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ÜBER DAS TSEE-ADSORPTIONSMAXIMUM 
LITHIUM-DOTIERTER BeO-KERAMIKEN

Von

V. S ie g e l ,1 L.  B o r o s2 und H .-H . K ir c h n e r 1

■ PH Y SIK A LISCH -TECH N ISCH E BUNDESANSTALT BRA UN SCHW EIG , B R D

! RA DIO LO G ISCH E K L IN IK  D E R  SEM M ELW EIS U N IV ERSITÄ T F Ü R  M ED IZIN ISCH E W ISSEN SCH A FTEN
B U D A PEST, UNGARN

(Eingegangen: 3. XII. 1978)

Vergleichende Untersuchungen an undotierten und Li-dotierten BeO-Keramiken zei
gen, dass in den letzteren das TSEE-Maximum bei etwa 275 °C irreversiblen Änderungen 
unterworfen ist. Während sich dieses Emissionsmaxiraum für die undotierten Proben nach 
einer speziellen Vorbehandlung und einem H-Ionenbeschuss nach anschliessender y-Strah- 
lenanregung beliebig oft aufbauen lässt, ist dies für die Li-dotierten Proben nur in den 
ersten Messzyklen der Fall, wenn die BeO-Probe bei 500 °C in feuchter Luft getempert 
und gelagert wird. Nach wiederholten thermischen Behandlungen an feuchter Luft und 
Auswertungen wird das adsorptionsinduzierte TSEE-Maximum auch nach einem in
tensiven H-Ionenbeschuss kaum sichtbar. Das heisst aber, dass die oberflächlichen Li
thium-Atome ihre aktive Rolle als Adsorptionszentren verloren haben, sei es durch eine 
chemische Umwandlung oder durch den Verlust von Li-Atomen durch Abdampfen.

Einführung

D er E in sa tz  von  B eO -K eram ik en  als E x o e lek tro n en -D o sim ete r h a t  ge
zeigt, dass die E x o e lek tro n en -A u sb eu te  bei m eh rfach en  B estrah lu n g en  m it der 
gleichen E nergiedosis v o n  y -S trah len  grossen S tre u u n g e n  u n te rw o rfen  is t [1]. 
Diese S treu u n g en  k ö n n en  n ic h t m it  d er A u sw ertem eth o d e  e rk lä r t  w erden, 
sondern  sin d  m it den  A dso rp tio n se ig en sch aften  des BeO v e rb u n d e n . So 
ko n n te  in  [2 — 7] gezeigt w erden , dass ad so rb ie rte  O berflächensch ich ten  auf 
versch iedenen  O xiden die th e rm isch  s tim u lie rte  E x o e lek tro n en em issio n  (TSEE) 
s ta rk  beeinflussen . U n te rsu ch u n g en  des V erhaltens d e r beiden T S E E -M ax im a 
bei e tw a  270 °C u n d  324 °C an B eO -K eram iken  h a b e n  ergeben, d a ss  insbeson
dere das M axim um  bei 270 °C von  ad so rb ie rten  O H -G ruppen  u n d  W asser
d am p f b ee in flu sst w ird  [8].

Dotierung der BeO-Proben m it Lithium

F ü r  die D o tierung  d e r B eO -K eram ik en  m it e in e r R einheit v o n  99,25%  
w urde in  V aseline d isperg iertes m eta llisches L ith iu m  verw endet, d as  m öglichst 
gleichm ässig u n d  m it der g leichen M asse au f die O berfläche der scheiben fö r
m igen P ro b e n  au fgetragen  w urde . D a n a c h  w urden  d ie  P roben  1 S tu n d e  lang

1* Acta Physica Academiae Scientiarum Hungaricae 46, 1979



4 V. SIEGEL et al.

b e i 1000 °€  in  tro c k e n e r  L u ft g e te m p e rt u n d  ra sc h  ab g ek ü h lt. W egen  der 
g ro ssen  S treuung  d e r M essw erte f ü r  die frisch  d o tie r te n  B eO -K eram iken  
w u rd e n  sie anschliessend  einer m ehrm aligen  B e s tra h lu n g  m it y -S tra h le n  und  
T em p e ru n g  bis 800 °C u n te rzogen  [9]. E ine äh n lich e  V o rb eh an d lu n g  der 
u n d o tie r te n  B eO -P ro b en  stellte  s ich er, dass die E rg eb n isse  der w e ite ren  U n te r
su ch u n g en  an  b e id en  P ro b en a rten  verg lichen  w erd en  k o n n ten .

Vorbehandlung der Proben und M essmethode

A usgehend v o n  den  durch  M essungen der In f ra ro tsp e k tre n  festg este llten  
D eso rp tionsp rozesse  a u f  k eram isch en  B eO -P roben  [10, 11] w u rd e n  sowohl 
d ie  n ic h t d o tie rte n  [12] als au ch  d ie  m it Li d o tie r te n  B eO -K eram iken  einer 
spezie llen  V o rb eh an d lu n g  u n te rzo g en . Sie b e s ta n d  d a rin , dass d ie  scheiben
fö rm ig en  P roben  in n e rh a lb  des Z äh le rs  in  einer tro c k e n e n  M ethan -A tm o sp h äre  
a u f  400 °C au fgehe iz t w urden , u m  d e n  physikalisch  ad so rb ie rten  W asse rd am p f 
z u  desorbieren . N a c h  einer A b k ü h lu n g  auf 20 °C w u rd e  die P ro b e  innerh a lb  
d es  Zählers einem  B eschuss d u rch  W assersto ffionen  u n te rw o rfen . Zu diesem  
Z w eck  w urde an  d en  Z äh ld rah t des P ro p o rtio n a lzäh le rs  eine so grosse positive 
H o c h sp an n u n g  an g e leg t, dass die G asv erstä rk u n g  in  M ethan  e in se tzen  k onn te , 
w e n n  die B eO -P robe v o n  aussen m it  y -S trah len  eines ra d io a k tiv e n  P rä p a ra te s  
b e s tr a h l t  w urde. I n  diesem  F alle  w erden  in  d en  M eta llw änden  des Zählers 
C om pton- u n d  P h o to -E le k tro n e n  erzeug t, die in  d er M ethan -A tm o sp h äre  
p o s itiv e  Ionen  info lge der D issozia tion  des M ethans u n d  E le k tro n e n  erzeugen. 
D iese negative L ad u n g sträg e r g e langen  in  u n m itte lb a re r  N ähe des positiven  
Z ä h ld ra h ts  in  eine k ritisch e  F e ld s tä rk e , in  der sie d u rc h  S to ssion isa tion  E lek tro 
n en law in en  auslösen , die am  A u sg an g  des Z äh lers als Im pulse  nachgew iesen  
w e rd e n .

A uf der a n d e re n  Seite e n ts te h e n  durch  d ie  D issoziation  des M ethans 
p o s itiv e  Ionen , v o n  denen  die le ic h te s te n  H + u n d  u n te r  an d e rem  in  R ich t
u n g  zur P robe  w a n d e rn  u n d  d o r t  au f der O b erfläche  teilw eise ad so rb ie rt 
w e rd e n  können . W en n  m an a n n im m t, dass die G a sv e rs tä rk u n g  w äh ren d  d er 
Io n e n  B edeckung k o n s ta n t is t, d a n n  is t die A n zah l d er gezäh lten  E le k tro n e n 
law in en  (Im pulse) e in  Mass fü r  die A nzahl der a d so rb ie rte n  H -A to m e.

Diese V o rb eh an d lu n g  der P ro b e n  und  anschliessende A u sw ertu n g  w urde 
in  einem  m it M e th a n  gespü lten  fensterlosen  P ro p o rtio n a lz ä h le r  [13] ausge
f ü h r t .  W äh ren d  d e r M essung d e r th e rm isch  s tim u lie r te n  E xoelek tronenem is- 
s io n  w urde die P ro b e  linear m it e in er R a te  v o n  e tw a  1,4 K * s _1 aufgeheizt. 
V o r jed e r M essung w u rd en  die P ro b e n  im  Z ähler, u m  den  E in flu ss v o n  W asser
d a m p f  zu ve rm eid en , m it e iner y -S trah lenque lle  (137Cs oder 60Co) angereg t.

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



ÜBER DAS TSEE-ADSORPTIONSMAXIMUM 5

Messergebnisse

a) Undotierte BeO-Proben

Ohne d ie  oben  besch riebene  spezielle V o rb eh an d lu n g  d er u n d o tie rte n  
B eO -K eram iken  b eo b ach te t m a n  nach d e r A nregung  m it y -S trah len  n u r  das 
therm isch  s tim u lie r te  E x o e lek tro n en -M ax im u m  bei e tw a  325 °C (B ild la ) .  
E r s t  wenn d e r W asse rd am p f desorb iert u n d  H -Io n en  a d so rb ie rt w urden , e r
sch e in t nach d e r  A nregung m it  y -S trah len  d as  neue T S E E -M ax im u m  bei e tw a 
270 °C (Bild l b )  und  c). D ie  Im p u lsan zah l N EE d ieses M axim um s h ä n g t 
v o n  der A nzah l der re g is tr ie r te n  E xoelek tro n en law in en  (Im pulse) w äh ren d  
des Ionenbeschusses bei e in g esch a lte te r H o ch sp an n u n g  am  Z ä h ld ra h t ab . 
W ie m an in B ild  2 e rkenn t, w ird  bereits be i e tw a  3000 Im p u lse n  eine A dsorp-

Bild 1. Änderung der TSEE-Maxima bei 270 °C und 325 °C in Abhängigkeit von der Vorbe
handlung der undotierten BeO-Probe bei konstanter y-Strahlenanregung. a — ohne Vorbe
handlung, b — mit H-Ionenbeschuss (200 Impulse); c — (770 Impulse). IVjjjj — Impulsanzahl

je Sekunde

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



6 V. SIEGEL et al.

Bild 2. Änderung der Impulsanzahl iVEE für die undotierten BeO-Proben in Abhängigkeit 
von der Anzahl der erzeugten H-Ionen Impulse bei konstanter y-Strahlenanregung. In Bild 1 

sind die TSEE-Maxima für die Punkte a, b und c dargestellt

t io n s s ä tt ig u n g  e rre ich t, da  ein  w e ite re r  Ionenbeschuss k e in en  A nstieg  der 
E x o e lek tro n en -A u sb eu te  bei A n reg u n g  m it e iner k o n s ta n te n  E nerg iedosis der 
y -S tra h le n  zur Folge h a t .  D ieses n eu e  T S E E -M ax im u m  v e rsch w in d e t w ieder, 
w e n n  die speziell v o rb eh an d e lte  B eO -P ro b e  v o r der y -S trah len -A n reg u n g  an 
fe u c h te  L u ft g eb rach t w ird  [9, 12].

b) Li-dotierte BeO-Proben

D ieselben B e h an d lu n g sm e th o d en  u n d  M essungen wie a n  den  u n d o tie r te n  
B eO -K eram ik en  w u rd en  auch  an  d e n  m it L ith iu m  d o tie r te n  au sg efü h rt. A uch  
h ie r  zeigen die n ic h t speziell v o rb e h a n d e lte n  P ro b en  n u r  d as  T S E E -M ax im u m  
b e i 325 °C (Bild 3a). A uffällig is t  h ie r  aber, dass die E x o e lek tro n en -A u sb eu te  
N  ее  b e i gleicher E nerg iedosis d e r y -S tra h le n  u m  den F a k to r  10 bis 15 grösser 
is t  a ls bei den u n d o tie r te n  B eO -P ro b en , d .h . die L i-d o tie rte n  B eO -K eram iken  
s in d  seh r viel em pfind licher [14]. N a c h  dem  Ionenbeschuss in n e rh a lb  d e r  M e
th a n -A tm o sp h ä re  des Zählers e rsc h e in t wie im  Falle d e r  u n d o tie r te n  BeO- 
K e ra m ik e n  n ach  d e r y -S trah len -A n g eru n g  das neue T S E E -M ax im u m  bei 
e tw a  275 °C (B ild 3 b —d). Im  G egensatz  zu den u n d o tie r te n  P ro b en  liegt 
d ie A d so rp tio n ssä ttig u n g  fü r  die L i-d o tie rte n  P roben  bei d e r d o p p e lten  A nzahl 
v o n  reg is trie rten  E lek tro n en law in en  (e tw a  6000) w äh ren d  des Ionenbeschusses. 
B e i gleicher E nerg iedosis d er ansch liessenden  y -B estrah lu n g  lieg t die E x o 
e lek tro n en -A u sb eu te  im  B ereich  d e r  S ä ttig u n g  fü r  die u n d o tie r te  P ro b e  bei 
N EE =  5,8 • 104, fü r  die L i-d o tie rte  B eO -P robe bei =  8,6 • 105. O ffenbar 
i s t  d ie  A nzahl d er b e se tzb a ren  A d so rp tio n sp lä tze  a u f  G ru n d  d er D o tie ru n g  
m it  L ith iu m  s ta rk  angestiegen .

Acta Physica Academiae Scientiaum Hungarricae 46, 1979
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I I I I--------------
100 2 0 0  275  3 0 0  325 . Д00

Temperatur------- ►

Bild 3. Änderung der TSEE-Maxima bei 275 °C und 325 °C in Abhängigkeit von der Vorbe
handlung der Li-dotierten BeO-Proben bei konstanter y-Strahlenanregung. a — ohne Vorbe

handlung, b bis d mit H-Ionenbeschuss (b — 500, c — 1000, d — 5000 Impulse)

W ie im  F alle  d e r u n d o tie rte n  B eO -P ro b en  w urden  au ch  die d o tie rten  
v o r je d e r  M essung b e i 500 °C a n  feu ch te r L u f t  g e tem p ert, ab g ek ü h lt u n d  
gelagert. D abei ze ig te  sich n ach  m ehrfacher V erw endung  derse lben  P ro b en  
ein n eu e r E ffek t. N a c h  der e ingangs besch riebenen  speziellen V orb eh an d lu n g  
u n d  ansch liessenden  y -S trah len an reg u n g  sollte m a n  w ieder das neue T S E E - 
M axim um  be i 275 °C erw arten . W ie B ild 4 ab e r ze ig t, e rsch e in t es bei e iner 
reg is trie rten  A nzah l v o n  1000 E lek tro n en law in en  ü b e rh a u p t n ic h t (Bild 4a) 
im  G egensatz zu B ild  3c, wo ebenfalls 1000 E lek tro n en law in en  an  d er frischen  
P robe  g ezäh lt w u rd e n . N ach  diesem  M esszyklus w urde d ieselbe B eO -Probe 
v o r d er speziellen V o rb eh an d lu n g  m ehrere  M ale b e i 500 °C an  L u ft g e tem p ert. 
Die ansch liessenden  M essungen, a u sg e fü h rt wie zu v o r, e rgaben  e rn eu t, dass 
sich das T S E E -M ax im u m  bei 275 °C n ic h t m eh r a u fb a u e n  liess. E r s t  bei einer 
A nzahl re g is tr ie r te r  E lek tro n en law in en  von  8000 (K urve  b) u n d  17 000
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Bild 4. Änderung der TSEE-Maxima bei 275 °C und 325 °C in Abhängigkeit von der Vorbe
handlung für eine mehrfach getemperte Li-dotierte BeO-Probe bei konstanter y-Strahlen- 

anregung. a bis c mit H-Ionenbeschuss (a — 3000, b — 8000, c — 17 000 Impulse)

*

(K u rv e  c) zeig t sich  eine A n d eu tu n g  des M axim um s bei 275 °C. N u r  a n  einer 
frisch en  L i-d o tie rten  B eO -K eram ik -P ro b e  b eo b ach te t m an  den w achsenden  
A n stieg  des T S E E -M ax im u m s bei 275 °C m it anste igender A nzahl d er reg is trie r
te n  E lek tro n en law in en , wie er in  B ild  3 d a rg es te llt is t.

Dieses abw eichende V erh a lten  d e r L i-d o tie rten  B eO -P roben  gegenüber 
d em  H -Ionen b esch u ss  leg t die V e rm u tu n g  nahe, dass sich  das L ith iu m  a u f  der 
B eO -O berfläche chem isch  v e rä n d e rt h a t  oder ab g ed am p ft is t. F ü r  e inen  V er
lu s t  an  L ith iu m  s p r ic h t eine M assenbestim m ung  des L i an  einer u n b eh an d e lten  
u n d  der h ier m eh rfach  v e rw en d e ten  B eO -Probe. D ie u n b eh an d e lte  P robe 
e n th ie lt  210 /xg L i, die m ehrfach  v e rw en d e te  dagegen  n u r  60 /ig L i. Diese 
Schlussfo lgerung  g ilt ab e r n u r  fü r  d en  F a ll, dass beide P ro b en  im  A nfangszu 
s ta n d  die gleiche M asse an  L ith iu m  en th ie lten , w as n ic h t m ehr k o n tro llie r
b a r  is t.

Aus [15] is t  b e k a n n t, dass sich  bei der E in w irk u n g  von  H  + -Io n e n  oder 
H 2-M olekülen a u f  das L i schon bei 20 °C die sehr b es tän d ig e  V erb in d u n g  L iH  
b ild e t. Dieses L iH  w ird  aber bei h ö h e re n  T em p era tu ren  durch  das E inw irken  
des L u ft-S tick sto ffes  im  Beisein v o n  W asse rd am p f zu m  grösseren T eil in  die 
V e rb in d u n g  L iN H 2, L i2N H  u n d  L i3N  u n d  zum  k le in e ren  Teil in  L i20  um g e
w a n d e lt.

Die oben b esch rieb en en  M essungen  an  den L i-d o tie rte n  B eO -K eram ik en  
w u rd en  in  U n k e n n tn is  der eben g e n a n n te n  chem ischen  U m w and lungen  nach  
d em  T em pern  u n d  L ag e rn  der P ro b e n  an  feu ch te r L u f t  au sg efü h rt.

Im  fo lgenden  w u rd en  die B eO -K eram ik en  u m  diese chem ischen  U m 
w an d lu n g en  zu  v e rm e id en , vo r je d e r  M essung

a) bei 1000 °C in  tro ck en e r L u f t  oder A rgon g e tem p ert u n d  ab g ek ü h lt 
u n d  anschliessend  in  einer tro c k e n e n  A tm o sp h äre  im  E x s ik k a to r  gelagert,
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Bild 5. Änderung der TSEE-Maxima bei 275 °C und 325 °C einer Li-dotierten BeO-Probe 
nach dem Tempern und Lagern in trockener Luft und anschliessender konstanter y-Strahlen- 

anregung. H-Ionenbeschuss, a — 500, b — 1000, c — 5000 Impulse

b) bei 1000 °C in  A rgon g e te m p e rt u n d  anschliessend  in  feu ch te r L u ft 
a b g e k ü h lt und  g e lag ert.

D ie E rgebn isse  d e r M essreihe a) zeigen a n  einem  B eisp iel B ild 5 u n d  der 
M essreihe b) B ild  6.

N ach  dem  T em p ern  in  tro c k e n e r  L u ft u n d  der L ag eru n g  im  E x s ik k a to r  
b le ib t das T S E E -A d so rp tio n sm ax im u m  bei 275 °C n ach  d e r gleichen A nzah l 
von  gezäh lten  E lek tro n en law in en  (Im p u lsen ) u n d  n ach  d e r A nregung  m it d er 
g leichen  E nerg iedosis d e r y -Q u an ten  auch  n a c h  d er 12. M essung ü b er einen  
Z e itrau m  von 3 W o ch en  p ra k tisc h  k o n s ta n t. W ie B ild 5a — c zeig t, h ä n g t die 
Im p u lsan zah l N EE des T S E E -M ax im u m s b e i 275 °C wie b e i einer frischen  
P ro b e  v o n  der A n zah l d e r g ezäh lten  Im p u lse  beim  Io nenbeschuss ab. D a  das 
T S E E -M ax im um  be i 325 °C u n b ee in flu ss t b le ib t, b e d e u te t dies, dass die 
E m p fin d lich k e it d er B eO -P robe ü b e r  längere  Z eit k o n s ta n t  b le ib t.

A nders v e rh ä lt  es sich m it d en  P ro b en , die in  A rgon g e tem p ert u n d  
ansch liessend  an  fe u c h te r  L u ft g e lag e rt w u rd en . W ie die B ilder 6 A u n d  
В zeigen, lä ss t sich zw ar d u rch  d en  H +-Ionenbeschuss das T S E E -M ax im u m  
bei 275 °C erzeugen , ab e r die Im p u lsa n z a h l N Ee fä llt v o n  100%  bei d er
1. b is 4. M essung (B ild  6 A) a u f  5 0 %  bei d e r 18. M essung (B ild 6 B) ab . 
D agegen s in k t die Im p u lsa n z a h l N EE fü r  das T S E E -M ax im u m  bei 325 °C in  
derse lben  M essreihe n u r  u m  25%  v o m  u rsp rü n g lich en  W ert ab . B eim  T em pern  
der P ro b e n  bei 1000 °C in  tro c k e n e r  L u ft o d e r A rgon w erd en  die L ith iu m 
n itr id e  offenbar w ied er red u z ie rt, b ilden  sich  ab er e rn e u t langsam  beim  
A b k ü h len  u n d  L agern  in  feu ch te r L u f t. W ie die M essreihe b) zeig t, überw ieg t
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Bild 6. Änderung der TSEE-Maxima bei 275 °C und 325 °C einer Li-dotierten BeO-Probe 
nach Tempern in Argon und Lagern in feuchter Luft, а — Ionenbeschuss etwa 5000 Impulse, 

b — ohne H-Ionenbeschuss. А — 4. Messung; В — 18. Messung

je d o c h  die B ild u n g  der N itr id e , d a  die Im p u lsan zah l IVtB  des T S E E -A dsorp - 
tio n sm ax im u m s u n te r  gleichen Y orbehand lungs- u n d  A nregungsbed ingungen  
im  V erlau f d er M essreihe s te tig  a b n im m t.

D iskussion

In  [14] w urde  gezeigt, dass die E m p fin d lich k e it d e r L i-d o tie rten  BeO- 
K eram ik en  k o n s ta n t b le ib t bei e iner L agerung  in  e in er A rgon-A tm osphäre , 
w ä h re n d  die R e p ro d u z ie rb a rk e it d er M essw erte in  a n d e ren  G asen (S auersto ff,
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S ticksto ff, L u f t)  sch lech ter w ar. B e tra c h te t  m an  das V e rh a lten  der be id en  
T S E E -M ax im a  in  feu ch te r L u ft, so ä n d e rt s ich  bei g leichen A n reg u n g sb ed in 
gungen  in sb eso n d ere  das a d so rp tio n s in d u z ie rte  T S E E -M ax im u m  hei 275 °C. 
F ü r  das L ith iu m  is t  b e k a n n t, dass es im  ad so rb ie rten  Z u s ta n d  als D o n a to r-  
Z e n tru m  w irk t, au ch  w enn es als Li20  o d e r L iO H  a u f d e r O berfläche e ines 
O xids v o rlieg t [18]. Beide V erb in d u n g en  re a g ie ren  ab er be i h öheren  T e m p e ra 
tu re n , ebenso w ie L iH , im  B eisein  von  W a sse rd a m p f m it dem  L u ft-S tick s to ff 
u n te r  B ild u n g  v o n  L iN H 2, L i2N H  u n d  L i3N . V on diesen V erb in d u n g en  weiss 
m an , dass sie in  ad so rb ie rte r  F o rm  als A k z e p to r  Z en tren  w irken .

O ffenbar w ird  du rch  diese V erb in d u n g en  beim  Io nenbeschuss die A d so rp 
tio n  von  H + u n d  v e rh in d e rt, die au f d em  B eO  O H -G ru p p en  b ilden , w elche 
bei d e r a sso z ia tiv en  D eso rp tio n  E lek tro n en  fre ise tzen , die a ls E x o e lek tro n en  
nachgew iesen  w erd en  [9, 12]. Die drei V erb in d u n g en  L i2N H , L iN H 2 u n d  
L i3N  zeigen d en se lb en  V erg iftungseffek t fü r  die ak tiv en  O b erfläch en zen tren  
d er E x o e lek tronenem ission  wie ad so rb ie rte  A lkohole  [16, 17], m it dem  U n te r 
sch ied , dass sie se lek tiv  n u r  die A d so rp tio n sp lä tze  fü r das T S E E -M ax im u m  
bei 275 °C b lo ck ie ren .

W enn  m a n  die hohe E m p fin d lich k e it d e r  L i-d o tie rten  B eO -K eram ik en  
gegenüber io n is ie ren d en  S trah len  k o n s ta n t h a l te n  will, m uss m an  den E in flu ss  
fe u c h te r  L u ft v e rm e id en , u m  d ie  sensib ilis ierende W irkung  des L ith iu m s a u f  
d er B eO -O berfläche  n ic h t d u rch  chem ische U m w an d lu n g en  zu  gefährden .
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ON A PLANE MAGNETOGASDYNAMIC SHOCK WAVE OF 
VARIABLE STRENGTH
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A particular solution of the equations of one dimensional anisentropic flow of a poly
tropic gas is linked by a magnetogasdynamic shock to gas at rest in which the density is non- 
uniform and magnetic field is constant. The approach is inverse in the sense that the density 
distribution is derived from the position of the shock and the prescribed flow behind it. The 
velocity and strength of the shock each vary with time.

1. Introduction

Co p s o n  [1 ], M a c k ie  an d  W e ir  [2] and  m a n y  o th e r a u th o rs  h av e  discussed 
th e  prob lem  o f  shock  w aves o f  c o n s ta n t s tre n g th  m oving w ith  variab le  velo
c ity . In  th ese  p ro b lem s, th e re  occurs a ju m p  in  th e  en tro p y  across th e  shock, 
b u t  th e  e n tro p y  rem ains u n ifo rm  (a t d iffe ren t levels) on b o th  sides of th e  
shock. M ore g en era l s itu a tio n s  a re  t h a t  in  w hich  a shock leaves a non-un ifo rm  
d is tr ib u tio n  o f  e n tro p y  b eh in d . S m it h  [3] has d iscussed a p ro b lem  of such  
a flow  in  o rd in a ry  gasdynam ics. T he p resen t p a p e r  ex tends th e  discussion o f 
S m it h ’s p rob lem  to  a pe rfec tly  conducting  gas in  th e  presence o f a tran sv erse  
m agnetic  fie ld . W e have  s ta r te d  from  a know n an isen trop ic  flow  and  linked  
i t  th ro u g h  a sh o ck  w ave to  gas a t  re s t. T he s ta te  o f  th e  s ta t io n a ry  gas is n o t 
know n  u n til  th e  shock  p a th  has been  de te rm in ed . I t  is show n t h a t  th e  velocity  
an d  s tre n g th  o f th e  shock each  v a ry  w ith  tim e .

F o r th e  an isen tro p ic  flow  b eh in d  th e  shock , we have u sed  th e  fam ily  o f 
e x a c t so lu tions o b ta in e d  b y  W e ir  [4].

2. W eir’s solution

W ith  v isco sity  and  h e a t co n d u c tio n  neg lec ted , th e  re le v a n t equations 
fo r one-d im ensional an isen tro p ic  flow  are,

qq , de I 9u _  о—------|- U  -------f- Q —'— — 0 ,
0i dx dx

( 2 . 1)
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du du 1 dp uh dh
------- h и ------- 1------ — +  ----------=  0,
dt dx Q dx Q dx

9S  9S _
~ — h u  —— — 0,
dt dx

( 2 .2)

(2.3)

w here  p ,  q , h, S, и an d  p  are re sp ec tiv e ly  pressure, d en sity , m ag n etic  field , 
specific  e n tro p y , flu id  v e lo c ity  and  m ag n etic  p e rm eab ility . F o r a po ly tro p ic  
gas th e  eq u a tio n  of s ta te  is

p  - K qv exp (2.4)

w here y  is th e  c o n s tan t a d ia b a tic  in d ex , Cr th e  specific h e a t  a t  c o n s ta n t volum e 
a n d  К  is th e  d im ensional c o n s ta n t.

I t  can  be  verified  t h a t  E q s . ( 2 . 1 )  to  ( 2 .4 )  possess a  so lu tion  (c.f. W e i r ’s 

so lu tion  [ 4 ] )

w here

u02 =  2oc t +  ô, 

P $ 2 = f ( X ) ,

_  1 d f
6o2 — „ >

P02 =  P02 +  — P K 2, p 02 =  /Ip02, (0 <  ß  <  1)

(2.5)

( 2 .6)

(2.7)

an d  p a rtic le  p a th s  are g iven b y

X  =  * -  a t2 -  ôt, (2.8)

X  being th e  m a te ria l v a ria b le  an d  th e  suffix  02 is in tro d u c e d  to  d istingu ish  
b e tw een  th e  W e i r ’s so lu tio n  an d  th e  s ta te  of th e  gas b eh in d  th e  shock . The 
p ressu re  an d  d en sity  are  c o n s ta n t a long  th e  p artic le  p a th s  w hich are  coaxial 
p a rab o las  in  th e  (x , f) — p lane .

3. The shock path

W e shall now  lin k  th e  so lu tio n  g iven  in  Section 2 to  a s ta te  o f re s t  th ro u g h  
m ag n eto g asd y n am ic  shock  re la tio n s  fo r a po ly tro p ic  gas, nam ely :

Q tV 2 =  P i t ’l l  

h2v2 =  h1vv
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Pi  +  ~  phi -f- q2 v\ — p 1 —  ph\ Qivf,
Zi Z

Pi phi
v \ =

6i Qi 1 ei ei 2

(3.3)

(3.4)

w here  v is th e  v e lo c ity  of th e  gas re la tiv e  to  th e  velocity  o f th e  shock an d  
su ffixes 2 an d  1 are  a tta ch ed  to  th e  s ta te s  im m ed ia te ly  b eh in d  a n d  in  f ro n t 
( th e  s ta t io n a ry  gas) of th e  shock, re sp ec tiv e ly .

T hese shock  re la tio n s m u st be  sa tisfied  a t  th e  shock w hose d isp lacem en t 
is ta k e n  as f  =  | ( t ') ,  w here th e  p rim e  has b een  added  to  th e  tim e  t since we 
shall su b se q u e n tly  use i t  as a p a ra m e te r . F ro m  (2.8)

X  =  £ (t') -  a i '2 -  ôt' (3.5)

on th e  shock . I t  th e n  follows from  (2.5), (2.6) a n d  (2.7) th a t

w here

and

F u rth e rm o re ,

u2 =  2at' -)- (5,

P i =  g{t%

о g(*0
2a[f(t') -  2at' -  <5] ’

«(«') = /{£ (* ')  -  a* 2 -  * '}

Pi =  ßp*, P* =  Pi  +  p h i  (0 <  ß  <  1).
Z

v2 =  2at' +  ô — f(i').

(3.6)

(3.7)

(3.8)

In  f ro n t o f  th e  shock, we ta k e  th e  gas to  b e  a t  re s t so t h a t  u 2 =  0 and  
v1 — — f ( t ') .  F u r th e r ,  P* =  p 1 ph\l2 =  k, a  c o n s ta n t, since hx is ta k e n  to  
be c o n s ta n t an d  b y  eq u a tio n  (2.2) th e  p ressu re  g ra d ie n t m u st be zero .

T h e  e lim in a tio n  o f th e  u n k n o w n  be tw een  equa tions (3.1) a n d  (3.3)
yields

P* — Pi =  QiVi(vi — Vi)- (3 -9)

S im ila rly  fro m  E qs. (3.1), (3.2) an d  (3.4) w e get

_  2(1 -  ß)\ -  v2 -  P>
( r -  1)

=  —  6ivi v Áví — Vi).
Z

P*Vi--------^—r P lV l
У -  1

(3.10)
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D ire c t su b s titu tio n  in  (3.9) and (3.10) o f  th e  flow  q u a n titie s  given p rev io u sly  
y ie ld s

(2at' -f- d)g +  2ag — 2aк  =  0, (3-11)

2ay(g -  fe)!2 -  (y -  l ) ( 2 a t ' +  <5)[(2at' +  <5)/2 -  | ] g |

-  2 a (2 a t' +  ô)[y*î +  (y -  2)(1 -  /5)(2at '  +  d)]g =  0, (3.12)

w h ere

Г* =  yß  +  2(1 -  ß).

S o lv in g  the  d iffe re n tia l equation  (3 .11), we h av e

2a kt' A
2a t ' +  Ô

t'  ^  — d/2a, (3.13)

w h e re  A  is a c o n s ta n t .  The e lim in a tio n  of g b e tw een  (3.12) and  (3.13) yields 
th e  shock  v e loc ity  as

S = y ( 2 a í '  +  ô) | b V  +  Ц у  -  2 ) ( l  -  ß)
2 а t '  -f- ô

B +  1
У

w h e re

a n d

Bv*
b =  (2at' +  Ő) +

У

B
ky

A - k d

In te g ra t in g  th e  E q .  (3.14), we g e t th e  shock p a th  as

(2 a t' +  ô f  +  Cf  =  (2a t' +  <5)3 +  —
8a12ya

+  —  ( 2 a t ' +  <5)2
12ÍV

62 +  4 ( r  _  2)(1 _  ß) 2 a t' ô

w h e re

N  =  b
2a y*B

(2 a t ' +  ô) -|- a  y* — У -  1

B + l

+

+  2a(y — 2) (1 -  ß)
3 В

(2a t '  +  <5) +  2

(3.14)

(3.15)
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a n d  C is a c o n s ta n t. T h u s  th e  shock  re la tio n s  de te rm ine  th e  shock  p a th  and  
f ix  th e  flow  q u a n titie s  on  b o th  sides of th e  shock . In  te rm s o f th e  sp a tia l v a r i
ab les, th e  to ta l  p ressu re  a n d  d e n s ity  b eh in d  th e  shock are  g iven  p a ra m e tr i
ca lly  by

P * =
2a kt' +  A  
2a t' +  Ô

(3.16)

2(A -  kô)
(2 a t' +  ô)3 (6 — 2 +  L) ’

(3.17)

w here
X — a t2 — ôt =  f ( t ')  — a t '2 — ôt',

L  = № +  Ц у  — 2) (1 — ß)
2a t '  +  ô

В  +  1

(3.18)

T h e  E qs (3.16) a n d  (3.17) fo llow  from  (3.7) a n d  (3.8), and  (3.18) is o b ta in ed  
b y  e lim ina ting  X  betw een  (2.8) an d  (3.5).

F o r th e  s ta t io n a ry  gas in  f ro n t of th e  shock , th e  d e n s ity  is g iven  p a ra 
m e trica lly  b y

2 (A  -  kô)
(2at '  +  Щ Ь  +  L )  ’

(3.19)

ж =  f ( l ') .  (3.20)

E q . (3.19), th e  d e n s ity  d is tr ib u tio n  as a fu n c tio n  of tim e  o f th e  shock  p a th , 
is o b ta in ed  b y  ca lcu la tin g  gl fro m  (3.1). To o b ta in  th e  d en sity  as a fu n c tio n  
o f  X, we e lim ina te  t ' be tw een  (3.19) and  th e  E q . (3.20) of th e  shock p a th . F ina lly , 
th e  en tro p y  o f th e  s ta tio n a ry  gas can th e n  be derived  from  th e  e q u a tio n  of 
s ta te  (2.4) as a fu n c tio n  of x.

4. R esults and discussion

W e have  fo u n d  a fam ily  o f  so lu tions w hose m em bers d ep en d  on  th e  choice 
o f  va lues fo r th e  v a rio u s  c o n s ta n ts . W e assum e a  >  0, d >  0 an d  t ]> 0. T he shock 
m u s t  be com pressive, th a t  is, o < p ï  < p t ,  o r 0 <  к <  (2ockt'+A)l(2oU'+ô). 
T h u s  A  — kô 0 an d  all p ressu res  are  p o s itiv e . In sp ec tio n  o f (3.17) and  
(3.19) ind ica tes t h a t  densities a re  positive i f  y  >  I .

T ak ing  a =  p j p i  as a m easu re  of s tre n g th  o f  th e  shock w ave, we have 
m ax im u m  v alue  o f  a a t  t =  0 a n d  a —>■ 1 as t' —*- oo, H ence th e  s tre n g th  of 
sh o ck  w ave decreases w ith  tim e . Also fro m  (3.14), th e  shock  velocity  
I  -+  oo as t' —► OO.
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Fig. 1. Shock path in (ж, y) plane (I). Variation of density with distance in the gas ahead of
the shock (II)

F ig . 1. shows a ty p ic a l co n fig u ra tio n  of th e  shock  p a th  in  th e  (x, t) p lane . 
T he lo w er p a r t  o f th e  F igure  gives th e  d en sity  ra tio  in  th e  gas u p s tre a m  of 
th e  sh o ck ; q0 is th e  d e n s ity  a t x =  0, t =  0. T he v a lu e  chosen fo r th e  v a rious 
c o n s ta n ts  are  as fo llow s:

a  =  Ô =  1; В  =  —  (у -  1); С =
2

5y -j- 4 
40

I f  x  >  0, th e  p a rtic le  tra je c to r ie s  beh in d  th e  shock are a fam ily  of 
s tr a ig h t  lines w ith  f lu id  velocity  и — ô. T he gas ah ead  o f th e  shock is a t  re s t 
w ith  c o n s ta n t d e n s ity . T he shock v e lo c ity  is also c o n s ta n t an d  is g iven  by

£
Ô \B  + L .  V -  1 +

'( Bôy*
2

П \
У } 2 У

+  4 (у -  2)(1 - ß)
У

+
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Isothermal phase transformation of massive SSe22. - in the presence and absence of 
light illumination has been carried out in the temperature range of 98 —144 °C using the 
electric conductivity method. Illumination affects the nucléation process through “photo- 
nucleation”. Kinetic studies have not, to date, been presented so as to identify separately 
the light effects on the crystallization processes of materials of Se-like structure. The obtained 
conductivity data are presented as power and logarithmic functions to study the crystalliza
tion kinetics in the light of the present concepts of crystallization in organic polymers.

In troduction

S tud ies o f th e  m o rp h o lo g y  of crysta lline  se len ium  in d ica te  th a t  i t  c ry s ta l
lizes from  th e  b u lk  am o rp h o u s  phase by  ch a in  fo ld ing  [1— 3]. Selenium  form s 
ex ten d ed -ch ain  c rysta ls  b y  a th icken ing  m ech an ism  sim ila r to  th a t  fo u n d  in  
organic po ly m ers  [3]. S pheru lites  in  b u lk  po ly m ers  grow  o u tw ard  fro m  a 
nucléa tion  c e n tre  th a t  is fre q u e n tly  o f a h e te ro g en eo u s  ch arac ter. T h e  ra d ia l 
g row th o f a sp h eru lite  is com m only th e  re su lt o f  th e  fo rm atio n  o f  s tack s  
o f bladelike lam ellás t h a t  grow  ou tw ard  from  th e  n u c lé a tio n  cen tre . I n  a d d i
tio n , th e  c ry s ta lliz a tio n  o f  am orphous selen ium  in v o lv es  b o th  th e  c ry s ta lliz a 
tio n  of p o lym eric  Sen ch a in s  an d  the  p o ly m eriza tio n  o f  Seg rings [4].

The a d d itio n  of an  isoelectronic e lem en t as s u lp h u r  does n o t cause  a 
g rea t d is tu rb a n c e  in  th e  sh o rt-ran g e  o rd e r o f  th e  a to m ic  d is trib u tio n  o f  sele
n ium  [5]. B u t, 3 — 5 a t %  su lp h u r doped  in  se len ium  resu lts  in  m in im izing  
th e  ra te  o f c ry s ta lliz a tio n  [6, 7]. L ight, on th e  o th e r h a n d , can  p roduce a m ark ed  
en h an cem en t on  th e  c ry s ta lliz a tio n  k inetics over t h a t  ob ta in ed  from  p u re ly  
th e rm a l e ffec ts  [8—11]. T h is  effect has been  used  to  w rite  ho logram s [12] 
an d  d iscre te  im ages [10] w ith  lasers.

In  th is  p ap e r, q u a n ti ta t iv e  d a ta  on p e rc e n t c ry s ta lliza tio n  in  th e  a b 
sence and  presence  of p h o to  illum ina tion  fo r  S -doped  Se am orphous sam ple , 
nam ely  SSe22 5, are  e s tim a te d  from  record ing  th e  e lec tric  c o n d u c tiv ity  changes 
con tinuously  d u rin g  iso th e rm a l tra n sfo rm a tio n  processes. A k inetic  s tu d y  is 
p resen ted  u s in g  A v r a m i’s th e o ry .
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Experim ental

B u lk  SSe22 5 sam ples h av e  been  p re p a re d  in  th e  am orphous p h ase  th ro u g h  
h e a tin g  th e  c o n s titu e n ts  a t  280 °C fo r 2 h rs  a n d  quench ing  in  a ir  a t  18—20 °C 
in sid e  e v a c u a te d  [10 -4 m m H g ]  p y re x  cells h av in g  para lle l faces  ( ~ 2  m m  
a p a r t)  a n d  p ro v id ed  w ith  tw o  tu n g s te n  e lec trodes.

C ry sta lliz a tio n  h as  been  ca rried  o u t  in  p reh ea ted  ovens (0.2 °C m ax . 
f lu c tu a tio n s )  u n d e r d a rk  an d  illu m in a ted  cond itio n s. Illu m in a tio n  w as ach ieved  
b y  a 250 W  u ltra  h igh  pressure  H g -q u a rtz  lam p . The IR  p a r t  o f  th e  e m itte d  
sp e c tru m  w as f ilte re d  o u t to  red u ce  sam ple  h ea tin g .

T h e  c ry s ta lliz a tio n  w as m o n ito red  b y  m easu ring  th e  e lec tro n ic  co n d u c
tio n  p e rio d ica lly  (1/2 m in  in te rv a l) d u rin g  severa l iso therm al tra n s fo rm a tio n s  
in  th e  ra n g e  98 —144 °C using  an  e le c tro m e te r  w ith  an  e rro r  less th a n  2 % . 
T he re m a rk a b le  increase o f th e  e lec tric  co n d u c tiv ity  acco m p an y in g  th e  
am o rp h o u s  to  c ry sta llin e  phase  change (in  th e  absence or p resence  o f lig h t) 
im plies t h a t  th e  m easu red  c o n d u c tiv ity  a a t  an y  tim e t is th e  re su lt o f  tw o  
c o n d u c tiv itie s  aa an d  ac co rrespond ing  to  a doub le  phase sy s tem , am orphous 
an d  c ry s ta llin e .

Results and discussion

T h e  use  of c o n d u c tiv ity -s tru c tu re  c h a rac te riza tio n  for a p ro p e r d esc rip 
tio n  o f  th e  vo lu m e fra c tio n  w hich  h as  c ry sta llized  depends on  th e  specific 
reg im es o f  p e rc e n t tra n s fo rm a tio n . T herefo re , th e  tim e-d ep en d en ce  o f  th e  
e lec tro n ic  co n d u c tio n  o f SSe22 5 is re p re se n te d  as pow er and  lo g a rith m ic  d ep e n 
dence a n d  is g iven  in  F ig . 1 fo r som e iso th e rm s.

D u rin g  th e  tra n s fo rm a tio n  p rocess, w h e th e r  purely  th e rm a l or w ith  th e  
p h o to n  effec t, th e re  a p p ea r to  be a t  le a s t th re e  regim es o f  a  ve rsu s  p e rcen t 
tra n s fo rm a tio n : T he co n d u c tiv ity  rem a in s  a t  f irs t a p p ro x im a te ly  c o n s ta n t, 
b u t  a f te r  a c e r ta in  tim e  d ep en d in g  on  an n ea lin g  te m p e ra tu re s  i t  increases 
a b ru p t ly  b y  severa l o rders to  a t ta in  a c e r ta in  m ax im um  v a lu e . S uch  a s tro n g  
in crease  o f  a is due m ain ly  to  th e  tra n s fo rm a tio n  of th e  v e ry  low  co n d u c tiv ity  
am o rp h o u s  in to  a con tinuous p a th  o f r a th e r  b e tte r  co n d u c tin g  c ry sta llin e  
S S e22 5. T h e  co n stan cy  o f th e  m ax im u m  c o n d u c tiv ity  a t ta in e d  a t  a given 
te m p e ra tu re  in d ica te s  th e  s ta b ili ty  o f th e  tran sfo rm ed  p ro d u c ts . Such m ax i
m u m  v a lu e  varies  w ith  te m p e ra tu re  a n d  so i t  m ay  n o t a lw ays co rrespond  to  
th e  sam e degree o f s tru c tu ra l p erfec tio n  b u t  m ay  ra th e r  re fe r  to  th e  degree 
o f c ry s ta lliz a tio n  [13].

I n  F ig . 1, th e  m in im um  to  a p p a re n t m ax im um  of log  a p roceeds in  a 
sm o o th  s tag e  ad fo r th e  n o n -illu m in a ted  a n d  in  tw o d is tin g u ish ab le  stages 
ab a n d  cd fo r  illu m in a te d  sam ples. T h e  decrease in  log a in  th e  period  be is 
a sc rib ed  to  p h o to  effects. Such effects a re  m ore p ronounced  in  th e  ran g e  108
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Fig. 1. Time-dependence of the electronic conduction represented as a and log cr for Se doped 
with 4.26 at % S annealed under: (a) dark and (b) photo illumination for a variety of isotherms

to  126 °C w h en  th e  iso th e rm al tim e-d ep en d en ce  o f th e  e lectron ic  co n d u c tio n  
is re p re se n te d  as log at r a th e r  th a n  at. T ab le  I  sum m arizes th e  e ffe c t o f te m 
p e ra tu re  o n  tim e  an d  log a associa ted  w ith  th e  in d iv id u a l stages to g e th e r  w ith  
th e  to ta l  ch an g e  of log a due to  th e  c ry s ta lliz a tio n  o f SSe22 5 u n d e r  pho to  
illu m in ta io n . T h e  to ta l  tim e  o f c ry s ta lliz a tio n  show s a decrease w ith  increasing  
te m p e ra tu re  b u t  it  is longer for th e  sam ples annea led  u n d e r ph o to  illu m in a tio n .

Table I

Conductivity-temperature dependence of photo-illuminated SSe22 5 samples annealed at different
isotherms

Anneal- —log cr (Í2 cm )“ 1 Total change F irs t stage (ab) Second stage (cd)

tem p.,°C Initia l Final J  loger At, m in Л log <r1 A log о-, At,

98 9.69 6.60 3.09 285 One stage process
108 9.26 6.21 3.05 210 0.45 15 2.56 192
117 9.47 5.55 3.92 175 1.16 14 2.82 149
121 9.55 5.47 4.08 160 1.09 13 2.93 144
126 9.69 5.18 4.51 120 1.27 9 3.26 110
132 9.87 5.01 4.86 100 One stage process
144 9.80 5.34 4.46 53 One stage process

1

P la te  1 is a ty p ic a l re flec tio n  m ic ro g rap h  p a t te rn  (X 450) ta k e n  fo r 
SSe22 5  th in  film  iso th e rm a lly  an n ea led  a t  100 °C fo r  2 hrs w ith  2.13 eV inci
d e n t p h o to n s . T h is v a lu e  is g re a te r  th a n  th e  k n o w n  v alue  o f  d issocia tion  
en erg y  o f  S e— Se b o n d , 1.8 eV [14]— 1.9 eV [15]. P la te  2 is fo r an  iden tica l 
SSe22 5 f ilm  an n ea led  a t  100 °C in  th e  d a rk . T he p la te s  show  th a t  th e  g row th  
is fa s te r  in  th e  d a rk  an d  leads to  a m o re  o rdered  c rysta lline  n e tw o rk . T he 
ab so rb ed  q u a n ta  o f lig h t p roduce , how ever, an  increase  in  th e  n u m b e r o f 
d ispersed  cen tre s . A lso, th e  d ifference in  th e  g ra in  size due to  illu m in a tio n  is 
clear in  P la te s  1 an d  2.
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1

2

Plates 1 and 2: Typical micrograph patterns for Se doped with 4.26 at % S films annealed 
isothermally at 100 °C for 2 hrs in the presence (Plate 1) and absence (Plate 2) of photo

illumination

Changing th e  e n e rg y  of the  in c id e n t p ho tons in  th e  range o f 1.91 — 3.04 eV 
h as n o  significant e ffe c t on the n a tu re  an d  to ta l  d u ra tio n  of th e  tra n s fo rm a tio n  
p ro cess  in  the  s tu d ie d  te m p e ra tu re  ran g e .
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C rystallization  k inetics

To s tu d y  th e  k inetics of tra n s fo rm a tio n  th e  ex p erim en ta l d a ta  shou ld  
be  expressed  in  te rm s  o f th e  tra n sfo rm e d  f ra c tio n  a t  d ifferen t c ry s ta lliz a tio n  
tim es . In  th e  p re se n t w ork, X(t)  is e v a lu a te d  fo r  th e  S-doped Se sam ple b y  
u sin g  th e  re la tiv e  increase of th e  electric  c o n d u c tiv ity  d u rin g  th e  g row th . 
T h is, how ever, m a y  be realized  b y  considering  a pow er or lo g a rith m ic  co n d u c
t iv i ty  d ependence  accord ing  to  O d e l e v s k y  [16] and  L a n d a u e r  [17], r e 
spec tiv e ly .

F o r low  c ry s ta llite  vo lum es, a general p ow er fo rm ula  is w r it te n :

<fk =  6^1  -f- 0,O2,

w here  01 is th e  fra c tio n  left u n c ry s ta lliz ed  an d  02 is th e  co rrespond ing  c ry s ta l
lized  frac tio n . F o r  к =  1, th e  c o n d u c tiv ity  a t  a t im e  t is

(ft =  ®t<fa +  (1 — б,)сгс,

i.e . 0t(o) =  (oc — о,) (oc — oa). (1)

O n th e  o th e r h a n d , w hen  log a is considered  to  rep resen t th e  sen sitive  p a ra 
m e te r  ch a rac te riz in g  th e  c o n d u c tiv ity -c o n te n t dependence, an  em pirica l p o 
p u la r  fo rm ula  m a y  be w ritte n  as:

log a — 0l log ol +  в., log <x2,

i.e. 6,(log cr) =  (log oc — log or,)/(log oc — log oa). (2)

T h e  su b sc rip ts  a an d  c refer to  va lu es  a t  th e  b eg in ing  and  a t  end  o f  th e  process. 
T hese co rrespond  to  p o in ts  a an d  d on th e  cu rv es  o f Fig. 1.

T he e x te n t  o f  c ry s ta lliza tio n  X t as a fu n c tio n  of th e  an n ea lin g  tim e  is 
c o m p u te d  on th e  basis o f E q s. (1) an d  (2), a n d  F ig . 2 show s som e of th e se  
re su lts . T he c ry s ta lliz a tio n  cu rves a p p ea r to  sh if t tow ard  low er tim e  scales 
w ith  increasing  te m p e ra tu re  as one m ig h t e x p e c t from  th e  decrease  in  v isco 
s i ty  w ith  in c reasin g  te m p e ra tu re .

T he c ry s ta llliz a tio n  of o rgan ic  po ly m ers  h as  been describ ed  b y  th e  
A v r a m i [18] fo rm u la

X t =  1 — exp ( — K tn), (3)

w here К  is th e  te m p e ra tu re -d e p e n d e n t ra te  c o n s ta n t and  n is a p a ra m e te r  
d epend ing  on n u c léa tio n  an d  g ro w th  m ode [19]. .

To f i t  A v r a m i’s eq u a tio n , a p lo t o f In  [— ln (1 — X ,)]  versus In (t) 
m u s t y ield  a s tra ig h t line whose slope is n an d  w hose in te rcep t on  th e  o rd in a te
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a t  ln  (t) =  0 is ln  (К) .  F igs. 3 show j u s t  such  p lo ts  fo r  S S e22 5 u n d e r  th e  effect 
o f p h o to  illu m in a tio n . A t some te m p e ra tu re s , th e  p lo t tak es  on tw o  d is tin c t 
slopes d u rin g  th e  iso th e rm a l c ry s ta lliz a tio n  w hich, th e re fo re , can  be  described  
b y  tw o  d ifferen t v a lu e s  for b o th  n  a n d  К  in  th e  r a te  equation . A  change in 
th e  e x p o n e n t n in d ic a te s  a change in  g ro w th  m echan ism  during  c ry s ta lliz a tio n , 
a ph en o m en o n  q u ite  w ell know n fo r  p o ly m er sy s tem s in  w hich a seco n d ary  
c ry s ta lliz a tio n  occurs a f te r  the  p r im a ry  c ry s ta lliz a tio n  ev en t [20]. T h e  resu lts  
fo r n  a n d  К  c a lcu la ted  on th e  basis o f  th e  O d e l e v s k y  approach  ( Eq .  (1)) as 
w ell as th e  L a n d a u e r  approach  (E q . (2)) are su m m arized  in  T ab le  I I .

Fig. 2. Crystallinity percent vs annealing time for Se doped with 4.26 at % S derived from 
d.c. conductivity measurements: (a) and (b) under purely thermal effect, and (c) with photon 

effect (2.13 eV) on basis of: (a) a, and (b) and (c) log a. Here, Xt =  1 — 0(

T h e  k inetic  ca lcu la tio n s  on th e  b as is  of log a in d ic a te  th a t  th e  c ry s ta lliz a 
tio n  g ro w th  under p u re ly  th e rm al effec ts  proceeds b y  one process as c h a ra c te r 
ized b y  a single v a lu e  fo r  n or K.  T h e  v a lu e  of n decreases m o no ton ica lly  w ith  
te m p e ra tu re  in  th e  ra n g e  98 —132 °C, w hile  th e  c ry s ta lliz a tio n  ra te  c o n s ta n t 
К  in c reases  by  30%  w ith  tem p e ra tu re  fro m  98 to  132 °C. In  T ab le  I I ,  on  th e  
o th e r  h a n d , th e  v a lu es  o f  n e s tim a ted  on  basis  o f a show  th a t  th e  tra n s fo rm a -
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t io n  c learly  consists  o f  tw o  s tag es  a t  te m p e ra tu re s  above 120 °C w hich accoun t 
fo r  th e  presence o f  seco n d ary  c ry sta lliza tion . F o r  th e  f irs t  s tag e , w ith d u p  
to  0.6 — 0.7, n 1 >• 2 w hile fo r th e  seco n d «  2 ^  1 w hich  leads to  th e  conclusion 
th a t  in  th is  la t te r  s ta g e  c ry s ta lliz a tio n  is re s tr ic te d  to  one-d im ensional g row th , 
th e  d riv in g  force is c o n s ta n t, a n d  no new n ucle i are  fo rm ed . T h e  considerably  
h ig h e r values o f  K 2 th a n  K l in d ica te  th a t  th e  secondary  c ry sta lliza tio n  is 
a fa s te r  process. B u t ,  a t  a re la tiv e ly  high te m p e ra tu re  as 144 °C, n., ^>n1 an d  
K 2 <̂ . K 1 w hich m a y  be ascribed  to  th e  lim ita tio n  o f th e  a p p licab ility  of th e  
(7-crystallin ity  c o rre la tio n  (O d e l e v s k y  ap p ro ach ). W hile th e  k in e tic  calcu l
a tio n s  on th e  b as is  o f  log a  (L a n d a u e k  ap p ro ach ) in d ica te  t h a t  n x =  3.75 
a n d  « 2  =  1.26 a re  co n s is ten t w ith  th e  considered  m echan ism .

Table II

A v r a m i  constants calculated on basis of a and log a as conductivity-structure characterization 
functions for both illuminated and non-illuminated SSe22-6

Cryst.
tem p.,

Crystallization under photo illum ination

0  n  basis of cr On basis of log a

ni A , n2 A , ni A , nt A,

98 2.76 1.20 x l O - 11 1.12 7.55 XlO-5
108 2.24 1.05 x l O - 8 — — 1.27 8.30 XlO-5 1.52 5.25x10-°
117 2.70 1.30 x l O - 10 2.00 4.75 x lO -8 1.48 1.90 x lO -5 1.60 2.35x10-°
121 2.75 1.66 x l O - 10 1.9 1.54 X 10~7 0.92 7.30 x lO -4 1.68 1.60x10-°
124 3.20 5.05 x l O - 11 1.72 1.10x10-° 0.88 9.60 x lO -4 1.80 1.30x10-°
126 3.80 l . i o x i o - 11 0.98 1.75 XlO-3 0.86 1.45 x lO - 3 2.48 2.55x10-«
132 4.20 5.30 x l O - 13 1.04 6.30 x lO -4 1.24 1.60Х10-4 — —

144 1.56 3.60x10-° 4.10 5.00 x lO - 14 2.64 1.90 x lO -8 0.94 1.69 x lO -3

Cryst.
tem p.,

°C

Crystallization in the  dark

On basis of a On basis of log cr

" i A , пг A , ni A, n 2 A ,

98 3.20 1.45 x l O - 13 1.24 1.65 x lO -5
108 2.20 1 .0 5 x l0 - 8 — — 1.15 7.90 XlO-5 — —

117 1.50 6.35 X 10-° — — 1.14 1.25 XlO-4 — —

121 1.80 4.78 x l O - 7 — — 1.13 1.70 X 10~4 — —

124 2.40 1.50x10-« 1.14 1.25 x lO -4 1.12 2.10X10-4 — —

126 2.42 2.20x10-« 1.12 1.65 x lO -4 1.10 2.70 x lO -4 — —

132 2.48 3.50x10-« 1.16 2.35 x lO -4 1.08 5.28 x lO -4 — —

144 2.14 8.30x10-« 6.50 1.55 x lO - 21 3.75 1.00 xio-11 1.26 1.66 x lO -4
Subscripts 1 and 2 refer to the presence of primary and secondary modes.

E v id e n tly , th e re  is co rrespondence  betw een  th e  p re sen t k in e tic s  for 
SSe22 5 co m p u ted  on th e  basis o f  a a n d  th a t  o f Cr y s t a l  [2] fo r p u re  Se com 
p u te d  fro m  d en sito m étrie  d a ta . D o p in g  of S leads to  g en era tin g  th e  secondary  
c ry s ta lliz a tio n  a t  a te m p e ra tu re  a b o u t 124 °C in s te a d  o f a t  100 °C fo r Se 
[2, 21]. T h e  big d ifference be tw een  th e  ra te  c o n s ta n t К  for SSe22 s an d  th a t
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of Se id en tifies  th e  e ffec t o f  a d d itio n  o f  4.26 a t %  S in  in h ib itin g  th e  c ry s ta lli
z a tio n  process of Se.

T h e  photo effect o n  th e  k in e tic s  o f  SSe22 5 as o b ta in e d  on th e  basis of 
log a show s tw o A v r a m i exponen ts re fe rr in g  to  tw o g ro w th  stages defin ing  the  
c ry s ta lliz a tio n  process in  th e  ra n g e  108 —126 °C (F ig . 3b). T he observed  
k in k  b e tw een  th e  tw o  k in e tic  lines lies in  the  reg ion  o f  p ro n o u n ced  photo  
e ffec t a n d  corresponds to  0 ^  0.7. H ow ever, these  re su lts  for n x (T ab le  II) , 
re fe r  to  one-d im ensional n u c léa tio n  g ro w th  w hich seem s to  be u n rea lis tic .

A p a r t  from  th is , A v r a m i’s v a lu e s  o f  n 1 as re flec ted  b y  a changes (F ig . 3a), 
a re  2 .24  to  4.2 in  th e  range 98 — 132 °C and th o se  o f re2 fall in  th e  range 
1 — 2 w hich  confirm s th e  expec ted  one-d im ensional g ro w th  o f b in d in g  th e  
te rm in a ls  of the  fo rm ed  in d iv id u a l c ry s ta llite s  as th e y  com e close to  each  o ther. 
A seco n d a ry  c ry s ta lliz a tio n  has s ta r te d  a t  117 °C w h ich  rep re sen ts  a lower 
te m p e ra tu re  th a n  t h a t  in  d ark , 124 °C. M oreover, n u c léa tio n  of S S e22 5 observed 
in  th e  op tical m icroscope is d e fin ite ly  heterogeneous in  th e  en tire  te m p e ra tu re  
ra n g e  stud ied . H ete rogeneous n u c lé a tio n  has been  fo u n d  in  liq u id -c rysta lline  
tra n s fo rm a tio n  fo r p u re  Se an d  S -d o p ed  Se sam ples to o  [21].

H ow ever, th e  d ra m a tic  v a r ia t io n  of th e  k in e tic  p a ra m e te r  n m ay  be 
a t t r ib u te d  to  th e  co m p lex  n a tu re  o f  th e  c ry sta lliza tio n  o f m a te ria ls  o f Se-like 
s t ru c tu re  com pared  w ith  m ost p o ly m ers  and o th e r  m a te ria ls  f ir s t  described 
b y  A v r a m i th eo ry .

A  more d e ta iled  in v e s tig a tio n  of th e  effect o f  lig h t on th e  process of 
c ry s ta lliz a tio n  is u n d e r  w ay; th e  re su lts  will be p u b lish ed  in  th e  n e a r  fu tu re .
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The Debye —Waller factor temperature parameters at different temperatures for 
platinum and lead have been calculated by using a modified Sharma and Joshi model. The 
calculations were carried out according to previous results [1]. Comparison of theoretical 
results with available experimental data, as presented in the vibration spectrum dependent 
Debye — Waller factor temperature parameter (У) versus temperature diagrams, reveals rea
sonably satisfactory agreement.

I .  In tro d u c tio n

In  a p rev ious p a p e r  [1] we h av e  used th e  m odified  S h arm a  an d  Josh i 
m odel fo r th e  th e o re tic a l in v e s tig a tio n  of th e  te m p e ra tu re  d ependence  of 
D eb y e—W aller fa c to rs  of five FCC m eta ls: co p p er, silver, gold, n ickel and 
a lu m in iu m . The p u rp o se  of th e  p re se n t p ap er is to  re p o rt on s im ila r  studies 
carried  o u t w ith  FCC p la tin u m  a n d  lead . T heory  a n d  th e  m ethod  o f th e  calcul
a tio n  w ere described  in  [1], to  w h ich  th e  in te re s ted  re a d e r  is re fe rred  fo r details. 
In  th is  p ap e r, s im ila rly  to  p a ra g ra p h  IV  in [1], w e o n ly  w ish to  p re se n t and 
discuss re su lts  o b ta in e d  w ith  P t  a n d  P b . T he v a rio u s  co n stan ts  needed  in 
th e  ca lcu la tio n s are  lis te d  in  T ab le  I .

Table I

Constants and the parameters used in the calculation

Metal
Atomic 
m ass in 
a.m .u.

E lastic  constants 
(1011 dyn/cm*)

Ref.
Temp.*

<K)

L attice
p ara 
m eter
(A)

Phonon frequencies 
(THz)

Ref.
с1г c„ ■7,(100) vr (100) *Gi9

Platinum
Lead

195.09
207.19

34.67 25.07 
4.953 4.229

7.65
1.49

a
b

300
300

3.924
4.9504

5.789
1.910

3.750
0.955

5.650
2.212

C
d

‘ Temperature at which the elastic constants are measured.
a. R. E. Ma c fa r la n e , J. A. R a y n e  and C. K. J ones, Phys. Lett., 18, 91, 1965.
b. D. L. W ald orf  and G. A. Al e r s , J. Appl. Phys., 33, 3266, 1962.
c. R. Ohrlich  and W. D r e x e l , Inelastic Scattering of Neutrons in Solids and Liquids, 

Vol. 1, International Atomic Energy Agency, Vienna, 1968 p. 203.
d. R. Stedm a n , L. A lm qvist , G. N il s s o n  and G. R a u n io , Phys. Rev., 162, 545, 1967.
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IL Results and discussion

1. P la tin u m

A l e x o p o u l o s  e t  al [2] h av e  s tu d ie d  th e  te m p e ra tu re  d ep en d en ce  of 
th e  D e b y e  c h a ra c te ris tic  te m p e ra tu re  fo r  p la tin u m  b y  m easu ring  th e  te m p e ra 
tu re  v a r ia tio n  of th e  in te g ra te d  X - ra y  in te n s ity  o f th e  (331), (420), (422) and  
(531) reflections fro m  f la t  pow der sam p les  in th e  ra n g e  o f 100 — 700 °K . The 
v a lu e s  o f  th e  D ebye — W aller fa c to r  te m p e ra tu re  p a ra m e te r  У  o b ta in e d  from  
th e s e  au th o rs  to g e th e r  w ith  our c a lc u la te d  resu lts  a re  show n in  F ig . 1 w ith  
th e  reference  te m p e ra tu re  T 0 =  293 °K . The ag reem en t of th e  ca lcu la ted  
Y  v a lu e s  w ith e x p e rim e n t is sa tis fa c to ry .

Fig. 1. Variation of У for platinum. Solid line shows the present calculation. Experimental
p o in ts : +  A lexopoulos e t  al.
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2. Lead

T he te m p e ra tu re  d ependence  o f  th e  in te n s ity  o f th e  X -ra y  reflections 
from  lead  has b een  s tu d ied  b y  Ca r t z  [3], Ch ip m a n  a n d  P a s k in  [4], 
M o t h e r s o l e  an d  O w e n  [5], Ch ip m a n  [6 ], and A l e x o p o u l o s  e t  al [2 ]. Cartz  
h as o b ta in ed  th e  te m p e ra tu re  v a r ia t io n  o f th e  D ebye c h a ra c te ris tic  te m p e ra tu re  
fo r le ad  b y  m easu rin g  th e  in te n s i ty  o f th e  diffuse sc a tte rin g  o f  X -ra y s  from  
single c ry sta ls  a t  te m p e ra tu re s  ra n g in g  from  150 to  600 °K . H e also m ade 
co rrec tio n  for C om pton  sca tte rin g . C h ip m a n  n ad  P a s k in  carried  o u t  m easure
m e n ts  on lead  p o w d er a t  room  a n d  liq u id  n itrogen  te m p e ra tu re s . M o t h e r s o l e  
an d  O w e n  in v e s tig a te d  in  th e  te m p e ra tu re  range 2 9 3 —577 °K  on  fin e  grade

F i g . 2 . Variation of У for lead. Experimental points: о Ch ip m a n ; •  Mo t h e r s o l e  and
O w e n ; +  A l e x o p o u l o s  e t al.
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p o w d er specim ens. T h e  T able su m m aris in g  th e  re su lts  o f th e se  au th o rs  con
ta in s  th e  values o f  Y  a t  selected  te m p e ra tu re s . Ch ip m a n  o b ta in e d  th e  tem p e
r a tu r e  v a ria tio n  o f  th e  D ebye c h a ra c te ris tic  te m p e ra tu re  b y  m easuring  th e  
in te g ra te d  in te n s i ty  o f  a high ang le  X -ra y  d iffrac tio n  p e a k  be tw een  85—576 °K  
co rrec tin g  also fo r  th e  th e rm a l d iffuse  sca tte rin g  (TD S). A l e x o p o u l o s  e t al 
u se d  f la t  pow der sam ples in  th e  te m p e ra tu re  ra n g e  of 100— 500 °K  for th e  
re flec tions (331), (420), (422), (511)—(533), (531), (6 0 0 )- (4 4 2 ) . F o r th e  
p re se n t com p ariso n  th e  d a ta  o f  M o t h e r s o l e  a n d  O w e n , Ch ip m a n , and  
A l e x o p o u l o s  e t  a l were se lec ted . The resu lts  a re  p re sen ted  in  Fig. 2 w ith  
T 0 =  293 °K . T h e  th e o re tic a l re su lts  agree re a so n a b ly  well w ith  th e  experi
m e n ta l values.

The ac tu a l d iscrepancies b e tw e e n  th eo ry  a n d  ex p e rim en t could  be a t t r i 
b u te d  to  v a rio u s causes d iscussed  a lready  in  [1]. N evertheless one m ay con
c lu d e  th a t  o u r a t te m p t  to  ex p la in  th e  observed  te m p e ra tu re  v a ria tio n  of th e  
D e b y e —W aller fa c to rs  for p la t in u m  and  lead  on  th e  basis o f  th e  m odified 
S h a rm a  and  J o s h i  m odel a p p e a rs  to  be successful.
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The non-linear hydromagnetic waves for two-electron temperature plasma are shown 
to be governed by a Korteweg —de Vries—Burgers equation. Collisional effects have also 
been taken into account. Due to the magnetic field the amplitude of the solitary wave decreases 
while the width of the soliton and the speed of the shock wave increase.

1. Introduction

Follow ing th e  w ork  o f J o n e s  e t al [1] on tw o -e lec tron  te m p e ra tu re  
p lasm a , th e re  is a w ide range  o f in te re s t in  th e  s tu d y  o f such  p lasm as due to  
i ts  ap p lica tio n  in  m a n y  p h y sica l p rob lem s. G o s w a m i an d  B u t i [2] considered 
th e  io n  acoustic  so lita ry  w aves in  such  a p lasm a  w ith  one o f  th e  species o f th e  
e lec trons as cold a n d  o b ta in ed  th e  cond itio n  fo r th e  ex istence  o f so lita ry  w aves. 
S h u k l a  an d  T a g a r e  [3] in c lu d ed  th e  effects o f  collisions b y  considering  flu id  
eq u a tio n s w ith  io n  v isco sity  an d  ion  th e rm a l c o n d u c tiv ity . T h ey  h av e  show n 
th a t  shock-like s tru c tu re s  evolve w hen th e  te m p e ra tu re  d ifference betw een  
th e  tw o  co m p o n en ts  o f e lec trons is fa irly  large.

In  th e  p re se n t n o te  th e  effects o f u n ifo rm  m agnetic  fie ld  on non-linear 
h y d ro m ag n e tic  w av es in  tw o -e lec tro n  te m p e ra tu re  p lasm a  are  in v es tig a ted . 
T h e  m agnetic  f ie ld  is considered  in  th e  x —z p lan e  m ak in g  an  angle 0 w ith  
th e  a-axis. U sing th e  p e r tu rb a tio n  schem e g iven  b y  D a v id s o n  [4 ], a K ortew eg  
— de Vries — B u rg ers  e q u a tio n  govern ing  th e  h y d ro m ag n e tic  w aves is derived . 
B o th  collisional a n d  collisonless p lasm as are considered  a n d  so lita ry  w ave 
an d  shock  w ave so lu tio n s are  o b ta in ed .

2. Analysis

Follow ing S h u k l a  and  T a g a r e  [3], th e  govern ing  w ave eq u a tio n s  in 
th e  presence o f a m ag n e tic  fie ld  can  be w ritte n  as

~  +  (n ' uóc) =  °> (!)ot ox
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• eft

- M
0 E V
0X

A^RjiiUiy —  —

dx

n eh +  n el —  n i

d B ,

A 2R jn iujz

dx

Э By
dx

QE Z R  d B y
dx

Э E у  _
0 * -Я/

dt

dB ,
dz

(5)

( 6)

(7)

( 8) 

(9)

( 10)

( П )

( 12)

I n  E q s , ( l ) t o  (12), th e  io n  d en sity  n,, io n  flow  v e lo c ity  и,-, ion  te m p e ra tu re  T f, 
e lec tric  fie ld  E,  m ag n e tic  fie ld  В  a n d  v a riab le s  x and t are  th e  non-d im ensionalis- 
ed  w ith  resp ec t to  N 0, Csj, Tej-, T efjeL, B 0, L  an d  LjCSf  re sp ec tiv e ly , w here

Cs/ =
T.ef 11/2

T ' f  =
Teh T ei

N eh T el +  N el T eh

Rj =  — , A
<x>0

Jsf
V x

,  M  = '■Df

N 0 is to ta l  e lec tro n  d en sity , co0  c h a ra c te r is tic  freq u en cy , XD̂  D ebye  len g th , 
L  ch a rac te ris tic  scale len g th . S u b sc rip t i is used  fo r ions an d  th e  su b sc rip ts
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eh a n d  el are  u s e d  fo r h igh te m p e ra tu re  a n d  low  te m p e ra tu re  co m p o n en ts  o f  
iso th e rm a l e le c tro n s .

In tro d u c in g  th e  s tre tc h e d  v a riab le s  f  =  e1,2(x — Vp t) an d  r  =  e3̂21 
(e1/2 is a sm all p a ra m e te r  p ro p o rtio n a l to  th e  w ave n u m b er a n d  Vp is th e  non- 
d im ensional p h a se  velocity  o f  th e  w ave) a n d  assum ing E x, E z, B y, u iy, r}t 
a n d  kj to  be o f  th e  order o f e 1 / 2  a ll th e  d e p e n d e n t variab les a re  e x p an d ed  as 
series o f e a ro u n d  th e  un ifo rm  s ta te  as fo llow s:

S — go +  £Jg ° \
J - 1

(13)

w here  g s ta n d s  fo r  d ep en d en t v a riab le s  a n d  g 0 rep resen ts  th e  equ ilib riu m  
s ta te  so th a t

go =

1, N el, N eh for th e  d ensities o f  io n s, low  an d  h ig h -te m p e ra tu re  
e lec trons, re sp ec tiv e ly ;

0  for all co m p o n en ts  o f v e lo c ity  an d  e lec tric  fie ld ;
cos 0 , 0 , sin  6 for th e  th re e  co m p o n en ts  o f th e  m ag n e tic  fie ld ;
T m for th e  io n  te m p e ra tu re .

S u b s titu tin g  E q . (13) in  E q s . (1) to  (12) an d  eq u a tin g  th e  coefficients , 
o f  c, one has

Г Р = 1+ T r- + ^ '
1/2

(14)

T h e  p h ase  v e lo c ity  Vp in  E q . (14) is th e  sam e as th e  velocity  o f  p ro p ag a tio n  
o f h y d ro m ag n e tic  w aves w hich one  can o b ta in  fo r  th e  sam e p la sm a  sy stem  in  
th e  lin e a r  a p p ro x im a tio n .

E q u a tin g  th e  coefficients o f  e2  in  E q s . (1) to  (12) an d  e lim in a tin g  th e  
second  o rd er d e p e n d e n t va riab les , a  K o rte w e g — de V ries—B u rg ers  eq u a tio n  
is o b ta in e d  fo r as given below :

9

dr
+

2 V,p l
(3

407’,o , 2  sin-
A ) + - ^  +

2 6

A 2

T ( i )

~ d f

+
2  Vp

M+ sin 2  0

Vo
+

L t
K o 1  i o y  P

1 -
cos 2  0 9 3n<jV
A*V% j

а2п \1')

9J 3

9 1 2

0 .

H ere  A  =  [Neh T~h2 +  N el T~2} Т 2ф  Vi =  e1 / 2  % , k t =  г ^ 2  k0.

(15)

In  E q . (15), th e  coeffic ien t of th i r d  te rm  describes th e  effect o f d ispersion .
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F o r fu r th e r  d iscussion , E q . (15) is w r it te n  as

9 f  ,  0 f  „ д ч  ъ ч
P ï 1 —  +  f —  +  ßi  —  ~  Pi — =  0

0T d e  d e 3 0e2
(16)

w hich  resem bles th e  K o rtew eg —de Y ries— B urgers eq u a tio n  o b ta in e d  b y  
S h u k l a  and  T a g a r e  [3 ]. B u t here

an d

P i = (3 -  A) +

M

40 Г,, 
9

; n 2  Q

ßi =

s in

A * R ?

2  sin 2  0

A 2

cos2  0

2 V  „

A W 2

( 3 _ Л ) + ^ ! 1 +  2 s i n 2 0

A 2

u i =  —
-Pi

Vo , feo Г,-о Kp"2 
3 9

F o r  s ta t io n a ry  so lu tio n . E q . (16) y ields

d * 2  dy 2

U
/ = 0 , (17)

w here |  — t/т  a n d  I /  =  vJC sj.
T h e so lita ry  w ave so lu tion  o f E q . (17) in  th e  lim it 0 w ill be

/ =  3 U
1

Pi
sech 2

U

LI 4 Р Л

1/2

( Í  -  U r ) (18)

In  th e  f in ite  lim it o f (ijß i,  E q . (17) describes a shock w ave [5] an d  th e  
effective p o te n tia l  w ell is given b y

f 3 U
V ( f ) = J- --------- — f 2.

6  2 Р /

T he speed o f  th e  shock  w ave in  th e  re s t  fram e is

PJL'o — C „ 1  +  ■

w here f  =  / ( — «>) — Д оо) an d  /(o o )  =  0 .

(19)

(2 0 )
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Follow ing  th e  m eth o d  o f K arpm an  [5], one  can show  t h a t  E q . (17) h as  
a m onoton ie  sh o ck  w ave so lu tio n  w hen fil >■ ц 1сг a n d  an o sc illa to ry  shock w ave 
so lu tion  w hen  <[ ц 1сг w here

Pier =  W ) 1'2. (21)

I f  Pi<  jtilcr, then the stationary solution is given by

f  —  f  - \- co n st, exp ( 22)

3. Numerical calculations and conclusions

E q. (18) show s th a t  due  to  th e  presence o f  m agnetic  fie ld  an d  th e  ion  
te m p e ra tu re , th e  ran g e  o f  A fo r  w hich  th e  s o lita ry  w ave ex is ts  is increased.

5Ti0 2 sin 2  0
T h e  so lita ry  w av e  ex ists  fo r A < 3 + ~ r L -1 A 2

B u t an  add itio n a l

co n d itio n  m u st b e  sa tisfied , i.e.

sin 2  0  cos 2  0  j
(23)

F ig . 1. V a ria tio n  o f th e  a m p litu d e  o f the  so lita ry  w ave  w.r. to  ang le  0
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Fig. 2. Variation of width of the solitary wave w.r. to angle 0

Fig. 3. Variation of the velocity of the shock wave w.r. to angle 0
A'cla Physica Academiae Scientiarum Hungaricae 46, 1979
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com pared  to  th e  ob v io u s cond ition  M  ]>  0 in  th e  absence  of ap p lied  m agnetic  
field. Som e sam ple  ca lcu la tio n s h av e  b een  m ade to  show  th e  effect o f m agnetic  
field  ex p lic itly  on  th e  a m p litu d e  an d  w id th  o f th e  so litons an d  th e  speed  of 
th e  shock  w ave fo r a  p la sm a  w ith  th e  follow ing p a ra m e te rs :

T t =  104  °K , N 0 =  102 4  L  =  0.1 m,

T a =  2 X Ю 3  °K , N el =  N eh =  0.5 X 102 4  m - 3, U =  / =  1,

T eh =  3 X 105  °K , В  =  2 to  10 T esla, ri0 =  k 0 — 1.

The a m p litu d e  an d  th e  w id th  o f th e  so lita ry  w ave a re  p lo tte d  in  F igs. 1 and  
2  for v a rio u s  v alues o f  th e  m ag n itu d e  a n d  d irec tio n  o f  th e  m ag n e tic  field. 
The a m p litu d e  o f th e  so lita ry  w ave decreases w h ereas  i ts  w id th  increases as 
th e  m a g n itu d e  o f th e  m ag n e tic  fie ld  increases. T h e  effect of th e  m agnetic  
fie ld  is s tro n g e s t fo r  p e rp en d icu la r p ro p a g a tio n  w here  i t  ten d s  to  f la t te n  th e  
soliton. F ig . 3 gives th e  sp eed  o f th e  sh o ck  w ave an d  i t  is seen th a t  i t  increases 
w ith  th e  m ag n e tic  fie ld .
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SIMILARITY SOLUTIONS FOR PLANE RELATIVISTIC 
FLOW IN A HOMOGENEOUS MEDIUM

By

G . D e b  R a y

D EPARTM ENT O F MATHEMATICS, ST. X A V IER ’S COLLEGE, CALCUTTA-16, IN D IA

(Received 27. XII. 1978)

Similarity solutions in closed forms for propagation of plane shock waves in a relati
vistic gas of uniform number density are obtained. The shock moves with constant speed.

Introduction

S im ila rity  so lu tions fo r  one-d im ensional flow  o f a re la tiv is tic  flu id  
h ead ed  b y  a shock  f ro n t in  a cold gas are  s tu d ied  b y  E l t g r o t h  [2 ], b y  assum 
ing th e  v e lo c ity  o f th e  f lu id  as th e  s im ila rity  v a riab le .

In  th e  p re sen t p a p e r  s im ila rity  so lu tions in  closed form s are  ob ta ined  
w hen  th e  p lane  shock  f ro n t  m oves th ro u g h  a hom ogeneous m ed iu m  o f uniform  
n uc leon  n u m b e r d e n s ity .

T h e  orig in  of th e  (x , t) in e rtia l co -o rd in a te  fram e  is ta k e n  a t  a plane 
w here  an  in itia l d is tu rb a n c e  is given.

W e fin d  th a t  su ch  a  flow  fo r th e  s im ila rity  p a ra m e te r  |  =  x atb, a and  b 
being  su itab le  c o n s ta n ts , ex is ts  o n ly  w hen  th e  shock  m oves w ith  a co n stan t 
v e lo c ity . T he so lu tions g iven  in  th is  p a p e r  are  app licab le  o n ly  to  a m edium  
o f u n ifo rm  p ressu re  o r  a cold  gas.

Equations o f  m otion and boundary conditions

3 \p  +  (PE
1 8

' ß(p  +  E)
Эх J 1  — ß2 \ 3 ct

1 - 0 *
=  0 ,

Э \ ß (p  +  E)
dx [ 1  -  ß2

3 Г 7iß
дх I  V Î T

3
3 et

E +  (Pp
l - ( P

0 ,

ß2
+

3cf П  - ß *
о,

( 1 )

( 2) 

(3)

w here p  is th e  p ressu re  a n d  E  th e  p ro p e r energy  d e n s ity , b o th  m easu red  in 
th e  re s t fram e  o f th e  f lu id ; cß is th e  f lu id  v e loc ity  in  th e  (a, t) in e r tia l  fram e, 
c be ing  th e  speed  o f lig h t a n d  n is th e  nucleon  n u m b e r d en sity .
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T h e  shock c o n d itio n s  are

Гр +  ßPE d X ' ß(p +  E)  '

L i - / * *  J det 1  -  ß2

~ ß(P +  E)  - 
1  -  ß2

d X  E  +  ßtp 
dct 1  -  ß2 ]

nß
( 1  -  ß2У>2

d X  Г n_____‘

del ( 1  -  ß2)1'2

(4)

(5)

(6)

H ere  [ ] signifies th e  d isc o n tin u ity  sig n  and  dX/d t  is th e  ve lo c ity  o f  th e  shock,
X  b e in g  th e  d is tan ce  o f  th e  shock p la n e  from  th e  orig in .

T h e  nucleon d e n s ity  of th e  p re -sh o ck  stage is g iven  by

n0 — c o n s tan t. (7)

Solutions o f  th e  equations

W e n ex t in tro d u c e  th e  fo llow ing  sim ilarity  tra n s fo rm a tio n s  as done b y  
Co u r a n t  and F r ie d r ic h s  [1] fo r  n o n -re la tiv is tic  m o tio n s of gases:

c ß = - U(Í),
t

p  =  x k+2tK~2P{£),

E  =  x k+2 tk~2Z (i) ,  

n =  x k tk Q(£),
w h e re

£ =  x atb.

H ere A, k, a a n d  b are c o n s ta n ts  to  be d e te rm in e d  fro m  th e  p rob lem . 
B y  th e ir  d ir e c t  su b s titu tio n s  in  E qs. (1) — (3) an d  b o u n d a ry  cond itions

(4) — (6 ), we find  t h a t  these  form s a re  com patib le  o n ly  w hen  we choose a/b =  — 1 
a n d  Я -j- к — 0. W ith o u t an y  loss w e tak e  a — 1 an d  b =  — 1, Я =  0 an d  
к — 0 .

F o r our su b se q u e n t w ork w e choose th e  s im ila r ity  p a ra m e te r  in  d im en
sion less form  as
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A t th e  shock  fro n t 7 7 =  r,0 a n d  is ta k e n  as c o n s ta n t. So,

_ x _ _ v _
ct c

(9)

V  be ing  th e  c o n s ta n t v e loc ity  o f th e  shock  fro n t.
T he b o u n d a ry  cond itions a t  th e  shock  fro n t m a y  be re -w r itte n  as

( 10)

( И )  

( 12)

w here  N  =  E 0/p 0and  th e  su b sc rip ts  1  a n d  0 s ta n d  resp ec tiv e ly  fo r  q u an titie s  
ju s t  b eh in d  th e  shock  an d  ju s t  in  f ro n t of i t .

W e fin d  th a t  u n like  its  n o n -re la tiv is tic  analogue, th e re  are tw o  c h a rac te ris 
tic  p a ra m e te rs , in s te a d  of one, n am e ly , rj0 =  V/c a n d  N ,  d ep en d in g  on th e  
eq u a tio n  o f s ta te  o f m a t te r  in  its  p re -sh o ck  cond ition .

In  th e  reg ion  b eh in d  th e  shock  p lan e  we ta k e  th e  e q u a tio n  o f  s ta te ,

Pi  =  ßiVoN  +  1   ̂

Po 1  ßiVo 

E i  ^  VqN  +  ßi 
E o N(r)  0 ßj)

n 1  „ ( l - ß l ) 112
— ve - -  5

« 0  Vo — Pl

E q s. (1) — (3) are  now  tra n s fo rm e d  as

d Г E{ 1/3 +  p )  1 d ' 4/3 ßE
dr] 1  — /32 dr] L i - H

d Г 4/3 ß E  I „  d ГЕ(1 +  ß*l 3)1
dr] [ l  - A dr, 1  -  ß2

d Г nß 1 d n
dr. L V 1  — H ^  dr. l V i - p \

(13)

(14)

(15)

(16)

C o m b in in g  (1) a n d  (2) w e a lso  f in d  as  E l t g r o t h  [2]

1 d E  4  1 dß
E  dr) ~~ ±  УЗ " (1 -  ß2) dr] '

E q s . (1) a n d  (2) a re  n e x t  r e - a r r a n g e d  as

_1-_ d E _ _ d ß _  4 ((Pr) +  V — 2ß)
E  dr, ~~ dr] ' (1 -  ß*) ’ (1 +  3/S2  -  Щ )

(17)

(18)
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an d
1 d E  dß_ ____4   (2ßr) -  1 -  ß2)
E  dr] d»j ' (1 — ß2) (4,ß -  Ъг] — r]ßI*) ’

C om paring (18) a n d  (19) w ith  (17) w hen dß/drj ^  0, we g e t,

+  r] — 2ß _  2ßrj — 1  — ß2 ^  t 
1 +  3/Ï* -  Щ  4 ß - 3 r j - r i ß 2

w h ere

I 1 1l  =  —=  О Г ----- =r .
У8  У 3

T he tr ia l l == yields as a  so lu tion

0 f 3 4 - l

' " I T T
a n d  l =  — ÿ = - , re p re se n ts  th e  so lu tio n

.  Í 3 í? +  1  

Í 3 +  Г]

(19)

( 20)

( 21)

( 22)

Case I

W e n ex t in v e s tig a te  th e  ex is ten ce  o f so lu tio n s  fo r th e  case N  =  3, 
w h ich  is a p p ro p r ia te  fo r an  u ltra -re la tiv is tic  in it ia l  s ta te .

F o r th e  cho ice  n 0 =  co n st. (E q . (7)), we eas ily  fin d  from  th e  shock co n 
d itio n s  th a t  in  th is  case b o th  E 0 a n d  p 0 are c o n s ta n ts .

Eqs. (10) a n d  (11) now  g ive

ß i  =  ~ — - ,  ° < % < !  an d  \ ß h £ l .  (23)
2 %

1

Besides, th e  so lu tion  (21) is  co nsisten t w ith  (23) on ly  w hen  r]0 =

1

a n d  r]0 =  1. B o th  th e se  va lu es  o f  r]0 are n o t  te n a b le , as r]0 =  y = r in th is  case

im p lies th e  sh o ck  speed  as e q u iv a le n t to  th e  sp eed  of sou n d  an d  r]0 =  1 , th e  
sh o ck  speed a t ta in in g  th e  p h o to n ic  speed. T h e  so lu tio n  (22) is also in co n sis ten t 
w ith  the  re q u ire m e n t (23).

So, for th e  m ed ium  co n sid e red  here, we sh o u ld  ta k e  th e  o th e r  a lte rn a tiv e  
in  E qs. (18) a n d  (19), n am ely , dßldrj =  0
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H ence,

and

w hich  are all c o n s tan ts .

IICQ. (24)

E  — (25)

Tl — np (26)

Case I I

N ex t w e seek so lu tions for th e  o th e r  p o ss ib ility  p 0 =  0, a p p ro p ria te  fo r 
a cold gas. T h e  m odified  shock  cond itions y ie ld

a _  2Vo ±  Y Wo — 3
P i —  о (27)

У з  1S olu tion  (21) is co n sis ten t w ith  (27), on ly  w h en  rj0 =  1— and  8 0 ^ = -y=.
2  ('S

B esides, i t  is fo u n d  th a t  so lu tion  (22) is u n fav o u rab le  an d  ex tran eo u s.
F o r th e  v a lu e  o f  ß  as g iven b y  (21), an d  from  (18) an d  (16), respective ly , 

we fin d  th a t

1  +  r?
1  -  Г)

+  2 log (2 -

lo g —  =
n, 2

V'3 l o g ^ ^ - + 2  1 o g  ( 2  - У З )

(28)

(29)

In  th is  case if  th e  gas is pushed  in s ta n ta n e o u s ly  an d  th e reb y  se t in to  
m otion , th e re  is a possib le backflow  as c learly  in d ic a te d  b y  o u r so lu tions. A s 
rj —► —1, b o th  th e  energy  d en sity  and  n u m b e r d e n s ity  te n d  to  zero, th e re b y  
show ing th a t  a  p o rtio n  of m a tte r  m oves b ack w ard  a n d  th e  edge of v acu u m  
is a t  r\ =  —1. A t th is  b o u n d a ry  we fin d  th a t  th e  re la tiv is tic  m a te ria l m oves 
w ith  th e  speed  o f  lig h t in to  th e  vacuous region.
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EXCITATION PROCESSES IN A HOLLOW-CATHODE
H e-Zn DISCHARGE*

By

E . L őrincz, P . R ic h t e r  and I .  P éczeli

D EPA RTM EN T O F  ATOMIC PH Y SIC S, TECHN ICA L U N IV ER SITY , 1521 BU DA PEST

(Received 30. I. 1979)

Spectroscopic and electronic parameters of a hollow-cathode discharge in the mixture 
of He and Zn vapour were measured. The excitation processes important for the operation 
of metal vapour lasers are discussed under different conditions of the discharge.

1. In tro d u c tio n

R esearch  h as  b e e n  carried o u t  fo r a long  tim e  on noble  gas — m e ta l 
v a p o u r  lasers. CW  opera tio n  a n d  e x c ita tio n  m echan ism s of a He,1— Z n io n  
laser as a fu n c tio n  o f  d ifferent p a ra m e te rs  (c u rre n t an d  p ressu re  d ependence  
o f th e  o u tp u t  pow er) are  described  in  [1]. P ossib le  ex c ita tio n s  o f Zn I I  levels 
were ex am in ed  u s in g  flow ing a fte rg lo w  te c h n iq u e  in  [2, 3] an d  [4].

In  th e  p re se n t experim en ts th e  e x c ita tio n  processes o f th e  H e — Zn 
sy s tem  w ere e x a m in e d  in  a h o llow  ca th o d e  d ischarge  tu b e  b y  m easu rin g  
spec tro scop ic  (sp o n tan eo u s  line in te n s itie s )  an d  e lectron ic  (d ischarge c u r re n t 
an d  vo ltage) p a ra m e te rs . The re s u lts  give in fo rm a tio n  on  th e  processes in  th e  
hollow  ca th o d e  d isch arg e  and th e  e x c ita tio n  o f th e  4912 Â Zn I I  la se r line .

2. E x p erim en ta l details

T h e  geo m etry  o f  th e  hollow  c a th o d e  d ischarge  tu b e  used  in  th e  e x p e r i
m en ts  is show n in  F ig . 1. T he re q u ire d  Z n c o n c e n tra tio n  in  th e  tu b e  w as 
m a in ta in e d  by  tw o  o v en s a t eq u a l te m p e ra tu re s . T h e  d ischarge  tu b e  w as e v a 
c u a te d  b y  a sm all v a c u u m  system  t h a t  consisted  o f a m echan ical an d  an  oil 
d iffusion  p u m p  a n d  cou ld  he f ille d  b y  h igh  p u r i ty  (> 9 9 .9 9 9 % ) H e gas. T h e  
tu b e  w as excited  b y  half-w ave re c tif ie d  c u rre n t. T he lig h t from  th e  d ischarge  
w as im ag ed  to  th e  e n tra n c e  slit o f  a  Zeiss PG S-2 2 m  sp ec tro g rap h , u sed  as a 
m o n o ch ro m ato r. T h e  line in te n s itie s  selected  w ere m easu red  b y  a p h o to -

* The present work has been carried out under a contract with the Central Research 
Institute for Physies of the Hungarian Academy of Sciences.
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Fig. 1. The hollow cathode discharge tube 1. pyrex tube, 2. end window, 3. connection to the 
vacuum system, 4. cathode, 5. anode, 6. Zn metal, 7. ovens

m u ltip lie r IP 2 8 . T he o u tp u t  o f th e  m u ltip lie r  or th e  d ischarge v o ltag e  was 
m easu red  w ith  an  oscilloscope as a fu n c tio n  o f d ischarge c u rre n t using  th e  
h o riz o n ta l in p u t  o f th e  oscilloscope fo r th e  la t te r .

3. Experim ental results

V aria tio n  o f th e  d ischarge  v o ltag e  w ith  th e  p ressu re  is show n in  F ig . 2 
a t  T  — 20 °C fo r th re e  v a lu es  o f c u rre n t. I n  o rd e r to  be  able to  in te rp re t  th ese  
cu rves th e  line in te n s ity  o f  H e I I  a t  4685 Â  w as m easu red  u n d e r th e  sam e 
co n d itio n s (F ig . 3). A bove 6  to r r  a close co rre la tio n  can  be observed  b e tw een  
th e  tw o  se ts  o f cu rves.

Fig. 2. The variation of discharge voltage with He pressure for different currents 
a. I  =  126 mA; b. /  =  252 mA; c. I  =  378 mA
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Fig. 3. The intensity of the 4685 Â He II line as a function of the pressure at T — 20 °C 
a. I  — 126 mA; b. I  — 252 mA; c. I  =  378 mA

Fig. 4. The dependence of the discharge voltage on He pressure at constant current 
(T =  378 mA) for different oven temperatures (Zn concentration) 

a. T  =  20 °C; b. T  =  440 °C; c. T  =  500 °C

N ext th e  v o ltag e  d ep en d en ce  on th e  p ressu re  w as m easu red  fo r d ifferen t 
Zn co n cen tra tio n s  t h a t  w ere se t b y  keeping  th e  te m p e ra tu re s  o f  th e  tw o ovens 
a t  de te rm in ed  a n d  eq u a l v a lu es . F ig . 4. show s t h a t  a low Z n co n cen tra tio n  
( th e  m elting  p o in t o f  Z i  is 419 .6  °C) changes th e  orig inal cu rv e  sign ifican tly  
a n d  increasing  Z n co n c e n tra tio n  ra ises th e  d ischarge  vo ltag e . F ig . 5 shows th e
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Fig. 5. The intensity of the 4912 Â Zn line as a function of He pressure at constant current 
( I  =  378 mA) at different oven temperatures i.e. Zn concentrations a. T  =  440 °C,

b. T =  500 °C

v a r ia t io n  of th e  sp o n tan eo u s  lig h t in te n s i ty  of th e  4912 Â  Zn I I  lase r line  w ith  
H e  p ressu re  fo r tw o  d iffe ren t Zn co n cen tra tio n s . A t 440 °C th e re  is a  sharp  
H e  p ressu re  d ependence  w hile a t  a  h ig h e r te m p e ra tu re  th e  cu rve  b ro ad en s.

I n  F ig . 6  (a, b , c) th e  d ischarge  v o ltag e  (a) sp o n tan eo u s  line in te n s i ty  of 
Z n  I I  a t  4912 Â (b), an d  sp o n tan eo u s  line in te n s ity  o f Zn I  a t  4810 Â  (c) are 
p lo t te d  as a fu n c tio n  o f te m p e ra tu re  i.e. Zn c o n cen tra tio n  a t  c o n s ta n t He 
p re ssu re . I t  can  be seen th a t  w hile th e  d ischarge v o ltag e  an d  th e  in te n s i ty  of 
th e  a to m ic  line increases m o n o to n o u sly  w ith  rising  Zn co n c e n tra tio n  th e  ion 
lin e  s a tu ra te s  w o u n d  500 °C.

4. D iscussion

T he p ressu re  dependence o f  th e  in te n s ity  o f th e  4685 Â  sp e c tra l line of 
H e  I I  (F ig . 3) ju s tif ie s  th e  fa c t t h a t  th e  increase o f d ischarge v o lta g e  w ith  
p re ssu re  above th e  m in im um  a t  6  t o r r  (F ig . 2) is cau sed  b y  th e  in crease  o f He 
io n iz a tio n  ra te . T he ion iza tio n  p o te n tia l  o f H e is v e ry  la rg e  (a b o u t 25 eV) th a t  
m ean s  sign ifican t e lec tro n  energy  is lo s t  in  th e  course o f  an  e le m e n ta ry  ion iza
t io n  process, th u s  in  o rder to  m a in ta in  th e  c o n s ta n t c u rre n t la rg e r  vo ltage  
is  req u ired . T h e  d ro p  of th e  d isch a rg e  vo ltage  a t  h ig h  p ressu re  is p ro b ab ly  
in  connec tion  w ith  th e  fac t t h a t  th e  c u rren t is p a r t ly  d isp laced  from  the 
ho llow  in to  th e  gap  betw een  th e  an o d e  an d  th e  ca th o d e  in  ra te  th is  p ressure 
reg io n . I t  w as n o t  possible to  m easu re  H e io n iza tio n  ra te  in  th e  presence  of 
Z n  because th e  u p p e r  level fo r th e  4685 Â  H e I I  line is o f v e ry  h ig h  energy 
(a b o u t 51 eV) a n d  th e re fo re  th is  lev e l is n o t p o p u la te d  in  th e  p resen ce  of a
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Fig. 6. The discharge voltage (6a), the intensity of the 
4912 Â Zn II line (6b), and the intensity of the 4810 Â 
Zn I line (6c) as a function of oven temperatures, i.e. 
Zn concentration. He pressure =  10 torr, current I: 126 mA, 

II: 252 mA, III: 378 mA
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c o m p o n e n t w ith  low  ion iza tion  p o te n tia l .  No tra n s it io n  in  th e  v isib le  s ta r ts  
fro m  a low er energy  lev e l of He I I .  S till th e  H e ion  co n cen tra tio n  cou ld  be de
d u ced  in d irec tly  f ro m  F igs. 4 an d  5. A t a low  co n c e n tra tio n  o f Zn (T  =  440 °C) 
th e  in te n s ity  of th e  4912 Â Zn I I  line  is m ax im u m  a t ab o u t 10 to r r  o f  H e and  
show s a strong  d ep en d en ce  on H e p ressu re . T his o b se rv a tio n  su p p o rts  th e  
a ssu m p tio n  th a t  in  th e  selective e x c ita tio n  o f th e  4:PF Zn I I  level th e  charge 
tr a n s f e r  (D uffendach) collisions

H e+ +  Z n — H e +  Zn+*

p la y  a n  im p o rta n t ro le . T he d e ta iled  m echan ism  o f th e  e x c ita tio n  is described  
in  [3]. T h is m eans t h a t  th e  io n iza tio n  o f  He is s till s ign ifican t a t  th is  te m p e 
r a tu re .  A t T  =  500 °C th e  He p re ssu re  d ep en d en t selective e x c ita tio n  of th e  
4912 Â  Zn I I  line w ashes ou t an d  a t  th e  sam e tim e  a sign ifican t increase in  
d isch arg e  vo ltage  c a n  be observed  (F igs. 5 and  6 /a). In  o rd e r to  in te rp re t 
th is  e ffec t one h as  to  consider th e  p ro p e rtie s  o f th e  hollow  ca th o d e  d ischarge. 
N eg lec tin g  th e  e ffec t o f e lectrons p ro d u ced  b y  ph o to e ffec t th e  c u rre n t 
d e n s ity  is [5]

/ =  j c (  1 +  v) =  eN+v+( 1 +  y),

w h e re  j * is th e  ion  c u rre n t d en sity  on  th e  ca th o d e , y s ta n d s  fo r th e  secondary  
e le c tro n  em ission, N </~ an d  are th e  io n  d en sity  an d  ion  m o b ility , respective ly .

