entum  ( /  «a 20), a  transition  from  th e  superfluid to  th e  nor
m al phase occurs; th is m anifests itself in the d ras tic  change in the m om ent of inertia . These 
changes are often referred to as th e  “ backbending”  effect. Particles w ith  large angular m om enta 
are affected by  the Coriolis force m ost strongly, and  the breaking of one of those pairs gene
rally  seems to  be sufficient to explain the experim entally  observed increase of the m om ent of 
inertia  w ith  increasing ro ta tional frequency. The backbending effect is the main sub jec t of 
the  firs t p a rt of th is article (Section 3). W ith increasing angular m om entum , the centrifugal for
ces produce effects com parable in strength  to th e  shellstructure effects and gradually  drive 
the pro late  nuclei into triaxial shapes, which in tu rn  lead to  alterations am ong the single particle 
orbitals. These changes in the y ra s t region result in a crossing band  structure . For still larger 
angular m om enta th e  nucleus acquires an oblate deform ation; th e  to ta l angular m om entum  
is aligned along the sym m etry axis and no t perpendicular to  it, as is th e  case in low-spin region. 
The sta tes along the y rast line do no t form collective ro ta tional bands, b u t  the energy differences 
betw een ad jacen t states vary  statistically , and th e  transition  m a trix  elements ad o p t single
particle values. W hen going aw ay from  the y ras t line towards higher energies, we gradually  
leave th e  “ cold nucleus” and en te r the sta tistical region; a tten tion  has recently been focused 
on th is sta tistica l region (Section 4).

The second article is “ Valence and doorway mechanism in resonance neutron capture” 
b y  B. J .  A l l e n  and A. R . de L. M u s g h o v e . A t low neutron energiès, B ohr’s compound nucleus 
model was in itially  considered to  provide an adequate  description of th e  neutron in terac tion

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



118 RECENSIONES

exh ib iting  narrow  resonances in th e  scattering  and cap tu re  cross sections. However, the 
observation  in th e rm al capture spectra  o f correlations betw een the reduced y-ray intensities 
a n d  th e  spectroscopic factors of final s ta te s  led to the proposal of a d irect capture mechanism. 
F o r  neutron energies in  the giant dipole resonance (G D R ) region, the d irect and compound- 
nucleus components could not account fo r the m easured cap tu re  cross sections, and a collective 
sem idirect capture m echanism  was in troduced  to account for the data . This theory assumes 
th a t  th e  incident nucleon is captured  in to  a lower o rb it, exciting the ta rg e t nucleus in to  its  
g ia n t dipole resonance. This in term ed ia te  sta te  subsequently  decays by  enhancend y-ray  
em ission. The resonance capture reac tion  can be p ictured  as a series of tw o-body in teractions 
beginning w ith th e  entrance channel valence (lp-Oh) s ta te , exciting doorw ay states (2p -lh  or 
collective modes) an d  through a succession of more com plex p-h in teractions, leading u ltim a
te ly  to the s ta tis tica l interaction of m an y  nucleons. S tatistical in teractions are reviewed in  
Section  2. A brief discussion of nonresonan t neutron cap tu re  is given in  Section 3 together 
w ith  effects of interference between resonan t and nonresonant capture am plitudes. The th eo 
re tic a l description o f valence neu tron  transitions is p resen ted  in Section 4, where i t  is shown 
th a t  enhanced E l  transitions can occur in  the regions of m axim a of th e  2p, 3s and 3p neutron  
s tre n g th  functions. R educed valence w id ths are calculated using optical m odel wave functions 
in  Section 5. M easured and calculated rad ia tive  w idths are compared, and  the role of excited 
ta rg e t states and  th e  g ian t dipole resonance in valence capture is considered. In  Section 6, 
th e  experim ental va lues for initial an d  final state correlations are tab u la ted  and the  results 
a re  used to delineate th e  role of fu rth er nonstatistical m echanism s in resonance neutron capture. 
T he  relationship betw een valence an d  doorway in teractions and the correlation coefficients 
is formalized in Section 6, and in Section  8 the role o f 3-quasiparticle and  phonon excitations 
is reviewed. The general conclusions regard ing  the neu tron  capture m echanism  are sum m arized 
in  Section 9.

In  the th ird  article “Lifetim e measurements o f  excited nuclear levels by Doppler-shift 
methods”  by T. K . A l e x a n d e r  and  J .  S. F o r s t e r , th e  authors discuss th e  two D oppler-shift 
m ethods: the recoil distance plunger m ethod  (RDM) and  th e  Doppler-shift a ttenuation  m ethod  
(DSAM ), which cover the time scale o f 10 -16—10-9 s. T he two techniques are ra ther different, 
b u t  b o th  rely on th e  Doppler effect, i.e. the  shift in th e  energy of a y-ray  when it is em itted  
fro m  a moving source. In  the RDM  th e  nuclei excited by  a reaction recoil freely in a vacuum  
u n ti l  they  are qu ick ly  stopped by  a m ovable plunger. I t  is possible to ob ta in  lifetimes in th e  
ran g e  10~9—10-12 s. T he DSAM m akes use of the slowing down time in a  solid m aterial: a range 
o f  lifetim es from  10 _11 to  about 10_l5 s can be determ ined  in this w ay. In  Section 1, some 
general background relevant to th e  discussion of D oppler-shift m ethods is represented. In  
Sections 2 and 3, th e  two methods are  discussed in deta il; these Sections will be useful for 
experim ental design as well as d a ta  analysis. In  Section 4 some com plem etary techniques 
a re  briefly discussed. Finally, in Section  5, some lifetim e data  obtained by  the various te ch 
n iq u es are com pared and  some conclusions drawn ab o u t th e  D oppler-shift methods.

The three articles of this volum e of Advances in  Nuclear Physics are intended for a 
w ide audience, from  research studen ts to  active research workers. The basic viewpoint of the  
tre a tm e n t is pedagogical; therefore, th e  volume is highly  recom mended to  those w ishing to 
s t a r t  research w ork in  one of these prom ising fields o f nuclear physics.

I. A n g e l i

A .  M e r c i e r , H .- J .  T r e d e r  and  W . Y o u r g r a u :

O n G eneral R e la tiv ity

Akademie-Verlag, Berlin, 1979, pp. 154

This sm all book  is w ritten ab o u t E instein’s general relativity . I t s  seven chapters follow 
a conventional p a th : differential geom etry  (a ra ther out-of-date account), gravitational equa
tio n s, experim ental tes ts  and cosmology. A late chap te r is devoted to  th e  principle of equ i
valence. F inally, u n d e r the heading “ F u tu re  of GRG”  th e  reader ac tua lly  finds an accoun t 
o f  some past a tte m p ts  like Rainich geom etry  or F insler spaces. On p. 145, complex manifolds 
a re  introduced w here “ complex”  m eans K ählerian (in  E instein’s unified  theory).

An illum inating  excerpt (from  p. 19) m ay help th e  reader to ta s te  th e  spirit of this vo lu 
m e: “ GRG theo ry  . . . m ust be su b m itted  to fu r th e r generalizations or unifications which 
nev er get to an end” .

Z. P e r j é s
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CHARACTERIZATION OF HIGHLY COMPENSATED 
SEMI-INSULATED GaAs SURSTRATES*

By

L . G ú t a i

RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES 
H-I325 BUDAPEST, ÚJPEST 1, P.O.B. 76, HUNGARY

(Received 29. X I. 1979)

In  recent years sem i-insulating GaAs bu lk  m aterial has been used as a substra te  m aterial 
in  the production of m any microwave devices. Compensating the shallow energy levels w ith 
deep centres of opposite type  the specific resistiv ity  of 10s ohmcm can easily be obtained.

The effect of SI substra te  on the device perform ance, theoretical models for electrical 
com pensation in the case of one and two deep levels and the different m ethods of com pensation 
ratio  determ ination  are discussed. The w idely used galvanom agnetic m ethods and  th e  pro
mising lum inescent spectra analysis com pared to other methods are investigated in detail.

1. In tro d u c tio n

In  recen t years  sem i-in su la tin g  (S I) gallium  a rsen ide  b u lk  m a te r ia l w ith  
n e a rly  in tr in s ic  ca rrie r co n cen tra tio n  h as  com e to  he u sed  as a s u b s tra te  m a te 
r ia l fo r th e  fab rica tio n  o f  m icrow ave fie ld -effec t tra n s is to rs  an d  G u n n  effect 
d ig ita l devices or as a w indow  m a te r ia l  fo r h igh  se n s itiv ity  in fra -la se rs . A t 
th e  p re se n t stage  of b u lk  c ry s ta l g row ing  tech n iq u es in tr in s ic  p u r i ty  is o u t 
o f  th e  reach , so th e re  is a necessity  o f  using  sem i-in su la ting  GaAs c ry s ta ls  
o f low  free-carrie r co n cen tra tio n s . T h e  u su a l w ay  is to  co m p en sa te  th e  
shallow  energy  levels w ith  deep cen tre s  o f opposite  ty p e . U sing ch ro m iu m  as 
a deep leve l im p u rity  gallium  a rsen ide  w ith  specific re s is tiv ity  o f 108 ohm cm  
a t  ro o m  te m p e ra tu re  can  easily  be o b ta in e d  [1, 2, 3, 4 ].

I n  th e  ea rly  s tag es  of d ev e lo p m en t o f sem i-in su la tin g  G aA s, b efo re  Cr 
dop ing  w as used, oxy g en  com m only  used  as an  in h ib ito r  o f d isso c ia tio n  of 
S i0 2 fro m  th e  am poule d u rin g  g ro w th  w as p roposed  as a p rin c ip a l c o m p e n sa t
ing  im p u r ity . A fte r m ak in g  th e  p re p a ra tio n  o f sem i-in su la tin g  G aA s m ore 
rep ro d u c ib le  b y  in te n tio n a lly  ad d in g  Cr, a deep accep to r, th e re  h a s  been  
consid erab le  loss of in te re s t  in  th e  e lec trica l co m p en sa tio n  m echan ism . I n  th is  
to p ic  th e  p a p e r of Z u c c a  [5 ]  has ch an g ed  th e  s itu a tio n . H e believes i t  is an

* Presented a t the W orkshop Sem inar on the Methods and A pparatus for th e  Investi
gation of th e  Physical Param eters of A111— B v Compounds, organised by the R esearch In s ti
tu te  for Technical Physics of the H ungarian Academ y of Sciences, B udapest, 13— 18 Novem
ber 1978.
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120 L. GŰTAI

o v e rs im p lif ic a tio n  to  exp la in  th e  h igh re s is tiv ity  o f th e  m a te r ia l b y  com pen
sa tio n  o f re s id u a l shallow  do n o rs  b y  th e  deep Cr accep to rs.

R egard less o f  w h e th e r th e  req u ired  d o p ed  reg ions are  p ro d u ced  b y  ep i
ta x ia l  g ro w th  o r  b y  ion  im p la n ta tio n  th e  c h a ra c te ris tic s  o f  th e  S I su b s tra te  
m a te ria l are fo u n d  to  s tro n g ly  in fluence  device perfo rm ance.

A n u m b e r o f  su b s tra te  p rob lem s h av e  b een  id en tif ied , as ou tlined  in  
th e  follow ing [6 ]:

Im b a lan ced  s to ich io m e try
— v a c a n c y  genera tion
R ap id ly  d iffu sin g  c o n ta m in a n t a tom s
— O, C, S i, C u, Mn
C ry sta llin e  defec ts
— d is lo ca tio n s , p re c ip ita te s , la ttic e  s tra in
C arrier t r a p s ,  shallow  a n d  deep
n  —  p
T ype con v ersio n

i) Imbalanced stoichiometry

A m ajo r p ro b le m  w hich G aA s has in  com m on  w ith  all o th e r  b in a ry  sem i
co n d u c to rs  is t h a t  o f  doping effects caused  b y  im b a lan ced  s to ich io m e try . E ven  
i f  th e  s u b s tra te  m a te r ia l  is c u t  from  an  in g o t w ith  p e rfec t s to ich io m etry , 
u n av o id ab le  ch an g es in  s to ich io m e try  occur d u rin g  th e  device fab rica tio n  
p rocess. I t  is w ell kn o w n  th a t  h e a tin g  GaAs in  v acu u m  a t  te m p e ra tu re s  g rea te r  
t h a n  450 °C p ro d u c e s  re la tiv e ly  deep level a c c e p to r s ta te s . F o r  exam ple th e  
d a ta  o f H arris [7] show  th e  decrease in  e lec tro n  c o n c e n tra tio n  a t  th e  su rface 
o f  S n  doped , n - ty p e  ep itax ia l lay e rs  a f te r  a n n e a lin g  in  a v a cu u m  o f l X l O -8 
to r r .  The su rface  o f th e  m ore lig h tly  doped  sam p le  h a d  c o n v e rted  to  p - ty p e  
a f te r  an n ea ling . (T he considerab le  change in  c o n c e n tra tio n  w as observed  in  
a  d e p th  of 3 p m  fro m  th e  su rfaces.)

I t  has b e e n  c lea rly  e s tab lish ed  th a t  th e  cause  o f th e  accep to r s ta te s  is 
v acan c ies  or v a c a n c y  com plexes g en era ted  d u rin g  annealing . I t  apperas th a t  
a  g enera l a g re e m e n t has developed  in  recen t y ea rs  t h a t  Ga v acanc ies are  in v o lv 
ed , b u t  som e u n c e r ta in ty  rem ain s.

A n a l te rn a tiv e  co rrec tiv e  m easure w h ich  can  be used  ra th e r  th a n  th e  
S i 0 2 coa tin g  to  p re v e n t v a c a n c y  g en era tio n  in  doped  lay e rs  p roduced  by  
io n  im p la n ta tio n  is th e  te ch n iq u e  o f d u a l im p la n ta tio n . H eckingbottom  [8] 
h a s  show n th e o re tic a lly  th a t  th e  im p la n ta tio n  o f  an equal dose o f Ga along 
w ith  a desired  dose o f Те shou ld  re su lt in  a h ig h er e lec tron  co n cen tra tio n  
th a n  th e  im p la n ta tio n  o f Те alone.
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ii) Contaminant atoms

A n o th e r p ro b lem  o f GaAs S I su b s tra te s  t h a t  can  re su lt in  c a rr ie r  tra p s  
an d  n  — p  ty p e  conversion  is th a t  o f  c o n ta m in a n t a to m s. T hese can  be in co r
p o ra te d  in to  th e  s u b s tra te  m a te r ia l w hen  th e  in g o t is fo rm ed  or th e y  can  be 
in tro d u c e d  b y  d iffusion  d u ring  h igh  te m p e ra tu re  e q u ilib ra tio n  p rio r  to  ex p ita -  
x ia l la y e r  grow th . Si an d  Cu are  com m on c o n ta m in a n ts  w hen th e  grow ing 
ta k e s  p lace  in  q u a rz  b o a ts . Use o f  g ra p h ite  b o a ts  red u ces Si an d  Cu c o n ta m i
n a tio n  h u t  th en  C a n d  absorbed  0 2 from  th e  b o a t can  c o n ta m in a te  th e  G aA s.

T h e  tra p p in g  levels c rea ted  b y  c o n ta m in a n t a to m s h av e  dele terious 
effects on devices fa b r ic a ted  in  th e  su b s tra te s  b y  ion  im p la n ta tio n , or on th e  
su b s tra te s  b y  e p ita x ia l g row th . (T h is  is well u n d e rs ta n d a b le  in  th e  fo rm er 
case, in  th e  la t te r  case th e  im p u ritie s  are  in tro d u c e d  in to  th e  e p ita x ia l lay er 
b y  o u td iffu sion  from  th e  su b s tra te .)  F o r exam ple  h y ste resis-lik e  loops are 
f re q u e n tly  observed  on GaAs v o lta g e -c u rren t ch a ra c te ris tic s  w hen  d isp layed  
on a cu rv e -trace r  w ith  a low freq u en cy  sweep [6 , 9] an d  genera lly  are accom 
p a n ie d  b y  deg raded  m icrow ave — frequency  p e rfo rm an ce.

S im ilar deep-level tra p s  cau sed  b y  oxygen  c o n ta m in a tio n  h av e  been 
fo u n d  to  produce  freq u en cy  d ispersion  in  th e  g a te  ch a ra c te ris tic s  o f  GaAs 
M IS F E T s [10], w hile  I s h i  [11] re p o r ts  th a t  О t r a p s  a re  responsib le  fo r “ d a rk  
sp o t”  defects in  in jec tio n  lasers. iii)

iii) N on-uniform ity o f  compensating dopants

P ro b ab ly  th e  m o st im p o r ta n t  ch a rac te ris tic  o f  SI su b s tra te s  in  w hich 
devices are  fa b r ic a te d  b y  d irec t io n -im p la n ta tio n  dop ing  is th e  u n ifo rm ity  o f  
th e  in te n tio n a lly  ad d e d  co m p en sa tin g  d o p a n t, u su a lly  Cr b u t  som etim es O. 
A  w ide v a ria tio n  in  dop ing  effic iency  ( = ca rrie r c o n c e n tra tio n /im p lan te d  ion  
dose) an d  carrie r m o b ility  has b een  fo u n d  in  S im p la n te d  n -lay e rs  fo rm ed  in  
Cr d o p ed  w afers fro m  d iffe ren t sources [12] w hich  p ro b a b ly  is due  to  th e  n o n 
u n ifo rm ity  of ch ro m iu m  c o n c e n tra tio n .T h e  v a ria tio n s  in dop ing  effic iency  and 
m o b ility  are re la te d  to  v a ry in g  co n cen tra tio n s  o f  com p en sa tin g  cen tres  in 
d iffe ren t w afers.

M easurem ents m ade on a la rg e  n u m b er o f  S I su b s tra te s  show  th a t  th e  
m o b ility  lin ea rly  increases (a t le a s t  in  a r a th e r  n a rro w  in te rv a l:  2200 — 3600 
cm 2/vsec) w ith  in c reasin g  ca rrie r co n cen tra tio n  r a th e r  th a n  d ecreasing . T his 
fa c t in d ica tes  t h a t  th e re  are  m ore co m pensa ting  cen tres  in  th e  sam ples w ith  
low  m o b ility .

T he m ost e ffec tive  co rrec tiv e  m easure fo r overcom ing  th e  p ro b lem  o f 
n o n -u n ifo rm  co m p en sa tin g  d o p a n t c o n cen tra tio n  is to  e p ita x ia lly  g row  a 
re la tiv e ly  th ick  b u ffe r  lay er o f h ig h  re s is tiv ity  G aA s on th e  s u b s tra te  [13, 
14, 15].
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2. T heore tical m odel fo r e lectrical com pensation

T he re s is t iv i ty  q o f th e  m a te r ia l  is governed  b y  th e  w ell-know n general 
e q u a tio n s  [16]:

в  =  ( w *  +  <U4P)~l ,

w here: n — N c  ex p  { — (E c — E F)/kT },

p  =  N v ex p  { — (E F — E v)/kT }.

T h e  F erm i level is d e te rm in ed  b y  th e  n e u tra li ty  co n d ition :

n  +  N a =  p  4 - iVj-,

w h e re  N ä  a n d  N d are th e  e le c tr ic a lly  charged  accep to r and  d o n o r concen
tr a t io n s ,  re sp ec tiv e ly . Since th e  free  e lec tro n  an d  hole c o n cen tra tio n s  in  semi- 
in su la tin g  G aA s can  be n eg lec ted  w ith  re sp ec t to  th e  d onor an d  accep to r 
c o n c e n tra tio n s , to  ca lcu la te  th e  F e rm i-en erg y  one can  use th e  m ore sim ple 
e q u a tio n

N -  =  N j

m a k in g  use o f  w h ich  gives fo r th e  re s is tiv ity :

w h ere :

a n d

E 0 —  —  (-Erf +  Ea)i

1 i t  N  \ Bd- E .  ГI N  \ 2

4 a  H iV , ) LI N d )

Ed-E„ Ю
4 0k T

N ,
gdgajj-

T h e  re s is t iv i ty  o f a se m i-in su la tin g  GaAs as a fu n c tio n  o f  d o n o r and  
a c c e p to r  c o n c e n tra tio n , energy  levels , degeneracy  fac to rs  an d  th e  te m p e ra tu re  
c a n  b e  d e te rm in e d  m ak ing  use o f  th e se  re la tio n s .N o te  th a t  th e  ra tio  o f  accep to r 
a n d  d o n o r c o n c e n tra tio n s  e n te r  in to  th e  expression  only .

Tw o m odels w ere in v e s tig a te d  in  th e  q u o te d  p a p e r  o f  Z ucca  in  de ta il:
i) o n e  deep (accep to r) level; ii) one deep  accep to r an d  one deep d o n o r level.

Deep-acceptor model

In  th is  m o d el, re s id u a l shallow  im p u ritie s , w hich  are  m o stly  Si donors, 
a re  co m p en sa ted  b y  Cr ac tin g  as a deep  accep to r. T he accep to r d e n s ity  N a 
m u s t  a lw ays b e  la rg e r th a n  th e  re s id u a l donor d e n s ity  N d, o th e rw ise  the  
F e rm i level w o u ld  lie close to  th e  d o n o r level an d  be n e a r  th e  c o n d u c tio n  han d .
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C r-doped sem i-in su la tin g  G aA s can  d isp lay  e ith e r  n- or p - ty p e  conduc
tio n  a t  room  te m p e ra tu re  [17, 18]. I t  is d ifficu lt to  accoun t fo r  such  dual 
b eh av io u r w ith  th e  deep -accep to r m odel. The o n ly  v a riab le  p a ra m e te r  is the  
co m p en sa tio n  ra tio  N J N d th e  v a r ia tio n  of w hich , in  princip le , c a n  change 
th e  co n d u c tiv ity  ty p e . In  re a lity , h ow ever, th e  ra n g e  over w hich N J N d m ay  
v a ry  is narro w  a n d  is severely  l im ite d  b y  th e  low  so lu b ility  o f  Cr in  GaAs.

A fte r som e s im p lifica tio n  assu m in g  all th e  d o n o rs  to  be ion ized  (N d N d) 
(because th e  F e rm i level is lo ca ted  m a n y  kT ’s below  th e  shallow  d o n o r level) 
one can  ge t a sim ple expression  fo r th e  re s is tiv ity  g:

N  I N .  — 1 E«-E»
g =

W e N c g a

Deep-donor-deep-acceptor model

In  th is  m odel, th e re  are  b o th  deep  Cr accep to rs a n d  deep d o n o rs  associa t
ed w ith  oxygen im p u ritie s . T he ac c e p to r level is deep , allowing th e  d en sity  o f  
deep donors N d to  b e  la rg e r or sm alle r th a n  th e  d e n s ity  of deep accep to rs  N a. 
In  th is  case th e  F e rm i level m ay  m ove from  ab o v e  E d to  below E a. T h e  range 
over w hich  th e  F e rm i level m ay  v a ry  as a fu n c tio n  o f  rea listic  im p u r ity  con
c e n tra tio n s  is b ro a d e r th a n  in  th e  fo rm er m odel, m a k in g  th is  m odel m ore  su ited  
for ex p la in in g  th e  ex istence  o f e ith e r  n- or p - ty p e  Cr doped sem i-in su la tin g  
m ate ria l.

In  th e  case w h en  a ll o f th e  d o n o r an d  ac c e p to r levels are io n ised :

в  =
NjNq  -  1 

W e ^ c g a

E '-E . 
e kT ,

в
N d/N a -

W p N c

1
-g<fi kT

(Na >  N d)

(N d >  N a).

B ecause th e  com p ariso n  o f e x p e rim e n ts  m ade on  sam ples w ith  m ed iu m  an d  
h ig h  Cr c o n cen tra tio n s  w ith  th e  above d iscussed  m odel re su lts  in  a deep 
accep to r level s i tu a te d  betw een  0 .64 an d  0.72 eV u n d e r  th e  co n d u c tio n  b an d  
edge, a “ th ree-lev el-m o d el”  has b een  proposed  in  th e  cited  p a p e r: one  shallow  
d o n o r, one deep Cr accep to r an d  a deep  donor lev e l w hich can  b e  associa ted  
w ith  th e  О im p u rity .

3. D ete rm ina tion  o f  th e  co m pensa tion  ratio

L um inescen t m easu rem en ts
H all m easu rem en ts
E lec tro n  b e a m  m icroprobe (E M B )
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E lec tro n  m icrop robe  A uger sp e c tro m e try  (EM A S)
S cann ing  e le c tro n  m icroscope (SEM )
S eco n d ary  ion  m ass sp ec tro sco p y  (SIMS)
S p a rk  source m ass spec tro sco p y  (SSMS)
P h o to c o n d u c tiv ity  
T ran sm issio n  X -ra y  to p o g ra p h y  
E tch in g /m ic ro sco p y  
M easu rem en ts o f  device p ro p e rtie s

T h e  basic  an a ly s is  tech n iq u es used  to  c h a rac te rize  tra p s  p ro d u ced  b y  
c o n ta m in a n t a to m s a re  m easu rem en ts  of photoluminescence spectra, an d  H a ll 
m easu rem en ts  o f  c a r r ie r  c o n c e n tra tio n  as a fu n c tio n  o f  te m p e ra tu re . A n in te r 
e s tin g  ex am p le  o f  ap p lica tio n  o f  th e se  te c h n iq u e s  to  id en tify  a n  unknow n 
c o n ta m in a n t a to m  is found  in  th e  w o rk  of Z u c c a  [5], an d  H a l l a i s  e t  al [19]. 
In  th is  case b o th  w o rk s led to  th e  sam e  conclusion  — th a t  Mn c o n ta m in a tio n  
w as resp o n sib le  fo r h ig h ly  co n d u c tiv e  p - ty p e  in te r fa c ia l  layers fo u n d  in  n -ty p e  
e p ita x ia l  lay ers  g row n  on SI GaAs s u b s tra te s . In  th e  p h o to lu m in escen t sp ec tra  
one s ig n if ic a n t em ission  line (1.491 eV) was id e n tif ie d  w ith  shallow  acceptors 
like  B e, Mg, C, Z n  a n d  an o th e r (1 .409  eV) a lo n g  w ith  its  long  w aveleng th  
p h o n o n  rep licas w as id en tified  w ith  M n. The p h o to lum inescence  d a ta  alone 
do n o t  c learly  id e n tify  w hich a c c e p to r  is re sponsib le  for th e  o b se rv ed  p - ty p e  
th e rm a l conversion . H ow ever, m easu rem en ts  o f re s is tiv ity  an d  H a ll co n stan t 
as a fu n c tio n  o f  te m p e ra tu re  th e n  w ere  used to  e s ta b lish  th a t  th e  acc e p to r level 
re sp o n sib le  lies 0.098 eV above th e  v a len ce  h an d  edge. T ransitio n s b e tw een  th e  
c o n d u c tio n  b a n d  a n d  th is  energy lev e l co rrespond  to  em ission a t  th e  1.409 eV 
p e a k . H ence  M n is id en tified  as th e  c o n ta m in a n t invo lved .

The electron microprobe Auger spectrometer (EM A S) [20], w ith  a beam  
d ia m e te r  0.3 pm , c a n  be  used to  an a ly z e  im p u r ity  co n cen tra tio n  profiles in  
b ev e lled  sam ples (3°) w ith  a re so lu tio n  o f 150 Á  in  dep th .

The electron beam microprobe (EB M ) an d  secondary ion mass spectro
meter (SIM S) can  also  be used to  m easu re  im p u r ity  co n cen tra tio n  profiles, 
b u t  w ith  less d e p th  re so lu tion  b e cau se  of th e ir  la rg e r  beam  size. M easuring 
th e  u n ifo rm ity  o f  th e  electrical p ro p e rtie s  of ion  im p lan ted  d o p ed  layers in  
Si s u b s tra te  is an  effec tiv e  w ay  o f an a ly z in g  th e  u n ifo rm ity  of Cr (o r O) com 
p e n s a tin g  cen tres. H ow ever, i t  is n o t  v e ry  c o n v en ien t an d  consum es to o  m uch 
m a te r ia l .  A m ore co n v en ien t too l is th e  SIM S in  w h ich  an  ion  b e a m  (usually  
a rg o n ) is focussed o n to  w afer w hile a m ass sp e c tro g ra p h  is u sed  to  id en tify  
th e  s p u tte re d  se c o n d a ry  ions re leased  from  th e  su rface . KlM e t a l [21] have  
fo u n d  t h a t  in  gen era l Cr co n ten t v a r ie d  w ith  d e p th  as well as o v er th e  w afer 
su rface . V aria tio n s  in  Cr co n cen tra tio n  in  th e  s u b s tra te  are  obv iously  ex trem ely  
d a m a g in g  to  devices fab rica ted  in  th e  su b s tra te  b y  io n  im p la n ta tio n . H ow ever, 
dev ices fa b r ic a ted  on  to p  of such  s u b s tra te s  b y  e p ita x ia l  lay er g ro w th  are no t
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im m u n e  to  these  d ifficu lties, b ecau se  Cr (or 0 )  can  diffuse in to  th e  epi la y e r  
fro m  th e  su b s tra te  [ 1 3 ] .  S tra in s , d isloca tions, a n d  slips g en e ra ted  in  th e  in te r 
fac ia l reg ion  can  be  observed  a n d  ch a ra c te riz e d  b y  m eans o f  e ith e r  photo
chemical etching [ 2 2 ] ,optical m icroscopy,от transmission  X -ra y  to p o g ra p h y  [ 2 3 ] .

O ne of th e  m o s t im p o r ta n t tech n iq u es , th e  analysis o f photoluminescence 
spectra shall be d iscussed  in  m ore  d e ta il. A new  m eth o d  has b een  developed  to  
d e te r  m ine th e  ra tio  o f  co m p en sa tio n  in  n -G aA s b y  T a k e s h i  [ 2 4 ]  e t  al. U sing  
th e  n e t ca rrie r co n c e n tra tio n  d a ta  a t  room  te m p e ra tu re  th e re  is a p o ssib ility  
to  d e te rm in e  th e  co m p en sa tio n  ra tio  b y  th e  analysis  o f ph o to lu m in escen ce  
sp ec tru m . I t  w as show n b y  th e ir  m easu rem en ts  m ade on L P E  GaAs w ith  
c a rr ie r  co n c e n tra tio n  betw een  1013 c m -3  a n d  5 x l 0 15 c m ” 3 t h a t  th is  m eth o d  
is m uch m ore sen s itiv e  th a n  th e  tr a n s p o r t  m easu rem en ts  b a sed  on m o b ility  
analysis.

T he low er m o b ility  in  h ig h ly  co m p en sa ted  G aA s sam ples c a n  be  ex p la in ed  
b y  a sc a tte rin g  m echan ism  o th e r  th a n  th e  ion ised  im p u rity  sc a tte r in g  and  th is  
causes an  o v e re s tim a tio n  in d e te rm in in g  th e  co m p en sa tio n  ra tio . On th e  o th e r  
h a n d : th e  p a ir  fo rm a tio n  of io n ised  sc a tte r in g  cen tres  causes a n  u n d e re s tim a 
tio n  in  th e  co m p en sa tio n  ra tio .

T he usu a l d raw b ack  o f g a lv an o m ag n e tic  m easu rem en t tech n iq u es: th e  
effect o f  inhom ogeneous d o p a n t d is tr ib u tio n  a n d  o f th e  c o n ta c t geom etry  fu r 
th e r  decreases th e  re liab ility  o f  th e se  m easu rem en ts .

A lth o u g h  th e  V an  der P a u w  m easu rem en t ca rried  o u t  over a b ro ad  
te m p e ra tu re  in te rv a l  is su ita b le  to  d e te rm in e  th e  co m p en sa tio n  ra tio , th e  
n eed  fo r good o hm ic  co n tac ts  ev en  a t  v e ry  low  te m p e ra tu re s  an d  th e  tim e  
consum ing  n a tu re  is th e  co n siderab le  d ra w b a c k  o f  th is  m e th o d .

T he m eth o d  described  in  th e  p ap e r o f  T a k e s h i  is p rin c ip a lly  d iffe ren t 
from  p rev ious m e th o d s  and is su ita b le  to  d e te rm in e  an e x trem e ly  h igh com pen
sa tio n  ra tio  (N a /N d >  0.99).

E.= 0 --

-Ef

-Ed -

-E 9+Ea -  
EV——Eq

F ig. 1
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T h e sh ap e  o f  th e  sp ec tru m  line a n d  th e  lo ca tion  o f  th e  p eak  o f  a ra d ia tio n  
reco m b in a tio n  o f a n e u tra l  donor d ep en d  on th e  m a jo r ity  carrie r c o n c e n tra 
tio n  in  th e  sem ico n d u cto r.

S ince th e  p h o to n  energy  b e long ing  to  th is  n e u tra l  d o n o r-accep to r t r a n s 
itio n  c o n ta in s  th e  C oulom b in te ra c tio n s  o f th ese  en e rg y  s ta te s  th e  sh ap e  of 
th e  sp e c tru m  line gives a d irec t in fo rm a tio n  on th e  P o isson  d is tr ib u tio n  o f  th e  
n ea re s t n e ig h b o u rs .

T h e  reco m b in a tio n  tra n s itio n s  to g e th e r  w ith  th e  ex c ited  an d  n o n ra d ia tiv e  
reco m b in a tio n  tra n s it io n s  p lay in g  a ro le  in  th e  pho to lum inescence  s p e c tra  are 
show n in  F ig . 1 [24].

T he tr a n s it io n  [D°, A ° ] is th e  n e u tra l  d onor— n e u tra l  accep to r ra d ia tiv e  
reco m b in a tio n , th e  [e, A ° ] tra n s itio n  is th e  ra d ia tiv e  reco m b in a tio n  o f  e lec trons 
c a p tu re d  fro m  co n d u c tiv e  b an d  b y  n e u tra l  accep to r level.

To d e te rm in e  th e  co m p en sa tio n  ra tio  b y  th e  sh ap e  o f a sp ec tru m  
line th e  d ifference  o f  th e  d en sity  o f  d o n o r an d  accep to r s ta te s  N d — N a has 
to  be d e te rm in e d  in  an  in d e p e n d e n t w ay . (This can  be o b ta in ed  from  a 
V an d er P a u w  or a S c h o ttk y  c a p a c itan c e  m easu rem en t m ade a t  ro o m  te m 
p e ra tu re .)  In  th is  w ay  th e  th ree  u n k n o w n  p a ra m e te rs : th e  donor c o n c e n tra 
tio n  N d, th e  accep to r co n c e n tra tio n  N a, a n d  th e  n o n ra d ia tiv e  reco m b in a tio n  ra te  
WNK can  be d e te rm in ed  b y  th e  m easu red  values o f th e  lo ca tio n  o f th e  p e a k  of 
[D°, A ° ] sp e c tru m  line , b y  th e  in te n s ity  ra t io  of th is  t r a n s it io n  an d  th e  [e, A°] 
tra n s itio n  an d  b y  th e  ro o m  te m p e ra tu re  ca rr ie r  c o n c e n tra tio n  (n =  N d — N a). 
( In  p rac tice  th e  se t o f p a ra m e te rs  N D, N A, W NR has to  be  chosen to  g e t the  
b e s t f i t  to  th e  sp ec tru m  lines o f [D °, A 0] an d  [e, A°] tra n s itio n s  — a n d  th is  
p ro ced u re  gives th e  check  o f  th e  selfconsistence  o f  th e  m odel.) S ince th e  
sp ec tru m  line shape  is d e te rm in ed  b y  th e  ca rrie r d is tr ib u tio n  w hich is d e te r 
m ined  b y  th e  F erm i level, th e  f i t  g ives som e co m b in a tio n  o f values N d a n d  N a. 
U sing th e  v a lu e  n  =  N d — N a, m easu red  in d ep en d en tly , N d an d  N a c an  be 
ca lcu la ted  se p a ra te ly . To ca lcu la te  th e  ca rr ie r  c o n c e n tra tio n  n, th e  u su a l 
eq u ilib riu m  s ta tis tic s  is used  because  o f  th e  low e x c ita tio n  level. A fu r th e r  
s im p lifica tio n  arises from  th e  fa c t t h a t  th e  bond ing  en erg y  o f shallow  donor 
cen tres  in  G aA s is in d e p e n d e n t o f th e  n a tu re  o f d o p ing  m a te ria l (5.8 meV).

U n fo rtu n a te ly , th e  s itu a tio n  is q u ite  d ifferen t in  th e  case o f  accep to r 
bon d in g  en erg y . T he u n c e r ta in ty  o f  th is  v a lu e  is one o f  th e  lim itin g  fa c to rs  of 
re lia b ility  o f  th e  p ro p o sed  m eth o d . (T he d a ta  used in  th e  p ap e r a re : E AC =  
=  26.2 ±  0.1 meV, E  =  34.3 ±  0.1 m eV.)

T h e  m odel used  fo r th e  sh ap e-an a ly s is  of th e  [D°, A°]  and  [e, A °] t r a n s 
itio n s  is th e  fo llow ing. T h e  accep to r s ta te s  are a lm o st fu lly  ionised. T h e  free 
holes p ro d u c e d  b y  low ex c ita tio n  a re  c a p tu re d  p a r tia lly  b y  ionised accep to r 
s ta te s  e s tab lish in g  n e u tra l  accep to r levels w hich are  u n s ta b le  because o f  th e  
follow ing reco m b in a tio n  processes:

i) ra d ia tiv e  reco m b in a tio n  b e tw een  s ta te s  D° a n d  A °  close to  each  o th e r ;
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ii) ra d ia tiv e  reco m b in a tio n  b e tw een  th e  con d u c tiv e  b an d  an d  n e u tra l  
accep to r levels;

iii) n o n rad ia tiv e  tran s itio n s .
T h e  sp ec tra l reco m b in a tio n  ra te  b y  th e  th e o ry  is th e  fo llow ing: F o r  th e  

n e u tra l d o n o r — n e u tra l  accep to r tra n s itio n s :

I (d^ ( E )  dE  =  P[R(E)] W (n.'A'}[R{E)] P°a [R(E)] N Ad E ,
a h

for th e  co n d u c tiv e  b an d  — n eu tra l a c c e p to r level tra n s itio n s :

E —Eg+ Е л
f (e a . ) ( £ )  dE  =  e(E -  E g +  £ д ) 1/2 e  kt n°AdE.

T he P (R )  deno tes th e  tra n s itio n  p ro b a b ility  betw een  th e  n ea re s t n e ig h b o u rs  
d is tr ib u te d  ran d o m ly  in  th e  c ry s ta l fo r w hich , in  th e  case o f n o t to o  h igh  
co m p en sa tio n , hold:

— N
P (R ) dR  =  4 n R ? e  DdR.

In  th e  case of h igh ly  co m p en sa ted  m a te r ia l  th e  in te ra c tio n  betw een  th e  m ino 
r i ty  d o p in g  a to m s (accep to rs) has to  be  ta k e n  in to  acco u n t, as well. (T his can  
be th e  o b jec t o f th e  fu tu re  in v estig a tio n .)

T ab le  I  shows a considerab le  m is f it  be tw een  th e  co m p en sa tio n  ra tio  
d e te rm in ed  b y  op tica l and  e lectrical m e th o d s.

T h is la rge  an o m aly  can  be red u ced  p a r t ly  ta k in g  in to  accoun t th e  s tro n g  
change o f  co m p en sa tio n  ra tio  along th e  d e p th  in  th e  e p ita x ia l lay e r fro m  th e  
su rface . (T he s tep -b y -s tep  m o b ility  m easu rem en t — u sin g  th e  u su a l e tch in g  
te c h n iq u e  — gave a h ig h  n eg a tiv e  g ra d ie n t.)  Since th e  o p tic a l m e th o d  is sen
s itiv e  fo r th e  su rface on ly  w hile th e  e lec trica l m easu rem en t gives an average

Table I

C om pensation  ra tio  b y  o p tic a l a n d  electrical m e th o d s

n(cm" 3) 
300 к

Hall
mobility (cm */Ve)

Comp, ratio N ^ / N p Acceptor cono. iYj(cm- *)

Opt.
El. mob. anal.

Opt.
Electr. mobility an.

300 К 77 К 300 К 77 К 300 К 77 К

9.1 x lO 12 8740 174000 0.25 0.9 0 .8 3 x i o 1J — —

5.1 X lO 13 8150 115200 0.12 0.9 0.8 7 x l 0 12 — —
1 .0 x 1 0 “ 7050 35300 0.005 0.86 0.8 5 x  1012 6 .5 x 1 0 “ 4X 10“
2 .3 x 1 0 “ 6677 31700 0.01 0.77 0.60 2.3 x lO 13 7 .7 x 1 0 “ 3 .5 x 1 0 “
4.4 x lO 15 6750 33100 0.005 0.63 0.30 2.2 X 1013 7.5 X 10“ 1.9X 10“

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



128 L. GŰTAI

va lu e  over th e  e n tire  lay e r, th e  op tica l re s u lt  m u st be u n d e r  th e  e lec trica l 
one in  th e  case o f  a n eg a tiv e  m o b ility  g ra d ie n t. U sing th e  layer removal tech
niques and  th e  optical compensation ratio determination  th e  rea l concentration 
profile  w as m e a su re d  and  th e  above a rg u m e n t w as e s tab lish ed  by  th e  a u th o rs .

The photoelectric methods can  be successfu lly  used in  th e  d e te rm in a tio n  
o f  th e  c o m p e n sa tio n  ra tio  a n d  energy  levels o f  G aA s:C r [25].

As is w ell know n  th e  ch ro m iu m  a to m s a re  lo ca ted  in  th e  place o f  G a in  
G aA s. The e le c tro n  c o n fig u ra tio n  o f ions Cr2 + in  S InG aA s is 3d4. In  th e  S IpG aA s 
th e re  are n e u tr a l  C r3+ accep to rs , to g e th e r w ith  Cr2+ ions, w ith  elec tron  co n fi
g u ra tio n  3d3. H e a t  c o n d u c tiv ity  m easu rem en ts  an d  electron-m icroscope in v es
tig a tio n s  show  th e  presence o f  m ic ro p rec ip ita te s  w ith  th e  average  d ia m e te r  
o f  20 Â if  th e  Cr c o n c e n tra tio n  exceeds th e  v a lu e  o f 1018 c m -3 .

I t  w as sh o w n  b y  p h o to e le c tr ic  m easu rem en ts  t h a t  th e  energy  leve l o f  
chrom ium  a c c e p to r  is 0.8 eV below  th e  co n d u c tio n  b a n d  in d e p e n d e n tly  o f th e  
te m p e ra tu re  [26], w hile b y  o th e r  au th o rs  th is  value co rresponds to  th e  OK 
w ith  th e  te m p e ra tu re  coeffic ien t o f —8 X 1 0 ~4 eV/K.

The co m p lex  n a tu re  o f  th e  doping c e n tre s  asso c ia ted  w ith  ch ro m iu m  
a to m s has b e e n  disclosed in th e  course o f  th e  sy s te m a tic  in v es tig a tio n  o f  
nG aA s:C r b y  photoluminescence, photoconductive [27, 28], photomagnetoresis
tance [29] a n d  photocapacitance [30] m eth o d s. In  th e  s te a d y -s ta te  case th e  
follow ing c e n tre s  m a y  ex ist:

i) co m p e n sa te d  Cr a ccep to rs  w ith  0 .6  eV u n d e r th e  co n duc tion  b a n d  
w ith  th e  e le c tro n  cap tu re  cross section  o f 1 0 _18 cm 2.

ii) Cr a c c e p to r  — io n ised  donor p a ir  w ith  0.8 eV u n d e r  th e  co n d u c tio n  
b a n d  an d  w ith  e lec tro n  c a p tu re  cross sec tion  o f  10 ~17 cm 2.

The d e n s ity  o f  these  c e n tre s  can be  m od ified  b y  e lec tric  fie ld  a n d /o r 
illu m in a tio n  — affec ting  th e  reco m b in a tio n  cross section  an d , in  th is  w ay , 
th e  pho to lu m in escen ce  an d  p h o to c o n d u c tiv ity .

U sing th e  TSC (th e rm o s tim u la te d  c u rre n t)  m e th o d , m easu ring  th e  
photoconductivity vs wavelength, using  th e  photo-Hall effect, m easuring  th e  
photoconductivity as a fu n c tio n  o f  temperature a n d /o r  intensity  v e ry  useful re su lts  
c a n  be d e riv ed  reg a rd in g  th e  n a tu re  of th e  C r3+ n e u tra l a ccep to r s ta te s  w ith  
3 d 3 elec tron  s tru c tu re .

The e x p e rim e n ts  w ere c a rr ie d  o u t on  C zochralski m ono cry sta ls . T he 
d o p in g  c o n c e n tra tio n  was d e te rm in e d  b y  a  “ JE O L  JX A -5 0  A”  scan n in g  
m icroprobe e lec tro n m ic ro sco p e . T he p h o to g a lv an o m ag n e tic  m easu rem en ts 
w ere  carried  o u t  in  th e  te m p e ra tu re  in te rv a l o f  9 0 —300 K , a t  th e  p h o to n  en e r
gies o f 0.5 — 2.5  eV w ith  in te n s i ty  v a ried  th ro u g h  5 orders o f  m ag n itu d e . T h e  
conclusions b a se d  on  th e  m easu rem en ts  a re :

i) T he TSC  a n d  th e  p h o to g a lv a n o m a g n e tic  m easu rem en ts  h av e  m ade 
possib le  to  d e te rm in e  th e  n a tu re  of tra p s  in  Si — p G a A s:C r. T here are  tw o  
ty p e s  o f t r a p s :

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



CHARACTERIZATION OF GaAs SUBSTRATES 129

a) hole tra p  w ith  0.15 eV ab o v e  th e  valence b a n d  (1015 c m -3 ). (P ro b a b ly  
co n n ec ted  w ith  Уд8СиСа pairs.)

b) deep hole t r a p  w ith  0.23 eV above th e  valence b a n d  (5 X 10le c m -3). 
(P ro b a b ly  co nnec ted  w ith  “ C u-donor”  com plexes.)

ii) T he e x trin s ic  p h o to c o n d u c tiv ity  can be exp la ined  b y  th e  e lec trons 
e x c ite d  b y  lig h t from  valence b a n d  to  n e u tra l Cr accep to rs w ith  3 d 3 e lec tro n  
c o n fig u ra tio n . (These accep to r levels are  lo ca ted  a t  0.77 eV above  th e  valence 
b a n d  in d e p e n d e n tly  o f th e  te m p e ra tu re .)

iii) T he p h o to io n isa tio n  cross section  o f Cr accep to r is З х Ю -17 cm2, 
w h ic h  decreases to  1 0 -20 cm2 a f te r  an  e lec tro n  c a p tu re .

iv) T he p o te n tia l  o f n e u tra l  Cr3+ accep to r is d e lta -fu n c tio n  like w ith  a 
sm a ll Coulom b fie ld . T he B ohr ra d iu s  o f g ro u n d  s ta te  is 4 a to m ic  u n its .

T he above l is t  show s t h a t  com bin ing  d iffe ren t m e asu rem en t m e th o d s 
o n e  can  get a deep in s ig h t in to  th e  n a tu re  o f e lec trica lly  ac tiv e  c en tre s  in  sem i- 
in su la tin g  GaAs. N o t only  th e  d e n s ity  an d  co m p en sa tio n  ra t io , th e  e lec tro n  
c a p tu re  cross sec tio n  and  even th e  p o te n tia l fie ld  o f an  in d iv id u a l c e n te r  can  
b e  d e te rm in ed , as w ell.
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The con tac t resistance and quality  can be determ ined by various methods. A  common 
disadvantage of these m ethods is to investigate  th e  contact after its  form ation occasionally 
by means of a special m easuring sample. In  th e  present work a new  method for th e  in  situ 
investigation of the m eta l—sem iconductor co n tac t is proposed. This method was used for the 
control of th e  technology of the m eta l—sem iconductor ohmic con tac ts for high power Gunn 
diodes. A num erical analysis for the GaAs-AuGeeut system  was m ade based on th e  electrical 
modelling of th e  contact form ation.

1. In tro d u c tio n

T h e  in v es tig a tio n  o f  m e ta l— sem ico n d u c to r c o n ta c ts  is a v e ry  im p o r ta n t  
ta s k  fro m  b o th  th e  p ra c tic a l and  th e o re tic a l p o in t o f v iew . T he m o d ern , o ften  
co m p o u n d -sem ico n d u c to r based , sem ico n d u c to r devices o p era tin g  w ith  h igh 
c u rre n t d ensities ra ise  new  dem ands fo r  b o th  th e  p ro p e rtie s  of c o n ta c t and  
c o n ta c tin g  technology .

O ne im p o r ta n t fe a tu re  o f c o n ta c ts  is th e ir  re s is tiv ity , an d  for its  m easu re 
m en t sev e ra l m ethods h a v e  been desig n ed  to  m a tch  th e  g iven basic  m a te ria l, 
lay e r s tru c tu re  (bu lk  c ry s ta l  or a m u lti- la y e r  e p itax ia l s tru c tu re  on co n d u c tin g  
or sem i-in su la tin g  su b s tra te )  and  m easu rem en t accu racy .

C o n ta c t assessing m ethods u sa b le  in  tech n o lo g ica l re sea rch  should  
com ply  w ith  th e  fo llow ing re q u ire m e n ts :

1. I t  is to  be c a rr ie d  o u t on th e  dev ice  or specim en  to  be m easu red , i.e. 
no s e p a ra te  te s t  piece shou ld  be n eed ed .

2. I t s  rea liza tio n  sh o u ld  be sim p le  an d  rap id .
3. T h e  accuracy  o f  m easu rem en t shou ld  be h igh .
4. M easurem ent d a ta  should  p e rm it  to  draw  conclusions on th e  effect 

o f  fac to rs  in flu en c in g  c o n ta c t p ro p erties .
T h e  d e te rm in a tio n  o f  c o n ta c t re s is tan ce  consists , in  fac t, in  se p a ra tin g  

th e  re s is ta n c e  o f th e  b u lk  (w hich m ay  b e  o f hom ogeneous or lay e red  s tru c tu re )  
an d  c o n ta c t  resistance  fro m  th e  to ta l  res is tan ce  m easu red .

* Presented  a t the W orkshop Seminar o n  the Methods and A pparatus for th e  Investi
gation of th e  Physical P aram eters of Am — B v  Compounds, organised by the R esearch Insti
tu te  for Technical Physics of th e  H ungarian A cadem y of Sciences, B udapest, 13— 18 Novem
ber 1978.
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T he c o n ta c t  re s is tan ce  can  be d e te rm in ed  b y  m easu rin g  th e  resis tan ce  
b e tw een  c o n ta c ts  o f v a rious geom etrica l sh ap es p rep a red  on  th e  b u lk  m a te ria l 
[1, 2], o r b y  m easu rin g  th e  p o te n tia l  d is tr ib u tio n  [3]. H ow ever, th ese  m ethods 
a re  in a c c u ra te , th e  accu racy  is spoiled b y  in hom ogeneities o f co n tac t a n d  
b u lk  [4]. T h e  c o n ta c t re s is tan ce  can be d e te rm in ed  b y  co m p arin g  th e  to ta l  
re s is tan ce  m easu red  w ith  c o n ta c ts  o f d iffe ren t surfaces [5 ]; m easuring  th e  
c a p a c ity  a n d  loss angle o f th e  specim en  [6]; co m p arin g  th e  re su ltin g  resistance  
o f  specim ens o f  d iffe ren t th ick n esse s  [7], a n d  m easu rin g  th e  sp lit  te m p e ra tu re  
[8 ]. T he specific  c o n ta c t re s is ta n c e  can also b e  d e te rm in ed  b y  m easuring  th e  
g eom etrica l m a g n e to re s is tan ce  [9, 10], th e  c o n ta c t  q u a lity  fa c to r  [11], or b y  
a special m e th o d  using  fo u r e lec trodes [12], b y  m eans o f a n  ang le -d ep en d en t 
g eom etrica l m ag n e to re s is tan ce  [13], and  b y  m easu rin g  th e  p u lse  tim e -c o n s ta n t 
o f  th e  specim en  [14].

T hese m eth o d s  d em an d  d a ta  e ith e r from  in d e p e n d e n t m easu rem en ts on 
th e  specim en [6 , 8 , 11, 14], o r from  a n o th e r  specim en [9, 10], o r a m easu r
in g  sam ple o f  specia l g eo m etry  [1, 2, 3, 5, 7, 12], o r requ ire  know ledge of b a n d  
s tru c tu ra l p ro p e rtie s  [13]. T h e  co n d u c tiv itie s  are  g en era lly  o b ta in ed  w ith  
a g iven specim en , b u t  b y  a n  in d ep en d en t m easu rem en t, w hile  d a ta  re su ltin g  
from  an in d e p e n d e n t specim en  are  generally  m obilities m easu red  on an accom 
p a n y in g  slice grow n on sem i-in su la tin g  s u b s tra te . T h a t an d  th e  va lu e  m easured  
on a co n d u c tin g  su b s tra te  m a y  show  s ig n if ic a n t d ev ia tio n s depending  on 
device tech n o lo g y  [11, 15] o r, a lte rn a tiv e ly , th is  dev ia tio n  m ay  be in sign i
f ic a n t  [16]. T h e  m eth o d  w h ich  can  be used  m o s t su itab ly  w ith  a read y -m ad e  
G aA s device o r s tru c tu re  is th e  one o f an g le -d ep en d en t g eo m etrica l m ag n e to 
resis tan ce  [13, 17].

A com m on d isa d v a n ta g e  o f  th e  above m en tio n ed  m e th o d s  [1, 2, 3, 5 , 
. . ., 15], is th e  n eed  to  in v e s tig a te  th e  c o n ta c t a f te r  its  fo rm a tio n , e v en tu a lly  
b y  m eans o f  a  spec ia l m easu rin g  sam ple. H o w ev er, th e  c o n tro l o f th e  te c h n o 
lo g y  is m ore easily  rea lized  b y  check ing  a t  le a s t  one p a ra m e te r  o f th e  c o n ta c t 
d u rin g  its  fo rm a tio n , so in fo rm a tio n  m ay be o b ta in e d  from  th e  c o n ta c t d u rin g  
i ts  fo rm a tio n . F o r  th a t  p u rp o se  we m ay  use th e  reco rd  o f a low  (0.5 . . .  1 m A ) 
m easu rin g  c u r re n t  app lied  to  th e  specim en a n d  o f  th e  p o te n tia l  d rop  effected 
b y  i t  [18] d u rin g  th e  an n ea lin g  n ecessary  fo r th e  fo rm atio n  o f  an  ohm ic co n 
ta c t .  This m e th o d  h as  been u se d  fo r con tro lling  th e  techno logy  fo r th e  pu rpose  
o f  p ro d u c in g  c o n ta c ts  of h ig h  pow er G unn d iodes [19].

2. E xperim en ta l

T he m easu rin g  se tu p  is show n  in  Fig. 1. A  c o n s ta n t c u r re n t flow s th ro u g h  
th e  specim en p ro v id e d  w ith  c o n ta c ts  p rep a red  b y  ev ap o ra tio n . A ccording to  
o u r  experience  th e  specim en  re s is tan ce  v a rie s  in  th e  range o f  sev era l orders o f  
m a g n itu d e , so th e  v o ltage  across i t  is am p lified  b y  a lo g a rith m ic  am plifier.
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I = const

Fig. 1. Schem atic diagram  of the  in  situ  resistance m easurem ent carried  ou t during annealing. 
The equivalent circuit is shown w ith do tted  lines

T h e above m easu rem en t has b e e n  used  in  th e  p re p a ra tio n  o f  c o n ta c ts  
o f  G u n n  diodes. A fter h a v in g  in se rte d  th e  d io d e -s tru c tu re  in  th e  case, a  c u rre n t 
h as  been  app lied  to  th e  specim en.

T h e  v o ltage  change caused  b y  a c u rre n t o f 1 m A  as a  fu n c tio n  o f  te m 
p e ra tu re  is show n in  F ig . 2 fo r a d iode p ro d u ced  b y  a  tech n o lo g y  op tim ized  
in  a  w ay  described  in  [17].

T h e  in itia l re s is tan ce  i.e . th e  re s is tan ce  o f tw o  m e ta l—sem ico n d u c to r 
tra n s it io n s  connected  in  series, as m easu red  a t  room  te m p e ra tu re , is h ig h . In  
th e  cooling  reg ion  th e  re s is tan ce  of th e  specim en decreases w ith  te m p e ra tu re . 
T h is ty p e  o f cu rve  is ca lled  T ype  N o. 1. I f  th e  chosen an n ea lin g  te m p e ra tu re  
is h ig h er, th e  re sis tan ce  o f  th e  s tru c u re  fo rm ed  has g en era lly  n o t decreased  
w ith  decreasing  te m p e ra tu re  on th e  descend ing  b ra n c h  o f  th e  an n ea lin g  line. 
T h a t  ty p e  o f cu rve  is ca lled  T ype N o. 2.

A d is tr ib u tio n  o f  G un n  diodes b e tw een  th e  tw o  ty p e s  m en tio n ed  above, 
d ep en d in g  on th e  m ax im u m  an n ea lin g  te m p e ra tu re , is show n in  F ig . 3. T he 
m ax im u m  v a lu e  o f m icrow ave o u tp u t  pow er is also show n in  th e  F igu re .

B ased  on m easu rem en ts  p erfo rm ed  on several th o u sa n d  specim ens th e  
follow ing conclusions can  be d raw n:

1) I f  th e  diode re s is tan ce  in creases  d u rin g  cooling  (curve T y p e  N o. 2), 
th e n  no  m icrow ave p ow er can  be m easu red  on th em , since  th e y  g en era lly  b u rn  
o u t a t  low  vo ltages.

2) Such specim ens m ain ly  occur am ong  diodes an n ea led  a t  h ig h e r te m 
p e ra tu re .
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Fig. 2. Change of th e  voltage across th e  specimen during annealing: ---------- diode produced
a t  optim ized te m p e ra tu re ;---- -- d iode produced a t  a  tem perature h igher than  optimized

580 T [ C ]

Fig. 3. D istribu tion  of diodes betw een th e  two types previously m entioned and the maxim um  
m icrow ave power in  function  of con tac t annealing tem perature
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3) I f  th e  diode re s is tan ce  decreases w ith  decreasing  te m p e ra tu re , su ch  
devices fu n c tio n  as diodes, a n d  m icrow ave pow er can be  m easured . T h e  o u t
p u t  pow er o f  diodes show s an  optim um  d ep en d in g  on an n ea lin g  te m p e ra tu re .

3. Results and  discussion

3.1. Modelling o f  the temperature-dependence o f specimen resistance during  
annealing

To p ro v id e  a basis fo r a b e tte r  u n d e rs ta n d in g  of o u r ex p erim en ta l re su lts  
an d  to  describe  th e  c o n ta c t fo rm atio n  a n  eq u iv a len t d ia g ra m  is p re se n te d  as 
show n in  F ig . 4.

T he v o lta g e  d rop  on th e  specim en cau sed  b y  c u r re n t  I  =  const, is  th e  
follow ing:

I R kl +  IR a +  I R k2. (1)

T he re su ltin g  vo ltag e  d ro p  on th e  specim en:

U a b  r IR-kl +  I R a  +  I R k 2  +  U T . (2)

Fig. 4. E qu ivalen t diagram  of th e  G unn structu re  {от modelling th e  tem perature dependence
of the  voltage across th e  sample
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In  th e  ab o v e  fo rm ula , UT is th e  r e s u l ta n t  th e rm o v o ltag e  in  th e  spec im en  
(m a in ly  o c u rr in g  a t  th e  n — n + ju n c tio n ) , as well as b e tw e e n  th e  spec im en  
a n d  case, a n d  also  betw een  th e  u p p er c o n ta c ts . Of course, i t  is in co n v en ien t 
to  ca lcu la te  th e  th e rm o v o lta g e  in  th e  case o f  a system  c o n ta in in g  so m a n y  
ju n c tio n s  a n d  m a te ria ls , so i t  h a s  been  d e te rm in e d  ex p e rim en ta lly . C onsequen tly , 
th e  v o ltag e  on  th e  specim en is  alw ays th e  su m  of th e  th e rm o v o lta g e  a n d  th e  
v o lta g e  d ro p  a long  th e  spec im en  re s is tan ce . T he d irec tio n  o f  th e rm o v o ltag e  
is show n in  F ig . 4, and  th e  te m p e ra tu re  dependence  o f d a ta  de te rm in ed  b y  
ex p e rim en ts  can  be a p p ro x im a te d  b y  th e  fo llow ing fo rm u la :

UT =  14.28 X 10-« T 1 -  142.85 x  10~3 (m V ) (3)

w here  T  is th e  specim en te m p e ra tu re  in  °C.
N a tu ra lly , new  m easu rem en ts  have  to  b e  carried  o u t  fo r o ther m a te r ia l 

sy stem s an d  h ea tin g -u p  co n d itio n s . The spec im en  res is tan ce , i.e. th e  r e s u lta n t  
o f  R kl, R a a n d  R k2 can  be a p p ro x im a te d  b y  th e  follow ing fo rm ula :

1) P r io r  to  th e  th e rm a l p u lse  a S c h o ttk y  ju n c tio n  is c re a te d  by  th e  m a te 
r ia ls  fo rm in g  a n  ohm ic c o n ta c t on  b o th  sides o f  th e  sp ec im en . The re s is ta n c e  
o f  th e  c o n ta c t o n  th e  s u b s tra te  is low er an d  m o re  ohm ic, b ecau se  th e  r e s is tiv ity  
o f  th e  c o n ta c t p re p a re d  to  m a tc h  th e  la y e r  co n ta in in g  im p u ritie s  c o rre sp o n d 
in g  to  th e  c a r r ie r  co n c e n tra tio n  in  th e  s u b s tra te  layer is b y  a t  least tw o o rd e rs  
o f  m a g n itu d e  lo w er th a n  th e  re s is tiv ity  o f  th e  co n tac t p re p a re d  to  m a tc h  th e  
a c tiv e  lay e r.

2) A fte r  sw itch ing  on th e  th e rm a l p u lse  th e  ohm ic c o n ta c t begins to  be  
fo rm ed . T h e  re s is ta n c e  of th e  S c h o ttk y  ju n c tio n  rap id ly  decreases w ith  in c re a s 
in g  te m p e ra tu re . T he th e rm o v o lta g e  s ta r ts  to  increase. A t th e  peak  v a lu e  o f  
th e  th e rm a l p u lse  th e  v o ltag e  on  th e  spec im en  — w ith  th e  chosen  diode c o n 
s tru c tio n  a n d  m easu rin g  c u r re n t  — is d e te rm in e d  b y  th e  th e rm o v o lta g e .

3) D u rin g  th e  course o f  th e  th e rm a l p u lse  th e  m o lten  la y e r  rec ry s ta llizes  
fo rm in g  a h ig h ly  doped c o n ta c t  la y e r. In  th e  u p p er descen d in g  p a r t  o f  th e  
th e rm a l pu lse  th e  re su lta n t v o lta g e  is m ad e  u p  o f th e  th e rm o v o lta g e  a n d  th e  
v o lta g e  d ro p  o n  th e  ac tive  la y e r  re s is tan ce . I n  th e  case o f  cu rve  T ype  N o . 1 
in tro d u c e d  in  P a ra g ra p h  2 an  ohm ic  c o n ta c t is form ed on th e  specim en. T h a t  
re s is ta n c e  is in d e p e n d e n t o f  te m p e ra tu re  [2 0 ], an d  if  th e  specim en is o f  low  
re s is tiv ity , th e n  th e  active la y e r  res is tan ce  w ill d om ina te  in  th e  to ta l  re s is ta n c e  
o f  th e  sp ec im en . (The s u b s tra te  re s is tan ce  is essen tia lly  low er and  m a y  b e  
in c o rp o ra te d  in  re s is tan ce  R k2)- W hen  d u rin g  th e  cooling p e r io d  th e  r e s u l ta n t  
re s is ta n c e  is in c reasin g , th e n  th e  co n tac t fo rm e d  will be o f  poor q u a lity . I f  
th e  re c ry s ta ll iz a tio n  fails, th e n  a dam aged  la y e r  will be fo rm ed . In  th is  case  
th e  c o n ta c t re s is ta n c e  is a p p ro x im a te d  b y  a re la tio n  valid  fo r  co n tac ts  w h ich  
h a v e  been  p re p a re d  on s tru c tu re s  w ith  h ig h  re s is tiv ity  in te rm e d ia te  la y e r .

4) D u rin g  th e  m easu rem en t period  th e  c u rre n t passes  th ro u g h  sev e ra l 
m ech an ica l c o n ta c t  p o in ts . T h ese  are th e  fo llow ing: b e tw een  th e  low er p a r t
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o f th e  ch ip  a n d  th e  case; be tw een  th e  u p p e r p a r t  o f th e  ch ip  a n d  gold f ila m e n t; 
be tw een  gold f ila m e n t a n d  tu n g s te n  needle  p ro v id ed  w ith  a w edge sh a p e d  
to p  (see F ig . 5).

B ecause o f  th e  low  m easu rin g  c u rren t ( J  =  1 mA) a n d  th e  v a lu e  o f th e rm o 
v o ltag e  b e ing  a few m illiv o lt on ly , p a r tic u la r ly  in  th e  reg io n  o f  h igher te m p e 
ra tu re s , w here th e  c o n ta c t is in  m olten  s ta te  a n d  th e rm a l ex p an sio n  m ay  also  
cause d isp lacem en ts, sm all inconsistencies m a y  occur in  th e  sh ap e  o f th e  c u rv e . 
H ow ever, th a t  w ill n o t occur in  th e  reg ion  m o s t in te re s tin g  fo r us, i.e. a t  th e  
end  o f  th e  descending  b ra n c h  o f  th e  curve, since th e  ch ip  h a s  b een  so ldered  u p , 
an d  th e  gold f ilam en t h as  also been  so ldered  u p  to  th e  u p p e r  co n tac t.

A se tu p  an d  sym bols are  show n in  F ig . 5 to  m odel th e  te m p e ra tu re  
dependence  o f  th e  re s is tan ce  o f  h igh  pow er diodes.

T he m odelling  is d iscussed  in  tw o p a r ts :  th e  ascen d in g  b ra n c h  a n d  th e  
descend ing  b ra n c h  o f th e rm a l pu lse  used fo r annealing .

T he m odelling  is d e m o n s tra te d  in  th e  exam ple  o f a G aA s G unn d iode , 
hence also th e  n u m erica l d a ta  re la te  to  a h ig h  pow er X -b a n d  diode.

In  th e  ca lcu la tio n s an  a b ru p t  n — n+ ju n c tio n , a hom ogeneous d o p a n t 
d is tr ib u tio n , un ifo rm  c o n ta c t surface an d  an  ac tiv e  la y e r  o f  cy lind rica l fo rm  
h av e  been  assum ed.
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The c o n c e n tra tio n  o f  th e  ac tiv e  la y e r :

n =  2 X 1015 c m -3 ,

9 =  0.5 ohm cm .

T he m o b ility  m easured  b y  GM R (a t  room  te m p e ra tu re :)  

^зоо =  ? 100 cm 2/Vs.

The su rface  o f ac tiv e  la y e r  a t  0 300 fiin :

A  =  7 .0 7 x 1 0 “ * cm 2.

I ts  re s is ta n c e , for a th ic k n e ss  o f  L  =  10 /иn

„  L  0 .5 X 1 0 - 3
■llfl --  ß --

Л  7 .0 7 x 1 0 -*
0.71 ohm .

The sp ec ific  v a lue  o f  c o n ta c t re s is ta n c e , if  its  m a g n itu d e  is 10%  o f  th e  
re s is tan ce  o f  th e  ac tiv e  la y e r,

R kl =  5 .0 X 1 0 “ 5 ohm cm 2.

(The va lu e  p ra c tic a lly  o b ta in a b le  is 1 — 6 % .)
T he te m p e ra tu re  d ep en d en ce  o f th e  h ig h  p u r i ty  a c tiv e  lay er re s is tan ce  

h a s  been  d iscu ssed  in  sev era l p ap ers  [21,22, 23, 24].
A d is t in c t  d ifference ap p e a rs  in  th e  te m p e ra tu re  d ependence  o f  H a ll 

c o n s ta n t in  e p ita x ia l an d  h u lk  c ry s ta ls , re sp ec tiv e ly . G en era lly , m ore  deep  
lev e ls  are  to  be  fo u n d  in  b u lk  c ry s ta ls . F o r  exam ple , A k i t a  [ 2 2 ]  d e te c te d  in  
o x y g en -d o p ed  b u lk  c ry s ta ls  tw o  deep levels and  a shallow  donor lev e l, as 
w ell as a sha llo w  accep to r lev e l. In  an  e p ita x ia l lay e r d eep  levels h a v e  been  
fo u n d  m a in ly  n e a r  to  th e  n  — n + ju n c tio n s . These leve ls  a re  d is tr ib u te d  
h o m o g en eo u sly  [23]. A d iffe re n t b e h a v io u r is show n b y  slices grow n b y  v a 
p o u r  an d  liq u id  phase tec h n iq u e s .

The m e a su re m e n t a t  h ig h  te m p e ra tu re  is m ade d iff ic u lt b y  th e  self
co n d u c tio n  o f  th e  su b s tra te , c o n ta c t d e g ra d a tio n  an d  A s-ev ap o ra tio n .

R eg ard in g  th e  co n d u c tio n  m echan ism , R ud  p o in te d  o u t th a t  below  
700 °C th e  m echan ism  is o f  ex trin sic  co n d u c tio n , w hile above th is  te m p e 
r a tu r e  an  in tr in s ic  co n d u c tio n  m echan ism  ap p ears  [24].

The n u m e ric a l ev a lu a tio n  o f  d a ta  p u b lish ed  in th e  p a p e rs  m en tioned  above 
h a s  show n t h a t  th e  re la tio n s  can n o t b e  generalized  in  h ig h e r te m p e ra tu re  
ran g es  an d  a re  specific  o f a g iven c ry s ta l. T herefore  a fo rm u la  g iven  b y
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B r a v m a n  [25] h a s  been  used to  ev a lu a te  th e  resis tan ce  o f th e  ac tive  la y e r . 
W e checked  th is  fo rm u la  ex p e rim en ta lly  also in  th e  low te m p e ra tu re  range a n d  
fo u n d  th a t  i t  describes w ith  p e rcen tag e  accu racy  th e  te m p e ra tu re  dependence  
o f  low -field  re sis tan ce  o f th e  slices in v e s tig a te d .

T h e  a p p lica tio n  lim it o f  th e  re la tio n  is s e t  b v  B r a v m a n  to  300—600 K , 
because  in  th is  ra n g e  th e  e lec tro n  c o n c e n tra tio n  does n o t d e p e n d  on te m p e 
ra tu re  in  e p ita x ia l n-G aA s c o n ta in in g  shallow  d o n o r levels. T h is  te m p e ra tu re  
ran g e  is m ost im p o r ta n t  p a r t ly  because  in  th e  g iven co n fig u ra tio n  a t  h ig h e r 
te m p e ra tu re s  th e  th e rm o v o ltag e  is h igher th a n  th e  vo ltage d ro p  on th e  sp ec i
m en , caused  b y  th e  m easuring  c u rre n t, on th e  o th e r h an d  th e  c o n ta c t b e in g  
y e t in  a m olten  s ta te . (On th e  ascend ing  b ra n c h  o f  th e rm al p u lse  th e  re s is ta n c e  
o f  th e  m e ta l—sem ico n d u cto r ju n c tio n  d o m in a tes .)

T h e  res is tan ce  o f th e  a c tiv e  layer is d e te rm in ed  b y  th e  te m p e ra tu re  
d ependence  of m o b ility , w hich  could  be a p p ro x im a te d  b y  th e  follow ing fo r 
m u la  [25]:

H r )  — « г  (4>

M odelling th e  c o n ta c t fo rm a tio n  in  th e  fu n c tio n  of te m p e ra tu re  an d  o th e r  
p a ra m e te rs  h as  b een  carried  o u t  on co m p u te r. T h e  ex p e rim en ta l resu lts  h a v e  
b een  p roved  su ita b le  for m odelling  b y  th e  a id  o f the  p ro g ram .

3.2. Modelling the temperature dependence in  the ascending branch o f thermal
pulse

T he A uG e e u tec tic  e v a p o ra te d  on a c le a n e d  GaAs su rface  a t  a te m p e ra 
tu re  o f  200 °C c rea te s  a m e ta l — sem ico n d u c to r ju n c tio n . T h e  q u a lity  o f  th is  
ju n c tio n  is d ecreased  b y  th e  e ffec t o f te m p e ra tu re .

In  th e  case in v e s tig a te d  in  th is  w ork, t h e  ob jective w as to  e lim in a te  th e  
m e ta l—sem ico n d u c to r ju n c tio n , co n seq u en tly  fo r  m odelling th e  ohm ic c o n ta c t 
fo rm a tio n  in  th is  reg ion  on ly  a n  a p p ro x im a tiv e  descrip tion  w ill be used.

M odelling has been c a rrie d  o u t u n d er th e  following con d itio n s:
1) T he su rface  o f th e  specim en  is hom ogeneous.
2) The id ea liza tio n  fa c to r  6 = 1 .  i.e. th e  ju n c tio n  is id e a l. A real sp e c i

m en alw ays allow s a lower v a lu e  o f o p en -d irec tio n  c u rren t. T h e  c u rren t f lo w 
ing  th ro u g h  a m e ta l — sem ico n d u cto r ju n c tio n  u n d er th e  e ffec t o f  bias v o lta g e  
V  is th e  fo llow ing [26]:

I  =  A A * T 2 exp (5)
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T he v o lta g e  across th e  m e ta l—sem ico n d u c to r ju n c t io n  in  the  case o f  low- 
signal c u rre n t-g e n e ra to r  d riv e :

bkT
V  = Jin |j +  A A *  T 2 exp | -  -̂J J  -

In  \ a A* T 2 ex p ?<Pb

kT Ï (6)

T he te m p e ra tu re  d ependence  o f th e  v o ltag e  on th e  specim en fo r v a rio u s 
(pB values is show n  in  F ig . 6 .

*

Fig. 6 . The voltage on the sam ple investigated on th e  ascending b ran ch  of the therm al pulse.
— ---------th e o ry ;-----------experim ent
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T h e v o lta g e  on  th e  sam ple  in  th is  reg io n  is com posed o f  th e  vo ltage  d ro p  
on th e  m e ta l-sem ico n d u c to r tr a n s it io n  and  th e  th e rm o v o ltag e  a t  h igher te m 
p e ra tu re s . W ith  th e  sam ple c o n s tru c tio n  chosen  th e  vo ltage  d ro p  on th e  a c tiv e  
la y e r  is neg lig ib ly  sm all.

A g rea t m a jo r ity  o f m easu rem en ts  ca rr ied  o u t have  show n a te n d e n c y  
o f f i t t in g  to  th e  course  o f th e  q>B =  0.90 Y cu rv e  in  th e  low  te m p e ra tu re  ra n g e  
a n d  to  th e  course  o f  th e  q>B =  0.50 V curve in  th e  h igh te m p e ra tu re  ran g e , b u t  
reg a rd in g  a b so lu te  va lues th e y  o ften  ex h ib ited  a h igher re s is tan ce . This im p lies 
t h a t  in  th e  low  te m p e ra tu re  ra n g e  th e  gold d om ina tes w h ich  is in  a good 
ag reem en t w ith  re su lts  o b ta in e d  b y  th e  in v e s tig a tio n  of th e  A u —GaAs ju n c 
tio n  fo r w hich  a v a lu e  o f cpB =  0.90 Y was o b ta in e d  b y  S i n h a  [27]. A t h igh  
te m p e ra tu re s  th e  va lu e  o f cpB =  0.50 V is in  good ag reem en t w ith  th e  v a lu e  
o b ta in e d  b y  P r u n i a u x  fo r th e  A uG e—GaAs sy stem s [28].

In  th e  m odelling , for th e  id ea liza tio n  fa c to r  o f th e  m e ta l — sem ico n d u cto r 
ju n c tio n  th e  v a lu e  o f  b — 1.0 h as  been  chosen . A ctu a lly  th is  value ran g es  
fro m  1.1 to  1.2 , a n d  th is  re su lts  in  a fu r th e r  v o ltag e  increase  on th e  sam p le , 
if  th e  drive  is o f  th e  c u rre n t-g e n e ra to r  ty p e  (see fo rm ula  (6)).

3.3. Modelling the temperature dependence during the cooling period

T he m o lten  c o n ta c t sy s tem  — i f  alloy  fo rm a tio n  is su p p o sed  — e n te rs  
in to  in te ra c tio n  w ith  G aA s, a n d  c o n ta c t fo rm a tio n  w ill s ta r t .  In  th e  descen d 
in g  b ra n c h  o f  th e  th e rm a l pu lse  th e  m elt rec ry s ta llizes  a n d  a h igh ly  d o p ed  
la y e r  is fo rm ed .

L e t us ex am in e  f ir s t  th e  case, w hen a re s is tan ce  cu rv e  o f  T ype N o. 1 
is fo rm ed  (see F ig . 2). T he v o lta g e  on th e  sam p le , i f  R kl ^> Л Л2, w ill be

UAB =  u in =  /  (R a +  R la) +  Ur =  f (T ) .  (7)

R kl p ra c tic a lly  does n o t d ep en d  up o n  te m p e ra tu re  (20), th e  re s is tan ce  
o f  th e  ac tiv e  la y e r  is described  b y  re la tio n  (4).

T h e  c a lc u la ted  v a lu e  o f  te m p e ra tu re  d ependence  of a h ig h  pow er d iode 
o f  0 300 p m  is show n in  F ig . 7. W e shou ld  n o te  tw o cases in  th e  d ia g ra m ; 
f i r s t  w hen  th e  c o n ta c t re s is tan ce  is equal to  th e  resis tan ce  o f  th e  ac tive  la y e r , 
a n d  th e  second  w h en  i t  is 10%  o f th e  la t te r .

T he o p tim u m  an n ea lin g  te m p e ra tu re  t h a t  h as  been ex p e rim en ta lly  d e te r 
m in ed  fo r a g iven  th e rm a l pu lse  is also in d ic a te d  in  F ig . 7.

I t  is to  b e  seen th a t  th e  v o lta g e  on th e  sam p le  in  th e  low er te m p e ra tu re  
ra n g e s  follow s w ith  close ap p ro x im a tio n  th e  v o ltag e  d rop  cau sed  b y  th e  m e a 
su rin g  c u rre n t, i.e . h ere  th e  fu n c tio n  is p ro p o rtio n a l to  th e  te m p e ra tu re  d ep e n 
dence  o f  th e  re s is tan ce .
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Fig. 7. T em perature dependence of the voltage on the sam ple during the cooling period: 

optim um  annealing te m p e ra tu re ;------------th e o ry ;-----------experim ent

S uch  a course cou ld  be n o ted  in  th e  case of d iodes p roduced  a t  o p tim u m  
an n ea lin g  te m p e ra tu re  on  th e  v o lta g e - te m p e ra tu re  d iag ram . T he c o n ta c t 
fo rm ed  is ohm ic  an d  d u rin g  th e  a n n e a lin g  process th e  diodes w h ich  have  
ex h ib ite d  th e  la rg est re s is tan ce  changes h a v e  p roved  to  h av e  th e  lo w est con
ta c t  re s is tiv itie s .

L e t us in v e s tig a te  th e  case, w h en  a diode T y p e  N o .2 is fo rm ed , i.e. 
w hose res is tan ce  increases in  th e  cooling p erio d , an d  th e  annealing  te m p e ra tu re  
is  h ig h er th a n  o p tim u m . I t  is know n t h a t  c o n ta c tin g  su ch  system s w ith  d if
fe re n t p h y sica l p ro p ertie s  (la ttic e  s tru c tu re , ty p e  o f co n d u c tio n , th e rm a l ex p a n 
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sion coeffic ien t, e tc .) a t  an d  along th e  in te rfaces  ce rta in  inh o m o g en eities  occur. 
In  c o n ta c t fo rm atio n  th e  m eta l la y e r  ap p lied  in co rp o ra tes  in to  th e  sem icon
d u c to r  m odify ing  i ts  co n duc tion  m ech an ism . In  th e  m odelling  o f th e  cu rve  
T y p e  N o . 2 th e  s ta r t in g  p o in t w as t h a t  th e  lay e r u n d e r th e  m e ta l c o n ta c t h ad  
been  deg raded . R eference to  th is  p o in t m ay  he found  in  l i te ra tu re  [29, 30].

T h is  lay er h a s  been assum ed  to  be  of h igh  re s is tiv ity  an d  th e  course 
o f th e  resis tan ce  cu rv e  has been m odelled  b y  th e  a id  o f  re la tio n  ded u ced  for 
th e  c o n ta c t  re s is tan ce  o f high re s is t iv i ty  lay e rs  (F rom  E q . 83. on p . 413 in [2 6 ]).

T h e  co n ta c t res is tan ce  in  th e  case o f a h igh  re s is tiv ity  in te rm e d ia te  
la y e r  is:

R*
h k T

---------------exp
W 1 <lVk

( 8)

T h e sam e expression  was u sed  b y  B a r Üb i n  et al fo r th e  c h a ra c te risa tio n  
o f th e  te m p e ra tu re  v a ria tio n  o f  th e  InG eA g  co n ta c t a f te r  its  fo rm a tio n  [30].

T h e  value o f  th e  above re la t io n  depend ing  u p o n  Vk m a y  re s u lt  in  a 
decreasin g  or increasin g  value as fu n c tio n  of te m p e ra tu re .

Fig. 8. Resistance of a high resistiv ity  sem iconductor— m etal contact’ as function  of
tem pera tu re
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E x p ressin g  Vk from  (8 ):

in (g V « -" .g .* |
[ h k T  )

-  b  Vk. (9)

T he tra n s c e n d e n t e q u a tio n  (9) has been  so lved  nu m erica lly . T hus, i t  h as  
b een  m ade possib le  to  a p p ro x im a te  th e  v a lu es  o f  Vk. F o r th e  cond ition  an d  
n u m erica l d a ta  g iv en  in  P a ra g ra p h  3.2. th is  v a lu e  has been  found  to  lie in  
th e  ran g e  of

F fc =  80 . . .  1 2 0 m V .

Fig. 9. R esu ltan t voltage on th e  sam ple occurring w hen a high resistiv ity  layer is form ed.
------- th e o ry ;------- experim ent
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T he te m p e ra tu re  dependence  o f th e  re s is ta n c e  of a se m ic o n d u c to r—m e ta l 
c o n ta c t in  th e  case o f h igh  re s is tiv ity  in te rm e d ia te  lay e r is show n in  F ig . 8 .

I t  m ay  he  observed  t h a t  w ith in  th e  te m p e ra tu re  ra n g e  in v e s tig a te d  th is  
re s is tan ce  decreases w ith  in c rea s in g  te m p e ra tu re s . A case is il lu s tra te d  in  
F ig . 9, w hen  a 1 [ini th ick  h ig h  re s is tiv ity  la y e r  w as fo rm ed . In  th is  la y e r  th e  
m o b ility  is decreased  to  h a lf  o f  i ts  u su a l v a lu e . T he re s u l ta n t  re s is tan ce  — 
as is to  be  seen in  F ig . 9 — is d e te rm in e d  b y  th e  re sis tan ce  o f  th e  h igh  res is 
t iv i ty  in te rm e d ia te  layer.

W hen  a h ig h er an n ea lin g  te m p e ra tu re  w as chosen, d iodes of cu rve  T y p e  
N o. 2 w ere o b ta in e d  in  a d is tr ib u tio n  show n in  F ig . 3. I t  is im p o r ta n t  to  e m p h a 
size d is tr ib u tio n , because th e  o p tim u m  te m p e ra tu re  ra n g e  o f an n ea lin g  is 
re la tiv e ly  n a rro w , w hich also m ean s th a t  a g re a t deal dep en d s on  h e a t t ra n s fe r  
an d  su rface  q u a lity . One o f  th e  m a jo r a d v a n ta g e s  of th e  m e th o d  p ro p o sed  in  
th is  w ork  lies ju s t  in  e lim in a tin g  th is  u n c e r ta in ity , for im p lica tio n s can be m ade 
from  th e  shape  o f  curves to  th e  q u a lity  o f  th e  c o n ta c t fo rm ed . I f  th e  a n n e a l
in g  p roves in su ffic ien t u n d e r  th e  effect o f  th e  f irs t p u lse , i t  m ay  be  con
tin u e d  b y  ap p ly in g  rep ea ted  pu lses . I t  m a y  be  decided  b y  th e  a id  of th e  reco rd , 
w h e th e r th e  an n ea lin g  p rocess has succeeded  in  se ttin g  r ig h t  th e  c o n ta c t.  
D iodes an n ea led  a t  te m p e ra tu re s  below  o p tim u m  show also c h a ra c te r is tic s  o f 
T y p e  N o. 2. W ith  such  diodes n o  ohm ic c o n ta c t has been fo rm ed , th e ir  r e s u l t 
a n t re s is tan ce  follow s th a t  o f  th e  m e ta l — sem ico n d u cto r ju n c tio n .

In  sum m aris in g  th e  re su lts , th e  p ro p o sed  m ethod  h as  p ro v ed  well u sab le  
to  in v e s tig a te  th e  fo rm atio n  a n d  q u a lity  o f  ohm ic co n tac ts .
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N o ta tio n

A area of d iode, cm2 Ra active layer resistiv ity , ohm
A * effective R ichardson’s constan t, A/cm2/K R k specific contac t resistivity , ohmcm2
b ideality fa c to r of diode T absolute tem pera tu re , К
h thickness, cm UT therm ovoltage, mV
I current, A V applied voltage, V
к B oltzm ann’s constant, 1,38 • 10 ~23 J /K V m obility, cm2/V/s
L active lay e r thickness, fim V* m obility in high resistivity  layer
n carrier concentration , cm -3 о specific resistiv ity , ohmcm
Я electronic charge. 1,602 ■ 10_,e C <PB barrier height, eV
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Self-compensation of donors and  acceptors due to  Si incorporation in  liquid  phase 
epitax ial GaAs layers w as studied w ith  th e  help of electrical m easurem ents. The com pensation 
degree, i.e. the ratio  o f acceptors (Si atom s on As sites) to  th e  donors (Si atom s on Ga sites) 
deduced from the electrical data  agree well w ith  th e  results of theoretical estim ations, above 
a  certa in  Si concentration. Below th is th e  com pensation degree is increased due to  th e  form a
tion of vacancies behaving  as acceptors.

1. In tro d u c tio n

I t  is w idely  be lieved  th a t  G aA s e p ita x ia l lay e rs  as well as b u lk  single 
c ry s ta ls  are  m ore o r  less co m p en sa ted , in d e p e n d e n tly  o f  th e  m ethod  o f c ry s ta l 
g ro w th . T his m ean s th a t  th e  c o n c e n tra tio n  o f  e lec tr ica lly  ac tive  im p u ritie s  
or defec ts  is a lw ays g rea te r  th a n  th e  c o n c e n tra tio n  o f  free  c u rre n t ca rrie rs . 
T he occurrence o f  co m p en sa tio n  is u su a lly  in fe rred  fro m  th e  values o f  th e  
e lec tro n  m ob ility  m easu red  a t  a g iv en  e lec tron  c o n c e n tra tio n . I t  tu rn e d  ou t 
th a t  th e  elec tron  m ob ilities, u su a lly  m easu red  a t  th e  te m p e ra tu re  o f liq u id  
n itro g e n , are a lw ay s less th a n  th e  th e o re tic a l v a lu es  ca lcu la ted  u n d e r  th e  
a ssu m p tio n  th a t  th e  co n c e n tra tio n  o f  ion ized  im p u ritie s  equals th e  concen 
tr a t io n  o f  free c u r re n t  carriers (see [1 — 5] an d  o th e r  p ap e rs  re fe rred  to  in  
th e se  w orks.)

S evera l d iffe re n t possible m ech an ism s are  p ro p o sed  in  th e  l i te ra tu re  to  
ex p la in  th e  co m p en sa tio n  of e lec tr ica lly  ac tiv e  im p u ritie s  in  GaAs.

O ne o f th e se  m echan ism s is b a se d  on th e  a m p h o te ric  b e h av io u r o f  e le
m en ts  o f  th e  IV  g ro u p  of th e  p e rio d ic  ta b le , ch ie fly  o f  Si, an d  also o f Ge an d  
Sn as im p u ritie s  in  GaAs. T hese im p u ritie s  can  be in c o rp o ra te d  in to  b o th  
su b la ttic e s  of th e  b in a ry  co m p o u n d , dep en d in g  on th e  cond itions o f  c ry s ta l  
g ro w th , th u s  cau sin g  co m p en sa tio n . I t  is know n th a t  Si is th e  d o m in a n t re s i

* Presented a t  th e  W orkshop Sem inar on the M ethods and  A pparatus for the Investi
gation of the Physical Param eters of A 111— B v Compounds, organised by the Research In s titu te  
for Technical Physics o f th e  H ungarian A cadem y of Sciences, B udapest, 13— 18 N ovem ber 
1978.

** Present address: Research L abora to ry  for Inorganic Chem istry of the H ungarian  
Academ y of Sciences .H-1052 B udapest, P.O . Box 132
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d u a l  im p u rity  in  n on -doped  b u lk  GaAs c ry s ta ls . I t  is also e s tab lish ed  th a t  
Si is one o f th e  d o m in a n t re s id u a l donors in  h ig h  p u r i ty  in te n tio n a lly  non-doped  
e p ita x ia l  lay e rs  o f  GaAs [6, 7]. F u r th e r  on Si is th e  ch ief co m p en sa tin g  accep t
o r  in  liqu id  p h a se  ep itax ia l la y e rs  [8 , 9].

T he ro le o f  Si in  causing  co m p en sa tio n  o f  v ap o u r p h ase  e p ita x ia l  GaAs 
la y e rs  is also d iscu ssed  in  th e  l i te ra tu re .  D i Lorenzo [10] ex p la in ed  th e  observed  
co m p en sa tio n  o f  lay e rs  grow n u s in g  th e  A sCl3/G a /H 2 m e th o d  b y  th e  b eh av io u r 
o f  re s id u a l Si im p u ritie s . O n th e  o th e r  h a n d  A sh en  e t al. [8 , 9] h av e  show n 
t h a t  th e  d o m in a n t res id u a l a c c e p to r  im p u r ity  in  v ap o u r p h ase  e p ita x ia l GaAs 
is Z n.

A n o th e r m echan ism  o f  c o m p en sa tio n  w as p roposed  b y  W olfe and 
Stillm an  [3] b ased  m ain ly  on  e x p e rim e n ta l fin d in g s on  v a p o u r  phase  ep i
ta x ia l  GaAs. I t  w as p roposed  t h a t  th e  su b s ti tu tio n a l donors o f  g roup  IV  and  
V I  (IVQa an d  V I as), re sp ec tiv e ly , a re  co m p en sa ted  b y  accep to r-lik e  com plexes 
o f  th e  ty p e  (IV oaV oa) _ an d  (V IasV as)~5 resp ec tiv e ly . T h e  p o ss ib ility  o f th e  
occu rren ce  o f  a c c e p to r com plexes o f  Sioa Voa w as a lread y  p o s tu la te d  in  [11, 
12] from  pho to lu m in escen ce  re su lts . L a te r  pho to lu m in escen ce  m easu rem en ts  
h a v e  been in te rp re te d  in  g en e ra l w ith  th e  h e lp  o f such  a c c e p to r  com plexes 
co n sis tin g  o f d o n o r a tom s a n d  g a llium  or a rsen ic  vacanc ies , re sp ec tiv e ly  [13].

In  th is  re sp e c t i t  is to  b e  n o te d  th a t  re c e n tly  P oth e t  a l [2] could  n o t 
reconcile  th e ir  ex ten s iv e  e x p e rim e n ta l d a ta  o b ta in e d  on v a p o u r  p h ase  ep itax ia l 
la y e rs  e ith e r w ith  th e  c o m p en sa tio n  m odel b a sed  on th e  a m p h o te ric  b eh av io u r 
o f  g ro u p  IV  im p u ritie s  or w ith  th e  m odel p ro p o sed  b y  W olfe a n d  Stillman [3].

N a tu ra lly , sev era l m ore  com plex  m odels o f se lf-com pensa tion  can  be 
c o n s tru c te d . E x a m p le s  o f su ch  m odels a re  th e  one o f  K en d a ll  [14] in v o k in g  
d iv a c a n c y -g a lliu m  la ttic e  a to m  re a c tio n s , o r th e  o th e r one b y  K asano  [15] 
in v o k in g  d ia to m ic  com plexes.

In  th is  p a p e r  resu lts  o f  th e  analysis  o f  e lec trica l p ro p e rtie s  a n d  com pen
s a tio n  o f l iq u id  p h ase  e p ita x ia l  GaAs la y e rs  grow n in  o u r la b o ra to ry  are  
d escrib ed . O n th e  basis o f  ev id en ce  p re se n te d  below  i t  is th o u g h t th a t  th e  
b e h a v io u r  o f  se lf-co m p en sa tio n  is governed  b y  th e  in c o rp o ra tio n  o f Si im p u ri
t ie s  an d  can b e  ex p la in ed  b y  in v o k in g  th e  am p h o te ric  b e h a v io u r  o f  Si.

2 . E x p erim en ta l resu lts

T he b e h a v io u r  of c o m p e n sa tio n  degree  (К  =  N jJ N q) a n d  th e  d ep en d 
en ce  of to ta l  c o n c e n tra tio n  o f  ion ized  im p u ritie s  (iV7 =  N D -f- N A) on th e  
e le c tro n  c o n c e n tra tio n  n 0 w as s tu d ie d  on in te n tio n a lly  n o n -d o p ed  liq u id  phase  
e p ita x ia l G aA s la y e rs  grow n u n d e r  a p p ro x im a te ly  id en tica l co n d itio n s. D eta ils 
o f  th e  e x p e rim e n ta l p ro ced u res  an d  som e re su lts  w ere re p o r te d  in  [1, 16]. 
O n ly  a b rie f  re v ie w  w ill be m ad e  here .
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L iq u id  phase  e p ita x ia l lay ers  w ere grow n from  n o m in a lly  6N  p u r i ty  
Ga m elts o n to  (100) o rie n te d  C r-doped sem i-in su la tin g  su b s tra te s  in  p u r if ie d  
H a a tm o sp h e re . T he G a m e lt w as s a tu ra te d  w ith  p u re  b o a t  o r C zochra lsk i 
grown single c ry s ta llin e  G aA s. T he s ta r t in g  te m p e ra tu re  o f  th e  e p ita x ia l g ro w th  
was 800 °C. B efore g ro w th  th e  s a tu ra te d  m e lt w as p re h e a te d  to  850 °C fo r 
8 —12 h o u rs . T he cooling ra te  a t  g ro w th  w as 0 .25—0.5 °C /m in. T h e  grow n 
ep itax ia l lay e rs  h a d  a th ick n ess  o f  10 to  30 /im . The e p ita x ia l  lay ers  w ere  n o t 
in te n tio n a lly  doped .

T he com p en sa tio n  degree an d  th e  to ta l  c o n c e n tra tio n  o f  ionized im p u ritie s  
w ere d e te rm in ed  from  th e  analysis  o f e lec tro n  m ob ilities m easu red  a t  te m p e 
ra tu re s  o f 77 an d  300 К  ta k in g  in to  acco u n t la tt ic e  s c a tte r in g , ionized im p u r ity  
sc a tte r in g  an d  sc a tte r in g  on  space ch arg e  reg ions as d iscussed  in  o u r ea rlie r 
w ork  [1]. V ery  sim ilar re su lts  w ere o b ta in e d  also b y  u s in g  th e  sem i-em pirica l 
m ethod  o f analysis due to  W o l f e  e t al [17] (cf. also [3]).

T he dependence  o f  accep to r c o n c e n tra tio n  on d o n o r c o n c e n tra tio n  in  
non -doped  liq u id  p h ase  e p ita x ia l lay ers  is p re sen ted  in  F ig . 1. T he fo llow ing  
po in ts  shou ld  be m en tio n ed . T he co m p en sa tio n  degree, above ab o u t N D =

Fig. 1. A cceptor concentration  vs donor concentration  in L P E  GaAs layers. Lines corre
sponding to  com pensation degrees of 0.2, 0.4 and 0.6, respectively, are also shown

3 Ada Pkyaica A eadtmiae Scientiarum Hungaricae 48, 1980



150 В. PÖDÖR

F ig . 2. E lectron concentration  m easured a t 77 К  vs to ta l ionized im purity  concentration in  
L P E  layers. Calculated curve for JC,- =  0.40 and  [V] =  l.OX Ю16 cm -3 is also shown

=  З х Ю 16 c m -3  is p ra c tic a lly  c o n s ta n t, h a v in g  a va lu e  o f  a b o u t 0.4. B elow  
th is  c o n c e n tra tio n  v a lu e  th e  dependence  o f  accep to r c o n c e n tra tio n  on d o n o r 
c o n c e n tra tio n  d ev ia te s  from  th e  lin ea r re la tio n sh ip . T hese d ev ia tio n s  becom e 
m o re  d is tin c t i f  th e  ca rrie r c o n c e n tra tio n  (m easu red  a t  liq u id  n itro g en  te m p e 
ra tu re ) , n 0 =  N d —N д, is p lo t te d  a g a in s t th e  to ta l  im p u r ity  c o n c e n tra tio n , 
N j  =  N d +  N a , as done in  F ig . 2.

3. D iscussion

W e w ill t r y  to  show  th a t  th e  above re su lts  (cf. F ig . 2) can  be  in te rp re te d  
o n  th e  basis o f  th e  m odel co ncern ing  th e  b e h a v io u r  of a m p h o te ric  im p u ritie s  
(in  our case o f  Si) in  sem ico n d u cto rs  due to  L o n g i n i  an d  G r e e n e  [18] a n d  
R y t o v a  an d  F i s t u l  [19]. A cco rd ing  to  th is  th e o ry  th e  re la tio n sh ip  b e tw een  
n 0 an d  N j  c an  b e  w ritte n  as

N ,  =  [D] +  [A] +  [V] =  (n0 +  m ) 1 +  W ^  +  [F ] ,  (1)
1 -  (n/n,)2 K i
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w here [Л ] and  [ A ]  a re  th e  co n c e n tra tio n s  o f donors an d  accep to rs  due to  th e  
in co rp o ra tio n  of a m p h o te ric  im p u ritie s  in to  th e  gallium  an d  a rsen ic  su b la ttic e s , 
rij an d  n  are  th e  in tr in s ic  and  to ta l  co n cen tra tio n s  o f  e lec trons a t  th e  te m p e ra 
tu re  o f  g row th , [F ]  is th e  v acan cy  accep to r c o n cen tra tio n , an d  =  f ( T ) P ^ 2 
is th e  coefficient o f  se lf-co m p en sa tio n  of th e  am p h o te ric  im p u r ity  (in  ou r case 
o f Si) in  th e  in tr in s ic  m ateria l.

T h e  co m p en sa tio n  degree K a d u e  only  to  th e  in c o rp o ra tio n  o f  a m p h o te ric  
im p u ritie s  is given as

K a  =  [ A ] / [ D ]  =  K,(n/n,)3. (2)

In  th e  p resen t case o f  ep itax ia l g ro w th  te m p e ra tu re  o f 1073 К  th e  in tr in s ic  
c a rr ie r  c o n cen tra tio n  is e s tim a ted  as nt Qsí (2—3) X 1017 c m -3 , th e n  fo r e lec tro n  
co n cen tra tio n s  below  ab o u t (3 — 5) X 1016 c m -3 , we can  p u t  a p p ro x im a te ly  
n ctá ríj n 0 ríj a n d  К а ш  K t. T h en , acco rd in g ly

N , ^ ( n 0 +  m ) i ± A +  [F ] .  (3)
1 — K,

E q . (3) w as f i t te d  to  th e  e x p e rim e n ta l d a ta  p re se n te d  in  F ig . 2. T he re su ltin g  
th e o re tic a l curve is  a lso  shown in  F ig . 2. W e go t K t — 0.40 ^  0.03 a n d  [ F ] =  
=  (1.0 ±  0.2) XlO15 c m - 3.

T hese  resu lts  a re  analogous to  those  o f  I k o m a  an d  N a k a g a w a  [20] 
o b ta in e d  for v a p o u r  phase  e p ita x ia l  g row th  in  th e  G a(A sC l3) H 2 sy s tem  a t  
g ro w th  te m p e ra tu re s  from  700 to  810 °C.

C oncerning th e  ro le of v acan c ies  causing  an  increased  level o f com pen
sa tio n  a t  low Si c o n c e n tra tio n s  i t  is to  he n o te d  th a t  I k o m a  a n d  N a k a g a w a  

[20] h a v e  observed  in  v ap o u r p h ase  e p ita x y  th a t  th e  c o n c e n tra tio n  o f v acan cy - 
accep to rs  decreased  w ith  in c reasin g  arsen ic  p ressu re , P as4, an d  h a v e  su pposed  
th a t  a rsen ic  v acan c ies  p lay  a d o m in a n t role as co m p en sa tin g  accep to rs  o v e r 
ga lliu m  vacancies . I n  th e  l i te ra tu re  th e re  is som e ev idence t h a t  th e  a rsen ic  
v acan c ies  behave as accep to rs [3, 21]. O ur f in d in g s do n o t  c o n tra d ic t  th is  
p ro p o sitio n .
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Tne w avelength  dependence o f photoresponse was studied, observed in the sub band  
gap energy region o f Au-GaP Sch ottk y  barriers. A nom alously high response was m easured  
in  this energy region if  the m etal layer was prepared im m ediately after chem ical cleaning, ju st  
after etching. T he high response dim inished pronouncedly when electrodes were m ade onto  
surfaces oxidized during storage in  air. The presence o f  a transparent layer on the surface could  
be established b y  electron diffraction and ellipsom etry as well. The layer structure depended  
on surface treatm ent. I t  was concluded that th e  h igh response is located  in the interface  
region, and is characteristic o f the slightly oxidized surface.

G eneral rem ark s on  p ho to responsi

A n illu m in a te d  sem ico n d u cto r sam p le , supp lied  w ith  e lec trical c o n ta c ts  
p roduces e lec trica l response  w ith o u t e x te rn a l b ias, i f  th e  follow ing c r ite r ia  
a re  fu lfilled : i) th e  sam ple m u s t con ta in  b u ilt- in  fie lds; ii) th e  lig h t m u s t re a c h  
th e  reg ion  o f  b u ilt- in  fie ld s; iii) w ith in  th is  reg io n  carriers can  he ex c ited  o p t i 
ca lly  in to  th e  valence a n d /o r  conduction  b a n d , resp ec tiv e ly . T he p h enom enon  
is called  p h o to resp o n se  a n d  fin d s  its  im p o r ta n t  ap p lica tio n  in  th e  fo rm  o f 
so la r cells.

M ost sim ple exam ples are  any  k in d  o f  ju n c tio n s  a n d  b a rrie rs . In  th is  
p a p e r th e  m a in  a t te n tio n  is p a id  to  th e  p ro b lem s o f p h o to resp o n se  o b se rv ed  on 
S c h o ttk y  b a rr ie rs . As show n in  Fig. 1 th e  sh o r t  c ircu it c u r re n t vs lig h t en e rg y  
m easured  fro m  th e  h a n d  g ap  energy  d o w nw ards can  be u se d  fo r b a rr ie r  h e ig h t 
and  b a n d  g ap  d e te rm in a tio n  as w ell [2, 3] b y  c a lcu la tin g  th e  F ow ler p lo t .  A t 
energies sm alle r th a n  th e  b a r r ie r  h e igh t th e  ca rrie rs  are  e lec trons ex c ited  from  
th e  e lec tro d e  m eta l. R each in g  th e  en e rg y  o f  th e  b an d  g ap  th e  a m o u n t o f 
exc ited  ca rr ie rs , i.e . holes a n d  electrons, in creases  a b ru p tly , as d e m o n s tra te d  
b y  F ig . 1. B y  ta k in g  th e  sq u a re  ro o t o f th e  response p e r in c id e n t p h o to n , th e  
F ow ler p lo t is  o b ta in ed . (T he F ow ler p lo t  is app licab le  to  th e  sim ple case  o f 
m e ta l-sem ico n d u c to r in te rfa c e  as re p re se n te d  b y  F ig . 1/b [3]. N a tu ra lly ,

* P resented at the W orkshop Seminar on th e  M ethods and A pparatus for the In v estig a 
tion  of the P hysica l Param eters o f A 111— B v Com pounds, organised b y  th e  Research In stitu te  
for Technical P hysics o f the H ungarian A cadem y o f  Sciences, B ud apest, 13— 18 N ovem ber  
1978.
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а.

/ír

Fig. 1. a) G eom etry o f sam ple; b) Barrier-region; c) Short circuit current vs w avelen gth  in  
nm ; d) Fowler p lo t: square root o f photocurrent per incident photon  as a function  of ph oton

energy

p  — n  ju n c tio n s  give also a  p h o to resp o n se  b u t  th e  shape  o f  th e  cu rve  co rre - 
s p o n d in g to  F ig . 1/c depends on  num erous p a ra m e te rs . I n  sim ple cases u su a lly  
m ax im a l re sp o n se  is o b ta in e d  a t  th e  en e rg y  o f  th e  h a n d  gap .)

P a r t ic u la r ly  h igh  response  is o bserved  w h en  th e  m e ta l e lec trode  is se m i
tra n s p a re n t ,  h o w ever, ev en  in  case o f n o n tra n s p a re n t  e lectrodes su ffic ie n t 
l ig h t w ill re a c h  th e  d ep le tio n  lay e r b y  in te rn a l  re flec tio n , p ro v id ed  th e  l ig h t  
sp o t is la rg e r  th a n  th e  e lec trode . T hus th e  c u rv e  p reserves i ts  shape c h a ra c te r 
is tic  o f S c h o ttk y  b a rrie rs  a n d  can  be u sed  fo r b a rr ie r  h e ig h t and  b a n d  gap  
d e te rm in a tio n .
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P ho to response  o f I I I —V system s

As p h o to resp o n se  gives d irec t in fo rm a tio n  on th e  d ep le tio n  la y e r, i t  is 
successfu lly  u sed  fo r th e  b a n d  gap  d e te rm in a tio n  o f te rn a ry  I I I —V  com pounds 
[4, 5, 6 ]. T he m e th o d  can  b e  dev e lo p ed  fu r th e r  b y  p re p a rin g  a series o f b a rrie rs  
o n to  an  an g le -lap p ed  sec tion  o f  th e  sam ple. I n  th is  w ay  th e  change o f b a n d  
gap  th ro u g h  th e  g rad ed  reg io n  can  be d e te rm in ed . O f course  a c a lib ra tio n  
cu rv e  m u st be p re p a re d  b y  a n o th e r  in d e p e n d e n t m e th o d  i f  ab so lu te  v a lues are  
n ecessary . F u rth e rm o re , w hen  th e  system  o f b u ilt- in  fie lds is a d ju s te d  p ro p erly , 
conclusions m a y  be  d raw n  [7, 8 ] concern ing  d o p an ts .

I t  was o b se rv ed  th a t  th e  p h o to resp o n se  o f S c h o ttk y  b a rrie rs  p re p a re d  
o n to  G aP  is v e ry  sen sitive  to  surface tre a tm e n ts  [9], c o n se q u e n tly  i t  m a y  
c o n ta in  in fo rm a tio n  a b o u t th e  rea l n a tu re  o f  G aP -m e ta l in te rfa c e  or G aP  
su rface . T he sh ap e  o f th e  F o w le r p lo t, or sh o r t  c ircu it c u r re n t  vs w a v e le n g th  
cu rv e  d ev ia ted  fro m  th a t  show n in  F ig . 1/c a n d  F ig . 1 /d , a n d  th e  d ev ia tio n  
cou ld  be c o rre la ted  w ith  su rface  tre a tm e n ts . S im ilar o b se rv a tio n s  w ere m ad e  
on  G aA sx_ x P x w here  x  >  0 .7 , b u t  sy s te m a tic  s tu d ies  w ere  ca rr ied  o u t o n ly  
o n  G aP . H o w ev er, c e rta in  F o w ler p lo ts  a n d  p h o to re sp o n se  curves o f Si, 
G aA s an d  CdS p u b lish ed  in  th e  l i te ra tu re  [1 0 ,1 1 ,1 2 ] d ev ia te  also  to  som e e x te n t  
fro m  th e  id ea l sh ap e  in d ic a tin g  a sim ilar b u t  less p ro n o u n ced  sen s itiv ity .

In  th e  p re se n t case p h o to re sp o n se  is u sed  as a to o l o f  su rface  an d  in te r 
face in v e s tig a tio n s . T h a t m ean s , th e  id ea lis tic  re p re se n ta tio n  o f F ig . 1/b is 
re je c te d , an d  a th in  in te rfa c e  reg io n  is p o s tu la te d  be tw een  th e  m e ta l an d  b u lk  
m a te r ia l. I t  is su p p o sed  th a t  th is  reg ion  h as  s tru c tu re  a n d  com position  d iffe r
e n t  from  th e  b u lk  an d  b e in g  w ith in  th e  d ep le tio n  reg ion  o p tic a l e x c ita tio n  
ca n  p ro d u ce  ca rr ie rs  from  th e  in te rface . T he su rface  reg io n  is re g a rd ed  as th e  
en d  p ro d u c t o f  th e  u su a l su rface  clean ing  p ro ced u res , a n d  i ts  p ro p ertie s  m a y  
in flu en ce  e lec trica l c h a ra c te ris tic s  too .

E xperim en ta l p a rt

T he m ech an ica lly  p o lish ed  G aP  slices w ere chem ica lly  e tched . S evera l 
e tc h a n ts  w ere u sed , b u t  th e  re su lts  in  th is  p ap e r re fe r to  th e  e tc h a n t 
1 vo l cc H N 30  +  3 vo l cc HC1 know n as aq u a  reg ia . T ech n ica l d e ta ils  a n d  
p rob lem s o f G aP  e tch in g  a re  g iven  elsew here [13].

S c h o ttk y  b a rr ie rs  w ere p re p a re d  o n to  th e  (100) o r ie n te d  slices b y  ev a p o 
r a t io n  o f gold. T h e  slices w ere  c u t  from  C zochralsk i grow n in g o t a n d  Т е doped  
to  a ca rrie r c o n c e n tra tio n  o f  1 —4 • 1017 c m 3. E v a p o ra tio n  w as ca rr ied  o u t 
u n d e r  th e  u su a l co n d itio n s a t  a  p ressu re  o f  1 • 3 • 10-3 —2 • 6 • 1 0 -4 P  w hen  
oil d iffusion p u m p  w as used  w ith o u t liqu id  n itro g e n  t r a p  a n d  s u b s tra te  h e a tin g . 
T h e  gold e lec trodes w ere e ith e r  n o n tra n s p a re n t or h a d  a th ic k n e ss  b e tw een  
5 0 —80 nm . As i t  w ill be seen la te r  th e  th ick n ess  o f  e lec tro  de m e ta l m ay  be  o f
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im p o rta n c e  in  ce rta in  cases. T he p h o to resp o n se  w as m easu red  w ith  th e  aid 
o f  a Zeiss m o n o ch ro m a to r o f  ty p e  S P M — 1, an d  a K e ith le y  610 C e lec tro m eter. 
O n sam ples p rep a red  in  p a ra lle l ex p e rim en ts  th e  fo rm a tio n  o f su rface  lay er 
a f te r  e tc h in g  w as o b se rv ed  w hen  th e  sam ple  w as k e p t  in  a ir  a t  room  te m p e 
ra tu re .  T h e  g ro w th  o f  la y e r  th ick n ess  cou ld  he fo llow ed a n d  d e te rm in ed  by  
e llip so m e try  from  a b o u t th e  5th—10th m in u te .

T h e  in s tru m e n t u sed  w as a G a e rtn e r  e llip som eter o f  ty p e  L-119. S im i
la r ly , fro m  th e  f irs t  few  m in u te s  e lec tro n  d iffrac tio n  in v es tig a tio n s  w ere m ade 
on  se p a ra te  sam ples to  co llec t in fo rm a tio n  ab o u t th e  su rface  s tru c tu re . Com po
sitio n  w as also m easu red  b y  R u th e rfo rd  b a c k sc a tte rin g . T he resu lts  o f  th e  
d e ta iled  in v es tig a tio n s  are  p re se n te d  elsew here [14].

». R esu lts

I f  th e  m e ta l e lec tro d e  w as p re p a re d  im m ed ia te ly  a f te r  aq u a  reg ia  e tch in g  
on th e  re su ltin g  S c h o ttk y  b a rr ie r  an o m alo u sly  h igh  p h o to resp o n se  cou ld  he 
m easu red  in  th e  sub  b a n d  gap  reg ion  as show n in  F ig . 2 (cu rve  1). (Q u a lita 
tiv e ly  th e  sam e effect cou ld  he  o bserved  b y  using  a n y  o th e r  s tro n g ly  o x id an t 
e tc h a n t .( T h is o b se rv a tio n  w as th e  s ta r t in g  p o in t o f  th e  w ork. In  th e  f irs t 
series o f  ex p erim en ts  s e m itra n sp a re n t gold electrodes w ere p rep a red , a n d  th e  
sam ples gave  v e ry  h ig h  response  h u t  o n ly  ju s t  a f te r  e v a p o ra tio n . B ecause th e  
response  slow ly d im in ished  w ith  tim e , n o n tra n s p a re n t e lec trodes w ere p rep a red . 
In  th e  la t te r  case th e  re sp o n se  was n o t  so h igh  in  th e  e n tire  w av e len g th  region 
b u t  s ta b i l i ty  increased  w ith  tim e . W h en  th e  sam ple w as illu m in a ted  fro m  th e  
rev erse  side, th e  ~ 5 0 0  (i th ic k  c ry s ta l a c te d  as an  o p tic a l f ilte r . Fow ler p lo ts  
o b tá in e d  b y  b o th  illu m in a tio n s  o f  th e  sam e e lec trode  w ith o u t co rrec tio n  or 
n o rm a liz a tio n  a re  show n in  F ig . 2. I n  case o f b ack  side illu m in a tio n  th e  re
sponse  w as som ew hat h ig h e r as m ore l ig h t reach ed  th e  in te rfa c e , b u t  th e  cha
ra c te r  o f  th e  curves w as sim ilar.