T h e  increase o f  discharge v o lta g e  m ay  be caused  b y  th e  fa c t th a t  due 
to  th e i r  lower io n iza tio n  p o ten tia l th e  Zn + ions ta k e  over th e  m a in  role in  th e  
io n  c u rre n t g rad u a lly . In  o rder to  re a c h  th e  ca th o d e  to  p roduce  secondary  elec
t r o n  em issions t h a t  is necessary  fo r  th e  stab le  d ischarge, th e  Z n + ions can  
ach iev e  th e  energy  n ecessary  on ly  a t  a  h igher v o ltag e  due to  th e ir  la rg e r m asses. 
T h e re fo re  in th is  reg io n  m ost p ro b a b ly  d irec t e lec tron  collisions p la y  th e  m ost 
im p o r ta n t  role in  th e  ex c ita tio n  o f  th e  4912 A Zn I I  line because o f th e  decreased 
H e  + io n  co n cen tra tio n . In  th is  w a y  th e  selective e x c ita tio n  to  th e  u p p e r  lase r 
leve l is spoiled, t h a t  m ay  be th e  re a so n  w hy  th e  o p tim u m  Z n c o n cen tra tio n  
in  H e  — Zn lasers c a n  be reach ed  a t  a te m p e ra tu re  m uch  below  500 °C [1, 6 ]. 
U n fo rtu n a te ly  no  d ire c t m easu rem en t could  be ca rried  o u t concern ing  th e  
p o p u la tio n  of th e  lo w er level b ecau se  th e re  is no tr a n s it io n  in  th e  v isib le  range  
o rig in a tin g  from  i t .

T he increase in  Zn c o n c e n tra tio n , as has been  p o in te d  o u t  above, leads 
to  a rise of th e  d ischarge  v o ltag e  (F ig . 6 /a). C om paring  F igs. 6 a and  6 c it  
tu r n s  o u t th a t  w hile  th e  Zn c o n c e n tra tio n  increases u n ifo rm ly  th e  vo ltage  
s ta r t s  to  rise s ig n if ican tly  on ly  a ro u n d  450 °C. T his show s t h a t  u n d e r th is  
te m p e ra tu re  th e  H e  + dom inates in  th e  ion  c u rre n t w hile Zn + ta k e s  over above 
i t .  T h e  sp o n tan eo u s in te n s ity  o f th e  4912 Â Zn I I  laser line increases in  th e

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



EXCITATION PROCESSES 51

te m p e ra tu re  ran g e  400—450 °C (ran g e  o f  se lective ex c ita tio n ) m ore  th a n  above 
i t  a n d  is s a tu ra te d  around  500 °C. T h e  c o n s ta n t c u rre n t an d  p ressu re  lim its 
th e  io n iza tion  in  sp ite  of th e  in c rea s in g  Zn c o n cen tra tio n .

5 . Conclusion

I t  was sh o w n  th a t  in  th e  H e —Zn hollow  ca th o d e  d ischarge  v a ria tio n  o f 
H e an d  Zn co n cen tra tio n s  leads to  changes in  th e  d ischarge p a ra m e te rs  th ro u g h  
ch an g in g  th e  io n iza tio n  processes in  th e  d ischarge . T hese h av e  im p o r ta n t 
effec ts  on  th e  e x c ita tio n  of th e  4912 Â Zn I I  la se r tra n s itio n , n am e ly  a t  low 
Z n  co n c e n tra tio n  th e  selective e x c ita tio n  to  th e  u p p e r  level o f th is  line d om ina te  
th ro u g h  re so n a n t charge t r a n s f e r  collisions w ith  H e +, w hile a t  h igher Zn 
c o n c e n tra tio n  d ire c t e lec tron  e x c ita tio n  ta k e s  over and  th e  se lec tiv ity  
d isap p ears .

F u r th e r  m easu rem en ts  w ill be carried  o u t in  th e  case w hen  th e  Zn is 
in tro d u c e d  in  th e  fo rm  of a v o la tile  m olecule to  th e  sam e d ischarge . In  th is  
case th e  suffic ien t Zn c o n c e n tra tio n  can  be reach ed  a t  a low er te m p e ra tu re  
a n d  a t  th e  sam e tim e  th e  p re sen ce  o f th e  e lec tro n eg ativ e  co m p o n en t m ay 
cau se  changes in  th e  d ischarge.
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Ine lastic  E lec tron  T unneling  Spectroscopy

Proceedings of the International Conference and Symposium on Electron Tunneling, 
University of Missouri —Columbia, USA, May 25—27, 1977.

Springer Verlag, Berlin—Heidelberg—New York, 1978.

During the last decades several new material-testing methods have appeared and became 
generally accepted. A greater part of them is concerned with the investigation of solid surfaces. 
Let us mention the different electron and ion-irradiating methods (EMP, IMXA), secondary 
ion mass-spectrometry (SIMS) or the varieties of charged particles activation analysis with 
nuclear accelerators.

These methods include a separate but substantial group, formed by the different 
types of electron spectroscopies, by the help of which the spectra of electrons produced by 
different methods from the surface of solids are investigated, producing qualitative or quanti
tative or trace- and structure-analytical information. In this respect X-ray and ultra-violet 
induced photo-electron spectroscopy (XPS alias ESCA and UPS), Auger electron spectros
copy (AES) as well as ion-induced electron spectroscopy (INS) or characteristic energy-loss 
electron spectroscopy (ELS) should he mentioned.

In spite of its name inelastic electron tunneling spectroscopy (IETS) does not belong 
to the latter group in the strict sense. Under certain circumstances electrons may penetrate 
the insulating layer between two metal surfaces (mostly aluminium oxide on Al-surface with 
Pb evaporated on it) as the result of a quantummechanical tunneling effect. The probability 
of this penetration depends on the atoms and molecules present at the transition surface and 
their vibration states, respectively. These appear in the form of a regular spectrum if the 
second derivative of the current-voltage characteristic of the junction has been taken into 
consideration. It should be noted here that such investigations are carried out at the tem
perature of liquid He (4.2 °K)and with modulation techniques. Molecules to be observed e.g. 
cyclic compounds and materials interesting from the biological point of view should be deposit
ed on the surface of the Al-oxide, in some way. Electron tunneling spectroscopy gives infor
mation similar to Raman- and infrared spectroscopy, we may say that it makes them complete.

The book which appeared in one of the Springer series (Series in Solid State Sciences) 
contains the lectures of an international scientific meeting the aim of which was not only 
to present and discuss recent scientific results in connection with the method, but also to 
present the method itself to the wide community of representatives of different fields of appli
cation. Thus the book is extremely useful and suitable also for beginners in this field.

The first chapter is devoted to the treatment of the method, the second one to the 
fields of application, while the third deals with theoretical aspects. Separate chapters are 
devoted to the description of up-to-date applications, as well as to molecular adsorption on 
non-metallic surfaces and finally to the application of the so-called elastic tunneling effect.

It is doubtless that IETS seems to possess unique features (e.g. in sensitivity) and to 
have several possible fields of applications in surface chemistry, biochemistry as well as in 
the investigation of greasing and adhesion phenomena etc., that is in every field, where the 
adsorption of complex molecules on metallic oxides have an important role.

Nowadays, however, we may talk about the wide-range possibilities of the method 
rather than about its justified applications. This fact is pointed out in the contributions by 
two surface-research scientists and a biologist (Chapter IV, Discussions and Comments). 
From this point of view tunneling spectroscopy has not achieved yet the maturity so far 
achieved by electron spectroscopy in the strict sense (XPS, UPS or APS).

D. B er én y i
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A P erspective of Physics

Volume 2. Selections from 1977 Comments on Modern Physics. Introduced and put 
into perspective by Sir Rudolf Peierls.

Gordon and Breach Science Publishers, London—New York —Paris, 1978.

It is good to see the second volume of this highly promising series that gives a very 
useful insight into different fields of physics both by the ingeniously written introduction by 
Sir R udolf P eierls  and by his careful selection of papers from Comments on Modern Physics 
by distinguished researchers of their fields.

Rereading the introduction of Vol. 1 one can clearly see the trends in the different 
branches of physics from the comparison with Vol. 2. The selected papers give a short and 
clear view of the field they represent. In this way a coherent picture is received by the reader 
from a very wide subject.

At the same time the individual papers represent most recent research thus giving 
a useful reference for the specialists as well.

The main chapters are: Nuclear and Particle Physics, Solid State Physics, Astrophysics, 
Atomic and Molecular Physics, Plasma Physics and Controlled Fusion.

P. R ichter

E. W . W illiam s  and R. H a l l :

L um inescence an d  th e  L ight E m ittin g  Diode

International Series on Science of the Solid State. General Editor: B. R. Pamplin,
Pergamon Press, Oxford, New York, Toronto, Sidney, Paris, Frankfurt 1978.

This book offers the readers a comprehensive survey of the physics and technology 
of the light emitting devices (LED’s) and p-n junction lasers. The book begins with a good 
introduction to crystal structures and growth, and the optical and electrical properties of 
LED materials.

In Chapter 3 the authors summarize the different single crystal growth methods used 
generally in LED production. A short discussion of the fabrication of the devices together 
with a useful data collection regarding diffusion processes are included in Chapter 4. A simpli
fied theory of the radiative and nonradiative recombination processes, the luminescent effi
ciency and the solid-state lasers made from LED materials are discussed in Chapters 5 and 6.

The most important characterization measurement methods such as the photolumines
cence, the cathodluminescence, capacity measurements, diode emission evaluation techniques 
(flux, intensity and colour measurements) are described in detail in Chapters 7 and 8 offering 
a good physical insight into the light emitting processes in the most important LED materials 
GaAs, GaP and GaAsP.

In Chapter 9 a survey of light emitting diodes is given together with the discussion of 
the relationship between aspects of LED design and the electro-optical characteristics. The 
remainder of the Chapter reviews the progress achieved in producing LED’s from different 
materials.

The book ends with the application aspects of LED products, which are divided into 
three main groups: (a) LED indicator lamps, (b) LED displays, (c) optically coupled devices.

Although this book is written for post-graduate students, it seems to be useful to a 
much wider range of readers who would like to know more about LED and the materials 
from which it is made.

T. Görög
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Gánti, Tibor:

n THEORY OF BIOCHEMICAL SOPER- 
SYSTEMS. Its application to problems 
of natural and artificial biogenesis

The chemoton theory represents a conceptionally new approach to the 
deduction of the simplest physical—chemical, macromolecular super
systems satisfying those criteria of life which have been reformulated by 
the author almost axiomatically, in a more exact presentation than 
commonly known from the literature. The prospects of the further develop
ment of the theory are promising, because the principles of the chemoton 
model are simple and clear, making the deduction of many basic bio
logical phenomena possible already in its present form, and offering a 
feasible explanation for the origin of living systems from which the out
lines of the strategy for the artificial synthesis of living systems also emerge.

In English — Approx. 80 pages — 17x25 cm — ISBN 963 05 1719 I — 

Cloth

A K A D É M I A I  K I A D Ó ,  B u d a p e s t

P u b l i s h i n g  H o u s e  o f  t h e  H u n g a r i a n  A c a d e m y  o f  S c i e n c e s
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Vértes, A t t i l a — Korecz, László— Burger, Kálmán:

MÖSSBAUER SPECTROSCOPY

T h e  in tro d u c to ry  p a r t  o f  th e  b o o k  sum m arizes th e  p h y sica l fu n d am en ta ls  of 
M össbauer sp ec tro sco p y , th e  p u rp o r t  o f  in fo rm atio n  o b ta in ab le  fro m  th e  p a ra 
m e te rs  ch a rac te riz in g  th e  sp ec tru m , a n d  th e  te c h n iq u e  o f  m easu rem en t. T he 
o th e r  chap ters rev iew  th e  re su lts  o b ta in e d  b y  a p p ly in g  M össbauer spec tro scopy  
in  th e  ch em istry  o f  so lu tions, co o rd in a tio n  ch em is try , q u a n tu m  ch em istry , 
m e ta llu rg y  a n d  b io ch em is try . T h e  m a te r ia l c o n ta in e d  in  th ese  c h a p te rs  enables 
researchers to  co llec t in fo rm a tio n  in  th e ir  re sp ec tiv e  b ranches o f  science, in  
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T H E  R O L E  O F  L I T H I U M  A T O M S  I N  T H E  S T R U C T U R A L  
C H A N G E S  I N  A l-L i A L L O Y

By
R.  K am el , A. R .  A li and Z. F a r id

P H Y S IC S  D E P A R T M E N T , F A C U LT Y  O F  S C IE N C E , C A IR O  U N IV E R S IT Y , C A IR O , E G Y P T

and
F. A b d  E l -Salam

P H Y S IC S  D E P A R T M E N T , F A C U L T Y  O F  E D U C A T IO N , A IN -S H A M S  U N IV E R S IT Y , C A IR O , E G Y P T

(Received 9. XI. 1978)

The dependence of structural changes in precipitating Al-10 at% Li alloy on the anneal
ing temperatures as traced by X-rays, electric resistivity and microhardness measurements 
revealed the formation and subsequent dissolution of Al-Li precipitates in the temperature 
range of 25 — 500 °C. The observed variations were attributed to the effect of the annealing 
temperature on the behaviour of Li atoms within the A1 matrix. The increase of the Li concen
tration in the matrix due to the dissolution of Al-Li precipitates, being 3.75 at % Li as obtained 
from X-ray measurements agreed well with the value 4.0 at % Li obtained from resistivity 
measurements.

In tro d u c tio n

I t  h as  been  re p o rte d  [ 1 ] th a t  in  su p e rsa tu ra te d  A l-L i alloys, th e  /5-phase 
(Al-Li) p re c ip ita te d  b y  annealing  in  th e  te m p e ra tu re  range of 150—300 °C 
an d  d isso lved  a t  h igher te m p e ra tu res  leads to  th e  dispersion of th e  excess Li 
a tom s b y  diffusion th ro u g h  th e  m a trix . S uch  s tru c tu ra l changes a ffec ted  largely  
b o th  th e  e lec trical [2 ] an d  m echanical [ 1 ] p ro p erties  o f  th e  alloy.

T h e  p re se n t w ork  aim s a t  tra c in g  th e  role o f L i a tom s in  th e  A1 m a trix  
in  th e  s tru c tu ra l changes o f  d ifferen t te m p e ra tu re s  in  th e  alloy fro m  X -ray  
d iffrac tio n  te s ts . A lso, i t  is aim ed a t  re la tin g  th e  v a ria tio n s  in  e lec tric  resis
t iv i ty  a n d  m icrohardness to  these s tru c tu ra l  changes.

Experimental

S am ples o f Al-10 a t  %  Li w ere p ro d u ced  b y  a m ethod  p rev io u sly  de
scribed  [3]. Q uenching  from  560 °C to  room  te m p e ra tu re  w ith  a  r a te  of 
3 X 10 3  °C/sec w as ca rried  o u t to  b rin g  th e  sam ples in  a m e tas tab le  s ta n d a rd  
cond ition  o f  solid so lu tion . Isochronal annea lings w ere done by  h e a t pu lses of 
10 m in  a t  te m p e ra tu re s  successively in c reasin g  in  s tep s  o f 20 °C. A f te r  each 
h e a t pu lse  th e  resis tan ce  o f th e  sam ples w as m easu red  a t  room  te m p e ra tu re  
using  a s ta n d a rd  p o ten tio m etric  m e th o d  [4]. A d u m m y  sam ple h e lp e d  to  
acco u n t fo r th e  effect o f  te m p e ra tu re  v a r ia tio n . M icrohardness m easu rem en ts

1* Acta Physica Academiae Scientiarum Hungaricae 4 6 , 1979
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w ere also carried  o u t fo r th e  electropo lished  specim ens after g iv ing  th em  th e  
p resc rib ed  h ea t t re a tm e n ts  [5].

X -ra y  te s ts  w ere perform ed u s in g  th e  D eb y e— Scherrer film  tech n iq u e  
in  a 114.6 m m  d ia m e te r  Philips cam era  [6 ]. P u re  A1 was used as a reference 
to  ensu re  th e  accu racy  o f m easu rem en ts  an d  to  d e te c t th e  re la tiv e  v a ria tio n s  
in  th e  la ttic e  p a ra m e te r  of th e  te s te d  sam ples.

Fig. 1. Typical X-ray photographs for pure A1 and Al-10 at % Li alloy
A — Pure A1 from the stock.
В — Al-10 at % Li from the stock 
C — Al-10 at % Li annealed at 250 °C
D — Al-10 at % Li annealed at 400 °C
E — Al-10 at % Li annealed at 450 °C
F — Al-10 at % Li annealed at 500 °C

Results

T yp ical X -ra y  p h o to g rap h s fo r d iffe ren tly  annea led  sam ples of th e  p rec i
p ita t in g  Al-10 a t  %  L i alloy are  show n in F ig . 1. The v a ria tio n  in  th e  la tt ic e  
p a ra m e te r  as ca lcu la ted  from  (422) K al line w ith  th e  an nea ling  te m p e ra tu re  
is show n in  F ig . 2A . T h e  la ttic e  p a ra m e te r  in it ia lly  decreased w ith  th e  an n ea lin g  
te m p e ra tu re  fo llow ed b y  an  in c rease  a t  450 °C. Changes in  e lec tric  re s is tiv ity  
a n d  m icrohardness associated  w ith  th e  an n ea lin g  tem p era tu re  a re  also g iven  
in  F ig . 2 (B an d  C). The electric  re s is tiv ity  o f  th e  p rec ip ita tin g  alloy in itia lly
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Fig. 2. The change of lattice parameter (curve A), electric resistivity (curve B) and micro
hardness (curve C) with the annealing temperature of Al-10 at % Li alloy
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d e c re a sed  to  300 °C a f te r  w hich an  in c rease  to  a p e a k  v alue  w as reach ed  a t  
450 °C , followed b y  a  sh a rp  decrease a t  h ig h er te m p e ra tu re s . T he m ic ro h ard 
ness o f  Al-10 a t %  L i a lloy  decreased  b y  an nea ling  an d  reached  a m in im um  
v a lu e  a t  450 °C, th e n  increased  a t  h ig h e r te m p e ra tu re s  (see F ig . 2C).

Fig. 3. Dependence of lattice parameter (a0) and electric resistivity (o) on lithium
concentration

L attice  p a ra m e te r  and  e lec tric  re s is tiv ity  w ere found  to  be lin ea rly  
d e p e n d e n t on L i co n cen tra tio n  as show n in  F ig . 3 A an d  B. T he slopes of 
F ig . ЗА and В a ssu m e d  the  values 0.0032 Â /a t  %  L i an d  0.81 p f íc m / a t  %  Li, 
w h ic h  are in  a g o o d  agreem ent w ith  p rev ious re su lts  [7, 8 ].
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D iscussion

The d iffe ren t recovery  processes h e re  observed  in  p re c ip ita tin g  Al-10 
a t  %  Li alloy  w ere f irs t re p o rte d  b y  K a m e l  e t al [2] using  in te rn a l fr ic tio n  
a n d  electric  re s is tiv ity  m easu rem en ts . A ccord ingly , th e  p re se n t observed  
reco v e ry  p rocesses in  th e  te m p e ra tu re  ran g e  2 5 —450 °C m ig h t be ascribed  to  
th e  g row th  o f co h eren t G u in ie r-P resto n  zones form ed a t  re la tiv e ly  low er te m 
p e ra tu re s  [9] a n d  th e  p re c ip ita tio n  of th e  /З-p h ase  (Al-Li) in  th e  te m p e ra tu re  
ra n g e  200—300 °C [1]. Since n o  p rec ip ita te  e x c e p t (Al-Li) ex is ts , th e  d isso lu
t io n  o f /З-phase  tak es  place in  th e  te m p e ra tu re  range 300—450 °C [1]. T he 
re d isso lu tio n  o f  th is  p re c ip ita te  caused an  increase  in  th e  L i c o n cen tra tio n  
e x is tin g  w ith in  th e  m a trix , le ad in g  to  an  increase  in  e lec tric  re s is tiv ity  o f 
3.3  fxQcm (see F ig . 2B ).T he e lim in a tio n  o f th e  s tra in  fields su rro u n d in g  th e  d is
so lv ed  p re c ip ita te s  [1 0 ] m ay be  th e  cause o f so ften in g  observed  in  th is  te m p e ra 
tu r e  range.

T he o b se rv ed  decrease in  th e  la ttic e  p a ra m e te r  due to  d isso lu tion  o f 
/З-phase  in  A l-10 a t  %  Li assu m ed  th e  v a lu e  0.0012 Á (see F ig . 2A). F ro m  
F ig . ЗА, th is  decrease in  th e  la t t ic e  p a ra m e te r  corresponds to  an  increase in  
L i c o n c e n tra tio n  o f  ab o u t 3.75 a t  % . Also fro m  F ig . 3B, th e  o bserved  increase  
in  e lec tric  re s is tiv ity  in  th e  te m p e ra tu re  ra n g e  300—450 °C corresponds to  
a n  increase in  L i co n cen tra tio n  o f  4.0 a t  %  w h ich  agrees w ell w ith  th e  p re sen t 
X - ra y  d a ta .

I t  was re p o r te d  [2] th a t  above  450 °C L i a tom s diffused to  th e  su rface  
o f  th e  specim en a t  w hich th e y  are  b u rn t. A bove 450 °C th e  loss in  L i concen
t r a t io n  in  th e  m a tr ix  seems to  b e  responsib le fo r th e  observed  increase  in  la t-  

* t ic e  p a ra m e te r  a n d  decrease in  e lectric  re s is tiv ity . D ue to  th e  ex istence  o f  
in te ra c tio n  en erg y  betw een L i a to m s an d  d islocations [1, 3], s ta b iliz a tio n  o f 
d isloca tions ta k e s  place as a process of a n n e a l hard en in g  [ 1 1 ], w hich  leads 
to  th e  observed  increase in  h a rd n ess  above 450 °C.
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Phonon dispersion relations for the normal modes of lattice vibration in bcc transition 
metals are computed along the three principal symmetry directions using the extended form 
of the F i e l e k  five-constant model. The calculated results are compared with the available 
experimental data obtained from inelastic neutron spectroscopy and a far better agreement 
than that obtained on the basis of other existing models has been achieved.

I. Introduction

I n  th e  recen t p a s t , a n u m b e r o f  au th o rs , su ch  as B e h a r i  a n d  T r ip a t h i 
[1], S in g h  an d  Sh a r m a  [2], Sh u k l a  an d  P a d ia l  [3], Ma h e s h  a n d  D a y a l  [4] 
and  S h u k l a  an d  Ca v a l h e ir o  [5], have ca lc u la ted  th e  p h o n o n  dispersion 
re la tio n s  o f bcc t r a n s it io n  m etals u s in g  d ifferen t la t t ic e  dynam ical m odels. The 
m ain  d raw b ack  w ith  these  ap p ro ach es is th a t  th e y  have n o t considered  th e  
c o n tr ib u tio n  of d sh e ll — d she ll cen tra l in te ra c tio n s . C onsequen tly , th e ir  
re su lts  w ere n o t in  v e ry  good ag reem en t w ith  th e  experim en ta l ones.

F i e l e k  [6 ] h as  developed a  phenom eno log ica l m odel fo r fee  tra n s itio n  
m eta ls  in  w hich he h as  tak en , fo r th e  f irs t tim e , in to  account th e  c o n tr ib u tio n  
of d sh e ll — d  shell cen tra l in te ra c tio n . W e h a v e  successfully  ap p lied  th is  
m odel, in  its  sim plified  form , in  th e  ca lcu la tion  o f  pho n o n  d ispersion  re la tions 
of nob le  m eta ls  [7] a n d  fee  t r a n s it io n  m etals [8 ].

I n  th e  p resen t p a p e r, we h a v e  used  th e  e x te n d e d  form  o f th e  F ie l e k  
five  fo rce -co n stan t m odel for bcc tra n s it io n  m e ta ls , to  calcu la te  th e  phonon  
d ispersion  re la tions o f  а -iron, ch ro m iu m , m o ly b d en u m  and  n io b iu m  along  th e  
sy m m e try  d irections [001], [110] a n d  [111]. T h e  m o tiv a tio n  o f th is  s tu d y  is 
to  check  th e  accu racy  o f  th is  m odel fo r bcc t ra n s i t io n  m etals.

II. Theoretical form ulation

T he secular eq u a tio n  d e te rm in in g  th e  a n g u la r  frequencies co(= 2nv) 
of th e  n o rm a l m odes o f  v ib ra tio n  in  a cubic la ttic e  c a n  be expressed  as: I

I D(q) -  M oßl  I =  0, (1)
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w h ere  M  is th e  m ass o f  th e  a to m  a n d  I  is th e  u n i t  m a tr ix  of o rd e r th ree , 
q is th e  phonon w av e  v ec to r  re s tr ic te d  to  th e  f ir s t  B rillou in  Zone (B Z ). The 
exp ressions for tw o  ty p ic a l e lem ents o f  th e  d y n am ica l m a trix  D(q) a re  given 
be low :

8  К 2

f l u (ï)  = -----— «x(l -  е д е . )  -  4 a 2S l  — К  +  — —,

(2)

^12(5) =  — a iS iS 2C3 ,

w h ere
C j  =  cos (aqß, S t =  Sin (aqt)  i  =  1, 2, 3. 

a =  S em i-la ttice  p a ram e te r a n d  N  can  be  expressed  as

I D'(q) - N I  1 =  0. (3)

The tw o ty p ic a l  elem ents o f th is  d e te rm in a n t are:

Dh(q) - j ß i 1 -  С1СзСз) +  K ~  A 'G(9) .

DUq) =  ^ ß S 1S2C3.
ö

(4)

The expressions for th e  rem ain in g  elem ents c a n  be derived in  cyclic  order 
f ro m  (2) and (4).

The o th e r q u a n titie s  ap p ea rin g  in  E qs. (2) a n d  (4) are: th e  ra d ia l  force 
c o n s ta n ts  a x a n d  a 2, th e  n earest n e ighbours d shell — d  shell c e n tra l in te ra c tio n  
fo rce  co n stan t ß, th e  io n  core— d shell in te ra c tio n  force co n stan t K ,  th e  d shell 
— conduction  e lec tro n s in te ra c tio n  force c o n s ta n t A '  and  acco rd in g  to  
K r e b s  [9]

A'G{q) =  A ' 2
Г {q +  H) (q +  H _) eG2(| q +  H 1 Д 0)

|g  +  H | 2  +
a
71

2 kc {P)

H H  ■ eG2(| H  1 R 0) -]

| Я 2 | +
a
71

2 kc (P )

(5)

H ere  H  is th e  rec ip ro ca l la ttic e  v ec to r , e is p o la risa tio n  vector, R 0 is W igner— 
S eitz  rad ius a n d  kc(P) is th e  B o h m  — P in e  [10] screening p a ra m e te r . The 
G{x) in  th e  ex p ressio n  (5) is g iven  as

G(x) =  3 * _3(sin X  —  X  cos x) .
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T he five  u n k n o w n  p a ra m e te rs  (oq, a 2, К , ß  an d  A ')  in v o lv ed  in  th e  
so lu tion  of E q . (1) a re  d e te rm in ed  b y  expand ing  th e  e lem ents o f  th e  d e te rm i
n a n t  in  th e  long w av elen g th  l im it  (q —> 0 ) and  re la tin g  th em  to  th e  th re e  elastic  
c o n s ta n ts  an d  tw o  zone b o u n d a ry  frequencies vL an d  vT in  [0 0 1 ] an d  [1 1 1 ] 
d irec tions (for oc-iron an d  n io b iu m ), respective ly , b u t  fo r m o lybdenum , th e  
tw o zone b o u n d a ry  frequencies chosen  are  vL a n d  vT2 in  [0 0 1 ] a n d  [ 1 1 0 ] d irec
tio n s , respective ly . I n  th e  case o f  chrom ium  th e  tw o  zone b o u n d a ry  frequen 
cies vL and  vL, a re  chosen correspond ing  to  [0 0 1 ] and  [1 1 0 ] d irec tions, re 
spective ly . The re su ltin g  expressions are:

<*! +  ß  =  —3 a C 44,

— a(CXi — C12) , 
4«з(С 1 2  -  C44) kc{P) , 

16

a 2

A '

4 л 2  M vl =  — 

4л :2  M v \  =  —

4re2  M v \ t =  -

4 л 2  M v\.  =  —

K  +
K 2

~ ß - A ' G ( q )

3

8

4 « ,

К

К
К 2

K + - ß - A ' G ( q )
О

3

16

* 1  — к  -\-
К 2

к

— 4 а 2  — К  +

- ß - A ' G ( q )

К 2

K + ^ L ß - A ' G ( q )

( б . а )

(6.Ь)

(6 -с)

( 6 .d)

(6 -е)

(6 .f)

( 6 -g)

T he so lu tio n  o f th e se  equations de te rm in es all th e  fiv e  force co n stan ts . The 
p hysica l co n stan ts  u sed  in  th e  co m p u ta tio n  w ork  are  lis ted  in  T ab le  I , and  
th e  ca lcu la ted  va lu es  o f  force c o n s ta n ts  in  T able I I ,  re spec tive ly .

Table I
Physical constants

Metal

Elastic constants 
X  1011 dyn cm - *

L attice
constant

(2a)
X 10-8 cm

Zone boundary frequencies 
(THZ)

[001] [111] [110]
Cu c„ c.. VL Vji vTt VL>

a-Iron 23.31 13.55 11.78 2.8662 8.56 7.21 — —

Chromium 35.00 6.78 10.08 2.8792 7.554 — — 9.4
Molybdenum 44.077 17.243 12.165 3.1468 5.51 — 4.67 -

Niobium 23.50 12.10 2.82 3.3004 6.54 5.08 — —
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Table II

Calculated force constants in units of 103 dyn cm-1

Metal a2 К ß A '

a-Iron -50.6804 — 13.9871 0.2481 0.0346 18.4702
Chromium — 45.2785 -40.6255 -12.8488 1.7450 -34.7491
Molybdenum — 71.9092 —42.2206 -124.1429 14.4880 80.4750
Niobium 186.5581 -18.8123 7367.9475 -200.5188 152.2360

Fig. 1. Dispersion curves along the symmetry direction for a-iron at room temperature. Solid 
curves correspond to the computed frequencies. Experimental points are shown by О, V, A 

(Mink iev icz  et al [11]) and • ,  X, Д (B ergsma  et al [12])

III . R esu lts  and discussion

1. tx-iron. W e h av e  u tilized  h ere  th e  ex p e rim en ta l values o f  th e  elastic 
c o n s ta n ts  o b ta in e d  b y  R a y n e  a n d  Ch a n d r a s e k h a r  [11] an d  th e  experim en
ta l  phonon frequencies of M in k ie w ic z  e t al [12] a n d  B e r g s m a  e t al [13]. 
I t  is qu ite  obvious from  F ig . 1 t h a t  th e re  is over a ll a sa tis fa c to ry  agreem ent 
be tw een  th e o re tic a l an d  e x p e rim e n ta l d ispersion curves in  all th e  directions 
ex cep t th e  27Tj b ra n c h  n ear th e  zone bo u n d ary .
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2. Chromium. The co m p u ted  phonon  d ispersion  curves are  p lo tte d  in  
Fig. 2 along w ith  th e  ex p erim en ta l values o f p h o n o n  frequencies o f Sh a w  and  
Mu h l e s t e in  [14] o b ta in ed  from  n e u tro n  sc a tte rin g  m easu rem en ts . T he elastic  
co n stan ts  u sed  in  th is  c o m p u ta tio n a l w ork  a re  th e  m easu rem en ts  o f B o lef  
an d  d e  K l e r k  [15]. Fig. 2 show s th a t  th re e  is no v e ry  s a tis fa c to ry  agree
m en t b e tw een  ou r curves an d  th o se  o b ta in ed  ex p erim en ta lly  in  th e  ran g e  P  H .

Fig. 2. Dispersion curves along the symmetry directions for chromium at room temperature. 
Solid curves correspond to present calculations. Experimental points are shown by О, Д , X,

(Sh a w  a n d  Mu h lestein  [13])

The ag reem en t is n o t very  good e ith e r  in  27Tj b ra n c h  n ea r th e  zone b o u n 
d a ry . H ow ever, th e y  are b e tte r  th a n  th e  th eo re tica l curves deduced  from  o th e r 
ex is tin g  m odels.

3. Molybdenum. In  th is  case we h av e  ta k e n  th e  m easured  values o f th e  
e lastic  c o n s ta n t due to  F e a t h e r st o n  a n d  N e ig h b o u r s  [16]. T h e  com p u ted  
curves are  p lo tte d  in  F ig . 3. T he o vera ll ag reem en t be tw een  ou r d ispersion  
curves an d  tho se  o b ta in ed  b y  W o o ds  an d  Ch e n  [17] is q u ite  sa tis fac to ry  
ex cep t in  th e  AL b ra n c h  n ear th e  zone b o u n d a ry  an d  in  th e  E T b ra n c h .
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4. Niobium. T he  p h o n o n  d ispersion  curves, c a lcu la ted  in  th e  sy m m etry  
d irec tions using  elastic  c o n s ta n ts  o f W a s il e w a k i  [18] a re  p resen ted  in  F ig . 4. 
T h ey  h av e  been  co m p ared  w ith  th e  m easured  re su lts  o f N a k a g a w a  and  
W o o d s  [19]. T he o v era ll ag reem en t o f  ca lcu la ted  p h o n o n  frequencies w ith  
th e  ex p erim en ta l d a ta  is q u ite  sa tis fa c to ry  excep t fo r th e  fa c t th a t  th e  m odel 
could  n o t p red ic t th e  crossing over o f  AL an d  AT b ran ch es. T he S L b ran ch  
show s a d isag reem en t w ith  th e  ex p e rim en ta lly  o b ta in e d  phonon  frequencies

Fig. 3. Dispersion curves along the sym m etry directions for m olybdenum  a t room  tem perature. 
Solid curves correspond to  present calculations. E xperim ental points are shown b y  О, X, Д

(W oods a n d  Ch e n  [16])

n e a r th e  zone b o u n d a ry . The m o st sa lien t fe a tu re  o f our co m p u ta tio n s  is th e  
crossing over o f 27T] an d  E Tt b ran ch es , w hich  h a s  n ev er been  o b ta in ed  from  
a n y  m odel so far.

T he ex is tin g  d iscrepancies, m a y  how ever, he  a t tr ib u te d  to :

1) T he neglect o f  th e  co n trib u tio n s  o f second neighbours d  shell an d  th e  
an g u la r in te ra c tio n .

2) T he neg lect o f  io n  co re-conduction  e lectrons in te rac tio n s .
3) T he form  o f d ielec tric  fu n c tio n  used  (in  p re se n t ca lcu la tions L in d h a rd  

d ielectric  fu n c tio n ).
4) A ssum ptions o f  sh o rt-ran g e  ty p e  in te rac tio n s .
5) T he neglect o f flex ib ility  o f th e  rf-orbitals in  th e  p resen t ca lcu lations.
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A  com parison  o f p re se n t s tu d y  w ith  earlie r w orkers in d ica tes  th a t  th is  
m odel y ields b e tte r  re su lts  th a n  tho se  o b ta in e d  w ith  th e  m odels w hich  do 
n o t consider th e  co n tr ib u tio n  o f d shell — d  shell in te rac tio n s . So we can  in fer 
th a t  our m odel is v e ry  su itab le  for th e  s tu d y  of v ib ra tio n a l p ro p erties  of 
bcc tra n s itio n  m etals.

Fig. 4. Dispersion curves along the symmetry directions for niobium at room temperature. 
Solid curves correspond to the calculated frequencies. Experimental points are shown by 

О, X , Д  (N aka g aw a  and W oods [19])
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QUANTUM CHEMICAL STUDY OF INTERNAL 
ROTATIONS IN LIQUID CRYSTAL MOLECULES

By
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The rotational barriers of p-azoxy-anisole and dibutyl-phenyl-benzoyloxy-benzoates 
nematic liquid crystal molecules were calculated by the PCILO and CNDO/2 quantum chemical 
methods. It was found that motion in the side group is hindered to a given extent. According 
to chemical evidence the central part of the molecules is supposed to be completely rigid.

1. In tro d u c tio n

T h e  m icro d y n am ics o f liq u id  c ry s ta l m olecules has been s tu d ie d  earlie r 
b y  m eans o f qu asi-e la stic  n eu tro n  sc a tte rin g , N M R  spectroscopy  a n d  d ie lec tri
cal re la x a tio n  tim e  m easu rem en ts , re sp ec tiv e ly  [1—4]. In  th is  w o rk  q u a n tu m

Fig. 1. The PAA molecule

Fig. 2. The PB-DBB molecule

chem ical re su lts  on p -azoxy-an iso le  P A A , (Fig. 1) a n d  d ibu ty l-p h en y l-b en zo y - 
lo x y -b en zo a te  D B -P B B , (F ig . 2) a re  sum m arized . T h e  fo rm er is n e m a tic  in  
th e  te m p e ra tu re  ran g e  o f  116—136 °C, w hile th e  la t te r  in  th e  ra n g e  o f  85— 
183 °C, re spec tive ly .
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70 S. KUGLER and G. NÁRAY-SZABÓ

T he PC IL O  [5, 6 ] a n d  CNDO/2 [7] m ethods w ere used  s im u ltaneously . 
I t  is kn o w n  th a t  b o th  m ethods y ie ld  s e m iq u a n tita tiv e  resu lts  for b a rrie rs  to  
ro ta t io n  a ro u n d  o’-b o n d s [8 ]. In  case o f de localization  serious d iscrepancies 
can  a rise  [8 ]; th e  p ro b lem  is d iscussed  in  case o f  o u r m odel m olecules, too. 
T hese w ere used  in  o rd e r to  reduce  co m p u te r  c a p a c ity  necessary  to  th e  cal
cu la tio n s . D eta ils o f  ca lcu la tions a n d  resu lts  a re  g iven  sep ara te ly  fo r b o th  
m olecules in  su b se q u e n t sections.

2. p-azoxy-anisole

Rotation of the methyl group

To exam ine th e  re liab ility  o f b o th  q u a n tu m  chem ical m eth o d s fo r th e  
ro ta t io n  of m e th y l g roup  a round  th e  CO а -bond  (see Fig. 1) m e th a n o l was 
ex am in ed  as an  ex am p le . P IC L O  y ie ld ed  0.79 kca l • m o l- 1 , th e  exp erim en ta l

Fig. 3. Simplified model of the PAA molecule

v a lu e  is 1.07 k ca l • m o l - 1  [8 ]. A ccord ing  to  l i te ra tu re  d a ta  [10] th e  CNDO/2 
m e th o d , com bined  w ith  a rig id  m odel o f th e  m olecule, yields 0.67 k ca l • m o l - 1  

fo r  th e  b a rrie r  h e ig h t. I f  a n o n -rig id  m olecular m odel is used , i.e . all bond  
ang les an d  b o n d  len g th s  are o p tim ized  d u rin g  ro ta tio n , 1.29 k ca l • m o l - 1  is 
o b ta in e d  [11]. T h u s  th e  error of th e  P C IL O  an d  CND O /2 m ethods, in  re p ro d u c 
in g  b a rrie r  h e ig h ts  o f  th e  m e th y l g roup  in  m olecules o f th e  ty p e  C H 3 —О —R,  
R  s tan d s  fo r a n  a lip h a tic  or a ro m a tic  group , can  be  estim a ted  to  be ab o u t 
0.3 kcal • m o l-1 .

To red u ce  co m p u te r tim e  a n d  c a p ac ity  th e  P A A  m olecule w as m odelled 
as show n in  F ig . 3. T he a d eq u acy  o f  th is  m odel is p roved  as follows. F irs t, 
th e  m ethy l a n d  m e to x y  ro ta tio n a l b a rrie rs  w ere  ca lcu la ted  fo r th e  w hole 
P A A  m olecule. I t  has been fo u n d  th a t  th ese  v a lu es  are in  a good ag reem en t 
w ith  those  o b ta in e d  for th e  m odel o f F ig . 1. T h e  difference b e tw een  b o th  
p o te n tia l cu rves is  sm aller th a n  0.1 kca l • m o l- 1 . Secondly, ro ta t in g  th e  m ole
c u la r  frag m en t, in d ic a te d  in  F ig . 3, b y  an  angle o f  180° a ro u n d  th e  N —C bond  
no  s ign ifican t ch an g e  (0 . 1  kca l • m o l-1 ) of th e  b a rr ie r  can be observed .
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A rig id  m odel o f  th e  m e th y l group ro ta t io n  w as considered  f irs t. T he 
ex p erim en ta l m o lecu la r geo m etry , o b ta in ed  b y  X -ra y  d iffrac tio n  tech n iq u e  
in  th e  solid p h ase , w as u sed  [12]. P C IL O  gave 2.8 k ca l • m o l - 1  w hile 3.0 
k ca l • m o l - 1  w as o b ta in e d  b y  CNDO/2 fo r  th e  b a rrie r  to  m e th y l ro ta tio n . 
A ccord ing  to  v e ry  p ro b ab le  n o n b o n d ed  H  (benzene) — H  (m eth y l) in te rac tio n s  
as in d ica ted  b y  th e  en la rged  COC angle 118.7° [12] in s te a d  o f  th e  no rm al 
te tra h e d ra l v a lu e , 109.5°, th e  COC (a) an d  OCC (ß ) angles w ere op tim ized  fo r 
each  to rsiona l ang le , a  an d  ß  w ere v aried  w ith in  th e  range  o f 109.7°—121.7° 
an d  119.2°—128.2°, re sp ec tiv e ly . I t  is fo u n d  th a t  th e  effect o f  v a ria tio n  of 
b o th  angles on th e  to rs io n a l p o te n tia l curves is a lm o st th e  sam e. T his ind ica tes 
th a t  i t  is p rim arily  th e  H . . .  H  d istance  w h ich  affects th e  b a rr ie r .

U sing a n o n rig id  m odel, w here th e  COC angle w as o p tim ized  for each  
v a lu e  o f  th e  to rs io n a l angle, T, th e  p o te n tia l cu rve  for th e  ro ta tio n  of th e  
m e th y l group w as in v e s tig a te d . Seven p o in ts , in  th e  range  o f  0 —60° in  in te r 
vals o f  10°, w ere ca lcu la ted  u sin g  th e  P C IL O  m eth o d . I t  is fo u n d  th a t  th e  
cu rve , o b ta in ed  n u m erica lly , is v e ry  close to  th e  u su a lly  ap p lied  th reefo ld  
expression :

F ( t) =  (1 — cos 3 t)

w ith  V3 =  3.85 k ca l • m o l- 1 . T h e  m axim um  d ev ia tio n  b e tw een  b o th  curves 
does n o t  exceed 2  p e r  cen t.

T he ro ta tio n a l b a rr ie r  w as ca lcu la ted  w ith  th e  CNDO/2 m eth o d , too . 
T he ex p erim en ta l g eo m e try  w as u sed  except fo r  th e  o p tim a l COC angle w hich 
w as ta k e n  from  th e  P C IL O  ca lcu la tio n . The b a rr ie r  h e igh t is 4.2 k ca l • m o l- 1 . 
T he equ ilib riu m  co n fo rm atio n  w as found  to  b e , lik e  in  case o f th e  P C IL O  cal
cu la tio n s, th e  s tag g ered  one. T h e  ex p erim en ta l b a rr ie r  h e ig h t, m easu red  in  
th e  so lid  phase b y  N M R  [3] a n d  b y  n e u tro n  sc a tte r in g  [2], is 3.7 an d  3.51 
kcal • m o l-1 , resp ec tiv e ly . T he fa ir  ag reem ent b e tw een  ex p e rim en ta l an d  th eo 
re tica l v a lues suggests th a t  th e  ro ta tio n  of th e  m e th y l g roup  is governed  b y  
in tram o lecu la r  forces. In te ra c tio n s  w ith  n e ig h b o u rin g  m olecules m ay  p lay  
a m in o r ro le only.

Rotation o f  the methoxy group

W h en  ro ta tin g  th e  m e th o x y  group a ro u n d  th e  OC a ro m a tic  axis th e  
COC angle was v a rie d  w ith in  th e  range  of 100— 120° w hile th e  OCC angle 
w as p u t  equal to  120° (see F ig . 1). U sing th e  P C IL O  m eth o d  4.5 k ca l • m o l - 1  

is o b ta in ed  fo r th e  b a r r ie r  h e ig h t as show n in  F ig . 4 . I n  equ ilib rium  th e  C—О —C 
p lane  is p e rp en d icu la r to  th e  benzene  one. A cco rd in g  to  X -ra y  d iffrac tion  
s tud ies th ese  planes coincide in  th e  solid p h ase . H ow ever, re c e n t n eu tro n
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s c a tte r in g  m easu rem en ts on th e  n e m a tic  phase [13] seem  to  co n firm  our 
re su lts . I t  is supposed  th a t ,  in  th is  case, accord ing  to  th e  w eaker in te rm o lecu la r 
fo rces, th e  co n fo rm atio n  is sim ilar to  t h a t  o f th e  free m olecule.

T h e  PC IL O  m eth o d  gave so m ew h at c o n tra d ic to ry  resu lts  b ecause , 
acco rd in g  to  th e  localized  o rb ita ls , u sed  in  th e  ca lcu la tio n s, th e  b a rr ie r  h e ig h t 
w as fo u n d  to  be d ep e n d e n t on th e  K ek u lé  s tru c tu re  a tta c h e d  to  th e  jz-system . 
In  th e  p la n a r m olecule a d ifference o f 1 kcal • m o l “ 1  w as observed  w h en  th e  
d o u b le  bo n d  of th e  K eku lé  s tru c tu re  w as positioned  cis o r trans w ith  re sp ec t

Fig. 4. Potential curve for the PAA methoxy rotation (nonrigid model)

to  th e  m eth o x y  g roup , resp ec tiv e ly . W e feel, how ever, th a t  th is  d isc rep an cy  
does n o t have an  in fluence  on th e  equ ilib rium  p o sitio n  o f th e  m e th o x y  group.

Rotation around C— N  bonds

As was m en tio n ed  before th e  P C IL O  m eth o d  p ro v ed  to  be c o n tra d ic to ry  
in  th is  case, to o . T h e  d ifference in  th e  b a rrie r  h e ig h ts , ca lcu la ted  w ith  d ifferen t 
K ek u lé  s tru c tu re s , w as found  to  be  2.5 — 3.0 kca l • m o l - 1  fo r all co n fo rm ations. 
A ccord ing  to  th e  fa ilu re  o f th e  CN D O /2 m eth o d  to  rep ro d u ce  b a rr ie r  he igh ts, 
d u e  to  ro ta tio n s  a ro u n d  delocalized  b o nds [9], no ca lcu la tions w ere perfo rm ed . 3

3. Dibutyl-phenyl-benzoyloxy-benzoate

T he D B -P B B  m olecule co n ta in s  th ree  benzene  rings an d  tw o  b u ty l 
su b s titu e n ts  (see F ig . 2). As in  case o f th e  in n e r p a r t  o f PA A , ro ta t io n  a round  
CC an d  CO bon d s o f D B -P B B  c a n n o t be described , using  th e  CN D O /2 and
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P C IL O  m ethods co rrec tly . T herefo re  th e  b u ty l group was in v e s tig a te d  only. 
A s im ila r m odel as fo r PA A , com bined  w ith  th e  PC IL O  m e th o d , w as used  
(see F ig . 5).

2  Ч 3f

, C -  
lA i 
H H5

V
v - O - c f
. /  V . V - A  x o - H

Fig. 5. Simplified model of the DB-PBB molecule

Methyl rotation around the C 'C n bond

A rig id  m odel o f  ro ta tio n  o f  th e  m e th y l g roup  was considered  f irs t. T he 
in itia l g eo m etry  w as supposed  to  be a  p la n a r  one as show n in  F ig . 5. T he 
C — C— C angle w as p u t  equal to  th e  te tra h e d ra l va lue . As in  case o f PA A , 
th e  p o te n tia l  cu rve  fo r th e  m e th y l ro ta tio n  w as found  to  he o f  cosinusoidal 
ty p e . V3 =  2.45 kca l • m o l - 1  close to  th e  P C IL O  va lu e  for e th an e  as ca lcu la ted  
b y  us 1.99 kcal • m o l- 1 . This in d ic a te s  th a t  th e  m e th y l ro ta tio n  is n o t v e ry  
m uch  a ffec ted  b y  o th e r  p a r ts  o f th e  m olecule u n like  to  th e  case o f PA A .

In  th e  n e x t s tep  th e  CI CIICln angle w as o p tim ized . U sing th is  n on -rig id  
m odel no sign ifican t d is to rtio n  (0 . 0 1  kca l • m o l-1 ) o f th e  cosinusoidal p o te n 
tia l  cu rve  w as observed . V3 =  2.50 kca l • m o l - 1  w ith  115° fo r th e  op tim ized  
CI CIICln ang le . In  en erg y  m in im u m  th e  m e th y l g roup  is in  a s tag g ered  posi
tio n  w ith  re sp ec t to  th e  Cn LU a n d  Cn H 5  bonds.

Ethyl rotation around the CuCm  bond

A n o n rig id  m odel w as u sed . T h e  H 1 CI CIICIn d ihed ra l ang le  w as p u t  
equal to  180° b u t  th e  CI CIIC1 1 1  ang le  w as o p tim ized  u n d er ro ta t io n  o f th e  
e th y l g roup . I t  w as v a ried  w ith in  th e  range o f 109—115°. F ig . 6  rep resen ts  
th e  change in  energy  in  th e  course o f a 360° ro ta tio n  a ro u n d  th e  carbon- 
ca rb o n  b o n d . X =  0° co rresponds to  th e  p la n a r  trans-form  (see F ig . 5). The 
ro ta tio n a l b a rrie rs  a re : \ ' 3 =  2.2 an d  V3 =  3.2 k ca l • m o l-1 , re sp ec tiv e ly . 
T he ab initio STO-3G va lu es  for re-butane are: F 3  =  3.58, Р з = 5 .7 2  k ca l • m o l-1 , 
re sp ec tiv e ly  [14]. T h e  PC IL O  m e th o d  genera lly  u n d e re s tim a te s  b a rrie rs  
to  ro ta tio n  a ro u n d  cr-bonds. F o r exam ple  th e  ca lcu la ted  and  ex p e rim en ta l 
(in p a ren th ese s  [8 ]) v a lu es  for e th a n e , m e th y lam in e  an d  m eth an o le  are  1.99 
(2.93), 1.49 (1.98) an d  0.79 (1-07) kca l • m o l-1 , respective ly . T herefo re  th e
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co m p ariso n  w ith  th e  ab initio va lues in d ica tes  a q u a lita tiv e  ag reem en t. The 
o v era ll shape o f th e  ro ta tio n a l cu rve  is s im ilar to  th e  ab initio one. T h u s  i t  is 
co n c lu d ed  th a t ,  in  D B -P B B  th e  ro ta tio n  o f th e  e th y l g roup  is s im ilar to  th a t  
in  n -b u ta n e . T he choice o f th e  K eku lé  s tru c tu re s  w as p ro v ed  to  be ir re le v a n t 
in  th is  case.

Fig. 7. Potential curve for the DB-PBB propyl rotation (nonrigid model)

Propyl rotation around the C n lC IV bond

In  o rder to  s tu d y  th is  m o tio n  th e  p h en y l r in g  h ad  to  be ro ta te d  b y  90° 
a ro u n d  th e  CIVC (arom atic ) b o n d  in  o rder to  av o id  close c o n ta c t betw een  
h y d ro g en  a to m s o f th e  a lip h a tic  chain  an d  th e  p h en y l group , respective ly . 
A s i t  is seen in  th e  su b seq u en t subsec tio n  th is  is th e  equ ilib rium  confo rm ation  
o f  th e  b u ty l g ro u p . T he carbon  a to m s o f th e  p ro p y l group w ere supposed  to  
b e  in  a p la n a r  a rra n g e m en t d u rin g  ro ta tio n . T h is choice is su p p o rte d  b y  th e
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resu lts  o f th e  p rev ious sub sec tio n . In  en erg y  m in im um  th e  p ro p y l m o ie ty  
w as found  to  be  p lan a r. A n o n rig id  m odel w as used  th e  C n C m C IV angle w as 
a lte red  w ith in  th e  range o r 112 —115°. T he p o te n tia l  cu rve  is g iven in  F ig . 7 
y ie ld ing  b a r r ie r  he igh ts: V3 =  2.4 kcal • m o l - 1  an d  V'3 =  2 .6  kcal • m o l- 1 , 
resp ec tiv e ly . T h e  overall c h a ra c te r  o f th e  cu rv e  is  s im ilar to  t h a t  o b ta in ed  fo r 
th e  e th y l ro ta t io n . C hanging th e  K ekulé s tru c tu re s  a m inor d iscrepancy  (0.2 —
0.3 kcal • m o l-1 ) w as observed  in  th e  ca lc u la ted  energy.

Butyl rotation around the C IVC ( aromatic)  bond

U sing a  n o n rig id  m odel th e  in itia l g eo m e try  w as chosen  to  he a p la n a r  
one as show n in  F ig . 5. T he Cn lC IVC (arom atic ) angle w as a lte re d  w ith in  th e  
ran g e  o f 112°— 115°. A considerab le  d ifference (0 .7—1.0 k ca l • m o l-1 ) in  th e

Fig. 8. Potential curve for the DB-PBB butyl rotation (nonrigid model)

calcu la ted  en e rg y  values, due to  d iffe ren t K eku lé  s tru c tu re s , w as observed. T he 
averaged  p o te n tia l  cu rve  is g iven  in  F ig . 8 . The b a r r ie r  h e igh t is 1.2 kca l • m o l- 1 . 
D ue to  th is  in consistence  of th e  P C IL O  m ethod  th e  b a rrie r  h e ig h t w as ca lcu la ted  
b y  th e  CN D O /2 m ethod , too . A  sim ilar cu rv e  w ith  V3 =  2.2 kca l • m o l - 1  

w as o b ta in ed . I n  equ ilib rium  th e  b u ty l and  p h e n y l p lanes w ere p e rp en d icu la r 
to  each o ther.

Conclusions
I

C o m p u ta tio n a l resu lts  a re  sum m arized  in  T ab le  I .  T he m o st im p o rta n t 
conclusions a re  th e  following:

1) R o ta tio n  in  th e  m e th o x y  group of P A A  a n d  in  th e  b u ty l  ones of 
D B -P B B  is h in d e re d  to  a g iven  e x te n t. H ow ever, b a rr ie rs  are  n o t v e ry  h igh, 
th u s  a lim ited  m o tio n , especially  a t  h igher te m p e ra tu re s , is possible.
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2) T he equ ilib rium  geom etry  in vacuo is sim ilar in  b o th  m olecules. The 
p la n e  o r th e  su b s ti tu e n t is p e rp en d icu la r to  th e  p h en y l one. In  case of 
D B -P B B  th e  b u ty l m o ie ty  has a p la n a r  zig-zag form .

Table I

Barriers to rotation of different groups in PAA 
and in DB-PBB (in kcal • mol-1)

PCILO CNDO/2

rigid nonrigid
rigid

PAA methyl* 2.8 3.85 3.0, 4.2**
PAA methoxy — 4.5 —
DB-PBB methyl8 2.45 2.50 —
DB-PBB ethyl88 — 2.2, 3.2 -
DB-PBB propyl — 2.4, 2.6 -
DB-PBB butyl 1.2 2.2

* Experimental values: 3.51 [2] and 3.7 [3].
** Optimal COC angle taken from the PCILO calculation.

§ For ethane 1.99 is obtained (experimental value: 2.93 [8]).
88 Ab initio (STO-3G) values for re-butane are 3.58 and 5.72, respectively [14].

3) R o ta tio n  in  th e  in n e r p a r t  o f  th e  m olecules (—N (0 )N —• and  
— C (0 )0  — ) is n o t to  be described  b y  e ith e r of th e  P C IL O  or th e  CNDO/2 
m e th o d s . H ow ever, accord ing  to  chem ical in tu itio n , a considerab le  delocaliza
t io n  th ro u g h  th ese  p a r ts  o f th e  m olecules occurs. T herefo re  ro ta t io n  a round  
N N , CC and  CO single bonds, p re sen t here , seems to  be considerab ly  h indered .
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FREE CONVECTION FLUCTUATING FLOW ON A 
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The free convection flow of electrically conducting fluid along a semi-infinite horizontal 
magnetized plate is analysed, when the plate temperature oscillates about a constant mean. 
The basic steady flow is purely buoyancy induced, while the oscillations in the plate tempera
ture cause a time-dependent boundary layer flow and heat transfer. The unsteady boundary 
layer equations are linearized and the first two approximations are considered. Two separate 
solutions valid for high and low frequency ranges are obtained by series expansion method in 
terms of frequency parameters. For very high frequencies, the oscillatory flow pattern is of 
‘shear-wave’ type unaffected by the mean flow. The skin friction in the very high frequency 
solution has a phase lag of 45° while the phase of heat transfer oscillations is ahead of the plate 
temperature fluctuations by я/4.

1. In tro d u c tio n

I n  u n s te a d y  la m in a r  b o u n d a ry  la y e r  th e o ry  one a rea  o f s tu d y  w hich  has 
received  m u ch  a t te n tio n  in  re c e n t years dea ls  w ith  b o u n d a ry  lay e r responses to  
im posed  osc illa tions. T h is th e o ry  w as in i t ia te d  b y  Lig h t h il l  [1] to  s tu d y  th e  
effect o f  free  s tre a m  oscilla tions o f flow  a n d  h e a t  tra n s fe r  along p la te s  and  
cy linders. T he ex ten s io n  o f th is  th e o ry  fo r  free convection  b o u n d a ry  layers 
along a sem i-in fin ite  v e r tic a l p la te  w as ca rried  o u t b y  N a n d a  an d  Sh a r m a  [2], 
E s h g h y , A rpa c i a n d  Cl a r k  [3] an d  K e l l e h e r  a n d  Y a n g  [4]. R ecen tly  
Mu h u r i a n d  Ma it i [5] h av e  s tu d ie d  th e  o sc illa to ry  free convection  flow  along  
a sem i-in fin ite  h o riz o n ta l p la te . I t  is, how ever, re m ark ab le  th a t  th e  free 
convection  osc illa to ry  flow  o f an  e lec trica lly  co n d u c tin g  f lu id  along a  sem i
in fin ite  h o riz o n ta l p la te  has received  no a t te n tio n . T he p re sen t in v es tig a tio n  
is, th e re fo re , d ev o ted  to  th e  s tu d y  o f a  m ag n e to -h y d ro d y n am ic  free convection  
oscilla to ry  flow  o f e lec trica lly  co nduc ting  f lu id  along  a sem i-in fin ite  h o rizo n ta l 
p la te , w h en  th e  p la te  te m p e ra tu re  oscilla tes a b o u t a c o n s ta n t m ean . T he 
specific a im  of th e  p re se n t s tu d y  is to  g a in  fu r th e r  in s ig h t in to  th e  flo w  o f 
conducting  f lu id  o f sm all v isco sity  w hen  th e  m ag n etic  fie ld  is app lied  a t  th e  
p la te  itse lf. T he p o ss ib ility  o f  se ttin g  u p  a u n ifo rm  m ag n etic  fie ld  in  th e  p la te  
has been v e ry  w ell d iscussed  b y  Zh ig u l e v  [6 ]. T he osc illa to ry  flow  a n d  h e a t 
tran sfe r p rob lem s are  im p o r ta n t  in  an  en g in eerin g  sense because such  flow  
occurs v e ry  o ften  in  p rac tice . T he effect o f  su rface  te m p e ra tu re  oscilla tions 
on th e  sk in -fric tio n  a n d  h e a t  tra n s fe r  from  a  surface to  th e  su rro u n d in g  flow  
is o f special in te re s t  to  th e  h e a t tra n sfe r  engineer.
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W e consider a  th in  m agnetized  f la t  p la te  ex ten d in g  from  0 to  oo in  th e  
лг-d ire c tio n  w here x  m easures th e  d is tan ce  a long  th e  p la te  ly in g  h o rizo n ta lly  
in  q u iescen t e lec trica lly  co n d u c tin g  viscous f lu id  (see F ig . 1). T he p la te  is 
h e a te d  to  a te m p e ra tu re  Tw and  is p laced  in  an  am b ien t a t  T x . T hus th e  basic  
flo w  is en tire ly  d u e  to  b u o y an cy  effect in  th e  presence o f e x te rn a lly  ap p lied  
m a g n e tic  field  o v er a h o rizon ta l p la te  w hose te m p e ra tu re  d iffers from  th a t  
o f  th e  free stream . T h e  effect o f th e  b u o y an cy  force is to  ind u ce  a lo n g itu d in a l 
p re ssu re  g rad ien t w h ich  causes flow . I t  is an  in te re s tin g  flow  in  its  ow n r ig h t 
y ie ld in g  a s te a d y  o u te r  flow  for th e  b o u n d a ry  la y e r  as a re su lt o f  free convec-

F ig . 1 . The physical system

t io n  alone. M oreover th is  p rob lem  shou ld  be  easily  am enab le  to  e x p e rim en t 
in  a  lab o ra to ry . T h e  s tead y  free convection  flow  over th e  p la te  is p e r tu rb e d  
d u e  to  a su p erim p o sed  w eak  tim e -v a ry in g  p la te  te m p e ra tu re  d is tr ib u tio n  
e(Tw — TJ)  cos cot, w here со is th e  freq u en cy  o f  oscillations. T he a m p litu d e  
o f  th e  oscillations is assum ed to  be  sm all (of o rd e r e) com pared  w ith  th e  m ean  
f lo w  induced  b y  th e  convection . T h is enables us to  em ploy  th e  te c h n iq u e  o f 
th e  lin ea riza tio n  fo r th e  p e r tu rb a tio n  due to  oscillations.

The basic  s te a d y  flow  is considered  u sin g  th e  K a rm a n —P o h lh au sen  
m e th o d  and  a n  a p p ro x im a te  so lu tio n  to  be u sed  in  th e  su b se q u e n ty  s tu d y  o f 
u n s te a d y  flow  is o b ta in ed . Tw o d iffe ren t so lu tions for low  a n d  h igh freq u en cy  
ra n g e s  are deve loped  for p e r tu rb a tio n  eq u a tio n s . The m e th o d  o f so lv ing  th e  
p ro b lem  is e ssen tia lly  th e  sam e as developed  b y  L ig h t h il l  [1]. H ere, o f course, 
w e h av e  ex te n d e d  L ig h t h il l ’s te ch n iq u e  to  o b ta in  series so lu tio n  fo r low  
a n d  high frequencies . The m a tc h in g  b e tw een  th e  tw o so lu tions is fo u n d  to  be 
q u ite  sa tis fac to ry . F o r v e ry  h ig h  frequencies th e  am p litu d e  o f  th e  r a te  o f  h e a t 
t r a n s fe r  f lu c tu a tio n s  increases w ith  со an d  its  phase  is ah ead  o f  th e  p la te  te m 
p e ra tu re  o sc illa tions b y  45°. O n th e  o th e r h a n d , th e  phase o f sk in  fr ic tio n  oscil
la tio n s  lags b e h in d  th a t  of th e  p la te  te m p e ra tu re  oscillations b y  45°.
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2. The basic equations

W e consider th e  tw o -d im ensiona l free-convection  b o u n d a ry  la y e r  flow  
of an  incom pressib le , v iscous an d  e lec trically  co n d u c tin g  f lu id  p a s t a sem i
in fin ite  h o rizo n ta l f la t  p la te , w hen  th e  m agnetic  R ey n o ld ’s n u m b e r is v e ry  
sm all. T here  is no m ag n e tic  f ie ld  in  th e  d is ta n t flu id  b u t  in  th e  b o u n d a ry  
lay e r th e re  is a fie ld  g e n e ra te d  b y  ex te rn a l m eans w ith in  th e  p la te  itse lf. I f  
(u, v) an d  (H x, Hy) are  th e  v e lo c ity  and  m agnetic  fie ld  co m ponen ts, resp ec
tiv e ly , th e  eq u a tio n s w h ich  g o v ern  th e  flow  in  th e  b o u n d a ry  la y e r, in  M KS 
u n its , are

du du 9 и
e ------- b и — - +  v — - 9 Р + ^ Г И е Щ

1 dt дх 9у дх 2

8 2  и
+  ev ± Y  +  dy2

+  Pe Я , 8 H x | Э H x
dx 8 У

о =  — — p  +  - p M  
8 у

-  Qg >
У \ *

+  Д  +  Д  -  | я , - Ë Ï . +  H y  »Ü9 и
dt дх 8 у  { дх 87

8  2Я Х

8 у 2

дх  9у

)Ну 

8 У
9 ^  +  Ä ^ O ,
дх

дв . 90 , 90 Э20—---- h и --------[- v -----=  а --------
dt дх  9у  9у 2

( 1 )

(2)

(3 )

(4)

(5)

( 6)

w here 0 =  Т  — T œ, Т  be in g  th e  te m p e ra tu re  in  th e  b o u n d a ry  lay e r. T he flu id  
has d en sity  g, k in em a tic  v isco s ity  v, e lectric co n d u c tiv ity  a, m ag n etic  p e rm ea 
b ility  jie an d  th e rm a l d iffu s iv ity  a . g  denotes th e  acce lera tion  due to  g ra v ity  
an d  r] is th e  m ag n etic  d iffu s iv ity  d efin ed  as

V =  •

I n  acco rdance  w ith  th e  u su a l p rac tice , we consider d e n s ity  v a ria tio n s  
only  in  th e  b u o y an cy  force te rm , o th e r  d en sity  v a ria tio n s  are  neg lec ted  w ith in  
the  fram ew o rk  o f incom pressib le  flu id s . T he sim p lest w ay  to  do so is to  ta k e  
the  eq u a tio n  o f  s ta te  in  th e  fo rm

в =  e « [ i  — ß(T  -  T œ) ] , (7)

Acta Physica Academiae Scientiarum Hungaricae 46 , 1979



80 P. SINGH and R. L. VERMA

w h ere  ß is th e  coeffic ien t o f th e rm a l expansion  a n d  is th e  free s tream  density . 
U sin g  (7) in  (2) a n d  e lim in a tin g

Р + ~ ( л еЩ

fro m  ( 1 ) and  (2 ) w e o b ta in

_9_

ay

du du du
------- 1- и ------- h V -----
. 0Í dx dy

9 3u
=  V - --------

9y3

ËL J L  
в 9у

Э H x 
дх

+  н у

(8)

T h e  b o u n d ary  co n d itio n s o f th e  p rob lem  are

4 II p и =  0 , v =  0, H x =  Н 0, д — 6W( 1 +  е cos cot),

У °° : U  —у  0, —  ^  0, Н х 0, Н  ->■ 0, в — 0; (9)
9у

w h ere  со is th e  fre q u e n c y  of th e  te m p e ra tu re  f lu c tu a tio n s  an d  Qw =  T w —
T h e  m agnetic f ie ld  is ap p lied  a t  th e  p la te  in  th e  ^-d irec tio n .

The so lu tions o f  th e  above eq u a tio n s  a re  o b ta in ed  in  te rm s  o f com plex 
fu n c tio n s, th e  re a l p a r ts  o f w h ich  h av e  ph y sica l sign ificance. T he p la te  te m 
p e ra tu re  w hich c a n  be  w ritte n  as 6W edw eimt consists o f  a  basic  s te a d y  d is tr i
b u tio n  6W w ith  a  su perim posed  w eak  tim e -v a ry in g  d is tr ib u tio n  edw etmt. W e 
assu m e th e  fo llow ing  form s fo r u, v, H x, H y an d  в

и =  us T- eu1 elmt, v =  vs +  eiq elmt,

H x =  H xs +  eH xl eiat, H y =  H ys +  eH yl eM , (10)

в =  0S +  e6 1 eiarf,

w here  us, vs, H xs, H ys an d  6S s a tis fy  th e  s te a d y -s ta te  h y d ro m ag n e tic  free con
v ec tio n  b o u n d a ry  la y e r  eq u a tio n s

9
dy

9 us 
dx

+  U
Э U s

9У
=  V -

Э3  us
9y3

d6s
dx

+

9 H xs
dx ■+ v>

9 H Xi
dy

9 \h xs^ - +  H ys
9 H xs

1
е 9у dx 9y

H xs
dus T J  9 U s- H vs =  rj

Э2 H xs
?

dx 9У 9y4

( 11)

( 12)
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иs
dôs
dx

+  v s
90s
9y

Э2  0 S
9 j 2

_ 9 ^  +  ^ = 0 ,
9 * ay

9 H xs dHyS _ g

д х  Эy

w ith  th e  b o u n d a ry  co n d itio n s

У 0; 0, vs 0, Я Х 5  Яд, ds — 0W,

У  -> ■  o o :  Ms -V 0, - ^ - 0 ,  Я Х5-  0, H ys — 0, 0 , - 0 .  (16)
9У

N eglecting  squares of e a n d  d iv id ing  b y  e‘mt, we f in d  th a t  u, vv  Я х1, H yl an d  0l 
sa tisfy  th e  o sc illa to ry  p a r t  o f th e  b o u n d a ry  la y e r  equa tions

_ 0

dy L
t*e 9

e 9y

icou1 -f~ us 9« i
9*

Я х

duy 9 us
vs -------- +  “ l ------

9У dx

9 Я

+  . ^
ay

icoHx

Э Я х1 ! Tj Q if y s  1 г г
г  x i y s -------------Г XI x l

dx dy

. 9 3 M! д 901+  V------ --- g ß -------

I T T  9 ifxs
T  Hyl ■ '

9л: ay
+

9 j J

dH xl 9 H xl
« . -------- - +  vs -----------h Mi

9л: 9 J

9л:

ЭЯ Х 5  9 H XS
+  v \ -dx

H x
дУ

9Uy 
dx

H ys^ - - H xl - ^ - - l
0  ,  ■dy 9л: dy 9J2

901 . 901 . 90s : 90s 92 0s
+  »S ---- -  +  « 1 ---- --■ +  ®i =  а --------

dx 9 J 9л: 9 J 9y2

9«]
9л:

9tq

9y
0 ,

0 Я х 1  , ЭЯ.

9л: 9J
£ .  =  0 ,

w ith  b o u n d a ry  cond itions

У =  0: iq  =  0, tq  =  0, Я х 1  =  0, 0X =  0W ;

9 Ml
J » 1  — 0 ,

9y
о» Я Х1 — 0 , H yl — 0 , 0X > о
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3. The steady state solution

E q u a tio n s  (11) to  (16) describe th e  s te a d y  s ta te  free convection  flow  of 
a n  e lec trica lly  c o n d u c tin g  flu id  over a  sem i in f in ite  h o rizo n ta l m ag n etized  f la t  
p la te  m a in ta in ed  a t  a co n stan t te m p e ra tu re  T w. T hese equ a tio n s are  th e  sam e 
as th o s e  ob ta in ed  b y  G il l  and  Ca s a l  [7] fo r e lec trica lly  n o n -co n d u c tin g  flu id s 
b u t  th e  b o u n d a ry  cond itions are  d iffe ren t. T hey  h av e  assum ed  th e  ex istence  
o f  a  un ifo rm  free s tre a m  velocity  w h ereas  in  our case th e  free s tream  is assum ed  
to  b e  a t  rest. T h u s  th e  flow  is p u re ly  due to  b u o y an cy  force w hich  in duces a 
lo n g itu d in a l p re ssu re  g rad ien t

^ = - g ß e ~  —  [ e d y .  (23)
dx d x j y

T h is  pressure g ra d ie n t causes th e  flo w  (see Spa r r o w  an d  M ink o w cz  [8 ]). 
F o r  th e  flow below  th e  p la te , th e  co o rd in a te  y  w ould  be  reversed  to  m easure  
d is ta n c e s  v e r tic a lly  dow nw ards a n d  th e  n eg ta iv e  sign in  E q . (23) w ould  be 
d e le te d . I t  follow s th a t  w ith  a flo w  above th e  p la te  fo r w hich  T w J> T „ or 
fo r  a  flow  below  th e  p la te  for w h ich  T w <  T „  th e  in d u ced  p ressu re  g rad ien t 
Qp/дх  is neg a tiv e  re su ltin g  in  an  acce le ra ted  flow . F o r flow  below  th e  p la te  for 
T w J> or fo r f lo w  above th e  p la te  fo r w hich  T w <J T„,  th e  s itu a tio n  will 
b e  j u s t  reversed . I t  is  therefo re  su ffic ien t to  consider on ly  one o f th e  fo u r s itu a 
t io n s . F o r co nven ience  we shall d iscuss flow  above th e  p la te  for w hich  T w >  T„.

W e shall em p lo y  th e  K a rm a n —P o h lh au sen  m eth o d  o f in te g ra tio n  to  
so lv e  th e  s te a d y  s ta te  equations. In te g ra t in g  E qs. (11) to  (13) over th e  w id th  
o f  th e  b o u n d a ry  la y e r , we o b ta in

ay2 + g ß — \ M y
y=o dx Jo

l d H x

д Г
dx Jo

9У ) y -  о

90s

I ^e  гг d H 0
H-------l l o — —

Q ax

=  0 ,

0 ,

Щ 6s dy  +  a
By ,y=0

=  0 .

(24)

(25)

(26)

W e assum e th e  s te a d y  s ta te  p ro file  as:

us =  UA(3r]1 — 8  r]l +  6  rjl — rjl) — UBiyii — 3 rj{ +  3 rjf — rj{), (27)

H xs =  H 0( 1 -  6t)l +  8 ^  -  3771) , (28)

в, =  0Д 1 -  24l +  277? -  V Î), (29)
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w here

A =

В  =

H 0 U Г 30 dï) 4/ie <53

ÔÎ - £ - ( Я ( A )
ax

15 Q

H 0 U 60 rjô 4/ze <53  d

ÔÎ ~ ^ H 0)
ax

5 q d x ( № )

Vi =  У /й ,  V 2  =  y / ô v  U =  (gßOoo)2/s {vx}115.

ô an d  (5a are  th e  v iscous a n d  th e  m agnetic  b o u n d a ry  lay e r th icknesses, respec
tiv e ly , an d  th e se  a re  to  be d e te rm in ed  w ith  th e  help  of in te g ra l eq u a tio n s (24) 
an d  (26). T h e  expressions (27) to  (29) sa tis fy  th e  b o u n d a ry  cond itions (16) 
a n d  th e  s te a d y  b o u n d a ry  la y e r  equ a tio n s (11) to  (13) a t  у  =  0.

S u b s titu tin g  (27) to  (29) in to  (24) an d  (26) an d  considering  only  th e  
s im ila rity  cases, w e get

(3ó* — 5s) Ő* 2  =  50(8,4 -  3 B ) , 

10 ■= <5*2

w here

«5= Ô*
it 1/5

»-2/5

\gßOW

5s — 3Ó*
50

+
15 A

<5* <5*3

89 A 1 1 Б
420 168 ,

r-lII«о

- 1  ô*2, в - l l

(30)

(31)

1/5
1-2/5

gßö*

S  =
He Hi? 

QV2

ff =  v/a,

r2

gßdco)

4/5

50

Я 0  =  Щ  хЧ\  

А - rj/v.

+
4А

ô * ô f
ô*\

I t  shou ld  be n o te d  t h a t  th e  m ean  h o rizo n ta l ve lo c ity  in d u ced  b y  s te a d y  con
v ec tio n  is zero a t  th e  lead in g  edge o f  th e  p la te , th e  an a ly sis  is in v a lid  fo r sm all 
v a lu es  o f x.  H ow ever, th e  m ean  v e lo c ity  grows as x lls a n d  so th e  re su lts  are 
v a lid  fa r  d o w n stream .

T he re su lts  o f  p ra c tic a l in te re s t  are  th e  sk in  fr ic tio n  a n d  th e  r a te  of 
h e a t  tra n s fe r  fro m  th e  p la te  to  th e  f lu id  w hich can  now  be  o b ta in e d  easily. 
T h e  sk in  frc itio n

H
du*

дУ F=0
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Fig. 2. The steady state velocity us/u vs y  for Л =  0.1, 10 and s =  0.1, 0.5, 1

in  th e  non-d im ensional form  is o b ta in e d  as

(vx)115 I 9  и

( g ß W 5 [ 0у

T h e  ra te  of h e a t  tra n s fe r

Ъ =  -  к

y=о

8T ,

3 A  -  В  
Ô*

in  n o n d im en sio n a l form  is 

Nus  =

. 3 y y = 0

( V2 X 2) 115 l  90,

М ё Л ) ] / 5  l 0 J  y=о

=  2/Ô* ,

w h ere  Nus  d en o te s  th e  s te a d y  s ta te  N usselt n u m b er.

(32)

(3 3 )

Acta Physica Academiae Scientiarum Hungaricae 46 1979



FREE CONVECTION FLUCTUATING FLOW 85

У
Fig. 3. The steady temperature field 0J6W vs у  for A =  0.1, 10 and s — 0.1, 0.5, 1

T he so lu tion  o f E qs. (30) an d  (31) are  o b ta in e d  fo r c r=  0.72; A =  0.1, 10 
a n d  s =  0.1, 0.5 an d  1. C orresponding  sk in  fric tio n  an d  th e  ra te  o f h e a t tra n s 
fe r  a re  ca lcu la ted  an d  th e  values are  g iven in  T ab le  I .

Table I

A =  0.1 A = 10

S T* H«. T* Ли.

0.1 0.908 0.355 0.890 0.380
0.5 0.894 0.283 0.599 0.309
1.0 0.793 0.190 0.304 0.256
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I t  is obvious t h a t  th e  values o f  sk in  fric tio n  an d  th e  N usse lt n u m b er 
d ec rease  w ith  th e  in c rea se  of th e  m a g n e tic  field  s tre n g th  s. T he effect o f applied  
m a g n e tic  field  on th e  velo c ity  a n d  te m p e ra tu re  pro files are  show n in  F igs. 2 
a n d  3. I t  is found  t h a t  as s increases th e  velo c ity  decreases an d  th e  b o u n d a ry  
la y e r  th ickness in creases , while th e  te m p e ra tu re  in sid e  th e  b o u n d a ry  lay e r 
in c rea se s  w ith  s. T h ese  resu lts  a re  ex p ec ted  from  p h y sica l co nsidera tion  too .

W e, nex t, in v e s tig a te  th e  n a tu re  o f  th e  flow  a n d  th e  te m p e ra tu re  fields 
d u e  to  th e  f lu c tu a tio n s  in  th e  p la te  te m p e ra tu re . T w o se p a ra te  so lu tions are 
o b ta in e d : one for sm all frequencies a n d  th e  o th e r fo r h igh  frequencies.

4. Low frequency  solution

W e have a lre a d y  o b ta ined  th e  basic  s te a d y  flow  using  K a rm a n —Pohl- 
h a u s e n  m ethod , h e re  again  we sh a ll em ploy th e  sam e m eth o d  to  solve 
E q s . (17) to  (22). In te g ra tin g  (17) to  (19) from  y = 0  to  y  =  » ,  we o b ta in  
th e  averag ing  co n d itions

V
Í 9a i*i
l 3y2 ,

+  gß J L r 6ldy  +  J ± l H ys ^ + H yl

0II

3Í4CD

(34)
y = o  dx Jo e l dy 0У ) y = 0

iw H xl dy  =  — J7
dHxl J

(35)
J o Эу }y= 0

i(o f  01 dy  +  —  Г (us 01 +  u, 0S) dy =  — a 00! ] (36)
Jo dx Jo dy )y=o

C o n sis ten t w ith  th e  b o u n d ary  co n d itions (22), we assum e th e  profiles for 
u 15 H xl and  в1

U l =  U A & i г -  H  +  8 itf -  3rjf) +  U B J f g  -  3 r ,l +  H  +  7 7 ?), (37)

-  8r>2 +  2ч $  +  D *№  -  2r& +  v t ) , (38)

= 1  — 4 7 7? +  377Í +  Cx{ rjx — 3r}\ +  277Í) +  (л\ — 277? +  7]\). (39)
dw 2a

I n  (37) to  (39) A x, B v  D v  D 2 a n d  Cx are fu n c tio n s o f  x  an d  со a n d  a re  to  be 
d e te rm in ed . T hese profiles sa tis fy  th e  conditions

I d u 1 =  V
03Mi , /h-ftr d3H xl , v  02Я х1 , d2H xs +  B xs +  r lys 4- U yl

\ d y \ y - 0 d y A y=o e l  зу2 0y2 d y 2
(40)
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i 9 J2 y=о 

icoOw =<x

=  | Н „ - ^ + Н и ^ |  ,
9 у  ду I у —о

д20г
9у 2 I •/у=0

(41)

(42)

w hich a re  o b ta in ed  b y  ev a lu a tin g  eq u a tio n s  (17) to  (19) a t  у  =  0. S u b stitu tin g  
(37) to  (39) in  (34) to  (36), (40) an d  (41), we fin d  th a t  th e  u nknow ns A v  B Jt 
D v  D 2 a n d  Cx are  g iven  b y

. 25 Ad* 5 m  ( 3 dA ,  = ------ -—- O , ------- (3A  — B ) ------ \-X —
3 ôt3 12 '  ( 5 dx)

5-Pj . B 2
2 +  3

B 3 d*3 2 dВ л = ------ sD,o*2 --------------- \- X —
25 2 5 dx

60Ad*2

D 2 =  - ^ 7  [ico*A, +  18(2 ,4 , +  B ,)] 25
12s o * 6

3/5 +  ^  +  ^ C .I  ,

12

60 20

d  1 I nX ------------D ,
dx  5 1

- 6 / 5  (з/5 +  X —
T D l +  T D2

cx = —
60

[ dx

- (36 +  9C , +  ico*a) — erd*2
3 , d \

------h *  —
5 dx

173

17cr .
■— C , “b 
30 5040

ICO i i . , 5
( 2 4  ^ 504 1008

ICO

1260

+

1260 2520

(43)

w here со* j cod2
d en o tes  th e  non -d im ensional freq u en cy  p a ra m e te r. E q s. (43)

l V
m ay  be so lved  by  ex p an d in g  A v  B 15 £),, D 2 and  C , in  th e  series o f  th e  form

A 1 =  ^ ( i c o * ) n A I n  ’
/7 =  0

в 1 = 2 ( ™ * ) п B m-
n  =  0

Cx =  2  (*WT  Cl »1 =  2  (icù")n D i  «
/2=0

(44)
/1=0

D 2 =  2  D 2
/7 =  0
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S u b s titu tin g  (44) in  (43) an d  co m p arin g  th e  coeffic ien ts o f lik e  pow ers of 
(ico*) on b o th  sides, we get a series of s im u ltaneous a lgebra ic  equations 
w h ich  can be easily  solved for A ln, B ln, D ln, D2n an d  Cln(n =  0, 1, . . .). I t  
sh o u ld  be n o ted  t h a t  th e  pow er series (44) p ro b ab ly  w ill n o t converge  for all 
v a lu e s  o f со*, b u t  th e y  ou g h t to  b e  sa tis fac to ry  fo r sm all va lues o f  frequency  
p a ra m e te r .

T he so lu tion  o f  E qs. (17) to  (20) in  th e  lim itin g  case со —*■ 0 is th e  quasi
s te a d y  so lu tion  to  be  d en o ted  b y  (w0, v0), (H x0, H y0) an d  0O. T hese a re  th e  coeffi
c ie n ts  o f e in  th e  velo c ity , te m p e ra tu re  and  m ag n e tic  fie ld  d is tr ib u tio n s  for 
s te a d y  flow  w ith  a n  im posed  p la te  te m p e ra tu re  6*(1 +  e). H ence

(u 0, t>0) =  T -(Ms> ®s)’
80ш

(Я хО, Я уо) = = 0 * - ^ - ( Я Х5, Я у5),
Э 0*

в0 =  ew ~ 6 s.
90*

(45)

T h a t  th is  solves E q s. (17) to  (22) w hen  со —*■ 0 can  be verified  b y  d irec t sub 
s ti tu tio n . I t  c an  also  be verified  easily  th a t  th is  q u as i-s tead y  so lu tio n  corres
p o n d s  to  A 10, B l0, C10, D 10 an d  H 20 in  (44). E xpressions (37) to  (39) can  be now  
exp ressed  as th e  su m  of th e  in -p h ase  and  o u t-p h ase  com ponen ts as

Mi — u o d - iu 2, H X1 — H x0 -f- iH x2,

0i  =  0 O +  i62. (4 6 )

T h e  velocity , th e  m ag n etic  a n d  th e  te m p e ra tu re  fie lds m ay  now  be w ritte n  
in  th e  form

u =  us -j- eR y cos (cot a x),

H X =  H xs +  eR 2 cos (cot +  a 2),

w here
0 =  6S +  eR3 cos (cot +  a 3),

R ,  =  (uS +  u i)1/*, =  t a n -1

R 2 =  (H iо +  a 2

R 3 =  (0* +  e l)1/2,

ta n

t a n -

- l H v

H x0

02 
вг

(47)
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In  free convection  problem s th e  sk in  fric tio n  an d  th e  ra te  o f h e a t tra n sfe r  a t  
th e  p la te  are a lw ays o f p rim a ry  im p o rtan ce , we shall s tu d y  th e  effect o f m ag 
n e tic  field  on th e se  ch a rac te ris tic s . T he sk in  fric tio n  in  th e  non-d im ensional 
fo rm  is found  to  he

r *‘1
ni(X>t ОФ

e R ea l 

=  eR 4 cos (cot -f- a4) say

О n  =  0

(48)

T h e  ra te  of h e a t t ra n s fe r  for low  freq u en cy  f lu c tu a tio n s  is o b ta in e d  in  d im en
sionless form

[ picot oo
----------2  ( * " T  c.

<5* n=о

=  e R s cos (cot -f- a 5) say  .
(49)

5. H igh  frequency  oscillations

F o r very  h ig h  frequencies L ig h t h il l  [1] has show n th a t  th e  oscilla ting  
flow  is to  a close a p p ro x im a tio n  an  o rd in a ry  “ sh ea r w ave”  u n affec ted  b y  th e  
m ean  flow . F o llow ing  L ig h t h il l , we get th e  o sc illa to ry  co m p o n en t o f te m 
p e ra tu re  6V as

w h ich  is o b ta in ed  b y  re ta in in g  th e  te rm s  w ith  th e  fac to r  со to g e th e r  w ith  th e  
d e riv a tiv e s  of th e  h ig h es t o rder in  (19). T his show s th a t  w hen  th e  frequency  
o f  su rfa c e -tem p e ra tu re  o scilla tion  becom es v e ry  h igh , th e  th ick n ess  o f th e  
o sc illa to ry  b o u n d a ry  la y e r  is o f o rd e r у  а  /со an d  i t  shou ld  be con fined  in  a  v e ry  
th in  reg ion  a d ja c e n t to  th e  p la te . H ere  we ag a in  seek a  series so lu tio n  in  th e  
h ig h  frequency  ran g e , u tiliz in g  th is  lim itin g  so lu tion  as th e  zero th -o rd er 
ap p ro x im atio n . F o r  th is  pu rpose  w e ex p an d  uv  H xl an d  in  th e  inverse  
pow ers o f у  со

1 1
— u10 + M11 +  ■— “ i2 +  • • • —5У (0 œ

=  Hxl0-\- l
Нхц Hxl2 • • • »

у О) СО
(50)

— 010 + 7=- 0Ц H------012 +  • • • •
I CO CO
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In tro d u c in g  th e  v a ria b le  z  — Усо y ,  (17) to  (19) ta k e  th e  form

Э«1 , 0US0 s U y  .  d U y 1 3 r
02 3 02 У  CO 02 L e z

- J ^ - \  н д н xl
*ys я , 0 H x

dz dz
+

1
—  \CO 02 L

Г 0M1«s----- , 0«s+  u i
i r r  a tfx i
M xs

XX 0 Я Х5)1ь я х1— ^
L 0* d x Q

HCD 3* iJ

— L  #**> ,
ft)3/2 dx

(51)

02Я

et

dz?

di 61

X1 iH xl
d H 0 Я Х

У со _ dz
xl +  „ ^ i* L  _ я , „ — i- -  H.dUy 0MS

0 2
*ys

02
xl ‘

02
+

+ —  [« s
Ш 1_

0Ях1 , d H xs 0^i и  0^s---------h ft,---------- tlv,----------
dx dx dx 1xl '

0ЯС

022 -Й ! =  V=-У ft)
00! , 00s 1 CO , 9*.l

v s - 7 ^ - +   ̂ -— -M l -
6 z 02 j CO 0* d x  1

W ith in  th e  o sc illa to ry  b o u n d a ry  la y e r, th e  s te a d y  flow  is a p p ro x im a ted  as

'0 « s
“ s =  ws(0) +  J

у2 ( a2 щ

d y  )y^  L2 ( 0y2 | y=о
+  •

=  ( 3 d - B ) ^  +
у со <5

H xs =  H xs{ 0) +  у  

=  Я 0 — * *
cod2

d H x
+

У2 ( 0 2Я Х
0у J у=о L2 ( эу2 jy=0

+
(52)

^ 2  +  О 1

ÖS =  0S( O ) + J

я 20ш
=  ön

0ÖS
+

У2 0 2 ös

У со d

d y  ) у - о  L2 0У2

Z + ......................

+  •
y=0

S u b s titu tin g  (50) in  (51) and  usin g  (52), we get th e  follow ing eq u a tio n s  for 

u 10’ - ^ x io  a Q d  0 io
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03 «10 
02®

. 0м1о 
02

=  0 ,

02Я х1О
023

— iH x io =  0 , (53)

0201O
02й

1 <*■*
.

M о =  0 ,

w ith  b o u n d a ry  cond itions

0 : «Ю =  0 , H x l0 -  o , 010 — бц,,

oo  : “ i o - ” 0  »
0 « io - 0 , Я хю  —► 0 ,
02

(54)

T he so lu tio n  o f (53) is

Ию =  0, H xl0 =  0, 01O =  Qwe , (55)

w hich  is un affec ted  b y  th e  s te a d y  m ean  flow . In te ra c tio n  te rm s , how ever, 
a p p e a r in  th e  su b seq u en t h igher ap p ro x im atio n s. T he n e x t non-zero  te rm  in 
0! is 013 w hich  sa tisfies th e  e q u a tio n

02013 —  i e13 =  3 A ~ B  и  - ^ 2 * ,
0z2 lO&r

z =  0: 013 =  0; z

0 2

oo; 0i3 —>- 0 .

T he so lu tion  o f  (56) is

0'13
6WU ЗА  — В  I z3 , z* , 2

------1----------------- 1---------
3 2 \f ijet 2 i/a20a ôx

—y r « z

(56)

(57)

T he f ir s t  non-zero  te rm  in  « t is м1в w hich satisfies th e  e q u a tio n

„ 08 Ul« - .. 0«18 
V - g ß 9013,023 02 dx

(58)

H II O e M O» II © л 9“ie Oz —► oo: u16 —> U ,---- £— ► U .
0 2
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T h e  so lu tion  o f (58) is

3gß6w U (ЗА -  В ) 
50 m ô x 2(M 2 — m2)

*ie

31 M 4 -  22 M 2m2+ 7 m 4
H------------------------------------------2

2 M 3(M 2 — m2)2

7 M 2 - 3m2 
3 M  2 М Ц М 2 -  m2)

(59)

+
55 M 6 -  45 A i1 m2 +  29 M 2m4 — 7 m6 _ MZ 

2 M 4(M 2 — m2)3
(e-M 2  _  e-mz)

w h ere  M  =  |/i7â, m =  ]/i/r- T h e  non-zero  te rm  in  H xlis j?/x17 w hich  sa tisfies

(60)

3 2 Я Х17 
4 -----îH xii  =

б , н 0 3 u ie
0z2 25 X 02

z =  0: H xll =  0: z —► 0 0 : я х17 =  0

S o lv ing  the  above  eq u a tio n , we ge t 

2z(3 M 2

• я ,  =  Pe~,z +
9 g ß ew U H 0 ö1(3A -  В) - e - M Z z3

625volt]Ôx3( M 2 — m2) M 2- l 2 1 3

2 M
z2 +

+

+

+

X

(M 2 -  l2)2 

2 (3M 2 +  Í2)

í2) 8 M (M 2 +  l2) 5 M 2 -  m2

+

(M2 -  l2)3 2M (M 2 -  m2)
17 M 4 — 2 M 2 m2 +  m 4

M 2 -  Z2

' ,  , 4M zz2 H--------------- -
M 2 - l 2

(M 2 — l2)2

31M 4 -  2 2 M 2m2 +  7m 4 
2 M 3 (A f2 -  m2)2

2 M 2(M 2 -  m2)2
2 +

2 M
M 2 - l 2

+

+

(61)

+
M e~MZ me
M 2 -  l2 m2 l2 )

X

55 M e — 45 M 4 m2 +  2 9 M 2 m4 -  7 m 6
2 M 4(M 2 -  m2)3

w here  1 =  Yi/rj a n d  P  is a c o n s ta n t o f in te g ra tio n  w hich can  he ob ta in ed  w ith
th e  condition  H xll — 0 a t z =  0.

F o r h igh freq u en cy  osc illa tions th e  ra te  o f h e a t  tra n s fe r  a n d  skin fric tio n  
ch a rac te ris tic s  o f  th e  prob lem  can  now  be o b ta in e d  easily . T he ra te  o f h e a t 
tra n s fe r  in  d im ensionless fo rm  is

aw'
+

2 40w*
w here

«, =  ta n

f dw*
” 2“

-■[> +

1 /2

cos (wt -f- ae), (62)

ЗА  -  В
40 f ë  w*2!2

У2<5*2
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Fig. 4a. Phase angle a4 of the oscillating skin friction vs a>*/ca* for A =  0.1 and s =  0.1, 0.5, 1

The N u sse lt n u m b e r a t  th e  p la te  has a  p h ase  lead  w hich ten d s  to  shear-w ave 
value jr/4 as со—>-oo. T h e  sk in  fric tio n  in  th e  non -d im ensional fo rm  is o b ta in 
ed as

* 3ô**(3A -  В) 24er3'2 +  41er +  28er1/2 + 7  . .. . . . .
тл* =  e ■------1---------— - ---------- 1----------- 1------------- ------ cos (cot — rr/4), (63)

100 со*6'2 +  l ) 4

w hich h as  a p h ase  lag  o f  45°. I t  is in te re s tin g  to  no te  th a t  fo r v e ry  h igh  
frequencies th e  sk in  fric tio n  is ex trem e ly  sm all b e ing  of th e  o rd e r o f  со-5 /2.

T he h ig h  a n d  low  freq u en cy  so lu tions m a y  be m atch ed  on  th e  basis of 
th e  ra te  o f  h e a t  tra n s fe r  oscillations, ta k in g  th e  m a tch in g  p o in t as th e  frequency  
a t  w hich th e  low  freq u en cy  so lu tion  p red ic ts  a  p h ase  advance  eq u a l to  th a t
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Fig. 4b. Phase angle a4 of the oscillating skin friction vs co*/co* for Я =  10 and s =  0.1, 0.5, 1

o f  th e  ‘shear w a v e ’ so lu tion . W e f in d  th e  c ritica l freq u en cy  p a ra m e te r  coj 
fo r  w hich ta n  a 5 =  1, giv ing a5 =  jt/4 . I t  is found  t h a t  th e  c ritica l freq u en cy  
cd* increases w ith  s a n d  A. T he va lu es  o f  со* fo r v a rio u s s and  A a re  g iven  in  
T ab le  I I .

Table II

s
0.1 0.5 1

X

0.1 7.1 15.1 16.9
10 11 44.4 92.4

Acta Physica Academiae Scientiarum Hungraicae 46, 1979



FREE CONVECTION FLUCTUATING FLOW 95

Fig. So. Phase angle a5 of oscillating heat transfer vs a>*j(x>* for A =  0.1 and s =  0.1, 0.5, 1

Fig. 5b. Phase angle a6 of oscillating heat transfer vs a>*/a>* for A =  10 and s =  0.1, 0.5, 1
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T h e freq u en cy  resp o n se  o f th e  h e a t tra n s fe r  an d  sk in  fric tio n  as fu n c tio n s of 
co^/co* a re  p lo tted  in  F igs. 4 and  5 fo r  A =  0.1, 10 a n d  fo r s = 0 .1 ,  0.5 a n d  1. 
T h e  p h ase  angle o f  th e  f lu c tu a tin g  co m p o n en t o f h e a t  tra n sfe r  increases for 
sm a ll frequencies. T h e  phase  lead  a f te r  reach in g  p eak  va lu es  begins to  decrease 
fo r  h ig h e r  frequencies an d  a tta in s  th e  a sy m p to tic  v a lu e  a t  со*. O n th e  o th e r 
h a n d , th e  phase an g le  o f th e  sk in  fr ic tio n , a f te r  a tta in in g  th e  m ax im u m  lead  
tu r n s  sh arp ly  to w a rd s  th e  phase lag . F ro m  these  F igu res i t  is obvious th a t  
со* g ives an a p p ro x im a te  in d ica tio n  o f  th e  ran g e  o f  th e  v a lid ity  o f th e  tw o 
so lu tio n s .
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I N T E R P R E T A T I O N  S I M P L E  D U  P A R A M E T R E  
A N H A R M O N I Q U E  (y ß T ) D ’U N  S O L I D E

Par

Y . T hom as

et
B . T a r a v e l

IN ST ITU T D E RECH ERCH ES SC IEN TIFIQ U ES E T  TECHN IQ UES 
40945 ANGERS C E D E X  (FRANCE)

(Reçu 13. II. 1979)

Un paramètre empirique mesurant l’anharmonicité des solides est interprêté, comparé 
avec les autres paramètres utilisés jusqu’ici et calculé pour quelques solides ioniques et quel
ques métaux.