T h e  e lectron  d iffrac tio n  p a tte rn s  show ed th a t  u sin g  cold aq u a  reg ia  th e  
s tru c tu re  o f  th e  su rface  la y e r  w as am o rp h o u s a fte r  e tch in g  an d  th e  h a lf-w id th  
o f  th e  rin g s  o f  th e  p a t te rn  d im in ished  v e ry  slow ly. T he th ick n ess  o f  th e  lay e r 
in  th e  f i r s t  m in u tes  w as fo u n d  to  be 2 .0 —3.0 nm  an d  in c rea sed  lo g arith m ica lly  
w ith  tim e  u n til  4.0 n m  w as reach ed . A bove th is  th ick n ess  v a lu e  th e  s c a tte r  o f 
d a ta  in c rea sed  a b ru p tly  so t h a t  th e  read in g s could  n o t  be  e v a lu a ted . This 
in d ic a te s  an  un ev en , inhom ogeneous lay e r. A ccord ing  to  th e  p re lim in a ry  
R u th e rfo rd  b a c k sc a tte rin g  d e te rm in a tio n s  [14], w hich  w ere su p p o rted  also  b y  
fu r th e r  w ork , th e  e tch ed  su rface  is covered  b y  a lay e r o f  su box ide  o f th e  d iso r
d e red  s u b s tra te  a to m s. P re p a r in g  a n o th e r  S c h o ttk y  b a rr ie r  o n to  a su rface  k e p t 
fo r lo n g er t im e  (133 d ay s) in  a ir  th e  cu rv e  N o. 2 o f  F ig . 3 w as o b ta in ed . As seen
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Fig. 2. Fowler plot o f  G aP-Au system . E tchant: cold aqua regia. 1) Illum ination from the  

front side; 2) Illum ination  from the reverse side

in  th e  F ig u re  th e  su b  b an d  gap  resp o n se  d isap p eared  a lm o st co m ple te ly , w hile 
th e  e lec trica l ch a ra c te ris tic s  w ere also  in fe rio r to  t h a t  o f th e  fre sh ly  m ade diode.

U sing aq u a  reg ia  a t  boiling  p o in t th e  in it ia l  lay e r th ick n ess  is betw een  
1 .0—2.0 n m  an d  increases also lo g a rith m ica lly  in  tim e . T he e lec tron  d iffrac tio n  
p a t te r n  show s a d e f in ite  m icro cry sta llin e  s tru c tu re  w hich  tu rn s  in  th e  n e x t 
d ay s  in to  an  am o rp h o u s  one. S c h o ttk y  b a rrie rs  w ere  m ade f i r s t  on  h o t e tch ed  
su rface  im m ed ia te ly  a fte r  e tch in g , o n  th e  n e x t a n d  on th e  th ird  d a y  re p ea ted ly . 
T h e  F o w ler p lo ts  show n in  F ig . 4 d e m o n s tra te  a g a in  th a t  th e  h ig h  sub b a n d  
gap  response  is c h a ra c te r is tic  o f  th e  fresh ly  e tc h e d  surface. A t th e  sam e tim e
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i t  p ro v es th a t  th e  response  is lo ca ted  in  th e  few  n m  th ic k  in te rface  reg ion  of 
su b o x id e  co m p o sitio n .

T he s tru c tu re  o f  th e  su rface  la y e r  in  fresh  s ta te  as an  a d d itio n a l p a ra 
m e te r  can  be easily  ex p la in ed  b y  th e  ch e m is try  o f th e  Ga ion  in  aq u eo u s m edia. 
A t low  te m p e ra tu re  gel-like am o rp h o u s G a(O H )3 is fo rm ed  w hich  looses w a te r 
a n d  tu rn s  in to  m ic ro c ry s ta llin e  a t  e lev a ted  te m p e ra tu re  [15]. S im ilar processes 
a re  v e ry  p ro b ab le  on  th e  G aP  su rface , co n seq u en tly  th e  cold e tch ed  am orphous 
su rface  m a y  c o n ta in  m ore w a te r , w hile th e  h o t  e tch ed  c ry s ta llin e  su rface  m ay  
be  m ore co m p ac t. I n  b o th  cases a slow  o x id a tio n  process can  be su p p o sed , th e  
in i t ia l  s tag e  b e in g  th e  fre sh ly  e tch ed  su rface  w ith  th e  low est a m o u n t o f  oxygen. 
T h e  p resence o f  o x ygen  c a n n o t h e  exc luded  as th e  ex istence  o f a t ra n s p a re n t

Fig. 3. Fowler p lot o f  G aP-A u system . E tchant: cold aqua regia. F ront illum ination . 1) electrode 
evaporated  ^ 2 0 0  m in after etching; 2) 133 days after etching
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Fig. 4. Fow ler p lo t of GaP-Au system . E tch an t: boiling aqua  regia. F ro n t illum ination. 
1) electrode evaporated 200 min after e tch ing ; 2) 1500 m in a fter etching; 3) 4300 min after

etching

lay e r can  be s ta te d  b y  e llip som etric  read ings ta k e n  ju s t  a f te r  e tch in g . The 
h igh  sub  b a n d  gap  response  is c o n n e c te d  w ith  th e  fre sh ly  e tched  su rface  w here 
d iso rd ered  su b s tra te  a to m s an d  o x y g e n  atom s fo rm  a n  in te rface  reg io n . W hen 
in  c o n ta c t w ith  th e  m e ta l e lec trode  th e  op tica l e x c ita tio n  o f ca rr ie rs  is possibe 
from  th a t  region a n d  s ta te s  o f u n k n o w n  n a tu re  a re  assum ed to  be  p resen t 
th e re .

A ccep ting  t h a t  th e  sub b a n d  gap  region o f  th e  Fow ler p lo t consists o f 
tw o p a r ts ,  one a t t r ib u te d  to  th e  m e ta l e lectrodes an d  th e  o th e r  d u e  to  th e  
in te rface  region, a c loser in sp ec tio n  o f  th e ir  sh ap e  m a y  be o f in te re s t .  E x tre 
m ely  b ro a d  curve is o b ta in e d  in  case  o f cold e tch ed  sam ples, th e  re sp o n se  being 
v e ry  p ro n o u n ced  fro m  ab o u t 1.8 eV to  2.2 eV. A t h o t  e tch ed  su rfaces th e  region
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b e tw e e n  2 .0 —2.2 eV seem s to  be  m ore  in ten se . As o x id a tio n  p roceeds th e  
re sp o n se  o f  th is  reg io n  d isap p ears  r a th e r  q u ick ly  a n d  a p eak  a b o u t 2.24 eV 
b e in g s  to  em erge, w h ich  becom es w ell d iscern ib le  in  th e  case o f  an  old 
“ w e a th e re d ”  su rface .

Conclusions

T h e  p h o to re sp o n se  o f S c h o ttk y  b a rrie r  is a u sefu l m ethod  fo r  th e  in v e s ti
g a tio n  th e  su rface  p ro p e rtie s  o f I I I —V  system s. W hereas in  te rn a ry  system s i t  
se rv es  fo r b an d -g ap  d e te rm in a tio n , in  th e  case o f  G a P . i t  ap p ears  to  be  sensitive 
to  su rface  p ro p e rtie s . H igh sub  b a n d  gap response  is observed  w henever an 
o x id a n t  is used  fo r su rface  c lean in g ; how ever, th is  response d isap p ea rs  as th e  
o x id a tio n  o f th e  su rface  proceeds. I t  can  be co n c lu d ed  th a t  i t  is lo c a te d  in  th e  
su rface  reg ion , i.e . in te rface  reg ion , a n d  i t  is c h a ra c te r is tic  only  o f  th e  sligh tly  
o x id ized  su rface  in  c o n ta c t w ith  th e  m eta l e lec tro d e . As th e  re sp o n se  shows 
signs o f  s tru c tu re  th e  ex istence o f  o p tic a lly  ex c ita b le  s ta te s  can  b e  p o s tu la te d  
w ith in  th e  s lig h tly  oxidized in te rfa c e .
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A m ethod and an appara tu s  used for m easuring of the deep level content o f semicon
ducting crystals are described. The investigation is based on th e  observation of capacitance 
(voltage) relaxation  of diodes. The evaluation of the  relaxation curve is the same as proposed 
firs t by  L a n g  [1 ], the  so-called DLTS (deep level transien t spectroscopy) method. T he differ
ence betw een the apparatus presented here and  L a n g ’s original is th e  using of a comm ercial 
capacitance m eter and the possibility of the m easurem ent of voltage relaxation a t  fixed 
capacitance value. Deep centres in  GaAs or G aP  layers having ionization energies betw een 
0,2 . . . 1 eV can be detected if  the ir concentration is not less then  3 • 10_3 p a rt of th e  shallow 
donor (acceptor) concentration.

I. In tro d u c tio n

Im p u ritie s , la ttic e  defec ts , or th e ir  com plex  fo rm a tio n  in  sem iconducto rs 
a re  asso c ia ted  w ith  e lec tro n ic  s ta te s  in  th e  fo rb idden  gap . Fig. 1 show s th e  
c h a ra c te r is tic  energy  levels  o f e lectrons in  an  n-type  sem iconducto r. T h e  level 
E d is en erg e tica lly  close to  th e  co n d u c tio n  b an d , i.e. E c — E n <  kT.  I t  beh av es 
as a shallow  donor cen tre  (e.g. Те in  G aA s). In  th e  dev ice  fab rica tin g  tech n o - 
logy  th e  c o n c e n tra tio n  o f th is  level is th e  re su lt of in te n tio n a l doping. T h e  o th e r 
level E T h as  an  ac tiv a tio n  energy  m uch h ig h e r  th a n  th e  th e rm a l energy, i t  is  called 
deep  level. In  general th e  presence o f d eep  levels dam ag es th e  q u a lity  o f  cry s
ta ls  re su ltin g  in  a low er m o b ility  h ig h er noise or ev en  som e in s ta b ilitie s . I t  
shou ld  be n o te d  th a t  som etim es also th e  deep levels a re  in te n tio n a lly  doped  
in to  th e  sem ico n d u c to r, e.g. A u in  Si fo r fa s t sw itch in g  p  — n ju n c tio n s .

In  th e  follow ing S ections th e  th e o re tic a l p rinc ip les o f th e  m easu rem en t 
w ill be sh o r tly  rev iew ed  a n d  th e  e x p e rim e n ta l se t-u p  described .

II. T heo ry

T he io n iza tio n  ra te  o f th e  deep levels  is d e te rm in e d  b y  th e  d y n am ic  
eq u ilib riu m  o f c ap tu re s  a n d  em issions o f  e lectrons. I n  genera l, th e re  a re  four 
possib le  processes: th e  c a p tu re  o f e lec tro n s from  co n d u c tio n  b an d , th e  em ission

* Presented a t the W orkshop Seminar on th e  Methods and A pparatus for th e  Investiga
tion of the Physical Param eters of АЧ1—Bv Compounds, organised by  the Research In s titu te  
for Technical Physics of the  H ungarian  Academ y of Sciences, B udapest, 13—18 N ovem ber 
1978.
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of e lec tro n s in to  th e  va lence  b a n d , t h a t  is th e  ca p tu re  o f  ho les, th e  em ission o f 
e lec tro n s in to  th e  c o n d u c tio n  h a n d  a n d  th e  em ission o f holes, t h a t  is th e  ca p 
tu re  o f  electrons fro m  th e  valence b a n d . T he g enera l th e o ry  o f  deep level 
s ta tis t ic s  has been w o rk ed  o u t b y  S h o c k l e y  an d  R e a d  [2]. H ere  o n ly  th e  special 
case is t re a te d , w hen  th e  deep cen tre  in  th e  b u lk  o f th e  n -ty p e  m a te r ia l is p ra c 
tic a lly  com plete ly  filled  b y  e lectrons, t h a t  is th e  p ro b a b ility  o f e lec tro n  c a p tu re  
from  th e  conduction  b a n d  is m uch la rg e r th a n  th e  em ission o f e lectrons.

H ow ever, in  th e  d ep le tion  la y e r  o f a S c h o ttk y  b a rr ie r  o r a p  — n d iode 
fa b r ic a te d  on th e  su rface  of th e  c ry s ta l  th e  p ro b a b ility  o f  e lec tro n  c a p tu re  
decreases to  a v e ry  sm a ll value due to  th e  lack  o f co n d u c tio n  e lec tro n s, an d  so 
th e  m a jo r process is th e  th e rm a l em ission  o f e lec trons from  p rev io u sly  filled  
cen tre s . T his effect c an  be u tilized  fo r d e tec tin g  an d  m easu rin g  o f th e  p a ra 
m eters  o f  deep levels. T h e  f irs t w ork  in  th is  fie ld  w as m ade b y  S a h  an d  R e d d i

[3]. T h e y  used th e  freq u en cy  d ependence  o f th e  diode cap a c itan c e  a t  low f re 
quencies, w here th e  ch a rg in g  and  d isch arg in g  o f th e  deep level can  follow  th e  
m easu rin g  frequency . C om paring  th e  cap ac itan ce  va lu e  o b ta in e d  b y  low  a n d  
h igh  freq u en cy  signals, w here only  th e  free carrie rs  follow  th e  m easu rin g  v o l
tag e , th e y  ca lcu la ted  th e  em ission r a te  an d  also th e  c o n c e n tra tio n  o f th e  deep  
level. O n th e  basis o f  th e ir  m odel S e n e c h a l  an d  B a s i n s k i  suggested  a n o th e r  
m e th o d  [4, 5]. T hey  u tiliz ed  th e  t r a n s ie n t  b eh av io u r o f  th e  d iode cap ac itan ce  
a f te r  sw itch ing  on th e  reverse  b ias. A n  im p ro v ed  vers io n  o f th is  m e th o d  is th e  
o b se rv a tio n  of th e  re la x a tio n  o f th e  reverse  v o ltag e  w hile th e  cap ac itan ce  is 
k e p t a t  a given c o n s ta n t value [6 , 7].

T h e  reason fo r th is  re lax a tio n  can  be u n d e rs to o d  b y  lo ok ing  a t  F ig . 1. 
T he deep  levels are  occupied  b y  e lec tro n s in  th e  reg ion  x  >  W  — A. In  th e  
reg ion  0 <[ x  w — A th e rm a l em ission  o f th e  c a p tu re d  e lec trons ta k e s  p lace  
a f te r  h a v in g  app lied  th e  reverse  v o ltag e . T he d is tr ib u tio n  o f  th e  charge  d e n s ity

Fig. 1. T he energy levels in  the space charge region of an n-type sem iconductor Eç, E y , E p , 
E q and E p  represent the energy positions o f  th e  conducting band edge, the valence band edge, 

the Ferm i lev e l, the donor lev e l and the deep centrum , respectively .
Fig. 2. A m plitude and the DLTS signal as function  of t2/tl 

Fig. 3. W orking principle o f  the control u n it. The figure shows the the dependence of ou tp ut 
signals a t  the points Qj and Qj o f the sh ift register. The inputs o f the A N D  gate sw itching a 

control un it betw een  the 2. and 5. period are connected to Q2 and Q5 
Fig. 4. D iode biasing un it. T he reference v o ltage  sw itched b y  the control un it and the vo ltage  
proportional to the capacitance are connected  to the m arked poin ts to the m icrosw itch K . 
In the low er position of the sw itch К  capacitance relaxation is m easured. The am plifier U  
has a fix ed  gain of 20. T he shift o f the v o lta g e  level to + 5  V ensures the possib ility  o f  for
ward biasing the diode, thu s the reference voltages can be varied betw een 0 У  and — 7 У  
according to  the output o f  the capacitance m eter. The m oving of the sw itch  К  to the upper  
position , as shown by the arrow, m akes th e  m easurem ent o f vo ltage relaxations possible. In  
this case the amplifier U  has open circuit gain  and com pares the ou tp ut o f  the capacitance  
m eter to  th e  reference v o lta g e . The negative  feedback is ensured b y  the capacitance-voltage

characteristic o f th e  diode under test  
Fig. 5. A  m easured DLTS spectrum

Fig. 6. Tem perature dependence of the peaks of the DLTS spectrum  show n in Fig. 5
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is  describ ed  b y  th e  s tep -lik e  fu n c tio n  a p p ro x im a tio n  v a lid  fo r k T  <§: E p — E T. 
T h e  quasi F e rm i level o f e lec tro n s is c o n s ta n t a t  le a s t u p  to  th e  p o in t w — A 
in  th e  case o f  n o t  to o  h igh  b iases  [8 ]. I f  a  fo rw ard  v o ltag e  h as  been  ap p lied  on 
th e  d iode fo r  a su ffic ien tly  lo n g  tim e  b efo re  p u tt in g  on th e  reverse  b ias p ra c ti
ca lly  a ll o f  th e  deep levels h a v e  been  occup ied  an d  th e  ch arg e  d e n s ity  can be 
described  b y  th e  e q u a tio n

qnT{t) =  giVr { l  — ex p  (—t/r)} , (1)

w here N T is th e  co n c e n tra tio n  o f  th e  deep  level, т th e  c h a ra c te r is tic  re lax a tio n  
tim e . T he re v e rse  v o ltag e  h a s  been  sw itch ed  on a t  t =  0. T ak in g  in to  accoun t 
th e  above m en tio n ed  assu m p tio n s  on th e  e lec tro n  c a p tu re  an d  em ission 
processes, th e  c h a ra c te r is tic  re la x a tio n  tim e  c o n s ta n t

T- 1 =  N c<rnv exp  { (E T -  E c) /kT} ,  (2)

w here  N c , an. a n d  v a re  th e  e ffec tive  den sitie s  o f s ta te s  in  th e  co n d u c tio n  b an d , 
th e  e lec tro n  c a p tu re  cross-sec tion  an d  th e  v e lo c ity  o f  e lec tro n s, resp ec tiv e ly .

T he in te g ra tio n  o f th e  P oisson  e q u a tio n  leads to  th e  fo llow ing  re su lt

V  — — Í x N D dx -f- — f *jVr { l  — exp  ( —t/r)}dx —
£  J 0 £  Jo

=  V0 +  F T{ l - e x p ( - t / r ) } ,  (3)

i.e . th e  re v e rse  b iased  v o ltag e  o f  th e  d iode  has a n  ex p o n e n tia l c h a ra c te r  w ith  
th e  tim e  c o n s ta n t  t ,  w hile th e  w id th  o f  th e  space ch arg e  reg io n  w is k e p t 
c o n s ta n t. T h e  ea rlie r w orks m en tio n ed  ab o v e  m easu red  th e  t ra n s ie n t  o f  cap a
c itan ce , a t  f ix e d  reverse  v o lta g e . I t  c an  be  show n [9] t h a t  th is  tra n s ie n t  is also 
n e a rly  e x p o n e n tia l w ith  th e  sam e tim e  c o n s ta n t i f  th e  co n d itio n  N T/ N D 1 
is fu lfilled . T h e  a d v an tag es  o f  th e  m easu rem en t o f  cap a c itan c e  re la x a tio n s  are 
th e  sim p ler e lec tro n ic  a p p a ra tu s  an d  so th e  a b ility  o f  m easu rin g  fa s te r  re lax a 
tio n s . H o w ev er, in  cases w h en  th e  c o n c e n tra tio n  o f  deep levels is n o t v e ry  
sm all co m p ared  to  th e  c o n c e n tra tio n  o f  shallow  donors r a th e r  h igh  d is to rtio n s 
ca n  occur on  th e  t ra n s ie n t  signal.

T h e  io n iza tio n  en erg y  a n d  c a p tu re  cross-section  o f th e  deep  level is 
d e te rm in e d  o n  th e  basis o f  E q . (2) b y  m easu rin g  th e  te m p e ra tu re  dependence 
o f  r .  T can  b e  m easu red  b y  f i t t in g  th e  e x p e rim e n ta l cu rve  co rrespond ing  to  
one g iven  te m p e ra tu re  to  th e  ex p o n e n tia l fu n c tio n , o r in  th e  w ay  suggested  
b y  L a n g  [1]. In  th e  la t te r  case th e  fu n c tio n

9>(*i;  ‘2) =  n * ù  -  n * ù  (*)
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is m easu red  fo r d iffe re n t te m p e ra tu re s . A t th e  te m p e ra tu re  T  co rrespond ing  
to  th e  m ax im u m  o f th e  fu n c tio n  th e  re la x a tio n  tim e  t  is

X = *1 -  *2 
ln  (*l/*2)

(5)

T he co n c e n tra tio n  o f deep  levels ca n  be c a lc u la te d  from  th e  a m p litu d e  o f th e  
re la x a tio n  (9) acco rd in g  to  th e  fo rm u la

JV,HIv 0 N t

In  th e  case o f cap ac itan ce  re la x a tio n s  th e  fu n c tio n

V(*i» *a) =  £(*i) ^ (* 2)

(6)

(7)

is m easu red , th e  re la x a tio n  tim e  is expressed  b y  (5) and  th e  co n cen tra tio n

=  (8) 
C0 2 N d [ w ]

T he com parison  o f  (6) an d  (7) show s th a t  th e  sen s itiv ity  o f  th e  cap ac itan ce  
re la x a tio n  is sm alle r b y  a fac to r o f  tw o . The d ecrease  o f se n s it iv ity  arises fro m  
th e  fa c t th a t  in  th e  case of c a p a c itan c e  re la x a tio n  th e  in c rease  in  th e  sp ace  
ch arg e  due to  th e  th e rm a l io n iza tio n  of deep  levels is co m p en sa ted  b y  th e  
decrease o f space ch a rg e  in  th e  n e ig h b o u rh o o d  o f  10, w hich p a r t  h a s  th e  m a x i
m um  w eigh t fa c to r  in  E q . (3).

I t  shou ld  be  n o te d  th a t  th e  am p litu d e  o f  peaks in  L a n g ’s m eth o d  do 
n o t give th e  VT o r CT va lues d ire c tly , b u t th e  eq u a tio n

V(h)  -  V(h) exp  (—t j r )  — exp ( — t j r ) (9)

is v a lid  an d  a s im ila r expression  ho lds for th e  cap ac itan ce  re la x a tio n . F ig . 2 
show s th e  a m p litu d e  o f  th e  D LTS p e a k  as th e  fu n c tio n  of t j t v

E v en  th e  p ro file  o f th e  d eep  level c o n c e n tra tio n  can  b e  o b ta in ed  b y  
m easu rin g  th e  b ias dependence o f  th e  peaks. T h e  d istance  A c a n  be  ca lcu la ted  
from  th e  N D an d  E T va lues.
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I I I .  The in s tru m e n t

T he in s tru m e n t co n sis t o f th e  fo llow ing  th ree  p a r ts :
— cap ac itan ce  m e te r  (B oon ton  m o d e l 75D) ha  v in g a  reso lu tion  o f  K P 3 p F
— c ry o s ta t  an d  te m p e ra tu re  re g u la to r  w hich w o rk s in  th e  te m p e ra tu re  

reg io n  b e tw e e n  77 К  an d  450 К  w ith  a s ta b il i ty  o f 0.1 K ;
— c e n tra l  con tro l u n i t  w h ich  sup p lies  period ica lly  th e  forw ard  a n d  reverse 

b ias  to  th e  diode, s igna ls  to  th e  te m p e ra tu re  re g u la to r  a fte r th e  m easu rin g  
periods a n d  con tro ls th e  w o rk  o f th e  sam p le  and  h o ld  c ircu its  fo r m easu rin g  
th e  v o lta g e  d ifferences d u rin g  th e  t r a n s ie n t  process.

T h e  fu n c tio n in g  o f  th e  cen tra l c o n tro l u n it is b a se d  on a sh if t reg is te r 
h a v in g  a 15 h its  cap ac ity , i ts  in p u t  is fed  b y  a p rec ision  pulse  g en e ra to r . F ig . 3 
show s th e  w o rk in g  p rin c ip le  o f  th e  c irc u it . The b ia s in g  an d  m easu rin g  u n its  
a re  sw itch ed  b y  th e  o u tp u ts  o f  A N D  g a te s . The seq u en ce  o f th e  b ia s in g  and  
m easu rin g  tim e  in te rv a ls  ca n  be changed  b y  a lte rin g  o f  th e  flexible connec tions 
b e tw een  th e  Q an d  Q p o in ts  o f th e  sh if t reg is te r  a n d  th e  in p u ts  o f th e  AND 
g a tes .

T h e  in s tru m e n t c o n ta in s  th re e  in d e p e n d e n t re fe ren ce  v o ltage  sources, 
each  o f  w h ich  can  be co n tro lled  b y  a c a lib ra te d  p o te n tio m e te r . T h e  b iasing  
c ircu it c o n v e rts  th e  sig n a l o f  th e  re fe ren ce  sources to  d iode  b ias. The biasing 
circuits c a n  b e  sw itched  in to  tw o  p o s itio n s . One o f th e m  supplies th e  c o n s ta n t 
v o ltag e  o n  th e  diode, th e  o th e r  ensures th e  c o n s tan t cap ac itan ce  i.e . v o ltag e  
re la x a tio n  c a n  be m easu red . F ig . 4 show s th e  b iasing  c ircu it.

T h e  D L T S  signals a re  fo rm ed  b y  th re e  sam ple a n d  hold c irc u its . Two 
o f th e m  m easu re  th e  re la x a tio n  signal a t  m om ents co n tro lled  b y  th e  AND 
g a tes , th e  th i r d  holds th e  p rev io u s v o ltag e  d ifference v a lu e  d u rin g  th e  m easu rin g  
p e rio d  a n d  a t  th e  end  i t  ta k e s  a sam p le  o f  th e  new  v o ltag e  d iffe rence. F o r 
decreasing  th e  noise in te g ra tin g  RC c irc u its  h av in g  v a ria b le  tim e  c o n s ta n ts  
a re  ap p lied  a t  th e  in p u ts  o f  th e  sam ple  a n d  hold c irc u its .

A fte r  severa l (1 . . .  8) m easu ring  p e rio d s  th e  te m p e ra tu re  re g u la to r  gets 
a pu lse  f ro m  th e  ce n tra l c o n tro l u n it a n d  stab ilizes a new  te m p e ra tu re  value 
d iffering  b y  a b o u t IK  fro m  th e  fo rm er one  and th e  ce n tra l co n tro l u n it  is 
s to p p e d  fo r 15. . .50 s, w hile  th e  new  te m p e ra tu re  v a lu e  is stab ilized .

F ig . 5 show s a m easu red  D LTS sp e c tru m  o b ta in e d  on an  re-type GaAs 
e p ita x ia l la y e r  grow n b y  v a p o u r  p h ase  ep itax ia l te c h n ic s  for G u n n  device 
p u rp o ses . T h e  te m p e ra tu re  dependence  o f  va lues was a lso  in v es tig a ted  b y  a lte r
in g  th e  freq u en cy  o f th e  pu lse  g en e ra to r. T h e  re su lt is illu s tra te d  in  F ig . 6 . 
T h e  deep  lev e l p a ra m e te rs  e v a lu a te d  f ro m  th e  te m p e ra tu re  dependence  of 
(E T) a n d  fro m  th e  a m p litu d e  o f th e  p e a k s  (N T/N D) a re  lis ted  in  T a b le  I. 
O n th e  b as is  o f  th e  sp e c tru m  th e  re so lu tio n  o f  th e  in s tru m e n t can be e s tim a te d  
as N t/ N d 3 • 10_3. T h e  le f t  p a r t  o f  th e  sp ec tru m  (n o t visib le in  th e  F igure) 
is f la t ,  i.e . th e re  is no  considerab le  a m o u n t of deep levels hav ing  io n iza tio n
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Table I

Crystal № 1-43-965-3 N d =  1.9.10“  cm" S

Deep level A В С

Ionization energy 0.83 eV 0.68 eV 0.48 eV
N dIN t 0.13 0.005 0.009

energ ies higher th a n  th e  a p p ro x im a te d  0.2 eV in  th e  c ry s ta l .  T he chem ica l 
id e n tif ic a tio n  o f d eep  centres is  p ro b lem atic ; a ll o f  th em  a re  o f te n  a t t r ib u te d  
to  0  im p u ritie s  [10].
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EXACT SOLUTION OF A QUASI-ONE- 
DIMENSIONAL MODEL WITH LONG RANGE 

INTERACTION
(COUPLED TOMONAGA CHAINS)
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CENTRAL RESEARCH INSTITUTE FOR PHYSICS, BUDAPEST, HUNGARY
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The novel m ethod proposed by one of th e  authors to  calculate exactly th e  response 
functions o f the one-dimensional Tomonaga m odel is described in  more detail. T he  method 
is generalized for the case of a system  of coupled chains where b o th  the in trachain  and in ter
chain in teractions have forw ard scattering com ponents only. The model does n o t show real 
phase tran sition  a t any fin ite  tem perature  ind ica ting  th a t the in terchain  backw ard scattering 
or hopping is needed to  have an  ordering of th e  chains a t fin ite  tem perature.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 48 (2 —3), pp. 169— 185 (1980)

1. In tro d u c tio n

R e c e n tly  quasi-one-d im ensional (q u a s i- l-d )  c o n d u c to rs  a t t r a c te d  a g rea t 
deal o f  in te re s t  because o f  th e ir  u n u su a l p ro p erties . F o r a review  o f w o rk s  done 
in  th e  p a s t  few  years see [1] — [3]. T h ese  system s a re  b u ilt  u su a lly  o f  large, 
f la t  m olecules w hich a re  re la tiv e ly  close ly  s tack ed  in  one d irec tio n  to  form  
cha ins, th e  a d jacen t ch a in s  being  a t  a re la tiv e ly  la rg e r d is tan ce . T hus th e  m otion  
o f  e lec tro n s is confined  p re d o m in a n tly  to  m otion a long  th e  chains w ith  ra re  
hopp ings betw een  th e m .

V arious th e o re tic a l m odels h av e  b een  w orked o u t to  s tu d y  th e  p ro p ertie s  
o f  th e se  system s. One o f  th ese  m odels is th e  F erm i gas m odel w h ich  h as  been 
in v e s tig a te d  in  th e  s t r ic t ly  1-d case in  g re a t de ta il. A rev iew  o f th e  p ro p ertie s  
o f  th is  m odel can  be fo u n d  in  [4]. S ince  a 1-d sy stem  m a y  have  sp ec ific  p ro 
p e rtie s  o r  b eh av io u r (such  as absence o f  phase tra n s it io n  a t  fin ite  te m p e ra tu re )  
w hich  a re  c h a ra c te r is tic  fo r 1-d sy s tem s b u t  are n o t n ecessarily  t r u e  in  h igher 
d im en sio n s, an y  rea lis tic  m odel of q u a s i- l-d  co n d u c to rs  should  c o n ta in  some 
k in d  o f  in te ra c tio n  b e tw een  th e  ch a in s . G enera lizations o f th e  1-d F e rm i gas 
m odel in  th is  d irec tio n  h av e  ind eed  b een  a tte m p te d  [5 ]— [9]. T h e  Ferm i 
gas m odel is a m odel w ith  in fra re d  s ingu larities d ifficu lt to  t r e a t  in  a 
sa tis fa c to ry  m anner a t  low  te m p e ra tu re s  and  low energ ies even in  i ts  s tr ic tly  
1-d v e rs io n  a lready . T h e  tre a tm e n t becom es in c reas in g ly  m ore com p lica ted  
w hen in te rc h a in  in te ra c tio n s  are ta k e n  in to  accoun t. T herefo re  a n y  sim plified  
m odel w h ich  can be so lved  ex ac tly  is o f  g rea t v a lu e  in  fin d in g  o u t  w h a t th e  
effect o f  th e  in te ra c tio n  te rm s is.
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T he 1-d T omonaga m odel [10] is a w ell k n o w n  ex a c tly  so luble  m odel o f  
a  1-d in te ra c tin g  e lec tro n  sy s te m . T he tw o im p o r ta n t  fea tu re s  w hich  m ake i t  
so lub le  are  th e  lin e a r  d ispersion  re la tio n  and  th e  neg lec t o f  b a c k w a rd  s c a tte r 
in g . In  th e  p re se n t p ap e r we w ill consider a g en e ra liza tio n  o f  th e  m odel to  a 
s e t  o f  coup led  ch a in s  b u t  k eep in g  th e se  tw o fe a tu re s  in ta c t, i.e . a one-d im ensio
n a l  lin ea r  d isp ers io n  re la tio n  is ta k e n  for e v e ry  chain  w h ich  m eans th a t  no  
h o p p in g  b e tw een  th e  chains is a llow ed  and  o n ly  fo rw ard  sc a tte r in g  processes a re  
ta k e n  in to  ac c o u n t fo r b o th  th e  in tra c h a in  a n d  in te rc h a in  sca tte rin g s .

T here  a re  v a rio u s  w ays to  solve th e  1-d T omonaga m odel. The e x c ita 
tio n s  o f th e  m odel h av e  been  show n  to  be th e  boson-like charge- and  spin- 
d e n s ity  e x c ita tio n s  [11]. T h erefo re  th e  ca lcu la tio n  o f  th e  one-partic le  
G reen ’s fu n c tio n  a n d  th e  re sp o n se  functions o r  tw o -p a rtic le  co rre la tio n  fu n c 
tio n s  in  w hich  th e  ferm ion  o p e ra to rs  can n o t b e  easily  exp ressed  in  te rm s o f  
th e  charge- or sp in -d e n s ity  o p e ra to rs  was a fo rm id ab le  ta sk  [12]. I t  was show n, 
how ever, b y  L u th er  an d  P esc h el  [13] an d  b y  Mattis [14] t h a t  an  e x a c t 
o p e ra to r  id e n ti ty  c a n  be fo u n d  w h ich  allows to  rep re sen t th e  fe rm ion  o p e ra 
to r s  in  te rm s  o f  th e  boson-like d e n s ity  o p e ra to rs . Since th e  T omonaga H am il
to n ia n  can  be  tra n sfo rm e d  to  a  d iagonal fo rm  o f  th e  boson  o p era to rs , th e  
G reen s’ fu n c tio n  a n d  response fu n c tio n s  can be  ca lcu la ted  b y  ca lcu la tin g  h a r 
m on ic  averages. T h e  o p e ra to r  id e n t i ty  invo lves, how ever, a de lica te  lim itin g  
p ro ced u re , w h ich  is n o t a lw ays ea sy  to  perfo rm  a n d  th e re fo re  o th e r  m ethods 
a re  also o f in te re s t . F ogedby  [15] used fu n c tio n a l in teg ra ls  to  solve th e  1-d 
T omonaga m odel. A n o th e r v e ry  e leg an t m e th o d  w as used  b y  D zyaloshinsky  
a n d  Larkin  [16] to  ca lcu la te  th e  G reen’s fu n c tio n . T hey  could  derive  a W ard  
id e n t i ty  b e tw een  th e  G reen’s fu n c tio n  and  th e  v e r te x  a p p ea rin g  in  th e  D yson 
e q u a tio n . M aking  use  of th is  re la tio n , th e  D y so n  eq u a tio n  cou ld  be solved 
e x a c tly . T his m e th o d  has b een  genera lized  b y  o n e  o f  th e  a u th o rs  [17] to  ca l
c u la te  th e  re sponse  fu n c tio n s. I n  th is  paper we w ill m ake a fu r th e r  generaliza
t io n  to  s tu d y  th e  b eh av io u r o f  th e  q u a s i- l-d  sy s te m  of T omonaga chains.

F ir s t  in  S ec tio n  2 th e  m e th o d  of D zyaloshinsky  an d  Larkin  [16] is 
b r ie f ly  p re se n te d  since i t  is th e  b as is  of all fu r th e r  con sid era tio n s. T hen  th e  
g e n e ra liz a tio n  o f  th e  m e th o d  to  ca lcu la te  re sp o n se  functions is described in  
S ec tio n  3. S ec tion  4 co n ta in s  th e  re su lts  o b ta in e d  for th e  q u a s i- l-d  system  
o f  T omonaga ch a in s . F in a lly  th e  re su lts  are d iscussed  in  S ection  5.

2. The D zyaloshinsky—Larkin method of sum m ing diagram s in  the
Tom onaga model

T he Tomonaga m odel w as d e fin ed  o rig in a lly  as a 1-d m odel o f  in te ra c t
in g  elec trons

k2 1
H  ~  c t  лска. ~\ ~ T  ^  '  ip )  ck +pa. ck '—pß c k 'ß  скал ( 1 )

к, a 2m ZL к,к',р
a,ß
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w here L  is th e  le n g th  o f  th e  sy s te m  an d  th e  in te ra c tio n  p o te n tia l is supposed  to  
be o f  long  range a n d  th ere fo re  th e  F o u rie r co m p o n en ts  X(p) a re  non-zero fo r 
sm all m om enta  o n ly . I f  th e  c u to f f  on th e  m o m e n tu m  tra n sfe r  A  is m uch sm a l
le r th a n  th e  F e rm i m o m en tu m  k F, one can d is tin g u ish  b e tw een  partic les  n e a r  
th e  F e rm i p o in t -\-kF and  p a r tic le s  n ea r th e  o th e r  F erm i p o in t  —kp, since 
in  th e  absence o f la rg e  m o m e n tu m  tra n sfe r  in te ra c tio n  (b ack w ard  sca tte rin g ) 
th e  elec trons s ta y  a lw ays in  th e  neighb o u rh o o d  o f th e  sam e F e rm i p o in t a f te r  
a n y  in te ra c tio n  p rocess. In  o rd e r  to  m ake th is  d is tin c tio n  m ore exp lic it, we w ill 
d en o te  th e  c rea tio n  (an n ih ila tio n ) o pera to rs o f e lec trons n ea r th e  r ig h t and  le f t 
F e rm i p o in ts  b y  ak (ak) an d  bk (bk), resp ec tiv e ly .

T he k ine tic  en e rg y  te rm  c a n  be a p p ro x im a te d  b y  a l in e a r  re la tio n sh ip  
n e a r  th e  F erm i p o in ts  and  th e  free  p a r t  of th e  H a m ilto n ian  c a n  be  w ritten  as

H 0 =  ^ v F(k — k F) a^"a akx +  ^ v F( — к — k F) bk lx bk oi. (2)
k ,  a  k ,  a

T he in te ra c tio n  p a r t  o f th e  H am ilto n ian  c a n  be genera lized  b y  allow ing 
fo r d iffe ren t co u p ling  s tre n g th s  fo r  th e  cases w h en  th e  sc a tte re d  electrons a re  
from  th e  sam e or d iffe ren t b ra n c h e s  of th e  sp e c tru m  and  fo r p a ra lle l or a n t i 
p a ra lle l o rie n ta tio n  o f th e  s c a t te re d  electrons. I n  th e  m ost g enera l case th e  
H am ilto n ian  re a d s :

H i n t  =  — Г  ^  ( ^ 1| |  +  1̂1 < 5а ,-/з) ( а Р + р а  a + k ' - p ß  a k ' ß  a k a  +
2-L Л>Л',р

а./З
+  b  fc+ р а  b +k ' - p ß  b k ' ß  Ь ы )  +

+  —  (^ 2м *̂/3 +  ^21 öa-ß) ак+ро. bk' - Pß bk'ß аы . (3)
к  к,к',p

То m ak e  c o n ta c t w ith  o th e r w o rk s on th e  F e rm i gas m odel [4] w here b a c k 
w ard  sca tte rin g  is also in c lu d ed , th e  p resen t choice of coup lings corresponds 
in  th e  language of. ‘g ’-ology to  =  gi and  A2 =  g 2. The s c a tte r in g  processes 
can  be rep re sen ted  d ia g ra m m a tic a lly  as

where the solid and dashed lin es correspond to  electrons on th e  right or le ft  
branch o f the spectrum .

D zyaloshinsky  and La r k in  [16] recognized that th e  tw o particular 
features of the T omonaga m odel, nam ely th e  linearized dispersion relation
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a n d  th e  n eg lec t o f  b a c k w a rd  sc a tte r in g  te rm s lead  to  a n  enorm ous sim plifi
c a tio n  in  th e  c o n tr ib u tio n  o f  d iag ram s. T h ey  have fo u n d  th a t  a ll d iag ram s 
w h ich  c o n ta in  e lec tro n  b u b b les  w ith  m o re  th a n  tw o in te ra c tio n  legs a re  m u tu 
a lly  cance lled  an d  o n ly  sim ple b u b b les  w ith  tw o in te ra c tio n  legs a n d  series of 
sim p le  b u b b le s  rem ain .

E ffec tiv e  in te ra c tio n s  can  b e  in tro d u c e d  b y  sum m in g  th e se  series of 
b u b b le s , in  th e  sam e w ay  as th e  sc reen ed  in te ra c tio n  is in tro d u ced  in  a R PA  
c a lc u la tio n , b u t  here  w o rk in g  w ith  th e se  in te ra c tio n s  w ill lead  to  a n  exact 
p ro ced u re . T he d ia g ra m m a tic  e q u a tio n s  fo r  th e  e ffec tive  in te rac tio n s  denoted  
b y  -DX||, D lx, D ,n  an d  D 2l a re  as follow s:

T h e  d ia g ra m m a tic  e q u a tio n s  are th e  sam e  for p a ra lle l an d  a n tip a ra lle l spin 
o r ie n ta tio n s . I t  is w o rth  m en tio n in g  t h a t  th o u g h  th e  b a re  Ax coup lin g  is th e  
sam e fo r e lec trons on  th e  r ig h t  or le f t b ran ch es , th e  e ffec tiv e  couplings w ill be 
d iffe ren t.

T h e  a n a ly tic  fo rm  o f  these  e q u a tio n s  is

■̂ ni =  ^ni 4" ^ni ^V ^in 4~ n +Dlx 2̂n H —Dzw +  Л цЛ -Я и ,

D u  =  +  A in tf+ D u  +  ^ и Д + Д ш  +  ^2ii Д21/7_ £ )2м,

^2 ii == ^2ii +  ^ 2 ii^ + ^ iii  +  A.2 in +D 1X +  A1m/7 _ D 2ii - f  Au /7 _ D 2X, (4)

D 21 =  Д2± -f- A21lt f +Z)u  +  A2xf7 +D lll -f- A1M/7_.D 2X -j- A1X77_D 2II,

w here  77+ a n d  Fl_ a re  th e  p o la riz a tio n  b u b b les  for e lec tro n s  on th e  r ig h t  and 
le f t  b ra n c h e s , fo r one sp in  o r ie n ta tio n . T hese e q u a tio n s  can  be so lv ed  using 
th e  expressions

П М ,«,) -  —— k-------- ,  Я_(fe. a) = -  ■ * (5)
2 л(со — vFk) 2л(сх) +  vFk)
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giv ing  e.g. fo r  D jii w hich coup les tw o e lec tro n s  on th e  r ig h t  b ran ch

D 1M(fc, co) =  (со -  Vpk ) \ ----------- A  +  B  .
L CO — U aK  +  *0 S1gn  к

+
A  -  В

+
C +  D,

со +  u ak  — id sign к

C - D
co — Ugfc -)- id s ign  к  со -f- u 0k  — id sign к

w here
1  , ,  .  , ■ 2 1 .  1

VF +  —  ( ^ 1 1 1  —  ^ l l ) — ~  ( ^ 2 1 1  ^ 2 i )L  2  л 2  л :  J

Г  1  , ,  „ 2 1  T 2
1 W F  +  —  ( Я щ  +  А ц ) T  ( ^ 2 1 1  “ Ь  ^ 21)  _ 2 j t

A  — —  (A1M — A1X), В  — — Ju2 v F Tt;F -f- -  (A1M — Au )
4 2ua I L 2 я

C =  -7 - (Aim +  Au )* D =  ~  4 2u„
ul ~  vf |^ F  + ~ ( ^ i | |  +  Ац )

an d  fo r D all
I  ,„ 2  __  „ 2  7,2

ű 2ll(fe, Ш) =  —  ■-■0) F , (A2n -  A21) +

+

2  CO2  —  U a k 2  - f -  i ô  

1 CO2 - v 2p к2
2 со2 — Ugk2 -\- id77  (^211 +  ^ 2 l)-

+

(6)

(7)

(8)

Once th e  effective in te ra c tio n s  are  u sed , the  D yson  eq u a tio n  ca n  be  
w ritte n  d iag ram m atica lly  as

G+ (p,£ ) = -------»----  = ------>-----

in  w hich  th e  th ree -leg  v e r te x  has tw o so lid  
in te ra c tio n s  in  a ll possible w ays.

> >■

line  legs co u p led  b y  e ffec tiv e
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A  fu r th e r  consequence o f  th e  p a r t ic u la r  fea tu res  o f  th e  T o m o n a g a  m odel 
i s  th a t ,  as sh o w n  b y  D z y a l o s h i n s k y  a n d  L a r k i n  [16], a  W ard  id e n t i ty  can  
h e  found  fo r gen era l en erg y  a n d  m o m e n tu m  v ariab les  b y  use o f w h ich  th e  
v e r te x  Г + c a n  be expressed  in  te rm s o f  th e  G reen’s fu n c tio n

Г +(р, e, к, со) = ----- — -  [G +i(p, e) -  G ? (p  -  k, s -  со)] (9)
со — v Fk

a n d  an  an a lo g o u s re la tio n

Г _ (р ,  e, к, со) =  ——- — -  [G lx(p , e) — G lx(p  — к, e — со)] (10) 
со +  v Fk

ho ld s for th e  v e r te x  in  w h ich  th e  elec trons o n  th e  e x te rn a l legs belong  to  th e  
le f t  b ra n c h  o f  th e  sp ec tru m .

B y  m a k in g  use of th e  W a rd  id e n tity  th e  D yson e q u a tio n  for th e  G reen ’s 
fu n c tio n  can  b e  w ritte n  in  a closed in te g ra l e q u a tio n  fo rm

[e — v F(p — k F)] G+(p, e) =  1 +  - M
4 л  J

dk da) T)u (fe, со)

CO Vpk
G+(p — к, e — со),

( H )

w h ere  th e  te r m  lead ing  to  F e rm i energy re n o rm a liz a tio n  h as  been n eg lec ted . 
I n  re a l space  a n d  tim e  re p re se n ta tio n  w e g e t

w ith

G+{x, t) -Km (ж, t) G+{x, t)

К щ К  t) —  [dkdco D u  '(* ’ ^  
4 л 2 J со — Vpk

T his e q u a tio n  can be  so lved  in  th e  fo rm

G+(x, t) =  G(V(r) exp
1 r s

2 V p j  r
K lM(r, s') d s ' \ f +(r),

( 12)

(13)

(14)

w h ere  th e  n ew  v ariab les r  =  x  — vFt an d  s =  x  -)- vFt w ere  in tro d u ced .

G(+0)(a , *) =  -----------------1— — —  (15)
Лл x  — v Ft -f- io(t)

w ith  ô(t) =  ô s ign  t and f +(r) h a s  to  be ch o sen  in  a w ay  to  ensu re  th e  c o rre c t 
a n a ly tic  p ro p e rtie s . P e rfo rm in g  th e  in te g ra tio n s  in  E q s . (13) and  (14) w ith
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EXACT SOLUTION OF A QUASI-ONE-DIMENSIONAL MODEL 175

th e  c u t-o ff  fac to r exp  ( — |&|/^4) fo r th e  m o m en tu m  tra n s fe r , th e  f in a l  re su lt is

G+{x, t)

w ith

1 1  X — vFt -f- i/A(t)
2n  X — v Ft -f- iő(t) [x — uat ~\- i/A(t)]112 [x — Ugf -f- i /A (t)]112

X [A2(x — u at +  i/A(t)) (x +  u at — i/A(t))] (16)

X [A2{x — u ef +  i/A(t)) (x -+- iifif — i /A ( i ) ) ]~ ae

a a

a e

-  ; , i )  -

1
4 u e

VF +  ——(^ l|| +  ^ll)
2 л

(17)

an d  A(t)  =  A  sign t. T h e  velocities ua a n d  ue are  g iven  in  E q . (7).
T h e  G reen’s fu n c tio n  o f th e  e lec tro n s  on  th e  le f t b ra n c h  can  be  ca lc u la ted  

s im ila rly  lead ing  to  th e  re su lt:

G-(x, t) =  G+(x, — t). (18)

3. Generalized W ard identities and response functions o f the 1-d m odel

O ne o f th e  b e s t w ays to  get in fo rm a tio n  ab o u t th e  p o ssib ility  o f  phase 
t r a n s i t io n  to  an  o rd e red  s ta te  is to  ca lcu la te  th e  re sp o n se  of th e  sy s te m  to  
v a rio u s  e x te rn a l p e r tu rb a tio n s . A s in g u la r ity  in  th e  response  fu n c tio n  is an  
in d ic a tio n  th a t  a sp o n tan eo u s o rd e rin g  can  tak e  p lace . W e w ill co n sid e r th e  
d e n s ity  a n d  pairin g  responses since th e y  co n ta in  lo g a rith m ica lly  s in g u la r  te rm s 
in  ev e ry  o rd er of p e r tu rb a tio n  th e o ry  a n d  there fo re  th e re  is a h igh  ch an ce  for 
th e m  to  be  singular w h en  an  ex ac t su m m a tio n  of all c o n tr ib u tio n s  is p e rfo rm ed . 

T hese func tions can  be d e fin ed  as

R(k, со) =  —i f dt e“° \ T { 0 ( k ,  t) 0 +(k, 0)}>, (19)

w here

(i) 0{k, t) = ^ 2 b №  ap+k, (f) (20)

fo r th e  ch a rg e -d en s ity  response fu n c tio n  N (k , со) w ith  large m o m en tu m  
( к  ~  2 k p ) ,

(Ü) 0(k, t) =  &ÄW aP+k * (*) (21)L  p
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fo r  th e  sp in -d e n s ity  response fu n c tio n  x  (^> u>) w ith  large m o m en tu m  (fc
~  2fep).

(i*0 0(k, t ) =  ^  bp f (t) a_p+k j (t) (22)
L  p

fo r  th e  s in g le t-su p e rco n d u c to r response As(k, со) w ith  sm all m o m en tum  k. 
a n d

(iv) 0(k, t) =  - L -  ^  6p , (*) o _ p+fc t (0  (23)
t v  p

fo r  th e  tr ip le t-su p e rc o n d u c to r response  At(k, со).
T he d iag ram s rep re sen tin g  th e se  response fu n c tio n s h a v e  one solid an d  

one  d ashed  lin e  ru n n in g  fro m  one ex te rn a l v e r te x  to  th e  o th e r  and  th e se  
lin es  a re  d ressed  a n d  connected  b y  effective in te ra c tio n s  in  a ll possible w ays. 
T h e  ch a rg e -d en s ity  response fu n c tio n  can be re p re se n te d  as

Nik,л») =

p-к, to,-w, î

w h ere  th e  tw o lines are  ren o rm alized  lines an d  th e  v e rtex

Г+_ (p,to,,k,w)

is analogous to  th e  v ertices Г + a n d  Г _ ,  b u t  h e re  th e  tw o legs belong  to  d iffe r
e n t  b ran ch es.

U n fo r tu n a te ly , th e re  is n o  W a rd  id e n tity  w h ich  could re la te  th is  v e rte x  
to  th e  G reen’s fu n c tio n s . T h e re  is, how ever, a n  a lte rn a tiv e  w ay  to  w rite  th e  
re sponse  fu n c tio n s . All th e  d iag ram s can  b e  classified  in to  th ree  classes. 
E i th e r  th e re  is n o  in te ra c tio n  lin e  coupling to  th e  solid line, o r i f  th e re  is one, 
th e  f irs t  o f th e m  can  couple b a c k  to  th e  so lid  line  in  w h ich  case th is  is an  
effec tiv e  in te ra c tio n  or i t  couples to  th e  d ash ed  line in  w h ich  case i t  is 
a n  effective D z\\ in te ra c tio n . A ccordingly

N (к,««) =
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w here tw o  new  v e rtic e s  h a v e  been  in tro d u c e d :

♦

in  w hich  th e  sm all m o m en tu m  tra n s fe r  in te ra c tio n  couples to  th e  solid lin e , and

14
♦ . . .

in  w hich  th e  sm all m o m e n tu m  tra n sfe r  in te ra c tio n  couples to  th e  d ash ed  line. 
T he tw o  legs an d  th e  in te rm e d ia te  line a re  co nnec ted  b y  effective coup lings 
in  a ll possib le w ays an d  se lf en erg y  co rrec tions on th e  in te rm e d ia te  line sh o u ld  
also be considered . T he d iag ram m atic  re p re se n ta tio n  o f th e  sp in -d en sity  re s 
ponse is s im ilar, b u t  in s te a d  o f 0 2ц th e  effec tive  in te ra c tio n  B 2l sh o u ld  
a p p ea r. In  th e  p a ir in g  responses th e  v e rtic e s  h av e  tw o in co m in g  lines, o th e r 
wise th e  re p re se n ta tio n s  a re  sim ilar.

As w as p o in ted  o u t b y  S ó l y o m  [17], th e  p a r tic u la r  fe a tu re s  of th e  T o m o - 
n a g a  m odel allow  to  derive  generalized  W a rd  id en titie s  re la tin g  th e  fo u r-leg  
vertices  Г^}  an d  Г^}  to  th ree -leg  vertices Г +_  w ith  large m o m en tu m  tra n s fe r . 
T hese  re la tio n s  a re  th e  consequence of th e  con serv a tio n  law  for p a r tic le s  in  
each  b ra n c h  an d  fo r each  sp in  o r ien ta tio n  a n d  are  s tra ig h tfo rw a rd  g en era liza 
tio n s  o f th e  W ard  id e n titie s  g iven in E qs. (9) an d  (10). T h e y  can be w r it te n  
a n a ly tic a lly  as

Г+>(Р — 4-> "1  — £■> Ъ e’ o>) = ------— “  [A—(/» — q,ü>i — e, к — q, w — s) —
e -  vFq

— G - ^ p  — q, Wj — e) G+(p , tOj) r +_(p. coj, k, a>)] (24)

and

rW (p  — Ъ w\ — *■> к, со, q, e) = ------- -—  [Г+_ (р  — q, о»! — e, к — q, u> — e) —
e +  vFq

— G z2(p — k, œ1 — e)G_(p — k —q, ых — e — со)Г+_(р  — q, co1 —[e, fc, со)] (25)
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o r d ia g ra m m a tic a lly  as

w h ere  th e  e x te rn a l  ren o rm alized  G reen’s fu n c tio n  legs sh o u ld  also be  ta k e n  
in to  acco u n t.

T he a n a ly tic  exp ressions fo r th e  c h a rg e -d en s ity  response fu n c tio n  
IV(k, to), w h en  th e  tw o re p re se n ta tio n s  a re  u sed , are

N (k,  со) =  — i  Г - ^ - G+(p,  сох) Г+_(р, cov  k, со) G_(p  — k, ftq — со) (26) 
J  2 л  2л

a n d

N (k ,  со) =  — i №  0̂>1 G^>(p, coj) G _(p  — k, coj — со) - f  
1 2тг 2 tt

+ fie. xJ 2 л  2 л  J 2 л  2 л  e — v Fq

X G+(p — g, ft)! — s) Г ф (р  — g, ft)! — Ê, g, e, к, со) X

x G _ (p  — k, co1 — со) +  сох) X
J  2л: 2гг

x | - i | L 2 i u M c+(p_ s, „ 1_ , )x
J  2 tz 2 jt e  —  t>F 2

Х Я %  — g, со! — e, к, со, g, e) G _(p — к , сох — со). (27)

In tro d u c in g  th e  q u a n t i ty

N (p ,  o)]_, к, со) =  G+(p , со) Г +_(р, со-t, к, со) G_(p — k, co1 — со) (28)
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from  w hich  N (k ,  со) is o b ta in e d  b y  sim ple in te g ra tio n , m ak in g  use  o f th e  gene
ra lized  W a rd  id e n titie s  in  E q . (27) an d  co m p arin g  E qs. (26) an d  (27) gives

N (p,  oq, к, со) G(f - X(p, coj) =  G_(p — к, co1 — со) +  

dq d e D lu(q,e)
2 л  2 л  e — vF q

N (p ,  cov  к, со)] +  i J

[N(p  — q, ctq — e, к  — q, со — e)

dq d e P 2u(q,e) 
2 л  2 л  s — v F q

N (p  — q, co1 — e, к  — q, со — e)].

[N(p — q, oq — s, к, со)

(29)

T his e q u a tio n  can  be so lved  b y  w ritin g  i t  in  F o u rie r tra n sfo rm e d  fo rm
w ith

N (p ,  oq, к, со) — J  dx1 d q  dx dt N (xv  q ,  x, t) e'KU-pxi) ei(®t - kx) (30) 

since th e n

i N (xv  q ,  x, t) =  <5(s +  aq) ô(t +  G _ (—x, —t) +
dx1)

î -®qn(* ~b t +  q) N(x ,̂ q? xt t) (31)
г[-К^2||(Л' “Ь X V  t  t i )  ^2ll('*'l’ h ) ]  N ( x ^  q ,  X, t),

w here  th e  te rm  lead in g  to  a F e rm i energy  re n o rm a liza tio n  h as  again  b een  
neg lec ted  a n d

1̂ 21l(Xi
f  dq ds E>2,,(g, e)

J  2 jr 2я  e — v F q
g — l(ef—4x) ' (32)

T he so lu tio n  can  be lo o k ed  fo r in  th e  fo rm

Щ х ±, q, *, t) =  N x(x +  x v  t +  q) N 2(xv  t^)N3(x, t). (33)

E q . (31) can  be  s e p a ra te d  in to  tw o  eq u a tio n s  fo r  N x and  N 2, a n d  fu rth e rm o re  
N 3(x, t) =  G _(—x,  — t)N^~1(—x,  — t). These e q u a tio n s  are  so lv ed  in  th e  sam e 
w ay  as E q . (12). P u t t in g  e v e ry th in g  to g e th e r, ta k in g  in to  a c c o u n t th a t  N (k, со) 
is o b ta in ed  fro m  N (p ,  oq, к , со) b y  a sim ple in te g ra tio n , w h ich  m eans th a t  th e  
F o u rie r  tra n s fo rm  N (k , t) o f N (k , со) is o b ta in e d  b y  p u t t in g  aq =  q =  0 in  
lV(aq, q, x, t), w e f in a lly  get

N (x, t) =  — i G+(x, t) G_(— x, — t) [A2(x — uat -f- i/A(t)) (x +  u at — i /A ( t ) ) ] ^ X  

X [A2(x — uet +  i/A(t)) (я - f  u ei — i / A ^ f a  (34)
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w ith

ß a  ~  (^211 ^ 2 i ) ’
4 n u a

ß , =  ~r—  (*..,+ A«). (35)4 я и е

Since th e  sp in -d e n s ity  response fu n c tio n  co n ta in s  D 2l in s tead  o f  Х)2ц, 
a s im ila r exp ression  is o b ta in e d  fo r x ix i *) w ith  —ß a  in s te a d  o f in  th e  expo
n e n t.

T he ca lcu la tio n  o f  th e  p a irin g  responses can  be d o n e  in  a s im ila r w ay. 
T he g en era lized  W ard  id e n tit ie s  a re  also  s im ila r w ith  one  o v era ll sign d ifference 
in  th e  case w hen  th e  sm all m o m en tu m  tra n s fe r  in te ra c tio n  leg couples to  th e  
d ash ed  lin e  d u e  to  th e  o p p o site  o r ie n ta tio n  o f th is  lin e . T he re su lt fo r  th e  
s in g le t-su p e rco n d u c to r re sp o n se  is

A„(x, t ) =  iG+(x, t) G_(x, t )  [Л2{х — u at  +  i / A ( t ) )  (x +  u at  — i / A ( t ) ) ] ^  X

X [A2(x  — Ugt +  i / A ( t ) )  (x +  uet — i ) A ( t ) ) ] ~ P e .  (36)

T he tr ip le t-su p e rc o n d u c to r  response  h a s  —ß a  in  th e  e x p o n e n t in s te a d  o f  ß a .
W ritin g  in  th e  exp ressio n s for th e  G reen ’s fu n c tio n s  from  E q s . (16) and  

(18) we f in a lly  ge t

w here

«

w ith

K ( , , ,) _  T i *  -  »>» +  ‘{A w  . «  +  M - i / d ( . )  A . x

x  — vFt +  iô(t) x  vFt — i/ő (t)

X [(л: — ujt  - f  i /A(t)) (x +  uat — i/A(t))]i*  X 

X [(л — и t +  i/A(t))  (x  +  uet — ilA(t))Ye.

ÍG =  y  TV Me =  у

Уе =

1 1 -, 1/2
V F  +  —  ( ^ 1 | |  —  ^ 1 ± )  —  —  (^211 —  ^ 2 l )

2я  2n

V F +  — ( ^ 1 | |  +  ^ l l )  + — (^211 +  ^ 2 l )
2n 2n

(37)

(38)

( 3 9 )
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for th e  ch a rg e -d en s ity  response  fu n c tio n ,

(Ü) A*» =
2ya

for th e  sp in -d en sity  re sponse  fu n c tio n ,

(40)

(iii)

for th e  s in g le t-su p e rco n d u c to r response, a n d

. . .  1 1  
(lv ) /*« =  —  . =

2 y„ 2y

(41)

(42)

for the triplet-superconductor response.
In th e  case o f spin-independent in teraction  these results agree w ill those  

obtained b y  F ogedby  [15].

4. System  of coupled T om onaga ch a in s

I t  w as show n in th e  p rev ious S ections how  th e  s tr ic t ly  1-d T omonaga 
m odel can  be solved e x a c tly  by  su m m ing  a ll d iag ram s b y  th e  use o f W a rd  
id en titie s . Now th is  m e th o d  w ill be e x te n d e d  to  s tu d y  th e  p ro p ertie s  o f  a 
quasi-1-d  sy stem , in  w h ich  3-d couplings a re  ta k e n  in to  acco u n t.

T he m odel is d e fin ed  as follow s: a se t o f  1-d Tomonaga chains w ith  lin e a r  
d ispersion  re la tio n  an d  in tra c h a in  fo rw ard  sc a tte rin g  is  coup led  to g e th e r  b y  
in te rc h a in  coupling  w hich  h as  fo rw ard  sc a tte r in g  co m p o n en ts  on ly . A ssign ing  
a ch a in  in d e x  i to  th e  e lec tro n s on th e  c h a in  a t  positio n  R t, th e  H a m ilto n ia n  
o f th e  sy s tem  can  be w r itte n  as

H = H 0 +  H int
wdth

(43)

and

H 0 — v F(k  — k F) aficz alka -f- vF(—k k F) bfca bikx
i.k.a i.k,«

«  in, = ~  2  {K\\lj +  ï-lLij d * ,-ß ) («À+pa a jic’—p ß  a j k ’ß  alk* +  
Ab i.j k.k'.p

*'ß +  ^tk+рч b fc - p ß  b jk-p btka)

~ b  —  £  ( ^ 2 i i i l  +  ^ 2 1 0  \ , - ß )  a tk+pj. b jic '-pß  b j k'ß a lka,
L i.j

k.k'.p
*.ß

(44)

(45)
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w h ere  XliF a n d  X2ij are th e  co u p lin g  c o n s ta n ts  be tw een  e lec trons on i th a n d  
j tb chains. F o r  sim p lic ity  e q u iv a le n t ch a in s  a re  considered , i.e . vF a n d  k F 
a re  ta k e n  to  b e  th e  sam e fo r  a ll chains.

The m e th o d  o f so lu tion  is  a s tra ig h tfo rw a rd  g en e ra liza tio n  o f th e  m e th o d  
u sed  in  th e  s t r ic t ly  1-d case. Since th e  q u a s i- l-d  m odel h a s  th e  tw o m a in  
c h a ra c te r is tic  fe a tu re s  o f th e  1-d T o m o n a g a  m odel, n am e ly  th e  l in e a r ity  o f 
th e  d ispersion  re la tio n  an d  th e  absence o f  la rg e  m o m en tu m  tra n s fe r  (b ack w ard  
sc a tte rin g ) te rm s , d iag ram s w ith  sim ple b u b b les  an d  series o f  bubb les w ill on ly  
c o n tr ib u te , th e  effect of m ore  co m p lica ted  d iag ram s b e ing  cancelled  b y  each  
o th e r . As a  consequence , e ffec tiv e  in te ra c tio n s  can  again  be  in tro d u c e d , s a tis 
fy in g  th e  sam e  d ia g ra m m a tic  e q u a tio n s  as in  th e  1-d case, b u t  th e  e lec tro n - 
ho le  p a ir  in  th e  in te rm e d ia te  s ta te  can  be on  a n y  cha in . T he a n a ly tic  e q u a tio n s  
fo r  th e  e ffec tiv e  in te ra c tio n s  a re

-^111 i] —  ^ i i i t /  "Ь  2  +
i

Duij =  +  2  [ K u i n ^ w  + ̂ n + D u u j  + K w II-D w j +  ̂ i I I - D ^ ] ,
i

D i u i j  =  Л -2 П i j  +  2  [ ^ m i i n + D l u ij-\-  l 2LiiTI+ D 1Llj  +  Хш ц П _ 0 2и1] + Xiy n I I _ D 2Li j \ ,  
i

Duij  =  ^2i;y +  2  [^г\\цП+1)хи]+^2шП+Т>1и1]+Х1ицП_В2Uj+ X 1Liln _ D 2nij\.
1 (46)

T hese  e ffec tive  in te ra c tio n s  a re  o f  course fu n c tio n s  o f th e  m o m en tu m  co m p o 
n e n t  kjj w h ich  is p a ra lle l to  th e  chain  d ire c tio n , an d  th e  en e rg y  v a r ia b le  co 
th ro u g h  th e  d ep en d en ce  o f П  on  these  v a ria b le s . P e rfo rm in g  a F ourie r t r a n s 
fo rm a tio n  in  th e  p e rp en d icu la r  d irec tio n  w ith

J W fc,„ ® ) =  *1. ffl) в ' ^ - Ч  /i =  1||, 1 -1 , 2 ||, 2_L (47)
TV

w e have

D M  =  Aln (/cx) +  Alll(fe1) l ,7+jDlll(fc1) +  I M I I + D M  -+-

+  A2ll(fcx) n _ D M  +  A2X(fcx) n _ D 2X( k J  (48)

a n d  th ree  s im ila r  equ a tio n s w ith

M  =  2  V /  /* =  111, 1 i - , 2 ||, 2 _L. (49)
i

The ^ - d e p e n d e n t  e ffec tive  in te ra c tio n s  obey  e x a c tly  th e  sam e e q u a tio n s  
as th e  e ffec tive  in te ra c tio n s  in  th e  1-d case, ex cep t th a t  everyw here  A sh o u ld
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be rep laced  b y  A(k±). K eep ing  th is  in  m ind , th e  so lu tio n  o f th e se  eq u a tio n s is 
o b ta in e d  from  E q s . (6) — (8) i f  th e  dependence on k± is ta k e n  in to  acco u n t. 
T he velocities uŒ a n d  ue w ill also depend  on fc±, e.g.

1 "PI1/2
—  -  * u ( * i ) ) j  j -  (50)

A  v e ry  im p o r ta n t  consequence of th e  n eg lec t o f h o p p in g  a n d  b ack w ard  
sc a tte r in g  is th a t  p e r tu rb a tio n s  c rea ted  on a n y  chain  can  p ro p a g a te  a lo n g  
th a t  ch a in  only. T h e  ne ig h b o u rin g  chains can in flu en ce  th is  p ro p ag a tio n , b u t  
th e re  is no response  on  o th e r ch a in s . The G reen’s func tion

G+IJ(p, e) =  - i  J  dt e 'rf<T{a,p(t) a+ (0)}> (51)

w ill be  d iagonal in  th e  chain  in d e x , G+ij- =  G+ii • 6 ц, an d  s im ila rly  a ll th e  
response  functions

R u(k, со) =  - £  J dt eM (T{Oi{k , t) O f (к, 0)}> (52)
w ith  e.g.

0,(k, t) =  - i -  2  btP t (0 aip+k, (t) (53)
L  p

fo r th e  ch a rg e -d en s ity  response fu n c tio n , w ill b e  d iagonal in  th e  chain  in d e x .
T h is is easily  seen  since in  th e  d en sity  responses a la rge  ( ~ 2  kF) m om en

tu m  is g iven  to  th e  e lec trons on  one chain  a n d  th is  m o m e n tu m  c an n o t b e  
tra n s fe r re d  to  o th e r  chains i f  o n ly  sm all m o m en tu m  tra n s fe r  processes a re  
allow ed. In  th e  su p e rc o n d u c tin g  responses th e  Cooper p a ir  a d d e d  to  a c h a in  
c a n n o t p ro p ag a te  to  o th e r  ch a in s  i f  h opp ing  is  n o t  allow ed.

D ue to  th is  p ro p e r ty , th e  ve rtices  ap p ea rin g  in  th e  D y so n  eq u a tio n  fo r  
th e  G reen ’s fu n c tio n  a n d  in  th e  tw o  a lte rn a tiv e  re p re se n ta tio n s  o f  th e  re sponse  
fu n c tio n s  have id e n tic a l chain  in d e x  on th e  tw o  e lec tron  legs. T h e  W ard  id e n 
ti t ie s  u sed  in  th e  1-d  case w ill b e  v a lid  here  as w ell, because  th e  p rob lem  is  
red u ced  to  a one c h a in  p rob lem  w ith  effective in te ra c tio n s

Dpu(kn, со) =  - ^ D ^ f c , , ,  h ,  со), [л =  1||, I X ,  2 ||, 2 X .  (54)
!v k±

U sing  these  expressions fo r  th e  effective in tra c h a in  in te ra c tio n s , th e  
D yson  eq u a tio n  (11), E q . (29) fo r  th e  ch a rg e -d en s ity  response a n d  th e  a n a lo 
gous eq u a tio n s fo r th e  o th e r re sp o n se  fu n c tio n s can  be so lved  b y  ta k in g  o v e r 
th e  re su lts  of th e  1-d  case to  g e t

G+ij{x, t) -  djj J J  [G+(x, t, k±)yiN (55)

u a{kx) = VF +  “ (^ lll(^ l)
Z tz

h Á K ) )
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and R u(x, t) =  bt!J l  [R(x, I, k J f l N , 
Kx

(5 6 )

w here  N  is th e  n u m b e r o f  ch a in s , G+(x, t ,  k J  an d  R (x ,  t ,  k±) h av e  th e  sam e 
fo rm  as th e  co rresp o n d in g  exp ressions fo r a single c h a in  w ith  k ^ k j  in s tead  
o f  Xp. E .g.

« ( , , . .  k J  =  T i —  ” *  +  -+  л -X
*  —  V p t  +  i b ( t )  X  +  V p t  —  i ô ( t )

X [(* -  ua( k j t  +  i/A{t)) (x +  ua(kj) t  -  i / A ( t ) r ^  (57) 

X [(* -  ue(k±) t +  i/A(t)) (x +  u e( fe j  t -  i / A ( t ) ) r ^ \

1 # 1
w h ere  for th e  ch a rg e -d en s ity  response  [A^kJ  =  — ya(k±) an d  /ie(fcJL) =  —

w ith

y0(fei) =

y e(k i) =

VF +  —  [ ^ l | | ( * l )  —  hx(kx)] — —  [ ^ 2 l l ( * l )  —  ^ 2 l ( * l ) ]
2 7Г 2 7t

2 ‘

1/2

• f  + “ [^ „ (* i ) -  * u )* )] H -^ -[A „ ,(* x ) -  **i(*±)l
2 7T 2 7t

V F +  —  [ ^ n i ( ^ l )  +  ~  “  [ ^ 2 n ( ^ l )  +  ^ 2 l ( ^ l ]
2 я  2 л  * 2

® F  + ~  [ ^ l l l ( ^ l )  +  * u ( * t ) ]  +  —  [-^2 | ! ( ^ i . )  +  ^ 2 1 ( ^ 1 ) ]
2 71 2 71

(5 8 )

a n d  th e  ex p o n en ts  o f th e  o th e r  re sponse  functions a re  o b ta in ed  by  th e  rules 
g iv en  in  E q s . (40) — (42).

In  th e  lim it  o f  w eak n e a re s t n e ig h b o u r in te rc h a in  in te ra c tio n  th is  re su lt 
ag rees  w ith  th a t  o b ta in ed  b y  K l e m m  a n d  G u t f r e u n d  [ 7 ] .

5. D iscussion

W e h av e  g iven  an  e x a c t so lu tio n  o f  a quasi-1 -d  m odel o f in te ra c tin g  
e lec tro n s . A lth o u g h  th e  m odel c o n ta in s  ex p lic itly  a 3-d in te rch a in  coupling , 
d u e  to  th e  p a r tic u la r  choice of th is  co u p ling  (only fo rw ard  sc a tte r in g  te rm s 
w ere  considered ), th is  m odel tu rn s  o u t to  be e q u iv a le n t to  a se t o f e ffec tive ly  
decoup led  ch a in s . T he p e r tu rb a tio n s  can  p ro p ag a te  a lo n g  th e  chains o n ly , no 
resp o n se  is o b ta in e d  on o th e r  cha ins. E a rlie r  a p p ro x im a te  tre a tm e n ts  o f the  
b a c k w a rd  sc a tte r in g  m odel [6] — [8 ] h av e  in d ica ted  a lre a d y  th a t  b ack w ard  
s c a tte r in g  te rm s  or in te rc h a in  h o p p in g  a re  im p o r ta n t to  have  a p h ase  tr a n s i
t io n  in  q u a s i- l-d  system . O u r ex ac t ca lcu la tio n  proves t h a t  w ith o u t th e se  te rm s 
no o rd e rin g  is possib le a t  an y  f in ite  te m p e ra tu re , s ince  th e  o rd e red  phase 
w ould h av e  a n o n -decay ing  response fu n c tio n .
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TWO KERR-NUT TYPE SOLUTIONS OF 
EINSTEIN’S EQUATIONS

By

I . C. P atel , R . P . A kabari and L . K . P atel

DEPARTMENT OF MATHEMATICS, GUJARAT UNIVERSITY, AHMEDABAD 380 009, INDIA

(R eceived 15. X II. 1979)

Two exact solutions of E instein’s field  equations are obtained. One of them  describes 
the K err-N U T m etric in  the background of E instein’s U niverse. The m etric of th is solution 
is such th a t  in the v ic in ity  of the source i t  reduces to  the  K err-N U T m etric and in  th e  absence 
of th e  source i t  reduces to  the metric o f E instein’s Universe. The o ther solution describes the 
K err-N U T  m etric w ith  a non-zero cosmological constant. The details regarding th e  tw o solu
tions are also discussed.

1. In tro d u c tio n

T h e  s tu d y  o f  g ra v ita tio n a l fie ld s due to  ro ta t in g  bodies p lay s a  sig n ifi
c a n t ro le  in  re la tiv is tic  a s tro p h y sics . T herefo re  m a n y  resea rch ers  h a v e  ta k e n  
k een  in te re s t in  s tu d y in g  th e  g ra v ita tio n a l fie ld s  o f ro ta tin g  bod ies. Tw o 
rig o ro u s so lu tions o f  E in ste in ’s v a c u u m  fie ld  e q u a tio n s  are  w ell-know n in  th e  
l i te ra tu re . T h ey  a re  th e  K err so lu tio n  [1] a n d  th e  N U T  so lu tions [2]. B o th  
so lu tio n s ad m it a  shear-free congruence  of n u ll geodesics w ith  non-zero  ex 
p an sio n  and  tw is t .  T he com b in ed  K err-N U T  m etric  can  he exp ressed  as 
(D em iansk i [3])

ds2 =  2 [du +  (a sin2 a  — 21 cos a )dß] [dr — a sin2 otdß]

+  1
2 mr -f- 2 IF

r2 - f  F 2
[du -f- (a sin2 a 21 cos a) dß]2

— (r2 -|- F 2) (dec2 -f- sin2 otdß2), ( 1 )

w here  F  =  a cos a  -f- l. The c o n s ta n ts  m, a, l re p re se n t re sp ec tiv e ly  th e  m ass, 
a n g u la r  m o m en tu m  p e r un it m ass an d  m agnetic  m ono p o le-ty p e  m ass. T he choice 
1 = 0  gives us th e  K e rr  m etric  a n d  th e  choice a =  0 gives us th e  N U T  m etric .

V a i d y a  [4] h a s  found o u t  w h a t th e  K e rr  m e tric  looks like in  th e  b a c k 
g ro u n d  o f a hom ogeneous m odel o f  th e  U niverse . H e  has exp ressed  th e  m e tric  
o f th e  E in s te in ’s U n iverse  in  th e  ro ta tin g  sp h e ro id a l p o la r co o rd in a tes .
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I t  is g iven  b y

ds2 =  2(du -f- a sin2 xdß)(dr — a sin2 xdß] 

ГI a2 \ ~ 1
— M 2 1 -------- sin2 a da2 sin2 ad  ,\  JR2 )
-f- (du -j- a  sin2 a dß)2, (2)

w ith  M 2 =  (R 2 — a2) sin2 — I -f- a2 cos2 a . H ere  R  an d  a are  c o n s ta n ts .

P atel  a n d  A kabari [5] h a v e  d iscussed  th e  N U T  m e tric  in  th e  b a c k 
g ro u n d  o f  E in s te in ’s U niverse .

M an y  in v e s tig a to rs  h av e  d iscussed  K e rr  m e tric  w ith  a non-zero  cosm o
log ica l c o n s ta n t (see [6], [7], [8 ]).

T h e  o b je c t o f  th e  p re sen t in v e s tig a tio n  is to  o b ta in  (i) K e rr-N U T  m etric  
in  th e  b a c k g ro u n d  o f  E in s te in ’s U n iverse  a n d  (ii) K e rr-N U T  m e tric  w ith  a 
n o n -ze ro  cosm ological c o n s ta n t. F o r  th is  p u rp o se  we consider th e  m e tric  in  
th e  fo rm

ds2 =  (1 / F 2) [2(du -r  g sin  a dß) (dr - f  h  sin a  dß)

— 2L(du  -f- g  sin  ad/3)2 — M 2(da2 -f- sin2 ad/32)]

w ith  g  =  g(x), h — A(a), M  =  M (a , r), L  =  L (a, r) an d  F  — F(a , r).

2. E q u a tio n s  o f  s tru c tu re

In tro d u c in g  th e  basic  1-form s

0W =  JL (du +  g  s in  xdß), Ô(2) =  (M jF)  da,
F

0(з) =  (М /F)  sin  a  dß, 0(« =  —  (dr - f  h sin  a  dß) -  L0<“ ’ (4)
F

w e can  w rite  th e  m e tr ic  (3) as

ds2 =  20<« 0(4) -  (0ß))2 -  (0(®))2 =  g(ab) 0(°) 6(b\  (5)

H e re  a n d  in  w h a t follow s a b ra c k e te d  in d e x  im plies th e  co rrespond ing  te tr a d  
c o m p o n e n t. I t  is now  easy  to  co m p u te  th e  e x te r io r  d e riv a tiv e  d0(a) fro m  (4). 
T h e  su b s ti tu t io n  o f  d d ^  in  th e  C a r ta n ’s f ir s t  s tru c tu re  eq u a tio n  dO^ — 
=  — co$ Л  y ie ld s  th e  co n n ec tio n  1-form s U sing th e se  in  the
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C a rta n ’s second  s tru c tu re  eq u a tio n  =  dcojjjj +  û){$ Л  we can  o b ta in  
th e  con n ec tio n  2-form s ß jj j .  T he c o m p u ta tio n s  o f  toj“) a n d  are  le n g th y  
b u t  s tra ig h tfo rw a rd  a n d  so are  n o t given he re . T he re la tio n  betw een  ß jj)  a n d  
th e  c u rv a tu re  ten so r is g iven  b y

=  • б ^ л  e(d). (6)
2

U sing (6) a n d  th e  exp ressions o f  ű fy  one can  o b ta in  th e  te t r a d  co m p o n en ts  
R(ab) —  ЩаЬс) R icci te n so r . T he ex p lic it expressions fo r  are

« (23) =  (2A2F /M 2) [Frz -  F zM r /M  +  F rH/h2 -  FrN /h2M],

=  - ( h F / M ) [2  F rz - 2 F zM r /M  -  F
Mr  I
M  L+  F 3 IG

R(34) = (h F /M ) Ï2 F rr -  2 F r(M r/M )  -  F 3 (-
M 2F 2

M 2F 2 j r 

-  F (M r /M )rl  ,

«U4) =  2 F [ F M rr/ M  -  G2F /M 4 -  F „ ] ,

R(12) =  ( F 4A/M) [(í-e /F 2) , +  {(2LG -  Я ) / Л № } , ]  +  L R (M) 

R a 3) =  (F*A/M) [ - ( L r/ F 2)r +  {(2LG -  H ) /M 2F 2}2] +  L F (34),

R « d =  L*R(44) +  (h F /M )2 [L„ +  L rr -  2 (L ,F , +  L rF r)/F]  +

+  2H (F IM )2 [L. -  (Я  -  2LG)/M2],

R<h ) =  +  (2/A f) {{LMr)r -  (G /M ) (Я  -  L G )/M 2}] -

-  3(A/M)2 ( F f  +  F?) +  2 H F F J M 2 +  F (A /M )2 ( F „  +  F zz)

-  4 F L rF r +  2 L F ( - 2 F „  - f  3 F ? /F  -  2 FrM r/M ),

\hg  [ -
M z

+
2Gh

r ,:\L U m J2 8 [ m ]

-  1 +  4LG2/M 2 -  4G H /M 2 -  { Ц М 2)Г}Г 

+  h2(M r/M )r\ +  F(A /M )2 ( F „  +  3 F zz)

-  2 L F (F rr +  4 F rM r/M  -  3 F ? /F )  -  2 F F rL r -  (h/M)2(F? +  F | )

-  -  h M j M  -  A ] ,

R(33) =  -Rc22) -  (2h F /M ) [(hFz/M )z +  F f iM J M *

-  (h F r/M )r -  (N F J M *)],
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w here
2G — gx g  co t a , 2 H  =  hx -f- h co t a  (7)

N  =  M a M  co t a  (8)

a n d  th e  v a r ia b le  oc is rep laced  b y  th e  v a r ia b le  z defined  b y

Ы а  =  dz. (9)

H e re  an d  in  w h a t  follows th e  su ffix  in d ic a te s  th e  d e riv a tiv e s  e.g.

hz =  dh/dz, L rr — d2L/dr2 etc .

3. The case F  =  1

W e sh a ll now  t r y  to  sh o w  th a t  th e  m e tr ic  (3) w ith  F  =  1 is co m p a tib le  
w ith  th e  p e r fe c t flu id  d is tr ib u tio n . T he f ie ld  eq u a tio n  fo r th e  p e rfec t f lu id  
d is tr ib u tio n  c a n  be exp ressed  in  th e  t e t r a d  fo rm  as

R w  =  h m  — 8 я  (p  +  e) *(e) v(b) — — (g -  P) g w ( 10)

H e re  p , Q,Vça) a n d  A are re sp e c tiv e ly  th e  p re ssu re , th e  d e n s ity , th e  te t r a d  co m 
p o n e n ts  o f th e  f lo w  v ec to r sa tis fy in g  v,a>a№ =  l a n d  th e  cosm ological c o n s ta n t. 
W e choose th e  te t r a d  c o m p o n en t as

v(a) : - 7 - ,  0 ,  0 ,  r a |  ,
2 n

( П )

w h ere  n  is a  p a ra m e te r  to  h e  d e te rm in e d  fro m  th e  f ie ld  eq u a tio n s . 
P u t t in g  F  =  1 in  (7) i t  is easy  to  see th a t

Л (2 3 ) —  1* an(l  H (2 2 ) —  H (23) • (12)

T h e  resu lts  (5), (10) and  (11) im p ly  th e  fo llow ing  re la tio n s

8лр  =  A  — R Ui), ( 1 3 )

8 j r g  =  — A  —  J ? ( 2 2 )  -  [ Я а 1 )  « ( 44) ] V 2 ,  ( 1 4 )

H ( 44)  =  4 г а 4Я ( 1 1 ) ,  ( 1 5 )

H ( l 4 )  +  11(22) =  [ 11(11) H ( 4 4 ) ] 1 / 2 >  (16)

H ( 2 4 )  =  6 ,  R  34)  =  0 ,  ( 1 7 )

H ( i 2)  =  6 ,  Л а з ,  =  0 .  ( 1 8 )
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U sing  (7) and  (17) a n d  th e  re su lt  F  — 1 we o b ta in

M 2 =  Q2{CX2 +  Y 2), G2 =  Q2Y Y Z, (19)

w here  Q is an  a rb i t r a ry  fu n c tio n  o f  z an d  th e  fu n c tio n s  X  =  X{r)  a n d  Y  =  Y(z) 
sa tis fy  th e  re la tio n s

X rr =  - X / R 2, X 2r =  1 -  Х 2/Д 2, Y zz =  Y /Д 2, Y \  = C  +  Y 2jR?. (20)

H ere  C an d  R  a re  co n stan ts .
F ro m  (7), (18), (19) an d  (20) we o b ta in

2L  =  —1 +  2 ( m i l ,  +  Y Y Z)I(CX2 +  Y 2) (21)
an d

- ^ = Z ( 2 Y 2/tf2 +  C ) -  Y Y 2, (22)

w here  m  an d  Z are  co n stan ts . T h e  use o f (7), (19), (20), (21) a n d  (22) in  th e  
eq u a tio n s  (15) an d  (16) y ields th e  re su lts

2 n2 = - L - 1 (23)

an d  (h W ) (QJQ)z +  (2H/Q2) (QJQ) -  1/Q2 + C
-  U Y Y J R 2 +  2 Y 2/R2 =  0. (24)

T he re su lts  (19), (20), (21), (22) a n d  (24) d e te rm in e  th e  fu n c tio n s  M , g, h and  
L  com ple te ly . T h e  re su lt (23) g ives us th e  va lu e  o f n w here we h a v e  assum ed 
th a t  L  is n eg a tiv e . T he p ressu re  a n d  d en sity  c a n  be o b ta in ed  fro m  (13) an d  
(14). T he expressions for p  a n d  q are

8jip  =  A +  2L /R 2, 8nq  =  — X — 3 L/R2, (25)

w here  2L  is given b y  (21). T h u s w e h av e  seen t h a t  th e  m etric  (3) w ith  F  =  1 
is co m p atib le  w ith  p e rfec t f lu id  d is tr ib u tio n .

4. A n E in s te in — K err-N U T  m etric

T he p rin c ip a l goal o f th is  S ec tio n  is to  give th e  physica l in te rp re ta tio n  
o f th e  so lu tion  o b ta in e d  in  th e  p rev io u s Section. F o r  th is  p u rp o se  we shall use 
th e  v a ria b le  ip in s te a d  o f z d e fin ed  b y  th e  eq u a tio n

( Y 2 +  l2 -  a2 cos2 xp)2 =  4Z2Y 2(1 -  а2/Д 2 +  Q2/R2), (26)

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



192 I. C. PATEL et al

w h ere  Y  is given as a function  o f z b y  (20) an d  a  is a co n stan t. W e also ta k e

X(r)  =  R  sin  (r/R). (27)

T h ere fo re  (20) gives u s  C =  1 — a2/R 2. U sing (26) a n d  (27) i t  can  be  easily- 
seen th a t  th e  d iffe ren tia l e q u a tio n s  (22) an d  (24) a d m it sim ple so lu tions.

h sin  ж =  —a sin2 y>, Q sin a  =  s in  y>. (28)

U sing  (26) an d  (27) in  th e  eq u a tio n  G =  Q2Y Y : w e o b ta in

ag sin a  =  l2 +  a2 -  Y 2, (29)

w h ere  Y  is g iven as a fu nc tion  o f y> b y  (26). T he m e tr ic  o f our so lu tio n  can be, 
ex p ressed  in  th e  f in a l form  as

ds2 =  2 [du +  (l/а) (l2 +  a2 -  Y 2)dß] [dr -  a  sin2 y,dß]

- M 2| j ^ L .  +  sil)2 ? dP*j +  [1 -  2mg -  2ly] X

X [du +  (1/a) (12 +  a2 -  Y 2) d ß ] \  (30)

p  =  R  sin (г/R) cos (r/R)/M 2, y  =  Y Y J M 2,

N * =  (a  cosy ,)-1 [2I Y 2/R 2 +  1(1 -  a2/R 2) -  Y Y 2]

M 2 =  (Я2 -  a2) sin2 (r/J?) +  Y 2. (31)

w here

an d

H ere  Y  is exp ressed  as a fu nc tion  o f  y> b y  (26).
W h en  R  —> oo, w e h av e  X  —► r, Y  —► z. In  th is  case i t  can  be  easily  seen 

t h a t  th e  m e tric  (30) goes over to  K e rr-N U T  m etric  (1) w ith  s lig h t change o f  
n o ta tio n s . In  th is  case  p  4- Q — 0. H ence p  =  0, д — 0 an d  co n seq u en tly  

=  0.
I f  we p u t  m  — l — 0, th e n  i t  is pa in less to  v e rify  th a t  th e  m e tric  (30) 

red u ces to  th e  m e tr ic  (2) o f th e  E in s te in ’s U n iv erse . T hus th e  m e tric  (30) 
red u ces  to  th e  K e rr-N U T  m etric  in  th e  v ic in ity  o f  th e  source an d  i t  reduces 
to  th e  m e tric  o f  th e  E in s te in ’s U n iv e rse  in  th e  absence  of th e  source. W e 
d es ig n a te  th e  m e tric  (30) as an  E in s te in —K err-N U T  m etric .

I f  we se t / =  0 in  (30), we o b ta in  th e  m e tric

ds2 =  2 (du  4- a sin2 yidß)(dr — a sin2 y,dß)

M 2 1 ---------sin2 w dtp2 f  s in
R 2 1

in2 y, dß2j

4* (1 — Imp) (du 4" « sin2y>dß)2 (3 2 )
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w here
M 2 =  (R2 — a2) sin2 (r/R) -  a2 cos2 rp

an d  (33)
p =  R  s in  (r/R) cos (r /R )/M 2.

T h e m etric  (32) is th e  K e rr  m etric  in  th e  back g ro u n d  o f  E in s te in ’s U n iv e rse  
d iscussed  b y  V a i d y a  [4].

In  th e  above analysis we can n o t ta k e  a =  0 because a =  0 im plies h — 0 
w hich  is c o n tra ry  to  ou r a ssum ption . T h ere fo re  one sh o u ld  n o t e x p e c t to  
reco v er th e  re su lts  o f P a t e l  a n d  A k a b a r i  [5] from  th e  a b o v e  resu lts .

5. K err-N U T  m etric  w ith  a  X-term

In  th is  Section  we sh a ll o b ta in  a so lu tio n  of the  f ie ld  equations

«(oft) =  ’Ag(ab)

in  te rm s o f th e  m etric  (3).
T he resu lts  (5) and  (34) im p ly  th e  fo llow ing re la tio n s

« (2 3 )  =  0 ,  « (  2 2 ) =  « (3 3 ) ,

« (3 4 )  =  0 ,  « (2 4 )  =  0 ,

« (1 2 )  =  0 ,  « (1 3 ) =  0 ,

« (1 1 ) =  « (4 4 ) =  0»

« (1 4 ) == 4» « ( 2 2 )  =  Л 1

w here R(ab) are g iven b y  (7).
T he E q s. (35) sim plify  to  th e  eq u a tio n s

M F ?  +  F?) =  p ( F ) ,

M F r r +  F zz) —  ,
d r

w here p  is an  a rb itra ry  fu n c tio n  of F  a n d  p  is defined  by

p — h /M 2 sin  a.
T h e  E q . (36) reduces to

{(G/M 2 -  qr)/F 2}r -  (p r/2 p F 2)2 =  0
an d

{(G/M 2 -  qr)/F 2)z +  (Prl2P F )r =  0 

w here  ta n  q =  F r/F z.

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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F ro m  th e  ab o v e  tw o e q u a tio n s  i t  is c lea r t h a t  (p r/2 p F 2) satisfies L a p lace ’s 
e q u a tio n  in  r  a n d  z. This fa c t le a d s  us to  p  =  1 or p  =  F 3. I n  th e  p resen t p a p e r  
w e  t a k e p  =  1. I n  th is  p a r t ic u la r  case th e  d iffe re n tia l e q u a tio n s  (40), (41), (43) 
a n d  (44) a d m it th e  follow ing so lu tions:

Íi■ =  (сж2 -f- rfy2) - 1, g  sin  a =  К  +  rfy2, F  =  A X rY z, (45)

w h e re  c, rf, K  a n d  A  are  c o n s ta n ts  and  th e  fu n c tio n s  X  =  X (r)  and  Y  =  Y(z)  
s a tis fy  th e  re la tio n s

X rr =  - Х / Й 2; X 2 =  d —  X 2/F 2; Y zz =  Ш ;  У | =  c +  Y 2/R2. (46)

H e re  R  is a c o n s ta n t .
U sing th e  re su lt (45) a n d  (46) th e  tw o  eq u a tio n s (37) can be  easily  

so lv ed  for th e  fu n c tio n s  L  a n d  h. The so lu tio n s  are g iven b y

2L =  - 1  +  2 ( m X X 3 +  l Y Y 3z)/{cx2 +  dy2), (47)

h sin  a =  - K  -  dy2 +  2 I Y Y 3, (48)

w h e re  m, l a n d  К  are  c o n s ta n ts .
W ith  th e  a id  o f  th e  r e s u lts  (45), (46), (47) and  (48) w e h av e  v e rified  t h a t  

th e  tw o e q u a tio n s  (38) are id e n tic a lly  sa tis f ie d . L e t us now  consider th e  e q u a 
t io n  =  A. U sin g  th e  re le v a n t  re su lts , th is  eq u a tio n  g ives us th e  v a lu e  o f  
th e  cosm ological c o n s ta n t A. T h is  value is g iv e n  by

A =  — 3(A2/R2) (cd -  K IR 2). (49)

U sin g  th e  re su lts  (45), (46), (47), (48) an d  (49) w e have v e rif ie d  by  a le n g th y  
c o m p u ta tio n  t h a t  th e  e q u a tio n  R^i2) =  — A is id e n tic a lly  sa tisfied . T h is 
com pletes th e  t a s k  of so lv ing th e  fie ld  e q u a tio n s  R ik =  l g ik fo r th e  m e tric  (3). 
L e t  us now  t r y  to  give th e  p h y s ic a l in te rp re ta t io n  to  our so lu tio n . W hen R  — oo 
w e h av e  F  — A ,  X  =  r, y  =  z an d  c — d — 1. In  th is  case  i t  is c lear fro m  
(49) th a t  A b ecom es zero. C hoosing  th e  c o n s ta n ts  K, A  a n d  К  as

A  =  1, К  =  - ( r 2 +  l2), К  =  l2 — a2 (50)

a n d  using  th e  v a r ia b le  ip in s te a d  o f  z defined  b y

z  =  a cos гр I (51)

th e  f in a l fo rm  o f  m etric  becom es
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ds =  2 [du -f- о(2/ s in  ip — a sin2 ip)dß] [dr -|- a2 sin2 ipdß] 

— (r2 +  z2)(dy2 +  a2 sin2 ipdß2)

2 mr +  2/z I
+

r2 -|- z2
[du -f- a(2Z cos ip — a sin2 ip) dß], (52)

w here  z is given b y  (51). H ere  a an d  l are  c o n s ta n ts .
I t  can  be easily  seen t h a t  th e  m etric  (52) w ith  th e  co o rd in a tes  tr a n s fo r 

m a tio n  — adß =  dß  is e q u iv a le n t to  th e  K e rr-N U T  m e tr ic  (1). H ence  o u r 
so lu tio n  describes th e  K err-N U T  m etric  w ith  a non-zero cosm ological c o n s ta n t. 
T he K err-N U T  m e tric  w ith  a Д-te rm  can b e  expressed  in  th e  form

ds2 =  (A X rY z)~ 2 [2 (du  +  g sin  a  dß) (dr -f- h s in  ad/3)

— (c X 2 +  d Y 2){(dz2/h s in  a) +  h sin ad/?2}

+  {1 -  (2m X X f  +  2 l Y Y l ) l ( X 2 +  d Y 2)}(du  +  g  sin  ad,?)2], (53)

w here  g  sin  a, X  a n d  Y  an d  h s in  a are g iv en  b y  (45), (46) a n d  (48), re sp e c 
tiv e ly .

W e h av e  also verified  t h a t  w hen 1 = 0  th e  m etric  (53) reduces to  th e  
K e rr  m e tric  w ith  a non-zero cosm ological c o n s ta n t given b y  D e m i a n s k i  [6].

T he o th e r m a th e m a tic a l d e ta ils  reg a rd in g  th e  m etric  (3) an d  th e  c h a rg ed  
v e rsions o f th e  so lu tions o b ta in e d  in  th is  p a p e r  are a t  p re se n t u n d er in v e s t i 
g a tio n  an d  w ill be  discussed elsew here.
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DISSOCIATION ENERGY OF Si2 MOLECULE*
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The true  potential energy curves have been constructed for the different electronic 
states o f th e  S i, molecule b y  the m ethods o f L a k s h m a n  and  R a o  as well as M o r s e . The 
dissociation energy for th e  ground state of th e  S i, molecules has been estim ated to  be 3.28 eV 
by  the m ethod  of curve f ittin g  using th e  th ree  param eter L ip p in c o t t  po ten tia l function. 
The estim ated De is in  good agreem ent w ith  th e  mass spectrom etric value 3.25 ±  0.22 eV as 
well as G a y d o n ’s value 3.35 ±  0.2 eV.

In tro d u c tio n

T h e  sp ec tru m  o f  th e  S i2 m olecule is o f in te re s t fo r a v a r ie ty  o f  reasons. 
O ne w ould  expec t th e  S i2 an d  C2 m olecules to  be r e la te d  an d  th e  s im ila rities 
an d  differences in  th e ir  sp ec tra  are  o f  in te re s t from  th e  p o in t o f v iew  o f th e  
th e o ry  o f  e lectron ic  s tru c tu re  o f d ia to m ic  m olecules. D ouglas [1] f i r s t  found  
tw o b a n d  system s o f  th e  S i2 m olecule an d  d es ig n a ted  th e m  as 3n — 3n  and  
3Г — 3£ .  V erma an d  W arsop [2] in v e s tig a te d  th re e  h a n d  sy stem s o f S i2 
in  a b so rp tio n  using f la sh  pho to lysis te ch n iq u e . Tw o o f th e  b an d  sy stem s a t 
320 an d  210 nm  a re  new , w hereas th e  th ird  is a n  ex ten sio n  o f  th e  327— 3E  
sy stem  o bserved  b y  D ouglas in  em ission . Verm a  a n d  W arsop [2] have  
p o in ted  o u t th a t  i t  is n o t  d e fin ite  w h e th e r  th e  g ro u n d  s ta te  o f S i2 is th e  3S J  
s ta te  or n o t  because o f  th e  low -ly ing  tr ip le t  s ta te s . Som e o f th e  b a n d s  o f  C2 
a re  n o t y e t  know n a n d  also  S i2 has close resem blance  w ith  th e  C2 m olecule. The 
th e o re tic a l know ledge o f  th e  S i2 m a y  he  useful to  u n d e rs ta n d  th e  sp ec tru m  
o f th e  C2 m olecule. K eep in g  th is  a im  in  m ind , th e  a u th o rs  to o k  u p  th e  e s ti
m a tio n  o f  th e  d issoc ia tion  energy o f  th e  S i2 m olecule . A know ledge o f th e  
ex ac t v a lu e  o f  th e  d issoc ia tio n  energy  o f  d ia tom ic  m olecules is o f fu n d a m e n ta l 
im p o rta n c e  fo r th e rm o c h e m is try  a n d  i t  is often  o f  in te re s t  in  a s tro p h y sics . 
T he d issocia tion  en erg y  o f  S i2 has b een  es tim a ted  b y  v a rio u s  m eth o d s, b u t  th e  
values re p o rte d  show  a lack  of ag reem en t w ith  one  a n o th e r. V erma and  
W arsop [2] have  re p o r te d  th e  va lu e  o f  D e to  he 3.0 ^  0.2 eV. M ass sp e c tro 
scopic s tu d ie s  have  y ie ld e d  3.25 ^  0 .22 eV. Gaydon  [3] has reco m m en d ed  th e

* P aper presented a t  th e  N ational Conference on M olecular Spectroscopy, held a t 
A nnam alai U niversity, 16— I8 th  A ugust 1979, India.
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v a lu e  3.35 ^  0.2  eV. T he in v e s tig a tio n  deals w ith  th e  e s tim a tio n  of disso
c ia tio n  en e rg y  o f  S i2 m olecule b y  f i t t in g  th e  L i p p i n c o t t  fu n c tio n  w ith  th e  tru e  
p o te n tia l  e n e rg y  cu rv e  u s in g  th e  m olecu lar c o n s ta n ts  r e p o r te d  b y  V e r m a  

a n d  W a r s o p  [ 2 ] .

T he m e th o d  of curve f ittin g

T he tu rn in g  p o in ts  fo r d iffe re n t e lec tro n ic  s ta te s  o f th e  S i2 m olecule are  
c a lc u la ted  u s in g  th e  m e th o d  o f  L a k s h m a n  a n d  R a o  [ 4 ] .  T he p re se n t m e th o d
[4] w as su ccessfu lly  v e rified  in  a n u m b e r o f cases [4, 5, 6, 7, 8 ]. C h a k r a b o r t y  

a n d  P an  [9] su g g ested  th a t  th is  m e th o d  is consid ered  as re liab le  a n d  accu ra te  
w ith  less m a th e m a tic a l c o m p u ta tio n s . T he tu rn in g  p o in ts  as o b ta in ed  b y  
L a k s h m a n  a n d  R a o ’ s [4] m e th o d  fo r d iffe ren t e lectron ic  s ta te s  of S i2 are  
g iv en  in  T ab le  I  a long  w ith  th o se  o b ta in e d  b y  th e  M o r s e  [10] m e th o d  for com 
p a riso n  p u rp o se .

T h e  t r u e  p o te n tia l  en e rg y  cu rv es (R K R Y ) h av e  been  u sed  to  estim a te  
th e  d isso c ia tio n  energies o f  d ia to m ic  m olecules in  a n u m b er o f  cases b y  f i t t in g

Table I
The tru e  po ten tia l energy curves for different electronic states of Si2 molecule

V I / +  T, (cm-*) rmin(nm) rmaxM
Present method M o r s e Present method M o r s e

ОIIh" x 3z - state
0 254.98 0.2179 0.2180 0.2317 0.2317
1 761.92 0.2135 0.2135 0.2374 0.2374
2 1264.83 0.2106 0.2106 0.2416 0.2416
3 1763.68 0.2083 0.2083 0.2451 0.2451
4 2258.50 0.2064 0.2064 0.2482 0.2483
5 2749.28 0.2048 0.2048 0.2512 0.2512

6 3236.02 0.2033 0.2033 0.2539 0.2539
T e =  24582.64 H 3Z ~ state

0 24717.80 0.2574 0.2574 0.2763 0.2763
1 24985.14 0.2514 0.2515 0.2843 0.2845

T e =  30768.77 K ^ ~ state
0 30998.58 0.2283 0.2282 0.2428 0.2427
1 31449.28 0.2242 0.2240 0.2496 0.2494
2 31888.08 0.2217 0.2213 0.2449 0.2545

T e =  46762.21 state
0 46986.93 0.2276 0.2276 0.2423 0.2423

1 47426.63 0.2232 0.2234 0.2489 0.2491
2 47853.33 0.2204 0.2207 0.2541 0.2544
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a p o te n tia l  fu n c tio n  w ith  th e  R K R V  curves. In  th e  p re se n t in v e s tig a tio n  i t  
w as fo u n d  th a t  th e  L i p p i n c o t t  p o te n tia l  fu n c tio n  [11] gives th e  b e s t  f i t  w ith

v - v RKRV
an  av erag e  p e rcen tag e  d ev ia tio n  less th a n  0.05 in  th e  v a lu e  o f-

fo r th e  g round s ta te  o f S i2 m olecu le .
T h e  L i p p i n c o t t  fu n c tio n  as m o d ified  b y  S t e e l e  [11] is

- n ( r  -  ref

D .

Щг)  =  De

1/2

1 — exp
2 r

X

~ l№n)1 --  a -----Ur] (r — re) exp

in  w hich

a =

1/2

(r -  rt)

1 +  —  F
4

, w here  b =  1.065 an d  F  =  a ‘,w‘>
e{a b f 6 B l

T h e  R K R V  tu rn in g  po in ts  a re  u sed  in  th e  ab o v e  expression  a n d  fo r a 
p a r t ic u la r  value o f  D e, th e  en erg y  v a lu es  17(r) a re  co m p ared  w ith  U. T h is is 
re p e a te d  for d iffe ren t values o f D e in  s tep s  o f 0.06 eV a n d  th é  v a lu e  fo r  w hich

Table II

Comparison of the observed and calculated energy values

r
(nm)

U
(cm-  *) De =  3.22 eV De =  3.28 eV De =  3.34 eV

0.2317 254.9 244.9 249.6 254.3
0.2374 761.9 740.6 754.9 769.1
0.2415 1264.8 1226.8 1250.4 1273.9
0.2451 1763.6 1727.0 1760.3 1793.5
0.2483 2258.5 2220.6 2263.3 2306.0
0.2512 2749.2 2701.8 2753.8 2805.7
0.2539 3236.0 3174.7 3235.8 3296.8
0.2179 254.9 260.5 265.5 270.6
0.2135 761.9 757.5 772.1 786.7
0.2106 1264.8 1256.7 1280.9 1305.1
0.2083 1763.6 1758.2 1792.0 1825.8
0.2064 2258.5 2247.8 2291.1 2334.3
0.2048 2749.2 2720.4 2772.7 2825.1
0.2033 3236.0 3211.6 3273.4 3335.1

Average
deviation

0//0

0.089 0.053 0.167
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th e  b e s t f i t t in g  o f  th e  energy  v a lu es  is ach ieved  is ta k e n  to  be accu ra te  d isso
c ia tio n  energy  o f  th e  m olecule. S u ch  a p ro ced u re  has been em p lo y ed  fo r th e  
g ro u n d  s ta te s  o f  Т Ю  [12], SO, SeO an d  TeO  [13], BiO an d  B iS [14] an d  Pj" 
[15] m olecules. T h e  re su lts  o f  th e se  ca lcu la tio n s in  th e  case o f  th e  g round  s ta te  
o f  S i2 w hich a re  n ecessary  fo r com parison  a re  g iven  in  T ab le  I I .

R esu lts  an d  d iscussion

T h e  R K R V  tu rn in g  p o in ts  agree well w ith  th o se  of M o r s e  [10] for th e  
g ro u n d  s ta te , as th e  d ev ia tio n  b e tw een  th e  e x p e rim e n ta l v a lu e  o f  ae (0.0013 
c m -1 ) an d  th a t  c a lcu la ted  fro m  th e  P ekeris  re la tio n  ac (0.001279 c m -1) is 
neg lig ib le . T he re su lts  o f T ab le  I I  show  th a t  th e  b e s t f i t t in g  o f th e  energy  values 
is ach ieved  fo r D e =  3.28 ^  0 .18 eV, since th e  average  p e rcen tag e  dev ia tio n  
in  th is  case is m in im u m . T his v a lu e  is s ig n ifican t because  i t  h as  b een  es tim a ted  
b y  u sin g  th e  t ru e  p o te n tia l en e rg y  curves b ased  on  ex p e rim en ta l d a ta . T his is 
in  v e ry  good a g re e m e n t w ith  th e  m ass sp ec tro scop ic  value 3.25 ^  0.22 eV an d  
a lso  w ith  G a y d o n ’s [3] reco m m en d ed  v alue  3.35 ^  0.2 eV. T h e  above resu lts  
s u p p o r t  th e  v iew  t h a t  th e  e lec tro n ic  s ta te  3E ~  is th e  g round  s ta te  o f th e  S i2 
m olecu le . As h as  b een  p o in ted  o u t by  V e r m a  a n d  W a r s o p  [2], th e re  is n o t 
su ff ic ie n t ev idence  to  assign th e  N 3E ~  s ta te  to  a n y  e lectron ic  co n fig u ra tio n . 
T h e  D e v a lu e  fo r  th is  s ta te  is n o t  d e te rm in ed  in  th e  p resen t s tu d y .

U sing  th e  sam e  Lippinco tt  fu n c tio n  [11] th e  e s tim a te d  d issociation  
en erg ies  fo r H  a n d  К  s ta te s  a re  9,100 an d  5,200 c m -1 , re sp ec tiv e ly . W ith  
th e se  v alues th e  d issoc ia tio n  p ro d u c ts  in  th e  u p p e r  an d  low er s ta te s  are d e te r
m in ed  as follows

Щ Н 'Е й )  +  Te =  D'e ( X 3E j )  +  E a.

T h ere fo re  E A =  7,183 c m -1 w h ich  is in  good ag reem en t w ith  th e  value o f  
6 ,300  c m -1 , th e  a to m ic  e x c ita tio n  o f  1X)2 fo r Si a tom . T he B irg e —S poner 
e x tra p o la tio n  g ives th e  d isso c ia tio n  lim its  o f  33,700 and  39,500 c m -1 fo r H  
a n d  К  s ta te s , re sp ec tiv e ly .

T hus D'e (H 3E ~ )  =  33,700 — 24,583 =  9 ,117 c m -1 , w hich  is in good 
a g reem en t w ith  th e  curve f i t t in g  value o f 9,100 c m “ 1.

S im ilarly , D'e( K 3E~) =  39,500 — 30,768 =  8,732 c m -1, w h ich  is co m p ar
a b le  w ith  th e  v a lu e  o f  5,200 c m “ 1 o b ta in ed  b y  cu rv e  f i t t in g  m e th o d . S t e e l e  

e t  a l [16] co n c lu d ed , based  on  a large n u m b e r o f  co m p u ta tio n s  on d ifferen t 
m olecules, th a t  no  single p o te n tia l  fu n c tio n  is su ita b le  to  re p re se n t ad eq u a te ly  
a ll th e  s ta te s  o f  th e  sam e m olecule. T he a u th o rs  a re  o f th e  o p in io n  th a t  th e  
conclusion  d raw n  b y  S t e e l e  e t  al is qu ite  ap p licab le  to  th e  К  s ta te  o f S i2 
m olecule. T he a to m ic  ex c ita tio n  co rrespond ing  to  th e  К  s ta te  is o b ta in ed  as

8,732 +  30,768 —  26,500 =  13,000 c m “ 1.
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This va lu e  is in  close ag reem en t w ith  th e  a to m ic  ex c ita tio n  o f  1S 0 for Si a to m . 
T hus th e  m olecule gets d issocia te  in  th e  u p p e r  a n d  low er s ta te s  as

Si(3P ) +  Si(3P )  in  th e  X 3U j  s ta te ,

Si(3P ) Si(1P 2) in  th e  H 3Xu s ta te ,

Si(3P )  +  Si(1S 0) in  th e  K 3Z ÿ  s ta te .
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LEVEL STRUCTURE OF 175Lu

By

H . A . I s m a i l ,*  H . H a n a f i ,* *  A. E l - N a e m , W . A r a f a  and H . A b o u - L e i l a

NUCLEAR PHYSICS LABORATORY, FACULTY OF GIRLS, AIN SHAMS UNIVERSITY, CAIRO, EGYPT 

(Received in  revised form  20. X II. 1979)

E leven gam m a-ray transitions have been iden tified  in  175Lu, b y  performing singles, 
p ro m p t y— y  coincidence and delayed y— y  coincidence m easurem ents using Ge(Li), hyper 
pure Ge and  N a l (Tl) detectors. Two of these transitions (18 and 28.5 keV) have been observed 
for th e  f irs t tim e and are of value in  supporting a  recen tly  reported energy level a t 371 keV.

E nergy levels of ro tational bands, l~ /2  [541]; 5 +/2 [402] and  7 +/2 [404] have been 
fi tte d  using th e  angular m om entum  expansion. T he required param eters are given. T he p re
viously doubted  spins 15—/2 (1137 keV) and th e  21~/2 (1078 keV) in  the band 1—/2 [541] 
have been theoretically  confirm ed while an experim ental energy s ta te  a t  845 keV of doub ted  
spin 13+/2 could be reasonably f itte d  to  the 5+/2 [402] rotational band .

In tro d u c tio n

S evera l d iscrepancies concern ing  th e  g am m a-tran s itio n s  an d /o r level 
s tru c tu re  o f 175L u  h av e  b een  re p o rte d  [1— 7].

I t  shou ld  be n o te d  th a t  th e  m ost r e c e n t gam m a sp e c tru m  analysis , p u b 
lish ed  so fa r , is due  to  J o h a n s e n  e t a l [6 ]  suggesting  a n  energy le v e l a t  
358 keV  b ased  on a tra n s it io n  o f energy  156.7 keV. U sin g  nuclear re a c tio n s , 
W i n t e r  e t  al [7] ru led  o u t th is  s ta te  a n d  p roposed  a new  level a t  371 keV  on 
a c c o u n t o f  observ ing  a new  gam m a tra n s i t io n  of en e rg y  144 keV feed in g  
th is  s ta te .

So i t  seem s n ecessary  to  re in v e s tig a te  th e  level s tru c tu re  of 175L u  in  a 
t r ia l  to  so lve th e  above m en tio n ed  d isc rep an cy  as well as to  check th e  v a lid i ty  
o f  th e  d o u b te d  sp ins of som e o f th e  h ig h  energy  levels observed  in  n u c le a r  
re a c tio n s .

E xperim en ta l p rocedure

T h e  175H f  (T 1/2 =  70 d) has been p re p a re d  by  th e rm a l n eu tro n  c a p tu re  
in  n a tu ra l  H f  {0.163%  ^ H f  (crc =  400 b a rn ) , 35.22%  18°H f (ac =  10 b a rn ) 
in  a d d itio n  to  5 .2%  i7(5H f, 18 .56%  177H f, 2 7 .1%  178H f a n d  13.75%  179H f}  in  
th e  A R E  re c a to r  a t  In ch as , C airo, E g y p t. Needless to  s a y  th a t  177H f, 178H f, 
179H f  an d  180H f  nuclides h a v e  s tab le  n u c le i, besides th e  isom eric  s ta te s  w h ich , 
i f  su ch  e x is t, a re  o f v e ry  sh o rt h a lf  life.

* Physics D epartm ent, F acu lty  of E ducation , Ain Shams U niversity .
** Physics D epartm ent, F acu lty  of Science, A in Shams U niversity .
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The g a m m a  tra n s itio n s  assoc ia ted  w ith  th e  d ecay  o f  175H f in to  17SL u  
h a v e  been in v e s tig a te d  using  76.1 cc G e(Li) d e tec to r , O R T E C , p ro v id ed  w ith  
a n  O R TEC  120-B  p ream p lifie r, sp ec tro sco p y  am plifier in  con junction  w ith  a 
4096 ch anne ls p u lse -h e ig h t an a ly z e r, O R T E C  6240 B. T h e  gam m a tra n s it io n s  
o f  low  en e rg y  ( < 1 4 0  keV) h a v e  been s tu d ie d  using a h y p e r  pure  Ge d e te c to r  
(O R T E C  1000 series H y p e r P u re  Ge L E P S , p lan e r ty p e , 10 m m  ac tiv e  d ia 
m e te r  an d  7 m m  ac tive  d e p th )  in  c o n ju n c tio n  w ith  an  O R T E C  117 B, p re a m p li
f ie r , sp ec tro sco p y  am plifier a n d  4096 ch an n e ls  pulse h e ig h t analyzer. R e la tiv e  
g am m a-ray  in te n s itie s  h av e  b e e n  e s tim a te d  u sin g  th e  e ffic iency  versus en erg y  
cu rves [8, 9] — fo r th e  G e(Li) a n d  h y p e r p u re  Ge d e tec to rs  based  upon  e x p e ri
m e n ta lly  m e a su re d  re la tiv e  p h o to p e a k  efficiencies fo r d iffe ren t sources.

The g am m a-g am m a coincidence  m easu rem en ts  h a v e  been ca rried  o u t  
u s in g  a fa s t- lo w  coincidence sy s tem . In  th is  s tu d y , tw o gam m a-gam m a c o in 
cidence sp e c tro m e te rs  h av e  b e e n  used, i.e . a  p u re G e —N a l(T l)  and  a G e(L i) — 
N a l(T l) co in c id en ce  sp ec tro m e te r .

U sing th e  p u re  G e—N a l(T l)  co incidence sp e c tro m e te r , a ru n  was p e rfo r
m ed  th ro u g h  a llow ing  th e  N aI(T l) to  se lec t th e  343.3 keV  gam m a tra n s i t io n  
fo r  g a ting  p u rp o se s . M oreover, a  d e layed  co incidence ru n  h a s  been also c a rr ie d  
o u t ,  w here th e  N a l(T l) d e te c to r  was u sed  to  select th e  353.6 keV gam m a- 
tr a n s it io n  as a g a tin g  tra n s i t io n  (th e  353.6 keV  energy leve l has a life tim e  o f 
1 .49 /usee).

A p p ly in g  th e  G e(L i)—N a(T l) co incidence  sp e c tro m e te r  tw o  p ro m p t c o in 
cidence ru n s  h a v e  been p e rfo rm ed , w here th e  N aI(T l) d e te c to r  was u sed  to  
se lec t th e  113 a n d  th e n  th e  229 keV g am m a tra n s itio n s  fo r  ga ting  p u rp o ses . 
D e lay ed  co in c id en ce  ru n  w as also  ca rried  o u t  w here th e  353.6 keV g a m m a  
tra n s it io n  (se le c te d  b y  th e  N a l  (Tl) d e te c to r)  w as used as a  ga te .

In  th is  w o rk  successive singles and  co incidence s p e c tra  have  been in v e s 
t ig a te d  d u r in g  a  period  o f a b o u t  12 m o n th s , to  d if fe re n tia te  betw een  g am m a  
tra n s itio n s  d u e  to  175H f —► 175L u  (T j^ =  70 d ay s)  and  th o se  d u e  to  181H f —► 181T a  
(T i/2 =  42 d a y s) .

R esu lts  and  d iscussion

A  — Gamma-г ay singles spectra

Fig. 1 i l lu s tra te s  th e  g a m m a  singles sp e c tru m  o b ta in e d  using th e  G e(L i) 
sp ec tro m e te r . F ro m  th is  F ig u re , i t  is obv ious t h a t  eight tra n s itio n s  have  b e e n  
id e n tif ie d  as be lo n g in g  to  17SH f  — 175Lu d e c a y . These a re  89.4, 113 .8 ,(161), 
229.6 , 318, 3 4 3 .3 , 353.6 a n d  432.8 keV g a m m a  tra n s itio n s .

Fig. 2 p re se n ts  th e  g am m a singles sp e c tru m  o b ta in ed  u s in g  th e  h y p e r p u re  
G e sp e c tro m e te r . F ro m  th is  F ig u re  i t  is o b v io u s  th a t  a new  gam m a tr a n s i t io n

Acta Phytica Academiae Scientiarum Hungaricae 48, 1980



LEVEL STRUCTURE OF »»Lu 205

Fig. 1. G am m a-ray singles spectrum  (175H f 176Lu) obtained  using Ge(Li) spectrom eter

Fig. 2. G am m a-ray singles spectrum  (175H f -*■ 175L u) obtained using hyper pure
Ge spectrom eter

o f 28.5 keV en erg y  to g e th e r w ith  89.4 an d  113.8 keV have b een  id en tified  as 
be longing  to  175H f  —>■ 1,5L u decay .

T ab le  I  in c ludes th e  gam m a tra n s itio n s  (in  175Lu) m en tio n ed  above an d  
th e ir  e s tim a te d  re la tiv e  in ten s itie s  to g e th e r w ith  th e  m ost re c e n t p rev ious 
w ork  fo r th e  sak e  o f  com parison .
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T a b le  I

Gamma transitions in 176Lu

Present work J o h a n s e n  e t  a l .  [6 ]

E v
(k?V) I

A
I

18a _ _
28.5 2.13 ±  0.28 —

89.4 25.40 ±  1.17 89.4 26.136 ±  3.4
113.8 3.60 ±  0.24 113.8 6.636 ±  0.45
144b — • —

156.7 С. n . 8.

161 0.8 ±  0.12 161.3 0.273 ±  0.1
229.6 9.68 ±  0.22 229.6 8.863 ±  1.82
318.0 1.98 ±  0.07 319 2.04 ± 0 .4 5
343.3 1000 343.4 1000
353.6 2.42 ±  0.08 353.6 2.72 ± 0 .4 5
432.8 16.12 ±  0.49 432.8 17.04 ± 2 .2 6

a Iden tified  from  th e  y —y  coincidence studies (Table II). 
b Iden tified  from  th e  у —у  coincidence studies (Tables I I ,  I I I) .

T a b le  I I

R esults of gam m a — gam m a coincidence studies 
using pure Ge —N al(T l) spectrom eter

E y  in gate Observed y-transitions in 
coincidence with E y  in gate Remarks

353 keV delayed 18, 144 and 161 keV 18 and 144 keV transitions are
coincidence identified for the first tim e
343 keV prom pt- 28.5 and 89 keV The 133 and  136 keV peaks in
coincidence (133 and 136) Fig. 4 are due to  chance coincidence

T a b le  I I I

R esults of gam m a —gam m a coincidence studies 
using Ga(Li) —N al(T l) spectrom eter

E y  in  gate Observed y-transitions in 
coincidence with E y  in gate

229 keV 89 and 113 keV
113 keV 89, 229 and 318 keV
353 keV 144 and 161 keV (353)

delayed coincidence

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



n
um

be
r 

of
 

co
u

n
ts

LEVEL STRUCTURE OF '»L u 207

4  I n  I I I I I ■ . I . . 1 I ■ . I ........................... ! . . .......................... I ................................ I ................................ I ..................................I .................................
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c h a n n e l  n u m b e r

Fig. 3. y— y  coincidence spectrum  ob ta ined^using  pure Ge-Nal(Tl) spectrom eter
(E y  in  gate =  353 keV)

Fig. 4. y— y  coincidence spectrum  obtained using pure Ge-Nal(Tl) spectrom eter
(E y  in  gate =  343 keV)
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Fig. 5. y— y  coincidence spectrum  obtained using Ga(Li)-NaI(Tl) spectrom eter 
(E y  in  gate =  353 keV)

В  — Gamma-gamma coincidence spectra

i) W hen  th e  N a(T l) d e te c to r  in  th e  p u re  G e—N al(T l)  coincidence sp ec tro 
m e te r  w as used  to  select th e  353 keV  g a tin g  g a m m a -tra n s itio n  (de layed  coin
c idence), th re e  g am m a tra n s itio n s  w ere observed  to  be in  coincidence w ith  
Ey =  353.6 keV . T hese  tra n s it io n s  are  18 keV , 144 keV  a n d  possib ly  161 keV 
[T ab le  I I  an d  F ig . 3].

T he 18 keV  tra n s it io n  cou ld  be id e n tif ie d  from  th re e  d iffe ren t ex p eri
m e n ta l ru n s , besides th e  o b se rv a tio n  o f 144 keV tra n s it io n  w hen E y in  ga te  — 
=  353 keV cou ld  n o t  be ex p la in ed  unless such  a tr a n s it io n  (18 keV) ex is ts .

ii) W h en  th e  N a l(T l) d e te c to r  in  th e  above m en tio n ed  sp ec tro m e te r  was 
u sed  to  se lect th e  343 keV g a tin g  gam m a tra n s it io n  (p ro m p t co incidence), tw o 
g am m a tra n s it io n s  (28.5 an d  79.4 keV) w ere fo u n d  to  he  in  coincidence w ith  
E y =  343 keV. T h is is lis ted  in  T ab le  I I  an d  il lu s tra te d  in  Fig. 4.

iii) T ab le  I I I  p resen ts  th e  у — у  co incidence s tu d ie s  using  th e  G e(Li) — 
N a l(T l)  co incidence sp ec tro m e te r. I t  is obvious th a t  th e  161 keV tra n s it io n  has 
b een  clearly  o b se rv ed  in  th e  co incidence sp ec tru m  w h en  E y (in  gate) =  353 keV 
as show n in  F ig . 5.

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



LEVEL STRUCTURE OF ■’•Lu 209

T h e  gam m a tra n s it io n s  id en tified  in  th e  p re sen t singles sp e c tra  an d /o r 
y —y  co incidence s tu d ies  are f i t te d  in  a suggested  leve l s tru c tu re  o f  175Lu 
il lu s tra te d  in  Fig. 6.

I t  shou ld  be p o in te d  o u t th a t  th e  514.9 keV en erg y  level su g g ested  by  
J o h ansen  e t al [6] fro m  gam m a sp ec tro sco p y  an d  o b se rv ed  la te r  b y  W inter  
e t al [7] from  n u c lea r re a c tio n  has b een  su p p o rted  on  basis o f 161/353 keV 
cascade (F igs. 3, 5).

M oreover, th e  p re se n t w ork has co n firm ed  an  en erg y  level a t  371 suggested  
b y  W in t e r  e t al [7] as th e  head  o f a  ro ta tio n a l b a n d  l~ /2  [541]. T h is  c o n fir
m ation  is due to  o b se rv in g  tw o new  gam m a tra n s itio n s  o f  en erg y  18 and  
28.5 keV  w h ich  can d e p o p u la te  th is  s ta te  beside th e  144 keV  tra n s it io n  feed ing  
it .  A fu r th e r  su p p o rt lies in  d e tec tin g  144/18/353 keV cascade  (F ig . 3).

I t  sh o u ld  be also p o in te d  o u t t h a t  th is  371 keV s ta te  has n o t been  m easu r
ed b y ( К -conversion  te c h n iq u e  ow ing to  th e  fa c t th a t  th e  B. E . o f th e  K -shell

72 103

Lu
71 104

Fig. 6. Suggested level structure of l,5Lu
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e lec tro n  is ^ 6 3  кеУ  w hich is g re a te r  th a n  e ith e r  28.5 an d  18 keV  d ep o p u la ted  
fro m  it .  O n th e  o th e r h a n d , th e  В . E . o f th e  L-shell e lec tro n  is ~ 1 0  keV  
t h a t  is th e  L -co n v ersio n  e lec tro n  energy  is to o  sm all to  be d e te c te d  b y  e lec tron  
sp e c tro sc o p y  te c h n iq u e s  un less acce lera tion  m e th o d s  are u sed .

H ow ever, th e  p e rcen tag e  o f  th e  e lec tro n  ca p tu re  d e cay  feeding th a t  
s ta te  could  b e  e s tim a te d  fro m  th e  p re sen t re la tiv e  in te n s itie s  o f th e  gam m a 
tra n s itio n s  co n cern in g  th a t  s ta te  an d  using  th e ir  know n in te rn a l  conversion  
coeffic ien t ( L a d e r e r  e t a l [10]) . This gives a  v a lu e  o f  a b o u t 82% . Such a 
h ig h  v alue  a ffec ts  th e  p rev io u sly  pu b lish ed  d a ta  concern ing  th e  feed ing  o f  
possib le  o th e r  s ta te s  343.3, 353.7, 432.8 an d  514.9 keV w h ich  are  found  to  
h a v e  e lec tro n  c a p tu re  decay  p e rcen tag es  9, 0 .055 .8  an d  0.4, resp ec tiv e ly .

C — Analysis o f  rotational bands

Since th e  175L u  nucleus is a s tro n g ly  d e fo rm ed  nucleus, th e  m em bers o f  
d iffe ren t ro ta t io n a l  bands can  be  ca lcu la ted  u s in g  th e  fo llow ing an g u la r m o 
m e n tu m  e x p a n s io n  [11]

E  =  E 0 +  А Щ  +  1) +  B P ( I  +  l ) 2 +  C P ( I  +  l ) 3 +  . . . +

+  ( - ! ) '+ * ( !  +  *)!/(* -  k) \[A 2k +  B 2kI ( I  +  1) +  . . . ]. (1)

T h e  energy  p a ra m e te r  E 0, to g e th e r  w ith  A ,  В , C, A 2k a n d  B 2k are f i t t in g  
p a ra m e te rs  w h ic h  m u st he  d ed u ced  using  a le a s t  sq u are  f i t  to  sa tisfy  th e  
e stab lish ed  e x p e rim e n ta l en e rg y  levels.

T he p re se n t ex p e rim en ta l re su lts  could  b e  classified  accord ing  to  th e  
h e a d  b an d s  as fo llow s:

1. T he g ro u n d  s ta te  h a n d  7 +/2 [404] w h ere  only  th e  f i r s t  m em ber 9 +/2 
(113.8 keV) h as  b een  observed  in  th is  w ork.

O th er m em b ers  o f th is  h a n d  h av e  been  o b serv ed  using  C oulom b e x c ita 
t io n  (d, t) a n d  (p ,  2ny) re ac tio n s  as follows [12]: 11+/2 (251.46 keV), 13+/2 
(412.25 keV), 15+ /2  (595.712 keV ), 17+/2 (799.3 keV) and  19+ /2  (1024.7 keV). 
U sin g  E q . (1), th e  req u ired  f i t t in g  p a ra m e te rs  are : E 0 =  —201.339 keV, 
A  =  12.87 keV ; В  =  - 5 .9 2 5 6  eV, С =  - 0 .3 3 8 9  meV, an d  A 2k =  - 0 .2 3 2 0 7  
m eV  an d  B 2k — 1.46629 peV.

T he d iffe rence  betw een  th e o re tic a l a n d  ex p e rim en ta l re su lts  over th e  
w h o le  ran g e  o f  e n e rg y  and  sp in  lies be tw een  0.0 keV  an d  0.053 keV (Fig. 7).

T h e  re la tio n  b e tw e e n
E j  — E,_  

21
versus (21)2 is il lu s tra te d  in  F ig . 8. No oscil

la t io n  is o b ta in e d  w hich  is d u e  to  th e  sm all v a lu e  o f A 2k w h ich  is responsib le  
fo r  th e  s tre n g th  o f  Coriolis coup ling .

2. T he h e a d  o f  b an d  5+ /2  [402] a t  energy  343.3 keV, a n d  i ts  f ir s t  m em ber 
7 +/2 (432.8 keV ) h a v e  been id e n tif ie d  in  th e  p re se n t ex p e rim en ta l w ork. O th e r
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1573.4 23/2

1395.98 19/2

1137.9 15/2 1166.8 (15/2)

1078.4 21/2 1121.4 (21/2) 1092.989 15/2

885.4 11/2 885.8 11/2 845.22 (13/2)
792.4 17/2 797.7 17/2 780.149 13/2

674.8 7/2 672 7/2 684.4 11/2 684.4 11/2

562.6 13/2 562.1 13/2 546.6 9/2 546.6 9/2
512.96 3/2 514.9 3/2

413.73 9/2 414.9 9/?
432.767 7/2 432.767 7/2

г» с/ -j\371.0 [ “ 1 /2 JD»« J cy9 353̂ -221 ----1/2 343.407 5/2 343.407 5/2

the or ex p . theor exp

1/21541] 5/2+[402]

211

1265.749 21/2

1024.701 19/2

399,300 17/2

595.702 15/2

412.251 13/2

252.497 11/2

113.751 9/2

0 7/2

10 2 4 700 19/2

7)9.300 17/2

595212 15/2

412250 13/2

251.460 11/2

113.804 9/2

0 7/2

ex p.theor
7/2 [404]

Fig  7. Experim ental and  theoretical levels (calculated using E q . (1)) using in  175Lu

Fig. 8. Coupling effects in  ro tational bands in  175Lu

Acta Physica Academiae Scientiarum Hungaricae 48. 1980



2 1 2 H. A. ISMAIL et al

m em b ers  [12] o b se rv ed  in  (p, 2ny)  re ac tio n  h a v in g  9 +/2 (546.6  keV), 11+/2 
(684 .4  keV) a n d  th e  d o u b ted  sp in  13+/2 (845.22 keV) h av e  b e e n  p red ic ted  b y  
f i t t in g  in  E q . (1), w ith  th e  fo llow ing  p a ra m e te rs :

E 0 =  227.423 keV; A  =  13.36 keV, В  =  - 1 3 .9 7 5 5  eV 
С =  — 0.2302 eV, A 2k =  —2.9586 eV a n d  B 2k =  0 .11373 eV.

The c a lc u la te d  resu lts  a re  in  ex ce llen t ag reem en t w ith  exp erim en ta l 
o n es  (Fig. 7) fo r  a ll levels e x c e p t th e  sp in  13+ /2 s ta te  w h ich  is th e o re tic a lly  
fo u n d  a t  780.149 keV . This m a y  n o t  co rrespond  to  th e  above m en tio n ed  ex p e ri
m e n ta l s ta te  a t  845 keV h a v in g  a d o u b ted  sp in  13+/2.

3. T he l~ /2  [541] ro ta tio n a l b a n d  — in  th e  p re se n t w o rk —h a s  th ree  en erg y  
leve ls  1 - /2  (371 .0  keV), 3 - /2  (514 .9  keV) a n d  5 - /2  (353.63 keV ). Tw o d o u b te d  
sp in  s ta te s  1 5 “ /2 (1166.8 keV ) a n d  2 1 “ /2 (1121.4 keV) to g e th e r  w ith  th e  d e fi
n i te  sp in  s ta te s  7 ~ /2  (672.3 keV ), 9~ /2  (414.9 keV ), l l~ / 2  (885 .8  keV), 1 3 - /2  
(562.1  keV) a n d  1 7 -/2  (797.7 keV ) have  b e e n  observed  u s in g  (p , 2ny) an d  
(3H e , d) re a c tio n s  [12]. F o r th is  ro ta tio n a l b a n d  th e  re q u ire d  f i t t in g  p a ra 
m e te rs  have  b e e n  found  to  b e :

E 0 =  406.602 keV; A  =  7 .15 keV; В  =  20.1875 eV 
С =  - 0 .1 5 5 5 8  eV; A 2k =  40.283 keV ; a n d  B 2k =  - 0 .1 7 3 8  keV.

T h e  large v a lu e  o f  A 2kis co n sid e red  to  be n o rm a l for к = 1 /2  b a n d , due to  th e  
C orio lis co u p lin g  effect. T h is c a n  lead  to  a h ig h  decoup ling  p a ra m e te r  a —

—  ~^2k = 5 . 6  w h ich  is responsib le  fo r large osc illa tions as i l lu s tra te d  in  F ig . 8.
A

T h e  ca lcu la ted  v a lu e s  for th e  d o u b te d  sp in  s ta te s  are 15 - /2  (1137.935 keV) 
a n d  21 “ /2 (1078 .448  keV), F ig . 7 d iffering  b y  28 an d  43 keV , re sp ec tiv e ly , 
w h ich  could  be  a llow ed  in  th is  case . F o r o th e r  s ta te s  in  th is  b a n d  th e  erro rs in  
th e  ca lcu la tio n s  d iffer be tw een  0.048 keV a n d  1.536 keV w h ich  is very  sm all-
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ON SPONTANEOUS SYMMETRY BREAKDOWN  
AND THE HIGGS MECHANISM

By
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A geom etric description of Higgs fields as cross sections of some fibre bundle is given. 
W ithin  such a framework of fib re  bundles th e  Higgs mechanism is characterized in  term s of 
a reduction  of a principal bundle , which stands for a certain gauge structure  to  a  subbundle. 
This subbundle is defined in  term s of a given H iggs field.

The 4  Hooft— Polyakov model is described w ithin the  aforem entioned fram ew ork. 
A homology classification of Higgs fields and monopoles is given. I t  is shown th a t th e  m agnetic 
charge originates from the topological s truc tu re  of Higgs fields.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 48 (2—3 ),p p . 213—224 (1980)

I. In tro d u c tio n

M ost o f  th e  sy m m etrie s  observed  in  n a tu re  are  n o t  ex ac t. F o r in s ta n c e  
S U (3 )-sym m etry  is b ro k e n , as in d ica ted  b y  th e  p ro to n -la m b d a  m ass d ifference. 
T h is  ty p e  o f sy m m etry  b reak in g  m ay  be  described b y  ad d in g  n o n -in v a ria n t 
te rm s  to  a given L ag ran g ian  w hich is in v a ria n t u n d e r  a ce rta in  sy m m e try  
g roup . A lte rn a te ly , a sy m m e try  can also  be  b roken  in  te rm s  of a “ sp o n tan eo u s  
sy m m e try  b reak in g ”  m echanism . T h e  defin ing  L ag ran g ian  is s till e x a c tly  
sy m m etric  u n d e r th e  g iven  sy m m etry  G. F o r d y n am ica l reasons, how ever, 
th e re  is a g round  s ta te , th e  vacuum  s ta te  Ф0 (i.e. th e  s ta te  w ith  no p a rtic le s), 
in  th e  th e o ry  w hich is n o t in v a ria n t u n d e r  G. S p o n tan eo u s b reak d o w n  o f a 
sy m m e try  is th e n  an  e ffec t w hich is d u e  to  n o n -in v arian ce  o f Фп u n d e r  G. 
T hus, in  a th e o ry  w ith  sp o n tan eo u sly  b ro k e n  sy m m etry  th e  sy m m etry  p ro p e r
ties o f th e  v acu u m  a re  as sign ifican t as those  of th e  defin ing  L ag ran g ian .

S po n tan eo u s b re a k in g  o f some g lobal sy m m e try  in troduces m assless 
p a rtic le s , th e  G oldstone bosons. On th e  o th e r  h an d , gau g e  fields a ris in g  from  
Y a n g —M ills theories describe  m assless pa rtic le s  as w ell. Such fea tu re s , how 
ever, a re  devo id  o f an y  p h y sica l in te re s t. I t  is th e  H iggs m echanism , in  c ircu m 
v en tin g  th e se  fea tu re s , w h ich  allows fo r  a co n stru c tio n  o f rea listic  p h y sica l 
m odels: In  a th eo ry  w ith  sp o n tan eo u sly  b roken  gauge sy m m etry , p rev io u sly  
m assless gauge v ec to r bosons acquire a m ass. The m assless w ould-be G o ldstone  
bosons decouple and  d isap p ear.

T h is p ap er, in  th e  su b seq u en t P a r t  I I ,  p rovides a  geom etric  d esc rip tio n  
o f  H iggs fie lds. In  P a r t  I I I  a d iffe ren tia l geom etric c h a ra c te r iz a tio n  o f  th e  
p h enom enon  o f sp o n tan eo u s  sy m m etry  b reak in g  is g iv en . This ty p e  o f  sym -
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m e try  b re a k in g  am o u n ts  to  w h a t  is te rm ed  a red u c tio n  o f  som e p rin c ip a l 
f ib re  b u n d le  ( th e  g iven  gauge s tru c tu re )  over space-tim e M 4, w ith  s tru c tu re  
g ro u p  th e  gau g e  g ro u p  G, to  a p rin c ip a l b u n d le  over M 4 w ith  s tru c tu re  g roup  
a c e r ta in  is o tro p y  subgroup  H  o f  G. In  p a r tic u la r , th e  s tu d y  o f  th e  ’t  H o o ft— 
P o ly a k o v  m odel w ith  m onopole so lu tions e x h ib its  th a t  sp o n tan eo u s  sy m m etry  
b reak d o w n  o f th e  gauge sy m m e try  G =  SO(3) reduces a c e r ta in  tr iv ia l p r in 
c ip a l b u n d le , w hose s tru c tu re  g ro u p  is S 0 (3 ), to  a n o n tr iv ia l  U (l)-b u n d le . 
I n  P a r t  IV , f in a lly , a hom ology  c lassifica tio n  o f  H iggs fie ld s a n d  m onopoles 
is g iven.

I I .  G eom etric descrip tion  o f H iggs fields

L e t a gau g e  s tru c tu re  be g iven  b y  a p rin c ip a l fib re  b u n d le  P  =  P (M 4, G) 
o v e r sp ace -tim e  M 4 w ith  s tru c tu re  g roup  G [1], [2], [3]. L e t со be  th e  connection  
1-form  o f a c o n n ec tio n  in  P  a n d  le t  s: U d  M 4 —► P  be a lo c a l cross-section  
on  an  open  su b se t U  o f  th e  b ase  m an ifo ld  M 4. T h e n , w ith  re sp e c t to  a fram e (ea):

A  =  s*co =  E  A aßdx,lea (1)
a n d

F  =  s*Q =  E  F 1, d x^d x” ex , (2)
w here

F% =  dv A ; -  dM A l  +  c°ea A% A l (3)

s ta n d  for th e  Y a n g —Mills p o te n tia l  and  th e  Y a n g —Mills f ie ld , re spec tive ly . 
(Q  is th e  c u rv a tu re  fo rm  o f th e  con n ec tio n  со, s*co an d  s*Q a re  th e  pu llbacks 
b y  s).

L et now  E ( M i , V, G, P) be  th e  fib re  b u n d le  over M 4, w ith  s ta n d a rd  f ib re  
V  (a  v ec to r  space) a n d  s tru c tu re  g ro u p  G, w h ich  is associa ted  w ith  th e  p rin c ip a l 
f ib re  b u n d le  P .  A  H iggs f ie ld  is th e n  d esc rib ed  b y  a cross-section  o f  
E ( M á, V, G, P ) ,

<p : P  V (4)

0 - s*cp — <p о s : U a  M i  — V (5)

w h ich  is th e  p u ll-b a c k  of <p b y  a sec tion  s.
T he c o v a r ia n t ex te rio r d e r iv a tiv e  o f th e  H iggs fie ld  (4) o r  (5), resp ec ti 

v e ly , is, w ith  re sp e c t to  a fram e  (ea):

V 0  =  V lß>xdxfiea =  s*V<p; (6)

v *  =  - i r v +  С\ ° А * Ф° (7)OXr

w h en ev er V  is ta k e n  to  be fl(G), th e  L ie -a lgeb ra  o f G. The q u a n tit ie s  (c^.) a re  
th e  s tru c tu re  c o n s ta n ts  o f G.
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III . Spontaneous sym m etry breaking

L et (M 4, g) be an  o rie n te d  space-tim e  w ith  m e tric  g  an d  r]: =  dx°  Д  
Д dx1 Д dx2 Д dxs th e  can o n ica l vo lum e 4 -fo rm  on M 4.

A L ag ran g ian  fie ld  th e o re tic a l m odel w hich  is su scep tib le  to  acco u n t fo r  
sp o n tan eo u s sy m m etry  b re a k in g  o f som e gauge sy m m e try  can  be g iven  in  
te rm s  o f a L ag ran g ian  d iffe re n tia l 4-form  w hich  describes th e  in te ra c tio n  
b e tw een  a gauge fie ld  A  =  s*m (E q . (1)) an d  a H iggs f ie ld  <p (E q . (4)). L e t  
now  ||ç>|| =  gxßf*^  be an  a d -in v a ria n t m e tric  on g(G) [1], [2], [3]. Self
in te ra c tio n  o f th e  H iggs f ie ld  cp is th e n  described  b y  th e  p o te n tia l 4 -fo rm  
U(\\<p\\)V. T h u s we have fo r th e  L ag ran g ian  m odel 4 -fo rm :

A: =  Lr? : = - F  Д * F  =  g aß * Vcp* Д V /  +  Щ 1 Ы И  (8) 
4

T he k in e tic  en e rg y  te rm  is, on  acco u n t o f  E q . (2), g iven b y

F  Д * F  =  F% F ^ v r), (9)

w here th e  d u a l 2 -form  * F  h a s  as coefficien ts th e  com p o n en ts  o f th e  d u a l f ie ld  
s tre n g th  te n so r (* s tan d s  fo r  th e  H odge s ta r  o p e ra to r [1], [2], [3]).

S p o n tan eo u s sy m m e try  b reak in g  can  now  be describ ed  in  te rm s o f  th e  
follow ing se t u p : The H iggs fie ld  (4) w hose se lf-in te rac tio n  is th e  p o te n tia l  
4 -fo rm  I7(||qp||)t; b reaks a gauge sy m m e try  G sp o n tan eo u sly :

(i) T he gauge g roup  G (s tru c tu re  g roup  G of a p rin c ip a l fib re  b u n d le  
P ( M 4, G)) is reducib le  to  a  ce rta in  iso tro p y  su bgroup  H  o f  G, iff  E {M i) =  
— E [M i, G/H , G, P ) , th e  b u n d le  assoc ia ted  w ith  P , w ith  s ta n d a rd  f ib re  
G/H a  V, a d m its  a cross sec tio n  0: U C  M 4 — E. T hen  P (M i , G) is red u c ib le  
to  a su b b u n d le  P '( M 4, H ).

(ii) T he red u ced  su b b u n d le  P '( M 4, H )  w ith  base m an ifo ld  th e  sp ace -tim e  
m anifo ld  M 4 an d  s tru c tu re  g ro u p  H  is d e fin ed  b y  a H iggs fie ld  (4).

(iii) L e t Т 4(Е (М 4) be  th e  m an ifo ld  o f  f ir s t  o rd er je ts  o f cross sec tions 
(for a d esc rip tio n  of th is  m an ifo ld  refe r to  [4]). A L a g ra n g ia n  is th e n  a re a l
v a lu ed  fu n c tio n

L: J ^ J ^ M 4)) — R  on  J 1(E (M i)) (10)

[4], [5]. In  te rm s  of a su ita b le  p a ra m e tr iz a tio n  o f J ^ E ^ M 4)) (cf. su b se q u e n t 
rem ark ) th e  L ag ran g ian  co rresp o n d in g  to  E q . (8) can  be  show n to  s a tis fy  
(10). A L agrange  4-form  on  J^E ^M *))  w h ich  is th e  p u ll-b ack  o f (8) b y  th e  m ap  
я 1 is o b ta in ed  in  te rm s o f th e  d iag ram

J1 (Е(МД) ~ ^ Е ( М Л)
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( л  and  л 1 a re  p ro jec tiv e  m ap p in g s) as fo llow s:

X =  L t ( 12)

A  sy m m e try  co rresp o n d in g  to  a gauge tra n s fo rm a tio n  w h ich  preserves th e  
L ag ran g ian  (12) is th en  ch a ra c te riz e d  b y  th e  cond ition

WfX =  X, (13)

w here  ip: G —► D iff ( J ^ E ) ) ;  (g, p )  y g(p ); g £ G , p Ç j 1 is a d iffe ren tiab le
a c tio n  o f  th e  gauge g roup  G on  J X(E) [3].

Rem ark. A  p a ra m e tr iz a tio n  o f  J X(E) m a y  be a specified  b y  (x , Фа, д^Ф*), 
w here  x  —*■ 0(x) =  (0a(#)) is a v e c to r-v a lu ed  m ap , i.e . a cross section  o f  E. 
L e t a lin e a r  b u n d le  isom o rp h ism

A  : J X(E) -► J X{E) (14)
su ch  th a t

А*(Ф*) =  27 Фр w ith  A aß =  öxß (15)

А*(д,Ф*) =  27 A ^ ß Фа +  ^Ф*<+> A ^ ß  =  — А ^ öaß.

T h en , g iven a  L ag ran g ian  (10) on Р (Е )  one o b ta in s  a tra n s fo rm e d  L ag ran g ian  
b y  th e  law  A * (L )(j) — L (A ( j))  w henever j 1(0 )  Ç J '(E )  is a 1 -je t, i.e. x  —► j \ (Ф)(х) 
is  a cross sec tio n  of J x(-E) [4], [5]. T he tra n sfo rm e d  L ag ran g ian  sa tisfies th e  
E u le r—L ag ra n g e  eq u a tio n s  fo r th e  p rin c ip le  of m in im al e lec tro m ag n etic  
in te ra c tio n  as show n in  [5].

I I I .  1. Characterization o f the reduced subbundle P ’( M 4, H )

L et Ф 0 be  a c o n s ta n t so lu tio n , i.e . a v acu u m  s ta te , o f  som e e q u a tio n  
o f  m otion , i.e . a fie ld  c o n fig u ra tio n  w hich m inim izes th e  en e rg y  Щ Ф). All o th e r  
co n fig u ra tio n s  w ith  th e  sam e energy  are  o b ta in e d  from  Ф0 b y  th e  ac tio n  o f 
th e  group

M 0 =  D(G) Ф0 =  {D(g) 0 J g  g G} =  G/ Я . (16)
w here

H: =  Сф. =  {g e G/D(g) Ф0 =  Ф0). (17)

T h e  hom ogeneous space M 0 is re fe rred  to  as v acu u m  m an ifo ld , i.e. G a c ts  
tra n s it iv e ly  o n  M 0. H  is th e  iso tro p y  su b g ro u p  o f G a t Ф0. T h e  s ta te m e n t o f 
sp o n tan eo u s  sy m m e try  b rea k d o w n  m eans t h a t  M 0 c o n ta in s  m ore th a n  one 
p o in t.

(+)A *  denotes the dual m ap induced by the m ap A.
1++) D(G) is a representation  of G.
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A H iggs fie ld  (4) w ith  range  M 0 or its  p u ll-b ack  to  th e  base  m an ifo ld , i.e .

y  : P  -  G/H  (4 ')
or

Ф: =  y o s :  U d M 4 — G/H  (5 ')

th e n  ch arac terizes  a  red u ced  su b b u n d le

P ’ =  {р £Р\<р(р ) =  Фп} (18)

of P ( M 4, G). C onversely : A re d u ced  su b b u n d le  P ' o f  a b u n d le  P  w hich  r e 
p re se n ts  a gauge s tru c tu re , i.e a re d u c tio n  o f th e  s tru c tu ra l  g roup  G o f  P  to  H  
d e te rm in es a H iggs fie ld  y. T hen  th e  connec tion  defined  b y  a con n ec tio n  1-form  
in P  is reducib le  to  a connection  in  th e  su b b u n d le  P ' if f  th e  re s tr ic tio n  o f  th e  
connec tion  1-form  to to  P ' is g (H )-v a lu ed , w hich  is th e  case if f

УФ =  0 or УМФ =  0 (19)

[6], [7], w hich m eans th a t  th e  cross sec tion  0 is p a ra lle l to  th e  g iven  con n ec tio n  
in  P ( M 4, H ). T he re la tio n  (19) expresses th e  p h y sica l co n d itio n  fo r a H iggs 
v a c u u m , follow ing w h ich  so lu tions w ith  v an ish in g  c o v a ria n t d e r iv a tiv e  a re  
id e n tif ie d  w ith  a v a c u u m  s ta te .

I I I . 2. Monopole-model o f ’t H ooft— Polyakov

T his m odel c o n s titu te s  th e  s im p lest n o n -ab e lian  g en era liza tio n  o f m odels 
w h ich  ad m it v o rte x  so lu tions [8].

L e t th e  L ag ran g ian  4-form  be  specified  as follow s:

X =  Lr) 1/4 FA  * F  +  l/2*V(pa Д V<pa -f y  (<pV) -  y  ( v V ) 2]  »? (8 ')

w ith  g au g e-co v arian t fie ld  s tre n g th

F% =  A l  -  dv A l  +  ee% A% A% (3 ')
an d

v ^ a =  +  « $ .  A * s f . (7 ')

H ere  th e  SO (3)-gauge Y a n g —Mills fie ld  A* in te ra c ts  w ith  a  H iggs iso 
tr ip le t  Ф =  (ya).
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L e t now  t £ |J? be f ix e d  a n d  r  ]> 0. T h en  th e  base  m an ifo ld  M 4 m a y  be 
id e n tif ie d  w ith  S2 a n d  th e  co rresp o n d in g  gauge s tru c tu re

P (S 2, SO(3)) =  S2 X SO(3) (20)

is a tr iv ia l S O (3 )-p rincipal f ib re  b u n d le  over S2 [1], [2], [3].
N ecessary  b o u n d a ry  co n d itio n s a t  in f in i ty  fo r m onopole so lu tions w ith  

f in i te  energy  a re
Ffiv -*  0 , (21a)

-  0 , (21b)
a n d

ФФ -*■ 1. (21c)

O n  acco u n t o f  co n d itio n  (21c) in tro d u c e  th e  m ap

Ф : S2(r) — S |  =  {Ф/ФФ =  1} (r  ->  oc f ix e u ) (22)

d e fin e d  b y  (Ф4(0, q>), Ф2(0, q>) =  (0, nq).
S*(r) is a  sp h e re  a t  in f in i ty . T he u n it  sp h ere  S |  is d e te rm in ed  b y  th e  

H iggs tr ip le ts

(ф1\ ' Ф(г) sin  0 cos (nqi) '
Ф2 = Ф(г) sin  0 sin  (nq;)

w V Ф(г) COS 0 j
(23)

N o te  th a t  th e  m a p  Ф is v iew ed as n o rm alized  H iggs fie ld , w hich , on th e  space- 
t im e  m an ifo ld , is

Ф(х

Ï № Ï T ’
ж =  (я 0, я 1, я2, я 3) £ M 4. (24)

F o rm u la e  (22) — (24) w ill be u sed  in  th e  c o n s tru c tio n  o f m onopoles in  th e  
su b se q u e n t S ec tio n  IV .

S p o n tan eo u s  sy m m e try  b re a k in g  G —► H  c an  now  be described  as fol
lo w s: L e t G =  SO (3). T he iso tro p y  su b g ro u p  o f G a t  0J =  (0, 0, 0 O), 0 O =  
=  у ^ ( k2 <  0) is H  =  SO(2). In  fa c t:

D (g) Фо =  Ф1<> D(g)

( 0^
A  0 ;

\0  0 1

w here  th e  n a tu r a l  C~ ac tion

A  e SO (2) ,

SO (3) x S l  -  S | ;  (g, Ф) -  D(g) Ф; 11D(g) Ф\\ =  \\Ф\\

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



ON SPONTANEOUS SYMMETRY BREAKDOWN 219

is t ra n s it iv e . T h u s , th e  v acu u m  m an ifo ld  (16) is given to  be th e  hom ogeneous 
space  o f G =  SO (3),i.e.

M 0 =  S |  =  SO(3)/SO(2) (1 6 ')

[1], [2], [3].
T he sp o n tan eo u s sy m m e try  b reak d o w n  m echan ism  as ch a rac te rized  b y  

(16 ') is m ore rig o ro u sly  ch a ra c te riz e d  in  th e  use  o f th e  red u ced  b u n d le  (18) 
as follows:

Proposition  1. L e t a gauge s tru c tu re  be g iven  b y  a S O (3)-p rincipal b u n d le  
P (S 2, SO(3)) (cf. (20)). S po n tan eo u s sy m m e try  b reak in g  th e n  corresponds to  
a re d u c tio n  o f th e  s tru c tu re  g ro u p  G =  SO(3) o f  P (S 2, SO(3)) to  H  — SO (2), 
th e  s tru c tu re  g ro u p  o f th e  red u ced  su b b u n d le  (cf. (18))

P '(S 2, H )  =  {(Ф, g) <E P  =  S |  X SO(3)l<p(0, §) =  Ф0 е M 0}, (1 8 ')

w here  (4") cp: P  S 20 CZ |1?3; <р(Ф, g) =  g~ 1Ф, Ф 6 S2, g £ SO(3) s tan d s  fo r th e  
H iggs fie ld  (4 ') .

Proof. T h e  p ro o f is b ased  on  th e  follow ing

Lemma  2 [1]. T he s tru c tu re  g roup  G o f  P (M , G) is red u c ib le  to  a closed 
su b g ro u p  H  i f f  th e  associa ted  f ib re  b u n d le  E (M , G/H , G, P) ad m its  a cross 
sec tion  0: M  —>■ E .

T hen , on  acco u n t of (4 ') , (4 " )  an d  (5 ') 0 =  s*cp: M i —y S%, th u s  ach iev 
in g  th e  proof.

Remark. T h e re  are  2 equ iva lence  classes o f  p rin c ip a l b u n d le s  P (S 2, SO(3)), 
hence th e  s ta te m e n t o f p ro p o sitio n  1.

D eno te  b y  M  =  M 4 or M  =  S2, fo llow ing i f  t £ \R  is f ix e d  an d  r  >  0. 
T he follow ing P ro p o sitio n  th e n  ho lds:

Proposition  3. L e t P (M , SO(3)) an d  E (M , S2, SO(3), P )  be a SO(3)- 
p rin c ip a l b u n d le  an d  its  asso c ia ted  fib re  b u n d le , resp ec tiv e ly . L e t Ф: M 4 —► 
—V SO(3)/SO(2) =  S 2 be a cross sec tion  of E .  T h en  a co n n ec tio n  in  P  w ith  
connec tion  1-form  со is d e te rm in ed  b y  я*(А )  =  cô +> w here

A  =  A  A x p =  Ф Д  ^  d x +  Ф а; а  =  a dx^. (25)
^ дх» *

T h e c u rv a tu re  fo rm  o f th is  con n ec tio n  is Q =  n * F , w here

F  =  (dfl> л  д„Ф) dx» dxv +  ф(д^  dxA x* . (26)

Proof. A ssum ing  th e  re la tio n s  (21) th ro u g h  (24) to  h o ld , one ca lcu la tes  
t h a t  th e  fie ld  te n so r  2-form  F  in  th e  H iggs v a c u u m  is g iven b y  (26).

(+) л:Р->- M  is a projective m ap (i.e . a surjective m ap), л*  the dual m ap induced b y  Л.

Acta Phyeica Academiae Seientiarum Hungaricae 48, 1980



2 2 0 С. у. WESTENHOLZ

Corollary 4. L e t A  be g iven b y  E q . (25). T h en  th e  co rresp o n d in g  con
n ec tio n  со =  n*(A ) in  P (M , SO(3)) is red u c ib le  to  a connec tion  « /  =  я '* (А ')  
in  P (M , SO(2)) such  th a t

F ' =  d A '  =  Ф A F  =  Ф(д11Ф Л д„Ф) d x 4 x v +  (диа„ -  d„aj d x 4 x v (27)

induces th e  c u rv a tu re  o f th is  co n n ec tio n , i.e. Q — m*F.
Proof. T h e  co n d itio n s (21b), (21c) a n d  E q . (19) Section  I I I . l  express 

th a t  th e  cross sec tion  u n d e r  c o n sid e ra tio n , 0 , is p a ra lle l to  th e  g iven  connec
tio n . T h e  p ro o f  is th e n  o b ta in ed  in  th e  use of th e  follow ing

Lem m a  5 [1], [3]. L e t P (M , G) b e  a p rin c ip a l b u n d le  w hose asso c ia ted  
f ib re  b u n d le  is E (M , G /H , G, P) w ith  s ta n d a rd  fib re  G/H. T he  m ap  0: U  С  M  —* 
—*■ E  is a cross sec tio n  o f E  iff  f  : P '(M , H ) —>■ P (M , G) is a re d u c tio n  o f  th e  
s t ru c tu re  g ro u p  G. If , m oreover, 0 is p a ra lle l to  a con n ec tio n  со in  P, th e n  th is  
con n ec tio n  in P(A1. G) is reducib le  to  a connection  in  P (M , H ).

IV. M onopole so lu tions in  te rm s of topology

IV . 1. The ’t Hooft— Polyakov monopole condition

L e t a m onopole fie ld  В  =  # Ф /||Ф | |3, asso c ia ted  w ith  a H iggs tr ip le t 
Ф — (Ф1) be  g iven b y  th e  closed 2-fo rm

F  =  — в.—  (ФЧФ2 Л dФ3 +  ФЧФ3 Л  dФг +  ФЧФ1 Д dФ2) =
||Ф | |3

=  — ^ —  (е„к Ф‘ dФi Л АФк)-, d F  =  0.
2 ||Ф||® '  к 1

(28)

w here g is th e  m ag n e tic  pole s tre n g th  o f  a  m ag n etic  po le. T h en  th e re  is a  m ono
pole co n d itio n  asso c ia ted  w ith  th e  m ag n e tic  f lu x  o f  (28) th ro u g h  S 2 (m ore 
g en era lly  th ro u g h  a closed co m p ac t su rface ), g iven b y  E q . (29) o f  th e  subse
q u e n t p ro p o sitio n  6 w h ich  en joys th e  fo llow ing p ro p e rtie s : T here  is an  in te g 
ra l  cohom ology class d e te rm in ed  b y  a M axw ell—H iggs fie ld  F  w h ich  y ields 
th e  m onopole co n d itio n  g =  п/2e, n  Ç Z ,  w here (i) T h e  in te rn a l s tru c tu re  of 
th e  (’t  H o o f t—P o ly ak o v ) m onopole derives from  a SO(3) gauge s tru c tu re  
(w ith o u t e x te rn a l sources), (ii) T he class o f  4  H o o f t—P o ly ak o v  m onopoles 
re fe rs  to  a classical fram ew o rk . T he c o n s ta n t e is a coup ling  c o n s ta n t, n o t  an 
e lec tric  ch arg e . I t  is re la te d  to  th e  ch a rg e  q o f c h a rg ed  v ec to r bosons b y  
q =  (iii) O u tsid e  th e  regions o f  th e  m onopoles, th e  SO(3) gauge th e o ry
is lo ca lly  in d is tin g u ish ab le  from  th e  e lec tro m ag n etic  th e o ry .
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Proposition  6 . L e t P (M , SO(2)) an d  l e t  th e  c u rv a tu re  2-form  o f a  c o n 
n ec tio n  in  P (M , SO(2)) be  d e te rm in ed  b y

F '  =
1|Ф ||!

s ijk Ф1 дФ1 дФк
дх* дя*

dx* A dxv — {d jav — dva )dxtid xvg ': g_
2

(2 7 ')

w here Ф is g iven  b y  E q . (23) a n d  F '  is th e  M axw ell—H iggs fie ld  (27). T h e  
cohom ology class o f  F, [F ] , w h ere  F  is g iv en  b y  (28), is in te g ra l,  i.e. e/2n J  F  =  
=  n  Ç Z  iff  g  =  п /2e (i.e. g is a n  in teg ra l m u ltip le  of l/2e). T h e  m agnetic  f lu x  
deriv ed  from  (2 7 ')  th ro u g h  S2 w hich sa tis f ie s  th is  m onopo le  co n d itio n , is 
g iven  b y

4 ng
1

2е||Ф ||3
д<& дФк
Эх1 дхт

dxl dxm. (29)

Proof. L e t c 

on M  is g iven  b y  th e  m a trix

P (M , SO (2)) (t fixed, r  
О со

-CO 0

0). The R iem an n ian  co n n ec tio n

such  t h a t  th ere  ex is ts  a un ique 2 -fo rm

S o n  M  sa tis fy in g  da> =  n*(Q) [1]. S e ttin g  SO (2) U( 1), P  is a 17(l)-bundle , 
w hose c h a ra c te r is tic  or f i r s t  C hern  class c(£) is rep re se n te d  b y  Qj2n. F o r  
co m p ac t M  (w hich  is th e  case , since M  =  S 2):

c(C) =  f M Q =  2 n X(M ) (30)

<*£) == J 6-i ß  =  4 jt, F  =  gQ, (3 0 ')

w here %(M) is th e  E u le r c h a ra c te r is tic  o f M  [1], [2], [3], a n d  w here %(S2) =  2 
a n d  Q  =  1/ЦФЦ3 (Ф1dФ2 Д dФя+ Ф 2dФ3 Д dФ1 -l- ФЫФ1 Д dФ2) such th a t ,  b y  
(28) F  =  gQ. T h en

^ f ß  =  n (b y  ( 3 0 ') ) ~ g  =  ^ .  
2n  J  2e

M oreover, u s in g  E q . (27 ') a n d  ow ing to  th e  fa c t  th a t  th e  c o n tr ib u tio n  o f  o '1 
v an ishes b y  S tokes theo rem  one ob ta ins E q .  (29).

IV .2. Homology classification o f Higgs fie lds and monopoles

E q . (29) can  be recasted , on  accoun t o f  th e  m onopole co n d itio n  g — n/2e as

1
n  = ! ei]^> i - ^ ~  —  dxmdx!.

4 я  ||Ф | |3J  s r 1 d xm dxl
(2 9 ')
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G eom etrica l in te rp re ta t io n  o f  n : L et th e  d iag ram  0 :S 2( r )—► S% (cf. E q . (22') 
S ection  I I I . 2) w here

Фа = п а =  (sin 6 cos (тир), sin 0 s in  (тир), cos 0); | |Ф | |  =  \Ф 2(т) (2 2 ')

is th e  n o rm a liz e d  H iggs f ie ld  (23). T he in te g e r  n in  (2 2 ')  is id en tified  as  th e  
m ap p in g  d eg ree  (or B rouw er degree [10]) o f  th e  m ap Ф (cf. su b seq u en t p ro p o 
sitio n  7) a n d  co rresponds to  th e  num ber o f  tim es  Ф(х) covers th e  v acu u m  m a n i
fo ld  M Q =  S 2 a s  X  covers once  S2(r). T he in te g e r  n  labe ls  th e  h o m o to p y  classes 
(equ ivalence  classes u n d e r h o m o to p y ) o f  th e  m app ings Ф: S2 —► M 0. M app ings 
belong ing  to  th e  sam e class (n) are c o n tin u o u s ly  d efo rm ab le  in to  a n o th e r . 
C orrespond ing  so lu tions a re  th e n  gauge e q u iv a le n t w ith  th e  sam e m ag n e tic  
charge . T h is m a g n e tic  ch a rg e  w hich  is to p o lo g ica lly  co n se rv ed  and  q u a n tiz e d  
in  u n its  o f  l / 2e is re la te d  to  a new  ty p e  o f  co n se rv a tio n  law , i.e. a to p o lo g ica l 
one . The co rre sp o n d in g  ch arg es are  ’■eferred to  as to p o lo g ica l charges. A  h o m o 
lo g y  c la ss ifica tio n  of to p o lo g ica1 ges refers to  th e  B rouw er deg ree  of 
m app ings [2], [3], [8 ], [9], [10] in  не fo llow ing  sense: C onsider th e  d ia g ra m  
(31), w here Ф* is in d u ced  b y  (22):

H2( s 2(r)) H2 (S2)

ll 1 f $  i  '2
R —  R (31)

H 2(S2) s ta n d s  fo r th e  second  de R ham  cohom ology g ro u p  o f S2. 1^. =  J s !(r): 
H 2(S2(r)) —► R  a n d  I 2 =  J s^ : H 2(S2) R  a re  canon ical lin e a r  isom orph ism s 
w h ich  d e te rm in e  a un iq u e  lin e a r  m a p /*  £ L ( |R ,  \R) :t — k t ,k  С IR , su ch  th a t  
th e  d iag ram m e (31) co m m u tes . T hen, b y  defin itio n

deg (Ф) =  f&  (1) (32)

is te rm ed  th e  B rouw er deg ree  o f Ф. S ince I 1o 0 * = f * o l 2 a n d  since Q  Ç [Í2] £ 
£ H 2(S2(r)) o n e  in fers from  (31)

(33)

L e t X =  (0, <p) £ S2(r) be a  reg u la r p o in t o f  Ф, so t h a t  dO(x): Tx(S2(r)) —► 
—► T$(S2) is a  lin ea r  iso m o rp h ism  b e tw een  o rien ted  v e c to r  spaces. T h e n  Ф 
de te rm in es a  n  in te g e r-v a lu ed  fu n c tio n  M  —*■ {1, —1}; x  — sgn (det (<1Ф(х)) =  
=  sgn Т Х(Ф) ( =  s ig n a tu re  o f  th e  Ja c o b ia n  o f  0) w here

sg n  (Л (Ф )) =  j  +  j
i f  <1ФХ p reserves th e  o rien ta tio n s  
if  АФХ rev erses  th e  o rien ta tio n s
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w ith  J x{0) =  d e t (d&(x)) =  d e t (дФ](х)/дх1). So

H ence

0 * Q 2  sgn (J x(0 )) ■ Г Q =  k [  Q.
X iS - ' ( y )  J  S *0 J  S ’0

deg (Ф) =  к =  ^  sgn  (Jx(0 )  £ Z; Ф - x(y) =  {xv  . . *r}
xe 0 ~ ’(y)

(34)

is an  in te g e r [10]. O n acco u n t o f  th e  H iggs f ie ld  (23), i.e . th e  defin ition  (Фг{в, <p), 
Ф2(б, ер) — (в, пер) (E q . (22)) th e  in te g e r (34) equals n. I n  fa c t

I d &
1 dx‘

д Ф \х)  
dx1

дФ1 . '
-------(*)dx2

<
| 

%

II

э ф \  A
dtp

д Щ х)
dx1 —  \x ) dx2

D$2 x э ф \  ,~ ‘x)

1 о
0 n

H ence, b y  re la tio n  (34) one o b ta in s

deg (Ф) =  sgn J xi =  J g  sgn  d e t 1 0
0 n

^ ( + l )  =  n. (35)

Proposition  7. T h ere  is a to p o lo g ica l 2-field  (Q, c) a n d  a n o n d eg en era te  
b ilin ea r m ap  ß, sa tis fy in g

ß: (O ', c) ► n =  deg (Ф) =  1 /4я  [ 5,(г)Ф *й - (36)

T h is is th e  conserved  q u a n tu m  n u m b e r (2 9 ') , w here  Q ' =  0 * Q ;c  ÇZ S2(r) a n d  Ф* 
is th e  m ap  induced  b y  (22). Q is g iven  b y  1 2 = 1 / ||Ф | | 3 (Ф1<1Ф2/\<1Ф3 -f- Ф2йФ3 Д 
Д <1Ф1 +  ФЧФ1 Д ЙФ2.

V. Conclusion

A  geom etric  d esc rip tio n  o f  th e  m ech an ism  of sp o n tan eo u s  sy m m e try  
b reak in g  depends on  a  d eg en era te  v a c u u m  an d  th u s  on  a ce rta in  v a c u u m  
m an ifo ld  M 0, w h ich , in  th e  case o f ’t  H o o f t— P o ly ak o v  m o d e l is S2. T opo log ical 
q u a n tu m  n u m b ers  o r charges w h ich  d ep en d  on th e  to p o lo g ica l p ro p e rtie s  o f 
so lu tions to  fie ld  e q u a tio n s  a rise  in  co n n ec tio n  w ith  th e  H iggs m echan ism . 
As e x h ib ite d  b y  th e  p ro p o sitio n  7, to p o log ica l charges d isp la y , besides c e r ta in  
ho m o to p ic  p ro p e rtie s , a d d itio n a l hom olog ica l fea tu re s . I n  th e  case o f  th e
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’ t  H o o ft—P o ly a k o v  m odel, th e  hom ological p ro p e rty  (36) is equivalent, to  th e  
h o m o to p ic  p ro p e r ty  o f th e  seco n d  h o m o to p y  group of M 0 =  S2, i.e.

t f 2(SO (3)/SO (2)) =  n 2(S2) =  Z  . (3 6 ')

T h is  m eans t h a t  th e re  are  so lito n  so lu tions w h ich  are lab e lled  b y  a topological 
ch a rg e  n an d  w h ich  are  lin k ed  to  m agnetic  ch arg e  q u a n tiz a tio n . W hence th e  
necessity  to  in v e s tig a te  th e  class o f  topo log ica l cu rren ts  tra n s p o r tin g  conserved  
q u a n titie s , w h ich  un like N o e th e r c u rre n ts  o r charges, are  n o t  associa ted  w ith  
a n y  sy m m e try  o f  a L ag ran g ian , b u t  n ev e rth e le ss  re la te  to  a com m on m a th e 
m a tic a l s t ru c tu re  w hich  is de R h a m  cohom ology. This h as  b een  in v e s tig a te d  
in  [4]. As w as in v e s tig a te d  th e re , topological c u rre n t fields d iffe r from  N o e th e r 
c u r re n t fie lds in  t h a t  th e y  e x h ib it  h om otop ic  p ro perties.
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DEPENDENCE ON THE GEOMETRY AND  
ON THE BASIS SET OF LOCALIZED ORBITAL ENERGY  

AND MOMENT CONTRIBUTIONS
I I I . ELEC TRIC  MOMENTS
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QUANTUM THEORY GROUP, PHYSICAL INSTITUTE, TECHNICAL UNIVERSITY, BUDAPEST, HUNGARY

(Received 3. I. 1980)

Several regularities have been found for the localized orbital energy contributions in 
a study  by using various basis sets and molecular geometries. The localized charge densities 
have been fu rth er analyzed in  term s of its  first and second order electric m om ents. The results 
obtained for these localized mom ents of the systems investigated  (H F, H 20  and N H 3, respec
tively) affirm th a t  there are system atic changes in  the localized charge d istributions as going 
fro m  the experim ental to  the theoretically  determ ined equilibrium geometries.

1. Introduction

In  a series o f p ap ers  we in v es tig a te  th e  localized o rb ita l  co n trib u tio n s  
d e te rm in ed  fo r th e  H F , H 20  a n d  N H 3 m olecules, resp ec tiv e ly . T he in v es tig a 
tio n s  w ere done usin g  vario u s basis  sets an d  th e  ca lcu la tio n s carried  o u t a t  
th e  ex p e rim en ta l an d  th e  th e o re tic a l e q u ilib riu m  geom etries. I n  th e  f irs t [1] 
a n d  th e  second  [2 ] p a r t  som e energy  q u a n titie s  w ere d iscussed  an d  i t  w as 
show n th a t  th e y  su ita b ly  ch a rac te rize  th e  d iffe ren t ty p es o f  localized  charge  
densities (cores, b o nds and lone p a irs). I t  is in te re s tin g  to  in v e s tig a te , in  a d d i
tio n , w h e th e r th e  electric  m om en ts d e te rm in ed  fo r localized o rb ita ls  (th e  so- 
ca lled  localized  m om en ts) also show  sim ilar reg u la ritie s  a t  d iffe re n t m olecular 
geom etries. A  d e ta iled  analysis on  the  basis se t dependence o f  H 20  localized 
ch a rg e  d is tr ib u tio n s  [3] re su lted  in  th a t  th e  changes in  th e  self, th e  C oulom b 
a n d  th e  exchange  in te ra c tio n  energy  c o n tr ib u tio n s  can  be re la te d  to  th e  c h a n 
ges in  th e  localized  m om ents. I t  is w orthw hile  to  s tu d y  w h e th e r  th is  conclu 
s ion  holds ev en  fo r o th e r  m olecules. As th e  im p o rtan ce  o f in c lu sio n  of p o la ri
za tio n  fu n c tio n s  is w ell know n, we also ca rried  o u t th e  ca lcu la tio n s  b y  th e  use 
o f  d -ty p e  fu n c tio n s  on  th e  h e a v y  (F , О an d  N ) atom s.

E x p e rim e n ta l an d  ca lcu la ted  equ ilib riu m  geom etries w ere ta k e n  as g iven 
in  P a r t  I [1]. T h e  H F —SCF ca lcu la tio n s w ere perfo rm ed  on a CDC 3300 com 
p u te r  (H u n g a ria n  A cadem y  o f Sciences, B u d a p e s t) . The basis  se ts  used w ere 
th e  fo llow ing: th e  (sp/s) ty p e  one as th a t  in tro d u c e d  in  [4], th is  is th e  so- 
ca lled  basis 6-31G , w hile th e  d -ty p e  fu n c tio n s w ere ta k e n  in to  consid era tio n  
b y  using basis  6-31G /d [5].
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2. Total m olecular electric m om ents

As th e re  are  m a n y  confusions in  th e  li te ra tu re  (we only  re fe r to  [6]), 
f i r s t  we give th e  d e fin itio n  o f  som e low er o rd er m o m en ts .

T h e  ch arg e  d is tr ib u tio n s  of q u a n tu m  m echan ical sy stem s can  be  e x p a n d 
ed in  te rm s  o f th e ir  m u ltip o le  e lec tric  m om en ts. T he so-called  z e ro th  o rd er 
m o m en t is th e  to ta l  ch a rg e  Z

Z  =  ^ e , . .  (1 )
i

T he f i r s t  o rd e r e lec tric  m o m en t is th e  d ipole m o m en t ц

M =  2  e‘ r‘■ (2)
i

T h e e lec tric  m om en ts a re  n o t  in v a r ia n t u n d e r  a sh ift o f  th e  origin o f  th e  coor
d in a te  sy s tem . I t  has b een  p o in te d  o u t [7], how ever, t h a t  th e  f irs t n o n -v a n ish 
in g  m o m en t is u su a lly  in d e p e n d e n t o f  th e  choice of th e  co o rd in a tes . T h e  orig in  
o f co o rd in a te  sy stem  is o fte n  chosen as th e  cen tre  o f g ra v ity  or th e  c e n tre  of 
th e  ch arg e  d is tr ib u tio n .

In  case o f  m olecules th e  f irs t  o rd e r e lectric  m o m en ts  in  a tom ic  u n its  can  
be ex p ressed  in  th e  fo llow ing  w ay :

Mu =  — ^ ’<ф 1гш |ф >5 u =  x , y , z ,  (3)
1=1

w here Ф d eno tes th e  so lu tio n  (e igen function ) o f th e  Schröd inger e q u a tio n  
fo r th e  sy s tem , N  is th e  n u m b e r o f e lec tro n s. The c o n tr ib u tio n  o f th e  nuc le i:

n
MS =  2  Z a <Hr u — rua) ru U =  X ,y ,Z  (4)

a= 1

is d e te rm in ed  b y  th e  p o sitio n  (r0) a n d  th e  charge (Za) o f nuclei. T h e  to ta l  
d ipole m o m en t o f a m o lecu la r system  is o b ta in ed  b y  th e  sum  of (3) a n d  (4) 
in  all o f  th re e  co o rd in a te  d irec tio n s:

M =  Me +  Mn- (5)

I n  o rd e r to  describe m o lecu la r w av efu n c tio n s, one com m only  uses th e  in d e
p e n d e n t p a rtic le  m odel [8 ]. I n  th e  fram ew o rk  of th e  o n e -d e te rm in an ta l a p p ro x i
m a tio n  th e  f i r s t  o rd er p ro p e rtie s , as, e.g . th e  electric  m om en ts  can be  w ritte n
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as th e  sum  o f co n tr ib u tio n s  from  th e  in d iv id u a l o rb ita ls . T h e  f ir s t  o rd er m o 
m en ts , accord ing  to  (3), w ill th e n  h av e  th e  follow ing fo rm :

N N N
=  2  ^ ( * )  =  — 2  <<P*lrul95fc> =  — 2  r«(k)’ u =  x , y , z  (6)

1 k= 1

w here qik deno tes th e  fe-th o n e-p artic le  fu n c tio n  (o rb ita l). I f  th e  o rb ita ls  a re  
su b jec ted  to  a u n ita ry  tra n s fo rm a tio n  (sy m m etry  tra n s fo rm a tio n , lo ca liza 
tio n ):

N
<Pl =  2  UJk (f k for a11 •/’» j  =  l ,  N  ( 7 )

/£=1

th e  in d iv id u a l com ponen ts ru(k) change b u t  th e ir  sum  [ f  is in v a ria n t. T h e  
f ir s t  o rd er m o m en ts  are o ften  called  th e  cen tro id s  of ch arg e . M ore p rec ise ly  
we call c en tro id  len g th  fo r (pk th e  sca lar q u a n t i ty  |r(k) \ a n d  b y  th e  n am e  
c en tro id  we m ean  th e  e n d p o in t o f th e  v e c to r  r(k).

In  c o n tra s t  to  th e  case o f  ze ro th  an d  f i r s t  o rder e lec tric  m om ents th e re  
a re  severa l d iffe ren t d e fin itio n s for th e  second  o rder ones. In  order to  be 
co n sis ten t w ith  (1) an d  (2), th e  q u ad ru p o le  m o m en t can be d efin ed  in  a s im ila r 
w ay :

Q =  Г, О r„  (8)

w here Q is th e  q u ad ru p o le  te n so r  w ith  n ine com ponen ts [6 , 7]. I t  is m ore co n 
v en ien t, how ever, to  use a d e fin itio n  o f a trace le ss  ten so r 0 ,

0  =  ^  е/(3г,- о г,- — г?) 
i

(9)

an d  so th e  su m  o f th e  d iag o n a l e lem ents o f  0  is zero:

+  @ y y  +  ®гг =  0 • (Ю)
F o r a cy lin d rica lly  sy m m etric  charge  d is tr ib u tio n :

- 2 0 xx =  — 2 & y y  =  e z z . (11)

T h e one sca la r q u a n t i ty  0 zz ( = 0 )  is s im p ly  re fe rred  to  as th e  q u a d ru p o le  
m om en t. Q an d  0  are  b o th  sy m m etric . T he com ponen ts o f  th e  ten so r Q can  
be  re la te d  to  th o se  o f 0 :

®uu =  Y  (2Quu — Qw — Qww),
Li

и =И= V,

и, V, w =  X, y ,  z. (12)

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



2 2 8 E. KAPUY et »1

I n  case o f  m o lecu la r sy stem s one sh o u ld  d e te rm in e  th e  q u ad ru p o le  m o m en t 
co m p o n en ts  fo r  th e  e lec trons as well as fo r  th e  nuclei. T h e  second  o rder m o m en t 
co m p o n en ts  o f  e lectrons can  be defined  in  a tom ic  u n its  as follows:

Quv =  — 2  Г«>/1Ф Х  U ,v =  x ,y ,  Z. (13)
i = l

T he m ean in g  o f  rui, rvi an d  Ф a re  th e  sam e  as in  E q . (3). T h e  q u ad ru p o le  m o
m en t c o m p o n en ts  o f nucle i can  be w r it te n  as

N
Quv = -  2  Za 0(Ги ~  ~  Г “ Г « ”  ®  =  * ’  У' Z• ( 1 4 )

a= 1

T he sum  o f  (13) an d  (14) y ie ld s  th e  co m p o n en ts  o f th e  to ta l  q u ad ru p o le  m o
m en t o f th e  sy stem . In  a c tu a l  ca lcu la tio n s i t  is co n v en ien t to  use a c o o rd in a te  
sy stem  f ix e d  w ith  re sp ec t to  th e  cen tre  o f  charge  d is tr ib u tio n .

F o r  can o n ica l m o lecu la r o rb ita ls  th is  does n o t seem  to  be h e lp fu l, in  
case o f  lo ca lized  charge d en sitie s , on th e  o th e r  h an d , th e  cen tro id  o f th e  in d i
v id u a l o rb ita ls  can  be ta k e n  as th e  c e n tre  o f th e  q u ad ru p o le  te n so r . The 
sh iftin g  causes a change in  th e  values o f  co m p o n en ts , so, e .g . for a g iven  lo ca 
lized o rb ita l  ipk th e  co m p o n en ts  Quv (к ) could  be d e te rm in e d  in  th e  fo llow ing 
w ay :

<?■»(*) =  I [u  — ru(Ä)] [v — r„(fc)] I фку, и, V =  X, y ,  z

w here th e  in d e x  e is o m itte d  fo r c la r ity , ru(k) and  rv(k) a re  th e  co m p o n en ts  of 
cen tro id  v e c to r  of o rb ita l <pk. These sh if te d  com ponen ts define  a q u ad ru p o le  
m o m en t te n s o r  Q for th e  in d iv id u a l lo ca lized  o rb ita l fro m  {çîk}k=i-

B efo re  an a ly z in g  th e  localized  o rb ita l  e lectric  m o m en ts , th e  to ta l  m ole
cu la r m o m e n ts  are  d iscussed  fo r th e  co m p o u n d s H F , H 20  an d  N H 3, resp ec
tiv e ly .

T h e  to ta l  d ipole m o m en ts  o b ta in e d  a re  g iven in  T a b le  I .  The co rre sp o n d 
in g  e x p e rim e n ta l values ( ta k e n  from  [9]) a re  th e  fo llow ing (in a to m ic  u n its ) :

H F : 0.715 

H 20 :  0.706 

N H 3: 0.578

As to  th e  v a lu es  o b ta in e d  b y  using  b as is  6-31G, th e  to ta l  dipole m o m en ts  
a re  q u ite  w ro n g , as e x p e c te d  because o f  th e  n o t too  la rg e  (sp/s) basis se t . The 
dipole m o m en ts  ca lcu la ted  b y  basis se t 6-31G /d, esp ec ia lly  th o se  o b ta in e d  
a t  th e  c a lc u la te d  e q u ilib riu m  geom etries are  n o t to o  f a r  from  th e  n e a r  H F  
lim itin g  v a lu es .
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Table I
N on-vanishing to ta l dipole and quadrupole m om ents 

(in atom ic units, for definitions see tex t)

Total dipo e moment

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.903 0.784
Calc. 0.905 0.778

H 20  Exp. 1.046 0.876
Calc. 0.996 0.866

N H S Exp. 0.928 0.772
Calc. 0.567 0.761

Total quadrupole moment components

в cx

Basis 6-31G Basis 6-31G/d

H F  Exp. — 0.866 — 0.899
Calc. — 0.873 — 0.886

H 20  Exp. 1.632 1.681
Calc. 1.952 1.704

N H 3 Exp. 0.899 0.898
Calc. 1.299 0.910

e „
Basis 6-31G 1 Basis 6-31G/d

H F Exp. — 0.866 — 0.899
Calc. —0.873 — 0.886

H ,0  Exp. — 1.765 -1 .8 4 5
Calc. -1 .7 8 5 — 1.821

N H 3 Exp. 0.899 0.898
Calc. 1.299 0.910

в Л

Basis 6-31G Basis 6-31G/d

H F  Exp. 1.733 1.798
Calc. 1.746 1.772

H sO Exp. 0.133 0.164
Calc. 0.167 0.117

N H 3 Exp. — 1.799 -1 .7 9 5
Calc. — 2.599 — 1.821
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T a b le  U

F ir s t  order electric m om ents obtained for localized orbitals 
(in atom ic units)

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.8431 0.8527
Calc. 0.8447 0.8492

H 20  Exp. 0.9815 0.9892
Calc. 0.9705 0.9815

N H S Exp. 1.1491 1.1615
Calc. 1.1146 1.1539

CH4 Exp. 1.3830 1.4021
Calc. 1.3721 1.3949

Lone pairs

Basis 6-31G Basis 6-31G/d

H F Exp. 0.5215 0.5120
Calc. 0.5215 0.5118

H 20 Exp. 0.6064 0.5870
Calc. 0.6035 0.5859

N H 3 Exp. 0.7194 0.6859
Calc. 0.6380 0.6838

Sim ilar conclusions h o ld  fo r  th e  q u ad ru p o le  m om ents (see T ab le  I). T he 
co rresp o n d in g  v a lu e s  o b ta in e d  fro m  th e  e x p e rim e n t (as su m m arized  in  [9]) 
in  a to m ic  u n its  a re  as follow s:

H F e zz: —

H 20 ® x x - - 1.8,5 9

&yyl 1.956

e zz: - 0 .0 9 7

N H 3 O zz-. - 1 .7 2 5

I t  shou ld  be  m en tio n ed , h o w ever, t h a t  th e  ca lc u la ted  q u ad ru p o le  m om ents 
ev en  b y  using  a  basis  w ith  p o la r iz a tio n  fu n c tio n s  are  u su a lly  r a th e r  fa r from  
th e  co rresp o n d in g  e x p e rim e n ta l v a lu es . In  th is  connection , see, e.g. [10].
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3. F irs t o rd e r localized m om en ts

T he f irs t  o rd e r e lectric  m o m en ts  o b ta in e d  fo r th e  b o n d s o f  H F , H 20  
a n d  N H 3, re sp ec tiv e ly , a re  g iven  in  T ab le  I I .  I t  is  rem ark ab le  th a t ,  w here  th e  
n u c le a r  p o te n tia ls  a re  la rg e r (i.e. a t  sh o rt b o n d  len g th s), th e  c e n tro id  len g th s  
o f  b o n d  o rb ita ls  a re  a lw ays sh o rte r . T his re su lt c an  well be seen espec ia lly  in  
th e  case o f m olecule H F : th e  th e o re tic a lly  o b ta in e d  in te ra to m ic  d is tan ce  
is sh o rte r  th a n  th e  e x p e rim en ta l one, i f  one uses (sp/s) basis se t (see P a r t  I  
o f  th is  series). As a consequence, th e  cen tro id  le n g th s  o f  b o n d  o rb ita ls  a re  also 
s h o r te r  a t  th e  ca lc u la ted  th a n  a t  th e  e x p e rim e n ta l eq u ilib riu m  g eo m etry . 
T h e  case is th e  o p p o s ite , how ever, b y  using  b asis  se ts  w ith  d - ty p e  p o la riz a tio n  
fu n c tio n s . These re su lts  can  be seen  from  T ab le  I I .

I t  genera lly  ho lds th a t  th e  sm allest d ifference b e tw een  th e  f i r s t  o rd e r 
localized  m om ents d e te rm in ed  b y  basis sets in c lu d in g  p o la riza tio n  fu n c tio n s  
a t  th e  ex p erim en ta l an d  th e  ca lc u la ted  eq u ilib riu m  geom etries can  be fo n u d  
fo r  sy m m etric  m olecules. W e h a v e  also o b ta in e d  sim ilar re su lts : th e  sm a lle s t 
d e v ia tio n  w as o b ta in e d  for CH4 (see T ab le  I I ) .

ТаЫ< П

Dispersions in  m ajor axis directions 
(in atom ic un its , for definitions see text)

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.8686 0.8478
Calc. 0.8714 0.8428

H 20  E xp. 0.9437 0.9227
Calc. 0.9330 0.9141

N H 3 Exp. 1.0182 0.9993
Calc. 0.9861 0.9922

CH4 Exp. 1.0954 1.0687
Calc. 1.0874 1.0640

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.7256 0.7299
Calc. 0.7255 0.7301

H 20  Exp. 0.8547 0.8624
Calc. 0.8611 0.8614

N H 3 Exp. 1.0121 1.0204
Calc. 1.1077 1.0246
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T he f i r s t  o rd e r  e lec tric  m o m en ts  o b ta in e d  fo r th e  lone p a ir o rb ita ls  are 
a lso  g iven  in  T ab le  I I .  I t  is in te re s tin g  th a t  th e  v alues ca lcu la ted  a t  th e  ex p eri
m e n ta l  an d  th e  th e o re tic a l eq u ilib riu m  geom etries a re  alw ays v e ry  close to  
e a c h  o th e r  (ex cep t th e  case o f N H 3, b y  u sin g  basis  6 -3 1G, b u t  its  ca lcu la ted  
eq u ilib r iu m  g eo m e try  is v e ry  fa r  from  th e  e x p e rim en ta l one). T h is  re su lt 
su g g ests  t h a t  th e  d isp lacem en t o f  th e  cen tre  o f  th e  lone  p a ir  charge  densities 
f ro m  th e  c e n tra l a to m  does n o t  d ep en d  m u ch  on th e  m olecular geom etry .

4. Second o rd er localized  m om en ts

T h e  d ispersions in  th e  th re e  d irec tio n s o f  d iagona lized  ellipsoid  (see Sec
t io n  2) have  also b een  d e te rm in ed  fo r  th e  com pounds s tu d ie d . I t  is a lre a d y  kow n 
fro m  ea rlie r s tu d ie s  [11] t h a t  th e  d ispersion  in  th e  m ain  axis d irec tio n  is ab o u t 
2 0 — 30%  la rg e r t h a n  th a t  in  th e  tw o  m in o r axis d irec tio n s. As to  th e  values 
o b ta in e d  fo r th e  b o n d  o rb ita ls , th e  d ispersions in  m a jo r axis d irec tio n  (see 
T a b le  I I I )  do also  show' sy s te m a tic  changes w ith  th e  change in  th e  m olecu lar

Table IV

Dispersions in  m inor axis directions 
(in atom ic un its, for definitions see tex t)

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.5920 0.5919
Calc. 0.5931 0.5899

H 20  Exp. 0.6612 0.6594
Calc. 0.6591 0.6561

N H 3 Exp. 0.7386 0.7366
Calc. 0.7395 0.7338

CH4 Exp. 0.8262 0.8224
Calc. 0.8223 0.8200

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.5823 0.5831
Calc. 0.5824 0.5929

H jO  Exp. 0.6816 0.6864
Calc. 0.6806 0.6859

N H 3 Exp. 0.8032 0.8094
Calc. 0.8008 0.8089
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Table V

R atios of dispersions in two m inor axis directions

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 1.0000 1.0000
Calc. 1.0000 1.0000

H 20  Exp. 1.0030 1.0034
Calc. 1.0010 1.0033

N H S Exp. 1.0012 1.0015
Calc. 1.0045 1.0016

CH4 Exp. 1.0000 1.0000
Calc. 1.0000 1.0000

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 1.0014 1.0020
Calc. 1.0015 1.0022

H 20  Exp. 1.0010 1.0022
Calc. 1.0010 1.0017

N H 3 Exp. 1.0000 1.0000
Calc. 1.0000 1.0000

g eo m etry . I t  m ean s th a t  th e  decrease  o f th e  values o f d ispersions p a ra lle ls  
th e  increase  o f n u c le a r  p o te n tia ls : th e ir  se n s it iv ity  to  th e  g eo m etry  changes is, 
h o w ev er, la rg e r th a n  th a t  o f th e  cen tro id  le n g th s . The m a jo r  axis d ispersions 
o b ta in e d  for th e  lo n e  pair o rb ita l  densities do  show  a h it  la rg e r  difference b e t 
w een  th e  e x p e rim e n ta l and  th e  ca lcu la ted  equ ilib riu m  geom etries th a n  th e  
f i r s t  o rd e r m o m en ts . The d iscrepancies o f  th e  values o b ta in e d , how ever, b y  
basis  se t 6-31G /d, e.g . are s till less th a n  0 .5 %  fo r an y  o f th e  H F , H 20  a n d  N H 3 
m olecules. T hese re su lts  a ffirm  th a t  th e  lo n e  p a ir  densities a re  no too  m u ch  
a ffec ted  b y  th e  changes in  th e  m olecu lar geo m etry .

As th e  v a lu es  o f  th e  tw o  m in o r axes d ispersions a re  r a th e r  close to  each  
o th e r , on ly  th o se  o b ta in ed  in  t h e y  d irec tio n  a re  given in  T ab le  IV . I t  is in te r e s t
ing  t h a t  th e  d ispersions ca lcu la ted  a t  th e  e x p e rim e n ta l a n d  th e o re tic a l e q u ilib 
r iu m  geom etries fo r  th e  b o n d  o rb ita ls  do n o t  differ m u ch  from  each  o th e r :  
th e ir  d ev ia tio n s a m o u n t to  less th a n  0 .5 % . This re su lt suggests t h a t  one 
cou ld  d raw  a s im ila r  conclusion to  th a t  fo u n d  fo r  th e  lone p a ir  c en tro id  le n g th s  
a n d  d ispersions in  th e  m ajor ax is  d irec tio n . T h is  m eans t h a t  w hile th e  d isp lace 
m e n ts  of th e  c e n tre s  of bo n d  o rb ita l  d en sitie s  depend  m u ch  on  th e  m o lecu la r
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g eo m e try , th e  “ e x te n t”  o f th e  densities does n o t depend  s tro n g ly  on th e  b o n d  
ang les a n d  d is tan ces . T he m in o r axis d ispersions fo r th e  lone p a ir  o rb ita l 
d is tr ib u tio n s  d ep en d  s till m uch  less on  th e  ac tu a l m o lecu la r g eo m e try , as 
e x p e c te d  (see T ab le  IV ). T h e ir d ev ia tio n s fro m  each o th e r  o b ta in ed  fo r  th e  
m olecules s tu d ie d  a re  less th a n  0 .1%  b y  th e  use o f basis  o f 6-31G /d ty p e .

In  o rd e r to  h a v e  an  e s tim a te  fo r th e  differences b e tw een  th e  tw o  m in o r 
ax is  d ispersions, th e ir  ra tio s  are  g iven in  T ab le  V. A p a r t  fro m  th e  sy m m e tric  
cases (H F  b o n d , N H 3 lone a n d  CH4 b o n d  o rb ita ls ) th e  d ifferences fo r  o th e r  
loca lized  o rb ita ls  are  even  sm aller. I t  is in te re s tin g  th a t  th e  ra tio s o b ta in e d  
a t  th e  c a lc u la ted  e q u ilib riu m  g eo m etry  a re  sm aller th a n  a t  th e  e x p e rim en ta l 
one  b y  using  b asis  6-31G /d fo r th e  localized  o rb ita l densities  o f H 20  m olecule . 
T h is  re su lt w o u ld  suggest a  “ m ore sy m m e tric  fo rm ”  o f charge d is tr ib u tio n s  
a t  th e  th e o re tic a lly  o b ta in e d  eq u ilib riu m  o f  H 20 .

5. C onclusion

Som e re g u la ritie s  h av e  been  fo u n d  as in v e s tig a tin g  th e  to ta l  a n d  th e  
localized  e lec tric  m om en ts  a t  d iffe ren t m o lecu la r geom etries for th re e  ten - 
e le c tro n  co m p o u n d s. T he ca lcu la ted  m o lecu la r dipole an d  quad ru p o le  m o m en ts  
a re  in  ag reem en t w ith  th e  re su lts  o b ta in e d  fro m  o th e r s tu d ie s . The in v e s tig a 
t io n  w as c a rr ie d  o u t using  basis  sets o f  (sp /s) an d  (spd/s) ty p e s . I t  g en e ra lly  
h o ld s  t h a t  th e  f i r s t  o rd e r localized  m o m en ts  (m ore p rec ise ly  th e  le n g th s  of 
cen tro id s) are  p a ra lle l ch an g in g  w ith  th e  n u c le a r  p o te n tia l  changes fo r  b o n d  
o rb ita ls . T h e  lone  p a ir  ch arg e  d is tr ib u tio n s  are  n o t m u ch  d ep en d en t o n  th e  
a c tu a l  v a lu es  o f  b o n d  len g th s  an d  angles in  th e  v ic in ity  o f  th e  eq u ilib r iu m  
geo m etrie s .
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In  a series of papers the localized o rb ita l energies and th e  firs t and second order electric 
mom ents have been investigated. In  th e  p resen t paper several m om ent characteristics ob
tained fo r the H F, H 20  and  NH3 molecules, respectively, are discussed. The calculations were 
carried o u t  a t the experim ental and a t  th e  theoretical equilibrium  geometries of the com
pounds. T he results h ave  shown th a t som e m om ent characteristics are especially useful in  
pointing o u t the main differences in th e  behaviours of bond and  lone pair charge densities.

1. In tro d u c tio n

S ev era l re g u la ritie s  have b e e n  p o in te d  o u t w h en  in v e s tig a tin g  th e  lo ca 
lized o rb ita l  energy  co n tr ib u tio n s  o f  som e sm all n e u tra l  com pounds (P ap ers  
I  an d  I I  o f  th is  series [1]). The g eo m etrie s  were f ix e d  f ir s t  a t  th e  ex p e rim en ta l 
th e n  a t  th e  th e o re tic a lly  o b ta in ed  eq u ilib ria . T he p ro p e rtie s  o f th e  localized  
m o lecu lar o rb ita ls  w e re  stud ied  b y  u s in g  v a rious basis  se ts: th e  ca lcu la tio n s 
have  b e e n  done b y  th e  use of th e  so-ca lled  6-31G [2] a n d  6-31G /d basis  sets
[3] in  each  case. T h is  geom etry  a n d  basis  se t d ependence  analysis  o f  localized  
o rb ita ls  h as  been e x te n d e d  to  th e  in v e s tig a tio n  o f th e  e lec tric  m o m en ts  as well. 
N am ely , th e  to ta l m o lecu la r d ipo le  a n d  q u ad ru p o le  m o m en ts  an d  th e ir  decom 
p o sitions in to  th e  lo ca lized  o rb ita l c o n tr ib u tio n s  (localized  m om ents) h av e  been  
in v e s tig a te d  for th e  H F , H 20  a n d  N H 3 m olecules, re sp ec tiv e ly . T he resu lts  
have  b een  pub lished  in  P aper I I I  o f  th is  series [4]. T he re su lts  o b ta in e d  affirm ed  
th a t  sy s te m a tic  d ifferences can be  fo u n d  betw een  th e  localized  charge  d is tr ib u 
tions i f  one com pares th e  values o b ta in e d  a t  th e  e x p e rim e n ta l an d  a t  th e  ca lcu l
a ted  equ ilib rium  geom etries.

I t  h as  a lread y  b e e n  po in ted  o u t  t h a t  th e re  a re  close re la tio n sh ip s  b e tw een  
th e  en e rg y  and  th e  m o m en t c o n tr ib u tio n s  o f localized  o rb ita ls  (see, e.g. [5 — 6]). 
The m o m e n t ch a ra c te ris tic s  d e fin ed  in  [5] seem ed to  be  usefu l fo r a d esc rip tio n  
o f localized  charge densities o f som e sm all m olecules, an d  even  th e ir  t r a n s 
fe ra b ility  p ro p e rty  h a s  been show n re c e n tly  [7]. N o sy s te m a tic  w ork  has y e t 
been d o n e , how ever, to  in v es tig a te  w h e th e r th e  g eo m e try  d a ta  chosen  in f lu 
ence th e  overall reg u la ritie s  a n d /o r  th e  basis se ts  used  cause d ifferences in
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th e  v a lu es . T h is  s tu d y  w ould  h e lp  to  p o in t o u t th e  usefu lness o f  th e  m om ent 
c h a ra c te r is tic s  in  an a ly sin g  a n y  localized  ch arg e  densities.

All d e ta ils  concern ing  th e  a c tu a l c a lcu la tio n s can  be fo u n d  in  P a r ts  
I — I I I  o f  th is  series. T h e  m olecules in v e s tig a te d  w ere th e  fo llow ing: H F , H 20  
a n d  N H 3, re sp ec tiv e ly , an d  th e ir  b o n d  an d  lone  p a ir  localized  o rb ita ls  w ere 
c h a ra c te r iz e d  b y  sev era l m easu res . Tw o w ell-defined  c h a ra c te ris tic s : th e  o rb ita l 
a sy m m e try  a n d  th e  effec tive  solid  angle w ill be  an a ly zed  in  th is  p ap er in  
d e ta il . Som e fu r th e r  p ro p e rtie s  co n n ec ted  w ith  localized  o rb ita l m om en ts will 
a lso  be  in v e s tig a te d .

2. O rb ita l asym m etries

T he q u a n t i ty  n am ed  o rb ita l  a sy m m e try  m easures th e  a sy m m e try  o f th e  
g iv en  localized  ch a rg e  d e n s ity  w ith  re sp e c t to  th e  nucleus o f  th e  c e n tra l a to m . 
T h e  d e fin itio n  exp ressed  b y  u s in g  th e  e lec tric  m o m en ts  o f  localized  charge  d is tr i
b u tio n s  is g iv en  in  [5]. T h e  v a lu e s  o b ta in e d  fo r b o n d  p a ir  o rb ita ls  are  g iven 
in  th e  f ir s t  p a r t  o f  T ab le  I .  T h e  re su lts  show  t h a t  th e  inc lusion  o f  p o la riza tio n  
fu n c tio n s  causes a sy s te m a tic  in c rea se  o f a b o u t 3 —4 %  in  th e  o rb ita l  asy m m et-

Т аЫ е I

O rbital asym m etries obtained for localized orbitals

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.971 1.006
Calc. 0.969 1.008

H 20  Exp. 1.040 1.072
Calc. 1.040 1.074

N H 3 Exp. 1.129 1.162
Calc. 1.130 1.163

CH4 Exp. 1.263 1.312
Calc. 1.262 1.311

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.717 0.701
Calc. 0.719 0.710

H 20  Exp. 0.709 0.681
Calc. 0.701 0.678

N H , Exp. 0.711 0.672
Calc. 0.576 0.667
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ries o f  b o n d  o rb ita ls . I t  g en era lly  ho lds, h ow ever, th a t  th e re  a re  only v e ry  sm all 
(less th a n  0 .2 % ) differences b e tw een  th e  v a lu es  o b ta in ed  a t  th e  ex p erim en ta l 
an d  th e  ca lcu la ted  eq u ilib riu m  geo m etry . These re su lts  suggest th a t  th e se  
q u a n titie s  do n o t  d ep en d  m uch  on  th e  bo n d  len g th s  a n d /o r b o n d  angle changes 
in  th e  m olecule. T h e  opposite  case has b e e n  found  for th e  lone p a ir  o rb ita l  
asy m m etries : th e  va lu es  in crease  w ith  en la rg in g  basis se ts , a n d  th e  q u a n titie s  
depend  m ore on  th e  a c tu a l g eo m e try . T he re su lts  o b ta in e d  a t  th e  ex p erim en 
ta lly  an d  th e  th e o re tic a lly  o b ta in e d  eq u ilib ria  differ b y  ab o u t 0.5 — 1.0% .

3. E ffec tive  solid angles

T hese q u a n tit ie s  are  — a p p ro x im a te ly  — th e  m easu res  o f th e  space  
re q u ire m e n t o f th e  localized  o rb ita ls  (the  d efin itio n  is g iv en  p recisely  in  [5]). 
T he va lu es  ca lcu la ted  fo r th e  s tu d ie d  sy stem s b y  using th e  b as is  sets 6-31G an d  
6-31G /d, re sp ec tiv e ly , are  g iven  in  th e  f ir s t  p a r t  of T ab le  I I .  As to  th e  re su lts  
o b ta in e d  fo r F H , O H , N H  a n d  C H  bo n d  o rb ita ls , th e y  becom e sm aller (by

Table II

Effective solid angles obtained for localized orbitals 
(in steradian)

Bonds

Basis 6-31G Basis 6-31G/d

H F Exp. 1.141 1.122
Calc. 1.141 1.123

H 20 Exp. 1.070 1.052
Calc. 1.085 1.057

N H 3 Exp. 0.997 0.976
Calc. 1.044 0.980

CH4 Exp. 0.889 0.863
Calc. 0.894 0.867

Lone pairs

Basis 6-31G Basis 6-31G/d

H F Exp. 2.090 2.135
Calc. 2.090 2.136

H sO Exp. 2.106 2.197
Calc. 2.113 2.200

N H , Exp. 2.091 2.221
Calc. 2.368 2.227
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a b o u t 2 — 3% ) i f  a se t o f p o la r iz a tio n  d fu n c tio n s  is in c lu d ed  in  th e  ca lcu la tio n . 
T h e  differences b e tw een  th e  e ffec tiv e  solid ang les d e te rm in ed  a t  th e  ex p e rim en 
t a l  an d  th e  th e o re tic a l eq u ilib riu m  geom etries a re  a b i t  la rg e r  th a n  those  re s u l t 
in g  fo r th e  o rb ita l  a sy m m etrie s  b u t  s till less th a n  0 .5%  fo r  a n y  bo n d  o rb ita l  
in v e s tig a te d .

T he e ffec tive  solid ang les o f  lone p a ir  charge  d is tr ib u tio n s  (second p a r t  
o f  T ab le  I I )  a re  n e a r ly  tw ice as la rg e  as th o se  o f  bo n d  p a ir  o rb ita ls . T his re su lt  
h a s  a lread y  b een  show n in  a p rev io u s  s tu d y  [5]. As to  th e  b as is  set d ependence  
o f  th ese  angles, th e y  are la rg e r  b y  using  b asis  se t 6-31G /d th a n  6-31G. T he 
d ev ia tio n s  b e tw een  th e  v a lu es  c a lcu la ted  a t  th e  ex p e rim e n ta lly  an d  th e o re t i 
ca lly  o b ta in e d  eq u ilib riu m  geom etries are  sm all, less th a n  0 .3 % . T he e ffec tive  
so lid  angles in c rease  w ith  d ec reasin g  n u c le a r  charge o f  th e  cen tra l a to m  b y  
u s in g  a basis se t o f  (spd/s) ty p e . T his is in te re s tin g , b ecau se  a decrease w as 
fo u n d  b y  th e  use  o f (sp/s) ty p e  basis se t [5].

4. D ispersion ra tio s

As h as  a lre a d y  been p o in te d  o u t in  P a p e r  I I I  o f th is  series, th e  m ino r 
axes of th e  d iagonalized  seco n d  m o m en t te n so r  do n o t d e v ia te  from  each  o th e r  
b y  m ore th a n  0 .4 %  (values o b ta in e d  b y  u s in g  a basis s e t  o f  6-31G /d ty p e ) . 
T h e  d e fo rm atio n s of th e  loca lized  charge densities from  th e  spherica l d is tr ib u 
tio n , can  be m easu red  b y  th e  d ispersion  ra tio s  (for d e fin itio n  see [5]). B ecause  
o f  th e  above a rg u m en ts , th e  d ispersion  ra tio s  w ere c a lc u la ted  as ta k in g  th e  
ra tio s  o f  th e  m a jo r  axis d isp e rs io n  an d  t h a t  o f  th e  av e rag e  values of th e  tw o 
m in o r axes. T h e  values o b ta in e d  b y  basis  se ts  o f (sp/s) a n d  (spd/s) ty p e s  are  
g iven  in  T ab le  I I I .  As to  th e  re su lts  fo r b o n d  o rb ita ls , th e  dispersion ra tio s  
becom e la rg e r b y  th e  in tro d u c tio n  o f p o la riz a tio n  fu n c tio n s . T here are  n o t  too  
m a n y  d ifferences, how ever, b e tw een  th e  v a lu es  o b ta in ed  a t  th e  ex p e rim en ta l 
a n d  th e  ca lc u la ted  eq u ilib riu m  geom etries. T h is  re su lt sugg ests  th a t  th e  “ fo rm ”  
o f  th e  second  m o m en t te n so r  o f  th e  b o n d  o rb ita ls  does n o t  depend  m u ch  on 
th e  changes o f  th e  g eo m etrica l a rra n g e m en t o f th e  m olecu le . S im ilar re su lts  
w ere fo u n d  fo r th e  lone p a ir  o rb ita ls , th e  dev ia tio n s o f th e  values o b ta in e d  a t 
th e  ex p e rim e n ta lly  an d  th e  th e o re tic a lly  o b ta in e d  eq u ilib riu m  geom etries are 
r a th e r  sm all, less th a n  0 .5 % , as ca lcu la ted  b y  basis 6-31G /d.

I t  is in te re s tin g  th a t  th e  d ispersion  ra tio s  o f bond  a n d  lone  p a ir o rb ita ls  do 
d e v ia te  fro m  each  o th e r d iffe re n tly : th e ir  d ev ia tio n  d ep en d s  s tro n g ly  on  th e  
m o lecu lar sy s tem . N am ely , th e  d ispersion  ra tio s  of b o n d  p a ir  localized o rb ita ls  
o f  H F  are  la rg e r th a n  th o se  o f  lone p a ir  ones b y  a b o u t 1 8 % , while th e  d ev i
a tio n  fo r th e  N H 3 m olecule is less th a n  10% . This r e s u l t  suggests t h a t  th e  
“ w eig h t”  o f  b o n d  localized  charge  den sitie s  is la rger i f  th e  n u m b er o f  bonds 
is sm aller in  th e  m o lecu lar sy s tem  s tu d ie d .
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Table 1П

Major/minor axis dispersion ratios obtained 
for localized orbitals

Bonds

Basis 6-3IG Basis 6-31G/d

H F Ekp. 1.467 1.432
Calc. 1.469 1.429

H 20 Exp. 1.427 1.399
Calc. 1.416 1.393

N H 3 Exp. 1.379 1.357
Calc. 1.334 1.352

CH4 Exp. 1.326 1.300
Calc. 1.323 1.305

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 1.246 1.252
Calc. 1.246 1.253

H 20  Exp. 1.254 1.256
Calc. 1.265 1.256

N H 3 Exp. 1.260 1.261
Calc. 1.383 1.267

5. D ispersion  products

T h ere  is s till a v e ry  im p o r ta n t questio n  to  an a ly se , and  th is  is th e  “ size”  
o f th e  localized  ch a rg e  densities. T h e  m easure o f th e  size or th e  e x te n t fo r  a 
localized  charge d is tr ib u tio n  can  b e  defined  in  v a rio u s  w ays (see, e.g. [8 ]). 
One o f  th ese  is th e  so-called  d ispersion  p ro d u c t, as defined  in  [5], th e  p ro d u c t 
o f d ispersions in  th e  th re e  (sh ifted ) coo rd in a te  d irec tio n s. T h is q u a n t i ty  is 
in te re s tin g  to  in v e s tig a te  as th e re  a re  som e e x p ec ta tio n s  concern ing  th e  re la 
tiv e  m ag n itu d e  o f b o n d  an d  lone p a ir  o rb ita ls . F ir s t  i t  w as b e liev ed  th a t  th e  
“ size”  o f  th e  lone p a ir  o rb ita ls  o u g h t to  be alw ays la rg e r th a n  th e  bo n d  p a ir  
ones [8 ]. F u rth e rm o re , as in v e s tig a tin g  these  m easu res using  d iffe ren t basis  
sets fo r  som e sm all m olecules i t  w as p o in ted  o u t t h a t  th e re  is a n  “ in flex ion  
p o in t”  in  th e  tre n d  o f  th e  sizes o f b o n d  and  lone p a ir  o rb ita ls . M ore p recisely , 
i t  w as show n th a t  th e re  are  som e sy s tem s fo r w h ich  th e  lone p a ir  o rb ita l sizes 
are  a lw ay s la rger (e.g . N H 3,) b u t  fo r  o th e rs , how ever, th e  bo n d  p a ir  ones h av e  
la rg e r sizes. In  o rd e r to  in v es tig a te  th e  “ sizes”  o f  localized  ch arg e  densities
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Table IV

Dispersion products obtained for localized orbitals 
(in (a.u.)3)

Bonds

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.304 0.297
Calc. 0.307 0.293

H 20  Exp. 0.401 0.400
Calc. 0.405 0.392

N H S Exp. 0.555 0.541
Calc. 0.537 0.533

CH4 Exp. 0.748 0.723
Calc. 0.735 0.717

Lone pairs

Basis 6-31G Basis 6-31G/d

H F  Exp. 0.246 0.248
Calc. 0.246 0.248

H 20  Exp. 0.397 0.405
Calc. 0.398 0.406

N H 3 Exp. 0.653 0.688
Calc. 0.710 0.670

w e use th e  p ro d u c ts  o f  d ispersions, c a lcu la ted  b y  basis  sets o f 6 -31G and6-31G /d- 
T h e  ca lcu la tio n s  w ere ca rried  o u t a t  th e  ex p e rim e n ta lly  and  a t  th e  th e o re ti
c a lly  o b ta in e d  eq u ilib riu m  geom etries o f  th e  s tu d ie d  system s. T h e  resu lts  are  
g iv en  in  T ab le  IV .

F ir s t  i t  is in te re s tin g  to  m en tio n  t h a t  th e  b o n d  p a irs  d ispersion  p ro d u c ts  
a re  s lig h tly  la rg e r  using  a basis  o f  se t (sp/s) ty p e  th a n  b y  th e  use  o f (spd/s) 
ty p e . T he o p p o site  re su lt w as fo u n d  fo r lone p a ir  o rb ita l “ sizes” . Secondly, 
th e  d isp e rs io n  p ro d u c ts  do n o t d iffer m uch  from  each  o th e r w h e th e r d e te r
m in ed  a t  th e  ex p e rim e n ta lly  o r a t  th e  ca lcu la ted  eq u ilib riu m  geom etries. 
T h is is e sp ec ia lly  v a lid  for lone p a ir  o rb ita ls . I t  is also  w orthw hile  to  m en tion , 
h o w ev er, t h a t  th e re  are  no sy s te m a tic  d ifferences b e tw een  th e  b o n d  an d  lone 
p a ir  o rb ita l  d isp ers io n  p ro d u c ts . N am ely , th e  b o n d  p a ir “ sizes”  are  la rger 
t h a n  th e  lo n e  p a ir  ones b y  usin g  6-31G  fo r H F  a n d  H 20 ,  re sp ec tiv e ly , b u t  n o t 
fo r N H 3. T h e  d ispersion  p ro d u c ts  o f b o n d  p a ir o rb ita ls  are la rg e r th a n  those  
o b ta in e d  fo r th e  lone  p a ir  o rb ita ls  fo r  th e  H F  m olecule b u t  n o t  fo r H 20  an d  
N H 3, re sp ec tiv e ly , i f  a basis  se t o f (spd/s) ty p e  w as used  in  th e  ca lcu la tions.
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T hese re su lts  a ffirm  t h a t  th e re  is no reaso n  to  expect t h a t  th e  lone p a ir  o rb i
ta ls  w ere sy s tem a tica lly  la rg e r th a n  th e  b o n d  p a ir o rb ita ls . T he re su lts , on 
th e  o th e r  h a n d , do n o t  suggest th a t  th e  d ispersion  p ro d u c ts  can n o t b e  u sed  
as su itab le  q u a n titie s  fo r ch a rac te riz in g  localized  charge  densities. I t  shou ld  
be ta k e n  in to  co n sid e ra tio n , how ever, t h a t  th e  d ispersion  p ro d u c ts  (as second 
o rd e r m o m en t d e riv a tiv e s) are sensitive  to  th e  basis se t chosen.

I t  is d ifficu lt to  p re d ic t, w h a t th e  re la tiv e  m ag n itu d es o f  these  q u a n titie s  
fo r d iffe ren t ty p es  o f localized  o rb ita ls  look  like  n ear th e  H a r tr e e —F o ck  lim it. 
I t  is possib le  to  assum e th a t  th e y  te n d  to  be  equal a t  th e  H F  lim it fo r b o n d  
a n d  lone p a ir  charge d is tr ib u tio n  o f c e r ta in  system s a n d /o r  th e y  m a y  also 
d ep en d  on th e  m o lecu la r sy stem  in v es tig a ted .

6. C onclusion

S evera l m o m en t ch a ra c te ris tic s  h av e  b een  discussed fo r  th re e  sm all m ole
cules b y  using  d iffe ren t basis se ts . T he re su lts  a ffirm  t h a t  these  q u a n tit ie s  
ch a rac te rize  su ita b ly  th e  d iffe ren t ty p es  o f  localized ch a rg e  densities. T he 
in v e s tig a tio n  o f m o m en t ch a rac te ris tic s  h a s  show n t h a t  th e  bond  a n d  lone 
p a ir  charge  d is tr ib u tio n s  h a v e  d iffe ren t b e h av io u rs  as co m p ared  to  th e  g eo m e try  
v a ria tio n s . I t  has a lre a d y  been show n [9], how ever, t h a t  even  the sy s te m a tic  
en la rg em en t o f  th e  basis  se t does n o t p ro v id e  th e  e x p e rim e n ta l g eo m etry , o n ly  
th e  H a r tr e e —F ock  l im it can  be reached . T h erefo re  if  w e w a n t to  know  w h a t 
th e  localized  o rb ita ls  look  like in  (or n e a r)  th e  e x p e rim e n ta l g eo m etry  th e  
e x tra p o la tio n  m u st be done v e ry  care fu lly . F u r th e r  s tu d ie s  a re  p la n n e d  in  
th is  d irec tio n . T he b e h a v io u r  o f w av efu n c tio n  n e a r th e  e x p e rim e n ta l g eo m e try  
shou ld  be in v e s tig a te d  b y  ta k in g  in to  co n sid e ra tio n  th e  d ev ia tio n  from  th e  
v ir ia l th eo rem  [10].
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W hen the  accretion ra te  on a non m agnetic neu tron  star is determ ined by  ste llar wind 
and no t by  overflowing th e  R oche lobe, i t  is show n th a t  X -ray  lum inosity  cannot exceed 
103e— 1037 erg/sec. This very low lim it is essentially set by  rad iation  pressure which causes an 
effective braking on th e  falling m atter.

1. In tro d u c tio n

In  a p reced in g  p a p e r  [1] we h av e  ex am in ed  th e  p h en o m en o n  o f acc re tio n  
on  single s ta rs . T hose re su lts  can  also b e  ap p lied  to  th e  acc re tio n  on to  a n e u tro n  
s ta r  in  a b in a ry  sy s tem  w ith  a non  co llapsed  com pan ion . T h e  various p o ssib i
litie s  t h a t  such  a sy stem  can  em it X -ra d ia tio n  have  b een  ex ten siv e ly  s tu d ie d  
b y  V a n  d e n  H e u v e l  [ 2 ] .  I t  tu rn s  o u t t h a t  th e  process can  develop in  tw o  
d iffe ren t w ays:

1) T h e  com pan ion  em its  a s tro n g  s te lla r  w ind  w h ich  is c a p tu re d  b y  th e  
n e u tro n  s ta r .

2) T h e  com pan ion , a f te r  filling  i ts  ow n R oche lobe , c an  tra n s fe r  m a t te r  
on th e  n e u tro n  s ta r  th ro u g h  th e  inner L ag ran g ian  p o in t.

I n  b o th  cases ra d ia t io n  pressure p lay s  a v e ry  im p o r ta n t  role in  d e te r 
m in in g  th e  X -ra y  lu m in o s ity  o f th e  so u rce . So fa r  th e  effects o f  ra d ia tio n  
p ressu re  h a v e  been  ta k e n  in to  accoun t fo r  su p erc ritica l acc re tio n  b y  [3], [4],
[5], [6]. T hese a u th o rs  co n sid er an  a rb i t r a ry  accre tion  ra te  w hich is th e re fo re  
n o t  lin k ed  to  th e  acc re tio n  ra d iu s  of th e  n e u tro n  s ta r  (w hich  is supposed  w ith o u t 
a m ag n e tic  fie ld ). Such a s itu a tio n  can o ccu r w hen m ass is tra n sfe rre d  b y  o v e r
flow ing  th e  R oche lobe: a ll th e  m a tte r  w hich  crosses th e  in n er L a g ra n g ia n  
p o in t m u s t n ecessarily  fa ll on  th e  n e u tro n  s ta r . As a re su lt  a ll th e  m a tte r  in side
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th e  Roche lo b e  o f  th e  n e u tro n  s ta r ,  be ing  o p tic a lly  th ic k , a c ts  as a source o f  
X  ra d ia tio n . T h e  lu m in o sity  ca n  co n seq u en tly  be  g rea te r th a n  th e  E d d in g to n  
l im it  (see b e lo w  fo rm ula  (1 ')) .

In  th e  case  o f  a s te lla r  w in d , an  a rb i t r a ry  ra te  c an n o t b e  considered  a n y  
longer. In  f a c t ,  beside  th e  p h y s ic a l co n d itio n  o f  th e  w ind , one  m u st ta k e  in to  
acco u n t also th e  accre tion  ra d iu s  an d  th e  ra d ia tio n  p re ssu re . I t  can  be no 
longer a d m itte d  t h a t  th e  gas is o p tica lly  th ic k  because o f th e  m a tte r  d e n s ity  
b e ing  m an y  o rd e rs  of m a g n itu d e  less th a n  in  th e  p reced ing  case: as m a tte r  is 
p ra c tic a lly  th in  all ra d ia tio n  com es a lm o st e n tire ly  from  a v e ry  th in  la y e r  
a ro u n d  th e  s t a r  surface. I n  th is  p a p e r we sh a ll consider th is  la t te r  case a n d  
show  th a t  th e  b ra k in g  o f th e  fa llin g  m a tte r  caused  b y  ra d ia tio n  p ressu re  h as  
tw o  m ajo r e ffec ts :

1) T h e  k in e tic  energy w ith  w hich  m a tte r  h its  th e  s ta r  su rface  is less th a n  
in  th e  case in  w h ich  ra d ia tio n  p ressu re  is neg lec ted .

2) T h e  a c c re tio n  rad iu s  is d im in ished  a n d  th e  n e u tro n  s ta r  can  c a p tu re  
a lesser p a r t  o f  th e  s te lla r w in d .

As we sh a ll  see th e  o v e ra ll effect o f ra d ia t io n  p ressu re  o n  accre tion  o n to  
n o n  m ag n e tic  s ta r s  o f a b o u t 1 M q  is to  cause  an  X -ray  lu m in o sity  as low  as 
1036—1037 erg /sec .

2. T he effect o f ra d ia tio n  pressure

L et u s  co n sid e r a close b in a ry  sy s te m  fo rm ed  b y  a n o rm a l О —F  s ta r  
w ith  m ass M  1 M  an d  a  s tro n g  s te lla r  w in d  an d  a n e u tro n  s ta r . T he accre 
t io n  is of th e  s te l la r  w ind  ty p e  w ith  0 .1%  o f th e  m a tte r  c a p tu re d  b y  th e  g ra v i
ta tio n a l f ie ld  o f  th e  n e u tro n  s ta r .  I f  th e  ra d ia tio n  pressure is su ffic ien tly  s tro n g , 
m a tte r  c a n n o t fa ll an y  lo n g er o n to  th e  co llap sed  o b jec t ( E d d i n g t o n  [ 8 ] ) .

As fa r  as  w e know  i t  h a s  n o t  y e t  b een  an a ly zed  w h e th e r  th is  lim it is 
e ffec tively  re a c h e d  or th e  w a y  a n d  th e  tim e  in  w hich th e  l im it  is e v e n tu a lly  
a tta in e d . I t  is sa id  for in s ta n c e  ( D a v i d s o n  an d  O s t r i k e r , [7]) th a t  m a t te r  
w h ich  can b e  a c c re ted  is t h a t  co n ta in ed  in  a cy lin d er w ith  rad iu s

f^acc — 2 G /n x/v re |,

w here mx is  th e  m ass of th e  n e u tro n  s ta r , vrei is th e  s te lla r  w in d  velo c ity  re la 
tiv e  to  th e  n e u tro n  s ta r , a n d  G is  th e  N ew to n ian  g ra v ita tio n a l c o n s tan t. T h e  
ra te  of a c c re tio n  is acco rd ing ly :

d M /d t =  jtfR lcc vrel g,

w here g is th e  m ass d e n s ity  o f  th e  s te lla r  w in d  and  |  is a fa c to r  less th a n  
u n ity  w hich ta k e s  in to  ac c o u n t ra d ia tio n  p ressu re

I  ~  [1 — 1O -«(L X/L0 ) (M q K ) ] * .
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F ro m  th is  i t  is clear t h a t  fo r  m x=  1M ©, w hen L x ~  1038 erg/sec, accre 
tio n  is no  longer possible.