Si y  e st le p a ra m è tre  de Gr u n e is e n , ß  le coeffic ien t de d ila ta tio n  cub ique 
e t T  la  te m p é ra tu re  d ’u n  solide, D u g d a l e  e t Ma c d o n a l d  [1] su g g èren t que 
la  q u a n tité  sans d im ension  {yßT) m esure  l’an h a rm o n ic ité  des v ib ra tio n s  
th e rm iq u es de ce solide. N ous proposons u n e  ju s tif ic a tio n  sim ple de ce p a ra 
m ètre  e t n o u s le  calcu lons p o u r quelques solides.

L ’énergie p o te n tie lle  d ’une  paire  d ’ato m es p e u t s’écrire, à u n e  co n s ta n te
près:

V(x) =  —  X2 -|- bx3 -f- ex4 +  . . .
2

où a, b, c so n t des coeffic ien ts e t лг — r — r 0 est la  v a r ia tio n  de la  d is ta n te  r 
e n tre  les a to m es à p a r t i r  de la  position  d ’équ ilib re  r 0. L a  force en tre  ces d eux  
atom es est:

F(x)  =  — ax
4/, 4r

1 + —  X  +  — X2 +  . . . )  =  — o x ( l  +  e)  
a a

où e est l ’écart par rap p ort à la  lo i de H o o k e . Sa v a leu r  m oyen n e — sans  
d im ension  — au  secon d  ordre p eu t donc m esurer l ’an harm on icité:

-  3b -  л  e  — -------X  +
a

4c

D ans l ’a p p ro x im a tio n  du  solide d’EiNSTEiN , si E  e s t l ’énergie th e rm iq u e  
d ’u n  osc illa teu r:

e
9 b2 E  -

( o5 a2
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d ’o ù  le  c o e ffic ie n t d e  d ila ta t io n  c u b iq u e  (si 6  e s t  la  te m p é r a tu r e  de D e b y e , 
à  T  ]>  0: E  c ^ k T  e t  Cv la  c h a le u r  sp é c if iq u e  e s t  q u a s i c o n s ta n te ) :

ß =  ± - ^ -  
rn dT

% C„
r n a*

1 +  — E
a2

9 bk

r na

p e rm e tta n t  de d o n n e r une s ig n ifica tio n  trè s  générale à s :

( 1 )

Si on a d o p te  le po ten tie l de M ie  L e n n a r d - J o n e s :

A
E  =

B
rn

où  A  e t B  so n t des constan tes , m et n  des expo san ts  (n >  m  >  0), on a
mn  T. , mn(m-\-n-\-3)

a =  — — Vg e t  b =  — •—----— ---------  V 0 où V 0 es t 1 energie de d issocia tion
ro ®ro

d ’u n e  paire  de p a rticu les . P o u r u n  réseau  de ty p e  quelconque, si N  e s t le

n o m b re  d ’A vogadro  e t f  l ’ind ice de co o rd in a tio n , l ’énergie Фо =
V 0N f

Or

brn m  +  n  +  3
d ’où l ’ég a lité  fo n d am en ta le

(m  -f- n -f- 3)2 E
4 m n V n

(YßT) ■ (2)

R em arq u o n s  qu e :

ß ~
3 ky  

mnV,
so it ß V 0 c o n s ta n te  [2]

on  re tro u v e  aussi u n  p a ram è tre  parfo is  u tilisé  com m e m esure  de l ’an h arm o - 
n ic ité  [3]:

5 ' _ y/ î . 
dT

E ta n t  donné les lois ap p ro x im ativ es  ad o p tées  po u r l ’énergie e t le p o ten tie l, 
ces équa tions o n t p rin c ip a lem en t l ’in té rê t  de m e ttre  c la irem en t en  év idence 
les lois de v a r ia t io n  e t les d ép en d an ces q u a lita tiv e s  en fo n c tio n  des d ivers 
p a ra m è tre s  c a ra c té r isa n t un  solide en h arm o n iq u e .
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Application à quelques solides ioniques:

On ad o p te  le p o te n tie l de Mie  L e n n a r d -J o nes

Tableau I

Résultats pour quelques solides ioniques. (T =  300 K) [5]

Solides ß  • 1 0« к -1 y e i°< =  ('I +  4)! E-10* 
4 nV0 ß V , ( 6N )

LiF 1 0 2 1,34 260,8 244,9
Licl 132 1,52 335,1 255,1
LiBr 150 1,70 364,2 254,1

NaCl 330 1,63 376,5 594,0
NaBr 337 1,56 401,4 601,9

KF 300 1,45 355,8 511,2
Kcl 303 1,60 430,5 498,0
KBr 330 1,68 459,3 527,1
Kl 375 1,63 504,9 528,2

RbBr 312 1,37 484,2 462,1
Rbl 357 1,41 534,0 471,3

A T  =  300 K , le ca rac tè re  en h a rm o n iq u e  c ro it (alors que le  degré d ’ion isa tio n  
décro it) p o u r les com posés de m asse c ro issan te  d ’un  m é ta l donné.

Application à quelques métaux:

O n a d o p te  le p o te n tie l:

V

où r es t la  d is tan ce  en tre  d eu x  a to m es voisins e t A ' ,  B '  so n t des co n stan te s  [4]. 
L ’an h a rm o n ic ité  des m é ta u x  v a rie  dans le m êm e ordre  que celle — plus faib le 
— de leu rs  com posés ion iques. A  T  =  300 K , p o u r des corps de s tru c tu re  
id en tiq u e , e — p ro p o rtio n n e l à  Fo"1 — v a rie  to u jo u rs  dan s le sens de ß qui 
sem ble u n e  m eilleure c a ra c té ris tiq u e  de l’an h arm o n ic ité  que y  ou (yß ) parfo is 
u tilisés.

Le coeffic ien t b v a rie  com m e /S-1  e t ne p e u t  ca rac té rise r l ’an h arm o n ic ité  
du  solide.
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Tableau II

Résultats pour quelques métaux (T =  300 K) [5]

M étaux ß • 10e к - 1 y
4 ,5E

£.10«= - y —  10« t

w 12,9 1,62 223,5
Mo 15,3 1,57 235,8 8
Ta 19,5 1,75 318,8
Fe 33,5 1,60 476,1

Li 180 1,17 1171,1
Na 216 1,25 1713,9 8
K 252 1,34 1828,8
Rb 270 1,48 2202,3
Cs 291 1,29 2401,2

Pt 26,85 2,54 525,6
Ni 40,2 1,88 666,3 12

Au 42,45 3,03 749,1
Cu 50,1 1,96 840,3 12
Ag 58,5 2,40 1014,3

Les ré su lta ts  e x p é rim e n ta u x  [5] m o n tre n t que l ’éq u a tio n  (2) n ’e s t pas 
rig o u reu sem en t vérifiée . Cela es t p rin c ip a lem en t d û  à la  dépendence exp lic ite  
de в  avec la  te m p é ra tu re  qui p e rm e t de fo rm uler une  m esure plus précise  de 
l ’an h arm o n ic ité  [6]:

nyß  =  -
d log в

d T

où  n est u n  coeffic ien t fo nc tion  de la  te m p é ra tu re  p o u v a n t ê tre  d é te rm in é  p a r :

à  la  te m p é ra tu re  T,-.
I r ß T j i
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ELECTRICAL CONDUCTIVITY IN THIN 
POLYCRYSTALLINE p-QUATERPHENYL LAYERS

By
J .  Swi^TEK

IN S T IT U T E  O F  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y  O F  L Ó D Z , L Ó IJZ , P O L A N D

and
D. C. La r so n

D E P A R T M E N T  O F  P H Y S IC S  A N D  A T M O S P H E R IC  S C IE N C E , D R E X E L  U N IV E R S IT Y , 
P H IL A D E L P H IA , P a . ,  U SA

(Received 15. II. 1979)

The electric conductivity of metal-p-quaterphenyl-metal thin polycrystalline layers 
sandwich structures have been investigated as a function of voltage, thickness, and tempe
rature. The films which ranged in thickness from 0.9 to 1.6 /tm were measured in the tempera
ture range of 100 — 370 K. The experimental data may he explained by space charge effects 
with contribution of Richardson—Schottky mechanism or in terms of injection modified by 
space charge effects.

1. In tro d u c tio n

I n  recen t y ea rs  th e re  has been  increasing  in te re s t  in  re sea rch  on th e  
p h y sica l, especially  e lec trica l, p ro p ertie s  o f organic m a te ria ls  [1 — 6]. O rganic 
su b stan ces  are in te re s tin g  as new  m ate ria ls  w hich  can be used  in  m icroe lec tro 
nics because  o f th e ir  sem ico n d u ctin g  p ro p erties . T hey  a re  also in te re s tin g  due 
to  th e ir  s tru c tu ra l s im ila rity  to  b io log ically  im p o r ta n t m a te ria ls .

I n  th is  p ap er th e  d a rk  e lec trical c o n d u c tiv ity  o f po lycrystallinep>-quater- 
p h en y l layers in  th e  te m p e ra tu re  ran g e  100—370 К  h av e  been  in v es tig a ted . 
T he s tu d y  o f th e  cu rre n t-v o lta g e  ch a rac te ris tic s  gives in fo rm a tio n  concern ing  
th e  p o sitio n  of tra p p in g  levels a n d  th e ir  sp a tia l d en sity  a n d  th e  an a lysis  o f 
th e  c u rre n t — th ick n ess  dependences is v e ry  im p o r ta n t  fo r se lec ting  th e  
p e r tin e n t m odel o f th e  c o n d u c tiv ity .

B ecause th e  c u rre n t — v o ltag e  ch a rac te ris tic s  in  ex am in ed  film s show ed 
a n e a r ly  v e rtic a l reg ion  w e h av e  tr ie d  to  a d o p t one ca rrie r space charge  lim ited  
c u rre n ts  (SCLC) th e o ry  to  in te rp re t  th e  re su lts  o b ta in ed . W e h a v e  n o t been 
able to  f i t  a n y  o f ex is tin g  SCLC m odels [7, 8] to  th e  ex p e rim en ta l p o in ts  in  
sp ite  o f  th e  fac t th a t  c u rre n t — th ick n ess  ch a rac te ris tic s  give in co rrec t slope 
i f  one c a rr ie r  SCLC th e o ry  is ta k e n  in to  accoun t.

T h e  ex p erim en ta l d a ta  m ay  be  in te rp re te d  in  te rm s o f  in je c tio n  th e o ry  
p roposed  b y  A s h l e y  a n d  M il n e s  [9] or b y  SCLC w ith  c o n tr ib u tio n  o f R ic h a rd 
so n — S c h o ttk y  m echan ism .
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Fig. 1. Dependence of the logarithm of the current on the logarithm of voltage for p-quater- 
phenyl layer with A1—Au electrodes. Thickness of the layer 0.9 pm. Temperature 300 К

2. E xperim en tal

The lay e rs  o f  p -q u a te rp h e n y l were p re p a re d  b y  v acu u m  su b lim a tio n  
fro m  a q u a rtz  crucib le . T he e v a p o ra tio n  process w as ca rried  o u t in  a v acu u m  
o f  10 -7 to r r  on  a  glass s u b s tra te  being a t  a  te m p e ra tu re  o f 300 K . V acuum  
ev ap o ra ted  m e ta llic  e lectrodes o f  gold an d  a lu m in iu m  in  sandw ich  configu
ra t io n  were ap p lied . F ilm  th ick n esses  (0 .9— 1.6 pm ) w ere m easured  b y  an  
in te rfe rence  m e th o d  an d  b y  m easu rin g  film  cap ac itan ce . T he op tica l m easu re
m en ts  w ere m ad e  w ith  th e  M IN -4  in te rfe ren ce  m icroscope, w hich has an  
accu racy  of ^ 5 0  Á  an d  th e  cap ac itan ce  m easu rem en ts  w ere m ade w ith  a 
G eneral R ad io  im p ed an ce  b rid g e  and  checked  w ith  a G eneral R ad io  m odel 
1673 cap ac itan ce  bridge.
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Fig. 2. Dependence of the logarithm of the current on the temperature reciprocal for different 
voltages. Thickness of the layer 0.9 fnn

T h e c u rre n t m easu rem en ts w ere carried  o u t in  a v acu u m  o f 1 0 -3  to r r  
using  th e  K e ith ley  m odel 25054 solid s ta te  lo g a rith m ic  response p ico am m ete r 
an d  a H e w le tt—P a c k a rd  m odel 7005A X —Y  reco rd er to  reco rd  th e  d a ta .

As a pow er source th e  H e w le tt—P a c k a rd  m odel 202A fu n c tio n  g en era to r 
an d  H a rriso n  m odel 682A P ow er S upp ly -A m plifier w ere used  since i t  p ro d u ced  
a v e ry  low  freq u en cy  (0.01 H z) tr ia n g u la r  w ave w hich  m ade i t  su ita b le  for 
m ak ing  d .c. m easu rem en ts.

A L eeds and  N o rth ro p  m odel 1992 te m p e ra tu re -m iliv o lt tra n s m itte r  
w ith  c o p p e r-c o n s ta n tan  therm o co u p le  w as used  fo r reco rd in g  th e  sam ple 
te m p e ra tu re .

4* Acta Physica Academiae Scientiarum Hungaricae 46 .1979



104 J . SW I4TEK and D. C. LARSON

B. R esults

T h e  ty p ica l c u r re n t  — vo ltag e  ch a rac te ris tic s  fo r d iffe ren t gold e lectrode 
bi as d raw n  in  a lg l  — IgU  p lo t a t  ro o m  te m p e ra tu re  are  show n in  F ig . 1.

log I

- 5

- 6

- 7

- 8

- 9
3.8 3.9 4.0 4.1 4.2 4.3 log L

Fig. 3. Dependence of the logarithm of the current on the logarithm of the thickness for 
p-quaterphenyl layers. Voltage U =  50 V

Fig. 2 show s th e  dependence o f  th e  lo g a rith m  o f th e  c u rre n t on  th e  te m 
p e ra tu re  rec ip ro cal for d ifferen t v o ltages. T he slope o f these  p lo ts  enab les one 
to  ca lcu late  th e  a c tiv a tio n  energy .

Fig. 3 show s th e  dependence  of th e  lo g a rith m  o f th e  c u rre n t on th e  
lo g a rith m  o f th e  th ick n ess  fo r exam ined  p -q u e te r ph enу  1 layers.

Fig. 4 show s lg  IjL  versus U/L2 dependence. T he genera l scaling  re la tio n 
sh ips proposed  b y  M urgatroyd  [10, 11] for space  charge  lim ited  c u rre n ts  show
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how  shape o f th e  cu rren t — v o ltag e  c h a ra c te ris tic  depends on th e  t r a p  d is tr i
b u tio n  a n d  th e  sam ple th ick n ess .

F ig . 5 show s th e  F erm i level dependence on  th e  lo g arith m  o f th e  vo ltage 
fo r th e  in v e s tig a te d  p -q u a te rp h e n y l layers.

Fig. 4. Dependencce of the lg l/L versus lg CJ/L2 for p-quaterphenyl layer. Gold electrode on 
positive bias. Thickness of the layers: -J- 0.9 pm, 9 0.93 pm, □ 1.01 pm, V  1.56 pm, О 1.59 pm

4. D iscussion  o f th e  resu lts

4.1 Space charge limited currents

T h e SCLC th e o ry  in  d ie lec tric  m a te ria ls  p red ic ts  th a t  th e  slope o f  th e  
c u rre n t — v o ltag e  ch a rac te ris tic s  depends on th e  t r a p  d is tr ib u tio n . I n  th e
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m o st papers an  ex p o n en tia l t r a p  d is tr ib u tio n  h as  generally  been  assum ed  
[1 — 3, 8] and  th e  c u rre n t d en sity  — voltage  d ep en d en ce  is given b y  th e  follow 
in g  equation

ee0 • l ' Г 2 / + 1 1 i+i  jj t+ 1

l e H ( I + l ) J L / + 1  . L 2l+1 ’ ( 1 )

w here  N c is th e  e ffec tive  d en sity  o f s ta te s  in  th e  va len ce  b an d , e0 is th e  v acu u m  
p e rm ittiv ity , e is th e  dielectric  c o n s ta n t o f th e  m a te ria l, ц  is th e  free carrie r
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m o b ility , H  th e  n u m b e r of th e  tr a p s  per u n it  vo lum e, U is th e  ap p lied  vo ltage, 
L  is th e  th ick n ess  o f the  sam p le , an d  l =  T JT .

T he slope o f  th e  high v o lta g e  p a r t  o f  th e  lg  I  versus lg  U  ch a rac te ris tic  
b =  T c/T  +  1 g ives th e  “ c h a ra c te r is tic  te m p e ra tu re ”  T c an d  th e  ch a rac te ris tic  
en erg y  of th e  t r a p  d is trib u tio n .

T he v a lu e  o f  th e  c ritica l vo lrage  a t  w h ich  th e  cu rren t increases steep ly  
co rresponds to  th e  tra p  d e n s ity , H ,  in  th e  so lid  b y  th e  exp ression  [8, 11]

Utfl
eL2 9 H b (b  +  1} b b +  1 b+i ■

££„ 8 N c 1 ь 26 +  1

w h en  b —*• oo

Utfl
eHL2 

2e£0

(2)

(3)

O ur ex p erim en ta l re su lts  give average v a lu e  for Tc =  2940 К  an d  c h a r
a c te r is tic  energy  o f  th e  t r a p  d is tr ib u tio n  k T c =  0.25 eV. T h e  t r a p  d ensity  
ch an g ed  from  0.5 • 1022 m -3  to  2.35 • 1022 m ~ 3 fo r d ifferen t p -q u a te rp h e n y l 
sam p les  and  av erag e  value eq u a ls  H  =  1.6 • 1022 m ~ 3.

F ro m  th e  lo g arith m  o f th e  c u rren t versus reciprocal te m p e ra tu re  and  
lo g a rith m  of th e  c u rre n t versus lo g a rith m  of th e  v o ltage  p lo ts we h a v e  o b ta ined  
an  en erg y  of a c tiv a tio n  and  th e  v a lu e  for N cfi.

T he values o f  ac tiv a tio n  en e rg y  o f 0.14, 0.09, 0.05 an d  0.10 eV for dif
fe re n t vo ltages h a v e  been o b ta in e d . A t low  te m p e ra tu re s  th e re  w ere sm aller 
v a lu es  o f th e  en e rg y  of a c tiv a tio n . A t a te m p e ra tu re  a b o u t 300 К  th e  
a c tiv a tio n  energy  changed  to  h ig h e r values.

T hese values a re  in  good ag reem en t w ith  th e  ac tiv a tio n  en erg y  o b ta ined  
b y  SZYM ANSKI [ 1 ] .

T h e SCLC th e o ry  p red ic ts  a  lo g arith m ic  dependence o f  c u rre n t on 
th ick n ess  for th e  expo n en tia l t r a p  d is trib u tio n . I t  can  be seen in  F ig . 3 th a t  
lg  I  ve rsu s  lg L  p lo t gives a s tr a ig h t  line w h a t is ty p ic a l for th e  ex p o n en tia l 
t r a p  d is trib u tio n .

T he dependence of th e  F e rm i level, for th e  ex p o n en tia l t r a p  d is tr ib u tio n , 
on v o ltag e  is g iven  b y  th e  fo llow ing  eq u a tio n :

E^kTc-V’ + 'T - . Jgg-.
6(26 +  1) ££„ U

As 6 is know n from  th e  lo g arith m  o f th e  c u rren t versu s  lo g arith m  o f th e  vo ltage  
ch a rac te ris tic s  one can  ev a lu a te  th e  F erm i level fo r d ifferen t v o ltag es . Fig. 5 
show s th e  dependence  of th e  F e rm i level on th e  lo g arith m  o f v o ltag e . I t  can  
be seen  th a t  th is  p lo t gives a s tr a ig h t  line. T his can  be ta k e n  as ev idence th a t  
tra p s  a re  ex p o n en tia lly  d is tr ib u te d  in  m ateria l.
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T he value o f th e  a c tiv a tio n  energy  for th e  e x p o n en tia l t ra p  d is tr ib u tio n  
can  be  in te rp re te d  as m ax im a  s itu a te d  on th is  d is tr ib u tio n .

F ro m  th e  SCLC th e o ry  th e  slope o f lg  I  versus lg  L  p lo t for th e  ex p o n en 
tia l t r a p  d is trib u tio n  o u g h t to  have  a tw ice h igher v a lu e  th a n  th e  slope o f th e  
lg  I  ve rsu s  lg  U  c h a ra c te r is tic  [8, 11], w hich  does n o t  agree w ith  o u r re su lts . 
As can  be seen in  F ig . 3 th e  slope o f  th e  p lo t is a b o u t 14. I t  is less th a n  we 
e x p e c te d  from  SCLC th e o ry .

T his re su lt a n d  th e  v e ry  low  N cfi va lue  (a b o u t 1010 m “ 1 V -1 s _1) show 
th a t  th e  SCLC th e o ry  on ly  p a r tia lly  describes e lec tric  c o n d u c tiv ity  in  th e  
in v e s tig a te d  p -q u a te rp h e n y l layers. T h is m ay  be ex p la in ed  b y  th e  follow ing 
p h y sica l reasons.

A t reaso n ab ly  s tro n g  app lied  elec tric  fields th e re  is a su ffic ien t supp ly  
o f ca rrie rs  av a ilab le  to  e n te r  th e  in su la to r  from  th e  e lectrode an d  c u rre n t — 
v o lta g e  ch a rac te ris tic s  are  d e te rm in ed  b y  th e  b u lk  p ro p erties  o f th e  in v e s ti
g a te d  m ateria l. A t h ig h  fie lds, o r i f  th e  in jec ting  p ro p e rtie s  of th e  c o n ta c t are 
n o t v e ry  good, th e  c u rre n t is less th a n  w h a t th e  b u lk  o f th e  d ielec tric  is ca
p ab le  o f  carry ing . U n d e r th ese  co n d itions th e  I  — U  ch a rac te ris tic s  o f th e  
sam p le  are  co n tro lled  n o t on ly  b y  th e  h u lk  p ro p e rtie s  b u t  also by cond itions 
e x is tin g  a t  th e  e lec tro d e  — m a te ria l in te rface . T h e  c u rre n t con tro lled  b y  the  
space  charge m ay  b e  s till p re d o m in a n t c o n d u c tiv ity  m echanism  b u t  i t  ough t 
to  be  w eaker d e p e n d e n t on th e  th ick n ess  o f th e  sam p le  th a n  p red ic ted  b y  th e  
one ca rrie r SCLC th e o ry .

I f  th e  e lec trode  sa tu ra te s  we w ill expec t th e  f ie ld  to  be un ifo rm  th ro u g h  
th e  sam ple w ith

I
L

A
—  exp
L

B L 112 ■
U I 1/2!

(5)

as i t  w as  p o in te d  o u t  b y  M u r g a t r o y d  [12].
T hen  we can  ex p ec t th a t  th e  u p p e r p a r t  o f  th e  lg J L  ve rsu s  lg  U/L2 

p lo t is to  he o rd e red  in  th e  m an n e r sk e tch ed  in  F ig . 6. T he m ax im um  fie ld  th a t  
m a y  be app lied  to  th e  in su la to r  befo re  th e  e lec tro d e  sa tu ra te s  is  g iven  by:

=  (6) 
4p

w here  c is th e  th e rm a l ve lo c ity  o f  th e  carriers, и  is th e  m obility  o f  th e  charge 
ca rrie rs .

T he th e rm a l v e lo c ity  m ay  be es tim a ted  fo r o rgan ic  m a te ria ls  from  th e  
f ie ld  a t  w hich th e  m o b ility  of th e  carriers equals th e  d rif t velocity . F o r  te tra -  
cene th in  film s th is  fie ld  is a b o u t 104 Y/cm [13 ]. Sim ilar resu lts  h av e  been 
o b ta in e d  for p -q u a te rp h e n y l layers [14]. As we can  see from  th e  ex p erim en ta l 
d a ta  a t  fie ld  o rd e r o f  104 Y/cm  th e  c u rren t is co n tro lled  by  space charge. So
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we can  suppose t h a t  in  th e  in v e s tig a te d  th in  p o ly cry sta llin e  p -q u a te rp h e n y l 
lay e rs  th e  co n d itio n s a t  m e ta l — organ ic  m a te ria l in te rface  p la y  a sign ifican t 
ro le d u rin g  th e  c u r re n t passing  th ro u g h  th e  lay e r. I t  m ay  he co n firm ed  b y  th e  
d a ta  p resen ted  in  F ig . 4 w hich w as d raw n  in  th e  genera l scaling  ru le  fo r space 
charge  cu rren ts  p rop o sed  b y  M u r g a t r o y d  [10].

T he n e x t p o in t w hich  o u g h t to  be exp la ined  is th e  low  v a lu e  fo r N c[x. 
T his p rob lem  is ty p ic a l for o rgan ic  m ateria ls . W e suppose  th a t  th e  th eo re tica l 
in te rp re ta tio n  is responsib le  fo r th e  d iscrepancy . T he c u rre n t — v o ltag e  and  
c u rre n t — th ick n ess  dependences h a v e  been ca lcu la ted  w ith  assu m p tio n s th a t  
th e  m o b ility  of th e  carrie rs  is in d e p e n d e n t of th e  ap p lied  fie ld  an d  th e  sam ple 
th ick n ess . T he ex p e rim en ta l d a ta  o b ta in e d  b y  M y c ie l s k i  [13] fo r te tracen e  
th in  film s have  show n  th a t  th e  c a rr ie r  m ob ility  depends as well on app lied  field 
(above 104 Y/cm) as on th e  film  th ic k n e ss  (below a b o u t 5 pm ). T he m en tioned  
p rob lem  is unso lved . I t  req u ires  fu r th e r  in ten siv e  ex p erim en ta l as w ell as 
th e o re tic a l research .
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4.2 Injection currents

T h e SCLC th e o ry  p red ic ts  a  pow er law  d ependence  o f a c u rre n t on a 
th ic k n e ss  for th e  e x p o n e n tia l t r a p  d is tr ib u tio n . I t  c an  be  seen in  F ig . 3 th a t  
th e  lg  I  versus lg L  p lo t  gives a s tr a ig h t  line ty p ic a l fo r th e  ex p o n en tia l tra p  
d is tr ib u tio n , b u t acco rd in g  to  th e  SCLC th eo ry  th e  slope of th is  ch a rac te ris tic  
o u g h t to  have a v a lu e  ab o u t tw ice h ig h e r th a n  th e  slope o f th e  lg  I  versus 
lg  U  dependence [8, 15], w hich does n o t  agree w ith  our re su lts . As can  be 
seen  in  Fig. 3 th e  slope  o f th e  lg  I  — lg  L  p lo t is a b o u t 14 w h a t is n o t in  con
fo rm ity  w ith  one c a rr ie r  SCLC th e o ry . T h is m eans th a t  th e  m easu red  cu rren t 
is closed  to  the  (1 //L )n re la tio n  a n d  m a y  in d ica te  th e  re la tiv e  u n im p o rtan ce  
o f  sp ace  charge effec ts.

T he resu lts o b ta in e d  are in  a good ag reem en t w ith  th e  A s h l e y — Mil n e s  
m o d el in  w hich th e  ch a rg e  carrie r m o b ility  and /o r th e  cross-section  fo r trap p in g  
d e p e n d  on the  e lec tric  fie ld  [8].

T he ex p o n en tia l increase o f  th e  c u rren t w ith  v o ltage  is m a in ly  re la ted  
to  in je c tin g  of th e  ca rrie rs  from  th e  electrode. I f  d iffusion  processes m ay  be 
n eg lec ted , in  th e  h ig h  electric  fie ld  th e  cu rren t d e n s ity  is g iven  b y

j  =  {VpP +  /w O ejE, (7)

w h ere  p  and n are  th e  co n cen tra tio n  o f  th e  free hole an d  e lectron , respective ly , 
fj,p a n d  pn th e ir  m o b ility , j  th e  to ta l  c u rre n t d en sity  an d  e is th e  charge  of an  
e lec tro n , E  is th e  e lec tric  field.

T he value o f  n  m a y  he o b ta in e d  from  th e  p a rtic le  co n se rv a tio n  equa tion

=  JL O i l  _  _  _L_ di_JL , (8)
T n e dx  e dx

w here  j n and  j  a re  th e  e lec tron  a n d  hole c u rre n t d en sity , respective ly , rn 
a n d  Xp are th e  e le c tro n  and hole life  tim e , resp ec tiv e ly .

The life tim es  o f  th e  ca rrie rs  are  given b y  th e  follow ing expressions:

=  (CnCnN-m)-1 an d  t p =  (op cp N ^ ) - 1 (9)

w h ere  cn and cp a re  th e  th e rm a l velocities of e lec trons an d  holes, respective ly , 
N Tn an d  N Tp are  th e  c o n cen tra tio n  o f  th e  e lec tron  an d  hole tra p s , respective ly , 
an an d  op are c ross-sec tion  fo r tra p p in g  of e lec trons an d  holes, respectively .

W e know  t h a t  in  h igh e lec tric  fie lds th e  m o b ility  of th e  carrie rs  depends 
o n  th e  field an d  decreases w ith  in c reasin g  of th e  electric  fie ld  (see fo r exam ple 
[13]). In  w eak fie ld s  th e  m o b ility  is c o n s tan t an d  its  v a ria tio n s  occur above 
a  ce rta in  c ritica l v a lu e  of th e  f ie ld , E c, and  v e lo c ity  of th e  carrie rs  increases 
w ith  field. In  a h ig h  enough fie ld  th e  op tical phonons are  excited , th e  velocity  
o f  th e  carriers b eg in s  to  sa tu ra te  a n d  m ob ility  decreases w ith  th e  fie ld .
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L et th e  m o b ility  o f th e  carrie rs  and  th e  cap tu re-cro ss-sec tio n  depend on 
th e  fie ld  as follows:

an d

Ир =  Про

Ип =  ИпО

ап ■— °ViO

E c ) 1//3,—1/2
(10)

E \V h - ip

i r \ (П )

' E c ]«.-»/*

E  ’
(12)

w here and  p n0 are  th e  m obilities o f th e  holes an d  e lec trons a t  th e  low  
e lec tric  fie ld , resp ec tiv e ly , ß0 an d  a0 are  c o n s ta n ts , crn0 is th e  ca p tu re  cross- 
sec tio n  fo r th e  tra p p in g  o f  e lec trons a t  low  e lec tric  field .

W ith  th e a b o v e  eq u ation s, th e  exp ression  for th e  cu rren t — vo ltage  
d ep en d en ce, ob ta in ed  b y  A s h l e y  and Mil n e s  in  A s h l e y — M il n e s  regim e is

TT*»-Ilßp+1
j  =  K — --------------,

w here К  is a c o n s ta n t.
A s can  be seen from  E q . (13) th e  dependence  of th e  cross-section  fo r 

tra p p in g  on th e  e lec tric  fie ld  m a y  be o b ta in ed  fro m  th e  slope o f  th e  cu rren t 
— th ick n ess  dependence.

W e also see t h a t  th e  slopes o f th e  lg  I — lg L  an d  lg  I  — Ig U depend
ences o u g h t to  be v e ry  sim ilar, as i t  w as observed  in  our ex p erim en ts .

W e have on ly  one in fo rm a tio n  ab o u t f ie ld  dependence o f  th e  carrier 
m o b ility  in  p -q u a te rp h e n y l layers [14] w hich is s im ilar to  t h a t  o b ta in ed  b y  
My c ie l s k i  et al [13] fo r th in  te tra c e n e  film s e.g. th e  m ob ility  depends on th e  
fie ld  as E ~ n, w here n  v a ried  b e tw een  0.5 an d  1, th e  ßp ou g h t to  have  values 
v a ry in g  betw een  1 a n d  2/3. F o r th ese  values o f  ßp, th e  fie ld -dependence  o f 
th e  c a p tu re  cross-section  for t ra p p in g  changes w ith  th e  fie ld  as E ~ 12. I t  is 
o f course  an  u n p hysica l re su lt a n d  we can  suppose  t h a t  th e  m echan ism  of th e  
c o n d u c tiv ity  is d e te rm in ed  b y  in jec tio n  from  th e  electrodes w ith o u t changes 
o f th e  c a p tu re  cross-section  fo r tra p p in g .
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ON CONCENTRATION DEPENDENCE OF 
LUMINESCENCE DECAY TIME OF MOLECULES IN 

ISOTROPIC MEDIA
By

C. BojARSKI and E . G rABOWSKA
IN S T IT U T E  O F  P H Y S IC S , T E C H N IC A L  U N IV E R S IT Y , G D A N S K , P O L A N D *

(Received in revised form 22. II. 1979)

Assuming that only monomers and non-luminescent dimers appear in the solution and 
non-radiative electronic energy transfer results from a dipole-dipole interaction we have obtain
ed an expression for the dependence of luminescence decay time on the reduced concentration 
y  of the dye molecules in the solution. In order to compare the obtained theoretical results 
with the experiments, measurements have been carried out on the concentration changes of lu
minescence decay time of Na-fluorescein in glycerol-alcohol solutions.

After corrections for reabsorption and influence of the secondary fluorescence, the 
obtained experimental results show a satisfactory agreement with the theoretical prediction. 
The subsequent slight increase and decrease of т found at the increasing concentration can be 
attributed to the competition between the electronic excitation energy diffusion process among 
the monomers and the process of photoluminescence concentration quenching by dimers, 
as well as by monomers.

1. In tro d u c tio n

T he co n cen tra tio n  increase  o f lu m in escen t m olecules in  so lu tions is o ften  
seen in  th e  changes o f  q u a n tu m  y ield  r) o f p ho to lum inescence  (P L ), em ission 
an iso tro p y  r an d  also in  th e  changes of P L  decay  tim e  т o f ac tiv e  m olecules. 
M any  au th o rs  have  d e a lt w ith  th e  m en tioned  c o n c e n tra tio n  effects [1—4]. 
R ecen tly  we w orked  o u t th e  th e o ry  of P L  c o n c e n tra tio n  q u en ch in g  (PLCQ) 
an d  P L  co n cen tra tio n  d ep o la riza tio n  (PLC D ) w here  we to o k  in to  accoun t th e  
a ssoc ia tion  of ac tive  m olecules an d  th e  m u lti-s tep  m echan ism  o f n o n -rad ia tiv e  
tra n s fe r  o f e lectron ic  e x c ita tio n  energy  [5, 6].

R egard ing  th ese  rea l p h en o m en a  acco m p an y in g  th e  c o n c e n tra tio n  effects 
i t  is possible to  describe th e  ex p erim en ta l re su lts  co rrec tly  o v er a w ide range 
o f  co n cen tra tio n s [7 — 9].

I n  Section 2 we p re se n t a th eo re tica l d esc rip tio n  o f  th e  co n cen tra tio n a l 
changes o f P L  decay  tim e  o b ta in ed  a fte r  ta k in g  in to  acco u n t th e  above m en
tio n ed  processes. Sections 3 an d  4 co n ta in  th e  re su lts  o f  m easu rem en ts  o f 
P L  decay  tim e  o f N a-fluo rescein  in  g lycerin-alcohol so lu tio n s, th e ir  com parison  
w ith  th e  th e o ry  an d  a discussion.

*Address: Instytut Fizyki, Politechnika Gdanska, Gdansk—Wrzeszcz, Majakowskiego 
11/12, Poland
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2. T heoretical considerations

S im ilarly  as in  [5, 6] we ac c e p t t h a t  in  an  in a c tiv e  m ed ium  th e re  are 
s ta tis t ic a lly  d is tr ib u te d  molecules o f  d o n o r D  and  accep to r A  tre a te d  as e lec tri
cal d ipo les. The a b so rp tio n  and em ission  sp ec tra  o f  th e  donor as w ell as th e  
em ission  sp ec tru m  o f  th e  donor a n d  th e  ab so rp tio n  sp ec tru m  o f th e  accep to r 
p a r t ia l ly  overlap. A ll m olecules D x c a n  un d erg o  d e a c tiv a tio n  as a re su lt o f th e  
fo llow ing  processes: l ig h t  em ission, in te rn a l  quench ing , n o n -ra d ia tiv e  energy  
tr a n s f e r  to  a n o n -ex c ited  m olecule o f  ty p e  D  or to  a m olecule A  w ith  ra te  
c o n s ta n ts  k F, kq, kDD a n d  kDA, re sp ec tiv e ly . W e assum e t h a t  th e  n o n -ra d ia tiv e  
tr a n s fe r  occurs as a re su lt o f d ipo le-d ipo le  in te ra c tio n  fo r w hich  th e  r a te  con
s ta n t  [1] am oun ts to :

kDA — f t p  +  kq) ( 1 )

R oa is  th e  c ritica l d is tan ce  of en e rg y  tra n sfe r  from  an  ex c ited  m olecule of 
d o n o r D x to  a m olecule  o f accep to r A ,  R  are  th e  d is tan ce  be tw een  th e  in te r 
a c tin g  m olecules.

I n  th e  th e o ry  o f  co n cen tra tio n  effects [5] developed  fo rm erly , all lu m i
n escen ce  centres w ere  div ided in to  g roups, accord ing  to  c o n fig u ra tio n 1 a  of 
n o n -ex c ited  m olecules D  and  A , in  th e  e n v iro n m en t o f  D x, in  o rd e r to  c h a ra c te 
rize  th e  sp a tia l d is tr ib u tio n  of th e  a c tiv e  m olecules in  th e  so lu tion .

In  order to  cha rac te rize  th e  t im e  evo lu tion  o f  energy  m ig ra tio n  process 
a ll m olecules D x w ere  divided a d d itio n a lly  as follow s: m olecule D x belongs 
to  th e  group of m olecules of th e  n th o rder i f  i t  o b ta in e d  ex c ita tio n  energy 
a f te r  i t s “ n ” n o n -ra d ia tiv e  tran sfe rs . W e deno te  m olecules D^n\  ch a rac te rized  
b y  co n fig u ra tio n  a, w ith  an d  th e  n u m b er of m olecules o f  such  ty p e  a fte r  
t im e  t, from  th e  m o m e n t of an  im p u ls iv e  ex c ita tio n , w ith  Nj?\t).  T h e  lum ines
cence  decay tim e  c a n  be ca lcu la ted  fro m  re la tio n :

r  == 2  2  Г ^ п) W * dt\ 2  2  Г N °n) W dt' (2)
n = 0 cr Jo / n = 0  a Jo

i f  w e know  th e  a n a ly tic a l form  o f fu n c tio n  N ^ \ t ) .  T hese fu n c tio n s  sa tis fy  th e  
sy s te m  of eq u a tio n s  [5]: 

d N ? \ t )
dt

- K N P  (t ),

- -Г-Ф- = -KN<r\t) + (2 V P*).
dt a'

fo r t i —  1 ) 2 } 3ç • • • 9

(3)

1 We accept that this configuration is determined by distances Rl t . . Rnd-  1 and 
Ru . . ., RNa of all the non-excited molecules D and A from the molecule Dx; А д and IV4  

denote the number of molecules D and A  in the system.
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w here  fe<r =  k F -f- kq -)- kaDD -f- kaDA an d  P a m eans th e  p ro b a b ility  th a t  th e  
ex c ited  m olecule o f th e  donor has e n v iro n m en t a  o f th e  donors an d  accep to rs. 
T h e  co n cen tra tio n  dependence o f P L  decay  tim e  shou ld  be ca lcu la ted  in  a d if
fe re n t w ay, because i t  is d ifficu lt to  f in d  th e  fu n c tio n s N%*\t) from  th e  system  
o f  equ a tio n s (3).

L e t den o te  th e  m ean  tim e  th a t  e lapsed  from  th e  m o m en t o f p h o to n  
ab so rp tio n  b y  a  m olecule o f  ty p e  to  i ts  em ission b y  a m olecule o f ty p e  
D (n\  an d  T(n) d en o te  th e  m ean  tim e  o f e x c ita tio n  energy  loca liza tio n  on  m o 
lecules D^n\  I n  th e  case o f a  v e ry  w eak  coup ling , acco rd ing  to  F o r st e r ’s 
classifica tion  [10], th e  e x c ita tio n  can  be  tr e a te d  as te m p o ra r ily  localized  on 
one single m olecule an d  th e  p rocess o f ex c ita tio n  energy  tra n s fe r  as an  incoher
e n t  m otion  o f th is  k in d  o f  localized  ex c ita tio n . T hus, tim e  is th e  sum  o f 
loca liza tio n  tim es o f ex c ita tio n  energy  on th e  m olecules o f  each  o rder:

-rl"] =  T<fc) . 
k=0

(4)

I n  th e  case of a v e ry  w eak  coup ling  th e  v ib ra tio n a l re la x a tio n  in  exc ited  s ta te  
occurs com plete ly  before each  a c t o f energy  tra n s fe r  (before each  ju m p ). T h e re 
fo re , i t  seem s to  be  ju s tif ie d  to  accep t th e  m ean  tim es b e in g  id en tica l fo r 
th e  m olecules o f  an  a rb itra ry  o rder.

H ence
t N  =  (n +  1 )t(0), (5)

w h ere  n is th e  n u m b er o f a c ts  o f  n o n -ra d ia tiv e  energy  tra n s fe r , is th e  
m e a n  life tim e o f m olecules ex c ited  d irec tly  b y  lig h t ab so rp tio n . W e also accep t
ed  a  sim plified  assu m p tio n  th a t  a t  fix ed  co n cen tra tio n s  o f m olecules D  a n d  A  
th e  localiza tion  tim e  w as in d e p e n d e n t o f  co n fig u ra tio n  cr. A ctu a lly  
d ep en d s on co n fig u ra tio n  cr, p a r tic u la r ly  in  th e  range  o f low  co n cen tra tio n s 
w h ere  th e  f lu c tu a tio n s  o f m olecule n u m b ers  D  a n d  A  are p ro n o u n ced  in  th e  
n e a re s t  en v iro n m en t o f m olecule I t  lead s to  an  earlie r d e a c tiv a tio n  o f
th e se  lum inescence cen tres w h ich  a re  ch a rac te rized  b y  a  fav o u rab le  configu
r a t io n  a for th e  n o n -rad ia tiv e  energy  tra n s fe r  from  m olecules D^n' to  m ole
cu les D  or A .

A t s ta tio n a ry  ex c ita tio n  th e  P L  decay  tim e  o f m olecules D  can  he cal
c u la te d  on th e  basis  o f re la tio n :

T =  2  rPtyo/jg rfn\  (6)

w h ere  deno tes th e  P L  q u a n tu m  yields o f  m olecules D^n\  a t  w hich  [5]

r fn )= P F .pnDD' (7)
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T a k in g  in to  acco u n t re la tio n s  (5) a n d  (7) in  E q . (6) we o b ta in :

*  =  * ( o) +  1 ) P d d I  p d d  ■
n = 0 / n = 0

(8)

P F a n d  P DD deno te  th e  re la tiv e  p ro b ab ilitie s  o f P L  em ission an d  n o n -rad ia tiv e  
en e rg y  tra n s fe r  fro m  D x to  D, re sp ec tiv e ly , a t  w hich  [5]:

w here

P f =  V0[1 - f i r ) ] ,

P dd =  « /(r)  »

f{y )  =  í n y  ex p  ( / ) [ !  -  erf(y)] ,

« — YdIy  *
V 7T

Y =  Yd +  Га =  —
P'D _|_ Р'А
■'OD ^ 0  А

(9)
( 10)

( И )

( 12)

(13)

г]0 is  ab so lu te  P L  y ie ld  o f th e  d o n o r m olecules a t  y —*■ 0, CD an d  CA as well 
as COD and  Coa d e n o te  co n cen tra tio n s  an d  c ritica l co n cen tra tio n s o f  th e  
d o n o r an d  accep to r, respective ly . T ak in g  in to  acco u n t re la tio n  (10) an d  cond i
t io n  P DD <  1 in  E q . (8) we ge t:

X =  t(07[1 — qf(y)] . (14)

T h e  P L  decay tim e  4°^ of m olecules D ^  depends on th e  co n cen tra tio n s  of 
m olecu les D and  A  in  so lu tion . T h is dependence can  be found  on th e  basis  o f 
re la t io n  (2), b ecau se  function

2  =  N («\t)

is k now n . A ccord ing  to  F o r s t e r ’s calcu la tions [11], as well as to  o th e r 
a u th o r s ’ [12—16]:

iV(0)(t) =  iV<01(0) exp
t 1/ *

l  4°) 2y i 40) (15)

T h is  fu n c tio n  ta k e s  in to  acco u n t th e  averag ing  a ll th e  co n fig u ra tio n s  of 
m olecu les D a n d  A  in  th e  en v iro n m en t o f an d  rep resen ts  th e  n u m b e r of 
L><°> m olecules a f te r  tim e  t from  th e  m o m en t of im pu lsive  ex c ita tio n .

U sing (15) G a l a n i n  [16] o b ta in e d :

t (0> =
J ~  tiV(0>(t) dt

J “  № ( t )  dt
= 40)

1 +  y2 -  [ y  +  r 2 / ( y )

i - Л уГ
(16)
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w here  is m ean  P L  decay tim e  o f m olecules D ^  a t  CD —► 0 an d  CA —*■ 02. 
T ak in g  in to  consid era tio n  E q . (16) in  (14) a n d  deno ting  b y  r 0 we f in a lly  
o b ta in :

T

Tn

1 +  y2 - +  y2 / ( y )

[1 — Л г)] [1 — «о«Л у)]
(17)

E q . (17) describes th e  changes o f m ean  P L  decay  tim e as th e  fu n c tio n  o f  
red u ced  c o n cen tra tio n  у  =  yD -f- y A.

In  th e  case o f  a  one-com ponen t sy stem  th e  role of th e  acc e p to r can  be  
p lay ed  b y  th e  d im ers o f m olecules D. I f  d im ers Z)| are  ch a rac te rized  b y  a 
sm aller P L  q u a n tu m  y ield  th a n  m olecules D, th e n  th e  n o n -ra d ia tiv e  energy  
tra n s fe r  from  D x to  Нц leads to  c o n c e n tra tio n a l quench ing  an d  th u s  to  a d rop  
o f q u a n tu m  y ield  in  th e  range o f h ig h  co n cen tra tio n s .

T h e  sam e effect is also responsib le  fo r th e  drop  of r / r 0. W hen , a p a r t  
friom  P L  quench ing  b y  dim ers in  so lu tio n , also m onom er q u en ch in g  ta k e s  
p lace, fac to r  a , w h ich  occurred  in  th e  exp ression  for P L  q u a n tu m  y ie ld  (cf. 
E q . (41"') in  [5]), sh o u ld  he rep laced  b y  a 0a. H ere  a 0 is th e  p ro b a b ility  t h a t  
ex c ita tio n  d eg rad e tio n  du ring  its  tra n s fe r  b e tw een  m onom ers does n o t occur.3 
O n acco u n t o f th e  ab o v e  m en tio n ed  reasons fa c to r  a 0 w as in tro d u c e d  in to  
E q . (17). T he c o n cen tra tio n  dependences o f  P L  decay  tim e  a t  severa l values 
o f d im eriza tio n  c o n s ta n t4 K y an d  p ro b a b ility  oc0 are  p resen ted  in  F ig . 1. A 
c h a ra c te ris tic  fe a tu re  o f  th e  m a jo rity  o f  th e  p resen ted  course o f  t / t 0 is a 
m ax im u m  whose v a lu e  depends re m a rk a b ly  on  K y and  a 0. In  th e  case o f a  
p ro n o u n ced  m onom er quench ing  (cu rve  4) p ra c tic a lly  th e re  is no  m ax im u m . 
T he no ticeab le  m ax im u m  t / t 0 p re d ic te d  b y  fo rm u la  (17) in  th e  case o f sm all 
K y a n d  a 0 =  1 has n o t  been  observed  in  ex p e rim en t so far. T he m easu rem en ts  
of t / t 0 versus c in  one-com ponen t sy stem s e x h ib ite d  a co n stan cy  o f т  in  th e  
w ide ra n g e  o f co n cen tra tio n s  and th e ir  d ro p  a t  h ig h  c [16, 18—26]. H ow ever, 
no sa tis fa c to ry  th e o re tic a l descrip tion  o f  such  co n cen tra tio n  courses like 
th a t  o f t / t 0 has been  g iven  up  to  now . S ince th e  fo rm ula  (16) p re d ic ts  a d ro p  
of t / t 0 a t  c o m p a ra tiv e ly  low co n cen tra tio n s  (a t  у  =  c/c0 =  1, r / r 0 am o u n ts  
to  on ly  0.434; cf. cu rv e  2 in  Fig. 3) th is  d ro p  has b een  ascerta in ed  a t  c >  c0 ^

2 In [16] all the non-excited active molecules in solutions are treated as acceptor mole
cules; r<°> and t[0) correspond to r t and T10 in Ga l a n in ’s denotations.

3 a 0 can also be interpreted as mean value of the probability of the so called non
active transfer [17].

4 The non-dimensional dimerization constant K y — уд/уЬц >s connected with the equi
librium constant К  =  C"/C' 2 by dependence

K y =  2КС’0*1УлС'0, (18)

where С', уд, C'0 and С", удм, Сд denote concentrations, reduced and critical concentrations, 
respectively.
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a)

Y  -------- -
b)

Fig. 1. Concentration changes of the PL-decay time r/r0  versus reduced concentration y  
calculated for several values of dimerization constant K y  on the basis of Eq. (17) taking into 

account (Fig. la) and neglecting (Fig. lb) monomer quenching

ssa! 1 0 ~3 M/l i.e . a t  y  >  1 in  th e  co u rse  o f th e  ex p erim en ts . Below  we p re se n t 
th e  ex p e rim en ta l re su lts  of t/ t0 v e rsu s  c co rrec ted  fo r  reab so rp tio n  a n d  secon
d a ry  fluorescence, th e ir  com parison  w ith  E q . (17) a n d  also th e  d iscussion  of 
th e  re su lts .
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3. E xperim ents

G lycerol-alcohol so lu tions o f N a-fluorescein  w ere p re p a re d  to  te s t E q . 
(17) ex p erim en ta lly . T he ch a rac te ris tic s  o f  th ese  so lu tions w ere g iven  in  T able I .  
T h e  P L  decay  tim es  w ere m easu red  on a  p h ase -flu o ro m e ter co n stru c ted  in  
o u r la b o ra to ry  [27]. T he sam ples were ex c ited  b y  w av e len g th  A =  475 nm  
o f 50 W  halogen  lam p . A n SPM -2 m o n o ch ro m ato r w as used  fo r th e  exc ita tio n . 
O n th e  o b se rv a tio n  side an  OG-1 cu to ff f i l te r  (A >  530 nm ) w as em ployed. 
T h e  ab so rp tio n  sp e c tra  w ere m easured  on a V S U -P  sp ec tro p h o to m e te r  an d  
th e  fluorescence sp e c tra  a n d  q u a n tu m  y ie ld  on  th e  device described  earlier 
[28]. T he fluorescence  sp e c tra  w ere co rrec ted  fo r th e  sp ec tra l sen s itiv ity  of 
th e  p h o to m u ltip ie r an d  fo r reab so rp tio n  [29].

In  o rder to  o b ta in  th e  tru e  values o f  т  i t  is in d isp en sab le  to  ta k e  in to  
acco u n t th e  effect o f re a b so rp tio n  an d  seco n d ary  fluorescence o r to  use suffi
c ien tly  th in  lay ers .

A ccording to  K e t s k e m é t y  e t al [30] th e  secondary  effects can  be 
neg lec ted  if

2 .3emax cd <  0.1 , (19)

w here  emax d eno tes th e  m ax im u m  value o f  th e  ab so rp tio n  coeffic ien t, c is 
c o n cen tra tio n , a n d  d  th e  th ick n ess  of th e  lu m in o p h o re  lay e r. I n  ou r investi
g a tio n  cu v e ttes  o f  th icknesses sm aller th a n  10 /xm a lread y  fo r c >  5,8 • 10 _4 M/l 
(emax =  0.75 • 10s 1/Mcm) a re  req u ired  to  fu lfil th e  co n d itio n  (19). Since th e  
in v es tig a tio n  o f c o n c e n tra tio n  changes of x w as in te n d e d  to  be  realized  over 
a w ide range o f  c o n cen tra tio n s  (from  10_s M/l to  5 • 10 ~2 M/l) th e  m easure
m e n ts  o f T w ere ca rried  o u t in  a  c u v e tte  o f a re la tiv e ly  b ig  th ick n ess  (d =  0.2 cm ), 
ta k in g  in to  acco u n t th e  in flu en ce  o f secondary  effects on th e  basis  of re la 
tio n  [25]:

t  =  t '(1 -  x ) , (20)

w here  x  =  I J Iy ,  a n d  I 2 d en o tin g  th e  in ten s itie s  o f  p rim a ry  a n d  secondary  
fluorescences. T he c o n c e n tra tio n  dependence o f  coeffic ien t x  ind isp en sab le  for 
o b ta in in g  th e  co rrec ted  values o f  T, can  he fo u n d  basing  on th e  e x a c t th eo ry  
o f  th e  in fluence o f  seco n d ary  effects on lu m in escen t p ro p ertie s  o f  so lu tions, 
w o rk ed  o u t b y  B udó  a n d  K e t s k e m é t y  [31].

V alues o f x  fo u n d  in  th is  w ay  fo r th e  sy s tem  o f N a-fluo rescein  in  glyce
ro l-a lcoho l so lu tions w ere ta k e n  from  [32]. 4

4. R esu lts  and  discussion

In  Fig. 2 th e  d ependence  o f  P L  decay  tim e  x o f  N a-fluo rescein  in  glycerol- 
a lcoho l so lu tion  versu s  c o n c e n tra tio n  is p resen ted . T he crosses a n d  em p ty  
circles s ta n d  for th e  va lu es  o f x u n co rrec ted  an d  co rrec ted  fo r seco n d a ry  effects,
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re sp ec tiv e ly . I t  can  be  seen  th a t  th e  n eg lec t of th e  re a b so rp tio n  an d  secondary  
flu o rescen ce  causes a s tro n g  d e fo rm a tio n  of th e  course o f co n cen tra tio n a l 
ch an g es  o f  P L  decay  tim e . I t  is k n o w n  th a t  such a d e fo rm atio n  ap p ears  if  
th e re  ex is ts  a p a r tia l o v erlap  of th e  ab so rp tio n  an d  em ission sp ec tra  an d  th e  
m easu rem en ts  are c a rr ie d  ou t in  th ic k  layers [16, 19]. L e t us re m a rk  th a t  
re g a rd in g  th e  seco n d ary  effects e sse n tia lly  decreases th e  values o f  r ,  s till th e  
c h a ra c te r  o f th e  course  o f  t ( c )  re m a in s  th e  sam e. A  c h a ra c te ris tic  fe a tu re  of 
th e  t ( c )  courses is a  m ax im u m  a t  a  c e r ta in  co n c e n tra tio n  o f dye  m olecules.

105 104 103 1er2
CtM /l] — ►

Fig. 2. Dependence of PL decay time r of Na-fluorescein in glycerol-alcohol solution versus 
concentration с; x, О — experimental points uncorrected and corrected for secondary effects, 

•  — points corrected on the basis of the values of /  according to [25]

I n  o rd e r  to  verify  th e  values o f T, m ark ed  by  e m p ty  circles, F ig . 2 also p re 
se n ts  th e  values o f  т  corrected  o n  th e  basis o f th e  kn o w n  co n cen tra tio n  ch an 
ges o f  coefficient у  ca lcu la ted  fo r th e  sam e system  b y  B udó  a n d  S za la y  [25] 
(fu ll circles). As can  be  seen in  th e  F igure , th e  va lu es  o f r ,  co rrec ted  in  th is  
w a y , are sligh tly  low er th a n  th e  p rev ious ones, w hile  th e  courses o f  t / r 0 are 
in  b o th  cases p ra c tic a lly  id en tica l. I n  Fig. 3 th e  th e o ry  is com pared  w ith  th e  
e x p e rim e n ta l v a lu es  o f r  (m ark ed  in  Fig. 2 b y  e m p ty  circles). T h e  solid  line 
sh ow s th e  th e o re tic a l curve c a lc u la te d  on th e  basis  o f  E q . (17) for K y =  
=  7 • 10~4 and  a 0 =  0.91. V alue K y was found  on  th e  basis o f (18) from  th e  
k n o w n  d im eriza tio n  co n stan t K .  T h is  la tte r  as w ell as c ritica l co n cen tra tio n s 
c'0 a n d  ej were fo u n d  ex p erim en ta lly , b u t  p a ra m e te r  a 0 w as found  w ith  th e  best 
f i t t in g  of th e  th e o re tic a l cu rve  a n d  exp erim en ta l p o in ts . T he va lu es  o f th e  
a b o v e  m entioned  q u a n titie s  a re  lis te d  in  T able I . I n  F ig . 3 th e  d ashed  line 
p re se n ts  the  co n c e n tra tio n  changes o f  r based  on E q . (16) given b y  Ga l a n in  
[16 ]. I t  can be seen  th a t  th e  d ro p  o f th e  ex p e rim en ta l v a lues o f  x occurs a t 
m u c h  higher co n cen tra tio n s  th a n  i t  is p red ica ted  b y  fo rm ula  (16). T he la t te r  
o n e  is rig h t on ly  in  th e  case w h e n  tw o kinds o f  m olecules o f donor D  and
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accep to r A  a p p ea r in  th e  so lu tio n  an d  w hen co n d itio n  CA CD is fu lfilled . I n  
th is  case th e  n o n -ra d ia tiv e  energy  tra n sfe r  occurs m ain ly  in  one s tep  from  
D  to  A .  As we p ro v ed  before [33] th e  m u lti-s tep  m echanism  o f energy  t r a n s 
fe r from  D* to  A ,  occu rring  accord ing  to  th e  schem e

D* +  D +  . . .  +  D +  A  D +  D* +  . . .  +  D +  A
kDD

D A - D A - n *  I Л
кпл

(21)

h a d  a p ro n o u n ced  effect on th e  co n cen tra tio n  changes of P L  q u a n tu m  yie ld . 
T he com parison  o f  cu rves 1 an d  2 in  F ig . 3 p roves th a t  th e  in fluence  o f th is  
m echan ism  on th e  course o f th e  changes o f P L  decay  tim e  is e ssen tia l as w ell.

Fig. 3. Comparison of the experimental values of т of Na-fluorescein in glycerol-alcohol solution 
versus reduced concentration у  with Eq. (17); о — experimental points corrected for secon
dary effects; 1 — theoretical curve for K y — 7 • 10- 4  and a0 =  0.91; 2 — curve plotted on 

the basis of Eq. (16) according to [16]

Table I

Values of some parameters characterizing Na-fluorescein in glycerol-alcohol solutions*

System Solution
visco
sity

(poise)

j b Q c; К RÔ
a o

К
V»

1 0 -3 M/I Ä 1 0 -‘ Ц М

Na-fluorescein
^ 2 < )H io f^ N a 2Í

MW =  376.29

glycerol 
5% Methanol 
0.4% H20  
0.1% NaOH

6 . 0 293 4.395 3.084 44.1 50.5 0.91 7 0 .1 0 . 8

* the quoted values of parameters are very close to those of Na-fluorescein in glycerol- 
water solutions.

b measurements of r  were carried out for T  =  300 K.
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A s is seen in  th e  F ig u re , an  a p p ro x im a te  ag reem en t o f th e  ex p e rim en ta l 
re su lts  -with E q . (17) is o b ta in ed . T h is re su lt can  be reg a rd ed  as sa tis fac to ry , 
th e  m ore  so as all th e  p a ra m e te rs  (ex cep t fo r a 0) in d ispensab le  fo r th e  co m p ari
son  o f  th e  th e o ry  w ith  th e  ex p erim en t w ere fo u n d  ex p erim en ta lly . M oreover, 
i t  seem s to  be w o rth  m en tio n in g  th a t  E q . (17) p red ic ts  th e  c o n cen tra tio n  range  
co rrec tly , in  w hich  th e  d rop  o f t/ t0 is re a lly  observed . This fa c t w e consider 
as th e  m ain  re su lt o f  th e  p resen t p a p e r.

T he m easu red  v a lu es  of x m a rk e d  b y  crosses p resen ted  in  F ig . 2 
e x h ib it  a d is tin c t m ax im u m  also c h a ra c te r is tic  fo r o th e r  system s o f p a r tia lly  
o v erlap p in g  a b so rp tio n  a n d  em ission sp e c tra  in  case th e  m easu rem en ts are  c a r
r ie d  o u t in  th ic k  c u v e tte s . Such a m ax im u m  can  be exp la ined  [19] w ith  th e  
in flu en ce  o f seco n d a ry  effects lead in g  to  a  len g th en in g  o f t  a n d  w ith  th e  
in flu en ce  o f c o n c e n tra tio n  quench ing  lead in g  to  a sh o rten in g  o f t .

T he e x p la n a tio n  o f  th e  increase o f x  m erely  on  th e  in fluence  o f secondary  
e ffec ts  is based  on  th e  ta c i t  a ssu m p tio n 5 th a t  th e  n o n -rad ia tiv e  ex c ita tio n  
en e rg y  tra n sfe r  in  a n  ensem ble o f  m olecules o f th e  sam e k in d  does n o t  change 
th e  v alue  o f r  u n t i l  th e  processes le ad in g  to  energy  d eg rad a tio n  a p p e a r in  
th is  ensem ble.

In  th e  p re se n t p a p e r  we have  accep ted  th a t  th e  n o n -rad ia tiv e  e lectron ic  
e x c ita tio n  energy  tra n s fe r  causes, on  th e  one h a n d , th e  len g th en in g  o f  r  on 
ac c o u n t o f  th e  in d ep en d en ce  o f  th e  d e s tin y  o f  ex c ita tio n  energy  in  a  m olecule 
o f  an  a rb itra ry  o rd e r  D ®  on its  fo rm er h is to ry  an d , on th e  o th e r  h a n d , th e  
sh o rte n in g  o f  lo ca liza tio n  tim e  t ^  o f e x c ita tio n  energy  on m olecules D <K) 
b ecau se  of th e  p o ss ib ility  o f th e  tra n s fe r  o f  th is  energy  to  all th e  ac tiv e  m ole
cu les in  th e  so lu tio n  t re a te d  as accep to rs .

T he ca lcu la tio n s b ased  on th is  a ssu m p tio n  p ro v ed  th a t  th e  ab o v e  m en tio n 
ed  effects causing  th e  change o f t  in  opposite  d irec tions d id  n o t com pensate  
ea c h  o th e r (cf. cu rv es  in  Fig. 1). I t  c an  be  ex p la ined  b y  m onom er quench ing  
t h a t  th e  ca lcu la tio n s p red ic t a re la tiv e ly  large  increase  o f t/ t0, especia lly  for 
sm all Ky, w hereas in  th e  ex p erim en t o n ly  a s lig h t increase, c o n s tan cy  in  th e  
w ide  c o n cen tra tio n  ran g e  or a m o n o to n ie  drop  o f  x w ith  th e  co n cen tra tio n  
is observed .

I t  w as fo u n d  in  th e  ex perim en ts o n  c o n cen tra tio n  quench ing , co n cen tra 
tio n  d ep o la riza tio n  an d  sensibilized fluorescence th a t  th is  k in d  o f  quench ing  
co u ld  n o t be n eg lec ted  [8, 34, 35].

I t  is also possib le  th a t  th e  d ivergence  be tw een  th e  ex p e rim en ta l an d  
th e o re tic a l va lues o f  x/x0 (w hen a 0= l )  re su lts , to  som e e x te n t, from  th e  sim pli
f ic a tio n  of th e  c a lc u la tio n  of r / r 0. T he course of co n cen tra tio n  changes o f P L  decay 
tim e  found  e x p e rim e n ta lly  an d  th e o re tic a lly  in  th is  w ork  suggests th a t ,  a p a r t

5  Unfortunately we have not found any quantitative justification of such an assumption 
in the literature on this subject.
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from  th e  ra d ia tiv e  energy  tra n sfe r , th e  process o f n o n -ra d ia tiv e  energy  tra n s fe r  
is also p a r t ia l ly  responsib le  fo r th e  len g th en in g  o f  r. S till th e  sh o rten in g  o f т 
is co n d itioned  b y  P L  co n cen tra tio n a l q u en ch in g  b y  n o n-lum inescen t d im ers 
as well as b y  m onom er q u ench ing  m en tio n ed  above.

To v e r ify  fo rm u la  (17) fu lly  i t  is in d isp en sab le  to  ca rry  ou t fu r th e r  precise 
m easu rem en ts on  c o n c e n tra tio n  changes o f P L  decay  tim e  in  th e  system s 
o f  re m a rk a b ly  d iffering  v alues o f d im eriza tio n  c o n s ta n t.

This work was supported by the Polish Academy of Sciences under project MR. I. 9. 
-  4.5.3.
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L. V á l y i : Atom  and Ion Sources

Akadémiai Kiadó, Budapest, 1977

Atom and ion sources have been playing a fundamental role in experiments ever since 
the very beginning of nuclear sciences. These days they are more and more extensively used 
in various fields of science and technology, thereby creating the need for an up-to-date compil
ation which surveys the different types of particle sources. The aim of the present monograph 
— as is pointed out in the author’s preface — is to provide specialists not only with a text
book on the physical processes taking place in atom and ion sources but also with a manual 
on the available types; this enables the most appropriate source to be selected for a given task.

The first Chapter of the book deals with elementary physical processes (excitation, 
ionization, recombination, charge transfer, etc.) a knowledge of which is important in under
standing the working principles of particle sources. Not only the relevant theoretical back
ground but also numerous experimental results are given in this part. Gaseous and ther
mal sources for the production of neutral particle beams are discussed in the next Chapter 
where high intensity and high energy sources, suitable for special physical, chemical and 
technological processes, are also described. In the third Chapter the reader is able to acquaint 
himself thoroughly with the large variety of conventional ion sources applied in mass spectros
copy, in low and high energy accelerators, in isotope separators, etc., beginning with the many 
different types of discharge sources and ending with those ionizing atoms of solid materials. 
It is mainly in nuclear and particle physics that use is made of the special ion sources, such as 
those of negative and multiple ionized beams, described in Chapter IY. This Chapter also 
deals with the technique of producing pulsed and polarized beams. The last part of the book 
(Chapters V and VI) is devoted to the treatment of some important characteristics of ion 
beams and to methods of their measurement. Tables of physical quantities and a reference 
list containing almost 1500 items complete the book.

The obvious intention of the author was to provide as comprehensive coverage as 
possible. This is already obvious in the introductory part and the same effect is reflected 
throughout the whole book by the presentation of a large number of actual devices with 
numerous illustrations showing technical details. There are only a few results in the given 
topic which are not mentioned or at least referred to. The presentation of the devices and their 
illustration is useful not only to researchers who wish to choose an adequate particle source 
for their work but also to those designing and constructing new devices as they are able to 
find many versions of construction and a great number of data on working parameters. The 
volume presents the theoretical and the practical aspects in a good proportion demonstrating 
that the author has his own experience in the use as well as in the development of different 
kinds of particle sources.

The effort to present the material in a comprehensive form has, besides the above men
tioned advantages, its own drawbacks, the principal one being that it is difficult to distinguish 
between well proved devices and those which are important solely from an historical point 
of view. A critical evaluation of the many different types of atom and ion sources presented 
in the monograph would be very helpful to the reader and the need for this is substantiated 
by the fact that the majority of the references are more than 10 years old. The style of the 
book, especially when describing devices, is clear and concise enough. Unfortunately the 
general, physical treatments contain some obscure parts which are not easy to follow and one 
has the feeling that this may be largely due to the translation.

J. Ebő
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E lectro lum inescence

jEdited by J. I. Pankove. Springer-Verlag, Berlin, Heidelberg, New York, 1977 
127 figures, 16 tables, XI -f- 212 pages

Electroluminescence has been known for more than half a century, its utilization 
has become practical only within the last years. The major attributes of electroluminescent 
devices are compactness, ruggedness, and long operational life. But much progress remains 
to be achieved with respect to efficiency, cost, for large-area displays, etc.

The contributors to this book were selected for their long and continuing expertise in 
the study of luminescence in selected compounds. They are:

J. I. P ank o v e: Introduction
Y . M. T airov and Y . A. V odakov: Group IV . Materials (Mainly SiC).
P. J. D e a n : III—V. Compound Semiconductors
Y . S. P a rk  and B. K . Sh i n : Recent Advances in Injéction Luminescence in II—XI. Compounds.
S. W a g n e r : Chalcopyrites
T. I noguchi and S. Mit o : Phosphore Films

The book serves two purposes: 1. to educate newcomers to this exciting area of physics 
and technology; 2 . to provide specialists with useful references and new insights in adjoining 
areas of luminescence.

Since the boundaries of present knowledge have been outlined by each author, this 
volume of the Topics in Applied Physics should serve as a first stepping stone for future progress.

Z. B odó

A m orphous S em iconductors ’76

Proceedings of the International Conference,
Balatonfiired, Hungary, 20 — 25 September 1976 

Edited by I. Kosa Somogyi, Akadémiai Kiadó, Budapest, 1977, 554 pages, 
Author and Subject Index

The high activity in the field of amorphous semiconductors is also demonstrated by the 
conferences organized periodically. This Conference “Amorphous Semiconductors 76” was 
the third in the series of regional conferences on this topic. The previous conferences were 
held in Sofia (1972) and Reinhardsbrunn, GRD (1974).

This Conference like the preceding ones covered all aspects of amorphous semiconductor 
research and application. Beside chalcogenide bulk glassy semiconductors, the problems of 
thin films were discussed from different angles.

The contributions represented also the tendency to get more quantitative information 
on the structure of the different materials as well as to establish correlations between structural 
and physical properties. The effect of additives and impurities on the physical properties was 
discussed in numerous papers. Switching, structural transformations and photostimulated 
processes as well as devices were also included in the program. Several sessions were dedicated 
to the theory as well as to optical and electrical properties.

Practically, all laboratories in Central Europe carrying out research work on amorphous 
semiconductors or dealing with the development of devices were represented by prominent 
experts, authors of the 90 papers collected in the Conference Proceedings.

The papers are grouped under the following headings: Switching, Devices, Theory, 
Effect of Doping and Impurities, Optical Properties, Electrical Properties, Structural Trans
formations, Structure and Characterization of Materials.

P. B . B arna
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H e r m a n n  H a k e n :

Synergetics — A n Introduction

(Second Enlarged Edition), Springer-Verlag, Berlin, Heidelberg, New York, 1978 
(pp. XI -f- 355 with 152 Figures)

Synergetics is a new field of interdisciplinary research which deals with nonequilibrium 
phase transitions and self-organization in physics, chemistry, biology and other fields. It in
vestigates the spontaneous formation of many subsystems and phenomena, etc. (See further 
details in the review on the first edition: Acta Phys. Hung., 43, 352, 1977.)

The publication of this second edition was motivated, first of all, by the fact that the 
first edition had been sold out in less than one year. Of course, the author has used this oppor
tunity to include some of the most interesting recent developments. For example, he has added 
a whole new chapter on the fascinating and rapidly growing field of irregular motion caused 
by deterministic forces. This kind of phenomenon is presently found in diverse fields ranging 
from physics to biology. Furthermore he has included a new section on the analytical treat
ment of a morphogenetic model using the order parameter concept first developed in this 
edition. Needless to say that the few minor misprints and errors of the first edition have also 
been eliminated.

This edition, similarly to the first one, is also beautifully presented by the famous 
Springer-Verlag. The hook can he recommended to physicists, chemists, biologists, etc. and 
is really indispensable to university libraries, especially libraries of research centres of physics, 
chemistry and biology.

I. Gyarmati

The Та-You W u Festschrift 
Science of Matter

Edited in Honor of Professor Та-You Wu by Shigeji Fuyita 
Gordon and Breach Science Publishers, New York, Paris, London, 1978

This volume is a collection of papers covering a wide range of subjects, edited and 
published to pay tribute to Professor Та-Y ou Wu on the occasion of his seventieth birthday. 
An outstanding scientist himself in the field of atomic and molecular physics and several other 
fields and an enthusiastic teacher, Professor Wu became associated with a number of distin
guished scientists (mostly his former students and colleagues) during his 50-year research and 
teaching career, who joined in celebrating the anniversary by contributing some up-to-date 
Teview papers and also some original reports. Naturally, the papers submitted are hetero
geneous in nature, reflecting the variety of interests of their contributors.

The fields covered by the papers are: Philosophy, Particles and Fields, Phase Transi
tion, Statistical and Plasma Physics, Solid State Physics, Molecular Physics, Mathematics 
and Applied Mathematics, Astronomy, Biophysics.

E. F ehér

E nglish— R ussian Physics Dictionary

Editor: D. M. Tolstoi, USSR, Pergamon Press, Oxford, New York, Toronto, Sydney, Paris, 
Frankfurt, 1978. 848 pages, $ 50.00, £ 25.00

The volume is a comprehensive work of reference containing the Russian equivalents 
of some 60.000 terms from all basic areas of modern physics including general, theoretical and 
applied mechanics; molecular physics; statistical physics; thermodynamics and thermophysics, 
geophysics and physics of the atmosphere; astrophysics; solid-state physics; macroscopic 
electrodynamics; atomic and nuclear physics; optics; theory of relativity; quantum mechanics; 
high energy physics; physical chemistry and computer science.
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By this publication Pergamon Press has met a long-felt demand for a reliable and 
really up-to-date English—Russian physics dictionary, which can be recommended for use 
to scientists, engineers, teachers and students at senior level in physics and related fields. 
The dictionary provides an especially valuable tool for translators, editors of technical journals 
and librarians.

The dictionary is neatly printed and easy to handle. One minor critical remark: head
words introducing longer entries are rather hard to look up; these should have been set in 
a different type or positioned more to the left of the column of the text.

E. Fehér
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FREE CONVECTION EFFECTS ON THE FLOW 
PAST A VERTICAL POROUS 

PLATE SET IMPULSIVELY INTO MOTION 
WITH NEGLIGIBLE DISSIPATION

By

A. R .  B estm an

D E P A R T M E N T  O F  M A T H E M A T IC S , C O L L E G E  O F  S C IE N C E  A N D  T E C H N O L O G Y , P O R T  H A R C O U R T , N IG E R IA

(Received in revised form 17. I. 1979)

The flow induced by the impulsive motion of a vertical porous plate is analysed under 
the following assumptions: (i) that the flow is incompressible, (ii) that the suction normal 
to the plate is constant, (iii) that the temperature difference between the plate and the free- 
stream, Tw — T„, is large enough for free convection currents to flow, and (iv) that the flow 
is slow enough for dissipation to be neglected. By employing the Laplace transform tech
niques solutions for the linear coupled differential equations are obtained in a closed form. 
It is observed that the temperature distribution (and hence the heat transfer at the wall) is 
unaffected by the free convection currents. Only the velocity and the shear stress vary with 
free convection currents.

1. In tro d u c tio n

Me n o l d  and  Y a n g  [1] p re se n te d  an  an a ly tica l so lu tio n  o f  a n  u n stead y , 
incom pressib le  lam in ar free  conv ec tio n  flow  p as t a t  in f in ite  v e r tic a l f la t  p late . 
A  rev iew  o f m uch o f th e  p rev ious w o rk  is p resen ted  in  th is  p a p e r . P op and 
S o u n d a l g e k a r  [2] h a v e  ex ten d ed  th is  s tu d y  to  th e  case o f com pressib le  free 
convec tion  flow .

In  all qu o ted  au th o rs , th e  f la t  p la te  is assum ed to  be im p erm eab le  and 
th e  effects o f forced convec tion  a re  ab sen t. I t  is n o w  a  w ell-know n fa c t in  
a reodynam ics th a t  su c tio n  h as  a s tab iliz in g  effect on  b o u n d a ry  la y e r  grow th. 
Also from  th e  techno log ica l p o in t o f  v iew  forced co n v ec tio n s a re  p rev a len t. 
T h e  o b jec t o f  th is  n o te  is th e re fo re  to  s tu d y  th e  com b in ed  effect o f  free  and 
fo rced  convection  flow  o f an  incom pressib le  N ew to n ian  flu id  p a s t  a  vertica l 
po rous w all. T he m odel u sed  is a v e r tic a l porous f la t  p la te  w hich  is se t im p u l
sively  in to  m o tion  w ith  a  s tep  change in  surface te m p e ra tu re . In  S ec tio n  2 th e  
govern ing  equa tions are  d eriv ed  a n d  in  Section 3 th e  so lu tions a re  deduced 
b y  em ploy ing  th e  L ap lace  tra n s fo rm  techn iques. T h e  so lu tions o b ta in e d  are 
d iscussed  in  Section  4.

1* Acta Physica Academiae Scientiarum Hungaricae 46, 1979



130 A. R. BESTMAN

2. F o rm u la tio n  of the problem

T h e physical p ro b lem  consists o f  a v ertica l in f in ite  p o ro u s f la t  p la te , 
s ta t io n a ry  a t  tim e  t '  <  0, and  in  c o n ta c t and  a t  th e  sam e te m p e ra tu re  T„ 
w ith  th e  flu id  occupying  th e  sem i-in fin ite  sp acey ' >  O .H ere  a C artes ian  coordi
n a te  system  is em ployed  w ith  y '  perp en d icu la r to  th e  p la te . A t tim e  t' >  0 
th e  p la te  is s im u ltan eo u sly  ra ised  to  a co n stan t te m p e ra tu re  T w a n d  m oved in 
i ts  ow n p lane w ith  v e lo c ity  U 0 w in  le flu id  is su ck ed  w ith  c o n s ta n t velocity  
V 0 n o rm a l to  it. I t  is assum ed  t h a t  th e  difference be tw een  th e  tem p era tu res  
o f  th e  p la te  and  th e  free s tream  is m o d era te ly  large  fo r  free  co n v ec tio n  curren ts 
to  flow . I f  (и ', v') a re  th e  ve lo c ity  com ponents, th e n  u n d e r th e se  assum ptions 
th e  c o n tin u ity  eq u a tio n  reduces to

v’ =  — Vn

a n d  em ploying th is  th e  m o m en tu m  an d  energy  eq u a tio n s  becom e

e'g>
d u '  du '

г (
dt' 9у '

dp' d2u'

0 =  -

dx

dp'  
9y '

d y '2

( la ,  b , c)

e'c' ( f f - -  r" ^ |< r  -  T"> -  * £ < r  -  r-) + '  (17)

w h ere  th e  dashes a re  d im ensional variab les an d  a ll th e  p h y s ic a l q u an titie s  
h a v e  th e ir  usual m ean ing . T h e  b o u n d a ry  co n d itio n s are

\y = 0 ^ 0  ’ T \y'=o — Tw ■> 
\y '-*  00 -  0 ,  T '  | y _ o c  =  T o e  ,

u'  =  0 , T '  =  T», •

E q u a tio n s  ( la ,  b) a n d  (2a) can  be  com bined to  g ive

du '
dt'

du '
d y '

З У

9 y '2

t '  >  0 (2u)

t' <_ 0 (2b)

-  в ')8- (3)

U nder th e  B oussinesq  ap p ro x im atio n s, f lu id  p ro p e rtie s  are  assum ed 
c o n s ta n t excep t in  th e  b u o y a n c y  te rm  w here th e  d en sity  v a rie s  according 
to  th e  law

Q~ß(T' -  T o ,,). (4)
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FREE CONVECTION EFFECTS 131

B y  v ir tu e  o f  (4), th e  ap p ro x im a te  form s of ( lc )  an d  (3) are

du '
dt'

du '

"ëÿ7

9

e“ C' l  j r ~ v ‘ e y

=  +  0~ № (T ' -  Т ш) ,dy  2
9 2 / Я ц М 2

( Г  -  Т те) =  к ( Г  -  Г « )  +  /х 1 ŐU
ду '2 9у '

(5)

То fa c ilita te  analysis i t  is ex p ed ien t to  in tro d u c e  th e  non-d im ensional 
v ariab les

T '  -  Toav ' V
y  =  2 - !-JL, u = u ' \ v 0, t t ' V l

4r
0 =

T  — T± W 1 »

t*c p G = vgß{Tw - Г м )
u0v.i

E UÎ
Cp(Tw -  T „ )

(6)

H ere  G is th e  free convection  p a ra m e te r  or th e  G rash o f n u m b er, v th e  P ra n d tl  
n u m b e r  an d  E  th e  E c k e rt n u m b er. S u b s titu tin g  (6) in  (2) a n d  (5) we get

an d

1 0Ы du d2u _---- = —  +  G0,
4 dt dy dy2

1 1 00 00 \ 820 ( du '
о =  ------- b oE —

! 4 0 1 dy

C4CD [эу,

W ly-o -  0 ly-o -  1 ’ 1 ( >  0
R \y—>00 =  ö I y—. OO =  9 1 I

и  =  0 , 0 =  0 1 <  0 .

(7a, b)

(8)

(9)

T h e  p ro b lem  is now  reduced  to  m a th e m a tic a l te rm s. I t  is re q u ire d  to  solve 
(7) su b jec t to  b o u n d a ry  an d  in itia l cond itions (8) an d  (9). B u t th is  p rob lem  is 
coup led  an d  n o n lin ea r and  is n o t am en ab le  to  an a ly tica l t re a tm e n t. H ow ever, 
w hen  th e  flow  velocities induced  are sm a ll,th e  d iss ipa tion  te rm  in  (7b) is also 
neg lig ib ly  sm all. T he analysis in  th is  n o te  will be re s tr ic te d  to  th is  s ta te  of 
affa irs.

3. Solution for negligible dissipation

W hen  E  == 0 in  (7b), le t us define  th e  L aplace tra n sfo rm  an d  i ts  in v e rse  as

f (y , s) = Jfl°° e~stf(y ,  t) d t ,
* L_1/ ( b  s ) =  f ( j i  *) =  "т~т Г eSt/(y> s) ds =  "Т~т f  est/ ( y ,  s) ds .

2iJtl j y —/со 2 71Ъ ) B r x

* Brt and Br3 represent Bromwich contour of the first and third kinds.
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132 A. R. BESTMAN

T h en  th e  equations sa tis f ie d  b y  ü an d  0 are

1 _ du d.4. -—  s u --------= ---------f- U) ,
4 dy dy2

( 4 dy J dy2

u ly=o =  ® ly=0 =  ’

"y-t-O =  öv^o. =  0 .

T h e  so lu tions of th ese  a re

0 =  — е~тУ,
s

5 = r i + _ a _ iL s s(s + 1)1/2 Je ~ n y ; o  =  l .

and

и =  — е~ пУ +  
s

4 G Г 
о -  1 [

Р Г "У  —  р - т У

=  —  е ~ п у  - \ ----------
S  о

s { 2o  +  s  +  2 ( o r3 a s )

4 G Г е - пУ — е - т У

W ) ] ’

*г[- s {(<7 - f  S )1/2 +  O’1/2}2
w here

n  =  - i -  [ c r  +  { o 2 +  a s ) 1 ' 2 ]  f  „  =  - L  [1 +  (1 +  s ) V 2] .
Z Z

( 10)

( П )

( 12)

To o b ta in  th e  in v e rse  L ap lace  tran sfo rm s, w e w ill req u ire  th e  follow ing 
in teg ra ls

1 Г exp  {zt -  b(z +  a2)1/2} J= _
2 ni JBr, 2

an d

=  —  (e0* erfc[(6  +  2at)l2t1’2] +  e erfc  [(6 -  2at)l2t4*]} , (13)
2

J _  Г exp ( l 2t -  a | )  =  J _  exp (ft2( ±  afc) erfc[(a ±  2 6 t)/2 tV2] , (14)
2я» J Br, I  ±  2

w hich  are  given in  M cL ac h l a n  [3]. B y  a  s tra ig h tfo rw a rd  ap p lica tio n  o f (13),
(10) can  be in v e rte d  as

0 = y e x p p / 2 | - L y  +  2tj|2i1/2j  +  y  e-'J’e r f c p / î j i - y  — 2iJ ̂  2 J . (15)
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FREE CONVECTION EFFECTS 133

To in v e r t  (11) i t  is necessary  to  con sid er th e  second te rm  only . T h e  f irs t  te rm  
can  be  o b ta in ed  fro m  (15) b y  p u t t in g  cr == 1. T h u s

L " 1
й- п у

s(s -j- l ) 1/2
]  =  e~^y — —  

2 n i

exp | st -  Y  j(s +  l)1/z

=  e 2

Br, S ( S  +  I ) 1/«

e x p i | 2t - y | y

ds ,

d l ,
î »  J  Br, I2 — 1

w here th e  second e q u a tio n  is o b ta in e d  b y  p u ttin g

(S +  1 )1 /2 =  I .

T herefo re

L - Л  e ПУ-----) =  e“ 5y - ' •—  Г f—  -------- — - — I exp fI2* -----— |y j  d f ,
l s ( s  +  l ) i / 2 j  2?ti J вг, 15 — 1 s +  l j  [ 2 y j

and  th e  in teg ra ls  can  now  be e v a lu a te d  in  v ir tu e  o f  (14). W e g e t

ег£с[(ту+ 2t

+  T G*
î-y .

F in a lly  to  in v e rt (12), w e f irs t consider

o - m y _____1 _ c- |q y  1
Tl / 2 } 2  J 2 ? t i  J  B r ,s{(or -f s)1/2 -f- a 1 

P u tt in g  (s +  a ) *  =  I  in  th is  we o b ta in

o - m y

y e r f cj1 1 - 2')|2ti/2JJ +

— erfcj i l - 2')|2ti/2jj; о

/•
exp jst--i- ffl̂ S + ff)1/2J

Br, s{(s + <?)1/2+ a1/2}2

1
exp  jí2í - . Í _ ffl/2 y |J

(16)

ds .

s{(ff +  s)l/2 +  ffl/2}2J

=  e " s ° Г_ _ L2 n i  J вг, L Mí —

<r)(£ +  a1!2)2

+
2u1/2( | + ct1/2)2 ( I  +

«г1/2) 4<r(S +  ffl/2)

± _ ] e x p { a  — d l .
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T h e  integrals a p p e a r in g  in  th e  above  eq u a tio n  c a n  be  ev a lu a ted  d irec tly  
u s in g  (14) or b y  d iffe ren tia tin g  (14) w ith  resp ec t to  b u n d e r th e  in te g ra l sign 
w h ic h  is valid  b y  v ir tu e  of ab so lu te  convergence. W e in v e rt th e  m idd le  te rm  
in  (12) by e m p lo y in g  th e  fo rm ula

—  Г --------— --------ds =  1 — 2 n ~ 1/2all2t1l2 +  (1 — 2at) eaf[erfc (a1/2«1/2) -  1 ] ,
2 n i JBri (s1/2 + a1'2)2

(w h ich  is e q u a tio n  (10) in  [4], p . 234), an d  th e  c o n v o lu tio n  th eo rem . P u ttin g  
a ll toge ther th e  in v ers io n  of (12) m a y  he d ed u ced  as

У 2iJ / 2*1/®JJ —

— erfc  У 1 211/2 I —

u  =  —  [erfc f (—2 1 LI 2■у +  Щ +  e y erfc

4G

or — 1

:j 12t1/2 j

—  íe_oy erfc io 1/2i— у — 2t8a  I L 12

2

211'2

l Г oí— y+2tj2]1 2t1/2 1 2 J  )

4o1/2 я 1/2 4 1

— a1/2 ~У~^~  erfc ĵ o1/2|- i - y  +  2t j / 2 t1/2 +

+  ■ a |-^ -y  +  2 t| -f- 2 tj e rfc  |^;1/2|"^~.У +  2 t| / 2t1/2
1-

2 < № /*  / 1  , „ .
|T y  +  2 .| exp

2G - í v  Г‘ I

u ( — y +  2t

+  7 3 Т<">У/ ' Р ' [ ( т 3, +  21
,-о(/-т) T j __2a1/2(t — r ) 1/2

4t

2 т1/2

+

-f- e y erfc

n1'2
— [1 — 2a(t — t)] erfc [cr1/2(t

[ ( r - H HT) 1/2]J d r .  (17)

Also o f  im p o rta n c e  in  techno log ica l a p p lica tio n s  are  th e  h e a t tra n s fe r  
ra te s  and th e  sh e a r  stress, b o th  a t  th e  w all. T h e  h e a t tra n s fe r  is given b y

, , o rq =  —к ------
Ьу' y =о
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an d  em ploying (6) a n on -d im ensiona l form  w ill be

4 =  —
q V 30

k V 0{ T w — T oo) д y y=0

B y  v ir tu e  of (12) w e get

1

1

T
F in a lly  th e  shear s tre s s  is

a1/2
n W 2

a1!2

-f- a erfc ( —o1/^ 1/2) I f

ti'-iH1/2
е - « +  <т{1 +  e r f  ( —о-1/2*!/2) }

9 u ' 

9у '

(18)

(19)

w h ich  b y  v irtu e  o f  (6) reduces to  th e  non -d im ensional form

t = t 7 e - * W >  =  —
3y у - 0

(20)

F o r flow  w ith  u n it P ra n d t l  n u m b e r , we can d educe  th e  re su lt

г =  —  —  Г- - 1----e-' +  1 +  erf (t1/2) !  +  G e rf  (t1/2) .2 I jrW/2 J (21)

W hen о =7 =̂ 1, th e  exp ression  fo r th e  shear s tre ss  is cum bersom e and  th e  
in teg ra ls  involved a re  n o t  expressib le  in  a closed fo rm .

4. D iscussion

In  th e  previous tw o  Sections w e have  fo rm u la te d  an d  solved a n  u n stead y  
flow  p rob lem  invo lv ing  com bined  fo rced  and  free convections w h en  d issipation  
effects a re  negligible. I t  is observed  th a t  th e  te m p e ra tu re  fie ld  is in  no w ay 
affec ted  b y  th e  free con v ec tio n  c u rre n ts . H ow ever, th e  te m p e ra tu re  an d  velo
c ity  fie lds consist o f  fo rw ard  an d  b ack w ard  p ro p a g a tin g  w aves o f  non -d im en
sional v e lo c ity  4. T h e  fo rw ard  m o v in g  w ave has a n  am p litu d e  w h ich  decays 
ex p o n en tia lly .

T h e  h ea t tra n s fe r  ra te  a t  th e  w all is n e g a tiv e  for all t ]> 0 an d  tends 
to  —a  as t —>- oo. H e n c e  th e  h e a t  tra n s fe r  ra te  is n u m erica lly  e q u a l to  th e  
P ra n d tl  n u m b er a t th e  u ltim a te  s te a d y  s ta te  co n d itio n . F o r th e  sh ea r stress
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a t  th e  w all we re s tr ic t  ou r d iscussion  to  a =  1. T his, th o u g h  h y p o th e tic a l, is 
n o t  to o  sep a ra ted  from  th e  rea l life  since a =  0.71 fo r a ir. T hus th e  shear 
s tre s s  is nega tive  fo r an  e x te rn a lly  h e a te d  p la te  (G << 0). H ow ever, positive 
s h e a r  stresses are possib le  w hen  th e  p la te  is e x te rn a lly  cooled (G >  0) and  
G f a ir ly  large. T h e  u ltim a te  s te a d y  s ta te  shear s tre ss  is G — 1. H en ce  th e  
s te a d y  s ta te  v e lo c ity  is of th e  s e p a ra tio n  ty p e  w hen G =  1.
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THE HALL EFFECTS ON HYDROMAGNETIC 
FLOW OYER A PERMEABLE BED

By

Y. V lD Y A N ID H I and P. C. L. N A R A Y A N A

D E P A R T M E N T  O F  E N G IN E E R IN G  M A T H E M A T IC S , A N D H R A  U N IV E R S IT Y , W A L T A IR , IN D IA

(Received 20. II. 1979)

Hydromagnetic forced convection in a parallel plate channel bounded by a rigid insu
lated plate and a permeable bed and permeated by a uniform transverse magnetic field has 
been considered taking Hall effects into account. Solutions for the flow above the bed, Zone 1 
and that below the bed, Zone 2 are obtained using the matching conditions at the interface and 
also suitable boundary conditions at the bed. The primary flow, secondary flow, induced mag
netic field components and the temperature distribution are found. The shear stresses and the 
Nusselt number at the bed and at the plate are calculated. Hall currents are found to exert 
a profound influence on the flow and heat transfer characteristics.

1. In tro d u c tio n

T h e  im p o rtan ce  o f flow s th ro u g h  an d  p a s t porous m ed ia  in  technology , 
geohydro logy , p e tro leu m  in d u s try  an d  geophysics is in d isp u ta b le . T he flow  
th ro u g h  porous m ed ia  is u su a lly  d e te rm in ed  using  D arcy ’s em p irica l form ula. 
B e a v e r s  an d  J o se ph  [1], Sa f f m a n n  [2], T a y l o r  [3] an d  R a ja s e k h a r  [4] 
h a v e  in v es tig a ted  flow  p a s t h o riz o n ta l porous beds. T he te m p e ra tu re  d is tr i
b u tio n  fo r a Poiseuille  w as ex am in ed  b y  V id y a n id h i , S it h a p a t i an d  N a r a - 
y a n a  [5] an d  fo r p lan e  co u e tte  fow  in  th e  p resence  of b u o y a n c y  forces was 
s tu d ie d  b y  R u d r a ia h  an d  V e e r a b h a d r a ia h  [6]. T he H a r tm a n n  flow  p a s ta  
p e rm eab le  bed  in  th e  p resence o f a  tran sv erse  m ag n e tic  fie ld  w as in v es tig a ted  
b y  R u d r a ia h , R a m a ia h  an d  R a ja s e k h a r  [7] to  i l lu s tra te  th e  ex p erim en ta l 
w o rk  o f  W a llace , P ie r c e  an d  S w a y e r  [8]. T he aim  o f th is  p a p e r  is to  ta k e  
in to  co n sid e ra tio n  th e  H all effects a n d  s tu d y  th e se  effects on  th e  flow  an d  
h e a t tra n s fe r  ch a rac te ris tic s . Such a  s tu d y  w ill be  o f some use in  th e  problem  
o f cooling  n uclear reac to rs  w here v e ry  s tro n g  m ag n e tic  fie lds a re  used  and  
also in  th e  u tiliz a tio n  o f  th e  enorm ous pow er b e n e a th  th e  E a r th ’s c ru s t in  th e  
g eo th e rm a l fields, w h ich  are  c learly  a  p roblem  o f flow  p a s t a po ro u s m edium  
w ith  th e  E a r th ’s su rface  as a n a tu ra l ly  p erm eab le  bed .

H ere  we consider th e  flow  o f  an  e lec trically  co n duc ting  liq u id  th ro u g h  
a p a ra lle l p la te  ch an n e l z ' =  + 1  b o u n d ed  below  b y  a p e rm eab le  bed. W e 
suppose  th a t  s tro n g  un ifo rm  m ag n e tic  fie ld  H 0 a c ts  along th e  z '-ax is . A u n i
fo rm  p ressu re  g rad ien t is m a in ta in e d  in  th e  lo n g itu d in a l d irec tio n  in  b o th  
th e  ch an n e ls  an d  th e  perm eab le  m a te ria l. In  Zone 1 th e  flow  is la m in a r and
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is g o v ern ed  b y  m ag n e to h y d ro d y n am ic  equ a tio n s (w ith  H all effects included) 
w h ile  th e  flow  in  th e  Zone 2 is d e te rm in ed  b y  th e  m o d ified  D arcy ’s law . We 
u se  th e  slip ve lo c ity  b o u n d a ry  co n d itio n  [1] a t th e  p erm eab le  bed . W e fu r
th e r  assum e th a t  th e  u p p e r p la te  is a t  te m p e ra tu re  T  =  T 1 while on  th e  p e r
m eab le  bed  we a d o p t th e  th e rm a l slip  b o u n d a ry  co n d itio n  considered  by  
R u d r a ia h  and  Y e e r a b h a d r a ia h  [6] an d  also in d e p e n d e n tly  b y  V id y a n id h i  
a n d  N a r a y a n a  [9 ]. I t  is well kn o w n  th a t  th e  in tro d u c tio n  o f H a ll effects 
p ro d u c e s  a cross flow  [10]. T he p re se n t in v es tig a tio n  th u s  gives a  com plete 
p ic tu re  of th e  flow  a n d  h ea t tra n s fe r  ch a rac te ris tic s  w hen  th e  H all p a ra m e te r  
is p re se n t.

2. M ath em atica l fo rm ula tion

T he physica l m odel consists o f tw o  Zones; in  one Zone, from  th e  im p er
m eab le  u p p er rig id  p la te  up to  th e  perm eab le  bed , th e  flow  called th e  m odified 
H a r tm a n n  flow  (due to  H all effects) is governed b y  m ag n eto h y d ro d y n am ic  
e q u a tio n s  and  in  th e  o th e r Zone below  th e  p erm eab le  bed , th e  flow  is d e te r
m in e d  b y  th e  m odified  D arcy  flow . In  th e  follow ing, w e shall call th e  form er 
Z one  1 and  th e  la t te r  Zone 2. T he b asic  equa tions an d  th e  co rrespond ing  b o u n d 
a ry  cond itions are  se t u p  for Zone 1 an d  2, resp ec tiv e ly . Solving th e se  eq u a 
t io n s , th e  so lu tions a re  m a tch ed  a t  th e  in te rface  to  g e t un ifo rm ly  v a lid  so lu
tio n s  th ro u g h o u t th e  region o f flow .