In  a s tro n g ly  ionized low  d e n s ity  p lasm a  as th e  s te lla r  w in d  is, th e  m ain  
so u rce  o f  o p a c ity  is C om pton  sc a tte r in g . T he force caused b y  ra d ia tio n  p re s 
su re  on  a free e lec tro n  is:

Fe  =  Eq/c,

w here q is th e  f lu x  o f  ra d ia tio n , E  — 6.7 X 10_2S cm 2 is th e  T h o m so n  cross sec tion , 
c is th e  speed o f  lig h t. I f  th e re  is eq u ilib riu m  th e  force due to  ra d ia t io n  p ressu re  
eq u a ls  th e  g ra v ita tio n a l force a c tin g  on a p ro to n

СтПу-тПр/т2 =  Eqjc.

T h e f lu x  of ra d ia tio n  is given b y

q =  L /^n r1 ,

w h ere  L  is th e  lu m in o sity .
So we ge t a t  equ ilib riu m :

G m x niplF =  27L/4jrr2c. ( 1)

F ro m  (1) one gets  th e  “ E dding to n  lu m in o s ity ”

L e =  1.3 1038 (mx/M © ) erg/sec. (1 ')

T h e  n e t  force w h ich  ac ts  on th e  e lec tro n -p ro to n  system  a t  a d is tan ce  г fro m  
th e  s ta r  is:

(G mx rriplr2) — (LEjAnFc) ,  (2)

w h ere  m x is th e  m ass of th e  n e u tro n  s ta r .
T h is is an  inverse  sq u are  law  force w h ich  comes fro m  th e  p o te n tia l:

(Gmx/r) — (LE/inrcnip). (3)

W e g e t an  e s tim a te  o f  th e  a c c re tio n  rad iu s , in  th e  case o f  sy m m e tric a l accre 
t io n  (D avidson  an d  Ostriker , [7]), e q u a tin g  k in e tic  to  p o te n tia l  en erg y

Race =  (2G m jv l)  -  (LEI2nm p v l  c), (4)

w h ere  is th e  s te lla r  w ind v e lo c ity  on th e  o rb it  o f th e  n e u tro n  s ta r .
T he ra te  o f  acc re ted  m a tte r  is th erefo re

dM jdt =  n v „ m pR \ QC — 4 rm „ mp/j;3 (Gmx — L E j^n  c m p)2, (5)
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w h ere  is th e  n u m b e r d e n s ity  o f th e  s te lla r  w ind on  th e  o rb it of th e  n e u tro n  
s ta r .

O n e v a lu a tin g  th e  in te rn a l energy  o f  th e  n e u tro n  s ta r  one m u s t recall 
t h a t  th e  in te ra c tin g  n e u tro n s  are on ly  th o se  o f th e  ta i l  in  th e  F erm i d is tr ib u 
t io n  w hich  h av e  a n u m b e r d e n s ity  g iven  b y

ralnt ^  n kT /E p , (6)

w here  n  is th e  n e u tro n  n u m b e r d e n s ity , к  is th e  B o ltz m a n n  c o n s tan t a n d  T  is 
th e  te m p e ra tu re  in  °K .

F ro m  (6) we g e t:

d /d t(3 V n k2T /E F) =  (3 V n& T/Ep) (dT /d t). (7)

T h e  to ta l  b lack -b o d y  ra d ia tio n  is g iven  b y :

o T 4 n R 2, (8)

w here  a  is th e  S te fa n —B o ltz m a n n  c o n s ta n t, R  is th e  ra d iu s  o f th e  n e u tro n  s ta r . 
T h e  en e rg y  w ith d ra w n  from  in fa llin g  m a tte r  is

<PdM/dt, (9)

w h ere  Ф is th e  g ra v ita tio n a l p o te n tia l  a t  th e  surface o f  th e  n eu tro n  s ta r :

Ф =  (G m JR) -  (L £ /in R c m p). (10)

F ro m  (5), (9) an d  (10) one ge ts:

Ф dM /dt =  (4 jt n „  nip/v^R) (Gmx — L E /4ncm p)3. (11)

F ro m  (7), (8) an d  (11) we ge t:

(3 nV k?T/E p) (dT/dt) =  — oT* 4 я  R 2 +  (4 n n mm p/v lR )  (Gmx -  а Т *Ж 2/стр)3,
(12)

i.e .
TdT/dt - - a T 12 +  ß T* -  yT 4 +  Ô, (13)

w here
a  — 4:nna,<y3E 3R sE p l3 n V k2vl,c3m p, (13a)

ß — 4 n n mGmxffiZ 2R 2E  p/nV k2vl,c2m p, (13b)

у  =  (4inR2aEpjbn Vk2) (1 +  3n aG2m $Z/vlcR), (13c)

ô — /tn n 00m pG3m 3E p/3 n V k2vl,R. (13d)
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F ro m  (1) the E ddington  lum inosity  can be w ritten  as:

but

L e =  Gmx ШрА-яс/И, 

L e =  4?r jR2 oTE,

where T E is the “ E dding to n  tem perature” .
O n su b s titu tio n  o f  (15) in  (14) one gets

T E =  Gmx mp c/EaR2.

In tro d u c in g  th e  d im ensionless v a ria b le  у  defined  b y

(14)

(15)

(16)

T  =  y r B
one gets:

- y d y / d t  =  « n ° [ y 12 -  ( £ / « 7 1 )  y 8 +  ( y / « T | )  y* -  д/otT g \ .  

From  fo rm ulae  (13) one easily  sees t h a t

ß l * n  =  3,
y /«T E =  (vl,Rcln„EG2 m 2) -f- 3 == т -f- 3,

where
T — vl Rein „EG2 m 2 ,

d / « n 2 =  1.

In  th is  w ay  our eq u a tio n  ta k e s  up  th e  sim ple form

—ydy/d t  =  x T E(y12 — 3y8 +  (t +  3) у* — 1).

(17)

(17a)

(17b)

(17c)

(18)

B y  e le m e n ta ry  in te g ra tio n  one gets:

t =  ( l / x T E) {[A  In (y2 + yï)/(y2 -  yï) +  Y In (y* — ay2 -F b)l

/(y4 + ay2 +  b) -  [ ( 2 0  -  Ca)/V46 -  a2]

(arc  tg  [(2y2 — a)/Y46 — a2] +  a rc  tg  [(2y2 +  а)/У Ы  — a2])]} , (19)

w here y x is th e  real so lu tio n  o f th e  e q u a tio n

j i 2 _  3y 8 -F ( r  +  3) у 4 — 1 (19a)
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a n d
A  =  - Я =  l / 2 y ! ( 3 y f - 6 y i + r  + 3), (19b)

E  — —C =  (2yi -  3 -  b)/2ab(2yl -  3y) +  &2), (19c)

F  =  D  =  ( - 2 y J  +  3)/26(2jyf -  3 j í  +  6*),  ̂ (19d)

a  =  ] f - y i  + 3  +  2 V yi  +  3 -  3y* +  r  (19e)

b =  Уу? +  3 -  3 j í  +  T . (19f)

A n ap p ro x im a te  fo rm u la  derived  b y  (19) w ith a d ev e lo p m en t in  p ow er series is 

t =  (1/« T e) (y -A /y f  -  2D/b) y \  (20)

W e h av e  p lo tte d  fo rm u la  (19) fo r  various v a lu es  o f  th e  s te lla r  w ind p a ra 
m e te rs  an d  th e  r e s u lts  are re p o r te d  in  F igs. 1,2, 3.

W e th e re fo re  a rriv e  a t  th e  fo llow ing re su lts :
1) The lim it is always less than  the “ E dding to n  lim it”  b y  one or two  

orders o f  m agnitude.
2) T he tim e  re q u ire d  to  a t ta in  such lim it (<=*d07 sec) is sm a ll com pared  

w ith  th e  m ean  life  o f  th e  sy stem  (c*T04 years).
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3. C onclusions

As can  be  seen  from  th e  p reced in g  S ection , equ ilib riu m  b e tw een  em itted  
ra d ia t io n  an d  a m o u n t of fa llin g  m a tte r  is re a c h e d  v e ry  q u ick ly . T he m ost 
in te re s tin g  re s u lt  is t h a t  a n e u tro n  s ta r  o f 1 M g  in  an y  s itu a tio n  o f  th e  s te lla r  
w in d  can n o t e m it m ore th a n  103e— 1037 erg /sec. T his is o f  course  tru e  on ly  
fo r  n o n  m ag n e tic  s ta r s . I f  a m a g n e tic  fie ld  is p re se n t, th e n  m a tte r  does n o t fa ll 
sy m m e tr ic a lly  o n  th e  s ta r  b u t  o n ly  on  th e  m ag n e tic  poles: ra d ia tio n  can th e re 
fo re  escape la te ra l ly  w ith o u t h in d e rin g  th e  fa llin g  m a tte r . T h is  d ifferen t 
b e h a v io u r  is su ch  t h a t  for a m a g n e tic  s ta r  o u r lim it  is no  lo n g e r tru e . I t  is 
th e re fo re  clear t h a t ,  even w hen  s te lla r  w ind  co n d itio n s w ould  be  favourab le  
fo r  a n  X -ra y  lu m in o s ity  g re a te r  th a n  1037 erg /sec, i f  th e  n e u tro n  s ta r  has no 
m a g n e tic  f ie ld , su c h  g rea te r an  em ission c a n n o t occur. F ro m  t h a t  one also 
d ra w s  th e  conclusion  th a t  a t  th e  sam e  flu x  level on th e  e a r th , th e  n u m b er of 
p u lse d  X -ra y  b in a rie s  for w h ich  X -ra y  lu m in o s ity  can be  as g rea t as 
1038 erg /sec is g re a te r  th a n  th e  n u m b e r  o f non pu lsed  b inaries fo r w h ich  th e  lu m i
n o s i ty  is less o r e q u a l to  1037 erg /sec . T h is is s tro n g ly  su p p o rted  b y  ex p erim en ta l 
e v id e n c e . In  f a c t ,  o f  th e  te n  o r so X -b in a rie s  so fa r  s tu d ied  i t  is o n ly  one, viz. 
A M -H ercu lis  t h a t  is n o t p u lsa tin g  and  has a lu m in o sity  o f ~ 1 0 36 erg/sec as 
p re d ic te d  b y  th e  p re sen t th e o ry .
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The sim ultaneous effects of fin ite  Larm or rad ius and Hall cu rren t are investigated  on 
the  stab ility  of a plasm a having a one-dimensional density  gradient along th e  direction of the 
sta tic  uniform  m agnetic field. The solution is show n to  be characterized by  a varia tional 
principle. Based on the existence of th e  varia tional principle, dispersion relation  has been 
obtained for a continuously stratified  plasm a layer o f fin ite  depth. I t  has been found th a t  the 
L arm or radius, though ineffective in  changing the stab ility  criterion in  th e  absence of H all 
currents stabilizes the configuration for disturbances corresponding to  large wave num bers 
when the effects of Hall currents are also taken  in to  consideration.

1. In tro d u c tio n

T he effects o f f in ite  L a rm o r rad iu s  (F .L .R .)  w hich m an ife s t in  “ w e a k ly “  
u n s ta b le  sy stem s such  as m irro r  m ach ines, slow ly ro ta t in g  p lasm as, la rg e  
asp ec t to r ii  e tc . have  been in v e s tig a te d  on p la sm a  in stab ilitie s  b y  R o s e n b l u t h  

e t al [13] b y  considering  th e  se lf-co n sis ten t so lu tio n  o f M axw ell’s eq u a tio n s  
an d  th e  collisionless B o ltzm an n  eq u a tio n s. R o b e r t s  and  T a y l o r  [12] p ro v id ed  
an  a lte rn a tiv e  ap p ro ach  for th e  s tu d y  o f m acroscop ic  m o tio n  o f  a p lasm a  b y  
d e m o n s tra tin g  th a t  th e  f in ite  L a rm o r rad iu s  effec ts can be in c o rp o ra te d  in  th e  
fo rm  o f “ m ag n e tic  v isco sity ”  b y  su ita b ly  m o d ify in g  th e  p re ssu re  ten so r te rm . 
J u k e s  [10] su b seq u en tly  s tu d ie d  th e  re sis tiv e  in s ta b ility  o f a p la sm a  su p p o rte d  
b y  a p la n a r  sh ea red  m agnetic  f ie ld  ta k in g  in to  co nsidera tion  th e  f in iten ess  о 
th e  io n  L a rm o r rad iu s .

T he s tab iliz in g  influence  o f F .L .R . on  th e  R ay le ig h —T a y lo r  in s ta b ili ty  
o f tw o  superposed  flu id s  has been  show n b y  S ingh  and  H ans [14] fo r h o riz o n 
ta l  o r ie n ta tio n  o f th e  m ag n etic  fie ld . Chandrasekhar  [6] am ong  o th e rs  
has p o in ted  o u t th a t  th e  case o f ex p o n e n tia lly  v a ry in g  d e n s ity  in  th e  v e r tic a l 
d irec tio n  is eq u a lly  in te re s tin g  an d  im p o r ta n t. F o r th is  d e n s ity  d is tr ib u tio n  
also, A riel  an d  B hatia [4, 5] h av e  d e m o n s tra te d  th a t  th e  F .L .R . effec ts  
stab ilize  th e  p o te n tia lly  u n s ta b le  p lasm as. H ow ever, in  th e  case o f v e r tic a l 
d irec tio n  o f  m ag n e tic  fie ld , Ar iel  [3] has p o in te d  o u t th a t  th e  F .L .R . effec ts

* On leave of absence from M alaviya Regional Engineering College, Ja ipu r, Ind ia .
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do n o t a ffec t th e  s ta b ili ty  c rite rio n , fo r c o n tra ry  to  th e  case o f  h o riz o n ta l 
m ag n e tic  f ie ld , th e  ion  L a rm o r rad iu s  m o tio n , in  th e  p re se n t s i tu a tio n , is  in 
h o rizo n ta l p la n e  an d , th e re fo re , does n o t  d isp lace p a r tic le s  o f d iffe ren t d e n 
sitie s .

In  a  low  d en sity , h ig h  te m p e ra tu re  p lasm a  su ch  as in te rs te lla r  m a t te r  
(H I  reg ion) th e  f in ite  ion  L a rm o r freq u en cy , ap p e a rin g  in  th e  fo rm  o f  H a ll-  
c u rre n t te rm  in  th e  gen era lized  O hm ’s la w , c a n n o t be ig n o red  (Cow ling  [7]). 
H osking  [9] h a s  show n t h a t  new  u n s ta b le  m odes m ak e  ap p earan ce  fo r  in f i
n ite ly  c o n d u c tin g  p lasm a su p p o rte d  on  v a c u u m  b y  th e  m ag n etic  p re ssu re  due 
to  a ju m p  in  th e  fie ld  s tre n g th  a t  th e  in te rfa c e . A riel  [1, 2] has also d em o n 
s tra te d  t h a t  fo r  a new  w av e-len g th  ran g e , a p la sm a  h av in g  ex p o n en tia lly  in c re a s 
in g  d e n s ity  in  th e  u p w ard  d irec tio n  is re n d e re d  u n s ta b le  on  account o f  inc lu sio n  
o f  H a ll c u rre n ts .

T h e  jo in t  effects o f  F .L .R . an d  H a ll  c u rre n ts  on  th e  R ay le ig h —T a y lo r  
in s ta b il i ty  w ere  f irs t  in v e s tig a te d  b y  N ay y a r  an d  T reh an  [11] w ho consi
d e red  th e  s ta b i l i ty  o f a p la sm a  su p p o rted  o n  th e  v a c u u m  b y  a s ta tic  m ag n e tic  
f ie ld . In  th e  p re se n t p a p e r  i t  is ou r a im  to  consider th e  jo in t  effects o f  F .L .R . 
a n d  H a ll c u rre n ts  on th e  s ta b il i ty  o f a c o n tin u o u s ly  s tra t if ie d  p lasm a o f f in ite  
d e p th . T h e  lin ea rized  p e r tu rb a tio n  e q u a tio n s  are show n  to  he ch a ra c te riz e d  
b y  a v a r ia t io n a l  p rin c ip le . U se is m ad e  o f  sam e to  o b ta in  an  a p p ro x im a te  
d ispersion  re la tio n  from  w h ich  th e  s ta b il i ty  c rite r ia  h a v e  been  derived .

2. Perturbation equations

W e co n sid e r a p la sm a  co n fig u ra tio n  s tra tif ie d  in  th e  v e rtica l d ire c tio n . 
T h e  p lasm a  is assum ed  to  b e  incom pressib le  an d  in f in ite ly  co n d uc ting . A  u n i
fo rm  m ag n e tic  f ie ld  is p e rv a d in g  th e  co n fig u ra tio n . T h e  linearized  p e r tu r b a 
tio n  e q u a tio n s  a p p ro p ria te  to  th e  p ro b lem  are

M om en tum :

e — =  - V  - я  +  — ( v x h ) x H + g d e -  
d t  4 л

In c o m p re ss ib ility  :

- Se +  „ Vp =  0.

C o n tin u ity :

V • u  =  0.

( 1 )

(2)

(3 )

Acta Physica Academia« Scientiarum Hungaricae 48, 1980



EFFECT OF HALL CURRENT 253

M axw ell’s e q u a tio n s:

i V x h  =  —  J , V x E  = j — — г V ■ h  == 0. (4)
c [c fit

G enera lized  O hm ’s law :

Е + - И Х Н -  J _ J x H = [ 0 , l  (5)
í с Л ес

w here q is th e  d e n s ity  a t a p o in t, th e  v ec to rs  H  an d  g a re  th e  m ag n etic  f ie ld  
and  acce le ra tio n  d u e  to  g ra v ity , b o th  d ire c te d  along th e  v e r tic a l d ire c tio n . 
ÔQ a n d  h ( = h x, hy, h2) are th e  p e r tu rb a tio n s  in  d en sity  an d  m ag n e tic  fie ld  c o n 
seq u en t to  a sm all d is tu rb an ce  w hich  p ro d u ces  a ve locity  f ie ld  u ( =  it, v, w). 
E  is th e  p e r tu rb e d  e lec tric  f ie ld  a n d  J  is th e  c u r re n t d en sity  a ris in g  due to  th e  
d is tu rb a n c e . N , e a n d  c d en o te  re sp ec tiv e ly  th e  num ber d e n s ity  o f p a r tic le s , 
e lec tric  charge  p e r  p a rtic le  a n d  th e  v e lo c ity  o f  lig h t. F o llo w in g  N a y y a r  a n d  
T r e h a n  [ 1 1 ]  th e  e lec tro n  p ressu re  te rm  h a s  been  neglected  in  th e  genera lized  
O hm ’s law  (5) as i ts  m ag n itu d e  is v e ry  sm all com pared  to  o th e r  te rm s in  th e  
eq u a tio n . F in a lly , <577 is th e  p e r tu rb a tio n  in  th e  stress te n s o r  77 w hich , a f te r  
ta k in g  in to  co n sid e ra tio n  th e  effec ts of F .L .R .,h a s  the  fo llow ing  com ponen ts 
( R o b e r t s  and  T a y l o r  [12])
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. dv du

П У У =  P  +  QV

n zz =  P

dv du^ 
dx dy

П ху =  П ух =  QV
du dv
dx d y ,

n yz = =  Пгу

n zx =  U xz

2 QV 

— 2 QV

dw  ^  du 
dx dz

dv du>
dz dy

(6)

H ere  p  is th e  s c a la r  p a r t  o f  th e  p ressure  a n d  v =  — a2_Q, a  b e in g  the  ion  L a rm o r
4

rad iu s  a n d  Q  th e  ion  g y ro freq u en cy .
E lim in a tin g  E  an d  J  fro m  E qs. (4) a n d  (5), we h a v e

ah

dt
H  Vu

4>nNe
V X  [ ( V x h ) x H ] . (7)

A n a ly s in g  in  te rm s o f  n o rm a l m odes, we seek so lu tio n s  in w hich г  and 
t d ependence  is g iven by

exp  (ik  • r  +  nt).

w here k ( =  k x, ky, 0) is th e  w a v e  v ec to r a n d  n  is th e  g ro w th  ra te  of d is tu rb a n c e .
T he г-co m p o n en ts  o f  c u r l  an d  curl c u r l  o f E q . (1) a n d  th e  г-co m p o n en ts  

o f  E q . (7) a n d  i ts  curl, on m a k in g  use o f  E q s . (2), (3), (4) an d  (6) are

ti2[№ qw — D ( qD w )] -f- nvk2D(gÇ)  — 2 vn(D2 k2) ( qDÇ) +

+  —  (D2 — k2) Dhz -  gk2{De) w =  0,
4 jt

Tipí =  — Qvk2Dw 2vD [ q(D 2 -f- fc2) w] — — DÇ,
4jr

cH
n i -------------(IP  -  k2) Dhz =  HDC,

4 TtiVe

cHnh~ +  — :----- H i  =  HDui.
4 nN e

( 8)

(9)

( 10)

(И)
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w here  £ and  £ are  th e  v ertica l com p o n en ts  o f  th e  v ec to rs  cu rl u a n d  curl h  
g iv en  by

£ =  ikxv — ikyu, (12)

£ =  ikxhy — ikyhx,
a n d  D  s tan d s fo r d/dz.

3. B ou n d ary  conditions

The b o u n d a ry  cond itions in  th e  ty p e  o f p ro b lem  u n d e r s tu d y  are  n o t 
sim ple an d  qu ite  o ften  assu m p tio n s are  m ade to  m ake th e  an a ly s is  tra c ta b le .

I f  th e  p lasm a is confined  b e tw een  tw o rig id  p lanes, n a tu ra l ly , th e re  can 
n o t  be  an y  v e r tic a l com ponen t o f  v e lo c ity  th e re , th u s

w =  0 a t  a rigid b o u n d a ry . (13a)

In  ad d itio n , i f  th e  rig id  p lan es  are  id ea lly  conduc ting , no  d is tu rb an ce  
w ith in  th e  p lasm a can  a lte r  E  a n d  H  o u tside . S ince surface ch a rg es  and  su r
face cu rren ts  can  allow  d isco n tin u itie s  in E z, hx a n d  hy only, we req u ire

hz — 0 an d  E x — E y =  0

on a p lane  b o u n d a ry  ad jo in ing  a p e rfec t co n d u c to r.

Fig. 2a. V ariations of k t and k t  w ith  A 4 2 for В  =  1.35 and for various values 
of L . --------- correspond to  fc, and - - - - correspond to  fe,.
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Fig. 2b. V ariations of k x and k+ w ith  A 1!2 for В  =  1.35 and  for various values 
of L . --------- correspond to  k t and - - - - correspond to k t .

YM----9

Fig. 3. V ariations of k { and к г w ith  A 4 2 for В  =  2.0 and  for various values 
of L . --------- correspond to  к г and - * - correspond to  к г.
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S u b s titu tin g  fo r E x an d  E y from  E q . (5), we get th e  follow ing co n d itio n s

- ^ L . ( D 2 -  k2) h ,  +  я с  =  0, — D ! — H D w  — 0.
4jriVe 4 nNe

F ollow ing  H i d e  [8], we place su ita b le  re s tr ic tio n s  on w, h z, £ a n d  £ 
as u n d er

Dio =  0, hz =  0, D2hz = 0 ,  C =  0 a n d  Я £ =  0 (14)

on a surface b o u n d ed  b y  an  id ea l co n d u c to r.
Som e o f th e  above co n d itio n s are  re d u n d a n t, h o w ever, th e y  can  be usefu l 

for d eriv in g  th e  ex is ten ce  o f  th e  v a r ia tio n a l p rincip le .
O n th e  o th e r  h a n d  i f  th e  b o u n d a rie s  a re  free to  m ove, we sha ll s till  fo rb id  

v e rtic a l m o tion  a t  th e  b o u n d a rie s  ( H i d e , [ 8 ] )  and  th e re fo re  tak e

w =  0 a t  th e  free  b o u n d aries . (13b)

F u r th e r  a t  free  b o u n d a rie s  th e re  c a n n o t be ta n g e n tia l  stresses. T h u s 
—I I xz -f- HAx/4jr a n d  —П\,г -f- H /iy/4?r m u s t v an ish  a t  th e  free  surfaces, th e re b y  
lead ing  to

2 qvDC
Я

4 71
Dhz =  0, 2 gv(D2 fc2) m; +  —  £ =  0 

4rr

a t  a free surface.
A gain  we f in d  i t  c o n v en ien t to  assum e

D2io =  0, Dhz =  0, D £ =  0 and £ =  0 (15)
a t  a free surface.

4. A v a ria tio n a l principle

T he n o n -tr iv ia l so lu tio n  o f  E q s . (8) —(11) u n d e r  b o u n d a ry  co n d itio n s  
(13) — (15) leads to  th e  d isp ers io n  re la tio n . H ow ever, th e  ta s k  o f f in d in g  th is  
ex ac t so lu tio n  is r a th e r  to o  in v o lv ed  to  be  o f  an y  p ra c tic a l use. H ence we sha ll 
s tr iv e  to  f in d  an  a p p ro x im a te  b u t  h ig h ly  sim p lified  so lu tio n  o f th ese  eq u a tio n s . 
W e sh a ll f i r s t  e s ta b lish  t h a t  th e  so lu tio n  is ch a ra c te riz e d  b y  a v a r ia tio n a l 
p rin c ip le  w hich  in  tu r n  w ill p a v e  th e  w ay  fo r th e  d e te rm in a tio n  o f an  a p p ro x i
m a te  so lu tion . I n  th e  fo llow ing, we sha ll d ro p  th e  su ffix  z from  hz.

M ultip ly ing  th e  i th  c o m p o n en t o f  E q . (8) b y  Wj a n d  in te g ra tin g  across 
th e  v e rtic a l e x te n t o f th e  co n fig u ra tio n  (d en o ted  b y  L ), we o b ta in
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n?j Q(k2u>jWj -|- DwjDu>j)dz -f- n , J  D(vk2gCj) u>j dz

-  re, j ’̂ 2 [(D 2 +  fc2) ( eZ)Î,)] dz +

Н п  Г Г
H------- - (D2 — k2) Dhj Wj dz — gk2\ Dg Wj Wj dz ----- 0,

4 71 J L J l
(1 6 )

w h ere  th e  f i r s t  te rm  has b een  in te g ra te d  b y  p a r ts , th e  in te g ra te d  p a r t  o f  
i t  v a n ish in g  o n  acco u n t o f b o u n d a ry  co n d itio n s  (13). T h ro u g h o u t th e  su b se 
q u e n t in te g ra tio n s  we sha ll f in d  t h a t  th e  in te g ra te d  p a r ts  v a n ish  because e ith e r  
o n e  o f th e  co n d itio n s  (14) o r (15) is sa tisfied .

In te g ra t io n  b y  p a rts  o f  th e  m ag n e tic  te rm  in  E q . (16) gives

I  =  —^  f  ( D 2 — k2) D h j  W jdz =  -  ^  Г (D2 -  k2) h j  D w j  dz. (17) 
4 л  J l 4 л  J l

S u b s t i tu t in g  fo r Dwj fro m  E q . (11) in  E q . (17), we o b ta in

cHГ (Dhj Dhj +  k2hjh.) dz — —  I (D2 — k2) h j— ^ D Ç :  dz. 
4л: J l 4 n j l 4 nN e

N ow

-  —  Г {D2 -  k2) h j - - H  DÇ.dz =  ^ f  (D2 -  k2) Dhj - Ï Î L - Ç j d z  
4 n j L  4л:Ne 1 4 uJ l 4 nN e 1

w h ich , on m a k in g  use of E q . (10), becom es

~  f  Ы ,  -  H D Q  Sjdz =  Г (n f r i j  +  HÇjDjï) dz 
4 k J l 4-jcJ l

a n d  u p o n  s u b s t i tu t in g  th e  v a lu e  o f  D £y fro m  E q . (9) is eq u a l to

n i f  +  njQCiCj dz — re,- ( D(vk2gCi) Wj dz - f
J l (4 л  J l

+  re,J^2v[(D2 +  k2) ( eD f,)] Wj dz.
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T h u s , th e  E q . (16) can  be f in a lly  w ritte n  as

n ? | j  Q(DiVj Dvoj +  khvjWj) dz - \ -  -Î-J  I, £jdz |
— gk2 D q u>i Wj dz -(-

Jl

+  п (п. | —  Г (Dhj Dhj -f- k2h,hj) dz -(- Г gÇ/C, dz 
(4 n j L  J l

=  0. (18)

W e consider tw o  so lu tions ch a rac te rized  b y  n  and  its  com plex  co n ju g a te  
n* . E x p e c tin g  th e  co rrespond ing  so lu tions also to  be th e  com plex  co n ju g a te  
o f  each  o th e r (i.e. i f  wt =  w, Wj =  w* e tc .), we c a n  rew rite  E q . (18) as

n2 JJ" q(\D w \2 +  k2\w\2) dz

= ‘1
JDg|м712 dz — |n | — f (\Dh\2 +  k2\h\2) dz +  [  e \C\2 dz 

i n j L  J l
(19)

im p ly in g  th a t  n2 is p u re ly  rea l. T h u s  th e  c o n fig u ra tio n  will be s ta b le  or u n s ta b le  
acco rd in g  as n2 ^  0.

S e ttin g  i =  j  in  E q . (18), we f in d  th a t

w here

an d

+  /3  +  h  +  h )  -  g W I 2 =  0, (20)

/ j  =  j  q[ ( D w)2 +  k2w2] dz, (21)

I 2 =  j  D q w2dz, (22)

I 3 =  —  f [(D h f  +  k2h2] d z , 4 h J l
(23)

h  =  —  f ?  dz,  4 tiJ l
(24)

I s = [ Q? d z . (25)

C onsider th e  ch an g e  ôn2 in  n2 (d e te rm in ed  from  E q . (20)), co n seq u en t 
u p o n  f i r s t  o rd er a rb i t r a ry  v a ria tio n s  ôvj, ôh, ÔÇ a n d  <5| in  w, h, £ a n d  ^ r e s p e c t 
iv e ly , th a t  sa tisfy  th e  b o u n d a ry  co n d itions o f th e  problem .
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W e h av e  to  th e  f ir s t  o rd e r

- ô n V ,  +  I ,  +  I ,  +  h )  =  п2{01г +  ÔI3 +  &Jt +  <5J 5) -  gk201v  (26)

w here

1 * 4
[g iíie  — D(gDw)] ôte dz. (27)

î H
Dg wôw dz, (28)

- Ô I 3 =  
2 3

— —  Г (D2 — k2) h ôhdz, 
4 n jL

(29)

î a , ‘ -
—  f  f  Ô? dz, 
4 n jL

(30)

ï " - .
f r f  ô td z . (31)

T h e  exp ressions o f  ÔI1 an d  ô l 3 g iven b y  E q . (27) a n d  (29) have b een  o b ta in ed  
b y  in te g ra tio n  b y  p a r ts , th e  in te g ra te d  p a r ts  again  v an ish in g  in  v iew  o f th e  
a ssu m p tio n  t h a t  die an d  ôh sa tis fy  th e  b o u n d a ry  co n d itio n s (13) a n d  (14),
re sp ec tiv e ly .

F u r th e r  die, ôh, d |  an d  dC are  n o t co m p le te ly  a rb itr a ry . In  f a c t ,  th e y  are 
co n n ec ted  b y  th e  re la tio n s

■I ГГ
—  ôn2g t  -f- n2g d f  — —ngvk2Dôw +  2nvD[g(D2 +  k2) die] ------- -D  d |,]  (32)
2 4 ttJ

—  Ôn2'J  4  - n2 d t  -  (D2 -  Ä2) Dôh  =  Hn Dót,  *33)
2 “ 4я1Уе

a n d
1 rTT 71

—  ôn2h +  n2ôh +  DÔS =  H n  Dôw. B (34)
2 4 nN e

S u b s titu tin g  th e  v a lu es  o f  ôP  s fro m  E q s . (27) — (31) in  E q . (26) w e o b ta in  
a f te r  m ak ing  use  o f  E q s. (9) — (11) an d  (3 2 ' — ,54) a n d  p e rfo rm ing  a  series of 
in te g ra tio n s  b y  p a r ts

Ôn2( I 1 -)- / 4) =  2 J ln 2[fc2gie — D(gDw)] nvk2D(gt)  —

2i>n (D2 +  k2) (qDÇ) -|-------- (D2 — fc2) Dh — gk?(Dg) ie | dio dz. (35)
4 я
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W e observe t h a t  th e  q u a n ti ty  o ccu rrin g  as th e  fa c to r  o f  ôw in  eq u a tio n  
(35) van ish es  i f  E q . (8) is  sa tisfied . T h u s  a n ecessary  a n d  su ffic ien t co n d itio n  
th a t  ôn2 he zero to  th e  f i r s t  o rder fo r a rb i t r a ry  v a ria tio n s  ôw, ôh e tc . co n n ec ted  
b y  re la tio n s  (9) —(11) a n d  co m p a tib le  w ith  th e  b o u n d a ry  co n d itio n s, is  th a t  
w, h e tc . sa tis fy  th e  c h a ra c te r is tic  v a lu e  p rob lem . H ence fo r th e  p ro b lem  u n d e r  
co n sid e ra tio n , n am ely  fo r a n y  q a n d  H  d irec ted  p a ra lle l to  th e  d ire c tio n  of 
g ra v ity , a v a ria tio n a l p rocedure  fo r o b ta in in g  an  ap p ro x im a te  so lu tio n  ex ists 
even  w h en  th e  effects o f  F .L .R . an d  H a ll c u rre n ts  a re  ta k e n  in to  co n sid e ra tio n .

5. Á continuously stratified plasma o f fin ite  depth

In  th is  S ection  w e shall m ake use  o f  th e  v a r ia tio n a l p rinc ip le  to  o b ta in  
an  a p p ro x im a te  so lu tio n  for th e  case o f  a co n tin u o u sly  s tra tif ie d  p la sm a  con
fin e d  be tw een  tw o free  bou n d aries  z =  0 an d  z =  d  in  w h ich  th e  u n d is tu rb e d  
d e n s ity  d is tr ib u tio n  is g iven  by

e =  e 0 exP ß*-> (36)

w here g0 an d  ß  are c o n s ta n ts . I t  m a y  be  recalled  here  t h a t  free b o u n d a rie s  are 
p e rh a p s  m ore re le v a n t fo r th e  p ro b lem  u n d e r  co n sid e ra tio n . (See e.g . S p i e g e l , 

[15]).
F u r th e r ,  for th e  sak e  o f m a th e m a tic a l s im p lic ity  in  th e  ensu ing  an a ly sis  

we sh a ll assum e

\ ß d \  < 1  (37)

w hich  m erely  im plies t h a t  th e  d e n s ity  d ifference b e tw een  tw o  p o in ts  o f  d iffe ren t 
lay ers  is a good deal less th a n  th e  av e rag e  d e n s ity  o f  th e  co n fig u ra tio n .

C onsisten t w ith  th e  b o u n d a ry  co n d itio n s  (13) — (15), we choose th e  fo llow 
ing  t r ia l  func tions fo r w  e tc .

u>(z) =  W  sin  Iz, £(z) =  Z  cos Iz,

h(z) — К  cos Iz, J(z) =  X  sin  Iz,

w here W, Z , К  an d  X  a re  co n stan ts .
T o  ensure  th a t  th e  b o u n d a ry  co n d itio n s  a t  th e  u p p e r  b o u n d a ry  z — d 

are  also  sa tisfied , we re q u ire
j  71S

d

s b e in g  a n y  in teger.
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S u b s titu tin g  fo r  to(z), £(z), A(z) an d  |(z )  in  E q s . (9 )—(11) a n d  consis ten tly  
m ak in g  use o f  E q . (37), we o b ta in

Ml
nZ -  vUk2 -  2Z2) W  =  - = ! — X ,

4л:ео
cHln X  -  (P +  A2) X  =  — HZZ, (40)

4 гг iVe

cHl
n K  -(— -— —X  =  H IW .

4 гг IVe

E v a lu a tin g  th e  in teg ra ls  co n ta in ed  in  E q . (20) a fte r  su b s ti tu tin g  th e  
assu m ed  v a lu es  o f  to e tc . a n d  e lim in a tin g  th e  c o n s ta n ts  IF, Z , К  an d  X  w ith  
th e  help  o f E q . (40), we o b ta in  th e  fo llow ing d ispersion  re la tio n

n* +  n2 2 р у 2  +  ^(A 2 — 212)2 — gßk2 +
P  +  к2

cHl  I2
4>7iNe II ( P +  A2) +

+  Z2F 2 +  vl(k2 -  2P)
_cHl_T2 

4 гг Ne
gßk2 

Z2 - f  к2
l2 V 2

I c H l Y-
14ггЛ1е j g/3A2 =  0, (41)

w h ere  V  =  (H 2/4tiq0)112 is th e  A lfvén  v e lo c ity  in  th e  m ed ium .
W e sh a ll f in d  i t  c o n v en ien t to  t r e a t  E q . (41) in  th e  n on -d im ensiona l 

fo rm . M easuring  n  an d  к in  te rm s  o f  (n sV /d ) s e c -1 an d  (ns/d) c m -1 , th e  
E q . (41) ta k e s  th e  form

w here

an d

n 4 -j- n2 |̂ !2 + L ( e - 2 f ~ B k '  H - a p  +  ffU
1 +  k2

+  [1 +  Ï L A  (k2 -  2)]2-
B k2 

1 +  k2
A B k 2 =  0,

•pTpS2
V2d2 ’ 

cH  12 7E2S2 

4 гг IVe j V 2d2

B = Æ -
n2s2V2

(42)

(43)

(44)

(45)

a re  th e  su ita b le  d im ension less p a ra m e te rs  o f  m ag n e tic  v isco sity , H a ll cu rren ts  
a n d  b u o y a n c y  fo rces in  te rm s  o f  m ag n etic  f ie ld . T h e  tw o  p a ra m e te rs  A  a n d  В  
w ere  f irs t  in tro d u c e d  b y  A r i e l  [1 ]  an d  H i d e  [ 8 ] ,  re sp ec tiv e ly .
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6. D iscussion

Stable stratification: I t  can be  seen  from  E q . (42) th a t  i f  В  is n eg a tiv e
i.e . i f  th e  s tra tif ic a tio n  is p o te n tia lly  s ta b le , i t  rem a in s  so, w h e th e r or n o t  we 
tak e  in to  acco u n t th e  effec ts  of F .L .R . a n d  H all c u rre n ts , sep a ra te ly  o r jo in tly , 
for th e  tw o  values o f  re2 g iven b y  E q . (42) are n e g a tiv e .

Unstable stratification: Before d iscussing  th e  g e n e ra l case in  d e ta il, in  
w hich th e  jo in t effects o f  F .L .R . a n d  H a ll cu rren ts  a re  considered , w e shall 
b rie fly  s tu d y  th e  spec ia l cases in  w h ich  each effect is  considered  se p a ra te ly .

6.1. Special case a) A  =  0

W h en  H a ll e ffec t is ignored , E q . (42) reduces to  th e  follow ing d ispersion  
re la tio n  o b ta in e d  b y  A riel  [3] fo r n o n -ro ta tin g  co n fig u ra tio n :

n 4 +  n2 L(k2 -  2)2 -  B k2 ' 
1 +  k2 ~

1 —
B k2 

1 +  k2
=  0. (46)

F o r  th e  s ta b ility  o f  th e  system , w e requ ire  th e  a b so lu te  te rm  o f E q . (46) 
to  be p o s itiv e . This occu rs i f  k, th e  w av e  n u m b er o f d is tu rb a n c e , is less th a n  a 
c ritica l v a lu e  k № g iven  b y

к ,  =  (B  -  1 )-L  (47)

In s ta b ili ty  tak es  p lace  fo r k > k , .
C lea rly  k 0 is in d e p e n d e n t o f L , th e  m easure o f  F .L .R . effects a n d  is 

p rec ise ly  th e  sam e as d e riv ed  b y  H i d e  [8] for th e  c la ssica l p rob lem  o f  R ay le ig h - 
T ay lo r in s ta b il i ty  in  h y d ro m ag n e tic s . H ence th e  s ta b il i ty  c rite r io n  in  th e  
absence  o f  H all c u rre n ts  does n o t d ep en d  on th e  f in ite n e ss  o f th e  L arm o r 
rad iu s  o f  th e  ions.

6.2. Special case b) L  =  0

W h e n  th e  F .L .R . effec ts  are n o t  ta k e n  in to  c o n s id e ra tio n , E q . (42) tak es  
th e  fo llow ing  form

n 4 ~r n2 2 -
B k2 

1 +  k2
A (  1 +  k2)] + 1 - t

B k 2 
+  k2

АВк?  =  0 . (48)

E q . (48) is id e n tic a l w ith  th e  co rresp o n d in g  d isp e rs io n  re la tio n  o b ta in e d  
b y  A r i e l  [2] who h as  show n  th a t  th e  sy s tem  is re n d e re d  u n stab le  fo r  к > k *, 
w here

k* =  2* { [ ( B  -  1 +  A B ) 2 +  4A B ] i  +  В  — 1 +  A B } ~ * .  (49)
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I t  can  b e  ea s ily  ve rified  t h a t  к t  is g re a te r  th a n  k* . T h u s  th e  w ave- 
n u m b e r  b a n d  к* <  к  <  fc* w h ich  w as o th erw ise  stab le  is d estab iliz ed  w hen 
th e  effects o f  H a ll  cu rren ts  a re  in c lu d ed .

6 .3 . General case. A  0, L  ^  0

W e now  ta k e  in to  acco u n t th e  jo in t  effec ts o f  F .L .R . a n d  H a ll cu rren ts . 
T h e  n ecessary  a n d  su ffic ien t c o n d itio n  for th e  s ta b ili ty  o f th e  sy s tem  is th a t  
th e  ab so lu te  te r m  o f E q . (42) b e  p ositive  i.e .

f ( K )  aa  a 0K*  +  a ,К 2 +  a 2K  +  a3 >  0, (50)

w here

К  =  k2
a0 =  L A
a x =  2{LA)i  -  3L^4 — A B  
a 2 =  1 — 2 (LA)* -  В  — A B  
«з =  [1 -  2 (LA)*]2.

(51)

E q . / ( K )  =  0 possesses a t  le a s t  one rea l n e g a tiv e  ro o t say  — K 3 (K 3 > 0 ) ,  
th e re fo re  one c a n  w rite

f ( K )  =  (a0K 2 +  bJC +  b2)(K  +  K 3), (52)

w h e re  bi a n d  b2 a re  a p p ro p ria te  fu n c tio n s  o f  L , A  an d  B.
Since th e  lin e a r  fac to r o f f ( K )  is positive  d e fin ite , th e  sign o f f ( K )  depends 

o n  t h a t  o f th e  q u a d ra tic  fa c to r . T h is  fac to r  w ill also be p o sitiv e  fo r all values 
o f  К  i f  th e  ro o ts  o f  th e  co rresp o n d in g  q u a d ra tic  eq u a tio n , or e q u iv a le n tly , tw o 
o f  th e  ro o ts  o f  th e  cubic f ( K )  — 0 are  co m p lex  con ju g a te . N ow  th e  cubic  
f ( K )  =  0 h as  a ll re a l and  u n e q u a l ro o ts  o r a p a ir  o f  com plex co n ju g a te  roo ts 
acco rd in g  as

F (A , L , B)  =  —  
27

—  a î  — a na
3 0“ 2 «0  ° 3 ■ a 0axa 2

27 1
0. (53)

I t  can  b e  seen  th a t  th e  e q u a tio n  F (A ,  L ,  B ) — 0 has a t  th e  m ost tw o 
p o s itiv e  ro o ts  o f  A  say  A x an d  A 2( A г <  A 2). F o r  A  — A x a n d  A  =  A 2, eq u a 
t io n  f ( K )  — 0 g ives a p a ir  o f  e q u a l ro o ts . I t  c an  be fu r th e r  verified  th a t  
F ( A ,  L , B)  <[ 0 fo r A ± <  A  <  A 2 im p ly in g  t h a t  in  th is  ra n g e  o f  A ,  f ( K )  is 
p o s itiv e  fo r a ll  va lues o f K .  H en ce  th e  s tra tif ic a tio n  re m a in s  stab le  fo r 
A 3 <  A  <  A 2 fo r  a n y  d is tu rb a n c e , p ro v id ed  t h a t  th e  values o f  A l an d  A 2 a re  
r e a l  an d  p o sitiv e .
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W h en  A  lies o u ts id e  th e  ra n g e  ( A 1, A 2), F (A ,  L ,  B)  is p o s itiv e , and  
th ere fo re  in  th is  case th e  q u a d ra tic  fa c to r  can  be fu r th e r  sp lit in to  tw o  lin ea r  
fac to rs. T h u s  we can  w rite

f ( K )  =  a0(K  -  К , ) ( К  -  K 2)(K  +  K 3). (54)

T h e  tw o  q u a n tit ie s  K 1 an d  K 2 w ill obviously  h a v e  th e  sam e sig n , since 
a0 an d  a 3 also h av e  th e  sam e sign. In  case К г an d  K 2 a re  p o sitiv e , w e h av e

/(fc2) =  a 0(fc2 -  kf)(k? -  kl)(V +  kl), (55)

w here K t =  k%i =  1, 2 , 3).
F ro m  E q . (55) w e no te  t h a t  i f  k  lies betw een  k х a n d  k 2 th e  s ign  o f  f ( k 2) 

is n e g a tiv e  an d  th e re fo re  th e  s tra t if ic a t io n  is ren d ered  u n s ta b le  fo r th e  w ave- 
n u m b er b a n d  к г <C к <  k 2. H o w ev er, e ith e r  i f  к  <  k t  o r к />  k 2, th e  sign 
o f f ( k 2) is p o sitive , th e re b y  im p ly ing  th e  s ta b ility  o f th e  s tra tif ic a tio n . W e th u s  
observe t h a t  w hen  th e  effects o f  F .L .R . and  H a ll c u rre n ts  are considered  
s im u ltan eo u sly , th e re  are  tw o possib le  w ave n u m b e r ranges, к <  k x (sho rt 
w av e-n u m b er ran g e) a n d  к k 2 (la rge  w av e-n u m b er range) fo r w h ich  th e  
s tra tif ic a tio n  is s tab ilized . In  c o n tra s t ,  w hen  th e  e ffec ts  o f F .L .R . a n d  H all 
c u rre n ts  are  considered  sep a ra te ly , th e re  is only  one possib le  s tab iliz ed  w ave- 
n u m b e r ran g e  к <  k„ o r k* (sh o rt w av e-n u m b er ra n g e ). H ence w e conclude 
th a t  th e  jo in t  effects o f  F .L .R . a n d  H a ll cu rren ts  s tab iliz e  th e  d is tu rb an ces  
co rresp o n d in g  to  th e  la rg e  w ave n u m b e rs .

In  d iag ram s 1, 2 an d  3, th e  re a l po sitiv e  ro o ts  o f  f ( k 2) =  0 a re  p lo tte d  
ag a in s t A *. T he s ta b il i ty  regions a re  co n fin ed  b e tw een  th e  curves к  =  k 1 and  
к =  k 2. W e m u s t d is tin g u ish  b e tw een  th e  follow ing ran g es  o f th e  v a lu e s  o f  B.
(i) В  <  1 (ii) 1 <  В  <  3/2 (iii) В  />  3/2. W e shall now  t r e a t  each  o f  these  
cases in  d e ta il.

(i) В  <  1. I n  th e  absence o f  H a ll cu rren ts  (A — 0), th e  co n fig u ra tio n  
re p re se n te d  b y  В  <  1 is com ple te ly  s tab iliz ed  fo r a n y  d is tu rb a n c e , because 
th e  effec ts o f m ag n e tic  fie ld  are  su ff ic ie n t to  overcom e th o se  o f g ra v ity . H ow 
ever, th e  presence o f  H a ll cu rren ts  te n d s  to  loosen th e  s tab iliz ing  in flu en ce  of 
th e  m ag n e tic  fie ld . I n  fa c t, w hen th e  F .L .R . effects a re  igno red , th e re  is alw ays 
a w av e -n u m b er ran g e  к <  к* fo r  w h ich  th e  system  is ren d ered  u n s ta b le , no 
m a tte r  w h a t a m o u n t o f  H all c u rre n t is p re sen t. W h en  th e  F .L .R . effec ts  are  
also in c lu d ed , th e  w av e-n u m b er ra n g e  fo r  w hich th e  co n fig u ra tio n  is s tab ilized  
d epends, in  general, on  th e  v alue  o f  A .

F o r  A  <  A 1 i t  c an  be show n t h a t  th e  tw o q u a n tit ie s  K 3 an d  K 2 in  (54) 
are b o th  n eg a tiv e , therefo re /(fcz) is p o s itiv e  fo r all v a lu es  o f k. T h u s, fo r  a sm all 
a m o u n t o f  H a ll c u r re n t (A  <  A x) th e  s tra tif ic a tio n  w h ich  w as u n s ta b le  for 
som e d is tu rb an ces  in  th e  absence o f m a g n e tic  v isco sity  is com plete ly  stab ilized .
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F o r  a m o d era te  v a lu e  o f H a ll c u r re n t  (A x <  A  <  A 2) sim ilar conclusions h o ld , 
as h a s  a lread y  b e e n  p o in ted  o u t ea rlie r. H ow ever, fo r a large v a lu e  o f A (A  ^>A 2) 
b o th  K x an d  K 2 a re  po sitiv e , th e re fo re  in  th is  case  th e re  w ill b e  tw o  regions o f  
s ta b il i ty  k <C k 1 a n d  к  >  к 2. W e n o te  th a t ,  w hereas th e  fo rm er region is o n ly  
m od ified  due to  th e  in te ra c tio n  o f  F .L .R . effects an d  H all c u rre n ts , th e  la t te r  
reg io n  com es in to  ex is ten ce  b ecau se  o f  th e  sam e. As a m a tte r  o f  fa c t, no a m o u n t 
o f  H a ll c u rre n t can  destab ilize  th e  large w av e -n u m b er b an d

к В  +  4L  +  (В 2 +  8 RL)* H 
2 L

(56)

(ii) 1 <  В  <C 3 /2 . F o r В  >• 1, th e  sy s tem  is n o t s tab ilized  fo r all d is tu r 
b an c e s  in  th e  ab sen ce  o f  H all c u rre n ts  — th e  w av e-n u m b er ra n g e  к <  к „ b e ing  
u n s ta b le . T h is ra n g e  is fu r th e r  sp re a d  on in c lu s io n  o f H all e ffec ts  w hen L =  0. 
In c lu s io n  o f F .L .R . effects se ts  u p  tw o  s ta b il i ty  regions co rresp o n d in g  to  th e  
s h o r t  and  long w av e  n u m b ers . T h e  n a tu re  o f  th e se  regions w ill d ep en d  on th e  
v a lu e s  o f L  s e p a ra te d  b y  a c r itic a l v a lue  L c g iven  b y

г (Д  -  l ) 2
4(3 -  2 B)

(57)

I f  L  <C L c, th e re  are  no re a l po sitiv e  v a lu es  o f A  g iven b y  th e  e q u a tio n  
F ( A , L ,  B) =  0 , h o w ever, th e  v a lu es  o f  a n d  K 2 in  (54) a re  b o th  p o sitiv e  
fo r  a ll va lues o f  A .  T h u s , in  th is  case one can  conclude  th a t  fo r  a n y  a m o u n t o f  
H a ll  c u rre n t, th e re  are  a lw ays tw o  s ta b il i ty  reg ions к <  fc, a n d  к >  кг. I t  
c a n  be fu r th e r  n o te d  th a t  th e  w av e-n u m b er b a n d

К  <  к <  Jtb, (58)

w here

l*a,b
4L  +  В  — 1 T  [(В -  I )2 -  4L(3 -  2 B)]i  ]* 

2 L
(59)

rem a in s  u n s ta b le  fo r an y  v a lu e  o f  A .  A ny o th e r  d is tu rb an ce  can  be stab ilized  
i f  th e  r ig h t a m o u n t o f H all c u r re n t  is p resen t.

I f  L  > L C, th e  E q . F (A , L , B) =  0 a d m its  tw o po sitiv e  ro o ts  of A ,  A t 
a n d A 2. U nlike th e  case В <  1, fo r ^ < A j t h e  tw o  q u a n titie s  K x an d  K 2i n( 54)  
w ill be now  p o s itiv e . T hus e x c e p t for m o d e ra te  values o f A ( A 1 < A < A 2) 
th e r e  w'ill be a lw ay s tw o s ta b il i ty  reg ions. I t  is in te re s tin g  to  no te  t h a t  
fo r  m o d era te  v a lu e s  o f  A  a n d  la rg e  values o f  L (L  >  L c) th e  sy stem  can  be  
th o ro u g h ly  s ta b iliz e d  even w hen  В  >  1.
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(iii) В  >  3 /2. In  th is  case th e re  is no d is tin c tio n  in  th e  n a tu re  of s ta b i l i ty  
reg ions for an y  v a lu e  of L , b e cau se  for no v a lu e  o f L, F (A ,  L ,  B)  =  0 a d m its  
rea l po sitiv e  v a lu es  o f A .  T h e  q u a n titie s  K 1 an d  K 2 a g a in  rem a in  p o sitiv e . 
T h u s  fo r th is  case to o , tw o s ta b i l i ty  regions e x is t. F o r no v a lu e s  o f A  a n d  L , 
can  i t  be n o ted  th a t  th e  reg io n  is th o ro u g h ly  stab ilized . F u r th e r  th e  w ave- 
n u m b e r b an d  d e fin ed  b y  re la tio n  (58) rem a in s  un stab le  fo r  a n y  v alue  o f  A .
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MAGNETO-THERMOHALINE CONVECTION 
THROUGH POROUS MEDIUM
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R . C. S h a r m a  and K . N. S h a r m a

DEPARTMENT OF MATHEMATICS, HIMACHAL PRADESH UNIVERSITY, SIMLA-171005, INDIA
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The therm ohaline convection in a layer o f conducting fluid heated  from below and  sub
jec ted  to  a stable salinity gradient th rough  porous medium is considered to include th e  effect 
of a uniform  magnetic field. The salinity g rad ien t and magnetic field  are found to  introduce 
oscillatory modes which w ere nonexistent in  th e ir  absence. The m edium  perm eability is found 
to  have destabilizing effect on the system . The Rayleigh num ber is found to increase w ith 
the increase in  stable salin ity  gradient as well as m agnetic field param eters. The case of over
stab ility  is studied w herein th e  sufficient conditions for nonexistence of overstab ility  are 
also found.

1. In tro d u c tio n

T h e  p roblem  o f th e rm o h a lin e  co n v ec tio n  in a la y e r  o f  flu id  h e a te d  from  
below  a n d  su b jec ted  to  a  stab le  s a lin ity  g ra d ie n t was in v e s tig a te d  b y  V eronis

[5 ] . N ield  [3] considered the therm ohaline convection in  a horizontal layer 
o f viscous fluid heated from below and salted from above.

T h ere  has been  considerab le  in te r e s t  in  recen t y e a rs  in  th e  s tu d y  o f  th e  
b reak d o w n  o f th e  s ta b il i ty  o f a la y e r  o f  f lu id  su b jec t to  a v e rtic a l te m p e ra tu re  
g ra d ie n t in  a porous m ed iu m  and  th e  p o ss ib ility  o f co n v ec tiv e  flow . T h e  s ta b i
l i ty  o f  flow  o f a single com ponen t f lu id  th ro u g h  a po rous m edium  ta k in g  in to  
acco u n t th e  D arcy  re s is ta n c e  has b een  s tu d ied  b y  Lapw ood  [2] and  W ooding

[6 ] . T he  e ffec t o f  th e  e a r th ’s m ag n e tic  f ie ld  on th e  s ta b il i ty  o f such  a flo w  is 
o f  in te re s t  in  geophysics p a r tic u la r ly  in  th e  s tu d y  o f th e  e a r th ’s core w here 
th e  e a r th ’s m an tle , w h ich  consists o f  co n d u c tin g  flu id , beh av es like a porous 
m ed ium  w hich  can becom e co n v ec tiv e ly  u n stab le  as a re su lt of d iffe ren tia l 
d iffusion . A n o th e r ap p lic a tio n  o f th e  re su lts  o f flow  th ro u g h  a porous m ed iu m  
in  th e  p resence  of a m ag n e tic  fie ld  lies in  th e  s tu d y  o f th e  s ta b ili ty  o f a convec
tiv e  flow  in  th e  g eo th e rm al region. T h e  p ro b lem  of s ta b il i ty  o f  a tw o co m p o n en t 
co n d u c tin g  flu id  lay e r in  th e  p resence  o f  m agnetic  f ie ld  th ro u g h  a  porous 
m ed ium  a n d  su b jec ted  to  a te m p e ra tu re  g rad ien t is o f im p o rtan ce  in  g eo p h y 
sics, soil sciences an d  g ro u n d  w a te r  h y d ro lo g y  etc . C ond itions u n d e r  w hich  
co n v ec tiv e  m otions th ro u g h  porous m ed iu m  are im p o r ta n t  in  geophysics are  
u su a lly  fa r  rem oved fro m  th e  c o n s id e ra tio n  of a single co m p o n en t f lu id  and  
rig id  b o u n d a rie s  and  th e re fo re  i t  is d e s ira b le  to  consider a tw o  co m p o n en t flu id  
an d  free  bo u n d aries . I n  th e  case o f  a  tw o  com ponen t f lu id  b u o y an cy  forces
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can  arise not on ly  from d en sity  differences due to  variations in  tem perature 
b u t also from th ose  due to  variations in so lu te concentrations. R udraiah  
and P rabham ani [4] have stu d ied  the effect o f  therm al diffusion on the con
vectiv e  stab ility  o f  a two com ponent fluid in a porous m edium .

In  th e  p re se n t p ap er we s tu d y  th e  th e rm o h a lin e  co n v ec tio n  in  a lay e r o f 
co n d u c tin g  f lu id  h e a te d  an d  s a lte d  from  below  th ro u g h  p o ro u s m edium  in  th e  
p resence  o f a u n ifo rm  v e rtic a l m agnetic  fie ld .

2. P e r tu rb a tio n  equ a tio n s

A lay e r o f  f lu id  of th ick n ess  d flow ing th ro u g h  porous m ed iu m  is h e a te d  
fro m  below  so t h a t  th e  te m p e ra tu re s  an d  sa lin ities  a t  th e  b o tto m  surface  
2 = 0  a re  T 0 a n d  C 0 an d  a t  th e  u p p e r  surface z  =  d  are T 1 a n d  Cv  re sp ec tiv e ly , 
z-axis be ing  ta k e n  as v e rtic a l. A  un ifo rm  v e r t ic a l  m ag n e tic  f ie ld  H (0, 0, H )  
is em bedded  in  th e  flu id  an d  th e  b o u n d aries  a re  ta k e n  to  b e  free as w ell as 
p e rfe c t co n d u c to rs  o f  b o th  h e a t  a n d  sa lt. T h e n  th e  e q u a tio n s  govern ing  th e  
m o tio n  o f a f lu id  flow ing th ro u g h  a porous m ed iu m  and  fo llow ing B oussineeq 
a p p ro x im a tio n  a re

—  +  ( q - V ) q  =  V p - - ^ q  +  ( l  +  — 1 g  +  — (V X H ) X H ,
dt Q о «1 \ e0l 4л0 о

V ч =  о,
—  +  (q • V) T  =  x ^ T ,  
dt

—  +  (q • V) C =  k 'V’ C, 
dt

V • H  =  0,

■—  =  (H  • V) q +  r ^ H .  
dt

( 1 )

(2)

(3)

(4)

(5)

(6)

w here
e =  e„[i -  ~  t 0) +  a '(C  -  c 0)]. (7)

E q s . (1) —(4) ex p re ss  th e  c o n se rv a tio n  o f m o m en tu m , m ass, h e a t an d  so lu te . 
I n  w ritin g  E q s . (1) an d  (2), u se  h a s  been m ad e  o f  th e  B oussinesq  ap p ro x im a 
tio n , i.e. d e n s ity  changes are  d isreg a rd ed  in  a ll te rm s ex cep t w hen  th e y  occu r 
w ith  g ra v ity  fo rces. E qs. (5) a n d  (6) express th e  M axw ell’s eq u a tio n s. T h e  
e q u a tio n  o f  s ta te  (7) co n ta in s  a  th e rm a l co e ffic ien t of ex p an sio n  a an d  an  a n a 
logous so lv en t coeffic ien t a '.  T h e  su ffix  zero re fe rs  to  v a lu es  a t  th e  reference
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level z — 0. W e use C artesian  coord inates w ith  th e  г-axis v e r tic a lly  u p w a rd s  
so t h a t  th e  po rous m ed ium  lies be tw een  z — 0 a n d  z — d. q (u , v, u ) ,  g(0, 0, —g ) 
H (0, 0 H ), k v  Q, p ,  T  and  C s ta n d  for v e lo c ity , g ra v ita tio n a l acce le ra tio n , 
m ag n etic  f ie ld , p e rm eab ility  o f  th e  m edium  (w hich  has th e  d im ension  o f le n g th  
sq u a red ), d en sity , p ressu re , te m p e ra tu re  a n d  so lu te  m ass c o n c e n tra tio n , r e 
spec tiv e ly . T h e  k in em atic  v isco s ity  v, th e  th e rm a l d iffu s iv ity  x, th e  so lu te  
d iffu s iv ity  x ' a n d  th e  e lec trical re s is tiv ity  rj a re  all assum ed  to  he c o n s ta n t.

T h e  s te a d y  s ta te  so lu tion  is

q =  o, t  — t 0 — ßz, c  — c 0 — ß 'z , в =  е 0(1 +  ф  -  x 'ß 'z ) ,  (8)

w here
d

a n d  ß ' = are th e  m ag n itudes o f  uniform  te m 

p e ra tu re  an d  co n cen tra tio n  g rad ien ts , ß a n d  ß '  a re  b o th  p o s itiv e  as th e  t e m 
p e ra tu re  and  co n cen tra tio n  decrease u p w ard s.

W e now  consider a sm all p e r tu rb a tio n  on  th e  s te a d y  s ta te  so lu tion  a n d  
le t 0, y , ôp, q, h  an d  deno te  th e  p e r tu rb a tio n s  in  te m p e ra tu re , c o n cen tra tio n , 
p ressu re , v e lo c ity , m agnetic  f ie ld  an d  d en sity , re spec tive ly , so th a t  th e  c h an g e  
in  d e n s ity  ÔQ, caused  b y  th e  p e r tu rb a tio n s  0 a n d  y in  te m p e ra tu re  and  co n cen 
tra tio n s , is g iven b y

ÖQ =  — е0И  — « » • (9)

T hen  E qs. (1) — (6) on lin ea riza tio n  give

= ----- -- V<5p - - f - q  — g (a 0 — a 'y )  +  ( V x h ) x H ,
ót 9o

V • q -  0,

=  ßw -\- xV20.

O L  =  ß 'w  +  x 'W ,
dt

( 10)

( И )

( 12)

(13)

V • h =  0,

=  (H  • V) q +  rjV2h.

(14)

(15)

W e consider th e  case in  w hich  b o th  th e  b o u n d aries  a re  free  and  th e  m e 
d ium  ad jo in in g  th e  f lu id  is a p e rfec t co n d u c to r. The a p p ro p ria te  b o u n d a ry

62M>
cond itions on v e lo c ity  are  m; == 0 a n d  — — =  0 . I f  th e  te m p e ra tu re  an d  con-

9z2
c e n tra tio n  a t  a b o u n d a ry  a re  k e p t fixed , th e n  th e re  0 =  y  =  0. Also, th e
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dhz
m edium  a d jo in in g  th e  p e rfe c t co n d u c to r flu id , =  0. T hus th e  b o u n d 

a ry  co n d itio n s  a p p ro p ria te  to  th e  p ro b le m  are

w  — =  0 =  у  =  = 0  a t  2 = 0  a n d  z =  d.
dz2 dz

E q s. (10) — (15) give

— +  —1 V2w -  
dt f c j

d_
dt

d_
dt

1 d2 02
U * 2 d y

H
4 3TQ0

■V2
dhz
dz

— * V 2j 0 =  ßw,

— x'V2) У =  ß 'w ->

—  -  r?V2 
dt

hz = H
dw
dz

(16)

=  0 , (17)

(18)

(19)

( 20)

3. D ispersion  re la tio n  an d  discussion

A n a ly z in g  th e  d is tu rb an ces  in to  n o rm a l m odes, w e assum e th a t  th e  p e r
tu rb a tio n  q u a n ti t ie s  are  o f  th e  form

[w, 0, y, hz) =  [W(z), 0(z), r ( z ), K(z)]  exp (ikxx  +  ikyy  - f  nt), (21

w here kx, ky a re  h o rizo n ta l w ave n u m b ers  o f  th e  h a rm o n ic  d is tu rb an ce , fc2 =  
=  к 2 +  к 2 a n d  n is th e  g ro w th  ra te  w h ich  is, in  g enera l, a com plex c o n s ta n t . 

nd2
P u ttin g  a =  kd, a — ------, x \d  =  x*, y \ d  — y*, z\d = z * and  D =  d\dz*;

V

E q s .(17) — (20) in  n o n d im en sio n a l fo rm , u s in g  expression  (21), becom e

a2)IF+ a2(a0 -  a'-T)

(D2 -  a2 -  Pla) в

Hd
4ng0v

(D2 -  a2) D K  =  0,

(D 2 _  a2 -  qa) Г  =  -

(D2 _  a2 -  p 2cr) К  — —

ß'd2
W,

— I D W ,
. V

( 22)

(23)

(24)

(25)
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w here

b er, p 2— —  is th e  m ag n e tic  P ra n d tl  n u m b e r and  q — —  is th e  S ch m id t n u m b er.

O p e ra tin g  E q . (22) b y  (D2 — a2 — p ^a^D 2 — a2 — p 2a)(D2 — a2 — qa) and  
using  (23) — (25), th u s  e lim in a tin g  0 ,  Г  and K .  w e o b ta in

ki . vP i ~  4S dim ensionless p e rm eab ility , p l =  —  is th e  P ra n d t l  num -

Ra2(D2 — a2 — p 2cr) {D2 — a2 — qa)W —

(D2 -  a2 -  Pla) {D2 -  a2 -  p 2a) (D2

c r + — \(D 2 -  a2) X 
PVÍ

— a2 — qa)W  +

+  Sa2(D2 — a2 — p xa) (D2 — a2 — p 2a) W  

+  Q(D2 -  a2) (D2 - a2 -  Pla) (D2 - a 2 -  qa) D2W, (26)

w here R  — g a ß ^ /v x  is th e  th e rm a l R ayleigh  n u m b e r, S  =  g x 'ß 'd ^ jw '  is th e  
analogous solu te R ay le ig h  n u m b er a n d  Q — 1Р<Р/^тгд0гг] is th e  C h an d rasek h ar 
n u m b er.

T he b o u n d a ry  cond itions a p p ro p ria te  for th e  prob lem  are

W  =  D2W  =  0  =  Г  =  D K  =  0 a t z* =  0 and  2* =  1. (27)

D ro p p in g  th e  s ta rs  for conven ience  an d  u s in g  (27), we can  show  th a t  all 
th e  ev en  o rd er d e riv a tiv e s  of W  m u s t  v an ish  fo r z =  0 and  z — 1 a n d  hence 
th e  p ro p e r  so lu tion  o f  E q . (26) ch a rac te riz in g  th e  low est m ode is

W  =  A  sin nz, (28)

w here A  is a c o n s ta n t.
S u b s titu tin g  (28) in  E q . (26) a n d  le ttin g  x  =  а2/л 2, P  =  л 2pi, R 2 — R /л 4, 

S j =  S /л 4, Q1 =  Q/л 2, we o b ta in  th e  d ispersion re la tio n

] ( 1 +  , ) (1 + . + Л ^ )  (l +  .  +  л ^ )+ 4 i ( i  +  *)

1 +  x  - f  q

(1 +  x) 1 +  X +  p x

1 +  *  +  I
(29)
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4. The osc illa to ry  m odes

In  th is  S ec tion , we exam ine  th e  p o ss ib ility  o f  o sc illa to ry  m odes, i f  any, 
on th e  s ta b il i ty  p ro b lem  due to  th e  p resen ce  o f  sa lin ity  g rad ien t a n d  m agnetic  
f ie ld . M u ltip ly in g  E q . (22) b y  W*, th e  com plex  co n ju g a te  of W,  in te g ra tin g  
o v er th e  ran g e  o f  z , an d  m ak ing  use o f  E q s . (23) —(25) to g e th e r w ith  b o u n d a ry  
co n d itio n s (27) w e o b ta in

w here

I \  +
gct'x'a2

v ß '
( h  +  qcr* 15)

4 jt0 ov
(Л  +  P 2 Q* I i )  —

gaxa2
vß (12 +  P ia* h)<

I ,  =  ^ ( \ D W \ 2 +  a2\W \2) dz,

1 2  = J ‘ ( |i> 0 |2 +  a2\0 \2)dz.

J ,  =  \ \ \ 0 \ 2 dz,

h = j ^ i^ i2 + «21Л 2) dz,

Л  =  | 01(1 Л 2) Ф ,

h  =  j l ( \ D 2K \ 2 +  2a*\DK\* +  а*\К \2) dz, 

h  =  £ ( |D X |*  +  a2\K \2) dz

(30)

(31)

w h ich  a re  a ll p o s itiv e  defin ite .
S u b s titu tin g  er =  ar +  iff,- a n d  th e n  e q u a tin g  re a l an d  im a g in a ry  p a rts  

o f  E q . (30), we o b ta in

*A J 1 +  Æ ^ V , T  —vß 4 л д 0г
V T gxxa*

Р 2 1 Ъ —vß Р А з

_  П г ,  +  £ ^ /(
L pi vß

g*™“ T
vß 2 Що” J

an d

vß' vß - P i h  -  - - -  - P 2 17 =  °- 
4 n q 0v J

(32)

(3 3 )
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E q . (33) y ields th a t  at — 0 or <rt 0 , w h ich  m eans t h a t  th e  m odes m ay  be 
n o n o sc illa to ry  or o sc illa to ry . In  th e  absence  o f s ta b le  sa lin ity  g ra d ie n t and 
m ag n e tic  fie ld , E q . (33) reduces to

<*i h  +
gOLy.a*

vß P i h \  =  0 (34)

an d  th e  te rm s  in  b ra c k e ts  are  po sitiv e  d e fin ite . T hus o',- =  0, w hich m ean s th a t  
o sc illa to ry  m odes a re  n o t  allow ed a n d  th e  p rincip le  o f  exchange o f  s tab ilitie s  
is sa tis f ie d  (C h a n d r a s e k h a r  [1], p . 26) in  th e  absence o f  s tab le  s a l in i ty  g ra d i
e n t a n d  m agnetic  fie ld . T h is re su lt is t r u e  for th e  po ro u s as well as nonpo ro u s 
(C h a n d r a s e k h a r  [ 1 ] )  m edium . T h e  presence o f  each , th e  s ta b le  sa lin ity  
g ra d ie n t an d  th e  m ag n e tic  fie ld , b rin g s  overstab le  o sc illa tions (as o, m ay  n o t 
be zero) w hich were n o n e x is te n t in  th e ir  absence. E q . (32) sim ply  te lls  th a t  o> 
m ay  be  positive  as w ell as n eg a tiv e , i.e . th e re  m ay  be s ta b ility  as well as 
in s ta b ili ty  in  th e  p resence  o f  sa lin ity  g ra d ie n t, m ag n etic  fie ld  and  p o ro u s m e
d ium  w hich  is also t ru e  in  th e ir  absence .

5. The s ta tio n a ry  convection

F o r th e  s ta tio n a ry  convection , a  =  0 an d  E q . (29) reduces to

(1  +  x \T> (1 +  *)* ,
Q l + S x ’

(35)

To s tu d y  th e  e ffec ts  o f sa lin ity  g ra d ie n t, m ag n e tic  fie ld  an d  p e rm eab i
li ty  o f  th e  m edium  on R x, we ex am in e  th e  n a tu re s  o f  d R 1\dSv  d R i \dQv  and  
d R ^ d P .

I t  follows from  E q . (35) th a t

(1 +  *)2
dP  x P 2 ’

(36)

w h ich  is a lw ays n eg a tiv e . T h e  m ed ium  p e rm e a b ility  th e re fo re  has d es tab liz in g  
effect on  th e  system . E q . (35) y ields

dl?!
d S l

+  1, (37)

w hich  is p o s itiv e . This m ean s th a t  a s ta b le  sa lin ity  g ra d ie n t (sa lted  fro m  below) 
has a s tab iliz in g  effect on  th e  sy stem s. I f  th e  system  is h e a te d  fro m  below
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b u t  sa lte d  fro m  a b o v e  (adverse  co n c e n tra tio n  g rad ien t) , i.e . is nega tive , 
d R 1\dS1 is n e g a tiv e  w hich  m ean s  th a t  th e  ad v erse  sa lin ity  g ra d ie n t has a 
d e s ta b iliz in g  e ffec t o n  th e  sy s tem .

E q . (35) also  y ields

dR.! 1 +  x

dQi x

w h ich  is po sitiv e . So th e  m a g n e tic  f ie ld  has a s tab iliz in g  effect on  th e  system .
T he c ritic a l v a lu e  of R v  d e n o te d  b y  R 1C fo r th e  onset o f  in s ta b ili ty , given 

b y  d R ^ d x  =  0, is a tta in e d  a t  th e  va lu e  o f x  g iven  by

x = V l  +  PQi-  (39)

T h u s  x  is in d e p e n d e n t o f S x b u t  dep en d s on P  a n d  Qv  S u b s ti tu t in g  th is  v a lue  
o f  x  in  (35) gives th e  c ritica l R ay le ig h  n u m b er

R ic  = ~  [i + V i + P Q iY  + Sr (40)

W h e n  Qx — 0 a n d  =  0 (co rresp o n d in g  to  h y d ro d y n a m ic  a n d  absence o f 
c o n c e n tra tio n  g ra d ie n t  case), th is  reduces to  Lapw ood’s [2] v a lu e

R c =
4 я 2

Pi
(41)

F ro m  (40) an d  (41) i t  is re -a ff irm ed  th a t  th e  c r itic a l R ay le igh  n u m b e r  increases 
w ith  th e  in crease  in  (m ag n etic  f ie ld  p a ra m e te r)  a n d  S a (s ta b le  co n cen tra tio n  
g ra d ie n t p a ra m e te r) .

6. T h e  overstable case

In  th is  S ec tio n  we co n sid e r th e  p o ss ib ility  o f  w h e th e r in s ta b ility  m ay  
o ccu r as an  o v e rs ta b ility . P u t  «т/л2 =  iat , i t  b e in g  rem em b ered  t h a t  a m ay  be 
co m p lex . Since fo r  o v e rs ta b ility , w e w ish to  d e te rm in e  th e  c ritic a l R ay le igh  
n u m b e r  for th e  o n se t of in s ta b i l i ty  v ia  a s ta te  o f  p u re  o sc illa tions, i t  suffices 
to  f in d  co n d itio n s fo r w hich (29) w ill ad m it o f  so lu tions w ith  rea l. E q . (29) 
becom es

R,
jiffi +  г̂) (1 +  *) (1 +  * +

a .  S l  £  +  * + * £ #  +
(1 +  *  +  iq^i)

+  Q i
(1 t x) (1 + X + ipiO'i)

* ( ! + *  +  ÍP2°l)
(42)
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I t  follows from  E q . (42) t h a t

dR-i _ f l  +  *] 1 +  * +  i p , a , f l  +  X ] (1 +  x f  +  p 1p 20'f+ tc r1( l + * ) ( p 1- p 2)
dQ, - 1 +  x  +  i p 2<f, * (1 +  x f  +  p l  a f

(43)

E q u a tin g  rea l an d  im a g in a ry  p a r ts  o f  E q . (43), we o b ta in

dQ г
and

S u b s titu tin g  (45) in  (44), we get

dQ!

cj (1 +  x f  +  p , p 2Cfl
(44)

1 (1 +  *)2 +  p\<A

P l =  P 2* (45)

_ 1 +  * 
X

(46)

w hich  is a lw ays p o sitiv e . T he m ag n e tic  fie ld  th e re fo re  h as  s tab iliz in g  effect 
on  th e  system .

E q . (42) yields

dR i =  1 +  * +  ip i° i  =  (1 +  *)2 +  pga'i  - f  i a ^ l  +  x) (Pl -  g) 
d S 1 ! - ( - * +  iqoi (1 +  x)2 -h g2tf2

E q u a tin g  rea l an d  im a g in a ry  p a r ts  o f  E q . (47) an d  su b s titu tin g  p ,  — q, th e  
re su lt o f  eq u a tin g  im a g in a ry  p a rts , in  th e  re su lt o f e q u a tin g  rea l p a r ts ,  we 
o b ta in

=  !
d S ,

(48)

w hich  is positive . T h e  s ta b le  sa lin ity  g ra d ie n t th e re fo re  has stab iliz in g  effect 
on th e  sy stem .

I t  also follows fro m  E q . (42) t h a t

dRx _  _  (! +  * ) ( !  +  * +  i p ^ j )
d P  x P i

E q u a tin g  rea l p a r ts  o f  E q . (49), we ge t

dRt (1 +  x f
dP  x2P  ’

(49)

(50)
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w h ich  is a lw ays n e g a tiv e . T h e  p e rm eab iliy  o f  th e  m edium  h a s , th e re fo re , de- 
s ta h liz in g  e ffec t o n  th e  sy stem .

T h e  re a l a n d  im a g in a ry  p a r ts  o f E q . (42), w hen  e q u a te d , give

+  X f  — p 2q<ft) =  ^ { ( l  +  x f  — p tp 2al} +  Qii 1 +  x ) 2 x

X {(1 +  x f  — Plqal} +  ^  [(1 +  x f  — PxP-joi -  q(P l +  p 2) a\]

-  ° i [ î { ( l  +  *)2 -  P iP i^ l)  +  ( !  +  *)2 (P i  +  P 2)] ( !  +  *), (51)

a n d

R i х (Рг +  Я) =  S ix (Pi +  P 2 ) +  CM1 +  x)(Pi +  3)

+  [3{(! +  x f  -  P i P A )  +  ( !  +  x f  (Pi +  Р г)]

+ (!+*) [i1 + XY  -  P i P A  -  q (P i + P i) ox] (52)
E lim in a tin g  R ± b e tw een  E q s . (51) an d  (52), w e o b ta in

p k 2 \ ^  +  b | X ( 6 -  1) (Pl -  q) p î  +  Q A H P i  -  P i )  +  

J c  +  j s ^ b - l )  (P l - q )  +

+  Q A ( P i - p 2) +  v  (h - ~ ) ] = o,

+ ь2\ь + ̂ \ (р1+л

(53)

w here  1 -|- x  =  b a n d  Oj =  c. A s a1 is rea l fo r o v e rs ta b ility , th e  tw o values o f  
c (o r cr*) a re  p o s itiv e . E q . (53) is q u a d ra tic  in  c an d  does n o t  invo lve  a n y  o f  
i ts  ro o ts  to  h e  p o s itiv e  if

P i > P i  and  Pi > b  (54)

fo r  th e n  th e  co effic ien ts  o f  с2, c an d  th e  c o n s ta n t te rm  are  all positive a n d  
th e re  is n o  ch an g e  o f  sign in  E q . (53).

(54) im p ly

x < x '  an d  x  < r ] ,  (55)

T h u s  i f  x <  x '  a n d  x  <  r] a re  sa tis f ied , o v e rs ta b ility  is im possib le  an d  th e  
p rin c ip le  o f  ex ch an g e  of s ta b ilitie s  holds good , x  <  x '  a n d  x  <  rj a re , th e re 
fo re , th e  su ffic ie n t cond itions fo r  th e  n o n ex is ten ce  of o v e rs ta b ility , th e  v io la 
t io n  o f  w h ich  does n o t  n ecessa rily  invo lve  o ccu rrence  of o v e rs ta b ility .
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In the absence o f  sa lin ity  gradient, th e  sufficient condition  for n on exis
tence o f  overstability  reduces to  x  <  rj (Chandrasekhar  [1 ]), but the in tro 
duction o f sa lin ity  gradient introduces an additional sufficient condition  
x  <  x ' .
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DYNAMICAL ASPECTS OF THE FORMATION 
OF THE MESOMORPHIC STATE STRUCTURE
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In  terms of th e  self-consistent phonon field m ethod  generalized w ith  regard to  th e  
o rien tational degrees of freedom th e  dynam ics of th e  form ation of the  mesomorphic s ta te  
s truc tu re  a t the ac tiva tion  of the m olecular crystal oscillations is studied . The reasons for 
the existence and for th e  stability of th e  partially  ordered media w ith liquid-crystalline and  
plastic  packing of th e  molecules are substan tia ted . The dependencies of th e  dynam ical crystal 
characteristics versus tem perature  are calculated. F rom  th e  analysis of th e  librational and  
transla tional anharm onicities evolution a t  the tem pera tu re  alteration th e  energetic relations 
for th e  transition  of th e  molecular c ry s ta l in to  the m esostate are established. I t  is shown th a t  
the anharm onic processes bound-up w ith  different degrees of the molecules freedom give an 
essentially unequal contribu tion  to  th e  developm ent of th e  dynamical in stab ility  of th e  sys
tem . The m utual correlation  between th e  structural in s tab ility  type, th e  m olecular c ry s ta l
line anisotropy coefficient and the m olecular in teraction  anisotropy fac to r are investigated. 
The behaviour of th e  critical values as functions of th e  system  anisotropy param eters is 
considered. Conclusions are drawn regard ing  the crysta l la ttice  disarrangem ent in th e  pre- 
tran sitiona l regions o f liquid-crystalline and  plastic mesogeneity.

1. In troduc tion

F ro m  th e  m icroscopic  p o in t  o f view  p h a se  tra n s itio n s  in  o rdered  s t ru c 
tu re s  a rise  as a r e s u l t  of th e  in s ta b i l i ty  of th e  co llective p a r tic le s  ex c ita tio n s  
[1 — 3]. T he d e ta iled  m icroscopic p ic tu re  of th e  p h a se  tra n s it io n  m a y  be o b ta in 
ed on th e  basis o f  th e  analysis o f  th e  system s dynam ics o n ly  [4—6].

T he p resen t p a p e r  is d e v o te d  to  th e  d ev e lo p m en t o f th e  d y n am ica l a p 
p ro ach  to  the  p ro b lem  o f the  th e rm o tro p ic  m esom orph ic  s ta te  fo rm a tio n  [7— 11]. 
D ue to  th e  co m p lex ity  of th e  m o lecu la r s tru c tu re , p ack ing , in te ra c tio n  a n d  
th e  s te ric  effects, how ever, i t  is n o t  possible to  b u ild  up  th e  successive th e o ry  
of th e  m olecular sy stem s d y n am ics . T herefore  fo r th e  e s ta b lish m e n t o f  th e  
s tru c tu ra l  in s ta b il i ty  m echan ism s an d  for th e i r  de ta iled  in v e s tig a tio n  th e  
e la b o ra tio n  of sim p le  m odels is o f  a  g rea t im p o rta n c e . A cco rd ing  to  [7, 8 ] w e 
sha ll consider a qu asi-o n ed im en sio n a l m olecu lar c ry s ta l w hose pa rtic le s  h a v e  
tra n s la tio n a l degrees o f freedom  a lo n g  some d ire c tio n  in  th e  sp ace  an d  p e rfo rm  
a n g u la r  oscilla tions in  th e  p e rp e n d ic u la r  p lan es . F o r c learing  u p  th e  ro le  o f 
th e  v a rio u s  ty p es o f  th e  m olecules m ovem ent in  th e  s tru c tu ra l in s ta b ili ty  o rig in  
a n d  fo r th e  d e te rm in a tio n  o f th e  c ritica l p a ra m e te rs  o f th e  m o lecu la r c ry s ta l  
in  th e  h igh  te m p e ra tu re  lim it i t  is necessary  to  u n d e rta k e  a n  analysis  o f  th e
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se lf-co n sis ten t d y n a m ic a l eq u a tio n s  sy s tem  w hich is o b ta in ed  in  [7] a t  th e  
a p p ro x im a tio n  o f  th e  n e a re s t n e ig h b o u rs  in te ra c tio n :

kT/2  =  *Ф/4, (1)

kT/2  =  y * R /4, (2)

w here  < . . .  )  is th e  s ta tis t ic a l  av e rag in g ; Ф =  2d2'Pjd<f2', R  =  2d2*Pjdl2 are 
p seu d o h arm o n ic  la t t ic e  force c o n s ta n ts ;  §^(Z, q>) =  (4 / (r,ip)y is th e  self-con
s is te n t in te ra c tio n  p a ir  p o te n tia l; T  is  th e  ab so lu te  te m p e ra tu re ; к  is th e  
B o ltz m a n n ’s c o n s ta n t;  x  =  <(ç>/+1 — y* =  ( ( u j+1 — u;)2)  a re  th e  corre
la tio n  fu n c tio n s  o f  th e  re la tiv e  l ib ra tio n a l an d  tra n s la tio n a l osc illa tions o f the  
n e ig h b o u rin g  m olecules in  th e  c ry s ta l; cpj, U j  are  th e  H eisenberg ’s o p e ra to rs  of 
th e  d isp la c e m e n t o f  th e  j-p a r tic le  fro m  its  eq u ilib riu m  s ta te . In  th e  le f t  p a rts  
o f  th e  E q s . (1) an d  (2) th e re  are  a v e ra g e d  k in e tic  energ ies re la ted  to  a degree 
o f  freedom  o f th e  m olecule , an d  th e  r ig h t  p a r ts  are  th e  v iria ls  of its  t ra n s la t io n 
a l a n d  l ib ra tio n a l m o v em en t in  th e  se lf-co n sis ten t f ie ld  of th e  c ry s ta l .  The 
E q s . (1), (2) a re  tru e  fo r th e  e q u ilib riu m  m olecular co o rd in a tes  (Z0, <p0) w hich 
are  d e te rm in e d  from  th e  cond itions

ffP/dl =  0 , d ^ l d y  =  0 . (3)

T h e  sy s tem  o f  th e  E q s . (1 )— (3) allow s to  in v e s tig a te  th e  evo lu tion  o f  th e  mole
cu la r c ry s ta l s ta te  a t  th e  te m p e ra tu re  a lte ra tio n  u p  to  th e  s ta b il i ty  lim it.

2. D ynam ical criteria for the type o f the structural instability

T h e so lu tio n s  o f  th e  sy s tem  (1) — (3) co rrespond  to  th e  te m p e ra tu re  range 
o f  th e  c ry s ta l  s ta te  s ta b il i ty  w hich  is d esc rib ed  in  th e  developed  a p p ro a c h  only. 
T h e  u p p e r  l im it  o f  th is  ran g e  T c, is d e te rm in e d  as th e  te m p e ra tu re  o f  th e  d y n a 
m ical in s ta b il i ty  o f  th e  la tt ic e  w ith  re sp e c t to  th e  p ro p a g a tio n  of th e  collective 
osc illa tions.

T he m a th e m a tic a l an a lysis  show s [10, 11] th a t  w h en  th e  lib ra tio n a l and 
tr a n s la tio n a l la tt ic e  su b -sy stem s do n o t  in fluence  each  o th e r th e  system  
(1 )— (3) d is in te g ra te s  in to  tw o  in d e p e n d e n t eq u a tio n s. S ince in  th is  t r iv ia l  case 
th e  m o lecu la r la t t ic e  s ta b il i ty  is lo s t o v e r one of th e  degrees o f freed o m  only 
we can  ju d g e  u n am b ig u o u sly  th e  c h a ra c te r  o f  th e  p ack in g  o f  th e  p a r t ia l ly  o rdered  
p h ase . In  th e  g enera l case o f  b o u n d ed  o sc illa tin g  su b -sy s tem s th e  tw o p a ra m e te rs  
x  a n d  y*  becom e com plex  s im u lta n e o u s ly  b eyond  th e  in s ta b ility  p o in t ,  Tc. 
I t  m eans t h a t  th e  c ry s ta l  h a d  lo st i ts  s ta b i l i ty  over b o th  degrees o f freed o m  of 
m olecules reach in g  th e  sam e te m p e ra tu re  p o in t. A ssum ing  th e  la s t  s ta te m e n t 
o n ly  one c a n n o t e s ta b lish  th e  ty p e  o f  th e  m olecular o rd erin g  in  th e  range
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T  J> T c. I n  th is  connec tion  i t  shou ld  be  n o te d  th a t  th e  w hole  com plex  o f  th e  
p h en o m en a  w hich  genetica lly  d e te rm in e  th e  possible ag g reg a tio n  form s o f  th e  
m olecules b eyond  th e  in s ta b ility  p o in t is c re a te d  ju s t  in  th e  c ry sta llin e  s ta te . 
H ence, i f  th e  c ry s ta llin e  s ta te  is describ ed  q u a lita tiv e ly  c o rre c tly  b y  th e  sy s tem  
o f  eq u a tio n s  (1) — (3), i t  is possib le on th e  basis  of its  in v e s tig a tio n  to  e s tab lish  
th e  p ack in g  o f th e  m olecules in  th e  new  ph ase  w ith o u t a n y  ex tra  p h y s ica l 
co nsidera tions.

T h e  te m p e ra tu re  o f  th e  d y n a m ic a l in s ta b ility , T c, co rresponds to  th e  
re la tiv e  ex tre m u m  o f an y  o f th e  v iria ls  o f  th e  m olecular m o v em en t [9]. T hen  
fo r th e  d e te rm in a tio n  o f th e  c ritic a l p a ra m e te rs  (xc, y c , T c) an d  assum ing  th a t  
th e  eq u ilib riu m  ang le  cp0 does n o t  d ep en d  o n  te m p e ra tu re  th e  system  (1 )—(3) 
shou ld  be  added  b y  th e  coup ling  e q u a tio n  [11] w hich is o b ta in ed  b y  m eans 
o f  th e  L an g ran g ian  in d e te rm in a te  fa c to rs  m ethod

(Ф +  хдФ/дх) (R  +  y*  dR/dy*) =  xy* ■ dR /dx ■ дФ/ду*.

I n  p h y sica l sense th is  m eans th a t  th o u g h  th e  loss of th e  la t t ic e  s ta b il i ty  ta k e s  
p lace o v er b o th  m olecu lar degrees of freed o m  s im u ltan eo u sly  b u t  a t  f in ite  
an d  nonzero  lib ra tio n a l eL- an d  t ra n s la t io n a l  eT-coup ling  energies a t  the  
c ritica l p o in t

eL(Tc) =  х С1Ф(хС1, у * ,  Í J / 4 -  k T J 2 ,  (4)

ет(Тс) = y*c,R(xc, У Ь  U/4 -  k T J 2. (5)
P a ra m e te rs  (xCi, Z J  a n d  (y*, lcJ  a re  th e  so lu tio n s o f th e  follow ing sy s te m s  of 
e q u a tio n s , re sp ec tiv e ly

у*  =  у  *, dP /d i =  0 ,
(Ф  +  хдФ/дх) p¥ /d i2 =  *  • дФ/di ■ d^ididx,

X - x c, d ^ l d l  — 0 ,

(R  +  y*dR/dy*) d2& l d l* = y *  • dR/dl ■ д2Ф /д 1 д у \

(6)

(7)

T he sy stem s o f eq u a tio n s  (6), (7) a n d  th e i r  ro o ts  have n o t  a n y  p h y sica l sense 
an d  are  u sed  as a u x ilia ry  ones in  th e  c a lc u la tio n  of co u p ling  energ ies .T h e  geo
m etric  in te rp re ta t io n  o f  (6), (7) is t h a t  th e  in te rsec tio n s ex trem es o f th e  t r a n s 
la tio n a l a n d  lib ra tio n a l v iria ls  b y  th e  c r itic a l planes x  =  x c, y* =  y f  are  
ap p ro ach ed  a t  th e  p o in ts  (*Ci, Z J  an d  (y * , lcJ.  H av in g  o b ta in e d  th e  v a lu es  
eL, eT one can  w rite  dow n th e  d y n a m ic a l cond itions o f  th e  rea liza tio n  o f  th e  
v a rio u s ty p e s  of th e  s tru c tu ra l tra n s fo rm a tio n s :

C rysta l — liq u id  c ry s ta l  (C r—LC)

elI£t  5=̂  1 (8)
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Crystal — plastic crysta l (Cr—PC)

e d e T  ^  1 ( 9 )

Crystal — disordered s ta te  (Cr—DS)

£ l /  e T ~ l . ( 1 0 )

T he relations (8) — (10) reflect th e  principle o f  the genetic coupling of the old  
and the new p h ase  structures.

3. Self-consisten t system  o f d y n am ica l equ a tio n s

The d e ta ile d  s tu d y  o f th e  b eh av io u r o f  th e  m olecular c ry s ta l  a t th e  te m 
p e ra tu re  v a r ia tio n  is possible in  th e  case o n ly , i f  th e  in te rm o lecu la r  in te ra c tio n  
p o te n tia l  W  is g iv en . F o r th e  s im p lic ity  o f ca lcu la tio n  w e sh a ll in tro d u ce  i t  in  
th e  ad d itiv e  p a ir  in te ra c tio n  fo rm  [12, 13]

•F(r,V) =  ^ (r) +  «F2(r ,V), (11)

w h ere  r is th e  d is ta n c e  b e tw een  th e  in e r tia  c e n tre s  o f th e  m olecules, ip is th e  
m u tu a l  ro ta tio n  a n g le  o f  th e ir  lo n g  axes. B elow  w e shall su p p o se  th a t  th e  fu n c 
t io n  W^r)  is in tro d u c e d  in  th e  fo rm  o f th e  M orse p o te n tia l  [4]

S 'i W  =  £{exP [—■2«(r -  r 0)] -  2 ex p  [ - a ( r  — r 0)]} , ( 12)

fo r  w hich th e  co n d itio n s  a re  rea lized  d W ^T ^ fd r  — 0, ^ (Г р )  =  —e. B esides 
w e sh a ll assum e t h a t  th e  a n g u la r  p a r t  o f th e  in te ra c tio n  is g iven  b y  th e  e x p re s 
s io n  [14]

V>) =  — П <‘xp  [ — (r/a )2] cos 2ip, (13)

w h ere  77 >  0 is  th e  d isp e rs io n a l in te ra c tio n  p a ra m e te r;  a is  th e  q u a n ti ty  o f  
o rd e r  o f th e  c h a ra c te r is tic  size o f  th e  m olecule .

C alcu la tin g  th e  se lf-co n sis ten t p o te n tia l  W(l, cp) an d  th e  in te ra c tio n  c o n 
s ta n ts ,  R , Ф w e c a n  w rite  th e  sy s te m  (1)—(3) in  th e  form

1/2 =  2 xQ/D, (14)

f/2 =  y { d 2 exp { - t P y )  (2F* — V)  +  Q( 1 -  L /k ïN D } ,  (15)

L  =  D N k 2d exp  (—d2y )  (V 2 — F )/Ç , (16)

<Po =  0 .
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H ere  th e  fo llow ing designations a re  assum ed:
t  =  kT/e  is  th e  re la tiv e  te m p e ra tu re ;

к  =  a/r0 is th e  m olecular c ry s ta llin e  a n iso tro p y  p a ra m e te r;
D =  е/г) is th e  in te rm o lecu la r  in te ra c tio n  an iso tro p y  p a ra m e te r;
L  — l j r 0 is  th e  re la tiv e  d is ta n c e  betw een  th e  in e rtia  c e n tre s  o f n ea re s t 

m olecules.

d  =  a r0, N  — 1 +  2y/k?, у  =  y*jr\,

Q =  exp (L2jk2N  -  2x) N - 1'2, V  =  exp [ - d ( L  -  1) +  3 d ^ /2 ] .

T he sy stem s o f e q u a tio n s  (6) a n d  (7) fo r th e  p  o te n t ia l  (12) —(14) a re  n o t show n 
here  because o f  th e i r  com plex ity .

N ow  we ca n  ca lcu la te  th e  in s ta b ili ty  te m p e ra tu re  w ith  co rrespond ing  
v a lu es  o f  l ib ra tio n a l an d  tra n s la tio n a l coupling  energies.

*c =  4 XcQc/D, (17)

«т/в =  У с Л *  exp  ( - f f i y  J  (2 V I  -  V J  +

+  e x p  [2(xCt -  x c)] QCt( 1 -  L cJk2N Ct)/k2N CtD} -  t j 2,1 (18)

sL/s  =  2x ClQei{NcJ N cyi2 ex p  [(LCi/ ^  (l/iV Ci -  l/iVc)] -  tJ2 .  (19)

In d ices  c, cx a n d  c2 m ean  th a t  d e s ig n a te d  fu n c tio n s  in  (17) — (19) a re  ca lcu la ted  
in  c ritic a l (xc, y c) a n d  au x ilia ry  {xc , L CJ  (yCt, L ĉ ) p o in ts , re sp ec tiv e ly .

4. C alcu la tion  techn iques

T h e  q u a n t i ta t iv e  analysis o f  th e  c o n tr ib u tio n s  of th e  v a rio u s  typ es of th e  
m o lecu la r m o v em en ts  in to  th e  o rig in  o f  th e  in s ta b il i ty  o f th e  c ry s ta llin e  s ta te  
w as ca rr ied  o u t w ith  th e  help  o f  th e  co m p u te r . T he exp ressions (14)—(16) 
a re  th e  system  o f  th re e  eq u a tio n s closed a b o u t th e  d y n am ica l c h a rac te ris tic s  
o f th e  m o lecu lar c ry s ta l  x, y ,  L.  T h e  la t te r  a re  fu n c tio n s  of th e  re la tiv e  te m p e 
ra tu re , t, an d  d e p e n d  also on th e  v ariab les d , D , к  as th e  p a ra m e te rs  of th e  
p ro b lem . Since d  ~  6 - r  16 [15, 4 ] , th e n  in  a ll calcu la tions th e  q u a n ti ty  d 
was f ix e d  and  a rb i t r a r i ly  assum ed  to  he equal to  8 . In  each ca lcu la tio n  cycle 
th e  re la tiv e  te m p e ra tu re  was assu m ed  as an  in d e p e n d e n t v a r ia b le  an d  th e  
a n iso tro p y  p a ra m e te rs  w ere a ssu m ed  to  be c o n s ta n t. W ith  in c reasin g  t fo r 
D, к =  const th e  so lu tions x(t), y ( t) ,  L{t) w ere d e te rm in ed  b y  m eans o f th e  
m e th o d  o f successive  ap p ro x im a tio n s  w here fo r  th e  in itia l v a lu e s  o f y ,  L  th e  
kn o w n  ones fo r th e  a tom ic  c ry s ta l [16] w ere chosen . The sy s te m  (14)—(16) 
h ad  no  ro o ts  w hile  t  reach ed  som e c ritic a l value tc. T h e  upper l im it  o f  th e  reg ion  
o f d e te rm in a tio n  o f  th e  fu nc tions x(t), y(t), L(t)  w as accep ted  as  th e  system  
in s ta b il i ty  p o in t. T h e  c ritica l v a lu es  w ere c a lc u la te d  b y  th e  u se  o f  th e  exp res
sions x c =  x(tc), y c — y{T c), L c =  L(tc). The c a lc u la tio n  was re p e a te d  w ith  th e
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o th e r  f ix e d  v a lu es  o f  p a ra m e te rs  к, D.  W e ough t to  n o te  th a t  since th e  re la tiv e  
te m p e ra tu re  t =  kT /e  w as changed  in d e p e n d e n tly  a n d  d =  ar0 =  8 i t  was 
u n o b v io u s ly  m e a n t e, r 0 =  const. H en ce , p rac tica lly , th e  dynam ical v ariab les  
w ere d e te rm in e d  as fu n c tio n  o f T  a t  th e  d iffe ren t tj- a n d  a-values.

5. R esu lts a n d  discussion

P ro ceed in g  from  (17) —(19) th e  dependences o f  th e  te m p e ra tu re , tc, of 
th e  d y n a m ic a l in s ta b il i ty  (F ig . l a ) ,  o f  th e  v iria ls VT =  ( eT/e  +  tc) a n d  VL — 
— (EJ E +  tc) (F ig . lb ) ,  o f  th e  ra tio  o f  th e  o r ie n ta tio n a l a n d  tra n s la tio n a l coupl-

. ^ ------------- Г--------------------------------------------------- r —

1 2  3 U 5 6 К
Fig. 1 . Change o f the dynam ical instab ility  tem perature tc (F ig . la )  o f the librational, 
and translational, Vj-, virials (F ig . lb )  and o f th e  ratio e^/sy o f  th e  librational to the translation
al coupling energy at the critical point (F ig . lc )  versus the m olecular crystalline anisotropy

factor, к  a t D  =  2
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Fig. 2. D ependencies o f the instab ility  tem perature, versus m olecular-crystalline anisotropy  
factor, k, at different coefficients o f the interm olecular interaction  anisotropy D

in g  energies eL/eT (F ig . lc )  v e rsu s  th e  a n iso tro p y  fac to r к a t  D  =  2 are  show n 
in  F ig . 1. T h e  dependencies tc(k), VT(k), V L{k) w hich  a re  o f  in te re s t in  i ts e lf  
a re  su p p le m e n ta ry  a t  th e  c o n stru c tio n  o f  th e  fu n c tio n  eL{k)leT(k). A cco rd in g  
to  (8) — (10) th e  la s t  ra tio  allow s to  id e n tify  th e  phase  tra n s i t io n  ty p e . A c tu a lly  
in  F ig . l b  one can  d is tin g u ish  th ree  ran g es  o f  values of th e  an iso tro p y  fa c to r  
к w ith  its  ow n ty p e  of th e  in s ta b ili ty  o f  th e  c rysta lline  s ta te .  In  th e  ran g e  
0 <  к <  fej th e  tra n s fo rm a tio n  C r—PC occu rs. T he m o lecu la r sy stem  tu rn s  
in to  th e  d iso rdered  s ta te  w h en  th e  k -values sa tis fy  th e  in e q u a lity  k r <  к  <  fc2. 
A t к >  &2 tra n s it io n  in to  th e  liq u id -c ry s ta llin e  s ta te  ta k e s  p lace  ( e j e T 1).

T he curves show n in  F ig . 2 re flec t th e  a lte ra tio n  of th e  re la tiv e  te m p e ra 
tu re  o f th e  d y n am ica l in s ta b ili ty  w ith  th e  in c rease  o f  к a t  d iffe re n t values o f  th e  
in te ra c tio n  an iso tro p y  fa c to r  D. The an a ly s is  shows th a t  a t  th e  in crease  of 
th e  a n iso tro p y  fa c to r  к th e  fu n c tio n  tc (k; D  =  const) rises in  th e  range  o f  th e  
tra n s it io n  C r—PC. I t  reaches th e  m ax im u m  v a lu e  in  th e  ra n g e  o f th e  s t ru c 
tu ra l  re -a rran g e m e n t C r—D S an d  th e n  decreases m on o to n o u sly  in  th e  in te rv a l  
o f th e  C r—LC tra n s fo rm a tio n . T he q u a lita tiv e  in te rp re ta tio n  o f  such a b e h a v 
io u r o f tc(k) on th e  basis o f  th e  analysis o f  th e  curves VL(k) a n d  V T(k) is g iven  
in  [17]. In  th is  connection  w e o u g h t to  n o te  o n ly  th a t  for a n y  v alue  o f D  th e re  
is a lw ays th e  in te rv a l ôk — \k2 — fcj w hose reach in g  in  th e  absence  of e x te rn a l 
s tresses does n o t give th e  p o ss ib ility  for th e  fo rm a tio n  of a m esophase  fro m  th e  
c ry s ta llin e  s ta te  in  p rinc ip le . B ecause o f th e  b u lk y  ca lcu la tio n s we d id  n o t  d e 
te rm in e  th e  b o u n d a ry  values o f  k 1 an d  k 2 a t  w h ich  th e  co n d itio n s of th e  t r a n s 
itio n  C r—D S becam e feasib le . F rom  th e  genera l co n sid era tio n s, h o w ever, 
one can  in fe r t h a t  w ith  in c reas in g  of D  th e  va lu es  of k 1 a n d  k 2 are t r a n s f e r 
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re d  in  th e  d ire c tio n  o f th e  low er values o f  th e  m olecu lar c ry sta llin e  a n iso 
tro p y  fac to rs .

On th e  b as is  o f th e  an a ly s is  o f th e  dependencies x c(k), y c(k) an d  L c(k) 
show n in  F ig . 3 one can  d ra w  conclusions o n  th e  c h a ra c te r  o f th e  m o lecu la r 
m o b ility  a t  d iffe re n t ty p es o f  th e  s tru c tu ra l in s ta b ili ty  o f  th e  m olecular c ry s ta ls . 
So, th e  ra is in g  o f  к  re su lts  in  a  sh arp  in c rea se  o f th e  o rie n ta tio n a l a n d  in  a n  
in s ig n if ican t d ecrease  of th e  tra n s la tio n a l o rd e r  in  th e  ra n g e  o f th e  tr a n s it io n  
C r—PC. T h e  e x tre m e  v a lu es  o f  th e  fu n c tio n s  x c(k) a n d  y c(k) in  th e  in te rv a l  

<1 к <  k 2 sh o w  th a t  th e  la rg e s t d isa rra n g e m e n t o v e r b o th  ty p es  o f  th e  
m olecules m o v e m e n t occurs in  th e  reg ion  o f  th e  tra n s it io n  P —DS. A t к  x: k 2 
th e  o r ie n ta tio n a l an d  th e  tr a n s la tio n a l d isa rra n g e m e n t decreases. In  co m p a ri
son  w ith  th e  tra n s fo rm a tio n  D r —PC th e  tra n s i t io n  in to  th e  liq u id -c ry s ta llin e  
s ta te  occurs a t  th e  s ig n ifican t s ta b iliz a tio n  o f  th e  o rie n ta tio n a l m olecular m o v e
m en t and  a t  th e  m ore dev e lo p ed  t ra n s la t io n a l  osc illa tions. C o n tra ry  to  i t ,  th e  
ro ta tio n a l ty p e  in s ta b ili ty  a rises while th e  sy s te m  ap p ro ach es th e  s tro n g  o rie n 
ta tio n a l d iso rd e r  in  th e  p re - tra n s itio n a l s ta te .  W e ough t to  n o te  th a t  th e  b e h a v 
io u r  o f th e  a v e ra g e d  d is tan ces  be tw een  th e  in e r t ia  cen tres  o f  th e  n e a re s t m o le
cules (F ig . 3c) is d e te rm in ed  b y  th e  tra n s la tio n a l anh arm o n ic itie s  o f th e  oscil- 
a tio n s  o f  m o lecu le s  a lm o st com ple te ly .

)c10

Fig. 3. Curves o f  th e  critical m olecular crystal param eters xc, y c (F ig . 3a, b) and o f the averaged  
distance, L c, betw een  the nearest neighbours at th e  in stab ility  po in t (F ig. 3c) in  the regions 

o f  form ation o f  th e  m esom orphic and disordered states
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y.1Cf 0.5 1.0 1.5 t

Fig. 4. Tem perature dependencies o f th e  dynam ical la ttice  characteristics x(t) (Fig. 4a), y(t)  
(F ig. 4b), L(t) (F ig. 4c) a t D  —  2 and at three values of к —  0 .8; 2; 5

In  Fig. 4 th e  re su lts  of th e  ca lcu la tio n  o f  th e  dependencies x(t), y(t)  a n d  
L(t) fo r  th re e  a n iso tro p y  fac to r  v a lu es  к  =  0 .8 ; 2 ; 5 are p re se n te d . The l a t t e r  
ones co rresp o n d  to  th e  s tru c tu ra l tra n s itio n s  C r— P D , C r—D S, C r—LS, r e 
sp ec tiv e ly . A ll th e  in v es tig a ted  d y n am ica l v a r ia b le s  change lin e a rly  in  th e  
range  T  <^TC in d e p e n d e n tly  o f  th e  k-value. A t th e  ap p ro ach  to  T c su ch  a 
b e h a v io u r o f th e  p a ra m e te rs  x, у  a n d  L  changes essen tia lly  a n d  depends on  
th e  n a tu re  o f th e  s tru c tu ra l in s ta b il i ty  o f th e  sy stem . A c tu a lly  th e  u n lin e a r 
increase  o f th e  fu n c tio n  x(t) b o u n d -u p  w ith  th e  o rien ta tio n a l m olecules m o v e 
m en t is o b serv ed  in  th e  range o f  th e  tra n s itio n  C r— PC. Two o th e r  dependences 
change a lm o st lin e a r ly  u p  to  th e  phase  t r a n s i t io n  p o in t. I n  c o n tra s t  to  th is , 
a t  th e  tra n s fo rm a tio n  C r—LC th e  d irec tion  o f  th e  te m p e ra tu re  ev o lu tion  o f  
th e  c ry s ta llin e  s ta te  occurs in  th e  w ay  of th e  p re fe ren tia l d ev e lo p m en t o f  th e  
a n h a rm o n ic ity  o f  th e  tra n s la tio n a l m olecular o sc illa tions. The la t t e r  is expressed  
in  th e  u n lin e a r b e h av io u r o f y(t)  a n d  L(t) in  th e  p re -tra n s itio n a l s ta te . In  th is
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case X ch an g es p ro p o rtio n a l to  T  a lm ost a lo n g  th e  w hole ran g e  of th e  ex istence  
o f  th e  c ry s ta llin e  s ta te . A ll functions sh o w n  in  F ig . 4 change w ith  e ssen tia l 
u n lin e a r ity  w ith  th e  te m p e ra tu re  in  th e  p re - tra n s it io n a l tra n s fo rm a tio n  region 
if  th e  p h ase  tra n s it io n  o f C r— D S -type o ccu rs  in  th e  sy s tem . Such a b eh av io u r 
o f  th e  p h y s ic a l p a ra m e te rs  is  s t ip u la te d  b y  th e  absence  o f th e  a n iso tro p y  in 
th e  te m p e ra tu re  d ev e lo p m en t o f th e  tra n s la t io n a l  a n d  lib ra tio n a l an h arm o n i- 
c ities o f th e  m o lecu la r osc illa tions. The an om alous g ro w th  of bo th  th e  tra n s la 
tio n a l an d  lib ra tio n a l f lu c tu a tio n s  le ad s  to  th e  la t t ic e  d estru c tio n  o v e r th e  
C r—DS schem e.

6 . C onclusions

1. T h e  se lf-co n sis ten t phonon  fie ld  m e th o d  in  te rm s  o f w hich th e  ca lcu l
a tio n s a re  m ad e  is a m ean -fie ld  a p p ro x im a tio n  an d  c a n n o t co rrec tly  describe 
th e  f lu c tu a tio n  range n e a r  th e  critica l te m p e ra tu re . T o  b e  of q u a lita tiv e  ch a r
a c te r  th e  re su lts  o f th e  w o rk  allow th e  u n am b ig u o n s  in te rp re ta t io n  o f  th e  cor
re la tio n  b e tw e e n  th e  m olecules m o b ility  a n d  th e  m o lecu la r c rysta lline  s tru c tu re  
w ith  v a rio u s  ty p e s  o f th e  s tru c tu ra l in s ta b ili ty .

2. T h e  a n iso tro p y  fa c to r  к used  in  th e  p ap er is re la te d  to  th e  sy s te m  of 
in te ra c tin g  p a rtic le s  w ith  one long ax is  eq u a l to  a. C o n tra ry  to  [17] th is  
p a ra m e te r  is  n o t  b o u n d  u p  w ith  th e  g eo m e tric  shape  o f  th e  partic les  o n ly  b u t 
is a c h a ra c te r is tic  b o th  o f  th e  m olecule a n d  th e  c ry s ta l. I n  th e  case considered  
h ere  th e  p la s tic  and  th e  liq u id -c ry s ta llin e  s ta te s  are fo rm ed  b y  th e  ab so lu te ly  
an iso tro p ic  p a rtic le s  w h ich  d iffer in  size o n ly . T herefo re , c o n tra ry  to  th e  ex is t
in g  o p in io n , i t  is n ecessary  to  accep t t h a t  th e  geom etric  shape  of th e  m olecules 
is n o t  a su ffic ie n t d e sc rip tio n  of th e  m o lecu la r c ry s ta l  ab ility  to  fo rm  the  
th e rm o tro p ic  m esophase o f  ro ta tio n a l o r  liq u id -c ry s ta llin e  n a tu re  a n d  i t  can 
n o t  be co n sid e red  as an  a d e q u a te  phenom eno log ica l p a ra m e te r  o f m esogeneous 
a c tiv ity  o f  th e  sy stem . In  th e  general case  describ ing  th e  s tru c tu ra l in s ta b ili ty  
o f  th e  m o le c u la r  c ry s ta l i t  is necessary  to  acco u n t n o t  o n ly  for th e  geom etric  
shape o f  th e  m olecules b u t  also for th e ir  m u tu a l a rra n g e m en t ab o u t ea c h  o th e r 
a n d  a b o u t th e ir  c ry s ta llo g rap h ic  axis.

3. A cco rd in g  to  th e  m a th e m a tic a l an a lysis  o f  th e  dynam ical sy s te m  of 
eq u a tio n s  (14) — (16) its  so lu tions b ecom e com plex a t  th e  sam e te m p e ra tu re  
va lu e , T c. I n  p h ysica l sense th is  m eans t h a t  th e  c ry s ta l  loses s ta b il i ty  sim ul
tan eo u s ly  o v e r th e  t ra n s la t io n a l  and  th e  lib ra tio n a l m ovem ent o f  p a rtic le s . 
H ow ever, f ro m  th e  co n sid e ra tio n  of th e  te m p e ra tu re  dependences o f  x  an d  у  
(F ig . 4) i t  fo llow s th a t  th e  en h arm o n ic  p rocesses b o u n d  u p  w ith  th e m  c o n tri
b u te  u n e q u iv a le n tly  to  th e  s tru c tu ra l in s ta b ili ty  o f  th e  system . T h e  la ttic e  
d is ru p tio n  concerns m a in ly  th e  o sc illa tio n s of m olecules whose d y n am ica l 
c h a ra c te r is tic s  have  an  e ssen tia l u n lin e a r ity  versus te m p e ra tu re  in  th e  pre- 
tra n s i t io n a l  ran g e . T he p a ra m e te rs  co rresp o n d in g  to  th e  stab le  m o v e m e n t of
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th e  p a rtic le s  a re  changed  a lm o st lin ea rly  w ith  th e  te m p e ra tu re  up  to  th e  s ta b ility  
lim it. O n th e  basis o f th e  analysis  an d  th e  com parison  o f  d iffe ren t dependencies 
o f  th e rm o d y n a m ic a l a n d  d y n am ica l e x p e rim e n ta l ch a ra c te ris tic s  o f th e  c ry sta l 
versus te m p e ra tu re  one can  draw  d e fin ite  conclusions a b o u t th e  m icroscopic  
processes lead ing  to  s t ru c tu ra l  la ttic e  in s ta b ili ty .
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POLARIZABILITIES OF LIQUID CRYSTALS OF 
A SERIES OF 4-CYAN-PHENYL ESTERS 

OF 4'-n-ALKOXYCINNAMIC ACIDS

By

Y . R . M u r t h y  and R . N. Y. R a n g a  R e d d y

MOLECULAR BIO-PHYSICS LABORATORY, DEPARTMENT OF PHYSICS,
S.V.U. AUTONOMOUS POST-GRADUATE CENTRE, ANANTAPUR-51S 003, INDIA

(R eceived 16. I. 1980)

The mean polarizabilities of nem atic  liquid crysta ls  of homologous series of 4-cyan- 
phenyl esters of 4 '-n-alkoxycinnam ic acids have been evaluated using a  m ethod due to  
Lippincot-d-function p o ten tia l model m odified recently b y  M u r t h y  and R e d d y  [5]. The resu lts 
are com pared with a  values obtained from  Born’s relation . The calculated values are in very  
good agreem ent w ith those obtained from  Born’s relation.
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In tro d u c tio n

L iqu id  c ry s ta ls  have  a t ta in e d  special im p o rta n c e  in  re c e n t tim es because  
o f th e ir  m u ltifa rio u s  ap p lica tio n s. T h e ir ch em ical, m agnetic  a n d  o p tica l p ro 
p e rtie s  h av e  a t t r a c te d  th e  a t te n t io n  o f m an y  researchers esp ec ia lly  in  re c e n t 
decades. The s tu d y  o f  th e ir  o p tic a l p ro p e rtie s  such  as c irc u la r  d ichro ism , 
o p tica l ro ta to ry  p o w er and  p o la rizab ilitie s  h a s  m ade co n sid erab le  progress 
and  re c e n t a rtic les o f  L e b e d e v  e t  al. [1] a n d  C h a n d r a s e k h a r  [2] give an  
acco u n t o f the sam e. T he p o la r iz a b ility  is p a r t ic u la r ly  u sefu l in  th e  sense t h a t  
i t  gives an  e s tim a te  o f  o rder p a ra m e te r  an d  h e lica l co n te n t. T h e  im p o rtan ce  
o f  p o la rizab ility  fo r th e  s te ro -ch em ical p rob lem s o f sim ple m olecules has lo n g  
been  estab lish ed  a n d  its  ap p lic a tio n  to  th e  co n fo rm atio n  o f  b io  polym ers h as  
also been  w orked o u t  b y  R a o  e t al [3] an d  M u r t h y  e t al [4 ]. R ecen tly , th e  
spectroscop ic  s tu d ies  o f  liqu id  c ry s ta ls  have b een  ta k e n  up  in  th e se  lab o ra to rie s
[5] an d  th e  p re se n t in v e s tig a tio n  fo rm s p a r t  o f  su ch  s tu d ies . I t  deals w ith  th e  
e v a lu a tio n  o fp o la riz a b ilitie so f l iq u id  c rysta ls  fo r  a hom ologous series o f 4 -cyan- 
p h en y l esters o f  4 '-n -a lk o x y c in n a m ic  acids, C „H 2n+1 0 —C6H 4—C H = C H — 
— CO O —C6H 4—CN, rep re sen ted  b y  th e  f ir s t  e ig h t m em bers (n  =  1—8) b y  
a m e th o d  based  on  L ip p in co t-d -fu n c tio n  p o te n tia l  m odel. T h is  p o te n tia l m odel 
has been  m odified  re c e n tly  b y  M u r t h y  an d  R e d d y , en a b lin g  its  ex ten sio n  
an d  ap p licab ility  to  liq u id  c ry s ta llin e  phase.
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M ethod

T h e  L ip p in c o t-ő -fu n c tio n  p o te n tia l  m odel is b a se d  on th e  q u a n tu m  
m ech an ica l ap p ro ach  to  th e  s tu d y  o f  e igen  s ta te  o f th e  system  a n d  p o la riza 
b ility  fo rm s one o f th e  f in e  c rite ria  fo r  te s tin g  th e  s u ita b ili ty  o f su c h  w ave 
fu n c tio n s. I t  gives an  ea sy  a n d  fa ir re lia b ili ty  for th e  p o la riz a b ility  d e te rm in a 
tio n . R e le v a n t eq u a tio n s to  ca lcu la te  th e  m ean  p o la riz a b ility  for liq u id  phase 
in  te rm s o f  th e  para lle l b o n d  co m p o n en t (27ацр), p e rp en d icu la r  bo n d  c o n tr ib u 
tio n  (E2a ±) an d  non b o n d  region e le c tro n  c o n tr ib u tio n  (27ац„) are  g iven  as

<*/ =  \Щ Е х пр +  27al|n +  E 2ax), (1)

w here

ân p —
4 n A

• exp (2)

H ere n  is  th e  bond  o rd e r, A  th e  <5 fu n c tio n  s tre n g th , R  th e  bond  le n g th , x y 
an d  x 2 th e  P a u lin g ’s e lec tro  n eg a tiv itie s  o f  a tom s A  a n d  В  in  th e  b o n d  A  — B. 
The v a lu e s  o f  A 's  an d  C r’s for v a rio u s  bonds are  ta k e n  from  [6 ] a n d  [7].

«II n = f j * J - (3)

H ere f j  is th e  fra c tio n  o f  th e  n o n -b o n d ed  electrons o f  th e  j t h  a to m  an d  а,- 
is its  a to m ic  p o la rizab ility

E2ot1 = red/|j (4)

*H ere  ndj  is th e  n u m b er o f  degrees o f  freed o m  given b y  th e  e q u a tio n  ndj  =  
=  (3N  — 2n b), w here N  is th e  n u m b e r  o f  a tom s a n d  n b is th e  n u m b e r  of 
bonds in  th e  liq u id  c ry s ta l. ndj  for th e  p h en y l ring  is ta k e n  to  be 19.

I n  c ry s ta llin e  s ta te , i t  is on ly  th e  c rysta lline  f ie ld  w hereas in  liquid  
phase i t  is o n ly  th e  p u re  B row nian  f ie ld  t h a t  w ill a c t  o n  th e  sy s tem . B u t in 
liqu id  c ry s ta llin e  phase , b o th  fields w ill be  ac tin g  on th e  system . T h e  re s u lta n t  
effect d u e  to  these  fie lds is to  decrease th e  p o ten tia l on  th e  e lectron . I n  o th e r 
w ords, th e  sh ield ing  on th e  e lectrons w ill be less th u s  c o n tr ib u tin g  to  m ore 
p o la riza tio n . T his b e h a v io u r is exp ressed  em pirica lly  b y  using th e  eq u a tio n

A lc =  A  exp [(T  — T c)/Tc], (5)

w here T  is th e  te m p e ra tu re  p e rta in in g  to  th e  s tu d y  o f  liq u id  c ry s ta l p ro p e rty  
an d  T c is  th e  m esom orph ic  te m p e ra tu re . T his ex p ressio n  for A LC is u sed  in  
p lace o f  A  in  E q . (2) fo r  e v a lu a tin g  ацр a n d  hence a .
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Table I

Polarizabilities (X  102ä cm3) of 4-cyan-phenyl esters of 4 '-n-alkoxycinnam ic acids

n Z%i\_ »» X 10* Т с°С а
calc.

а
Bohn

1 71.43 1.48 34.95 1.110 162.0 35.78 35.10
2 76.73 1.48 35.62 1.040 161.5 37.75 37.394
3 80.44 1.48 36.30 1.067 147.0 39.21 39.406
4 84.95 1.48 36.98 1.000 144.0 40.94 41.137
5 88.43 1.48 37.68 1.077 133.0 42.30 42.528
6 93.62 1.48 38.38 0.960 134.0 44.28 44.442
7 97.54 1.48 39.08 1.067 127.0 45.79 46.033

8 102.97 1.48 39.80 0.963 129.0 47.85 48.080

U sing  L o re n tz —L o ren tz  re la tio n  an d  considering  th e  fa c t th a t  th e  av e r
age re f ra c tiv ity  does n o t depend  v e ry  m uch on te m p e ra tu re  we can  w rite

a =  a I 1 — — ( T c - T )
6i

( 6)

T h e d e ta ils  o f th e  d e riv a tio n  o f th is  expression  a re  g iven  in  [5]. H e re  m is 
th e  slope of th e  Q v e rsu s  T  g raph , a n d  gt is th e  d e n s ity  o f th e  liq u id  c ry s ta l in 
liq u id  phase , a ; is th e  m ean  p o la riz a b ility  in liq u id  p h ase  o b ta in e d  fro m  the  
L ip p in co t-d -fu n c tio n  m odel and a  is th e  m ean  p o la riz a b ility  in  liq u id  c ry s ta l
line  ph ase . U sing E q . (6), th e  m ean  p o la rizab ility  in  liqu id  c ry s ta llin e  s ta te  
is e v a lu a te d .

T h e  bo n d  le n g th s  are  tak en  fro m  [9]. T he v a lu es  o f 27a цр, 27ацп, 272а 
an d  a  are  p resen ted  in  T ab le  I  a lo n g  w ith  th e  v a lu es  o b ta in ed  fro m  B o rn ’s 
re la tio n  ta k in g  th e  re f ra c tiv ity  d a ta  from  [8]. V ery  good ag reem en t is found  
b e tw een  th ese  tw o  v a lu es .

A cknow ledgem ents

The authors th an k  Prof. S. V . Su b r a h m a n y a m  for his in te rest in  this work. One of them  
(R N V R ) thanks the P o st G raduate Centre au thorities for g ran ting  financial help in  carrying 
ou t th is work.

R E F E R E N C E S

1. Y. I . L e b e d e v , С. I. M o r d e b o v  and M. G. T o m il in , S ov . J .  O pt. Technoi. (U S A ), 41, 403,
1975.

2. S. Ch a n d r a se k h a r , R ep. Prog. Phys., 39 , 615, 1976.
3. B. P . R a o , V. R . M u r t h y  and D. V. S u b b a ia h , Ind. J . Bio Chem. and Bio P hys., 14, 181,

1977.

12 * Acta Physica Academiae Scientiarum Hungáriáié 48, 1980



2 9 6 V. R. MURTHY and R. N. V. RANGA REDDY

4. V . R . M d r t h y , In d . J .  Bio Chem. and  Bio Phys., 16, 32, 1979.
5. V . R . M u r t h y , S. V. N a id u  and R . N . V. R a n g a  R e d d y , Molecular crystals and liquid

crystals (GB) (in press).
6. B . P . R ao  and V. R . M u r t h y , Curr. Sei., 41, 15, 1972.
7. B . P . R a o , V. R . M u r t h y  and D . V. S u b b a ia h , Ind . J .  Pure and Appl. Phys., 14, 276,

1976.
8. Y . A . G r o z h ik  and  P . V. A d o m e n a s , O pt. Spectrosc. (U SSR), 44, 602, 1978.
9. H andbook of Physics and C hem istry, R ubber Publishing Edition, 1979.

A c ta  Phygica A oadem iac ScierUiarum Hungaricae 48, 1980



Acta Physica Academiae Scientiarum Hungaricae, Tomus 48 (2—3), pp . 297— 302 (1980)

A MONTE CARLO CALCULATION OF SURFACE 
PROPERTIES OF WATER
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B . B o r St n i k , D . J a n e 2 iö  and  A . A ím a n
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(Received 17. I. 1980)

The Monte Carlo calculation on th e  liquid-vapour interface of w a te r w ith 64 molecules 
and 10® configurations is reported. T he density profile indicates the existence of ra th e r low 
value of th e  surface thickness. The question w hether th e  density  profile is oscillatory or m ono
tonous rem ains inconclusive. The resu lts indicate th a t  th e  molecules a t  th e  surface prefer th e  
o rien tation  w ith one hydrogen a tom  pointing tow ards th e  vapour phase. The surface energy 
resu lts in  a reasonable agreem ent w ith  the experim ent. The surface tension would need a m uch 
longer ru n  to overcom e the sta tistical fluctuations.

1. In troduction

T h e  co m p u te r  s im u la tio n  of inhom ogeneous system s such  as l iq u id — 
v a p o u r  or liq u id  — c ry s ta l is m o s tly  devo ted  to  m onoatom ic  sy stem s [1, 2 , 3]. 
T h e  o n ly  ca lcu la tio n  of su rface  p ro p ertie s  o f  d ia tom ic  liq u id s  is d u e  to  
T h o m p s o n  [4] a n d  T h o m p s o n  an d  G u b b i n s  [5]. In  th is  w o rk  we w ould  like  
to  re p o r t  th e  M onte Carlo s im u la tio n  o f th e  p ro p ertie s  o f  l iq u id —v a p o u r 
in te rfa c e  of w a te r . The sh ap e  o f  th e  d e n s ity  pro file , th e  w id th  o f  th e  in te r 
face , surface o rd e rin g  of m olecules, eurface energy  an d  th e  surface te n s io n  
w ere  s tu d ie d . T h e  liqu id  w a te r  is a su b je c t o f  several m o lecu la r d y n am ics  
a n d  M onte C arlo sim u la tio n s. T h e  ca lcu la tions w ere p e rfo rm ed  w ith  d iffe ren t 
ty p e s  o f  w a te r—w a te r  p a ir  p o te n tia l. The s tru c tu re  and  th e  m o lecu lar m o tio n  
in  b u lk  w a te r  is a lread y  w ell u n d ersto o d .

T h e  w a te r  s tru c tu re  in  th e  v ic in ity  o f  ions was also s tu d ie d  [6]. U n fo r
tu n a te ly ,  th e  s tu d ie s  o f inhom ogeneous sy stem s such as l iq u id — v ap o u r in te r 
face  a re  v e ry  tim e-co n su m in g , if  one req u ire s  enough re lia b le  re su lts . O u r 
re su lts  involve a h igh  degree o f  u n c e rta in ty  d u e  to  s tro n g  s ta tis t ic a l  f lu c tu a 
tio n s . O ne aim  o f th is  s tu d y  w as to  use th e  in fo rm a tio n  a b o u t th e  s ta tis t ic a l  
f lu c tu a tio n s  to  g e t th e  im pression  ab o u t the  n u m b e r  o f co n fig u ra tio n s  n ecessary  
to  p ro v id e  re liab le  resu lts  o f  su rface  p ro p ertie s .

2. D escrip tion  of th e  ca lcu la tio n

T he usu a l M e t r o p o l i s  M onte Carlo m e th o d  was u sed  [ 7 ] .  B a r s o t t i ’ s 

co m p u te r  p ro g ram  [8] was m od ified  by  a d d in g  th e  period ic  b o u n d a ry  c o n d i
tio n s  in  * and  y  d irec tions. T h is  m eans th a t  o u r  system  h a d  th e  fo rm  o f a s lab , 
as is th e  u su a l w ay  o f tre a t in g  th e  liq u id —v a p o u r  in te rfaces .
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T h ë sy s tem  co n ta in ed  o n ly  64 w a te r  m olecules. W e used  the c o n fig u ra 
tio n  in te ra c tio n  p o te n tia l  o f  M a t s o u k a  e t  al. [9 ]  w hich  w as a lread y  te s te d  in  
th e  M onte F à rlo  ca lcu la tio n s on hom ogeneous liqu id  w a te r  system s [10, 11].

T he p o te n tia l  w as t ru n c a te d  a t  6 .44 Â  w hich  is s lig h tly  less th a n  h a l f  o f 
th e  d im ension  o f  th e  cell w h ich  is p e rio d ica lly  re p e a te d  in  xy  p lane . T h e  ta il 
o f  th e  t ru n c a te d  p o te n tia l  w as neg lec ted  in  th e  M onte C arlo ru n  b u t  i t  was 
ta k e n  in to  acco u n t la te r , w hen  th e  re su lts  w ere an a ly sed . A fte r e q u ilib ra tio n  
106 co n fig u ra tio n s  w ere g en e ra ted . T he f lu c tu a tio n  o f  th e  p o te n tia l energy  
a ro u n d  a s ta t io n a ry  v a lu e  w as ta k e n  as th e  c rite rio n  i f  th e  system  is eq u ilib 
ra te d . T h e  te m p e ra tu re  w as ta k e n  to  be  300 K .

T h e  liq u id —v a p o u r d e n s ity  p ro file  w as se t up  as a h is to g ram  rep re sen tin g  
th e  p ro b a b il i ty  d is tr ib u tio n  o f  th e  p o sitio n s  o f th e  oxy g en  atom s a long  th e  x  
ax is . A n o th e r  q u es tio n  w hich  is o f in te re s t  concerns th e  o rie n ta tio n a l d is tr ib u 
t io n  o f  th e  w a te r  m olecules a t  th e  liq u id  su rface . W e c a lc u la ted  a t each  va lu e  
o f  th e  z c o o rd in a te  th e  m ean  va lu e  o f  cos ft averag in g  o v e r all m olecules, ft is 
th e  ang le  b e tw een  th e  m o lecu la r sy m m e try  ax is an d  z ax is  o f  fix ed  co o rd in a te  
sy stem

(cos ft(z)y cos ftj(zj, dz) dn(Zj, dz).

w h ere  th e  sum  ru n s  over dn  (г,-, dz) m olecules whose z coo rd inates o f  th e  
o x ygen  a to m s are  fo u n d  in  th e  in te rv a l  be tw een  z a n d  z -j- dz.

T h e exp ression  fo r th e  su rface te n s io n  o f m o lecu la r flu id s w as deriv ed  
b y  G hat a n d  G u b b in s  [12] w here  y is ex p ressed  as th e  c o n tr ib u tio n  o f iso tro p ic  
an d  an iso tro p ic  in te rm o le c u la r  forces. F o r  th e  system  w here  th e  p o te n tia l  is

Fig. 1. M eaning of the symbols in  Eqs. 1, 2 and 3. The vectors connect all sites m arked  by
asterisks
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expressed  as a sum  o f  s ite  —site in te ra c tio n s , an exp ression  for y  can  be  derived  
in  a w ay  analogous w ith  [12]:

r*ß — 3 гц zaß 

r«P
( 1 )

V  is a s i te —site  p o te n tia l , « an d  ß  being  th e  s ite s  on th e  m olecules i an d  j ,  
re sp ec tiv e ly . rtj  is th e  v ec to r co n n ec tin g  th e  c e n tre s  o f m olecules i  an d  j  
(F ig . 1 )—in  our case th e  o x y g en —oxygen  d is tan ce . T rian g u la r b ra c k e ts  im p ly  
can o n ica l averag ing . S  is th e  a rea  o f  tw o free su rfaces . To h av e  b e t te r  in sig h t 
in to  th e  in te rp la y  o f  d iffe ren t c o n tr ib u tio n s  to  y  w e b roke dow n th e  expression  
(1) in to  th e  c o n tr ib u tio n  o f iso tro p ic  an d  an iso tro p ic  forces [12] y  =  yR -f- ye-

3. R esu lts  and  d iscussion

T he d en sity  p ro file  is d ep ic ted  in  Fig. 2. T h e  oscillations in  th e  pro file  
a re  o f sim ilar o rig in  as in th e  case o f  th e  ca lcu la tio n s on a to m ic  L en n a rd  — 
Jo n e s  system , w here i t  w as found  t h a t  w ith  a g row ing  n u m b er o f  co n fig u ra tio n s

Fig. 2. The density profiles. Full line: q( z )  —  the profile perpendicular to th e  interface; dashed
line: £>(*); dash-dotted line: g(y)
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th e  osc illa tions v a n ish . In  our case w here  th e  n u m b e r o f  con figu ra tions is ra th e r  
sm a ll (on ly  106) th e  v a lu es  o f th e  ro o t  m ean  sq u are  d ev ia tio n s from  th e  average 
d e n s ity  /Igrm.s a re  0.11 g /cm 3, 0.15 g /cm 3 an d  0.11 g/cm 3 for qx, Qy and  qz, 
re sp ec tiv e ly .

I f  th e  m oves o f  w a te r  m olecules g en era ted  b y  th e  M onte C arlo procedure  
w ou ld  be  o f  ra n d o m  w alk  c h a ra c te r  th e n  th e  e s tim a te d  value A gi.'m.s. would 
be  a p p ro x im a te ly  e q u a l to  0.015 g /cm 3. T he b ig  d ifference be tw een  
a n d  Açr'.m.8. is d u e  to  th e  p ersistence  o f  ce rta in  co n fig u ra tio n s o f  w a te r  mole
cu les, w hich  c o n tr ib u te  to  th e  h u m p s in  th e  d e n s ity  pro file . The w a te r— w ater 
p a ir  p o te n tia l  has d eep  m in im a ex p ressed  in  te rm s  o f  th e  th e rm a l en e rg y  a t th e  
tr ip le  p o in t in  co m p ariso n  w ith  th e  L e n n a rd —Jo n e s  p o te n tia l an d  th e  sm oo th 
in g  process o f  th e  d e n s ity  pro file  is slow er.

T h e  va lu e  o f  th e  m ean  d e n s ity  is 0.805 g /cm 3. W e can com pare  th is  value 
w ith  th e  re su lts  o f  O w i c k i  and  S c h e r a g a  [13] w ho p erfo rm ed  th e  iso th e rm a l 
iso b aric  (T , P, N )  ensem ble  M onte C arlo ca lcu la tio n  a t  298 К  an d  a tm o sp h eric  
p re ssu re . T h e ir ca lcu la tio n  resu lts  in  a 24%  u n d e re s tim a te  o f d e n s ity , w hich 
is close to  o u r re su lt . T h e  u n d e re s tim a te  o f d e n s ity  (o r u n a d e q u a te  value o f 
th e  p ressu re  in  th e  u su a l (IV, V, T )  M onte  Carlo ca lcu la tio n  o f L i e  e t  al [10]) 
seem s to  be a p e c u lia r ity  o f  th e  C l p o te n tia l.

T h e  su rface  th ic k n e ss  is less sen s itiv e  to  th e  n u m b e r o f  co n fig u ra tio n s 
th a n  o th e r  su rface  p ro p e rtie s . On th e  basis o f  F ig . 2 w e can e s tim a te  th e  su r
face th ick n ess  to  be  a p p ro x im a te ly  2 Â . W e can  co m p are  th is  v a lu e  w ith  th e  
v a lu es  o f  L en n a rd  —Jo n e s  liqu ids [1] an d  w ith  d ia to m ic  liquids [5], w here  th e  
su rface  th ick n ess , close to  th e  tr ip le  p o in t, ran g es fro m  0.8 fo r ch lo rine  to  
1.6 fo r n itro g en  a n d  a rg o n . I f  we ex p ress  ou r v a lu e  d  =  2 Â in  d im ension less 
u n its  ( ta k in g  H 20  =  2.7 Á as u n it  o f  len g th ) we o b ta in  d  =  0.74. T h is  m eans 
t h a t  in  th e  case o f  w a te r , th e  liq u id  v a p o u r  tra n s i t io n  is accom plished  in  less 
th a n  one m o lecu lar d ia m e te r . T h is re s u lt  is in  q u a li ta t iv e  ag reem en t w ith  th e  
re su lts  o f  L e k n e k  a n d  H e n d e r s o n  w ho developed  th e  th eo ry  w h ich  p red ic ts  
th e  th ic k n e ss  o f th e  liq u id -v a p o u r in te rfa c e  on th e  b as is  of e x p e rim e n ta l d a ta  
su ch  as su rface  te n s io n , surface en e rg y  an d  b u lk  en e rg y  [13].

T h e  o r ie n ta tio n a l o rdering  o f  w a te r  m olecules is dep ic ted  in  F ig . 3. In  
th e  b u lk  reg ion  <cos ê') shou ld  v a n ish  since all o r ie n ta tio n s  are  e q u a lly  p ro 
b ab le . H ow ever th e  f lu c tu a tio n s  due  to  u n su ffic ien t av e rag in g  are  ap p rec iab le , 
as ca n  be seen in  th e  F ig u re . T he m in im u m  a t  г =  — 9 Á an d  th e  m ax im u m  
a t  z =  8 Â re fe r to  th e  m olecules a t  th e  surface. T h is m eans th a t  th e  a t  surface 
th e  p re fe rred  o r ie n ta tio n  o f th e  w a te r  m olecules is th e  one in  w hich  one  of th e  
fo u r te t r a h e d ra l  h y d ro g e n  bonds a re  b ro k en . T h is can  be  accom plished  b y  tho se  
o r ie n ta tio n s  o f w a te r  m olecules w here  one h y d ro g en  a to m  po in ts  to w a rd s  th e  
gas p h ase .

T h e  ev a lu a tio n  o f  su rface  en erg y  u  an d  su rface te n s io n  у  was also  a t te m p t
ed  on  th e  basis o f M o n te  Carlo d a ta .  T h e  surface en e rg y  was o b ta in e d  b y  com-
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Fig. 3. X dependence of the average value of the projection of the u n it  vector along th e  mole
cule sym m etry axis to  the г axis

p a rin g  th e  p o te n tia l  en e rg y  o f th e  slab  w ith  average p o te n tia l  energy  o f  b u lk  
w a te r

и  =  [Utiab(N )  -  N U bulk]/S. (4)

t/siab(IV) is th e  p o te n tia l en erg y  of o u r sy s te m  w ith  64 w a te r  m olecules. A verage  
p o te n tia l en e rg y  per p a r tic le  of th e  b u lk  w as ta k e n  from  [11] w here th e  sam e 
n u m b er o f m olecules w as tre a te d  w ith  p e rio d ic  b o u n d a ry  cond itions. T h e  co r
rec tions fo r neg lec ted  in te ra c tio n s  w ere p erfo rm ed . T he re su ltin g  v a lu e  o f  th e  
surface en e rg y  was 105 d y n e /cm  w hich  ca n  be  com pared  w ith  th e  ex p erim en ta l 
va lue  [14] (u  =  у  — TdyJdT)  [15]): u  =  116 dyne/cm .

R e la tiv e ly  good ag reem en t w ith  e x p e rim en t was o b ta in e d  for th e  s u r 
face energy  w h ich  is a s c a la r  q u a n tity . T h e  re su lts  o f th e  su rface  ten sio n , w hich  
is a v ec to r q u a n ti ty , a re  su b jec ted  to  m u c h  g rea te r e x te n t  to  s ta tis t ic a l  f lu c 
tu a tio n s . T h e  E q . (2) can  be in te rp re te d  as th e  sum  of th r e e  te rm s. T h e  te rm s  
w ith  xfj a n d  j i j  rep re sen t th e  av e rag ed  c o n tr ib u tio n  o f th e  stress tra n s m itte d  
in  X  an d  у  d irec tio n s an d  th e  te rm  w ith  2z j j  su b tra c ts  th e  c o n tr ib u tio n  o f  in te r 
n a l p ressu re  ( th e  c o n tr ib u tio n  of in tra m o le c u la r  forces (E q . (2)), to  o b ta in  
th e  surface tension .

In  th e  b u lk  w a te r  th e  k in e tic  c o n tr ib u tio n  an d  th e  c o n tr ib u tio n  of 
in te rm o lecu la r  forces n e a r ly  cancel each  o th e r . T hus we c a n  e stim a te  th e  in te r 
n a l p ressu re  to  be a p p ro x im a te ly  p int gkT  *=« 1.4 • 109 dyne/cm 2.
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T his is a v e ry  s tro n g  “ b a c k g ro u n d ”  a n d  to  ev a lu a te  th e  surface te n s io n  
o n e  m u st e v a lu a te  th e  excess s tre s s  as i t  is g iven  in  E q s. (1), (2) and  (3). W e 
e v a lu a te d  in d e p e n d e n tly  th e  co m p o n en ts  o f th e  stress  (th e  c o n tr ib u tio n  o f c e n t
r a l  forces, E q . (2) in  x , y  an d  z d irec tio n ). O u r re su lts  in d ic a te  th a t  th e  M on te  
C arlo  chain  w ith  10e co n fig u ra tio n s  p erfo rm ed  on th e  sy s te m  con ta in in g  64 
w a te r  m olecules does n o t p ro v id e  enough d a ta  to  ev a lu a te  th e  d iagonal co m 
p o n e n ts  o f th e  s tre ss  ten so r a n d  th e  su rface  ten sio n .

P a r tia l  re su lts  for th e  su rface  ten sio n  d u e  to  th e  su b se q u e n t seg m en ts  
o f  30 000 co n fig u ra tio n s  a re  s c a tte re d  in  th e  in te rv a l [— 100, 100] (dyne/cm ), 
th e  m ean  v a lu e  b e in g  s lig h tly  p o s itiv e . T he c o n tr ib u tio n  o f  th e  neglected  in te r 
a c tio n s  ( r00 >■ 6 .44 Â) to  th e  su rfa c e  ten s io n  is also h ig h ly  u n c e rta in . A t th e se  
sep a ra tio n s  o n ly  e lec tric  m u ltip o le  in te rac tio n s  su rv iv e . I f  th e  o rie n ta tio n a l an d  
ra d ia l  co rre la tio n s  a re  n eg lec ted , th e  c o n tr ib u tio n s  to  th e  su rfa c e  tension  a v e r 
ag e  ou t. If , on th e  o th e r  h an d , th e  co rre la tio n s a t  large se p a ra tio n s  are a p p ro x i
m a te d  b y  th e  fa c to r  exp (— U /kT),  th e n  th e  c o n tr ib u tio n  to  th e  surface te n s io n  
is a p p ro x im a te ly  100 dyne/cm .

W e can  conc lude  th a t  th e  M onte Carlo s im u la tio n  o f l iq u id — v ap o u r in te r 
face  o f w a te r  is feasib le . Som e re su lts  can  b e  o b ta in ed  ev en  w ith  106 c o n fig u 
ra t io n s .  To h a v e  overa ll re lia b le  re su lts  one shou ld  p e rfo rm  a MC ru n  w ith  
a p p ro x im a te ly  107 co n fig u ra tio n s  w hich w ou ld  req u ire  la rg e  am o u n ts  o f c o m 
p u te r  tim e.

A cknow ledgem ent

The au thors th an k  Prof. E . C l e m e n t i  for sending us the com puter program w ritten  
b y  Dr. E . B a r s o t t i . The financial su p p o rt of R esearch Community of Slovenia is gratefu lly  
acknowledged.

R E FE R E N C E S

1. G. A. Ch a p e l l a , G. S a v il l e , S. M . T h o m p s o n  a n d  J .  S. R o w l in s o n , J .  C hem . Soc. F a r a d a y
Trans. I I  73, 1133, 1977.

2. M. H. K a l o s , J .  K . P e r ç u s  and  M. R a o , J . S ta t. P hys., 17, 111, 1977.
3. A. J . C. L a d d  and  L. V. W o o d c o c k , Molec. P hys., 36, 611, 1978.
4. S. M. T h o m p s o n , F araday  Dies. Chem. Soc., 66, 107, 1978.
5. S. M. T h o m p s o n  and  K. E. G u b b i n s , J . Chem. P hys., 70, 4947. 1979.
6 . E. Cl e m e n t i , Lecture Notes in  Chem istry: D eterm ination  of L iqu id  W ater S tru c tu re ,

Springer V erlag, 1976.
7 . N. M e t r o p o l is , A. W. R o s e n b l u t h , M . N. R o s e n b l u t h , A. H . T e l l e r  a n d  E. T e l l e r ,

J . Chem. P hys., 21, 1078, 1953.
8. R . B a r s o t t i , D ocum entation  o f a Monte Carlo P rogram  for Use in  S tatistical M echanics

Problems, R ep o rt N. 13/75, M ontedison, N ovara, 1975.
9. O. Ma t s o u k a , M. Y o s h im in e  an d  E . C l e m e n t i , J .  Chem. Phys., 64, 1351, 1976.

10. G. C. L i e , E . Cl e m e n t i  and M. Y o s h im in e , J .  Chem. Phys., 64, 2314, 1976.
11 . J .  C. O w ic k i  a n d  H . A. S c h e r a g a , J . Am. Chem. S o c ., 99 , 7 4 0 3 , 1977.
12. C. G. G r a y  and  K . E. G u b b i n s , Molec. Phys., 30, 179, 1975.
13. J .  L e k n e r  and J . R . H e n d e r s o n , Physica, 94A, 545, 1978.
14. H andbook of C hem istry and Physics, R. C. W east, ed., CRC Press, 1974.
15. C. A. Cr o x t o n , L iquid S tate Physics — A S ta tis tica l Mechanical In troduction , Cam bridge

U niversity  Press, 1974.

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



Acta Physica Academiae Scientiarum Hungaricae, Tomus 48 (2—3), pp . 303—314 (1980)

FREE CONVECTION EFFECTS ON THE FLOW 
PAST AN ACCELERATED VERTICAL POROUS 

PLATE IN AN INCOMPRESSIBLE DISSIPATIVE 
FLUID WITH VARIABLE SUCTION 

OR INJECTION
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(Received 17. I. 1980)

An analysis of th e  effects of free convection cu rren ts on the flow fie ld  of an incom pres
sible viscous dissipative fluid past an  accelerated vertical porous plate is presented, when the  
flu id  is subjected to a suction or injection w ith tim e-dependent velocity. Solution of the problem , 
in  form of power series, is obtained and  the  expressions for the velocity fie ld , tem perature field 
and  for their related quantities of skin friction and ra te  o f hea t transfer are given. The influence 
of th e  variable suction/injection velocity  on the above quantities is show n graphically fol
lowed by a q uan tita tive  discussion.

1. In tro d u c tio n

T he s ign ificance  o f su c tio n  fo r th e  b o u n d a ry  layer c o n tro l in  th e  f ie ld  
o f  ae ro d y n am ics a n d  space science is well recogn ized . I t  is o f te n  necessary  to  
p re v e n t sep a ra tio n  o f  th e  b o u n d a ry  layer to  reduce  d rag  a n d  a tta in  h igh  
lif t  va lues. On th e  o th e r  h a n d , one o f th e  im p o r ta n t  problem s fac in g  th e  en g in 
eers engaged in  h igh-speed  flow  is th e  cooling o f  th e  surface to  avo id  s tru c tu ra l 
fa ilu res  as a re su lt  o f  f r ic tio n a l h e a tin g  and  o th e r  fac to rs. W e know  th e  p o s
s ib ility  o f  using  in jec tio n  a t  th e  w all to  cool th e  body  in  a h ig h -te m p e ra tu re  
flu id .

In  recen t y e a rs  th e  p ro b lem  o f free co n v ec tio n  p as t a m oving  su rface  
h as  m an y  techno log ica l ap p lica tio n s as f i l tra tio n  processes, th e  d ry in g  of po ro u s 
m a te ria ls  in  te x tile  in d u str ie s  a n d  th e  s a tu ra t io n  o f porous m a te ria ls  b y  ch e 
m icals. T he su b je c t o f th is  ty p e  o f problem s h a s  a ttra c te d  m a n y  au th o rs  in  
v iew  n o t only  o f  i ts  ow n in te re s t  b u t  also o f  i ts  ap p lica tio n s . S o u n d a l g e k a r  

[5] s tu d ied  th e  free  convection  flow  p a s t an  im p u lsiv e ly  s ta r te d  v e rtica l im p e r
m eab le  p la te  w hen  i t  is cooled o r h ea ted  b y  th e  free co n v ec tio n  cu rren ts . A n 
ex ten sio n  of S o u n d a l g e k a r ’ s p rob lem , w hen th e  flu id  is su b je c te d  to  a co n 
s ta n t  suction  v e lo c ity  th ro u g h  th e  porous p la te , w as o b ta in e d  b y  K a f o u s i a s  

e t al [4 j. R ecen tly  G u p t a , P o p p  an d  S o u n d a l g e k a r  [1] in v e s tig a te d  th e  
u n s te a d y  flow an d  h e a t  tra n s fe r  in  free convec tion  flow  p a s t a v e r tic a l im p erm e
ab le  p la te  w hich is un ifo rm ly  acce lera ted  u p w a rd s  in  its  ow n p lane . B ecause

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



3 0 4 N. G. KAFOUSIAS et al.

o f  th e  im p o rta n c e  o f  su c tio n /in jec tio n  fo r  th e  b o u n d a ry  lay e r co n tro l in  th e  
fie ld  o f  f lu id  m echan ics, in  th is  w ork  w e s tu d y  th e  e ffec ts  o f free convec tion  
c u rre n ts  o n  th e  flow  fie ld  o f  an  incom pressib le  v iscous f lu id  p a s t an  in fin ite  
v e r tic a l p o ro u s  p la te , w h ich  is u n ifo rm ly  acce lera ted  u p w a rd s  in  its  ow n p lane , 
w hen  th e  f lu id  is su b jec ted  to  a v a riab le  su c tio n /in jec tio n  v e lo c ity .I t is  assum ed  
t h a t  th is  n o rm a l v e lo c ity  o f  su c tio n /in je c tio n  a t th e  po ro u s p la te  v a rie s  as 

W e o b ta in  so lu tion  o f  th e  p rob lem  in  fo rm  of pow er series and  give ex p res
sions fo r  th e  v e lo c ity , te m p e ra tu re , sk in  fr ic tio n  and  th e  r a te  of h e a t tra n s fe r . 
T h e ir  n u m e ric a l re su lts , fo r  d iffe ren t v a lu e s  o f  th e  d im ensionless p a ra m e te rs  
o f  th e  p ro b le m , a re  p re se n te d  in  a q u a n t i ta t iv e  m a n n e r  d u rin g  th e  co u rse  of 
d iscussion .

2. M ath em atica l analysis

I n  th is  w o rk  we s tu d y  th e  tw o d im en sio n a l u n s te a d y  flow  and  h e a t  t r a n s 
fer in  free  co n v ec tio n  flow  o f  an  incom pressib le  viscous d issipa tive  f lu id , p ast 
a  v e r tic a l p o ro u s f la t  p la te  w hich  is u n ifo rm ly  acce le ra ted  upw ards in  i t s  own 
p la n e . W e ta k e  th e  x '-a x is  a long  th e  p la te  in  th e  u p w a rd  d irec tion  a n d  t h e y '-  
ax is  n o rm a l to  th e  p la te . In it ia lly , th e  f lu id  and  th e  p la te  are a t  re s t  a n d  a t 
th e  sam e  te m p e ra tu re  T'_. B u t as t '  > 0  th e  p la te  s ta r ts  m oving  w ith  v e lo c ity  
и — ct', w h ere  c is a p o s itiv e  c o n s ta n t, in  its  own p la n e  an d  its  te m p e ra tu re  
is in s ta n ta n e o u s ly  ra ised  o r low ered to  П ( 3 £  T'm) w h ich  is th e re a f te r  m a in ta in 
ed  c o n s ta n t . U n d e r th e se  a ssu m p tio n s  th e  p roblem  is describ ed  b y  E q s . (1 )— 
(3) an d  b o u n d a ry  co n d itio n s (4), re sp ec tiv e ly :

8v'
dy '

=  0 ,

du'
dt'

V ' ^ = gxß (T '  - T L )  +  
ay

d2u 
d y2/

d T '  v , d T '  к  d2T '  V d u '  j 2 

~ d r + v  d y '  -  Q C p d y '* C p  d y ' )

t '  < , о : u '(y ',  t') = 0, T '( y ' ,  t ’) = T L ,
t , ^  0 . M O ,  О  =  ct', T ' (0, t') =  T i ,  

[u '(o o , t ') — 0, T'(oo, {') =  TL,

( 1 )

(2)

(3)

(4)

w here  и ',  v '  a re  th e  v e lo c ity  co m p o n en ts  in  and  y '  d irec tio n , re sp ec tiv e ly , 
t '  is th e  tim e , gx th e  acce le ra tio n  d u e  to  g rav ity , ß th e  coefficient o f  vo lum e 
ex p an sio n , T '  th e  f lu id  te m p e ra tu re  in s id e  th e  th e rm a l b o u n d a ry  la y e r , v th e
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k in em a tic  v iscosity , g th e  d en sity , к  th e  th e rm a l co n d u c tiv ity  and  cp th e  specific 
h e a t o f  th e  flu id  a t  c o n s ta n t p ressu re .

F ro m  E q . (1), we ta k e

=  ~ v 0(t')  =  - a ( v / t ' ) 1/2, (5)

w here a  rep resen ts  th e  velo c ity  o f  su c tio n  or in jec tio n  a t  th e  po ro u s p la te  
acco rd ing  as a  >  0 or < 0 , re sp ec tiv e ly .

B y  use of th e  non -d im en sio n a l tra n sfo rm a tio n s

c l 1'3
У = У ^ \  ■

t =  f
c2 l 1/3

E  =
(vc)2l3

— , (E c k e rt num ber)
сд т ; - т : )

G — —  (Т„  — Г ;)  gxß, (Q rash o f n u m b er) 
с

(ve)113 T '

P  — QVCp/k, (P ra n d tl n u m b e r)  

E q s. (2) a n d  (3) becom e

Í “ - _  „ - u > Í Ü _ C r  +  i ^ ,
dt dy dy2

P  —  -  a P t - 1'2 —  =  —  +  P E
dt dy dy2

dul2
dy I ’

( 6)

(7)

a n d  th e  b o u n d a ry  co n d itio n s (4) b eco m e

‘ <1 0 : u(y, t) =  0 , T(y, t) =  0 ,

î >  0: | w(0’ *) =  * m o =  1. (8)
I u(oo, t) =  0 , T(oo, t) =  0 .

I t  is know n th a t  th e  E c k e r t  n u m b e r  E  in incom pressib le  f lu id s  an d  in 
low  speed  flow s is v e ry  sm all and  h e n ce  w e can  ex p an d  th e  p h y sica l v a riab le s  
и an d  T  as follows:

u(y , t) =  u 0(y, t) +  E u j(y , t) +  . . .,

P (y , t) =  T 0(y, t)  +  E T jiy , t) +  . . .  (9)
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O n s u b s ti tu t in g  (9) in  (6) and  (7) and  fo llow ing s ta n d a rd  p ro ced u re ,
we get

d u 0
— a t - 1/2 du0 = G To +  ^ •) (10)

dt dy d y 2

d u ,
— a t “ 1/2 ^ U1

= G T i +  Ç t ? (И)dt dy d y 2

P
dT 0 b P t -W d T 0 d2T 0

(12)
dt dy  d y 2

d r , — a  P i - 1,2 ü l d u 0 (13)
dt dy d y 2 dy

an d  th e  in it ia l  a n d  b o u n d a ry  co n d itio n s (8) becom e now

t <  0 : u0( y ,  t) =  u f y ,  t ) =  0, T  0(y,  t)

(uo(0, t) =  t, u,(0, t) =  0, un(oo, t)t >0:

T , ( y ,  t) = 0 ,
0, W,(oo, t)  =  0

T 0(0, t) =  1, T ,(0 , t) =  0, T 0(oo, t) =  0, Г / o o ,  t) =  0.
(14)

T he P ra n d t l  n u m b er P  is a m easure  o f  th e  re la tiv e  im p o rtan ce  o f v is 
co s ity  a n d  h e a t  c o n d u c tiv ity  in  th e  flu id . F o r  m o st gases P  is o f u n it o rd e r 
(fo r a ir  P  =  0 .71), so th a t  th e  ve lo c ity  and th e  th e rm a l b o u n d a ry  layers w ill 
be  o f  th e  sam e o rd e r o f th ic k n e ss  [2] an d  wre w ill seek so lu tio n  o f  our p rob lem  
fo r th is  case. O n th e  o th e r h a n d  d u rin g  th e  in it ia l  stages o f  th e  deve lopm en t 
o f  th e  b o u n d a ry  la y e r  on th e  po ro u s p la te  th e  b o u n d a ry  la y e r  is th in  so t h a t  
a so lu tio n  o f  E q s . (10)—(13) fo r  sm all f can  be  o b ta in e d  in  th e  form

Wn =  tfoiv), T o =  goiv),

u i =  *3/i(*?)> T i  =  t2gi(v)^ (15)

w here  r) — y / 2 t 112. T h e fu n c tio n s  /■, gh i =  0, 1 a re  found  to  sa tis fy  th e  follow 
in g  eq u a tio n s

f ő  +  +  « ) /0  -  4/ 0 =  - 4 G g 0, (16)

f l  +  Щ  +  а ) Я  -  1 2 /, =  - 4 G g „  (17)

go +  2 (rj +  «) gó — 0 , (18)

gî +  2(v  +  a) gx — 8g , =  —fő,  (19)

w here p rim es d en o te  d iffe re n tia tio n s  w ith  re sp e c t to  rj. T he  correspond ing  
b o u n d a ry  co n d itio n s  becom e

/o ( 0 )  =  * o (0 ) =  1 , / o ( ~ )  =  g 0( ~ )  =

/ i ( ° )  =  S i(°) =  / i ( ° ° )  =  £ i(° ° )  =  °-

(20)
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T h u s th e  so lu tions o f  (16) — (19) in  v ir tu e  of th e  b o u n d a ry  co n d itio n s  
(20) are

go in) =
H h0(V 2|)
H h 0( [ 2a) ’

f 0(v) =  (1 -  G ) ^ Ä  +  C ^ Ä ,
H h 2(Y  2a) H h0(]f 2<x)

ш  =  с ,  ЯЛ1(У2а) . Я /14(У2| )  +  1 ЯА4( У у  +

ЯЛ^(У2а) Я/г4(У2а) ' 2 Hh4(][2x)

+  с , Яй!(У2а) ЯМУ25) _  c ) c fffe1(f2a) 
ЯЛц(У2а) ЯА4(У2ос) ЯА0( / 2 а )

ЯА3(У2а) ЯА4(У 2 |) (1 -  G)2

Я Л 2(]А2а) ЯЛ4(У2а) Я /iKl/ 2 а) 2

. HhU № j  _  Ç y  . ffftg (f2 f) G2 Я /1 |(]/2 |) _  

ЯА1(У2а) 2 ЯАо(У2а) f f f t j ( /2 a )

_  ( 1 _  G)G . H h oQ[2Ç) . ЯА2(У2 | )  _  (1 _  ЯА4(У2| ]

Я/»0(У2а) ЯЛ2(У2 а) Я Л 0(У2а)

_ Я Л 3(У2| ) ]^

‘ ЯА2(У2а) ’

( 21)

(22)

(23)

т  =  с G2
ЯА|(|А2а)

Я ^ ( У 2а)

| 1 | С2ЯА|(У2а) 

2 ЯА§(У2а)
+  (1 - G ) - G

Я Л 4(У2а) 

Я Л 0(У2а)

H h 3( f  2a) ЯЛ4(У2 | ) ЯА6(У2 | ) Г
ЯЛ2(У2a ) . ЯЛ4(У2а) Я Л 6(У2а) _

Я А |(У  2а) 

ЯЛц(У2а)

(1 -  G)2 _ Я Л |(У 2а) 

2 ЯА1(У2а)

Gy ГЯ/г^(У2 а) 4 ЯА |(У 2 а) 

2 Я ^ (У 2 а )  ЯА^(У2а)
+

, 4 ЯА|(У 2а)

ЯЛ§(У2а)
+ (1 G)G

2ЯА4(У2«)
ЯЛ0(У2 а)

ЯА4(У2а) Я А 3(У 2 а)11

ЯА0(У2а) Я А 2(У2а) J.
. Д М ^ )  j С (С, ЯА 1(У2|) | ( 1 - С ) 2ЯА1(У2|) , G2 

ЯАв(У2а) ЯЛ0(У2а) 2 ЯЛ|(У2а) 2
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. HhM 2P
H hliV  2a) 

H h 3Q[ 2 | )

H h 0 2 a )

+  2 G2
7 //4 ( f2 a )  H h 0 2 a )

+  G(1 -  G)

2G (i _  C) Н Ч Ы )  . Я М У 21) )
H h 0 2 a )  H h 2(]f2a) J ’

Н к 0 Щ  

H h0( l  2a)

(24)

w here  f  =  îj +  a  an d  th e  fu n c tio n  H h 0 2 f)  is d efin ed  in  J e f f r e y s  a n d  
J e f f r e y s  [3] a n d  is re la te d  w ith  th e  co m p lem en ta ry  e rro r  fu n c tio n  (erfc) 
as in  A p p en d ix .

O nce w e know  th e  v e lo c ity  an d  te m p e ra tu re  fie ld  i t  is im p o r ta n t  to  
ca lcu la te  th e  sk in  fric tion  a n d  th e  ra te  o f  h e a t  tra n sfe r  w h ich  are  g iv en , in  
th e  d im ension less form , b y  th e  expressions (25) and  (26), re sp ec tiv e ly

an d

w here

/ 0(0)

ж  o)

r „ = 0 ii2i № )  +  E t * m i (25)

K =  - v t_ 1,W )  +  Et2^ ( ° ) ] ’ (26)

p ! ( i
l H h 0 2 a )  H h 0 2 a )  )

(27)

- -  f 2 G |G 2 

+  (1 -  G)G

H h 0 2 a )

H h 0  2a)

Hh20  2a)

H h 0 2 a )  H h 0 2 a )

1 ( C9Hhf(Y2a)

2 H h 2(}f 2a)

H h0(Y 2a) H h 0 2a)

H h 0 2 a )

+  У2 G
H K ( Y  2«) 

HhlQ!2a) | G» 

ЯЛ1(]А2а) 2

„ Я А К ^ а )

^ я ф » )  |

Я ^ ( / 2 а )

H h 0  2a)

(1 -  G)2

H hl(Y  2a)

H h 0 2 a )  H h 0  2a)

H hl(Y  2«) 4  H h 3(Y2a)

Hh%(Y 2a.) H h f tY  2a)

(1 -  G)G о H h 0 2 a )  |

H h 0 2 a )

Hh5(Y  2a)

H h 0(Y2a) H h 0 2a) 

Я Л ,(У 2«) H h 0 2 a )  

H h 0 2 a )  H h ( 0 2 a )
2 G2

ЯЛ6(]А2а)

f  (1

/ 2G

С), Я * # 2 а )  |

H h 2(Y2a)
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+  G2f lM K2o1 + 4 G 2

Hh0(Y  2«)

+  f l ^ m # o ) + G ( 1  

HA0( f2 a )  H h 0Q[2T.)

H h 2(]f2a) H hl(][2a)

HA0( f 2 a )  H h0([2a)
+

G)
H h 3(V2a)

+

+  H *i(K 2a) I +  2G(1 _  G) ГH \ ( f 2«) H/»4( f 2a)

H h0(Y2a) J [ я А 0(У2а) HA2( f 2a)

, H h3(Y2a) 11

H h0(Y2a) Ji
5o(0) =  _ y 2 Hh- № « )

H h0([2 a )

5i(0) =  —V 2 G2
H A l( f2a) Hh3(Y2a)  

Hhl(Y2a) Hh,(Y2a)
+

1 H h3(Y  2a)

2 Hh4(Y2a)
+

| C2 H ftf(f2a) H h 3(Y2a) | (1 Я А ^У З«)

" ЯЛ2( / 2а) ЯА4( /2 а )  " H hn(Y2a)

ЯА3(]/2а) Я А 3(У'2«) 2 ( ;а Н А 2(У2a) Я Аг(У2«)

H h 2(Y2a) H h 4(Y2a) H h (0 2 a )  ЯА0(У2а)

(1 _  C), H M ^ 2 a )  Я А _ 1(]/2а)

H h 2(Y2a) H h 0(Y2a)

2 G2
ЯАх(У2а)

ЯА0(У2а)

Я Л 3(]/ 2a)

-  (1 -  G)G
[Я А _1(](2а)_ +

(1 -  G)G

Я А 0(У2а) 

Я  A, (К 2 a)
+  _

Я А 2(]А2а) H h 0(Y  2a)

H h ^ Y ïa )

H h 2(Y2a)

(28)

(29)

(30)

3. D iscussion

In  o rd e r to  p o in t o u t  th e  effec ts  o f  su c tio n /in jec tio n  v e lo c ity  on  th e  flow  
fie ld  th e  following co n sid era tio n s a re  m ade. The P ra n d t l  n u m b e r P  is ta k e n  
as u n ity . I n  the  exp ressio n  v' =  —a(v/t)[l2, a re p re se n ts  th e  v e lo c ity  o f  suction  
or in je c tio n  a t  the  p la te  accord ing  a s  ot >  0 or «  <  0, re sp ec tiv e ly . T he case 
а  =  0 corresponds in  a n  im p erm eab le  p la te . T h e  G rash o f n u m b e r  G, w hich 
rep re sen ts  here th e  effec ts  of free  convection  c u rre n ts , ta k e s  p o sitiv e  and
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Fig. 1. V elocity profiles w hen th e  plate is being cooled (G >  0)

n e g a tiv e  v alues. T he case G >■ 0 (e.g . T'w >  T'J) co rresponds p h y sica lly  to  an  
e x te rn a lly  cooled po rous p la te , w h ile  th e  case G <  0 (T ^ <  T'J) corresponds 
to  an  e x te rn a lly  h e a te d  one since  th e  free co n v ec tio n  cu rren ts  a re  m oving 
to w a rd s  th e  p la te . T h en  E c k e r t  n u m b e r  E  ta k e s  s im ila r to  th a t  o f  G as i t  
d ep en d s  up o n  T'w — T'„. T he  n u m e ric a l resu lts  o b ta in e d  for v a rio u s  com bi
n a tio n s  o f  th e  d im ensionless p a ra m e te rs , G, E , a  a n d  tim e  t, a re  show n g ra
p h ic a lly  in  F igs. 1 — 3 w hile T ab le  I  gives th e  v a r ia tio n s  of sk in  fr ic tio n  and  
r a te  o f  h e a t tra n s fe r .

I t  is seen from  F ig . 1 t h a t  th e  ap p lica tio n  o f su c tio n  helps in  red u c in g  th e  
d im ension less v e lo c ity  w hen  th e  p la te  is being cooled  b y  th e  free convection  
c u rre n ts . T he converse  ho lds in  th e  case o f in je c tio n . W e also observe th a t  
as t im e  t increases o r ow ing to  free  convection  c u rre n ts  (e.g. as G increases) 
th e  v e lo c ity  increases h u t  th e  in flu en ce  o f th e  su c tio n  or in jec tio n  on  th e  velo
c i ty  fie ld  rem ain s th e  sam e. F ig . 2 show s th e  v a r ia tio n s  o f  th e  v e lo c ity  w hen th e  
p la te  is being  h e a te d  b y  th e  free  convec tion  c u rre n ts . In  th e  p resence  of th e
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p la te  b e in g  h ea ted  b y  th e  free co n v ec tio n  cu rren ts , th e re  ex ists  a rev e rse  ty p e  
o f flow  a n d  i t  is o bserved  to  be m ore fa ll in  th e  velocity  d u e  to  g rea te r h e a tin g  
o f th e  p la te . This is m o re  ev iden t in  th e  case of in jec tio n  th a n  in  th e  case of 
suction .

T he te m p e ra tu re  pro files are show n  in  Fig. 3 fo r b o th  G, E  ^  0. T he 
flu id  te m p e ra tu re  T  in s id e  th e  th e rm a l b o u n d a ry  lay e r is g rea te r in  th e  case 
o f  su c tio n  th a n  in  th e  case o f in je c tio n  in  b o th  cases G, E  >  0 or G, E  •< 0. 
G rea te r cooling of th e  p la te , in  th e  p resen ce  of su c tio n  causes a r ise  in  th e  
flu id  te m p e ra tu re .

F in a lly , T able  I  g iv  es th e  v a r ia t io n  o f skin fr ic tio n  and  ra te  o f  h e a t 
tra n s fe r  fo r  d iffe ren t v a lu es  o f th e  d im ension less p a ra m e te rs  G, E  a n d  a  and  
tim e  f. W e observe t h a t  w hen  th e  p la te  is be ing  cooled b y  th e  free co n v ec tio n  
c u rre n ts  ap p lica tio n  o f  su c tio n  helps in  red u c in g  th e  fr ic tio n a l d rag  fro m  th e  
p la te  w hile th e  opposite  holds in  th e  case o f in jec tion . H ow ever, th e  inverse  
p h enom enon  occurs w h en  th e  p la te  is b e in g  h ea ted  b y  th e  free co n v ec tio n  
cu rre n ts . F o r th e  case G, E  >- 0, as w ell as for th e  case G, E  <  0 th e  r a te  of
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Fig. 3. Tem perature profiles when the p la te  is being cooled or heated

h e a t tra n s fe r  in c reases  w hen th e  f lu id  is su ck ed  th ro u g h  th e  po rous p la te  a n d  
decreases w h en  i t  is in jec ted . A lso, since th e  sk in  fric tio n  increases as th e  
tim e  t inc reases, th e  ra te  o f h e a t  tra n s fe r  d ecreases .

4 . C onclusions

In  o rd e r to  em phasize th e  in fluence  o f  su c tio n /in jec tio n  on th e  flow  
fie ld  we su m m arize  th e  im p o r ta n t  resu lts  as follow s:

(i) A p p lica tio n  o f su c tio n  he lp s  in  re d u c in g  th e  v e lo c ity  w hen th e  p la te  
is b e ing  cooled b y  th e  free co n v ec tio n  cu rre n ts .

(ii) D ue to  g re a te r  h e a tin g  o f  th e  p la te  th e re  is a fa ll in  th e  velocity  an d  
th is  fa ll is g re a te r  in  th e  case o f  in jec tio n  th a n  th a t  o f su c tio n .

(iii) F o r  b o th  cases (e.g. G, E  ^  0) th e  f lu id  te m p e ra tu re  is g rea te r  in 
th e  case o f su c tio n  th a n  in  th e  case o f in jec tio n .
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Table I

V ariation of the skin friction and ra te  of heat trasnfer

<x =  —0.5 a  =  - 0 .0 * = 0 .5
G E/l 0.2 0.4 G E U 0.2 0.4 G El « 0.2 0.4

5 0 .01 0 .9 3 1 7 2 7 1 .3 1 7 8 9 6 5 0 .01 0 .7 5 6 9 8 1 1 .0 7 0 7 1 2 5 0 .01 0 .5 0 3 2 1 6 0 .7 1 1 8 1 6

5 0 .0 2 0 .9 3 1 7 8 2 1 .3 1 8 2 0 8 5 0 .0 2 0 .7 5 7 0 2 3 1 .0 7 0 9 5 0 5 0 .0 2 0 .5 0 3 2 5 4 0 .7 1 2 0 3 1

10 0 .01 2 .2 5 8 4 0 7 3 .1 9 6 4 1 8 10 0 .01 2 .0 1 8 8 9 4 2 .8 5 6 7 9 5 10 0 .01 1 .6 4 4 6 5 6 2 .3 2 6 9 4 9

10 0 .0 2 - 2 .2 5 9 0 0 7 3 .1 9 9 8 1 6 10 0 .0 2 2 .0 1 9 2 8 2 2 .8 5 8 9 9 2 10 0 .0 2 1 .6 4 4 9 0 4 2 .3 2 8 3 5 5

—  5 —  0 .01 —  1 .7 2 0 4 0 2 2 .4 3 2 1 9 6 —  5 —  0 .01 —  1 .7 6 6 0 4 5 —  2 .4 9 6 9 3 8 — 5 —  0 .01 —  1 .7 7 9 1 7 1 —  2 .5 1 5 6 6 7

—  5 —  0 .0 2 —  1 .7 2 0 2 0 9 —  2 .4 3 1 1 0 3 — 5 —  0 .0 2 - 1 .7 6 5 8 9 7 —  2 .4 9 6 1 0 2 -  5 —  0 .0 2 - 1 .7 7 9 0 6 3 —  2 .5 1 5 0 5 2

—  10 —  0 .01 - 3 .0 4 5 5 7 7 - 4 .3 0 2 2 0 6 - 1 0 —  0 .01 - 3 .0 2 6 9 4 8 —  4 .2 7 7 3 1 0
О1 —  0 .01 —  2 .9 1 9 9 7 8 - 4 .1 2 7 2 1 7

- 1 0 - 0 .0 2 —  3 .0 4 4 4 2 4 - 4 .2 9 5 6 8 5 - 1 0 - 0 .0 2 - 3 .0 2 6 1 3 7 - 4 .2 7 2 7 2 2 - 1 0 - 0 .0 2 - 2 .9 1 9 4 4 6 - 4 .1 2 4 2 1 0

5 0 .01 0 .6 4 5 3 9 6 0 .4 5 4 7 1 3 5 0 .01 1 .2 6 1 1 3 1 0 .8 9 0 8 3 3 5 0 .01 2 .0 4 8 7 9 1 1 .4 4 8 2 1 4

5 0 .0 2 0 .6 4 4 6 1 8 0 .4 5 2 5 1 2 5 0 .0 2 1 .2 6 0 6 9 7 0 .8 8 9 6 0 5 5 0 .0 2 2 .0 4 8 5 5 5 1 .4 4 7 5 4 9

10 0 .01 0 .6 4 1 4 0 6 0 .4 4 3 4 2 7 10 0 .01 1 .2 5 8 4 9 1 0 .8 8 3 3 6 4 10 0 .01 2 .0 4 7 3 2 3 1 .4 4 4 0 6 3

h w 10 0 .0 2 0 .6 3 6 6 3 7 0 .4 2 9 9 3 9 10 0 .0 2 1 .2 5 5 4 1 5 0 .8 7 4 6 6 6 10 0 .0 2 2 .0 4 5 6 1 9 1 .4 3 9 2 4 5

-  5 —  0 .01 0 .6 4 9 2 8 2 0 .4 6 5 7 0 5 — 5 —  0 .01 1 .2 6 4 3 4 7 0 .8 9 9 9 2 8 -  5 —  0 .01 2 .0 5 1 4 5 3 1 .4 5 5 7 4 4

— 5 —  0 .0 2 0 .6 5 2 3 9 0 0 .4 7 4 4 9 6 -  5 - 0 .0 2 1 .2 6 7 1 2 8 0 .9 0 7 7 9 5 -  5 —  0 .0 2 2 .0 5 3 8 8 0 1 .4 6 2 6 0 8

—  10 —  0 .01 0 .6 5 5 6 0 2 0 .4 8 3 5 8 1 - 1 0 - 0 .01 1 .2 6 9 3 3 5 0 .9 1 4 0 3 6 - 1 0 —  0 .01 2 .0 5 5 1 1 2 1 .4 6 6 0 9 5

- 1 0 —  0 .0 2 0 .6 6 5 0 3 0 0 .5 1 0 2 4 7 —  10 —  0 .0 2 1 .2 7 7 1 0 4 0 .9 3 6 0 1 1 —  10 —  0 .0 2 2 .0 6 1 1 9 9 1 .4 8 3 3 1 0
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(iv) F r ic tio n a l d rag  fro m  th e  p la te  d ecreases  in  th e  presence o f su c tio n  
a n d  increases in  th e  presence  o f  in jection .

(v) A p p lic a tio n  o f in je c tio n  helps in  red u c in g  th e  r a te  o f h ea t t r a n s fe r  
w h ile  th e  in v e rse  p h enom enon  occurs in  th e  case of su c tio n .

F in a lly , i t  m a y  be n o te d  th a t  w hen a  =  0, our re su lts  correspond w ith  
th o se  o f G u p t a , P o p p  an d  S o u n d a l g e k a r  [1] fo r an im p erm eab le  p la te .

Appendix

H h _ , ( / 2 Í ) =  е - t 2 ,

H h ,( /2 f )  =  У Щ  erfc ({),

H M / 2 Í)  =  e -£* —  y S f erfc ({),

H h ,(/2 £ ) =  0 .5[1я/2(1  +  2|*) erfc ( | )  -  f t t  e~P],

H h ,( /2 Í )  =  i  [2(1 +  {*) e -P — y n i(3  +  2{*) erfc ({)],

H h4( / 2 £ ) =  i  [ У ф  (3 +  12{* +  4{*) erfc ({) —  f t  1(5 +  2f*) e "£*],’

H h6( / 2 Í ) =  ^  [(8  +  18f* +  4 |4) e-£* -  yS{(15 +  2 0 |* +  4£4) erfc ({)],

H h6(J^2 £) =  ±  [Y ^ i2 (1 5 +  90ц«  +  60£4 +  8 |° )  erfc ({) -  f t  {(33 +  2 8 |* + 4 |4)е-£!].
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ЗАВИСИМОСТЬ СТРУКТУРЫ И СВОЙСТВ СЛОЕВ 
СЕЛЕНА ОТ ПЛОТНОСТИ ТОКА ЗАРЯДОВ 

В МОЛЕКУЛЯРНОМ ПОТОКЕ

П. Б. ВАРНА, Л. ТОТ
ИНСТИТУТ ТЕХНИЧЕСКОЙ ФИЗИКИ ВЕНГЕРСКОЙ АН, БУДАПЕШТ, ВЕНГРИЯ

Б. ПЕТРЕТИС и Р. РИНКУНАС
ВИЛЬНЮССКИЙ ГОСУНИВЕРСИТЕТ им В. КАПСУКАСА, ВИЛЬНЮС, СССР

(Поступило 21. 1. 1980)

Экспериментально показано, что полярность и плотность тока зарядов в молекуляр
ном потоке селена существенно влияют на электрофотографические свойства и структуру 
слоев. Это влияние наибольше проявляется при температуре подложки во время напыле
ния 323 -у 353 К, т.е. при температурах формирования кристаллического подслоя у под
ложки. Установлено, что отрицательный заряд в молекулярном потоке способствует об
разованию кристаллического подслоя, а положительный — замедляет процесс кристал
лизации селена во время конденсации слоев. Полученные результаты объясняются за
висимостью напряженности электростатического поля в слое от полярности и плотности 
тока зарядов в молекулярном потоке селена.

1. Введение

Физические свойства слоев селена сильно зависят от ряда технологи
ческих условий их изготовления [1,2]. К таким технологическим параметрам 
относятся температура подложки во время напыления (Тп), скорость конден
сации вещества, давление остаточного газа в вакуумной камере, качество и 
концентрация примесей в исходном селене, природа подложки [3], а также 
режим термической обработки исходного вещества [4]. При изменении этих 
технологических условий изготовления слоев селена меняются их электри
ческие и фотоэлектрические, в том числе и электрофотографические свойства, 
которые в некоторой степени обуславливаются фазовым составом слоев се
лена [5].

Известно [2], что в напыленных слоях селена на подогретой алюминие
вой подложке больше 333 К создается сплошной кристаллический подслой у 
подложки, формирование кристаллического подслоя селена во время кон
денсации слоя в основном обуславливается термическим режимом напыле- 
шя, но сильное влияние оказывает и природа подложки [3].

При термическом испарении вещества часть молекулярного потока 
ионизируется [6, 7]. За счет заряженных частиц конденсирующийся слой 
приобратает электрический заряд, который играет важную роль в процессе 
формирования слоя [8, 9]. На основе результатов измерений плотности тока 
зарядов при напылении некоторых металлов установлено, что 0,1 —0,01% ато
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мов молекулярного потока ионизировано. Однако, следует полагать, что 
степень ионизации молекулярного потока зависит от технологических усло
вий напыления, но таких данных фактически нет.

В ряде работ [10—12] показано, что электростатическое поле ускоряет 
процесс кристаллизации аморфного селена. Напряженность электрического 
поля в слое селена должна зависеть от знака и плотности зарядов в молекул
ярном потоке. Таким образом можно предположить, что фазовый состав слоев 
селена, а тем самым и их электрические свойства зависят от технологических 
условий напыления селена, влияющих на плотность и знак преобладающих 
зарядов в молекулярном потоке. Этим вопросам и посвещена данная работа.

2. Методика эксперимента

Плотность тока зарядов в молекулярном потоке селена определялась из 
непосредственных показаний электрометра, который был подключен к под
ложке слоя. Для создания стабильной плотности тока на путь молекулярного 
потока селена ставилась дополнительная вольфрамовая спираль, которая в 
зависимости от нужной плотности тока зарядов, нагревалась до температуры 
773 -f- 1173 К. Положительные или отрицательные заряды из молекулярного 
потока селена исключались создавая соответствующей полярности разность

Рис. 1. Установка испарителя с ионизатором. Обозначения: 1 — источник, 2 — ионизатор, 
3 — AI подложка, 4 — регулировка температуры подложки, 5 — регулировка температуры 
ионизатора, 6 — напряжение между ионизатором и подложкой, 7 — электрометр для изме

рения тока зарядов, 8 — диффузионной насос
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потенциалов в несколько вольт (5 -н 20 В) между дополнительной спи
ралью, которая была основным источником зарядов, и подложкой (рис. 1). 
Напыление производилось одновременно на две подложки: на одной с поло
жительными или отрицательными зарядами в молекулярном потоке, а на 
другую без зарядов. Кроме этого в подложках создавался температурный 
градиент, что позволило изучить влияние воздействия заряда на свойства и 
структуру слоев селена, изготовленных при разных температурах подложки. 
Температура подложки 'в одном конце поддерживалась 293 К, а в другом — 
373 К. Испарение селена производилась из кварцевого тигля с косвенным 
нагревом. Скорость конденсации слоя была 17—33 нм. С-1. Толщина слоя 
35—50 мкм.

Электрофотографические свойства слоев селена исследовались с по
мощью специального электрометра с вибрирующим зондом, который обеспе
чивал разрешающую способность в несколько десятков микронов [13]. Потен
циал зарядки и его кинетика в темноте измерялись в отдельных точках или 
при зондировании в направлении температурного градиента.

Структура слоев селена исследовалась путем электронной микроскопии 
на просвет ультратонких срезов поперечного сечения слоя [2], а также при 
помощи исследований поперечного излома массивных образцов в сканиру
ющем микроскопе JSM-35.

3. Результаты

Проведенные исследования показали, что плотность тока зарядов в 
молекулярном потоке селена существенно зависит от температуры испар
яемого вещества (рис. 2). При испарении селена в молекулярном потоке име-

Рис. 2. Зависимость плотности тока положительных (А) и отрицательных (Б) зарядов в 
молекулярном потоке от температуры источника при испарении из испарителя прямого

(1, 3) и косвенного (2, 4) нагрева
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ются электроны (кривые 3,4) и положительные ионы (кривые 1,2), плотность 
тока которых можно менять в широком интервале (Ю-14 ч- 10~6 А. см-2), 
меняя температуру испарителя или нагревательного элемента испарителя 
(в случае косвенного нагрева испарителя), конструкцию испарителя, напря
женность и направление электрического поля в пространстве между испари
телем и подложкой. Напр.: созданная разность потенциала в несколько вольт 
(2—4 В) между испарителем и подложкой меняет полярность тока зарядов в 
молекулярном потоке. Исследования распределения положительных ионов в 
вакуумной камере и зависимости плотности тока ионов от температуры иони
затора (нагретая вольфрамовая спираль) показали, что ионы образуются за 
счет поверхностной ионизации молекул, попадающих на нагретую поверх
ность [14, 15]. Используя это обстоятельство и зависимость плотности и 
полярности тока от напряженности электрического поля, в молекулярном по
токе селена создавался желаемой плотности и полярности поток зарядов.

Опыты показали, что как ионы так и электроны в молекулярном потоке 
селена оказывают существенное влияние на электрофотографические свойств 
напыленных слоев селена. В характерных зависимостях электрофотографи
ческих параметров (предального потенциала зарядки, времени полуспада по
тенциала в темноте) от температуры подложки имеется сравнительно резкий 
перепад при Тп =  323 Ч- 353 К (рис. 3). Проведенные эксперименты показали, 
что температурный интервал изменения свойств напыленных слоев при увели
чении плотности тока электронов в молекулярном потоке смещается к более 
низким температурам (кривая 1), а при увеличении пготности тока положи
тельных ионов в область более высоких температур (кривая 3).

Проведенные электрономикроскопические исследования структуры слоев 
селена показали, что полярность и плотность тока зарядов в молекулярном

Ы/г

Рис. 3. Зависимость времени полуспада положительного потенциала зарядки от темпера
туры подложки. При напылении селена плотность тока электронов (1) и положительных 
ионов (3) была 1—2. 10“’ А. см.-*. (2) — плосткость тока зарядов в молекулярном потоке

меньше 1.10-14 А.см-*
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Рис. 4. Микрофотографии поперечного излома слоев селена

потоке сильно влияет на формирование кристаллического подслоя у подлож
ки (рис. 4А). Кристаллическая фаза идентифицировалась при помощи элек
тронографических исследований ультратонких срезов поперечного сечения 
слоя [2]. Толщина кристаллического подслоя и ее зависимость от плотности 
зарядов в молекулярном потоке определялась при помощи изучения излома 
поперечного сечения слоя в сканирующем микроскопе (рис. 4Б). Данная ме
тодика позволила получить некоторые сведения о морфологическом строении 
кристаллического подслоя. Из микрофотографии представленной на рис. 4В 
видно, что иглоподобные кристаллы селена переплетаются образуя волокни
стую структуру. Можно предположить, что в процессе формирования крис
таллического подслоя создаются микропоры. Толщина кристаллического 
подслоя селена у подложки быстро увеличивается с увеличением темпера
туры подложки, а также зависит от полярности и плотности электрических 
зарядов в молекулярном потоке селена (рис. 5). Отрицательный заряд в мо-
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Рис. 5. Зависимость толщины кристаллического подслоя от температуры подложки. Обоз
начения и условия напыления слоев селена те же, как в рис. 2

лекулярном потоке способствует образованию кристаллического подслоя и он 
создается при более низких температурах подложки (кривая 1), чем в случае 
без зарядов в молекулярном потоке (кривая 2). Следует указать, что большая 
разница в толщине кристаллического подслоя наблюдается при сравнительно 
невысоких температурах подложки, т. е. когда толщина кристаллического 
подслоя не превышает 1 мкм. Положительные ионы в молекулярном потоке 
замедляют процесс кристаллизации селена.

Полученные экспериментальные результаты показали, что полярность и 
плотность тока зарядов в молекулярном потоке селена существенно влияют 
на свойства и структуру слоев. Это можно объяснить тем, что плотность заря
дов меняет напряженность электростатического поля в слое селена во время 
его конденсации. Так как селен во время конденсации имеет сравнительно 
высокую температуру и большую вязкость, то под действием электрического 
поля происходит ориентация молекул селена, степень которой будет зависеть 
от напряженности поля. Это, безусловно, приведет к изменению структуры и 
кристаллизационной способности аморфной фазы селена. Наиболее благо
приятные условия для кристаллизации селена во время конденсации слоев 
создаются у подложки. В области подложка-слой селена контактная раз
ность потенциалов создает соответствующую напряженность электростати
ческого поля. Это поле зависит от вещества подложки и внешнего электри
ческого поля. Таким образом напряженность и направление электростати
ческого поля в области подложка-слой селена будетзависить от полярности и 
плотности тока зарядов в молекулярном потоке селена. Поэтому можно пред
положить, что зависимость фазового состава слоев селена от плотности тока

4. Обсуждение результатов
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зарядов при конденсации слоев обусловлена изменением электростатического 
поля в приконтактной области.

Известно [5], что кристаллический подслой селена у подложки слоев 
значительно уменьшает инжекцию электронов из подложки. Поэтому образо
вание кристаллического подслоя селена (рис. 5) увеличивает время спада 
положительного потенциала зарядки в темноте (рис. 3). Однако, полностью 
объяснить зависимость электрофотографических параметров от плотности и 
полярности зарядов в молекулярном потоке изменением толщины кристалли
ческого подслоя не удается. Напр.: установлено, что увеличение плотности 
положительных ионов при напылении селена увеличивает положительный 
остаточный потенциал при экспонировании сильнопоглощаемым светом, а 
также уменьшает предельный положительный потенциал зарядки. Поэтому 
предполагаем, что заряды в молекулярном потоке оказывают влияние и на 
формирование структуры аморфной фазы селена во всем объеме слоя.

Таким образом плотность и полярность тока зарядов в молекулярном 
потоке селена может быть использована для управления свойств и структуры 
слоев селена.

Авторы выражают свою благодарность Я. Лабару за помощь оказанную в исследова
ниях растровым электронным микроскопом.
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GENERAL FORM OF THE CENTRIFUGAL 
CORRECTIONS OF THE SPIN INTERACTIONS 

IN DIATOMIC MOLECULES

By
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General forms valid  for term s of any ty p e  and m ultiplicity in  diatomic molecules are 
obtained for the firs t and second correction term s of centrifugal distortions of th e  spin-orbit, 
spin-spin and spin-ro tation  interactions.

1. In tro d u c tio n

T h e  energy  va lu es  o f th e  m u ltip le t s ta te s  co rresp o n d in g  to  H u n d ’s case a) 
can  be re a d ily  o b ta in e d  from  th e  sep a rab le  w ave eq u a tio n  in c lu d in g  th e  
d iag o n a l te rm s o f  sev e ra l in te ra c tio n s  o f  th e  re s u lta n t  sp in  m o m en tu m . B y 
th e  om ission  o f  c e r ta in  te rm s  th e  w av e  e q u a tio n  m ay  be  sep a ra ted  in to  th ree  
p a r ts :  c o n ta in in g  th e  e lec tron  co o rd in a tes , th e  ro ta t io n a l  co o rd in a tes  and  
th e  v ib ra tio n a l co o rd in a te  ( in te rn u c lea r  d istance), re sp ec tiv e ly . E n e rg y  values 
ca lcu la ted  from  th e  w ave eq u a tio n  in  th is  w ay, h o w ever, d id  n o t co rrespond  
closely  to  th e  e x p e rim e n ta l re su lts . T h is  is u n d e rs ta n d a b le  in asm u ch  as th is  
lim itin g  case p ra c tic a lly  m eans n eg lec tin g  all in te ra c tio n s , w ith  th e  ex cep tio n  
o f a few , due to  th e  n eg lec tion  o f th e  o ff d iagonal te rm s  o f  severa l in te ra c tio n s . 
In  th e  a c tu a l m olecu le , how ever, all in te rac tio n s  a re  o p e ra tiv e  to  a  g rea te r  
or sm alle r e x te n t. R esu lts  com patib le  w ith  ex p erim en ta l f in d in g s can  b e  o b ta in 
ed, h o w ev er, i f  th e se  energy  values a re  u sed  in itia lly , i.e . those  o f  th e  u n p e r
tu rb e d  sy s tem , a n d  th e  o ff d iagonal m a tr ix  e lem ents o f  a ll in te ra c tio n s  are 
ta k e n  in to  co n sid e ra tio n  b y  p e r tu rb a tio n  ca lcu la tio n . I n  th is  w ay  w e can 
o b ta in  energies or te rm  values in te rm e d ia te  b e tw een  H u n d ’s lim itin g  cases. 
T hese in te rm e d ia te  v a lu es  are cap ab le  o f describ ing  th e  g rad u a l tra n s i t io n  
from  one lim itin g  case to  an o th e r.

A lth o u g h  th e  te rm  fo rm ulas so o b ta in e d  show a g re e m e n t w ith  ex p e rim e n ts  
in  m ost o f  th e  o b se rv ed  m u ltip le t te rm s , in  some cases, especially  in  th e  case 
o f h y d rid es , th e y  c a n n o t he app lied  successfully . T h e  o bserved  d iscrepancies 
u su a lly  consist in  t h a t  th e  coupling  c o n s ta n ts  a p p a re n tly  change w ith  th e  
ro ta tio n a l q u a n tu m  n u m b e r J  an d , in  a d d itio n , th e  m u ltip le t  sp littin g  d ev ia tes  
from  th e  above m en tio n ed  m u ltip le t te rm  form ulas.
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I f  th e  r o ta t in g  m olecule is n o t  a rig id  r o ta to r ,  th en  th e  cen trifu g a l effect 
w ill in fluence  th e  ro ta tio n a l e n e rg y  and  th e  energ ies o f th e  sp in  in te rac tio n s  
b ecau se  th e  in te ra c tio n  c o n s ta n ts  o b ta in ed  b y  th e  so lu tio n  o f  th e  electron ic  
p a r t  o f th e  w av e  e q u a tio n  c o n ta in  th e  in te rn u c le a r  d is tan ce  as p a ra m e te r  a n d  
th e  la t te r  in c rea se s  w ith  in c rea s in g  ro ta tio n . T h is effect fo r  th e  ro ta tio n a l 
e n e rg y  and  fo r  spec ia l cases o f  th e  sp in -o rb it, sp in -sp in  a n d  sp in -ro ta tio n  
in te ra c tio n s  is a lre a d y  well k n o w n . N am ely , fo r th e  sp in  in te rac tio n s  th e y  
h a v e  been c a lc u la te d  fo r d o u b le t te rm s b y  K o v á c s  and  V u j i s i c  f l ] ,  for tr ip le t  
te rm s  b y  K o v á c s  a n d  E l  A g r a b  [2], for 427 te rm  b y  K o v á c s  a n d  K o r w a r  [3]. 
I n  th e  fo llow ing w e are  going to  give th e  g en e ra l form  o f th e  m a tr ix  e lem en ts  
o f  th e  c e n tr ifu g a l co rrec tions o f  a ll th e  sp in  in te ra c tio n s  v a lid  for te rm s  o f  
a n y  k ind  a n d  m u ltip lic ity .

2. T h eo ry  o f  th e  c en tr ifu g a l d isto rtion  o f  th e  spin in te rac tio n s

I f  c e r ta in  te rm s  are o m i t te d  fro m  th e  w av e  e q u a tio n  o f  a m olecule

( Й - E )  |>  =  0 (1)

i t  can  he solved b y  a w ave fu n c tio n

|n , A,  27) |n , v ) \J ,  Q, M y ,  (2)

w h e re  |n, / 1, E y  d ep en d s on th e  e lec tro n  a n d  th e  spin co o rd in a te s , \n, vy  on 
th e  in te rn u c le a r  d is ta n c e  an d  \J,  Q ,  M y  on th e  ro ta tio n a l co o rd in a tes . M u lti
p ly in g  (1) b y  <ra, Л, E\  and  in te g ra t in g  over th e  elec tron  a n d  sp in  coord inates 
w e o b ta in

[#vlbr + Urat +  Ê s — ( E  — J5el(r))] I n, v y \ J ,  Q ,  M y  = 0. (3)
U sin g  a pow er se ries  ex p an sio n  a b o u t th e  E el(re) m in im um  en e rg y  to  express 
th e  dependence  o f  th e  e lec tro n ic  energy  on  th e  in te rn u c le a r  d is tan ce  we get

E el(r) =  E ei(re) + ~ k r e P  (4)

a n d  in  a s im ila r  m a n n e r  b y  a p o w er series w e o b ta in  for th e  ro ta tio n a l H a m il
to n ia n

H rot =  B t( 1 -  2 f  +  3 f2) R 2, (5)
w here

г — г — hP
£ =  ------- B e = ----------------- , к =  4я2с2со2/г. (6)

re 8п2цге2
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ft is th e  red u ced  m ass, a> is th e  v ib ra tio n a l frequency , R  is th e  o p e ra to r  o f  
th e  a n g u la r  m o m en tu m  o f n u c lea r  ro ta tio n .

T he sp in  p a r t  o f  th e  H a m ilto n ian  o f a d ia tom ic  m olecule can  be w r it te n

Й s =  Ü so +  Ê ss  +  Ê SR, (7)

w here  Û SO is th e  sp in -o rb it, th e  sp in -sp in , and  ß SK th e  sp in -ro ta tio n  
in te ra c tio n  o p e ra to r , w hich can  be w ritte n  as follows

f l so =  A(r)  (L  S), (8a)

f l ss  =  s(r) [3S f -  S2], (8b)

Û SR =  ÿ(r) (R  S), (8c)

w here L  an d  S  a re  th e  o p era to rs  o f th e  r e s u l ta n t  o rb ita l a n d  sp in  m o m en tu m , 
re sp ec tiv e ly , A(r),  e(r) an d  y(r) a re  th e  sp in -o rb it, sp in -sp in , a n d  sp in -ro ta tio n  
coup ling  c o n s ta n ts , re sp ec tiv e ly . B ecause o f  th e  rad ia l dependence o f  th e  
coup ling  coeffic ien ts  th e  o p e ra to rs  o f th e  sp in  in te rac tio n s  m u s t be co m p le ted  
w ith  cen trifu g a l co rrec tion  te rm s . Ow ing to  th e  dependence on  th e  in te rn u c le a r  
d is tan ce  using  a pow er-series expansion  a b o u t th e  eq u ilib riu m  d is tan ce  re 
we o b ta in  for th e  coeffic ien ts o f  (8a), (8b ), (8c)

w here

Ä(r) =  Ä 0 +  +  л2Р,
ë(r) =  £ +  £]£ +  fial2,

ÿ(r) =  У +  ÿ j  +  Уг&,

( Â ) r .
з а

, àr ,
d2A
dr2

(9a)

(9b)

(9c)

( 10)

an d  s im ila r exp ressions are v a lid  fo r th e  o th e r  coefficients.
To e x p la in  th e  ro ta tio n a l s tru c tu re  in  th e  f irs t  a p p ro x im a tio n  i t  is  n o t  

n ecessa ry  to  ta k e  in to  acco u n t th e  v ib ra tio n a l m otion  a n d , co n seq u en tly , th e  
v ib ra tio n a l dep en d en ce . So a p a r t  from  th e  v ib ra tio n a l m o tio n  in  th e  ro ta t in g  
m olecule  th e  in te rn u c le a r  d is tan ce  h as  to  a ssum e a value r  su ch  th a t  th e  c e n tr i 
fu g a l force is can ce lled  b y  th e  re s to rin g  fo rce  kref  g e n e ra te d  b y  th e  s lig h t 
d isp lacem en t r  — re from  th e  eq u ilib riu m  p o sitio n  re. T he expression  o f  th e  
cen trifu g a l force

F r — ( H )

w here  R is th e  ro ta tio n a l a n g u la r  m o m en tu m  o f th e  m olecule. E q u a tin g  th e  
c e n tr ifu g a l force to  th e  re s to rin g  force, we o b ta in

( 12)
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S u b s titu tin g , in  a f ir s t  a p p ro x im a tio n , re fo r  r, and (/i2/4 ji2)f?2 the  a p p ro p ria te  
o p e ra to r  fo r R 2, we get fo r f

h2R 2
4rr2 /«r *k

(13)

P u t t in g  E q . (13) in  (9a), (9b) an d  (9c) we o b ta in  fo r  (8a), (8b) a n d  (8c) 

Й 5°  =  ( A 0 +  A , R 2 +  A 2R 4) (L S ), (14a)

D ss  =  (e +  tR 2 +  qR 4) (3S* -  S2), (14b)

=  (y  +  cR 2 +  ç>R4) (B S). (14c)

w here a ll co effic ien ts  are  m easured  in  c m ' 1 u n its  (d iv ided  b y  he in  (9 ) an d  
neg lec ting  a ll th e  accen ts above th e  sym b o ls) and

A 1 =  /?<*!? T =  ßej-, Q =  ßy i ; ß =
4 ß “

A  g =  e =  j8*e2; <p =  ß?y2; B P =
8 л 2цсг2

(15)

T he v a lu es  o f th e  co rrespond ing  m a tr ix  e lem ents o f th e  R 2, R 4, L S , 
3 $ f — S 2, R S  o p e ra to rs  can  be  found  in  [4]. U sing th e se  values for th e  ca lcu l
a tio n  o f th e  g enera l fo rm  o f th e  m a tr ix  o f  (14a), (14b) a n d  (14c) due  to  th e  
n o n -c o m m u ta tiv ity  o f th e  m atrices  s e p a ra te d  b y  th e  b rack e ts  th e  fo rm

( A B  A- B A )  is to  be used  in s te a d  o f th e  m u ltip lica tio n  fo rm  A  B.  T he  e x p lic it

fo rm  o f th e  m a tr ix  e lem en ts (14) va lid  fo r  te rm s  of a n y  k in d  and m u ltip lic ity  
is as follow s:

<A ,  E \ f l s o \A ,  E y  =  A 0A E  +  A t ( A ,  E  | R 2(L  S) \ A ,  E > +

+ A 2 ( A ,  E I R 4( L S )  I Л ,  E ) ,  (16a)

<Л, E  I f } so  \ Л ,  E  ±  i y  =  A , ( A ,  E  I R 2(L S )  A ,  E  ±  1> +
+  A 2( A , E \ R 4( L S ) \ A , E ± i y ,  (17a)

<Л, E I H so I A ,  E  ±  2> = A 2( A , E \ R * ( L  S )  \ A , E ±  2>, (18a)
w here

<Л, E I R 2(L S) I Л, Г) = Л, 27[/(J, Û) + f ( S ,  E ) ], (16b)
<Л, ГI R 4(L S)  I Л, Г) = Л27{[Д J ,  Û) + /(S, Г)]2 + 2f ( J ,  Q) f ( S ,  E)  +  2ЙГ},

(16c)
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<л,  2  I щ £  8) I Л, £  ±  1> =  Л |i7 ±  i - j  [gl(J, Q)gl(S, 2 ) p .  (17b)

<Л, 2  I R * ( L  S) I Л, 2  ±  1> =  2Л |Г  ±  - I j  [g l(J, Q) +  gl(S, 2 )  -  1]

Ú )gi(S , 2 ) p ,  (17c)

<Л, £ \ R \ L § ) \ A ,  £  ±  2> =  Л (2  ±  l ) [ g l(J , ß )g l(S , 2 ) g 2(J , f l)* 2(S , 2 ) ] 1'2 (18b)

/(x , y ) =  x ( x  +  1) — y 2; g l ( x ,  y )  =  *(* +  1) — y (y  ±  1),

ё2(х ’ У) = gi(̂ y ± 1) = Ф  + 1) -  (У ± 1)(У ± 2), (19)

<Л, 2 |.Ö SS| Л, £ )  =  £[32^ -  S ( S  +  1)] +  r ( A ,  £ \  Щ 3 § 2г  -  S2) ^ ,  2 >  +

+  е<Л, 2 |K 4(3S? -  £ 2)|Л , (20а)

< Л , 2 |# 55| Л , 2 ±  1> =  т<Л, £ \ R 2( 3 S t  -  & ) \ Л ,  £  ±  1> +

+  в ( Л ,  £ \ Щ З Р г  -  & ) \ Л ,  £  ±  1>, (21а)

<Л, 2 | # 55|Л, Г  ±  2> =  е<Л, 2 |K 4(3S 2 -  Л*)|Л, Г  ±  2>, (22а)

where

<Л, 2 1 Я 2(3§2 -  S2) |Л ,2 >  =  [3 2 2 -  S (S  +  1)] [ / ( J ,  ß )  +  / ( S ,  Г )] , (20Ь)

< л , 2|jR4(3S2 -  ^ ) |Л ,  2 >  =  [3 2 2 -  S (S  +  1)] { [ /(J , ß )  + / ( S ,  £ ) ] 2 +

+  2f ( J ,  Q ) f ( S ,  £ )  +  2 ß 2 } ,  (20c)

<Л , £ \ R 2( 3 S ' i  —  S2) ^ ,  £  ±  1> =  J3 [ [ 2 ± i - j 2 +  - i - ] -  S ( S +  1)J

\ g l ( J , Q ) g l ( S , £ ) Y ' 2. (21b)

<Л , 2 ’|Д4(3§1 -  S*) I Л, 2  ±  1> =  2 j 3 [ ( ^ ±  +  j ]  -  S (S  +  1)

[*i(J, Û ) +  i i (S ,  2 )  -  1] [g l(J, ß )  g l(S , 2 ) ] 1/2,

<Л , 2 |Â 4(3S2 -  § 2) |Л , 2  ±  2> =  { 3 [ (2  ±  l ) 2 +  1] -  S (S  +  1)}

[ g i ( J -  (A )  g l ( S ,  2 )  g 2( J ,  Q )  g n ( S ,  2 ) ] 1,2
a n d  fin a lly

< Л, 2 | # 5* |Л , 2 >  =  - y / ( S ,  2 )  +  <r< Л, 2 |й 2(й  5 ) |Л , 2 >  +

+  ср(Л, £ \ R \ R  § ) \ Л ,  2 > ,

(21c)

(22b)

(23a)
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< л ,  Z \ Ê SR\A,  27 ±  1> =  -  ~ y [ g l (J,  fl) gl(S, U)]112 +

+  a<A,  27|R \ R  § ) |Л , 27 ±  1> +  <Р<Л, E \ R \ R S ) \ A ,  27 ±  1>, (24a)

<A, E \ Û SR\A, E  ±  2> =  <r(A, E \ R 2(R  S ) | / l ,  27 ±  2> +

+  <K A,  E \ R \ R  S) I A,  27 ±  2> , (25a)

< Л , 27|Ä s /fH ,  27 ±  3> =  ср<Л Г |Д 4(Д  S ) |ß ,  27 ±  3> , (26a)

w h ere

< Л , 2 7 |# ( ß  á )  I Л , 27)> =  -  [ f (S ,  27)2 +  2/ ( J ,  ß )  f ( S ,  27) +  fl27)], (23b)

< Л , 27|Д4(Я  S )| Л , 27) = -  { [ / ( J ,  Q )f ( S ,  27) +  ß27] [3 /(J , ß )  +  6 /(S ,  27) -  2] +

+  [2 f í 2 +  / ( S ,  27)2] / ( S ,  27) +  27(227 +  ß ) / ( J ,  ß ) } ,  (23c)

< Л , 2 7 |f f (Ä  S ) IЛ , 27 ±  1> =  -  -L  [g l (J , ß )  +  3g l (S , 27) -
Z

- 2 ] [ g l ( J , ß )  g l (S , 2 7 ) p ,  (24b)

< Л , 27|К4(Д  5 ) |Л ,  27 ±  1> =  — i -  {[g l( J , ß )  +  5g l (S , 27) -  6 ] X

X [g l (J , ß )  +  g l (S , 27)] +  [3gl(J,  ß )  -  4 ]g 1(S , 27) +

+  ( ß  +  27 ±  3)2 +  8ß 27  -  1} [g l (J , £2)gl (S, 27)]1/2, (24c)

< Л , E \ R 2(R  S) IЛ , 27 ±  2> =  -  -±- [g l ( J ,  Q) gl(S,  27) g 2( J ,  ß )  g t (S,  27)] ^  (25b)
Z

<Л , 27|Л4(Й § ) |Л ,  27 ±  2> =  -  i .  {2 /(S , 27 ±  1) +  g l( J ,  ß )  +
Z

+  g l (S , 27) +  g 2(J , ß )  +  g 2(S , 27) -  

-  4} [ g l ( J ,  Q) gl(S,  27) g 2 ( J ,  ß ) g 2(S , 27)]1/2, (25c)

<Л» 27|Д4(Д S) I Л , 27 ±  3> =  -  - 1  [g l ( J , ß )  g l(S , 27) g 2( J ,  ß )
Z

g 2(S , 27) g 3( J ,  ß )  g 3(S , 27)]1/2, (26b)
w h ere

ё з ( х , У )  =  gi(*> У  ±  2) =  *(* +  1) — (y ±  2)(y ±  3). (27)

T he p e r tu rb a tio n  m a tr ix  is now  com posed o f  th e  p e r tu rb a tio n  m atrices  
o f  a n u m b e r o f  in te ra c tio n s  w h ich  d iffe r b y  o rd e rs  o f  m ag n itu d e . I n  su ch  cases
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GENERAL FORM OF THE CENTRIFUGAL CORRECTIONS 329

th e  m o st p ra c tic a l m e th o d  is to  se lec t th e  la rg e s t o f th e  in te ra c tio n  te rm s a n d  
d iagonalize  th e  m a tr ix  so o b ta in e d ; th e  re m a in d e r  o f th e  w eak  p e r tu rb a tio n s  
can  th e n  be ta k e n  in to  acco u n t b y  th e  p e r tu rb a tio n  c a lc u la tio n  as follow s.

L e t th e n  Й  =  Й '  +  H p, w h ere  Й ’ =  Й 0 -f- Й р is th e  en e rg y  o p e ra to r  
used  a t  th e  f i r s t  s ta g e  o f th e  c a lcu la tio n ; Й 0 is th e  o p e ra to r  o f  th e  sep arab le  
w ave eq u a tio n  ; Й р is th e  sum  o f th e  o p era to rs  o f  th e  s tro n g e r p e r tu rb a tio n s , 
n am e ly  th e  te rm s  neg lec ted  in  th e  sep a ra tio n  o f  th e  w ave e q u a tio n  an d  th e  
f i r s t  te rm  o f (16a) ( A 0AZ) ,  w hereas H p is th e  sum  of th e  w e a k -p e rtu rb a tio n  
o p e ra to rs , n am e ly  th e  rem a in d e r te rm s  o f (16a), and  T h e  e igenvalues 
E '  =  S Ű ' S -1  o f  th e  Й '  o p e ra to r  are  th e  w ell-know n m u ltip le t te rm  fo rm ulas, 
w hereas accord ing  to  [4]

=  &Л-s,N ^  ^ л+е.лК Д  — S IH p IЛ, Z}  +  SA_s+1NX 
s= -s

X i f  S A№N<2l ,  - 5 + 1 |Я ' |Л , 2 7 > + .  . . + S A+s,N 2 S M . » < A ’+ S \ H p \A,Z>  
r — s  s (28)

( N  =  J - S , J - S + 1 , . . . , J + S )

gives th e  d ev ia tio n s  S Ü S ~ X — E '  — S H PS ~ 1 f ro m  th e  m u ltip le t te rm  fo rm ulas 
cau sed  b y  th e  H p w eak  p e r tu rb a tio n s , in  th e  p re se n t case b y  th e  cen trifu g a l 
d is to r tio n  o f th e  sp in -o rb it in te ra c tio n  if  H p =  Я 60 — A 0A I 7 an d  b y  th e  
sp in -sp in  in te ra c tio n  an d  sp in -ro ta tio n  in te ra c tio n  inc lud ing  i ts  cen trifuga l 
d is to rtio n s , i f  H p =  or Ű SR. T h e  d e ta iled  fo rm  o f th e  S  tra n s fo rm a tio n  
m a tr ix  e lem ents w h ich  tra n sfo rm  th e  H '  en e rg y  o p e ra to r in to  d iagona l fo rm , 
can  be  fo u n d  fo r d o u b le t, t r ip le t  a n d  q u a r te t  s ta te s  in  th e  in te rm e d ia te  case 
b e tw een  H u n d ’s case a) an d  b) in  [4], for q u in te t  s ta te s  in  [5], for s e x te t  
s ta te s  in  [6 ], a n d  fo r se p te t s ta te s  in  [7] in  th e  H u n d ’s case b ) . F o r H u n d ’s 
case a), o f  course, (28) gives th e  d iagonal p a r t  o f  th e  sp in  in te ra c tio n s , i.e . 
(16a), fo r th e  sp in -o rb it in te ra c tio n  (20a), fo r sp in -sp in  in te ra c tio n  an d  (23a) 
fo r th e  sp in -ro ta tio n  in te ra c tio n . T ak en  in to  ac c o u n t in  th is  w ay  th e  w eak  
in te ra c tio n s  c o n tr ib u te  a d d itiv e ly  to  th e  u su a l te rm  fo rm ulas. H ence, th e y  
do n o t  m o d ify  th e  fo rm ulas a lre a d y  e s tab lish ed  an d  th e  d ev ia tio n s  stem m in g  
from  th e m  can  be  re a d ily  s e p a ra te d  from  th e  f i r s t  s tro n g er p e r tu rb a tio n  an d  
fro m  each  o th e r, to o . кЬЙШ É

In  H u n d ’s case b ), how ever, i t  is n o t n ecessa ry  to  use (28) co n ta in in g  th e  
befo re  m en tio n ed  S  tra n s fo rm a tio n  m atrices a n d  th e  spin  in te ra c tio n  m atrices  
tr e a te d  above. A p p ly in g  th e  fo rm  o f H u n d ’s case b) o f th e  sp in  in te ra c tio n  
m atrices  given b y  [4] we get d ire c tly  from  (14a), (14b), (14c)

H sn°(N) =  A*[A0 +  A J ( N ,  A)  +  A J ( N ,  A )*]— , (29a)AH1*, u)
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H sns (N )  =  —2fe +  r f ( N ,  A )
A C( C + l )  - / ( i V ,0 ) / ( S ,  0) 

Q f ( N ' A ) 2 ]  (4/(iV , 0) -  3 )/(iV , 0)

[/(iV, A) -  2 A2], (29b)

# № )  =  -J- [y +  cr/(7V, /1) +  <p/(7V, Л)*] C Ä 5 L 4 L , (29c)
Z V)

w here
c  =  / ( J ,  0) -  ДЛГ, 0 ) -  / ( S ,  0 ) (29d)

a n d  N  =  J  — S , J  — S +  1, . . . , J  S.  T hese fo rm u la s  are va lid  fo r  te rm s 
o f  a n y  k in d  and  m u ltip lic ity  in  H u n d ’s case b).

3. A pplication  o f  th e  theory  to  th e  m u ltip le t Z  te rm s (Л =  0)

T a k in g  in to  ac c o u n t th a t  in  m o st o f  th e  m u ltip le t 27 te rm s, in  genera l, 
th e  H u n d ’s case b) fo rm  gives a good a p p ro x im a tio n  w e ge t for th e  m u ltip le t 
te rm  v a lu es

F n ( N)  =  v 0 +  T n ( N)  +  H sns(N ) +  (30)
w here

T n ( N)  =  B f (N ,  0) -  Df(N,  O f  (31)

an d  th e  d e ta ile d  fo rm  o f th e  rem a in d e r te rm s  can  be o b ta in e d  b y  su b s titu tio n  
o f  Л =  0 in  (29b), (29c) a n d  N  =  J  -  S , J  -  S  +  1, . . . , J  +  S  [8 ]. Ow ing 
to  A =  0 in  th is  case, o f  course, H (IV) is equal to  0.

T h e  e x p e rim en ta l a p p lica tio n s  o f  (30) can  be  fo u n d  in  [8 ], n a m e ly  for 
th e  X 2Z + g ro u n d  s ta te  o f  th e  H g H  m olecu le , th e  B 2E  te rm  o f th e  Y O  m olecule , 
th e  A aZ + te rm  o f th e  N 2 m olecule a n d  th e  te rm  o f th e  M nH  m olecule.

In  case o f 27 te rm s  o f  tr ip le t  o r h ig h e r m u ltip lic ity , how ever, especially  
w hen th e  coeffic ien t o f th e  sp in -sp in  in te ra c tio n  e is la rg e r th a n  th e  o thers, 
th e  H u n d ’s case b) a p p ro x im a tio n  is no  longer su ffic ien t.

I n  su ch  a case one can  s ta r t  fro m  H u n d ’s case a) fo r all in te ra c tio n s  in 
(20a) a n d  (23a) an d  ta k in g  in to  ac c o u n t th e  o ff-d iagona l m a trix  e lem en ts  in  
(21a), (22a) an d  (24a), (25a), (26a) th e  com plete  secu la r d e te rm in a n t is to  be 
so lved . T h is  is th e  s itu a tio n  in  th e  cases of th e  327 te rm  o f th e  0 2 m olecule 
[9] an d  o f  427 te rm s o f  th e  G eH  an d  S n H  m olecules [10].

4. A pplication  o f th e  th eo ry  to  th e  m u ltip le t П , Л  . . . term s (Л  > 0 )

T h e  a n a ly tic a lly  closed fo rm u la  w as app lied  to  th e  te rm  v a lu es  o f  th e  
2A s ta te  (Л  =  2) o f  b o th  th e  S nH  a n d  Sn m olecules. I n  th e  case o f  do u b le t 
te rm s , o f  course, th e  sp in -sp in  in te ra c tio n  is zero. I t  w as found  t h a t ,  in  th e
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case o f  S n H , i t  is su ffic ien t to  ta k e  in to  acco u n t only  th e  f irs t  and  second  c e n tr i
fugal co rrec tions o f  th e  sp in -o rb it in te ra c tio n  w ith o u t th e  cen trifu g a l co rrec tio n s 
o f sp in -ro ta tio n  in te ra c tio n , w hile in  th e  case o f SnD  i t  w as n ecessa ry  to  use 
th e  co m p le te  fo rm u la  [1].

In  th e  case o f th e  C3A s ta te  o f  T iO  m olecule a f te r  ta k in g  in to  ac c o u n t 
th e  c e n tr ifu g a l d is to r tio n  of th e  sp in -o rb it  an d  sp in -sp in  in te ra c tio n s  b y  (28) 
th e  o b serv ed  and  th e  th e o re tic a lly  e x p e c te d  change o f  th e  coup ling  c o n s ta n t 
show s good ag reem en t [2]. I t  w as n o t  necessary  to  ta k e  in to  acco u n t h e re  th e  
sp in -ro ta tio n  in te ra c tio n .

F in a lly , in  th e  case o f te rm s  o f  h ig h er th a n  q u a r te t  m u ltip lic ity  th e  
p e r tu rb a tio n  m eth o d  (28) c an n o t b e  ap p lied  because fo r lack  o f th e  a n a ly t i 
ca lly  closed so lu tions th e  tra n s fo rm a tio n  m a tr ix  for in te rm e d ia te  case c a n n o t 
be ca lcu la ted  ex p lic itly . T herefo re  th e  m a tr ix  d iag o n a liza tio n  can  be carried  
o u t o n ly  in  a p u re ly  n u m erica l w ay  b y  e lec tron ic  co m p u te r . T his is th e  s i tu a 
tio n  am o n g  o th ers  in  th e  case o f  th e  7I I  s ta te  o f M nH  m olecule. T a k in g  in to  
acco u n t th e  f irs t cen trifu g a l c o rre c tio n  o f  th e  sp in -sp in  a n d  sp in -ro ta tio n  in te r 
ac tio n s  th e  observed  an d  c a lc u la ted  te rm  values fo r th e  each  o f  th e  seven  
co m p o n en ts  o f th e  7/7  te rm  show  good ag reem en t [11].
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R E C E N S I O N E S

V. L . G i n z b u r g :

T heore tica l Physics a n d  A strophysics

In ternational Series in N a tu ra l Philosophy, Vol. 99. Translated by  D. Ter H aar, 
Pergam on Press, Oxford— New Y ork—T oronto— Sydney—P aris— Frankfu rt

The topics of th is textbook are based on a lecture  course for s tuden ts  a t the Physics 
and  A strophysics D epartm ent of th e  Moscow Physico-Technical In s titu te . The main aim  is 
to  present topics especially related  to  electrodynam ics and  to  show some applications in various 
aspects of astrophysics.

Since the  te x t includes conclusions draw n from  a large num ber of papers th e  book 
closely resembles a m onograph regarding its  character. The 17 chapters tre a t among o thers 
charge particles in teracting  w ith  photons, the rad iations reaction of m oving charge described 
by  the H am iltonian  m ethod, the  ro ta tio n  of a m agnetic m om ent applied  to  astrophysics in  
case of pulsars, th e  discussion of th e  spectral d is tribu tion  of radiation  of accelerated m oving 
charge, rad ia tive  losses when charge moves in a m agnetic field, peculiarities and some app li
cations in  astrophysics of the synchro tron  radiation , th e  lim its of applicability  of the theory .

In  the second p a rt of the book the phenom ena o f the electrodynam ics of the continuous 
m edium  are investigated , viz.: Cerenkov effect, D oppler effect, tran sitio n  radiation, super
lum inal rad ia tion  sources, reabsorp tion  and radiative transfer, electrodynam ics of media w ith  
spatia l dispersion, dielectric pe rm ittiv ity  and wave propagation in  a plasm a, the energy- 
m om entum  tensor in  macroscopic electrodynam ics, fluctuations in  V an  der W aals forces, 
scattering  of w aves in  a medium.

The las t th ree  Chapters are very  interesting and  topical. The rap id  progress in  a s tro 
nom y during the las t three decades elucidates the reason w hy the m echanism s of X -ray  and  
gam m a emission, th e  analysis of the  propagation and  of th e  transform ation  of the chem ical 
composition of th e  cosmic rays traversing  interstellar space and neutrino physics have a ttra c te d  
the a tten tion  of astronom ers. These Chapters are devoted  to  the processes occurring in  th e  
Universe which are restricted to  th e  problems of so-called high-energy astrophysics.

The C hapter on cosmic ray  astrophysics trea ts  th e  model of the propagation  of cosmic 
rays, the ionization energy losses, th e  beam  in stab ility  and plasma effects in  cosmic rays, 
the application of transfer equation  in  a special case.

The last tw o Chapters are devoted  to  the processes leading to th e  form ation of X -rays 
and gam m a-rays, X -ray  brem s-em ission by  plasm a, th e  inverse C om pton effect, Com pton 
energy losses, X -ray  synchrotron emission, the gam m a radiation  produced by  cosmic ra y  
com ponent, a few examples of galaxies, the absorptions of X-rays and gam m a-rays.

S. K a n y ó

G .  D e c o n n i n c k :

In tro d u c tio n  to  R ad io an a ly tica l Physics

“ N uclear M ethods”  Vol. 1 M onograph Series of the Jo u rn a l of R adioanalytical Chemistry and  
Radiochem ical and R adioanalytical L etters, E ditors: T . B raun and E . Bujdosó. Co-edition 
of Elsevier Scientific Publishing Com pany, A m sterdam , th e  N etherlands and  Akadémiai K iadó, 
The Publishing H ouse of the H ungarian  Academy of Sciences, B udapest, H ungary, 1978,

pp. 242.

Methods involving nuclear rad ia tions are w orldwide accepted as useful analytical tools. 
N uclear activation  analysis and m ore specifically n eu tron  activation analysis has been used 
alm ost since the beginning of the nuclear age. Consequently, a great deal o f literature, in  th e
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form of review s and  tex t books, already exists on th e  subject. P ro m p t nuclear reaction  app li
cations, how ever, are more recen t and the subject is still in  developm ent. Professor D e c o n n in c k  
m ade very im p o rtan t contributions even to this subject. His book form s the basis of a com plete 
course on m odern  nuclear analy tical techniques using charged particles and photons excluding 
neutron ac tivation .

C hapter 1 yields a description of the basic physical principles of nuclear reactions, 
nam ely, k inem atics, reaction mechanism s and cross-sections. C hapter 2 is devoted to  the 
discussion of th e  in teraction  of partic le  beams w ith  m atte r . Beside th e  description of the slowing 
down process and  the calculation of the energy straggling effects (w hich are essential in  dep th  
profile analysis) th e  charged partic le  induced characteristic  X -rays used for elem ental analysis 
is also discussed in  this C hapter. Chapter 3 deals w ith  the principles and applications of the 
backscattering  of heavy charged particles, including the channeling effect. D ifferent nuclear 
reactions leading to  gam m a-ray emission and th e  application of these reactions for surface 
and bulk analysis, dep th  profiling and trace analysis are discussed in  C hapter 4.

C hapter 5 deals w ith  th e  analysis by charged particle and  neu tron  spectroscopy. The 
last C hapter is a general review giving the analy tical techniques for all the elements from hydro
gen to  u ran ium . Typical applications to  chem istry  and biology are  also described in  this 
Chapter.

Typical exam ples and  solved problems help in  the com prehension of th e  te x t  and 
make of th is book a real tool fo r elem ental analysis.

Z. Sz o k e f a l v i-N a g y

P .  R e n n e r t :

E in fü h ru n g  in  die Q u an tenphysik

M athem atisch-N aturw issenschaftliche B ibliothek,
B and 65, BSB B.G. Teubner Verlagsgesellschaft, Leipzig, 1978

E s sind wohl m ehr als fünfzig Jahre seit der stürm ischen Entw icklung der Q uanten , 
m echanik vergangen und bekanntlicherweise erschien über die Q uantentheorie in der Zwischen, 
zeit eine p rak tisch  unübersehbare Menge von Lehrbüchern verschiedenster Wissenschaft, 
licher und  d idak tischer Zielsetzungen bzw. Q ualitä ten . H at m an demzufolge eine neue “ E in. 
führung”  in  der H and, so öffnet m an  das Buch o ft m it dem V orurteil, dass auf diesem Gebiet 
heute kaum  m ehr etwas w esentlich neues oder interessantes beigetragen werden kann.

D as kleine Büchlein von  Professor R e n n e r t  (nur 195 Seiten  in  K leinform at) is t in 
dieser H insich t eine sehr angenehm e Ü berraschung und überzeugt den Leser, dass das oben 
erw ähnte V orurteil wieder einm al vollkomm en unbegründet ist. Erfreulicherweise f in d e t man 
hierbei eine solche “ E inführung”  in  die Q uantenphysik , die von den physikalischen un d  d idak
tischen S tan d p u n k ten  aus äusserst sorgfältig du rchdach t is t un d  den heutigen B edürfnissen 
des technischen und  naturw issenschaftlichen H ochschulunterrichts, der oft recht früh  nötigen, 
einleitenden V orlesungen sehr wohl entspricht.