T he basic eq u a tio n s  [10] are

V ' • V '  =  0 ,

(V '  ■ V ') V'  =  -  —  V y  +  vV'2 V'  +  j Г’ Х Щ .  (1)
в Q

M axw ell’s eq u a tio n s are

V ' X £ '  =  0, V ' x H '  =  J '

a lo n g  w ith  O hm ’s law  includ ing  H a ll effects g iven b y

J '  + —  J ' X H ’ =  o e[Ê'  +  H ' V ' X H ’] ,  (2)
H o

w h ere  J ' ,  со, г, /ле, ae deno te  th e  c u rre n t density , e lec tro n  L a rm o r frequency , 
e le c tro n  collision tim e , m agnetic  p e rm eab ility  an d  th e  electrical co n d u c tiv ity , 
re sp ec tiv e ly . In  w ritin g  th e  E q . (2), th e  ion  slip effects arising  o u t o f  im perfec t 
co u p lin g  betw een  ions an d  n e u tra ls  as well as e lec tro n  p ressu re  g rad ien t are 
neg lec ted .
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T he equ a tio n s o f  energy  inc lud ing  viscous d iss ip a tio n  te rm  (p a n d  ohm ic 
d iss ipa tion  is

QCP( V '  ■ V ' )  T '  =  K V ' 2 r  -  <P +  J  - - J -  ,  ( 3 )

<*e

w here К  is th e  th e rm a l c o n d u c tiv ity  o f  th e  l iq u id  an d  T '  th e  te m p e ra tu re .
W e choose th e  c o o rd in a te  system  such  t h a t  th e  z '-ax is  is p e rp en d icu la r 

to  th e  bed  z ' =  0 an d  th e  u p p e r p la te  z ' =  l. T h e re  is a un ifo rm  m ag n etic  
fie ld  U Q along  th e  z '-ax is . A t large d istances fro m  th e  e n try  section  th e  flow  
will be fu lly  developed  a n d  in  th e  s te a d y  s ta te , a ll th e  p h ysica l v a riab les  depend  
on z '. Fo llow ing  Sh e r m a n n  an d  S utto n  [10], w e assum e

V ' =  (u ’, v ' ,  0), H ' =  (hx, h'y, H 0), J '  =  ( J i , j ; , 0 ) ,

Ê '  =  (E'x =  cv  Ey =  c2, E'z) .

W e use fu r th e r  th a t  th e  non -d im ensional v a riab le s

,  V ' J '  H 'V  =  —  J =  ____- _____  H  =
cl2 ’ aeli eH 0cP ’ H 0 ’

цес Р Н 0 г , - T 0 n  dK

in  w hich T ',  th e  te m p e ra tu re  in  th e  flow  is assum ed  to  be

T '(x ' ,  z ')  =  A x '  +  T '(z ')  , 

an d  th e  d im ensionless p a ra m e te rs  defined  b y

M  =
p \ H lP a e

•> R-m cP Ц е Oe , P r  -  ^  , X -  K  ,

P К  QCp

Pe =
Q0CpCP

Ec  -  ^  i  A l
К  ’ cp(Ty -  T 0) ’ '  " (Ту -  T 0) ’

w here Ту is th e  te m p e ra tu re  o f th e  p la te  an d  T 0 is th e  am b ien t te m p e ra tu re . 
In tro d u c in g

q =  и - f  i v , J  =  J y — i j x , e — ey — iex , h =  hx ihy , 

th e  foregoing eq u a tio n s red u ce  to
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Z one 1:

d 2Ô

— -  — m2q — — 1 — m2e , 
dz2

1 . . 1 dh(e — q) = ------------
«m

dq dq

1 — iüiX

(4)

(5)

dz2
— P e A 0 (R eal p a r t  o f  q) — P Æ c

dh dh \
+  M 2----------- , (6)

dz dz dz dz  I

w h e re  th e  bars  re p re se n t th e  co m p lex  co n ju g a tes  and

M
m  =  a  +  iß  =

V(1 — iwx)

F o r Zone 2 : T h e  m odified D a rc y  law  fo r  Q* and  th e  e q u a tio n s  corres
p o n d in g  to  (4) a n d  (6) are

1 -f- m2e<?* =
m2+ a 2

d2q
U

— (m2 - f  o2)q =  —1 — m2e ,

d 2e

dz2
=  —P e A 0 (R eal p a r t  o f  q) — P rE c

dq dq dh dh
dz dz dz dz

( 7 )

( 8)

• (9)

I n  th is  Zone w e h av e  th e  a d d itio n a l dim ensionless p a ram e te r  a — 1 /У&", к is 
th e  p e rm e a b ility  o f  th e  porous m ed iu m . B o u n d a ry  cond itions: A t th e  im p e r
m eab le  rig id  p la te , we use th e  co n d itio n  fo r no  slip

<7 =  0 a t  2 = 1 , ( 10)

w h ile  at th e  p erm eab le bed w e a d o p t th e  B e a v e r s  and J o se p h  [1] con d ition , 
w h ich  in  th is  ca se , becom es

dz =  -  Q*] »
2=0  +

h  =  0 a t  z =  1 .

( 1 1 )

( 12)

Supposing  th e  rig id  p la te  to  be  m ad e  u p  o f  in su la tin g  m a te ria l, w e also ad o p t 
th e  th e rm a l slip  condition  [6], [8]

9 T
0z

=  ß . [ T ( 0 ) - T 0] , (13)
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w here  /9, is th e  B io t n u m b e r, T 0 th e  te m p e ra tu re  in  th e  porous bed . T his 
reduces to

JÛ
=  /9,00 a t  2  =  0 ,  \ (14)

dz
an d

0 =  1 a t  2 = 1 . (15)

In  ad d itio n  we h av e  th e  c o n tin u ity  of q, h an d  0 across th e  in te rface  2  =  0. 
T he cond itions (11) a n d  (13) can  be e q u iv a len tly  rep resen ted  in  Z one 2 b y

an d
q -*■ Q* w hen 2 =  — l /а  „ о ,  (16)

0 —*■ 0 w hen 2  =  — 1 Iß^a . (17)

F o r  sim plic ity , we choose ex =  0. T he to ta l  c u rre n t flow ing  th ro u g h  th e  c ir
c u it in  Zone 1 is g iven  b y  I  =  J 1 Jÿdz '.  F o r H a r tm a n n  flow  (flow w ate r) we

req u ire  1 =  0. T h is gives th e  va lu e  of e req u ired  to  ach ieve th e  H a r tm a n n  
flow , i.e.,

e =  R ea l p a r t  o f (1 — icor) J qdz  =  e* (say).

T he so lu tions fo r th e  tw o  Zones are o b ta in ed  se p a ra te ly  and  are  m a tch ed  
a t  th e  in te rface  to  ge t a  co n tin u o u s velocity  d is tr ib u tio n . T hus fo r Zone 1, 
from  (4) su b jec t to  (10) an d  (11) using (7), w e h av e

1 +  m2e
q =  —

n r
(cj sh mz -f- c2 ch  mz  — 1 ) , (18)

w here  ch , sh den o te  h y p e rb o lic  functions an d  cv  c2 a re  com plex co n stan ts  
g iven b y

с, =
a,crm

(a2 +  m2) 1 +  oc„<7
ta n h

— ch  m  
m2 ch  m

{a2 +  m2) I =
] -

Cn —

=  (say),

1 — q  sh  m

ch
w here

=  o 2 +  ib2 ( s a y ) ,

x^aPl L
- ,  ox —

Ь 2 = -

/(« ,/? ) ' * / ( a , /9)

2 ch  a  cos /9 — a x sh  2a -f- bx sin  2/9 
ch  2a +  cos 2/9

(2 sh a  sin  ß ax sin  2/9 +  bx sh  2a)
ch 2a +  cos 2/9
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P i  =  x(a2 +  X2 — 3/32) (p 2p i +  q2q t) +  ß(a2 +  За2 -  /S2) ( p 4g 2 —  g 4p 2) ,

9 i =  а (а2 +  а 2 — 3/32) ( p 2g 4 -  ç 2p 4) +  /3(а2 +  За2 -  ß2) (g2g 4 +  p 2p 4) ,

/ ( « ,  I3) =  [(*2 +  «2 -  /J2)2 +  4«2/52] |"l +  а.<г 2 * sh 2а  +  ß  sm  2ß
<*2 + ch 2a  -f- cos 2/3

+

+ Í 1 sh2 2a — sin2 2/3
[ a 2 +  /32 ch 2a +  cos 2/3

w h ere in

P i  — 1 +
X  *er

?a =

(а2 +  /32) (eh 2« -f- cos 2/3) 

а~<т

(a  sh  2a +  ß  sin  2/3),

(а2 +  /32) (ch 2a +  cos 2/3) 

(a2 ß2)
p 3 =  (a2 —  ß 2) ch  X cos ß

(a sin  2/3 — ß sh  2 a ) ,

(ch 2a  +  cos 2/3) -f- 2a/3 sh a  sin  ß ,

g3 — 2a/3 ch  a  cos /3 — a/3(ch 2a  +  cos 2/3) — (а2 — /32) sh  a  sin  ß  ,

2
P  4

? 4

(a2 +  ß2)2 (ch 2a +  cos 2/3)

2

[Р з ^ 2 +  а 2 — ß2) +  2qaxß] +  1 

[g3(a2 +  а 2 -  /32) -  2 x ß p 3].
(а2 +  /32)2 (ch 2a +  cos 2/3)

S e p a ra tin g  th e  re a l an d  im a g in a ry  p a r ts  o f q from  (18)

“= 4 I
' = 4 ( 5

а 2 — /32 

(а2 +  /З2)2

2xß

+  е \(Рь — ! )
2xß

ß2)2
(Ps — 4) +

(а2 +  ß2) 

а 2 — ß2
(а2 +  /32)2

+  e

F  4 (19)

'14 (20)

w h ere

p 5 =  a 2 ch  az  cos /3z — b2 sh  az  sin  ßz  o 4 sh  az  cos ßz  — ch  az  sin  ßz , 

gB =  62 ch  az  cos /3z -J- « 2  sh  a z  sin  ßz +  sh  az cos ßz  -f- « i ch  az  sin  ßz .

T h e  m agnetic  f ie ld  is o b ta in ed  fro m  (2) using  th e  cond ition  (12)

fcx =
R„

1  +  C 02 T 2

2xß

e ( z  —  1 )  +

a 2 -  /32

X 2 — /32 2xß
(a2 -  /32)2 (a2 +  /32)2

co r  +  e / i ( a , / 3) -

+
( a 2 +  /32)2 ( a 2 +  /32)

cor  +  core gi(*> i3) ( 21)
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hy =  ~ R„
1 +  ft)2 T2 l

ft)re(l — z) ß2

+  core

[ (a2 +  n

2 -  ß2 2xß

cor + 2a/?

Z?2)2 (a2 + ß2)2

(a2 +  Z?2)2

<°r  +  e |g i(a> /S )J ,

w here

/ i ( a ,  /3) -
1

[(a2a  +  ^2/3) (sh az cos ßz  — sh  a  cos ß) 4-

Si(«> ß) =

« 2 +  /32

+  (62a  — аф)  (ch a  sin ß  — eh  az sin  ßz) 4*

4~ (axa  +  Ьф) (ch az cos /5« — ch a  cos ß) 4~

+  ( 6xa  — аф)  (sh a  sin ß  — sh  a« sin  ßz)] — z - f  1 ,

1
o2 +

[(fc2a  — аф)  (sh xz  cos ßz  — sh  a  cos ß) —

— (a 2a  +  Ьф) (ch a  sin  ß  — ch  az  sin  ßz) 4- 
+  (b±x  — аф)  (ch az cos ßz  — ch  a  cos ß) —

— (axa  +  Ьф) (sh a  sin ß  — sh  a  sin  ß z)] .

T he sh e a r  s tresses a t  th e  p la te  an d  a t  th e  b ed  are  g iven  b y

du
dz ~ - - м +  n

2xß

+  e l p ,  -
(a2 +  /32)2 

2 — ßfi

( 22)

du
dz

dv
dz

w here

?ej>

* I _ Г 2* l , í «2 -  ß2 X 1 1
dz U  [ (a2 + /З2)2 Рв + I (a2 + ß2)2 + 1 **] ’

“  [{( J T w  +  " b “ “  bS~  w f r r ' * “  + H ’ (25)

(23)

(24)

V2 +  ß?f

*2 - ß2

Z = 0 H— -----4- e l (61в +  аф)  4--------------^ Ê . ----- (axa  -  Ьф) ] , (26)
(a2 4- ß2)2 ' J 1 '  (a* 4 -0 * )2 J

Ре =  (a 2 *  — Ьф) sh  a  cos /3 — (62a  4- a-j/O a  s*n  ß  +

4- («!« — Ьф) ch  a  cos ß  — (6xa  4~ «i/?) sh] a  sin  /? ,

?e =  (^ 2 a  +  ссф) sh  a  cos ß  4- (a 2a  — fe^) ch  a  sin  ß  4-

4- (6xa 4~ a i/3) ch  a  cos ß  (a xa  — 6 ^ )  sh a  sin  /3.
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T h e te m p e ra tu re  d is tr ib u tio n  for Z one  1, b y  solving (6) u sing  th e  b o u n d a ry  
co n d itio n s  (14) an d  (15) is

w h ere

ki  —

в =  k± +  k2z — Pe A 0F(z) — Pr EcG(z) ,

1 [1 - P e  A o{F'(0) -  F( 1) -  ß ,o F (  0)} -

(27)

1 +  ß*a
-  P rE c{G '(0) -  G (l)  -  ß.oG(0)}]  , 

k 2 =  1 — к±-\- Pe 4 0F (1 ) P r Ec  G (l) .

(h e re  dashes den o te  d iffe ren tia tio n  "with resp ec t to  z)

p / g\ =  ff  oc2 - ß 2 1 f a 2p 7 -  M ?  +  9iPs -  M s  _
[ W  +  n  1 И (*2 +  n

-  ; OKA i b *Pi +  «2Î7 +  M s  +  a i9 s } l .(a2 +  p2)4 J

G(z) =  (a2 + 6 2) 

+

+

+

h d

2e(«2 -  ß2) , .
П  (*2 +  Z?2)2

+  e'I
a 2 +  62 ( ch  2az

8 +

) , «1 + ̂1ch 2az cos 2ßz )Г  8 a2 ß2 J+
ß2

1 1 (a^ a +  b ^ )  sh 2az (« 2^1 — М 2) S4n 2ßzi l ß2 )]+

M 2 I" e2z2 ,
1 +  w2r2 1. 2 '

2e a “ /**
(a2 +  /З2)2

+  e ( azPl 2̂?7 "Ь °lPe Ms
' («“ +  « ■

Z'

"2
+

2a/J
(a2 +  ß2)‘

{ b t P i  +  « 2 ? 7  +  M s  +  a ^ g ) }  +

+

+  ■

+  2e(a2 — ß2) +
(«2 +  /32)2 (a2 +  ß2)2

a2 +  i>2 ( ch 2az ( cos 2ßz

~ F ~

l ï
+  bl ch 2az cos 2ßz  )
8 a2 ß2 J+

8
+  ■ + 1Г +

( a ^ a  +  bjb2) sh  2az 

4a2
+

+
(a2b1 — афъ) sin 2ßz
~  4/í2 (a2 +  /32)2

(«2Î»7 -  M ?  +  «lPs — M s)j j-

w h ere in

Pl  =  (a2 — yS2) ch  az  cos /?z — 2ocß sh  az sin  ß z , 

q-i =  2xß ch az cos /Sz +  (a2 — ß2) sh  az sin  ßz ,
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p s =  (a2 — ß2) sh  az  cos ßz  — 2xß  eh  az sin ßz , 

q8 =  2xß sh  az cos ßz  -f- (ос2 — ß2) eh  az sin  ßz .

F o r Zone 2, th e  velocity  an d  te m p e ra tu re  d is tr ib u tio n  from  (8) a n d  (9) using  
(7) su b jec t to  (16) and  (17) are

.________  ________ 1 1 _ ТТ|2л
q =  c3 ch ]/m2 +  a2 z +  c4 sh  Ym 2 +  o2 z -)-----------------, (28)

m2 -f- o2

0 =  fe3 +  &4 2  — Pe A 0R(z) — P r Ec S(z) , (29)

w here  c3 =  a 3 -f- i63 (say), c4 =  a 4 +  i & 4  (say) an d  Y  {m2 a 2) =  f  -f- i%.
S ep a ra tin g  th e  rea l and im ag in a ry  p a r ts  o f  (28),

[1 +  (a2 -  ß2) e] [a2 +  a 2 -  ß2} +  4a2£2e
U — ---------------------------- :---------— —: Г

V  =

{ a2 +  a 2 -  ß 2)2 +  4 a 2/32 

(o2 +  a 2 -  ß 2) 2a/S e -  2a/3 [l +  (a2 -  /32) e]
+  09 5

(30)

(31)

w here

do --
(o'2 +  a 2 -  ß2)2 +  4a2/?:

(o2 +  a 2 -  ß2)2 +  4a2£2

[(o2 +  a 2 — ß2) (1 +  a 2e — /?2e) +  4 a2/32e] —

[(«» — iS2) {(1 +  a 2e - /S2e ) ( a 2 - l ) -
(«2 +  ß2)2

— 2xß 6 2 е} +  2a/? {2a/? e(a2 — 1) +  b2( l  +  a 2e — ßPe)}] ,

ьз —
(a2 +  a 2 -  ß2)2 +  4a2/?2

1

[2a/? e(a2 +  a 2 — /32) -  2xß(l  -  a 2e +  ^ e ) ]  -

[(a2 — ß2) {2xß  e (a2 — 1) +  M 1 +  ~  ß2e)} —
(«2 +  I?2)2

-  2 a0 { (l +  a 2e -  ß2e) ( a 2 -  1) -  2 x ß b 2e } ]  ,

o , =

Ь 4 =

a 3 sh  2yz — 63 sin  2^z 
ch  2^)z — cos 2^z

63 sh  2yz -f- a 3 sin  2%z 
ch 2yz — cos 2^z

p 9 =  a 3 ch yz cos — b3 sh  %pz sin  %z -j- a 4 sh  %pz cos %z — 

— b 4 ch  xpz sin  yrz ,
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=  6 3  c h  %pz cos yz -f- a3 sh  %pz sin. '/z +  6 4  sh  ipz cos ^ 2  -f- 

-f- a 4  c h  f z  sin %z ,

k3 =  fe4  -  Ре  Л 0 [Р (0 ) -  й (0)] -  P r E c  [G(0) -  S(0)] , 

fc4  =  —  \ k 3 -  P e A 0R  !------ — I -  P r E c s f - — 11,
ß * ° Y  l ß * l  ß . ° ) \

R(z) = В ■ {(ff2  +  a 2  -  ß2) ( 1  +  *2e -  ß2e) +
(ff2  +  а 2  -  ß2)2 +  4a 2 / ? 2  L 2  

+  4a 2 /?2 e} +  (ff2  +  a 2  -  ß2) (p 10 +  P u)  +  2a/?(q10 +  gu ) J ,

S(z)  =  (V2  +  X2) P 8 Y
+

“ 4  +  b2  1( ch 2 ipz
8 { yfi

сое 2Xz ) (a 3 a 4  +  b3b4) sh  2 yiz (a3b 4  — fc3 a 4) sin 2 %z~l
X2  J V  4 Z 2  J

+
M2 Г e2z2 

1 2

2 e

Î
[(ff2 +  «2 —

1 +  c o V  L 2 (ff2  +  a 2  -  /32)2 +  4 a 2/?2 [ 2 

-  Л  (1 +  *2e -  ß2e) +  4 a2/?2 e] +  (ff2  +  a 2 -  z?2) (p 10 +  Pll) +

+  2 a/?(g10 +  gu ) +  <?(*)И ;<2(*b

=  (1 +  a 2e -  ßPe)2 +  4 a2/?2e z2  +  (a 32  +  6 §) ch  2 y)z cos 2 ^ 2

(ff2  +  a 2  -  ß2)2 +  4 a 2 / ? 2  2

I ( a 4  +  b4) ( ch 2rpz cos 2Xz \ (a 3 a 4  +  6 3 6 4) sh 2 yz 

8 [ V2 X2 I 4 t/;2

(a 3 6 4  — a 4 6 3) sin 2 ^ 2

X2 + (ff2 + a2 -  z?2)2 + 4a2/?2
-  W  (P io  +  .P1 1 ) +  2a/? e ( g 10 +  qn )] ,

P 10 =  °з ch Vz  cos Xz — ^ 3  sb yz  sin  %z ,

5io — ^ 3  ch  Wz cos Xz 4* a3 sh  rpz sin  i z  ,

P 1 1  =  a 4 f z cos Xz — ^ 4  V2 s*n  Xz 1

З 1 1  =  ^ 4  Wz cos Xz +  ff 4  ch  y)z sin  %z .

Acta Physica Academiae Scientiarum Hungaricae 46» 1979

[ ( 1  +  a 2e -



THE HALL EFFECTS ON HYDROMAGNETIC FLOW 147

T he N u sse lt n u m b ers  a t  th e  low er p la te  N u 0, an d  th e  u p p e r p la te  N u x 
given b y

dd

are

JVu0

iVu,

\ d z )z=о

К  -  6(0) ’

dől
d z j z=i

вт -  6(1) ’

(32)

(33)

3. R esults an d  discussion

T h ro u g h o u t th is  p a p e r w e ta k e  a ,  =  0.1, /?, =  1. As o u r p rim a ry  
in te re s t is to  exam ine th e  in te rac tio n s  o f  th e  H all p a ra m e te r  со r ,  H a r tm a n n  
n u m b er M  a n d  D arcy ’s n u m b e r a, we allow  these  to  v a ry . W e h av e  p lo tte d  
u(z) an d  —v(z) fo r  som e ty p ic a l values o f  cor, M  an d  a for sh o rt c ircu ited  
c ircu m stan ces e =  0 and  fo r flow  m eter e =  e*. F ig . 1 show s th a t  u(z) increases 
w ith  increase  in  cor, w hile F ig . 2 show s a  sim ilar re su lt fo r th e  cross flow  
—v(z). T h e  f la tte n in g  effect o f m agnetic  f ie ld  in  th e  ve lo c ity  profiles is c learly  
d iscernible in  th e  F igures. T h e  effect o f  th e  p e rm eab ility  o f th e  m ed iu m  k, 
ch arac te rised  b y  th e  p a ra m e te r  a, is to  increase  th e  velocity . W e f in d  th a t  
th e  slip v e lo c ity  a t  th e  perm eab le  bed decreases as a increases fo r g iv en  M
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w here 0m =  j 9 dz is th e  average  te m p e ra tu re .

F ig . 1 .  Primary flow
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Fig. 2. Secondary flow

Fig. 3. Primary induced magnetic field
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an d  car. T he  cu rv e  5 in  F ig . 2 reveals  t h a t  th e  cross flow  d u e  to  th e  H a ll effects 
show s an  in c ip ien t flow  rev ersa l, a lth o u g h  th e  p rim a ry  flow  does n o t. Also 
th e  ve lo c ity  p ro files are fo u n d  to  increase  w ith  e in  each  case.

T he F igs. 3 an d  4 in d ic a te  th a t  th e  d issipation  o f th e  in d u ced  m agnetic  
fie ld  is in  accord  w ith  th e  p u llin g  o f th e  line  o f force b y  th e  co n v ec tio n  channel.

F ig . 4 . Secondary induced magnetic field

I t  is in te re s tin g  to  n o te  th a t  non -zero  v alues o f hy ex ist a t  th e  p e rm eab le  bed  
for th e  flow  m e te r  c ircum stances ; o f  course hx van ishes a t  th is  b ed  in  agree
m en t w ith  R u d r a ia h , R a m a ia h  an d  R a ja s e k h a r  [7] in  th e  absence  o f  H all 
effects. F ig . 5 show s th e  te m p e ra tu re  d is tr ib u tio n . I t  is fo u n d  to  in crease  w ith  
cor, decreases as M  o r a increases. T h e  effect o f  e is to  increase th e  te m p e ra tu re . 
T he re su lts  are  a n tic ip a te d  on p h y sica l g ro u n d  ju d g in g  from  th e  b eh av io u r 
o f th e  v e lo c ity  p rofiles.

W h en  th e  H a ll effects a re  a b se n t, th e  sk in  fric tion  fo r th e  p r im a ry  flow  
o f th e  b ed  is fo u n d  to  increase as a increases a n d  decreases. H o w ev er, as cor 
increases, i t  decreases, passes th ro u g h  zero a n d  changes its  d irec tio n  fo r fixed  
a an d  M .  Such b e h a v io u r is ru le d  o u t fo r th e  p r im a ry  stresses a t  th e  p la te  and  
fo r th e  seco n d ary  stresses b o th  a t  th e  p la te  an d  a t  th e  bed . T h e  effect o f e 
is in  genera l to  increase  th e  sk in  fr ic tio n . T he resu lts  are  in fe rred  from  a sam ple 
o f  d a ta  p re sen ted  in  T ab le  I .
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Fig. 5. Temperature profiles

Table I

Primary and secondary shear stresses

a M COT

% = 0 *  S= 1

e= 0 e =  e* e= 0 6 = 6*

Primary shear stresses
1 0 1 0 . 0.19417 0.23396 -0.63576 —0.76604
1 0 2 0 0.11736 0.20656 -0.45082 -0.79344

1 0 0 0 1 0 0.45613 0.49465 -0.46599 -0.50535
1 0 0 0 2 0 0.37306 0.49352 — 0.38285 — 0.50648

1 0 1 0.5 -0.04434 -0.03160 -0.54231 -0.71926
1 0 0 0 1 0.5 -0.11552 -0.09559 —0.56371 -0.69136

Secondary shear stresses
1 0 1 0.5 -0.19877 -0.24991 0.44427 0.48434

1 0 0 0 1 0.5 -0.44836 -0.54116 0.26509 0.26201

T able I I  gives th e  com pu ted  values of e* n eed ed  to  achieve th e  H a r tm a n n  
flow . W hen e <  e*, th e  channel is sh o rt c ircu ited  (in  o u r analysis w e have  
ta k e n  e =  0 fo r th is  case) an d  all th e  cu rren ts  flow  in  one d irec tion  an d  th e  
n e t  cu rren t flow  is  c learly  non  zero . W hen  e >  e*, a ll th e  cu rren ts  flow  in
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Table П

Computed values of e*

O’
COT

M 0 0 .1 0 . 2 0 . 5

1 0.20492 0.20841 0.21882 0.28934
2 0.19000 0.19232 0.19934 0.25089

1 0 3 0.17150 0.17343 0.17928 0.22177
4 0.15332 0.15507 0.16036 0.19868
5 0.13711 0.13873 0.14360 0.17909

1 0.08445 0.09044 0.10830 0.22918
2 0.08073 0.08328 0.09102 0.14944

1 0 0 0 3 0.07548 0.07681 0.08817 0.11054
4 0.06962 0.07051 0.07319 0.09238
5 0.06379 0.06450 0.06662 0.08142

th e  opposite  d ire c tio n  and  th is  corresponds to  m ag n e to h y d ro d y n am ic  accele
r a to r  or p u m p . T h e  p a ra m e te r  e m odifies th e  u su a l H a r tm a n n  flow  in  th a t  
c u rre n t d is tr ib u tio n  changes as does th e  in d u ced  m agnetic  fie ld .

Table IT!

Values of the Nusselt number for e*

Or M cor N u $ N i4

1 0 1 0 . 2 2.06292 -1.50459
1 0 5 0 . 2 2.41072 -1.68197
1 0 1 0.5 2.28051 -1.52632

1 0 0 1 0 . 2 2.06840 -1.58278
1 0 0 0 1 0 . 2 2.07201 -1.59124

T able I I I  g ives th e  co m p u ted  values of th e  N usselt n u m b ers . T hese are  
in  genera l found  to  increase  w ith  M  or a or cor a t  th e  bed  an d  a t  th e  p la te . 
T he n eg a tiv e  sign  in  N usselt n u m b e r in d ica tes  th e  d irec tion  o f th e  h e a t  flow  
from  th e  liqu id  to  th e  p la te .

T h e  fo regoing  analysis reveals  th a t  th e  inc lusion  o f th e  H a ll c u rre n ts  
ex e rts  a p ro found  in flu en ce  on th e  flow  and  th e  h e a t tra n sfe r  ch a rac te ris tic s . 
I t  is also observed  t h a t  th e  v iscous an d  ohm ic d issip a tio n  te rm s  h av e  sign i
f ic a n t effect in  in c re a s in g  th e  h e a t tra n sfe r  coefficients.
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The potential energy curve of the X 22  state of the astrophysically important ScO mole
cule has been constructed by R—К—R—V method and its dissociation energy has been 
evaluated by fitting the electro-negativity potential function to the experimental potential 
curve.

1. Introduction

T h e  accu ra te  d e te rm in a tio n  o f  d issocia tion  energies is o f  considerab le  
im p o rta n c e  in  th e  s tu d y  o f chem ical b ind ing . T h e  d issociation  energies are  
genera lly  d e te rm in ed  b y  spectroscopic , th e rm o ch em ical and  m ass spectre- 
m e tric  m eth o d s. O f th e se , th e  B ir g e  — S po n e r  e x tra p o la tio n  [1] is su itab le  
in  cases w here a n  ap p rec iab le  n u m b e r o f v ib ra tio n a l q u a n ta  a re  know n. 
H ow ever, th is  m e th o d  is n o t q u ite  re liab le  fo r m olecules w here ion ic  forces 
c o n tr ib u te  co n sid e rab ly  to  th e  b in d in g . V arious em p irica l p o te n tia l functions 
h av e  been  p roposed  b ased  on c e r ta in  p h ysica l a n d  chem ical m odels lead ing  
to  in fo rm a tio n  a b o u t th e  chem ical bond .

T h e  L ip p in c o t t  [2] th ree  p a ra m e te r  p o te n tia l fu n c tio n  based  on  a (5-type 
m odel o f  b in d in g  is in d isp en sab ly  co v a len t in  n a tu re . F o r m olecu lar b ind ing  
w here ion ic  c o n tr ib u tio n  becom es im p o r ta n t, th e  S zőke  and  B aitz  [3] p o te n 
tia l fu n c tio n  w hich in c lu d es ex p lic itly  th e  e lec tro n eg a tiv itie s  o f th e  c o n s titu e n t 
a to m s, y ie ld s b e tte r  re su lts . T he ionic c o n tr ib u tio n  in  th e  bond  o f ScO m olecule 
is q u ite  considerab le  a n d  hence i t  is ex p ec ted  th a t  th e  e lec tro n eg a tiv ity  p o te n 
tia l  fu n c tio n  w ould  y ie ld  a  re liab le  e s tim a te  o f d issocia tion  energy  o f th is  
m olecule. In  th e  p re se n t w ork , th is  m e th o d  has b een  applied  an d  th e  resu lts  
are p resen ted .

2. Computational procedure

T h e p o te n tia l fu n c tio n  p rop osed  b y  Szőke an d  B aitz  is
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w here n  is defined b y  the relation n =  de/D]2, d  is a proportionality factor 
w hich  is constant for molecules o f  th e  same bond typ e and related to  the  
force constant b y  th e  relation ke =  d  (exe2 D e)^2 r ^ 1, e is the geom etric mean 
o f th e  P auling  [4] electronegativities ex, e2 o f the constituent atom s, a and b 
are em pirical param eters: a =  0.35 é^2 and b is a universal constant (1.065) 
being independent o f  th e  bond ty p e . D e and re have the usual spectroscopic 
m eanings.

B y  using th e  R y d b e r g — K l e i n — R e e s  [5 — 7] m ethod as m odified by  
V a n d e r s l ic e  et al [8 , 9 ] , the turning points corresponding to  each vibrational 
lev e l have been com puted. The values o f  rmin and rmax of each vibrational 
leve l are substituted  in  Eq. (1) and th e  corresponding U  values are calculated  
for different De va lu es. The correlation coefficient between th e  estim ated  
va lu es and the experim ental values is determ ined. The particular values of 
D e corresponding to  maxim um  correlation coefficient is regarded as the true 
dissociation  energy.

3. R esu lts an d  discussion

T h e  spec tro scop ic  constan ts  em ployed  in  th e  p resen t w ork  h a v e  been 
ta k e n  from  [10— 14]. The resu lts  o f  f i t t in g  th e  e lec tro n eg a tiv ity  p o ten tia l 
fu n c tio n  to  th e  R — К  — R —V cu rv e  are  show n in  T able I . I t  can  he seen 
fro m  th e  T able t h a t  th e  d issociation  energy  D e is 5.39 eV, w hich  corresponds 
to  th e  m ax im um  corre la tion  coeffic ien t. T he va lu es  of th e  R  — K —R —V 
tu r n in g  po in t a n d  th e  e lec tro n eg a tiv ity  p o te n tia l energy values o b ta in ed  for 
th e  e s tim a ted  D e v a lu e  are show n in  T ab le  I I .

Ga y d o n  [15] recom m ends a  v a lu e  o f 6 +  1 eV for th e  d issocia tion  
e n e rg y  of X 2X  s ta te  o f ScO, w h ereas  th e  v a lu e  o b ta in ed  b y  us u sin g  th e  th ree  
p a ra m e te r  L ip p in c o t t  [2] fu n c tio n  is 5.48 eV. T h e  value o b ta in e d  in  th e  
p re s e n t  s tu d y  is 5 .39  eV.

T he d issoc ia tio n  energy o f a m olecule is closely re la ted  to  th e  io n ic ity  
o f  th e  bond  in  q u e s tio n  and i t  h as  b een  suggested  th a t  rx/rc gives i ts  m easure. 
rx is  th e  h y p o th e tic a l crossing p o in t be tw een  th e  ionic p o te n tia l energy  curve 
a n d  th e  a sy m p to te  o f  th e  co v a len t p o te n tia l cu rve  and  re is th e  equ ilib rium  
in te rn u c le a r  d is ta n c e . F o r a d ia to m ic  m olecule A B ,  rx is given b y  th e  re la tion  
rx(A )  =  14.40/(1.P. (A)  — E .A .(B ))  w here I .P .  an d  E .A .  are  th e  ion isa tion  
p o te n tia l  o f a to m  A  an d  electron a f f in i ty  o f a to m  В  respective ly , b o th  expressed  
in  e lec tron  v o lts . F o r  th e  X 2X  s ta te  o f  ScO, rxjre is  equal to  1.69. A ccording 
to  th e  defin ition  o f  ion icity  as g iv en  b y  H il d e n b r a n d  [16] a n d  H erzberg  
[17], th e  b o n d in g  in  ScO falls in  an  in te rm e d ia te  region w here  b o th  ionic 
a n d  covalen t c o n tr ib u tio n s  are s ig n ifican t. As th e  S zőke an d  B a itz  p o te n tia l 
fu n c tio n  is b a sed  on  ionic m odel a lone, i t  g ives a sligh tly  low er e s tim a te  of 
th e  d issociation  en e rg y  (5.39 eV) o f  X 22J s ta te  o f  ScO m olecule.
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Table I
Correlation between the electronegativity and the R —К —R —V potential curves

D, (eV) Correlation
coefficient

5 .3 1 0 .9 9 9 9 9 0 9 4

5 .3 2 0 .9 9 9 9 9 2 8 8

5 .3 3 0 .9 9 9 9 9 5 4 3

5 .3 4 0 .9 9 9 9 9 5 9 2

5 .3 5 0 .9 9 9 9 9 7 0 4

5 .3 6 0 .9 9 9 9 9 7 9 0

5 .3 7 0 .9 9 9 9 9 8 4 9

5 .3 8 0 .9 9 9 9 9 8 8 2

5 .3 9 0 .9 9 9 9 9 8 8 9

5 .4 0 0 .9 9 9 9 9 8 7 1

5 .4 1 0 .9 9 9 9 9 8 2 7

5 .4 2 0 .9 9 9 9 9 7 5 9

5 .4 3 0 .9 9 9 9 9 6 6 5

5 .4 4 0 .9 9 9 9 9 5 4 6

5 .4 5 0 .9 9 9 9 9 4 0 4

5 .4 6 0 .9 9 9 9 9 2 3 6

5 .4 7 0 .9 9 9 9 9 0 4 5

5 .4 8 0 .9 9 9 9 8 8 2 9

5 .4 9 0 .9 9 9 9 8 5 9 0

5 .5 0 0 .9 9 9 9 8 3 2 8

Table П
Potential energy curves of Х г2  state of ScO

U (  cm-1) rmin (Ä) rmax (^) Umta (cm-») Umax (cm-»)[

4 8 4 .8 4 1 .6 1 4 1 .7 2 3 4 8 4 .9 7 4 8 5 .8 5

1 4 4 7 .4 3 1 .5 7 9 1 .7 6 8 1 4 4 8 .8 4 1 4 5 0 .8 2

2 4 0 2 .5 5 1 .5 5 6 1 .8 0 0 2 4 0 4 .1 1 2 4 0 7 .4 9

3 3 5 0 .1 3 1 .5 3 8 1 .8 2 8 3  3 5 2 .1 0 3 3 5 7 .4 9

4  2 8 9 .9 3 1 .5 2 3 1 .8 5 3 4  2 9 0 .1 9 4  2 9 7 .3 0

5 2 2 1 .9 1 1 .5 1 0 1 .8 7 7 5 2 2 3 .8 1 5 2 3 2 .8 2

6  1 4 5 .8 4 1 .4 9 8 1 .8 9 8 6  1 4 5 .9 3 6  1 5 5 .9 1

7  0 6 1 .6 7 1 .4 8 8 1 .9 1 9 7  0 5 6 .0 8 7 0 6 5 .9 4

7 9 6 9 .6 0 1 .4 7 8 1 .9 3 9 7  9 6 2 .6 8 7 9 7 1 .5 5

8 8 6 9 .6 9 1 .4 6 9 1 .9 5 8 8  8 6 3 .4 9 8 8 7 0 .0 5

9 7 6 1 .9 7 1 .461 1 .9 7 7 9  7 6 9 .8 6 9  7 7 2 .2 5

10  6 4 6 .0 9 1 .4 5 3 1 .9 9 6 10  6 5 4 .8 0 10 6 4 9 .9 3

11 522 .01 1 .4 4 6 2 .0 1 4 11 5 3 3 .1 6 1 1 5 1 7 .8 6
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THE GROWTH AND DECAY OF WEAK 
DISCONTINUITIES IN RELATIVISTIC FLUIDS 

WITH VIBRATIONAL RELAXATION
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D E P A R T M E N T  O F  A P P L IE D  S C IE N C E S , IN S T IT U T E  O F  T E C H N O L O G Y , B .H .U ., V A R A N A S I, IN D IA
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The propagation of weak discontinuities in relativistic fluids with vibrational relaxa
tion has been studied. The velocity of propagation of a relativistic weak discontinuity has been 
determined. The fundamental equation governing the growth and decay of a relativistic weak 
wave has been obtained and solved. The relativistic results are shown to be in full agreement 
with earlier results of classical gasdynamics. The problem of breakdown of weak discontinui
ties has also been investigated. The critical time tc is determined when the breakdown of the 
wave will occur and consequently a shock wave will be formed due to non-linear steepening. 
It is shown that there exists a critical amplitude of the wave such that all compressive waves 
with an initial amplitude greater than the critical one will break down and a shock-type dis
continuity will be formed, while an initial amplitude less than the critical one will result in a 
decay of the wave. The local and global behaviour of the wave amplitude is also discussed.

I . In tro d u c tio n

W eak w aves h av e  b een  ex ten siv e ly  s tu d ied  'd u rin g  [the la s t  decade . 
R ec k er  [1] an d  B o w e n  an d  Ch e n  [2] s tu d ied  v a rio u s p ro p erties  o f accel
e ra tio n  w aves in  n o n -eq u ilib riu m  flow s. R a r it y  [3] s tu d ied  th e  p rob lem  o f 
b reak d o w n  o f accelera tion  w aves in  flow s w ith  v ib ra tio n a l re lax a tio n .

T he recen t advances in  space techno logy  h av e  d raw n  a  g rea t dea l o f 
a tte n tio n  to w ard s  th e  s tu d y  o f w ave p ro p ag a tio n  in  re la tiv is tic  gasdynam ics. 
E ckart  [4] an d  T a u b  [5] p ro v id ed  th e o re tic a l fo u n d a tio n s  o f re la tiv is tic  
shock  w aves. T h e  re la tiv is tic  th e o ry  o f p ro p ag a tio n  o f w eak  w aves in  a p e rfec t 
gas has been t r e a te d  b y  Sa in i  [6], Co b u r n  [7] a n d  K a n w a l  [8]. T he g ro w th  
o f  w eak  w aves in  re la tiv is tic  g asdynam ics h as  also been  s tu d ied  b y  McCa r t h y  
[9] fo r an  idea l p e rfec t gas. N oneq u ilib riu m  effects on th e  b reak d o w n  o f w eak  
w aves h av e  been  re c e n tly  s tu d ie d  b y  R am  [10]. T he m ain  academ ic in te re s t  
o f  th e  p resen t p a p e r  is to  s tu d y  th e  p rob lem  o f g ro w th  an d  decay  o f re la t i 
v is tic  w eak  w aves in  gas flow s w ith  v ib ra tio n a l re la x a tio n  an d  to  d e te rm in e  
a  c ritica l s tag e  w hen  th e re  occurs a b reak d o w n  o f th e  w eak  w av e  a n d  th e  
consequen t fo rm a tio n  o f  a shock  w ave.
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II. B asic prelim inaries

T h e  n o ta tio n s  u sed  in  th is  p a p e r  are , w ith  a few  m inor excep tions, id e n 
tic a l w ith  th o se  em ployed  b y  G rot  an d  E r in g e n  [11].

L e t X k be th e  re c ta n g u la r  co o rd in a tes  o f a m a te ria l p o in t in  a  th ree  
d im ensional space. T h e  m o tio n  o f  a m a te r ia l  b o d y  can  be described  b y  a new  
se t o f  co o rd in a tes  x k g iven by

x k =  хк( Х ‘, я4); X* =  c t , (i , к =  1, 2, 3 ) ,

w here  t is th e  tim e  a n d  c is th e  c o n s ta n t v e lo c ity  o f lig h t in  v acu u m . L e t us 
in tro d u ce  th e  co n cep t o f an  E in s te in —R iem an n  space V t b y  fou r co o rd ina tes 
Xя =  ( x \  xX) w ith  a  m e tric  d s2 =  Г лр d x a'dxr. T he m etric  has c o n s ta n t com po
n e n ts  g iven b y

Г *  =  r aß ;

г и = г и  =  дф  Г « = Г 44= - 1.
T h e w orld  v e lo c ity  can  be  expressed  as

Щ я*) =  ß , 1  , U 'U l =  - 1  ;

w here

/? =  ( ! — v2jc2) -1/2 .

(2 .1)

(2 .2)

H ere  th e  ran g e  o f L a tin  ind ices is 1, 2, 3 a n d  th a t  o f G reek ind ices is 1, 2, 3, 4. 
A d u m m y  in d e x  w ill u su a lly  im p ly  su m m atio n  unless specified  o therw ise. 

T he in v a r ia n t  d e riv a tiv e  o f a n y  fu n c tio n  <p(xx) can  be expressed  as

0<P . ,•_  +  „у. U*?,* • (2.3)

T he eq u a tio n s  o f  m o tio n  o f a gas w ith  v ib ra tio n a l re lax a tio n  in  a re la tiv is ti-  
ca lly  co rrec t fo rm  can  be w ritte n  in  th e  fo rm :

(eU*),* =  0 (2.4)

T% =  0 ,  (2.5)

Dq -  A  eO(q - q ) =  0, (2.6)
c
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w here
T aß =  coU*Uß +  ps  

=  U 4 P +  ö*ß, 

со =  gc?( 1 +  e/c2 +  kq/c2) •

H ere  p ,  g, T aß, e, Ф a n d  q, q re sp ec tiv e ly  rep re sen t th e  gas p ressu re , th e  partic le  
d e n s ity  p er u n it v o lu m e, th e  en erg y  m o m en tu m  ten so r, th e  in te rn a l energy 
p e r u n i t  m ass, th e  re la x a tio n  freq u en cy  and  th e  v ib ra tio n a l en e rg y  per u n it 
m ass o f  th e  gas, loca l e q u ilib riu m  v alue  of q. Н еге к is th e  c o n s ta n t specific 
h e a t o f  th e  in te rn a l en e rg y  rese rv o ir. A com m a follow ed b y  a n  in d e x  denotes 
p a r t ia l  d iffe ren tia tio n  w ith  re sp e c t to  th e  co rrespond ing  co o rd in a te .

F ro m  (2.4) a n d  (2.5) w e get

да c2 DU* -+- s^P,ß =  0 , (2.7)

(gac* [ / % -  U*piV =  0 ,  (2.8)

w here  a =  1 +  Л/с2, A =  h(p, r], q) is th e  e n th a lp y  o f  th e  sy stem  p e r  u n it  m ass.
T h e  E qs. (2.7) a n d  (2.8), respective ly , re p re se n t th e  co n se rv a tio n  of 

m o m en tu m  and  en e rg y  in  a re la tiv is tic  flu id  m o tio n  w ith  v ib ra tio n a l re lax a
tio n . I n  view  o f (2.3) a n d  (2.4) th e  E q . (2.8) can  be  expressed  in  th e  form

gDh — Dp - 0 ,  (2.9)
w here

Л =  — У-—  2 - + k q ,  (2.10)
У — 1 в

у  is th e  ra tio  o f specific  h e a ts  o f th e  gas.
I n  consequence o f  (2.9) a n d  th e  f irs t  law  o f th e rm o d y n am ics  we have

D V = - ^ D q ,  (2.11)

w here t] is th e  e n tro p y  o f  th e  sy s tem  p er u n it m ass  an d  T  is th e  absolute 
te m p e ra tu re .

U sing  (2.10) in  (2.9) we ge t

Dp -  a} Dg  +  k(y - l ) Ф A  -  , )  =  0 ,  (2.12)
c

w here aj  is frozen speed  o f  sou n d  g iv en  b y

dp_

9 2 4, q
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III. C om patibility  conditions on  a  tim e-like hyper surface

L e t Е{хц) be a reg u la r su rface  in  an E in s te in —R iem ann  space  w ith  
p a ra m e tr ic  equations

x f  =  уГ(Ь\ b \  b3) , (3.1)

w h e re  b1, b2 and b3 a re  p a ra m e tric  co o rd ina tes of th e  surface. T he v ec to rs  x*r, 
w h ere  sem icolon d en o tes  c o v a ria n t d iffe ren tia tio n  w ith  resp ec t to  bz, are 
ta n g e n t ia l  to  E(x'1). T h e  surface Е{х^) is called a tim e-lik e  h y p ersu rface  i f  JV„, 
th e  com ponen ts o f  th e  u n it  n o rm a l v e c to r  to  th e  su rface , is a space-like vec
to r ,  i.e .

N 'N *  = 1 .

T h e  tim e-like  h y p e rsu rface  Е(х^) m a y  be  regarded  as a surface s(t) in  space- 
t im e  fo r  w hich th e  p a ra m e tric  e q u a tio n s  are

я 4 =  ct, x l =  ^ (б 1, b2, X4) . (3.2)

I f  n , a re  th e  co m p o n en ts  of th e  u n i t  space no rm al to  s(t) an d  G is i ts  speed of 
p ro p a g a tio n , th e n  w e can  w rite

iV ' =  ß{n‘, G /c}; N„ =  ß{n„  - G /c }  , (3.3)

w h e re
ß =  ( l -  G2/ ^ ) " 1/2.

L e t R  be th e  reg ion  o f th e  E in s te in —R iem ann  space V t w h ich  is d iv ided  
b y  th e  tim e-like h y p ersu rface  Е(я?) in to  tw o reg ions R 1 an d  R 2. L e t an y  flow  
p a ra m e te r  z w ith  i ts  f irs t an d  second  deriva tives b e  con tinuous in  R 1 -f- 27 
a n d  R 2 -)- 27, b u t  su ffer a d isc o n tin u ity  in  i ts  f i r s t  an d  second d e riv a tiv es  
ac ro ss  27. Such a d isc o n tin u ity  is ca lled  a ‘w eak d isc o n tin u ity ’ o r ‘w eak  w ave’. 
I f  [z] denotes th e  ju m p  in  z across E (xl‘), th e  g eom etrica l c o m p a tib ility  con
d itio n s  to  be sa tis f ied  across 27(a^) a re  [12]

[z,«] =  CNa , (3.4)

[*, a/j] =  C N a N ß +  2iV(=txTß) C,x — Cbz<p x(l x?ß), (3.5)

w h ere
C = [ z a]iV ‘, C =  [z^p] N * N ß, 

bXf= N x ^ i r , x } =  r aßa'*x?r ,

p) =  —  {Map +  Mpa) , aap =  Г х<рх т. л х?р.
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IV . L aw  of p ropag a tio n

U sing (3.4) and  th e  id e n t i ty

a^x%x% = ] У > -  N * N \

w e get

[Dz] =  V[zp N ß] +  ô[z] , (4.1)

w here

d[«] =  — V N ^ z ] ^ .  (4.2)

T ak in g  ju m p s  in  (2.4), (2.6), (2.7) and  (2.12) a n d  m aking  use  o f  (4.1) we get

w here

Vv +  (?AaiVa =  0 ,

V e  =  0 ,

да (Р-УГ +  p s ^ N ß =  0 ,

Vfi -  a}Vv - -  0

^ = [ U : ß] N ß, v = [ Q'ß] N ß, v = [ P,ß] N ß ,

e  =  [ q ,ß \  F = U ' i V a .

F ro m  (4.3), (4.5) and  (4.6) w e ge t

V* =
e2(tf -  a}l<?)

U sing  (2.1) an d  (3.3) we get

v =  - ß ß G J c ,

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

w h ere  G0 =  G — t/n , is th e  loca l speed  o f p ro p a g a tio n  of th e  su rface  s(t) in  
space -tim e , w h ich  coincides w ith  G in  th e  in s ta n ta n e o u s  re s t fram e . I n  con
sequence  o f  (3.3), (4.2) and  (4.9) w e h av e  in  th e  loca l in s ta n ta n e o u s  r e s t  fram e:

cö[z] =  ß * ± [ z ] ,
ot

(4.10)

w here ô j ô t  is T h o m a s’ d elta  d e r iv a tiv e  [13].
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F ro m  (4.8) a n d  (4.9) we get

Gl{0 ß* +  « /M l -  ß2)} +  (2G0 +  Л »,) « //с2 п У  =  a 2. (4.11)

In  a n  in s tan tan eo u s  re s t  fram e th e  E q . (4.11) assum es th e  form

G2 =  aj/ a . (4.12)

T h e  velocity  o f  p ro p ag a tio n  G0 g iven  b y  (4.12) in  an  in s ta n ta n e o u s  rest 
f ram e  is in  full ag reem en t w ith  ea rlie r re su lts  o f R a r it y  [3] an d  M cCa r t h y

[9] in  p a rtic u la r  cases.
I f  th e  m ed ium  is in  un ifo rm  s ta te  o f re s t a h e a d  o f  th e  w ave f ro n t  and 

i f  th e  m otion  is s tu d ie d  in  th e  re s t  fram e  o f th is  u n ifo rm  s ta te , th e  speed  of 
p ro p a g a tio n  G0 is a c o n s ta n t.

V. The g ro w th  equation

In  th is  Section  we shall d e riv e  a  fu n d a m e n ta l g row th  e q u a tio n  w hich 
w ill govern  th e  g ro w th  and  decay  o f  a w eak d isc o n tin u ity  d u rin g  i ts  course 
o f p ro p ag a tio n .

N ow  we define  th e  am p litu d e  b o f th e  w ave 27(х^) b y  th e  re la tio n

b =  c X =  cX'Nx =  cA“lVa , (5.1)

*

w h ere  IVх =  s^ N ß  a re  th e  space-like com ponen ts o f  iVa.
D iffe ren tia tin g  (2.4), (2.7) a n d  (2.12) w ith  re sp ec t to  xß a n d  tak in g  

ju m p s  across ^(x^)  w ith  th e  help  o f  (3.4) an d  (3.5) w e get

в « + « /
V2c2

ô(t*Nx) +  g V
V2c2

Qaf

+  Ê ? A 2

(1 +  п
Ve2

х \ К  -  e o M ( N ')  +  - ^ № ßN xs*yö Ä ]  +
Ус1 V J

(1 +  V 2)
<>--‘К  + 2» ? М +

+  е Ц у - 1 ) Ф к ^ 2 е(д — 9) +  е2 9 ? „2 , 9?-----О/ i --------
dp dg)

(1 +  V 2)
V2c2

( у -  1 )Ф е2Щ  -  ï ) 4  ч *  (1 t ~P  =  о- с6 Усг
(5.2)
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In  v iew  of (4.8) th e  coeffic ien t o f A“] ^  in  (5.2) vanishes an d , th e re fo re , we 
g e t th e  fo llow ing equa tion  to  be  satisfied  b y  A:

q(2o -  a}l<?) «5(A) -  Q^ L { x l N % T +  А В Д  +  eA2{(y +  1) -  За^/с2} +  
Vcz

+  Q*(V— 1)Ф —  k\2g(q  -  q) +  g2 a)  +  - ^ ] } -
c (  [dp  dgl ]  a]

-  (r  -  1) ФдЩ-q -  , )  4  Vj A'' о V/a} +  A A -  N XS** ô(gNyl V) -
cJ Vc2

-  go( 1 +  V2) ~ 4 N * 0 ( N X) =  0 , (5.3)

w hich  is th e  re q u ire d  g row th  eq u a tio n  g o v ern ing  th e  global b e h av io u r o f th e  
a m p litu d e  cA o f a  re la tiv is tic  w av e  in  gases w ith  v ib ra tio n a l re lax a tio n . In

a local in s ta n ta n e o u s  re s t fram e  fo r w hich  JV“ =  (1 -f- F 2)^ 2 (n  , 0), th e
E q . (5.3) tak es  on  a  p a r tic u la rly  sim ple form

w here

A  —  _  ( f i  _  E) b +
ÔÎ

Bb2 =  0 , (5.4)

Q

A

В

E

1 0W
2 9 ^ 7 ’

G0 2a — a 2/c2 
2 ^  1 -  СЦс2 ’

b _
2a]

{(y +  1) <r -  За^/с2} ,

-^ -< r(v  -  1)Ф к
2а/

2 e(? -  5) +  e2 ä . i + 5
Эр Эр )i

H ere  Q  is th e  m ean  cu rv a tu re  o f  th e  p ro p a g a tin g  surface s(t) in  space-tim e.

V I. Local and  global behav iour o f  waves

I n  th is  S ection  w e shall s tu d y  th e  local a n d  global b eh av io u r o f  w eak  
d isc o n tin u ity  in  an  in s ta n ta n e o u s  re s t fram e. I f  s denotes th e  d is tan ce  t r a 
versed  b y  th e  w ave a long  its  n o rm a l tra je c to ry  in  tim e  t, we h av e

^ = G 0 , (6.1)
<51
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w hich  gives a  re la tio n  s =  G0t, w here G0 is th e  c o n s ta n t speed o f th e  w ave 
f ro n t p ro p a g a tin g  in  a  u n ifo rm  s ta te  ah ead  o f  i t  in  th e  re s t fram e o f th is  u n i
fo rm  s ta te .  F o r n o n -p lan e  w aves an d  is ca lcu la ted  in  th e  fo rm  [14]

Q = Q о K 0 s
1 -  2 Q 0s +  K 0s2

( 6.2)

w h ere  Q  an d  K 0 a re  th e  values o f th e  m ean  an d  G aussian  c u rv a tu re s  o f 
th e  in it ia l  w ave f ro n t.

U sing  (6.1) a n d  (6.2) in  (5.4) an d  in te g ra tin g  w e get

b(t) =  b0 F(t) J F(r) dr  J ,
w here

F(t) =  e~Et{( l  -  K ^G 0*)(1 -  K 2G0t ) } ~ ^ A°o.

(6.3)

(6.4)

H ere  b0 is th e  in it ia l  w av e  am p litu d e  a t  tim e  t =  0 a n d  K lt K 2 are th e  p rin c ip a l 
c u rv a tu re s  o f  th e  in it ia l  w ave f ro n t w h ich  are  n e g a tiv e  for d iv erg in g  w aves 
an d  p o sitiv e  fo r converg ing  w aves.

L e t us con sid er th e  case o f  a  d iverg ing  w av e  w ith  in itia l a m p litu d e  
60 !>  0. F ro m  (6.4) w e observe th a t  F(t) is a b o u n d ed  a n d  m ono ton ica lly  decreas
in g  fu n c tio n  o f  t a n d  te n d s  to  zero as t —► °o. T h u s  fo r th e  in te rv a l  (0, oo) 
o f  t we have

0 ^  F(t) ^  1 ,  0 ^  £  F( t) d r  <  oo . (6.5)

U sing  (6.5) in  (6.3) w e get

lim  b(t) =  0 ,
t-* 00

w h ich  show s t h a t  th e  w ave w ill co n tin u o u sly  decay  an d  will be  d a m p e d  ou t 
u lt im a te ly . O n th e  o th e r  h an d  i f  b0 <  0 ( th e  case o f  a com pressive  w ave) 
th e re  ex ists  a  c ritic a l va lu e  bc o f | b0 | fo r d iverg ing  w aves given b y

‘‘“ TUT*'«*}"1.
F o r  com pressive w aves w ith  in it ia l  a m p litu d e  b0 num erica lly  less th a n  bc 
w e h av e

0 < 1  +
i ‘ - c

F(r)  d r  <  1 fo r  0 <  t <C oo . (6.6)

Since К г an d  K 2 a re  neg a tiv e  fo r d iverg ing  w aves, we have

lim  F(t) =  0 ,
/—»oo

(6.7)
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In  consequence o f  (6.6) an d  (6.7) we have

lim  b(t) =  0 (6.8)
t—► CO

w hen I b0 I >  bc, th e re  ex ists a  f in ite  critical tim e  tc g iven b y

such  th a t
lim  b(t) =
t~*te

A
(6.9)

B \ b 0 \ ’

oo . (6.10)

F ro m  (6.8) an d  (6.10) we conclude  th a t  a w eak com pressive w ave w ith  in itia l 
am p litu d e  n u m erica lly  less th a n  bc w ill decay, w hile  a  w eak  com pressive w ave 
w ith  in itia l a m p litu d e  n u m erica lly  g rea te r th a n  bc w ill grow  an d  a f te r  a f in ite  
c ritica l tim e  tc i t  w ill te rm in a te  in to  a  shock w av e  in  consequence of (6.10). 
T h e  u n d erly ing  m a th e m a tic a l fa c t  is th a t  due  to  n o n -lin ea r steepen ing  th e  
flow  p a ram e te rs  th em se lv es  su ffe r a d isc o n tin u ity  c u lm in a tin g  in to  a shock 
w ave.

F rom  (6.9) w e ge t

^  =  j \ F (t)dtlF(te) >  0 ,

w hich  proves t h a t  th e  c ritica l tim e  tc increases w ith  re la x a tio n  effects. T his 
show s th a t  th e  re la x a tio n  process w ill d e lay  th e  shock  fo rm a tio n  an d  th u s  has 
a stab iliz ing  effect.
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ON THE EXCITATION MECHANISM OF HOLLOW 
CATHODE CW NOBLE GAS MIXTURE ION LASERS
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(Received 27. III. 1979)

CW laser operation was observed at transitions of Kr II, Ar II and Xe II in noble gas 
mixture hollow cathode discharges. The laser transitions are excited in two steps: 1) ionization 
of atoms, 2) excitation of ions to the upper laser state. It is shown that in contrast to the 
pulsed positive column system the dominant process of ionization of Kr atoms is not Penning 
collisions but electron impact. This result is found to be valid also for the CW He-Ar and 
He-Ne-Xe hollow cathode ion lasers. Excitation of ground state ions to the upper laser state 
is considered to be second kind collisions with metastable atoms.

1. In tro d u c tio n

P u lsed  la se r oscillation  in  p o sitiv e  co lum n Н е -K r and  N e-X e noble  gas 
m ix tu re  d ischarges was o b ta in e d  f ir s t  b y  Dana an d  Laures [1]. L asing a t  
v a rio u s K r an d  X e  ion tra n s it io n s  w as observed  in  th e  afte rg low  5 —15 /tsec 
a f te r  th e  d ischarge  pulse. T h e  K r  an d  X e  ions w ere assum ed to  be  p roduced  
b y  P en n in g  io n iza tio n  b y  m e ta s ta b le  H e an d  N e a tom s, re sp ec tiv e ly , and  
e x c ita tio n  o f th e se  ions to  th e  u p p e r  laser s ta te  w as considered  to  be  second 
k in d  collisions w ith  H e 23S (N e Is) m e tas tab les .

F u r th e r  in v es tig a tio n  o f  th e se  pu lsed  la se r system s has been  perfo rm ed  
b y  B reton  [2] an d  K ato [3 — 5].

O n th e  basis  o f th e  tw o  s te p  ex c ita tio n  m echan ism  la se r  osc illa tion  a t 
th e  4765 Â tr a n s it io n  of A r I I  w as o b ta in ed  in  th e  afterg low  o f a  p u lsed  H e-A r 
po sitiv e  co lum n discharge [6]. In v e s tig a tio n s  on pu lsed  po sitiv e  co lum n ion 
lasers (H e-C d 5378 Á and  H e -K r 4694 Á) [7], an d  on th e  CW  hollow  cathode 
Н е -Cd laser [8], ra ised  th e  p o ss ib ility  for CW o p e ra tio n  in  v a rio u s  noble  gas 
m ix tu re  hollow  ca th o d e  d ischarges.

CW la se r  oscilla tion  w as o b ta in ed  f ir s t  a t  th e  4694 Á  tr a n s it io n  of K r 
I I  in  a  hollow  ca th o d e  Н е-K r d ischarge  [9]. In  th is  ex p erim en t effo rts  aim ing 
to  o b ta in  CW  oscilla tion  in  th e  o th e r  tw o  noble  gas m ix tu re  system s w ere 
unsuccessful.
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CW  laser o p e ra tio n  in  H e-A r w as o b ta in ed  u sin g  an  im p ro v ed  hollow 
c a th o d e  tu b e  co n s tru c tio n  [10]. E x p e rim e n ts  in  th e  N e-X e system  w ere success
fu l b y  using  a specia l h igh  v o ltag e  ho llow  ca th o d e  d ischarge  [11], a n d  i t  w as 
fo u n d  th a t  a d d itio n  o f  H e s ig n if ic a n tly  increases la se r  o u tp u t  pow er. New 
CW  K r  an d  A r io n  tra n s itio n s  w ere o b ta in e d  in  a h igh  v o ltag e  hollow  cath o d e  
d isch arg e  of 160 cm  ac tiv e  le n g th  [12]. T he CW n ob le  gas m ix tu re  ion  laser 
tra n s it io n s  w ith  m a in  o p era tio n  d a ta  a re  sum m arized  in  T ab le  I . A n  o u tp u t

Table I

CW noble gas mixture ion laser transitions

Gas m ixture
W avelength

(A)
Upper s ta te  

energy 
(eV)

Threshold
current*

(A)

He-Kr Кг II
12 torr He 6510 19.47 2.1
75 mtorr Kr 5126 19.57 4.4

4694 19.47 1.1
4583 19.57 4.2
4387 19.47 4.5
4318 19.47 2

He-Ar Ar II
11 torr He 6861 19.87 2.3
0.7 torr Ar 6483 19.97 2.5

4765 19.87 2.2
4579 19.97 4.2
4545 19.87 3.5

He-Ne-Xe Xe II
7 torr He 5314 16.43 4
4 torr Ne 4863 16.43 12

45 mtorr Xe

Energy of exciting He 23S 19.82
metastable states Ne ls5 16.62

* Threshold currents measured in a high voltage hollow cathode discharge tube of 
160 cm active length

pow er of 100 m W  w as observed  a t  th e  s tro n g est 4694 Á K r  I I  tra n s itio n . 
CW  laser ac tio n  in  f lu te  ty p e  a n d  segm ented  b o re  Н е -K r hollow  ca th o d e  
d ischarge  tu b e s  w as in v es tig a ted  re c e n tly  [13, 14].

In  th is  p a p e r  th e  ex c ita tio n  m echanism  o f th e  cw  hollow  ca th o d e  
Н е -K r  ion  la se r  is considered  in  d e ta il. I t  is show n b y  ca lcu la tio n s th a t
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c o n tra ry  to  th e  pulsed  p o sitiv e  co lum n sy s tem , th e  d o m in an t process o f ion i
za tio n  o f K r  a to m s is n o t  P e n n in g  io n iza tio n  b u t  e lec tron  im p a c t. T h is re su lt 
is fo u n d  to  be v a lid  also fo r th e  CW  H e-A r an d  H e-N e-X e hollow  ca th o d e  lasers.

2. E x c ita tio n  processes

F o r ex c ita tio n  o f  th e  CW  Н е-K r hollow  ca th o d e  ion  la se r a  tw o  s tep  
process is considered : 1) io n iza tio n  of K r  a to m s, 2) ex c ita tio n  o f  th e se  ions to  
th e  u p p e r  la se r  level. T h is is  show n sch em a tica lly  in  F ig . 1, in  w h ich  re lev an t 
energy  levels o f  th e  K r io n  an d  th e  ex c itin g  H e m e ta s tab le  are  also show n.

Fig. 1. Partial energy level diagrams of Kr and He (e =  electron impact)

In  ou r co n sid era tio n s p o p u la tio n  o f  th e  low er lase r level is assum ed  to  be 
negligible.

I n  io n iza tio n  of K r a to m s (1) th e  fo llow ing a tom ic  processes are  re le v a n t: 
e lec tron  im p a c t ion iza tion

K r  -f- e —*- K r + +  e +  e

an d  P en n in g  io n iza tio n

H e 23S +  K r  H e - f  K r+  +  e +  ЛЕ  .

H e 23S m e ta s ta b le s  are p ro d u ced  b y  e lec tro n  im p a c t ex c ita tio n

H e  -f- e —*• H e 23S -(- e
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a n d  th e y  are d e-ex c ited  m ain ly  b y  e lec tron  im p a c t io n iza tion :

H e 23S +  e —► H e + +  e +  e .

I n  s te p  (2) K r ions a re  exc ited  b y  second k in d  collisions betw een  m e ta s tab le  
H e  a to m s and  g ro u n d  s ta te  K r  ions

H e 23S +  K r+  K r + * +  H e .

F irs t a ca lcu la tio n  o f  P en n in g  an d  e lec tro n  im p a c t io n iza tio n  ra te s  is 
g iv en  to  de te rm ine  w h ich  o f th ese  m echanism s is d o m in a n t in  p ro duc ing  g round  
s ta te  K r ions. T h is  is follow ed b y  a discussion, w hich  deals w ith  ex c ita tio n  
o f  g round  s ta te  K r  ions to  th e  u p p e r laser s ta te .

3. Calculation o f Kr ionization rates

F o r ca lcu la tio n  o f th e  io n iza tio n  ra te s  we ta k e  th e  follow ing m odel: 
H e  23S m e tas tab les  (M) are  p ro d u ced  b y  e lec tro n  im p a c t ex c ita tio n  an d  lo st 
b y  electron  im p a c t io n iza tio n , b y  diffusion to  th e  w alls o f th e  d ischarge tu b e  
a n d  b y  P enn ing  a n d  second k in d  collisions.

K r ions (N  + ) a re  p roduced  b y  e lec tron  im p a c t an d  P enn ing  io n iza tio n , 
a n d  th e y  have  an  average  life tim e  o f r  + . T h e  ra te  eq u a tio n s are th e n  th e  
follow ing:

d M
dt

D
N Htne <0 ™ve} — M  ne < o f4 >  +  — ----- b N KT <apv )  +  N + <ffcv>

A 2p .  ( 1 )

d N + ( 1 \
— —  =  N KTne <ff+»e> +  M N KI <opv)  — N + —  +  M  <<rct)> , (2)

w here

N He =  d e n s ity  o f g round  s ta te  H e a to m s; 
ne — e lec tro n  d ensity ;
a ^  =  cross sec tion  fo r H e 23S p ro d u c tio n  b y  e lec tron  im p ac t;
ve =  v e lo c ity  o f  e lec tron ;
o f  =  H e  23S d es tru c tio n  (ion ization) cross sec tion  b y  e lec tron  im p a c t; 
D =  d iffu sion  c o n s ta n t o f H e 23S in  H e;
Л  =  c h a ra c te r is tic  d iffusion  len g th  o f  H e  23S in  H e;
Op =  P e n n in g  ion iza tio n  cross section  o f K r  atom s b y  H e 23S a to m s;
oc =  cross section  fo r second k in d  collision o f K r ions an d  H e  23S

a to m s;
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p  =  H e pressure;
V  =  re la tiv e  v e lo c ity  o f collid ing a to m s;
a t  =  to ta l  e lec tron  im p a c t io n iza tio n  cross section  o f K r.

I n  a  s ta tio n a ry  s ta te ,

(3)

T hen, fro m  (1), ta k in g  in to  acco u n t t h a t  N + iVKr th e  m e ta s ta b le  d en sity  
in  s te a d y  s ta te  is,

M = __________ N Hene(o™ vey__________

n / ß ?  ve> +  D jA2p  +  N Kr(o p v)

an d  th e  ra t io  o f  e lec tron  im p a c t an d  P en n in g  io n iza tio n  ra te s  of K r  is

d M
dt

=  0 , dN*
dt

=  0 .

R  =  N Krn e < ° t  Ve> =  n e( a +  Ve)

M N K r < ° p  v >  M < a p  v )

In  o rder to  ca lcu la te  th e  m e ta s ta b le  d e n s ity  M  an d  th e n  th e  io n iza tio n  ra tio  
R,  follow ing d a ta  are n eeded : e lec tron  d en sity , cross sections as a fu n c tio n  
o f energy, e lec tro n  energy  d is tr ib u tio n  fu n c tio n , H e m eta s tab le  diffusion 
coefficient an d  diffusion len g th .

The fo llow ing ra te  in teg ra ls  have to  be  ca lcu la ted : (oe Ve}, (a e Ve), 
at vey, (ap vy. T h e la s t in te g ra l is a p p ro x im a te d  b y  apvHe, w here average  

values ap =  9 . 7 x l 0 - le  cm 2 [15] an d  h He =  1.5 X Ю5 cm /s are  used.
T he rem a in in g  th ree  in teg ra ls  are all o f th e  sam e ty p e :

<РР'У
' 2 l 1/2 Г*
— ■ E 1/2f ( E )  Oi(E)dE,
me) Jo

( 6)

w here ai =  a t1, at or at, an d  f ( E )  is th e  e lec tro n  en erg y  d is tr ib u tio n  fu n c tio n . 
T he cross sec tions used  in  th e  ca lcu la tion  are show n in  F ig . 2. a t  is o b ta in e d  
from  [16], a t fro m  [17] an d  at from  [18]. B ecause  th e  cross sections a re  zero 
below  th e  th re sh o ld  energies (see F ig . 2), in te g ra tio n  is carried  o u t from  Eth,i 
to  in fin ity . T h e  in teg ra ls  h av e  been  ca lcu la ted  in  tw o  cases: f irs t assum ing  
a M axw ellian e lec tro n  energy  d is tr ib u tio n  fu n c tio n  w ith  (som ew hat a rb itra r ily )  
k T e =  5 eV a n d  th e n  using  d a ta  from  [19], w here  e lec tron  energy d is tr ib u tio n s  
h av e  been m easu red  in  th e  n eg a tiv e  glow o f a n  ab n o rm al glow d ischarge . 
F u n c tio n s f ( E )  in  b o th  cases a re  show n in  F ig . 3. I n  case o f M axw ellian d is tr i
b u tio n  th e  in te g ra ls  can  be ca lcu la ted  exac tly , b u t  in  th e  o th e r case nu m erica lly .
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Fig. 2. Electron impact cross sections relevant to the CW He-Rr hollow cathode on laser as 
a function of electron energy (of1 =  He 23 S production cross section, o f  =  -He 23S destruc
tion cross section and o f  =  Kr ionization cross section). The value of the Penning ionization

cross section op is also shown

Fig. 3. Maxwellian distribution function with kTe =  5 eV and electron energy distribution 
measured in [19] in the negative glow at 1.5 mm from the cathode surface (He pressure 10 torr,

discharge current 3.5 mA)

In  th e  ca lcu la tio n  o f R  p He =  15 to r r  w as ta k e n . The d iffusion  coeffic ien t 
is D  =  470 cm 2 to r r  s -1  [20]. F o r  a cy linder o f rad iu s  r  an d  h e ig h t h th e  follow 
in g  expression  o f  th e  diffusion le n g th  is used  [21]:

A 2 =
2 • 4 2 -1 - 1

(V

T h e f irs t te rm  in  (7) can  be neg lec ted . F o r  a ty p ic a l hollow  ca th o d e  d iam e te r 
2 r  =  5 m m  a n d  A 2 =  1.1 X lO -2  cm 2 resu lts .
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E lec tro n  d e n s ity  has been  o b ta in ed  b y  e x tra p o la tin g  th e  d a ta  given in  
[22] up  to  a c u rre n t o f  40 m A /cm  a t  8 to r r  H e p ressu re . T he v a lu e  o f  ne is th e n  
1.5 X 1013/cm 3. N o d a ta  o f ne a re  g iven  in  [22] fo r h ig h er H e  p ressures, b u t  
since e lec tron  d e n s ity  does n o t change v e ry  s tro n g ly  w ith  H e  p ressure , th is  
v a lu e  is ta k e n  fo r th e  ca lcu la tio n  a t  15 to rr . R ecen t m easu rem en ts  on electron 
d e n s ity  [23, 24] g ive v alues n e a r  to  t h a t  o b ta in ed  in  th is  w ay .

4. Discussion

W hen using  a  M axw ellian  d is tr ib u tio n  fu n c tio n  a  v a lu e  o f  0.3 is ob ta ined  
fo r th e  io n iza tion  ra t io  R ,  w hereas u sin g  th e  e lec tron  energy  d is tr ib u tio n  m easu r
ed  in  th e  n eg a tiv e  glow, R  =  120 re su lts . In  th e  fo rm er case i t  can  be said  
t h a t  e lec tron  im p a c t io n iza tio n  a n d  P en n in g  io n iza tio n  ra te s  a re  a b o u t of th e  
sam e o rd e r o f m a g n itu d e  h u t  in  th e  la t te r  case e lec tron  im p a c t io n iza tion  is 
d o m in an t.

T h e  fo rm er re su lt  is n o t v a lid  fo r ou r case, how ever, because  a  M ax
w ellian  d is tr ib u tio n  is n o t a  good ap p ro x im a tio n  fo r  a  hollow  ca th o d e  d is
ch arg e  since th is  is k n o w n  to  h av e  m u ch  m ore h ig h  an d  low  en erg y  electrons.

Possib le  sources o f e rro r in  o u r ca lcu la tio n  a re  th e  follow ing: T h e  m easu r
ed  cross sections a re  know n to  b e  a c cu ra te  to  1 0 —20 p er cen t. T he electron  
d e n s ity  value  m ay  d ev ia te  b y  50 to  100 p e r cen t from  th e  a c tu a l v a lue . The 
m ain  source of e rro r is in  th e  e lec tron  energy  d is tr ib u tio n , because th e  m easured  
d a ta  do n o t co rrespond  e x a c tly  to  o u r ex p erim en ta l s itu a tio n . I t  is d ifficu lt to  
e s tim a te  ex ac tly  th is  e rro r, b u t  even  if  th e  v alue  o f  R  has an  e rro r  o f a  fac to r 
o f  te n , w hich  is w ith  h igh  p ro b a b ility  an  u p p er l im it , th e  f in a l re su lt rem ains 
th e  sam e, i.e. in  th e  Н е -K r hollow  ca th o d e  d ischarge  e lec tro n  im p a c t ion ization  
is d o m in a n t over P e n n in g  collisions in  p ro duc ing  K r  ions. C om paring  th is  
re su lt  w ith  th a t  o b ta in e d  using  a M axw ellian  d is tr ib u tio n  i t  can  be  seen th a t  
th e  h ig h  energy e lec trons p la y  an  im p o r ta n t  role in  p ro d u c in g  K r  ions in  th e  
hollow  ca th o d e  d ischarge .

I t  w as observed  th a t  o u tp u t pow er an d  efficiency increases in  a high 
v o ltag e  hollow  ca th o d e  Н е -K r laser. T h is is due to  th e  la rg e r n u m b e r o f high 
energy  electrons in  su ch  a tu b e , th u s  in  th is  case e lec tro n  im p a c t ion iza tio n  of 
K r is even  m ore effec tive  th a n  in  a co n ven tiona l hollow  ca th o d e  discharge.

In  th e  pu lsed  p o sitiv e  co lum n Н е-K r d ischarge  laser o sc illa tion  occurs 
in  th e  afterg low  w h en  th e  e lec trons h a v e  lo s t m ost o f th e ir  en erg y  an d  no 
e lec tro n  im p a c t io n iza tio n  ta k e s  p lace. T h is m eans t h a t  in  th e  p u lsed  laser 
sy stem  P en n in g  io n iza tio n  is th e  p rocess p ro d u c in g  g ro u n d  s ta te  K r  ions.

B ecause th e  re le v a n t cross sec tions in  th e  case o f  A r an d  X e  do n o t  differ 
m uch  from  those  o f K r  [18], o u r conclusions are  v a lid  fo r th e  o th e r  noble gas 
m ix tu re  ion  lasers as well.
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Since th e  M axw ellian  elec tron  en e rg y  d is tr ib u tio n  is m ore or less va lid  
fo r  a  positive co lum n , from  our re su lts  i t  follows th a t  in  th is  case th e  K r ion  
d e n s ity  is m uch less. T h is  shows t h a t  i t  should  n o t be easy  to  o b ta in  cw laser 
o sc illa tio n  in a p o s itiv e  colum n Н е-K r  d ischarge an d  m ay  ex p la in  w h y  efforts 
a im in g  on th is  w ere unsuccessfu l [25].

5 . Excitation o f the upper laser state

In  th e  fo llow ing som e aspec ts  o f  exc ita tio n  o f g ro u n d  s ta te  ions to  th e  
u p p e r  laser level a re  d iscussed. I t  is kn o w n  th a t  on ly  th o se  K r  ion  laser t r a n 
s itio n s  oscillate in  w h ich  th e  u p p e r  level is in  n e a r resonance  w ith  th e  H e 
23S s ta te . Also th e se  la se r  tra n s itio n s  do n o t o p era te  in  p u re  K r. F ro m  th ese  
fa c ts  i t  can be c o n c lu d ed  th a t  e x c ita tio n  of ground  s ta te  K r io n s  to  th e  u p p e r 
la s e r  s ta te  is d u e  to  second k in d  collisions be tw een  g round  s ta te  K r ions 
a n d  H e 23S m e ta s ta b le s .

A lthough th e  en e rg y  of th e  e x c ite d  s ta te  o f A r ion  is a  l i ttle  h ig h er th a n  
t h a t  o f  H e 23S (T ab le  I ) , th e  second k in d  collision is assum ed  to  be  energe tically  
possib le  because th e  A r ions have  la rg e  enough k in e tic  energy  in  th e  d ischarge 
to  cover th e  en e rg y  difference [26].

T he role o f H e  in  enhancing  la se r  o u tp u t in  th e  H e-N e-X e la se r is p ro 
b a b ly  th e  follow ing: E lec tro n  d e n s ity  an d  th e  co m p o n en t o f h igh  energy  elec
tro n s  is larger in  th e  H e-N e-X e m ix tu re  th a n  in  N e-X e an d  th u s  m uch  m ore 
N e m etastab les a n d  X e  ions are  ex c ited . In  th e  H e-N e m ix tu re  second k in d  
co llisions betw een  H e  m etastab les  a n d  Ne also lead  to  an  en h an cem en t o f Ne 
m e ta s ta b le  d en sity .

6. Summary

E x c ita tio n  m ech an ism  o f th e  cw  Н е-K r hollow  ca th o d e  ion  la se r  has been  
s tu d ie d . C onsidering a  tw o step  e x c ita tio n  process i t  h as  been  show n th a t  th e  
d o m in a n t process in  p roducing  K r  io n s is e lectron  im p a c t. T h e  second s tep , exci
t a t io n  of these g ro u n d  s ta te  ions, is due  to  second k in d  collisions be tw een  K r 
io n s  and  H e t r ip le t  m e ta s tab le  a to m s. This k in d  o f  m echan ism  is fo u n d  to  be 
v a lid  for th e  o th e r  cw  noble gas m ix tu re  ion lasers as well.
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ROLE OF POINT-DEFECT SCATTERING 
IN THE LATTICE THERMAL CONDUCTIVITY 
OF AN INSULATOR: APPLICATION TO GaAs

By

M. C. A l -E d a n i and K . S. D u b e y

D E P A R T M E N T  O F  P H Y S IC S , C O L L E G E  O F  S C IE N C E , U N IV E R S IT Y  O F  B A S R A H , B A S R A H , IR A Q

(Received in revised form 27. III. 1979)

The role of the point-defect scattering relaxation rate has been studied in the lattice 
thermal conductivity of an insulator by calculating the lattice thermal conductivity of GaAs 
for the different values of the point-defect scattering strength. All calculations have 
been performed in the frame of the recently proposed model of D u b e y  and Misho of the 
phonon conductivity of an insulator. The study is made for low as well as high values of the 
point-defect scattering strength in the entire temperature range 4—100 K.

T he la ttic e  th e rm a l re s is tiv ity  of an  in su la to r  has been s tu d ie d  b y  several 
w orkers an d  is fo u n d  th a t  th e  tra n sp o r ta tio n  o f  h e a t b y  la tt ic e  w aves in  a solid 
is governed  b y  th e  an h arm o n ic itie s  o f th e  la t t ic e  forces such  as v a rious im p er
fec tions of th e  c ry s ta l la tt ic e  an d  b y  th e  e x te rn a l b o u n d a ry . I t  is well know n 
[1 —4] th a t  th e  p o in t-d e fec ts  (iso topic  im p u ritie s) a re  one o f  th e  v e ry  im p o rta n t 
sc a tte re rs  o f phonons a t  te m p e ra tu re s  n ea r th e  co n d u c tiv ity  m ax im a , and  th e  
la t t ic e  th e rm a l re s is tiv ity  o f  an  in su la to r  is m a in ly  due to  th e  po in t-d efec t 
sc a tte rin g  re la x a tio n  ra te  a t  th e se  te m p e ra tu re s . T h u s, th e re  is  a need  to  s tu d y  
th e  role of th e  p o in t-d e fec t sc a tte rin g  re la x a tio n  ra te  in  th e  ca lcu la tio n  of th e  
la t t ic e  th e rm a l co n d u c tiv ity . R ecen tly , th e  a u th o rs  [4, 6] s tu d ie d  th e  phonon 
c o n d u c tiv ity  o f G aA s in  th e  e n tire  te m p e ra tu re  range  2 — 800 K . B u t th e ir  
s tu d ies  are con fined  to  see th e  ro le  of th e  th re e  p h o n o n  an d  b o u n d a ry  sca tte rin g  
processes only, w hile  th e  s tu d y  o f th e  role o f  th e  p o in t-d e fec t sc a tte rin g  has 
been  to ta lly  igno red  in  th e ir  p rev ious stu d ies . I n  c o n tin u a tio n  o f  th e  earlier 
s tu d y , th e  aim  o f  th e  p re se n t n o te  is to  s tu d y  th e  role o f th e  po in t-defec t 
sc a tte r in g  re la x a tio n  ra te  in  th e  ca lcu la tion  o f th e  la ttic e  th e rm a l co n d u c tiv ity . 
T h e  s tu d y  is p erfo rm ed  b y  in tro d u c in g  a new  p a ra m e te r  “p ”  w h ich  is th e  ra tio  
o f  th e  p o in t-d e fec t sc a tte rin g  s tre n g th s  o f th e  n o rm a l sam ple a n d  th e  sam ple 
u n d e r  s tu d y  (h av in g  an  im p u r ity  co n c e n tra tio n  d iffe ren t fro m  th e  norm al 
sam ple), s im ilar to  th e  p rev ious s tu d y  of th e  ro le  o f th e  b o u n d a ry  sca tte rin g  
[6]. T h e  new  p a ra m e te r  “p ”  can  be defined  as p  =  (p o in t-d e fec t sca tte rin g  
s tre n g th  for th e  sam ple  u n d e r s tu d y )/(p o in t-d e fec t sca tte rin g  s tre n g th  of th e  
n o rm a l sam ple) a n d  i t  depends to ta l ly  on th e  e x tr a  im p u ritie s  p re se n t in  th e  
n o rm a l sam ple. G aA s is ta k e n  as an  exam ple an d  its  la ttic e  th e rm a l conduc
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t iv i ty  h a s  been c a lc u la ted  in  th e  e n tire  te m p e ra tu re  ran g e  4 —100 К  for 
th e  d iffe re n t values o f  “ p ” .

F o llow ing  D u b e y  a n d  Misho  [7, 8] th e  phonon  co n d u c tiv ity  o f a n  in su 
la to r  c a n  he expressed  as

K = K T +  K L, (1)

K T =  (CjvT1) f o l lT ?c,T  F x{x) dx  +  (CjvT2) J ^ r  F 2(x) d x , (2)

K L =  (CJvL1) F3(x) dx  +  (CJvlz) f ^ r C'L F ^ x )  d x , (3)

w here  C =  2 C1 =  (fcß/Зл:2) (kBTjh)3, r ^ j  =  r ^ 1 +  r ^ 1 +  rjph>i; i =  T  and  
L, F t  =  x*ex(ex -  1 ) - 2(1 +  Я ,Т 2*2)2 (1 +  3^ Г 2*2) “ 1; i  =  1, 2, 3 an d  4 , k B is 
th e  B o ltz m a n n  c o n s ta n t, h  is th e  P la n c k  co n stan t d iv id e d  b y  2jr, v’s are  th e  
p h o n o n  velocities, jR’s a re  th e  c o n s ta n ts  and  depend  o n  th e  d ispersion  curve 
o f  th e  sam ple  u n d e r s tu d y , 0’s a re  th e  ch a rac te ris tic  te m p e ra tu re s , Tjj1, t^ 1 
a n d  rjTpft are th e  s c a tte r in g  re lax a tio n  ra te s  due to  b o u n d a ry  [9], po in t-d e fec ts
[10] a n d  th ree  p h o n o n  [7, 8] sc a tte r in g  processes, re sp ec tiv e ly  (for d e ta ils , see
[5]). T h e  b o u n d ary  sc a tte r in g  re la x a tio n  ra te  used  in  th e  p resen t analy sis  is 
due  to  Casim ir  [9] a n d  i t  can  be expressed  as t ^ 1 =  r /L , w here L  is th e  
Ca s im ir  leng th  of th e  c ry s ta l. T he exp ression  for rjph u se d  in  th e  p re se n t s tu d y  
in c lu d es  b o th  th ree  p h o n o n  n o rm al a n d  u m klapp  p rocesses an d  i t  is th e  sam e 
as p ro p o sed  by  D u b e y  an d  Mish o  [7, 8]. In  w ritin g  E q . (1), th e  co rrec tion  
te rm  [11] due to  th e  th re e  phonon  n o rm a l processes h a s  been n eg lec ted  due 
to  i ts  v e ry  sm all c o n tr ib u tio n  [12 — 15].

A s s ta te d  above , o u r  aim  is to  s tu d y  th e  role o f th e  p o in t-d e fec t sc a tte r in g  
re la x a tio n  ra te  [10 ]. T herefo re , b efo re  giving th e  d e ta ils  o f  th e  ca lcu la tio n s, i t  
is n e e d e d  to  give a  few  lines a b o u t th e  p o in t-defect s c a tte r in g  re la x a tio n  ra te  
tp ï1- W h e n  th e  w ave le n g th  of th e  p h o n o n s is la rge  co m p ared  to  an  im perfec
t io n  in  th e  crysta l, th e  sca tte rin g  c a n  he  tre a te d  c lassica lly  in  th e  m a n n e r of 
L o rd  R a y l e ig h . K l e m e n s  [10] has t r e a te d  th e  p ro b lem  b y  p e r tu rb a tio n  th e o ry  
a n d  d e riv ed  an exp ressio n  for th e  a sy m p to tic  lim it o f  low  te m p e ra tu re  an d  low 
fre q u e n c y  of phon o n s w hich  does n o t  include th e  d ispersion  o f p h o n o n s. H e 
f in d s  as expected  r ^ 1 cc w1 w hich c a n  also be exp ressed  as r jt1 =  A w i . The 
p ro p o rtio n a lity  c o n s ta n t  A  (w hich is know n as th e  p o in t-d e fec t sc a tte rin g  
s tre n g th )  depends on  b o th  m ass d ifference  and  force c o n s ta n t d ifference b e t
w een  th e  host la t t ic e  an d  im p erfec tio n s, th e  la t te r  d ifference is d ifficu lt to  
e s t im a te  b o th  b ecau se  in p u t d a ta  fo r  new  b in d ing  schem e m ay  n o t  ava ilab le  
a n d  because th e  s tra in  fie ld  asso c ia ted  w ith  th e  p o in t im p erfec tio n  can 
ca u se  sm all changes in  th e  force c o n s ta n ts  in  th e  c ry s ta l. A cco rd in g to  K l e m e n s , 
th e  p o in t-d e fec t s c a tte r in g  s tre n g th  A  can  be exp ressed  as

A  =  {VI4,nv3) J g Ш  -  m jm )2,
i
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w here  V  is th e  vo lum e, v is th e  average  p h o n o n  velocity , m,- is th e  m ass o f  an  
im p u re  a to m , m  is th e  average  m ass of all a to m s ,/ ,  is th e  f ra c tio n  o f a tom s w ith  
m ass /n, an d  su ffix  i  is used to  deno te  im p u re  atom s. The ab o v e  s ta te d  ex p res
sion  fo r th e  p o in t-d e fec t s c a tte r in g  re la x a tio n  ra te  has b een  u sed  b y  severa l 
w orkers an d  i t  is found  th a t  i t  gives v e ry  good response to  th e  experim ented 
d a ta  o f th e  la tt ic e  th e rm a l c o n d u c tiv ity .

I f  A n  is th e  po in t-d efec t sc a tte rin g  s tre n g th  of a n o rm a l sam ple, an y  
ch an g e  in  th e  im p u r ity  co n cen tra tio n  o r p resence of an y  o th e r  defect (m ass 
d ifference), causes a change in  A F ollow ing  th e  earlier w o rk  o f  th e  au th o rs
[6] an d  in tro d u c in g  a new  p a ra m e te r  “p ” , th e  p o in t-defect s c a tte r in g  s tre n g th  
A  o f  th e  new  c ry s ta l (a fte r increasing  im p u ritie s  in  it)  u n d e r  s tu d y  can be 
expressed  as a fu n c tio n  of A ^  as A  =  A n  p .  T hus, i t  is c lea r t h a t  p  m easures 
th e  ra tio  o f th e  po in t-d efec t sc a tte rin g  s tre n g th s  o f th e  n o rm a l sam ple  and  th e  
sam ple  u n d er s tu d y . T he v a lu e  o f  “ p ”  to ta l ly  depends on th e  e x tra  im purities 
p re se n t inside th e  no rm al sam ple . A ssigning th e  d ifferen t v a lu e s  fo r “p ”  as 
p  =  0.1, 0.2, 0.3, . . ., 1 and  10, 102, . . ., 105, an d  using th e  co n d u c tiv ity  in teg -

Fig. la . Phonon conductivity of GaAs in the entire temperature range 4—100 К for the 
different values of “p” in the range 0.1—0.6
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ra ls  s ta te d  in  E q . (2) a n d  (3), th e  la tt ic e  th e rm a l c o n d u c tiv ity  o f GaAs has b een  
ca lc u la ted  in  th e  e n tire  te m p e ra tu re  ra n g e  4 —100 К  fo r  th e  d ifferen t v a lu es  
“ p ” . T h e  s tu d y  is l im ite d  u p to  100 К  on ly , due to  th e  fa c t  th a t  above th is  
te m p e ra tu re  th e  p o in t-d e fe c t sc a tte rin g  re lax a tio n  ra te  does n o t m ake a s ign i
f ic a n t c o n tr ib u tio n  to  th e  com bined sc a tte r in g  re la x a tio n  ra te  and  th e  la t t ic e  
th e rm a l re s is tiv ity  is m a in ly  due to  ph o n o n -p h o n o n  sc a tte r in g  processes.

T h e  co n stan ts  u se d  in  th e  p re se n t analysis are  ta k e n  from  th e  ea rlie r 
re p o r t  o f  th e  a u th o rs  [5] for G aA s an d  resu lts  o b ta in e d  are  show n in  
F igs, l a ,  lb ,  2a a n d  2 b . T he p e rcen tag e  change th e  th e  phonon  c o n d u c ti
v i ty  d u e  to  a ch an g e  in  th e  p o in t-d e fe c t sca tte rin g  s tre n g th  A  (i.e. fo r  th e  
d iffe re n t values o f “p ” ) is  also ca lcu la ted  an d  th e  re su lts  a re  lis ted  in  T ab le  I . 
F ro m  F igs, l a  a n d  l b  (co rrespond ing  to  p  <[ 1 an d  to  p  >  1, re sp ec tiv e ly ), 
i t  is  c lea r th a t  th e  position  o f th e  c o n d u c tiv ity  m a x im a  in  К  vs T  cu rv e  
is sh if te d  from  its  n o rm a l p o sitio n  d u e  to  a ch an g e  in  th e  p o in t-d e fec t 
s c a tte r in g  s tre n g th  A .  I f  A  <  A n  (i.e . p  <  1), i t  sh if ts  to w ard s th e  h ig h er 
te m p e ra tu re  w hereas i t  is sh ifted  to  low er te m p e ra tu re  fo r  p  >  1, an d  i t  can  
be ex p la in ed  look ing  a t  th e  role o f  th e  b o u n d a ry  sc a tte r in g  re lax a tio n  r a te  [6]

Fig. lb. Phonon conductivity of GaAs in the entire temperature range 4—100 К  for the 
different values of “p ” in the range 10°—105
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Fig. 2b. Variation of the phonon conductivity of GaAs with respect to the point defect scattering 
strength A at different temperatures in the range 20—100 К
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Table I

The percentage change in the lattice thermal conductivity of GaAs for the different values of 
the point-defect scattering strength i.e. for the different values of “p” at different temperatures

p T =  6 T =  8 T =  10 T =  20 T =  30 T =  40

0.1 54.26 67.50 47.50 47.50 30.00 22.30
0.2 41.14 50.16 51.60 37.60 24.60 18.80
0.3 31.91 38.50 34.50 29.90 20.20 15.80
0.4 24.79 29.53 30.30 23.60 16.40 13.10
0.5 18.97 22.43 23.00 18.30 13.00 10.80
0.6 14.09 16.56 16.90 13.70 10.00 8.30
0.7 9.90 11.56 11.80 9.80 7.30 6.60
0.8 6.21 7.22 7.40 6.10 4.80 4.70
0.9 2.94 3.40 3.40 3.00 2.50 2.00
1.0 0 0 0 0 0 0
2 -19.23 -21.61 — 22.10 -19 .20 -14.80 -11 .00
3 -30.00 —33.25 — 33.80 -30 .20 -24.40 -19.30
4 -37.25 —40.90 —41.60 -37 .70 -31.30 —25.50
5 -42.61 —46.45 —47.20 -43 .10 -26.50 -20 .40
6 -46.79 — 50.72 — 51.40 -47 .40 -41.70 —34.40
7 -50.17 -54.15 — 54.90 -50 .90 -44 .20 -37 .90
8 -53.00 -56.98 —47.70 -53 .80 -47.10 —40.80
9 -55 .40 -59.38 — 601.0 -56 .20 -49 .70 -43 .30

10 -57.90 -61.43 — 62.20 -48 .30 -51.80 —45.50
100 -87 .29 -89.32 — 89.70 -89 .90 -85.00 -81 .70

1 000 -96 .97 -97.58 —99.70 -97 .20 -96.30 -95.30
10 000 -99 .36 -99.50 — 99.90 -99 .40 -99 .20 -99 .00

in  th e  calcu la tion  o f  th e  la ttic e  th e rm a l  c o n d u c tiv ity . A t th e  sam e tim e , i t  is 
a lso  v e ry  clear f ro m  th e se  F igures t h a t  as A  increases, slope o f th e  К  v s  T  curve 
n e a r  th e  c o n d u c tiv ity  m ax im a becom es f la tte r .  T h u s , one c a n  conclude 
t h a t  th e  p o in t-d e fec t sca tte rin g  re la x a tio n  ra te  is one o f  th e  responsib le  fac to rs 
to  assign th e  p o s itio n  of th e  c o n d u c tiv ity  m ax im a. In  o th e r w ords, one can 
s a y  th a t  is one  o f  th e  resp o n sib le  factors to  m in im ise  th e  la t t ic e  th e rm a l 
re s is tiv ity  of th e  sam p le  a t th ese  te m p e ra tu re s  (near th e  co n d u c tiv ity  m axim a). 
I t  c an  also he co n c lu d ed  th a t  th e  c u rv a tu re  of th e  К  v s T  curve n e a r  th e  con
d u c tiv i ty  m ax im a  is  governed m a in ly  b y  th e  p o in t-d e fe c t s c a tte r in g  s tren g th  
A  w h ich  depends o n  th e  c o n c e n tra tio n  of th e  im p u re  a tom s p re se n t inside th e  
c ry s ta l  la ttice .

From  F igs. 2 a  and  2b (correspond ing  to  T  < ; 10 К  a n d  T  >  10 K , 
respec tive ly ) i t  c a n  be seen t h a t  th e  la ttice  th e rm a l co n d u c tiv ity  decreases
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w ith  an  increase  in  th e  po in t-d e fec t sc a tte r in g  s tre n g th  A  a t  ev e ry  te m p e 
ra tu re . In  o th e r  w ords, th e  la tt ic e  th e rm a l re s is tiv ity  increases w ith  an  in 
crease o f th e  im p u r ity  co n cen tra tio n . F ro m  th e se  F igures as w ell as w ith  th e  
help  o f T ab le  I  i t  can  be seen th a t  th e  m ax im u m  effect o f A  on th e  la ttic e  
th e rm a l c o n d u c tiv ity  is a t 10 К  w hich  corresponds to  th e  co n d u c tiv ity  m ax im a.

*

The authors w ish to  express their thanks to  D r. R. A. R ashid  and Dr. R . H. Misho 
for the ir in terest in th e  present work.
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D E T E R M I N A T IO N  O F  T H E  P O L A R I Z A B I L I T Y  
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(Received in revised form 3. IV. 1979)

The difference of dipole moments between the excited and ground state was determined 
to be 1.9 and 1.8 Debye for 9-acetoxyanthracene and lO-phenyl-9-acetoxyanthracene from 
the frequency shifts of absorption and emission spectra. The polarizability of these two com
pounds is 36 X 10-24 and 54 X 10-24 cm3, respectively. The measured natural lifetimes are 
compared with those calculated from the absorption integral taking into account the effect 
of intermolecular interactions on the optical properties of dissolved molecules.

1. Introduction

A m ong m eso -su b stitu ted  a n th racen es  only  a few  lasing  dyes a re  know n 
[1—3]. R e c e n tly  we found  [4a] t h a t  som e o f 9 -a c e to x y an th racen e  d e riv a tiv e  
show  th e  la s in g  ac tion  in  to lu en e  an d  d io x an . T he se lection  o f  a ro m a tic  h y d ro 
carbons as la se r dyes can be  fa c ilita te d , ta k in g  in to  con sid era tio n  a ll spec tro s
copic d a ta  av a ilab le  for th e  g roup  o f  dyes. F u r th e r  th e se  ex p e rim en ta l d a ta  are 
o f g rea t im p o rtan ce  concern ing  m an y  th e o re tic a l in v es tig a tio n s  o f  th e  a n th ra 
cene d e riv a tiv e s  since th e y  allow  th e  com parison  w ith  th e o re tic a l values. 
In  earlie r p ap e rs  [4, 5] we re p o rte d  th e  re su lts  o f s tu d ies  on  th e  a b so rp tio n  and 
em ission sp ec tra , q u a n tu m  y ields an d  m ean  decay  tim es  o f  th e  fluorescence 
o f 9 -ace to x y an th racen e  d e riv a tiv e s . In  th is  p ap e r we re p o r t  th e  p o la rizab ility , 
a , and  th e  difference of th e  d ipo le m om en ts  o f th e  ex c ited  an d  g ro u n d  s ta te s , 
A/1 =  Jie — jug, o f th e  9 -ace to x y a n th ra c e n e  (I) an d  10-phenyl-9-acetoxy- 
an th racen e  (I I ) . T hey  are d e te rm in ed  from  th e  changes o f  in ten s itie s  o f  ab so rp 
tio n  sp e c tra  a n d  from  th e  freq u en cy  sh ifts  o f a b so rp tio n  a n d  em ission  sp ec tra  
w hen  th e  dyes are  dissolved in  v a rio u s  so lven ts.

2. Effect o f the internal field  in  solution on the electronic absorption 
and em ission spectra and on the lifetim es o f the m olecules in  the excited state

T he sh if t o f  th e  e lec tron ic  a b so rp tio n  an d  em ission sp ec tra  in  th e  so lu tion  
from  th e ir  p o s itio n  in  th e  gas p h ase  is re la te d  to  th e  d ielec tric  c o n s ta n t (jD) 
an d  th e  re fra c tiv e  in d ex  (re) o f  th e  so lv en t.

* This work was carried on under the Research Project 10.2
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T he th e o re tic a l ex p lan a tio n  o f th is  sh ift w as given b y  B ayliss [6], 
Ooshika  [7], L ip p e r t  [8], B ilot e t  al. [9], L ipta y  [10], an d  Mataga e t al 
[ И ]  . A review  o f th e  above m en tio n ed  theories is g iven  in  th e  book  o f Mataga 
a n d  K ubota [12].

T he com prehensive  t r e a tm e n t o f  so lvent effec ts on e lec tron ic  sp ec tra  o f 
d isso lved  po ly a to m ic  m olecules g ives th e  fo llow ing fo rm u la  w hich  explains 
th e  frequency  sh if t (see [9] an d  [10]) o f  th e  a b so rp tio n  an d  em ission m ax im a 
in  v a rio u s so lven ts:

w here

Av =  va — ve =  m • d(n, D) -|- const,

m -  2№ '  -  *•>* .
her3

D -  1 n2 — 1
2D  +  1 2n2 +  1

j 2a n2 — 1 E 2a D  -  1 j
r3 2n2 + l r3 2D +  1 j

( 1 )

(2)

(3)

a n d  w here r  is th e  ra d iu s  o f th e  c a v ity  in  O nsager’s th e o ry , [Ag a n d  /ле are  th e  
d ipo le  m om ents o f  th e  g round  a n d  ex c ited  sin g u le t s ta te  an d  a  is th e  rea l p a r t  
o f  th e  com plex p o la riz a b ility  o f  th e  m olecule u n d e r  in v es tig a tio n .

I t  resu lts fro m  E q . (1) th a t  a g rap h  of Av v e rsu s  d(nD) shou ld  be  a  s tra ig h t 
line , th e  slope o f w h ich  is given in  E q . (2). To p e rfo rm  th is  p lo t, th e  v alue  o f 
a / r 3 m u s t be kn o w n  in  o rder to  d e te rm in e  th e  v a ria b le  d(n, D) fo r various so
lu tio n s .

T he value  a / r 3 o f  dissolved m olecules can  be  d e te rm in ed  ( th e  a p p ro p ria te  
m e th o d  is due to  Schuyer  [12]), i f  th e  o sc illa to r s tre n g th , / ,  is t re a te d  as an  
in v a r ia n t q u a n ti ty  in  tra n s itio n  from  v ap o u r to  so lu tio n  w here  on ly  d ielectric  
effects appear. T h e  d ielec tric  effects have  no d ire c t in fluence  u p o n  th e  t r a n s i
t io n  p ro b ab ilities  a n d  solely effect th e  in te rn a l fie ld  s tre n g th  o f  th e  lig h t w ave 
a c tin g  on th e  m olecule , an d  th u s  th e y  are  o f a u n iv e rsa l n a tu re .

In  th is  case w hen  th e  so lv en t as an  e x te rn a l p hysica l m ed ium  has no 
d ire c t in fluence on  th e  changes in  tra n s itio n  p ro b a b ility  th e  expression  for 
th e  oscilla tor s t r e n g t h / o f  a d isso lved  m olecule can  be w ritte n  in  th e  form  [13]

<P (”)  f  e vM  dv — f =  В , (4)
nei j

w here  J  s;Mdv is th e  ex p e rim en ta l v a lue  o f  th e  ab so rp tio n  in te g ra l o f th e  
so lu tio n , c is th e  v e lo c ity  o f th e  l ig h t and  m, e a re  th e  m ass a n d  th e  charge
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of th e  e lectron , respective ly . T h e  correction  fu n c tio n  cp(n) depends on  th e  
effective in te rn a l e lec tric  fie ld  a c tin g  on a m olecule in  th e  so lu tio n . C onsidering 
th e  so lvent to  b e  a  con tinuous, s tru c tu re less  d ielec tric  ch a rac te rized  b y  th e  
re frac tiv e  in d ex  n,  th e  sim ple re la tio n

<p(ri) =  n (5)

holds. B u t ta k in g  in to  acco u n t th e  in d iv id u a l p ro p ertie s  o f  th e  d issolved 
m olecules and  th e  p o la riza tio n  re su ltin g  from  th e  d ipole in d u ced  in  th e  m ole
cule u n d er th e  e ffec t o f th e  lig h t w av e  [14], th e  co rrec tion  fu n c tio n  is:

cp(n) = (2ra2 +  l ) 2 L

9 n3
(ж 2 n2 — 2

ÿ ~  2n2 +  1 ‘ (6)

S u b s titu tin g  th e  ab o v e  expression  (E q . (6)) fo r  q>(n) in  E q . (4) an d  rew ritin g  
i t  in  th e  form :

1 2ra2 — 2
(g' j  е;м <^)1/2 B 1/2 г3 В 1/2 2n2 +  1

(7)

w here  g ’ =  Zmcjne2 (2ra2 -f- l ) 2/9 n 3 an d  th e  o th e r  q u a n titie s  a re  as defined  
ea rlie r a lin ear d ependence  b e tw een  (g' ^  E;M dv)~^2 an d  (2ra2 — 2)/(2re2 +  1) 
is o b ta ined .

T he line in  th e  g rap h  o f E q . (7) in te rsec ts  th e  ax is o f  o rd in a te s  in  th e  
p o in t B ~ ^ 2 and  h as  a  slope eq u a l to  a /( r3|/f}). T h e  q u o tie n t o f  th e  tw o  q u a n ti
tie s  y ields th e  re q u ire d  p a ra m e te r  a / r 3.

T ak ing  in to  acco u n t th e  in flu en ce  of th e  so lv en t an d  th e  w id th  o f th e  
sp e c tra  o f com plex m olecules [13] th e  following exp ression  is o b ta in e d  re la tin g  
th e  in teg ra l p ro b a b ili ty  of a b so rp tio n  to  th e  life tim e  o f th e  m olecule in  th e  
ex c ited  s ta te :

r[ns] =  3.43 x 1 0 s J v2s-,M dv n<p(n)
(8)

F ro m  th e  above re la tio n s  i t  follow s th a t  th e  d a ta  o b ta in ed  from  ab so rp tio n  
an d  em ission sp e c tra  o f  d issolved m olecules in  v a r io u s  so lven ts can  be used  
b y  m eans of E q . (1) a n d  E q . (7) to  d e te rm in e  th e  d ipo le  m o m en t o f  th e  excited  
m olecule /te(or th e  v a lu e  AJx =  Jie — fl„) and  th e  re a l p a r t  o f  th e  com plex 
p o la rizab ility  a . T h e  ad d itio n a l know ledge o f th e  life tim e  т a n d  th e  q u a n tu m  
y ie ld  Q o f fluorescence o f  th e  in v e s tig a te d  m olecules give a possib ility  to  check 
th e se  values.
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3. R esu lts  an d  discussion

T he sy n th esis  o f  th e  in v e s tig a te d  com pounds is g iven in  our fo rm er paper 
[4]. T h e  s tru c tu ra l fo rm ulas are  show n in  F ig . 1. T he com pounds w ere re c ry s ta l
liz e d  from  e th an o l before  use. T he so lven ts w ere spectroscopic  pure . T h e  con
c e n tra tio n  o f th e  com pounds in  th e  so lu tio n  w as 2 X 1 0 -5 g em -3 . T h e  ab so rp 
t io n  sp ec tra  w ere m easu red  w ith  a Z e iss-Jen a  ty p e  VSU -2 sp ec tro m ete r.

' 1 .9 -a c e to x y a n th ra c e n e  II. 1 0 -p h en y l -9 -a c e to x y a n th ra c e n e

Fig. 1. The structural formulae of 9-acetoxyanthracene and 10-phenyl-9-acetoxyanthracene

The em ission sp ec tra  an d  th e  q u a n tu m  yield  (for n -h ep tan e  so lu tions 
o n ly ) w ere o b ta in e d  using  th e  a p p a ra tu s  described  in  [5]. The m easu rem en ts 
o f  fluorescence life tim e  in  n -h e p ta n e  so lu tions w ere p erfo rm ed  b y  m eans of 
a  ph ase  f lu o ro m e te r  [16].

The o b ta in ed  ex p erim en ta l d a ta  are  collected in  T ab le  I . T he frequencies 
va an d  ve give th e  v a lu e  o f th e  low est v ib ra tio n a l p eak  o f  th e  a b so rp tio n  and

Table I

The physical parameters of the used solvents and frequencies of the lowest vibrational peak 
of the absorption and emission spectra

Solvent
Refrac

tive
index

Dielec
tric

const.

9-Acetoxyanthracene
10-Phenyl-9-acetoxy-

an th racene

d(nD) Vofcm-1] M e m - 1] d(nD) va [cm “ 1] ve[cm-1]

1 Methanol 1.3290 31.20 0.939 29 100 25 650 0.8183 28 450 24 950
2 Ethanol 1.3623 25.00 0.8857 29 000 25 550 0.7726 28 250 24 650
3 n-propanol 1.3854 21.80 0.8483 28 900 25 600 0.7405 28 350 24 750
4 n-heptane 1.3867 1.97 0.0102 29 000 25 750 0.0096 28 500 25 000
5 n-butylchlorate 1.4022 7.39 0.5497 28 900 25 700 0.4927 28 250 24 700
6 T etrahydrofurane 1.4045 7.39 0.5483 28 900 24 450 0.4915 28 300 24 750
7 n-heptanol 1.4250 12.10 0.6915 28 850 25 650 0.6099 28 200 24 750
8 Cyclohexane 1.4464 2.23 0.2654 28 800 25 700 0.2494 28 200 24 750
9 Chloroform 1.4467 5.14 0.3851 28 750 25 500 0.3491 28 520 24 550

10 Cyclohexanol 1.4648 15.00 0.7227 28 850 25 600 0.6325 28 200 24 700
11 Benzene 1.5014 2.28 0.0049 28 800 25 650 0.0045 28 100 24 850
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em ission sp ec tra . T he d ie lec tric  co n stan ts  a n d  th e  re frac tiv e  in d e x  w ere ta k e n  
from  th e  tab le s  in  “ T echn ique o f  O rganic C h em istry ” , V olum e V II  [17].

U sing th e  values o f n, D  from  th e  T ab les  an d  fro m  o u r m easu re
m e n ts  th e  coefficients a / r 3 w ere de te rm in ed  o n  th e  basis o f  E q . (7). F ig . 2 shows 
th e  g ra p h  o b ta in ed  fo r th e  dependence  (g' ̂ )£;m  dv)~^2 versus (2n2 — 2)/(2n2 +  1) 
fo r 9 -ace to x y an th racen e . In  F ig . 2 th e  crosses g ive th e  dependence  (g'^ejM dv)~^2 
versu s (2n2 — 2)/(2re2 -)- 1) fo r  non-d ipo le  (4) an d  (11) a n d  m ix tu re s  o f  tw o 
non-d ipo le  so lven ts, resp ec tiv e ly .

F i g .  2 . ( g  J  ev M dv )~ 1!1 as a function of (2re* — 2)/(2n* +  1) for 9-acetoxyanthracene in various 
solvents. The figures near the points refer to the sample No. as in Table I. The points marked 
by crosses give the above dependence for n-heptane (4) and benzene (11) mixtures for different

proportions

As can be seen in  F ig . 2 th e  e x p e rim e n ta l po in ts  a p p ro a c h  th e  s tra ig h t 
line well.

T he values o f  th e  a / r 3 coeffic ien t, c a lc u la ted  for th e  9 -ace to x y an th racen e  
an d  1 0 -p h en y l-9 -aceto x y an th racen e  (th e  g rap h  o f  th e  dependence  {g' 
versus (2re2 — 2)/(2n2 -f- 1) is s im ila r to  th e  one in  Fig. 2) a re  eq u a l to  0.62 
an d  0.54, re spec tive ly . U tiliz in g  th e  above v a lu es  th e  v a ria b le  d(n, D) w ere 
ca lcu la ted  fo r th e  so lu tions g iven  in  T ab le  I .  I n  th e se  ca lcu la tions fo r th e  rad iu s  
o f th e  spherica l c a v ity  w ith  a p o in t dipole a t  th e  cen tre  th e  m ean  rad iu s  o f th e  
m olecule has been  ca lcu la ted  from  th e  le n g th  o f  th e  chem ical bonds.

T he dependence Av =  va — as th e  fu n c tio n  o f  d(n, D) o f th e  tw o  
com pounds is g iven  in  F igs. 3a  a n d  3b. I n  th is  case th e  sc a tte r in g  o f th e  
e x p e rim e n ta l p o in ts  is neg lig ib le. T he values o f  th e  O nsager ra d iu s  r , th e  
d irec tio n  coefficients m  (for th e  s tra ig h t lines in  F igs. 3a a n d  3b) an d  th e  
v alues o f A~p, ca lcu la ted  b y  m eans o f E q . (2) a re  collected in  T ab le  I I .  T he 
v alues o b ta in ed  fo r А/l show  th a t  th e  d ipole m om en t o f th e  ex c ited  s ta te  
d iffers from  th e  g round  s ta te  v a lu e  fo r b o th  m olecules. T he changes are  n o t 
so la rg e  as fo r som e o th e r m olecules (see [8]).
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a )  9-acetoxyanthracene, Щ  -  0.62

Ы 10 phenyl-9-acetoxyanthracene, -^= 0 .5 írJ
Fig. 3. The values of va — ve as a function of d(n, D) for 9-acetoxyanthracene and 10-phenyI- 

9-acetoxyanthracene. The figures near the points refer to the sample No as in Table I

A pply ing  th e  sam e values o f  r, th e  p o la rizab ility  o f  th e  9 -a c e to x y a n th ra 
cene  and  1 0 -p h en y l-9 -ace to x y an th racen e  m olecules is d e te rm in ed  to  be  eq u a l 
to  36 X 10-21 a n d  56 X 10-24 cm 3, respective ly .

Since th e  expressions used  fo r th e  d e te rm in a tio n  o f  A~jl an d  ce are o b ta in e d  
u s in g  th e  sim plified  fo rm  o f th e  O nsager’s reac tio n  f ie ld  m odel [12] i t  is v e ry

Table II
The mean polarizability a and AJi =  цг — ^ valu es of 9-acetoxyanthracene and 10-phenyl

9-acetoxyanthracene.

Compound i f  M
-call а

Г1»
г [А]

m  (cm -1]
Ajl

[Debye] X 10*< [cm*]

Anthracene 0.66ь 3.61 0±0.4Ь 26.2“
31±3Ь

30.4°
9-Acetoxyanthracene 10.56 11.07 0.62 3.89 1.9 36

5.97 289
10-Phenyl-9-acetoxy- 9.15 9.18 0.54 4.75 1.8 54

anthracene 5.10 292

a N. G. B a k h s h ie v  et ab, Optika i Spektrosk., 24, 901, 1968. 
b W. L ip t a y  et al., Z. Naturforsch., 26a, 2020, 1971.
“Yu. B. Malih an o v , Optika i Spektrosk., 43, 431, 1977.
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difficu lt to  s ta te  how  re liab le  th e  d a ta  d e te rm in ed  in  th is  w ork  are. Some 
answ ers to  th is  question  can  be o b ta ined  w hen  th e  re su lt is co m p ared  w ith  th e  
d a ta  know n fo r  an th racen e  or o th e r s im ila r m olecules. As can  be seen in  
T ab le  I I  th e  m ean  p o la rizab ility  a  and  th e  Дм =  — Jxg va lues o f  9 -acetoxy-
an th racen e  a n d  1 0 -p h en y l-9 -aceto x y an th racen e  are  la rg e r th a n  tho se  of 
an th racen e . T hese d ifferences are n o t v e ry  la rg e  i f  one considers th a t  th e  
in v es tig a ted  m olecules h av e  o n ly  an id en tica l fram e  in  w hich  th e  electron ic 
tra n s itio n  ta k e s  place. O ur re su lts  agree w ith  th e  d a ta  o b ta in ed  fo r 9-brom o- 
an th racen e  (Дм =  1.7 D  [18]) and  9 ,9 -b ian th ry l (ос X Ю24 cm 3 =  56 +  3 [19]).

A n o th e r w ay  of te s tin g  th e  co rrec tness o f  th e  а , Дм an d  r  v a lu e  m ay  be 
th e  com parison  o f m easu red  an d  ca lcu la ted  n a tu ra l  life tim es u sin g  E q . (8). 
F o r th is  aim  th e  ab so rp tio n  sp ec tra  of n -h e p ta n e  so lu tions w ere selected . T he 
resu lts  o f th e se  ca lcu la tions a re  collected in  T ab le  I I  too . T he r ï al and  Тга| 
a re  ca lcu la ted  fo r th e  tw o cases w here th e  so lv en t is considered  to  he a con
tin u o u s , s tru c tu re le ss  d ie lec tric  and  w here th e  in d iv id u a l p ro p e rtie s  of th e  
dissolved m olecules and  th e  po la riza tio n  re su ltin g  from  th e  d ipole induced  in  
th e  m olecule a re  ta k e n  in to  accoun t. T h e  com parison  o f  m easu red  n a tu ra l 
life tim es rexp/Q (see T ab le  I I )  w ith  tho se  ca lc u la ted  from  th e  ab so rp tio n  in te g 
ra l  shows good ag reem en t o n ly  fo r those  v a lu es  fo r w hich  th e  q u a n ti ty  a / r3 
w as tak en  in to  accoun t.

This ag reem en t gives confidence fo r th e  co rrec t d e te rm in a tio n  o f th e  
p o la rizab ility  a n d  Дм va lu e  o f  these  tw o  com pounds.
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PSEUDOHARMONIC EFFECTS OF PHONONS 
IN HEAT CONDUCTIVITY
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The temperature behaviour of the heat conductivity of metals is investigated in the 
case when the anharmonic properties of phonons are taken into account in the pseudoharmonic 
approximation. The results show that the pseudoharmonic effects of lattice vibrations are 
not negligible in calculations concerning the high temperature region. A comparison with 
experimental data is given for copper, silver and gold theoretically described by various poten
tial functions.

1. In tro d u c tio n

Som e y ea rs  ago th e  in fluence  o f th e  p seu d o h arm o n ic  effects o f  la ttic e  
v ib ra tio n s  on th e  te m p e ra tu re  b eh av io u r o f th e  e lec trica l c o n d u c tiv ity  was 
sh o rtly  re p o rte d  [1]. T he th e o re tic a l re su lts  co rrec ted  b y  m eans o f th e  anharm o- 
n ic ity  o f phon o n s come m u ch  closer to  ex p e rim en ta l d a ta  th a n  th e  co rrespond
ing  ones ca lcu la ted  in  th e  h a rm o n ic  a p p ro x im a tio n . T h e  illu s tra tiv e  considera
tio n s w ere p resen ted  for th e  m odel d iscussed  b y  P a l  [2] an d  b y  P r a k a s h  and 
S h a r m a  [3] app lied  to  th e  d escrip tio n  o f th e  e lec trical co n d u c tiv ity  w hile  th e  
p seu d o h arm o n ic  co rrection  w as in tro d u ced  b y  m eans o f  th e  ev a lu a tio n s  given 
b y  S i k l ó s  [4] on th e  basis o f  th e  Morse p o te n tia l. T he ab o v e  ca lcu la tions showed 
th a t  th e  pseudoharm on ic  e ffec ts  should  n o t  rea lly  be neg lec ted  in  considera tions 
o f  th e rm a l p ro p ertie s  o f t r a n s p o r t  phen o m en a . T hus, i t  seem s to  be  n a tu ra l 
to  check th is  suggestion  s tu d y in g  n o t o n ly  e lec trical c o n d u c tiv ity  b u t  also 
o th e r  phen o m en a . F o r th is  reaso n , th e  a im  o f th e  p re se n t p ap e r is to  analyse 
th e  te m p e ra tu re  b eh av io u r o f  th e  h ea t c o n d u c tiv ity  in  th e  h igh te m p e ra tu re  
lim it o f th e  p seud o h arm o n ic  p rocedure .

On th e  o th e r  h an d , w e a re  s tim u la te d  fo r fu r th e r  app lica tio n s o f  th e  
p seu d o h arm o n ic  p rocedure  to  tra n s p o r t  p h en o m en a  b ecau se  of th e  in te re s tin g  
fa c t th a t  th e re  ex ists a v e ry  sim ple re la tio n  fo r th e  ren o rm a liza tio n  o f th e  
te m p e ra tu re  in  s ta n d a rd  fo rm u la s  derived  in  th e  h a rm o n ic  ap p ro x im a tio n  [1]. 
T h is fea tu re  allow s us in  fa c t  to  d raw  th e  te m p e ra tu re  b e h a v io u r o f th e  k inetic  
coefficients w ith o u t an y  a d d itio n a l p ro ced u re  in  th e ir  d e te rm in a tio n  except 
fo r th e  change fo r th e  p h o n o n  basic  frequency .
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I n  order to  f in d  th e  la ttic e  v ib ra tio n  p a ra m e te rs  th e  se lf-consisten t 
th e o ry  o f  an h arm o n ic  c ry sta ls  developed  b y  P l a k id a  and  S ik l ó s  [5] can  be 
used . T h e  above a p p ro a c h  is b ased  on th e  G reen’s fu n c tio n  m e th o d  w hich  
allow s us to  describe d y n am ic  as w ell as th e rm o d y n am ic  an d  e lastic  p ro p ertie s  
o f  c ry s ta ls . In  its  g en era l form  th e  th e o ry  can be  fo rm u la ted  fo r  an  a rb itra ry  
p o te n tia l  fu nc tion  le a d in g  to  th e  re su lts  ta k in g  a ll h ig h er-o rd er te rm s o f th e  
low er-o rder p e r tu rb a tio n  th e o ry  in to  accoun t in  a self-consisten t w ay  an d  in c lu d 
in g  th e  dam ping  e ffec ts  [6—8]. I n  th e  fram es o f  th e  f irs t ap p ro x im a tio n  o f 
th is  th e o ry , th e  so ca lled  th e  p seud o h arm o n ic  ap p ro ach  or th e  a p p ro x im a tio n  
o f  th e  self-consisten t phonons, in  w h ich  th e  d am p in g  processes are  n o t ta k e n  
in to  considera tions, th e  se lf-consisten t eq u a tio n s w ere o b ta in e d  fo r ph y sica l 
q u a n tit ie s  in  system s o f th e  th ree -d im en sio n a l face  cen tred  cub ic  la ttic e  w ith  
th e  c e n tra l pa ir in te ra c tio n  in  th e  n e a re s t ne ighbours ap p ro x im a tio n  [4, 9]. 
T h is  level o f ap p ro x im a tio n  is a  s ta r tin g  p o in t fo r ca lcu la tio n s co nnec ted  
w ith  th e  te m p e ra tu re  ren o rm a liza tio n  of p h o n o n  sp ec tra  in  th e  p re se n t 
p a p e r .

U sually , th e  exem p lifica tio n  o f  th e  g enera l p rocedure  d eriv ed  fo r th e  
p seudoharm on ic  th e o ry  is done b y  m eans o f th e  Morse p o te n tia l  fu n c tio n  
w h ich  is v e ry  usefu l fo r  num erica l ca lcu la tions because  o f its  q u ite  sim ple fo rm  
in  th e  p seud o h arm o n ic  re p re se n ta tio n . H ow ever, th e  M orse cu rv e  is one o f th e  
s im p le s t p o ten tia ls  u sed  for th e  d escrip tion  o f  th e  d ia to m ic  in te ra c tio n  in  
m olecules as well as in  crysta ls . T herefo re , th e  d e ta iled  analy sis  w as perfo rm ed  
also fo r p o ten tia ls  ty p ic a l for c ry s ta ls  as th e  L en n a rd -Jo n es  one  [10] an d  o th e r  
v a r io u s  curves d iscussed  in  th e  th e o ry  o f m olecules [11]. O ne o f  th e  conclusions 
o b ta in e d  was q u ite  u n ex p ec tab le  since i t  seem s to  be v e ry  s tra n g e , b u t  e x tre 
m ely  in te restin g , t h a t  som e k in d s  o f  p o te n tia l cu rves sa tis fy in g  th e  V a r s h n i ’ s 

c r ite r ia  [13] c a n n o t b e  app licab le  in  lo w -tem p era tu re  lim it w h ere  th e  p seu d o 
h a rm o n ic  ap p ro ach  lead s to  th e  n e g a tiv e  values o f  th e  force c o n s ta n ts . In  a n y  
case, th e  above fa c t  im plies a ca re fu l choice o f  th e  in itia l in te ra c tio n  fu n c tio n  
w hich  should be te s te d  n o t on ly  befo re  b u t also a f te r  th e  ren o rm a liza tio n  p ro 
ced u re . The analy sis  recen tly  d one  [11, 12] show s th a t  th e  R y d b e rg  p o te n tia l 
fu n c tio n  leads to  su ffic ien tly  good resu lts  fo r th e  large class of v a rio u s  
p ro p e rtie s .

In  th e  p re se n t p a p e r we also consider th e  p ro p erties  o f  th e  h e a t co n d u c
t iv i ty  in  m etals b y  m eans o f th e  m odel fu n c tio n  suggested  b y  V a r s h n i  [14] 
in  th e  case o f an  a rb itra ry  e x te rn a l p ressu re. T he choice o f  th e  V a r s h n i ’ s 

p o te n tia l  follows fro m  th e  fa c t t h a t  i ts  te s tin g  w ith  re sp ec t to  th e  V a r s h n i ’s 

c r ite r ia  gives b e t te r  re su lts  fo r th e  S u th e rlan d ’s p a ra m e te r  th a n  fo r th e  M orse 
as w ell as R y d b erg  fu n c tio n s [13]. I t  is w orth -w h ile  to  re m a rk  th a t  th e  S u th e r
la n d ’s p a ram e te r  p la y s  an  e ssen tia l role in  m olecu lar in v e s tig a tio n  [15] an d  
th e re fo re  th e  reco g n itio n  fo r ap p licab ility  o f th e  V a r s h n i ’ s shape p o te n tia l  
to  solids is v e ry  fru itfu l.
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2. H eat conductiv ity  in  pseudoharm onic app rox im ation

In  o rder to  de term ine  th e  h e a t c o n d u c tiv ity  i t  is u su a l to  ap p ly  th e  B o ltz 
m a n n  e q u a tio n  fo r th e  tr a n s p o r t  in  th e  c ry s ta llin e la ttic e .T h e  sc a tte r in g  m ech an 
ism s fo r p ro p ag a tin g  phonons are  considered  in  fac t b y  th e  p h o n o n  rec ip rocal 
re la x a tio n  tim e  w hich is assum ed  to  be ta k e n  as th e  sum  o f th e  re la x a tio n  
tim es  fo r each phonon  sc a tte r in g  because o f  th e ir  p ro p o rtio n a lity  to  th e  cross 
sec tions. In  th e  case of an  id ea l la ttic e  th e  m a in  sca tte re rs  a re  expec ted  to  be 
sam p le  boundaries and  p o in t defects as im p u ritie s , d isp lacem en t, local e lec tro 
n ic d en sity  inhom ogeneities or f lu c tu a tio n s . T h e  phonon processes, i.e. th e  
an h a rm o n ic  effects o f p honons, a re  u su a lly  neglected  since th e  m ean  free 
p a th  o f  phonons is su ffic ien tly  large  co m p ared  to  sam ple d im ensions a t  low  
te m p e ra tu re s .

In d e p e n d e n tly  o f th e  m e th o d  for d e riv a tio n  of th e  fo rm u la  for th e rm a l 
re s is tiv ity  de te rm in in g  th e  h e a t t ra n s p o r t  p ro p e rtie s  its  essen tia l dependence  on 
te m p e ra tu re  T  is expressed  b y  th e  v a riab le  Ьи>°/кцТ, w here  th e  sym bols h 
an d  кв  have  th e ir  usual m ean in g  as th e  P la n c k ’s an d  B o ltz m a n n ’s c o n s ta n ts , 
re sp ec tiv e ly . T he phonon  freq u en cy  w° is g iven  in  th e  h a rm o n ic  ap p ro x im a tio n  
an d  th e n  th e  th e rm a l re s is tiv ity  can  be w r itte n  in  th e  fo rm :

W 0(T)  =
1

к в Т ,
f(h œ °/kBT ) , ( 1 )

w ith  q =  3 fo r in su la to rs  [16] a n d  q =  2 fo r m eta ls  [2, 3]. T h e  expression  (1) 
is o f a q u ite  general form  as fa r  as a pu re  b o u n d a ry  m echan ism  o f phonon  s c a t
te r in g  in  th e  h e a t co n d u c tiv ity  is considered. T his s itu a tio n  is well sa tisfied  
in  in su la to rs  w hile som e d iscrepancies betw een  th e  general fo rm u la tio n  (1) o f th e  
th e o ry  fo r m eta ls  an d  correspond ing  ex p e rim en ta l resu lts c an  follow  from  th e  
use o f  th e  free e lec tron  m odel in  w hich th e  e lec tron -phonon  m a tr ix  e lem ents 
igno re  u su a lly  th e  exchange a n d  co rre la tion  effects. I t  is w ell know n th a t  
th e  tra n s p o r t  coefficient of m e ta ls  is v e ry  sen s itiv e  to  th e  fo rm  o f th e  m atrices 
used  fo r e lectron-ion  in te ra c tio n s  [3]. H ow ever, th is  se n s itiv ity  concerns n o t 
only  th e rm a l, b u t  f ir s t  of all e lectric  c o n d u c tiv ity  w hich can  be re la te d  to  
th e  fo rm e r b y  m eans of th e  L o ren tz  n u m b e r. Since th e  experience  o f th e  
p rev ious in v estig a tio n s co n n ec ted  w ith  th e  e lec tric  co n d u c tiv ity  [1, 17] in d i
ca tes t h a t  only  th e  phonon  freq u en cy  ren o rm aliza tio n  is even  enough  reason  
to  conclude  on th e  im p o r ta n t ro le  o f th e  p seudoharm on ic  co rrec tions to  th e  
te m p e ra tu re  b eh av io u r of th e  e lec tric  re s is tiv ity  and  ta k in g  in to  accoun t th a t  
th e  L o ren tz  n u m b e r is a lin ea r  fu n c tio n  o f te m p e ra tu re  a t  su ffic ien tly  h igh  
te m p e ra tu re , we can  rea lly  assum e th a t  th e  e ssen tia l c o n tr ib u tio n  to  th e  h e a t 
c o n d u c tiv ity  in  th e  h igh  te m p e ra tu re  lim it is cau sed  b y  th e  p h o n o n  p ro p erties . 
In  o th e r  w ords, from  th e  p h y sica l p o in t of v iew  th is  m eans t h a t  th e  recip rocal
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re la x a tio n  tim e  o f  th e  p h onon-phonon  collision process is m ore s ig n ifican t 
t h a n  o th e r k in d s o f  re lax a tio n  m echan ism s, o f course, th e  p h onon-phonon  
in te ra c tio n  p lays a decisive role in  th e  te m p e ra tu re  in te rv a l above th e  m ax im u m  
p o in t  of curves o b ta in e d  in  th e  harm o n ic  ap p ro x im a tio n  w here th e  in flu en ce  
o f  th e  o ther, above  m en tio n ed  sc a tte re rs , seem s to  be w ell estab lished .

In  term s o f  th e  pseudoharm on ic  th e o ry  o f p h o n o n s th e  frequencies of 
la t t ic e  v ib ra tio n s со a re  re la ted  to  th o se  co° found  in  th e  harm on ic  a p p ro x im a 
t io n  b y  m eans o f  a  v e ry  sim ple ren o rm aliza tio n  fa c to r  a(T)  as:

cojh) =  cc(T) co%h) , (2)

w h ile  th e  d ep en d en ce  on th e  w ave v e c to r  h o f th e  p h o n o n  m odes rem ain s 
u n ch an g ed  as w ell as th e  p o la riza tio n  Ais th e  iso trop ic  c h a ra c te r . F o r th is  reason  
th e  ren o rm aliza tio n  fa c to r  <z(T) scales th e  te m p e ra tu re  on ly  lead ing  to  th e  
re la tio n :

ЩГ) = (3)

w h ic h  can he o b ta in e d  im m ed ia te ly  b y  su b s titu tin g  th e  expression (2) in to  
th e  general fo rm u la  (1) fo r th e  h e a t re s is tiv ity . I n  th is  w ay , th e  fo rm u la  (3) 
allow s to  inc lude  v e ry  easily  th e  ph o n o n -p h o n o n  in te ra c tio n  in  th e  p seu d o 
h arm o n ic  ap p ro x im a tio n  in to  th e  h e a t re s is tiv ity  b y  th e  sim ple ren o rm a liza 
t io n  procedure fo r  te m p e ra tu re  in  co n v en tio n a l expressions.

3. Phonon frequency renorm alization in  pseudoharm onic approxim ation

T he ren o rm a liza tio n  fac to r  <x(T) ap p earin g  in  th e  d ispersion re la tio n  (2) 
is w ell defined b y  th e  p seudoharm on ic  ap p ro ach  to  th e  problem  in  questio n  
[4] nam ely:

*2(T) = f(T,  le)
f ° (re) ’

(4)

w h ere  f°(re) is th e  h arm on ic  force c o n s ta n t d e te rm in ed  b y  th e  second d e riv a 
t iv e  o f th e  in itia l, p a ir  in te ra c tio n  p o te n tia l Ф(г), ta k e n  a t  th e  equ ilib riu m  p o in t 
r  =  re. A nalogously , th e  p seudoharm on ic  force c o n s ta n t f (T ,  le) is expressed  
b y  th e  second d e r iv a tiv e  o f th e  self-consisten t p o te n tia l  Ф(Т, r) ta k e n  a t  th e  
equ ilib rium  p o in t r =  le in  w hich  th e  f ir s t  d e riv a tiv e  o f  Ф(Т, r) v an ish es . In  
o rd e r to  com p le te  all th e  eq u a tio n s necessary  in  ca lcu la tions o f th is  p ap er 
w e rem em ber th e  shape  o f Ф (Т, r) as follows [4]:

Ф(Т, r) = Ф(2">(r), (5)
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w here th e  m ean  sq u a re  d isp lacem en t o f ne ighb o u rin g  a to m s u2(T) re la ted  to  
th e  sq u a re  o f th e  eq u ilib riu m  v a lu e  le de te rm in es th e  te m p e ra tu re  beh av io u r 
of th e  effective p o te n tia l  (5) b y  th e  well know n re la tio n :

A T )  = --------- ----------- У  (*>Áh) C t h - ^
z N f ( T ,  lt) f t 2 k BT

( 6)

for z =  12 in  th e  case o f  th e  f.c .c . la ttic e s . In  th e  h igh  te m p e ra tu re  lim it we 
can  red u ce  th e  re la tio n  (6) to  th e  lin ea r  fu n c tio n  o f  u2(T) w ith  resp ec t to  th e  
te m p e ra tu re  in d e p e n d e n tly  o f  th e  d ispersion  law  fo r p h o n o n  b ran ch es. In  
b e tte r  ap p ro x im a tio n  th e  follow ing expression  is used  [18, 19]:

^ 2  _  6 k BT  3k2 afc1
f ° ( r e) x 2 +  1 0 /° ( re) k BT  ~  6.22 f° (r t) ( к в т у  ’

w here к  =  3] /18 л 2 hv/a, w ith  v d en o tin g  th e  v e lo c ity  o f so und  a n d  a th e  lat* 
tice  c o n s ta n t.

T h e  de ta iled  ca lcu la tio n s p erfo rm ed  in  th e  p re se n t p a p e r  concern  th ree  
cases w ith  respect to  th e  in it ia l  p o te n tia l cu rv es : a) M orse p o te n tia l  w idely  
d iscussed  b y  S iklós (e.g. [20]) as a m odel p o te n tia l  fo r th e  d esc rip tio n  o f th e r 
m odynam ic  p ro p ertie s  o f  an h arm o n ic  c systa ls , b) R y d b e rg  p o te n tia l  expressed  
in  th e  p seudoharm on ic  a p p ro x im a tio n  in  w hich  th e  accu racy  o f  th e rm o d y n am ic  
p ro p ertie s  is th e  b est in  fa c t in  com parison  w ith  o th e r  k in d s o f p o te n tia l  curves 
s till considered  [11], c) V a r s h n i  p o te n tia l  w hich  is te s te d  fo r c ry s ta ls  because 
o f i ts  v e ry  good a p p licab ility  fo r m olecules in  gaseous m ed iu m  [13, 14]. T he 
in itia l p o te n tia l fu n c tio n s  are:

ф (г) =  -De{[exp  ( —Ь(г -  re)) -  l ] 2 -  1} , (8)

Ф(г) =  - D e[l  +  6(r -  re)] exp  [ - 6 ( r  -  r ,)] , (9)

Ф(г) =  D e{(  1 -  exp  [—6(r2 -  r?)])2 -  1} , (10

for M o r s e , R y d b e r g  an d  V a r s h n i  ap p rox im ation s, re sp ec tiv e ly .
T h e  co n stan ts  h a v e  th e ir  c h a ra c te ris tic  v a lu es  fo r c ry s ta ls  considered 

[21] an d  th e y  are co llec ted  in  T ab le  I  fo r copper, s ilv er an d  gold in  w hich  we are 
in te re s te d  from  th e  p o in t o f  v iew  o f th e  h e a t tr a n s p o r t  b eh av io u r.

In  th is  w ay  we o b ta in e d  a  closed sy s tem  o f eq u a tio n s  (4) —(10) w hich 
d e te rm in e  th e  ren o rm aliza tio n  fa c to r  a (T ) ap p ea rin g  in  th e  fo rm u la  (3) found  
in  th e  h arm o n ic  a p p ro x im a tio n . I t  is w o rth -w h ile  to  s tro n g ly  u n d erlin e  th a t  
th e  described  procedure  based  on th e  ren o rm a liza tio n  x(T)  allow s us to  o b ta in  
d irec tly  th e  co rrec ted  th e rm a l re s is tiv ity  IV(T)  u sing  th e  k n o w n  v alues for 
1V0(T*),  w here T* =  T/x(T).  M oreover, th e  sam e re la tio n  shou ld  be  sa tisfied
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Table 1

Numerical values of the parameters of the interaction potentials of M o u s e ,  R y d b e r g  and 
V a r s h n i  types for copper, silver and gold

M e ta ls C u rv e •И r ,  [n m ] De • 1 0 - * e [ J ]

Copper M o r s e

R y d b e r g

V a r s h n i

13.649220 
20.027270 
28.943860 X a*

0.286074
0.281625
0.271097

5.424099
6.096274
7.571969

Silver
M o r s e

R y d b e r g

V a r s h n i

13.501210 
19.657010 
24.789800 x a,

0.312624
0.309035
0.301363

5.091160
5.605234
6.585555

Gold
M o r s e

R y d b e r g

V a r s h n i

16.243880 
24.407570 
29.177310 X a,

0.299983
0.297946
0.294382

7.583399
8.113146
8.909224

in  th e  case o f the electric resistiv ity  or another qu an tity . So, we can see that 
th e  phonon frequency renorm alization factor is o f  a universal character and 
for th is reason w e present it  n o t on ly  by graphs (Fig. 1) but also in  Table II  for 
several m etals in  the case o f  the R ydberg function w hich leads to th e  best 
resu lts for the correction o f th e  heat conductiv ity .

Fig. 1. The phonon frequency renormalization factor a(T) for the Rydberg interatomic poten
tial determined in the case of copper, silver and gold
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Table П

Phonon frequency renormalization factor a(T) of the Rydberg potential for copper, silver and gold

Metal

T [K ]
Copper Silver Gold

100 0.751414 0.685448 0.651599
120 0.675132 0.651114 0.602830
140 0.640422 0.618285 0.587305
160 0.632578 0.611726 0.556515
180 0.626309 0.577790 0.527131
200 0.620045 0.553640 0.522183
220 0.613788 0.519136 0.519647
240 0.607538 0.508814 0.516368
260 0.601297 0.505376 0.513190
280 0.595064 0.503754 0.510432
300 0.578840 0.501982 0.507916

4. R esults an d  discussion

N um erical re su lts  for th e  te m p e ra tu re  d ependence  o f th e  th e rm a l resis
t iv i ty  W (T)  are g iven  b y  graphs fo r copper (F ig . 2), silver (F ig . 3) an d  gold 
(Fig. 4). C alculations a re  based  on th e  th eo re tica l re su lts  p u b lished  b y  P rak a sh  
an d  S h a r m a  [3] in  th e  harm onic  a p p ro x im a tio n  a n d  com pared  w ith  experim en
ta l  d a ta  rep o rted  b y  W h it e  [22 — 24].

Fig. 2. The thermal resistivity for copper as a function of temperature. The solid line shows 
the results in the harmonic approximation [3]. The points refer to the experimental data [22]. 
The dashed curves represent the results calculated for the phonon spectrum renormalized by 

the pseudoharmonic theory for the M o r s e , R y d b e r g  and V a r s h n i  potentials
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Fig. 3. The thermal resistivity for silver as a function of temperature. The points refer |to the 
experimental data [23]. The meaning of other curves as in Fig. 2

Fig. 4. The thermal resistivity for gold as a function of temperature. The points refer to the 
experimental data [24]. The meaning of other curves as in Fig. 2

T he re su lts  fo r W(T)  co rrec ted  b y  m eans o f  th e  a n h a rm o n ic ity  o f la ttic e  
v ib ra tio n s  com e m u ch  closer to  ex p erim en ta l d a ta  in  th e  h ig h -te m p e ra tu re  
reg ion . The b e s t ag reem en t o f va lu es  ca lcu la ted  fo r th e  th e rm a l re s is tiv ity  in  
th e  p seudoharm on ic  ap p ro x im a tio n  w ith  e x p e rim en ta l d a ta  was o b ta in e d  for th e  
R y d b e rg  in te ra to m ic  p o ten tia l. L e t us rem em b er here, th a t  th is  function  
u sed  earlier [11] to  describe th e  th e rm o d y n am ic  fu nc tions in  th e  pseudo
h arm o n ic  ap p ro x im a tio n  gave also q u ite  good resu lts  in  co m p ariso n  w ith
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other potentials. The conclusions following from  the therm al resistiv ity  on the  
tem perature lim it are in  agreem ent w ith  th ose  obtained from  th e  analysis 
of the electrical resistiv ity  for which the R ydberg potential leads to  th e  best 
correction [17]. The last remark seems to  be very  im portant, as i t  allows us 
to  form ulate a new kind o f the criterion for th e  correctness o f  interatom ic 
interactions applied to solids. We can see, in fact, that some effective self- 
consistent potentials can be more suitable for cyrstals than others although  
th ey  were more accurate in harmonic approxim ation (e.g. V a r s h n i’s function). 
I t  is also w orth-while to notice th at the agreem ent between results for therm al 
and electric resistivities is not unexpectable because of the m entioned relation  
form ulated b y  th e  Lorentz number. The ex istence o f this agreem ent can be 
treated as an additional te st o f  the correct form ulation for presented consi
derations.

In  general we would like to  conclude th a t th e  pseudoharm onic approach  
to  the transport problems connected w ith  phonon processes leads to  a very  
useful m ethod o f tak ing the pair anharmonic term s into account and the pro
posed procedure o f tem perature renorm alization is a very convenient to o l for 
the description o f the tem perature behaviour o f  transport coefficients.
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INVESTIGATION OF PIEZOELECTRICALLY 
INDUCED ACOUSTIC TRANSIENTS IN KDP CRYSTALS
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Acoustic transients generated by high voltage pulses in longitudinal KDP modulator 
crystals were investigated. Photographic method has been developed to visualize the acoustic 
waves. The experiments directly demonstrate the piezoelectric acoustic wave generation, the 
acoustic wave propagation, the reflexion, diffusion and diffraction of acoustic waves and the 
interaction of acoustic waves with crystal imperfections. From the experimental results the 
velocity of shear waves and the related elastic constant can be evaluated.

1. Introduction

For quantum -electronic applications devices based on the linear electro
optic effect [1] are w idely used. Crystals having good linear electrooptic  
properties are usually  strongly piezoelectric [2]. An electric field  applied to  
linear electrooptic crystals acts on their refractive properties by two distin
guishable m echanism s. The prim ary effect is direct in teraction  between the  
electric field  and th e  electrons and optical phonons o f the crystals. The m echa
nical strains caused by the inverse piezoelectric effect g ive secondary contri
butions to the change of refractive indices b y  th e  strain optic effect, which is 
know n as the secondary electrooptic effect.

Several papers [3 — 18] have been published on problem s originating  
from  th e secondary electrooptic effect. Such problems are, e .g ., the separation  
of th e  prim ary from  the secondary effect, the disagreem ents betw een the results 
o f different m easurem ents o f th e  linear electrooptic characteristics o f crystals 
[3—7], and, m ainly in the area o f  applications, the in fluence o f  the secondary  
effects on the operation of electrooptic devices [6 —18].

The origin o f  these problem s essentially lies in  the d ifferent tim e-depen
dences o f  the prim ary and secondary effects. The primary effect follows quasi 
sim ultaneously th e  applied electric field. The secondary-strain-optic contribu
tion  reacts w ith  delay according to  the inertia and resistance o f the lattice to  
m echanical deform ations.
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M oreover, p iezoelectrica lly  in d u ced  la ttic e  defo rm atio n s are g en era ted  
lo c a lly  in  th e  crysta ls  a n d  th e y  are  sources o f acoustic w aves [19]. T he acoustic  
w av es p ro p ag a tin g  across th e  c ry s ta l re su lt in  sp a tia l a n d  tim e-d ep en d en t 
ch an g es  o f re frac tiv e  p ro p ertie s  w h ich  m ay  cause, e.g. u n d esirab le  tra n s ie n t 
effec ts  in  th e  o p e ra tio n  o f e lec troop tic  lig h t sh u tte rs  [6 —14] or resonance  in  
th e  freq u en cy  tra n s fe r  ch a rac te ris tic  o f  period ically  d riv en  e lec tro o p tic  m o d u 
la to rs  [15 —18].

W e have in v e s tig a te d  th e  b e h a v io u r  o f acoustic  tr a n s ie n ts  g en era ted  b y  
re la t iv e ly  short, h ig h  vo ltag e  pulses ap p lied  to  0 °Z c u t K D P  cry sta ls . T he 
m e th o d s  published  in  th e  lite ra tu re  are  based  on m easuring  th e  pulse response 
o f  th e  transm ission  o f  m odu la to rs  m ad e  o f  electrooptic  c ry s ta ls .

M ost of th ese  in v es tig a tio n s  g ive th e  tim e-dependence  o f  th e  tra n sm is 
s ion  av erag ed  on th e  a p e rtu re  of th e  c ry s ta l [8—13]. In  references [7] n a rro w  
lig h t  b eam s were u sed  to  in v es tig a te  th e  acoustic  tra n s ie n ts  in  d iscre te  p o in ts  
o f  th e  apertu re .

I n  our ex p erim en ts  we have  developed  a m ethod  to  o b ta in  b e tte r  sp a tia l 
re so lu tio n  [14]. T h e  tran sm issio n  p ic tu re s  o f K D P  c ry s ta ls , p laced  betw een  
c ro ssed  polarizers, h a v e  been p h o to g ra p h e d  w ith  re la tiv e ly  sh o rt exposure  
t im e s . T he pho tos w ere  ta k e n  w ith  v a riab le  delays a f te r  th e  h igh  v o ltag e  
p u lse s . T he delay  t im e s  were ch an g ed  in  /хsec steps, th e re b y  giving a good 
te m p o ra l  reso lu tion  as well. P h o to s  ta k e n  in  such  a  w ay  p rov ide  v e ry  
in fo rm a tiv e  p ic tu res  a b o u t th e  t r a n s ie n t  processes.

B y  th is m e th o d  p henom ena su ch  as p ro p ag a tio n , re flec tio n , superposition , 
in te rfe re n ce  and  d ispersion  o f p iezoelectrica lly  in d u ced  acoustic  tra n s ie n ts  
c a n  b e  observed. T h e  photos also give in fo rm ation  on  th e  in te ra c tio n  of 
a c o u s tic  waves w ith  th e  cry sta l im perfec tions.

2. Principles o f investigations

T he fea tu res o f  acoustic  w ave p ro p ag a tio n  in  an iso tro p ic  m ed ia  can  be 
o b ta in e d  by so lv ing  th e  eq u a tio n  [19, 20].

8 2u ,  8 T u
Q----- - = ----

8t2 dXj ( 1 )

H e re  q is the  d e n s ity  o f th e  c ry s ta l; xj is th e  partic le  p o s itio n  vec to r-co m p o 
n e n t  in  the  c ry sta llo g rap h ic  co o rd in a te  sy stem ; uj is th e  p a r tic le  d isp lacem en t 
c o m p o n e n t; Ту-s a re  th e  com ponen ts o f th e  stress ten so r, w h ich  depends on th e

Ski
1
2

8 uk ^  8 ue 
dxe dxk

(2 )
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stra in  te n so r  com ponen t an d  on th e  electric  fie ld  com ponen ts as follows:

F /i =  Cf jki ■ S kl <’kijKk • (^)

H ere  Cijkrs are  th e  com ponen ts o f  th e  stiffness ten so r an d  e*,y-s a re  
th e  te n so r com ponen ts describ ing  d irec t re la tio n s betw een  th e  electric  fie ld  
and  th e  p iezoelectrica lly  induced  stress. T he re p e titio n  o f th e  indices im plies 
su m m ation .

In  th e  case of th e  K D P  sam ple in v e s tig a te d  in  ou r experim en ts th e  K D P  
c ry sta l is c u t p e rp en d icu la r to  th e  c ry sta llo g rap h ic  axes w ith  edges a, a, 1 
and  th e  e lec tric  field  is app lied  along th e  [0 0 1] d irec tion  (Fig. 1). T he electric  
field , ta k in g  in to  acco u n t th e  42m  sy m m e try  o f K D P  cry sta ls , causes T 12 
and  T 21 n o n  zero stress com ponen ts b y  th e  inverse  piezoelectric  effect. T 12 is 
th e  shear s tre ss  p roducing  d isp lacem en t u 2 along th e  [0 1 0] d irec tion . S im il
arly , T 21 induces d isp lacem ents in  th e  [1 0 0] d irection .

A ccord ing  to  th e  sy m m etry  o f  th e  a rran g em en t an d  neg lec ting  th e  in 
fluence o f  th e  la te ra l surfaces th e  sh ear d isp lacem en t u 1 sp a tia lly  depends on 
th e  X 2 co o rd in a te  only a n d  u 2 depends on  x x, respective ly . T h is m eans th a t  all 
p lanes p a ra lle l to  th e  (100) an d  (010) surfaces of th e  sam ple are p lanes of con
s ta n t p h ase  an d  th e  w ave can  be tr e a te d  one-d im ensionally . In  th is  w ay  u x 
and  u 2 a re  fu n c tio n s o f th e  tim e  an d  th e  x 2 or x x co o rd in a te , respective ly :

«1 == ^ 1 (^ 2 ’ t)? n 2 — u 2(xi,  i) . (4)

F ro m  E q s. (1) —(3), using  cond itio n  (4), tw o  re la tiv e ly  sim ple equ a tio n s 
follow for th e  genera tion  an d  p ro p ag a tio n  o f p iezoelectrically  in d u ced  acoustic  
tran s ien ts :

82u1

9 * |

82u 2
Эя;2

1 9 2U!

V2 8 t2
—  (d36E 3) ,\x2

1 82n 2 
812

(5)

( 6)

Fig. 1. T h e  in v es tig a te d  K D P  sam ple
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H ere  th e  condensed m a tr ix  n o ta tio n  is u sed  an d  th e  co n stan ts  are :

^36 =  езв/сев’ 1,2 =  cm I6 •

E xp ressio n s (5) a n d  (6) a re  inhom ogeneous w av e  eq u a tio n s describ ing  
p lan e  w aves p ro p a g a tin g  w ith  v e lo c ity  v defined  above. T he sources o f th e  
w aves a re  th e  g rad ien ts  o f  th e  p iezoelectrica lly  in d u ced  s tra in s . A ssum ing  th e  
e lec tric  fie ld  to  be hom ogeneous w ith in  th e  sam ple, n o n v an ish in g  g rad ien ts  
o f th e  p iezoelectric  s tra in s  are on ly  a t  th e  (100) an d  (010) side surfaces o f th e  
sam ple . T h u s , th e  sources o f th e  aco u stic  w aves are  a t  th e  side surfaces o f th e  
K D P  c ry s ta l sam ple.

T h e  m eth o d  fo r th e  so lu tion  o f  th e  inhom ogeneous w ave eq u a tio n s  is 
g iven  in  p ap ers  [19] a n d  [7]. T he G reen  fu n c tio n  m e th o d  is u sed  in  th e  case 
o f re c ta n g u la r  v o ltage  pu lses. T he g enera l conclusions can  h e  app lied  in  o u r 
case as w ell.

T h e  sp a tia l d is tr ib u tio n  o f th e  source te rm  accord ing  to  th e  a b ru p t fa ll 
o f th e  (d36E 3) te rm  a t  th e  la te ra l su rfaces o f th e  c ry s ta l sam ple  can  be g iven 
b y  a  v e ry  sh a rp  d is tr ib u tio n . T he tim e  dependence o f th e  source te rm  an d  th e  
sh ap e  o f  th e  acoustic  pu lses is d e te rm in ed  b y  th e  tim e-d ep en d en ce  o f d riv in g  
v o lta g e  (F ig . 2). T he d is tr ib u tio n  o f th e  s tra in  in  th e  acoustic  pu lses p ro p a g a tin g  
in  th e  K D P  sam ple is ex p ec ted  to  b e  as show n in  F ig . 2. T he lin ed  s trip s  re 
p re se n t th e  areas w here  th e  s tra in  d iffers from  zero. T hese s trip s  a re  assum ed  to  
be p ro p a g a te d  w ith  c o n s ta n t v e lo c ity , neg lec ting  th e  d ispersion  o f F o u rie r  
co m p o n en ts  o f acoustic  pulses. A rriv in g  a t  th e  opposite  side faces o f th e  sam ple  
th e  aco u stic  pulses a re  ex p ec ted  to  b e  re flec ted  b ack  in to  th e  c ry sta l.

T h e  acoustic p u lses show n in  F ig . 2 can  be m ade visib le on th e  p rin c ip le  
o f  th e  s tra in -o p tic  b irefringence. I f  th e  c ry s ta l is p laced  be tw een  crossed p o la 
rize rs  on th e  areas o f  th e  ap e rtu re  w h ere  th e  s tra in  differs from  zero, a  tim e- 
d e p e n d e n t, sp a tia l tran sm iss io n  is ex p ec ted  w hich  is d e te rm in ed  b y  th e  s tra in  
d is tr ib u tio n . T he tran sm iss io n  in  crossed  po la rizer a rra n g e m en t, i f  th e  an a ly ze r

Fig. 2. Expected strain distribution
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is p a ra lle l to  th e  х г or th e  x 2 c ry sta llo g rap h ic  ax is depends on  th e  r e ta rd a 
tio n  Г  as

T = T maxs in * - £ .  (7)

T h e  re ta rd a tio n

Г =  2 л
An • l

(8)

w here  An  is th e  s tra in -o p tic  b irefringence, l is th e  len g th  o f th e  c ry s ta l a n d  
A is th e  w av e len g th  o f  th e  t r a n s m itte d  lig h t in  vacuum .

T h e  s tra in -o p tic  b irefringence  lin ea rly  depends on th e  s tra in ; in  th e  
acoustic  pulses p ro p a g a tin g  a long  th e  x 1 axis

An - —  njjpeeS 12

an d  in  th e  acoustic  pulses p ro p a g a tin g  along th e  x 2 axis, s im ila rly

An =  ~ noPetS2i • ( 1 0 )

n 0 is th e  o rd in a ry  re frac tiv e  in d e x  o f  th e  u n ia x ia l K D P  c ry s ta l an d  p M is 
th e  p ro p e r s tra in -o p tic  coeffic ien t, in  condensed  m a tr ix  n o ta tio n .

As can  be seen in  Fig. 2 th e  areas in  w h ich  th e  s tra in , a n d  th u s  th e  
tran sm iss io n , differs from  zero, a re  m oving  s tr ip s . U sing re la tiv e ly  sh o rt lig h t 
pu lses, w ith  v a riab le  de lay  to  th e  h ig h  vo ltag e  pu lses, we can  follow  th e  p ro 
p a g a tio n  o f  th e  acoustic  pulses w ith  a cam era  focussed  on th e  e x it face o f 
th e  K D P  c ry sta l.

(9)

3. Experim ental set-up

A  d e ta iled  descrip tio n  o f th e  ex p e rim en ta l m e th o d  has been  rep o rted  
[14]. T h e  m ain  p a r t  o f th e  ex p erim en ta l se t up  can  be seen in  F ig . 3.

A  15 m m  X 15 m m  X 25 m m  sam ple  w as c u t  from  a K D P  m o n o cry sta l 
grow n b y  o u r group . T h e  25 m m  edge is along th e  x 3 axis (see F ig . 1). T he

RL3 = 0 = 4 KDP

I DPP г IHVPl

Fig. 3. Experimental set-up
KDP-crystal sample, P-polarizer, А-analyser, DPD-digital pulse delay generator, HVP-high 

voltage pulse generator, RL-ruby laser, T-Galilean telescope, C-camera
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(001) e n d  faces are p o lish ed . Copper p la te  e lectrodes w ith  13 m m  d iam ete r 
c ircu la r opening  are  p re ssed  to  th e  en d  faces o f th e  sam ple  b y  sp rings. T he 
K D P  sam p le  is p laced  be tw een  crossed po larizers. T h e  p o la riza tio n  d irec tion  
of th e  po larizer (P) is p a ra lle l to  x v  a n d  th a t  o f th e  analyser (A) is para lle l 
to  th e  x 2 c ry s ta llo g rap h ic  axis. The h a lf-w av e  v o ltag e  m easured  u n d e r  s ta tic  
co n d itio n s  is ab o u t 17 kV  fo r th e  w av e len g th  o f th e  H e-N e laser (6328 Â) in  
th e  m id d le  po in t o f th e  ap e rtu re . T his h ig h  value  can  be  exp la ined  b y  th e  non- 
u n ifo rm  electric  fie ld  d is tr ib u tio n  due to  th e  large  a p e r tu re  d iam ete r an d  b y  
th e  h ig h  resistance  o f  th e  ju n c tio n  b e tw een  th e  copper p la te  e lectrode an d  th e  
c ry s ta l surface.

T h e  ex p erim en ta l system  is co n tro lled  b y  an  e ig h t channel d ig ita l pulse 
d e lay  g en era to r (D P D ). T h e  delay o f  pu lses o f  each  channel can  be  se t sepa
ra te ly  from  each o th e r  in  1 цsec s tep s . T he p recision  o f th e  de lay  is ab o u t 
50 nsec.

T h e  K D P  m o d u la to r  is d riven  b y  12 kV pulses o f a high v o ltag e  pulse 
g e n e ra to r  (H Y P). T h e  H Y P  g enera to r is s ta r te d  b y  a pulse from  a ch an n e l of 
th e  D P D  genera to r. T h e  rising and  tra il in g  edges o f  th e  high v o ltag e  pulses 
are  a b o u t 50 nsec lo n g  an d  th e  pulse w id th  is a b o u t 300 nsec.

T h e  exposure l ig h t  is given by  a  ru b y  laser (R L ). The laser is con tro lled  
b y  a n o th e r  channel o f  th e  D PD  g en e ra to r. T he h a lfw id th  of th e  R L  pulses is 
a b o u t 60 nsec. T he la se r  rad ia tes  in  T E M 00 m ode. T h e  cross-section o f  th e  lase r 
b eam  is enlarged a n d  collim ated b y  a  G alilean te lescope (T). T h is cross- 
sec tio n  is abou t tw ice  as large as th e  c lear ap e rtu re . T h e  delay  o f th e  exposure 
l ig h t pu lses is c h an g ed  in  1 ,usec s tep s  over th e  1 — 150 ц sec range.

T h e  cam era  (C) is focussed on th e  ex it face o f  th e  c ry sta l a n d  i t  tak es  
a  p ic tu re  in  every  sh o t  o f the  laser, s e tt in g  v a riab le  d e lay  for ev ery  sh o t a fte r 
th e  h ig h  voltage pu lse  on the  K D P  c ry s ta l. So th e  cam era  ta k e s  a ciné film  
o f th e  acoustic  processes tak in g  p lace  in  th e  c ry s ta l on sho t b y  sh o t basis.

4. Experim ental results

T he fram es o f  th e  ciné film  o f th e  acoustic  processes can  b e  seen in  
F ig s . 4 —7. The m o st ch a rac te ris tic  p ro p a g a tin g  fea tu re s  of th e  acoustic  pulse 
g e n e ra te d  in  th e  K D P  crysta l b y  th e  inverse  p iezoelectric  effect a re  dem on
s t r a te d  on th e  fra m e s . The p ic tu res w ere ta k e n  in  1 /i.sec steps. T h e  delay  of 
th e  ru b y -lase r p u lse  to  th e  d riv in g  pulse  of th e  m o d u la to r is g iven  a t  th e  
b o tto m  of every  fra m e . The b rig h t crossing b a rs  on th e  fram es a re  th e  t r a n s 
m ission  p a tte rn s  rep resen tin g  th e  p ro p a g a tin g  acoustic  pulses.

T he v e loc ity  o f  p ro p ap a tio n  o f  th e  acoustic  pulses w as ca lcu la ted  from  
th e  d istances m easu red  on th e  p h o to s . I t  w as fo u n d  to  be th e  sam e in  b o th  
d irec tio n s of p ro p a g a tio n . The ca lcu la ted  va lu e  is (1540 +  100) m /s.
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a., 1 jjsec b.j 2  p  s e c c .j 3  ju s e c

d.) A s e c e .j  5  | i s e c f., 6  n s e c
Fig. 4. The acoustic transients start from the side surfaces and propagate with constant

velocity

Fig. 5. The transmission background
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V

a .,  7  Ц  s e c
V

Л

b., 11 ^  s e c
Fig. 6. The phase change at reflexion

Fig. 7. T h e  b u i ld in g  up o f  the s t a n d i n g  w a v e  t r a n s m i s s i o n  patterns (42 fiaec)
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T he acoustic  pulses m ove from  th e  side faces to w ard s  th e  cen tre  o f th e  
c ry s ta l. T h e y  cross each o th e r  an d  m ove fu r th e r  to  th e  opp o site  side faces 
as can  clearly  be  seen on th e  fram es. A rriv in g  to  th e  opposite  faces th e  w aves 
are  re flec ted  an d  s ta r t  to  m ove back  in to  th e  crysta l. T h is cycle is rep ea ted  
again  a n d  again .

I f  we follow  th e  p ro p a g a tio n  of th e  aco u stic  pu lses, sev e ra l p henom ena 
can  be observed .

T he acoustic  pulses in te rfe re  w ith  each  o th e r. D u rin g  th e ir  p ro p ag a tio n  
th e y  diffuse. D iffrac tion  o f  th e  acoustic  pu lses can also be  observed . T here 
are  areas on th e  ap e rtu re  w here th e  b r ig h t b a rs  rep re sen tin g  th e  acoustic  
pulses are s ig n ifican tly  w idened  or th e y  n e a rly  d isappear. L eav in g  th e se  areas 
th e  b rig h t b a rs  are v e ry  re g u la r  para lle l s tr ip s  again  as th e y  w ere earlier.

I n  sp ite  o f  these  processes th e  acoustic  pulses can be  seen also a t  delays 
being  as la rg e  as 150 fxsec. B u t  th ese  processes causing  th e  sm earin g  o ff o f  th e  
acoustic  pulses give rise to  th e  appearance  a t  tran sm issio n  o f  p a tte rn s  sim ilar 
to  t h a t  w ell know n  from  th e  w ork  o f St e p h a n y  [15].

5. D iscussion

T he fram es in  Fig. 4 g ive d irec t ev idence th a t  th e  sources o f th e  acoustic  
w aves are  a t  th e  free surfaces o f th e  c ry s ta l, as w as concluded  b y  J a c o b se n  
[19] (and  w as show n for lo n g itu d in a l K D P  m o d u la to rs  in  reference  [7]). 
M ore p recisely , th e  sources e x is t in  th e  c ry s ta l w here th e  g rad ien ts  o f  th e  
d36E 3 p ro d u c t d iffer from  zero , as can  be seen from  w ave eq u a tio n s  (5) an d  (6). 
T h e  assu m p tio n  is va lid  o n ly  in  a hom ogeneous electric fie ld  ap p ro x im a tio n  
th a t  sources o f  acoustic  w aves are a t  th e  side surface o f th e  c ry s ta l. A ctu a lly  
in  ou r h igh  a p e r tu re  e lec tro d e  a rran g em en t th e  electric  f ie ld  h as  a  non- 
un ifo rm  d is tr ib u tio n  inside th e  c ry sta l an d  th e re  are  non-zero  g rad ien ts  o f th e  
d36E 3 te rm . S ince th e  electric  f ie ld  changes re la tiv e ly  slow ly th e  source te rm s 
re la tin g  to  th e  non -un ifo rm  electric  fie ld  d is tr ib u tio n  inside th e  c ry s ta l can  
b e  neg lec ted .

T he acoustic  pulses a re  com posed o f acoustic  w aves due  to  th e  F o u rie r 
com ponen ts o f  th e  g en era tin g  h igh  vo ltag e  pu lse . T he com posing  acoustic  
w aves m u st be  in  good ap p ro x im a tio n  p lane  w aves as can  be concluded  from  
th e  pho to s  o f  th e  acoustic  pu lse  (Fig. 4).

F ro m  th e  m easu red  p ro p a g a tin g  ve lo c ity  o f  th e  acoustic  pulses an d  th e  
d e n s ity  o f  th e  c ry s ta l th e  ce6 elastic  coeffic ien t can  be ca lcu la ted . I t s  va lue  
is (6.1 +  0.6) . 109 N /m 2 in  good agreem ent w ith  th e  v a lu e  p u b lish ed  b y  
Ma so n  [21].

A t th e  in te rsec tio n  o f th e  acoustic  pu lses a  positive  su p erp o sitio n  o f th e  
acoustic  pulses can  be observed . This m eans t h a t  th e  acoustic  pulses p ro p a 
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g a tin g  a t  r ig h t angles to  each o th e r  cause  in  re frac tiv e  ind ices changes o f  th e  
sam e sign. F rom  th e  sim ilar b rig h tn ess  d is tr ib u tio n  in  th e  acoustic  pu lses i t  
can  be  concluded t h a t  th e y  are v e ry  sim ilar to  each  o th e r  reg ard in g  th e ir  
s tra in  d is tr ib u tio n  as well. A rriv ing  a t  th e  opposite  faces th e  acoustic  pulses 
are  re flec ted .

T h e  tran sm iss io n  p ic tu re  ta k e n  in  th e  ex p erim en ts  can  be se p a ra te d  
in to  tw o  p a rts . T he p rim a ry  one is th e  tim e-d ep en d en t p a r t ,  i.e. th e  p ro p a g a 
tio n  o f  th e  b rig h t b a rs  rep resen tin g  th e  acoustic  pulses as d iscussed above. 
B esides th e  p rim a ry  p a r t  th e re  is a  tran sm iss io n  b a ck g ro u n d  w hich is c o n s ta n t 
in  t im e  as can  be seen  on every  fram e .

T h e  tran sm iss io n  b ack g ro u n d  is show n in  th e  p h o to  o f F ig . 5 ta k e n  
w hen  no  acoustic  tra n s ie n t  was p re se n t in  th e  K D P  sam ple. T he cu rv ed  s trip s  
a re  th e  fringes o f eq u a l th ickness — th e  po lished  en d  faces o f th e  c ry s ta l are 
n o t e x a c tly  p ara lle l to  each o th e r a n d  th e y  are  slig h tly  spherical. As can  be 
seen in  th e  pho tos th e  d en sity  an d  th e  c u rv a tu re  o f  th e  fringes o f equal th ick n ess  
ch an g e  on th e  a p e r tu re  of th e  c ry s ta l. B esides th e se  re la tiv e ly  reg u la r in te r 
ference  fringes th e re  are  sign ifican t n o n un ifo rm ities on th e  tran sm issio n  p ic 
tu re s . T he m ost obv ious one can  be seen s lig h tly  above th e  h o rizo n ta l d ia 
m e te r  o f th e  a p e rtu re . This n o n u n ifo rm ity  can  be  caused  b y  a c ry s ta l im p e r
fec tio n  across th e  c ry s ta l. T he s tre ss  d is tr ib u tio n  in  th e  im perfec tion  causes 
th e  ch a rac te ris tic  tran sm issio n  d is tr ib u tio n  b y  th e  s tra in  op tic  b irefringence. 
T h e  c ry s ta l was checked  in  a M ach —Z ender in te rfe ro m e te r  K P -74  a n d  th e  
d is to r tio n  of th e  in te rfe ren ce  fringes p ro v ed  th e  assu m p tio n .

T he stress fie ld  o f th is  c ry s ta l im perfec tion  in te ra c ts  w ith  th e  s tre ss  fie ld  
o f  th e  p ro p ag a tin g  acoustic  pulses. I t  can  be seen in  th e  fram es o f F ig . 4 th a t  
th e  s tress fie ld  o f th e  c ry s ta l im p erfec tio n  an d  th e  acoustic  pulse in te rfe re  posi
t iv e ly  on th e  r ig h t side of th e  im p erfec tio n  an d  th e y  cause each o th e r d im in ish  
in  th e  area  on th e  le f t side. T h e  stress fie ld  o f  th e  im perfec tion  p ro b a b ly  
changes th e  sign fro m  left to  r ig h t. A t th e  m idd le  p a r t  o f th e  a p e rtu re  in te r 
fe rence  of th e  aco u stic  pulses w ith  th e  assum ed  stress d is tr ib u tio n  c a n n o t be 
o b serv ed  (Figs. 4 d a n d  e). This p ro v es th a t  th e  stress changes sign in  th e  cen tra l 
p a r t  o f th e  im p erfec tio n  and  th e re fo re  th e  stress in  th e  m iddle p a r t  is neg
lig ib le .

R e tu rn in g  to  th e  re flec tion  process i t  can  be estab lished  th a t  th e  s tre ss  
fie ld  o f th e  acoustic  pulses changes sign d u rin g  re flec tio n . T he v e rtic a l b rig h t 
b a r  a t  th e  left s ide  o f Fig. 6a show s n eg a tiv e  in te rfe ren ce  w ith  th e  s tress d is
t r ib u tio n  of th e  c ry s ta l im perfec tion . A fte r re flec tio n  n ea rly  a t  th e  sam e place 
a re m a rk a b le  p o sitiv e  in te rfe ren ce  can  be o bserved  (F ig  6b).

T he d iffusion  o f  th e  acoustic  pulses can  be  w ell observed  a fte r  th e  f irs t 
të n  pho tos. T he diffusion is th e  consequence o f th e  d ispersion  of th e  F o u rie r 
co m p o n en ts  o f th e  acoustic  w aves com posing th e  acoustic  pulse, an d  th a t  of 
th e  d iffrac tion  in  th e  reflection  processes on th e  side faces.
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T he in te ra c tio n  w ith  th e  c ry s ta l im perfec tions causes th e  sp read in g  of 
th e  acoustic  pu lses. T h e  sh o rt w av e len g th  com ponen ts ex ist longer a n d  th e re 
fore th e  acoustic  pulses are  observab le  long  a fte r  gen era tio n . T he com ponen ts 
o f long  w aveleng ths give rise to  th e  ap p ea ran ce  o f tran sm iss io n  p a tte rn s  sim ilar 
to  th e  ty p ic a l s ta n d in g  w ave tran sm iss io n  p a tte rn s  w hich are  developed  in  
th e  case o f period ica l d riv ing  (Fig. 7).

6. Conclusion

T he ex p erim en ts  prove th e  re su lts  c a lcu la ted  b y  th e  sim plified  m a th e m a 
tic a l m odel. T h e  m eth o d  developed fo r in v es tig a tio n s  m akes a d irec t v isu a liz 
a tio n  of th e  aco u stic  tra n s ie n t processes possible.

T h e  e x p e rim e n ta l resu lts  can  be e v a lu a ted  q u a n tita tiv e ly , beside  th e  
sound  v e lo c ity  an d  re la te d  elastic  c o n s ta n t, th e  e lastoop ic , p iezoelectric  and  
e lec troop tic  p ro p ertie s  of crysta ls  can  be  ca lcu la ted  b y  th e  m icrodensitom etric  
ev a lu a tio n  o f th e  p h o to s . Such m easu rem en ts  are p lan n ed .

T he e x p e rim e n ta l m eth o d  m ay  be v e ry  usefu l in  th e  design o f e lec troop tic  
devices in  w hich  d is tu rb in g  acoustic  tra n s ie n ts  an d  resonances m ay  ta k e  place.
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RECENSIONES

W a l t er  T h ir r in g : Classical D ynam ical System s
Springer, New York, Wien, 1978, 258 pages

The author is respected for his exactly soluble models in the scientific world community. 
This book, the first in a series of four volumes, containing his lectures at the Vienna University, 
deals with classical mechanics. The theorems and problems treated are essentially the same as 
in any University course, but a special flavour is given by the full mathematical rigour. It 
is remarkable that this does not make the treatment longer, it has made it even more compact. 
The language of the book is the elegant Bourbaki language of modern mathematics, generally 
spoken among mathematicians and spreading among theoretical physicists. Looking at the 
contents of the different chapters, one discovers that the restricted motions and some approxi
mation methods (relevant mainly for mechanical engineering) are omitted; they were incon
sistent with the spirit of the book. On the other hand, a consequent use of configuration 
space, phase space and fourdimensional space time is offered, which is certainly the most 
powerful way to present the Newtonian dynamics from a 20th century point of view. In this 
framework e.g. the Liouville theorem, quasi ergod theorem, the asymptotic treatment of scatter
ing problem have found a natural place. The book is strongly recommended to mathematics 
students, who are interested in learning hard physics in their own language. It is also recommend
ed for those readers of physics, who are eager to present classical dynamics as a relevant 
part of 20th century physics.

G. Ma rx

P artic les  and  Fields

Edited by David H. Boal and Abdul N. Kamah 
Plenum Publishing Corporation, New York and London, 1978, viii +  462 pages

This book contains the invited lectures and seminars presented at the Banff Summer 
Institute on Particles and Fields, held at the Banff Center in Banff, Canada, from 25 August 
to 3 September, 1977. It presents recent experimental and theoretical developments in particle 
physics and field theory. The book contains such topics as extended objects, lattice gauge 
theories, quantum chromodynamics, Reggeon field theory, the theoretical interpretation of 
colliding electron-positron beam experiments and gauge theories of weak interaction. Experi
mental reviews of recent work in charmed particle and neutrino physics, as well as summaries of 
the theoretical implications of these experiments are also given.

The book includes eight lectures and six seminars. Lectures:
Contemporary Reggeon Physics (A b a r b a n el)
Chromodynamic Structure and Phenomenology (Ap p e l q u is t )
Charmed Particle Spectroscopy (F el d m a n )
Hadron Spectroscopy and the New Particles (G ilm a n )
Extended Objects in Gauge Field Theories (’t  H o o ft)
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Classical and Semi-classical Solutions of the Yang-Mills Theory 
( J a ckiv , N o hl  and R e b b i)
Some Recent Advances in Neutrino Physics (Ma n n )
Lattice Gauge Theories (W e in s t e in )

Seminars :
Non-perturbative Method in Field Theory (Ca ia n ie l l o , Ma rin a ro  and Sc a r pe tta ) 
Dimensional Régularisation and Hyperfunctions (F u j i i )
Transverse Momentum Distribution of Partons in Quantum Chromodynamics (L am ) 
Trimuons (P h il l ip s )
An Approach to Measurement in Quantum Mechanics 
(Su d a rsh a n , Sh e r r y  and Ga u t a m )
A Survey of Vortices in Gauge Theories (T ze)

G. K napecz

G eneral Physics w ith  Bioscience E ssays
John Wiley & Sons, Inc, New York, Chichester, Brisbane, Toronto, 1979, pp. 555

This book is a text for a general introductory course in physics for students whose main 
interest and careers lie in other areas. The mathematical ability necessary to master the mate
rial presented is not great — high school algebra is used extensively and simple trigonometry 
is used where necessary. The App< ndix sommâmes a 1 of the mathematical techniques required 
to understand the discussions and to solve the pioblems.

There is a streng emphasis on classical physics, with discussions of all the important topics 
but there is also a generous amount of material on medern physics.

To understand and appreciate the various ccncepts and applications of physics, con
siderable drill in problem solving is required. Each chapter contains a collection of worked 
examples covering all of the important points. Moreover, at the erd of each chapter there is 
a list of questions to test the student’s cc mprehensicn of the concepts and a geneious number 
of problems to test his or her problem-solving abilities. The more difficult problems are indi
cated by an asterisk, and the answers to the odd-numbered problems are at the back of the 
book. Altogether, there are approximately one thousand questions and problems in the 20 
chapters of this book. For the students who whish assistance in a planned study program, 
a Study Guide is available to accompany the text.

Many of the students who take an introductory physics course are looking towards 
careers in medicine, dentistry, nursing, medical technology, microbiology, chemistry, and a 
variety of other professions in or related to the life sciences. These students, in particular, 
sometimes wonder how the subject of physics plays a role in the behavior of living things. 
The attempt to provide a partial answer to this curiosity has led to the development of the 
unique aspect of this book, that is, the inclusion of a number of essays on bioscience topics 
that emphasize the importance of physical principles in the operation of living systems. Each 
essay is related directly to the material in the chapter of which it is a part. But the essays 
are supplementary to and separate from the material in the chapters themselves. That is, 
the essays are optional and can be completely skipped without loss in the flow of physics ideas. 
However, by omitting the essays, some of the most interesting physics in the book will be lost !

One of the ideas in preparing this collection of bioscience essays was to provide, for 
every main physics topic, some quantitative life-science application Therefore, each essay 
contains some numerical discussion of the topic and some numerical problems so the students 
can see how calculations are carried out in a different area of science. The essays here amount 
to about 13 percent of the text.

I. K ovács
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LES NOMBRES QUANTIQUES COMME PARAMÈTRES 
CACHÉS DANS L’INTERPRÉTATION CAUSALE DE LA 

MÉCANIQUE ONDULATOIRE
Par

T.  MÁTRAI
C H A IR E  D E  P H Y S IQ U E  A L 'É C O L E  S U P É R IE U R E  P É D A G O G IQ U E  D E  E G E R , E G E R , H O N G R IE

(Reçu 16. I. 1979)

Ce travail adhère à la conception de M. L. d e  B r o g l ie  [1]. Suivant celle-ci, la mécanique 
ondulatoire ne fournit que des données probables sur une microparticule seulement parce 
que celles-ci sont incomplètes et même imprécises. Point de besoin alors de considérer la 
particule comme par sa nature floue dans l’espace de ses cordonnées et de sa vitesse. Attri
buons ici donc — à la particule — un lieu r(t) ponctuel, c’est-à-dire une orbite précise à un 
temps t arbitraire dans le système d’inertie1 et prêtons l’incertitude Heisenbergienne seulement 
à l’intervention de mesure [4]. Cette étude même — profitant des enseigments de plusieurs 
tentatives précédentes [5 —12] — cherche à interpréter un cas individuel à l’aide de la géné
ralisation connue (jusqu’ici pensée formelle) de la point-dynamique Hamilton—Jacobienne.2 
Elle cherche, notamment sur le chemin, proposé également par B ohm [7], la solution totale 
de l’équation Jacobienne généralisée mais elle y explore par des considérations de corres
pondances les paramètres de dynamique, désignés habituellement dans la mécanique classique 
par оtj ainsi que ßj (j  =  1, 2, 3), puis elle les suit jusqu’à leur dérobade. Il en dégage ainsi les 
paramètres, indiqués par a, sont contenus en fait dans les fonctions propres de mécanique 
ondulatoire, mais en dernière analyse, trivialement cachés dans le domaine, déterminé par 
les nombres quantiques, c’est-à-dire dégénérés en comptables. C’est pourquoi, dans la valabilité 
de la statistique quantique de bien beaucoup de particules, ne peuvent pas se présenter de 
changements séculaires qui, selon P a u l i [14], peuvent être provoqués par les paramètres 
cachés. En effet, les statistiques quantiques comptaient même jusqu’ici avec des nombres 
quantiques, et cela est en concordance complète avec les expériences. Le travail présent 
démontre comment il faut ordonner une orbite à la particule et dans son état pur et son état 
mélangé, mais il montre aussi que les paramètres, indiqués par ß ont leur rôle non seulement 
dans la détermination de l’orbite individuelle, mais dans celle de multitude statistique de parti
cules à la mécanique ondulatoire même. Pendant la discussion, il devient également prouvé 
que, en général, la vraie impulsion ne correspond pas précisément à la canonique; entre elles 
se présente donc un rapport plus général que dans l’équation connue sous le nom équation de 
guidage [15]. Ainsi, le paradoxe de vitesse y  mentionné ne peut être posé ici.

Acta Physica Academiae Scientiarum Hungaricae, Tomus 46 (4 ),p p . 217— 2 3 6  (1979)

Remarques initiales aux précédents du sujet

M. B orn , à q u i on a ttr ib u e  l ’in te rp ré ta t io n  s ta tis tiq u e  de la  fonction  
d ’on d e  B roglienne e t  avec cela celle de la  m écan iq u e  o n d u la to ire , c ro it exprés- 
sem en t p o u r im possib le  [16] — to u t  com m e N ew to n  la  len tille  a c h ro m a tiq u e  
— d e  p o u v o ir t ro u v e r  une in te rp ré ta tio n  in d iv id u e lle  a v a n t la  m êm e de la  
n a tu re  s ta tis tiq u e . Sous ses a rg u m en ts  v ra im e n t t r è s  pesan ts , selon la  th éo rie

1 On peut l’interpréter en vertu du principe de la relativité restreinte aussi [2], c’est- 
à-dire même, si dans la généralisation cherchée de la dynamique, la loi d’inertie ne conserve 
pas sa  vigueur générale dans un cas individuel, et ainsi la définition de La n g e  sur le système 
d’inertie [3] perd son sens.

2 Sur un autre chemin plus approfondi, qui fait descendre la particule des ondes 
Brogliennes, voir [13].

1* Acta Physica Academiae Scientiarum Hungaricae 46, 1979
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dev en u e  lég itim e : p lu s une p a r tic u le  est p e ti te , m oins elle est d e sc rip tib le  p a r  
le  m odèle de L ap lace . C’est J .  N e u m a n n  qu i a  é ta b li les bases de ces concep
t io n s  dans u n  sy stèm e  d ’ax iom es — p are il à ta b le  de p ierre  — leque l [17] 
e x c lu t m êm e l’ex is ten ce  des p a ra m è tre s  «cachés» e t  p a r  la  fo rm u la tio n  causale 
d e  la  m écanique o n d u la to ire  b ien  q u e  cela fû t p ressée  assidûm en t p a r  L o r e n t z , 
P l a n c k  [18] e t p a r  E in s t e in  [19 ] à l ’in té rê t  de  «totalité». M ais p lu s  récem 
m e n t, m êm e B e l l  a  cru  tro u v e r  u n e  p reu v e  à l ’im possib ilité  des p a ram è tres  
cach és laquelle  a  é té  réfu tée  efficacem en t p a r  d e  B r o g l ie  [20 ]. W ig n e r  a 
re lev é , dans le  c a d re  des concep tio n s N eu m an n ien n es certa ines d ifficu ltés  de la  
n o tio n  de la  p a r tic u le  «floue» [2 1 ], ta n d isq u e  T is z a  a essayé ex p ressém en t la  
re c o n s tru c tio n  de celle-la [22]. Ce tra v a il  ici s e ra it  inséré p a r  les é tu d e s  polé
m iq u es de B o r n  p a rm i les «épreuves ré ac tio n n a ire s  p -abso lu tisan tes»  (c’est-à- 
d ire  au  genre, p a r t a n t  de la  p r io r ité  de  l ’ex is ten ce  de la  particu le) d o n t p lusieurs 
v a r ia n te s  se m o n tra ie n t ju s q u ’ici com m e in ach ev ées , ainsi les tr a v a u x  de 
F r e n k e l  [5], c e u x  de B l o h in c e v  [6], de B o h m  [7] e t celui de  l ’a u te u r  
[ 8 —9 ], puis, a d h é ra n t  au  c r itè re  de la  s ta b ilité  dy n am iq u e  de P o in c a ré — 
B irk h o f  — L ja p u n o v —C hetaev: les é tu d es de Ch a k o  [10], de K a l it z in  
[1 1 ] e t celui de  P y r a g a s  — A l e x a n d r o v  [12 ]. A  savoir, eu x  to u s  é rigen t 
d es  signaux  de ro u te  in s tru c tifs  p o u r  so rtir  d u  la b y rin th e  du  p o s tu la t  à la  
to ta l i té .

§ 1. L’a lg o rith m e Jacob ien  p o u r a ttrib u e r u n e  orbite m êm e à  une  
particule de m écan ique ond u la to ire

a) Pour début e t pour y  fa ire  ta rd  des références, nous d écrivons les 
é q u a tio n s  de la  m écan iq u e  o n d u la to ire  e t nous développons l ’analog ie  form ale 
à  l ’éq u a tio n  de  p o in t-d y n a m iq u e  de H a m ilto n —Jaco b i. N ous com m ençons 
p a r  l’équation  d e  S chrôdinger d é p e n d a n t d u  te m p s , su iv an t laq u e lle  p o u r  une  
p a r tic u le  lib re  d e  m asse  m dans l ’espace  d u  p o te n tie l réel

V  =  V[r, t ] ( l a , l )

c o n n u  de la  m écan iq u e  c lassique, s’accom plit l ’éq u a tio n :

k2 h-  — . ÆP + F . У = -  — — . (la,2)
2m i dt

Ic i ,  2 як ^  h e s t le  co n stan t de P la n c k , A =  d iv  g ra d  est o p é ra te u r  connu  de 
L ap lace  et

P  -  У (г , t) ( la ,3 )

e s t  la  fonction  d ’o n d e  B roglienne (nom m ée é ta t) .  C ela est fo rcém en t com plexe 
e n  ra iso n  de la  fo rm e  de ( la ,  2). G râce  à la  fo rm e lin éa ire  hom ogène de ( la ,  2)
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nous tro u v o n s  parfo is p o u r  ( l a ,2) u n e  so lu tio n  no rm alisée  p o u r laq u e lle  la  
co n d ition

|'~ W* ■ У  - d3 r  =  1 ( la ,4)

sera  rem p lie . D ans celle-ci, la  4** signifie le  com plexe conjugué de W, l ’in tég ra l 
de v o lu m e  (p a r l’élém ent d3r) s’é ta n d  p o u r ta n t  su r  l’espace con figura tionnel 
in fin i (o o ) .  C ette  cond ition  n e  p e u t ê tre  accordée q u ’avec  la  Ч1 q u a d ra tiq u e m e n t 
in té g ra b le  qu i d isp a ra it dan s |r | =  r  —► o o . C onform ém ent à l ’expérience, la  
q u a n tité

V *  - W  =  g(r, t )  S .  1 ( la ,5)

donne la  densité spa tia le  p o u r  la  probabilité (c’es t-à -d ire  la  fréquence) de trou
ver la  p a r tic u le  au  lieu  r  à l ’in s ta n t  t. E n  v e r tu  de la  règle d ’a d d itio n  des 
p ro b ab ilité s  exclusives, c e tte  a ffirm a tio n  es t en  acco rd  avec la  ( l a ,4) ex p ri
m a n t la  c e r titu d e .3 Si n o u s inversons la  fo n c tio n  d ’onde, éc rite  sous form e 
tr ig o n o m é triq u e :

W  s  ]/"g • e,s/*, ( l a ,6)
+

nous gagnons

s ^ = ~ k

qu i es t m êm e p a r  sa fo rm e réelle, nom m ée fo n c tio n  principale . À l’a ide  de 
celle-ci, la  com plexe ( l a ,2) se décom pose en  d eu x  éq u a tio n s réelles. L ’une 
d ’elles e s t:

g rad  S
+  1 T = 0 'dt

(la,8)

c’est-à -d ire  fo rm ellem en t u n e  équation de continuité où , ju s te m e n t p o u r  cela, 
il fa u t  co n sid é re r le  v e c te u r, m is en p a ren th èse s  graciles com m e densité de 
courant de probabilité. E t  l ’a u tre  éq u a tio n :

~ ~  g rad 2 S  +  F  U =  — , ( l a ,9)
2m dt

3 P a r  la  fo rm e de l ’é q u a tio n  ( l a ,  2), la  so lu tio n  ( l a ,  3) p e rm e t — o u tre  les v a riab le s  
r e t  t , m ises en  p a ren th èses  rondes — m êm e d ’au tre s  v a riab les  (p a ra m ètre s)  qui ne f ig u re n t  pas 
d an s l ’éq u a tio n  ( l a ,  2). D e telles ap p ara issen t nécessa irem en t e t  h ab itu e llem en t dans la  so lu
tio n  nom m ée to ta le  e t  non  générale  des éq uations a u x  dérivées partie lles . U ne a u tre  v a riab le  
n ’est d ’acco rd  avec  l’a ffirm atio n  ( l a ,  5) que si d an s  les périodes des épreuves rép é tées de 
re tro u v e r c e rta in e s  g randeurs, c’est-à-d ire  p a ram ètre s , p re n n e n t to u jo u rs  la-m êm e v a leu r.
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se p ré sen te  dan s la  fo rm e élargie p a r  U  de Véquation Hamilton —Jacobienne, 
co n n u e  dans la  p o in t-d y n am iq u e  où

*
—  • — ± -  ( l a , 10)
2m fg

+

e s t le  potentiel su b séq u en t de d e  B roglie  [15]. Si donc, h —► 0, la  ( l a ,9) 
p a sse  dans la  fo rm e  classique. O n p e u t o b te n ir  l ’in tég ra le  W  d an s la  fo rm e 
( l a , 6) p a r  la  so lu tio n  sur S e t  g des é q u a tio n s  d ifféren tie lles sim u ltan ées 
( l a , 8 - 9 ) .

D ans u n  esp ace  p o ten tie l, in d é p e n d a n t d u  te m p s , c’es t-à -d ire  conservatif

V  =  V[t] ( l a , 11)

on  p e u t se c o n te n te r  p o u r la  p lu p a r t  de la  so lu tio n  de form e sim ple, nom m ée 
séparée:

4> =  m  ■ V(r). ( l a ,12)

À  savo ir, dans u n  te l  cas stationnaire, à l ’aide de  la  co n stan te  B  de sép a ra tio n , 
q u i d o it ê tre  p rise  p o u r  com plexe ( l a ,2), p e u t ê tre  disloquée en  d eu x  éq u a tio n s  
com plexes d’e n tre  lesquelles l ’u n e  n e  c o n tie n t q u e  la  va riab le  t e t  l ’a u tre  que 
la  v a riab le  r. E n tr e  elles, l ’in té g ra le  com plète  de l’éq u a tio n  d ifféren tie lle  
c o n te n a n te  i:

m  =  e , ( l a , 13)

où  D  est aussi u n e  co n stan te  a rb itra ire  com plexe d ’in tég ra tio n . E t  l ’éq u a tio n  
de r variab le  e s t:

—  Ay> +  (B  — V}ip =  0 ( l a , 14)
2 m

nom m ée équation-amplitude. Ic i, p o u r  la. fonction d'amplitude ip — qu i p e u t ê tre  
cherchée to u jo u rs  m êm e en fo rm e com plexe — est va lab le  à  cause  de ( la ,4 ) :

ip* . rp =  Q ( l a , 15)

e t  p u is , à cause  de ( l a ,5) d an s le cas de ( l a ,  4)

Í гр* • d3r  =  1 ( l a , 16)

e s t aussi rem plissab le . In tro d u iso n s  la  q u a n tité  réelle E:

E  =  (B* +  B )/2. ( l a , 17)
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M a in te n a n t, à cause de  ( l a ,7) — re p ré se n té e  p a r  (D* -j- D)/2 =  const. — :

S (r, t) =  — E t -\— — ln  — ----- co n st. ( l a ,18)
2 i ip*

C’est p o u rq u o i, en cas co n se rv a tif  l a  ( l a ,9) se ré d u it  p a r  l’a b rév ia tio n :

S , — l n - ^ - ( É O )  ( l a ,19)
2i y 9

à Véquation Jacobienne, nom m ée abréviée:

—  g rad 1 2  * S r +  V  +  U  — E  ( l a ,20)
2m

où alors, à cause  de ( l a ,15) e t  ( l a ,10), n i g, n i U  ne  d ép en d en t d u  t. E t  ( l a , 8 ) 
se ré d u it 4  com m e cela:

d iv JL
m

g rad  S r ( l a , 2 1 )

b) Calcul d'orbite dans l'état «pur»; les paramètres de caractère x  et ß

N ous v ou lons que ( l a ,9) laquelle  ensem ble  avec ( l a , 8 ) e t ( l a ,10) est 
éq u iv a len te  à  ( l a , 2 ), non  seu lem en t p a r  fo rm e, m ais aussi p a r  c o n ten u , so it la  
g én éra lisa tion  de l’éq u a tio n  H a m ilto n —Ja c o b ie n n e  classique (h —*■ 0). C’est 
p o u rquo i n o u s n ’accep tons q ’u n e  solution totale de fo rm e: S  =  S [r, t, x v  x2, « 3 ]. 
P a r  co n séq u en t, à cause de ( l a ,7 ) ,il fa u t ch e rch e r dan s la  W, donnée p a r  ( la ,3 ) , 
o u tre  les r  e t  t encore tro is  p a ram è tres  réels x j  (j  =  1, 2, 3), c’es t-à -d ire , il 
fa u t  l a  ( la ,3 )  tro u v e r  d an s  la  form e

W ^ 4 > [ r , t , x 1, x 2, x 2\ ( l b , l )

qu i est d é riv ab le  non  seu lem en t p a r  r a p p o r t  à r  e t t, m ais à Xj aussi, a u  m oins 
deux  fois (e t m êm e m élangée ) . 5  Nous re m a rq u o n s  que  en expériences p o u r

1 En cas de particule de charge électrique (la , 21) doit exprimer la conservation de
charge. Et cela ne peut être possible même en cas V =  0 et stationnaire [23] que, si Sr 0,
c’est-à-dire, si y) ^  y)*. C’est pourquoi, il faut construire tous les diviseurs de la xp séparés selon
les cordonnées en cas non trivial dans formes complexes (voir encore § 1/d, la note 6 et § 3/c, 
puis [24]).

5 Les parenthèses rondes autour de r et t dans (la , 3), veulent exprimer que la valeur 
de la fonction peut dépendre d’autres paramètres encore. Mais les parenthèses de crochets 
dans (lb, 1) excluent d’autres variables qui diffèrent des quantités contenues en elles.
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d é te rm in e r  la  g, d o n n ée  p a r  ( la ,5), il fa u t  re s ti tu e r  les c irconstances à ch aq u e  
é p re u v e , e t il ne f a u t  v a r ie r  que r  e t t. A insi, x j  c a rac té rise , à v ra i d ire , l ’e n to u 
rag e  de  d ép art.