D as B uch  is t in vier K ap ite l eingeteilt: 1. E xperim entalle u n d  theoretische G rundlagen 
der Q uantenphysik , 2. S ta tionäre  Zustände, 3. D arstellung u n d  Zeitablauf physikalischer 
Grössen sowie 4. Das W asserstoffatom .

Diese A ufteilung des Stoffes is t im  G runde genommen der konventionelle W eg. Der 
U nterschied zu vielen anderen Einteilungen lieg t dem entsprechend mehr an der A rt und 
Weise wie der In h a lt dargestellt un d  bearbeite t w ird.

D er V erfasser besprich t z. B. in  diesem B uch  auch die berühm ten , alten G rundexperi
m ente der Q uantenphysik , wie es früher fast im m er die Regel w ar, g ib t aber zu gleicher Zeit 
auch derartige V orbereitungen an, und behande lt den Text in  solcher Weise, dass auch  ein 
Leser m it der V orausbildung des 3-ten oder 4 -ten  Semesters genügend vorbereitet w ird um  die 
sehr oft aus diesen E xperim enten  entw ickelten, heu tzu tage w ichtigen U ntersuchungsm ethoden 
zu verstehen. So werden z. B. die Photoelektronenspektroskopie, die Com ptonspektroskopie, 
die L E E D , sowie die E lektronenstrahlm ikroanalyse schon im  ersten  K apitel ziem lich gut 
verständlich  behandelt.

Lobensw ert is t, dass der A utor durchaus eine recht gleichmässige, hohe theoretische 
D arstellungsstufe beibehalten h a t und  m it den Grundlagen jenen  P u n k t erreichen konnte, 
nach denen der Leser bereits das Studium  von  fortgeschrittenen Büchern beginnen kann.
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Dae B uch is t in  einem  k laren , leicht verständlichen Stil, m it vielen, sehr eindeutigen 
A bbildungen und  Tabellen geschrieben. E in sehr gutes Lehrbuch fü r den H ochschulunterricht, 
ein Band von der berühm ten  Serie der M athem atisch-N aturw issenschaftlichen B ibliothek, 
herausgegeben m it der üblichen Sorgfalt der Verlagsgesellschaft T eubner.

J .  A n t a l

W . H a n d l e  and  H .  K l e i n p o p p e n : 

P ro g ress  in  A tom ic Spectroscopy 

P a r t  A a n d  P a r t  В

Plenum  Press, New Y ork and London, 1978— 79, 712 +  788 pages

The surge of ac tiv ity  over the last decades in  the developm ent of nonoptical spectros
copic m ethods has had a significant im pact on th e  field of atom ic spectroscopy. Spectroscopy 
has always been involved in  research on atom ic struc tu re  and the in terac tion  of light and atom s, 
b u t m odern atom ic spectroscopy and its  applications are now linked w ith  m any other branches 
of fundam en ta l physics, including quantum  electrodynam ics, and th rough  the study  of lep- 
tonic in terac tions and m odels of weak neu tral currents, particle physics.

Progress in  Atomic Spectroscopy, Part A  and  Part B , sum m arize th e  m ost im p o rtan t 
methods and  applications cu rren tly  in use in  th is expanding technology The contribu tors 
examine the progress m ade in  th e  study  of the relationship betw een astrophysics and atom ic 
spectroscopy, precision m easurem ents of atom ic structu re , laser applications, and innovative 
methods such as X -ray , stored  ion, and laser high-resolution spectroscopy. In  addition, th is 
comprehensive volum e outlines th e  basic properties of atom s and pertu rbations, thus serving 
as a useful review  of these subjects and a thorough  in troduction  to  atom ic spectroscopy.

I. K ovács

D epartm en t of Atomic Physic» 
Technical U niversity , B udapest
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Prof. I . Kovács, E d ito r
D epartm ent of Atomic Physics, Technical University 
1521 B udapest, Budafoki ú t  8 , H ungary

Papers m ay be either articles w ith  abstracts o r short com m unications. B oth should 
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BACKSCATTERING SPECTRA OF MEDIUM 
ENERGY ELECTRONS

By

G . G e r g e l y , В.  G r u z z a * and M. M e n y h á r d
RESEARCH INSTITUTE FOR TECHNICAL PHYSICS OF THE HUNGARIAN ACADEMY OF SCIENCES

H—1325 BUDAPEST, HUNGARY

(Received 14. I. 1980)

B ackscattering spectra  of m edium energy electrons (1 —10 keV) are very  im portan t 
in  A uger electron spectroscopy. B ackscattered electrons compose th e  background and  contri
b u te  to  th e  excitation of Auger transitions.

The N (E )  backscattering  spectra were determ ined by an  A uger spectrom eter w ith a 
CMA analyzer operated in  DC mode using an  isolation am plifier system.

The Щ Е )  backscattering  spectra o f electrons were studied  on graphite, Si, stainless 
steel, Ge, Mo, W  and Au in  th e  0.7 — 3 keV range. The backscattering  spectra are presented. 
O ur m ain  results can be sum m arized as follows:

— the backscattering coefficient rB was determ ined by in tegrating  Л ( /’.) above 272 eV 
(effective for Auger excitation  of low energy peaks);

— rB is little  affected by  th e  prim ary energy E p and strongly increasing w ith Z;
— the elastic peak N (E p) is decreasing w ith  E p and strongly increasing w ith  Z;
— th e  distribution N (E )  exhibits a drastic  change w ith Z, going from  Fe to Si;
— th e  percentage of elastically reflected electrons was determ ined.

Introduction, definitions

M edium  energy  e lec tro n s (E p =  1 — 10 keV) im p in g in g  on a so lid  p ro 
duce secondaries. T he N(E)  sp e c tru m  covers th e  e n tire  energy  sp ec tru m  
below  E p. I t  con ta in s sev era l im p o r ta n t  b u t  n o t c learly  a n d  u n ifo rm ly  defined  
d o m ain s  as sum m arized  below :
— A ccord ing  to  th e  classical d e fin itio n  low  energy  e lec trons (in  p rac tice  

E  <  50 eV) are ca lled  seco n d ary  e lectrons.
— In  reality , how ever, the secondary electron cascade is extended far above 

50 eV, reaching a m inim um  in N ( E )  at E cp (Sickafus [1]).
— T h e positio n  of th is  E cp is s tro n g ly  a ffec ted  b y  th e  solid  ta rg e t  m a te r ia l 

a n d  b y  E p.
— A bove E cp N(E)  co n sis ts  o f red iffu sed  p rim aries [1].
— In  th is  p a p e r a ll N (E )  e lec trons ab le  to  excite  an  A u g er e lec tron  a re  called  

b a c k sc a tte re d  e lec trons [2 — 5]. I n  th is  resp ec t th e  b a c k sc a tte rin g  sp ec tra  
are  com posed  p a r t ly  o f  th e  seco n d a ry  cascade an d  o f  th e  red iffu sed  elec
tro n s . T h e ir low en erg y  lim it is d e te rm in e d  by  E ,■ (io n iza tio n  en e rg y  o f th e  
A u g er tra n s it io n  in vo lved ).

* Laboratoire de Microscopie et D iffraction Electronique à i’U niversité d’Aix-Marseille I I I .,  
Facu lté  des Sciences et Techniques de Saint Jérom e, France.
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— T h e  u p p er lim it  o f  th e  b a c k sc a tte rin g  sp e c tra  is N ( E p), th e  elastic  p eak  
a d ja c e n t to  th e  p lasm o n  loss p eak s.

— T h e  sm all A u g e r peaks are  su perim posed  on  th e  co n tin u o u s N( E)  b a c k 
g ro u n d . E le c tro n s  o f  £  >  Е,- in  th e  (b a c k sc a tte re d ) N (E )  sp ec tru m  are 
c o n tr ib u tin g  in  th e  ex c ita tio n  o f A uger e lec tro n s [1]. Som e p a r t  of th e  
A uger e lec tro n s is e la s tica lly  re flec ted  fro m  th e  su b s tra te . T hese effects 
p ro d u ce  an  a p p a re n t  en h a n c e m en t o f A uger em ission, ch a ra c te riz e d  b y  a 
fa c to r  гва, d e n o te d  as b a c k sc a tte rin g  fa c to r  in  th e  l i te ra tu re  o f A ES.

— T h e  an g u la r d is tr ib u tio n  o f  b a c k sc a tte re d  e lec trons is a p p ro x im a te ly  
L a m b e rtia n  [6 ].

— T h e  b a c k sc a tte rin g  coeffic ien t rB is p ro p o rtio n a l to

( i )

T h e  aim  of th is  w o rk  is to  su p p ly  m ore d e ta ils  on th e  N (E )  sp e c tra  of som e 
m a te r ia ls  for A E S  ap p lica tio n s.

B a c k sc a tte re d  elec trons p la y  an  im p o r ta n t  role in  th e  ex c ita tio n  o f 
A u g e r e lectrons in  th e  surface la y e r  [2 — 5]. B a c k sc a tte r in g  sp e c tra  are im p o r t
a n t  fo r th e  q u a n t i ta t iv e  e v a lu a tio n  of A uger sp ec tra . R e c e n tly  in s tead  o f 
th e  N'(E)  d e r iv a tiv e  m ode h ig h ly  sensitive A E S  an d  SAM have  used th e  
N ( E )  sp ec tra  [7 — 9]. The b a c k g ro u n d  co m p en sa tio n  fo r A E S  requ ires th e  
e x a c t  know ledge o f  N (E )  sp e c tra . In  sp ite  o f  th e  im p o rtan ce  o f  b ac k sc a tte rin g  
s p e c tra , since th e  e a r ly  w ork o f  S t e r n g l a s s  [10], n o t m a n y  new  d a ta  h av e  
b e e n  p u b lish ed  [ 1 1  — 1 5 ] .

On th e  o th e r  h a n d , v e ry  r ic h  li te ra tu re  h a s  been  p u b lish ed  on th e  back- 
s c a tte r in g  coeffic ien t rB, its  v a r ia t io n  w ith  th e  a to m ic  n u m b e r Z  an d  p rim a ry  
e n e rg y  E p, h o w ev er, ra th e r  fo r th e  h igh  en erg y  (E p > 1 0  keV) ran g e , to  m en 
tio n  only  th e  c la ssica l w ork o f  E v e r h a r t  [ 1 6 ]  a n d  th e  m ore recen t w orks of 
M c A f e e  [ 1 7 ] ,  D a r l i n g t o n  [ 1 5 ] ,  L i l j e q u i s t  [ 1 8 ]  an d  N i e d r i g  [ 1 9 ] ,  q u o tin g  
am p le  references.

E x p erim en ta l m e th o d

T he b a c k sc a tte rin g  s p e c tra  w ere d e te rm in e d  w ith  a co n v en tio n a l A uger 
sp e c tro m e te r  w o rk in g  in  th e  6 • 1 0 ~ 7—10-8  P a  p ressu re  ran g e . A R ib cr O PC 
103 CM A a n a ly z e r  w as used  o p e ra tin g  in  th e  u su a l d e riv a tiv e  m ode w ith  a 
lock -in  am p lifie r (K F K I  m odel N V  255) fo r ta k in g  A uger sp ec tra .

F u r th e r , a n o th e r  m ode o f  o p era tio n  w as rea lized , coup ling  th e  CMA 
m u ltip lie r  o u tp u t  to  an  A nalo g  D evices m o d e l 272J iso la tio n  am plifie r [9] 
a n d  an  am p lifie r sy s tem  b u ilt  b y  o u r E lec tro n ics  L a b o ra to ry . T he DC o u tp u t  
o f  th e  CMA w as reco rd ed  su p p ly in g  th e  E N ( E ) sp ec tra . T h is  m e th o d  w as a p 
p lied  for d e te rm in in g  th e  N ( E )  b a c k sc a tte rin g  sp ec tra . T h e y  w ere ta k e n  w ith

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



BACKSCATTERINC SPECTRA 339

1 — 1.2 pA  beam  c u rre n t, 0  50 p m  electron  b e a m . The beam  c u rre n t was m o n i
to re d  b y  a F a ra d a y  co llector. I n  general, N ( E )  sp ec tra  w ere  ta k e n  a t  2 a n d  
3 keV  b u t  fo r som e sam ples th e i r  v a ria tio n  w ith  E p was s tu d ie d .

In  m ost cases N (E )  s p e c tra  were ta k e n  fro m  E  =  272 eV (the  C A u g er 
p eak ), low  en erg y  lim it b e ing  effective a lre a d y  for th e  e x c ita tio n  of A u g er 
tra n s it io n s  in  th e  80 — 160 eV ra n g e  (Si, P , S). T h e  CMA m u ltip lie r  vo ltage  a n d  
th e  d e te c to r  s e n s itiv ity  level o f  th e  system  w ere  carefu lly  k e p t  co n stan t.

6 sam ples w ere  m o u n ted  on  th e  sam ple h o ld e r. A fter e ach  m easu rem en t, 
th e  N (E )  sp ec tru m  o f a g ra p h ite  reference s ta n d a rd  sam ple w as recorded . T h e  
rep ro d u c ib ility  (inc lu d in g  th e  e la s tic  peak) o f th e se  spectra  w as b e tte r  th a n  5 % .

In  each case N (E )  sp e c tra  were d e te rm in ed  on 2 p a ra lle l sam ples. T h e  
sam e re p ro d u c ib ility  w as ach iev ed  on th e  v a rio u s  sam ples. In  th e  v a c u u m  
ch a m b e r a P H I  m odel 04-164 io n  gun w as ap p lied .

The sam ples

B a c k sc a tte rin g  sp ec tra  w ere  de te rm ined  on  f la t  p o ly c ry s ta llin e  sam ples: 
g ra p h ite  (sem ico n d u c to r g rade), Si (p o ly c ry sta l), sta in less s te e l (K or 5 H u n 
g arian  s ta n d a rd ) , M o, W  p la te s  (P lansee), A u (e v ap o ra ted  f i lm  1 pm  in  th ic k 
ness).

F o r co m p ariso n  w ith  l i te ra tu re  d a ta  som e Si (111), Si (100) a n d  
Ge (111) single c ry s ta l  surfaces w ere stud ied , to o . The a n g u la r  d is tr ib u tio n  o f 
b a c k sc a tte re d  e lec tro n s obeys L a m b e rt’s la w  [6 ]. The N ( E )  sp ec tra  w ere  
ta k e n  w ith  n o rm a l incidence e x c ita tio n . F o r th e  p o ly c ry s ta llin e  sam ples, th e  
ap p lica tio n  of a CMA, sam p lin g  th e  b a c k sc a tte re d  e lec trons w ith in  42°, is 
fu lly  ju s tif ie d . A com p ariso n  o f  o u r N(E)  s p e c tra  w ith  th e  few  lite ra tu re  d a ta  
av a ilab le  gave s im ila r  re su lts  ev en  for single c ry s ta ls  [12, 14].

In  th e  case o f  th ick  sam p les  b a c k sc a tte rin g  is l i t t le  affected  b y  th e  
te x tu re  o f th e  ta rg e t  [19]. F o r  o u r  p o ly c ry s ta llin e  sam ples th is  w as neglig ib le.

T he sam ples w ere d eox id ized , e tched  u s in g  th e  c o n v en tio n a l chem ical 
c lean in g  p ro ced u res  an d  sh o rtly  a fte r  c lean in g  th e y  w ere m o u n ted  in  th e  
v acu u m  cham ber. A fte r  th e  co n v en tio n a l p u m p in g  (w ith  a V acu u m  G en era to rs  
210 1/s ion  pum p) a n d  b ak in g  (200 °C) p rocesses, a to m ica lly  clean su rfaces 
w ere p rep ared  b y  a rg o n  ion  b o m b a rd m e n t (1 keV, 100 p A /cm 2). The c lean  
su rfaces w ere checked  by  A E S .

E xp erim en ta l re su lts

T he N(E)  b a c k sc a tte rin g  sp ec tra  o f g ra p h ite , Si (p o ly c ry sta llin e ), 
s ta in less  steel an d  Ge are p re se n te d  in  Fig. l a ,  those  of M o, W  and  A u in  
F ig . l b  fo r E p ^  3 keV . T hey  a re  p lo tte d  in  a rb i t r a ry  u n its  b u t  all th e  sp e c tra
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Fig. 1. B ackscattering spectra , N (E )  in a rb itra ry  units 
a. G raphite, silicon, stainless steel and germ anium  

b. M olybdenum, tungsten  and gold
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on th e  sam e scale. T h e  heights of e la s tic  peaks N ( E p) a re  in d ica ted  in  th e  F igures. 
T he sp e c tra  can be  classified in to  th re e  c h a ra c te ris tic  ty p es , acco rd in g  to  th e  
a to m ic  n u m b er Z:

T h e  low  a to m ic  num ber e le m e n ts  C a n d  Si ex h ib it a re la tiv e ly  low 
e lastic  p e a k  fo llow ed b y  a h igh e n e rg y  m in im um  (close to  th e  p lasm o n  loss 
range), a  m ed ium  en erg y  b ro ad  m ax im u m , a seco n d  low  en e rg y  m in im um  
a ro u n d  E p £nz 800 eV  an d  the  lo w  en erg y  cascade  [1].

T h e  h igh a to m ic  n um ber e le m e n ts  Mo, W  a n d  A u  ex h ib it v e ry  b ig  elastic  
peaks, follow ed b y  a  b ro ad  red iffu sed  electron  [1] ra n g e , a single m in im u m  a t  
E cp 1 keV  an d  a  low  energy cascad e .

T h e  m edium  Z  sam ples, s ta in le ss  steel an d  Ge e x h ib it som e in te rm e d ia ry  
c h a ra c te r  b u t s im ila r  ra th e r  to  th e  h igh Z  e lem en ts . (The av erag e  Z  value 
of o u r K o r 5 s ta in le ss  steel is 26 , co rrespond ing  to  Fe).

T h e  p lasm on  loss dom ain is  n o t  resolved in  F igs, l a  an d  lb .  T he fine 
s tru c tu re  a ro u n d  th e  e lastic  peak  w a s  de te rm in ed  on  each  sam ple. Som e ch arac 
te r is tic  sp ec tra  a re  p resen ted  in  th e  F igures: g ra p h ite  in  F ig . 2a, Si in  
F ig . 2b  a n d  W  in  F ig . 2c. The F ig u re s  ex h ib it a s im ila r  ch a rac te r. T h e  m ain  loss 
peaks observed  a re  ch a ra c te ris tic  fo r  th e  m a te ria ls . T hey  are  com posed  b y  
surface a n d  volum e p lasm on  losses a n d  could be id e n tif ie d  in  m o s t cases w ith  
l i te ra tu re  d a ta  (e.g. [20] giving a com prehensive  l i te ra tu re ) . The loss p eak s are  
n ea rly  e q u id is ta n t, A E pi =  E pit — Е Р1г, e tc . T he m o s t im p o r ta n t in fo rm a tio n  
deduced  from  th e m  is  th e  m a g n itu d e  o f th e  d o m in a n t e lem en ta ry  loss process 
AEpi o f  h igh  en e rg y  p rim ary  e le c tro n s . The h a lf  w id th  A E  o f e la s tic  peaks 
co rresponds to  th e  reso lu tio n  o f th e  CMA.

T h e  b a c k sc a tte rin g  coeffic ien t rB w as c a lc u la ted  b y  in te g ra tin g  th e  N(E)  
sp ec tra  be tw een  272 eV and  E p. S ince th e  CMA m easu rem en ts  su p p ly  only 
th e  N ( E )  d is tr ib u tio n s , th e  rB d a ta  o f  McAfee  [17] m easu red  a t  E p =  3 keV 
on C a n d  Si were f i t t e d  to  our re s u lts .

Tabic I

Some characteristic da ta  of loss processes for E p Qá 3 KeV

Material AEpi eV ЛЩЕр)
N u

ЛЩЕр,.) N (E P)
Л'(ЕЛ )

G raphite 24.27 5.3 2.2 4.3
Si (polycrystalline) 18 3 1.9 2.2
Stainless steel 22 4.15 1.3 16
Mo 25 5.3 1.6 6.4
W 26 6.2 1.8 6.7
An 30 6.1 1.1 46
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Epl2 Epi, Ep

Fig. 2. The fine s truc tu re  around th e  elastic peak 
a. G raphite; b. Silicon; c. T ungsten

Acta Physica Academiae Scientiarum Hungaricae 48, 1980



BACKSCATTERING SPECTRA 343

The o th e r  m a te ria ls  s tu d ie d  e x h ib ite d  sim ilar f in e  s tru c tu re s  a ro u n d  
th e ir  elastic  p e a k . T he h ig h  p rim ary  en e rg y  and  th e  re so lu tio n  of th e  CMA 
an a ly ze r do n o t  allow  to  d e te rm in e  f in e r  d e ta ils  o f th e  p lasm on  loss sp e c tra , 
how ever, som e d a ta  of in te re s t  are su m m arized  in  T ab le  I .  The m in im u m  N be 
ly in g  b e tw een  E p an d  th e  f i r s t  p lasm on loss peak  E p;i w as  in  m ost cases id e n 
tic a l w ith  th e  co n tin u o u s b ack g ro u n d  o f  red iffused  e lec tro n s. O nly g ra p h ite  
ex h ib ited  a d eep er m in im u m , Si and  s ta in le ss  steel show ed  little  d ev ia tio n s . 
T he re p ro d u c ib ility  of A E pl =  E p — jEpij p lasm on losses was q u ite  good 
as m easu red  w ith  d iffe ren t p rim a ry  energ ies E p.

The p e a k  h e igh ts em erg in g  from  th e  b ack g ro u n d  are:

A N (E p) =  N (E p) -  N be, A E N ( E ph) =  N ( E pli) -  N be.

O ur rB d a ta  a re  sim ilar to  E v e r h a r t ’ s re su lts  [ 1 6 ]  p lo tte d  in F ig . 3  co n 
ta in in g  ou r e x p e rim e n ta l p o in ts  d e te rm in ed  b y  E q . (1). The sp ec tra  ta k e n  
a t  E p =  2 keV  ex h ib it a s im ila r c h a ra c te r  to  those  in  F ig s . 1 and  2, b u t  w ith  
h ig h er N (E ) v a lu es , p ro d u c in g  a p p ro x im a te ly  th e  sam e rB values d e te rm in ed  
b y  in te g ra tin g  E q . (1). T he v a r ia tio n  o f  th e  N (E )  sp e c tra  w ith  E p is sh o w n  in  
F ig . 4 for W . T h e  b a c k sc a tte rin g  coeffic ien t deduced  from  th e  in te g ra ls  is 
l i ttle  affected  b y  E p. Som e m ore  d e ta ils  a re  p resen ted  on  g raph ite  in  F ig . 5 
in d ica tin g  also th e  N(212) C A uger p eak s . T he v a r ia tio n  of rB an d  N(212)
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Fig. 4. The variation of N (E )  spectra w ith  th e  prim ary energy for tungsten. 
N (E )  in  arb itrary  u n its  bu t on the sam e scale as in Fig. lb
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Fig. 6. The variation of th e  carbon A uger peak iV(272), N e and rg  w ith Ep on graphite 

N(Epj

4000

4 1000 2000 3000 Ep'eVl

Fig. 7. The variation of th e  elastic peak N (E p) w ith  Ep for various samples. N (E p) in  arb itrary
units b u t using the same scale as in Figs. 1. and 4. The dashed lines (---------) for Ge and Si

are taken  from  th e  literature [12, 14] b u t fitted  to  our experim ental d a ta

w ith  E p is show n in  F ig . 6. The v a r ia t io n  of th e  e la stic  peak  N ( E p) w ith  E p 
is p re sen ted  in  Fig. 7 fo r  th e  sam p le s  stu d ied . D a ta  o f Si an d  Ge are  ta k e n  
from  N e a v e  [ 1 2 ]  a n d  K e n n e d y  [ 1 4 ] ,  resp . and  f i t te d  to  our re su lts . N (E p)
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is s tro n g ly  decreasing  w ith  E p especia lly  for h igh  Z  e lem en ts as show n also in  
F ig . 5 for W . A ll th e se  resu lts  are  p lo tte d  on th e  sam e in te n s ity  scale. The 
p e rcen tag e  of e la s tic a lly  re flec ted  e lec trons can be d e te rm in ed  b y  E q . (2) as

N ( E P) A E
± y  e  r p p

T he v a r ia tio n  o f N e w ith  Z  is show n in  Fig. 3 fo r E p =  3 keY. N e s trong ly  
decreases w ith  E p. S ince rB is l i t t le  affec ted  b y  E p, a considerab le  rise of 
e la s tic  re flec tio n  ta k e s  place a t  low  energy  e x c ita tio n . This is show n in  Fig. 6 
fo r g ra p h ite , h o w ev er, th e  effect becom es less p ro n o u n ced  w ith  increasing  Z .

D iscussion

L e t us co m p are  th e  e x p e rim e n ta l d a ta  p re se n te d  in  th e  F ig u res  and  
th e  T ab le  w ith  th e  few  d a ta  a v a ilab le  in  th e  l i te ra tu re . T he e a r ly  w ork of 
Sternglass [10] u sed  m uch h ig h er E p energies a n d  d id  no t reso lve th e  elastic  
p e a k . B u t th e  b ro a d  m ax im um  in  th e  carb o n  sp ec tru m  w as n o ticed  b y  
Sternglass an d  m ore  recen tly  also b y  D arlington a n d  Cosslett [15]. R eg ard 
in g  th e  sp ec tra  o f  silicon  s tu d ied  b y  N eave an d  F o x  [12], th e  sm o o th  m ax im um  
b e tw een  E cp and  E p h a s  been d escribed . T heir d e ta ile d  s tu d y  on th e  E p depend
ence o f th e  Si s p e c tra  shows s im ila r ity  w ith  o u r re su lts  on g rap h ite  and  
silicon  to o  (o m ittin g  deta ils). H o w ev er , th e  N ( E p) e lastic  p eak s  found  b y  
N eave  above E p =  1,5 keV seem  to  be su rp riz in g ly  low , a lm o st e q u a l to  th e  
f i r s t  p lasm on  p eak . T h e  b ro ad  m ax im u m  of b a c k sc a tte rin g  sp ec tra  is a  c h a ra c te r
is tic  b eh av io u r o f  low  Z  e lem en ts, n o ticed  also on A1 [10, 15] a n d  Be film s 
[13]. T he N (E )  sp e c tru m  o f Ge in  F ig . l a  is analogous to  t h a t  found  b y  
K e n n e d y  [14] a n d  th e  sp ec tru m  o f sta in less s tee l in  th e  sam e fig u re  show s 
s im ila r ity  to  t h a t  o f  copper (Z  =  29) described  b y  Goto [13].

P roceed ing  to w a rd  h igher a to m ic  n u m b ers  th e  p redom inance  o f  th e  h igh  
en erg y  red iffu sed  d o m ain  and  th e  s tro n g  increase  o f  N (E p) is co rre la ted  w ith  
Z . T h is is v a lid  a lso  for N e, th e  e lastic  re flec tio n  coeffic ien t. H ow ever, th e  
s tro n g  decrease o f  N e w ith  E p on  th e  sam e e lem en t is m uch m ore  p reg n an t 
fo r  low  Z  e lem en ts  as  found  also on Si [12], B e a n d  Cu [13].

T he co n sid e rab le  change o f  th e  c h a ra c te r  o f  N (E)  sp ec tra  going from  
low  Z  (C, Si, e tc .)  to  high a to m ic  n u m b e r e lem en ts  show s th e  im p o rta n c e  of 
Z  in  th e  b a c k sc a tte rin g  process. T h e  cascade ta i l  be low  E cp [1] does n o t ex h ib it 
th is  an o m aly  a n d  can  be ex p la in ed  w ith  th e  p re se n t theo ries o f  secondary  
e lec tro n  em ission. O n th e  o th e r h a n d , th e  b ro ad  m ax im u m  fo u n d  in  th e  red if
fu sed  range o f low  Z  elem ents w as n o t ex p la in ed  in  th e  l i te ra tu re ,  reach ing
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reaso n ab le  ag reem en t w ith  e x p e rim e n ta l d a ta  o f rB [1 6 ,1 7 ]. In  a s im ila r w ay  th e  
a u th o rs  are  n o t  aw are o f in te rp re ta t io n  o f  th e  Z  v a r ia tio n  of N (E p) a n d  N e, 
a n d  th e ir  s tro n g  increase w ith  Z. R e g a rd in g  th e  b a c k sc a tte rin g  coeffic ien t 
r B i.e . th e  low  energy  lim it o f  in te g ra tio n  or th e  re ta rd in g  voltage a p p lie d  in  
th e  m easu rem en ts  are n o t u n a m b ig o u s ly  defined  in  th e  lite ra tu re .

Y a r m a  [21] applied  50 V for r e ta rd in g  th e  low  energy  secondaries, 
w hereas M c A f e e  d ete rm in ed  rB u n d e r  w ell defined cond itio n s. In  o u r  F ig . 6 
ab o v e  1,4 keV  th e  b a c k sc a tte rin g  co effic ien t o f g ra p h ite  decreases w ith  E p. 
T h is  is in  ag reem en t w ith  th e  re su lts  o f  Y arma and  C o s s l e t t  [15]. F o r  low er 
E p energ ies th e  a p p a re n t decrease  o f rB is  due to  th e  272 eV low e n e rg y  lim it 
o f  in te g ra tio n . T he v e ry  s tro n g  rise a n d  sh if t o f N (E)  c a n  be seen in  th e  low 
en e rg y  e x c ita tio n  range o f  F ig . 5.

T he co n stan cy  of rB in  th e  1 —  3  keV  range w as described  b y  M c A f e e  

[ 1 7 ]  an d  K e n n e d y  [ 1 4 ]  on  severa l sem iconducto rs. I n  p rac tice  o u r  s tud ies 
on  sam ples covering  a w ide ran g e  o f Z  supp lied  s im ila r resu lts .

F in a lly , le t  us consider th e  p la sm o n  loss d a ta  su m m arized  in  T ab le  I. 
T h e  positio n  o f  th e  E tx p la sm o n  loss p e a k s  are in  reaso n ab le  ag reem en t w ith  
d a ta  p u b lished  in  th e  l i te ra tu re  [20]. T h e  peak  ra t io s  N (E p)IN (E pl) and  
A N (E p)jA N (E pl) give som e in fo rm a tio n  on th e  m a g n itu d e  of p la sm o n  loss 
process a t  th e  h igh  p rim a ry  energies u sed .

T he rB an d  N (E)  re su lts  describ ed  in  th is  p a p e r  prov ide in fo rm a tio n  
on  th e  rBA b a ck sca tte rin g  e x c ita tio n  o f  A uger e lectrons [3 — 5], since i t  should  
be  p ro p o rtio n a l to

r B A ~ f c ° ( E ) - N ( E ) d E .  (3)

T hese  prob lem s w ill be d iscussed  in  m o re  d e ta il in  a n o th e r  paper.
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ON THERMOHALINE-CONVECTIVE INSTABILITY 
WITH FINITE LARMOR RADIUS AND HALL

EFFECTS

By

R . C. S h a r m a  and K . N . S h a r m a

D E P A R T M E N T  O F  M A TH EM A T IC S, H IM A C H A L  P R A D E S H  U N IV E R S IT Y , SIM LA -171005, INDIA

(R eceived 14. I. 1980)

Therm ohaline-convective in stab ility  of a stellar atm osphere in the presence of a stable 
solute grad ien t is considered to include th e  effect due to  H all currents in th e  presence of a 
uniform  vertical m agnetic field. A criterion  for m onotonie in stab ility  is derived. The problem 
of therm ohaline-convective instability  is also considered to  include finite L arm or radius effect. 
The criterion derived for monotonie in s tab ility  is found to  hold good in the presence of finite 
Larm or radius effect on therm ohaline-convective instability .

1. Introduction

D efouw  [2] h a s  given a criterion th a t  a stellar atm osphere is  unstable i f

D  — —— (LT — QxL q) -)- К  к2 <C 0 , (1 )
Cp

w here L  is th e  h ea t- lo ss  fu n c tio n  ( th e  energy  lo s t  m inus th e  en e rg y  gained  
p e r g ram  p e r second) a n d  q ,  x ,  у ,  к ,  L T, L e d en o te  re sp ec tiv e ly  th e  d en sity , 
th e  coeffic ien t of th e rm a l ex p an sio n , th e  coeffic ien t o f th e rm o m e tr ic  conduc
t iv i ty ,  th e  w ave n u m b e r  of th e  p e r tu rb a tio n , th e  p a r t ia l  d é riv â te s  o f L  w ith  
re sp ec t to  te m p e ra tu re  T,  den sity  g; b o th  e v a lu a te d  in  th e  eq u ilib riu m  s ta te . 
D efouw  [2] has genera lized  th e  S chw arzsch ild  c rite r io n  fo r c o n v ec tio n  to  
inc lude  d e p a rtu re s  fro m  ad iab a tic  m o tio n  an d  h a s  show n t h a t  a th e rm a lly  
u n s ta b le  a tm o sp h ere  is  also co n v ec tiv e ly  u n s ta b le , irre sp ecstiv e  o f  th e  a tm o 
spheric te m p e ra tu re  g ra d ie n t. ‘T h erm al-co n v ec tiv e  in s ta b ili ty ’ is te rm e d  as th e  
in s ta b ili ty  in  w hich  m o tions are d r iv e n  b y  b u o y a n c y  forces o f a th e rm a lly  
u n s tab le  a tm o sp h ere . I n  general, th e  in s ta b ility  d u e  to  in e q u a lity  (1) m ay  be 
e ith e r  o sc illa to ry  o r m ono ton ie . D efo u w  [2] h as  also show n th a t  in e q u a lity  
(1) is a su ffic ien t co n d itio n  for m o n o to n ie  in s ta b ili ty  in  th e  presence o f  m agnetic  
fie ld  an d  ro ta tio n  on th e rm a l-co n v ec tiv e  in s ta b ility .

T he th e rm a l in s ta b ili ty  p ro b lem , u n d er v a ry in g  assu m p tio n s o f h y d ro 
dy n am ics a n d  hy d ro m ag n e tic s , h a s  b een  tre a te d  in  d e ta il by  Ch andrasekhar  
[1]. Y ero nis [8] h a s  s tu d ied  th e  p ro b lem  of th e rm o h a lin e  co n v ec tio n  in  a
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la y e r  o f  f lu id  h e a te d  fro m  below  a n d  su b jec ted  to  a  stab le  sa lin ity  g rad ien t. 
T h e  th e rm o h a lin e  co n v ec tio n  in  a h o riz o n ta l la y e r  o f  viscous f lu id  h ea ted  
fro m  below  an d  sa lted  from  above h as  b een  considered  b y  N i e l d  [ 3 ] .  I n  th e  th e r- 
m o h a lin e -co n v ec tiv e  in s ta b ili ty  p ro b lem , b u o y an cy  forces can  arise  n o t  only 
fro m  d e n s ity  d ifferences due to  v a r ia tio n s  in  te m p e ra tu re  b u t also fro m  those 
d u e  to  v a r ia tio n s  in  so lu te  co n c e n tra tio n s . The co n d itio n s u n d er w h ich  convec
tiv e  m o tio n s  are im p o r ta n t  in  s te lla r  a tm o sp h eres  are  u sua lly  fa r  rem oved  
fro m  th e  co n sid e ra tio n  o f a single co m p o n en t f lu id  a n d  rig id  b o u n d a rie s  and  
th e re fo re  i t  is d esirab le  to  consider one  gas co m p o n en t ac ted  on b y  solu te 
c o n c e n tra tio n  g ra d ie n t an d  free b o u n d a rie s .

H o w ev er, th e  H a ll effects w h ich  a re  im p o r ta n t fo r m an y  cases o f  astro- 
p h y s ic a l in te re s t, h a v e  n o t been in c lu d e d  in  th e  ab o v e  stud ies. In  m a n y  astro- 
p h y s ic a l s itu a tio n s  su ch  as th e  so la r co rona, in te rp la n e ta ry  an d  in te rs te lla r  
p la sm a s , i t  is know n  th a t  th e  a p p ro x im a tio n  o f  zero  L arm o r ra d iu s  is n o t 
v a lid . T h e  effect o f th e  fin iten ess  o f  th e  ion L a rm o r rad iu s  w h ich  exh ib its  
i ts e lf  in  th e  form  o f a m agnetic  v isc o s ity  in  th e  f lu id  eq u a tio n s, on  p lasm a 
in s ta b ili t ie s  have  b een  s tu d ied  b y  R o s e n b l u t h  e t  a l [5] an d  R o b e r t s  and  
T a y l o r  [4]. K eep ing  such  a s tro p h y s ic a l s itu a tio n s  in  m ind , we co n sid er th e  
th e rm o h a lin e -co n v e c tiv e  in s ta b ili ty  o f  a s te lla r a tm o sp h ere  to  in c lu d e  th e  
e ffec t d u e  to  H all c u rre n ts . T he f in ite  L arm o r ra d iu s  effects on th e rm o h a lin e - 
co n v e c tiv e  in s ta b ili ty  o f a s te lla r  a tm o sp h e re  a re  also stud ied .

2. F o rm u la tio n  of th e  p roblem

C onsider an  in f in ite  o riz o n ta l f lu id  lay e r o f  th ick n ess  d h e a te d  from  
ab o v e  a n d  su b jec ted  to  a s tab le  so lu te  co n c e n tra tio n  g rad ien t so th a t  th e  
te m p e ra tu re s  an d  c o n cen tra tio n s  a t  th e  b o tto m  su rface  z — 0 are  T 0 and  C0 
a n d  a t  th e  u p p er su rface  z =  d  a re  T x an d  Cv  re sp ec tiv e ly , г-ax is b e in g  ta k e n  
as v e r tic a l. T his la y e r  is ac ted  on b y  a un ifo rm  v e rtic a l m agnetic  f ie ld  H (0 , 0, H)  
a n d  g ra v ity  force g(0, 0, —g). L e t p ,  q, T, C, v ( m ,  v , со) ,  g, a , a ',  N  a n d  e s ta n d  
fo r  p re ssu re , d en sity , te m p e ra tu re , so lu te  c o n c e n tra tio n , ve locity , g ra v ita tio n a l 
acce le ra tio n , th e rm a l coefficien t o f  ex p an sio n , an  analogous so lven t coeffic ien t, 
th e  e lec tro n  n u m b e r d en sity  an d  ch arg e  of an  e lec tro n , re sp ec tiv e ly . The 
k in e m a tic  v isco sity  v, th e  th e rm a l d iffu s iv ity  x a n d  th e  so lu te  d iffu s iv ity  x'  
a re  ea c h  assum ed  to  be c o n s ta n t. T h e n  th e  h y d ro m ag n e tic  e q u a tio n s  ap p ro 
p r ia te  to  th e  p ro b lem , follow ing B oussinesq  ap p ro x im a tio n , are

dv

dt
+  (v • v ) v —  V p + v V 2 Vv + g  1 + - ^ -  

£o Qo .
- ^ ( v x H ) x H ,  (2)
4 Jt£>„

V • V  =  0 , (3)
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dC
3t

+  (v V )  C =  x ' v 2C,

V • H =  0 ,

—  =  ( H  v )  V  + r ) V 2 H  - , ---- —  V  X [( V  X H) X H ]  ,
dt 4 nNe

e =  e„[i - a ( r - T o )  + « ' ( c - c 0)],

(4)

(5)

( 6) 

(7)

w here т; a n d  dg d en o te  re sp ec tiv e ly  th e  m agnetic  p e rm eab ility , th e  resis
t iv i ty  an d  th e  p e r tu rb a tio n  in  d en sity . T h e  suffix  zero  refers to  v a lu es  a t  the  
reference  leve l z =  0. E q s . (2) —(4) ex p ress  th e  c o n se rv a tio n  of m o m en tu m , 
m ass an d  so lu te  m ass co n cen tra tio n , resp ec tiv e ly . E q s . (5) and  (6) rep re sen t 
th e  M axw ell’s e q u a tio n s  an d  E q . (7) re p re se n ts  th e  e q u a tio n  of s ta te .

T he s te a d y  s ta te  so lu tion  is

у =  о, T  — t 0 +  ßz, c  — c 0 — ß'z, e = e0( i  -  ф  -  a 'ß 'z),  (8)

w here ß
T _ 71 Q

—-------- a n d / ? '=  —----- - a re  th e  m ag n itu d es  o f un iform  te m p e ra 

tu re  an d  c o n c e n tra tio n  g rad ien ts . ß (— dT/dz) is p o s itiv e  as th e  te m p e ra tu re  
increases u p w ard s  w h ereas  /5 '(=  —dC/dz) is p o sitiv e  as th e  c o n c e n tra tio n  
decreases u p w ard s .

C onsider a sm all p e r tu rb a tio n  on th e  s te a d y  s ta te  so lu tion  a n d  le t 
v , ôq, dp, б, у  a n d  h (hx, hy, hz) deno te  th e  p e r tu rb a tio n s  in  velocity , d en sity , 
p ressu re , te m p e ra tu re , co n cen tra tio n  a n d  m agnetic  f ie ld , re spec tive ly , so th a t  
th e  change in  d e n s ity  dg, caused  b y  th e  p e r tu rb a tio n s  в  a n d  у  in  te m p e ra tu re  
an d  c o n c e n tra tio n , is g iven  b y

ÔQ =  — Q0 (ad — a y ) .

T h en  E qs. (2) — (6) on lin ea riza tio n  give

- ^ V— = ------—  V  dp  +  W 2v — g(x6  — a y )  H----^ — ( V X h) X H,
dt g0 4?rg0

V • v  =  0 ,

v 2y =  ß 'ü ) ,  
dt

V • h  =  0 ,

- ^ - =  ( H  • V ) v  +  jj V 2 h -------- ----- V X Г( V X h)  X H]  .
dt 4>nNe 1 ’ J

(9)

( 10)

( И )

( 12)

(13)

(14)
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T h e  f i r s t  law  o f th e rm o d y n a m ic s  m a y  be w r it te n  in  th e  fo rm

- L +  —  V 2 T  +
e

p _

g2 dt
(15)

w h ere  K ,  C„ a n d  t d en o te , re sp e c tiv e ly , th e  th e rm a l  c o n d u c tiv ity , th e  specific 
h e a t  a t  c o n s ta n t vo lum e an d  th e  tim e .

F o llow ing  D e f o u w  [2], th e  lin ea rized  p e r tu rb a tio n  fo rm  o f E q . (15) is

^ - + - ± - ( L T - QocLe) 6 - * V 26 =  - I ß  +  M c o .
öt p  Ci p  )

( i6 )

T he d e n s ity  changes arise  p r in c ip a lly  fro m  th e rm a l effec ts . C onsider 
th e  case in  w h ich  b o th  b o u n d a rie s  are  free as w ell as p e rfe c t conducto rs o f 
b o th  h e a t a n d  so lu te  c o n c e n tra tio n . T he case o f  tw o free b o u n d a rie s  is th e  
m o s t  a p p ro p ria te  fo r  s te lla r a tm o sp h e re s  ( S p i e g e l  [6]). W e a lso  assum e t h a t  
th e  m ed ium  a d jo in in g  th e  f lu id  is  e lec trica lly  n o n -co n d u c tin g . T h e  b o u n d a ry  
co n d itio n s  a p p ro p r ia te  for th e  p ro b lem  are

со — д2 со I dz2 =  0 — у  — 0 , =  0 ,
d z

1 =  0 an d  h  is co n tin u o u s w ith  a n  e x te rn a l v a c u u m  field .
H ere  Ç a n d  |  deno te , re sp ec tiv e ly , th e  z -com ponen ts o f  v o rtic ity  a n d  

c u r re n t  d en sity .

3. D ispersion  re la tio n  a n d  discussion

A n alyz ing  in  te rm s o f n o rm a l m odes, w e seek so lu tio n s w hose d e p e n d 
en ce  on X , y ,  z  a n d  t is of th e  fo rm

exp [ikx x  +  iky у  +  n t ] sin  kz z ,  (17)

w h ere  n is th e  grow 'th  ra te  an d  kz =  sn/d, s b e in g  a n y  in teg e r a n d  d is th e  th ic k 
n ess  of th e  la y e r  a n d  к =  (k2x - \ -ку-\- k2z)112 is th e  w ave n u m b e r  o f th e  p e r tu r 
b a tio n .

E qs. (10) — (14) and  (16) give

dt
V 2 co =  g +

d2
I dx2 d y 2

( а б  —  ос' у )  +  W 1 со
de H

4 n ç 0

dhz

dz
(18)
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dC (ieH  d£ t 2i* 
—  =  Jr-------- —  +  v v 2 C »
(/i 4 jrg 0

dhz dco 2 ,
— -  =  Я -------h i?Vz n ,
dt dz

д£ TT №  I „ 2  £ _L—  =  #  —-  +  t?V2 I  +  
dt dz

dt

d_
dt

+  я 0 =  -  ß +
_8_

C J

Í H
d i

1 4 nNe 1 dz ’

H  1 r-i 2 » .
4 n  Ne ) dz

'
a>,

x '  V 2 у  =  ß’ со .

(19)

(20) 

(21) 

(22) 

(23)

E lim in a tin g  в, y, h z, £ an d  f  from  E q s. (18)—(23) an d  using  (17), we o b ta in  
th e  d ispersion  re la tio n

w here
n 6 +  А ъ n5 +  A 4 n4 -\- A z n z +  A 2n2 +  A x n  -(- A 0 =  0 ,

Л  =  D +  k2(xr +  2 r +  2rj) ,

A 4 =  № {v2 r f  - f  2rp«' +  2v (x1 +  2?j)} +  k2 (v -)- x')D  +

(24)

+  k2z 2 E 2 +  A:2
Я

4 nNe )
+  k2D(v +2г]) +  Г  \ß +  - £ - j  +  r ß ’ ,

Л 3 =  Р (Я  +  к2 v +  * ') +  А2 V 2(D +  k2 v +  x '  +  r]) +

+  K’k2^k2Dv + r ^ ß  +  -£ - \^  +  r ß ' D  +

+  ̂ ]к2 J vr)k* +  К  V2)j +  vk*k2 | - ^ - J 2} +  k2 (v +  2 t])Q ,

v r f k 6 +  r]k2k l  V 2 +  r/c4A| f Я  П  +
( 4jtlVe j j

A 2 =  {D + k 2( v + x ' ) }

+  k \ V 2 {vrjk* +  k j V2 +  x ' k 2D  +  k2 (v +  r j ) ( D  +  x ' t f ) }  +

ß +  ~c~)} +  P Q ’ (25)
+  k 2 (v +  2 V) Uvx' № +  r ß ' )  D  +  x ' k 2r

A i v r fk 6 +  ф 2 К  V2 +  v k 4 l IQ +

+  р | / с4* ' Я ( г + 1 ) + х 'Л2г |/5 +

—П4?riVe ) J

t) + rß'D\+
+  kl V2 {x '  A4 D{v +  y )  +  (vrjk4 +  k l V 2) ( D  +  * ' fc2)} ,
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^ 0  — (vx' к* +  Г  ß’)D +  „ ' k ? r \ ß  +  J L j \ v r fk « +  fcffc2 rjV2 +

+ vk2 Í- H  \ ‘

w h ere

w hen

(4jrlVe J
+  kj V 2*' k2 Divrjk* +  к2 V 2) ,

V2 =  M !  , Г  =  gx
4  7tQ0

P  =  T]2 k*  +  2 vijfc1

* - ± ^ ] a n d

k \ k 2 +  k 2z V 2 ,

fc2 

H  l 2

fc2

4jr iVe

Q =  vK'fc4+k2(r + * ')ö  +  r  |£ +  —  +  /"'0',
C p

D  <  0 a n d  |(v*'fc4 + Г  ß ’) D \ >  Г  |̂ 3 + x ' k 2, (26)

th e  c o n s ta n t te rm  in  E q . (24) is n e g a tiv e . E q . (24), th e re fo re , inv o lv es  one 
ch an g e  o f sign a n d  hence co n ta in s  one p o sitive  rea l ro o t. T he occurrence  o f 
p o s itiv e  ro o t im p lies m ono ton ie  in s ta b ili ty .

W e th u s  o b ta in  a c rite rio n  t h a t  th e  th e rm o h a lin e -co n v ec tiv e  in s ta b ili ty  
o f  a  s te lla r  a tm o sp h e re  in  th e  p resence  o f stab le  so lu te  c o n cen tra tio n  g rad ien t 
a n d  H a ll c u rre n ts  is  u n s tab le  if

D  <  0 a n d  I (ne' к* +  Г  ß’) D \ >  Г X1 к2.

4. F in ite  L a rm o r rad iu s  effects

H ere  we con sid er an  in f in ite  h o riz o n ta l p lasm a  lay e r of th ick n ess  d h ea ted  
fro m  above an d  su b je c te d  to  a s ta b le  so lu te  co n c e n tra tio n  g ra d ie n t so th a t  th e  
te m p e ra tu re s  an d  co n c e n tra tio n s  a t  th e  b o tto m  su rface  z =  0 are T 0 an d  C0 
a n d  a t  th e  u p p e r  su rface  z — d  a re  T t a n d  Cv  re sp ec tiv e ly , г-ax is b e in g  ta k e n  
as v e r tic a l. T his la y e r  is ac ted  on b y  a u n ifo rm  v e rtic a l m agnetic  fie ld  H (0 , 0, H)  
a n d  g ra v ity  force g(0, 0, —g). L e t dP d en o te  th e  p e r tu rb a tio n  in  s tre ss  ten so r 
P. F o r  th e  v e rtic a l m ag n etic  fie ld  H (0 , 0, H),  th e  p e r tu rb a tio n  in  s tre ss  ten so r 
co m p o n en ts  dP, ta k in g  in to  ac c o u n t th e  f in ite  ion  g y ra tio n  (V a n d a k u r o v

[7 ]), are

ÔPXX =  dp — QV0
I du dv_
I by dx

ôPxy ôPyx =  Qv о
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ÔPXZ =  <5Ргх =  - 2  ev0 ÔPyy =  <5p +  gv0 ( - ^  +  (27)

óPy2 =  <5Ргу =  2 gv0 j- |^  +  , 0P2Z =  «5p.

In  E qs. (27), <5p  is th e  p e r tu rb a tio n  in  th e  sca la r p a r t  of th e  p ressu re  
a n d  q v 0 — NT/ia if j ,  w here  coH  is th e  io n -g y ra tio n  freq u en cy , w hile  N  an d  T  
d en o te , re sp ec tiv e ly , th e  n u m b e r d e n s ity  an d  te m p e ra tu re  of th e  ions.

T he lin earized  h y d ro m ag n e tic  p e r tu rb a tio n  e q u a tio n s , in  th e  presence 
o f f in ite  L a rm o r ra d iu s  effect, are

VŐP + v V 2 v  — g (xd — x'y) ■dy _  1
dt e 0

V  • V =  0  ,

V  • h  =  0 ,

—  =  (H  • v )  V + v  V 2h ,  
dt

^  =  ß ' w + * '  v 2y .
dt

ge
4 л р 0

( v x h ) x H ,  (28)

(29)

(30)

(31)

(32)

E q s . (28) — (32) an d  (16) w ith  th e  he lp  o f (27) give

_d_
dt

V 2 w =  g d2 , d2
dx2 dy2

d2

(хв — X y) +  W 4co -f peH  dhz
4 jrg0 dz

+  v0 V 2 - 3
dz2

К
dz

ЭС  « h I Me H  d l----— r V 2 C +  — ---------------- v0
dt

dh

4тг q0 dz
V 2 -  3 d2

dz2 )
do)
dz

Я  —  +  Vv 2hz , 
dt dz

d! „  d ?  - £ 

dt dz

—  +  D 
dt ß  +

g ш ,

d_
dt

x '  V 2 у  =  ß'co .

+

(33)

(34)

(35)

(36)

(37)

(38)

Acta Phys ica Academiae Scientiarum Hungaricae 48, 1980



3 5 6 R. C. SHARMA and К . N. SHARMA

E lim in a tin g  0, у,  £, I  an d  h z f ro m  E qs. (33) — (38) an d  using  expression  (17), 
w e o b ta in  th e  d isp e rs io n  re la tio n

ne +  A ' n 5 + A ’ ni +  A ^ n 3 +  A i n 2 +  A i n  +  A'0 =  0 , (39)

w h ere

A's +  D  +  2 A  +  k2x \

A l  =  G -f- A (D  -f- к2 V x '  7]) -f- L  -f- B,

A l = M  +  A L  + G ( D  +  к2 V +  +  y ) +  B  (D +  k2 x ' +  2r,),

A'2 =  i M  +  N '  +  GL +  В  ( i f  fc1 +  2x ' ф 4 +  k2 D x' +  2V) ,

A i  =  A N '  +  G M +  B (x '  rj2к6 +  ф * D r ) + 2 x ’),

A ’0 =  G N '  +  B x ' r f W D  ,1

a n d  we have w r i t te n

k \Î,4 =  **(„ +  n), B  =  {»„(fc2 -  3 fc? )} * -^ -, G =  +  fef F 2 ,
kr

L  =  k \ x '  r] +  г«' +  vry) +  fe2D (r-|-« ' +  rj) +  Г

M  =  vrjx' A;6 D k \ x '  rj +  w<' +  r?j) +  k2(x'  +  rj) Г  |/9 +  

+  r 'ß ' (D  +  ijfe2) +  k l  V 2(D  +  x ' k2)

ß  + + r ß \

+

a n d

N '  =  vrpt' k* D  +  Г ß +  - i - |  к ' ф 1 + Г  ß' rjk2 D + x ' k 2 k \ VLD. 
CDI

W h e n

ű < 0  a n d  \(vx'к* +  Г ’ ß ' ) D \ > r ß + J - x ’ к2,

th e  c o n s ta n t te rm  in  E q . (39) is n eg a tiv e . T he p ro d u c t of th e  ro o ts  m u st th e n  
b e  n eg a tiv e . T h e re fo re  a t  le a s t one ro o t o f E q . (39) is p o sitiv e  an d  one ro o t is 
n e g a tiv e . T he occu rrence  o f p o s itiv e  ro o t im p lies m ono ton ie  in s ta b ility . (26), 
th e re fo re , d e te rm in e s  th e  c r ite r io n  for m o n o to n ie  in s ta b ility .

W e conclude  th e re fo re  t h a t  th e  c rite rio n  fo r  m ono ton ie  in s ta b ili ty  derived  
in  th e  presence o f H a ll cu rre n ts , also holds good in  th e  presence o f fin ite  L a rm o r 
ra d iu s  effect on  th e rm o h a lin e -co n v ec tiv e  in s ta b il i ty  of a s te lla r  a tm o sp h ere .
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UNSTEADY FORCED AND FREE CONVECTIVE 
MHD FLOW PAST AN INFINITE VERTICAL 
POROUS PLATE WITH CONSTANT SUCTION 
AND OSCILLATORY WALL TEMPERATURE
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Y .  M. S o U N D A L G E K A R
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and

S. R . S h e n d e
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(Received 25. II. 1980)

A tw o-dim ensional unsteady flow of a viscous, incom pressible, electrically conducting 
fluid p a s t an infinite v ertica l porous p late  has been carried ou t under the following conditions: 
1 ) constan t suction a t  th e  p late; 2 ) the wall tem perature oscillating in  tim e abou t a non-zero 
m ean; 3) constant free-stream ; 4) transversely  applied uniform  m agnetic field.

A pproxim ate solutions to coupled non-linear equations governing the flow have been 
derived fo r th e  tran sien t velocity, the tran s ien t tem perature, the am plitude and phase of the 
skin fric tion  and the ra te  o f heat transfer. T he velocity and  th e  tem perature  have been shown 
on graphs and  the num erical values of th e  am plitude and phase are entered in  Tables. I t  has 
been observed th a t the am plitude of the skin friction and th e  ra te  of heat transfer decrease due 
to  the application of th e  transverse m agnetic field, b u t increase due to  increasing the Grashof 
num ber.

1. In tro d u c tio n

O sc illa to ry  flo w s p a s t bodies o f  sem i-in fin ite  n a tu re  w ere s tu d ie d  by  
M o o r e  [1], L i g h t h i l l  [2], L i n  [3], S t u a r t  [4], e tc . L i g h t h i l l  s tu d ie d  th e  
sm a ll-am p litu d e  ph en o m en o n  an d  L i n  stu d ied  th e  f in ite -a m p litu d e  p h en o m e
non. H ow ever, th e se  s tud ies are co n fin ed  to  h o riz o n ta l bodies. T h e  effects of 
free -s tream  oscilla tions on th e  flow  p a s t a v e r tic a l po rous iso th e rm a l p la te , 
on ta k in g  in to  ac c o u n t th e  free co n v ec tio n  cu rren ts , w ere s tu d ied  b y  S o u n d a l - 

g e k a r  [5 ,  6]. In  [5 ]  th e  m ean flow  a n d  in  [6] th e  u n s te a d y  flow  w as stu d ied . 
The effec ts  of c o n s ta n t h e a t flu x  on  th e  o sc illa to ry  flow  p a s t a v e r tic a l porous 
p la te  w ere  s tu d ied  b y  S o u n d a l g e k a r  an d  G u p t a  [7]. B u t in  m a n y  in d u s tr ia l 
ap p lica tio n s , th e  p la te  te m p e ra tu re  is found  to  be  osc illa ting  an d  th e  free- 
s tre a m  is un ifo rm . S u ch  a s itu a tio n  in  case of a p o ro u s in fin ite  p la te  has been  
re c e n tly  s tu d ied  b y  S o u n d a l g e k a r  [ 8 ] .

T h e  effects o f  a  tran sv e rse ly  ap p lied  m agnetic  fie ld  on th e  flow  considered  
in  [4] w ere  s tu d ied  b y  S u r y a p r a k a s h  R a o  [9] fo r an  e lec trically  co n d u c tin g  
flu id  w h ereas  th e  M H D  aspects o f  [5 , 6 ]  were s tu d ie d  b y  S o u n d a l g e k a r  

[10, 11] a n d  th a t  o f  [7] b y  S o u n d a l g e k a r  and  W a v r e  [12]. I t  is now  p roposed  
to  s tu d y  th e  effects o f  a un ifo rm ly  ap p lied  m agnetic  fie ld  on th e  u n s te a d y  flow
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p a s t  an  in f in ite  v e r tic a l porous p la te  w hose te m p e ra tu re  oscillates in  tim e  ab o u t 
a  c o n s ta n t m ean  te m p e ra tu re . In  S ection  2 th e  m a th e m a tic a l analysis  is 
p re s e n te d  an d  in  S ection  3 th e  conclusions are  se t o u t.

2. M ath em a tica l analysis

C onsider th e  flow  in  th e  u p w a rd  d irec tio n  o f  an  e lec trica lly  co n d u c tin g  
in co m p ressib le  f lu id . T he я ' -ax is  is ta k e n  a long  th e  p la te  in  th e  d irec tio n  of 
th e  flo w  a n d  th e  y '-a x is  is ta k e n  n o rm a l to  th e  p la te . T he m a g n e tic  fie ld  of 
u n ifo rm  s tre n g th  is assum ed  to  be ap p lied  p a ra lle l to  th e  y '- a x is .  T h e n  as in  
[5, 6 , 10, 11], u n d e r  u su a l B o u sin esq  a p p ro x im a tio n , th e  flow  c a n  be show n 
to  be  governed  b y  th e  fo llow ing co u p led  n o n -lin ea r eq u a tio n s:
C o n tin u ity  e q u a tio n :

M o m en tu m  e q u a tio n :

dv'

d y '
( 1 )

du ' v , d u \  

d f  d y '

d U '

d f
+  gß ( T ' - T ' J  +  v

P u ’

d y '2
? R ( U 0 - u ' ) .  (2)

Q

E n e rg y e q u a tio n :

э 'С п ( d r  , , d T ’ 1 ; d2 T
+  ^

idu'j
d f d y ‘ 1 d y '2 d y ’ ,

(3)

I n  E q s . (2) a n d  (3), th e  in d u c e d  f ie ld  is assum ed  to  be n eg lec ted . All th e  
p h y s ic a l v a ria b le s  h av e  been  d e fin ed  in  th e  N o ta tio n . F o r c o n s ta n t suction , 
E q . (1) in te g ra te s  to

v '  =  — v'0 , (4)

w h ere  v'0 is th e  c o n s ta n t su c tio n  a n d  th e  n eg a tiv e  sign in  (4) in d ic a te s  th a t  i t  
is  d ire c te d  to w a rd s  th e  p la te .

T he b o u n d a ry  cond itions are

u '  =  0, T  =  +  e ( K  -  T'„) eta' *' a t  y '  =  0 ,

=  U 0, V  =  T'm as y ' —*■ oo .

In tro d u c in g  th e  fo llow ing n o n -d im en sio n a l q u a n titie s

у  =  y '  v j v , t — t ’v2j4iv , со — 4>va)'lvl,

/ i t t  a  T ’ - T L  „  f iC p
и и IU 0 , 6 — T , _  T , » P K  ’ ( 6 )

ç  vgßjT» -  TL) E __ 
u 2

и 2 U 0
CP(T{V- T L )

, M
OB| v

evo
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in  E qs. (2), (3) an d  (5) an d  ta k in g  acco u n t of (4), w e get

d2u1 du du
Ge +

4 dt d y

P de p  de d2e
4 dt d y d y 2

d y2 

+  P E

M ( 1  -  u ) ,

d u \ 2 

d y )  ’

and  th e  b o u n d a ry  co n d itio n s are

и =  0 , 0 = 1  -)- Ee'mt 

и =  1, 0 =  0

a t и о

as у - *  Оо

(7)

( 8)

(9)

To solve th e  coup led  n o n -lin ea r e q u a tio n s  (7)— (8), we assum e in  th e  neigh
bou rh o o d  o f  th e  p la te

и — u 0 +  s eimt щ ,

e =  e0 + e e iate1, (io)

as e 1. S u b s titu tin g  (10) in  E q s. (7) an d  (8), e q u a tin g  th e  coeffic ien ts of 
d iffe ren t pow ers o f e, n eg lec tin g  th o se  o f  e2, we have th e  follow ing se t o f  coupled  
n o n lin ear e q u a tio n s:

К  +  К  — M u 0 =  

ii2 -f" u^ — I iVf ■ ! -
ia>
4 ~

M  -  G0O,

- Wl =  — G0l »

0Q 4" P0'o — — P E u '02 ,

0,; +  p o 'i
icoP

Öl -2P E uq u'y

( И )

( 12)

(13)

(14)

H ere a n d  h en cefo rth , th e  prim es d e n o te  d iffe ren tia tio n  w ith  re sp e c t to  y ,  
an d  th e  b o u n d a ry  co n d itio n s  are

it0 =  0 , щ  — 0, 0O =  1, 0X =  1 a t  у  — 0, 

u 0 =  1, щ  — 0, 0O =  0, 0X =  0 as у  —► oo.
(15)

As th e  a n a ly tic a l so lu tio n s o f E qs. (11) — (14) are n o t possib le , we ag a in  ex p an d  
u0, uv  0O, 61 in  pow ers o f  E,  th e  E c k e r t  n u m b er as fo r  incom pressib le  flu id s, 
E  1. T h u s

u 0 — u 01 -(- E u 02, ux =  un  -(- E u12,

Öq —  ÖqI +  E ö 02, 0г =  0Ц +  Е в ^ .
(16)
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S u b s titu tin g  (16) in  E q s. (11) — (14), eq u a tin g  th e  coefficients o f  E ,  neg lecting  
th o se  o f E 2, w e ge t

uoi +  uoi — M u 01 — — M  — G0o l,

Uq2 Uq2  — M u 02

-  M  +u í l  +  u 12 —  ^

u 12 H- u12 — -\---

0OÍ +  pQ'o 1 =  0 ,

0Ó2 +  P0Ó2 =  -P « iî ,
icoP

~Св02 ,

U11 =  Й0Ц »

•»12 — G012,

ÖU +  Р 0 ц

ÖÍ2 +  PÖÍ2

4 

icoP

0 ц  ----  0  ,

u12 —2Р и01 иц

(17)

(18)

(19)

(20)

(21)

( 22)

(23)

(24)

a n d  th e  co rre sp o n d in g  b o u n d a ry  co n d itions are

m0i (o) =  6» и (я{0) =  Mn(°) =  0» м1г(0) =  ®

0oi(o) — 1? 0 02(o) =  0 , 0n (o) =  1 , 01г(°) : 0

U0l(°°) =  !» W02(°) =  Ull(°) =  M12(°) =  0
0Ol(°°) =  0» 002(°o) =  0, бц(оо) =  0, 012(oo) =  0

(25)

T h e  so lu tions o f  th e se  coupled  lin e a r  eq u a tio n s  (17) —(24), sa tis fy in g  (25) are  
o b ta in e d  a n d  on  su b s titu tin g  in  (16), we get

0O =  е - рУ +  E

2 P 2n

p„2 p„2
( Й1 _  1)2 _ £ ! L  ( е - я у  _  е2лу) 4 . ( е - Р у  _  е -2 Р у )  _

а0 2

п ( Р  +  п) 

G

-  К  -  1)аг ( е ~ р У —  е ~ ( р + п )У (26)

Р 2 -  Р  — М

2 а х Gn P f

, а2 =  4п2 — 2 Р п  ,

=  е - ^  +  Е
«3 а4

. . , , 2а,  Gn Ph , .
( е - л у  —  e-(n+f)y — — _1--------------(е~иУ e -(n+h)y —

Cl л Cl4 w 5

2 ° !  G J> 2 /  ( e - f ty  _  e _ ( P + / ) y )  _)_ ^ t t i G P f h _  ( e- h y  _  e - ( P  +  ft)y)

а  ой.3^4 x4 u6
(27)
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1+^1+4M P + ypä + icoP
n = -----------2-----------’ /l = --------------- 2-----------

f
У 1 + 4 M f ICO

«з =  (P  + / ) 2 -  P (P  + / )  -  , a 4 =  A2 -  A -  \ M  +

«5 =  (n +  A)2 -  P(re +  A) — ^ , a6 =  ( P  +  A)* -  P ( P  +  A) -

ы0 =  1 —  е-"У  +  а 1( в - пУ — е - р У) +  E re2 P (0l -  l ) 2
+

P a 2 20,(0, -  l)reP 2 | .
H--------- L ----------— -------- -------- 1 (е -" У  — е ~ р У) —

2 re(P +  re) J

( a1 - l ) 2Gre2 P / ,  . af  PG .
v 1 '  — (е -" У  — е - 2пУ ) -------- -------- ( е ~ п У —  е ~ 2 р У)  +

2a, (a, — l ) r e P 2G
-|---------------------L---------- (е~пУ — е-(р+п)У)

a9 re(P +  re)

a ,  =  4re2 — 2n — M ,  a s =  4 P 2 — 2 P  — M,  

a 9 =  ( P + r e ) 2 - ( P  +  r e ) - M ,

iq =  ----(e-/y — е - лУ) +  E 2PG2 1 nf nh

l «10 «5 ,

— a, ( P f PA 1

{ «3 « в  1

(e- /y  _  e-/iv)

j fe  -  ЦС ^У  (e- / v  _  e- ( n +/)v) +  X
(a io M )a10 a 4 (a3 iVf)a3a 4

X (е - /У  —  е -< р +Лу)
2at P 2 AG2

(«6 — M )«e«4
( e ~ f y  —  e - Í P + V y )

w here

« io  =  ( «  + / ) 2 -  p ( «  +  / )
icoP

(28)

(29)

S u b s titu tin g  th e  values o f  u 0, olf 0O, f ro m  th e  above in  E q  (10), we g e t th e  
exp ressions fo r th e  v e lo c ity  a n d  te m p e ra tu re  profiles. T h ese  can be w r itte n
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in  te rm s  of th e  f lu c tu a tin g  p a r ts  o f  th e  v e lo c ity  and  th e  te m p e ra tu re  as

u(y, t) =  U0(y ) +  e(M r cos cot — M t sin  cat) , (30)

9(y, t) =  в0(у) +  s(Tr cos cot — Tj sin cot), (31)
w h ere

M r +  =  Uj, T r +  iT(  =  0X .

H ence th e  expressions fo r  th e  t r a n s ie n t  v e lo c ity  a n d  th e  tra n s ie n t t e m 
p e ra tu re  fo r cat — тг/2 are w r i t te n  as

u(y, я  12) =  u 0(y) — eMi, 

6(y, Tt/2) =  60{y) — eT,-.
(32)

T h e  tra n s ie n t  v e lo c ity  p ro files a n d  th e  t r a n s ie n t  te m p e ra tu re  profiles a re  
show n  in  F ig . 1 an d  Fig. 2 , re sp ec tiv e ly . W e observe fro m  F ig . 1 t h a t  d u e  
to  th e  ap p lic a tio n  o f  m ag n etic  f ie ld  th e re  is  a  considerab le  fa ll in  th e  v e lo c ity . 
A n  increase  in  G, со or E  leads to  a rise in  th e  v e loc ity  w h e reas  an increase  in  
Af lead s to  a fa ll  in  th e  v e lo c ity . W e o b se rv e  from  F ig . 2 th a t  due to  th e  
ap p lic a tio n  o f  th e  m agnetic  f ie ld  th e re  is a  fa ll in  th e  tr a n s ie n t  te m p e ra tu re . 
A n  increase  in  со o r g rea te r v isco u s d iss ip a tiv e  h e a t causes a rise  in  в w h e reas  
a n  in crease  in  G le ad s  to  a fa ll in  th e  va lu e  o f  в.

I t  is now  p ro p o sed  to  s tu d y  th e  sk in -fric tio n . I t  is g iv en  by

t  =  t ' I q U 0v 0 du d u 0 ■ du,_L ppiml 1
dy y=0 dy y=o dy

(33)

du0
dy y=о

F ro m  (33) an d  (29), we have

re p re se n ts  th e  m ean  sk in -fric tio n  a n d  i t  has b een  discussed in  [10].

diij
dy

=  - / >  +  E
y=0

2 PG2(h - f )

( Ph Ph  11 2 (fll -  1) G2 n 2 P f  ^

a3 a6 ) a0 a4 (a 10 M
2ax G2 P 3 /  2oj P 2 hG2 (P  + h  - / )

|a 3 a 4 (a3 — M ) a4 a6(ae — M )
(34)

W e now  s tu d y  th e  am p litu d e  a n d  th e  phase  o f  th e  skin fr ic tio n . W e ex p ress  
(33) in  te rm s o f  th e  am p litu d e  an d  phase as:

w here

T = d u 0
dy

+  e |B | cos (cot +  a) , 
y= 0

В  =  B r -|- iBj  =
dux
dy y- »

(35)

(36)
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Fig. 1. T ransient velocity profiles e =  0.2, oil =  л /2
M G E CO

2 5 0.01 5 Í
2 5 0.01 10 II
2 5 0 .02 5 I I I
2 10 0.01 5 IV
4 5 0 .01 5 V
0 5 0.01 5 VI

and
ta n  a  =  В,/ B r .

T he n u m erica l v a lues o f |B | a n d  ta n  a  a re  en te red  in  T a b le  I . W e o b se rv e  
from  th is  T ab le  th a t  th e  a m p litu d e  of th e  sk in -fric tion  decreases ow ing  to  
th e  ap p lic a tio n  o f th e  m ag n e tic  field . A n  increase  in  w le a d s  to  a decrease  
in  th e  v a lu e  o f  |B |.  U nder th e  action  o f  th e  m agnetic  f ie ld , g rea te r v isco u s
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Fig. 2. T ransien t tem perature profiles e — 0.2, cot л  rr/2
M G E CO

2 5 0 .01 5.0 I
2 5 0 .01 1 0 .0 I I
2 5 0 .02 5.0 I I I
2 10 0 .01 5.0 IV
0 5 0 .01 5.0 VI

Table I

Values of |B| and t a n a ,  |Q| and tan  f t

M G E CO 1*1 tan a 101 tan ßt

0 5 0 .0 1 5 2.5260 -0 .94108 1.2483 0.63667
10 1.7772 -0 .98718 1.6229 0.70725
15 1.4400 — 1.0013 1.9142 0.74762

2 5 0 .0 1 5 2.1239 — 0.48531 1.2312 0.60291
10 1.6639 -0 .66274 1.6126 0.69635
15 1.3965 — 0.75672 1.9075 0.74196

2 5 0 .0 2 5 2.1261 -0 .48873 1.2258 0.62646
10 1.6642 -0 .66503 1.6134 0.70976
15 1.3960 -0 .75819 1.9097 0.75057

2 10 0 .0 1 5 4.2587 —  0.49361 1.2199 0.65518
2 10 0 .0 1 10 3.3278 —  0.66830 1.6164 0.72582

15 2.7908 —0.76028 1.9123 0.76082

4 5 0 .0 1 5 1.7822 —  0.38444 1.2304 0.5951
10 1.5022 —0.50326 1.6103 0.69341
15 1.3120 —0.60435 1.9056 0.74073

d iss ip a tiv e  h e a t  o r an  in c rease  in  G leads to  a  rise in  th e  v a lu e  of |B | w h ereas  
a n  increase in  M  leads to  a  fa ll in  th e  v a lu e  of |B |.  T h e  values o f t a n  a  
b e in g  o b serv ed  to  be n e g a tiv e , we conclude t h a t  th ere  is a lw ay s  a phaselag .
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K now ing  th e  te m p e ra tu re  field , we now  s tu d y  th e  r a te  of h e a t tra n s fe r  
I t  is g iven  by

du'

by' J y . ,

an d  in  v iew  o f (6), (37) reduces to

q 'v dd „
4 =  —

k 0( T í  -  Г ;)  dy
+  ее ■, de -n o t ___ L

у -о dy

(37)

(38)
y = »

H ere ,
ddо 
dy у—о

rep re sen ts  th e  m ean  ra te  o f  h e a t tra n sfe r  a n d  has been  d iscussed

in  [10]. F ro m  (38) an d  (27), we get 

=  - h  +  Edex
dy y= о

2axG n P f  { n + f _ h ) _ 2a1Gn*Ph
«3

2a' G p 2 f  ( p + f - h ) + - 2^ G p3h

a* a4 w5

a 4 *4 u6
(39)

W e now  express q in  te rm s  o f th e  a m p litu d e  |@j and  th e  p h ase  of th e  r a te  of 
h e a t tra n s fe r . I t  is g iven  b y

4 = dy
+  e |Ç | cos (cot +  ßx) ,

|y=o

w here

Q — Qr + iQ i  —
dQx

an d

(40)

(41)
y=оdy

ta n  ßx =  QilQr .

T he n u m erica l values o f  \Q j an d  ta n  ß x a re  en te red  in  T ab le  I . W e observe  
from  T ab le  I  th a t  due to  th e  ap p lica tio n  o f th e  m agnetic  fie ld , th e re  is a  fa ll 
in  th e  va lu e  of [@|. A n increase  in  G, M  o r E  leads to  a fa ll in th e  v a lu e  of 
|() j b u t  |Ç | increases due  to  a rise in  th e  v a lu e  of со. T h ere  is alw ays a  phase- 
lead  in  case of th e  ra te  o f  h e a t tra n sfe r .

3. C onclusions

(1) D ue to  th e  ap p lica tio n  o f  th e  tra n sv e rse  m agnetic  fie ld , th e re  is a  fa ll in  
th e  tra n s ie n t v e lo c ity  an d  th e  t r a n s ie n t  te m p e ra tu re .

(2) A n increase  in  со or К  leads to  a rise  in  th e  tra n s ie n t v e lo c ity  an d  te m p e 
ra tu re .

3 Acta Physica Academiae Scientiarum Hungaricae 48, 1980



368 V. M. SOUNDALGEKAR and S. R. SHENDE

(3) A n increase  in  G leads to  a rise in  th e  t r a n s ie n t  ve lo c ity  an d  a fa ll in  th e  
tra n s ie n t te m p e ra tu re .

(4) D ue to  th e  ap p lica tio n  o f th e  m agnetic  f ie ld , th e re  is a fa ll in  th e  v a lu e  o f 
\B I an d  |Ç |.

(5) A n in crease  in  ы leads to  a  fa ll in  th e  v a lu e  o f [ JB | an d  a  rise in  th e  v a lu e

° f  l<?N
(6) G rea te r v isco u s d iss ip a tiv e  h e a t causes a  rise  in  th e  v a lu e  of |£ |  a n d  a 

fa ll in  th e  v a lu e  o f |Ç |.
(7) A n increase  in  G leads to  a rise  in  th e  v a lu e  o f |£ |  a n d  a  fa ll in  th e  v a lu e  

o f j()| b u t  th e re  is a fa ll in  th e  value o f  |B | a n d  |Q| ow ing  to  a rise  in  M .
(8) T here  is a p h ase -lag  in  case  o f sk in -fric tio n  an d  a p h ase-lead  in  case o f 

th e  ra te  o f  h e a t  tran sfe r .

R E FE R E N C E S

1. F . K. M o o r e , U nsteady  lam inar boundary  layer flow, NACA T N  2471, 1951.
2. M. J . L ig h t h i l l , Proc. Roy. Soc. (London), A224, 1, 1954.
3. С. C. L i n , Proc. 9 th  In ti. Congress of Applied M ech., 4, 155, 1957.
4. J .  T. St u a r t , Proc. Roy. Soc. (London), A231, 116, 1955.
5. V. M. S o u n d a l g e k a r , Proc. R oy. Soc. (London), A333, 25, 1973.
6 . Y. M. S o u n d a l g e k a r , A333, 37, 1973.
7. V. M. S o u n d a l g e k a r  and S. K . G u p t a , Iran  J .  Sei. and Tech., 6 , 11, 1977.
8 . V . M. S o u n d a l g e k a r , U nsteady forced and free convective flow p as t an infinite vertical

porous p la te  w ith  oscillatory wall tem peraturej and  constant suction, J . A strophys. 
and Space Science, 1979 (accepted  for publication).

9. U. S. R ao , Zeit. Angew. M ath. Mech., 42, 133, 1962.
10. V. M. S o u n d a l g e k a r , J . F lu id  M ech., 6 6 , 541, 1974.
11. У. M. S o u n d a l g e k a r , Zeit. Angew. M ath. M ech., 55, 257, 1975.
12. V. M. S o u n d a l g e k a r  and P . D . W a v r e , Zeit. Angew. M ath. Mech., 59, 62, 1979.

N otation

|B | am plitude of the skin-friction u dimensionless velocity in the A-direc-
Bo m agnetic field tion
Ç» specific h e a t a t  constant pressure u„ free-stream  velocity
É E ckert num ber “ o m ean velocity
g accelertaion due to  gravity *»0 suction velocity
G Grashof num ber x ' , y ' co-ordinate system
к therm al conductiv ity У dimensionless co-ordinate norm al to
M r,, М / fluc tuating  p a rts  of th e  velocity th e  wall

profile Ol' frequency
M m agnetic fie ld  param eter t ' skin-friction
P P ran d tl num ber в dimensionless tem perature
q ' ra te  of h e a t transfer 0 « m ean tem perature
ICI am plitude o f th e  ra te  of h e a t transfer ев. am plitude of th e  tem perature fluc
t ' dim ensional tim e tuation
t dim ensionless tim e a phase angle of th e  skin-friction
T ' tem pera tu re  of the fluid Pi phase angle of the  rate  o f h ea t
T'w tem pera tu re  o f the plate transfer
T L tem pera tu re  of the fluid in  th e  free- e ' density of th e  fluid

stream /fQœ density of the flu id  in the free-stream
T r. T( fluc tua ting  p a rts  of the tem pera tu re V kinem atic viscosity

profile P viscosity
u ', v ' velocity com ponents in  th e  x ', y '- a electrical conductiv ity  of the fluid

directions ß coefficient of volum e expansion
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SHOCKS AND WAVES IN THERMO-VISCOUS 
MFD WITH HIDDEN VARIABLES*
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A . Morro
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(Received 26. II . 1980)

The behaviour of heat conducting viscous fluids, ac ted  on by  a m agnetic field, is describ
ed w ithin the approxim ation of m agnetofluiddynam ics through a model accounting for heat 
conduction and viscosity  via hidden variables. The constitu tive  equations adopted m eet the 
restrictions im posed by  the second law  of therm odynam ics and reduce to  Navier-Stokes’ 
and  Fourier’s laws in  sta tionary  processes. The forem ost resu lt of th e  paper is th a t , in  general, 
such constitu tive equations allow shock and wave propagation  in  therm o-viscous fluids. In  
particu lar, when th e  discontinuity  fron ts enter a region a t  equilibrium , th e  shock relations 
sim plify to the s tan d ard  shock relations of m agnetofluiddynam ics and the (acceleration) wave 
relations characterise waves which are th e  counterpart o f the custom ary Alfvén waves and 
m agnetoacoustic waves. Indeed, viscosity and heat conduction introduce quan tita tive  differ
ences b u t leave th e  propagation modes qualitatively  unchanged.

1. In tro d u c tio n

A  sy s te m a tic  acco u n t fo r h e a t  co n d u c tio n  an d  v isco sity  in  m ag n e to 
flu id d y n am ics  (M FD ) w ould  he h ig h ly  desirab le  on th e  hasis o f  v a rio u s a rg u 
m en ts . To beg in  w ith  n o te  t h a t  h e a t co n d u c tio n  an d  v isco sity  are  u su a lly  
considered  fo r th e  pu rpose  o f p ro v id in g  a d esc rip tio n  o f th e  shock  s tru c tu re  
— see, e .g ., [1], [2] §4 .2.3. Also, on appea ling  to  th e  law  o f increase  of e n tro p y , 
i t  is com m only  a sse rte d  th a t  th e  e n tro p y  of a f lu id  w hich  has passed  th ro u g h  
a shock  m u st exceed  th e  in itia l e n tro p y  — [3] §82 . Such an  asse rtio n  ap p ears  
to  he  obv ious i f  irrev e rs ib le  p h en o m en a , like h e a t  co nduc tion  an d  v iscosity , 
a c tu a lly  occur in  th e  flu id . H ow ever, th e  ex is ten ce  o f irrev ers ib le  p h en o m en a  
is in  deep  c o n tra s t  w ith  th e  c u s to m a ry  energy  b a la n c e  eq u a tio n  as expressed  
b y  th e  v an ish in g  o f  th e  m a te ria l tim e  d e riv a tiv e  o f th e  e n tro p y . So in  M FD , 
as w ell as in  o rd in a ry  f lu id  d ynam ics, th e  flu id  is reg a rd ed  as v iscous an d  h e a t 
co n d u c tin g  or in v isc id  an d  n o n -h e a t-c o n d u c tin g  d epend ing  on th e  p a r tic u la r  
to p ic  to  h an d .

T he c ru x  o f  th e  m a tte r , w h ich  is a t  th e  b o tto m  o f th is  a p p a re n t c o n tra 
d ic tio n , is th a t  N a v ie r—Stokes’ law  o f v isco sity  a n d  F o u rie r’s law  o f h e a t con-

* W ork perform ed under the auspices of the N ational Research Council (C.N.B. — 
G.N.F.M .), Italy .
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d u c tio n  ru le  o u t th e  p o ssib ility  o f  w av e  p ro p a g a tio n . T h is m akes i t  u n a v o id 
ab le  to  assum e th a t  th e  flu id  is in v isc id  an d  n o n -h ea t-co n d u c tin g  w h en ev er 
w av e  p ro p a g a tio n  p ro b lem s are  concerned . Y e t th e  ach iev em en t o f a m odel 
o f  h e a t  c o n d u c tio n  a n d  v iscosity , co m p a tib le  w ith  w ave p ro p ag a tio n , w ould  
be th e  b e s t w ay  fo r rem o v in g  th e  c o n tra d ic tio n  o u tlin ed  above.

I n  re la tio n  to  th is  su b jec t in  th e  la s t  th i r ty  y ea rs  m uch  resea rch  h a s  been 
u n d e r ta k e n  b o th  in  th e  classical a n d  in  th e  re la tiv is tic  c o n te x t — see, e.g. 
[4, 5] a n d  references c ite d  th e re in . N ev erth e less , to  m y  m ind  fu r th e r  re sea rch  
is in  o rd e r because , on  th e  one h a n d , th e  l i te ra tu re  h as  been  concerned  a lm ost 
o n ly  w ith  th e  h e a t eq u a tio n  a n d , on  th e  o th e r h a n d , th e  m odels c a rr ie d  ou t 
a p p e a r  to  be n o t  v e ry  h a n d y  fo r a p p lica tio n s .

R e c e n tly , th e  p rob lem  o f w ave p ro p a g a tio n  in  th e rm o-v iscous m a te ria ls  
h as  b een  faced  b y  m y se lf  in  [6] b y  su p p o sin g  th e  m a te r ia l to  be e q u ip p ed  w ith  
a  su ita b le  se t o f  h id d e n  v ariab les  [7, 9 ]. F o llow ing  a long  th e  sam e lines, in  
th is  p a p e r  I  a t te m p t  to  p roduce  a  th e o ry  o f th erm o -v isco u s M FD  w hich  is 
b o th  p h y s ic a lly  so u n d  an d  fo rm a lly  n o t  to o  co m p lica ted . In  th is  co n n ec tio n  
i t  is a re m a rk a b le  fa c t th a t  a sy s te m a tic  use o f th e  M FD  a p p ro x im a tio n  allow s 
us to  d ro p  o u t th e  dependence  o f e lec tric  an d  m ag n e tic  q u a n titie s  on th e  h id d en  
v a r ia b le s . A  fu r th e r  s im p lifica tion  is in tro d u c e d  b y  considering  lin ea r  u n c o u p l
ed  e v o lu tio n  e q u a tio n s  for th e  th e rm a l an d  viscous h id d en  v a riab le s .

T h e  p lan  o f  th e  p ap e r is as fo llow s. A cco u n tin g  fo r th e  second  law  of 
th e rm o d y n a m ic s  v ia  th e  C lausius — D u h em  in e q u a lity , th e  fu ll se t o f  co n sti
tu t iv e  e q u a tio n s  is g a th e re d  in  S ec tio n  2. T h en , on ap p ea lin g  to  th e  n o te 
w o r th y  fe a tu re  o f h id d en  v a riab le s , w h e reb y  th e y  are  co n tin u o u s across d is
c o n tin u ity  f ro n ts  o f  th e  e x te rn a l v a ria b le s , in  S ec tion  2 th e  ju m p  re la tio n s  
fo r shocks — s tro n g  d isco n tin u itie s  — a n d  w aves — w eak d isco n tin u itie s  — 
a re  d e riv ed . T he shock  re la tio n s  becom e ju s t  th o se  o f s ta n d a rd  M F D  w hen 
th e  reg io n  ah ead  o f  th e  shock is h e ld  a t  eq u ilib riu m  u n til  th e  a r r iv a l o f th e  
f ro n t . In  v iew  o f th is  I  have  e lec ted  to  d ev o te  th e  su b seq u en t sec tion  to  th e  
in v e s tig a tio n  o f w av e  p ro p a g a tio n  only . P rec ise ly , u n d e r th e  a ssu m p tio n  
t h a t  th e  reg ion  a h e a d  has been  a t  eq u ilib riu m , S ection  4 ex h ib its  th e  p ro p a g a 
t io n  co n d itio n  a n d  th e  p ro p a g a tio n  m odes. T he m ost o u ts ta n d in g  resu lts  
m a y  be  su m m arised  b y  say ing  t h a t  tw o  ty p e s  o f w aves are  possib le , n am ely  
A lfv én -lik e  w aves a n d  m ag n e to aco u stic -lik e  w aves, w hile zero -speed  w aves 
o ccu r o n ly  in  th e  case o f n o n -h e a t-c o n d u c tin g  f lu id s . In  g enera l, i t  tu rn s  
o u t  t h a t  th e  e ffec t o f  th e  h id d en  v a riab le s  affect th e  va lu e  o f th e  speeds b u t  
le av e  th e  p ro p a g a tio n  m odes q u a li ta t iv e ly  u n ch an g ed .

T h e  en co u rag in g  resu lts  o b ta in e d  in  th is  p a p e r  an d  th e  need  fo r  a m odel 
o f  v isc o s ity  in  g en era l re la tiv ity , o u tlin e d  in  S ection  5, suggest to  ta k e  over 
in to  th e  re la tiv is tic  co n te x t th e  th e o ry  o f th e rm o-v iscous M FD . A p re lim in a ry  
re la tiv is tic  c o u n te rp a r t  concern ing  th erm o -v isco u s f lu id d y n am ics  h a s  been 
d ev e lo p ed  in  [10].
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2. H idden  variab les. C onstitu tive  equations

T h ro u g h o u t th e  d o m a in  of any  f ie ld  u n d er co n sid e ra tio n  is <3txR , 
SU being  th e  sim p ly -co n n ec ted  region o ccu p ied  b y  th e  f lu id  in  th e  p re se n t 
co n fig u ra tio n  an d  R  th e  s e t  o f  rea l n u m b e rs . The sy m b o l V  s tan d s  fo r  th e  
sp a tia l g ra d ie n t while a su p erp o sed  do t d e n o te s  th e  m a te r ia l  tim e  d iffe re n tia 
tio n . As u su a l, Q is th e  m ass d en sity , V th e  ve lo c ity , T th e  C auchy  s tress te n so r , 
D th e  s tre tc h in g  tenso r, e th e  in te rn a l en e rg y  d ensity , В th e  m ag n e tic  in d u c tio n , 
fi th e  m ag n e tic  p e rm eab ility , an d  H  th e  m a g n e tic  field. T o  ad h ere  to  th e  s ta n d 
a rd  acco u n ts  o f  M FD  th e  lin e a r  c o n s titu tiv e  e q u a tio n

В =  /хН (2.1)

i,s a ssu m ed  to  be tru e . T he sy m b o l т  d en o tes  th e  m agnetic  s tre ss  ten so r, t h a t  is

T =  p (H  ® H -----Я 21 ) . (2.2)

T h e  e lec trica l co n d u c tiv ity  is supposed  to  b e  in fin ite . A cco rd ing ly , th e  b a lan ce  
law s fo r m ass , m o m en tu m , energy , an d  m ag n e tic  fie ld  c a n  be rep re se n te d , 
re sp ec tiv e ly , b y  th e  d iffe ren tia l eq u a tio n s

Q +  QV ■ V =  0 ,

eV =  V • (T +  T) +  g b , (2.3)

оё =  T : D — V  • q +  gr , 

в =  (B • v ) V  — B ( v  - V ) ,

w here b is th e  m ev^anical b o d y  force, q  th e  h e a t flux , r  th e  h e a t su p p ly , an d  
T  : D is th e  tra c e  of TD. M oreover th e  f ie ld  В m ust m ee t th e  cond ition

V • В =  0 . (2.4)

B y  v ir tu e  o f  (2 .1) an d  (2.2) th e  b eh av io u r o f  th e  flu id  is co m p le te ly  d e te rm in e d  
once th e  c o n s titu tiv e  e q u a tio n s  for T, q , e, and  th e  specific  e n tro p y  rj are  
g iven . N ow , to  avoid  th e  u n p le a sa n t fe a tu re  o f  N av ie r—S to k es’ an d  F o u r ie r ’s 
law s, im ag in e  th e  flu id  to  b e  equ ip p ed  w ith  a su itab le  s e t  o f  h id d en  v a ria b le s
[6] b u t, m eanw hile , assum e th a t  th e  c o n s titu tiv e  E qs. (2.1), (2.2) a re  le ft 
u n ch an g ed . P rec ise ly , le t t in g  6 s tan d  fo r  th e  te m p e ra tu re , xp =  e — 6rj th e  
free energy , a n d  о  =  (xp. n . T , q) th e  set o f  response fu n c tio n s , we ac c o u n t for
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th e  b e h a v io u r o f  th e  f lu id  th ro u g h  th e  Cl 2 fu n c tio n s , a , f  su c h  th a t  (*)

о  =  o(0, g, a), (2.5)
á  =  f(0, g, V0, D , a), (2.6)

a  b e in g  th e  s e t  o f  h id d e n  v a riab le s .
To ad h e re  as close as possib le  to  th e  s ta n d a rd  th e o ry  o f  h ea t co n d u c tio n  

a n d  v isco sity  i t  is  co n v en ien t to  reg a rd  a as consisting  o f  a vecto r h id d e n  
v a r ia b le  ac £ R 3 a n d  a te n so r  h id d en  v a r ia b le  a„ £ Sym  (R 3, R 3) an d  b esid es  
to  choose th e  fu n c tio n  f  so as to  m ake (2.6) in to  th e  fo rm

â c =  — (V0 -  a c) ,
rc

0 ,  =  — ( D - a , ) ,

(2 .7)

w h ere  r c, rv >  0 p la y  th e  ro le  o f  re la x a tio n  tim es . I f  V  6, D are C° fu n c tio n ^  
on  [t0, i] th e n  th e  obv ious so lu tio n s o f E q s. (2.7) are

<*c(*) =  —  f  e x p  ( — ( t  —  C ) / r c) v 0 ( C ) d C  +  a c(t0) e x p  ( — (* —  t 0)lre)  ,
rc Jt, (2.7)'

« г ( 0  =  —  Г e x p  ( — ( t  —  Ç ) /t „) D i o  dÇ +  a „ ( t0) e x p  ( — ( í  —  í „ ) /t b) .
Jt.

T he response  fu n c tio n s (2.5) are  re q u ire d  to  be co m p a tib le  w ith  th e  seco n d  
law  o f th e rm o d y n a m ic s . O n assu m in g  t h a t  su ch  a law  is expressed  b y  th e  
C lau siu s—D u h em  in e q u a lity  a n d  a c c o u n tin g  fo r th e  en e rg y  balance (2 .3)3 
w e ta k e  i t  t h a t

— e iv  + í? Ö ) + T : D -----î - q  - V 0 ^ O  (2 .8)
в

h o ld s  a t  a n y  p a rtic le  o f  th e  f lu id  fo r e v e ry  se t of h is to rie s  d, g, V 0 Ç C*(R) 
a n d  D  £ C°(R). M ore ex p lic itly , (2.8) can  be  w ritte n  as

— g{ipo +  rj)ô +  i l  +  f y i g l — —  v J  : D -  (~ *4  +  —  V«.
I rv I { в rc

V0 +

+  в  I— ■V«. • “ c +  —  V»«. : > 0 ,

th e  su b sc rip ts  0, g, a c, <xv d en o tin g  p a r t ia l  d e riv a tiv e s . T h e  solu tions (2 .7 ) ' 
m a k e  i t  e v id e n t th e  ind ep en d en ce  o f a c(t), a„(t) o f th e  p re se n t values V  0(i),

l As already rem arked in  previous papers [6, 11], the explicit dependence of о  on
V 0 and  D is n o t com patible w ith  w ave propagation.
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D(f). A ccord ing ly , acco u n tin g  also fo r  th e  a rb itra rin e ss  o f 0(t), i t  fo llow s th a t  
th e  C lau siu s—D uhem  in e q u a lity  ho lds i f  an d  only i f

T =  - e 2ipe г Q ÖQ
I  +  —  W  4 =  — ----- (2.9)

rc

l
-----V*' ■ “ c + —  Y4 : “ o ^  0 • (2.10)
r c r„

So a n y  free energy  fu n c tio n  ip(6, q, a c, a„) co nsisten t w ith  (2.10) m a k e s  th e  
response  fu n c tio n s (2.9) id en tica lly  co m p a tib le  w ith  th e  second law  o f th e r 
m o d y n am ics. W ith  a v iew  to  th e  p u rp o se s  we h av e  in  m ind , th e  sim p lest 
m odel acco u n tin g  for h id d e n  v a riab le s  is o b ta in ed  b y  choosing ip in  th e  form

ip (в, e, а с, е д  =  Ч'(в, g) +  —
e

XTC
~2Q

• ac +  XTvav : a„ +  у  Я г,(I : a r)2| , (2.11)

Ч1 b e in g  an  a rb itra ry  fu n c tio n . O bserve  t h a t  th e  fu n c tio n  (2.11) m e e ts  th e  
re q u ire m e n t (2.10) i f  a n d  o n ly  i f  th e  n o n -v an ish in g  p a ra m e te rs  у, Я, x  a re  su b 
je c t  to  th e  restric tio n s

X >  0, ЗЯ - f  2y  >  0, у. >  0 . 

S u b s titu tio n  o f (2.11) in to  (2.9)^yields

r) =  —ipe
x r c a.r ■ a r

T =  — P I  +  2*а„ +  A(I : o p) I , q  =  — xa.c ,

(2 . 12)

(2.13)

(2.14)

w here p  =  ( f ip e. T he p h y s ica l m ean in g  o f  th e  p a ra m e te rs  у, Я, x  is e a s ily  r e 
cognised  b y  n o tin g  th a t  i f  V  в and  D a re  c o n s ta n t in  t im e  we get

lim  (<xc(t), a„(t)) =  ( V 0, D) .

So in  th is  in s tan ce , a p a r t  from  an  a d d itiv e  te rm  in  p  co n ta in in g  q u a d ra tic  
in v a r ia n ts  o f th e  h id d en  v a riab le s , E q s . (2.14) a sy m p to tic a lly  becom e j u s t  th e  
N a v ie r—S tokes an d  F o u rie r  c o n s titu tiv e  equa tions. T h is  assigns th e  m ean in g  
o f v isco s ity  coefficients to  у,  Я and  o f th e rm a l c o n d u c tiv ity  to  x, th u s  m a k in g  
(2.12)’s to  be th e  S tokes —D uhem  a n d  F o u rie r  in eq u a litie s .

B efore  concluding  th is  Section  i t  is w o rth  considering  b riefly  a  p ro p e r ty  
of h id d e n  v a riab les  w hich  is essen tia l to  la te r  deve lopm en ts.
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Remark. F or any  fixed particle of th e  fluid, Eq. (2 .6) is an ordinary differential equation 
governing the evolu tion  of the h idden variables a t th a t  particle. A ppealing to  a well known 
theorem  we assert th a t  if  f  is continuous on я  : =  (6 , p, V 6 , D) and L ipshitzian  w ith respect 
to  a  then  the in itia l value problem

& =  t ( t ,  a ( i ) ) , a(t0)a =  a 0 ,

being f(t, .): =  f(tr(l),.), has a unique solution provided л(<) is continuous w ith respect to  t. 
T his in  tu rn  em phasises th a t  the solutions (2.7)' of th e  particu lar problem  (2.7) exist in [t0, t] 
w henever V0, D € C°[t0, f].

U sually  w av e  p ro p a g a tio n  is associated  w ith  a d isc o n tin u ity  of я .  As 
a consequence w e h a v e  to  so lve th e  p roblem  o f th e  p ro lo n g a tio n  of a across 
th e  tim e  t c o rre sp o n d in g  to  a d isc o n tin u ity . O n  th e  o ther h a n d , m o tiv a ted  b y  
th e  physica l s i tu a tio n , wre m a y  consider th e  d isc o n tin u ity  o f  л  as a lim itin g  
case  o f a c o n tin u o u s  evo lu tion  o f  Я in  a su ita b ly  sh o r t  tim e in te rv a l  At a ro u n d  t. 
I n  th is  in s ta n c e  th e  re la tio n s (2 .7 ) ' s till a p p ly  a n d , fu rth e rm o re , th e y  im p ly  
t h a t  th e  change o f  a, no m a t te r  how  л ch an g es, ten d s to  zero  as At ten d s  to  
zero . T his a rg u m e n t w a rra n ts  th e  p ro lo n g a tio n  b y  c o n tin u ity  o f  a  across th e  
d is c o n tin u ity  o f  л .

3. Shock a n d  wave ju m p  re la tions

C onsider a  su rface  S(t) w h ich  divides th e  reg ion  in to  th e  regions сЯ + , 
cí.-  an d  fo rm s a com m on b o u n d a ry  betw een  th e m . The u n i t  no rm al o f th e  
su rface  is d ire c te d  to w ard s á t~ . I f . | (  • , • ) is a n y  fu n c tio n  su ch  th a t  £ ( • , * )  
is  co n tin u o u s  w ith in  th e  reg ions сЯ + and  c i - , th e  sym bols, |  + , deno te  th e
lim its  o f |(y )  as y  app ro ach es a  p o in t on S  f ro m  p a th s  e n tire ly  w ith in  th e  
reg ions # t+ a n d  c i - , re sp ec tiv e ly . The su rface S(t) is said  to  be  singular w ith  
re sp e c t to  £( • t) a t  tim e t if

% ! - ( * ) - ! +(0 ^ 0 .

H en ce fo rth  w e shall be concerned  w ith  tw o  classes o f  sing u la r surfaces, 
n a m e ly  shock a n d  w7ave fro n ts . I n  view  o f th e  c o n tin u ity  p ro p e r ty  of h id d en  
v a riab le s  o u tlin e d  above, shock  fro n ts  are c h a rac te rised  as follow s.

A  singular surface S(t) is said to be a shock front i f  ( S I )  the hidden vari
ables <xc, a„ are continuous everywhere, ( S2)  the functions  У, 0, q, H , àc, à v, V a c, 
V a ,  and their derivatives o f  any order suffer j u m p  discontinuities across S(t) but 
are continuous functions everywhere else.

D enote b y  U  th e  local sp eed  of p ro p a g a tio n  [12] o f th e  shock fro n t a n d  
b y  [ I ]  =  I -  — | + th e  ju m p  o f  an y  q u a n t i ty  f  across th e  shock. O f course 
[V • n ]  ^  0 im p lie s  th a t  also [U] =  — [V • n ]  does n o t v a n ish . To d e te rm in e  
th e  re la tio n s b e tw e e n  th e  sh o ck  d isco n tin u itie s  i t  is c o n v en ien t to  in tro d u c e  
th e  o rdered  a r ra y s

s = (1, V , e + F*/2 + р№/2е, H/e),
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<P =  (0, T +  t (T +  t )V -  q ,  V ®  H) , 

со =  (0, b, b • V +  r , 0 ) ,

w hich  allow  th e  in te g ra l c o u n te rp a r t  o f  (2.3) to  be w r it te n  as

—  Г ged*? =  Г <p • vdA  +  Г good*? (3.1)
dt J y  J ay  Jy

C  <% b e ing  an  a rb itra ry  sim p ly -co n n ec ted  region in  th e  p resen t co n fig u ra tio n  
o f  th e  f lu id  an d  v th e  u n it  o u tw ard  n o rm a l to  th e  b o u n d a ry  dv  o f v .  I f  со is 
b o u n d ed  we can  ap p ly  K o tc h in e ’s th e o re m  to  th e  b a la n c e  eq u a tio n s (3 .1). So, 
acco u n tin g  also for th e  co n d ition

H  • \>dA =  0

an d  b e in g  [q] =  0 because  o f  (2.14)2, th e  shock ju m p  re la tio n s  can  be  given 
th e  fo rm

leU] =  о ,
[ g U \ ] + [ T  + x ] n  =  0 ,

[gU(e +  F 2/2 +  р Я 2/2 g)] +  [(T +  x)V] • n  =  0 ,

[U h] + _ H n[v] =  0 ,

w here h  a n d  v are  th e  p a r ts  o f H  and' V  o rthogonal to  n  w hile th e  su b sc rip t 
n  d eno tes th e  n o rm a l co m p o n en t. In  w ritin g  (3.2)4 we h a v e  o m itted  th e  cor
re sp o n d e n t n o rm al co m p o n en t because i t  is an  id e n tity .

T he E q s . (3.2) shou ld  be c o n tra s te d  w ith  th e  analogous re la tio n s  of 
M FD ® . O bserve f irs t  th a t ,  because o f  (2.14)i; we h av e  m = - №  Also, 
le tt in g

Л  =  - ~ a c ■ ac +  xTrav : a. +  — К  (I : a ,,)2 ,
Z o  Z

we can  w rite  p  =  g2y)e — Л  a n d  th e n

[p ] =  [ß V e(ö, e)] •

T h is re su lt show s th a t  th e  shock  re la tio n  (2 .2 )2 is le ft u n ch an g ed  b y  th e  in tro 
d u c tio n  o f  th e  h id d en  v a riab les . On th e  c o n tra ry , a new  c o n trib u tio n  arises in  
(3 .2)3 an d  i t  is due b o th  to  <xc an d  to  a v; p rec ise ly  we h av e  th e  a d d itio n a l te rm

[TV] • n  +  [g2y>gVn] =  A  [Vn] +  2 * (acn) • [V] +  П  : av[Vn] . (3.3)

2 See, e.g. [2] § 1.3.3.
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Look now  a t  th e  w ave ju m p  re la tions. O w ing  to  th e  p ro lo n g a tio n  b y  
c o n tin u ity  of h id d e n  variab les across singu lar su rfaces  we can  w rite  th e  follow 
in g  d e fin ition .

A  singular surface S(t) is said to be a wave fro n t  i f  (W 1  )  the functions  V, 0, 
Q, H, a c, av are continuous everywhere, (W2) the derivatives V,  V  V, 0, V 0 ,  Q, V g, 
H, VH,<xe, V a c, ccc, Va„ and the derivatives o f  higher order suffer ju m p  discon
tinuities across S ( t ) but are continuous functions everywhere else.

D enote b y  U  also th e  lo ca l speed  of p ro p a g a tio n  o f th e  w ave fro n t an d  
b y  [ f ]  =  £~ — | + th e  ju m p  o f  a n y  q u a n ti ty  £ across th e  w ave. I f  [ f ]  =  0 
M axw ell’s th e o re m  gives

[ v ! ] = [ v „ ! ] n  (3.4)

w hile  th e  k in e m a tic  c o m p a tib ility  cond ition  y ie ld s

[ ! ]  =  - U [ v „ ! ] .  (3 .5)

I t  is a consequence o f (3 .4)Jand (2.4) th a t

[ V n H„] =  0 .  (3.6)

On assu m in g  th a t  th e  e x te rn a l  c o n tr ib u tio n s  b, r are  co n tin u o u s , n am e ly  
[b] =  0 an d  [r] =  0, a s tra ig h tfo rw a rd  a p p lic a tio n  to  (2.3) o f  (3.4) an d  (3.5) 
p ro v id es

+ e [ v „ F „ ]  =  o ,

- e U [ v n\ ] + u - ' [  т+ т ] п  =  о ,
- p l / [ V „ e ]  -  (Tn) • [ V „ V ]  -  U - ' [ q] • n  =  0 ,

U [ Vn h] + H n [ v ny ] ~  h [ v nFn] =  0 ,

w here , as u su a l, we have o m itte d  th e  c o u n te rp a r t  of th e  n o rm a l com ponen t o f  
(2 .4 )4 because i t  is  an  id e n tity . T o  get a m ore  ex p lic it fo rm  o f (3.7) n o te  f i r s t  
t h a t  in  v iew  o f  (2.7), (2.14) i t  follows

[T]n =  (U p e +  xac ■ n / 0 ) [ v „ 0 ] n  +  Upe [ v „  g ]n  +  (x /rv) [ v „ V ]  +

+  ((Z +A)/Tc) [ v nLn] n  + 2 Z { ( a X  • [ v „ V ] } n  + Я 1  :ctB[ v nFn] n ,

[q] • n  =  — (« /tc) [ v „ 0] .

M oreover, on  considering  th e  d efin itio n  (2 .2) an d  acco u n tin g  fo r (3.6) w e 
f in d  th a t

[t ] n =  p U  { ( h  • [ v n h ] ) n  — H n[ v n b ] }  .
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F in a lly , a s tra ig h tfo rw a rd  ca lcu la tio n  y ields

[ V n e ] = e i [ v „ 0 ]  + a 2[ V nP] -  (2y/e[ / ) («„n) • [v„V] -  (Я/gt/)! :a„[vnF„],

w here
at  =  — вхрвв — (ягJ  дв2) a c • a c — (2и /р 0 1 /)ас ■ n , 

a 2 =  We ~  °'i’es -  л 1е2 ■

S u b s titu tio n  o f th e se  re su lts  in to  (3.7) delivers

- U [ v n Q] +  g [ v n Vn] =  0 ,

[V„0]n  + p e[ v ng ] n  +  [ V nVn] n
T'V

(3.8)
+  f / - i { 2 Z(aen ) . [ v nV ]+ A I:a r[ v nFn] } n + /i { ( h . [ v nh ] ) n - H „ [ V nh]} =  0,

U  г .
e u  [ v nv] + P e + eu

я
qU*tc

[ V n 0] gUa2 [ v n Q] + p  [ v n Vn] =  0,

[ 7 [ v „ h ] + H n [ v „ v ]  -  v [ v nF„] =  0 .

T h e system s o f eq u a tio n s  (3 .2), (3.8) c o n s titu te  th e  so u g h t re la tio n s  
b e tw een  th e  d isco n tin u itie s  a t  shock  an d  w ave fro n ts , re sp ec tiv e ly . F o r  th e  
sake  o f  sim p lic ity  su ch  re la tio n s a re  now  in v e s tig a te d  b y  supposing  th a t  th e  
reg ion  a h ead  o f  th e  f ro n t h as  been a t  eq u ilib riu m  u n til  th e  a rr iv a l o f  th e  fro n t, 
t h a t  is to  say

V 0  =  (v 0 )+ =  O, D =  D + =  0,

in  th e  reg ion  ahead . T h en , accord ing  to  (2 .7 ) ', th e  h id d en  v ariab les  a c, a„ are 
id e n tic a lly  zero u n til  th e  a rr iv a l of th e  fro n t. In  th is  in s ta n c e  E qs. (3.2) becom e 
ju s t  th e  s ta n d a rd  sh o ck  re la tio n s fo r in v isc id  n o n -h ea t-co n d u c tin g  fluids*3*. 
T h a t  is w h y  th e  n e x t  S ection  deals w ith  th e  analysis  o f  w aves o n ly .

4. W aves entering a region at equilibrium

T h e  sy stem  (3.8) is a  se t o f sev en  lin e a r  hom ogeneous e q u a tio n s  in  th e  
seven  unkn o w n s [ V „ p ] ,  [V„V] (th ree ), [v„0], [ V „ h ]  (tw o), w ith  th e  coeffi
c ien ts  d ep en d in g  also on th e  h idden  v a riab le s . I f  th e  reg ion  ah ead  o f  th e  w ave

In d e ed , if  a c =  0 a n d  a.v =  0 th e n  th e  r ig h t h a n d  side o f  (3.3) vanishes.
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f ro n t  has been  a t  eq u ilib riu m  u n t i l  th e  a rr iv a l o f  th e  fro n t, an d  hence a c =  0, 
a„  =  0, th e n  th e  sy s tem  (3.8) sim plifies to

U [ v n e] -  e [ v nv„] =  о ,

pe [ v „  g]n  + 1 — 'qU
V  T

[ V „ V ]  +  l ± ± [ V n Vn ] n  +
и  r„

+  P e [ v „ 0 ] n + / i { ( h  • [ V „ h ] ) n  -  H n [ v „ h ] }  =  0,
(4.1)

[ v n p] +  u V e - [v „ f l]  =  o,
gdU2 тл

h [ v nFn] +  H n [v„v] +  U  [v„h] =  0,

w h ere  th e  co effic ien ts  depend  o n ly  on в an d  g. W e are now  in  a position  to  
e s ta b lish  w h e th e r , a n d  how , w av es  can  ex is t in  th e  flu id  to  h a n d .

4.1 Propagation condition

The ex is ten ce  o f w aves is associa ted  w ith  th e  ex istence  o f n o n -tr iv ia l 
so lu tio n s of (4 .1). T o  exam ine th e  p o ssib ility  o f n o n -tr iv ia l so lu tions i t  m ay  be 
co n v en ien t to  re p re se n t th e  v e c to rs  [ v nV ], [V „ h ]  v ia  th e ir  co m p o n en ts  w ith  
re sp e c t to  a su ita b le  basis; fo r  in s ta n c e  (n, h/A, пД Ь /А ). So (4.1) acqu ires th e  
fo rm

M z =  0,

w h ere  z is th e  o rd e red  a r ra y  consisting  o f th e  seven  (scalar) un k n o w n  d is
c o n tin u itie s  w h ile  M  is th e  7 x 7  m a tr ix  to  he  d e riv ed  from  (4.1) A ccord ing ly , 
n o n -tr iv ia l so lu tio n s  of (4.1) a re  possible o n ly  i f  th e  eq u a tio n

d e t M =  0
h o ld s . L e ttin g

A =  gU2 _  IJL +  ин*\ ,
1 r„

(4.2)

a  ted io u s  c a lc u la tio n  shows t h a t  (4.2) can  be g iven  th e  form

U ~ iA { (ClU* -  c 2 c3) A  - ( I P -  c3) ( A  + р Щ ) ( А  -  ph*)]} =  0 , (4 .3)

w here

ci = QPe + ( ' / . +  ̂ )/T̂ c2 = QPq + ( l  + Я)/т„, c3 = xle6ri»Tc,
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a n d  p e =  p e — p e r]elrje is th e  d e riv a tiv e  o f p  w ith  resp ec t to  g a t  c o n s ta n t 
e n tro p y . I t  follow s im m ed ia te ly  from  (4.3) t h a t  th e  so lu tion  U  =  0, occurring  
in  s ta n d a rd  M F D , is allow ed p ro v id ed  h e a t co n d u c tio n  is a b se n t —c3 =  0 if  
x  =  0. O therw ise, o n ly  th e  v a lu es  o f U  sa tis fy in g

A  =  0 (4.4)
o r

(Cl u *  —  C2C3) A  — (U 2 — c3) (A  +  p t f  *) (A -  № )  =  0 (4.5)

c a n  be local speeds o f  p ro p a g a tio n  o f w aves.
T he so lu tio n  o f  (4.4), t h a t  is

UA =
1/2

acco u n ts  for w aves w ith  a sp eed  w hich reduces to  th e  u su a l A lfvén speed  if  
th e  flu id  is in v isc id  (% =  0) a n d  to  th e  speed o f  tran sv erse  w aves in  flu id s [6 ] 
i f  H „ =  0. M oreover th e  speed  o f such  w aves tu rn s  ou t to  be  g re a te r  th a n  th e  
u su a l A lfvén speed  because th e  coefficient o f  v iscosity  i  is s tr ic tly  p o sitive .