D an s  des cas co nserva tifs , p .e . dans les so lu tions stationnaires usuelles 
de ( l a , 2), des p a ra m è tre s  x  se p ré se n te n t d ’h a b itu d e  sous form es des c o n s ta n ts  
de sé p a ra tio n  m en tio n n ée . N o tam m en t, dans ( l a ,9), la  sép a ra tio n  d u  te m p s  
e t  des cordonnées in tro d u it  dans ( l a ,20) la  cq == E, e t dans c e tte  d ern iè re , 
la  sé p a ra tio n  des tro is  cordonnées e n tre  elles ré su lte  n écessa irem en t encore 
les v a le u rs  réelles: cc2, a 3. Mais l’ex igence de l ’in te g ra b ilité  q u a d ra tiq u e  e t  celle 
de l’un iva lence  (à sa v o ir  de la  régularité )  choisit encore, p o u r oq, oq, x3 ju s q u ’ici 
a rb itra ire  réelle, u n  dom aine  d isc re t, c’est-à -d ire  co m p tab le  p a r  des nombres, 
n o m m és quantiques. E n  cas de p o te n tie l c en tra l, il e s t d ’usage de fa ire  descendre  
oq, oc2, oc3 p.e. des n o m b res q u an tiq u es  connus: n , l, m. C’est p o u rq u o i:

où
X j  =  x j(n, l, m ); j  =  1, 2, 3,

a(oq, oq, q 3) (J 
d(n, l, m)

( lb ,2 )

M ais, m êm e en cas n o n -s ta tio n n a ire , se p ré sen te  le  p a ra m è tre  x, p .e . chez le  
p a q u e t  d ’ondes a u  m o u v em en t lin éa ire  de v ite sse  v =  x  sans force (vo ir [8], 
p . 329.(3,2)). D ans la  su ite , nous exam inons aussi les conséquences de l ’a p p a r i
tio n  de  te ls  p a ra m è tre s .

Si pour ( l a ,2), nous avons v ra im e n t tro u v é  u n e  so lu tion  de fo rm e ( l b , l ) ,  
n o m m ée  pure, a lo rs d ’après le théorème connu  de J a c o b i [25], — à l’a id e  de  S, 
d o n n ée  p a r  ( l a ,7) — Yéquation orbitale cherchée sera  donnée p a r  le  sy s tèm e  
d ’éq u a tio n s:

dS [r, i, oq, x_>, oc3 j 
dxj

ß j (j  =  h  2, 3), ( lb ,3 )

il e s t  v ra i: dans u n e  form e im p lic ite . L à, ßj — au  m oins dans le d o m a in e  de 
v a le u r  du  p rem ie r m em bre — signifie  tro is  nom bres réels a rb itra ire m e n t 
choisissibles.

E n  cas m en tio n n é  du V  co n se rv a tif  e t c e n tra l, p .e. ( lb ,3 )  e s t de  fo rm e 
su iv a n te  d’après ( lb ,2 ) :

as _â  + _aŝ  ai ; as
dn i)Xj dl dxj i)m,j

dm
dx j

ß j U =  1 , 2 , 3 ) . ( lb ,4 )

S elon  la  fo n c tio n -am p litu d e  com plexe  ip e t avec  ( l a ,19), m êm e la  S  p e u t-ê tre  
ex p rim ée  dans u n e  fo rm e d iffé ren tiab le  p a r  ra p p o r t au x  nom bres n, l, m. 
À sav o ir, p a r la  sé p a ra tio n  de ( la ,  14), se p ré se n te n t des éq u a tio n s  d ifféren tie lles
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a u to -a d jo in te s  o rd in a ires . Mais la  so lu tio n  de telles sera  donnée p a r  des p o ly 
nôm es de Z-ième degré (de v a leu r a u x  b o rd s p rescrite ) qu i son t p ro d u its  d ’h a b i
tu d e  p a r  form ules recursives aussi. P a r  conséquen t, ces po lynôm es p eu v en t 
ê tre  d éd u ites  — à la  su ite  de R odrigues — des Z-ièmes dérivées d ’un e  fonction  
g én é ra trice  convenab le . U ne te lle  dérivée  p e u t ê tre  p ro d u ite  m êm e dans une  
fo rm e  in tég ra le  p a r l e  théorème, de Cauchy ([26] p . 153), d iffé ren tiab le  p a rtie lle 
m e n t p a r  ra p p o r t à Z, com m e p a ra m è tre . D ans ( lb ,4 )  donc, dSjdl ex iste . P .e . 
la  fo rm e in tég ra le  de la  fonction  sp h ériq u e  «adjointe» connue — p a r  ab rév ia 
tio n  p =  cos $ — (vo ir [27]):

Р{%и) = -----  • {/л -\-Y/j? — 1 • cos <p)1 • e~imip ■ dcp.
2 л  J _ „

M ais p a r  la  m é th o d e  ic i m en tinnée , m êm e la  fo n c tio n  de L ag u e rre  L n(r) 
p e u t ê tre  co n s tru ite  en  fo rm e d iffé ren tiab le  p a r  ra p p o r t à n. C’e s t  pourquo i, 
d ’ap rès  ( lb ,3 )  — en  é ta t  p u r  l’o rb ite  e s t v ra im e n t déterm inée .

D ans la  su ite , nous in tro d u iso n s com m e ab rév ia tio n :

a  au  lieu  de «,• i  =  1, 2, 3.
(lb ,5 )

ß au  lieu  de ßj j  — 1, 2, 3.

c’es t-à -d ire  la  re p ré se n ta tio n  p a r  des le t tre s  débou tés e t  grosses, s u b s ti tu a n t 
l’in d e x  j .  A insi, la  fo rm e explic ite  de l ’éq u a tio n  o rb ita le  (lb ,3 )  e s t la  su iv an te :

r =  r [ t , a ,  ß ] . (lb ,6 )

M ais, la  d é te rm in a tio n  générale  de celle-ci e s t u n  devo ir g rave, ex ig ean t — 
m êm e d an s  le p lu s sim ple cas — l’i té ra tio n  p a r  ca lcu la trice  é lec tron ique . 
P o u r ta n t ,  m êm e sans cela co n cern an t l ’o rb ite , p a r  ( lb ,3 ) , on y  p e u t  conclure 
à des p ro p rié té s  im p o r ta n te s  (vo ir § 2 a —b).

(E n  m êm e te m p s  le  prob lèm e se pose  ici de déciser si, l ’o rb ite  de  la  sin
g u la rité  d ’une  so lu tio n  p lu s  générale  à ( l a ,2), m en tionnée  en [13], sa tisfa it 
m êm e la  ( lb ,3 ) , c o n te n a n te  de W to ta le  ( l b , l ) ,  re sp ec tiv em en t la  ( l e ,5) sub 
séquen te .)

c) Calcul d'orbite en état «mélangé», apparition de nouveaux paramètres

P ro d u iso n s d an s  l’a rg u m en t des so lu tions ( lb , l ) ,  qu i a p p a r tie n n e n t au  
m êm e V  de l’éq u a tio n  ( l a ,2), u n e  su ite  a , (Z =  1, 2, . . ., n) de p a ra m è tre  a, 
p a rm i les é lém ents de laq u e lle  ne d o iv en t p as  se tro u v e r  deux  ég au x . Com m e 
ch aq u e  fo n c tio n  de n ’im p o rte  quel o rd in a l Z de la  su ite  de fonctions

t, a,] ( 1 = 1 , 2 , . . . , » )  ( lc , l )
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tiré e s  a insi de ( l b , l ) ,  sa tis fa it ( l a ,2), p a r  co n séq u en t, la  com binaison  linéaire

- V ,  ( le ,2)
i=i

e s t au ss i une  so lu tio n  de celle-là, où  le  com plexe c, e s t co n s tan t. C’est pou rq u o i, 
d an s  la  form e tr ig o n o m é triq u e  de

e, y, ■ e»‘l* ( lc ,3 )

r i ( > 0 )  e t  ô, so n t d es  co n stan ts  rée ls . L a  ( le , 2) d é c r it u n  état mélangé (a u tre 
m e n t:  celui m êm e d e  superp o sitio n  ou  bien  d ’in te rfé ren ce) des é ta ts  p ou rs 
d ’o rd in a l l d o n t la  fo rm a  d ’a rg u m e n t — p a r  l ’a b ré v ia tio n  de ( lb ,5 )  — est la  
su iv a n te :

W  =  У [г, t, a„ y h  <5,; 1 =  1 , 2 , . . . ,  n ]. ( le ,4)

D e ce la , le sy stèm e  d ’équa tions

J  aS-[r ’- *■’ * 1,У* Ô‘; 1 =  l f  2 ’ • • ”  ra] =  ß j ( j  =  1, 2, 3) ( le ,5)
i - i  à«ij

d é fin ie , d ’une faço n  im plic ite , l ’o rb ite  p a r  S, p ro v e n a n t de ( l a ,7), com m e 
g én éra lisa tio n  co n séq u en te  de ( lb ,3 ) . D ans cela, m êm e m a in te n a n t, la  ßj 
sig n ifie  une  v a le u r  tr ip a r t i te ,  choise  a rb itra ire m e n t du  dom aine  de v a leu rs  
d u  p rem ie r m em bre . C ette  o rb ite  a  c a rac tè re  de m écan ique o n d u la to ire  p o rte  
m êm e m a in te n a n t la  form e su iv a n te :

r  =  r[t, a „  ß ,  y„ ô,; 1 = 1 , 2 , . . . ,  n ]. ( l e ,6)

(U n  é ta t  m élangé su rv ie n t p .e. si, d ans l’espace co n fig u ra tio n n e t v o y ag en t 
c e rta in e s  surfaces de  guidages d an s  le  long desquelles la  d irec tio n  de g rad  S  
n e  p e u t  ê tre  q u e  ta n g e n te .)

M ais dans la  ( le ,4) les v a le u rs  des p a ra m è tre s  y l e t d, so n t réglées p a r  
la  n o rm a lisa tio n  de  la  V ,  donnée p a r  ( le ,2). N o ta m m e n t, p a r  la  fo rm e tr ig o n o 
m é tr iq u e  de 4rl

V* ■ Y  =  J -  y? • Ql +  2 J  y, • yk • . c o s S- * - - - S '-+ -A .
/  k ,l  f t

OÙ
àki —  àk d; . (1°*?)

E n  é te n d a n t su r  l ’espace in fin ie  l’in tég ra le  de vo lu m e de c e tte  éq u a tio n  e t  
en  y  in tro d u isa n t l ’ab rév ia tio n  su iv a n te :

А , =  Г  0 P ? y *  +  S 4 T O < P  г = J "  • cos Sf -  S^ +  K  d?T ( l e ,8)
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d ’ap rès ( l a ,4) nous gagnons:

J 1 y ? +  2 2 у- У г Л п1=  1 .  ( l e ,9)
I k .l

E t  cela  es t u n e  éq u a tio n  q u a d ra tiq u e  po u r u n , d isons: ju s te m e n t p o u r le dern ier 
p a ra m è tre  y n, il y  a  seu lem en t les p récéden ts d u  n o m b re  (re 1) qu i p e u v e n t 
ê tre  choisis a rb itra ire m e n t. M ais, m êm e alors, le  y n, calculé d ’eux , do it ê tre  
c o n s ta n t dan s le  te m p s  d o n t la  cond ition  nécessaire  e t su ff isa n te  est le sy s
tè m e  d ’éq u a tio n :

4 ~ A nl =  0 ( f c , i =  1 ,2 ..........n ) .  ( l e ,10)
dt

D an s cela, le n o m b re  des é q u a tio n s  est re(re — l) /2 . L a ( l e ,10) s’accom plit 
san s co n d itio n  avec re a rb itra ire , si A kl =  0 e t en  se cas de ( l e ,9):

J y ? = l .  ( l e , ID
i

N ous n o to n s  que, en é ta t  s ta tio n n a ire  de l’espace V  co n serv a tif, le  systèm e des 
fo n c tio n s  У7, est o rtho g o n al e t  a insi A kl s== 0.

P o u r ta n t  en  cas général ( l e ,10) ne p e u t pas ê tre  sa tis fa it p o u r  les va leurs 
a rb itra ire s  de a,, m ais seu lem en t p o u r les v a leu rs  d é term inées p a r  elle. N éan 
m oins, le nom bre  des éq u a tio n s  in d ép en d an tes , qu i p e u v en t ê tre  p ro d u ites  de 
la  l — 1, 2, . . ., re, c’est-à -d ire  re(re — l) /2 , ne  p e u t ê tre  p lus g ran d  que le 
n o m b re  Зга -f- re — 4 re, d ’ensem ble  des v a riab les  oc(, ôp P a r  co n séq u en t, la  
co n d itio n  ( le ,10) ne  p e u t ê tre  sa tis fa ite  sans c o n tra d ic tio n  q u ’en cas, si re S  9. 
E t  cela in d iq u e  le ca rac tè re  cau sa l de la  m écan ique o n d u la to ire , à  savo ir que 
le n o m b re  re des é ta ts  p u rs , q u i p e u v e n t se m élanger l’u n  avec l’a u tre , est en 
g énéra l lim ité .

d) Calcul d’orbite en cas de mélange d ’états purs à a  égaux; apparition de 
nouveaux paramètres

I l p e u t a rr iv e r  que, en  cas du-m êm e V, la  ( l a ,2) possède m êm e deux  
so lu tio n s XP '  e t  У7", de form e ( l b , l )  m ais avec a  égaux , qui n e  so n t pas id en 
tiq u e s  e n tre  elles (lin éa irem en t in d ép en d an te s ):6

^ ' [ r ,  f, a ]  ^  ^ " [ r ,  t, a ] .  ( ld , l )

6 Tel est p.e. le polynôme de Legendre à I-er type (P/) ainsi que le même à II-ième type 
(Ql), à l’index l. Mais par un procédé universel ( [2 6 ]  p. 4 0 2 ) ,  on peut construire pour une 
solution particulière de l’équation différentielle de Sturm-Liouville (p.e. même de Laguerre), 
une autre solution qui la complète entièrement. Par conséquent le facteur complexe de la 
V», mentionné dans la note 4 , appartenant à la cordonnée &, a la forme P |(# )  +  isQ/lß) où le 
facteur e  est réel constant.
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L a  re s tr ic tio n  de n u m é ro ta g e  dans le  p rem ie r alinée de § l |c  ex c lu t u n  te l cas. 
{Si W  e t  W "  son t s ta tio n n a ire s , c’es t-à -d ire  tous les d eu x  so n t de fo rm e ( l a ,12), 
il e s t  à  com prendre q u e  les JB' e t JB" d an s ( l a ,13 —14) so n t égaux.} B ornons- 
n o u s  ic i au  cas n =  1 de  ( le ,4), c ’e s t-à -d ire  au x  fo n c tio n s d ’é ta t  n o n  sans fau te  
s ta tio n n a ire , quand  en  v e r tu  de ( l c , l )  y  =  1 e t â =  0, con fo rm ém en t à ( ld , l ) .  
A lors la  solution de ( l a , 2) est la  com binaison  linéaire

*F[r, t, a , c ', c"] =  c ' • W  +  c" • W" (ld ,2 )

au ss i, si les c ' e t c" y  so n t com plexes c o n stan ts . E c riv o n s m êm e m a in te n a n t 
( ld ,2 )  en  form e tr ig o n o m é triq u e , a in si, en  v e rtu  de ( l a ,6):

¥ "  ^  У 7  • e'-S"* ; - eíS"/í ;( i d ,3)
+ + 

e t
c' == e' • e‘i'1*; ; c" =  e" • e1'”"/* , (ld ,4 )

où  e ',  e" e t rj', r f  so n t des co n stan ts  rée ls, m ais les e {> 0. A vec ces n o u v eau x  
c o n s ta n ts , la  form e à  a rg u m e n t de ( ld ,2 )  es t en d ern iè re  analyse

ÎFfr, t, a ,  c ', c"] s  W[v, t, a, e ', e", r\ , rj"]. (ld ,5 )

{M ais pu isque, d ’ap rès  l’expérience, ch aq u e  é ta t  — sa tis fa isa n t ( l a ,2) — p e u t 
se p ro d u ire , il fau te  donc  no rm alise r m êm e W, donnée , p a r  ( ld ,2 ) , e t cela p a r 
( l a ,4 — 5). P a r co n séq u en t con fo rm ém en t à ( le ,9) les c o n s ta n ts  e ',  e" e t r]', r f  
m êm e  ici ne p e u v e n t p a s  ê tre  choisis to u t  in d ép en d am m en t l’u n  de l’au tre . 
F o rm o n s  d’abord  W *. W  p a r  ( ld ,3 —4):

e 'Y  +  e V  +  2 e 'e '2 • s " q "2 ■ cos S  ~~ S ’ +  (id ,6 )
h

où
V =  П' -  (ld ,7 )

D e ce la , l ’exigence de  n o rm a lisa tio n  de ( la ,4) nous c o n d u it à l’éq u a tio n  q u a d 
ra t iq u e :

e '2 +  e"2 +  2e 'e"  • A  =  1 (ld ,8 )
où

A  =  Г  Y Y F  • cos S  -~ ~ s " +  91 d3 r . ( ld ,9 )
J + %

E n  cas  du  co n stan t e '(^>0), ( ld ,8 )  p e u t  ê tre  réso lue selon e". M ais m êm e e" ne 
p e u t  p as  dépendre d u  tem p s, c’es t p o u rquo i u n e  so lu tio n  de fo rm e (ld ,2 ) , 
resp . ( ld ,5 )  p eu v en t posséder un  sens p ro b ab ilis te  d an s le cas où

(ld ,1 0 )
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L a  cond ition  su ffisa n te  en  est que, p .e . le  V  so it co n se rv a tif  e t  la  pa ire  de 
so lu tion  W , W" so ien t s ta tio n n a ire s , q u a n d  à cause de ( la ,  15), q' e t q” son t 
in d ép en d an ts  d u  te m p s , e t S ',  S " so n t de  fo rm e ( l a ,18). M ais le d isc rim in an t 
de l ’é q u a tio n  q u a d ra tiq u e  ( ld ,8 )  — q u a n t à e", qu i do it ê tre  réel — ne p e u t 
p as  ê tre  n ég a tif . E t  ce la  p e u t a rriv e r seu lem en t, si

A 2 >  {s'2 -  l ) / e '2. ( l d , l l )

D ans le cas g énéra l donc, à  cause de ( ld ,8 ) , p a rm i les e ', e" e t rj', rj" du second 
m em bre  de ( ld ,5 ) , seu lem en t tro is  p e u v e n t ê tre  choisis a rb itra ire m e n t: p .e . 
e' e t rj', rj", m ais e' d o it sa tisfa ire  q u a n d  m êm e ( l d , l l ) .  C’est p o u rq u o i, p a r 
l’in d ica tio n  e =  e ' e t  avec  ( ld ,7 )  la  fo n c tio n  d’é ta t  d u  second m em bre  de 
( ld ,5 )  sera  en  d é fin itiv e :

4s ше W[t, t, et, s, rj]. ( ld ,12 )

D ’après les m en tionnés. lV p e u t ê tre  to u jo u rs  co n s tru ite  en  fo rm e  com plexe 
aussi au  p lus se ra  irrég u liè re .4}

§ 2. Quelques conséquences dynam iques importantes

Ic i nous rép é to n s , m ais avec g énéra lité  de m écan ique o n d u la to ire  (c’est- 
à -d ire  sans nég liger K), les d éd uc tions p a r  lesquelles on  a  l’h a b itu d e  de conclure 
dans la  d y n am iq u e  c lassique  (% —*■ 0) de H a m ilto n —Ja c o b i au x  lo is de m ouve
m en t N ew ton iennes, re sp . de co n serva tion .

a) L'espace à vitesse de la  p a rticu le  e s t ca lcu lab le  d ’u n e  façon  exp lic ite , 
con n a issan t S  e t à l ’a id e  de l’éq u a tio n  o rb ita le  im p lic ite  ( le ,5) en  p ro d u isan t 
sa  dérivée to ta le  p a r  r a p p o r t  au  tem p s t (p .e. em p lo y an t les co rdonnées C arte- 
siennes dans r =  ix  -f- j y  +  b*):

j g  8 2 S  +  i j  — +  j j ;  g2S +  i j  — = 0 ; ( / = 1 . 2 ,3 ) .  (2a,1)
t d tdxu  , i)xBoctj ■ ,  tyd e tu  , dzdau

L e d é te rm in a n t de ce sy s tèm e  d ’éq u a tio n s  lin éa ires  au x  x, y ,  z e st:

2  à 2 S j d x  д я а  2  à 2 S / d y  d a n  2  à 2 S / d t  docn
i i i

2  d 2 s / d x  d x l2 2  s 2 s / d y  d x l2 2  d 2 s / d z  a « /t

Suppe

D  =

que

l l l
2 d 2 s / d x  d x l3 2 d 2 Sldy d x l3 2 d 2 Sldz d x l3

I I

D £  0,

(2a,2)

(2a,3)
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c’es t-à -d ire , excluons le  cas tr iv ia l de S r =  0 (vo ir encore la  n o te  4 e t  le  d e rn ie r 
a lin éa  d u  § 2 |b  su b séq u en t). E n  e m p lo y a n t la  règ le  de C ram er su r  (2 a ,1):

i  =  - D " 1 •

2 d 2 Sldt  d x n 2 à 2 S l d y  d x tl 2  32 S l d z  d«a
i i i

2  d2 Sldt d x l2 2  d2 S/dy dxIt 2  à2 Sldz dxlt
I l l

2  d2 Sldt d x l3 2  d2 Sldy dxl3 2  à2 Sldz dxl3
l t l

(2a ,4)

e t de m êm e y , z. P .e . d an s le cas d ’un e  d im ension  e t  p o u r (c’es t-à -d ire  cas 
d ’a rg u m e n t [x ,t ,x ] ) :

d2 s id t dx 
d2 S ld xd x

(2 a ,5)

L a  (2 a ,4) donne la  v ite sse  de la  p a r tic u le , se tro u v a n t dan s le lieu  r  à u n  in s ta n t  
t. P o u r  la  calculer, il f a u t  co n n a ître  l ’o rb ite  de fo rm e ( le ,6) exp lic ite .

b) L a  relation des im pulsions «vraie» et canonique

L es exp lica tions su iv an tes  rep o sen t su r u n e  reconnaissance  nouvelle  
(aussi p o u r  la  m écan iq u e  classique) selon laquelle , de l’éq u a tio n  H a m ilto n — 
Ja c o b ie n n e  ( la ,9) e t  de l ’éq u a tio n  o rb ita le  (im plicite), accessoire ( l e ,5), su it 
l ’a u tr e  éq u a tio n , ap p e lée  d ’ex p rim er la  re la tio n  des im pulsions v ra ie  e t  c a n o n i
que, e t  avec cela les lois de co n se rv a tio n . P o u r la  reco u v rir , il fa u t  in te rp ré te r  
l 'im pulsion vraie:

I  =  m  • r . (2 b ,1)

E t  Vimpulsion canonique sera  défin ie  p a r

p =  g rad  S. (2b ,2)

C alcu lons la  différence d4mpulsion

{ == mr — g rad  S. (2 b ,3)

P o u r  ce b u t, il su f f it  de se b o rn e r à la  co m p o san te  x, n o ta m m e n t d ’ap rès 
(2a ,4):

/*  = ■D-

2  d2 Sldt dxn 2  d2 Sldy dxn 2  d2 Sldz dxn
l l l

2  d2 S/dt dxlt 2  à2 S ldy dxlt 2  d2 Sldz dxn
l l l

2 d 2 s i d t  d x l3 2 à2 s / d y  d x l32 à 2 s i d z  d x l3

(2b,4)
dx

D an s la  prem ière  co lonne du  d é te rm in a n t, signalé ici, nous pouvons s u b s titu e r  
les é lém ents de fo rm e d2Sldtdxlj- p a r  des expressions, gagnées de ( l a ,9) en  cela
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d é r iv a n t p a r tie lle m e n t p a r  r a p p o r t  à жц, m ais d ’où les dérivées d Vjdx/j to m 
b e n t à cause de ( l a , l ) .  E n su ite , en  v e r tu  des th éo rèm es d ’échange  des d é riv a 
tio n s  p a rtie lle s  ainsi que de  tra n s fo rm a tio n  de d é te rm in an ts :

2  dUld<zn 2  d 2 S /ду d<xn 2  d 2 S/dz d a a
i i i
2 dUjd<xl2 2 d2 sidy дж12 2 & si dz dxl2

I I I
2  d U /dxl3 2  d 2 Sldy  a « ;3 2  d2 Sldz dx!3

l l l

(2,5b)

e t  des exp ressions sem blables se p ré se n te n t p o u r  f  e t f z aussi. O n v o it que 
en  général, f  ^  0. D ans u n  cas p u r  d’u n e  d im ension  p .e.:

f x =  — mdU/dx. (2b ,6)

E n  m êm e te m p s , f  ^  0 t r a h i t  que  f  n ’est p as  u n  vec teu r p o te n tie l, e t a insi 
Yéquation de guidage B roglienne [15] est v a lab le  dan s une  fo rm e p lu s  générale 
q u e  dans la  d y n am iq u e  classique  (Â —► 0), où  n o ta m m e n t à cause  de  ( l a ,10)
d an s  (2b ,5) la  colonne N’ d U ld xn —>• 0, m ais m êm e ici, to u t  au  p lu s  en  cas de

i
lia ison  scléronom e. C’est p o u rq u o i dans le cas c lassique  l’éq u a tio n  m i =  g rad  S  
e s t en effe t u n e  conséquence d irec te  des éq u a tio n s : dS/da  =  ß  o rb ita le  et 
Jaco b ien n e . P a r  co n tre , to u te s  les in te rp ré ta tio n s  de la m écan ique o n d u la to ire  
q u i n ’é la rg issen t pas l’éq u a tio n  de guidage, p e u v e n t décrire to u t  a u  p lus un  
cas spécial de m écanique o n d u la to ire , ainsi p .e . [8 —9],7 en p lus les m odèles 
de h y d ro d y n a m iq u e , é tud iés à la  su ite  de E . M adelung.

N ous n o to n s  donc que, d ans (2b,3), f  e s t fo rm ellem ent analogue au  
m em b re  ad d itio n n e l — eA/c de l ’im pulsion  c lassique  de la  ch arg e  e p o n c tue lle , 
si A  sign ifie  le  p o ten tie l v ec teu rie l dans le lieu  de la  charge ([28] p . 379.). E n  
cas de y) réel, S r =  0, p a r  co n séq u en t, à la  fois D =  0, e t a insi, p .e . dan s u n  
cas d ’un id im en sio n , f  == 0 à cause  de (2b ,6), c’est-à-d ire  m x — d S r/dx  d ’où 
p ro v ie n t le  cas s ta tiq u e : x  — 0.

c) L a  force, le travail, l'équation de mouvement

Se b o rn a n t  à  l’espace p o te n tie l ( l a , l ) ,  on défin ie  le champ de force F (r, t) 
e t  le  t ra v a il  1Р’|_ц, accom pli p a r  lu i su r la  p a r tic u le  su iv an t l’o rb ite  r  =  r(t) 
d an s u n  in te rv a lle  t '  <  t" , p a r  les équa tions:

F  =  —g ra d  V; W\~\\ =  J F  d r . (2c,1)

7 Mais [8] exige encore un élargissement, parce que elle a exprimé la g de l’équation 
partielle-différentielle à continuité non dans une forme générale désirable (c’est-à-dire conte
nant des fonctions arbitraires), mais seulement dans celle d’une solution totale (c’est-à-dire, 
contenant des constantes arbitraires) pour éliminer la g de (la , 9) ici.
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N ous en  recevons la  fo rm e générale  du  théorème à «force vive», c’est-à -d ire  
d u  m êm e à travail p a r  l ’in té g ra tio n  d u  g rad ien t de  ( l a ,9), dans la  fo rm e su i
v a n te :

grad2 g  +  3g . +  и
2m dt

■j:'* / g rad  S  , d S  , d2s  , d U
— ------- g rad   ------- — —---- h ——

m  dt d t2 dt

(2c,2)

d t .

I l  d e v ie n t clair que  le  deux ièm e m em b re  de d ép en d  de la  fo rm e de  l ’o rb ite
aussi, e t  ce m em bre , en  cas h =?* 0, p e u t  d isp a ra ître  seu lem en t en cas de  p o te n 
tie l  co n se rv a tif  ( l a , 11).

Nous a rriv o n s à l’éq u a tio n  de m o u v em en t — de m êm e — p a r  le  g ra d ie n t 
la  ( l a , 9). Celui-ci e s t  le  su iv an t d ’ap rès  (2b ,3):

(m i — f  ) ----- — • g rad  (mi- — f) g ra d  U  =  F  (2c,3)
dt m

e t  co rrespond  à Y équation de Newton. N o ta m m e n t en  cas (irréel) h —>- 0 (q u an d  
f  =  0 e t  g rad  U  =  0), elle p ren d  la  fo rm e connue: d(mi)/dt =  F . M ais (2c,3) 
m o n tre  que, en  cas de  F  == 0 (si h 0), f  n ’e s t p as  c o n s ta n t, c’es t-à -d ire , la  
loi d'inertie p e rd 2 sa  v a lab ilité  généra le . L a  (2c,3) en  soi, n ’est p a s  capab le  
m êm e de la  d é te rm in a tio n  de l’o rb ite .

d) Prévention contre un paradoxe de vitesse

Il est connu  q u e , en  cas V  =  0, la  so lu tio n  de ( l a ,2) est m êm e l’onde 
p lan e  de form e de d eu x  dim ensions

X sin 0/ +  Z С О П  0 i  \

C /

S u iv a n t ( la ,7) y  e s t  f, == 0, e t p a r  co n séq u en t — à cause  de (2b ,1) e t  (2 b ,3) — 
la  p a rticu le , to u te  com m e la p h ase  d ’onde so n t de  v itesse  c. M ais de deux  
te lle s  ondes p u res  (l — 1, 2), p e u t ê tre  superposée  u n e

ip ^* p i + xp2

m élangée aussi, e t  cela  co rrespond  à ( le ,2), de p lu s  p rès: au  cas p h y siq u e  
aussi, où, d e v a n t u n  m iro ir p la n  im p a rfa it, l ’o n d e  p lan  W1 re n c o n tre  la  XP2 
re flé tée  ([15] C hap . X . § 5.). Ic i, à  1’а д  co rrespond  l’angle 6, (in c id en t 0X =  —62 
de réflexion), à l ’a /2 co rrespond  en  cas 1 =  1, 2 ég a lem en t v e t p a r  l ’in d ica tio n  
de  [15], la  y  e st d é te rm in ée  p a r  la  ré flex iv ité  rj. Selon la  supposition  de m i —
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=  g rad  S, [15] a donc d ém o n tré  que, dan s l’espace de W, la  v itesse  de la  
p a rtic u le  es t, d ’une faço n  p arad o x e , to u jo u rs  plus g ran d e  de c, lé san t ainsi 
le  p rin c ip e  de la  re la tiv ité  re s tre in te . B ien  que dans u n e  th éo rie , pas encore 
re la tiv is tiq u e m e n t co rrigée , une  lèse com m e cela p e u t ê tre  su p p o rtab le , 
p o u r ta n t , en ré p é ta n t les ca lcu la tions m en tionnées, nous pouvons nous p e r
su ad e r de ce q u ’en cas W  m élangé: f  ^  0, donnée p a r  (2b ,5). A insi, au  lieu 
de m i =  g rad  S, il fa u t  p a r t i r  de (2b,4). E t  cela coupera  co u rt au  d ressem ent 
du  p a rad o x e .

E n  m êm e tem p s, on  p e u t é ta b lir  que , ici la  d y n am iq u e  p roposée est 
au  fa it  u n  renouve llem en t de  la  th éo rie  des ondes pilotes de M . de Broglie dans 
u n e  fo rm e élargie.

§ 3. A ssujetissem ent des paramètres découvertes à la  
mécanique ondulatoire

a) Le caractère statistique des paramètres de genre ß et leur rapport à la densité 
Q des particules virtuelles

D ans l ’é ta t  général (m élangé), donné p a r  ( le ,4) à la  p a rtic u le , c’est-à- 
d ire  en cas de p a ram è tres  [oq, y , ,  á, ; l =  1, 2, . . ., n] fix és , en  ( le ,5) — dans le 
dom aine  de v a leu r du  p re m ie r m em bre  — le  ß du second  m em bre  p e u t ê tre  
a rb itra ire m e n t to u jo u rs  e t  to u jo u rs  a u tre . N om m ém en t, dans u n e  nouvelle 
«épreuve» — qu i cherche à  é ta b lir  em p iriq u em en t p, défin ie  p a r  ( l a ,5) — si 
ßj  ( j  =  1, 2, 3) diffère u n  p e u  de la  p récéd en te  p a r dßj, a lo rs — selon la  n o u 
velle  ép reuve  dans l’in s ta n t  t, c’est-à-d ire  ôt =  0, co rresp o n d an t au  p récéd en t —

dr =  i  • ôx - f  j  ô y  -j- к  • ôz

p e u t ê tre  calculée à la  b a se  de ( le ,5) du  systèm e d ’éq u a tio n s  linéaires:

dßj =  ôx ■ - 2  —  1  ôy ■ —  +  dz • -  У —  • ( / '=  1>2 ,3 )
dx dx,j dy i doc,j dz - f  dot,j (За,1)

L a  p a rtic u le  se «déplace», c’est-à-d ire  m igre  dans la  nouvelle  é p reu v e  avec 
<5r re la tiv e m e n t à la  p récéd en te . P a r  co n séq u en t, m êm e au  p rism e de d iagonale  
p rin c ip a le  dß, se tro u v a n t dan s l’espace ß , correspond  u n  para llé lép ipède  de 
d iagonale  p rinc ip le  <5r d an s l ’espace r.

S u iv a n t c e tte  co ncep tion , Vincertitude Heisenbergienne p e u t ê tre  exprim ée 
ici dan s la  form e su iv an te : P o u r  les ép reuves de re tro u v e r, in te rp ré té e s  après 
( l b , l ) ,  les c irconstances de d é p a r t  m en tionnées d é te rm in e n t d'avance avec 
p réc isité  seu lem en t les p a ra m è tre s  [a,, y ,, ô, ; l =  1, 2, . . ., n] ca rac té ris tiq u es  
à l’é ta t  de la  p a rticu le  e t  p a s8 le ß, c’e s t-à -d ire  ß est to u t  in d é fin i p e n d a n t

4 Contrairement à la mécanique classique.
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l ’ép reu v e , seu lem en t après l ’ép reu v e  p e u t on y  t i r e r  des conclusions à sa  
v a le u r , ju s te m e n t su iv a n t le ré s u lta t  de l ’ép reuve. M ais les ép reuves ré lèv en t 
q u e , les (3, a p p a r te n a n t  au x  ép reu v es, o n t p o u r ta n t  lim ite  de d is tr ib u tio n  à 
d en s ité  ce rta in e  d an s  l ’espace ß .

P o u r  la  ca lcu le r, il fa u t co n sid érer que, dan s l ’ensem ble d ’o rb ites v i r tu 
elles, a p p a r te n a n t à l ’é ta t  égal, le  n o m b re  des o rb ite s , d o n t les p a ra m è tre s  
desquels to m b e n t d an s  l ’in te rv a lle  ß l +  dßß2, est a u tre  que , le  n om bre  des 
o rb ite s , d o n t les p a ra m è tre s  to m b e n t dans l ’in te rv a lle  ß\ +  dßxj2, où ß" ^  ß[. 
L a  d is tr ib u tio n  s ta tis t iq u e  de ßx m en tio n n ée  consiste  en  cela  que , dans l’in te r 
v a lle  ß '  +  d ß j 2, les ßx de certa in es  o rb ite s  (à sav o ir «a tte in te») se p lacen t avec 
u n e  fréquence  re la tiv e  dpx (c’es t-à -d ire  p ro b ab ilité ), ainsi:

dpx =  Px[a „ y „  ô,; l =  1, 2 , .  . ., n; ß '] ■ dß ( á l ) .  (За ,2)

U n e  re la tio n  ana logue  est v a lab le  p o u r  ß2 e t ß3 aussi. P a r ta n t ,  selon la  règle 
de  m u ltip lica tio n  des p ro b ab ilité s  in d ép en d an te s , la  p ro b ab ilité  d3p  d ’u n e  
a t te in te ,  to m b a n te  dan s l ’in te rv a lle  ßj +  dßj/2, e s t la  su iv a n te :

d:i p  =  dpx ■ dp2 ■ dp3 =  Px ■ P2 ■ P 3 ■ dßx ■ dß2 ■ dß3.

O m e tta n t  le signe de v irgu le  d é jà  d ispensab le  audessus de ß , in tro d u iso n s  la  
fo n c tio n  de « d is trib u tio n  à /b>:

P x ■ P2 ■ P3 Q[ah y„ ô,; l  =  1, 2, . . . ,  n; ß ]  . (3a,3)
A vec cela

æ P =  Q -  dßx dß2 dß3 ( S i )  , (3a ,4)

où  la  form e de la  fo nc tion  Q se ra  dé te rm inée  p a r  l ’é ta t ,  re p ro d u it so u v en t 
des épreuves, e t  p a r  l e ß .  E n  to u s  cas, nous la  considérons p o u r  co n tin u e  q u a n t 
a u x  v ariab les, au  m oins p a r  é tap es . Le n o m b re  re la tif  p  des a tte in te s  qu i 
to m b e n t dans u n  dom aine  f in i, signé (B) de l’espace ß , gagnons — d an s  le  
sense de la  règ le  d ’add itio n  des p ro b ab ilité s  des év én em en ts  exclusifs — :

P  s  J(B) æ  P  =  jJJ(B) <? • dßxdß2dß3 ( ^ 1 ) .  (З а ,5)

C e tte  in tég ra le  tr ip le  d ’espace ß  p e u t ê tre  exprim ée p a r  in tég ra le  d ’espace  r, 
c’es t-à -d ire  selon les m en tio n n és, au  su je t de (З а ,1) nous pouvons p ro je te r  le 
dom aine  (B)  — fix é  dans l ’espace ß  — à u n  dom aine  c o rre sp o n d an t (R) q u i 
e rre  dans l ’espace  r ,  n o ta m m e n t p a r  la  tra n s fo rm a tio n  d ’in tég ra le  à vo lum e 
connue:

p  =  Q ■ dßxdß2dß3 =  jjJ<R) Q ■ D  • d x d y  dz , (3 a ,6)
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où D  es t le d é te rm in a n t de J a c o b i de la  tra n s fo rm a tio n , donnée  p a r  ( le ,5), 
m ais qu i co rrespond , p a r  b o n h eu r, à (2a,2). M ais ic i le  fa c te u r  Q de la  fonction  
à in té g re r  do it ê tre  com pris su iv a n t (3a ,3) e t  ( l e ,5) dan s la  fo rm e Q\a ,, y„ <5j; 
l =  1, 2, . . . ,  n; dS /da,]. D ’ailleurs p u isq u e  la  (3a ,6) d o it accom plir n ’im p o rte

i
quel v o lu m e  dxdydz, la  d en sité  g de la  p ro b a b ilité  se t ro u v e  d an s  lieu  г à 
l’in s ta n t  t:

Q Î - t  _
dx dy dz

(3a ,7)

Cela donne en m êm e tem p s la  fonc tion  de  d is tr ib u tio n  Q =  g/D inconnue, 
m ais au  lieu  de ß , com m e fo n c tio n  de la  v a r ia b le  r . Si nous v o u lons donc savo ir 
de quelle  m an iè re  Q dépend  le  ß , il fa u t  s u b s ti tu e r , au  lieu  de la  v a ria b le  r  
dans g/D le  r  =  r(l) exprim é de l ’éq u a tio n s  d ’o rb ite  im p lic ite  ( le ,5). P a r  la , 
la  d é te rm in a tio n  de Q est u n  devo ir, égal à la  c a lcu la tio n  d ’o rb ite .

b) Le rôle des paramètres dynamiques dans les valeurs moyennes et dans le 
formalisme des opérateurs

N ous avons v u  dan s a) que , ca lcu lan t depu is le  d é b u t de la  durée  des 
ép reuves d ’é ta ts  co n co rd an ts  (m en tionnés d é jà  d an s  la  n o te  3 aussi) à l ’in s ta n t 
t, la  p a rtic u le  passe (ou b ien  p e u t ê tre  tro u v ée ) en  cas d ’u n  a u tre  ß , dans un  
a u tre  lieu  r . T o u t com m e la  v a le u r la  p lus fré q u e n te  des é lém en ts  dans une 
su ite  de m esure  — a u to u r  de laque lle  la  som m e, c’es t-à -d ire  l ’in tég ra le  des 
carrés d ’é ca rts  m o n tre  m in im um  — sera  fo u rn ie  p a r  le u r  v a le u r m oyenne 
a rith m é tiq u e , de m êm e ici: la  situation r  la  p lu s f ré q u e n te  (c’e s t-à -d ire  p robab le) 
de la  p a rtic u le  dan s l’in s ta n t  t, e st donnée p a r  la  valeur moyenne de mécanique 
ondulatoire r  des s itu a tio n , observées dans les ép reuves:

r [ t , a ;, y h ôt; l =  1, 2 , . . . ,  n]  =  j  g r d 3r = J  тЧ* d3 r , (ЗЬ ,1)

e t cela analogue au  cen tre  de m asse. D e la  m êm e façon , la  v a le u r  p ro b ab le  p 
de l’im pu lsion  canon ique  p e s t:

p =  J g ■ g rad  S  ■ d3 r (3b ,2)

qui sera  à la  base  de ( l a ,5), ( l a , 7) e t ( l a ,4)

p [t, a„ y„ à,; l  =  1, 2 , . . ., n ] =  -4 — J ~  W* • g rad  W ■ d3 r  (3b ,3)
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D e m êm e, la  v a le u r E  p robab le  de l ’expression  —dS/dt  p e u t ê tre  éc rite  d ’une 
fa ç o n :

É  [f, oq, y„ ô,; 1 =  l , 2 , . . . , n ]  = - 4 - Г  —  d 3r .  (3b ,4)
I J dt

q u i, d ans u n  cas co n se rv a tif  e t  s ta tio n n a ire , e s t in d é p e n d a n t de t. Si, po u r 
s a tis fa ire  m êm e la  ( l a ,4), nous n o u s b o rn o n s — dan s la  ( l a ,2) — à la  so lu tio n  
de  l a  W, d isp a ra issan t au  m oins à la  m an ière  de 1/r dan s l ’in fin i, en  ce cas 
(p .e . selon [28] p . 111) à la  base de  m f  =  p, c’est-à -d ire  de (2b ,3) il ex is te  en 
m êm e  tem p s:

f  =  f  [t, a„  y h ôi\ I = l , 2 , , . . , » ] a 0 .  (3 b ,5)

P a r  conséquen t, l ’in tro d u c tio n  des p a ra m è tre s  cachés ne m odifie  pas le  théorème 
c o n n u  d ’E h ren fest.

L a  (3b,3 —4) t r a h i t  en m êm e te m p s  la  règle des o p é ra teu rs  aussi.
D ans cet é larg issem en t de la  d y n am iq u e  H a m ilto n —Jaco b ien n e , l ’in te r 

p ré ta t io n  s ta tis t iq u e  de la  m écan iq u e  o n d u la to ire  consiste  en ce que , nous 
fa iso n s to m b er les p a ram è tres  de c a ra c tè re  ß  p a r  calcu l de la  m oyenne, e t ainsi, 
n o u s  nous c o n ten to n s  des valeurs m oyennes à m écan iq u e  o n d u la to ire , concer
n a n t  les q u a n tité s  physiques. L a  réso lu tio n  de ce devo ir, p lus sim ple q u e  le 
ca lc u l d ’o rb ite  ind iv id u e lle , crée en  m êm e tem p s, la  re la tio n  en  to u t  cas in d is
p e n sa b le  avec la  p h y siq u e  m acroscop ique. C’e s t p o u rq u o i, le  dév e lo p p em en t 
d e  l ’in te rp ré ta tio n  s ta tis tiq u e  m é rite  beaucoup  d ’ho n n eu r.

c) Les paramètres de dynamique et le problème des valeurs propres

E n  cas de W  s ta tio n n a ire  (g râce  au  V  co n se rv a tif) , m êm e les éq u a tio n s  
( l a ,  1 1 —21) p e rm e tte n t  que les a rg u m e n ts  c o n tien n en t, o u tre  r  e t t, des p a ra 
m è tre s  dy n am iq u es aussi. M ais o n  p e u t v o ir de ( l a , 18) que  la  sé p a ra tio n  
( l a , 12) p e u t ê tre  accordée seu lem en t avec la  fo rm e ( l b , l )  de W, c ’es t-à -d ire  
a v ec  la  form e p u re , pu isque  la  s é p a ra tio n  ne  p e u t ê tre  accom plie  n i avec ( le ,4) 
de  l y> 1, n i avec  u n e  fonction  d ’é ta t  m élangé ( ld ,2 ) . A insi, l ’a rg u m e n t de 
fo n c tio n  possib le de ( l a ,2) e s t in u s tré  p a r  la  re la tio n :

à la  base  de laque lle

Y  =  # [t, a ]  ■ v [r, a ] (3c ,1)

d an s  ( l a , 13): B  =  B [a ] ;  D  =  D[a ]  , (3c,2)

( l a , 15): в =  e[*5 «] » (3c,3)

( l a , 17): £  =  E [a ] ;  d an s  ( l a ,19): S r =  S r [r, a ] . (3c,4)
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M ais à cause de  (3c,3) dans ( l a , 10): U  =  U[r , a ] ;  ensu ite  f  =  f[r , a ]  in te r 
p ré té e  p a r  (2 b ,3), enfin  à la  b ase  de la  (3c,4) la  v itesse  d o n n ée  p a r  (2a,4): 
r  =  v [r, a ] ,  c’es t-à -d ire  elles so n t de fo rm e s ta tio n n a ire .

P o u r  te rm in e r  la  E, donnée  p a r  ( l a ,17), nous évoquons la  d iscussion 
connue  du  p ro b lèm e  des v a leu rs  p ro p res , a f in  de m o n tre r  q u e  les p a ram è tres  
de  d y n am iq u e  s’y  conform ent sou p lem en t. D an s

W l =  e - H B i  t +  D i) /h  . ^

in te rp ré té e  p a r  ( l a , 12 —13) e t ( l c , l ) ,  à cause de la  form e d ’a rg u m e n t (3c,1 —2) 
de  xpi‘.

гр, =  a ,] ;  B, =  B [a ,]; D, =  D[a ] . (3c,5)

Ic i, selon la  p resc rip tio n  de n u m éro tag e  donnée  dans le p rem ie r a lin éa  § l |c ,  
si l m, l’in é g a lité : a, ^  am ex is te  to u jo u rs  e t  m êm e in v e rsem en t. A l’in té rê t 
de  n o rm alisab ilité  de 4/ l, nous exigeons aussi que  la  fo nc tion  d ’a m p litu d e  y)t 
d ispara isse  d an s l ’in fin i e t cela p lu s  le n te m e n t de 1/r. Cela v e u t d ire  pluspréci- 
sem en t que d a n s  n ’im p o rte  qu e l lieu  r  =  |r |,  où r  —► o o , d o it s’accom plir 
ipt ■ rx —*■ Ci, e t  ic i C; est un  c o n s ta n t fin i, com plexe  e t A 1, rée l. P o u r  tire r  
en  usage des conséquences de la  d isp a ritio n  d an s l ’in fin i, n o u s fo rm ons à la  
b a se  de ( l a ,14)

1 =  J  (Vm^Vi — rpf Aipm) d3r =  — {B* — B , ) J "  f *  ■ y>! ■ d3r . (3c,6)

A près avo ir tran sfo rm ée  l’in tég ra le  I  de vo lum e en superficielle p a r  le  théo rèm e 
de G reen, nous l ’étendons su r la  su rface  d ’u n e  sphère  de ra y o n  r —*■ o o , dans 
l ’é lém en t de su rface  r2 • dQ de  laq u e lle  l’ang le  solide, coupé p a r  elle est dQ, 
c’est-à -d ire :

M ais selon la  re s tr ic tio n  la  fo n c tio n  à in té g re r  d isp a ra it en cas r  -+oo  e t  A =  1 
le  m oins fav o rab le  encore perm is. C’es t p o u rq u o i I  —*- 0, e t de (3c,6) d ev ien t

(B B /)J 4>m ■ V/ d3d3 r  =  0 (3c,7)

Si ic i l — m, c ’es t-à -d ire  dans le  sens de l ’a d jo n c tio n  d ’ind ex e  a m =  a , e t p a r  
la  ipm — y>[, a lo rs en  conséquence de ( l a ,16), de  (3c,7) d ev ien t

B*  =  B, .

L e c o n s ta n t Bi e s t  donc réel, e t  a insi de ( l a ,17) e t  de ( l a ,14)

(3c,8)

B, =  E, =  - &
2m

AWi
Wi

+  V
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d e v ie n t une valeur propre, e t d edans la  fonction xpt, nom m ée propre qu i la  
fo u rn it .  Mais dan s (3 c ,7), m ^  l e t  a in si y l грт e x is te  aussi. S’il y  a  u n  cas 
nondégénéré , c’e s t-à -d ire  B; ^  B m ( =  à cause de  (3c,8) B* ), alors de la 
fo rm e  connue:

J ” 4>m • Wl ■ d3r =  0

se su it  la  co n d ition  d ’o rth o g o n alité .
L e § 1/d a f a i t  a llusion  que m êm e les d eu x  é ta ts  ÎB'Jr, t ,a ]  ^  'B'fr, t, a ]  

in d é p e n d a n ts  p e u v e n t se m êler en cas de V  conform e. L a  re s tr ic tio n  de n u m é ro 
ta g e  ex c lu t un  te l  W  d u  systèm e des fonc tions o rth o g o n a les  c o n te n a n t W , 
c ’es t-à -d ire  u n  te l  W" e s t l ’é lém ent d ’u n  a u tre  sy s tè m e  de te lles fo n c tio n s. 
C’e s t  l ’analyse des p a ra m è tre s  de d y n am iq u e  q u i n o u s  a co n d u it à  ce t é ta b 
lissem en t.
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TWO-PHASE FLOW HEAT TRANSFER IN A CIRCULAR 
PIPE WHEN THE INLET TEMPERATURE VARIES 

PERIODICALLY WITH TIME
By
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D EPARTM ENT O F MATHEMATICS, HIMACHAL PRA D ESH  U N IV E R S IT Y , SIMLA-171005, IN D IA

(Received 31. III. 1979)

The problem of two phase flow heat transfer in a circular pipe is analysed when the 
temperature of the dust particles and of the liquid varies sinusoidally with time. The effect of 
various parameters on the amplitudes of dust particles, liquid-dust mixture and clear liquid 
is calculated. Graphs have been drawn to compare the values. It is found that the effect of 
dust particles is to flatten the temperature profile and thus increase the heat transfer.

Tp temperature of dust particles
T  temperature of liquid
Cp specific heat of dust particles
C specific heat of liquid
Kp thermal conductivity of dust particles
К  thermal conductivity of liquid
Q fluid density
fi co-efficient of viscosity of liquid
V kinematic co-efficient of viscosity
P  Prandtl number ( =  fiC/K)
R Reynold’s number (=  r utv)
t time
rl radius of the pipe
z z-flow direction
и velocity component in z-direction
и average velocity
mN  mass of dust particles per unit volume ( =  rnN0 =  constant)] 
hp heat transfer co-efficient for flow over dust particles 
Ap surface area of dust particles
Vp volume of dust particles
T u constant well temperature
The meaning of any other symbols is given in the text as it occurs.

1. In tro d u c tio n

In  th e  so lu tio n  o f th e  tra n s ie n t  forced c o n v ec tio n  energy  eq u a tio n  of 
d u s t partic les an d  o f  liq u id  in  a c ircu la r pipe S o o  [1] has assu m ed  th a t  th e  
in le t te m p e ra tu re  o f  d u s t partic les  a n d  of liq u id  is  c o n s ta n t across th e  flow . 
Sh ir k o t  and  S in g h  [2] have an a ly sed  th e  tw o -p h ase  lam in a r flow  in  a ch an 
nel w hen  th e  te m p e ra tu re  varies lin e a rly  w ith  tim e . I t  is found  t h a t  th e  te m 
p e ra tu re  of dust p a rtic le s  and  of liq u id  decays e x p o n e n tia lly  along th e  channel. 
In  th e  p resen t p a p e r  an  ex ac t so lu tio n  o f a tw o -p h ase  flow  prob lem  w ith  fu lly
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238 K. S. SHIRKOT and SURJIT SINGH

deve loped  flow in  a  c ircu la r p ipe is o b ta in e d  u n d e r g iven  b o u n d a ry  cond itions 
w h en  th e  in le t te m p e ra tu re  of d u s t p a rtic le s  and  o f  liq u id  v aries sinuso idally  
w ith  tim e . The e ffec t o f various p a ra m e te rs  on th e  a m p litu d e  o f d u s t  p artic les 
(ap), liq u id  d u s t m ix tu re  (as) and  c lea r liq u id  (a) is c a lcu la ted . G rap h s h av e  been 
d raw n  to  com pare th e  values. I t  is fo u n d  th a t  th e  effect o f th e  p resen ce  of 
d u s t  partic les  is to  increase  th e  h e a t  tra n sfe r .

2. F o rm u la tio n  of the  problem

W e consider a  s te a d y  la m in a r flo w  o f a d u s ty  v iscous liq u id  w ith  un iform  
d is tr ib u tio n  o f d u s t  partic les  in  a  c ircu la r p ipe. T h e  d u s t p a rtic le s  an d  th e  
l iq u id  en te rin g  th e  p ip e  have te m p e ra tu re s  w hich  a re  sp a tia lly  u n ifo rm  across 
th e  en tran ce  sec tio n  o f th e  pipe h u t  v a ry  sinuso idally  w ith  tim e . T h erefo re  we 
can  w rite  th e  in le t  cond itions as

Tp(r, 0 , t ) = T 0 +  ( A T)0 sin  œt, (1)

T (r, 0, t) =  T 0 +  (AT)0 sin  wt, (2)

w h ere  T 0 is th e  cycle m ean  te m p e ra tu re  (zlT0), is  th e  am p litu d e  a n d  ы is th e  
in le t  frequency .

To o b ta in  h e a t tra n sfe r  p e rfo rm an ce  an d  th e  te m p e ra tu re  o f d u s t  p a r tic 
les an d  of liq u id , i t  is necessary  to  s e t  u p  tw o en erg y  eq u a tio n s, one fo r  th e  d u st 
p a rtic le s  and  one fo r  th e  liqu id  d u s t  m ix tu re . T h ey  a re  given as follow s:

w here

d T p +  H„ d T r - G ( T - T „ ) ,
dt d i

dTp d T p  (m N 0) C p ,  d Tp  d_Tp ]
dt r dz gC 1 dt d i

V d 2T  1 d T
e

----------h ----------
dJ 2 f  df

+  ß2(T

о   (fftiVo)Cp G g   hp Ap
gC ’ (m N 0)Cp Vp

(3)

(4)

S im plify ing  (4), w e get

d T
dt

, _  d T
di

v_ ( д 2 т  | 1 д т  I
g dr2 r dr ]

+  2ß2(T p -  T). (5 )

The in le t b o u n d a ry  con d itio n s o f  th e  p rob lem  are  as follow s:
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Tp =  T 0 +  (A T )0 sin cot, 
T  =  T 0 +  (A T )0 sin cot

a t  2 = 0 ,

№ — o,
d r

dr f = 0 dr
T p =  T  — Т ш a t  r  =  r, i  >  0 .

(6)

(? )

T he sy stem  sa tisfy in g  E q s. (3) an d  (4) is su b jec ted  to  th e  follow ing 
re s tr ic tio n s  [1]:

(i) R a d ia tio n  effect is neg lected .
(ii) E a c h  d u s t p a rtic le  is sm all an d  m a in ta in s  u n ifo rm  te m p e ra tu re  due to  

i ts  h igh  th e rm a l co n d u c tiv ity  K p.
(iii) T h e  liq u id  an d  th e  d u s t p a rtic le  cloud h av e  s im ila r v e lo c ity  profiles.
(iv) T he d u s t p a rtic le s  are  u n ifo rm ly  d is tr ib u te d  th ro u g h o u t th e  p ip e  an d  th e  

suspension  is ex trem ely  d ilu te .
(v) T h e  effect o f collision w ith  w all is neg lected .

(vi) A x ia l co n d u c tio n  is neglig ib le w ith  re sp ec t to  b u lk  tra n s p o r t  in  th e  d irec
tio n . T his is a  reasonab le  a ssu m p tio n  w hen  P e c le t n u m b er exceeds 100 [3].

F u r th e r , to  sim p lify  th e  m e th o d  o f analysis  th e  case o f  c o n s ta n t v e loc ity  
w ill be considered  here. F o r th is  purpose , we s u b s titu te  и =  й =  йр for th e  
v e lo c ity  profile  in  (3) an d  (4) or (5). W e now  in tro d u c e  th e  follow ing non- 
d im ensional q u a n titie s :

(ЛТ) о

Г ?  CO
CO =  ----, t

V

. 0» =
t p - t 0

№  о
> 0O

T a - T  о

(Л Г)о ’

v
ft -  2r2&P i  —  1

V

E q s. (3) an d  (5) th e n  becom e

dt dz
ß3(e -  вр),

эв R  de 1 i d 2в
dt dz dr2

1_ аб
r dr

+ ßiißp -  0) .

( 8)

(9)

T he in le t  b o u n d a ry  cond itions red u ce  to  

Op =  в =  sin  cot a t  2  =  0 ,

=  0; Op =  0 =  0o a t  r =  1, t >  0 .
idOp

=  o,
do

dr r=0 dr r= o

( 10)

( И )
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3. M ethod  o f so lu tion

T h e  above p ro b lem  can be se p a ra te d  in to  tw o  as follow s:

0p =  epi{r,z)  +  6p, ( r , z , t )  ,

0 =  0i (r, z) +  02(r, z, t) ,

w h e re  6V 02, 0 a n d  0p> sa tisfy  th e  fo llow ing eq u a tio n s  

двБ
R ^  =  ß J ß i - e P, ) ,

dz

й d0! =  JL_ ( i ^ i _  1 dOt
г dr

d0!

dz Q \{ dr2

öi =  0, 0p, =  C

L \ = 0’ 1(30p.)
- )r=0 l dr j,

[0J. =  ÖqI ö p , =

Ööp, R  Ööp, _
dt dz

+  &(Öp,— ®i)>

0 ,

'p>t

Л d02 , ^  d02
dt dz

d 2 02 1 d02
d r2 r dr

+  &(0p, ~  ®г) *

[0 =  sin cot, 02 =  s in  cot] w hen  z =  0 ,

d02 II О (d0p.
dr r=0 dr ,

=  0; 02 =  0, 0_ =  0 a t  r  =  1, t > 0 .

( 12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

( 20) 

( 21) 

( 22)
r=o

Solving (14) a n d  (15) u n d e r th e  cond itions (16) — (18), we ge t 

0 i(r ,z ) =  0O ,  0  ^  J o ( r c t n ) f l  « M o l
A. ■ ■ LJ ^

n = l  Я-riJl ( ^ n ) . я п —  Mo Г А 1e -p** _

Mo |p  I

'•■11

epAr’ z ) =  0o 

w h e re

Я„ — Mo 1 /?3

$ J o(ra ^) j ___ i l __ е-м»|*_2  ^ o(roco) I _ _
0 = 1 *лЛ(«п) 1 Яп

Mo

■Mo Mo

2  я„ =  A + Ä  +  j i -  +
i? PR

ßz f  ßl _|_ a o

R
~ ß 3P R  P R 2

1/2

(23)

(24)

(25)
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2 /ln= Ä ± Ä  +  J ^ _ [ Ä L ± Ä + j £ --------^ ß z 1/2, (26)
R  P R  R  P R  P R 2 j

an d  a„ (n  =  1, 2, 3, . . .) are  th e  p o sitiv e  roo ts o f  jT0 (a) =  0.
In  o rd e r to  o b ta in  0ft (r, z, t) a n d  02 (r, z 5 *)> w e define  th e  fo llow ing au x i

lia ry  p ro b lem :

^к + д^к = /5з(0' -0',), (27)
dt dz

7 l“^  + T i r ]  +  A<e''_ s ,)’ (28)
[ 0 2  =  cos cot, врг =  cos cot] w hen z =  0, (29)

—  =  0, | - ^ - |  =  0; в'2 =  0, в'Р! =  0 a t  г =  1, t >  0 . (30)
dr r=о [ d r /*=о

L e t us define new  te m p e ra tu re  functions вр an d  Qc su ch  th a t  6P =  
=  0pr +  iQpi and  0c =  6 2  +  Î02 - T h en  th e  p rob lem  given b y  (19), (22) and  
(27)— (30) can  be com bined  to  g ive th e  follow ing eq u a tio n s

^  +  R ^  +  ß3(0c - e Pc) ,  (3 i)
dt dz

двс dec 1 (020с , 1 dec \ , oia
— — +  = ---------— н--------- -— M 4( 0 p « - 0 c b  (32)

dt dz Q dr 2  r dr

(0р5 =  eí<u(, 0С =  e‘mt) w hen  z =  0 (33)

Í ^ pA  =  0, № - ]  =  0; (0pe =  0, 0C =  0) a t  r  =  1, t >  0 . (34)
I d r jr=o d r  ) r=o

W e now  assum e th e  period ic  so lu tions of th e  fo rm :

0 Pc(r, z> 0  =  e‘at v(r ’ z ) > (35)
0C (r, z, t) =  eM cp(r, z ) , (36)

w here тр an d  cp sa tisfy  th e  follow ing

iœrp - f  R  =  /93(qp — ip) , (37)
dz

iw(p +  f í i ?  =  J l № .  +  i l l  +  ßi(y, -  cp), (38)
dz 0  l d r 2  r dr j

{ip =  1, cp =  1) w hen  z =  0 ,  (39)

(-^-1  =  0, f - ^ -  =  0 ; (ip =  0, <p =  0) a t  r  =  1, t >  0 . (40)
1 d r ] r_o dr Jr=o
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Solving (37) a n d  (38) u n d e r  th e  cond itions (39) a n d  (40), w e get

02 =  2 sin ait — —  z ^(o \ “ J 0(r«n)
R  J n =  1

R L

R^n
ßi J \ -̂n Hri

e~  —

h r H rH! К — Mn J

(41)

6P =  2 sin
to

cot — — z

ßä I fin ,

-R J /1=1 0C/t«/l (&n) -̂/l
e-n»‘ J ± — » - k A

A „ -

w here Ä  +  ßi I a nVn =  ß v  K  +  H n -  ra R  r * +

M/l
&  +  &  , «n )2 4 *o

P
+

P P
1/2

P R  P P 2

(42)

(43)

(44)

4. D iscussion

W hen  th e  b o u n d a ry  co n d itio n s  on th e  w all o f  th e  p ipe fo r 0 an d  0p are 
hom ogeneous, th a t  is w h en  0O is zero , we have

0p(r ’ « , {) =  M r> z> 0 ’ (45)
в (r, z, t) =  02(r, z, t) . (46)

6pi(r , z, t) and  02(r, z, t) show  t h a t  th e  te m p e ra tu re s  o f  d u s t p a rtic le s  and  of 
l iq u id  decay e x p o n en tia lly  along th e  p ipe . F o r a single p h ase  sy s tem  th e  num ber 
o f  d u s t  partic les p e r u n i t  vo lum e is zero (ß4 =  0), th e n

w h ere

0s(r > 2 , t) =  2 sin co t---
R

у  J o ( roO
/1 =  1 <XnJ  l ( a f l)

Cn =  exp

(47)

In  m any ap p lic a tio n s , h e a t t ra n s fe r  in  reg ions aw ay  from  th e  in le t is of 
in te re s t  and  for su ch  s itu a tio n s , o n ly  th e  f irs t  te rm  in  (41), (42) an d  (47) is 
ta k e n  an d  for th is  case  th e  te m p e ra tu re  a t  r  =  0 is g iv en  b y

0 = 2  sin

вр =  2 sin

to
cot — — z

R

CO
cot — -— z

R ,

а , (48)

(49)
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TWO-PHASE FLOW HEAT TRANSFER 243

0S =  2 sin  I cot — —  z\ as , (50)

w here

x i J  i(a i)
e ~ ^ z ■ -Kz

Ai Aj [лг
1

^ i J  i(a i)
e PR ,

an d

are  re sp e c tiv e ly  th e  am p litu d es  o f  d u s t  pa rtic le s , liq u id -d u s t m ix tu re  and 
c lear liq u id .

Remarks

B y  u sin g  S oo’s tr ia l  so lu tion , (E q . (4.47) on p. 155 o f [1]) we h a v e  o b ta ined  
o rd in a ry  d iffe ren tia l eq u a tio n s  o f B essel’s ty p e . T he resu ltin g  b o u n d a ry  value 
p ro b lem  tu rn e d  o u t to  be  a S tu rm —L iouv ille  system . T h is is im p o rta n t

Fig. 1
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Fig. 3
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TWO-PHASE FLOW HEAT TRANSFER 245

because  Soo o b ta in e d  a S tu rm —L iouville  sy s tem  for a d e g en e ra te  case only. 
E q s . (23) to  (26) o f  th is  p a p e r rep re sen t a g enera l so lu tio n  o f  th e  h e a t  tra n s fe r  
p ro b lem .

(i) F ro m  F ig . 1 i t  is c lear t h a t  th e  am p litu d es  increase w ith  R  an d  ap >  
>  a >  as.

(ii) F ig . 2 show s th a t  ap decreases w ith  th e  increase o f ß3 (a n d  so ßt) b u t 
a increases a n d  a p >> a >  a s.

(iii) F ro m  F ig . 3 we f in d  th a t  th e  a m p litu d e  ap an d  a in c rease  w ith  increasing  
ß j ß g an d  ap ^> a >  as (a t le a s t fo r th e  va lu es  o f v a rio u s p a ra m e te rs  occur
r in g  here).

T herefore  th e  effect o f d u s t p a rtic le s  is to  f la t te n  th e  te m p e ra tu re  profile  
a n d  con seq u en tly  increase  th e  h e a t tra n s fe r . T he phase  lags a re  th e  sam e for 
tw o -p h ase  a n d  sing le-phase sy stem . A lso, as th e  in le t f req u en cy  is increased  
th e  p h ase  lag  in creases  an d  as th e  R ey n o ld  n u m b er R  is in c rea sed , th e  phase 
lag  decreases.
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RAYLEIGH-TAYLOR INSTABILITY OF A COMPOSITE 
MIXTURE THROUGH POROUS MEDIUM

By

R . C. SHARMA and K . P . T h a k u r

D E P A R T M E N T  O F  M A T H E M A T IC S , H IM A C H A L  P R A D E S H  U N IV E R S IT Y , SIM LA -171005, IN D IA

(Received 3. IV. 1979)

The frictional effect of collisions of ionized with neutral atoms on the Rayleigh—Taylor 
instability of a composite mixture through porous medium is considered in the presence of 
a horizontal magnetic field. For the case of two uniform fluids separated by a horizontal 
boundary, the magnetic field completely stabilizes certain wave-number band. For the case 
of exponentially varying density, the collisions are found to have no effect as such on the 
stratification. However for the stable stratification, the growth rates increase with the increase 
in permeability of the medium whereas for the unstable stratification, the growth rates may 
be both increasing or decreasing.

1. In tro d u c tio n

Ch a n d r a s e k h a r  [1] has given a d e ta iled  acco u n t of th e  s ta b ili ty  of 
superposed  flu id s  in  th e  presence of m ag n etic  fie ld  th ro u g h  non-porous m edium . 
W hen a f lu id  p e rm ea te s  a porous m a te ria l, th e  a c tu a l p a th  of a n  in d iv id u a l 
partic le  o f  f lu id  c a n n o t be followed an a ly tica lly . T he effect, as th e  f lu id  slowly 
perco la tes th ro u g h  th e  pores o f th e  rock , is re p re se n te d  b y  a m acroscop ic  law . 
This is th e  u su a l D a rc y ’s law . As a re su lt o f th is , th e  u su a l viscous te rm  in  th e  
equations o f f lu id  m o tio n  is rep laced  b y  th e  re s is tan ce  te rm  (p /k^q, w here p 
is th e  v isco s ity  o f th e  f lu id , k Y th e  p e rm eab ility  o f th e  m edium  an d  q th e  velo
c ity  of th e  f lu id , c a lc u la ted  from  D arcy ’s law . W o o d in g  [2] has considered  
the  R ay le igh  in s ta b il i ty  o f  a th e rm a l b o u n d a ry  la y e r  in  flow  th ro u g h  a porous 
m edium .

I t  is q u ite  f re q u e n t t h a t  th e  m ed iu m  is n o t  fu lly  ionized a n d  m ay  he 
perm eated  w ith  n e u tra l a to m s. The m edium  has been  idealized  th e re fo re , follow 
ing H a n s  [3], as a com posite  m ix tu re  o f a h y d ro m ag n e tic  (ionized) com ponen t 
and  a n e u tra l  co m p o n en t, th e  tw o in te ra c tin g  th ro u g h  m u tu a l collisional 
(frictional) e ffects. H a n s  [3] and  B h a t ia  [4] h av e  show n th a t  th e  collisions 
have a s tab iliz in g  e ffec t on  th e  R a y le ig h —T a y lo r in s ta b ility . H ow ever, for 
the K e lv in —H elm h o ltz  co n fig u ra tio n , R ao an d  K a l r a  [5] an d  H a n s  [3] 
have found  th a t  th e  co llisional effects are  in  fa c t d estab iliz in g  for a su ffic ien tly  
large collision freq u en cy .

In  th e  p re se n t p a p e r  we s tu d y  th e  co llisional a n d  p o ro sity  effects on 
the R ay le ig h —T ay lo r in s ta b ili ty  o f a com posite  m ix tu re  th ro u g h  porous 
m edium  in  h y d ro m ag n e tic s .
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2. P e rtu rb a tio n  equations

Consider an  incom pressib le  com posite  la y e r  consisting  o f an  in fin ite ly  
co n d u c tin g  h y d ro m ag n e tic  flu id  o f  d en sity  q, p e rm ea ted  w ith  n e u tra ls  o f 
d e n s ity  qd, a r ra n g e d  in  horizon ta l s t r a ta ;  th ro u g h  porous m ed ium  an d  ac ted  
on  b y  g ra v ity  fo rce  g(0, 0, —g) a n d  h o rizo n ta l m agnetic  f ie ld  H (H, 0, 0). 
A ssum e th a t  b o th  th e  ionized f lu id  a n d  n e u tra l f lu id  behave like  c o n tin u u m  
flu id s  an d  th a t  e ffec ts  on the  n e u tra l  com ponen t re su ltin g  from  th e  fields of 
g ra v ity  an d  p re ssu re  are neg lec ted . T he m ag n e tic  fie ld  in te ra c ts  w ith  th e  
h y d ro m ag n e tic  co m p o n en t only.

L e t ÔQ, ôp , q (n , v w) and  b(hx, hy, hz) d en o te  resp ec tiv e ly  th e  p e r tu rb a 
tio n s  in  den sity , p ressu re , velocity  a n d  m agnetic  f ie ld  H ; qd, vc, це a n d  p  deno te  
th e  ve lo c ity  o f  th e  n e u tra l f lu id , th e  m u tu a l co llisional (fric tional) freq u en cy  
b e tw een  th e  tw o  com ponen ts o f th e  com posite  m ed ium , th e  m ag n e tic  p e rm ea 
b il i ty  o f th e  m ed iu m  and  th e  v isc o s ity  o f th e  h y d ro m ag n e tic  f lu id , re sp e c ti
ve ly . T hen  th e  lin ea rized  p e r tu rb a tio n  eq u a tio n s  governing th e  m o tion  of 
th e  com posite  m ed iu m  are

< 3 -  =
dt

-  Vdp +  gÔQ +  (V X h) X H  +  Qd vc(qd -  q ) ------q,
4 71 /Cj

(1)

— vc{qd q) , 
ot

(2)

V • q  =  0, V • h  =  0, (3)
d Â dg 
dt dz

(4)

V = V x ( q X H ) .
dt

(5)

A nalyzing  th e  d istu rbances in to  no rm al m odes, we seek so lu tio n s w hose 
dependence on sp ace  coord inates x, y ,  z and  tim e  t is  o f th e  fo rm

f(z) exp (ikx x  +  iky у  +  n t) , (6)

w here kx, ky (к =  |/ (fc| Щ) a re  th e  w ave n u m b ers  along x  a n d  у  d irec tio n s 
re spec tive ly , f (z )  is som e fu n c tio n  o f  z and  n is a  com plex c o n s ta n t.

E lim in a tin g  qd betw een E q s . (1) and  (2) a n d  using  (6), E q s . (1 )—(5) give

n ' +

К
V

gu — — ikx dp ,

QV =  — iky ôp -f-
4 л

(ikx hy — iky hx) ,

(7)

( 8)
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I” +тI *1
gw =  — Dôp м

4 л
{Dhx — iAx h2) -  g ő g ,

w here

ifcx и +  iky V -{- Dw  =  0,

ikx hx +  iky hy - \ ■ Dhz =  0, 

nôg  =  — wDg  ,

nhx =  ikx H u , nhy =  ikxHv, nh2 — iAx H w  ,

1 +  •
ra +  ^c,

I“v =  — , oc0 —
e e

a n d  D -
dz

E lim in a tin g  <5p betw een  E q s . (7) — (9) an d  using  E q s. (10) — (13), we get

1 и k2 H 2
n'[D{gDw) -  A2 pu;] -------[D(gvDw) -  A2 gvw] +  -  X

fcj 4 nn

(D 2 -  A2)u>
gA:2 {Dg)w =  0

(9)

( 10)

( П )

( 12)

(13)

(14)

3. Two uniform fluids separated by a horizontal boundary

C onsider th e  case o f  tw o  un iform  flu id s  of den sitie s  (low er flu id ) and  
g2 (upper flu id ) se p a ra te d  b y  a h o rizon ta l b o u n d a ry  a t  z =  0. E q . (14) for 
b o th  regions o f  flu id  reduces to

(D 2 -  k 2)w =  0. (15)

T he general so lu tio n  of E q . (15) is

w =  A e +kz -f- Be~kz, (16)

w here A  an d  В  are a rb itra ry  co n stan ts .
The b o u n d a ry  co n d itio n s to  be sa tis fied  in  th e  p re se n t p rob lem  are  as 

follows.

(i) The v e lo c ity  w shou ld  v a n ish  w hen z —*• -fo o  (for th e  u p p e r flu id ) and  
z —> — oo (fo r th e  low er flu id ).

(ii) w(z) is co n tin u o u s a t  z =  0.
(iii) The p ressu re  should  be  con tinuous across th e  in te rfa c e .

The c o n tin u ity  of p re ssu re  m eans th a t

1 ,, 1.2 If2 „1,2
n 'A 0(gDw) +  —  A0(gvDw) +  A u(Dw) +  A 0( q)w 0 =  0. (17)

к, 4 nn n
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A p p ly in g  th e  b o u n d a ry  cond itions (i) an d  (ii), we can  w rite

M7X =  A e +kz(z <  0 ) ,  (18)
a n d

M>2 =  A e ~ ta(z >  0 ) ,  (19)

th e  sam e  co n stan t A  h as  been ch o sen  to  ensure th e  c o n tin u ity  o f  w a t  z =  0. 
A pp ly ing  th e  co n d itio n  (17) to  th e  so lu tions (18) an d  (19), w e get

n 3 +  ^ c(«0 +  1 ) ! +  +  *2 V2)

+  i — «2 )

w h e re  v \  — [хеН 2/4 л (д 1 +  Q-г)-

n 2+  (x1v1 +  a 2v2) +  2k2 v \  +
I K

( 20)

n +  [2K v2a  +  gk(x t — a2)] vc =  0 ,

(a) S ta b le  case (дг >  Pa)-
I n  th is  case, E q . (20) does n o t  allow  an y  p o sitiv e  ro o t as th e re  is no 

c h an g e  of sign. T h is  m eans th a t  th e  system  is s tab le .
(b) U n stab le  case (p2 >  Pi)-

In  th is  case i f

2*4 «a <  gk(*2 — ax) , (21)

th e  c o n s ta n t te rm  in  E q . (20) is n e g a tiv e . E q . (20) there fo re  allow s one change 
o f  s ig n  and  so h as  one positive ro o t . T he occurrence o f p o s itiv e  ro o t im plies 
t h a t  th e  system  is u n s tab le . I f

2*4 va  >  gk{<*i — «i) , (22)

E q . (20) does n o t a d m it of an y  ch an g e  o f sign  a n d  so no p o s itiv e  ro o t occurs. 
T h e  sy s tem  is th e re fo re  stab le .

T h u s for th e  u n s ta b le  case (g2 >  ех), th e  sy stem  is s ta b le  or u n s tab le  
a cco rd in g  as p2 — is less th a n  o r  g re a te r  th a n  neH 2k 2x/2ngk.  I n  th e  absence 
o f  m ag n e tic  fie ld , th e  system  is u n s ta b le  fo r q2 >  Qv  as one o f  th e  v alues of 
n  g iv e n  b y  E q . (20) is positive . B u t th e  p resence o f m ag n e tic  fie ld  has got 
s ta b iliz in g  effect a n d  com plete ly  stab ilizes  th e  w av e-n u m b er b a n d  к >  fc* 
w h ere

=  2 n g  (e, -  Pl) sec2 e (23)
fleH 2

a n d  0 is th e  in c lin a tio n  of th e  w av e  v ec to r к  to  th e  d ire c tio n  o f m agnetic  
f ie ld  H .
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4. The ease o f  exponentially varying density

L et us consider th e  d e n s ity  s tra tif ic a tio n  in  a  co n tin u o u sly  s tra tif ie d  
m ed iu m  of d e p th  d  as

o(z) =  g0 eßz, (24)

w h ere  g0 and  ß  a re  c o n s ta n ts . L e t us assum e t h a t  ßd 1, i.e ., th e  v a ria tio n  
o f  d e n s ity  a t  tw o  n e ig h b o u rin g  po in ts  in  th e  v e lo c ity  f ie ld , w hich  is m uch 
less th a n  th e  av erag e  d en sity , has a negligible e ffec t on th e  in e r tia  o f th e  flu id . 

Follow ing C h a n d r a s e k h a r  [1], th e  b o u n d a ry  co n d itions fo r th e  case
o f tw o  free surfaces are

w =  D 2w  =  0 a t  z — 0 an d  d .

T he p ro p er so lu tio n  o f  E q . (14) sa tis fy in g  (25) is

. . m uz  
w =  A  s in -------- ,

(25)

(26)

w here  A  is a c o n s ta n t an d  m is an y  in teger.
S u b s titu tin g  (26) in  (14) an d  neg lec ting  th e  effect o f  h e te ro g en e ity  on 

th e  in e r tia , we get

n
(27)

w h ich  on s im p lifica tio n  gives

7l3 + vc(x 0 +  1) +
*1

n 2 + - ^ v c +  k l V 2 - ^ - \ n  +

k l V2 -
gßk2

(28)

vc =  0 ,

w here

„ . „ J i Æ  and  jJ ü fL | + t ! .
4 n q 0

F o r th e  s ta b le  s tra tif ic a tio n  (ß <  0), E q . (28) does n o t h av e  a n y  positive  
ro o t im p ly ing  th e re b y  th a t  th e  sy s tem  is s tab le . F o r  th e  u n s ta b le  s tra tif ic a tio n  
(ß 0) an d  fo r к 2 >  k 2yv 2Llgß , th e  c o n s ta n t te rm  in  E q . (28) is nega tive . 
T h is m eans th a t  E q . (28) possesses one p o sitive  ro o t im p ly ing  th e re b y  th a t  th e  
sy s tem  is u n s tab le . L e t n 0 d en o te  th e  positive  ro o t o f  E q . (28). T hen

rao +  jvc(a 0 +  4) + ni +

+ k l V2 -

vc +  k l  V2 — Æ - ]  n 0 +  
k i  L  J

gßk 2 1
(29)

vc — 0 .
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T o  find  th e  ro le  of collisions concern ing  th e  g ro w th  ra te  o f  u n s tab le  
m o d e s , we ex am in e  th e  n a tu re  o f  d n jd v c. E q . (29) gives

dn  Q 
dvc

Щ (Kn +  1) 4— :— n0 +

1 L  I

Зп-о +  2 ivc(a 0 | 1 )  +  —— + : + « . ■  i
L J k x L

(30)

T herefore if , in  ad d itio n  to  k 2 >  k 2v 2Ljgß, w h ich  is a su ffic ien t co n d itio n  
fo r  in s ta b ili ty , w e h a v e  e ith er o f  th e  cond itions

g ß k 2
К  V 2 -

- t i -
+  2 re0 vÁ <xo +  1) "1 ~ J +  3nl (31)

d n 0/dvc is alw ays n eg a tiv e . T hus w ith  th e  increase in  co llisional freq u en cy , th e  
g ro w th  ra te  decreases .

W e conclude therefo re  t h a t  fo r  k 2 >  k^v2L;gß. th e  system  is u n s ta b le  
a n d  th e  grow th r a te ,  under e ith e r  o f  th e  co n d itions (31), decreases w ith  th e  
in c re a se  of co llisions. I f  k 2 <  kxV2L/gß,  th e  sy s tem  is s tab le .

To fin d  th e  e ffec t of p e rm e a b ili ty  o f th e  m ed ium  on g ro w th  ra te s , we 
e x a m in e  th e  n a tu re  of d n jd k v  E q . (29) gives

dn  0
+  Vc ) n n

____

3no +  2n0 l v c(a 0 +  1) H— -— 
l k i

(32)

E q . (32) im p lies  th a t  fo r s ta b le  s tra tif ic a tio n  (ß <  0), d n j d k x is p o s itiv e ; 
m e a n in g  th e re b y  t h a t  w ith  th e  in c rease  in  p e rm e a b ility  o f  th e  m ed iu m , th e  
g ro w th  ra te  in c rea se s  for th e  s ta b le  s tra tif ic a tio n .

F o r u n s ta b le  s tra tif ic a tio n  (ß  >  0) an d  for

gßk2
L

3«o +  2re0 jvc ( a 0 +  1) +  -j—j +  j vc +  v1 , (33)

d n 0jd kx is n e g a tiv e  or positive fo r  th e  g re a te r  th a n  or less th a n  sign , re sp e c ti
v e ly ;  m eaning  th e re b y  th a t  w ith  th e  increase in  p e rm e a b ility  o f th e  m ed ium , 
t h e  g row th  ra te s  a re  bo th  d ec rea s in g  an d  increasin g  fo r th e  u n s ta b le  s t r a t i 
f ic a tio n .
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SEMI-CONDUCTING PROPERTIES OF ORIENTED THIN
TELLURIUM FILMS

By

A. H . E m , S. Ma h m o u d  and M. S. E l m a n h a r a w y

E L E C T R O N  M IC R O SC O PY  L A B O R A T O R Y , N A T IO N A L  R E S E A R C H  C E N T R E , D O K K I, C A IR O , E G Y P T

(Received in revised form 8. V. 1979)

Oriented tellurium films have been deposited on mica at temperatures ranging between 
333K and 423 K. The electrical properties are measured. The results are discussed in relation 
to those resulting from electron microscopical and optical investigations. The existence of 
two acceptor states in the band gap is demonstrated, these states act as sources of holes below 
400 K. On annealing the samples in situ, the electrical properties and the Hall coefficient 
imply considerable influence on the semi-conducting behaviour by electrons from the conduc
tion band. I. R. spectral measurements have revealed the presence of three different peaks 
corresponding to three activation energy values of 0.05 eV, 0.12 eV and 0.31 eV.

In tro d u c tio n

T h e  s tru c tu re  o f  th in  sem i-conducting  film s as w ell as th e  exp erim en ta l 
co n d itio n s used in  th e ir  p re p a ra tio n  are  know n to  a ffec t th e  e lec trica l p roper
tie s  o f  th e se  film s to  a g re a t e x te n t. T he m obility  o f  carrie rs  to g e th e r  w ith  th e ir  
co n cen tra tio n s  re p re se n t tw o p a ra m e te rs  w hich are  m ost sen s itiv e  to  th e  
v acu u m , th e  ra te  o f dep o sitio n , th e  te m p e ra tu re  o f  su b s tra te  a n d  th e  annealing  
p ro g ram . W ith  reg a rd  to  te llu riu m , th e  atom s h av e  been  fo u n d  to  possess high 
m ob ilities  on h ea ted  su b s tra te s ;  th u s  allowing th e  s tru c tu re  to  be  v e ry  m uch 
governed  b y  th e  su rface  free energ ies of th e  c ry s ta llite s  [1]. T h in  film s on 
cooled su b s tra te s  h av e  p o ly c ry s ta llin e  s tru c tu re s  w ith  d ro p le tlik e  islands. On 
ra is in g  th e  te m p e ra tu re  o f  th e  c ry s ta llin e  su b s tra te , th ese  d ro p le t- lik e  islands 
assum e th e  dendritic  sh ap e  w ith  a considerab le  a b ili ty  fo r n u c lé a tio n  o f tw ins. 
L ittle  in fo rm atio n  o n ly  is av a ilab le  in  th e  ex isting  l i te ra tu re  on th e  co rrelation  
b e tw een  th e  e lectrical p ro p ertie s  a n d  th e  m ic ro s tru c tu re  o f such  o rie n te d  film s. 
By ca re fu l selection o f  th e  e x p e rim en ta l cond itions, we w ere ab le  to  deposit 
o rien ted  te llu riu m  film s on  fresh ly -c leav ed  surfaces o f  m ica. E le c tr ic  re s is tiv ity  
an d  g a lvanom agnetic  p ro p ertie s  o f th e se  film s w ere m easu red  a n d  th e  resu lts 
w ere su p p o rte d  b y  fu r th e r  o p tica l s tu d ie s  in  th e  I .R .  range.

E xperim en ta l

T h in  te llu rium  film s w ere th e rm a lly  ev ap o ra ted  from  h e a te d  silica  crucible 
on fre sh ly  cleaved su rface  o f m ica u n d e r  vacuum  o f 10 _ 4 /ib a r. T h e  m ica  em ploy
ed was o f  E g y p tian  lo c a lity  of m u sco v ite  ty p e . T he glide p lan e  o f  m uscovite
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co in c id es  w ith  i ts  c leavage p lan e  a n d  th is  m akes i t  e a sy  to  be c leaved  an d  p rod 
uce  th in  sheets o f ex ten d ed  c ry s ta llin e  layers. The c leav ed  surface is ap p ro x i
m a te ly  a tom ica lly  f la t  [2]. B efore  ev ap o ra tin g  th e  te llu r iu m  film s, th e  m ica 
w as hea ted  u p  to  675 К  fo r one h o u r  to  m inim ize th e  p resence  o f an y  u n av o id 
a b le  surface im p u ritie s . Special m ech an ica l d iap h rag m s w ere used  to  evapora te  
th ic k  layers o f gold e lec trodes a t  th e  te rm ina ls o f th e  m ica  sh ee ts . Before the  
dep o sitio n  o f te llu r iu m  film s, th e  m ica  w as m a in ta in e d  a t  th e  req u ired  tem p e
r a tu re .  The ex p e rim en ta l co n d itio n s  (su b stra te  ty p e , su b s tra te  tem p e ra tu re  
a n d  ra te  of deposition) w hich  y ie ld  te llu riu m  film s o f  m o n o cry s ta llin e  s tru c tu re  
w ere  selected from  o u r p rev ious w o rk  [3]. A ccord ingly , 20 nm /sec w as a su itab le  
r a te ,  on a m ica s u b s tra te  m a in ta in e d  a t  a te m p e ra tu re  o f  423 K . S im u ltaneously  
p re p a re d  te llu riu m  film s on o p tic a l q u a lity  were u sed  fo r m easu rin g  th e  film  
th ick n ess  b y  T o l a n sk y  m eth o d  [4 ]. T he elec tron  m icroscope sam ples were 
d e ta c h e d  from  th e  te llu riu m  film s deposited  on m ica  a n d  tr e a te d  u n d e r th e  
sam e  conditions. T h e  m ica w ith  th e  film  on i t  w as g e n tly  im m ersed  in  d istilled  
w a te r  on w hich  few  d rops o f  p e tro le u m  e th e r w ere a d d e d . T he f lo a tin g  pieces 
w ere  fixed  on th e  e lec tro n  m icroscope grids. F o r I .  R . s tud ies som e discs of 
m ica  sim u ltan eo u sly  p re p a re d  a n d  sim ilarly  tr e a te d  w ere used.

R esu lts  and  discussion

W hen th e  te m p e ra tu re  o f  th e  su b s tra te  is close to  t h a t  o f th e  room , and  
th e  ra te  of d ep osition  is above 10 ~ 7 cm /sec, th e  film  is com posed o f  p o ly c ry s ta l
l in e  islands o f  d ro p le t-lik e  sh ap e  as show n on P la te  ( la ) .  T he correspond ing  
e lec tro n  d iffrac tio n  p a tte rn  in  P la te  ( lb )  is a n o rm a l r in g  p a tte rn  in d ica tin g  no

Plate (la).  9000 times magnified photograph of Те film 0.05 /on thick deposited on cold
mica substrate
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p refe rred  o rie n ta tio n  ev en  on tiltin g  th e  film  30°. O ne should  m en tio n  th a t  
w hen  th e  r a te  of d ep o sitio n  ran g ed  b e tw een  2 X 1 0 ~8 cm /sec an d  1 0 ~ 7 cm /sec, 
th e  d en d ritic  shape  s ta r te d  to  ap p ear w ith  a poor o rie n ta tio n , d e te c te d  b y  th e  
w eak arcs w hich  w ere superim posed  on th e  ring  p a t te r n  (P la te  2).

Plate (lb).  Transmission electron diffraction from the same area recorded in Plate la

Plate (2).  Transmission electron diffraction for Те film 0.05 /um thick deposited on mica 
with a smaller rate of deposition than that used for film recorded in Plate lb

T he de ta ils  o f th e  m o rpho logy  a n d  s tru c tu re  s tu d ie s  using d iffe ren t su b 
s tra te s  are  p u b lish ed  elsew here [3]. O n ra is in g  th e  su b s tra te  te m p e ra tu re  
ran g in g  be tw een  333 К  a n d  423 K , th e  tran sm iss io n  p h o to g rap h s  show  th e  
d en d ritic  g ro w th  co n firm ed  b y  tw o su perim posed  e lec tron  d iffrac tions as 
show n on P la te s  (3a) an d  (3b), (4a) an d  (4b). This ty p e  o f e lec tron  d iffrac tio n
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im p lies th e  presence o f  tw o g roups o f  c ry s ta ls  inc lined  a t  a n  ang le  of a b o u t 
68°, w ith  a com m on zonal axis [1012].

S im ila r re su lts  h av e  been re p o r te d  b y  W e i d m a n n  an d  A n d e r s o n  [1]. 
T his p a t te r n  re p re se n ts  tw inn ing  a lo n g  th e  (1012) p lane. A n n ea lin g  th e  film  
leads to  a sh a rp e r e lec tro n  d iffrac tio n  a n d  th e  d isap p earan ce  o f  m a n y  p ecu lia 
r itie s  fro m  th e  d iffrac tio n . T hese o b se rv a tio n s  are due to  increasin g  th e  
av e rag e  den d ritic  size, w ashing o u t  m o st o f th e  th e rm a lly  u n s ta b le  defects 
an d  a b e tte r  o rd erin g  in  th e  film .

Plate (3a). 9000 times magnified photograph of Те film 0.06 fira thick, deposited on mica 
at 333 K, with a rate of deposition of about 50 nm/sec

Plate (3b). Electron diffraction recorded from the area shown in Plate 3a
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The e lec trica l re s is tiv ity  w as m easu red  in  s itu  befo re  a n d  a f te r  an n ea l
ing . T he low  te m p e ra tu re  re s is tiv ity  an d  g a lvanom agnetic  b eh av io u r w ere 
m easu red  u n d e r  a tm o sp h eric  p ressu re . T he irreversib le  changes, on  ad m ittin g  
a ir  to  th e  specim en  ch am b er, m a tc h e d  th e  re s is tiv ity  d a ta  in  s itu  in  th e  d if
fe re n t ranges o f  te m p e ra tu re .

F o r no n -an n ea led  film s dep o sited  on m ica a t  room  te m p e ra tu re  and  a t 
a deposition  ra te  exceeding 50 nm /sec, th e  re s is tiv ity  — te m p e ra tu re  re la tio n -

Plate (4a). 9000 times magnified photograph of Те film, 0.065 fim thick, deposited on mica 
substrate at 423 K, and left at this temperature for about 30 minutes before switching off the

substrate temperature

/.Plate (4b). Electron diffraction pattern recorded from the area shown in Plate 4a
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sh ip  w as found  no t to  d iffe r m uch from  th a t  fo r film s d ep o sited  on glass u n d er 
th e  sam e  ex p erim en ta l cond itions [3]. Below 10 °C, th e  re la tio n  y ields an 
a c tiv a tio n  energy o f  0 .05  eV w ith  a m in o r dependence on te m p e ra tu re . As th e  
te m p e ra tu re  exceeds 10 °C, a lin ear te m p e ra tu re -d e p e n d e n t re la tio n  is o b ta in ed  
w ith  a n  ac tiv a tio n  e n e rg y  o f 0.14 eV fo r film s o f th ick n esses  g re a te r  th a n  0.2 ц. 
F o r th in n e r  film s, th e  second a c tiv a tio n  energy  v a lu e  in c reased  to  ab o u t 
0.19 eY. T he reason fo r  th is  is th e  d is tu rb an ce  b y  tu n n e lin g  a c tiv a tio n  energy 
in  th in n e r  film s [5, 6 ]. A nnealing  th e  film  in  s itu  a t  423 К  fo r th ree  hours 
re d u c e d  th e  re s is tiv ity  b y  ab o u t 2 0 % . T h is red u c tio n  in  re s is tiv ity  is a t tr ib u te d  
to  in c reas in g  th e  m o b ili ty  o f th e  ch arg e  carriers  due to  th e  increase in  th e  
av e rag e  dendritic  size a n d  th e  re d u c tio n  in  co n cen tra tio n  o f la ttic e  defects
[7, 8 ].

Fig. 1. Log resistance vs 1/X for Те films deposited on glass at room temperature and for that 
deposited on mica with the experimental conditions mentioned for Plate 4a

As a m a tte r  o f  f a c t ,  i f  th e  m ica  su b s tra te  is k e p t  a t  its  te m p e ra tu re  a fte r  
d ep o sitio n  for a tim e  exceed ing  th i r ty  m inu tes, th e  re d u c tio n  in  re s is tiv ity  is 
a b o u t to  stop. A d m ittin g  a ir th e re a f te r  d id  n o t a lte r  th e  re s is tiv ity . O n th e  
o th e r  h an d  a d m ittin g  o f  a ir ju s t  a f te r  s to p p in g  film  dep o sitio n  increases th e  
re s is t iv i ty  by  a b o u t 5 %  for film s deposited  on h e a te d  su b s tra te s  an d  20%  
fo r film s deposited  o n  cold  ones.

F ig . 1 is ju s t  a  re p re se n ta tiv e  ru n  for th e  v a r ia tio n  o f  log  R  vs th e  rec ip 
ro c a l  o f  th e  ab so lu te  te m p e ra tu re . F o r  th is  ru n  a  te llu r iu m  film  w as dep o sited  
on  m ica  m ain ta in ed  a t  423 К  w ith  a  r a te  of d ep osition  o f 20 nm /sec. T he m ica 
s u b s tra te  was k e p t  a t  th e  te m p e ra tu re  m en tio n ed  fo r a b o u t th i r ty  m in u tes  
a f te r  th e  deposition  ceased . One h as  to  s ta te  t h a t  i t  to o k  a b o u t f if ty  m in u tes  
fo r th e  film  to  cool d o w n  to  room  te m p e ra tu re  before  th e  f i r s t  ru n  w as ta k e n . 
T h e  re s is tiv ity  — te m p e ra tu re  re la tio n sh ip  show n in  F ig . 1 can  be easily  d iv ided  
in to  th re e  d is tinc t reg io n s . A bove 80 К  to  ab o u t 240 K , th e  re s is tiv ity  is n ea rly  
in d e p e n d e n t of te m p e ra tu re  an d  th e  ac tiv a tio n  energy  a m o u n ts  to  0.05 eY.
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T h e second reg ion  ex ten d s  o v er a  te m p e ra tu re  ran g e  o f 240 К  to  400 K , th e  
dependence  of re s is tiv ity  on te m p e ra tu re  is q u ite  ev id en t a n d  appears to  be 
due  to  a deep-ly ing  accep to r s ta te  w hich s ta r ts  to  show  i ts e lf  above 200 К  
w ith  an  a c tiv a tio n  energy  o f  0 .12 eV. In  th e  th i r d  reg ion , th e  dependence of 
r e s is tiv ity  on te m p e ra tu re  y ie ld s  an  ac tiv a tio n  en erg y  o f  a b o u t 0.31 eV. As 
a m a t te r  o f fac t, sam ples an n e a le d  for th ree  h o u rs  in  s itu  show ed sim ilar tren d s 
b u t  s lig h t sh ifts in  th o se  th re e  reg ions to  low er te m p e ra tu re s  occurred . This 
o b se rv a tio n  im plies th a t  th e  c o n cen tra tio n  o f th e  th e rm a lly  u n s ta b le  im puri-

F ig . 2. Ln Rff and In P  vs the reciprocal of the absolute temperature for Те film deposited 
on mica with the experimental conditions of Fig. 1

ties  w as too  h igh . O n  a d m ittin g  a ir  to  the  specim en  ch am b er, th e  sam e ty p e  
of re la tio n  still e x is te d  b u t  w ith  a sh ift tow ards h igh  te m p e ra tu re s  by  abou t 
100 K . U n fo rtu n a te ly , i t  w as n o t  possible to  ra ise  th e  te m p e ra tu re  above 
550 К  because th e  re s is tiv ity  in c reased  by  few o rders of m a g n itu d e  due to  
film  ro lling , c rack in g  an d  re -ev ap o ra tio n . I t  seem s th a t  ab o v e  450 K , th e  
re s is tiv ity  is v e ry  m u ch  in flu en ced  b y  electrons from  th e  co n d u c tio n  band .

T h e  H all coeffic ien t w as m easu red  a t ab o u t 0.5 T , th e  re su lts  a re  presen ted  
in  F igs. (1—2). T he d ependence  o f  R H on te m p e ra tu re  does n o t differ m uch 
from  th a t  o f re s is tiv ity  an d  is s im ila r  to  th a t  re p o r te d  b y  A l b e r s  a n d  L in k  [9] 
w ith  som e sh ift in  th e  tra n s i t io n  te m p e ra tu re  b e tw een  th re e  reg ions. These 
a u th o rs  were able to  discuss th e ir  resu lts  in  te rm s  o f a m odel a lread y  valid  
fo r single cry sta ls . A cco rd ing ly , th e  hole c o n c e n tra tio n  P  below  400 К  was 
ex p ressed  as:

P (T )  =  P l  +  p 2(T),

w here P l , th e  te m p e ra tu re - in d e p e n d e n t c o n c e n tra tio n  of shallow  tra p s  and  
d iffused  oxygen, is a sso c ia ted  w ith  th e  least a c tiv a tio n  en e rg y  (0.05 eV),

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



260 A. H. EID et al.

w h ile  th e  second p a ra m e te r  re p re se n ts  th e  co n cen tra tio n  o f deep t r a p s  due to 
la t t i c e  defects an d  is te m p e ra tu re -d e p e n d e n t. p 2(T) c an  be  w ritte n  as:

P Í  (T ) =  Pi 2 ex p E 2 — Ep  
k T

E 2 b e in g  th e  a c tiv a tio n  energy o f d eep  tr a p s  and  E p  th e  F e rm i level. T h e  value 
o f  E 2 e s tim a ted  b y  A l b e r s  an d  L i n k  am o u n ted  to  0.115 eV w hich  is in  good 
a g re e m e n t w ith  o u r v a lu e  of 0.12 eV ded u ced  from  th e  second  reg ion . T h e  th ird  
re g io n  was exp la ined  in  te rm s o f a second co nduction  b a n d  as a source of 
h o le s  in  which th e  e lectrons h a d  v e ry  high effective m asses an d  negligible 
m o b ili ty .

80- o = on g lass 
b = non annealed £ 
c = annealed on mica

60-

3  40-

20 -

Au

Fig. 3. Variation of transmittance with wavelength in I. R. region for Те film deposited on 
mica with experimental conditions as in Fig. 1

Since th e  th i r d  region g iv es  an  ac tiv a tio n  en e rg y  of a b o u t 0.31 eV 
w h ic h  is very  close to  the  h a n d  g a p  o f te llu riu m , one  m ay  assu m e  th a t  in 
th i s  region th e  f ilm  h as an  in tr in s ic  b eh av io u r a n d  th e  to ta l  im p u ritie s  are 
d e p le te d . The u n c e r ta in ty  in  m e a su rin g  the  H all co e ffic ien t in  th is  ran g e  of 
te m p e ra tu re  m akes i t ,  how ever, d iff ic u lt to  draw  d e fin ite  conclusions. M ore
o v e r , th e  v a ria tio n s  in  th e  s tru c tu re , confirm ed b y  e lec tro n  m icroscopy  in  th is  
r a n g e  of te m p e ra tu re  w hich show ed  th e  casual d isap p earan ce  o f th e  dendritic  
sh a p e  w ith  a f i la m e n t g row th  in  th e  film  [3] adds to  th e  p rev io u s reason.

The tra n s it io n  from  e x tr in s ic  to  in trinsic  b eh av io u r is co n firm ed  by  
o p tic a l m easu rem en ts on som e sam p les  in  th e  in fra -re d  range (2 /urn—25 /im). 
T h e  existence o f  th re e  b a n d - to -b a n d  tran sitio n s is c lear in  F ig . 3. These
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b an d s  have  d e p th s  of 0.04 eV, 0.14 eV a n d  0.33 Y m easu red  from  th e  v a lence  
b a n d  of te llu r iu m . F u tu re  m easu rem en ts  o f  th e  H all coeffic ien t u n d e r I .  R . 
s tim u la tio n  as w ell as th e rm a l glow curves w ill u n d o u b ted ly  fu rn ish  a d d itio n a l 
im p o r ta n t in fo rm a tio n  w ith  reg a rd  to  th e  ty p e  of carriers an d  energy  levels 
c re a te d  in  th e  b a n d  gap.
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A differential geometric analysis has been made with respect to free surfaces in both 
undeformed and deformed crystals. It has been shown that such well-defined tensor quantities 
as distortion, torsion, anholonomic object, Burgers vector and Burgers circuit may be defined 
with respect to such a surface.

Introduction

I t  h as  a lread y  been  show n th a t  in te rn a l surfaces such  as g ra in  b o u n d aries  
[1] an d  tw o -p h ase  in te rfaces  [2] can  be described  in  te rm s  o f  w ell-defined  
d isloca tion  a rray s . A p rob lem  closely re la te d  to  th is  concerns th e  n a tu re  of 
a free su rface . In  p a r tic u la r , one w ishes to  know  th e  e x a c t c o n fig u ra tio n  o f 
th e  B u rg ers  c ircu it an d  th e  co rrespond ing  te n so r  q u a n titie s  asso c ia ted  w ith  
these  free su rfaces. T he pu rpose  o f th e  p re se n t s tu d y  is th u s  to  em p lo y  th e  
tech n iq u es o f  d iffe ren tia l geo m etry  in  th e  analysis  o f th is  p a r tic u la r  p ro b lem

Burgers circuit associated with a simple surface

C onsider th e  p e rfec t c ry s ta l show n in  F ig . l a .  A reference  c irc u it m a y  
now  be c o n s tru c te d  w ith in  such  a  c ry s ta l as show n b y  th e  arrow s a lo n g  th e  
p a th  1-2-3-4-5-6-1. I f  now  th e  c ry s ta l in  F ig . l a  is c u t a long  th e  d o tte d  line 
w hich passes th ro u g h  p o in ts  3 a n d  6, an d  th e  r ig h t h a lf  of th e  c ry s ta l rem o v ed , 
we o b ta in  th e  co n fig u ra tio n  show n in  F ig . l b .  I t  is seen th a t  a closure fa ilu re  
show n b y  th e  d o tte d  arrow s b e tw een  p o in ts  3 an d  6 now  ex is ts . T he p u rp o se  
o f w h a t follows is to  discuss q u a n tita tiv e ly  th e  m ean ing  o f th ese  B urgers c ircu its .

In  g en era l, th e  closure fa ilu re  bk a sso c ia ted  w ith  a g iven  B urgers c irc u it 
m ay  be w r it te n  as [3]

bk =  §  A kK d xK, (1)

* The present research effort was supported by the United States Energy Research 
and Development Administration under Contract No. AT-(40-l)-3935 and by an award from 
The Alexander von Humboldt Stiftung.
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w here A is defined as the distortion  tensor w hich relates the local coordinates 
in  th e  initial or undeform ed sta te  ( K)  to  those in  the torn or natural sta te  
(fc) [4]. In the present stu d y , lower case L atin  letters w ill be used to  denote

L 3 2

5 6 ' 1

оо
a 0 (K) state

b) (k) state
Fig. 1. Burgers circuit associated with a) the interior of a" perfect crystal b) the surface of a

perfect crystal

th e  natural s ta te , while upper case L atin letters w ill he used to  denote the  
in itia l state. S tok e’s theorem  m ay also be used to  convert the line integral 
o f  Eq. (1) to  a surface integral as follows:

bk =  j  d lL A kK] d F LK =  J  -1  [dL A kK -  d K A i )  d F LK . (2)

Still another w a y  to  w rite E q . (2) is in  term s o f a surface integral referred to  
the final s ta te  w hich gives

ь* =  J  y  A \  A *  [dLA kK -  d K A i )  d F lm . (3)
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or more com pactly  as
»

ü ; m k  d F ,n (4)

where û /m/; is term ed the object of anholonom ity and defined as

Qto* = Af-AKdteAÍa- (5)
We see th en  th at the distortion  tensor appears in  all o f  the expressions for 
bk and thus p lays a prime role in the theory  o f  defects. I t  w ill therefore now  
be exam ined in  greater detail.

In  th e  case o f the cu t or torn crystal show'n in  F ig. lb ,  which contains 
a free surface, the distortion  tensor m ay be w ritten  as

A kK = ô kK H  ( - * 1) ,
к (6)

where èkK is  th e  Kronecker delta, while I I  ( —x1) is th e  H eaviside function  de
fined by

H i - * 1) =
к

0
1

i f  x 1 >  0 ,
i f  лЛ <  0 , (? )

and where x1 is the d istance measured along the un it vector e1 of th e  local 
К К

coordinate system  located  at the position o f  th e  p otentia l interface o f the  
crystal show n in Fig. Ja. N ow  according to  E qs. (1) and (6)

b1 — A \  A x1 -f- A \  Ax2 +  A \  A x1 -f- A \  A x2 , (8a)
f t  5 — 1 1 - 2  Ц 2 - 4  4 — 5

where Ax1 e tc . are the distances 5-1 etc. show n in  F ig. la . Since A \  =  0
5 — 1

and since A x1 — —Ax1 it  follow s that
5 — 1 2 - 4

hj =  0 .  (8b)
On the other hand

b2 =  A \  A x1 +  A i Ax2 +  A \  Ax1 +  A \  Ax2 . (9a)
f t  5 — 1 1 - 2  2 — 4  4 — 5

Since A 2 is  equal to  zero along the line 1 — 2 in  F ig. la ,  the second term  in
the above equation  vanishes. Thus, only th e  la st term  remains which is

b2 =  —4 a 0 . (9b)
ft

This is sim ply th e  distance 3 —6 shown b y  the dotted  arrows in Fig. lb ,  since 
a 0 is defined as the unit cell dimensions o f  th e  sim ple cubic lattice. I t  is to  be 
em phasized here th a t b2 is not a measure o f  d islocation  content, but rather

ft
a measure o f  th e  am ount o f  new ly created surface. The ram ifications o f  th is  
concept w ill be m et w ith  later.
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In  o rd e r to  see w h a t th e  closure fa ilu re  o f F ig . lb  m eans in  te rm s  o f E q .
(2) i t  is a sim ple  m a tte r  to  show  t h a t  b1 =  0 since from  th e  e q u a tio n

к

F  =  f  [—  dt A \  d F 12 -  —  dt A \  d F 21] =  0 (10)
к J S L 2  к  2  k J

in  v iew  o f th e  fa c t t h a t  A \  =  0. H o w ev er

a n d  since

a n d  using  E q . (6)

H o w ev er, since (5)

6 2 = Г —  d1A l d F ^ - — d1A \ d F ^* Js 2  к  2  к

d F 12 = — d F 21
К  К

6 2
к

=  Г d t  H ( —x 1) d F 12.-'S К  к

(11a)

(ПЬ)

(11c)

d1H=(-x1) = - 0 ( x l) ,  (lid)
к  к

w here  (à* 1) is th e  D irac  d e lta  fu n c tio n  d efin ed  as zero fo r x 1 0, an d  w hich  
К  к

possesses th e  fo llow ing p ro p e rty

E q . (11c) red u ces to

(lie)

(Ilf)

w h ich  is id e n tic a l to  th a t  g iven  b y  E q . (9b). W e have th u s  e s ta b lish e d  th e  
co n sis ten cy  o f  o u r analysis.

S till m ore  in s ig h t in to  th e  n a tu re  o f th e  B urgers c irc u it o f  F ig . l b  can  
be  o b ta in e d  b y  an a ly z in g  i t  w ith  re sp e c t to  E q . (4). In  p a r tic u la r , from  E q . (5) 
we m a y  w rite

Q H * ^ — A \ A \ d x A \ - — A \ A \ B t A \ .  (12)
к 2 2

T h e in v erse  d is to rtio n s  A f  can  be  o b ta in e d  from  th e  fo llow ing  re la tio n sh ip

A kK A f  = 6 )  (13)

an d  since from  th e  re la tio n

dxK =  A ^  dxk ( 14 )
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i t  is a p p a re n t  th a t  A ff  need  be d efin ed  on ly  w ith in  th e  (к ) s ta te , w e can  w rite

A $  =  f t  • (15)

T h is, to g e th e r  w ith  E q . (6) enables us to  w rite  E q . (12) as

Q12 2 =  -  —  0 (x l)
к  2  к

an d  s im ila rly

£>2i 2 =  + ^ d ( * 1) 
к  2  k

w hich  w h en  s u b s titu te d  in to  E q . (4) gives

b2 =  — 4 a 0 (17)
к

w hich  is ag a in  id en tica l to  th e  values o b ta in e d  by  th e  p rev ious tw o  m ethods 
w hich  led  to  E q s . (9b) an d  ( I l f ) .  I t  is a  sim ple m a tte r  to  show t h a t  on ly  th e  
com p o n en ts  o f  th e  anho lonom ic o b jec t g iven  b y  ß 12' 2 an d  i’2 a re  non-zero

к  к
fo r th e  su rface  show n in  F ig . ( lb ) . E v e n  in  th is  case, how ever, i t  van ishes 
everyw here  ex cep t a t  th e  su rface . T h u s , th e  anholonom ic o b jec t m easures 
th e  a m o u n t o f free  su rface , asso c ia ted  w ith  a g iven B urgers c ircu it. S ince th e re  
are  no d is lo ca tio n s assoc ia ted  w ith  th e  s ta te  show n in  F ig . lb ,  th e  to rs io n  
te n so r =  0 (4).

(16a)

(16b)

Burgers circuits associated w ith more complex surfaces

In  o rd e r to  gain som e p e rsp ec tiv e  w ith  re sp ec t to  th e  m ore com plex  
d is to rtio n s  to  be  considered  sh o rtly , le t us f ir s t  consider th e  e la stica lly  s tra in e d  
s ta te  o f F ig . 2a  w hich  can  be o b ta in ed  from  th e  follow ing d is to rtio n :

/ 1  0 0 \
Aie =  —tan. 0/2 1 0 (18)

V 0 0 1 /
while from  th e  re la tio n

А*К А ?  =  Ъ  (19)

we o b ta in  th e  in v erse  d is to rtio n

/ 1 » < M
A « = \  ta n  0/2 1 0 • (20)

V o  о  l  j
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T h e  e lastic  d is to rtio n s  w ill be d e n o te d  b y  G reek  le tte rs . I t  also follows th a t  
th e s e  d is to rtio n s co n n e c t b o th  th e  base v ec to rs , as w ell as th e  com ponen ts 
a cco rd in g  to

e* =  A ?  eK (21a)
a n d

dx* =  A HK dxK . (21b)

W e can  now  w rite , s im ila r to  E q . (1)

b" =  §  A XK dxK . (22)

N e x t, th e re  are tw o  w ays to  ex p ress  th e  B urgers c ircu its  assoc ia ted  w ith  th e  
(x) s ta te . In  th e  f i r s t  case, we m a y  w rite

A*K =  d k .  (23)

T h is  has th e  e ffec t o f  keeping  th e  com ponen ts asso c ia ted  w ith  th e  (К ) s ta te  
o f  F ig . l a  id e n tic a l in  va lu e  to  th o se  o f  th e  (x ) s ta te  show n in  F ig . 2a. T h is 
p ro cess  is te rm ed  d rag g in g  [6] a n d  obviously  lead s to  b* =  0. O n th e  o th e r
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h a n d , b* m ay  be  com puted  b y  em ploy ing  E q . (18), to g e th e r  w ith  E q . (22). 
T h is  leads to  th e  B urgers c ircu it show n in  F ig . 2b , w here ag a in  6* =  0. A n o th e r 
w ay  o f v iew ing  th is  elastic  d is to r tio n  is  in  te rm s  o f e ith e r a n d  S j^1. In  
p a r tic u la r , since  th e  d is to rtio n  te n so r  is c o n s ta n t, th e ir  sp a tia l d e riv a tiv e s  v an ish , 
a n d  acco rd ing ly  so do th e  anho lonom ic  o b je c t a n d  torsion.

Fig. 3. Dislocated states associated with a free surface

L et us now  envisage a process in  w h ich  a  tr ia n g u la r-sh a p ed  piece o f  
m a te r ia l is a d d ed  to  th e  r ig h tm o st face o f  F ig . l b  so as to  g en e ra te  th e  s ta te s  
show n  in  F ig . 3. I n  p a rticu la r, th e  (k1) s ta te  F ig . 3a is s tep -sh ap ed , w hile  th e  
(к2) s ta te  o f F ig . 3b is sm ooth . T hese  sam e co n fig u ra tio n s cou ld  also h av e  
b een  g en era ted  b y  a p lastic  d e fo rm atio n  o f  th e  (К ) s ta te  in  F ig . l a .  C onsidering  
f irs t  th e  (к 2) s ta te ,  i t  is seen, t h a t  th e  B u rg ers  c irc u it 5-6-7-3 '-3-4-5 co n ta in s  
th e  closure fa ilu re  3 -3 '. This closure fa ilu re  is due to  d islocations, as in d ic a te d  
b y  th e  s ta n d a rd  edge d islocation  sym bols. W e m ay  tr e a t  th is  c lo su re  fa ilu re  
m ore  q u a n ti ta t iv e ly  b y  w riting  a d is to r tio n  te n so r

A kk* =  < 5Г Я (-* 1 ) (24)
к1
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sim ila r to  E q . (6), w here
X 1 =  X 1 — X 2 ta n  0/2 . (25)
ft* к  к

I n  o rd e r to  o b ta in  th e  co rrec t closure fa ilu re  a sso c ia ted  w ith  th e  (A:2) s ta te , 
we m u st now  w rite

bk' =  -  $  A ?  dxk , (26)
d

w hich , excep t fo r th e  n eg a tiv e  sign, is o f th e  sam e fo rm  as E q. (1) T he a d d i
tio n a l su b scrip t d in  E q . (26) will be u sed  to  d en o te  d islocations. Also im p o r t
a n t  to  no te , is t h a t  th e  reference c irc u it in  th e  (к ) s ta te  m ust now  invo lve  
fo u r solid arrow s a lo n g  th e  line 6-3, a n d  in  th e  o p p o site  sense to  th o se  show n 
in  F ig . lb ,  since w e a re  only in te re s te d  in  th e  d e fec t c o n te n t w ith  re sp e c t to  
th is  p a r tic u la r  s ta te .  W e can th e re fo re  w rite  E q . (26) as

bl =  - A \  Ax\ -  A \  Ax2 -  A \ Ax1 -  A \  Ax2 , (27a)
k ',d  5 - 6  6—3 3—4 4 —5

w hich  in  view  o f E q . (24) and  (25) red u ces  to

b1 =  4 a0 ta n  0/2 (27b)
k‘,d

a n d  is ju s t  th e  c lo su re  failure 3 -3 ' in  F ig . 3b. S im ila r to  E q . (2) we can  also 
w rite  bk‘ in  te rm s  o f  a surface in te g ra l as

d

d F ,k (28)

or in  te rm s o f (fc2) s ta te  coo rd inates as

bk‘ =  -  Г S j J *  r fF '2™2 , (29a)
d J s

w here S Pmk‘ is th e  to rs io n  ten so r d e fin ed  as

S i J ’ =  A ,P A Z .d u A*n;] (29b)

an d  is th u s  o f  th e  sam e form  as t h a t  g iven  b y  th e  anholonom ic o b je c t o f 
E q . (5). H o w ev er, b o th  are b a s ica lly  d iffe ren t in  t h a t  th e  to rs io n  te n so r 
m easures th e  d is lo ca tio n  co n ten t o f  a c ry s ta l, w h ereas  th e  anholonom ic o b jec t 
is re la ted  to  th e  c re a tio n  of free su rfaces. T h u s S Pmk‘ =  0, since no a d d itio n a l 
free surface is c re a te d  in  genera tin g  th e  (к 2) s ta te  from  th e  (fc) s ta te . E q . (28) 
can  now be u sed  to  w rite

V  =  -  Г —  d2A \ d F 2k d2A \  d F 12
x'A Л 2 2

(30)
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w here  w ith  th e  help  of E q . (24) an d  (25) we see th a t

d2A \ =  - M -  =  Ф 1) ta n  6/2 , (31)
d x 1 d x 2 k1

k2 k a

w hich  w hen s u b s titu te d  in to  E q . (30) gives

61 =  4 a u ta n  6/2 , (32)
k ‘, d

w h ich  is id e n tic a l to  th a t  g iven b y  E q . (27b) o b ta in ed  by th e  lin e  in teg ra l 
m e th o d . T he to rs io n  ten so r can also be fo u n d  from  E q . (30) to  be

S i i 1 =  -  S 211 =  -  —  0(x1) ta n  6/2 , (33)
к 2 кг 2  k ‘

w hich  w hen u sed  in  co n junc tion  w ith  E q . (29a) also leads to  th e  sam e re su lt 
as t h a t  g iven  b y  E q . (32). I t  shou ld  also be  p o in ted  ou t t h a t  in  o b ta in in g  
E q . (32) use w as m ade of th e  fac t th a t

(H*1) =  (H*1) (34)
к  k ‘

w hich  follow s re a d ily  from  E q . (25) a n d  a re la tio n  o f  th e  ty p e  g iven  b y  E q . (31).
W e h av e  p roceeded  to  a p o in t w here  we are  now  in  a p o sitio n  to  consider 

th e  s ti l l  m ore com plex  (k1) s ta te  i l lu s tra te d  in  F ig . 3a. As in  th e  case of th e  
(fc2) s ta te  we can  again  w rite

or a lte rn a te ly

bk' =  -  f  A4' dxk 
d

bk' =  -  f Siimik'd  F ‘lml ,
d

(35)

(36)

w here  S,imik' =  and bk' =  bk\  I n  a d d itio n  to  th e  d is lo ca tio n  co n te n t,
a d

th e  (k1) s ta te  also  h as  associa ted  w ith  i t  a c o n tr ib u tio n  from  th e  n ew ly  c rea ted  
su rface  s tep s  in d ic a te d  b y  th e  d o tte d  arrow s 7 '-7  and  6 '-6  in  F ig . 3a. T his 
p a r tic u la r  closure fa ilu re  can  be rep re sen ted  b y

bkl =  f  A41 dxk (37)

or a l te rn a te ly  as

bkl =  S ,imikl d F nm l, (38)

w here
S llmlk' =  A ^ A ^ d u A ^  . (39)
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I t  is  a  sim ple m a tte r  to  show  th a t

=  (40)

so t h a t  =  —bk' . M ore generally , w e could  also h a v e  w ritte n  th e  to ta l  elö
li

su re  fa ilu re  asso c ia ted  w ith  B urgers c ircu it in  F ig . 3a as

bkl =  -  j s [Sllmlkl -  Q,lmn  d F llml =  0 . (41)

T h u s , fo r th e  (к1) s ta te ,  th e  to rs io n  te n so r ju s t  ba lances th e  anho lonom ic 
o b je c t.

T here  is s till  d eep e r m a th e m a tic a l s ign ificance  associa ted  w ith  th e  (к) 
a n d  (fc1) s ta te s , b o th  o f  w hich possess an  anho lonom ic  ob jec t. In  p a r tic u la r , 
i f  th e  ro ta tio n s  d^me^ o r d[miep] do n o t  v an ish  a t  e v e ry  p o in t, th e n  th e  coo rd i
n a te  sy stem  is anho lo n o m ic  (6). In  fac t, th e  fo llow ing  equations '

d[mei] =  0 (42 a)
a n d

d [mieii] =  0 (42b

a re  th e  in te g ra b ility  conditions o f  th e  system s

dm X =  em (43a)
an d

dm, X =  emi . (43b)

S ince  th e  base v e c to rs  can be re la te d  to  one a n o th e r  th ro u g h  e q u a tio n s  o f 
th e  ty p e

et =  A ?  eK (44a)
a n d

ép. =  A p  ek , (44b)
w e c a n  w rite

et =  A £  eK =  A f  дк  =  Af* (45a)
a n d

ép =  A p  ék =*= A p  ôlk =  A lp  , (45b)

w h ere  th e  sym bol =  ind ica tes t h a t  we have  chosen  th e  base v ec to rs  w ith  
re sp ec t to  a  g iven  c o o rd in a te  sy stem , w hile eK a n d  ék a re  u n ity  w hen  L  =  К  
a n d  I — k. E q . (45) now  allow us to  w rite  th e  in te g ra b il i ty  co n d itions o f  E q . 
(42) as

d [mei] =  d [mA[] ^  0 (46a)
a n d

d J t. Э [miA lp]^= 0 . (46b)
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O n th e  o th e r  h a n d , for th e  (fc2) s ta te  o f F ig . 3b

d [m,e,.] ^  д [тгА\л =  0 . (47)

T he above eq u a tio n s  becom e so m ew h at m ore  clear w hen  we w rite  o u t th e  
com ponen ts as

Y # !  A{  (48a)

an d

—  д1 А 1 - —  д2Л 1  Г(48Ь)
2 2

I t  follow s t h a t  w hereas th e  re la tio n s  v a n ish  on  th e  p la n a r  su rface  6 -7 -3 ' in  
F ig . 3b , E q . (48a) becom es f in ite  on th e  s te p p e d  surface o f  F ig . (3a). In  p a r t i 
cu la r, w hereas th e  f irs t  te rm  in  th is  e q u a tio n  van ishes, th e  second becom es 
a D irac d e lta  fu n c tio n . T h u s, k eep in g  th e  face p la n a r  in  F ig . (3b) has p rec lu d ed  
th e  in tro d u c tio n  o f  an  anho lonom ic  o b jec t.

Som e further tensor quantities associated with surfaces

T he to rs io n  ten so r can  now  be  used  to  o b ta in  th e  d islo ca tio n  d e n s ity  as 
can  be seen b y  w ritin g  E q . (29) in  d iffe ren tia l fo rm  as follows [7]:

dbk* =  d F ltm' =  —  Stimr  £"2,2m2 d F n. a"2*“ d F n, , (49)

w here a"*** is defined  as th e  d islo ca tio n  d e n s ity  g iven b y

<xn4t* =  - e " 2-:'2'"8 (50)

an d  w here en'l’m' is th e  p e rm u ta tio n  te n so r  d efin ed  by

епЧl‘m2 =  епЧ*тЧYg , (51)

w hile en4'm‘ ig th e  p e rm u ta tio n  sym bo l a n d  g  is th e  d e te rm in a n t o f  th e  m e tric  
te n so r  gyp. T h e  ind ices n 2 an d  k 2 in  a ”*** re fe r to  th e  line d irec tio n  an d  B urgers 
v e c to r  co m p o n en t re sp ec tiv e ly  o f  th e  d islo ca tio n s. T hus, fo r th e  co n fig u ra tio n  
in  F ig . 3b , w e m a y  w rite

a31 =  —2SÜ1 =  ô(xl) ta n  0/2 , (52a)
к

w here E q . (33) h as  been  u tilized . N ow  u p o n  in te g ra tio n , th e  above eq u a tio n  
becom es

a31 =  Г  ^(д:1) dx1 ta n  0/2 =  ta n  0/2 . (52b)
k* J fc*
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I n  te rm s  o f Fig. 3b , th is  re su lt sim ply  re fers to  th e  le n g th  3 -3 ' d iv ided  b y  6-3. 
I n  th o se  cases w here  o n ly  an  anholonom ic o b jec t is p re se n t we can  w rite , s im ila r 
to  E q . (50) [8]

a nk =  Enim Q imk ' (53 )

F o r  th e  co n fig u ra tio n  show n in  F ig . l b ,  th e  above eq u a tio n  becom es

a32 =  2 ß 122 =  -<5(*x) ,  (54a)
к  к  к

w here  E q . (16) h a v e  b een  u tilized . U po n  in te g ra tio n , th e  above re la tio n  sim ply  
red u ces  to

a31 =  — 1 , (54b)
к

w h ich  in  te rm s o f  F ig . l b  is th e  d is tan ce  3-6 d iv id ed  b y  6-3. F in a lly , fo r th e  
(к1) s ta te

a"’*1 =  =  0 (55)

as ex p ec ted , since th e  to rs io n  ten so r an d  anholonom ic o b jec t ju s t  cancel one 
a n o th e r . H ow ever, E q . (55) could be w r itte n  in  te rm s  o f e ith e r  o r ß p ’A*1
to  f in d  th e  re sp e c tiv e  d islocation  an d  su rface  densities. I t  is also im p o r ta n t 
to  n o te  here th a t  i t  is  th e  e q u a lity  o f  th e  to rs io n  te n so r an d  th e  anholonom ic 
o b je c t in  anho lonom ic  coo rd inates t h a t  has en ab led  Zo r a w sk i [8] to  develop 
an  e lo q u en t th e o ry  o f  defects based  on Qpmik' r a th e r  th a n  Sÿm

A nother im p o r ta n t  ten so r q u a n t i ty  is th e  R ie m a n n —C hristoffel c u rv a tu re  
te n so r  w hich m ay  be  w ritte n  as follows [6] :

H m O *  =  <h — d m  H o  -j- Г ) р  P f n0 — Г т р  H o i  (5 6 )

w h ere  th e  Г кт a re  g iven  by  [8]

Hm = ~ И т к  +  g , 0 g k n  Q m n °  -  g m 0 g k n  ° n , ° (57)

a n d  w here a re  C hristoffel sym bols of th e  second k in d  defined  b y

{lm} =  ~ 2 ^ °  m ^m0̂ i0 ~  dogim  • (58)

T h e  m etric  te n so r c a n  be w ritten  as

while

g i m  =  e i  ‘ em =  A f  =  Ö ?  H \ ~ x k) ,
к

g 1" 1 =  Ô ? H \ - X l )
к

(59)

(60)
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к
lm

becom e

( 61)

so th a t  from  E q . (58), th e  n o n -v an ish in g  com ponen ts of

(M  =  { 2 1 = -  1 ! =  óí*1) .Ul/* [12Jfc |22jfc V
U tiliz in g  E q . (16), E q . (57) gives th e  fo llow ing non-zero co m p o n en ts  of Г кт

(62a)П1  =  П2  =  ó(x'),
к  к  к

an d

Г к

п ,  =

■à(xx)
к

2
211*

(62Ь)

(62с)

N ow  in  a tw o-d im ensiona l space, th e  c u rv a tu re  ten so r R j^0k becom es R 'ú^, 
w here  th e  rem a in in g  indices are  1 or 2. I t  th ere fo re  follows fro m  E q . (56) 
a n d  (62) th a t  R ^o  =  0. S im ilar re su lts  can  be ob ta in ed  fo r th e  rem a in in g  
s ta te s  d iscussed  earlier. This is an  im p o r ta n t  fin d in g  and  m eans th a t  th e  
in te g ra b ili ty  co n d itions associa ted  w ith  Г кт a re  sa tisfied  [9]. P h y s ica lly , th is  
m ean s th a t  th e  p a ra lle l d isp lacem en t o f a n y  v e c to r  from  one p o in t to  a n o th e r 
is in d e p e n d e n t o f  p a th . This is c e r ta in ly  tru e  for all o f th e  B u rg e rs  c ircu its  
considered  th u s  fa r. The resu lts  g iven  b y  E q . (62) are  also in te re s tin g  in  con
n ec tio n  w ith  th e  follow ing re la tio n  [3, 6 ]:

dCk =  - r f mCmdx* , (63)

w h ich  says th a t  th e  para lle l t ra n s p o r t  o f a v ec to r  Cm over a g iv en  d is tan ce
dx1 gives rise  to  a change in  th is  v ec to r  b y  dCk. F o r exam ple, w h en  Г \г is used

к
in  co n ju n c tio n  w ith  E q . (63) we f in d  th a t  dC2 becom es equal to  —C2 as a te s t 
v e c to r  C2 is d isp laced  para lle l a long  th e  x 1 d irec tio n  and  across th e  free  surface. 
I n  o th e r  w ords, th e  te s t  v ec to r C2 is c o n tra c te d  to  zero a t th e  free  su rface , as 
i t  shou ld  be. I t  is possible u n d e r som e co n d itio n s to  have Г кт =  0. S ta te s  in  
w h ich  th is  occurs a re  said  to  possess d is ta n t  o r te lepara lle lism  [6]. T h is w ill 
occu r e ith e r  w hen  b o th  an d  S v a n ish  o r in  th e  case w h ere  b o th  are

{ k  )
I =  o*

lm)

S um m ary  an d  conclusions

I t  has b een  show n th a t  w ell-d efin ed  B urgers c ircu its can  be  assoc ia ted  
w ith  free^su rfaces in  b o th  defo rm ed  a n d  un d efo rm ed  c ry s ta ls  a n d  th a t  a 
closure fa ilu re  is associa ted  w ith  such  su rfaces. In  ad d itio n , such  free  surfaces 
have  assoc ia ted  w ith  th em  w ell-defined  te n so r  q u a n titie s  such  as d is to rtio n , 
to rs io n , anho lonom ic  ob jec t, e tc .
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The present status of the theory of matter accretion on stars is reviewed. The paper 
deals mainly with thermodynamics and hydrodynamics of accreting gas in the absence of a 
magnetic field. Particular emphasis is put on the main problems which are still unresolved.

Introduction

T h e p h y sica l p rob lem s in  th e  th e o ry  o f m a tte r  accre tio n  on th e  s te lla r 
ob jec ts a re  rev iew ed. As i t  is w ell know n, such  th e o ry  has been  re c e n tly  used 
to  ex p la in  X -ra y  em ission b y  g a lac tic  b in a ry  system s.

In  th is  p ap e r we lim it ourselves to  th e  general p h ysica l fea tu res  o f accre
tio n  a n d  th e re fo re  we do n o t ta k e  in to  acco u n t th e  p a r tic u la r  p rob lem s con
nec ted  w ith  n e u tro n  s ta rs  an d  Ы аск-holes. W e hope to  give an  acco u n t of 
th is  a sp e c t o f  th e  th e o ry  in  a fo rth co m in g  p ap er.

S ec tio n  1 deals w ith  th e  ea rly  th eo rie s  p roposed  b y  E d d in g t o n , H o y l e  
an d  L y t t l e t o n  in  connection  w ith  s ta r  en erg y  source an d  te r re s tr ia l  c lim atic  
v a ria tio n s .

In  S ec tions 2 an d  3 we deal w ith  th e  th e rm o d y n am ics  o f fa lling  m a tte r , 
w hile th e  ro le  o f ra d ia tio n  p ressu re  w ill be ta k e n  in to  acco u n t in  S ec tion  4. 
In  S ections 5 an d  6 we shall t r e a t  in  d e ta il th e  acc re tio n  on to  ob jec ts  m ov ing  
th ro u g h  th e  am b ien t gas a t  a  superson ic  speed . Section  7 is concerned  w ith  
B o n d i’s th e o ry  o f subsonic  acc re tio n  an d  S ection  8 gives fin a lly  a rev iew  on 
th e  g enera l h y d ro d y n am ica l p rob lem .

§ 1. Early accretion theories

T he id ea  th a t  m a tte r  w ith d ra w n  from  in te rs te lla r  gas b y  th e  g ra v ita tio n a l 
force o f a s ta r  c an  su p p ly  en erg y  to  th e  s ta r  i ts e lf  b y  d ep osition  o f  i ts  k in e tic  
energy o n to  th e  su rface , can  be tra c e d  b a c k  to  E d d in g t o n  [7 ]. T he hope was 
to exp la in  th e  origin o f s te lla r  energy , as th e rm o n u c le a r  reac tio n s w ere n o t
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k n o w n  a t  th a t  tim e . N eg lecting  th e  in te ra c tio n  o f a tom s am ong  them selves 
a n d  ta k in g  in to  acco u n t th e  co n stan cy  o f energy  an d  an g u la r m o m en tu m  w ith  
re sp e c t to  th e  s ta r  c en tre , one fin d s  th a t  p a rtic le s  h av in g  a d is tan ce  from  th e  
c e n tre  less th a n

2 G M R  I1/2

m u s t necessarily  fa ll on th e  surface.
In  th e  above fo rm u la  G is th e  N ew to n ian  g ra v ita tio n a l c o n s ta n t, M  a n d  

R  a re  th e  m ass a n d  ra d iu s  o f th e  s ta r , re sp ec tiv e ly , an d  v is th e  v e lo c ity  o f  
th e  s ta r  re la tiv e  to  th e  gas cloud . In  fa c t i f  we ca ll v' th e  v e lo c ity  o f a p a rtic le  
g raz in g  th e  s te lla r  su rface , we h av e  clearly :

R 0 v =  R v ' ,

,  2 GMv 1 — v l  = ----------,
R

a n d  therefo re
( Д „ ) 2 _ _ 1 , 2G M  
( R  I R v 2

As in  cases o f in te re s t , 2GM jRv- 1, one has a t  once fo rm u la  (1). T he ra te  
o f  accre ted  m ass is:

d M  2 nGM Rq
-------------=  JzRhqv = ---------------------------

dt v

w here q is th e  m ass d en sity  o f th e  cloud.
One easily  sees th a t  for a n o rm al (i.e. n o t collapsed) s ta r  an d  a n u m b e r 

d e n s ity  of th e  gas ~ 1  a to m /cm 3, th is  process can n o t su p p ly  th e  re q u ire d  
en e rg y  by  m an y  o rders o f m ag n itu d e .

A bout a f te r  te n  y ea rs , H o y l e  an d  L y t t l e t o n  [9] p roposed  a th e o ry  of 
accre tio n  in  w hich  th e  effects o f collisions am ong  partic les  in  th e  cloud  w ere 
ta k e n  in to  acco u n t.

The p u rp o se  o f  th e ir  p ap e r w as to  ex p la in  th e  e a r th  c lim a tic  changes 
d u rin g  G eological E ra s  due to  a v a r ia tio n  in  th e  so lar lu m in o sity  w hen  th e  
su n  en ters a cosm ic cloud in  its  m o tio n  a ro u n d  th e  g a lac tic  cen tre .

W ith  re ference  to  F ig . 1, th e  gas flow s from  le ft to  r ig h t w ith  collisions 
ta k in g  place in  A ,  to  th e  r ig h t o f th e  sun  S '  as its  g ra v ita tio n a l a t tra c t io n  
causes tw o oppo site  flu x es of pa rtic le s  to  collide. T he effect o f  such  collisions 
is to  destro y  th e  p a rtic le  an g u la r m o m en tu m  a b o u t th e  sun . If , a f te r  collision , 
th e  rad ia l co m p o n en t o f th e  v e lo c ity  is less th a n  th e  escape v e lo c ity  a t  A ,  
th e  partic les fa ll on to  th e  sun  su rface; th e re fo re  th e  accre tio n  rad iu s  R A 
can  be ca lcu la ted  b y  req u irin g  th a t  in  A ,  r a d ia l  ve lo c ity  is eq u a l to  p a rab o lic

(2)
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velo c ity . T h is in te rp re ta tio n  o f  fac ts , th o u g h  q u ite  rough , gives th e  r ig h t answ er 
an y w ay : a m ore rigorous t r e a tm e n t  has b een  g iven  b y  B o n d i  an d  H o y l e  [2] 
(see fu r th e r  on § 5). A gas e lem en t is su b je c t to  h yperbo lic  m o tio n  a ro u n d  th e  
su n , i.e .:

—  =  1 -j- e cos 0 ,

Fig. 1

w here p  and  e a re  resp ec tiv e ly  th e  o rb it p a ra m e te r  an d  eccen tr ic ity . T he 
d irec tio n  p a ra lle l to  th e  in itia l a ssy m p to te  is g iven  b y  r  —*• oo, t h a t  is:

e cos 0t -f- 1 =  0

a n d , as 0X — 02 =  я ,  also:

e cos 02 +  1 =  0, 

e sin  02 =  (e2 — 1)1/2,

from  w hich  follow s:

S A  =  — .
2

T ak in g  tim e  d e riv a tiv e  o f th e  tra je c to ry  e q u a tio n , one gets th e  ra d ia l com po
n e n t o f  th e  ve lo c ity :

f  =  —  r 2 Ô sin 0 =  sin  0 ,
P P
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since
г2 0 =  h =  ] fG M f  =  i d .

T h e re fo re

|r B| =  e |sin Ôj I— =  e sin 02— =  |гл |. (3)
P “ P

T h is  m eans t h a t  th e  rad ia l v e lo c ity  a t  A  is equal to  th e  cloud v e lo c ity  a t  
in f in i ty . T he sq u a re  o f th e  p a ra b o lic  v e lo c ity  a t  A  is g iven  by

2 G M  4 GM
S A  p

i
a n d  th ere fo re  th e  partic les  fall on th e  sun  if  th e  follow ing in e q u a lity  is sa tis fied

.  4 G M  4G2 M 2
v2 < ---------=  ------ — - ,

p  v 2l2

th u s  th e  acc re tio n  rad iu s  is g iv en  b y

R a  =
2 G M

I n  p h y sica lly  in te re s tin g  cases, R A is alw ays g re a te r  b y  several o rd e rs  of 
m a g n itu d e  th a n  R 0, i.e. th e  a c c re tio n  rad iu s  fo r n o n  in te ra c tin g  pa rtic le s  
(see fo rm ula  (1)). T he ra te  o f  m a t te r  accre tio n  is now

d M
dt

=  TtR a QV —
4 jtG2 M 2 q

(4)

( H o y l e  a n d  L y t t l e t o n  [10], H o y l e  a n d  L y t t l e t o n  [11]).
Since th e  ve lo c ity  of escape a t  th e  surface of th e  su n  is v e ry  la rg e , i.e.

6.2 • 107 cm /sec, one can  assum e t h a t  all th e  p a rtic le s  reach in g  th e  surface 
o f  th e  sun  a rr iv e  w ith  th e  escape  v e lo c ity  w hich, as one can  easily  see, co rres
p o n d s  to  a k in e tic  energy  ~ 9  • 1 0~ 9 ergs p er h y d ro g en  a to m . N ow  th e  io n i
z a tio n  energy  o f  th e  h y d ro g en  a to m  is ab o u t 4 • 1 0 -11 ergs, hence i t  can  
be  concluded  t h a t  th e  p a rtic le  c a n n o t get rid  o f a n y  ap p rec iab le  p o r tio n  of 
its  energy  b y  io n iza tio n  processes befo re  reach ing  th e  su n : th e re fo re  th e  k in e tic  
en e rg y  of th e  fa llin g  partic les  h as  th e  n e t effect to  increase  th e  su n ’s ra d ia tio n , 
as th e  e x tra  energy  gained in  th is  w ay  m u st be re e m itte d .

The en erg y  b ro u g h t to  th e  su n  p e r second is easily  o b ta in ed  b y  (4) and  
tu rn s  ou t to  be

4 • 10®8 —— ergjsec .
V 3
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W e see t h a t  th e  increase  in  su n ’s ra d ia tio n  depends on th e  d en sity  o f  th e  
cloud an d  on  th e  ve lo c ity  o f  th e  sun  re la tiv e  to  i t ,  being  d ire c tly  p ro p o rtio n a l 
to  th e  f ir s t  fa c to r  an d  in v erse ly  p ro p o rtio n a l to  th e  cube o f  th e  la t te r  fa c to r . 
T hus sligh t changes in  th ese  fac to rs  b rin g  a b o u t considerab le  ranges o f v a r ia tio n  
in  th e  so lar ra d ia t io n , an d , fo r p lausib le  v a lu e s  o f  g an d  v, i t  m ay  be cau sed  
to  change from  0.1 to  1000%  accord ing  to  th e  d e n s ity  and  v e lo c ity  of th e  cloud .

A ccord ing  to  th e  a u th o rs , i f  th e  increase  in  th e  solar lum in o sity  is m o d e 
ra te  (< 1 0 % ) ,  we shall h av e  on th e  e a r th  a n  in crease  in  th e  p re c ip ita tio n  o f 
snow  (because o f  th e  enh an ced  e v ap o ra tio n ) in  th o se  regions n o rm ally  w ith in  
th e  snow  line  a n d  th e re fo re  th e  onse t of an  Ice  E poch .

I f  on th e  o th e r  h a n d  th e  so la r lu m in o sity  is increased  b y  a fac to r g re a te r  
th a n  2, a h o t a n d  h u m id  c lim a te  w ill ensue e v e n  in  po la r reg ions: in  th is  w ay  
th e  p ecu lia ritie s  o f  th e  carbon iferous E p o ch  ca n  be exp lained .

One easily  sees th a t ,  assu m in g  a c o n s ta n t d en sity  ~ 1 0 ~ 18 gr/cm 3 o f th e  
cosm ic clouds, th e  above figu res can  be o b ta in e d  for a re la tiv e  ve lo c ity  of 
<~20 km /sec a n d  2 km /sec, re spec tive ly .

§ 2 . Critical temperature o f the accreting gas

The p h y sica l p rob lem s in v o lv ed  in  a c c re tio n  onto  n o rm a l s ta rs  h av e  
been  in v e s tig a te d  fo r  th e  f ir s t  tim e  b y  H o y l e  a n d  Ly t t le t o n  [12]. L e t us 
consider a ra d ia l  f lu x  o f m a tte r  wdth a te m p e ra tu re  T '  to w ard  a s ta r  o f M ass 
M . B ecause o f  th e  c o n tin u ity  eq u a tio n  fo r a  s ta t io n a ry  flu x  (M  =  c o n s ta n t 
th ro u g h  a sp h e rica l su rface  o f ra d iu s  r) one g e ts :

M
в =  " a-----2----- •4 n r-v

F o r free fa lling  gas, v =  ^  2GMjr an d  th ere fo re

e
M

4 я  V2 GM
r —3 /2 (5)

O ur assu m p tio n  o f  a  ra d ia l s ta tio n a ry  f lu x  re q u ire s  th a t  th e  g ra v ita tio n a l 
force (w hich a c ts  in w ard s) on a vo lum e e lem en t d E , i.e. G M p d E /r2, is g re a te r  
th a n  th e  p ressu re  g ra d ie n t (w hich a c ts  o u tw ard s)  due  to  th e  d e n s ity  g ra d ie n t. 
T he la t te r  is g iven  b y  R g T 'd V /r , w 'here R  is th e  p e rfec t gas c o n s ta n t an d  T '  
th e  gas te m p e ra tu re . As th e  g ra v ita tio n a l force goes as r~7̂2 an d  th e  p ressu re  
g rad ien t as r~ 5̂2, th e  la t te r  is eq u a l to  th e  fo rm e r fo r r su ffic ien tly  g rea t an d  
th is  for an y  te m p e ra tu re  T '.  T he  acc re tio n  can  ta k e  place only  if  th is  v a lue  o f  
r (w hich w ill be called  rT o r th e rm a l rad iu s) is g re a te r  th a n  th e  acc re tio n  
rad ius (form ula (3)).
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F ro m  th e  above co n sidera tion , one sees th a t  a c r itic a l te m p e ra tu re  m u st 
e x is t ab o v e  w h ich  r r  <[ R A. F o r th e  su n , w ith  v =  20 km /sec, such a te m p e 
r a tu re  tu rn s  o u t to  be  ~ 1 6  000 °K .

A s is w ell k now n , th e  gas te m p e ra tu re  o f  a cloud in  w hich  no h ig h  su rface  
te m p e ra tu re  s ta r  is p re se n t, c a n n o t b e  g re a te r  th a n  104 °K , because o f  reco m 
b in a tio n  effects. T herefo re  th e  p ro b lem  o f  c ritica l te m p e ra tu re  fo r s ta r s  of 
1 M q  h as  no p a r tic u la r  d ifficu lty .

O n th e  c o n tra ry  one en co u n te rs  som e d ifficu lties fo r m assive s ta r s ,  like 
V  P u p p is  s ta rs , w ith  m asses ~ 2 0  M q , su rface  te m p e ra tu re s  T  ~ 2 0  000 °K  
a n d  re la tiv e  v e lo c ity  w ith  resp ec t to  th e  c loud  o f a b o u t 5 km /sec. F o r  such  
s ta rs  th e  c ritica l te m p e ra tu re  is o f sev e ra l th o u sa n d s  degrees: i t  is th e re fo re v ita l 
to  see i f  th e  cosm ic c loud  can  em it ra d ia t io n  b y  processes o th e r  th a n  in v erse  
p h o to e le c tr ic  effect. O ne easily  sees t h a t  free-free  tra n s itio n s  are in e ffec tiv e . In  
f a c t  th e  c ross-sec tion  fo r th e  em ission  o f  1 e .v  p h o to n  a t  a te m p e ra tu re  
— 104 °K  is ~ 1 0 ~ 25 c m 2, w hile th e  cross sec tio n  fo r th e  cap tu re  o f  an  e lec tro n  
b y  a  p ro to n  is • 1 0 ~ 21 cm 2: i t  tu r n s  o u t  th ere fo re  t h a t  an  e lec tro n  is c a p 
tu r e d  before i t  c an  em it by  free-free tra n s i t io n s  an  ap p rec iab le  f ra c tio n  o f  its  
energy .

A m ore e ffec tive  process is  h o w ev er in fra red  em ission b y  h y d ro g en  
m olecules, w hich  w ill be considered  in  th e  n e x t section .

§  3. Cooling m echanism  for the falling gas

L e t us consider a hyd rogen  p la sm a  (p ro to n s, e lectrons a n d  H 2, 
m olecules) lig h te d  b y  a source a t  a te m p e ra tu re  T . E v e ry  io n iza tio n  c o n tr i
b u te s  k T  to  th e  th e rm a l energy  o f  th e  gas. C alling g th e  cloud d e n s ity , X  th e  
f ra c tio n  b y  w eig h t o f  ionized m a tte r , m H th e  p ro to n  m ass, и th e  m ean  v e lo c ity  
o f  e lec tro n s, an d  a th e  cross sec tio n  fo r  reco m b in a tio n  o f Hj" o r H + w ith  
th e  e lec tro n  a t  th e  c loud  te m p e ra tu re  T ',  th e  n u m b e r o f  e lec trons p e r  c.c. is 
X g jm H an d  th e  n u m b e r o f reco m b in a tio n s  p e r c.c. p e r second is:

X 2 fMJ.

A t e q u ilib riu m  th e  io n iza tio n s p e r second  m u st be eq u a l to  th e  reco m b in a tio n s  
p e r  second an d  th e re fo re  th e  th e rm a l en e rg y  given b y  e lectrons to  m olecules 
p e r  c.c. a n d  p e r  second is:

Х У /«r' k T ' ,

w here У  is th e  fra c tio n  b y  w eigh t o f  m olecules an d  (t' ~ 2 • 10 ~18 c m 2 is th e
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cross section  fo r e q u ip a r titio n  o f energy  b e tw een  e lec trons a n d  m olecules. 
O n e q u a tin g  th e se  tw o fo rm u lae  an d  rem em b erin g  th a t

X
F ro m  th is  one sees th a t ,  un less is v e ry  la rg e , T '  is sm all c o m p ared  w ith  T.

L et us now  in v estig a te  w h e th e r  th e  en erg y  acqu ired  b y  a m olecule in  one 
e x c ita tio n  a c t can  be ra d ia te d  aw ay  before th e  m olecule u n d erg o es  a second 
e x c ita tio n . As th e  electric  d ipo le  m om ent o f  a hydrogen  m olecule  in  th e  
g ro u n d  s ta te  v an ish es , one h as  to  do w ith  fo rb id d en  tra n s itio n s  w hose p ro b a 
b il i ty  is less th a n  th e  p ro b a b ility  of allow ed tra n s itio n s  b y  a fa c to r  o f 108. 
A ssum ing  a m ean  life of 1 0 - * sec for an  allow ed tra n s itio n , th e  m ean  life o f 
a  fo rb id d en  one is  there fo re  1 0 2 sec.

T he tim e  e lapsed  b e tw een  tw o  successive ex c ita tions is g iv en  b y  1 l<mev 
w h ere  d ^ l O -18 c m 2 is th e  e x c ita tio n . F o r a gas w ith  an  e le c tro n  n u m b e r 
d e n s ity  ne — 103 c m -3  an d  v • 107 cm s e c -1 , one gets a t im e  ^~T07 sec: 
th is  m eans th a t  th e  m olecule can  give aw ay  i ts  ex c ita tio n  en e rg y  before a 
second  process can  ta k e  place.

A n o th er process w hich can  give energy  to  th e  gas is th e  a n g u la r  m om en
tu m  d es tru c tio n  induced  b y  m o lecu la r collisions of th e  fa llin g  m a tte r . The 
n u m b e r  of collisions to  w hich a m olecule is su b je c t over a d is ta n c e  equal to  
th e  accre tion  ra d iu s  is given b y

w h ere  a ~  10 -16 c m 2 is th e  geo m etrica l collision  cross sec tion  a n d  nH =  103 
h y d ro g en  a tom s p e r c.c. F o r a s ta r  m ass M  =  5 M© an d  v =  5 km /sec , th is  
n u m b e r  is ~ 1 0 3 a n d  there fo re  su ffic ien t to  en su re  e q u ip a rtitio n  am o n g  m ole
c u la r  s ta te s . T he ch a rac te ris tic  t im e  o f accre tion  is ~ G M /v 3, w h ich  is ^>102sec: 
th e re fo re  th e  en e rg y  gained in  th is  w ay  is ra d ia te d  aw ay. L e t u s  now  in v es ti
g a te  w h e th e r an  ap p reciab le  n u m b e r  o f m o lecu la r hydrogen  ca n  e x is t a t  a 
d is ta n c e  com parab le  w ith  a c c re tio n  rad iu s , p a r tic u la r ly  n e a r m assiv e  s ta rs  
w h ich  em it a su b s ta n tia l  a m o u n t o f  ion izing  ra d ia tio n . F irs t o f a ll th e  m a te ria l 
su ffic ien tly  n ea r th e  s ta r  is co m p le te ly  ionized a n d  in  th is  dom ain  i ts  tem p era -

a
4 • 1 0 ~ 27 

T

( S t u c k e l b e r g — M o r s e  [16]), w e get:

2 GM
onH ,
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tű re  is th e  s ta r  su rface  te m p e ra tu re . A ssum ing ra d ia l  accre tion , th e  n u m b e r 
o f reco m b in a tio n s  p e r  cm. per sec a t  a  d istance  x  f ro m  th e  s ta r  is

тн

w here  v(T) is th e  v e lo c ity  of e lec tro n s  and  <r(T) is  th e  reco m b in a tio n  cross 
se c tio n . R em em bering  t h a t  q ( x )  =  p(r) (г/дс)3,гth e  to ta l  n u m b er of reco m b in a 
tio n  w ith in  a sphere  o f  rad iu s  r  is::

V(T)<J(T) Г 4 n x i dx =  ^ L V(T) <t(T )q2 (r)r3 log , 
mfi m b  R

w h ere  R  is the  ra d iu s  o f  th e  s ta r.
A s ion iza tions a n d  reco m b in a tio n s  per second  m u st be eq u a l a n d  as 

a b o u t one h a lf o f th e  ion izing  p h o to n s  can  he g iven  b y  reco m bina tions th e m 
se lv es  a n d  th e  en e rg y  req u ired  for a  sing le  ion iza tion  p ro cess  is ~ 2 .5  • 1 0 -11 erg, 
th e  s t a r  m ust su p p ly  a n  am oun t o f  en e rg y

2я г ( Т ) < г ( Т ) - ® - г 3 log  —̂  • 2.5 • 1 0 - 11 erg|sec] 
тн  R

in  o rd e r  to  p roduce  a  n u m b er o f io n iza tio n s  ab o u t e q u a l to  one h a lf  reco m b in a 
t io n s . A ssum ing t h a t  th e  s ta r  ra d ia te s  as a b lack -b o d y  a n d  calling e th e  a m o u n t 
o f  ra d ia tio n  w ith  a n  energy g re a te r  th a n  2.5 • 1 0 - u  erg, one m u s t hav e :

e =  2 n v { T ) o ( T ) - ^ - r 3log —  ■ 2 .5  • 1 0 “ 11.
m 2H R

T h is  eq u a tio n  a llow s one to  ca lc u la te  th e  rad iu s  r  o f  th e  sphere w ith in  w hich 
m a t t e r  is co m p le te ly  ionized (S trö m g re n 's  rad iu s) . I n  th e  case o f  V -P u p p is  
E  ~  1035 erg/sec, R  ~  5 • 1011 cm , an d  th e re fo re  r  =  5 • 1016 cm , w h ich  is 
g re a te r  th a n  R A ~  1016 cm (a n d  th is  alw ays in  th e  envisaged  case o f  ~ 1 0 3 
a to m s  c m -3). O u ts id e  th e  S trö m g re n ’s sphere, o n ly  a  sm all f ra c tio n  o f th e  
m a te r ia l  can be  io n ized . In  fa c t th e  n u m b er o f io n iz in g  q u a n ta  a t  a  d is tan ce  
x  r goes dow n w ith  an  ex p o n e n tia l law  of th e  k in d  e*r—X̂ T , w here  т  is th e  
io n iz a tio n  m ean  free  p a th .

So, in  o rd e r t h a t  an  a c c re tio n  process can  ta k e  place on to  s ta rs  like 
V -P u p p is , th e  gas d e n s ity  m u st be  g re a te r  th a n  103 a to m s c m -3 .
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§ 4. E ffects o f rad ia tio n  p ressu re

I n  o rd e r to  e v a lu a te  th e  effect o f  ra d ia tio n  p ressu re  i t  is f i r s t  o f  a ll neces
sa ry  to  ca lcu la te  th e  m ean  life  o f a to m ic  levels fo r th e  a b so rp tio n  o f  a  q u an tu m  
o f ra d ia tio n . This w ill be ach ieved  th ro u g h  th e  e s tim a te  o f  th e  n u m b e r  o f atom s, 
w ith in  a  d is tan ce  r  fro m  th e  s ta r , w h ich  a re  ex c ited  b y  a q u a n tu m  o f energy 
hu>0, w here  co0 is th e  freq u en cy  o f th e  line . T he p ro b a b ility  th a t  a  q u a n tu m  of 
energy  b e tw een  hw  a n d  ft (со -f- dco) is ab so rb ed  before  i t  reaches a  d is tan ce  r, 
is a p p ro x im a te ly  g iven  b y

л  N rc2
T Wabr~ 4 ----------- \2~2 co„(co —  co0) 2

(H e it l e r  [8] p. 186, eq . (16)), w here N  is th e  n um ber d en s ity  o f  h y d ro g en  atom s 
and th erefore N r  is th e  n um ber o f  a tom s con ta in ed  in  a cy lin d er  o f  u n itary  
cross se c tio n  and h e ig h t r, w ab is  th e  tra n sitio n  p ro b a b ility  for sp on tan eou s  
em iss ion  b etw een  th e  s ta te s  a  and b , y  =  2/3 r0 co^/c is  th e  n atu ra l w id th  o f  the  
lin e  and r0 =  2 .8 —1 0 ~ 13 cm  th e  c la ss ica l rad ius o f  th e  e lec tron  (H eitl e r  
[8 ] , p. 35, form ula (6)).

A s у  ~  w ab (H e it l e r  [8], p. 184, form ula  (12)), one has:

Y ? wab ~  6 • 1018

fo r co0 ~  2 • 10le rad /sec  co rrespond ing  to  th e  energy  req u ired  fo r a  tra n s itio n  
from  th e  g ro u n d  s ta te  to  th e  f ir s t  e x c ite d  level in  a h y d ro g en  a to m  ( ~ 1 0  eV). 
T he q u a n tu m  can  be considered  co m p le te ly  ab so rb ed  fo r a value o f  со g iven  b y

6 • 1018 N rc2

i.e.
co%(w — co0)3

-  co0 \ ~ V W ~ N r -

=  1

T he ra d ia tio n  e m itted  in  th is  freq u en cy  in te rv a l is com ple te ly  ab so rb ed  before 
i t  can  reach  a d istance  r.

I f  u(co) is th e  b lack  b o d y  ra d ia tio n  energy  d e n s ity , for a te m p e ra tu re  
20 000 °K , u(co0) ~  5 • 1 0 -14 erg /cm 3 H z. T hus th e  req u ired  em ission  of 
ab so rb ed  ra d ia tio n  is a p p ro x im a te ly  g iv en  b y

4 я R 2c(i(a>0) 2 [со — co0| ~  102й 2 (N r)1!2 , 

where R  is  th e  radius o f  th e  sphere.
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A s one erg co rresp o n d s to  a b o u t 5 • 1010 q u a n ta ,  th e  n u m b e r o f a to m s 
e x c ite d  per second is 5 • 1012 R 2(N r )^2. As th e  to ta l  n u m b er o f a to m s w ith in  
a sp h ere  o f rad iu s  r  is  4 /3  reiVr3, th e  fra c tio n  of a to m s ex c ited  p e r second  w ith in  
su ch  a sphere is o f  th e  o rder o f 102 R 2N ~112 r_5/2, a n d  th ere fo re  th e  m ean  life 
o f  th e  f ir s t  ex c ited  lev e l o f  h y d ro g en  a tom  a t a d is ta n c e  r — 5 • 101® cm  an d  
w ith  a density  N  — 1 0 4 c m -3 an d  a s te llar ra d iu s  R  =  5 • 1011 cm , tu rn s  
o u t  to  be:

1 0 - i 2 ß - 2 iV1/2r5/2 ~  109 sec .

T h e  exciting  q u a n tu m  has a p p ro x im a tiv e ly  5 • 1 0 ~ 22 m o m en tu m  u n its  an d  
th e re fo re  every  a to m  gets in  th e  m ean  ab o u t 5 • 1 0 ~31 m o m en tu m  u n its  p er 
second .

T he g ra v ita tio n a l force e x e rte d  b y  a s ta r  o f  m ass M  ~  20 Mq  on a h y d ro 
g en  a to m  a t  a d is ta n c e  ~ 5  • 10le cm  is ~ 1 0 -3° d y n e , so th a t  th e  ab so rp tio n  
o f  th is  line c o n tr ib u te s  1/6 th e  to ta l  p ressure n ecessa ry  to  su s ta in  th e  a to m  
a g a in s t g rav ity .

I t  follows t h a t  none o f th e  tra n s itio n s  I s  —*- np  can  su s ta in  h y d rogen  
a to m s  because o f  th e  p ro b a b ility  decrease w ith  increasing  n  (C o n d o n  and  
S h o r t l e y , [3]).

I f  m a tte r  d e n s ity  is su ffic ien tly  high, lin e  ex c ita tio n s  c a n n o t su s ta in  
a to m s  against g ra v ity  a t  th e  c a p tu re  rad iu s  and  m a t te r  m oves th e re fo re  to w ard s  
th e  s ta r  surface, as req u ired  b y  acc re tio n  th e o ry .

On th e  o th e r  h a n d , th e  e ffec t o f ra d ia tio n  p ressu re  on ion ized  m a tte r  is 
q u ite  negligible. I n  fa c t, in  th is  case, i t  is e n tire ly  due to  th e  in te ra c tio n  o f 
p h o to n s  w ith  free  e lec trons (T hom son  sc a tte rin g ) w ith  a cross sec tion  aT =  
=  6.65 • 1 0 - 25 c m 2.

The p a ir  e lec tro n -p ro to n  is su b jec ted  to  tw o  forces:
1) th e  r a d ia t io n  pressure  force ac ting  on  th e  e lec tron  an d  p o in tin g  

o u tw ard s , w hich  is  g iven  by

L
~  ° T  1

4  nr2c

w here  L is th e  s ta r  lu m in o sity , r  th e  d istance o f  th e  p a ir  from  th e  s ta r .
2) The g ra v ita tio n a l force a c tin g  on th e  p ro to n  an d  p o in tin g  in w ards, i.e.

GM mH
r 2

A t equilib rium  one gets:

A n G M m H c 1Л18 M  :=  1.2 • 1038------- erg/sec ,
O'j' Mp©

(6 )
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T his v a lu e  o f th e  lu m in o sity  is called  th e  E d d in g to n  lim it: fo r L  ^> L E m a tte r  
is “ b low n aw ay ”  b y  ra d ia tio n  p ressu re .

F o r a 20 M© s ta r , L E — 2.4 • 1039 e rg -se c -1 . As th e  effec tive  lu m in o sity  
is ~ 1 0 37 erg/sec, ra d ia tio n  p ressu re  is e n tire ly  negligible.

§ 5. Supersonic accretion in  the case o f  interacting particles

W e h av e  seen above th a t  acc re tio n  can  be t re a te d  in  tw o ex tre m e  ap p ro x i
m a tio n s: one is to  consider non  in te ra c tin g  gas p a rtic le s , in  w h ich  case th e  
acc re tio n  ra d iu s  is g iven b y  (1), th e  o th e r  is to  consider in te ra c tin g  p a rtic le s : 
th e  la t te r  case leads to  th e  accre tio n  ra d iu s  g iven  b y  (3) an d  th is  app lies  w hen 
th e  m ean  free p a th  o f a p a rtic le  is m u ch  less th a n  R A. A m ore rigo rous t r e a t 
m en t th a n  th e  one g iven  in  S ection  1 h as  been  g iven  b y  B o n d i a n d  H o y l e  [2] 
fo r th e  case o f n o n  in te ra c tin g  as w ell as o f in te ra c tin g  p artic les .

L e t us consider f ir s t  th e  case o f non  in te ra c tin g  p a r tic le s . W ith  
re fe rence  to  F ig . 2, tra je c to rie s  1 an d  2 re p re se n t th e  p a th s  o f  p a rtic le s  
g raz in g  th e  s ta r  su rface w hich is re p re se n te d  b y  th e  circle. T hese t r a je c 
to rie s  d iv ide th e  space in to  th re e  reg io n s: a), b) an d  c). A ll p a rtic le s  m oving  
in  reg io n  a) h i t  th e  s te lla r  surface. In  reg ion  b) th e re  is b u t  one tra je c to ry  
th ro u g h  a g iven  p o in t. In  c) how ever th e re  a re  tw o  tra je c to r ie s  th ro u g h  a 
g iven  p o in t, a p a r t  from  th e  p o in ts  o f th e  acc re tio n  ax is, w here th e re  is an  
in fin ite  n u m b e r because o f cy lind rica l sy m m etry . I f  we now  consider th e  case 
of in te ra c tin g  p a rtic le s  w ith  a low  gas te m p e ra tu re  (cf. § 3), th e re  is no change 
in  th e  p ro p e rtie s  o f  regions a) an d  b ): in  fa c t p a rtic le s  can n o t collide as only  
one t r a je c to ry  goes th ro u g h  each  p o in t. T h is is n o t t ru e  fo r reg io n  c), w here 
p a rtic le s  collide even  i f  th e ir  te m p e ra tu re  is low : th ese  collisions te n d  to  p re 
v en t tw o  flu x es  o f  pa rtic le s  from  passin g  th ro u g h  each  p o in t n o t on  th e  axis. 
In  fa c t i t  is c lea r th a t  th e  tw o s tre a m  reg ion  c a n n o t h av e  d im ensions m uch 
g rea te r  th a n  th e  m ean  free p a th  o f th e  p a rtic le s  an d  th ere fo re  th is  reg ion
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sh a ll h a v e  d im ensions m u ch  less th a n  R A (fo rm ula  (3)). As a consequence th e  
m ech an ism  of a c c re tio n  is d e te rm in ed  b y  th e  fo u r  reg ions a), b), c l )  an d  c2) 
show n  in  F ig . 3.

R eg ion  c l)  is a tw o  stream  reg io n  w ith  a  th ick n ess  of th e  o rd e r o f th e  
m ean  free  p a th  a n d  reg io n s a), b) a n d  c2) are  a ll sing le  stream . F o r  a  v e ry  
h igh  d e n s ity  of th e  c lo u d , region c l )  becom es a su rface  of d isco n tin u ity . In  
c2) th e  p ressu re  is v e ry  h igh  as th e  d e n s ity  is g re a t. T h is  pressu re  causes a  force 
on re g io n  c l)  d ire c te d  ou tw ards w h ich  ba lan ce  th e  m o m en tu m  tra n sv e rse  
co m p o n en t of m a t te r  com ing in  fro m  b).

Fig. 3

U sing  a h y d ro d y n a m ic a l te rm in o lo g y  reg ion  c l )  m ay  be called  a shock  
w av e . T he prob lem  o f  accre tion  in  i t s  m o st gen era l fo rm  is a h y d ro d y n am ica l 
one a n d  w ill be t r e a te d  from  th is  p o in t o f view  in  S ection  8.

T h e  b e h av io u r o f  a p artic le  crossing  th e  shock  can be q u a lita tiv e ly  
d esc rib ed  in  th is  w a y : th e  gas loses th e  co m p o n en t o f  th e  v e lo c ity  p e rp e n d i
c u la r  to  th e  shock w av e  fro n t, w hile th e  p a ra lle l co m p o n en t, i.e. th e  one d irec ted  
ra d ia lly , is le ft u n ch an g ed . W ith  re ference  to  F ig . 1, i f  th e  p a rtic le  im p a c t 
p a ra m e te r  is g re a te r  th a n  R A (cf. fo rm u la  (3)), th e  ra d ia l v e lo c ity  is  g re a te r  
th a n  th e  parabo lic  v e lo c ity  and  th e  gas goes to  in f in ity , w hile i f  th e  im p a c t 
p a ra m e te r  is less t h a n  R A, th e  gas fa lls  on  to  th e  s ta r  a f te r  crossing  th e  shock  
w av e  fro n t.

T h is re su lt, s t r ic t ly  rigorous in  case o f  F ig . 1, w here i t  w as assum ed  th a t  
co llisions took  p lace  o n ly  on th e  ax is , is s till t ru e  also in  th e  m ore genera l 
case o f  a shock, p ro v id e d  th e  M ach cone is n a rro w  enough, i.e . fo r re la tiv e  
v e lo c itie s  V  m u ch  g re a te r  th a n  th e  sou n d  v e lo c ity  a ; th e  opening  в o f su ch  a  
cone is given b y

F ro m  th ese  co n s id e ra tio n s  one a lre a d y  sees th e  im p o rtan ce  o f sou n d  speed  in  
a c c re tio n  p rob lem s.
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§ 6. B rak in g  force

A v e ry  im p o r ta n t  d y n am ica l effect is  th e  b rak in g  force p roduced  b y  th e  
c loud  on th e  s ta r . T his force is due to  th e  p a rtic le s  chan g in g  th e ir  m om en ta , 
v ia  th e  in te ra c tio n  w ith  th e  g ra v ita tio n a l f ie ld  o f  th e  s ta r . T h is process has 
b een  in v e s tig a te d  fo r th e  f i r s t  tim e  b y  B o n di an d  H oyle [2] a n d  by  D odd 
a n d  McCrea [5 — 6].

L e t us con sid er f ir s t  th e  case of n o n  in te ra c tin g  p a rtic le s . W ith  references 
to  F ig . 1 we ca ll гр th e  angle  be tw een  a sy m p to te s  o f th e  h y p erb o lic  tra je c to ry  
o f  a p a rtic le  com ing  from  В  w hose im p a c t p a ra m e te r  is /. T he  p a rtic le  comes 
in  from  in f in i ty  an d  goes to  in f in ity , in  th e  d irec tio n  o f  th e  a sy m p to te  D E , 
th e re b y  ch an g in g  on ly  th e  v e lo c ity  d irec tio n  (n o t m odulus !), th ro u g h  an  angle 
ip. F ro m  s ta n d a rd  fo rm ulae  o f ce lestia l m echan ics (Ogorodnikov , [14]) 
one has:

ip G M
tg  —  = -------- ,

2 IV 2

w here  M  is th e  m ass o f th e  s ta r  an d  V  th e  re la tiv e  v e lo c ity  b e tw een  s ta r  
a n d  p artic le .

T he v e c to r ia l change in  th e  v e lo c ity  is g iven  in  m odulus b y  2 V  sin ip/2 
a n d  m akes an  ang le  n-\-ipl2  w ith  th e  a rr iv a l d irec tion . T he co m p o n en t of À Ÿ  
a long  axis S A  is th e re fo re  \AŸ\ =  2 V  s in 2 ip/2. O n exp ressing  s in 2 ip/2 b y  
tg  ipl2 one g e ts :

— о V
\ w  =  — n W -  

1 + { G M

C onsider now  a r in g  o f ra d iu s  l, th ick n ess  dl c en te red  on S A  an d  a rea  2nl dl. 
T h e to ta l  m ass w h ich  crosses th is  a rea  p e r u n i t  tim e  is g V  2nl dl, -where g 
is th e  cloud d e n s ity . T hese p a rtic le s  a c t on th e  s ta r  w ith  a force:

d F  =  gA V V 2nld l

from  w hich  we g e t th e  to ta l  force:

Idl
F  =  4 n V 2e

f -Jo I +
Г- V i 

G2M 2

2ле^ 1п|1+ 1
V 2 G2M 2

w here lx is th e  ex ten s io n  o f th e  cloud. T h is fo rce  is n o t neg lig ib le  if

l\ V* 
G2M 2 > 1
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i.e. w h e n  th e  linear d im ensions of th e  c lo u d  are m uch g re a te r  th a n  th e  a c c re tio n  
ra d iu s  ~ G M / F 2. T h is  m eans t h a t  th e  b ra k in g  e ffec t is e ssen tia lly  d u e  to  
th e  p a r tic le s  fa r aw ay  an d  n o t to  th o se  fa lling  on th e  s ta r .

O ne im p o rta n t consequence o f  th is  fa c t is t h a t  th e  sam e ex p ressio n  fo r 
th e  fo rce  is va lid  also in  th e  case o f  in te ra c tin g  pa rtic le s .

A s accretion  in c reases  w hen  re la tiv e  velo c ity  decreases (cf. fo rm u la  (3)), 
Mc Cr é a  [6] has in v e s tig a te d  th e  p ro b lem  if  th e  b ra k in g  o f s ta rs  b y  in te r 
s te lla r  gas in  th e  g a la x y  is responsib le  fo r th e  exceed ing ly  g rea t lu m in o s ity  
o f som e o f th em  a n d  S a l pe t e r  [15] h a s  exam ined  w h e th e r th e  em ission  of 
q u a sa rs  can  be ex p la in ed  in  te rm s o f  th e  b rak in g  o f m assive ob jec ts  b y  d iffuse 
m a tte r .

§ 7. Hydrodynamics of accretion in  the case o f subsonic relative 
velocity o f  stars and clouds

L e t us now con sid er th e  case w here  th e  re la tiv e  v e lo c ity  b e tw een  th e  
s ta r  a n d  th e  cloud is  eq u a l or less th a n  th e  sound  v e lo c ity  in  th e  cloud . T h is  
p ro b lem  has been in v e s tig a te d  b y  B o n d i  [1] in  th e  h y d ro d y n am ica l a p p ro x i
m a tio n . See also Z e l ’d o v ic h  an d  N o v ik o v  [17], p . 435. A s ta r  o f  m ass  M  
is a t  re s t  in  an  in f in ite ly  ex ten d ed  gas cloud w ith  a d e n s ity  an d  p re ssu re  
p M. T h e  m otion  o f th e  gas is s ta t io n a ry  an d  spherica lly  sy m m etric . W e shall 
n eg lec t th e  increase o f  th e  s ta r  m ass , so th a t  th e  f ie ld  o f force is c o n s ta n t. 
T he gas can  he ch a rac te rized  b y  i t s  a d ia b a tic  in d ex  y, d e n s ity  g, p re ssu re  p  
a n d  sou n d  velocity :

a =

T h e  phenom enon  o beys th e  fo llow ing eq u a tio n s: 
1) C on tin u ity  e q u a tio n :

^ п г ’Чрз — A  (co n stan t), (7)

w h ere  r  is th e  ra d ia l  co o rd in a te , v th e  velocity  o f th e  gas d irec ted  to w a rd  
th e  s ta r  an d  A is a c o n s ta n t w h ich  rep resen ts  th e  acc re tio n  ra te  in  g ra m  p er 
second.

2) B ernoulli e q u a tio n :

v 2 ГР dp

2~ + J P. - T
GM

r
con st =  0 .

T he in te g ra tio n  c o n s ta n t is zero because  o f b o u n d a ry  co n d itions a t  in f in ity .
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3) A d ia b a tic  eq u a tio n :

P
( 8)

B y  m eans o f  (8), th e  B ern o u lli e q u a tio n  ta k e s  th e  fo rm :

V2

2 +
G M

г
(9)

E q s. (8) an d  (9) are  valid  in  case no h e a t exchange ta k e s  p lace  betw een  tw o 
ne ighbouring  f lu id  elem ents. W e can  how ever ta k e  acco u n t o f  h e a t exchange 
b y  su itab ly  m o d ify ing  y, w h ich  in  an y  case m u s t alw ays lie be tw een  1 and  5/3. 

The a d ia b a tic  index  is in  general d e fin ed  as:

7  =
Í d log p  I
l d b g  g js const.

w here S  is th e  e n tro p y  p e r g ra m  given b y

S  = ---—- In  í— I +  —  ——In  k T  -f- c o n s ta n t.
Iи ( т /л  J 2 p

H ere  & =  8.31 • 107 erg/°K  • g r is th e  p e rfec t gas c o n s ta n t, К  =  1.38 • 1 0 _ 
erg /°K  is th e  B o ltzm an n  c o n s ta n t w ith  51 =  N 0K  and  N 0 — 6 .023 • 1023 g r -1 
is A vogadro’s n u m b er (inverse o f  p ro to n  m ass); ft is th e  m o lecu la r w eigh t 
defined , for a n e u tra l  gas, as th e  n u m b er o f nucleons in  a nuc leu s. F o r  a n e u tra l

71gas th e  n u m b e r o f  partic les p e r  c .c . n  is g iven  b y  n  = -------- . T h e  p e rfec t gas
P m H

eq u a tio n  is:

p  =  nkT  =  — Ç— k T  =  - ï - { N 0k ) T = - ^ - .
!i m H  P  P

I f  th e  gas is co m p le te ly  ionized th e  n u m b er o f  partic les p e r c .c . n  is g iven  b y
Q Q

th e  n u m b er o f  n u c le i p er c.c., i . e . ------- plus th e  n u m b er o f e lec tro n s z ------- ,i.e .:
р т н  ц т н

n — 1 +  * g 
P m H

In  th is  w ay  to  a com pletely  io n ized  gas can  be  a ttr ib u te d  a m o lecu la r w eight

P =
P

1 +  2

w here fi is th e  m o lecu la r w eight fo r  th e  n e u tra l  gas.
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So for n e u tra l  h y d ro g en  an d  h e liu m  one has re sp ec tiv e ly : g =  1 an d  
yu =  4; fo r th e  sam e gases w hen co m p le te ly  ion ized , p ' =  1/2 and  p ' — 4 /3 , 
re sp ec tiv e ly . W h en  th e  gas is e ith e r  co m p le te ly  ion ized  o r n eu tra l, у  c an  be 
c a lc u la ted  b y  th e  a b o v e  form ulae g e ttin g :

fro m  w hich

l n p  =  c o n s t -|------log Q,
3

In  genera l how ever th e  ion iza tion  s ta te  o f a gas d ep en d s on p ressu re  an d  
d e n s ity , i.e. у is a  fu n c tio n  of p  a n d  q bo u n d ed  b e tw een  1 an d  5/3. (Cf. 
Z e l ’do vich  an d  N o v ik o v  [17] p . 213).

As during  a c c re tio n  th e  p h y sica l cond itions o f th e  gas are v a riab le , one 
ca n  ex p ec t a v a r ia t io n  of у  too .

T hese c o n fig u ra tio n s  are  p a r tic u la r ly  im p o r ta n t  fo r accre tion  on to  
c o m p a c t ob jec ts , w h ile  fo r norm al s ta rs , у  can  be considered  fa irly  well c o n s ta n t. 
E q s . (7) and  (9) c a n  b e  p u t  in  a d im ensiona l form  b y  in tro d u c in g  th e  sound  
speed  a t  in fin ity :

Q со

a n d  p u ttin g :
G M

r =  X ---—  , V =  y a „ , Q =  ZQ„

th e  c o n tin u ity  e q u a tio n  tak es  th e  fo rm :

w h ere  A is g iven  b y :
x^yz  =  A,

j _  4jrA(GM)2

T h e  B ernoulli e q u a tio n  has th e  fo rm :

( 10)

( 11)

( 12)

To solve (10) a n d  (11), le t us p u t

и — y z
y - 1 

2 (13)
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w here u is th e  ra t io  o f  th e  local ve lo c ity  o f th e  gas v to  th e  local sound speed
УР
Q

B u t

1/2 _
In  fa c t  going  over to  o rig in a l v a riab le s

v

\P°

r—1 
2

a = 1 VP 1 /2
Í  У Poo Г 1 .  P ] 1'2

\ в l e* 1 I F » Q 1

an d  th e re fo re , because  (8):

th a t

Qoo g
y' 1 /2

-----  fl
— 1

. Q Q со .

-----  “  00

Q oo  '

v - i
2

F ro m  (13) an d  (10), we get:
J L  ,
v 4 - l  I Л l y + 1

y = u y+1 I —

an d  (12) becom es:

4
y+1 Í 1------1------------——I =  A

2 у - l  u 2 )

■ r - t
y+ 1

y—1
„ У+ 1

2
ÿ+î

• +  *

5—3 y
■ÿ+Г

Ly
(14)

T he r ig h t an d  le f t h a n d  side o f th is  eq u a tio n  are  s e p a ra te ly  th e  sum  o f a posi
tiv e  an d  a n eg a tiv e  pow er o f th e ir  va riab les , a n d  th e re fo re  each  o f  th em  has 
a m in im um . T h e  le f t h a n d  side m in im um  occurs w h en  и =  1 a n d  is g iven b y  
1 y + 1

—----- * - y . T he X d ep en d en t p a r t  o f th e  r ig h t h a n d  side has a m in im um  w hen

X — —  (5 — 3y), th e  va lu e  o f w hich  is 
4

11 y + 1
4 у— 1 T (5 -  3y)4

5 —3y 
’ y + 1 (15)

O n su b s titu tio n  o f  th e se  values in  (14) one gets  th e  re su lts  th a t  A can n o t be 
g rea te r th a n

r 1  ,_Z±L ,r о X- 5~ 3y 
t  |2 ( y - l )  (О —  o y \  2(y—1)Дс _  I 2

T herefore th e  acc re tio n  ra te  c a n n o t be g rea te r  th a n

С о

(16)

(17)
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A c ta k e s  on va lu es  b e tw een  1.12 (for y  =  1) an d  0.75 (for y  =  5/3). T his 
m ean s th a t  if  A >  Ac, th e  p roblem  h as no so lu tion  a n d  accre tio n  c a n n o t ta k e  
p lace . A sim ple g rap h ica l d iscussion (see Z e l ’d o v i c h  an d  N o v i k o v  [17], p. 
436) show s th a t  i f  A >  Ac, th e  v e lo c ity  o f  th e  gas is everyw here  less th a n  the  
sp eed  o f sound  (subsonic  accre tio n  everyw here). I f  A ]> Ac, th e re  ex is ts  a  d is
ta n c e  above w hich  th e  velo c ity  o f  th e  gas is less th a n  th e  sound  speed  and 
b e n e a th  w hich i t  is g re a te r  (superson ic  accretion).

In  th is  case, as fo r x  =  1/4(5 — 3у), и — 1, i.e. v =  o, th e  ra d iu s  a t  w hich 
t r a n s i t io n  to  superson ic  acc re tio n  ta k e s  place is

5 -  3y  GM

A t th is  rad iu s  у  =
2 l 1/2

5— 3y
an d  so :

5 — 3 у

1/2

A s z
5— 3y

y 2 , we get fo r th e  d e n s ity :

6s =  e .
2 -Ц-----y -1.

5 — 3 у

O nly superson ic  accre tion  a n  c a n  give energy  to  th e  s ta r , w hile th e  
subson ic  case can  be considered  as a se ttlin g  of th e  gas on th e  s te lla r  a tm o s
p h e re , th e  la t te r  case is possible i f  p ressu re , n e a r  th e  s ta r  su rface  is suffici
e n tly  high.

To ensure superson ic  acc re tio n , th e  ex istence  o f rs is n o t su ffic ien t, b u t 
i t  is  also n ecessary  th a t  p h en o m en a  ta k in g  p lace in  s te lla r  a tm o sp h e re  do 
n o t p e r tu rb  th e  gas cond itions a t  a d is tan ce  rs.

F ro m  th e  b a ro m e tric  fo rm u la , one can  e v a lu a te  th e  h e ig h t o f  th e  a tm o s
p h e re :

я =  N () k T R 2 
G My,

T h e  above co n d itio n  is there fo re

H  R  <C rs •

I f  now  rs R , superson ic  acc re tio n  is ce rta in ly  possible fo r H  R  an d  th is  
en ta ils :

T <  107 Í M (Д©
U 0 ) R
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C ondition  rs ^> R  is d e fin ite ly  v erified , fo r a  rea lis tic  s ta te  o f  gas a t  in fin ity ,
i.e . T  104 °K , even fo r s ta rs  w ith  a rad iu s  su b s ta n tia lly  g re a te r  th e n  R 0. 
A  fo rtio ri th is  cond ition  ho lds fo r collapsed s ta rs .

W e h av e  th e re fo re  a v a s t  class o f s ta rs  fo r w hich acc re tio n  is supersonic  
a n d  th e re fo re  can  he a source o f  energy .

In  co m p u ta tio n s , Xc can  be  considered  o f  u n ity  o rder, so t h a t  from  (17) 
we get

dM  _  4 я & 2 M 2 g 

dt a t

I f  a s ta r  m oves w ith  resp ec t to  in te rs te lle r  gas a t  a speed less th a n  th e  speed 
o f  sound , acc re tio n  is e ssen tia lly  d o m in a ted  b y  sound  v e lo c ity , w hile for 
superson ic  re la tiv e  velocity  (cf. fo rm u la  (4)) i t  is d o m in a ted  b y  th e  s ta r  ve loc ity .

T he h y d ro d y n am ica l p ro b lem  in  th e  case o f a rb itra ry  re la tiv e  velo c ity  
h a s  n o t y e t  been  solved. W e h av e  on ly  B o n d i’s con jec tu re  (B o n d i  [1 ]) th a t  
acc re tio n  ra te  is g iven  b y

4jt(GM)2 e_
~  (t>2 +  a t ) 3'2 ’

w hich  ad m its , as lim itin g  cases, fo rm ulae  (4) a n d  (18). B o n d i’s co n jec tu re  
h as  n o t been con firm ed , n o t in v a lid a te d : th e re  is only  a p a r tia l  co n firm a tio n  
b y  D o d d  [4]. I n  a n y  case, fo rm u la  (19) agrees w ith  one’s in tu it io n  an d  c e rta in ly  
gives th e  co rrec t o rd e r o f m ag n itu d e .

In  o rd er to  m ake u p  one’s m ind  w hich o f  th e  theories exposed  so fa r is 
to  be  app lied  to  re a l cases, one m u s t f ir s t  o f  a ll check  w h e th e r th e  b o d y  has a 
subson ic  or superson ic  v e lo c ity  w ith  re sp ec t to  th e  gas.

I f  th e  v e lo c ity  is subson ic , one can  a p p ly  (ap p ro x im ate ly ) th e  th e o ry  
d iscussed  in  th is  sec tion  (body  a t  re s t) , i f  on th e  c o n tra ry  one h as  to  do w ith  
superson ic  v e lo c ity  one m u st a p p ly  th e  th e o ry  o f  Section  1.

In  th e  cases so fa r  ex am ined , i.e . tho se  re la tiv e  to  s ta rs , th e  geom etrica l 
ra d iu s  o f  a b o d y  tu rn s  o u t to  be  alw ays m an y  o rders o f m ag n itu d e  less th a n  
th e  vario u s acc re tio n  rad ii considered ; in  th e  case o f  galaxies o r o f  c lusters  
o f  galax ies th e  geom etrica l ra d iu s  an d  accre tio n  rad iu s  are  co m p arab le .

(19)

§ 8. The genera l hydrodynam ical problem

T he genera l h y d ro d y n am ica l p rob lem , i.e . th e  so lu tion  o f  hydrodyna«  
m ica l tim e  d ep en d en t eq u a tio n s a t  vario u s M ach’s nu m b er, has b een  s tu d ie d  
for th e  f ir s t  tim e  b y  H u n t  [13] th o u g h  in  an  incom ple te  form . T h e  p rocedure  
co nsists  in  in te g ra tin g  th e  tim e  d ep e n d e n t eq u a tio n s  o f flu id  d y n am ics, from
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a  g iv en  in itia l tim e  u p  to  th e  tim e  w hen  a s ta tio n a ry  so lu tio n  is reach ed . T he 
fu n d a m e n ta l e q u a tio n s  are:

dß , 1 d , „ N , 1 d , . m л----------------------- (r2 m )  -\--------------------- (n  s in  0) =  0
dt r 2 dr r s in e

(co n se rv a tio n  o f m ass  p e r  u n it  vo lum e),

dm
dt

J _  _d_
r 2 dr r* P  + +  -

1 d
r s in 0 dQ

VeJl
■ + 2p

rr

■ sin  0 =

(co n se rv a tio n  o f r a d ia l  m om en tum  p e r u n i t  vo lum e),

dn  - „

d t * "
d

r 2 mn
dr Q .

+
1 1 n 2 ■

P +  — sin  0LI в

v.m
r sin 0 dQ

(co n se rv a tio n  o f  tra n sv e rse  m o m en tu m  p er u n it  vo lum e),

—  co t 0

m t> E

Ш dt
+  ■

dr
г Ц Е  +  р)

m

6 J
+

1 d
r s in 0 dd

(E  +  p )  —  sin 0
Q

m

(co n se rv a tio n  o f  to ta l  energy  p e r u n it  vo lum e),

P ( r - i )
m 2 -f- n 2 

Q

(eq u a tio n  o f  s ta te ) .
T he so lu tio n  fou n d  b y  H u n t  b y  n um erica l in teg ra tio n  o f  th e  ab ove  

eq u a tio n s  are n o t  gen eral, becau se:

a) th e  m ass M  o f th e  s ta r  is ta k e n  as a c o n s ta n t.
b) The b ra k in g  forces of S ection  6 are  neg lec ted .
c) T he cooling  o f th e  gas is n o t  ta k e n  in to  acco u n t.
d) O nly у  =  5/3 is considered.

W hile a s su m p tio n  from  a) to  c) are w ell ju s tif ie d  in  m a n y  cases o f 
p h y s ic a l in te re s t , a ssu m p tio n  d) is a severe re s tr ic tio n  to  th e  g e n e ra lity  o f th e  
so lu tio n  (th e  a u th o r  is fu lly  aw are  o f  th is  lim ita tio n ) .

H u n t ’s r e s u lts  (for M ach’s n u m b ers  0 .6; 1 .4 ; 2.4) con firm  th e  re su lt 
o b ta in e d  in  p reced in g  sections. In  p a r tic u la r :

1) for su b so n ic  re la tiv e  v e lo c it ie s  one has p ra ctic a lly  sp herica l sym m etr ic  
a ccre tio n  an d  th erefo re  B o n d i’s th e o ry  for a b o d y  a t rest can  be ap p lied .
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2) In  th e  case o f superson ic  re la tiv e  v e lo c itie s  th e re  ap p ea rs  a shock 
fro n t, w h ich , for in creasin g  M ach’s n u m b er, ap p ro ach es  th e  b o d y  an d  shrinks 
d o w n stream  to  th e  axis o f acc re tio n  (H o yle  — L y t t l e t o n — B o n d i’s th eo ry ).

§ 9. Conclusions

T h e p hysica l th e o ry  o f acc re tio n , as i t  a p p e a rs  from  th e  ab o v e  conside
ra tio n s  tu rn s  o u t to  be in  a fa irly  sa tis fa c to ry  s ta te .  I n  fa c t one ca n  co n fid en tly  
use th e  law s d iscussed  in  th e  p reced in g  sections to  g e t re liab le  o rd e r  o f m agn i
tu d e  e s tim a tes . I t  ap p ea rs  also t h a t  th e  m ain  fe a tu re s  w ere a lre a d y  clear by  
th e  m id  fiftie s  a n d  no  su b s ta n tia l  p rogress has b een  m ade since th e n . There 
rem ain s how ever a  se t o f  im p o r ta n t  problem s s ti l l  to  be so lved  or deepened.

1) A th o ro u g h  in v e s tig a tio n  o f  th e  gen era l h y d ro d y n am ica l p roblem  
w ith  v a ry in g  y  a n d  a n y  s ta r  v e lo c ity  is s till la ck in g . T h is p ro b lem  is crucial 
fo r th e  th e o ry  o f acc re tio n  o n to  co llapsed  s ta rs  in  b in a ry  sy stem s w here th e  
ve loc ities are h ig h ly  superson ic . H u n t ’s so lu tio n , w h ich  ta k e s  in to  accoun t 
M ach’s num bers u p  to  2.4 is c learly  in a d e q u a te . I t  w ould  be v e ry  in te re s tin g  
also a p ro o f of B o n d i’s co n jec tu re  (19).

2) D ue to  th e  g re a t d ifficu lties  o f th e  m a g n e to -h y d ro d y n am ica l eq u a
tio n s , th e  in fluence  o f  a  m ag n e tic  fie ld  on a cc re tio n  has n o t y e t  been  sa tis
fa c to rily  in v es tig a ted . W h a t one can  fin d  in  th e  l i te ra tu re  is o n ly  a h ost o f 
p a r t ia l  re su lts  w hich , th o u g h  v e ry  im p o rta n t, a re  n o t y e t sy s tem a tica lly  
a rra n g e d  in  a general fram ew o rk . T h is s ta te  o f a ffa irs  is p a r tic u la r ly  re lev an t 
fo r acc re tio n  on to  n e u tro n  s ta rs  a n d  b lack-holes, in  connection  w ith  th e  th eo ry  
o f ga lac tic  X -ra y  sources. W e h ope  to  give a su rv e y  o f  these  p a r t ia l  re su lts  
in  a fo rth co m in g  p a p e r .
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V . D . Sharm a  and R a d h e  Sh y  am
A P P L IE D  M A T H E M A TIC S  S E C T IO N , IN S T IT U T E  O F  T E C H N O L O G Y , B A N A R A S  H IN D U  U N IV E R S IT Y

V A R A N A S I 221005, IN D IA

(Received in revised form 17. V. 1979)

The effects of non-equilibrium dissociation and that of wave front curvature on the 
propagation of sonic waves and their consequent formation into shock waves are examined. 
Special attention is paid to waves of plane, cylindrical and spherical geometry propagating 
into regions of weak equilibrium or strong equilibrium. It is found that a state of strong equilib
rium has a stabilizing influence in that not all compression waves will grow into shock waves. 
Further, it is interesting to note that in a weak equilibrium state, all compression waves, no 
matter how weak initially, always end up into a shock whereas all expansion waves decay 
but not completely unlike the situation that occurs in a strong equilibrium state.

1. Introduction

T h e grow th  an d  decay  b eh av io u r o f sonic w aves, fo llow ing th e  analysis 
o f  T h o m a s  [2], has b een  in v e s tig a te d  b y  severa l w orkers [1 — 7] in  a v a r ie ty  
o f  m a te r ia l m edia. C alling a s ta te  w ith  a zero reac tio n  ra te  a n d  a non-zero  
a f f in ity  a w eak  eq u ilib riu m  s ta te , an d  one w ith  b o th  o f th e se  q u a n titie s  zero 
a s tro n g  equ ilib rium  s ta te , B ow en  [8] has in v es tig a ted  th e  in flu en ce  of these  
th e rm o d y n a m ic a l s ta te s  on th e  p ro p a g a tio n  of p lane  acce le ra tio n  w aves in  
a m ix tu re  o f chem ically  re a c tin g  e lastic  m a te ria ls . In  th is  p a p e r, using  th e  
s in g u la r  surface th e o ry  due to  T h o m a s  [9, 10 ], we have  in v e s tig a te d  th e  g row th  
a n d  decay  b eh av io u r o f sonic w aves p ro p a g a tin g  in to  reg ions o f s tro n g  and  
w eak  equ ilib riu m  o f an  idea l d issocia ting  gas. I t  is found  th a t  in  a s tro n g  
eq u ilib riu m  s ta te  th e re  ex ists  a c ritica l va lu e  of th e  in itia l d isc o n tin u ity  such  
t h a t  all com pression w aves w hose in itia l d isc o n tin u ity  is less th a n  th is  c ritica l 
v a lu e  dam p  to  zero an d  w aves w ith  in itia l d isc o n tin u ity  g re a te r  th a n  th is  
c r itic a l va lue  grow w ith o u t h o u n d  in  a f in ite  tim e . F o r th e  case o f  w eak  eq u i
lib r iu m  s ta te , i t  is fo u n d  th a t  a ll com pression  w aves grow  in to  a shock a fte r  
a f in ite  tim e  w hereas a ll ex p ansion  w aves decay  an d  u ltim a te ly  ta k e  a stab le  
w av e  fo rm . I t  is found  th a t  th e  geo m etry  o f th e  w ave fro n t affec ts  th e  g row th  
p ro p e rtie s  in d irec tly  in  th a t  th e  c ritica l v a lu e  o f th e  in it ia l  d isco n tin u ity  
dep en d s on th e  in itia l c u rv a tu re s  o f th e  w ave fro n t. T he c ritic a l va lues o f th e  
in itia l d isco n tin u ity  fo r cy lin d rica l an d  spherica l w aves fo r  w h ich  th e  respective  
w aves n ev er com plete ly  decay  are  fo u n d  to  be la rg e r in  m a g n itu d e  th a n  th e  
co rrespond ing  value fo r p lane  w aves. T he specific  source o f  non -eq u ilib riu m
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e ffec ts  considered h e re  is th e  d isso c ia tio n  reco m b in a tio n  re a c tio n  in  a sy m m e t
r ic a l d ia tom ic  gas; th e  p resen t m e th o d  can , how ever, be em p lo y ed  to  v ib ra tio n 
a l ex c ita tio n , io n iz a tio n  etc . H ere  we h av e  considered  th e  usefu l ap p ro x im a
t io n  o f  th e  idea l d isso c ia tin g  gas d u e  to  L i g h t h i l l  [13]. T he species t h a t  
m a k e  up  th e  gas m ix tu re  are assu m ed  to  b ehave in d iv id u a lly  as th e rm a lly  
p e rfe c t gases. T h e  te m p e ra tu re  ra n g e  is ta k e n  fro m  2500 °K  to  4500 °K . In  
th is  te m p e ra tu re  ra n g e , th e  c o n tr ib u tio n  o f  energy  fro m  elec tro n ic  ex c ita tio n  
a n d  io n iza tio n  a re  b o th  assum ed neglig ib le . T he ra d ia tio n  h e a t  loss from  th e  
m ix tu re  and  th e  m o lecu lar t r a n s p o r t  effects lead in g  to  v iscosity , d iffusion  
a n d  h e a t  co n d u c tio n  a re  also n eg lec ted .