Besides b e in g  h a rd ly  su ggestive , a d e ta ile d  analysis o f  th e  so lu tions of 
(4.5) is ra th e r  cum bersom e. In  v iew  of th is  confine  our a t te n tio n  to  s itu a tio n s  
m ak in g  (4.5) in to  a sim pler e q u a tio n . F irs t, supp o se  th a t  th e  p ro p e rtie s  of th e  
f lu id  allows us to  d isregard  th e  effects of h e a t  conduction  a g a in s t tho se  of 
v isco sity . T hen , le t t in g  x  =  0, (4.5) yields

2g IP =  +  Cl +  p  (h2 +  H 2) ±  {(c, +  p(h2 -  H 2))2 +  4 /А В Д 1 /2 , (4.6)
r v

w h ereb y  we h av e  a lw ays tw o re a l ro o ts , [/_ , U+ as i t  hap p en s in  M FD . Second, 
co n sid e r th e  o p p o site  case (% =  0, X =  0, x  ^  0) and , fu r th e rm o re , suppose 
t h a t  H n =  0. In  th is  in stan ce  (4.5) p rovides

2 g i ß  =  Cl +  gc3 + ph?  ±  {(cx +  gc3 +  ph2)2 — 4 gc3(c2 +  [ih2)}1'2. (4.7)

A ssum e, as u su a l, t h a t  p e > 0 ,  rje >  0. So, ow ing  to  th e  M axw ell re la tio n  
Pe =  — g2 rje, we ca n  w rite  p e >  p e >  0 an d  hen ce  cx >  c2 >  0. I n  such  a case 
i t  is a sim ple m a tte r  to  p rove  t h a t  («h +  Qc3 +  ph2)2 — 4pc3(c2 +  ph2) > ( q  — 
— Qc3 +  ph2)2 th e re b y  show ing t h a t  tw o  rea l ro o ts  U_, U+ do ex is t. O f course, 
i f  we suppose t h a t  x  =  0 th e n  E q . (4.7) gives th e  re su lt U_ =  0.

To conclude th e  p re sen t an a ly sis  look a t  th e  p ro p ag a tio n  m odes, ex p res
sed  b y  su itab le  o rd e red  a rray s , z, co rrespond ing  to  th e  w ave speeds exam ined  
ab o v e .
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4.2 Propagation modes

B earin g  in  m in d  th e  p ro p a g a tio n  m odes o f s ta n d a rd  M FD , b eg in  b y  
consid erin g  w aves w ith  speed  U  =  0, t h a t  is to  say  w av es carried  a lo n g  w ith  
th e  f lu id . Such w aves can  ex is t o n ly  if  x =  0; in  th is  in s tan ce  a g lance  to  
(4.1) allow s us to  in fe r  t h a t  [v^V] =  0. To e v a lu a te  th e  d isco n tin u itie s  [v„p], 
[v„0], a n d  [ V nh ]  we s u b s titu te  (4.1)x an d  (4.1)4 in to  (4.1)2 as th o u g h  we 
h a d  U  0. T h en , on th e  lim it  o f 4̂ .1̂ 2 äs XJ  ̂ 0 we find

[V nh ] = b [ v n P ] ,;

[ V n0] =
pe

e(x + 1uHl rt.)
2* +  Я p%h2

[Q*v e(x +  **)
[v n q]

O f course, i f  1  == 0, A =  0 we achieve th e  u su a l e n tro p y  w aves c h a rac te rised  b y  

[V „V ] =  0 ,  [ v „ 0 ]  =  - ( p J p ti) [V n Q], [ V n h ]  =  0 .

E x a m in e  now  th e  p ro p a g a tio n  m ode zA co rrespond ig  to  th e  speed U  =  UA. 
A co m p ariso n  be tw een  th e  tra n sv e rse  p a r t  o f (4.1)2 an d  (4 .1 )4 leads to  [ v „ F „ ]  =  
=  0. T herefo re  E q s . (4 .1)1,3 im p ly  t h a t  [V np] =  0, [v „ 0 ]  =  0, an d  th e n  th e  
n o rm a l co m p o n en t o f (4.1)2 delivers h  • [ v nh ]  =  0. H ence  i t  follow s th a t  
[v nh] =  сЛплЬ/й. To sum  u p , th e  p ro p a g a tio n  m ode zA w ith  re sp ec t to  th e  
basis  ( n ,  h jh, п л Ь jh) is

=  еЯ(0, 0, 0, -  UAjH n, О, О, 1 ) ,

w h e reb y  th e  p ecu lia r p ro p e rtie s  o f A lfvén  w aves d esc rib ed  in  M FD  h o ld  in  
th e  p re se n t th e o ry  as well. In  v iew  o f th is  th e  te rm  A lfvén  w ave for zA a p p e a rs  
to  be q u ite  le g itim a te .

T h e  p ro p a g a tio n  m odes asso c ia ted  w ith  th e  speed s arising  fro m  (4.5) 
a re  gen era lisa tio n s o f  th e  c u s to m a ry  m ag n e to aco u stic  w aves. The o n ly  signi
f ic a n t  difference is t h a t  th e  n o n -v an ish in g  d isco n tin u itie s  [V„p] a n d  [v„0] 
a re  re la te d  in  such  a w ay  th a t  th e  n o rm a l d e riv a tiv e  o f  th e  e n tro p y  suffers a 
ju m p  d isc o n tin u ity  across th e  fro n t. In d eed , E q . (4.1) y ields

[ V n 0] = -
g 0 r c I P r jg

o 0 r c U 2rje — к
[ V n q]

w hich  reduces to  [ Vnrj] =  0 if  x  =  0. L ook ing  now  a t  E q s . (4.1)124 w e f in d  th a t

[v nEn] =  —
e

[vng],
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[ v „ v ]  =  - - ? * * " 17 h [ v „ e ] ,
qA

[ v „ h ] = i ^ l - h [ v ne].
qtv A

T he re su lts  so o b ta in e d  are su m m arised  by  w ritin g  th e  co rrespond ing  a r ra y  
zM as

ZM [V„ q] Ä i 7 *, 0 , ______ Q0rc lPr,t_ _ ^  erv l P -  x h 0
qA  qOtc U2 r]e — X qtv A

5. Com m ents

T he resu lts  g a th e re d  in  th is  p a p e r  show how  th e  h idden  v a ria b le  m odel 
of th e rm o -v isco u s M FD  ap p ears  to  he accep tab le  also in  co n n ec tio n  w ith  
w ave p ro p ag a tio n  top ics. N ow , th e  a v a ilab ility  o f  a p p ro p ria te  ex p erim en ta l 
re su lts  w ould  allow  us to  check m o re  rigorously  th e  physica l re lev an ce  o f th e  
m odel an d , m ean w h ile , to  d e te rm in e  th e  values o f  th e  phenom enolog ical p a ra 
m ete rs  т„, rc. F o r  ex am p le , t„ cou ld  be d e te rm in ed  th ro u g h  a m easu re  o f th e  
A lfvén  speed UA.

B esides th e  ex p e rim en ta l a sp e c t re la ted  to  th e  p resen t th e o ry , I  w ish to  
em phasise  th e  w o rth in ess  of a  re a lis tic  g en era lisa tion  of th e  h id d e n  va riab le  
m odel b o th  in  f lu id d y n am ics  an d  in  M FD . In  th is  connection  i t  is w ell know n 
th a t  th e  a t te m p t to  ge t m ore rea lis tic  a s tro p h y sica l m odels has g iven  rise to  
an  in c reasin g  in te re s t  in  top ics concern ing  v isc o s ity  in  G eneral R e la tiv ity . 
F o r in s ta n c e , M a t z n e r  and  M i s n e r  [13, 14] developed  an  ac c o u n t o f d issi
p a tiv e  processes in  an iso tro p ic  hom ogeneous cosm ologies v ia  n e u tr in o  v iscosity . 
A lso, ra d ia tiv e  v isco s ity  p lays a c e n tra l role in  W e i n b e r g ’ s in v e s tig a tio n  on 
th e  fo rm a tio n  o f ga lax ies in  th e  ea rly  un iverse  [15]. F u r th e r  researches on 
v isco s ity  effects in  iso tro p ic  w orld  m odels have b een  carried  o u t b y  B e l i n s k i i  

an d  K h a l a t n i k o v  [16]. To all th is  we m ust a d d  th e  u n p le a sa n t fe a tu re  of th e  
u su a l descrip tio n  o f  v iscosity  w h e reb y  i t  is u n a v o id a b ly  associa ted  w ith  con
c e p tu a l d ifficu lties in  th e  C auchy  prob lem  an d  ru les ou t th e  p o ss ib ility  o f 
w ave p ro p ag a tio n . T h a t  is w hy  a  re la tiv is tic  genera lisa tio n  o f th e  p re sen t 
p ro ced u re  w ould b y  h igh ly  d esirab le . T his s tu d y  is u n d er w ay.
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A class of exact solutions is ob ta ined  for non-static cylindrically sym m etric space- 
tim e of M a r d e r  corresponding to  vacuum  field  equations of a scalar-tensor th eo ry  of g rav i
ta tion  as proposed by S e n  and  D u n n . W e observe th a t, given any solution of th e  vacuum  
field equations of E instein’s theory , i t  is possible to  generate th e  solution of th e  corresponding 
field equations of the S e n — D u n n  theory . The presence of th e  scalar-in teraction  function 
x° influences one of the param eters (viz. a )  of the M a r d e r ’s m etric. The solutions preserve 
the wave character as in E in ste in ’s theory.

I, In tro d u c tio n

In  th e  sca la r-ten so r th eo ry  p ro p o sed  b y  S e n  a n d  D u n n  [1], a  th e o ry  
fo rm ally  s im ila r to  B ra n s  —Dicke th e o ry , th e  sca la r fie ld  is ch a ra c te rise d  by  
th e  fu n c tio n  x° =  xP(x'), x' being th e  co -o rd inates in  a fou r-d im en sio n a l L y ra  
m an ifo ld  a n d  th e  te n so r  fie ld  is id e n tif ie d  w ith  th e  m e tric  ten so r g tj  o f th e  
m an ifo ld . T h e  s tu d y  o f  su ch  a th e o ry  w ith  a view  to  ex am in e  how  th e  presence 
o f  th e  sc a la r  in te ra c tio n  fu nc tion  xP, in tro d u ced  iu to  th e  th e o ry  to  m ake i t  
M achian , a lte rs  th e  m a th e m a tic a l a n d  physical consequences o f E in s te in ’s 
th e o ry , is essen tia l. T h is  w ould h e lp  in  com paring  th e  theories a n d  decide 
betw een  th e m  ag a in st th e  o b se rv a tio n a l values. T h e  p resen t p a p e r  is an  
a t te m p t in  th is  d irec tio n  w herein th e  d iscussion is m o s tly  m a th e m a tic a l w ith  
ce rta in  p h y sica l conclusions.

In  th e ir  s tu d y  S e n  a n d  D u n n  [1] h av e  o b ta in ed  o n ly  a series ty p e  so lu tion  
to  th e  s ta t ic  vacuum  fie ld  eq u a tio n s. L a te r  H a l f o r d  [2] considered  th e  v acu u m  
fie ld  e q u a tio n s  co rrespond ing  to  a n  iso tro p ic  m etric  a n d  o b ta in ed  a n  ex ac t 
so lu tion . R e d d y  [3] h a s  es tab lish ed  a  re su lt th a t  an  analogue o f B irk h o ff’s 
th eo rem  o f E in ste in  th e o ry  ex ists in  th is  new  th eo ry  o f  g ra v ita tio n  a lso , p ro v id 
ed  th a t  th e  sca lar in te ra c tio n  fu n c tio n  xP is in d e p e n d e n t of tim e.

As a  f ir s t  step  to w a rd s  a c o m p a ra tiv e  s tu d y  o f th e  tw o th eo rie s  (viz; 
E in s te in ’s th e o ry  an d  S e n  —D u n n  th e o ry ) , in  th is  p a p e r  we o b ta in  a  class 
o f  e x a c t so lu tions o f th e  vacuum  f ie ld  equa tions o f  S e n — D u n n  th e o ry  of 
g ra v ita tio n  co rresp o n d in g  to  th e  g e n e ra l cy lin d rica lly  sym m etric  m e tric  of 
M a r d e r  [4]. B ecause o f  th e  im p o rta n c e  o f th e  M a r d e r ’s  m etric  in  th e  s tu d y
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o f  cy lin d rica l g ra v ita tio n a l w aves in  E in s te in ’s th e o ry  we consider th is  m etric  
a n d  observe t h a t  th e  presence o f  th e  sca lar in te ra c tio n  fu n c tio n  я 0 in  S e n —  

D u n n  th e o ry  s till allow s th e  so lu tio n s  to  possess a  w ave-like ch a ra c te r , like 
in  E in s te in ’s th e o ry .

I I .  F i e l d  e q u a t i o n s  a n d  t h e i r  s o l u t i o n s

W e  c o n s i d e r  t h e  g e n e r a l  c y l i n d r i c a l l y  s y m m e t r i c  m e t r i c  (M a r d e r  [ 4 ] )

ds2 =  e2*-W (dt2 -  dg2) -  o2e~2P dtp2 -  e2? +2'  dz2 , (1)

w h ere  a , ß, v a re  fu n c tio n s  o f p a n d  t only  and  q, <p, z, t co rrespond  respective ly  
t o  th e  co o rd in a tes  x 1,  x 2, л 3 a n d  a 4 . T he fie ld  e q u a tio n s  of S e n — D u n n  th eo ry  
[1 ] are  given b y

R  _  2 _ R g  =
1 2  S l  ( a 0 ) 2

T,j
w

(x°)2 -  у  * * * « ] . (2)

w h ere  a0 is th e  s c a la r  in te ra c tio n  fu n c tio n , w =  3/2 an d  o th e r  sym bols have  
th e i r  u su a l m ean in g  as in  E in s te in  th e o ry . F o r th e  m e tric  (1) th e  f ie ld  equa tions 
(2 ) co rresp o n d in g  to  th e  m a tte r  free  reg ion  (Tjj  =  0) f in a lly  ta k e  th e  form

-  »’44 +  « 1  Vi +  a 4 r 4 -  2 f t  iq  - 2 ß i vi - ß l - ß l - v l  +  ^ -  +  ^  =
в Q

=  - у - ( Ч + Ч )  (3)

« I l  —  «44 +  »’l l  —  »’44 +  % ßl Vx —  2 ß i  V4 +  ß l  —  ß \  +  v l  —  V4 =

=  (4)

«n -  «44 +  2ßu -  2ßn — 2 —  +  ßl — ßl == ~ïr (hl — hl) V (5)
Q 2

vu  — x1 v1 —  a 4 1'4 +  2ß4 v4 +  2ßx v4 +  ß l --------- — +  ßl  +  г?  4 ------ — =
Q Q

=  y - ( * î + * ï )  (6)Zi
a n d

h i  +  2ß l  ß i  ~  «1  »’4 —  « 4  »’l  +  2ßl Vi  +  2ß i vl  ~  +  »1 V4 =
e

=  wh 1hi , (7)
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w here  fo r conven ience  we h av e  in tro d u c e d  an  a u x ilia ry  fu n c tio n  A d efin ed  b y

=  e'1 . (8)

H ere , th e  su b sc rip ts  1 an d  4 a fte r  an  u nknow n  fu n c tio n  re p re se n t p a r tia l 
d iffe re n tia tio n  w ith  re sp ec t to  g an d  t, re spec tive ly . F ro m  (4) an d  (5), we get 
th e  eq u a tio n

>-11 -  -44 -  2 ß u + 2 ß n  + 2 ß 1v1 -  2ß t vt + 2 - Ь -  + v ï  — V? =  0 (9)
Q

an d  (3) a n d  (6) y ield

-и — -44 +  -Ï — -4 +  2-1 le  =  0 . (io)

T h u s fo r th e  so lu tion  o f  th e  unk n o w n s a , ß, v and  xP, w e need on ly  to  solve 
th e  e q u a tio n s  (3) ,(4), (7), (9) an d  (10). E q . (10) possesses a  so lu tion  in  th e  form  
g iven  b y

-  =  b g  (t +  c) — log (ag) , (11)

w here  a a n d  c are  a rb i t r a ry  c o n s ta n ts  o f in te g ra tio n . U sing  th is  v a lu e  o f  v
(9) can  be easily  so lved  fo r ß  an d  we g e t

ß  =  log  g +  bg — log (t - f  c) , (12)

w here  b is an  a rb itr a ry  c o n s ta n t o f in te g ra tio n . W ith  th e  values o f  ß  a n d  v 
so o b ta in e d , (3) (4) a n d  (7) re sp ec tiv e ly  assum e th e  fo rm s

an d

Jl)
a 4 = -----— (t +  c) (hi +  hi) +  b2(t +  c) — l / ( t  +  c),

«11 - « 4 4  =  ^ ( h l - h l ) - b 2
1 1

7  (* + c )2

a x =  — w(t +  с)ЛхЛ4 +  1 /g .

(13)

(14)

(15)

I t  can  now  be easily  v e rified  th a t  th e  co n d itio n  o f in te g ra b ili ty  o f (13) an d  
(15) v iz: a 41 =  a 14 is sa tis f ie d  on ly  i f  i t  sa tisfie s  th e  d iffe ren tia l e q u a tio n

K i  — An +  AJ ( t  +  c) — 0 .

E q . (16) possesses a gen era l so lu tion  in  th e  form  given b y

A =  \ A J 0{A(i +  c)} +  B Y 0{k(t +  c)}] cos (kg) ,

(16)

(17)
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w h e re  J 0[k(t +  c)] a n d  Y 0[k(t +  c)] are B essel’s func tions o f  o rd er zero o f  
f i r s t  a n d  second k in d , re sp ec tiv e ly , an d  A ,  В  a re  co n stan ts . A s th e  irreg u la r 
B esse l fu n c tio n  Y 0\k(x  -)-1)] is n o t  w e ll-behaved , we exclude  th e  p a r t  con
ta in in g  Y 0 b y  ta k in g  В  — 0 a n d  con sid er th e  so lu tio n  o f (16) in  th e  form

h — A J 0{k(t  +  c)} cos (kg). (18)

U s in g  th e  v a lu e  o f  h, (13) a n d  (15) assum e re sp ec tiv e ly  th e  fo rm s

«4 =  b^t +  c) — 1 -  — (t +  c)A2 fc2 [sin2 (kg)(J0{k{t +  c)})2 +
(t +  c) 2

+  cos2 (ftp) ( Л  {k(t  +  c)})2] (19)

a n d

W kA 4 t +- Cl - J 0{k(t +  c)}Ji  {к (|t +  c)} sin 2kg +  —  
2 g

(20)

In te g ra t in g  (19) a n d  (20) an d  u s in g  som e s ta n d a rd  resu lts  o f  B essel’s fu n c tio n  
w e fin a lly  ge t «  in  th e  form

« =  — (t + c )2 - l o g ( t  +  c) — log p — — A W i t + c Y W - J o J V -  
2 4

— — A 2k(t  +  c)J0J ' cos (2k g ) , (21)
4

w h ere  J 0 =  J 0[k(t +  c)].
T he v a lu es  o f  h and  a  g iv e n  b y  (18) a n d  (21) can  be ea s ily  seen to  sa tis fy  

th e  E q . (14). T h u s  a  n o n s ta tic  so lu tio n  o f th e  v a cu u m  fie ld  e q u a tio n s  is g iven  
b y  th e  se t o f  e q u a tio n s  (11), ( 12), (18) an d  (21) viz;

* =  (t +  c)2 — log (t +  c) — log g -----~ A 2k2(t + c ) 2(J? — J„JS ) —
2 4

-  —  A 2 к  (t +  c) J 0 J'0 cos (2kg) ,
4

ß =  lo g  g +  bg — log (t +  c), (2 2 )

V =  lo g  (t +  c) -  log  (ag)

a n d

sfi =  eh =  eA AW+*)}cos(fce) _
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П 1 .  S o m e  m o r e  s o l u t i o n s

(i) W hen  we consider th e  m e tr ic  (1) to  be  s ta tic  for w h ich  th e  m etric  
p a ra m e te rs  a , ß  a n d  v a re  fu n c tio n s o f  th e  rad ia l co o rd in a te  g o n ly , th e  corres
pon d in g  fie ld  e q u a tio n s  are

« Л  -  2 / V r - ß l + ^  +  ^ = ~ ~ h l ,  (23)
e  q 2

ß u  +  ß i vi  +  --- ------- ~  =  0 , (24)

vu  +  A  + - ^ L  =  0 (25)

an d

*n + « л  + —  — —  =  o . (26)
e e

T he so lu tio n  of th e  ab o v e  field  e q u a tio n s  can easily  be o b ta in ed  as 

a  =  m  log (b — a/g) +  (m +  1) log g , 

ß  =  n log (b — a/g) +  (n +  1) log  g , (27)

v =  log (b — о/ q)
an d

(2  I 1/!„ /, A --- (n!+2n-m)lx° =  (bg — a ) '  w J ,

w here a , 6, m an d  n  are a rb itra ry  in te g ra tin g  c o n s ta n ts .
(ii) W hen  th e  sca la r in te ra c tio n  func tion  x° is d ep en d en t on  tim e  only 

an d  th e  m e tric  p a ra m e te rs  a , ß, v a re  functions o f  b o th  q an d  t, th e  solu tion  
of th e  co rresp o n d in g  fie ld  eq u a tio n s  is given b y

h2 in A 2 1
« =  log  Q +  —-  (t +  c)2 — log (t +  c) —------b 1 ,

z z

ß =  log  e  +  bg — log  (t +  c ) , (28)

v =  log (t +  c) — log  ag

and

h =  A  log  (t +  с) +  В  , 

w here A ,  В  an d  C a re  co n stan ts .
(iii) Special case: W hen  we ta k e  a  =  —v th e  so lu tio n  assum es th e  form

X =  log (ag) — log (t +  c), 

ß  =  log Q +  bg — log (i +  c) ,

v =  log (t +  c) — log (ag) (29)
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a n d
*o =  bQ.

W h e n  th e  s c a la r  in te ra c tio n  fu n c tio n  æ0 is assu m ed  to  be c o n s ta n t i t  
is in te re s t in g  to  n o te  t h a t  th e  g en e ra l so lu tion  (22) o b ta in ed  e a rlie r  satisfies 
th e  v a c u u m  fie ld  e q u a tio n s  fo r th e  m e tr ic  (1) co rresp o n d in g  to  th e  E in s te in ’s 
th e o ry . In  fac t, i t  h a s  been o b serv ed  th a t  know ing  a so lu tion  (a°, ß°, v°) of 
th e  v a c u u m  fie ld  e q u a tio n s  of th e  E in s te in ’s th e o ry  fo r  th e  m e tric  (1), we can 
a lw ay s  c o n s tru c t a so lu tio n  (a, ß, v, ж0) o f th e  co rresp o n d in g  f ie ld  equa tions 
o f  S e n  —  D u n n  th e o ry  as given b y

x  =  x ° ----- (t + c )  (hi + h l)  dt — w j"(f c) h1hi d g ,

ß  =  ß ° , (30)

v =  v°,

w h ere  h is given b y  th e  so lu tion  o f th e  eq u a tio n  ft44 — hn  -f- ^4(i+c) =  0 , w hich 
c a n  a lw ay s be o b ta in e d  b y  a s tra ig h tfo rw a rd  ca lcu la tio n .

I t  c an  be easily  v e rified  t h a t  th e  so lu tions o b ta in e d  above do n o t  reduce 
a ll th e  co m p o n en ts  o f  th e  R iem an n  c u rv a tu re  te n so r  R hijk to  zero. T h is  im plies 
t h a t  th e  cy lin d rica l w aves g iven b y  ( 1 )  in  th e  S e n — D u n n  th e o ry  produce 
re a l c u rv a tu re  in  sp ace . F o r th e  so lu tio n  (22) th e  sc a la r  fie ld  x° c a n  be easily  
seen  to  be reg u la r a t  th e  source.

IV. D iscussion

(a) Contribution o f  the scalar f ie ld  towards the C-energy

T h o r n e  [5] h a s  defined  ‘C y lin d rica l energy ’ (C -energy) fo r sy stem s th a t  
re m a in  in v a r ia n t u n d e r  ro ta tio n  a b o u t an d  tra n s la t io n  along a sy m m e try  axis 
a n d  u n d e r  re flec tio n  in  an y  p lane co n ta in in g  th e  sy m m e try  ax is o r p e rp en d i
c u la r  to  i t .  T he C -energy  o f such sy s tem s  is defined  b y  h im  in te rm s  o f a con tra- 
v a r ia n t  f lu x -v e c to r  P\ w hich sa tis f ie s  th e  co n se rv a tio n  law  P ; =  0.

W ith in  th e  fram ew o rk  of th e  gen era l th e o ry  o f  re la tiv ity , in  th e  region 
o u ts id e  an y  m a te r ia l  source th e  r e la tio n  d e te rm in in g  th is  C -energy (E q . (9), [5]), 
fo r  th e  m etric  (1) assum es th e  fo rm

4 jiG E (q, t) =  X  -  —  log [1 +  p V 2 + 2 q v '  -  v 2] , (31)
2

w h ere  E  (q, t) is ex p ressed  in  te rm s  on  th e  g en e ra to rs  o f th e  sy s te m  (E q . (14) 
[5]) a n d  i t  ac ts  as a  p o te n tia l fu n c tio n  from  w h ich  th e  C -energy f lu x  v ec to r 
is c a lcu la ted .
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U sing  th e  sam e fo rm ula  (31) fo r th e  v a c u u m  space tim e  o f S e n — D u n n  

th e o ry , we f in d  fo r th e  so lu tion  (22), th a t  E  consists of a n e g a tiv e  te rm  w hich  
depends e n tire ly  on th e  sca la r in te ra c tio n  fu n c tio n  xP. T hus, we m a y  say  t h a t  
th e  sca la r fie ld  o f S e n — D u n n  th e o ry  c o n tr ib u te s  n eg a tiv e ly  to  th e  C -energy  
defin ed  b y  T h o r n e  [5]. T h is re su lt is in  ag reem en t w ith  th e  find ings o f 
H a l f o r d  [6 ] t h a t  th e  sca lar f ie ld  of S e n — D u n n  th e o ry  can  be  id e n tif ie d  as 
H o y le ’s c re a tio n  fie ld  w ith  n e g a tiv e  energy . I t  m ay  be m en tio n ed  in  th is  co n 
n ec tio n  th a t  S i n g h  [7] has o bserved  sim ilar b eh av io u r o f th e  sca la r fie ld  fo r 
h is  so lu tio n  o f  v acu u m  space tim e  e q u a tio n  o f  a ey lind rica lly  sy m m etric  m e t
ric  w ith  tw o  degrees of freedom .

(b) Motion o f  a test particle

T he m o tio n  o f a te s t  p a rtic le  in  S e n  —  D u n n  th e o ry  is governed  b y  th e  
e q u a tio n

x° x^  +  x° Iм

xß
X* kß +  у  x% X 11 ж" +  у  g xßg ^ к* xß =  0 . (32)

T a k in g  th e  in it ia l  m o tion  to  be ra d ia l only, from  th e  eq u a tio n  (32) it  can  be 
easily  seen t h a t  free partic les w ill m ove acco rd in g  to  th e  eq u a tio n

X  у  =  const, a n d  z =  const. ,

w here  f ( t )  is som e fu nc tion  o f  t only.
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G round sta te  binding energies and equilibrium  harm onic oscillator energies are com
pu ted  for th e  various ground s ta te  configurations of th e  doubly even nucleide 44Ti. E m ployed 
for the study  is a variational calculation carried ou t in a Cartesian harm onic oscillator basis 
of states employing a tr ip a rtite  in teraction  po ten tia l composed of W igner central forces coupled 
to  M ajorana exchange forces each having G aussian radial dependence.

A determ ination is m ade of which of th ree  possible shapes, spherically sym m etric, 
prolate spheroidal, or asym m etric, represents th e  preferred ground s ta te  configuration of th e  
nucleide.

1. In tro d u c tio n

W hile  num ero u s ca lcu la tio n s of th e  g ro u n d  s ta te  b in d in g  energies o f  th e  
d o u b ly  even , closed-shell nucleides 40Ca a n d  90Z r have been  ca rried  o u t [1 — 5], 
such s tu d ies  of th e  d o u b ly  even nucleide 44Ti are n o t well rep resen ted  in  th e  
li te ra tu re .

A c tu a lly , th e  nuc le ide  44Ti m erits  sp ec ia l a tte n tio n  because  i t  is a  n a tu 
ra lly  occu rrin g  iso tope  w ith  a half-life of o v er 20 years in  c o n tra s t  to  a nu c le id e  
such  as 90Z r w hich  is p u re ly  a th e o re tic a l c o n s tru c t, n o t fo u n d  in  n a tu re .  As 
44Ti is th e  f ir s t  nucleide to  occupy th e  2p — I f  shell (an o th e r face t m ak in g  i t  an  
in te re s tin g  ta rg e t  of s tu d y ), d e ta iled  ca lcu la tio n s  are re q u ire d  to  d e te rm in e  i ts  
o p tim u m  g ro u n d  s ta te  sh ap e  an d  co rresp o n d in g  b ind ing  a n d  harm on ic  o scil
la to r  energies.

T he specific  in te ra c tio n  chosen for th e  p re sen t analysis  consists o f  a  tr io  
o f M ajo ran a  exchange forces p lus W igner c e n tra l  forces h a v in g  G aussian  ra d ia l  
dependence. T h is is u tiliz ed  in  a series o f  sim ple re s tr ic te d  H a rtre e  — F o c k  
ca lcu la tio n s. As no  acco u n t is ta k e n  o f  th e  Coulom b rep u ls iv e  energy , th e  
re su ltin g  energies a c tu a lly  rep re sen t th e  b in d in g  energies (B .E .) m in u s th e  
C oulom b repu lsion .

Such ca lcu la tio n s h av e  en joyed  a  reaso n ab le  degree o f success [6 , 7] 
w hen  h a rm o n ic  o sc illa to r w ave fu n c tio n  bases  h av e  been coup led  to  th e  G au s
sian  in te ra c tio n s . A ccord ing ly , th e  o sc illa to r basis  of s ta te s  is em ployed  h e re in . 
A nd , th e  co rrespond ing  eq u ilib riu m  h arm o n ic  oscilla tor en erg y  h(o is d e te rm in e d
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th ro u g h  a m in im iza tio n  o f th e  to ta l  in te rn a l  energy  w here , of course, th e  
k in e tic  en e rg y  o f  th e  cen tre  o f  m ass is d e d u c te d .

The n u c leo n  c o n fig u ra tio n s  under an a ly s is  are d iscussed  in  S ection  2. 
I n  Section  3, th e  in te ra c tio n  p o te n tia l is b r ie f ly  review ed. T h e  re lev an t en erg y  
e q u a tio n s  a re  t r e a te d  in  S ec tio n  4, w ith  specific  resu lts  p re sen ted  in  S ec tion  5. 
F in a lly , a su m m a ry  is p re se n te d  in  Section  6 .

2. The nucleon configurations

In  a re c ta n g u la r  o sc illa to r basis o f s ta te s ,  the  n uc leon  co n fig u ra tio n  o f 
th e  nucleide 44T i can be v iew ed  as th e  a d d itio n  o f a  fo u r-p artic le  level 
(nx, n y, rez)4 to  a  com ple te ly  f ille d  40Ca core, w ith  th ree  d eg en era te  levels eq u a lly  
possib le  fo r o ccu p a tio n  : th e  level (111)4, w h ich  gives rise  to  a sp h e rica lly  
sy m m etric  sh a p e ; th e  level (300)4, w hich en genders a p ro la te  sphero idal co n 
f ig u ra tio n ; a n d  th e  level (210)4, w hich p ro m o te s  a  tr ia x ia l o r asy m m etric  fo rm .

Table I

Nucleon configurations for the 3 shapes of the nucleide 44Ti

Configura
tion

designation
Configuration

TI(S)
TI(P)
TI(A)

(000)4 (100)4 (010)4 (001)4 (200)4 (020)4 (002)4 (ПО )4 (101)4 (O il)4 (111)4 

(000)4 (100)4 (010)4 (001)4 (200)4 (020)1 (002)4 (110)4 (101)4 (O ll)4 (300)4 
(000)4 (100)4 (010)4 (001)4 (200)1 (020)4 (002)4 (HO )4 (101)4 (O ll)4 (210)4

In  T ab le  I ,  th e  n uc leon  co n fig u ra tio n s are p re sen ted , w ith  th e  desig 
n a tio n s  T I(S ), T I(P ) , an d  T I(A ) signifying th e  sy m m etric , p ro la te , e n d  a sy m 
m e tric  sh ap es, re spec tive ly .

3. The interaction

T he n u c le o n —nucleon  in te ra c tio n  p o te n tia l  em ployed  is a t r ip a r t i te  one 
fe a tu r in g  sh o r t- , m edium -, a n d  long-range co m p o n en ts  consisting  of a W ig n er 
c e n tra l force coup led  to  a M ajo ran a  exchange force, w ith  each  hav ing  G aussian  
ra d ia l d ep en d en ce , g en e ra ted  b y  th e  fo rm u la

V(r) =  2  S, [1 -  Mi +  Mi P M] e 'W  (1)
i=i

H ere , r =  r2 — q  is a re la tiv e  rad ia l c o o rd in a te , th e  p a ra m e te rs  S  are  ind ices  
o f  s tre n g th , th e  p a ra m e te rs  ^  are  range in d ic a to rs , th e  q u a n titie s  M  are  M ajo 
ra n a  exchange  coefficients, a n d  P m is th e  M ajo ran a  exch an g e  op era to r.
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T he specific  p a ra m e te r  se t u tilized  in  th is  s tu d y , d e s ig n a ted  in  p rev io u s 
p ap e rs  [7—9] as SB6 a n d  evo lved  from  in it ia l  co n d itions on th e  B .E . an d  
hu>eq o f th e  n ucle i de 4H e a n d  th e  B .E . /А  a n d  th e  eq u ilib riu m  F erm i m o m en tu m  
k F, is defined  b y  th e  fo llow ing values: (xx =  0.5 fm , =  1630.0 MeV, Mx =  
- 5 .2 7 ,  ц2 =  1.0 fm , S 2 =  - 3 9 2 .3  MeV, M 2 =  - 0 .7 8 7 ,  fi3 =  2.0 fm , S 3 =  
— 1.8 MeV an d  M 3 =  6.273.

4. T he energy equ a tio n s

T ab le  I I  lis ts  th e  e q u a tio n s  fo r th e  g ro u n d  s ta te  b in d in g  energies o f  th e  
tr io  o f co n fig u ra tio n s  fo r th e  nucleide 44Ti u n d e r  in v es tig a tio n . N ote t h a t  th e

Table П

Equations for the ground state binding energies of th e  3 nucleon configurations of 44Ti in term s 
of the harmonic oscillator energies and potential energy m atrix  elements F (nx, riy, n2) as functions 

of relative quantum  numbers for use in  Н Г calculations

Configura
tion

TI(S)

T I(P)

TI(A)

Equation

E  =  68.25 ha +  153.375 F(000) +  343.125 F(100)
+  95.635 F(200) +  88.125 F(110) +  108.75 F(210)
+  19.375 F ( l l l )  +  50.625 F(300) +  6.75 F(400)
+  27.0 F(310) +  13.5 F(220) +  16.875 F(211)
+  5.625 F(311) +  7.5 F(221) +  0.75 F(222)

E  =  26.75 Гьшх +  41.5 hwy +  154.5 F(000) +  130.0 F(100)
+  211.25 F(010) +  41.25 F(200) +  53.25 F(020)
+  61.75 F(110) +  26.0 F(110) +  48.75 F(210)
+  33.75 F(120) +  30.0 F(012) +  15.0 F (U 1)
+  26.875 F(300) +  30.0 F(030) +  9.0 F(400) +  4.5 F(040) 
+  9.0 F(310) +  4.5 F(120) +  4.5 F(013) 6.75 F(220)
+  2.25 F(022) +  4.5 F(211) +  4.5 F(121) +  6.25 F(500)
+  1.25 F(320) +  5.0 F(410) +  0.625 F(311) +  1.875 F(600)

E  =  24.75 hœx +  22.75 hœy +  20.75 hcoz +  153.75 F(000)
+  123.125 F(100) +  114.375 F(010) +  Ю5.0 F(001)
+  36.375 F(200) +  32.25 F(020) +  26.265 F(002)
+  32.375 F(110) +  30.125 F(101) +  27.875 F(011)
+  24.375 F(210) +  19.375 F(201) +  25.0 F(120)
+  16.25 F(102) +  16.25 F(021) +  15.625 F(012)
+  20.725 F ( l l l )  +  24.375 F(300) +  16.875 F(030)
+  15.0 F(003) +  5.625 F(400) +  2.25 F(040) +  2.25 F(004) 
+  5625 F(310) +  3.375 F(301) +  4.5 F(130) +  2.25 F(103) 
+  2.25 F(013) +  2.25 F(031) +  6.375 F(220)
+  2.625 F(202) +  2.25 F(022) +  4.15 F(211)
+  3.75 F(121) +  3.0 F(112) +  3.75 F(410) +  3.75 F(320)
+  1.875 F(230) +  3.75 F(311) +  0.625 F(221)
+  0.25 F(212) +  1.125 F(420)
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ax ia l an d  tr ia x ia l  shapes m a y  be  tre a te d  as spherica lly  sy m m e tric  by  em ploy ing  
a single h a rm o n ic  o sc illa to r (w ith  ha>x =  h(oy =  hu>z), th e re b y  allow ing a check  
on  th e  g a in  in  В .Б . in  sh iftin g  from  th e  sp h erica l to  th e  ax ia l (hcox =И= Âcoy ^  hu>z) 
a n d  th e  tr ia x ia l  (hcax ^  hcoy ^  hcoz) v a r ia tio n s .

5. The resu lts

T ab le  I I I  p resen ts  th e  b in d in g  en e rg y  an d  o sc illa to r energy  re su lts  fo r 
th e  shapes o f th e  nucleide 44T i. W ith  o n ly  a  single o sc illa to r varied , th e  sy m 
m e tric  s ta te  T I(S ) ap p ears  to  be m ost s ta b le , w ith  an  av e rag e  a d v a n ta g e  of 
10 MeV o v er th e  p ro la te  s ta te  T I(P )  a n d  12 MeV over th e  asy m m etric  s ta te  
T I(A ).

W hile  th e  B .E . figu res are  in  ex ce llen t ag reem en t w ith  ex p erim en t, th e  
hcoeq va lu es  are  h igher b y  a p p ro x im a te ly  4 MeV. These re su lts  are  to  be ex p ec ted , 
as th e  p a ra m e te r  se t SB 6 w as o rig ina lly  d e riv ed  in  p a r t  b a se d  on its  a c c u ra te  
p red ic tio n  o f  th e  g round  s ta te  o f th e  n ucle ide  40Ca [7]. H ow ever, its  fo recasts  
o f hcoei v a lu es  w ere c h a ra c te r is tic a lly  h ig h e r th a n  e x p e rim e n t.

Table m

Energy results for the three nucleon configurations of 44Ti for spherically symmetric (S), axial 
or prolate (P), and triaxial or asym m etric (A) treatm ents. All energies are in MeV

Configuration Quantity Exp. SB,

TI(S) .  B.E.(S) 470.9 443.5
/mu(S) 9.7 13.6

T I(P) B.E.(S) 470.9 435.1
B .E.(P) 470.9 462.9
ftto(S) 9.7 13.6
Äcox(P) 1 2 .0

Äcoy(P) 13.9

TI(A) B .E .(S) 470.9 433.4
B.E.(A) 470.9 460.3

Äco(S) 9.7 13.6

4 (  A) 1 2 .0

ha>y(A) 13.0
hcoz( A) 15.0
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W ith  fu ll-fledged osc illa to r v a r ia tio n  along tw o  a n d  th ree  axes, th e  p ro 
la te  s ta te  T I(P )  m a in ta in s  a sligh t (3 MeV) a d v a n ta g e  over th e  asy m m etric  
c o n fig u ra tio n , and th u s  ap p ears  to  re p re se n t th e  fav o red  shape fo r th e  g round  
s ta te  o f 44Ti.

6. C onclusions

U tiliz in g  a t r ip a r t i te  in te ra c tio n  p o ten tia l, th e  p re fe rred  g ro u n d  s ta te  
shape  fo r th e  nucleide 44T i appears to  b e  th e  p ro la te  sp h ero id a l sh ap e , a lth o u g h  
its  B .E . ad v an tag e  o v e r th e  a sy m m etric  shape is o n ly  a p p ro x im a te ly  3 MeV. 
B o th  con fig u ra tio n s p red o m in a te  o v e r th e  sph erica lly  sy m m etric  shape  b y  
1 7 - 1 9  MeV.

W hile  th e  B .E . p red ic tio n s fo r th e  th ree  shap es are  w ith in  8 —27 MeV 
o f th e  ex p e rim en ta l v a lu e , th e  h a rm o n ic  oscilla tor en e rg y  values are  rough ly  
4 MeV h ig h er th a n  th e  co rrespond ing  la b o ra to ry  figu res.
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SUR LE CARACTERE ANHARMONIQUE DE LA 
DILATATION THERMIQUE DES SOLIDES 

A HAUTE TEMPERATURE

Par

Y . T h o m a s

INSTITUT DE RECHERCHES SCIENTIFIQUES ET TECHNIQUES, 49045 ANGERS CEDEX, FRANCE

(Reçu 18. I I I . 1980)

L a m éthode des pertu rbations au  second ordre appliquée au modèle du  solide d’E instein , 
acceptable à hau te  tem pérature , perm et de m ettre  en évidence une contribu tion  anharm onique 
au  coefficient de d ila ta tion  therm ique en accord avec les résultats expérim entaux. On re 
trouve égalem ent les autres fonctions therm odynam iques classiques du solide.}

D ans l’ap p ro x im a tio n  h a rm o n iq u e , u n  solide co n s titu é  de N a to m es 
id en tiq u es  p e u t ê tre  considéré, à  h a u te  te m p é ra tu re , com m e u n  ensem ble de 
3 N  o sc illa teu rs linéaires, in d é p e n d a n ts , de m êm e fréquence, se c o m p o rta n t 
com m e des bosons. Ce m odèle ne  re n d  pas co m p te  de la  d ila ta tio n .

E n  fa it, lo rsque  la  te m p é ra tu re  s’élève, les o scilla teu rs d ev ien n en t a n h a r-  
m oniques, l ’h am ilto n ien  est p e r tu rb é : des te rm e s  su p p lém en ta ires  ap p a ra issen t 
d u  fa it  des in te ra c tio n s  p h o n o n s— phonons. L a  d ila ta tio n  p e u t  alors ê tre  m ise 
en  év idence. Si H 0 e s t l ’h am ilto n ie n  classique:

H  — p2 I a *2 ^  P 2 I mwox2 
2m 2 2m  2

(p: im pu lsion , œ0: fréquence  an g u la ire  de v ib ra tio n , m : m asse  des a to m es). 
V 0 le p o te n tie l p e r tu rb a te u r  que nous écrivons:

V 0 =  bx3 +  ex* H 0

(a, 6, c, é ta n t  des co n stan tes) on  p e u t ca lcu ler l ’énergie dégénérée au  second  
o rd re  [1]:

E  — E n + E t +  E 2 =  hco0

b2

” + v )  +  T2 2
h ] 2 ( 2 , , 1-------  с n- +  n +  —

mmn / I 2
15 1

Йсо0 ,

ma>n

3 1 i l
n2 +  n H-------

30

E n: r e p ré se n ta n t le spectre  d isc re t des v a leu rs  p ropres é q u id is tan te s .
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E n  re fo rm u lan t d ’u n e  façon p lus généra le  la  th é o rie  de la p e r tu rb a tio n  
th e rm o d y n a m iq u e  [2 ] e t  en  l ’a p p liq u a n t à  u n  o sc illa teu r an h arm o n iq u e  on 
calcu le  l’énergie lib re  p e r tu rb é e  F  =  — K T  log f  qu i se ra  prise au  second

E
o rd re , /  é ta n t  la  fo n c tio n  de p a r ti t io n  p e r tu rb é e  /  =  e KT ( f  0 et  / „  é ta n t

П
les v a le u rs  c o rre sp o n d an te s  non  p e r tu rb é e s ) :

F =  F 0 + l ^ e x p  Æ
I n [

Fn - B „ \
K T

(Ei +  E 2)
2 K T 2  e x P

F 0 - E
K T

-  (Elf +

+
2 K T 2  e x P

E0 — E n 
K T

E t

D ’après G rüneisen , le coeffic ien t de d ila ta tio n  cub ique  ß 0 du  solide s’é c rit  en 
p rem ière  a p p ro x im a tio n :

C , ( 1 )

où  ß 0 e s t p ro p o rtio n n e l à  la  ch a leu r spéc ifiq u e  à vo lum e c o n s ta n t C„ (y =  con
s ta n te  de G rüneisen , y  =  c o n stan te  de com pressib ilité , V  =  vo lum e spéci
fiq u e).

A vo lum e c o n s ta n t l ’en tro p ie  d u  solide est:

- r

•T r  a
- ^ - d T  =  R  —  

T  d T

il n ’y a p as  de tra v a il  fo u rn i à l’e x té r ie u r  d u  systèm e, d onc :

d ’où p o u r  u n  ensem ble de 31V o sc illa teu rs h a rm o n iq u es:

0 =  -  N T - ^ — ( F 0) .
V  dT 2

A h a u te  te m p é ra tu re  p o u r  des o sc illa teu rs an h a rm o n iq u es  on au ra :

=  3N T — ( F ) ,
V  d T 2

(2)
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Ш - 3 N T -  d2
d T 2

— e exp ^ hco0
K T

X

X 2  ”2 exP _  n ~ ^ r \  +  2  n exP (—n

-f- ^  exp K — — h œ 0
K T  „

exp — n

hco0
K T

hœ0

+

K T

ou :

e t :

E =  C-
3 h 2 15 1

b2 h 1
2 mo) Q 4 O3 . m œ 0 J

3 h 2 11
1 6-- h j

4 mco0 8 hw0 mco0 J

Si l ’on pose fm JK T  =  x  ( od e s t la  fréquence angu la ire  reliée à la  te m p é ra 
tu re  c a ra c té ris tiq u e  d ’E in s te in  6E p a r  h со =  К в Е), il v ien t:

ß =  31V —  
V

K x 2 ----- ----------1- 2 —
(e* - 1)2 T

2 (ex + e 2x) 2(ex -f- 4e2x -(- e3x) 
* ( ex - l )3 * (ex — l )1

A  h a u te  te m p é ra tu re  on p re n d  la  lim ite  des expressions en x ( x  1):

/9 =  3 N У1 r  4 K 2 T 3 h j» 15 1 b2 h ЭЛ

V {hw)2 2 mw0 j 4 mco0

O r:

со n
a

m

ß =  3 N ^ - K  
V

1 + 15b2 6c K T

C ette  dern ière  expression  m e t c la irem en t en év idence  la  c o n tr ib u tio n  de te r 
m es en h arm o n iq u es dans le coeffic ien t de d ila ta tio n  cubique d ’u n  solide lo rsque 
sa  te m p é ra tu re  s’élève: les calcu ls p récéden ts ne  son t v a lab les  que dans le 
dom aine  de convergence des d év e loppem en ts, c ’est-à-d ire  lo rsq u e  la  te m p é ra 
tu re  es t su ffisam m en t élevée (ce qu i ju s tif ie  l’em plo i du m odèle  d’E in ste in ).

L orsque le solide se d ila te , la  position  d ’u n  atom e d o n n é  e s t m odifiée 
de m êm e que l ’expression  développée de son énerg ie  p o ten tie lle  (q u ’on suppose 
in v a ria n te  dans la  su ite  des calcu ls). So ien t o/2, b, c les coefficients d u  développe
m e n t en série de l’énergie p o ten tie lle  non  p e r tu rb é e  (co rresp o n d an t à une dis-
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ta n c e  in te ra to m iq u e  r), so it d r le d ép lacem en t dû  à la  p e r tu rb a tio n  e t x  l ’oscil
la tio n  a u to u r  de c e tte  nouvelle  p o s itio n . L a  d is tan ce  e n tre  les p o sitio n s non 
p e r tu rb é e  e t  p e rtu rb é e  s’éc rit (x +  d r )  e t, pu isque  l ’énerg ie  p o ten tie lle  reste  
in v a r ia n te , son d év e lo p p em en t dans la  positio n  in itia le  n o n  p e rtu rb ée  s’éc rit:

—  (x +  d r ) 2 +  6 (x - f  d r ) 3 +  c (æ +  d r)4 +  . . .
2

e t d ans la  positio n  p e r tu rb é e : 

a +  d a
x2 -)- (6 -)- db) x 3 +  (c +  de) x4 +  • • •

d ’où en  id e n tif ia n t:

d a  d b-----=  66, -— - =  4c, . . .
d r d r

O r V
1 ( a

2л
1,2 1 d v  36e s t la  fréq u en ce  p h o n iq u e  d u  so lide d o û ----------=  -----

V d r  a

D ’ap rès  K ittel [3] le d ép lacem en t m o y en  est: л; =  — 3 K T  b/a2 e t en  te n a n t  
com pte  de la  v a r ia tio n  des fréquences p h on iques, conséquence de la  v a r ia tio n  
de v o lu m e , due à la  d ila ta tio n :

O r:

1 dr r  dx  962
V d r  r  d T  ~  a3

d  log  V 
d  log  F

e t 1 dx 
r d T =  «0 co effic ien t de d ila ta tio n  linéaire (3 a 0 =  ß 0)

il v ie n t:

y ß  о = • K .

O n re tro u v e  ainsi le coeffic ien t m o y en  de te m p é ra tu re  des fréq u en ces p h o 
n iq u es d u  solide que n o u s avons p récéd em m en t défin i [4] e t qui c o n s titu te  donc 
b ien  u n e  m esure de l’an h a rm o n ic ité :

S N ^ K [ i  + 9 b ! K
5 2 ac

T
V a3 3 3 b2
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Si on pose:

5 2 ac
~b>

ß = 3 N ^ K [ l  +  yßo В Т ]  =  ß 0 [1 + y ß 0 B T ] .

I l у  a donc, à h a u te  te m p é ra tu re , a p p a ritio n  d’un  te rm e  en  T  p ro p o rtio n n e l 
au  coeffic ien t m oyen  de te m p é ra tu re .

C ette  fo rm u la tio n  p e rm e t e ffec tiv em en t de ren d re  co m p te  de ré s u lta ts  
e x p é rim e n ta u x  à h a u te  te m p é ra tu re  [5].

I l  es t in té re s sa n t de v é rif ie r  que l ’on  re tro u v e  p a r  c e tte  m éth o d e  des 
p e r tu rb a tio n s  les ré su lta ts  classiques:

E n  s’a r r ê ta n t  au  p rem ie r te rm e  du  dév e lo p p em en t, à re la tiv e m e n t basse  
te m p é ra tu re , l ’o sc illa teu r v ib ra n t  h a rm o n iq u em en t l’ham ilto n ien  n ’e s t pas 
p e r tu rb é  de m êm e que la  fo n c tio n  de p a r t i t io n  f 0 e t que l ’énergie lib re  F 0, 
la  fo rm ule (2) est v a lab le :

£ 0 =  3 N ^ - K -  
y

hv
K T

exp hv I 
K T

exp
hv

K T

У y.expression  qui te n d  vers ß0 = C„ avec Cv — 3 N K  q u a n d  la  te m p é ra tu re

s’élève. On re tro u v e  l’éq u a tio n  (1), il n ’y  a p a s  de c o n tr ib u tio n  an h a rm o n iq u e .
O n re tro u v e  les ré su lta ts  classiques de B orn e t B rody  [6 ], Schrödinger  

[7], K ittel  [3], e t  P eierls [8] é tab lis  en su p p o sa n t que les forces en tre  a to m es 
n ’obéissen t p lus e x a c te m en t à la  loi de H ooke e t  que le p o te n tie l in te ra to m iq u e  
d ev ien t a sy m é triq u e . L ’énergie to ta le  d ’u n  a to m e  de m asse m  o scillan t p a r  
a g ita tio n  th e rm iq u e , exp rim ée en fonction  d u  m om ent p  e t du  dép lacem en t 
X de la  p o sitio n  d ’équ ilib re  in te ra to m iq u e  r, e s t:

2
E  =  ----- b —  +  bx3 +  ex* +  . . .

2m  2

d ’où la  fo n c tio n  de p a r ti t io n  au  2è ordre en  K T :

4
exp

E
K T

dx dp 2л K T 1 + 15 b2
2a 3

3c
«2 K T

connue p a r  la  m écan iq u e  s ta tis t iq u e  classique.
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L ’énergie in te rn e  p a r  o sc illa teu r:

1 l i 
ly =  K T  +  -=^—  (K T )2 -  —  (K T )2

2 a3 a2

m e t en  év idence les te rm es an h arm o n iq u es  d u  second o rd re  qu i a p p a ra is se n t 
à  h a u te  te m p é ra tu re  e t s’a jo u te n t  à l’énerg ie  m oyenne classique K T  d ’u n  
o sc illa teu r h a rm o n iq u e .

L a  ch a leu r spécifique p a r  o sc illa teu r:

1 +  I I Î Î L  _  —  K T
l a 3 a2 )

m o n tre  l’a d d itio n  à la  c o n s ta n te  de D ulong  e t  P e t i t  d ’u n  te rm e  e n h a rm o n iq u e  
à  h a u te  te m p é ra tu re  d é jà  m ise en  év idence p a r  B o r n  e t  B r o d y  [6] e t ca lcu lé  
p a r  D a m k ö h l e r  [ 9 ]  e t L i e b f r i e d  [ 1 0 ] .  S o it avec les n o ta tio n s  p récéd en tes :

C , =  K[1  +  y ß 0 BT]

q u i m o n tre  que  la  v a ria tio n  de la  ch a leu r spécifique e s t u n  phénom ène lié  à 
la  d ila ta tio n  p u isq u e  les lois so n t id en tiq u es . D ’après la  re la tio n  th e rm o d y n a m i
q u e  connue on  a d ’a illeurs:

V T
Cp =  Cv + $ > - —— =  C „[l + v ß o  T]

1

(Cp e s t la  c h a le u r spécifique à  p ression  co n stan te ).
O n tro u v e  donc au  coeffic ien t B  p rès (d ép en d an t de la  form e du  p o te n tie l  

in te ra to m iq u e )  que l ’éca rt à la  lo i de D u lo n g  e t P e t i t  à h a u te  te m p é ra tu re  est 
co m p arab le  à la  différence e n tre  Cp e t Cv laque lle , on le sa it, p e rm et d ’ex p rim er 
la  d ila ta tio n .
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(Received in  revised form 18. I I I .  1980)

A structu ral stu d y  of some sodium  borate glasses containing iron w as carried ou t apply
ing M E spectroscopy. B o th  oxidation an d  coordination s ta tes of iron were investigated  under 
th e  effect of gradual replacing of sodium  carbonate b y  sodium n itra te  in  th e  glass batches.

The glasses were m elted in  porcelain crucibles using an  electrically heated  furnace a t 
1000 ±  10 °C, then  w ere quenched on a steel plate a t room  tem perature (R .T .). The ME source 
was 20 mCi radioactive Co-57 in  chrom ium .

The obtained M E spectra ind ica ted  th a t a t low er sodium n itra te  con ten t bo th  Fe2+ 
and F e3+ are p resent in  these glasses. A t m oderate concentrations some F e3+ ions were separ
a ted  in  a crystalline phase and the re s t o f the iron ions appeared  as ferric ions in  glassy s ta te . 
A t h igh sodium n itra te  content only F e3+ ions in glassy s ta te  were detected. The values of the 
M E param eters for all iron ions ind ica ted  th a t all of th em  are in  the octahedral coordination 
sta te . The density m easurem ents confirm  the separation of a crystalline phase a t  m oderate 
sodium  n itra te  content.

r
( f Introduction
Щ- '
É

M any s tu d ie s  dealing  w ith  th e  s tru c tu re  o f  iro n  ions in  g lass w ere p re v i
ously  pub lished , fro m  w hich th e  one  b y  B a t e s  [1 ] is o f th e  g re a te s t  im p o rtan ce . 
H e concluded  t h a t  iro n  in  glass e x is ts  in  b o th  fe rro u s  and  fe rric  s ta te s  in  eq u i
lib r iu m , as w ell as in  a co llo idal dispersed s ta te .  H e p o in te d  o u t also th a t  
th e  d ifficu lty  w as to  decide th e ir  coo rd in a tio n  n u m b e r. A fte r th e  d ev e lo p m en t 
o f th e  M össbauer e ffec t sp ec tro sco p y  i t  was successfu lly  ap p lied  to  in v es tig a te  
b o th  o x id a tio n  a n d  co o rd in a tio n  s ta te s  of iro n  ions in  th e  g lassy  s ta te s  [2].

F ro m  th e  d a ta  pub lished  in  th is  field  i t  w as estab lish ed  t h a t  th e  change o f 
co o rd in a tio n  from  six  to  fou r fo r  e ith e r  F e3+ o r F e2+ ions w ould  be ex p ec ted  
to  re s u lt  in  a decrease  in  isom er s h if t  values [3]. T h e  effect o f th e  e n v iro n m en t 
on th e  values of th e  M E p a ra m e te rs  o f iron  ions in  d ifferen t g lasses w as know n 
[4 — 6 ]. T he b e h a v io u r  o f iron  io n s  u n d e r th e  o x id a tio n  effect o f  ch lo ride w as 
also s tu d ie d  [7].

In  th e  p re se n t w ork  th e  N a 2C 0 3 was rep laced  b y  N a N 0 3 ca tio n  p er 
ca tio n  in  th e  glass b a tc h e s  to  s tu d y  th e  o x id a tio n  effect of N 0 3 g roup  on th e  
s t ru c tu ra l  s ta te s  o f  iro n  in  g lasses.
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E x p erim en ta l

C hem ically  p u re  g rade  m a te ria ls  w ere m elted  in  po rcela in  crucib les in  
o rd e r  to  o b ta in  d iffe ren t glass sam ples accord ing  to  th e  follow ing fo rm u la :

16 m ole B 2 O 3 +  4 m ole N a 2 0  +  1 m ole F eC 20 4 ■ 2H 20 .

In  th ese  glasses sod ium  oxide w as supp lied  by  so d iu m  ca rb o n a te  and /o r 
so d iu m  n itra te . T h is  w as ach ieved  b y  th e  g rad u a l rep lac in g  ca tion  p e r ca tio n  
o f  N a 2C 0 3 b y  N a N 0 3 in  th e  glass b a tch es . T ab le  I  p re sen ts  th e  d iffe ren t 
a m o u n ts  o f N aaO w hich  w ere su p p lied  b y  e ith e r  N a2C 0 3 or N a N 0 3.

Table I

The am ounts of N a20  which were supplied by either N a2C 03 or N aN 03

Sample No. 1 2 3 4 5 6 7 8 9

N a2C 03 mole 4.0 3 .5 3 .0 2 .5 2 .0 1 .5 1 .0 0 .5 0 .0

N aN 0 3 mole 0.0 0 .5 1 .0 1 .5 2 .0 2 .5 3 .0 3 .5 4 .0

T he m e ltin g  w as ca rried  o u t in  an  electric  m u ffle  fu rnace  a t  ab o u t 
1000 +  10 °C fo r tw o  h o u rs . M elts w ere th e n  q u en ch ed  on a stee l p la te  a t 
ro o m  te m p e ra tu re .

A  co n v en tio n a l M össbauer sp ec tro m e te r  of th e  c o n s ta n t acce le ra tio n  m ode 
w as used  an d  th e  source w as a  20 m Ci Co-57 in  Cr. T h e  M össbauer a lso rbers 
w ere  p re p a re d  in  th e  fo rm  o f pow dered  glass p ressed  b e tw een  tw o  th in  sheets 
o f  a lu m in iu m  in  o rd e r to  o b ta in  hom ogeneous th ic k n e ss  o f 10 m g p e r  cm2. 
A ll th e  M össbauer m easu rem en ts  fo r th e se  glasses w ere  carried  o u t a t  room  
te m p e ra tu re .

A rch im edes m e th o d  w as ap p lied  to  m easu re  th e  densities o f  these 
sam ples.

R esu lts  an d  discussion

T he change in  th e  shape  o f th e  m easu red  M E s p e c tra  as th e  so d iu m  n itra te  
w as in creased  in  th e  glass b a tc h e s  can  be easily  o b se rv ed  in  F igs. 1, 2 an d  3. 
I n  th e  sp ec tru m  o f th e  f ir s t  sam ple  i t  w as observed  t h a t  th e re  are th re e  reso lved  
p e a k s  an d  th e  p e a k  in  th e  h ig h  en erg y  side h ad  lo w er in te n s ity  th a n  th a t  in  
th e  low  energy  one. A s th e  sod ium  n itr a te  began  to  be  in tro d u ced  in  th e  glass 
b a tc h e s  an d  as i ts  c o n c e n tra tio n  w as g rad u a lly  in c rea sed , th e  in te n s i ty  of th e  
c e n tra l  peak  in c reased  w hile th a t  in  th e  h igh en erg y  side decreased. W hen  the
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Fig. 1. ME spectra of sam ples 1, 2, 3 and  4 (x  =  0, 0.5, 1.0, and  1.5 mole N aNO s)

c o n c e n tra tio n  of sod ium  n itr a te  reach ed  1.5 mole in  th e  g lass, th e  h ig h  en erg y  
side p e a k  d isap p eared  co m ple te ly  a n d  th e  o th e r tw o  p eak s  ap p eared  to  be 
sy m m etric . In c reas in g  th e  sodium  n i t r a te  b y  m ore th a n  1.5 mole a  m ag n e tic  
h y p erfin e  sp littin g  s ta r ts  to  ap p ea r in  ad d itio n  to  th e  c e n tra l  doubles. A s th e  
sodium  n i t r a te  increased  again  ju s t  to  3 m ole, th e  m a g n e tic  sp littin g  d isap 
peared .

T he M E specra fo r th e  f irs t th ree  sam ples (Fig. 1) cou ld  be an a ly zed  in to  
tw o  se p a ra te d  doub le ts  A  an d  B. D o u b le t A w hich h as  th e  g rea te s t sp li t t in g  
energy  re p re se n ts  th e  iro n  ions in  th e  fe rro u s  s ta te , w hile d o u b le t В re p re se n ts  
th e  iron  ions in  th e  fe rric  s ta te  [4]. As th e  sodium  n itr a te  w as increased  to  1.5 
m ole th e  d o u b le t A co m p le te ly  d isap p eared . This m ean s t h a t  b o th  iro n  ions 
F e 2 + an d  F e 3+ p re sen t in  th ese  glasses w ere due to  th e  re d u c tio n  effect o f  th e  
o x a la te  ions. T he a d d itio n  o f th e  n i tra te  g roup  oxidized th e  ferrous in to  ferric  
ions an d  a t  1.5 mole o f  th e  n i tra te  c o n te n t, all th e  fe rro u s  ions p re se n t in  
these  glasses w ere co m p le te ly  oxidized.
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T he m ag n e tic  h y p erfin e  sp lit t in g  w h ich  ap p eared  in  th e  follow ing tw o  
sam p les  (w hich  c o n ta in  2 an d  2.5 m ole of so d iu m  n itra te , re sp ec tiv e ly , F ig . 2) 
c a n  be a t t r ib u te d  to  som e p re c ip ita te d  F e20 3. T h is could  h e  concluded  fro m  
M E  p a ra m e te rs  as p resen ted  in  T ab le  I I .  S u ch  p re c ip ita tio n  m ay  he due to  
th e  fa c t t h a t  iro n  ions are s lig h tly  soluble in  b o ra te  glasses [8].

Table II

ME param eters for the  separated phases in  sample No. 6 in mm/s

Isomer shift 
IS

Quadrouple
splitting

QS
Line width 

LW
Magnetic field 

KOe

0.20 0.35 0.75 517

T he s p e c tra  o f th e  la s t  th re e  sam ples (F ig . 3) in d ic a te d  th a t  all iro n  
ion s are  in  th e  fe rric  s ta te  in  a p u re  g lassy  s ta te .
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channel num ber

Fig. 3. ME spectra of samples 7 and  8 (x  =  3.0 and 4.0 mole N aN 03)

Fig. 4. Density m easurem ents

A ll th e  (IS ) and  (QS) v a lu es  for b o th  iro n  ions in  th e se  glasses in d ic a te  
th a t  th e  p re fe rab le  co o rd in a tio n  s ta te  is th e  o c tah ed ra l one  [4].

T he d e n s ity  m easu rem en ts  confirm  th e  presence o f a  se p a ra te d  c ry s ta llin e  
m a te r ia l in  sam ples n u m b er 5 a n d  6 . F ig . 4 show s th a t  th e se  tw o  sam ples h av e  
sm alle r d e n s ity  va lu es  th a n  th e  o thers. T h is  m ay  be due to  th e  change o f  th e  
s tru c tu re  in to  th e  com pact one in  these tw o  glass sam ples.

I t  can  be  concluded  t h a t  a t  low er sod ium  n itra te  co n te n t b o th  F e 2 + 
an d  F e 3+ ions w ere p resen t in  th e se  glasses. Increasing  its  c o n cen tra tio n  som e 
F e 3+ ions w ere sep a ra ted  in  a m ag n etic  o rd e re d  m ate ria l a n d  th e  re s t of i ro n  ions 
w ere d e te c te d  in  a pure  g lassy  s ta te  as F e 3+ ions. A t h ig h e r  sodium  n i t r a te  
c o n te n t, i t  w as found  th a t  a ll iro n  ions ap p e a re d  as fe rric  ions in a g lassy  
s ta te .
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AN EFFICIENT LABORATORY RAMAN 
SCATTERING SYSTEM*
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(Received 2. IV. 1980)

T he apparatus consists of an U V-preionization nitrogen T E A  laser (giving high peak 
power ou tp u t), m ultipass R am an  cell and  spectrograph. The scattered  R am an  spectra of 
ord inary  atm ospheric air ob tained  using th is appara tus are given as an example.

1. In tro d u c tio n

T h e  R am an  sc a tte r in g  o f in c id en t ra d ia tio n  from  gases, liqu ids, a n d  solids 
has b een  o f  in te re s t as a source of in fo rm a tio n  on v a rio u s  m a te ria ls , especially  
th e ir  m o lecu la r s tru c tu re  a n d  chem ical com position .

R e c e n tly , a ir an d  w a te r  p o llu tio n  h as  becom e a  w orldw ide p rob lem . 
T h is n ecess ita te s  th e  d ev e lo p m en t o f  e ffic ien t m e th o d s  fo r m o n ito rin g  and  
m easu rin g  p o llu ta n ts . F o r  several y e a rs  lase r m e th o d s  have  been  u sed  in  
“ in  s i tu ”  m easu rem en ts , ap p ly in g  th e  a b so rp tio n , fluorescence, o p to -aco u stica l 
R a m a n  a n d  Mie s c a tte r in g  tech n iq u es  [1 — 5]. R a m a n  sc a tte rin g  offers a 
u n iq u e  a n d  effective m e th o d  fo r th e  a n a ly s is  o f m o lecu lar p o llu ta n ts . T h e  aim  
o f th is  p a p e r  is to  describe  an  a p p a ra tu s  fo r th e  la b o ra to ry  de tec tio n  o f  m ole
c u la r  p o llu ta n ts  in  w a te r  a n d  air.

2. A p p ara tu s

a) TJV-preionization nitrogen T E A  laser

L a se r  pow er can be  increased  b y  in c reasin g  th e  vo lu m e or th e  p ressu re  
o f  th e  a c tiv e  m edium . I n  e lec trica l d isch arg e  laser sca lin g  these  q u a n tit ie s  
cause d isch arg e  in s ta b ilitie s , sp a tia l n o n u n ifo rm itie s  o f  th e  op tica l m ed iu m  
a n d  in tro d u c e  a  tra n s it io n  fro m  a glow  d ischarge to  a  d iscre te  h ig h -c u rre n t 
a rc . T hese effec ts seriously  deg rade  th e  o u tp u t  energy  an d  o p tica l m ode q u a lity

* This w ork was supported  under the P ro jec t No. 10.2 — 01.01.01.03
** A ddress: In s ty tu t F izyki, U niw ersytet G danski 80—952 G dansk, ul. W ita Stw osza 57
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o f th e  lase r. I t  h a s  b een  show n [6 , 7] th a t  th e  doub le-d isch arg e  an d  elec tron  
b e a m  pre ion izer in c re a se  th e  d isch a rg e  s ta b ility . D o u b le-d ischarge  is used  in  
N 2 la se rs  w hich o p e ra te  a t  high p ressu re .

F ig . 1 show s th e  d e ta iled  c o n s tru c tio n  of th e  N 2 laser used  in  th e  p o llu tion  
a p p a ra tu s . T he 60 cm  lo n g  laser d isch arg e  tu b e  h a d  a  1.0 cm  elec trode  sep ara tio n . 
T h e  cross sec tion  o f  th e  su p e rrad ian ce  ra d ia tio n  w as 0 .6 x 1 0  cm . The la se r 
tu b e  consists o f tw o  a lum in iu m  b a rs  sep a ra ted  b y  p lexiglass w alls. Two copper 
tu b e s  (I.D . o f 0.4  cm ) pressed in to  a slo t of th e  a lu m in iu m  b a rs  p rov ides w a te r  
coo lin g  fo r th e  la se r  tu b e . A f ro n t  surface — a lu m in ized  m irro r  an d  feedback  
q u a r tz  w indow  a re  sea led  w ith  О -rings, one a t  e a c h  end of th e  tu b e . In  o rd e r 
to  h a v e  a u n ifo rm  gas flow  in  th e  la se r tu b e , a spec ia l d is tr ib u tio n  system  h as 
b e e n  co n s tru c te d . A s is show n in  F ig . 1, th e  n itro g e n  is d is tr ib u te d  b y  m a n y

Fig. 1. D etailed construction of laser chamber

Cp.
75 nF 330 pF« 10

Fig. 2. The electric circuit of the U V-preionization laser
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in p u t  holes in  one o f th e  a lum in iu m  elec trodes. T he en te rin g  gas flow s across 
th e  d ischarge  tu b e  a n d  ex its  a ro u n d  th e  o th e r e lec trode  w here i t  is  collected 
b y  an  e x h a u s t m an ifo ld . I t  has been  te s te d  th a t  a su ffic ien tly  u n ifo rm  gas flow  
is ach iev ed  w ith  100 in le t an d  ex it holes o f 2 m m  d ia m e te r  equally  d is tr ib u te d  
on each  e lectrode. In  o rd er to  o b ta in  h igh  pow er o u tp u t  o f th e  la se r  lig h t it  
w as n ecessary  fo r a g iven  pulse re p e tit io n  to  have a  fa ir ly  h igh v e lo c ity  of th e

Fig. 3. Laser power versus nitrogen gas pressure a t different charging voltages

Fig. 4. Average laser ou tp u t power versus pulse repetition  rate
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gas flo w . This is re q u ire d  for th e  e lim in a tio n  o f  th e  residua l io n iza tio n  from  
th e  p rev io u s d isch a rg e  pulse. I f  a  few  ions or a  no n u n ifo rm  d is tr ib u tio n  o f  
io n s ap p ea rs  in  th e  d ischarge  tu b e , th e  b reak d o w n  v o ltag e  o f th e  gas decreases 
w h ic h  resu lts  in  a  loss o f laser o u tp u t .

F ig . 2 gives th e  schem e o f th e  electric  c irc u it o f  th e  U V -pre ion iza tion  N 2 
la s e r . T he schem e consists of tw o  c ircu its , i.e . th e  p re io n iza tio n  and m ain  
d isch a rg e  c ircu its . T h e  p re io n iza tio n  c ircu it in v o lv es  th e  7.5 n F  storage c a p a 
c ito rs  (Cp), te n  330 p F  du m p in g  cap ac ito rs  w h ich  are co n n ec ted  to  th e  arc  
a r ra y s  as show n in  F ig . 2 and th e  Н У  pow er su p p ly  w hich  charges th e  p re io n iz 
in g  e lec trodes th ro u g h  th e  0.1 К  res is tan ce . T he d ischarge  is sw itch ed  b y  m eans 
o f  a  tr ig g e red  p re ssu rized  h y d ro g en  sp ark  gap . T h e  m ain  d ischarge , supp lied  
b y  a n o th e r  Н У  p o w e r feeder sw itch ed  on by  m ean s  of a th y ra tro n  gives th e  
b r ig h t  arc. T he v a r ia b le  e lec tro n ic  delay  allow s co n tro l o f th e  firing  o f th e  
m a in  discharge a f te r  th e  p re io n iza tio n  process. T y p ica lly , th e  m ain  d ischarge 
a p p e a rs  12 fis a f te r  th e  p re io n iza tio n .

As can be seen  in  Fig. 3, fo r  each ap p lied  v o ltag e  th e  p re io n iza tio n  for 
w h ic h  th e  h igh v o lta g e  was c o n s ta n t  a p p ro x im a te ly  doubles th e  o u tp u t pow er 
o f  th e  laser.

F ig . 4 show s th e  dependence  of th e  av e rag e  laser o u tp u t  pow er vs pu lse  
re p e ti t io n  ra te . F o r  slow  N 2 flow  th ro u g h  th e  d ischarge  tu b e  a n d  12 fis d e lay

laser N2

Fig. 5. The scheme of multipass R am an  cell w ith the experim ental setup of the R am an sca tte r
ing experim ent
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o f th e  m ain  d ischarge th e  m ax im u m  la se r  pow er is o b ta in e d  a t  30 H z . A t 
h ig h e r ve loc ities o f gas Н олу th e  m ax im u m  v a lu e  of lase r pow er w as o b ta in e d  
a t  h ig h er re p e tit io n  ra te s .

b) Multipass Raman cell

In  o rd e r to  increase th e  sen s itiv ity  o f  th e  a p p a ra tu s  a re tro re f lec tin g  
m u ltip ass  cell has been u sed . F ig . 5 show s th e  schem e of th e  cell. T he  cell 
consists  of a q u a r tz  tu b e  (I .D . 2.5 cm) w h ich  h as  a len g th  eq u a l to  th e  sum  of 
th e  focal le n g th s  o f th e  tw o  q u a r tz  lenses. T h is  cell is su rro u n d ed  b y  tw o  re tro -  
re flec tin g  m irro r  assem blies. O ne o f th e  m irro r  assem blies is sh ifted  from  th e  
o p tica l axis. F o r  such m o u n tin g  th e  lase r b eam  passes sev era l tim es th ro u g h  
th e  cell co n sis tin g  o f po llu ted  gas before b e in g  re flec ted  from  th e  re tro re flec tin g  
m irro r  assem blies. The laser beam , before e n te r in g  th e  cell, passes a cy lin d rica l 
lense beam  ex p en d o r w hich changes th e  b e a m  cross section  from  0 .6 x 10 m m  
to  0.2 m m  X 10 m m .

T he R a m a n  sca tte red  l ig h t is focused  on th e  s lit of th e  H ilger E  498 
q u a r tz  sp ec tro g rap h  b y  tw o  (S3 and  S4) q u a r tz  lenses an d  b y  a p a rab o lic  
re flec tin g  m irro r  Z4.

3. R esults
4

U sing th e  a p p a ra tu s  described  above we o b ta in ed  R a m a n  sp ec tra  o f  
p o llu ted  a ir w h ich  has been d raw n  from  a s t r e e t  crossing ^ v ith  h eav y  tra ff ic ) . 
F ig . 6 shows th is  spectrum . T h e  spec tru m  consists  o f th e  in c id en t w ave fre-

taser N2
I
;! 02 со

Fig. 6. The R am an scattering  spectrum  obtained from th e  polluted air draw n from the stree t
crossing
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q u e n c y  v0 a n d  series frequencies vr sh ifted  to w a rd  low er v a lu es , i.e. th e  S to k es  
lines. T h e  in te n s ity  o f  th e se  S tokes lines is p ro p o rtio n a l to  th e  c o n c e n tra tio n  
o f each  m o lecu la r p o llu ta n t. O n th e  F ig u res  th e  v e rtic a l a rrow s in d ica te  th e  
e x p e c te d  c e n tra l  w av e len g th s  o f th e  ( l-b ra n c h  o f th e  v ib ra tio n a l- ro ta tio n a l 
R a m a n  lines fo r each  m o lecu lar species.

In  o u r case th e  lines belong  to  th e  0 2, N O , CO, N 2, C2H 4 an d  H 20  m o le
cules.

S ince th e  c o n c e n tra tio n  o f N2 in  th e  a ir  does n o t d ep en d  on th e  c o n c e n tra 
tio n  o f  th e  p o llu ta n ts , i t  is co n v en ien t to  e v a lu a te  th e  co n cen tra tio n  o f each  
m o lecu la r species re la tiv e ly  to  N 2 [8 ].
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(R eceived in  revised form  15. IV. 1980)

The relations between some components o f the m etric tensor for the nonstatic  cylind- 
rically  sym m etric Einstein —R osen m etric and th e  electrom agnetic potentials for th e  source 
free electrom agnetic fields are obtained.These relations help to generate solutions for Zeldovich 
flu id  d is tribu tions coupled w ith  electrom agnetic fie ld  from those o f Zeldovich flu id  solutions

I. Introduction

T his s tu d y  is an  ex ten s io n  of th e  w o rk  o f R ao e t al [1] w herein  th e y  h a v e  
o b ta in e d  se ts  o f  ex ac t so lu tio n s for n o n s ta t ic  cy lin d rica lly  sy m m etric  fie ld s . 
H ere  a c lass o f so lu tions h a s  been o b ta in e d  fo r th e  n o n s ta tic  cy lin d rica lly  
sy m m etric  E in s te in —R osen  m etric

ds2 =  e*-W(dt2 -  don2) -  Q2e~2ß d<P2 -  e2? dz2 , (1)

w here  a  a n d  ß  are fu n c tio n s  of q and  t o n ly  and  th e  co o rd ina tes q, Ф, z, t 
co rresp o n d  to  x \  x2, x3, x4 ,  re spec tive ly . T h is  class of so lu tio n s is analogous to  
th o se  o b ta in e d  b y  W eyl  [2], Majum dar  [3] an d  P apapetrou  [4] (re fe rred  
to  as W M P class h e rea fte r). W eyl  [2] a n d  B onnor [5] h av e  o b ta in e d  th e  
re la tio n  b e tw een  th e  gu  co m p o n en t of th e  m e tric  ten so r a n d  th e  e le c tro s ta tic  
p o te n tia l  as

g 4i =  4:zip2 -f  B i p  +  A

( A  and В  are arbitrary constants) for ax ia lly  sym m teric m etric, w hile  
Majum dar  [3] and P apapetrou  [4] have^ established the sam e relation for 
generalised sta tic  metric

d s 2 =  g a b ix ) d x a d x b +  g u  d l 2, (a, b  =  1, 2, 3, g44 <  0 ). (2)

T h e  co rresp o n d in g  problem  fo r th e  cy lin d rica lly  sym m etric  E in s te in —R o sen  
m e tric  in  th e  case w hen on ly  e lec tro m ag n etic  fie ld  in  p re sen t h as  been in v e s ti
g a te d  b y  Misr a  an d  Radh ak rish na  [6] a n d  in  th e  case o f  coup led  zerom ass
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sc a la r  an d  source  free  e lec tro m ag n etic  fie lds b y  T rw A R i [7]. I n  b o th  these  p a  
p e rs  th e  sam e W M P  re la tio n s , v iz .,

a n d

a 4 -by ) --------w2
2

(3)

h a v e  been  o b ta in e d . U sing re la tio n s  (3) th e  above m en tio n ed  au tho rs h a v e  
o b ta in e d  th e o re m s w hich en ab le  to  gen era te  th e  so lu tions o f  th e  W M P class 
s ta te d  earlier.

T he p ro b lem  in v e s tig a te d  in  these  p a p e rs  is an  ex ten sio n  o f th e  w ork  o f  
M i s r a  an d  R a d h a k r i s h n a  [6 ] to  th e  case o f e lec tro m ag n etic  fie ld  coupled w ith  
p e rfec t flu id . H o w ev er, co n sis ten cy  of th e  f ie ld  eq u a tio n s dem ands th a t  th e  
p e rfec t f lu id  be  re s tr ic te d  to  Z eldovich  f lu id  (w ith  th e  e q u a tio n  of s ta te ,  
tv =  p  (A p p en d ix ).

I t  has b een  show n th a t  th e  W M P re la tio n s , u n d er c e r ta in  m a th e m a tic a l 
re s tr ic tio n s , a re  n o t a ffec ted  b y  th e  p resence  o f Z eldovich  flu id  and  re m a in  
th e  sam e as th o se  o b ta in ed  b y  M i s r a  an d  R a d h a k r i s h n a  [ 6 ]  and  T i w a r i  [ 7 ] .  

T hese  re la tio n s  enab le  th e  c o n s tiu c tio n  o f  so lu tions fo th e  W M P class fro m  
th o se  of th e  cy lin d rica lly  sy m im tr ic  Z eldov ich  flu id  fo r th e  E in s te in — R o sen  
m etric .

H . M ath em atica l prelim inaries

T he E in s te in  fie ld  e q u a tio n s  for c h a rg ed  p erfec t f lu id  w ith  m ass d e n s ity  
tv, p ressu re  p ,  ch arg e  a, fo u r  ve lo c ity  u,- a n d  th e  e lec tro m ag n etic  fie ld  te n s o r  
Fjj  m ay  be w r it te n  as

G‘j  - R U ~  y  Si] R  =
к

4тг
- W .  +  -g , J * a b  Rab 

4

к
4тг

[(w  + p ) U j U j — p g i j ]>

(4)

u‘ Uj =  I , (5)

F a  =  A u  — a j,i . (6>
an d

F ' j  =  —4jrcru', (7)

w here  К  =  8 jtG(c =  1) is th e  g ra v ita tio n a l c o n s ta n t a n d  A ,  is th e  e le c tro 
m ag n etic  fo u r  p o te n tia l. A com m a and  a sem icolon den o te  p a r tia l  an d  c o v a ria n t 
d iffe re n tia tio n s  re sp ec tiv e ly . I t  can  be show n  along th e  lines of th e  w o rk  o f
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R a o  e t a l [ 1 ] ,  th a t  for th e  m etric  (1 ) ,  cr, F 23 are id e n tic a lly  zero a n d  th a t
th e  p e rfec t f lu id  d egenera tes to  th e  Z e ldov ich  flu id  v iz ., to  th e  case  w hen 
th e  p ro p e r d e n s ity  w  eq u a ls  th e  p ressu re  p  (A ppendix). T he re s t o f  th e  com 
p o n en ts  o f Fjj can  he d e riv ed  from  tw o  in d ep en d en t p o te n tia ls  A 3 a n d  A 3, 
of th e  fo u r p o te n tia l A t. D en o tin g  A 2 =  <p and  A 3 =  ip, we get

■P’12 — 9)i -P’13 — Wi -P’24 — Vii -P34 — ip4. (8)

H ere  low er su ffixes 1 an d  4 a fte r  u n k n o w n s deno te  p a r t ia l  d iffe ren tia tio n  w ith  
re sp ec t to  q an d  t, resp ec tiv e ly . U sing (8 ), th e  fie ld  e q u a tio n s  (4) to  (7) fo r  the  
m e tric  (1) in  com oving co o rd in a tes  becom e

2 I Д2 _  _____ 2« - 2 0  _  */?i +  Я  -  —  =  -  -7 -  e 
Q 4л: Pt 8 л

„2/3

( < p í + r í ) + l e  2ß Ы + у й )

к
*11 +  * u - ß l  +  ß l  =  — = - * - * p - 8 з

„2/3
—  -  e-*>(rpl-rf)

2 ß n  -  2 ß u  -  «11 + « 4 4  -  ß l  +  ß \  + —  f t  =  -  e ^ - V p  +
p 4л

+  ■
P2ß

2AÄ «4

e

8л

А .
4 л

■ (<PÏ - < P Î ) - e  2/1 (V'f -  f l )

and

~<Pi<Pi +  e

w =  p ,

<Pifi -  <Pi Wt =  ° ,

<Pn — 9̂44 -  —  =  2& f i  -  2ßi <Pi 
Q

Vu -  V>44 +  —  =  2ß1ip1 — Iß 4ip4 .
e

(9)

ЛЮ )

( H )

( 12 )

(13)

(14)

(15)

(16)

I I I .  W M P re la tio n

Since th e  fie ld  eq u a tio n s a re  h igh ly  n o n lin e a r, for th e  sake  of m a th e m a 
tic a l conven ience, we s tu d y  th e  problem  u n d e r  th e  fo llow ing tw o  cases, v iz .,

(i) <p =  0, ip 0 ,

(ii) <p ^  0, ip =  0.
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Case (i) (p =  0, %p =9^  0

T h e  f ie ld  e q u a tio n s  for th is  case can be  w r itte n  as

x 1  =  Q (a u  — a 44 +  2 ß Ï) +  ——̂ e _2/5 yi f  ,
4?t

p (= w )  = ^ - e - 2 l+2ß \ x n  — a 44 — 2ßf +  —  — ,
A [ g 4 л

a 4 =  2g/34 f t  +  4 ,
4ir

ß u ß u  +  —  =  — T f"  — V>!)^ ОТГ

a n d

Vu — V44 +  —  =  Z ß t V l  —  2 ß i  V>4 •
e

(17)

(18) 

(19)

[ ( 20 )

( 21 )

W e now  assum e th e  m etric  p o te n tia l  /? to  b e  fu n c tio n  o f th e  e lec tro m ag n etic  
p o te n tia l  \j> a n d  th e  p ressu re  p ,  i.e .,

ß  =  ß f o p ) .  (2 2 )

U sing  (22), in  E q . (20) an d  (21), we get

ßre№  —  V«) +  2ß?p ( f i P i  — n P Ù  +  ß v I Vu -  Vu  +  —  | +

+  ßppiPi -  Pl) = -  —  e * ( у !  — wl) >
8 я

Vu — V44 +  —  =  2 ^ (V i -  Vi) +  2 ß p ( V i P i  -  V4 P 4) » 
Q

w here

=  .  = Ш  в4 Ррр .  .  I Pf „ » Р<
дР дц>

d*ß

F u r th e r , s u b s ti tu t in g  (24) in  (23), we h a v e

(tf -  +  2 # +  -— •-* ) + 2  0 f,  +  /?^p) X

X (ViPi -  V4F 4) +  ßpp(pl — p l)  =  0 .

(23)

(24)

(25)
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W h en  th e  g ra d ie n t v ec to rs  of e lec tro m ag n etic  p o te n tia l  ip an d  th e  p ressu re  p  

are  b o th  nu ll an d  m u tu a lly  o rth o g o n a l, we h av e

g i j f i W j  =  0 , g i j P i P j  =  0 , g IJy>iPj =  0

w hich  fo r th e  m e tric  (1), becom e

(Vi -  vl)  =  0 , (pi — p i)  =  0, (ip1p 1 — ipt p t) =  0 .

In  th is  case E q . (25) is sa tisfied  id e n tic a lly  a n d  th e re b y  th e  co rrespond ing  
W M P re la tio n  m a y  or m ay  n o t e x is t. Since giJP iP j  =  0 im plies t h a t  th e  con
s ta n t  p ressu re  su rfaces are  c h a ra c te ris tic  su rfaces, p ro p ag a tio n  o f  pressu re  
g ra d ie n t w ith  th e  v e lo c ity  of l ig h t ensues. As fa r  as we know  fo r various 
p h y sica l s itu a tio n s  th is  is un like ly , a n d  as such one m a y  consider th e  so lu tions, 
fo r w hich  g,JPiPj ~7/~ 0, as o f in te re s t. H ow ever, since o u r m ain  a im  is to  e s ta b 
lish  a  W M P re la tio n , i f  ex ists, we assum e

ßrr +2/S% +  —  e~*> =  0 ,
О Л

ß f P  +  ß f ß p  =  0  ,

ß p p  —  0 .

(26)

(27)

(28)

I t  is obvious, t h a t  (25) is a u to m a tic a lly  sa tisfied  b y  E q s. (26), (27) an d  (28) 
irre sp ec tiv e  o f th e  co n d itions on у); a n d  p t.

On in te g ra tio n , E q . (28) gives

ß =  p f W )  +g(w) . (29)

w here f  an d  g are a rb itr a ry  fu n c tio n s o f y  only.
E q u a tio n s  (29) an d  (27) to g e th e r  im p ly  t h a t  ß  is a fu n c tio n  o f  ip only. 

H ence  from  (26), on  in te g ra tio n , w e get

— &  3 =  e2ß  = 4л:
a +bip — — ipt \, (30)

w here a a n d  b a re  a rb i t r a ry  c o n s ta n ts . This is th e  req u ired  W M P  re la tio n  in  
th e  case o f  coup led  Z eldovich  f lu id  a n d  e lec tro m ag n etic  fie ld  a n d  is o f th e  
sam e fo rm  as th a t  o b ta in e d  by  Misr a  an d  Ra d h a k r ish n a  [6] fo r th e  case o f 
M axw ell fie ld  an d  b y  T iw ari [7] fo r  th e  case o f coup led  zerom ass sca la r and  
e lec tro m ag n etic  fie lds.
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W ith  th e  h e lp  o f  (30), E qs. (20) a n d  (21) becom e id en tica l a n d  reduce to

Vu -  ш  +y>ile =
(ь -  i ) ( v \  — y>D

a bip------- ip2
(31)

H e n c e , th e  values o f  a  and  p  =  (to) c a n  be o b ta in e d  i f  we d e te rm in e  ip from  
E q . (31). W e now  con sid er th e  su b s ti tu t io n

dip 2x

a +bip — —  ip2 V2a +  62 
2

w h ich  w hen  p u t  in  (31) yields

— *44 +  * i/e  =  0 •

F ro m  E q . (32), we ge t

ip =  b -f-j^2 a  +  62 ta n /t x  .

(32)

S u b s t i tu t in g  (34) in  E q . (30), we o b ta in

кpW
4тг a + T

Sech2 x  .

(33)

(34)

(35)

W ith  th e  help  o f E q s . (30) an d  (32), th e  fie ld  e q u a tio n s  (17) to  (19) becom e 

«1 =  e ( * u  -  x u )  + 2  q x \ .  (36)

w h ere

9 7Г
p { = w )  =  —  e ~ ^ +2x [ö u  -  x u  - h x j g  — 2 x l ] ,  

к

«4 =  2 q x 1 x i  ,

- ,  - ,  2n  (1 + e ^ ) 2 . .p(= io )  = -----  ----------- — p(=U 7 ) ,  X  —  X  .
к 2a +  62

(37)

(38)

I t  m a y  be v e rified  t h a t  th e  fie ld  e q u a tio n s  (33) a n d  (36) to  (38) co rrespond  to  
th o se  fo r  Zel’do v ich  f lu id  for th e  E in s te in —R osen  m etric  g iven  b y

ds2 =  e2*~2x(dt2 -  dg2) -  Q2 e ~ 2x d 0 2x -  e2* dz2 . (39)

T h u s  g iven  an y  Z el’dov ich  flu id  so lu tio n s  for th e  m e tric  (39), one c a n  generate  
th e  co rresp o n d in g  so lu tions for th e  co u p led  Zel’d o v ich  flu id  an d  e lec tro m ag n etic  
f ie ld  u s in g  th e  re la tio n s  (34) an d  (35).
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H ence th e  follow ing th e o re m :
Theorem: G iven an y  {x, x, p ( — œ)} as th e  so lu tio n  fo r Z eldov ich  flu id  fo r 
cy lin d rica lly  sym m etric  m e tric  (39) one can  alw ays g en era te  th e  co rresp o n d 
in g  coupled  Z el’dovich  f lu id  an d  source free e lec tro m ag n etic  so lu tion  
{a, ß, rp, p { =  w)} w here

a  =  a  ,

a Sech2 x  ,

2 л
~ Y

V — & + V2a -f- b2 t a n h  x  , 

(1 +  e2*)2

2a  + 62 P ( =  *») = P  ( = « ’)■

(40)

Case ( i i )  q> 0, ip =  0

In  th is  case th e  fie ld  eq u a tio n s  tak e  th e  form :

«X =  e(<* П — «44 +  2ßl) +  ~ ~  — (P\-
4тг Q

p (= iv )  =  - ^ - e  2ot+2̂
к

Г n 02 I «1 * е2Д 2I «11 — «44 — 2ß i + — -  ------<Pl
4 л  q2

p2ßк
«4 = 2 Qßi ßi  +  - -------------П П ’

4л; g 

в  к P2?ß n - ß u  + - ^  =  4 ~ L r t ä - t ö ,

<Pn -  V a

Q

<Pi

4 л  Q2

=  Z ß i n  -  2ß i п -

In  o rd e r to  e s tab lish  th e  W M P  re la tio n  in  th is  case we consider

Q2e - V =  W (g , t ) .

(41)

(42)

(43)

(44)

(45)

(46)

S u b s titu tin g  (46) in  (44), we o b ta in

Wn  -  Wu W1 w\ -  w\
g W

W ith  th e  help  o f (46), (45) y ields

7 - ( r f - r i ) .4 л

«>„ -  + A —
W

(47)

(48)

Acta Physica Academiae Scientiarum Hungaricae 48,1980



422 J . R. RAO e t al

Follow ing  a sim ilar p ro ced u re  as in  th e  p rev ious case, we assum e W  to  be 
fu n c tio n  o f çp an d  p .  W e g e t th e  fo llow ing d iffe ren tia l eq u a tio n s:

Wçy -f-
к

4л:
О,

ÏVipp —

w =w  PP

wvwp
2 W

W 2w  P
w

(4 9 )

(50)

(51)

I t  is c lear from  (50) a n d  (51) t h a t  W  can  be ta k e n  as a fu n c tio n  of cp 
on ly . H en ce  (49) gives

W  =
4л;

a -j- b y ------- cp2

w here  a a n d  b are a rb i t r a ry  c o n s ta n ts . T h u s  we get fro m  (46)

~ g 2 2  =  Q2e ~ 2ß =  - ^ \ < *  +  b f  —  •

(52)

(53)

T h is  re la tio n  is analogous to  th a t  o b ta in e d  b y  M i s r a  a n d  R a d h a k r i s h n a  [6 ] 
a n d  T i w a r i  [7 ]  be tw een  th e  m etric  co m p o n en t g22 a n d  th e  e lec tro m ag n etic  
p o te n tia l  cp. I t  is, how ever, d ifficu lt to  e s tab lish  a th e o re m  fo r g en e ra tin g  so lu
tio n s  in  Case (ii) d irec tly  as in  th e  Case (i). In  o rder to  overcom e th is  d ifficu lty ,

e2ß e2ß
fo llow ing  P e r j é s  [8 ], w e u se  th e  su b s titu tio n s  -----Vi - V í  a n *l ------Vi — Wi

в 6
w hich  ta k e  over th e  f ie ld  eq u a tio n s  o f Case (ii) to  tho se  o f  Case (i) fo r w h ich  th e  
g en e ra tio n  th eo rem  h as a lre a d y  b een  estab lished . T h e  above su b s titu tio n s  
are  in d eed  d u a l c o n s tru c tio n s  and  hence  form  a so lu tio n  w ith  th e  sam e 
acco rd in g  to  th e  th eo rem  g iven  b y  B o n n o r  [ 9 ] .
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A ppendix

In  a com oving  co o rd in a te  system  [i.e. ux =  u2 =  u3 =  0, n4 =  (g44) -1 2̂] 
th e  su rv iv ing  fie ld  equ a tio n s (4) fo r th e  m e tric  (1) are

ßl +  ß l - ^ = - ± ^ - 2 ß p _
Q 4  Л

-  [ F ^ + F ^ + F ^ - F 23F ^ - F 2iF ^ ~ F 3iF ^ ] ,  (A .l)
071

*44 -  « и + ß l ~ ß l  =  ~ T -  e2'~ 2ßP -  e2'~ 2ß [Fi2 F 12 +  F 23 F 23 +
4  71 Ö7T

+  F 24 F 24 -  F 13 F 13 -  F 14 F 44 -  F 3i F 34] , (A .2)

2 ß l l~  2ßu  -  « Ц + « 4 4  -  ßl +  ß l  +  —  f t  =  - ^ í  -
Q 4тг

[ F 13F 13+ F 23F 23-f-F 34F 34 -  F 12F 12-  F 14F 14 F 24F 24], (A .3)
0Л

ß\  +  ßi -  —  =  -  —  e2a- 2̂  te +  — e2*-2» [ F 14F 14 +  F 24F 24 +  F 34F 34 
о 4ti 8tt

-  F 12 F 12 -  F 13 F 13 -  F 23 F 23] , (A.4)

2 f t  f t ---- —  =  e2- 2̂  [ F 12 F 42 +  F 13 F 43] , (A.5)
g 8я

F12F *3 +  F 24 F 34 =  0 . (A .6)

F ro m  E qs. (A .l)  a n d  (A.4), we g e t

(w -  p) -  g11 g44 F 2,  +  g22 g33 F f 3 =  °  • (A .7)

S ince for th e  m e tric  (1), g 11, g22, g 33 are n eg a tiv e  an d  g44 is p o sitiv e  a n d  fo r 
k n o w n  physical d is tr ib u tio n s  w p ,  th e  above eq u a tio n  im plies

w =  p , F 14 =  0 an d  F 23 =  0 . (A .8 )

U sing  (A .8) in  E q . (7), we h av e

o' =  0 ,  (since n 4 =7 =̂ 0 ) .  (A .9)

S ince w, p ,  an d  a a re  in v a r ia n ts , th e  conclusions w =  p  an d  a =  0, even
th o u g h  deduced  in  com oving co o rd in a te  sy stem , w ill ho ld  in  a ll co o rd in a te  
sy s tem s  as th e y  a re  in v a r ia n t eq u a tio n s .
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The initial-value problem  of the force-free Schrôdinger equa tion  is solved in  closed- 
fo rm  for in itia l wave functions w hich are constrained to  a finite region of space and  im proper 
boundary  conditions a t infin ity . I t  is shown th a t  th e  wave function  and  probability  density  
p ropagate w ith  infinite speed in to  the space. T his is explained m athem atically  to  be  due to 
th e  parabolic n a tu re  of the Schrôdinger equation. I t  is concluded th a t  the Schrôdinger equa
tio n  gives a qualitatively  no t qu ite  satisfactory description of th e  (tim e-dependent) p ropaga
tio n  of p robability  densities due to  the occurrence o f infinite p ropagation  speeds.

In tro d u c tio n

In  g en era l, t ra n s ie n t processes a re  described  b y  hyperbo lic  o r quasi- 
h y p erb o lic  eq u a tio n s , e .g ., th e  (linear) M axw ell e q u a tio n s  w hich d e te rm in e  
th e  p ro p a g a tio n  of e lec tro m ag n etic  s ig n a ls  in  v acu u m  o r th e  (n o n lin ear) 
com pressib le  h y d ro d y n am ic  equations w h ich  d e te rm in e  th e  p ro p a g a tio n  of 
sh o ck  w aves in  gases. T h e  parabo lic  e q u a tio n s  fo r th e  diffusion of p a rtic le s  
a n d  h e a t a re  ap p ro x im a te  equ a tio n s a ssu m in g  p ro p o rtio n a lity  of f lu x e s  and  
diffusion  forces (d isreg ard in g  th e  in e rtia  o f  th e  m olecules) w hich  ex h ib it p h y s i
ca l an d  m a th e m a tic a l deficiencies [1, 2]. F ro m  th e  p h y sica l p o in t of v iew , th e  
essen tia l d ifference be tw een  hyperbolic  a n d  parabo lic  e q u a tio n s  is t h a t  th e y  
p ro p a g a te  signals w ith  f in i te  an d  in f in ite  speed, re sp ec tiv e ly  [1, 2 ]. S ince 
re a l processes p ro p ag a te  w ith  fin ite  speed , a  p roper p h y s ic a l descrip tion  c a n 
n o t  be ach iev ed  b y  m eans o f  (quasi-) p a ra b o lic  eq u a tio n s.

As a  b r ie f  q u a n tita tiv e  illu s tra tio n  to  th e  n a tu re  o f  hyp erb o lic  a n d  p a r a 
bo lic  so lu tio n s, consider th e  in itia l-v a lu e  problem s fo r  th e  one-d im ensional 
d iffusion  o f  p a rtic le s  c o n c e n tra ted  in itia lly  in  th e  p lane x  — 0 w ith  a d e n s ity  
n(x,  0) =  n 0ô(x) based  on [2 ]

i) H y p erb o lic  D iffusion T heory :

d2 n/dt2 +  г 1 dn/dt =  c2 d2 nidx2,

* Supported by  the U.S. Office of Naval Research.
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n (x , (F) =  n0 ô(x) , 

дп(х,  0 )/dt =  0

a n d

ii) P a ra b o lic  D iffusion T h eo ry :

dn/dt =  Dd2 n/дх2 , 

n(x,  0 ) =  щ  ô(x) , 

n(x, t ) —► 0, \x\ —► oo,

w h ere  th e  d iffu sio n  coeffic ien t (D ), speed o f so u n d  (c), an d  m o m en tu m  re la x a 
tio n  tim e  (t ) a re  in te rre la te d  b y  D  =  c2r .  C ase i) reduces to  case ii) in  th e  
l im it  t  —*- 0, c —► oo, such t h a t  c2r  —* D,  0 <  D  ■< oo. T h e  co rrespond ing  
so lu tio n s are:

n(x, t) =  — n 0 ex p  ( —t/2 r)  {<5(л; — et) - f  à(x +  ct) +
2

+  (t/2 r) [c2t2 — л:2] - 1/2 ^ ( [ c 2*2 -  x2]ll2/2cr) +

+  ( 1 / 2 c t )  J 0([c2 t2 -  * T 2/2 ct)} » 1*1 <  «* .

=  0 , |* | >  c t ,  (i)

a n d

n(* , t) =  n 0(4nD t)~112 exp  (—x^/4-Dt), jx| °o  . (ii)

I t  is seen t h a t  th e  h y p erb o lic  so lu tion  (i) p ro p ag a tes  th e  pa rtic le s  w ith  a 
m ax im u m , f in i te  speed c such  t h a t  d isco n tin u o u s wave f ro n ts  ex is t a t  x  =  + c t  
a t  an y  tim e  t <  oo and  th e  in it ia l  d is c o n tin u ity  n(x, 0 ) =  n 0ô(x) is m o v e d  
w ith  f in ite  sp eed  c sy m m etrica lly  in to  th e  sp ace  \x \ <  oo. O n th e  o th e r h a n d , 
th e  p a rab o lic  so lu tio n  (ii) p ro p a g a te s  p a r tic le s  w ith  in f in ite  speed, c =  со, 
su ch  th a t ,  a t  a n y  tim e  t 0 , a  con tinuous p a r tic le  d is tr ib u tio n  ex tends u p  to  
|дс j =  oo an d  th e  in itia l d isc o n tin u ity  is sm o o th e d  ou t q u a s i- in s ta n ta n e o u s ly . 
B y  m eans o f  th e  a sy m p to tic  expansions fo r  th e  m od ified  Bessel fu n c tio n s  
I 0(x) and  Ii(x)  one can show  t h a t  E q . (i) red u c e s  to  E q . (ii) in  th e  lim it r  —>- 0 
w ith  c2r  —► D  fo r  all po in ts  \x\ <  ct, i.e. n o t  fo r  th e  space |ж| ]> ct.

T he co m m o n  d esig n a tio n  o f th e  S ch rô d in g er eq u a tio n  as a “ w ave e q u a 
t io n ”  is m islead in g  since i t  suggests a h y p e rb o lic  ty p e . E v e n  S chrôd inger, in  
com paring  h is  e q u a tio n  w ith  th e  p a rab o lic  diffusion e q u a tio n , s ta te s  [3]: 
“ In  b o th  cases, th e  d iffe ren tia l eq u a tio n  is  o f f irs t o rd e r in  tim e , b u t  th e  
occurrence o f  th e  f a c to r ^  — 1 gives th e  w av e  eq u a tio n  a h y p erb o lic , or p h y s i
ca lly  spoken , a reversib le  c h a ra c te r , as d is tin g u ish ed  from  th e  parabo lic- i r r e v e r 
sible c h a ra c te r  o f  th e  F o k k e r-P la n c k  e q u a tio n .”  The m a th e m a tic a l ty p e  o f  th e
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tim e -d e p e n d e n t S ch rö d in g er eq u a tio n  is d e te rm in ed  b y  th e  coeffic ien ts  o f the  
s p a tia l  d e riv a tiv e s  o f second o rder [4], accord ing  to  w hich i t  is a p arab o lic  
eq u a tio n . A  f irs t  a t te m p t  a t  hyp erb o liz in g  the  S ch rö d in g er eq u a tio n  b y  m eans 
o f  a p u re  m a th e m a tic a l ap p ro ach  [5] h a s  lead  to  a w av e  eq u a tio n  w ith  com plex, 
en e rg y -d ep en d en t coeffic ien ts , w hich  reduces in  l im itin g  cases to  th e  L oren tz  
a n d  G alilei c o v a ria n t eq u a tio n s o f K le in —G ordon a n d  S chröd inger, re sp ec t
ive ly .

In  v iew  o f th e  p arab o lic  n a tu re  of th e  tim e -d e p e n d e n t S ch röd inger 
eq u a tio n , “ w ave”  fu n c tio n s  ip =  ip(r, t) an d  p ro b a b ili ty  densities g =  yip*, 
w hich  are  in itia lly  (t =  0 ) lim ited  to  a f in ite  region in  space, w ill sp re a d  quasi- 
in s ta n ta n e o u s ly  over th e  in f in ity  o f space  a fte r an  a rb itr a ry  sh o rt tim e  t >  0 . 
In  th e  fo llow ing, we w ill discuss q u a n tita tiv e ly  th e  tim e  and  space d ep en d en t 
sp read in g  o f w ave fu n c tio n s  and  p ro b a b ility  densities based  on th e  n o n re la tiv is- 
tic  S ch röd inger eq u a tio n . F o r th is  p u rp o se , we w ill ev a lu a te  a basic  C auchy 
p ro b lem  fo r th e  S ch rö d in g er eq u a tio n  w ith  th e  in i t ia l  value lim ited  to  a fin ite  
reg ion  in  space.

In itia l-v a lu e  problem

T h e sp read in g  o f  ip -w aves has b een  ana lyzed  b ased  on an  in i t ia l  w ave 
fu n c tio n  w hich  co rresponds to  a G aussian  p ro b a b ility  d en sity  (“ w ave p a c k e t” )
[6]. S ince th is  ty p e  o f in itia l d is tr ib u tio n  (t =  0) e x te n d s  from  x  =  —oo to  
X =  -boo, a ll su b seq u en t (t ]> 0) w av e  func tions e x te n d  from  x  =  — oo to  
x  — -j-oo, no  m a tte r  w h e th e r these  are  described  b y  a parabo lic  or h yperbo lic  
w ave eq u a tio n .

In  o rd e r to  deduce  a p hysica lly  fam ilia r, sp a tia lly  lim ited  in i t ia l  condi
tio n  for th e  w ave fu n c tio n , consider f i r s t  a partic le  o f  m ass  m  w hich is c o n s tra in 
ed  to  th e  reg ion  — a ^  x  -f-а b y  a p o te n tia l V (x ) =  0 fo r |дс| <  a and  
V(x) =  oo fo r a <  \x\ a -f- A, w ith  A  >  0 (ideal o ne-d im ensional box) [6]. 
T h e  com plex  w ave fu n c tio n s  for th e  s ta te  n of th e  p a rtic le  in  th e  b o x  are in  
d im ensionless, n o rm alized  form  [6 ]:

r) =  e ie-Tc o sx n I ,  | | |  <  1, n =  1, 3, 5, . . (1)

ipn (£, r )  =  e -,e*r sin xn I ,  | | |  <  1, n  =  2 , 4, 6, . . (2)

w here

=  (tt/2 )™ > =  — txl,Zi
(3)

are  th e  d im ension less e igenvalues a n d  en erg y  levels o f  th e  p artic le , re sp ec tiv e ly . 
T h e  d im ensionless (ip, £, r )  an d  d im ensiona l (W, x, t) v a riab le s  are in te r re la te d  by

I  =  x/a],  г  =  t / ( m a 2/Ä  ) ,  ip =  a ll2lF. (4)
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T h e  so lu tio n s (1) a n d  (2) rep re sen t sy m m etrica l a n d  asy m m etrica l “ osc illa tions”  
o f  th e  com plex  w av e  fu n c tio n  t) w ith  re sp ec t to  th e  c e n tra l p lan e  { =  0 .
T h e  p ro b a b ility  d e n s ity  Qn an d  v e lo c ity  \ n fie lds o f  th e  box p a r tic le , how ever, 
a re  tim e -in d e p e n d e n t f ie ld s [7]

Qn =  Vn V>* =  cos2 a n f , | ! |  <  1, n =  1 ,3 ,5 , .  . . ,  (5)

Qn =  Vn V* =  sin2 ccn I ,  | ! |  <  1, n =  2 , 4, 6, . . ., (6)

\ n =  (i/m )v< P „ =  0 , | i |  <  1, ф п =  —*en T . (7)

I f  th e  p o te n tia l  w alls F ( |  =  +  1 +  0) =  » ,  a re  rem oved  a t  tim e  r  =  0, 
th e  p a r tic le  w ill m o v e  ou t of th e  b o x  | | |  <  1, i.e . e ith e r  to  th e  le f t  ( |  <[ — 1) 
or to  th e  r ig h t (£ >  + 1) w ith  e q u a l p ro b a b ility , since th e  b o x  geom etry  is 
sy m m e tr ic  w ith  re sp e c t to  th e  p la n e  f  =  0. T h is  follows d ire c tly  from  th e  
u n c e r ta in ty  p rin c ip le , accord ing  to  w hich  th e  p a rtic le  in  th e  b o x  h as  in s ta te  
n  a (d im ensional) m o m en tu m  u n c e r ta in ty  [7]

+  Apn =  ±  i  h(nnl2)a~1. (8 )

T h e  p ro p a g a tio n  of th e  w av e  fu n c tio n  y ( | ,  r )  ou t o f th e  b o x  |£| << 1 
in to  th e  in fin ite  sp ace  |£ | <1 »  is described  b y  th e  (dim ensionless) in itia l- 
v a lu e  p ro b lem  fo r th e  force-free S ch rô d in g er e q u a tio n :

d y  =  i d2y  ,9,
d r  2 d£2 ’ ’

V (f, 0 ) =  Ш )  , (10)

v ( | , t) - > 0 , | | |  -► OO , (11)

w h ere

cos <*„ | i  1, 3, 5, . . .
Ш )  = Я (  1 -  HI) Í, n =  (12)

sin  x n 2, 4 , 6, . . .

a n d  H (1  — |f |)  =  1; 0 for |£ | <C 1; > 1  (H eav is id e  func tion ). E ^ s . (9) —(11) 
re p re s e n t  a C auchy  p rob lem  fo r p ro p e r in it ia l  cond itions (10), since on ly  
im p ro p e r  b o u n d a ry  cond itions (11) ex ist.

T h e  in itia l co n d itio n s h av e  been  assum ed  in  th e  form  o f E q . (12), in  
o rd e r  to  re la te  th e  in it ia l  s la te  to  th e  fam ilia r p h y sica l s itu a tio n  o f  a p a rtic le  
in  a  bo x . I t  shou ld  be no ted , h o w ev er, th a t  an  in it ia l  value y n(£) could h av e  
b e e n  chosen, w h ich  is any  a rb i t r a ry  fu n c tio n  o f  | ,  com patib le  w ith  th e  u n ce r
t a in ty  p rincip le . F o r  an y  in itia l co n d itio n  d iffe ren t from  E q . (12), th e  ca lcu l
a tio n s  are  analogous to  those  to  be  p resen ted .
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A n aly tica l so lu tion

T he gen era l so lu tio n  of th e  in itia l-v a lu e  p ro b lem  (9) —(11) is rep resen ted  
b y  a F o u rie r  in te g ra l fo r th e  space |£ | oo. T h is  ap p ro ach  gives, fo r an  a rb i t 
r a ry  in itia l co n d itio n  y ° ( |) ,  a so lu tio n  of E q s. (9) — (11) in  th e  fo rm :

y (S , T )  =  (£')G (£, £ ', r ) d £ \  (13)
w here

C(£, £ \ t) =  ( - ißnryi2 e (14)

is th e  G reen’s fu n c tio n  o f E q . (9) fo r th e  im p ro p e r b o u n d a ry  co n d itio n s (11). 
S u b s titu tio n  o f th e  in itia l co n d itio n s (12) in to  E q . (13) y ields th e  so lu tions

y>(£, t) = -----( — ij2тгг)1/2 j (e + ,a«£' f- е -,а»{ ) e 'd '- í)7 2* d |' ,  n =  1, 3, 5, . . .,
2 J - i  (15)

V>(!» t )  =  (— £/2 л т )1/2 Г (е+/а»{' — e~ <ct*f ) ei<-í '~('>,l2z d | ' , n =  2 , 4 , 6, . . .,
2 i J - i  (16)

fo r th e  w ave fu n c tio n s  w ith  sy m m etric  (n =  1, 3, 5, . . .) an d  asy m m etric
(n =  2, 4, 6, . . .) in itia l va lues, resp ec tiv e ly . T h e  in teg ra ls  in  E q s . (15) —
(16) are

d p ,  ( i7 )
i.e.

J n (è ) l[ ^ 112 T1'2 e± í“-í- í *,*T/2 ] =

=  C([l -  £ ±  «„ r] л - W  t - 1'2) +  C([l +  I +  ал т] я “1'2 t“1'2) +

+  i { S ( [ l  -  í ± « „ t] » - ^ t- 1/>)+S([1  +  £ T « „ t] * - u» t- 1/*)}, (18)
w here

C(z) =  I cos - ^ - x 2d x ,  C(—z) =  —С (+ г ) , (19)
Jo  2

S(z) =  I sin - ^ - x 2dx  , S ( - z )  =  — S ( +  г) , (20)

are th e  F resn e l in te g ra ls  w hich h av e  th e  series re p re se n ta tio n s  [8 ],

( - I f  я 2”лC(z) =  cos ---- z2 ’S -
1 2 j Ä  (1 . 3 . . . (4v +  1)

**■+1 +

-f- sin  I—“— z2 “ ____( —I f  жь ,+ 1

v_o l T 3 7TT (4v +  3)
(21)
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S(z) =

+

2
v =  0

2v=0

( - 1) - я 2п-Ц

1 • 3 . . . (4p +  3)

( - 1  У л * ____
1 • 3 . . . (4v +  1)

z i v  + 3

Z i v + 1

+

(22)

C(z) 0 a n d  S(z) />  0 a re  func tions w h ich  oscillate w ith  decreasing  am p litu d e  
a b o u t th e ir  a sy m p to tic  values C(oo) = 1 / 2  and  S(oo) =  1/2, re sp ec tiv e ly  [8 ]. 
F o r  a  co n v en ien t re p re se n ta tio n , th e  f in a l  re su lts  a re  expressed  in  te rm s  of 
th e  fu n c tio n s ,

P „ ( |,  r )  =  C([ 1 -  S +  «„ t ] я -Ч2 T "1'2) +  C([ 1 +  fi -  t ] л -W  t - 1'2), (23)

<?„(!, r )  = ;C ([1  -  I  -  r ] ^ - 1/2 г - 1'2) +  C ([l +  I  +  *„ t] л -W  r - 1/2) , (24)

M „ ( |,  r )  =  S ( [ l  -  { +  *„ tJjt- 1/2 t - ! /2) +  S ( [ l  +  I  — a„ t] ti“ 1'2 t “ 1'2) , (25)

N „ ( l ,  t) =  S ( [ l  -  I  -  a„ r ]  i t " 1/2 г - 1'2) + S ( [ 1  + |  +  а „ т ]  я " 1/2 (26)

w h ich  h a v e  th e  p ro p e rtie s ,

P„(S, T =  0 ) ............N n(i ,  Г =  0) =  1 ,
(27)

=  0 ,

P n( !  =  00, t ) ,  . . ., JV„(| =  00, r) =  0 , 0 <, Г <  oo , (28)

P„(S, T >  0 ), . . ., JV„({, г  >  0) >  0 , | l |  <  00 • (29)

S u b s ti tu t io n  of th e  in teg ra ls  ( 1 8 )  in to  E qs. ( 1 5 )  a n d  ( 1 6 )  gives th e  closed- 
fo rm  so lu tions for th e  w ave fu n c tio n s  y> ( | ,  r)  a n d  th e ir  p ro b a b ility  densities 
g ( | ,  t ) =  yip* fo r th e  sy m m etrica l (n =  1 , 3, 5 ,  . . .) an d  a sy m m e tric a l (n =  
=  2, 4 , 6 , . . .) in it ia l  cond itions, re sp ec tiv e ly :

?»(l, T) =  ("F i/2)1/2 e ~ ‘* * Tl2 {e+''*»f [P„(£, r) +  iM „(|, r)] ±
Li

±  е - ''а"г [<?„(!, т) +  üVn({, т )]} , n =  2 ’ 4’ б’ ! ! ! (30)
a n d

ß(S, T) =  4 -  [Pn(b r )  =F <?n(f, T)]2 +  4  [M„(|, T) t  JV„(|, t)]2 ±
О о

±  4 “  [ р п ( ^  t ) i V n( | ,  т) —  @ л ( £ ,  т) M „ ( | ,  t ) ]  sin ac„ I  cos a„ |  ±  

± 4 “ [p " ( ^  т) +  М л( | ,  т) N n ( i ,  t)] cos2a „ £ , n =  4

(31)
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In  E q s. (30) — (31), th e  u p p e r  sign re fers to  th e  sy m m etrica l in itia l v a lu es  
Y>®(|), n =  1, 3, 5, . . an d  th e  low er sign  re fers to  th e  a sy m m etrica l in it ia l  
va lues Y’n(l), n =  2, 4 , 6, . . . [s. E q . (12)].

B y  m eans o f th e  d iscon tinuous p ro p e r ty  (28) of th e  fu n c tio n s P „ ( | ,  r ) ,  
. . . , iV „(|, t ) i t  is read ily  d e m o n s tra te d  t h a t  th e  so lu tions (30) an d  (31) sa tis fy
th e  in itia l co n d itions

cos x n I
V>(£, r  =  0) =  , | | [ < 1 ,

sin xn I

=  0 ,  | $ | > 1 ,  (32)

cos2 x n I
e(£, t =  0) =  , | f |  <  1 ,

sin2 x n £

=  0 ,  | ! | > i ,  (33)

F in a lly , th e  so lu tions (30) a n d  (31) sa tis fy  th e  im proper b o u n d a ry  co n d itions 
a t  I  =  o o  in  v iew  of th e  lim its  (28) o f th e  functions P „ ( £ ,  r ) ,  . . . ,  iV „ (£ ,  t )

r) -*■ 0, | | |  — oo, 0 t <  oo, (34)

ß (l, r) -+■ 0, | f  I oo, 0 ^  г  <  oo. (35)

D iscussion

In  v iew  o f th e  p arab o lic  n a tu re  of th e  tim e-d ep en d en t S chrôd inger e q u a 
tio n  (9), we ex p ec t th a t  th e  signals y ( | ,  r )  o r  g ( |,  r )  p ro p a g a te  from  th e  in i t ia l  
reg ion  |£ | <  1 in to  th e  a d ja c e n t space |£[ >  1 w ith  in f in ite  speed. In d e e d , 
th e  so lu tions (30) an d  (31) d em o n stra te  t h a t  y>(£, r)  and  g ( |,  r )  ex ten d , c o n ti
n u o u sly , fro m  I  =  —oo to  I  =  -(-oo a f te r  a n y , no m a tte r  how  sh o rt, tim e  
T  >  0, i.e.

T > o)| o, e(i, r  > o) ^ o, for | | |  <  oo , (36)

w here th e  e q u a l signs ho ld  o n ly  fo r those p o in ts  £ w here |^ (£ , t)[ and  g(£, r )  
to u c h  ta n g e n tia lly  th e  £-axis. T h is m eans t h a t  th e  d is tr ib u tio n s  y(£, r) a n d  
g(£, t) sp read  q u as i- in s tan tan eo u sly  over th e  en tire  space |£I oo. Since 
ph y sica l p h en o m en a  can  p ro p a g a te  only  w ith  f in ite  speed, i t  m u s t be concluded  
th a t  th e  tim e -d e p e n d e n t S ch rôd inger eq u a tio n  p rov ides a m islead ing  and  in su ff i
c ien t d esc rip tio n  of p ro p er tim e -d e p e n d e n t m icroprocesses.

In  th e  fo llow ing illu s tra tio n s , i t  is g (— £, r )  =  {?(+ !, t ) fo r sy m m etry  
reasons. F ig . 1 gives p lo ts  o f  th e  in itia l p ro b a b ility  d e n s ity  p(£, 0) v e rsu s
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Fig. 1. g (f, t )  versus í  for т  =  0 and n — 1; 2; 3

Fig. 2. g({, r )  versus { for т  =  10-1 and n — 1; 2; 3

Fig. 3. q ( £ ,  t )  versus í  for r  =  10° and n =  1; 2; 3
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| ! |  0 for th e  s ta te s  n =  1, 2, 3, w h ich  is non -zero  only  in  th e  reg ion  | | |  <  1,
i.e . g ( | ,  0) =  0 fo r

F igs. 2 —4 give th e  p ro b a b ility  densities g ( |,  r )  v e rsu s  | | |  0 fo r
n  =  1, 2, 3 a t  th e  tim es r =  1 0 -1 , 10°, an d  101, resp ec tiv e ly . I n  each  case 
q(£, t) ex tends o v e r th e  en tire  space  | ! |  < / сю. I n  th e  case o f th e  in it ia l  s ta te  
n  =  1, q(£, 0) h a s  a single m a x im u m  w hich  s ta y s  a t  |  =  0, w hile th e  en tire  
d is tr ib u tio n  g (£ , r )  diffuses in to  th e  space |£ | <Ç oo w ith  decreasing  h e ig h t 
as t im e  т increases. In  th e  case o f  th e  in itia l s ta te  n  =  2, g(£, 0) h a s  tw o  m a x i
m a  a t  I  =  + 1/2 , w hich  m ove w ith  f in ite  speed  a n d  decreasing  h e ig h t in to  th e  
half-spaces I  <C 0 a n d  |  >  0, re sp ec tiv e ly , as tim e  т increases. In  th e  case o f  
th e  in it ia l  s ta te  n — 3, g (f, 0) h a s  th re e  m a x im a  a t  |  =  0 an d  i  =  + 2 /3 .  
W ith  increasing  tim e  r, th e  m ax im u m  a t  £ =  0 rem ain s a t  |  =  0 an d  decreases

ç ( $ . T )
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Fig. 4. g(f, t) versus f  for т =  101 and  n  =  1; 2; 3

Fig. 5. g(£, t) versus £ for т  =  10; 30; 50 and re =  1
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in  a m p litu d e , w hereas th e  m ax im a  in it ia lly  a t  |  =  + 2 /3  p ro p ag a te  w ith  fin ite  
sp e e d  a n d  decreasing  am p litu d es  in to  th e  half-spaces I  <  0 an d  |  >  0 , re 
sp e c tiv e ly . In  a d d itio n  to  th e  m a in  m a x im a  p re se n t a t  r  />  0, th e  d is tr ib u tio n s  
g(£, r )  e x h ib it seco n d ary  m a x im a  o f re la tiv e ly  sm all am p litu d e  a t  tim es 
T >  0. I n  each  case, th e  d iffu sion  o f  th e  p ro b a b ility  d is tr ib u tio n s  q(£, r) 
le a v e s  th e  to ta l  p ro b a b ility  conserved ,

q(£, r)d£ =  1, 0 ^  T ^  oo . (37)

F ig s . 5 — 7 p re se n t th e  p ro b a b ili ty  d ensities g ( | ,  r) versus £ | +> 0 a t  
th e  successive tim e s  r  =  10, 30, 50 fo r th e  in itia l s ta te s  n =  1, 2, an d  3, 
re sp e c tiv e ly . In  each  case, g (f, r )  e x te n d s  over th e  en tire  space | | |  <[ oo. 
F ig . 5 (n  =  1) show s how  th e  m a in  m ax im u m  a t  £ =  0 decreases a n d  q(£, x)

9 ($.T)
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Fig. 6. g(£, t) versus f  for т  =  10; 30; 50 and n =  2

Fig. 7. g(f, t) versus £ for т =  10; 30; 50 and n =  3
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becom es f la t te r  w ith  increasin g  tim e  t . F ig . 6 (n =  2) shows th e  te m p o ra l 
decrease o f th e  d is tr ib u tio n  g ( |,  t) w ith  tw o  m ain  m a x im a , w hich  p ro p ag a te  
w ith  decreasing  h e ig h t in to  th e  space  | | |  )> 0 as tim e  r  increases. F ig . 6 
(n =  3) show s th e  te m p o ra l decrease o f th e  d is tr ib u tio n  g(£, x) w ith  th ree  
m ax im a. T h e  tw o o ff-cen te r m ax im a  p ro p ag a te  w ith  f in ite  speed a n d  decreas
in g  a m p litu d e  in to  th e  space | | |  <[ oo, w hereas th e  c e n tra l  m ax im u m  rem ains 
a t  I  =  0 an d  loses r a p id ly  in  h e ig h t as т  increases.

T he d im ensionless speed  Un w ith  w hich  th e  (m ain ) o ff-cen ter ( f  ^  0) 
m ax im a  o f th e  p ro b a b ili ty  d is tr ib u tio n  g(£, r )  m o v e  in to  th e  space j£| •< oo 

is b y  E q . (31)

Un =  —  =  —  n, n =  2, 3, 4 ...........  (38)
Ax  2

A ccord ing ly , a t  tim e  т  th e  (m ain) o ff-cen te r m ax im a  o f g ( |,  r )  are  in  th e  h a lf 
spaces I  <C 0 (—) a n d  £ У> 0 ( - f )  a t  th e  locations

± i =  | 0(n) + ^ - n x ,  n =  2 , 3 , 4 , . . . ,  (39)

w here +  f 0(n ) ^  0 are  th e  d im ensionless positions o f  th e  off-cen ter m ax im a  a t 
tim e  t =  0. B y  E q . (31), th e  value g (f, r )  o f th e  o ff-cen te r m ax im a is in d ep en d 
e n t of th e  s ta te  n a t  la rg e  tim es,

g ( |,  t) &£ 1 /2 ят , n =  2 , 3, 4 , .  . ., *„ X 1 . (40)

T h e  value  g(0, x) o f th e  c e n tra l m a x im a  is by  E q . (31) for a rb itr a ry  tim es,

ё(0 , т) =  1 .  [P«(0 , t) +  0, T)3, n =  1, 3, 5, . . ., T ^  0 , (41)
&

i.e.

g(0, т) ш  0, n =  1, 3, 5, . . ., x n x 1 (42)

in  th e  a sy m p to tic  a p p ro x im a tio n  o f E q . (40). E q s . (40) and  (42) in d ica te  
t h a t  th e  c e n tra l  ( |  =  0 ) m ax im a  decay  m u ch  fa s te r t h a n  th e  o ff-cen ter ( |  =£ 0) 
m ax im a.

T he c h a ra c te r is tic  (d im ensional) t im e  scale o f th e  q u a n tu m  m ech an ica l 
diffusion process is b y  E q . (4)

i0 =  m a 2j h  . (43)

A s a n u m erica l i l lu s tra tio n , i t  is n o te d  th a t  th e  c h a ra c te ris tic  le n g th  scale 
[E q . (4)] is a ~ 1 0 -8  cm  fo r m icroscopic system s a n d  a ~ 1 0 °  cm  fo r m acro-
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sco p ie  sy stem s. H en ce , t0 ~  10 16 s fo r a m icroscopic  sy stem  a n d  *o - 10° s 
fo r  a  m acroscop ie  sy s tem  in  case  o f  an  e lec tro n  or positro n  (m =  9.108 X 
X 1 0 -28 gm ). T h e  co rresp o n d in g  sp eed s w ith  w h ich  th e  m ain  m a x im a  of g ( |,  r) 
p ro p a g a te  are  un ~  108 n cm /s fo r  a =  10-8  cm  an d  un ~ 10° n cm/s for 
a =  10° cm b y  E q . (38) w here n  =  2 , 3, 4 , . . . . I t  is seen th a t  u n is n on re la ti- 
v is t ic  fo r m icroscop ic  /3-particle sy s tem s  w ith  n  < / 10.

A s m ain  conclusions, i t  is n o te d  th a t  th e  tim e -d e p e n d e n t S chrôdinger 
e q u a tio n  sp read s q u a n tu m -m e c h a n ica l p ro b a b ili ty  w ith  in f in ite  speed over 
sp ace , as ty p ic a l fo r a p a r tia l d iffe re n tia l eq u a tio n  o f parabo lic  ty p e . The tim e- 
d e p e n d e n t S ch rô d in g e r eq u a tio n  p ro v id es , th e re fo re , a p h y s ic a lly  n o t q u ite  
c o r re c t d e sc rip tio n  o f tra n s ie n t m icroprocesses. Since th e  m a x im a  of th e  
p ro b a b il i ty  d e n s ity  p ro p ag a te  w ith  f in ite  speed , th e  tim e -d e p e n d e n t S ch rôd in 
g e r e q u a tio n  describes tra n s ie n t m icro sy stem s in  som e a p p ro x im a tio n  (sim ilar 
to  th e  p a rab o lic  e q u a tio n  for c la ss ica l d iffusion  processes).

B y  t r a n s ie n t  q u a n tu m  sy s te m s  or processes we m ean  th o se  w hich have  
a  w av e  fu n c tio n

y)(r, t) =  R  (r, t) е,ф(г> 9 (44)

o f  su c h  r  an d  t dependence  t h a t  th e  d en sity  f ie ld  q and  th e  v e lo c ity  fie ld  v 
a re  t im e -d e p e n d e n t, w here [7]

g(r, t) =  R 2(r ,  t) , v (r, t) =  (him) V 0 (r , t ) . (45)

Im p ro p e r  tim e -d e p e n d e n t q u a n tu m  system s h a v e  tim e -d e p e n d e n t w ave fu n c 
tio n s  o f th e  fo rm  y)(r, t) =  R ( r)  ex p  [iwt -f- ixp(r)] so th a t  q =  f?2(r) a n d  
v  =  (h/m) Vqp(r) a re  tim e -in d e p e n d e n t. In  th e  (nonlinear) h y d ro d y n am ic  
fo rm u la tio n  o f q u a n tu m  m ech an ics , th e  fie lds g(r) and  v(r) a re  o b ta in ed  as 
so lu tio n s  o f th e  s te a d y -s ta te  (d/dt — 0 !) q u a n tu m  h y d ro d y n a m ic  eq u a tio n s
[7 ], w hereas th e  s te a d y -s ta te  S ch rô d in g er e q u a tio n  w ith  d/dt =  0 appears to  
h a v e  no p h y sica l m ean ing , i.e.

— (h2l2m) v 2rp +  E(r) y> =  ihdyldt ¥= 0 , (46)

w h e re  V(r) is th e  p o te n tia l e n e rg y . A ccord ing  to  E i n s t e i n  [ 9 ]  th e  com plex  
(u n re a l)  tim e -d e p e n d e n t w ave fu n c tio n  is n o th in g  else b u t  an  ingeneous 
m a th e m a tic a l m ean s for so lv ing  n o n lin ea r s te a d y -s ta te  q u a n tu m  problem s. 
T h u s , for so -ca lled  q u a s i-s ta tio n a ry  q u a n tu m  sy stem s (p a rtic le  in  box, h y d ro 
gen  a to m , h a rm o n ic  o scilla to r, e tc . [6 ]) w ith  d isc re te  energy  eigenvalues, th e  
S ch rô d in g er e q u a tio n  gives (n o n re la tiv is tic a lly )  co rrec t re su lts , since th e  la t te r  
sy s te m s  are t ru e  s te a d y -s ta te  sy s te m s  in  th e  h y d ro d y n am ic  p ic tu re  of q u a n 
tu m  m echan ics [7].
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A n y  space-tim e d ep e n d e n t fu n c tio n  f ( x ,  t )  sa tis fy in g  th e  D iric h le t con
d itio n , in c lu d in g  th e  p ro b a b ility  d e n s ity  q (x ,  t), is re p re se n ta b le  as a  F o u rie r  
in te g ra l in  к  o r a> space,

f ( x , t ) = j + J k{ t ) e ik* d k ,  (47)

or

f ( x ,  t )  =  Г  fa (x) e‘mt dcu  .  (48)

F ro m  th e  occurrence o f in f in ite  w ave n u m b e rs  к =  + o o  an d  in fin ite  f re q u e n 
cies ca =  + 0 0  in  E qs. (47) a n d  (48), re sp ec tiv e ly , i t  c a n n o t be con c lu d ed  th a t  
th e  signal f ( x ,  t )  p ro p ag a te s  w ith  in f in ite  speed. W h e th e r  th e  so lu tio n  f ( x ,  t )  

p ro p ag a te s  w ith  fin ite  o r in f in ite  speed  depends on th e  ty p e  of p a r t ia l  d iffer
e n tia l e q u a tio n  / ( x, t )  h as to  satisfy , e .g ., th e  p ro p ag a tio n  speed is i) C <  oo 
a n d  ii) c =  oo fo r hy p erb o lic  an d  p a ra b o lic  eq ua tions, re spec tive ly .

T he K le in —G ordon a n d  D irac e q u a tio n s  are h y p erb o lic  and  p ro p a g a te  
w ave signals гр(х, t )  w ith  th e  fin ite  sp eed  of ligh t, e0. H ow ever, b ecau se  th e  
fo rm er g ives p ro b ab ility  d ensities q ( x ,  t )  ^  0 and  th e  la t t e r  gives p a r tic le  and  
a n tip a r tic le  s ta te s  s ^  0 , a sim ple o n e-p a rtic le  p ro b a b ility  in te rp re ta t io n  of 
th e  w ave fu n c tio n  ex ists  n o  longer. T h u s  th e  re la tiv is tic  w ave e q u a tio n s  do 
n o t a c tu a lly  resolve th e  fu n d a m e n ta l d ifficu lty  c =  oo o f th e  o n e-p a rtic le  
S ch röd inger eq u a tio n .

W ith in  th e  h y d ro d y n am ic  fo rm u la tio n  of q u a n tu m  m echanics [7], n u m e 
rica l so lu tions for tra n s ie n t p ro b a b ility  densities were g iv en  b y  W e i m e r  and  
A s k a r  [10 — 11]. The p u rp o se  of th e  p re se n t co m m u n ica tio n  w as to  show  
q u a n ti ta t iv e ly  th e  p a ra d o x ia l p ro p a g a tio n  of p ro b a b ility  w ith  in fin ite  speed  
b y  so lv ing  an a ly tica lly  ty p ic a l  in itia l-v a lu e  problem s o f th e  S ch röd inger 
eq u a tio n . T h e  problem  arose  in  con n ec tio n  w ith  the sh o rt- tim e  in te ra c tio n  of 
e lec trons in  h igh  d en sity  p lasm as [12].
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The behaviour of particles and clocks m oving inertially in  th e  physical vacuum  is inves
tiga ted . I t  is found th a t  Poincare’s principle ab o u t th e  im possibility to  detect absolute m otion 
together w ith assum ptions abou t th e  hom ogeneity of space and tim e an d  the isotropy of space 
leave only tw o possibilities open: Either all fundam ental in teractions are of ballistic na tu re  
and  moving particles and clocks undergo no change of dimension respectively rate, or all funda
m en ta l in teractions are of wavelike nature , no signal velocity h igher th a n  the comm on wave 
velocity  c exists, moving particles undergo no tran sv ersal change of dim ension hu t a contraction  
in th e  direction of m otion b y  th e  factor / 1 — tc2/c2, and moving clocks are slowed down by  
the same factor.

1. In trod u ction

T he p u rp o se  of th e  p re sen t p ap er is to  derive th e  func tions d escrib ing  
th e  b e h av io u r o f  pa rtic le s  an d  clocks m o v ing  in e rtia lly  w ith  re sp ec t to  th e  p h y s i
cal v acu u m  (“ e th e r” ). To th is  end  we w ill, in  ad d itio n  to  th e  u su a l a ssu m p tio n s  
a b o u t hom o g en e ity  o f space an d  tim e a n d  iso tro p y  o f  space , use P o in c a re ’s 
p rin c ip le  a b o u t th e  im p o ssib ility  to  d e tec t ab so lu te  m o tio n . F ro m  these a s su m p 
tio n s  we w ill a rriv e  a t  tw o  possib ilities: e i th e r  all fu n d a m e n ta l in te ra c tio n s  are 
of b a llis tic  n a tu re  an d  m o v ing  pa rtic le s  u n d e rg o  no change o f d im ensions an d  
m o v ing  clocks no  change o f ra te , or th e re  ex is t w aves in  th e  e ther, a ll th e se  
tr a v e l  a t  th e  sam e ve lo c ity  an d  m oving  p a rtic le s  undergo n o  tra n sv e rsa l c o n tra c 
tio n  b u t  a c o n tra c tio n  in  th e  d irec tion  o f m o tio n  given b y  th e  fac to r ] /1 —tc2/c2, 
an d  m ov ing  clocks are slow ed dow n b y  th e  sam e fac to r. H ere  tv d eno tes th e  
v e lo c ity  o f th e  m ov ing  o b jec t an d  c th e  v e lo c ity  of th e  w aves in  th e  e th e r . 
T he p o ss ib ility  o f signal velocities (in th e  e th e r)  h igher th a n  th e  w ave v e lo c ity  
c is ru le d  o u t.

P o in ca re ’s p rinc ip le  is basic  for ou r w o rk . W e th e re fo re  fin d  c o n v en ien t 
to  s ta te  i t  ex p lic itly  in  th e  fo rm  th a t  we w ill use i t :

Poincare's Principle: I t  is im possib le to  d e tec t m o tio n  w ith  respect to  th e  
e th e r  (“ ab so lu te  m o tio n ” ). I n  o th e r  w ords: th e re  is no w a y  fo r an  in e r tia l o b 
serv er to  a sc e rta in  i f  he is a t  re s t w ith  re sp ec t to  th e  p re fe rred  system , o r n o t .
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T h is  p rincip le  w as p ro b ab ly  f i r s t  considered  b y  P o i n c a r é  in  1 8 9 5  (cf. K e s w a n i  

[1 ]). F o r  th e  re a d e r  n o t a c q u a in te d  to  new er in v es tig a tio n s  in  e th e r th e o ry  
w e re fe r  to  th e  w o rk  of P o d l a h a  [2]. See also  S j ö d i n  [3].

T he p lan  o f  th e  paper is as follow s: In  S ec tion  Two we w ill deduce som e 
fu n d a m e n ta l id e n tit ie s  for th e  a b o v e -m en tio n ed  fu n c tions. T hese id en titie s  
w ill in  th e  th ird  S ec tion  be tra n s fo rm e d  in to  a  system  of o rd in a ry  d iffe ren tia l 
e q u a tio n s , w h ich  w ill be so lved . I n  Section F o u r  a p h ysica l in te rp re ta tio n  o f 
a  p a ra m e te r  ch a ra c te riz in g  th e  deduced  fu n c tio n s  will be g iven . The p a p e r  
is  e n d ed  w ith  a  conclusion  a n d  a d iscussion o f  th e  p resen t w o rk  in  connection  
w ith  re la ted  w ork .

2 . T h e basic re la tion s

In  th is  S ec tio n  we w ill a rr iv e  a t th e  p o in t from  w h ich  m ost a u th o rs  
d e p a r t ,  n am ely  a t  th e  p ro p o sitio n  th a t  th e  fu n c tio n s  d e te rm in in g  th e  b eh av io u r 
o f  m ov ing  p a r tic le s  an d  clocks as observed  from  an  a rb itra ry  in e rtia l sy stem  S 
w ill h av e  th e  sam e  form  as in  th e  priv ileged  sy stem  S 0. T h is  we will do w ith  
th e  help  o f P o in c a re ’s p rin c ip le  an d  assu m p tio n s ab o u t th e  hom ogeneity  o f 
sp ace  and  tim e  a n d  th e  iso tro p y  o f  space. I n  o rd er to  s im p lify  th e  d iscussion 
so m ew h at, we w ill only co n sid e r a tw o-d im ensiona l space. T h e  ex tension  to  
th re e  d im ensions p resen ts no  p rob lem .

O ur aim  is  to  de term ine  th e  fac to rs  Ф, y , a n d  Q, describ ing  respective ly  th e  
ch an g e  of d im en sio n  of a m o v in g  p a rtic le  in  th e  d irection  o f m o tio n , th e  change 
o f  d im ension  in  th e  tra n sv e rsa l d irec tion , a n d  th e  change o f  ra te  of a m o v in g  
c lock . W e m a y  ex p lo it ou r a ssu m p tio n s  a b o u t th e  homogeneity o f  space and  
t ime  in  a ssum ing  Ф, W, and Q  to  be in d e p e n d e n t of th e  tim e  an d  space co o rd i
n a te s . S om etim es [4] it  is also  assum ed  th a t  th e se  fu n c tio n s do n o t depend  on 
w h e th e r  th e  o b je c ts  in  q u es tio n  a re  acce le ra ted  or no t. T o  m inim ize a ssu m p 
tio n s , we w ill n o t  do th is  here. H ow ever, since we in  th e  fo llow ing  never consider 
acce le ra ted  o b je c ts , we m ay  su p p ress  th e  possib le  d ependence  on acce lera tion  
a n d  w rite  Ф =  Ф(м>), W =  !Р(и>), Q =  Q(w),  w here w is th e  velo c ity  w ith  
re sp e c t to  S 0. F ro m  th e  a ssu m p tio n  ab o u t th e  isotropy o f  space we m ay  f in a lly  
conclude  Ф(к;) =  Ф(|гс|), W(w) =  Ф(|м>|), a n d  Q(w) =  ß ( |t c |) .  F o r te ch n ica l 
reaso n s we assu m e  th a t  Ф, W  a n d  Q are c o n tin u o u sly  d iffe ren tiab le  fu n c tio n s  
o f  one v a ria b le .

U p to  n o w  we have o n ly  been  in te re s te d  in  one in e r t ia l  system , n a m e ly  
th e  p riv ileged  sy s tem  S 0. I n  o rd e r to  a p p ly  P o in ca re ’s p rin c ip le  we sh a ll also 
con sid er o th e r  sy stem s m ov ing  w ith  resp ec t to  S 0. L et us in tro d u c e  th e  in e r tia l  
sy s te m  S, m o v in g  a t  th e  v e lo c ity  и along th e  positive x -ax is  o f  S 0. W e assum e 
th e  tw o  sy s tem s to  be o rien ted  in  th e  sam e w ay. In  o rd e r to  be able to  re la te  
o b se rv a tio n s in  d iffe ren t in e r t ia l  system s, we m u st choose u n its  and  sy n c h ro n 
iz a tio n  in  th e se  in  some a p p ro p ria te  w ay . B ecause o f  P o in c a re ’s p rin c ip le ,
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m eth o d s o f  sy n ch ro n iza tio n  an d  o f u n its  s tip u la tio n  m u s t be chosen , whose 
re a liz a tio n  does n o t d ep en d  on th e  know ledge of a b so lu te  velocities. W e choose 
u n its  in  S preserving matter-geometry [3], i.e. so t h a t  a ro d  a t  re s t  in  S  will 
h av e  th e  sam e le n g th  w hen  m easu red  in  S,  as th e  sam e rod , re s tin g  in  S 0, 
w ould  h a v e  w hen m easu red  in  S 0. L ikew ise fo r a c lock . W e choose natural 
synchronization  [3] in  S.  T h is m eans t h a t  i f  a clock  is synch ron ized  a t  one 
p lace a n d  th e n  m o v ed  a t  in fin ite s im a l ve lo c ity  (re la tiv e ly  to  S) to  a n o th e r 
p lace, i t  w ill also th e re  show  th e  “ r ig h t”  tim e.*

As a help  fo r d e te rm in in g  th e  fu n c tio n s  Ф, W  a n d  Q, we in tro d u c e  the  
co rresp o n d in g  fu n c tio n s  Ф5, s , an d  Q s , describ ing  th e  ap p a re n t ch an g e  of 
d im ensions o f  m oving  p a rtic le s  and  ra te s  o f m oving clocks as observed  in  th e  
sy s tem  S.  F o r  te ch n ica l reasons we w ill o ften  use th e  n o ta tio n  Ф(ц, t>), !F(u, v), 
an d  Q(u, v) in s te a d  o f  Ф5(г), 'f'gfo), a n d  Qs(v). v is h ere  th e  v e lo c ity  o f th e  
m o v ing  o b jec t, as m easu red  in  S. W e con sid er only  th e  case o f  и and  v pa ra lle l.

In  genera l, th e  fu n c tio n s Ф5, *PS, an d  ß s w ill n o t  necessarily  be equal 
to  Ф, W, a n d  Q. I t  w ill, how ever, a lw ays be possible to  express th e m  in  te rm s 
o f  th ese . T o  do th is  is o u r n ea re s t ta sk . A t th e  end  o f  th e  Section  we w ill th en  
f in d  th a t  th e  v a lid ity  o f  P o in ca re ’s p rin c ip le  im plies t h a t  th e  fu n c tio n s Ф(и, v), 

и , v), a n d  Q(u, v) are  in d ep en d en t o f  u.
W e com m ence th e  in v es tig a tio n  w ith  th e  fu n c tio n  !FS. To th is  en d  we 

consider a p a rtic le  m o v in g  a t  th e  v e lo c ity  v along th e  po sitiv e  x-ax is in  S.  I ts  
d im ension  in  th e  tra n sv e rse  d irec tion  w ill th en  be IP ju , v)L0, w here L 0 is its 
d im ension  in  th e  tra n sv e rse  d irec tion  w hen  a t  rest in  S.  I t  is easy to  convince 
oneself t h a t  th e  m easu rem en t o f th e  tra n sv e rsa l d im ensions o f a m oving  p a rtic le  
is  in d e p e n d e n t of th e  chosen sy n ch ro n iza tio n  in S  in  th e  d irec tion  o f  m o tion . 
B ecause  o f  th is  an d  o f  th e  fa c t th a t  th e  sy n ch ro n iza tio n  in  th e  tra n sv e rsa l 
d irec tio n  is th e  sam e in  th e  tw o system s (n a tu ra l sy n ch ro n iza tio n  has th is  effect 
w hen  Q  is ra d ia l [3]), !F(it, v) w ill o n ly  depend  on th e  re a l d im ension  o f th e  
p a r tic le  a n d  th e  re a l le n g th  o f th e  m easu rin g -ro d s u sed  in  S. (B y “ re a l le n g th ” 
o f  a p a r tic le  we u n d e rs ta n d  its  len g th  as m easu red  in  S 0). L e ttin g  tv d e n o te  the  
v e lo c ity  o f th e  p a r tic le  w ith  respect to  S 0, we fin d

W(u, =  u ) - iV ( w )  , (2.1)

w here th e  fa c to r  ^( iv )  is due to  th e  re a l change of th e  tra n sv e rsa l d im ension  
o f  th e  p a r tic le  an d  th e  fa c to r  Ф (и)~1 is due  to  th e  ch an g e  o f th e  m easu ring - 
rods used  in  S.

* This should no t be understood as th a t  clocks are m oved a t  infinitesim al velocities, 
th is  being physically im possible, bu t in the following way: Two clocks, A  and B, s ta tionary  
in  S, are synchronized if for every e >  0 it  is possible to move a th ird  clock C, synchronized 
a t  A , a t  constan t velocity on a  stra igh t line from  A  to В  so slowly th a t  the difference in  read
ings betw een В and C a t th e ir coincidence is sm aller than  e, and  th a t  this will hold for every 
clock m oved slower th a n  C. We rem ark th a t  because of the form  of Q  in our ac tua l world 
< й  =  У Г  — tv'2 je-, c =  3 • 1010 cm/sec) even relatively  high velocities give good approxim ations.
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W hen d e te rm in in g  Ф(ц, v) w e get th e  co rrespond ing  fa c to r  Ф(м)-1  Ф(и>) 
d u e  to  th e  rea l ch an g e  of th e  lo n g itu d in a l d im en sio n  of th e  p a r tic le  and  to  th e  
ch an g e  of le n g th  o f  th e  m easu rin g -ro d s in  S , b u t  also an  a d d itio n a l fac to r  
d ep en d in g  on th e  chosen sy n ch ro n iza tio n  in  S . In  th e  process o f co m p u tin g  
th is  fa c to r  we w ill also find  th e  tra n s fo rm a tio n  fo rm ula  fo r ve locities.

W e con sid er tw o  po in ts x x a n d  x 2 on th e  л -ax is  o f -<  x 2). T he  d istance  
b e tw e e n  th ese  tw o  po in ts  w ill b e  (x2 — хг)Ф(и) as m easured  in  S 0. The fa c t 
t h a t  we h av e  ch o sen  n a tu ra l sy n ch ro n iza tio n  in  S im plies t h a t  tw o clocks 
sy n ch ro n ized  in  S  w ill in g en era l n o t be sy n ch ro n ized  w hen  seen  in  S 0. W e 
sh a ll com pu te  th e  d isc repancy : N a tu ra l  sy n ch ro n iza tio n  m eans t h a t  tw o  re s tin g  
clocks are sy n ch ro n ized  if  a th i r d  clock, w h en  m oved b e tw een  th em  w ith  
in f in ite s im a l v e lo c ity  (as m easu red  in  S), in d ic a te s  th e  sam e tim e  as each  o f  
th e  tw o  clocks a t  th e ir  re sp ec tiv e  coincidences. I f  a clock is se n t from  xx to  
x 2 w ith  in fin ite s im a l velocity  (in  S), we m a y  d en o te  its  v e lo c ity  in  S 0 w ith  
и +  du. T he t im e , as m easured  in  S 0, needed fo r th e  clock to  co v er th e  d is tan ce  
x 2 — x x is (x2 — л 1)Ф(и)/<1м; a n d  h ence , due to  th e  difference in  r a te ,  Q(u  -(- du) 
— Q (u ), co m p ared  w ith  clocks a t  re s t in  S , th e  d isc repancy  w ill be:

(я2 — *j) Ф(и) [fî(u  - f  du) — Í2(u)]/dn =  (x2 — х^)Ф(и)£}'(и) .

L et us a ssu m e  th a t  w hen  th e  fro n t en d  o f th e  m oving p a r tic le  passes л15 
th e  clock a t  x i  in d ic a te s  th e  tim e  T v  and  w hen  i t  passes x2 th e  clock  th e re  in d i
c a te s  th e  tim e  T 2. T he  tim e, as m easu red  in  S 0, needed  for th e  p a rtic le  to  p ass  
fro m  to  x2 w ill th e n  be g iven  b y  th e  expression

[T2 -  Г , -  й '(и )Ф (и)(х2 -  x 1)] а д - 1 .

D u rin g  th is  tim e  th e  p artic le  tr a v e ls  th e  d is ta n c e

Ф(и) (л2 — Xj) -f- [T 2 — 7 \  — 0 '(и )Ф (и )  (x2 — *1) ] i3 ( u ) - 1u ,

a n d  hence th e  v e lo c ity  of th e  p a r tic le  w ith  re sp e c t to  S 0 is g iv en  by

_  ,______£?(ц)Ф(ц) (x2 — ___
W U ' T 2 — Tx — Q '(и)Ф(и)(х2 -  Xl) '

S ince x2 — x 1 =  (T 2 — Tx)n, we th u s  o b ta in  th e  ve lo c ity  tra n s fo rm a tio n  fo rm u la

Q(u) Ф(и)
w — и = -------— — —̂—

1 — Q'(u) Ф(и) v

T h is  fo rm u la  g ives th e  re la tio n  betw een  th e  velocity  of a m o v in g  p a rtic le  
re la tiv e  to  S, as m easured  in  S 0 an d  as m easu red  in  S. I n  th e  fac to r w h icb

(2 .2)
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m u ltip lie s  V  we m a y  in te rp re t  th e  co m p o n en ts : Ф(и) is due to  th e  change 
o f  le n g th  of th e  m easu rin g -ro d s, Q(u) to  th e  change o f  ra te  o f clocks and  
1 — Q '(u)0(u)V to  th e  chosen sy n ch ro n iza tio n .

T h e  inverse o f  (2.2) is som etim es useful:

V  =
Q (u)0(u)  +  Q '(u)0(u)(w  — u)

(2.3)

In  o rd er to  a rr iv e  a t  th e  exp ression  for 0 (u ,  v), we express th e  tim e  
(as m easu red  in  S 0) n eed ed  fo r th e  p a r tic le  to  pass in  tw o  w ays: co m p u te d  in

in S  a n d  d iv ided  b y  th e  change o f r a te  fa c to r  Q(u) i t  is ^*(ц ’ y)  ̂an(j

• Ф М Цi t  is
Q(u) v

. F ro m  th e  e q u a lity  o f th e se  expressions we o b ta in :
w  — u

0 (u ,  v) =  Ф (« ) -1Ф(1С)(1 — Q '(u )0 (u )v )  .

A n analogous reason ing , w hich is le ft to  th e  read e r, y ields 

Q{u , v) =  Í2(u)-1  Q(w)(l  — Q '(u )0 ( u )v ) .

(2.4)

(2.5)

W e w ill now  show  how P o i n c a r e ’s princip le  im plies th a t  th e  fu n c tio n s  
0 (u ,  v), ^ ( u ,  v), a n d  Q(u, v) are  in d e p e n d e n t of u. T h is fa c t w ill in  i ts  tu r n  
enab le  u s  to  ca lcu la te  th e  fu n c tio n s Ф, 0 ,  an d  Q  from  th e  re la tio n s a lre a d y  
deduced . W e will p e rfo rm  th e  reaso n in g  on ly  for th e  fu n c tio n  Ф, since i t  w ould  
be co m p le te ly  analogous for W  and  Q.

W e have assu m ed  th a t  Ф an d  Q  are  even fu n c tio n s . H ence, i f  m easu re 
m en ts o f  th e  fu n c tio n s  0 S and  ű s w ou ld  show  th a t  th e y  are  n o t even , m o tio n  
o f th e  in e r tia l sy s tem  S  w ith  re sp ec t to  th e  e th e r  could  be in ferred , in  c o n tra 
d ic tion  w ith  Poincaré’s principle. T h u s  Ф(и, v) =  0 (u ,  —i;) an d  Í2(u, v) =  
=  Q(u, —v). F ro m  (2.2) an d  (2.4) we im m ed ia te ly  fin d

A
Ф (—u, v) -- 0 (u ,  —v) =  0 (u ,  v),  w h e n c e -----Ф (и, v) =  0 .

du u=o

L e t us now  consider, in  ad d itio n  to  th e  sy stem  S , an  in e r tia l sy s tem  S'. 
m oving  w ith  th e  v e lo c ity  u' (re la tiv e ly  S)  a long th e  p ositive  я -ax is o f  S. 
W e in tro d u c e  th e  fu n c tio n  0 S( ■ , • ), co rrespond ing  to  Ф( • , • ), b u t  m easu red  
in  S  in s te a d  of in  S 0. In  v ir tu e  of th e  tra n s fo rm a tio n  fo rm u la  (2.2) we h av e

0 s( u \  v) =  0 u + Q(u) Ф(и) и'
1 -  ü '(u )0 { u )u '
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a n d  th u s  Ф8(и', —v) =  Ф8(и', v). B y  e x a c tly  th e  sam e reaso n in g  as above w e 
f in d  th e  re la tio n

Ф8 ( u \  v) =  Ф8 u ' +
й 8(и ')Ф 8{и')у 

1 -  й'8(и ’)Ф 8(и')ь

w h ic h  gives Ф8(— u ', v) =  Ф8(и', —v) — Ф8(и , v). W e th e re fo re  h av e

d ф 8(и', v) = 0 ,  t h a t  is, ß ( u )  Ф(и) Ф(и, v) =  0,
[du' u'-=o du

a n d  since we ex c lu d e  th e  p o ss ib ility  Í2(u) =  0 or Ф(и) =  0, we f in d  th a t  
Ф(и, v) m u st be in d e p e n d e n t o f  u. In  o th e r w ords, th e  fu n c tio n s Ф8 a re  th e  sam e 
fo r  a ll in e r tia l sy s tem s S. L ikew ise fo r Ws a n d  Q s . In  th e  n e x t  S ection  we shall 
c a lc u la te  th e se  fu n c tio n s  ex p lic itly .

3 . T h e d ifferen tia l eq u ation s

W e h a v e  o b ta in e d  th e  fo llow ing id e n titie s :

Ф(г>) =  Ф 

W(v) =  Ф  

Q(v) =  Q

Q(u) Ф(и)г
U + 1  - й ' ( и ) Ф ( и )  V,

u , П (и )ф {и )у  I 
1 — Q '(u ) Ф(и)у I 

Q(u) Ф(и) v 
|1 — £2'(и)Ф(и)г

Ф(и) ~ 1( 1

О Д " 1 ,

о д -41

ű '(u )  Ф(и) V) ,

Q '{u)0(u)v).

(3.1а)

(3.1b)

(3.1с)

D iffe ren tin g  (3.1а) a n d  (3.1b) once a n d  (3.1c) tw ice  w ith  re sp ec t to  v, 
a n d  se ttin g  и =  0, we f in d :

Ф '(0) =  Ф '(и) Q{u) -  Q'(u) Ф(и) , 

ф '(0 )  =  4"(u) Q(u) Ф(и) Щ и ) - 1 , 

ß '( 0 )  =  0 ,

ß " (0 )  =  Ü"(u) й{и)Ф (и)2 .

S e ttin g  Q ' =  A ,  th is  m a y  be tra n s fo rm e d  in to  a f ir s t  o rd er system  of 
o rd in a ry  d iffe ren tia l eq u a tio n s :

Ф '(и)
a. А(и)Ф (и)  

Q(u)
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W ( u )  =  -  ,
й(и)Ф (и)

ü ' (u )  =  А (и ) ,

Q(u) 0 { u f  ’

w ith  th e  in itia l co n d itio n s Ф(0) =  1F(0) =  Í2(0) =  1, A ( 0) =  0. I t  follows from  
th e  P ic a rd —L in d e lö f theo rem  (cf. e.g. [5]) t h a t  th is  sy stem  h a s  ex ac tly  one 
so lu tio n  w ith  th e  g iven  in itia l v a lu es . One ea s ily  verifies t h a t  th is  so lu tion  
is g iven  by

C- c +

Ф(и) =  (1 -  Ulc+ )C+ + C-  (1 +  u /c_ )e+ + c- ,
\ k  c -  — c + k c + — c -

Ф (и) =  (I -  u /c+) 2 "7 T 7 I (1 +  « /е - ) Т Ц Т 7 : , 

c+ c-
f l(u )  =  (1 -  ulc +)e++c-  (1 +  ujc_)c++c- ,

и ~c-  ~ c+
^4(u) =  — ---------(1 — u/c+)c+ + c-  (1 + u / c _ ) c+ + c- ,

C_|. c_

w here  c+, c_, an d  к  are  given b y

---------b У<x2/4 — у , - Î — =  —— b Y *2/4 — у  , к
2 c_ 2

2c+ c_
c_ ß -

( In  th e  case a 2 4y  these  exp ressions are to  be  in te rp re te d  p ro p erly . T he 
so lu tio n  is defined  in  th e  m a x im a l in te rv a l co n ta in in g  th e  o rig in  b u t  none 
o f th e  p o in ts  c+ a n d  c_.)

In  our case we have a  - Ф '(0) =  0, ß =  ÍP'(O) =  0, a n d  i f  we p u t
у =  0) =  ^4'(0) — —c~2 o u r fo rm u las  specialize  to  c+ =  c_  =  c,

Ф(и) - Q(u) =  (1 — u2/c2)1/2, (и) =  1 . (3-3)

If  c2 >  0 th is  so lu tio n  is defined  on  (— |c|, |c |), o therw ise on all o f R.

4 . Interpretation

H av in g  d eriv ed  th e  re la tio n s  (3.3) i t  only  rem a in s  to  d e te rm in e  th e  sign 
o f c2 a n d  to  give i t  a p hysica l in te rp re ta tio n . D ep en d in g  on w h e th e r  c2 w ill be 
p o s itiv e , n egative  o r  in fin ite , m o v in g  p a rtic le s  w ill undergo  re sp ec tiv e ly  con
tra c t io n , d ila ta tio n  or rem ain  u n ch an g ed . L ikew ise for clocks.
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W e d is tin g u ish  tw o  cases d ep en d in g  on w h e th e r a lim itin g  (signal) velo
c i ty  (w ith  re sp ec t to  So) ex is ts  or n o t.

a) N o limiting velocity exists

H av in g  signals w ith  a rb itr a ry  h igh  velocities a t  o u r d isposal, w e w ould 
be able to  e s tab lish  “ a b so lu te”  sy n ch ro n iza tio n  [3]. S ince abso lu te  an d  n a tu ra l 
sy n ch ro n iza tio n  a re  e q u iv a le n t in  S 0 (th is  follows fro m  ß '( 0 )  =  0), th e  possi
b i l i ty  to  e s tab lish  ab so lu te  sy n ch ro n iza tio n  in  S im p lies th a t  th e y  m u s t be 
e q u iv a le n t also in  S  i f  Poincaré's principle  is to  be v a lid  (otherw ise abso lu te  
m o tio n  o f S  w ith  re sp ec t to  S 0 cou ld  be de tec ted ). N ow , i f  abso lu te  a n d  n a tu ra l  
sy n c h ro n iz a tio n  are to  be e q u iv a le n t in  a ll fram es, o u r sy n ch ro n iza tio n  fac to r 
1 — Q '(и)Ф(и)о m u s t e q u a l one, i.e . Q'{u) =  0. In  th is  case i t  follow s from  
E q . (3.3) th a t  <Z> =  ÿ/ = i ? — l . I n  th is  Newtonian world no w aves in  th e  e th er 
a re  allow ed. As w as a lread y  re m a rk e d  in  [6, 3], th is  is th e  only w orld , w here 
th e  concep t o f e th e r  loses i ts  m ean ing .

b ) A  limiting velocity exists

D en o tin g  th e  lim itin g  v e lo c ity  w ith  V 0 we m ake use o f (2.3) an d  ca lcu la te  
th e  va lu e , V, o f  th e  lim itin g  v e lo c ity  as m easu red  in  S :

V  = 1  —  u j V o  y  

1 -  uVJc2 ° ‘
(4.1)

I t  is easily  seen th a t  i f  V  w ould  d ep en d  on th e  “ a b so lu te ”  velo c ity  u, know 
ledge o f V  in  tw o  d iffe ren t in e r tia l  sy stem s and  o f th e ir  re la tiv e  v e lo c ity  w ould 
en ab le  us to  ca lcu la te  u. T h is c o n tra d ic ts  Poincaré's principle. H ence th e  only 
p o ss ib ility  is V  — V 0, in d e p e n d e n tly  o f  u. B u t, as is  easily  seen b y  in se rtin g  
V  =  V 0 in  (4.1), th is  gives V 0 =  + c ,  i.e. c2 >  0.

T h is is ou r fam ilia r Lorentzian world. H ere w aves in  th e  e th e r  a re  allow ed, 
b u t  th e y  m u s t all tra v e l  a t  th e  sam e v e lo c ity  c. T his v e lo c ity  will a t th e  sam e tim e 
be  a lim itin g  v e lo c ity  an d  an  in v a r ia n t  velocity .

W e n o tice  t h a t  th e  a lte rn a tiv e  c2 <  0 is ru led  o u t  in  an y  case. W e m ay 
hence  sum m arize  th is  sec tion  b y  say in g  th a t  either Ф =  4/ =  Q  =  1 and  th e  
w orld  is to ta l ly  b a llis tic , or W  =  1, Ф =  Q =  (1 — ir2/c2) I/2 an d  a ll w aves 
tr a v e l  in  th e  e th e r  a t  th e  v e lo c ity  c [3], th a t  is th e  h ig h est possib le  velocity  
as w ell as an  in v a r ia n t  v e lo c ity  (th is  la te r  p resu p p o sin g  n a tu ra l  sy n ch ro n iza tio n  
in  a ll sy stem s). Experimentally  i t  h a s  been  show n t h a t  th e re  e x is t w aves in  
th e  e th e r  [7].
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5. C onclusion  and d iscussion

F ro m  assu m p tio n s  a b o u t th e  h om ogeneity  o f  space  and  t im e , th e  iso
tro p y  o f  space an d  P o i n c a r e ’s p rin c ip le  we h av e  d eriv ed  th a t  W  =  1 and 
Ф =  Q  =  (1 — io2/c2)1/2, w here c2 £ ]0 , o o ] . A ssum ing th e  ex istence o f waves 
in  th e  e th e r , we m ay  exclude  c2 =  oo an d  id en tify  c w ith  the  v e lo c ity  o f the  
w aves in  th e  e th e r. W e h av e  th u s  reach ed  our goa l, nam ely  to  p ro v e  th a t  
th e se  o u r p resu p p o sitio n s d e te rm in e  th e  b eh av io u r o f  in e rtia lly  m o v in g  p a r
tic le s  a n d  clocks.

F in a lly , we w ould  like  to  p o in t o u t th e  e ssen tia l fea tu res o f  o u r t r e a t 
m en t as com pared  to  re la te d  w ork. C o n tra ry  to  m a n y  au th o rs , we th in k  th a t  
th e  su b stan ce  of a th e o ry  o f m oving  p a rtic le s  an d  clocks is c o n ta in e d  in  the  
p ro p o sitio n  ab o u t th e  fo rm  o f th e  fu n c tio n s  Ф, iP, a n d  Q,  and  n o t in  th e  tra n s 
fo rm a tio n  eq u a tio n s [8]. In  order to  m o tiv a te  th is  p o in t of v iew , we f irs t 
call a tte n tio n  to  th e  ( tr iv ia l)  fac t t h a t  a ll physical p h en o m en a  can be  described 
w ith in  one in e r tia l sy s tem . O nly if  one  w an ts  to  re la te  th e  d escrip tions w ith in  
d iffe ren t system s, tra n s fo rm a tio n  e q u a tio n s  are n eed ed . F u rth e rm o re , know ing 
th e  fo rm  of th e  c o o rd in a te  tra n s fo rm a tio n , th e  fo rm  o f th e  fu n c tio n s  Ф, ÎF, 
an d  Q  m ay  u su a lly  be deduced . T he co n d itio n  is, h o w ever, th a t  th e  co n v en tio n  
g o v ern ing  th e  choice o f  u n its  an d  sy n ch ro n iza tio n  in  d ifferent sy s tem s is 
know n. Likew ise th e  know ledge o f  th e  functions m ak es  i t  an ea sy  ta s k  to  
derive  a p p ro p ria te  tra n sfo rm a tio n  e q u a tio n s  (a fte r h a v in g  chosen th e  u n its  
an d  sy n ch ro n iza tio n  [3, 9 ]). W e m a y  sum m arize th is  in  saying th a t  d ifferen t 
tra n s fo rm a tio n s  m ay  describe  th e  sam e  w orld an d  d iffe ren t w orlds m ay  be 
described  b y  th e  sam e tra n s fo rm a tio n , b u t  to  every  w o rld  there  belongs only 
one se t o f  fu n c tio n s Ф, !P, an d  Q.

N um erous d e riv a tio n s  o f th e  L o ren tz  tra n s fo rm a tio n  have  ap p eared . 
T hese m ay  be d iv ided  in to  essen tia lly  tw o  groups, acco rd in g  as th e  co n cep t of 
e th e r  h a s  been  used  or n o t. M ost d e riv a tio n s  belong ing  to  the  second  group 
are b ased  on e ith e r  th e  princip le  o f  re la tiv ity  (or th e  closely re la te d  group 
p o s tu la te )  [10], th e  p rin c ip le  of c o n s ta n c y  of ligh t v e lo c ity  [11], or b o th  [12]. 
A n ex cep tio n  w o rth  m en tio n in g  is R o b e r t s o n  [ 1 3 ] ,  w ho o b ta ined  th e  tra n s 
fo rm a tio n  coefficients fro m  an  an a ly sis  o f th e  M ichelson — M orley, K e n n e d y — 
T h o rn d ik e , an d  Iv e s —Stilw ell ex p e rim en ts .

T h ere  are  also m a n y  d e riv a tio n s  m ak in g  use o f th e  concept o f  e th e r  [14, 
8]. C o n tra ry  to  m ost “ re la tiv is tic ”  d e riv a tio n s , how ever, these  are u su a lly  no t 
b ased  on som e u n iv e rsa l p rincip le . T h is  is one im p o r ta n t  reason  w h y  th e  
“ e th e r  a p p ro a c h ”  has b een  m uch c ritic iz e d  [15]. jin  f a c t ,  as fa r as w e know , 
our d e riv a tio n  is th e  f i r s t  one from  P o i n c a r é ’s( p rin c ip le . (In  [ 3 ] ,  fo o tn o te  
p . 238, th e  tra n s fo rm a tio n  w as d e riv ed  from  th e  co n d itio n  th a t  th e  one-w ay 
v e lo c ity  o f  lig h t (n a tu ra l sy n ch ro n iza tio n ) be c o n s ta n t.)  Beside o th e r  reasons 
fo r em p lo y in g  an  e th e r  a p p ro ach , we f in a lly  w an t to  p o in t  o u t th a t :  P o i n c a r e ’s
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p rin c ip le , in  t h a t  i t  speaks a b o u t th e  possib ility  o f  ce rta in  m easu rem en ts , is 
o f  p u re ly  p h y sica l n a tu re , w h ereas  E in s te in ’s p rin c ip le  of r e la t iv i ty  (and  of 
co u rse  s till m ore th e  group p o s tu la te ) , speak ing  a b o u t th e  fo rm  o f law s, is of 
a  m o re  m a th e m a tic a l n a tu re .
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The C02 is a polar molecule, having a strong absorption band  in  the  region 450 — 
870cm-1 . This is ju s t th e  m axim um  in tensity  region for a black body rad ia tio n  of T  =  288 K , 
corresponding to  the  average surface tem perature  of th e  E arth . The consequence of the a tm o 
spheric C 02 is a greenhouse effect, w hich is in  the focus of recent in terest. Taking the in tensity  
and line w id th  values for 2500 spectral lines of C02 in to  account, the atm ospheric absorption  
has been calculated  for different C 02 concentrations. A t higher concentrations the line shape 
has a considerable influence. The p as t and  fu ture  clim atic consequences are  also discussed in  
some detail.

In trodu ction

T h e  role o f  th e  C 0 2 c o n te n t in  in flu en c in g  th e  su rface  te m p e ra tu re  o f  
ou r hom e p la n e t is a su b jec t o f  re c e n t d iscussions. S everal e s tim a tio n s  h a v e  
been m ad e  in  th e  la s t  decades [1]. I t  has been  agreed  th a t  a  fu tu re  dou b lin g  
o f th e  p re se n t 330 p p m  a tm o sp h eric  c o n c e n tra tio n  o f C 02 m a y  be  expected  due  
to  th e  fa s t  co m b u stio n  of fossil fue ls an d  to  d e fo re s ta tio n  of tro p ic a l co n tin en ts . 
A ccord ing  to  th e  p ioneering  s tu d ie s  o f  M ö l l e r  [2] and  o th e rs , th is  m ay  re su lt  
in  an  o v era ll te m p e ra tu re  in crease  o f a few degrees. This h a s  been  considered  
b y  sev era l a u th o rs  to  be a la rm in g : i t  m ay  cause  a d isap p earan ce  of th e  p o la r  
ice cap  (i.e. a c a ta s tro p h ic  rise  o f  th e  sea level) and  a sh if t o f  p re c ip ita tio n  
a lread y  in  th e  com ing  c e n tu ry  [3, 4 ]. The th e rm o d y n am ics  a n d  evo lu tion  o f  
th e  a tm o sp h ere  a n d  ocean is re a lly  w o rth  u n d e rs ta n d in g . I t  h a s  been  em p h asiz 
ed  in  an  earlie r n o te  [5], th a t  th e  p a s t h is to ry  o f  th e  a tm o sp h e re  m ay  serve  
as a te s tin g  g ro u n d  fo r an y  p re d ic tiv e  th e o ry .

B io logists assum e th e  ex is ten ce  of a reduc ing  a tm o sp h e re  in  th e  
era  of th e  fo rm a tio n  o f oceans on th e  E a r th .  G eophysic ists, on th e  o th e r  
h a n d , deduce  th e  com position  o f th is  early  a tm o sp h ere  from  th e  p resen t com 
positio n  o f vo lcanic  gases (consisting  m ain ly  o f  C 0 2 and  H 20 ) .  T h is  is c e rta in ly  
a re le v a n t q u estio n  from  th e  p o in t o f view  of th e  origins of life , w h ich  ap p ea red  
p ra c tic a lly  s im u ltan eo u sly  w ith  th e  fo rm a tio n  o f  oceans, a b o u t 3.8 b illion  
y ea rs  ago [6]. T here  is a m a jo r ity  concensus, how ever, th a t  fo r  a considerab le  
p a r t  o f  te r re s tr ia l  h is to ry  (b e tw een  —3.5 b illio n  and —0.75  billion years)
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th e  m ain  co m p o n en t o f th e  a tm o sp h ere  w as C 0 2. T h is w as tran sfo rm ed  in to  
0 2 b y  sp re a d in g  v e g e ta tio n  a n d  in to  C aC 03 b y  sea life a n d  anorgan ic  ch em is try . 
T h e  long C 0 2 e ra  on E a r th  resem bled  th e  p re sen t s ta te  o f  M ars an d  V enus. 
T he ca lcu la ted  w eight o f te r re s tr ia l  C 0 2, b o u n d  now m a in ly  in  C aC 03 an d  in 
organ ic  co m pounds has been  es tim a ted  to  be ab o u t 100 a tm  [7], co m p arab le  
to  th e  p re se n t V enusian  a tm o sp h ere . T h e  p lan e t V en u s shows, how ever, 
a surface te m p e ra tu re  o f  500 °C. B y  m a k in g  a sim ple e s tim a tio n  of th e  g reen
house effect R a s o o l  an d  D e B e r g h  [ 8 ]  concluded  t h a t  th e  a tm ospheric  C 0 2 
h a d  n e v e r exceeded  one te n th  a tm  on E a r th ;  th e  p re s e n t m a te ria l o f  the  
te r re s tr ia l  a tm o sp h ere  m ig h t be a consequence of re c e n t ou tgasing  fro m  the  
c ru s t.

O n o u r hom e p la n e t life  has ex is ted  w ith o u t in te r ru p tio n s  in  th e  p a s t  3.8 
b illion  y ea rs  [6, 9]. T h is fa c t  co n ta in s  a v e ry  v a lu ab le  m essage a b o u t th is  
p la n e t: th e  te m p e ra tu re  o f  th e  w orld ocean  did  n o t ex ceed  th e  boiling  p o in t of 
H 2O (100 °C) or th e  m e ltin g  p o in t of D N A  (80 °C) in  th e  la s t  3.5 b illion  years. 
T h e  m ean  chem ical com p o sitio n  of th e  a tm o sp h ere  c h an g ed  d ra s tic a lly  from  
p o la r C 0 2 to  ap o la r 0 2, N 2 com pounds in  th e  la s t 0.75 b illion  years. I n  order 
to  u n d e rs ta n d  th e  th e rm a l s ta b ility  on th e  surface o f  th e  E a r th , in  sp ite  of 
th ese  re c e n t d ra s tic  ch an g es, one h as  to  s tu d y  th e  a tm o sp h eric  a b so rp tio n  
of a th ic k  C 0 2 a tm o sp h ere  (th is  will be  m ad e  in  th e  n e x t  C hapter), th e n  one 
h as  to  com bine  th e  c a lc u la te d  greenhouse effect w ith  o th e i long scale p h en o 
m ena in flu en c in g  th e  te m p e ra tu re  (th is  w ill be m ade in  th e  closing C hap te r). 
T he th e o re tic a l conclusions can be c o m p ared  w ith  th e  te m p e ra tu re  h is to ry  
o f E a r th ,  deciphered  b y  geophysica l m e th o d s .

The atm osp h eric absorption  o f  the 15p  CO, band

T he in te n s ity  of th e  te r re s tr ia l  ra d ia tio n  a t  a c e r ta in  w ave n u m b e r  in 
th e  in fra re d  region o f th e  em ission sp ec tru m  can be  g iven  [10] as follows:

J„ =  e v B v (T s) t v s  +  Í B v(T(p)) d rv(T , p ,  и) . (1)
J  T V.8

H ere  B V(T)  is th e  P la n c k  ra d ia tio n , e v is th e  em iss iv ity  of th e  su rface , p  is 
th e  p ressu re , и is th e  o p tic a l m ass of th e  abso rb ing  gas, r v is th e  tra n sm iss iv ity , 
V is th e  w av e  n u m b e r u su a lly  in  c m -1 . T he su b sc r ip t “ S ”  refers to  surface 
values. O n th e  r ig h t side o f  th is  e q u a tio n  th e  f irs t  te rm  gives th e  ra d ia tio n  
o f th e  su rface  and  th e  second  te rm  gives t h a t  of th e  a tm o sp h ere . U tiliz in g  the  
fa c t t h a t  th e  m ix ing  ra t io  o f  th e  C 0 2 in  th e  a tm o sp h e re  along a v e r tic a l p a th  
of ra y  is c o n s ta n t, th e  tran sm iss io n  fu n c tio n  tak es  th is  form :

r„iS =  exp  [ -  c J*° K v{p, T) d p ] , (2)
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w here p 0 is th e  p ressu re  a t  th e  surface, c is a c o n s ta n t d ep en d in g  only  on th e  
C 0 2 co n cen tra tio n , an d  K„(p , T)  is th e  ab so rp tio n  coefficient w h ich  is d e te rm in 
ed  by  a su m m atio n  over a ll a b so rp tio n  lines in  th e  b an d . T h e  p a ram e te rs  o f 
th ese  lines w ere ta k e n  from  th e  M c C l a t c h e y ’s ab so rp tio n  line com pila tion  
[11]. In  th e  ca lcu la tio n  2500 s tro n g  lines o f  C 0 2 were u sed . T he in te g ra te d  
ab so rp tio n  over th e  w hole b a n d  is given as

^  =  [ ' ( 1 - ^ ) * .  (3)

1’] and  v2 are  th e  w ave n u m b e r lim its , w hich w ere chosen so t h a t  th e  w eak est 
a b so rp tio n  lines ta k e n  in to  acco u n t be fa re r th a n  50 c m -1  fro m  th e  vl or v2. 
In  ou r case vy =  450 c m -1  a n d  v2 =  870 c m -1 . I f  we are in te re s te d  in  p ercen tage  
ab so rp tio n  o f  th e  ou tcom ing  ra d ia tio n , we can  define th e  av e rag e  ab so rp tio n  A :

л =  1 — J  T„iS B v ( Ts)d r /J  B v( Ts) dv . (4)

H ere  one h as  to  in te g ra te  over th e  whole in fra re d  sp ec tru m . I t  is easy  to  
ca lcu la te  th e  v a lu e  o f A  from  th e  in te g ra te d  values o f r v,s over a su itab le  
sh o rt w ave n u m b er in te rv a l, because  th e  P la n c k  fu n c tio n  is th e  slow ly v a ry in g  
fu n c tio n  o f V co m p ared  w ith  rv<s. T he ca lcu la tio n  o f th e  av e rag e  rv>s w as m ade 
b y  a d irec t in te g ra tio n  m e th o d  fo r 0.1 c m -1 w ide in te rv a ls  b e tw een  450 c m -1 
an d  870 c m -1  an d  fo r th e  1962 US S ta n d a rd  A tm osphere .

H ere we do n o t w a n t to  go in to  th e  d e ta ils  of th e  d ire c t in teg ra tio n  
m eth o d  concern ing  th e  m ain  ch a rac te ris tic s  o f  o u r ca lcu la tio n . W e m en tio n  
on ly  tw o rem ark s :

The a tm o sp h e re  w as d iv id ed  in to  p la in -p a ra lle l iso th e rm  lay e rs , th e  t r a n s 
m itta n c e s  th ro u g h  th e  w hole a tm o sp h ere  w ere co m p u ted  b y  m u ltip ly in g  th e  
v a lu es  o f each  hom ogeneous lay e r. T es t ca lcu la tio n s, w hich  w ere m ade b y  
u sin g  th e  p re se n t C 0 2 level, show ed, th a t  i t  w as n o t w o r th  d iv id ing  th e  
a tm o sp h ere  in to  m a n y  lay e rs , because th e  accu racy  o f th e  tra n sm itta n c e s  
d id  no t increase . W e d iv ided  th e  a tm osphere  in to  16 iso therm  lay e rs  p e rm ittin g  
a b o u t 2 %  re la tiv e  erro rs in  th e  v alues of r v. I t  is obvious t h a t  th is  e rro r is 
negligible in  th e  d e te rm in a tio n  o f th e  in te g ra te d  ab so rp tio n  as a fu n c tio n  o f 
th e  C 0 2 c o n cen tra tio n . (F ig. 1 show s th e  d ependence  of th is  e rro r  on th e  he igh t.)

T he second rem ark  is re la te d  to  th e  line sh ap e . U nder a tm o sp h eric  cond i
tio n s , w here th e  p ressu re  b ro ad en in g  o f th e  lines p lays a d o m in a n t role, th e  
L o ren tz  line sh ap e  is in  g enera l use. E x p e rim e n ta l o b se rv a tio n s — w hich w ere 
re c e n tly  con firm ed  th e o re tic a lly  [12] — show ed, how ever, t h a t  th e  ab so rp tio n  
a t  th e  fa r line w ings decreases m uch  fa s te r  th a n  in  th e  case o f  a  L oren tz  line 
shape . In  th is  ca lcu la tio n  we ap p lied  an  e x p o n en tia l line sh ap e  fu n c tio n  w hich  
w as given b y  B en ed ic t an d  S h ilv e rm an n  em p irica lly :

K vi =  K v itL ex p  ( - 0 . 1 3 5  \Av, \ ™ ) . (5)
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H ere  Av, is th e  line w id th  an d  K v is th e  L o ren tz  lin e  shape  fu n c tio n  [1]. 
I n  each  case w hen  th e  v a lu es  o f Avt w ere la rg e r th a n  7 c m -1  th is  fo rm u la  was 
used . I n  o th e r  cases th e  L o ren tz  or th e  V oig t p ro file  w as used acco rd ing  to  
th e  p re ssu re  an d  Avt. T h e  L o ren tz  h a lf  w id th  w as su p p o sed  to  be c o n s ta n t 
from  line  to  line.

B efore p re sen tin g  th e  d e ta iled  re su lts  concern ing  th e  in te g ra te d  a b so rp 
tio n  o f  th e  a tm o sp h e re  we com pare  th e  a tm o sp h eric  tra n sm itta n c e s  w ith 
th o se  q u o te d  in  th e  l i te ra tu re . In  D r a y s o n ’s p ap er w h ich  is th e  m ost a c cu ra te  
from  th is  p o in t o f v iew  [13], th e  tra n sm itta n c e s  w ere av erag ed  over 5 c m -1 
w ide in te rv a ls  b e tw een  th e  500 c m -1  an d  860 c m -1  w ave n u m b ers , and  
w ere g iv en  in  ta b u la te d  form . D r a y s o n ’s calcu la tio n  w as m ade fo r  th e  US

pressure mb

Fig. 1. Dependence of the relative errors of the transm ittances on the h e ig h t^

Fig. 2. Comparison o f th e  transm ittances calculated for the 1962 US standard  atm osphere
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S ta n d a rd  A tm osphere , to o . F ig . 2 show s th e  com parison  o f tra n sm itta n c e s , 
an d  th e  fo llow ing  T ab le  I  co n ta in s  th e  ca lc u la ted  a b so rp tio n s  A  for d iffe ren t 
p ressu re  levels.

Table I
In teg ra ted  absorption values A  as a function  of atm ospheric pressure levels

Pressure
( m b )

D r a y s o n

(1960)
This

c a lc u la t io n

1.0 A  =  1.45 A  =  1.93
10.0 8.10 9.90

100.0 52.48 57.66
1000.0 161.75 157.20

T hough  th e  tra n sm itta n c e s  show  sig n ifican t d ifferences a t  c e rta in  w ave n u m 
bers, th e  ab so rp tio n s c a lc u la ted  b y  fo rm u la  (3) are in  good  agreem en t. T h e re  
are severa l possib le  reasons fo r th e  sligh t difference:
— T he p re se n t ca lcu la tio n  u sed  0 .032%  C 0 2 b y  volum e co m p ared  w ith  0.031 

used  b y  D r a y s o n : th is  effect on th e  ca lcu la tio n  is sm all.
— The line p a ra m e te rs  u sed  w ere n o t in  fu ll agreem ent.
— D r a y s o n  d iv ided  th e  a tm o sp h ere  in to  34 hom ogeneous layers.
— A t th e  lin e  w ings th e  sh ap e  fu n c tio n  w as qu ite  d iffe ren t.

In  sp ite  o f th e  d ifferences m en tio n ed  above we can  re g a rd  th e  gen era l 
ag reem en t o f th e  tw o  ca lcu la tio n s as an  in d ic a tio n  for th e  co rrec tness o f th is  
m eth o d  fo r th e  d e te rm in a tio n  of th e  in te g ra te d  a b so rp tio n  coefficien ts A  
an d  A .  F u r th e r  on we co m p u te d  th e  d ependence  of A  a n d  A  on th e  C 0 2 
co n cen tra tio n  an d  ex am in ed  th e  effect o f  th e  v a ria tio n  o f  th e  te m p e ra tu re  
an d  th e  p ressu re .

1: 320 PPM C02

Fig. 3. Dependence of th e  transm ittances on the C02 concentrations
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In  o rd e r to  d e te rm in e  th e  c o n c e n tra tio n  dependence th e  C 0 2 c o n c e n tra 
t io n  w as in c rea sed  5, 10, 50, 100 an d  1000 fo ld . T he v a r ia tio n  of th e  t r a n s 
m iss iv ity  can  be seen in  F ig . 3 a n d  th e  v a r ia tio n  of th e  a b so rp tio n  coeffic ien ts 
A  a n d  A  in  F ig . 4. In  th e  case o f  A  th e  in te g ra tio n  lim its  w ere  =  10 c m -1  
a n d  v2 — 2500 c m -1 . I t  is c lea r  from  th e  cu rv es  of F ig . 4 t h a t  th e  in te g ra te d  
a b so rp tio n s  A  an d  A  d ep en d  on  th e  c o n c e n tra tio n  as a  p o w er fu n c tion . T o  
th e  p o in ts  o f  A  we f i t te d  a p o w er fu n c tio n  b y  th e  leas t sq u a re  m ethod :

A  =  156.13
o.ioie

w here  c0 =  320 ppm  is th e  p re se n t C 0 2 leve l an d  c is th e  co n cen tra tio n . T h e  
co rre la tio n  coeffic ien t w as la rg e r th a n  0.99.

T h e  n e x t  im p o r ta n t  q u es tio n  is how  th e  in te g ra te d  a b so rp tio n  d ep en d s 
on  p ressu re  a n d  te m p e ra tu re  a t  h igh C 0 2 level. T he in c rease  o f th e  C 0 2 co n 
c e n tra tio n  w ill re su lt in  th e  increase  o f th e  average m o lecu la r w eight o f  th e  
a tm o sp h e re  a n d  in  consequence  to  t h a t  th e  increase o f th e  surface p ressu re . 
T h is  effect w as ta k e n  in to  ac c o u n t only a t  th e  th o u san d fo ld  C 0 2 co n cen tra tio n . 
I n  th is  case th e  p ressu re  v a lu e  on th e  su rface  w as 1261.0 m b , th e  a tm o sp h ere  
co n sis ted  o f  a b o u t 30%  C 0 2 an d  70%  N 2. W e have  ex am in ed  th e  v a r ia tio n  
o f th e  in te g ra te d  ab so rp tio n  (DA)  as a fu n c tio n  o f th e  v a r ia tio n  of th e  su rface  
p ressu re  (DP).  F ig . 5 show s t h a t  th e  re la tio n  in  th e  ex am in ed  region is lin ea r. 
A t 320 000 p p m  C 0 2 c o n c e n tra tio n  th e  in crease  of th e  su rface  pressure p roduces 
th e  in crease  o f  A  b y  2.5 p e rc e n t. I t  is lik e ly  th a t  th e  e ffec t of th e  p ressu re  
w ou ld  be  m ore  im p o r ta n t  in  a th ic k e r  a tm o sp h ere  a n d  a t  ex trem e h igh  C 0 2 
c o n c e n tra tio n s .

absorption 
A cm-1 A1 ®/o

Fig. 4. Dependence of th e  absorption  on th e  C 0 2 concentration. C : C02 concentration;
CO =  320 PPM
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T he v a r ia tio n  o f th e  a b so rp tio n  co effic ien t A  a t 320 000 p p m  C 0 2 co n cen 
tra t io n  re la te d  to  th e  v a r ia tio n  o f th e  av e rag e  te m p e ra tu re  o f  th e  a tm o sp h ere  
w as also exam in ed . F ig . 6 show s th e  re su lts . A s can he seen, increasing  av e rag e  
te m p e ra tu re  p ro d u ces decreasing  ab so rp tio n . T he e x p la n a tio n  of th is  e ffec t 
is  t h a t  th e  in te n s i ty  o f th e  s tro n g  lines is in  inverse  ra tio  to  th e  te m p e ra tu re  
a n d  in  th e  case o f h igh  C 0 2 co n cen tra tio n s  th e  abso rp tio n  cau sed  b y  th e  w ings 
o f  th e  s tro n g  lines is d o m in a tin g . In c re a s in g  th e  te m p e ra tu re  o f th e  a tm o 
sphere  by-(- 45 degrees a t  each  level th e  ra n g e  o f  th e  v a r ia tio n  o f th e  in te g ra te d  
ab so rp tio n  A  is  a b o u t 2.5 p e rc e n t. B u t in  th e  case o f th e  E a r th  th is  s lig h t 
te m p e ra tu re  d ependence  can  be  neglected  a s  a consequence o f th e  te m p e ra 
tu re  s ta b ili ty  o f  th e  p lan e t.

DA (cm-')
8.0

6.0

4.0

2.0

0.0

320000 CO2

0.0 50.0 100.0 150.0 , 200
DP (mb)

Fig. 5. Dependence of th e  absorption A  on pressure. D P : V ariation o f th e  surface p ressu re .
D A: V ariation  of the abso rp tion  A

DA (cm*')
00.00* --------

- 10.00

- 20.00 -

0.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0
DT (K)

Fig. 6. Dependence of the absorption A  on the tem pera tu re . D /l: Variation o f the absorption A . 
D T: V ariation  of the average tem perature
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P as t a n d  fu tu re  g reen h o u se  effects

T he su rface  te m p e ra tu re  o f a n a k e d  in ac tiv e  ro ta t in g  p lan e t is d e te r 
m in ed  b y  th e  b a lan ce  b e tw een  so lar h e a tin g  and  th e rm a l  ra d ia tio n  loss:

j iä 2 (1 -  a)S  =  4 я Д 2оГ 04.

(H ere  R  is th e  ra d iu s  o f th e  p la n e t, S  is th e  so lar c o n s ta n t a t  th e  d is ta n c e  of 
th e  p la n e t; a is  th e  albedo , i.e . re f le c tiv ity  an d  T 0 is th e  re su ltin g  p la n e ta ry  
su rface  te m p e ra tu re .)  A t th e  S u n — E a r th  d is tan ce  th e  p re se n t s ta n d a rd  v a lu e  
o f  th e  so lar c o n s ta n t is S  =  2 cal/cm 2 m in . So th e  average  surface te m p e ra tu re  
can  be c a lc u la te d  fo r d iffe ren t albedo v a lu es .

T 0 =  279 К  fo r а — 0 —
272 К ю%
264 К 20%
255 К зо%
245 К 40%
236 К 50%
221 К 60%

I f  th e  p la n e t possesses an  a tm o sp h ere  w ith  an  e ffec tive  tra n s m it t iv i ty  a  <  
<  100% , o n ly  a  frac tio n  o f  th e  th e rm a l ra d ia tio n  escapes, co n seq u en tly  th e  
eq u ilib riu m  soil te m p e ra tu re  T  tu rn s  o u t to  he h igher:

nR? (1 -  a)S =  4  л  R 2 ßoT4 . (6)

(E v id e n tly  ß  is  av erag ed  o v er th e  P la n c k  d is tr ib u tio n  correspond ing  to  T.) 
I n  o rd e r to  o b ta in  a f irs t id e a  upon  th e  C 0 2 greenhouse effec t, le t us m a k e  use 
o f  th e  E d d in g to n  a p p ro x im a tio n  [14,15], w hich re la te s  th e  effective t r a n s 
m it t iv i ty  ß  to  th e  in te g ra te d  a tm o sp h e ric  ab so rp tio n  A  th ro u g h  th e  fo rm u la

ß = 1 ln  (1 - A )
4

-1
( ? )

(T his fo rm u la  assum es th e  iso tro p y  o f th e  soil ra d ia tio n  an d  th e  ex p o n e n tia l 
a b so rp tio n  in  th e  vo lum e o f th e  a tm o sp h e re . E v id e n tly , a m ore rea lis tic  
ca lcu la tio n  w o u ld  need  to  consider th e  c lo u d  cover, th e  fu ll rad ia tio n  sp ec tru m , 
th e  a b so rp tio n  o f H 20  a n d  0 3 as w ell a n d  th e  d ep en d en ce  of th e  chem ical 
com po sitio n  on  te m p e ra tu re . A ll th e se  d e ta ils  m ay  be  th e  sub jec ts  o f  fu tu re  
s tu d y .)

H a v in g  ca lcu la ted  th e  c o n c e n tra tio n  dependence o f A  (Fig. 4) one can 
co m p u te  th e  te m p e ra tu re  increase , d u e  to  th e  p resence  of th e  C 0 2 in  the  
a tm o sp h e re , w ith  th e  h e lp  o f th e  fo rm u la  (6).
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T he re su ltin g  T  values a re  collected fo r  d ifferen t in i t ia l  T 0 v a lu es  in  
th e  follow ing T ab le :

Table П
Average terrestria l surface tem pera tu re  (T ) as a function  of atm ospheric C 02 concentration 

and  average surface tem perature of th e  naked E a rth  (T0)
concentration (ppm ) 

0 280 К  (T 0) 260 К  (Т„) 240 К  (Т0) 220 К  (Т0)
320 289 К 268 К 248 К 227 К

3200 291 К 270 К 250 К 229 К
32000 294 К 273 К 252 К 230 К

3200000 300 К 279 К 258 К 236 К

Möller [2] p red ic ted  a te m p e ra tu re  rise  o f  ab o u t 2 °C fo r  th e  d oub ling  
o f th e  p re se n t C 0 2 co n ten t, e x p e c te d  w ith in  h u n d re d  y ea rs . O u r ca lcu la tio n  
u s in g  a m ore so p h is tic a te d  sp ec tro sco p y , conc luded  in  a m ore  m odest change 
o f  0.5 °C. ( I t  sh o u ld  be m en tio n ed , how ever, t h a t  we re s tr ic te d  ourselves to  
th e  b a n d  450—870 c m -1 , w here  th e  ab so rp tio n  w as a lread y  a lm o s t com plete . 
T h e  “ h o t b a n d s”  a t  h igher w ave n u m b ers  m ay  m o d ify  th is  re su lt . T he n ecessary  
ex ten s io n  of th e  co m p u ta tio n  is a  ta s k  of th e  n e x t  fu tu re .)

T he conclusion  m ay  be te s te d  w ith  th e  pa leoclim ato log ical evidence. 
T h e  su d d en  d ro p  o f  th e  a tm o sp h e ric  C 0 2 c o n te n t  ce rta in ly  p ro d u ced  a q u ick  
fa ll of te m p e ra tu re  a b o u t 1 — 0.75 billion  y ears  ago. E .g . i f  th e  C 0 2 co n cen tra 
tio n  d ro p p ed  fro m  32%  to  i ts  p re se n t v a lu e , th e  tra n sm iss iv ity  increased  
fro m  75%  to  8 8 % , co rresp o n d in g  to  a te m p e ra tu re  fa ll o f 1 0 —20 °C. T h is is 
th e  la rg e s t change , to le ra te d  b y  th e  geochem ical evidence [16]. (B y m easu r
in g  th e  iso top ic  ra t io  o f oxygen in  oceanic sed im en ts , one can  o b ta in  th e  w a te r  
te m p e ra tu re  fo r d iffe ren t ages, as in d ica ted  in  F ig . 7. T here is  a  d efin ite  in d i-

3 400
V.

,350

Я 300

250 -

--------—__!_________ I___  1_________ I „
-U  -3 -2 -1 0

time t billion year!
Fig. 7. Tem peratures deduced from  th e  isotopic composition of cherts. (K n a u th —

E p s t e in , 1976)
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c a tio n  o f cooling in  th e  la s t  one b illion  y ea r.)  A m ore  d ra s tic  te m p e ra tu re  
ch an g e  such  as suggested  b y  th e  ex am p le  o f V enus, seem s to  be ex c lu d ed  
e m p iric a lly  for ou r p la n e t [17].

C oncluding re m a rk s  on th e  th e rm a l h isto ry  o f  th e  E a rth

M ost geophysica l ca lcu la tio n s assum e an  in v a ria b le  so lar c o n s ta n t. B u t 
th e  s ta n d a rd  so la r m odel (even  th e  n o n co n v en tio n a l m odels) in d ica te  5 +  1%  
in c rease  in  th e  so lar lu m in o s ity  p er b illio n  y e a r [18]. (D ecreased H  concen
t r a t io n  m u s t be b a lan ced  b y  h ig h er te m p e ra tu re  in  th e  Sun.) T h is m eans, 
t h a t  go ing  b a c k  in  tim e , th e  te m p e ra tu re  m u s t be d ecreased  by  4 К  in  each 
b illio n  y e a r, ta k in g  in to  acco u n t th e  sm alle r so lar lu m in o sity . T h is  helps 
to  cool dow n th e  ea rly  h o t g reenhouse. T h e  tim e  d ependence  of th e  tw o  effects 
a re , how ever, co m p le te ly  d iffe ren t: th e  so la r reac to r  w arm s up  sm o o th ly , th e  
su d d e n  d isap p earan ce  o f th e  C 0 2 sh ie ld , on  th e  o th e r h a n d , resu lts  in  a  fas t 
cooling  in  th e  la s t  one b illion  years.

A n o th e r p h en o m en o n , w hich  m ig h t p la y  an  im p o r ta n t  role in  th e  p ast, 
w as th e  h e a t p ro d u ced  b y  th e  te r re s tr ia l  ra d io a c tiv ity . A n  average h e a t p ro d u c
in g  pow er W  p e r u n it  vo lu m e of th e  in te r io r  of th e  p la n e t  m odifies th e  fu n d a 
m e n ta l fo rm u la :

~ R 3 W{t) +  nR2{ 1 -  a)S (t) =  4»R2oT*ß .

T h e  v a lu e  o f  IF(f) is n o t  kn o w n  e x a c tly , b u t  i t  can  be  e s tim a ted . F o r  sim pli
c ity , le t  us re s tr ic t  ourse lves to  th e  40K  decay . T he p re se n t co n cen tra tio n  is 
a b o u t 3g 40K /to n  c ru s t m a te ria l. I f  th e  40K  were d is tr ib u te d  u n ifo rm ly  inside 
th e  w hole E a r th ,  th e  en e rg y  p ro d u ced  b y  its  ra d io a c tiv ity  w ould co rrespond  
to  0.6 p e rc e n t o f th e  so la r c o n s ta n t. B u t  th is  is c e r ta in ly  an  o v e res tim a tio n : 
th e  l ig h t e lem en ts a re  c o n c e n tra te d  in  th e  surface la y e rs  of th e  p la n e t. The 
life  tim e  o f 40K  is 1.28 b illion  y ears , th u s  a t  th e  fo rm a tio n  of E a r th  th e  hea t 
p ro d u c tio n  o f 40K  (an d  t h a t  of U an d  T h) d id  n o t exceed  a few p e rc e n t o f the  
so la r h ea tin g . T he c o n tr ib u tio n  o f th e  rad io e lem en ts  d id  n o t h a v e  a large 
in flu en ce  on  th e  th e rm a l househo ld  o f E a r th  in  th e  la s t  3.5 billion y e a rs . Only 
rad io e lem en ts  w ith  life tim e  co n sid e rab ly  sh o rte r  th a n  one billion y e a rs  hea ted  
u p  th e  p la n e t in  th e  f ir s t  b illion  y ea rs  o f i t  ex istence , b u t  these  n u c le i qu ick ly  
d isap p ea red .

1V(t) m ig h t be s ig n ifican t a t  th e  beg inn ing , b u t  i t  h a d  a h a lf  life  sm aller 
th a n  one b illion  y e a r a n d  i t  becam e neglig ib le a fte r th e  fo rm atio n  o f th e  p lane t.

A n o th e r e a rly  en e rg y  source fo r  E a r th  was th e  t id a l  fric tion . T h e  Moon 
w as m uch  n e a re r  in  th e  e a rly  e ra  o f  th e  Solar S y stem  an d  th e  E a r th  ro ta te d
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fa s te r . I t  is r a th e r  h a rd  to  e s tim a te  th is  e ffec t [19], b u t  i t  m ig h t have a  s ig n i
f ic a n t  c o n tr ib u tio n  only  in  th e  f irs t  b illion  y ea rs , la te r  i t  becam e neg lig ib le .

In  F ig . 8. th e  tim e  dependence o f  th e se  effects a re  sum m arized . As 
we can  see th e  pow er reach in g  th e  surface o f  th e  E a r th  d id  n o t  decrease in  th e  
la s t  th ree  b illion  years. T he o b served  slight te m p e ra tu re  decrease  can be e x p la in 
ed on ly  b y  th e  decreasing  C 0 2 co n ten t. T h e  th e rm a l s ta b il i ty  of E a r th  (an  
ocean te m p e ra tu re  betw een  270 К  and  350 К  in  th e  p a s t  3.8 billion y ea rs)  
s till needs a m ore  conv incing  ex p lan a tio n . T h e  d ifferen t e ffec ts  have com ple-

Fig. 8. Energies reaching th e  surface of earth

te ly  d ifferen t tim e  dependence, so th e  can ce lla tio n  is s till su rp ris in g . L o v e l o c k  

a n d  M a r g u l i s  [20] assum ed  th a t  th e  b io log ica l ecosystem  o f  th e  E a r th  is a 
se lfreg u la tin g  organism , w h ich  ta k e s  care  o f  itself, even  b y  s tab iliz ing  th e  
c lim ate . T his id ea  is fa r from  being  an e la b o ra te  q u a n ti ta t iv e  th eo ry , b u t  le t  
us re m a rk : th e  on ly  w ay  b y  w hich  th e  te r re s tr ia l  life can  in flu en ce  th e  c lim a te  
is th e  a tm o sp h eric  C 0 2 co n cen tra tio n . I f  m an k in d  is in te re s te d  in  i ts  p a s t  
an d  in  its  fu tu re , one has to  u n d e rs ta n d  th e  w orking o f th is  greenhouse in  
ev e ry  deta il.
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In trod u ction

R e c e n tly  T i w a r i  an d  R a o  [ 1 ]  o b ta in e d  in  th e  ax ia lly  sy m m etric  coupled  
B ran s  —D ick e—M axw ell fie ld  a re la tio n sh ip  betw een  g 00, th e  sca la r f ie ld  and  
th e  e lec tric  p o te n tia l in  a general s i tu a tio n , w here b o th  electric  an d  m agnetic  
fie ld s  a re  p resen t. T h e  assu m p tio n s m ad e  for th e  d e riv a tio n  of th e  above 
re la tio n  w ere th a t  th e  m ag n etic  p o te n tia l  is fu n c tio n a lly  re la te d  to  th e  electric  
p o te n tia l  an d  th a t  g 00 is a fu n c tio n  o f  th e  sca lar fie ld  as well as th e  electric  
p o te n tia l. W e have genera lised  th e  re su lt in  th e  p re sen t n o te  for a m ore  gene
ra l  s i tu a tio n  an d  h av e  show n th a t  th e  sa id  re la tio n  ho lds n o t on ly  in  ax ia l 
sy m m e try  b u t  also in a ll s ta tic  coup led  B ran s  —D icke — M axw ell f ie ld s w here 
g 00 an d  th e  m agnetic  p o te n tia l b o th  are  fu n c tio n a lly  re la te d  to  th e  electric  
p o te n tia l  alone. I t  is show n th a t  th e  sca la r fie ld  y> a lso  th e n  tu rn s  o u t a u to 
m a tic a lly  to  be a fu n c tio n  of th e  e lec tric  p o te n tia l ( R a y c h a u d h t j r i  and  
B a n d y o p a d h y a y  [2])- M oreover, th e  generalised  W M P re la tio n  in  B ra n s — 
D icke th e o ry  in  th e  presence of b o th  e lec tric  an d  m agnetic  fie ld s m en tio n ed  ab o 
ve is th e  on ly  re la tio n  w hich  follows from  th e  fie ld  e q u a tio n s  c o n tra ry  to  th e  
co m m en t o f T i w a r i  a n d  R a o  th a t  i t  is n o t th e  un ique  re la tio n .

D eriva tion  o f  th e  gen era lised  W ey l— M aju m d ar—P ap ap etrou  relation  [ 3 — 5]

T h e line e lem en t fo r th e  s ta tic  space  tim e  can  be  w ritte n  as

d s 2 =  e2U d t 2 +  e ~2UYtj dx* d x i  ( 1 )

w ith  U  a n d  Yij be ing  fu n c tio n s o f space  coo rd inates o n ly . In  w h a t follow s a 
la t in  in d e x  is 1, 2 or 3 a n d  a greek in d e x  is 1, 2, 3 or 4. T h e  fie ld  e q u a tio n s  in

* The au tho r is on leave from Physics D epartm ent, Ja d a v p u r U niversity, Calcutta 
700032, Ind ia .
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B r a n s —D icke th e o ry  ( B r a n s  a n d  D i c k e  [ 6 ] )  in  presence o f  e lec trom agnetic  
f ie ld  are

1 8 л  со
„  ë f i v  ^ u v  2

у
V>r Wv g ^  V>* ¥

у
(Vli;v-g,va 'P)- (2)

A lso  nip — 0 in  th e  p resen t case .
I n  th e  ab o v e  t^v s tan d s fo r  th e  energy  m o m e n tu m  te n so r  fo r th e  e lec tro 

m a g n e tic  fie ld  a n d  у  s tan d s fo r th e  sca la r fie ld . I n  v iew  o f nip =  0 an d  r* =  0, 
th e  fie ld  e q u a tio n  (2) m ay  a lso  b e  w ritte n  in  th e  form

Л? =  -  —  <  -  ip, -  — r ;v- (3)yj y r  y)

I t  is well kn o w n  th a t

4 F i  +  2 - g(iv. F xp F*p, (4)
4

w h ere  te rm s lik e  s ta n d  fo r th e  e lec tro m ag n etic  fie ld  te n so rs . N ow  since fo r 
a  s ta t ic  field  гр,0 — 0, one gets  fro m  (3) an d  (4) one of th e  f ie ld  equ a tio n s as

R°o= -  —  T 8 - - V « .  (5)гр ip

T h e  e lec tro m ag n etic  field  te n so rs  m ay  be sa id  to  be defined  in  te rm s o f th e  
s c a la r  p o te n tia ls  f  and  rj as

F oi =  h  and F ‘J =  e2U  у  ~ 112 e *  V jt  . (6)

In  v iew  of (4) and (6) (see H arriso n  in the special case for f , a =  0 [7])

8ттТо =  [Л (0  +  АШ  (?)

a n d  M axw ell’s e q u a tio n s  are ex p lic itly

Akt) -  24(17, I )  =  0 , (8a)

4 (4 )  - 2 4 ( 1 7 ,  r,) =  0 , (8b)

w h ere  th e  n o ta t io n s  m ean

4  (F) =  Ÿ *  ? . .  Fß . A ( F ,  G) =  f p F a G ß , 4 ( F )  =  f p F.aß.
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M axw ell’s e q u a tio n s  (8a) and  (8b) m a y  also be w ritte n  in  a d iffe ren t w ay  as

(g°°g" Y~g b j h  =  (g ° V ; Y ~ g  % jh  =  0 • (9)

N ow  if  we assum e th a t  th e  m ag n e tic  p o te n tia l rj is fu n c tio n a lly  re la te d  to  th e  
e lec tric  p o te n tia l f ,  M axw ell’s e q u a tio n s  im m ed ia te ly  give

=  о
d l 2

w hich  reduces to  th e  lin ea r re la tio n sh ip

Ч =  («f +  ß) (10)

x  an d  ß  being c o n s ta n ts  (P e r jé s  [8]). A gain  since for a s ta tic  m etric

R o =  -  * (g°°g'7 Ÿ4Sgoo,j),i and V,o =  0- ( П )
2

One can  o b ta in  fro m  (5), (7) a n d  (11)

(g°°g<7 f= g g 00i;)if +  —  f ^ g ^ ° g ij g 00, j f , i  =  — \ ZIg ^ ° g ii (w iy +  Vi Vj)  ■ (12)
y> xp

S u b s titu tin g  th e  re la tio n  (10) in  (12) an d  assum ing  th a t  g 00 is a fu n c tio n  of 
o n ly  I  we im m e d ia te ly  get a re la tio n

(g°°g'7 Y ^ gg 'oo  A f ) , i  =  2 Y ^ g f ° g iJ (a2 +  1) f /  l,y. (13)

w here  th e  c o n s ta n t x  is th e  sam e as t h a t  in(10) an d  th e  sym bol ' s ta n d s  fo r d/dt;. 
In  view  o f M axw ell’s eq u a tio n s  (9) th e  E q . (13) fu r th e r  red u ces to

в Ч / [ в о о У - 2 ( а *  + ! ) £ ] , ,  =  0 .  (14

F o llow ing  now  th e  a rg u m en ts  p u t  fo rw ard  in  th e  p a p e r  of R a y c h a u d h u r i  

an d  B a n d y o p a d h y a y  we m ay  re m a rk  th a t  fo r a f in ite  source d is tr ib u tio n  V  f  

c a n n o t be o rth o g o n a l to  V  [goof— 2(a2 + 1 ) ? ) ,  th e  only  o th e r a lte rn a tiv e  
to  s a tis fy  th e  E q . (14) is th a t

goof —  2 (a2 +  1)1 =  co n st. (15)

w hich  leads to  th e  conclusion  th a t  yi m u st be a fu n c tio n  o f th e  e lec tric  p o te n tia l 
| .  A gain  from  \Zy> =  0 we get

W t t f j h  =  0 (16)
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a n d  in  view  o f th e  fa c t  th a t  ip  =  y> (^) an d  g00g 00 =  1 o n e  can  o b ta in  using  
M axw ell’s e q u a tio n s , th e  fo llow ing re su lt

^ , ( £ о о П /  =  ° (17)
w h ich  in  tu rn  y ie ld s

g o o  V>' =  co n st. (18)

C om b in in g  (15) a n d  (16) one can  f in a lly  o b ta in  th e  re la tio n

g ooW  =  (<x2 +  1) £2 +  6 !  +  C (19)

b a n d  c also b e in g  c o n s ta n ts .
T he re la tio n  (19) is a g en era lisa tio n  o f th e  re su lt o f R a y c h a u d h u r i  

a n d  B a n d y o p a d h y a y  an d  can  be d eriv ed  fo r a n y  s ta tic  coup led  B ran s — 
D ic k e —M axw ell f ie ld s  s ta r tin g , how ever, w ith  th e  assu m p tio n  th a t  b o th  
g 00 an d  th e  m a g n e tic  p o te n tia l a re  fu n c tio n s o f  o n ly  th e  e lec tric  p o ten tia l.

A ck n ow led gem en t
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RECENSIONES

S ynchro tron  R ad ia tio n . T echniques and  A pplications

[Edited by C. K unz, Springer Verlag, Berlin, Heidelberg, New Y ork, 1979, pp. 442

A m onograph such as this book was missing very  m uch in  the rap id ly  developing field 
o f th e  applications o f synchrotron rad iation . The num ber of m easurem ent program s applying 
th is  radiation  in  atom ic, molecular an d  solid-state physics as well as in  biology is constan tly  
growing. In  K u n z ’s book a chapter is devoted to  each topic except th e  la s t one.

The vivid in te rest of the d ifferen t branches of science in synchrotron rad iation  is due 
to  th e  outstanding properties of this rad ia tion  originating from  the synchro tron , an  accelerator 
o f electrons (or positrons) originally developed for research in nuclear and  particle physics. 
Such properties are e.g. the continuous spectrum  from  the infrared th rough  the vacuum - 
u ltrav io le t and soft X -radiations to  th e  higher energy X -rays, linear an d  circular polariza
tion , etc.

A bout half o f th e  book is devoted  to  a review of th e  above m entioned applications. In  
addition  to  the properties of synchro tron  radiation and  the  description o f synchrotrons, th e  
book also deals w ith  the  techniques an d  equipm ent required  by applied research. One chap te r 
deals w ith  the theoretical aspects.

The book is very  useful bo th  as an  introduction to the field for beginners and as h an d 
book w ith useful tabu la tions for researchers actively working in the field.

D. B e r é n y i

В. К . A g a r w a l : X -R a y  Spectroscopy. A n In troduction]

Springer Verlag, Berlin, Heidelberg, New York, 1979, pp. 418

-.'he m onograph published in  th e  Springer Series in  Optical Sciences is in tended  as 
an  in troduction  to  th e  field and i t  is based  on a one-year course for postg raduate  students. 
However, w ith the useful tabulations a t  th e  end, it can be used as a handbook for active w ork
ers in  the field, as well. Among the tab les one can find  th e  electronegativity  scale, the К  and 
L absorption  edges, th e  electron d is tribu tion  among th e  levels of free a tom s, etc.

The book is divided into eight Chapters. Two of them  deal w ith th e  two m ain types of 
X -rays (continuous a n d  characteristic), th ree w ith the different in teractions of X -rays w ith  
m a tte r , two others w ith  the experim ental techniques. One C hapter trea ts th e  im p o rtan t appli
cation  of X-rays for th e  study  of chem ical bonding. U nfortunately , there  is no inform ation in  
the book on X -ray fluorescence analytical techniques so im p o rtan t in contem porary  instrum en
ta l analysis and industria l process control.

X -ray  physics is a  very in teresting  field of research no t only from  th e  po in t of view of 
applications. R ecent resu lts of e.g. m uonic X -rays or E X A FS  are also tre a te d  in  the book. 
A  comprehensive in troduction  to  th is field  such as A g a r w a l ’s is  very useful and  necessary. 
The value of the m onograph is increased by  a subject an d  an  au thor index.

D. B e r é n y i
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J .  D. L a w s o n : T he Physics o f C h arged -P artic le  B eam s

Clarendon Press, Oxford, 1977-1978. pp. 462

“ Charged-particle beam s are widely used in  scientific, industria l, and even dom estic 
ap p a ra tu s” , — th e  au th o r w rites in th e  in troduction  of th e  book. In  fact, the  role of charged- 
partic le  beam s in  our m odern life is more and  m ore im portan t from  the point of view  of 
various applications, e.g. ТУ, th e  electron m icroscope and and d ifferent types of accelerators.

This is why so m any good m onographs and handbooks have been  w ritten  on th e  various 
fields of applications as well as on th e  technical details of the equipm ent used.

The approach of th is book is quite different. Here the physical features of charged- 
partic le  beam s com m on in th e  diverse fields of applications are trea ted . One can find  here 
th e  m ost im p o rtan t principles and  concepts in handling and using charged-particle beam s as 
e.g. em ittance, stab ility  criteria, w all-interactions, etc. No in s trum en ta l details are included, 
th e  whole approach is ra th e r theoretical.

The m ateria l of th e  book is grouped in to  five Chapters beside the in troduction , viz. 
on beam  optics, on lam inar and separately  on non-lam inar beam s, on beams w ith scattering 
or dissipation and finally  on different instabilities in beams. E very  C hapter and Sub-chapter 
is headed by  a special in troduction . The book contains six Appendices, m ainly w ith theoretical 
deductions of form ulas used in the tex t, supplem ented by  a detailed lis t of references, a subject 
index  and  a list of symbols.

D. B e r é n y i

T heory  o f M agnetically  Confined P la sm as

Proceedings of the Course held in  V arenna, I ta ly , 1 — 10 Septem ber 1977, 
organized by th e  In te rna tiona l School of P lasm a Physics; edited b y  B. Coppi, T. S tringer, 
R. Pozzoli and E. Sindoni, J . P. C arnihan and  G. G. L eotta ; published for the Commission 

of the E uropean Communities by  Pergam on Press, O xford 1979, pp. 513

The V arenna In te rn a tio n a l School of P lasm a Physics s ta r te d  in  1971 by  giving th e  
“ Course on Instab ilities and  Confinem ent in  Toroidal Plasm as” , whose Proceedings were 
published by  EURATOM.

The Course 1977 was devoted to  th e  “Theory of M agnetically Confined P lasm as”  and 
th e  Proceedings can be considered in  some respects as an up -to -da te  review of a num ber of 
areas of therm onuclear plasm a physics, including some da ta  p ertin en t to  the JE T  research.

The book consists of the directly  reproduced script of th e  lectures, given b y  invited 
speakers, and  discussions th a t followed them . U nfortunately , how ever, i t  was no t possible to 
include all th e  V arenna recordings, because “ of th e  poor quality  o f some tapes” .

C ontents: M HD theory  (2 papers); tran sp o rt phenom ena and  codes (3 papers, 2 extended 
abstrac ts  only); modes and instabilities (3 papers, 1 sum m ary only); new concepts (3 papers); 
heating  (3 papers); alpha particles (1 paper); rad iation  (1 paper); experim ental (1 paper). 
L ist o f partic ipan ts. Subject Index.

The D irectors of th e  Course and  of the  W orkshops were Prof. B r u n o  Co p p i  an d  Prof. 
T e d  S t r in g e r . The num ber of partic ipan ts was nearly  100, from  th e  U nited S tates, France, 
Belgium, G erm any, th e  U nited  K ingdom , the N etherlands, Sweden, Japan , Switzerland, 
A ustria, D enm ark, A ustralia , th e  Soviet U nion and  Italy .

J á n o s  Sza b ó
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W a l t e r  T h i r r i n g : C lassical Field T h eo ry

(A Course in  M athem atical Physics 2.) 
Springer-Verlag, New Y ork, Wien, 1978, pp . 250

All the theoreticians who had read th e  f irs t  volume (Classical D ynam ical System s) of 
the  Viennese Professor’s hook have been looking forw ard to the continuation  w ith deep interest 
and  curiosity. Now we have th e  second volum e m odest in  size, which includes Maxwell’s 
electrodynam ics and  E instein ’s theory  of th e  gravitational field . W e enjoy th e  m iracle of 
T h ir r in g ’s style once again: exactness, sim plicity and elegance. A ll th e  essential problem s of 
classical field  theory  are trea ted , from  the electrom agnetic field of an  arb itrary  charge distri
bu tion  to  the g rav ita tional collapse, from th e  diffraction of electrom agnetic w aves to  the 
necessity o f singularity  in  th e  General R elativ ity . This means th a t  this modest-looking tex t
book really includes theoretical electrodynam ics and  general re la tiv ity ; i t  proves th e  sta te
m ents w ith  full m athem atical rigour. The message o f the author has been clearly p resen ted  and 
proven: exactness does no t necessarily mean leng thy  and tedious trea tm en t.

Most textbooks of physics are made th ick  by  the handw aving argum entation  and 
wishful m athem atics.

' G. Marx

P lasm a  Physics an d  Controlled N uclear F usion  R esearch  1978

Vols. 1 — 3, Seventh Conference Proceedings

In ternational Atomic E nergy  Agency, V ienna, 1979 
pp. 828 - f  670 +  552'

The three Volumes con tain  the papers p resented  a t the S eventh  IAEA Conference on 
P lasm a Physics and  Controlled N uclear Fusion Research held a t  Innsbruck, 23 — 30 A ugust, 
1978. As is know n this Conference was a ttended  by  about 500 specialist from  32 countries 
and  discussed abou t 150 papers. The IA EA  rendered  an invaluable service to  th e  fusion-world 
b y  th e  edition and  publication of the conference papers so quickly and on a h igh  technical 
level. This also m ust be considered as a sign showing the im portance the prom ises fusion 
research represents in  m eeting the world’s fu tu re  energy requirem ents, and m an ifest the 
stra tegy  of prom pting close in ternational collaboration among plasm a and fusion physicists of 
all countries in th is field.

The firs t Volume contains the papers of th e  tokam ak experim ents and tokam ak  theory 
sessions. The starting  po in t of th e  first experim ents session was devoted to  th e  first 
A rtsim o v ich  mem orical lecture — given by  E . E . K in t n e r  (USA) — to com m em orate the 
ou tstand ing  role A r t sim o v ic h ’s scientific ac tiv ity  and personality p layed  in th is field. The ex
perim ental papers report on injection, heating, instabilities, rad ia tion , im purities, losses etc 
in  different tokam aks. The theoretical papers t r e a t  questions of the  general problems of stab ility  
in  m agnetic confinem ent, study  of the nature of instabilities, tran sp o rt properties, fluctuation  
phenom ena, turbulence and repo rt on different approaches of com putational modelling.

The second Volume offers the  m aterial o f th e  high beta , non-axisym m etric systems, 
open systems and plasm a heating  sessions.

The th ird  Volume contains th e  sessions on  inertial confinem ent (laser, elec tron  and 
heavy  ion beam  procedures), on fundam ental processes and new  trends (Spherom ak, cold 
b lanque t system , large scale plasm a sim ulation, rela tiv istic  electron beam  ring) and on techno
logy and reacto r concepts.

The th ird  Volume concludes w ith sum m ary  talks, on m agnetic  confinem ent experi
m en ts  by C. M. B raams (N etherlands), on m agnetic-confinem ent theory  by D. D . R y utov  
(U SSR), on inertia l confinem ent fusion by N . N is h ik a w a  (Jap an ) and on reacto r system s 
b y  R. W . Co n n  (USA).

I .  A b o n y i
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N O T E S TO  C O N T R IB U T O R S

I. PA PE R S will be considered for publication  in A cta Physica H ungarica, only if they have 
no t previously been published or subm itted  for publication  elsewhere. T hey m ay be w ritten  
in English, French, G erm an or R ussian .

Papers should he subm itted to  
Prof. I . Kovács, E d ito r
D epartm en t of Atomic Physics, Technical University 
1521 B udapest, B udafoki ú t 8, H ungary

Papers m ay be either articles w ith  abstracts o r short com m unications. B oth should 
be as concise as possible, articles in general not exceeding 25 typed pages, short com m unica
tions 8 typed pages.

II . M ANUSCRIPTS

1. Papers should he subm itted  in  three copies.
2. The tex t o f papers m ust be of high sty listic standard, requiring  minor correc

tions only.
3. M anuscripts should be typed  in  double spacing on good quality  paper, w ith generous 

m argins.
4. The nam e o f the  author(s) and  of the in stitu tes where the w ork was carried out 

should appear on the  firs t page of th e  manuscript.
5. Particular care should be tak en  with m athem atical expressions. The following 

should be clearly distinguished, e.g. by underlining in different colours: special founts (italics, 
scrip t, bold type, Greek, Gothic, etc.); capital and sm all le tte rs; subscripts and superscripts, 
e.g. x2, X3; small l and  1; zero and cap ita l O; in expressions w ritten  by han d : e and /, n and u, 
V and V,  etc.

6. References should be num bered serially and listed a t the end of th e  paper in the 
following form: J . Ise and  W. D. F re tte r , Phys. Rev., 76, 933, 1949.

For books, please give the in itia ls  and family nam e of the au thor(s), title , nam e of 
publisher, place and y ear of publication, e.g.: J . C. S later, Q uantum  Theory of Atomic S truc
tu res, I. McGraw-Hill Book Company, Inc ., New York, 1960.

References should be given in  th e  tex t in the following forms: Heisenberg [5] or [5].
7. Captions to  illustrations should be listed on a separate  sheet, no t inserted in the tex t.
8. As per 1st Jan u a ry  1980 the use of SI units has been made com pulsory for all publica

tions issued in H ungary . Please note th a t  in papers subm itted  to Acta Physica after th a t da te  
all measures should be expressed in SI un its.

I I I .  ILLUSTRATIO NS AND TABLES
1. Each paper should be accom panied by three sets of illustrations, one of which m ust 

be ready  for the blockm aker. The o ther sets attached to  the  copies of th e  m anuscrip t may' be 
rough drawings in pencil or photocopies.

2. Illustrations m ust not be inserted  in the tex t.
3. All illustrations should be iden tified  in blue pencil by the au thor’s nam e, abbreviated 

title  o f the paper and  figure number.
4. Tables should be typed on separa te  pages and have captions describing their content. 

Clear wording of colum n heads is advisable. Tables should be numbered in  R om an num erals 
(I, I I ,  I I I ,  etc.).

IV . R ET U R N  OF M ATERIAL

Owing to high postage costs, the E d ito ria l Office cannot undertake to re tu rn  all m aterial 
no t accepted for any reason for publication. Of papers to  be revised (for no t being in conform ity 
w ith the  above Notes or o ther reasons) only one copy will be retu rned . M aterial rejected for lack 
of space or on account of th e  Referees’ opinion will not be re tu rned  to au thors outside Europe.
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