2. B asic  equations

T he eq u a tio n s  govern ing  th e  th ree -d im en sio n a l u n s te a d y  m o tio n  o f  an  
id e a l d issociating  gas are  [14]

-f- Щ  Q,  i  -f- Q U j  j —  0 , 
dt

I I n6 —  +  e U j U / j + p , /  =  0 ,
at

I dh ,
в 1 - ^ - +  u i hu

dp ,
=  —  + ui p> i dt

da. 1 П7—  +  u i oc,i =  W ,
dt

( 1 )

(2)

(3)

(4)

w h ere  th e  su m m a tio n  co n ven tion  on  re p e a te d  indices is em ployed , an d  a com m a 
fo llow ed by  an  in d e x  denotes th e  p a r t ia l  d e riv a tiv e  w ith  re sp ec t to  a space 
v a r ia b le . The ran g e  o f  L a tin  indices is ta k e n  to  be 1 ,2 ,3 . T he sym bols ap p earin g  
in  (1) — (4) are  as follow s: g is th e  d en s ity ; p  is th e  p re ssu re ; ui are  th e  gas 
v e lo c ity  co m p o n en ts ; h is th e  specific  e n th a lp y ; a  is th e  m ass frac tio n  o f th e  
r e a c ta n t  species, w h ich  tak es  p a r t  in  th e  sim ple rev e rsib le  reac tio n

A 2 =  X  A  +  A  +  X  . (5)

(T he  species X  c an  be  e ith e r  th e  d ia to m ic  m olecu lar species A 2 or th e  a tom ic  
species A)  an d  W  is th e  ra te  o f p ro g ress  o f re a c tio n  (5), n am ely

W  =  т -1 { Щ 1  -  a) — a 2} . (6)

T h e  q u an titie s  x a n d  К  are th e  fo rw ard -reac tio n  tim e ,

T-1 = 4g2kr(l -f- a)/m2 (7)
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an d  th e  equ ilib riu m  c o n s ta n t,

К  =  Ж exp ( - Г / Г ) ,  (8)
Q

resp ec tiv e ly . T he q u a n titie s  k r, m, gd an d  T d a p p ea rin g  in  (7) a n d  (8) are 
re sp ec tiv e ly  th e  reco m b in a tio n  ra te  coeffic ien t, th e  m o lecu lar w e ig h t o f A 2, 
th e  c h a ra c te ris tic  d en sity  fo r d issoc ia tion  an d  th e  c h a ra c te ris tic  te m p e ra tu re  
fo r d issocia tion . In  th e  te m p e ra tu re  range  2500 °K  ~  4500 °K , th e  v a ria tio n  
in  th ese  q u a n titie s  is v e ry  sm all an d  hence th e y  w ill be t r e a te d  as co n stan ts . 

T he th e rm a l and  ca lo ric  eq u a tio n s  o f s ta te  fo r th e  gas m ix tu re  are  [13]

P =  e ( i  +  «) R T , 

h =  {(4 +  a) T  -f- a T d} R  ,
(9)

( 10)

w here R  is th e  gas c o n s ta n t fo r A 2.
E q . (3) w ith  th e  help  o f  (1), (2), (4) a n d  (6 — 10) is c o n v en ien tly  tra n s 

form ed in to
dp
dt

+  U j p , i  +  да} U' i +  g a j a W  =  0 ,

r p

( И )

w here aу is th e  frozen  sou n d  speed  given b y  aj =  ----- ; Г  be ing  th e  ra tio  of

frozen  specific  h ea ts  g iven  b y  Г  — (4 -f~ a)/3 , an d  cr is a fu n c tio n  o f  local th e r 
m odynam ic  p ro p ertie s  g iven  by

3. K inem atics o f m oving  s in g u la r surfaces

In  th is  Section , a p p ro p ria te  k in em atics  to  describe  th e  m o tio n  o f  a w eak 
d isco n tin u ity  surface is o u tlin ed . W e sh a ll assum e th a t  th e  re a d e r h as  some 
fa m ilia rity  w ith  th e  k in em atics  o f m o v ing  s in g u la r su rfaces [9 ,1 0 ] . W e consider 
a m oving s in g u la r surface 27 g iven  b y  /(ж ,, t) =  0, an d  th a t  we d en o te  b y  nt

d f  I
th e  u n it n o rm al v ec to r / , , / [ g rad  f  \ an d  b y  G = -----—  j \g ra d f\  th e  n o rm a l speed

of advance  o f  27. F o r defin iten ess , we req u ire  t h a t  th e  d esc rip tio n  o f  th e  su r
face 27 is su ch  th a t  G is a lw ays po sitiv e . T h is m eans t h a t  th e  n o rm a l re(- alw ays 
p o in ts  in  th e  d irec tio n  o f p ro p a g a tio n  o f  27. T he ju m p  in  a n y  q u a n t i ty  across 
27 is d en o ted  b y  [Z ] — "  Z 0, w here Z 0 d eno tes th e  v a lu e  o f Z  im m ed ia te ly
ahead  o f th e  w ave fro n t, an d  Z x is th e  v a lu e  o f  Z  im m ed ia te ly  b eh in d  it .  If, 
across 27, th e  fu n c tio n  Z  is co n tin u o u s , w hile its  f i r s t  an d  second o rd e r p a r tia l
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d e riv a tiv e s  w ith  re sp e c t to  aî, a n d  t su ffer ju m p  d isco n tin u itie s  th e n  i t  can  be 
show n th a t  [9, 10]

Г 7  1 . \ dZ[A iJ  =  B n , ;  — -L dt
=  - G B  , (12, 13)

[Z, и ] =  В щ  Jij +  g*? B , a (rei Xj p +  nj x Uß) -  Bgaßg 'd bay x iiß x j 6 , (14)

dxj dt
- G B  +  —  

dt
J n t - g * ( G B ) , . x t ß , (15)

<5( )
w here  ß =  [Z,{] r e В  =  [Z, , ; ] n ( n y an d  re p re se n t th e  r a te  o f change of

( ) as seen b y  an  o b serv er f ix e d  on  S .  A com m a follow ed b y  a G reek  in d ex  
say  (a) denotes p a r t ia l  d e riv a tiv e s  w ith  re sp ec t to  th e  su rface  co o rd in a te  y a. 
T h e  ran g e  o f G reek  ind ices is 1, 2. Q u an titie s  g “̂ a n d  baß a re  th e  c o n tra v a r ia n t 
a n d  co v a rian t co m p o n en ts  o f  th e  f i r s t  an d  second  fu n d a m e n ta l ten so rs  o f S  
re sp ec tiv e ly . W e also  recall th e  follow ing re la tio n s  w hich  we sh a ll be using  
in  o u r fu r th e r  an a ly sis

Щ , oc =  — g ß v b ß * X i ' Y ; 2 Q  =  gxß baß an d  =  — g a ß G ^ x i  ß ,  (16, 17, 18)
dt

w here  Q is th e  m e a n  c u rv a tu re  o f  27.

4 . D erivation  o f th e  g row th  equa tion

A m oving  s in g u la r ity  su rface  27, across w h ich  th e  flow  p a ra m e te rs  are 
co n tin u o u s b u t  w h ich  is such th a t  a t  leas t som e o f th e  f irs t  p a r tia l  d e riv a tiv e s  
o f  th e se  flow  p a ra m e te rs  su ffer ju m p  d isco n tin u itie s  a t  th e  su rface , is called 
a w eak  d isc o n tin u ity  or a sonic w ave. I t  follow s from  S ection  2, t h a t  th e  
q u a n tit ie s  p , q, a , u (-, fly, T, W  a n d  a are co n tin u o u s  across 27 a n d  th e y  w ill 
h a v e  th e ir  su b sc r ip t 0 v a lues a t  th e  w ave fro n t. A ssum ing  th e  s ta te  ah ead  
o f  27 to  be u n ifo rm , i t  is show n in  [1] th a t  e ith e r  G — un0 =  o r G — un0 =  
=  0, w here un0 =  u i0 re,- is th e  co m p o n en t o f f lu id  v e lo c ity  n o rm a l to  th e  w ave 
f ro n t  27. The case G — un0 =  0 w hich  co rresponds to  a  m a te r ia l su rface  is 
d iscard ed  as u n in te re s tin g , an d  we assum e w ith o u t loss o f g en e ra lity  th a t

G — uno +  au • (19)

W h en  th e  m ed ium  ah ead  o f th e  w ave is un ifo rm  a n d  a t  re s t, i t  follow s from  
(19) th a t  th e  w av e  fro n t 27 p ro p a g a te s  th ro u g h  th e  m ed ium  w ith  th e  frozen  
so u n d  speed. As a re su lt  of w hich  th e  successive p o sitions o f  th e  w ave f ro n t 
27 a t  d ifferen t in s ta n ts  form  a fam ily  of p a ra lle l su rfaces w ith  s tra ig h t  lines
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as th e ir  o rth o g o n a l tra je c to r ie s  [11]. T h u s g iven  th e  w ave su rface  a t  t =  0, 
say  th e  p o sitio n  o f  th e  surface a t  a n y  tim e  t >  0 can  be d e te rm in ed  b y  
m easu rin g  th e  d is tan ce  tra v e rse d  b y  th e  w ave f ro n t  along th e  n o rm als  to  E0. 
In  th e  re s t o f  th e  p a p e r, we shall be concerned  w ith  th e  s itu a tio n  w hen th e  
m ed ium  a h ead  o f E  is un ifo rm  an d  a t  re s t. T h en , on e v a lu a tin g  eq u a tio n s  
(1), (2) an d  (4) across E  a n d  using  (12),(13) an d  (19), we get

C =  =  !/<*/„, X, =  Xnt, r, =  0, (20, 21, 22)

w here

h  =  [ и / j ]  n p  f  =  [ p u \  n i » C =  [ e , ,]  П,
an d  7] =  [a ,,]n , a re  th e  q u a n titie s  defined  over E.

I f  we d iffe ren tia te  (2) an d  (11) w ith  re sp ec t to  x k, ta k e  ju m p s  across E, 
a n d  m u ltip ly  th e  re su ltin g  eq u a tio n s  b y  n k, we f in d , on using  th e  re la tions
(12)—(22), th a t

w here

an d

e0- ^ -  =  — ( f  — e o « /.Ab  (23)öt

- f  =  ( f  -  eo «/. X) -  2 ( Л  -  aj, f i ) f  -  -( Г °+ 1 )  I 2, (24)
oi g0 Oft

X =  [u,']k\ и, п ; д л, t  =  [p,ij] n l ríj

Л n ЗГ0(Г 0 -  I K  IF0+ - ^ -«2
+

E q s. (23) an d  (24) can be com bined  to  y ield

^ + ( Л 0 - а /а 1 3 ) С + - ( Г ° + 1 )а /Ч 2 =  0 ,ó t  2 p 0 (25)

w here  use has been  m ade o f  (20).
E q . (25) is th e  re q u ire d  g row th  eq u a tio n  fo r th e  d isc o n tin u ity  £ w hich 

we h av e  been  seeking. In  v iew  o f th e  re la tio n s  (20), E q . (25) y ie ld s a d ifferen
t ia l  e q u a tio n  fo r X and  one fo r f .  T hus, E q . (25) is su ffic ien t to  p re d ic t th e  
g ro w th  or decay  o f a d isc o n tin u ity  associa ted  w ith  th e  w ave su rface  E.  F o r 
a fam ily  o f p a ra lle l su rfaces, p ro p a g a tin g  w ith  c o n s ta n t v e lo c ity , th e  m ean 
c u rv a tu re  Q has th e  re p re se n ta tio n  [12]

Q = 0  Q t
1 2 i2 0a^ t -(- K 0djot-

(26)
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w here  Q tí and K 0 a re  re sp ec tiv e ly  th e  m ean  an d  G au ssian  c u rv a tu re s  o f E 0. 
S u b s ti tu t in g  for Q in  (25) and  in te g ra tin g , we get

£ = ___________ Co(l — 2i30a /„t +  K 0 q},la)-*  exp  (— A 0t)___________^

1 +  ( / V ± —  “Л f  о f  {(1 -  2 Û 0 î  +  K 0 a% Î*)-* exp  ( -  A  01)} dt ’
Jo

w h ere  C 0 is th e  v a lu e  o f  £ a t  th e  w av e  fro n t a t  t — 0.
I t  is clear from  (27) th a t  th e  te m p o ra l b e h av io u r o f th e  d e n s ity  g ra d ie n t 

a t  th e  w ave head  w ill depend  c r itic a lly  on th e  sign  o f  A 0. F o llow ing  B o w e n  

[8], i t  follows th a t  fo r  a  s ta te  of s tro n g  equ ilib riu m  A 0 is n o n -n eg a tiv e  w hereas 
fo r  a  w eak  eq u ilib riu m  s ta te  A 0 m a y  be p ositive  or n eg a tiv e . To m ake th e  
e x a c t  re su lt (27) m o re  accessible, we discuss th e  follow ing th re e  cases of 
p la n e , cy lindrical a n d  spherica l w aves.

5. D iscussion

Case (i ): Plane waves

F o r  a p lane w av e  f ro n t Q 0 — K 0 =  0, th e  E q . (27) reduces to  th e  fo rm

C0 e x p ( —A 0t)

i  +  — ехр ( - л 0*)}

w h ere
£c =  2 (?o А 1(Г  о +  i )  « / ,

E q . (28) shows t h a t  i f  C0 >  0 (i.e. a n  ex p ansion  w ave fro n t)  a n d  A 0 >  0 
th e n  th e  d en o m in a to r o f (28) rem ain s positive  an d  f  -и► 0 as t —► oo, th e  w ave 
d a m p s  out. Also i f  C0 0 (i-e - a com pression  w ave fro n t) a n d  i f  i t  has th e  
m a g n itu d e  less th a n  f c th e n  th e  d en o m in a to r o f  (28) rem ains po sitiv e  an d  
f  —> 0 as t —► oo, i.e . a  com pression  w ave decays a n d  d am p s o u t u ltim a te ly . 
F u r th e r ,  if  C0 is n e g a tiv e  an d  h as  a  m ag n itu d e  eq u a l to  Cc ,  th e n  C =  C 0 an d  th e  
w a v e  p rop ag a tes  w ith o u t an y  g ro w th  or decay . B u t i f  C 0 i s  n e g a tiv e  an d  has 
a  m ag n itu d e  g re a te r  th a n  Cc th e n  |C| —► oo fo r a f in ite  t* g iven  b y

(28)

(29)

T h u s  a t  a fin ite  tim e  t* th e  d en sity  g rad ien t a t  th e  w ave f ro n t becom es in fin ite  
a n d  th is  signifies th e  ap p earan ce  o f  a shock w ave. T h u s we f in d  th a t  Cc is a 
c r itic a l value o f  th e  in it ia l  d isc o n tin u ity  in  th e  sense t h a t  a ll com pression  w aves
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w ith  in it ia l  d isc o n tin u ity  less th a n  th is  v a lu e  a t te n u a te  w hile a ll com pression  
w aves w ith  in it ia l  d isc o n tin u ity  g rea te r  th a n  th is  va lu e  grow  in to  a  shock  
w ave a f te r  a f in ite  tim e . I t  is ev id en t from  th e  expressions o f  'Qc an d  t* th a t  
th e y  a re  in c reasin g  fu n c tio n s  o f A g, i.e. th e  d issoc ia tion  effects are to  increase 
th e  shock  fo rm a tio n  tim e .

F o r Л 0 <C 0 (w hich  can  o n ly  occur in  w eak  e q u ilib riu m  s ta te )  i t  follows 
from  (28) t h a t  i f  C o 0 th e n  C —► |C c [ as î —> o o ,  i.e. all ex p an sio n  w aves decay
a n d  u ltim a te ly  ta k e  a s tab le  w ave fo rm . T h is in te re s tin g  fe a tu re  o f expansion  
w aves does n o t a p p e a r  in  th e  fo rm er case in  w h ich  a ll ex p an sio n  w aves decay  
an d  dam p  o u t u ltim a te ly . B u t i f  C 0 < C  0  a n d  A g <C 0 th e n  w e h av e  th e  c rite rio n

si I
1 =  7 7 T log >1 +1Л1 (

(30)

for th e  shock  fo rm a tio n  a t  a f in ite  tim e . T h u s , in  th is  case we f in d  th a t  a d is 
c o n tin u ity , no m a tte r  how  sm all, asso c ia ted  w ith  a  com pression  w ave alw ays 
grows in to  a shock . I t  is also e v id e n t from  (30) t h a t  th e  w eak  eq u ilib riu m  s ta te  
causes th e  com pression  w ave to  s teep en  m ore sw iftly  th a n  i t  does in  an  in e r t 
a tm o sp h ere  (in  w h ich  Л д =  0).

Case (ii): Spherical waves

I f  th e  wave  f ro n t E  a t  tim e  t — 0 is a sphere  o f  ra d iu s  R g, th e n  a t  an y  

tim e  t >  0, E  is a sphere  of rad iu s  R  =  R g -|- a f t. F o r su ch  a w ave Q g — — —
0 П .

1
an d  K g =  a n d  th u s  th e  E q . (27) reduces to  

Ro

c=
1+

U R q/R) ex p  {— A 0(R  — R 0)/af ,}

C0 R a exp  (A g R J a f ,) E t (A n R 0jaf ,) f l  -  
2 Qo I

Е А Л М а , . )  1
E i ( A g R J a af t )  j

(31)

w here E t(x) =  J t 1 e ‘dt is a ta b u la te d  fu n c tio n  know n  as ex p o n en tia l in te g ra l

fu n c tio n . F o r  A g > 0 ,  th e  te rm  in  th e  c u rly  b ra c k e t in  th e  d en o m in a to r o f 
(31) increases m o n o to n ica lly  from  0 to  1 as Я  increases from  R 0 to  o o . H ence 
in  th is  case also th e re  ex is ts  a c ritic a l v a lu e  o f  in it ia l  d isc o n tin u ity  £c, th e  
m ag n itu d e  o f  w h ich  is g iven b y

. . .  2 g 0 exp  ( — A g R g / a fl)

,Cc| ( Г 0 +  1)В 0 Е,.(Л0Д 0/ол )

such  th a t  i f  Co <  0 an d  has a m ag n itu d e  less th a n  |f c| th e n  th e  d en o m in a to r 
of (31) rem ain s po sitiv e  an d  f in ite  an d  th u s  C -*■ 0 as Ä  -*■ oo , th e  com pression
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w av e  decays a n d  d am p s o u t u lt im a te ly . F u r th e r , i f  £0 <  0 an d  h as  a  m a g n itu d e  
e q u a l to  |£c|, th e n  |£| —>- £c as R  —► oo. i.e . th e  w ave does n o t  co m ple te ly  decay  
a n d  u ltim a te ly  ta k e s  a stab le  w av e  fo rm . B u t i f  £ 0 <C 0 a n d  has a m a g n itu d e  
g re a te r  th a n  |£c|, th e n  we have th e  c rite rio n

Î W n a - T Ç f » !  - T O K ’"

E ,(A 0Ríafa) = Г -
Ifol

E i(A 0R 0/aIu) (33)

fo r  th e  shock fo rm a tio n  a t  a f in ite  R  — R  =  R 0 +  afJ -  F ro m  th e  in e q u a lity  
Ef(x)  <  e~x/x,  i t  follow s th a t  |£c| (c ritic a l v a lu e  o f th e  d isc o n tin u ity  fo r  th e  
sp h erica l w ave) is g rea te r th a n  th e  co rrespond ing  v a lu e  fo r a p lan e  w ave.

F rom  th e  expression  (32), i t  follow s th a t  —Llfi 7> 0 w hich  m eans th a t
дЛ0

th e  c ritica l v a lu e  o f  th e  in itia l d isc o n tin u ity  increases w ith  A 0. Also B\tc\
dR0

< 0

w h ich  im plies t h a t  th e  in itia l c u rv a tu re  has a stab iliz in g  effect on th e  ten d e n c y  
o f  th e  w ave su rface  27 to  grow in to  a shock  in  th e  sense t h a t  an  increase  in  th e  
v a lu e  of th e  in i t ia l  cu rv a tu re  causes a n  increase  in  th e  c ritica l a m p litu d e .

F u r th e r ,  i t  is also  ev id en t from  (33) t h a t -------7>0 w hich  m eans t h a t  an  increase
dA0

in  A 0 w ill cause th e  shock fo rm a tio n  tim e  t to  increase , i.e . th e  no n -eq u ilib riu m  
d issoc ia tio n  effec ts  are  to  in crease  th e  shock fo rm a tio n  tim e  l. O n th e  o th e r 
h a n d , i f  th e  w av e  is ex p ansion  (£0 7> 0), th e n  £ —*■ 0 as R  —*■ o o , th e  w ave 
decays an d  d a m p s  o u t u ltim a te ly .

F o r Ag <  0, th e  d en o m in a to r o f (31) reduces to

( Г  _L 1) r - A , R l a , ,
1 +   -------- -—— C0 R»  ex p  ( A g Rg/djJ ! x ~ x ex d x .  (34)

2 p 0 J —A ,R . la lo

W h e n  Co >  0, th e  d en o m in a to r (34) rem ain s po sitiv e  an d  te n d s  to  in f in i ty  as 
R  —>■ oo . This h a p p e n s  because o f  th e  d iverg ing  n a tu re  o f  th e  in te g ra l in v o lv ed  
th e re in . A lso, n u m e ra to r  o f (31), fo r A 0 <  0, ten d s  to  in f in ity  as JR —► oo . 
H en ce , b y  m a k in g  use of L ’H o s p ita l’s ru le , w e o b ta in  t h a t  £ —► |£c| (c ritica l 
v a lu e  for a p la n e  w ave) as R  —*■ o o . A lso, (34) show s t h a t  i f  £0 <7 0 th e n  we 
h a v e  th e  c rite r io n

J -AJRaf,
X - 1 ex dx =

- A ,  RJa/n

2 go exP ( —■A qR oM
\Со\(Г0 +  1)H 0

for th e  shock fo rm a tio n  a t  a f in ite  R  =  R.
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Case (i i i ): Cylindrical waves

I n  th is  case also  th e  g row th  an d  decay  ph en o m en o n  is v e ry  m u ch  s im ila i 
to  th o se  o f  p lane  a n d  spherica l w aves. I f  th e  d iv erg in g  w ave f ro n t  H  a t  t — 0 
is a c y lin d e r o f ra d iu s  R 0, th e n  a t  a n y  tim e  t C> 0, 27 is a cy lin d e r o f rad iu s

R  =  R 0 +  aj't.  F o r  su ch  a w ave Q 0 = ---- - ■ a n d  K 0 =  0 a n d  th u s  E q . (27)
ZK0

assum es th e  form

c =
__________ Со(До/Д)1/2 exP { —^ о ( Д  — Д 0)/а/п}___________

1 +  ( Г о + 1)- Со exp (A 0R J a fo) 1-2*2. Г  erfc (Л 0Д 0/«/.)1/2 
2 во M o « /./

X U erfe (A 0 R/of,)112 1
1 erfc (A 0R J a j ^  f

X (35)

2 Г°°
w here erfc  (ж) =  тт=- e~1’ dt is th e  c o m p le m e n ta ry  e rro r  fu n c tio n . F o r  A 0 > 0 ,  

11Л J  X
i f  f 0 7> 0 th e n  C rem ain s p ositive  fo r a ll R  7> R ti a n d  m o no ton ica lly  app roaches 
zero as R  —*- oo, A lso i f  Co <C 0 a n d  h as  a m a g n itu d e  less th a n  j f c|, w here

Л « f. 11/2 2 e 0 exp  (—A 0R 0/af ,)

тгДо ) (Г 0 + 1) erfc (Л о Д 0/«/.)1/2
(36)

th e n  С —► 0 as R  —► o o , th e  w ave dam ps o u t. F u r th e r ,  i f  £0 <  0 a n d  h as  a m ag
n itu d e  e q u a l to  |f e| th e n  th e  w ave decays an d  C —* |£c| (c ritica l v a lu e  fo r a 
p lane w ave) as R  —► o o , i.e . th e  w av e  u ltim a te ly  ta k e s  a s tab le  w av e  form . 
F rom  th e  in e q u a lity  erfc(x) <7 e~x*jx (7я,  i t  follow s im m ed ia te ly  t h a t  |f c| (for 
cy lin d rica l w ave) is g re a te r  th a n  th e  co rresp o n d in g  c ritica l va lu e  fo r a p lane 
w ave. B u t i f  Co <7 0 a n d  has a m ag n itu d e  g re a te r  th a n  |f c| th e n  w e h av e  th e  
c rite rio n

erfc
I A 0R 1/2 Í 1Л

erfc А Д 0
l «/. l IColJ «/. .

1/2
(37)

for th e  shock  fo rm a tio n  a t  a f in ite  R  =  R .  H ow ever, i f  C0 7> 0 a n d  A 0 >  0 
th e n  (35) show s th a t  C —*■ 0 as R  —>- o o ,  th e  w av e  dam ps o u t. I t  is  ev id en t 
from  (36) an d  (37) t h a t  th e  d issocia tion  effec ts are  to  increase th e  shock 
fo rm a tio n  tim e .

F o r  A n <C 0, th e  g ro w th  and  decay  p h en o m en o n  is again  s im ila r  to  tho se  
o f p lan e  an d  spherica l w aves, i.e. i f  C0 7 >  0  th e  C —► |C0 | (critica l v a lu e  for a 
p lane w ave) as R  —► oo . B u t if  C0 < 7  0 ,  th e n  we h a v e  th e  crite rion

r(-A,R4au) 1/2
ex p  (x2) dx  =

J(-A.R./a,,) 1/2
Д о  «/„I~ 1/2 во ex p  ( - A 0 R Ja f ')

. \A0\ )  ( Л  +  1)|С0|

for th e  shock  fo rm a tio n  a t  a fin ite  d is tan ce  R  — R * .
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SELF-SIMILAR MAGNETOGASDYNAMIC PROBLEMS 
WITH RADIATIVE HEAT TRANSFER

By

B . G. V er m a  and J . B. S in g h
D E P A R T M E N T  O F  M A T H E M A T IC S , U N IV E R S IT Y  O F  G O R A K H P U R , G O R A K H P U R  (U .P .)  IN D IA

(Received 24. V. 1979)

In the self-similar piston problems, relating to plane, cylindrical or spherical piston, 
the effects of transverse magnetic field have been studied. It has been observed that on account 
of the magnetic field the range between the shock front and the piston increases. The effect 
of magnetic field increases towards the piston and is more pronounced near it than at the 
shock front. There is very slow change in the flow velocity. While the radiation affects the 
pressure more than the other flow variables, the flux falls steeply behind the shock front. 
Also, there is a rapid fall in values of pressure and temperature behind the shock. A comparison 
between the results obtained with and without radiation in the presence of magnetic field has 
been illustrated through figures.

1. In troduction

W a n g  [1] c o n s id e re d  th e  p is to n  p ro b le m  w i th  th e rm a l  r a d ia t io n  fo r one 
d im e n s io n a l u n s te a d y  sh o c k  u s in g  th e  s im ila r i ty  m e th o d  o f  S e d o v  [2], 
H e l l iw e l l  [3] to o k  a  m o re  g e n e ra l ca se  o f  th e  p is to n  p ro b le m  w ith  ra d ia tio n  
h e a t  t r a n s f e r  fo r  g e n e ra l o p a c i ty  a n d  t r a n s p a r e n t  l im it  a n d  N ic a str o  [4] 
c o n s id e re d  th e  s im ila r i ty  a n a ly s is  o f  th e  r a d ia t iv e  g a s d y n a m ic  eq u a tio n s  
w ith  sp h e r ic a l s y m m e tr y  w i th o u t  c o n s id e r in g  t h e  m a g n e tic  f ie ld .

O u r  a im  in  th e  p re s e n t  p a p e r  is to  s tu d y  t h e  e ffe c t o f  a z im u th a l  ( tra n s 
v e rse )  m a g n e tic  f ie ld  in  th e  ca se  o f  s e lf  s im ila r  p is to n  p ro b le m  w ith  th e rm a l 
r a d ia t io n  as  t r e a te d  b y  H e l l iw e l l  [3] fo r  a  p la n e ,  c y l in d r ic a l  o r  sp h e ric a l 
p is to n .  As in  E l l io t  [5] w e h a v e  a s su m e d  th e  r a d ia t io n  p a r a m e te r s  to  h e  
in d e p e n d e n t  o f  th e  m a g n e tic  f ie ld . T h e  e ffe c t o f  m a g n e tic  f ie ld  is  p ro m in e n t 
on  th e  p is to n  su rfa c e .

W e have ta k e n  a  d iffe ren tia l a p p ro x im a tio n  fo r th e  e q u a tio n s  of rad ia 
tiv e  tra n s fe r  in  a g ra y  gas a n d  m ade ce rta in  sim p lify in g  a ssu m p tio n s  to  m ake 
th e  discussion less co m p lica ted . T hese assu m p tio n s inc lude  a  p e rfe c t g ray  gas 
in  local th e rm o d y n am ic  eq u ilib riu m , tra n s p a re n t  shock , cool p is to n  n e ith e r an  
e m itte r  n o r a  re flec to r, neglig ib le ra d ia tio n  p ressu re  an d  energy . T h e  rad ia tiv e  
effects a re  p resum ed  freq u en cy  in d ep en d en t an d  a m b ie n t gas a h ead  of th e  
shock w ave is cool a n d  shock  w ave its e lf  is t r a n s p a re n t  to  ra d ia tio n .

W e have ca lcu la ted  th e  re su lts  w ith  an d  w ith o u t ra d ia tio n  in  transverse  
m agnetic  fie ld  b y  R u n g e —K u tta  num erica l m e th o d  for th e  p a r tic u la r  value

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



310 B. G. VERMA and J . B. SINGH

o f y ,  a  an d  ß  in  th e  t r a n s p a re n t  lim it  fo r  a spherical sh o ck  w ave. T h e  ca lcu la 
tio n  ca n  also be d one  fo r  general o p a c ity  in  th e  p resence  o f a m ag n e tic  field 
b y  th e  above m e th o d  w hich  is g iven  in  deta il in  th e  sec tio n  ‘re su lts  a n d  d is
cu ss io n ’ tak in g  d iffe re n t values o f y  a n d  ß .  A com parison  b e tw een  th e  m agne
tic  f ie ld  effects w ith  a n d  w ith o u t r a d ia t io n  has been  m ad e  fo r th e  spherical 
p is to n  case th ro u g h  th e  F igures 1 — 6.

Fig. 2. Density distribution
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Fig. 3. Pressure distribution

Fig. 4. Magnetic field distribution

Fig. 5. Temperature distribution
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Fig. 6. Radiative flux distribution

2. Equations of m otion and boundary conditions

One d im en sio n a l fu n d am en ta l eq u a tio n s  o f  m o tio n , ta k in g  inv iscid  
p e r fe c t  gas, fo r m a ss , m om entum , en e rg y  and  tra n s v e rs e  m egnetic  f ie ld  are 
(cf. S um m ers [6], R o s e n a u  an d  F r a n k e n t h a l  [7])

Da du . a u
—  + <?— +  ( v  -  !)--- =  0 .Dt dr r

Du  | 1 
Dt a 

Dh

d , A2
dr

+
ah2

=  0 ,

du ahu
Dt

DE
Dt + P

dr
1

Г

D 1 1
— +  —

Dt . o' a
d v - i

dr r
q — 0 ,

(2 .1)

(2.2)

(2.3)

(2.4)

w h ere  v =  1, 2, 3 fo r  p lane, cy lin d rica l and  sp h erica l p isto n s re sp ec tiv e ly  and  
o  =  0 for p lane a n d  a =  1 for b o th  cy lind rica l a n d  spherica l cases.

q =  q _ - q + ' (2.5)

p  =  Г а Т  , (2-6)

E  - P . (2.7)
( V -  l)o

Here h is th e  m agnetic f ie ld  tran sv e rse  to  th e  flow , p  th e  p ressu re  a 
th e  density , и th e  velocity , у  th e  specific  h e a t r a t io ,  E  th e  specific  in te rn a l
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energy , t th e  tim e  a n d  r  is th e  single sp a tia l co -o rd in a te  be in g  e ith e r  ax ia l 
in  flow s w ith  p lan a r g eo m etry  o r ra d ia l  in  cy lin d rica lly  an d  sp h e rica lly  sym 
m etric  flow s. In  ad d itio n , q d en o tes  th e  m a g n itu d e  o f th e  f lu x  o f  th e rm a l 
ra d ia tio n  along th e  c o -o rd in a te  d irec tio n , q~ a re  i ts  fo rw ard  a n d  b ack w ard  
co m ponen ts, respective ly .

F in a lly , th e  eq u a tio n s  u n d e r d iffe ren tia l ap p ro x im a tio n  fo r th e  v a ria tio n  
in  th e  ra d ia tiv e  flu x  co m p o n en ts  m ay  be w ritte n , follow ing H el l iw el l  [3], 
as follow s: general opacity

( 9 -  — 9+) =  * л к В  — 2k(q_  +  q+) ,

- f -  (9 -  +  9+) =or

transparent limit

—  q +  —— —  q =  4 n k B  , 
dr r

(2 .8)

(2.9)

( 2. 10)

w here В  d eno tes P la n c k ’s ra d ia tio n  fu n c tio n  an d  is g iven  b y  В — д Т А/л ,  q is 
S te fan ’s c o n s ta n t and  к  is th e  local v o lu m etric  a b so rp tio n  coeffic ien t.

W e assum e in th e  p re se n t an a ly sis  th e  sim ple re la tio n  (in vo lv ing  solely 
th e  d e n s ity  an d  te m p e ra tu re )  o f th e  fo rm

k  =  K a * T » . (2.11)

T he p is to n  speed is ta k e n  as

U =  U 0tn ( n > - 1). (2.12)

T he d e n s ity  an d  m ag n e tic  fie ld  d is tr ib u tio n  law s are

o' =  <t, =  <f 0r ~w> ( w  >  0) (2-13)
and

h =  hx =  h 0 r ~ Wi  (u >1 ^> 0) , (2-14)

w here n, w an d  wx are a rb itr a ry  c o n s ta n ts . A shock  w ave ru n n in g  ah ead  o f 
th e  p is to n  in  a self-sim ilar flow  p a t te rn  m u s t be s tro n g  in  o rd e r th a t  th e  am b ien t 
p ressu re  a h ead  m ay be neg lec ted  co m p ared  w ith  th a t  b eh in d  th e  shock .

W e assum e th e  p is to n  to  be cool an d  b lack  a n d  gas ahead  o f  th e  shock 
w ave to  be also cool so t h a t  i t  does e m it ra d ia tiv e  energy . T hus no  ra d ia tiv e  
flu x  passes in to  th e  gas b eh in d  th e  shock  w ave from  u p s tream .
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The ju m p  co n d itio n s, to  th o se  o f  s tro n g  sh o ck  w hich is t ra n s p a re n t , are

M2 =  2 c/(y +  1), (2.15)
02 =  [(y +  !)/(y -  1)]°'i’ (2.16)
Pi =  [2/{y +  l ) K c 2, (2.17)
hi =  [(У +  !)/(У - (2.18)

w h ere  c is th e  sh o ck  speed  an d  th e  su ffixes 1 an d  2 d en o te  co n d itio n s u p stream  
a n d  dow nstream , re sp ec tiv e ly . T h u s  fo r th e  reg io n  o f  d is tu rb e d  gas betw een  
th e  p iston  an d  p re c u rso r shock  w ave (2.13) — (2.18) to g e th e r  w ith

q+ =  0 (2.19)

p ro v id e  th e  b o u n d a ry  co n d itions ju s t  beh in d  th e  shock, w hile  (2.12) w ith

q _ =  0 (2.20)

g iv e  th e  co rrespond ing  co n d itions a t  th e  p is to n  face .
As W ang  [1] determ ined for the plane case in  the form ulation o f self

sim ilar piston problem

5w  = -------------- ,
5a +  2ß

(2.21)

— w
n  =

w -J- 5
(2.22)

a n d  to  m ake th e  m ag n e tic  f ie ld  n o n d im ensiona l, we choose

2w1 =  w. (2.23)

3. Similarity considerations and solutions

A dim ensionless s im ila rity  v a riab le , A, c a n  be defined  as

x =  <31)

w here ô =  n -(- 1 a n d  th e  p a ra m e te r  Ap is in se r te d  so th a t  im m e d ia te ly  b eh in d  
th e  shock w ave one m ay  choose A =  1. The p o s itio n  o f th e  p is to n  face is g iven 
b y  A =  Xp. T h en  th e  fie ld  v a riab le s  o f th e  flow  p a t te r n  in  te rm s  o f  d im ension
less functions o f  A, are
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U  =

rV(X)
9

t
(3.2)

a =

a 0R(X) 
r w  ’

(3.3)

p  =
j . w — 2  [ 2  ’

(3.4)

oll2H(X)
(3.5)h  —

w - 1  ’
r 2 t

9 =
° o  Q +  ( ^ )

r W -2  ,3
(3.6)

I t  is also co n v en ien t to  define  a d im ensionless acoustic  speed an d  A lfvén  speed 
in  te rm s  o f th e  v a riab les  Z  a n d  X , re sp ec tiv e ly , w here

УР _ y * \ [JL
a R 1 t ,
h2 H 2 I[JL]
a R  1. t ,

—  = Z  —

=  X

(3.7)

(3.8)

W ith  these  new  v ariab les  th e  govern ing  e q u a tio n s  an d  associa ted  b o u n d a ry  
cond itions fo r a gas o f g enera l o p ac ity  a re ,

[2yV{à — V) {(ó — V)(v -  w) +  V  -  1} -  2ZV(tv -  2) —
-  (2Z+yX){(u> -  2)(ô -  V ) + 2 } + 2 y { Z w V + a X ( 0  -  F )}  +

X Rd  -f- (2a — 2v -f- to -\- 4 ) y X V  -f- 2y f]
dX

d V
dX

dZ
dX

(«5

Z (y  -  1)

2y(«5 -  V){(» -  V y  -  (X  +  Z)} 

V ) - — - ( v - w ) V ,

,(3.9)

R  dX 

X dR
1 Ï H

2 Z (V  — 1) +  ( y -  l ) w Z V + y f

dR
dX R  dX

(3.10)

(3.11)

(3.12)

(ô — V)

(2a — 2v w 4 ) X F  — 2X  
(ô — V)  '

To th e  o th e r  tw o eq u a tio n s  fo r Q_ a n d  Q+ we use th e  s im ila rity  tra n s  
fo rm atio n s in  eq u a tio n s  (2.8) a n d  (2.9) a n d  get

2 X ^ = -  =  {(2m -  p -  5)
dX

iß
К , Xs Z? R* <?_ +{<

Í 1 2? 1 / 20+54
(v -  1) -  —  К 2 Хв ZfiR* Ç+ +  К гХК ä ' 0 + * 1 Р ,

(3.13)
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2 A dQ+
d l

í 1 2
(v — 1) +  ^ K 2 A9 Z*Ä‘ ! +  j(2io — V — 5) +

w h ere

7 ^
+  ^ K 2 A9 Z ^ | ( ? + - K 1 A

f  =  f ( Z , R , Q _ , Q +, A) =
2ß

№ )
(3.14)

(3.15)

V  =  2(5 ,
y - 1-1

(3.16)

R - r + l  , 
y — 1

(3.17)

V 2y(y -  l)d*

( r  +  i ) 2 ’
(3.18)

X  -  M x 2ô2 y  +  1 , 
У — 1

(3.19)

Q± — 0 a t  A =  1 , (3.20)

F =  <5, ( )_  =  0 a t  A =  Ap. (3.21)

I n  th e  tra n s p a re n t  lim it, b y  p u t t in g  l í 2 =  0 in  th e  general se t, w e g e t a p p ro 
p r ia te  eq u a tio n s. T h e  eq u a tio n s fo r V, R, Z  a n d  X  th e n  becom e in d e p e n d e n t 
o f  th e  ra d ia tiv e  f lu x  com p o n en ts  Q+, an d  m a y  he so lved  se p a ra te ly . T he 
v a r ia tio n  o f Q w ith  A is th e n  o b ta in ed , fo llow ing  H e l l iw e l l  [3], as

H K i
1 2 + V — W  d r ]

w here

1
1 +  Ap

(i)
Z+V- W dv  

g(v) —  +  
V (3.22)

yv -1  Лр +v- w , X drj 
g(v) — X 

V

1 (i£±5)
g ( r , ) = ± K 1Z ^ * R ^ r , y 9 '

a n d  Z , R  a re  re g a rd e d  as fu n c tio n s  o f rj.
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F ro m  (3.1) —(3.6), th e  re la tio n sh ip s  b e tw een  th e  s im ila rity  so lu tio n  an d  
th e  ph y sica l v ariab les are

II (y +  1) FA 
2Ô

(3.23)

a У ^ ДА- "' (3.24)
<*s 7 +  1

P ( у  +  l)Z i?A 2 -“'
(3.25)

Ps 2 yô 2

F
 la



ll M A(y -  1)(RX)U* Ц ?
ô(y +  1)

(3.26)

II (y +  I)* ZA* 
2 y(y  — 1)<52

(3.27)

II (Q -  — Q+) ^ a - i v  
Q s-

(3.28)

w here A =  r / r s an d  th e  su ffix  s deno tes v a lu es  ju s t  beh ind  th e  shock  fro n t.
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EFFECTS OF MASS TRANSFER ON STEADY 
HYDROMAGNETIC FREE CONVECTIVE FLOW OF AN 
INCOMPRESSIRLE VISCOUS FLUID PAST AN INFINITE 

VERTICAL POROUS WALL
By

G . A. G e o r g a n t o p o u l o s
D E P A R T M E N T  O F  M E C H A N IC S , U N IV E R S IT Y  O F  P A T R A S , P A T R A S , G R E E C E

(Received 24. У. 1979)

An analysis of the mass transfer effects on the hydromagnetic free — convective flow 
of an electrically conducting, incompressible viscous fluid, past an infinite, non-conducting, 
porous, vertical wall with constant suction, has been carried out, in presence of a transverse 
magnetic field. The induced magnetic field is taken into consideration and the terms repre
senting the viscous dissipative heat and the Joule heating are included in the energy equation. 
Approximate solutions to coupled non-linear equations governing the flow are obtained, when 
the magnetic Prandtl number is unity and the magnetic parameter M <  1. Expressions are 
given for the velocity, the induced magnetic field, the temperature, the skin friction, the elec
tric current density and the rate of heat transfer in terms of the Nusselt number. The variations 
of the above quantities are presented graphically, and the paper is concluded with a quanti
tative discussion.

1. In tro d u c tio n

I t  is k n o w n  th a t  flow s a rising  from  differences in  co n c e n tra tio n  or m a te 
r ia l  c o n s titu tio n  alone an d  in  con ju n c tio n  w ith  te m p e ra tu re  d ifferences have 
g re a t s ign ificance n o t only  fo r  th e ir  own in te re s t  b u t  also fo r th e  app lica tio n s 
to  geophysics, ae ro n au tic s  a n d  eng ineering . T here  are  m an y  in te re s tin g  
a sp ec t of such  flow s, so in  re c e n t years a n a ly tic a l so lu tio n s to  such  problem s 
o f  flow  have b e e n  p resen ted  b y  m any  au th o rs . S p a r r o w  e t al [4] have p re se n t
ed  an  a n a ly tic a l s tu d y  o f th e  effects o f b u o y a n c y  in  a b in a ry  b o u n d a ry  lay e r 
in to  w hich a fo re ign  gas is in je c te d  th ro u g h  a  porous su rface . S o u n d a l g e k a r

[3] has s tu d ied  th e  effects o f  m ass tra n s fe r  on s te a d y  free convective  flow  
o f  a d iss ip a tiv e , incom pressib le  flu id  p a s t a n  in f in ite  v e r tic a l porous w all, 
w ith  c o n s tan t su c tio n . R ecen tly , H a l d a v n e k a r  a n d  S o u n d a l g e k a r  [1] have 
ca rried  o u t an  an a ly sis  o f th e  m ass tra n sfe r  e ffec ts  on th e  s te a d y  free convective 
flow  of an  incom pressib le  e lec trica lly  co n d u c tin g , v iscous f lu id  p a s t an  in fin ite  
po rous p la te  w ith  c o n s ta n t su c tio n  an d  tra n sv e rse  m ag n e tic  fie ld . In  th is  
s tu d y  th e  m ag n e tic  R eyno lds n u m b er o f th e  flow  is ta k e n  to  be sm all enough 
so th a t  th e  in d u c e d  m agnetic  fie ld  can be n eg lec ted . A lso th e  v iscous d issi
p a tiv e  h ea t in  th e  eq u a tio n  o f  energy  is assu m ed  to  be neglig ib le  as com pared  
to  Jo u le  d iss ip a tiv e  h ea t.
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H en ce , in  th e  p re se n t an a ly sis  we s tu d y  th e  effects o f  th e  m ass-tran sfe r 
on  th e  s te a d y  free co nvective  flow , o f  an  e lec trica lly  co n d u c tin g , in co m p res
s ib le , v iscous flu id , p a s t  an  in f in ite  v e r tic a l n o n -co n d u c tin g  porous w all w ith  
c o n s ta n t  suction , in  th e  presence o f  a un ifo rm  tra n sv e rse  m ag n e tic  fie ld . T he 
in d u c e d  m agnetic  f ie ld  is n o t a ssu m ed  neglig ib le an d  th e  te rm s , w h ich  re 
p re s e n t  th e  viscous d iss ip a tiv e  h e a t  a n d  th e  Jo u le  d iss ip a tiv e  h e a t re m a in  in  
th e  e q u a tio n  of en erg y . A p p ro x im ate  so lu tions to  a coup led  n o n -lin ea r sy s tem  
o f e q u a tio n s  g o v ern ing  th e  flow  a re  derived  w hen  th e  m ag n e tic  P ra n d t l  
n u m b e r  is u n ity , a n d  expressions a re  o b ta in ed  fo r th e  v e lo c ity  f ie ld , th e  
in d u c e d  m agnetic  f ie ld , th e  te m p e ra tu re  fie ld , th e  sk in  fr ic tio n , th e  r a te  of 
h e a t  tra n s fe r , in  te rm s  of th e  N u sse lt n u m b er a n d  fo r th e  e lec trica l c u rre n t 
d e n s ity . F in a lly , a ll th e  above q u a n tit ie s  a re  show n g rap h ica lly , fo llow ed 
b y  a  discussion.

2. M ath em atica l analysis

W e assum e as th e  co o rd in a te  o rig in  0, an  a rb itra ry  p o in t on an  in f in ite  
v e r t ic a l  porous w all, w hich  is ta k e n  to  be an  e lec trica l in su la to r . T he « '-a x is  
is ch o sen  along th e  v e rtic a l w all in  th e  u p w ard  d irec tio n  a n d  th e  y '- a x is  is 
ch o sen  n o rm al to  i t .  T h e  e le c tro s ta tic  system  of u n its  has been  used  th ro u g h o u t, 
a n d  w e assum e th a t ,  in  th e  p re se n t analysis , a ll th e  p h y sica l v a riab le s  are  
fu n c tio n  o f th e  space  coo rd ina te  y  on ly . Also th e  app lied  m ag n e tic  f ie ld  is 
u n ifo rm  an d  p e rp en d icu la r to  th e  w all, so th a t  in  th e  reg io n  considered , 
H  =  H(FIX, H y. 0). U n d e r th ese  a ssu m p tio n s , th e  s te a d y  free  co n v ec tiv e  flow  
on a n  e lec trica lly  co n d uc ting , v iscous incom pressib le  f lu id  is governed  b y  th e  
fo llow ing  se t o f eq u a tio n s

V' - ^ T = V ~ ~  +  gß(T» - T L ) +  gß*(C' -  CL) +  +  H y
oy oy 2 Q

_ , d H x „ d u '  , 1 d2H xV —  £1 v ------------- 1--------------------------- ,
d y '  dy '  d y '2

v , д Т '  к d 2T '  t v I d u ' у  , 1 ( d H x ja

d y '  QCp d y '2 cp [ dy ' J  ' <JQcp 1 dy '

, d C  _ d2C' v ------- =  D --------- ,
d y '  d y '2

dv'
d y '

0 ,

( 1 )

(2)

(3)

(4)

(5)

w here  a ll th e  ab o v e  physica l q u a n ti t ie s  have  th e ir  u su a l m ean ing , e x c e p t C' 
w hich  is know n as th e  species c o n c e n tra tio n , D is th e  m o lecu lar d iffu s iv ity  an d
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ß* is th e  vo lum e coeffic ien t o f  expansion  w ith  c o n c e n tra tio n . T he second an d  
th e  th ird  te rm s  on th e  r ig h t  h a n d  side o f  E q . (3) signify , re sp e c tiv e ly ,th e  h ea t 
g en era ted  b y  fric tio n  (or v isco u s d iss ip a tiv e  h ea t)  and  th e  J o u le  h ea tin g .

T he b o u n d a ry  co n d itio n s fo r th e  v e lo c ity  field , fo r th e  te m p e ra tu re  field 
an d  for th e  species c o n c e n tra tio n  are:

y  =  0; u '  =  0, T '  =  T'w, C  =  C’w

° :  u ' - f  0, T ’ - + T ’„ С  -*  C'„
(6)

T he a p p ro p ria te  b o u n d a ry  cond itions on H x are (fo r d e ta iled  discussion 
see P a n d e  [2]):

У =  0: H x =  0 , Hy  =  H 0 , 

y - » o o :  H x ~* 0, H y —► H 0.
(7)

F ro m  M axw ell’s e q u a tio n s  th e  co m p o n en ts  of e le c tr ic a l c u rre n t d en sity  
a re  g iven  b y

jx =  jy =  0
an d

Jz dHx
b y '

(8)

a n d  th e  d ivergence  e q u a tio n  fo r  th e  m ag n e tic  fie ld  gives

#V c o n s ta n t =  H n

w here H 0 is th e  ex te rn a lly  ap p lied  tra n sv e rse  m agnetic  f ie ld . 
In te g ra tio n  o f (5) gives

V =  — v n

(9)

( 10)

w here v 0 is th e  c o n s tan t su c tio n  ve loc ity . T h e  n egative  s ig n  in  (10) in d ic a te d  
th a t  th e  su c tio n  velocity  is d ire c te d  to w ard s th e  w all.
W e now  define  th e  follow ing n o n -d im ensiona l p a ra m e te rs :

C =

Gr =

Gc =

y~-

C  -  CL

У Vo

H  =
C'W- C L  

vg ß(T'w - T L )
v3o

vgß*{C'w -  C l )
«g

0 =  

Po.
e

T '
rp/ _ rpr*■ W 1 oo

!/2  Я
V n

(th e  G rash o f num ber),

(the  m o d ified  G rashof n u m b e r)  ,
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Pm =  <™Po

P  = QVCp
к

E  =

(th e  m ag n e tic  P ra n d tl  n u m b e r)  , 

( th e  P ra n d tl  n u m b e r) ,

( th e  E c k e r t  n u m b e r ) ,

M  =

V

D

Í P o ] 112Л ±

\ e ) «0

( th e  S ch m id t n u m b e r) ,

( th e  m ag n etic  fie ld  p a r a m e te r ) . ( И )

W ith  th e  h e lp  o f  E q s. (9) a n d  (10) a n d  of th e  n o n -d im ensiona l quan^ 
t i t ie s  (11) th e  E q s . (1), (2), (3) an d  (4) red u ce  to :

d 2 u du
d y 2 dy

Gr C — M -

1

Prr
a2 0

а2 я
a y 2

+

-------- 1- p ~
d y 2 dy

^  +  0 ,
d y 2 dy

— G,Q

d y  d y

=PE

d H

d y

0 ,

Í du 2 P E [ d H
l a y  J P mm d y  .

( 12)

(13)

(14)

(15)

a n d  th e  b o u n d a ry  co n d itio n s (6) an d  (7) in  th e  non -d im en sio n a l form  becom e:

у =  0: и =  0, 0 = 1 ,  С =  1, Я  =  0,
(16)

у  — 0: и  —*■ 0, 0 — 0, С — 0, Я  — 0.

E qs. (12)—(15) are  coupled  n o n -lin ea r d iffe ren tia l eq u a tio n s a n d  to  
so lve  we follow th e  pow er series so lu tio n  m eth o d . As th e  f lu id  is incom pressib le  
a n d  th e  suction  v e lo c ity  is sm all th e  E c k e r t n u m b er E  is  also sm all (<^1). 
H en ce , we ex p an d  u , Я , 0 an d  C in  pow ers o f  E  an d  n e g le c t te rm s o f  o rd e r 
E 2 a n d  higher.

T hus, we h av e

и =  Uq -f- E u j,

0 =  0o ~b 
H = H 0 +  E H v  

C =  C0 +  ECV

( 17)
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O n su b s titu tin g  (17) in to  E q s. (12) — (15), e q u a tin g  th e  coeffic ien t o f  E  and 
n eg lec tin g  te rm s  in  E 2 an d  h ig h er o rder, we ge t
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<  +  4  =  -  M o  -  Gc C0 -  М Щ  , (18)

u" +  uj =  — Gr 04 — Gc c 4 — m e ; , (19)

— Я0' +  hó +  M «; =  0 ,  
Pm

(20)

- ^ - я г  +  я ;  +  M u; =  о , (21)

0Ő +  P '0  =  0 , (22)

0'; +  P0; =  p « ' 2 _  —  я ^ 2 , 
Pm

(23)

c ;  +  s eQ  =  o , (24)

c r  +  4  с ;  =  о , (25)

w here th e  dashes in d ica te  d e riv a tiv es  w ith  re sp ec t to  y.
T h e co rrespond ing  b o u n d a ry  co n d itions a re :

У =  0: u 0 =  0, u x =  0, 0O =  1, 0J =  0, C0 =  1, C L =  0, H 0 =  0, H l =  0, 

y  —► 0: u 0 —> 0, —► 0, 0O — 0, 6X — 0, C0 — 0, C x — 0, H 0 -+ 0, H x — 0. ^

S olving E q s. (18)— (25) u n d e r th e  b o u n d a ry  co n d itions (26), w hen  th e  
m ag n e tic  P ra n d tl  n u m b e r P m =  1 an d  s u b s titu tin g  th e  so lu tions o b ta in ed  
in  (17) we have

u(y) =  А ^ е - 'У  -  е - р У) +  А г ( e ~ ay -  e“ ^ )  +  А я( е ~ ^  -  e ~ Py) +

+  A t ( e ~ ßy -  e ~ Scy)  +  ^  (P 7 e - »  +  4  в"» -  (В , +  Г 0) e ~ P y  +

+  (B 7 +  P 8) e - 2̂  +  ( B 8 +  P 9) e - 2̂  -  (B , +  4 )  +

+  ( Г х +  4 ) е ” 25сУ -  (P 2 +  4 )  eH «+sjy  +  ( Г ,  +  4 )  в-ЭДУ -

-  ( Л  +  4 )  вНО+я* -  (Г 5 +  4 )  e - t f +вЛУ +  (Г , +  4 )  е-(Р+ЗДу), (27)

Я (у) =  4 ( е - аУ — е~ рУ) +  А 2 (е ~ 'У  —  e ~ Scy) — А 3(е ~ Р у  —  е ~ Р у) —

-  4 ( в " »  -  в "* * ) +  (Г 7е - “У -  4  е ~ ^  +  ( Г 0 -  В ,) е - рУ +

+  (В 7 -  Г 8 е - 2‘У +  (В 8 -  Г 9) е ~ 2Ру +  ( А ,  -  В 9)е-(«+я> +

+  ( Г ,  -  4 )  е - 2̂ +  ( 4  _  Г 2) е-(*+ЗДу +  ( Г ,  -  4 )  е - 2̂  +

+  ( 4  -  Г 4) е - ^ + р)У +  ( 4  -  Г 5) в-»+«с)у +  (Г , -  4 )  е - (р +ЗДу), (28)
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в ( у )  =  e - p y  +  E ( B 5 e ~ Py -  A s e ~ 2iy — A 6 e ~ 2Py +  A 7 e ~ ( * - p )y —  A s e ~ 2Scy +  
+  A 0 e-<*+Sc)y -  B j e ~ 2ßy +  B 2 e~(ß+P)y  +  B 3 e~ (ß + sc)y _  B ,  e-(P +sjy) (29)

a n d

w h ere

a =  1 +  M , 0  =  1 -  M , ^  =  -

A G r  A G C

c  =  e ~ Scy ,

G r

(30)

- ,  л г =  -------- ^ —
2P (P  -  «) 2SC(SC -  a)

’ ^ 4  — ‘ ’ ^ 5  —
a P ^ !  +  + 2)2

2 a -  P2 P ( P - ß )  2 S C(SC -  ß)

a P( f2 -  i  4 ^ Р ^ 1  +  Л )  ,  S CP ( ^  +  ^ )

,  4 « 4 S CP ( A  +  ^ 2 ) D ß P (A 3 +  A , ) 2
_ . _ _5 -^1 --

B ,

(a +;s£)(«+sc-P) 
4 Р Ч ( Л + ^  r>? ^3  —

ß +  p

4 P 2( A 1A 2 +  A 3A,)

2 0 _  P  

4 ß P S cA i (A 3 +  A J  
(ß +  S c)(ß +  S c -  P)

B R =

p  +  s c

B M

, P 5 =  Л 5-|-Л 6— 4̂7-)-^48—yig-J-P!—P 2—P 3+ P 4

5 ^ г  p  ___ G r ^ S  p, i>7 — -  ; , В  ъ — Gr A
P ( P - a )  

Gr A 7Б '-'Г uX7 jn  ' “'Г  ■ '*8  Г»
9 = =  * . _ ---------7  9 1  1 —  7 7 7 7 7 “  7 9 J- 2

2 a 2  

Gr A  g

2P(2P  -  a)

Gr Лд

A  =

A  =

P ( P + a )

GrB 1

2/9(20 -  «)

_______ G rB,_______
( P + S c) ( P + S c - a )

2S C(2SC -  a) 

G r B 2

Sc ( S c +  a)

- . A  =
B 3

( 0 +  P )(ß+  p  -  «) ’ ” ( 0 +  Sc) ( 0 +  S c -  a)

, Г 7 = В 6—B 7—B 8+ B9— Г1+Г2—-Р3 +-Г4 + Д —-̂ e »

r.
‘ J 9  —

A 6 GrГ  P  = ___________  x
° P ( P - 0 ) ’ 8  2 a (2 a  — 0) 9  2 P ( 2 P - 0 )

4  =
_______A 7G r______ j  _  ^ 8  Gr j  _  _______ ^9 G r_______
( a c + P ) ( a + P - 0 ) ’ 2 2S C(2SC — 0) ’ ( a + S c) ( « + S c - 0 )

P ,G r P 3 Gr

4 -

2 0 2 0 ( 0 + P )

______ P 4 G,_______
( P + S c) ( P + S c - 0 )

(31)
S C(SC +  0)

^ 8 = Po~P 8 —^+-'4i—^ 2 + ^ 3 —4 l4+zis+ /l6 —Zl7,
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U sing  th e  expressions (27), (28) an d  (29) th e  sk in  f r ic tio n  r ,  th e  electric 
c u rre n t d en sity , Z , an d  th e  r a te  o f h e a t t ra n s fe r , exp ressed  in  te rm s  o f th e  
N usse lt n u m b er N u,  in  th e  n o n d im ensiona l te rm s , are g iven  resp ec tiv e ly , by

vi \ dy )y=o

=  Ax(P  -  *) +  A ( S C -  a) +  A 3(P  - ß )  +  A ,{S C -  ß) +

+  —aU 7 — ß A 8 +  Р (В в +  Г  0) — 2a (В , +  Г  8) —

-  2Р ( В 8 +  Г 9) +  (a +  Р)(Вд +  А,) -  2SC( A  +  А 2) +

+  (а  +  § С)(Г2 +  4 )  — 2 ß (P 3 +  4 )  +  (/? +  Р)(-Г4 +  4 )  +

+  (ß +  Sc) ( r s +  Ад) - ( Р +  S c) ( r 6 +  А ,) ) , (32)

z  = М .
Vo

ÍT о 1/2 ( д н

в dy )

=  —  ̂ ( P e - P y  —  а е - " * )  —  A 2(Sce - s^ — <хе~*У) + ’ 

+  А 3(Ре~рУ — ße-РУ) +  A ^ S . e - ^  —  ße~^)  —

-  ~  (ßA8e-Py -  а Г 7 e - v  _  Р ( Г 0 -  Be) -

-  2а (В 7 -  Г 8) е ~ 2*у  -  2 Р ( В 8 -  Г 9) е - 2рУ -

-  (а +  Р ) ( 4  -  Б 9) е-<‘ +р>У -  2S c( r x -  4 )  -

-  (а +  Sc) ( 4  -  Г 2) e~**+S')y -  2/5(Г3 -  4 )  е - 2* ' -

-  (ß +  РКА;, -  Г 4) eAß+P)y - ( / ?  +  S c) ( 4  -  Г 5) _

- ( P + S c) ( r 6 - 4 ) e - ( p+ ^ )  (33)

N u  =
q  V

k(T ’w — TL) v0
do_\
dy | y.o

P  +  P ( P ( - ß 2 +  ß 4 -

— 4  +  2A e — A 7) -f- a(2A s — A 7 — A g) -f- ß(2 P4 — B 2 — B 3) -f- 
+  S c( 2 A 8 - A 9 -  B 3 +  B4)).  (34) 3

3. D iscussion

T his p a p e r  is concerned  w ith  th e  s tu d y  o f  th e  effects o f  m ass tran sfe r 
on th e  h y d ro m ag n e tic  free-co n v ec tio n  flow  p a s t  an  in fin ite  v e r t ic a l  porous 
w all w ith  c o n s ta n t su c tion . T h e  re su lts  are  d isp lay ed  in F igs. (1) — (8), respec
tiv e ly , fo r th e  d im ensionless fo rm s o f  th e  v e lo c ity , th e  in d u c e d  m agnetic
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fie ld s , th e  sk in  fr ic tio n , th e  e lec tric  c u rre n t d en sity  a n d  th e  N usselt n u m b er. 
T h e  v a ria tio n s  o f th e  te m p e ra tu re  fie ld  are  given in  T a b le  I  fo r d iffe ren t values 
o f  th e  m agnetic  p a ra m e te r  M .  In  o rd e r to  he rea lis tic , th e  va lu es  of th e  S chm id t 
n u m b e r S c, are chosen  to  be 0.22, 0.60 a n d  0.75 w h ich  co rresp o n d  to  h y d ro g en , 
w a te r-v a p o u r  an d  ox y g en , re sp ec tiv e ly , a t  a p p ro x im a te ly  25 °C an d  1 a tm o s
p h e re , w hen for th e  P ra n d t l  n u m b er P  we get th e  v a lu e  P  =  0.71, co rresp o n d 
in g  in  th e  air. T he v a lu e s  o f all th e  o th e r  p a ram e te rs  a re  chosen a rb itra r ily .

Fig. 1. The velocity profiles и for P =  0.71

T he v a r ia tio n  o f  th e  ve lo c ity  f ie ld  for d iffe re n t va lu es  of S c a n d  M  are 
show n in  F ig . 1. F ro m  th is  F ig u re  we see th a t  th e  v e lo c ity  is g re a te r  in  th e  
case o f th e  h y d ro g en  (Sc =  0.22) th a n  in  th e  case o f  th e  oxygen (S c=  0.75). 
A lso we rem ark  th a t  as m ag n etic  p a ra m e te r  M in c re a se s  th e  ve lo c ity  decreases 
fo r a ll th e  values o f  th e  S chm id t n u m b e r S c, w h ich  q u a n ti ta t iv e ly  agrees w ith  
th e  ex p ec ta tio n s since th e  m ag n e tic  field  ex e rts  a  re ta rd in g  force on th e  
flow . In  Fig. 2 th e  v e lo c ity  p ro files a re  show n fo r c o n s ta n t Gc an d  M  an d  for 
d iffe re n t values o f  S c, Gr, and  E.  I t  is know n t h a t  th e  E ck e rt n u m b e r E  
m a y  be in te rp re te d  as th e  a d d itio n  o f h ea t due  to  v iscous d iss ip a tio n  w hile 
th e  G rasho f n u m b e r Gr as th e  a d d itio n  of h ea t due  to  free-convec tion  cu rren ts . 
T h u s th e  case w h en  (T'w — T ’J)  > 0  or G >  0 w ith  E  0 co rresponds to  
th e  e x te rn a l cooling  o f  th e  w all, w hile  th e  case w h en  (T'w — T'J) < 0  o r G <  0 
w ith  E  <  0 co rresp o n d s to  th e  e x te rn a l h e a tin g  o f  th e  w all. F ro m  F ig . 2 we 
observe  th a t ,  in  th e  case G <C 0 w ith  E  <  0, fo r  la rg e  values o f  S ch m id t 
n u m b e r S c, th e  v e lo c ity  is n eg a tiv e  and  decreases as E  increases. T h u s  th e
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Fig. 3. The induced magnetic field H  for P  =  0.71
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Fig. 2. The velocity profiles u for P  =  0.71
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v e lo c ity  profile  is o f  rev e rsed  ty p e  in  th e  case o f th e  w a te r  v ap o u r (S c — 0.60) 
a n d  oxygen  (Sc =  0 .75). F in a lly  fro m  th is  F ig u re  w e see th a t ,  in  th e  case 
G ]>  0 w ith  E  0, th e  velocity  is p o s itiv e  an d  in creases  as E  in c reases  fo r all 
v a lu e s  o f S c.

Fig. 5. The variations of the skin friction r for P — 0.71
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T he v a r ia tio n s  of th e  in d u ced  m ag n e tic  fie ld  H  a re  sh o w n  in  F ig . 3 for 
d iffe ren t va lu es  o f S c and  M . F ro m  th is  F ig u re  we see t h a t  th e  in d u ced  m agne
t ic  fie ld  gets p o sitive  v alues n e a r  to  th e  w a ll, w hile fa r  f ro m  th e  w all i t  gets  
n eg a tiv e  v a lu es , an d  th is  m eans t h a t  th e re  is a  reverse  of th e  in d u ced  m agnetic

Fig. 6. The variations of the Nusselt number Nu for P  =  0.71

Fig. 7. The electric current density Z for P  =  0.71
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f ie ld . Also we re m a rk  t h a t  as M  in c reases  th e  in d u c e d  m agnetic  f ie ld  also 
in c reases  for all v a lu e s  o f  th e  S ch m id t n u m b er. In  F ig . 4 th e  v a r ia tio n s  of 
in d u c e d  m agnetic  f ie ld  H  are  show n w ith  y  fo r d iffe re n t va lu es  o f S c a n d  E. 
W e observe  th a t ,  in  th e  case G <  0 w ith  E  <[ 0, th e  in d u c e d  m ag n etic  field

Fig. 8. The electric current density Z for P  =  0.71

decreases as th e  E c k e r t  n u m b er E  in c rea se s , w hile in  th e  case G ]> 0 w ith  E  >  0 
as E  increases th e  in d u c e d  m agnetic  f ie ld  also increases fo r  a ll va lues o f  S ch m id t 
n u m b e r Sc.

T he n u m erica l v a lu es  of te m p e ra tu re  Ô, c a lc u la ted  from  expression  (29) 
a re  g iven  in  T ab le  I .  W e rem ark  t h a t  as m agnetic  p a ra m e te r  M  in c reases , th e  
te m p e ra tu re  d ecreases fo r all va lues o f  S c. Also, fro m  th is  T able  w e see th a t  
th e  te m p e ra tu re  in c reases  as E  in c reases .

T he sk in  fr ic tio n  r  is p lo tte d  a g a in s t, G in  F ig . 5 fo r  d iffe ren t v a lu es  of 
M  a n d  S c. W e see t h a t ,  fo r all v a lu es  o f  S ch m id t n u m b e r  Sc, as M  increases 
th e  sk in  fr ic tio n  d ecreases . Thus th e  presence  o f  th e  m ag n e tic  f ie ld  help s  in  
red u c in g  th e  f r ic tio n a l d rag  on th e  w all.

T he F ig . 6 d isp lay s  th e  v a r ia tio n  o f  th e  N usse lt n u m b e r  w hich  re p re se n t 
th e  local d im ension less coefficient o f  h e a t  tra n sfe r . W e see th a t  a n  increase  
in  th e  s tre n g th  o f  th e  m agnetic  f ie ld  causes th e  N u sse lt n u m b er to  decrease.

T he v a r ia tio n  o f th e  electric  c u r re n t d e n s ity  Z  is show n in  F igs. 7 
a n d  8. F rom  th e  F ig . 7 we see t h a t  as m agnetic  p a ra m e te r  M  in c reases  th e
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Table I

The variation of the temperature в profiles for P =  0.71

Gr = 5 G« = 2 E  * 0.001
s» = 0.22 s„ = 0.60 S.» 0.75

У M  = 0.04 M  =  0.15 M  = 0.04 M  = 0.15 M  = 0.04 M  = 0.15

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.2 0.769644 0.767742 0.768657 0.763513 0.769126 0.763703
0.4 0.587249 0.584201 0.587289 0.580236 0.587218 0.580162
0.6 0.447354 0.443656 0.447592 0.440307 0.446990 0.439841
0.8 0.341264 0.337269 0.340715 0.334003 0.339324 0.333193
1.0 0.260985 0.256952 0.259137 0.253331 0.257399 0.252294

Gr ■ —5 G, = 2 M  = 0.04

Sc = 0.22 0.60 Sc = 0.75

У E  =  — 0.001 E  = —0.003 E  = —0.001 E  = — 0.003 E  = —0.001 E  = —0.003

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.2 0.747046 0.735604 0.740685 0.716521 0.739263 0.712257
0.4 0.557748 0.539929 0.550220 0.517345 0.549234 0.514386
0.6 0.416179 0.395414 0.409617 0.375730 0.409417 0.375128
0.8 0.310326 0.288775 0.305472 0.274214 0.305904 0.275510
1.0 0.231076 0.210099 0.228137 0.200984 0.228948 0.203416

Gr = 5 GC = 2 M  = 0.14

s c = 0.22 S„ = 0.60 s» = 0.75

У E  = 0.001 E  = 0.003 E  = 0.001 E  = 0.003 E  =  0.001 E  = 0.003

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.2 0.769644 0.803400 0.768657 0.800437 0.769126 0.801846
0.4 0.587249 0.628433 0.587289 0.628553 0.587218 0.628338
0.6 0.447354 0.488940 0.447593 0.489658 0.446790 0.487247
0.8 0.341264 0.381591 0.340715 0 .379942 0.339324 0.375771
1.0 0.260985 0.299528 0.259137 0.293984 0.257399 0.288769

e lec tric  c u rre n t also  increases fo r all va lu es  o f S c. F in a lly  fro m  F ig . 8 
w e see th a t  th e  e lec tric  c u rre n t d en sity  increases as th e  E c k e r t  n u m b er E  
increases.
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DEPENDENCE ON THE GEOMETRY AND 
ON THE BASIS SET OF LOCALIZED ORBITAL ENERGY 

AND MOMENT CONTRIBUTIONS
I. ENERGY QUANTITIES
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In a series of papers we investigate the localized orbital contributions at the molecular 
experimental and theoretical equilibrium geometries using various basis sets. The present 
study deals with some energy quantities obtained from localized charge densities: the kinetic, 
the (effective) potential and the selfinteraction energies are discussed. Several regularities 
were found for the systems considered, namely the molecules HF, H 20 , NH3 and CH4, re
spectively.

1. In tro d u c tio n

As th e  s im p les t a n tisy m m e tric  w av efu n c tio n  o f a c losed-shell sy stem , 
a single d e te rm in a n t o f o n e-p artic le  func tions is in v a r ia n t u n d e r  a n y  u n ita ry  
tra n sfo rm a tio n  [1], th e  tra n fo rm a tio n s  could be chosen to  o b ta in  new  o rb ita ls  
localized  as m u ch  as possible [2]. Several lo ca liza tio n  p rocedures h av e  been 
p u b lish ed  as w ell as m any  a d v a n ta g e s  o f u sin g  localized o rb ita ls  h av e  been 
p o in te d  ou t re c e n tly  [3—7]. I n  a series o f p ap ers  we also in v e s tig a te d  various 
p ro p e rtie s  of localized  charge den sitie s  for som e ten - an d  e ig h teen -e lec tro n  
sy s tem s  [8—11].

I t  is know n th a t  in  any  q u an tu m -ch em ica l ca lcu la tio n  th e  p ro b lem  arises 
w h ich  ty p e  of b as is  se t and  w h ich  geo m etry  d a ta  are  to  be u sed  fo r th e  s tu d y  
o f  th e  given m o lecu la r system . A s to  th e  choice o f  a su itab le  basis  se t, th e re  
a re  u su a lly  th e  co m p u te r  tim e  a n d /o r  size w hich  m ake a lim it fo r th e  n u m b er 
o f  b as is  functions. I t  has been p o in te d  o u t, e.g ., th a t  a t  leas t one d fu n c tio n  on 
th e  oxygen  is n ecessary  to  ta k e  fo r  th e  m olecule H 20  in  o rder to  o b ta in  an  ac
c e p ta b le  value fo r th e  to ta l  en e rg y  as w ell as fo r th e  electric  m o m en ts  (m ore 
d e ta ils  on basis s e t  dependence see in  [12 —14]). A n  ex h au stiv e  an a ly sis  o f th e  
e ffec t o f basis se t v a r ia tio n  on th e  localized  ch arg e  d is tr ib u tio n  o f  H 20  has also 
b een  done [1]. F ro m  th e  resu lts  i t  follow s th a t  in  th e  presence o f  p o la riza tio n  
fu n c tio n s  (a t le a s t one d -type  on th e  oxygen) th e  en erg y  c o n tr ib u tio n s  as w ell 
as th e  electric  m o m en t com ponen ts p rov ide  re g u la r  d ifferences fo r  b o n d  and  
lone p a ir  localized o rb ita ls . The change o f energy  co n tr ib u tio n s  pa ra lle ls  w ith  
th a t  o f  to ta l  en e rg y  and  s im ila rly  th e  f irs t  a n d  second o rd er m o m en t com 
p o n e n ts  (localized m om ents) w ith  t h a t  o f th e  co rrespond ing  to ta l  m olecular
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v a lu e s  [10]. These re su lts  con firm  — to g e th e r  w ith  th o se  o b ta in e d  fo r  th e  
tra n s fe ra b le  p ro p e r ty  [11] — t h a t  th e  localized  o rb ita l  energy  c o n tr ib u tio n s  
a n d  th e  localized m o m en ts  are su itab le  fo r c h a rac te riz in g  even  la rg e r m olecules.

I t  is in te re s tin g  to  in v es tig a te  how  th e  choice o f  geo m etry  d a ta  in fluence  
th e  v a lu es  for th e  localized  o rb ita l energy  a n d  m o m en t co n tr ib u tio n s . The 
m olecu les are o ften  in v e s tig a te d  a t  th e ir  e x p e rim e n ta l equ ilib riu m  geo m etry  
(if av a ilab le ). In  m a n y  cases — fo r s im p lic ity  — s ta n d a rd  [15] or m odel [8] 
p re fe rab le , for th e  d e te rm in a tio n  o f  h a rm o n ic  force c o n s ta n ts  w hich  g eom etry  
geo m etrica l va lues a re  ta k e n  for th e  ca lcu la tio n s. I t  is know n th a t  th e re  are  
n o t  to o  m any  d ifferences be tw een  th e  to ta l  m o lecu la r p ro p ertie s  w h e th e r 
c a lc u la ted  a t th e  ex p e rim en ta l or th e o re tic a l (or n ea rb y ) geom etries. In  
sp ite  o f th is , m a n y  au th o rs  a rg u e  (see, e .g ., [16] a n d  reference th e re in ) , 
w h ic h  geom etry  d a ta  are  p re fe rab le  fo r the  d e te rm in a tio n  o f h a rm o n ic  force 
c o n s ta n ts . In  th is  p a p e r  we su m m arize  ou r re su lts  o b ta in e d  fo r H F , H 20  an d  
N H 3 core, bond  a n d  lone p a ir localized  o rb ita ls  a n d  th o se  o b ta in ed  fo r C H 4 
core  a n d  bond  p a ir  localized  o rb ita ls . "We in v e s tig a te d  th e  localized  charge 
d en sitie s  a t  th e  m o lecu la r ex p e rim en ta l an d  ca lcu la ted  eq u ilib riu m  geom etries 
b y  th e  use of d iffe re n t basis se ts.

2. Total energies and total kinetic energies

F o r a sy s te m a tic  s tu d y  a  su itab le  basis se t is necessary . V arious basis 
s e ts  w ere chosen fo r  th e  m olecule H 20  in  o rd e r to  in v e s tig a te  i t  a t  th e  experi
m e n ta l  and  th e  c a lc u la ted  eq u ilib riu m  geom etry . T h e  re su lts  are  g iven  in  T ab le  I  
th e  va lu es  suggest t h a t  th e  so-called  6-31G /d basis  se t seem s to  be  th e  m ore 
c o n v e n ie n t as th e  to ta l  energy  is q u ite  accep tab le  (th e  p - ty p e  p o la riza tio n  
fu n c tio n s  on h y d ro g en s  do n o t give large  c o n tr ib u tio n s  to  th e  to ta l  energy) 
a n d  also th e  v ir ia l coeffic ien t is one o f  th e  b e s t. T h e  d e ta iled  d esc rip tio n  of 
th e  basis  sets co nsidered  are  g iven  in  th e  co rresp o n d in g  p ap ers: STO -3G  [17], 
4 -31G  [18], 6-31G  [19] w hile 6-31G /d and  6 -3 1 G /d + p  [20]. I n  o rd er to  
in v e s tig a te  s im ila r re su lts  as w ell, fo r a com parison  th e  values o b ta in e d  b y  th e  
so -ca lled  D u n n in g ’ basis  sets a re  also g iven  [12]. F ro m  th e  va lu es  one can 
see th a t  th e  re su ltin g  to ta l  en e rg y  b y  basis 6-31G /d is b e tte r  th a n  an y  of 
(sp /s) ty p e  b u t  w orse  th a n , e.g ., D u n n in g ’s c o n tra c te d  G aussians o f [4s3pld/2s]. 
T h e  ca lcu la tions, how ever, a re  r a th e r  effec tive, as p o in te d  o u t in  [18 — 20] 
w ith  basis sets o f  sp lit-v a len ce  ty p e s . T herefo re  w e m ad e  ou r g eo m etry  d epen 
d en ce  s tu d y  b y  th e  u se  o f basis 6-31G /d. F o r a com p ariso n  th e  co rrespond ing  
v a lu e s  w hich we o b ta in e d  b y  u s in g  6-31G b asis  a re  also  given. A ll ca lcu la tio n s 
w ere  perfo rm ed  on  a CDC 3300 co m p u te r (H u n g a ria n  A cadem y  o f Sciences, 
B u d ap est) .

The e x p e rim e n ta l geo m etry  d a ta  w ere ta k e n  as tho se  used  in  a n  earlie r 
w o rk  [7]. The th e o re tic a lly  o b ta in e d  values fo r basis  6-31G w ere as g iven  in
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Table I

Total energies calculated for H 20  (in hartree)

T otal energy
Total kinetic 

energy

STO-3G Exp
Calc

— 74.96381 
—74.96543

74.53346
74.46618

4-31G Exp
Calc

-75.90847
—75.90987

75.87753
75.89167

6-31G Exp
Calc

-75.98480
-75.98628

75.91439
75.93238

6-31G/d Exp
Calc

-76.01205
-76.01231

75.76360
75.80832

6-31G/d-r p Exp
Calc

-76.02318
-76.02365

75.74601
75.80347

[4s3p/2s] Exp -76.00209 —
[4s3pld/2s] Exp -76.02882 —
[4s3pld/2slp] Exp

Calc
—76.04172
-76.04209

75.98016
76.02276

Table U

Total energies calculated using basis 6-31G and 6-31G/d (in hartree)

Basis 6-31G

Total energy
Total kinetic 

energy

HF Exp -99.98341 100.06277
Calc -99.98343 100.05384

H20 Exp -75.98480 75.91439
Calc -75.98628 75.93238

NH3 Exp -56.16146 56.12776
Calc -56.16632 56.18475

CH4 Exp -40.18035 40.17622
Calc -40.18060 40.24605

Basis 6-31G/d

Total energy
Total kinetic 

energy

HF Exp -100.00326 99.84123
Calc -100.00333 99.85858

H ,0 Exp -76.01205 75.76360
Calc -76.01231 75.80832

NH3 Exp -56.18513 56.01449
Calc -56.18536 56.06068

CH4 Exp -40.19585 40.10471
Calc -40.19602 40.14709

Ada Physica Acudemiae Scientiarum Hungaricae 46, 1979



336 E. KAPUY et al.

[19], e x c e p t for H F , w here  th e  R  =  1.7403 a.u . w as ca lc u la ted  (no t g iv en  in  
th e  a b o v e  reference). As to  basis se t 6-31G /d — even th e y  have  a lre a d y  been  
c a lc u la te d  [21] — we also  w ere look ing  fo r th e  th e o re tic a l equ ilib rium  g eo m et
ries. T h is  w as necessary  because in  th e  calcu la tions (as re p o rte d  in  [21]), an  
a v e rag e  value of 0.8 w as used  for th e  ex p o n en t of d - ty p e  fu n c tions, w h ile  we 
p e rfo rm e d  th e  ca lcu la tio n s b y  u sin g  op tim ized  ex p o n en ts  fo r each com p o u n d  
(v a lu es  ta k e n  from  [20]). T he c a lc u la ted  equ ilib rium  geo m etry  d a ta  (only 
s lig h tly  d ifferen t from  th o se  g iven  in  [21] , are th e  fo llow ing:

H F R  - 1.7183 a.u.

H 20 R  =  1.7876 a.u ., a =  105.51°

N H 3 R  -  1.8943 a.u ., a =  107.13°

CH4 R  =  2.0512 a.u. (te tr .)

T h e  re su lts  o b ta ined  fo r th ese  m olecules are  given in  T a b le  I I .  The to ta l  ener
gies a re  ra th e r  d iffe ren t o b ta in ed  b y  basis  6-31G a t  th e  ex p erim en ta l a n d  the  
c a lc u la te d  equ ilib rium : th e  la rg es t d ifference was found  fo r  N H 3 (я^0.005 a .u .), 
t h a t  fo r  H 20  is a b o u t 0.0015 a .u . w hile  fo r H F  and  C H  is less th a n  0 .0003 a.u. 
T h e  case is n o t th e  sam e for th e  to ta l  k in e tic  energ ies: th e  la rger d ifferences 
w ere  fo u n d  for C H 4 an d  N H 3. As to  th e  re su lts  o b ta in e d  b y  basis se t 6-31G /d, 
th e y  a re  ra th e r  close to  each  o th e r  a t  th e  ex p e rim en ta l an d  th e  th e o re tic a l 
eq u ilib riu m , b u t on ly  fo r th e  to ta l  en erg y . The k in e tic  energy  re su lt depends 
s tro n g ly  on th e  g eo m etry : th e  d ifferences ob ta ined  a t  ex p e rim en ta l a n d  th e  
c a lc u la te d  equ ilib rium  are  a b o u t 0.04 — 0.05 a .u ., e x c e p t for H F  (less th a n  
0.02 a .u .) . The to ta l  energies an d  to ta l  k inetic  energ ies o b ta in ed  fo r  these 
m o lecu les suggest, t h a t  th e  inc lu sio n  o f  d -ty p e  fu n c tio n  on  th e  h ea v y  a to m  is 
im p o r ta n t .  A lthough  th e  use o f a b as is  (sp/s) ty p e  m a y  be  su ffic ien t fo r  som e 
cases, th e  geom etry  sh o u ld  th e n  be chosen  very  care fu lly .

3. Energy contributions of core orbitals

S everal q u a n titie s  can  he u sed  fo r ch a rac te riz in g  localized  o rb ita l  densi
t ie s  (see, e.g., [7—9, 22]). I n  th e  p re se n t p a p e r we in v e s tig a te  four q u a n tit ie s  as 
en e rg y  co n trib u tio n s o b ta in e d  from  th e  in d iv id u a l localized  o rb ita ls . There 
a re  th re e  d ifferen t ty p e s  o f localized  charge d is tr ib u tio n s  for th e  system s 
co n sid ered : core, b o n d  a n d  lone p a ir  o rb ita ls . The en e rg y  c o n tr ib u tio n s  s tu d ied  
a re  th e  following: th e  k in e tic , th e  p o te n tia l, th e  se lf-in te rac tio n , a n d  th e  so- 
ca lled  effective p o te n tia l  energy  q u a n titie s . F irs t th e  core o rb ita ls  a re  inves
t ig a te d .

T h e  values o b ta in e d  are g iven  in  T ab le  I I I .  In  o rd e r to  avo id  th e  su p e r
f lu o u s  en largem en t o f th e  p ap e r th e  resu lts  o b ta in ed  on ly  b y  basis  6-31G/d
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Table III

Energy contributions from core localized orbitals using basis 6-31G/d 
(in hartree)

Kinetic energy Potential energy

HF Exp
Calc

39.3595
39.3585

-79.9215
-79.9255

H20 Exp
Calc

30.6572
30.6536

-63.4006
-63.4108

NH3 Exp
Calc

23.0578
23.0555

-48.8815
-48.8940

CH4 Exp
Calc

16.5918
16.5933

-36.3665
-36.3813

Self-interaction Effective potential

HF Exp
Calc

5.48787
5.48780

-65.1388
-65.1378

н 2о Exp
Calc

4.84412
4.84384

—50.8877
-50.8820

NH3 Exp
Calc

4.20048
4.20024

-38.3918
-38.3860

сн4 Exp
Calc

3.56153
3.56160

—27.6859
-27.6829

a re  p resen ted . T he k ine tic  en erg y  c o n tr ib u tio n s  do no t d iffer m u ch  w heth er 
o b ta in e d  a t  th e  ex p erim en ta l o r a t  th e  c a lcu la ted  eq u ilib riu m  geom etry . 
(T hey  differ less from  each o th e r  th a n  th e  co rrespond ing  to ta l  k in e tic  energy 
v a lu es  for all com pounds s tu d ied ). As th e  p o te n tia l  energy c o n tr ib u tio n s  do 
n o t invo lve  th e  w hole (“ effec tive” ) p o te n tia l energy  for a g iv en  localized 
o rb ita l, we c a lcu la ted  th e  effective ones fo r each  ty p e  o f localized  o rb ita l den
sities b y  th e  fo llow ing eq u a tio n :

V itt =  Vi +  ^  (2 <ü|jÿ> — <ÿ|ÿ>)>i

w here  Vt =  p o te n tia l  energy  c o n tr ib u tio n  o f  th e  i- th  localized  o rb ita l, th e  
exp ression  in  p a ren th ese s  re p re se n ts  th e  in te ra c tio n  energy b e tw e e n  th e  i- th  
a n d  j - th  localized  o rb ita l and  so V ‘tff is th e  re su ltin g  effective p o te n tia l  energy 
c o n tr ib u tio n  fo r th e  given i- th  o rb ita l. B o th  V t a n d  V ‘eif are g iv en  in  T ab le  I I I  
fo r th e  core o rb ita ls . T he resu lts  suggest th a t  as th e  V ‘eU p o te n tia ls  show  sm al
ler d ifferences b e tw een  th e  e x p e rim e n ta l an d  th e  ca lcu la ted  e q u ilib riu m  geo
m etrie s , these  co n tr ib u tio n s  m ay  be used  as tra n s fe ra b le  q u a n tit ie s  (sim ilarly  
to  th e  k in e tic  ones [23]) in  a s tu d y  o f re la te d  la rg e  m olecules.
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T h e se lf- in te rac tio n  energy c o n tr ib u tio n s  do n o t  change m uch  e ith e r  as 
going from  th e  e x p e rim e n ta l to  th e  ca lcu la ted  e q u ilib riu m  position  o f  nuclei. 
I t  is rem ark ab le  t h a t  th e  signs of th e se  changes p a ra lle l w ith  th o se  fo u n d  for 
th e  k in e tic  energy  c o n tr ib u tio n s  (see T ab le  I I I ) .  I t  g en era lly  holds t h a t  all 
d ev ia tio n s  ca lcu la ted  fo r  th e  core o rb ita ls  be tw een  th e  ex p erim en ta l a n d  th e  
th e o re tic a lly  d e te rm in e d  equ ilib riu m  geom etries a re  r a th e r  sm all, sm alle r 
th a n  0 .05%  in  a n y  cases.

4. Energy contributions obtained for bond and lone pair orbitals

T he q u a n titie s  d iscussed  fo r co re  o rb ita ls  a re  g iv en  also fo r th e  bond  
o rb ita ls : th e y  are g iv en  in  Table IV . T h e  m ost re m a rk a b le  resu lts  show  th a t  all 
q u a n tit ie s  are  la rg e r a t  th e  ca lcu la ted  th a n  a t  th e  ex p e rim en ta l geom etries. 
T h is m ay  ce rta in ly  be  due to  th e  sh o r te r  bond  le n g th  a t  th e  th eo re tica lly

Table IV

Energy contributions from bond pair localized orbitals using basis ô-SlG/dJ^in hartree)

Self-interaction Effective potential

HF Exp
Calc

2.20646
2.21469

— 10.4503
— 10.4828

h 2o Exp
Calc

1.62373
1.63501

-8.65182
-8.70041

NH3 Exp
Calc

1.19079
1.19847

—7.16050 
— 7.19583

CH4 Exp
Calc

0.86508
0.87018

— 5.87136
— 5.89695

K inetic energy P o ten tia l energy

HF Exp
Calc

0.91894
0.92292

— 3.31001
— 3.32581

H 20 Exp
Calc

0.83325
0.83907

-2.57031
—2.59100

NH3 Exp
Calc

0.75750
0.76160

—2.00023
—2.01317

CH4 Exp
Calc

0.68737
0.69001

— 1.53839
— 1.54592

o b ta in e d  to ta l  en e rg y  m in im a. As i t  is w ell know n th e  sh o rte r  th e  b o n d  d is tan ce  
th e  la rg e r th e  n u c le a r  p o ten tia l, so th e  elec tron  d e n s ity  becom es also  m ore 
co m p ac t [24]. T h is f a c t  is re flec ted  even  in  th e  en e rg y  co n trib u tio n s  o b ta in ed  
fo r b o n d  p a ir loca lized  orb ita ls.

Acta Physica Academiae Scientiarum Hungaricae 46, 1979



DEPENDENCE ON THE GEOMETRY I 339

As to  th e  v a lu es  o f  energy  co n tr ib u tio n s  re su ltin g  fo r lone p a ir  o rb ita ls  
(H F , H 20  an d  N H 3), s im ila r conclusion  could  be  fo u n d  fo r th e  k in e tic  energy 
co n tr ib u tio n s . T h e  se lf-in te rac tio n s , how ever, a re  a lw ays la rg e r a t  th e  ex p eri
m e n ta l th a n  a t  th e  ca lcu la ted  equ ilib riu m  g eo m etry  o f n ucle i (see T ab le  Y). 
T h e  effective p o te n tia l  va lues do n o t change in  th e  sam e d irec tio n  for th e  stud ied  
sy s tem s. The gen era l conclusion can  be m ade th a t  th e re  are  th e  k in e tic  energy 
te rm s  w hich  re f le c t th e  m ost su ita b ly  (i.e. fo r a ll o f d iffe ren t ty p e s  of localized 
o rb ita ls )  th e  in c reas in g  e lec tro n  d en sity  as going from  th e  ex p e rim en ta l to  
th e  ca lcu la ted  eq u ilib riu m  geom etries. T h is re su lt m ay  w ell be used  if  th e  
to ta l  energy  o f re la te d  la rg e r system s is c o n s tru c te d  b y  th e  use o f  th e  k inetic  
en e rg y  co n tr ib u tio n s  o f localized  o rb ita ls  d e te rm in ed  a t  th e  ca lcu la ted  eq u ilib 
r iu m  geom etry  o f  a sm all m olecule.

5. Conclusion

S everal en erg y  q u a n titie s  h av e  been  d iscussed  using  th e  localized  decom po
s itio n  o f th e  to ta l  ch arg e  d is tr ib u tio n  fo r som e sm all m olecules. I t  can  he seen 
t h a t  th e  k in e tic , th e  se lf-in te rac tio n  an d  th e  effec tive  p o te n tia l  energy  c o n tr i
b u tio n s  ch a rac te rize  su ita b ly  th e  m ain  d ifferences fo r th e  v a rio u s  ty p e s  of 
localized  o rb ita ls . T h e re  is an  in te re s tin g  q u es tio n , how ever, to  be fu r th e r  
an a ly zed . I t  is a lo n g s tan d in g  goal in  th e  s tu d y  o f  localized  ch arg e  densities, 
to  be ab le  to  d e te rm in e  w h e th e r a bo n d  or a lone p a ir  d is tr ib u tio n  is “ la rg e r”  
o r “ g re a te r”  in  a g iven  system  [25]. T here  are  th e  se lf-in te rac tio n  energy  con-

ТаЫе V

Energy contributions from lone pair localized orbitals using basis 6-31G/d (in hartree)

Self-interaction Effective potential

HF Exp 2.78488 -11.6279
Calc 2.78536 -11.6310

HjO Exp 1.98861 -9.34880
Calc 1.99026 -9.35482

NH3 Exp 1.37712 -7.43426
Calc 1.37946 -7.43999

Kinetic energy Potential energy

HF Exp 1.03012 -3.77782
Calc 1.02991 -3.77834

H 20 Exp 0.87860 -2.76981
Calc 0.87753 -2.76867

NH3 Exp 0.73644 — 1.97108
Calc 0.73485 -1.96911
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t r ib u t io n s  w hich cou ld  be  re la te d  to  th e  “ e x te n t”  of an  in d iv id u a l charge  d en 
s ity . A s one can see fro m  th e  re su lts  (T able IY  a n d  T ab le  V ), th e re  are  th e  
lone  p a ir  o rb ita l se lf- in te rac tio n  energ ies w hich  are la rg e r  th a n  th e  b o n d  pa ir 
ones b y  ab o u t 10%  (for H F ) a n d  5 %  H (20 ) ,  b u t  th e  oppo site  re la tio n  holds 
(b o n d  p a irs  are la rg e r th a n  th e  lone p a ir  one) for m olecule N H 3 (ap p ro x , b y  3 % ). 
T h ese  resu lts  a ffirm  th a t  th e re  is no  reason  to  ex p ec t a  la rg e r e x te n t  fo r a 
b o n d  o r a lone p a ir  localized  ch a rg e  d is tr ib u tio n . T hese  q u a n tit ie s  do n o t 
d e p e n d  only  on th e  en la rg em en t o f  th e  basis se t b u t  also , e .g ., on  th e  n u m 
b e r  o f  d ifferen t ty p e s  o f  localized o rb ita ls  (i.e. on th e  sy stem ) as w ell. I t  can  
a lso  b e  no ted  th a t  th e  effective p o te n tia l  energy  c o n tr ib u tio n s  do show  sim ilar 
re g u la r itie s  for th e  s tu d ie d  m olecules.

I n  th e  n e x t p a p e r  of th is  series o th e r  ty p es  o f  en e rg y  q u a n tit ie s  w ill be 
d iscu ssed : the  in te ra c tio n  energy  c o n tr ib u tio n s  b e tw een  th e  localized  o rb ita ls . 
A f te r  th a t  p ap er a n  analysis o f th e  f ir s t  an d  second o rd e r e lec tric  m om ents 
o f  localized  charge d is tr ib u tio n s  w ill follow. I t  is p lan n ed  to  p u b lish  a s tu d y  
on th e  geom etry  a n d  basis  set d ependence  of th e  localized  m o m en t c h a ra c te r is 
t ic s  as well.
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J .  U. K e l l e r :

T echnische T herm odynam ik  in  B eispielen, Teil 1, G rund lagen

Walter de Gruyter, Berlin, New York, 1979, pp. 307

This is the first volume of a handbook for technical thermodynamics taught nowadays 
at German Universities. Its aim set is to be helpful to students interested in the various fields 
of technical sciences where thermodynamics is an indispensable discipline as, for instance, 
classical engineering, different fields of technology, physical engineering, physical chemistry, 
chemical technology and so on. With this book the author’s main goal is to help the students 
to overcome certain difficulties encountered in the case of applications of the laws, fundamen
tal relations and basic concepts of thermodynamics for given, relatively simple tasks and 
problems.

In the first part of this volume of K eller’s work seventy well selected exam ples are 
discussed through detailed calculations and complete solutions. These examples refer to 
the zeroth, first and second laws of classical thermodynamics, further some of them belong to the 
domain of thermodynamics of multiphase systems. On the other hand, the second part of this 
volume is devoted to a short, concise but very careful and clear presentation and definition  
of the most fundamental and relevant concepts and notions of thermodynamics. The treatment 
of this part clearly presents that thermodynamics is not a technical discipline but rather an 
important field of classical physics, i.e. a fundamental science for a high number of applied 
sciences.

The material contained in the book has been written and arranged in such a manner 
that university students and even lecturers can equally profit from it. Consequently, the book 
published in the “de Gruyter Lehrbuch” series will be certainly very useful to everybody 
interested in the applications of classical thermodynamics. The neat printing and very fine 
edition of the book is the merit of the Publisher.

I. Gyarmati

A. Z. P aTASHINSKII and V. L. P o k r o v s k ii: 

F lu c tu a tio n  T heory  o f P h ase  T ransitions

Translated and edited by P. J. Shepherd, Pergamon Press, Oxford, New York, Toronto, Sydney,
Frankfurt, 1979, pp. 321

Statistical physics can explain various properties of condensed matter and predict 
diverse phenomena in metals, alloys, insulators, semiconductors, liquid helium and so on. In 
certain cases the theories treat successfully the properties of condensed matter as sets of an 
ideal gas of excitations. However, regarding the problem of phase transitions (critical pheno
mena) fluctuations grow in a system as its critical point is approached. In these cases the 
fluctuations interact with each other so intensively that it is no longer possible to describe 
them as an ideal gas.

It is well known that some years ago a new model of critical phenomena based on the 
hypothesis of scaling the fluctuations was proposed to describe the strong interactions of 
fluctuations and the predictions of this theory agree well with certain kinds of experiments.

The purpose of the excellent book of the famous Russian authors, members of the so- 
called Landau school, is to give an account of the physical ideas of the scaling model and to 
review some of its special applications in the study of various properties of systems close to
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phase transitions. The book is not an exhaustive monograph of the theory of phase transitions, 
although the English edition is a corrected and enlarged version of the original Russian. Of 
course, as Landau’s works have played an important role in the development of the theory 
of second order phase transitions the book begins with the summary of the Landau theory. 
The subsequent chapters are devoted to the treatments of the thermodynamics of strongly 
fluctuating systems, some applications of scaling hypothesis, dynamical phenomena in the 
critical region, the approximate calculation of critical indices, the microscopic theory of phase 
transitions, the theory of renormalization group, etc.

Undoubtedly, the book will give an invaluable aid to researchers of the field of solid 
state physics and can be very useful to university lecturers and young scientists, too.

I. Gyarm ati
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